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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 27 |. This is test number [ 152 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi | 70.37 (19) | 29.63(8)
Mathematica | 62.96 (17 ) | 37.04 (10)
Giac | 44.44 (12) | 55.56 ( 15)
Reduce | 7.41(2) | 92.59 (25)
Fricas 370 (1) | 96.30 (26)
Maple 0.00 (0) | 100.00 ( 27)
Mupad | 0.00 (0) |100.00 ( 27 )
Maxima | 0.00 (0) | 100.00 ( 27)
Sympy | 0.00(0) | 100.00 (27)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 70.370 0.000 0.000 29.630
Mathematica 48.148 0.000 14.815 37.037
Giac 33.333 11.111 0.000 55.556
Maple 0.000 0.000 0.000 100.000
Fricas 0.000 3.704 0.000 96.296
Mupad 0.000 0.000 0.000 100.000
Maxima 0.000 0.000 0.000 100.000
Reduce 0.000 7.407 0.000 92.593
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA

EB
C
BF




CHAPTER 1. INTRODUCTION

The figure below compares the grades of the CAS systems.

®
o EZR
Qn XEQo
TO O©S50
- =2 =333
- — L lor)
100_ - 2
80--%(0
rx3
s
1§ o | |3
60| S = 0]
L © |
= S
L e
L o =
40 - o 8 5=
L © 03:_
] g
i 8 © £
=1 (&) ) ©
20 - T @ E w8m> 3 = T @
[ eg EZRS _Co8YESRE _peae EZRS
Q8 (XEQDT O=Qo [XEQ 8 ag8Xeaso
o2 8S5 0 SOoW (©SS5 S @28 TSS @
B SasSy @5 2(/>)§ﬂ ¥ SL0=hSc
0 T 1 1

o
@

A F

The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 8 100.00 0.00 0.00
Mathematica | 10 100.00 0.00 0.00

Giac 15 46.67 0.00 53.33

Reduce 25 100.00 0.00 0.00

Fricas 26 0.00 100.00 0.00

Maple 27 100.00 0.00 0.00

Mupad 27 0.00 100.00 0.00

Maxima 27 100.00 0.00 0.00

Sympy 27 88.89 0.00 11.11

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Giac 0.20

Reduce 0.42

Fricas 0.88

Rubi 1.96
Mathematica 6.35

Sympy -nan(ind)
Maxima -nan(ind)
Mupad -nan(ind)

Maple -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Fricas 224.00 2.55 224.00 2.55
Reduce 345.50 3.79 345.50 3.79
Rubi 385.63 0.99 357.00 0.98
Mathematica | 570.24 1.64 434.00 0.95
Giac 769.58 1.80 386.50 1.19
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan
Maple -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {1213, 4[7,8}[%[10,[13} 14, [15} [16} 18} 19} 20} 21} 23} 24} 25]}

Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade { (12,0 561031415 10/8 920 21232323
B grade { }

C grade { }

F normal fail { 56/ I3 I7EE0ET )

F(-1) timedout fail { }

F(-2) exception fail { }

Mma
A grade { [1}2) BB B3, 14 15,18 (920,21 }
B grade { }

C grade {[4[10/[I1}[16 }

F normal fail { 562722 23E42520,27}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {}
B grade { }
C grade {}

F normal fail {1)2)B,M 5,6, 60 10L 1) (23} 145} 16,7 (S 10, 20| 2T P2 ) 2
252627 )

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade { }

B grade {20}

C grade { }

F normal fail { }

F(-1) timedout fail {[1}2}[3,4}[5}[6}[7,8}[9%}[L0} L1} [12}[13}[14}[L5}[6} 17 8} 19} 21} [22} 23,
4 [25,26,27 }

F(-2) exception fail { }

Maxima

A grade { }
B grade {}
C grade { }

F normal fail {1)2)BLM 5,6, 60 [0\ (23} (4 5} 16,7} (S 10 20| 2 P2 ) 2
252627 )

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade {12513 415 51920 }
B grade {[7}8,[9}

C grade { }

F normal fail {[12}[16}[23}[24][25[26/[27 }
F(-1) timedout fail { }

F(-2) exception fail {[4,[5][6[10,[11}[17 [21}[22] }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { [1)2)BF5,6,7 80 [0V} 1213} 14 15 167 [ 10, 2021, 22
23 24,25, 2627 )

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail { 125} L7 5, 0, 0L 3 2 13,4 (5,6, 7[5 19} 20, 21} 22, 25, 2
}

F(-1) timedout fail { }
F(-2) exception fail {[23}[24,27 }
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Reduce
A grade { }

B grade { }
C grade { }

F normal fail { )23, 5,6, 60 [0V} (23} (46} (7 15} (9,20 22 3 2 5
27}

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 628 580 553 0 0 0 0 649 26 0

N.S. 1 0.92 0.88 0.00 0.00 0.00 0.00 1.03 0.04 0.00
time (sec) N/A 3.045 12.495 0.000 0.000 0.000 0.000 0.157 200.018 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 349 329 331 0 0 0 0 373 26 0

N.S. 1 0.94 0.95 0.00 0.00 0.00 0.00 1.07 0.07 0.00
time (sec) N/A 1.643 10.970 0.000 0.000 0.000  0.000 0.156 200.027 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 216 217 155 0 0 0 0 209 24 0

N.S. 1 1.00 0.72 0.00 0.00 0.00 0.00 0.97 0.11 0.00

time (sec) N/A 0.966 1.239 0.000 0.000 0.000 0.000 0.156 200.033 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F(-1) F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 363 357 505 0 0 0 0 0 26 0
N.S. 1 098 1.39 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 2.029 1.623 0.000 0.000  0.000 0.000 0.000 200.036 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F(-2) F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 319 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.035 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F(-2) F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 463 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.022 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F B F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 774 665 1183 0 0 0 0 3189 26 0
N.S. 1 0.86  1.53 0.00 0.00 0.00 0.00 4.12 0.03 0.00
time (sec) N/A 3.191 13.177 0.000 0.000  0.000 0.000 0.323 200.015 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F B F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 458 413 638 0 0 0 0 1828 26 0
N.S. 1 090 1.39 0.00 0.00 0.00 0.00 3.99 0.06 0.00
time (sec) N/A 1.805 11.579 0.000 0.000  0.000 0.000 0.300 200.029 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F B F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 305 301 261 0 0 0 0 1047 24 0
N.S. 1 0.99 0.86 0.00 0.00 0.00 0.00 3.43 0.08 0.00
time (sec) N/A 1.098 2.349 0.000 0.000  0.000 0.000 0.286 200.025 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F(-1) F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 496 465 699 0 0 0 0 0 26 0
N.S. 1 094 141 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 2914 3.605 0.000 0.000  0.000 0.000 0.000 200.025 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C F F F(-1) F F(-2) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 448 0 1333 0 0 0 0 0 26 0
N.S. 1 0.00 2.98 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 3.825 0.000 0.000  0.000 0.000 0.000 200.032 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 31
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 435 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.024 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 487 490 328 0 0 0 0 400 26 0
N.S. 1 1.01  0.67 0.00 0.00 0.00 0.00 0.82 0.05 0.00
time (sec) N/A 2.799 11.097 0.000 0.000  0.000 0.000 0.156 200.021 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 242 241 157 0 0 0 0 219 26 0
N.S. 1 1.00 0.65 0.00 0.00 0.00 0.00 0.90 0.11 0.00
time (sec) N/A 1.524 1.517 0.000 0.000  0.000 0.000 0.154 200.032 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F A B F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 129 126 205 0 0 0 0 135 7 0
N.S. 1 0.98 1.59 0.00 0.00 0.00 0.00 1.05 0.60 0.00
time (sec) N/A 0.854 1.433 0.000 0.000  0.000 0.000 0.153 0.409 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F(-1) F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 239 236 2150 0 0 0 0 0 26 0
N.S. 1 0.99 9.00 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 1.495 5.995 0.000 0.000  0.000 0.000 0.000 200.025 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F(-2) F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 347 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.029 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 529 511 470 0 0 0 0 690 26 0
N.S. 1 097  0.89 0.00 0.00 0.00 0.00 1.30 0.05 0.00
time (sec) N/A 3.080 12.392 0.000 0.000  0.000 0.000 0.190 200.021 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 248 303 221 0 0 0 0 373 26 0
N.S. 1 1.22  0.89 0.00 0.00 0.00 0.00 1.50 0.10 0.00
time (sec) N/A 1.707 2370 0.000 0.000  0.000 0.000 0.190 200.034 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F A B F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 88 84 71 0 0 224 0 123 614 0
N.S. 1 095 0.81 0.00 0.00 2.55 0.00 1.40 6.98 0.00
time (sec) N/A 0.827 1.217  0.000 0.000 0.877 0.000 0.169 0.433 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-1) F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 357 431 434 0 0 0 0 0 26 0
N.S. 1 1.21 1.22 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 1.972 11.048 0.000 0.000  0.000 0.000 0.000 200.040 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F(-2) F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 532 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.035 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F(-1) F(-2) F F F(-1)
verified N/A No N/A N/A TBD TBD TBD TBD TBD TBD
size 886 847 0 0 0 0 0 0 26 0
N.S. 1 0.96 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 3.750 0.000 0.000 0.000  0.000 0.000 0.000 200.024 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F(-1) F(-2) F F F(-1)
verified N/A No N/A N/A TBD TBD TBD TBD TBD TBD
size 439 445 0 0 0 0 0 0 26 0
N.S. 1 1.01  0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.510 0.000 0.000 0.000  0.000 0.000 0.000 200.027 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F(-1) F F F F(-1)
verified N/A No N/A N/A TBD TBD TBD TBD TBD TBD
size 278 286 0 0 0 0 0 0 23 0
N.S. 1 1.03  0.00 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.941 0.000 0.000 0.000  0.000 0.000 0.000 0.295 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 657 0 0 0 0 0 0 0 25 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.295 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F F F F F(-1) F(-2) F F F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 1028 0 0 0 0 0 0 0 26 0
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 0.000 0.000 0.000 0.000  0.000 0.000 0.000 200.022 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[7] had the largest ratio of [.571428999999999965]

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
il A 16 15 0.92 28 0.536
% A 11 10 0.94 28 0.357
3 A 8 7 1.00 26 0.269
4 A 15 14 0.98 28 0.500
F 0 0 N/A 0.000 N/A
6 | F 0 0 N/A 0.000 N/A
7 A 17 16 0.86 28 0.571
3] A 12 11 0.90 28 0.393
9 A 9 8 0.99 26 0.308
10| A 17 16 0.94 28 0.571
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
13] A 15 14 1.01 28 0.500
14 A 10 9 1.00 28 0.321
15| A 7 6 0.98 26 0.231
16| A 9 8 0.99 28 0.286
F 0 0 N/A 0.000 N/A
18] A 14 13 0.97 28 0.464
19 A 10 9 1.22 28 0.321
20| A 5 4 0.95 26 0.154
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade Slfsj); ui?el;e antlfaefns‘ijzwe leaf size integrand leaf size
A 11 10 1.21 28 0.357
F 0 0 N/A 0.000 N/A
23 | A 13 12 0.96 26 0.462
24| A 8 7 1.01 26 0.269
25| A 6 5 1.03 24 0.208
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
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3.1 [ 2V e+ da? + eva+ ba? dx

Optimal result . . . . . . . . . . . . . 39
Mathematica [A] (verified) . . . . . . . . ... .. L A0
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ... 41l
Maple [F] . . . . . 49
Fricas [F(-1)] . . . . . o 19
Sympy [F] . . o 49
Maxima [F] . . . . . o 50
Giac [A] (verification not implemented) . . . . . ... ... .. L. 50
Mupad [F(-1)] . . . . . e b1l
Reduce [F] . . . . . o b1

Optimal result

Integrand size = 28, antiderivative size = 628

/z5\/c+dx2+e\/a+bx2dx=

e(32abcd® + 16a*d* — 1206%cde? + 33b*e* + 8b2d?(10c? + ae?)) (be + 2dv/a + bz?) \/c

— % +eva+

1024b%d5

+

3/2
(1536acd? — 3276b%cde? + 1155b%* + 4bd?(256¢* — 161ae?)) (c — oy eatba?+ M)

13440bd°
3/2

m4(c—%d+e\/m+d(Lbbx2)>
7d

_|_

+

e(44dbed + 340ad? — 2316%¢%) Va+ ba? (e — % + evia + ba? + 15 )

3/2

2240bd* )
2 3/2
(32cd — 33be?) (a + bx?) (c — % 4 ev/a+ bz? + a+bw ))
B 28()bd3
9\3/2 d a+bx 3/2
1le(a + bz?) ( - % +evatba? + 4 )
B 84bd?

e(4bcd — 4ad® — b%e?) (32abed® + 16a2d* — 120b3cde? + 33b*e* + 8b2d%(10c? + ae?)) arctanh (

2vbVd)

2048b5/2413/2
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-1/1024*e* (32*xaxbxcxd~3+16*a"~2%d"4-120*%b~3*cxd*e~2+33*b"4*e ~4+8*b~2*xd~2* (a
*@~2+10*c”2) ) * (bke+2*d* (b*x~2+a) ~(1/2) ) * (c-a*d/b+e* (b*xx~2+a) ~ (1/2) +d* (b*x~
2+a)/b)~(1/2)/b"2/d"6+1/13440% (15636*a*xc*d~3-3276*b"2*c*d*e~2+1155%b~3*xe~4+
4xb*d" 2% (-161*a*xe”2+256*c”2) ) * (c—a*d/b+e* (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~ (3
/2)/b/d"5+1/7*x"4* (c-a*d/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(3/2) /d+1/2240
*ex (—231*b~2*e”~2+340*a*d"2+444xb*xc*d) * (b*xx~2+a) ~(1/2) * (c—a*d/b+e*x (b*x~2+a)
~(1/2)+d*(b*x~2+a) /b) ~(3/2) /b/d"4-1/280* (-33*b*e~2+32*c*d) * (b*x~2+a) * (c—ax*
d/b+ex (b*x~2+a) ~(1/2)+d* (b*xx~2+a) /b) ~(3/2) /b/d~3-11/84*ex (b*xx~2+a) ~(3/2) *(
c—a*xd/b+ex* (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(3/2) /b/d"2-1/2048*e* (-b~2*e~2-4*
a*d”~2+4*bxc*d) * (32*a*bxckd~3+16*a”~2*xd"4-120*b~3*xc*xd*e~2+33*b~4*e ~4+8*b"2*d
~2% (a*e~2+10*c~2) ) *arctanh (1/2* (bxe+2xd* (b*x~2+a)~(1/2))/b~(1/2)/d~(1/2) /(
c-a*xd/b+ex (b*xx~2+a) ~(1/2) +d* (b*xx~2+a) /b) ~(1/2)) /b~ (5/2) /d~(13/2)

output

Mathematica [A] (verified)

Time = 12.49 (sec) , antiderivative size = 553, normalized size of antiderivative = 0.88

/z5\/c+dx2+e\/a+bx2da:

Ve + dz? + eva + ba? —2\/c_l\/b (c + da? + eva + ba?) (3465b°€5 + 3360a’d®ev/a + bx? + 42b*de? (-

input Integrate[x~5%Sqrt[c + d*x~2 + e*Sqrt[a + b*x~2]],x]




output
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(Sqgrtfc + d*x~2 + exSqrt[a + b*x~2]]*(-2*Sqrt[d]*Sqrt[bx(c + d*x~2 + exSqr

t[a + b*x~2])]*(3465*b~5%e”6 + 3360*a~2*d"5*xexSqrt[a + b*x~2] + 42xb~4*d*e
~4x%(-520*c + 44xd*x"2 - H55xexSqrt[a + bxx"2]) - 560*a*b*d"4xe*(axe + 4*xSqr
tla + b*x"2]*(-2%c + d*x"2)) + 8*b~3*xd"2*e"2*(4326*c”2 + 1491xa*e”2 - 108
ckx(9%d*x~2 - 14xe*Sqrt[a + b*x"2]) + 22%d*x"2*%(8*d*x~2 - 9*kexSqrt[a + b*x~
2])) - 16*b"2*d"3*(512%c”3 + 80*d"2*x~4*(12*%d*x"2 + e*Sqrt[a + b*x~2]) + 5
xa*xe” 2% (-54xd*x~2 + 73xe*Sqrt[a + b*x"2]) + c"2*(-256*d*x"2 + 794*e*Sqrt[a
+ b*x72]) + 4*c*k(398*%axe”2 + d*x"2%(48*d*x"2 - T9*exSqrt[a + b*x"2])))) +
105*e* (64*a~2*bxc*d™5 + 64*a~3*%d"6 - 252%b~bkcxdxe~4 + 33*b~6xe”6 + 48*ax
b 2*d"4*(4*c™2 + a*e”2) + 140%b~4*d"2%e"2x(4*c”2 + a*e”2) - 160*b~3*c*d"3*
(2%c™2 + 3*axe~2))*ArcTanh[(b*e + 2+d*Sqrt[a + b*x~2])/(2xSqrt[d]*Sqrt [b*(
c + d*x"2 + exSqrt[a + b*x~2])]1)]1))/(215040%b"2xd~(13/2) *Sqrt [b*(c + d*x~2
+ exSgrt[a + b*x~2])1)

Rubi [A] (warning: unable to verify)

Time = 3.05 (sec) , antiderivative size = 580, normalized size of antiderivative = 0.92,

number of rules _ 536, Rules
integrand size

number of steps used = 16, number of rules used = 15,

used = {7283, 7267, 2084, 1353, 27, 2192, 27, 2192, 27, 2192, 27, 1160, 1087, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/m5\/e\/a+bx2 +c+dr2dx
l 7283
% /:c4\/dm2 +c+ eVbx? + adx?
l 7267
f /b$2 ¥ a(a _ .’L'4)2 \/dx4+bc—ad;-be\/bz2+ad /me Ta

b3

l 2084

| Vbx? +a(a—w4)2 % +c— %d + eVbz2 + adVbx? + a
b3
l 1353




CHAPTER 3. LISTING OF INTEGRALS

42

3/2
b(a,—:1:4)2 (—%+€W+#+C>

b[—1(a—2*)(—1lex?+3ae—8cvbz2+a \/M +c— 9 4 evbr2fadvbrZta
2 b b +

7d 7d

b3

l 27

4 3/2
b(a—ac‘l)2 (—"Td—i—e\/a—i—bw2+d%+c) b[(a—az) (—1lex4+3ae—80\/bx2+a) \/%—i—c—‘%d—i—e\/bﬁ-l—ad\/bﬁ-l—a
7d — 14d
b3
| 2192
v/ 3 ((—325‘1 -33¢2)ab—2(11c+ 1724 ) eat 4 12ab2de - 32acdvbbz2+a) \/# +e— % te /oo +adV/baZ+e
b
4 3/2 6d
b(a—w4)2 <—aTd+e\/ a+bw2+d%+c)
7d — 14d
b3
| 27
A s (2308370 -2(110+ 1Td ) g 1247 de _ SacdfbaZta )| #ﬂf%ﬂﬂmwm*
3/2 1d
b(a—a:4)2 (—%d+e\/ a+bz2+¢+0)
7d — 14d
b3
| 2192
e(340ad24+444bcd—231b2e2) 24 4(48acd? +b(32¢2+33
bf %\/%ﬂ—%‘%e\/m(— ( o ) +120‘;Z‘125— ( (
b 5d
b 1d
4 3/2
b(a—x4)2 (—"Td—i—e\/a—i—bﬁ—l-d%—l—c)
7d —
b3
| 27
340ad? +444bcd—231b%2 ) ot 4(48acd?+b(32¢2+33a
bf ¢%+c—%ﬁ+e\/b{2+a (-e( ¢ b; e?)e +120Z§d26‘ (48acd®+b(32¢ “b
b T0d
b 4d

/2

3
b(a—:c4)2 (—"‘Td+e\/m+#+c)

7d

b3



CHAPTER 3. LISTING OF INTEGRALS 43

l 2192

; \/# +c—“Tfhre\/bm2+a(\/bz2+a(1155b3e4—3276b2cd52+1536acd3+4bd2 (256c2—161ae2)
b —

253
ad

3/2
b(a—w4)2 <—%d+em+¢+c) /

7d

l 27

( I \/# +e— 98 tev/ba2+a(Vba2+a (1155634 —32766% cde? +1536acd3 +4bd? (256c2 ~161ae?) ) -

b

8b2d
b

3/2
b(a—:c4)2 (—“Td—i—e\/m—i—#—i—c) /
7d

l 1160
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4 3/2
b(4bd2 (256c2—161ae2)+1536acd3+1155b3e4—3276b2cde2) (—ani+8\/a+bw2+d%+c) 35
| — 3d 778
b
b
4 3/2
b(a—:c4)2 (—"‘Td-l-e\/ a+bz2+d%+c)
7d B
l 1087
4 3/2 35
b(4bd2 (256c2 —161ae2) +1536acd3 +1155b3 e4—3276b2cde2) (— ed tev/atba? 42 +c)
bl — 3d -
b
b

3/2
b(a—a:4)2 (—%d+e\/m+¢+c)
7d

l 1092
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4 3/2 35
b(4bd2 (256c2 —161ae2) +1536acd3+1155b3 e4—3276b2cde2) (— ad ye/atbaZ+ 92 +c)

b| — 3d

3/2
b(a—:l:4)2 (—%d—l—e\/a-l—w-l—#-l—c)

7d

l 219
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35

4 3/2
b(4bd2 (25602—161ae2)+1536acd3+1155b3e4—3276b2cde2) (—“TfiJre\/W-r—d"g +C)

b| — 3d

3/2
b(a—z4)2 (—afb‘i+em+¢+c)
7d

input | 1Rt [x"6*8artc + d*x"2 + exSqrt[a + bxx"2]1,x] J




output

rule 27

rule 219

rule 1087

rule 1092
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((bx(a - x74)"2x(c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x~2]1)~(3/2))/(7*d)
- (b*x((11*bxexx"6*(c - (a*d)/b + (d*x"4)/b + exSqrtl[a + b*xx~2])~(3/2))/(6
*d) + (bx(((32*%cxd - 33xb*e”2)*x"4*x(c - (a*d)/b + (d*x~4)/b + e*xSqrt[a + b
*x72]1)7(3/2))/(5%d) + (b*(-1/4x(e*(444xbxc*d + 340%a*d™2 - 231*b~2%e"2)*Sq
rt[a + b*x"2]*(c - (a*d)/b + (d*x~4)/b + exSqrt[a + b*x~2])"(3/2))/(bxd) -
((b*(1536*a*cxd™3 - 3276*%b~2*c*d*e”2 + 1155%b~3*e~4 + 4*xbxd~2%(256%c”~2 -
161*a*e”2))*x(c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x~2])~(3/2))/(3*d) - (
35*ex (32*xa*bxc*d~3 + 16*xa”"2xd"4 - 120%b~3*c*dxe”2 + 33*%b"4*e”"4 + 8xb"2xd"2
*(10xc™2 + a*xe”2))*(((bxe + 2*¥dxSqrt[a + b*x~2])*Sqrtlc - (axd)/b + (d*x"4
)/b + exSart[a + b*x~2]])/(4xd) + (Sqrt[bl*(4*c - (4xaxd)/b - (bxe~2)/d)*A
rcTanh[(bxe + 2*d*Sqrt[a + b*x~2])/(2#Sqrt[b]*Sqrt[d]*Sqrtlc - (a*d)/b + (
d*x~4)/b + exSqrtla + b*x~2]1)])/(8*Sqrt[d])))/(2*d))/(8*b~2xd)))/(10%d)))

/(4%d)))/(14%d))/b"3

N

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] |l LtQ[b, 01)

p

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + bxx + c*xx72)7p/(2*c*x(2*p + 1))), x] - Simp[p*((b~2 - 4*axc)/(2xc*(2x*
p+ 1)) Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQl{a, b, c}, x] &&

GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[3*pl)

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, xl]




rule 1160

rule 1353

rule 2084

rule 2192

rule 7267
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Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[ex((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2*cxd - b
*xe) / (2%c) Int[(a + bxx + c*x"2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

Int[((g_.) + (h_)*(x_))*((a)) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_)*(x_)"2)"(q_ ), x_Symbol] :> Simp[h*(a + c*x72) p*((d + e*x + £*¥x"2)"(q +
1)/(2*xf*(p + q + 1))), x] + Simp[1/(2*%f*(p + q + 1)) Int[(a + c*x"2)"(p
- 1)*(d + e*x + f*x~2)"q*Simp[a*h*e*p - a*x(h*e - 2*gxf)*(p + q + 1) - 2*h*p
*(cxd - a*f)*x - (hxckxexp + ck(h*xe - 2*gxf)*(p + q + 1))*x~2, x], x], x] /;
FreeQ[{a, c, d, e, f, g, h, q}, x] && NeQ[e~2 - 4*d*f, 0] && GtQ[p, 0] &&

NeQ[p + q + 1, 0]

Int[(u )" (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, g}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2*%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && 'MatchQ[z"m*xu~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x) 2%x((a_.
) + (c_)*x"2)"(t_.) /; FreeQl{a, c, d, e, f, g, t}, x]]

Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]]}, Simp[e*x~(q - 1)*((a + b*x +
c*xx"2)"(p + 1)/(c*(q + 2*%p + 1))), x] + Simp[1/(c*(q + 2*xp + 1)) Int[(a
+ b*x + c*x~2) p*ExpandToSum[c*(q + 2%p + 1)*Pq - a*e*(q - 1)*x"(q - 2) - b
xex(q + p)*x~(q - 1) - cxex(q + 2*p + 1)*x"q, x], x], x]1] /; FreeQl[{a, b, c
» P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0] & !'LeQ[p, -1]

‘Int [u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[1st[[2]]1*1st[[4]]  Subst[Int[1st[[1]], x], x, 1st[[311~(1/1st[[2]1D)], x
L] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1lst[[3]], x]]

|
|
J
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rule 7283 Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
, X1, x, (Lst[[3]1]*x)"1st[[2]]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, O] || !'AlgebraicF

unctionQ[u, x])

Maple [F]

/w5\/c+dx2 +evbz? + adx

-

inputLint(x‘5*(c+d*x‘2+e*(b*x*2+a)*(1/2))A(l/z),X)

-/

output| 18T (7B (crdrx"2rex (bxx"2+2) " (1/2))7(1/2) ,%)

Fricas [F(-1)]

Timed out.

/m5\/c+dz2 + evia + bz? dx = Timed out

inputLintegrate(x“5*(c+d*x“2+e*(b*x“2+a)”(1/2))"(1/2),x, algorithm="fricas")

outputLTimed out

Sympy [F]

/xs\/c—l—sz—l—e\/a—l-ba:Qd:c:/z5\/c+dx2+e\/a+bx2dx

inputLintegrate(x**5*(c+d*x**2+e*(b*x**2+a)**(1/2))**(1/2),x)
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OutputLIntegral(x**S*sqrt(c + d*x**2 + exsqrt(a + b*x**2)), x)

Maxima [F]

/xS\/c+dx2+e\/a+bx2dx:/\/dx2+va2+ae+cw5dx

-

inputLintegrate(x‘S*(c+d*x"2+e*(b*x"2+a)“(1/2))“(1/2),x, algorithm="maxima")

-/

OutputLintegrate(sqrt(d*x*g + sqrt(b*x"2 + a)*e + c)*x75, x)

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 649, normalized size of antiderivative = 1.03

/x5\/c+dx2+e\/a+bx2dx

(2 \ VB&Z + abPe + B2 + (ba? + a)bd — abd(z N a<4 N a<2 N a(s Vb 1 a<10 Vba

inputLintegrate(x‘s*(c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(1/2),x, algorithm="giac")




output

input

output

input

output‘
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1/215040% (2xsqrt (sqrt (b*xx~2 + a)*b~2xe + b"2%c + (b*x~2 + a)*b*d - axbxd)x*
(2*sqrt (b*x~2 + a)*(4xsqrt(b*x"2 + a)*(2*sqrt(b*x~2 + a)*(8*sqrt(b*x”"2 + a
)*(10*sqrt (b*x~2 + a)*(b*e/d + 12%sqrt(b*x"2 + a)) - (11*%b"2+%d"4*e”2 - 24x%
b*cxd~5 + 360*a*d~6)/d"6) + (99%b"3*d"3*e”3 - 316%b~2*c*xd"4*e — 20*a*xb*d~5
xe)/d"6) - (231xb~4xd"2*e"4 - 972xb"3*c*d"3*e”2 + 188*axb"2xd"4*e”2 + 512x
b~2xc”2*d"4 + 768*a*xbkcxd"5 - 5760%a~2%d"6)/d"6) + (1155xb~5*d*e”~5 - 6048*
b~4xc*d"2%e~3 + 2128*a*b~3*d"3*e"3 + 6352*b~3*c”2%d"3%e + 288*a*b”2kckd 4
e - 2160%a~2xb*d~5%e)/d"6) - (3465*b~6*e~6 - 21840%b~5*c*d*e~4 + 10080*a*b
“4xd"2xe"4 + 34608*b~4xc"2xd"2%e"2 - 17696%axb~3*c*d"3*e”2 - 3472%a”"2xb"2%
d"4*xe”2 - 8192%b~3%c”3*%d"3 - 4096*axb~2xc~2xd~4 - 3072*a”2*b*c*d"5 + 15360
*a~3*%d"6)/d"6) - 105%(33*b~8%e”7 - 252%b~Txcxd*e”5 + 140*a*b~6%d"2*e”5 + 5
60*b~6xc"2%d"2%e"3 - 480*axb~5*c*d"3*e”3 + 48*%a~2*xb"4*d"4*xe"3 - 320%b"5xc”
3xd"3xe + 192*%axb”4xc”2xd"4*e + 64*xa”2xb"3*c*d"5*e + 64*a”3*b"2xd”6%e)*log
(abs(-b~2*e - 2xsqrt(bxd)*(sqrt(b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(b*x”2 + a

)*¥b~"2%e + b"2*%c + (b*x"2 + a)*b*d - a*b*d))))/(sqrt(b*d)*d~6))*abs(b)/b~5

Mupad [F(-1)]

Timed out.

/x5\/c+d:v2+e\/a+bx2dx=/xs\/c+e\/b:v2+a—|—dx2dx

Lint(x‘S*(c + ex(a + b*x~2)"(1/2) + d*x~2)"(1/2),x)

‘int(x‘S*(c + ex(a + b*x~2)"(1/2) + d*x~2)~(1/2), x)

Reduce [F]

/w5\/c—|—dz2—|—e\/a—|—bz2dm=/z5\/c+dm2—|—evb:v2+adz

Lint(x“S*(c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(1/2),x)

int (x~5* (c+d*x~2+ex* (b*x~2+a) " (1/2))~(1/2) ,x)
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3.2 [ 23V ¢+ da? + eva + ba? dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ... Y!
Maple [F] . . . . . 58]
Fricas [F(-1)] . . . . . o bY]
Sympy [F] . . o
Maxima [F] . . . . . o 59
Giac [A] (verification not implemented) . . . . . ... ... .. L. 59
Mupad [F(-1)] . . . . . e 601
Reduce [F] . . . . . . 60

Optimal result

Integrand size = 28, antiderivative size = 349

/wg\/c +da? + eVa+ ba? dz
e(12bed + dad? — T%€?) (be + 2dv/a+ 0a?) \Je — % + ev/a+ ba? + 452
- 128bd*
21\ 3/2
(a-+ba?) (o — % + ev/at ba? 4 4ot

+

5bd

(820 + %62 — 35be? + 42dev/a B (o= 5 + et ba? + 2

3/2

240d3

be+2dva+bx?

e(12bcd + 4ad? — Tb%e?) (4bed — 4ad? — b*e?) arctanh (
+

2vbVd\/ c— ani +eva+br?+

d(a+b:v2)
i —

|

256b%/2d9/2
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1/128%ex (=7*b"2xe~2+4*axd~2+12*b*c*d) * (b*e+2xd* (bxx~2+a) ~(1/2) ) * (c-a*d/b+e
* (b*x~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2) /b/d~4+1/5* (b*x~2+a) * (c—a*d/b+e* (b*x~
2+a) " (1/2)+d*(b*x~2+a) /b) ~(3/2) /b/d-1/240% (32*xc*xd+48*a*d~2/b-35*b*e~2+42xd
*xex (b*x~2+a) ~(1/2) ) *(c-a*d/b+e* (bxx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(3/2) /d"3+1/
256%e* (~7*b"2xe~2+4*xa*xd”~2+12*b*c*d) * (-b"2*e~2-4*axd”~2+4*b*c*d) *arctanh (1/2
* (bke+2xd* (b*x~2+a) ~(1/2)) /b~ (1/2) /4" (1/2) / (c—a*d/b+e* (b*x~2+a) ~(1/2)+d* (b
*x"2+a)/b)~(1/2)) /v~ (3/2)/d~(9/2)

output

Mathematica [A] (verified)

Time = 10.97 (sec) , antiderivative size = 331, normalized size of antiderivative = 0.95

/m3\/c+dx2+e\/a+bx2dr

(c+dz® +eva+ bx2)3/2 —2\/c_l\/b (c+ dz? + eva + ba?) (1056%e* — 120ad3ev/a + ba? + 2b?de® (—:

input LIntegrate [x"3*Sqrt[c + d*x~2 + e*xSqrt[a + b*x~2]],x] J

((c + d*x~2 + e*xSqrt[a + b*x"2])~(3/2)*(-2*Sqrt [d]*Sqrt [b*(c + d*x~2 + e*xS
grtla + bxx"2])]*(105%b"3*e~4 - 120*axd”3*exSqrt[a + b*x"2] + 2xb~2*d*e”2*
(-230%c + 28%d*x~2 - 35xe*Sqrtl[a + b*x"2]) + 4%b*d"2x(64*c”2 + 69xa*xe”2 -

12xd*x~2*% (8*%d*x~2 + e*xSqrt[a + b*x"2]) + c*(-32%d*x~2 + 58*e*Sqrt[a + b*x~
2]))) + 15%e*x(-32*a*b*xc*d™3 - 16*a~2*%d"4 - 40*b~3*c*d*e”2 + T*b"4xe”4 + 24
*b~2%d"2%(2%c"2 + a*e”2))*ArcTanh[(bxe + 2*d*Sqrt[a + b*x~2])/(2*Sqrt[d]*S
grt[bx(c + d*x~2 + exSqrtla + b*x~2]1)]1)1))/(3840*d~(9/2)*(b*(c + d*x"2 + e
*Sqrt [a + b*x~2]))~(3/2))

output
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Rubi [A] (warning: unable to verify)

Time = 1.64 (sec) , antiderivative size = 329, normalized size of antiderivative = 0.94,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 357 Ryjjeq
integrand size

used = {7283, 7267, 25, 2084, 2184, 27, 1225, 1087, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x3\/e\/a+bx2+c+dx2dw

l 7283
1 2 2
2/:6 \/dm2+c+e\/bx2+adx
l 7267
[ —vVbaZ ¥ ala — %) \/dz4+bc—ad;-be\/md\/m
b2

| 25

[ VbaZ ¥ a(a— o) \/ dw4+bc—adl;|—be\/bw2+a BN

b2
l 2084
[ Vb2 —I—a(a — z4) \/dib4 +c— ‘%d + evVbx2 + adVbz? + a

_ >

l 2184
bat (— 2 tevatbe+ 2 10)"” b [ LvEeTray/ B o2 revbarta (de+ 820 4 TevbrHa ) dv a7 Fa

5d — 5d

b2

l 27

bxt (— 24+ ev/a+bzZ+ # +c> b [V b$2+a\/# +c—2% +ev/brZ+a (2 <2c+ %) +7eV b$2+a> dvbz?+a
5d — 10d
b2

l 1225

3/2




input
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4 3/2
b(—%d+e\/a+bz2+d%+c) (b(%—%ﬁ)ﬂzde\/aww?) 5e(1aa?~7b2e? +12bcd) [ |/ 42

4 3/2 3 5
bzt (— afbd—i-ev a+bx2+d%+c) 24d 16d

5d 10d
b2

l 1087

2 2.2 1 4a
4 3/2 5e(4ad”—7b%e“+12bcd 3(7717
b(—%d+eva+bm2+d%+6) <b<%gibc)—35e2)+42de\/a+bz2> ( )

b 2442 -

3/2
bz (— “Td +eva+br2+ # +c)

5d 10d
b2

l 1092

5e (4ad2 —7b2 e2+12bcd> 1 (— 4

4 3/2
b(—%ﬂ+e\/a+bz2+d%+c) (b(w—3582)+42de\/a+bz2>
b

2442

3/2
bzt (— %d +eVa+br?+ # +c)

5d 10d

b2
l 219

Vo (-4
55(4ad2—7b252+12bcd) I
3/2
b(—%d+e\/a+bz2+#+c) / (b(%gibc)—:ﬁg)-kélzde\/a-kbz?) ~
24d2
4 3/2
bt (— ad e/ a+bx2+d%+c>

5d - 1(

b2

e N

LInt [x"3xSqrt[c + d*x~2 + e*xSqrt[a + b*x~2]],x] J




output

rule 25

rule 27

rule 219

rule 1087

rule 1092
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((b*x~4*x(c - (axd)/b + (d*x~4)/b + exSqrtl[a + bxx~2])~(3/2))/(5*d) - (b*((
b*(c - (a*d)/b + (d*x"4)/b + exSqrtla + bxx~2])~(3/2)*(b*x((16*d* (2+b*c + 3
xax*xd))/b~2 - 35%e”2) + 42+d*exSqrt[a + b*x"2]))/(24%d"2) - (5*e*x(12xb*c*d
+ 4¥axd"2 - T*b"2xe"2)*(((bxe + 2xd*Sqrt[a + b*x~2])*Sqrt[c - (axd)/b + (d
*x~4) /b + exSqrt[a + b*x~2]])/(4*d) + (Sqrt[bl*(4*xc - (4*a*xd)/b - (bxe~2)/
d)*ArcTanh[(bxe + 2*d*Sqrtl[a + b*x"2])/(2*Sqrt [b]*Sqrt [d]*Sqrt[c - (a*d)/b
+ (d*x~4)/b + exSqrt[a + b*x~2]1)]1)/(8*Sqrt[d])))/(16%d~2)))/(10*d))/b"2

Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + bxx + c*x"2)"p/(2xcx(2xp + 1))), x] - Simp[p*((b~2 - 4*axc)/(2*c*x (2
P+ 1)) Int[(a + bxx + c*x~2)"(p - 1), x], x] /; FreeQl[{a, b, c}, x] &&
GtQlp, 0] && (IntegerQ[4xp] || IntegerQ[3*pl)

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, x]




rule 1225

rule 2084

rule 2184

rule 7267

rule 7283
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Int[((d_.) + (e_.)*(x_))*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxe*g*(p + 2) - cx(e*xf + dxg)*(2p + 3) -
2xckexgx(p + 1)*x))*((a + bxx + c*xx"2)"(p + 1)/(2*xc™2x(p + 1)*(2*xp + 3))),
x] + Simp[(b~2xexg*(p + 2) - 2*%axcke*xg + c*(2xc*d*f - bx(exf + d*g))=*(2%p
+ 3))/(2%c”2%(2xp + 3)) Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c

, d, e, f, g, p¥, x] & !'LeQlp, -1]

Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, q}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, f, g, t},
x]] && !'MatchQ[z m*xu~pxv™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*x)"2*x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, d, e, £, g, t}, x1]

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2) " (p + 1)/(c*xe"(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e”gx(m + q + 2%p + 1)) Int[(d + e*x) m*(a +
b*x + c*x"2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
1)*(d + exx)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2*p + 1) - e*x(2*c*d - bxe)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xa*c, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && !(IGt
Q[m, 0] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]1/x], x]
, X1, x, (1st[[3]11*x)"1st[[2]]], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x1)
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Maple [F|

/x3\/c+dx2 +evVbz? + adx

inputLint(x‘S*(c+d*x“2+e*(b*x*2+a)~(1/2))~(1/2)’x)

output | 10t (X73% (crdxx"2+ex (bxx"2+2)~(1/2))"(1/2) ,%)

Fricas [F(-1)]

Timed out.

/a:3\/c+ dz? + eva + bx? dx = Timed out

input Lintegrate (x~3* (c+d*x~2+ex (b*x~2+a) ~(1/2))~(1/2) ,x, algorithm="fricas")

OutputLTlmed out

Sympy [F]

/x3\/c+dx2+e\/a+bx2dx:/x3\/c+dx2+e\/a+bx2dx

inputLintegrate(x**3*(c+d*x**2+e*(b*x**2+a)**(1/2))**(1/2)’x)

OutputLIntegral(x**S*sqrt(c + dxx**2 + exsqrt(a + bxx**2)), x)
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Maxima [F|

/az3\/c+d:v2+e\/a+ba:2da:=/\/dx2+\/bx2+ae+cx3da:

input Lintegrate (x~3% (c+d*x"2+e* (bxx"2+a) ~(1/2))~(1/2) ,x, algorithm="maxima") J

Output‘integrate(sqrt(d*x*g + sqrt(b*x”2 + a)*e + c)*x”3, x)

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 373, normalized size of antiderivative = 1.07

/x3\/c+dx2+e\/a+bx2dx

(2 \/\/bz2 + ab%e + b%c + (bx? + a)bd — abd<2 Vb2 —I—a<4\/bx2 +a<6 \V/bz? -+-a(b7‘§i + 8 vV bx? -I—a) —

input ‘ integrate (x~3*(c+d*x~2+ex(bxx~2+a)~(1/2))~(1/2) ,x, algorithm="giac")

1/3840% (2*sqrt (sqrt (b*x~2 + a)*b~2*%e + b~2*%c + (b*x~2 + a)*bkd - a*b*d)*(2
xsqrt (b*x”2 + a)*(4*xsqrt(b*x”2 + a)*(6*sqrt(b*x~2 + a)*(b*e/d + 8*sqrt(b*x
"2 + a)) - (7%b"2+%d"2%e”2 - 16%b*c*d~3 + 96*a*d~4)/d"4) + (35%b~3*d*e”3 -
116%xb~2xc*d"2*e + 36*a*b*d~3*e)/d"4) - (105xb~4*xe”4 - 460*b~3*c*kdxe”2 + 22
O*a*xb~2xd~2%e"2 + 256%b~2%c"2*d"2 + 128*a*b*c*d~3 - 384*a~2*d"4)/d"4) - 15
*(7*b"6%e”5 — 40*b~b*kcxd*e~3 + 24xa*b~4*d"2%e”3 + 48xb~4*xc”2*d"2*e - 32*ax
b~3%cxd"3%e - 16%a”~2xb~2*d"4*e)*log(abs(-b"2*e - 2*sqrt(b*d)*(sqrt(b*x~2 +
a)*sqrt(b*d) - sqrt(sqrt(b*x”2 + a)*b~2*e + b~ 2xc + (b*x"2 + a)*b*d - a*b
*d)) ) )/ (sqrt (bxd)*d~4) ) *abs(b) /b~4

output
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Mupad [F(-1)]

Timed out.

/x3\/c+dx2+e\/a+bx2d:c=/x3\/c+e\/bx2+a+d:v2da:

inputtint(x‘s*(c + ex(a + b*x™2)7(1/2) + d*x~2)"(1/2),x)

output IREGBH(c + ex(a + bR (1/2) + &) (1/2), )

Reduce [F]

/m3\/c+dz2+e\/a+bz2dz=/:v3\/c+dz2+e\/bx2+adz

inputLint<X”3*<c+d*x“2+e*(b*x*2+a>*(1/2))*(1/2),x)

outputLint(X‘3*<c+d*x“2+e*(b*x*2+a>*(1/2))*(1/2),x)




output
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3.3 [zV e+ da? + eva + bz dx

Optimal result . . . . . . . . . . . . . 611
Mathematica [A] (verified) . . . . . . . . . ... 621
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ... 62
Maple [F] . . . . . 651
Fricas [F(-1)] . . . . . o 65
Sympy [F] . . o 65)
Maxima [F] . . . . . . e 66
Giac [A] (verification not implemented) . . . . . ... ... .. L. 66
Mupad [F(-1)] . . . . . e 67
Reduce [F] . . . . . . 67

Optimal result

Integrand size = 26, antiderivative size = 216

/Ji\/6+dx2 +eva+ bx?dx
e(be + 2dVat ba?) /o — % + ev/a + ba? + Yot
S .
3/2
(c— % +evatbo? + 15
" 3d
e(4bed — 4ad? — b*e?) arctanh be+2dv/a+ba? :
zﬁﬁ\/ c—af;ue\/mjLM
16+/bd5/2

‘—1/8*e*(b*e+2*d*(b*x‘2+a)‘(1/2))*(c—a*d/b+e*(b*x‘2+a)‘(1/2)+d*(b*x‘2+a)/b)
\‘(1/2)/d“2+1/3*(c—a*d/b+e*(b*x“2+a)‘(1/2)+d*(b*x*2+a)/b)‘(3/2)/d—1/16*e*(—
\b“2*e”2—4*a*d”2+4*b*c*d)*arctanh(1/2*(b*e+2*d*(b*x”2+a)‘(1/2))/b‘(1/2)/d”(
‘ 1/2) / (c-a*xd/b+e* (b*x"2+a) ~(1/2) +d* (b*x~2+a) /b) ~(1/2)) /b~ (1/2)/d~(5/2)
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Mathematica [A] (verified)

Time = 1.24 (sec) , antiderivative size = 155, normalized size of antiderivative = 0.72

/x\/c+dx2 +eva+ bx?dx
B Ve+dz? + eva + ba? (8cd — 3be? + 2d(4dz? + eva + bx?) )
B 242
e(—4bcd + 4ad? + b%e?) log (be +2dva + bz — 2VbVd\/ ¢ + dx? + eva + bx2>

161/bd5/2

input‘ Integrate [x*Sqrt[c + d*x~2 + exSqrt[a + b*x~2]],x] ‘

output‘ (Sqrtlc + d*x"2 + exSqrt[a + bxx"2]]*(8*cxd - 3*b*e”2 + 2*kd*(4*d*x~2 + e*S \
‘qrtla + b*x"2])))/(24%d™2) - (ex(-4¥bxcxd + 4*axd™2 + b 2%e"2)*Loglbxe + 2
(*d#Sqrt[a + bxx"2] - 2#Sqrt[bl*Sqrt[dl*Sqrtlc + d*x™2 + exSqrt[a + b*x"2]]
'1)/(16%8qrt [b]*d~(5/2)) |

Rubi [A] (warning: unable to verify)

Time = 0.97 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.00,

number of rules _ 0.269, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {7266, 7267, 2081, 1160, 1087, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x\/e\/m+c+dx2d:c
l7266

;/\/dx2+c+e\/m¢v2
| 7267

f \/m\/dx‘l-i—bc—ad;-be\/ bz2+a d\/m
b
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lmm1
[ Vbz? +a d—’g‘l +c— %d + evVbz2 + adVbx? + a
b
l 1160
ad dm4 3/2 4
b(—+evatbe?+ 2 o) pef /4t tc—adievhatradvbatia
3d - 2d
b
l 1087

2 2dV/atba2+be) |/ — 8 teatba?+ 92t 1o
i, s, at, \¥2 be %(_4%(1_1)%4_40) = . d bx2+a+( )\/ > b
b(_%—i_e a+bx+ lﬂ: +C) \/LIZ7 +c—“Td+e\/m

3d 2d
b
| 1002
ad / dzd
T YA R Y =R L Gl SR G =
b(= 5 evatba®+ 4 to) Foot Jagh o ad i evotra
3d — 2d
b
| 219
V5 (— dod _ %Hc) arctanh 2dv/a+ba? +be
b 2~/5f\/—“Tfi+e\/a+bm2+d,f§4+c (2ava+ba2+be) /- 44 +ev/atba?+ &
e +
8vd 4d
d det | \3/?
b(— %2 +evatba?+ 2 tc)
3d — 5d

>

input LInt [x*Sqrt [c + d*x~2 + e*Sqrt [a + b*x~2]] ,X]

~—

((b*x(c - (axd)/b + (d*x"4)/b + exSqrt[a + b*x~2])7(3/2))/(3*xd) - (b*ex(((b
xe + 2kdxSqrt[a + b*x~2])*Sqrtlc - (a*d)/b + (d*x~4)/b + e*Sqrt[a + b*x"2]
1)/(4xd) + (Sqrt[bl*(4*c - (4*axd)/b - (bxe~2)/d)*ArcTanh[(b*e + 2*d*Sqrt[
a + bxx~2])/(2xSqrt [b]*Sqrt [d]*Sqrt[c - (a*d)/b + (d*x~4)/b + exSqrt[a + b
*x~2]1)1)/(8+Sqrt [d])))/(2xd)) /b

output




CHAPTER 3. LISTING OF INTEGRALS 64

Defintions of rubi rules used

rule 219 IntLC@) + (b_)*(x)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]¥Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 1087 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + bxx + c*x"2)"p/(2*%cx(2xp + 1))), x] - Simp[p*((b~2 - 4*axc)/(2*c* (2%
p+ 1)) Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] &&
GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[3*pl)

rule 1092 Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, x]

rule 1160 TRELCE@_.) + (e_)*(x_))*((a_.) + (b_)*(x) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[e*x((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2%c*d - b
xe) / (2*c) Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

2081‘Int[(u_)“(m_.)*(v_)”(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
‘[v, x]1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
‘(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

rule

rule 7266 Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m
+ 1), u, xJ, x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQx"(m + 1), u, x]

rule T267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]1])], x
1 /; !FalseQ[lst] &% SubstForFractionalPowerQ[u, 1st[[3]], x]]
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Maple [F|

/x\/c+dx2+e\/bx2+adx

input | 18t (e (crdsx™2vex (bxx"2+a) " (1/2))7(1/2) %)

output | 10t (X (crdrx"2+ex (bxx"2+a) " (1/2))7(1/2) %)

Fricas [F(-1)]

Timed out.
/x\/c + dz? + eVa + bx? dr = Timed out
input Lintegrate (x* (c+d*x"2+ex (b*x~2+a) ~(1/2))~(1/2) ,x, algorithm="fricas")

output LTimed out
Sympy [F]
/x\/c+dx2+e\/mdx = /x\/c+dx2+e\/mdx
input Lintegrate (x* (cHdkx**2+ex (bkx*k*2+a) ¥* (1/2) ) %% (1/2) ,x)

output LIntegral(x*sqrt(c + d¥x**2 + exsqrt(a + b*x**2)), x)
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Maxima [F|

/x\/c+dx2+e\/a+ba:2da:=/\/dx2+\/bx2+ae+cxdz

input Lintegrate (x* (c+dxx"2+ex (bxx"2+a) " (1/2))~(1/2) ,x, algorithm="maxima") J
OutputLintegrate(sqrt(d*x*g + sqrt(b*x”2 + a)*e + c)*x, x) J
Giac [A] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 209, normalized size of antiderivative = 0.97
/x\/c+da:2 +eva+ br?dx
(b4e3-
<2 \/ Vbz? + ab%e + b2c + (b2 + a)bd — abd(z Vb + a (Y + 4v/b2% +a) — 22 2—8bcd+8ad2>
- 48 b3
. integrate (x* (c+d*x~2+e*(bxx"2+a)~(1/2))~(1/2) ,x, algorithm="giac")
input
output 1/48*(2*sqrt (sqrt(b*x~2 + a)*b~2xe + b™2xc + (b*x"2 + a)*bxd - axbxd)*(2*s

qrt(b*x~2 + a)*(bxe/d + 4*sqrt(b*x~2 + a)) - (3*b"2*e”2 - 8*b*xc*xd + 8*axd”
2)/d”2) - 3*(b"4*e”3 - 4xb~3%ckd*e + 4*axb~2*d”"2%e)*log(abs(-b~2%e - 2*sqr
t (b*d) *(sqrt (b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(b*x™2 + a)*b~2%e + b™2xc + (
b*x"2 + a)*b*d - axb*d))))/(sqrt(b*d)*d~2))*abs(b)/b"3
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Mupad [F(-1)]

Timed out.

/x\/c+dx2+e\/a+bx2d:c=/x\/c+e\/bx2+a+d:c2dx

inputtint(}c*(c + ex(a + b*x"2)"(1/2) + d*x~2)"(1/2),x)

output 1BECKF(c + ex(a + b*x"2)7(1/2) + dxx"2)"(1/2), x)

Reduce [F]

/z\/c+dz2+e\/a+bz2dz=/z\/c+dm2+eva2+adm

input Lint (x* (c+d*x~2+e* (b*x~2+a) " (1/2))~(1/2) ,x)

output | 10T (X (cHdxx"2vex (bxx"2+2)~ (1/2))"(1/2) %)
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Vetda?+evVatbr?

3.4 | = dx

Optimalresult . . . . . .. . . . . . 68
Mathematica [C] (verified) . . . . . . . . ... ... L o 69
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... .. .. [rQl
Maple [F] . . . .
Fricas [F(-1)] . . . . . o
Sympy [F] . . . [76]
Maxima [F] . . . . . .. 76
Giac [F(-2)] . . .« o o 76
Mupad [F(-1)] . . . o o (|
Reduce [F] . . . . 0o e e

Optimal result

Integrand size = 28, antiderivative size = 363

Ve+dz? + eva + ba? -
x
2
\/C——+e\/a+bx2+ (a—i};bz)

Vbearctanh be+2dv/atba?
2ff\/ ad+e\/m+ (a+bz )

2Vd

1 26_2%1_\/‘;6—(2‘{,ad—e>\/a+bx2
—5\Ve- \/aearctanh :
2\/0—\/56\/6—%d—l-e\/a+bx2+—d(“*;b“")

1 20—2%1+\/Ee+<2‘25d+e>m
— 35 ¢ + v/aearctanh :
2\/C+\/a€\/c—%+em+d(a:bw)

+
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(c—a*d/b+e* (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(1/2)+1/2*b~ (1/2) *e*arctanh (1/2*
(bxe+2*d* (b*x~2+a) ~(1/2)) /b~ (1/2)/d~(1/2) / (c—a*xd/b+e*x (b*x~2+a) ~ (1/2) +d* (b*
x"2+a)/b)~(1/2))/d"(1/2)-1/2*%(c-a~(1/2) *e) " (1/2) *arctanh (1/2* (2*c-2*a*d/b-
a~(1/2) *e-(2xa~ (1/2)*d/b-e) *(b*xx~2+a) ~(1/2)) /(c-a~(1/2)*e) ~(1/2) / (c-a*d/b+
ex(b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(1/2))-1/2%(c+a~(1/2) *e) ~(1/2) *arctanh (1/
2% (2%c-2xa*d/b+a~(1/2) *e+(2*a~(1/2) *d/b+e) * (bxx~2+a) ~(1/2)) /(c+a~ (1/2) *e)~
(1/2) / (c—a*d/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(1/2))

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 1.62 (sec) , antiderivative size = 505, normalized size of antiderivative = 1.39

2 N )
\/c—l—da: +evatbe dx=\/c+dx2+e\/a+bx2

X

Vbelog <be + 2dva + bz% — 2vbVd/ e + dz? + eva + bx2>
- 2v/d

+ %\/I;RootSum |:b2c2 — 2abcd + ad? — ab%e? + 4ab\/36#1 — 2bc#1% — 2ad#12

A bc? log (—\/c_l\/a + 022 + VbV e+ dz? + eva + ba? — #1) — acdlog (—\/E\/a + b2 + Vb
+#1°&,

inputtlntegrate[Sqrt[c + d*x~2 + exSqrt[a + b*x~2]]/x,x] J




CHAPTER 3. LISTING OF INTEGRALS 70

Sart[c + d*x"2 + exSqrt[a + b*x"2]] - (Sqrt[b]*e*Logl[b*e + 2xd*Sqrt[a + bx
x72] - 2#Sqrt[bl*Sqrt[d]*Sqrtlc + d*x"2 + exSqrt[a + b*x~2]1]1)/(2*Sqrt[d])
+ (Sqrt[b]l*RootSum[b~2*c™2 - 2*axb*c*d + a~2+%d"2 - a*b~2*e”2 + 4*axbxSqrt
[d]*e*#1 — 2¥bxc*#172 - 2kaxd*#172 + #174 & , (b*c~2+Log[-(Sqrt[d]*Sqrt[a
+ b*x72]) + Sqrt[b]*Sqrtlc + d*x~2 + exSqrtl[a + b*x"2]] - #1] - a*c*d*Logl
-(Sqrt[dl*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtlc + d*x~2 + exSqrt[a + b*x~2]] -
#1] - axbxe”2xLog[-(Sqrt[d]*Sqrt[a + b*x"2]) + Sqrt[bl*Sqrtlc + d*x"2 + e
x*Sqrt[a + b*x~2]] - #1] + 2*axSqrt[d]*exLog[-(Sqrt[d]*Sqrt[a + b*x~2]) + S
qrt[bl*Sqrt[c + d*x~2 + exSqrt[a + b*x~2]] - #1]*#1 - cxLog[-(Sqrt[d]*Sqrt
[a + b*x~2]) + Sqrt[bl*Sqrtlc + d*x~2 + e*Sqrt[a + b*x~2]] - #1]*#1°2)/(-(

a*bxSqrt [d]*e) + bkcx#1 + axd*#1 - #1°3) & 1)/2

output

Rubi [A] (warning: unable to verify)

Time = 2.03 (sec) , antiderivative size = 357, normalized size of antiderivative = 0.98,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 55 Ryjes
integrand size

used = {7282, 7267, 25, 2084, 1354, 27, 2144, 27, 1092, 219, 1366, 25, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

\/e\/a+ba:2 +c+ dz?

X

l 7982

dz

dz?
22

1/ Vdz? +c+eVba? ta
2

l 7267

5 |/ bevat+bx?—ad+tbet+dz?
/ B va+br \/ b

a—xt

| 25

/ /be ¥ a\/dm4+bc—adl;}-be\/bz2+a

a—xt

dv a + bz?

dvbx? +a

l 2084
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dvbz? +a

/\/bmz—i—a\/dfnLc—“éi—l—e\/bfcz—l—a

a— x4

l 1354

4 4 2¢v/ b2
\/—abd-l-e\/a+ba:2+dz+c—/ ex” + ac + 2cvba” + a dvbz? +a
2(a—x4)\/%+c—%’l+e\/bx2+a

l 27

4 1 4 2 2
(a—x4)\/di;+c—%i+e\/ba:2+a

l 2144

/ 2(\/bx2+ac+ae>

\/dz4+c ad 4 e\/bz? + a (a—x4)\/#+c—%+e\/bw2+a
4

\/—d+e\/a+bz2—|—6l:+c

b
l 27

)
2 e/ ; dVbx?+a—2 / 4x+ac+ae dvVbxz?+a |+
e el o) [ o el

¢—24mva+m#+;f+c

d bx2+a+/—

d\/bz? + a) +

| 1002
/b2 + ad - b Vbz?
26/ : Vbz2 + ad + be _2/ < + ac + ae d\/m-l-
—z bV“”+c G revhalta 7 (a-af) /5 +e- g +evhata

4
\/—b+e\/a+bx2+d:+c
| 219
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\/Eearctanh< 2d\/atbz?+be
1 2Vbv/dy/— % tev/atbar 42t 1 i
5 \/beax 50_2/ \/WC+ae d\/m+
. (a—a%) /% +c— 4 +evhal+a
ad dar;4
—— +evVa+br2+ —+c
b b
l 1366
Vbearctanh 2dv/a+bz%+be
1 2\/5\/3\/_%4‘6\/@—}-#_}_6 ) 1 \/_ .
2 Jd - 5( ae + c) /

(\/E—\/be-i—a) %-{—c— 4 4 e\/bz?

4
\/—(f+e\/a+bx2+diz+c
| 25

\/Eearctanh 2dva+bx2+be _
1 2v/bvd\/— 2 +ev/atba?+ 22t 4o ) 1(\/_.+ X/ 1
- —2| - (Vae+c
2 i 2 (Va-voam+a) /%" +c- % +evba?
ad drt
——+eVa+br2+ —+c
b b
| 1154
vbearctanh 2v'atbo? +he a a
1 2VbVdy/— o tev/atba? + 2 tc 2| ( fd/ - d%_?_V%_C{L
- — c—+ae
2 Vd 4(c—ae) —a! o ad ey

4
\/—a:+e\/a+bac2+dz+c

l 219



CHAPTER 3. LISTING OF INTEGRALS 73

vbearctanh 2dv/a+bz?+be
! el ) (1 ~Vat b ( B - ) - B
2 =\/C— aearctan.
: Ve ? zm\/—%d+e\/a+bz2+ig

d dz*
\/—a—i-e\/a—l-ba:?—l-?:—l-c

b

input \rInt [Sqrtlc + d*x"2 + exSqrt[a + b*x"2]]/x,x]

Sqrtlc - (a*d)/b + (d*x~4)/b + e*Sqrtl[a + b*x~2]] + ((Sqrt[b]l*exArcTanh[(b
*e + 2+d*Sqrtla + b*x~2])/(2*Sqrt[b]*Sqrt[d]l*Sqrtlc - (axd)/b + (d*x"4)/b
+ ex3qrt[a + bxx72]]1)])/Sqrt[d] - 2*((Sqrtlc - Sqrt[al*el*ArcTanh[(2*c - (
2xaxd) /b - Sqrt[al*e - ((2*Sqrt[al*d)/b - e)*Sqrtla + b*x~2])/(2*Sqrtlc -
Sqrt[al*e]l*Sqrt[c - (a*d)/b + (d*x~4)/b + exSqrtl[a + b*x~2]1)]1)/2 + (Sqrt[
c + Sqrt[al*e]l*ArcTanh[(b*(2*c - (2%a*d)/b + Sqrt[al*e) + (2*Sqrtl[al*d + b
xe)*xSqrt[a + b*x~2])/(2xb*Sqrt[c + Sqrtl[al*el*Sqrtlc - (axd)/b + (d*x~4)/b
+ exSqrt[a + b*x~2]11)1)/2))/2

output

Defintions of rubi rules used

-

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule 25
rule 27/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ]
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
rule 1092 Intl1/8qrtl(a ) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2  Subst[I
nt[1/(4*%c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQl[{a
, b, c}, x]




rule 1154

rule 1354

rule 1366

rule 2084

rule 2144
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bk*dxe + 4*axe”2 - x"2), x], x, (
2%a*xe - bkd - (2*c*d - bkxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl

Int[((g_.) + (h_)*(x_))*((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*(x_)"2)"(q_ ), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x"2)"(q +

1)/(2xf*x(p + q + 1))), x] - Simp[1/(2*%f*(p + q + 1)) Int[(a + b*x + c*x~
2)"(p - 1)*(d + £*x72) "q*Simp [h*px(bxd) + ax(-2*gxf)*(p + q + 1) + (2xh*p*(
cxd - axf) + bk(-2xgxf)*x(p + q + 1))*x + (h*xpx((-b)*f) + c*x(-2xgxf)*x(p + q
+ 1))*x~2, x], x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, g}, x] && NeQ[b~2 - 4x
axc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2%q
))) Int[1/((-q + c*x)*Sqrt[d + exx + £*x~2]), x], x] + Simp[(h/2 - c*(g/(
2xq))) Int[1/((q + c*x)*Sqrt[d + e*x + £xx~2]), x], x]] /; FreeQ[{a, c, d
, e, £, g, h}, x] && NeQ[e~2 - 4*d*f, 0] && PosQ[(-a)x*c]

Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && !MatchQ[z m*up*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, 4, e, £, g, t}, x1]

Int[(Px_)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£_.)*(x_)"2]),
x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[Px,
x, 21}, Simp[C/c Int[1/Sqrtld + exx + f*x~2], x], x] + Simp[1/c Int[(Ax
c - axC + Bxcxx)/((a + c*x~2)*Sqrt[d + e*x + £*x72]), x], x]] /; FreeQ[{a,
c, d, e, £}, x] && PolyQ[Px, x, 2]




rule 7267

rule 7282

input

output

input L

output t
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Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]D)], x
] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]11*x)~1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

Maple [F]

Ve+dz?+evba? +a

T

dz

Lint((c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(1/2)/X,X)

Lint((c+d*x“2+e*(b*x‘2+a)“(1/2))“(1/2)/X,x)

Fricas [F(-1)]

Timed out.

Ve +dz? + eva + ba?

X

dz = Timed out

integrate ((c+d*x~2+e*(b*x~2+a)~(1/2))~(1/2)/x,x, algorithm="fricas")

Timed out
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Sympy [F]
\/C+d$2+6\/mdx:/\/c+dx2+e\/mdx
z x
input Lintegrate ((cHdkxHx2+ex (brxkk2+a) %k (1/2) ) **(1/2) /%, %) J
output LIntegral(sqrt(c + dxx#*2 + exsqrt(a + bxx**2))/x, X) J
Maxima [F]
VBT, _ [ Vi e,
z x
input Lintegrate ((c+dxx~2+ex (b*x"2+a)~(1/2))~(1/2) /x,x, algorithm="maxima" J
output{integrate(sqrt(d*xv + sqrt(b*x~2 + a)*e + c)/x, X) J

Giac [F(-2)]

Exception generated.

Ve+dz? + eva + ba?

x

dr = Exception raised: TypeError

input‘integrate((c+d*x"2+e*(b*x"2+a)"(1/2))"(1/2)/x,x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.
\/C+dx2+eva+bx2dx_/\/C+e\/bx2+a+dx2dx
z B x
inpu‘ctint((C + ex(a + b*x72)7(1/2) + d*x72)7(1/2)/x,%)

output 1E((C + e(a + bxx"2)7(1/2) + dx"2)"(1/2)/x, 1)

Reduce [F]

\/c+dz2—|—e\/a+bz2dz_/\/c+d:v2+e\/bz2—|—a

z T

dz

input Lint ((c+d*x~2+ex (b*x~2+a) ~(1/2))~(1/2) /x,x%)

outputLint((°+d*X“2+e*(b*x‘2+a)*(1/2))*(1/2)/x,x)




output
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2 2

3.5 f Vetda ;3|—3e\/ a+bx dr

Optimalresult . . . . . .. . . . . . 78]
Mathematica [F] . . . . . . . ... .. 79
Rubi [F] . o oot 79
Maple [F] . . . . R0
Fricas [F(-1)] . . . . . o R0
Sympy [F] . . . 80
Maxima [F] . . . . . .. BT
Giac [F(-2)] . . .« o o 1]
Mupad [F(-1)] . . . o o 81
Reduce [F] . . . . . 82

Optimal result

Integrand size = 28, antiderivative size = 319

Ve+da? + eva + b2
3 dx
x
\/c—%d—i—e\/a+bcc2+w
- 212

2c— a Ge— 2y/ad —e)vatbz
(2y/ad — be) arctanh %~ vae— (24 >\/+T2
2\/6—7\/6—Ld+e«/m+ (a+bz )

8v/ar/c — +/ae

2ad qet (22l o va+bzx
(2y/ad + be) arctanh ot (B o) Vatte?
2\/c+\/ae\/ 2 ev/atba?+——— (a+bw )

8v/av/c+ /ae

-1/2*(c-a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) /x~2-1/8*(2*a”~ (1/2) *d-
b*e) *arctanh (1/2* (2*c-2*axd/b-a~ (1/2) *e-(2*a~ (1/2) *d/b-e) * (b*x~2+a) ~(1/2))
/(c-a~(1/2)*e) ~(1/2)/ (c-a*xd/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(1/2))/a~ (1
/2)/(c-a~(1/2)*e)~(1/2)-1/8*(2%a"~ (1/2) *d+bxe) *arctanh (1/2* (2%c-2*a*xd/b+a" (
1/2)*e+(2*a~(1/2) *d/b+e) * (b*x~2+a) ~(1/2) )/ (c+a~(1/2) *e) " (1/2) / (c-a*d/b+e*(
b*x~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2))/a~(1/2) /(c+a~(1/2) *e)~(1/2)
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Mathematica [F]

dz

/\/c+d:v2+e\/a+bw2dx_/\/c+d:c2+e\/a+bx2

3 3

-

LIntegrate [Sqrt[c + d*x~2 + e*Sqrt[a + b*x~2]]/x"3,x]

-/

input

output LIntegrate [Sqrt[c + d*x"2 + exSqrt[a + b*x~2]]1/x"3, x] J

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
Veva +b2? + ¢ + dz?
73 dz
l 7299
Veva + bz? + ¢ + da?
3 dz
input LInt [Sqrt[c + d*x~2 + e*Sqrt[a + b*x~2]]/x"3,x] J
output L$Aborted J

Defintions of rubi rules used

rule 7299L1nt [u_, x_] :> CannotIntegrate[u, x] J
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Maple [F|

\/C+dx2+e\/bx2+a

dz
23

input Lint ((c+d*x~2+e* (b*x~2+a) ~(1/2))~(1/2)/x~3,x)

output | 1B ((cHdxx"2+ex (bxx"2+a)"(1/2))7(1/2)/x73,%)

Fricas [F(-1)]

Timed out.

dz = Timed out

/\/c+d:c2+e\/a+b:c2

x3

input Lintegrate ((c+d*x~2+e*(b*x"2+a)~(1/2))~(1/2)/x"3,x, algorithm="fricas")

output LTimed out
Sympy [F]
\/c+dx2+emdx _ / \/c+dx2+e\/mdx
.'L'3 .'E3
input Lintegrate ((cHdxxk*2+ex (bxx**2+a) %% (1/2) ) **(1/2) /x**3,x)

output kIntegral(sqrt(c + dxx**2 + exsqrt(a + b*x**2))/x**3, X)
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Maxima [F]

1:3 €T

\/c+dx2+e\/a+bx2dw_/\/da:2+\/bz2+ae+cdx
- 3

input Lintegrate ((c+d*x~2+ex (b*x~2+a)~(1/2))~(1/2)/x~3,x, algorithm="maxima")

output Lintegrate(sqrt(d*x*g + sqrt(b*x~2 + a)*e + c)/x"3, x)

Giac [F(-2)]

Exception generated.

\/c+dx2+e\/a+bx2

x3

dxr = Exception raised: TypeError

-

input Lintegrate ((c+d*x~2+e*(b*x~2+a)~(1/2))~(1/2)/x~3,x, algorithm="giac")

\ )

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx) : ;OUTPUT : sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
Vetdi?+evatba? [ Verevbalta+da?
3 dz = 3 dx
input Lint((c + ex(a + b*x"2)"(1/2) + d¥x"2)~(1/2)/x°3,x%)

outputtint((c + ex(a + b*x"2)7(1/2) + d*x"2)7(1/2)/x73, x)
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Reduce [F]

dx
x3 3

Vetda? tevatba? / Ve+da?2+evba?+a

input 10t ((crdsx"2rex (bax"2+2)(1/2))"(1/2) /x73,%)

outputLint((°+d*X‘2+e*<b*x‘2+a)‘(1/2>)*(1/2)/x*3,x)
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3.6 f Vet+dz2+evat+b? d
. 5 x
x
Optimalresult . . . . . .. . . . . . 83|
Mathematica [F] . . . . . . . ... .. Ll
Rubi [F] . . . !
Maple [F] . . . .
Fricas [F(-1)] . . . . . o 85
Sympy [F] . . . 86
Maxima [F] . . . . . .. 36
Giac [F(-2)] . . .« o o 36
Mupad [F(-1)] . . . o o 87
Reduce [F] . . . . 0o e 87
Optimal result
Integrand size = 28, antiderivative size = 463
Ve+da? + eva + ba? p
x? v
\/c— ad | e\/a+ ba? 4 Hettr)
T 4zt
(a(2cd — be?) + (bc — 2ad)ev/a + bz?) \/c — 9 4 o\/a+ ba? 4 Yttt
h 16a (c? — ae?) x?
2c—2ed _ /qe— M—e \/m
(4a3/2d? — 2b%ce — 4abde + 3,/ab’e?) arctanh f-vae— (29 c)vat -
wm\/ ot o /aphats A7)
_|_
64a%/2 (c — v/ae) 32
c—2ad 4 ooy (2vad |, Va+bz?
(4a3/2d? + 2b%ce + 4abde + 3+/ab%e?) arctanh o2t +ack (B ve) Vart -
2«/c+\/ae\/ —%d+e\/a+bm2+w

+

64a3/2 (c—|— \/56)3/2
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-1/4% (c-a*xd/b+e* (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) /x~4-1/16% (a* (-b*e~2+2
kc*d) +(-2kaxd+bxc) *ex (b*x~2+a) ~ (1/2)) *(c-a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+
a)/b)~(1/2) /a/(—a*e~2+c~2) /x~2+1/64% (4*xa~ (3/2) *d~2-2%b~2*c*ke—4*a*xb*d*e+3*a
~(1/2)*b~2*e~2) *arctanh (1/2* (2*c-2*a*d/b-a~ (1/2) *e-(2*xa~ (1/2) *d/b-e) * (b*xx~
2+a) "~ (1/2)) /(c-a~(1/2) *e) " (1/2) / (c-a*d/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~
(1/2))/a"~(3/2) /(c-a~ (1/2) *e) = (3/2) +1/64% (4*%a~ (3/2) *d~2+2%b~2*kcxe+4*a*bkd*e
+3%a~(1/2) *b~2%e~2) *arctanh (1/2* (2xc-2*a*d/b+a” (1/2) *e+(2%a~ (1/2) *d/b+e) *(
b*x~2+a) ~(1/2))/(c+a~(1/2)*e) ~(1/2) / (c-a*d/b+e* (b*x~2+a) ~ (1/2) +d* (b*x~2+a)
/b)~(1/2))/a~(3/2)/(c+a”~(1/2)*e)~(3/2)

output

Mathematica [F]

\/c+dx2+e\/a+bx2dx_/\/c+dx2+e\/a+bx2 i

z° 5

inputtlntegrate[Sqrt[c + d*x~2 + exSqrt[a + b*x~2]]/x75,x]

OutputLIntegrate[Sqrt[c + d*x”2 + e*Sqrt[a + bxx~2]]/x75, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzx

/\/e\/a+bw2+c+dx2
5

X

l 7299

/\/eva+b$2+c+dw2dx
5

x

inputt:[m"[sqrt[C + d*x”2 + e*xSqrt[a + b*x~2]]/x75,x]
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output L$Aborted

Defintions of rubi rules used

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [F]

Ve+dz? +evba? +a

dz
25

inputLint(<C+d*X‘2+e*<b*x‘2+a)*(1/2))*(1/2)/x*5,x)

outputLint(<°+d*X‘2+e*<b*x‘2+a)‘(1/2))*(1/2)/x*5,x)

Fricas [F(-1)]

Timed out.
dx? vV b2
/ Vet dr :56 atbr dz = Timed out
input Lintegrate ((c+d*x~2+e*(b*x~2+a)~(1/2))~(1/2)/x"5,x, algorithm="fricas")

output LTlmed out
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Sympy [F]
Vet d? vevatba? [ Vet da? +evatba?
I dr = o dz
input Lintegrate((c+d*x**2+e* (bxx**2+a) %% (1/2) ) **(1/2) /x**5,x)

Outputtlntegral(sqrt(c + dxx**2 + exsqrt(a + b*x*x2))/x**5, x)

Maxima [F]

Ve+ dz? + eva + ba? dx_/\/dx2+\/bx2+ae+cdx
- 5

z° T

input Lintegrate ((c+d*x~2+ex (b*x"2+a)~(1/2))~(1/2)/x75,x, algorithm="maxima")

output | integrate(sqrt(dxx"2 + sqrt(bxx"2 + a)*e + ©)/x75, x)

Giac [F(-2)]

Exception generated.

Ve +dz? + eva + ba?

xrd

dxr = Exception raised: RuntimeError

input ‘ integrate ((c+d*x"2+ex (bxx~2+a)~(1/2))~(1/2)/x"5,x, algorithm="giac")

t‘Exception raised: RuntimeError >> an error occurred running a Giac command

outpu
‘ :INPUT : sage20UTPUT :Error: Bad Argument Type
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Mupad [F(-1)]

Timed out.
\/c+dx2+e\/a+bx2d \/C+€*/bw2+a+dx2d
5 T = o x
inpu‘ctint((C + ex(a + b*x72)7(1/2) + d*x72)7(1/2)/x75,%)

output 1BE(C + ex(a + bxx"2)7(1/2) + d*x"2)7(1/2)/x75, x)

Reduce [F]

\/c+dz2—|—e\/a+bz2dz_/\/c+d:v2+e\/bz2—|—a

z° i

dz

input Lint ((c+d*x~2+e*x (b*x~2+a) ~(1/2))~(1/2)/x75,x)

outputLint((°+d*X“2+e*(b*x‘2+a)*(1/2))*(1/2)/x~5,x)
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3/2
3.7 [ z° (c + dz* + eva+ bx2) dz

Optimal result . . . . . . . . . . . . . 89
Mathematica [A] (verified) . . . . . . . . . ... 90
Rubi [A] (warning: unable to verify) . . . ... ... . ... ... ... ... OT]
Maple [F] . . . . . 100!
Fricas [F(-1)] . . . . . o o 100
Sympy [F] . . . o 100
Maxima [F] . . . . . o 10T
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 101

Mupad [F(-1)]
Reduce [F] . . . . . o 103
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Optimal result

Integrand size = 28, antiderivative size = 774

3/2
/x5<c+ dz* + eva + bx2> dx =

e(4bcd — 4ad? — be?) (288abed® + 240a%d* — 440b%cde? + 143b%e* + 8b2d?(30c? — 17ae?)) (be + 2dv/a A

32768b63d
e(288abcd® + 240a%d* — 440b%cde? + 143b*e* + 8b2d2(30c — 17ae?)) (be + 2dv/a + bz?) <c —ed eva
12288526
(5120acd® — 7524b%cde? + 3003b%e* + 4bd?(512¢* — 1143ae?)) ( ey o/t b + a+bz )5/2
- 80640bd>
ot(c— 2+ evaTba? + st}
" 9d
e(748bcd + 980ad? — 4296%¢?) va + bz? (C ey /o b 4 Aot )5/ 2
i 8064bd*
(128cd — 143be?) (a + bz?) (C _ad | o/a T b 4 et )5/2
2016bd3
13¢(a+bs)/* (= 5 + ev/a + ba? + M)m
144bd>

e(4bed — 4ad?® — b2e?)? (288abed? + 240a2d* — 440b3cde® + 143b%e* + 8b2d2(30c® — 17ae?)) arctanh (—
2v

65536b7/2d15/2



output

inputt
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-1/32768*e*x (-b~2xe " 2-4*xa*xd "~ 2+4*b*c*d) * (288*a*b*cxd”~3+240*a~2*xd"4-440*b~3*c

*dxe”~2+143*%b~4*e 4+8*b~2+%d 2% (—17*a*e ~2+30*c~2) ) * (b*xe+2*d* (b*x~2+a) ~(1/2))
* (c—axd/b+ex (b*x~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2) /b~3/d"7-1/12288*ex* (288*ax*
b*xc*d~3+240*a~2*%d"4-440%b"3*ckxd*xe~2+143*b"4*e~4+8*%b"2xd " 2* (-17*a*xe”2+30*c”
2) ) * (b*xe+2xd* (bxx~2+a) " (1/2) ) * (c—a*d/b+e* (b*xx~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~ (3
/2)/b"2/d"6+1/80640%* (5120*a*c*d”~3-7524*b~2*c*d*e”2+3003*b~3*xe " 4+4*b*xd "~ 2% (-
1143*a*xe”2+512%c~2) ) * (c—a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(5/2) /b/d"5
+1/9%x"4* (c—a*d/b+ex (bxx~2+a) ~ (1/2) +d* (b*x"2+a) /b) ~(5/2) /d+1/8064*e* (-429%
b~ 2xe”2+980*a*xd "~ 2+748*b*cxd) * (b*x~2+a) ~ (1/2) * (c—a*d/b+e* (bxx~2+a) ~(1/2) +d*
(b*x~2+a)/b) ~(5/2) /b/d~4-1/2016%* (-143*bxe~2+128*c*d) * (b*xx~2+a) * (c—a*d/b+e*
(b*xx~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(5/2) /b/d"3-13/144*e* (b*x"2+a) ~(3/2) *(c-a*d
/btex (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(5/2) /b/d~2-1/65536*e* (-b"2*e~2-4*a*xd™
2+4xbxc*d) ~2* (288*a*b*ckd~3+240*a"2*xd~4-440%b" 3*xc*xd*e”2+143*b"4*e " 4+8*b"2*
d~2x (-17*a*xe~2+30*c~2) ) *arctanh (1/2* (b*e+2*xd* (b*x~2+a) ~(1/2)) /b~ (1/2)/d" (1
/2)/(c-a*d/b+e*(b*x~2+a) ~(1/2)+d* (b*xx~2+a) /b)~(1/2)) /b~ (7/2) /d~(15/2)

Mathematica [A] (verified)

Time = 13.18 (sec) , antiderivative size = 1183, normalized size of antiderivative = 1.53

3/2
/ z° (c +dz? + eVa + b:c2) dx = Too large to display

Integrate[x~5*(c + d*x~2 + exSqrt[a + b*x~2])7(3/2),x]




output
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(Sgrtfc + d*x~2 + exSqrtl[a + b*x"2]]*(64512*%a"~2x(b*(c + d*x~2 + exSqrt[a +

b*x72]1))~(5/2) - 92160*a*(a + b*x~2)*(b*(c + d*x~2 + exSqrt[a + b*x"2]))"
(56/2) + (160%(-128*b*c*d + 128%a*d~2 + 143*b~2%e”2)*(a + b*x~2)*(b*(c + d*
X"2 + exSqrtla + b*x~2]))~(5/2))/d"2 - (29120*b*e*(a + b*x~2)~(3/2)*(b*(c
+ d*x~2 + e*xSqrt[a + b*x"2]))~(5/2))/d + 35840*(a + b*x"2) " 2x(b*(c + d*x"2

+ exSqrt[a + bxx~2]))~(5/2) + (64*(bx(c + d*x"2 + exSqrtla + b*x~2]))~(5/
2)*((231xb"2%e"2x (-68*b*c*d + 68*axd”~2 + 39*b~2xe~2))/16 + 3xd*(-(b*c) + a
*d) * (-128%b*cxd + 128*axd”2 + 143*%b~2*%e"2) - (165xb*d*e*x(-68*bxc*d + 68%ax
d”™2 + 39*%b~2xe~2)*Sqrt[a + b*x~2])/8))/(3*d"4) - (1260%a~2xb*ex(16%d"~(3/2)
*(bxe + 2*d*Sqrt[a + b*x~2])*(b*(c + d*x~2 + exSqrt[a + b*x~2]))~(3/2) + 3
* (4*¥b*c*kd - 4*a*d™2 - b"2*%e”2)*(2*Sqrt[d]*(bxe + 2xd*Sqrt[a + b*x~2])*Sqrt
[bx(c + d*x~2 + exSqrt[a + b*x"2])] - (-4*bkcxd + 4*axd™2 + b~2xe”2)*ArcTa
nh[(bxe + 2*d*Sqrt[a + b*x~2])/(2xSqrt[d]*Sqrt[b*(c + d*x~2 + e*Sqrt[a + b
*x72]1)]1)1)))/d"(56/2) - (105%bxe* (-480*a*bxc*d~3 + 240*a~2%d~4 - 440%*b~3*c*
d*e”2 + 143%b~4%e”"4 + 40*b"2xd"2*(6*c”2 + 1llkaxe”2))*(16xd~(3/2)*(bxe + 2%
d*Sqrt[a + b*x"2])*(b*(c + d*x"2 + e*xSqrtl[a + b*x~2]))~(3/2) + 3*(4xb*cxd
- 4*axd”2 - b"2*e”2)*(2xSqrt[d] *(bxe + 2*d*Sqrtl[a + b*x"2])*Sqrt[b*(c + d*
X"2 + exSqrtfa + b*x"2])] - (-4*bxcxd + 4*axd™2 + b~2xe”2)*ArcTanh[(b*e +
2xd*Sqrt[a + b*x~2])/(2*Sqrt[d]1*Sqrt[bx(c + d*x~2 + exSqrt[a + b*x~2]1)]1)]1)
))/(64%d~(13/2)) + (9*a*(266*d~(5/2)*(b*(c + d*x~2 + exSqrt[a + b*x~2])...

Rubi [A] (warning: unable to verify)

Time = 3.19 (sec) , antiderivative size = 665, normalized size of antiderivative = 0.86,

number of rules _ () 571 Ryles
integrand size

number of steps used = 17, number of rules used = 16,

used = {7283, 7267, 2084, 1353, 27, 2192, 27, 2192, 27, 2192, 27, 1160, 1087, 1087, 1092,

219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/m5 (e\/ a+bx2+c+ dm2>3/2 dz

l 7983
% /x4 (dm2 +c+evVbr2+ a) o2 dx?

l 7267
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3/2
J VB Fa(a - ot)? (ettbemattie/iin) Y 4 i g

b3

l 2084

3/2
VBT Fa(a- ) (& +o- % +evi?ra) VBT

b3

l 1353

/2

3/2 5
b [ —1(a—a*)(—13ez*+5ae—8cvbz?+a det o ad o /ba?ig / dvbz?+a b(a—:/lr:‘l)2 —ad o /atbaZ+ 2t o
2 b b + b b

9d

9d

b3

l 27

5/2 3/2
b(a—z4)2 (—%d—i—e\/a—i—bxz—l-#-l—c) b [(a—z%) (—13ex4+5ae—80\/ bx2+a) (%+c—afb‘i+e\/bx2+a> dvbz?+a
9d — 18d
b3
| 2192
i 3/2
NE Il ((71220‘1 ~143¢2) 2% -6 (13c+ 354 ) ext 4 80a2de _ 128acdy b“’2+“) (% +e—ad +e\/W) o
5/2 8d
b(a—z?) 2 (— “Td +eva+br2+ # +c)
9d _ 18d
b3
| 27
3/2
K s ((71213,8‘1 —143¢2) 266 (13c+ 352 ) et 80a2de _ 128acdy/br?+a ) (%-ﬂ:— “Td+e\/m> 2y
5/2 16d
b(a—z*) 2 (— “Td +eva+br2+ # +c)
9d — 184
b3
| 2192
3/2 [ 3e(980ad?+748bcd—429b22 )z 4(320acd?+b(
01 (4" o- o eviaTra) <_ ( > ) +4m%§ﬂe—( (
b 7d
b

5/2
b(a—x4)2 (—%d—i-e\/ a+bx2+#+0> /

16

9d

b3
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l 27

4 3/2 ( 3e(980ad?+748bcd—429b2e2) 2% 2 2 4(320acd?+b(12:
bf(d:lc) +o-9dte /7,,124_,1) (_ ( - ) +112052 d%e _ ( (
b T4d
b 16¢
2 4 5/2
b(a—zt) (—%d—i—e\/a-{—bwz-l—d%-l—c)
9d -
b3
l 2192
4 3/2
3(‘% +c—a’Td+e\/ba:2+a) (26(—429ce2b3+11d(6802+39a62)b2+232acd2b+1260a2d3)—(
bf
’ 263
b 6d
b
b
4 5/2
b(a—m4)2 (—"‘Td—l—e\/ a+bz2+d%+c)
9d —
l 27
dz? d 3/2 2,3 2 2Y;2 2 2.3
f( > +c—%+e\/bz2+a> (2¢(—429ce?63+11d(68c?+39a¢? ) b2 +232acd?b+1260a%d% ) — (300
b
4b2d
b
b

5/2
b(a—w4)2(—afb‘i+e\/a+bw2+¢+0) /
9d

l 1160
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4 3
21¢(240a2d*+8b2d2 (3002 ~17ae? ) +288abedd +143b% e — 44063 cde?) | (d% +e— 99 te\/ba? +a>
b 2d

/2

5
b(a—:c4)2 (—"‘Td-l-e\/m-l-#-l-c)
9d

l 1087

2 :
21e(240a2d*+8b2d% (30c% ~17ae?) +288abedd +1436% et — 44063 cde?) | F5 (— dod_bes +4c) J \/:i

b 2d

5/2
b(a—x4)2(—"Td—i—e\/a—i-bﬁ-l—#—l—c) /
9d -

l 1087
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2
215(240(12 d4+8p242 (30c2 717ae2)+288abcd3+143b4e47440b3cde2) (136 (7 dad _be-

b

5/2
b(a—:c4)2(—“Td—i—e\/a—i-bxz—i—#—i—c) /

9d

l 1092
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2
215(240(12 d4+8p242 (30c2 717ae2)+288abcd3+143b4e47440b3cde2) (136 (7 dad _be-

b

5/2
b(a—:c4)2(—“Td—i—e\/a—i-bxz—i—#—i—c) /

9d

l 219
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21&(240(12 d4+8p242 (3002 —17ae2)+288abcd3+143b4e4—44063cd62) A (_ dod

b
2 d Azt 5/2
bla—a")?(~ % +ev/atba?+ 4 o)
9d -
input LInt [x~5*x(c + d*x~2 + exSqrt [a + b*x~2])"(3/2),x] J




output

rule 27

rule 219

rule 1087

rule 1092
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((bx(a - x74)"2x(c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x~2]1)~(5/2))/(9*d)
- (b*((13*bxexx"6*%(c - (a*d)/b + (d*x"4)/b + exSqrtl[a + b*x~2])~(5/2))/(8
*d) + (bx(((128*c*d - 143*b*e”2)*x"4x(c - (axd)/b + (d*x"4)/b + exSqrt[a +
b*x~2]1)7(5/2))/(7*d) + (bx(-1/2%(ex(748%bxc*d + 980*a*d™2 - 429*%b~2*xe~2)*
Sqrtl[a + b*x~2]*(c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x~2])~(5/2))/(b*d)
+ (-1/5%(b*(5120%a*c*d~3 - 7524%b~2xcxd*e”2 + 3003*¥b~3*e~4 + 4*b*d~2%(512
*c™2 - 1143%axe”2))*(c - (a*d)/b + (d*x~4)/b + exSqrt[a + b*x"2])~(5/2))/d
+ (21*e*(288*a*b*xcxd”™3 + 240%a~2*d"4 - 440*b~3*cxd*e”2 + 143%b~4*e”4 + 8%
b~2%d"2%(30*%c~2 - 17*a*xe~2))*(((b*e + 2*%d*Sqrt[a + b*x~2])*(c - (axd)/b +
(d*x74) /b + exSqrt[a + b*x72])7(3/2))/(8xd) + (3*(4*c - (4*axd)/b - (b*e”2
)/d)*(((b*e + 2xd*Sqrt[a + bxx~2])*Sqrtlc - (a*d)/b + (d*x"4)/b + exSqgrtl[a
+ b*x"2]]1)/(4%d) + (Sqrt[bl*(4xc - (4*a*d)/b - (b*e~2)/d)*ArcTanh[(b*e +
2xdxSqrt[a + b*x~2])/(2+Sqrt [b]*Sqrt[d]*Sqrtlc - (a*d)/b + (d*x"4)/b + e*S
grtfa + bxx~2]1]1)]1)/(8*Sqrt[d]1)))/16))/(2*d))/(4*xb~2%d)))/(14*d)))/(16%d)))
/(18%d))/b"3

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2%c*x)
*((a + b*x + cxx72)"p/(2*xc*x(2%p + 1))), x] - Simp[p*((b~2 - 4*axc)/(2xc*(2*
p+ 1)) Intl[(a + b*¥x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] &&
GtQlp, 0] && (IntegerQ[4*p] || IntegerQ[3*pl)

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4xc - x72), x], x, (b + 2*c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, xl




rule 1160

rule 1353

rule 2084

rule 2192

rule 7267

CHAPTER 3. LISTING OF INTEGRALS 99

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[ex((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2*cxd - b
*xe) / (2%c) Int[(a + bxx + c*x"2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

Int[((g_.) + (h_)*(x_))*((a)) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_)*(x_)"2)"(q_ ), x_Symbol] :> Simp[h*(a + c*x72) p*((d + e*x + £*¥x"2)"(q +
1)/(2*xf*(p + q + 1))), x] + Simp[1/(2*%f*(p + q + 1)) Int[(a + c*x"2)"(p
- 1)*(d + e*x + f*x~2)"q*Simp[a*h*e*p - a*x(h*e - 2*gxf)*(p + q + 1) - 2*h*p
*(cxd - a*f)*x - (hxckxexp + ck(h*xe - 2*gxf)*(p + q + 1))*x~2, x], x], x] /;
FreeQ[{a, c, d, e, f, g, h, q}, x] && NeQ[e~2 - 4*d*f, 0] && GtQ[p, 0] &&

NeQ[p + q + 1, 0]

Int[(u )" (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, g}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2*%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && 'MatchQ[z"m*xu~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x) 2%x((a_.
) + (c_)*x"2)"(t_.) /; FreeQl{a, c, d, e, f, g, t}, x]]

Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]]}, Simp[e*x~(q - 1)*((a + b*x +
c*xx"2)"(p + 1)/(c*(q + 2*%p + 1))), x] + Simp[1/(c*(q + 2*xp + 1)) Int[(a
+ b*x + c*x~2) p*ExpandToSum[c*(q + 2%p + 1)*Pq - a*e*(q - 1)*x"(q - 2) - b
xex(q + p)*x~(q - 1) - cxex(q + 2*p + 1)*x"q, x], x], x]1] /; FreeQl[{a, b, c
» P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0] & !'LeQ[p, -1]

‘Int [u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[1st[[2]]1*1st[[4]]  Subst[Int[1st[[1]], x], x, 1st[[311~(1/1st[[2]1D)], x
L] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1lst[[3]], x]]

|
|
J
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Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
, X1, x, (Lst[[3]1]*x)"1st[[2]]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, O] || !'AlgebraicF
unctionQ[u, x])

rule 7283

Maple [F]

3

/z5<c+dx2+e\/m>2da:

inputLint<X”5*<c+d*x“2+e*(b*x*2+a>*(1/2))*(3/2),x)

outputLint<X‘5*<c+d*x“2+e*(b*x*2+a>*(1/2))*(3/2),x)

Fricas [F(-1)]
Timed out.

3/2
/:v5 <c +dz? +eva+ bx2> dz = Timed out

fnput Lintegrate (x75* (c+d*x~2+ex* (b*xx"2+a) ~(1/2))~(3/2) ,x, algorithm="fricas")

output tTimed out

Sympy [F]

3/2 3
/x5(c+dx2—|—e\/a+bm2) dmz/x5<c+dx2+e\/a+ba:2> dz

input Lintegrate (x**5% (c+d*x**x2+e* (bxx*k*x2+a) **x (1/2) ) **(3/2) ,x)
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Output‘ Integral (x**5%(c + d*x**2 + e*xsqrt(a + bxx**2))**(3/2), x)

Maxima [F]

3/2 2
/m5<c+dz2+e\/a+bx2) dx=/<dx2+\/bx2—|-ae+c> z° dx

input Lintegrate (x75* (c+d*x~2+e* (bxx"2+a) ~(1/2))~(3/2) ,x, algorithm="maxima") J

outpudintegrate“d*f? + sqrt(b*x™2 + a)*e + ¢)~(3/2)*x"5, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3189 vs. 2(704) = 1408.

Time = 0.32 (sec) , antiderivative size = 3189, normalized size of antiderivative = 4.12

3/2
/ z° (c +dz® + eVa + b:c2) dz = Too large to display

input Lintegrate (x76% (c+d*x~2+ex (b*x~2+a) " (1/2))~(3/2) ,x, algorithm="giac") J
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1/20643840% (6% (2*sqrt (sqrt (b*x~2 + a)*b~2xe + b~2*c + (b*x"2 + a)*bxd - ax*
b*d) * (2*sqrt (b*x"2 + a)*(4*sqrt(b*x~2 + a)*(2*sqrt(b*x~2 + a)*(8xsqrt(b*x”
2 + a)*(10*sqrt(b*x~2 + a)*(12xsqrt(b*x"2 + a)*(e/(b~2*d) + 14*sqrt(b*x~2
+ a)/b"3) - (13%b"21xd"5*e”2 - 28%b~20*c*d~6 + 700*a*b~19%d~7)/(b~22%d"7))
+ (143*b"22*d"4*e~3 - 452*b~21xc*d"bxe - 220*a*b~20*d"6*e)/(b~22*d"7)) -
(1287*b~23*%d"3*e"4 - 5368*b~22xc*d"4*e”2 - 680*axb”~21*d~5*e~2 + 2800*b~21*
c"2xd"5 + 7840*axb~20*c*d”"6 - 91280%a”2*xb~19%d~7)/(b~22*d~7)) + 3*(1001*b~
24xd"2*e”5 - 5192%b"23*c*d"3*%e”3 + 488*a*b”22*d"4*e”3 + 5392%b"22%c”2xd"4*
e + 4448%axb~21*cxd"b*e - 880*a”2xb~20*d"6%e)/(b"22%d"7)) - 3%(5005%b~25*d
*e76 - 31108%b"24*c*d"2%e"4 + 7588*a*xb~23*xd"3*e”"4 + 48432%b~23*c”2*d"3*e”2
+ 3488*a*b"22%xc*d"4*e”2 - T7120*%a"2%xb"21*d"5*%e”2 - 11200%b~22*c~3*d"4 - 20
160*a*b~21*%c~2*%d"5 - 33600*a~2*b~20*c*d~6 + 208320%a~3*b~19*d"7)/(b~22*d"7
)) + 3%(15015%b~26*e~7 - 109340*b~25*c*d*e”5 + 38780*a*b~24*d"2*xe”5 + 2283
68*b~24xc"2xd"2%e"3 - 80416*a*b~23*c*xd"3*e”"3 - 13552*a”2%xb"22*%d"4*e”3 - 11
9872xb"23*c"3*d"3*%e - 45376*a*b”"22%c"2*d"4*e — 15552*%a”2xb"21*c*d"5*xe + 37
440*a~3*b~20*d"6x*e) / (b"22*d"7)) + 105%(429%b"8*e”8 - 3696*b~7xc*d*e”6 + 16
80*axb~6*d"2%e"6 + 10080*%b~6*c~2*d"2%e"4 - 6720*a*b”5*c*xd " 3*e”4 + 480*%a”~2*
b~4*d"4*e"4 - 8960*%b"5xc”3*d"3%e”2 + 3840*%axb~4*c"2xd"4*e”2 + T68*a"2%b” 3%
ckxd"b*xe”2 + 256%a”3*%b"2*%d"6*e”2 + 1280*b"4*xc"4*d"4 + 1024*a*b~3*c”3*d"5 +
1536*a~2*b~2%c"2xd"6 + 5120*a~3*bxc*d~7 - 8960*a~4*d"~8)*log(abs(-b~2*e ...

output

Mupad [F(-1)]

Timed out.

3/2 3/2
/x%o+@?+&m+$ﬂ> dxz/?5@+evMﬁ+a+dﬁ> dz

p
input\int(X“S*(c + ex(a + b*x"2)"(1/2) + d*x~2)~(3/2),x%)

output\ int (x"5*(c + ex(a + bxx"2)"(1/2) + d*x~2)"(3/2), x)
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Reduce [F]

3
2

3/2
/w5<c+d:v2+e\/a+bx2> dm:/x5(c+dw2+e\/bm2—|—a> dz

input Lint (x~5* (c+d*xx~2+ex* (b*x~2+a) ~(1/2))~(3/2) ,x)

output Lint (x~5*(c+d*x"2+ex (b*xx~2+a) ~(1/2))~(3/2) ,x)
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3/2
3.8 [ 3 (c + dz? + eva + bx2) dz

Optimal result . . . . . . . . . . . . . e 104
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . ... ... . ... ... ... ... 106
Maple [F] . . . . . 17101
Fricas [F(-1)] . . . . . o o 111
Sympy [F] . . . o 11T
Maxima [F] . . . . . o 111
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 112
Mupad [F(-1)] . . . . . e 113l
Reduce [F] . . . . . o 113

Optimal result

Integrand size = 28, antiderivative size = 458

/m3 (c + dz?

3/2 3e(4bed + 4ad? — 3b%€?) (4bed — dad? — b%e?) (be + 2dv/a + bz2) \/c — % + eva +
+e\/a+bx2) dr= ( ) ) ( )\/ b
10246245 /
3/2
e(4bed + 4ad? — 3b%e?) (be + 2dva + bz?) <c —ad 4o /atba?+ a+ba: )
" 128bd*
d a+ba: 5/2
(a+bx2)<c—“ +eva+ba? + 4 )
" bd
2 a - 5/2
(16¢cd + 4082 — 216e” + 30dev/a+ ba? ) (c— 2 + ev/a+ ba? + L))
- 280°
3e(4bed + 4ad? — 3b%e?) (4bed — 4ad? — b%e?)” arctanh be-+2d+/atba?
N 2oV o2t e/ariare A7)

2048b5/2d11/2
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3/1024xex (-3*%b~2xe~2+4*axd " 2+4*bxc*d) * (-b~2ke~2-4*a*xd~2+4*b*cxd) * (bxe+2xd*
(bxx~2+a) " (1/2) ) *(c—a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) /b~2/d"5+1
/128%e* (-3*¥b"2xe"2+4*a*xd " 2+4*b*c*d) * (bxe+2xd* (bxx~2+a) ~(1/2) ) * (c—a*d/b+ex* (
b*x~2+a) "~ (1/2)+d* (b*x~2+a) /b) " (3/2) /b/d"4+1/7* (b*x~2+a) * (c-a*d/b+e* (b*x~ 2+
a) " (1/2)+d* (b*x~2+a) /b) ~(5/2) /b/d-1/280%* (16*c*d+40*a*d”~2/b-21*b*e”2+30*d*e
*(b*xx~2+a) ~(1/2) ) *(c-a*d/b+e* (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(5/2) /d~3+3/20
48%e* (-3*%b"2*e " 2+4*axd~2+4*xbkxc*d) * (-b"2*e"2-4*axd~2+4*xb*xc*d) “2*arctanh(1/2
* (bke+2xd* (b*x~2+a) ~(1/2)) /b~ (1/2) /4" (1/2) / (c—a*d/b+e* (b*x~2+a) ~(1/2) +d* (b
*x"2+a)/b)~(1/2)) /v~ (6/2)/d~(11/2)

output

Mathematica [A] (verified)

Time = 11.58 (sec) , antiderivative size = 638, normalized size of antiderivative = 1.39

j[z3<c4—dz2

Ve+dz? + eva+ ba? | —1792a(b(c + dz® + eva + b:c2))5/2 + 1280(a + bz?) (b(c

3/2
—I—e\/a—l—bxz) dr =

e

Integrate[x™3*(c + d*x™2 + exSqrtl[a + b*x~2])"(3/2),x]

~—

input L
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(Sqgrtfc + d*x~2 + exSqrtl[a + b*x"2]]1*(-1792*a*(b*(c + d*x~2 + exSqrt[a + b
*x72]))~(5/2) + 1280*(a + bxx~2)*(b*(c + d*x~2 + exSqrt[a + b*x~2]))~(5/2)
+ (32*%(b*(c + d*x~2 + exSqrtl[a + b*x"2]))~(5/2)*(16*%a*xd"2 + 21*%b"2xe"2 -
2xbxd* (8*c + 1b5%e*xSqrtl[a + b*x~2])))/d"2 + (35*axbxe*(16*d~(3/2)*(b*xe + 2%
dxSqrt[a + b*x"2])*(bx(c + d*x"2 + e*xSqrt[a + b*x"2]))~(3/2) + 3*(4*b*c*d
- 4*axd”2 - b"2xe”2)*(2xSqrt[d]*(bxe + 2*d*Sqrt[a + b*x"2])*Sqrt[b*(c + d*
X2 + exSqrtla + b*x"2])] - (-4xb*cxd + 4*axd"2 + b~2xe”2)*ArcTanh[(b*xe +
2xd*Sqrt[a + b*x~2])/(2*Sqrt [d]*Sqrt[b*(c + d*x~2 + exSqrt[a + b*x~2])])])
))/d~(5/2) + (5x(21%b*d*(b*c - a*d)*e - (63*b~3*e”~3)/4)*(16%d~(3/2)*(b*xe +
2+d*Sqrt [a + b*x~2])*(bx(c + d*x~2 + e*Sqrt[a + b*x~2]))~(3/2) + 3*(4*xb*c
*d - 4xaxd”2 - b~2xe"2)*(2xSqrt[d]*(b*e + 2*d*Sqrt[a + b*x~2])*Sqrt[bx(c +
d*x"2 + exSqrt[a + b*x~2])] - (-4*bxcxd + 4*axd”2 + b~2xe”2)*ArcTanh[(bxe
+ 2+d*Sqrt[a + b*x"2])/(2xSqrt [d]*Sqrt [b*x(c + d*x~2 + e*Sqrtl[a + b*x"2])]

)1)))/(6%d~(9/2))))/(8960*b~3*d*Sqrt [bx(c + d*x~2 + exSqrt[a + b*x~2])])

output

Rubi [A] (warning: unable to verify)

Time = 1.80 (sec) , antiderivative size = 413, normalized size of antiderivative = 0.90,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.393, Rules

used = {7283, 7267, 25, 2084, 2184, 27, 1225, 1087, 1087, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w?’ (e\/ a+bx?+c+ dx2)3/2 dz

l 7283
1 3/2
2/m2<dm2 +c+e\/m> d?
l 7267
3/2
b2

| 25

[ Vba? ¥ a(a—z*) (dz4+bc—ad;be\/m)3
b2

/2
dvbz? +a
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l 2084
3/2
[ Vbx? + a(a - :1:4) (dilf +c— ‘%d + evbx? + a) dvbz? + a
_ -
l 2184
bat (—28-rev/atba?+ 2 +0)"” b [ 1vETa(% +e 2t veviatra)” 4o+ 1088 400y ira) dviTTa
7d — 7d

b2

l 27

5/2 3/2
bat (—%‘i+e\/a+bw2+#+c> bf vbw2+a(#+c—%‘i+ev bz2+a) <2 (2c+%) +9ev/ bz2+a) dvbz2+a
7d — 14d
b2
l 1225

4 5/2 4
b(f"‘TdJre\/ a+b12+d%+c) (b(wiszi#w72lez)+30de\/ a+b12) 7e(4ad273b262+4bcd> _/'(d%Jrc—
b —

5/2 2 2
bzt (—%d-l-ev a+bz2+#+0) 20d 8d
7d — 14d
b2
| 1087
5/2 Te 4ad2—3b2e2+4bcd 1% —4%1
b(—afb‘i+e\/a+b22+¢+c> / (b<w—2162>+30d6\/a+bz2> ( ) (
2042 N
5/2
bz (— aTd +evVa+br?+ # +c)
7d — 14d

b2
ll%?

Te <4ad2 73b2 62 +4bcd> % (7 ﬂbd

4 5/2
b (— ad 1 o\/atba?+ 92" +c> (b(% —21e2> +30de\/a+bz2>

2042

5/2
bt (— ad e/ a+bx2+#+c)

7d

l 1092
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N 5/2 Te (4ad273b2 62 +4bcd> % (74%;‘1
b(—a’Td+e\/a+bw2+d%+c> (b(w—2lez>+30de\/a+bw2>
b

2042

5/2
bt (— ad e/ a—l—bxz-l—#-l—c)

7d

l 219

7e (4ad2 —3b2e?+abed) | {5 (— 4ad

4 5/2
b(f%d+e\/ a+bz2+d%+c) (b(%72162)+30d6\/ a+bz2)

b 20d2 -

5/2
bt (— ad tey/ a+bx2+¢+c)
7d —

-

LInt[x“S*(c + d*x"2 + exSqrt[a + b*x"2])~(3/2),x]

~—

input

((b*x~4*x(c - (axd)/b + (d*x~4)/b + exSqrtla + bxx~2])~(5/2))/(7*d) - (b*((
bx(c - (axd)/b + (d*x~4)/b + exSgrtl[a + b*x~2])~(5/2)* (b* ((8*d* (2*b*c + 5%
a*d))/b~2 - 21%e~2) + 30*d*e*Sqrt[a + b*x~2]))/(20%d"2) - (T*ex(4*bxcxd +
4xa*xd”2 - 3*%b"2*e"2)*(((bxe + 2*d*Sqrtl[a + b*x"2])*(c - (axd)/b + (d*x"4)/
b + exSqrtl[a + b*x~2])7(3/2))/(8*d) + (3*(4*c - (4*xaxd)/b - (bxe~2)/d)*(((
b*e + 2xd*Sqrt[a + b*x"2])*Sqrtlc - (axd)/b + (d*x"4)/b + exSgrt[a + b*x"2
11)/(4xd) + (Sqrt[bl*(4*c - (4*axd)/b - (bxe~2)/d)*ArcTanh[(b*e + 2*d*Sqrt
[a + b*x~2])/(2*Sqrt [b]*Sqrt [d]*Sqrt[c - (a*xd)/b + (d*x~4)/b + exSqrt[a +
b*x~2]11)1)/(8%Sqrt[d])))/16))/(8+xd"2)))/(14%d))/b"2

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

N

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + bxx + c*x"2)"p/(2xcx(2xp + 1))), x] - Simp[p*((b~2 - 4*axc)/(2*c*x(2*
p+ 1)) Int[(a + bxx + c*x"2)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] &
GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[3+pl)

rule 1087

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a
» b, c}, x]

rule 1092

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(b*exg*(p + 2) - ckx(exf + d*g)*(2xp + 3) -
2xcxexgk(p + 1)*x))*((a + bkx + c*x™2)"(p + 1)/(2%c™2x(p + 1)*(2*p + 3))),
x] + Simp[(b~2*exg*(p + 2) - 2%axckexg + c*x(2*xckxd*f - bx(exf + dxg))*(2*p
+ 3))/(2%c™2%(24%p + 3)) Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c
, d, e, £, g, p}, x] & !'LeQ[p, -1]

rule 1225

Int[(u )" (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, g9}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2x((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, f, g, t},
x]] && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)"(t_.) /; FreeQ[{a, c, d, e, £, g, t}, x]]

rule 2084




CHAPTER 3. LISTING OF INTEGRALS 110

rule 2184 IAELPQI*((d_.) + (e_)*(x))~(m_.)*((a_.) + (b_.)*(x)) + (c_.)*(x)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e"g*(m + q + 2*xp + 1)) Int[(d + e*x) "m*x(a +
b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +
1)*(d + e*xx)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2%p + 1) - e*x(2*c*d - b*e)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxdxe + a*e~2, 0] && !(IGt
Q[m, 0] && RationalQ[a, b, c, d, el & (IntegerQ[p] || ILtQ[p + 1/2, 01))

rule 7267 Itlu_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st [[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]]1°(1/1st[[2]])], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7283 Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
, x1, x, (Ist[[3]1]1*x)"1st[[2]]1], x] /; !'FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x])

Maple [F]

3

/x3(c+dx2+eM)2dx

-

input | 10t (X3 (crdax"2vex (bxx"2+a) " (1/2))7(3/2) %)

outputLint<X*3*<C+d*x‘2+e*(b*x*2+a>*(1/2))*(3/2),x)
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Fricas [F(-1)]
Timed out.

3/2
/w3 (c +dz? +eva+ bx2> dz = Timed out

input‘integrate(XA3*(C+d*xﬁ2+e*(b*xh2+a)”(1/2))“(3/2),x, algorithm="fricas")

outputkTimed out
Sympy [F]
3/2 %
/x3(c+dx2 —|—e\/a+bm2) dz = /z3(c+dm2 + e\/a+bm2> dx
input Lintegrate (x**3* (c+d*xx**x2+e* (bxxk*x2+a) *x*x (1/2) ) **(3/2) ,x)

outputtlntegral(x**S*(c + dkx*k*2 + exsqrt(a + bkx*x2))*%(3/2), x)

Maxima [F]

3/2 3
/x3<c+dx2+e\/a+bx2) dx=/(dx2+va2+ae+c> 2% dx

input tintegrate (x"3* (c+d*x~2+e* (b*x~2+a) ~(1/2))~(3/2) ,x, algorithm="maxima")

Outputtintegrate((d*x‘Q + sqrt(b*x”2 + a)*e + c)~(3/2)*x"3, x)




-

inputt
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1828 vs. 2(408) = 816.

Time = 0.30 (sec) , antiderivative size = 1828, normalized size of antiderivative = 3.99

3/2
/ z3 (c +dz® + eVa + b:c2) dx = Too large to display

integrate (x~3*(c+d*x~2+ex (b*x~2+a)~(1/2))~(3/2) ,x, algorithm="giac")

~—

output

1/215040% (560* (2*sqrt (sqrt (b*x~2 + a)*b~2xe + b~2*c + (b*x"2 + a)*bxd - ax*
bxd) * (2%sqrt (b*x~2 + a)*(4*sqrt(b*x~2 + a)*(bxe/d + 6*sqrt(b*x~2 + a)) - (
B*¥b~2xd*e”~2 - 12%b*c*d~2 + 60*a*d~3)/d"3) + (15xb~3*e~3 - 52*b~2*ckd*e + 4
*a*xbxd"2xe) /d"3) + 3*(5xb"5*xe”4 - 24%b”4xckdxe”2 + 8*xa*b~3*d"2%e”2 + 16%b~
3*xc72%d"2 + 32*%axb”2%c*d"3 - 48%a”2*bxd~4)*log(abs(-b~2xe - 2*sqrt(b*d)*(s
qrt(b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(b*x”2 + a)*b™2%e + b~2*c + (b*x"2 + a
)*¥b*d - a*b*d))))/(sqrt(b*d)*d~3))*a*exabs(b)/b~3 + 56*%(2*sqrt (sqrt (b*x~2

+ a)*b"2%e + b"2xc + (b*x"2 + a)*b*d - a*bxd)*(2*sqrt(b*x~2 + a)*(4*sqrt(b
*x"2 + a)*(6*sqrt(b*x~2 + a)*(bxe/d + 8*sqrt(b*x”2 + a)) - (7*b"2xd"2*e"2

- 16%b*c*d™3 + 96%a*xd~4)/d"4) + (35%b~3xd*e”3 - 116%b~2*c*d"2%e + 36xa*bxd
“3%e)/d"4) - (105%b~4xe"4 - 460%b~3*cxd*e”2 + 220*a*b~2*%d"2*e”2 + 256%b"2%
CT2%d"2 + 128%axb*ckd™3 - 384*a”2%d"4)/d"4) - 16%(T*b"6xe”5 - 40xb~5kcxd*e
"3 + 24xa*b"4*d"2%e”3 + 48%b"4xc”2xd"2%e - 32%axb”3*kc*d"3*e - 16%a”2%b"2%d
~4xe)*xlog(abs(-b"2xe - 2*sqrt(bxd)*(sqrt(b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(
b*x"2 + a)*b"2xe + b"2kc + (b*x"2 + a)*bxd - axb*d))))/(sqrt(b*xd)*d~4))*cx*
abs(b)/b~3 + 14%(2*sqrt(sqrt(b*x~2 + a)*b~2%e + b~™2%c + (b*x"2 + a)*b*d -

axbxd) * (2*xsqrt (b*x~2 + a)*(4*sqrt(b*x~2 + a)*(2*sqrt(b*x”2 + a)*(8*sqrt(b*
x"2 + a)*(b*e/d + 10*sqrt(b*x”2 + a)) - (9*xb"2xd"3*e”2 - 20*b*c*d"4 + 260%
a*d~5)/d"5) + (21*b~3*d"2%e"3 - 68*%b~2*c*d"3*e - 12%a*b*d"4*e)/d"5) - (105
*b~4*xd*xe"4 - 448xb~3xcxd"2%e”2 + 48%a*b~2*d"3*e"2 + 240%b"2*c"2*xd"3 + 4...
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Mupad [F(-1)]

Timed out.

3/2 3/2
/x3<c+dx2+e\/a+bz2> dwz/z?’ <c+e\/bz2+a—|—dw2> dx

inputtint(x”s*(c + ex(a + b*x"2)7(1/2) + d*x"2)7(3/2),x)

Outputtint(x"B*(c + ex(a + b*x"2)"(1/2) + d*x~2)~(3/2), x)

Reduce [F|

3
2

3/2
/w3<c+d:v2+e\/a+bx2> dm:/x3<c+dw2+e\/bz2—|—a> dz

input Lint (x"3%(c+d*x"2+ex (bxx~2+a) ~(1/2))~(3/2) ,x)

output Lint (%3 (c+drx~2+e* (bxx"2+a) " (1/2))~(3/2) ,x)




output
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3/2
3.9 [z (c + dz? + eva + bch) dz

Optimal result . . . . . . . . . . . . . 114
Mathematica [A] (verified) . . . . . . . . . ... . L 115
Rubi [A] (warning: unable to verify) . . . ... ... . ... ... ... ... 115
Maple [F] . . . . . INE
Fricas [F(-1)] . . . . . o o 118
Sympy [F] . . . o 119
Maxima [F] . . . . . o 119
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 119
Mupad [F(-1)] . . . . . e 1201
Reduce [F] . . . . . . 121

Optimal result

Integrand size = 26, antiderivative size = 305

3/2
/m(c-i— dz® +eva + bmz) de =
3e(4bed — 4ad? — b2e?) (be + 2dv/a + ba?) % —ad 4 e/a+ ba? 4 Hethe)

128bd?
v/ ) d ) a+bac2) 3/2
6(b€+2d a+bx2)(c—a +e a+b.’152+ )
- 1642
5/2
(c— % +evatbo? + 15
" 5d
3e(4bed — 4ad? — b2e?)? arctanh be+2dva+ba?
2\/>\/>\/c_ abd_’_eer (a+bz )
- 2560° 272

-3/128%ex (-b~2xe~2-4*xa*xd " 2+4*b*c*d) * (bxe+2xd* (bxx~2+a) ~(1/2) ) * (c—a*d/b+ex*(
bxx~2+a) " (1/2) +d* (b*x"2+a) /b) ~(1/2) /b/d"3-1/16*e* (b*e+2*d* (b*xx"2+a) ~(1/2))
* (c—axd/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(3/2) /d"2+1/5* (c—a*d/b+e*x (b*xx~2
+a) " (1/2) +d*(b*x~2+a) /b) "~ (5/2) /d-3/256*e* (b~ 2*e~2-4*a*xd” 2+4*b*xc*d) ~2*arct
anh (1/2* (bxe+2*d* (b*x~2+a) ~(1/2)) /b~ (1/2)/d"~(1/2) / (c-a*d/b+e* (bxx~2+a) ~(1/
2)+d* (b*x~2+a) /b)~(1/2)) /b~ (3/2)/d~(7/2)
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Mathematica [A] (verified)

Time = 2.35 (sec) , antiderivative size = 261, normalized size of antiderivative = 0.86

3/2

/
/x<c+ dz® +eva + bx2> dx =
ev/a + bz?(—28bcd — 60ad? + 5b%e? — 88bd?x?) \/ ¢ + dz? + ev/a + bz?

320bd?
N (128¢2d* — 100bcde? + 108ad2e? + 15b%* + 256¢d3z? + 8bd2e2a? + 128d4z) \/c + da? + eva + ba?
64043
3¢(—4bed + dad? + b%e?)? log (be + 2dv/a + bz? — 2vVbVd/ c + da? + eva + b:c2>
+ 256b3/2d7/2

.
Integrate[x*(c + d*x~2 + e*Sqrt[a + b*x~2])~(3/2),x] ‘

N J

input

-1/320*(e*xSqrt[a + b*x"2]*(-28*b*c*d - 60*a*d”2 + 5xb~2%e”2 - 88%b*d~2*x"2
)*#Sqrt[c + d*x"2 + exSqrt[a + b*x~2]]1)/(b*xd"2) + ((128*c~2+%d"2 - 100*b*c*d
*e”2 + 108*axd"2xe”2 + 15x%b"2%xe"4 + 256%c*kd"3*x"2 + 8%b*xd"2%e"2%x"2 + 128%
d~4*xx"4)*Sqrt[c + d*x~2 + exSqrt[a + b*x"2]])/(640*d"3) + (3*ex(-4*xbxcxd +
4xaxd”2 + b~2%e”2) "2*Log[b*e + 2xd*Sqrt[a + b*x"2] - 2*Sqrt[b]l*Sqrt[d]*Sq
rt[c + d*x"2 + exSqrt[a + b*x"2]]1])/(256%b~(3/2)*d~(7/2))

output

Rubi [A] (warning: unable to verify)

Time = 1.10 (sec) , antiderivative size = 301, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.308, Rules

number of steps used = 9, number of rules used = 8,
used = {7266, 7267, 2081, 1160, 1087, 1087, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m(e\/a +bx2+c+ dm2>3/2 dz

l 7266

1 / (da:2 +c+evVbzr?+ a) i dz?

2
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l 7267
J \/W(dw4+bc—ad;be\/m>3/2 T a
b
l 2081
3/2
J VB Fa(% to- %t evhaTTa)  dviaita
b
l 1160
b(‘af;i+e\/m+%+c)5/2 bef(%4—0_%+e¢bm2+a)3/2d\/bx2+a
5d - 5d
b
l 1087
2dvaroeZ+be) (- ad ev/atoaZs dat o)
b( ad 4 o /atba?e dot )5/2 be %(—%—%ﬁL%)f\/#-kc—%.}.emdm_i_( )( bSd z )
y eva T 5 c
o — 2d
b
l 1087
Vatbz2+be)/—2d
a at )5/ bei@%“@u@<ﬂﬂfJfﬂﬁfd4 y ey (V) -5
b<_%+e\/m+%+c) ¢% +e—28 yev/ba2ta
5d - -
b
l 1092

o B ) (o) § gl ()

4 5/2 16 b 4d _ 4

b(—%ﬁ+em+%+c> b W#ﬂ-%uem

5d — 2d
b
l 219

Vb (—%d—%ﬂc) arctanh 2dV/a+ba? +be

2 2\/5\/3\/—@+eva+bx2+ﬂ+c
be i<_M_bL+4C> b b
16 d 8vVd

4 5/2
b(— a4 1 e\/a+bz?+ d%—i—c)

5d o%d
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input‘ Int[x*(c + d*x™2 + exSqrtla + b*x"2])7(3/2),x]

((b*x(c - (axd)/b + (d*x"4)/b + e*Sqrtla + b*x"2])~(5/2))/(56%xd) - (bxe*(((b
xe + 2xdxSqrt[a + b*x"2])*(c - (a*d)/b + (d*x"4)/b + exSqrt[a + b*x~2])~(3
/2))/(8%d) + (3%(4*c - (4*xaxd)/b - (bxe”2)/d)*(((bxe + 2*d*Sqrt[a + b*x~2]
)*xSqrtc - (axd)/b + (d*x"4)/b + exSqrt[a + b*x"2]]1)/(4*d) + (Sqrt[b]*(4xc
- (4xa*d)/b - (bxe~2)/d)*ArcTanh[(b*e + 2xd*Sqrt[a + b*x~2])/(2*Sqrt[b]*S
grt[d]*Sqrtlc - (a*d)/b + (d*x"4)/b + exSqrtl[a + b*x~2]1)]1)/(8%Sqrt[d]l)))/
16))/(2%d)) /b

output

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(b + 2*c*x)
*((a + b*x + cxx”2)7"p/(2%xc*x(2*%p + 1))), x] - Simp[p*((b~2 - 4*axc)/(2xc*(2*
P+ 1)) Int[(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQl[{a, b, c}, x] &&
GtQ[p, 0] && (IntegerQ[4*p] || IntegerQ[3*pl)

rule 1087

rule 1092‘Int[l/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrtla + bxx + c*x"2]], x] /; FreeQ[{a
}) b, C}a X]

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol

rule 1160
] :> Simp[e*x((a + bxx + c*xx”2)"(p + 1)/(2*%c*(p + 1))), x] + Simp[(2%c*d - b
*xe)/(2+%c) Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

rule 2081 IptL )~ (m_)*(v)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x17p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])




rule 7266

rule 7267

input

output

input

output
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Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, xJ, x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQ[x~(m + 1), u, xJ

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [F]

3

/z<c+dz2+e\/mydx

Lint(x*(c+d*x“2+e*(b*x“2+a)“(1/2))“(3/2),x)

Lint (x* (c+d*x~2+ex (b*x~2+a) ~(1/2))~(3/2) ,x)

Fricas [F(-1)]
Timed out.

3/2
/x <c +dz? +eVa+ bx2> dzx = Timed out

tintegrate (x* (c+d*x"2+e* (b*x~2+a)~(1/2))~(3/2) ,x, algorithm="fricas")

p
LTimed out

N




input

output

input

output

input
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Sympy [F]

3/2 3
/m<c+dx2+e\/a+bz2) dm=/z(c—|—dm2+e\/a+bx2>2 dz

integrate (xx (cdxxxk2+ex (brxxr2+a) xx (1/2)) % (3/2) ,x) |

LIntegral(x*(c + d*x**2 + exsqrt(a + b*x**2))**(3/2), x) J
Maxima [F]
3/2 3
/x<c+dm2 +eva+ bx2) dr = / (dm2 + Vbx? —|—ae+c> rdx
Lintegrate (x* (c+d*x"2+e* (b*x~2+a)~(1/2))~(3/2) ,x, algorithm="maxima") J

-

tintegrate((d*x’? + sqrt(b*x”2 + a)*e + c)~(3/2)*x, x)

~—  /

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1047 vs. 2(263) = 526.

Time = 0.29 (sec) , antiderivative size = 1047, normalized size of antiderivative = 3.43

3/2
/ x (c +dz? + eva+ bxz) dxz = Too large to display

Lintegrate (x*(c+d*x~2+ex (b*x~2+a)~(1/2))~(3/2) ,x, algorithm="giac") J
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1/3840% (480* (2*sqrt (sqrt (b*x~2 + a)*b~2%e + b~2*c + (b*x~2 + a)*b*d - axbx
d)*(b*e/d + 2*sqrt(b*x~2 + a)) + (b~3%e”2 - 4xb~2*ckd + 4*a*xbxd~2)*log(abs
(-b~2*xe - 2xsqrt(b*d)*(sqrt(b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(b*x”2 + a)*b~
2xe + b™2xc + (b*x"2 + a)*bxd - a*b*d))))/(sqrt(b*xd)*d))*a*exabs(b)/b"2 +
80* (2*sqrt (sqrt(b*x~2 + a)*b~2*%e + b™2*%c + (b*x~2 + a)*b*d - a*b*d)*(2*sqr
t(b*x"2 + a)*(b*e/d + 4*sqrt(b*x"2 + a)) - (3*%b"2*e”2 - 8xb*cxd + 8*a*xd~2)
/d"2) - 3%(b"4*e”3 - 4*b~3xckd*ke + 4*axb~2xd"2*e)*log(abs(-b~2%e - 2xsqrt(
b*d) *(sqrt (b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(b*x”2 + a)*b~2%e + b~ 2%c + (b*
Xx"2 + a)*b*d - axb*d))))/(sqrt(bxd)*d~2))*c*abs(b)/b~2 + 10*(2*sqrt(sqrt(b
*x"2 + a)*b"2%e + b"2%c + (b*x"2 + a)*bkd - a*bxd)*(2xsqrt(b*x”2 + a)*(4*s
agrt (b*x~2 + a)*(bxe/d + 6*sqrt(b*x~2 + a)) - (5*¥b~2xd*e”2 - 12%bxcxd™2 + 6
O*a*d~3)/d~3) + (15%b~3*e”3 - 52*b~2*c*d*e + 4*a*b*d~2*e)/d~3) + 3*(5xb~5*
e"4 - 24%b"4*ckd*e”2 + 8xax*b~3*d"2*%e”"2 + 16%b"3*%c”2*%d"2 + 32*ax*b"2*c*xd"3 -
48%a”~2xb*d~4) *log(abs(-b~2%e - 2xsqrt(b*d)*(sqrt(b*x~2 + a)*sqrt(b*d) - s
qrt(sqrt (b*x™2 + a)*b"2%e + b"2xc + (b*x"2 + a)*bxd - a*bxd))))/(sqrt(b*d)
*d~3) ) *exabs(b) /b~2 + (2*sqrt(sqrt(b*x~2 + a)*b~2*e + b~2*c + (b*x"2 + a)*
b*d - axb*d)*(2*sqrt(b*x~2 + a)*(4*sqrt(b*x~2 + a)*(6*sqrt(b*x~2 + a)*(bxe
/d + 8xsqrt(b*x”~2 + a)) - (7*b"2%d"2%e”2 - 16xbxcxd~3 + 96%a*d~4)/d~4) + (
35%b~3*d*e”3 - 116%b~2xc*d"2%e + 36*axb*d"3%e)/d"4) - (105%b~4xe"4 - 460%b
“3*ckd*e”2 + 220%axb"2*d"2%e"2 + 256%bT2xc"2*%d"2 + 128*axbkcxd”3 - 384x*...

output

Mupad [F(-1)]

Timed out.

3/2 3/2
(/x@+dﬁ+ﬁVW+Mﬂ Mﬁi/xQ+evhﬁ+a+dﬁ> dz

.
input‘int(x*(c + ex(a + b*x"2)"(1/2) + d*x~2)~(3/2),x)

output\ int(x*(c + ex(a + b*x"2)~(1/2) + d*x~2)"(3/2), x)
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Reduce [F]

Nl

/m<c+dx2+em>3/2 dz=/x(c+dx2+e\/m> dx

inputLint(x*(C+d*xh2+e*(b*xh2+a)A(1/2))“(3/2),x)

outputLint(x*(C+d*xﬁ2+e*(b*xﬁ2+a)“(1/2))”(3/2),x)
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3/2
(c—l—dx2+e\/ a+bx2)

3.10 | ~ dx

Optimal result . . . . . . . . .. . ..
Mathematica [C] (verified) . . . . . . . . . . ... 1231
Rubi [A] (warning: unable to verify) . . . .. ... ... .. ... ... . ... 124
Maple [F] . . . . o o e 131
Fricas [F(-1)] . . . . . o o 1311
Sympy [F] . . . o 137
Maxima [F] . . . . . . o 132
Giac [F(-2)] . - o o o o 132
Mupad [F(-1)] . . . . 1321
Reduce [F] . . . . . . 133

Optimal result

Integrand size = 28, antiderivative size = 496

/ (c+dz® +eva+ bac2)3/2 p (8cd + be?) \/c —ody eva + bz? + _d(aw;bwz)
Tr =

z 8d

1 d 2
+Zeva+bx2\/c— %+e\/a+bx2+—d(a:bz )

1 2 3/2
+§(c— %d+e\/m+—d(“:bx ))

6(12b6d —+ 12ad2 — 1)262) arctanh be+2dv/a+bx? .

2vbvd c—%d—i—e\/mf(atbz )
+
16v/bd3/2

2c— 24— \fae — (24 — ) Va+ bo
2m\/0— %d +eva+ bx? + d(a-;bwz)

— % (c—+/ae) 32 arctanh (

) — % (c++/ae) 32 arctanh (

2c -

2¢/c-
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1/8x (b*xe~2+8%c*d) * (c—a*d/b+e* (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) /d+1/4*ex*
(bxx~2+a) " (1/2) *(c—a*d/b+ex (b*x~2+a) ~ (1/2)+d* (b*x~2+a) /b) ~(1/2)+1/3*(c-a*xd
/btex (b*xx~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(3/2)+1/16*xex (-b~2*e”2+12*a*d~2+12*b*c
*d) *arctanh (1/2* (bxe+2*d* (b*x~2+a)~(1/2)) /b~ (1/2) /4" (1/2) / (c—a*d/b+e*x (b*x~
2+a)~ (1/2)+d* (b*x~2+a) /b)~(1/2)) /b~ (1/2)/d~(3/2)-1/2%(c-a~(1/2) *e) ~(3/2) *a
rctanh (1/2%(2%c-2*axd/b-a” (1/2) *e-(2*a~ (1/2) *d/b-e) * (b*x"2+a) ~(1/2)) /(c-a~
(1/2)*e)~(1/2)/(c-a*d/b+e* (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) )-1/2* (c+a"(
1/2)*e)~ (3/2)*arctanh (1/2*(2*c-2*a*xd/b+a” (1/2) *e+(2*a~ (1/2) *d/b+e) * (b*x~2+
a)~(1/2))/(c+a~(1/2)*e)~(1/2) / (c-a*d/b+e* (bxx~2+a) " (1/2) +d* (b*x~2+a) /b) ~ (1
/2))

output

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 3.60 (sec) , antiderivative size = 699, normalized size of antiderivative = 1.41

v d

/ (c +dz® +eva+ ba:2)3/2 dp— 1 (2\/0 + dz? + ev/a + bx? (320d + 3be? + 8d%x2 + 14deva + bx2)
T T 48

o o123 be+2dv/a+bz?
(36b0de + 36ad’e — 3b%e ) arCtanh<2\/l;\/3\/c+dx2+e\/a+bw2)
Vbd3/2

+24vbRootSum [b%Z—2abcd+a2d2—ab262+4ab\/c_le#1—2bc#12—2ad#12+#14&,

_|_

bc? log (—\/c_i\/a iy

input [Rtegratel(c + d*x™2 + exSqrtla + b*x"2])7(3/2)/x,x]
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((2*Sqrtc + d*x"2 + exSqrtla + b*x"2]]*(32%c*xd + 3*b*e”2 + 8*d~2*x"2 + 14
xd*e*Sqrt[a + b*x"2]))/d + ((36xb*c*d*e + 36xa*d"2*e - 3%b~2xe~3)*ArcTanh[
(b*e + 2xdxSqrt[a + bxx~2])/(2*Sqrt[b]l*Sqrt[d]*Sqrtlc + d*x~2 + exSqrt[a +
b*xx~2]11)]1)/(Sqrt[bl*d~(3/2)) + 24*Sqrt[b]l*RootSum[b~2*c~2 - 2*a*bkc*d + a
“2%d"2 - a*b”2xe”2 + 4xa*xbxSqrt[d]kex#1 - 2xbkcx#172 - 2kaxd*#172 + #174 &
, (b*c~3*xLog[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtl[c + d*x~2 + exSqrt
[a + b*x"2]] - #1] - a*c”2*d*Log[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[b]*Sqrt
[c + d*x"2 + exSqrt[a + b*x~2]] - #1] - axbxcxe”2xLog[-(Sqrt[d]l*Sqrt[a + b
*x~2]) + Sqrt[bl*Sqrt[c + d*x”2 + exSqrt[a + b*x"2]] - #1] - a~2*d*e”2xLog
[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtlc + d*x~2 + exSqrtl[a + b*x~2]]
- #1] + 4xaxcxSqrt[d]*e*Logl[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtl[c +
d*x"2 + exSqrt[a + b*x~2]] - #1]x*#1 - c"2*Log[-(Sqrt[d]*Sqrt[a + bxx"2]) +
Sqrt [b]*Sqrt[c + d*x"2 + exSqrtla + bxx"2]] - #1]*#172 - axe~2+Log[-(Sqrt
[d]*Sqrt[a + b*x~2]) + Sqrt[b]*Sqrtlc + d*x~2 + e*Sqrtla + b*x"2]] - #1]*#
172)/(-(axbxSqrt [d] *e) + bxcx#1 + axd*#1 - #1°3) & ]1)/48

output

Rubi [A] (warning: unable to verify)

Time = 2.91 (sec) , antiderivative size = 465, normalized size of antiderivative = 0.94,

_ _ number of rules _
number of steps used = 17, number of rules used = 16, integrand size 0.571, Rules

used = {7282, 7267, 25, 2084, 1354, 27, 2140, 27, 2144, 27, 1092, 219, 1366, 25, 1154,
219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3/2
(evatba? +c+ da?) /
/[ dx
X
l 7282
3/2
1 (@ ot eviTa)”
L/" dz?
2 )
l 7267
3/2
Va + bz? bev/a+bz?—ad+betdz?
/ B ( a— w4b > d\/m

l 25




CHAPTER 3. LISTING OF INTEGRALS

125
4 +be—a eVbzr+a 3/2
\/m(d +b d;-b Jﬁ)
-/ — N
l 2084
3/2
Voe?+a( %" +c- 4+ evba? +a)
—/ p—— dvVbz?2 +a
l 1354
3(—62+e\/a+bx2+d:£+c) —
1 3(6.’1:4 + ae + 2cVbx? + a) di; +c— %’l +evbz? +a
3/" e oD d\/bz? +a
l 27
1 ad 3 dzt 3/2
g —?4‘6 a-l-bx +T+C —
4 2 dxt ad D)
1 (ea: + ae + 2¢cV/bx +a> G +c— G +evbzri+a
2 / P dVbz? +a
l 2140
e(l2ad2+12bcd—b252)m4 ae(—12ad2+20bcd+b252) 16d(c2+ae2)\/m
bf— 2 + b2 + b dvbx? +a d dzt
1 4(a—z4)\/#+c—a—bd+e\/m 4 \/_% +eva+bz? + % +C<‘
2 2d

4d

1

ad s dzt  \*?
3<—b+€ a+bx2+b+c>

| 27

e (12ad2+12bcd—b2e2) x4 ae(—12ad2+20bcd+b252) ]
+ +

b2 b2
1 _%_‘_e" a—l—ba:z—i—d—fl+c(2deva+bx2+b(8%i+e2)> bf (a—z4)\/#+c—%+e\ﬂm
2 4d B

8d

1—a—d+ +bhgﬁ+ "
3 b eva L b Cc

l 2144
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6(12ad2—b262+12bcd) J 1 d
dgt 4o adie\/boPta
d dat 8cd | 2 b{ - \/be ;
1 \/—‘% +eva + bx? + 4 +c(2de\/a+bw2 +b(%2 +e ))
2 4d B
1 ad dx* 3/2
3<—b+e\/a+bm2+b+0)
l 27
2 2 /
16d [ Zacet (o 4+ae ) Vbata dvbaTta e
b (afz‘l)\/d%«kcfafbd«kem o
b
1 —%—I—e\/a—l-baﬂ-l-%+c(2de\/a+bm2+b(8%i+e2)>
2 4d B :
1/ ad det O\
3<_ab +eva+bx? + % +c>
l 1092
o [ et o) othe e o
b (a—m4) ¢#+c—%d+e\/m
. _

1| V%t evaThat + & 4 c(2devat ba? + (32 +¢2) )

2 4d

1 4 3/2
(—a:+e\/a+bw2+dz+c)

3
l 219



CHAPTER 3. LISTING OF INTEGRALS 127

dvbz?+a

16d f 2ace+ (c2+a52) V b2 “+a
b (a—z4)\/#+c—afbd+e\/m
b

1 \/—%g—ke\ﬂ14—bw24—4%3%—c(ZdeVa—%bx24—b(%?-+62)>
2 4d a

1 ad+ +b2+dz4+ 32

= — eva X — C

3 b b

l 1366

16d< (c—fe) J-

1
4
(\/E+V bw2+a) \/d%+c—%d+ex

1 \/—% +eva + bx? + % +c(2de\/a+bx2 +b(8—§d +62)>

2 4d

3 b b

| 25

4 3/2
1<—ad+e\/a+bm2+dx+c>

16d | 1 (vae+c)® !
; (“ * djkwﬁ¢aﬁa¢%#ﬂ-%+wa
1 \/——+e a+balc2+d”c +c(2de\/a+bx2+b(80d+e)>
2 4d B
1 4 3/2
3<—abd+e\/a+bw2+dﬂ£+c>

l 1154
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input

output

N

20—%—\/&3—(2\?

16d<(c—\/Ee)2f4(C_\/};e)_z4d

b e
1| V% +eva+ba? + 2+ c(2dex/a +ba? +b(%! + 62))
2 4d -
1-—flii+e a—l-b:z:Q—I-%f—i-cg/2
3\ b b
l 219
~Varhs? (243 )
16d | 1 (c—v/ae)**arctanh
2\/e=vae| -G +eV/
b
| V=5 evaT b+ 5k o(2deva T B + b5 + ¢2))
3 4d -
1-—fzj—i—e a—l—b:z:z—l—%ﬁ—i-c:i/2
3\ b b

p
Int[(c + d*x~2 + exSqrtl[a + b*x~2])~(3/2)/x,x]

x72]))/(4xd) - (b*(-((ex(12*b*cxd + 12*a*xd"2 - b~2*e"2)*xArcTanh[(bxe + 2%d

N\

(c - (axd)/b + (d*x~4)/b + exSqrt[a + b*x~2])~(3/2)/3 + ((Sqrtlc - (axd)/b
+ (d*x74)/b + exSqrt[a + b*x"2]]*(b*x((8*c*d)/b + e72) + 2*d*exSqrt[a + b*

xSqrt [a + bxx~2])/(2*Sqrt [b]l*Sqrt [d]*Sqrt[c - (a*xd)/b + (d*x"4)/b + exSqrt
[a + b*x~2]]1)1)/ (b~ (3/2)*Sqrt[d])) + (16*%d*(((c - Sqrt[al*e)~(3/2)*ArcTanh
[(2%c - (2*axd)/b - Sqrtlal*e - ((2*Sqrtl[al*d)/b - e)*Sqrt[a + bxx~2])/ (2%
Sqrt[c - Sqrt[al*e]*Sqrtlc - (a*d)/b + (d*x~4)/b + exSqrt[a + b*x~2]]1)]1)/2
+ ((c + Sqrtlal*e)~(3/2)*ArcTanh[(b*x(2*c - (2*a*d)/b + Sqrt[al*e) + (2%Sq
rt[al*d + bxe)*Sqrt[a + bxx~2])/(2*b*Sqrt[c + Sqrt[al*el*Sqrtlc - (a*d)/b
+ (d*x~4) /b + exSqrtla + b*x~2]11)1)/2))/b))/(8*d))/2
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

N

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
, b, c}, x]

rule 1092

rule 1154 Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst [Int [1/(4*c*d"2 - 4xbxd*e + 4*axe”2 - x°2), x], x, (
2%a*xe — bkd - (2*%c*d - bxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl]

rule 1354 TRELCGE_D + (B_D*(x)*((a) + (b_)*(x1) + (c_)*(x)™2)7(p)*((d) + (£
_)*(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + b*x + c*x72) px((d + f*x~2)"(q +
1D/(2xfx(p + q + 1))), x] - Simp[1/(2*%f*(p + q + 1)) Int[(a + b*x + c*x”
2)~(p - 1)*(d + £*x~2)"q*Simp [h*p*(b*d) + ax(-2kgxf)*(p + q + 1) + (2¥hkpx(
ckd - a*xf) + bx(-2xg*xf)*(p + q + 1))*x + (h*p*x((-b)*f) + cx(-2xg*f)*(p + q
+ 1))*x"2, x], x], x] /; FreeQ[{a, b, c, d, £, g, h, q}, x] && NeQ[b™2 - 4x*
a*xc, 0] && GtQ[p, 0] &% NeQ[p + q + 1, 0]

rule 1366 ToELC(g_.) + (o D*(x))/(((al) + (c_.)*(x)72)*8qrt(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2%q
)))  Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q)))  Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQ[{a, c, d
, e, £, g, h}, x] & NeQ[e™2 - 4*dxf, 0] && PosQ[(-a)*c]




rule 2084

rule 2140

rule 2144

rule 7267
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Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2x((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] & !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, 4, e, £, g, t}, x1]

Int[(Px_)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (f_.)*(x_)"2)"(q_
), x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[P
X, X, 2]}, Simp[(B*c*fx(2*p + 2xq + 3) + Cx(b*f*p) + 2xcxC*xf*(p + q + 1)*x)
x(a + b*x + cxx"2)"p*x((d + £*x72)"(q + 1)/(2%c*f"2x(p + q + 1)*(2%p + 2xq +
3))), x] - Simp[1/(2%c*f~2%(p + q + 1)*(2%p + 2%xq + 3)) Int[(a + b*x + c
*x72)"(p - D*(d + £xx72)"q*Simp [p* (bxd)* (Cx((-b)*f)*(q + 1) - c*((-B)*£f)*(
2xp + 2%q + 3)) + (p + q + 1)*(b"2xCkd*f*p + axc*(Ck(2kxd*f) + £x(-2xA*xf)*(2
*p + 2xq + 3))) + (2xp*x(cxd - a*xf)*(Cx((-b)*f)*(q + 1) - cx((-B)*£)*(2%p +
2%q + 3)) + (p + q + 1)*((-b)*c*(C*x(-4*d*£)*x(2*p + q + 2) + £*(2*Cxd + 2*xA*
£)*x(2%p + 2%q + 3))))*x + (px((-D)*£)*(Cx((-b)*£f)*(q + 1) - c*x((-B)*f)*(2*p
+ 2%q + 3)) + (p + q + 1)*(Cxf2xp*(b~2 - 4*axc) - c”2x(Ck(-4*xd*f)*(2%p +
q + 2) + f*(2%Cxd + 2%A*f)*(2xp + 2xq + 3))))*x"2, x], x], x]] /; FreeQ[{a,
b, c, d, £, q}, x] & PolyQ[Px, x, 2] && GtQ[p, 0] && NeQ[p + q + 1, 0] &&
NeQ[2*p + 2%q + 3, 0] && !IGtQ[p, 0] && !'IGtQlg, 0]

Int[(Px_)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£f_.)*(x_)"2]),
x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[Px,
x, 2]}, Simp[C/c Int[1/8qrt[d + e*x + f*xx~2], x], x] + Simp[1/c Int [(A*
c - axC + Bxcxx)/((a + c*x"2)*Sqrt[d + e*x + £xx~2]), x], x]] /; FreeQ[{a,

c, d, e, f}, x] & PolyQ[Px, x, 2]

‘( Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
‘ mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[21])], x
‘ ] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

N\
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ruk37282‘1nt[(u—)/(x—)’ x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
‘/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]1]1/x], %], x], x, (
‘13t[[3]]*x)“1st[[2]]], x] /; FalseQ[lst] && NeQ[lst[[2]], 0]] /; NonsumQ[
‘u] &% 'RationalFunctionQ[u, x]

Maple [F]
3
(/(c+dx2+eVbz1+ayd
T T
inputLint((c+d*x“2+e*(b*x*2+a)“(1/2))*(3/2)/x’x) J
output | 1B ((cHdxx"2rex (bxx"2+a)"(1/2))7(3/2)/x,%) ]
Fricas [F(-1)]
Timed out.
/(C+ & +ex ot x) dzr = Timed out
inputtintegrate((c+d*x‘2+e*(b*x‘2+a)‘(1/2))*(3/2)/X,X, algorithm="fricas") J
Ou_tputLTimed out J
Sympy [F]

dz

/(C+dw2+eva+bw2>3/2d /(c+dx2+e¢m>3
T =

T T

inputLintegrate((c+d*x**2+e*(b*x**2+a)**(1/2))**(3/2)/X’X) J
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output LIntegral((c + dxx**2 + exsqrt(a + bxx**2))**(3/2)/x, x) J
Maxima [F]
[ (@22 + Vi Fae o)}
z T
inputLintegrate((C+d*x“2+e*(b*x“2+a)”(1/2))”(3/2)/x,x, algorithm="maxima") J
output Lintegrate((d*x*z + sqrt(b*x~2 + a)*e + ¢)~(3/2)/x, x) J

Giac [F(-2)]

Exception generated.

3/2
¢+ dz? + eva + bx?
/ ( ) dx = Exception raised: TypeError
x
inputLintegrate((c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(3/2)/x,x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.

/ (c+dx2+e\/a+bx2)3/2d / (c+e\/bx2+a+dx2)3/2d
— T

Z T

inputtint((c + ex(a + b*xx"2)"(1/2) + d*x~2)~(3/2)/x,x) J
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output 1BE(C + ex(a + bxx"2)7(1/2) + dxx"2)7(3/2)/x, )

Reduce [F]

VW

dz

/wc+¢ﬁ+e'a+&ﬁfﬂd /wc+dﬁ+e¢531a

z x

inpup 10t ((crarx"2vex (brx~2+a)~(1/2))~(3/2) /x, %)

output 186 ((c+dwx"2rex (bex"2+2)7(1/2))"(3/2) /x,%)
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(c—l—dx2+e\/m) 32

311 | dz

Optimal result . . . . . . . . . . . ..
Mathematica [C] (verified) . . . . . . . . . .. .. L
Rubi [F] . . . e
Maple [F] . . . . o
Fricas [F(-1)] . . . . . o o
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F(-2)] . - o« o o
Mupad [F(-1)] . . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 28, antiderivative size = 448

dz? et 5
[ A N O

3 2
wrba?) \ 372
(c— % +evatbo? + 152
- 212
3
+ g\/gx/c_iearctanh be + 2dva + bx 2
2\/1_)\/8\/0 — 24 e/ ba? + d(a+bz )

2ad f 2fd a+bw2
3v/c — v/ae(2y/ad — be) arctanh

2\/c—/a \/C—Ld+eVa+bx +d(a+bz )
8v/a
c—M 2viad | o)\ /ot a2
3v/c+ v/ae(2/ad + be) arctanh : Haet (M he) Vot
2\/c+\/Ee\/ +e\/a+bx +d(a+bz )
8v/a
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3/2xd* (c—axd/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2)-1/2* (c-a*d/b+e*x (b*x~
2+a)~ (1/2)+d* (b*xx~2+a) /b) ~(3/2) /x~2+3/2%b~ (1/2) *d~ (1/2) *e*arctanh (1/2* (b*xe
+2*xd* (b*x~2+a)~(1/2)) /b~ (1/2) /4" (1/2) / (c-a*d/b+ex (bxx"2+a) ~ (1/2) +d* (b*x"2+
a)/b)~(1/2))-3/8x(c-a~ (1/2)*e) "~ (1/2) *(2*a~ (1/2) *d-b*e) *arctanh (1/2% (2xc-2%
axd/b-a~ (1/2) *e-(2%a~ (1/2) *d/b-e) * (b*x~2+a) ~(1/2))/(c-a~(1/2)*e) ~(1/2) / (c-
a*xd/b+e* (b*x~2+a) = (1/2) +d* (b*x~2+a) /b) ~(1/2)) /a~(1/2)-3/8*(c+a~ (1/2)*e) ~ (1
/2) * (2xa~ (1/2) *d+b*e) *arctanh (1/2* (2xc-2xa*d/b+a" (1/2) *e+(2*a~ (1/2) *d/b+e)
*(b*x~2+a) " (1/2))/(c+a~(1/2)*e) ~(1/2) / (c-a*xd/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+
a)/b)~(1/2))/a~(1/2)

output

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 3.83 (sec) , antiderivative size = 1333, normalized size of antiderivative = 2.98

/ (c+da? + ev/a+ ba?)*?

3 dz = Too large to display
x

-

input Integratel(c + dxx"2 + exSqrtla + bxx"2])(3/2)/x3,x]
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((-4*x(c - 2xd*x"2 + exSqrt[a + b*x~2])*Sqrtlc + d*x"2 + exSqrt[a + b*x~2]]
)/x"2 - 12xSqrt[b]*Sqrt [d]*exLog[b*e + 2*d*Sqrt[a + b*x~2] - 2xSqrt[b]*Sqr
t[d]*Sqrtc + d*x~2 + e*Sqrtl[a + b*x"2]]] + Sqrt[b]*RootSum[b~2%c™2 - 2xa*
b*cxd + a"2xd"2 - a*b"2*e”2 + 4*axb*Sqrt[d]*e*#1 - 2*kbxc*k#172 — 2xakxd*#172
+ #174 & , (14xb*xc”2*d*Log[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[b]*Sqrt[c +
d*x~2 + exSqrt[a + b*x~2]] - #1] + 2xa*xc*d"2*Log[-(Sqrt[d]*Sqrt[a + bxx~2]
) + Sqrt[bl*Sqrt[c + d*x~2 + exSqrt[a + b*x"2]] - #1] + 4xb~2*c*e”2xLog[-(
Sqrt[d]*Sqrt[a + b*x"2]) + Sqrt[b]l*Sqrtlc + d*x~2 + exSqrt[a + b*x"2]] - #
1] + 19*a*bxd*e~2*Log[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtlc + d*x~2
+ exSqrt[a + b*x~2]] - #1] - 10*b*c*Sqrt[d]*exLog[-(Sqrt[d]*Sqrtl[a + b*x~2
1) + Sqrt[bl*Sqrtlc + d*x~2 + exSqrtl[a + b*x~2]] - #1]*#1 - 4*xa*xd™(3/2)*ex*
Log[-(Sqrt[d]l*Sqrt[a + b*x~2]) + Sqrt[b]l*Sqrt[c + d*x~2 + e*Sqrt[a + b*x~2
11 - #11##1 + 2*cxd*Log[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[bl*Sqrtlc + d*x~
2 + exSqrtla + b*x"2]] - #1]*#172 + bxe"2+Log[-(Sqrt[d]*Sqrt[a + b*x~2]) +
Sqrt [bl*Sqrt[c + d*x"2 + exSqrtla + b*x"2]] - #1]*#172)/(-(axb*Sqrt[d]*e)
+ b*c*#1 + axdx#1 - #173) & ] - 4*Sqrt[b]*RootSum[b~2*c™2 - 2xa*b*c*d + a
“2*%d"2 - a*b”2%e”2 + 4xaxbxSqrt[d]kex#1 - 2¥bkcx#172 - 2kaxd*#172 + #174 &
» (2%b*c~2xdxLog[-(Sqrt[d]*Sqrt[a + b*x~2]) + Sqrt[b]l*Sqrtlc + d*x"2 + ex
Sart[a + bxx"2]] - #1] + 2*xa*cxd~2+Log[-(Sqrt[d]*Sqrt[a + b*x"2]) + Sqrt[b
1#Sqrt[c + d*x~2 + e*Sqrt[a + b*x"2]] - #1] + b~2*c*e”2*Log[-(Sqrt[d]*S...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(em +c+ dm2> i
/ d

3 v
l 7299
3/2
(e\/a +bz2+c+ d:c2>
L/~ o dx

input IBtL(c + d*x"2 + exSqrtla + bxx"2])"(3/2)/x73,x]

Output!’$Aborted
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Defintions of rubi rules used

ruk37299LInt[u—’ x_] :> CannotIntegrate[u, x]

Maple [F]

X
xr3

/ (c+dw2+e\/bz2+a)gd

input Lint ((c+d*x~2+e*x (b*x~2+a) ~(1/2))~(3/2)/x~3,x)

output | 18t ((c+dxx"2vex (bxx"2+2)~(1/2))7(3/2) /x°3,x)

Fricas [F(-1)]

Timed out.

/ (c+da? + ev/a+ ba?)”?

3

dz = Timed out

inputt

integrate((c+d*x~2+ex*(b*xx~2+a)~(1/2))~(3/2)/x"3,x, algorithm="fricas")

OutputLTlmed out

Sympy [F]

/ (c+da? + evat ba?)*? ; / (c+da? + ev/a + ba?)?
Tr =

x3

dx

inputt

integrate ((c+d*x**2+e* (b*x**2+a) *x* (1/2) ) **(3/2) /x**3,x)

output

LIntegral((c + dxx**2 + exsqrt(a + bxx**x2))**(3/2)/x**3, x)
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Maxima [F|

/ (c+ da? +e\/a+bx2)3/2 p / (dz? + Vbz? +ae+c)g
m:

3 3 dr
input Lintegrate ((c+d*x~2+ex (b*x~2+a)~(1/2))~(3/2) /x"3,x, algorithm="maxima") J
outputtintegrate((d*xA2 + sqrt(b*x™2 + a)*e + ¢)~(3/2)/x73, x) J

Giac [F(-2)]

Exception generated.

3/2
¢+ dz? + eva + bx?
/ ( 3 ) dxr = Exception raised: RuntimeError
x
inputLintegrate((c+d*x“2+e*(b*x’“2+a)“(1/2))“(3/2)/x“3,x, algorithm="giac") J

‘Exception raised: RuntimeError >> an error occurred running a Giac command

output
‘:INPUT:sage2DUTPUT:Error: Bad Argument Type

Mupad [F(-1)]

Timed out.

/(c+dw2+e\/a+bx2)3/2d /(c+e\/bx2+a+dx2)3/2d
I = T

3 x3

input Lint((c + e*(a + b*xh2)’~(1/2) + d*x“2)"(3/2)/x'~3’x) J

output 1BE((C + ex(a + bxx"2)7(1/2) + d*x"2)7(3/2)/x73, x) J
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Reduce [F]

dx

/(C+dx2+ev"+”$2)3/2d /(c+dx2+e¢m)3
Tr =

3 3

inputLint((c+d*x“2+e*(b*x‘2+a)*(1/2))*(3/2)/X~3’x)

outputLint((°+d*X“2+e*<b*X‘2+a)‘(1/2))*(3/2)/x*3,x)
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3/2
(c—l—dx2+e\/a+bx2) /
dx

312 [

Optimal result . . . . . . . . . . . ..
Mathematica [F] . . . . . . . ...
Rubi [F] . . . e
Maple [F] . . . . o
Fricas [F(-1)] . . . . . o o
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 28, antiderivative size = 435

/ (c+dz® +eva+ ba:2)3/2
x
3(20d + beva+b%) Jo— 4 + evaT b’ 4 Aol
- 16ax?
a+ba: 3/2
( - + eva+ br?+ )

4zt

C—M ae— (22 _ o) \/atba?
3(4a*2d? + 2b?ce — 4abde — /ab®e?) arctanh o G N

2v/c—v/a c—a—d—i—e\/m-i— (a+bx )

64a3/2\/c — \/ae
2c— 2%‘1 ++/ae+ ( Q‘fd +e> Va+bz?

(ot

3(4a*%d* — 2b%ce + 4abde — \/ab’e?) arctanh
2\/c+\/ﬁe\/ — 22t ev/atba?+

|

64a%/2\/c+ \/ae
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-3/16% (2*xaxd+b*ex (b*x~2+a) ~(1/2) ) * (c—a*d/b+e* (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b
)~ (1/2)/a/x"2-1/4*(c-a*d/b+e* (b*xx~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(3/2) /x~4-3/64
* (4xa” (3/2) *d~2+2*b~2*c*e-4*axbxd*xe-a” (1/2) *b~2*e~2) *arctanh (1/2* (2xc—2*ax*
d/b-a”(1/2)*e-(2*a~ (1/2) *d/b-e) *(b*x~2+a) ~(1/2))/(c-a~(1/2)*e)~(1/2) / (c-a*
d/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~(1/2))/a~(3/2)/(c-a~(1/2)*e) ~(1/2)-3/
64+ (4*a” (3/2) *d~2-2*b~2kcke+4d*a*b*d*e-a~ (1/2) *b~2*xe”2) *arctanh (1/2* (2*xc-2*
axd/b+a” (1/2) *e+(2*a~(1/2) *d/b+e) * (b*x~2+a) ~(1/2) )/ (c+a~(1/2)*e) ~(1/2) / (c-
a*xd/b+e* (b*x~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2))/a~(3/2) /(c+a~(1/2) *e)~(1/2)

output

Mathematica [F]

dz

/(c+d$2+6\/a+bw2)3/2d /(C+dx2+e¢m)3/2
€Tr =

x° 75

input‘ Integrate[(c + d*x~2 + exSqrtl[a + b*x~2])~(3/2)/x75,x]

outputtlntegrateﬂc + d*x~2 + exSqrtla + bxx"2])~(3/2)/x75, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X

/ (eWﬁ- c+ d:v2> ¥ .
5
| 7299
(e\/a +bx?+c+ da:2>3/2
/ d

0

X

input \Int[(c + d*x~2 + exSqrtla + b*x~2]1)"(3/2)/x"5,x]
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output L$Aborted

Defintions of rubi rules used

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [F]
(c+dz?+evba? + a)%
/ xd dz
input Lint ((c+d*x~2+ex (b*x~2+a)~(1/2))~(3/2)/x"5,x%)

output Lint ((c+d*x™2+ex (b*x"2+a)~(1/2))~(3/2) /x5, %)

Fricas [F(-1)]

Timed out.

5 dz = Timed out
x

/ (c+dz® +eva+ bx2)3/2

input tintegrate ((c+d*x~2+ex (b*x~2+a)~(1/2))~(3/2)/x"5,x, algorithm="fricas")

output LTimed out
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Sympy [F]

/(c+dx2+em)3/2d /(c+dx2+em)3
Tr =

75 o dx
jnputLintegrate((C+d*x**2+e*(b*x**2+a)**(1/2))**(3/2)/x**5,x)
Outputtlntegral((c + dkx**2 + exsqrt(a + bxx**2))**(3/2)/x**5, x)
Maxima [F]
/ (c+da? +evatbar) ™ dr = / (da® + vba? + ae + C)% dz
il 5

inputLintegrate((c+d*x‘2+e*(b*x*2+a)‘(1/2))*(3/2)/x*5,x, algorithm="maxima")

Outputtintegrate((d*x‘2 + sqrt(b*x"2 + a)*e + c)~(3/2)/x75, x)

Giac [F]

/(c+dw2+e\/m)3/2d /(sz—I—Me—i—c)gd
Xr = 5 €T

ns T

inputLintegrate((c+d*x‘2+e*(b*x*2+a)‘(1/2))‘(3/2)/x‘5,x, algorithm="giac")

OutputLsageO*x
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Mupad [F(-1)]

Timed out.

x
0 T

/(&Hmz+“a+bﬁfmd /Wc+e¢m¢+a+dﬁfmd
T =
5

input Lint((c + ex(a + b*x"2)7(1/2) + d*x~2)~(3/2)/x75,%)

outputtint<<c + ex(a + bxx"2)"(1/2) + d*x~2)~(3/2)/x°5, x)

Reduce [F]

/<C+dm2+e”“+bx2)3/2d /(C+dx2+e¢m>gd

i
Al 25

input | 10t ((c+dxx"2vex (bxx"2+2)"(1/2))7(3/2)/x75,%)

outputLint(<C+d*X‘2+e*<b*x‘2+a)*(1/2))*(3/2)/x*5,x)
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| z° dz
Vetdr?+evatbr?

3.13

Optimalresult . . ... ... ... ... ... .........
Mathematica [A] (verified) . . . . . . . ... ... ... ...
Rubi [A] (warning: unable to verify) . . . ... ... .. ...
Maple [F] . . . . . .
Fricas [F(-1)] . . . ... .. .
Sympy [F] . . . ..
Maxima [F] . . . .. ... ..
Giac [A] (verification not implemented) . . . . . . .. ... ..
Mupad [F(-1)] . . . .. .
Reduce [F] . ... ... .. .

Optimal result

Integrand size = 28, antiderivative size = 487

.’135

dx
Ve +dz? + eva + ba?

(512acd® — 2940bcde® + 945b3e* + 4bd?(256¢ + 135ae?)) \/ c— % 4 ev/a+ ba?  Uetbed)

1920bd5

z4\/c—%+e\/a+bx2+w

+ 5d

+

e(644bcd + 156ad? — 315b%€?) v a + bx? \/c — % 4 eva+bz? + d@%bxi’)

960bd*

(64cd — 63be?) (a + bx?) \/c — %d +eva + bz? + d(a—ll-)baﬂ)

240bd?

9e(a + 13332)3/2 \/c — %d +eva+ bz? + d(a-l;)ba:z)

40bd?

+

be+2dva+bx?

e(96abed?® + 16a%d* + 280b3cde? — 63be* — 120b%d%(2¢% + ae?)) arctanh (

2\/5\/3\/0— %‘i +eva+bzr?+

d(a+bw:
b

2563/2d11/2
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1/1920% (512*a*c*d~3-2940*b~2xcxd*e”~2+945%b " 3*e ~4+4*xb*xd~2* (135*%a*e”~2+256*c”
2))*(c-a*d/b+e* (b*xx~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2) /b/d"5+1/5*x"4* (c-a*d/b
+e* (b*x~2+a) " (1/2)+d* (bxx~2+a) /b) ~(1/2) /d+1/960*e*x (-315xb~2*e~2+156*a*d ™2+
644%b*c*d) * (bxx~2+a) " (1/2) * (c—a*d/b+e* (b*xx~2+a) "~ (1/2) +d* (b*x~2+a) /b) ~(1/2)
/b/d"4-1/240% (—63*bxe”2+64*c*d) * (b*x~2+a) * (c—a*xd/b+e* (b*x~2+a) ~ (1/2) +d* (b*
x"2+a)/b)~(1/2) /b/d"3-9/40*e* (b*x~2+a) " (3/2) * (c—a*xd/b+ex (b*x~2+a) ~ (1/2) +d*
(bxx"2+a)/b) ~(1/2) /b/d"2+1/256%e* (96*a*bxckd"3+16*a~2*xd"4+280*b"3*xc*xd*e™2-
63*b~4*e~4-120%b"2*d"2* (a*e~2+2*c~2) ) *arctanh (1/2* (b*e+2*d* (b*xx~2+a) ~ (1/2)
)/~ (1/2) /4" (1/2) / (c-a*d/b+ex (bxx~2+a) ~(1/2) +d* (b*xx~2+a) /b) ~(1/2)) /b~ (3/2)
/d~(11/2)

output

Mathematica [A] (verified)

Time = 11.10 (sec) , antiderivative size = 328, normalized size of antiderivative = 0.67

$5

Ve+dz? + eva + ba?

2b\/8(c +dz? + eva+ me) (9456364 — 120ad%ev/a + bz? + 42b%de? (—700 + 12dx? — 15ev/a + bm2) +

dx

-

LIntegrate[x“S/Sqrt[c + d*x~2 + exSqrt[a + b*x~2]],x]

| —

input

(2#b*Sqrt [dl*(c + d*x~2 + e*Sqrtl[a + b*x~2])*(945%b~3*%e~4 - 120*a*xd~3*e*Sq
rtla + b*x"2] + 42*%b"2xd*e”2*%(-70*c + 12xd*x~2 - 15*%exSqrt[a + b*x~2]) + 4
*b*d " 2% (256%c”2 + 261*a*e”2 - 128xc*d*x"2 + 96*%d"2*x"4 + 322*cxe*Sqrt[a +

b*x~"2] - 108xd*e*x~2xSqrt[a + b*x~2])) - 15xe*(-96*axbxc*d™3 - 16*a~2+d"4

- 280*b~3*c*d*e”2 + 63*b"4*e”4 + 120*%b"2*d"2%(2xc”2 + axe”2))*Sqrt[b*(c +

d*x~2 + exSqrt[a + b*x"2])]*ArcTanh[(b*e + 2*dxSqrt[a + b*x~2])/(2*Sqrt [d]
*Sqrt [b*x(c + d*x~2 + exSqrtla + b*x~2])])1)/(3840*b~2*%d~(11/2)*Sqrt[c + dx*
X"2 + exSqrt[a + b*x~2]])

output
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Rubi [A] (warning: unable to verify)

Time = 2.80 (sec) , antiderivative size = 490, normalized size of antiderivative = 1.01,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 55 Ryyjes
integrand size

used = {7283, 7267, 2084, 1353, 27, 2192, 27, 2192, 27, 2192, 27, 1160, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

5
X
/\/e\/a+bw2+c+da:2
l 7283

rt

] =
2 \/dw2+c+e bz? +a
l 7267

[ U S W
\/dx +bc—ad;—be br“+a
b3
| 2084

Vb2 tala—zt)?
f 4bwz-l—a(a z4) d\/m
\/d%—i—c—%d-i-e\/m

dz?

b3
| 1353
4 4
bf _ (a—a: )(;Qex +ae—8cV ln:2+a) d\/m . .
2/ 9% o9 teviata b(a—z)?\/— 2 tevatba?+ 4 4 c
5d + 5d
b3
| 27
4 4
. bf (a—z (4—9612 +ae—8cV bw2+a) d\/m
b(a—w4)2\/—%d+ex/a+bw2+d%+c \/d% +c—aTd+e\/ba:2+a
5d — 10d
b3
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2 N
(84cd _63¢?) a6 —2(27c+ 138d ) ety Bafde _ Gdacd\/ba®ta

b.ll 1 d/ bz2+a 3
2\/%+C—QTE+E\/ bz2+a 9bezﬁ\/—%ﬂ+6\/ a+bz2+7d§ +
b ad + 4d
4
b(a—m4)2 \/—%d+e\/a,+bm2+d%+c
5d — 10d
b3
l 27
2 2
64cd 2),.6 13ad 4, 8a“de _ 64acd\/bx“+a
2=EC _63e“ )P —2(27c+ =52 Jex™+ —
R ey 4
\/dﬁ +c—aTd+e\/bm2+a 9bem6\/—aTd+e\/m+—d§ +
b 8d + 4d
4
b(a—:c‘l)2 \/—“Td—i—e\/a—i-bﬁ—i-d%—i-c
5d — 10d
b3
l 2192
- e(156ad?+644bcd—315b%¢? ) ot | 48a2d%e 4(32acd2+b(64c2+63ae2)d—63b2ce2) Vb2 ta
bf b2 bi b2 dv/ba2-
2\/%+c—afb‘i+e\/l)m2+a
b 3d
b 8d

b(a—az*) 2 \/— ad tey/ a+bz2+%+c
5d — 10d

b3
l 27

6(156ad2+644bcd—315b2 62)1‘4 180202 4(32acd2+b(64c2+63ae2)d—63b2ce2) VbaZta
bf— b2 A S— b2 d\/bz2-
¢d§4 +c— aTd+e\/ bw2+a

6d

8d

b(a—z*) 2 /- ad e/ a+bx2+#+c
5d — 10d
b3

l 2192
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2¢(315ce263—7d (92c2+45ae2)b2+488acd2b+60a2d3) + (9456364—2940b2cde2 +512acd3 +4bd? (25

263 \/—d{L +e— 94 tevbrZta

2d

b —

6d

b
2 1
bla—z*) \/— %d +eva+br2+ d% +c
5d B
; 2¢(315ce?b3 ~7d(92c% +45ae? ) b2 +488acd?b+60a2a® ) + (94563 ¢4~ 29406 cde? +512acd® +4bd? (25¢
\/# +c— % +eVbz2+a
bl —
4b2d
b 6d
b

b(a—z*) 2/- “Td—i-e\/ a—i—bx%—%—i—c
5d —

l 1160
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15¢(16a2d% ~1206%d2 (ae?+2c2 ) +96abed® — 6364 4 +28063 cde? ) [ 1 dv/ba?
' dzt ad /br2
S te— tevbzfta
b| — 2d
4b24
b
b
2 1
b(a—z?) \/— “Td—i-e\/ a—i—bzz—i—d%—i-c
5d -
X VoaZa
15¢ (16a2d%~1206%d2 (ae?+2c2) +96abedd —63vtet 128065 cde?) [ 71— d i bo~tadtbe
BT b\/d%+c—afbd+ex/bzz—
b| — d
4b2d
b
b

b(a—w4)2\/—%‘i+e\/¢m—i—%+c
5d —

l 219
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15\/&3(1&12 41206242 (ae?+2¢2) +96abcd’ —63b4e4+280b3cde2)arctanh ~ 2dvatba
2vbvVdy/— %8 +ev/a
V=%

bl - 243/2

4

b(a—m4)2\/—%d+e\/m+%+c
5d —

input‘Int[x"S/Sqrt[c + d*x~2 + exSqrt[a + b*x~2]],x]

((b*x(a - x74)"2xSqrt[c - (a*d)/b + (d*x"4)/b + exSqrtl[a + b*xx~2]])/(56%d) -
(b* ((9*bxexx~6*Sqrt[c - (a*xd)/b + (d*x"4)/b + exSqrt[a + b*x~2]]1)/(4*d) +
(bx (((64xcxd - 63*b*e”2)*x"4*Sqrt[c - (axd)/b + (d*x"4)/b + e*Sqrt[a + bx

x7211)/(3*d) + (b*(-1/2%(ex(644*b*cxd + 156%a*xd~2 - 315*b~2xe~2)*Sqrt[a +

b*x~2]*Sqrt[c - (axd)/b + (d*x"4)/b + exSqrtl[a + b*x~2]]1)/(b*d) - ((b*(512

*axckd™3 - 2940%b"2*cxd*e”2 + 945*%b~3%e"4 + 4xb*d"2%(256%c”2 + 135%a*xe”2))

*Sqrt[c - (axd)/b + (d*x”4)/b + e*xSqrt[a + b*x~2]])/d + (15xSqrt[b]*ex (96%*

axbxc*d”™3 + 16*a~2+%d"4 + 280%b~3*cxd*e”2 - 63*b~4*e”4 - 120%b"2xd"2%(2%c"2

+ a*e”2))*ArcTanh[(b*e + 2*d*Sqrt[a + bxx~2])/(2*Sqrt [b]*Sqrt [d]*Sqrt[c -
(axd) /b + (d*x74)/b + exSqrtla + b*x~2]1)]1)/(2%d~(3/2)))/(4¥b~2%d)))/(6%d
)))/(8xd)))/(10%d)) /b3

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a
, b, c}, xl]

rule 1092

rule 1160 Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol

] :> Simp[ex((a + b*x + c*x"2)"(p + 1)/(2*%cx(p + 1))), x] + Simp[(2%c*d - b
xe) / (2%c) Int[(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, p}, x]
&& NeQ[p, -1]

rule 1353 TRELCCg ) + (M_D*(x))*((@l) + (o )*(x1)7"2)7(p)*((d) + (e_)*(x)) + (£
_)*(x_)"2)"(q_), x_Symbol] :> Simp[h*(a + c*x~2) p*((d + exx + f*x~2)"(q +
1)/(2*xf*x(p + q + 1))), x] + Simp[1/(2*f*(p + q + 1)) Int[(a + c*x"2)"(p
- 1)*(d + exx + f*x~2) g*Simp[a*h*e*p - a*(hxe - 2xgxf)*(p + q + 1) - 2xh*p
*(cxd - a*xf)*x - (hkcxexp + cx(hke - 2*gxf)*(p + q + 1))*x"2, x], x], x] /;
FreeQ[{a, c, d, e, f, g, h, q}, x] && NeQ[e~2 - 4xd*f, 0] && GtQ[p, 0] &&
NeQ[p + q + 1, 0]

rule 2084 It L )~ (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] mx
ExpandToSum([u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, g}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z m*u~p*v™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2x((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)~(t_.) /; FreeQ[{a, c, d, e, £, g, t}, x1]




rule 2192

rule 7267

rule 7283

input ‘

output
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Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[exx~(q - 1)*((a + b*x +
c*x”2)"(p + 1)/(c*(q + 2*p + 1))), x] + Simp[1/(cx(q + 2%p + 1)) Int[(a
+ b*x + c*x”2) “p*ExpandToSum[c*(q + 2%p + 1)*Pq - a*ex(q - 1)*x"(q - 2) - b
*xex(q + p)*x~(q - 1) - c*xex(q + 2*p + 1)*x"q, x], x], x]] /; FreeQl[{a, b, c

, P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0] && !LeQ[p, -1]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1~(1/1st[[2]1])], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], xI]
,» X1, x, (Lst[[3]]1*x)~1st[[2]]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
1] /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x1)

Maple [F]

1175

dx
Ve+dz?+evba® +a

int (x~5/ (c+d*x~2+e* (b*x~2+a) ~(1/2))~(1/2) ,x)

Lint (x~5/ (c+d*x~2+ex (bxx~2+a) ~(1/2))~(1/2) ,x)

Fricas [F(-1)]

Timed out.

.’E5

Ve+dz? + eva + ba?

dz = Timed out

-

input L

integrate(x~5/ (c+d*x~2+e* (b*x~2+a)~(1/2))~(1/2),x, algorithm="fricas")

-/
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output LTimed out J
Sympy [F]
z° dx = / z° dx
v+ dz? + eva + br? v+ dz? + eva + br?
input 1ntegTate (exa5/ (crdxxrx2rex (brur2+a) ¥x(1/2)) ¥+ (1/2) ) )
output LIntegral(x**s/sqrt(c + d¥x**2 + exsqrt(a + b*x**2)), x) J
Maxima [F]
& dx = / & dx
v+ dz? + eva + bz? Vdz? + bz + ae + ¢
inputLintegrate(x‘5/(c+d*x‘2+e*(b*x*2+a)*(1/2))*(1/2),x, algorithm="maxima") J
output Lintegrate (x75/sqrt(d*x~2 + sqrt(b*x~2 + a)*e + c), x) J

Giac [A] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 400, normalized size of antiderivative = 0.82

$5

Ve +dz? + eva + ba?

2 \/\/bx2 + ab%e + b%c + (bx? + a)bd — abd<2 Vbx? +a<4\/ba:2 +a<6\/bz2 +a<% - 8—%‘) — &

dr =

inputLintegrate(x*5/(c+d*x‘2+e*(b*x“2+a)‘(1/2))‘(1/2),x, algorithm="giac") J
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-1/3840%* (2*sqrt (sqrt (b*x™2 + a)*b~2*e + b~2xc + (b*x"2 + a)*b*d - a*bxd)*(
2xsqrt (b*x"2 + a)*(4*sqrt(b*x~2 + a)*(6*sqrt(b*x”"2 + a)*(9*e/d"2 - 8xsqrt(
b*x"2 + a)/(bxd)) - (63*%b"4*d"2*xe”2 - 64*b~3*c*kd"3 - 96*axb~2+*d~4)/(b~3*d"
5)) + (315*%b~5*d*e”3 - 644xb~4xc*d"2*e - 156*a*b~3*d"3*e)/(b"3*%d"5)) - (94
5xb~6*%e”4 - 2940%b~5*ckd*xe”2 + 540*a*b~4*d"2*%e"2 + 1024*xb~4*c"2*d"2 + 512x%
a*b~3*c*d"3 + 384*a~2%b"2*%d"4)/(b"3*d"5)) - 15%x(63*b~5*e”5 - 280*b~4*c*d*e
~3 + 120*a*b~3*d"2*xe"3 + 240%b~3*c”2*d"2*e - 96%axb”2*c*kd"3%e - 16*a”2xbxd
~4xe)*xlog(abs(-b"2xe - 2*sqrt(bxd)*(sqrt(b*x~2 + a)*sqrt(b*d) - sqrt(sqrt(
b*x~2 + a)*b"2*e + b"2*c + (b*x"2 + a)*bxd - axbxd))))/(sqrt(bxd)*d~5))/(b
*abs (b) )

output

Mupad [F(-1)]

Timed out.
x® 5
Ve+dz? + eva + ba? Ve+evbr® +a+da?
input Lint(x“S/(c + ex(a + bxx~2)"(1/2) + d*XAZ)A(l/Q),x)

-

output{int(x‘S/ (c + ex(a + b*x"2)7(1/2) + d*x~2)"(1/2), x)

e—

Reduce [F]

5

T 5

T

dz:/ dx
Ve+dr? + eva + b2 Ve+dz?+evba?+a

input Lint (x75/ (c+d*x~2+ex (b*xx~2+a) ~ (1/2))~(1/2) ,x)

-

output | 10t (X75/ (crdxx™2+ex (bxx"2+2)~(1/2))"(1/2) ,%)

e—




output
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3.14 | v dx
Vetdz?+eva+ba?

Optimal result . . . . . . . . . . . .. 1561
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . .. ... .. ... ... ... ... .. 157
Maple [F] . . . . . 161l
Fricas [F(-1)] . . . . . o o 161
Sympy [F] . . . o 161
Maxima [F] . . . . . o 162
Giac [A] (verification not implemented) . . . . . . .. ... .. ... ... ... 162
Mupad [F(-1)] . . . . . e 163l
Reduce [F] . . . . . o 163

Optimal result

Integrand size = 28, antiderivative size = 242

3
= dx
Ve+da? +eva+ ba?
(a + bz?) \/c — %d +eva+ b + d(a—il-)ba:2)
B 3bd

(160d—|— % — 15be? + 10deva + bx2) \/c — “Td +eva + bx2 + d“%bmz)

2443

be+2dva+bx?

e(12bcd — 4ad?® — 5b%e?) arctanh (
+

2\/5\/3\/ — 22 te/at+ba?+

161/bd7/2

1/3% (b*x~2+a)* (c-a*xd/b+e* (b*xx~2+a) ~ (1/2)+d* (b*x~2+a) /b) ~(1/2) /b/d-1/24* (16
*c*xd+8*axd~2/b-15*b*e”~2+10*d*e* (b*xx~2+a) ~(1/2)) * (c-a*d/b+e* (b*xx"2+a) ~(1/2)
+d* (b*x~2+a) /b) ~(1/2) /d"3+1/16*e*x (-5x%b~2%e”~2-4*a*d~2+12*b*c*d) *arctanh(1/2
* (bke+2xd* (b*x~2+a) ~(1/2)) /b~ (1/2) /4" (1/2) / (c—a*d/b+e* (b*x~2+a) ~(1/2)+d* (b

*x~2+a) /b)~(1/2)) /v~ (1/2)/d~(7/2)
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Mathematica [A] (verified)

Time = 1.52 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.65

3

? dz

Ve +dz? + eva + ba?
B \/c + dz? + eva + bx? (—160d + 15be? + 2d(4dw2 — beva + bz2))
B 2443

e(—12bcd + 4ad? + 5b%€?) log <be +2dva + bz — 2vbVd\ ¢ + dx? + eva + bx2>
+
16+/bd7/2
input LIntegrate [x~3/Sqrt[c + d*x~2 + e*Sqrt[a + b*x"2]],x] J

e B

(Sagrtlc + d*x~2 + exSqrtl[a + b*x~2]]*(-16%c*d + 15%bxe”2 + 2xd*(4*d*x"2 -
 5xexSqrtla + b¥x72]1)))/(24%d73) + (ex(-12%bxc*d + 4%a*xd"2 + 5xb~2%e"2)*Log

‘ [bxe + 2*d*Sqrtl[a + b*x~2] - 2*Sqrt[b]l*Sqrt[d]*Sqrtlc + d*x~2 + e*Sqrtl[a + ‘
L b*x~2111)/ (16%Sqrt [b]*d~(7/2)) J

output

Rubi [A] (warning: unable to verify)

Time = 1.52 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 9, number of rules _ 0.321, Rules
integrand size

used = {7283, 7267, 25, 2084, 2184, 27, 1225, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

3
X
/\/e\/a+bx2+c+dx2
l 7283

2

./
2 \/d:r2+c+e\/m
J'7267

dz?
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vba?+a(a—z?) d\/m

f \/dz4+bc ad+be bz2+a

b2

l 25

Vvbz?+a(a—z?) d\/m

f \/dm4+bc ad+be ba:2+a
b2
| 2084

4
f Vbz2ta(a—z?) Vb +a
N E ==

b2
l 2184
2ad
; f vV bz2+a£4c+%+5e\/ ba:2+a) d\/m
bm4\/—%‘i+e\/a+bz2+d%+c 2\/%+c—%+em
3d — 3d
b2

l 27

VvV b2 ( (2c+a—bd) +5eV/ b:c2+a)

. f ~ dvbx2+a
baty/— 88 ev/atba?rd2t 1o V4 o9 +eviaTra
3d -

6d
b2
l 1225
3e(—4ad?—5b2e24+12bcd) [ ——— 1
b\/—“Td+e\/m+%+c<b<id(azg—2bc)_1562)+10de\/m> ( ) dgt o _ad
4d2 - 8d2
bz4\/——+e\/a+bw —i—dz
6d
b2
l 1092
3e(—4ad?—5b2e24+12bcd) [ A—d 2
b\/—%d-FEV d+b12+%+c(b(w—l&zz)%—lodeva+bz2) ( ) 4ibd_z4 b %1
4d2 - 4d?
bx4\/——+e\/a+bx +dm
6d
b2

l 219
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3v/be (—4ad2 —5b2 e2+12bcd) arctanh (
2v

d dzd 8d(ad+2bc) 2
b b\/—%+e\/a+bm2+%+c<b<T—15e -t-lOde\/a,-Q—bz2

4d2 - 84d5/2

bz \/— “—bd—f-e\/ a+bm2+#+c
3d — 6d

b2

input LInt [x~3/Sqrt[c + d*x~2 + exSqrtl[a + b*x~2]],x] J

((bxx~4#Sqrt[c - (axd)/b + (d*x~4)/b + exSqrtl[a + b*x"2]1])/(3*%d) - (b*((b*
Sqrtlc - (a*xd)/b + (d*x”4)/b + exSqrt[a + bxx"2]]1*(b*((8*d*(2*bxc + a*d))/
b2 - 16*%e”~2) + 10*dxexSqrt[a + bxx"2]))/(4%d"2) - (3*Sqrt[b]*e*(12xbxc*d
- 4xa*xd”2 - 5%b"2*e"2)*ArcTanh[(b*e + 2+d*Sqrt[a + b*x~2])/(2xSqrt [b]*Sqrt
[dl*Sqrt[c - (a*d)/b + (d*x"4)/b + exSqrtla + b*x"2]1]1)]1)/(8*d~(5/2))))/ (6%
d))/p"2

output

Defintions of rubi rules used

rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], xI]

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma

rule 27
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[-b, 2]))*

le 219
e ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
rule 1092 Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I

nt[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a
, b, c}, xl]
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rule 1295 TRELC(A_) + (e )% (xI*((£_.) + (gL )*(x))*((a_.) + (b_)*(x1) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexg*(p + 2) - cx(exf + d*g)*(2xp + 3) -
2xckexgx(p + 1)*x))*((a + bxx + c*xx"2)"(p + 1)/(2*xc™2x(p + 1)*(2*xp + 3))),
x] + Simp[(b~2xexg*(p + 2) - 2*%axcke*xg + c*(2xc*d*f - bx(exf + d*g))=*(2%p
+ 3))/(2%c”2%(2xp + 3)) Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c

, d, e, f, g, p¥, x] & !'LeQlp, -1]

rule 2084 Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, q}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, f, g, t},
x]] && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*((f_.) + (g_.)*x)"2x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQ[{a, c, d, e, £, g, t}, x]]

rule 2184 It L(Pq )*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + exx)"(m + q - 1)*((a + b*x + c*xx"2) " (p + 1)/(c*xe"(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e”gx(m + q + 2%p + 1)) Int[(d + e*x) m*(a +
b*x + c*x"2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxfx(m + q + 2*p +
1)*(d + exx)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2*p + 1) - e*x(2*c*d - bxe)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xa*c, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && !(IGt
Q[m, 0] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

rule 7283 Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]1/x], x]
, X1, x, (1st[[3]11*x)"1st[[2]]], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x1)
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Maple [F|

CL’3

\/C+dz2+e\/bx2+a

dz

input{int<X“3/<°+d*X‘2+e*<b*x‘2+a>‘(1/2>)*(1/2),x)

outputLint<X‘3/<°+d*x‘2+e*(b*x‘2+a>*(1/2))*(1/2),x)

Fricas [F(-1)]

Timed out.

$3

\/c+d:c2+e\/a,+b:c2

dz = Timed out

input

Lintegrate (x73/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(1/2) ,x, algorithm="fricas")

output tTimed out
Sympy [F]
3 3
Ve+da? + eva+ ba? Ve+da? + eva+ ba?
input Lintegrate (x**3/ (c+d*x**2+e* (bkx*x*x2+a) **(1/2) ) *x(1/2) ,x)

output{Iﬂtegral(X**Ci/sqrt(c + d*x*kx2 + exsqrt(a + b*x**2)), x)
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Maxima [F|

.’133

X
dxzzd/
Ve +dz? + eva + b2 Vdz? 4+ Vbx2 +ae+c

3
dz

integrate(x~3/(c+d*x~2+e* (b*x~2+a)~(1/2))~(1/2),x, algorithm="maxima")

inputt

Output‘integrate(x“B/sqrt(d*x“2 + sqrt(b*x™2 + a)*e + c), x)

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 219, normalized size of antiderivative = 0.90

3

° dr =
v@+wu2+eVa+bﬁ
, 3 (5
2/ VB F abPe + b+ (ba? + a)bd — abd (2 v/BaT + a3 — AV ) _ 1Velg et st )

48 o]

Lintegrate (x73/ (c+d*x~2+e* (b*x~2+a) ~(1/2))~(1/2) ,x, algorithm="giac")

input

-1/48%(2*sqrt (sqrt (b*x~2 + a)*b~2%e + b~2xc + (b*x"2 + a)*bxd - axbxd)*(2*
sqrt (b*x~2 + a)*(5xe/d"2 - 4*sqrt(b*x”2 + a)/(bxd)) - (156¥b~3*e”2 - 16%b~2
*xcxd - 8*axbxd~2)/(b72%d"3)) - 3*(5¥b"3*%e”3 - 12%b~2*c*d*e + 4*axb*d”2*e)*
log(abs(-b~2%e - 2*sqrt(b*d)*(sqrt(b*x~2 + a)*sqrt(bxd) - sqrt(sqrt(b*x~2
+ a)*b~2*e + b~2*xc + (b*x"2 + a)*bxd - a*b*d))))/(sqrt(b*d)*d~3))/abs(b)

output
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Mupad [F(-1)]

Timed out.
z3 23
Ve+ da? + eva+ ba? Ve+evba?+a+da?
inputtint(xﬁ3/(c + ex(a + b*x"2)"(1/2) + d*x~2)"(1/2),x)

Outputtint(x‘s/(c + ex(a + b*x~2)~(1/2) + d*x~2)~(1/2), x)

Reduce [F]

3 3

T T

dz=/ dx
\/c+dz'2—|—e\/a+bz2 \/c+d:v2+e\/bz2—|—a

input tint (x~3/ (c+d*x~2+e* (b*x~2+a) ~(1/2))~(1/2) ,x)

outputLint(X‘3/<°+d*x‘2+e*(b*x‘2+a>*(1/2))*(1/2),x)
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3.15 | . dx
Ve+dz?+evatba?

Optimal result . . . . . . . . . . . . . e 164
Mathematica [A] (verified) . . . . . . . . ... L 164
Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... .. .. ... 1651
Maple [F] . . . . 167l
Fricas [F(-1)] . . . . . o o 167
Sympy [F] . . . o 168}
Maxima [F] . . . . . . 168l
Giac [A] (verification not implemented) . . . . . . .. ... ... ... .. ... 168l
Mupad [F(-1)] . . . . 169
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 169

Optimal result

Integrand size = 26, antiderivative size = 129

T . \/c—%d+e\/a+bx2+d@%bx2)
x prd
Ve +dz? + eva + ba? d
Vbearctanh bet+2dvatba? -
2\/5\/3\/c—“—:+e\/a+bm2+7d(a:bx )
- 2d3/2

' (c-a*d/brex (bkx~2+a) " (1/2)+d* (b*x~2+a) /b) ~(1/2) /d-1/2%b" (1/2) xe*arctanh(1/
| 2% (bxe+2dx (bxx~2+a) " (1/2)) /b~ (1/2) /A~ (1/2) / (c-a*d/bre* (bxx~2+a) ~ (1/2) +d(
bex~24a) /b) " (1/2)) /4" (3/2)

output

Mathematica [A] (verified)

Time = 1.43 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.59

T

Ve +dz? + eva + ba?
4v/d\/ ¢ + dz? + ev/a + b2 + 2v/bearctanh (2‘“ “+b”2_2‘/5‘/‘zev ctdz?tey “+bm2> + vbelog (b <4ad2 — b%e?

dx

4d3/2
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input‘ Integrate[x/Sqrt[c + d*x~2 + exSqrt[a + b*x~2]],x]

output

(4*Sqrt[d]*Sqrt[c + d*x~2 + exSqrtl[a + b*x"2]] + 2*Sqrt[b]*e*ArcTanh [(2*xd*

Sqrt[a + b*x~2] - 2xSqrt[b]*Sqrt[d]*Sqrtlc + d*x~2 + e*Sqrt[a + b*x~2]])/(

b*e)] + Sqrt[b]*exLog[b*(4*a*xd™2 - b~2*xe”2 - 8xSqrt[b]*d~(3/2)*Sqrt[a + bx

x"2]*Sqrtc + d*x"2 + exSqrt[a + b*x"2]] + 4*bxd*(c + 2*d*x"2 + e*xSqrt[a +
b*x~2]))1)/(4%d"~(3/2))

Rubi [A] (warning: unable to verify)

Time = 0.85 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.98,

_ » number of rules
6, integrand size = 0.231, Rules

number of steps used = 7, number of rules used =
used = {7266, 7267, 2081, 1160, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X
Veva +ba? + ¢ + dz?
l'7266
1
Vdz2 +c+eVbz® +a
l 7267

Jutta __ g /7T q

f \/dz4+bc ad+be b:52+a
b
| 2081

Ve’ +a dvba® +a
]‘¢¢r+f—ﬂufv@ﬁia

dz

dz?

b
l 1160
1 be f - 1 dv/bz2+a
b\/ —%dtevatba?+ 4" e \/ = e tevoata
d — 2d
b

l 1092
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be [ d1 d 2vba2+ad+be

4d _ 4

by/— 2 +evatba?+42% 4c b b dgt e adievbo?ra
d — d

b
l 219

b3/2earctanh 2dv/a+ba?tbe
2ﬁf\/— 9 tev/atba2+ d{l +c
2d3/2

b\/— a4 te\/a+bz?+ % +c
— —

b

inputLInt[x/Sqrt[c + d*x"2 + exSqrt[a + b*x"2]],x] J

‘ ((b*sSqrtc - (axd)/b + (d*x"4)/b + exSqrt[a + b*x~2]])/d - (b~ (3/2)*exArcT \
‘anh[(bxe + 2*d*Sqrtla + b¥x~2]1)/(2*Sqrt [b]*Sqrt[d1*Sqrtlc - (a*d)/b + (d*x
L“4)/b + exSqrtla + b*x~2]1)1)/(2%d"(3/2)))/b J

output

Defintions of rubi rules used

rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0]1)

rule 1092 Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, x]

rule 1160 Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[e*((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2%c*d - b
xe) / (2*c) Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

rule 2081 It L)~ (@_.)*(v_)~(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])




rule 7266

rule 7267

input

output

input

output
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Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, xJ, x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQ[x~(m + 1), u, xJ

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [F]
T

dx
\/c+dx2 +evbz2+a

Lint (x/ (ctd*x"2+ex (b*x~2+a) ~(1/2))~(1/2) ,x)

Lint(x/(c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(1/2),X)

Fricas [F(-1)]

Timed out.
T

Ve +dz? + eva + ba?

dz = Timed out

Lintegrate(x/(c+d*x“2+e*(b*x‘2+a)“(1/2))“(1/2),x, algorithm="fricas")

LTimed out
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Sympy [F]
z z
dz = dz
Ve+da? +eva+ba? Ve+dz? + eva+ ba?
inputtintegrate(x/(c+d*x**2+e*(b*x**2+a)**(1/2))**(1/2),X) J
output LIntegral(x/sqrt (c + d*xx**2 + exsqrt(a + b*x**2)), x) J
Maxima [F]
z T
dx = / dz
Ve+da® +eva+ ba? Vdz? +Vbz? + ae + ¢
input Lintegrate (x/ (c+d*x~2+e* (b*x~2+a)~(1/2))~(1/2) ,x, algorithm="maxima") J
Outputtintegrate(x/sqrt(d*x*Q + sqrt(b*x~2 + a)*e + c), X) J

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.05

X

Ve +dz? + eva + ba?
(be 1og(‘—b2e—2\/E(\/m\/w—\/\/Mb2e+b2c+(bz2+a)bd—abd) D N \/Mb2e+b2c+(bx2+a)bd—abd> )

dx

Vbdd bd
- 2]l
input Lintegrate (x/ (c+d*x~2+ex (b*xx~2+a) ~(1/2))~(1/2) ,x, algorithm="giac") J
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output‘ 1/2x (b*exlog(abs (-b~2xe - 2ksqrt (b*d)*(sqrt(b*x~2 + a)*sqrt(b*d) - sqrt(sq ‘
'Tt(b*x"2 + a)*b"2xe + b 2%c + (b*x"2 + a)xbxd - axbxd))))/(sqrt(bxd)*d) +
| 2%sqrt (sqrt(b*x™2 + a)*b™2%e + b~2kc + (b¥x™2 + a)*bxd - axbkd)/(b*d))*b/a |

‘bs(b)

Mupad [F(-1)]

Timed out.
z x
Vet da? + eva + ba? Ve+evba? +a+da?
input 1REGK/(c + ex(a + bxx"2)7(1/2) + d*x"2)"(1/2),%) ]
outputkint(X/(c + ex(a + b*x"2)7(1/2) + d*x"2)7(1/2), x) J

Reduce [B] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.60

T

dx
Ve +dz? + eva + ba?
2\/\/bx2+ae+c+dx2d+ \/c_l\/Blog(2\/c_i\/\/bx2+ae+c+dw2b—2\/l_7\/bx2+ad— \/Ebe) e

2d?

-

Lint (x/ (ctd*x"2+ex (b*x~2+a) ~(1/2))~(1/2) ,x)

-/

input

‘(2*sqrt(sqrt(a + b*x**2)*e + c + dxx*x2)*d + sqrt(d)*sqrt(b)*log(2*sqrt(d)
*sqrt(sqrt(a + bxx#*2)xe + c + d*xk*2)*b - 2%sqrt(b)*sqrt(a + bxx**2)xd -
 sqrt (b) *b*e) *e) / (2+d**2)

output




output
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1
3-16 f 2V c+dz?+evatba? dz

Optimalresult . . ... ... ... ... ... .. ... .. ...
Mathematica [C] (verified) . . . . . . ... ... ... ...
Rubi [A] (warning: unable to verify) . . . ... ... ... ....
Maple [F] . . . . . .
Fricas [F(-1)] . . . . . .. .
Sympy [F] . . . . o
Maxima [F] . . . . .. . .
Giac [F] . . . .
Mupad [F(-1)] . . . . .
Reduce [F] . . .. .. . .

Optimal result

Integrand size = 28, antiderivative size = 239

2c—204_ /ge— <2fd e)\/m

arctanh
/ 1 y sz PP
T = —

m\/c+ dz? + eva + bx?

2ad+\[e+<2fd+e)m

arctanh
QW\/ e 2y ooty )

2/c+ vae

-1/2*arctanh(1/2*(2xc-2*a*d/b-a~ (1/2) xe-(2*a~ (1/2) *d/b-e) * (b*¥x~2+a) ~(1/2))
/(c-a~(1/2)*e) ~(1/2)/ (c-a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2)) /(c-a
~(1/2)*e)~(1/2)-1/2*arctanh (1/2* (2*xc-2*a*xd/b+a”~ (1/2) *e+(2*a"~ (1/2) *d/b+e) *(
bxx~2+a) " (1/2))/(c+a~(1/2)*e) " (1/2) / (c-a*d/b+e* (b*x~2+a) "~ (1/2) +d* (b*x~2+a)

/b)~(1/2))/(c+a™(1/2)*e)~(1/2)




input

output

s

\
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 5.99 (sec) , antiderivative size = 2150, normalized size of antiderivative = 9.00

1
/ \/ - - dx = Result too large to show
zvVc+dz? +eva+bx

Integrate[1/(x*Sqrt[c + d*x~2 + exSqrt[a + b*x~2]]),x]

(Sqrt [b] * (4xaxb*Sqrt [d] *(-(b*c) + a*d)*e*RootSum[b~4*c™4 - 4xaxb~3*c~3xd +

6*%a”2*%b"2*%c"2*%d"2 - 4*a”3*b*c*kd"3 + a"4*xd"4 - 2%akxb"4kc"2%e"2 + 4%a~2%xb”3
*¥ckd*e™2 — 2*%a”"3*%xb"2kd"2*%e"2 + a"2%b"4*%xe"4 + 4xb"3kxcT3x#1 — 4kaxbT2kcT2kd*
#1 - 4xa”2xbxckxd"2*#1 + 4*%a~3kxd"3*#1 — 4*ax*b"3kcke " 2*#1 + 12*%a"2*%b"2kd*e”2
*#1 + 6xb72x%cT2x#172 + 4dkakbkckd*#172 + 6*%a”"2¢d"2*#172 - 2%xaxb 2xe"2x#172
+ 4xbkcx#173 + 4*axd*#1°3 + #1°4 & , Log[b*c + axd + 2*%bxd*x~2 + Sqrt[a +
b*x~2]*(b*e - 2*Sqrt[bl*Sqrt[d]*Sqrtlc + d*x”2 + exSqrtla + b*x"2]]1) + #1]
/(b~3%c™3 - a*b”2*c"2%d - a"2*b*c*d"2 + a~3*d"3 - a*b~3*c*e”2 + 3*a”~2*b"2*
d*e”2 + 3xb"2%c”2x#1 + 2%axbkckxdx#1 + 3*%a~2xd"2%#1 - axb"2xe”2%#1 + 3*xbxc*
#172 + 3*axd*#172 + #173) & ] - 4*a*bxSqrt[d] *exRootSum[b~4*c™4 - 4xaxb~3x*
c"3xd + 6*%a"2*%b"2*%c"2*%d"2 - 4*a”3*b*c*kd"3 + a"4*d"4 - 2*axb"4kxc"2*%e”"2 + 4x*
a~2*%b"3*c*kd*e”2 - 2*%a"3*%b"2*d"2*%e”2 + a"2%b"4*e”"4 + 4*b”"3*kc”3*#1 - 4*xaxb”2
*CcT2%d*#1 - 4xa”2xbkxckxd"2*#1 + 4*%a~3kd"3x#1 - 4*kaxb " 3kcke 2*#1 + 12*%a"2%b”
2kxd*e”2*#1 + 6*xb"2%xcT2*%x#172 + 4kaxbkckd*#172 + 6%a"2xd"2x#172 - 2*a*xb"2*e”
2x#172 + 4¥bkcx#173 + 4*axd*#17°3 + #174 & , (Logl[b*c + a*d + 2%b*d*x"2 + S
grt[a + bxx"2]*(bxe - 2*Sqrt[b]l*Sqrt[d]*Sqrtlc + d*x"2 + e*Sqrt[a + b*x~2]
1) + #1]1##1)/(b"3*c™3 - a*b~2*kc~2*%d — a~2%b*c*d"2 + a~3*d"3 - a*b~3*c*xe”2
+ 3%a"2xb"2xd*e”2 + 3xb"2xcT2x#1 + kaxbkckdk#l + 3%a~2%d"2%#1 - axb 2xe”2
*x#1 + 3*bkcx#172 + 3*axd*#1°2 + #1°3) & ] + I*RootSum[b~4*c™4 - 4*xaxb~3*c”
3xd + 6%a~2xb"2%c"2*xd"2 - 4*a~3*b*ckd~3 + a~4*d~4 - 2kaxb~4*c"2xe”2 + 4...
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Rubi [A] (warning: unable to verify)

Time = 1.50 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.99,

number of rules _ 0.286, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {7282, 7267, 25, 2084, 1366, 25, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ dx
x\/e\/a—i— bx? + ¢ + dxz?
l 7982

1 /[ 1 ,
- dz
2) 22v/dz? +c+evba? +a

l 7267
A/ 2
/— atbz dv a + bx?

4 beva+bx?—ad+bct+dx?
(a — ) 7

| 25

/b2
—/ bz’ +a dvbz? +a
43 po— 2
(a _ :1;4) \/dx +bc ad;—be\/bx +a

l 2084
2
_/ 4\/b£17 +a d /7ba:2+a
(a—24) /%2 +c— % +evbz?+a
l 1366

1 1
—2/ dvbz? +a—
(Va-vbaZ+a) /% +c- % +evb?+a

1

5/~ L dvbz? +a
(\/E+\/bx2+a) %nLc—%i—l—e\/bﬁ—i—a

| 25
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1 1
s/ N
<\/5+va2+(1) dilf—l—c—“—bd+e\/bx2+a
>/ ! N
(\r_\/m) N
l 1154

/‘ 1 p _b(2c— 3 + \Jae) + (2y/ad + be) Vb +a |
4(c+ Vae) —a! b\/@—i-c—@ﬁLe\/m
/ 1 2c— 24 _ \/ge — (2‘éad—e)\/bx2+a
d
4(c— vae) —z* N N

l 219

—Vartba? (22 —e) 28l fget2c canh b(— 22+ ae+2c) +/a+ba? (2/ad+be)
arctan
2\/0—7%\/—*+6W+dm 2b/Va ae-{—C\/—"Td—i-e\/a-i-bx +d% c

2\/c— +Jae - 2\/vae+c¢

arctanh <

\ >

)
input TBt[1/GexSart[c + dxx"2 + exSqrefa + bxx"211),x]

-1/2*%ArcTanh[(2*%c - (2*a*d)/b - Sqrtlal*e - ((2xSqrt[al*d)/b - e)*Sqrt[a +
b*x~2])/(2*Sqrt[c - Sqrt[al*e]*Sqrtlc - (a*d)/b + (d*x~4)/b + e*Sqrt[a +
b*x~2]11)]1/Sqrt[c - Sqrt[al*e]l - ArcTanh[(b*(2*c - (2*axd)/b + Sqrt[al*e) +
(2xSqrt[al*d + bxe)*Sqrt[a + b*x~2])/(2*b*Sqrt[c + Sqrtl[al*e]l*Sqrtlc - (a

*d) /b + (d*x"4)/b + exSqrtl[a + b*x~2]]1)]1/(2*Sqrt[c + Sqrt[alxe])

output

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

B

rule 21 / » X_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt ‘
Qla, 0] Il LtQlb, 01) |




rule 1154

rule 1366

rule 2084

rule 7267

rule 7282
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bk*dxe + 4*axe”2 - x"2), x], x, (
2%a*xe - bkd - (2*c*d - bkxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl

Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2%q
)))  Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q))) Int[1/((q + c*x)*Sqrt[d + e*x + f*xx~2]), x], x]] /; FreeQ[{a, c, d
, e, £, g, h}, x] && NeQ[e~2 - 4*d*f, 0] && PosQ[(-a)x*c]

Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol]l :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)72%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, d, e, £, g, t},
x]] & !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, 4, e, £, g, t}, x1]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]D)], x
] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

e

Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
‘ /1st[[2]] Subst[Int[NormalizelIntegrand[Simplify[lst[[1]1]1/x], x], x], x, (
‘ 1st[[3]11*x)~"1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

N
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Maple [F|

/ L dx
eVe+da? +eVbz® +a

input Lint (1/x/ (c+d*x~2+ex (b*x~2+a) ~(1/2))~(1/2) ,x)

output | 1Bt (1/%/ (c+dxx"2+tex (bxx"2+2)~(1/2))"(1/2) ,%)

Fricas [F(-1)]

Timed out.

1 .
/ dz = Timed out
x\/c + dz? + eva + bx?

input tintegrate (1/x/ (c+d*x~2+ex (b*x~2+a) ~(1/2))~(1/2) ,x, algorithm="fricas")

output LTimed out

Sympy [F]

1

/ L dacz/ dx
zv/c+ dz? + eva + bx? z\/c + dz? + eva + bx?

input Lintegrate (1/x/ (cHd*x**x2+ex (bkx*k*x2+a) ** (1/2) ) **(1/2) ,x)

outputLlntegral(l/(x*sqrt(c + d*x*x2 + exsqrt(a + b*x**2))), x)
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Maxima [F]

/ L dac=/ L dx
m\/c+dm2—|—e\/a—|—bm2 \/dx2+\/bx2—|—ae+cx

inputtintegrate(1/x/(c+d*x‘2+e*(b*x‘2+a)*(1/2))*(1/2),X, algorithm="maxima")

output Lintegrate(l/(sqrt(d*x*z + sqrt(b*x”2 + a)*e + c)*x), x)

Giac [F]

/ 1 da:z/ 1 dx
z\/c+ dz? + eva + bx? Vdz? + Vbx? + ae + cx

inputLintegrate(1/x/(c+d*x‘2+e*(b*x“2+a)”(1/2))*(1/2)’x, algorithm="giac")

Outputlintegrate(l/(sqrt(d*x*g + sqrt(b*x”2 + a)*e + c)*x), X)

Mupad [F(-1)]
Timed out.

/ ! dxz/ L
x\/c+dx2+e\/a+bx2 x\/c-l—e\/bacz-I—a—}-dar:2

dz

inputtint(l/(x*(c + ex(a + b*¥x~2)~(1/2) + d*x~2)~(1/2)),x)

output{int(l/(x*(c + ex(a + bxx"2)7(1/2) + d*x"2)7(1/2)), x)
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Reduce [F]

1

u/“ L dx Z:J/ dx
mv%+dﬁ+ve+M2 zV%+dﬂ+va?+a

inputLint(1/x/(c+d*x‘2+e*(b*x‘2+a)*(1/2))*(1/2),X)

OutputLint(l/x/(c+d*x‘2+e*(b*x*2+a)~(1/2))A(1/2),X)
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1
3.17 f 23V c+dr2+evatba? dz

Optimal result
Mathematica [F|
Rubi [F]

Maple [F]
Fricas [F'(-1)]

Maxima [F]
Giac [F(-2)]
Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 28, antiderivative size = 347

dz

1
/ 23/ c + dz? + ev/a + ba?
(c—evaTba?) \Jo— % + ev/at ba? + dete)

2(c? — ae?) x?

c—20d_ Jae— (23 _¢)\/atba
(2y/ad — be) arctanh( 202! —ae (24 ) Varthe? )

2
2\/c—ﬁe\/c—%d+e\/a+b12+w
+

Sympy [F] . . . o

8v/a (c— \/56)3/2

c—20d 1 fget (2 4 o) Vatba
(2\/5d+be)arctanh( 2o 2 et (M4 ) Vaihe? )

d(a+bx2)

24/ c—i—\/Ee\/c— "Td—{—e\/a—i-bx2+ 5

_|_

8v/a (c+ \/56)3/2

L)
1Y
1V
1180
LU
L0

162
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-1/2% (c-e* (b*x~2+a) ~ (1/2)) * (c-a*d/b+ex (bxx~2+a) ~(1/2) +d* (b*xx~2+a) /b) ~(1/2)
/(-axe~2+c~2) /x"2+1/8*(2+a" (1/2) *d-b*e) xarctanh (1/2% (2xc-2%axd/b-a~ (1/2) xe
-(2xa” (1/2)*d/b-e)* (bxx~2+a)~(1/2))/(c-a~(1/2)*e) ~(1/2) / (c-a*d/b+e* (b*xx~2+
a)~(1/2)+d* (b*x~2+a) /b) ~(1/2))/a~(1/2)/(c-a~ (1/2)*e) ~(3/2)+1/8% (2*a~(1/2) *
d+b*e) *arctanh (1/2% (2%c-2%a*d/b+a~ (1/2) xe+(2%a~ (1/2) *d/b+e) * (b*xx~2+a) ~(1/2
))/(c+a™(1/2)*e)~(1/2) / (c-a*d/b+e* (bxx~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2)) /a~
(1/2)/ (c+a~(1/2)*e)~(3/2)

output

Mathematica [F]

/ ! dacz/ L dx
3V ¢+ dx? + eva + b2 3\ ¢ + dz? + eva + bz?

input LIntegrate [1/(x"3*Sqrt[c + d*x"2 + e*xSqrt[a + b*x~2]]),x]

outputtlntegrate[l/ (x~3%Sqrt[c + d*x~2 + exSqrt[a + b*x~2]]1), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ﬂ dz
3V eva + bx2 + ¢ + dr?
l 7299
/ 1
dx
23\ eva + bz? + ¢ + da?
inputtlnt[l/(x‘s*Sqrt[c + d*x~2 + exSqrt[a + b*x~2]]),x] J
p
OutputL$Aborted

- >
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Defintions of rubi rules used

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F|

/ ! dx
23v/c+dz? +eVbztta

input Lint (1/x73/ (c+d*x"2+ex (b*x~2+a) " (1/2))~(1/2) ,x)

output 188 (1/%73/ (crdex2tex (brx"2+a) " (1/2))"(1/2),0)

Fricas [F(-1)]

Timed out.
1
/ dx = Timed out
23V ¢ + dz? + eva + ba?
input tintegrate (1/x73/ (c+d*x"2+e* (b*x"2+a) " (1/2))~(1/2) ,x, algorithm="fricas")

output LTimed out
Sympy [F]
1 1
/ dr = dz
#3V/c+ dz? + eva + ba? 23V ¢+ da? + eva + ba?
tnput Lintegrate (1/x**3/ (c+d*x**x2+e* (bxx**2+a) ** (1/2) ) **(1/2) ,x)

outputtlntegral(l/ (x**3%sqrt(c + d*x**2 + exsqrt(a + b*x**2))), x)
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Maxima [F|

/ 1 dw=/ ! dzx
x3\/c+dm2+e\/a+bm2 \/dm2+\/bm2+ae+cx3

input L

integrate(1/x73/(c+d*x"2+ex (b*x~2+a)~(1/2))~(1/2) ,x, algorithm="maxima")

OutputLintegrate(l/(sqrt(d*x*g + sqrt(b*x”2 + a)*e + c)*x73), x)

Giac [F(-2)]

Exception generated.

1
/ dx = Exception raised: TypeError
w3\/c + dz? + eva + bx?

input t

integrate(1/x73/(c+d*x~2+ex(b*x~2+a) ~(1/2))~(1/2) ,x, algorithm="giac")

output

‘index_m & i,const vecteur & 1) Error: Bad Argument Value

‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const

Mupad [F(-1)]

Timed out.

1 1
/ dx=/ dx
3¢+ dz? + eva + b2 w3vVc+evbrZ+a+dr?

inputtint(l/(xA3*(C + ex(a + b*x~2)~(1/2) + d*x~2)~(1/2)),x)

Outputtint(l/(x“3*(c + ex(a + bxx"2)7(1/2) + d*x"2)"(1/2)), x)
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Reduce [F]

1

/ L dm=/ dx
x3\/c—|—dm2—|—e\/a+bx2 z3\/c+dx2—|—e\/b:v2+a

inputLint(l/x‘3/(0+d*x‘2+e*(b*x*2+a)*(1/2))A(1/2)’X)

output | 18T (1/x73/ (crdxx™2+ex (bxx"2+a)"(1/2)) 7 (1/2) %)
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)
3.18 | z 375 A
(c-l—da:2+e\/ a+bx2>

Optimal result . . . . . . . . .. . 183l
Mathematica [A] (verified) . . . . . . . .. ... . Lo 184
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ...
Maple [F] . . . o o 190!
Fricas [F(-1)] . . . .« . o 191]
Sympy [F] . . . 197
Maxima [F] . . . . . .o 191
Giac [A] (verification not implemented) . . . . . . . ... ... ... 192
Mupad [F(-1)] . . . 192
Reduce [F] . . . o . o o 193

Optimal result

Integrand size = 28, antiderivative size = 529

/ o
Tr =
(c +dz?2 +eva+ bx2)3/2
2bz? (2(c - %d) +eva+ bx2)

(4bed — dad? — B2¢?) /e — % + ev/a T ba? + datted)
16bcd — 16ad? — 7b%€?) (a + bx?) \/c — % + en/a + ba? + Hetbz?)
b b

" 3bd2 (dbed — 4ad? — b2e?)

2e(a + bz?)* \/c _ad 4 o/g 1 ba? + dett)
" d (4bcd — 4ad? — b2e?)

(128acd3 + 12884 4 460b%cde? — 105b%e* — 4bd?(64c? + T9ae?) — 2de(116bed — 68ad? — 35b%€2) va + ¢
" 24d* (4bcd — 4ad? — b2%e?)

e(60bcd — 12ad? — 35b%?) arctanh be+2dv/atba? :

2\/5\/&\/6—%+em+d(atbm )

_|_

161/0d9/2
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—-2%bkx"4* (2xc-2%a*d/b+e* (b*x~2+a) " (1/2) )/ (-b~2*e"~2-4*a*d”~2+4xb*c*d) / (c-a*d
/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(1/2)+1/3*% (-T*b"2*e~2-16*a*xd"~2+16*b*c*
d) * (b*x~2+a) * (c—a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2) /b/d"2/ (-b"2*e
~2-4xaxd”~2+4*xbkxckxd) +2*e* (b*x"2+a) ~(3/2) * (c—a*d/b+e* (b*x"2+a) ~ (1/2) +d* (b*x~
2+a) /b)~(1/2)/d/ (-b"2%e"2-4*a*d~2+4*xbxc*d) +1/24* (128*a*c*xd~3+128*a~2*xd~4/b
+460*b~2*cxd*e”2-105*%b"3*e"4-4xb*d " 2* (79*a*xe” 2+64*c”2) -2xd*e* (—35%b~2xe "2~
68*a*xd”2+116*b*c*xd) * (bxx"2+a) " (1/2) ) *(c—a*xd/b+ex (b*x~2+a) ~ (1/2) +d* (b*x"2+a
)/b)~(1/2)/d"4/ (-b"2%e"2-4*axd~2+4*xb*c*d) +1/16*e* (-35%b~2xe~2-12%a*d "~ 2+60*
b*c*d) *arctanh (1/2% (bxe+2*d* (b*x~2+a) ~(1/2)) /b~ (1/2)/d~(1/2) / (c-a*d/b+e* (b
*x"2+a) " (1/2)+d* (b*xx~2+a) /b) ~(1/2)) /b~ (1/2)/d~(9/2)

output

Mathematica [A] (verified)

Time = 12.39 (sec) , antiderivative size = 470, normalized size of antiderivative = 0.89

2b\/d (356%¢* (3¢ + dz? + 3ev/a + bx?) — 8ad®(32¢? + 23ae? + 16¢da? -

/ z° dzr =
@+ﬁh2+eVa+hﬂfm

input LIntegrate [x"5/(c + d*x"2 + e*Sqrt[a + b*x~2])"~(3/2),x] J

(2%b*Sqrt [d] *(35%¥b~3%e~4* (3*c + d*x~2 + 3*e*xSqrt[a + b*x"2]) - 8*a*xd~3x*(32
*C"2 + 23*%axe”2 + 16%cxd*x"2 - 4*%d"2*x"4 + 5bxcxexSqrt[a + b*x"2] + T*d*ex
x"2+Sqrt[a + b*x"2]) - 2xb"2*kd*e”2%(230%c”2 + 3b*axe”2 + 86kckxd*x"2 - 4xd”
2%x"4 + 265%cxexSqrt[a + bxx"2] + T*xd*exx2xSqrtl[a + b*x"2]) + 4*bxd~2x*(64
*C™3 + 1B1lxakxc*e™2 + 2kckd*x"2x(-4*d*x"2 + T*exSqrt[a + b*x"2]) + 2xc™2*(1
6*d*x~2 + 61lkexSqrtla + b*x"2]) + a*e 2x(35xd*x~2 + 93*exSqrt[a + b*x~2]))
) - 3%ex(-288*a*b*c*d~3 + 48*a”2xd"4 - 200%b~3*ckd*e”2 + 35*b~4*e~4 + 8%b~
2xd"2%(30*c"2 + 19%a*e”2))*Sqrt[b*(c + d*x~2 + exSqrt[a + b*x~2])]*ArcTanh
[(bxe + 2xd*Sqrt[a + b*x~2])/(2%Sqrt[d]*Sqrt[b*(c + d*x~2 + e*Sqrt[a + b*x
~21)1)1)/(48%b*d~(9/2) ¥ (-4*b*c*d + 4*a*d™2 + b~2*e~2)*Sqrt[c + d*x~2 + e*S
grtla + bxx~2]])

output
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Rubi [A] (warning: unable to verify)

Time = 3.08 (sec) , antiderivative size = 511, normalized size of antiderivative = 0.97,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 454 Ryles
integrand size

used = {7283, 7267, 2084, 1348, 27, 2027, 2184, 27, 2184, 27, 1225, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

5
/ 3/ dx
(e\/a +bx?2 4 c+ dm2>

l 7983

1 / z! dz?
2 3/2
(dm2 +c+ eVvbx? + a)
l 7267

/b2 _p4)2
i +a(a a:) 3/2d /—b:[:Z—I—a
(dz4+bc—ad+be\/ bz2+a>
b

b3
l 2084

2 _n4)\2
o 1
(%-&—c—%—l—ex/@)

b3
| 1348
2b2 f 4(0,7@4) (ez4+2(cfa‘fbd) vV bz2+a) d\/lm \
3 \/#_‘_C_%_‘_Q\/m B 2b2 (a—z?) (2 (c—ani)+e\/a+bm2>
—4ad?—bZe2+4bcd (—4ad2—b2e2+4bcd) \/_aTd_|_e, /a+bm2+#+c
b3
| 27
oz (1= ) (eten (o) Viootn) | o 2
S e e oot oviw)
—4ad?®—b%e*+dbed (—4ad?—b2e? +4bed) \/ —2d 4 e/atba?+ 9 4o
b3

l2m7
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V bx2+a(a—z4) (Z(C—G—bd)-&-e\/ ba:2+a) d\/m \
\/#+c—%ﬂ+e\/m 262 (a—z?) (2 (c—%d)—i—e\/a—i-bw?)
—4ad®—b%e*+dbed (—4ad?—b2e? +4bed) \/ —od 4 ev/atba+ 9zt e

8v? [

b3
l 2184
—16ad2+16bcd—Tb2e? ) zd
m(f ad™F b; *)e 4 1Godlbemad) +2(3c+%)e¢m>
b dvbz?+a
9 2\/dlz]4 +c—“Td+e\/ bz2+a bexS \/—aTd-ke\/ a+b12+#+c
8b ad - 4d
2b2 (a—
- —Aad? 22
4ad? —b2e2+4bcd (—4ad?—b2e*
b3
l 27
—16ad2+16bcd—Tb2e?)zd
vbz2+a<—( S b2c ° )x +160d(:2c_ad)+2(3C+ani)e\/bm2+a>
bf dvbz24a
9 \/d§4 +c—aTd+e\/ bz24a bexd \/—aTd+e\/ a+bz2+%+c
8b 8d - 4d
22 (a—
- Aad?—b2e2 -
4ad?—b?e?+4bcd (—dad?—b2¢:
b3

l 2184

2
Vbz2+a (e (— 68ad” | 116cd —35e2) Vbz2+ab3+4(bc—ad) (8ad2+16bcd—7b252)>

b " dv bx2+a
263 \/—d“g +c— aTd-f-e\/ bz2+a

b

8b?

2
b 3d _%z4(_7161;1d_77bde +166> —%+ex/a+bz2+i

8d

—4ad?—b2%e2+4bcd

b3

l 27
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Voz2+a (be\/b12+a (—68ad2+1 16bcd—35b2 52)+4(bc—ad) (8ad2+16bcd—7b2e2))

" d\/bx2+a
dz ad /b2
L dc—%2tevbre4a 2
\/ b b 1.4(_16ad _17b d b2+ da
b 6524 -3 (—TG—TE+166) —O‘T+e a+bx +—zg
2
8b sd
- —4ad?—b%e?+4bcd
b3
l 1225
3be(—12ad? —356%e2 +60bcd ) (—4ad? —b2e? +4bed) [ 1 dvbzZta 4 94
\/—d§4 +e— 8 tevbaZta b2\/—%+eva+bw2+%+c(%—zdeva+bz.
_ . _
b 8d:
6b2d
2
8b 5d
| 1092
) Va2t a
3be (—12ad%-356%e2+60bcd ) (—4ad? —b2e2+abed) [ 71— d 2Vbz® tadtbe n 94
B b\/#+0—aﬁb‘i+e‘/bm2+a b2\/—aTd+5\/a+bz2+—d% +c(7128% d” _2dev/atba
_ . _
b 4d.
6b2d
8b2

8d

l 219
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3/2
3b e
2,44

b2 \/— ad te\/atba?+ % +c ( 12847d" _2de\/a+ba? (—68ad® —35b%e2 +116bcd) —4bd? (79ae? +64c? ) +128acdd — 105b3e4+460b20d62)

- 2
b 4d

6b2d

8b2

e

LInt[x‘S/(c + d*x~2 + exSqrtl[a + b*x~2])~(3/2),x]

~—

input

((-2xb"2x(a - x~4)"2*x(2*x(c - (a*d)/b) + exSqrtla + b*x"2]))/((4xb*cxd - 4%
a*d™2 - b~2*e~2)*Sqrt[c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x~2]]) - (8xb
~2%(-1/4%(bxexx~6xSqrt[c - (a*d)/b + (d*x"4)/b + exSqrtl[a + b*x"2]]1)/d + (
bx(-1/3%((16%c - (16%a*d)/b - (7*bxe~2)/d)*x"4xSqrt[c - (axd)/b + (d*x"4)/
b + exSqrtla + b*x"2]]) + (-1/4*(b"2*Sqrtlc - (axd)/b + (d*x"4)/b + exSqrt
[a + b*x"2]]1*(128*a*xc*xd"3 + (128%a~2%d"4)/b + 460*b~2xcxd*e”2 - 105%b~3xe”
4 - 4xb*d~2%(64*c”2 + T9*a*xe™2) - 2xd*e*(116%bkcxd — 68*a*d”2 - 35xb~2%e”2
)*Sqrt[a + b*x"2]))/d"2 - (3*b~(3/2)*ex(60%b*cxd — 12%a*d~2 - 35xb~2%e~2)*
(4*b*c*d - 4%a*d”2 - b~2*e"2)*ArcTanh[(b*e + 2*d*Sqrt[a + b*x~2])/(2%Sqrt[
bl*Sqrt [d]*Sqrt[c - (axd)/b + (d*x~4)/b + e*Sqrtl[a + b*x~2]])]1)/(8*d~(5/2)
))/(6%b~2%d)))/(8*d)))/(4xbxcxd - 4*a*d™2 - b~2%e”2))/b"3

output

Defintions of rubi rules used

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

~

ruk3219/Int[((a—) + (b_.)*(x_)"2)~(-1), x_Symboll :> Simp[(1/(Rt[a, 21*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
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Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
, b, c}, x]

rule 1092

Int[((d_.) + (e_.)*(x_))*((£_.) + (g_)*(x_))*x((a_.) + (b_.)*x(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexg*(p + 2) - cx(exf + d*g)*(2xp + 3) -
2xckexgk(p + 1)*x))*((a + bxx + cxx"2) " (p + 1)/(2xc™2x(p + 1)*x(2*%p + 3))),
x] + Simp[(b~2%exgk(p + 2) - 2%axckexg + cx(2xc*xd*f - bx(exf + d*g))*(2*p
+ 3))/(2*c™2x(2*p + 3)) Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c

, d, e, £, g, p}, x] & 'LeQ[p, -1]

rule 1225

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d.) + (£
_)*(x.)72)7(q), x_Symbol] :> Simp[(gxb - 2*a*h - (bxh - 2*g*c)*x)*(a + bx
X + cxx”2)"(p + 1)*((d + £*#x72)7q/((b™2 - 4*axc)*(p + 1))), x] - Simp[1/((b
2 - 4xaxc)*(p + 1)) Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x72)"(q - 1)*Si
mp[(-d) *(bxh - 2xgxc)*(2xp + 3) + (2xfxq*(g*b - 2*axh))*x - fx(bxh - 2*g*c)
*(2xp + 2%q + 3)*x~2, x], x], x] /; FreeQ[{a, b, c, d, £, g, h}, x] && NeQ[
b~2 - 4xaxc, 0] && LtQ[p, -1] && GtQ[q, O]

rule 1348

Int[(Fx_.)*((a_.)*(x_)"(r_.) + (b_.)*(x_)"(s_.))"(p_.), x_Symbol] :> Int[x~
(p*r)*(a + b*x~(s - r)) p*Fx, x] /; FreeQ[{a, b, r, s}, x] && IntegerQ[p] &
& PosQ[s - r] & !'(EqQlp, 1] && EqQ[u, 11)

rule 2027

Int[(u )" (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, q}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, d, e, £, g, t},
x]] && 'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x) 2%x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQ[{a, c, d, e, f, g, t}, x]]

rule 2084
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rule 2184 IAELPQI*((d_.) + (e_)*(x))~(m_.)*((a_.) + (b_.)*(x)) + (c_.)*(x)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*x"2)"(p + 1)/(cxe”(q - D*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e"g*(m + q + 2*xp + 1)) Int[(d + e*x) "mx(a +
b*x + c*x”2) “p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - c*fx(m + q + 2*%p +
1)*(d + e*xx)"q - £x(d + e*x)"(q - 2)*(b*d*e*x(p + 1) + a*e™2*(m + q - 1) - ¢
*d"2%(m + q + 2%p + 1) - e*x(2*c*d - b*e)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxdxe + a*e~2, 0] && !(IGt
Q[m, 0] && RationalQ[a, b, c, d, el & (IntegerQ[p] || ILtQ[p + 1/2, 01))

rule 7267 Itlu_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st [[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]]1°(1/1st[[2]])], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7283 Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
, x1, x, (Ist[[3]1]1*x)"1st[[2]]1], x] /; !'FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x])

Maple [F]

3
2

5
dx
~/(c+dx2+evbm2+a)

input ‘ int (x"5/ (c+d*x~2+ex (b*x~2+a) ~(1/2))~(3/2) ,x)

output Lint (x75/ (c+d*x~2+ex* (bxx~2+a) ~(1/2))~(3/2) ,x)
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Fricas [F(-1)]

Timed out.

5
/ d 37 dxr = Timed out
(c+dz? + eva + ba?)

input Lintegrate (x75/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x, algorithm="fricas")

output LTlmed out

Sympy [F]

z’ 25
/ 3/2 dz = / 5 do
(c+dz? + eva + ba?) (c+ da? + ev/a + ba?)?

input Lintegrate (x**5/ (c+dxx**2+ex (bxx**2+a) ** (1/2) ) **(3/2) ,x)

OutputLIntegral(x**w(c + d*x*x2 + exsqrt(a + b*x**2))**(3/2), x)

Maxima [F]

[S][5H

x° 5
9 L dr = dx
(c+da? +eva+ba?) (da? + Vb T ae + )

input Lintegrate (x75/ (c+d*x~2+ex (b*x~2+a) " (1/2))~(3/2) ,x, algorithm="maxima")

outpudintegratﬂﬁ/ (d*x~2 + sqrt(b*x"2 + a)*e + c)~(3/2), x)
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Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 690, normalized size of antiderivative = 1.30

4 (v8d3e2—4b%cdt+a ab4d5) VozZta 7 (b7d2e3 —4b8cd3e+4abd

2 2 2 (
2 <\/bm +a<\/bz +a<2 Vbx +a,< A2 o453 edB b1 4 a2 00|

" b4d%e2|b|—4b3cd5|b|+4 ab:

/ i dzr =
@+wm2+GVa+hﬁfﬂ

input  integrate(x"5/(c+d*x"2+ex(b*x"2+a)~(1/2))"(3/2) ,x, algorithm="giac")

output

1/48% (2% (sqrt (b*x~2 + a)*(sqrt(b*x”2 + a)*(2*sqrt(b*x~2 + a)*(4*(b~6+d"3*e
~2 - 4%b”5*c*d"4 + 4*axb”"4xd"5)*sqrt(b*x~2 + a)/(b"4*xd"4*xe"2*abs(b) - 4*b~
3*c*d"5*abs(b) + 4*axb~2*d"6*abs(b)) - 7*(b~7*d"2*e”3 - 4*b"6*c*d"3*e + 4x*
axb~5xd"4xe) / (b~4*d~4*e~2*abs(b) - 4*b~3*cxd"5*abs(b) + 4*axb~2xd"~6*abs(b)
)) + (35*%b"8xd*e”4 — 172*b"T7*cxd"2*e”2 + 124*a*b”6xd"3*e”2 + 128*b~6*c”~2*d
~3 - 64xa*xb~b*cxd"4 - 64*a”2+%b"4*d"5)/(b~4*d"4*e”"2*abs(b) - 4*b~3*c*d"5*ab
s(b) + 4xaxb~2xd"6*abs(b))) + (105*%b~9*e~5 - 530*b~8*c*d*e”3 + 386*a*b~7*d
~2%e”3 + 488%b T*xc"2%d"2*e - 496%a*b~6*c*d"3*e + 56%a~2xb~5*xd~4*e)/(b~4*d”
4xe~2xabs(b) - 4*b~3*c*d"5*abs(b) + 4*axb~2xd"6*abs(b))) + (105*%b~9*c*e”4

- 105*%axb"8*d*e”4 - 460*b~8*c"2xd*e”2 + 7T76*axb " 7*cxd"2*%e”2 - 316*a~2*b~ 6%
d"3*%e”2 + 256*%b”7*c"3*%d"2 - 384*axb~6kc"2*xd"3 + 96*a”"2*¥b " 5*kc*kd"4 + 32%xa”" 3%
b~4%d"5) /(b~4*d"4*e"2xabs(b) - 4*b~3*ckd"5*xabs(b) + 4*a*xb~2*d"6xabs(b)))/s
qrt(sqrt(b*x~2 + a)*b~2*%e + b"2*c + (b*x~2 + a)*b*d - axb*d) + 3*(35%b~5*e
~3 - 60%b"4*cxd*e + 12%a*b~3*d"2%e)*log(abs(-b~2%e - 2xsqrt(b*d)*(sqrt (b*x
2 + a)xsqrt(b*d) - sqrt(sqrt(b*x~2 + a)*b~2xe + b"2xc + (b*x"2 + a)*bxd -

a*b*d))) )/ (sqrt (b*d)*d~4*abs(b))) /b2

Mupad [F(-1)]

Timed out.

xd x®
/ 3/2 dz = / 3/2 dzx
(c+ dz? + eva + ba?) (c+evba?+a+da?)

input!’ int(x"5/(c + ex(a + b*x~2)~(1/2) + d*x~2)~(3/2),%)
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OutputLint(x‘S/(c + ex(a + b*x~2)"(1/2) + d*x~2)~(3/2), x)

Reduce [F]

z° 25
/ 3z 4% = / sdx
(c+dz? + eva + ba?) (c+dz?+evba? ta)?

inputLint(x‘5/(c+d*x‘2+e*(b*x‘2+a)*(1/2))*(3/2),x)

output Lint (x75/ (c+d*x~2+e* (b*x~2+a) ~(1/2))~(3/2) ,x)
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3

3.19 . d
f (c-l—da:2+e\/ a+bw2>3/2 v

Optimal result . . . . . . . . .. . 194!
Mathematica [A] (verified) . . . . . . . .. ... . Lo 195
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... 195
Maple [F] . . . . 199
Fricas [F(-1)] . . . .« . o 199
Sympy [F] . . . 199
Maxima [F] . . . . . .o 200
Giac [A] (verification not implemented) . . . . . . . ... ... ... 200
Mupad [F(-1)] . . . 201]
Reduce [F] . . . o . o o 2011

Optimal result

Integrand size = 28, antiderivative size = 248

/ 3 2((bc — ad) (2cd — be?) + e(3bed — 2ad? — b%e?) va + bz?)
xTr =
3/2 -
(c + dx? + eva-—+ bxz) / d? (4bcd — 4aqd? — b262) \/c _ %i +e /—a T bz + d(a-;bz )
T 3v/bearctanh be+2dv/a+bz? :
\/C - %d +eva+bz® + —(a: = 2\/5\/3\/c—%;i+e\/m+7d(“t’” )

+

d2 2d5/2

2% ((—axd+b*c) * (-bke~2+2%c*d) +e* (b~ 2%e~2-2*a*d " 2+3*b*c*d) * (b*x~2+a) ~(1/2))
/d"2/ (-b~2xe"2-4*xa*xd~2+4*b*c*d) / (c—a*d/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b))~
(1/2)+(c—axd/b+e* (b*x~2+a) " (1/2)+d* (b*xx~2+a) /b) ~(1/2) /d"2-3/2%b" (1/2) *e*xar
ctanh (1/2% (bxe+2*xd* (b*x~2+a) ~(1/2))/b~(1/2) /d~(1/2) / (c-a*d/b+e* (b*x~2+a) ~ (
1/2)+d* (b*x~2+a)/b)~(1/2))/d"(5/2)

output




input

output
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Mathematica [A] (verified)

Time = 2.37 (sec) , antiderivative size = 221, normalized size of antiderivative = 0.89

/ z3 4ad? (2c + dz? + 2ev/a + bx?) + b%e?(3c + dz? + 3eva + ba?) — 2bd (4
€Tr =
(c+dz® +eva+ 1)932)3/2 d2 (—4bcd + 4ad? + b2€2) V¢ + da? + eva
3v/be log <d2 (be +2dva + 22 — 2VbVd e + dz? + eva + bx2>>
+
2d5/2

e hY

Integrate[x~3/(c + d*x~2 + exSqrtl[a + b*x~2])"(3/2),x]

N J

(4xaxd~2x(2*%c + d*x"2 + 2*%e*xSqrt[a + b*x"2]) + b~2%e”2%(3*%c + d*x"2 + 3*ex
Sqrt[a + b*x"2]) - 2¥bkd*(4*c™2 + ak*e”2 + 2*kcxd*x"2 + Bxcxe*Sqrt[a + b*x"2
1))/(d"2%(-4*b*cxd + 4*axd™2 + b~2xe”2)*Sqrtl[c + d*x"2 + e*Sqrtla + b*x"2]
1) + (3*Sqrt[b]*exLogl[d~2*(b*e + 2*d*Sqrt[a + b*x~2] - 2*Sqrt[b]*Sqrt[d]*S
grtlc + d*x~2 + exSqrt[a + b*x~2]]1)]1)/(2*d~(5/2))

Rubi [A] (warning: unable to verify)

Time = 1.71 (sec) , antiderivative size = 303, normalized size of antiderivative = 1.22,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.321, Rules

used = {7283, 7267, 25, 2084, 2175, 27, 1160, 1092, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

23
/ 3/ dx
(e\/a +bx2+c+ dx2>

l 7983

1 / z* dz?
2 3/2
(dw2 +c+eVvbx? + a)

l 7267
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N gt
T +a(a T ) 3/2d /—bx2—|—a
( dz4+bc—ad+be vV bzz+a )
b

b2

| 25

bx2 )
Vbz2+a(a—z?) 3/2d /—bx2+a
( dz4+bc—ad+be vV bm2+a )
b

b2
l 2084
un aa,—z4
[ Yetrales)  avEa? ta
(%-ﬁ-c—%ﬁ—i—ex/@)
b2
l 2175

2(2‘17%)%( 3be 18c— 4¢gd)\/m .
2¢¢%$+c_%g+ev@;fiz dvhera 20?Vartba? (Vatha? (20— ) te(20-2%) )

(—4ad?—b%e?+4bcd) \/— ad 1 e\/a+ba2+ % +c

202 [ —

—4ad?—b2%e2+4bcd

b2

| 27

2a—d ( Sbe +8c— 4ad>\/bm2+a

b2 [ dvbz?+a
\/ o4 +e— 99 evba?ta 2b%+/a+bx? (\/a+bx2( c——>+e(2a ))
—Aad?—b2e2 -
4ad?—b?e?+4bcd (—4ad2—b2e2+4bed) \/_ QT +evatbri+ d% +c
b2
l 1160
3e(—4ad?—b2e?+4bed) [ L dVbz2+a
b2 (—4ad2—3b2e2+8bcd) \/—ani-&-e\/ a+bw2+%+c \/%-&-c—%-&-ev b:c2+a
d2 - 2d2
262/ a+bx? (\/ a-+bzx? (20—
—4ad?—b2e2+4bcd  (Cdad?—b2e2-4dbed) N
b2
l 1092
3e(—4ad?—b?e? +abed) [ gyl d 2 Vba? tad-tbe
b2 (74ad273b262+8bcd) \/7%+e\/ a+bm2+d%4 +c BT b\/ +c7—+5\/ bz2+a
d2 - d2
2b%+v/a+bx? (\/ a-+bx? (20—
—dad®—b2e?+4bcd ' (—dad?—b2e2+dbed) \/@

b2
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l 219

VarbaZ
- 8/be(—4ad®—b2e? +aved)arctanh 2dv at+bz”tbe "
) (—4ad2—3b2e2+8bcd)\/—%+e\/a+bz2+dm +c Qﬁf\/_%+em+dﬁ te

b
b d2 2d5/2

2b%v/a+bx? (\/

“dad?—b2e2
4ad?—b?e?+4bcd (—dad?—b2e2+
b2

input LInt [x~3/(c + d*x~2 + exSqrtl[a + b*x~2])~(3/2),x] J

((-2%b~2*Sqrt[a + b*x~2]*((2*a - (bxc)/d)*e + (2*%c - (b*e”2)/d)*Sqrt[a + b
*x72]))/((4xbxc*d - 4*axd™2 - b~2+e”2)*Sqrt[c - (axd)/b + (d*x~4)/b + e*Sq
rtla + b*x"2]]) + (b"2x(((8*bxc*d - 4*axd™2 - 3*b~2*e~2)*Sqrtl[c - (a*d)/b
+ (d*x~4)/b + exSqrtla + b*x~2]])/d"2 - (3*Sqrt[b]l*ex(4xb*c*d - 4*a*d~2 -
b~2%e~2) *ArcTanh[(b*e + 2xd*Sqrt[a + bxx~2])/(2*Sqrt[b]l*Sqrt[d]*Sqrtlc - (
a*xd) /b + (d*x~4)/b + exSqrtla + b*x~2]1)1)/(2%d"(5/2))))/(4*bkcxd - 4¥a*xd™
2 - b™2*e~2)) /b2

output

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2*c*x)/Sqrt[a + b*x + c*x~2]]1, x] /; FreeQ[{a
» b, c}, x]

rule 1092

N
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Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[ex((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2*cxd - b
*xe) / (2%c) Int[(a + bxx + c*x"2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

rule 1160

Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] mx
ExpandToSum[u, x] p*ExpandToSum[v, x]1°q, x] /; FreeQ[{m, p, g}, x] && Linea
rQlz, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, d, e, f, g, t}, x1]

rule 2084

rule 2175 TntL(PqI*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{Qx = PolynomialQuotient[Pq, a + b*x + c*x”2, x], R =
Coeff [PolynomialRemainder [Pq, a + b*x + c*x~2, x], x, 0], S = Coeff[Polyno
mialRemainder[Pq, a + b*x + c*x~2, x], x, 1]}, Simp[(d + e*x) m*(a + bxx +
c*xx"2)"(p + 1)*((R¥b - 2xa*S + (2*c*R - b*S)*x)/((p + ) *(b"2 - 4*axc))), x
1 + Simp[1/((p + 1)*(b"2 - 4*a*c)) Int[(d + e*x)"(m - 1)*(a + b*x + c*xx™2
)" (p + 1)*ExpandToSum[(p + 1)*(b"2 - 4xaxc)*(d + e*x)*Qx + S*k(2*akxexm + b*d
*(2xp + 3)) - Rx(bxe*m + 2xcxd*(2%p + 3)) - e*x(2*c*kR - b*S)*(m + 2%p + 3)*x
, x1, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4xa
xc, 0] && NeQ[cxd~™2 - b*xdxe + a*e”2, 0] && LtQlp, -1] && GtQ[m, 0] && (Inte
gerQ[p] || !'IntegerQ[m] || !RationalQ[a, b, c, d, e]) && !(IGtQ[m, 0] &&
RationalQ[a, b, c, d, el && (IntegerQ[p] || ILtQlp + 1/2, 0]))

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]

Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]1/x], x]
, X1, x, (1st[[3]11*x)"1st[[2]]], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !AlgebraicF
unctionQ[u, x1)

rule 7283
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Maple [F|

3
/ sdx
(c+dz®+evba?+a)?

input Lint (x~3/ (c+d*x"2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)

outputkint(x‘3/(c+d*x‘2+e*(b*x‘2+a)*(1/2))*(3/2),X)

Fricas [F(-1)]

Timed out.

3
/ ad 3/ dz = Timed out
(c+dz? + eva + ba?)

inputLintegrate(x‘3/(c+d*x‘2+e*(b*x‘2+a)A(1/2))‘(3/2),x, algorithm="fricas")

OutputLTlmed out

Sympy [F]

o

z3 73
/ 52 4% = / dx
(c+dz® +eva+ba?) (c+ dz?® + eva + ba?)

input Lintegrate (x**3/ (c+dxx**2+ex (bxx**2+a) ** (1/2) ) **(3/2) ,x)

output LIntegral(x**S/(c + dxx**2 + exsqrt(a + b*x**2))*x(3/2), x)
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Maxima [F|

x3 x3
/ 372 dzr = / 5 dr
(c+dz? + eva + ba?) (dz? + v/bx? + ae + c)*

-

inputLintegrate(x"3/(c+d*x‘2+e*(b*x‘2+a)“(1/2))“(3/2),x, algorithm="maxima")

-/

Output‘integrate(x‘S/(d*x‘2 + sqrt(b*x~2 + a)xe + c)~(3/2), x)

Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 373, normalized size of antiderivative = 1.50

3 be|b| log (‘ —b%e—2 \/E(\/baﬂ—i-a\/lﬂ— \/\/b$2+abze+b20+(bx2+a)bd—abd> D 2 (V bx?+
+

z® Vbdd?
/ 3/2dac=
(c+dz? + eva + ba?)
inputLintegrate(XAS/(C+d*XA2+e*(b*X‘2+a)“(1/2))‘(3/2),x, algorithm="giac") J
output 1/2% (3*bxe*abs (b) *log(abs (-b~2*e - 2*sqrt(b*d)*(sqrt(b*x~2 + a)*sqrt(b*d)

- sqrt(sqrt(b*x~2 + a)*b~2%e + b™2xc + (b*x~2 + a)*b*d - axb*d))))/(sqrt(b
*d)*d"2) + 2*(sqrt(b*x”2 + a)*((b~4*d*e~2xabs(b) - 4xb~3*c*d"2xabs(b) + 4x*
axb~2+d"3*abs (b) ) ksqrt (bxx~2 + a)/(b"4*d"2xe"2 - 4xb~3%c*d"3 + 4*a*b~2+d"4
) + (3*b~5*e"3*abs(b) - 10*b~4xcxd*exabs(b) + 8*axb~3*d~2xe*abs(b))/(b~4*d
“2%e72 — 4xb”"3*%c*kd"3 + 4*a*b”2%d"4)) + (3*b"5kcke”"2*abs(b) - 3*axb~4xdxe”2
*abs(b) - 8*b~4*c~2*d*abs(b) + 12*a*b~3*cxd"2*abs(b) - 4*a~2%b~2*d"3*abs (b
))/(b”4%d"2xe"2 - 4%b~3xc*d"~3 + 4xa*b~2+d"4))/sqrt(sqrt(b*x”2 + a)*b"2*e +
b~2xc + (b*x"2 + a)*b*d - axbx*d))/b
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Mupad [F(-1)]

Timed out.

3 3
/ . 3/2 dm:/ z 377 0z
(c+dz? +eva+ba?) (c+evba®+a+da?)

input Lint(X‘3/(c + ex(a + b*x"2)"(1/2) + d*x~2)"(3/2),x%)

output Lint(x‘s/(c + ex(a + b*x"2)~(1/2) + d*x~2)~(3/2), x)

Reduce [F]

z? p 73 .
2 7)3/2 v 2 2 3 v
(c+ dz? + eva + bz?) (c+da?+evba? +a)

input Lint (x73/ (c+d*x"2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)

output Lint (x73/ (c+d*x~2+ex* (bxx~2+a) ~(1/2))~(3/2) ,x)
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3.20 L d
f (c+da:2+e\/m) 32 !

Optimalresult . . . . . . . . .. .. 202
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... . 203
Maple [F] . . . . 204
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 205
Sympy [F] . . . 205
Maxima [F] . . . . . ..
Giac [A] (verification not implemented) . . . . . . . ... ... ...
Mupad [F(-1)] . . . o o 200
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 207

Optimal result

Integrand size = 26, antiderivative size = 88

/ x p 2b(2(c — %) + eva + ba?)
r=—
3/2 =
(c+da? + ev/atba?)” (4bed — dad? — B2e2) \fe — % + ev/a T ba? + dotte)

N

p
\ -2xb* (2*c-2*a*d/b+e* (bxx~2+a) ~(1/2) )/ (-b~2*e~2-4*a*d~2+4*b*c*d) / (c—a*d/b+e \

output
L*(b*x“2+a)"(1/2)+d* (b*xx~2+a) /b)~(1/2) J

Mathematica [A] (verified)

Time = 1.22 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.81

/ x p 2(2bc — 2ad + bev/a + bz?)
r=—
(c+dz?+eva+ bx2)3/2 (4bcd — 4ad? — b%e?) Ve+dz? + eva + ba?

input LIntegrate [x/(c + d*x~2 + exSqrtl[a + b*x~2])~(3/2),x] J

‘ (-2%(2xbxc - 2xaxd + bxexSqrt[a + b*x~2]))/((4*b*xc*d - 4*a*d™2 - b"2%e"2)* ‘

output
‘Sqrt [c + d*x"2 + exSqrt[a + b*x~2]]) ‘




input

output
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Rubi [A] (warning: unable to verify)

Time = 0.83 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.95,

number of rules _ (j 15 4, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {7266, 7267, 2081, 1158}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x
/ 372 dx
(e\/a +bx2+c+ dx2>

l 7266

L 1 »
2 (dw2 +c+evbz? + a) 32
l 7267

2
vba®+a szdVbz? +a
( da:4+bc—ad+be vV bm2+a )
b

b
lmw1

S me2+a 52dVbz% +a
(%% +e— 2 +evha?ta)

b
l 1158

26(2(c - %) + eva+ba?)

(~dad? — b2 + dbed) \/ %4 + ev/a T ba® + & 4 ¢

r

LInt [x/(c + d*x"2 + exSqrt[a + b*x~2])"(3/2),x]

‘ (-2#b*(2x(c - (a*d)/b) + exSqrtl[a + b*xx"2]))/((4xb*cxd - 4*a*xd™2 - b"2xe"2
L)*Sqrt[c - (a*d)/b + (d*x~4)/b + exSgrt[a + b*x~2]])

\ >

|
J
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Defintions of rubi rules used

Int[((d_.) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[-2%((b*d - 2%a*e + (2xcxd - bxe)*x)/((b~2 - 4*axc)*Sqrt[a + b*x
+ c*x72])), x] /; FreeQl{a, b, c, d, e}, x]

rule 1158

Int[(u_ )" (m_.)*(v_)~"(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

rule 2081

Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, x], x], x, x"(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQ[x~(m + 1), u, xJ

rule 7266

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
] /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7267

Maple [F]

3
2

T
dx
/ (c+da?+evba?+a)

input Lint (x/ (c+d*x~2+ex (b*x"2+a) " (1/2))~(3/2) ,x)

e

output | 10t X/ (crdrx"2+ex (bxx"2+a)~(1/2))7(3/2) %)

~—




input

output

input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 224 vs. 2(80) = 160.

Time = 0.88 (sec) , antiderivative size = 224, normalized size of antiderivative = 2.55

/ z do— 2 (abe? — 2bc* + 2 acd + (b*e® — 2bed + 2 ad?)z? — (bdex
(c+ da? + ev/a + ba?) 372 7 Gb2et 1 4bc3d — daccd® — (b2d?e? — 4bed? + 4 ad*)z* — (b?c? + 4 abed

e

tintegrate (x/ (c+d*x"2+ex (b*x~2+a)~(1/2))~(3/2) ,x, algorithm="fricas")

L

2% (axb*e™2 — 2¥bxc”2 + 2ka*ckxd + (b"2*%e”2 — 2¥bxckxd + 2*xa*d"2)*x"2 - (b*d*
exx”2 - (b*c - 2xaxd)*e)*sqrt(b*x”2 + a))#*sqrt(d*x~2 + sqrt(b*x"2 + a)xe +

c)/(axb™2%e”4 + 4*bkc™3*d - 4*xaxc”2%d"2 - (b"2+%d"2*e”2 - 4*xbxcxd"3 + 4xax
d~4)*x~4 - (b"2%c™2 + 4*axbxc*d - 4*a~2%d"2)*e”2 + (b~ 3%e”4 + 8xb*c~2xd"2
- 8xa*c*d™3 - 2%(3%b"2%kcxd - 2kaxbxd~2)*e”2)*x"2)

Sympy [F]

/ ° dx —/ i dx
(c+de? + eva+ ba?)*? (c+da? + ev/a 1 ba?)?

Lintegrate(x/(c+d*x**2+e*(b*x**2+a)**(1/2))**(3/2),x) J

LIntegral(x/(c + d*x**2 + exsqrt(a + b*x**2))**(3/2), x) J
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Maxima [F|

Njw

T T
/ ; 5 dxz/ dx
(c+dz? + eva + ba?) (dz? + vbz? + ae + c)

input‘integrate(x/(c+d*x‘2+e*(b*x“2+a)*(1/2))*(3/2),X, algorithm="maxima")

output Lintegrate(x/(d*x’ﬁ + sqrt(b*x"2 + a)xe + C)A(3/2), x)

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.40

2 br2tabde + 2 (b3c—ab?d)
/ x d b2e2|b|—4 bed|b|+4 ad?|b| b2e2|b|—4 bed|b|+4 ad?|b|
T =

3/2 -
c+dz?+eva+ bx2) / \/\/bx2 + ab%e + b%c + (bz? + a)bd — abd

inputLintegrate(x/(c+d*x‘2+e*(b*x*2+a)*(1/2))*(3/2),x’ algorithm="giac")

‘2*(sqrt(b*x‘2 + a)*b~3%e/(b"2*%e"2*abs(b) - 4*xbxc*d*abs(b) + 4*a*xd~2*abs(b)
\) + 2% (b"3*c - a*b~2*d)/(b"2*e”"2*abs(b) - 4xb*cxd*abs(b) + 4*axd~2*abs(b))
‘)/sqrt(sqrt(b*x‘2 + a)*b"2xe + b~2%c + (b*x"2 + a)*bxd - axbxd)

output

Mupad [F(-1)]

Timed out.

x x
/ 3/2 dw:/ 3/2 dx
(c+ dz? + eva + bx?) (c+evba®+a+da?)

input Lint(x/(c + ex(a + b*x"2)7(1/2) + d*x~2)7(3/2),x)

Outputtint(x/(c + ex(a + bxx"2)"(1/2) + d*x~2)"(3/2), x)




inputt

output
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Reduce [B] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 614, normalized size of antiderivative = 6.98

dz

/ T 2\/2\/5\/bw2+ax+a+2bx2 \/2\/5\/bx2+acx+2\/5\/bx2+ad

c+dﬂ+ﬁVa+hﬂfﬂ

int (x/ (c+d*x~2+e* (b*xx~2+a) ~(1/2))~(3/2) ,x)

(2xsqrt (2*sqrt (b) *sqrt(a + b*x**2)*x + a + 2¥b*x**2)*sqrt(2*sqrt(b) *sqrt(a
+ bxx**2)xcxx + 2xsqrt(b)*sqrt(a + b*x**2)*d*x**3 + sqrt(a + b*xx**2)*axe
+ 2ksqrt(a + bkx**2)xbkexx**x2 + 2%sqrt(b)*a*xe*xx + 2*sqrt(b)*bxe*x**3 + a*c
+ akd*x**2 + 2kbxckx**2 + 2xbkdxx**4)*( - 2ksqrt(b)*sqrt(a + bkx**2)*a*b*
ex*x2xx — 4*sqrt(b)*sqrt(a + b*x*x*2)*axckd*x - 4*sqrt(b)*sqrt(a + b*x**2)*a
*xd*x2xx*x3 — 2ksqrt(b)*sqrt(a + b*x**2)*xbx*2xe*x*2xx**3 + 4*sqrt(b)*sqrt(a
+ bkx**2) xbkcx*2xx + 4*sqrt(b) *sqrt(a + b*x**2)*bxckd*x**3 - 2*sqrt(a + b*
xx*k2) kax*2kdxe + sqrt(a + bxx**2)*axbxcke — 5xsqrt(a + bxx**2)*kakbkdxe*x**
2 + 2xsqrt(a + b*x**2)*b**2kckexx**2 — 2%sqrt(a + bxx**2)*xbkx*2kd*ke*x**4 +
4xsqrt (b) xa**x2xd*e*xx — 2xsqrt(b)*axbxcke*x + 6*sqrt(b)*axbkd*e*xx**3 - 2xsq
rt(b) ¥b**2*cxexx**x3 + 2*%sqrt (b) ¥b**2kxd*e*x**5 + ax*2xbxex*2 + 2ka*x2kc*d +
2%a*xk2xdkk2kx k%2 + 3kakbkk2kekk2kxxk*k2 — 2kakbkck*k2 + 2kaxbkckdxx**2 + 4*a
*bkdx*2xxk*k4 + 2xbk*k3kekk2kx*kk4 — Axbk*k2kCkk2kx**2 — 4dxbkk2kckd*xx*x*4))/(ax*
*2k (4xa*x*k2kd*x*2ke*x*x2 + akxbkx*xkex*x4 — 4kakbkckdkex*2 + 4dkxakxbkdkk2kex*kQkxk*x2
= 4kaxck*k2kd*x*2 — 8kxgkckd*k3kxk*k2 — Adxkgkdkkdkxkk4 + bkk3Ikekk4kxk*k2 — b*x*2
kCkkQkekk2 — BGkbkk2kckdkek*k2kx*kk2 — Dkk2kd*k*k2kek*kQkx*k*k4 + 4xbkck*x3*%d + 8*b

*CkkQkA**k2kx*k*2 + Axbkckdk*k3kx**4))
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3.21 L d
f T (c—l-dx2+e\/ a+b:1:2) 72 40

Optimalresult . . . . . . . . .. .. 208]
Mathematica [A] (verified) . . . . . . . .. ... Lo 209
Rubi [A] (warning: unable to verify) . . . .. ... ... ... .. ... ... . 209
Maple [F] . . . . 214
Fricas [F(-1)] . . . . . o 214
Sympy [F] . . . 214!
Maxima [F] . . . . . .. 215
Giac [F(-2)] . . .« o o 215
Mupad [F(-1)] . . . o o 215
Reduce [F] . . . o . oo

Optimal result

Integrand size = 28, antiderivative size = 357

/ 1 p 2((bc — ad) (2cd — be?) — d(bc — 2ad)ev/a + bx?)
T =
32 -
(ot datoVaT i) (¢~ ac?) (dbod — dad? — e) \Jo— % + et ot + )

2c— % —ae— (QT@ —e) Va+bz?
arctanh
2

d(a+bz2)

Vo ot tevariers L)
2 (¢ — v/ae) i

2c— % ++/ae+ (%‘{Ed +e> Va+bzx?
arctanh
2

d(a+bz2)

Jervae\ o revariors L)
2(c+ \/66)3/2

2% ((—a*d+b*c) * (~bxe~2+2*c*d) —d* (-2*a*d+b*c) xex (bxx~2+a) ~(1/2)) / (—a*e~2+c"2
)/ (-b"2*%e~2-4*a*d"2+4xb*xc*d) / (c—axd/b+e* (b*x~2+a) ~ (1/2) +d* (b*xx~2+a) /b) ~(1/
2)-1/2*arctanh (1/2* (2*c-2%a*d/b-a~ (1/2) *e-(2*a~ (1/2) *d/b-e) * (b*x~2+a) ~ (1/2
))/(c-a~(1/2)*e)~(1/2) / (c-a*d/b+ex (b*x~2+a) ~(1/2) +d* (b*xx~2+a) /b) ~(1/2))/(c
-a~(1/2)*e) " (3/2)-1/2*arctanh (1/2* (2*xc-2*a*d/b+a” (1/2) xe+(2*a” (1/2) *d/b+e)
*(b*x~2+a) ~(1/2))/(c+a~(1/2)*e) ~(1/2) / (c—a*d/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+
a)/b)~(1/2))/(c+a~(1/2)*e)~(3/2)

output




input

output
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Mathematica [A] (verified)

Time = 11.05 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.22

4vb (b2cez+2ad2 (c—e\/m) +bd (—202 —ae2+ceva

(—4bed+4ad? +b262)\/ b (c+dw2+e\/a+bx2)

Vby ¢+ dz? + eva + ba?

1
/ 373 dr =
T (c+ dz? + eva + bx2)

e

LIntegrate [1/(x*(c + d*x~2 + exSqrt[a + b*xx~2])~(3/2)),x]

|

(Sart[bl*#Sqrtlc + d*x~2 + exSqrtla + b*x~2]]1*((4*Sqrt[b]*(b~2%cxe”2 + 2¥ax
d~2x(c - exSqrtla + b*x"2]) + b*dx(-2*c~2 - a*e”2 + cxexSqrt[a + b*x~2])))
/ ((-4xb*cxd + 4xa*d~2 + b~ 2*e~2)*Sqrt[bx(c + d*x~2 + exSqrt[a + b*x~2])])

- ((c - Sqrt[al*e)*ArcTanh[(2xb*c - 2*axd + 2xSqrt[a]*d*Sqrt[a + b*x~2] +
b*e* (Sqrt[a] + Sqrtla + bxx"2]))/(2+Sqrt[b]*Sqrtlc + Sqrt[a]*e]l*Sqrt[b*(c

+ d*x"2 + exSqrtl[a + b*x~2]1)]1)]1)/Sqrtlc + Sqrtl[al*e]l - ((c + Sqrtl[al*e)=*Ar
cTanh[(2*b*c + b*ex(-Sqrt[a] + Sqrtl[a + b*x"2]) - 2%(a*d + Sqrt[a]*d*Sqrt[
a + b*x"2]))/(2%Sqrt [b]l*Sqrt[c - Sqrt[a]l*e]l*Sqrt[b*(c + d*x~2 + exSqrt[a +
b*x~2])1)1)/Sqrtlc - Sqrt[al*el))/(2x(c~2 - a*e~2)*Sqrt[b*(c + d*x"2 + ex
Sart[a + b*x~2]1)])

Rubi [A] (warning: unable to verify)

Time = 1.97 (sec) , antiderivative size = 431, normalized size of antiderivative = 1.21,

number of steps used = 11, number of rules used = 10, number of rules _ 0.357, Rules
integrand size

used = {7282, 7267, 25, 2084, 1351, 27, 1366, 25, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
3/2
z (e\/a T2 4c+ dx2>

l 7282
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1 / 1 )
5 dx

2 3/2
2 (dwz +c+eVbr? + a)

l 7267

Va + bx?
- dv a + bx?
/ (a —z%) (bem —ad+bc-|—dz4>3/ 2

| 25

2
_/ bx* +a 32d T,
_ 4 dx2+bc—ad+ber/bx2+a /
(a —z%) ( - )

l 2084
2
_/ Vbx? +a 3/2dm
(a-a) (%" +c— 4 +evia? T a)
l 1351

2((bc — ad) (2cd — be?) — deva + b (be — 2ad)>

b2 (c? — ae?) (L(bc_ad) - e2> \/—@ +eva+ba?+ % 4

4ad2+4bcd b%e 2) ae—cVbz2+a
( ) dvbx? +a
22 (a—a)\/ 222 o— 2 yev/baTTa

(c? — ae?) (w _ 62)

| 27

(—4ad2 —b%e? + 4bcd ae—cvbz’+a NG
(a 24)y/ 42t 4o 2 te/baTra

b2 (c2 — qe?) (%{é‘ad) _ e2)
2 ((bc — ad) (2Cd - b62) — deva + bx?(be — 2ad))
b2 (¢2 — ae?) (106D _ 2 | [—ad 4 eva ¥ ba? + &+

l 1366

2f—
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(—4ad? — b2e? + 4bed) (—é(c —Vae) [ (VaTe) \/£+c—“—d+e bx2+ad\/bx2 +a—3(Vae+ec) [ — (Varvs
b b v
b2 (c? — ae?) <4d(bgz—ad) _ ez)
2((bc — ad) (2cd — be?) — deva + bz?(bc — 2ad))
B2 (2 — ae?) <4d(b§2—ad) _ ez) \/_%d +evatba?+ 2 4c
| 25
1 1 a1
(—4ad2 — b262 —+ 4de) (2(\/53 + C) f (\/E—‘r b$2+a) \/#4—0—%4_6 bm2+ad bxz +a— 5 (C — \/ae) f W

B2 (2 — ae?) (W _ 62)
2((be — ad) (2ed — be?) — dev/a+ ba?(be — 2ad) )
b2 (¢2 — ae?) (106D _ 2\ [—ad 4 eva ¥ ba? + &t

l 1154

o291 /e) +(2/ad-+be) VbaZta
b 1
— +
b\/ dl o adiov/ba?ta (Vae+e) | 4(c—ae)

b2 (c2 — qe?) (w _ e2>
2((be — ad) (2¢d — be?) — dev/a+ ba?(be — 2ad) )
B2 (c2 — ae?) (Hbeed _e2) (/-4 eVt ba? + 4 4o

l 219

(—4ad? — b%e? + 4bcd) ((c —vae) [ 4(C+\/1Ee)_z4d (_b<2

7\/a+ba:2 27\/adfe 7M7\/Ee+2c b _M_»'_ +2 +ﬁ
(242 ) 7% (c—+/ae)arctanh (=2 +vactzc)+a

2\/c—ﬁe\/—aTd+e\/a+bz2+%+c 2b\/\/aie+c¢—aTd+e\/;

2y/c—/ae 2+v/Vae+c

(vae+c)arctanh (

(—4ad? — b%e® + 4bcd) | —

b2 (2 — ae?) (w _ e2>
2<(bc — ad) (2cd — be?) — deva + bz?(bc — 2ad))
b2 (c2 — ae?) (40eed) _ 2\ [—ad 4 e/a g ba? + & 4
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nput TBE[L/ Ger(c + dxx™2 + exSart[a + b*x"21)7(3/2)) ]

(2% ((b*c - axd)*(2*c*d - bxe”2) - d*(b*c - 2xa*xd)*exSqrt[a + b*x"2]))/(b"2
*((4*d*(b*c - a*xd))/b"2 - e72)*(c”2 - a*xe”2)*Sqrt[c - (a*d)/b + (d*x"4)/b

+ exSqrt[a + b*x"2]]) + ((4*b*c*d - 4*a*d™2 - b~2*e”2)*(-1/2*((c + Sqrt[al
xe)*ArcTanh[(2*c - (2*a*d)/b - Sqrtl[al*e - ((2*Sqrt[al*d)/b - e)*Sqrt[a +

bxx~2])/(2*Sqrt [c - Sqrt[al*el*Sart[c - (a*d)/b + (d*x~4)/b + exSqrt[a + b
*x72]1)1)/Sqrt[c - Sqrtl[al*e]l - ((c - Sqrt[al*e)*ArcTanh[(b*(2*c - (2xaxd)
/b + Sqrt[a]*e) + (2xSqrt[al*d + b*e)*Sqrtl[a + b*x~2])/(2*bxSqrt[c + Sqrt[
al*e]*Sqrtc - (a*d)/b + (d*x~4)/b + e*xSqrtl[a + b*x~2]1]1)])/(2*Sqrt[c + Sqr
t[al*el)) )/ (b~"2%x((4*d*(b*xc - axd))/b"2 - e”2)*(c"2 - a*e”2))

output

Defintions of rubi rules used

-

ruka25LInt[_(FX—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 It + (b_)*(x.)72)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0]1)

rule 1154 IAEIL/CCA_) + (e_)*(x))*Sqrtl(a_.) + (b_)*(x)) + (c_.)*(x)"2]), x_Sym
boll :> Simp[-2 Subst[Int[1/(4*c*d™2 - 4*bxd*e + 4*a*e”2 - x°2), x]1, x, (
2%a*e - bxd - (2%c*d - bxe)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c
, d, e}, xl]




rule 1351

rule 1366

rule 2084

rule 7267
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Int[((g_.) + (h_)*(x))*((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_)*(x_)"2)7(q.), x_Symbol] :> Simp[(a + b*x + c*xx~2)"(p + 1)*((d + £*xx~2)~
(@ + 1)/((072 - 4xa*xc)*(b"2xd*f + (cxd - a*f)~2)*(p + 1)))*((gkc)*((-b)*(c*
d + axf)) + (g*b — axh)*(2%c™2+d + b™2xf - c*(2*axf)) + cx(gx(2*c™2xd + b~2
*f - c*(2*axf)) - hx(bxc*d + axb*f))*x), x] + Simp[1/((b"2 - 4xa*c)*(b~2*dx*
f + (cxd - a*xf)"2)*(p + 1)) Intl[(a + b*x + c*xx™2)"(p + 1)*(d + £*x~2)"q*S
imp[(bxh - 2xgxc)*((c*d - a*f)~2 - (b*d)*((-b)*£))*(p + 1) + (b™2*(g*f) - b
*x(hxcxd + axh*xf) + 2*(gxc*(cxd - axf)))*x(axfx(p + 1) - c*kdx(p + 2)) - (2*f*
((gxc)*((-D)*(cxd + a*f)) + (gxb - a*h)*(2xc™2*d + b™2*f - cx(2*axf)))*(p +
q + 2) - (b™2*%(gxf) - bkx(hxckd + axhxf) + 2x(gxck(cxd - a*xf)))*(b*xf*(p + 1
)))*x - c*fx(b™2%(g*f) - bx(h*ckxd + axh*f) + 2*x(gkckx(cxd - a*xf)))*(2%p + 2%
q + 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, g}, x] && NeQ[b~2 - 4
xaxc, 0] && LtQlp, -1] && NeQ[b~2+d*f + (cxd - a*f)~2, 0] && !'( !'IntegerQ[

pl] && ILtQlq, -11)

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(-a)*c, 2]}, Simp[(h/2 + c*(g/(2%q
)))  Int[1/((-q + c*x)*Sqrt[d + exx + f*x~2]), x], x] + Simp[(h/2 - c*(g/(
2%q))) Int[1/((q + c*x)*Sqrt[d + e*x + f*xx~2]), x], x]] /; FreeQ[{a, c, d
, e, £, g, h}, x] && NeQ[e~2 - 4*d*f, 0] && PosQ[(-a)x*c]

Int[(u )~ (p_.)*(v_)"(q_.)*(z_)"(m_.), x_Symbol]l :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)72%((a_.) + (b_)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, d, e, £, g, t},
x]] & !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)~(t_.) /; FreeQl{a, c, 4, e, £, g, t}, x1]

(Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
‘mp[lst[[2]]*1st[[4]] Subst [Int [1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x
‘] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

N\
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rule 7282‘ Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1 ‘
‘ /1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]1]1/x], %], x], x, ( ‘
‘ 1st[[3]1*x)~1st[[2]]1], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[ ‘
‘ u] &% !'RationalFunctionQ[u, x] ‘

Maple [F]
/ ! sdz
z(c+dz?+evbr? +a)?
input Lint (1/x/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x) J
output | 1Bt (1/%/ (c+dxx™2+ex (bxx"2+2)~(1/2))"(3/2) ,%) ]

Fricas [F(-1)]

Timed out.
1
/ 37 dz = Timed out
z (c+ dz? + eva + bz?)
input Lintegrate (1/x/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x, algorithm="fricas") J
output LTimed out J
Sympy [F]

/ = 373 40 = / = 5 dz
z (c+ dz® + eva + ba?) z (c+ dz? + eva + bz?)?

input Lintegrate (1/x/ (c+d*x**2+ex* (bxx**2+a) ** (1/2) ) **(3/2) ,x) J
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output | TEEeBTal(1/(ex(c + dexxx2 + exsqrt(a + bxxx2))*x(3/2)), x) |
Maxima [F]
1 1
/ 373 dr = / 5 dx
z (¢ + dz® + eva + bz?) (dz? 4+ Vbz? + ae +¢)’x
inputLintegrate(1/x/(c+d*x"2+e*(b*x"2+a)"(1/2))"(3/2),x, algorithm="maxima") J
Outputtintegrate(l/((d*x’? + sqrt(b*x”2 + a)*e + c)~(3/2)*x), x) J
Giac [F(-2)]
Exception generated.
1 . . .
/ 37 dx = Exception raised: RuntimeError
z (c+ dz® + eva + bz?)
inputLintegrate(1/x/(c+d*x‘2+e*(b*x‘2+a)‘(1/2))‘(3/2),x, algorithm="giac") J

t‘Exception raised: RuntimeError >> an error occurred running a Giac command

outpu
‘:INPUT:sage20UTPUT:Error: Bad Argument Type

Mupad [F(-1)]
Timed out.

1

1
/ 3/2dx=/ 3/2dx
z (c+ dz? + eva + ba?) z(c+evba?+a+da?)

input Lint(i/(x*(c + ex(a + b¥x~2)"(1/2) + d*x~2)~(3/2)),x) J
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outputtint(l/(x*(c + ex(a + b*xx"2)7(1/2) + d*x"2)7(3/2)), x)

Reduce [F|

1

/ ! 37 dzz/ sdx
z (c+ dz? + eva + bz?) z(c+dz?+evba?+a)?

input Lint (1/x/ (c+d*x~2+ex (b*x~2+a) ~(1/2))~(3/2) ,x)

output Lint (1/x/ (c+d*x~2+e* (b*xx~2+a) ~(1/2))~(3/2) ,x)
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3.22 1 d
f z3 <c+dx2+e\/m) 72 &

Optimalresult . . . . . . . . .. .. 217
Mathematica [F] . . . . . . . . . .
Rubi [F] . . .
Maple [F] . . . . 219
Fricas [F(-1)] . . . . . o 219
Sympy [F] . . . 2201
Maxima [F] . . . . . . . 2201
Giac [F(-2)] . . . o o o 2201
Mupad [F(-1)] . . . o 221]
Reduce [F] . . . o . oo 221]

Optimal result

Integrand size = 28, antiderivative size = 532

/ 1 de — — c—eva+ bx?
B (ctdrtevatb?)” 2 - at)a\fo W+ evat b + o)
6b3cet — 12ad®(c? + ae?) — 5b%de?(5c% + ae?) + 12bcd?(c? + 3ae?) + 2de(12acd? + 3b%ce? — 2bd(5¢ + a
2(c® — ae?)? (4bed — dad? — b2e?) \/c — “Td +eva+bx?+ d(Lbbﬁ)
20—%— ae—(@—e)x/m

d(a+bw2)

2\/0—\/56\/ —“—bd+e\/a+bx2+T

3(2y/ad — be) arctanh

+
8v/a (c — v/ae) i
C—Ld ae M e|va 4
3(2y/ad + be) arctanh i o e 22
N 2 e vae oo tevarirs (72

8v/a (c+ \/56)5/2
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-1/2%(c-e*x(b*x~2+a) ~(1/2) )/ (—a*e~2+c~2) /x~2/ (c-a*d/b+e* (bxx~2+a) ~ (1/2) +dx* (
b*x~2+a) /b) ~(1/2)-1/2*%(6*%b~3*c*e~4-12*xa*xd"3* (a*e”~2+c”~2) -5xb~2*d*e” 2% (a*xe”2
+5%Cc”2) +12¥b*c*d " 2% (3*xaxe”2+c”2) +2*kd*e* (12*a*c*d~2+3*xb"2xcxe~2-2*b*d* (a*xe”
2+5%c”2) )% (b*x~2+a) ~(1/2) )/ (-a*e~2+c~2) "2/ (b~ 2xe"2-4*a*xd~2+4*b*c*d) / (c-a*
d/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~(1/2)+3/8* (2*a~ (1/2) *d-b*e) *arctanh (1
/2% (2xc-2*%a*xd/b-a” (1/2) *e-(2*a~(1/2) *d/b-e) * (b*x~2+a) ~(1/2) )/ (c-a~ (1/2) *e)
~(1/2) / (c-a*d/b+e* (b*xx~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~(1/2)) /a~(1/2) /(c-a~(1/2)
*xe) " (5/2)+3/8*(2*a~ (1/2) *d+b*e) *arctanh (1/2* (2*xc-2*a*d/b+a~ (1/2) *e+(2*a”~ (1
/2)*d/b+e) * (b*xx~2+a) ~(1/2))/(c+a~(1/2) *e) ~(1/2) / (c—a*d/b+e* (b*x~2+a) ~(1/2)
+d* (bxx~2+a) /b)~(1/2))/a~(1/2) /(c+a~(1/2)*e)~(5/2)

output

Mathematica [F]

1 1
/ 3/2 dr = / 3/2 dzx
23 (c+ dz? + eva + ba?) 23 (c+ dz? + eva + ba?)

-

Integrate[1/(x"3*(c + d*x~2 + exSqrt[a + b*x~2])~(3/2)),x]

input

N\

output‘ Integrate[1/(x"3*(c + d*x~2 + exSqrt[a + b*x~2])~(3/2)), x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 3d.’L‘
/2
x3@va+wﬂ+c+dﬁ>

l 7299

/ 1 dx
3/2
z3 (e\/a +bz2 4 c+ d:v2)

tnput Int[1/(x"3%(c + d*x~2 + e*Sqrt[a + b*x~2])~(3/2)),x]
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output L$Aborted

Defintions of rubi rules used

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]
/ ! sdx
23 (c+d2?+ evbz®+a)’
input Lint (1/x°3/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)

output tint (1/x73/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)

Fricas [F(-1)]

Timed out.

1
/ 372 dz = Timed out
23 (¢ + dz? + eva + ba?)

input tintegrate (1/x73/ (c+d*x~2+ex* (b*x~2+a) ~(1/2))~(3/2) ,x, algorithm="fricas")

output LTimed out
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Sympy [F]

1
/ 1 372 dm=/ 3 dz
3 (c +dz?2 +eva+ bx2) 3 (c + dz? + eva + bxz) 2

input Lintegrate (1/x*%3/ (c+d*x**2+e* (bkx**x2+a) ** (1/2) ) **(3/2) ,x)

-

output | [RtegTal(l/(xxs3x(c + drxxx2 + exsqrt(a + bxxxx2))*+(3/2)), x)

e—

Maxima [F]

1

/ ! 372 dx =/ s— dz
23 (¢ + dz? + eva + ba?) (dz® + vba? + ae + c) *z?

input Lintegrate (1/x73/ (c+d*x"2+e*x (bxx~2+a) ~(1/2))~(3/2) ,x, algorithm="maxima")

output Lintegrate(l/((d*x’? + sqrt(b*x~2 + a)*e + c)~(3/2)*x73), x)

Giac [F(-2)]

Exception generated.

1
/ dr = Exception raised: RuntimeError

23 (c+ dz® +eva + 1)9152)3/2

input Lintegrate (1/x73/ (c+d*x~2+ex (b*xx~2+a) ~(1/2))~(3/2) ,x, algorithm="giac")

output
| :INPUT:5age20UTPUT :Error: Bad Argument Type

‘Exception raised: RuntimeError >> an error occurred running a Giac command
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Mupad [F(-1)]

Timed out.

1 1
/ 3/2 dw:/ 3/2 dx
23 (c+ dz? + eva + ba?) 23 (c+evbz? +a+dz?)

input Lint(l/(x“3*(c + ex(a + b*x"2)"(1/2) + d*x~2)"(3/2)),x)

outputtint(l/(x%*(c + ex(a + b*x™2)"(1/2) + d*x~2)7(3/2)), x)

Reduce [F]

1 1
/ 3/2 dm:/ gdz
x3 (c—l—dz'Q—l—e\/a—l—bx?) x3 (c—i—dac2+e\/bav2-|-a)2

input tint (1/x73/ (c+d*x"2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)

output Lint (1/x"3/ (c+d*x~2+e* (bxx~2+a) ~(1/2))~(3/2) ,x)
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3.23 [ x° (c +dz? + eva + bazz)p dz

Optimal result . . . . . . . . . . . . .
Mathematica [F] . . . . . . . ... 223
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... ... 223
Maple [F] . . . . o 230
Fricas [F(-1)] . . . . . o 230
Sympy [F(-2)] . . . o o e 230
Maxima [F] . . . . . . 231
Giac [F] . . . o o o 231]
Mupad [F(-1)] . . . . o e 2311
Reduce [F] . . . . ..

Optimal result

Integrand size = 26, antiderivative size = 886

/m5(c+dm2+e\/a+bx2)p dr =

(6b%cde®(60 + 71p + 26p? + 3p3) — 8acd?(15 + 31p + 20p? + 4p?) — b3e*(120 + 154p + T1p? + 14p® 4
8bd>(1 + p)(2 + p)(<

x4<c — % 4 eva+ba?+ d(Lbwa))Hp
2d(3+p)
e(2bcd (60 + 43p + Tp?) — b2€2(60 + 47p + 12p + p*) + 2ad?(30 + 53p + 27p% + 4p®)) Va + ba? <c —
4bd*(2 + p)(3 + p)(3 + 2p) (5 + 2p)
(4cd(5 + 2p) — be?(20 + 9p +p*)) (a + ba?) (C — 4 4 eva+ba? + d(++)) Hp
4bd?(2 + p)(3 + p) (5 + 2p)

e(5 + p) (a + bx?)*/? (c — % 4 ev/a+ba?+ wyﬂ)

2bd?(3 + p) (5 + 2p)
272%Pe(48abed®p + 16a2d*p(1 + p) — 20b3cde? (4 + p) + b*e*(20 + 9p + p?) + 4b2d?(15¢2 + ae?(5 — 6y

+

+

_|_



output

input

output
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-1/8% (6*b~2%c*d*e” 2% (3*xp~3+26*p~2+7 1*p+60) —8*a*xc*d "3 (4*xp~3+20*p~2+31*p+15
)=b"3%e~4* (p~4+14*p~3+T71*p~2+154%p+120) —2xb*d "~ 2% (4*c”~2x (4*p~2+16*p+15) —axe
~2%p* (4*xp~3+33*p~2+86*p+69) ) ) * (c—a*d/b+ex (b*x~"2+a) ~(1/2) +d* (b*x~2+a) /b) ~ (p
+1)/b/d"5/ (p+1) / (2+p) / (3+p) / (3+2*p) / (5+2*p) +1/2*x~4* (c—a*d/b+e* (b*x~2+a) ~ (
1/2) +d* (b*x~2+a) /b) ~(p+1) /d/ (3+p) +1/4*e* (2*bxc*d* (7*p~2+43*p+60) ~b~2xe 2 (
P 3+12%p~2+47*p+60) +2*a*d " 2% (4*p~3+27*p~2+53*p+30) ) * (b*xx~2+a) ~(1/2) * (c-a*xd
/btex (b*x~2+a) = (1/2) +d* (b*x"2+a) /b) ~(p+1) /b/d~4/ (2+p) / (3+p) / (3+2x*p) / (5+2*p
) =1/4x (4*cxd* (5+2%p) ~b*e”~ 2% (p~2+9%p+20) ) * (b*x"2+a) * (c-a*d/b+e* (bxx~2+a) ~ (1
/2)+d* (b*x~2+a) /b) ~(p+1) /b/d~3/(2+p) / (3+p) / (6+2*p) —1/2%e* (5+p) * (b*x~2+a) ~ (
3/2) % (c-a*xd/b+ex (b*x~2+a) "~ (1/2) +d* (b*x~2+a) /b) ~(p+1) /b/d~2/ (3+p) / (5+2*p) +2
= (-2+p) *e* (48*axb*ckd~3*p+16*a~2*d~4*p* (p+1) -20%b~3*c*d*e”~ 2% (4+p) +b~4*e~4*
(p~2+9%p+20) +4*b~2%d~2% (15xc™2+a*e” 2% (-2*p~2-6*p+5) ) ) * (- (bke— (b~ 2xe~2+4*ax
d~2-4xb*xc*xd) " (1/2)+2*xd* (b*xx~2+a) ~(1/2) )/ (b~ 2%e~2+4*a*d~2-4*b*c*d) ~(1/2))~(
-1-p)*(c-a*d/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) ~ (p+1) *hypergeom([-p, p+1],
[2+p],1/2* (bxe+ (b~ 2*e~2+4*axd~2-4*bxc*d) ~ (1/2) +2*d* (bxx~2+a) ~(1/2)) / (b~ 2*e
~2+4*xaxd"2-4xbxcxd) ~(1/2)) /b/d"5/ (b~ 2*e 2+4*a*xd~2-4*xbkc*xd) ~(1/2) / (p+1) / (3+
2xp) / (5+2*p)

Mathematica [F]

/x5<c+dx2+e\/a+bx2>p dx:/x5<c+dx2+e\/a+bw2)p dz

e

LIntegrate [x"5x(c + d*x"2 + exSqrt[a + b*x"2]) p,x]

|

.
‘Integrate [x"5*(c + d*x™2 + exSqrt[a + b*x~2])"p, x]

Rubi [A] (warning: unable to verify)

Time = 3.75 (sec) , antiderivative size = 847, normalized size of antiderivative = 0.96,

number of steps used = 13, number of rules used = 12, = -
integrand size
used = {7283, 7267, 2084, 1353, 25, 2192, 2192, 2192, 25, 27, 1160, 1096}

number of rules _ 0.462, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.
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bf— <(a—m4) (—e(p+5)w4+ae(p+1)—4cx/m> <#+c—%+e\/bz2+a)p>d\/bm2+a

/x5 (e\/a +bx2+c+ de)p dz

l 7283
% /:1:4 (da:2 +c+evbz?+ a)pdx2
l 7267
[ M(a _ x4)2 (d:c4+bc—adl;|-bex/bz2+a)p Vb T a

b3

l 2084

[ Vba? +aa—a4)” (% +c— % +evbz?+ a)pd\/ba:2 +a

b3

l 1353

b(a—z*) 2 (— aTd—i-e\/aW—i—#—i—c)

p+1

2d(p+3)

2d(p+3)

b3

l 25

+1
b(a—a:4) 2 (— "Td +eva+br2+ % -I-c) P bf (a,—z4) (—e(p+5)m4+ae(p+1) —4cV/ ba:2+a> (# +c— “Td +eV bm2+a) pd\/ bx2+a

2d(p+3) 2d(p+3)

b3
l 2192

b (%_‘_C_%_‘_E\/m)p ( (4Cd(2p+5)—b82 (p2+9p+20)>z6 _ e(3bc(p+5)+ad(4p2+19p+15))z4 _

b

b

4 p+1 ° d(2p+5)
b(a—zt) 2 (— a4 1 e\/a+ba?+ % -I—c)
2d(p+3) -
b3

l 2192
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os (@ﬂ_ %+em)p <_ e(2a (4p3+27p2+53p+30> d2+2bc(7p24;;3p+60)d—b2 e? (pB+12p?
b
b
+1
b(a—x4)2 (—%‘i—i—e\/a—i—bﬁ—i-#—i-c)p
2d(p+3) —
l 2192
( d{l +c— aTd-Q—e\/ bm2+a> P (e (ce2 (p3+12p2+47p+60) b3 —d(p+4) (2(71)-9—15)(:2-}—0.62 (p2+8p-
b[—
. J
b
b
+1
b(a—m4)2 (—%d—i-e\/m—i—#—i—c)p
2d(p+3) B
l 25
(#+cf "Td+e\/m) P (e (cez (:o3+12:o2+47p+60) b3 —d(p+4) (2(7P+15)c2+ae2 (p2+8p*
b
sl — J
b
b
+1
b(a—a:4)2 (—%d+e\/ a+bz2+¢+0)p

2d(p+3)

l 27
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4 p
S (d% +c— ani +ev/ ba:2+a> (e (052 (p3+12p2 +47p+60) b3 —d(p+4) (2(7p+15)02+ae2 (p2+8p+1
bl —

b
+1
b(a—:c4) 2 (— "‘Td +eva+br2+ # +c) P
2d(p+3) B
l 1160
e (p2 +5p+6) (16a2 d4p(p+1)+4b242 (ae2 (—2p2 —6p+5) +15c2) +48abed3ptbiet (p2 +9p+20) -
sl T 2d
b
b
p+1

b(a—x4)2 (—"Td—i—e\/m-l—#—i-c)
2d(p+3)

l 1096
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4 p
be(P+5):66 (%4—0— aTd+e\/ bz2+a>

+1

4
(4cd(2p+5)—be2 (p2 +9p+20) ) =2 (d%-i—c— aTd-}—e\/ba:Q-kaj

2d(p+2)

d(2p+5)

+1
b(a—a:4) 2 <#+c— “—bd+e\/ b2 +a> P

+

2d(p+3)

input L

Int[x"5%(c + d*x~2 + e*xSqrt[a + b*x~2])~p,x]




CHAPTER 3. LISTING OF INTEGRALS 228

((b*x(a - x74)"2%(c - (a*d)/b + (d*x"4)/b + exSqrtla + bxx"2])~(1 + p))/ (2%
d*x(3 + p)) - (b*((bxe*x(5 + p)*x~6*(c - (a*d)/b + (d*x"4)/b + e*Sqrt[a + b*
x72])°(1 + p))/(@x(5 + 2*%p)) + (bx(((4*c*d*(5 + 2%p) - b*e"2x(20 + 9*p + p
~2))*x"4x(c - (axd)/b + (d*x~4)/b + exSqrtla + b*x"2])~(1 + p))/(2%d*(2 +

p)) + (bx(-((e*(2*b*c*d*(60 + 43%p + 7*p~2) - b~2*e"2%(60 + 47*p + 12%p~2

+ p~3) + 2%axd"2*(30 + 53%p + 27*p~2 + 4*p~3))*Sqrtla + b*x~2]*(c - (a*xd)/
b + (d*x"4)/b + exSqrt[a + b*x"2])~(1 + p))/(bxd*(3 + 2*p))) - (-1/2x(b*(6
*b~2%ckd*xe 2% (60 + 71lxp + 26%p~2 + 3*p~3) - 8kaxcxd"3*(15 + 31xp + 20%p~2

+ 4*%p~3) - b73*e"4*(120 + 154*p + T1*p~2 + 14%p~3 + p~4) - 2%b*d~2% (4xc~ 2%
(15 + 16%p + 4xp~2) - axe™2xp*(69 + 86%p + 33*p~2 + 4xp~3)))*(c - (a*d)/b

+ (d*x74) /b + exSqrtla + b*x"2])~(1 + p))/(d*(1 + p)) + (2 p*bxex(6 + 5*p

+ p~2) *(48*axbxc*d"3*p + 16%a~2%d"4xp*(1 + p) - 20%b~3*kcxd*e”"2*(4 + p) + b
“4xe”4*%(20 + 9%p + p~2) + 4*b"2xd"2%(156%c”2 + axe”2%(5 - 6*%p - 2%p~2)))*(-
((b*(e - Sqrt[-4xbxcxd + 4xaxd™2 + b~2xe~2]/b) + 2*d*Sqrt[a + b*x~2])/Sqrt
[-4*b*c*d + 4*a*d™2 + b™2*%e"2]))"(-1 - p)*(c - (a*d)/b + (d*x"4)/b + exSqr
t[a + b*x~2])"(1 + p)+*Hypergeometric2F1[-p, 1 + p, 2 + p, (b*(e + Sqrt[-4*
b*cxd + 4*axd”2 + b"2xe”2]/b) + 2*xdxSqrtl[a + b*x"2])/(2*Sqrt[-4*bxc*d + 4x*
a*d~2 + b~2+e~2])]1)/(d*Sqrt [-4xb*xc*d + 4xa*d~2 + b 2*e”2]*(1 + p)))/(b~2*d
*(3 + 2*%p))))/(2%d*(2 + p))))/(d*(5 + 2*p))))/(2%d*(3 + p))) /b3

output

Defintions of rubi rules used

rule%]lnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma

rule 27
\tchatpx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 1006 1atLCGa ) + (b_)*(x.) + (c_.)*(x)"2)7(p_), x_Symboll :> With[{q = Rt[b"2
‘ - 4xa*c, 2]}, Simp[(-(a + b*x + c*xx"2)"(p + 1)/(q*(p + 1)*((q - b - 2%c*x)
‘/(2*q))”(p + 1)) )*Hypergeometric2F1[-p, p + 1, p + 2, (b + g + 2xc*x)/(2*q)
L], x]] /; FreeQ[{a, b, c, p}, x] & !IntegerQ[4*p] && !IntegerQ[3*p]

| —




rule 1160

rule 1353

rule 2084

rule 2192

rule 7267
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Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[ex((a + b*x + c*x~2)"(p + 1)/(2*cx(p + 1))), x] + Simp[(2*cxd - b
*xe) / (2%c) Int[(a + bxx + c*x"2)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[p, -1]

Int[((g_.) + (h_)*(x_))*((a)) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*(x_) + (£
_)*(x_)"2)"(q_ ), x_Symbol] :> Simp[h*(a + c*x72) p*((d + e*x + £*¥x"2)"(q +
1)/(2*xf*(p + q + 1))), x] + Simp[1/(2*%f*(p + q + 1)) Int[(a + c*x"2)"(p
- 1)*(d + e*x + f*x~2)"q*Simp[a*h*e*p - a*x(h*e - 2*gxf)*(p + q + 1) - 2*h*p
*(cxd - a*f)*x - (hxckxexp + ck(h*xe - 2*gxf)*(p + q + 1))*x~2, x], x], x] /;
FreeQ[{a, c, d, e, f, g, h, q}, x] && NeQ[e~2 - 4*d*f, 0] && GtQ[p, 0] &&

NeQ[p + q + 1, 0]

Int[(u )" (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum([u, x] p*ExpandToSum[v, x]~q, x] /; FreeQ[{m, p, g}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*
x)"2*%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && 'MatchQ[z"m*xu~p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x) 2%x((a_.
) + (c_)*x"2)"(t_.) /; FreeQl{a, c, d, e, f, g, t}, x]]

Int[(Pq_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]]}, Simp[e*x~(q - 1)*((a + b*x +
c*xx"2)"(p + 1)/(c*(q + 2*%p + 1))), x] + Simp[1/(c*(q + 2*xp + 1)) Int[(a
+ b*x + c*x~2) p*ExpandToSum[c*(q + 2%p + 1)*Pq - a*e*(q - 1)*x"(q - 2) - b
xex(q + p)*x~(q - 1) - cxex(q + 2*p + 1)*x"q, x], x], x]1] /; FreeQl[{a, b, c
» P}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0] & !'LeQ[p, -1]

‘Int [u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[1st[[2]]1*1st[[4]]  Subst[Int[1st[[1]], x], x, 1st[[311~(1/1st[[2]1D)], x
L] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1lst[[3]], x]]

|
|
J




CHAPTER 3. LISTING OF INTEGRALS 230

Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
, X1, x, (Lst[[3]1]*x)"1st[[2]]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, O] || !'AlgebraicF
unctionQ[u, x])

rule 7283

Maple [F]
/x5<c+dx2 +eVbx? + a)pdx

inputtint(x 5% (c+d*x™2+ex (bxx~2+a) " (1/2))"p,x)

output | 1Bt (X75* (crdxx"2+ex (bxx"2+2) " (1/2)) °p, )

Fricas [F(-1)]
Timed out.

/z5 (c +dz? + eva + bx2)p dx = Timed out

input Lintegrate (x~5* (ct+d*x~2+ex (b*x~2+a) ~(1/2)) "p,x, algorithm="fricas")

output LTlmed out

Sympy [F(-2)]

Exception generated.

/ z° <c +dz® + eva + bx2>p dxr = Exception raised: HeuristicGCDFailed

input tintegrate (xk*5x (cH+d*xk*2+e* (bxx**2+a) ¥k (1/2) ) **p,x)
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Exception raised: HeuristicGCDFailed >> no luck
output

Maxima [F]

/x5<c+dx2+e\/a+bx2>p dx=/<dx2+\/bx2+ae+c>px5dx

inputLintegrate(x"5*(c+d*x"2+e*(b*x"2+a)"(1/2))"p,x, algorithm="maxima")

Outputlintegrate((d*x‘2 + sqrt(b*x~2 + a)*e + c) p*x~5, x)

Giac [F]

/x5<c+da:2—|—e\/a—|—bx2>p dx=/(dx2+va2+ae+c>px5dz

inputLintegrate(x"5*(c+d*x‘2+e*(b*x‘2+a)‘(1/2))"p,x, algorithm="giac")

OutputLintegrate((d*x’? + sqrt (b*x~2 + a)*e + c) p*x~5, x)

Mupad [F(-1)]

Timed out.

/x5(c+dx2+e\/a+bm2>p dz:/z5 <c+e\/bz2+a+dx2>pdx

input Lint(x‘S*(c + ex(a + b*x"2)"(1/2) + d*x"2)"p,x)

Outputtint(x‘S*(c + ex(a + b*x™2)"(1/2) + d*x"2)"p, x)
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Reduce [F|

/x5<c+dm2—|—e\/a—|—bm2)p dm:/m5(c+dm2+e\/bx2+a>pd:c

input ‘ int (x75* (c+d*x~2+ex (bxx~2+a) ~(1/2)) "p,x)

output {int (x75% (c+d*x2+e* (b¥x"2+a) " (1/2)) 7p,x)
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3.24 [ 3 (c +dz? + eva + ba:2>p dz

Optimal result . . . . . . . . . . . . . 233
Mathematica [F] . . . . . . . ... 234
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... ... 234
Maple [F] . . . . o 237
Fricas [F(-1)] . . . . . o 237
Sympy [F(-2)] . . . o 238
Maxima [F] . . . . . . 238
Giac [F] . . . o o o 238
Mupad [F(-1)] . . . . o e 239
Reduce [F] . . . . .. 239

Optimal result

Integrand size = 26, antiderivative size = 439

2\\ 1+p
(a + bz?) (c — 9 4 ov/a+ b2+ M)
5 ) 3\ g b b
/x(c+¢t+@Va+bx) dx 2d(2 + )
(b(e2(2 +p)B+p) — 2d(3+2p)(l;)02+ad(1+p))> — 2de(1 +p)(3 +p)\/m> (C —od | e/at b+ d(a
4d3(1+p)(2+p)(3 + 2p)
2 h2 .2 3\ 1P a

2 7e(6bed + dad’p — K¢*(3 + p)) (b TTAEE e ) T (o ol 4 ev/a ba? 4 4

d3/—4bcd + 4ad? + b2e2(1 + p)

_I_

1/2% (b*x~2+a)* (c-axd/b+e* (b*x~2+a) ~ (1/2) +d* (b*x~2+a) /b) ~ (p+1) /b/d/ (2+p) +1/
4% (bx (e”2% (2+p) * (3+p) —2*d* (3+2*p) * (bxc+a*xd* (p+1) ) /b~2) —2xd*e* (p+1) * (3+p) *(
b*x~2+a) " (1/2)) *(c-axd/b+e* (b*x~2+a) " (1/2) +d* (b*x~2+a) /b) " (p+1) /d~3/ (p+1)/
(2+4p) / (3+2%p) =27 (~1+p) *ex (6*bxcxd+4*a*xd~2+p-b~2xe~ 2% (3+p) ) * (- (bxe-(b~2*e"2
+4*xa*xd”~2-4%b*c*xd) "~ (1/2) +2*xd* (b*x~2+a) ~(1/2) )/ (b~ 2xe”~2+4*a*d~2-4*b*c*d) ~ (1/
2))~(-1-p) *(c-a*d/bt+ex (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~ (p+1) *hypergeom([-p,
p+1], [2+p],1/2% (bxe+(b~2%e~2+4*a*d~2-4*xb*c*d) ~(1/2) +2*d* (b*x~2+a) ~(1/2)) /(
b~ 2xe"2+4*axd~2-4*b*xc*d) ~(1/2))/d"3/ (b~2xe~2+4*a*xd~2-4xb*xcxd) ~(1/2) / (p+1)/
(3+2%p)

output
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Mathematica [F]

/m3(c+dx2+e\/a—|—bx2>p dxz/m3<c+dm2+e\/a+bx2)p dz

input‘ Integrate[x~3*(c + d*x~2 + exSqrt[a + bxx~2]) p,x]

output Integrate[x"3(c + dxx"2 + exSqrt[a + bxx"21)"p, x]

Rubi [A] (warning: unable to verify)

Time = 1.51 (sec) , antiderivative size = 445, normalized size of antiderivative = 1.01,

number of rules _
integrand size 0.269, Rules

number of steps used = 8, number of rules used = 7,
used = {7283, 7267, 25, 2084, 2184, 1225, 1096}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m3 (e\/a +bx24+c+ dx2)p dz

l 7283
% /xz (dac2 +c+ e\/m)pdﬂﬂ2
l.7267
[ —vVBZ T a(a—ab) (dz4+bc-ad;-bex/m)p N
b2

l 25
I M( a— ) <dz4+bc—adl;i—be\/bxz+a>p N
_ =
l 2084
[ Vbaz? +a(a—a*) (% +c— % +evbz? + a)pd\/bac2 +a
_ =
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l 2184

+1
bzt (— 2d  ev/a+bz?+ # -I—c) ? b [ Vbz2+a ( # +c— a2 -I—e\/bxz—l—a) ? (e\/bz2 +a(p+3)+2 (c+ %) ) dvbz?+a

2d(p+2) 2d(p+2)
b2

l 1225

4 p
e(p+2) (4ad2p—b2e2(p+3)+6bcd) f(d%-i—c—%d-i—e\/ b:v2+a> dvVbz2+a b(b(e2(p+2)(p+3)—%
2d2(2p+3) -

4 p+1 bl -
bz (— “Td +eva+br2+ d% +c)
2d(p+2) - 2d(p+2)
b2

l 1096

215262 —p-1
b(e— V4ad +bbe —4bcd)+2d\/m

4ad?+b2e2 —4bcd

(— aTd +evV a+ba:2+d—f

be2P (p+2) (4ad2p—b2e2(p+3)+6bcd) (—

b
d2 (p+1)(2p+3)V4ad2 +b2e2 -

+1
bt (— %d—i—e\/ a—i—bz%—#-{—c)p

2d(p+2)

e

~—

inputLInt[x‘B*(c + d*x"2 + exSqgrt[a + b*x~2]) p,x]

((b*x~4*(c - (a*d)/b + (d*x~4)/b + exSqrtla + b*x"2])~(1 + p))/(2*d*(2 + p
)) = (b*(-1/2%x(bx(c - (a*d)/b + (d*x"4)/b + e*Sqrtl[a + b*x~2])~(1 + p)*(b*
(e”2x(2 + p)*(3 + p) - (2%d*(3 + 2*p)*(b*c + a*d*(1 + p)))/b"2) - 2xdxex(1
+ p)*(3 + p)*Sqrta + b*x72]))/(d"2*x(1 + p)*(3 + 2%p)) + (27p*b*ex(2 + p)
*(6%b*xcxd + 4*a*xd”2*%p - b"2xe”"2%(3 + p))*(-((bx(e - Sqrt[-4*b*cxd + 4*a*xd”
2 + b"2*%e"2]/b) + 2xdxSqrt[a + b*x~2])/Sqrt[-4*b*cxd + 4*axd~2 + b~2xe"2])
)7(-1 - p)x(c - (axd)/b + (d*x"4)/b + exSqrt[a + b*x"2])~ (1 + p)*Hypergeom
etric2F1[-p, 1 + p, 2 + p, (bx(e + Sqrt[-4*b*c*d + 4*a*d™2 + b~2%e~2]/b) +
2xdxSqrt[a + b*x~2])/(2+Sqrt[-4*b*c*d + 4*a*d™2 + b~2*e~2])])/(d"2*Sqrt[-
4xbkxcxd + 4*axd”2 + b"2*e”2]*(1 + p)*(3 + 2*p))))/(2+%d*(2 + p)))/b"2

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1096 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Simp[(-(a + b*x + c*x"2)"(p + 1)/(q*(p + 1)*((q - b - 2%c*x)
/(2xq))~(p + 1)))*Hypergeometric2Fi[-p, p + 1, p + 2, (b + q + 2%c*x)/(2%q)
1, x1]1 /; FreeQ[{a, b, c, p}, x] & !IntegerQ[4*p] && !IntegerQ[3+*p]

rule 1995 IntLC(d_.) + (e_)*x_)I*((£_.) + (g_)*(x_))*((a_.) + (b_.)*(x) + (c_.)*(
x_)"2)"(p_), x_Symbol] :> Simp[(-(bxexgx(p + 2) - ckx(exf + d*g)*(2%p + 3) -
2xcxe*xgx(p + 1)*x))*((a + b*xx + cxx"2)"(p + 1)/(2xc™2x(p + 1)*(2%p + 3))),
x] + Simp[(b~2xexg*(p + 2) - 2%axckexg + cx(2*xcxd*f - b*(exf + dxg))*(2*p
+ 3))/(2%c™2x(2*p + 3)) Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c

, d, e, £, g, p}, x] & !'LeQ[p, -1]

rule 2084 It L )~ (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] mx
ExpandToSum[u, x] p*ExpandToSum[v, x]1°q, x] /; FreeQ[{m, p, g}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z"m*u~p*v™q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, 4, e, £, g, t},
x]] && !'MatchQ[z"m*u~p*v~q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*x)"2*((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, d, e, f, g, t}, x1]

rule 2184 Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, S
imp[f*(d + e*x)"(m + q - 1)*((a + b*x + c*xx"2)"(p + 1)/(cxe"(q - 1)*(m + q
+ 2%p + 1))), x] + Simp[1/(c*e"g*x(m + q + 2*xp + 1)) Int[(d + e*x) " m*x(a +
b*x + c*x~2) p*ExpandToSum[c*e“gq*(m + q + 2%p + 1)*Pq - c*f*(m + q + 2*p +
1)*(d + e*x)"q - fx(d + exx)~(q - 2)*(b*d*ex(p + 1) + a*xe™2*(m + q - 1) - ¢
*d"2x(m + q + 2%p + 1) - ex(2*cxd - bxe)*x(m + q + p)*x), x], x], x] /; GtQ[
q, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Pol
yQ[Pq, x] && NeQ[b~2 - 4xa*c, 0] && NeQ[c*d™2 - b*d*e + a*e”2, 0] && ! (IGt
Q[m, O] && RationalQ[a, b, c, d, e] && (IntegerQlp] || ILtQ[p + 1/2, 01))




rule 7267

rule 7283

input

output L

input

output
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Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]D)], x
] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

N\

-

t

Int[(u_)*(x_)~(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]/x], x]
> x1, x, (Ist[[3]1]*x)~1st[[2]11], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] &% (GtQ[m, 0] || !AlgebraicF
unctionQ[u, xI)

Maple [F]

/x3<c+dx2+e\/bx2+a>pd:c

int (x~3* (c+d*x~2+e* (b*x~2+a) ~(1/2)) "p,x)

e—

int (x~3* (c+d*x~2+e* (b*x~2+a) ~(1/2)) "p,x)

Fricas [F(-1)]
Timed out.

/x3 (c +dz? + eva + bx2)p dx = Timed out

tintegrate (x~3% (c+d*x~2+e*(b*x"2+a) ~(1/2))"p,x, algorithm="fricas")

p
LTimed out

-/
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Sympy [F(-2)]

Exception generated.

/ x> <c +dz® + eva + bx2>p dxr = Exception raised: HeuristicGCDFailed

input tintegrate (xk*3* (cH+d*xk*2+e* (bxx**2+a) ** (1/2) ) **p,x)

p
output LExceptlon raised: HeuristicGCDFailed >> no luck

-/

Maxima [F]

/x3<c+dx2+e\/a+bx2>p dxz/(dx2+\/bw2+ae+c>px3dx

input Lintegrate (x~3% (c+d*x"2+e*(b*x"2+a) " (1/2))"p,x, algorithm="maxima")

output Lintegrate((d*x‘2 + sqrt(b*x~2 + a)*e + c) p*x~3, x)

Giac [F]

/a;3<c+da:2+e\/a—|—bac2>p dxz/(dx2+va2+ae+c>px3dx

input Lintegrate (x~3% (c+d*x"2+e*(bxx~2+a) ~(1/2))"p,x, algorithm="giac")

output Lintegrate((d*x’? + sqrt(b*x~2 + a)*e + c) p*x~3, Xx)
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Mupad [F(-1)]

Timed out.

/x3<c+dac2+e\/a+bz2>p da;:/x3 <c+eva2+a+dx2>pdx

input Lint(x"S*(c + ex(a + b*x~2)"(1/2) + d*x~2)"p,x)

Outputtint(x‘s*(c + ex(a + b*x"2)"(1/2) + d*x"2)"p, x)

Reduce [F]

/x3(c+dx2+e\/a+ba:2>p da::/z3(c+d:v2+e\/bw2+a>pdx

input Lint (x~3% (c+d*x~2+ex (b*xx~2+a) ~(1/2)) “p,x)

output| 10T (X3 (crdrx"2+ex (bxx"2+2) 7 (1/2))7p, )
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3.25 Il a:(c +dz* + eva+ bmz)p dz

Optimal result . . . . . . . . . . . . . 2401
Mathematica [F] . . . . . . . ... 247]
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... ... 247]
Maple [F] . . . . o 243
Fricas [F(-1)] . . . . . o 243
Sympy [F] . . o 244
Maxima [F] . . . . . . 244
Giac [F] . . . o o 247
Mupad [F(-1)] . . . . o e 245]
Reduce [F] . . . . .. 245

Optimal result

Integrand size = 24, antiderivative size = 278

2\ \ 1+p
c—%i-l—e\/a—l—baﬂ-l—M)
5 5\? :< b b
/x<o+¢c+eVa+bw> dz 2d(1 1 p)

—1-p a+bx?
2rbe — b= =lhettat s eta/ottet ) T (o ad 4 e/oy ba? 4 U )
dv/—4bcd + 4ad? + b2e2(1 + p)

1+p

Hypergeometric2F'1 (—

_I_

1/2x(c-a*xd/b+ex (b*x~2+a) ~(1/2)+d* (b*x~2+a) /b) " (p+1) /d/ (p+1) +2 p*b*xe* (- (bxe
—-(b"2xe"2+4*a*xd~2-4xbxcxd) ~(1/2)+2xd* (b*x~2+a) ~(1/2) )/ (b~ 2%e~2+4*a*d~2-4*b
*xcxd) ~(1/2)) " (-1-p) *(c-a*xd/b+ex (b*x~2+a) ~(1/2) +d* (b*x~2+a) /b) ~ (p+1) *hyperg
eom([-p, p+t1], [2+p],1/2%(bxe+ (b 2%e " 2+4*a*d~2-4xb*c*d) ~(1/2)+2*d* (b*x~2+a)
~(1/2))/(b~2%e"2+4*a*xd"2-4xbxc*d) ~(1/2) ) /d/ (b"2xe~2+4*a*xd~2-4*b*c*xd) " (1/2)
/(p+1)

output
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Mathematica [F]

z(c+ dz? + eva + ba? pdmz z(c+ dz? + eva + bz? pdx
( ) ( )

input‘ Integrate[x*(c + d*x"2 + exSqrt[a + b*x~2]) p,x]

output LIntegrate [xx(c + d*x"2 + exSqrt[a + b*x~2]) p, x]

Rubi [A] (warning: unable to verify)

Time = 0.94 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.03,

number of rules _
integrand size 0.208, Rules

number of steps used = 6, number of rules used = 5,
used = {7266, 7267, 2081, 1160, 1096}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w(e\/a +bx?2+c+ dw2)p dz

l 7266
% / (dm2 +c+ eVbx? + a)pdm2
l.7267
| VbaT ¥ o dttemadsbeviaie )" 4 fp7 g

b

lmw1

| Vba? -I-a(% 4+c— % + eVbx2? + a)pd\/b:s2 +a

b

l 1160

+1
b(— a4 tev/a+bz?+ % +c) ? be [ (%—i—c— adtey/ bx2+a)pd\/ bz2+a

2d(p+1) 2d
b
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l 1096

2202 —p-1
b(e_ V4ad +bb e —4bcd>+2d\/m

4ad2+b2e2 —4bed

\/ 2
2/ bz2+ad+b (€+M

2v/4ad? —4bcdH

4 p+1
b2e2P (_ “—bd +eva+br?+ d% +c) (— Hypergeometric2F1 (—p,p+1 ,p+2,

d(p+1)v4ad?+b2e2—4bcd

b

e

Int[x*(c + d*x~2 + exSqrt[a + b*x~2]) p,x]

~—

input t

((bx(c - (a*xd)/b + (d*x"4)/b + exSgrt[a + b*x"2])~(1 + p))/(2*d*(1 + p)) +
(2 pxb~2xex (- ((bx(e - Sqrt[-4*b*c*d + 4*a*d™2 + b~2*e~2]/b) + 2xd*Sqrt[a
+ bxx~2])/Sqrt [-4*bxc*d + 4*axd~2 + b~2xe"2]))"(-1 - p)*(c - (a*d)/b + (d*
x"4)/b + exSqrt[a + b*x"2])~(1 + p)*Hypergeometric2F1i[-p, 1 + p, 2 + p, (b
*(e + Sqrt[-4*b*xcxd + 4*a*d™2 + b~2*e~2]/b) + 2xd*Sqrt[a + b*x~2])/(2*Sqrt
[-4xb*c*d + 4%a*d™2 + b~2*e~2])])/(d*Sqrt [-4*b*cxd + 4*a*d™2 + b"2xe”2]*(1

+p)))/b

output

Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Rt[b"2
- 4xa*c, 2]}, Simp[(-(a + b*x + c*xx"2)"(p + 1)/(q*(p + 1)*((q - b - 2%c*x)
/(2%q))~(p + 1)))*Hypergeometric2Fi[-p, p + 1, p + 2, (b + q + 2*c*x)/(2*q)
1, x11 /; FreeQ[{a, b, c, p}, x] & !IntegerQ[4*p] && !IntegerQ[3x*p]

rule 1096

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] :> Simp[ex((a + b*x + c*x"2)"(p + 1)/(2*%cx(p + 1))), x] + Simp[(2*%c*d - b
xe) / (2%c) Int[(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, p}, x]
&& NeQ[p, -1]

rule 1160

Int[(u_)~(m_.)*(v_)"(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

rule 2081




rule 7266

rule 7267

input

output

input

output
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Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, xJ, x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQ[x~(m + 1), u, xJ

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1)], x

1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [F]

/:c(c+dx2 -l-eM)pdx

Lint (x* (c+d*x~2+ex (b*x~2+a) ~(1/2)) "p,x)

-

tint(x*(c+d*x‘2+e*(b*x‘2+a)‘(1/2))“p,x)

—

Fricas [F(-1)]
Timed out.

/x(c +dz? +eva + bxz)p dz = Timed out

Lintegrate (x* (c+d*x"2+ex (bxx~2+a) ~(1/2))"p,x, algorithm="fricas")

tTimed out
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Sympy [F]

z(c+ dz? + eva + ba? pdxz z(c+ dz? + eva + bz? pdx
( ) ( )

input \ integrate (x* (c+d*x**2+ex (bxx**2+a) *x* (1/2) ) x*p,x)

outputLIntegral(X*(C + d¥x**2 + exsqrt(a + b*x**2))**p, x)

Maxima [F]

/x(c—l—da:Z-i-e\/m)p dx=/<dx2+Me+c>pxdx

inputLintegrate(x*(c+d*x"2+e*(b*x"2+a)"(1/2))"p,x, algorithm="maxima")

Ou_tputLintegrate((d*x? + sqrt(b*x”2 + a)*e + c) p*x, x)

Giac [F]

/x<c+dx2+em>p dxz/(dx2+MG+c>pxdx

inputtintegrate(x*(c+d*x"2+e*(b*x‘2+a)"(1/2))"p,x, algorithm="giac")

Outputtintegrate((d*x‘2 + sqrt(b*x”2 + a)*e + c) p*x, Xx)
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Mupad [F(-1)]

Timed out.

/x<c+dx2+e\/m>p dx:/x<c+em+dx2>pdx

input Lint(x*(c + ex(a + b*x"2)"(1/2) + d*x"2)7p,x)

outputtint(x*(c + ex(a + b*x"2)"(1/2) + d*x"2)"p, x)

Reduce [F]

/x<c+dx2+e\/m>p dz=/<M€+c+dm2)pzdaE

input | 10% (e* (c+dxx"2vex (bxx"2+2)"(1/2))"p, %)

output Lint((sqrt(a + brx**2)ke + C + d¥X**2)**kp*xX,X)
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c+dz+ev a+bx2)p

3.26 [ (

dx

T
Optimal result . . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . .
Rubi [F] . . . 247l
Maple [F] . . . . . 249
Fricas [F(-1)] . . . . . o o 249
Sympy [F] . . . 2501
Maxima [F] . . . . . . 250
Giac [F] . . . o o 2501
Mupad [F(-1)] . . . . . e 251]
Reduce [F] . . . . . o

Optimal result

Integrand size = 26, antiderivative size = 657

/ (c+dz?+eva+ wa)p p
x
x
-p -p
—14p [ _ be—v/—4bcd+4ad?+b2e242dv a+bz? __bet+v—4bcd+4ad?+b%e2+2dv a+bx? ( __ad 2 d_(
4 ( a(Va—art?) > ( a(Va—a+6?) ) ¢=% tevatbrtt
p
-p -p
—1+p [ be—v/—dbcd+4ad?+b6%€2+2d/a+tba? be-+v/—dbcd+4ad? +b2e?+2d\/atbz? < _ ad [ B2 4o
4 ( d(yatvathe?) ) ( d(va+vaths?) ) c— % tevatbrt

+

p
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4~ (-1+p) *(c-a*d/b+e* (b*xx~2+a) ~(1/2) +d* (b*x~2+a) /b) “p*AppellF1(-2%p,-p,-p,1
-2%p,1/2% (2%a"~ (1/2) *d+b*e- (b~ 2*e~2+4*a*d~2-4xbxc*d) ~(1/2)) /d/ (a~ (1/2) - (b*x
~2+a)~(1/2)),1/2%(2%a~ (1/2) *d+b*e+(b~2xe~2+4*a*xd~2-4*b*c*d) ~(1/2))/d/(a~ (1
/2)-(b*x~2+a) ~(1/2))) /p/ ((- (b*e- (b~ 2*e~2+4*a*d~2-4xbxc*d) ~ (1/2) +2*d* (b*x"2
+a)~(1/2))/d/ (a~ (1/2) - (b*x~2+a) ~(1/2))) "p) / ((- (bxe+ (b~2%e~2+4*a*d " 2-4*b*c*
d) "~ (1/2)+2*d* (bxx~2+a) ~(1/2)) /d/(a” (1/2)-(b*x~2+a) " (1/2))) "p)+4~ (-1+p) *(c-
axd/b+ex* (b*x~2+a) ~ (1/2)+d* (b*x~2+a) /b) “p*AppellF1(-2*p,-p,-p,1-2*p,1/2*x (2%
a” (1/2)*d-bxe- (b"2*e"2+4xa*d"2-44brcrd) " (1/2))/d/ (a” (1/2)+(b*x"2+a) ~ (1/2))
,1/2%(2%a~ (1/2) *d-b*e+ (b~ 2xe~2+4*axd~2-4xbxc*d) ~(1/2))/d/(a~ (1/2) +(b*x"2+a
)= (1/2))) /P/ (((b*xe-(b~2%e~2+4*xa*xd~2-4xbxcxd) ~(1/2) +2*d* (b*xx~2+a) ~(1/2))/4d/
(a~(1/2)+(b*x~2+a) ~(1/2))) "p) / (((b*e+ (b 2xe"2+4*axd"2-4*bxc*d) ~ (1/2) +2xdx (
bxx~2+a)~(1/2))/d/(a” (1/2)+(b*x"2+a) ~(1/2))) "p)

output

Mathematica [F]

dz

T

/(0+M?+ve+Mﬂpd /ﬁc+dﬁ+e¢giﬂﬁy
€Tr =

T

input‘\lntegrate[(c + d*x~2 + exSqrt[a + b*x~2]) p/x,x]

output Tntegratel(c + dxx"2 + exSqrt[a + bxx"21)"p/x, x]

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

XL

<€Vﬂ;q?55§4—c4—dx2>p
/ d

X

l 7282

1 (®?+C+eVM?+ay
t/} 5 dz?

2

X
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l 7267
p
Va + ba? bev/atbz?—ad4bet+dzt
/- ( - ) averm

| 25

p
\/m dzt+bc—ad+bevbz?+a
L) e
l 2084
p
Vba? +a( % +c— 9 +evba®ta
-/ (% - ) st
l 1376
p
Vba? +a( %" +c— %+ evba? +a
-/ (% - ) st
inputLInt[(c + d*x"2 + exSqrt[a + b*x"2])"p/x,x] J
outputL$Aborted J
Defintions of rubi rules used
rukaz5LInt[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

e 1376 TRELC(EL) + (_)*(x)*((al.) + (c_)*(x) 2 (p*((d_.) + (e_.)*(x) +
‘(f_.)*(x_)“Q)”(q_), x_Symbol] :> Unintegrable[(g + h*x)*(a + c*x~2) px(d +
‘e*x + f*x~2)"q, x] /; FreeQ[{a, c, d, e, f, g, h, p, q}, x]
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rule 2084 | Tot L ) (p_)*(v)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] &% QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc
hQ[{u, v}, x]) && !'MatchQ[z m*u~p*v-q, ((d_.) + (e_.)*x)"mx((f_.) + (g_.)*
x)"2%((a_.) + (b_.)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, d, e, f, g, t},

x1] 8% !MatchQLz meu"prv™g, ((d_.) + Ce_.)x) mx((f_.) + (g_.)*x)"2x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, d, e, £, g, t}, x]]

rule 7267 Intlu_, x_Symboll :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]1], x], x, 1st[[311°(1/1st[[2]11)], x
1 /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7282 Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[1lst[[1]1/x], x], x], x, (
1st[[311*x)"1st[[2]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], 011 /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

Maple [F]
‘/(c+dz2+eva1+afd
- x
input‘int((C+d*xA2+e*(b*xA2+a)“(1/2))“p/x,x)
Output[int((c+d*x“2+e*(b*x‘2+a)“(1/2))~P/x,x)

| —

Fricas [F(-1)]

Timed out.

dz = Timed out
T

/ (c +dz? +eva+ ba:2)p

-

input Lintegrate ((c+d*x~2+ex (b*x~2+a) ~(1/2)) "p/x,x, algorithm="fricas")

~—
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OutputLTlmed out

Sympy [F]

/(C+dx2+eva+bw2)”d /(c+dx2+em)pd
L= T

Z T

inputLintegrate((c+d*x**2+e*(b*x**2+a)**(1/2))**p/x,x)

outputtlntegral((C + d*x*k*2 + exsqrt(a + bix**2))**p/x, x)

Maxima [F]

dz

/"@+wm2+eVa+lmﬂpd t/(dﬁ4~¢ﬁjize+cf
xTr =

z T

inputtintegrate((0+d*XA2+e*(b*XA2+a)A(1/2))AP/X,X, algorithm="maxima")

ou.tputLim"egrate((d*f2 + sqrt(b*x~2 + a)*e + c)~p/x, x)

Giac [F]

P
T
z T

/(C+dx2+”“+”x2>pd /(dx2+¢me+c>
€Tr =

inputLintegrate((c+d*x‘2+e*(b*x*2+a)‘(1/2))*p/x,x, algorithm="giac")

outputLim’egr*-“:e(<d*X“2 + sqrt(b*x™2 + a)*e + c)”p/x, X)
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Mupad [F(-1)]

Timed out.

/<C+dw2+eva+bw2)”d /(C+e\/m+dx2)pd
T =

x
z x

inputLint((c + ex(a + b*x72)7(1/2) + d*x~2)7p/x,x)

output Lint((c + ex(a + b*x72)7(1/2) + d*x"2)7p/x, x)

Reduce [F]

/(C+dac2+e\,a+bx2)pd /(Me+c+dm2)pd

x
z x

input tint ((c+d*x~2+e* (b*x~2+a) ~(1/2)) “p/x,x)

output Lint((sqrt(a + bxx**2)*e + c + dxx**2)**p/x,X)
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(c—l—dm2+e\/m)p dx

327

x3
Optimal result . . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . . 253
Rubi [F] . . . 2541
Maple [F] . . . . . 2561
Fricas [F(-1)] . . . . . o o
Sympy [F(-2)] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o 258
Mupad [F(-1)] . . . . . e 258
Reduce [F] . . . . . o 258

Optimal result

Integrand size = 26, antiderivative size = 1028

x3 e 2 (c? — ae?) x?

2)\ 1+
/(c+da:2+ev/a+ba:2)pd (c —eva+ bz?) (c—%—f-e\/a—l-bxz-l-w) g

—-p —-p
—34+2p __be—+/—4bcd+4ad?+b2e2+2dV/a+bx? __bet+V/—4bcd+4ad?+b2e2+2dV a+bx? ( __ad
2 (2v/ad +be) ( d(va—Vatbe?) > ( d(va—Vatba?) ) €=
NG

-p -p
—342 be—+/—4bcd+4ad? +b%e2+2dv a+bx> be++/—4bcd+4ad?+b%e2+2d/a+bx? d
27 p(2\/ad - be) ( : fl(\/;—f-\/a—i—zx?) e ) ( : d(\/;-i-\/a—f-Zm?) = ) (C_ % tev
\/E ((
1+p

—1-p
2Pbde(1 + 2p) (— be_¢_4\l}(iiz,i3f;?;zi;2€g\/a+b$2) <c — % 4 eva + bz? + M) Hypergeome
(¢ — ae?) /—4bcd + 4ad? + b2e?(1 + p)

+

_|_

+




output

input

output
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-1/2*%(c-ex(b*x~2+a) "~ (1/2) ) * (c-a*d/b+ex (bxx~2+a) ~(1/2) +d* (b*x~2+a) /b) ~ (p+1)
/ (—axe~2+c™2) /x"2+27 (=3+2*p) * (2*¥a~ (1/2) *d+b*e) * (c-a*d/b+e* (bxx~2+a) ~(1/2) +
d*(b*x~2+a) /b) “p*AppellF1(-2*p,-p,-p,1-2*p,1/2*x(2*a~ (1/2) *d+b*e- (b~ 2xe~2+4
*xa*xd~2-4xbxc*d) ~(1/2))/d/(a”~ (1/2) - (b*x~2+a) ~(1/2)),1/2*x(2*xa~ (1/2) *d+b*e+ (b
~2%e " 2+4*xa*xd"2-4xbxc*xd) ~(1/2))/d/(a”(1/2) - (b*xx~2+a) ~(1/2))) /a~(1/2) / (c+a™(
1/2)*xe) / ((- (b*e-(b~2xe~2+4*axd~2-4*bxcxd) ~ (1/2) +2*d* (bxx~2+a) ~(1/2))/d/(a"~
(1/2)-(b*x~2+a) ~(1/2))) "p) / ((-(b*xe+ (b~ 2xe~2+4*a*xd~2-4*xbxc*d) ~ (1/2) +2xd* (b*
x"2+a)~(1/2))/d/(a” (1/2)-(b*x~2+a) ~(1/2)) ) “p) +2~ (-3+2*p) * (2*a” (1/2) *d-b*e)
* (c-a*d/b+e* (bxx~2+a) " (1/2) +d* (b*x~2+a) /b) “p*AppellF1(-2%p,-p,-p,1-2%p,1/2
*(2%a~ (1/2) *d-b*e- (b~ 2xe~2+4*a*xd~2-4xbxc*d) ~(1/2))/d/(a”~ (1/2)+(b*x~2+a) ~ (1
/2)),1/2%(2*%a~ (1/2) *d-b*e+ (b~ 2*%e~2+4*a*d~2-4xb*xc*xd) ~(1/2)) /d/(a~ (1/2)+(b*x
~2+a)~(1/2)))/a~(1/2)/(c-a~(1/2) *e) / (((bxe- (b~ 2*e~2+4*axd~2-4*b*xc*d) ~(1/2)
+2xd* (b*x~2+a) " (1/2))/d/(a~ (1/2)+(b*x"2+a) ~(1/2)) ) "p) / (((b*e+(b~2*e~2+4*a*
d~2-4xbxcxd) ~(1/2)+2*d* (bxx~2+a) ~(1/2))/d/(a”~ (1/2)+(b*x~2+a)~(1/2))) "p)+2~
p*b*xd*ex (1+2*p) * (- (bxe-(b~2%e~2+4*a*d”~2-4*b*c*d) ~(1/2) +2*d* (b*x~2+a) " (1/2)
)/ (b~ 2*%e”~2+4*a*xd~2-4*xbxcxd) ~(1/2)) " (-1-p) * (c—a*d/b+ex (b*x~2+a) ~ (1/2) +d* (b*
x"2+a) /b) ~ (p+1) *hypergeom([-p, p+1], [2+p],1/2*(b*e+(b~2*e 2+4*axd ~2-4*xb*c*
d) " (1/2)+2xd* (b*x~2+a) " (1/2) )/ (b~ 2%e"2+4*axd"2-4*bxc*d) ~(1/2) )/ (-a*e~2+c~2

)/ (b~2%e~2+4*axd"~2-4*b*cxd) ~(1/2)/ (p+1)

Mathematica [F]

dz

/ (c+ dz? + eva + ba?)" p / (c+da? + eva + ba?)"
T =

3 3

-

LIntegrate[(c + d*x"2 + exSqrt[a + b*x~2]) p/x"3,x]

-/

-

Integrate[(c + d*x~2 + exSqrtl[a + b*x~2])"p/x"3, x]

\
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (e\/m +c+ da:2>p

5 dz
| 7283
1 (@ +eteviaiTa)
: / . d
| 7267

bm2+a d:c4+bc ad+bevbz2+a

b/ a_xﬁb )dVM2+a

l2084
Vs ta( % fe— 4 ebar?1a)
b/ﬂ (' «V_xQQ ) dVba? +a
l 1350

4 P
2(%4—0—%-‘,—8\/@) (_ ade(2;’))+1)w ae(ad+bcp)+ <2cd_

p+1
(c—evatba?) (-4 +evatba?+ %" +c)

b B -
2(a—x%) (c® — ae?) 4a (c? — ae?)
| 27
4 a P ade( )14 ae(ad+bep) c
(c—evaTba?) (~4 +evatba? + 4 1) (%" et reviampa)” (et  teqpion o (22
b ~ —
2(a—z%) (c® — ae?) 2a (c? — ae?)

l'7276



input
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ade(2p+1) (% +e— "Td +ev ba:2+a) ?

(a(bc—Qad)ep—i-a (2cd

(c—eva+ba?) (_ag+e¢m+%+0)m f( b

b
2(a—x%) (c® — ae?) 2a (c? — ¢
l 2009
274 a P
] y . da:4 p+1 f (db +c—Td+e\/ bz2+a) (aibj;zad)ep+a(2cd—be2) ba:2+ap) d\/ﬂ
, (c—evatba?) (-4 +evatba?+ %" +c) ;

2(a— %) (c® — ae?)

‘Int[(c + d*x"2 + exSqrt[a + b*x"2])"p/x"3,x]

output ‘ $Aborted

rule 27

rule 1350

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((g_.) + (h_)*(x_))*((a_) + (c_.)*(x_)"2)"(p_)*((d_) + (e_.)*x(x_) + (f
_)*x(x_)"2)"(q_), x_Symbol] :> Simp[(a + c*x72)"(p + 1)*((d + exx + f*x72)~
(q + 1)/((-4*xaxc)*(axc*e™2 + (c*xd - axf)~2)x(p + 1)))*(gxc*x(2*axc*e) + ((-a
)*¥h)* (2%c™2%d - c*(2xa*xf)) + cx(g*(2xc™2xd - cx(2*a*f)) - h*(-2*a*c*e))*x),
x] + Simp[1/((-4*a*c)*(a*xc*e™2 + (cxd - a*f)"2)*(p + 1)) Intl[(a + c*xx~2)
“(p + 1)x(d + exx + £*x72) q*Simp[(-2*g*c)*((c*d - a*xf)~2 - ((-a)*e)*(c*e))
*(p + 1) + (2%(gxc*x(cxd - a*f) - ax((-h)*c*xe)))*(axf*(p + 1) - cxd*x(p + 2))
- ex((gxc)*(2xa*xcxe) + ((-a)*h)*(2*c™2+d - c*((Plus[2])*axf)))*(p + q + 2)
- (2#f£*x((gxc)*(2xaxcxe) + ((-a)*h)*(2xc™2*d + (-c)*((Plus[2])*axf)))*(p +
q + 2) - (2x(gkc*(cxd - axf) - a*x((-h)*c*e)))*((-c)*ex(2*p + q + 4)))*x - C
*fx (2% (gxckx(cxd - a*xf) - a*x((-h)*c*xe)))*(2xp + 2%q + 5)*x~2, x], x], x] /;
FreeQ[{a, c, 4, e, f, g, h, q}, x] && NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] &&
NeQ[a*c*e™2 + (cxd - axf)~2, 0] & !'( !'IntegerQ[p] && ILtQ[q, -11)
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rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(u_ )~ (p_)*(v_)"(q_.)*(z_)"(m_.), x_Symbol] :> Int[ExpandToSum[z, x] m*
ExpandToSum[u, x] p*ExpandToSum[v, x]°q, x] /; FreeQ[{m, p, q}, x] && Linea
rQ[z, x] && QuadraticQ[{u, v}, x] && !(LinearMatchQ[z, x] && QuadraticMatc

hQ[{u, v}, x]) & !'MatchQ[z m*u~p*v-q, ((d_.) + (e_.)*x) m*((f_.) + (g_.)*
x)"2¢((a_.) + (b_)*x + (c_.)*x"2)"(t_.) /; FreeQ[{a, b, c, d, e, £, g, t},
x]] && !'MatchQ[z"m*u"p*v~q, ((d_.) + (e_.)*x)"m*x((f_.) + (g_.)*x)"2*x((a_.
) + (c_.)*x"2)"(t_.) /; FreeQl{a, c, 4, e, £, g, t}, x1]

rule 2084

rule 7267 Intlu_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1])], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7276 Int[(u )/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7283 Int[(u_)*(x_)"(m_.), x_Symbol] :> With[{lst = PowerVariableExpn[u, m + 1, x
1}, Simp[1/1st[[2]] Subst[Int[NormalizeIntegrand[Simplify[lst[[1]1]1/x], x]
, X1, x, (Lst[[3]]*x)"1st[[2]]1], x] /; !FalseQ[lst] && NeQ[lst[[2]], m + 1
11 /; IntegerQ[m] && NeQ[m, -1] && NonsumQ[u] && (GtQ[m, 0] || !'AlgebraicF
unctionQ[u, x])

Maple [F]

dz

/ (c+dz® +evba? +a)’

3

inputLint((c+d*x‘2+e*(b*x*2+a)*(1/2))AP/XA3’X)

output‘int((°+d*xA2+e*(b*xA2+a)“(1/2))“p/x‘3,x)
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Fricas [F(-1)]

Timed out.
c+dz? + eva + bx2)’
/ ( 3 ) dz = Timed out
T
inputLintegrate((c+d*x"2+e*(b*x“2+a)"(1/2))"p/x“S,x, algorithm="fricas")
OutputLTimed out

Sympy [F(-2)]

Exception generated.

dr = Exception raised: HeuristicGCDFailed

/ (c +dz? + eva + bxz)p

x3

inputLintegrate((c+d*x**2+e*(b*x**2+a)**(1/2))**p/x**3,x)

LException raised: HeuristicGCDFailed >> no luck
output

Maxima [F]

p
i

3 T

/ (c+ dz? + eva + ba?)" p / (dz? + vb2? + ae + ¢)
€Tr =
3

input Lintegrate ((c+d*x~2+ex(b*x~2+a) " (1/2))"p/x"3,x, algorithm="maxima")

output Lintegrate((d*x*z + sqrt (b*x~2 + a)*e + c) p/x"3, x)
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Giac [F]

/ (C+dx2+e\/a+bx2)pd / (dz? + Vbz? + ae + ¢
xTr =

P
3 ) dz

x3

input Lintegrate ((c+d*x~2+ex (b*x~2+a) ~(1/2)) “p/x"3,x, algorithm="giac")

outputLintegrame(<d*x“2 + sqrt(b*x~2 + a)*e + c)"p/x"3, x)

Mupad [F(-1)]

Timed out.

/(C+dw2+€va+bx2)pd /(C+€\/m+d:c2)pd
T =

x
x3 3

input tint((c + e*(a + b*XA2)A(1/2) + d*x“2)"p/x*3’x)

Ou_,Dputtint((c + ex(a + b*x~2)7(1/2) + d*x~2)"p/x"3, x)

Reduce [F]

dz

[lertis T, _ [ s i
Tr =

3 723

input tint ((c+d*x~2+ex (b*x~2+a) ~(1/2)) ’"p/x"s ,%)

output Lint ((c+d*x~2+ex (b*x~2+a) ~(1/2)) “p/x"3,x)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

259

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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