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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 94 |. This is test number | 144 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 94 ) | 0.00 (0)
Maple | 100.00 (94) | 0.00 (0)
Rubi 98.94 (93) | 1.06 (1)
Fricas 73.40 (69 ) | 26.60 (25 )
Mupad | 65.96 (62) | 34.04 (32)
Sympy | 59.57 (56) | 40.43 ( 38)
Giac 57.45 (54 ) | 42.55 (40 )
Reduce 44.68 (42 ) | 55.32 ( 52 )
Maxima | 41.49 (39) | 58.51 (55 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 97.872 1.064 0.000 1.064
Fricas 57.447 14.894 1.064 26.596
Giac 46.809 10.638 0.000 42.553
Sympy 46.809 12.766 0.000 40.426

Mathematica 41.489 9.574 48.936 0.000

Maple 41.489 34.043 24.468 0.000

Maxima, 41.489 0.000 0.000 58.511

Mupad 0.000 65.957 0.000 34.043

Reduce 0.000 44.681 0.000 55.319

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Mathematica | 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Rubi 1 100.00 0.00 0.00
Fricas 25 88.00 12.00 0.00
Mupad 32 0.00 100.00 0.00
Sympy 38 86.84 13.16 0.00
Giac 40 100.00 0.00 0.00
Reduce 52 100.00 0.00 0.00
Maxima 55 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.03
Reduce 0.16
Fricas 0.36
Giac 0.48
Rubi 0.62
Maple 0.95
Sympy 1.99
Mathematica 6.13
Mupad 8.60

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 96.56 0.93 60.00 0.85
Rubi 262.18 1.12 144.00 1.00
Reduce 300.50 1.81 63.00 0.88
Sympy 514.38 2.63 94.50 0.97
Giac 673.31 3.57 89.50 0.86
Maple 1018.03 3.65 105.50 0.90
Mathematica | 1141.89 3.20 116.50 1.00
Mupad 1228.68 3.27 90.00 0.85
Fricas 55474.94 137.20 96.00 0.94

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi

Mathematica {50,51)52 5354 55,56, 57 55 59} 60} 612, 63} 6 65} 67 53,5657 68, 0
60, 01}92,03)
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Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 20!
Mma . . . . . . e e e e 26
Maple . . . . . . e
Fricas . . . . . . e 27
Maxima . . . . . . . . e e e e e e e e 28
Gilac . . . . e e 28]
Mupad . . . . . . . 28
SYMPY . . . o o e e 20
Reduce . . . . . . . . . . e e 29
Rubi

A grade {[1}28,7,5,67 5,0 [0V} 12} 3 14 15,6, 775} 20} 21, 22 23,2 25,26, 27
28, 29, BT (32 33, 5435 96, 57, 35 39, IO, T 42, 3, 45, 6, 7, 4, A9, 50, 5T, 52 53
[52 55, 56} 57 58, 59} 604 61} 623 63} 6% 65,656 57, 68} 69 70, 71, [724 73, 73 [75, 76, 77, 78}
79,80, [81}, 82} 83} /84851 [861 [87} [88}[89}[90} 91}, [921[93, [04] }

B grade {[19}

C grade { }

F normal fail {30}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [12)B) 56,010} 1,15 16,7 21,22 23,26, 27251, 52 3,54, 57 65,59
0, 3| L4673, 74 75,76, 79} BOL BT, 8204 )

B grade { [64,[65,(66},(67, (68, /6% [70}[71}[72| }

C grade { 7,812 3 14 15,19} 20,24 25,29} 50,5, 50} 1 2 7 ) 49,50, 51,52 B3
5% 5,50, 57,58 59,60, 6162 63,77 75,53, 84,55, 86,57, 83,59, 90,61, 92,63}

F normal fail { }
F(-1) timedout fail { }
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F(-2) exception fail { }

Maple

A grade { [I}[2,[3[4,[51(6, 9} [10} [L1} 15} 16} 17 21} 22} 23} [26} 27] 28} 31} 32} ]33, 34, 37} 38} 39}
[40} 43} 44} 45} 465,73} [74}[75}[76, [79} 80} BL} B2} 04 }

B grade {[50,51)/52,53)/5355)/56,57) 53,59 60,61} 62,3} 6 65, 66,7} 68,69 TOL 7 72
F5,86,57, 55 59,60, 01} 02,53 }

C grade { (1) [[2,T3) 14 T8, [0) 20) 24 25) 29,0, 55 56, 1 42 7, 5, 49, 77 7, 83,53
}

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { 2}B)7A 5)6) 7B B 0T} 12 3 14 156, 17 15,19, 20} 21, 22 23y 26,2 28
81}, 32, 33,34, 37} 38} 39, 40} 43}, 44, 45}, A6}, 50, [p 11, 52}, 55} 561, [57], [73}, [74, [75, [76), [78} [79,[8T,
51,5254, )

B grade { [1}[35} 36|41} [42} 47} [48,[49} 53} 54 [58} 5% [77} B3] }
C grade {24}

F normal fail {[60}[61}(62,(63}[64}(65}[66,[67, 68} 69} 70} [71} [72} 85,86} 87 88} 89} 00} 91 92}
03}

F(-1) timedout fail {[25,[29,[30 }
F(-2) exception fail { }
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Maxima

A grade { [12,5,7,5)6)0) 10 1) 5} 16,7} 21, 2 23,20} 27, 25) 1 52 53, 5 67} 53,50
0, 3, 45,0 73,4 75,70, 79,50} BLLE2 4 }

B grade { }
C grade { }

F normal fail {75} 12,13} 1318} 19} 20, 2% 25,29, 50,5} 55} 1 i 7 ) A0 B0, BT} 2
[53}[64, 55} (561 57} 58, [59} (60} (61}, 62} [63} 64} (65}, (66} (671, 68} (69, [70} [7T1,[72} [77,[78} 83}, 34} BS),
56,57, [55,80,00,01,62,03 }

F(-1) timedout fail { }
F(-2) exception fail { }

Giac

A grade { [1)2)B) 56,5, 0} 1,2 T3, 415,67 5 19,20} 21, 22 23,26, 27 25 B
52,53, [543 37 3,39} 40} 4 5} 46,73 74 75,7, 79} B0, B 8204 )

B grade {[7][8[35}[36}41} 42, 43, 47, 48, {49 }

C grade { }

F normal fail {[24)25)29,[0, 50} 51,52 53,54 55,56, 57 55,59, 60,61} 62,63, 6 65,60
7,686 0L 7312 77 75,531 64 5,66, 87 58,69, 00,1, 02 03 }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad
A grade { }

B grade {[1,(2}[3} 4[5} 6}[7} B} 9} 10} 11} [12}[13} [14 [L5} [16} L7} 18} 19} 20} 21} 22, [23} [24} 25,26}
[27, 128, [29} 30} 81}, B2} 33} 134 35,136} [37], 38}, 139}, 10, AT}, A2} 43, A4}, A5}, 46} A7} A8} 9} 73} [74)
[754[76, 7778} 79} 180} |81} 82} 83,84, 94 }

C grade { }
F normal fail { }
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F(-1) timedout fail {[50,51,52,53,5455}[56}[57} 58 [5% 60} 61} 62} 63} 64)[65}[66, 67, [68}
(6947071} [72}85,186),[87} 88, [8% [90}[91}[92} 03] }

F(-2) exception fail { }

Sympy

A grade {5} 5B} B} 0,1} [5) 6, 17 21, 22 25, 26,27} 25,51, 52 53,5 5 36, 5758
50,0, 143} 44,5 45,473 73,7 75} 76,7, 79} B0, 61} 82 53,64 }

B grade { (1751303 118 0,200,751}
C grade { }

F normal fail {[250,51,52/63}/64[55} 56,57, 58} 59} 60} 61} 62} 63, /64 65} 66} 67} 68} 69}
[70}[71} [72, 85} /86} 87} 83} /89 [90} 91, 92,[93] }

F(-1) timedout fail {[24[25 29,3042 }
F(-2) exception fail { }

Reduce
A grade { }

B grade { 1,5, 5)5)BL 10V 1) 1516, 17, 212 23 20,27, 2551 52 33,54, 57 B 9
[40} 43} [44} |45, 46} AT} 48} 49} [73} [74}[75 [76, [79, [80} BT} B2, 04 }

C grade { }

F normal fail {[7[8[12,[13,[14[18 19202425} 29} 30} 35} 36} (41} (42} [50} 51} 52} 53, 54 55

56457 (68} 59,160} (611,62, [63; [64} 65} (66} (67} 68} [6%, [70} [7T} 72} 77} [78} [83} 84}, 185}, [86} BT} B8,
[B9[00,91,92,/93] }

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 26 25 54 153 37 25 25
N.S. 1 1.00 1.00 1.04 1.00 2.16 6.12 1.48 1.00 1.00
time (sec) N/A 0.159 0.012 0.178  0.040 0.079 1.249 0.133 0.142  21.757

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 25 25 26 25 54 0 95 56 63
N.S. 1 0.45 0.45 0.46 0.45 0.96 0.00 1.70 1.00 1.12
time (sec) N/A 0.175 0.003 0.059 0.038 0.077 0.000 0.123 0.166  21.402

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 97 97 78 7 7 94 7 78 7
N.S. 1 1.00 1.00 0.80 0.79 0.79 097  0.79 0.80 0.79

time (sec) N/A 0.252 0.003 0.051 0.028 0.060 0.038 0.108 0.154 0.174
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 69 58 57 57 66 57 58 57
N.S. 1 1.00 1.00 0.84 0.83 0.83 0.96 0.83 0.84 0.83
time (sec) N/A 0.218 0.002 0.043 0.035  0.058 0.029 0.112 0.142 0.093
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 45 38 37 37 42 37 38 37
N.S. 1 1.00 1.00 0.84 0.82 0.82 0.93 0.82 0.84 0.82
time (sec) N/A 0.194 0.002 0.042 0.026  0.056 0.026 0.114 0.161 0.028
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 18 17 17 19 17 18 17
N.S. 1 1.00 1.00 0.86 0.81 0.81 0.90 0.81 0.86 0.81
time (sec) N/A 0.146 0.000 0.036 0.026  0.061 0.024 0.114 0.149 0.029
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 185 270 47 41 0 212 3432 358 19 87
N.S. 1 1.46  0.25 0.22 0.00 1.15 1855 1.94 0.10 0.47
time (sec) N/A 0.580 0.021 0.079 0.000  0.112 1.511 0.146 0.141  21.475
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B B F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 264 350 108 79 0 366 3834 403 39 174
N.S. 1 1.33 041 0.30 0.00 1.39 14,52  1.53 0.15 0.66
time (sec) N/A 0.810 0.028 0.111 0.000 0.108 2.020 0.172 0.160 21.334
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 76 61 60 60 70 60 63 60
N.S. 1 1.00 1.00 0.80 0.79 0.79 0.92 0.79 0.83 0.79
time (sec) N/A 0.263 0.002 0.044 0.034 0.058 0.020 0.112 0.160 0.106
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 42 35 34 34 37 34 43 34
N.S. 1 1.00 1.00 0.83 0.81 0.81 0.88 0.81 1.02 0.81
time (sec) N/A 0.185 0.002 0.040 0.032 0.063 0.019 0.112 0.145 0.030
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 23 22 22 20 22 23 22
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.67 0.73 0.77 0.73
time (sec) N/A 0.156 0.000 0.037 0.029 0.063 0.017 0.121 0.159 0.016
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 143 47 41 0 108 1287 101 16 65
N.S. 1 1.00 0.33 0.29 0.00 0.76 9.00 0.71 0.11 0.45
time (sec) N/A 0.442 0.011 0.092 0.000 0.084 0.545 0.114 0.146 0.191
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 238 357 87 73 0 186 1360 124 757 115
N.S. 1 1.50  0.37 0.31 0.00 0.78 5.71 0.52 3.18 0.48
time (sec) N/A 0.734 0.021 0.157 0.000 0.109 0.648 0.137 0.145 21.276
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 371 631 111 86 0 326 1445 136 0 151
N.S. 1 1.70  0.30 0.23 0.00 0.88 3.89 0.37 0.00 0.41
time (sec) N/A 1.318 0.036 0.228 0.000 0.097 0.641 0.124 0.167 0.132
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 78 63 62 62 70 62 63 62
N.S. 1 1.00 1.00 0.81 0.79 0.79 0.90 0.79 0.81 0.79
time (sec) N/A 0.232 0.003 0.047 0.030 0.065 0.024 0.114 0.149 0.110
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 46 39 38 38 37 38 43 38
N.S. 1 1.00 1.00 0.85 0.83 0.83 0.80 0.83 0.93 0.83
time (sec) N/A 0.198 0.002 0.040 0.036 0.056 0.021 0.111 0.149 0.031
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 23 22 22 20 22 23 22
N.S. 1 1.00 1.00 0.77 0.73 0.73 0.67 0.73 0.77 0.73
time (sec) N/A 0.162 0.000 0.035 0.031 0.057 0.018 0.114 0.159 0.018
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 145 51 45 0 112 1287 101 20 64
N.S. 1 099 0.35 0.31 0.00 0.76 8.76 0.69 0.14 0.44
time (sec) N/A 0.390 0.011 0.085 0.000 0.076 0.597 0.126 0.144  21.329
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 175 359 96 79 0 210 1360 126 761 118
N.S. 1 2.05 0.55 0.45 0.00 1.20 7.77 0.72 4.35 0.67
time (sec) N/A 0.707 0.021 0.148 0.000 0.076 0.618 0.121 0.146  21.227
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 389 637 119 94 0 330 1445 140 0 150
N.S. 1 1.64 0.31 0.24 0.00 0.85 3.71 0.36 0.00 0.39
time (sec) N/A 1.172 0.033 0.218 0.000 0.079 0.650 0.127 0.166  21.365
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 238 238 238 243 283 228 280 287 292 223
N.S. 1 1.00 1.00 1.02 1.19 0.96 1.18 1.21 1.23 0.94
time (sec) N/A 0.441 0.064 0.081 0.039 0.062 0.038 0.129 0.143 0.154
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 104 104 101 111 96 107 109 111 93
N.S. 1 1.00 1.00 0.97 1.07 0.92 1.03 1.05 1.07 0.89
time (sec) N/A 0.298 0.023 0.059 0.029 0.070 0.023 0.129 0.146 0.045
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 36 29 28 28 29 28 29 28
N.S. 1 1.00 1.00 0.81 0.78 0.78 0.81 0.78 0.81 0.78
time (sec) N/A 0.170 0.000 0.040 0.029 0.064 0.017 0.113 0.166 0.020
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Optimal | Rubi MMA Maple Maxima  Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 407 414 58 52 0 3804183 0 0 24 4180
N.S. 1 1.02 0.14 0.13 0.00 9346.89  0.00 0.00 0.06 10.27
time (sec) N/A 1.229 0.037 0.181 0.000 19.092  0.000 0.000 0.145  23.268
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1080 1135 460 525 0 0 0 0 0 12699
N.S. 1 1.06  0.43 0.49 0.00 0.00 0.00 0.00 0.00 11.76
time (sec) N/A 4.864 0.646 0.941 0.000  0.000 0.000 0.000 0.150 23.471
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 320 320 320 345 378 327 393 389 394 311
N.S. 1 1.00  1.00 1.08 1.18 1.02 1.23 1.22 1.23 0.97
time (sec) N/A 0.580 0.100 0.089 0.048 0.096 0.043 0.125 0.159 0.184
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 139 141 144 150 135 153 151 153 129
N.S. 1 1.00 1.01 1.04 1.08 0.97 1.10 1.09 1.10 0.93
time (sec) N/A 0.339 0.029 0.066 0.033 0.085 0.032 0.117 0.143 0.057
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 47 40 39 39 41 39 40 39
N.S. 1 1.00 1.00 0.85 0.83 0.83 0.87 0.83 0.85 0.83
time (sec) N/A 0.184 0.000 0.044 0.032  0.073 0.020 0.108 0.145 0.020
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F(-1) F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 479 613 78 72 0 0 0 0 36 5563
N.S. 1 1.28 0.16 0.15 0.00 0.00 0.00 0.00 0.08 11.61
time (sec) N/A 2.138 0.041 0.089 0.000  0.000 0.000 0.000 0.165 23.616
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C C F F(-1) F(-1) F F B
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 1379 0 610 722 0 0 0 0 0 16419
N.S. 1 0.00 0.44 0.52 0.00 0.00 0.00 0.00 0.00 11.91
time (sec) N/A 0.000 1.042 0.216 0.000  0.000 0.000 0.000 0.156  25.598
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 257 276 285 267 372 271 299 277 280 261
N.S. 1 1.07  1.11 1.04 1.45 1.05 1.16 1.08 1.09 1.02
time (sec) N/A 0.594 0.046 0.083 0.037  0.089 0.057 0.109 0.142 0.245
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 174 189 171 163 205 163 180 166 169 160
N.S. 1 1.09 098 0.94 1.18 0.94 1.03 0.95 0.97 0.92
time (sec) N/A 0.430 0.022 0.070 0.037  0.099 0.038 0.117 0.157 0.124
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 106 117 92 83 94 82 95 83 86 82
N.S. 1 1.10 0.87 0.78 0.89 0.77 0.90 0.78 0.81 0.77
time (sec) N/A 0.318 0.012 0.058 0.045 0.094 0.029 0.111 0.141 0.038
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 32 29 28 28 31 28 31 28
N.S. 1 1.00 1.00 0.91 0.88 0.88 0.97 0.88 0.97 0.88
time (sec) N/A 0.170 0.000 0.043 0.030  0.094 0.019 0.113 0.142 0.038
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 386 555 71 64 0 905 88 603 31 1551
N.S. 1 1.44  0.18 0.17 0.00 2.34 0.23 1.56 0.08 4.02
time (sec) N/A 1.006 0.029 0.152 0.000 0.084 0.633 0.109 0.157  23.829
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 565 797 182 230 0 3222 427 1057 86 5844
N.S. 1 141  0.32 0.41 0.00 5.70 0.76 1.87 0.15 10.34
time (sec) N/A 1.245 0.111 0.149 0.000 0.159 80.843 0.115 0.150  23.637
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 266 304 345 332 383 332 366 353 353 331
N.S. 1 1.14  1.30 1.25 1.44 1.25 1.38 1.33 1.33 1.24
time (sec) N/A 0.588 0.057 0.104 0.037  0.100 0.054 0.117 0.144  21.797
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 184 215 207 200 214 198 218 205 205 201
N.S. 1 1.17 112 1.09 1.16 1.08 1.18 1.11 1.11 1.09
time (sec) N/A 0.417 0.032 0.079 0.043 0.068 0.047 0.124 0.160 0.147
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 135 109 99 101 98 112 99 99 98
N.S. 1 1.19 0.96 0.88 0.89 0.87 0.99 0.88 0.88 0.87
time (sec) N/A 0.310 0.018 0.066 0.034  0.067 0.028 0.110 0.141 0.044
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 37 34 33 33 36 33 33 33
N.S. 1 1.00 1.00 0.92 0.89 0.89 097  0.89 0.89 0.89
time (sec) N/A 0.167 0.000 0.054 0.026  0.065 0.024 0.118 0.145 0.040
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 153 165 71 67 0 1115 122 577 34 1264
N.S. 1 1.08  0.46 0.44 0.00 7.29 0.80 3.77 0.22 8.26
time (sec) N/A 0.364 0.027 0.268 0.000  0.093 1.112 0.119 0.160 23.155
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 332 377 234 288 0 4285 0 1115 99 10351
N.S. 1 1.14  0.70 0.87 0.00 1291  0.00 3.36 0.30 31.18
time (sec) N/A 0.571 0.157 0.170 0.000 0.274 0.000 0.122 0.143  26.795
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 125 195 179 192 179 199 219 220 175
N.S. 1 090 1.40 1.29 1.38 1.29 1.43 1.58 1.58 1.26
time (sec) N/A 0.360 0.033 0.075 0.029 0.068 0.044 0.114 0.157  0.373
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 85 114 110 119 107 114 128 131 108
N.S. 1 0.89 1.20 1.16 1.25 1.13 1.20 1.35 1.38 1.14
time (sec) N/A 0.306 0.018 0.061 0.035  0.060 0.038 0.110 0.158 0.124
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 52 66 60 65 56 65 65 66 61
N.S. 1 090 1.14 1.03 1.12 0.97 1.12 1.12 1.14 1.05
time (sec) N/A 0.221 0.011 0.052 0.029 0.068 0.028 0.109 0.141 0.039
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 23 22 22 22 22 25 22
N.S. 1 1.00 1.00 0.88 0.85 0.85 0.85 0.85 0.96 0.85
time (sec) N/A 0.156 0.000 0.040 0.029 0.062 0.021 0.107 0.139 0.020
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 89 57 51 0 457 66 2669 222 571
N.S. 1 096 0.61 0.55 0.00 4.91 0.71 2870 2.39 6.14
time (sec) N/A 0.234 0.027 0.081 0.000  0.077 0.558 2.217 0.159  22.144
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 179 165 150 158 0 1948 294 8503 2216 4591
N.S. 1 092 0.84 0.88 0.00 10.88 1.64 4750 12.38 25.65
time (sec) N/A 0.310 0.081 0.091 0.000 0.110 3.535 5.905 0.162  25.128
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 254 254 400 0 3971 697 16632 6470 8242
N.S. 1 094 094 1.48 0.00 1471 2.58 61.60  23.96 30.53
time (sec) N/A 0.445 0.164 0.139 0.000 0.137 8.582 11.691 0.340  26.083
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 116 108 278 958 0 90 0 0 255 0
N.S. 1 093 240 8.26 0.00 0.78 0.00 0.00 2.20 0.00
time (sec) N/A 0.281 22.808 1.970 0.000  0.077 0.000 0.000 0.288 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 68 66 256 936 0 69 0 0 163 0
N.S. 1 097 3.76  13.76 0.00 1.01 0.00 0.00 2.40 0.00
time (sec) N/A 0.234 22742 1.265 0.000  0.081 0.000 0.000 0.245 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 17 17 156 200 0 16 0 0 42 0
N.S. 1 1.00 9.18 11.76 0.00 0.94 0.00 0.00 2.47 0.00
time (sec) N/A 0.178 32.280 0.553 0.000  0.067 0.000 0.000 0.156 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 79 73 261 932 0 119 0 0 535 0
N.S. 1 092 330 11.80 0.00 1.51 0.00 0.00 6.77 0.00
time (sec) N/A 0.236 23.148 1.274 0.000  0.081 0.000 0.000 0.209 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 123 115 298 972 0 195 0 0 0 0
N.S. 1 093 242 7.90 0.00 1.59 0.00 0.00 0.00 0.00
time (sec) N/A 0.274 23.430 1.478 0.000  0.076 0.000 0.000 0.215 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 116 108 278 954 0 90 0 0 255 0
N.S. 1 093 240 8.22 0.00 0.78 0.00 0.00 2.20 0.00
time (sec) N/A 0.268 27.178 1.592 0.000  0.078 0.000 0.000 0.298 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 68 66 256 932 0 69 0 0 163 0
N.S. 1 097 3.76 13.71 0.00 1.01 0.00 0.00 2.40 0.00
time (sec) N/A 0.221 20.856 1.273 0.000  0.079 0.000 0.000 0.226 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 17 17 100 200 0 16 0 0 42 0
N.S. 1 1.00 5.88 11.76 0.00 0.94 0.00 0.00 2.47 0.00
time (sec) N/A 0.164 34.470 0.613 0.000  0.077 0.000 0.000 0.176 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 79 73 298 963 0 119 0 0 535 0
N.S. 1 092  3.77 12.19 0.00 1.51 0.00 0.00 6.77 0.00
time (sec) N/A 0.227 21.512 0.628 0.000  0.074 0.000 0.000 0.194 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 123 115 327 1039 0 195 0 0 0 0
N.S. 1 093  2.66 8.45 0.00 1.59 0.00 0.00 0.00 0.00
time (sec) N/A 0.266 23.430 0.651 0.000  0.074 0.000 0.000 0.223 0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 683 843 10468 5229 0 0 0 0 715 0
N.S. 1 1.23 1533  7.66 0.00 0.00 0.00 0.00 1.05 0.00
time (sec) N/A 1.018 16.218 8.953 0.000  0.000 0.000 0.000 0.237 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 585 729 5218 4865 0 0 0 0 269 0
N.S. 1 1.25  8.92 8.32 0.00 0.00 0.00 0.00 0.46 0.00
time (sec) N/A 0.675 16.120 7.227 0.000  0.000 0.000 0.000 0.176 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 217 258 822 1056 0 0 0 0 60 0
N.S. 1 1.19  3.79 4.87 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.305 12.646 1.031 0.000  0.000 0.000 0.000 0.157 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 639 77 5276 5024 0 0 0 0 115 0
N.S. 1 1.22  8.26 7.86 0.00 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 0.737 16.158 1.064 0.000  0.000 0.000 0.000 0.171 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 702 945 13510 8241 0 0 0 0 1113 0
N.S. 1 1.35  19.25 11.74 0.00 0.00 0.00 0.00 1.59 0.00
time (sec) N/A 0.960 16.240 11.787  0.000  0.000 0.000 0.000 0.284 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 599 814 7543 7887 0 0 0 0 502 0
N.S. 1 1.36 12.59 13.17 0.00 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 1.242 16.147 6.770 0.000  0.000 0.000 0.000 0.183 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 219 279 1065 1704 0 0 0 0 66 0
N.S. 1 1.27  4.86 7.78 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.513 12391 0.688 0.000  0.000 0.000 0.000 0.227 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 680 882 7629 8103 0 0 0 0 131 0
N.S. 1 1.30 11.22 11.92 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 1.369 16.179 0.793 0.000  0.000 0.000 0.000 0.321 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 402 539 6287 2655 0 0 0 0 551 0
N.S. 1 1.34 15.64 6.60 0.00 0.00 0.00 0.00 1.37 0.00
time (sec) N/A 1.105 16.165 8.168 0.000  0.000 0.000 0.000 0.465 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 330 481 3470 2519 0 0 0 0 245 0
N.S. 1 1.46 10.52  7.63 0.00 0.00 0.00 0.00 0.74 0.00
time (sec) N/A 0.893 16.088 5.721 0.000  0.000 0.000 0.000 0.323 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 158 144 540 530 0 0 0 0 46 0
N.S. 1 091 342 3.35 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.422 11.864 0.888 0.000  0.000 0.000 0.000 0.280 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 368 509 3526 2601 0 0 0 0 85 0
N.S. 1 1.38  9.58 7.07 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.924 16.120 0.951 0.000  0.000 0.000 0.000 0.241 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 460 597 6386 2757 0 0 0 0 152 0
N.S. 1 1.30 13.88  5.99 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 1.125 16.222 0.923 0.000  0.000 0.000 0.000 0.265 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 96 84 84 84 94 84 83 84
N.S. 1 1.00 1.00 0.88 0.88 0.88 0.98 0.88 0.86 0.88
time (sec) N/A 0.375 0.003 0.052 0.032  0.087 0.027 0.123 0.236 0.385
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 74 64 64 64 71 64 63 64
N.S. 1 1.00 1.00 0.86 0.86 0.86 0.96 0.86 0.85 0.86
time (sec) N/A 0.350 0.002 0.048 0.028 0.081 0.027 0.106 0.160 0.107
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 54 44 44 44 49 44 43 44
N.S. 1 1.00 1.00 0.81 0.81 0.81 0.91 0.81 0.80 0.81
time (sec) N/A 0.316 0.003 0.040 0.026  0.088 0.026 0.114 0.140 0.032
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 19 19 19 19 19 18 19
N.S. 1 1.00 1.00 0.83 0.83 0.83 0.83 0.83 0.78 0.83
time (sec) N/A 0.236 0.000 0.036 0.025 0.070  0.017 0.134 0.143 0.031

Problem 7 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C C F B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 211 321 45 41 0 303 41 0 19 123
N.S. 1 1.52 0.21 0.19 0.00 1.44 0.19 0.00 0.09 0.58
time (sec) N/A 1.066 0.019 0.055 0.000 0.119 0.567 0.000 0.171  23.726

Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C C F A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 300 432 113 83 0 398 3834 0 42 176
N.S. 1 144 038  0.28 0.00 1.33 1278  0.00 0.14 0.59
time (sec) N/A 1.385 0.049 0.066  0.000 0.128 1.784 0.000 0.143  0.225

Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 104 104 84 84 84 100 84 83 84
N.S. 1 1.00 100 0.81 0.81 0.81 096  0.81 0.80 0.81

time (sec) N/A 0.381 0.004 0.052 0.031 0.094 0.034 0.126 0.145 22.954
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 76 64 64 64 73 64 63 64
N.S. 1 1.00 1.00 0.84 0.84 0.84 0.96 0.84 0.83 0.84
time (sec) N/A 0.346 0.002 0.048 0.033 0.078 0.031 0.112 0.173 0.107
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 52 44 44 44 49 44 43 44
N.S. 1 1.00 1.00 0.85 0.85 0.85 0.94 0.85 0.83 0.85
time (sec) N/A 0.314 0.002 0.041 0.027 0.070 0.026 0.144 0.143 0.034
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 24 24 24 27 24 23 24
N.S. 1 1.00 1.00 0.80 0.80 0.80 0.90 0.80 0.77 0.80
time (sec) N/A 0.243 0.000 0.036 0.032  0.072 0.021 0.108 0.152 0.020
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 208 313 55 49 0 305 41 0 24 123
N.S. 1 1.50 0.26 0.24 0.00 1.47 0.20 0.00 0.12 0.59
time (sec) N/A 1.130 0.023 0.056 0.000  0.112 1.477 0.000 0.163  22.766
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 297 428 128 96 0 422 3839 0 795 181
N.S. 1 1.44 0.43 0.32 0.00 1.42 1293 0.00 2.68 0.61
time (sec) N/A 1.463 0.043 0.072 0.000  0.117 2.500 0.000 0.152 0.229
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 131 168 927 965 0 0 0 0 36 0
N.S. 1 1.28  7.08 7.37 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.676 11.004 1.087 0.000  0.000 0.000 0.000 0.150 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 431 553 4865 4426 0 0 0 0 59 0
N.S. 1 1.28 11.29 10.27 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 1.280 16.066 3.504 0.000  0.000 0.000 0.000 0.164 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 108 115 249 961 0 0 0 0 36 0
N.S. 1 1.06  2.31 8.90 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 0.631 10.674 1.059 0.000  0.000 0.000 0.000 0.143 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD TBD
size 367 400 602 2564 0 0 0 0 56 0
N.S. 1 1.09 1.64 6.99 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.187 15.350 0.881 0.000  0.000 0.000 0.000 0.160 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 125 163 1148 1180 0 0 0 0 24 0
N.S. 1 1.30  9.18 9.44 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.702 11.099 1.025 0.000  0.000 0.000 0.000 200.029 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 432 529 6019 5421 0 0 0 0 66 0
N.S. 1 1.22  13.93 12.55 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.286 16.074 3.770 0.000  0.000 0.000 0.000 0.158 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 575 636 6084 5441 0 0 0 0 86 0
N.S. 1 1.11  10.58  9.46 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.746 16.074 3.720 0.000  0.000 0.000 0.000 0.156 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 126 158 826 1180 0 0 0 0 46 0
N.S. 1 1.25  6.56 9.37 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.663 10.171 0.893 0.000  0.000 0.000 0.000 32.483  0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 434 526 5428 5421 0 0 0 0 66 0
N.S. 1 1.21 1251 12.49 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.257 16.165 1.391 0.000  0.000 0.000 0.000 0.164 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 52 47 46 46 56 48 46 52
N.S. 1 1.00 087 0.78 0.77 0.77 0.93 0.80 0.77 0.87
time (sec) N/A 0.353 0.180 0.068 0.107 0.200 0.130 0.114 0.144 0.120
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [78]
had the largest ratio of [1.05882000000000009]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | gade| s | e s | O | el
1] A 4 3 1.00 9 0.333
% A 2 2 0.45 40 0.050
3| A 2 2 1.00 17 0.118
4 A 2 2 1.00 17 0.118
i A 2 2 1.00 17 0.118
6} A 1 1 1.00 15 0.067
7] A 14 13 1.46 17 0.765
3] A 18 17 1.33 17 1.000
9) A 2 2 1.00 14 0.143
10j A 2 2 1.00 14 0.143
11 A 1 1 1.00 12 0.083
12] A 2 2 1.00 14 0.143
13] A 2 2 1.50 14 0.143
14 A 2 2 1.70 14 0.143
15) A 2 2 1.00 18 0.111
16} A 2 2 1.00 18 0.111
17] A 1 1 1.00 16 0.062
18] A 2 2 0.99 18 0.111
19 B 2 2 2.05 18 0.111
20) A 2 2 1.64 18 0.111
21] A 2 2 1.00 22 0.091
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A 2 2 1.00 22 0.091
3| A 1 1 1.00 20 0.050
24] A 2 2 1.02 22 0.091
25) A 2 2 1.05 22 0.091
26} A 2 2 1.00 34 0.059
7| A 2 2 1.00 34 0.059
28] A 1 1 1.00 32 0.031
129 A 2 2 1.28 34 0.059
F 0 0 N/A 0.000 N/A
B[ A 4 3 1.07 29 0.103
32] A 4 3 1.09 29 0.103
33] A 4 3 1.10 29 0.103
34 A 1 1 1.00 27 0.037
35) A 10 9 1.44 29 0.310
36} A 12 11 1.41 29 0.379
37] A 4 3 1.14 32 0.094
38] A 4 3 1.17 32 0.094
39) A 4 3 1.19 32 0.094
40| A 1 1 1.00 30 0.033
41| A 4 3 1.08 32 0.094
4_2 A 6 ) 1.14 32 0.156
43 A 4 3 0.90 22 0.136
4| A 4 3 0.89 22 0.136
45) A 4 3 0.90 22 0.136
46 A 1 1 1.00 20 0.050
47| A 4 3 0.96 22 0.136
48] A 6 ) 0.92 22 0.227
4_9 A 8 7 0.94 22 0.318
50) A 11 10 0.93 23 0.435
51 A 9 8 0.97 23 0.348
52] A ) 4 1.00 23 0.174
53] A 9 8 0.92 23 0.348

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:Sds ui?eze antlfa?rlszzzlve leaf size integrand leaf size
% A 11 10 0.93 23 0.435
55) A 11 10 0.93 19 0.526
56 | A 9 8 0.97 19 0.421
5_7 A ) 4 1.00 19 0.211
58] A 9 8 0.92 19 0.421
59) A 11 10 0.93 19 0.526
60j A 10 9 1.23 31 0.290
61] A 8 7 1.25 31 0.226
62| A 3 2 1.19 31 0.065
63] A 8 7 1.22 31 0.226
64 A 9 8 1.35 34 0.235
65) A 7 6 1.36 34 0.176
66| | A 3 2 1.27 34 0.059
67| A 7 6 1.30 34 0.176
68} A 11 10 1.34 24 0.417
69| A 9 8 1.46 24 0.333
70j A 4 3 0.91 24 0.125
71 A 9 8 1.38 24 0.333
Q A 11 10 1.30 24 0.417
73] A 2 2 1.00 17 0.118
74 A 2 2 1.00 17 0.118
E A 1.00 17 0.118
76| A 1 1 1.00 15 0.067
77] A 15 14 1.52 17 0.824
78 A 19 18 1.44 17 1.059
E A 2 2 1.00 22 0.091
30j A 2 2 1.00 22 0.091
81 A 1.00 22 0.091
8| A 1 1 1.00 20 0.050
33] A 15 14 1.50 22 0.636
34 A 19 18 1.44 22 0.818
35) A ) 4 1.28 19 0.211

Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand b ¢ rul
#lgmde | e | i | aidevave | O s,
86 A 14 13 1.28 19 0.684
37 A 5 4 1.06 19 0.211
38 A 14 13 1.09 19 0.684
39 A 5 4 1.30 24 0.167
90 A 14 13 1.22 24 0.542
91 A 18 17 1.11 24 0.708
92 A 5 4 1.25 24 0.167
93 A 14 13 1.21 24 0.542
94 A 2 2 1.00 17 0.118
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3.1 [ ((a+ bx)*) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 9, antiderivative size = 25

_ (a+bz) ((a+ b))

/ ((a+bz)")? dz

b(1+ 4p)

-

(bxx+a) * ((b*x+a) ~4) “p/b/ (1+4xp)

N\

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

a+bzx) ((a + bx)*)?

/((a+bx)4)p de = (

b(1+ 4p)

‘Integrate[((a + b*x)~4)p,x]

L((a + b*x)*((a + b*x)"4)7p)/(bx(1 + 4*p))
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {239, 20, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/((a+ bz)*)’ dx
| 239
[ ((a+b2)*)? d(a + bz)
b
| 20
(a+bz)~* ((a + bz)*)” [(a + bz)*d(a + bz)
b

| 15

(a+bz) ((a + bz)*)?
b(4p + 1)

-

| —

inputtlnt[((a + b*x)"4)"p,x]

outputt((a + bxx)*((a + b*x)"4)"p)/(bx(1 + 4%p)) J

Defintions of rubi rules used

N

rule 15‘(In'c[(a_.)*(x_)“(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[ ‘
‘{a, m}, x] && NeQ[m, -1] ‘

2 ‘ Int[((a_.)*(x_)"(@n_))"(p_), x_Symbol] :> Simp[(a*x”"n) p/x~(nxp) Int[x"(n* ‘

rule
‘p), x], x] /; FreeQ[{a, n, p}, x] & !IntegerQ[p] ‘
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239‘Int[((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Simp[1/Coefficient[v, x, 1 ‘

‘] Subst [Int[(a + b*x"n)"p, x]1, x, v], x] /; FreeQ[{a, b, n, p}, x] && Lin ‘

‘earQ[v, x] && NeQ[v, x]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

method result size
(bz+a) ( (bz+a)* P

gosper W 26
bzr+a)( (bz+a 4)?

risch % 26
bzr+a)( (bz+a 4)?

orering % 26

. z((bx+a)4)pab+((bx+a)4)pa2

parallelrisch (i+dp)ab 42
xepln((bﬁ-&-a)‘l) ae? 1n((bz+a)4)

norman TEw ) 45

Lint (((b*x+a)~4) "p,x,method=_RETURNVERBOSE)

t(b*x+a)*((b*x+a)“4)“p/b/(1+4*p)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(25) = 50.

Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.16

44 3.3 2722 3 4\P
/((a+bx)4)pdx= (bx + a)(b*z* + 4 ab’z® 4 6 a’b’z? + 4 a’bz + a*)

4bp+0b

Lintegrate (((b*x+a)~4)"p,x, algorithm="fricas")
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‘(b*x + a)*(b™4*x"4 + 4*xaxb~3*x"3 + 6%a”2xb"2xx"2 + 4xa~3xbxx + a~4) p/(4xb
L*p + b)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 153 vs. 2(19) = 38.

Time = 1.25 (sec) , antiderivative size = 153, normalized size of antiderivative = 6.12

/ ((a+b2)")" dz

(

z _ __1
i/ forb=0Ap=—3
z(a*)? forb =0

247)log (+x
(b ) log ( b ) for b 74 0
= 4 ( 4
a + bx) —_1
forp=—3
z .
v otherwise
a(a4+4a3bm+6a2b2x2+4ab313+b4z4)p + ba:(a4+4a3bx+6a2b2z2+4ab3x3+b4x4)p otherwise

L 4bp+b 4bp+b

-

Lintegrate(((b*x+a)**4)**P,X)

~—

Piecewise((x/(ax*4)**(1/4), Eq(b, 0) & Eq(p, -1/4)), (xx(a**4)*xp, Eq(b, O
)), (Piecewise(((a/b + x)*log(a/b + x)/((a + bxx)*x4)*x(1/4), Ne(b, 0)), (
x/(ax*4)*x(1/4), True)), Eq(p, -1/4)), (ax(a*x4 + 4*xax*3xbxx + Gkax*k2xb**2
*X*k*2 + Akaxbxk3kxx*k3 + bkxdxx*x4)*x*p/(4*b*p + b) + bixk(a**x4d + 4xax*k3xbxx
+ Bkax*x2*¥bx*k2xx**x2 + 4kaxb*x3*kx**3 + bx*xdxx*k*4)**p/(4xb*p + b), True))
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

ne 5 (bx+a)(br + a)*?
/((a+bx) ) dz = bdp 1 D)
input tintegrate (((b*x+a) ~4) "p ,X, algorithm=“maxima") J

-

L(b*x + a)*(b*x + a)”~(4*p)/(bx(4*p + 1))

-/

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.48

bz + a)sgn(bz + a))*?t!
b 4\ P d — ((
/((a+ z)*)" dz a9+ Loga (ba +
input Lintegrate (((b*x+a)~4)"p,x, algorithm="giac") J
outputt((b*x + a)*sgn(b*x + a))~(4*p + 1)/(bx(4*p + 1)*sgn(b*x + a)) J

Mupad [B] (verification not implemented)

Time = 21.76 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

4\P _ ((a+bw)4)p(a—|—bx)
/((a—l—bx)) dr = b dp T D)

input Lint(((a + b*x)~4)"p,x) J

outputt“(a + b¥x)~4)“p*(a + b*x))/(b*x(4xp + 1)) J
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

N (bz + )" (bz + a)
/((a+bx)) dr = blap 1 D)

input tint (((b*x+a)~4)"p,x)

-

Outputt((a + bxx)**x(4xp)*(a + b*x))/(b*(4*p + 1))

-/
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3.2 [ (a* + 4a3bz + 6a?b*x? + 4ab®z® + b*z*)” dz

Optimal result . . . . . . . . . . . . e 671
Mathematica [A] (verified) . . . . . . . . . ... o 67
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 69
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 69
Sympy [F] . . o o 70
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 70}
Giac [A] (verification not implemented) . . . . . . ... ... ... [Tl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 72

Optimal result

Integrand size = 40, antiderivative size = 56

/ (a* + 4a°bz + 6a°b%2* + 4ab’z® + b'z*)” da
_ (a+b2) (a* + 4a’bx + 6a2b°z? 4 4ab®s® + b'z*)”
B b(1 + 4p)

\(b*x+a)*(b*4*x”4+4*a*b“3*x*3+6*a*2*b“2*x*2+4*a“3*b*x+a“4)“p/b/(1+4*p)

output
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.45
b b 4\P
/ (a* + 4a®bz + 6a°b%2* + 4ab’z® + b'z?)" dx = (a+b) ((a + bo)')
b(1 + 4p)
input LIntegrate[(a"4 + 4xa”3xbxx + 6%a”2xb"2*x"2 + 4*xaxb~3*x"3 + b~4*x"4) p,x] J
Output{((a + bxx)*((a + b*x)"4)7p)/(bx(1 + 4xp)) J




input

output

rule 17

rule 2008
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.45,

number of rules _ 0.050, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {2008, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a4 + 4a3bz + 60262z + 4ab32® + b4:c4)p dx
l 2008

(a+bz)™* ((a + bz)*)” /(a + bx)*Pdx

| 17

(a+bz) ((a + bz)*)?
b(4p + 1)

LInt[(a‘4 + 4*a~3*%bxx + 6%a”2%b”"2*x"2 + 4*a*b~3*%x”"3 + b~4*x"4) "p,x] J

-

L((a + b*x)*((a + b*x)~4)"p)/(b*(1 + 4%p))

-/

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/(bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[(u_.)*(Px_)~(p_), x_Symbol] :> With[{a = Rt[Coeff[Px, x, 0], Expon[Px,
x]], b = Rt[Coeff[Px, x, Expon[Px, x]], Expon[Px, x]]1}, Simp[((a + b*x) Exp
on[Px, x])"p/(a + b*x) (Expon[Px, x]*p) Int[u*(a + b*x)  (Expon[Px, x]*p),

x], x] /; EqQ[Px, (a + b*x) Expon[Px, x]]] /; !IntegerQ[p] && PolyQ[Px, x
1 && GtQ[Expon[Px, x], 1] && NeQ[Coeff[Px, x, 0], 0]
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.46

method result size
P
isch (bz+a) <(bz+a)4) 2%
T1SC. W
(bz+a) bzt +4a b323+6a2b?22+4b a3z+a?)?
gosper b(1+4p) 57
. (bz+a) bzt +4a b323+6a2b%22+4b a3z+a?)”?
orering b(i+dp) o7
. T (b4x4 +4ab323+6a2b222+4b an+a4)pab+ (b4z4+4a b3x34+6a2b222+4b a3x+a4)pa2
parallelrisch 104
(1+4p)ad
xepln(b4z4+4a b3z3+6a2b2x2+4b a,3:c+a4) aep 1n(b4z4+4a b3z3+6a2b2$2+4ba31+a4) 1 7
norman W B(iaD) 0

ut‘int((b"4*x"4+4*a*b"3*x"3+6*a"2*b"2*x"2+4*a"3*b*x+a“4)"p,x,method=_RETURNVE

N

inp
| RBOSE)
p
output L(b*x+a) * ((b*x+a) ~4) “p/b/ (1+4+p)
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96
/ (a* + 4a°bz + 6a°b%2* + 4ab’z® + b'z*)” d
_ (bz + a)(b'z* + 4ab’z® 4 6 a’b?2® + 4 a’bx + a*)”
- 4bp+b
input integrate ((b~4*x"~4+4*a*b”~3xx~3+6%a”~2x¥b~2*x"2+4*a"3*bxx+a"4) "p,x, algorithm
="fricas")
output (b*x + a)*(b"4*x"4 + 4*a*b~3*x~3 + 6+a”~2*b”"2*x"2 + 4*xa”3xb*x + a~4) p/(4*b
*p + b)
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Sympy [F]

/ (a4 + 4a3bz + 6ab’z? + 4ab®z® + b4x4)p dz

( =z _ _ 1
Yo forb=0Ap=—;
a
z(a*)? forb=10
= 1 d _ 1
x forp=—3
/ Va* + 4a3bx + 6a2b2z? + 4abPx3 + bzt 4
a(a4+4a3bx+6a2b2x2+4ab3ac3+b4x4)p + bac(a4+4a3bx+6a2b2x2+4ab3x3+b4x4)p otherwise

\ 4bp+b 4bp+b

input integrate ((b*x4*x*x4+4*akbrk3kxxk3+6ka*xk2kb 2k x**x2+4*a*x*3kbkx+a*x4) **p,x)

Piecewise((x/(a**4)#*x(1/4), Eq(b, 0) & Eq(p, -1/4)), (x*(a**4)**p, Eq(b, O
)), (Integral((a**4 + 4*xa*x*3xb*x + Gka*x*2xb**2xx**2 + 4kaxbx*k3xx**3 + b*x4
*xxkxd)*k(-1/4), x), Eq(p, -1/4)), (a*x(a*x4d + 4*xa*x*k3*b*x + Gka)xkxkbkkkxkk2
+ 4kaxb**3xx*x3 + bkxd*xx*k4)**p/(4*b*p + b) + bkx*(a*xx4d + 4*ax*3xb*x + 6%
ax*2kbx*k2kx*k*2 + 4kaxbk*3*kx**3 + bxkdxx**x4)**p/(4*%b*p + b), True))

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.45

(bx + a)(bx + a)*?
b(4p+1)

/ (a4 + 4a3bx + 6ab%x? + 4ab®z® + b41'4)p dz =

‘integrate((b‘4*x“4+4*a*b“3*x‘3+6*a‘2*b“2*x‘2+4*a‘3*b*x+a‘4)“p,x, algorithm

input
="maxima")

output L (bxx + a)*(bxx + a)~(4*p)/(b*x(4*p + 1))




input

output

input

output
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.70

/ (a4 + 4a3bz + 6ab’z? + 4ab®z® + b4x4)p dz

(b*z* + 4 ab3z3 + 6 a?b%x? + 4 abx + a*)’bx + (biz? + 4ab®z® + 6 a?’?2? + 4 a3bz + a)’a
4bp+0b

integrate ((b~4*x~4+4*axb~3*x~3+6%a~2%b~2*x~2+4*a~3*b*x+a~4) "p,x, algorithm
=14 n
="giac")

N J

((b™4%x™4 + 4xa*b™3*x"3 + 6*%a”2xb~2*%x"2 + 4*a”~3*b*x + a~4) “pxbxx + (b~4*x~

4 + 4*axb~3%x"3 + 6%a”2%b"2%x"2 + 4xa”3%b*x + a”4) p*a)/(4xb*p + b)

Mupad [B] (verification not implemented)

Time = 21.40 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.12

/ (a4 + 4a3bz + 6ab’z? + 4ab®z® + b4z4)p dz

T a 4 3 272 2 3 3 4 _4\P
= 4a°b b 4ab b
<4p+1+b(4p—|—1)) (a*+4a’bz +6a’b*z* + 4ab® z° + b* z*)

-

Lint((a“4 + bT4*x"4 + 4%a*xb"3%x"3 + 6%¥a”2%b"2*x"2 + 4*a~3*b*x) "p,x)

| —

(x/(4*p + 1) + a/(b*(4*p + 1)))*(a™4 + b 4*x"4 + 4xakb~3xx"3 + 6%a~2kb"2%x
72 + 4%a~3#b*x)p
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00

/ (a4 + 4a3bzx + 6a’b°z? + 4ab®z® + b4x4)p dx
(b*z* + 4a b33 + 6a%b?2? + 4a3bzx + )’ (bx + a)
b(4p+1)

-

input Lint ((b~4*x"4+4*axb~3*x~3+6%a”2*%b~2*x~2+4*a~3*b*x+a~4) "p,x)

-/

‘ ((ax*4 + 4xa*x3*b*x + 6¥a**x2xb*x2*x**2 + 4kaxb**3xx**3 + bk*d*x*k*4)*x*p*(a ‘
+ b*x))/(b*(4*p + 1))

N\ J

output
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3.3  [(1+4z+42% + 424" dz

Optimal result . . . . . . . . . . . . . e 73]
Mathematica [A] (verified) . . . . . . . . ... .. L 73
Rubi [A] (verified) . . . . . . .. . . 74
Maple [A] (verified) . . . . . . . . ... 751
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 76
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 76
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... e
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. i
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 78]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 78

Optimal result

Integrand size = 17, antiderivative size = 97
11223 1136z5  992x°
/(1+4x+4x2+4x4)4dx:x+8x2+ T 1125t 5:6 + 3:5

275227 4192z° 287!
+ 752z +448x8+—(“;x —|-384x1°+33 18136

179213 n 512z n 1024z1° n 25617
13 7 15 17

+ 25622 +

}x+8*x*2+112/3*x*3+112*x*4+1136/5*x*5+992/3*x*6+2752/7*x*7+448*x*8+4192/9*x
\*9+384*x*1o+3328/11*x*11+256*x*12+1792/13*x*13+512/7*x*14+1024/15*x*15+256
‘/17*x“17 ‘

output

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.00
11273 1136z°  992z°
/(1+4a:+4x2+4x4)4dx=x+8x2+ T +1122t + 5x + 3x

275227 41922° 287!
752z + 4482° + 92z +384x10+33 18136

N 179213 N 512z N 1024x1° N 256217
13 7 15 17

_|_

+ 256212




CHAPTER 3. LISTING OF INTEGRALS 74

input‘ Integrate[(1 + 4*xx + 4*x"2 + 4*x"4)74,x] ‘

}x + 8%x~2 + (112%x~3)/3 + 112%x~4 + (1136%x75)/5 + (992%x~6)/3 + (2752%x~7
)/7 + 448%x78 + (4192%x79)/9 + 384%x710 + (3328*x~11)/11 + 256%x~12 + (179
Lz*x*13)/13 + (512%x~14)/7 + (1024%x~15)/15 + (256%x~17)/17 J

output

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.118, Rules
integrand size

used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

/(m%+¢ﬁ+4x+1fdx

l 2465

/ (25676 + 1024z + 10242 + 179222 + 3072z + 332820 + 38402° + 41922° + 35842” + 27522° + 1984

l 2009
256217 1024z'® 512714 1792413 3328211 41922°
) 12 4 10 44 8
17 + 5 + 7 + 3 + 256z —|-711 + 384x +79 + 448x° +

275227  992z%  1136x° 11223
7:8 + 3w + 5w +112:c4+Tx+8x2+w

inputtlnt[u + 4xx + 4%x~2 + 4*x~4)"4,x] J

e

x + 8%x~2 + (112%x73)/3 + 112%x~4 + (1136%x75)/5 + (992%x~6)/3 + (2752%x"7
)/T + 448%x78 + (4192%x79)/9 + 384%x710 + (3328%x~11)/11 + 256%x~12 + (179
‘2*x“13)/13 + (512%x~14)/7 + (1024%x~15)/15 + (256%x~17)/17

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

2465 ‘ Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘
\[Px, x] && GtQ[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x
\] && IGtQ[p, O] ‘

rule

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.80

method result

gosper I+ 8z2 + 12 112 3+ 11224 + 1136 5+992 6 4 2752 27 + 44828 _|_4192 20 + 384210 + 3328m11
default z + 822 + 112 23 + 11224 + 1136 1136 5+992 6 4 2752 27 + 44818 _|_4192 29 + 384710 4+ 3328x11
norman z + 822 + 112 23 + 11224 + 1136 1136 5+992 6 4 2752 27 + 44818 +4192 20 + 384210 + 3328x
risch z + 822 + 112 23 + 11224 + 1136 1136 5+992 6 4 2752 27 + 44818 _|_4192 20 + 384210 + 3328x11
parallelrisch | z + 822 + 112 x3 + 1124 4 1136 1136 a® + 99246 4 2752 o7 + 4485 + 419259 4 384710 | 33811
orering x(11531520$16—|—52276224x14+56010240x13+105557760x12+196035840w11+23167872Ozlo+294053760x9+356;2;6736250x8-+

P
Lint ((4*x~4+4%x~2+4*x+1) “4,x ,method=_RETURNVERBOSE)

-/

input

t}x+8*x*2+112/3*x*3+112*x*4+1136/5*x*5+992/3*x*6+2752/7*x*7+448*x*8+4192/9*x
| "9+384xx~10+3328/11%x"11+256%x"12+1792/13%x"13+512/T*x~14+1024/15%x"~15+256
\/17*x*17 \

outpu
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Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79

256 1024 512 1792
144 422 + 42 dx = 17 15, 914 14 13 | 956 512
/(+z+x+$) ST T A SRS TR
3328 4192 2752
* Tzll +3842"0 + — =% +4482% + =~ o7
992 1136 112
+ o2 P 1122+ S+ 8%+
3 5 3
input Lintegrate ((4*x~4+4*x~2+4*x+1) "4,x, algorithm="fricas") J
output‘ 256/17*x~17 + 1024/15%x~15 + 512/7*x~14 + 1792/13%x~13 + 256*x~12 + 3328/1 ‘

|1%x711 + 384%x710 + 4192/9%x™9 + 448%x"8 + 2752/Txx"T + 992/3%x"6 + 1136/5 |
\*x*s + 112%x~4 + 112/3%x"3 + 8%x™2 + x \

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.97

256z17 1024z 5120 179240
/(1+4x—|—4x2—|—4m4)4 do = =2 + o+ I+ S 42562

98511 41922° 975257
+33181‘” +384x10+¥+448z8+ 77‘”

205 11362° 1124°
+993x + 3569” + 11220 4 —o

+8z% +x

e hY
integrate ((4*x**4+4*x**2+4%x+1) **4 ,X)

N\ J

input

output‘ 256xxx*x17/17 + 1024*x*%15/15 + 512%x**x14/7 + 1792*x*%*13/13 + 256%x**12 + 3 \
\328*}:**11/11 + 384xx*%10 + 4192%x*%9/9 + 448*x**8 + 2752%x**x7/7 + 992%x**6 \
‘/3 + 1136*x**5/5 + 112*%x**4 + 112*x**3/3 + 8*xx**2 + X ‘
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79

256 1024 512 1792
144 472 444d= 17 15 | 924 14 13 | 956 512
/(+z+x+$) ST T A SRS TR
3328 4192 2752
+Tx11+384$10+—$9+448x8+—x7
992 1136 112
+ =g b 1122t + S 23 4822 4
3 5 3
inputLintegrate((4*x‘4+4*x*2+4*x+1)*4,x, algorithm="maxima") J
Output‘256/17*}("17 + 1024/15%x"15 + 512/7*x~14 + 1792/13%x"13 + 256*%x~12 + 3328/1

‘1*x‘11 + 384%x710 + 4192/9%x”9 + 448%x~8 + 2752/7*x"7 + 992/3*x"6 + 1136/5
*x~5 + 112%x~4 + 112/3*%x"3 + 8%x"2 + x

N J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79

256 ., 1024 ., 512 ,, 1792
T TR A AT
3328 4192
+T.’E11+384.’I)10+—
¥z6+$x5+112x4+1—fz3+8x2+x

z'3 + 256 x'2
2752

/(1+4x+4x2+4w4)4 dz =

x° + 448 8 +

jnputLintegrate((4*x“4+4*x“2+4*x+1)*4,x, algorithm="giac") J

|256/17#x”17 + 1024/15%x"15 + 512/T*x"14 + 1792/13%x"13 + 256%x~12 + 3328/1
(1xx"11 + 384%x710 + 4192/9%x™9 + 448%x"8 + 2752/T*x"7 + 992/3%xx°6 + 1136/5
75+ 1124x°4 + 112/3473 + 842 + x )

output
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Mupad [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79

256217 L 1024 ' N 512z N 1792 23 + 956 212
17 15 7 13

28 11 41924° 275247
BB | 3400 4 ML s 4 22T
11 9 7
+992£L’6 1136 z°

3 + )

/ (1+ 4z +42° + 4x4)4 dx

112 23
+1mxﬁ+—?ﬂ+ﬁxﬁ+x

input 1O ((4¥x + 45272 + Lex"4 + 1)74,3) |

output"‘ + 8%x~2 + (112%x73)/3 + 112%x~4 + (1136%x~5)/5 + (992%x~6)/3 + (2752%x"7 \
/T + 448%x78 + (4192%x79)/9 + 384%x710 + (3328%x711)/11 + 256%x™12 + (179
\2*x*13)/13 + (512%x~14)/7 + (1024%x~15)/15 + (256%x~17)/17 \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.80

/ (1+ 4z +42° + 4x4)4 dz
_ 1:(11531520:1:16 + 522762242 + 5601024023 + 10555776022 + 196035840z + 2316787201 + 2940

input Lint ((4*x~4+4xx~2+4%x+1) ~4,x) J

t‘ (x*(11531520*x**16 + 52276224*x**14 + 56010240%x**13 + 105557760*x**12 + 1 ‘
‘96035840*}(**11 + 231678720*x**10 + 294053760*x**9 + 356676320*x**8 + 34306 ‘
‘2720*}(**7 + 301055040*x**6 + 253212960*x**5 + 173981808*x**x4 + 85765680*x* ‘
‘*3 + 28588560*x**2 + 6126120*x + 765765)) /765765 ‘

outpu
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3.4  [(1+4z+42®+ 4%’ dz

Optimal result . . . . . . . . . . . .. 79]
Mathematica [A] (verified) . . . . . . . . . ... 79
Rubi [A] (verified) . . . . . . .. . . R0
Maple [A] (verified) . . . . . . . . ... ]l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... B
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... ]2
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... R2
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. ]R3
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... ]3]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... k!

Optimal result

Integrand size = 17, antiderivative size = 69

2522° 4825 4+ 35227

/(1+4x+4x2+4x4)3 dz = z + 62% + 2023 + 402* +

80z° 9620 192z 64x'3
+ + +

8
+48z7+ =3 5 11 13

‘X+6*x“2+20*x“3+40*x“4+252/5*x“5+48*x“6+352/7*X“7+48*X“8+80/3*x“9+96/5*X“10

output
‘+192/11*x‘11+64/13*x‘13 ‘

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00

252x° 352"

/(1+4x+4x2+4w4)3dw=w+6x2+20x3+40z4+ +482° +

80z° 9620 192z 64zx13
+ + +

8
48z + — 5 11 13

-

inputLIntegrate[(l + 4xx + 4%x~2 + 4%x~4)"3,x]

-/
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(X + 6¥X2 + 20%x73 + 40%x™4 + (252+x75)/5 + 48%x76 + (352%x°7)/7 + 48%x"8

outpu
L+ (80%x79)/3 + (96*x~10)/5 + (192*x~11)/11 + (64*x~13)/13 J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 118 Ryjes
integrand size

used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4:64 +422 + 4z + 1)3 dx

l 2465

/XMMW+wmm+1wﬁ+amﬁ+3Mﬂ+3mﬁ+a%f+amﬁ+4mﬁ+ﬁm?+ux+ndx

l 2009

252z°

27
35w+4&ﬁ+—g*+4w4+mﬁ+ﬁﬁ+z

64213 + 192211 + 96210 80z

8
3 11 5 + 3 + 48z° +

‘Int[(l + 4%x + 4%x”2 + 4*x~4)"3,x]

input

‘x + 6%x72 + 20%x~3 + 40*x"4 + (252%x75)/5 + 48*x"6 + (352*%x77)/7 + 48%x”8 \

output
‘+ (80%x79)/3 + (96*x~10)/5 + (192*x~11)/11 + (64*x~13)/13 ‘




rule

rule

input

output
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Defintions of rubi rules used

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] ‘

2465‘ Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘

\[Px, x] && GtQ[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x \
1 && 16tQ[p, 0] |

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.84

method result

gosper T + 622 + 202° + 40z* + 252 5 + 4825 + 352 27 + 4828 + 80 80 0 + 95%10 + 192m11 + 643313
default T + 622 + 2023 + 40z + 252 x5 + 482° + 352 7+ 4828 + ¥ 80 2% + Pgll 4 211 4 82418
norman T + 622 + 2023 + 40z + 222 252 x5 + 48z5 + 322 352 7+ 4828 + ¥ 80 z¥ + Pgll 4 92511 4 82413
risch T + 627 + 2023 + 40z* -r252 5 + 4845 —F352 7 + 4848 4—80 O+ Pgl0 4 D211 4 Sl
parallelrisch | = + 622 + 20z® + 40z + 2225 + 4825 + 3257 4 4828 + 8079 %510 4 192511 4 6413
orering (73920x12+262080110+288288x9+400400w8+720720907+755(1)4518f§+72072Ox +7567562*+600600z>+300300z2-+90090;

P
Lint ((4*x~4+4%x~2+4*x+1) ~3,x ,method=_RETURNVERBOSE)

-/

\x+6*x 2+20%x"3+40*%x~4+252/5%x"5+48%x~6+352/T*x~7T+48*x~8+80/3*x~9+96/5%x~10 \
\+192/11*x 11+64/13%x"13

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

/u+m+uh4ﬁVM=

64 5 192 ,, 96 ,, 80 , g 352
—_ - - _ 48 -
13:5 llz +5x +3x—|- x+7z
252
-Mmhugﬁ+mﬁ+m@+mhw
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input‘integrate((4*x“4+4*x”2+4*x+1)“3,x, algorithm="fricas")

output‘64/13*x‘13 + 192/11%x~11 + 96/5%x~10 + 80/3*x~9 + 48%x~8 + 352/7*x"7 + 48%
(X76 + 252/5%x75 + 40%x™4 + 204x"3 + 6%x72 + X

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.96

42 19271 9621  802° 35227
/(1+4w+4x2+4x4)3dw=6x o 2 T gt

13 11 3 3 7

25215

+ 482°% + +40z* + 202° + 62% + x

input Lintegrate ((Axxrxd+Axxxx2+A%x+1) ¥%3, %)

‘64*x**13/13 + 192%x**11/11 + 96*x*%*10/5 + 80*x**9/3 + 48%x**8 + 352%x**7/7

output
+ 48*x*k*6 + 252*x**5/5 + 40*x**4 + 20%x**3 + 6*x**2 + X

N

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

4 192 352
/(1+4z+4z2+4x4)3 d:c:?—31:134-l—glzll+%xlo+?wg+48x8+7z7

252
+ 48 2% + ?x5+40x4+20333+6x2+m

inputLintegrate((4*x‘4+4*x‘2+4*x+1)*3’x, algorithm="maxima")

Output‘64/13*1(‘13 + 192/11%x"11 + 96/5%x~10 + 80/3*x”9 + 48%x~8 + 352/7*x"7 + 48%
‘x‘G + 252/5%x"5 + 40%x"4 + 20*%x"3 + 6*%x"2 + X
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

4 192 352
/(1—|—4m+4m2—|—4:c4)3 d:v=615—3m13—|—1—91x11+%x10+?x9+48x8+7m7

252
+48x6+%w5+40m4+20x3+6x2+x

Lintegrate ((4xx~4+4%x"2+4*xx+1)"3,x, algorithm="giac")

input

output B64/13+X718 + 192/114x"11 + 96/5%x710 + BO/3%x"9 + 48%x™8 + 352/T*x’7 + 48%
(X76 + 252/B%x75 + 40%x™4 + 20%x73 + 6¥x72 + x |

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

Y s 642 192211 9671 802 . 35247
_— 4
/(1+4x+4x +42*)" dz 3 + T + : + 3 +48 2% + -
252 x5
44825 + 2227 L4024 42028 + 622 + o
inputtint((4*x + 4%x~2 + 4%x~4 + 1)73,%) J

output‘X + 6*x72 + 20%x"3 + 40*x"4 + (252%x75)/5 + 48%x"6 + (352*%x77)/7 + 48*x”8 \
\+ (80%x~9) /3 + (96%x~10)/5 + (192%x~11)/11 + (64*x~13)/13 \
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.84

/ (1 + 4z + 422 + 4:1:4)3 dzx

(7392022 4 262080z + 288288z 4 4004002® + 720720z" 4 7550402° + 7207202 4 7567562 + 60
- 15015

input\\int((tl*x A+4%x~2+4%x+1) "3, %) ]

}(x*(73920*x**12 + 262080%x*%10 + 288288%x**9 + 400400%x**8 + T20720%x**7 +
| T55040%x#*6 + T20720%x**5 + TEET5E*xk*4 + 600600%x**3 + 300300%x**2 + 900
\90*x + 15015)) /15015 \

output




output

input

output
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3.5  [(1+4z+42®+ 424 dz

Optimal result . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . .. .. . ..
Maple [A] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . ... ... ... .....
Sympy [A] (verification not implemented) . . .. ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ..
Giac [A] (verification not implemented) . . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . . . . .. ... ... .......
Reduce [B] (verification not implemented) . . . ... ... ... .......

Optimal result

Integrand size = 17, antiderivative size = 45

2425 162% 3277
+

.. 8
N (2151
.. (86l

L IBs
.. 83
.. 83
e 1BY

e 1BY

/(1+4x+4x2+4x4)2dx:x+4x2+8x3+8x4+ E + 3 + -

-

LX+4*X"2+8*x“3+8*x’"4+24/5*x“5+16/3*x*6+32/7*x*7+16/9*x'"9

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00

245 16z% 3227
+

/(1+4x+4x2+4x4)2dz:w+4x2+8w3+8x4+ — 5t

-

Integrate[(1 + 4*x + 4*x™2 + 4*x74)"2,x]

N\

‘x + 4%x"2 + 8%x~3 + 8%x~4 + (24*x~5)/5 + (16*x76)/3 + (32*x~7)/7 + (16*x~9

/9

-
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/X@#+¢ﬁ+4x+1fdx
| 2465
/ (162® + 322° + 322° + 242 + 322% + 242° + 8z + 1) dz

l 2009

1622 3227 1625 2425
gac + 7:1:+ 3w+ 5x+8w4+8w3+4m2+w

inputtlnt[u + 4xx + 4%x~2 + 4%x~4)"2,x] J

( N

output | ¥ + 4xx72 + 8*x”3 + 8*xx"4 + (24*x75)/5 + (16*x76)/3 + (32%x77)/7 + (16*x~9
)/9

Defintions of rubi rules used

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2465 TRELC_D*(Px )" (p_), x_Symboll :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ
\[Px, x] && GtQ[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x \
\] && IGtQ[p, O] \
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.84

method result size
gosper T+ 422 + 83 +8:L‘+24 5_|_16 6+32 7+169 38
default x + 4a? + 82 + 8zt + La® 4 1056 4 3257 4 1649 | 38
norman x + 4x2 + 8x3 + 8z* _|_24 5+16x6+32 7_|_16 9|38
risch z + 42 + 823 + 8zt _|_24 5+16x6+32 7+16 9 | 38
parallelrisch | = + 422 + 823 4 8z* + % 24 0+ 16 26 + 32 32 7 + 16 20 | 38
orering (560x8+1440x6+1680x5+151§9i‘;+2520w3+2520z +1260ac+315) 39

input

Lint ((4*x~4+4*x~2+4*x+1) "2,x ,method=_RETURNVERBOSE)

output

p
Lx+4*x‘2+8*x“3+8*x“4+24/5*x“5+16/3*x‘6+32/7*x‘7+16/9*X‘9

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

/(1+4x+4x2+4x4)2 dx =

16

9

9

=,
7

7

1—6x6+
3 5

4
S48zt + 82 +4x% +

e

input t

integrate ((4*x~4+4*x"2+4*x+1)"2,x, algorithm="fricas")

~—

output L

16/9%x79 + 32/7*x"7 + 16/3*x"6 + 24/5%x"5 + 8%x"4 + 8%x™3 + 4%x"2 + x
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.93

162° 32z7 162° 242°
/(1+4x+4x2+4x4)2dx= gx + : + 3x + 5:1: +8z* 4+ 82° + 42 +
input Lintegrate ((4*x**k4+4xx**x2+4%x+1) ¥%2,X) J

‘16*;{**9/9 + 32%xx*x*7/7 + 16%x**%6/3 + 24*x**5/5 + 8*x**4 + 8*x**3 + 4*kx**2 + ‘

output
L= |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

1 2 1 24
:—6x9 32 7, 16 4

/(1+4x+4x2+4w4)2dz + 2T b T ab 4 8at 8 4+

9 7 3 5
input Lintegrate ((4*x~4+4%x"2+4*xx+1)"2,x, algorithm="maxima") J
Outputtle/g*xhg + 32/T*x"T + 16/3%x"6 + 24/5%x"5 + 8%x~4 + 8%x"3 + 4*x"2 + x J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

16 32 16 24
/(1—+—4z+4x2-|—4x4)2 dr = gzg-i-7$7+§x6+3x5+8x4+8x3+4x2+z
input Lintegrate ((4*x~4+4xx~2+4%x+1)~2,x, algorithm="giac") J
output L16/ 9%x~9 + 32/T*x"7 + 16/3%x"6 + 24/5%x"5 + 8%x~4 + 8%x"3 + 4*x"2 + x J
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.82

162° 3227 1625 2425
/(1+4x+4x2+4x4)2dx= gx + 7x + 3x + 5x +8z*+822 +42% +x
inputlint((él*x + 4%x"2 + 4%x~4 + 1)72,%) J

‘x + 4%x”"2 + 8%x~3 + 8*%x"4 + (24%x75)/5 + (16*x76)/3 + (32*%x"7)/7 + (16*x"9 \

/9 |

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.84

/ (1+ 4z + 42® + 42%)? da

_ z(560z® + 1440° + 1680z° + 1512z* + 25202° + 252022 + 1260z + 315)
- 315

-

input Lint((4*x A+4xx"~2+4%x+1) "2, %)

-/

| (xx(B60*x*%8 + 1440%x*x6 + 1680%x*x5 + 1512%xkkd + 2520%xk*3 + 2520%x**2 +
1260%x + 315))/315

N J

output
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3.6 [ (1+ 4z + 42* + 42*) dz

Optimal result . . . . . . . . . . . . e 901
Mathematica [A] (verified) . . . . . . . . . ... o 90!
Rubi [A] (verified) . . . .. . . ... .. OT]
Maple [A] (verified) . . . . . . ... L 92
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 92
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 93
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 93]
Giac [A] (verification not implemented) . . . . . . ... ... ... 93
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 94
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... !

Optimal result

Integrand size = 15, antiderivative size = 21

403 4
/(1+4x+4m2+4x4) do =z +20" + — + —

output Lx+2*x”2+4/3*x”3+4/5*x”5

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

43 4z°
/(1+4x+4x2+4x4) dx=x+2x2+%+%

: LIntegrate[l + 4*x + 4%x"2 + 4*x"4,x]
input

-

output Lx + 2%x72 + (4%x73)/3 + (4*x"5)/5

-/




input

output

rule
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.067, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4z* + 42° + 4z + 1) dz

-/

l 2009
4z° 423
% + % + 227 42
.
LInt[l + 4kx + 4%x"2 + 4*x~4,x]
Lx + 2%x2 + (4%x~3)/3 + (4%x°5)/5 J

Defintions of rubi rules used

2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.86

method result size
gosper T+ 22 + 323 + 32° | 18
default T+ 22 + 323 + 32° | 18
norman T+ 2z + 2% + 52° | 18
risch T+ 2z + 2% + 32° | 18
parallelrisch | z + 222 + $2% + £2° | 18
parts T+ 222+ §2° + 32° | 18
orering x(12w4+201w;+30x+15) 19

Lint (4*x~4+4*xx"2+4*x+1,x ,method=_RETURNVERBOSE)

-

LX+2*x“2+4/3*x’"3+4/5*x‘5

-/

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

/ (14 4z + 42° + 42*) dz

5 3

4 1
=2+ 2 +22% +z

Lintegrate (4*x~4+4xx"2+4*xx+1,x, algorithm="fricas")

L4/5*x"5 + 4/3%x"3 + 2*%x"2 + x




input L
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

4z°  4x3
/(1+4x+4x2+4x4) dx=%+%+2x2+x

integrate (4*x**4+4*x**2+4%x+1,x)

output L

input L

4xx*x5/5 + 4%x**3/3 + 2*x**2 + x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

4 4
/(1+4x+4x2+4x4) da:zgw5+§a:3+2x2+x

integrate (4*x~4+4*x~2+4*x+1,x, algorithm="maxima")

N

output

4/5%x"5 + 4/3%x"3 + 2*%x"2 + x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

4 4
/(1+4x+4x2+4w4) dx=gx5+§:c3+2z2+z

inputt

integrate (4*x~4+4*x~2+4*x+1,x, algorithm="giac")

output‘

4/5%x"5 + 4/3%x"3 + 2%x"2 + X




input L
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

4% 428
/(1—|—4x+4x2+4x4) dx:Tx+Tx+2x2+x

int(4*x + 4*x"2 + 4%x~4 + 1,x)

output

Lx + 2%x"2 + (4%x~3)/3 + (4*x~5)/5

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.86

_ (122" + 202 + 30z + 15)
B 15

1+ 4z + 422 + 42%) dz
(

input ‘

int (4%x~4+4%x~2+4%x+1,x%)

output L

(x* (12%x**4 + 20*x**2 + 30*%x + 15))/15
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1

3.7 f 1+4z+4z2+4xs dz

Optimal result . . . . . . . . . . . . . e 95}
Mathematica [C] (verified) . . . . . . . . . .. .. 96
Rubi [A] (verified) . . . . . . . . . . 96
Maple [C] (verified) . . . . . . . . . ... 101
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 102
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 103
Maxima [F] . . . . . . 104
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 104
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 105
Reduce [F] . . . . . .

Optimal result

Integrand size = 17, antiderivative size = 185

/ L dx—larctan 1 -1+ l—i-1 2
144z + 422 + 4247 2 2 x
2—/2(1+v5)+2
(1++5) 3/2 arctan (#)

B 2(~1+v5)
44/10
(1++/5) 3/2 arctan (H—W>
B 2(~1+v5)
44/10

2(1+5)(1+ 1)
+ %\/%<—Q—+\/5>arctanh<\/:(l+ %)2 )

|1/2*arctan(-1/2+1/2+(1+1/x)"2)~1/40% (5~ (1/2)+1)~ (3/2) ¥arctan((2- (2+2+5~(1/
12))7(1/2)+2/x) / (-2+2%57(1/2))~(1/2))*10” (1/2)-1/40% (57 (1/2)+1) " (3/2) *arcta |
'n((2+(2+2%57(1/2))~(1/2)+2/x) / (-2+2%57(1/2)) " (1/2)) %107 (1/2)+1/10% (-10+5%5 |
| ~(1/2))~(1/2)*arctanh ((2+2%57(1/2))~(1/2)*(1+1/x) /(57 (1/2)+(1+1/x)~2)) |

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.25

= 1 log(x — #1)
dz = SRootSum |1+ 4#1 + 4417 +4#1°& &
/1+4w+4m2+4z4 7= gRootSum | L+dgl + A+ AR, T
input LIntegrate[(l + 4%x + 4%x~2 + 4%x~4)~(-1),x]

‘RootSum[l + 4x#tl + 4*#172 + 4x#17°4 & , Loglx - #11/(1 + 2%#1 + 4*#173) & ]

2 J

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.46,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size — 0.765, Rules

used = {2504, 27, 2202, 27, 1432, 1083, 217, 1483, 1142, 25, 1083, 217, 1103}

output

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dzx
Azt + 422 + 4+ 1

l 2504

1

_16/16((1+;)4—2(1+i)2+5>x2d(1+916>
| 27
/((1+}c)4—2(11+;)2+5)x2d<1+317>

l 9202

_/(L+51igzizf4ﬂf<r+i>_/:X1+;f%;?ﬁ132+5«1+i>
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1+1 1
2/‘ z d<1+
1+1)* —2(1+1)%+5 z

/k1+;f-4;1+;f+5d<y+i>

_2/—(1+i)4—16d<2<1+i>2_2

%arctan (411 (2 <i + 1> — 2)) -
e e

(1+1 2—\/2(1+\/5) (1+1)+v5

lw

(1+1)%+1

)_/U+

l 1432

1

4
) —2(+g

(1+1)°+1

)2+5d<1+

_/k1+

1
T

4
) —2(1+3

)2+5d<1+

:)

| (1-v5) (14+2)+2(1+V5) a1+ 1)

(14+1)%+/2(14v5) (1+2)+v5

x

24/10 (1 +v/5)

1+v8) % | 5 4 d(1+1
S Ty I

V2

24/10 (1 + v/5)
%arctan (411 <2<i+1>2—2 )

+

(1+~/5)3/2 [

(1+%)2+\/2(1+x/5) (1+%)+«/5d

~31-V8) [ -
24/10 (1++/5
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l 25

3/2 L N
(1+\/5> I (1+%)2—\/2(1+\/5) (1+%)+x/§d(1+z) 1 2(1+\/5)—2(1+z) 1
& y-ve Y a1+ )
(141)%—/2(14v5) (1+1)+v5
2,/10 (1+v5)
3/2 ) 1
(1+\/5) ! (1+%)2+\/2(1+\/3) (1+%)+\/3d(1+x) 1 2(1+i)+\/m 1
7 +3(1-V5) [ ; d(1+3)
(1+1) +\/2(1+ﬁ)(1+§)+«/5
+
21/10 (1 + v/5)
(06 -))
—arctan | —(2(—-4+1) —2
4 T
| 1083
VB)—2(141
11 vE) S 2(1+ 5) 2(141) d(1+%)—\/§(1+\/5)3/2f 1 2d<2(1+
(1+§)2—\/2(1+x/5)(1+%)+x/5 2(1—\/5)—(2(1+§)— (1+\/5))
24/10 (1 + v/5)
1)+ f2(14v5
L1 E) f 2(1+1)+,/2(1+v5) d(1+l)—\/§(1+\/5)3/2f 1 2d<2(1+i‘
(1+%)2+\/2(1+x/5) (1+1)+v5 2(1—\/5)—(2(1+§)+,/2(1+\/5))

24/10 (1 +v/5)
%arctan (i (2 (i + 1)2 -2

l 217

N——
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1) 42450
VVE-1

15| 2(1+v5) —2(1+1)

(143)*=/2(1+v5) (14 1)+V5
2,/10 (1 + v/5)
3/2 2(1+1)+/2(1+v5)
2(1+3)+4/2(1+V56 (L+v3) anman()
(- vB)f PO s

1+ 1)+
(1424 2(145) 1+ 1)+75 ) V-1
+
24/10 (1+ v/5)

SHERR)
joucan (§(2(241) -2) ) -

o) s 122050

2(v5-1)

d1+1)+

:

N[

e (1—\/5)1og<(;+1)2— 2(1+\/5)(;+1)+\/5>

24/10 (1 + v/5)

>+;(1—¢5)1og (;+1)2+\/m(i+1)+\/5>
2,/10 (1 +v5)

(1) 424

VV/E-1

N

input| TEL(L + 4xx + 46272 + 44x"0) " (1) ,x]

output ArcTan[(-2 + 2*%(1 + x~(-1))"2)/41/2 - (((1 + Sqrt[5]1)~(3/2)*ArcTan[(-Sqrt[
2%(1 + Sqrt[5]1)] + 2x(1 + x7(-1)))/Sqrt[2*(-1 + Sqrt[5])]1])/Sqrt[-1 + Sqrt
[511 - ((1 - Sqrt[5])*Logl[Sqrt[5] - Sqrt[2*(1 + Sqrt[5]1)]1*(1 + x~(-1)) + (
1+ x7(-1))"21)/2)/(2*Sqrt [10%(1 + Sqrt[51)]1) - (((1 + Sqrt[5])~(3/2)*ArcT
an[(Sqrt[2*(1 + Sqrt[5])] + 2x(1 + x~(-1)))/Sqrt[2*(-1 + Sqrt[51)11)/Sqrt[
-1 + Sqrt[5]] + ((1 - Sqrt[5])*Logl[Sqrt[5] + Sqrt[2*(1 + Sqrt[5]1)I*(1 + x~
(-1)) + (1 + x7(-1))"2])/2)/(2%Sqrt [10%(1 + Sqrt[5]1)]1)




rule

rule 27

rule 217

rule 1083

rule 1103

rule 1142

rule 1432

rule 1483
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

/Int[((d_) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,

e}, x] && EqQ[2*c*d - b*e, 0]

~

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*c*d - bxe)/(2xc) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[1/2
Subst[Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Int[((d)) + (e_.)*(x_)"2)/((a.) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*q - b/c, 2]}, Simp[1/(2*c*q*r) In
tl(d*r - (d - exq@)*x)/(q - r*x + x72), x], x] + Simp[1/(2%c*q*r)  Int[(d*r
+ (d - exq)*x)/(q + r*x + x°2), x], x]1] /; FreeQ[{a, b, c, 4, e}, x] & N
eQ[b"2 - 4*a*xc, 0] &% NeQ[cxd~2 - bkxdxe + a*e”2, 0] && NegQ[b~2 - 4*axc]




rule 2202

rule 2504

input

output
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Int[(Pn_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Module[{n
= Expon[Pn, x], k}, Int[Sum[Coeff[Pn, x, 2*¥k]*x~(2xk), {k, 0, n/2}]*(a + b
*x"2 + c*x~4)7p, x] + Int[x*Sum[Coeff[Pn, x, 2%k + 1]*x~(2*k), {k, 0, (n -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pn, x]
&& !'PolyQ[Pn, x72]

Int[(P4_)"(p_), x_Symbol] :> With[{a = Coeff[P4, x, 0], b = Coeff[P4, x, 1]
, ¢ = Coeff[P4, x, 2], d = Coeff[P4, x, 3], e = Coeff[P4, x, 4]}, Simp[-16*
a”2 Subst[Int[(1/(b - 4*axx)~2)*(a*x((-3%¥b"4 + 16*axb~2%c - 64*a~2xbxd + 2
B6*a~3xe - 32xa”2%(3xb”~2 - 8%axc)*x"2 + 256xa”~4*x"4)/(b - 4*a*x)"4))"p, x],
x, b/(4*a) + 1/x]1, x] /; NeQ[a, 0] && NeQ[b, 0] && EqQ[b~3 - 4*axbxc + 8*a
~2+d, 0]] /; FreeQ[p, x] && PolyQ[P4, x, 4] && IntegerQ[2+p] && !'IGtQ[p, O
]

-

L

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.22

method | result o
( > ‘(3-—R>>

default _RZROOtOf(4_Z4+4_ZZT_Z+1) o Rys Ru 41
( > ‘(3——R>>

risch —R=RootOf(4_Z'+4_Z° 14_Z+1) o Rys Ru “

int (1/(4*x~4+4*x"2+4*x+1) ,x ,method=_RETURNVERBOSE)

~—

-

N

1/4xsum(1/ (4% _R™3+2*_R+1)*1n(x-_R), _R=RootOf (4*_Z 4+4%*_Z"2+4%_Z+1))




inputt

output
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.15

Y (Ve N S P (W
+%<\/3(8x+3)+20x+5>m+x+%>
+% ((\/5+2)m—1> arctan (-%\/3(293“)
+%(\/3(8x+3)+20x+5)m—x—%>
+(\/5(zx—3)+10x—5)m+\/5+1>
- (\/5(237—3)+10x—5>\/ﬂ+\/5+1>

integrate (1/(4*x~4+4*x"2+4*x+1) ,x, algorithm="fricas")

1/2%((sqrt(5) + 2)*sqrt(1/5*sqrt(5) - 2/5) + 1)*arctan(1/2*sqrt(5)*(2*x +
1) + 1/2*(sqrt(5)*(8*x + 3) + 20*x + 5)*sqrt(1/5*sqrt(5) - 2/5) + x + 1/2)
+ 1/2%((sqrt(5) + 2)*sqrt(1/5*sqrt(5) - 2/5) - 1)*arctan(-1/2*sqrt(5)*(2x*
X + 1) + 1/2x(sqrt(5)*(8*x + 3) + 20*x + 5)*sqrt(1/5*sqrt(5) - 2/5) - x -
1/2) + 1/4*sqrt(1/5*sqrt(5) - 2/5)*log(4*x~2 + (sqrt(5)*(2*x - 3) + 10*x -
5)*sqrt (1/5%sqrt(5) - 2/5) + sqrt(5) + 1) - 1/4%sqrt(1/5xsqrt(5) - 2/5)*1
og(4*x~2 - (sqrt(B)*(2xx - 3) + 10*x - 5)*sqrt(1/5*sqrt(5) - 2/5) + sqrt(5
) + 1)




input

output
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3432 vs. 2(153) = 306

Time = 1.51 (sec) , antiderivative size = 3432, normalized size of antiderivative = 18.55

1 .
/ 14 4z + 422 + 424 dx = Too large to display

e

Lintegrate(1/(4*x**4+4*x**2+4*x+1),x)

~—

sqrt(-1/40 + sqrt(5)/80)*log(x**2 + x*(-8 - 21*sqrt(5)*sqrt(-2 + sqrt(5))/
10 - sqrt(-2*sqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)/2 - sqrt(5)/2 + 12
*sqrt (-2 + sqrt(5)) + 9*sqrt(5)*sqrt(-2 + sqrt(5))*sqrt(-2*sqrt(5)*sqrt (-2
+ sqrt(5)) + sqrt(5) + 19)/5) - 841xsqrt(5)*sqrt(-2*sqrt(5)*sqrt(-2 + sqr
t(5)) + sqrt(5) + 19)/20 - 14351/40 - 441*sqrt(-2 + sqrt(5))/4 - T75*sqrt(5
Y*sqrt (-2 + sqrt(5))*sqrt(-2xsqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)/8

- 3*sqrt (-2 + sqrt(5))*sqrt(-2*sqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)

+ 301*sqrt(5)*sqrt (-2 + sqrt(5))/10 + 7407*sqrt(5)/40 + 3913*sqrt(-2*sqrt(
5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)/40) - sqrt(-1/40 + sqrt(5)/80)*log(x
**2 + xx(-8 - 12*sqrt(-2 + sqrt(5)) - sqrt(5)/2 + 21*sqrt(5)*sqrt(-2 + sqr
t(5))/10 + sqrt(2*sqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)/2 + 9*sqrt(5)
*sqrt (-2 + sqrt(5))*sqrt(2*sqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(5) + 19)/5) -
3913*sqrt (2*sqrt(5) *sqrt (-2 + sqrt(5)) + sqrt(5) + 19)/40 - 14351/40 - 75
*sqrt (5) *sqrt (-2 + sqrt(5))*sqrt(2*sqrt(5)*sqrt (-2 + sqrt(5)) + sqrt(5) +

19)/8 - 301*sqrt(5)*sqrt(-2 + sqrt(5))/10 - 3*sqrt(-2 + sqrt(5))*sqrt(2*sq
rt(5)*sqrt (-2 + sqrt(5)) + sqrt(5) + 19) + 441*sqrt(-2 + sqrt(5))/4 + 7407
*sqrt (5) /40 + 841*sqrt(5)*sqrt(2*sqrt(5)*sqrt(-2 + sqrt(5)) + sqrt(b) + 19
)/20) - 2%sqrt(3/80 + 3*sqrt(5)/80 + sqrt(-2*sqrt(5)*sqrt(-2 + sqrt(5)) +

sqrt(5) + 19)/40)*atan(-20*x/(-27*sqrt(5)*sqrt(3 + 3*sqrt(5) + 2*sqrt(-2*s
qrt(5)*sqrt (-2 + sqrt(5)) + sqrt(s) + 19)) + bxsqrt(-2 + sqrt(5))*sqrt(...
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Maxima [F|

R rrer Ll Fr e rrwrast:
x = T
144z +4x2 + 424 4t +4x2 442+ 1

input‘integrate(1/(4*x"4+4*x"2+4*x+1),x, algorithm="maxima")

OutputLintegrate(l/(4*x‘4 + 4*x™2 + 4¥x + 1), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 358 vs. 2(134) = 268.

Time = 0.15 (sec) , antiderivative size = 358, normalized size of antiderivative = 1.94

/ 1 dz
1+ 4z + 422 + 424

1 -1 /
=1—0<%+5>(arctan(g)+arctan<w(2\/3 17vV5+38++v5—4 17\/5+38+1>—
—i M—E) arctan § +arctan | —z( 25 17\/5+38—\/5—4\/17\/5+38—1
10 V5 —2 3
1 2
+2—0\/5\/5—1010g(25<170\/5x+380z+51\/5+\/17\/5+38+114)

2
+25 (102\/5x+228z+17\/5 17\/54-38—85\/54-38\/17\/54-38—190) )

1 2
- %\/m/ﬁ— 10log (25 (170\/5z+380x+51\/_— \/17\/5+38+114)

2
+25(102\/5x+228x—17\/5 17+/5 + 38 — 85+/5 — 38 17\/5+38—190)>

inputLintegrate(1/(4*x“4+4*x*2+4*x+1)’x, algorithm="giac") J
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1/10* (sqrt (5*sqrt(5) - 10)/(sqrt(5) - 2) + 5)*(arctan(5/3) + arctan(x*(2*s
qrt (5) *sqrt (17*sqrt(5) + 38) + sqrt(5) - 4*sqrt(17*sqrt(5) + 38) + 1) - 3/
2xsqrt (5) *sqrt (17*sqrt(5) + 38) + 1/2*sqrt(5) + 7/2*sqrt(17*sqrt(5) + 38)
+ 1/2)) - 1/10*(sqrt(5*sqrt(5) - 10)/(sqrt(5) - 2) - 5)*(arctan(5/3) + arc
tan (-x* (2*sqrt (5) *sqrt (17*sqrt(5) + 38) - sqrt(5) - 4*sqrt(17*sqrt(5) + 38
) — 1) + 3/2xsqrt(5)*sqrt (17*sqrt(5) + 38) + 1/2xsqrt(5) - 7/2*sqrt(17*sqr
t(5) + 38) + 1/2)) + 1/20*sqrt(5*sqrt(5) - 10)*1log(25*(170*sqrt(5)*x + 380
*x + bl*sqrt(5) + sqrt(17#sqrt(5) + 38) + 114)72 + 25%(102*sqrt(5)*x + 228
*x + 17*sqrt(5)*sqrt(17*sqrt(5) + 38) - 85*sqrt(5) + 38*sqrt(17+*sqrt(5) +
38) - 190)72) - 1/20%sqrt(5*sqrt(5) - 10)*1log(25%(170*sqrt(5)*x + 380*x +
B51xsqrt(5) - sqrt(17*sqrt(5) + 38) + 114)72 + 25%(102*sqrt(5)*x + 228*x -
17xsqrt (5) *sqrt (17*sqrt(5) + 38) - 8b*sqrt(5) - 38*sqrt(17*sqrt(5) + 38) -
190)°2)

output

Mupad [B] (verification not implemented)

Time = 21.47 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.47

4
1 922 2 1 x
de=S"In{—-root(z+ 2 + =+ — 2 k) (2
/1+4x+4m2+4m4 v ;n( ro0 (Z T30 Tt s0” ) (4

922 2 1 922 2 1
4, 92 2 1 4,92 2 1 1 4
+root(z + 0 +40+1280’z’k> (6x+root(z + 0 +40+1280’z’k> (36 z+ 6)))) root(z

SRR
40 ' 40 ' 1280°7

e hY

int(1/(4%x + 4xx~2 + 4*x~4 + 1),x)

\

input

output‘ symsum(log(-root(z~4 + (9%z~2)/40 + z/40 + 1/1280, z, k)*(x/4 + root(z"4 + \
\ (9%2~2) /40 + z/40 + 1/1280, z, k)*(6%x + root(z~4 + (9%z~2)/40 + z/40 + 1 \
\/1280, z, k)*(36%x + 16))))*root(z~4 + (9%z~2)/40 + z/40 + 1/1280, z, k), \

\k, 1, 4)
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Reduce [F]

/ 1 d:v—/ 1 dz
1+4x +422 +424 7 | 4zt + 422 +42+1

inputLint(1/(4*x“4+4*x“2+4*x+1),x)

OutputLint(1/(4='=x>t==o<4 + A%x**2 + 4¥x + 1),%)
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3.8 L > dz
(1+4w+4x2+4x4)

Optimalresult . . . . . . . . .. . .. 07
Mathematica [C] (verified) . . . . . . . . ... .. L 108
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... . 108
Maple [C] (verified) . . . . . . . . . .. 115
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 116
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 116
Maxima [F] . . . . . . . 117
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 118
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 119
Reduce [F] . . . . . o 1201

Optimal result

Integrand size = 17, antiderivative size = 264

1

(1 + 4z + 422 + 424)* d
) 17— (141)? (-1 DY) 1+
2(5-2(1+1) +(1+Y)") 10(5-2(1+1)°+ (1+1)")

—l—zacta 1 -1+ 1—|—1 2
4 O g x

_ 2% % (5959 + 2665\/5> arctan
2 (—1+4v/5)
2+ /2 (14 V5) + 2
_ 2_10 % (5959 + 2665\/3) arctan ( )+
2 (—1++/5)
o 2(1+v5)(1+3)
-5 (—5959 n 2665\/5)arctanh( VAT
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-1/2%(17-(1+1/x)~2) / (6-2% (1+1/x) "2+ (1+1/x) ~4) +(59-17* (1+1/x) ~2)*(1+1/x) / (5
0-20*(1+1/x) "2+10% (1+1/x) ~4)+7/4*arctan(-1/2+1/2% (1+1/x) ~2) -1/200%* (569590+2
6650%57(1/2)) " (1/2)*arctan((2-(2+2%57(1/2))~(1/2)+2/x) / (-2+2%57(1/2) )~ (1/2
))-1/200%(59590+26650%5~(1/2)) ~(1/2) *arctan ((2+(2+2*57(1/2))~(1/2)+2/x) / (-
2+2*%57(1/2))~(1/2))-1/200% (-59590+26650*5~ (1/2) ) ~ (1/2) *arctanh ((2+2*5~(1/2
)7 (1/2)*(1+1/x) /(67 (1/2)+(1+1/x)72))

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.41

/ L 5 d
(1 + 4z + 42% + 42)
1 (38+ 84z — 32z% + 7243
B E( 1+ 4x + 422 + 424
27log(z — #1) — 16log(x — #1)#1 + 18log(z — #1)#12&
1+ 2#1 + 4#13 ])

+ RootSum |1 + 4#1 + 441>

+ 4#1%&,

input! Integrate[(1 + 4%x + 4%x™2 + 4xx~4)~(-2),x] ‘

(38 + 84%x - 32%x°2 + T2#x73)/(1 + 4#x + 44x™2 + 4*x"4) + RootSum[i + 4x#
1+ 4x#12 + 4x#174 & , (27+Loglx - #1] - 16xLoglx - #11x#1 + 184Loglx - #
L1]*#1*2)/(1 + 2%#1 + 4Ax#1°3) & 1)/40 J

output

Rubi [A] (warning: unable to verify)

Time = 0.81 (sec) , antiderivative size = 350, normalized size of antiderivative = 1.33,

_ _ number of rules _
number of steps used = 18, number of rules used = 17, integrand size — 1.000, Rules

used = {2504, 27, 2202, 2194, 27, 2191, 27, 1083, 217, 2206, 27, 1483, 1142, 25, 1083,
217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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1
dx
/ (4 + 422 + 4z + 1)?
l 2504
1

1
_46/16«L+D4—2@+if+5fw;<l+x>
l 27

1 1
EACTETEIT e
| 2202
(1+1 )+1ﬁ1+ )+1M1+zf+1 1
_/ (1+1)*- )2 <+x>_
—6(1+1)* —20QL+ ) (1+3)
/! >) (0}

(1+1)*- 2

1)6 1
/m1+z)+1a1+x)+¢i1 w2*4d<1+1>
(1+Y)*—2(1+1)+5)

2

/‘%1+;f+1m +1) +3d< ])2_
(1+1) —2(1+1 )+5)

1+ +15(1+ 1) 11501+ 1) +1 1

/] (0+%f—20+%f+5f ((1+ )

l 2191

1 56 d<1+1)2_
16/ 1+1)*—2(1+1)°+5 @
/41+;f+1a1+;f+1ﬂ1+;f+1d0+}> 16— 1
/ 1 _
(1+2) —2(1+1)*+5) 2/ 2((2+1)"-2(2+1)"+5)
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l 27

7 1 1\2

2) 1+1)* —2u+-)?+;<1+w> -
A+ +15(1+ 1) +15(1+1)° + 1\

/ (14 —2(1+1)+ f C(1+x> 2((2+1)"-2(2+1)"+5)

16— 1

T

l 1083

1 1\°
_7/_(1+i)4_16d(2(1+x) _2>_
1+ +15(1+ 1) +15(1+1)° +1 1\ 16— 1
/ (u+§f—2@+%f+5f c(1+x> 2((2+1)" -2(2+1)"+5)

l 217

1)6 1)4 1)2
_/41+w)+1ﬂ1+w)+1a1+w)+4d<y+i)+

«L+34—2u+§f+5f
zarctan <i<2<i+1> —2>> _2<(i+1)41_62_(j10+1)2+5>

| 2206
2
1 16(27(1—1—%) +61) ( 1) 7 1 <1 )2
- d|14+— |+ —arctan| - |2(=-+1)] —2]| | —
160/ (141" 20141745 z) T a1\ "z
16— 1 (59-17(2 +1)*) (2 +1)

2«;+n4—2g+4f+5)+10«;+m4—2g+4f+5)
l 27
27(14— 1)? 1 61 1\ 7 1(.(1 2
10/ 1+ ) 2(1+ ) +5d<1+x>+4arctan(4<2<x+1) —2))—
16— 1 N (59-17(2+1)%) (2 +1)
2«%+m4—2@+4f+ﬁ) 10«%+n4—2@+¢f+5)

l 1483
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VB)-(61-27vE) (141 —amyB) (142 N
f61 2(14+v5) - (6127 5>(1+$)d(1+i) (61-27v5) (1+1)+61, /2(1+ 5)d(1+;)

1 (1+%)2—\/2<1+\/5)(1+%)+\/5 (1+§)2+\/2(1+\/5)(1+§)+
- - +

10 2,/10 (1 + v/5) 2,/10 (1+v5)

7 1({,/1 ? 16— 1
el )
(59-17(2+1)%) (2 +1)

10((2+1)"-2(2+1)"+5)

S

| a2
VB)—2(14+1
\/2 (5959 + 2665+/5) | 1 d(1+1) - 1(61—275) [ — \/2(”75) 2(1+3)
(1+i)2—\/2(1+\/5) (1+1)+v5 (1+%)2_\/2(1+\/5> (141).
. 2,/10(11 v5)

7 1(.(1 2 161
o (323 ‘2>>_2(<;+1>4—2<;+1>2+5)+
(59-17(2+1)") (2 +1)
10((2+1)"-2(1+1)"+5)

| 25

2 (5959 + 26655 L d(1+1)+1(61-27v5
\/ ( )f(1+;)2—\/2(1+\/5)(1+;)+\/5 (1+2) +a )f(1+91,1_)2—\/2(1+\/5)(1+1)+V

10 2,/10 (1+v5)

7 1(.(1 2 161
(323 ‘2>>_2(<;+1>4—2<;+1>2+5>+
(59-17(2 +1)%) (2 +1)
10((2+1)"-2(1+1)"+5)

l 1083




CHAPTER 3. LISTING OF INTEGRALS 112

\/’ 1
(61— 27v5) | 2(14+v5)—2(1+1
1 (1+2)- \/2<1+\/5

10 2,/10 (1+ V/5)
7 1. /1 2 16— 1
4arctan<4<2<x+1> _2>>_2<(;+1)4—2(i+1)2+5>+

(59-17(2+1)%) (2 +1)

10((E+1)" —2(1+1)"+5)

l 217
\/2(1+V5 1in)- V5
(61— 21v5) [ 2(14+v5)-2(1 d(1+%) 49 /5959\%2??5\/5 arctan (2(w+1) 2(1+ 5)) 1

1 (1+2)°- \/2<1+\/5 \/2(\/5—1)

7 1 1 2 16— 1
4”““(4&%w+1>'”>>_2«;+n4—2@+4f+5)+

(59-17(2+1)%) (2 +1)
10((2+1)"-2(2+1)"+5)

d1+l —2,/2 (5959 + 2665/5 1
(1+3) - 2/2( ) A

N[

l 1103

(1)

Z +
2\/mamtan( =+ W) ;61—27\/')1og<( +1)° =21+ VB) (3 +1) +V

V5-1

10 2,/10 (1 + V/5)

16— 1 (59-17(2+1)*) (2 +1)

T

2((%+1)4—2(%+1)2+5) +10((i+1)4—2(i+1)2+5)
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input| TEEL(L + &kx + 24272 + 44x70)(=2) ,x]

-1/2%(16 - x~(-1))/(6 - 2x(1 + x~(-1))"2 + (1 + x~(-1))"4) + ((69 - 17x(1

+ x7(-1))"2)%(1 + x7(-1)))/(10*%(5 - 2x(1 + x~(-1))72 + (1 + x7(-1))"4)) +

(7*ArcTan[(-2 + 2*%(1 + x7(-1))"2)/4]1)/4 + (-1/2%(2*%Sqrt[(5959 + 2665*Sqrt[
51)/(-1 + Sqrt[5])]*ArcTan[(-Sqrt[2*(1 + Sqrt[5])] + 2*(1 + x~(-1)))/Sqrt[
2%(-1 + Sqrt[5]1)1] - ((61 - 27xSqrt[5])*Log[Sqrt[5] - Sqrt[2*(1 + Sqrt[5])
1x(1 + x7(-1)) + (1 + x7(-1))"2])/2)/Sqrt[10*(1 + Sqrt[5])] - (2+Sqrt[(595
9 + 2665%Sqrt[5])/(-1 + Sqrt[5])]*ArcTan[(Sqrt[2*(1 + Sqrt[5])] + 2*(1 + x
~(-1)))/Sqrt[2+x(-1 + Sqrt[5]1)]1] + ((61 - 27*Sqrt[5])*Log[Sqrt[5] + Sqrt[2*
(1 + Sqrt[B1)1*(1 + x~(-1)) + (1 + x~(-1))"2]1)/2)/(2*Sqrt[10*(1 + Sqrt[5])
1))/10

output

Defintions of rubi rules used

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Int[C@) + (b_)*(x)"2)7(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)7(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0I)

rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1103 TotLC(d) + (e_)*(x_))/((a_.) + (b_)*(x)) + (c_.)*(x_)72), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]
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rule 1149 Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*cxd - b*e)/(2%c) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

rule 1483 Int[((d_) + (e_.)*(x_)"2)/((a)) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[a/c, 21}, With[{r = Rt[2*q - b/c, 2]}, Simp[1/(2*c*q*r) In
t[(d*r - (d - e*q)*x)/(q - r*x + x72), x], x] + Simp[1/(2*c*q*r) Int[(d*r
+ (d - exq)*x)/(q + r*x + x72), x], x]]] /; FreeQ[{a, b, c, d, e}, x] & N
eQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && NegQ[b~2 - 4xaxc]

rule 2191 IEL(PGI*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symboll :> With[{Q =
PolynomialQuotient [Pq, a + b*x + c*x"2, x], f = Coeff[PolynomialRemainder [P
g, a + b*x + c*x"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x~2, x], x, 11}, Simp[(b*f - 2%a*g + (2%c*f - bxg)*x)*((a + b*x + c*x~2)~
p+ D/((p + 1)*x(b"2 - 4*a*xc))), x] + Simp[1/((p + 1)*(b"2 - 4*a*c)) Int
[(a + bxx + c*xx"2) " (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4x*a*xc)*Q - (2%p + 3)*
(2%c*f - bxg), x], x], x]1] /; FreeQl[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~
2 - 4xa*c, 0] && LtQ[p, -1]

rule 2194 TRt LPQ ) *(x )7 (m_)*((a) + (b_.)*(x_)72 + (c_.)*(x_)"4)"(p_), x_Symbol]

> Simp[1/2  Subst[Int[x~((m - 1)/2)#*SubstFor[x~2, Pq, x]*(a + b*x + c*x72)
“p, x1, x, x72], x] /; FreeQl{a, b, c, p}, x] && PolyQ[Pq, x~2] && IntegerQ
[(m - 1)/2]

rule 2202 Int[(Pn_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Module[{n
= Expon[Pn, x], k}, Int[Sum[Coeff[Pn, x, 2xk]*x~(2xk), {k, 0, n/2}]*(a + b
*x"2 + c*x"4)7p, x] + Int[x*Sum[Coeff[Pn, x, 2%k + 1]*x~(2*k), {k, 0, (n -

1)/2}]*(a + bxx"2 + c*x~4)"p, x]] /; FreeQl[{a, b, c, p}, x] && PolyQ[Pn, x]
&& 'PolyQ[Pn, x~2]
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rule 2206

Int[(Px_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder [Px, a + b*x~2 + c*x~4, x], x, 0], e = Coeff[Poly
nomialRemainder [Px, a + b*x"2 + c*x~4, x], x, 2]}, Simp[x*(a + b*x"2 + c*x~
4)~(p + 1)*((a*bxe - d*(b"2 - 2*xa*c) - c*(bkd - 2xa*xe)*x"2)/(2*ax(p + 1)*(b
~2 - 4xaxc))), x] + Simp[1/(2*ax(p + 1)*(b"2 - 4*a*c)) Int[(a + b*x"2 + c
*x~4)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b"2 - 4xa*c)*PolynomialQuotient [Px,
a + bxx"2 + c*x"4, x] + b72xd*(2*p + 3) - 2*axckdx(4xp + 5) - axbkxe + cx(4x
p + 7T)*x(bxd - 2xaxe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Px, x
~2] && Expon[Px, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

rule 2504

input L

Int[(P4_)"(p_), x_Symbol] :> With[{a = Coeff[P4, x, 0], b = Coeff[P4, x, 1]
, ¢ = Coeff[P4, x, 2], d = Coeff[P4, x, 3], e = Coeff[P4, x, 4]}, Simp[-16*
a”2 Subst[Int[(1/(b - 4x*a*x)~2)*(a*((-3*%b"4 + 16*a*xb~2%kc — 64*a”2%b*xd + 2
56*a~3*%e — 32*a”2*%(3*b"2 - 8*axc)*x"2 + 256*%a~4*x"4)/(b - 4*xa*x)~4))"p, x],
x, b/(4*xa) + 1/x], x] /; NeQla, 0] && NeQ[b, 0] && EqQ[b~3 - 4*axb*c + 8*a
~2xd, 0]] /; FreeQlp, x] && PolyQ[P4, x, 4] && IntegerQ[2*p] && !'IGtQ[p, O
]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.11 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.30

method | result size
<18_R2_16_R+27> m(+—_R)
% R R
defaul S8 12421519 _R:RootOf(4_Z4+4_Z2+4_Z+1) 4 It +2 [+ 79
efault z4+a:2+m+i + 40
<1S_R2—16_R+27> In (z—_R)
> R R
isch 243124 2lp 19 _ R=RootOf (4_Z*+4_Z"+4_Z+1) 4 [t +2 L
risc et ] + 20 7

int (1/ (4*x~4+4*x"2+4%x+1) “2,x ,method=_RETURNVERBOSE)

output ‘

(9/20%x~3-1/5%x"2+21/40%x+19/80) / (x~4+x~2+x+1/4)+1/40*sum ((18*_R~2-16*_R+2
7)/(4x_R~3+2*_R+1)*1n(x-_R),_R=RootOf (4*_Z~ 4+4*_Z 2+4*x_7Z+1))
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 366, normalized size of antiderivative = 1.39

1
/ 5 dT
(14 4z + 422 + 424)
1368 2% — 19 (42t + 422 + 4z + 1)1/ 533 /5 — F]og (76x2+2 (V5(61z — 49) + 135z — 110) /332

e hY

input integrate (1/ (4*x~4+4%x~2+4%xx+1) "2 ,X, algorithm="fricas ")

1/760%(1368%x"3 - 19%(4*x"4 + 4*x"2 + 4*xx + 1)*sqrt(533/2xsqrt(5) - 5959/1
0)*log(76*x~2 + 2% (sqrt(5)*(61*x - 49) + 135%x - 110)*sqrt(533/2*sqrt(5) -
5959/10) + 19*sqrt(5) + 19) + 19%(4*x~4 + 4*x~2 + 4*x + 1)*sqrt(533/2*sqr
t(5) - 5959/10)*1log(76*x~2 - 2x(sqrt(5)*(61*x - 49) + 135%x - 110)*sqrt(53
3/2*%sqrt(5) - 5959/10) + 19*sqrt(5) + 19) - 608*x~2 + (5320%x74 + 5320*x72
+ (23836%x74 + 23836%x"2 + 2665*sqrt(5)*(4*x~4 + 4*x~2 + 4*x + 1) + 23836
*x + 5959)*sqrt (533/2*sqrt(5) - 5959/10) + 5320*x + 1330)*arctan(1/2*sqrt(
B)x(2xx + 1) + 1/19*%(sqrt(5)*(159*x + 49) + 355xx + 110)*sqrt(533/2*sqrt (5
) - 5959/10) + x + 1/2) - (5320*x~4 + 5320*x~2 - (23836*x"4 + 23836*x"2 +
2665*%sqrt (5) * (4*x~4 + 4%x"2 + 4%x + 1) + 23836%x + 5959)*sqrt(533/2*sqrt (5
) - 5959/10) + 5320*x + 1330)*arctan(-1/2*sqrt(5)*(2*x + 1) + 1/19%(sqrt(5
)*(159%x + 49) + 355%x + 110)*sqrt(533/2*sqrt(5) - 5959/10) - x - 1/2) + 1
596*x + 722)/(4*x"4 + 4%x72 + 4*x + 1)

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3834 vs. 2(211) = 422.

Time = 2.02 (sec) , antiderivative size = 3834, normalized size of antiderivative = 14.52

1
/ (1 + 4z + 422 + 474)? dz = Too large to display

inputLintegrate(1/(4*x**4+4*x**2+4*x+1)**Q,X) J




output

input

output
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(36*x**3 — 16%x**2 + 42%x + 19)/(80*x**4 + 80xx**2 + 80%x + 20) - sqrt(-59
59/16000 + 533*sqrt(5)/3200)*log(x**2 + x*(-1601676*sqrt(10)*sqrt(-5959 +

2665*sqrt (5) ) *sqrt (-665*sqrt (10) *sqrt (-5959 + 2665*sqrt(5)) + 221195%sqrt(
5) + 36004639) /13543383425 - 1067784*sqrt(2)*sqrt(-5959 + 2665*sqrt(5))/10
16389 + 3131659367*sqrt (10)*sqrt(-5959 + 2665*sqrt(5))/13543383425 + 29168
9395/1083470674 + 470215%sqrt (5) /2032778 + 94043*sqrt (-665%sqrt (10)*sqrt (-
5959 + 2665%sqrt(5)) + 221195%sqrt(5) + 36004639)/541735337) - 40634464149
111451*sqrt (5) *sqrt (-665*sqrt (10) *sqrt (-5959 + 2665*sqrt(5)) + 221195%sqrt
(5) + 36004639)/27530691871904650 - 2885835544225227917282997/146738587677
251784500 - 83803227754187*sqrt (2)*sqrt(-5959 + 2665*sqrt (5)) /100111606806
926 - 50208805356*sqrt (2)*sqrt (-5959 + 2665*sqrt(5))*sqrt (-665*sqrt (10)*sq
rt(-5959 + 2665*sqrt(5)) + 221195*sqrt(5) + 36004639)/550613837438093 - 53
8485754891933*sqrt (10) *sqrt (-56959 + 2665*sqrt (5))*sqrt(-665*sqrt (10)*sqrt(
-5959 + 2665*sqrt(5)) + 221195*sqrt(5) + 36004639)/14673858767725178450 -

925321955096901411*sqrt (10) *sqrt (-5959 + 2665*sqrt(5))/2934771753545035690
0 + 484304611938766076267*sqrt(5)/55061383743809300 + 22013036087014785403
*sqrt (-665%sqrt (10) *sqrt (-5959 + 2665%sqrt(5)) + 221195%sqrt(5) + 36004639
) /6669935803511444750) + sqrt(-5959/16000 + 533*sqrt(5)/3200)*log(x**2 + x
* (-94043+*sqrt (665*sqrt (10) *sqrt (-5959 + 2665*sqrt(5)) + 221195%sqrt(5) + 3
6004639) /541735337 - 1601676*sqrt(10)*sqrt(-5959 + 2665%sqrt(5))*sqrt(6. ..

Maxima [F]

b/“ ! dx-—-j/ ! dz
(14 4z + 422 + 424)° (4t + 422 +4z+1)°

e

Lintegrate(1/(4*x‘4+4*x‘2+4*x+1)‘2,x, algorithm="maxima")

-/

.
‘1/20*(36*x‘3 - 16*%x72 + 42%x + 19)/(4*x"4 + 4*x"2 + 4xx + 1) + 1/10*integr
(ate((18%x7™2 - 16%x + 27)/(4%x™4 + 4%x72 + 4x + 1), x)
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 403 vs. 2(201) = 402.

Time = 0.17 (sec) , antiderivative size = 403, normalized size of antiderivative = 1.53

1
/ (1 + 4z 1 4z + 4gh)? O = Too large fo display

r

inputt

integrate (1/(4*x"~4+4*x"2+4xx+1)"2,x, algorithm="giac")

| —

output

-1/100%* (19*sqrt (26650*sqrt (5) - 59590)/(2665*sqrt(5) - 5959) + 175)*(arcta
n(19/2980) + arctan(-1/17646838*x*(2999*sqrt (5)*sqrt(17761522*sqrt(5) - 18
213038) + 17646838*sqrt(5) + 8959*sqrt (17761522*%sqrt(5) - 18213038) + 1764
6838) - 745/8823419%sqrt (5)*sqrt (17761522%sqrt (5) - 18213038) - 1/2xsqrt (5
) - 1509/17646838*sqrt (17761522*sqrt(5) - 18213038) - 1/2)) + 1/100%(19%*sq
rt(26650*sqrt (56) - 59590)/(2665%sqrt(5) - 5959) - 175)*(arctan(19/2980) +
arctan(1/17646838%x* (2999*sqrt (5) *sqrt (17761522*sqrt(5) - 18213038) - 1764
6838*sqrt(5) + 8959*sqrt(17761522*sqrt(5) - 18213038) - 17646838) + 745/88
23419*sqrt (5) *sqrt (17761522*sqrt (5) - 18213038) - 1/2*sqrt(5) + 1509/17646
838%sqrt (17761522*sqrt(5) - 18213038) - 1/2)) - 1/400*sqrt(26650*sqrt(5) -
59590) *1og (577600% (1058568671120*sqrt (5)*x - 108549706480*x + 8880761*sqrt
(5)*sqrt (17761522*sqrt (5) - 18213038) + 337468918*sqrt(5) - 9106519*sqrt (1
7761522+¢sqrt(5) - 18213038) - 346047722) "2 + 2310400%(337468918*sqrt (5)*x

- 346047722%x - 26464667780*sqrt(5) + 8823419*sqrt(17761522*sqrt(5) - 1821
3038) + 27137426620)"2) + 1/400*sqrt(26650*sqrt(5) - 59590) *1og(577600% (10
5858671120*sqrt (5)*x - 108549706480*x - 8880761*sqrt(5)*sqrt(17761522*sqrt
(5) - 18213038) + 337468918*sqrt(5) + 9106519%sqrt (17761522xsqrt(5) - 1821
3038) - 346047722)"2 + 2310400%(337468918*sqrt(5)*x - 346047722*x - 264646
67780%sqrt (5) - 8823419%sqrt (17761522%sqrt(5) - 18213038) + 27137426620) 2
) + 1/20%(36%x73 - 16%x72 + 42%x + 19)/(4*x"4 + 4*x72 + 4*x + 1)




output

.
input Llnt(l/(4*x + 4%x72 + 4%x~4 + 1)72,%)
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Mupad [B] (verification not implemented)

Time = 21.33 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.66

dr = In | —
1+ 4z + 422 + 4a4)? 2 100

3021 133
/ 1 4 169root (z + 1003 5000 T 64000’2 k)
(

302122 _ 1332
4 11z N root( + %60~ — 8005 T Ga000° % k) z 131
1600 100

302122 _ 1332
root <z + %60~ — so0s + Ga000”

5
302122 133z 29 )
T3

z, k)2x72

1000 8000 T 64000°° 6

2
302122 _ 1332
59root(z T Tooo ~ so00 T 64000’z’k>

20
3021 22 133z >3

— root <z4 +

+

1000 8000 64000 2k

+ 27 root [ 24 + 3021 22 B 133z ok
1600 1000 8000 64000’ ’

923 _ z%2 | 21z |, 19
20 5 + %0 T80

e+t

— 16 root (24 +

-/

symsum(log((11*x) /1600 - (169*root(z~4 + (3021%z~2)/1000 - (133%z)/8000 +

29/64000, z, k))/100 + (131*root(z~4 + (3021%z72)/1000 - (133%z)/8000 + 29
/64000, z, k)*x)/100 - (72*root(z"4 + (3021*z~2)/1000 - (133%z)/8000 + 29/
64000, z, k)“2*x)/5 - 36xroot(z"4 + (3021%z~2)/1000 - (133*z)/8000 + 29/64
000, z, k)“3*x + (59*root(z~4 + (3021%z~2)/1000 - (133%z)/8000 + 29/64000,
z, k)~2)/20 - 16*root(z~4 + (3021%z~2)/1000 - (133*z)/8000 + 29/64000, z,
k)~3 + 27/1600) *root(z"4 + (3021%*z~2)/1000 - (133%z)/8000 + 29/64000, z,

k), k, 1, 4) + ((21%x)/40 - x"2/5 + (9%x73)/20 + 19/80)/(x + x™2 + x"4 + 1
/4)
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Reduce [F]

1 1
dr= d
(1 + 4z + 422 + 4z4)* v / 162® + 3225 + 3225 + 24zt + 3225 + 2422 + 8z + 1

input Lint (1/ (4%x"4+4%x~2+4*x+1) "2, %) J

t‘ int (1/ (16*x**8 + 32*x**6 + 32%x**5 + 24*x**4 + 32kx**3 + 24xx**2 + 8*x + 1 ‘

outpu ‘ ) ‘
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3.9 [Q+z+22+ 23+ 2% do

Optimal result . . . . . . . . . . . . . e 121]
Mathematica [A] (verified) . . . . . . . . ... .. L 121
Rubi [A] (verified) . . . . . . .. . . 122
Maple [A] (verified) . . . . . . . . ... 123]
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 123
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 124
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 124
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 125
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1251
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 126

Optimal result

Integrand size = 14, antiderivative size = 76

312 5zt 1927

/(1+x+x2+x3+m4)3 dx:x+%+2x3+%+3x5+3x6+7x
978  52® 6z g2 g3

SRR A TR R

output‘X+3/2*x“2+2*x“3+5/2*x‘4+3*x‘5+3*x‘6+19/7*X*7+9/4*x~8+5/3*x~9+x~10+6/11*X~1
‘1+1/4*x‘12+1/13*x‘13

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00

322 5z 1927
/(1+z+w2+z3+x4)3 do =1+ 2 +20% + 2 4 305 + 305 +

2 2 7
91[:8 51}9 10 65[,'11 .’L‘12 £L'13
LR T A TR R T

-

inputLIntegrate[(l +x + x72 + x73 + x74)73,x]

-/
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x4 (3%x72)/2 + 2%x"3 + (5%x74)/2 + 3%x"5 + 3xx"6 + (19xx°7)/7 + (9%x°8)/4

output
L + (5%x79)/3 + x~10 + (6%x~11)/11 + x~12/4 + x~13/13 J

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 143 Ryjeg
integrand size

used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(m4+w3+m2+x+1)3 dr

l 2465

]/(m124—3x114—6w104—10x94—15x84-18x74-19x64—18w54—15m44-1Ox34-6x24—3x—kl)dm

| 2009
3 2 6xl! 0 5x®  9z% 1927 6 5 bxt 3z2
R T S W el T e il o493
St T T te vttt A 2 St

‘Int[(l +x + x72 + x73 + x°4)°3,x]

input

x + (3%x72)/2 + 2%x73 + (54x74)/2 + 3%x75 + 3xx"6 + (19xx°7)/7 + (9%x°8)/4

output
\ + (5%x~9)/3 + x~10 + (6%x~11)/11 + x~12/4 + x~13/13 \
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

2465‘Int[(u_.)*(PX_)“(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘
\[Px, x] && GtQ[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x \
\] && IGtQ[p, O] ‘

rule

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.80

method result
gosper x + 527 4 227 4 S2* + 32° + 32° + Pa" 4 728 + 30 + 210+ fatt 4 2P 4 et
2 2 7 4 3 11 4 13

default T+ 32 4 223 + Sat 4 305 + 3% + DaT + 0 + 20 + 210+ Satt + Lot + o
norman z + 307 4 20 4 S2* + 32° + 32° + a" 4 728 + 30 + 210 + a4 2P+ et

risch z+ 30° 4 20 4 S2* + 32° + 32% + D" 4 728 + 300 4+ 210 + a4 2P 4 et
parallelrisch |  + 322 4 223 + 22* + 325 + 325 + 227 + 2% + 22° 4+ 210 + Sa' + 1212 + Sa®®

. (9242243003211 46552210+120122° +2002028 +2702727 43260425 +360362° +360362* +3003023 +2402422+ 180187+ 1

orering 12012

-

Lint ((x~4+x~3+x"2+x+1) "3,x,method=_RETURNVERBOSE)

-/

input

¢ XF3/ 2R 244" FHE/ 24X A+3¥X 54 3HX 6419/ THR"T+9/4%x"8+5/34x"9+x"10+6/11%x"1

outpu
\1+1/4*x*12+1/13*x*13 \

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

1 1 6 5 9
/(1+a:+x2+a:3—|—:c4)3 dx:1—3z13+Zw12+ﬁxll+xlo+§x9+zz8

19 5 3
+7aﬁ+3f+3xﬁ+§#+2xﬁ+§ﬁ+m
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input‘integrate((x‘4+x*3+x~2+x+1)~3,x’ algorithm="fricas")

\1/13*x 13 + 1/4*x712 + 6/11*%x"11 + x~10 + 5/3*x"9 + 9/4*xx"8 + 19/7*x"7 + 3

output
\*x 6 + 3%x~5 + 5/2%x"~4 + 2%x~3 + 3/2%x"2 + x

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.92

13 12 11 9 8
2. 3, 43, X z 6z 10 . 9z" 9z
/(l—i-x-i-x +z° +z*) de = 1 +—4 TR +—3 e
1927 5z 3z?
+T+3.’L‘ +3z° + - 9 + 223 +T+.’B

input Lintegrate ((xH*A+xHF*B+xk*2+x+1) ¥%3,X)

‘x**13/13 + x*%12/4 + 6*x**x11/11 + x**10 + 5*x**9/3 + O*x**x8/4 + 19*xx**x7/7
+ 3kx**%6 + 3kx*k*5 + Bkxk*4/2 + 2kx**3 + 3kx*k*2/2 + x

N

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

1 3,1 5, 6 44 10,9 9,9 3
13.75 +4a: -I—llx +x +3x+4z

19 5 3
—I—7x7+3x6+3m5+§x4+2x3+§m2—|—x

/(1+:c+a:2+x3—|—:c4)3 dx =

input Lintegrate ((x~4+x"3+x"2+x+1)"3,x, algorithm="maxima")

‘1/13*x 13 + 1/4*x712 + 6/11*x711 + x710 + 5/3*%x"9 + 9/4%x"8 + 19/7*x"7 + 3

output
*X76 + 3%x75 + 5/2%x74 + 2%x73 + 3/2%x72 + x
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

! 1 6 5 9
1 2 3 D3 dp = — g3 T2, P o1 10,92, 9,7 8
/« +z+2°+2° +2%) do 3% +4m +11x +2x +3x-+4z
19 5 3
+ oo +32°+32% + st 228+ Dt
7 2 2
input Lintegrate ((x~4+x~3+x"2+x+1)"3,x, algorithm="giac") J

(1/13%x713 + 1/4%x712 + 6/11%x"11 + x"10 + 5/3+x"9 + 9/4xx™8 + 19/T+x"T + 3

output
\*x*s + 3%x"5 + 5/2%x~4 + 2%x~3 + 3/2%x"2 + x \

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.79

13 12 6.’511 51.9 9x8
1 2 3 03 g _r T 10, 2T JIT
/(+x+x+x+x)x st Tttt 3t
19 27 5zt 3 z?
+ 0 13054325+ 20 1934+ °0 4y
7 2 2
ilrlputtint((x + x"2 +x"3+ x4+ 1)°3,x) J

‘x + (3*x"2)/2 + 2*xx~3 + (5*x"4)/2 + 3*x~5 + 3*x"6 + (19%x~7)/7 + (9%x~8)/4 \

output
\ + (5%x79)/3 + x~10 + (6%x~11)/11 + x~12/4 + x~13/13 \




CHAPTER 3. LISTING OF INTEGRALS 126

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.83

/(1+z+$2+m3+z4)3 dz
B £(9242'2 + 3003z + 6552210 + 120122° + 2002022 + 27027z + 32604x°% + 360362° + 36036z + 300
N 12012

input ‘\int((x 4+4x”3+x"2+x+1)"3,%) |

Output‘(x*(924*x**12 + 3003%x**11 + 6552%x**10 + 12012%x**9 + 20020%x**8 + 27027*
|X*KT + 32604%x%*6 + 36036%x**5 + 36036%xk*4 + 30030%x**3 + 24024*xk*2 + 18
1018%x + 12012))/12012 |




output

input

output
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2
3.10 [+ z+2°+ 22+ 2% dx
Optimal result . . . . . . . . . . . .. 127
Mathematica [A] (verified) . . . . . . . . . ... 127
Rubi [A] (verified) . . . . . . .. . . 128
Maple [A] (verified) . . . . . . . . ... 129
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 129
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 130
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 130
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 130
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1311
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 131
Optimal result
Integrand size = 14, antiderivative size = 42

6 8 .9

2 3z"
/(1+w+x2+w3+x4)2 dx:x+x2+x3+x4+x5+%+%+%+%

-

Lx+x“2+x’"3+x“4+x’"5+2/3*X’"6+3/ Txx~7+1/4%x~8+1/9%x~9

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.

2 6 3 7 8 9
/(1+x+x2+x3+x4)2 dx:z+x2+z3+z4+x5+%+%+%+%

00

-

Integrate[(1 + x + x™2 + x73 + x74)72,x]

N\

‘x + X2+ x"3+ x4+ x75+ (2%xx76)/3 + (3*%x"7)/7 + x~8/4 + x~9/9




input

output

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule

t
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(m4+x3+m2+x+1)2 dzr
l2465
/(a:8+2a:7+3a:6+4a:5+5w4+4w3+3m2+2m—|—1)dm
lzoog
£9+£8+37M+%+x5+x4+w3+w2+x
9 4 7 3
Int[(1 + x + x°2 + x~3 + x°4)"2,x] J

e

t

X+ X2+ x"3+x74+ x5+ (2%xx76)/3 + (3*x"7)/7 + x°8/4 + x~9/9

~—

Defintions of rubi rules used

2465‘ Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘

[Px, x] && GtQ[Expon[Px, x], 2] &% !BinomialQ[Px, x] && !TrinomialQ[Px, x ‘
] && IGtQ[p, O] ‘
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

method result size
gosper g4zt + 23+ 2t + 2%+ 228 + 207 + Ja® + L2 | 35
default g4zt + 23+ 2t + 2%+ 228 + 207 + JaB + L2 | 35
norman z+2+ 23+t + 25+ %wG + $x7 + 128+ éxQ 35
risch c+2+ 23+t + 25+ %mﬁ + %x7 + 128+ é:vg 35
parallelrisch | z + 2 + 23 + z* + 2° + 225 4 327 4 2% + 52° | 35
orering z(28x8+63x7+108w6+168x5+§§§w4+252x3+252w2+252x+252) A4

input Liﬂt ((x~4+x"3+x"2+x+1) ~2,x,method=_RETURNVERBOSE)

-

output | XX 2HESHX AEX"642/34x"6+3/THx"T+1/4Kx"8+1/9%x"9

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81

1 1 3 2
/(1+x+x2+x3+x4)2 dx:§x9+Zx8+?x7+§x6+x5+x4+x3+x2+x

/

input tintegrate ((x~4+x"3+x"2+x+1)"2,x, algorithm="fricas")

~—

outputtl/g*xg‘”1/4*X8+3/7*x7+2/3*x6+x5+x4+x3+x2+x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.88

2 2 3x" 225

/(1+x+x2+x3+x4)2dx=§+z+7+?+x5+x4+x3+x2+x

input Lintegrate ((x**A+xrx3+x**2+x+1) ¥%2, x)

outputtx**g/g + x*k*8/4 + 3*kx*k*T/T + 2xx*x*6/3 + x*k*5 + X*k*4 + x¥*x3 + x**2 + X
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81
2 3 4\2 L o, 1 s, 3 7 25 5 4 3 2
(1—|—a:+a: +zr’ 4+ ) da::§x +Z$ —l—;x -I—ga: +rt+r+zr+z+x
input Lintegrate ((x~4+x"3+x"2+x+1)"2,x, algorithm="maxima")

Output\}/g*x*g + 1/4%x"8 + 3/T*x"T + 2/3%x°6 + x°5 + x4 + x°3 + x°2 + x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81

1 1 3 2
/(1+x+x2+x3+x4)2 d:c:§x9+Zx8+?x7+§x6+w5+z4+z3+w2+x

i - - - - i =i "
inputtlntegrate((x 4+x"3+x"2+x+1)"2,x, algorithm="giac")

ou‘cpu‘c‘l/g"‘x»9 + 1/4%x78 + 3/7*x"7 + 2/3*x™6 + x5 + x4 + x"3 + x"2 + x




CHAPTER 3. LISTING OF INTEGRALS 131

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81

9 8 3 7 2 6
/(1+x+x2+x3+x4)2dx=%+%+%+%+x5+x4+x3+x2+x

inputLint((x + x72 + x73 +x74 + 1)72,x) J

output LX +X72 + X3 + x74 + x75 + (2%x76)/3 + (3%x"7)/7 + x78/4 + x79/9 J

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.02

/(1+az+x2+x3+x4)2 dx
_ (282® + 637 + 1082° + 168z° + 252z + 25223 + 25222 + 252z + 252)
B 252

inputLint((x 4+x"3+x"2+x+1)"2,x) J

‘ (x* (28*x**8 + 63*x**7 + 108*x**6 + 168*x**5 + 252%x**4 + 252%x**3 + 252%x* \

output
\*2 + 252%x + 252))/252 \




output

input

output
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3.11 [Q4+z+2*+2°+2%) do

Optimal result . . . . . . .. . . . . ..
Mathematica [A] (verified) . . . . . . . . ... o o
Rubi [A] (verified) . . . ... . ... ...
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . ... ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... ... ..
Mupad [B] (verification not implemented) . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . ... ... ... ... ...

Optimal result

Integrand size = 12, antiderivative size = 30

2 3,/.3 $4 .’L‘5

2, .3, .4 _ r, . r T
/(1+x+x +z +x)dx—x+2+3+4+5

Lx+1/2*x”2+1/3*x“3+1/4*x“4+1/5*x“5

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

- I
1 2, .3, .4 _ r,r_ © T
/(+x+x—|—x+x)dm T

LIntegrate [1 +x+ x72+ x73 + x74,x]

-

Lx + x°2/2 + x°3/3 + x~4/4 + x°5/5

-/




output LX

rule

input

2009
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(w4+w3+m2+x+1) dzx

l 2009

BN
5 4 73T "?

-

LInt[l + X + xX72 + x7°3 + x74,x]

-/

+ x72/2 + x°3/3 + x~4/4 + x°5/5 J

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.77

method result size
gosper T+ 3z + 328 + jot + 125 | 23
default T+ 3z + 32b + jot + L5 | 23
norman T+ 32% + 323 4 Jat + 1a% | 23
risch T+ 30% + 32+ Jat + 1a% | 23
parallelrisch | z + 122 + 323 + 12 + £2° | 23
parts T+ 2%+ a® + qat + 1o | 23
orering x(12x4+15x3—g§0x2+30x+60) 24

Lint (x"4+x"3+x"2+x+1,x,method=_RETURNVERBOSE)

-

LX'F1/2*XA2+1/3*XA3+1/4*XA4+1/5*XA5

-/

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

/(1+x+x2+x3+x4) dx

5 4 3

1 1 1 1
=+ ++ %+

2

Lintegrate (x74+x73+x"2+x+1,x, algorithm="fricas")

Ll/S*x‘S + 1/4%x~4 + 1/3%x~3 + 1/2%x"2 + x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.67

5 4 3 2

1 2y B dp = 4 LT T
/(+x+x+x+x)dw FT Ty Ty e

inputLintegrate(x**4+x**3+x**2+x+1,x)

output Lx**5/5 + x*%4/4 + x*%3/3 + Xk*k2/2 + x

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

1 1 1 1
/(1+z—|—x2+x3+z4) dx:gx5+1x4+§x3+§x2+x

inputLintegrate(x‘4+x‘3+x*2+x+1,X, algorithm="maxima")

Output\\us*x*s + 1/4%x~4 + 1/3%x73 + 1/2%x"2 + x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

1 1 1 1
/(1+z—|—x2+w3+z4) dx=3x5+é—lw4+§x3+§x2+z

i R - - i =14 n
inputtlntegrate(x 4+x"3+x"2+x+1,x, algorithm="giac")

output‘ 1/5*%x"5 + 1/4*x"4 + 1/3*x73 + 1/2*x"2 + x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

5 4 3 2

2y B dp = 4 LT T
/(1+x+x+x+x)dx—5+4+3+2+a:

inputLint(x + x72 +x73+x74 + 1,x)

output Lx + x°2/2 + x°3/3 + x~4/4 + x°5/5

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.77

z(12z* + 1523 + 202% + 30z + 60)
60

/(1+z+x2+x3+m4) dr =

input ‘ int (x~4+x"3+x"2+x+1,x)

outputt(x*(12*x**4 + 15%x**3 + 20%x**2 + 30%x + 60))/60
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1

3.12 f 14z+z2+z3+24 dz

Optimal result . . . . . . . . . . . . . . e 137
Mathematica [C] (verified) . . . . . . . . . .. .. 138
Rubi [A] (verified) . . . . . . . . . . 138
Maple [C] (verified) . . . . . . . . . ... 1391
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... T40
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 1401
Maxima [F] . . . . . . 141
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 142
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [F] . . . . . . 143

Optimal result

Integrand size = 14, antiderivative size = 143
1 1/ 1-— 4
/ 1 5 s g dr= R 5 — 2v/5 arctan ﬂ
+r+z-t+x+ 2(5+\/5)

+%\/marctan (% 1% <5+ \/5) <1+\/5+4x>>

log (2+z — bz +22%) log (2+ z + 5z + 22?)
2v/5 2v/5

output ‘ 1/5%(5-2*5~(1/2)) ~(1/2) *arctan((1-5"(1/2) +4*x) / (10+2*5~(1/2)) ~(1/2) ) +1/5%( ‘
\ 5+2x5~(1/2)) " (1/2) *arctan(1/20% (50+10*%5~(1/2)) ~(1/2) *(1+5~(1/2)+4*x))-1/10 \
‘ *1n (2+x-x*%5"(1/2) +2*%x~2) *57(1/2) +1/10*1n (2+x+x*5~ (1/2) +2*xx~2) *5~(1/2) ‘
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.33

1
dz = RootSum |1 + #1 + #1% + #1°
/1%Hwhwﬂw4x ootSum | 1+ 71 + 41" + #
1 —#1
+#1°, gtz — #1) 3&}
14 24#1 4 3#1° + 4#1
input LIntegrate[(l +x +x72 + x73 + x74)"(-1) ,x] J

; RootSum[1 + #1 + #1°2 + #1°3 + #1°4 & , Loglx - #11/(1 + 2+#1 + 3x#1°2 + 4
L*#rs) & ] J

outpu

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.143, Rules

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
rt+ad+a?4+r+1
l2492

/ 2z ++/5+1 B 2z — /5 +1 i
V5 (222 + (1+v5)z+2) V5 (202 + (1-v5)z+2)
l 2009

/ - / 4 1
é 5 — 2v/5 arctan (W) -I—é 5 + 2v/5 arctan (W) —

2 (5++5) 2 (5—+/5)
log (222 + (1 — v5) z +2) +10g(2x2+(1+\/5)a:+2)
2v/5 2v/5
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input‘Int[(l +x +x"2+ x73 + x°4)°(-1),x]

output‘ (Sqrt[5 - 2*Sqrt[5]]1*ArcTan[(1 - Sqrt[5] + 4#*x)/Sqrt[2*(5 + Sqrt[51)11)/5 ‘
'+ (Sqrt[5 + 2%Sqrt[5]]1*ArcTan[(1 + Sqrt[5] + 4*x)/Sqrt[2x(5 - Sqrt[61)11)/
'5 - Log[2 + (1 - Sqrt[51)*x + 2%x~2]1/(2%Sqrt[5]) + Log[2 + (1 + Sqrt[61)*x
|+ 2%x72]/(2%8qrt [5]) |

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[(Px_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)72 + (d_.)*(x_)"3 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrtl[e*(
(b™2 - 4xaxc)/a) + 8*axd*(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrtlex((b™
2 - 4xaxc)/a) + 8xaxd*(e/b)])/(2*e))*x + x~2)7p, x], x], x] /; FreeQ[{a, b,
c, d, e}, x] & PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d~2 - b~2*e, 0]

rule 2492

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.09 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.29

method | result
In(z— R
risch 7 ( I? ) 7
_R=RootOf(_Z*+_7+_ A+ _z41) -1t H3 1 +2 L+l

V5 (=v5+1)  Voide V5 (v541)

default ln(2+$—\/5x+2x2>\/5 2(—24-\/5—5) arctan(ﬁ) ln(2+m+\/gx+2x2)\/5 2| = : .
- _ 10 B 5v/10+2v5 + 10 +
input Liﬂt (1/(x~4+x~3+x~2+x+1) ,x,method=_RETURNVERBOSE) J

e

lsum(l/ (4% _R~3+3%_R~2+2%_R+1)*In(x-_R), R=RootOf (_Z~4+_Z~3+_Z~2+_Z+1))

~—

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.76

/1+x+a:21+x3+x4dx
:_%\/2\/3+5arctan(%(\/5($—1)—5x>\/2\/5+5>
% —2\/5+5arctan(%<\/5(x—1)+5x> —2\/34-5)

1 1
+1—0\/310g (2x2+\/3m+m+2> —1—0\/510g(2x2—\/3x—|—x+2>

_.|_

input Lintegrate (1/(x"4+x"3+x"2+x+1) ,x, algorithm="fricas") J

t‘—1/5*sqr1:(2*sqr1:(5) + B)*arctan(1/5*(sqrt(5)*(x - 1) - 5*x)*sqrt(2*sqrt(5) ‘
‘ + B5)) + 1/5%sqrt(-2*sqrt(5) + 5)*arctan(1/5*%(sqrt(5)*(x - 1) + 5*x)*sqrt( ‘
‘—2*sqrt(5) + 5)) + 1/10*sqrt(5)*log(2+x~2 + sqrt(5)*x + x + 2) - 1/10*sqrt ‘
‘ (5)*log(2*x~2 - sqrt(B)*x + x + 2) ‘

outpu

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1287 vs. 2(122) = 244.

Time = 0.54 (sec) , antiderivative size = 1287, normalized size of antiderivative = 9.00

1 .
/ 1+z+ 22+ 23+ 24 dx = Too large to display

input Lintegrate(l/ (x*A+xrx3+x**2+x+1) | X) J




output

input

output
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sqrt (5) *log (x**2 + x*(-21*sqrt(5)/11 - 4*sqrt(10)*sqrt(3 - sqrt(5))/11 + 4
Bxsqrt (2)*sqrt (3 - sqrt(5))/22 + 48/11) - 2213%sqrt(5)/242 - 1381xsqrt(10)
*sqrt (3 - sqrt(5))/484 + 3045*sqrt(2)*sqrt(3 - sqrt(5))/484 + 5217/242)/10
- sqrt(5)*log(x**2 + x*(-45*sqrt(2)*sqrt(sqrt(5) + 3)/22 - 4xsqrt(10)*sqr
t(sqrt(5) + 3)/11 + 21xsqrt(5)/11 + 48/11) - 1381*sqrt(10)*sqrt(sqrt(5) +
3)/484 - 3045*sqrt(2)*sqrt(sqrt(5) + 3)/484 + 2213*sqrt(5)/242 + 5217/242)
/10 + 2*sqrt(-sqrt(10)*sqrt(3 - sqrt(5))/50 + 3/20)*atan(44*x/(-8*sqrt(5)*
sqrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 3*sqrt(10)*sqrt(3 - sqrt(5))*sq
rt(-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 18*sqrt(-2*sqrt(10)*sqrt(3 - sqrt
(5)) + 15)) - 42+sqrt(5)/(-8*sqrt(5)*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) +
15) + 3*sqrt(10)*sqrt(3 - sqrt(5))*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15
) + 18*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15)) - 8xsqrt(10)*sqrt(3 - sqr
t(5))/(-8xsqrt (5) *sqrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 3*sqrt(10)*sq
rt(3 - sqrt(b))*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 18*sqrt(-2*sqrt
(10)*sqrt(3 - sqrt(b5)) + 15)) + 4bxsqrt(2)*sqrt(3 - sqrt(5))/(-8*sqrt(5)*s
qrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 3*sqrt(10)*sqrt(3 - sqrt(5))*sqr
t(-2*sqrt (10)*sqrt(3 - sqrt(5)) + 15) + 18+*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(
5)) + 15)) + 96/ (-8*sqrt(5)*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 3x*s
qrt (10)*sqrt (3 - sqrt(5))*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 18%sq
rt(-2*sqrt (10) *sqrt(3 - sqrt(5)) + 15))) + 2*sqrt(-sqrt(10)*sqrt(sqrt(5...

Maxima [F]

[ireroimra®= ] wrmraraii?
T = T
142+ 224 23+ 24 43+ 2+z+1

integrate(1/(x"4+x"3+x"2+x+1) ,x, algorithm="maxima")

N

-

Lintegrate(l/(x”4 +x"3+x72+x+ 1), %)

| —
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.71

1 1 4z —v5+1
dr = —\/—2V5 +barctan | ————
/1+x+x1hﬁ+x4a: 5 ‘J:Faman<v2¢i+m>

input Lintegrate (1/(x"4+x"3+x"2+x+1) ,x, algorithm="giac") J

t‘ 1/5*sqrt (-2xsqrt(5) + 5)*arctan((4*x - sqrt(5) + 1)/sqrt(2xsqrt(5) + 10)) ‘
‘+ 1/5*sqrt (2*sqrt(5) + 5)*arctan((4*x + sqrt(5) + 1)/sqrt(-2xsqrt(5) + 10) ‘
1) + 1/10%sqrt(5)*log(x~2 + 1/2%x*(sqrt(5) + 1) + 1) - 1/10%sqrt(5)*log(x™2 |
|- 1/2%xx(sqrt(5) - 1) + 1)

outpu

Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.45

/ : ‘
4
l+z+22+ 23+ a2t
4
_ 4, 2 1
= k§=1 In (—1‘0013 (Z + 2—5 + ﬁ,Z,k) (41,’

1 1
+root(z4+ % + E,z,k) (25root(z4+ %+ E,z,k) +15x+15)

z 1
1 S+ =
+ >) root<z +25+ 125,z,k)

input Lint(l/(x + x72 +x73 + x4+ 1),x) J
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Output‘symsum(log(—root(z“ll + z/25 + 1/125, z, k)*(4*x + root(z~4 + z/25 + 1/125,
z, k)*(25%xroot(z"4 + z/25 + 1/125, z, k) + 15%x + 15) + 1))*root(z"4 + z/
\25 + 1/125, z, k), k, 1, 4)

Reduce [F]

[irerareiat= | armraran
T = i
l1+z+ 22+ 23+ 24 s+ +22++1

inputLint(l/(x"4+x"3+x“2+x+1),x)

outputLint(l/(x**4 + x*x3 + x¥*2 + x + 1),%)




output
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3.13 | . > dz
(1+z+z2+23+24)

Optimalresult . . . . . . . . .. . .. 144
Mathematica [C] (verified) . . . . . . . . ... .. L 145
Rubi [A] (verified) . . . . . . . .. . 145
Maple [C] (verified) . . . . . . . . . .. 147
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 147
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 148
Maxima [F] . . . . . . . 149
Giac [A] (verification not implemented) . . . . . . . ... ... ... 149
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 150
Reduce [F] . . . . . o 1501

Optimal result

Integrand size = 14, antiderivative size = 238

! d
(144 22 + 23 + 24)° !
2

5(2+4 (1+V5) z + 222)
N 4(5+ 5+ (5—+v5) z)
5(5+v5) (2+ (1—v5)z+222) (2+ (1 +V5) z + 222)

2 /s (25 _ 11\/5) arctan (m)

- 925

2(5+ )
2 1 /1
+ % 2 <25-|— 11\/5) arctan (5 10 <5+\/3) <1+\/5+4x>>
2log (2 + z — V5% + 22?) N 2log (2 + z + V57 + 22?)
5v/5 5v5

-2/ (10+5% (5~ (1/2)+1) *x+10%x~2) +4/5% (545~ (1/2) +(5-5~(1/2) ) *x) / (5+5~(1/2)) / (
24x% (=57 (1/2)+1)+2%x72) / (2+ (57 (1/2) +1) *x+2%x~2) -2/25% (50-22*5~ (1/2) ) ~(1/2)
*xarctan((1-57(1/2)+4*x) / (10+2*5~(1/2))~(1/2))+2/25* (50+22%5~ (1/2) )~ (1/2) *a
rctan(1/20%(50+10%57(1/2) )~ (1/2) * (1+57(1/2) +4*x) ) -2/25*%1n (2+x-x*5" (1/2) +2*
x~2)*57(1/2)+2/25%1n (2+x+x*5~ (1/2) +2*x~2) *5~ (1/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.37

(14 + 22 + 28 + 24)? de 5( 1+ 2+ 22+ 2% + 2* 2RootSum[1+#1+#1
—21 —#1) +1 — #1)#1
14+ 241 + 3#1° + 441

-

inputLIntegrate[(l + X + x72 + x73 + x74)7(-2) ,x]

-/

output‘ (-1 + X)*x)/(1 + x + X~2 + X3 + x74)) - 2%xRootSum[1 + #1 + #1°2 + #1~ ‘
'3+ #1°4 & , (-2xLoglx - #1] + Loglx - #11%#1)/(1 + 2+#1 + 3x#1°2 + 4x#1°3
D& 1)/5 |

Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 357, normalized size of antiderivative = 1.50,

number of rules _ 0.143, Rules

number of steps used = 2, number of rules used = 2, T 7o 1

used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 5 dx
(*+z3+22+2+1)
l2492
/( 2(1—+5) (z+1) N 20+v5) (z+1) 2(4z — 2v/5 + 3) N 2(4z + 2v
5(222+ (1-v5)z+2)° 5202+ (1+v5)z+2)° 5V5(222+ (1-V5)z+2)  5v5 (222 + (1-

l 2009
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25 25

2(5+5) 2(5+V5)

_i 2(5—\/5> arctan <4x—\/_+1) +— 2(65—29\/3) arctan (W) +

/ 4z ++/5 / 4 ++/5+1
215 (65 + 29\/_) arctan (—'_;51)) + % 2 (5 + \/5) arctan (2—;5;5)) -

(1+v5) (=(B-v5)z) —v5+3) (1-V5) (=(3+v5)a) +V5+3)
5(5-

V5) (222 + (1+VB)z+2)  5(5+V5) (202 + (1-VB)z+2)
2log (222 + (1—v5)z+2) 2log (222 + (1 +v5) z +2)
5v/5 * 5v/5

input\Int[(l +x + x72 + x73 + x°4)°(-2),x]

-1/5%((1 - Sqrt[5]1)*(3 + Sqrt[5] - (3 + Sqrt[5])*x))/((5 + Sqrt[5])*(2 + (
1 - Sqrt[5])*x + 2*xx~2)) - ((1 + Sqrt[5]1)*(3 - Sqrt[5] - (3 - Sqrt[5])*x))
/(6%(5 - Sqrt[5])*(2 + (1 + Sqrt[5])*x + 2*xx~2)) + (Sqrt[2*(65 - 29*Sqrt[5
1)1*ArcTan[(1 - Sqrt([5] + 4*x)/Sqrt[2*(5 + Sqrt[5])]1]1)/25 - (Sqrt[2*(5 - S
qrt[51)1*ArcTan[(1 - Sqrt[5] + 4#*x)/Sqrt[2*(5 + Sqrt[5]1)11)/25 + (Sqrt[2x*(
5 + Sqrt[5])]*ArcTan[(1 + Sqrt[5] + 4#x)/Sqrt[2*(5 - Sqrt[5]1)]1)/25 + (Sqr
t[2x(65 + 29*Sqrt[5])]*ArcTan[(1 + Sqrt[5] + 4*x)/Sqrt[2*(5 - Sqrt[5]1)11)/
25 - (2xLog[2 + (1 - Sqrt[b6])*x + 2*x~2])/(5%Sqrt[5]) + (2*Log[2 + (1 + Sq
rt[5])*x + 2%x~2])/(5*Sqrt[5])

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2492 Int[(Px_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*x(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex*(
(b~2 - 4xaxc)/a) + 8xaxdx(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrt[ex((p”

2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2%e))*x + x"2)7p, x]1, x], x] /; FreeQl[{a, b,
c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d~2 - b~2*e, 0]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.16 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.31

method | result

(2-_R)m(a—_R) )

2 > 3 )
—%mz—i-%z i (_R:RootOf(_Z4+_Z3+_Z2+_Z+1) 4_R +3_R +2_R+1

risch S R -
VB (—v5+1) 1—Btda
default 2(@_§> 2ln(2+x—\/5x+2x2)\/5 N 8<2+5—2\/5> arctan(m) N ‘/2557”—\2/—5 |
erau 25(z2+§—@+1) 25 25v/10+2v/5 o2+ Z4 x/gzﬂ
input Lint (1/(x~4+x~3+x"2+x+1) "2, x,method=_RETURNVERBOSE) J

| (-1/5%x~2+1/5%x) / (x~4+x"3+x"2+x+1)+2/5%sum((2-_R) /(4% _R"3+3% R~2+2% R+1)*1

output
\ n(x-_R), R=Root0f( Z 4+ Z~3+_Z~2+ Z+1)) \

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.78
1

(14 + 22 + 23 + z*)

2 (z* + 2° + 22 + z + 1)v/22 /5 + 50 arctan (2—10 (V5(6z—1)— 10z +5) 22\/54—50) —2(z* + 23

5 dT

inputLintegrate(1/(x“4+x“3+x“2+x+1)“2,x, algorithm="fricas") J

1/26% (2% (x"4 + x"3 + x72 + x + 1)*sqrt(22*sqrt(5) + 50)*arctan(1/20*(sqrt(

B)*(6*%x - 1) - 10*x + 5)*sqrt(22*sqrt(5) + 50)) - 2*x(x"4 + x™3 + x"2 + x +
1) *sqrt (-22*sqrt(5) + 50)*arctan(1/20*(sqrt(5)*(6*%x - 1) + 10*x - 5)*sqrt
(-22xsqrt(5) + 50)) + 2xsqrt(5)*(x"4 + x"3 + x72 + x + 1)*log(2*x~2 + sqrt
(B)*x + x + 2) - 2#sqrt(B)*(x74 + x73 + x72 + x + 1)*log(2*x~2 - sqrt(5)*x
+ X+ 2) - 5%x"2 + 5%x)/(x74 + x"3 + x72 + x + 1)

output




input

output

CHAPTER 3. LISTING OF INTEGRALS 148

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1360 vs. 2(207) = 414.

Time = 0.65 (sec) , antiderivative size = 1360, normalized size of antiderivative = 5.71

1
/ 5 dr = Too large to display
(14+z+ 22+ 23+ 24)

|

integrate (1/ (x**4+xk*3+xk*2+x+1) **2,x)

| —

(—x**2 + x)/(B*x**4 + B*x*x3 + Bkx**2 + 5xx + 5) + 2xsqrt(5)*Llog(x**2 + x*
(-8229/802 - 85*sqrt(5)*sqrt(201 - 88xsqrt(5))/802 + 315xsqrt(201 - 88*sqr
t(5)) /401 + 1928*sqrt(5)/401) - 30944507*sqrt(5) /643204 - 3418085*sqrt (201
- 88xsqrt(5))/643204 + 1570197+*sqrt(5)*sqrt(201 - 88*sqrt(5))/643204 + 69
646079/643204) /25 - 2xsqrt (5)*log(x**2 + x*(-1928*sqrt (5)/401 - 8229/802 +
85xsqrt (5) *sqrt (88*sqrt(5) + 201)/802 + 315*sqrt(88*sqrt(5) + 201)/401) -
1570197*sqrt (5) *sqrt (88*sqrt(5) + 201) /643204 - 3418085*sqrt(88*sqrt(5) +
201) /643204 + 30944507*sqrt(5)/643204 + 69646079/643204) /25 - 2xsqrt(-2*s
qrt (5) *sqrt (88xsqrt (5) + 201)/625 + 18/125)*atan(802*sqrt(2)*x/(170*sqrt (5
)*sqrt (-sqrt (5) *sqrt (88*sqrt(5) + 201) + 45) + 382xsqrt(-sqrt(5)*sqrt(88*s
qrt(5) + 201) + 45) + 21xsqrt(5)*sqrt(88*sqrt(5) + 201)*sqrt(-sqrt(5)*sqrt
(88*sqrt(5) + 201) + 45)) - 3856%sqrt(10)/(340*sqrt(5)*sqrt(-sqrt(5)*sqrt(
88xsqrt(5) + 201) + 45) + T64*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45) +
42xsqrt (5) *sqrt (88*sqrt (5) + 201)*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) +
45)) - 8229x*sqrt(2)/(340*sqrt(5) *sqrt(-sqrt (5)*sqrt(88*sqrt(5) + 201) + 45
) + 764*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45) + 42*sqrt(5)*sqrt(88+*sq
rt(5) + 201)*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45)) + 85xsqrt(10)*sqr
t(88*sqrt(5) + 201)/(340*sqrt(5)*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45
) + T64xsqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45) + 42*sqrt(5)*sqrt(88+*sq
rt(5) + 201)*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) + 45)) + 630*sqrt(2)*...
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Maxima [F]

et p——
xr = €T
(1+2+22 +2% + %)’ (@ + 23+ 22+ + 1)

inputLintegrate(1/(x‘4+x‘3+x*2+x+1)*2,x, algorithm="maxima")

output‘-l/E’*(Xa2 - x)/(x"4 + x”3 + x"2 + x + 1) - 2/5*integrate((x - 2)/(x"4 + x~
‘3+XA2+X+1)’}{)

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.52

1 9 . 1
/(1"' + 22 4+ 28 + 1) dr = —oo —22+/5 + 50 arctan (ﬂ)
Xz i €T €T

25+ 10

2 4 1
+ — 22\/3+50a,rcta,n ﬂ
25 —2v5+10
2
+——¢ﬁ%;x”+—xvr+1)+1
25 2
2 V51 ! z(VE-1) +1
55 og | z? 2
22—z
5(xt+ x4+ 2242+1)
inputLintegrate(1/(x”4+x“3+x“2+x+1)*2’x, algorithm="giac") J

output -2/25%sqrt (-22*sqrt(5) + 50)*arctan((4*x - sqrt(5) + 1)/sqrt(2*sqrt(5) + 1
0)) + 2/25%sqrt(22*sqrt(5) + 50)*arctan((4*x + sqrt(5) + 1)/sqrt(-2*sqrt(5
) +10)) + 2/26%sqrt(5)*log(x™2 + 1/2%x*(sqrt(5) + 1) + 1) - 2/25*sqrt (5)*
log(x~2 - 1/2%x*(sqrt(5) - 1) + 1) - 1/5%(x"2 - x)/(x™4 + x™3 + x™2 + x +
1)
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Mupad [B] (verification not implemented)

Time = 21.28 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.48

1
In
(1+z+ 22+ 23+ 24)° <Z < 125

. 1222 176z 496 76 1222 176z 496 4
—root| z*+ + + 2,k —+root 2+ + + z, k 25root| 27+

125 3125  78125° " 25 125 3125 78125’

2

4 16 root z4—|—12Z +176z F—%
125 125 3125 78125 x4 4234224241

input Lint(l/(x + x"2 +x°3 +x74 +1)72,x) J

symsum(log(16/125 - root(z"4 + (12*z~2)/125 + (176%z)/3125 + 496/78125, z,
kK)*((76*x) /25 + root(z"4 + (12%z~2)/125 + (176%z)/3125 + 496/78125, z, k)
*(25xroot(z~4 + (12*xz72)/125 + (176%z)/3125 + 496/78125, z, k) + 18*x + 14
) + 44/25) - (8*x)/125)*root(z"4 + (12%z~2)/125 + (176%z)/3125 + 496/78125
» 2, k), k, 1, 4) + (x/5 - x72/6)/(x + x72 + x"3 + x74 + 1)

output

Reduce [F]

1
14z + 22 + 23 + z4)

5 dx

_ x3 4 z3 3 _
4<f x8+2w7+3x6+4x5+5:t4+4w3+3x2+2z+1dx) z 4 fzs-|—2:::7+3z6+4x5+5x4+4x3+3z2+2x+1dw z 4 far:8+2x"

input Lint(l/(x"4+x‘3+x’"2+x+1)’"2,x) J
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(= 4*int (x**3/(x**8 + 2%x**T + Jkx*k*6 + 4*x**5 + Bkxk*4d + 4*x**3 + 3Jkx**2
+ 2%x + 1) ,x)*x*%4 - 4xint (x**3/(x*x*8 + 2%x*k*7 + 3*X*k*k6 + 4*x**5 + Bxx**4
+ 4kxxx3 + 3kxk*2 + 2%kx + 1) ,x)*kx**3 - 4xint (x**3/(x**8 + 2xx*k*7 + 3kx*k*6
+ 4kxxx5 + Bkxkk4 + 4kxx*x3 + Jkxk*2 + 2%kx + 1) ,x)*kx**2 - 4xint (x**3/ (x**8
+ 2%xkkT7 + 3kx*k*6 + 4kxk*x5 + BHkxkkd + 4kxk*3 + Jkx*k*2 + 2kx + 1) ,x)*x - 4
*int (x**3/ (x**%8 + 2%x**7 + 3*kx*k*B6 + 4*x**x5 + Bkx*k*k4d + 4kx**3 + Ikx**2 + 2k
X + 1),x) - 3xint (x**2/(x**8 + 2kx**7 + 3*kxk*k6 + 4*x*k*k5 + Bkx*k*k4d + 4kx**3
+ 3kx**2 + 2%xx + 1) ,x)kx**k4 - 3kint (x**2/(xk*k8 + 2*x*k*k7 + 3*x**6 + 4xx**5
+ Baxkkd + Axx**3 + 3kxk*2 + 2%xx + 1),X)*x**3 — 3kint (x*¥*2/ (X*¥*8 + 2¥x**7
+ 3kxkkB + 4kx**5 + Gkxkkd + 4xxk*3 + 3kx*k*x2 + 2%xx + 1),x)*x**x2 - 3xint (x*
*2/ (xk*k8 + 2%x*k*7 + 3kx**6 + 4xx**x5 + Skxkkx4 + 4kxkx3 + 3Jkxkk2 + 2%x + 1),
x)*x — 3%int (x**2/ (x**8 + 2*kx**x7 + 3%x*k*6 + 4*x**5 + Bkx**k4d + 4xx**3 + 3*%x
*%2 + 2xx + 1),x) - 2*xint(x/(x**8 + 2kx**7 + 3kx**6 + 4xx**5 + Hxx**k4d + 4x
x**3 + Jkx*k*2 + 2kx + 1) ,x)*x*k*k4 - 2xint(x/(x*x*8 + 2%kx**7 + 3Jkx*k*6 + 4kxk*
5 + Bkx*k4d + 4kx**3 + kx**2 + 2kx + 1) ,x)*x*%*3 - 2xint (x/(x**8 + 2kx**7 +
3xxk*x6 + dkxkk5 + Skxkkd + 4kxkk3 + Jkx*k*k2 + 2%x + 1) ,x)*kx**2 - 2xint (x/(
XKkk8 + 2kXkkT + 3kXkk6 + 4kx*k*k5 + Skxk*k4 + Lkxxk3 + kxk*k2 + 2%x + 1) ,x)*x
- 2%int (x/ (x**8 + 2kx**x7 + 3*x**6 + 4kx**5 + Dkx**k4 + 4kx*k*3 + 3kx**x2 + 2
*x + 1),%) - 1)/(x*x*4 + x**3 + x**2 + x + 1)

output

N
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3.14 L 5dz
(1+z+z2+23+24)

Optimalresult . . . . . . . . .. . .. 152
Mathematica [C] (verified) . . . . . . . . ... .. L 153
Rubi [A] (verified) . . . . . . . .. . 153
Maple [C] (verified) . . . . . . . . . .. 156
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 156
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 157
Maxima [F] . . . . . . . 158
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 159
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 159
Reduce [F] . . . . . o 1601

Optimal result

Integrand size = 14, antiderivative size = 371

1
(1+z+ 22+ 23 +24)°
6(2(15 — 8v/5) — (15 — 11/5) )
25 (5 +/5) (2+ (1+ v3) z + 222)°

8(5++v5+ (5—+5)z)

5(5+v5) (24 (1-V5) 2 +202)" (24 (1+V5)w+202)°
8(45 — 11v/5 + 6(15+ V/5) z)
5(5+v5)" (2+ (1—VB)z+22%) (24 (1 +v5) z + 222)°

3(6 — v/5 — 2z)
252+ (1+VB)z+222) 125

\/ 1025 — 422v/5 arctan(

1 4
+ 12—5\/ 1025 + 422+/5 arctan (m)

2(5—/5)

_310g(2+(1—\/5)z+2z2) +3log(2+(1+\/3)a:+2x2)

10v/5

10v/5

1—+5+4z
2 (5+/5)

|
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1/25%(-180+96*57(1/2)+6* (16-11*57(1/2) ) *x) / (6+57(1/2)) / (2+ (57 (1/2) +1) *x+2x
x72)"2+8/5%(6+57(1/2)+(5-57(1/2) ) *x) / (5+57(1/2)) / (2+x* (-5~ (1/2) +1) +2*x~2) ~
2/ (2+(57(1/2) +1) *x+2*x~2) "2+8/5*% (45-11%5"(1/2) +6* (156+5~ (1/2) ) *x) / (5+5~(1/2
)72/ (2+x*x (=57 (1/2) +1) +2xx72) / (2+ (57 (1/2) +1) *x+2*x72) "2-3* (6-57 (1/2) -2*x) /
(50+25% (57 (1/2) +1) *x+50%x~2) -3/125% (1025-422%5~(1/2) ) ~ (1/2) *arctan ((1-57 (1
/2)+4%x) /(10+2%57(1/2) )~ (1/2) ) +3/125% (1025+422*5~(1/2) )~ (1/2) *arctan ((1+5~
(1/2)+4%x)/ (10-2%57(1/2) )~ (1/2))-3/50%1n (2+x* (-5~ (1/2) +1) +2*x~2) x5~ (1/2) +3
/50%1n(2+(57(1/2)+1) *x+2xx~2)*5~(1/2)

N J

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.04 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.30

1
1+ z+ 22+ 23 + %)
1 (z(14 — 11z — 92° 4 629)
h %( 1+ + 22 + 23 + z1)°
6log(x — #1) — 6log(x — #1)#1 + log(x — #1)#1° &])
1+ 241 + 3#1% + 441°

5 dz

+ 6RootSum |1 + #1 + #1% 4+ #13

+ #1%&,

e

LIntegrate[(l +x + x72 + x73 + x74)7(-3),x]

~—

input

‘((x*(14 - 11%x - 9%x”5 + 6*x76))/(1 + x + Xx™2 + X3 + x74)"2 + 6*RootSum[1
‘ + #1 + #172 + #173 + #174 & , (6%Loglx - #1] - 6*Loglx - #1]*#1 + Logl[x -
#1]1+#172) /(1 + 2x#1 + 3x#17°2 + 4%#1°3) & ]1)/50

N\ J

output

Rubi [A] (verified)

Time = 1.32 (sec) , antiderivative size = 631, normalized size of antiderivative = 1.70,

number of rules _ 0.143, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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1
(t+ a3+ 22 +2+1)°
l2492

dzr

/(_ 3(10z — 5v/5 + 11) N 3(10z + 5v/5 + 11) +2((9—5\/5)x+2(5—4\/5))+2((9—
25V5 (2024 (1-v5)z+2)  25v5(222+ (1+V5)z+2)  25(202+ (1—VB)z+2)° 25 (:

l 2009

6 4z —/5+1 3 4z —/5+1
5 — 2v/5 arctan -~ ./2(145—-61v/5) arctan [ ——— "~ | —
125 ( 2(5+\/5)) 125\/ ( ) ( 2(5+\/5))

125 365 — 158+/5 arctan (W) + 535 365 + 158v/5 arctan (W) +

2(5+/5) 2 (5 —/5)

3 4z ++5+1 6 /- dr++/5+1
125\/2 <145 + 61\/3) arctan () 125 5 + 2v/5 arctan () —

2(5—/5) 2 (5 —/5)
3(4z — V5 +1) - 2(3(1-3v5)z+v5+7) ~
25(5+V5) (222 + (1-v5)z+2)  25(5++5) (22 + (1 - Vb)z+2)
3(4z+v5+1) N 2(3(1+3v5)z—v5+7) N
25 (5—5) (222 + (1+v5)z+2)  25(5—+5) (222 + (1 +v5)z +2)
2(-(A+v5)z)—-v6+1) 2(=(A-VB)z)+vh+1)
5v5 (5+5) (222 + (1—vB)z+2)°  5v5 (5—v5) (222 + (1+ VB z +2)°
3log (222 +(1—\/5)a:+2)+3log(2m2+(1+\/5)x+2)
10v/5 10v/5

input LInt[(l + x + x72 + x°3 + x74)°(-3),x] J
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(2%(1 - Sqrt[5] - (1 + Sqrt[5])#*x))/(56*Sqrt[6]1*(5 + Sqrt[5]1)*(2 + (1 - Sqr
t[61)*x + 2%x72)72) - (3*%(1 - Sqrt[b] + 4*x))/(25%(5 + Sqrt[5])*(2 + (1 -
Sqrt[6])*x + 2*xx~2)) + (2%(7 + Sqrt[5] + 3*(1 - 3*Sqrt[5])*x))/(25%(5 + Sq
rt[61)*(2 + (1 - Sqrt[5])*x + 2%x72)) - (2*(1 + Sqrt[5] - (1 - Sqrt([5])*x)
)/ (5%Sqrt [61*(5 - Sqrt[5]1)*(2 + (1 + Sqrt[5])*x + 2*x~2)"2) - (3*(1 + Sqrt
[6] + 4*x))/(25%(5 - Sqrt[5]1)*(2 + (1 + Sqrt[5])*x + 2*x~2)) + (2*(7 - Sqr
t[8] + 3*%(1 + 3*Sqrt[5]1)*x))/(256%(5 - Sqrt[5])*(2 + (1 + Sqrt[5])*x + 2%x~
2)) - (3*Sqrt[365 - 158*Sqrt[5]1]1*ArcTan[(1 - Sqrt[5] + 4*x)/Sqrt[2*(5 + Sq
rt[51)11)/125 - (3*Sqrt[2*(145 - 61*Sqrt[5])]*ArcTan[(1 - Sqrt[5] + 4#*x)/S
qrt[2*(5 + Sqrt[5]1)]11)/125 - (6*Sqrt[5 - 2*Sqrt[5]]*ArcTan[(1 - Sqrt[5] +
4xx)/Sqrt[2*x(5 + Sqrt[5]1)]11)/125 - (6%Sqrt[5 + 2*Sqrt[5]]*ArcTan[(1 + Sqrt
[5] + 4xx)/Sqrt[2*(5 - Sqrt[5]1)]1)/125 + (3*Sqrt[2*(145 + 61*Sqrt[5])]*Arc
Tan[(1 + Sqrt[5] + 4*x)/Sqrt[2*x(5 - Sqrt[5]1)1]1)/125 + (3*Sqrt[365 + 158%*Sq
rt[6]]1*ArcTan[(1 + Sqrt[5] + 4*x)/Sqrt[2*(5 - Sqrt[5]1)]11)/125 - (3*Logl2 +

(1 - Sqrt[5])*x + 2*x~2])/(10*Sqrt[5]) + (3*Log[2 + (1 + Sqrt[5])*x + 2*x
~2])/(10*Sqrt [5])

output

Defintions of rubi rules used

ruka2009{lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Px_.)*((al) + (b_)*(x_) + (c_.)*(x_)72 + (d_.)*(x_)73 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[e*(
(b™2 - 4xaxc)/a) + 8*axd*(e/b)])/(2%e))*x + x~2) p*(b/d + ((d - Sqrtlex((b™

2 - 4xaxc)/a) + 8xaxd*(e/b)])/(2*e))*x + x~2)7p, x], x], x] /; FreeQ[{a, b,
c, d, e}, x] & PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d"2 - b~2*e, 0]

rule 2492
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.23 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.23

method | result
<_R2_6_R+6> In (w—_R)
3 X 3 2
isch %167—%:66—%;324—%;3 _R:RootOf(_Z4+_Zs+_Z2+_Z+1) 4_R +3_R +2_R+1
T1SC (;1;4+:v3+x2+z+1)2 + 25
o | S(CEE) () 4 (2 D)e ) omlosamyirra) 5| 2 ).
125(“%“%_\/5”1)2 50 125v/10+2v/

input tint (1/(x"4+x~3+x"2+x+1) "3 ,X :meth0d=_RETURNVERBUSE) J
( )

| (3/25%x"7-9/50%x"6-11/50%x"2+7/25%x) / (x~4+x~3+x"2+x+1) "2+3/25%sun((_R"2-6%

output
\ _R+6) /(4% _R~3+3% R~2+2% R+1)*1n(x-_R), R=RootOf(_Z~4+ Z~3+ Z~2+ Z+1)) \

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 326, normalized size of antiderivative = 0.88

1
5 dr
1+z+ 22+ 23+ 2)
3027 — 4528 + 6 (¢° + 227 + 32 + 42° + 50* +42° + 327 + 22 +1)V/422v/5 + 1025 arctan (s (-

input Lintegrate (1/(x~4+x"3+x"2+x+1)"3,x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 157

1/250%(30%x77 - 45%x76 + 6x(x"8 + 2%x”7 + 3%x"6 + 4*x"5 + 5*x"4 + 4%x"3 +
3*x"2 + 2%x + 1)*sqrt(422*sqrt(5) + 1025)*arctan(1/895*(sqrt(5)*(31*x - 1)
- 35xx + 30)*sqrt(422*sqrt(5) + 1025)) - 2*(x"8 + 2*x”7 + 3*x"6 + 4*x”5 +
Bxx~4 + 4*x"3 + 3*%x"2 + 2*x + 1)*sqrt(-3798*sqrt(5) + 9225)*arctan(1/2685
*(sqrt(5)*(31*%x - 1) + 35*x - 30)*sqrt(-3798*sqrt(5) + 9225)) + 15*xsqrt(5)
*(x78 + 2*%x77 + 3*%x76 + 4*%x”5 + Bkx"4 + 4*x”3 + 3*x"2 + 2%x + 1)*log(2*x~2
+ sqrt(B)*x + x + 2) - 15xsqrt(5)*(x™8 + 2*x”7 + 3*x™6 + 4*x~5 + 5xx"4 +
4xx~3 + 3*x72 + 2xx + 1)*log(2*x~2 - sqrt(5)*x + x + 2) - B5xx"2 + 70*x)/(
X"8 + 2*%xX77 + 3%x76 + 4xx”5 + 5xx"4 + 4*x"3 + 3*%x72 + 2%x + 1)

output

N

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1445 vs. 2(332) = 664.

Time = 0.64 (sec) , antiderivative size = 1445, normalized size of antiderivative = 3.89

1
/ 5 dz = Too large to display
(1+z+ 22+ 23+ 24)

-

input\integrate(1/(x**4+x**3+x**2+x+1)**S’X)




output

input

output
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(6*x*x7 — Oxx**6 — 11*x*k*2 + 14%x)/(50*x**8 + 100*x**7 + 150%x**6 + 200%x*
x5 + 250*x**4 + 200*%x**3 + 150*x**2 + 100%x + 50) - 3*sqrt(5)*log(x**2 + x
*(-41064583/13115509 - 15796955%sqrt(5) /13115509 + 18333+*sqrt (10)*sqrt (527
Bxsqrt (5) + 23823)/13115509 + 429675*sqrt (2) *sqrt (56275*sqrt(5) + 23823)/26
231018) - 23080955957875*sqrt (2) *sqrt (56275*sqrt(5) + 23823)/68806630531632
4 - 7519430041655*sqrt (10) *sqrt (5275*sqrt(5) + 23823)/688066305316324 + 54
0905909434020*sqrt (5) /172016576329081 + 1624519191908706/172016576329081) /
50 + 3*sqrt(5)*log(x**2 + x*(-41064583/13115509 - 18333*sqrt (10)*sqrt (2382
3 - 5275%sqrt(5))/13115509 + 429675*sqrt (2) *sqrt (23823 - 5275%sqrt (5)) /262
31018 + 15796955*sqrt(5)/13115509) - 540905909434020*sqrt (5) /1720165763290
81 - 23080955957875*sqrt (2) *sqrt (23823 - 5275*sqrt(5))/688066305316324 + 7
519430041655*sqrt (10) *sqrt (23823 - 5275*sqrt(5))/688066305316324 + 1624519
191908706/172016576329081) /50 - 2*sqrt(-9*sqrt(10)*sqrt(5275*%sqrt(5) + 238
23) /31250 + 459/2500) *atan (52462036*x/(183330*sqrt (5) *sqrt (-2*sqrt (10) *sqr
t(5275*sqrt (5) + 23823) + 1275) + 1701818%sqrt(-2*sqrt(10)*sqrt(5275*sqrt(
5) + 23823) + 1275) + 5729%sqrt (10)*sqrt (5275%sqrt(5) + 23823)*sqrt (-2*sqr
£(10) *sqrt (5275%sqrt (5) + 23823) + 1275)) - 82129166/ (183330%sqrt (5)*sqrt (
-2xsqrt (10) *sqrt (5275*sqrt (5) + 23823) + 1275) + 1701818%sqrt(-2*sqrt(10)*
sqrt (5275*sqrt(5) + 23823) + 1275) + 5729%sqrt(10)*sqrt(5275*sqrt(5) + 238
23) *sqrt (-2*sqrt (10) *sqrt (5275*sqrt (5) + 23823) + 1275)) - 31593910%sqr. ..

Maxima [F]

e
T = x
(144 22 + 23 + 24)° (zt+ 23 +a2+z+1)°

-

Lintegrate(1/(x‘4+x“3+x‘2+x+1)‘3,x, algorithm="maxima")

-/

;
\1/50*(6*x‘7 - 9%x76 - 11*x72 + 14*x)/(x"8 + 2*x”7 + 3*x"6 + 4*x~5 + 5*x~4
‘+ 4%x~3 + 3*x"2 + 2xx + 1) + 3/25*integrate((x”2 - 6*x + 6)/(x74 + x"3 + x
"2+ x+1),




input

output
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.37

1 4 —/5+1
/( 3dx= 195 \/—422\/_+ 1025 arctan (—)

14+ 422+ 23 + 24) 245+ 10
4 1
3 /4225 + 1025 arctan (ﬂ)

125 V[_4‘10

+—\/_log(x + = x \/_+1 +1>
1

— —5log (2* - = —1 1

50\/50g(x 23: V5 +)

62" —92° —112% + 14x
50 (x4 + 23 + 22 + x4+ 1)

Lintegrate(1/(x”4+x“3+x“2+x+1)”3,x, algorithm="giac")

-3/125*sqrt (-422*sqrt (5) + 1025)*arctan((4*x - sqrt(5) + 1)/sqrt(2*sqrt(5)

+ 10)) + 3/125%sqrt(422*sqrt(5) + 1025)*arctan((4*x + sqrt(5) + 1)/sqrt(-
2+¢sqrt(5) + 10)) + 3/50*sqrt(5)*log(x~2 + 1/2*x*(sqrt(5) + 1) + 1) - 3/50%
sqrt(5) *log(x~2 - 1/2*x*(sqrt(5) - 1) + 1) + 1/50%(6*x"7 - 9*x"6 - 11%x~2
+ 14%x)/(x"4 + X3 + x"2 + x + 1)72

Mupad [B] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.41

1 4887 x
E In
(1+x+x2+x3+x4 ( < 15625

162 22 L 5697 z n 437481 p 1026 x 162 22 n 9697 2 4 437481 p
625 = 78125 48828125’ "’ 625 625 ~ 78125 48828125’

5967) (4 16222 5697z 437481 ))
+ ——— ) root| 2" + + + , 2,k

—root (z4+ +root (z4—|-

15625 625 78125 = 48828125
3z7 96 11w+’;§

+x8+2x7+3x6+4a¢5+5a:4+4x3+3x2+2x—|—1
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input| 1BE(/ G + X72 + x73 + x74 + 1)73,%)

symsum(log(5967/16625 - root(z~4 + (162%z~2)/625 + (5697*z)/78125 + 437481
/48828125, z, k)*((1026*x)/625 + root(z~4 + (162*xz~2)/625 + (5697*z) /78125
+ 437481/48828125, z, k)*(25*root(z"4 + (162%xz~2)/625 + (5697*z) /78125 +
437481/48828125, z, k) + (111*x)/5 + 72/5) + 1314/625) - (4887*x)/15625)*r
oot(z"4 + (162*xz~2)/625 + (5697%*z)/78125 + 437481/48828125, z, k), k, 1, 4
) + ((7*x)/25 - (11%x72)/50 - (9%x~6)/50 + (3%x77)/25)/(2*x + 3%x"2 + 4*x~
3 + 5xx”4 + 4*x”5 + 3*%x76 + 2%x”7 + x"8 + 1)

output

N\

Reduce [F]

1 .
dxr = too large to display
(142422 + 23 + 24)°

-

input Lint (1/(x~4+x~3+x~2+x+1)~3,%)

-/
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(24*int (x**5/ (x**12 + 3kx**x11 + 6*x**10 + 10%x**9 + 15%x**8 + 18*kx**7 + 19
*xkk6 + 18*%x**x5 + 15xxk*4 + 10*x**3 + 6xx*k*2 + 3*kx + 1) ,Xx)*x*k*8 + 48*int(x
**5/(x**12 + 3kx*%k11 + 6%x*k*%10 + 10%x**%9 + 15%x*k*8 + 18%x**7 + 19%x**6 + 1
8*kxk*x5 + 15%xkk4d + 10*x*k*k3 + 6*x**2 + 3*xx + 1) ,x)*x**7 + 72xint (x**5/ (x**1
2 + 3kxkk11l + 6xxkk10 + 10%x**9 + 15kx*k*8 + 18%x**7 + 10*%x**6 + 18%x**5 +
15%x**4 + 10*x**3 + Gxx**2 + 3kx + 1),xX)*x*k*6 + 96*int (x**5/(x*k*12 + 3*xkk
11 + 6xxk*10 + 10%x**9 + 15kx**8 + 18*x**7 + 19%x**6 + 18*x*k*5 + 15*x**x4 +
10*x**3 + 6*x**2 + 3*x + 1),x)*x**5 + 120*int (x**5/(x**12 + 3xx*k*k1l + 6%x
*%10 + 10%x*%9 + 15%x**k8 + 18%kx*k*7 + 19%xx**k6 + 18%x**5 + 15%kx*k*4 + 10%x*%*3
+ 6*x*x2 + 3kx + 1) ,x)*x**4 + 96xint (x**5/ (x**12 + 3*x*k*x11 + 6*x**10 + 10
*x*k%k9 + 15%x*%8 + 18%kx*k*7 + 190%x*k*k6 + 18%x**5 + 15%x%k*4 + 10%x*%*3 + B%kx*k%*2
+ 3%x + 1) ,x)*x**%3 + 72xint (x**5/(x**12 + 3kx**x11 + 6*xx**10 + 10*%x**9 + 1
Bkx*x%8 + 18%x**7 + 19%x**6 + 18%x**5 + 15%x*%4 + 10%x**3 + 6%kx**2 + 3%x +
1) ,x)*xk*2 + 48*int (x*x*5/ (x**12 + 3*x*k*k11 + 6*x**%10 + 10*x**9 + 15%x**8 +
18*x**7 + 19%x**6 + 18*x**5 + 15xx**4 + 10*x**3 + Gkx**2 + 3*x + 1),x)*x +
24%int (x**x5/ (x**12 + 3kxkk1l + 6*x**10 + 10*x**9 + 15kx*k*k8 + 18*x**7 + 19
*x*%6 + 18%x*k*k5 + 15%x**4 + 10*x**3 + 6xx*k*k2 + 3*x + 1),x) + 44d*xint (x**4/(
x*k%k12 + 3kxkk1]l + 6%kx*k*k10 + 10%x*k*k9 + 15kx*%k8 + 18%kx*k*7 + 19%kx*x*k6 + 18%kx*k*
5 + 15%x*x4 + 10*%x**3 + B6*x**2 + 3xx + 1),x)*x**8 + 88*int (x**4/(x**12 + 3
*xkk11 + 6kx**x10 + 10*x*k*9 + 15%x**8 + 18*x**7 + 19%x**6 + 18*x**5 + 15...

output
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3.15 [Q—z+22—P+2%° de

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [A] (verification not implemented) . . . . . ... ... .. .. L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 18, antiderivative size = 78

— 328+ =

3x? 5xt
/(1—x+w2—x3+x4)3 dx:x—%+2x3—%+3x5
__gff.+_§ff.__$10+_§ffi._ Eii
4 3 11 4

197

7
713

13

output \ X-3/2%x72+2%x"3-5/2%x"4+3%x"5-3%x"6+19/T*x"7-9/4%*x"8+5/3*x"9-x"10+6/11*x"~1 \

1-1/4%x~12+1/13*x713

-

input L

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00

3x? 5zt
/(1—x+x2—x3+x4)3 dx:x—%+2x3—%+3z5—3z6+
9z8 N 5x° £ 4 6zt z!?
4 3 11 4

1927
7

.’,813

13

Integrate[(1 - x + x72 - x73 + x74)73,x]

-/
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x - (3%x72)/2 + 2%x°3 - (5#x"4)/2 + 3%x"5 - 3+x76 + (19%x°7)/T - (9%x"8)/4

output
L + (5%x79)/3 - x~10 + (6%x~11)/11 - x~12/4 + x~13/13 J

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 111 Ryjes
integrand size

used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(:1:4—:c3+m2—x+1)3 dr

l 2465

]/(xlz—-3x114—6x10——10x94—15x8——18x74—19x6——18w54—15m4——1Ow34-6x2——3x—kl)dm

| 2009
3 2 6xl! 0 5x®  9z% 1927 6 5 bzt 3z2
-z — - L T 493
13 1 + 7 ° 3 1 + 7 3z” + 3z 2 + 2z 9 +z

‘Int[(l - x +x"2 - x73 + x°4)°3,x]

input

x - (3%x72)/2 + 2%x"3 - (5%x74)/2 + 3%x™5 - 3xx"6 + (19%x°7)/7 - (9%x°8)/4

output
\ + (5%x79)/3 - x~10 + (6%x~11)/11 - x~12/4 + x~13/13 \
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

2465‘Int[(u_.)*(PX_)“(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ
‘[Px, x] &% GtQ[Expon[Px, x], 2] && !'BinomialQ[Px, x] && !TrinomialQ[Px, x
\] && IGtQ[p, O]

rule

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.81

method result

_ 3.2 3 _ 5,4 5_ 9.6 19,7 9.8 5.9 104, 6,11 __ 1,12 1 .13
gosper T —3x°+22° — 32" +3x° — 32 + T’ — [t + 307 — x4+ j% T+ T
default x— 3224223 — 2at + 3% — 328 + P2’ — J28 4 22° — 210 4 LMt — 12'? 4 atd
norman x— 3224223 — Sat + 3% — 328 + P27 — J28 4 22° — 210 4 L2t — 1212 4 atd
risch x— 3224+ 223 — Sa* + 30° — 328 + P27 — J28 + 22° — 210 4 Lt — 1212 4 Latd
parallelrisch | z — 222 4+ 223 — 524 4+ 32% — 326 4+ Vg7 — 928 4 329 — p10 4 E 11 1512 4 1413

2 2 7 4 3 11 4 13
. (924212 —3003z 1146552210 —120122°+2002028 — 2702727 43260425 —360362° +360362* —3003023 +2402422 — 18018+ 1

orering 12012

-

input Lint ((x~4-x"3+x"2-x+1) "3, x,method=_RETURNVERBOSE)

-/

t‘x—3/2*x‘2+2*x‘3—5/2*x‘4+3*x‘5—3*x‘6+19/7*x‘7—9/4*x‘8+5/3*x‘9—x‘10+6/1l*x‘l

outpu
\1—1/4*x*12+1/13*x*13

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.79

1 12
13 FNET] 37

19 5 3
+7m7—3x6+3x5—§x4+2x3—§x2+x

1

13 .'1311 9 8

9
/(1—x+x2—w3+z4)3dz= —z'%+ — 47
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input‘integrate((x‘4_x*3+x~2_x+1)~3,x’ algorithm="fricas")

‘1/13*}(“13 - 1/4xx712 + 6/11*%x"11 - x710 + 5/3*x"9 - 9/4*x"8 + 19/7*x"7 - 3

output
‘*X"G + 3*%x75 - 5/2%x74 + 2*x"3 - 3/2%x72 + x

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.90

13 12 11 9 8
_ 23, a3 g, T T 6 40 527 927
/(1 T+ a:+:c)d:c—13 Tt Tt 1
1927 5z R
+Tx—3x6+3x5—%+2m3—%+x

input Lintegrate ((x#*4-x**B+xk*2-x+1) ¥*3,X)

‘x**13/13 - x*%12/4 + 6*x*x*11/11 - x**%10 + B5*x**x9/3 — O*xx**8/4 + 19%x**x7/7

output
- 3*%x*k*6 + 3*kx**x5 — Bkxk*k4/2 + 2*x**k3 — Ikx*k*2/2 + X

N

Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.79

1 1 6 5 9
/(1—x+x2—w3+z4)3 dz:1—3x13—1x12+ﬁz”—xw+§z9—Zzs

19 5 3
+7x7—3x6—|—3m5—§w4+2m3—§m2+m

i “4-x~ ~2- - i =n 9 "
inputllntegrate((x 4-x~3+x"2-x+1)"3,x, algorithm="maxima")

‘1/13*}(‘13 - 1/4%x712 + 6/11*%x"11 - x710 + 5/3*x"9 - 9/4*x~8 + 19/7*x"7 - 3

output
\*x‘s + 3%x~5 - 5/2%x~4 + 2%x~3 - 3/2%x"2 + x
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.79

1 1 6 ) 9
/(1—x—|—x2—$3+m4)3dm=—x13——x12+—xll—xlo+—m9—1m8

13 4 11 3
3
+ 2" —325+34° 2x4+2x3 §x2+x
input Lintegrate ((x~4-x"3+x"2-x+1)"3,x, algorithm="giac") J

(1/13%x713 - 1/4%x712 + 6/11%x"11 - x"10 + 5/3+x™9 - 9/4*x™8 + 19/T+x"7 - 3

output
\*x*s + 3%x"5 - 5/2%x~4 + 2%x~3 - 3/2%x"2 + x \

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.79

13 12 gl 529 948
1— 2_ .3, 43, ¥ T _ 10, 0% JXT
/( r+2°—z°+2%) dzx 31T %t 1
1927 5z 32
+ 7x —3$6+3z5—7x+2z3—7x+x
ilrlputtint((x"Q -x-x"3+x74 + 1)73,x) J

x - (3%x72)/2 + 2%x°3 - (5%x74)/2 + 3%x"5 - 3%x"6 + (19xx°7)/T - (9*x"8)/4

output
\ + (5%x79)/3 - x~10 + (6%x~11)/11 - x~12/4 + x~13/13 \
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.81

/(1—x+x2—x3+x4)3 dz
B £(924z'? — 3003z + 6552z'0 — 120122° + 200202 — 27027z + 32604x° — 360362° + 360362* — 30C
N 12012

input ‘\int((x 4-x"3+x"2-x+1)"3,%) |

output‘ (x*(924*x**12 — 3003*x**11 + 6552%x**10 — 12012%x**9 + 20020%x**8 — 27027%* ‘
‘x**? + 32604*x**6 - 36036*x**5 + 36036*x**4 - 30030*x**3 + 24024*x**2 - 18 ‘
1018%x + 12012))/12012 |
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3.16 [Q—z+22— P +24° de

Optimal result . . . . . . . . . . . . . e 168
Mathematica [A] (verified) . . . . . . . . ... .. L 168
Rubi [A] (verified) . . . . . . .. . . 169
Maple [A] (verified) . . . . . . . . ... 1701
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 170
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... Ival
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... Ival
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. Ival
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 172
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 172

Optimal result

Integrand size = 18, antiderivative size = 46

925 347 28 20
/(1—x+x2—x3+x4)2 dxzx—x2+x3—x4+x5—%+%—xz+%

-

output LX‘X‘2+X‘3-x‘4+x*5-2/3*x*6+3/7*x*7—1/4*x*s+1/9*x*9

-

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

2 6 3 7 8 9
/(1—x+x2—z3+z4)2 dw=x—x2+z3—x4+x5—%+%—%+%

-

Integrate[(1 - x + x™2 - x73 + x74)72,x]

N\

input

output‘x - X2 +x73 - x74 + x5 - (2%x76)/3 + (3*x"7)/7 - x"8/4 + x79/9
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(:1:4—:c3+m2—x+1)2 dzr
l 2465
/(a:s—29:7+3a:6—4w5+5w4—4w3+3m2—2m+1) dz
l 2009
22 2 327 225 s 4 3 o
K—Z ?—T'FIE —x +x—x"+x
inpu‘ctlm[(1 T X+ X2 - 273+ x74)72,x] J
output Lx - X2+ x"3-x74+ x5 - (2%x76)/3 + (3*x"7)/7 - x~8/4 + x~9/9 J

Defintions of rubi rules used

rule 2009 ‘\

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2465 ‘

Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘
[Px, x] && GtQ[Expon[Px, x], 2] &% !BinomialQ[Px, x] && !TrinomialQ[Px, x ‘
] && IGtQ[p, O] ‘




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.85

method result size
2, .3 _.4,.5_ 2.6,3.7_ 18,109
gosper r—z"tax’ -z +a°— 50+ sz — 2%+ 527 | 39
default r—xt+xd—xt+25— %x6 + 37’:)37 — ixs + %xg 39
norman r—x24+xd -zt + 2% — §x6 + %x7 — ixs + %xg 39
risch r—x24+xd -zt 4+ 2% — %996 + %x7 — irs + %mg 39
parallelrisch | z —2® +2® —a* + 2% — 22% + 227 — 2% + §2° | 39
. z(28x8—63x7+108w6—168x5+252w4—252x3+252w2—252x+252)
orering 553 44

Lint ((x~4-x"3+x"2-x+1) "2,x,method=_RETURNVERBOSE)

-

lx—x“2+x‘3—x“4+x“5-2/3*x“6+3/7*x‘7-1/4*X“8+1/9*x“9

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83

1 o 1

/(1—x+x2—x3+x4)2 de = = 2° — =28+

9 4

3
7

Pt 4

7

3

2
— 2%+ 7°

—zt 423

-4z

/

tintegrate((x‘4—x‘3+x‘2—x+1)‘2,x, algorithm="fricas")

~—

L1/9*x"9 - 1/4%x"8 + 3/T*x"7 - 2/3%x™6 + x5 - x4 + x°3 - x"2 + x
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Sympy [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.80

9 8 32T 22%

/(1—x+x2—x3+m4)2 dxz%

input Lintegrate ((x**A-x*x3+x**2-x+1) ¥%2, x)

output LX**Q/Q - x*%8/4 + 3xx*k*T/T7 — 2xx*¥%6/3 + x*¥*5 — x¥*4 + X¥*3 — X*¥*2 + X

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83

1 3 2
/(1—x+w2—x3+x4)2 da:z53:9—sz—l-?aﬂ—§w6+x5—x4+x3—x2+z

i “4-x~ ~2- = i =n g "
input Llntegrate((x 4-x"3+x"2-x+1)"2,x, algorithm="maxima")

Output\}/g*x*g - 1/4%x"8 + 3/T*x"T - 2/3%x™6 + x°5 - x4 + x°3 - x°2 + x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83

1 1 3 2
/(1—x+x2—z3+z4)2 dz=§x9—é—lx8+?x7—§x6+x5—z4+x3—w2+z

i “4-x~ ~2- - i =i "
fnput ‘\mtegrate((x 4-x"3+x"2-x+1)"2,x, algorithm="giac")

output‘ 1/9%x~9 - 1/4%x"8 + 3/7*x"7 - 2/3*x™6 + x™5 - x™4 + x°3 - x™2 + x
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83

O 2% 3z7 24°
1— 2_ @Bl =2 T 2T 2T s i i
/( r+2’ -2’ +2%) do s -1t 5+ + 4
jpu EE((2 - X - X3+ X744 172,%) )
output LX - x"2 + x73 - x™4 + x75 - (2¥x76)/3 + (3%x"7)/7 - x"8/4 + x~9/9 J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.93

/(1—x+x2—x3+x4)2 dx

_ z(282% — 632" + 1082° — 1682° + 2522 — 25223 + 25222 — 252z + 252)
o 252

input Lint ((x"4-x"3+x"2-x+1)"2,x%) J

‘(x*(28*x**8 — B3%x**x7 + 108*x**%6 — 168*x*k*5 + 252kx**4 — 252%x*k*3 + 252%kx* \

output
\*2 - 252%x + 252))/252 \




output

input

output LX
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317  [(l-z+2*—2’+2%) dz

Optimalresult . . .. ... .. ... .. ... .. ... . 173
Mathematica [A] (verified) . . . . . . . . ... o o 173l
Rubi [A] (verified) . . . ... . ... ... 174
Maple [A] (verified) . . . . . . ... L 175
Fricas [A] (verification not implemented) . . . . . . ... ... ... .... 175
Sympy [A] (verification not implemented) . . . ... ... ... ... ... 176
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 176l
Giac [A] (verification not implemented) . . . . . . ... ... ... ... .. 176
Mupad [B] (verification not implemented) . . ... ... ... ... .... I
Reduce [B] (verification not implemented) . . . ... ... ... ... ... 177

Optimal result

Integrand size = 16, antiderivative size = 30

2 3 4 5

_ 2_ .3, .4 _ T T T
/(1 T+ x—l—x)dxx 2—|—3 4—|—5

L

x-1/2%x"2+1/3%x~3-1/4%x"4+1/5%x"5

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

2 3 4 5

_ 2_ .3, .4 _ T, T T
/(1 42—z’ +2t)dr =1 2+3 4+5

t

Integrate[l - x + x72 - x73 + x74,x]

-

- x72/2 + x°3/3 - x°4/4 + x°5/5

-/




output LX

rule

input

2009
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.062, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(w4—w3+m2—x+1) dzx

-

LInt[l - X+ x72 - x73 + x74,x]

-/

- x°2/2 + x~3/3 - x~4/4 + x°5/5 J

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.77

method result size
gosper z— 322+ 328 — Jzt + 2° | 23
default z— 322+ 328 — Jzt + 12° | 23
norman x — %w2 + %x?’ — ix“ + %xS 23
risch z— iz + %:v?’ — it + %x5 23

; _ 1,2 ,1.3_ 1,4 1.5

parallelrisch | z — 52* + 32° — 2% + ¢2° | 23
_ 1,2 41,3 1.4 1.5

parts T — 5%+ 3x° — g7+ g2° | 23

z(12z*—152%+2022 —302+60) 24
60

orering

Lint (x"4-x"3+x"2-x+1,x,method=_RETURNVERBOSE)

-/

input
p
output LX_1/2*X 2+1/3*%x~3-1/4%x"4+1/5%x"5
Fricas [A] (verification not implemented)
Time = 0.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73
1 1 1 1
l—z+22—2B 4+ de="2°—-"2*+-22—-22+2
/ ( ) ) 4 3 2
input Lintegrate (x74-x"3+x"2-x+1,x, algorithm="fricas")
output L1/5*X‘5 - 1/4*x~4 + 1/3*x"3 - 1/2*x"2 + x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.67

5 4 3 2
/(1—x+x2—x3+x4) dx:%—xz+%—%+w

inputLintegrate(x**4—x**3+x**2-x+1,x)

output Lx**5/5 - x*k4/4 + xkx3/3 - x**2/2 + X
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73
1 1 1 1
1— 2 _ 08 L0t dp— g — St g8 12
/( z+2° — 2’ +2*) dz P E A E A T
inputLintegrate(x"4—x"3+x"2—x+1,x, algorithm="maxima")

Output\\us*x*s - 1/4%x~4 + 1/3%x73 - 1/2%x"2 + x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

1 1 1 1
/(1—x+x2—w3+z4) dx=3x5—1x4+§:v3—§z2+z

i “4-x~ ~2- i =14 n
input Llntegrate(x 4-x"3+x"2 X+1,X, algorlthm giac )

Output‘ 1/5%x~5 - 1/4%x~4 + 1/3%x73 - 1/2%x72 + x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

5 4 3 2
/(1—x+x2—x3+x4) dx:%—xz+%—%+w

inputLint(x 2-x-x"3+x74 + 1,x)

output Lx - x°2/2 + x~3/3 - x~4/4 + x°5/5

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.77

z(12z* — 1523 + 202% — 30z + 60)
60

/(1—x+x2—x3+x4) dr =

input ‘ int (x~4-x"3+x"2-x+1,x)

outputt(x*(m*x**zx - 1B%x**3 + 20%x**2 - 30%x + 60))/60




output
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1

3.18 f 1—z+x2—z3+24 dz

Optimal result . . . . . . . . . . . . e 178
Mathematica [C] (verified) . . . . . . . . . . ... L 179
Rubi [A] (verified) . . . .. . . ... .. 179
Maple [C] (verified) . . . . . . . . . ... 180
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... [181]
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 181
Maxima [F] . . . . . . 182
Giac [A] (verification not implemented) . . . . . . .. ... ... ... L. 183
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 183
Reduce [F] . . . . . o 184

Optimal result

Integrand size = 18, antiderivative size = 147

1 1\/7
/1—x+x2_x3+m4dz=—g 5—2\/5arctan(

1—+/5—4z
2 (5+ )

_éMarctan (% 1—10 <5+ \/5) <1+\/5—4z>>

log (2 — z — V/bz + 22?)

log (2 — z + V/bz + 22?)

2V/5

2V5

s

-1/5%(6-2%57(1/2))~(1/2)*arctan((1-57(1/2) -4*x) / (10+2*5~(1/2) ) ~(1/2) ) -1/5%

A\

(5+2%57(1/2))~ (1/2)*arctan(1/20% (50+10%5~ (1/2))~ (1/2) * (145~ (1/2)~4%x))-1/1

‘ 0*1n (2-x-x*57(1/2) +2*xx~2) *57(1/2) +1/10*1n (2-x+x*5~ (1/2) +2*x~2) *5~(1/2)




CHAPTER 3. LISTING OF INTEGRALS 179

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.35

1
= — #1+ #17 — #1°
/1—m—|—z2—w3+x4dx RootSum [1 — #1 + # #
1 —#1
—1 4 2#1 — 3#1° + 44#1
input LIntegrate[(l - x+x72 - x73 + x74)"°(-1),x] J

t‘RootSum[l - #1 + #172 - #17°3 + #1774 & , Loglx - #11/(-1 + 2x#1 - 3*#172 +

outpu L4*#1*3> & 1 J

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.111, Rules

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
-3+ x2—z+1

l 2492

/ -2z ++v5+1 B —2z—v5+1 i
V5(222— (1+v5)z+2) V5 (202 - (1-v5)z+2)

l 2009

—%\/ 5 — 2v/5arctan <W> — é\/ 5 + 2v/5 arctan (W> +

2(5+V5) 2(5—+5)
log (222 — (1 —v5) z+2) _10g(2x2—(1+\/5)a:+2)
2v/5 2v/5
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input‘Int[(l - X +x72-x"3 +x74)"(-1),x]

output

‘—1/5*(Sqrt[5 - 2*%8qrt[6]]1*ArcTan[(1 - Sqrt[5] - 4#*x)/Sqrt[2*(5 + Sqrt[5])] ‘
‘]) - (Sqrt[56 + 2xSqrt[5]]1*ArcTan[(1 + Sqrt[5] - 4*x)/Sqrt[2*(5 - Sqrt[5])] ‘
‘])/5 + Logl[2 - (1 - Sqrt[5])*x + 2*x~2]/(2%Sqrt[5]) - Logl[2 - (1 + Sqrt[5]

)*x + 2%x72]/(2%Sqrt [6]) |

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2492

input

output t

e

Int[(Px_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)72 + (d_.)*(x_)"3 + (e_.)*(x_)"4)

~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrtl[e*(
(b™2 - 4xaxc)/a) + 8*axd*(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrtlex((b™

2 - 4xaxc)/a) + 8xaxd*(e/b)])/(2*e))*x + x~2)7p, x], x], x] /; FreeQ[{a, b,
c, d, e}, x] & PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d~2 - b~2*e, 0]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.31

~—

sum(1/ (4*_R~3-3%_R~2+2%_R-1)*1n(x-_R),_R=Root0f(_Z~4-_Z~3+_Z~2-_Z+1))

method | result
In(z— R
risch 7 ( 1? ) 7
_R=RootOf(_z*—_ 7+ 72— _z41) -1t 734 +2 K-l
V5 (v5-1) —1+5+4z V5 (—v5-1)
default ln<2—x+\/5:1:+2x2)\/5 2<_ 2 +5_\/5> arctan( \/1’;)-;5;\_/5) 1n<2—x—\/5x+2x2)\/5 2\~ 2
efau T + 5v/104275 - 10 -
Lint (1/(x~4-x"3+x~2-x+1) ,x,method=_RETURNVERBOSE) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.76

/ 1 ;
T
1—z+22—23+2¢

= _%\/2\/5+5arctan <% <\/5(x+1)—5x>\/2\/3+5)
+%\/—2\/5+5arctan (% (\/5(x+1)+5x>\/—2\/5+5)

1 2 1 2
+1—0\/510g(2x +\/5x—x—|—2> —1—0\/510g(2:p —\/gm—x—|-2)

-

. o mpamn e . ‘
input Llntegrate(l/(x 4-x"3+x"2-x+1) ,x, algorithm="fricas") J

t‘—1/5*sqr1:(2*sqr1:(5) + B)*arctan(1/5*(sqrt(5)*(x + 1) - 5*x)*sqrt(2*sqrt(5) ‘
‘ + B5)) + 1/5%sqrt(-2*sqrt(5) + 5)*arctan(1/5*%(sqrt(5)*(x + 1) + 5*x)*sqrt( ‘
‘—2*sqrt(5) + 5)) + 1/10*sqrt(5)*log(2+x~2 + sqrt(5)*x - x + 2) - 1/10*sqrt ‘
‘ (5)*log(2*x~2 - sqrt(B)*x - x + 2) ‘

outpu

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1287 vs. 2(122) = 244.

Time = 0.60 (sec) , antiderivative size = 1287, normalized size of antiderivative = 8.76

1 .
/ 1—x+22—23+ 24 dz = Too large to display

input Lintegrate(l/ (xk*A-x**3+x**2-3+1) , X) J




output

input

output
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sqrt (5) *log(x**2 + x*(-48/11 - 21*sqrt(5)/11 + 4*sqrt(10)*sqrt(sqrt(5) + 3
)/11 + 45%sqrt(2)*sqrt(sqrt(5) + 3)/22) - 1381xsqrt(10)*sqrt(sqrt(5) + 3)/
484 - 3045%sqrt(2)*sqrt(sqrt(5) + 3)/484 + 2213*sqrt(5)/242 + 5217/242)/10
- sqrt(5)*log(x**2 + x*(-48/11 - 45*%sqrt(2)*sqrt(3 - sqrt(5))/22 + 4*sqrt
(10)*sqrt (3 - sqrt(5))/11 + 21xsqrt(5)/11) - 2213*sqrt(5)/242 - 1381*sqrt(
10) *sqrt (3 - sqrt(5))/484 + 3045*sqrt(2)*sqrt(3 - sqrt(5))/484 + 5217/242)
/10 + 2*sqrt(-sqrt(10)*sqrt(3 - sqrt(5))/50 + 3/20)*atan(44*x/(-8*sqrt(5)*
sqrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 3*sqrt(10)*sqrt(3 - sqrt(5))*sq
rt(-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 18*sqrt(-2*sqrt(10)*sqrt(3 - sqrt
(56)) + 15)) - 96/(-8+*sqrt(5)*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 3%
sqrt (10) *sqrt (3 - sqrt(5))*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 18%s
qrt (-2*sqrt (10)*sqrt(3 - sqrt(5)) + 15)) - 45xsqrt(2)*sqrt(3 - sqrt(5))/(-
8xsqrt (5) *sqrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 3*sqrt(10)*sqrt(3 - s
qrt(5) ) *sqrt (-2*sqrt (10) *sqrt (3 - sqrt(5)) + 15) + 18*sqrt(-2*sqrt(10)*sqr
t(3 - sqrt(5)) + 15)) + 8*sqrt(10)*sqrt(3 - sqrt(5))/(-8*sqrt(5)*sqrt (-2*s
qrt (10)*sqrt(3 - sqrt(5)) + 15) + 3*sqrt(10)*sqrt(3 - sqrt(5))*sqrt(-2*sqr
t(10)*sqrt (3 - sqrt(5)) + 15) + 18*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15
)) + 42xsqrt(5)/(-8*sqrt(5)*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 3xs
qrt (10)*sqrt (3 - sqrt(5))*sqrt(-2*sqrt(10)*sqrt(3 - sqrt(5)) + 15) + 18%sq
rt(-2*sqrt (10) *sqrt(3 - sqrt(5)) + 15))) + 2*sqrt(-sqrt(10)*sqrt(sqrt(5...

Maxima [F]

[ oo —wrat= | v
T = x
l—z+22—23+ 24 i —x34 22 —z+1

integrate(1/(x"4-x"3+x"2-x+1) ,x, algorithm="maxima")

N

-

Lintegrate(l/(x”4 -x3+x"2-x+ 1), x)

| —
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.69

1 1 4z ++5-1
/1—x+x2_x3+x4dx:g —2+/5 + 5arctan (—)

25+ 10

input Lintegrate (1/(x~4-x"3+x"2-x+1) ,x, algorithm="giac") J

t‘ 1/5*sqrt (-2xsqrt(5) + 5)*arctan((4*x + sqrt(5) - 1)/sqrt(2xsqrt(5) + 10)) ‘
‘+ 1/5*sqrt (2*sqrt(5) + 5)*arctan((4*x - sqrt(5) - 1)/sqrt(-2xsqrt(5) + 10) ‘
1) - 1/10%sqrt(5)*log(x"2 - 1/2%x*(sqrt(5) + 1) + 1) + 1/10%sqrt(5)*log(x™2 |
|+ 1/2%xx(sqrt(B) - 1) + 1)

outpu

Mupad [B] (verification not implemented)

Time = 21.33 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.44

T
1—z+22—23+24
: z 1
_ 4
= k§=1 In (root (z ~ % + —125,z,k) (—4x

1 1
+root(z4— 215 + E’Z’k) (25root<z4 — 2% + m,z,k) + 152 — 15)

z 1
1 e R
+ )) root(z 95 + 125,z,k)

Lint(l/(x’? -x-x"3+ x4+ 1),x) J

input
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output‘Symsum(1°g(r°°t<2“4 - z/25 + 1/125, z, k)*(root(z™4 - z/25 + 1/125, z, k)*
‘(25*root(z“4 - z/25 + 1/125, z, k) + 15%x - 15) - 4xx + 1))*root(z"4 - z/2
\5 +1/125, z, k), k, 1, 4)

Reduce [F]

R L et
T = x
l—z+22—23+ 24 -3+ 22—z +1

inputLint(l/(x"4-x"3+x“2-x+1),x)

Ou_tputLint(l/(x»vktl - x*x3 + x*¥*2 - x + 1),%)




output
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1

3.19 f (1—z+22—z3+24)° dx

Optimalresult . . . . . . . . .. . .. 185
Mathematica [C] (verified) . . . . . . . . ... .. L 130!
Rubi [B] (verified) . . . ... ... . ... ... 186
Maple [C] (verified) . . . . . . . . . .. 188
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 188
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 189
Maxima [F] . . . . . . . 190
Giac [A] (verification not implemented) . . . . . . . ... ... ... 190
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 191
Reduce [F] . . . . . o 191l

Optimal result

Integrand size = 18, antiderivative size = 175

/ 1 dp — (1+2)
l-—z+22—s3+24)°  5(1—z+22—23+z%)

+ 225 2 (25 — 11\/_> arctan (

225 2 (25 + 11\/_> arctan (

+2mg@—(y—¢®z+2ﬁ)

_ 2log (2— (1 +v/5) z +247)

5v5

55

1—+5—4z

2(5+/5)

1++5—4zx

2 (5—+/5)

|
|

¢ 0% (1+%) / (5%x"4-5%x"3+5%x"2-5+x+5) +2/25% (50-22%5" (1/2)) ~ (1/2) *arctan ((1-57(
|1/2)-4%x) / (10+2%57(1/2)) " (1/2) ) -2/25% (50+22%5~ (1/2) ) ~ (1/2) *¥arctan ((1+57 (1/
2)-4%x)/(10-2%57(1/2)) " (1/2) ) +2/25%1n (2-x+ (=57 (1/2) +1) +2%x"~2) 5~ (1/2) -2/25

‘ *1n (2-(57(1/2) +1) #x+2*x~2)*5~(1/2)
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.55

1 T + 22 2 9
dr = —RootS 1-#1 1
/(1—x+x2—z3+x4)2 o 5(1—x+x2—z3+x4)+5 00 um[ #l+#

2log(x — #1) + log(x — #1)#1&1

— #13 + #1%&
#lr#l L, —1 4 241 — 3#1% + 4417

inputLIntegrate[(l -x +x72-x73+ x74)7(-2),x] J

Output} (x + x°2)/(5%(1 - x + X"2 - x°3 + x°4)) + (2*RootSum[1 - #1 + #1°2 - #1°3
+ #1°4 &, (2#Loglx - #1] + Loglx - #11%#1)/(-1 + 2##1 - 3x#1°2 + 4*#1°3) |
& 1)/5 ‘

N

Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 359 vs. 2(175) = 350.
Time = 0.71 (sec) , antiderivative size = 359, normalized size of antiderivative = 2.05,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/(304—:1:3+352—90+1)2d:C
l2492
/(_ 204z-2v5+3)  2(~4e+2V6+43) 201-VB)(1-z) ity
5v5 (202 — (1-v5)z+2)  5V5(222— (1+V5)z+2) 5(202— (1-v5)z+2)° 5(222—(1

l 2009
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25 25

2(5+5) 2(5+5)

1 —4z++/5+1 1 —4z++5+1
% 2(65+29\/5)arctan (m)—% 2(5+\/5>a,rctan (2(5\/5))-1-

(1+v5) (3—v5)z—+v5+3) N (1-v5) (B+v5)z++v5+3)
5(5-5) (222 - (1+v5)z+2) 5(5++5) (222 - (1-5)z+2)
2log (22° — (1-Vv5)z+2) 2log(22® — (1++5)z+2)

1 2 (5 — \/5) arctan (W) L 2 (65 - 29\/5) arctan <W> —

5v5 5v5
input \Int[(l - x +x°2 - x°3 + x°4)"(-2),x]
output ((1 - Sqrt[51)*(3 + Sqrt[5] + (3 + Sqrt[5]1)*x))/(5%(5 + Sqrt[5]1)*(2 - (1 -

Sqrt[56])*x + 2*x~2)) + ((1 + Sqrt[5])*(3 - Sqrt[5] + (3 - Sqrt[5])*x))/(5
*(5 - Sqrt[6])*(2 - (1 + Sqrt[5])*x + 2*x72)) - (Sqrt[2*(65 - 29*Sqrt[5])]
*ArcTan[(1 - Sqrt[5] - 4*x)/Sqrt[2x(5 + Sqrt[51)1]1)/25 + (Sqrt[2*(5 - Sqrt
[61)]1*ArcTan[(1 - Sqrt[5] - 4*x)/Sqrt[2*(5 + Sqrt[5]1)1]1)/256 - (Sqrt[2*(5 +
Sqrt [6])J*ArcTan[(1 + Sqrt[5] - 4*x)/Sqrt[2*(5 - Sqrt[5])]1])/25 - (Sqrt[2
*(65 + 29%Sqrt[5])]*ArcTan[(1 + Sqrt[5] - 4*x)/Sqrt[2*(5 - Sqrt[51)11)/25
+ (2+Log[2 - (1 - Sqrt[5])*x + 2xx72])/(56*%Sqrt[5]) - (2xLog[2 - (1 + Sqrt[
5])*x + 2*x~2])/(5%Sqrt[5])

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[(Px_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*x(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex*(
(b~2 - 4xaxc)/a) + 8xaxdx(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrt[ex((p”
2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2%e))*x + x"2)7p, x]1, x], x] /; FreeQl[{a, b,
c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d~2 - b~2*e, 0]

rule 2492
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.15 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.45

method | result

(2+_R) In (a:—_R)
’ ( Z“Z 8, 22 ) 4 R R+ R
1p241, __ R=RootOf(__Z*—_ Z°+ Z*— Z4+1) 4 _LL =3 S
risch A0 +

zi—z3+r2—3+1 5
V5 (v5-1) —14+VB4as
ety | ot ey | () () a(ogeg
| g 2 + 25/10+2V5 T (o)
input Lint (1/(x~4-x"3+x"2-x+1) "2, x,method=_RETURNVERBOSE) J
output ‘ (1/5*%x72+1/5%x) / (x~4-x"3+x"2-x+1)+2/5*%sum((2+_R) / (4*_R~3-3*_R"2+2*_R-1)*1n ‘
\ (x-_R), _R=Root0f(_Z~4-_Z~3+ _Z~2- Z+1)) \
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.20
1
5 dT
(1-z+2%—23+24)
2 (z* — 2° + 22 — x +1)v/22+/5 + 50 arctan (2—10 (V5(6z+1) — 10z —5)v/22v5 + 50) —2(z* — 28
inputLintegrate(1/(x“4-x“3+x‘2—x+1)“2,x, algorithm="fricas") J
output 1/25%(2x(x~4 - x73 + x72 - x + 1)*sqrt(22xsqrt(5) + 50)*arctan(1/20*(sqrt(

B)*(6xx + 1) - 10*x - 5)*sqrt(22*sqrt(5) + 50)) - 2*%(x"4 - x"3 + x™2 - x +
1) *sqrt (-22*sqrt(5) + 50)*arctan(1/20*(sqrt(5)*(6*%x + 1) + 10*x + 5)*sqrt
(-22xsqrt(5) + 50)) + 2xsqrt(5)*(x"4 - x73 + x72 - x + 1)*log(2*x~2 + sqrt
(B)*x - x + 2) - 2*sqrt(B)*(x74 - x™3 + x72 - x + 1)*1log(2*x~2 - sqrt(5)*x
- x+2) +5%x72 +5xx)/(x"4 - x"3+x72-x+1)




input

output
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Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1360 vs. 2(153) = 306.

Time = 0.62 (sec) , antiderivative size = 1360, normalized size of antiderivative = 7.77

1 .
/ (1 — + _’I;2 — $3 + x4)2 d.’L' = TOO laI‘ge to dlSplay

|

integrate (1/ (x**4-xk*3+xk*2-x+1) **2,x)

(x*%2 + x)/(5*x**4 — b*x**3 + Bxx**2 — b*kx + 5) - 2*sqrt(5)*log(x**2 + x*(
-1928*sqrt(5) /401 - 315%sqrt(201 - 88*sqrt(5))/401 + 85%sqrt(5)*sqrt(201 -
88*sqrt(5)) /802 + 8229/802) - 30944507*sqrt(5) /643204 - 3418085*sqrt (201
- 88%sqrt(5)) /643204 + 1570197*sqrt(5)*sqrt (201 - 88*sqrt(5))/643204 + 696
46079/643204) /25 + 2*xsqrt(5)*log(x**2 + x*(-315*sqrt(88*sqrt(5) + 201)/401
- 85%sqrt(5)*sqrt(88*sqrt(5) + 201)/802 + 8229/802 + 1928*sqrt(5)/401) -
1570197*sqrt (5) *sqrt (88*sqrt(5) + 201)/643204 - 3418085*sqrt(88*sqrt(5) +
201) /643204 + 30944507*sqrt(5)/643204 + 69646079/643204)/25 - 2xsqrt(-2*sq
rt(5)*sqrt(88*sqrt(5) + 201)/625 + 18/125)*atan(802*sqrt (2)*x/(170*sqrt (5)
*sqrt (-sqrt (5) *sqrt (88*sqrt(5) + 201) + 45) + 382*sqrt(-sqrt(5)*sqrt(88*sq
rt(5) + 201) + 45) + 21*sqrt(5)*sqrt(88*sqrt(5) + 201)*sqrt(-sqrt(5)*sqrt(
88*sqrt(5) + 201) + 45)) - 630*sqrt(2)*sqrt(88*sqrt(5) + 201)/(340*sqrt(5)
*sqrt (-sqrt (5) *sqrt (88*sqrt (5) + 201) + 45) + T64x*sqrt(-sqrt(5)*sqrt(88*sq
rt(5) + 201) + 45) + 42*sqrt(5)*sqrt(88*sqrt(5) + 201)*sqrt(-sqrt(5)*sqrt(
88xsqrt(5) + 201) + 45)) - 85*sqrt(10)*sqrt(88*sqrt(5) + 201)/(340*sqrt(5)
*sqrt (-sqrt (5) *sqrt (88*sqrt(5) + 201) + 45) + 764*sqrt(-sqrt(5)*sqrt(88*sq
rt(5) + 201) + 45) + 42*sqrt(5)*sqrt(88*sqrt(5) + 201)*sqrt(-sqrt(5)*sqrt(
88*sqrt(5) + 201) + 45)) + 8229*sqrt(2)/(340*sqrt(5)*sqrt (-sqrt(5)*sqrt (88
*sqrt(5) + 201) + 45) + 764*sqrt(-sqrt(5)*sqrt(88xsqrt(5) + 201) + 45) + 4
2xsqrt (5) *sqrt (88*sqrt (5) + 201)*sqrt(-sqrt(5)*sqrt(88*sqrt(5) + 201) +...

| —
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Maxima [F|

1 1
2 3 42dm= 4 3 2 7 4%
(1—z+4+22—23+2%) (x* —z3+22—2+1)

inputLintegrate(1/(x‘4—x*3+x*2_x+1)*2,x, algorithm="maxima") J

‘1/5*(x”2 +x)/(x"4 - x°3 + x”2 - x + 1) + 2/bxintegrate((x + 2)/(x"4 - x73

output‘ s 22 - x4 1), B

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.72

1 2 4 -1
/ 5dr = ——1\/—22 V5 + 50 arctan i
(1—x+22 25

— 3 4+ %) 245+ 10
2 [ = 4 —+/5—1
+ % 22\/5+50arctan <m)

—%\/glog (ﬁ—%x(\/ﬁﬂ) +1)
+%\/510g <x2+%x<\/3—1> +1)

22+

+5(x4—a:3+x2—x+1)

inputLintegrate(1/(x”4—x“3+x“2—x+1)*2’x, algorithm="giac") J

-2/25*sqrt (-22+%sqrt(5) + 50)*arctan((4*x + sqrt(5) - 1)/sqrt(2*sqrt(5) + 1
0)) + 2/25*sqrt(22*sqrt(5) + 50)*arctan((4*x - sqrt(5) - 1)/sqrt(-2*sqrt(5
) + 10)) - 2/25*%sqrt(5)*log(x~2 - 1/2*x*(sqrt(5) + 1) + 1) + 2/25*sqrt(5)*
log(x™2 + 1/2*x*(sqrt(5) - 1) + 1) + 1/6*%(x"2 + x)/(x"4 - x”3 + x72 - x +
1)

output
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Mupad [B] (verification not implemented)

Time = 21.23 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.67

1 2 8x
dr = In(—
(1—z+4 22— 284 24)° ’ (;n(l%

1222 1 4 76 1222 176 496
+root(z4+ z_ 76z+ % k) <——x+root<z4+ il z+ k) (251‘001:<z4

125 3125 ' 781257 25 125 3125 ' 78125

16N (A, 1228 1762 496 N ey
125 125 3125  78125° " -3 +a22—z+1

inputLint(l/(x’? -x-x"3+ x4+ 1)°2,%) J

symsum(log((8*x) /125 + root(z"4 + (12*z~2)/125 - (176%z)/3125 + 496/78125,

z, k)*(root(z~4 + (12*z~2)/125 - (176%z)/3125 + 496/78125, z, k)*(25*%root
(z™4 + (12%xz~2)/125 - (176%z)/3125 + 496/78125, z, k) + 18*x - 14) - (76%x
)/25 + 44/25) + 16/125)*root(z~4 + (12%z~2)/125 - (176%z)/3125 + 496/78125
, z, k), k, 1, 4) + (x/5 + x°2/B)/(x"2 - x - x"3 + x4 + 1)

output

Reduce [F]

1
(1—z+22—23414)°

z3 4 _ z3 3
4<f acs—2x7+3x6—4x5+5w4—4x3+3x2—29:-|—1dx) z 4 fxs—2x7+3x6—4x5-|—5:l:4—4z3+3a:2—2x+1dx z°+4 fx8—2ac7+

dx

inputLint(i/(x‘4—x‘3+x‘2—x+1)‘2,x) J
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(Axint (x**3/ (x**8 — 2%x**T7 + 3kx**6 — 4kx*k5 + BSxkx*k*d — Lkxx*k3 + 3kx*k*2
2%x + 1),x)*x**k4 — 4*int (x*x*3/(x**8 — 2xx**7 + 3xx**x6 — 4*kx*x*x5 + Skxxk*xd
Axx*k*3 + 3kxk*k2 — 2%x + 1) ,x)*x**3 + 4kint (xk*x3/(x**8 — 2kx**7 + 3*kx**6
dxx*x*x5 + Bkxkkd — 4kxkk3 + JFkxk*k2 — 2%x + 1) ,x)*x**2 - 4dxint (x**3/(x**8
2kxk*7T + 3kxkk6 — 4*kx*k*k5 + Bkx*k*k4 — dxxx*3 + kxk*k2 - 2%x + 1),x)*x + 4*in
t (x**%3/ (x**%8 — 2*x**7 + 3*kx*k*6 — 4*x**5 + 5kxk*k4d — 4kx**x3 + Ikx*k*2 — 2%x +
1),x) - 3*int (x**2/(x*%8 — 2kxx**7 + 3kx*k*6 — 4*x**5 + Bkxkx4d — Lkx*k*3 + 3
*x*%x2 — 2%xx + 1) ,x)*kx*k*4 + 3kint (x*x*2/(x*k*8 — 2kx*k*7 + 3*x**%6 — 4xx**x5 + 5
*xk*k4 — Akxx*3 + Jkxk*2 — 2kx + 1) ,x)*kx*¥*3 - 3kint (xx*2/(x*¥*8 - 2*x**7 + 3
*X*%6 — 4xx**5 + Bkxkkx4 - Lkxkx3 + Jkxkk2 - 2%x + 1),x)*x**2 + 3*xint (x**2/
(x*k8 — 2kx**T + 3*kx**6 — 4xx*k*5 + Dkx*x4d — 4xxk*k3 + Jkx*k*2 — 2%x + 1) ,x)*
X - 3*xint (x*x*2/(x**8 — 2kxx*k*7 + 3*x**6 — 4xxk*k5 + Dkx*k*4d — 4*xx**k3 + Ikxk*2
- 2%x + 1),x) + 2*%int(x/(x**8 — 2xx**7 + 3*x*k*6 — 4*x*k*5 + Skxxkkd — 4xxokk
3 + 3kx**2 - 2kx + 1),x)*kx**4 - 2kint (x/ (x**8 — 2%xx**7 + 3kx**6 — 4dkx**5 +
S¥x**4 — 4xxxx3 + 3kxkk2 — 2kx + 1) ,x)*x**3 + 2xint (x/(x**8 — 2*x**7 + 3%
Xkk6 — 4A*kx**5 + Bkxkkd — Axxkk3 + Jkx*k*k2 — 2%x + 1) ,x)*kx**2 — kint (x/ (x**
8 — 2xx**7 + 3kxkk6 — 4kxkk5 + Skxkkd — 4kx*k*k3 + 3kx*k*k2 - 2%xx + 1) ,X)*x +
2%int (x/ (x**8 — 2xx*k*7 + 3*kx**6 — 4*x*x5 + Bkxkkd — Lkx**3 + 3kx**x2 — 2%x
+ 1),x) + 1)/(xk*4 - x**3 + x*¥*2 - x + 1)

output

N
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1

3.20 f (1—z+22—z3+24)° dx

Optimalresult . . . . . . . . .. . .. 193]
Mathematica [C] (verified) . . . . . . . . ... .. L 194
Rubi [A] (verified) . . . . . . . .. . 194
Maple [C] (verified) . . . . . . . . . .. 197
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 197
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 198
Maxima [F] . . . . . . . 199
Giac [A] (verification not implemented) . . . . . . . ... ... ... 200
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 200
Reduce [F] . . . . . o 2071

Optimal result

Integrand size = 18, antiderivative size = 389

1
(1—xz+ 22— 23+ 24)°
_ 6(2(15+8v5) + (15 + 11v5) 2) N 3(6 + v/5 + 2z)
25(5_\/5)(2_(1_\/5)x+2m2)2 25 (2 — (1 —v/5) z + 222)
8(5—-v5— (5+V5)x)
5(5-v5) (2— (1—vB)z+222)" (2 — (1++5) z +222)"
8(45 + 11v/5 — 6(15 — v/5) z)
5(5-v5)"(2— (1—vB)z+222)" (2 (1+v5) z +222)

dz

+ % 1025 — 422v/5 arctan 1-V5-dz
2 (5++/5)
— 157 V/ 1025+ 492+/5 arctan 1+V6-dw
2 (5—+/5)

N 3log (2 — (1 —+/5) z + 2z?) B 3log (2 — (14 V/5) z + 22?)
10v/5 10v/5
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6/25% (30+16*5~ (1/2)+(15+11%57(1/2))*x) /(5-57(1/2) ) / (2-x* (-5~ (1/2) +1) +2*x~2
)"2+3% (6+57(1/2) +2*x) / (50-25%x* (-5~ (1/2) +1) +50%x~2) -8/5* (5-5"(1/2) - (5+5~ (1
/2))*x)/(6-56"(1/2)) / (2-x* (-5~ (1/2)+1)+2%x~2) "2/ (2-(5"(1/2) +1) *x+2*x~2) ~2-8
/5% (45+11x5~(1/2)-6%(15-5"(1/2))*x) /(5-57(1/2)) "2/ (2-x* (-5~ (1/2) +1) +2%x~2)
~2/(2-(57(1/2) +1) *x+2%x"2) +3/125% (1025-422*5" (1/2) ) ~(1/2) *arctan ((1-5"(1/2
)-4x%x)/(10+2%5~(1/2) )~ (1/2))-3/125% (1025+422*5~(1/2)) ~(1/2) *arctan ((1+5~ (1
/2)-4%x) /(10-2%5~(1/2))~(1/2))+3/50*1n (2-x* (-5~ (1/2)+1) +2*xx~2) %5~ (1/2)-3/5
0*1n(2-(5-(1/2)+1) *x+2*xx~2)*5~(1/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.31

1
/ 5 dz
(1—z+2%—23+ 2%
1 (x(14 + 11z + 92° + 62°)
50\ (1 —2z+ a2 — 28+ a4’
6log(x — #1) + 6log(x — #1)#1 + log(x — #1)#1° &])
—1 4 241 — 3412 + 4413

+ 6RootSum |1 — #1 + #1% — #13

+ #1%&,

e

LIntegrate[(l - x +x72-x73+ x74)°(-3),x]

~—

input

((x%(14 + 11%x + 9%x"5 + 6#x76))/(1 - x + X°2 - x°3 + x"4)"2 + 6*RootSum[1
‘ - #1 + #172 - #173 + #1°4 & , (6%xLoglx - #1] + 6*Loglx - #1]*#1 + Logl[x - ‘
#11%#172) /(-1 + 2x#1 - 3x#1°2 + 4x#1°3) & 1)/50

N\ J

output

Rubi [A] (verified)

Time = 1.17 (sec) , antiderivative size = 637, normalized size of antiderivative = 1.64,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, integrand size

used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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1

3d:c
(zt =23+ 22— +1)
l2492
/(_ 3(—10z — 5v/5 + 11) N 3(—10z +5v/5 + 11) +2(2(5—4\/5)—(9—5\/5)x)+2(2(5
255 (222 — (1—v5)z+2)  25v5 (222 — (1+V5) z + 2) 25(2;02_(1_\/5)9;4_2)2 25 (:
l2009
6 /[ _ = —4z —/5+1 3 —4z —/5+1
5—2v5arctan | ————— ~ — 145 — 61v/5) arctan | ———~Y = '~
12 ( 2(53%))“25w ) ( 2<5+«5>)+
3 —4z—/5+1
365 — 158v/5arctan | ———— 1~ | —
= ()
3 —4z+5+1
= _1/365+ 158V/bBarctan | ———~— - | —
o (2
3 —4z+/5+1 6 —4z++/5+1
—~_./2(145+61v5) arctan | ——— Y= "~ —1\/5+2vbBarctan [ ———~———
|20 ( 2(5«5))“25“ ' ( z<5«5>)+
3(—4z — V5 +1) 2(-3(1-3vB)z+v5+7) N
25 (54 /5) (222 — (1 \/5)33+2) 25 (5+v5) (222 — (1 —V5) z +2)
3(—4z+v5+1) _ 2(=3(143vB)a -V +7)

25 (5 —/5) (222 — (1+v5)z+2) 25(5—+/5) (222 — (1+v5)z+2)
2(1+vB8)z—v5+1) N 2((1-vB)z+v5+1) N
5v5 (5+5) (222 — (1—vB)z+2)°  5V5(5—v5) (222 — (1+VB)z+2)°
3log (222 — (1—v5)z+2) 3log (222 — (1+5)z +2)
10V5 - 10V/5

p
inputLInt[(l - X+ x72 - x73 + x74)"°(-3),x]

\ >
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(-2%(1 - Sqrt[5] + (1 + Sqrt[5])*x))/(5*Sqrt[5]*(5 + Sqrt[56])*(2 - (1 - Sq
rt[6])*x + 2*xx~2)72) + (3*(1 - Sqrt[5] - 4#*x))/(25%(5 + Sqrt[6])*(2 - (1 -
Sqrt[6])*x + 2*x~2)) - (2%(7 + Sqrt[5] - 3*x(1 - 3*Sqrt[5])*x))/(25%(5 + S
qrt[51)*(2 - (1 - Sqrt[5]1)*x + 2*x~2)) + (2+(1 + Sqrt[5] + (1 - Sqrt[5])*x
))/(5%Sqrt [6]*(5 - Sqrt[56]1)*(2 - (1 + Sqrt[5])*x + 2*x~2)72) + (3*(1 + Sqr
t[8] - 4*x))/(26%(5 - Sqrt[5])*(2 - (1 + Sqrt[5])*x + 2xx72)) - (2%(7 - Sq
rt[5] - 3x(1 + 3xSqrt[5])*x))/(25%(5 - Sqrt[5])*(2 - (1 + Sqrt[5])*x + 2*x
~2)) + (3*Sqrt[365 - 158*Sqrt[5]]1*ArcTan[(1 - Sqrt[5] - 4*x)/Sqrt[2x(5 + S
qrt[51)11)/125 + (3*Sqrt[2*(145 - 61*Sqrt[5])]1*ArcTan[(1 - Sqrt[5] - 4*x)/
Sart[2*(56 + Sqrt[5]1)11)/125 + (6*%Sqrt[56 - 2xSqrt[5]]1*ArcTan[(1 - Sqrt[5] -
4xx)/Sqrt[2*x(5 + Sqrt[5]1)]11)/125 + (6xSqrt[5 + 2*Sqrt[5]]*ArcTan[(1 + Sqr
t[5] - 4#x)/Sqrt[2*(5 - Sqrt[5]1)]11)/125 - (3*Sqrt[2*x(145 + 61xSqrt[5])]*Ar
cTan[(1 + Sqrt[5] - 4*x)/Sqrt[2*(5 - Sqrt[5]1)]11)/125 - (3*Sqrt[365 + 158%S
qrt [6]1*ArcTan[(1 + Sqrt[5] - 4xx)/Sqrt[2*(5 - Sqrt[5]1)1]1)/125 + (3*Logl[2
- (1 - Sgrt[5])*x + 2%x~2])/(10%Sqrt[5]) - (3*Logl[2 - (1 + Sqrt[5])*x + 2%
x~2])/(10*Sqrt [5])

output

Defintions of rubi rules used

ruka2009{lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(Px_.)*((al) + (b_)*(x_) + (c_.)*(x_)72 + (d_.)*(x_)73 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[e*(
(b™2 - 4xaxc)/a) + 8*axd*(e/b)])/(2%e))*x + x~2) p*(b/d + ((d - Sqrtlex((b™

2 - 4xaxc)/a) + 8xaxd*(e/b)])/(2*e))*x + x~2)7p, x], x], x] /; FreeQ[{a, b,
c, d, e}, x] & PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d"2 - b~2*e, 0]

rule 2492
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.22 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.24

method | result

w

(_R2+6_R+6> n(=-_R)
_ R=Rootof (_Z* —Z_ P+ 72— Zt1) 4_R3 73_R2 +2. R

3,749 64112, 7
25 t50% T55% +352

risch P vy + al
V5 (v5-
4(%—%)13+4(%_%)x2+4(—%+%>m 35 31n(2—:1:+\/g:1:-|—2x2>\/g 12<_W_g¢g+15> arct
default 125 125 125 ~ 125 + +
(22-2+ ‘/5”1)2 50 125v/10+2v/5
input {int (1/(x~4-x"3+x"2-x+1) "3, x,method=_RETURNVERBOSE) J
( N

| (3/25%x"T+9/50%x™6+11/50%x"2+7/25%x) / (x~4-x"3+x"2-x+1) "2+3/25%sum((_R™2+6% |

output
‘ _R+6)/(4%x_R"3-3*_R"2+2*_R-1)*1n(x-_R),_R=Root0f(_Z"4-_Z"3+_Z"2-_Z+1)) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 330, normalized size of antiderivative = 0.85

1
(1—z+22—2%+24)
3027+ 452 + 6 (c* — 227 + 32 — 42° + 50* — 42° + 32% — 22 +1)1/422 V5 + 1025 arctan ( 5k (-

3 dr

i “4-x" ~2- - i =N q "
inputllntegrate(l/(x 4-x"3+x"2-x+1)"3,x, algorithm="fricas") J
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1/250%(30%x~7 + 45%x76 + 6x(x"8 - 2*%x~7 + 3%x"6 - 4*x"5 + 5*x"4 - 4%x"3 +
3*x"2 - 2%x + 1)*sqrt(422*sqrt(5) + 1025)*arctan(1/895*(sqrt(5)*(31*x + 1)
- 35xx - 30)*sqrt(422*sqrt(5) + 1025)) - 2*(x"8 - 2*x”7 + 3*x"6 - 4*x”5 +
Bxx~4 - 4*x"3 + 3*%x"2 - 2%x + 1)*sqrt(-3798*sqrt(5) + 9225)*arctan(1/2685
*(sqrt(5)*(31*%x + 1) + 35*x + 30)*sqrt(-3798*sqrt(5) + 9225)) + 15*xsqrt(5)
*(x78 - 2*%x77 + 3%x"6 - 4*%x”5 + Bkx"4 - 4*x”3 + 3*x"2 - 2%x + 1)*log(2*x~2
+ sqrt(B)*x - x + 2) - 1b6*sqrt(5)*(x"8 - 2*x”7 + 3*x"6 - 4*x”5 + b*x~4 -
4xx"3 + 3*x72 - 2xx + 1)*log(2*x~2 - sqrt(5)*x - x + 2) + B5xx"2 + 70*x)/(
X"8 - 2%x77 + 3%x76 - 4*x"5 + 5xx"4 - 4%x73 + 3%x72 - 2%x + 1)

N J

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1445 vs. 2(333) = 666.

Time = 0.65 (sec) , antiderivative size = 1445, normalized size of antiderivative = 3.71

1 .
/ (1—z+ 22— a3 +z%)° dz = Too large to display

-

input\integrate(1/(x**4—x**3+x**2_x+1)**S’X)




output

input

output
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(6*x*x7 + Oxx**6 + 11*x*k*2 + 14%x)/(50%x**8 - 100*x**7 + 150%x**6 — 200%x*
x5 + 250*x**4 — 200*%x**3 + 150*x**2 - 100%x + 50) - 3*sqrt(5)*log(x**2 + x
*(-15796955*sqrt (5) /131156509 - 429675*sqrt (2)*sqrt (23823 - 5275*sqrt(5))/2
6231018 + 18333*sqrt(10)*sqrt(23823 - 5275*%sqrt(5)) /13115509 + 41064583/13
115509) - 540905909434020*sqrt(5) /172016576329081 - 23080955957875*sqrt (2)
*sqrt (23823 - 5275%sqrt (5))/688066305316324 + 7519430041655%sqrt (10)*sqrt (
23823 - 5275*sqrt(5))/688066305316324 + 1624519191908706/172016576329081) /
50 + 3x*sqrt(5)*log(x**2 + x*(-429675*sqrt(2)*sqrt(56275*sqrt(5) + 23823)/26
231018 - 18333*sqrt(10) *sqrt (5275*%sqrt(5) + 23823)/13115509 + 15796955%*sqr
t(5)/13115509 + 41064583/13115509) - 23080955957875*sqrt (2) *sqrt (56275*sqrt
(5) + 23823)/688066305316324 - 7519430041655*sqrt (10)*sqrt (56275*sqrt(5) +
23823)/688066305316324 + 540905909434020*sqrt (5)/172016576329081 + 1624519
191908706/172016576329081) /50 - 2*sqrt(-9*sqrt(10)*sqrt(5275*%sqrt(5) + 238
23) /31250 + 459/2500) *atan (52462036*x/(183330*sqrt (5) *sqrt (-2*sqrt (10) *sqr
t(5275*sqrt (5) + 23823) + 1275) + 1701818%sqrt(-2*sqrt(10)*sqrt(5275*sqrt(
5) + 23823) + 1275) + 5729%sqrt (10)*sqrt (5275%sqrt (5) + 23823)*sqrt (-2%sqr
t(10) *sqrt (6275*%sqrt (5) + 23823) + 1275)) - 429675*sqrt(2)*sqrt(5275*sqrt(
5) + 23823)/(183330*sqrt (5)*sqrt (-2*sqrt (10) *sqrt (56275*sqrt (5) + 23823) +
1275) + 1701818*sqrt(-2*sqrt(10)*sqrt(5275*sqrt(5) + 23823) + 1275) + 5729
*sqrt (10) *sqrt (5275*sqrt (5) + 23823)*sqrt (-2*sqrt (10) *sqrt (5275*sqrt(5). ..

Maxima [F]

e L NE e mrss L
T = z
(1—z+22—a3+24)° (x4 — 23+ 22—z +1)°

e

Lintegrate(1/(x‘4—x“3+x‘2—x+1)‘3,x, algorithm="maxima")

-/

.
\1/50*(6*x‘7 + 9%x76 + 11*kx™2 + 14#%x)/(x"8 - 2*x”7 + 3*%x™6 - 4%x”5 + 5%x74
‘— 4%x~3 + 3*x"2 - 2xx + 1) + 3/25*integrate((x”2 + 6*x + 6)/(x74 - x"3 + x
‘“2 -x+ 1), x)




input

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.36

1 4 ~1

/ o=~ \/—492\/5 4 1025 avctan | 2221
(1—z+ 22 — 23+ 7% 125 2/5 + 10

4z —+5-1

3 \/422v/5 + 1025 arctan Az V-1

T 125 —2+/5+10

—%\/glog (xQ—%x<\/3+1> +1)
—I—;—O\/glog <x2+%x<\/5—1> +1)

62" +92°+112% + 142
50 (x4 — 23 + 22 — z + 1)

Lintegrate(1/(x”4—x“3+x“2—x+1)”3,x, algorithm="giac")

-3/125*sqrt (-422*sqrt (5) + 1025)*arctan((4*x + sqrt(5) - 1)/sqrt(2*sqrt(5)

+ 10)) + 3/125%sqrt(422*sqrt(5) + 1025)*arctan((4*x - sqrt(5) - 1)/sqrt(-
2%sqrt(5) + 10)) - 3/50*sqrt(5)*log(x~2 - 1/2*x*(sqrt(5) + 1) + 1) + 3/50%
sqrt(5) *log(x~2 + 1/2*x*(sqrt(5) - 1) + 1) + 1/50%(6*x~7 + 9*x~6 + 11%x~2
+ 14*x)/(x"4 - x"3 + x"2 - x + 1)72

Mupad [B] (verification not implemented)

Time = 21.36 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.39

1 (24:1 (4887x
(1—z+ 22— 23+ 24)° 15625
162z2_5697z+ 437481 ) (_1026x+r00t(z4 16227 5697z, 437481 )
625 78125 ' 48828125 " 625 625 78125 ' 48828125’ '

5967) ( . 16222 5697z 437481 ))
4+ —— | root| 2° + — + z,k

+root (z4+

15625 625 78125 = 48828125’ "’
3z7 96 11«; Tx
+ ﬁ"‘ﬁ"‘ +25
x8—2x7+3x6—4x5+5x4 43 4+322-22x+1
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input| 161/ (X2 - x - x73 + x74 + 1)73,%)

symsum (log((4887*x) /156625 + root(z"4 + (162%z~2)/625 - (5697*z)/78125 + 43
7481/48828125, z, k)*(root(z"4 + (162%z72)/625 - (5697%z) /78125 + 437481/4
8828125, z, k)*(25*root(z"4 + (162%xz72)/625 - (5697%z) /78125 + 437481/4882
8125, z, k) + (111%x)/5 - 72/5) - (1026*x)/625 + 1314/625) + 5967/15625)*r
oot(z"4 + (162%z72)/625 - (5697*z)/78125 + 437481/48828125, z, k), k, 1, 4
) + ((7*x)/25 + (11%x72)/50 + (9%x76)/50 + (3*x77)/25)/(3*%x"2 - 2%x - 4%x~
3 + 5*%x74 - 4xx75 + 3%x76 - 2*x”7 + x"8 + 1)

output

N\

Reduce [F]

1
dz = too large to displa
/k1—$+$1ﬂﬁ+$93 8 Py

-

input Lint (1/(x~4-x"3+x~2-x+1)"3,%)

-/
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( - 24*int (x**5/(x**12 — 3xx*k*11 + 6*xk*10 — 10%x*k*9 + 15kx**k8 — 18*x**7 +
19*x*%6 — 18*x*k*5 + 15*x**x4 — 10*x**3 + 6*x**x2 — 3*x + 1),X)*x**8 + 48%in
t(xk*5/ (x*%*12 - 3*xx*xx11 + 6kxk*k10 — 10*x*%9 + 15xx**8 — 18*x*k*7 + 19%xX**6
- 18*x**5 + 15%x**4 - 10*%x**3 + 6*kx*k*2 — 3*kx + 1),x)*xk*7 — 72*int (x*x*5/(x
*¥x12 — 3kx*kx11 + 6*kx*k*%10 — 10%x**%9 + 15%x**8 — 18%x**7 + 19%x**6 — 18%x**5
+ 15%x**4 — 10*x**3 + Bxx**2 — 3kx + 1) ,X)*x**%6 + 96*int (x**5/(x**12 - 3%
x*¥x11 + 6*kx**x10 — 10%x**9 + 15%x**8 — 18%x**7 + 19%x**6 — 18*x**x5 + 15%kx*x*
4 - 10%x**3 + 6*x**x2 — 3xx + 1),x)*x**%5 — 120%int (x**5/(x**12 — 33*x**11 +
6*x*x*k10 — 10*x**9 + 15xx*k*8 — 18*x**7 + 19*x**6 — 18*x**5 + 15kx**4 — 10%*x
*k3 + G*x*k*2 — 3%x + 1),x)*x*¥*4 + 96%int (x**5/(x**12 — 3kx*k*11 + Gkx**10 -
10*x*%9 + 15xx*k*8 — 18%x**7 + 19*x**6 — 18*x**5 + 15kx**4 — 10%x**3 + 6*x
**%2 — 3xx + 1),x)*x**%3 - 72%int (x**5/(x**12 - 3kx**x11 + 6*xx**x10 - 10%*x**9
+ 15%xk*k8 — 18*x**7 + 19%x*k*6 — 18*x**5 + 15kx**4 — 10%x**3 + Gxx*k*2 — 3*x
+ 1) ,x)*x*%*%2 + 48*int (x*x*5/ (x**12 — 3*x**11 + 6xx**10 — 10*x**9 + 15%x**8
- 18*%x**7 + 19*%x**6 — 18*%x**5 + 15kx**4 — 10*x**3 + 6*x*k*k2 — 3*x + 1),x)*
X — 24%int (x**5/(x**12 — 3*kxkk1l + 6*x**%10 — 10*x**9 + 15kx*k*8 — 18*x**7 +
19%x**6 — 18%x**5 + 15xx**4 — 10*x**3 + Gkx**x2 — 3*kx + 1),x) + 44xint (x**
4/ (x*%12 — 3*x**x11 + 6xx*x*x10 — 10%x**9 + 15%x**x8 — 18*x**7 + 19*kx*k*6 — 18%
X*k5 + 15kx**4 — 10%x**3 + Gkx**k2 — 3*x + 1),x)*x*k*8 — 88*int (x**4/ (x**12
- 3xxk*k11 + 6*x*x*x10 — 10*x*%9 + 15xxk*k8 — 18*x**7 + 19*x**6 — 18*x**5 +. ..

output




output
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3.21 [ (a+ bz + cz? + bz + az?)’ dx

Optimal result . . . . . . . . . . . .. 203}
Mathematica [A] (verified) . . . . . . . . ... .. L 204
Rubi [A] (verified) . . . . . . .. . . 204
Maple [A] (verified) . . . . . . . . ... 2061
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 207
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 208
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 209
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 210
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2111
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 211

Optimal result

Integrand size = 22, antiderivative size = 238

/ (a—l— bz + cx? + bz + ax4)3 dx = a’z + ga?bﬂs2 + a(b2 + ac) 2+ ib(3a2 +b2+ 6ac) z*
+ g(a?’ +b’c+a(20*+ %)) z°

1
+ 5b(2a2 +b% + 2ac+ 62) x8

1
+ 7 (6ab2 + 6a’c + 6b%c + c3) x’
+ gb(Qa2 + b+ 2ac+ *) z°

+ %(a‘3 + b+ a(2b2 + 02)) z°

1
+ Eb(3a2 + b2+ 6ac) z'0
3,.13

3 1
+ ﬁa(b2 + ac) z'" + ZaszIQ + %

a~3*x+3/2*a” 2*%bxx"2+a* (a*c+b~2) *x~3+1/4%b* (3*a~2+6*a*c+b”2) *x~4+3/5*(a"3+b
“2xc+ax (2xb"2+c”2) ) *x"5+1/2%b* (2*xa”~2+2*axc+b~2+c”2) *x~6+1/7T* (6*a~2kc+6*ax*b
“2+6xb"2xc+c”3) *x"7+3/8%b* (2*%a"2+2*xaxc+b"2+c”2) *x~8+1/3* (a~3+b"2*c+ax (2*xb~
2+c72) ) *x79+1/10%b*x (3*a~2+6*a*c+b”2) *x~10+3/11*ax (a*c+b~2) *x~11+1/4%a~2*bx*
x"12+1/13%a"3*x~13




input

output
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.00

1
/ (a—l— bx + cx® + bx® + am4)3 dz = a®z + gabe2 + a(b2 + ac) %+ Zb(3a2 +b0%+ 6ac) z*

+ g(a?’ + 2ab® + b’c + ac®) ©°

1
+ ib(Za2 +b% 4+ 2ac+ 02) z8
1
+ = (6&b2 + 6a’c + 6b*c + ¢®) =’

3
+ gb(2a2 + b+ 2ac+ *) z°
1
+ 3 (a® + 2ab® + b°c + ac®) «°
1
+ Eb(3a2 + b2+ 6ac) z'0
3 1 3,.13
+ ﬁa(b2 + ac) z'" + Za2bx12 + %

Integrate[(a + b*x + c*x”™2 + b*x"3 + a*x"4)"3,x]

a~3*x + (3*a"2xbxx"2)/2 + a*(b”2 + axc)*x"3 + (b*x(3*a”"2 + b~2 + 6*axc)*x"4
)/4 + (3*(a”3 + 2%a*b”2 + b"2xc + axc”2)*x75)/5 + (b*x(2*%a"2 + b"2 + 2*a*c
+ ¢c72)*%x76)/2 + ((6*xa*xb”2 + 6*%a”2%c + 6%b"2xc + c~3)*x77)/7 + (3*%b*(2*a~2
+ b72 + 2%a*c + c72)*x78)/8 + ((a"3 + 2%a*b”2 + b"2*c + axc”2)*x79)/3 + (b
*(3*%a”2 + b"2 + 6*axc)*x”10)/10 + (3*a*x(b”"2 + a*xc)*x~11)/11 + (a~2*b*x~12)

/4 + (a~3*%x~13)/13

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.00,

number of rules _ 0.091, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ (a:z:4 +a+bx®+br+ cm2)3 dz

l 2465

/ (32%(a® + a(2b® + ¢%) + b2c) + 3z* (a® + a(2b® + ) + bc) + a’z'? + a® + 2%(6a’c + 6ab® + 6b%c + ¢°) + 3

l 2009

313
13

1 1
?.’1:7 (6azc + 6ab?® + 6b%c + c3) + gbxs (2(12 + 2ac + b2 + 02) + beﬁ (2(12 + 2ac+ b2 + 02) +

%mg (a3 + (1(2b2 + 02) + b2c) + §w5 (a3 + (1(2b2 + 02) + b2c) + +a’r +

1 1 1 3 3
l—Obxlo (3a® + 6ac + b*) + ibac‘L (3a® + 6ac + b*) + ia2bw12 + §a2bx2 + ﬁaxu (ac+b%) +
az’® (ac + b2)

| —

. LInt[(a + b*x + c*x™2 + b*x"3 + a*x"4)"3,x]
input

e N

a~3*x + (3*a"2xbxx"2)/2 + a*(b"2 + axc)*x"3 + (b*x(3*a”"2 + b~2 + 6*axc)*x"4
)/4 + (3%(a"3 + b™2*c + ax(2*xb"2 + ¢c72))*x75)/5 + (b*x(2*%a"2 + b"2 + 2*a*c

+ c"2)*x76) /2 + ((6*a*b™2 + 6*a”2*c + 6*%b"2*c + c~3)*x77)/7 + (3*bx(2*xa~2

+ b"2 + 2%a*c + ¢c”2)*x78)/8 + ((a"3 + b™2*c + ax(2*xb"2 + ¢c"2))*x"9)/3 + (b
*(3*a~2 + b~2 + 6*a*xc)*x~10)/10 + (3*a*(b~2 + a*c)*x~11)/11 + (a~2%b*x~12)
/4 + (a~3%x~13)/13

N J

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

p

rule 2465‘In’c[(u_-)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ
‘[Px, x] && GtQ[Expon[Px, x], 2] &% !BinomialQ[Px, x] && !TrinomialQ[Px, x
1 & 16tQ[p, O]

\‘




input

output
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.02

method result
adz!3 | a?bz!? 3,2 3712 11 31,2, 3 1733\ ..10 1.3 212 1.2

norman ez 4 abr 4 (3a2c+ 2b%a) 3! + (Sba? + dabe+ 50%) 20 + (303 + 2bPa+ lac? +
gosper 3p30® + 3a%bat + Cab?a” + 22'0abe + 2xBabe + zPabe + 3ztabe + 5632 + Sb%a 2P + of
risch 3p32% + 2a?bz* + Sab?z” + 2a'%abe + 2aPabe + 2fabe + 3ztabe + L6320 + Sb%a 2’ + o
parallelrisch | 26°z% + 2a?bz* + Sa b?z” + 22'%abe + 2aBabe + 2abe + 3zabe + 6320 + Sb%a 2’ + @
orering % (9240a%212+30030b a2z +32760a2c 2104-32760a b2 !0 +36036a2b z°+72072abc °+12012z°b3+40040a3 28 +80080a b2
default a31w313 4 a2b4x12 + (a(2ac+b2)+121b2a+a,2c)m11 + (a(2ab+2bc)+b(2acl-5b2)+2abc+ba2)xlo + (a(2a2+2b%+c2) +b(:

Lint((a*x“4+b*x“3+c*x”2+b*x+a)“3,x,method=_RETURNVERBOSE)

1/13*%a"3*%x"13+1/4%a" 2xb*xx~12+(3/11*a~2*c+3/11*b"2*a) *x~11+(3/10*b*xa~2+3/5%
a*b*c+1/10%b"3) *x~10+(1/3*%a"3+2/3%b"2*a+1/3*axc”2+1/3*c*b"2) *x~9+(3/4*b*a”
2+3/4*a*bxc+3/8xb"3+3/8*b*c~2) *x"8+(6/7*a~2*c+6/T*b " 2*a+6/T*cxb~2+1/7*c"3)
*x "7+ (b*a~2+axbkxc+1/2%b"3+1/2%b*c~2) *x~6+(3/5*%a"~3+6/5%b"2*a+3/5*xaxc~2+3/5%
c*b~2) *x~5+(3/4*b*a”~2+3/2%a*b*c+1/4%b"3) *x~4+ (a~2*c+a*b”2) *x~3+3/2%b*a”~2*x
“2+a"3*x




CHAPTER 3.

LISTING OF INTEGRALS

207

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 228, normalized size of antiderivative = 0.96

/ (a + bz + cx® + bx® + ax4)3 dr =

3..13 2 12
b
1347 +4a T

(3a’b + b + 6abc)z™

(ab2 + a20) z!

o

a +2ab2+b2c+ac)
2 2b—i—b?’—l-Zabc—I-bc)

6ab” + ¢ +6 (a® + b*)c)z”

3
a® + 2ab® + b%c + ac® )m —|—2ab 2

+ 4+ 4+ 4+ 4+ 4+ 4+
B O ON | == 00| W =

(a”
(
(
(2a®b + b + 2 abc + bc?) z°
(a®
(3

a’b+b° + 6 abc)z* + @’z + (ab® + a’c)z?

input

integrate ((a*x"4+b*x~3+c*x"2+b*x+a) "3,x, algorithm="fricas")

output

*x + (axb™2 + a~2%c)*x"3

1/13%a~3*x"13 + 1/4*a”2+b*xx~12 + 3/11*%(a*b™2 + a™2*c)*x~11 + 1/10*(3*a~2*b
+ b3 + 6*a*b*c)*x710 + 1/3*(a"3 + 2*a*b”2 + b"2*c + axc”2)*x"9 + 3/8% (2%
a~2%b + b~3 + 2xaxbxc + b*c"2)*x"8 + 1/7x(6*xaxb”2 + c”3 + 6%(a”2 + b~2)*c)
*x77 + 1/2%(2*a”"2*%b + b~3 + 2*axbxc + bxc"2)*x"6 + 3/5%(a”3 + 2*xaxb”2 + b~
2%c + a*c”2)*x75 + 3/2*a”2%b*x"2 + 1/4%(3*a”2%b + b"3 + 6*axbkc)*x"4 + a3
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.18

3,.13 Qb 12 32b2
/(a+bx+cx2+bx3+ax4)3dx=al"g +a3x+a4x + a2x z!

3a’c N 3ab? 4+ g0 3a?b N 3abc N .
11 11 10 ) 10

_|_x9 a_3+2a_b2+a_c2+&:
3 3 3 3

L (3a2b 3abc 3_b3 &8)

4 + 4 + 8 + 8
LT (6@20 6ab®> 6b%c 03)

T Tttty
b bc?
+x6(a2b+abc+5+%)+x5
(3@3 6ab®>  3ac? 3b20> 4
. +x

) * 3 + 3 * 5

3a’b  3abc b? 3/ 9 0
-(T—I-T—I-Z)—i-x(ac—i-ab)

.
input Lintegrate ((a*x**4+b*x**3+Cckx**x2+b*x+a) **3,X)

| —

a*k3kx*k*13/13 + a**x3%x + ax*kbkx**x12/4 + 3ka*x*x2kxbkx**2/2 + xk*k11%(3*ka**Q*
c/11 + 3*xa*xb**x2/11) + x**10*(3*a*x*x2*b/10 + 3*axbkc/5 + b**3/10) + x*k*9*(ax*
*3/3 + 2*a*xb**x2/3 + axc**x2/3 + b**2%c/3) + x*x*8*(3*ax*2%xb/4 + 3*axbkxc/4 +
3%b**x3/8 + 3xbkc*x*2/8) + x*x*kT*(Bxax*2%c/7 + 6*ka*xb**x2/7 + 6xb**x2%xc/7 + C**3
/T) + x*x6%(a**2%b + axb*c + b**3/2 + bxcx*2/2) + x*x*5*(3xax*3/5 + 6kaxbkx
2/5 + 3*axc**x2/5 + 3xb**2xc/5) + x**4x(3*a*x*2xb/4 + 3xaxbxc/2 + bx*3/4) +
x**3% (ax*2%c + a*xb**x2)

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.19

1 3 1
/ (a + bz + cx® + bxd + am4)3 dzx = — a®z'3 —|— a’bz'? + — ab’z™ + — p321°

13 4 11 10
+ ; Axr’+ - 1 b3x4 +aPz + 210 (12 az® 4+ 15bz* + 20 cz® + 30 ba*) a®
+%(30ax +35b2% +42cx )b2 14(8ax —|—9bx)
+ 130 (140 a®z° + 315 abz® + 180 b°z + 252 *z® + 420 b*z® + 42 (10 az® + 12bz° + 15z )b + 60 (6 a
+ 510 (252 0’2" + 560 abz® 4+ 720 bex” + 315 (b* + 2ac)z® + 420 *z°)b
+ 1—15 (45a°z™ + 99 abz™® + 55 bz

|

input Lintegrate ((a*x~4+b*x~3+c*x"2+b*x+a) ~3,x, algorithm="maxima")

1/13%a"3*x"13 + 1/4*a”2%bxx”12 + 3/11*a*xb”2*x"11 + 1/10%b~3*x~10 + 1/7*c”3
*x"7 + 1/4%b"3%x"4 + a~3*x + 1/20%(12*a*x”~5 + 15%b*x~4 + 20*c*x”~3 + 30*b*x
~2)*a~2 + 1/70%(30%a*x"7 + 35%b*x~6 + 42%c*x~5)*b~2 + 1/24%(8*a*x~9 + 9*b*
X"8)*c”2 + 1/420%(140*a”~2*xx”9 + 315*a*b*x~8 + 180*b~2xx~7 + 252%c”2*x"5 +

420*%b"2%x"3 + 42%(10*a*xx~6 + 12*b*x~5 + 15%c*x"4)*b + 60*(6*a*xx”7 + T*b*x"
6)*c)*a + 1/840%(252*a"2*x~10 + 560*a*xb*xx~9 + 720*b*c*x~7 + 315%(b~2 + 2*a
*C)*Xx"8 + 420*c”2*x"6)*b + 1/165%(45%xa"2*xx"11 + 99*a*b*x~10 + 55%b~2xx~9)*

C

output




input

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.21

1 1 3 3
/ (a + bz + cx® + bxd + am4)3 dz = — a®z' + = a?bz'? + — ab’z" + — a?cz't

13 4 11 11
3 1 3 1
+ 0 a’bx'? + 0 b3zl 4+ s abez® + 3 a’x®
2 1 1 3 3
+ gab%g + § b2cx® + 65 ac’z’ +6—l a’bx® +6§ b8
+ % abex® + 3 b’ ® :— - ab’x” + 5 azciv7 + - b2 ez’
+?§ﬂ+a%ﬁ+§§f+awﬁ+§m%6
3 6 3 3 3
+gff+5aﬁf+gﬁm§+gm%ﬁ+zfm4
1 3 3
+ 1 bzt + 2 abex* + ab’z® + a%ex® + 2 a’bz? +a’z

Lintegrate((a*x”4+b*x“3+c*x“2+b*x+a)“3,x, algorithm="giac")

1/13*%a"3*%x"13 + 1/4*%a~2xb*x"12 + 3/11*a*xb"2*xx~11 + 3/11*xa"2*c*x"11 + 3/10%
a~2%b*x~10 + 1/10*%b"3*x~10 + 3/5*a*b*c*x~10 + 1/3*a”"3*x"9 + 2/3*a*b”2*x"9

+ 1/3%b"2%c*x”9 + 1/3*%axc”2*x”9 + 3/4%a"2%b*x"8 + 3/8*b"3*x"8 + 3/4*axb*c*
X"8 + 3/8xb*c”2*x"8 + 6/T*xaxb"2*x"7 + 6/T*a~2xc*x"7 + 6/7*b"2*xc*x"7 + 1/7*
C™3%x”7 + a~2*b*x"6 + 1/2%b"3%x"6 + axb*cxx"6 + 1/2%b*c”2*x~6 + 3/5*%a"3*x"
5 + 6/b*%axb~2%x"5 + 3/b5*%b"2xcxx”5 + 3/b*a*c”2xx"5 + 3/4%a"2*%b*x"4 + 1/4xb”
3*%x"4 + 3/2xaxbxcxx”4 + a*b”"2%x"3 + a"2xcxx~3 + 3/2*%a"2*b*x"2 + a~3*x
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Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.94

a®  2ab? N ac? +@
3 3 3 3

/(a+bx+cx2+bx3—|—am4)3 dzx = z° (—+

L (3a3 N 6 a b? N 3ac? N 3b2c>
) ) ) )
b (6a20+6ab2+6620+£) +a3x+a3x13
7 7 7 7 13
3a%bz? +a2bx12 +bx6(2a2+2ac+b2+c2)
2 4 2
3bx8(2a?+2ac+ b + %)
+ 8

11 (32
+azd (b2+ac)+3ax (11—|—ac)

bzt (3a’+6ca+b?) bx®(3a’+6ca+b?)
1 * 10

inputLint((a + b*x + a*x"4 + b*x"3 + c*x72)73,x) J

x"9* ((2*axb~2)/3 + (a*c™2)/3 + (b"2*c)/3 + a~3/3) + x~5*%((6*a*xb~2)/5 + (3%
a*c~2)/5 + (3*%b~2*c)/5 + (3*%a~3)/5) + x"T*((6*%axb”2)/7 + (6%a~2*c)/7 + (6%

b~2%c) /7 + c~3/7) + a"3*x + (a”3*%x713)/13 + (3*a”2*%b*x"2)/2 + (2" 2%b*x"12)
/4 + (b*x"6%x(2%axc + 2*a~2 + b™2 + c72))/2 + (3xb*x"8*(2*axc + 2*%a"2 + b~2
+ ¢72))/8 + a*x"3x(a*c + b"2) + (3*axx"11x(axc + b~2))/11 + (b*x"4*(6*a*c
+ 3*a”"2 + b72))/4 + (b*x~10*(6*a*c + 3*a™2 + b~2))/10

output

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.23

/ (a+ bz + ca® + be® + az*)’ dz
_ 2(92400%z"? + 30030ab z' + 32760a%c !0 4 32760a bz + 36036a°b x° 4 72072abc 2 + 12012b°x° 4

. Lint((a*x“4+b*x”3+c*x‘2+b*x+a)”3,x) J
input
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(x*(9240*a**3xx*x12 + 40040*ax*3xx*x*8 + 72072kax*3xx*x*4 + 120120*a**3 + 30
030*ax*2*b*x**x11 + 36036*a*x*2*b*x**x9 + 90090*a*x*2xb*x**7 + 120120*a*x*2xb*x
**5 + 90090*a**2xbxx**3 + 180180*a**2*xbxx + 32760*a*x*2*c*x**x10 + 102960*ax*
*2xckx*xx6 + 120120*%a*x*2kckx**2 + 32760*axbx*2xx**10 + 80080*a*b**2*xx**8 +

102960*a*xbx*2*x**6 + 144144*a*xbx*x2xx**4 + 120120*a*xb**2*xx**2 + 72072*a*b*c
*x*x*x9 + 90090*axbkxcxx**7 + 120120*a*xbxcxx**5 + 180180*a*b*c*x**3 + 40040%a
*Ck*k2xx*x%x8 + T2072*%axck*2*x**4 + 12012xb**3*xx**9 + 45045%b**3*x**7 + 60060
*b**3kx*x*k5 + 30030*b**3*x**3 + 40040%b**2*c*x**8 + 102960*b**2*c*x**6 + 72
072%bx*2xckx*x*4 + 45045xb*Ccx*2xx**7 + 60060*bxc**2*xx**5 + 17160%C**3*x**6)
)/120120

output




output
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3.22 [ (a+ bz + cz? + bz + az?)’ dx

Optimal result . . . . . . . . . . . .. 213]
Mathematica [A] (verified) . . . . . . . . . ... 2131
Rubi [A] (verified) . . . . . . .. . . 214
Maple [A] (verified) . . . . . . . . ... 27151
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 216!
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 216
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 217
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 217
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 218

Optimal result

Integrand size = 22, antiderivative size = 104

/(a+bx+cmz+bx3+ax4)2 dx = a’z + abz? +3(b2+2ac)x + b(a—l—c)

1

+g(2a2+2b2+c)w +—b(a+c)
1 2,.9
?(b2+2ac) + abx +%

\a 2*x+a*b*x‘2+1/3*(2*a*c+b 2)*x‘3+1/2*b*(a+c)*x‘4+1/5*(2*a 2+2%b~2+c”2) *x~
~8+1/9*%a"2*xx"9

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00

/(a+bx+cx2+bx3+ax4)2 dzr = a*z + abr? +3(b2+2ac)az + b(a—l—c)

+ = (2a® +20° + &) 2° —|——b(a+c):1c

2.9
(b2+2ac):c +4abx +%

\Ilb—'O'llr—l
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input‘ Integrate[(a + b*x + c*x”™2 + b*x"3 + a*x"4)"2,x] ‘

‘a"2*x + axb*x"2 + ((b~2 + 2*%axc)*x73)/3 + (b*(a + c)*x"4)/2 + ((2*%a"2 + 2x* \
\b‘2 + c"2)*x75)/5 + (b*(a + c)*x76)/3 + ((b™2 + 2*a*xc)*x"7)/7 + (a*bxx"8)/ \
L4 + (a~2%x~9)/9 J

output

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.091, Rules

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (aw4 +a+brd+br+ c:1:2)2 dz

l 2465

/ (z*(2a® + 20 + %) + a®2® + a® + 2% (2ac + b%) + 2?(2ac + b?) + 2b2°(a + ¢) + 2bz*(a + c) + 2abz” + 2abx
| 2009

1 229 1 1 1
59”5 (2a® 4 2% + ¢*) + % + o’z + ?w7 (2ac + b%) + §x3 (2ac +b%) + gbw6(a +c)+

1 1
Eba:‘l(a +c)+ Zabxs + abz?

. ‘Int[(a + b*x + c*x”2 + b*x~3 + a*x~4)"2,x] ‘
input

\b‘2 + c”2)*x75)/5 + (b*x(a + c)*x76)/3 + ((b"2 + 2*xa*c)*x"7)/7 + (axb*x~8)/

( B
output‘ a"2%x + axb*x”2 + ((b72 + 2xaxc)*x73)/3 + (bx(a + c)*x74)/2 + ((2%a™2 + 2% ‘
4+ (272%x79)/9 |




rule 2009

rule 2465

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] ‘

‘Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘
[Px, x] & GtQ[Expon[Px, x], 2] & !BinomialQ[Px, x] & !TrinomialQ[Px, x |
\] && IGtQ[p, O] ‘

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.97

method result
249 8 2ac+b?)z” 2ab+2bc) x5 2a2+2b%+4c2)z® 2ab+2bc)z4 2ac+b?)z®
default %—I—“bf—i—( 7) + ¢ 6) + = Jo? 4 ( 4) + 3) +abz? + z
a?2® | aba® | (2ac | 0\ 7 o (L1op o 1pa) 06 4 (262 4 2% @) 05 4 (1oh 4 1pe) o

norman &+ +<7+7>x + (3ab+ 3bc) 28 + (2 + 25 + < ) 2° + (Fab + 1bc) z* +
gosper sa?2® + 1aba® + 2z7ac + 10207 + taba® + tbea® + 2a’ad + 2072 + oS + Jabat + 3
risch sa’z® + aba® + 2z"ac + 102" + zaba® + 3bea® + 2a%a® + 20725 + 2cPad + Jabat + 5
parallelrisch | sa®z® + ;abz® + 22"ac + 10" + saba® + 3bea® + 2a%x® + 20725 + tcPad + Jabat + 5

. z(140a%28+315ab z7+360ac £6+180b2 26+ 420ab z°+420bc 2° +504a2 x4 +504b% 5% +252c% 2% +630a 22b-+630bc 23 +840ac 2
orering 560

Lint ((a*xx~4+b*x~3+c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) J

p
\1/9*a‘2*x‘9+1/4*a*b*x‘8+1/7*(2*a*c+b‘2)*x‘7+1/6*(2*a*b+2*b*c)*x‘6+1/5*(2*a
"2+2*b“2+c‘2)*x‘5+1/4*(2*a*b+2*b*c)*x‘4+1/3*(2*a*c+b‘2)*x“3+a*b*x“2+x*a‘2

N
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.92

1 1 1
/ (a+bx—|—cm2 + bx® +am4)2 dz = §a2x9 + Zabxs + - (b2 —|—2ac):c7
1 1
+3 (ab + bc)z® + £ (2a®>+2b° +*)z°

1 1
+ 3 (ab + bc)z* + abx® + 3 (b* + 2ac)z® + o’z

input Lintegrate ((a*x~4+b*x~3+c*x~2+b*x+a) “2,x, algorithm="fricas") J

‘1/9*a“2*x"9 + 1/4*%axb*x~8 + 1/7*x(b"2 + 2*xa*c)*x"7 + 1/3*%(axb + b*c)*x"6 + \
(1/5%(2%a™2 + 2¥b72 + c72)*x"5 + 1/2%(a*b + b¥c)*x™4 + axb¥x"2 + 1/3%(b72 +

2%a*xc)*x~3 + a~2*x

output

J

N

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.03

a’z®

bx® 2 b>
/(a+bx+cx2+bm3+ax4)2 dx=T+a2m+%+abx2+x7- (%C—I—?)

+ g8 a_b+b_c + 0. 2_a2_|_2_b2_|_c_2
3 3 ) ) )

+ 7t a'_b_|_b_c + 2. 2;“04_@
2 2 3 3

.
Lintegrate((a*x**4+b*x**3+c*x**2+b*x+a)**2,x)

-/

input

;
\a**2*x**9/9 + axx2%x + axb¥x**8/4 + axbkx**2 + x¥*k7T*(2xaxc/7 + b**x2/7) + x
\**6*(a*b/3 + bxc/3) + x*k*¥5x(2%a**2/5 + 2xb**2/5 + c*x2/5) + x*k*x4*(axb/2 +
|b¥c/2) + x**3%(2xaxc/3 + b¥2/3)

output

\‘
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Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.07
2 3 4)2 L 29,1 g, Lo 7 L os 1.3
(a+bx+cm + bz’ + az ) dr = —a“z” + —abz® + - b°z' + —c°z° + - bz
9 4 7 5 3
1
+a’z + 30 (12 az® 4+ 15bz* + 20 cz® + 30 bz?)a
1
+35 (10 az® 4+ 12b2® + 15 cz*)b

i 7 6
+ o1 (Gax + 7bx )c

| —

p
inputLintegrate((a*X”4+b*X*3+C*X”2+b*x+a)“2,x, algorithm="maxima"

e

1/9%a”~2%x"9 + 1/4*a*xb*x”8 + 1/7*b"2%x"7 + 1/5%c™2*x"5 + 1/3*b"2*%x~3 + a~2x%
‘X + 1/30%(12*a*x~5 + 15%b*xx"4 + 20*c*x~3 + 30*b*x"2)*a + 1/30*x(10*a*x"6 +
\12*b*x*5 + 15%c*x~4)*b + 1/21%(6%a*xx~7 + Txb*x"6)*c \

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.05

1 1 1 2 1
/ (a+ bz + cz® + ba® +a:c4)2 dx = §a2x9 + L—Labav8 + ?b2x7 + 7acx7 + gabav6

1 2 2 1 1
+ §bcz6 + §a2z5 + 25 b2z® + R Az® + 2 abz?
+ 3 bext + 3 b2z + 3 acz® + abz? + a’x

input ‘ integrate ((a*x~4+b*x~3+c*x~2+b*x+a) ~2,x, algorithm="giac")

p
output‘ 1/9%a”2xx™9 + 1/4xa*bxx~8 + 1/7*b72%x~7 + 2/7*a*c*x”7 + 1/3*a*xb*x~6 + 1/3%
\b*c*x‘e + 2/5%a"2xx"5 + 2/5xb"2xx"5 + 1/5*%c”2*%x"5 + 1/2%axb*x"4 + 1/2%b*c*

.
\x*4 + 1/3%b~2%x~3 + 2/3%akckx~3 + akb*x~2 + a~2%x \
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.89

v 2 b2
/(a+bx+cw2+bx3+ax4)2dx=a2x+x3 (—+£)+x7 (—+ﬂ)

3 3 7 7
+‘7L2369+ac5 2—a2+2—b2+c—2
9 ) ) )
4 6 8
bz (a+c) N bz® (a+c) tabz® 4+ abz
2 3 4
input Lint((a + bkx + akx"4 + b*x"3 + c*x"2)"2,x) J

}a‘z*x + x73*((2%a*c)/3 + b72/3) + x"T*((2*a*c)/7 + b72/7) + (a™2%x79)/9 +
(x"5%((2%a"2)/5 + (2%b72)/5 + c"2/5) + (b¥x"4%(a + c))/2 + (bxx"6x(a + c))/
'3 + a*b*x"2 + (axbxx"8)/4

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.07

(a + bz + cx® + bxd + az4)2 dz

_ 2(140a%2® + 315abz” + 360acz® + 1806%z° + 420ab 2° + 420bc 2° + 504a®z* + 504b%x* + 252c%z* + 6:
= 1260

e A
int ((a*x~4+b*x~3+c*x"~2+b*x+a) ~2,x)

input

N\

Output‘(x*(14o*a**2*x**8 + B04*xa**2*x*k*x4 + 1260%a*x*2 + 315*axbxx**7 + 420%a*b*xx**
‘5 + 630*%a*b*xx**3 + 1260%a*xb*x + 360*a*xc*x**6 + 840*axckx**2 + 180%bk*k2*x*k*
‘6 + 504xb**2xx**4 + 420%bx*2%x**2 + 420%bkcxx**5 + 630%bkc*x**3 + 252%kc**2

‘*x**4))/1260
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3.23 [ (a+ bz + cz® + bx® + az') dx

Optimal result . . . . . . . . . . . . e 219
Mathematica [A] (verified) . . . . . . . . . ... o 27191
Rubi [A] (verified) . . . .. . . ... .. 220
Maple [A] (verified) . . . . . . ... L 221]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 221]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 222
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 223
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 223

Optimal result

Integrand size = 20, antiderivative size = 36

b2 3 b4 5
/(a+bx+cw2+bx3—l—am4) dx=ax+%+%+%+%

output La*x+1/2*b*x*2+1/3*c*x”3+1/4*b*x“4+1/5*a*x”5 J

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00

b2 3 byt 5
/(a+bx+cx2—|—bx3—|—ax4) dx=ax+%+%+%+%

input LIntegrate [a + b*x + c*x™2 + b*x"3 + a*x"4,x] J

-

La*x + (b*x"2)/2 + (c*x~3)/3 + (b*x~4)/4 + (a*x"5)/5

-/

output




input

output

rule 2009
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00,

number of rules _ 0.050, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (aw4 +a+ bz’ + bz + c2?) dz

-/

l 2009
ar® | o bl bt o?
5 4 2 3
)
LInt [a + b*x + c*x™2 + b*x"3 + a*x"4,x]
La*x + (b*x~2)/2 + (c*x~3)/3 + (b*xx~4)/4 + (a*x"5)/5 J

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.81

method result size
gosper za+ 3ba® + jea® + phat + tag® | 29
default za+ tba? + tea® + ot + Lax® | 29
norman za+ 3bx® + ca® + shat + tas® | 29
risch za+ 3bx? + ca® + shat + tas® | 29
parallelrisch | za + 3bx® + gzca® + ;ba* + 2az® | 29
parts za+ 3ba® + tca® + jbat + Laa® | 29
orering z(12a z*+15b z3—g%00z2+30bz+60a) 30

input Lint (a*x"~4+b*x"~3+c*x"2+b*x+a,x,method=_RETURNVERBOSE)

-

output Lx*a‘"1/2*b*XA2+1/3*c*x‘3+1/4*b*x"4+1/5*a*x*5

-/

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

1 1 1 1
/(a+bx+cw2+bx3+ax4) dmzgax5+sz4+§cx3+§bx2+ax

input Lintegrate (a*XA4+b*XA3+C*XA2+b*x+a’ X, algorithm="fricas ")

outputL1/5*a*X 5 + 1/4%b¥x~4 + 1/3%c*x~3 + 1/2%b*x"2 + a*x
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.81

az’® bzt  bx?  cx®

2 3 4 _ az’ bzt ba? oo’
/(a+bx+cm + bz’ + az?) dz = tart o+ -+

. Lintegrate(a*x**4+b*x**3+c*x**2+b*x+a,x)
input

output La*x**5/5 + a*x + bxx¥*4/4 + bkx*x*2/2 + cxx**3/3

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

1 1 1 1
/(a+bx+cx2+bx3+ax4) dx:gax5+1bx4+§cax3+§bx2+ax

input Lintegrate (a*XA4+b*XA3+C*xA2+b*X+a, X, algOIithm="maxima" )

output ‘\1/5*8‘*}‘*5 + 1/4%bxx~4 + 1/3%c*x”3 + 1/2%b*x~2 + a*x

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

1 1 1 1
/(a+bx+cx2+b:c3+a:v4) dzzgaz5+1bz4+§cx3+§bz2+ax

input‘ integrate (a*x"4+b*x~3+c*x"2+b*x+a,x, algorithm="giac")

Output‘ 1/5%a*x~5 + 1/4*%bxx~4 + 1/3%c*x"3 + 1/2%b*x"2 + a*x
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

5 b 4 3 b 2
/(a+bx+cx2+bx3+ax4) dxza; + I +c§ + ; taz

. Lint(a + bxx + a*x"4 + b*x"3 + c*x"2,x)
input

output La*x + (a*xx75)/5 + (b*x"2)/2 + (b*x"4)/4 + (c*x"3)/3

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.81

_ z(12az" 4 15b 2> + 20c 2? + 30bz + 60a)
B 60

/ (a+ bz + cx?® + bz + ax4) dz

input | int (a%x"4+b¥x"3+cxx"2+b*x+a,X)

outputt(x*(12*a*x**4 + 60*a + 15%b*xx**3 + 30*b*x + 20*c*x**2))/60
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1

3.24 f a+bxr+cr?+br3+axt dz

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ... 2271
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [F(-1)] . . . o 228]
Maxima [F] . . . . . . 228
Giac [F] . . . o o 228
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 229
Reduce [F] . . . . . o 2291

Optimal result

Integrand size = 22, antiderivative size = 407

1
d
/a+bx+cw2+bx3+ax4 v

(b— Vv/8a? + b? — 4ac) arctan

b—+8a?+b2—4ac+4ax

V2, /4a2+42ac—b (b—\/ 8a2+b2 —4ac)

(b+ v/8a? + b% — 4ac) arctan

V2v/8a% + b2 — 4ac\/4a2 + 2ac — b (b — v/8a? + b* — 4ac)

b+v8a2+b%—4act4ax

V2, /4a2+2ac—b (b—i-\/ 8a2+b2 —4ac)

+

V2v/8a? + b2 — 4ac\/4ar,2 + 2ac — b (b+ v/8a? + b* — 4ac)

log (2a + bz — v/8a? + b — 4acz + 2az?)

24/8a? + b2 — 4ac

log (2a + bz + v/8a? + b% — dacz + 2az?)

2v/8a? + b2 — 4ac
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-1/2*%(b-(8*a~2-4*a*xc+b~2) ~(1/2)) *arctan(1/2* (b-(8*a~2-4*xa*c+b~2) ~(1/2) +4*a
*x) %27 (1/2) / (4*a~2+2*xaxc-b*x (b- (8*a~2-4*axc+b~2) ~(1/2)))~(1/2))*2~(1/2) / (8%
a~2-4*axc+b~2) " (1/2)/ (4*a~2+2*a*c-b* (b-(8*a~2-4*xaxc+b~2)~(1/2)))~(1/2)+1/2
* (b+(8*a~2-4*axc+b~2) " (1/2))*arctan(1/2*x(b+(8*a~2-4*a*c+b~2) ~(1/2) +4d*ax*xx) *
27(1/2)/ (4*a~2+2xa*xc-b* (b+(8*a~2-4*axc+b~2) ~(1/2)))~(1/2))*2~(1/2) / (8*xa~2-
dxaxc+b”2) " (1/2) / (4*a~2+2*xa*xc—b* (b+(8*a~2-4*a*c+b~2)~(1/2)))~(1/2)-1/2*1n(
2xa+bxx- (8*a~2-4*a*c+b~2) " (1/2) *x+2*a*xx"2) / (8*xa~2-4*axc+b~2) ~(1/2)+1/2*1n(
2%a+b*xx+ (8*a~2-4*xa*xc+b~2) " (1/2) *x+2*a*x"2) / (8*a~2-4*axc+b~2) ~(1/2)

output

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.14

1
= 1 12 1°
/a+b:c+cx2+bx3+aw4dx RootSum |a + b#1 + c#1° + b#
+ a4k, log(z - #21) ;
b+ 2c#1 + 3b#1° + 4da+#1

e A
Integrate[(a + b*x + c*x”2 + b*x"~3 + a*xx"4)"(-1),x]

N J

input

output‘ROOtsum[a + b*#1 + cx#172 + bx#173 + ax#174 & , Loglx - #11/(b + 2xcx#1 +
\3*b*#1*2 + 4xax#1°3) & ]

Rubi [A] (verified)

Time = 1.23 (sec) , antiderivative size = 414, normalized size of antiderivative = 1.02,

number of rules _ 0.091, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/ax4+a+bx3+bx+cw2 v
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l 2492
a (b+2ax+\/ 8a? —4ca+b2) a (b+2az—\/ 8a? —4ca+b2> d
f V8a2—4ca+b2 <2a:c2+ (b—{—v 8a2 —4ca+b2) z+2a> B v8a2—4ca+b2 (2aw2+ (b—\/ 8a? —4ca+b2) z+2a> T
a
l 2009
a(b—\/ 8a2—4ac+b2) arctan —/8a?—dactb?+daz+b a(\/ 8a2—4ac+b? +b> arctan V8a®—dactb?+daztb
\/5\/717 (bf V4 8a2 74ac+b2) +4a2+2ac ﬁ\/fb(\/ 8a2 74ac+b2+b) +4a2+2ac
V2v/8a2—4ac+b2 \/—b (b—\/ 8a? —4ac+b2> +4a2+42ac V2v/8aZ—4ac+b2 \/—b <\/ 8a2—4ac+b? +b> +4a2+42ac
a
/ N
input\Int[(a + b*x + c*x”2 + b*x~3 + a*x~4)"(-1),x] |
output (-((a*(b - Sqrt[8+a”2 + b2 - 4*axc])*ArcTan[(b - Sqrt[8*a”2 + b2 - 4xaxc

] + 4xaxx)/(Sqrt[2]*Sqrt[4*a~2 + 2%a*c - b*(b - Sqrt[8*a~2 + b~2 - 4x*a*c])
1)1)/(Sqrt[2]1#Sqrt [8*a~2 + b~2 - 4*a*xc]l*Sqrt[4*a~2 + 2*axc - b*(b - Sqrt[8
*a"2 + b~2 - 4*axc])])) + (ax(b + Sqrt[8*a”2 + b~2 - 4xa*c])*ArcTan[(b + S
qrt[8*a”2 + b~2 - 4xaxc] + 4*a*x)/(Sqrt[2]*Sqrt[4*a~2 + 2*a*c - b*(b + Sqr
t[8*a~2 + b~2 - 4xaxc])])])/(Sqrt[2]*Sqrt[8*a~2 + b~2 - 4*axc]*Sqrt[4*a”2

+ 2xaxc - bx(b + Sqrt[8*a”2 + b~2 - 4xaxc])]) - (a*Log[2*a + (b - Sqrt[8*a
2 + b72 - 4*axc])xx + 2*xaxx"2])/(2*%Sqrt[8*a~2 + b"2 - 4*a*xc]) + (axLogl[2*
a + (b + Sqrt[8*%a~2 + b~2 - 4*a*c]l)*x + 2%axx"2])/(2*Sqrt[8*a~2 + b~2 - 4x
axcl))/a

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

A >

Int[(Px_.)*((a_) + (b_)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex*(
(b™2 - 4xaxc)/a) + 8xaxdx(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrt[ex((p”

2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2%e))*x + x"2)7p, x]1, x], x] /; FreeQl[{a, b,
c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, O] && EqQ[a*d~2 - b~2*e, 0]

rule 2492




input L
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Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.18 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.13

method | result
isch ln(m—_R)
T1SC. 3 2
_ R=RootOf(a_7*+b._B+_Peth_z+a) Tt at3 R'b+2_ Retd
2( 8v/8a2—4ac+b2 a?—41/8a2—4ac+b2 ac+b?v/8aZ—dac+b2+8baZ —dabc+b
(16&3—8a20+2b2a) 1n(2a+bm+\/8a2—4ac+b2 z+2az2)+ < + + + \/ S +
4a
8a2+4a.
default | 4a ; V/8a2+
4(8a2—4ac+b?)2a
int (1/ (a*xx"4+b*x~3+c*x”2+b*x+a) ,x ,method=_RETURNVERBOSE) J

output SUm(1/ (4% R3%at3x_R"2+b+2%_Rc+b)*ln(x-_R), R=RootOf (_Z™4*a+_Z"34b+_Z"2¢c

‘+_Z*b+a))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 19.09 (sec) , antiderivative size = 3804183, normalized size of antiderivative =

9346.89
1 .
/ a + bx + cx? + bx3 + azrt dx = Too large to display
input Lintegrate(1/(a*x~4+b*x—~3+c*x-2+b*x+a) ,X, algorithm="fricas") J

output k

Too large to include J
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Sympy [F(-1)]

Timed out.

1
d = T' d t
/ a+ bx + cx? + bx3 + axt X 1med ou

input Lintegrate (1/ (axx**x4+bxx**3+Ckx**2+b*x+a) ,X)

output LTlmed out

Maxima [F]

1 1
dx = d
/a+bm+cx2+bm3+am4 T /ax4+bx3+cx2+b:c+a v

input Lintegrate (1/ (a*x"4+b*x~3+c*x"2+b*x+a) ,x, algorithm="maxima")

output Lintegrate(l/(a*x‘zl + b*x"3 + c*x"2 + bxx + a), x)

Giac [F]

1 1
dr = d
/a+bx+cw2+bx3+ax4 o /ax4+bx3+cx2+bx+a v

input Lintegrate (1/ (a*XA4+b*xA3+C*x‘2+b*x+a) ,X, algorithm="giac ||)

output Lintegrate(l/(a*x‘zi + b*x"3 + c*x”2 + bxx + a), x)




CHAPTER 3. LISTING OF INTEGRALS 229

Mupad [B] (verification not implemented)

Time = 23.27 (sec) , antiderivative size = 4180, normalized size of antiderivative =
10.27

1 .
/ a+ bz + cx? + b3 + azt dx = Too large to display

input‘int(l/(a + b*x + a*x"4 + b*xx"3 + c*x"2),x)

symsum(log(-root (36*a*b~4*c*z"4 - 80*a~2*b~2xc”~2xz"4 + 288*a”3*b”"2xc*z"4 -
8xa*b"2*%Cc"3%z74 - 128*a”4*CcT2*%z74 + 16%a"2%c”"4*xz"4 - 192*%a”4xb"2%z"4 - 60
*a"2¥%b74%z"4 - 4xb"6*%xz"4 + 256*%a"6%z"4 + bT4*cT2%z"4 - 14¥a*xb"2*cxz"2 - b~
2%CcT2%xz72 + 24*%a”2%b"2%z"2 — 16%a”3kc*xz"2 + 4kaxc”3%z72 + 3%b74*z72 - 4xax
bxc*z + 8%xa~2xb*z + b~3%z + a2, z, k)*ax(axb + 16*root(36*a*b~4*xcxz"4 - 8
0*a~2*%b~2*%c™2%z"4 + 288%a~3*b"2%c*xz"4 - 8*ax*b"2*%c”"3%z"4 - 128%a”4*c”2xz"4
+ 16*%a”2*%c"4*z"4 - 192*%a"4*b"2*%z"4 - 60*%a"2%¥b"4*z"4 - 4%b"6%z"4 + 256%a”6%
Z"4 + bT4xcT2%z"4 — 14%axb"2%c*z"2 — bT2%xcT2%z"2 + 24*%a”2*%b"2*%z"2 - 16*a”3
*Cc*z"2 + 4xakxc"3%z"2 + 3*%b"4%xz"2 - 4*axbxc*z + 8*%a"2%b*xz + b"3*%z + a”2, z,
k)*a~3 + 4*a”2*x + 6*root(36xaxb~4*xc*z"4 - 80*a”2%b"2*%c"2*xz"4 + 288*a”3*b
T2%c*z74 - 8%a¥bT2*%c"3%z74 - 128*%a"4*cT2*%z74 + 16*a"2*%cT4%z74 - 192%a”4*b”
2%xz"4 — 60*%a"2*%b"4*z"4 - 4%b"6%z74 + 256*%a"6*%z74 + bT4*cT2*%z"4 - 14kaxb”2x%
C*z"2 — bT2%cT2%z"2 + 24*%a”2*%b"2*%z"2 - 16*%a"3*c*xz"2 + 4*axc”3%z72 + 3xb"4x*
Z"2 - 4xaxbkc*z + 8%a~2xbxz + b"3%z + a”2, z, k) 2*a*b~3 + 48*root(36*a*b”
4xcxz~4 - 80*%a~2%¥b"2*%c"2*xz"4 + 288*%a~3*b"2*c*xz"4 - 8*axb"2x%c"3*z"4 - 128*a
T4xcT2%z"4 + 16*%a"2%c"4*z74 - 192%a"4*b"2%z"4 - 60*%a"2%¥b"4%z74 - 4%b"6%z"4
+ 256%a"6%z"4 + bT4*%c”2%z"4 - 14*%axbT2*c*xz"2 — bT2xcT2%xz"2 + 24*%a”2%b"2*z
T2 - 16*%a”3%c*z72 + 4*xa*xc”3*%z72 + 3%b74%z72 - 4xaxbkxc*z + 8*%a"2%bxz + b~3x%
Zz + a”2, z, k)"2*%a"3*b - root(36*a*b”4*c*z"4 - 80*a~2xb~2xc"2*z"4 + 288*a”
3%xb"2%c*z"4 - 8*%a*bT2*%Cc"3%z74 - 128*a"4*cT2*%z74 + 16%a"2%cT4%z74 - 192%. ..

output

Reduce [F]

1 1
dz = d
/a+ﬁx+mﬂ+hﬁ+mﬁiﬂ /axL+Mﬁ+cﬂ+$x+am

-

inputtint(l/(a*x 4+b*x"3+c*xx"2+b*x+a) ,x)

| —
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output Lln‘t(l/(a*x**‘! + a + b*x**3 + b*xx + C*xxX**2),X)
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3.25 [ : L > dz

a+bx+cx2+bx3+aa:4)

Optimalresult . . . . .. .. ... . . ..
Mathematica [C] (verified) . . . . . . ... ... ... L Lo
Rubi [A] (verified) . . . . . . ... ..
Maple [C] (verified) . . . . . . . . . ..
Fricas [F(-1)] . . . .«
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . . .
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . . ... ... ... .......
Reduce [F] . . . . . o o

Optimal result

Integrand size = 22, antiderivative size = 1080

1
/ 5 dr = Too large to display
(a + bx + cx? + bx3 + azx?)
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(-12%a~2xb+2* (3*b~2-c~2) * (b+(8*a~2-4*a*xc+b~2) ~(1/2) ) -2*a*c* (b+2* (8*xa~2-4*a
*Cc+b~2) ~(1/2) ) +4*a* (3*b"2-c* (2*a+c)) *x) /a/ (2*a-2*b+c) / (2*a+2*b+c) / (8*a~2-4
*axc+b~2) / (2+(b+(8*%a~2-4*a*c+b~2) ~(1/2) ) *x/a+2*x"2) -4* (b~ 2-2*a*c-b* (8*xa”~2-
dxaxc+b~2) " (1/2)+a* (b-(8*a~2-4*a*xc+b~2) ~(1/2))*x) /a/ (8*a~2-4*a*xc+b~2) "~ (1/2
)/ (4*%a~2+2*xa*xc-b* (b-(8*a~2-4*a*xc+b~2) ~(1/2)))/(2+(b-(8*a~2-4*a*c+b~2) ~(1/2
)) *x/a+2*x"2) / (2+ (b+(8*a~2-4*axc+b~2) ~(1/2) ) *x/a+2+x"2) -4%2~ (1/2) *a~2* (c* (
4xb~2-c”2) * (b-(8%a~2-4*a*xc+b~2) ~(1/2) ) +4*a~2*c* (2*b-(8*a~2-4*a*c+b~2) ~(1/2
))+12*%a” 3% (3*%b-(8*a~2-4*axc+b~2) ~(1/2) ) -a* (18%b~3-b*c~2-6*b~2* (8*a~2-4*a*c
+b72) " (1/2) -3%c~ 2% (8*a~2-4*a*xc+b~2) ~(1/2)))*arctan (1/2* (b- (8*a~2-4*a*c+b~2
) (1/2) +4*axx) %27 (1/2) / (4*%a~2+2*xaxc-b* (b- (8*a~2-4*axc+b~2) ~(1/2)))~(1/2))/
(8*a~2-4xaxc+b~2)~(3/2)/ (4*a~2+2*a*xc-b* (b- (8*a~2-4*a*c+b~2)~(1/2)))~(3/2)/
(4xa~2+2xa*xc-b* (b+(8*a~2-4*a*xc+b~2) ~(1/2)))+4*27 (1/2) *a"2* (c* (4*%b~2-c~2) *(
b+ (8*a”~2-4*a*xc+b~2) " (1/2) ) +4*a”~2xc* (2*b+(8*a~2-4*a*c+b~2) ~(1/2) ) +12*a~3* (3
*b+(8*%a~2-4*a*c+b~2) ~(1/2) ) —a*x (18*%b~3-b*c~2+6*b~2* (8*a~2-4*a*xc+b~2) ~(1/2) +
3kc~2x (8*a~2-4*xaxc+b~2) ~(1/2)))*arctan(1/2* (b+(8*xa~2-4*a*xc+b~2) " (1/2) +4*a*
x)*27(1/2)/ (4%a~2+2*a*c-b* (b+(8*a~2-4*a*c+b~2)~(1/2)))~(1/2))/ (8*a~2-4*a*c
+b~2) " (3/2) / (4*a~2+2xaxc—b* (b—(8*%a~2-4*a*c+b~2) ~(1/2)) )/ (4*a~2+2*a*c-b* (b+
(8%a~2-4xaxc+b~2) ~(1/2)))~(3/2)-(3*%a-c)*1n(2*a+(b- (8*a~2-4*a*xc+b~2) ~(1/2))
*xx+2%a*xx~2) / (8*a~2-4*a*xc+b~2) " (3/2)+(3*a-c) *1n(2*a+(b+(8*a~2-4*a*c+b~2) " (1
/2) ) *x+2%a*xx"2) / (8*a~2-4*a*xc+b”2) " (3/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.65 (sec) , antiderivative size = 460, normalized size of antiderivative = 0.43

1

(a4 bz + cx? + bad + axt)?
_ 8aPz 4 Tb’cx — 2%z — b (1 + 22°) + b (4 + 622) + a?(b(2 — 62%) — dex(—1 4+ 22)) + a(—2¢%x(2 + 2°)
B (8a2 4 b% — 4ac) (4a% — 402 + 4ac+ c2) (z (b+ cx + b2?) + a (1 + 24))

2RootSum |:CL + b#l + 6#12 + b#13 + a#14&’ 12a3 log(ar,'—f,'é,'él)—Qab2 log(w—#1)+6a20log(z—#1)+4b2clog(z—#1

32a% —

dx

+

inputtlntegrate[(a + bxx + c*x"2 + b*x"3 + a*x"4)"(-2),x] J
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(8%a~3*x + T*b"2xc*xx — 2%c™3%x - bxc™2*(1 + 2*x"2) + b~3*%(4 + 6*x72) + a™2
*(b*x(2 - 6*%x72) - 4xckx*k (-1 + x72)) + ax(-2*%c™2*x*(2 + x72) - b*cx(5 + 3*x
~2) + b72x(-8*x + 6*%x73)))/((8%a"2 + b"2 - 4*akc)*(4*a”2 - 4%b"2 + 4xaxc +
c”2)*(xx(b + c*x + b*x"2) + ax(1 + x74))) + (2*%RootSum[a + b*#1 + c*#1°2
+ b*#173 + a*#174 & , (12xa~3xLoglx - #1] - 9xaxb~2xLog[x - #1] + 6%a~2xc*
Loglx - #1] + 4xb~2xcxLogl[x - #1] - 2%axc™2xLoglx - #1] - c~3*Loglx - #1]
- 6xa”2*bxLog[x - #1]x#1 + 3%b~3*Logl[x - #1]*#1 - ax*bxcxLogl[x - #1]*#1 - b
xc"2xLog[x - #1]*#1 + 3%a*b™2*Logl[x - #1]*#172 - 2xa~2*c*Loglx - #1]*#172
- axc™2xLoglx - #1]1*#172)/(b + 2*xc*#1 + 3*bx#172 + 4xa*#173) & ]1)/(32xa"4
- 4xb™4 + 16%a”"3xc + b"2xc”2 - 4*xa~2*(7*¥b"2 + 2xc”2) + 4*ax(5kb"2xc - c”3)
)

output

Rubi [A] (verified)

Time = 4.86 (sec) , antiderivative size = 1135, normalized size of antiderivative = 1.05,

number of rules _
integrand size 0.091, Rules

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
dz
/ (azt + a + bad + bz + cx?)?

l 2492

2(4ab—cb+2a(3a—c)z—(3a—c)\/m) a? 2(c<b+\/m> —a<4b+3\/m> —20,(311—0):1;) a? 2(2(12—
f - 3/2 3/2 +
(8a2—4ca+b?) <2ax2+ (b—\/m> z+2a> (8a2—4ca+b2)3/ (2aw2+ (b—}—\/m) x+2a) (8

l 2009

2v2 <b2 —/8a2 —4ca+62b—2ac) arctan btdaz—/8a2—4catb? a3 2v2 <b2 +1/8a2 —4ca+62b—2ac) arctan | ——btdez+V8a V/8a?
\/5\/4a2+2ca—b(b—\/8a2—4ca+b2) V2, /4a2+2ca—b(b+

3/2
(8a2—4ca+b2) (4a2+2ca—b (b—\/ 8a? —4ca+b2) ) / (8a2—4ca+b2) <4a2+2ca,—b (b—i—\/ 8a2—4ca+b?

inputl Int[(a + b*x + ckx™2 + b*x"3 + a*x"4)"(-2),x]




output
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((-2%a"2x((b - Sqrt[8*a~2 + b~2 - 4*a*c])*(2xa”2 + 2xaxc - bx(b - Sqrt[8*a

"2 + b72 - 4*axc])) - 2xa*(b"2 - 2xaxc - bxSqrt[8+a”2 + b~2 - 4xaxc])*x))/
((8xa~2 + b~2 - 4*axc)*(16xa"2 - (b - Sqrt[8*a”2 + b~2 - 4*axc]) 2)*(2xa +
(b - Sqrt[8*a~2 + b™2 - 4*a*c])*x + 2*a*xx"2)) - (2*a~2*((b + Sqrt[8*a~2 +
b~2 - 4xaxc])*(2*%a"2 + 2%a*xc - b*(b + Sqrt[8*a”2 + b2 - 4xa*xc])) - 2xax(
b2 - 2xa*c + b*Sqrt[8*a”2 + b2 - 4xa*xc])*x))/((8%¥a"2 + b~2 - 4x*a*c)*(16x%
a2 - (b + Sqrt[8*a~2 + b™2 - 4xa*c])~2)*(2*a + (b + Sqrt[8*a"2 + b~2 - 4%
axc])*x + 2xaxx”2)) + (2xSqrt[2]*a~3*(b~2 - 2*axc - b*Sqrt[8+¥a”2 + b™2 - 4
*xaxc])*ArcTan[(b - Sqrt[8+a”2 + b~2 - 4*axc] + 4xaxx)/(Sqrt[2]*Sqrt[4*a~2
+ 2xaxc - bx(b - Sqrt[8+a”2 + ™2 - 4*axc])]1)]1)/((8*a~2 + b~2 - 4xa*c)*(4*
a"2 + 2xaxc - bx(b - Sqrt[8*a”2 + b~2 - 4*a*c]))~(3/2)) - (Sqrt[2]*a~2*(5*
axb - b*c - (3*a - c)*Sqrt[8+*a”2 + b~2 - 4xaxc])*ArcTan[(b - Sqrt[8+a~2 +
b~2 - 4xaxc] + 4*axx)/(Sqrt[2]*Sqrt[4*a”2 + 2%a*c - b*(b - Sqrt[8*a~2 + b~
2 - 4xaxc])])]1)/((8*a”2 + b~2 - 4xaxc)~(3/2)*Sqrt[4*a~2 + 2*xa*c - bx(b - S
qrt[8*a”2 + b2 - 4xa*c])]) + (2xSqrt[2]*a~3*(b"2 - 2*axc + bxSqrt[8*a~2 +
b~2 - 4xaxc])*ArcTan[(b + Sqrt[8*a~2 + b~2 - 4xaxc] + 4*a*x)/(Sqrt[2]*Sqr
t[4*a~2 + 2%axc - bx(b + Sqrt[8*a~2 + b~2 - 4*xa*xc])])])/((8*a"2 + b2 - 4%
axc)*(4xa~2 + 2*axc - bx(b + Sqrt[8*a”2 + b~2 - 4xa*c]))~(3/2)) - (Sqrt[2]
*a~2%(cx(b + Sqrt[8*a~2 + b~2 - 4xaxc]) - a*(5*b + 3*Sqrt[8*a”2 + b~2 - 4x
a*c]))*ArcTan[(b + Sqrt[8*a~2 + b~2 - 4*axc] + 4*axx)/(Sqrt[2]*Sqrt[4*a...

e

Defintions of rubi rules used

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2492

~—

Int[(Px_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*x(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex*(
(b™2 - 4xaxc)/a) + 8xaxdx(e/b)])/(2*e))*x + x~2) p*(b/d + ((d - Sqrt[ex((v”

2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2%e))*x + x"2)7p, x]1, x], x] /; FreeQl[{a, b,
c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d~2 - b~2*e, 0]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.94 (sec) , antiderivative size = 525, normalized size of antiderivative = 0.49

method | result

2a 2ac—3b2+02)m3 (6a2+3ac—6b2+2c2 b:1:2 8a3+4a2c—8b2a—4a c2+7c b2—203)z b(2a:
- - + +
. h (8a2—4ac+b2) (4a2+4ac—4b2+c2) (4a2+4ac—4b2+52) (8&2—4ac+b2) (8&2—4ac+b2) (4a2+4ac—4b2+62) 32a4+16a30—28a2b2—
T1sC azt+br3+cx2+bz+a

default | Expression too large to display

-

Lint (1/ (a*x~4+b*x~3+c*x~2+b*x+a) “2,x ,method=_RETURNVERBOSE)

-/

input

(-2xa* (2xa*c-3*b~2+c"2) / (8*xa~2-4*a*xc+b~2) / (4*a~2+4*axc-4*b~2+c~2) *x~3-(6*a
~2+3%axc-6%b"2+2%c~2) *b/ (4*a~2+4*axc-4*b~2+c~2) / (8*a~2-4*a*xc+b~2) *x~2+(8*a
“3+4xa”2xCc-8*%axb"2-4*axc”2+7*b"2*c-2%c”3) / (8*xa"2-4*axc+b”2) / (4xa"2+4*axc-4
*b~2+c72) *x+b* (2%a"~2-5*a*c+4*xb"2-c”~2) / (32*a"4+16%a " 3*xc-28*a~2*b"2-8*a"2*c”
2+20*a*b~2xc-4*axc~3-4*xb"4+b"2%c"2) ) / (a*x~4+b*x~3+c*x"2+b*x+a) +2*sum ( (-a* (
2*axc-3%b~2+c”2) / (8*a~2-4*axc+b”2) / (4*a~2+4*a*c-4*xb~2+c”2) *_R"2-b* (6*a”2+a
*Cc—3%b~2+c”2) / (8*a~2-4*a*c+b”2) / (4xa”2+4*xakc—-4xb~2+c~2) *_R+(12*a~3+6%a"2*c
-9*axb~2-2*axc”2+4*b"2*c-c~3) / (8*a~2-4*a*c+b”2) / (4*a~2+4*a*c—4*b"2+c"2) ) /(
4% R™3*a+3*_R™2*b+2*_R*c+b)*1n(x-_R), _R=Root0f (_Z~4*a+_Z  3*b+_Z 2%c+_Z*b+a

))

output

Fricas [F(-1)]

Timed out.
1

(a4 bz + cx? + bad + axt)®

dzxr = Timed out

input Lintegrate (1/ (a*xx~4+b*x~3+c*x~2+b*x+a) “2,x, algorithm="fricas") J

output LTimed out J
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Sympy [F(-1)]

-

Timed out.
1
5 dz = Timed out
(a+ bx + cx? + bx3 + ax?)
p
inputLintegrate(1/(a*x**4+b*x**3+c*x**2+b*x+a)**2,x)
OutputLTimed out
Maxima [F]

1 d b/“ 1 d
T = T
(a + bx + cx? + bad + azt)? (az* + bad + ca? + bz + a)’

-

inputLintegrate(1/(a*XA4+b*XA3+C*XA2+b*X+a)A2,X, algorithm="maxima")

~—

(2% (3*a*xb”™2 - 2*a”2*c — a*c~2)*x"3 + 2*a~2*b + 4*b~3 - H*axbkc - b*c"2 - (
6*%a~2*%b - 6*b~3 + 3*axbxc + 2xb*c"2)*x"2 + (8%a~3 - 8*axb”"2 - 4*a*c”2 - 2%
c™3 + (4xa~2 + T*b~2)*c)*x)/(32*xa"5 - 28*a~3*b"2 - 4*axb”4 - 4xa~2*c”3 + (
32%a~5 - 28%a”~3%b"2 - 4xa*b~4 - 4*a”~2%c”3 - (8*a~3 - a*b~2)*c”2 + 4x(4xa"4
+ 5%a”2%b"2)*c)*x~4 + (32*%a”4*b - 28%a”2%b~3 - 4xb~5 - 4*axb*c”3 - (8*a~2
*b - b73)*c"2 + 4% (4*a”3%b + S5*a*b"3)*c)*x"3 - (8*%a~3 - a*b"2)*c”2 - (4*xax
c”4 + (8*xa"2 - b72)*c"3 - 4%(4%a~3 + bxaxb"2)*c"2 - 4%(8%a"4 - Txa"2xb"2 -
b~4)*c)*x"2 + 4%(4*a~4 + 5*%a”~2xb"2)*c + (32*xa~4*b - 28*a~2%b"3 - 4%b"5 -
4xaxbxc”3 - (8*%a~2%b - b~3)*c”2 + 4x(4*a”3%b + Bka*b~3)*c)*x) - 2*integrat
e(-(12*%a~3 - 9*axb™2 - 2*a*c”2 - c~3 + (3*a*b”2 - 2*a~2kc - akc”"2)*x"2 + 2
*(3*%a”2 + 2+%b"2)*kc - (6*a”2*xb - 3*b"3 + axb*c + b*c"2)*x)/(a*xx"4 + b*x"3 +
c*x"2 + bxx + a), x)/(32%a"4 - 28*a"2*b"2 - 4%b”4 - 4xa*c”3 - (8*xa"2 - b~
2)*c™2 + 4% (4*a”~3 + 5*xaxb~2)*c)

output
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Giac [F]

1 d / 1 d
T = T
(a + bz + cx? + bad + azt)? (azt + bad + ca? + bz + a)’

inputLintegrate(1/(a*x‘4+b*x‘3+c*x*2+b*x+a)*Q’X, algorithm="giac")

output Lintegrate((a*x"él + b*x~3 + c*x”2 + b*x + a)~(-2), x)

Mupad [B] (verification not implemented)

Time = 23.47 (sec) , antiderivative size = 12699, normalized size of antiderivative =
11.76

1
/ 5 dz = Too large to display
(a + bx + cx? + bx3 + azx?)

input Lint(l/(a + bxx + a*x™4 + b*x"3 + c*x"2)"2,x)




output

input
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symsum(log((576*%a~8%c + 216*%a”~5*b~4 - 40%a~5xc~4 - 80*a~6%c”3 + 288*a”~7*c”
2 - T72xa"4xb~4xc - 720%a"6*b~2%c + 16*a~4*b~2%c~3 + 216*a~5xb~2xc~2) /(4096
*a"9%c + 8192%a~10 + 16%b~10 + 352*%a”2*%b~8 + 2320*a~4*b~6 + 2432*%a~6*b~4 -

13312%a”8%b"2 - 64*a”~3*c”7 - 128%a”4*c”6 + T68*a"bxc”5 + 1536*a"6*c”4 - 3
072%xa”7*c™3 - 6144*a”8*c”™2 + b"6*%c™4 - 8*b~8%c”2 - 12%axb"4*c”5 + 104*a*b”
6xc”3 - 3424*a”3xb"6%c - 11712%a"5xb"4*c + 11264*a”7*b"2*c + 48%a”~2%b"2*xc”
6 - 456%a”~2%b"4*c”4 + 984*a~2%b"6%c”2 + 704*a"3%b"2%c”5 - 1120%a”3*b"4*c”3
- 1216%a~4%b"2%c"4 + 9408*a~4*b"4*c”2 - 5632%a”~5xb"2*c”"3 + T424*a”6*b"2%c
"2 - 224xaxb~8xc) - root(1728*a*b~16*c*z"4 + 85131264*a~12%b"4*c"2%z"4 + 6
4880640*a~9%b~6%c"3%z"4 - 58195968*a~13*b"2%c"3%z"4 - 45121536%a~10%b"4*c”
4%z"~4 - 41680896*a”10*b~6*c"2%z"4 - 32870400*a~8%b~8*c"2%z"4 - 32194560*a”
8xb~6xc"4*xz"4 + 22806528%*a~11*%b"2%c"5%z"4 + 22333440*%a”7*xb"8%c”3*z"4 + 220
20096*a~14*b"2%c"2%z"4 + 14843904*a”9*b~4*c”"5*xz"4 - 6828288*a”6*b"10%*c" 2%z
~4 + 5627904*a"8*b"4*c”"6%z"4 - 5076480*a"6*b"8*c"4*z"4 - 4128768*a"9%*b"2*c
“Txz"4 - 3538944*a”10*b"2%c"6%z"4 - 2998272%a"7T*b"4*c"7*z"4 + 2551680%a~5*
b~10*c™3%z"4 + 2359296%a”11%b"4*c"3%z"4 + 2326528*a~6*%b"6*c"6%z"4 + 208896
O0*a~7xb~6xc~b*z"4 + 1572864*a”12%b~2%c"4%z"4 + 835584*a~8*b~2%c"8%z"4 - 58
8048*a”~4*b~12%c"2%z"4 - 536064*a”5xb"8*c"b*z"4 + 319488%a”T*b"2*%c"9*z"4 -
294912%a~b*b"6*c"7*z"4 + 218880*%a”4*b"8*%c"6%*z"4 - 112320%a”4*xb"10%*c"4*z"4

+ 89088*a”5%b"4*c"9%z"4 + 84384*a”3*b"12%c"3%z"4 - 73824%a”3*b"10*c”5*z. ..

Reduce [F]

1 .
/ 5 dr = too large to display
(a + bx + cx? + bx3 + azx?)

-

Lint(1/(a*x“4+b*x‘3+c*x‘2+b*x+a)‘2,x)

-/
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( - 4xint (x**3/(a**x2*xx**8 + 2ka*xxkx**k4d + ax*2 + 2kaxbkxx**7 + 2kaxbkx**x5 +
2xa*xb*x**3 + 2kakxb*x + 2%kakCkx**x6 + kakCkx**2 + bkkkx*kkB + kbkkkxkk4
+ bkk2%xxk*2 + 2¥bkckx*k*k5 + 2kbkckx*k*k3 + ck*kkx**k4) ,x)kakkkx*k*k4d - 4xint (x*
*3/ (a**2*x*x*8 + 2ka*x*xkx**k4 + a*x*x2 + 2kxaxbkx*k*7 + 2kakxbkx**5 + 2kakxbkxx**3
+ 2xaxkxbkx + 2%akckXk*6 + 22kakCkxk*k2 + b¥k*kkx*k*kB + 2kb*kkkx*k*k4 + bkkkxkk
+ 2xbkxckxkk5 + 2¥bkckxk*3 + CRkkx*k*k4) ,x)*kaxx2 - 4dkint (x*x*3/(a**k2xx**8 + 2
*akx*kkx*k*k4d + a*x*k2 + 2kakbkx**7 + 2kakbkxxkx*k5 + 2kaxbkxxkkx3 + 2kaxbkx + 2%akc
*X*k*k6 + 2kakCckxk*2 + bkkkx**k6 + kbkkkxk*k4 + bkkkx*k*x2 + 2kbkckx**k5 + 2%
bxckx**3 + Ckkkx**4) ,X)*axbkxk*x3 — 4*xint (x**3/ (a**k2*x**8 + 2xax*2xx**4 +
a**2 + 2kaxbxx**7 + 2kaxbkxx**5 + 2kaxbkx**3 + 2kaxb*x + 2%akckx**6 + 2%akc
*X*k%2 + bkkkx*kk6 + kbkkkxkk4d + bk*k2kx*k*2 + 2¥bkckx*kk5 + 2kbkckx**3 + C*
*2%x*k*k4) ,x)*axbkx — 4*int (x**3/(a**2xx*k*8 + 2kaxkkx**x4 + a*x*k2 + 2kaxbkxk*
7 + 2%axbxx**x5 + 2%axbkx**3 + 2kakxbkx + 2kakCckx*k*k6 + 2kakCkx*k*k22 + bkkkxk*k
6 + 2xb*x*2%xx*k*4d + b**2kx*k*x2 + 2%bkckx**5 + 2kbkckx**3 + Cckk2kx**4) ,x)*kakc*k
x*%2 — 3xint (x**2/ (a**2*kxx**8 + 2ka**kkx*k*k4 + a**x2 + 2kaxbkxk*k7 + 2kakxbkxk*
5 + 2%axbxx*k*x3 + 2kaxbkx + 2kakckx**k6 + 2kakckxk*2 + bkkkxk*kB6 + 2kbkkkx*k
*4 + bkx2kx**2 + 2xbkckx*k*5 + 2kbkxckxkk3 + cHk*2kxk*k4) ,x)*akbkxkkd - 3kint(
x*%%2/ (a**x2*kx**8 + 2ka*xxkx**k4d + ax*2 + 2kaxbkxxkx7 + 2kaxbkx*kk5 + kakbkxkk
3 + 2%axbxx + 2%akCkx*¥*k6 + 2kakckxk*2 + bkkkx*kk6 + 2kbkkkxkk4d + bkkkxkk
2 + 2%bkckx**5 + 2%bkckx**3 + Ck*2*x**x4) ,x)*axb — 3xint (x**2/ (ax*2kxx**8. ..

output




output
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~

3.26 [ (ab? + b3z + ca? + b*da® + ad?z?)’ dx

Optimal result . . . . . . . . . . . .. 2401
Mathematica [A] (verified) . . . . . . . . . ... 24T]
Rubi [A] (verified) . . . . . . .. . . 247]
Maple [A] (verified) . . . . . . . . ... 243]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 244
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 245
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 240
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 247
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 248]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 249

Optimal result

Integrand size = 34, antiderivative size = 320

/ (ab® + bz + ca? + b2dz® + ad?z?)® dz
= a’b%z + ga2b7x2 + ab*(b* + ac) z° + ib5 (b* + 6ac + 3a°bd) *
+ gzﬁ (bc + ac® + 2ab°d + a®b2d?) ° + %b‘* (¢ + 2abed + b%d(b® + 2a%d) ) 2°
2 (¢4 6B + 6P (B + ) a7 + (¢ + 2abed + (B + 26%d)) o

1 1
+ Zd?(b*c+ ac® + 2ab°d + a®v*d*) ° + —b°d’ (b* + 6ac + 3a’bd) z'°

3 10
3 4 4 11 1 212 315 12 ]' 3 36 .13
+11a(b + ac) d*z +4abdx —|—13adx

a~3*xb"6*x+3/2%a~2*b " T*x" 2+a*xb”"4* (b~ 4+a*c) *x"3+1/4*b"5* (3*a~2xb*d+b~4+6*axc
)*x~4+3/5%b" 2% (a”3*%b"2*%d " 2+2*axb~5xd+b " 4*c+a*c”2) *x"5+1/2xb" 3% (¢~ 2+2*ax*b*c
*d+b~2xd* (2*a~2%d+b"3) ) *x~6+1/7* (c~3+6*a*b~6xd~2+6*b~2*c*d* (a~2*d+b~3) ) kx~
7+3/8%b~2xd* (c™2+2%a*bkcxd+b~2kd* (2%a~2%d+b~3) ) *x~8+1/3*d~2% (a~3%b~2xd~2+2
*a*xb”~5kd+b~4*c+axc™2) *x"9+1/10%b"2*d"3* (3*a"~2*b*d+b~4+6*axc) *x~10+3/11*a*(
b~4+axc) *d"4*x"~11+1/4%a~2xb~2xd"5*x~12+1/13*%a"~3*d"6*x~13
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.00

/ (ab2 + B3z + cx?® + b2dx® + ad2x4)3 dz
1
= b8z + ga2b7x2 + ab*(b* + ac) z° + Zb5 (b* + 6ac + 3a’bd) *
1
+ 262 (b4c + ac® + 2ab%d + a3b2d2) z° + §b3 (02 + 2abcd + b2d(b3 + 2a2d)) z8

+ l(c3 + 6ab’d® + 6b%cd (b® + a’d)) 27 + gb?al(c2 + 2abed + b%d(b® + 24°d) ) 2°

7
1 1
+ gd2 (b'c + ac® + 2ab°d + a®b?d?) z° + 1—0b2d3(b4 + 6ac + 3a°bd) =™
3 1 1
+ ﬁa(b4 + ac) d*z" + Za2b2d5z12 + 1—3a3d6x13
input LIntegrate [(a*xb~2 + b~3*x + c*x~2 + b~2xd*x~3 + a*xd~2*x~4)"3,x] J
output a~3%b~6xx + (3*%a~2%b~7*x"2)/2 + a*b~4x(b~4 + a*xc)*x~3 + (b~5*(b"4 + 6xaxc

+ 3*%a~2*%bxd) *x"4) /4 + (3*xb"2x(b~4*c + axc”2 + 2*kaxb~5xd + a~3*b~2*d"2) *x~5
)/5 + (b"3*(c™2 + 2%axb*c*d + b~2*d*(b~3 + 2*a~2xd))*x"6)/2 + ((c~3 + 6*a*
b"6%d"2 + 6xb~2kc*xd*(b"3 + a~2*d))*x77)/7 + (3*%b”"2xd*(c”2 + 2xa*bxc*d + b~
2%d*x(b~3 + 2*%a~2xd))*x78)/8 + (d"2*x(b~4*c + a*c™2 + 2*axb”~5*d + a~3*b~2*d”
2)*%x79)/3 + (b™2xd"3*(b"4 + 6*a*c + 3*a"2xbxd)*x710)/10 + (3*a*(b~4 + axc)
*d"4*x"11) /11 + (a"2*%b"2*%d"5*x"12)/4 + (a~3*d"6*x~13)/13

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.059, Rules

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (ab2 + ad?z* + ¥z + b2dz® + cnr:z)3 dz
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l 2465

/ (a366 + 3d%a8 (a?’bzd2 + 2ab%d + ac® + b4c) + 3p%zt (a?’bzd2 + 2ab°d + ac® + b4c) + a3d82'? + 36207z + 3a2b°

| 2009
a®vSz + 1d2:1:9 (a?’bzd2 + 2ab%d + ac® + b4c) + gb2x5 (a?’bzd2 + 2ab°d + ac? + b4c) +
1—13a3d6m13+ga2b7m2+ia2b2d5x12+ib‘r’x4 (3a2bd + 6ac + b4) —|—1—10b2d3ac10 (3a2bd + 6ac + b4) +
ngde (b%d(2a%d + b%) + 2abed + *) + %b?’:cs (’d(2a%d + b*) + 2abed + ) +

%aﬂ (6b2cd(a2d + b3) + 6ab%d? + 03) + %ad‘lwll (ac+ b4) + abiz? (ac+ b4)

inputLInt[(a*b 2 + b"3%x + c*x"2 + b 2%d*x~3 + akd~2%x~4)"3,x] J

a~3xb"6*x + (3*a~2%b"T*x"2)/2 + a*b~4x (b4 + a*c)*x”3 + (b~5x(b"4 + 6*axc
+ 3*%a~2*%bxd) *x”4) /4 + (3xb"2x(b~4*c + axc”2 + 2*kaxb~5xd + a”~3*xb~2*d"2)*x~5
)/5 + (b73%(c”2 + 2*xa*xb*cxd + b~ 2xd*(b~3 + 2*a~2+d))*x"6)/2 + ((c™3 + 6*a*
b~6xd"2 + 6*%b~2*c*d*(b"3 + a~2xd))*x"7)/7 + (3*%b"2*d*(c”2 + 2*axbkckd + b~
2%d* (b"3 + 2*xa~2xd))*x78)/8 + (d"2*(b~4*c + axc™2 + 2*a*b~5*%d + a~3*b"2xd”
2)*%x79)/3 + (b™2*xd"3*(b"4 + 6*a*c + 3*a"2xbxd)*x710)/10 + (3*a*(b~4 + axc)
*d"4*x"11) /11 + (a~2*%b"2*%d"5*x"12)/4 + (a~3*d"6*x~13)/13

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

2465 ‘ Int[(u_.)*(Px_)"(p_), x_Symbol] :> Int[ExpandToSum[u, Px"p, x], x] /; PolyQ ‘
\[Px, x] && GtQ[Expon[Px, x], 2] & !'BinomialQ[Px, x] && !TrinomialQ[Px, x
L] && IGtQLp, O] J

rule
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.08

method result

norman @*dal? 4 VP | (3 gptdt + Saled!) 2 + (SbPa’d + 60 + 2abPed?) 210 + (La
gosper a3tz + Sz7bcd + 28aPd?b5 + 3aPadd?bt + SaPd b a + aPa b’ + SxtdbPa® + Satabie +
risch a3tz + Sz7bcd + 28aPd?V° + 2aPadd?bt + SaBd b a + aPa b’ + SxtdbPa® + Satabie +

parallelrisch | a®b%z + S27b5cd + 28a®d®b® + 2a5aPd?b* + SaPdbTa + 22Pa b’ + 32*d bSa® + ztabic +

% (9240a%d®212+30030d5b2 a2 +32760a b d* 210 +36036a2b3d* 2% +1201266d3 29 +40040a3b2d4 2843276002 c d* 210 +800¢

orering
a3dbz13 a2b2do 12 (a?cd*+2ab*d*+ad? (b*d?+2acd?))z!? (b%a2d*+2a b?cd3+d b2 (b*d?+2ac d?) +a d? (26
default E jeboe 4 = + 2o
input Lint ((a*xd~2*x~4+b~2*d*x~3+b"3*x+a*xb~2+c*x~2) ~3,x,method=_RETURNVERBOSE) J

1/13*%a"3*%d"6*x"13+1/4*a~2*%b~2*%d"5*xx~12+(3/11*a*xb~4*d"4+3/11*a"2*c*xd~4) *x~1
1+(3/10*b~3*a~2*%d"4+1/10*%b"6*%d"3+3/5*a*b”~2*xc*d~3) *x~10+(1/3*a"~3*xb~2*xd~4+2/
3*axb~5+%d~3+1/3*xb"4*cxd"2+1/3*a*c”2xd"2) *x~ 9+ (3/4*b"4*a”~2*%d~3+3/8*b"7*d "2+
3/4xa*xb~3xckd"2+3/8*b"2xc"2*d) *x"8+(6/7*a*xb~6+%d~2+6/7*a”~2*b~2xc*d"2+6/7*b~
5xckd+1/Txc”3) *x~7+(a"2*%d"2*xb~5+1/2*b~8*d+a*b~4*xcxd+1/2%b~3*c”2) *x~6+(3/5*
a~3*d"2*b~4+6/5*%d*b~7*a+3/5*b~6*c+3/5xa*b"2xc~2) *x "5+ (3/4*d*b~6*a"~2+1/4xb"
9+3/2xa*b”~5%c) *x "4+ (a*b~8+a~2%b~4*c) *x"3+3/2%a"2%b"7*x"2+a"3*b"6*x

output




input

output
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 327, normalized size of antiderivative = 1.02
/ (ab2 + bz + cx? + bida® + ad2m4)3 dr = 1—13 a3d®z'® + iaQbZd‘r’ac12

+ % (ab* + a’c)d*z' + ga2b7x2
+ % (3a*b*d* + (b° + 6.ab’c)d’)z"®
+ a’b’z
+ = (2 ab’d® + a*v?d* + (b4c + ac2)d2)m9
(2a’6*d® + b°c*d + (b" + 2ab’c)d?)2®
(6b°cd + ¢ + 6 (ab® + a’b’c)d®) 2"
(2a’6°d® + b°c® + (b° + 2ab*c)d)a®
(2ab’d + a®b*d® + boc + ab?c?)z®
(v” + 3a°6°d + 6ab°c)z?

ab® + a’b'c)z®

+ 4+ + + o+ o+
B =OU N == =00 WW| =

—

p
Lintegrate((a*d“2*x“4+b“2*d*x”3+b“3*x+a*b“2+c*x“2)”3,x, algorithm="fricas")

| —

1/13*%a"3*d"6*x"13 + 1/4*a~2*%b"2*xd"5*%x"12 + 3/11*%(a*b”4 + a~2*c)*d~4*x"11 +

3/2%a”2*%b"7*x"2 + 1/10%(3*a~2*%b"3*d"4 + (b"6 + 6*a*b”~2*c)*d~3)*x~10 + a~3
*b"6*x + 1/3%(2*a*b~5*xd"3 + a”"3*b"2*d"4 + (b~4*xc + axc”2)*d"2)*x"9 + 3/8%(
2%a~2*%b"4*xd"3 + b"2*c”2xd + (b7 + 2*a*b~3*c)*d"2)*x"8 + 1/7*(6*b"5xc*xd +
c”3 + 6x(a*b”6 + a"2*¥b"2*c)*d"2)*x”7 + 1/2*%(2*%a"2*%b"5*xd"2 + b"3*c”2 + (b”8
+ 2%a*xb”~4xc)*d)*x~6 + 3/5x(2kaxb~7*d + a~3*%b"4*d"2 + b"6*c + axb~2xc"2)*x
5 + 1/4x(b~9 + 3*%a~2%b”~6*d + 6*axb”~5xc)*x”"4 + (a*b~8 + a~2xb~4*c)*x"3




input

output
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Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 393, normalized size of antiderivative = 1.23

3d6 13 3 2b7 2 2b2d5 12
t/@§+§x+m?+3®ﬁ+w%ﬂﬂm:a%%+a1; + a;r+a 4x

2., 74 474
ety <3a cd +3abd ) gt

11 11
3a2b3d* N 3ab’cd? N b8d3
10 5 10
o[ a*b?d*  2ab°d? ac2d2 b4cd2
+z +
3 3
+ z®
3a2b*d3 n 3ab3cd? n 3b7d2 362 c2d
4 4 8
27 6a2b%cd? N 6ab6d2 N 6b°cd L
7 7 7 7

8 3.2
+x6( 2p5d2 + ab*ed + b2d + ch) +2°

3a3bid? N 6ab’d N 3ab’c? N 3bS¢ g
) ) ) )
236 5 9
-(M4d+&gc+%)+f@%%+wﬂ

Lintegrate((a*d**2*x**4+b**2*d*x**3+b**3*x+a*b**2+c*x**2)**3,X)

ax*k3xbk*k6*xx + ak*k3kdx*kBxx*k*13/13 + 3ka*xk2kbkkT*x**2/2 + akx*kkbk*kkd*k*k5kxk*
12/4 + x**x11%(3kax*2kckd**x4/11 + 3kaxbkxdxd**4/11) + x*k*10% (3ka**x2kbk*k3kd*
*4/10 + 3*a*xb**2xckxd**3/5 + b*x6xd*x*3/10) + x**x9* (a**3*xb*x*2xd**4/3 + 2*axb
*x5xd**3/3 + akxck*2kxd*x*2/3 + bk*4dkxckd**x2/3) + x**8* (3ka*x*x2kbkx*k4*xd**x3/4 + 3
*axbx*3kckd**2/4 + 3xb*kkT*d**2/8 + 3*¥b**2kc*x*2xd/8) + x**T*(6ka*x*x2¥bk*kcxk
d**2/7 + 6%a*xb*x*6xd*x*2/7 + 6xbx*5xckxd/7 + c**3/7) + x**6*(a**x2xb**x5xd**2 +
axbkx4kxckd + b*x*8kxd/2 + b**3kc*k*x2/2) + x**5%(3ka*x*3kbx*k4xd*x*x2/5 + G*kakxb**
7*d/5 + 3%a*xb**x2xcx*2/5 + 3%b**xB6xc/5) + x**4*x(3ka*x*2xb**x6%xd/4 + 3*kakxbk*5kc
/2 + b**9/4) + x*x*3%(a*x*2kxbkxx4dxc + axb**8)
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Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.18

/ (ab2 + b3z + cx? + bidx® + ad2m4)3 dz

1 1 3 1 1
= — a®d%"® + = ®V?dz"? + = ab*d*z' + — B0dP2!0 4+ Z b2t 4 aPbx

13, 4 11 10 4
+ - Sz’ + 20 (12 ad?z® 4+ 15b%dz* + 306322 + 20 cx3)a2b4
1
+ 70 (30 ad’z” + 35b%dx® + 42 cxs)b6
1
+ 130 (140 a®d*z® + 315 ab®d®z® + 180 b*d*z" + 420 b°2° + 252 *z® + 42 (10 ad’z°® + 12b%dz® + 15 cz*
1
+ 310 (252 a°d*z" + 560 ab®d®z® + 720 bPcdz” + 315 (b* + 2 ac)d’z® + 420 *2°) b
1 1
+ 21 (8 ad?z® +9 b2d358)c2 + 165 (45 a’d*z' + 99 ab’d3z'® + 55 b4d2x9)c

inputLintegrate((a*d”2*X“4+b“2*d*x‘3+b“3*x+a*b“2+c*x“2)“3,x, algorithm="maxima") J

1/13*%a"3*d"6*x"13 + 1/4*a~2*%b"2*xd"5*x"12 + 3/11*a*b”~4*xd~4*x"11 + 1/10%b"6%*
d"3*x710 + 1/4%b79*x"4 + a”"3*b"6*x + 1/7*c”3*x~7 + 1/20%(12*%a*d"2*x"5 + 15
*b"2xd*x"4 + 30*%b"3*x"2 + 20*c*x"3)*a"2*xb"4 + 1/70%(30*a*d"2*x"7 + 35*b”"2x*
d*x"6 + 42*c*x”5)*b"6 + 1/420%(140*a"2*%d"4*x"9 + 315*axb~2*d~3*x~8 + 180*b
“4xd"2xx”7 + 420*%b"6%x"3 + 252%cT2*x”5 + 42*%(10*%a*d"2*x"6 + 12*%b"2xd*x”"5 +
15%c*x~4)*b~3 + 60* (6*axd~2%x"7 + 7*b~2%d*x~6)*c)*axb~2 + 1/840%(252%a 2%
d~4*x~10 + 560*a*xb~2xd~3*x~9 + 720*%b~2*c*d*x~7 + 315%(b~4 + 2*a*xc)*d"2*x"8
+ 420*%Cc”2%x"6)*b~3 + 1/24*%(8*axd~2*x"9 + 9*b"2*d*x"8)*c"2 + 1/165%(45%a"2
*d"4*x"11 + 99%a*xb~2*%d"3*x"10 + 55%b"4*xd"2*x"9) *c

output




inpu

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 389, normalized size of antiderivative = 1.22

1 1
/ (ab2 + b3z + cx? + b2dx® + ad2x4)3 dr = — a>d®z" + = a’b’d®z"? + i ab*d*z!

13 4 11
+ 1 Wod3x0 + 3 a’bid 20 + 2 ab’d®z®
13194 0 9 9 4 11 | 93750 8
+§abdx —}—élacdm —|—gbdm
+ 1 a’b*d®2® + 5 ab’ed®z® + - ab®d?x"
1 1
+ = bred?2® + = bBda® + a*b3d?a5
g 26 3
+ 1 ab3cd?z® + = ab’dz® + = a’bid?x®
1
+ § bedx” + § a’b’ed’s” + = ad?x®
L e 8
+Zwﬁ+1fwmtuﬁw&

3 3
+ 3 b c2da® + ablx® + 5 b cx®
3 3 1
+ 3 a’b’z? + 2 ab’ex® + 3 b3

3 1
+ a0z + a®brex® + 5 ab’c?z® + - Az’

t‘integrate((a*d"2*x“4+b"2*d*x"3+b"3*x+a*b“2+c*x“2)"3,x, algorithm="giac")

1/13*%a"3*%d"6*x"13 + 1/4*a~2*%b"2*xd"5*x"12 + 3/11*a*b”"4*xd~4*x"11 + 1/10%b"6%*
d~3*x710 + 3/10%a"2*%b"3*d"4*x"10 + 2/3*a*b"5*xd"3*x"9 + 1/3*a"3*b"2*xd~4*x"9
+ 3/11*%a"2*%cxd~4*x"11 + 3/8*%b"7*d"2*xx~8 + 3/4*xa~2*%b~4*d"3*x"8 + 3/5*xa*xb”2
*cxd"3%x710 + 6/T*a*xb~6*d"2*xx"7 + 1/3*%b"4*c*d"2*x"9 + 1/2*b"8*d*x"6 + a~2%*
b~5xd"2*x"6 + 3/4*a*b~3*kcxd"2*xx"8 + 6/5*a*b~7*d*x"5 + 3/5*a”"3*b"4*d”"2*x"5
+ 6/7*b"5*c*d*x~7 + 6/7T*a~2*xb~2kckd"2*x"7 + 1/3*a*xc™2*xd"2*xx~9 + 1/4%b"9*x"
4 + 3/4*%a~2%b"6*d*x"4 + axb~4*c*kd*x"6 + 3/8*b"2*c”2*d*x"8 + axb~8%x"3 + 3/
5xb~6xc*x~5 + 3/2%a"2*%b~7*x~2 + 3/2*%a*b"5xckx~4 + 1/2xb"3*%c”2*x"6 + a”~3*b”
6%x + a~2xb~4*cxx~3 + 3/5*axb"2%c”2%x"5 + 1/7*c"3%x"7




input

output
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Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 311, normalized size of antiderivative = 0.97

d 2 b6 b5 b9 3 b4 d2
/ (ab2+b3x+cx2+b2dx3+ad2x4)3 dr = z* (3 @ 3ca —) +2° (3a—

4 + 2 +-4 5
N 6ab’d 3ab®c? 3b60)

) + ) + )

8 3 2
+x6cf§d”+a#cd+égy+2§>
+x7<6a2b20d2 6abSd®> 6b°cd c3>

L S
3a2b" 2  a*dba’d

316
+a’ b’z + 2 + 3
N 2% (@®?d? +2ab5d+ac® +bic)
3
a2b2d5x12
4

+3b2dx8(2a2b2d2—|—2abcd+b5d+cz)
8
d4 11 b4
+ab4x3(b4+ac)+3a xlg L)
b*d®z'°(3da?b+6ca+ b*)
+ 10

-

Lint((a*b'? + b73%x + c*x"2 + axd"2*x"4 + b~2%d*x"3)73,x)

-/

x~4x(b"9/4 + (3*a~2xb~6%d)/4 + (3*axb~5xc)/2) + x~5x((3*¥b~6%c)/5 + (3*a*xb™
2%c~2) /5 + (3*%a~3*%b~4*d"2)/5 + (6*axb~7xd)/5) + x"6x((b~8*d)/2 + (b~3*c~2)
/2 + a”2xb~5%d"2 + axb~4xc*d) + x"7*(c”3/7 + (6*axb~6xd"2)/7 + (6xb~5xcxd)
/T + (6%a~2*%b"2xc*d"2)/7) + a~3*b~6*x + (3*a”2*%b~7*x"2)/2 + (a~3*d"6*x"13)
/13 + (d72*x"9*(a*c™2 + b~4*c + a~3*b"2+%d"2 + 2*a*b~5xd))/3 + (a~2*xb~2+d”5
*x712) /4 + (3*b"2*d*x"8*(b"5*%d + c~2 + 2*xa~2*xb"2*d"2 + 2*a*b*c*d))/8 + axb
~4xx~3x(axc + b"4) + (3*a*d"4*x"11x(axc + b74))/11 + (b~2*d"3*x~10* (6*a*xc
+ b"4 + 3*a"2%b*d))/10
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 394, normalized size of antiderivative = 1.23

/ (ab2 + b3z + ca? + bida® + ad2m4)3 dx
_ 2(9240a3d5z"? + 30030a?b%d®z'! + 32760a b*d*z™® + 36036a%b3d 'z + 12012b%d°z® 4 40040a°b*d*z® +

inputt

output

int ((a*d~2%x~4+b~2%d*x~3+b"3*x+a*xb~2+c*x~2) ~3,x)

(x*(120120*a**3*b**6 + 72072ka**3xbk*4*xd**x2*x**x4 + 40040*a**3kb**2kd**4*x*
*8 + 9240*a**3xd*k*6*x*k*k12 + 180180*a**2xbx*7*x + 90090*a**2xbkx*6*xd*x**3 +
120120%a**2*%b**5*xd**x2xx*x*5 + 120120*%a*x*2kxb**4*xckxx**2 + 90090%ka**22¥b**k4*xd**
3*xx*7 + 36036%ax*k2*¥bkxx3kd**x4xx*k*9 + 102960*a**2xbk*2*xcxd**2xx*x*6 + 30030*
ax*2xbx*2xd*k*k5kx*kx11 + 32760*ka**x2kckd**4*x*x*10 + 120120*a*b**8*x*x*2 + 1441
44%axbk*T*dxx**4 + 102960*a*bx*x6xd**x2xx**6 + 180180*a*bx*x5*xcxx**3 + 80080*
axbxk5xd*x*x3*kx**x8 + 120120*axbkkd*ckxdxx**5 + 32760*a*bxx4*xd**x4*xx**10 + 9009
Okaxbx*k3kckd*k*k2%kx*kx7 + T72072%a*xb*kx2kxck*k2%kx**k4 + T2072%a*xbx*k2kckd*x*3%kx**x9 +
40040*%a*c**x2xd**2xx*k*8 + 30030*b**9*x**3 + 60060*b**k8*d*x**5 + 45045%b**7
*dkk2kxk*7 + T20724b**6kckx**kd + 12012+b**k6xd**x3*kx**9 + 102960*b**5kckd*x*
*6 + 40040*b**4kckd**2xx**8 + 60060*b**3kCk*2*xx**k5 + 45045xbk*k2*kchk2kd*x**
7 + 17160*c**3xx*x*6)) /120120
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3.27 [ (ab? + b3z + ca? + b*da® + ad?z?)’ dx

Optimal result . . . . . . . . . . . .. 2501
Mathematica [A] (verified) . . . . . . . . . ... 2511
Rubi [A] (verified) . . . . . . .. . . 251]
Maple [A] (verified) . . . . . . . . ... 2521
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 253
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 253
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 254
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 257
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2551
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 250

Optimal result

Integrand size = 34, antiderivative size = 139

/ (ab® + bz + cz® + b%dz® + ad2m4)2 dr = a’b*z + ab®2® + %bQ (b* + 2ac) ° + %b?’(c
+ abd)z* + %(c2

1
+ 2*d(b® + a’d)) z° + §b2d(c + abd)z®

1 1 1
+ - (b4 + 2ac) d’z” + Zabzd?’al:8 + §a2d4z9

‘ a~2*b"4xx+a*xb”"5xx"2+1/3*b" 2% (b~ 4+2*ax*xc) *x~3+1/2*b~3* (a*b*d+c) *x~4+1/5* (c~2 \
\ +2*%b~2*d* (a~2*d+b~3) ) *x~5+1/3*%b"2*d* (a*bxd+c) *x~6+1/7* (b~4+2*axc) *d~2*x" 7+ \
\1/4*a*b*2*d*3*x*8+1/9*a*2*d*4*x*9

output
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.01

1 1
/ (ab® + bz + cz® + b%ds® + ad2m4)2 dr = a’b*z + ab®2® + §b2 (b* + 2ac) ° + §b3(c
1
+ abd)z* + 5 (c® +2b°d
1
+ 2a’*d*) z° + §b2d(c + abd)z®

1 1
+ (b4 + 2ac) dz" + Zab’d®z® + Za’d*z®

4 9

|+~

-

| —

input LIntegrate[(a*b'? + b 3%x + ckx"2 + b 2%d*x"3 + a*xd~2%xx"4)"2,x]

e B

a~2xb"4*xx + a*b~5xx"2 + (b~2*(b~4 + 2*axc)*x"3)/3 + (b"3*x(c + axbxd)*x"4)/
\2 + ((c™2 + 2%b~5xd + 2%a~2%b~2%d"2)*x~5)/5 + (b 2%d*(c + a*bxd)*x~6)/3 + \
L((b‘4 + 2kakc)*d~2%x~7)/7 + (a*b~2%d~3*x~8)/4 + (a~2%d~4*x~9)/9 \

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.059, Rules

number of steps used = 2, number of rules used = 2,
used = {2465, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (ab2 + ad?z* + b¥x + b2dx® + ca:2)2 dz

l 2465

/ (a?b* + z*(2b%d(a’d + b°) + ¢?) + a?d*z® + 2ab°z + d?2%(2ac + b*) + 2b32° (abd + ¢) + 2b%dz°(abd + c) + &

l 2009
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1

a’bz + ga:S (26°d(ad +b°) + %) + %a2d4a:9 + ab’z? + 1d%ﬂ(zac +b1) + %b3x4(abd +c)+

7
?%ﬁmw+@+%ﬁfﬁ+%#ﬁ@w+w)

inputt

Int[(a*b™2 + b"3*x + c*x~2 + b™2*%d*x"3 + a*xd~2*x"4)"2,x] J

output‘ a~2%xb~4*x + a*b~5xx"2 + (b™2%x(b~4 + 2*axc)*x~3)/3 + (b~3x(c + axb*xd)*x~4)/ ‘
\2 + ((c™2 + 2*b~2xd*(b"3 + a~2*d))*x"5)/5 + (b"2xd*(c + a*bxd)*x"6)/3 + (( \
‘b"4 + 2kakc)*d~2%x~7)/7 + (a*b~2%d~3*x"8)/4 + (a~2xd~4%*x~9)/9 ‘

Defintions of rubi rules used

-

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 2465 106 [(_)*(Px))"(p_), x_Symbol] :> Int[ExpandToSum[u, Pxp, x], x] /; PolyqQ
[Px, x] & GtQ[Expon[Px, x], 2] & !BinomialQ[Px, x] & !TrinomialQ[Px, x
\] && IGtQlp, O] ‘

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.04

method result
2349 243 18 b*d2+2acd?)z” 2b3a d?+2b%cd) 8 2a2b2d? 4+2b%d+c?) z° 2a b*d+2b3¢)z* be
default “%”4-‘”’1””4_( = LA : )z° 4 ( 2 )z* | ( 4 Jot | (¢
294..9 2 73..8
norman ade 4 abides 4 (1@ + 2acd?) 27 + (Lb%ad? + b%cd) 2° + (2a°0°d® + 20°d + 1P &
gosper sald*z® + zab?d3a® + LaTb*d? + 2a7ac d? + 32%03a d? + 32%b%cd + 22°a’b?d® + 22°0°d +
risch sa?d*z® + zab?d3a® + 1aTbd? + 2a7ac d? + 32%03a d? + 2%b%cd 4 22°a’V?d® + 22°b°d 4
parallelrisch | sa?d*z® + ;ab?d®z® + 127b*d? + 227ac d? + 32°03a d? + 32%b%cd + 22°a’b*d® + 22°b°d +
. z(14028d*a?+-315b2d3x7 a+180b* 226 +420a b d2 x5 +504a2b2d?2*+-360ac d22®+504b°d x4 +630a bd 23 +420b% cd x5 +420
orering 560

-

input L

int ((a*d~2*x"4+b~2*d*x~3+b~3*x+a*b~2+c*x"2) ~2,x ,method=_RETURNVERBOSE)

-/
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Output‘1/9*a“2*d“4*x“9+1/4*a*b“2*d“3*x“8+1/7*(b“4*d“2+2*a*c*d“2)*x“7+1/6*(2*a*b“3
\*d‘2+2*b“2*c*d)*x‘6+1/5*(2*a“2*b‘2*d“2+2*b“5*d+c‘2)*x‘5+1/4*(2*a*b“4*d+2*b
‘“3*c)*x“4+1/3*(b‘6+2*a*b‘2*c)*x‘3+a*b‘5*x“2+a‘2*b“4*x

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.97

1 1 1
/ (ab2 + b3z + cx? + bPdxd + ad2x4)2 dzr = 9 a’d*z® + 1 ab’dz® + - (b4 +2 ac) A’z
1
+M%¥+ﬁ#x+§@ﬁf+h%®f
1
+ (2?d+2a%%ﬂ+c%x5

+

N | —Ot

(ab4d + b3c) zt + % (b6 +2 abzc) z°

input ‘ integrate ((a*d~2*x"4+b~2*d*x~3+b"3*x+a*b”"2+c*x~2)~2,x, algorithm="fricas")

Output‘1/9*a”2*d“4*x”9 + 1/4%a*b~2%d"3*x"8 + 1/7*(b"4 + 2%a*c)*d~2*x~7 + a*xb~5*xx~
\2 + a”2x%b"4xx + 1/3%(a*xb"3%d"2 + b~ 2%c*d)*x"6 + 1/5%(2%b~5%d + 2*a”~2*xb~2xd
“2 + c”2)*x"5 + 1/2%(a*xb”4*xd + b~ 3*c)*x"4 + 1/3*(b"6 + 2*a*xb~2*c)*x"3

Sympy [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.10
2d4x® ab®d3x®

c/@§+§x+m3+ﬁﬁﬁ+m%ﬂﬁm:a%%+977—+@%1+—qf—+ﬂ

2acd2_+_§i§f g8 ab3d2_+_§igg
7 7 3 3

Lt (2a2b2d2 e 0_2)
5 5 5
+x4(ﬂ+i€> +at (2abzc+ﬁ)
2 2 3 '3

input

integrate ((axd**2kx**x4+b**2kd*x**3+b**k 3k x+axbk*2+CkX*k*2) ¥*2,X) J
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output‘a**2*b**4*x + ax*2xdkx*k4xx**x9/9 + axb*k5kx**2 + axbkk2kd*k*k3kx**x8/4 + x*kxT*(
‘2*a*c*d**2/7 + bk*4xd**x2/7) + x**6% (a*b**3*%d*x*2/3 + b**2%ckxd/3) + x**x5x(2*
‘a**2*b**2*d**2/5 + 2%b**x5xd/5 + c**2/5) + x**x4*(axb**x4xd/2 + b*x*3*c/2) + x
‘**3*(2*a*b**2*c/3 + b**x6/3)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.08

/ (ab2 + b3z + cx? 4+ b?dzd + ad2x4)2 dz
= 1(12d4309 + labzd‘n’x8 + 1b4d2x7 + 1b6x3 + a’b*z
9 . 41 7 3
+ s cxd + 0 (12ad’z® + 15 b2dz* + 306322 + 20 cz®)ab®
1 1
+ 30 (10 ad?z® + 12%dz® + 15 c:c4) b+ 21 (6 ad’z” + 7b2dz6)c

-

inputtintegrate((a*dA2*X“4+b‘2*d*x‘3+b‘3*x+a*b“2+c*X‘2)‘2,x, algorithm="maxima") J

(1/9*a‘2*d‘4*x‘9 + 1/4%a*xb”2*d"3*%x"8 + 1/7*b~4*d"2*x"7 + 1/3*b"6*xx"3 + a2
‘b‘4*x + 1/5%c™2%x75 + 1/30*(12*%a*d"2*x"5 + 15%b~2*d*x~4 + 30*b~3*x"2 + 20%
\c*x‘S)*a*b‘Q + 1/30%(10%a*d~2%x"6 + 12*b~2%d*x~5 + 15xc*x~4)*b~3 + 1/21*(6
*a*xd"2%x~7 + T*b~2%d*x"6)*cC

N J

output

E——

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.09

1 1 1 1
/ (ab® + b’z + c2® + b*dz® + ad2x4)2 dr = 9 a’d*z® + 1 ab’d®z® + - bid?z" + 3 ab®d?x®

2 2 2

+ 5 b5d.’L'5 + g a2b2d2x5 + ? acd2x7
1 1 1

+ 3 ab*dz?* + 3 b2edx® + 3 box? + ab®x?
1 2 1

+ 2 bext + a®btz + 3 ab’cx® + 5 Az’
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input ‘ integrate ((a*d~2*x~4+b~2kd*x"3+b~3*x+a*b~2+c*x~2)"2,x, algorithm="giac")

t‘1/9*a‘2*d‘4*x‘9 + 1/4%a*b”2+%d"3%x"8 + 1/7*b"4*d"2*x"7 + 1/3*a*xb~3*d"2*x"6
‘+ 2/5%b"5xd*x"5 + 2/5%a”2*%b"2+%d"2*x"5 + 2/T*xaxcxd"2*x"7 + 1/2%axb~4xd*x"4
\+ 1/3*b"2*%c*d*x"6 + 1/3*%b"6*x"3 + a*xb"5*xx"2 + 1/2%b"3*c*x"4 + a~2*b"4x*x +
\2/3*a*b*2*c*x*3 + 1/5%c"2*%x"5

outpu

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.93

3 3
5(2azb2d2 2% d 02)
+z +

¥  2ach?
/ (a,b2 + b3z + cx? + b2dzd + ad2x4)2 dr = x3 <_ 4 ac )

5 5 5
N >z (b*+2ac) N bzt (c+abd)
7 —

d
+f#w+a§ﬁ+g—?£
ab?d®z® b dx®(c+abd)

i 3

input Llnt((a*b 2 + b"3%x + c*x"2 + a*d~2%x~4 + b 2%d*x~3)"2,x%)

t‘x“3*(b‘6/3 + (2xaxb~2xc)/3) + x~5x((2%b~5*xd)/5 + c~2/5 + (2*a~2%b~2*xd"2)/5
\) + (d~2%x"T*(2%xa*c + b~4))/7 + (b~3*x"4x*(c + a*xb*d))/2 + a~2%b~4*x + a*b”
‘5*x“2 + (a"2*%d"4*x79)/9 + (axb~2*%d"3*x"8)/4 + (b~ 2xd*x"6%(c + axb*d))/3

outpu




inputt

output
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.10

/ (ab2 + bz + cx? + bida® + ad2$4)2 dz
_ 2(140a%d*2® + 315a b?d®z” 4 180b*d2x® + 420a b*d?x® + 504a?b*d*z* + 360ac d?z° + 504b°d 2* + 630a
= 1260

int ((a*d~2%x~4+b~2%d*x~3+b"3*x+a*xb~2+c*x"2) ~2,x)

(x* (1260*a*x*x2xbk*4d + 504*a*x*2xbx*x2xdx*x2kxx*k*k4d + 140*a**2*xd**x4xx*x*x8 + 1260%*a
*b**5%x + 630*%axbkx4xd*x**3 + 420%axbk*3kd*k*x2*kx**5 + 840%a*b**2kckx**x2 + 3
15%a*xb**x2kd*x*3*kx**x7 + 360*axckxd*x*2*xx**x6 + 420*b**6*kx*k*2 + 504*b**x5xd*xx*x*4

+ 180%bk*x4*xd**2*kx*k*6 + 630%b**k3kckx*k*3 + 420%b*k*x2kxckd*x**5 + 252%kCk*2kxx**4

))/1260
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3.28 [ (ab? + b’z + cz? + b*dx® + ad*z*) dx

Optimal result . . . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . ... o 2571
Rubi [A] (verified) . . . .. . . ... .. 258
Maple [A] (verified) . . . . . . ... L 259
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 259
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 260
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2601
Giac [A] (verification not implemented) . . . . . . ... ... ... 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2611
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 261]

Optimal result

Integrand size = 32, antiderivative size = 47

2 3 2 273 2 4 2 b’z® | ca? Lo, 4, 1 55
(ab + b’z + cx® + b dx +adx)dz=abx+7+?+é—1bdx —|-3adz

output ‘ axb~2xx+1/2%b"3%x"2+1/3%c*x"3+1/4%b"~2%d*x"4+1/5*axd"2*x~5 J

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

2 3 2 213 2 4 2 v’z? | ca? Lo, s, 1 55
(ab® + b’z + ca® + bdx +adx)dx=abx+7+?+é—lbdx +5adx

inputtlntegrate[a*b‘Q + b™3%x + c*x"2 + b 2%d*x"3 + a*d~2%x"4,x] J

-

La*b‘z*x + (b™3%x"2)/2 + (c*x"3)/3 + (b~"2*d*x"4)/4 + (axd~2*xx"5)/5

-/

output




input

output

rule 2009
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 0.031, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (ab2 + ad?z* + b3z + b2dzd + cz?) dzx

l 2009
1 b3 2 1 3
ab’z + gad%s + TI + 1b2da:4 -+ %

-

LInt [a*xb™2 + D7™3*x + c*x"2 + b"2xd*x"3 + axd"2*x"4,x]

-/

La*b‘2*x + (b™3*%x72)/2 + (c*x"3)/3 + (b~2*d*x"4)/4 + (axd~2*x"5)/5 J

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J




input

output

input

output
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259

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.85

method result size
gosper zab?® + 3b%2? + scad + b’ dat + tad’2® | 40
default zab?® + 3b%2? + scad + 1b*dzt + tad?2® | 40
norman zab®+ 6% + scad 4 JWPdat + Lad’2® | 40
risch zab® + 1632 + fcad + JbPdat + Lad’2® | 40
parallelrisch | zab® + 1% + 3ca® + ;02da* + Lad?a® | 40
parts zab?® + 30%2? + scad + b d 2t + fad?z® | 40
orering z(l?ad2x4+15b2dx3z§0b3z+60b2a+20cx2) 41

Lint (a*d~2#x"4+b~2*d*x"3+b"3*x+a*b”~2+c*x"2,x,method=_RETURNVERBOSE)

-

Lx*a*b’"2+1/2*b"3*x’"2+1/3*c*x’"3+1/4*b’"2*d*x’"4+1/5*a*d"2*x“5

-/

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

/ (ab® + b’z + cz® + b*dz® + ad’z?)

1 1 1 1
dz = = ad?’x® + = b2dx* + = b32? + ab’z + = 2B

5

4

2

3

p
Lintegrate (a*xd~2*x"4+b~2*d*x~3+b~3*x+a*b"2+c*x"2,x, algorithm="fricas")

-/

Li/S*a*d‘2*x‘5 + 1/4%b"2%d*x"4 + 1/2%b"3%x"2 + a*xb"2*x + 1/3*%c*x"3
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87

ad’z®  b¥x? bidz*  cxd
/ (ab® + b’z + cz® + b?dz® + ad’z?) dz = ab’z + = +to 3
input Lintegrate (axd**2*kx**4+b**2xd*x*k*3+b**3kx+axbk*2+ckx*k*2 ,x)
Outputta*b**Q*X + a*xd**x2xx**5/5 + b**3%x**%2/2 + b*k*2kd*x**4/4 + c*kxx**3/3

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

1 1 1 1
/ (ab® + b’z + cz® + b*dz® + ad’z?) dz = s ad’x® + 1 b2dz* + 5 b3z + ab’z + 3 cx®

input Lintegrate (a*d~2*x~4+b"2*d*x"3+b"3*x+a*xb~2+c*x"2,x, algorithm="maxima" )

output ‘\1/5*a*d 2%x~5 + 1/4%b~2%d*x~4 + 1/2%b~3%x"2 + axb~2%x + 1/3%c*x”3

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

1 1
= —ad’z® + >

/ (ab2 + b3z + cx? + bPded + ad2x4) dz 3 1

1 1
b2dz* + 2 b3z + ab’z + 3 cx®

input‘ integrate (a*d”~2*x~4+b~2*d*x~3+b~3*x+a*b~2+c*x"2,x, algorithm="giac")

output‘ 1/6%axd™2*x"5 + 1/4*b~2xd*x"4 + 1/2%b73*x"2 + a*b~2%x + 1/3%c*x”3
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Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

B2 b dzxt ad’x® cax?

/(ab2+b3x+cx2+b2dx3+ad2x4) dx = 5+ +ab’z+ 5 +T
inputlint(a*b’\2 + b73%x + c*x"2 + a*xd"2*%xx"4 + b"2*d*x*3’x) J
output, (D3 + (TB/2 + (@rdDE)/5 + (2AarA)/4 + axb 2 ]

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.85

/ (ab2 + b3z + cx? + b?dzd + ad2z4) dzx

_ z(12a d?z* 4 156°d 2® + 30b%x + 60a b* + 20c z?)
B 60

. Lint (a*d~2*x~4+b"2*d*x"3+b"3*x+a*xb~2+c*x"2,x) J
input

output‘(x*(Go*a*b**Q + 12%axd**x2kx**4 + 30%b**3%x + 15%b**x2kd*kx**3 + 20*c*x**2))/
60 |
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1

3.29 f ab?+b3z+cr’+b2dz3+ad?z? dz

Optimal result . . . . . . . . . . . . . . e 262
Mathematica [C] (verified) . . . . . . . . . .. .. L 263
Rubi [A] (verified) . . . . . . . . . . 2641
Maple [C] (verified) . . . . . . . . . ... 2651
Fricas [F(-1)] . . . . . o o 260
Sympy [F(-1)] . . . o 2661
Maxima [F] . . . . . . 267
Giac [F] . . . o o 267l
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 267
Reduce [F] . . . . . o 268

Optimal result

Integrand size = 34, antiderivative size = 479

1
/ ab? + b3z + cx? + b2dx3 + ad?x* de

2 _ 4 _ 2 b2 —+/bt—4ac+8a2bd+4adx
(b \/b 4ac +8a bd) arctanh ( V2v/b4—2ac—4a2bd—b2+/b4 —4ac+8a2bd>

N V2b\/b* — 4ac + 8a2bd /bt — 2ac — 4a2bd — b2\/b* — dac + Sa2bd

2 4 _ 2 b2+/b%—4ac+8a2bd+4adz )
(b? + vb* — dac + 8abd) arctanh( el el

V2b\/b* — 4ac + 8a2bd /bt — 2ac — 4a2bd + b2/b* — dac + Sa2bd
log (2ab + bz — V/b* — 4ac + 8a2bdz + 2adz?)

2bv/b* — 4ac + 8a2bd
log (2ab + b*z + v/b* — dac + 8a2bdz + 2adz?)

2bv/b* — 4ac + 8a2bd
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1/2x(b~2-(8*a~2*b*d+b~4-4*xa*c) " (1/2) ) *arctanh (1/2* (b~2-(8*a”~2*b*d+b~4-4*ax*
c) " (1/2)+4*xa*xd*x) %2~ (1/2) / (b~4-2*a*xc-4*a~2%b*d-b~ 2% (8*a~2*b*xd+b~4-4*a*c) ~ (
1/2))°(1/2))*2~(1/2) /b/ (8*a~2*bxd+b~4-4*ax*xc) ~(1/2) / (b~4-2*a*c-4*a”~2xb*d-b~
2% (8*a~2*b*d+b~4-4*a*c) ~(1/2))~(1/2)-1/2* (b~ 2+(8*a~2*b*d+b~4-4*a*c) ~(1/2))
*arctanh (1/2* (b~ 2+(8%a"~2*b*d+b~4-4*axc) ~ (1/2) +4*a*xd*x) %2~ (1/2) / (b~4-2*a*xc—
4xa”2%b*d+b"2* (8*a~2xbxd+b~4-4*ax*xc) ~(1/2))~(1/2))*2~(1/2) /b/ (8*%a~2%b*d+b~4
—-4xaxc) " (1/2)/ (b~4-2*xa*xc—4*a~2xb*d+b~2* (8*xa~2xb*d+b~4-4*a*xc) ~(1/2))~(1/2)-
1/2*1n (2*%a*xb+b~2*x- (8*a~2*¥b*xd+b~4-4*ax*xc) ~ (1/2) *x+2*a*d*x"2) /b/ (8*a”2*b*d+b
~4-4xa*xc)” (1/2)+1/2x1n(2*xaxb+b”~2%x+(8*a " 2xb*d+b~4-4*a*xc) ~ (1/2) *x+2*a*xd*x"2
) /b/ (8%a~2xbxd+b~4-4*axc) ~(1/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.04 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.16

1
d
/ ab? + b3z + cx? + b2dx3 + ad?x* v
= RootSum [azﬁ + B3H1 + c#1% + b2d#13

+ ad®#1'&, logle — #1) &}

b3 + 2c#1 + 3b2d#1% + dad?4#1°

input LIntegrate[(a*b”2 + b"3%x + c*x"2 + b 2xd*x~3 + axd~2%x~4)~(-1),x]

s

RootSum[a*b™2 + b~3x*#1 + c*#172 + b~ 2*d*#173 + axd™2*#174 & , Loglx - #11/

output
‘(b‘s + 2xcx#1 + 3xb"2xd*#172 + 4xa*xd"2x#1°3) & ]
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Rubi [A] (verified)

Time = 2.14 (sec) , antiderivative size = 613, normalized size of antiderivative = 1.28,

number of rules _ 0.059, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
2 2.4 L 13 273 5 dz
ab’® + ad?x* + b3z + b%dx’ + cx
l 2492
J ad? (db2+2ad2z+ a2 (b4+8a2db—4ac)) ad? (db2+2ad2x— /@2 (b4+8a2db—4ac))
by/d2(b*+8a2db—4ac) (2ad2x2 + (db2 +/@2 (b4+8a2db—4ac)) x+2abd) by/d2(b*+8a2db—4ac) (2ad2x2+ (b2d— @265+ 8a2 db—4ac))
ad?
l 2009
—/d2 (sa2 bd74ac+b4) +4ad2z+b2d
ad3/? <b2d— N2 (8a2bd—4ac+b4)> arctanh ad3/? (x ez (8a2bd—4ac+b4)+b2d> arc
\/E\/E\/be \/d2 (8a2bd74ac+b4) —4a2bd2 —2acd+bdd
V/2b+/d?(8a2bd—4ac+b?) \/—b2 v/d?(8a?bd—4ac+b*)—4a2bd? —2acd+b*d V/'2b+/d?(8a2bd—4ac+b%) \

. Int[(a*b™2 + b~3%x + c*x~2 + b~ 2%d*x~3 + a*d~2*x~4)~(-1),x]
input | )




output

rule 2009 | T0t[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 2492
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((axd~(5/2)*(b"2xd - Sqrt[d~2x(b"4 - 4*a*xc + 8+a"~2xbxd)])*ArcTanh[(b~2*d -
Sqrt[d™2*(b~4 - 4*axc + 8%a~2xb*d)] + 4xa*d~2xx)/(Sqrt[2]*Sqrt[d]*Sqrt[b”
4xd - 2kaxc*xd - 4xa”2%b*d"2 - b"2*Sqrt[d"2*(b"4 - 4*axc + 8*a~2xb*d)]11)])/
(Sqrt[2] *b*Sqrt [d™2*(b™4 - 4*a*c + 8%a~2%b*d)]*Sqrt[b~4*d - 2*a*xcxd - 4*a”
2¥bxd"2 - b~2xSqrt[d"2*(b"4 - 4*a*xc + 8%a~2*%bxd)]]) - (a*d~(5/2)*(b~2*d +

Sqrt[d~2*(b~4 - 4*axc + 8*%a~2xb*d)])*ArcTanh[(b~2*%d + Sqrt[d~2*(b~4 - 4xax
c + 8*%a~2*bxd)] + 4xa*d”"2+*x)/(Sqrt[2]*Sqrt[d]*Sqrt[b~4*d - 2*axc*d - 4*a”2
*b*d~2 + b~2#Sqrt[d~2*(b~4 - 4xa*xc + 8%a~2*bxd)]1]1)])/(Sqrt[2]*bxSqrt [d~2x*(
b~4 - 4%axc + 8%a"2xbxd)]*Sqrt[b~4xd - 2*akc*xd - 4*a”2%bxd"2 + b~2xSqrt[d”
2x(b"4 - 4*a*xc + 8%a"2*bxd)]]) - (a*d~3xLog[2*axb*d + (b~2xd - Sqrt[d~2*(b
"4 - 4*axc + 8xa”2%bxd)])*x + 2xaxd”~2xx"2])/(2*b*Sqrt[d"2x(b"4 - 4*axc + 8
*a~2+%b*d)]) + (axd"3*Log[2xaxb*d + (b"2xd + Sqrt[d~2x(b~4 - 4*akxc + 8*a~2x%
b*d)])*x + 2¥a*d"2*xx"2])/(2%b*Sqrt[d~2*(b~4 - 4*axc + 8*a~2xbxd)]))/(axd~2
)

Defintions of rubi rules used

Int[(Px_.)*((a_) + (b_)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex(
(b™2 - 4xaxc)/a) + 8*a*xdx(e/b)])/(2*e))*x + x~2) "p*(b/d + ((d - Sqrt[ex((b”
2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2%e))*x + x~2)7p, x]1, x], x] /; FreeQl[{a, b,
c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d"2 - b~2*e, 0]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.09 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.15

method | result size
In (z —_R)

| 4 Rad2+3 R’vd+v3+2 Re
In (x —_R)

4 Rad2+3 R’vd+v3+2_ Re

72

default >
__R=RootOf(a d2_Z44+db2_ 73463 7+ ZPc+b2a

72

risch
_R=RootOf (ad?_Z*+db2_Z3+b3_ Z+_Z?c+b2a)
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input Lint (1/ (a*d~2%x~4+b"2*d*x~3+b~3*x+a*b~2+c*x"2) ,x ,method=_RETURNVERBOSE)

" \ sum(1/(4*_R~3*a*xd~2+3*_R"2*b~2*d+b~3+2*_R*c)*1n(x-_R),_R=Root0f (_Z~4*axd"2

outpu
‘+_Z‘3*b‘2*d+_Z*b‘3+_Z‘2*c+a*b‘2))

Fricas [F(-1)]

Timed out.

1
dz = Timed out
/“b2+b3$+0$2+b2dx3+ad2x4 x imed ou

inputLintegrate(1/(a*d”2*x“4+b“2*d*x“3+b”3*x+a*b‘2+c*x*2),x, algorithm="fricas")

OutputkTimed out

Sympy [F(-1)]

Timed out.
1

/ ab? + b3z + cx? + b2dx® + ad?z?

dz = Timed out

input Lintegrate (1/ (a*d**2xx**4+b**x 2k A*x**3+b*k*3*kx+axb*x*2+ckx**2) , X)

OutputLTimed out
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Maxima [F|

1 1
dr = d
/ ab? + b3z + cx? + b2dx3® + ad?z? v / ad?z* + b2dx3 + b3z + ab? + cx? v

input‘

integrate(1/(a*d~2*x"4+b"~2xd*x~3+b”~3*x+a*b~2+c*x"2) ,x, algorithm="maxima")

outputt

integrate(1/(a*d”2*x"4 + b~2*d*x~3 + b~3*x + a*b”2 + c*x72), x)

Giac [F]

1 1
dr = d
/ ab? + b3z + cx? + b?dx3 + ad?z* v / ad?z* 4+ b2dx3 + b3z + ab? + cx? o

inputt

integrate(1/(a*d~2*x~4+b~2*d*x~3+b~3*x+a*b~2+c*x~2) ,x, algorithm="giac")

outputt

-

inputt

integrate(1/(a*d"2*x"4 + b~2*d*x”3 + b~3*x + a*b”™2 + c*x72), x)

Mupad [B] (verification not implemented)

Time = 23.62 (sec) , antiderivative size = 5563, normalized size of antiderivative =
11.61

1 .
/ ab? &+ b3z + cz? + b2das + ad?ah dz = Too large to display

int(1/(a*xb™2 + b™3*x + c*x"2 + a*d"2*x"4 + b~2*d*x"3),x)

e—
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symsum (log(4*root (288%a~3*b~8*c*d~2*z"4 - 80%a"2xb~T*c"2*d*z"4 - 128%a~4x*b
“4xc”2%d"2%z"4 + 36%axb”1lxckd*z"4 + 256*%a”6*¥b"6*%d"4*xz"4 - 192%a”4*xb"9%d"3
*z74 - 60%a”~2%b"12%d"2%z"4 + 16*a”"2*%b"2xc"4*xz"4 - 8*ax*b"6x%c"3*z"4 - 4*xb~15
*d*z"4 + b710%c™2%z"4 - 16*%a”3*%b"2xc*kd"2%z"2 - 14*a*xb"5kckd*z"2 + 24%a~2%b
T6xd"2%z"2 - bT4xcT2%z"2 + 3*%bTOkd*z"2 + 4ka*c”3%z"2 - 4xaxb"2%ckd*z + 8*a
“2*%b"3*%d"2%z + b"6xd*z + a~2+%d"2, z, k) 2*a"2*c"2*d"4 - 16*root(288*a~3*b~
8xcxd"2%z"4 - 80*%a"2%b"7*c 2*d*z"4 - 128*a"4*b"4xc”2*d"2%z"4 + 36%axb 1llx*c
*d*xz"4 + 256%a”"6xb"6xd"4*z"4 - 192%a"4*b"9*d"3*z"4 - 60*%a"2%¥b"12*d"2*z"4 +
16*a~2%b"2%xc"4%z"4 - 8*a*xb”6*c”3%xz"4 - 4%b"15x%d*z"4 + bT10*c"2%z"4 - 16%*a
“3%b"2*kckd"2%z72 — 14*axb"hkckd*z"2 + 24%a”"2¥b"6x%d"2%z"2 - bT4*c"2%z"2 + 3
*b"O%d*z"2 + 4kaxc”3%z"2 - 4kxaxb”"2xckd*xz + 8*%a"2xb"3xd"2%z + bT6kxd*z + a”2
*d"2, z, k)“2*%a~4%b"2+%d"6 - 6*root(288*a~3*b~8*cxd"2*xz"4 - 80*a~2¥b”T*c” 2%
d*z"4 - 128%a”4*b"4*c”"2xd"2%xz"4 + 36*%a*b"1llkcxd*z"4 + 256%a”6*xb"6*%d"4*z"4
- 192%a”4*b"9*%d"3*z"4 - 60*%a”~2%b"12*%d"2*z"4 + 16%a”~2%b"2*%c"4*xz"4 - 8%a*b”6
*C"3%z74 - 4xb"15%d*z"4 + bT10*c"2%xz"4 - 16*%a”3*b"2*kc*d"2*%z"2 - 14*axb~b*c
*d*z"2 + 24%a”2*%b"6*xd"2%z"2 — bT4*xcT2%z"2 + 3*%bT9*d*xz"2 + 4kakxc 3%z"2 - 4%
axb 2xckd*z + 8%a~2xb"3*d 2%z + b 6xd*z + a~2%d"2, z, k) "3*a"2*b"8*d"5 - 4
8*root (288%a”3*b~8*c*d"2*xz"4 - 80*a”~2xb 7*c"2xd*xz"4 - 128%a”4xb~4*c”2xd"2*
z"4 + 36*a*xb"1l*c*d*z"4 + 256*%a”6%b"6*%d"4*z"4 - 192%a”4*xb"9*d"3*z"4 - 60%*a
T2¥b712%d"2%z"4 + 16*%a”2%b"2%c"4*z"4 - 8xa*b " 6*c”3%z"4 - 4*xbT15xd*z"4 +...

output

Reduce [F]

1 1
dr = d
/ ab? + b3z + cx? + b2dx® + ad?z? o / ad?z* + b2dx3 + b3z + ab? + cx? 7

. ‘int(1/(a*d“2*x*4+b‘2*d*x“3+b‘3*x+a*b“2+c*x‘2),x)
input |

-

ou‘cputLim'(l/(a‘*b"”"2 + axdk*2kx*k*4 + bhk3*kX + bhkkdkx**3 + Ckx**2),X)

| —
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1

3.30 f (ab2+b3w+cw2+b2dw3+ad2w4)2 dz

Optimalresult . . .. ... ... . ... .. ... ... .. ... 269
Mathematica [C] (verified) . . . . . . .. .. ... oL 270
Rubi [F] . . oo el
Maple [C] (verified) . . . . . . . . . .. 275
Fricas [F(-1)] . . . .« o 276
Sympy [F(-1)] . . .« 276
Maxima [F] . . . . . . . . 27T
Giac [F] . . . . o o 277
Mupad [B] (verification not implemented) . . ... ... .. ... ... 278
Reduce [F] . . . . . . . 278

Optimal result

Integrand size = 34, antiderivative size = 1379

1
/ dx = Too large to display

(ab? + b3z + cx? + b2dx3 + ad?z?)’
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(-2%b~2%c~2+6%b"7*xd-2*a*b~3*cxd-12*a"~2xb~4*xd~2-2* (8*a~2*xb*d+b~4-4*axc) ~(1/
2) * (-3*%b~5*xd+2*axb*xc*d+c”2) —-4*a*xd* (-3*b~5xd+2*axbxc*d+c”~2) *x) /a/b"2/d/ (8*a
~2xbxd+b~4-4*xaxc) / (4*a”2¥b"2*%d"2-4*b"5xd+4*axbkckd+c”2) / (2*b/d+ (b~ 2+(8*a"2
*bxd+b~4-4*xaxc) " (1/2)) *x/a/d+2*x"2) +4* (b~4-2*a*c-b~2* (8*a~2*xbxd+b~4-4*ax*c)
~(1/2) +axd* (b~ 2-(8*a~2*b*d+b~4-4*a*xc) ~(1/2))*x) /a/b/d"2/ (8*a~2*xb*d+b~4-4*a
*c) " (1/2)/ (b~4-2%a*c-4*a"2*xb*xd-b~2* (8*a~2xb*d+b~4-4*axc) ~(1/2)) / (2xb/d+ (b~
2-(8*a~2xbxd+b~4-4*axc) " (1/2)) *x/a/d+2*xx~2) / (2xb/d+ (b~ 2+ (8*a~2*b*d+b~4-4*a
*c)~(1/2))*x/a/d+2%x"2) +4%27 (1/2) *a~2* (4*b~ 7T*c*d-18*a*b~8+d~2+8*a~2xb~4x*c*
d"2+c”3* (8*%a~2xb*d+b~4-4*a*xc) ~(1/2) +3*a*bkc™2xd* (8+a~2xbxd+b~4-4*xaxc) ~(1/2
) +6%axb~6+d 2% (8*a”~2xb*d+b~4-4*a*c) ~(1/2) +4*b~5* (9*a~3*d"3-ckd* (8*a~2*b*d+
b~ 4-4xa*xc) " (1/2))-b~2* (c™3+4*a~2xc*d~2* (8*a~2xb*d+b~4-4*a*xc) ~(1/2) ) +b~3*(a
*c”2%d-12*%a"~3*d”~3* (8*a~2*b*d+b~4-4*a*xc) ~(1/2)) ) *arctanh (1/2* (b~2-(8*a~2*bx*
d+b~4-4x*a*c)~ (1/2)+4*axd*xx)*2~ (1/2) / (b~4-2*a*c-4*a~2xbxd-b~2* (8*a~2*b*d+b~
4-4xaxc)~(1/2))°(1/2))/b~3/(8*%a~2xbxd+b~4-4*xaxc) ~(3/2) / (b~ 4-2*a*xc—-4*a~2*b*
d-b~2* (8*a~2xb*d+b~4-4x*axc) " (1/2)) " (3/2) / (b™4-2*axc—-4*a~2xb*d+b~2* (8*xa”2*b
*d+b~4-4*axc) " (1/2))-4%27 (1/2) *a~2* (4*b~7*xc*xd—-18*a*b~8*d~2+8*a~2*b~4d*c*xd"~2
—-c~ 3% (8*a~2*b*d+b~4-4*ax*xc) ~ (1/2) -3*xaxb*c~2xd* (8*xa~2*bxd+b~4-4*a*c) ~(1/2)-6
*axb”~6+d”~2* (8*a”2*¥b*d+b~4-4*xa*xc) ~(1/2) +4xb"5* (9*ka~3*xd”~3+c*d* (8*a~2*b*d+b~4
—-4xaxc)”(1/2))+a*xb~3*d* (c"2+12%a"2+d"2* (8*a~2xbxd+b~4-4*axc) ~(1/2))-b~2x(c
“3-4xa”~2xcxd "2 (8*%a”~2*¥b*d+b~4-4*a*xc) ~(1/2)) ) *arctanh (1/2*(b~2+(8*a"2*b*. . .

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 1.04 (sec) , antiderivative size = 610, normalized size of antiderivative = 0.44

1
(ab? 4 b3z 4 ca? + b2dx® + ad2z4)?

dx

. —4b%d+8ab8d2x—6b7 d2x2 +2b%cdx (—2a2 d-l—ca:) +2c%x (c+ad2x2) +4abcdx (c+ad2x2) +ab4d(5c+6ad2z2) +b3 (02 —8a3d3x+3acd2x2) —bsd(f
(b*—4ac+8a?bd)(c2+4abed—4b2d(b® —a2d)) (z(b3+cz+b2dx?)+a(b?+d2x?))

tnput Integrate[(a*b™2 + b™3*x + c*x™2 + b~2%d*x~3 + a*d~2*x~4)"~(-2),x]
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(-((-4xb~8*xd + 8*a*b~6*d"2*x - 6*b~T*d~2*xx"2 + 2%b~2kckd*x*(-2*%a~2*xd + c*x
) + 2xc”2*x*(c + axd"2*x72) + 4xaxbkckdxx*(c + a*d”2*x"2) + a*b~4*xd*(5xc +
6*a*d"2%x"2) + b"3*(c”2 - 8*%a"3*d"3*x + 3*axcxd"2*x"2) - b "H5*kd*(2*a"2xd +
Txc*x + 6%a*d™2xx73))/((b"4 - 4xa*xc + 8*a~2xbxd)*(c”2 + 4*axb*c*d - 4%b~2
*d*(b~3 - a”2*d) ) *(x*(b"3 + c*x + b™2xd*x"2) + a*(b”2 + d"2*x74)))) + (2*R
ootSum[a*xb~2 + b7 3*#1 + c*#172 + b~ 2*d*#173 + axd"2*#174 & , (c"3*xLoglx -
#1] - 4xb~6xckd*Log[x - #1] + 2*axbxc”2*d*Log[x - #1] + 9*a*b~6xd~2*Log[x
- #1] - 6*%a"2*%b"2*%c*d"2*Logl[x - #1] - 12%a~3%b~3*d"3*Logl[x - #1] + b~2%c™2
xd*Log[x - #1]*#1 - 3*b~7+*d"2*Loglx - #1]x*#1 + a*b~3xcxd"2*Log[x - #1]*#1
+ 6%a”2xb~4*d"3*Log[x - #1]*#1 + axc™2*d"2xLogl[x - #1]*#172 - 3*a*b~5xd~3x*
Loglx - #1]*#172 + 2*a~2%b*c*d~3*Logl[x - #1]*#172)/(b~3 + 2xcx#1 + 3*%b~2xd
*#172 + 4dxaxd"2x#17°3) & 1)/ (-(b"4*c”2) + 4*a*c™3 + 4*xb"9*%d - 20*a*xb~5*c*d
+ 8*a~2%bkxc”2xd + 28%a~2*b"6*%d"2 - 16*a"3*b"2*xc*d"2 - 32*a~4%b"3*d"3))/b"2

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
(ab? + ad?z* + b3z + b2dad + cx?)?
| 2492

dxr

I 2a2(—4ad2b3+cdb2+3ad d2(b4+8a2db—4ac)b+2ad2(c—3abd)x—c\/d2(b4+8a2db—4ac)>d7 2a2(—4ad2b3+cdb2—3ad\/d2(b4+8a2db
b3(d2(b44—8a2db——4ac))3/2(2ad2x24—(bzd——\/d2(b44—8a2db——4ac)>ar%2abd> b3(d2(b44—8a2db——4ac))3/2(2ad5

l 7239

f a?d* dx
(ad?z4+b2dz3+ca2+b3z+ab?)?
a?d*

| 27
1
(ab? + ad?z* + b3z + b2dz3 + cx?)?

l 2492

dz
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242 (—4ad2b3 +edb?—3ad/d2 (b3 +8a2db

I 242 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b +8a2db—4ac))3/? (2ad2z2+ (b2d— \ /d2(b4+8a2db—4ac)> w+2abd>

b3(d2(b*+8a2db—4ac))®/? <2ad5

l 7239

f a?d* dx
(ad2z4+b2dz3+ca2+b3z+ab?)?

a2d4
l 97
1
/ (ab? + ad?z* + b3z + b2dz3 + ca?)?
l’2492

dz

242 (—4ad2b3+cdb2—3ad\/d2(b4+8a2db

I ( 242 (—4ad2 b3+cdb?+3ad\/d% (6*+8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> 7

b3 (d2 (b4 +8a2db—4ac))3/> <2ad2x2 + (b2d— a2 (b4+8a2db—4ac)) z+2abd)

b3(d2 (b4+8a2db—4ac))/2 (2adi

l 7239

f a?d*
(ad?z4+b2dz3+cx2+b3z+ab?)
a2d*

| 27
1
(ab? + ad?z* + b3z + b2dad + ca?)?

J’2492

sdx

dz

202 (—4ad263+cdb2—3ad\/d2(b4+8a2db

I 202 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b*+8a2db—4ac))3/> (2ad2x2+ (bzd— \ /d2(b4+8a2db—4ac)) a:+2abd)

b3 (d2 (b*+8a2db—4ac))%/? (2adi

l'7239

f a?d*
(ad2z4+b2dz3+ca2+b3z+ab?)?

a?d4
l 97
1
dz
/ (ab? + ad?z* + b3z + b2dz3 + cx?)?
l 2492

dxr
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242 (—4ad2b3 +edb?—3ad/d2 (b3 +8a2db

I 242 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b +8a2db—4ac))3/? (2ad2z2+ (b2d— \ /d2(b4+8a2db—4ac)> w+2abd>

b3(d2(b*+8a2db—4ac))®/? <2ad5

l 7239

f a?d* dx
(ad2z4+b2dz3+ca2+b3z+ab?)?

a2d4
l 97
1
/ (ab? + ad?z* + b3z + b2dz3 + ca?)?
l’2492

dz

242 (—4ad2b3+cdb2—3ad\/d2(b4+8a2db

I ( 242 (—4ad2 b3+cdb?+3ad\/d% (6*+8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> 7

b3 (d2 (b4 +8a2db—4ac))3/> <2ad2x2 + (b2d— a2 (b4+8a2db—4ac)) z+2abd)

b3(d2 (b4+8a2db—4ac))/2 (2adi

l 7239

f a?d*
(ad?z4+b2dz3+cx2+b3z+ab?)
a2d*

| 27
1
(ab? + ad?z* + b3z + b2dad + ca?)?

J’2492

sdx

dz

202 (—4ad263+cdb2—3ad\/d2(b4+8a2db

I 202 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b*+8a2db—4ac))3/> (2ad2x2+ (bzd— \ /d2(b4+8a2db—4ac)) a:+2abd)

b3 (d2 (b*+8a2db—4ac))%/? (2adi

l'7239

f a?d*
(ad2z4+b2dz3+ca2+b3z+ab?)?

a?d4
l 97
1
dz
/ (ab? + ad?z* + b3z + b2dz3 + cx?)?
l 2492

dxr
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242 (—4ad2b3 +edb?—3ad/d2 (b3 +8a2db

I 242 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b +8a2db—4ac))3/? (2ad2z2+ (b2d— \ /d2(b4+8a2db—4ac)> w+2abd>

b3(d2(b*+8a2db—4ac))®/? <2ad5

l 7239

f a?d* dx
(ad2z4+b2dz3+ca2+b3z+ab?)?

a2d4
l 97
1
/ (ab? + ad?z* + b3z + b2dz3 + ca?)?
l’2492

dz

242 (—4ad2b3+cdb2—3ad\/d2(b4+8a2db

I ( 242 (—4ad2 b3+cdb?+3ad\/d% (6*+8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> 7

b3 (d2 (b4 +8a2db—4ac))3/> <2ad2x2 + (b2d— a2 (b4+8a2db—4ac)) z+2abd)

b3(d2 (b4+8a2db—4ac))/2 (2adi

l 7239

f a?d*
(ad?z4+b2dz3+cx2+b3z+ab?)
a2d*

| 27
1
(ab? + ad?z* + b3z + b2dad + ca?)?

J’2492

sdx

dz

202 (—4ad263+cdb2—3ad\/d2(b4+8a2db

I 202 (—4ad2b3+cdb2+3ad @2 (0" +8a2db—4ac)b+2ad? (c—3abd) z—c+/d2 (b4+8a2db—4ac)> a7
b3 (d2 (b*+8a2db—4ac))3/> (2ad2x2+ (bzd— \ /d2(b4+8a2db—4ac)) a:+2abd)

b3 (d2 (b*+8a2db—4ac))%/? (2adi

| 7239
f a?d*
(ad2z4+b2dz3+ca2+b3z+ab?)?
a?d*

l 27
1

dz
/ (ab? + ad?z* + b3z + b2dz3 + cx?)?

dxr




input

output

rule 27

rule 2492

rule 7239

input
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LInt[(a*b“2 + b73%x + c*x"2 + b"2*xd*x"3 + axd~2*xx"4)"(-2),x]

L$Aborted

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Px_.)*((a_) + (b_)*(x_) + (c_.)*(x_)"2 + (d_.)*(x_)"3 + (e_.)*(x_)"4)
~(p_), x_Symbol] :> Simp[e”p Int[ExpandIntegrand[Px*(b/d + ((d + Sqrt[ex(
(b™2 - 4xaxc)/a) + 8*axd*(e/b)])/(2%e))*x + x~2) p*(b/d + ((d - Sqrtlex((b™
2 - 4xaxc)/a) + 8*xaxdx(e/b)])/(2*e))*x + x~2)7p, x]1, x], x] /; FreeQl[{a, b,

c, d, e}, x] && PolyQ[Px, x] && ILtQ[p, 0] && EqQ[a*d™2 - b~2%e, 0]

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.22 (sec) , antiderivative size = 722, normalized size of antiderivative = 0.52

method | result
2a d2 (73b5d+2abcd+c2)z3 (6a2b2d2 76b5d+3abcd+2c2) dx?
defaul T2 (32a453d3 28026642 —4b9d+16a3b2c d2+20a bD cd—8a2b c2d+bc2 —4a C3) " 32046343 280200642 —4b9d+16a3b2c d2+20a bD cd—8a2b c2d
etault ad?2z*+b%d x3
2a d? (—365d+2abcd+c2)w3 (6a2b2d2 —6b5d+3abcd+2c2) dax?
isch T2 (32a4b3d3 —28a2b66d2 —4b9d+16a3b2c d2+20a b5 cd—8a2b c2d+bdc2—4a c3) " 32045343 28426642 —49d+16a3b2 ¢ 42 +20a b5 cd—8a2b c2d
I1sc ad?z4+b%d 23

Lint (1/ (a*d~2*x~4+b~2*d*x~3+b~3*x+a*b~2+c*x~2) "2,x,method=_RETURNVERBOSE) J
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(-2%a*xd~2* (-3*b~5*d+2*axb*cxd+c”2) /b~2/(32*a~4*b~3*d~3-28*a~2*b~6*d"2-4*b"
9*d+16*a~3*b~2xcxd~2+20*%a*b~5*xc*d-8*a~2*xb*xc~2xd+b"4*c"2-4*a*c”3) *x"3- (6*a”
2*%b~2*d~2-6*%b~5*d+3*a*bkcxd+2*xc”2) *d/ (32*%a"~4*b"3*d"3-28%a”"2*xb"6*d"2-4*b" 9%
d+16*a~3*b~2xc*d~2+20*%a*xb~5*c*kd-8*a~2*b*c~2xd+b~4*c”"2-4d*axc”3) *x"2+(8*a~3*
b~ 3*d"3-8*a*b”~6*d"2+4*a"2*%b"2*xcxd " 2+7*b " 5kckd-4*a*b*c”2*xd-2*xc~3) /b"2/(32*a
“4xb~3*%d"3-28*%a"2*%b"6*d"2-4*b"9*kd+16*a"3*xb " 2*ckxd"2+20*a*b"5*kc*kd-8*a"2¥b*c”
2*d+b~4*c"2-4*axc”3) *x+b* (2*¥a”~2*b"2*xd"2+4*xb"5*d-5*a*bxcxd-c~2) / (8*a~2*b*d+
b~4-4xaxc) / (4xa”2*b~2*d"2-4*b"5xd+4*axbxc*d+c”2) ) / (a*xd"2*x"4+b"2*d*x~3+b"3
*x+axb”~2+c*x"2)+2/b"2/ (32%a"~4*b"3*d"3-28*a"~2*xb"6*d"2-4*b”~9*d+16*a "~ 3*b~2*c*
d~2+20*a*b~5*c*xd-8%a”~2xb*c~2*d+b~4*c~2-4*a*xc”3) *sum( (a*d~2* (3*xb~5*d-2*axb*
c*xd-c~2)*_R™2+d*b" 2% (-6*a~2%b~2*%d~2+3*b~5*xd-a*b*c*d-c~2) *_R+12*a~3*b~3*d"~3
-O%ax*xb~6*d~2+6*a~2xb~2kckd"2+4*b " 5*xc*xd-2*xd*c"2xb*a-c~3) / (4%_R"3*a*d~2+3*_R
~2xb~2xd+b~3+2*_R*c)*1n(x-_R),_R=RootOf (_Z"4*a*d"2+_Z 3*b~2*d+_Z*xb~3+_Z" 2%
c+a*b”2))

output

Fricas [F(-1)]

Timed out.
1

(ab? + b3z + ca? + b?dx® + ad?x*)

5 dr = Timed out

input ‘ integrate(1/(a*d~2*x~4+b~2xd*x~3+b"~3*x+a*b~2+c*x"2) "2,x, algorithm="fricas
n

output LTimed out

Sympy [F(-1)]

Timed out.
1

(ab? + b3z + ca? + b?dx® + ad?x*)

5 dr = Timed out

input Lintegrate (1/ (axd**x2xxk*x4+b**x 2k Ak x**x3+b**k3kx+a*b**2+CkX**2) **2 , X)

output ‘ Timed out
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Maxima [F|

1 1
dx::d/
t/ww+@x+mﬁ+WMﬁ+w%ﬂ2 (ad?z* + b?dx® + b3z + ab? + ca?)

5 dx

integrate(1/(a*d~2*x~4+b~2xd*x~3+b"~3*x+a*b~2+c*x"2) "2,x, algorithm="maxima

II)

input

(2*%a~2xb~5xd"2 - b"3*c"2 - 2*(a*c™2*%d"2 - (3*a*xb”~5 - 2*a~2*b*c)*d~3)*x~3 -
(6*a~2%b~4*d"3 + 2*b~2kc"2*d - 3*(2*b~7 - a*b~3*kc)*d"2)*x"2 + (4*b"8 - 5%
a*b~4*c)*d + (8*a~3*xb"3*d"3 - 2%c”3 - 4% (2*axb”6 - a~2*b"2*c)*d"2 + (7*b"5
*C — 4dxaxbxc”2)*d)*x)/(32*%a"5*%b"7*d"3 + a*xb"8*c”"2 - 4%a”2%b~4xc~3 + (32*a”
5%b"5%d"5 - 4*(7*a"3*b"8 - 4*a"4%b~4*c)*d"4 - 4x(axb"11 - 5*%a”2*b"T*c + 2%
a~3*xb”"3*c"2)*d"3 + (a*b"6*c”2 - 4*a~2*b"2xc”"3)*d"2)*x"4 + (32*a"4*b"7*d"4
- 4x(7*a~2*xb"10 - 4*a~3*b"6*c)*d"3 - 4*(b~13 - 5*xa*b”9xc + 2*xa”~2*b~5xc”2)*
d"2 + (b78%c™2 - 4xaxb~4dxc”~3)*d)*x"3 - 4*(7*a~3*b~10 — 4*a”4*b~6*c)*d"2 +
(32*%a~4xb~5xc*xd"3 + b"6*c”3 - 4*xaxb"2xc”4 - 4*x(T*a"2%b"8*c - 4*a~3*xb~4*xc”2
)*¥d~2 - 4%(b~11xc - 5*axb~7*c”™2 + 2%a”~2*%b~3*%c”3)*d)*x"2 - 4x(axb”13 - 5%a”
2xb~9xc + 2%a~3%b"5xc”2)*d + (32*a~4*b~8%d"3 + b~9*kc"2 - 4*axb”~5xc”3 - 4x*(
T*a~2*%b~11 - 4%a”~3*%b~7T*xc)*d"2 - 4%(b~14 - 5*a*b~10*c + 2*%a~2*xb~6*c~2) *d) *x
) - 2*integrate(-(12#a~3#b~3*%d"3 - c~3 - 3*(3*axb”6 - 2*xa~2xb"2*xc)*d"2 - (
a*c”2+%d"2 - (3*axb”5 - 2*%a”2%b*c)*d"3)*x"2 + 2x(2*xb"5kc - a*b*c”2)*d - (6%
a~2*xb~4*%d"3 + b"2*%c"2%d - (3*%b"7 - axb~3*c)*d"2)*x)/(a*d"2*xx"4 + b~ 2xd*x"3
+ b~3%x + a*b”2 + c*x"2), x)/(32*%a"4*b"5%d"3 + b~6*c”2 - 4xaxb"2%c~3 - 4%
(7T*a"2%b~8 - 4*a”3%b~4*c)*d"2 - 4x(b~11 - 5*axb~7*c + 2*a~2xb~3*c”~2)*d)

output

Giac [F]

1 1
dx::d/
t/ww+@x+mﬁ+WMﬁ+w%ﬂ2 (ad?z4 4 b2dz + b3z + ab? + ca?)’

dzx

input‘integrate(1/(a*d‘2*X“4+b‘2*d*x‘3+b‘3*x+a*b“2+c*x*2)*2,x, algorithm="giac")

Output‘integrate((a*d“2*x“4 + b~2xd*x"3 + b~3xx + axb~2 + c*x"2)"(-2), x)




input

output

input
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Mupad [B] (verification not implemented)

Time = 25.60 (sec) , antiderivative size = 16419, normalized size of antiderivative =
11.91

1
dx = Too large to display
(ab? + b3z + cx? + b2da3 + ad?z?)®

-

Lint(l/(a*b“Q + b73%x + c*kx"2 + a*d"2*x"4 + b"2*d*x"3)"2,x)

~—

symsum(log((216%a~5%b~10*%d~10 - 40*a~5*xc~4*d~8 - 80*a 6*b*c~3*d~9 - 72*a~4
*b~9*cxd™9 - 720*%a"6*%b~6*c*d"10 + 576*a"8*b"3*kckd"11 + 16*a~4*b~4*c~3*d"8
+ 216%a”~5xb~5*c"2xd"9 + 288*a”7*b"2xc"2+%d"10)/(b~16*c"4 + 16%¥b"26+%d"2 - 12
*a*xb"12xc”5 - 8%bT21xc"2%d - 64*a”3*%b"4*xc”7 + 48%a"2*xb"8*c”6 + 352*a”2*xb”2
3*d~3 + 2320*%a”"4*b"20%d"4 + 2432%a”6xb~17*d"5 - 13312*%a"8*b"14*d"6 + 8192%
a”10*%b"11*%d"7 - 128*a”4*b"5*xc”"6*d + 704*a~3*b~9*c"5*d - 456*a”2%b~13*c"4*d
- 3424*a"3*b"19*c*d"3 - 11712*%a"5*%b"16*c*d~4 + 11264*a”7*b"13*c*d"5 + 409
6*a”9%b~10*c*d"6 + 768*%a”"bxb"6*%c”"5%d"2 - 1216*a"4*xb"10*c"4*d"2 + 1536*a"6*
b~7xc"4*d"3 - 1120*%a”3*b~14*c"3*d"2 - 5632*%a"5*b"11*%c"3*d"3 - 3072*a"7*b"8
*Cc"3*%d"4 + 984*a”2%b”18%c”2*%d"2 + 9408*%a”~4*b"15%xc”2*%d"3 + T7424*a~6xb"12*c”
2xd"4 - 6144*a”~8xb"9*c"2xd"5 + 104*a*b~17*c”"3*d - 224*axb~22*c*d"2) - root
(77856768*%a~13*b"23*c*xd"9%z"4 - 56623104*a”~15%b~20*c*xd~10*¥z"4 - 18800640*a
TO%b"29%cxd"7*z"4 - 6704640%a"7*b"32*xcxd"6*z"4 + 5308416*a”11*b"26*c*xd " 8%z
"4 - 969408*a"5%b"35*%c*d"5*z"4 - 89088*a~5xb"15xc"9*d*z"4 - 65664*a”3*b~38
*c*d"4*xz"4 + 61440*%a"6*%b"11*c”10*d*z"4 + 53760*a"4*xb~19*%c”8*d*xz"4 - 17280%
a"3*%b"23*%c"7*d*z"4 + 3120*%a"2%b"27*c"6*d*z"4 + 1248*axb”"36*%c”3*d"2*%z"4 - 1
728*a*xb~41*c*d"3*z"4 - 300*a*xb~31*c”5*d*z"4 - 85131264*a”12%b~22%c"2*d 8%z
4 - 64880640*a”9%b~24*c”3*d"6*z"4 + 58195968*a”~13*b"18*c”3*d"8*z"4 + 4512
15636*a~10*b~"20*%c"4*d"6*z"4 + 41680896*a”10*%b~25%c™2*d~7*z"4 + 32870400*a"8
*b~28*c"2xd"6*z"4 + 32194560*a"8*b~23*c"4*xd"5*z"4 + 25165824*a”16*b"16x*. ..

Reduce [F]

1
dx = too large to display
(ab? 4 b3z + ca? + b2dz? + ad2zt)?

| int (1/ (a*d"2%x"4+b™2%d*x"3+b~Bxx+a*b 2+c*x"2) "2,%)




CHAPTER 3. LISTING OF INTEGRALS 279

( - 4xint (x**3/(a**x2%b**x4 + 2ka*xx2kb*kk2kd**2*kx**k4 + a*xkxkd**k4*xx**8 + 2%a*b
*k5kx + 2kakxbkx*k4kdxx*k*3 + 2kaxbkk3kd*kk2kx*k*5 + kakb¥kkkckxk*k2 + 2kakbikkk
d**3*kx*k*7 + 2kakckdx*2kxx*k*k6 + b*kB*kx*k*k2 + 2kb*kk5kd*x*k*4 + bkk4kd**2*kx**6 +

2%b**k3kckx*k*x3 + 2kbkk2kckd*xk*k5 + Ckk2¥kxk*k4) ,xX)*akk2kbkk2kd*x*2 — 4kint (x*
*3/ (a**2¥bx*4 + 2ka*x*kbkx*kkd*x*kxk*k4 + a*x*kkd*x*k4*x*k*8 + 2kaxbkx*k5kx + kaxk
bkx4kd*x**3 + 2kakxbk*k3kd*x*kkx*k*k5 + kakbkkkCkx**2 + 2kakbkkkd**k3kx*k*7 +
2kakCkd**kkx*k*kB6 + bk*kGkx*k*k2 + 2xkbkk5kd*kx**4 + bkkdkd**x2kx**k6 + 2kbkk3kCkx*k
*3 + 2kbxk2kckdkxk*k5 + Ckkkxkk4) ,x) kakk2xd*x*k4kxkkd — 4xint (xx*x3/ (a**2kbxx
4 + 2%a*xkx2kbkkkd**kkxk*k4d + akkxkd*kkdkx**8 + 2kakbk*k5kxx + 2kaxbxk4qdkxdkx*k*3
+ 2kaxb*kx3kd**k2*kx**5 + kakbk*kkckx*k*k2 + 2kakxbkk2kdkk3kx*k*k7T + kakckd*kk2*x
*%k6 + bk*kBkx*k*2 + 2¥bk*k5kdkx**4 + bk*k4dkd*x*2kx*k*kB + 2¥bk*k3kCkx**3 + kbk*k2*
ckd*xx*k*k5 + Ckk2kx*k*x4) ,x)*kaxbkk3kd**2%xx — 4*int (x*k*3/(a*x*2xbk*x4d + 2*ax*x2xbx*
*2kQk*kkxkkd + akkkdk*k4*kx*k*8 + 2kaxbkk5kx + kakbkkdkdkx*k*3 + 22kaxbkk3kd*
*¥2kxX*k*k5 + kakbkkkCkx*k*k2 + kakbkkkd**k3*kx*k*k7 + 2kakckdkkkx*k*k6 + bkkBkxk
*¥2 + 2%b*xk5kd*xk*4 + bkk4dkd**2¥x*k*kB6 + 22k¥b**3kckx*k*3 + 2kbk*kkckd*x**5 + C*
*2%xkk4) ,x) kaxbkk2xd*x*3kx*k*k3 — 4*int (xk*3/ (a**2xbkkd + 2kakk2xbk*2kd**kx*
*4 + a*xx2kd*kk4kx**8 + 2kakxbkx*k5kx + 2kaxbkkdkdkx*k*x3 + 2kakbikk3kd*kkkx*k*5 +
2kakb*kk2kCkx*k*2 + 2kaxbkkkdkk3Ikxk*kT7T + kakckd*kk2kx*k*6 + bkkGkx*k*x2 + kbkk
5kd*x**4 + bxk4dxd*x*x2kx*k*k6 + 2kbk*k3kckx**3 + 2kbkkkckdkx**5 + Cck*k2kx*k*4),x
) kaxckd*k2kxk*2 — 3kint (x*¥*2/ (a**2xbx*4 + 2¥a*x*x2xbr*2kd*k*k2kx**4 + a*xx2x. ..

output




output
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3.31 [ (4ac + 4c22? + dedz® + d22%)* da

Optimal result . . . . . . . . . . . . . e 280
Mathematica [A] (verified) . . . . . . . . . ... 28Tl
Rubi [A] (verified) . . . . . . . . . . 2821
Maple [A] (verified) . . . . . . . . ... 2831
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 284
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 285
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 236
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 287
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 289

Optimal result

Integrand size = 29, antiderivative size = 257

434d24 534d23 dz)3
/(4a6+462x2+4cda:3+d2x4)4 de = & (c’ +4ad?) r 8 (¢ + 4ad?*)” (c + dzx)
d8 3d9
N 463(A3 + 4ad?)? (7¢® + 4ad?) (c + dz)®
5d°
8ct(c® + 4ad?) (7¢® + 12ad?) (c + dx)”
7d°
2¢?(35¢® + 120acd? + 48a%d*) (c + dx)°
+
9d?
_ 8c%(7c® + 12ad?) (c + dx)"!

11d°
4c(7¢ + 4ad?) (¢ + dz)'3

13d°
8c%(c+dx)  (c+dx)Y”

15d° 17d°

c”4x (4*axd~2+c”3) "4*x/d"8-8/3*c "5 (4*xa*d"2+c~3) "3x (d*x+c) ~3/d"9+4/5xc"3* (4
*xa*xd~2+c"3) "2x (4xaxd"2+7*c"3) * (d*kx+c) "5/d"9-8/T*c 4* (4*a*d~2+c~3) x (12*a*d”
2+7*c~3) * (d*x+c) ~7/d~9+2/9%c " 2% (48*a~2xd~4+120*a*c”~3*d~2+35*%c~6) * (d*x+c) "9
/d"9-8/11xc”3* (12*a*d~2+7*c~3) * (d*x+c) "11/d"9+4/13*c* (d*a*d~2+7*c~3) * (d*x+
c)~13/d79-8/15*%c”2x (d*x+c) ~15/d"9+1/17* (d*x+c) ~17/d"9
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 285, normalized size of antiderivative = 1.11

1024
/ (4ac + 4P2? + dedz® + d2x4)4 dx = 256a’c*s + OTa3c5m3 + 256a3ctdzt
256 5 3/ 3 2\ 5 2576
+?a ¢’ (6¢® + ad®) ° + 512a’c°dx
2
+ gac4 (403 + 9ad2) 2" +96ac’d (403 + ad2) z8
2
+—%502(8064—120ac3d24—3a2d4)x9
2
+——§§c4d(2c3+—5ad2)x10
64
+—IIc3d2(28c34-15ad2)x11
1
+ £c2d3 (28¢* + 3ad?) ™

1
+ —60d4 (7063 + ad2) = + 3283zt

13
112 5 5 15 716 d®z'"
+ 5 cd’z” +cd'xz® + 17

input Integrate[(4*a*c + 4*c™2%x"2 + 4xckd*x~3 + d~2%x"4)"4,x]

256%a~4*c"4*x + (1024*a~3*c"5%x73)/3 + 256*%a~3*c 4*d*x"4 + (256*a”2xc”3*(6
*c~3 + axd"2)*x75)/5 + 512*xa”2xc 5*xd*x"6 + (256%akc”4*(4*c”3 + 9kaxd~2)*x"
T)/7T + 96*xa*xc™3xd*(4*%c™3 + a*xd~2)*x"8 + (32%c™2*(8*%c”6 + 120*a*c~3*d"2 + 3
*a"2x%d"4)*x79) /9 + (256%c”4*d*(2*%c~3 + S*xaxd"2)*x710)/5 + (64*c”3*xd"2*x(28%
c”3 + 16xa*d"2)*x"11)/11 + (16*c~2*%d"3*(28*%c~3 + 3*axd~2)*x~12)/3 + (16*cx*
d~4x(70*%c”3 + a*d~2)*x"13)/13 + 32*xc~3*d"5*x"14 + (112*c~2*d"6*x~15)/15 +
cxd"7*x716 + (d"8%x~17)/17

output
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Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 276, normalized size of antiderivative = 1.07,

number of rules _ 0.103, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2458, 1403, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4ac + 4c%2? + deda® + d2:L'4)4 dz

l 2458
[(o(1+5) _202(;+x)2+d2(;+x)4)4d(;+m)
l 1403

d

6 12
R - ~32¢%

[ 6a%d* 15ad®> 35\ /c 8 (4acd2 + 64)4 3207(4ad2 +C3) (3%2 + %) (5 +w)6
j/ 16¢ b ( +—x) + = o

l 2009

gc2 (48a2d4 + 120ac®d? + 3506) (E + :1:)9 — §c3d2(12ad2 + 7c3) (E + m) H +
9 d 11 ) d 5

4 c 13 4¢3 (4ad2 + c3) (4ad2 + 763) (9 + x)

ﬁcd4(4ad2 + 703) <& + :E) + £ d —

8¢5 (4ad2 + 03)3 (5 + x)3 8ct (4ad2 + c3) (12ad2 + 703) (g + :c)7 N

346 B 7d2
04(4“d2+03)4 (5"'9”) 8 2 6/(C 5 1 grc 17
Pz -0 (gre) (5 )

. LInt[(lL*a*c + A%CT2%x~2 + Akckd¥x~3 + d"2%x"4)"4,x] J
input

(c™4%(c™3 + 4*a*xd”~2)"4*(c/d + x))/d"8 - (8*c~5*%(c”3 + 4*a*d~2) " 3*(c/d + x)
~3)/(3*d"6) + (4*c™3%(c™3 + 4*axd~2) 2% (7*c"3 + 4*a*d~2)*(c/d + x)~5)/(5%d
~4) - (8xc™4*(c™3 + 4xaxd"2)*(7xc~3 + 12*a*xd~2)*(c/d + x)77)/(7T*d"2) + (2%
c”2*%(35%c”™6 + 120*a*c”3*d"2 + 48*a~2*d"4)*(c/d + x)79)/9 - (8*c"3*d”"2*(T*c
=3 + 12%xa*d~2)*(c/d + x)"11)/11 + (4*c*kd~4*(7T*c~3 + 4*axd~2)*(c/d + x)~13)
/13 - (8*%c”™2*%d"6*(c/d + x)~15)/15 + (d"8*(c/d + x)~17)/17

output
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Defintions of rubi rules used

rulel403‘Int[((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Int[ExpandInte
‘grand[(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*a
‘*c, 0] & I1GtQlp, O] |

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2458 Int[(Pn_)"(p_.), x_Symbol] :> With[{S = Coeff[Pn, x, Expon[Pn, x] - 1]1/(Exp
on[Pn, x]*Coeff[Pn, x, Expon[Pn, x]]1)}, Subst[Int[ExpandToSum[Pn /. x -> x
-8, x1°p, x], x, x + S] /; BinomialQ[Pn /. x -> x - S, x] || (IntegerQ[Exp
on[Pn, x1/2] &% TrinomialQ[Pn /. x -> x - S, x]1)] /; FreeQlp, x] && PolyQ[P
n, x] && GtQ[Expon[Pn, x], 2] && NeQ[Coeff[Pn, x, Expon[Pn, x] - 1], 0]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 267, normalized size of antiderivative = 1.04

method result

norman 256ctatz + 1024“305””3 + 256a3c*d 2t + (ZaPPd? + 5396%cP) 2 + 512a°Pd 2 + (B a’c
gosper oz'Bacd® + 96a203d3:c8 + 384a Pd z® + E25a33d? + BMrTactd? + 3293 a’cd* + 20
risch ig Bacd’ 4 96a2c*d®z® + 384a Sd 2® + 20x°aP3d? + BMa"a’c*d? + L2’ + 20
parallelrisch | Toz'3acd® + 96a*c*d3z® + 384a Fd 2® + Z0a5a3A3d? + B2a7a’c*d? + La%a*Ad* + 22
orering % (45045d8z16+765765c d” 2'5+5717712c? d5 514 +24504480c3d° 13 +942480ac dbx 12+6597360004d4a:12+1225224Oa02d5a:
default d8 17 + cd’z18 n 11202d6 15 + 393514 + (2 (8acd2+1664)1(:134+1088c4d4)213 + (64a02d5+16(8acd2+;gc

input 10t ((d72%x74+4xcxdrx"3+4%c™24x"2+4xa%c) "4, %, method=_RETURNVERBOSE) |




output

inputt

output
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256*c"4*a~4xx+1024/3*%a”3*c"5*x"3+256*a~3*c 4*d*x "4+ (256/5%a"3*c"3*d"2+1536
/5*a”~2%c”6) *x"5+512*%a~2kc " 5*xd*x~6+(2304/7*a"~2*%c~4*d"2+1024/T*a*xc™7) *x~7+(9
6*a~2*c"3*%d"3+384*xaxc”6*d) *x~8+(32/3*a"2*%c"2xd~4+1280/3*%a*c”"5%d"2+256/9*c”
8) *x~9+(256*a*xc~4*d~3+512/5*c~7*d) *x~10+(960/11*a*xc”3*d"4+1792/11*%c”~6*xd"2)
*x"11+(16*a*c”2*d"5+448/3*%c~5*%d~3) *x~12+(16/13*a*c*xd~6+1120/13*xc~4*d"4) *x~
13+32*%c”3*d"5*%x"14+112/15%c™2*%d"6*x"15+c*d"7*x"16+1/17*d"8*x~17

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.05

/ (4ac + 4c’2* + dedz® + d2x4)4 dx =

1 112
T Bz + ed"x' + 15 Adér'® + 323

1
+512a2dx® + £ (70 c'd* + acd®)z"®
16

+ 3 (28°d® + 3ac*d®)z'? + 256 a’c*dz*

(28 ASd®+15 ac3d4)x11
256

+_64
024
+ T a’lr® +

2
+ % (8¢ +120ac’d® + 3a*c*d*)z®

+ 256 a*c*z + 96 (4 actd + a203d3)x8
2
+ g (4ac” +9a*c*d*)z”

| 256
5

(2 c’'d+5 ac4d3) z!0

(6 a’cb + a3c3d2)a:5

-

integrate ((d~2*x"4+4*c*d*x~3+4*c”~2*x"2+4*a*xc) "4,x, algorithm="fricas")

-/

c~2*%d~B)*x~12 + 256%a~3*c”4*d*x"4 +

120*a*c~5*%d"2 + 3*a”~2xc”2*xd"4)*x"9

3*c~3%d"2)*x”5

c"3*%d"3)*x"8 + 256/7*(4*a*c”7 + 9*a”

1/17*d"8%x~17 + c*xd"7*x"16 + 112/15%c”2*d"6*x~15 + 32%c~3*d~5*x~14 + 512%a
~2xc”5%d*x"6 + 16/13%(70%c~4*d"4 + a*xc*d~6)*x~13 + 16/3%(28*c”~5%d~3 + 3*ax

64/11%(28%c~6+%d"2 + 15*axc”3*d"4)*x"11

+ 1024/3%a"3%c~5%x"3 + 256/5%(2%c”~7*d + 5*axc”4*d"3)*x"10 + 32/9%(8%c"8 +

+ 256*%a~4xc”4x*xx + 96* (4*xaxc~6*d + a~2*
2%c”4%d72)*x"7 + 256/5%(6*a”"2%c”6 + a”




input

output
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Sympy [A] (verification not implemented)
Time = 0.06 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.16

1024a3c°z?
3

+ 512a%cPdz® + 323d° ™ +

+ 256a3ctdzt
112¢2d8 215

/ (4ac + 4c°2* + dedz® + d2x4)4 dx = 256a*c*z +

15
Bzl 16acd®  1120c4d*
4716 13
+ecd'z” + —17 x 3 + 13
44865

+z'2. (16ac2d5 + 8Tc>
g 960ac3d4+ 1792842

11 11

+ 2. (256ac4d3 +
(32a202d4 1280ac®d? 25608)

512c7d> 9
) v

3 + 3 * 9

96(1203d3 + 384a06d)
2304(1204d2 1024ac”
( )
( 256a3c3d2 1536a2%c8 )
5

|

integrate ((d**2*x**4+4*ckAxx*k*x3+4* Ck* 2k *2+4*kaxc) ¥*4 , X)

p

256*a*x4kckkdkxx + 1024*%ax*k3kckk5xx**3/3 + 256%a**3kckkdkd*rx*k*kd + 512%a**2%
ckkExd*x**k6 + 32%kck*k3kd*k5kxx*x*14 + 112*c**2*d**6*x**15/15 + ckd*kx7Txx**16 +
Axk8*x**%17/17 + x**x13* (16*axckd**6/13 + 1120*c**4*xd*x*x4/13) + x*k*k12%(16*a*
cxx2xd*x5 + 448*%ck*5xd**3/3) + x**x11%(960*a*c**x3kd**4/11 + 1792*ck*x6*xd**2/
11) + xxk10% (256%axck*x4xd**3 + 512kcx*k7*d/5) + xk*kOQk (32ka**2kcx*k2xd**4/3 +
1280*a*ck*5xd**2/3 + 256%c*k*8/9) + x**k8* (96*a**kck*x3xd**3 + 384*akck*x6*d
)+ xkHTk(2304*a**x2kchkdxdk*2/7 + 1024%axc**7/T) + x*k*5k (256%a*x*3kck*3kd**
2/5 + 1536*a**2*xc*x*6/5)

| —




input

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 372, normalized size of antiderivative = 1.45

/ (4ac + 4P2? + dedz® + d2x4)4 dz

1 2 12 2 9
=17 d*z'" + Cd7w2:6+ % Adbzt® + 78 Sz + li?? c4;i;;vl3 + ? ASx°

+256a'c'z + 15 (3 d*z° 4 15 cdz* + 20 021'3)(1363 + 5 (5 d’z' 422 cdar:lo)c6
2

+ % (35 d*z? + 315 cd3 8 + 720 Ad2z” + 1008 cArd +120 (3 &2z’ 114 Cde)cz)a202
2

* 1373 (33d%z"® + 286 cd’z™ + 624 Pd’x') ¢!
16

+TE01E (1155 d°z"™® + 15015 cd®z" + 65520 *d*z'" + 96096 > d®z™° + 137280 °z” + 40040 (2 d*z” + ¢
1

+ T25 (91d%2™ + 1170 cd®z™ + 5040 2d*z!® + 7280 Pd®z'?)

Lintegrate((d“2*x‘4+4*c*d*x“3+4*c“2*x“2+4*a*c)‘4,x, algorithm="maxima")

1/17%d"8*x"17 + c*d"7*x~16 + 32/5*xc”2*d"6*x~15 + 128/7*c~3*d"5*x"14 + 256/
13%c™4*d"4*x"13 + 256/9*%c™8*x"9 + 256%a”4*c 4*x + 256/15%(3*d"2*x"5 + 15%c
*d*x~4 + 20%c”2xx"3)*a~3*%c"3 + 256/55%(5xd"2*x"11 + 22*cxd*x~10)*c”6 + 32/
105% (35%d"4*x"9 + 315%c*d~3*x"8 + 720*%c”2*%d"2*x"7 + 1008*c”~4*x”5 + 120*(3*
d™2%x"7 + 14*xcxd*x"6)*c”2)*a"2%xc™2 + 32/143%(33*%d"4*x~13 + 286%c*xd~3*x~12
+ 624%c”2%d"2*%x"11)*c”4 + 16/15015%(1155%d"6*x~13 + 15015*%c*d"5*x~12 + 655
20%c™2*%d"4*x"11 + 96096*c”3*d"3*x~10 + 137280*c~6*x”7 + 40040%(2*%d"2*x~9 +
O*xc*xd*x"8)*c~4 + 364*(45%d"4*x"11 + 396%c*d~3*x"10 + 880*c”2*d"2*x"9)*c"2
Y*xa*xc + 16/1365*%(91*d"6*x"15 + 1170*c*d"5*x"14 + 5040*c~2*d"4*x~13 + 7280%*
c”3*%d"3*x"12) *c"2
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 277, normalized size of antiderivative = 1.08

112
/ (4ac + 4c22? + dedz® + d2x4)4 dz = 7 d8:1317 +ed '8+ == 5 Adéz'® + 32 3d5 ™

112 1 44
BT 30 Adrrt? + 12 acd®z'? + 78 ASd3rt?
+ 16 ac2d5x12 _|_ 1792 6d2 11 960 a 3d4.’L'11

+

12 2
5 c’dz'® + 256 actd®z'® + = o6 Sz
12
% ac®d?z® 2c2d*z® + 384 acbdx®

1024 2304
— ac’z” + — a’ctd?c”
1536 2205 5+@a3c3d2x5

+96a3ccd3x® +
+512a%Pdx® + ==

1024
+ 256 a3ctdxt + —— 3 a’clr® + 256 a*cix

tnput integrate ((d~2*x~4+4xcxd*x~3+4%c 2%x"2+4*a*c) “4,x, algorithm="giac")

1/17+%d"8*x~17 + c*d~7*x"16 + 112/15%c™2*xd"6*x~15 + 32*%c~3*d"5*%x~14 + 1120/
13%c™4*d"4*x"13 + 16/13%a*c*xd”6xx"13 + 448/3*%c”5+%d"3*x"12 + 16*axc”2*d"5*x
~12 + 1792/11*%c”6%d"2*%x"11 + 960/11*axc”3*d"4*x~11 + 512/5%c”7*d*x~10 + 25
6*a*c”4*d"3*x"10 + 256/9*%c”8*x"9 + 1280/3*axc”5xd"2*x"9 + 32/3*a"2*xc"2*xd"4
*x79 + 384*a*c”6kd*x"8 + 96*a”2*c”3*d"3*x"8 + 1024/T*xaxc Txx"7 + 2304/T*a”
2%c"4*d"2xx”7 + 512*a~2kc”5*xd*x"6 + 1536/5*%a”2*xc”6*x"5 + 256/5%a”3*c”"3*d"2
*x"5 + 256%a”3*c”"4*d*x"4 + 1024/3*a"3*c”b*x"3 + 256%a”4xc 4*xx

output

N




input

output
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Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.02

12¢7d
/ (4ac + 4c*z® + dedz® + d2x4)4 dx = z'° (5 ¢

= +256ac4d3)
x13<112004d4 16acd6>

13 + 13
g (32 a’c?d*  1280ac®d®> 256 08)

3 + 3 * 9
44 5 13
z'? <8T6d +16ac® d5)
S 1792 8 d? N 960 a ¢ d* 4 d® 7
11 11 17
1024 a3 ® 23

+256a*ct s + cd” 16 +

112 2 76 .15
+3203d5w14+%+256a3c4dx4
256actz” (4¢® 4+ 9ad?)

7

+512a%c5da® +
256 a® 2 z° (6 ¢ + a d?)

+ 5

+96ac’dz® (4¢° + ad?)

-

Lint((4*a*c + 4xc”2%x"2 + d72*%x"4 + 4xcxd*x"3)"4,x)

| —

x~10%((512%c”~7*d) /5 + 256*a*c”4*d"3) + x"13*((1120*%c"4*d~4)/13 + (16*a*c*d
~6)/13) + x"9*%((256*c"8)/9 + (1280*a*c”~5*xd~2)/3 + (32*a~2*%c”~2xd~4)/3) + x~
12%((448*c~5%d"3) /3 + 16*axc™2*xd"5) + x~11%((1792*%c~6*d"2)/11 + (960*a*c~3
*d~4)/11) + (d7"8*x"17) /17 + 256*a~4*c”4*x + c*d"7*x"16 + (1024*a~3*c~5*x"3
)/3 + 32%c™3*%d"5*%x"14 + (112%c”2*xd"6*x"15)/15 + 256%a”~3*c~4*d*x"4 + 512%a”
2xc”5xd*x~6 + (256%axc”4*xx"7T*(9*a*d~2 + 4%c”3))/7 + (256%a”2xc”3*x"5*(axd”
2 + 6%c”3))/5 + 96%a*xc”3*d*x"8*(axd~2 + 4xc”3)
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.09

/ (4ac + 4P2? + dedz® + d2x4)4 dz
__x(45045d8x164—765765cd7x154—571771202d6z144—2450448Oc3d5z134—942480acd6x124—6597360004d4a

. ‘int((d‘2*x“4+4*c*d*x‘3+4*c‘2*x“2+4*a*c)“4,x)
input | )

(x*(196035840*a*x*xdxc*x*x4 + 261381120*a*x*x3xck*x5*xx**2 + 196035840%a**3*c*x*x4*xd
*x*x*%3 + 39207168*a**x3*kck*3kd*x*k2xx**x4 + 235243008k a**2*kc*x*6*x**x4 + 39207168
Oka*x*x2kck*5kxd*x**x5 + 252046080*a*x*2*kck*x4xd**2*x**6 + 73513440%a**2%ck*k3*kdx*
*3*x*k*x7 + 8168160*a**2kck*2kxd**k4*xx*x*8 + 112020480*a*c**x7*x*x*6 + 294053760%*
akxckkBxd*x**7 + 326726400%axck*5xd**2xx**8 + 196035840%akck*4kd**x3kx**x9 +

66830400*axcx*3*xd**x4*xx*x*10 + 12252240*a*c**2xd*x*5*xx*x11 + 942480*a*ckd**6%*
x*x12 + 21781760*c**8*x*x*8 + 78414336kc**7*d*x**x9 + 124750080*Ccx*6*xd**2*x*
*¥10 + 114354240%c**x5*kd**3*x**11 + 65973600*c**k4*kd**4*xx*x*12 + 24504480%Cc**3
*xdk*kExxk*k13 + 5T7T17T12%Cck*2kd**B*x**14 + TE5T65*ckd**T*x**15 + 45045%d**8*x
**16)) /765765

output
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3.32 [ (4ac + 4222 + 4dcdz® + d2xt)’ da

Optimal result . . . . . . . . . . . .. 2901
Mathematica [A] (verified) . . . . . . . . . ... 29T
Rubi [A] (verified) . . . . . . .. . . 291]
Maple [A] (verified) . . . . . . . . ... 2931
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 293
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 294
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 295
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 295
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2961
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 296

Optimal result

Integrand size = 29, antiderivative size = 174

3( 3 213 47 3 o2 3

/ (4ac + 4% + deda® + da")® do = < +dtad Sz _ 20+ 46@ (c+ da)

3c2(c + 4ad?) (5¢3 + 4ad?) (c + dx)®

+
5d”
4c3(5¢® + 12ad?) (¢ + dz)”
7d7
c(5¢® + 4ad?) (¢ + dx)°
3d”

6c%(c + dx) N (c+dz)

11d7 13d7

output ‘ ¢~ 3% (4xaxd~2+c”3) ~3*x/d"6-2%c"4* (d*xaxd~2+c~3) ~2* (d*x+c) ~3/d"7+3/5*c” 2% (4*a
\*d“2+c“3)*(4*a*d“2+5*c“3)*(d*x+c)‘5/d“7—4/7*c“3*(12*a*d‘2+5*c“3)*(d*x+c)“7
\/d‘7+1/3*c*(4*a*d‘2+5*c‘3)*(d*x+c)‘9/d‘7-6/11*c‘2*(d*x+c)“11/d‘7+1/13*(d*x
\+c)*13/d*7
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.98

/ (4ac + 4P 2? + dedx® + d2:c4)3 dz = 64a’c®z + 64a’c*z® + 48a%3dzt

4
+ €8ac2 (4¢® + ad®) 2° + 64ac*dz®

+ ?cg’ (203 + 9ad2) z + 12czd(2c3 + ad2) z8

4
+ gcd2 (2003 + ad2) z° + 1633210
60 5 4 11 5 12 d°z'®
+1lcdac +cd’xz + 13

input‘ Integrate[(4*a*c + 4*c™2%x"2 + 4xckd*x~3 + d"2*x"4)"3,x]

output‘ 64*a”~3*%c"3*x + 64*xa”2%c”"4*xx"3 + 48%a"2xc”3*d*x"4 + (48*axc”2x(4*c”3 + axd”
\2)*x‘5)/5 + 64%a*c”4*d*x"6 + (32xc”3*(2%c”3 + 9*a*d"2)*x77)/7 + 12%xc”2*d*(
‘2*c‘3 + axd~2)*x"8 + (4*c*d"2*(20*%c"3 + a*xd~2)*x"9)/3 + 16*%c”3*xd"3*x~10 +
‘(60*c‘2*d‘4*x‘11)/11 + cxd~5*x"12 + (d"6*x"13)/13

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.09,
number of rules _ 0.103, Rules

number of steps used = 4, number of rules used = 3,
used = {2458, 1403, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (4ac + 4222 + dedz® + d2x4)3 dx
l 2458
e 9(C 2 s/cC ? e

l 1403
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(4acd2+c4)3 8¢5 6ad®? 5\ /c 6 12¢°(4ad® +¢%) (ac%z""%) (5"'37)4 196442 ad®> 5\ /.
/ T c<c3 +2>(d+””) + & e <c3+4>(‘
| 2009
3
1 o, » 3\ (€ 9 44 2 3\ (€ 7 Sdad?+c) (G+2)
ot o ) gt s )
2c¢*(4ad” +c°)" (5 += 3c*(4ad® +¢’) (4ad” +5¢°) (5 + = 6 5 .4/cC 1
dt * ) 5 _ - (gre)
~a5(€
139 (d_%x>
inputLInt[(4*a*c + 4%xcT2%x"2 + 4*ckd*x~3 + d"2%x~4)"3,x] J
output‘(CA3*(C*3 + 4%a*d~2)"3*(c/d + x))/d"6 - (2*c~4x(c"3 + 4xa*d”~2)"2*(c/d + x)

\“3)/d‘4 + (3%c™2%(c™3 + 4xaxd~2)*(5xc~3 + 4*a*d~2)*(c/d + x)~5)/(5xd~2) - \
\ (4%c™3%(5xc™3 + 12xaxd~2)*(c/d + x)"7)/7 + (c*d"2%x(5*%c~3 + 4xaxd~2)*(c/d + \
\ x)~9)/3 - (6%c~2%d~4*(c/d + x)~11)/11 + (d~6%(c/d + x)~13)/13

Defintions of rubi rules used

rule 1403 Tot[((a_) + (b_)*(x )72 + (c_.)*(x.)"4)"(p_), x_Symbol]l :> Int[ExpandInte
‘grand[(a + b*x"2 + c*x~4)"p, x], x] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*a ‘
xc, 0] & IGtQ[p, O]

N J

rule 2009 LInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

Int[(Pn_)"(p_.), x_Symbol] :> With[{S = Coeff[Pn, x, Expon[Pn, x] - 1]/(Exp
on[Pn, x]*Coeff[Pn, x, Expon[Pn, x]]1)}, Subst[Int[ExpandToSum[Pn /. x -> x
- S, x1°p, x], x, x + S] /; BinomialQ[Pn /. x -> x - S, x] || (IntegerQ[Exp
on[Pn, x1/2] && TrinomialQ[Pn /. x -> x - S, x])] /; FreeQlp, x] && PolyQ[P
n, x] && GtQ[Expon[Pn, x], 2] && NeQ[Coeff[Pn, x, Expon[Pn, x] - 1], 0]

rule 2458
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.94

method result

norman L2 4 P2 LT 4 166303210 + (ddtea + Xctd?) 20 + (12a Ad® + 24cPd) 2 + (2
gosper %d%m +cd’z'? + %CZd‘le +163d3210 + 3a%d*ca + Ra®c*d® + 12a Ad3a® + 24cPd 28
risch Hd0z'3 4+ cdPz'? + DAd* M + 1638320 + S2%dca + Lactd? + 12a P dP2® + 24c°d 2®

parallelrisch | d%z'3 + cd’z'? + DAz + 1638320 + S2%d ca + La’ctd? + 12a P dP2® + 24c°d 2°

% (1155d%212+15015¢ d®x1! +81900c2d* 51042402403 d32°+20020ac d*x®+400400c* d2 8 +180180a c2d3x " +360360c5 d =7

orering
4 4 32 2 2 4 9 2 13 5
default d"' 13 + cdogl? 4 80c2dizt 60c2d4 1 + 16c3d3210 + (4d*ca+224c*d +<i) (8acd?+16¢4))x n (64a c?d3+128¢ d+z;ca
input Lint ((d~2*xx~4+4*cxd*x~3+4*c™2*%x~2+4*a*xc) ~3,x ,method=_RETURNVERBOSE) J
output‘1/13*d‘6*XA13+C*dﬁ5*xﬁ12+60/11*CA2*dA4*X”11+16*C“3*d“3*x“10+(4/3*d“4*c*a+8

‘ 0/3*%c”4*%d"2) *x~ 9+ (12*a*xc”2*%d~3+24*c~5*d) *x~8+(288/7*a*xc~3*d~2+64/T7*c"6) *x~ ‘
\ T+64*axc”4*xd*x"6+(48/5%a~2*%c~2*%d"2+192/5*%a*xc”5) *x~5+48%a~2*%c~3*d*xx"4+64*a~ \
\2*c*4*x*3+64*a*3*c*3*x \

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.94

1 60
/ (4ac+ 4 2? + dedz® + d2w4)3 dz = 3 dx'3 + ed®x'? + Tl Adrtt
+ 16 Ad%z'° + 64 actdz® + 48 a®Pdzt

4
+ 3 (20 *d? + acd*)z® + 64 a’c*2?

+12 (2 Ad+ ac2d3)x8 + % (2 A+9 ac3d2)x7

4
+64ad3Cr + 38 (4 ac® + a2czd2)x5

input Lintegrate ((d~2#x"~4+4%cxd*x"3+4*c™2*x"2+4*a*c) ~3,x, algorithm="fricas") J
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‘1/13*d”6*x“13 + ckd"5*x"12 + 60/11*c™2xd"4*x"11 + 16%c”3*d"3*x~10 + 64x*ax*c
\“4*d*x“6 + 48*%a”2%c”3*%d*x"4 + 4/3%(20%c”4*d"2 + axcxd"4)*x”9 + 64*a”2xc 4%
\x‘s + 12+ (2%c75*d + axc™2xd"3)*x"8 + 32/7*(2*%c”6 + 9*xaxc~3*d"2)*x"7 + 64*a
“3*0“3*x + 48/5%(4*a*xc™5 + a~2xc”2*xd"2) *x"5

output

Sympy [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.03

/ (4ac + 4c?2? + dedx® + d21:4)3 dz = 643z + 64a’c*z® + 484%Adx* + 64actdx®

60c2diz!! 6213
TCET e+ T 40

) ' 11 13
4acd d
. ( a;: + 80; ) +z8. (12a02d3+24c5d) +27

(288ac3d2 6406) St (48a202d2 192&05)

+163d%21° +

7+7 5+5

input intesrate ((d**2kxk*kA+A% CkA*X KK 3+AkChRk kX *¥*2+4*a*C) *%3, X)

B4*a*x*3*%Ck*k3kX + B4ka**kkck*k4*x*x*3 + 48ka*xkkck*k3kd*kx*k*k4 + B64kakckksdkdkxk*k
6 + 16%kC*k*x3kd**k3*kx**10 + B0*kCck*kd*x*k4*x*x*11/11 + ckd**x5kx**x12 + d**6*kx**13
/13 + x**%x9% (4d*akckd**x4/3 + 80kck*x4xd*x*2/3) + x**8k (12%kakxc*x*2kxd**3 + 24*c*k*
5%d) + xk*7*(288%axcx*3*%d**x2/7 + 64*c**x6/7) + x**x5k (48*a**x2kxc*kx*2*xd**x2/5 +
192*xa*xc**5/5)

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.18

/ (4ac + 4c2? + dedx® + d2x4)3 dz
1 5 13 512, 48 94 11,32 353 30, 64 ¢ 33
== — — — 4
131c2x + cd’x +1lcdac + 5 cd;c + 7 cx' +64a’°c’x
+ 5 (3 d’z® + 15 cdz* + 20 c2x3)a202 + 3 (2 d?z® + 9cdx8)c4
4
T (35d*z° + 315 cd’s® + 720 *d*” + 1008 ¢*z® + 120 (3d°z" + 14 cdz®)c?)ac

4
+ 16 (45 d*z' + 396 cd’z'" + 880 *d*z”) ¢?

-

input integrate ((d™2*x"4+4*xckd*x~3+4*c 2*%x"2+4*a*c) "3,x, algorithm="maxima")

1/13%d"6*x~13 + c*d~5*x"12 + 48/11*%c”2*d"4*x"11 + 32/5%c~3*d~3*x~10 + 64/7
*CT6xx~7 + 64*a”3*kc”3*x + 16/5%(3*%d"2*xx"5 + 156kckd*x"4 + 20%c"2*x"3)*a~2*c
"2 + 8/3%(2xd"2*x"9 + 9*c*d*x"8)*c”4 + 4/105%(35%d"4*x"9 + 315%c*d"3*x"8 +
T20%c™2%d"2%x"7 + 1008*c”4*x"5 + 120%(3*d"2*x"7 + 14*cxd*x”6)*c”2)*a*c +
4/165% (45%d"4*xx~11 + 396*c*d"3*x"10 + 880*c”~2*xd~2*x~9) *c~2

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 166, normalized size of antiderivative = 0.95

1 60
/ (4ac+ 4c*z? + dedz® + d2x4)3 dz = 3 dx'3 + ed®x'? + i Adrzt + 16 Sd3z'°

80 4
+ 3 Ad?r® + 3 acd*z® + 24 Pdx® + 12 a?d®x®
64 288 192
- ASx"+ - actd’x" +64 actdz® + 5 ac®z®

48
+ 5 a’Ad?x® +48 a*Adz* + 64 a* AP +64 03P

+

-

input Lintegrate ((d"2%x™4+4xcxd*x " 3+4*c~2%x~2+4*a*c) “3,x, algorithm="giac")

|
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‘1/13*d“6*x“13 + c*d"5*%x"12 + 60/11*c™2xd"4*x"11 + 16%c”3*d"3*x~10 + 80/3*c ‘
‘“4*d“2*x“9 + 4/3%a*xc*d”4*x"9 + 24*c”5xd*x"8 + 12*axc”2xd~3*x"8 + 64/7T*c”6* ‘
\x‘? + 288/T*a*c”3*%d"2*x"7 + 64*akc”4*d*x"6 + 192/5xaxc”5xx"5 + 48/5%a”2%c” \
‘2*d"2*x"5 + 48*%a"2xc"3xd*x"4 + 64*a”2%c " 4*x"3 + 64*%a”3*%c”3*x ‘

output

Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.92

80c*d? 4dacd*
/(4ac+4c2x2+4cdx3+d2x4)3 dx = 8 (24c5d+12ac2d3)+x9< ; + a; )
d6x13+x7 6406_'_288ac3d2
13 7 7
+64a2Px+cd® 22+ 640>t 2B
2d4 11

+16c3d3x10+606Tx+48a2c3dx4

48ac?z® (42 +ad?)

5

_|_

+64acdx’

int ((4%axc + 4*c™2%x"2 + d~2*%x"4 + 4*c*d*x~3)"3,x)

input ‘

‘x“S*(24*c"5*d + 12%axc™2xd"3) + x"9%((80%c™4%d"2)/3 + (4xaxc*d™4)/3) + (4~
\6*x‘13)/13 + x"7*((64*c™6) /7 + (288*a*c~3*d"2)/7) + 64*xa”3*c~3*x + c*d"5*x \
‘“12 + 64*a~2*%c”4*x"3 + 16*%c”3*d"3*%x"10 + (60*c”2*d"4*x"11)/11 + 48*a"2*c”3 ‘
‘*d*x"4 + (48*a*xc™2*x"5* (a*d"2 + 4xc"3))/5 + 64xa*c 4*d*x"6 \

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.97

/ (4ac + 4c®2* + dedz® + d2x4)3 dz
_ z(1155d%z"'? + 15015¢ Pz + 81900cd* !0 + 240240c*d>x® + 20020ac d*z® + 400400 d?z® + 180180

. \ int ((d"2*x~4+4*ckd*x~3+4*c~2%x " 2+4*a*c) ~3,x) J
input
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(x* (960960*ax*3xc**3 + 960960*a**2kckx4*xx**2 + T20720*ax*2*xck*3xA*x**3 + 1
44144 %a*x*2kcx*x2kd**2*kx*k*x4 + B576576*axc**5*xx*k*x4d + 960960*a*c**4*xd*x*x*x5 + 61
TT60%*axck*x3xd**x2*x*x*x6 + 180180*akc**2xd**3*x**x7 + 20020*%a*ckd**4xx**8 + 13
T7280*c**6*xx*x*x6 + 360360*ck*x5xd*x**7 + 400400*ck*4*xd**2xx**8 + 240240%c**3*
d**3xx**9 + 81900*c**2xd**4*x**x10 + 15015kckd**5xx**11 + 1155xd**6xx**12))
/15015

output
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3.33 [ (4ac + 4222 + 4dcdz® + d2xt)’ da

Optimal result . . . . . . . . . . . . . e 298]
Mathematica [A] (verified) . . . . . . . . ... .. L 298
Rubi [A] (verified) . . . . . . .. . . 299
Maple [A] (verified) . . . . . . . . ... 3001
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [A] (verification not implemented) . . . . . ... ... .. .. L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 3031
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 29, antiderivative size = 106

A(A +4ad®)’z  4A3(A + 4ad?) (c + dx)?
d - 3d°
2¢(3¢® + 4ad?) (c + dz)®
5d5
4% (c+dx)” N (c+ dz)?
7d3 9d>

/ (4ac + 4c%2? + dedx® + d2z4)2 dz =

‘ c~2x (4*xaxd~2+c~3) "2*x/d"4-4/3*c"3* (4*axd~2+c~3) * (d*x+c) ~3/d"5+2/5*c* (4*a*xd \

output
‘ ~2+3xc”3) * (d*x+c) "5/d"5-4/T*c~2* (d*x+c) ~7/d"5+1/9* (d*x+c) ~9/d"5 ‘

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.87

2
/ (4ac+ 4c%2® + 4edz® + d*z*) ? de = 1602z + 3Eac‘o’ac“q’ + 8actdz* + §C(2C3 +ad®) z°
1 24 d*x®
+ 3603dx6 + 7c2d2z7 + ed®x® + Tz

input Integrate[(4*akc + 4*c™2%xx™2 + 4xckd*x™3 + d"2%x"4)"2,x] J
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‘16*a"2*c"2*x + (32%a*xc”3%x"3)/3 + 8*axc™2xd*x"4 + (8xc*(2%c”™3 + a*d"2)*x”5 \

output
L)/S + (16%c™3%d*x"6)/3 + (24%c~2*%d"2*x"7)/7 + c*xd~3*x"8 + (d~4*x"9)/9 J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.10,

number of rules _ 0.103, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {2458, 1403, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4ac + 4c%2? + dedz® + d2x4)2 dx

l2458
[(o(sa+5) _202(;H)Hdz(;ﬂ)‘*)?d(;ﬂ)
l1403

2 4 42 3 2 1 3) (¢ 2 2 4
/((4acd +ch)” 4P (4ad® + ) (§ +2) +464<2a,al +3> (E+x) —402d2<2+:c>6+d4<c+x>8>a

d4 a2 3 2)\4 d
12009
2 ) 5\ (C 5_403(4ad2+c3) (§+m)3 cz(4ad2+c3)2(§+w) B
50(4ad +3c)<d+:v>4 37d2 1 +9 7
*2p2(C Ltalc
—cd (d+a:) +gd (d+a:)

-

LInt[(4*a*c + 4%cT2%x72 + 4xcxd*x”3 + d72%x"4)"2,x]

-/

input

-

output ‘
1)/(3%d™2) + (2%cx(3%c™3 + 4*axd™2)*(c/d + x)75)/5 - (4%c™2%d"2x(c/d + x)°7

(c™2%(c™8 + 4xa*xd~2)"2*(c/d + x))/d"4 - (4*c™3x(c"3 + 4*a*d”2)*(c/d + x)73 \\
/T + (@74x(c/d + x)79)/9
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Defintions of rubi rules used

rulel403‘Int[((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Int[ExpandInte
‘grand[(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*a
‘*c, 0] & I1GtQlp, O] |

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2458 Int[(Pn_)"(p_.), x_Symbol] :> With[{S = Coeff[Pn, x, Expon[Pn, x] - 1]/(Exp
on[Pn, x]*Coeff[Pn, x, Expon[Pn, x]]1)}, Subst[Int[ExpandToSum[Pn /. x -> x
-8, x1°p, x], x, x + S] /; BinomialQ[Pn /. x -> x - S, x] || (IntegerQ[Exp
on[Pn, x1/2] &% TrinomialQ[Pn /. x -> x - S, x]1)] /; FreeQlp, x] && PolyQ[P
n, x] && GtQ[Expon[Pn, x], 2] && NeQ[Coeff[Pn, x, Expon[Pn, x] - 1], 0]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.78

method result
3.3
norman L2 | o dBy® US| 166da% | (8geq2 4 1604) 45 4 8 Pd zt + 3282 1 16022
gosper sd'z® + cd®z® + 222" + DAd 2b + SxPacd® + L'’ + 8aPdzt 4+ £aPad + 16a3C?
2 4\ .5
default @ +cd3z® + 2402;12”7 + 16‘:;“6  (Bacd +5160 )2 | 8acdzt + % + 16ac*z
risch sd'z® + cd®a® 4+ 2™ + L Bdab + Safacd® + Lctad + 8aPdat + LaPz® + 16a%C
parallelrisch | $d*z° + cd3z® + Z2d?z" + L3d b + SzPacd® + Lctz® + 8aPd z* + LacPad + 16>
. z(35d*2®+315¢ d3x”+1080c2d?2®+1680c3d 2°+504ac d2x* +1008c x4 +2520a c2d 3 +3360a c3z2+5040a%c?)
orering —
input Lint ((d~2*x~4+4*cxd*x~3+4*c™2*%x"2+4*a*xc) ~2,x ,method=_RETURNVERBOSE) J
| 1/9%d"4*x~9+c*d"3*x"8+24/T*c~2xd"2*x"7+16/3*c~3*d*x"6+(8/5*axc*xd~2+16/5%c” |
output

\ 4) *x"5+8%a*c 2kdxx~4+32/3%a*c " 3kx"3+16%a "2k C %X \
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Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.77

1 24 1
/ (4ac +4c%2? + dedz® + d2:134)2 dz = 9 d*z® + cd®x® + - Ad%z" + 36 Adzb + 8 ac?dzt

2 8
+ % ac’z® + E (2¢* + acd?)z° + 16 a*c*x

input Lintegrate ((d~2#x"4+4%cxd*x"3+4*c™2%x"2+4*a*c) ~2,x, algorithm="fricas")

‘1/9*d”4*x“9 + cxd"3%x"8 + 24/7*c"2%d"2%x"7 + 16/3%c”3%d*x"6 + 8kakc 2kd*x" \

output
‘4 + 32/3%a*xc”3%x"3 + 8/5%(2%c”4 + axcxd"2)*x"5 + 16%a”2%c”2%x

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.90

2 3 13 16 3d 6

/ (4ac + 4c2x® + dedx® + d2av4)2 dr = 16a’c*z + M% + 8ac’dz? + %
242d?x" 4 o d*2® . (8acd® 16¢*
+——?7——+cdm<+—§—+x- 5 %"7;-

p

~—

inputtintegrate((d**2*x**4+4*c*d*x**3+4*c**2*x**2+4*a*c)**Q,X)

‘16*a**2*c**2*x + 32%a*xck*x3*xx*k*x3/3 + 8kakckk2kdxx**k4d + 16*ck*k3*xdkx**6/3 + 2 ‘
‘4*0**2*d**2*x**7/7 + ckd*x*x3kx**8 + dkkd*x*k*x9/9 + xkk5k(8kakxckd**2/5 + 16%c
**4/5)

N J

output
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Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.89

7 5
+ 16 a%cz + 1% (3d%z° + 15 cdz* + 20 *z°) ac

1 1 1
/ (4ac + 4P2? + dedz® + d2x4)2 dz = 9 d*z® + ed®z® + — 6 Ad?r" + = 6 ctx®

+ % (3 d’z" + 14 cda:6)02

inputLintegrate((d‘2*x‘4+4*c*d*x*3+4*c‘2*x‘2+4*a*c)*z,x’ algorithm="maxima") J

‘1/9*d“4*x"9 + c*d"3%x"8 + 16/7*c™2%d"2*%x"7 + 16/5%c”4*x"5 + 16*%a~2*%c 2%x + \
| 8/15%(3%d™2%x"5 + 15kckd*x™4 + 20%cT2%x"3)*axc + 8/21%(3%d"2%x"7 + 1dxcxd |
*X"6)*c"2

N J

output

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.78

7 3 )
8 o5 2, 4,32 33 2 2
—|—5acdm + 8ac’dx +§acx +16a°c’x

1 24 1 1
/ (4ac + 4c*2® + 4edx® + d2ac4)2 dr = 9 d*z® + ed®z® + = AdPx" + — 6 ASdxb + = 6 b

-/

p
input Lintegrate ((d"2%x™4+4xcrd*x~3+4*Cc 2%x~2+4*a*c) “2,x, algorithm="giac")

‘1/9*d‘4*x‘9 + cxd”~3%x78 + 24/7*c”2%d"2%x"7 + 16/3%c”3*d*x"6 + 16/5%c”4%x"5 \
+ 8/5*%a*cxd”2*%x"5 + 8%axc 2xd*x"4 + 32/3*%a*xc”3%x"3 + 16%a"2%c”2*x

N J

output
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.77

16c¢* 8acd? d* 20 3240323
/(4ac+402x2+46dx3+d2x4)2 dx:x5( 5c + a5c )+ gx +16 a? c2x+—a36 ?
16 ¢* d z° 242 2 27
3 7
input Lint((4*a*c + A%CcT2%x"2 + d 2%x~4 + 4xcxd*x~3)"2,x) J

t‘x‘s*((ls*c‘4)/5 + (8*axc*d~2)/5) + (d~4%x79)/9 + 16*a~2xc~2*x + (32%axc”3*

outpu
\x“3)/3 + (16%c™3*%d*x76)/3 + c*xd"3*x”"8 + (24*c™2%d"2*x"7)/7 + 8*xaxc~2xd*x"4
Reduce |B]| (verification not implemented
p
Time = 0.14 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.81
(4ac + 4c22? + dedz® + d2x4) 2 dz
_ x(35d*® + 315cd®z” + 10802 d?x® + 1680c*d 2° + 504ac d®z* + 1008c*z* 4 2520a c?d z* + 3360a >
N 315
input‘int((d‘2*x‘4+4*c*d*x‘3+4*c‘2*x“2+4*a*c)“2,x)
Output‘(x*(5040*a**2*c**2 + 3360*a*xck*3*%x**2 + 2520%axck*2xdxx*k*x3 + 504*axckdr*x2x

x*kd + 1008%Ckkdxxkkd + 1680%CHk*k3kdkxk*k5 + 1080*Cr*k2kdkkkx**6 + 315kckdskk
‘3*x**7 + 35%d**4*x*%8)) /315
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3.34 [ (4ac + 4c*x? + dedz® + d?z*) dx

Optimal result . . . . . . . . . . . . e 304
Mathematica [A] (verified) . . . . . . . . . ... o 304
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 300
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 307
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 307l
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 27, antiderivative size = 32

4c’z? b odzt 4+ d’z?
5)

/ (4ac + 4c12? + dedx® + d2x4) dz = 4acx +

output L4*a*c*x+4/3*c 2%x~3+c*d*x~4+1/5*%d"2*%x"5 J

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00

4c%x3 d?z?

dx* + ——
+ cdx™ + 5

/ (4ac + 4c*2® + dedz® + d2x4) dx = dacx +

: LIntegrate[ll*a*c + 4%CT2%x™2 + 4xckdxx"3 + d"2%x"4,x] J
input

-

L4*a*c*x + (4%c~2%x73)/3 + c*d*x~4 + (d"2*x"5)/5

-/

output




input

output

rule
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

number of rules _ 0.037, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (4ac + 4c%2? + deda® + d2x4) dx

-/

l 2009
4243 d245
dacx + ce +cdx4+Tw
p
LInt [4*xa*c + 4*c™2%x"2 + 4d*xckd*x”3 + d72%x74,x]
L4*a*c*x + (4%c™2%x73)/3 + c*d*x~4 + (d"2*x"5)/5 J

Defintions of rubi rules used

2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.91

method result size
gosper dzac + 522 + cdzt + 1d?z° | 29
default dzac + 322 + cdzt + 1d?2° | 29
norman dzac + 3c72% + cdz* + tda5 | 29
risch dzac + 3c°2% + cdz* + tdaP | 29
parallelrisch | 4zac + 3% + cda* + Ld?z® | 29
parts dzac + 3c°2% + cdz* + tdaP | 29
orering z(3d%z*+15¢cd 1:135+20c2z2+60ac) 39

Lint (d"2*x"4+4*ckd*x"3+4*c~2%x"2+4*a*c,x ,method=_RETURNVERBOSE)

-

L4*x*a*c+4/ 3% 2kx "~ 3+ckd*x"4+1/5%d"2%x"5

-/

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88

1 4
/ (4ac+ 4c*z? + dedz® + d2x4) dr = 5 d*x® + cdz* + 3 Az +4dacx

p
Lintegrate (d"2%x"4+4*c*d*x"3+4*c"2*x"2+4*a*c,x, algorithm="fricas")

-/

Ll/S*d‘Q*x‘S + ckd*x"4 + 4/3%CT2%x"3 + Axakckx
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Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.97

i + cdz* + d'a?
5

/ (4ac + 4c*2® + 4edz® + d2x4) dx = dacx +

inputLintegrate(d**2*x**4+4*c*d*x**3+4*C**2*x**2+4*a*c,x)

output L‘l*a*c*x + AxCH¥¥x**3/3 + ckdkx*k*k4d + dx*2xx**5/5

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88

1 4
/ (4ac + 4c%2? + dedx® + d2x4) dzr = R d?*x® + cdx* + 3 Az +dacx

inputLintegrate(d“2*x‘4+4*c*d*x"3+4*c"2*x“2+4*a*c,x, algorithm="maxima")

output ‘\1/5*d 2%x~5 + cxd*x~4 + 4/3%c 2%x"3 + 4d¥axckx

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88

1 4
/ (4ac + 4?22 + dedx® + d2x4) dz = R d?>x® + cdz* + 3 Az + dacx

input ‘ integrate (d"2*x"4+4*ckd*x~3+4*c"2*x"2+4*a*xc,x, algorithm="giac")

output‘l/S*dh2*xh5 + c*d*x"4 + 4/3%cT2xx"3 + 4dxakxckx
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88

4 2 .3 d2 5
ce +ecdzt+4acz+ 5z

/ (4ac + 4c%2? + dedx® + d2x4) dx =

. Lint(4*a*c + 4%c”2%x"2 + d72%x"4 + 4*ckxd*x"3,x)
input

outputt(4*c 2%x~3)/3 + (d"2%x"5)/5 + 4kaxcxx + cxd*x"4

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.97

z(3d2z* + 15¢d 23 + 20c*z? + 60ac)
15

/ (4ac + 4c22? + dedz® + d2z4) dz =

input | int (d72%x"4+4%Crd¥x"3+AxCT2kX"2+4%akC,X)

outputt(x*(GO*a*c + 20%kck*2kx**2 + 15kckdxx**3 + 3kd**2xx**4))/15




output
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1

3.35 f 4act+4actx’+4cdrd+d2at dx

Optimal result . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . .. .. 310
Rubi [A] (verified) . . . . . . . . . . B0
Maple [C] (verified) . . . . . . . . . ... 3151
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 316!
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 316
Maxima [F] . . . . . . BI7
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... B17
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 319
Reduce [F] . . . . . .

Optimal result

Integrand size = 29, antiderivative size = 386

darctan | MCVE P HVET1ad —/a(ctda)
/ : dz = VeV =P/t aad
4ac + 4c2x? + dedxd + d2xt 22634/ + dad®\/ =32 + /B + dad?
darctan V€V +V/ET1ad +V3(ctdo)
2 AN T dad N o 1 ot ad
darctanh ( V2V CVE A dadP (cda) >

Ve 3 +4ad?+(ct-dx)?

+
2/2¢3/4/c3 + dad2\/c3/? + /3 + 4ad?

-1/4*d*arctan((c~(1/4)*(c™(3/2)+(4*a*d~2+c~3)~(1/2))~(1/2)-2"(1/2) *(d*x+c)
)/c~(1/4)/(-c~(3/2)+(4xa*d~2+c~3) ~(1/2))~(1/2))*27(1/2) /c~(3/4) / (4*xa*d"~2+c
~3)°(1/2)/(-c~(3/2)+(4*a*xd~2+c~3) " (1/2))~(1/2)+1/4*d*arctan((c~(1/4)*(c~ (3
/2)+(4*xaxd™2+c”3) " (1/2)) 7 (1/2)+27(1/2) *(d*x+c)) /c™(1/4) / (-c™ (3/2) +(4*a*d "2
+c73)7(1/2))7(1/2))*27(1/2) /c™(3/4) / (4*axd~2+c~3) ~(1/2) / (-c~ (3/2) +(4*axd "2
+c~3)7(1/2))~(1/2)+1/4*d*arctanh (27 (1/2) *c~ (1/4) *(c~(3/2) +(4*a*d~2+c~3) ~ (1
/2))~(1/2)*(d*x+c) / (¢~ (1/2) * (4*xa*d~2+c”3) ~(1/2) +(d*x+c) ~2) )*27(1/2) /c~ (3/4
)/ (4xa*d~2+c~3)~(1/2)/(c™(3/2)+(4*a*d~2+c~3)~(1/2))~(1/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.18

1 1
/4ac+4c21’2+40dx3—|—d2x4 z 4ROO Sum |4ac + 4P #12 + 4ed#
log(z — #1
+ P#1%K, oglz—#1) &}
202441 + 3cd#1% + d24£1
inputLIntegrate[(‘l*a*c + 4xcT2x72 + Akcxkd*x~3 + d"2%x"4)"(-1),x] J

‘RootSum[4*a*c + 4xcT2x#172 + 4kckd*#173 + d72x#174 & , Loglx - #1]/(2%c™2*

output
L#1 + 3kckd*#172 + d~2%#1°3) & 1/4 J

Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 555, normalized size of antiderivative = 1.44,

number of rules _
integrand size 0.310, Rules

number of steps used = 10, number of rules used = 9,
used = {2458, 1407, 27, 1142, 25, 27, 1083, 219, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/ 4ac + 4c2x? + 4edx3 + d2zt T
l 2458

1 c
/c(4a+si)—2c2<s+x>2+d2<;+w>4d<d”)

l 1407
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df V2A/C\/ 324/ B had®—d( & +a)
e 2 VEVC/S AT 0P (§45) | o/ raad?
a| (g+=)°- a + 2

)d(fz +z)

+

2v/2¢3/4v/4ad? + A\ Vaad + S + /2
af d(2+2)+V2 Y/ VPP +Aad
o ﬁ%\/m(g+z) Jo/ B tdad?
d[ (5+2)%+ a e

d(§ +z)

2v/2¢3/4\/4ad? + 03\/\/4ad2 + 3+ 32

| 27
I V2V B4/ B A —d(S+a)
s v23/C\/3/21\/ 3 4aa? (§+2) 4 VeV tiad?
_ ' a

2v/2¢3/4v/4ad? + 3 \/\/4ad2 + 3+ 32
li d(5+2)+v2 v\ 324 /B +4ad® d(E n m)
2y IV A (42) | e
T ¥ =
2v/2¢3/4/4ad? + c3\/\/4ad2 + 3+ c3/2
l 1142

d(§+ =)
(5+z)

+

(5+

VeV Viad2+c3+c3/2 S

= d(g+e)
1 d
(§+x)2— vzy/c c3/2+vdc3+4ad2(§+w) +\/E\/c32+4ad2 ) ﬁ(% /372 4/ 3 +dad2—
4 3/24 /B aad (-
d<(3+w)2—ﬁ\/_ IRt

vz —3d [ -
2\/503/4\/4ad2 + 03\/\/4(1(12 = 3/2
; d(+z)
e L) V3(VEd(5 +a)+ eV ST
\/i 2 d<(2+m)2+\/§% 03/2+\;m<§+

%\/ Viad2+c3+c3/2 |

(§+

W2c3/4v/4ad? + B/ V4ad? + B + c3/2

| 25
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%«/«/4ad2+c3+c3/2f - 1 d(S+a)
(§+$)2_ﬁ\/z\/c3/2+\/dc3+4ad2(%+x) +\/a/632+4ad2 N 1df \/ﬁ(% /312 4/ +Aad®—/"
\/i 2 A \/03/2 c a <
d((2+w)2—ﬁ\/z +fm(d+
2v/2c3/4/4ad? + B3/ \/4ad? + 3 + 3/2
YoV Vit 1l | d(5+e)

1
4 c
(§+z)2+\/5\/5\/03/2+\/dc3+4ad2(3+1>+\/5\/c32+4ad2 N ldf ﬂ(\/id(ﬁ-l—w)-l- %‘ /312 44/
\/E 2 4 C\/c3/2 V3 +4ad2( S
d<(§+x)2+\/§\/_ H e (5

2v263/4/4ad? + A3\ VAad® + S + A3/?
| 27

V/CyB/2 4B rdad®—v/2d(§+o)

VeV Vi@ +3+c32 | 1 d(s+z)  f
B T o Lo N
V2 V2
212c3/4\/4ad? + B3/ V4ad? + 3 + c3/2
< xT 1 C3/2 C Q.
% /AadZ+c3+c3/2 | . — 1 d(5+a) I \/id(d-i- )+\/E +V/e3+4ad?
2 VBV VBT (§40) | foBiiad? 2 VEVCVB VBl (40) e
(§+=)"+ . + " n (§+=)"+ . + Y0
V2 V2
212c3/4/4ad? + B/ V4ad? + 3 + c3/2
| 1083
4 03/2 C a - ) x
[ Ve +v/ Bt 1ad?—v2d(§+e) d(5+a)

crny2 VEVCVS PV raal (§40) | foy/Sraad?
(d+$) — d + 42

7 — V2V VaadE + S+ 32 [ 1

2v/2(c3/2—\/c3+4ad2 .
LT

W2c3/4/4ad? + B/ V4ad? + 3 + c3/2

\/Ed(§+z)+% 3/24\/c314ad?
o2, VAV OB 10 (§45) o /B aad®
(d+m) + d + d2
V2

d(5+2)

J

\/5\/2\/ dad? + 3 +c f 2/6(c3/2— /3 +4ad?) (2(0_,_96)
d2 S\

2v/2¢3/4/4ad? + 3 \/\/4ad2 + 3+ ¢3/2

l 219
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4 \
V2 \/E Vv 4ad2+c3+c3/2
d 2(%+z>— a )
4
f \/(_3 03/2+\/c3+4ad2_\/§d(§+w) d(£+:1:) d1/1/4ad2+c3+c3/2a}rctanh < =

— 2403

(34_00)2_\/5%/_ c3/2+\d/m(§+z)+ﬁ\/cg;m d \/5\/5\/0 Vdad®+c
d _ /

V2 Vc3/2—\/4ad?>+3

2v/2¢3/4/4ad? + c?’\/\/4ad2 + 3+ c3/2

4 vzi/c \/4gd2+c3+c3/2+2(§+m))\

I vad(§+o) + 30V 324 VTt aad d(S+a) dvV/V4ad+c3+c3/2arctanh VN —
e B3/2 4 /B raad2 (€ +n d V2 ¢3/2_\/4ad24c
(%+m)2+\/§\/5\/ +\/d +4ad2 (§+ )+\/E‘/76d32+4ad2 - |
V2 V32— /4ad?+c3
2v/2¢3/4/4ad? + 3\/V4ad? + 3 + 3/2
| 1103

d(2(§+3)_ vii/c @4-53/2)

NETERN v — 1dlog (\/E\/4ad2 + 3 — V2¥edVV4ad® + 3 +
2v/2¢3/4\/4ad? + 3\/V4adZ + & + c3/2

dv/V4ad2+c3+c3/2arctanh

4
d(ﬁx/
dv/V4ad?+c3+c3/2arctanh |

Vv

1dlog (ﬁ\/4ad2 + 3 +V2edV/Viad? + 3 + A2(5+a)+d*(5+ 33)2) —

W2c3/4/4ad? + B/ V4ad? + 3 + c3/2

V' e3/2—\/4ad

input LInt[(4*a*c + 4xCT2*%x™2 + 4¥ckdxx"3 + d~2%x"4)"(-1),x] J
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(-((d*Sqrt[c~(3/2) + Sqrtl[c~3 + 4xa*d~2]]*ArcTanh[(d*(-((Sqrt[2]*c~(1/4)*S
qrt[c™(3/2) + Sqrtlc™3 + 4*a*d~2]]1)/d) + 2x(c/d + x)))/(Sqrt[2]*c~(1/4)*Sq
rt[c”(3/2) - Sqrtlc™3 + 4xaxd~2]]1)]1)/Sqrtlc~(3/2) - Sqrtl[c™3 + 4xaxd~2]])
- (d*Log[Sqrt[c]l*Sqrt[c~3 + 4*a*d~2] - Sqrt[2]*c~(1/4)*d*Sqrt[c~(3/2) + Sq
rt[c”3 + 4*xaxd~2]]1*(c/d + x) + d"2*(c/d + x)~2]1)/2)/(2*Sqrt [2] *c~(3/4)*Sqr
t[c™3 + 4*xaxd~2]*Sqrt[c~(3/2) + Sqrtlc”™3 + 4*a*d~2]]) + (-((d*Sqrtlc~(3/2)
+ Sqrt[c”3 + 4*axd~2]]*ArcTanh[(d*((Sqrt[2]*c~(1/4)*Sqrt[c~(3/2) + Sqrtlc
=3 + 4*axd~2]]1)/d + 2x(c/d + x)))/(Sqrt[2]1*c~(1/4)*Sqrt[c~(3/2) - Sqrtl[c~3
+ 4xa*d~2]1)1)/Sqrt[c~(3/2) - Sqrtlc~3 + 4*a*d~2]]) + (d*Log[Sqrt[c]*Sqrt
[c™3 + 4%a*d™2] + Sqrt[2]*c~(1/4)*d*Sqrt[c”~(3/2) + Sqrtlc™3 + 4xaxd~2]]1*(c
/d + x) + d"2x(c/d + x)72]1)/2)/(2*Sqrt [2]*c~(3/4) *Sqrt [c™3 + 4*a*d~2]*Sqrt
[c™(3/2) + Sqrtl[c™3 + 4*a*d~2]])

output

Defintions of rubi rules used

-

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 Int L@ ) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(1/(Rtla, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 1083 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1103 IELC(AD) + (e_)*(x1))/((a_.) + (b_.)*(x)) + (c_.)*(x)"2), x_Symboll :> S
‘imp[d*(Log[RemoveContent[a + b*x + cxx~2, x]11/b), x] /; FreeQ[{a, b, c, d,
e}, x] & EqQ[2xc*d - bxe, 0]
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rule 1149 Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*cxd - b*e)/(2%c) Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 21}, With[{r = Rt[2*xq - b/c, 21}, Simp[1/(2*cxq*r) Int[(r - x)/(q - r*
x + x72), x], x] + Simp[1/(2*c*qg*r) Int[(r + x)/(q + r*x + x~2), x], x]]]
/; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4x*axc]

rule 1407

Int[(Pn_)"(p_.), x_Symbol] :> With[{S = Coeff[Pn, x, Expon[Pn, x] - 1]1/(Exp
on[Pn, x]*Coeff[Pn, x, Expon[Pn, x]]1)}, Subst[Int[ExpandToSum[Pn /. x -> x
-8, x1°p, x], x, x + S] /; BinomialQ[Pn /. x -> x - S, x] || (IntegerQ[Exp
on[Pn, x]/2] &% TrinomialQ[Pn /. x -> x - S, x]1)] /; FreeQlp, x] && PolyQ[P
n, x] &% GtQ[Expon[Pn, x], 2] && NeQ[Coeff[Pn, x, Expon[Pn, x] - 1], 0]

rule 2458

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.15 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.17

method | result size

In (z—_R)
> 3 )
_R=Root0f(d2_Z4+4cd_Z3+4c2_Z2+4ac) _Ra4s R'carz Re2
4

default 64

In z—_R
> Rivs Ko R
_R=Root0f(d2_Z4+4cd_Z3+4c2_Z2+4ac) — a 43 cd+2_fie

. 64

risch

input Lint (1/(d~2%x"4+4xc*d*x~3+4%c™2%x"2+4*a*c) ,x,method=_RETURNVERBOSE)

output ‘ 1/4*%sum(1/(_R"3%d"2+3*_R™2%c*d+2%_R*c~2)*1n(x-_R), R=RootOf (_Z 4xd"~2+4* Z~
| 3kcxd+4%_Z 2%c"2+4xaxc))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 905 vs. 2(295) = 590.

Time = 0.08 (sec) , antiderivative size = 905, normalized size of antiderivative = 2.34

1 .
/ 4ac + 4c2x? + dedxd + d2xt 