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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 52 |. This is test number | 153 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (52 ) | 0.00 (0 )
Mathematica | 100.00 ( 52 ) | 0.00 (0)
Maple 100.00 (52 ) | 0.00 (0)
Fricas 100.00 ( 52 ) | 0.00 (0)
Mupad | 100.00 (52) | 0.00 (0)
Giac 100.00 (52 ) | 0.00 (0)
Reduce 100.00 ( 52 ) | 0.00 (0)
Maxima | 28.85 (15) | 71.15 (37)
Sympy | 21.15 (11) | 78.85 (41)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.154 3.846 0.000 0.000
Fricas 92.308 7.692 0.000 0.000

Mathematica 76.923 19.231 3.846 0.000

Maple 65.385 19.231 15.385 0.000

Maxima 28.846 0.000 0.000 71.154
Giac 11.538 88.462 0.000 0.000
Sympy 1.923 19.231 0.000 78.846

Mupad 0.000 100.000 0.000 0.000

Reduce 0.000 100.000 0.000 0.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Mupad 0 0.00 0.00 0.00
Giac 0 0.00 0.00 0.00
Reduce 0 0.00 0.00 0.00
Maxima 37 100.00 0.00 0.00
Sympy 41 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maple 0.03

Fricas 0.08

Maxima 0.11

Reduce 0.19

Rubi 0.57

Giac 1.15

Sympy 1.97
Mathematica 2.32

Mupad 31.93

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 30.47 0.98 31.00 0.89
Rubi 94.94 1.02 92.00 0.97
Maple 147.65 1.48 80.50 1.29
Fricas 158.54 1.51 104.50 1.28
Sympy 217.27 3.61 63.00 3.00
Reduce 226.19 2.18 138.50 1.61
Mathematica | 239.46 2.00 111.00 1.24
Giac 606.96 5.09 258.00 3.03
Mupad 929.31 8.08 211.00 3.94

Table 1.6: Leaf size performance for each CAS



CHAPTER 1.

INTRODUCTION

12

1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1:
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Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {50]}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

CHAPTER 1. INTRODUCTION 20

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5, 7, 8010 1) 2 13,4 15,167 15) 19, 20} 21, 22,23 20,25 26,
27 28,291 30,1, 52|33, 34 5 3615738} 39} 0, 11 42,3} 14, 516, 7, 5] 49,50

B grade { }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1)2)5)78[5,5 7510 11 2 13,4 15,16, 7 15 13 20) 21 7 27 25,20, B0,
52)53,54 35,56, 57|59, 1) 13,1 15,6, 192 )

B grade { £3325/25, 3500, AT AS5061 )
C grade {[31}[42]}
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A gradte { [12)B)5,11) 2 145 16,7 (5 19} 20, 21 25 25, 26) 27 25 ) B B 3
550,10 ) 115, 15,50} 51 )

B grade {[8[13,22}[24,32 2} 43} 47,49} 52] }
C grade { BOB0,FLE55057 )
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[1,2,[3,[41[5}6}[7}[9} L0} [L1} 12 [14 [I5} 16} 17 L8} 19} 220} 21} 23| 24} 2526} 27} [28}
[294[30,31}32} 33} 34} [35}[36} 37} 38} 39} (40} 41} 42} 43} A4} 45 46}, 48} 49} 50} 5 1} [52] }

B grade {[8}[13|[22)[47 }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[10,20,21) 2223, 24 2543, 5,46 7 ) 19,50 )
B grade {}

C grade { }

F normal fail {1))B,M5/6, 7 60 T0L [T} (23} (45} 16,7} 15,26 27 28 29U BOL B
52,53,5435,50, 37 58,30 A0, A 42 512 }

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac
A grade {31617 [18[2 }

B grade {[L[2[[5/6,[7,[8}[10,[11}[12}[13, [14[15}[19,[20} 21} [22] 23} 24} [25} 26 27] 28} 29} 30}
[B1}[32,[33, (34,35} 36} 37} 38} [39} 40} |41} (42} 43} 44} |45, 46, A7) 48} (49} 50} 5T }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad
A grade { }

B grade {[1,[2,3[4,5,[6}[7, 8} 9} [10}[L1} [12} [L3} 14[15} 16, [17} 18} 19} [20} 21} 22} ]23} [24 25} 26}
I}E@L@L@@@@@@L@@@L@@@@@@@
52

C grade { }
F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Sympy

A grade {[52]}

B grade { B}[§[12}[13}[16,[17}[18} 22, [43, 47 }
C grade { }

F normal fail { 1,27 5,57 B\, 1) 135 19, 20,21 25. 24, 25, 26, 27 25, 29, 50, B3,
52,33, 35 36,57, 35} B9, 0} 41 42,445, i, 4 49,0, 1] )

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[1}[2}[3}4}[5}[6} [7}[8} 9 10} [L T} [£2} 13} [14} [L5} [16} 17} [18} [19} [20} 21} 22} [23} [24} 25}, 26,
%?@@@@@@@@@@@@@@@@@@@

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 124 140 90 0 94 0 390 119 179
N.S. 1 084 095 0.61 0.00 0.64 0.00  2.65 0.81 1.22
time (sec) N/A 0.521 0.811 0.037 0.000 0.075 0.000 0.130 0.173  23.874

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 86 101 66 0 70 0 206 84 129
N.S. 1 0.91 1.06 0.69 0.00 0.74 0.00 2.17 0.88 1.36
time (sec) N/A 0.425 0.634 0.023 0.000 0.111 0.000 0.125 0.162 23.385

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 41 35 40 0 29 136 75 49 79
N.S. 1 087 0.74 0.85 0.00 0.62 2.89 1.60 1.04 1.68

time (sec) N/A 0.381 0.368 0.005 0.000 0.077 0415 0.119 0.144 22.870
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 88 160 73 0 306 0 1016 677 2983
N.S. 1 091 1.65 0.75 0.00 3.15 0.00 1047 6.98 30.75
time (sec) N/A 0.442 0.875 0.012 0.000 0.100 0.000 0.279 0.156  38.693
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 96 187 88 0 387 0 1190 488 2642
N.S. 1 093 1.82 0.85 0.00 3.76 0.00 11.55 4.74 25.65
time (sec) N/A 0.432 1.696 0.015 0.000  0.089 0.000 2.014 0.207 40.891
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 228 206 188 604 0 196 0 795 408 1358
N.S. 1 090 0.82 2.65 0.00 0.86 0.00 3.49 1.79 5.96
time (sec) N/A 0.865 0.826 0.025 0.000 0.080 0.000 0.163 0.150 157.412
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 165 151 133 431 0 149 0 445 281 1012
N.S. 1 092 0.81 2.61 0.00 0.90 0.00 2.70 1.70 6.13
time (sec) N/A 0.645 0.532 0.016 0.000 0.080 0.000 0.135 0.157 79.644
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 106 82 184 0 103 388 189 176 110
N.S. 1 1.68  1.30 2.92 0.00 1.63 6.16 3.00 2.79 1.75
time (sec) N/A 0.479 0.332 0.013 0.000 0.077 0.468 0.126 0.147 0.223
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 106 137 258 0 290 0 194 345 524
N.S. 1 0.80 1.03 1.94 0.00 2.18 0.00 1.46 2.59 3.94
time (sec) N/A 0.660 0.430 0.016 0.000  0.100 0.000 0.226 0.174  31.330
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 141 114 128 274 0 367 0 311 385 7637
N.S. 1 081 0.91 1.94 0.00 2.60 0.00 221 2.73 54.16
time (sec) N/A 0.651 0.835 0.018 0.000 0.101 0.000 0.432 0.191 50.156
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 375 285 138 294 0 208 0 1443 283 529
N.S. 1 0.76  0.37 0.78 0.00 0.55 0.00 3.85 0.75 1.41
time (sec) N/A 0.903 1.100 0.024 0.000  0.071 0.000 0.254 0.172  22.721
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 261 199 93 222 0 159 942 866 213 385
N.S. 1 0.76  0.36 0.85 0.00 0.61 3.61 3.32 0.82 1.48
time (sec) N/A 0.712 0.843 0.010 0.000 0.073 0939 0.150 0.154  22.732
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 117 55 146 0 106 384 427 142 252
N.S. 1 1.83 0.86 2.28 0.00 1.66 6.00 6.67 2.22 3.94
time (sec) N/A 0.498 0.638 0.007 0.000 0.068 0.898 0.137 0.165  22.665
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 123 244 181 0 504 0 2652 802 4060
N.S. 1 0.78  1.55 1.15 0.00 3.21 0.00 16.89 5.11 25.86
time (sec) N/A 0.660 1.395 0.009 0.000 0.099 0.000 0.703 0.172  49.469
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 162 175 187 252 0 663 0 2594 892 4681
N.S. 1 1.08 1.15 1.56 0.00 4.09 0.00 16.01 5.51 28.90
time (sec) N/A 0.746 10.755 0.009 0.000 0.094 0.000 7.082 0.272  58.646
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 14 0 13 63 13 19 21
N.S. 1 1.00 1.00 0.67 0.00 0.62 3.00 0.62 0.90 1.00
time (sec) N/A 0.245 0.104 0.013 0.000 0.067 0.184 0.115 0.155 22974
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 14 0 13 63 13 19 21
N.S. 1 1.00 1.00 0.67 0.00 0.62 3.00 0.62 0.90 1.00
time (sec) N/A 0.248 0.113 0.012 0.000 0.073 0.227 0.116 0.141  23.199
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 27 23 16 0 15 51 15 27 15
N.S. 1 1.17  1.00 0.70 0.00 0.65 2.22 0.65 1.17 0.65
time (sec) N/A 0.329 0.184 0.007 0.000  0.067 0.251 0.114 0.152  23.076
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 44 33 31 32 0 7 48 45
N.S. 1 1.00 1.16 0.87 0.82 0.84 0.00 2.03 1.26 1.18
time (sec) N/A 0.470 0.447 0.099 0.103 0.068 0.000 0.122 0.139 23.741
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 67 59 34 51 0 76 48 563
N.S. 1 1.00 1.40 1.23 0.71 1.06 0.00 1.58 1.00 11.73
time (sec) N/A 0.441 0.396 0.079 0.106  0.075 0.000 0.119 0.142 37.396
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 25 24 15 23 0 51 31 33
N.S. 1 1.00 1.32 1.26 0.79 1.21 0.00 2.68 1.63 1.74
time (sec) N/A 0.373 0.255 0.075 0.104 0.072 0.000 0.123 0.164  23.520
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 45 58 17 40 44 48 30 206
N.S. 1 1.00 2.37 3.05 0.89 2.11 2.32 2.53 1.58 10.84
time (sec) N/A 0.330 0.220 0.061 0.105  0.067 1.015 0.115 0.144  27.575
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 72 51 41 41 0 130 109 122
N.S. 1 1.00 2.25 1.59 1.28 1.28 0.00 4.06 3.41 3.81
time (sec) N/A 0.431 0.290 0.078 0.115  0.069 0.000 0.153 0.148  24.598
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 49 50 24 44 0 149 34 120
N.S. 1 1.00 1.88 1.92 0.92 1.69 0.00 5.73 1.31 4.62
time (sec) N/A 0.414 0.224 0.087 0.109 0.072 0.000 0.145 0.166  23.826
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 147 58 54 44 0 235 120 189
N.S. 1 1.00 4.32 1.71 1.59 1.29 0.00 6.91 3.53 5.56
time (sec) N/A 0.435 0.462 0.086 0.105 0.071 0.000 0.167 0.142  25.433
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 124 1832 90 0 122 0 451 146 179
N.S. 1 0.84 1246 0.61 0.00 0.83 0.00 3.07 0.99 1.22
time (sec) N/A 0.516 9.699 0.024 0.000  0.070 0.000 0.162 0.149  22.905
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 86 113 66 0 92 0 254 105 129
N.S. 1 091 1.19 0.69 0.00 0.97 0.00 2.67 1.11 1.36
time (sec) N/A 0.459 1.477 0.017 0.000  0.072 0.000 0.154 0.155  22.799
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 71 40 0 50 0 107 56 79
N.S. 1 1.00 1.51 0.85 0.00 1.06 0.00 2.28 1.19 1.68
time (sec) N/A 0.337 0.820 0.009 0.000 0.066 0.000 0.154 0.144  24.469
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 7 121 73 0 152 0 1093 172 213
N.S. 1 0.79 1.25 0.75 0.00 1.57 0.00 11.27 1.77 2.20
time (sec) N/A 0.446 1.321 0.007 0.000 0.085 0.000 0.313 0.170 25.012
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 96 135 88 0 176 0 1402 762 1637
N.S. 1 093 131 0.85 0.00 1.71 0.00 13.61 7.40 15.89
time (sec) N/A 0.431 10.297 0.014 0.000 0.078 0.000 2.498 0.205 32.334
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 171 144 75 120 0 237 0 1895 868 1610
N.S. 1 0.84 0.44 0.70 0.00 1.39 0.00 11.08 5.08 9.42
time (sec) N/A 0.485 10.148 0.016 0.000 0.084 0.000 5.856 0.437  33.569
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 195 181 182 517 0 479 0 511 469 1107
N.S. 1 093 0.93 2.65 0.00 2.46 0.00 2.62 241 5.68
time (sec) N/A 0.821 1.952 0.026 0.000 0.093 0.000 0.538 0.184 51.921
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 134 175 187 0 372 0 262 321 129
N.S. 1 094 1.23 1.32 0.00 2.62 0.00 1.85 2.26 0.91
time (sec) N/A 0.667 1.392 0.015 0.000 0.083 0.000 0.510 0.194 0.249
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 108 254 266 0 346 0 359 193 5098
N.S. 1 0.80 1.88 1.97 0.00 2.56 0.00 2.66 1.43 37.76
time (sec) N/A 0.606 1.765 0.014 0.000  0.095 0.000 0.575 0.186  40.501
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 111 239 272 0 317 0 438 135 4285
N.S. 1 0.80 1.73 1.97 0.00 2.30 0.00 3.17 0.98 31.05
time (sec) N/A 0.524 1.743 0.013 0.000  0.105 0.000 0.650 0.184  38.585
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 115 109 311 0 126 0 532 251 787
N.S. 1 093 0.89 2.53 0.00 1.02 0.00 4.33 2.04 6.40
time (sec) N/A 0.661 1.371 0.020 0.000 0.078 0.000 2.573 0.165 36.212
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 174 160 153 457 0 182 0 802 363 1290
N.S. 1 092 0.88 2.63 0.00 1.05 0.00 4.61 2.09 7.41
time (sec) N/A 0.716 10.290 0.021 0.000  0.078 0.000 2.293 0.403 53.516
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 277 215 4285 246 0 225 0 940 298 429
N.S. 1 0.78 1547 0.89 0.00 0.81 0.00 3.39 1.08 1.55
time (sec) N/A 0.829 9.733 0.016 0.000  0.070 0.000 0.738 0.166  22.784
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 163 129 197 172 0 167 0 480 216 268
N.S. 1 079 1.21 1.06 0.00 1.02 0.00 2.94 1.33 1.64
time (sec) N/A 0.654 1.878 0.011 0.000  0.074 0.000 0.738 0.150  22.685
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 121 1004 148 0 315 0 2366 322 762
N.S. 1 0.78  6.48 0.95 0.00 2.03 0.00 15.26  2.08 4.92
time (sec) N/A 0.671 10.121 0.010 0.000 0.126 0.000 1.305 0.246  26.373
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 175 192 237 0 254 0 2318 395 559
N.S. 1 1.11 1.22 1.51 0.00 1.62 0.00 1476  2.52 3.56
time (sec) N/A 0.708 10.968 0.010 0.000 0.084 0.000 8.868 0.263  26.704
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 213 182 300 0 291 0 2766 293 287
N.S. 1 1.30 1.11 1.83 0.00 1.77 0.00 16.87 1.79 1.75
time (sec) N/A 0.678 10.333 0.006 0.000 0.089 0.000 17.356 0.776  24.989
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 45 63 23 44 48 54 34 209
N.S. 1 1.00 1.45 2.03 0.74 1.42 1.55 1.74 1.10 6.74
time (sec) N/A 0.381 0.070  0.050 0.108  0.070 1.264 0.121 0.152  27.665
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 44 33 31 32 0 7 48 42
N.S. 1 1.00 1.16 0.87 0.82 0.84 0.00 2.03 1.26 1.11
time (sec) N/A 0.843 0.023 0.090 0.105 0.072 0.000 0.124 0.169  22.656
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 68 59 34 51 0 76 48 381
N.S. 1 1.00 1.42 1.23 0.71 1.06 0.00 1.58 1.00 7.94
time (sec) N/A 0.750 0.032 0.084 0.113  0.094 0.000 0.128 0.161  31.278
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 25 26 17 25 0 54 33 25
N.S. 1 1.00 1.19 1.24 0.81 1.19 0.00 2.57 1.57 1.19
time (sec) N/A 0.554 0.006 0.086 0.105  0.075 0.000 0.129 0.155  22.397
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 46 59 20 41 48 49 31 205
N.S. 1 1.00 2.09 2.68 0.91 1.86 2.18 2.23 1.41 9.32
time (sec) N/A 0.463 0.010 0.072 0.102  0.079 1.235 0.116 0.157  23.041
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 72 51 41 41 0 130 109 122
N.S. 1 1.00 2.25 1.59 1.28 1.28 0.00 4.06 3.41 3.81
time (sec) N/A 0.688 0.017 0.083 0.105 0.068 0.000 0.151 0.146  23.289
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 49 50 24 44 0 149 33 118
N.S. 1 1.00 1.88 1.92 0.92 1.69 0.00 5.73 1.27 4.54
time (sec) N/A 0.697 0.019 0.087 0.105 0.069 0.000 0.13¢ 0.156  23.185
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F B B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 33 33 148 57 51 43 0 233 119 186
N.S. 1 1.00 4.48 1.73 1.55 1.30 0.00 7.06 3.61 5.64
time (sec) N/A 0.707 0.055 0.089 0.112  0.072 0.000 0.167 0.160  24.137
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B B A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 69 68 48 0 36 0 123 80 93
N.S. 1 246 243 1.711 0.00 1.29 0.00 4.39 2.86 3.32
time (sec) N/A 0.927 0.259 0.030 0.000  0.100 0.000 0.155 0.147  23.672
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A B A B F A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 33 79 46 62 0 37 223 41 33 200
N.S. 1 2.39 1.39 1.88 0.00 1.12 6.76 1.24 1.00 6.06

time (sec) N/A 0.586 0.146  0.029 0.000 0.084 14.828 0.115 0.151  33.220
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [16]
had the largest ratio of [.200000000000000011]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
] A 3 3 0.84 25 0.120
% A 3 3 0.91 23 0.130
3| A 2 2 0.87 21 0.095
4 A 5 4 0.91 25 0.160
i A ) 4 0.93 25 0.160
6} A 2 2 0.90 25 0.080
7] A 2 2 0.92 23 0.087
3] A 2 2 1.68 21 0.095
9) A 2 2 0.80 25 0.080
10j A 2 2 0.81 25 0.080
]| A 2 2 0.76 25 0.080
12] A 2 2 0.76 23 0.087
13] A 2 2 1.83 21 0.095
14 A 2 2 0.78 25 0.080
15) A 2 2 1.08 25 0.080
16} A 3 3 1.00 15 0.200
17] A 3 3 1.00 15 0.200
18] A 2 2 1.17 17 0.118
19 A 2 2 1.00 23 0.087
20) A 2 2 1.00 23 0.087
21] A 2 2 1.00 21 0.095
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
2 A 2 2 1.00 19 0.105
@ A 2 2 1.00 23 0.087
24| A 2 2 1.00 23 0.087
é A 2 2 1.00 23 0.087
E A 3 3 0.84 25 0.120
7| A 3 3 0.91 25 0.120
28| A 2 2 1.00 23 0.087
29 A 2 2 0.79 21 0.095
30) A 5 4 0.93 25 0.160
31 A 6 5 0.84 25 0.200
32 A 2 2 0.93 25 0.080
33 A 2 2 0.94 25 0.080
34 A 2 2 0.80 23 0.087
35) A 2 2 0.80 21 0.095
36 A 2 2 0.93 25 0.080
37 A 2 2 0.92 25 0.080
38| A 2 2 0.78 25 0.080
39 A 2 2 0.79 25 0.080
40 A 2 2 0.78 25 0.080
4_1 A 2 2 1.11 23 0.087
42 A 2 2 1.30 21 0.095
4_3 A 2 2 1.00 27 0.074
aq | A 4 4 1.00 42 0.095
45) A 4 4 1.00 42 0.095
46 A 4 4 1.00 40 0.100
47 A 4 4 1.00 39 0.103
4| A 4 4 1.00 42 0.095
49 A 4 4 1.00 42 0.095
50 A 4 4 1.00 42 0.095
51 B 4 4 2.46 39 0.103
52] B 4 4 2.39 35 0.114
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2
X

3.1 f Va+bx++/c+bx dx

Optimalresult . . . . . . . . .. .. . 47
Mathematica [A] (verified) . . . . . . . .. ... L 47
Rubi [A] (verified) . . . . . . . . . . 48]
Maple [A] (verified) . . . . . . . . . 49
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 50
Sympy [F] . . . 50
Maxima [F] . . . . . . o 50
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... b1l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... Bl
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 52

Optimal result

Integrand size = 25, antiderivative size = 147

z2 _ 2a*(a+bx)*?  da(a+b2)%?  2(a+ bx)"/?
/\/a+bx+\/c+bx v 3b3(a — ¢) 563(a — ¢) 03 (a — ¢)
2c2(c+bx)%?  4c(c+bx)®?  2(c+ bx)"/?
"~ 3b¥(a—c) 5b3(a—c)  7Tb3(a—c)

e B

2/3xa"2% (b*x+a) " (3/2) /b"3/ (a-c) -4/5*ax (bxx+a) " (5/2) /b~3/ (a-c)+2/T* (bxx+a)~
| (7/2)/b73/ (a-c)-2/3%c 2% (bxx+c) " (3/2) /b~3/ (a-c) +4/5%c* (bxx+c) ~(5/2) /b73/(a |
| =c)=2/T*(b*x+c)~(7/2) /b~3/ (a=c)

output

Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.95

[ v
dz
va+bx ++/c+bx
B 2(8a*Va + bz — 4a®bzv/a + br + 3ab’z*v/a + br — 8c3V/c + bz + 4bc*z/c + br — 3b%cz®V/c + bz + 15
B 105b3(a — c)

tnput LIntegrate [x~2/(Sqrt[a + b*x] + Sqrtlc + b*x]),x] J
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‘ (2% (8*a~3*Sqrt[a + b*x] - 4*a~2xb*x*Sqrt[a + b*x] + 3*axb~2*x"2xSqrt[a + b \
‘*x] - 8xc”3*Sqrt[c + bxx] + 4%bkc”2*x*Sqrtlc + bxx] - 3*b"2xcxx"2*Sqrtlc +
| bxx] + 16%b"3+x"3*(Sqrt[a + bxx] - Sgrtlc + b*x])))/(105%b"3%(a - c)) |

output

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.84,

number of rules _ 0.120, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {2529, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ ad dx
Va+bz++Vbr+c
| 2529
[ z%Va + bzdz B [ x%/c + bzdzx
a—c a—c
| 53
/ / / /
(g ety ) gy (g ey ) g
a—c B a—c
| 2009
2a2(a+bx)3/2 + 2(a+bx)7/2 i 4a(a+bx)3/2 2¢2 (bx+c)3/2 2(bz+c)7/2 i 4c(bz+c)5/2
3b3 763 5b3 303 703 5b3
a—c a—c
input LInt [x~2/(Sqrt[a + b*x] + Sqrtlc + bxx]),x] J
output‘((z*aﬁz*(a + b¥x)~(3/2))/(3%b~3) - (4%ax(a + bxx)~(5/2))/(5%b~3) + (2x(a +

| b¥x)"(7/2))/(T%673))/(a = ©) = ((2%c™2%(c + b¥x)"(3/2))/(3%b~3) - (4*c*(c
DR T(5/2))/(54073) + (2¢(c + bx0)7(7/2))/(T4073))/(a = ) )
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Defintions of rubi rules used

ruk353‘Int[((a—') + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
'x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && LeQ[7+m + 4%n + 4, 01)
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 0]) |

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2529‘Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1), ‘
‘ x_Symbol] :> Simp[-d/(e*(b*c - a*d))  Int[u*Sqrt[a + b*x], x], x] + Simp[ ‘
‘b/(f*(b*c - axd)) Int [uxSqrt[c + d*x], x], x] /; FreeQ[{a, b, c, d, e, £}

» x] && NeQ[bxc - a*d, 0] && EqQ[b*e~2 - dxf~2, 0]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.61

method | result size
4 5 2 3
7 5 5 3 2 ( (bz+c)2 _ 2¢c(bz+c)2 +¢ (bz+c)2 )
2(bz+a)2 _ 4a(bz+a)2 + 2a (b§+a)7 7 5 3
7 5 —
default L L 90
input| 10 (x"2/ ((bxxta) ~(1/2)+(b¥x+c) 7 (1/2)) ,x,method=_RETURNVERBOSE) |

¢ \ 2/(a-c) /b~3* (1/7*(bkx+a) = (7/2) -2/5*a* (b*x+a) ~ (5/2) +1/3*a~2* (bxx+a) ~(3/2)) - \

t
ourpt ‘2/(a-c)/b"3*(1/7*(b*x+c)"(7/2)-2/5*c*(b*x+c)"(5/2)+1/3*c"2*(b*x+c)"(3/2)) \
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Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.64
72

/ dz
Va+bzr++Ve+bx
_ 2((15b%2® + 3ab®s® — 4a’bx + 8a®)Vbx + a — (156°2° + 3b%ca® — 4bc’x + 8¢%)Vbx + ¢)

B 105 (ab® — b3c)

input Lintegrate (x~2/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2)) ,x, algorithm="fricas") J

Output‘ 2/105% ((15%b~3*x"3 + 3*axb~2*x"2 - 4*a~2xbxx + 8*a~3)*sqrt(b*x + a) - (15* ‘
‘b“3*x”3 + 3%b72%c*x"2 - 4xbxc”2*x + 8*c~3)*sqrt(b*x + c))/(a*b”3 - b~3x*c) ‘

Sympy [F]
/\/a—i-bxx—i\/c—i-bxdx: / \/a+wa:\/bx+cdx
input REegTate (xxx2/ ((bxxra)sx(1/2)+ (brxrc) ++(1/2)) ,x) )
output LIntegral(x**Q/(sqrt (a + b*x) + sqrt(b*x + c)), x) J
Maxima [F|
/\/a—i-bxx—i\/c—i-bxdx: / \/ba:+ax:\/bx+cdx
input Lintegrate (x72/ ((b*x+a) = (1/2)+(b*x+c)~(1/2)) ,x, algorithm="maxima") J

output Lintegrate(x’?/(sqrt (bxx + a) + sqrt(b*x + c)), x) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 390 vs. 2(123) = 246.

Time = 0.13 (sec) , antiderivative size = 390, normalized size of antiderivative = 2.65

IL‘2
/ dr =
va+bx ++/c+bx

5 (a2b3—2 ab3c+b3c?) (bx+a 313_ 91,233 3.2 13.3 413_ 0@ 1353 213 .2 3.3_,
2<<<3(bm—|—a)< ( )( ) 15a°b°—31a“b°c+17 ab’c—b°c +45ab 96 a°b°c+53 a“b°c“+2 ab

a3b%*—3 a2btc+3 abtc2—bic3 a3b*—3 a2btc+3 abic?—bic3 a3b*—3 a2b%c+3 abic?—bic3
B 1
input Lintegrate (x72/ ((bxx+a) =~ (1/2) +(b*x+c)~(1/2)) ,x, algorithm="giac") J
output -2/105*% (((3*(b*x + a)*(5*(a~2*b~3 - 2*a*b~3*c + b~3*c~2)*(b*x + a)/(a~3*b"~

4 - 3*%a"2%b"4*c + 3*axb"4*xc”2 - b"4%c"3) - (15%a"3*b"3 - 31*%a"2%b"3*c + 17
*a*xb~3*%c”2 - b~3*%c"3)/(a"3*b"4 - 3*a~2kb~4*c + 3*a*b~4*c”2 - b~4*c~3)) + (
45%a~4%b~3 - 96*a~3*b~3%c + 53*a~2%b”"3*c”2 + 2*axb~3%c”3 - 4%b~3*c~4)/(a"3
*b~4 - 3*a”2+b"4*xc + 3*axb~4*c”2 - b~4*c”3))*(b*x + a) - (15%a”5*b"3 - 33%
a~4xb~3%c + 17*a~3%b~3*%c™2 - 3*%a~2%b~3%c”3 + 12%a*b~3*c~4 - 8xb~3*c~5)/(a”
3*b~4 - 3*a~2%b"4*c + 3*a*b"4xc”2 - b~4*c”3))*sqrt(b*x + c) - (156*(bxx + a
)=(7/2) - 42x(b*x + a)~(5/2)*a + 35*%(b*x + a)~(3/2)*a"2)/(a*b - b*c))/b”2

Mupad [B] (verification not implemented)

Time = 23.87 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.22

/ x? dx_2x3\/a+bx_2x3m+16a3m
Va+bz++e+bx 7 (a—c) 7 (a—c) 1055 (a —c)
163vVe+bzx 2azx2vVa+bx 8a2zva+bz
© 10563 (a—c¢)  35b(a—c) 10502 (a—c)
2cx\Ve+br 8cz+c+bx
~ 35b(a—c) * 10582 (a — c)

input Lint(x’?/((a + b*x)~(1/2) + (c + b*x)~(1/2)),%) J
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(2xx~3x(a + b*x)~(1/2))/(7*(a - c)) - (2*x"3*(c + b*x)~(1/2))/(7*(a - c))
+ (16*a~3*(a + b*x)~(1/2))/(105*%b"3*(a - c)) - (16*c”3*(c + b*x)~(1/2))/(1
05%b"3*(a - c)) + (2*a*x"2*(a + b*x)~(1/2))/(35*b*(a - c)) - (8*a~2*xx(a +
b*x)~(1/2))/(105%b~2*%(a - c)) - (2*c*x~2*%(c + b*x)~(1/2))/(35%b*x(a - c))
+ (8%c™2*x*(c + b*x)~(1/2))/(105%*b"2%(a - c))

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.81

IL‘2
b/h dz
va+bx ++/c+bx

_ 2vbz+cbPz® _ 2v/bztcbca? + 8vbr+cbc’z _ 16vbztcc® + 16vbz+taa® __ 8vbz+aa?bx + 2vbz+aab’z? + 2v/bz+a b3:
7 35 105 105 105 105 35 7

b (a—c)

input Lint (x~2/ ((bxx+a) ~(1/2)+(b*x+c)~(1/2)) ,x) J

output‘(Q*( - 16*xsqrt(b*x + c)*b**3*x**3 — 3xsqrt(b*x + c)*b**2kcxx*x*2 + 4*sqrt(b
|¥X + C)¥brckx2kx - 8*sqrt(bkx + c)kckx3 + 8xsqrt(a + bkx)xa**3 - 4xsqrt(a
|+ Dxx)*axx2+b*x + 3*sqrt(a + bxx)*axbx*2kx*x2 + 15xsqrt(a + bkx)*br*3xx**3

1))/ (105xbxx3x(a - c))




CHAPTER 3. LISTING OF INTEGRALS 53

3.2

f Va+bx++/ct+bx dx

Optimal result . . . . . . . . . . . . e B3l
Mathematica [A] (verified) . . . . . . . .. ... L Lo 53
Rubi [A] (verified) . . . .. . . ... .. !
Maple [A] (verified) . . . . . . . .. L 55
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 56
Sympy [F] . . . 56]
Maxima [F] . . . . . .. 50
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 57
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 57
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... bY

Optimal result

Integrand size = 23, antiderivative size = 95

/ T e 2a(a +bx)*?  2(a+bx)?  2c(c+bx)*?  2(c+ bx)*?
Va+bz++ve+bz  3b*(a—c) 502(a—c)  3b*(a—c)  5b?*(a—-c)

e B

-2/3%a* (bkx+a) ~(3/2) /b~2/ (a-c)+2/5% (b*x+a) ~ (5/2) /b~2/ (a—c) +2/3*c* (bkx+c) ~ (
\3/2)/b*2/(a—c)—z/s*(b*x+c)*(5/2)/b*2/<a—c>

output

Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.06

e d
/\/a—l—bx—}-\/c—l—ba: v
_ 2va+bx(2a® 4 ac — 3¢* — a(c+ bx) + 6¢(c + bx) — 3(c + bx)?)
T 15b%(a — c)
2(5¢(c + bx)*2 — 3(c + bx)®/?)
15b%(a — c)

input Integrate[x/(Sqrt[a + b*x] + Sqrtlc + b*x]),x]
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‘ (-2xSqrt[a + b*x]*(2*a”2 + a*xc - 3*c”2 - ax(c + bxx) + 6*%c*(c + b*x) - 3x( \
‘c + b¥x)"2))/(15%b72%(a - c)) + (2 (5kck(c + bxx)"(3/2) - 3*(c + bx)"(5/2
2))/(15%b™2%(a - ©)) |

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.91,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {2529, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x
dx
/\/a—i-bw-l—\/bw—i-c
l 2529
Jzva+bzdr [zvc+ badx
a—c a—c
| 53
a+bzx)3/? ava+bz ctbx)3/? cVc+bx
e e L e O
a—c a—c
l 2009
2(a+bx)5/2 _ 2a(a+bx)3/? 2(bx+c)5/? _ 2¢(bx+-c)3/?
5b2 362 T 52 362
a—c a—c
inputLInt[x/(Sqrt[a + b*x] + Sqrtlc + bx*x]),x] J

‘((—2*a*(a + b*x)~(3/2))/(3*%b~2) + (2*(a + b*x)~(5/2))/(5%b"2))/(a - c) - (

output
\(—2*0*(c + bxx)~(3/2))/(3*b~2) + (2x(c + b*x)~(5/2))/(6%b~2))/(a - c)
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Defintions of rubi rules used

rule 53‘Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int ‘
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
'x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && LeQ[7+m + 4%n + 4, 01)
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 0]) |

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2529‘Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1), ‘
‘ x_Symbol] :> Simp[-d/(e*(b*c - a*d))  Int[u*Sqrt[a + b*x], x], x] + Simp[ ‘
‘b/(f*(b*c - axd)) Int [uxSqrt[c + d*x], x], x] /; FreeQ[{a, b, c, d, e, £}

» x] && NeQ[bxc - a*d, 0] && EqQ[b*e~2 - dxf~2, 0] ‘

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.69

method | result size

5 3
5 3 9 (bz+a)2  a(bz+a)2
2(bz+c)2 _ 2c(bztc)2 5 - 3

5 3 —
(—a+c)b? (—a+c)b?

default 66

input Lint (x/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2)) ,x ,method=_RETURNVERBOSE) J

¢ 2/ (-a*c) /b7 2% (1/5% (brx+c) " (5/2)-1/3xcx (bxx+c) "~ (3/2)) -2/ (-a+c) /b2 (1/5x (bx

outpu
\x+a)*(5/2)-1/3*a*(b*x+a)*(3/2))
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.74

= d
/\/a—i-ba:—i-\/c—l-bx !
2 ((3b%z* + abz — 2a*)Vbz + a — (3b*2? + bex — 2¢*)Vbz + ¢
15 (ab? — b%c)

input tintegrate (x/ ((bxx+a) = (1/2)+(b*x+c)~(1/2)) ,x, algorithm="fricas") J

2/15%((3%b™2#x"2 + akbkx - 2*a~2)*sqrt(bxx + a) - (3b"2%x"2 + bkckx - 2%kc

output
"‘2)*sqrt(b*x + ¢))/(a*b™2 - b~2%c) ‘

Sympy [F]

dx

x T
dx =
/\/a+bx+\/c+bz v /\/a+bz+\/bz+c

input Lintegrate (x/ ((bkxx+a)**(1/2)+(b*x+c) **x(1/2)) ,x) J
output LIntegral(x/ (sqrt(a + bxx) + sqrt(b*x + c)), x) J
Maxima [F]
T T
dx = dz
/\/a+bx+\/c+bl' /\/bw+a+\/bm+c
input Lintegrate (x/ ((b*x+a) = (1/2)+(b*x+c)~(1/2)) ,x, algorithm="maxima") J

output Lintegrate(x/(sqrt(b*x + a) + sqrt(b*x + c)), x) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 206 vs. 2(79) = 158.

Time = 0.12 (sec) , antiderivative size = 206, normalized size of antiderivative = 2.17

T
/\/a-l-bz—i-\/c-l-bz

3 (ab?—bc) (bz+a) 6a2b2—7 ab2c+b2c? 3a3b2—4a2b2c—ab?c2+2 b2c3
2 (((bx + a’) < a2b3—2ab3c+b3c? ~  a2b3—2ab3c+b3c? + a?b3—2 ablc+b3c? Vbz + ¢ —

5
3 (bz+a)?2 —5 (bz+
ab—bc

156

input ‘ integrate (x/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2)),x, algorithm="giac")

-2/15%(((b*x + a)*(3*%(a*b”™2 - b~2*c)*(b*x + a)/(a"2*%b~3 - 2*axb~3*c + b~ 3*
c"2) - (6xa"2*b”"2 - T*a*b"2*c + b"2xc”2)/(a"2*b"3 - 2*a*b~3*c + b~3*c”2))
+ (3*%a~3%b"2 - 4%a”2%b"2xc - a*b"2%c”2 + 2%b~2xc~3)/(a"2%b”"3 - 2%a*xb~3%c +
b~3%c”2) ) *sqrt (bxx + c) - (3*x(bxx + a)~(5/2) - 5x(bxx + a)~(3/2)*a)/(a*b

output

- b*c)) /b

Mupad [B] (verification not implemented)

Time = 23.38 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.36

/ T dx=2x2\/m_2x2m_4a2\/m

Vva+bx ++vc+ bz 5 (a—c) 5 (a—c) 1562 (a —¢)
4 \e+br 2axva+bx 2cxve+bz
1562 (a —c) 150 (a—c)  15b (a—c)

inputtint(x/((a + bkx)~(1/2) + (c + b*x)~(1/2)),x) J

output‘ (2%x72%(a + b*x)~(1/2))/(5x(a - c)) - (2*x72x(c + b*x)~(1/2))/(5*(a - c)) ‘
- (4xa~2%(a + b¥x)"(1/2))/(15%b"2%(a - c)) + (4%c™2%(c + b¥x)~(1/2))/(15%b
"2%(a - c)) + (2xaxxx(a + b*x)"(1/2))/(16%b*(a - ¢)) - (2kckxx(c + bxx)~(1 |

/2))/(15%b*(a - c))
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.88

/ x dx
va+bz++e+bx

_ 2v/bx+cb?2z? _ 2v/bztcbex 4 4/bz+cc® _ 4v/bz+ad? + 2v/bx+a abx 4 2+/bz+a b3z>
5 15 15 15 15 5

b2 (a — c)

input Lint (x/ ((b*x+a) ~(1/2)+(b*x+c) ~(1/2)) ,x)

output‘ (2% ( - 3xsqrt(bxx + c)*b*x2xx*x2 — sqrt(b*x + c)*bxcxx + 2+sqrt(b*x + c)*c
\**2 - 2xsqrt(a + bkx)*a**2 + sqrt(a + b*x)*akbxx + 3*ksqrt(a + b*x)*b*x2*x*
%2))/(15%b**2%(a -~ c))




output

input

output
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1

3.3 f Va+bx++/ct+bx dx

Optimal result . . . . . . . . . . . . e HOl
Mathematica [A] (verified) . . . . . . . .. ... L Lo bYe)
Rubi [A] (verified) . . . .. . . ... .. 60
Maple [A] (verified) . . . . . . . .. L 611
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 611
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 611
Maxima [F] . . . . . .. 62
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 62
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 63

Optimal result

Integrand size = 21, antiderivative size = 47

_ 2(a+bx)’?  2(c+bx)*?

1
/\/a+bx+\/c+bx v 3b(a — ¢) 3b(a — c)

e

L2/3* (bxx+a)~(3/2) /b/ (a-c)-2/3*(b*x+c) ~(3/2) /b/ (a-c)

~—

Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

_ 2((a+bx)3? — (c+ bx)*?)

1
/\/a—+-bx+\/c+bx v

3b(a —¢)

LIntegrate[(Sqrt [a + bxx] + Sgrt[c + b*x])~(-1),x]

-

L(2*((a + b*x)7(3/2) - (c + b*x)7(3/2)))/(3*b*(a - c))

-/




input

output

rule 2009

rule 7240
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/\/a-i-bx-l-\/ba:-{-c o
l 7240

[ (Va+bz —vc+bz)d

a—c¢

l 2009

2(a+bx)3/2 _ 2(bx+-c)3/2
3b 3b

a—c¢

-

LInt[(Sqrt [a + b*x] + Sqrtlc + b*x])~(-1),x]

-/

L((2*(a + b*x)~(3/2))/(3%¥b) - (2x(c + b*x)~(3/2))/(3*b))/(a - ©) J

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[(u_.)*((e_.)*Sqrtl(a_.) + (b_.)*(x_)~(n_.)] + (f_.)*Sqrtl(c_.) + (d_.)*
‘(x_)“(n_.)])“(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt [a + b*x"n] - f*Sqrt[c + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c ‘
L, d, e, £, n}, x] & ILtQ[m, 0] && EqQ[b*e~2 - d*f~2, 0] J




-

Lint (1/ ((b*x+a) ~ (1/2)+(b*x+c) ~(1/2)) ,x,method=_RETURNVERBOSE)

input

output

input L
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Maple [A] (verified)

Time = 0.00 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.85

method

result

size

default

2bzta)?  2(batc)?
3b(a—c) 3b(a—c)

40

-/

L2/3* (b*x+a)~(3/2) /b/ (a-c)-2/3* (b*x+c) ~(3/2) /b/(a-c)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.62

2 ((bx +a)?

— (bx + c)%)

dr =

1
/\/a—l—bx+\/c—|—b:v

3 (ab — be)

integrate(1/((b*x+a)~(1/2)+(b*x+c)~(1/2)),x, algorithm="fricas")

output L

2/3%((b*x + a)~(3/2) - (b*x + c)~(3/2))/(a*b - b*c)

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 136 vs. 2(32) = 64.

Time = 0.42 (sec) , antiderivative size = 136, normalized size of antiderivative = 2.89

1
/ dx
va+br++c+ bz
2a + 4bx + 2c 2v/a+bzv/bx+c
3bva+bz+3bv/bx+c 3bva+bz+3byvbx+c 3bva+bx+3bv/br+c 3bva+bz+3byv/bx+c

Vaty/e

forb #0

otherwise

input L

integrate (1/ ((bxx+a)**(1/2)+(bxx+c)**(1/2)) ,x)
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outputlpiece"ise(@*a/ (3*brsqrt(a + bkx) + 3#bksqrt(bkx + c)) + 4bkx/(3*bksqrt(a
|+ b¥x) + 3%bksqrt(b¥x + c)) + 2%c/(3xbxsqrt(a + bxx) + 3¥bxsqrt(b*x + c)) |
‘ + 2*sqrt(a + bxx)*sqrt(bxx + c)/(3*bksqrt(a + b*x) + 3*bksqrt(b*x + c)), ‘

\Ne(b, 0)), (x/(sqrt(a) + sqrt(c)), True))

Maxima [F]

dx

1 1
dr =
/XM+wx+¢o+m v /\Mw+a+¢%+¢

input Lintegrate (1/((b*x+a)~(1/2)+(b*x+c)~(1/2)) ,x, algorithm="maxima" J

-

integrate(1/(sqrt(b*x + a) + sqrt(b*x + c)), x)

—

output t

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.60

3
1 2 (bx +a)b  ab—bc 2(bz +a)?

dz = -2 /b _
/\M+ﬁx+¢o+m =73 x+c(wr—wc aw—b%)+3@w—b@

-

input Lintegrate (1/((bxx+a) = (1/2) +(b*x+c) " (1/2)) ,x, algorithm="giac")

-/

-2/3%sqrt(bxx + c)*((bxx + a)*b/(a*b2 - b"2xc) - (a*b - bxc)/(a*b™2 - b2
*c)) + 2/3x(bxx + a)~(3/2)/(axb - b*c)

N\ J

output




CHAPTER 3. LISTING OF INTEGRALS 63

Mupad [B] (verification not implemented)

Time = 22.87 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.68

/ 1 z_2x\/a+bx_2x\/c+bx+2a\/a+bx_2cx/c+bx
Va+br++ve+bx 3(a—c) 3(a—c) 3b (a—c) 3b (a—c)

-

inputLint(l/((a + b*x)"(1/2) + (c + b*x)~(1/2)),x%)

—

(2kx%(a + bxx)"(1/2))/(3*%(a - ©)) - (2xxx(c + bxx)"(1/2))/(3x(a - ©)) + (2

output
\*a*(a + b*x)~(1/2))/(3*bx(a - c)) - (2kcx(c + b*x)~(1/2))/(3*b*(a - c))

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.04

1 _ 2vbz+cbzr __ 2v/bztcc + 2vbz+aa + 2./bz+a b
/ dr = 3 3 3 3
Va+bz++c+bx b(a—c)
input Lint(l/((b*x+a)‘(1/2)+(b*x+c)*(1/2)) ,x) J

‘ (2% ( - sqrt(b*x + c)*b*x - sqrt(b*x + c)*c + sqrt(a + b*xx)*a + sqrt(a + bx ‘

output
‘x)*b*x))/(S*b*(a - ¢))
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1
3.4 f z(va+bz++v/c+bz) dz

Optimal result . . . . . . . . . . .. 64
Mathematica [A] (verified) . . . . . . . . . ... L 64
Rubi [A] (verified) . . . . . . ... . 65
Maple [A] (verified) . . . . . . . . .. 66
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 67
Sympy [F] . . . o 68
Maxima [F] . . . . . . o 68
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 68
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 69
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... [70)

Optimal result

Integrand size = 25, antiderivative size = 97

/ 1 dx_Q\/a+bx 2Ve+bx Qﬁarctanh( z\z;—abx)
z (Va+br +vc+bz) a—c a—c a—c
2\/Earctanh< CH””)
+
a—c

‘ 2% (bxx+a) ~(1/2) /(a-c)-2% (b*x+c) ~(1/2) / (a-c)-2*a”~ (1/2) *arctanh ( (b*x+a) ~(1/2 ‘

output
L) /a~(1/2))/(a-c)+2*c~ (1/2) *arctanh ((b*x+c) ~(1/2) /c~(1/2))/(a-c) J

Mathematica [A] (verified)

Time = 0.87 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.65

[ s
z (Va+bz++vc+bx) v

2 va+bz—/c+bx atbr—y/
2(\/a+bx—\/c+bx—\/—(\/_—\/5) arctan< +\/a \/Jar) )_\/ (vVa+ /<) arctan(\/ +(¢a+.




CHAPTER 3. LISTING OF INTEGRALS 65

input ‘ Integrate[1/(x*(Sqrt[a + b*x] + Sqrtlc + b*x])),x] ‘

output‘ (2% (Sqrt[a + b*x] - Sqrtlc + bxx] - Sqrt[-(Sqrt[al - Sqrt(lc])~2]*ArcTan[(S ‘
‘ grtla + bxx] - Sqrtlc + b*x])/Sqrt[-(Sqrtl[al - Sqrtlc])~2]] - Sqrt[-(Sqrtl ‘
'a] + Sqrt[c])~2]*ArcTan[(Sqrt[a + b*x] - Sqrtlc + b*x])/Sqrt[-(Sqrtla] + S |
‘qrt[c])‘2]]))/(a - ¢) ‘

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.91,

number of rules _ 0.160, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2529, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/m(\/a-l-b:v-l-\/ba:-i-c) v
l 9529
f \/a+b:cdx f \/c—{—b:cdx
x _ x

a—c¢ a—c¢C

| 60

afz\/ﬁdm+2\/a+b:r_cfx\/clJrde—k%/bz%—c

a—=cC a—~cC
| 73
2a [ Wiad\/a—i—bw 2 f T}Hd c+bx
FA vath A o e
a—=c¢ a—=c

a

2va + bx — 2\/Earctanh( Y f}bx> 2v/bx + ¢ — %/Earctanh(%)

a—c a—c¢

input Int[1/(x*(Sqrt[a + b*x] + Sqrt[c + b*x])),x] J




output

rule 60

rule 73

rule 221

rule
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‘ (2xSqrt[a + b*x] - 2xSqrt[al*ArcTanh[Sqrt[a + b*x]/Sqrt[all)/(a - c) - (2%
LSqrt [c + bxx] - 2*Sqrt[c]*ArcTanh[Sqrt[c + b*x]/Sqrtlcl]l)/(a - c)

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qnl Il (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_)) " (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

2529‘Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrt[(c_.) + (d_.)*(x_)1),
‘ x_Symbol] :> Simp[-d/(e*(b*c - a*d))  Int[u*Sqrtl[a + b*x], x], x] + Simpl[
'b/(f*(b*c - a*d))  Int[uxSqrtlc + d*x], x], x] /; FreeQ[{a, b, c, d, e, f}

» x] && NeQ[b*c - a*d, 0] && EqQ[b*e~2 - d*xf~2, 0]

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.75

method | result size
2/bx+a—2+/a arctanh ( Y0zta 2/bx+c—2+/c arctanh ( Yozte
Va _ Ve

a—c a—c

default 73

|
J
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¢ int(1/x/((b*x+a)~(1/2)+(b*x+c)~(1/2)),x,method=_RETURNVERBOSE) |

inpu
output |1/ (a-c)* (2% (bx+a) ~ (1/2) -2%a" (1/2) *arctanh( (bxx+a) ~(1/2) /a"(1/2)))-1/ (a-c)
‘*(2*(b*x+c)‘(1/2)-2*c“(1/2)*arctanh((b*x+c)‘(1/2)/0‘(1/2)))
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.15
1
dz
(/z(¢a+bx+vk+b@
Valog (bx”‘/bxwm‘/awa) + +/clog (bx_Q@\/EHc) —2vVbz +a+2Vbx +c
T a—c ’
_2 v/—carctan (%) + /alog <bz+2 . bm;'“‘/a”“) —2+Vbx +a+2+vbx +c 2+/—aarctan (V%)
a—c ’
input integrate(1/x/ ((bxx+a)~(1/2)+(b*x+c)~(1/2)),x, algorithm="fricas")
output [-(sqrt(a)*log((b*x + 2*sqrt(b*x + a)*sqrt(a) + 2%a)/x) + sqrt(c)*log((b*x

- 2xsqrt(b*x + c)*sqrt(c) + 2xc)/x) - 2xsqrt(b*x + a) + 2xsqrt(b*x + c))/
(a - ¢), -(2xsqrt(-c)*arctan(sqrt(-c)/sqrt(b*x + c)) + sqrt(a)*log((b*x +
2xsqrt(b*xx + a)*sqrt(a) + 2*xa)/x) - 2*sqrt(b*x + a) + 2*sqrt(b*x + c))/(a
- ¢), (2xsqrt(-a)*arctan(sqrt(-a)/sqrt(b*x + a)) - sqrt(c)*log((b*x - 2*sq
rt(b*x + c)*sqrt(c) + 2*c)/x) + 2*sqrt(b*x + a) - 2*sqrt(b*x + c))/(a - c)
, 2*(sqrt(-a)*arctan(sqrt(-a)/sqrt(b*x + a)) - sqrt(-c)*arctan(sqrt(-c)/sq
rt(b*x + c)) + sqrt(b*x + a) - sqrt(b*x + c))/(a - c)]
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Sympy [F]

1 1
/x(\/a+bx+\/c+bx) dx:/x(\/a—l-bx—i-\/bx—i-c) &

input Lintegrate(l/}c/( (bxx+a) %% (1/2) +(b*x+c) *x(1/2)) ,x)

outputklntegral(l/ (x*(sqrt(a + b*x) + sqrt(b*x + c))), x)

Maxima [F]

1 1
/x(\/a+bz+\/c+b:c) dx:/w(\/bz+a+\/bx+c) dz

inputtintegrate(l/x/((b*X+a)A(1/2)+(b*X+C)“(1/2)),X, algorithm="maxima")

-

output Lintegrate(l/(x*(Sqrt (bxx + a) + sqrt(b*x + c))), x)

\ )

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1016 vs. 2(81) = 162.

Time = 0.28 (sec) , antiderivative size = 1016, normalized size of antiderivative = 10.47

1
dz = Too large to displa;
/x(\/a+bx+\/c+bx) & PRy

inputLintegrate(i/x/((b*x+a)‘(1/2)+(b*x+c)*(1/2)),x, algorithm="giac")




output

input
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2%axarctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*(a - c)) - 2*(a"4*c - a~3%c”2

- a"2*%c”3 + axc™4 + 2x(axc”2 + sqrt(axc)*c”2)*(a - c)"2xsgn(-a + c) - 2x(
axc”™2 + sqrt(a*c)*axc)*(a - c)72 + (a”™2*%c™2 - 2*axc”™3 + c”4 - (a"2%c - 2*a
*Cc"2 + c~3)*sqrt(axc))*abs(-a + c)*sgn(-a + c) - (a”3%c - 2¥a”2%c”2 + a*c”
3 + (a"2%c - 2*axc”2 + c~3)*sqrt(axc))*abs(-a + c) - (a"4*c - a”3%c”2 - a~
2%xc”3 + a*c”4 + (a”3%c - a”2%c”2 - a*c”3 + c"4)x*sqrt(a*c))*sgn(-a + c) + (
a"4 - a"3*c - a"2*c”2 + axc”~3)#*sqrt(axc))*arctan(-(sqrt(b*x + a) - sqrt(b*
x + ¢))/sqrt(-(a"2 - c¢™2 + sqrt((a™2 - c¢72)72 - (a”3 - 3*a"2*c + 3*axc”2 -

c™3)x(a - c)))/(a - c)))/((sqgrt(-a)*a~4 - a~4*sqrt(-c) - 4*sqrt(-a)*a~3*c

+ 4*a”3xsqrt(-c)*c + 6xsqrt(-a)*a~2*c”2 - 6*%a”2*sqrt(-c)*c”2 - 4xsqrt(-a)
*xa*xc™3 + 4xaxsqrt(-c)*c”3 + sqrt(-a)*c”4 - sqrt(-c)*c”4)*abs(-a + c)) + 2%
(a™4*c - a™3%c™2 - a”2*%c”3 + a*c™4 - 2*(axc”2 + sqrt(axc)*c”2)*(a - c)"2%*s
gn(-a + c) - 2x(axc™2 - sqrt(a*c)*axc)*(a - c)”2 + (a™2*%c”2 - 2*a*c™3 + c~
4 - (a”2%c - 2xa*c”2 + c”3)*sqrt(a*c))*abs(-a + c)*sgn(-a + c) + (a"3*c -
2%a~2%c”2 + axc”3 + (a"2xc - 2*axc”2 + c~3)*sqrt(axc))*abs(-a + c) + (a"4*
C - a"3%c”2 - a"2#c”3 + ax*c™4 - (a"3%c - a"2xc”2 - axc”3 + c"4)*sqrt(axc))
*sgn(-a + c) + (2”4 - a~3%c - a™2*c”2 + a*c”3)*sqrt(axc))*arctan(-(sqrt(b*
x + a) - sqrt(b*x + c))/sqrt(-(a"2 - c¢™2 - sqrt((a”2 - ¢"2)72 - (a"3 - 3*a
“2xc + 3*axc”2 - c"3)*(a - c)))/(a - c)))/((sqrt(-a)*a~4 - a~4*sqrt(-c) -
4xsqrt(-a)*a~3xc + 4*a"3xsqrt(-c)*c + 6xsqrt(-a)*a”2xc”2 - 6%a"2xsqrt(-...

Mupad [B] (verification not implemented)

Time = 38.69 (sec) , antiderivative size = 2983, normalized size of antiderivative
30.75

1
dz = Too large to displa;
/x(\/a+bx+\/c+bx) & PRy

-

N\

int (1/(x*((a + b*xx)~(1/2) + (c + b*x)~(1/2))),x)
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(atan((a~2*%c~(5/2)*(a*c™3 + a~3*%c — 2*a~2xc~2)~(1/2)*2i - a~3%c~(3/2)*(a*c
“3 + a"3xc - 2*a”2*%c"2) " (1/2)*2i - a~(7/2)*c*kx(a*xc”3 + a~3*xc - 2*xa~2xc”2) " (
1/2)*2i + a”~(5/2)*c™2*x(a*xc”3 + a"3*%c - 2*%a”2%c”2)"(1/2)*2i + a*c”"3*(a + b*
x)~(1/2)*(a*xc™3 + a"3*%c - 2*a"2*%c"2) " (1/2)*2i + a~3*c*x(a + b*x) " (1/2)*(a*c
~3 + a"3%c - 2%a"2%c"2) " (1/2)*2i + a~(3/2)*c~(5/2)*(a + b*x)~(1/2)*(a*xc”3
+ a”3xc - 2*xa”"2%c”2)"(1/2)*2i + a~(5/2)*c”(3/2)*(a + b*x)~(1/2)*(a*c”3 + a
“3%c - 2*%a"2*c”2) " (1/2)%2i - a”2*c"2x(c + b*x)~(1/2)*(a*c”3 + a~3*c - 2*a”
2%c”2)"(1/2)*4i - a~(3/2)*c”(5/2)*(c + b*x)~(1/2)*(a*xc”™3 + a"3*c - 2*a~2*c
~2)"(1/2)*2i - a~(5/2)*c~(3/2)*(c + b*x)~(1/2)*(a*c™3 + a~3*%c - 2*xa~2%c”~2)
~(1/2)*2i) /(2*xa~b*c~(3/2) - 4*xa~4xc~(5/2) + 2*a~(5/2)*c”4 + 2*a~3xc~(7/2)
- 4*xa”~(7/2)*c”"3 + 2¥a~(9/2)*c”2 - 2*a~2kc~4*(a + b*x)~(1/2) + 4*a”~3*c”3*(a
+ b*x)~(1/2) - 2*a~4*c”2x(a + b*x)~(1/2) - 2*a~(3/2)*c~(9/2)*(a + b*x)~ (1
/2) + 2%a~(5/2)*c”(7/2)*(a + b*x)~(1/2) + 2*xa~(7/2)*c~(5/2)*(a + b*x)~(1/2
) — 2*xa”~(9/2)*c”(3/2)*(a + b*x)~(1/2) + 2*a"2*c”4x(c + b*xx)~(1/2) - 4*a"3*
c”3x(c + bxx)~(1/2) + 2%a~4*c™2x(c + bxx)~(1/2)))*(a + b*x)~(1/2)*(axc”3 +
a~3xc - 2%a~2%c”2) " (1/2)*2i - 4%a~(3/2)*c - 8*axc~(3/2) + atan((a~2*c~(5/
2)*(a*xc™3 + a~3%c - 2*%a~2%c"2) " (1/2)*2i - a~3*c~(3/2)*(a*c”3 + a"3*c - 2*a
“2%c”2) " (1/2)*2i - a”~(7/2)*c*x(a*xc™3 + a~3*xc - 2%a”2%c"2)"(1/2)*2i + a~(5/2
Y*c72%(a*c™3 + a”3xc - 2¥a"2%c”2)"(1/2)*2i + a*c”3*(a + b*x)~(1/2)*(axc”3
+ a"3%c - 2*%a~2%c”2)7(1/2)*2i + a"3xc*(a + b*x)"(1/2)*(a*xc”3 + a~3*c - ...

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 677, normalized size of antiderivative = 6.98

1
dz = Too large to displa;
l/xﬁm+hx+Vo+M) & PRy

input \ int (1/x/ ((bxx+a) = (1/2)+(b*x+c) ~(1/2)) ,x)




output
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( - 2xsqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c)

+ sqrt(a + b*xx))/sqrt(2*sqrt(c)*sqrt(a) - a - c))*a - 2*sqrt(c)*sqrt(a)*sq
rt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(2#
sqrt(c)*sqrt(a) - a - c))*c - 4*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt
(b*x + c) + sqrt(a + b*x))/sqrt(2xsqrt(c)*sqrt(a) - a - c))*a*c - 2*sqrt(a
)xsqrt(a - c)*sqrt( - a + c)*atan((sqrt(a + b*xx)*sqrt(b*x + c)*a - sqrt(a
+ b*x)*sqrt(b*x + c)*c + a**x2 + a*bxx - a*c - b*cxx)/(sqrt(a)*sqrt(a - c)*
sqrt(b*x + c)*sqrt( - a + c) + sqrt(a)*sqrt(a + b*x)*sqrt(a - c)*sqrt( - a
+ c)))*a + 2+sqrt(a)*sqrt(a - c)*sqrt( - a + c)*atan((sqrt(a + b*x)*sqrt(
bxx + c)*a - sqrt(a + b*x)*sqrt(b*x + c)*c + a**2 + a*bxx - axc - bkc*x)/(
sqrt(a)*sqrt(a - c)*sqrt(b*x + c)*sqrt( - a + c) + sqrt(a)*sqrt(a + b*x)*s
grt(a - c)*sqrt( - a + c)))*c - 2xsqrt(b*x + c)*ax*2 + 2xsqrt(b*x + c)*a*c
- sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sqr
t(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a - sqrt(c)*sqrt(a)*sqrt(2*s
grt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c
) + sqrt(a + b*x))*c + sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log
(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a + sqrt
(c)*sqrt(a)*sqrt (2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2x*sqr
t(c)*sqrt(a) + a + c) + sqrt(a + b*x))*c + 2ksqrt(2*sqrt(c)*sqrt(a) + a +
c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))...




output

input
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1

3.5 f 22 (va+bz++v/c+bx) dx

Optimal result . . . . . . . . . . .. [72]
Mathematica [A] (verified) . . . . . . . . . ... L L 72
Rubi [A] (verified) . . . . . . ... . 73
Maple [A] (verified) . . . . . . . . .. 74
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 75
Sympy [F] . . . o [76]
Maxima [F] . . . . . . o 76
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 76
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... i
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 78]

Optimal result

Integrand size = 25, antiderivative size = 103

/ 1 dm__\/a+bx Ve + bz
z? (Va+ bz + Vc+ br) (@—cz  (a-oz
Ja¥bs Nz
- barctanh<7> barctanh(T)
Vala—o) (a= o

‘-(b*x+a)“(1/2)/(a-c)/x+(b*x+c)“(1/2)/(a-c)/x-b*arctanh((b*x+a)“(1/2)/a“(1/
2))/a~(1/2)/(a-c)+b*arctanh ((b*x+c)~(1/2)/c~(1/2))/(a-c)/c~(1/2)

Mathematica [A] (verified)

Time = 1.70 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.82

/ 1 dx
22 (Va+ bz + Vc + bz)

vaye(—va+ bz + e+ bx) +b\/— (Va— \/E)2marctan (‘/‘”’T Vetb

(Va—ve)®

) - b\/— (va+ y/e) 'z arcta

va(a—c)yex

LIntegrate [1/(x"2x(Sqrt[a + b*x] + Sqrtlc + b*x])),x]
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Output‘(Sqrt[a]*Sqrt[c]*(—Sqrt[a + bxx] + Sqrtlc + bxx]) + bxSqrt[-(Sqrt[a]l - Sqr
‘t[c])”2]*x*ArcTan[(Sqrt[a + bxx] - Sqrtlc + bxx])/Sqrt[-(Sqrtl[a] - Sqrtlc]
‘)‘2]] - bxSqrt[-(Sqrt[a] + Sqrtlcl) "2]*x*ArcTan[(Sqrt[a + b*x] - Sqrtlc +
‘b*x])/Sqrt[-(Sqrt[a] + Sqrt[c])~2]1)/(Sqrt[al*(a - c)*Sqrt[c]*x)

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.93,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 15, Ryjes

integrand size
used = {2529, 51, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ dx
22 (Va+bz + vbz +c)
| 2529
‘%¥%$_f1%@M
a—c a—c

| 51

1 1 Vatb 1 1 N

§b‘fﬂcx/a-i-bﬂcdx_ aﬂ? i _ 5bfacx/c—i-bacdx_ Z:C €

a—c a—c
| 73
[ dyaTle— Vo [ 1 o Vi
b b _ T T8 "%
a—c a—c
| 221
_tarctanh(YeR) s sarctanh(VFE)
va z Ve e
a—c a—c
inputLInt [1/(x~2%(Sqrt[a + bxx] + Sqrtlc + bxx])),x] J
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| (-(Sqrtla + b*x]/x) - (bxArcTanh[Sqrt[a + b*x]/Sqrtl[all)/Sqrtlal)/(a - ¢)
‘- (-(Sqrtlc + b*x]/x) - (b*ArcTanh[Sqrt[c + b*x]/Sqrtlc]]l)/Sqrtlcl)/(a - c
D |

output

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, ¢, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1),
x_Symbol] :> Simp[-d/(e*x(b*c - a*d))  Int[u*Sqrtl[a + b*x], x], x] + Simpl[
b/ (fx(b*xc - a*d))  Int[uxSqrtlc + d*x], x], x] /; FreeQ[{a, b, c, 4, e, f}
,» X] && NeQ[b*c - a*xd, 0] && EqQ[b*e~2 - d*f~2, 0]

rule 2529

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.85

method | result size
br+ bz+c
o[ — VbrTa B arctanh( jE a ) o[ — VBaTe 3 arctanh( Ve )
2zb 2v/a 2zb 2y/c
default — — — 88
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input |int (1/x°2/ ((b*x+a)~(1/2)+(b*x+c)~(1/2)) ,x,method=_RETURNVERBOSE)

‘2/(a—c)*b*(-1/2*(b*x+a)‘(1/2)/x/b-1/2/a‘(1/2)*arctanh((b*x+a)‘(1/2)/a“(1/2
‘)))-2/(a—c)*b*(—1/2*(b*x+c)‘(1/2)/x/b—1/2/c‘(1/2)*arctanh((b*x+c)‘(1/2)/0‘
L(i/g))) J

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 387, normalized size of antiderivative = 3.76

1
dz
/z2 (Va+ bz + Vc+ bz)
Vabez log <bx+2 Y bx;l—a\/a—i-Za) + aby/cz log <bx_2 > ba:l—cﬁ—i—Zc) + 2+/bzx + aac — 2+/bzx + cac

2 (a%c — ac®)z

2 ab\/—cz arctan ( v/—c ) + v/abczx log <b$+2 . bz:—a\/a+2a> + 2/bx + aac — 2+/bx + cac 2+/—abcx

)

Vbx+c
- )

2 (a%c — ac®)z

inputLintegrate(l/x‘2/((b*x+a)*(1/2)+(b*x+c)*(1/2)),x, algorithm="fricas") J

[-1/2%(sqrt (a) *b*xc*x*log((bxx + 2*sqrt(bxx + a)*sqrt(a) + 2*a)/x) + axbxsq
rt(c)*x*log((b*x — 2xsqrt(b*x + c)*sqrt(c) + 2*xc)/x) + 2*sqrt(b*x + a)*a*c
- 2*sqrt(b*x + c)*axc)/((a"2*c - axc™2)*x), -1/2*(2*axb*sqrt(-c)*x*arctan
(sqrt(-c)/sqrt(bxx + c)) + sqrt(a)*bxcxxxlog((b*x + 2*sqrt(b*x + a)*sqrt(a
) + 2%a)/x) + 2*sqrt(b*x + a)*a*c - 2*ksqrt(b*x + c)*a*xc)/((a"2xc - a*xc™2)x*
x), 1/2%(2*sqrt(-a)*b*c*x*arctan(sqrt(-a)/sqrt(b*x + a)) - a*bxsqrt(c)*x*1l
og((bxx - 2*sqrt(b*x + c)*sqrt(c) + 2xc)/x) - 2xsqrt(b*x + a)*a*c + 2xsqrt
(b*x + c)*axc)/((a"2xc - a*c™2)*x), (sqrt(-a)*bxc*x*arctan(sqrt(-a)/sqrt(b
*x + a)) - a*bxsqrt(-c)*x*arctan(sqrt(-c)/sqrt(b*x + c)) - sqrt(b*x + a)*a
*c + sqrt(bxx + c)*axc)/((a"2%c - axc™2)*x)]

output
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Sympy [F]

1 1
/x2 (Va+bz + e+ bz) dx:/x2 (Va+ bz + Vbz + c) dz

input 1EtegTate (1/xxx2/ ((brxta) vk (1/2)+(bxxrc) x+(1/2)) ,x) J
output LIntegral(l/ (x*%2% (sqrt(a + b*x) + sqrt(b*x + c))), x) J
Maxima [F]
/ L dr = / L dx
22 (Va+ bz + Vc + bx) z?(Vbz + a + Vb + ¢)
input tintegrate (1/x~2/ ((bxx+a) " (1/2)+(b*x+c)~(1/2)) ,x, algorithm="maxima") J

-

output

Lintegrate(l/(x’?*(sqrt(b*x + a) + sqrt(b*x + c))), x)

-/

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1190 vs. 2(87) = 174.

Time = 2.01 (sec) , antiderivative size = 1190, normalized size of antiderivative = 11.55

input L

1
dx = Too large to displa;
/xz(\/a+bx+\/c+bx) & PRy
integrate(1/x72/((b*x+a)~(1/2)+(b*x+c)~(1/2)) ,x, algorithm="giac") J




output

input
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/b*arctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*(a - c)) + (2x(a*c”™2 + sqrt(axc

)*c~2)*(a - c) 2xbxsgn(2*a - 2xc) + 2*(axc”2 + sqrt(axc)*axc)*(a - c) ~2*b

+ (a™2%c™2 - 2*%axc”3 + c”4 + (a”2*c - 2*xa*c”2 + c~3)#*sqrt(a*c))*b*abs(a -

c)*sgn(2xa - 2%c) + (a”™3*%c - 2%a"2*c”2 + a*c”3 + (a”"2%c - 2%a*c”2 + c"3)*s
grt(a*xc))*b*xabs(a - c) - (a™4*c - a”3%c™2 - a™2%c”3 + a*c™4 + (a"3*c - a”2
*C"2 - axc”3 + c”4)*sqrt(a*xc))*b*sgn(2*a - 2xc) - (a“4xc - a"3*c"2 - a"2%*c
"3 + axc™4 + (a”4 - a"3xc - a"2%c”2 + a*xc”3)*sqrt(a*c))*b)*arctan(-(sqrt(b
*x + a) - sqrt(bxx + c))/sqrt(-(a”2 - ¢™2 + sqrt((a™2 - ¢72)72 - (a”3 - 3%
a~2%c + 3*a*c”2 - ¢c"3)*(a - ¢)))/(a - ¢)))/((sqrt(-a)*a~4xc - a~4*sqrt(-c)
*Cc - 4xsqrt(-a)*a”~3*c”2 + 4*a”3*sqrt(-c)*c”2 + 6*sqrt(-a)*a~2*c”3 - 6%a”2*
sqrt(-c)*c~3 - 4*sqrt(-a)*a*c™4 + 4xaxsqrt(-c)*c”4 + sqrt(-a)*c~5 - sqrt(-
c)*c”B)*abs(a - c)) - (2x(axc™2 + sqrt(a*xc)*c”2)*(a - c) "2*bxsgn(2*a - 2%*c
) - 2%(a*c”2 - sqrt(axc)*a*xc)*(a — c)"2xb + (a"2*%c™2 - 2%axc”™3 + c™4 + (a~
2xc - 2%a*xc”2 + c~3)*sqrt(axc))*b*abs(a - c)*sgn(2*a - 2%c) - (a"3*c - 2*a
“2%c”2 + axc”3 - (a"2%c - 2*axc”2 + c~3)*sqrt(axc))*b*abs(a - c) - (a4x*c

- a™3%c”2 - a"2%c”3 + axc™4 - (a"3xc - a"2*c”2 - a*c”3 + c"4)*sqrt(a*xc))*b
*xsgn(2*a - 2xc) + (a"4*c - a”3%c”2 - a”2%c”3 + a*c”4 + (a”4 - a"3*%c - a"2x%
c”2 + axc”3)*sqrt(a*c))*b)*arctan(-(sqrt(b*x + a) - sqrt(b*x + c))/sqrt(-(
a™2 - ¢”2 - sqrt((a”2 - ¢72)72 - (a”3 - 3*a"2*c + 3*axc”2 - c"3)*(a - ¢©)))
/(a - ¢)))/((sqgrt(-a)*a~4*c - a~4xsqrt(-c)*c - 4*sqrt(-a)*a~3*c”2 + 4x*a...

Mupad [B] (verification not implemented)

Time = 40.89 (sec) , antiderivative size = 2642, normalized size of antiderivative
25.65

1
dz = Too large to displa;
/xz(\/a+bw+\/c+bx) & PRy

-

N\

int (1/(x"2%((a + b*x)~(1/2) + (c + b*x)~(1/2))),x)




CHAPTER 3. LISTING OF INTEGRALS

output

(bxatan(((b*(axc~(1/2) + a~(1/2)*c)*((a~(1/2)*c~(3/2) - 2*axc + a”~(3/2)*c”
(1/2))*(2*%a*c + a~(1/2)*c”(3/2) + a~(3/2)*c”(1/2)))~(1/2)*((a~3*bxc~(7/2)
- a~(7/2)*bxc”3 - a~2*%b*c~(9/2) + a~(9/2)*bxc~2)/(a"3*%c”5 - 2*%a~4*xc”4 + a~
5xc”3) + (((a + b*x)~(1/2) - a~(1/2))*(2*a~(3/2)*b*c”5 - 2*xa~b*b*c~(3/2) +
2%a~4xbxc~(5/2) - 2*a”~(5/2)*b*c"4))/(2*((c + b*x)~(1/2) - c~(1/2))*(a"3*c
"5 - 2xa"4xc”4 + a~5xc”3)) - (bx(axc”(1/2) + a~(1/2)*c)*((a~(5/2)*c~(11/2)
- a~(7/2)*c~(9/2) - a~(9/2)*c~(7/2) + a~(11/2)*c~(5/2))/(a~3*c”™5 - 2%a~4x*
c”4 + a”b5%c”3) - (((a + b*x)~(1/2) - a~(1/2))*(4*a"2*xc"6 - 12*a~3*c”5 + 16
*a~4xc™4 - 12*%a”b*c”3 + 4*a”6*c”2))/(2*x((c + b*x)~(1/2) - c~(1/2))*(a"3*c~
5 - 2%xa~4xc”4 + a~5%c”3)))*((a~(1/2)*c~(3/2) - 2*axc + a~(3/2)*c~(1/2))*(2
*xaxc + a~(1/2)*c~(3/2) + a~(3/2)*c~(1/2)))~(1/2))/(2x(2xa~2*c~3 - 2*a~3*c”
2 + a~(3/2)*%c™(7/2) - a~(7/2)*c~(3/2))))*1i) /(2% (2%a~2%c~3 - 2%a~3*c”™2 + a
~(3/2)*c™(7/2) - a~(7/2)*c~(3/2))) + (b*(a*xc™(1/2) + a~(1/2)*c)*((a~(1/2)*
c~(3/2) - 2xa*c + a~(3/2)*c”(1/2))*(2*axc + a~(1/2)*c~(3/2) + a~(3/2)*c~ (1
/2)))"(1/2)*((a"3*bxc~(7/2) - a~(7/2)*bxc~3 - a~2xbxc~(9/2) + a~(9/2)*bxc”
2)/(a™3*%c™5 - 2*a~4*c”4 + a"5*c”3) + (((a + b*x)~(1/2) - a~(1/2))*(2*a~(3/
2)*b*xc~5 - 2%a~5xb*c~(3/2) + 2%a~4*b*xc~(5/2) - 2%a~(5/2)*b*c~4))/(2x((c +
b*x)~(1/2) - c~(1/2))*(a~3%c™5 - 2%a~4xc™4 + a~5%c~3)) + (bx(axc~(1/2) + a
~(1/2)xc)*((a~(6/2)*c~(11/2) - a~(7/2)*c~(9/2) - a~(9/2)*c~(7/2) + a~(11/2
)*c~(5/2))/(a~3%c™5 - 2%a~4*c”4 + a~5%c”3) - (((a + b*x)~(1/2) - a~(1/2...

r

inputt

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 488, normalized size of antiderivative = 4.74

L/“ 1 dx
22 (Va+ bz + Ve + bx)

—%/Eﬁ%%/&ﬁ—a—catan(%’;j;% Vi’f:i) abx—2\/E\/E\/2\/E\/c_z—a—catan<

int (1/x72/ ((b*x+a) ~(1/2)+ (b*x+c) ~(1/2)) ,x)

|

Vbx+c++vbxr+a Z
\/24/cv/a—a—c



output
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( - 2xsqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c)
+ sqrt(a + bxx))/sqrt(2*sqrt(c)*sqrt(a) - a - c))*axb*x - 2xsqrt(c)*sqrt(a
)*sqrt (2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqr
t(2*sqrt(c)*sqrt(a) - a — c))*bxc*x - 4xsqrt(2xsqrt(c)*sqrt(a) - a - c)*at
an((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(2*sqrt(c)*sqrt(a) - a - c))*a*bxc*
x + 2xsqrt(b*x + c)*ax*2xc - 2*sqrt(b*x + c)*axc**x2 - sqrt(c)*sqrt(a)*sqrt
(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a

+ c) + sqrt(a + b#*x))*axbxx - sqrt(c)*sqrt(a)*sqrt(2xsqrt(c)*sqrt(a) + a
+ c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + bx*x))*
bxcxx + sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c)
+ sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + bxx))*a*xbxx + sqrt(c)*sqrt(a)
*sqrt (2¢sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a
) + a + c) + sqrt(a + b*x))*bxc*x + 2*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(
sqrt(b*x + c) - sqrt(2xsqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*axbkcxx -

2xsqrt (2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt
(a) + a + ¢) + sqrt(a + b*x))*axbkckx - 2xsqrt(a + b*x)*ax*2*c + 2*sqrt(a
+ bkx)*axc**2)/(2*%axckx* (a*x*2 — 2%akxc + c*x*2))

N
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2
x
3.6 f (\/a+ba:-|-\/c+bx)2 dz

Optimal result . . . . . . . . .. . . .
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...,
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 25, antiderivative size = 228

z? (a+c)z® bxt
/ 5 dr =
(Va+ bz + Vc+ bz) 3la—c)?  2(a—c)?
(4ac — 5(a + ¢)?) vVa + bzv/c+ bx
a 32b%(a —¢)
N (4ac — 5(a + c)?) (a + bx)*?\/c + bx
16b3(a — c)?
5(a + ¢)(a + bx)*?(c + bx)>/?
123(a — ¢)?
z(a + bx)>?(c + bx)>/?
- 2b%(a — ¢)?
(4ac — 5(a + ¢)?) arctanh(‘é%)
B 3203

1/3*x(a+c) *x~3/(a-c) "2+1/2xb*xx~4/ (a-c) "2-1/32% (4*a*c-5* (a+c) ~2) * (b*x+a) ~ (1/
2) * (b*x+c) ~(1/2) /b~3/ (a-c) +1/16%* (4*a*xc-5* (a+c) ~2) * (b*x+a) ~(3/2) * (bxx+c) ~ (1
/2)/b"3/(a-c) "2+5/12* (a+c) * (b*xx+a) ~(3/2) * (b*x+c) ~(3/2) /b~3/(a-c) "2-1/2*x*(
b*xx+a) ~(3/2) * (b*xx+c) ~(3/2)/b~2/(a-c) ~2-1/32* (4*a*c-5*(a+c) ~2) *arctanh ( (b*x
+a)~(1/2)/ (b*x+c)~(1/2))/b"3

output

N




input L

output
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Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.82

72
/ 5 dr =
(Va+ bz + Vc+ bz)
va+ bxvc+ bx(15a® + 15¢® — 10bc*z + 8b*cx? + 48b3z® — a®(Tc + 10bz) + a(—7c% + 4bcx + 8b*x?
B 9663 .

Integrate[x~2/(Sqrt[a + b*x] + Sqrtl[c + b*x])~2,x] J

-1/96x(Sart[a + bxx]*Sqrt[c + b*x]*(15%a~3 + 15%xc™3 - 10%b*c™2xx + 8%b~2xc
*X"2 + 48%b"3*x"3 - a"2x(Txc + 10%b*x) + ax(-7*c™2 + 4xb*c*x + 8%b~2*x"2))
- 16*%(-c™4 + 2%b~3*c*x"3 + 3*b"4*x74 + 2*a*x(c”3 + b"3*%x73)) + 3*(a - ¢c)"2
*(5*xa~2 + 6*xaxc + bkc~2)*Log[Sqrt[a + bxx] - Sqrtlc + b*x]]1)/(p"3*(a - c)~
2)

Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.90,

number of rules _ 080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z2 p
/ (\/a—i-bnlc-l—\/balc—i-c)2 ’

| 7240
[ (2b2® + (a + c)z® — 2V/a + bav/c + bxz?) dz
(@a—c)?
| 2009

(a—c)? (4ac—5(a+c)2)arctanh( \/%) 5(a+c) (a+bx)3/2(bx+c)3/2 (4ac—5(a+c)2)(a+bm)3/2\/ bx+c (a—c) (4ac—5(a+c)2)\ﬁ
— 3263 + 1263 + 1663 — 3263
(a—c)?
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input ‘ Int[x~2/(Sqrt[a + b*x] + Sqrtlc + b*x])~2,x]

(((a + c)*x~3)/3 + (b*x"4)/2 - ((a - c)*(4*xaxc - b*(a + c)~2)*Sqrtla + b*x
I*Sqrt[c + b*x])/(32%b"3) + ((4*axc - 5x(a + c)"2)*(a + bxx)~(3/2)*Sqrt(c

+ bxx])/(16%b~3) + (5x(a + c)*(a + b*x)~(3/2)*(c + bxx)~(3/2))/(12%b~3) -

(x*x(a + b*x)~(3/2)*(c + bxx)~(3/2))/(2%b"2) - ((a - c)"2*(4xa*xc - 5x(a + c
)~2)*ArcTanh[Sqrt[a + b*x]/Sqrt[c + b*x]])/(32%b~3))/(a - c)~2

output

Defintions of rubi rules used

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7240 ImEL@_D*((e_)*Sqrtl(a_.) + (b_)*(x)~(a_.)] + (f_.)*Sqrtl(c_.) + (d_.)*
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt[a + b*x"n] - f*Sqrtlc + d*x"nl)"m, x], x], x] /; FreeQ[{a, b, c

, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*xe~2 - d*f~2, 0] \

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 604, normalized size of antiderivative = 2.65

method | result

Vbz+a+bz+c <96 csgn(b)z3b3 V222 +-abz+bcr+ac+16 csgn(b)x?a b2v/b2x2+abx+bex+

azx’ cx’ bt
default 3(a—c)? + 3(a—c)? + 2(a—c)? o

input Lint (x~2/ ((b*x+a)~(1/2)+(b*x+c)~(1/2))~2,x,method=_RETURNVERBOSE) J
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1/3/(a-c) "2*a*x~3+1/3/(a-c) "2*c*x~3+1/2%b*x"4/(a-c) "2-1/192/ (a-c) "2* (b*x+a
)~ (1/2) * (bxx+c) ~(1/2) * (96*csgn (b) *x~3*b~3* (b~ 2*x~2+ax*bxx+b*ckx+axc) ~(1/2)+
16*csgn (b) *x~2*a*b~ 2% (b~2*xx~2+a*b*x+b*kcxx+axc) ~(1/2)+16*csgn(b) *x~2*b~2*c*
(b™2%x~2+a*b*x+b*c*x+akxc) ~(1/2) -20* (b~ 2*x~2+a*b*x+b*c*kx+axc) ~(1/2) *csgn(b)
*xx*a”~2xb+8* (b~ 2*x~2+axb*x+b*ckx+akxc) ~(1/2) *csgn (b) *x*a*xb*c-20% (b~2*x~2+a*b
*xx+b*ckx+axc) ~(1/2)*csgn(b) *x*bxc~2+30* (b~2*x~2+axb*x+b*cxx+a*c) ~(1/2) *csg
n(b) *a~3-14* (b~2*x"2+a*b*x+b*cxx+a*xc) ~(1/2) *csgn (b) ¥*a~2%c—14* (b~ 2*x "~ 2+a*bx*
x+b*ckx+axc) " (1/2) *csgn(b) *a*c~2+30* (b~ 2xx~2+axbxx+b*ckx+axc) ~(1/2)*csgn (b
)*c~3-15x1n(1/2* (2% (b~ 2%x~2+a*b*x+b*ckx+a*c) ~ (1/2) *csgn (b) +2*b*x+a+c) *csgn
(b)) *a~4+12%1n(1/2% (2% (b~ 2*x"2+a*b*x+b*cxx+a*c) ~(1/2) *csgn (b) +2xb*x+a+c) *c
sgn (b)) *a~3xc+6+1n(1/2% (2% (b~2xx~2+a*b*x+b*cxx+a*c) ~(1/2) *csgn (b) +2xb*xx+a+
c)*csgn(b) ) *xa~2+c”2+12*%1n (1/2* (2% (b~ 2*x~2+a*bkx+b*c*x+axc) ~ (1/2) *csgn(b) +2
xb*x+a+c)*csgn(b))*a*c~3-15%1n(1/2*% (2% (b~ 2*x~2+axb*x+b*c*x+a*xc) ~(1/2) *csgn
(b) +2*b*x+a+c) *csgn(b))*c~4) *csgn(b) /b~3/ (b~ 2*x~2+a*b*x+b*c*x+a*xc) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.86

72
b/} 5 dx

(Va+bz + e+ bz)
_ 96b*z* + 64 (ab® 4 bPc)z® — 2 (48b°2° + 150% — Ta’c — Tac? +15¢° + 8 (ab® + b%c)z® — 2 (5a°b — 2 al
B 192 (a2b3

e hY

input integrate (x~2/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2))"2,x, algorithm="fricas")

1/192%(96%b~4*x"4 + 64%(a*xb™3 + b~3*c)*x"3 - 2% (48*b~3*%x~3 + 15*xa”~3 - T*a"
2%c - T*a*xc”2 + 15xc”3 + 8*(a*b”2 + b"2*c)*x"2 - 2x(5*a”~2%b - 2*a¥b*c + 5x
b*c”2) *x) *sqrt (b*x + a)*sqrt(b*x + c) - 3*(5*a”4 - 4*a”3%c - 2*xa"2%c”2 - 4
*a*xc”™3 + b5xc”4)*log(-2%b*x + 2*sqrt(b*x + a)*sqrt(b*x + c) - a - c))/(a"2%
b"3 - 2*a*b~3*c + b~3*c"2)

output




CHAPTER 3. LISTING OF INTEGRALS 84

Sympy [F]

/ z* 2dx=/ @’ 5 dx
(Va+ bz + Vc+ b) (Va+ bz + Vbz + )

input Lintegrate (xxx2/ ((bxx+a)** (1/2)+(bxx+c) *x(1/2)) *x2,x) J
output LIntegral(x**Q/(sqrt (a + b*x) + sqrt(b*x + c))**2, x) J
Maxima [F]
/ z* 5 dr = / v 5 dx
(Va+ bz + Vc+ b) (Vbz + a+ Vbz + )
input 1ntegrate (x"2/ ((bxx+a)~(1/2)+(bxx+tc)"(1/2))72,x, algorithn="naxina") |
output Lintegrate(x‘Q/(sqrt (b*x + a) + sqrt(bxx + c))"2, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 795 vs. 2(194) = 388.

Time = 0.16 (sec) , antiderivative size = 795, normalized size of antiderivative = 3.49

2
/ ad 5 dr = Too large to display
(Va+ bz + vc+ bz)

input Lintegrate (x~2/ ((bxx+a) " (1/2)+(bxx+c)~(1/2))~2,x, algorithm="giac") J




output

input
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-1/96%((2x(4x(b*x + a)*(6%(a~5*xb~3 - 5*a~4*b~3*c + 10*a~3*b~3*c~2 - 10*a~2
*b~3*%c”3 + 5*axb"3*%c”4 - b~ 3*c”5)*(b*x + a)/(a"7*b"4 - T*a~6xb"4xc + 21xa”
5%b"4*c”2 - 3b*xa"4xb"4xc~3 + 35*%a”3*%b"4*c"4 - 21%a"2%b"4*c”5 + T*axb"4*c”6
- b74*c”7) - (17*a"6*%b"3 - 86*a~5*%b"3*c + 175*%a"4*xb~3*c”2 - 180*a~3*b~3*c
3 + 95%a~2xb"3*%c"4 - 22%a*b"3*%c”5 + b"3*c”"6)/(a"7*b"4 - T*a"6xb~4dxc + 21x*
a~b*b"4*c”2 - 3b5*%a"4xb"4*c”3 + 3b*%a”"3*¥b"4*c"4 - 21k%a"2%¥b"4*kc”5 + T*axb"4kc
"6 - b74*c”7)) + (59*%a"7*b"3 - 301*a"6xb"3*c + 615%a”5*%b"3*c”2 - 625*xa~4x*b
~3%c~3 + 305%a”~3*b~3%c”~4 - 39*a~2%b"3*c”5 - 19%a*b~3*c”6 + 5xb~3%c”7)/(a"7
*¥b"4 - T*a"6*xb"4*c + 21*%a"b¥b"4*kc"2 - 3b*xa"4*¥b"4xc”3 + 35%a"3*%b"4xc"4 - 21
*¥a"2*%b"4xc”5 + Txaxb~4*c"6 - b74*c”7))*(bxx + a) - 3*x(5*a"8%b"3 - 24*a”T7*xb
“3%c + 44%a"6*xb"3*%c”2 - 40*%a"5*b"3*%c”3 + 30*%a"4*b"3*%c”4 - 40*%a"3*xb"3*xc”~5 +
44%a”~2*%b"3*c”6 - 24*a*b~3*c”7 + 5*%b~3*c”8)/(a"7*b~4 - T*a~6%b~4*c + 21*a”
5%b"4*c”2 - 3b*%xa~4xb~4xc”3 + 35*%a”3*%b"4*c"4 - 21%a"2%b"4*%c”5 + T*axb"4*c”6
- b74x*c”7))*sqrt(b*x + a)*sqrt(b*x + c) + 3*%(5*a"2 + 6%axc + 5*c”2)*log(a
bs(-sqrt(b*x + a) + sqrt(b*x + c)))/b - 16*%(3*(b*x + a)~4 - 10*(b*x + a)~3
*a + 12x(b*x + a)”2%a”2 - 6x(b*x + a)*a~3 + 2x(b*x + a)~3*c - 6*(bxx + a)”
2¥axc + 6x(b*x + a)*a~2*c)/(a"2*b - 2*axbxc + b*xc”2))/b"2

Mupad [B] (verification not implemented)

Time = 157.41 (sec) , antiderivative size = 1358, normalized size of antiderivative =
5.96

2
/ ad 5 dr = Too large to display
(Va+bz+ e+ ba)

Lint(x“2/((a + b*x)~(1/2) + (c + b*x)~(1/2))"2,%)
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(x"3%(a + ¢))/(3x(a - ¢)"2) - ((((a + b*x)~(1/2) - a~(1/2))"15%((3*a*xc)/8
+ (6%xa”2)/16 + (5%xc~2)/16))/(b73*((c + b*x)~(1/2) - c~(1/2))"15) + (((a +
b*x)~(1/2) - a~(1/2))"3*%((23*%a*xc~3)/12 + (23*a~3*c)/12 - (115*xa~4)/48 - (1
16%c™4) /48 + (349%a~2*c~2)/8))/(((c + b*x)~(1/2) - c~(1/2))"3*%(a"2*b"3 + b
~3%c”2 - 2*a*b”3*c)) + (((a + b*x)~(1/2) - a~(1/2))"13*%((23*a*xc~3)/12 + (2
3*a~3xc) /12 - (115%a~4)/48 - (115%c~4)/48 + (349*a~2%c~2)/8))/(((c + b*x)~
(1/2) - c~(1/2))"13*x(a"2%b"3 + b~3*c”2 - 2*xa*b~3*c)) + (((a + b*x)~(1/2) -
a~(1/2))°5%((3917xa*xc~3) /12 + (3917*a~3*c)/12 + (383*a~4)/48 + (383%c~4)/
48 + (7279*%a"2xc~2)/8))/(((c + b*x)~(1/2) - c~(1/2))"5*(a"2*b"3 + b~3*c~2
- 2xa*xb”3*c)) + (((a + b*x)~(1/2) - a~(1/2))"11%x((3917*a*c~3)/12 + (3917*a
~3%c)/12 + (383*%a~4)/48 + (383%c~4)/48 + (7279*a"2*xc~2)/8))/(((c + b*x)~(1
/2) - ¢c~(1/2))"11*(a"2*%b"3 + b~3*c”2 - 2*a*xb”3*c)) + (((a + b*x)~(1/2) - a
~(1/2))°7*((17567*a*xc~3) /12 + (17567*a"~3*c)/12 + (2789*a~4)/48 + (2789*c~4
)/48 + (28213*a~2xc~2)/8))/(((c + b*x)~(1/2) - c~(1/2))"7*(a"2*b"3 + b~ 3*c
~2 - 2*xaxb~3*c)) + (((a + b*x)~(1/2) - a~(1/2))"9*((17567*a*xc~3)/12 + (175
67*a~3*c) /12 + (2789*a"4)/48 + (2789*c~4)/48 + (28213*a"2%c~2)/8))/(((c +
b*x)~(1/2) - ¢c~(1/2))79%(a"2*b"3 + b"3*%c"2 - 2*a*b~3*c)) + (((a + b*x)~(1/
2) - a~(1/2))*((3*a*xc)/8 + (5*%a~2)/16 + (5*xc~2)/16))/(b"3*%((c + b*x)~(1/2)
- c~(1/2))) - (a~(1/2)*c~(1/2)*(192*a*xc~2 + 192*xa~2xc)*((a + b*x)~(1/2) -
a~(1/2))74)/(((c + b*x)~(1/2) - c~(1/2))"4%(a"2*xb~3 + b~3*c™2 - 2xaxb~...

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 408, normalized size of antiderivative = 1.79

72
u/j 5 dx

(Va+ bz + Vc+ bz)

—120v/bx + a bz + ca® + 80v/bx + a bz + ca’bx + 56v/bx + a Vbx + ca’c — 64/bz + a/bx + ca

input | 10t (x72/ ((b*x+a)~ (1/2)+(b*x+c)~(1/2))72,%)




output
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( - 120*sqrt(a + b*x)*sqrt(b*x + c)*ax*3 + 80*sqrt(a + bxx)*sqrt(bxx + c)*

ax*2xbxx + 56*sqrt(a + bxx)*sqrt(b*x + c)*a*x*2*c - 64xsqrt(a + b*x)*sqrt(b
*X + c)*axbxx2*x*k*2 - 32*sqrt(a + b*x)*sqrt(b*x + c)*a*bxc*x + b6*sqrt(a +
b*x) *sqrt (b*x + c)*axc**2 — 384*sqrt(a + b*x)*sqrt(b*x + c)*b**3*x**3 - 6
4xsqrt(a + b*xx)*sqrt(b*x + c)*b**2*ckx**2 + 80*sqrt(a + b*x)*sqrt(b*x + c)
*xb*xc**x2%x — 120*sqrt(a + b*xx)*sqrt(b*x + c)*c**3 + 120x1log((sqrt(b*x + c)
+ sqrt(a + bxx))/sqrt(a - c))*a*x4 - 96xlog((sqrt(b*x + c) + sqrt(a + b*x)
)/sqrt(a - c))*ax*3*c - 48xlog((sqrt(bxx + c) + sqrt(a + bxx))/sqrt(a - c)
)xa*xx2kcx*2 — 96%log((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(a - c))*akc**3 +
120%1og((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(a - c))*cxx4 - 25*ax*x4 + 68+
a*x3kC + 42ka**kkck*2 + 256xaxbkx3kx*k*x3 + G8kakck*3 + 384xbkkdxxx*4 + 256%
bx*3xckx**x3 — 26kc*k*4)/(768*b**3*(a**x2 — 2kaxc + c**x2))




outpu
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3.7 [—= 4
. 2 a:
(Va+bz++vc+bz)

Optimalresult . . . . . . . . .. . .. 8]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 89
Rubi [A] (verified) . . . . . . . . . . ]9
Maple [C] (verified) . . . . . . . . . ... 90
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... OT]
Sympy [F] . . . o OT]
Maxima [F] . . . . . . o e 92
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 92
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 93
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ 93]
Optimal result

Integrand size = 23, antiderivative size = 165

T (a + c)z? 2bx3 (a+ c)Va + brvc+ bx
g do = 2 T 2 = 2
(Va+bz + v+ bz) 2(a—c)*  3(a—c) 4b*(a —c)
N (a+c)(a+bx)*?/c+ bz
2b%(a — ¢)?
2(a + bz)¥2(c + bz )?/? (a+ c)arctanh(\/iv‘zmﬁ)
B 3b%(a —¢)? - 4b?

t‘1/2*(a+c)*x“2/(a—c)”2+2/3*b*x“3/(a—c)“2—1/4*(a+c)*(b*x+a)“(1/2)*(b*x+c)”(1
‘/2)/b‘2/(a-c)+1/2*(a+c)*(b*x+a)“(3/2)*(b*x+c)“(1/2)/b“2/(a-c)“2-2/3*(b*x+a
‘)‘(3/2)*(b*x+c)‘(3/2)/b‘2/(a—c)‘2-1/4*(a+c)*arctanh((b*x+a)‘(1/2)/(b*x+c)“
(1/2))/b72
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Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.81

/ L dz
(Va+bz+Ve+ba)’

2(c+bzx) (—3ac+c2+3abr—ber+4b2 2 Va+bz/c+bzx(3a2+3c2 —2bcr—8b2x2 —2a(c+bx
— S +(ajc)2 - : + 5 et (a—c)? et + 3(a + C) log (\/a + bz — \/C +b
B 1262

-

input LIntegrate [x/(Sqrt[a + b*x] + Sqrt[c + b*x])~2,x]

-/

‘ ((2%(c + bxx)*(-3*a*c + c™2 + 3*axbxx - b*c*x + 4*b~2%x72))/(a - ¢c)"2 + (S \
‘grtla + bxx]*Sqrtlc + bxx]*(3%a™2 + 3xc™2 - 2¥bkcxx - 8%b™2%x"2 - 2%ax(c + |
‘ bxx)))/(a - ¢c)~2 + 3*(a + c)*Log[Sqrt[a + b*x] - Sqrtlc + b*x]]1)/(12*b"2) ‘

output

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.92,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ x 5 dx
(Va+ bz + Vbz +c)
l'7240
[ (2b2% + (a + )z — 2v/a + bzv/c + bzz) do
(a—c)?

l 2009
(a?—c?)vaFbavbare (a—09%(a+oarctanh(VEEE) o 48200032 | (ate)(atbe)®PViETe | 1.2 b2’
- 157 - 2 - 362 + 552 +32°(a+co) + 55

(@ —c)?
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input‘ Int[x/(Sqrtla + b*x] + Sqrtlc + b*x])"2,x] |

output (((a + ©)*x™2)/2 + (2#bxx"3)/3 = ((a"2 - c"2)*Sqrtla + baxlaSartlc + bax])
/(4%b72) + ((a + c)*(a + b¥xx)~(3/2)*Sqrtlc + b¥x])/(2%b72) - (2%(a + bxx)"
‘(3/2)*(0 + b*x)~(3/2))/(3*%b"2) - ((a - c)"2*(a + c)*ArcTanh[Sqrt[a + bx*x]/

\Sqrt[c + b*x]1)/(4%b"2))/(a - c)"2

Defintions of rubi rules used

ruk32009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7240‘Int[(u--)*((e_-)*Sqrt[(a_-) + (b_)*(x)"(@_)] + (f_)*Sqrtl(c_.) + (d_.)* |
‘(x_)“(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”™2 - c*f72)"m  Int[ExpandIntegran ‘
'd[u/(exSqrtla + bxx"n] - £*Sqrtlc + d*x"n])°m, x], x], x] /; FreeQ[{a, b, ¢

, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*xe~2 - d*f~2, 0] \

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 431, normalized size of antiderivative = 2.61

method | result

Vbz+a+bz+c (16 csgn(b)z2b?Vb2x2+abz+bex+act+4vVb2x2+abz+bex+ac csgn(b)zab+

2 2 2bz3
default 2(:_0;)2 + 2(:_00)2 + 3(a—xc)2

inputLint(x/((b*x+a)‘(1/2)+(b*x+c)‘(1/2))“2,x,method=_RETURNVERBOSE) J
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1/2xx72/ (a-c) "2*a+1/2xx~2/ (a-c) "2xc+2/3*b*x~3/ (a-c) "2-1/24/ (a-c) ~2* (b*x+a)
~(1/2) % (b*x+c) " (1/2) * (16*csgn (b) *x~2xb~2* (b~ 2*x~2+a*b*x+bxcxx+a*xc) ~ (1/2) +4
* (b~ 2*x"2+axb*x+b*cxx+a*xc) ~(1/2) *csgn (b) *x*axb+4* (b~ 2*x~2+axb*x+b*c*kx+a*c)
~(1/2) *csgn(b) *x*bxc—-6% (b~2%x~2+a*b*x+b*c*x+a*xc) ~(1/2) *csgn(b) ¥a~2+4* (b~ 2%
X" 2+axbxx+bxckx+axc) " (1/2) *csgn(b) *a*xc-6% (b~2*x~2+axb*x+b*c*x+a*xc) ~(1/2)*c
sgn(b) *c~2+3*1n (1/2* (2% (b~2*x~2+axbxx+b*c*x+axc) ~(1/2) *csgn (b) +2*b*x+a+c) *
csgn(b))*a~3-3*1n(1/2% (2% (b~ 2*x~2+a*xb*x+b*ckx+axc) ~ (1/2) *csgn(b) +2*b*x+a+c
)*csgn (b)) *a~2+c-3*1n(1/2* (2* (b~ 2*x~2+axb*x+b*ckx+axc) ~(1/2) *csgn (b) +2xb*x
+a+c)*csgn (b)) *axc™2+3*1n(1/2* (2x (b~ 2*x~2+a*bxx+b*ckx+axc) ~(1/2) *csgn(b) +2
*b*x+a+c)*csgn(b) ) *c~3) *csgn(b) /b~2/ (b~ 2*x~2+a*b*x+b*ckx+a*c) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.90

T
L/‘ 5 dT
(Va+bz + e+ bz)
_ 166%% + 12 (ab® 4 bPc)2? — 2(8b°2® — 3a® + 2ac — 3% + 2 (ab + be)z)Vbx + avbr + ¢ + 3 (a® — a’c
B 24 (a?h? — 2 ab?c + b*c?)

input‘integrate(x/((b*X+a)”(1/2)+(b*X+C)”(1/2))”2,x, algorithm="fricas")

‘1/24*(16*b“3*x“3 + 12%(a*b”2 + b™2*c)*x"2 - 2% (8*xb"2*xx"2 - 3*%a”2 + 2*axc -
‘ 3xc”2 + 2x(a*b + b*c)#*x)*sqrt(b*x + a)*sqrt(b*x + c) + 3*x(a”3 - a™2*%c - a
\*c‘z + ¢”3)*log(-2*b*x + 2*sqrt(b*x + a)*sqrt(b*x + c) - a - c))/(a"2*b"2
|- 2*a*b™2%c + b"2%c"2)

output

Sympy [F]

y/‘ ° de::b/‘ ° 5 dx
(Va+ bz + vc+ bz) (Va+ bz + bz +c)

e hY

input integrate (x/ ((bxx+a)**(1/2)+(bxx+c) **(1/2) ) ¥*2,x)
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Output‘ Integral(x/(sqrt(a + b*x) + sqrt(b*x + c))**2, x)

Maxima [F]

/ i 2dx=/ z 5 dT
(Va+ bz + Vc+ b) (Vbz + a+ Vbz + )

e hY

integrate (x/ ((b*x+a) ~(1/2) +(b*x+c) ~(1/2))"2,x, algorithm="maxima")

N J

input

Output‘integrate(x/(sqrt(b*x + a) + sqrt(b*x + ¢))"2, x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 445 vs. 2(137) = 274.

Time = 0.14 (sec) , antiderivative size = 445, normalized size of antiderivative = 2.70

/ d 5 dr =
(Va+ bz + Vc+ bz)

9 (b + 4 (a®b2—3 a2b%c+3 ab?c?—b2c?) (br+a) 7 a*b?2—22 a3b%c+24 a?b%c? —10 ab2c3 b2t 3 (a®?
Xz a) a®b3—5a%b3¢c+10a3b3c2—10a2b3c3+5 ab3ci—b3c®  aPb3—b5atb3c+10a3b3c2—10 a2b3c3+5 abdci—b3cd a®b3—

e hY

integrate (x/ ((b*x+a)~(1/2)+(b*x+c)~(1/2))"2,x, algorithm="giac")

N\ J

input

-1/12x((2x(b*x + a)*(4*%(a"~3*b~2 - 3*a~2%b~2%c + 3*a*b~2%c~2 - b~2*c~3) * (b*
x + a)/(a”5*xb"3 - 5*%a”4*xb"3*c + 10*%a~3*b"3*c”2 - 10*a~2*b"3*c~3 + 5xaxb~3*
c™4 - b~3%c”5) - (7*a~4%b"2 - 22*a~3*b"2xc + 24*a”~2*xb"2*c”2 - 10*a*b”~2*c”3
+ b~2%c"4)/(a"5*%b"3 - 5*xa~4*b"3*kc + 10*%a”~3*b"3*%c”2 - 10*a~2*%b~3*%c~3 + 5*a
*b"3%c"4 - b"3*%c”5)) + 3*%(a"5xb"2 - 3*%a"4xb"2*c + 2%xa~3*b"2%c"2 + 2*a”~2%b”
2xc”3 - 3*a*b”"2*c”4 + b~2*c"5)/(a"5*b"3 - b*a~4*b~3*c + 10*a~3*b"3*c"2 - 1
0*xa~2xb~3*c”3 + b*axb"3*c"4 - b~3*c”5))*sqrt(b*x + a)*sqrt(b*x + c) - 3x(a
+ c)*log(abs(-sqrt(b*x + a) + sqrt(b*x + c)))/b - 2x(4*(b*x + a)~3 - 9*(b
*X + a)”2*a + 6*%(bxx + a)*a"2 + 3k(b*x + a)~2*c - 6*x(b*x + a)*axc)/(a"2*b

- 2%axb*c + b*c~2))/b

output
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Mupad [B] (verification not implemented)

Time = 79.64 (sec) , antiderivative size = 1012, normalized size of antiderivative = 6.13

x
dx = Too large to display
/ (Va+bz+Ve+bz)’

input‘ int(x/((a + b*x)~(1/2) + (c + b*x)~(1/2))"2,%) ‘

((((a + b*x)~(1/2) - a~(1/2))*(a/2 + c/2))/(b"2*x((c + b*x)~(1/2) - c~(1/2)
)) + (((a + b*x)~(1/2) - a~(1/2))"11x(a/2 + c/2))/(b~2x((c + b*x)~(1/2) -
c~(1/2))"11) - (((a + b*x)~(1/2) - a~(1/2))"3*%((101*a*xc~2)/2 + (101*a~2*c)
/2 + (17%a~3)/6 + (17*c~3)/6))/(((c + bxx)~(1/2) - c~(1/2))"3*x(a"2*b"2 + b
~2%c”2 - 2%xa*xb”2*c)) - (((a + b*x)~(1/2) - a~(1/2))"9*%((101*axc~2)/2 + (10
1¥a~2xc) /2 + (17*a~3)/6 + (17*c”3)/6))/(((c + b*x)~(1/2) - c~(1/2))"9*(a~2
*b~2 + b™2%c”2 - 2%a*b”2*xc)) - (((a + b*xx)~(1/2) - a~(1/2))"5%(269*%a*xc™2 +
269%a~2xc + 19*%a”3 + 19%c~3))/(((c + b*x)~(1/2) - c~(1/2))"5*(a"2*%b"2 + b
~2%c”2 - 2%a*xb”"2xc)) - (((a + b*x)~(1/2) - a~(1/2))"7*(269*%a*xc™2 + 269*a"2
*c + 19%a”~3 + 19*%c”3))/(((c + b*x)~(1/2) - c~(1/2))"7*(a"2%b"2 + b"2*c"2 -
2%a*xb~2%c)) + (16%a~(3/2)*c™(3/2)*((a + b*x)~(1/2) - a~(1/2))"2)/(((c + b
*x)~(1/2) - ¢~ (1/2))"2*%(a"2*b"2 + b~2*%c"2 - 2*a*xb"2xc)) + (16*xa~(3/2)*c” (3
/2)*((a + b*x)~(1/2) - a~(1/2))710)/(((c + b*x)~(1/2) - c~(1/2))"10x(a"~2*b
"2 + bT2%c”2 - 2*a*b”2%c)) + (a”(1/2)*c”(1/2)*((a + b*x)~(1/2) - a~(1/2))"
4% (192%a*c + 64*a~2 + 64*xc”2))/(((c + b*x)~(1/2) - c~(1/2))"4x(a"2%b"2 + b
“2xc”2 - 2xaxb~2xc)) + (a~(1/2)*c”(1/2)*((a + b*xx)~(1/2) - a~(1/2))~8x(192
*xaxc + 64%a”2 + 64xc”2))/(((c + b*x)~(1/2) - c~(1/2))"8*(a"2%b"2 + b~2*c"2
- 2%axb~2%c)) + (a~(1/2)*c”™(1/2)*((a + b*x)~(1/2) - a~(1/2))"6x((1312*a*c
)/3 + 128*%a”2 + 128%c"2))/(((c + b*x)~(1/2) - ¢~ (1/2))"6x(a~2*xb"2 + b~ 2*c”
2 - 2xaxb~2%c)))/((15%((a + b*x)~(1/2) - a~(1/2))"4)/((c + b*x)~(1/2) -...

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.70

x
b/‘ 5 dx
(Va+bz + e+ bz)
12¢/bz + a bz + ca® — 8Vbzx + a bz + cabx — 8V/bzx + a bz + cac — 32vbx + a Vbx + cb?x? — 84
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input‘ int (x/ ((b*x+a) ~(1/2)+(b*x+c) ~(1/2))~2,x)

output

(12*sqrt(a + b*x)*sqrt(b*x + c)*ax*2 - 8+sqrt(a + b#*x)*sqrt(b*x + c)*axb*x
- 8xsqgrt(a + b*x)*sqrt(b*x + c)*a*c - 32*ksqrt(a + b*x)*sqrt(b*x + c)*b**2
xx**2 — 8*sqrt(a + b*x)*sqrt(b*x + c)*bxcxx + 12*sqrt(a + b*x)*sqrt(b*x +
c)*c*x2 - 12+log((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(a - c))*a**3 + 12xlo
g((sqrt(bxx + c) + sqrt(a + b*x))/sqrt(a - c))*ax*2xc + 12xlog((sqrt(b*x +
c) + sqgrt(a + b*x))/sqrt(a - c))*axc**2 - 12xlog((sqrt(b*x + c) + sqrt(a
+ bxx))/sqrt(a - c))*cx*3 + ax*3 — Oxa*xx2kc + 24*xaxbx*2kx**2 — Okaxckx2 +
32%bkx3kx*x3 + 24%bkk2kckx**2 + ckx3)/(48*b**2k (a*x*2 - 2kaxc + C**2))
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1

3.8 f (\/a+ba:+\/c+bx)2 dz

Optimalresult . . . . . . . . .. . .. O5]
Mathematica [A] (verified) . . . . . . . .. ... L Lo 95
Rubi [A] (verified) . . . . . . . . . . 96
Maple [B] (verified) . . . . . . . . . .. 9T
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 98]
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 98
Maxima [F] . . . . . . o e 99
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 99
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 100
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ T00!

Optimal result

Integrand size = 21, antiderivative size = 63

/ 1 dr = (a—c)? .\ arctamh(%)
(Va+tz+VeFta) 8b (Va + bz + Ve + bx)" 2b

N

" ‘{1/8* (a-c)~2/b/ ((b*x+a) ~(1/2)+(b*x+c) ~(1/2)) ~4+1/2*arctanh ((b*x+a) ~(1/2)/ (b ‘
L*X+c)“(1/2))/b J

outpu

Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.30

/ 1
5 dx
(Va+ bz + vc+ bz)
__ 2(a+bz)(ct+bx) + Va+bz/c+bz(a+ct2bx) + lOg (\/a T bz — \/C ¥ bl')

(a—0)? (a—0)?

2b

input LIntegrate [(Sqrt[a + b*x] + Sqrtlc + bxx])~(-2),x] J
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‘-1/2*((-2*(a + bxx)*(c + b*x))/(a - c)72 + (Sqrtla + b*x]*Sqrtlc + b*x]l*(a

output ‘
L + c + 24bxx))/(a - ¢c)~2 + Log[Sqrt[a + bxx] - Sqrt[c + b*x]])/b J

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.68,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 95 Ryjes
integrand size

used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 5 dx
(Va+ bz + Vbz + )
l 7240
a—+c+ 2bx — 2v/a + bxvc+ bx) dx
J( % v

(@ —c)?

l 2009

(a_c)2arctanh(\/‘%) + (a—c)vatbzvbztc (a—}-bm)s/zv bz+c
2b b

55 + z(a + c) + bz?
(a—c)?

-

Int[(Sqrt[a + b*x] + Sqrtlc + b*x])~(-2),x]

| —

input L

(@ + c)¥x + bxx™2 + ((a - c)*Sqrt[a + bxx]*Sqrtlc + bxx])/(2xb) - ((a + b
*¥x)~(3/2)*Sqrt[c + b*x])/b + ((a - c)~2*ArcTanh[Sqrt[a + bxx]/Sqrtlc + b¥x
11)/(2%0))/(a = ©)"2 |

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7240 ImEL@_)*((e_)*Sqrtl(a_.) + (b_)*(x)~(a_.)] + (f_.)*Sqrtl(c_.) + (d_)*
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt[a + bxx"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c

, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*xe~2 - d*f~2, 0] \

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(51) = 102.

Time = 0.01 (sec) , antiderivative size = 184, normalized size of antiderivative = 2.92

method | result

1 1 2
b be+b
(ab—bc)+/(bz+a)(bz+c) ln(ifa 30t z+\/b23v2-

(—ab4be) Vbz+cvbzta _ Vb2
b 2bv/bz+cVbxz+a V b2

3
2 Vbz+a (bz+c)2
2b

4b

za zc z%b
default ad? + oo + oo

(a—c)

-

input Lint (1/ ((b*x+a)~(1/2)+(b*x+c) ~(1/2)) "2, x ,method=_RETURNVERBOSE)

. ]

Output‘x/(a—c)‘2*a+x/(a—c)‘2*c+x"2/(a—c)‘2*b—2/(a—c)‘2*(1/2/b*(b*x+a)“(1/2)*(b*x+
| ©)7(3/2)-1/4% (—axb+bkc) /b* (1/bx (bxx+c) ™ (1/2) * (b¥x+a) " (1/2)-1/2% (axb-bxc) /b |
‘ * ((bxx+a) * (bxx+c)) ~(1/2) / (b*x+c) ~(1/2) / (b*x+a) ~(1/2) *1n((1/2*a*xb+1/2%b*c+b ‘
‘ ~2xx) / (b~2) " (1/2) +(b~2*x~2+ (a*b+b*c) *x+axc) ~(1/2))/(b"2)"(1/2))) ‘
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(51) = 102.

Time = 0.08 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.63

/ 1
5 dx
(Va+ bz + Vc+ bz)
4b%2? — 2(2bz + a + c)Vbz + avbz + ¢ + 4 (ab + be)z — (a® — 2ac + ) log (—2 bz + 2vbz + av/bz -
4 (a?b — 2 abc + bc?)

-

Lintegrate (1/ ((b*x+a) ~(1/2)+(bxx+c)~(1/2))"2,x, algorithm="fricas")

-/

input

‘1/4*(4*b‘2*x‘2 - 2%(2*b*x + a + c)*sqrt(b*x + a)*sqrt(bxx + c) + 4*(a*b + ‘
‘b*c)*x - (272 - 2xaxc + c"2)*log(-2*b*x + 2*sqrt(b*x + a)*sqrt(b*x + c) - ‘
\a - c))/(a"2xb - 2*xa*bxc + b*c"2) \

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 388 vs. 2(48) = 96.

Time = 0.47 (sec) , antiderivative size = 388, normalized size of antiderivative = 6.16

/

2a log (\/a+bx+\/bx+c) + a + 4bz log (\/a-{—ba:—i-\/bz—i-c) + 2
4ab+-8b2x4-4bc+8bva+bxv/bx+c 4ab4-8b2x+-4bc+8bva+bxv/bx+c 4ab4-8b2x+-4bc+8bv/a+bxv/bx+c 4ab+-8b2x+4bc+-8bv/a+b

(Va+v/e)

fnput ‘ integrate (1/ ((b*x+a)*x(1/2)+(b*x+c)**(1/2) ) **2,x)
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Piecewise((2*a*log(sqrt(a + bxx) + sqrt(b*x + c))/(4xa*b + 8*bx*2xx + 4*b*
c + 8xb*sqrt(a + bxx)*sqrt(b*x + c)) + a/(4*a*xb + 8%b**2%x + 4xb*c + 8xb*s
grt(a + bxx)*sqrt(b*x + c)) + 4xb*xxlog(sqrt(a + b*x) + sqrt(b*x + c))/(4*
axb + 8*b**2%x + 4xb*c + 8xb*sqrt(a + b*x)*sqrt(b*x + c)) + 2%b*xx/(4*axb +
8xb**2xx + 4xbxc + 8*bxsqrt(a + b*x)*sqrt(b*x + c)) + 2xc*log(sqrt(a + bx
x) + sqrt(b*x + c))/(4*axb + 8*bx*2xx + 4*bxc + 8xb*sqrt(a + b*x)*sqrt(b*xx
+ c)) + c/(4xa*xb + 8xb**2*x + 4xb*c + 8xb*sqrt(a + b*x)*sqrt(b*x + c)) +
4xsqrt(a + bxx)*sqrt(b*x + c)*log(sqrt(a + b*x) + sqrt(b*x + c))/(4*axb +

8*b**2%x + 4xb*c + 8%b*sqrt(a + b*xx)*sqrt(b*x + c)), Ne(b, 0)), (x/(sqrt(a
) + sqrt(c))**2, True))

output

Maxima [F]

/ 1 2dx=/ 1 5 dT
(Va+bz + Ve + bz) (Vbz + a + Vb + ¢)

inputLiﬂtegrate(l/((b*x+a)“(1/2)+(b*X+C)“(1/2))“2,X, algorithm="maxima") J

e

tintegrate((sqrt(b*x + a) + sqrt(b*x + c))~(-2), x)

~—

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 189 vs. 2(51) = 102.

Time = 0.13 (sec) , antiderivative size = 189, normalized size of antiderivative = 3.00

/ ! dr =
(Va+bz+Ve+ba)

1 2 (ab — be)(bz + a) a’b — 2 abc + bc®
2 Ve +avibe +c (a3b2 —3a?b’c+ 3ab?c? — v?c3  ab? — 3ab’c+ 3ab’c? — b?c3
L (et a)’ — (bx +a)a+ (bx +a)c log (|-vbz +a+ Vb +c¢|)
a?b — 2 abc + bc? 2b

-

inputLintegrate(l/((b*x+a)‘(1/2)+(b*x+c)“(1/2))“2,x, algorithm="giac") J
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-1/2*sqrt (b*x + a)*sqrt(b*x + c)*(2+(a*b - b*c)*(b*x + a)/(a"3*b~2 - 3*a”2
*b~2%c + 3*a*b~2%c”2 - b"2*%c”3) - (a"2%b - 2*axb*c + b*c"2)/(a"3*%b"2 - 3*a
~2xb72xc + 3*axb"2*%c”2 - b2%c"3)) + ((b*x + a)”2 - (b*x + a)*a + (b*x + a
)*c)/(a"2%b - 2%axb*c + bxc”™2) - 1/2xlog(abs(-sqrt(b*x + a) + sqrt(b*x + c
)))/b

output

Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.75

/ 1 dz— bz? 2_|_:B(a—|—c2)
(Va+bz +Vc+bz) (a—c) (a—c)
In(a+c+2va+brve+bz+2bz) (ab—bc)
* 463 (a —c)?
2va+bzve+bz (% + 22He)
. (a0

s

Lint(l/((a + b*x)~(1/2) + (c + b*x)~(1/2))"2,x%)

~—

input

‘(b*x*Q)/(a -c)”2 + (xx(a + ©))/(a - c)”2 + (log(a + c + 2x(a + b*x)"(1/2) ‘
(¥(c + b¥x)7(1/2) + 2¥bxx)*(a¥b - bkc)"2)/(4%b"3%(a - c)72) - (2x(a + bxx)~
(1/2)*(c + b*x)~(1/2)*(x/2 + (a*b + b*c)/(4*b~2)))/(a - c)~2

N J

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 176, normalized size of antiderivative = 2.79

/ 1 5 dx
(Va+bz + e+ bz)
—4vbz + a bz + ca — 8Vbzx + a+/bx + cbx — 4\/b:r:—l-cL\/b:c—l—cc—i—él;log(—”””:;:T Vf”“) a’® — 810g<-’

8b (a? — 2ac + ¢?)

inputLint(l/((b*x+a)‘(1/2)+(b*x+c)*(1/2))~2,X) J
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output ( - 4xsqrt(a + b*x)*sqrt(b*x + c)*a - 8*sqrt(a + bx*x)*sqrt(b*x + c)*bxx -

4xsqrt(a + bxx)*sqrt(bxx + c)*c + 4xlog((sqrt(b*x + c) + sqrt(a + b*x))/sq
rt(a - c))*a*xx2 - 8+log((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(a - c))*a*c +
4x1log((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(a - c))*c**2 + a**2 + 8xaxb*x
+ 6%axc + 8*bkx*x2kx*x*x2 + 8kbkxckx + c*x*x2)/(8*bkx(a**2 - 2xakxc + cx*2))
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39 L dx

x(\/a+bw+\/c+bx)2
Optimalresult . . . . . . . . .. . .. 102
Mathematica [A] (verified) . . . . . . . .. ... L Lo 103
Rubi [A] (verified) . . . . . . . . . . 103
Maple [C] (verified) . . . . . . . . . ... 104
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1051
Sympy [F] . . . o
Maxima [F] . . . . . . o e 106
Giac [A] (verification not implemented) . . . . . ... ... ... L. 106
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 107
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ 108!

Optimal result

Integrand size = 25, antiderivative size = 133

1 2oz 2vVa+bzyVet+be
3 dx = 2 2
z (Va+bz + e+ bx) (@=) @9

2(a + c)arctanh(%)

_ (a—op

vtz

4\/5\/E{:urctanh(ya @) (a + c)log(z)

- 2 2

(a—c) (a—c)

t‘2*b*x/(a—c)‘2—2*(b*x+a)‘(1/2)*(b*x+c)‘(1/2)/(a—c)‘2—2*(a+c)*arctanh((b*x+a
)7(1/2)/ (bxx+c)~(1/2))/ (a-c) ~2+4%a™ (1/2) *c™ (1/2) *arctanh (¢~ (1/2) * (b¥x+a) " (
L1/2)/a*(1/2)/(b*x+C)“(1/2))/(a-C)“2+(a+0)*ln(X)/(a-c)‘2 J

outpu
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Mathematica [A] (verified)

Time = 0.43 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.03

/ ! dz
z (Va+ bz + \/c-l-bgr:)2
_ log (vay/c+ bz — va + bxv/c + bx)
) (Va+ve)’
+2(c+bx— Va+bzve+bx) + (\/E+\/E)210g (vVay/c — bz + va + bzv/c + ba)

(@ —c)?

input LIntegrate [1/(x*(Sqrt[a + b*x] + Sqrtlc + b*x])~2),x] J

output ‘ Log[Sqrt[al*Sqrt[c] + b*x - Sqrt[a + b*x]*Sqrt[c + b*x]]/(Sqrt[a]l + Sqrtlc ‘
‘ 1)°2 + (2x(c + b*x - Sqrt[a + b*x]*Sqrt[c + bxx]) + (Sqrt[a] + Sqrtlcl)~2* ‘
‘ Log[Sqrt[al*Sqrt[c] - b*x + Sqrt[a + b*x]*Sqrtlc + b*x]]1)/(a - ¢)~2

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.80,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ac(\/a+ba:+\/bac+c)2 4
| 7240
J (26— R/otml/ette 4 ate) gy
(a—c)?

l 2009
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—2(a + c)arctanh( ﬁ%) + 4\/6\/Earctanh($\/7”aﬁﬁ) —2va + bzvbx + ¢+ (a + c)log(z) + 2bz

(@ —c)?

input LInt [1/(x*(Sqrt[a + b*x] + Sqrtlc + bxx])~2),x] J

‘ (2*%bxx - 2xSqrt[a + b*x]*Sqrtlc + b*x] - 2%(a + c)*ArcTanh[Sqrt[a + b*x]/S ‘
‘qrt [c + b*x]] + 4*Sqrt[al*Sqrt[c]l*ArcTanh[(Sqrt[c]*Sqrt[a + b*x])/(Sqrt[a] ‘
#Sqrtlc + bxxD)] + (a + c)*Loglx])/(a - ¢)"2 |

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7240‘In'c[(u_.)*((e_-)*Sqr‘c[(a_.) + (b_)*(x_)"(n_.)] + (£_.)*Sartl(c_.) + (d_.)* ‘
‘(x_)*(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”2 - c*f"2)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt[a + b*x"n] - f£*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c ‘
, d, e, £, n}, x] & ILtQ[m, O] && EqQ[b*e~2 - d*f~2, 0] |

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.94

method | result

e F T ey
Vbr+a+/bz+c | 2In ( abatbezt2/ac b2zz+abz+bcz+ac+2ac csgn(b)ac—2+/ac vVb%2z2+abr+
default aln(z) cln(z) + 2bx +
2

(a—9)® ' (a—0)® ' (a—0)

input Lint (1/x/ ((b*x+a)~(1/2)+(b*x+c)~(1/2))~2,x,method=_RETURNVERBOSE) J
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1/(a-c) "2*a*1n(x)+1/(a-c) "2*c*1n(x)+2*b*x/ (a-c) ~2+1/(a-c) "2* (bxx+a) ~(1/2) *
(b*x+c) = (1/2) * (2*¥1n ((axb*x+b*c*xx+2% (axc) ~(1/2) * (b~2*%x~2+axb*x+b*c*x+axc) ~(
1/2)+2xa*c) /x) *csgn(b) *a*c—2* (a*c) " (1/2) *(b~2*x"2+axb*x+b*c*kx+a*xc) ~(1/2) *c
sgn(b)-(a*xc) " (1/2)*1n(1/2* (2% (b~2*x~2+a*b*x+b*kcxx+axc) ~(1/2) *csgn (b) +2xb*x
+atc) *csgn(b))*a-(a*xc) ~(1/2) *1n(1/2* (2% (b~ 2*x~2+a*b*x+b*ckx+axc) ~(1/2) *csg
n(b) +2*b*x+a+c) *csgn(b) ) *c) *csgn(b) / (axc) ~(1/2) / (b~2*x"2+a*b*x+b*c*x+a*c) ~
(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 290, normalized size of antiderivative = 2.18

D/Q ! 5 dx
z (Va+bz+ e+ bx)
2bz + (a + c)log (—2bz + 2vbz + avbr + c —a — ¢) + (a + ¢) log (z) + 2 y/aclog (2“26+2“2+2(2“+

a?—2ac+c2

input Lintegrate (1/x/ ((b*x+a) ~(1/2) +(b*x+c)~(1/2))~2,x, algorithm="fricas") J

[(2*¥b*x + (a + c)*log(-2*b*x + 2xsqrt(b*x + a)*sqrt(b*x + c) - a - c) + (a
+ c)xlog(x) + 2ksqrt(axc)*log((2*a~2*%c + 2%a*c™2 + 2% (2%a*c + sqrt(a*c)*(
a + c))*sqrt(bxx + a)*sqrt(b*x + c) + (a”2%b + 2*axb*c + bxc™2)*x + 2% (2*a
*c + (a*b + bxc)*x)*sqrt(axc))/x) - 2xsqrt(b*x + a)*sqrt(b*x + c))/(a"2 -
2xa*c + c72), (2xb*x + (a + c)*log(-2*b*x + 2xsqrt(b*x + a)*sqrt(b*x + c)
- a-c) + (a+ c)*log(x) - 4xsqrt(-axc)*arctan(-(sqrt(-a*c)*b*x - sqrt(-a
xc)*sqrt (b*x + a)*sqrt(b*x + c))/(a*c)) - 2*sqrt(b*x + a)*sqrt(b*x + c))/(
a~2 - 2*axc + c”2)]

output
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Sympy [F]

/ 1 dac=/ 1 dx
x(\/a+b:c+\/c+bx)2 z(\/a+bx+\/bx+c)2

input tintegrate (1/x/ ((bkx+a) % (1/2) + (bkx+c) ** (1/2) ) %%2, x)

output LIntegra1(1/(x*(sqrt (a + b*x) + sqrt(b*x + c))**2), x)

Maxima [F]

/ L de:/ 1 5 dx
z (Va+ bz + ¢+ br) z(vVbr + a+ Vbz + ¢)

input Lintegrate (1/x/ ((b*x+a)~(1/2)+(b*x+c)~(1/2))"2,x, algorithm="maxima")

output‘ integrate(1/(x*(sqrt(b*x + a) + sqrt(b*x + c))~2), x)

Giac [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.46

(\/ br+a—+/ bac+c) 2 —a—c
4 gcarctan ( PN )

1
/z(\/a+bz+\/c—l—bz)2dx_ (a2 —2ac + c?)v/—ac
2(a®> — 2ac+ A)Vbr + avbr + ¢
a* —4a3c+6a%c? —4acd + ¢
(a+c)log ((\/bx+a — \/b$+c)2>

+ a? —2ac+ c?
n (a + c¢)log (|bx|) + 2(bx +a)
a? —2ac+c? a2 —2ac+ c?
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inputLintegrate(l/x/((b*x+a)“(1/2)+(b*x+c)“(1/2))”2,x, algorithm="giac")

output 4xaxcxarctan(1/2*((sqrt(b*x + a) - sqrt(b*x + c))~2 - a - c)/sqrt(-axc))/(
(2”2 - 2xa*c + c"2)*sqrt(-a*xc)) - 2*%(a”2 - 2xa*c + c~2)*sqrt(b*x + a)*sqrt
(bxx + c)/(a”4 - 4%a~3%c + 6%a”2%c”2 - 4*a*c”3 + c”4) + (a + c)*log((sqrt(
b*x + a) - sqrt(b*x + c))~2)/(a”2 - 2*a*xc + c~2) + (a + c)*log(abs(b*x))/(
a”2 - 2xaxc + c72) + 2*%(bxx + a)/(a”2 - 2*axc + c”2)

Mupad [B] (verification not implemented)

Time = 31.33 (sec) , antiderivative size = 524, normalized size of antiderivative = 3.94

/
2 dSC

2bx I (\/a+bm—\/_+1> ( dc 2 >
(a—c) Ve+bx —4/c (a—c)? a—c
(Vatba—va)’ (da+dc) (Vatba—va) (da+de) 16+ ye(Vatba—va)®
(\/7 ) (a2—2ac+c?) (Vetbz—v/c) (a2 —2ac+c?) (m—ﬁ)z(a2—2ac+02)
(Vatbe—va)' _ 2(Vatbe—va)®
(Vetba—ve)"  (Verba—ve)’

atbz—+/a Vatbz—+/a
2 1n< ctba—y/c _1> @+¢)  In(z) (a+ec) 2\/_\/_111( Ve+ba— \/a>

+1

" (a—c)® a’?—2ac+H c? (a —c)?
a (Va+bz—+/a) c(Va+bz—+/a) \f\f(\/a+bx—f
2\/5\/51“< erheve ~ VoOVet T (Vetba—ve)’ )
2ac+ c?

input Lint(l/(x*((a + b*x)"(1/2) + (c + b*x)~(1/2))"2),%) J
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(2¥b*x)/(a - c)”2 - log(((a + b*x)~(1/2) - a~(1/2))/((c + b*x)~(1/2) - c~(
1/2)) + 1)*((4%c)/(a - )72 + 2/(a - c)) - ((((a + b*x)~(1/2) - a~(1/2))"3
*x(4%a + 4%c))/(((c + bxx)~(1/2) - c~(1/2))73%(a"2 - 2*%a*c + c72)) + (((a +
bxx)~(1/2) - a~(1/2))*(4*a + 4*c))/(((c + bxx)~(1/2) - c~(1/2))*(a"2 - 2%
axc + c72)) - (16xa~(1/2)*c~(1/2)*((a + b*x)~(1/2) - a~(1/2))"2)/(((c + bx
x)~(1/2) - c~(1/2))"2x(a"2 - 2*a*xc + c¢~2)))/(((a + b*x)~(1/2) - a~(1/2))"4
/((c + b*x)~(1/2) - c~(1/2))74 - (2*((a + b*x)~(1/2) - a~(1/2))"2)/((c + b
*x)~(1/2) - c~(1/2))72 + 1) + (2xlog(((a + b*x)~(1/2) - a~(1/2))/((c + b*x
)7(1/2) - c7(1/2)) - Dx*(a + c))/(a - )72 + (log(x)*(a + c))/(a"2 - 2xa*c
+ ¢c72) + (2xa~(1/2)*c”(1/2)*1log(((a + b*x)~(1/2) - a~(1/2))/((c + b*x)~(1
/2) - c~(1/2))))/(a - )72 - (2*a~(1/2)*c”(1/2)*1log((ax((a + bxx)~(1/2) -

a~(1/2)))/((c + bxx)~(1/2) - c~(1/2)) - a~(1/2)*c~(1/2) + (c*((a + b*x)~(1
/2) - a~(1/2)))/((c + b*x)~(1/2) - c~(1/2)) - (a~(1/2)*c”(1/2)*((a + b*x)~
(1/2) - a~(1/2))72)/((c + bxx)~(1/2) - c~(1/2))"2))/(a"2 - 2%axc + c~2)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 345, normalized size of antiderivative = 2.59

J/ 1
5 dx
z (Va+ bz + vc+ bx)
—2\/bx+a\/bm—|—c—2\/5\/C_zlog<\/bx+c— \/2\/5\/5+a+c+\/bx+a) —2\/5\/c_zlog<\/bx+c—

e

int (1/x/ ((bxx+a) = (1/2)+(b*x+c)~(1/2))~2,x)

~—

input L
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( - 2xsqrt(a + b*x)*sqrt(b*x + c) - 2xsqrt(c)*sqrt(a)*log(sqrt(b*x + c) -

sqrt (2xsqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x)) - 2*sqrt(c)*sqrt(a)*log(s
grt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x)) + 2*sqrt(c
)*sqrt(a) *log(2*sqrt(a + b*x)*sqrt(b*x + c) + 2xsqrt(c)*sqrt(a) + 2*b*xx) +
log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a +

log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*c + 1
og(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a + lo
g(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*c + log
(2xsqrt(a + b*x)*sqrt(b*x + c) + 2*sqrt(c)*sqrt(a) + 2*b*x)*a + log(2*sqrt
(a + bxx)*sqrt(bxx + c) + 2xsqrt(c)*sqrt(a) + 2xbxx)*c - 4*log((sqrt(b*x +
c) + sqrt(a + b*x))/sqrt(a - c))*a - 4xlog((sqrt(b*x + c) + sqrt(a + b*x)
)/sqrt(a - c))*c + a + 2%b*xx + c)/(ax*2 - 2xa*c + c**2)

output




output
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3.10 | L 7 dz
22 (va+bz++v/c+bx)

Optimalresult . . . . . . . . .. . .. 110}
Mathematica [A] (verified) . . . . . . . .. ... L Lo 110
Rubi [A] (verified) . . . . . . . . . . 11
Maple [C] (verified) . . . . . . . . . ... 112
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 113l
Sympy [F] . . . o 113
Maxima [F] . . . . . . o e 114
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 114
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 115
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ 116!

Optimal result

Integrand size = 25, antiderivative size = 141

/

1

z? (Va+br+Ve+ bx)2

dr =

Vetbr

bz A4barctanh (—V“H’w>

+

_ a+tc +2\/a+bx\/c+
(a—c)%x (@—c)z (a—c)?
cva+bx
2b(a + c)arctanh<£\/cim> 2blog(x)
Va(a —c)%y/c (@a—c)?

e

A\

-(at+c)/(a-c)~2/x+2*(b*x+a) " (1/2) *(b*x+c) ~(1/2) /(a-c) ~2/x-4*b*xarctanh ( (b*x+

‘ a)~(1/2)/ (bxx+c)~(1/2))/(a-c) ~2+2xb* (a+c) *arctanh(c~(1/2) * (bxx+a) ~(1/2)/a~
‘ (1/2)/ (bxx+c)~(1/2))/a~(1/2)/(a-c)~2/c” (1/2) +2*b*1n(x) / (a-c) "2

Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.91

/

1

dz

z? (Va+ bz + \/c+bx)2

2b(a+c)a.I'Cta.Ilh<_b’”+— Ludh o )

ay/e

Vaye

a+c—2bx—2+/a+bzx+/c+bxr—2bx log (bm (a+c+2bz—2\/a+bx\/ c+bac) )
T

(a@—c)?
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input ‘ Integrate[1/(x~2*(Sqrt[a + b*x] + Sqrtlc + b*x])"2),x] ‘

utput ‘ ((2#b*(a + c)*ArcTanh[(-(b*x) + Sqrt[a + b*x]*Sqrtl[c + b*x])/(Sqrt[a]*Sqrt ‘
' [c1)1)/(Sqrtlal*Sqrtlc]) - (a + c - 2#bkx - 2#Sqrt[a + b¥x]*Sqrtlc + bkx]
|- 2xb¥x*Log[b*x*(a + ¢ + 2¥bkx - 2*Sqrt[a + bxx]*Sqrtlc + b¥x1)1)/x)/(a -
‘c)‘z ‘

O

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.81,

number of rules _
integrand size 0.080, Rules

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 5 dx
z? (Va + bz + vbz + ¢)
l 7240
f(%_zﬁﬁ%ﬁﬂz+%¥)h
(a—cp
l 2009
2b(a+c)arctanh \/iv ot o
\/a\/a(‘f'b + ) — 4barctanh<\/\’ ‘;:ii) + 2\/a+bzm _ % + 2blog(z)
(a—c)?
input LInt [1/(x~2*(Sqrt[a + b*x] + Sqrt[c + b*x])~2),x] J

output ‘ (-((a + ¢c)/x) + (2*Sqrt[a + b*x]*Sqrtlc + b*x])/x - 4*b*ArcTanh[Sqrt[a + b ‘
‘ *x]/Sqrt[c + bxx]] + (2*b*(a + c)*ArcTanh[(Sqrt[c]*Sqrt[a + b*x])/(Sqrt[al ‘
‘ *Sqrt [c + b*x])])/(Sqrt[a]*Sqrt[c]) + 2*b*Loglx])/(a - c)~2




rule
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Defintions of rubi rules used

2009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 72401Int[(u--)*((e--)*Sqrt[(a_-) + (b_)*(x_)"(n_.)]1 + (f_.)*Sqrtl(c_.) + (d_.)*

input

output

‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt[a + b*x"n] - f*Sqrtlc + d*x"nl)"m, x], x], x] /; FreeQ[{a, b, c

, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*e~2 - d*f~2, 0]

Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.94

method | result

aoxr CT ac X aox CTTac ac ao:
Vbz+avbz+c <csgn(b) ln( ba-tbea-+2y/ac Vb2 z2+ betbeztact2ac ) gopt csgn(b) In( 22

_ a _ c 2b ln(x)
default z(a—c)? z(a—c)? + (a—c)? +
Lint (1/x72/ ((b*x+a) = (1/2) +(b*x+c) ~(1/2)) ~2,x ,method=_RETURNVERBOSE) J

-1/x/(a-c) "2*a-1/x/(a-c) "2*c+2*b*1n(x) / (a-c) "2+1/(a-c) "2* (bxx+a) ~ (1/2) * (b*
x+c) 7 (1/2) *(csgn(b) *1n ((axb*x+bkc*x+2% (a*xc) ~(1/2) * (b~ 2%x~2+a*b*x+b*ckx+a*c
)~ (1/2) +2*a*c) /x) *x*a*b+csgn (b) *1n ( (a*bxx+b*c*x+2x (axc) " (1/2) * (b~2*x"2+a*b
*x+b*ckx+akxc) ~(1/2) +2xa*c) /x) *x*¥bxc-2+1n (1/2* (2% (b~ 2*x~ 2+a*xb*x+b*cxx+a*c) ™
(1/2) *csgn(b) +2*b*x+a+c)*csgn(b) ) *x*b* (a*c) ~(1/2) +2* (a*xc) ~(1/2) * (b~"2*x"2+a
*xb*x+bkcxx+a*c) ~(1/2)*csgn(b) ) *csgn(b) / (b~2*x"2+axb*x+b*cxx+a*c) ~(1/2) /x/(
axc)~(1/2)




-

Lintegrate(l/x“2/((b*x+a)“(1/2)+(b*x+c)“(1/2))“2,x, algorithm="fricas")

input

output

inputt

output
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e

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 367, normalized size of antiderivative = 2.60

,/1 ! 5 dT
z? (Va+ bz + Vc+ br)
2abcz log (—2bz + 2 /b + av/br + ¢ — a — ¢) + 2 abez log (z) + 2 abez + (ab + be)+/acz log

(a3c — 2 a2¢

<2a20+2‘

| —

[(2*axb*cxx*log(-2*%b*x + 2*sqrt(b*x + a)*sqrt(b*x + c) - a - c) + 2xa*bxc*
x*xlog(x) + 2*axb*c*x + (axb + b*c)*sqrt(a*c)*x*log((2%xa~2%c + 2%a*c™2 + 2%
(2*axc + sqrt(axc)*(a + c))*sqrt(b*x + a)*sqrt(b*x + c) + (a"2%b + 2*axb*c
+ b*c"2)*x + 2% (2xa*c + (a*b + bxc)*x)*sqrt(a*c))/x) + 2*sqrt(b*x + a)*sq
rt(b*x + c)*axc - a"2%c - a*xc”2)/((a"3*c - 2*%a~2*%c”2 + a*c”3)*x), (2*a*b*c
*x*¥1log(-2*%b*x + 2xsqrt(b*x + a)*sqrt(b*x + c) - a - c) + 2%axbkcxx*log(x)
+ 2kaxbxcxx - 2*(a*b + bxc)*sqrt(-a*c)*x*arctan(-(sqrt(-a*c)*b*x - sqrt(-a
*xc)*sqrt (bxx + a)*sqrt(bxx + c))/(a*xc)) + 2xsqrt(bxx + a)*sqrt(b*x + c)*ax
C - a”2%c - axc™2)/((a"3*c - 2*%a"2xc”2 + axc~3)*x)]

Sympy [F]

t/" L 2db==t/1 1 5 dT
z? (Va+bz+ Ve + ba) 22 (Va+ bz + bz + c)

L

integrate (1/x**2/ ((b*x+a)**(1/2)+(b*x+c)**(1/2) ) **2,x)

LIntegral(l/(x**2*(sqrt(a + b*x) + sqrt(b*x + c))**2), x) J
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Maxima [F|

/ 1 2d:v=/ 1 5 dT
z? (Va + bz + Ve + bz) z?(Vbz + a + Vbz + ¢)

inputtintegrate(l/x‘Q/((b*x+a)‘(1/2)+(b*x+c)*(1/2))*2,X, algorithm="maxima") J

output Lintegrate(l/ (x~2%(sqrt(b*x + a) + sqrt(b*x + ¢))72), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 311 vs. 2(121) = 242.

Time = 0.43 (sec) , antiderivative size = 311, normalized size of antiderivative = 2.21

/ 1 ] 2blog((\/bx+a—\/bx+c)2)
Tr =
zQ(\/a+bx+\/c+bx)2 a? —2ac+c?
(\/bx+a—\/bx+c)2—a—c
N 2 blog ([b]) 2 (ab + be) arctan( W )

a?—2ac+ 2 (a® — 2ac+ c?)y/—ac
4 (ab(\/bx—l- a— bz + 0)2 + be(vVbr + a — Vbz + 0)2 —a%b+ 2abc — bc2>

((\/bx+a—\/bx+c)4—2a(\/bz’+a— \/b:v—l—c)2 —20(\/b:v+a—\/bx+c)2—|—a2 —2ac+c2>(c
_2(bz +a)b—ab+bc
(a?2 — 2ac+ )bz

input Lintegrate (1/x~2/ ((b*x+a)~(1/2)+(b*x+c)~(1/2))"2,x, algorithm="giac") J
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2*%b*log((sqrt(b*x + a) - sqrt(b*x + c))~2)/(a”2 - 2*a*c + c~2) + 2*b*log(a
bs(b*x))/(a"2 - 2%a*c + c~2) + 2*(axb + bxc)*arctan(1/2*((sqrt(b*x + a) -
sqrt(b*x + c))~2 - a - c)/sqrt(-axc))/((a"2 - 2xa*c + c~2)*sqrt(-a*xc)) - 4
* (axb* (sqrt(b*x + a) - sqrt(b*x + c))~2 + b*ck(sqrt(b*x + a) - sqrt(b*x +
c))"2 - a"2xb + 2%axb*c - b*c"2)/(((sqrt(b*x + a) - sqrt(b*x + c))~4 - 2#a
*(sqrt(bxx + a) - sqrt(b*x + c))~2 - 2*kc*x(sqrt(b*x + a) - sqrt(b*x + c))"2
+ a”2 - 2xaxc + c72)*(a”2 - 2xaxc + c72)) - (2%(b*x + a)*b - a*b + b*c)/(
(a2 - 2xa*xc + c~2)*bxx)

output

N

Mupad [B] (verification not implemented)

Time = 50.16 (sec) , antiderivative size = 7637, normalized size of antiderivative =
54.16

1
/ 5 dr = Too large to display
22 (Va+bz+ Ve + ba)

input int(1/(x"2x((a + b*x)~(1/2) + (c + b*x)~(1/2))"2),x)
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(2xbxlog(x))/(a"2 - 2*xa*c + c”2) - ((((a + b*x)~(1/2) - a~(1/2))"2*x((a"2*b
)/2 + (bxc™2)/2 - (3*a*b*c)/2))/(((c + b*x)~(1/2) - c~(1/2)) 2% (a*c”™3 + a~
3*%c - 2¥a"2xc”2)) - b/(2*(a"2 - 2*a*c + c72)) + (a”(1/2)*c”(1/2)*((a*b)/2
+ (b*c)/2)*((a + b*x)~(1/2) - a~(1/2)))/(((c + b*x)~(1/2) - c~(1/2))*(a*xc”
3 + a~3x%c - 2*xa~2*xc"2)))/(((a + b*x)~(1/2) - a~(1/2))/((c + b*x)~(1/2) - ¢
~(1/2)) + ((a + b*x)~(1/2) - a~(1/2))"3/((c + b*x)~(1/2) - c~(1/2))"3 - ((
a + c)x((a + bxx)~(1/2) - a~(1/2))"2)/(a~(1/2)*c~(1/2)*((c + b*x)~(1/2) -
c~(1/2))72)) + (b*atan(((b*((4*(4*a~4*xb~3*c"12 + 8*a"~5*b~3*c~11 - 32*a”~6x*b
“3%c710 - 8*%a"T7*b"3*%c”9 + 56*%a"8xb"3*%c”8 - 8*%a"9*b"3*c”7 - 32*%a~10*¥b"3*c”6
+ 8*%a~11%b”~3%c”5 + 4%a”~12*%b"3%c”4))/(a"7*c~15 - 8*a"8%c~14 + 28%a~9*c~13
- 56*%a”10*%c”"12 + 70*%a"11*%c”11 - 56*a~12xc~10 + 28*%a~13*%c™9 - 8*a~14%c”8 +
a~15%c”7) + (4*bx((4*bx((4*(16*a~6xbkc~14 — 4*a~5*b*c~15 + 12*a”~Txb*c~13 -
192*%a”~8*b*c~12 + 504*a”9*b*c”™11 - 672*xa~10*b*c~10 + 504*a~11%b*c™9 - 192x*
a~12%b*c™8 + 12%a”~13*b*c”~7 + 16*a~14%bxc”6 - 4*a~15%bxc~5))/(a"~T*c~15 - 8%
a"8%c”14 + 28*%a”9*%c”13 - 56*%a"10*xc”12 + 70*a~11*c~11 - 56*a~12*%c”10 + 28%*a
~13%c”9 - 8*a”~14*c”8 + a~15%c”7) + (4xbx((4*x(a~(9/2)*c~(35/2) - 8*a~(11/2)
*c~(33/2) + 27*%a”~(13/2)*c~(31/2) - 49*%a~(15/2)*c~(29/2) + 50*xa~(17/2)*c~(2
7/2) - 27*a”~(19/2)*c~(25/2) + 6*xa~(21/2)*c~(23/2) + 6xa~(23/2)*c~(21/2) -
27*a~(25/2) *c~(19/2) + 50*a~(27/2)*c~(17/2) - 49%a~(29/2)*c~(15/2) + 27*a”
(31/2)*c~(13/2) - 8*a~(33/2)*c~(11/2) + a~(35/2)*c~(9/2)))/(a~T*c~15 - ...

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 385, normalized size of antiderivative = 2.73

L/“ ! dx
22 (Va+bz + \/c+bav)2
2v/bz + av/bzx + cac — \/E\/Elog(\/b:v-f—c— V2veva+a+e+ \/bz+a> abx — \/E\/Elog<\/bx+

inputLint(l/x“2/((b*x+a)‘(1/2)+(b*x+c)*(1/2))*g,x) J
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(2xsqrt(a + b*x)*sqrt(b*x + c)*axc - sqrt(c)*sqrt(a)*log(sqrt(b*x + c) - s
grt(2xsqrt(c)*sqrt(a) + a + c) + sqrt(a + bxx))*axb*x - sqrt(c)*sqrt(a)*lo
g(sqrt(b*x + c) - sqrt(2xsqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*bxc*x -
sqrt (c)*sqrt(a)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqr
t(a + b*x))*a*b*x - sqrt(c)*sqrt(a)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqr
t(a) + a + c) + sqrt(a + b*x))*bxcxx + sqrt(c)*sqrt(a)*log(2*sqrt(a + b*x)
*sqrt(b*x + c) + 2xsqrt(c)*sqrt(a) + 2%b*x)*a*bxx + sqrt(c)*sqrt(a)*log(2*
sqrt(a + b*x)*sqrt(b*x + c) + 2xsqrt(c)*sqrt(a) + 2%b*x)*b*c*x + 2%log(sqr
t(b*x + c) - sqrt(2xsqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a*xbkc*x + 2%
log(sqrt(bxx + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*axbxc
*xx + 2xlog(2*sqrt(a + bxx)*sqrt(b*x + c) + 2*sqrt(c)*sqrt(a) + 2%b*x)*a*b*
cxx - 8%log((sqrt(b*x + c) + sqrt(a + bxx))/sqrt(a - c))*akbkxckxx - ax*2*c
- 2kaxbkckx - akck*2)/(akxckx*(ax*2 - 2%akxc + c**x2))

output
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2
3.11 [—=2 _ _dg
(Va+bz++vc+bx)
Optimal result . . . . . . . . .. . . . 118}
Mathematica [A] (verified) . . . . . . . . ... . L 119
Rubi [A] (verified) . . . . . . . . . . 119
Maple [A] (verified) . . . . . . . . . . 121]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 1211
Sympy [F] . . . o 122
Maxima [F] . . . . . . o e 122
Giac [B] (verification not implemented) . . . . . ... ... ... ... ..., 122
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 124
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 125]
Optimal result
Integrand size = 25, antiderivative size = 375
/ z? do — 8d’(a+ bz)3?  2a%(a + 3c)(a + bx)®/?
(\/(JL-I—bac—l—\/c—i-bar:)3 3b3(a — c)? 3b3(a — c)?
24a%(a + bx)*?  4a(a + 3c)(a + bx)>/?
563(a —c)® 563(a — ¢)3
24a(a+bz)"/?  2(a+3c)(a+bx)"/?  8(a+ br)¥?
b3 —c)3 703 (a —¢)3 9b3(a — ¢)?
8c(c+bx)*?  2c%(3a+ c)(c+ bx)®/?
33(a—c)p 3b%(a — c)?
24c*(c+bx)®?  4c(3a + c)(c + bx)>/?
~ 5b(a—c)? 5b3(a — ¢)®

24c(c+bz)"?  2(8a+c)(c+bx)?  8(c+ bx)*?

703 (a — ¢)?

703 (a — )3 9b3(a — ¢)?



CHAPTER 3. LISTING OF INTEGRALS 119

-8/3*a”~3* (bxx+a) ~(3/2) /b~3/(a-c) ~3+2/3*a"~ 2 (a+3*c) * (b*xx+a) ~(3/2) /b~3/(a-c)
~3+24/5*a”~2* (b*x+a) ~(5/2) /b~3/(a-c) ~3-4/5*a* (a+3*c) * (b*x+a) ~(5/2) /b~3/(a-c
) ~3-24/7*ax(b*x+a) ~(7/2) /b~3/(a-c) ~3+2/7*(a+3*c) * (b*x+a) ~(7/2) /b~3/(a-c) "3
+8/9% (b*xx+a) ~(9/2) /b~3/(a-c) ~3+8/3*c~3* (b*x+c) ~(3/2) /b~3/(a-c) ~3-2/3*c~2%(
3xa+c)* (bxx+c) ~(3/2)/b~3/(a-c) ~3-24/5%c~2* (b*x+c) ~(5/2) /b~3/(a-c) “3+4/5*c*
(3*a+c) *(b*x+c) ~(5/2) /b~3/ (a-c) “3+24/7T*c* (b*x+c) ~(7/2) /b~3/(a-c) ~3-2/7* (3%
a+c)* (b*x+c)~(7/2) /b~3/(a-c) ~3-8/9* (b*xx+c) ~(9/2) /b~3/(a-c) 3

output

Mathematica [A] (verified)

Time = 1.10 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.37

.’132
/ 5 dT
(Va+bz + Ve +ba)
_ 2((a+ bx)*/? (—400® + 120?(6¢ + 5bx) — 3abx(36¢ + 25bx) + 5b2?(27c + 28bx)) + (¢ + bx)*/? (—9a(8«
B 315b3(a — c)3

-

Integrate[x~2/(Sqrt[a + b*x] + Sqrtlc + b*x])~3,x]

| —

inputt

e B

(2x((a + b*xx)~(3/2)*(-40%a"3 + 12*a~2x(6xc + 5*b*x) - 3*a*b*x*(36*%c + 25*b
(*¥x) + B¥b 2%x"2%(27*c + 28%b¥x)) + (c + b¥x)~(3/2)*(-9*ax(8%c"2 - 12¥bxckx
\ + 15%b"2%x72) + 5x(8%c”™3 - 12xbxc~2%x + 15%b~2%ckx~2 - 28%b~3%x~3))))/(31
LS*b*S*(a - ¢)"3) J

output

Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 285, normalized size of antiderivative = 0.76,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z2 p
/kwa+MHwa+d3w
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| 7240
[ (4bv/a + bzz® — 4bv/c + bzx® + (a + 3c)va + brz® — (3a + )V + bzz?) dx
(@a—c)?
| 2009

_8(13(¢7L—i-b;1r:)3/2 + 2a2(a+3c)(a+bx)3/2 + 2402 (a+bzx)5/2 _ 2c2(3a+c)(bz+c)3/2 + 2(a+3c)(a+bx)7/2 _ 4a(a+3c)(a+bx)>/2 _ 2(3a-
3b3 3b3 5b3 3b3 7b3 5b3

(a -

input‘Int[x*2/(Sqrt[a + b*x] + Sqrtlc + b*x])~3,x]

((-8*a~3x(a + b*x)~(3/2))/(3%b"3) + (2*xa~2x(a + 3*c)*(a + b*x)~(3/2))/(3*b
~3) + (24*a”2*(a + bxx)~(5/2))/(5%b"3) - (4*a*x(a + 3*c)*(a + b*x)~(5/2))/(
5xb~3) - (24*ax(a + b*x)~(7/2))/(7*b~3) + (2*(a + 3*c)*(a + b*x)~(7/2))/(7
*b~3) + (8x(a + b*x)~(9/2))/(9%b~3) + (8%c~3*(c + b*x)~(3/2))/(3*%b~3) - (2
*xc™2x(3%a + c)*x(c + b*x)~(3/2))/(3*%b~3) - (24*c™2*x(c + b*x)~(5/2))/(5%b~3)
+ (4xcx(3*a + c)*(c + bxx)~(5/2))/(5%b"3) + (24*cx(c + bxx)~(7/2))/(7*b"3
) - (2%(3%a + c)*(c + bxx)~(7/2))/(7*b~3) - (8*(c + b*x)~(9/2))/(9%b"3))/(

a-2c¢c)73

output

Defintions of rubi rules used

ruka2009LInt[u—’ x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

(Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*(x_)"(n_.)] + (f_.)*Sqrt[(c_.) + (d_.)*
‘(x_)“(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”™2 - c*f~2)"m  Int[ExpandIntegran
‘d[u/(e*Sqrt[a + b*x"n] - f*Sqrtlc + d*x"nl)"m, x], x], x] /; FreeQl[{a, b, c
, d, e, f, n}, x] & ILtQ[m, 0] && EqQ[b*e~2 - dx£f~2, 0]

rule 7240

\‘
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 294, normalized size of antiderivative = 0.78

method | result

bota)s  2a(beta)d | aP(buta)d bata)s  2a(bata)? |, a?(bota)d botc)3  2e(bate)d | R(bote)d
2 (z+7a) _ 2a( z;a) +a (m3+a) 6c (.7;+7a) _ 2a( m5+a) +a (m3+a) 6a (zﬁc) _2¢( a:s c) +c (a:3 c)

_|_ —

(a—c)3b3 (a—c)3b3

default

(a—c)®p3

int (x~2/ ((b*xx+a) = (1/2)+(b*x+c)~(1/2))~3,x,method=_RETURNVERBOSE)

input |

2/ (a-c) ~3*a/b~3*(1/7* (b*xx+a) ~(7/2)-2/5*a* (b*x+a) ~(5/2)+1/3*a”~2* (b*x+a) ~ (3/
2))+6/ (a-c) ~3*c/b~3*% (1/7* (b*x+a) ~ (7/2) -2/5*a* (b*xx+a) ~(5/2) +1/3*a"2* (b*xx+a)
~(3/2))-6/(a-c) " 3*a/b~3*%(1/7* (bxx+c) ~(7/2)-2/5*c* (b*x+c) ~(5/2)+1/3*c”~2* (b*
x+c)~(3/2))-2/(a-c) "3*c/b~3*(1/7* (b*x+c) ~(7/2)-2/5*%c* (bxx+c) ~(5/2)+1/3*c"2
* (b*x+c)~(3/2))+8/(a-c)~3/b"3*(1/9% (b*x+a) ~(9/2) -3/T*a* (bxx+a) ~(7/2)+3/5%a
~2% (b*xx+a) ~(5/2)-1/3*%a~3* (b*x+a) ~(3/2))-8/(a-c) ~3/b~3*(1/9* (b*x+c) ~(9/2)-3
/Txc*x (b*x+c) ~(7/2)+3/5*c” 2% (bxx+c) ~(5/2)-1/3*%c~3* (b*x+c) ~(3/2))

output

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 208, normalized size of antiderivative = 0.55

72
/ 5 dT
(Va+bz + Ve +ba)
_ 2((140b*z* — 40a* 4+ 72aPc 4 5 (13 ab® + 276%c)z® — 3 (5a%0° — 9 ab’c)z® 4 4 (5a°b — 9 a’be)x) Vb +
B 315 (a3b® — 3 a2

input Lintegrate (x72/ ((b*x+a) = (1/2) +(b*x+c)~(1/2))"3,x, algorithm="fricas") J

~

2/315%((140*b~4*x"4 - 40*a~4 + 72*a~3*c + 5x(13*xa*xb™3 + 27*b~3*c)*x~3 - 3%
(5*%a~2+%b"2 - 9*a*b~2*c)*x"2 + 4*(5xa~3*b — 9xa”2xb*c)*x)*sqrt(b*x + a) - (
140*b~4*x"4 + T2*axc™3 - 40*%c™4 + 5*(27*a*b~3 + 13*b~3*c)*x"3 + 3*(9*a*b~2
*C — b¥b"2%c72)*x72 - 4x(9xaxb*c”2 - b¥b*kc”~3)*x)*sqrt(b*x + c))/(a"3*b"3 -
3*a~2xb~3*c + 3*axb~3xc”2 - b~ 3xc"3)

N\ J

output
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Sympy [F]

x? dp — z’ d
/(\/a+bx+\/c+bm)3 v /(\/a+bx+\/bx+0)3 ’

input Lintegrate (x**2/ ((b*x+a) ** (1/2) + (b*x+c) ** (1/2) ) **3,x) J
outputLIntegral(x**Q/(sqrt(a + bxx) + sqrt(b*x + c))**3, x) J
Maxima [F]
2 2
/ - 3 dz = / ° 5 dx
(Va+bz+ Ve +ba) (Voz +a+ bz +c)
input Lintegrate (x~2/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2))"3,x, algorithm="maxima") J
OutputLintegrate(x‘Q/(sqrt(b*x + a) + sqrt(b*x + ¢))~3, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1443 vs. 2(319) = 638.

Time = 0.25 (sec) , antiderivative size = 1443, normalized size of antiderivative = 3.85

2
/ ad 5 dr = Too large to display
(Va+ bz + vc+ bz)

input Lintegrate (x~2/ ((bxx+a)~(1/2)+(b*x+c)~(1/2))~3,x, algorithm="giac") J
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-2/315x ((((5%(b*x + a)*(28%(a~9%b~4 - 9%a~8*b~4*c + 36%a T*b~4*c™2 - 84xa”
6*%b~4*c”3 + 126*%a"5*%b"4*c”4 - 126*%a"4*b"4*c”5 + 84*%a~3*%b"4*xc”6 - 36%a”2%b”
4*c”7 + 9%a*xb~4%c”8 - b74xc”9)*(b*x + a)/(a”12%b"5 - 12*xa~11*b~5*c + 66+*a”
10*¥b"5*%c™2 - 220*%a”9*%b"5*%c”™3 + 495%a"8*%b~b*kc"4 - 792*%a”~7*b~b5kxc~5 + 924*%xa”6
*¥b"5*%c”6 — 792*%a"5*xb"b*kc”7 + 495%a~4*xb"5xc”8 - 220*%a~3*xb"5*xc”9 + 66*a”"2*b”
5%c”10 - 12*axb~5xc”11 + b~5%c”12) - (85*%a~10*b"4 - 778*a"9%b~4*c + 3177*a
“8%b"4*c”2 - 7608*%a"7xb"4*c”3 + 11802*%a”"6*¥b"4*c"4 - 12348*%a”~5*xb"4xc”5 + 87
78*%a~4*xb~4*c™6 — 4152%a”~3*%b"4*c”7 + 1233*%a"2*%b"4*c~8 - 202*a*b~4*xc”9 + 13%
b~4*xc~10)/(a"12%b"5 - 12*a~11*b~5*xc + 66*%a”~10*%b~5*%c”2 - 220*a~9*b~5*xc~3 +

495%a"8*%b"bxc"4 — 792*%a”7*b"b*c”b + 924%a”"6*b"bxc”6 - 792*%a"bxb~b*c”7 + 49
5%a”4*b"5*%c”8 - 220*%a”3*b"5*c”9 + 66*a"2*xb"5xc”10 - 12*%axb"5*c”11 + b~ 5*c”
12)) + 3*%(145%a~11%b"4 - 1361*a”~10*b~4*c + 5719*a~9*b~4*c~2 - 14151%a"8*b"
4%c”3 + 22794*a”7*b"4*xc"4 - 24906*%a"6*xb"4*xc”5 + 18606*%a~5*xb"4*c”6 — 9294*a
“4xb"4%c”7 + 2901%a"3%b"4*c”8 - 469*%a”2*%b"4*c”9 + 11xaxb"4xc”10 + 5*xb"4kc”
11)/(a”12*b~5 - 12*%a”~11*b"5*c + 66*a~10*b"5*xc~2 - 220*%a~9*b~5*%c~3 + 495%a"~
8xb"5*c™4 - 792%a"7*b"bxc”5 + 924*%a”"6xb"5*c”6 - 792*%a"b*b"bxc”7 + 495*%a”4x*
b~5*c”8 - 220%a”3*b"5*c”9 + 66*a"2*xb"5%c"10 - 12*a*b~5*xc”11 + b~5xc"12))*(
bxx + a) - (155%a”12%b~4 - 1536*a”~11*b~4*c + 6855*%a~10*%b~4*c~2 - 18170*a"9
*¥b"4xc”™3 + 31770%a"8*b"4xc"4 - 38520*%a"7*xb"4*c”5 + 33222*%a"6x¥b"4*c”6 - 207
00*a~b*xb~"4*c”™7 + 9495%a”~4*b~4*xc™8 - 3320%a”3*b"4xc”9 + 915*a”~2xb"4*c~10...

output
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Mupad [B] (verification not implemented)

Time = 22.72 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.41

\/a+bz+\/c+bx)3 7b
29 (iab; — 260030 /ot hy

9 (a—c)®
7b

60( 64bc _ 2b(3a+5¢)

82 (ﬁij) e e )) Vet bz
153

C( 64bc _ 2b(3a+5¢)

6
$2 (2?232;—30) + 9(a—c)37b (a—c)3 ) > m
B 5b

6a< 64ab _ 2b(5a+3c)

8 a2 <2(a2+3ca) + 9(a—c)37_b (a—c)3 )) m

/ 22 L (goate; — 2282439 \/oFFp
o

(@—0°
* 1557
6a(_64ab__2b(5at3c)
o2 (e | GBS R
+ 5b
N 8bz*va+br 8baz'vc+bx
9(a—c)? 9(a—c)?

c( 64bc _ 2b(3at5c)

6
dex (Q‘Eﬁ‘z;;c) + 9(“_°)37b (a—c)® >> Ve+bzx
1552

64ab _ 2b(5a+3¢c)

6a
taz (2225 e )) Va+ba
15 b2

_|_

inputtint(x””((a + bxx)~(1/2) + (c + b*xx)"(1/2))"3,x)




output

input |

output
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(x~3%((64%b*c)/(9%(a - c)~3) - (2%b*(3%a + 5%c))/(a - c)~3)*x(c + b*x)~(1/2
))/(7¥b) - (x"3*%((64*a*b)/(9*(a - c)~3) - (2*bx(5*a + 3*c))/(a - c)~3)*(a
+ bxx)~(1/2))/(7T*b) - (8*c™2%((2*%c*(3*a + c))/(a - c)~3 + (6xcx((64*b*c)/(
9%(a - ¢)7"3) - (2xb*x(3*a + 5%c))/(a - c)~3))/(7*b))*(c + b*x)~(1/2))/(15%b
~3) - (x"2%((2%c*x(3*a + c))/(a - c)~3 + (6%c*((64xb*xc)/(9%(a - c)~3) - (2%
bx(3*%a + 5*%c))/(a - ¢)~3))/(7*b))*(c + bxx)~(1/2))/(5*b) + (8*a~2*((2*(3*a
xc + a”2))/(a - c)~3 + (6*%a*x((64*axb)/(9*(a - c)~3) - (2*b*(5*a + 3*c))/(a
- ¢)73))/(7¥b))*(a + b*x)~(1/2))/(156%b~3) + (x"2*((2*(3*axc + a~2))/(a -

c)"3 + (6*a*x((64*axb)/(9x(a - c)~3) - (2%b*(5*a + 3*c))/(a - ¢)~3))/(7*b))
x(a + b*x)~(1/2))/(6%b) + (8xbxx~4x(a + b*x)~(1/2))/(9*(a - c)~3) - (8*bx*x
“4x(c + b*x)"(1/2))/(9%(a - c)73) + (4xc*xx*((2*c*(3*a + c))/(a - c)"3 + (6
*cx ((64xb*xc) /(9% (a - ¢c)~3) - (2%bx(3*a + 5*c))/(a - c)~3))/(7*b))*(c + b*x
)7(1/2))/(15%b"2) - (4*axx*((2*x(3*xaxc + a~2))/(a - c)~3 + (6xax((64*a*xb)/(
9%(a - ¢)73) - (2xbx(5xa + 3%c))/(a - c)~3))/(7*b))*(a + b*x)~(1/2))/(15%b
~2)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 283, normalized size of antiderivative = 0.75

i dz
/ (Va+bz+Ve+ba)’

__ 6vbztcab®z3 _ 6vbr+cab’ca? 4 8vbz+cabc’z _ 16vbztcac® _ 8vbztcbiz*  26vbz+cb3cz® 4 2vbz+cb?c?z?
7 35 35 35 9 63 21

8

int (x72/ ((b*x+a) = (1/2) +(b*x+c) ~(1/2))~3,x)

(2% ( - 135*sqrt(b*x + c)*axb*x3xx*x3 — 27*sqrt(b*x + c)*axb*x2xc*x**2 + 36
xsqrt (b*xx + c)*axbxc*k*2%x — 72xsqrt(b*x + c)*akxcx*3 — 140*sqrt(b*x + c)x*b*
*x4xx*x4 — 65*%sqrt(b*x + c)*b**3xc*x**3 + 15*%sqrt(b*x + C)*b**2kCHk*2*x**2 -
20*sqrt (b*x + c)*b*c**3*x + 40*sqrt(b*x + c)*c*x4 - 40*sqrt(a + bxx)*ax*4
+ 20*sqrt(a + b*x)*ax*3*b*x + T2xsqrt(a + b*x)*a*x3*c — 1b*sqrt(a + b*x)x*
ax*x2xb*k2kx*k*x2 — 36*ksqrt(a + b*x)*ax*2*xbkxckx + 65xsqrt(a + bkx)*xaxb¥kIkxk*
3 + 27xsqrt(a + bkx)*axbx*2kxcxx**2 + 140*sqrt(a + b*x)*b**4*x**4 + 135*sqr

t(a + bkx)*xb*x3kcxx**3))/(315*b**3* (a**3 — 3kax*2kxc + 3kakxck*2 — c**3))




output

N
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312 [ S,
(Va+bz++vc+bx)
Optimalresult . . . . . . . . .. . .. 126
Mathematica [A] (verified) . . . . . . . .. ... L Lo 127
Rubi [A] (verified) . . . . . . . . . . 127
Maple [A] (verified) . . . . . . . . . . 128
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1291
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 129
Maxima [F] . . . . . . o e 130
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 131
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 132
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 133l
Optimal result
Integrand size = 23, antiderivative size = 261
/ T dp — 8a*(a +bx)*?  2a(a +3c)(a+ bx)*/?
(Va+bz + \/c+bx)3 3b*(a —¢)? 3b*(a —c)?
_16a(a+bx)5?  2(a+3c)(a+bx)’?  8(a+bx)"?
5b%(a — ¢)? 5b%(a — ¢)3 7% (a — )3
8 (c+bx)*? | 2¢(3a+ c)(c+ bx)*?
3b%(a — ¢)? 3b%(a — ¢)?

16¢(c + bx)>?  2(3a+c)(c+bx)’?  8(c+ bx)"/?

5b%(a — ¢)? 56%(a — c)?

% (a —c)®

/8/3*a‘2*(b*x+a)‘(3/2)/b‘2/(a—c)‘3-2/3*a*(a+3*c)*(b*x+a)‘(3/2)/b‘2/(a—c)‘3—

16/5*a* (b*xx+a) ~(5/2) /b~2/(a-c) ~3+2/5* (a+3*c) * (b*x+a) ~(5/2) /b~2/(a-c) ~3+8/7
* (b*x+a) ~(7/2) /b~2/ (a-c) ~3-8/3*c~2* (b*x+c) ~(3/2) /b~2/ (a-c) ~3+2/3%c* (3*a+c)
* (bxx+c) ~(3/2) /b~2/(a-c) ~3+16/5*c* (b*x+c) ~(5/2) /b~2/(a-c) ~3-2/5*(3*a+c) * (b

*x+c)~(5/2) /b~2/(a-c) ~3-8/7* (bxx+c)~(7/2) /b~2/(a-c) "3
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Mathematica [A] (verified)

Time = 0.84 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.36

/ L 5 dT

(Va+bz + Ve +ba)

_ 2((c+ bx)*2 (=6¢* + 9bex — 200%2% + Ta(2c — 3bx)) + (a + bx)*? (6a® — a(14c + 9bx) + bx(21c + 20b
B 35b%(a — ¢)3

input‘ Integrate[x/(Sqrt[a + b*x] + Sqrtlc + b*x])~3,x] ‘

t‘ (2% ((c + b*x)~(3/2)*(-6%c™2 + 9*bkc*xx - 20*%b~2*x"2 + T*a*x(2*%c - 3*b*x)) + \
(a + bxx)"(3/2)%(6%a"2 - ax(1dxc + 9xb¥x) + bxx*(21%c + 20%b*x))))/(35%b"2
L*(a - ¢c)73) J

outpu

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.76,

number of rules _
integrand size 0.087, Rules

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z dx
(Va+ bz + \/ba:+c)3

| 7240
[ (4bv/a + bxz® — 4bv/c + bzz? + (a + 3¢)Va + bxz — (3a + c)Vc + bxx) do
(@a—c)?
| 2009
8a2 (a+bx)3/2 2(a+3c)(a+bx)>/2 2a(a+3c)(a+bx)3/? 2(3a+c)(bx+c)/? 2¢(3a+c)(bz+c)3/2 8(a+bx)7/? 16a(a+bx)5/2
32 T 552 - 36 - 552 + 362 T T e
(a—c)?
input LInt [x/(Sqrt[a + b*x] + Sqrtlc + b*x])~3,x] J




output
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((8*a~2*(a + bxx)~(3/2))/(3*b"2) - (2*a*x(a + 3*c)*(a + b*x)~(3/2))/(3*xb~2)
- (16*a*x(a + b*x)~(5/2))/(5%b~2) + (2*%(a + 3*c)*(a + b*xx)~(5/2))/(5*b"2)
+ (8%(a + b*x)~(7/2))/(7T*b"2) - (8*%c™2*(c + b*x)~(3/2))/(3*b~2) + (2*c*(3*
a + c)x(c + b*x)~(3/2))/(3%b~2) + (16%c*k(c + b*x)~(5/2))/(5%b"2) - (2%(3*a

+ c)*(c + bxx)~(5/2))/(5%b"2) - (8*%(c + b*x)~(7/2))/(7*¥b"2))/(a - ¢c)~3

Defintions of rubi rules used

ruka2009\lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk37240‘Int[(u_-)*((e_-)*sqrt[(a_-) + (b_)*(x_)"(n_.)] + (f_.)*Sqrtl(c_.) + (d_.)*
‘(x_)“(n_.)])“(m_), x_Symbol] :> Simp[(a*e”2 - cxf72)"m
‘d[u/(e*Sqrt[a + bxx"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c
L, d, e, f, n}, x] & ILtQ[m, 0] && EqQ[b*e~2 - d*f~2, 0]

input

output

Int [ExpandIntegran

|
|
|
J

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 222, normalized size of antiderivative = 0

.85

method | result

(bz+ )% (bz+ )%
2a< E - 3 >

(bo+a)? _aGata)? (bo+0)? _coate)? (bo+0)? _coate)?
(D) ool ngad) o [l gl

8(bx+
7

default

(a—c)3b2 + (a—c)%p2 o (a—c)%p2

(a—c)3b2

_|_

-

Lint(x/((b*x+a)”(1/2)+(b*x+c)”(1/2))“3,x,method=_RETURNVERBOSE)

|

2/ (a-c) ~3*a/b"2x(1/5* (b*x+a) ~(5/2) -1/3*a* (b*x+a) ~(3/2))+6/(a-c) "3*c/b~2x (1
/5% (bxx+a) ~(5/2)-1/3*a* (bxx+a) ~(3/2))-6/(a-c) “3*a/b~2*(1/5* (b*x+c) ~(5/2)-1
/3*c* (b*xx+c) ~(3/2))-2/(a-c) ~3*c/b~2*(1/5* (b*x+c) ~(5/2)-1/3*c* (bxx+c) ~(3/2)
)+8/ (a-c) ~3/b~2%(1/7*x (bxx+a) ~(7/2)-2/5*%a* (bxx+a) ~ (5/2) +1/3*a"2* (bxx+a) ~ (3/
2))-8/(a-c)~3/b~ 2% (1/7* (b*x+c) ~(7/2)-2/5*c*x (bxx+c) " (5/2) +1/3*c™2x (bxx+c) ~ (
3/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 159, normalized size of antiderivative = 0.61

T
/ 5 dT
(Va+bz + Ve +ba)
2 ((206%23 + 6 a® — 14 a’c + (11 ab® + 21b%c)z? — (3 a?b — 7abc)z)Vbz + a — (206323 — 14 ac® + 6 ¢3 -
35 (a®b? — 3 a?b%c + 3 ab?c® — b2c3)

input Lintegrate (x/ ((b*x+a) " (1/2)+(b*x+c)~(1/2))"3,x, algorithm="fricas") J

\b - T*axb*c)*x)*sqrt(b*x + a) - (20%b~"3*x"3 - 14*a*c”™2 + 6xc”3 + (21*a*b~2
\ + 11¥b~2%c)*x"2 + (T*axbxc - 3*bxc~2)*x)*sqrt(b*x + c))/(a”3*%b~2 - 3xa™2x

e A
output‘ 2/35%((20%b~3%x"3 + 6*%a”~3 - 14*a"2xc + (11*xa*b~2 + 21*%b~2*c)*x"2 - (3*a~2x* \
‘b‘z*c + 3%axb~2%c~2 - b 2%c"3) ‘

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 942 vs. 2(240) = 480.

Time = 0.94 (sec) , antiderivative size = 942, normalized size of antiderivative = 3.61

/ L dz
(Va+bz+Ve+ba)’

1242 5
35ab2v/a+bz+105ab2v/br+c+140b3 v/ a+bx+140b3 x4/ bxr+c+105b2c/a+bz+35b2cv/bx+c + 35ab2v/a+bx+105ab2+/bx+c+140b3z+/a+

2

2(va+ve)’

input  integrate (x/ ((bxx+a)**(1/2)+(bxx+c)*x(1/2))**3,x)




output

input

output
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Piecewise((12*a**2/(35*axb**2xsqrt(a + b*x) + 105xaxb*x2xsqrt(b*x + c) + 1
40*bx*3kx*sqrt(a + bk*x) + 140%b**3*x*sqrt(b*x + c) + 105xb¥*2xc*sqrt(a + b
*x) + 3bxb*x2*cxsqrt(b*x + c)) + bd*axb*x/(35*axb**2xsqrt(a + b*x) + 105%a
*b**2xsqrt (b*x + c) + 140%b**3*x*sqrt(a + b*x) + 140*b**3*x*sqrt(b*x + c)
+ 105%b**2*kc*sqrt(a + b*x) + 35*b**2kcksqrt(b*x + c)) + 44dxaxc/(35xaxb*x2x
sqrt(a + b*x) + 105*a*b**2xsqrt(b*x + c) + 140*%bx*3xx*sqrt(a + b*x) + 140%
bx*3*x*ksqrt (b*x + c) + 105xb**2*c*sqrt(a + bxx) + 35xbx*2*c*ksqrt(b*x + c))
+ 36*axsqrt(a + bxx)*sqrt(b*x + c)/(35*axb**2xsqrt(a + b*x) + 105*a*bk*2x*
sqrt (b*x + c) + 140*b**3*x*sqrt(a + b*x) + 140*b**3*x*sqrt(bxx + c) + 105%
bx*2kcksqrt(a + b*x) + 35*b**2xcksqrt(b*x + c)) + 40xbx*2*x**2/(35kxaxbx*2x%
sqrt(a + bxx) + 105*a*xbx*2*sqrt(b*x + c) + 140*b**3*x*sqrt(a + b*x) + 140%
b*x3xx*sqrt (b*x + c) + 105xbx*2xcxsqrt(a + b*xx) + 35xbx*2xcxsqrt(b*x + c))
+ B4xbxc*x/(35*axb**2*sqrt(a + b*x) + 105*axb**2*sqrt(b*x + c) + 140%b*x3
xx*sqrt(a + bxx) + 140%b**3*x*sqrt(b*x + c) + 105xb**2xc*sqrt(a + b*x) + 3
Bxbx*2xcxsqrt (b*x + c)) + 30%bkx*sqrt(a + b*x)*sqrt(b*x + c)/(35*axb**2xsq
rt(a + b*x) + 105%axb*x2xsqrt(b*x + c) + 140%b**3*x*ksqrt(a + b*x) + 140%b*
*3xxxsqrt (b*x + c) + 105xbx*2kcksqrt(a + b*x) + 35*b**2xcxsqrt(b*x + c)) +
12xc**2/ (35*%a*bx*2xsqrt(a + b*x) + 105xaxb*x2*sqrt(b*x + c) + 140%bx*3kx*
sqrt(a + bxx) + 140%b**3*x*sqrt(b*x + c) + 105*bx*2*cxsqrt(a + b*x) + 35%b
*x*¥2*xc*sqrt (bxx + c)) + 36*cksqrt(a + b*x)*sqrt(b*x + c)/(35*axbx*2*sqrt. ..

Maxima [F]

N/‘ d 3dx:=u/§ z 5 dT
(Va+bz + Ve + bz) (Vbz + a + vbz + ¢)

-

Lintegrate(x/((b*x+a)“(1/2)+(b*x+c)“(1/2))“3,x, algorithm="maxima")

| —

e

Lintegrate(x/(sqrt(b*x + a) + sqrt(b*x + c))~3, x)

L
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 866 vs. 2(221) = 442.

Time = 0.15 (sec) , antiderivative size = 866, normalized size of antiderivative = 3.32

x
dx = Too large to display
/ (Va+bz+Vec+ bx)3

p
integrate(x/ ((b*x+a) ~(1/2)+(b*x+c)~(1/2))~3,x, algorithm="giac")

N J

input

-2/35%((((b*x + a)*(20%(a~6*b~3 - 6*a~5*%b~3*%c + 15%a~4%b~3*c~2 - 20%a”~3*b~
3%c™3 + 15%a"2%b~3%c”"4 - 6%a*b”~3*c”5 + b~3*c"6)*(b*x + a)/(a”9%b"4 - 9%a"8
*¥b74xc + 36*%a”T7*xb"4*c”2 - 84*%a"6xb"4*c”3 + 126*%a"5*b"4xc"4 - 126*a"4xb"4*c
5 + 84*a~3%b"4*c”6 - 36*a”2*xb~4*c”7 + 9*axb~4*c”8 - b~4*c”9) - (39*%a”T7*b”
3 - 245*%a"6*%b"3*%c + 651*%a"5*%b"3*%c”2 - 945*%a~4*b"3*%c”3 + 805%xa~3*xb"3*xc"4 -

399%a"2%b"3*c”5 + 105*%a*b”~3*%c”™6 - 11*%b~3*c”7)/(a"9*b"4 - 9*a"8*b~4*c + 36%
a~7*¥b"4*c”2 - 84*%xa"6*xb"4*xc”3 + 126*xa"5xb"4*xc"4 - 126*a"4xb"4*c”5 + 84*a”3x*
b~4*c™6 - 36*%a”2%b"4*c”7 + 9*axb~4*c”8 - b"4%c”9)) + 3*x(6*xa"8*xb"3 - 41%a"7
*¥b"3%c + 119*%a”"6%b"3*c”2 - 189*a"b*b"3*%c”3 + 175*%a”"4*b"3*c"4 - 91*a”~3*¥b"3x*
c™5 + 21%a”24%b"3*c”6 + a*b~3*c”7 - b~3*%c”8)/(a"9*%b"4 - 9*a”~8*b~4*c + 36%a”
T*b~4*c™2 - 84*a”~6xb~4*c™3 + 126*a~b*xb"4*xc™4 - 126%a”4*xb"4*c”5 + 84*a”~3*b”
4%c™6 - 36%a"2%b"4%c”7 + 9%axb~4*c”8 - b~4xc”9))*(b*x + a) + (a”9%b"3 - 2%
a~8*%b”"3%c - 20*%a"7*b"3*%c”2 + 112*%a"6*b"3*%c”3 - 266*a"5*¥b"3*c"4 + 364*a~4x*xb
~3%c”5 - 308*%a"3*b"3*%c”6 + 160*a~2*%b"3*c”7 - 47*axb"3*%c”8 + 6*xb~3*%c"9)/(a”
9%b"4 - 9*%a"8%b"4*c + 36*a"T7*b"4xc”2 - 84*a"6*b"4*c”3 + 126*%a"b5xb"4xc"4 -

126*a"4*b~4*c™5 + 84*a~3*%b"4*c”6 - 36*%a"2xb~4*c”7 + 9*axb~4*c”8 - b~4*c”9)
Y*sqrt(b*x + c) - (20%(b*x + a)~(7/2) - 49*(b*x + a)~(5/2)*a + 35x(b*x + a
)7(3/2)*a"2 + 21%(b*x + a)~(5/2)*c - 35%(b*x + a)~(3/2)*axc)/(a"3*b - 3*a~
2¥bxc + 3*axb*c”2 - b*xc~3))/b

output




input
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Mupad [B] (verification not implemented)

Time = 22.73 (sec) , antiderivative size = 385, normalized size of antiderivative = 1.48

\/a+bx+\/c—|—bm)3 5b
2? (Faby - 220039 /o T hg

7 (a—c)®
5b

4a( 48ab _ 2b(5a+3¢)

za<2‘@f”_‘i§6)+ e )) Vatbs
32

[r Tl ) Ve
o

N 8bx3va+bzx

7(a—c)®
48be__2b(3at5e)

4c
2c<2t(:i?:(z;;c) + (7(a—c)35b (a—c)3 )) m

T 302
8bx*\c+bzx
7(a—c)®
4a( 48ab3_2b(5a+§c>)
x(2(ziit;c) + 7 (a—c) = (a—c) ) /a+bx
+

3b

( 48bc _ 2b(3a+5¢)

2¢@Bate) | 2\ Fla—e® " (a0 )
x( e E— ) Ve+bx
3b

Lint(x/((a + b*x)~(1/2) + (c + b*x)~(1/2))"3,x)




output

input

output
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(x~2%((48%b*xc) /(T*(a - c)~3) - (2%bx(3%a + 5%c))/(a - c)~3)*x(c + b*x)~(1/2
))/(5%b) - (x~2%((48*a*b)/(7*x(a - c)~3) - (2*bx(5*a + 3*c))/(a - c)~3)*(a
+ b*x)~(1/2))/(5%b) - (2xax((2*ax(a + 3*c))/(a - c)~3 + (4*a*x((48*axb)/(7*
(a - ¢)73) - (2xbx(5%xa + 3%c))/(a - ¢c)~3))/(5xb))*(a + b*x)~(1/2))/(3*b"2)
+ (8*b*x~3*(a + b*x)~(1/2))/(7T*(a - c)~3) + (2*%c*((2*%c*(3*a + c))/(a - c)
"3 + (4*xc*x((48*b*c)/(7T*(a - ¢)~3) - (2xbx(3*a + 5*c))/(a - c)~3))/(5%b))*(
c + bxx)~(1/2))/(3%¥b~2) - (8xbxx~3*(c + b*x)~(1/2))/(7*(a - c)~3) + (x*x((2
*xa*x(a + 3%c))/(a - c)~3 + (4*a*x((48*a*xb)/(7*(a - c)~3) - (2%b*(5*a + 3%c))
/(a - c)73))/(5xb))*(a + b*x)~(1/2))/(3*b) - (x*x((2%c*(3*a + c))/(a - ¢)~3
+ (4*c*((48xbxc)/(7x(a - c)~3) - (2xbx(3*a + 5*c))/(a - c)~3))/(5*b))*(c
+ b*x)~(1/2))/(3*Db)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 213, normalized size of antiderivative = 0.82

L/* L dz
(Va+bz+Ve+ba)’

__6\Vbztcab®z? _ 2vbztcabex + 4bztcac® _ 8Vbztcbdz3 _ 22vbztcb’cz? + 6vbrtcbclz _ 12v/bztecd +
5 5 5 7 35 35

35

12v/bx+aa
35

r

Lint(x/((b*x+a)”(1/2)+(b*x+c)”(1/2))”3,X)

| —

(2% ( - 21*sqrt(b*x + c)*axb**2xx*x2 - T*sqrt(b*x + c)*axb*cxx + 14xsqrt(b*
X + c)xakc*k*2 — 20*sqrt(b*x + c)*b**3*x**3 — 11*sqrt(b*x + c)*b**2kc*xx**2
+ 3*sqrt(b*x + c)*xb*cx*2xx - 6*sqrt(b*x + c)*cx*3 + 6xsqrt(a + bxx)*a**3 -
3*xsqrt(a + b*x)*ax*2xb*x - 14*sqrt(a + b*x)*a*x2*c + 1l*sqrt(a + b*x)*a*b
*¥*k2xxx*k2 + T*sqrt(a + bxx)*axbkckx + 20*sqrt(a + bkx)*b**3*x**3 + 21*sqrt(
a + bxx)*bx*2%cxx**2)) / (35%b**2* (a**3 — 3ka**k2kc + 3kakxck*2 — C**3))

N\

b? (a® — 3a%c+ 3ac? —
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outpu L

1
3-13 f (\/a+bx+\/c+bac)3 dz

Optimalresult . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ..
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. ....
Sympy [B] (verification not implemented) . . ... ... ... ... ... ....
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . .. ... ... ........

Optimal result

Integrand size = 21, antiderivative size = 64

1

/ 1 dp — (a—c)?
(\/a+bx—|—\/c+bx)3 10b(\/a+bm+\/c—|—bx)5

2b (Va + bz + v/c + bx)

)~ (1/2))

t ‘ 1/10%(a-c) ~2/b/ ((b*x+a) =~ (1/2)+(b*x+c) ~(1/2))~5-1/2/b/ ((b*x+a) ~(1/2) +(b*x+c

|
J

Mathematica [A] (verified)

Time = 0.64 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.86

/ ! dz
(Va+bz+Vetba)’

_ 2((—5a + ¢ — 4bz)(c + bz)*?* + (a + bz)¥/*(—a + 5c + 4bz))

5b(a — ¢)3

input

Integrate[(Sqrt[a + b*x] + Sqrtlc + b*x])~(-3),x]




outpu

inpu

output
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¢ (2x((-5%a + ¢ - 4xbxx)*(c + bxx)"(3/2) + (a + bxx)"(3/2)*(-a + 5xc + 4xbrx
)/ (5¥bx(a - ©)73) J

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.83,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(Va+ bz + \/bx+c)3

| 7240
[ (=Ve+bz(3a+ c) + (a+ 3c)Va + bz + 4bzv/a + bz — 4bz+/c + bx) dz
(a—¢)?
| 2009

2(a+3c)(a+bx)3/? _ 2(3a+c) (bz+c)/? + 8(a+bzx)®/2 _ 8a(atbx)3/? _ 8(bx+c)5/2 8c(bz+c)3/?
3b 3b 5b 3b

5b 3b
(a—c)?

t‘ Int[(Sqrt[a + b*x] + Sqrtlc + b*x])~(-3),x] ‘

((-8%ax(a + bkx)~(3/2))/(3%b) + (2%(a + 3*c)x(a + bkx)~(3/2))/(3%b) + (8*(
‘a + b*x)"(5/2))/(5%b) + (8kck(c + bxx)~(3/2))/(3%b) - (2x(3%a + c)*(c + bx
107(3/2))/(3%b) - (8(c + bkx)"(5/2))/(5%b))/(a - ¢)"3
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7240 ImEL@_)*((e_)*Sqrtl(a_.) + (b_)*(x)~(a_.)] + (f_.)*Sqrtl(c_.) + (d_)*
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt[a + bxx"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c

, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*xe~2 - d*f~2, 0] \

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 145 vs. 2(52) = 104.

Time = 0.01 (sec) , antiderivative size = 146, normalized size of antiderivative = 2.28

method | result P
3 5 3 g sGerm? Sa(bera)? 8(“”;)3—6(&“55&)
2a(bz+a)2 | 2c(bz+a)2 _ 2a(bz+c)2 _ 2c(bzc)?2 eta)? _Sa(beta)?
def&ult 3(&-0)3b + (a_c)Sb (a—c)Sb 3(a_c)3b + (a—c)3b (a_c)3b 146
input Lint (1/ ((b*x+a)~(1/2)+(b*x+c) ~(1/2)) "3, x,method=_RETURNVERBOSE) J

‘ 2/3/ (a-c) ~3*a*(bxx+a) " (3/2) /b+2/ (a-c) ~3*c* (b*x+a) ~(3/2) /b-2/ (a-c) ~3*a* (b*x ‘
‘ +¢)~(3/2) /b-2/3/(a-c) ~3*c* (b*x+c) ~(3/2) /b+8/ (a-c) ~3/b*(1/5* (b*x+a) ~(5/2) -1 ‘
‘ /3*ax* (b*x+a) ~(3/2))-8/(a-c) ~3/b*x(1/5*% (b*x+c) ~(5/2)-1/3*c* (b*x+c) ~(3/2)) ‘

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 106 vs. 2(52) = 104.

Time = 0.07 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.66

1
/ 5 dr
(Va+ bz + Vc+ bz)
2 ((4b%2® —a® 4+ 5ac+ (3ab+ 5bc)z)vVbz + a — (4b*2? + 5ac — 2 + (5ab+ 3bc)z)vbz + ¢)
5 (a3b — 3 a2bc + 3 abc® — be?)
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input‘integrate(l/((b*x+a)"(1/2)+(b*x+c)"(1/2))"3,x, algorithm="fricas")

t‘2/5*((4*b‘2*x‘2 - a2 + bxaxc + (3*axb + 5xbkc)*x)*sqrt(b*x + a) - (4xb~2x%
'X72 + Braxc - c72 + (5xaxb + 3xbxc)*x)*sqrt(b*x + c))/(a”3%b - 3%a~2sb¥c +
L 3%a*b*c™2 - bxc"3) J

outpu

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 384 vs. 2(48) = 96.

Time = 0.90 (sec) , antiderivative size = 384, normalized size of antiderivative = 6.00

/ ! dz
(Va+bz+Ve+ba)’

2a _ 4bx
N " babvatbr+15abv/bz+c+20b2z/atbz+20b2z+/bx+c+15bcy/atba+5bey/br+c 5abv/a+br+15abv/bxr+c+20b2x+/a+bx+20b2x+/bx-
I
(Vatve)®
inputLintegrate(l/((b*x+a)**(1/2)+(b*x+c)**(1/2))**3,x) J

Piecewise((-2%a/(5*%a*bxsqrt(a + b*x) + 15*a*bxsqrt(bxx + c) + 20%b**2*x*sq
rt(a + b*x) + 20*%b*x2xx*ksqrt(b*x + c) + 16*bxcksqrt(a + b*x) + 5¥bxc*xsqrt(
b*x + c)) - 4*bxx/(5xaxb*sqrt(a + b*x) + 15xa*bkxsqrt(b*x + c) + 20%b*x2*x*
sqrt(a + b*x) + 20*b**2*x*sqrt(b*x + c) + 15xb*c*sqrt(a + b*x) + bxb*c*sqr
t(b*x + c)) - 2%c/(B*axb*xsqrt(a + b*x) + 15*axb*sqrt(b*x + c) + 20%b**2xx*
sqrt(a + b*x) + 20*b**2xx*sqrt(b*x + c) + 15xbxc*sqrt(a + b*x) + b¥bkcksqr
t(b*x + c)) - 6*sqrt(a + b*x)*sqrt(b*x + c)/(5xa*b*sqrt(a + b*x) + 1b5*axb*
sqrt(b*x + c) + 20*b**2xx*sqrt(a + b*x) + 20*b**2*xx*sqrt(b*x + c) + 15xb*c
xsqrt(a + b*x) + Sxbxcxsqrt(b*x + c)), Ne(b, 0)), (x/(sqrt(a) + sqrt(c))#*x*
3, True))

output
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Maxima [F|

/ 1 3dx=/ 1 5 dT
(Va+ bz + Vc+ b) (Vbr + a + vVbz + ¢)

input Lintegrate (1/ ((bxx+a) = (1/2)+(b*x+c)~(1/2))"3,x, algorithm="maxima") J

-

Lintegrate((sqrt(b*x + a) + sqrt(b*x + ¢))~(-3), x)

-/

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 427 vs. 2(52) = 104.

Time = 0.14 (sec) , antiderivative size = 427, normalized size of antiderivative = 6.67

1
/ 5 dr =
(Va+bz + Ve +bz)
2 (w+a) 4 (a®® — 3a’b’c + 3ab*c® — b*c®)(bx + a) B 3 (a*b?
5 abh® — 6 adb3c + 15 a*b3c? — 20 a3b3¢c® + 15 a?b3c* — 6 ab3c® + b3c®  abb3 — 6a%b3c + 1
2 (4 (bx + a)g —5(bz + a)%a + 5 (bz + a)%c>
5 (a®b — 3 a2bc + 3 abc? — be?)

+

input Lintegrate (1/ ((b*x+a) = (1/2)+(b*x+c)~(1/2))"3,x, algorithm="giac") J

-2/5%((b*x + a)*(4*x(a"3*b"2 - 3*a~2%b"2*c + 3*axb"2kc”2 - b"2*c"3)*(b*x +
a)/(a"6*%b~3 - 6*a~5xb~3*c + 15%a~4*xb~3*c"2 - 20*a~3*b~3*c~3 + 15*a~2xb~3*c
4 - 6*axb”3*%c”5 + b73*%c"6) - 3*(a"4*b"2 - 4*a”~3*b"2xc + 6*a”"2%b"2*c"2 - 4
*axb~2%c”3 + b~2*c"4)/(a"6%b"3 - 6*a”"5*%b"3*kc + 15%a”4*xb”"3*c”2 - 20*a”3%b~3
*C™3 + 15%a~2*%b~3%c”4 - 6*a*b~3*%c”5 + b~3*c"6)) - (a"5%b"2 - 5xa~4xb"2*c +

10*a~3%b~2%c~2 - 10%a”~2%b~2%c~3 + 5*a*b~2%c~4 - b~2xc"5)/(a~6%b"3 - 6*a”5
*¥b"3%c + 15*%a"4*b"3*%c”2 - 20*%a"3*b"3*c~3 + 15*%a”"2*¥b"3*%c"4 - 6*a*xb"3*%c”5 +
b~3*c”6)) *sqrt(b*x + c) + 2/5x(4x(b*x + a)~(5/2) - Bx(b*x + a)~(3/2)*a + 5
*(bxx + a)~(3/2)*c)/(a"3%b - 3*a~2xbxc + 3*axb*c”2 - b*c~3)

output
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Mupad [B] (verification not implemented)

Time = 22.66 (sec) , antiderivative size = 252, normalized size of antiderivative = 3.94

2a< 32ab _ 2b(5a+3c¢)

. (2 IS S el ) ) Va+bz
u/i 5 dr =
(Va+ bz + Vc+ bz) b

20( 32bc __ 2b(3a+5c)

(Q?ﬁ‘é;% e )) Vetbz

b
+8beVa+bx__8beVC+bx
5(a—c)® 5(a—c)®
32ab _ 2b(5a+3¢)
_ z <5(a—c)3 (a—c)® > Va+b$
3b
32bc  _ 2b(3at5¢)
+ L (5(0,—(:)3 (a—c)® > ctbx
3b
inputtint(l/((a + bxx)~(1/2) + (c + b*x)~(1/2))"3,%) J

(((2%(3*a*xc + a~2))/(a - ¢c)~3 + (2xa*x((32*a*b)/(5%(a - c)~3) - (2*xb*x(5*a +
3xc))/(a - ¢)~3))/(3*b))*(a + b*x)~(1/2))/b - (((2*c*(3*a + c))/(a - c)~3
+ (2%c*((32xbxc)/(6x(a - c)73) - (2xbx(3*%a + 5%c))/(a - c)~3))/(3*b))*(c
+ bxx)~(1/2)) /b + (8*b*x"2*(a + b*x)~(1/2))/(5%(a - c)~3) - (8*b*x"2*x(c +
b*x)~(1/2))/(5%(a - c)~3) - (x*((32%a*b)/(5%(a - c)~3) - (2xb*(5*a + 3%c))
/(a = c)73)*x(a + b*x)~(1/2))/(3*%b) + (x*x((32%b*c)/(5x(a - c)~3) - (2%b*(3x*
a + 5xc))/(a - c)"3)*(c + bxx)~(1/2))/(3xb)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.22

L/“ ! dz
(Va+bz + e+ bz)’

B —2\/Wabx _ 2\/@&0 _ 8\/bac-gc62x2 _ 6\/bm;-cbca: + 2 ba:E—)+cc2 _ 2\/ba:5+aa2 + 6\/bz-5|-aa,ba: + 2\/m

b(ad — 3a%c+3ac? —c3)




inpu

outpu

CHAPTER 3. LISTING OF INTEGRALS 140

t\int(1/((b*x+a)“(1/2)+(b*x+c)”(1/2))”3,x)

t‘(2*( - bksqrt(b*x + c)*axb*x — bxsqrt(b*x + c)*akc — 4xsqrt(bxx + c)*b**2x%
‘x**2 - 3xsqrt(b*x + c)*bxc*xx + sqrt(b*x + c)*c**2 - sqrt(a + b*x)*a**2 + 3
‘*sqrt(a + b*x)*a*b*x + 5*sqrt(a + bxx)*axc + 4*xsqrt(a + b*x)*b**x2*x**2 + 5
‘*sqrt(a + b*x)*b*c*x))/(5xb* (a*x*3 — 3kaxx2kc + 3kakck*2 — c**3))




output
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1

314 [

Optimal result . . . . . . . . . . . . . e

Mathematica [A] (verified)

Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented)
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

(v a+bz++v/c+bx) 3

Integrand size = 25, antiderivative size = 157

dzr =

2(a+ 3c)va+ bx

142
142

140]
140]
140}

8(a+bx)’?  2(3a+c)Ve+ba

1
/ac(\/a—l—bav—i-\/c—l-bav)3

(@ —c)? 3(a —c)?

8(c + bx)?/? 2v/a(a + 3c)arctanh<

+

(@—c)?

a+bx

)

3(a—c)? (a —c)?
2/c(3a + c)arctanh( C“'bz)

(@a—c)?

‘2*(a+3*c)*(b*x+a) (1/2)/(a-c) ~3+8/3* (b*x+a) ~(3/2) / (a-c) ~3-2%(3*a+c) * (bxx+c
‘) (1/2)/(a-c) ~3-8/3* (b*x+c) ~(3/2) /(a-c) ~3-2*a~ (1/2) * (a+3*c) *arctanh ( (b*x+a
‘) (1/2)/a~(1/2))/(a-c) ~3+2*c~ (1/2) * (3*a+c) *arctanh ((bxx+c)~(1/2) /c~(1/2))/

‘(a—c)‘3

J
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Mathematica [A] (verified)

Time = 1.39 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.55

dr = -
x \/a+bx+\/c—|—bx)3 3 (a—c)?

/ 1 2|  Ve+bx(9a+Tc+ 4bz)
(

+ Vva+ bx(7a + 9c + 4bx)

a—c)3

(
3(v/a — /c) arctan ( v “JZ’/Z; \;)Lb””)

V- (Va-vo)? (Va+ o)

3(/a+ ; \/7+\/c+7bx>
(v/a+ /) arctan < ey

(Va-vo)' /= (vVa+ve)’

input LIntegrate [1/(x*(Sqrt[a + b*x] + Sqrtlc + b*x])~3),x] J

(2% (-((Sqrtlc + b*x]*(9%a + 7xc + 4xb*x))/(a - c)"3) + (Sqrtla + b*x]*(7*a
+ 9xc + 4xb*x))/(a - ¢c)~3 - (3*(Sqrt[a] - Sqrt[c])*ArcTan[(-Sqrt[a + Db*x]
+ Sqrtlc + b*x])/Sqrt[-(Sqrtl[a]l - Sqrtlcl)~2]11)/(Sqrt[-(Sqrtl[al - Sqrtlcl
)"2]*(Sqrt[a] + Sqrtlcl)~3) - (3*(Sqrt[al + Sqrtlc])*ArcTan[(-Sqrt[a + b*x
1 + Sqrtlc + b*x])/Sqrt[-(Sqrtlal + Sqrtlc])~2]11)/((Sqrtl[al - Sqrtl[cl) 3*S
qrt[-(Sqrt[a] + Sqrtlc])~2]1)))/3

output

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.78,
_ o number of rules

number of steps used = 2, number of rules used = 2, integrand size — = 0.080, Rules

used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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1
/ 3 dz
z (Va+ bz + vbz +c)

l 7240
/ (4\/(1 + bxb — 4+/c + bxb + (a+3c)x\/m _ (3a+c)xm> i
(a—c)3
l 2009

—2+v/a(a + 3c)arctanh< v ‘\’;’ab“) +24/c(3a + c)arctanh( Y %"'C) +2(a+3c)Va+bz —2(3a+c)vbz +c+ 5(a-

(@—c)?

input‘ Int[1/(x*(Sqrt[a + b*x] + Sqrtlc + b*x])~3),x] ‘

‘ (2% (a + 3*c)*Sqrt[a + b*x] + (8x(a + b*x)~(3/2))/3 - 2%(3*a + c)*Sqrtlc + \
‘b*x] - (8%(c + bxx)~(3/2))/3 - 2xSqrt[al*(a + 3*c)*ArcTanh[Sqrt[a + b*x]/S ‘
‘qrt [al] + 2#Sqrt[c]*(3*a + c)#*ArcTanh[Sqrt[c + b*x]/Sqrtl[cl]])/(a - c)~3 ‘

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7240 TRELCU_ D)% (Ce_)*Sqrtl(a_.) + (b_)*(x)~(a_.)] + (£_.)*Sqrtl(c_.) + (d_.)*
‘(x_)"(n_.)])"(m_), x_Symbol] :> Simp[(a*e”2 - cxf~2)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt [a + b*x"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c ‘

, d, e, £, n}, x] & ILtQ[m, 0] && EqQ[b*e"2 - d*f~2, 0]
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.15

method | result

a(2\/lm-2\/ﬁ arctanh(‘/l:%?)) 8(bz+a)% S(bz—i—c)% 30(2\/M—2\/6 arctanh( 'iﬂ/ﬁaja)> 3a(2m—2
(a—c)® + 3(a—c)® - 3(a—c)® (a—c)®

default

Lin‘t (1/x/ ((bxx+a) = (1/2)+(b*x+c)~(1/2)) ~3,x,method=_RETURNVERBOSE)

—

input

1/ (a-c) ~3*a*x (2% (b*x+a) ~(1/2)-2*a” (1/2) *arctanh ((b*x+a)~(1/2)/a~(1/2)))+8/3
* (bxx+a) ~(3/2)/(a-c) ~3-8/3* (b*x+c) ~(3/2) / (a-c) ~3+3/ (a-c) "3*c* (2* (b*x+a) ~ (1
/2)-2xa~ (1/2)*arctanh ((b*x+a) ~(1/2)/a~(1/2)))-3/(a-c) ~3*a*x (2* (b*x+c) ~(1/2)
-2xc”~(1/2)*arctanh ((b*x+c) ~(1/2)/c~(1/2)))-1/(a-c) ~3*c* (2% (b*x+c) ~(1/2) -2*
c~(1/2)*arctanh ((b*x+c)~(1/2)/c~(1/2)))

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 504, normalized size of antiderivative = 3.21

1
/ 5 dr
z (Va+bz+ e+ bx)
3(a+3c)y/alog (bﬁz . bz;r“‘/a”a) +3(3a+c)\/clog (bm_z ng’jc‘/é”c) —2(4bx+Ta+9c)Vbz
N 3(a® —3a%c+3ac? —c3)

6 (3a + c)y/—carctan (\/‘é;;jc) +3(a+3c)y/alog <bz+2 Vbz:“\/a““) —2(4bz+T7a+9¢c)Vbzr+a-

3(a® —3a%c+3ac? —c3)

-

tintegrate(l/x/((b*x+a)‘(1/2)+(b*x+c)‘(1/2))‘3,x, algorithm="fricas")

—

input
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[-1/3*(3%(a + 3*c)*sqrt(a)*log((bxx + 2xsqrt(b*x + a)*sqrt(a) + 2%a)/x) +

3x(3*a + c)*sqrt(c)*log((b*x - 2xsqrt(b*x + c)*sqrt(c) + 2xc)/x) - 2x(4xb*
X + Txa + 9*c)*sqrt(b*x + a) + 2x(4xb*x + 9%a + Txc)*sqrt(b*x + c))/(a"3 -
3%xa”2%c + 3%a*c”2 - c~3), -1/3*(6*%(3*%a + c)*sqrt(-c)*arctan(sqrt(-c)/sqrt
(b*x + c)) + 3*(a + 3*c)*sqrt(a)*log((b*x + 2*sqrt(b*x + a)*sqrt(a) + 2*a)
/x) - 2%(4*xbxx + T*a + 9*kc)*sqrt(bxx + a) + 2x(4xb*x + 9*xa + T*c)*sqrt(b*x
+ ¢))/(a"3 - 3*%a"2%c + 3*a*c”2 - c¢"3), 1/3*(6xsqrt(-a)*(a + 3*c)*arctan(s
grt(-a)/sqrt(b*x + a)) - 3*(3*a + c)*sqrt(c)*log((b*x - 2*sqrt(b*x + c)*sq
rt(c) + 2xc)/x) + 2x(4xbxx + T*a + 9*c)*sqrt(b*x + a) - 2%(4*b*x + 9%a + 7
*xc)*sqrt(bxx + c))/(a”3 - 3*a~2%c + 3*axc™2 - ¢~3), 2/3*(3*xsqrt(-a)*(a + 3
xc)*arctan(sqrt(-a)/sqrt(b*x + a)) - 3*(3*a + c)*sqrt(-c)*arctan(sqrt(-c)/
sqrt(bxx + c)) + (4*b*x + T*a + 9*c)*sqrt(b*x + a) - (4xbxx + 9%a + T*c)*s
grt(b*x + c))/(a”3 - 3xa~2%c + 3*a*c™2 - c~3)]

output

Sympy [F]

u/1 1 dx==u/n 1 dx
x(\/a+bx+\/c+bx)3 z(\/a+bx+\/bz+c)3

inputLintegrate(l/x/((b*x+a)**(1/2)+(b*x+c)**(1/2))**S,X)

outputLIntegral(l/(X*(sqrt(a + b*x) + sqrt(b*x + c))**3), x)

Maxima [F]

b/* L 3dhw:t/P 1 5 dr
z (Va+ bz + /c+ br) z(vbz + a+ bz + c)

inputLintegrate(l/x/((b*x+a)‘(1/2)+(b*x+c)“(1/2))*3,X’ algorithm="maxima")

outputLintegrate(l/(x*(sqrt(b*x + a) + sqrt(b*x + ¢))~3), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2652 vs. 2(133) = 266.

Time = 0.70 (sec) , antiderivative size = 2652, normalized size of antiderivative = 16.89

1
/ 5 dr = Too large to display
z (Va+ bz +vc+ bx)

(integrate(l/x/((b*x+a)‘(1/2)+(b*x+c)‘(1/2))“3,x, algorithm="giac")

N J

input

-2/3*sqrt(b*x + c)*(4*(a”3 - 3xa"2%c + 3xa*c™2 - c"3)*(bxx + a)/(a"6 - 6*a
“Bxc + 15%a"4%c”2 - 20%a”3xc”3 + 15*a”2*c”4 - 6%axc”5 + c76) + (5xa"4 - 8%
a"3xc - 6*%a~2%c”2 + 16%axc”3 - Txc"4)/(a"6 - 6*a"bxc + 15%xa”4*c”2 - 20%a"3
*c™3 + 1b*a"2%c”4 - 6*axc”5 + c76)) + 2%(a”2 + 3*a*c)*arctan(sqrt(b*x + a)
/sqrt(-a))/((a"3 - 3*%a"2xc + 3*axc™2 - c~3)*sqrt(-a)) + 2/3*%(4*(b*xx + a)~(
3/2)*a"6 + 3*ksqrt(b*x + a)*a”7 - 24*x(b*x + a)”~(3/2)*a"bxc - 9*sqrt(b*x + a
)*a~6*c + 60*(b*x + a)”~(3/2)*a"4xc”2 - 9*xsqrt(b*x + a)*a”~bxc”2 - 80*(b*x +
a)~(38/2)*a"3xc”3 + Tb*sqrt(b*x + a)*a~4*c™3 + 60*(b*x + a)~(3/2)*a"2xc™4

- 135*sqrt(b*x + a)*a~3*%c”™4 - 24x(b*x + a)~(3/2)*axc”5 + 117xsqrt(b*x + a)
*a~2%c”5 + 4*x(bxx + a)~(3/2)*c”6 - blxsqrt(b*x + a)*a*xc™6 + 9*sqrt(b*x + a
)*c™T7) /(a9 - 9*%a~8*c + 36xa”T*c"2 - 84*a"6%c”3 + 126%a"5*c”4 - 126%a"4xc”
5 + 84xa”3%c”6 - 36%a"2%c”7 + 9*%axc”8 - c79) - 2*(3*a"9xc - 14*%a”8*c”2 + 2
2%a”~7*c”3 - 6%a"6xc”4 - 20%a"b*c”b + 22%a"4*c”6 - 6%a"3*c”7 - 2%a"2%c”8 +

axc”9 - 2x(3*%a”"2xc”2 + a*c”3 + (3*axc”2 + c”3)*sqrt(a*xc))*(a”3 - 3xa"2xc +
3xa*xc”™2 - c73)"2*sgn(a”3 - 3*%a"2xc + 3*kaxc”2 - c73) - 2%(3*a”2*c”2 + axc”
3 - (3*a™2%c + axc”2)*sqrt(a*c))*(a”3 - 3*%a"2xc + 3*kaxc”2 - c"3)72 - (3*xa”
5xc™2 - 11%a”4*c”3 + 14%a”3*c”4 - 6*%a”2%c”5 - axc”6 + c”7 - (3*%a"bxc - 11x
a~4*xc”™2 + 14%a”3%c”3 - 6*a”2*c”4 - a*c”5 + c”6)*sqrt(axc))*abs(-a~3 + 3*a”
2xc - 3%axc”2 + c"3)*sgn(a”3 - 3*a”2%c + 3xa*c”2 - c”3) - (3*¥a”6*kc - 11xa”
5xc™2 + 14%a”4*c”3 - 6*%a"3%c”"4 - a"2%c”5 + axc”6 + (3*a"bxc - 11*a4xc”...

output
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Mupad [B] (verification not implemented)

Time = 49.47 (sec) , antiderivative size = 4060, normalized size of antiderivative =
25.86

/ L 5 dz = Too large to display
z (Va+br+ e+ bz)

inpu‘c‘im:(l/(x*((a + b*x)~(1/2) + (c + b*x)7(1/2))73),x)

((((@a~(1/2)*(16%a + 16%*c))/(3*xaxc™2 — 3*a~2*%c + a~3 - ¢c~3) + (c~(1/2)*(16%*
a + 16%c))/(3*xaxc™2 - 3*a~2%c + a3 - ¢~ 3))*x((a + b*x)~(1/2) - a~(1/2)))/(
(c + bxx)~(1/2) - c~(1/2)) + (((a~(1/2)*(12%a + 20%c))/(3*a*xc™2 - 3*a~2*c

+ a3 - ¢c73) + (c7(1/2)*(20%a + 12*c))/(3*a*xc”2 - 3*a"2*c + a~3 - c~3))*((
a + bxx)~(1/2) - a~(1/2))72)/((c + b*x)~(1/2) - c~(1/2))"2 + (a~(1/2)*((28
*a) /3 + 12%c))/(3%a*xc™2 - 3*%a~2%c + a~3 - c¢~3) + (c~(1/2)*(12%a + (28%c)/3
))/(3*axc™2 - 3*xa”2%c + a~3 - ¢73))/((3*((a + b*x)~(1/2) - a~(1/2)))/((c +
bxx)~(1/2) - ¢~(1/2)) + (3*((a + b*x)~(1/2) - a~(1/2))"2)/((c + b*x)~(1/2
) - c™(1/2))72 + ((a + b*x)~(1/2) - a~(1/2))73/((c + b*x)~(1/2) - c~(1/2))
"3 + 1) + (log(((a + bxx)~(1/2) - a~(1/2))/((c + b*x)~(1/2) - c~(1/2)))*(a
*x(a~(1/2) + 3*%c~(1/2)) + c*(3*%a~(1/2) + c~(1/2))))/(3*%a*c™2 - 3*a~2%c + a~
3 - ¢™3) + (atan(((((a~(1/2)*c~(3/2) - 2*a*c + a~(3/2)*c”(1/2))*(2*%a*c + a
~(1/2)*c~(3/2) + a~(3/2)*c~(1/2)))~(1/2)*((6*a*c~(11/2) - 6*a~(11/2)*c + 2
*a~ (3/2)*c”5 - 2*%a~bxc~(3/2) + 12*a~3*xc”~(7/2) - 12*xa~(7/2)*c”3 - 16*a”~2*c~
(9/2) + 16%a~(9/2)*c~2)/(a*c”™7 + a"T7*c - 6*%a”2%c”6 + 15*%a”~3*%c~5 - 20*a"4x*c
“4 + 16%a”b*c”3 - 6*a"6*c”2) + (((a~(1/2)*c~(15/2) - 5*a~(3/2)*c~(13/2) +

9*a”~(5/2)*c~(11/2) - 5*xa~(7/2)*c~(9/2) - 5*xa~(9/2)*c~(7/2) + 9*a~(11/2)*c”
(5/2) - 5*%a~(13/2)*c~(3/2) + a~(15/2)*c~(1/2))/(axc™7 + a"~7*xc - 6*a”~2*xc”6

+ 15%a”~3%c”5 - 20*a”4*c~4 + 15*xa”b*c~3 - 6*a~6*c”2) - (2*x((a + b*x)~(1/2)

- a~(1/2))*(axc™9 + a"9*c - 7*a"2*c”8 + 22*xa~3xc”7 - 41*a"4*c”6 + 50*a”...

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 802, normalized size of antiderivative = 5.11

/ L 5 dr = Too large to display
z (Va+br +vc+bx)

input!int(i/x/((b*X+a)A(1/2)+(b*X+C)“(1/2))“3,x)
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( - 24*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c)
+ sqrt(a + b*x))/sqrt(2*sqrt(c)*sqrt(a) - a - c))*a - 24*sqrt(c)*sqrt(a)*
sqrt (2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(
2xsqrt(c)*sqrt(a) - a - c))*c - 6*xsqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sq
rt(b*x + c) + sqrt(a + b*x))/sqrt(2*sqrt(c)*sqrt(a) - a — c))*a*x*2 - 36%sq
rt(2xsqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(2x*
sqrt(c)*sqrt(a) - a - c))*a*xc - 6*sqrt(2+sqrt(c)*sqrt(a) - a - c)*atan((sq
rt(b*x + c) + sqrt(a + b*x))/sqrt(2*sqrt(c)*sqrt(a) - a — c))*cx*2 - 18%xsq
rt(bxx + c)*a*x2 - 8+sqrt(b*x + c)*axb*x + 4xsqrt(b*x + c)*a*c + 8*sqrt(bx*
X + c)*bkc*x + 14xsqrt(bxx + c)*c*x2 - 12xsqrt(c)*sqrt(a)*sqrt(2xsqrt(c)*s
grt(a) + a + c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt
(a + b*xx))*a - 12*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt
(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*c + 12xsqrt(c
)*sqrt(a) *sqrt (2*sqrt(c) *sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2*sqrt(
c)*sqrt(a) + a + c) + sqrt(a + b*x))*a + 12*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)
*sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sq
rt(a + b*x))*c + 3*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sqr
t(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*a**x2 + 18*sqrt(2*sqrt(c)*sqr
t(a) + a + c)*log(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a
+ b*x))*axc + 3*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sq...

output




output
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1

3.15 f mz(\/a+bx+\/c+bx)3

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .

Fricas [A] (verification not implemented)

Sympy [F] . . . o
Maxima [F] . . . . . . o e

Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 25, antiderivative size = 162

1
/w2 (\/a-l—bac—i-\/c—i-bas)3

dz

_8Wa+br (a+3c)Va+br B8bvctbz

(a—c)3 (a —c)3z

(3a+ ¢)ve + ba 3b(3a + c)arctanh(

(@a—c)?

Va+bx

va

)

(a—c)x

3b(a + 3c)arctanh<

Vetbz

Ve

)

Ve(—a+o)?

va(a—c)?

‘ 8%bx (b*x+a) ~(1/2)/(a-c) ~3-(a+3*c) *(b*xx+a) ~(1/2)/(a-c) ~3/x-8*b* (b*x+c) ~(1/2
‘)/(a—c)‘3+(3*a+c)*(b*x+c)‘(1/2)/(a—c)‘3/x—3*b*(3*a+c)*arctanh((b*x+a)“(1/2
\ )Y/a~(1/2))/a~(1/2)/(a-c) ~3-3%b* (a+3*c)*arctanh ((b*x+c) ~(1/2)/c~(1/2))/c~ (1

/2)/(-a*c)"3
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Mathematica [A] (verified)

Time = 10.76 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.15

/ 1 3 dz
z? (Va+ bz + Vc+ br)

(a+3¢) ( at+ba+bz,/1+22arctanh
b (8\/(1 + bz — 8Vc + b — Sﬁarctanh(‘/‘i}?> + &/Earctanh(“”?) _ ( \/;erx |
) @=op
input Integrate[1/(x"2*(Sqrt[a + bxx] + Sqrtlc + bxx])"3),x] J

(b*(8*Sqrt[a + b*x] - 8*Sqrtl[c + b*x] - 8*Sqrt[al*ArcTanh[Sqrt[a + b*x]/Sq
rt[a]] + 8*Sqrtlc]l*ArcTanh[Sqrt[c + b*x]/Sqrtlcl] - ((a + 3*c)*(a + b*x +
b*x*Sqrt[1 + (b*x)/al*ArcTanh([Sqrt[1 + (b*x)/all))/(b*x*Sqrtla + b*xx]) + (
(3*a + c)*(c + b*x + bxx*Sqrt[l + (b*x)/c]*ArcTanh[Sqrt[1 + (b*x)/c]11))/(b
*x*xSqrt[c + b*x])))/(a - ¢)73

output

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.08,

number of rules _ 980, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 3dz
z? (Va + bz + vVbz + ¢)
l7240

I <4\/a;-bxb _ 4\/c:bxb + (a+3cg)6\/2 atbr (3a+07)02\/c+bx) da
(a—¢)3

l 2009
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_b(a+3c)arctanh< f\l/%bz> b(3a+c)arctanh< l:“/”g'c) B 8\/abarctanh<‘/a+bx> __ (a+3c¢)Va+tbx + (3a+c)vbz+c + 8b\/5
x x

Va + Ve Ja
(@a—c)?
input LInt [1/(x"2%(Sqrt[a + b*x] + Sgrtlc + b*x])~3),x] J
output (8xb*Sqrt[a + b*x] - ((a + 3*c)*Sqrtla + b*x])/x - 8*bxSqrtlc + b*x] + ((3

*a + c)*Sqrtlc + bxx])/x - 8xSqrt[al*bxArcTanh[Sqrt[a + b*x]/Sqrt[al]l - (b
*x(a + 3%c)*ArcTanh[Sqrt[a + b*x]/Sqrt[all)/Sqrt[al + 8*b*Sqrt[c]*ArcTanh[S
grtlc + b*x]/Sqrtlcl] + (b*(3*a + c)*ArcTanh[Sqrt[c + b*x]/Sqrtlcl]l)/Sqrtl
cl)/(a - c)”3

Defintions of rubi rules used

e

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

A >

7940 ImELC_)*((e_)*Sqrtl(a_.) + (b_.)*(x)~(a_.)] + (£_.)*Sqrtl(c_.) + (d_.)*
‘(x_)“(n_.)])’“(m_), x_Symbol] :> Simp[(a*e”2 - c*f72)"m  Int[ExpandIntegran ‘
‘d[u/(e*Sqrt [a + b¥x™n] - f*Sqrtl[c + d*x"n])"m, x], x], x] /; FreeQl{a, b, c ‘

, d, e, £, n}, x] && ILtQm, 0] && EqQ[b*e~2 - d*£~2, 0] |

rule

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.56

method | result

rctan. beta rctanh bxta rctanh bz tc

N ki G s e (V7F) s et (V) Vi

2ab<— Lra 6ch| — Yot — NS Bab | — Y5 — NG 2¢h | =5
+

2zb 2va
default

(a—c)®

( int (1/x72/ ((b*x+a) ~(1/2)+(b*x+c) ~(1/2)) ~3,x,method=_RETURNVERBOSE)

N

input
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2/ (a-c) ~3*axb*(-1/2* (b*x+a)~(1/2)/x/b-1/2/a" (1/2) *arctanh ((b*x+a) ~(1/2)/a"
(1/2)))+6/ (a-c) ~3*c*b* (-1/2* (bxx+a) ~(1/2) /x/b-1/2/a~ (1/2) *arctanh ( (b*x+a) ~
(1/2)/a~(1/2)))-6/(a-c) ~3*a*xbx (-1/2* (b*x+c) ~(1/2) /x/b-1/2/c”~ (1/2) *arctanh(
(b*xx+c)~(1/2)/c~(1/2))) -2/ (a-c) ~3*c*xbx (-1/2% (b*xx+c) ~(1/2) /x/b-1/2/c” (1/2) *
arctanh ((b*x+c) ~(1/2)/c~(1/2)))+4/ (a-c) ~3*b* (2% (b*x+a) ~(1/2) -2*a~ (1/2) *arc
tanh ((b*x+a)~(1/2)/a"~(1/2)))-4/(a-c) ~3*b* (2* (b*x+c) ~(1/2)-2*c~(1/2) *arctan
h((b*x+c)~(1/2)/c~(1/2)))

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 663, normalized size of antiderivative = 4.09

1
/ 3 dr
22 (Va+ bz + Vc + bz)
[ 3 (3abc + bc?)/azx log (bﬁz . bx:a‘/a”“) + 3 (a®b + 3 abc)/cz log (bz_2 ¥ b”;c‘ﬁHC) —2(8abex — ¢

2(a*c—3a3c® +3a%c® —act)x

6 (a®b + 3 abc)y/—cx arctan ( v=c ) + 3 (3 abc + bc?)+/az log (WH v bx:“‘/aJrQ“) — 2 (8abcz — a’*c —

vbr+c
2(a*c —3a3c® +3a%c — act)x

e

tintegrate(l/x‘Q/((b*x+a)‘(1/2)+(b*x+c)‘(1/2))‘3,x, algorithm="fricas")

~—

input




output

input

output

input
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[-1/2% (3% (3*a*b*c + b*c~2)*sqrt(a)*x*log((b*x + 2*sqrt(b*x + a)*sqrt(a) +
2xa)/x) + 3x(a"2xb + 3*axbxc)*sqrt(c)*x*xlog((b*x - 2*sqrt(b*x + c)*sqrt(c)
+ 2%c)/x) - 2x(8xa*bxc*x - a~2%c - 3*axc”2)*sqrt(b*x + a) + 2% (8*a*bxc*x
- 3%a”2%c - axc”2)*sqrt(b*x + c))/((a"4*c - 3*a~3%c”2 + 3*¥a”"2%c”3 - a*xc”4)
*x), —1/2*%(6%(a~2%b + 3*a*b*c)*sqrt(-c)*x*arctan(sqrt(-c)/sqrt(b*x + c)) +
3x(3*axb*c + bxc~2)*sqrt(a)*x*log((b*x + 2*sqrt(b*x + a)*sqrt(a) + 2%a)/x
) - 2%(8*axb*cxx - a"2xc - 3xakxc”2)*sqrt(b*x + a) + 2*(8*axb*cxx - 3*a”2xc
- axc”2)xsqrt(b*x + c))/((a"4xc - 3*a~3%c”2 + 3*¥a”2%c"3 - a*xc"4)*x), 1/2%
(6% (3*axb*c + b*c~2)*sqrt(-a)*x*arctan(sqrt(-a)/sqrt(b*x + a)) - 3*(a"2%b
+ 3xaxb*c)*sqrt(c)*x*log((b*x - 2*sqrt(b*x + c)*sqrt(c) + 2xc)/x) + 2x(8xa
*¥bkc*kx — a~2kc - 3xaxc”2)*sqrt(b*x + a) - 2x(8*axbxckx - 3%a”2xc - axc"2)*
sqrt(b*x + c))/((a~4*c - 3*xa~3%c”2 + 3*a"2%c”3 - akc"4)*x), (3x(3*axbxc +
b*c~2) *sqrt (-a)*x*arctan(sqrt(-a)/sqrt(b*x + a)) - 3*(a”2%b + 3*axb*c)*sqr
t(-c)*x*arctan(sqrt(-c)/sqrt(b*x + c)) + (8*axb*ckx - a~2%c - 3%a*c”2)*sqr
t(b*x + a) - (8*kaxbxc*x - 3*a~2%c - axc”2)*sqrt(b*x + c))/((a"4*c - 3*a~3*

€2 + 3%a”2%c”3 - a*xc”4)*x)]

Sympy [F]

y/ﬂ L 3 dr ::J/ 1 3 dr
22 (Va+bz+ Ve + ba) 22 (Va+ bz + Vbz + ¢)

integrate (1/x**2/ ((bxx+a)**(1/2)+(b*x+c)**(1/2))**3,x)

N

‘Integral(l/(x**2*(sqrt(a + bxx) + sqrt(b*x + c))**3), x)

Maxima [F]

L/" 1 3dw:=t/“ 1 5 dr
22 (Va+ bz + V¢ + br) z?(vVbz + a + Vb + ¢)

Lintegrate(l/x“Q/((b*x+a)‘(1/2)+(b*x+c)‘(1/2))‘3,x, algorithm="maxima")
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Output"integrate(1/(x"2*(sqrt(b*x + a) + sqrt(b*x + c))~3), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2594 vs. 2(142) = 284.

Time = 7.08 (sec) , antiderivative size = 2594, normalized size of antiderivative = 16.01

1
/ 5 dz = Too large to display
z? (Va+bz + Ve + bz)

e

inputLintegrate(i/x‘2/((b*x+a)“(1/2)+(b*x+c)"(1/2))’"3,x, algorithm="giac")

-/

8*sqrt (b*x + a)*b/(a”3 - 3*a”2xc + 3*a*c™2 - c¢~3) - 8*sqrt(b*x + c)*b/(a"3
- 3%a”2xc + 3%axc”2 - c”3) + 3x(3%axb + b*c)*arctan(sqrt(b*x + a)/sqrt(-a
))/((a~3 - 3*a™2xc + 3*a*xc”2 - c~3)*sqrt(-a)) - 3*(2*%(a"2*c™2 + 33*ka*c”3 +
(a*xc™2 + 3*c”3)*sqrt(a*xc))*(a”3 - 3*a"2xc + 3*axc™2 - c~3) 2xbxsgn(-2*a”3
+ 6*%a~2%c — 6*a*c”2 + 2%c”3) - 2x(a"2#c”2 + 3xa*xc”3 - (a"2*c + 3xa*c”2)*sq
rt(a*c))*(a™3 - 3*a”2*%c + 3xa*c”2 - c”"3)72xb + (a”b*c”2 - a"4*c”3 - 6*a~3*
c”4 + 14xa”2xc”b - 1l*a*xc™6 + 3*c~7 + (a”b*c - a"4*c”2 - 6*a”~3*c”3 + 14x*a”
2%c™4 - 1l%axc”5 + 3%c~6)*sqrt(a*c))*b*abs(-a~3 + 3*a”2%c - 3*axc”2 + c”3)
*xsgn(-2*%a~3 + 6%a”~2%c - 6*%axc”2 + 2%c~3) - (a"6*%c - a"bxc”2 - 6*a"4*xc”3 +
14%a~3%c™4 - 11%a~2%c”5 + 3%a*c™6 + (a~b*c - a"4*c”2 - 6%a”3%c”3 + 14xa”2x
c4 - 11xaxc”™b + 3xc”~6)*sqrt(axc))*b*abs(-a~3 + 3*a"2%c - 3*a*c”2 + c~3) -
(a79%c - 2%a”8*c”2 - 6*%a"Txc"3 + 22*%a"6xc”4 - 20*%a"bxc”b - 6%a~4*c”6 + 22
*¥a"3%c”7 - 14%a”2%c”8 + 3%a*xc”9 + (a78%c - 2¥xa"T*c"2 - 6*%a"6xc”3 + 22%a”bx
c™4 - 20*a~4*c”5 - 6%a”3%c”6 + 22%a”2*c”7 - 14xa*c”8 + 3*c”9)*sqrt(akc))*b
xsgn(-2*¥a”~3 + 6*a”2xc - 6xa*xc”2 + 2%c”3) + (a"9*c - 2*%a"8*c”2 - 6*a”T*c”3
+ 22%a”6*c”4 - 20*%a"b*c”b - 6%a"4*c”6 + 22%a"3%c”7 - 14*%a"2x%c”8 + 3*a*c”9
+ (279 - 2*a"8*c - 6%a”Txc"2 + 22*%a"6%c”3 - 20*a"bxc"4 - 6*a~4*c”5 + 22xa”
3*Cc™6 - 14%a~2%c”7 + 3*a*xc”8)*sqrt(a*c))*b)*arctan(-(sqrt(b*x + a) - sqrt(
b*x + c))/sqrt(-(a”4 - 2*a~3*c + 2*a*xc™3 - c”4 + sqrt((a”4 - 2xa~3xc + 2*a
*C"3 - c74)"2 - (a”5 - b*a"4xc + 10*%a"3*c”2 - 10*%a"2*c”3 + bxaxc™4 - c”...

& J

output
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Mupad [B] (verification not implemented)

Time = 58.65 (sec) , antiderivative size = 4681, normalized size of antiderivative =
28.90

/ L 5 dr = Too large to display
22 (Va + bz + V¢ + br)

input\int<1/<x“2*<<a + b*x)~(1/2) + (c + b*x)~(1/2))73),x)

(b*atan(((b*((a~(1/2)*c~(3/2) - 2*a*c + a~(3/2)*c~(1/2))*(2*%axc + a~(1/2)*
c(3/2) + a~(3/2)*xc~(1/2)))~"(1/2)*((9*a~6xb*c~(7/2) - 9*a~(7/2)*b*c”6 - 24
*a"5xbxc~(9/2) + 24*xa~(9/2)*bxc~5 + 18*%a~4*xb*c~(11/2) - 18*a~(11/2)*b*c"4

- 3xa”2*bxc~(15/2) + 3*a~(15/2)*b*c”2)/(a"3*c™9 - 6*a~4*c”8 + 15*%a~5xc~7 -
20*%a~6*c~6 + 15%a”~T7*c™5 - 6*a~8*c~4 + a~9%c~3) + (((a + b*x)~(1/2) - a~(1
/2))*(6%a” (3/2) *b*c™8 - 6*a~8+bxc~(3/2) + 36*a”6xbxc~(7/2) - 36%a”(7/2)*b*
C™6 - 48*a~b*bkxc~(9/2) + 48*a”~(9/2)*b*c”5 + 18%a”4xbxc~(11/2) - 18*a~(11/2
)*¥b*xc”4)) /(2% ((c + b*x)~(1/2) - ¢c~(1/2))*(a"3*%c™9 - 6%a~4*c™8 + 15%a~5*xc~7
- 20*%a"6*%c”6 + 15%a”T*c”5 - 6*a"8+c~4 + a~9*%c”3)) - (3*xbx((a~(5/2)*c~(19/
2) - 5xa~(7/2)*c~(17/2) + 9*a~(9/2)*c~(156/2) - 5*%a~(11/2)*c~(13/2) - 5*a~(
13/2)*%c”~(11/2) + 9*%a~(15/2)*c~(9/2) - 5%a~(17/2)*c~(7/2) + a~(19/2)*c~(5/2
))/(a"3*%c™9 - 6*a”4*c”8 + 15*%a”~bxc”7 - 20*%a~6*c”6 + 15*xa"T*c”5 - 6*xa"8*c”4
+ a”9%c”3) - (((a + b*x)~(1/2) - a~(1/2))*(4*a~2*xc~10 - 28*a~3*%c”9 + 88*a
“4%c”8 - 164*a"5*%c”7 + 200*%a"6*c”6 - 164*a”7*xc”5 + 88*%a"8*%c”4 - 28*xa~9*xc”3
+ 4%a”~10%c”2))/(2*x((c + b*x)~(1/2) - c~(1/2))*(a~3*c™9 - 6*a~4*c"8 + 15*a
~Bxc”7 - 20%a”6%c”6 + 15%xa”7*c”5 - 6%a"8%c”4 + a~9%c~3)))*((a~(1/2)*c~(3/2
) - 2%axc + a~(3/2)*c”(1/2))*(2%a*xc + a~(1/2)*c~(3/2) + a~(3/2)*c~(1/2)))"
(1/2)*(axc™(7/2) + a~(7/2)*c - 3*a~3*c~(3/2) - 3*a~(3/2)*c~3 + 2*a~2*xc~(5/
2) + 2*a~(5/2)*c”2))/(2x(a~2*c~7 - 5%a~3%c”6 + 10*a~4*c”5 - 10%a"b*%c™4 + 5
*a”"6*%c”3 - a~7*c”2)))*(axc”(7/2) + a~(7/2)*c - 3*a~3*%c~(3/2) - 3*a~(3/2...

output

Reduce [B] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 892, normalized size of antiderivative = 5.51

/ L 5 dr = Too large to display
22 (Va + bz + Vc + br)

inputYint(i/X“2/((b*x+a)*(1/2)+(b*x+c)*(1/2))*3,x>
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( - 6xsqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c)
+ sqrt(a + b*xx))/sqrt(2*sqrt(c)*sqrt(a) - a - c))*ax*2xbxx - 36*sqrt(c)*sq
rt(a)*sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))
/sqrt(2*sqrt(c)*sqrt(a) - a - c))*axbxc*x - 6*sqrt(c)*sqrt(a)*sqrt(2*sqrt(
c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(2*sqrt(c)*sq
rt(a) - a - c))*bxcx*2*x - 24xsqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b
*x + c) + sqrt(a + b*x))/sqrt(2*sqrt(c)*sqrt(a) - a — c))*ax*2xbkcxx - 24x*
sqrt(2*sqrt(c)*sqrt(a) - a - c)*atan((sqrt(b*x + c) + sqrt(a + b*x))/sqrt(
2+¢sqrt(c)*sqrt(a) - a - c))*axbkcx*2xx + 6xsqrt(bxx + c)*a**3*c - 16*sqrt(
bkx + c)*a*x*2kbxckx - 4*sqrt(bkx + c)*ak*k2kcx*2 + 16%sqrt(b*x + c)*axbkckxk
2¥x - 2xsqrt(b*x + c)*a*c**3 - 3xsqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) +
a + c)xlog(sqrt(b*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x)
) *ax*2xb*x — 18%sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b
*x + c) - sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b*x))*axbxc*x - 3*sqr
t(c)*sqrt(a)*sqrt (2*sqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) - sqrt(2*sq
rt(c)*sqrt(a) + a + c) + sqrt(a + bxx))*bkcx*2xx + 3*sqrt(c)*sqrt(a)*sqrt(
2xsqrt(c)*sqrt(a) + a + c)*log(sqrt(b*x + c) + sqrt(2xsqrt(c)*sqrt(a) + a
+ c) + sqrt(a + bxx))*a*x*2*bkx + 18*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a)

+ a + c)*log(sqrt(b*x + c) + sqrt(2*sqrt(c)*sqrt(a) + a + c) + sqrt(a + b
*x) ) *a*xbxcxx + 3*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(a) + a + c)*log(sq...

output
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3.16

Optimal result . . . . . . . . . . . .. 157
Mathematica [A] (verified) . . . . . . . . . ... 157
Rubi [A] (verified) . . . . . . . . . . 158
Maple [A] (verified) . . . . . . ... L 159
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 150
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 160
Maxima [F] . . . . . . 160
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 1601
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 161
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 161
Optimal result
Integrand size = 15, antiderivative size = 21
1 2032 2
- = dr=—-"" 4+ (14 3/2
/ Vz+V/1l+z ’ 3 3( z)

output L-z/s*;r (3/2)+2/3%(1+x) "~ (3/2) J
Mathematica [A] (verified)
Time = 0.10 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

1 2032 2
-  dr=- + - 1 + 3/2
/\/E-I-\/_l—i-_x v g t3l+o
input\ Integrate[(Sqrt[x] + Sqrtl[1 + x1)~(-1),x] J
output| ("2*X(3/2))/3 + (2x(1 + 1)°(3/2))/3 J




input L
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {2531, 15, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1

S —; 7
/\/E+\/m
l,2531

/\/mm—/\/idx
l15
/mdx_

| 17

2 32 22%7
3(:E—|-1) 3

2$3/2

Int[(Sqrt[x] + Sqrt[l + x1)~(-1),x] J

output | ("2*X7(3/2)/3 + (2+(1 + x)7(3/2))/3

rule 15

rule 17

Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]
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rule 2531‘Int[(u_.)/((d_.)*(x_)“(n_,) + (c_.)*Sqrt[(a_.) + (b_.)*(x_)"(p_.)]), x_Symb

‘ol] :> Simp[-b/(a*d)  Int[u*x"n, x], x] + Simp[1/(axc)

\ d~2, 0]

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method | result size
3 3
default — T3 + 3 14
arad _2vae (343)/In
meijerg | ——3 NG 3 37

input L

int (1/(x~(1/2)+(1+x)~(1/2)) ,x,method=_RETURNVERBOSE)

output L

-2/3%x~(3/2)+2/3x(1+x) ~(3/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

1
.4
/\/E—l-\/l—l-z T3

—2(@+1)

Nlw

2a
3

N[

input

Lintegrate 1/~ (1/2)+(1+x)~(1/2)) ,x, algorithm="fricas")

output L

2/3*%(x + 1)7(3/2) - 2/3*x~(3/2)

Int [uxSqrt[a + bx*
'x~(2*n)]1, x], x] /; FreeQ[{a, b, c, d, n}, x] & EqQ[p, 2*n] && EqQ[b*c™2 -
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(17) = 34.

Time = 0.18 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.00

/;dx_ 2vavaFl | 4z . 2
Vi+Vitzs  3Vz+3vVr+1 3Vz+3vVr+1 3V/z+3Vr+1
input Lintegrate(1/(x**(1/2)+(1+x)**(1/2)) »X) J

N

p
output‘ 2%sqrt (x) *sqrt (x + 1)/(3*sqrt(x) + 3*sqrt(x + 1)) + 4xx/(3*sqrt(x) + 3*sqr ‘
t(x + 1)) + 2/(3xsqrt(x) + 3*sqrt(x + 1))

Maxima [F]

/ﬁ‘“:/md’f

input‘ integrate(1/(x~(1/2)+(1+x)~(1/2)) ,x, algorithm="maxima") ‘

output Lintegrate(1/(sqrt(x + 1) + sqrt(x)), x) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/;d@'—g(w{-l)g —gx%

VitVits 3 3

input Lintegrate(1/(x‘(1/2)+(1+x)“(1/2)) ,x, algorithm="giac") J
output L2/3*(X + 1)7(3/2) - 2/3*x~(3/2) J
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Mupad [B] (verification not implemented)

Time = 22.97 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/ 1 dx_Zx\/J;—l—l_'_Q\/a:—i-l 22%/2
Ve+/1l+z 3 3 3

inputtint(l/((X + 1)7(1/2) + x7(1/2)) ,%)

output L(2*X*(X + 1)7(1/2))/3 + (2%(x + 1)7(1/2))/3 - (2*x~(3/2))/3

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

dp — 2\/:v+1z+2\/w—|—1 2z x

1
/\/g_v—i-\/l—i—x v 3 3 3

Lint(l/(x‘(1/2)+(1+x)’"(1/2)) »X)

input

outpu‘u‘\(%(sqrt(x + 1)*x + sqrt(x + 1) - sqrt(x)*x))/3




output

input

output
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3.17 | 1 dz

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... ....
Sympy [B] (verification not implemented) . . ... ... ... ... ... ....
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 21

u/myﬂ317¥254—\ﬁi(tz

2
= —g(—]. + 15)3/2 +

21:3/2
3

L—2/3*(-1+x)‘(3/2)+2/3*x‘(3/2)

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

1
de = -2
/\/—1+x+\/9_5 v 3

2

(—1+2)*? +

21173/2
3

e

tIntegrate[(Sqrt [-1 + x] + Sqrt[x])~(-1),x]

~—

-

L(—z*(—1 + x)7(3/2))/3 + (2%x~(3/2))/3

~—
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {2531, 15, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/1dx
vV —1+4/z
l 2531
/\/Edm—/\/x—ldx
l 15
3/2
20 — | vV —1dzx
3
l 17
2z3/2 2 5
2 /2
3 3( 1)
inputL:[nt[(sqrt[_1 + x] + Sqrt[x])~(-1),x] J

outpus ("2* (-1 + 7(3/2))/3 + (2+x7(3/2))/3

Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x"(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 15

rule 17 Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]
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rule 2531‘Int[(u_.)/((d_.)*(x_)“(n_,) + (c_.)*Sqrtl(a_.) + (b_.)*(x_)"(p_.)]), x_Symb ‘
‘ol] :> Simp[-b/(a*d)  Int[u*x"n, x], x] + Simp[1/(a*c)  Int[uxSqrt[a + bx* ‘
'x~(2*n)], x], x] /; FreeQ[{a, b, c, d, n}, x] && EqQlp, 2*n] && EqQ[b*c™2 -
a2, 0] |

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.67

method | result Size
3 3
default —w + 222 M
<4zﬁw% 2ivmal (—2+2) 1_;)
3 3
meijerg | — s 49

-

Lint (1/((-1+x)~(1/2)+x~(1/2)) ,x ,method=_RETURNVERBOSE)

-/

input

output L_2/3* (-1+x) " (3/2)+2/3*x"(3/2) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/ = dz——g(z—l)%+2 3
V-1l+z+vz 3 3
input Lintegrate(l/((X-1)“(1/2)+x“(1/2)) ,X, algorithm="fricas") J

output, “2/3*(x = 7(3/2) + 2/3kx"(3/2) ]




CHAPTER 3. LISTING OF INTEGRALS 165

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 63 vs. 2(17) = 34.

Time = 0.23 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.00

/ 1 dr = 2\/5\/ z—1 + 4x _ 2
1tz +vz o 3Vz+3va—1 3Vz+3Vr—1 3yr+3vVr-1
input Lintegrate(l/((x-1)**(1/2)+x**(1/2)) »X) J

output‘ 2*sqrt (x) *sqrt(x - 1)/(3*sqrt(x) + 3*sqrt(x - 1)) + 4*x/(3*sqrt(x) + 3*sqr ‘
t(x = 1)) - 2/(3*sqrt(x) + 3*sqrt(x - 1)) |

Maxima [F]
1 1
V-1+z+z Vz—1+ 4z
input Lintegrate(l/((x—l)“(1/2)+x’“(1/2)) ,X, algorithm="maxima") J
output Lintegrate(l/(sqrt(x - 1) + sqrt(x)), x) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.62

/ . do=—2(@—1)+ 24}
vV-1+z++z 3 3

input Llntegrate(l/((x—l)‘(1/2)+x“(1/2)) ,X, algorithm="giac") J
output L—2/3* (x - 1)7(3/2) + 2/3%x~(3/2) J
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Mupad [B] (verification not implemented)

Time = 23.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

./ 1 gy 2VE -1 2x\h%—1+2xw2
vV-1l+z++/x 3 3 3

imput 1L/ (G = D°(1/2) + x°(1/2),%)

output (2*(x = D7(A/2))/3 = (xxe(x = D7(1/2))/3 + (2#x"(3/2))/3

Reduce [B] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

/ 1 i _2\/x—1x+2\/x—1 +2\/§x
V-1+z+z 3 3 3

Lint(l/((x—1)“(1/2)+x“(1/2)),x)

input

outputtm*( - sqrt(x - 1)*x + sqrt(x - 1) + sqrt(x)*x))/3
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1

3.18 f V—=1+z+vV1+x dz

Optimal result . . . . . . . . . . . .. 167
Mathematica [A] (verified) . . . . . . . .. .. L L 167
Rubi [A] (verified) . . . . . . ... . 168
Maple [A] (verified) . . . . . . . . . . 169
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 169
Sympy [B] (verification not implemented) . . ... ... ... ... .. ... .. 169
Maxima [F] . . . . . . o i)
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 170
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 170
Reduce [B] (verification not implemented) . . . . .. .. ... ... ... .... 171l

Optimal result

Integrand size = 17, antiderivative size = 23

/ ! dr = —-
V-1+z++/1+z 3

1 1
(—1+2)*2 + S0+ z)*/?

output —1/3%(=14x) " (3/2) +1/3% (1+x) " (3/2)

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

/ 1 dzx
vV-1+z++1+z 3

1 1
(—14+2)*2 + S+ )*/?

input‘ Integrate[(Sqrt[-1 + x] + Sqrt[1 + x])~(-1),x]

output

-

L-l/s*(-l +x)7(3/2) + (1 + x)7(3/2)/3

| —




output L

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule

inpu
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17,

number of rules _ 0.118, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7240, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
Vz—1++vz+1
l 7240

—;/(Vx—l—\/x—i-l)dw

l 2009

% <§(x +1)%2 - g(w - 1)3/2>

t‘ Int[(Sqrt[-1 + x] + Sqrt[1 + x]1)~(-1),x]

((-2%(-1 + x)7(3/2))/3 + (2x(1 + x)7(3/2))/3)/2

Defintions of rubi rules used

7240‘Int[(u--)*((e_-)*sqrt[(a_.) + (b_.)*(x_)"(n_.)] + (f_.)*Sqrtl(c_.) + (d_.)*

‘(x_)’“(n_.)])”(m_), x_Symbol] :> Simp[(a*e”2 - c*f"2)"m  Int[ExpandIntegran
‘d[u/(e*Sqrt [a + b*x™n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ[{a, b, c
, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[b*e”2 - d*f~2, 0]
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.70

method | result size

3 3
default _(—1J§w)2 +(1+3x)2 16

input Lint (1/((-1+x)~(1/2)+(1+x)~(1/2)) ,x,method=_RETURNVERBOSE)

-

output {‘1/ 3% (~1+x) " (3/2)+1/3% (1+x)~ (3/2)

~—

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

Nl
(NI

1 1 1
/\/—1+x+\/1+xdx=§(x+1) —3@-1

-

inputLintegrate(l/((x-1)"(1/2)+(1+x)’"(1/2)),x, algorithm="fricas")

| —

output | 1/3*(x + D7(3/2) - 1/3x(x - D"(3/2)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 51 vs. 2(15) = 30.

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.22

/ 1 do — 4z n 2vVr —1v/x+ 1
V=1+z+vV1i+z  3Vz—143vVz+1 3Vr—-1+3Vz+1

inputLintegrate(l/((x—1)**(1/2)+(1+x)**(1/2))’X)

‘4*x/(3*sqrt(x - 1) + 3*sqrt(x + 1)) + 2*sqrt(x - 1)*sqrt(x + 1)/(3*sqrt(x

output
‘— 1) + 3xsqrt(x + 1))
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Maxima [F|

/ L dx—/ ! dz
vV-1l+z++1+z Ve+1l+vz—1

input Lintegrate(l/((x-1)“(1/2)+(1+x)*(1/2)) ,X, algorithm="maxima"

output tintegrate(l/(sqrt(x + 1) + sqrt(x - 1)), x)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

1 1
dx = = 1
/\/—1+m+\/1+x v 3(“_ )

Nl
N

~y@=1)

input tintegrate (1/((x-1)~(1/2)+(1+x)~(1/2)) ,x, algorithm="giac")

-

output L1/3*<x +1)7(3/2) - 1/3%(x - 1)7(3/2)

Mupad [B] (verification not implemented)

Time = 23.08 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.65

(z+1)%?  (z—1)%?

1
d
/\/—1+x+\/1+x o 3 3

Lint(l/((x - 1)7(1/2) + (x + 1)7(1/2)),%)

input

-/

outputt(x + 1)7(3/2)/3 - (x - 1)°(3/2)/3




CHAPTER 3. LISTING OF INTEGRALS 171

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

/ 1 dx__\/x—1w+\/x—1+\/x+1x+\/x—l—l
V-1+z++/1+z 3 3 3 3

input lint(l/((X-l)‘(1/2)+(1+x)"(1/2)) ;%)

output L( - sqrt(x - 1)*x + sqrt(x - 1) + sqrt(x + 1)*x + sqrt(x + 1))/3
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319 [d(VI—z+VI+2) do

Optimalresult . . . . . . . . .. . 172
Mathematica [A] (verified) . . . . . . . .. ... Lo 172
Rubi [A] (verified) . . . . . . . . . . 173l
Maple [A] (verified) . . . . . . . . . Ive!
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 174
Sympy [F] . . . 174
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 1751
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 175
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 176
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 176

Optimal result

Integrand size = 23, antiderivative size = 38

4
/m3(\/1—$+\/1—|—w>2 d:c=%—g(l—m2)3/2+§(1—12)5/2

output L1/2*x“4-2/3* (-x"2+1)~(3/2)+2/5% (-x~2+1)~(5/2) J

Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

/I3<\/1—:v+\/1+93>2 dz = %(—1+x2) (15+8M+3m2(5+4m))

input‘Integrate[x“s*(sqrt[1 -x] + Sqrt[i + x])~2,x]

outputt((_l + x"2)*(15 + 8xSqrt[1 - x72] + 3*x~2%(5 + 4*Sqrt[1 - x72])))/30 J
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w3<\/1—w+\/x+1>2 dz
| 7298
/(2933 +2v1 —:1:2563) dz

l 2009

zt 2 52 2 o 3/2
Cala-) 2o

LInt [x"3*(Sqrt[1 - x] + Sqrt[1 + x])"2,x]

-

tX‘4/2 - (2x(1 - x72)7(3/2))/3 + (2x(1 - x72)7(5/2))/5

—

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293‘11113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

1
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method | result

2vI+z v1—z (z2—1) (322+2)
15

default “”2—4 +

orering

(242%+322—20) (vI—a+ /71_,_95)2 _ (3z24+4) (—14z)(1+x) (3902 (\/1—m+\/1+w)2+2x3 (VI—z+v1+2) (— 2\/i—ﬁ+2\/ﬁ))
60 60x2

-

Lint (x~3*%((1-x)~(1/2)+(1+x)~(1/2)) ~2,x ,method=_RETURNVERBOSE)

-/

input

output L1/2*x‘4+2/15* (1+x) 7 (1/2) * (1-x) 7 (1/2) % (x72-1) * (3*x72+2) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/z3<\/1—z+\/1+z)2 da:z%x4+%(3z4—x2—2)\/x+1\/—x+1

input Lintegrate (x"3x((1-x)~(1/2)+(1+x)~(1/2))~2,x, algorithm="fricas") J
output L1/2*xﬁ4 + 2/15%(3%x™4 - x72 - 2)*sqrt(x + 1)*sqrt(-x + 1) J
Sympy [F]
2 2
/z3<\/1_$+\/1+$) dw=/z3<\/1—z+\/x+1) dx
input Lintegrate (kx3x ((1-x) %% (1/2) +(1+x) ** (1/2) ) ¥*2,%) J

output LIntegral(x**s*(sqrtu - x) + sqrt(x + 1))*¥2, x) J
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Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

2 1 2 3 4 3
/:c3<\/1—:c—|—\/1—|—x> dx=éx‘l—g(—x2+1)2x2—1—5(—x2+1)2

input Lintegrate (x7"3x((1-x)~(1/2)+(1+x)~(1/2))~2,x, algorithm="maxima") J

Outputt1/2*xﬁ4 - 2/6x(-x"2 + 1)7(3/2)*x"2 - 4/16%(-x"2 + 1)7(3/2) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 77 vs. 2(28) = 56.

Time = 0.12 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.03

/$3<\/1—$+\/1+x>2 dz
_1 4
=z
+6—10 234z —17)(z +1) +133)(z + 1) — 295)(z + 1) + 195)vz + 1v/—z + 1

b (26— 10+ 1) +43)(@+ 1)~ 39)Va T IV z T 1

input Lintegrate (x~3*%((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="giac") J

(1/2%x°4 + 1/60%((2%(3%(4%x - 1T)*(x + 1) + 133)x(x + 1) - 295)%(x + 1) + 1
195)*sqrt(x + 1)*sqre(-x + 1) + 1/12¢((2%(3%x - 10)*(x + 1) + 43)*(x + 1) - |
‘ 39)*sqrt(x + 1)#*sqrt(-x + 1)

output
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Mupad [B] (verification not implemented)

Time = 23.74 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.18

2 4 \/1—1} _E_E'FE‘FE-F&—FA
/x?’(\/l—x—i-\/l—l—x) dxzx__ < 5 5 15 15 15 15)
2 T+ 1
input Lint(x‘S*((x + 1)7(1/2) + (1 - x)~(1/2))"2,%) J
output X4/2 = (1 = 0" (W/2)*((4*0)/15 + (2%x72)/15 + (2x73)/15 - (2+x"4)/6 = (

2+x75)/5 + 4/15))/(x + 1)7(1/2)

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.26

2 4 — .2
/x3<\/1—x—|—\/1+x> dx:2\/w+1\/1 T _2\/:134—1\/1 T

5 15

Wr+1/1—-z o

_ LT

15 2
inputLint(x‘3*((1—x)"(1/2)+(1+x)*(1/2))«2’X) J
Output‘ (12%sqrt(x + 1)*sqrt( - x + 1)*x**4 — 4xsqrt(x + 1)*sqrt( - x + 1)*x*k*2 - ‘

‘8*sqrt(x + Dx*sqrt( - x + 1) + 15xx*x4)/30 ‘
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320 [2(VIi—z++1+z) do

Optimalresult . . ... ... ... ... ... .. .. .. ...,

Mathematica [A] (verified) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . ... ... ... . ... .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ...
Sympy [F] . . . .
Maxima [A] (verification not implemented) . . . . . . ... . ..
Giac [B] (verification not implemented) . . . . . . .. ... ...
Mupad [B] (verification not implemented) . ... .. ... ...
Reduce [B] (verification not implemented) . . . ... ... ...

Optimal result

Integrand size = 23, antiderivative size = 48

2 2 3 1 1 .
/m2 (\/1 “z4+V1+ x) de =Y _Zp/1—2+ ST VI— a7+ arcsin(z)

3 4

4

173
Ve
Ve
179
1301
1801

182

output ‘ 2/3%x73-1/4%x* (-x~2+1) " (1/2)+1/2*x" 3% (-x~2+1) ~(1/2) +1/4*arcsin(x)

input

output

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.40

/x2<\/1—x+\/1+x>2dx:1—12<8—3x\/1—7x2+x3<8+6m>

+ 12 arctan (

—V2+Vit+z

N

)

LIntegrate [x"2%x(Sqrt[1 - x] + Sqrt[l + x])~2,x]

‘(8 - 3xx*Sqrt[1 - x72] + x"3*(8 + 6*Sqrt[1 - x72]) + 12*ArcTan[(-Sqrt[2] +

- Sqrtl1 + x1)/Sqrtlt - x]11)/12

N



input
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Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w2<\/1—w+\/x+1>2 dz

l 7293
/ (2 1— 222% + 2:52) dz
l 2009
wesin(a) | 200 A+ L=

LInt [x"2x(Sqrt[1 - x] + Sqrt[1l + x])"2,x]

e

output t

(2%x~3)/3 - (x#Sqrt[1 - x72])/4 + (x"3*Sqrt[1l - x72])/2 + ArcSin[x]/4

~—

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293 ‘

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

1




input

output

input

output

input
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.23

method | result size
default % Vitz/1-z (2m3\/;f/2j—:2—-:v1\/—x2+1+arcsin($)) 59

Lint (x"2*%((1-x)~(1/2)+(1+x)~(1/2)) ~2,x ,method=_RETURNVERBOSE)

‘2/3*x“3+1/4*(1+x)“(1/2)*(1—x)“(1/2)*(2*x*3*(—x“2+1)“(1/2)—x*(—x‘2+1)“(1/2)
‘+arcsin(x))/(—x“2+1)”(1/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.06

/x2<\/1—x—|—\/1+x>2dz=2x3+1(2x3—x)\/x+1\/—x+1

3 4

Ve+1y/—z+1-1

1
— 5 arctan < o

)

Lintegrate(x‘Q*((1—x)A(1/2)+(1+x)*(1/2))“2,x, algorithm="fricas")

‘2/3*x“3 + 1/4%(2%x73 - x)*sqrt(x + 1)*sqrt(-x + 1) - 1/2*arctan((sqrt(x +

‘1)*sqrt(-x +1) - 1)/x)

Sympy [F]

/m2<\/1—z+\/1+m>2 dm=/m2<\/1—x+\/x—|—1)2 dz

Lintegrate(x**Q*((1-x)**(1/2)+(1+x)**(1/2))**2,x)
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Output‘ Integral (x*x*2x(sqrt(l - x) + sqrt(x + 1))**2, x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.71

2 2 3 1 1
/x2<\/1—x—|—\/1+x> dx = §w3— (—x2+1)3x+1\/—x2+1x+1 arcsin (z)

1
2

input ‘ integrate(x~2*((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima") ‘

output L2/3*x‘3 - 1/2%(-x"2 + 1)7(3/2)*x + 1/4xsqrt(-x"2 + 1)*x + 1/4*arcsin(x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 76 vs. 2(36) = 72.

Time = 0.12 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.58

/x2<\/1—x+\/1+x>2 dz
Pt (2037 —10)(z+1)+43)(z +1) — 3T F IvV—a2F 1

1 1 . (1
3 (2z-5)(z+1)+9)Vr+1vV—z+1+ 5 arcsin (5 VoV + 1)

input Lintegrate (x"2x((1-x)~(1/2)+(1+x)~(1/2))~2,x, algorithm="giac") J

e B

2/3*x73 + 1/12%x((2%(3*x - 10)*(x + 1) + 43)*(x + 1) - 39)*sqrt(x + 1)*sqrt
‘(—x + 1) + 1/3%((2*%x - B)*(x + 1) + 9 *sqrt(x + 1)*sqrt(-x + 1) + 1/2*arcs
‘in(1/2*sqrt(2)*sqrt(x + 1))

output
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Mupad [B] (verification not implemented)

Time = 37.40 (sec) , antiderivative size = 563, normalized size of antiderivative = 11.73

/m2<\/1—m+\/1+$)2 dz

4(vi—z—1) 28(vi—a—1)° | 28(vVi—z-1)° 4 (yvi—z-1)"
e sV Vs VR sz e KON V4 it
T e | s(ime)' | alite1) | (a1 o\ VzFi-1
2 4 6 + 8 + 1
(Va+1-1) (Va+1-1) (Va+1-1) (Vz+1-1)
3 (vI—z—1) 4B (Vi—z—1)° 333 (vI—a—1)° 4 o (Vi—z—1)" 671 (vi—a—1)° 43 (Vi—z-1)"" 23 (VI—z-1)'
Va+i-1 (Va+1-1)° (Va+1-1)° (Va+1-1)" (Va+1-1)° (Va+1-1)" (Vat+i-1)*
8 (vi—z-1)° | 28(vI—z-1)* | 56 (vi—a—1)°® | 70(vI—z-1)° | 56 (vIi—z—-1)" | 28(vI—z-1)'? | 8(vI—z—1)"
(vVa+i-1)° (vVz+i-1)* (vVz+i-1)° (vVa+i-1)° + (vVz+i-1)"° (vVz+i-1)" (vVz+i-1)*
23

3

input int(x~2%x((x + 1)°(1/2) + (1 - x)~(1/2))"2,%)

((@x((1 - x~1/2) - D)/(x + 1)°(1/2) - 1) - (28%((1 - x)°(1/2) - 1)°3)/
((x +1)°(1/2) - 1)73 + (28x((1 - x)~(1/2) - 1)°5)/((x + 1)°(1/2) - 1)°5 -
(@x((1 - x)"(1/2) - DO/ ((x + 1)°(1/2) - 1)°7)/((4*x((1 - x)~(1/2) - 1)~
2)/((x + 1)°(1/2) - 1)72 + (6x((1 - x)~(1/2) - D"4)/(x + 1)~(1/2) - 1)"4
+ (4x((1 - x°(1/2) - 1)76)/((x + 1)7(1/2) - 1D°6 + ((1 - x)"(1/2) - 1)°8
/((x + 1)7(1/2) - 1)78 + 1) - atan(((1 - x)°(1/2) - 1)/((x + 1)°(1/2) - 1)
) = ((B*((1 - x)7(1/2) - 1))/((x + 1)7(1/2) - 1) + (23*x((1 - x)"(1/2) - 1)
~3)/((x + 1)~(1/2) - 1)73 - (333*((1 - x)~(1/2) - 1)°5)/((x + 1)~(1/2) - 1
)75 + (671x((1 - x)~(1/2) - D7)/ ((x + 1)~(1/2) - 1)°7 - (671*x((1 - x)"(1
/2) - 1)79)/((x + 1)7(1/2) - 1)79 + (333*((1 - x~(1/2) - 1)"11)/((x + 1)~
(1/72) - 1)711 - (23%((1 - x)~(1/2) - 1)713)/((x + 1)~(1/2) - 1)~13 - (3*((
1 -x)7(1/2) - 1)715)/((x + 1)°(1/2) - 1)715)/((8*((1 - x)~(1/2) - 1)"2)/(
(x + 1)7(1/2) - 1)72 + (28*%((1 - x)°(1/2) - 1)74)/((x + 1)°(1/2) - 1)"4 +
(G6x((1 - x)°(1/2) - 1)76)/((x + 1)°(1/2) - 1)76 + (70%((1 - x)~(1/2) - 1)
“8)/((x + 1)°(1/2) - 1)°8 + (66%((1 - x)~(1/2) - 1)710)/((x + 1)~(1/2) - 1
)710 + (28+%((1 - x)7(1/2) - D712)/((x + 1)°(1/2) - 1712 + (8*x((1 - x)~(1
/2) - 1)714)/((x + 1)7(1/2) - 1)714 + (1 - x)~(1/2) - 1)~16/((x + 1)~(1/2
) - 1)716 + 1) + (2%x~3)/3

output
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Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/x2<\/1—x+\/1+x>2 dxz_asz’n<%> + m\;mx3

2
\/CL'—|-1\/1—CII£II+2:I73
4 3

input \ int (x"2*% ((1-x)~(1/2)+(1+x)~(1/2))"2,x) ‘

‘( - 6*xasin(sqrt( - x + 1)/sqrt(2)) + 6*sqrt(x + 1)*sqrt( - x + 1)*x**3 - 3 ‘

output
‘*sqrt(x + D*sqrt( - x + 1)*x + 8*x**3)/12 ‘




output L

input L
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321 [z(VI—z+1+z) do

Optimalresult . . .. ... ... . ... .. ... ... .. ...
Mathematica [A] (verified) . . . . . . .. .. ... oL
Rubi [A] (verified) . . . .. . .. . ...
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . .. ... ... ...
Sympy [F] . . . .
Maxima [A] (verification not implemented) . . . . . . . ... ... ...
Giac [B] (verification not implemented) . . . . . . ... ... ... ...
Mupad [B] (verification not implemented) . . ... ... .. ... ...
Reduce [B] (verification not implemented) . . . ... ... ... ....

Optimal result

Integrand size = 21, antiderivative size = 19

/w(\/l—x+\/1+x>2 dw=x2_§(1_x2)3/2

183
183

130
130
185
136
186
1186

x"2-2/3*%(-x"2+1) " (3/2)

Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.32

/x(x/l—w-l-\/l—i-w)Q dz = é(—l—i—x)(l—i—x) (3+2m)

Integrate[x*(Sqrt[1 - x] + Sqrt[1l + x])~2,x]

output‘

(-1 + x)*(1 + x)*(3 + 2*Sqrt[1 - x72]))/3
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Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/w@ﬂ—w+¢x+Q da
l 7293
/(2 1—:c2a:+2:c> dz
l 2009
2 3/2
z? — g(l — a:2) /
input LInt [x*(Sqrt[1 - x] + Sqrt[l + x])~2,x] J
output X2~ (21 - X°D"(3/2)/3 ]

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

7203 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SunQ[v]

] |

rule
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.26

method | result size

default | 22 + 21He 13_90 (z2-1) 24

83

(422-3) (VI—z+y/17z)> __(1+m)p—L+x)(@/1—x+w/1+x)2+2z(Ml—x4q/1+x)(—2v%:5-+§7%i§>>
6

orering 5

-

Lint(x*((1—x)‘(1/2)+(1+X)‘(1/2))‘2,x,method=_RETURNVERBUSE)

\ )

input

output LXAQ“‘?/ 3% (1+x) 7 (1/2)* (1-x) " (1/2) *(x~2-1) J
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21
2 2
/x(x/l—z—l-\/l—l-a:) dx:z2+§ (®—1)Vz+1V—z+1
input Lintegrate (x*x((1-x)"(1/2)+(1+x)~(1/2))"2,x, algorithm="fricas") J
output Lx“2 + 2/3%(x72 - 1)*sqrt(x + L)*sqrt(-x + 1) J
Sympy [F]
2 2
/x(x/l—w—i-\/l-l-z) dm=/z<\/1—x—|—\/z+1> dz
input Lintegrate (xx ((1-x) %% (1/2)+(1+x) ** (1/2) ) ¥*2,%) J

outputLlntegral(x*(sqrt(l - x) + sqrt(x + 1))*x2, x) J
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Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/$<\/1—w+\/1+x>2 dx=x2—§(—x2+1)g

input Lintegrate (x*((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima")

output Lx*z - 2/3%(-x"2 + 1)~(3/2)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 51 vs. 2(15) = 30.

Time = 0.12 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.68

/zv(\/l—x+\/1+x)2da:z(x+1)2—|—%((2x—5)(x+1)+9)\/x+1\/—x+1
+Ve+ 1z —2)V—z+1—-22—2

inputLintegrate(x*((1—x)‘(1/2)+(1+x)*(1/2))*2,x, algorithm="giac")

p
output‘(x +1)72 + 1/3%((2*%x - 5)*(x + 1) + 9)*ksqrt(x + 1)*sqrt(-x + 1) + sqrt(x
‘+ D*(x - )*sqrt(-x + 1) - 2%x - 2

Mupad [B] (verification not implemented)

Time = 23.52 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

/z(x/l—x+\/1+x>2 dx = 12 —

inputtint(x*((x + 1)°(1/2) + (1 - x)"(1/2))"2,%)
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t‘x“2 - (1 - x)7(1/2)*((2*x) /3 - (2%x72)/3 - (2*%x73)/3 + 2/3))/(x + 1)~(1/2 \

) |

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.63

2 2‘/ 1 /1 _ 2 2 1 1_
/$<\/1—x+\/1+x> dx = T 3 rr Vx+3‘/ Ty g2
input Lint(x*((l—x)‘(1/2)+(1+x)*(1/2))—~2,x) J

N

p
‘(2*sqrt(x + 1D)*sqrt( - x + 1) *x*x2 — 2ksqrt(x + 1)*sqrt( - x + 1) + 3*kx**2 ‘

output ‘ y/3 ‘




output L

input

output
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322 [(Vi—z+VIi+z) do

Optimalresult . . . . . . . . .. . 188]
Mathematica [B] (verified) . . . . . . . .. ... L Lo 188
Rubi [A] (verified) . . . . . . . .. .. 189
Maple [B] (verified) . . . . . . . . . .. 190
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 190
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 191l
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 1911
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 191
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 192
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 192

Optimal result

Integrand size = 19, antiderivative size = 19

2
/<\/1—x+\/1+x> dr = 2x + V1 — 22 + arcsin(z)

2kx+x* (-x~2+1) ~(1/2)+arcsin(x)

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 45 vs. 2(19) = 38.

Time = 0.22 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.37

/<¢1—x+¢1+x>2dx=2+x(2+m>+4arctan<

—\/§+\/1+x

Vi—-z

)

LIntegrate[(Sqrt [1 - x] + Sqrt[1l + x]1)72,x]

‘2 + xx(2 + Sqrt[1 - x72]) + 4xArcTan[(-Sqrt[2] + Sqrt[1 + x])/Sqrt[1 - x]]
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/(\/1—:6+\/x+1> de
| 7293
/ (ZM + 2) dz
| 2009
arcsin(z) + v/1 — 22z + 2z
input LInt[(Sqrt [1 - x] + Sqrtl1l + x])~2,x] J
output LQ*X + x*Sqrt[1 - x72] + ArcSin[x] J

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 7293}1111; [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQvl

& J
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(17) = 34.

Time = 0.06 (sec) , antiderivative size = 58, normalized size of antiderivative = 3.05

method | result size
default | 2z —v/1+z(1— z)% +V1it+z/1—z+~ (1—3)1(;;-9\5/)1%;@@) 58

input

Lint (((1-x)~(1/2)+(1+x)~(1/2)) ~2,x,method=_RETURNVERBOSE)

output

2= (142) ™ (1/2) % (1-3) = (3/2)+ (143) ~ (1/2) % (1-%) ~ (1/2)+ ((1-x) * (1+x)) " (1/2) / (1
\—x)*(1/2)/(1+x)*(1/2>*arcsin(x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 40 vs. 2(17) = 34.

Time = 0.07 (sec) , antiderivative size = 40, normalized size of antiderivative = 2.11

2
/ <\/1 —z+v1 +x> dx=+vVz + lzv/—z + 1+22—2 arctan (

Ve+1ly/—z+1-1

X

)

inputt

integrate (((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="fricas")

Output‘sqrt(x + 1)*x*sqrt(-x + 1) + 2*x - 2%arctan((sqrt(x + 1)*sqrt(-x + 1) - 1)

‘/x)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 44 vs. 2(15) = 30.

Time = 1.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.32

/(\/1 —x+\/1+x)2 d93=2:c+4m<(x+1)2 _\/x+1>+2asin <\/§V2x+1>

4 4

-

inputLintegrate(((1_x)**(1/2)+(1+X)**(1/2))**2,x) J

‘2*x + 4xsqrt(l - x)*((x + 1)**x(3/2)/4 - sqrt(x + 1)/4) + 2+asin(sqrt(2)*sq ‘
rt(x + 1)/2)

N\ J

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

2
/(x/l—x—i-\/l—i-x) dz = V—12 + 1z + 2z + arcsin (z)

e hY

integrate (((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima")

N J

input

output‘ sqrt(-x"2 + 1)*x + 2*x + arcsin(x) ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(17) = 34.

Time = 0.11 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.53

/(\/1—x+\/1+x>2 dr=vVz+1(z —2)V—z+1+22+2Vr+1vV-x+1
+ 2 arcsin (% \/ﬁx/z—l—l) + 2
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input\ integrate (((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="giac") |

output‘ Sqrt(x + D*(x - 2)*Sqrt(_x + 1) + 2%x + 2*SqI't(X + 1)*sqrt(—x + 1) + 2%ar ‘
‘csin(1/2*sqrt(2)*sqrt(x + 1)) +2

Mupad [B] (verification not implemented)

Time = 27.57 (sec) , antiderivative size = 206, normalized size of antiderivative = 10.84

2 Vi—z—
/(\/1 —x+\/1+x> dr = 2x—4atan(%>
4(vVi—z—1) 28 (vI—z-1)° 4 B T—=z-1)°  4(v/I—z-1)"
_ Vel (Va+1-1)° (Vat1i-1)’ (Vati-1)
4(vi—z—1)°? | 6(Vi—z—-1)* | 4(vi—z-1)° n (Vi—z—1)® 11
(Va+1-1)° (Va+i-1)* (Va+1-1)° ' (Va+i-1)°

+

int(((x + 1)7(1/2) + (1 - x)7(1/2))72,%)

input |

2¥x - 4xatan(((1 - x)7(1/2) - 1/((x + 1)7(1/2) - 1)) - ((4x((1 - x)~(1/2)
- 1D)/((x + 1)7(1/2) - 1) - (28%x((1 - x)~(1/2) - 1D°3)/((x + 1)°(1/2) - 1
)73 + (28%((1 - x7(1/2) - 1)75)/((x + 1)~(1/2) - 1)75 - (4*((1 - x)~(1/2)
- DD/ x+ 1)7(1/2) - D77/ (Ex((1 - x)7(1/2) - 1)72)/((x + 1)7(1/2)
- 172+ (6x((1 - x)7(1/2) - D7)/ ((x + 1)7(1/2) - 1)74 + (4x((1 - x)~(1/
2) -D76)/(x + 1)7(1/2) - 176 + ((1 - x)7(1/2) - 1)78/((x + 1)7(1/2) -
1)7°8 + 1)

output

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

VI—z+VIT3) de = —2asin A +Ve+1Vl—za+2
/1 ) ()

1t (10" (1/D+ (1407 (1/2))"2,0) |

input
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outputt - 2%asin(sqrt( - x + 1)/sqrt(2)) + sqrt(x + 1)*sqrt( - x + 1)*x + 2*x




output

input
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2
3.93 f (vV1—z++/1+z) do

Optimalresult . ... ... ... . ... ... .........
Mathematica [B] (verified) . . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . ... ... ... . ...
Maple [A] (verified) . . . . . . ... Lo oo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [F] . . . .
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [B] (verification not implemented) . . . . . .. ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . .. ... .. ..

Optimal result

Integrand size = 23, antiderivative size = 32

/ (\/1 —7 _;\/1 + 3;)2 dz = 2v/1 — z2 — 2arctanh <\/1 - .’Ez) + 2log(z)

r

L2*(-x”2+1)“(1/2)-2*arctanh((-x“2+1)”(1/2))+2*1n(x)

| —

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 72 vs. 2(32) = 64.

Time = 0.29 (sec) , antiderivative size = 72, normalized size of antiderivative = 2.25

/(\/1_x+\/1+x)2dx=2<m+2log<ﬁ—m>

X

+ 2log (x/l—x—\/l—l—x) —2log (—2+\/§\/1+—x>>

-

LIntegrate[(Sqrt[l - x] + Sqrtl[1 + x])~2/x,x]

| —
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t‘2*(Sqr1: [1 - x72] + 2#Log[Sqrt[2] - Sqrt[1 + x]] + 2+Logl[Sqrt[1 - x] - Sqrt ‘

outpu
([1 + x]] - 2*Log[-2 + Sqrt[2]*Sqrt[1 + x]11)

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

i
T

/(\/l—x-i—\/x-l-l)zd

l 7293
/(2\/1;—x2+2> i

x

l 2009

—2arctanh( 1 —22) 4+ 2V 1 — 22 4 2log(z
(v v ()

input LInt[(Sqrt[l - x] + Sgrtl1 + x1)"~2/x,x] J

output P*Sqrt [1 - x™2] - 2*ArcTanh[Sqrt[1 - x~2]] + 2*Log[x] J

Defintions of rubi rules used

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x1, x] /; SumQ[u] J

7203 Tntlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SunQlv]

] |

rule




input

output

input

output
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.59

method

result

size

default

2In (z) +

2v/14+z/1—z (\/ —x2+1—arctanh (

1
V—z2+1

)

V—z2+1

o1

Lint (((1-x)~(1/2)+(1+x)~(1/2))"2/x,x ,method=_RETURNVERBOSE)

2410 () +2% (14%) ~(1/2) % (1-%) " (1/2) / (-x"2+1) " (1/2) % ((-x"2+1) " (1/2) -arctanh (1
/(-x"2+1)7(1/2)))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.28

/(\/1—x+\/1+x)2

T

+210g(

dr =2z +1vV—z + 1+ 2 log (z)

\/x+1\/—x+1—1)

T

-

tintegrate(((1—x)‘(1/2)+(1+x)‘(1/2))‘2/x,x, algorithm="fricas")

e—

‘z*sqrt(x + 1)*sqrt(-x + 1) + 2*log(x) + 2*log((sqrt(x + 1)*sqrt(-x + 1) -

‘1)/x)




e

input

CHAPTER 3.

LISTING OF INTEGRALS

197

Sympy [F]

Vi—-z++V1+z

/(

2
1-— 1
Vi—-z++vz+1) i

z )de:/( x

tintegrate(((1—x)**(1/2)+(1+x)**(1/2))**2/X,X)

~—

output L

Integral((sqrt(1l - x) + sqrt(x + 1))**2/x, x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.28

/(\/1_””2‘/”””) da:=2\/T+1+210g(33)_210g<

2v—z2+1 2

|| ]

)

e

input L

integrate(((1-x)~(1/2)+(1+x)~(1/2))"2/x,x, algorithm="maxima")

~—

output L

2+sqrt(-x"2 + 1) + 2xlog(x) - 2*log(2*sqrt(-x~2 + 1)/abs(x) + 2/abs(x))

J

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 130 vs. 2(28) = 56.

Time = 0.15 (sec) , antiderivative size = 130, normalized size of antiderivative = 4.06

(\/1—x+\/1+3:)2

/

X

dr =2vVz+1v/—z+1+2log
+210g<’\/m— D

(

1

w&;qfi—kl)

—921o _\/5—\/—93+1+ vr+1 49
& vr+1 V2 —y=z+1
+2log _\/5— —w+1+ vr+1 o

z+1 V2 -z +1

N— — —
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input\integrate<<(1—x>*(1/2)+<1+x)~(1/2)>~2/x,x, algorithm="giac")

output‘2*sqr1:(x + 1)*sqrt(-x + 1) + 2*log(sqrt(x + 1) + 1) + 2xlog(abs(sqrt(x + 1 ‘
) - 1)) - 2%log(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) + sqrt(x + 1)/(s
‘qrt(2) - sqrt(-x + 1)) + 2)) + 2*log(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x ‘
+ 1) + sqrt(x + 1)/(sqrt(2) - sqre(-x + 1)) - 2))

Mupad [B] (verification not implemented)

Time = 24.60 (sec) , antiderivative size = 122, normalized size of antiderivative = 3.81

(Vl—x+dl+@2w_ Il(wl—x—u2_ o (Vi1
/ z dol ((m_lf 1) . (m_' 1)
+2In(z)+ 16(vi-z 1)

7 1\2 (2(vI=z-1)® | (Vi—z-1)*
(Ve+1-1) ((\/am—l) ( z+1—1)4+1>

e

Lint(((x + 1)°(1/2) + (1 - x)°(1/2))"2/x,x)

~—

input

2¢Log(((1 - x)7(1/2) - 172/((x + 1D7(1/2) - 172 - 1) - 2+log(((L - X~
/2) = D/(x + 1D7(/2) - 1)) + 2¢log(x) + (16+((1 - x)7(1/2) - 1)72)/(((x
L+ D7(/2) - D726 (A - 07W/2) - 1D72)/(x + D7(/2) - D72 + (U
- 07(/2) - 178/ ((x + 1D7(/2) - 174+ 1))

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 109, normalized size of antiderivative = 3.41

[

x
. (Vicz
asin
—2log [ —v/2 + tan (%) - 1)
. (iz
asin
+2log | —v/2 + tan (#) + 1)
Vi—z
asin
—2log| V2 + tan (M> — 1)

. (/i—z
asin
+2log [ V2 + tan (M) + 1) + 2log(x)

input‘ int (((1-x)~(1/2)+(1+x)~(1/2))"2/x,%) ‘

‘2*(sqrt(x + Dx*sqrt( - x + 1) - log( - sqrt(2) + tan(asin(sqrt( - x + 1)/s ‘
‘qrt(2))/2) - 1) + log( - sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1 ‘
‘) - log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) - 1) + log(sqrt(2) + ‘
‘ tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1) + log(x)) ‘

output




output

input

output
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2

3.24 [ Wt i) g,

Optimal result . . . . . . . . . . 200
Mathematica [A] (verified) . . . . . . . . . . ... 200
Rubi [A] (verified) . . . . . . . . . . 2071
Maple [B] (verified) . . . . . . . .. ... 202
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... .. ... 202
Sympy [F] . . o o 202
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 203
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 203
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 204
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 204

Optimal result

Integrand size = 23, antiderivative size = 26

2 T

/(\/1—x+\/1+x)2d 2

2

1
x

— 2arcsin(x)

L-2/x-2*(-x“2+1)“(1/2)/x-2*arcsin(x)

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.88

V2—/1-z

2<1+\/1 —x2 —4xarctan< itz

)

/(\/1—av—|-\/1—|—x)2

xr2

X

tIntegrate[(Sqrt[l - x] + Sqrtl[1 + x])~2/x72,x]

((—2*(1 + Sqrt[1 - x72] - 4*xxArcTan[Sqrt[1 + x]/(Sqrt[2] - Sqrt[1 - x1)1)) ‘

L/x

N

J




s

input L

CHAPTER 3. LISTING OF INTEGRALS 201

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T

/(\/l—x—l—\/m-l-l)zd

£L'2
l 7293
2
t/<mﬂ2x +%sz
X X
l 2009
wi-a? 2
X

—2arcsin(z) — —

Int[(Sqrt[1 - x] + Sqrt[l + x])~2/x72,x]

~—

output

-

rule 2009 L

rule 7293 ‘

1

L—Q/x - (2%Sqrt[1 - x72])/x - 2*ArcSin[x] J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(24) = 48.

Time = 0.09 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.92

method | result size

2( —arcsin(z)z—v—224+1 )/I1+z v/1—x
default | —2 + ( @ z\/—:c2-:_1) i 50

input Lint (((1-x)~(1/2)+(1+x)~(1/2))~2/x"2,x ,method=_RETURNVERBOSE) J

-2/x+2x(~arcsin(x) *x- (-x"2+1) " (1/2)) % (14x) " (1/2)* (1-x)~(1/2) /x/ (-x"2+1)~(1

output
/2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.69

/ (\/1—x+\/1+z)2 i 2 (2xarctan (‘/ﬁl— ”;”1_1> —\/x+1\/—:c+1—1>

x2 T

inputLintegrate(((1—x)'"(1/2)+(1+X)‘(1/2))A2/XA2,X, algorithm="fricas") J
Output‘2*(2*x*arctan((sqrt(x + D*sqrt(-x + 1) - 1)/x) - sqrt(x + 1)*sqrt(-x + 1)
‘ - 1)/x ‘
Sympy [F]

/(\/1—x+\/1+a:)2dx:/ (\/1—x+\/x+1)2dx

2 2

-

input Lintegrate (C(1-x)**x (1/2) +(1+x) ** (1/2) ) **2/x**2,X)

N
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Output‘lntegral((sqrt(1 - x) + sqrt(x + 1))*x2/x*x2, x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

(Vi—z++VT+2) 20v—22+1 2 ,
p dx = T, 2 arcsin ()

input Lintegrate(((1—x)‘(1/2)+(1+X)A(1/2))A2/XA2,X, algorithm="maxima") J

‘—2*sqrt(—x“2 + 1)/x - 2/x - 2*arcsin(x)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 149 vs. 2(24) = 48.

Time = 0.14 (sec) , antiderivative size = 149, normalized size of antiderivative = 5.73

V2-y—atl Vail
/(‘/1_$+‘/1+$)2dx——27r— 8( Vol _ﬂ—m> 2

z? - )2_4_:6

Va+l V2—v/—z+1

Va-v=z1)’
VT + 1 (% — 1>
— 4 arctan
2(V2—-+v-z+1)
inputLintegrate(((1—x)"(1/2)+(1+x)‘(1/2))‘2/x‘2,x, algorithm="giac") J

(—2*pi - 8% ((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - s
‘qrt(—x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2
‘) - sqrt(-x + 1)))72 - 4) - 2/x - 4*arctan(1/2*sqrt(x + 1)*((sqrt(2) - sqr
t(-x + 1))72/(x + 1) - 1)/(sqrt(2) - sqrt(-x + 1)))

N\ J

output

\‘
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Mupad [B] (verification not implemented)

Time = 23.83 (sec) , antiderivative size = 120, normalized size of antiderivative = 4.62

2 5(\/@—1)2 1
/(\/1—IE+\/1+117) \/1—.%—1 2(@_1)2‘ B}
dxr = 8atan — .
z? Vr+i-1 Vice-1 _ (VI—e-1)
Vz+1-1 (\/m_l)3
vVi—-xz-—1 2
2(Vz+1-1) =
inputtint(((x + 1)7°(1/2) + (1 - x)~(1/2))"2/x72,%) J

output E*atan(((1 = 07(1/2) - D/(x + D~(W/2) - D) = (A - D WD) - D"
2/ ((x + D A/ - D7) - 1/2)/(( - 071/ - D/(x + 1D°(1/2) -
D - (@ - 07(/2) - D73/ + DA/ - D7) - (U - 0°(1/2) - 1D/

H((x+ 1D7W/2) - 1) - 2/x

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.31

/le_x+Vq+xfdx dasin( V5% ) o —2/aF TVI=3 -2

2 z

-

lint(((1—x)“(1/2)+(1+x)‘(1/2))A2/x‘2,x)

e—

input

output L(Q*(Q*asin(sqrt( - x + 1)/sqrt(2))*x - sqrt(x + 1)*sqrt( - x + 1) - 1))/x J
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2
3 95 f (vV1—z++/1+z) do

3
Optimal result . . . . . . . . . . . . . . . e 205
Mathematica [B] (verified) . . . . . . . . . .. ... 205
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L 207
Fricas [A] (verification not implemented) . . . . . . . ... ... . ... .. ... 207
Sympy [F] . . o o 208
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 208
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 208
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 209
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 210

Optimal result

Integrand size = 23, antiderivative size = 34

rT=———
x3 2

/(\/1—x+\/1+x)2d 1

V1—zx2

xr2

+ arctanh (\/ 1— x2>

output

L-l/x“Q-(-x“2+1) ~(1/2)/x"2+arctanh ((-x"2+1)~(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 147 vs. 2(34) = 68.

Time = 0.46 (sec) , antiderivative size = 147, normalized size of antiderivative = 4.32

/(\/1—x+\/1+x)2dx

x3

= 2arctanh<

2—V2+2/T—z+2/1+2—V2/1+z
ot Vit ViViTa >+log<\/§—\/1+x>

1+vV1—22+22log (—2—V2+vVI—-z+VI+z+V2V/1+1)
- 2

T

| —

input L

Integrate[(Sqrt[1 - x] + Sqrt[1 + x])~2/x73,x]
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t‘ 2xArcTanh[(2 - Sqrt[2] + 2+Sqrt[1 - x] + 2xSqrt[1 + x] - Sqrt[2]*Sqrt[1 +

outpu ‘
P ‘x])/(-2 + Sqrt[2] + Sqrt[2]*Sqrt[1 + x])] + LoglSqrt[2] - Sqrt[1 + x]] - ( ‘
‘1 + Sqrt[1 - x72] + x"2%Log[-2 - Sqrt[2] + Sqrt[1 - x] + Sqrt[1l + x] + Sqr ‘
‘t[2] *Sqrt[1 + x]11)/x~2 ‘
Rubi [A] (verified)
Time = 0.44 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,
_ _ o number of rules _
number of steps used = 2, number of rules used = 2, integrand size. 0.087, Rules
used = {7293, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (Vi—z+vz+1)°
3 dx
X
| 7293
— 2
[(5+257) e
x x
| 2009
N )
arctanh(x/ 1-— x2> A 5 T iz
X X
input LInt[(Sqrt [1 - x] + Sqrt[1 + x])"2/x73,x] J

-x~(-2) - Saqrt[1 - x72]/x"2 + ArcTanh[Sqrt[1 - x"2]]

output ‘\
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7293‘ Int[u_, x_Symboll :> With[{v =

1

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.71

method | result -
V1+z +/1—z | arctanh 1 22—/ =221
default | — z% + ( zz\/(_ﬁf ) ) e

input

Lint(((1-x)“(1/2)+(1+x)”(1/2))“2/x‘3,x,method=_RETURNVERBDSE)

output

—1/x°2+ (14%) (1/2) % (1-x) " (1/2) * (arctanh (1/ (-x"2+1) " (1/2) ) %x"2- (-x"2+1) " (1/
12))/x72/ (-x"2+1)~(1/2)

inputL

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29

/

(VI-z+vita)

3

22 log (—””1 Vx_”l_l> +vVz+1/—z+1+1

xr2

integrate(((1-x)~(1/2)+(1+x)~(1/2))"2/x"3,x, algorithm="fricas")

output‘

-(x"2%log((sqrt(x + 1)*sqrt(-x + 1) - 1)/x) + sqrt(x + 1)*sqrt(-x + 1) + 1
‘)/x‘2
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Sympy [F]

/(\/1—x+\/1+x)2dw:/ (\/1—:1c—|—\/ac—|—1)2dCC

3 3

input Lintegrate (((1-x) **x (1/2) +(1+x) ** (1/2) ) **2/x**3, %) J

output LIntegral((sqrt(l - x) + sqrt(x + 1))*x2/x%*3, x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.59

3
2

JWAZERIRE) oy CE L <—2 T £>

x3 x x? |z] |z]

input Lintegrate (((1-x)"(1/2)+(1+x)~(1/2))"2/x"3,x, algorithm="maxima" J

~

.
-sqrt(-x"2 + 1) - (-x"2 + 1)7(3/2)/x72 - 1/x72 + log(2*sqrt(-x"2 + 1)/abs( |

output
‘x) + 2/abs(x)) ‘

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 235 vs. 2(30) = 60.



CHAPTER 3. LISTING OF INTEGRALS 209

Time = 0.17 (sec) , antiderivative size = 235, normalized size of antiderivative = 6.91

/(\/1—z+\/1+x)2

0 dz
4 (ﬂ—m e >3+ 4(VEv=etl) 4 em
VErL V2-Yetd Vot V2=t

inputLintegrate(((1-x)"(1/2)+(1+x)”(1/2))“2/x“3,x, algorithm="giac") J

output 4% (((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - sqrt(-x

+ 1)))73 + 4%(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - 4x*sqrt(x + 1)/(sqrt(2)

- sqrt(-x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sq
rt(2) - sqrt(-x + 1)))72 - 4)72 - 1/x72 + log(abs(-(sqrt(2) - sqrt(-x + 1)
)/sqrt(x + 1) + sqrt(x + 1)/(sqrt(2) - sqrt(-x + 1)) + 2)) - log(abs(-(sqr
t(2) - sqrt(-x + 1))/sqrt(x + 1) + sqrt(x + 1)/(sqrt(2) - sqrt(-x + 1)) -
2))

Mupad [B] (verification not implemented)

Time = 25.43 (sec) , antiderivative size = 189, normalized size of antiderivative = 5.56

/(\/1—z+\/1+z)2d$:1n(\/H—1) —1n<(m_1)2—1>

o vVr+1-1 (Vz+1-1)
(Vi—z-1)
16 (vVz +1-1)°
(VIi—z—-1)° L5 (Vi—z-1)*
_ 8(ve+1-1)® ' 16(Veri-pt 161
(Vi—z-1)*  2(vI—z-1)* +_( 1—z-1)° g2
Va+i-1)° (Va+i-1)* ' (Va+i-1)°
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input‘int(((x + 1)°(1/2) + (1 - x)~(1/2))"2/x73,%)

log(((1 - x)7(1/2) - 1)/((x + 1)7(1/2) - 1)) - log(((1 - x)7(1/2) - 1)72/(
(x+ 1)7(@1/2) - D72 -1) + (A -x7(1/2) - D72/(16x((x + 1)7(1/2) - 1)~
2) - (((1 -x7(1/2) - 1)72/6*((x + 1)7(1/2) - 1)72) + (16%x((1 - x)~(1/2)
- D7) /A6x((x + 1)7(1/2) - 1)74) - 1/16)/(((1 - x)7°(1/2) - 1)72/((x + 1
)7(1/2) - 1)72 - (2x((1 - x7(1/2) - D7)/ ((x + 1)7(1/2) - D74 + (1 - x
)7(1/2) - 1)76/((x + 1)7(1/2) - 1)76) - 1/x72

output

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 120, normalized size of antiderivative = 3.53

dx

/(Vl—x+¢l+@2

x3

j

__—VEWTIvTiZ%+bg(—v§+4an(fﬁiéiﬁ)-—1)x2—kg<—v@+4an(fﬁgfil)-+1>x2+

2

Lint(((1-x)“(1/2)+(1+x)“(1/2))“2/x“3,x) J

input

output‘( - sqrt(x + 1)*sqrt( - x + 1) + log( - sqrt(2) + tan(asin(sqrt( - x + 1)/
‘sqrt(2))/2) - D) *x**2 - log( - sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/
12) + D)*xxx2 + log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqre(2))/2) - 1)*x+*2
| - log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1)*x+*2 ~ 1)/xx*2
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3

3.26 | N dx

Optimal result . . . . . . . . . . .. . 2111
Mathematica [B] (verified) . . . . . . . . ... .. 211
Rubi [A] (verified) . . . . . . . . . 212
Maple [A] (verified) . . . . . . . . . . 214
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 214
Sympy [F] . . o o 215
Maxima [F] . . . . . . 215
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... .. A
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 216
Reduce [B] (verification not implemented) . . . .. ... .. ... ... ..... 217

Optimal result

Integrand size = 25, antiderivative size = 147

/ z3 dp — 20*(a +bx)*?  4a(a+bx)*?  2(a+bx)"?
va+br++a+cz 363(b — ¢) 503(b — c) 53(b—c)
20%(a+cx)*?  da(a+cx)®?  2(a+cx)/?
T 3(b—o)c 5b—c)c  T(b—c)c

ut ‘/2/3*a“2* (bxx+a) ~(3/2)/b~3/ (b-c)-4/5*%a* (b*x+a) ~(5/2) /b~3/(b-c)+2/7* (b*x+a) "
|(7/2) /573/ (b-c)-2/3*a~2* (ckx+a) ~ (3/2) / (b-c) /c"3+4/Exa* (cxx+a) ~ (5/2) / (b=c) /
Lc‘3—2/7*(c*x+a)‘(7/2)/(b—c)/CA3 J

outp

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1832 vs. 2(147) = 294.

Time = 9.70 (sec) , antiderivative size = 1832, normalized size of antiderivative = 12.46

3
T
dz = Too large to displa
/\/a+bx+\/a+cx & PRy

tnput Integrate[x~3/(Sqrt[a + bxx] + Sqrtla + c*x]),x]




output
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(-2%a"3*(b - c)"2x(a + c*x)*(15*%b~3xSqrt[a - (axb)/c]l*c”6xx"5*(b*x - Sqrt[

a + b*x]*Sqrtla + cxx]) + 3*axb~2*%c"5xx"4*(109*b*Sqrt[a - (axb)/cl*Sqrtla
+ b*x]*Sqrt[a + cxx] - 120%Sqrt[a - (a*b)/cl*c*Sqrtl[a + b*x]*Sqrtla + c*x]
+ T*b*c*kxx(18+%Sqrt[a - (a*b)/c] - 5xSqrt[a + b*x] + 5xSqrt[a + c*x]) - b5x
b~2*x*(22+%Sqrt[a - (a*b)/c] - 7*Sqrt[a + b*x] + 7xSqrt[a + c*x])) + a~6*(b
~3*c*(-378*Sqrt[a - (a*b)/c] + 966*Sqrt[a + bxx] - 200*Sqrt[a + c*x]) + b~
4x(15*Sqrt[a - (a*b)/c] - 105xSqrt[a + b*x] + 8xSqrtl[a + c*x]) + 32%c~4x*(3
5%Sqrt[a - (axb)/c] - 35#Sqrt[a + b*x] + 16xSqrtla + c*x]) - 4*b*xc~3*(595*
Sart[a - (a*b)/c] - 735xSqrtl[a + b*x] + 288xSqrt[a + c*x]) + b~2%c~2%(1631
*Sqrt[a - (a*b)/c] - 2681*Sqrt[a + b*x] + 832*Sqrt[a + c*x])) + a~3%c™3*x”
2x(-960*Sqrt[a - (axb)/c]l*c~3xSqrt[a + bxx]*Sqrtl[a + c*x] + b~4xx*(-960%Sq
rt[a - (axb)/c] + 945#Sqrtl[a + bxx] - 791*Sqrt[a + c*x]) + 20xb*xc~2*(132*S
grt[a - (a*b)/cl*Sqrtl[a + b*x]*Sqrt[a + c*x] + cxx*(119*Sqrt[a - (axb)/c]
- 91*xSqrt[a + b*x] + 84*Sqrtl[a + c*x])) + b~2%(-2376xSqrt[a - (a*b)/cl*c*S
grtla + bxx]*Sqrtla + c*x] - 14*c”™2*x*(379*Sqrt[a - (a*b)/c] - 319xSqrt[a
+ b*x] + 288xSqrt[a + c*x])) + b~3x(693xSqrt[a - (a*b)/c]l*Sqrt[a + b*x]*Sq
rt[a + c*x] + Txcxxx(558*Sqrt[a - (a*b)/c] - 513*Sqrt[a + b*x] + 449*Sqrt[
a + c*x]))) + a2xbxc”4xx"3%(-1200%Sqrt[a - (axb)/cl*c”2xSqrt[a + b*x]*Sqr
tla + c*x] + b73xx*(855*Sqrt[a - (a*b)/c] - 630*Sqrt[a + b*x] + 609*Sqrt[a
+ cxx]) + b"2x(-785xSqrt[a - (a*b)/cl*Sqrt[a + b*x]*Sqrt[a + cxx] - 21...

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.84,

number of rules _ ) 19 Ryles
integrand size

number of steps used = 3, number of rules used = 3,
used = {2528, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

73
L/ﬁ dz
Va+bz++a+cx

l 2528
fx2\/a + bxdx B fo\/a+ crdx
b—oc b—c

| 53
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b c c? c2

b—c b—c
l 2009

2a2(a+bx)3/? + 2(a+bz)?/? . 4a(a+bx)5/? 202 (a+cx)3/2 + 2(atcz)?/? _ 4a(a+cz)5/?
3b3 73 5b3 _ 3c3 7c3 5¢3
b—c b—c

input‘lnt[x”B/(Sqrt[a + b*x] + Sqrtla + c*x]),x]

((2*a™2%(a + b*x)7(3/2))/(3%b™3) - (4*ax(a + bkx)~(5/2))/(5+b™3) + (2*(a +
| b*x)"(7/2))/(7¥673)) /(b - ) - ((2%a~2%(a + c*x)~(3/2))/(3%c"3) - (4xax(a
L + c*x)"(5/2))/(5%xc™3) + (2x(a + c*x)~(7/2))/(T*c"3))/(b - ¢) J

output

Defintions of rubi rules used

rule 53 IRELCa_) + (b_)*(x)~(@m_.)*((c_.) + (d_.)*(x))"(a_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, 4, n},
'x] && IGtQm, 0] && ( !IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4%n + 4, 01) |
11 LtQ[9*m + 5%(a + 1), 0] || GtQm + n + 2, 0])

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

ruk32528‘Int[(u-)/((e-‘)*Sqrt[(a—') + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1), ‘
| x_Symboll :> Simplc/(ex(b*c - a*xd)) Int[(uxSqrtla + bxx])/x, xI, x] - Si
‘mp[a/(f*(b*c - axd)) Int[(uxSqrtlc + d*x])/x, x], x] /; FreeQ[{a, b, c, d

, e, £}, x] &% NeQ[b*c - a*d, 0] &% EqQ[a*e~2 - c*f~2, 0]
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Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.61

method | result size
7 5 3 (c:t+a)% 2a(cm+a)% a? (cm+a)%
2(bw+a)2 _ 4a(bz+a)2 +2a2(bw+a)§ 2 7 - 5 + 3
5 3 —_
default 0w =0 90
nput | 106 (x"3/ ((b¥x+a) " (1/2)+(e*x+a) ~(1/2)) , X, method=_RETURNVERBOSE) |
output ‘ 2/ (b-c) /b~3% (1/7* (bxx+a) ~ (7/2) -2/5*a* (bxx+a) ~ (5/2) +1/3*a"2* (b*x+a) ~ (3/2) ) - ‘

‘2/(b-c)/c"3*(1/7*(c*x+a)"(7/2)-2/5*a*(c*x+a)"(5/2)+1/3*a"2*(c*x+a)"(3/2)) \

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.83

3
/ dz

Vva+bx++/a+cx
_2((150°C%2° + 3ab’cPa® — 4a’bx + 8a3P)Vbx + a — (156°cP2® + 3 ab®Pa® — 4 a’bPcx + 8 d®b?)v/ex
B 105 (bc® — b3c?)

input Lintegrate (x~3/ ((bxx+a) = (1/2)+(c*x+a)~(1/2)) ,x, algorithm="fricas") J

e B

2/105% ((15%b~3*c~3%x™3 + 3%a*b~2xc~3*x"2 - 4*a”2*xbxc”3*x + 8+%a~3*c”~3)*sqrt
| (bxx + a) - (15%b™3%c"3%x"3 + 3*axb™3xc"2¥x"2 - 4xa~2¥b 3xckx + 8%a~3xb~3)
‘*sqrt(c*x + a))/(b"4%c”3 - b~3%c"4) ‘

output
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Sympy [F]

z3 z3
/ dac=/ dz
va+br++a+cx Vva+br++a+cx

input ntegTate (xxs3/ ((brxra)+x(1/2)+(ckxra) ++(1/2)) ,x) |
output LIntegral(x**S/(sqrt(a + b*x) + sqrt(a + c*x)), x) J
Maxima [F]
/\/a+bgvg—E:’\/achgvdac:/\/bac+(JJQ—Ei:Q,\/caanadaC
input | 0tegTate (x"3/ ((bxx+a) " (1/2)+(cxx+a) "(1/2)) ,x, algorithn="maxina") J
OutputLintegrate(x“s/ (sqrt(b*x + a) + sqrt(ckx + a)), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 451 vs. 2(123) = 246.

Time = 0.16 (sec) , antiderivative size = 451, normalized size of antiderivative = 3.07

73
/ dr =
Va+bx++a+cx

(bY7c5|b| — 2b6c|b| + b15c7|b]) (bz + a)

ab'8ct|b| — 1

_% V/ab? + (bz + a)be — abc((3 (bz + a) (5

7
2

b23c5 — 3522¢6 + 3 h2LT — 208
— 42 (bx + a)%a + 35 (bx + a)%a2>
105 (b* — b3c)

. 2 (15 (bz + a)

input Lintegrate (x~3/ ((b*x+a)~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="giac") J

b23



output

input

output
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-2/105*sqrt (a*xb~2 + (b*x + a)*b*c - a*bxc)*((3*(bxx + a)*(5x(b~17*c 5*abs(
b) - 2*b~16%c”6*abs(b) + b~ 15xc~7*abs(b))*(b*x + a)/(b~23*%c~5 - 3*b~22%c"6
+ 3*b~21%c”7 - b~20%c”8) + (a*b~18*c~4*abs(b) - 17*a*xb~17xc”5*abs(b) + 31
*a*b~16*xc~6*abs(b) - 15*a*b~15xc~T*abs(b))/(b~23*%c”5 - 3*%b~22*c~6 + 3*b~21
*c”7 - b720%c"8)) - (4*a"2*%b~19*c"3*abs(b) - 2*a”~2*xb~18*c~4*abs(b) - 53*a”
2%b~17*c"5*abs(b) + 96*a”~2*%b~16*c”6*abs(b) - 45*xa~2*xb~15%c~7*abs(b))/(b~23
*Cc”5 - 3*b722%c”6 + 3*b"21*c”7 - b"20%c”"8))*(b*x + a) + (8*a”~3*b~20*c”2*ab
s(b) - 12*a”3*b~19*c~3*abs(b) + 3*a”~3*b~18*c 4*abs(b) - 17*a”3*b~17*c 5*ab
s(b) + 33*a~3*b~16%c”6*abs(b) - 15*%a~3*xb~15xc " 7*abs(b))/(b"23*%c™5 - 3*xb~22
*C~6 + 3*b~21%c”7 - b~20%c"8)) + 2/105%(15%(b*x + a)~(7/2) - 42%(b*x + a)~
(5/2)*a + 35%(b*x + a)~(3/2)*a"2)/(b"4 - b~3*c)

Mupad [B] (verification not implemented)

Time = 22.90 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.22

L/ x3 :E_2mSVQ+br__2xava+cm 16a3va+bzx
Va+br++a+cx 7(b-c¢) 7(b—c) 10563 (b—c)

__16a3Va-+cx 2axQVa—%bw__8a2z\hz+bx
105¢2 (b—c) 35b (b—rc) 10562 (b—c)

__2axQVa—Fcz 8a’z+/a+czx
35¢ (b—rc) 105¢% (b—c)

t

int(x~3/((a + b*x)~(1/2) + (a + c*xx)~(1/2)),%)

-

N\

(2xx~3*(a + b*x)~(1/2))/(7*(b - c)) - (2*x"3*(a + c*x)~(1/2))/(7T*(b - c))
+ (16*a"3*(a + b*x)~(1/2))/(105*b"3*(b - c)) - (16*a"3x(a + c*xx)~(1/2))/(1
05%c~3*(b - c)) + (2%a*x"2*(a + b*x)~(1/2))/(35%bx(b - c)) - (8*a~2*x*x(a +
b*x)~(1/2))/(105%b"2x(b - c)) - (2*a*x~2*(a + c*x)~(1/2))/(35*c*(b - c))
+ (8*a~2*x*x(a + c*x)~(1/2))/(105*%c™2x(b - c))
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.99

3
]/ dz
Vva+bx++a+cx

16+/bz+a ac® _ 8vbr+aa?bclx + 2vbz+aab?c3z? + 2vbz+a b33z _ 16+/cz+a a®b® + 8+v/cx+aa’bdcx _ 2v/cxFaabdc?z? i}
105 105 35 7 105 105 35

b3c3 (b—c)

input Lint (x~3/ ((b*x+a) ~(1/2) +(c*x+a) ~(1/2)) ,x) J

output‘ (2% (8*sqrt(a + b*xx)*ax*3xcx*3 — 4*sqrt(a + b*x)*a**2xb*c**3%x + 3*sqrt(a + \
b*x) *a*b**2*ck*3*kx**2 + 15ksqrt(a + b*x)*b**3*ck*3*x**3 - 8xsqrt(a + c*x) \
‘*a**3*b**3 + 4*xsqrt(a + c*x)*a*xx2*bx*3xc*x — 3*sqrt(a + c*x)*a*xbk*k3kck*x2*kx

‘**2 - 15xsqrt(a + c*x)*bk*3xc*x3*x**3))/(105*b**3*c**3*(b - c))
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2

3.27 | N dx

Optimal result . . . . . . . . . . .. . 218}
Mathematica [A] (verified) . . . . . . . . . ... 218
Rubi [A] (verified) . . . . . . . . . 219
Maple [A] (verified) . . . . . . . . . . 2201
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 221]
Sympy [F] . . o o 221]
Maxima [F] . . . . . . 221]
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... .. 2221
Mupad [B] (verification not implemented) . . ... ... ... .. ... .....
Reduce [B] (verification not implemented) . . . .. ... .. ... ... ..... 223

Optimal result

Integrand size = 25, antiderivative size = 95

/ z? dp e — 2a(a + bx)*? 2(a+bx)*? 2a(a+ cx)®/? _2(a+ cxz)?/?
Va+tbz++a+tezx  3b2(b—c) 56%(b — ¢) 3(b—c)c? 5(b — c)c?

‘ -2/3xax (bxx+a)~(3/2) /b~2/(b-c)+2/5% (b*x+a) = (5/2) /b~2/ (b-c) +2/3%a* (c*x+a) ~ ( \

output
1 3/2)/(b-c)/c~2-2/5%(c*x+a) ~(5/2) / (b-c) /c~2 ‘

Mathematica [A] (verified)

Time = 1.48 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.19

x?
/ dr
Vva+br++a+cx
_ 60°2? (Va +bx — va + cx) + 2abcx (cva + bx — by/a + cx) + a®(—4cPVa + bx + 46°V/a + cx)

1502(b — ¢)c?

input LIntegrate [x~2/(Sqrt[a + b*x] + Sqrtla + c*x]),x] J
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outpu

‘15*b‘2*(b - ¢)*c~2)

t‘(6*b“2*c"2*x"2*(Sqrt[a + bxx] - Sqrtl[a + c*x]) + 2xaxbxcxx*(c*Sqrt[a + b*x
‘] - bxSqrt[a + c*x]) + a"2x(-4*c”2xSqrt[a + b*x] + 4xb~2+Sqrtl[a + c*x]))/(

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.91,

number of rules

number of steps used = 3, number of rules used = 3,
used = {2528, 53, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ ac dx
va+bz ++/a+cx
l 2528

JzVa+bzdr  [zva+codz
b—c b—c

| 53

I ((a+b§)3/2 _ m) dz | (‘am)‘” :_ VT) dz

b c c

b—rc b—c
l’2009

2(a+bx)5/2 _ 2a(a+bx)3/2 2(a+-cx)5/? _ 2a(a+cx)3/?
5b2 3b2 _ 5c2 3c?
b—c b—c

= 0.120, Rules

input‘ Int[x"2/(Sqrt[a + bxx] + Sqrtla + c*x]),x]

output

‘((—2*a*(a + b*x)~(3/2))/(3*%b"2) + (2%(a + b*x)~(5/2))/(5%b~2))/(b - c) - (
L(-2*a*(a + c*x)7(3/2))/(3%c™2) + (2%(a + c*x)~(5/2))/(5*c"2))/(b - c)

|
J




CHAPTER 3. LISTING OF INTEGRALS 220

Defintions of rubi rules used

rule 53‘Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int ‘
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
'x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && LeQ[7+m + 4%n + 4, 01)
11 LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 0]) |

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2528‘Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1), ‘
| x_Symboll :> Simp[c/(ex(b*c - a*xd)) Int[(uxSqrtla + bxx1)/x, xI, x] - Si
‘mp[a/(f*(b*c - axd))  Int[(uxSqrtlc + d*x]1)/x, x], x] /; FreeQ[{a, b, c, d ‘

, e, £}, x] && NeQ[bxc - axd, 0] && EqQ[axe”2 - cxf~2, 0] ‘

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.69

method | result size

5 3
5 3 2 (cz+a)2  a(cz+a)?2
2(bz+a)2 _ 2a(bz+a)?2 5 - 3

default 2 =0 3 — o 66

input 18t (x72/ ((b*x+a)~(1/2)+(c*x+a) " (1/2)) ,x, method=_RETURNVERBOSE) )

t‘2/(b—c)/b“2*(1/5*(b*x+a)“(5/2)—1/3*a*(b*x+a)“(3/2))—2/(b—c)/c“2*(1/5*(c*x+

outpu
)" (5/2)-1/3*ax (cxx+a) " (3/2))
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.97

72
/ dz
Vva+br++a+cx
_2((80°ca® + abc*x — 2a°c*)Vbx + a — (3V2Pa? + ab’cx — 20%0%)\/cx + a)
B 15 (b3c? — b%c3)

inputLintegrate(xAQ/((b*X+a)A(1/2)+(C*X+a)A(1/2)),x, algorithm="fricas")

‘2/15*((3*b“2*c”2*x“2 + a*xb*xc™2xx - 2¥a”2xc"2)*sqrt(b*x + a) - (3*b"2xc”2*x
\“2 + axb~2%ckx - 2*a”2*b"2)*sqrt(c*x + a))/(b~3*c”2 - b~2%c"3)

output

Sympy [F]
2 2
/ : dz = / ° dz
Va+bz++a+cx Va+bz +a+cr
input Lintegrate (x*x2/ ((b*x+a)**(1/2) +(c*xx+a)**(1/2)) ,x)
output LIntegral(x**Q/(sqrt (a + b*x) + sqrt(a + c*x)), x)
Maxima [F]

:1;2

2
/ ad da:z/ dz
Va+br++a+cx Vb +a++cx+a

input Lintegrate (x~2/ ((b*x+a)~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="maxima")

OutputLintegrate(x*2/(sqrt(b*x + a) + sqrt(c*x + a)), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(79) = 158.

Time = 0.15 (sec) , antiderivative size = 254, normalized size of antiderivative = 2.67

72

/ dr =
Va+br++a+cx

9 <\/ab2 + (bz + a)be — abc((b:c +a) <3 (6°c3|b|—b*ct|b) (bz+a) n ab6c2|b|—7ab5c3|b|+6ab4c4|b|> _ 2a%b7c|b|—a2bS,

b8c3—2b7c4+b5c5 b8c3—2b7c4+b0cd b8

152

inputLintegrate(x“2/((b*x+a)”(1/2)+(c*x+a)*(1/2)),X, algorithm="giac") J

e N

-2/15x(sqrt(a*b~2 + (b*x + a)#*b*c - axb*c)*((b*x + a)*(3*(b~5*c~3*abs(b) -

b~4*c~4*abs (b)) *(bxx + a)/(b"8%c”3 - 2*xb~7*c~4 + b~6*c”5) + (a*xb~6*c”2*ab
s(b) - Txa*xb~5*c~3*abs(b) + 6*a*xb~4*c 4*abs(b))/(b~8*xc~3 - 2xb~7*c"4 + b~6
*c~5)) - (2%a”~2xb~Txc*abs(b) - a~2xb~6%c~2*abs(b) - 4*a~2%b~5xc~3*abs(b) +
3*%a”~2%b~4*c"4*abs(b))/(b"8*c"3 - 2%b"7*c"4 + b~6xc”5)) - (3*(b*x + a)~(5/
2) - 5x(b*x + a)~(3/2)*a)/(b - c))/b"2

output

Mupad [B] (verification not implemented)

Time = 22.80 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.36

/ x? dw_2x2\/m_2z2\/m_4a2\/m

Va+br++a+cx 5(b—c) 5((b—-c) 1562 (b—c)
4a’v/a+cz 2azxva+bz 2az+atcz
152 (b—c) = 15b(b—c)  15¢ (b—c)

input Lint(x“Q/((a + b*x)~(1/2) + (a + c*x)~(1/2)),%) J

((2*x‘2*(a + b*x)~"(1/2))/(5%(b - c)) - (2*x"2x(a + c*x)~(1/2))/(5x(b - c))
\- (4*¥a~2*x(a + b*x)~(1/2))/(15%b"2x(b - c)) + (4*a~2x(a + c*x)~(1/2))/(15*c
\‘2*(b - ¢c)) + (2%a*xxx(a + b*x)~(1/2))/(15%b*(b - c)) - (2kaxx*(a + c*x)~(1
/2))/(15%cx(b - c))

N J

output

\‘
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.11

2
X
L/‘ dx
va+bx ++/a+cx
__4Vbztaa?c? + 2v/bz+aabc’z + 2v/bz+a b c?z? 4 4v/cztaa?b?  2/cztaab’cx _ 2y/cxtabc?z?
15 15 5 15 15 5

- b2c2 (b —c)

inputLint(X”2/((b*x+a)“(1/2)+(c*x+a)*(1/2)),X)

‘(2*( - 2xsqrt(a + bxx)*ax*2kxcx*2 + sqrt(a + b*x)*axbxc*x2*x + 3*sqrt(a + b
‘*x)*b**Q*c**2*x**2 + 2*ksqrt(a + c*x)*a*xx2*bx*2 — sqrt(a + c*x)*axbk*2xc*x
‘— 3*xsqrt(a + c*x)*bx*k2xc*k*2kx**2) )/ (15*b**2*cx*2x(b - c))

output




output

input

output
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I

3.28 f Va+bz+y/a+cx dz

Optimal result . . . . . . . . . . . . . 224
Mathematica [A] (verified) . . . . . . . . . ... 224
Rubi [A] (verified) . . . . . . .. . . 225
Maple [A] (verified) . . . . . . . . . .. 2261
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .... 226
Sympy [F] . . o e 226
Maxima [F] . . . . . . 227
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 227
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 228

Optimal result

Integrand size = 23, antiderivative size = 47

_ 2(a+bx)*?  2(a+cx)’?

z
/\/a+b:c+\/a+cx v 3b(b—c) 3(b—c)c

‘ 2/3* (b*x+a) ~(3/2) /b/ (b-c)-2/3* (c*x+a) ~(3/2) /(b-c) /c

-

LIntegrate [x/(Sqrt[a + b*x] + Sqrt[a + c*x]),x]

Mathematica [A] (verified)

Time = 0.82 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.51

dz

x
/\/a+bm+\/a+cm

3b%¢c — 3bc?

_ 2acva+ bx + 2bcx+/a + bx — 2abv/a + cx — 2bcz+/a + cx

‘ (2xa*xc*Sqrt[a + bxx] + 2*¥b*cxxxSqrt[a + b*x] - 2*axbxSqrt[a + c*x] - 2xbxc

N

*xx*Sqrt[a + cxx])/(3*%b"2%c - 3%b*c~2)

-/

J




input

output

rule 17

rule 2528
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2528, 17}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.

X
va+bz++a+cx
l2528

[ Va+ bzdx B [ Va+ crdz
b—c b—c

| 17

2(a + bx)3/? _ 2(a+t cx)3/?
3b(b—c) 3c(b—c)

dx

-

LInt [x/(Sqrt[a + b*x] + Sqrt[a + c*x]),x]

-/

‘(2*(a + b*x)~(3/2))/(B*b*(b - c)) - (2*(a + c*x)~(3/2))/(3*x(b - c)*c)

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/(bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl[(c_.) + (d_.)*(x_)1),
x_Symbol] :> Simp[c/(ex(b*c - a*d)) Int[(u*Sqrtl[a + b*x])/x, x], x] - Si
mp[a/(f*(bxc - a*xd))  Int[(u*Sqrtlc + d*x])/x, x], x] /; FreeQ[{a, b, c, d
, e, £}, x] && NeQ[bxc - axd, 0] && EqQ[a*e™2 - c*f~2, 0]




input

output

input

output

input

output
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.85

method | result size
3 3
2(bz+a)?2 2(cz+a)2

default 300 — 3(=cjc 40

Lint (x/ ((b*x+a) " (1/2)+(c*x+a)~(1/2)) ,x,method=_RETURNVERBOSE)

L2/3* (b*x+a) ~(3/2) /v/ (b-c)-2/3*(c*x+a)~(3/2) /(b-c)/c

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.06

dr =

x
/\/a+bm+\/a—|—cm

2 ((bez + ac)Vbz + a — (bex + ab)/cx + a)

3 (b%c — be?)

-

Lintegrate (x/ ((b*x+a)~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="fricas")

-/

‘2/3*((b*c*x + a*xc)*sqrt(b*x + a) - (b*cxx + a*b)*sqrt(c*x + a))/(b™2*c - b

L*c“2)

|
J

Sympy [F]

/ T d:cz/ T
Va+br++a+cx Va+br++a+cx

dz

Lintegrate (x/ ((bxx+a) **(1/2) +(cxx+a) **(1/2)) ,x)

LIntegral(x/(sqrt(a + bxx) + sqrt(a + c*x)), x)
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Maxima [F|

dz

/ a dac=/ a
va+br++a+cx Vbr+a++ex+a

inputLintegrate(x/((b*x+a)”(1/2)+(c*x+a)‘(1/2)),x, algorithm="maxima") J

OutputLintegrate(x/(sqrt(b*x + a) + sqrt(c*x + a)), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(39) = 78.

Time = 0.15 (sec) , antiderivative size = 107, normalized size of antiderivative = 2.28

x
/ dx
va+br++a+cr
3
2 (C%ﬁ?gjbl + ab?;'ﬂ:gfjf |b|> \/ab? + (bz + a)bc — abc — —(bmbt'z)z )
T 3b
inputLintegrate(x/((b*x+a)A(1/2)+(C*X+a)‘(1/2)),x, algorithm="giac") J

Output‘-2/3*(((b*x + a)*b~2xcxabs(b)/(b"5*c - b 4%c™2) + (a*b~3*abs(b) - axb~2*cx
‘abs(b))/(b“S*c - b"4xc”2))*sqrt(a*xb”2 + (b*x + a)*b*c - axbxc) - (bxx + a)
~(3/2)/( - e))/b |




input L

output

input

outpu
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Mupad [B] (verification not implemented)

Time = 24.47 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.68

__2xVa+bm__2xVa+cx 2ava+br 2a+a+cx

T
/kh+hx+¢w+wdx_ 3(b—c) 3(b—rc) +_3b®—c)_ 3c(b—rc)

int(x/((a + b*x)~(1/2) + (a + c*x)~(1/2)),x%)

‘(2*x*(a + b*x)~(1/2))/(B*(b - ¢)) - (2*xx(a + c*xx)~(1/2))/(@B*(b - c)) + (2
‘*a*(a + b*x)~(1/2))/(3*%b*(b - c)) - (2*xa*x(a + c*x)~(1/2))/(38*c*(b - c))

Reduce [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.19

2v/bx+aac 2vbz+abex _ 2+/cxt+aab _ 2+y/cxtabcx
t/n z de — 3 T 3 3 3
Va+bx++a+cx be(b—c)

-

Lint(x/((b*x+a)‘(1/2)+(c*x+a)‘(1/2)),X)

—

t‘(2*(sqrt(a + b*x)*a*c + sqrt(a + b*x)*b*c*x - sqrt(a + c*x)*a*b - sqrt(a +
| ckx)*bkcHx))/ (3xbkck(b - c))




outpu
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3.29 | ! dz
Va+br+i/at+cx

Optimal result . . . . . . . . . . . . . 229
Mathematica [A] (verified) . . . . . . . . . ... 229
Rubi [A] (verified) . . . . . . .. . . 230
Maple [A] (verified) . . . . . . . . . .. 2311
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 231
Sympy [F] . . o e 232
Maxima [F] . . . . . . 232
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 232
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2331
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 234

Optimal result

Integrand size = 21, antiderivative size = 97

Vatbz
/ 1 do — 2va + bz B 2v/a + cx B 2\/5arctanh< \/J% )
Va+bz++a+co b—c b—c —_
24/aarctanh @f’”
. (%)

b—c

‘)/a“(1/2))/(b-C)+2*a‘(1/2)*arctanh((C*x+a)‘(1/2)/a‘(1/2))/(b-0)

t‘2*(b*x+a)"(1/2)/(b-c)-2*(c*x+a)"(1/2)/(b-c)-2*a"(1/2)*arctanh((b*x+a)"(1/2

Mathematica [A] (verified)

Time = 1.32 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.25

dr =

. 2(\/a+bx—\/a+cx)

1
/\/a-l-ba:-l—\/a—i-ca: b—c

4\/a — 2/carctan ( ( Vb-cyater

Vel —y/ —%"+M+M)

)

(b — c)3/2
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input‘ Integrate[(Sqrt[a + b*x] + Sqrtl[a + c*x])~(-1),x]

output‘(2*(Sqrt[a + bxx] - Sqrt[a + c*x]))/(b - ¢) - (4%Sqrt[a - (axb)/c]*Sqrt[c]
‘*ArcTan[(Sqrt[b - c]*Sqrtla + c*x])/(Sqrtlcl*(-Sqrt[a - (a*b)/c] + Sqgrtla
L+ bxx] + Sqrtla + c*xx1))1)/(b - c)~(3/2) J

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.79,

number of rules _ 0.095, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! dx
Vva+bz ++a+cx
l 7241
[ (@ _ @) d
b—rc
l 2009
_2\/5&1’0'53“111(@) + 2\/Earctanh(@> +2va + bz — 2v/a + cx
b—c
input LInt [(Sqrt[a + b*x] + Sqrt[a + cxx])~(-1),x] J
output ‘ (2#Sqrt[a + b*x] - 2xSqrt[a + c*x] - 2*Sqrt[al*ArcTanh[Sqrt[a + b*x]/Sqrtl[ ‘

1 al] + 2*Sqrt[al*ArcTanh([Sqrt[a + c*x]/Sqrtl[al]l)/(b - c) ‘
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule7241‘Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*(x_ )" (n_.)] + (£_.)*Sqrt[(c_.) + (d_.)=*
Int [ExpandIntegran
‘d[(u*x‘(m*n))/(e*Sqrt[a + b*x"n] - fxSqrtlc + d*x"n])"m, x], x], x] /; Free
Ql{a, b, c, d, e, f, n}, x] & ILtQ[m, 0] & EqQla*e™2 - c*£72, 0]

input

output

input

‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.75

method | result size
2v/bz+a—2+/a arctanh( ¥ bzta 2v/cz+a—2+/a arctanh( ¥ czta
default — () _ — () 73

-

Lint (1/ ((b*x+a) ~ (1/2)+(c*x+a) ~(1/2)) ,x,method=_RETURNVERBOSE)

-/

‘1/(b—c)*(2*(b*x+a)‘(1/2)—2*a‘(1/2)*arctanh((b*x+a)‘(1/2)/a‘(1/2)))-1/(b—c)
‘*(2*(c*x+a)‘(1/2)—2*a“(1/2)*arctanh((c*x+a)“(1/2)/a“(1/2)))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.57

dz

1
/\/a+ba:+\/a+cx

Vvalog (wa ¥ bx:“‘/a”a) +1/alog (cm_Z v c"’:“‘/a”“) —2vVbx+a+2ycx+a 2 (\/—a arctan (

V

b—c

-

tintegrate(l/((b*x+a)‘(1/2)+(c*x+a)‘(1/2)),x, algorithm="fricas")

e—
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t‘ [-(sqrt(a)*log((b*x + 2*sqrt(b*x + a)*sqrt(a) + 2*xa)/x) + sqrt(a)*log((c*x
‘ - 2xsqrt(c*x + a)*sqrt(a) + 2xa)/x) - 2xsqrt(b*x + a) + 2xsqrt(c*x + a))/
‘ (b - ), 2*(sqrt(-a)*arctan(sqrt(-a)/sqrt(b*x + a)) - sqrt(-a)*arctan(sqrt
‘(-a)/sqrt(c*x + a)) + sqrt(b*x + a) - sqrt(c*x + a))/(b - )]

outpu

Sympy [F]
/\/a—l-sz—\/a—l-cxdm: / \/GL—I-bac—:ll-\/a-i-cacdaC
input | iRteETate (1/ ((bxxra) ks (1/2)+(crx+a) #(1/2)) 1) J
output tIntegral(l/(sqrt(a + bxx) + sqrt(a + c*x)), x) J
Maxima [F]
/\/a—l-sz—\/a—l-cxdm: / \/b:z;-l—a—:ll—\/c:c-l—adaC
input Lintegrate (1/((bxx+a) ~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="maxima") J
output tintegrate(l/ (sqrt(b*x + a) + sqrt(ckx + a)), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1093 vs. 2(81) = 162.

Time = 0.31 (sec) , antiderivative size = 1093, normalized size of antiderivative = 11.27

dxz = Too large to display

1
/\/a+b93—|—\/a—|—cx



input

output

e

inputL
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integrate(1/((b*x+a)~(1/2)+(c*x+a)~(1/2)),x, algorithm="giac")

-2xsqrt(axb”2 + (b*x + a)*bxc - a*b*c)*abs(b)/(b~3 - b"2xc) + 2*a*arctan(s
grt(b*x + a)/sqrt(-a))/(sqrt(-a)*(b - c)) + 2*sqrt(b*x + a)/(b - c) - 2x(2
*(a*b~3%c - a*b”2*c”2)*(a*b”2 - axbkc) “2*sqrt(-a)*abs(b)*sgn(b - c) + 2x(a
*b~3 - axb~2*xc)*(axb”2 - axb*c) "2xsqrt(-axb*c)*abs(b) + (a~2*b~5 - 3*a”"2#*b
“4*c + 3xa"2*b"3*c”2 - a"2xb"2xc”3) *sqrt (-a*b*c)*abs(a*b"2 - axb*c)*abs(b)
*sgn(b - c) + (a”2%b~6 - 3*a~2*b~5xc + 3*a~2xb~4*c”2 - a~2%b~3*c"3)*sqrt(-
a)*abs(a*b~2 - axb*c)*abs(b) + (a~3*%b~7*c - 2*%a~3*b"6xc"2 + 2%a~3*b"4xc”4
- a"3xb~3*c”5)*sqrt(-a)*abs(b)*sgn(b - c) + (a"3%b~7 - 2*a"3%b~6*c + 2¥a”3
*b~4*c”3 - a”~3%b~3xc”"4)*sqrt (-a*b*c)*abs(b))*arctan(-(sqrt (b*c)*sqrt (b*x +
a) - sqrt(axb”2 + (b*x + a)*bxc - a*bxc))/sqrt(-(axb~3 - axbxc™2 + sqrt((
a*b”~3 - axb*c”2)"2 - (a"2*%b~5 - 3*a"2*b"4xc + 3*a"2*%b"3*c”2 - a"2%b"2*c”3)
*(b - ¢)))/(b - ¢c)))/((b"8 - 5xb~7T*c + 10*¥b~6*c™2 - 10*¥b~5%c”3 + 5xb~4*c™4
- b"3%c”5)*a"2*abs(a*b”2 - axb*c)) + 2*(2x(a*b”3*c - a*b”2*c”2)*(a*b”2 -
a*b*c) "2*sqrt (-a)*abs(b)*sgn(b - c) + 2x(axb™3 - a*b™2xc)*(a*b™2 - a*b*c)”
2*sqrt (-axb*c)*abs(b) + (a™2%b~5 - 3*a~2xb~4*c + 3%a”2*b~3*c”2 - a~2%b"2xc
~3)*sqrt (-axbxc)*abs(a*b”™2 - axb*c)*abs(b)*sgn(b - c) + (a”2*b"6 - 3*a~2*b
“Bkc + 3xa"2*%b"4*c”2 - a”2%b~3*c”3)*sqrt(-a)*abs(axb”2 - axbxc)*abs(b) + (
a”~3%b~7xc - 2%a”3*b~6*c”2 + 2*a~3*b~4xc”4 - a~3xb~3*c”5)*sqrt(-a)*abs(b)*s
gn(b - c) + (a"3*b”7 - 2*%a~3*b"6xc + 2*a~3*xb~4*xc~3 - a~3*b~3*c"4)*sqrt(-a*
b*c) *abs (b)) *arctan(-(sqrt (bxc)*sqrt(b*x + a) - sqrt(axb™2 + (b*x + a)*...

Mupad [B] (verification not implemented)

Time = 25.01 (sec) , antiderivative size = 213, normalized size of antiderivative = 2.20

dr =

1
/\/a+bac+\/a+cx

Vatcr—+/a

—vea In( Yetbe—ve atbz—/a)’ at+bz—+/a
2 ac (me va) | In(VeeVe) (Verba-va) ) — 2 Vab (in (o= _ 2/

(\/a—i—cnz:—\/ﬁ)2 Va+tcz—+/a

oy (3 cWatta-va)?
(b=¢) (b (m—wﬁ)

int(1/((a + b*x)~(1/2) + (a + c*x)~(1/2)),%)
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-(2%a~(1/2)*c*x((2x((a + b*x)~(1/2) - a~(1/2)))/((a + cxx)~(1/2) - a~(1/2))

+ (log(((a + bxx)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))*((a + bxx
)~(1/2) - a~(1/2))72)/((a + c*x)~(1/2) - a~(1/2))"2) - 2*a~(1/2)*b*(log(((
a + b*x)"(1/2) - a~(1/2))/((a + c*xx)~(1/2) - a~(1/2))) - (2x((a + b*x)~(1/
2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) + 4))/((b - c)*(b - (c*((a + bx
x)~(1/2) - a~(1/2))72)/((a + c*x)~(1/2) - a~(1/2))"2))

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.77

dzx

1
/\/a+bw+\/a+cz
4\@\/5\/2\5\@—”%%0"(“5@*‘/’;@) +4y/e/a\/2¢/e VG - b_catan(ﬁmm@

Va/2v/eVb-b—c Va/2v/eVb—b—

b%? — 2bc + c2

-

inputt

-/

int (1/ ((b*x+a) ~(1/2)+(c*xx+a) ~(1/2)) ,x)

(2% (2xsqrt (b) *sqrt (a) *sqrt (2*sqrt (c) *sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a
+ bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c))
) + 2ksqrt(c)*sqrt(a)*sqrt(2*xsqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a
+ b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c))
) + sqrt(a + b*x)*b - sqrt(a + b*x)*c - sqrt(a + c*x)*b + sqrt(a + c*x)*c)
)/ (b**2 - 2xb*c + c**2)

output
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3.30

1
f‘mgﬂ;ﬁﬁ+vﬁﬁzz)dw

Optimal result . . . . . . . . . . .. 235
Mathematica [A] (verified) . . . . . . . . . ... L L 235
Rubi [A] (verified) . . . . . . ... . 230
Maple [A] (verified) . . . . . . . . .. 237
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 238
Sympy [F] . . . o
Maxima [F] . . . . . . o 239
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 239
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 240
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 24T]

Optimal result

Integrand size = 25, antiderivative size = 103

/ 1 dx:_\/a+bz \/a—l-cx
x(\/a+b:v+\/a+cx) b—cz (b—c)z
- barctanh(“‘?) N carctanh(‘/‘\’}?)
Valb—0) Valb—o)

/— (b*x+a) ~(1/2)/(b-c) /x+(c*x+a) ~(1/2)/(b-c) /x-b*arctanh ((b*x+a) ~(1/2)/a~(1/
\ 2))/a~(1/2)/ (b-c)+c*arctanh((c*x+a) ~(1/2)/a"~(1/2))/a~(1/2) / (b-c) \

output

Mathematica [A] (verified)

Time = 10.30 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.31

1
d
/z(\/a+bx+\/a+cx) v
At At A bﬁarjtj‘:h(ﬁ> = Forctonh )

br — cx

input LIntegrate [1/(xx(Sqrt[a + b*x] + Sqrtl[a + c*x])),x] J
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t‘ (-(a/Sqrtl[a + b*x]) - (b*x)/Sqrtl[a + b*x] + a/Sqrt[a + c*x] + (c*x)/Sqrtla

outpu ‘
‘ + c*x] - (b*x*Sqrt[1 + (b*x)/al*ArcTanh[Sqrt[1 + (b*x)/all)/Sqrtla + Db*x]
‘ + (cxxxSqrt[1 + (c*x)/al*ArcTanh[Sqrt[1 + (c*x)/all)/Sqrtla + c*x])/(b*x
‘— C*X) ‘
Rubi [A] (verified)
Time = 0.43 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.93,
_ _ 4 humber of rules _
number of steps used = 5, number of rules used = 4, integrand size. 0.160, Rules
used = {2528, 51, 73, 221}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
1
dx
/m(\/a+bx+\/a+cm)
| 2528
[ edn [ VEdn
b—c  b-c
| 51
%bj’x¢;+bzdx'_ %:bx._ %Cf‘mvd;fzdx'_ %:av
b—c b—c
| 73
f@i%d\/a—l—bm— V“;rbx i #_%d\/a—}-cx—iva;rm
b—c B b—c
| 221
_banmanh(vig“) _ Jattz _canmanh<vig”) _ Jate
va T . va T
b—c b—c
inputtlnt[l/(x*(Sqrt[a + bxx] + Sqrt[a + c*x])),x] J
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‘ (-(Sqrt[a + b*x]/x) - (b*ArcTanh[Sqrt[a + b*x]/Sqrt[all)/Sqrt[al)/(b - ¢)
‘ - (-(8qgrt[a + c*x]/x) - (c*ArcTanh[Sqrt[a + c*x]/Sqrt[al]l)/Sqrtl[al)/(b - c ‘
) |

output

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*(m + 1)))
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, ¢, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

rule 51

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(u_)/((e_.)*Sqrtl[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1),
x_Symbol] :> Simp[c/(ex(b*c - a*d))  Int[(u*Sqrt[a + b*x])/x, x], x] - Si
mp[a/(f*(bxc - a*xd)) Int[(uxSqrtlc + d*x])/x, x], x] /; FreeQ[{a, b, c, d
, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a*e”2 - c*f~2, 0]

rule 2528

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.85

method | result size
bx+a Vexta
o[ — VizTa B arctanh ( Va ) 9e| — Jeita 3 arctanh ( Va )
2zb 2v/a 2xc 2va
default - - - 88
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input‘int(l/x/((b*x+a)’"(1/2)+(c*x+a)“(1/2)),x,method=_RETURNVERBOSE)

output 2/ (b-c) *b* (-1/2% (b*x+a) ~ (1/2) /x/b-1/2/a~ (1/2) xarctanh((bxx+a)~(1/2) /a~(1/2
‘)))-2/(b—c)*c*(—1/2*(c*x+a)‘(1/2)/x/c—1/2/a‘(1/2)*arctanh((c*x+a)‘(1/2)/a‘

@/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.71

1
dz
/x(\/a+bx+\/a+cx)
Vabz log <bz+2 @\/&4-2@) + y/acz log (Cm_z v cz:“*/a"'?a) +2bx + aa — 2+/cx + aa /—abzx arc
e 2 (ab — ac)x ’
inputLintegrate(l/x/((b*x+a)A(1/2)+(c*x+a)‘(1/2)),x, algorithm="fricas") J
output [-1/2*(sqrt(a) *b*x*log((b*x + 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + sqrt(a)*
cxx*log((cxx - 2*ksqrt(cxx + a)*sqrt(a) + 2*a)/x) + 2*sqrt(b*x + a)*a - 2%s
art(c*x + a)*a)/((axb - a*c)*x), (sqrt(-a)*bxx*arctan(sqrt(-a)/sqrt(bxx +
a)) - sqrt(-a)*cxx*arctan(sqrt(-a)/sqrt(c*x + a)) - sqrt(bxx + a)*a + sqrt
(cxx + a)*a)/((a*b - a*c)*x)]
Sympy [F]
1
/ dzx =/ ! dx
z (Va+bz ++va+cx) z (Va+bz ++a+cx)
inputLintegrate(l/x/((b*x+a)**(1/2)+(c*x+a)**(1/2))’x) J
OutputLIntegral(l/(x*(sqrt(a + b*x) + sqrt(a + c*x))), x) J
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Maxima [F|

/ L d:v—/ L dx
z(Vatbz+vater) J z(vVbr+a+er+a)

input Lintegrate (1/x/ ((bxx+a) = (1/2)+(c*x+a)~(1/2)) ,x, algorithm="maxima") J

output{integrate(l/ (x*(sqrt (b*x + a) + sqrt(ckx + a))), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1402 vs. 2(87) = 174.

Time = 2.50 (sec) , antiderivative size = 1402, normalized size of antiderivative = 13.61

1
dz = Too large to displa;
/x(\/a+bx+\/a—|—cx) & play
input Lintegrate(l/X/( (b*x+a)~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="giac") J
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b*arctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*(b - c)) - 2x((sqrt(b*c)*sqrt(b
*x + a) - sqrt(axb”2 + (b*x + a)*bxc - a¥bkc))*a*b~2xcxabs(b) - (sqrt(b*c)
xsqrt(b*x + a) - sqrt(a*b™2 + (b*x + a)*b*c - axb*c))*axb*c™2*abs(b) + (sq
rt(bxc)*sqrt(b*x + a) - sqrt(ax*b”2 + (b*x + a)*bxc - axbxc)) 3*c*abs(b))/(
(a"2%b~4 - 2%a~2*b"3%c + a"2%b"2*%c"2 - 2*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a
*b"2 + (b*x + a)*bxc - a*bxc)) 2*a*xb”2 - 2*(sqrt(b*c)*sqrt(b*x + a) - sqrt
(a*b~2 + (b*x + a)*b*c - axb*c)) "2xaxb*c + (sqrt(b*c)*sqrt(b*x + a) - sqrt
(axb~2 + (b*x + a)*bxc - axbxc)) 4)*(b - c)) - sqrt(b*x + a)/((b - c)*x) +

(2% (a*b~3*c™2 - axb~2*c~3)*(a*b~2 - axbkc) “2*sqrt(-a)*abs(b)*sgn(-2*b + 2
xc) + 2*(axb~3xc - axb~2xc”2)*(axb~2 - axb*c) “2xsqrt(-axbxc)*abs(b) + (a”2
*b~Bkc - 3*a"2*%b"4xc”2 + 3%a”2xb~3*c”3 - a~2*b"2+c”"4)*sqrt (-axb*c)*abs (-a*
b~2 + axb*c)*abs(b)*sgn(-2*b + 2%c) + (a"2*b"6xc - 3*a~2%b"5kc~2 + 3*a~2xb
“4%c”3 - a"2xb"3*c~4)*sqrt(-a)*abs(-axb”2 + axb*c)*abs(b) + (a~3*b"7*c"2 -
2*a~3%b”6%*c”3 + 2*%a~3*b"4*c”5 - a~3%b~3*c”6)*sqrt(-a)*abs(b)*sgn(-2%b + 2
xc) + (a"3%b”7*c - 2%a”3*%b"6%c”2 + 2¥a”3*%b"4*xc”4 - a~3*b~3%c”~5)*sqrt(-a*xb*
c)*abs(b))*arctan(-(sqrt (bxc)*sqrt (b*x + a) - sqrt(a*b”2 + (b*x + a)*b*c -
axbxc))/sqrt(-(axb™3 - axbxc”™2 + sqrt((a*b~3 - a*bxc™2)"2 - (a"2*b"5 - 3%
a”"2%b"4*xc + 3%a”2%b"3%c”2 - a"2*%b"2%c"3)*(b - ¢)))/(b - ¢)))/((b"8 - 5*b~7
*C + 10%b76%c”2 - 10%b~5*c”3 + b*b~4xc”4 - b~ 3%c”5)*a"3*abs(-axb”"2 + axb*c
)) = (2% (a*b"3*c™2 - axb~2*c"3)*(axb”2 - axbxc) "2*sqrt(-a)*abs(b)*sgn(-...

output

Mupad [B] (verification not implemented)

Time = 32.33 (sec) , antiderivative size = 1637, normalized size of antiderivative =
15.89

1
dz = Too large to displa
L/th+hx+¢w+m) & Py

-

input int(1/(x*x((a + b*x)~(1/2) + (a + c*x)~(1/2))),x)
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(2xa*b - 2*xaxc + axcxlog(((a + bxx)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~
(1/2))) - 2*a~(1/2)*b*(a + c*x)~(1/2) + 2*a~(1/2)*c*(a + b*x)~(1/2) + a*bx
atan((b~3*(a + bxx)~(1/2)*1i - b~"3*(a + c*x)~(1/2)*1i + c”"3*(a + b*x)~(1/2
Yx1i — a”(1/2)*c™3*1i + a~(1/2)*bxc”2*1i - b*c™2*(a + c*x)~(1/2)*1i)/(b"3*
(a + b*x)~(1/2) - b~ 3*(a + c*x)~(1/2) - c™3*%(a + b*x)~(1/2) + a~(1/2)*c"3
- a~(1/2)*bxc”2 + bxc™2%(a + c*x)~(1/2)))*2i - a*c*xatan((b~3*(a + b*x)~(1/
2)*1i - b™3x(a + c*x)"(1/2)*1i + c™3*(a + b*x)~(1/2)*1i - a~(1/2)*c~3*1i +
a~(1/2)*bxc”2%1i - bxc™2*x(a + c*x)~(1/2)*1i)/(b~3*%(a + b*x)~(1/2) - b~3*(
a + c*xx)~(1/2) - c™3*x(a + b*x)~(1/2) + a~(1/2)*c”3 - a~(1/2)*b*c"2 + b*c™2
*(a + c*x)~(1/2)))*2i + axb*log(((a + b*x)~(1/2) - a~(1/2))/((a + c*xx)~(1/
2) - a~(1/2))) + b*atan((b~3*(a + b*x)~(1/2)*1i - b~3*(a + c*xx)~(1/2)*1i +
c”3%(a + b*x)~(1/2)*1i - a~(1/2)*c”3*1i + a~(1/2)*b*xc™2*%1i - b*c™2*(a + c
*x)~(1/2)*1i) /(b~"3*%(a + b*x)~(1/2) - b™3*(a + c*x)~(1/2) - c~3*(a + b*x)~(
1/2) + a~(1/2)*%c”3 - a~(1/2)*bxc”2 + b*c™2*(a + c*x)~(1/2)))*(a + b*x)~(1/
2)*(a + c*xx)~(1/2)*2i - c*atan((b"3*(a + b*x)~(1/2)*1i - b"3*(a + c*x)~(1/
2)*1i + ¢c”3*(a + bxx)~(1/2)*1i - a~(1/2)*c"3*1i + a~(1/2)*b*c"2%1i - b*c™2
x(a + c*x) " (1/2)*1i)/(b~3*(a + b*x)~(1/2) - b™3*(a + c*x)~(1/2) - c"3*(a +
b*x)~(1/2) + a~(1/2)*c”3 - a~(1/2)*b*c”2 + bxc"2*(a + c*x)~(1/2)))*(a + b
*x) " (1/2)*(a + c*x)~(1/2)*2i + b*log(((a + b*x)~(1/2) - a~(1/2))/((a + c*x
)=(1/2) - a~(1/2)))*(a + bxx)~(1/2)*(a + c*x)~(1/2) + c*log(((a + b*x)~...

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 762, normalized size of antiderivative = 7.40

1
dz = Too large to displa
t/th+hx+¢w+m) & Py

input¥int(l/X/((b*x+a)“(1/2)+(c*x+a)*(1/2)),x)
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(2xsqrt (b) *sqrt (a) *sqrt (2xsqrt (c) *sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a +
bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)))*b
*x + 2*sqrt(b)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*sqrt(
a + bxx) + sqrt(b)#*sqrt(a + c#*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)
))*c*xx + 2xsqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*s
grt(a + bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b
- ¢)))*b*x + 2*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sqrt(
c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b)
- b - c)))*c*x + sqrt(b)*sqrt(a)*sqrt(2xsqrt(c)*sqrt(b) + b + c)*log(( - s
grt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqrt(c)*sqrt(a + bxx) + sqrt(b)*s
grt(a + c*x))/sqrt(a))*b*x - sqrt(b)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b +
c)*log(( - sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqrt(c)*sqrt(a + b*x)
+ sqrt(b)*sqrt(a + c*x))/sqrt(a))*cxx - sqrt(b)*sqrt(a)*sqrt(2*sqrt(c)*sq
rt(b) + b + c)*log((sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqrt(c)*sqrt
(a + b*x) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*b*x + sqrt(b)*sqrt(a)*sqrt(2+*s
qrt(c)*sqrt(b) + b + c)*log((sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqr
t(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*c*x - sqrt(c)*sqrt(a)
*sqrt (2*¢sqrt (c)*sqrt(b) + b + c)*log(( - sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) +
b + c) + sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*b*x + sqr
t(c)*sqrt(a)*sqrt(2*xsqrt(c)*sqrt(b) + b + c)*log(( - sqrt(a)*sqrt(2*sqr...

output
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3.31

1
J A(VaTtorvare) O

Optimal result . . . . . . . . . . .. 243]
Mathematica [C] (verified) . . . . . . . . . .. .. L o 243
Rubi [A] (verified) . . . . . . ... . 247
Maple [A] (verified) . . . . . . . . .. 240
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 246
Sympy [F] . . . o
Maxima [F] . . . . . . o 247
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 248
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 249
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 249]

Optimal result

Integrand size = 25, antiderivative size = 171

/ 1 dw__\/a-l—bx _b\/a—l-bz_l_ Vva+cr +c\/m
z? (Va+br+ va+ cx)  20b—c)z2 4ab—c)z  2(b—c)z2  4a(b—c)x
. bzarctanh< V‘\%’””) B czarctanh( ‘\’;%“)
4a3/2(b — c) 4a3/2(b — c)

output ‘ -1/2%(b*x+a) ~(1/2) / (b-c) /x~2-1/4xbx (b*x+a) ~(1/2) /a/ (b-c) /x+1/2% (c*x+a) ~(1/ ‘
‘ 2)/(b-c)/x~2+1/4xcx(c*xx+a) ~(1/2) /a/ (b-c) /x+1/4xb~2*%arctanh ( (b*x+a) ~(1/2)/a ‘
L“(1/2))/a" (3/2)/ (b-c)-1/4xc~2xarctanh((c*x+a) ~(1/2)/a~(1/2))/a~(3/2)/(b-c) J

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 10.15 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.44

1
/ dx
z? (Va+ bz + va+ cz)
_ —2b%(a + bx)*? Hypergeometric2F1 (2,3, 2,1 + %) 4 2¢*(a + cz)?/? Hypergeometric2F1 (2,3, 5,1 + ¢
B 3a3(b—c)
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input ‘ Integrate[1/(x"2*(Sqrt[a + b*x] + Sqrtla + c*x])),x] ‘

. (-2+b"2%(a + bxx)"(3/2)*Hypergeometric2F1[3/2, 3, 5/2, 1 + (b*x)/al + 2xc™
‘2*(a + c*x)~(3/2) *Hypergeometric2F1[3/2, 3, 5/2, 1 + (c*x)/al)/(3*a"3*(b -

L c)) J

Rubi [A] (verified)

outpu

Time = 0.49 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.84,

number of rules _ 0.200, Rules

number of steps used = 6, number of rules used = 5, = -
integrand size

used = {2528, 51, 52, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/:r:2 (Va+bz + va+ cz) v
l2528

T

b—c b—c

| 51

j‘i%%ﬁidx J ater g

1 1 _ Vatbzx 1 1 __ Vatcz
4bfx2\/a+bzdx 22 . 4Cf 932\/a+ca:dm 212

b—c b—c

| 52

1
dv/a+bx dv/a+cx
1| — / -5 Vatbz | _ Vatbx 1.0 — / ater _g Vatcz | _ atcx
4 a az 212 4 a ax 212
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=

a3/2 azx 212

=

a3/2 azx 212

b(”ar"tanh( =) _ \/a—i-bx) _ Jaim c(CaTCtanh(““f?) _ M) _ Jax®

b—c b—c

input ‘ Int[1/(x"2%(Sqrt[a + b*x] + Sqrtla + c*x])),x] ‘

‘(-1/2*Sqrt[a + b*x]/x"2 + (b*(-(Sqrt[a + b*x]/(a*x)) + (b*ArcTanh[Sqrt[a +

tput ‘

omPE - b*x]/Sqrt[all)/a~(3/2)))/4)/(b - ¢) - (-1/2%Sqrtla + c*x]/x"2 + (c*(-(Sqr |
‘tla + c*x]/(a*x)) + (c*ArcTanh[Sqrtl[a + c*x]/Sqrt[all)/a~(3/2)))/4)/(b - ¢ |
) |
Defintions of rubi rules used

rule 51 IptlCCa.) + (b_)*x))~"m)*((c_.) + (d_)*(x_))" (), x_Symbol] :> Simpl[
(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Simp[d*(n/(b*(m + 1)))
Int[(a + b*x)~(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x
] && ILtQ[m, -1] && FractionQ[n] && GtQ[n, O]

rule 52 IntlCCa ) + (b_)*(x_)) " )*((c_.) + (d_.)*(x_))7(n)), x_Symbol] :> Simpl[

(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*xc - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

- J

rule 221
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rule 2528‘Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x.)1), ‘
‘ x_Symbol] :> Simp[c/(ex(b*c - a*d)) Int[(u*Sqrtl[a + b*x])/x, x], x] - Si
‘mp[a/(f*(b*c - axd)) Int [(uxSqrt[c + d*x])/x, x], x] /; FreeQ[{a, b, c, 4

, e, £}, x] && NeQ[b*c - axd, 0] &% EqQ[a*e”2 - c*f~2, 0]

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.70

method | result size
3 3
o - (bz+a)2 _ /bzta arctanh( li;aj_a ) o - (cz4+a)2 _\/czta arctanh ( i;aj_a )
2b sa:t2b2 8 —+ . % 2c 8am202 8 + . %
a a
default - - - 120

input Lint (1/x~2/ ((b¥x+a)~(1/2)+(c*x+a)~(1/2)) ,x,method=_RETURNVERBOSE) |

‘ 2/ (b-c)*#b~2*((-1/8/a*(b*x+a) ~(3/2)-1/8*(b*x+a)~(1/2))/x"2/b~2+1/8/a~(3/2) * ‘

tput
ot ‘arctanh((b*x+a)‘(1/2)/a‘(1/2)))-2/(b—c)*c“2*((-1/8/a*(c*x+a)‘(3/2)—1/8*(c*
‘x+a)‘(1/2))/x‘2/c‘2+1/8/a“(3/2)*arctanh((c*x+a)“(1/2)/a“(1/2)))
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 237, normalized size of antiderivative = 1.39
/ ! dz
z? (Va+ bz + v/a + cz)
Vvab*z?log (bx_2 > bx:a\/a”“) + v/ac’z? log (cx+2 ¥ cx:“‘/a”a) + 2 (abr + 2a?)vbx + a — 2 (acx +
N 8 (a%b — a?c)z?
v/—ab*z? arctan (\}{%) — v/—ac?z? arctan ( ‘Zﬁa) + (abz 4+ 2a*)Vbz + a — (acz + 2a?)\/ex + a
B 4 (a?b — a?c)z?
. integrate(1/x~2/((b*x+a)~(1/2)+(c*x+a)~(1/2)),x, algorithm="fricas")
input




output

inputt

output

inputt

output
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[-1/8*(sqrt(a)*b~2*x~2*1log((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + sqrt
(a)*xc™2+x"2x1log((c*xx + 2xsqrt(cxx + a)*sqrt(a) + 2*a)/x) + 2x(axbxx + 2*a”
2)*sqrt(b*x + a) - 2x(axc*x + 2*xa~2)*sqrt(c*x + a))/((a"2*b - a™2*c)*x"2),
-1/4x*(sqrt(-a) #*b~2+x"2*arctan(sqrt(-a)/sqrt(b*x + a)) - sqrt(-a)*c 2*x"2%
arctan(sqrt(-a)/sqrt(c*x + a)) + (a*b*x + 2*a~2)*sqrt(b*x + a) - (axc*x +
2xa~2)*sqrt(c*x + a))/((a"2*b - a"2*c)*x"2)]

Sympy [F]

1 1
/x2 (Va+bz+ va+cz) dx-/ﬁ (Va+bz + v/a + cz) de

integrate (1/x**2/ ((bxx+a)**(1/2)+(c*x+a)**(1/2)) ,x)

LIntegral(l/(x**2*(sqrt(a + bxx) + sqrt(a + c*x))), x)

Maxima [F]

1 1
/xQ(\/a+bx+\/a—|—cx) dx:/xQ(\/bx+a+\/cx+a) dz

integrate(1/x~2/((b*x+a)~(1/2)+(c*x+a)~(1/2)),x, algorithm="maxima")

Lintegrate(1/(x”2*(sqrt(b*x + a) + sqrt(c*x + a))), x)




e

inputL
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1895 vs. 2(139) = 278.

Time = 5.86 (sec) , antiderivative size = 1895, normalized size of antiderivative = 11.08

1
dzx = Too large to displa;
/z2(\/a+bx+\/a+cx) & pray

integrate(1/x~2/((b*x+a)~(1/2)+(c*x+a)~(1/2)) ,x, algorithm="giac")

~—

output

-1/4%b~2*arctan(sqrt (b*x + a)/sqrt(-a))/((a*b - a*c)*sqrt(-a)) - 1/2*((sqr
t(bxc)*sqrt(b*x + a) - sqrt(axb”™2 + (b*x + a)*b*c - axbkc))*a~3%b~6%c”2*ab
s(b) - 3x(sqrt(b*c)*sqrt(b*x + a) - sqrt(axb™2 + (b*x + a)*bxc - a*b*c))*a
~3*%b~5*c~3*abs(b) + 3*(sqrt(b*c)*sqrt(b*x + a) - sqrt(axb”2 + (b*x + a)*b*
c - axbxc))*a~3*b~4*c 4*abs(b) - (sqrt(bxc)*sqrt(b*x + a) - sqrt(axb™2 + (
b*x + a)*bxc - axbxc))*a”3*b~3xc”b*abs(b) + 7*(sqrt(b*c)*sqrt(b*x + a) - s
grt(a*xb”2 + (b*x + a)*b*c - a*bkc)) 3*a~2*b~4xc”2*abs(b) - 10*(sqrt(b*c)x*s
grt(b*x + a) - sqrt(a*b”™2 + (b*x + a)*b*c - axb*c)) " 3*a~2%b~3*c~3*abs(b) +
3x(sqrt(bxc)*sqrt(b*x + a) - sqrt(a*b™2 + (b*x + a)*bxc — axbxc)) 3*a~2xb
~2xc~4xabs(b) + T*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b™2 + (b*x + a)*b*xc -
axb*c)) “5*a*b~2*c"2*abs(b) - 3*(sqrt(b*c)*sqrt(b*x + a) - sqrt(axb”2 + (b
X + a)xbkc - axbxc)) 5xaxbxc~3*abs(b) + (sqrt(b*c)*sqrt(b*x + a) - sqrt(a*
b~2 + (b*x + a)*b*c - axb*c)) 7xc"2*abs(b))/((a"2%b~4 - 2*a~2xb~3*c + a"2%
b~2%c”2 - 2% (sqrt(b*c)*sqrt(b*x + a) - sqrt(axb”2 + (b*x + a)*b*c - a¥b*c)
) "2%axb”~2 - 2*(sqrt(bxc)*sqrt(bxx + a) - sqrt(axb”2 + (b*x + a)*b*c - axbx
c)) " 2xaxb*c + (sqrt(bxc)*sqrt(b*x + a) - sqrt(axb™2 + (b*x + a)*bxc - akbx
c))~4)"2x(axb - a*c)) - 1/4*x((b*x + a)~(3/2)*b"2 + sqrt(b*x + a)*axb~2)/((
axb - axc)*b"2%x"2) - 1/4*(2*(a*b~3*c”3 - a*b"2*xc"4)*(a"2*b"2 - a"2xbxc) "2
*xsqrt (-a) *abs (b) *sgn(8*axb - 8%axc) + 2*(a*b~3*c”2 - a*b~2*c~3)*(a”"2*%b"2 -
a”~2*b*c) “2xsqrt (—axb*c)*abs(b) + (a”3*b~5*c”2 - 3*a~3xb"4xc”3 + 3xa"3x...




input

output

input
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Mupad [B] (verification not implemented)

Time = 33.57 (sec) , antiderivative size = 1610, normalized size of antiderivative = 9.42

1
dx = Too large to displa;
/zQ(\/a—l—bx—l-\/a-l-cx) & play

-

Lint(l/(x‘2*((a + b*x)"(1/2) + (a + c*x)~(1/2))),x)

~—

((a~(3/2)*b73)/(16%(a~3*c™2 - a~3*b*c)) + (a~(3/2)*((a + b*x)~(1/2) - a~(1
/2)) 2% ((b*c~2) /4 - (7*¥b"2%c)/16 + b~3/4))/((a"3*c”2 - a~3*bxc)*((a + c*x)
~(1/2) - a~(1/2))"2) - (a~(3/2)*((b~2*c)/16 + b~3/16)*((a + b*x)~(1/2) - a
~(1/2)))/((a"3*c”2 - a~3*b*c)*((a + c*xx)~(1/2) - a~(1/2))) + ((b~2/8 - c~2
/8)*x((a + b*x)~(1/2) - a~(1/2))73)/(a”(3/2)*cx((a + c*xx)~(1/2) - a~(1/2))"
3))/(((a + b*x)~(1/2) - a~(1/2))"4/((a + c*x)"(1/2) - a~(1/2))"4 - ((b + ¢
Yx((a + b*x)~(1/2) - a~(1/2))73)/(c*((a + cxx)~(1/2) - a~(1/2))73) + (b*((
a + bxx)~(1/2) - a~(1/2))"2)/(cx((a + c*xx)~(1/2) - a~(1/2))72)) - (((c*(b
+ ¢))/(4*%a~(3/2)*%(b - c)) - (cx(b"2 - c2))/(4*a~(3/2)*(b - c)"2))*((a + b
*xx)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) - (log(((a + b*x)~(1/2)
- a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))*(a~(3/2)*b~2 + a~(3/2)*c~2))/(8xa"
3xb - 8*a~3*c) + (atan((((b + c)*(((b + c)*((64*xa~6*%b~3 - 64*a~6*b*c~2)/(6
4x(a"6*%c”3 - a”6*%b*c”2)) - (((a + bxx)~(1/2) - a~(1/2))*(64*a~6xb~3 - 64*a
“6xc”3 + 128*a~6*b*c”2 - 128*%a”6*b"2*c))/(32*%(a"6*%c”3 - a~6xbxc”2)*((a + c
*x)~(1/2) - a~(1/2)))))/(8*%a~3) - (16*a~3*b~4 + 16*a~3*b*c~3)/(64*(a"~6*c”3
- a"6xbxc”2)) + ((8*a~3*b"4 + 8*a~3*c~4)*((a + bxx)~(1/2) - a~(1/2)))/(32
*x(a~6*c™3 - a"6xb*c”2)*((a + c*xx)~(1/2) - a~(1/2))))*1i)/(8*%a~3) - ((b + ¢
)*((16*%a~3*b~4 + 16%a~3*b*c~3)/(64*(a~6*%c”3 - a~6*%b*c”2)) + ((b + c)*((64*
a~6%b~3 - 64%a"6%b*xc"2)/(64*(a"~6*%c~3 - a~6%b*c”2)) - (((a + b*x)~(1/2) - a
~(1/2))*(64*a~6%b~3 - 64*a~6%c”3 + 128%a”~6xbxc”2 - 128*a”6*b~2*c))/(32*...

Reduce [B] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 868, normalized size of antiderivative = 5.08

1
dz = Too large to displa;
/mQ(\/a—I—b:v—l—\/a—l—cx) & pray

{int<1/x~2/<(b*x+a)*(1/2)+<c*x+a)*(1/2)),x)
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( - 2xsqrt(b)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a
+ bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c))
) ¥bx*2xx**2 — 2*ksqrt(b)*sqrt(a)*sqrt(2*¢sqrt(c)*sqrt(b) - b - c)*atan((sqrt
(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b)
- b - c)))*kcx*k2xx*k*2 - 2*ksqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*
atan((sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(
c)*sqrt(b) - b — c)))*bk*x2xx**2 — 2ksqrt(c)*sqrt(a)*sqrt (2*sqrt(c)*sqrt(b)
- b - c)*atan((sqrt(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sq
rt(2xsqrt(c)*sqrt(b) - b - c)))*c*kx2xx*x2 — sqrt(b)*sqrt(a)*sqrt(2*sqrt(c)
x*sqrt(b) + b + c)*log(( - sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqrt(c
)xsgrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*bx*2xx**2 + sqrt(b)*sqrt
(a)*sqrt (2*sqrt(c)*sqrt(b) + b + c)*log(( - sqrt(a)*sqrt(2*sqrt(c)*sqrt(b)
+ b + c) + sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*kcx*2*x
**2 + sqrt(b)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c)*log((sqrt(a)*sqrt(2*
sqrt(c)*sqrt(b) + b + c) + sqrt(c)*sqrt(a + b*xx) + sqrt(b)*sqrt(a + c*x))/
sqrt (a)) *xbx*2xx**2 - sqrt(b)*sqrt(a)*sqrt (2*sqrt(c)*sqrt(b) + b + c)*log((
sqrt (a) *sqrt (2*sqrt (c)*sqrt(b) + b + c) + sqrt(c)*sqrt(a + b*x) + sqrt(b)=*
sqrt(a + c*x))/sqrt(a))*c**2xx*x2 + sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b)
+ b + c)*log(( - sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) + b + c) + sqrt(c)*sqrt(a
+ b*x) + sqrt(b)*sqrt(a + c*x))/sqrt(a))*b**2*x**2 - sqrt(c)*sqrt(a)*s...

output
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3
32 [

3.3 (\/a-l—b:c+\/a+cx)2 dz

Optimal result . . . . . . . . .. . . . 2511
Mathematica [A] (verified) . . . . . . . . ... . L 252
Rubi [A] (verified) . . . . . . . . . . 252
Maple [B] (verified) . . . . . . . . . .. 253
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 254
Sympy [F] . . . o 255
Maxima [F] . . . . . . o e 255
Giac [B] (verification not implemented) . . . . . ... ... ... ... ..., 255
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2561
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 257

Optimal result

Integrand size = 25, antiderivative size = 195

/ z3 g — az? (b+c)x®  a?*(b+c)va+brya+cr
(Va+bz ++a+ cx)2 (b—0c)?  3(b—c)? 40*(b — ¢)c?
a(b+c)(a+bx)*?/a+cz 2(a+bx)*?(a+ cx)¥?
2b%(b — ¢)2c 3b(b— c)%c
a®(b+ c)arctanh(ﬁ%)
AD5/2c5/2

‘ a*x~2/(b-c) ~2+1/3* (b+c) *x~3/(b-c) "2+1/4*a~2* (b+c) * (b*x+a) ~(1/2) *(c*kx+a) ~ (1 \
1 /2)/b72/ (b-c) /c~2+1/2%ax (b+c) * (bxx+a) ~ (3/2) * (c*x+a) " (1/2) /b~2/(b-c)~2/c-2/ |
3% (bxx+a) " (3/2) *(c*x+a) ~(3/2) /b/ (b-c) ~2/c-1/4%a 3 (b+c) xarctanh(c” (1/2)*(b |
\ *x+a) ~(1/2) /b~ (1/2) / (cxx+a) ~(1/2)) /b~ (5/2) /c~(5/2) \

output




input

output
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Mathematica [A] (verified)

Time = 1.95 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.93

/ 2’ 5 dr
(Va+bz+va+cz)

6a®y/c(b+c)arctanh | — vbvates s
eva+bz/atcz (a? (362 —2bc+3c?) —2abe(b+c)z—8b2c?x2) 4(a®(b—2¢)+3ac®z2+c(b+c)z3) \/E( a— =V
b2(b—c)? + (b—c)? + b5/2

-

LIntegrate [x~3/(Sqrt[a + b*x] + Sqrtla + c*x])~2,x]

-/

((cxSqrt[a + b*x]*Sqrt[a + c*x]*(a~2*(3*¥b"2 - 2xb*c + 3*c~2) - 2*axbxcx*(b
+ c)xx - 8%b72xc”2xx72))/(b72%(b - ¢c)72) + (4*(a”3*(b - 2%c) + 3*akc"3*x"2
+ ¢c"3*(b + c)*x73))/(b - c)~2 + (6*%a~3*Sqrt[c]*(b + c)*ArcTanh[(Sqrt[b]*S
grtla + c*x])/(Sqrtl[c]*(Sqrt[a - (a*b)/c] - Sqrtla + b*x]))1)/b~(5/2))/(12
*c~3)

Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.93,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z3 p
/ (\/a+bx+\/a+cx)2 ’

l 7241
i ((b +c)z? + 2ax — 2v/a + bry/a + ca:a:) dz
(b—c)?

l 2009
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VovaFba
a3(b—c)2(b+c)ar0tanh(ﬁm) n a2 (b2—c?)va+tba+/afex n a(b+c)(a+bz)?/2ater  2(a+bz)3/?(a+ez)?/
2b2c

2
24 1.3
Ab5/25/2 4b2¢c2 3be + ax” + 3.’1,‘ (
(b—c)?

-

LInt [x~3/(Sqrt[a + b*x] + Sgrt[a + c*x])"2,x]

e—

input

(a*x”2 + ((b + c)*x73)/3 + (a"2x(b"2 - c~2)*Sqrt[a + b*x]*Sqrt[a + c*x])/(
4xb~2%c~2) + (a*x(b + c)*(a + b*x)~(3/2)*Sqrt[a + c*x])/(2%b~2xc) - (2x(a +
b*x)~(3/2)*(a + c*x)~(3/2))/(3*bxc) - (a"3*(b - c)~2*(b + c)*ArcTanh[(Sqr
t[c]*Sqrt[a + b*x])/(Sqrt[bl*Sqrt[a + c*x]1)]1)/(4*b~(5/2)*c~(56/2)))/(b - c)
2

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

‘Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*x(x_)"(n_.)] + (£_.)*Sqrtl(c_.) + (d_.)* ‘
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x’"(m*n))/(e*Sqrt [a + bxx™n] - £*Sqrtlc + d*x"nl)"m, x], x], x] /; Free ‘
Q{a, b, c, d, e, £, n}, x] & ILtQm, O] & EqQla*e™2 - cxf"2, 0] |

rule 7241

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 516 vs. 2(161) = 322.

Time = 0.03 (sec) , antiderivative size = 517, normalized size of antiderivative = 2.65

method | result

2vVbc

Vbz+a/cz+a (16:52bzc2 Vbecz2Fabrtacz+aZ vVbe+31n ( 2bea+2vbe m2+abx\“/‘“jz+‘12 Vbeta

default 3(Zfi)2 + 3(§fi)2 + (;_xj)z N

input Lint (x~3/ ((b*x+a) ~(1/2)+(c*x+a)~(1/2))"2,x,method=_RETURNVERBOSE) J
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1/3/ (b-c) ~2xb*x~3+1/3/ (b-c) ~"2*c*x~3+a*x~2/ (b-c) ~2-1/24/ (b-c) ~2x (b*x+a) ~(1/
2)*x(c*kx+a) " (1/2) * (16%x~2*%b~2*c™ 2% (b*c*kx~2+a*b*x+akc*x+a~2) ~(1/2) *(b*xc) ~(1/
2)+3*1n(1/2* (2xbxcxx+2* (bkc*xx™2+a*b*x+a*xckxx+a~2) ~(1/2) * (b*xc) ~(1/2) +a*b+a*xc
)/ (bxc)~(1/2)) *a~3%b~3-3*1n(1/2* (2xbkcxx+2* (b*c*x~2+a*b*x+axcxx+a~2) " (1/2)
*(bxc) " (1/2)+axb+axc) /(b*c) ~(1/2))*a~3*xb~2xc—3*1n (1/2* (2*¥b*c*x+2* (b*xcxx ™2+
axbxx+a*cxx+a~2) " (1/2)*(b*c) ~(1/2)+a*b+axc) /(bxc) ~(1/2)) *a~3*b*c~2+3*1n(1/
2% (2%b*c*xx+2* (b*xcxx™2+axbkx+a*c*x+a~2) ~(1/2) *(bxc) ~ (1/2) +a*b+a*c) / (b*xc) ~ (1
/2))*a~3*c"3+4* (bxcxx”~2+axbkx+a*ckx+a~2) ~(1/2) *(bxc) = (1/2) *x*a*b~2*c+4* (b*
cxx " 2+axb*xx+a*cxx+a~2) ~(1/2) * (b*c) " (1/2) *x*axb*c~2-6% (bxc*x~2+axb*x+a*c*x+
a~2) " (1/2) % (b*c) ~(1/2) *¥a~2xb~2+4* (bkc*xx~2+a*bxx+axc*x+a~2) ~(1/2) * (bxc) ~(1/
2) *a”~2xbxc-6% (b*ckx~2+a*b*x+axc*x+a~2) " (1/2) * (bxc) ~ (1/2) *a~2xc~2) / (bxc*x~2
+axbkx+akckx+a~2) " (1/2)/b~2/c~2/ (b*xc) ~(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 479, normalized size of antiderivative = 2.46

3
E/“ 5 dx
(\/a+bx+\/a—|—cx)
24@%%?+8®%&+§&ﬁ@+3m%&—ﬁWc—a%&+a%%V%kg<%2+2dm+a8+2(2%—

-

input Lintegrate (x~3/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))"2,x, algorithm="fricas")

-/

[1/24%(24*a*b~3*c”"3*x"2 + 8*(b~4*c™3 + b™3*c"4)*x~3 + 3*(a"3*¥b"3 - a~3%b"2
*xC - a”3xbxc”2 + a”3xc”~3)*sqrt(bkxc)*log(a*b™2 + 2kaxb*c + axc”™2 + 2x(2xbxc
- sqrt(b*c)*(b + c))*sqrt(b*x + a)*sqrt(c*x + a) + 2x(b"2%c + bxc™2)*x -
2% (2¥b*c*x + a*b + axc)*sqrt(b*c)) - 2*(8*%b~3%c~3*x"2 - 3%a”2%b"3%c + 2*a”
2¥b~2%c”2 - 3*a”2*bxc”3 + 2x(a*b~3*%c”2 + axb”2*c”3)*x)*sqrt(b*x + a)*sqrt(
ckx + a))/(b"5%c”3 - 2*%b"4*xc”4 + b~3*%c”5), 1/12*x(12*a*b”~3*c”~3*x"2 + 4*x(b~4
*C”™3 + b73%c”4)*x"3 + 3*(a”3%b”3 - a"3*%b"2*c - a”~3*bxc"2 + a~3%c”3)*sqrt(-
b*c)*arctan((sqrt(-b*c)*sqrt(b*x + a)*sqrt(cxx + a) - sqrt(-b*c)*a)/(b*c*x
)) — (8%¥b73%c”"3*x"2 - 3*%a"2%b"3%c + 2%a"2%b"2%c”2 - 3*a”2*bxc”3 + 2x(a*b”3
*C"2 + axb~2%c”3)*x)*sqrt(b*x + a)*sqrt(c*x + a))/(b~5%c”3 - 2xb~4*c™4 + b

~3%c~5)]

output
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Sympy [F]

/ @ 2dx=/ 2’ 5 dx
(\/a+bx+\/a+cx) (\/a+bx+\/a+cx)

input Lintegrate (xxx3/ ((brx+a)#* (1/2)+(cxx+a) xx(1/2)) **2,x) J
output LIntegral(x**S/(sqrt (a + b*x) + sqrt(a + c*x))**2, x) J
Maxima [F]
/ 2’ 5 dr = / 2’ 5 dx
(Va+bz+ va+ cz) (Vbz +a+ ez +a)
input 1ntegrate (x"3/ ((bxx+a)~(1/2)+(cxx+a) "(1/2))72,x, algorithn="naxina") |
output Lintegrate(x‘S/(sqrt (b*x + a) + sqrt(cxx + a))"2, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 511 vs. 2(161) = 322.

Time = 0.54 (sec) , antiderivative size = 511, normalized size of antiderivative = 2.62

.’L'3 d —
/(\/a-kbaﬂ+\/a+cx)2 ’
_1_12 Vab? + (bx + a)bc — abc(2 (bz + a)(

4 (bt b| — 36100 |b| + 3B9CE|b| — 87 |b]) (bx + @)  ab'?
bi7ch — 5b16¢5 + 10 b15cb — 10 b14cT + 5 b13cS — b12cd
(bz + a)®b — 3 (bz + a)a®b + (bz + a)’c — 3 (bz + a)’ac + 3 (bx + a)a’c
* 3(b° —2bc+ b3c?)
(a®b|b] + a®c|b|) log (‘—\/E\/bw +a+ \/ab? + (bz + a)bc — abcD

4+/bch3c?

+
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input‘integrate(x“B/((b*x+a)“(1/2)+(c*x+a)*(1/2))*Q’X’ algorithm="giac")

-1/12xsqrt(a*xb”2 + (b*x + a)*bxc - a*bxc)*(2*(b*x + a)*(4*(b~11xc 4*abs(b)
- 3*xb~10*c”5*abs(b) + 3*b~9*c”6*abs(b) - b~8*c~7*xabs(b))*(b*xx + a)/(b~17*
c”4 - 5xb”"16%c”5 + 10*b~15%c”6 - 10*b~14*c”7 + 5*b~13*c”™8 - b~12*%c”9) + (a
*b~12xc~3*abs(b) - 10*axb~11xc~4*abs(b) + 24*a*b~10*c”5*abs(b) - 22%a*b~ 9%
c"6*xabs(b) + 7*axb~8%c~7*abs(b))/(b~17*c"4 - 5%b~16%c”5 + 10*%b~15*xc"6 - 10
*b~14%c”7 + 5*¥b”13%c”8 - b~12*%c”9)) - 3*(a”2%b~13*c"2*abs(b) - 3*a”2*b”12%
c"3*xabs(b) + 2*a~2xb~11xc"4*abs(b) + 2*a”~2xb~10*c~5*abs(b) - 3*a~2*b~9*c”6
*abs(b) + a”"2*%b~8*c~7*abs(b))/(b~17*c”4 - 54%b~16*c”5 + 10%¥b~15%c”6 - 10*b~
14%c™7 + 5%b~13*%c”8 - b~12%c”~9))*sqrt(b*x + a) + 1/3*((b*x + a)~3*b - 3x*(b
*x + a)*a”2+b + (bxx + a)”3%c - 3*%(bxx + a)~2*axc + 3x(b*x + a)*a"2xc)/(b~
5 - 2xb~4xc + b~3*%c"2) + 1/4*(a"3*b*abs(b) + a~3*c*abs(b))*log(abs(-sqrt(b
xc)*sqrt(b*x + a) + sqrt(a*b™2 + (b*x + a)*bxc - axbxc)))/(sqrt(b*c)*b~3*c
~2)

output

Mupad [B] (verification not implemented)

Time = 51.92 (sec) , antiderivative size = 1107, normalized size of antiderivative = 5.68

3
/ ad 5 dr = Too large to display
(Va+bz + va+ cz)

inpu‘c‘int(x»s/((a + b*x)~(1/2) + (a + c*x)~(1/2))72,x)
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((((a + bxx)~(1/2) - a~(1/2))"6%(128*a~3*b*c~3 + 128*%a~3*b~3*c + (1312*a~3
*b~2%c~2)/3))/((a + c*x)~(1/2) - a~(1/2))76 - (((a + b*x)~(1/2) - a~(1/2))
“Tx(19%a~3*c”4 + 269*%a”3%b*c”3 + 19*a~3xb"3*kc + 269%a”3*b"2*c"2))/((a + c*
x)7(1/2) - a~(1/2))°7 - (((a + b*x)~(1/2) - a~(1/2))"5*%(19*%a~3*b"4 + 19%a”
3%bxc~3 + 269*a”3%b~3*c + 269*a”3*b"2+c~2))/((a + c*x)~(1/2) - a~(1/2))"5
+ (((a + b*x)"(1/2) - a~(1/2))"4*(64*%a"3%b"4 + 192*a~3*b~3*c + 64*a”3*b~2*
c™2))/((a + c*x)~(1/2) - a~(1/2))"4 + (((a + b*x)~(1/2) - a~(1/2))"8*(64*a
“3*c™4 + 192*a”3xbxc”3 + 64*a”~3*b"2*c”2))/((a + c*x)~(1/2) - a~(1/2))°8 +
(16%a~3+%b"4*x((a + b*x)~(1/2) - a~(1/2))"2)/((a + c*x)~(1/2) - a~(1/2))"2 +
(16*a~3*c”4x((a + bxx)~(1/2) - a~(1/2))"10)/((a + c*xx)~(1/2) - a~(1/2))"1
0+ (((a + bxx)~(1/2) - a~(1/2))"11*x(a"3*%c"6 - a~3*b*c™5 - a"3*%b"2*%c™4 + a
~3*xb"3%c~3))/(2*xb"2*x((a + c*x)~(1/2) - a~(1/2))"11) - (((a + b*x)~(1/2) -
a~(1/2))"3%(17*a~3*%b"5 + 303*a~3*b~4*c + 17*a”~3*xb"2*%c~3 + 303*a~3*b~3*c"2)
)/ (6xcx((a + c*xx)~(1/2) - a~(1/2))73) - (((a + bxx)~(1/2) - a~(1/2))~9*(17
*a~3%c~5 + 303%a”~3*bxc~4 + 303*a"~3*b~2%c~3 + 17*a~3*b~3*c~2))/(6*bx((a + ¢
*x)~(1/2) - a~(1/2))79) + ((a~3*b + a~3*c)*((a + b*x)~(1/2) - a~(1/2))*(b"
5 - 2xb~4xc + b~3*%c"2))/(2*%c"2*((a + c*x)~(1/2) - a~(1/2))))/(b"8 - 2%b~7*
c + b76xc”2 + (((a + b*x)~(1/2) - a~(1/2))"12%(c”8 - 2xb*c”7 + b~2%c"6))/(
(a + c*x)~(1/2) - a~(1/2))712 - (((a + b*x)~(1/2) - a~(1/2)) 2% (6*¥b"7*c +
6*b~5%c”3 - 12¥b~6%c”2))/((a + cxx)~(1/2) - a~(1/2))"2 - (((a + bxx)~(1...

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 469, normalized size of antiderivative = 2.41

23
t/“ 5 dx
(Va+bz+va+cz)
6+/cz + avVbx + aa?bPc — 4y/cx + av/bx + aa?b?c? + 6+/cx + a/bx + aa’bc® — 4/cx + abr +aa

input | 10t (x73/ ((bx+a)~ (1/2)+(c*x+a)~(1/2))72,%)
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(6xsqrt(a + c*x)*sqrt(a + bkxx)*ax*2xbx*3xc - 4*sqrt(a + c*xx)*sqrt(a + b*x)
*xa*xx2xb*x2xc*kx2 + Bksqrt(a + c*x)*sqrt(a + bxx)*ax*2xb*c**3 - 4xsqrt(a + c
xx)*sqrt(a + b*x)*axb*x3kcx*2xx - 4*sqrt(a + c*x)*sqrt(a + b*x)*a*bk*2kc**
3*x - 16xsqrt(a + c*x)*sqrt(a + b*x)*b**x3*c**3*x**2 + 3*sqrt(c)*sqrt(b)*lo
g( - sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))*ax*3*bx*3 - 3*sqrt(c)=*
sqrt (b)*log( - sqrt(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a + c*x))*ax*3*b**2*c

- 3*sqrt(c)*sqrt(b)*log( - sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))*
ax*3*xbxcx*2 + 3*sqrt(c)*sqrt(b)*log( - sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqr
t(a + cxx))*a*x3*xc*x3 - 3*sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + bxx) + sqrt
(b)*sqrt(a + c*x))*ax*3xb**3 + 3*sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + b*x)
+ sqrt(b)*sqrt(a + c*x))*a**x3xbx*x2xc + 3*sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt
(a + b*x) + sqrt(b)*sqrt(a + c*x))*a**x3xb*c**2 - 3xsqrt(c)*sqrt(b)*log(sqr
t(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))*a*x*x3*c*x*3 — 16%ax*x3*bkc**x3 + 8
*axk3kckkd + 24kaxbkk3kckk3kxkk2 + SkbkkdkckkJkxk*3 + Skbk*k3kckkdkx**3) /(2
Axb**k3kck*x3* (bx*2 — 2kbkxc + c**2))

output




output
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2
X

3.33 f (\/a-l—b:c+\/a+cx)2 dz

Optimal result . . . . . . . . .. . . . 259
Mathematica [A] (verified) . . . . . . . . . ... 2601
Rubi [A] (verified) . . . . . . . . . . 260
Maple [A] (verified) . . . . . . . . . . 2611
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 2621
Sympy [F] . . . o 262
Maxima [F] . . . . . . o e 263
Giac [B] (verification not implemented) . . . . . ... ... ... ... ..., 263
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2641
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 264

Optimal result

Integrand size = 25, antiderivative size = 142

ava + bx+/a + cx

z? - 2az (b+ c)z?
/(\/a+ba:+\/a+c:c)2d _(b—c)2+2(b—c)2

2b(b — c)c
Vevatbe

B (a+bx)3/2\/m a%rctanh(\/{)\/m

)

b(b— c)?

2b3/23/2

‘ 2%axx/ (b-c) ~2+1/2* (b+c) *x~2/ (b-c) ~2-1/2*a* (b*xx+a) ~(1/2) *(c*x+a) ~(1/2) /v/ (b
‘ -c)/c-(b*x+a) " (3/2)*(c*x+a) "~ (1/2) /b/(b-c) ~2+1/2*a"2*xarctanh(c~ (1/2) * (b*x+a

‘ )7(1/2) /7 (1/2) / (c*x+a) ~(1/2)) /v~ (3/2) /c™(3/2)
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Mathematica [A] (verified)

Time = 1.39 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.23

72
/ 5 dr =
(Va+bz+va+cz)
a?b(b — 3c) — b?z (b + cx — 2v/a + brv/a + cx) + ac(—4bez + bva + bzy/a + cx + cva + bry/a +
B 2b(b — c)?c?

a?arctanh ( vby/ater )

V(a2 -Vt )

b3/2¢3/2

r

LIntegrate [x~2/(Sqrt[a + b*x] + Sqrtl[a + c*x])~2,x]

| —

input

‘—1/2*(a"2*b*(b - 3%c) - b*c”2*xxx(b*x + c*x - 2%Sqrt[a + b*x]*Sqrt[a + c*x] \
‘) + axc*(-4xbxc*x + bxSqrt[a + b*x]*Sqrtl[a + c*x] + c*Sqrt[a + b*x]*Sqrt[a ‘
‘ + c*x]))/(bx(b - c)~2*c~2) - (a~2*ArcTanh[(Sqrt[bl*Sqrt[a + c*x])/(Sqrtlc ‘
‘]*(Sqrt [a - (a*b)/c] - Sqrtla + b*x]))]1)/(b~(3/2)*c~(3/2)) ‘

output

Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.94,

number of rules __
integrand size 0.080, Rules

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z2 p
/ (\/a-l-bac-l-\/a—l-ca:)2 !

| 2a
[ (2a+ (b+ )z — 2va + bzv/a+ cz) dz
(b—c)?

l 2009
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a? (b—c)2arctanh< Vevatbe )

—oW, fator 3/2 /T
253/2 532 e 'éffx zie _ fath) o+ 2az + 52?(b+ c)
(b—0)?
input LInt [x~2/(Sqrtl[a + b*x] + Sqrtla + c*x])~2,x] J

t‘ (2*axx + ((b + c)*x~2)/2 - (ax(b - c)*Sqrt[a + b*x]*Sqrt[a + c*x])/(2xb*c) ‘
‘ - ((a + b*x)~(3/2)*Sqrt[a + c*x])/b + (a"2x(b - c)~2xArcTanh[(Sqrt[c]*Sqr ‘
‘t[a + b*x])/(Sqrt [bl*Sqrt[a + c*x]1)]1)/(2%xb~(3/2)*c~(3/2)))/(b - ¢c)~2 ‘

outpu

Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7241 IRt )*((e_)*Sqrtl(a_.) + (b_)*(x)"(a_.)] + (f_.)*Sqrtl(c_.) + (d_)*
‘ (x_)"(m_.)1)"(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m Int[ExpandIntegran ‘
‘d[(u*x"(m*n))/(e*Sqrt [a + bxx"n] - f*Sqrt[c + d*x"n])"m, x], x], x] /; Free ‘
Ql{a, b, c, d, e, f, n}, x] & ILtQ[m, 0] & EqQla*e™2 - c*£72, 0] |

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.32

method | result

1 1
(—ab+ac)/(bz+a)(cz+a) In (2@+27\/bi&’—m+1/ be
c
2by/cx+a Vbzr+a Vbe

(ab—ac) V c:v+ab\/bz+a _

3
2 vbz+a (cz+a)2 _
2c

2b 2 2
default 2(1?-@2 + 2(:_06)2 + (b_aff)z — (b—c)?

input Lint (x~2/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))~2,x,method=_RETURNVERBOSE) J




output

input

output

input
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1/2*x~2/ (b-c) ~2%b+1/2*x~2/ (b-c) ~2%c+2*a*x/ (b-c) ~2-2/ (b-c) ~2*% (1/2/c* (b*x+a)
~(1/2)*(c*x+a) ~(3/2)-1/4* (axb-a*c) /c* (1/b*x (c*x+a) ~ (1/2) * (b*xx+a) ~(1/2)-1/2%
(-a*b+axc) /b* ((b*x+a)*(c*x+a) )~ (1/2) /(cxx+a) ~(1/2) / (bxx+a) ~(1/2)*1n((1/2*a
*b+1/2xaxc+bxc*xx) / (b*xc) ~(1/2)+(b*xcxx~2+(axb+a*c) *x+a~2) ~(1/2) )/ (bxc) ~(1/2)

))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 372, normalized size of antiderivative = 2.62

/ 2 dx
(Va+bz ++a+ cx)2

8ab’c?x + 2 (B3 + b2c®)z? + (a?b? — 2 a?be + ac?)Vbelog (ab2 + 2abc + ac? + 2 <2 be + vVbe(b+ ¢)

4 (b462 —

-

Lintegrate(x“2/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))‘2,x, algorithm="fricas")

-/

[1/4x (8*axb~2xc™2*x + 2x(b~3%c™2 + b™2%c”3)*x"2 + (a”2%b™2 - 2¥a”2xb*c + a
~2xc”2) *sqrt (b*c)*log(axb™2 + 2%axbxc + a*c™2 + 2% (2xb*xc + sqrt(bxc)*(b +

c))*sqrt(bxx + a)*sqrt(cxx + a) + 2%(b"2%c + b*c™2)*x + 2x(2xb*c*x + axb +
axc)*sqrt(b*c)) - 2%(2%b~2%c™2%x + a*b”2*c + axb*c”2)*sqrt(b*x + a)*sqrt(
c*x + a))/(b"4%c”™2 - 2*%b"3*%c”3 + b"2%c”4), 1/2%x(4xaxb"2*xc”2*x + (b"3*c”2 +
b~2%c”3)*x"2 - (a"2%b”2 - 2%a”2*bxc + a~2*c”2)*sqrt(-b*xc)*arctan((sqrt(-b
xc)*sqrt (b*x + a)*sqrt(c*x + a) - sqrt(-bxc)*a)/(b*c*xx)) - (2%b"2*c”2*x +

axb~2%c + axbxc”2)*sqrt(b*x + a)*sqrt(c*x + a))/(b"4*xc”2 - 2xb~3%c”3 + b~2
*c™4)]

Sympy [F]

/ i 2dm=/ 7 5 dx
(Va+bz+ va+ cx) (Va+bz++va+cx)

integrate (x**2/ ((bxx+a)**(1/2)+(c*xx+a) **(1/2) ) **2,x)
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output‘ Integral (x**2/(sqrt(a + b*x) + sqrt(a + c*x))**2, x)

Maxima [F]

/ i 2dx=/ s 5 dx
(Va+bz+ va+cz) (Vbz +a+ ez +a)

input Lintegrate (x~2/ ((b*x+a) ~(1/2)+(c*x+a)~(1/2))~2,x, algorithm="maxima") J

output‘ integrate(x~2/(sqrt(b*x + a) + sqrt(c*x + a))~2, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(116) = 232.

Time = 0.51 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.85

2
/ ad 5 dr =
(\/a+bx+ va + cx)
a?|b| log —\/bT:\/ba:—}-a.—f-\/abz—f-(bac—}-a)bc—abcI 2 (522 1bl—be3 b (bzt-a 3
( N ) + v/ab? + (bz + a)bc — abey/br + a<b5£2_3 Licg+3lbl3)c&_;:c)5 + ‘Z’;Cﬂf

202

-

input Lintegrate (x~2/ ((bxx+a) = (1/2)+(c*x+a)~(1/2))"2,x, algorithm="giac")

e—

output -1/2*(a~2*abs (b) *1log(abs (-sqrt (bxc)*sqrt (b*xx + a) + sqrt(a*b”2 + (b*x + a)
*b*c - axbxc)))/(sqrt(b*c)*c) + sqrt(a*b”2 + (bxx + a)*b*c - a*bxc)*sqrt(b
*x + a)*(2x(b~2*c"2*abs(b) - bxc~3*abs(b))*(b*x + a)/(b~5*c”2 - 3*b~4*c”3

+ 3%b73*%c"4 - b"2xc”5) + (axb~3*ckxabs(b) - 2*axb~2%c”2*abs(b) + a¥bkc~3*ab
s(b))/(b"5%c™2 - 3*%b~4*c"3 + 3*%b~3*c”"4 - b"2%c”5)) - ((b*x + a)~2xb + 2x(b
*x + a)*axb + (b*x + a)”2*c - 2%(b*x + a)*a*c)/(b"2 - 2*b*c + ¢c~2))/b"2
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Mupad [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.91

.’L‘2
/ 5 dx
(\/a+bm—|-\/a+cm)
2az 2?(b+c) 2(5+%52) Vatbzvatcn

T b-c?  2(b—c) (b—c)
In (ab+ac+2bcm+2\/5\/5\/a+bm\/a+cx> (ab—ac)?

+ 4 b3/2 3/2 (b _ c)2
input Lint(x‘Q/((a + bxx)~(1/2) + (a + c*xx)~(1/2))"2,x) J
Output‘ (2%a*x) /(b - c)~2 + (x"2%(b + ¢))/(2%(b - ¢)"2) - (2x(x/2 + (a*b + a*c)/(4

(¥bxc))*(a + bxx)~(1/2)x(a + cxx)"(1/2))/(b - )2 + (log(a*b + a*c + 2%bxc |
*x + 2%b7(1/2)%c™(1/2)*(a + bxx) " (1/2)x(a + c¥x)~(1/2))*(a¥b - a*c)"2)/(4% |
b7 (3/2)%¢”(3/2)%(b - ©)72)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 321, normalized size of antiderivative = 2.26

72
/ 5 dr

(\/a—l-bx-l— va + cx)

—2v/cx + avbx + aab’c — 2\/cx + avbx +aabc® — 4/cx + a/bx + ab*Px — \/E\/I_)log<—\/5\/bx

input ‘ int (x72/ ((b*x+a)~ (1/2)+(c*x+a)~(1/2))"2,x)
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( - 2xsqrt(a + c*x)*sqrt(a + bxx)*axbx*2xc - 2*sqrt(a + c*x)*sqrt(a + b*x)
*xaxbxcx*2 - 4*sqrt(a + cxx)*sqrt(a + b*x)*b**2xc**2xx - sqrt(c)*sqrt(b)*lo
g( - sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))*ax*2xb**2 + 2*sqrt(c)*
sqrt(b)*log( - sqrt(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a + c*x))*ax*2xb*c - s
grt(c)*sqrt(b)*log( - sqrt(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a + c*x))*a*x2x
c**2 + sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))*
ax*2xbx*2 — 2xsqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + bxx) + sqrt(b)*sqrt(a +

c*x) ) *a**2xbxc + sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + b*x) + sqrt(b)*sqrt
(a + c*x))*ax*x2kc*x*2 + Gkax*k2kbkck*x2 — 2kxa*xx2kcx*3 + 8Skaxbk*x2kck*x2*xx + 2%b
*k3kCkk kXK %2 + kbkk2kckk3kxkx2) / (4xbk*x2kck*2% (bk*k2 — 2%bkc + c*x*2))

output
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3.34 dx

/ (Vat+bz+v/atez)’

Optimalresult . . . . . . . . .. . .. 266]
Mathematica [A] (verified) . . . . . . . . . ... 2661
Rubi [A] (verified) . . . . . . . . . . 267
Maple [C] (verified) . . . . . . . . . ... 268
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 2691
Sympy [F] . . . o 269
Maxima [F] . . . . . . o e 270
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 270
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2711
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ 27Tl
Optimal result
Integrand size = 23, antiderivative size = 135
Va+tbz
T (b+c)z  2va+bzva+cz 4aarctanh<\/ai—w>
7 dT = 2 2 2
(Va+bz++va+cz) (b—c) (b—c) (b—oc)
vevatbe
2a(b+ c)arctanh(\/gm) 24 log(z)

Jhb—opve | (b-op

output (P*E)*x/ (b=c)"2-2% (bxx+a) (1/2)* (cx+a)~(1/2)/ (b-c) ~2+daxarctanh (brx+a)”~
‘ (1/2)/ (c*x+a)~(1/2)) / (b-c) “2-2*a*(b+c) *arctanh (¢~ (1/2) * (bxx+a) ~(1/2) /b~ (1/ ‘
L2) /(c*x+a)~(1/2)) /b~ (1/2) / (b-¢c)~2/c”(1/2) +2*a*1n(x) / (b-c) "2 J

Mathematica [A] (verified)

Time = 1.76 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.88

/ ad 5 dx
(\/a+bx+\/a+cx)

4a+/c(b + c)arctanh Vby/ater +vb| a(b+ c) + c(bz + cx — 2v/a + bzy/a + cz) + 8acarct:
ve( fo--varia)

Vb(b — c)2c
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input‘ Integrate[x/(Sqrt[a + bxx] + Sqrtla + c*x])"2,x] ‘

(4*xaxSqrt[c]*(b + c)*ArcTanh[(Sqrt[b]*Sqrt[a + c*x])/(Sqrtlcl*(Sqrtla - (a
*b)/c] - Sqrt[a + b*x]))] + Sqrt[bl*(a*(b + c) + c*(b*x + c*x - 2xSqrt[a +
b*x]*Sqrt[a + c*x]) + 8*axck*ArcTanh[(-(a*b) - b*c*x + c*Sqrt[a + c*x]*(Sq
rt[a - (axb)/c] - Sqrt[a + b*x]))/(ax(b - 2%c) - bkc*x + 2*Sqrtl[a - (a*b)/
cl*c*Sqrt[a + bxx] + Sqrt[a - (ax*b)/cl*cxSqrt[a + c*x] - c*Sqrt[a + b*x]*S
artla + cxx])1))/(Sqrt[bl*(b - c)~2xc)

output

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.80,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z 5 dz
(Va+bz +va+cz)
l 7241
(2o BT g
(b—c)?
l 2009

———\ Z2a(b+c)arctanh(vevatte
4aarctanh<\/2122) _ 2o \/E\/(’;(\/Ev ‘”“) —2va + bxy/a + cx + 2alog(x) + z(b+c)
(b—c)?

e

Int[x/(Sqrt[a + b*x] + Sqrtl[a + c*x])~2,x]

~—

input t

output ‘ ((b + c)*x - 2xSgrt[a + bxx]*Sqrt[a + c*x] + 4*axArcTanh[Sqrt[a + b*x]/Sqr ‘
‘ tla + cxx]] - (2*a*(b + c)*ArcTanh[(Sqrt[c]*Sqrt[a + b*x])/(Sqrt[b]l*Sqrt[a ‘
+ c*x])]1)/(Sqrt [bl*Sqrt[c]) + 2*a*Logl[x])/(b - c)~2

N J
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7241 TAtLu_)*((e_)*Sqrtl(a_.) + (b_)*(x))"(m_)] + (£_.)*Sqrtl(c_.) + (d_.)* |
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x‘(m*n))/(e*Sqrt[a + b*x"n] - fxSqrtlc + d*x"n])"m, x], x], x] /; Free
Ql{a, b, c, d, e, f, n}, x] & ILtQ[m, 0] & EqQla*e™2 - c*£72, 0] |

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.01 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.97

method | result

\/lm \/0?4-11 <1n ( 2bcz+2V bc z2+abz+acz+a2 \/E{—ab{—ac) csgn(a)ab+ln ( 2bcx+2Vbc 22 +ab;

xb e 2aln(x) 2vbe
defalllt (b—C)2 + (b—C)2 + (b—c)2 -
nput Lint (x/ ((b*x+a) ~(1/2) +(c*x+a) ~(1/2)) ~2,x ,method=_RETURNVERBOSE) J
output x/ (b-c) ~2*b+x/ (b-c) ~2*c+2*a*1ln(x)/(b-c) ~2-1/(b-c) ~2*x (b*x+a) ~(1/2) *(c*x+a) "~

(1/2)*(In(1/2% (2*b*c*kx+2* (bkc*xx~2+a*bxx+axc*x+a~2) = (1/2) * (bxc) ~(1/2) +axb+a
*xc) /(b*c) ~(1/2) ) *csgn(a) *a*b+1n (1/2*% (2*bxckxx+2* (bkc*x~2+a*bkx+a*ckx+a~2) = (
1/2)*(b*c) " (1/2)+axb+axc) / (bxc) ~(1/2)) *csgn(a) *axc+2x (b*xc) ~(1/2) * (bxcxx~2+
a*b*x+axckx+a~2) " (1/2) *csgn(a)-2* (bxc) ~(1/2) *1n (a* (2* (b*cxx~2+a*b*x+axckx+
a~2)~(1/2)*csgn(a) +b*x+c*x+2+*a) /x) *a) *csgn(a) / (b*c*x~2+a*b*x+a*xckx+a~2) ~ (1

/2)/ (b*c)~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 346, normalized size of antiderivative = 2.56

T
/ 5 dT
(Va+bz + va+ cz)
2 abclog (x) — 2 abclog (— (bte)o=2 bz:‘” c”“”“) — 2/bx + av/cx + abc + (ab + ac)v/belog (ab2 +:

- b3c -

-

| —

input Lintegrate (x/ ((b*x+a) = (1/2)+(c*x+a)~(1/2))"2,x, algorithm="fricas")

[(2*a*b*cxlog(x) - 2*axbxc*log(-((b + c)*x - 2*sqrt(b*x + a)*sqrt(c*x + a)
+ 2¥a)/x) - 2*sqrt(b*x + a)*sqrt(c*x + a)*bxc + (a*b + axc)*sqrt(bxc)*log
(a*b~2 + 2%axb*c + a*c™2 + 2% (2*bxc - sqrt(b*c)*(b + c))*sqrt(bxx + a)*sqr
t(ckx + a) + 2x(b"2%c + b*c™2)*x - 2% (2xb*cxx + axb + a*c)*sqrt(bxc)) + (b
“2%c + b*xc”2)*x)/(b"3%c - 2*b~2%c”2 + b*c~3), (2*axb*cxlog(x) - 2*axb*c*lo
g(-((b + c)*x - 2*sqrt(b*x + a)*sqrt(ckx + a) + 2%a)/x) - 2xsqrt(b*x + a)*
sqrt(c*x + a)*bxc + 2*(a*b + axc)*sqrt(-b*c)*arctan((sqrt(-bxc)*sqrt(bxx +
a)*sqrt(cxx + a) - sqrt(-b*c)*a)/(b*c*x)) + (b~2%c + bxc~2)*x)/(b"3*c - 2
*b~2%c”2 + b*c”3)]

output

Sympy [F]

/ x 2dx=/ ad 5 dT
(Va+bz+ va+ cz) (Va+bz + va+ cz)

e

tintegrate(x/((b*x+a)**(1/2)+(c*x+a)**(1/2))**2,x)

L

input

output LIntegral(x/(sqrt(a + b*x) + sqrt(a + c*x))**2, x) J
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Maxima [F|

/ d 2dx=/ ad 5 dT
(Va+bz +va+cx) (Vbr +a+ ez +a)

inputtintegrate(x/((b*x+a)*(1/2)+(c*x+a)*(1/2))*2,X, algorithm="maxima") J
Ou_tputLin’cegrate(x/(sqrt(b*x + a) + sqrt(cxx + a))~2, x) J
Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 359 vs. 2(115) = 230.
Time = 0.57 (sec) , antiderivative size = 359, normalized size of antiderivative = 2.66
t/“ d 5 dx
(Va+bz++a+cz)
a(b+c)|b| log<(\/%\/bx+a— \/ab2-|—(bz+a)bc—abc> 2) 2alb| log(' (\/ITC\/bx+a—\/a,b2+(bx+a)bc—abc> 2 <b2 +bc+2 \/bT:b) a ) 2alb
. (62—2bc+c2)Vbe + b2—2bctc? o
inputLintegrate(x/((b*x+a)"(1/2)+(c*x+a)“(1/2))“2,x, algorithm="giac") J
output (ax(d + c)*abs(b)*log((sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b™2 + (b*x + a)*bx

c - axbxc))"2)/((b"2 - 2xb*c + c”2)*sqrt(b*c)) + 2xa*abs(b)*log(abs((sqrt(
bxc)*sqrt(bxx + a) - sqrt(a*b™2 + (b*x + a)*bxc - axb*c))"2 - (b™2 + b*c +
2*sqrt (b*c)*b)*a))/(b"2 - 2xb*c + c~2) - 2*xa*xabs(b)*log(abs((sqrt(bxc)*sq
rt(b*x + a) - sqrt(a*b™2 + (b*x + a)*bxc - a*b*c))~2 - (b~2 + b*c - 2*sqrt
(b*c)*b)*a))/(b~2 - 2%b*c + c~2) + 2xa*bxlog(abs(b*x))/(b"2 - 2%bxc + c~2)
- 2*%sqrt(a*b”2 + (b*x + a)*b*c - axb*c)*(b~2*abs(b) - 2xb*cxabs(b) + c~2%
abs(b))*sqrt(b*x + a)/(b~5 - 4*b~4*c + 6%b~3*%c”™2 - 4%b~2%c”3 + b*c"4) + ((
b*x + a)*b + (b*x + a)*c)/(b"2 - 2%b*c + c~2))/b
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Mupad [B] (verification not implemented)

Time = 40.50 (sec) , antiderivative size = 5098, normalized size of antiderivative =

37.76
/ a 5 dz = Too large to display
(Va+bz + va+ cz)
input/int(x/((a + b*x)"(1/2) + (a + c*x)~(1/2))°2,%) )

(2xa*xlog(x))/(b™2 - 2¥b*c + c72) - (((4*a*c™2 + 4*a*xbxc)*((a + b*x)~(1/2)
- a~(1/2))"3)/((a + c*x)~(1/2) - a~(1/2))"3 + ((4*a*b~2 + 4xaxb*c)*((a + b
*x)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) - (16%a*b*cx((a + b*x)~(
1/2) - a~(1/2))"2)/((a + c*x)~(1/2) - a~(1/2))"2)/(b"4 - 2*%b"3*c + b~2*c"2
- (((a + b*xx)~(1/2) - a~(1/2))"2%(2%b*c"3 + 2*xb~3*c - 4*b"2%c"2))/((a + ¢
*x)~(1/2) - a~(1/2))"2 + (((a + b*x)~(1/2) - a~(1/2))"4%(c"4 - 2*%b*c"3 + b
~2xc”2))/((a + cxx)~(1/2) - a~(1/2))74) - (2*axlog((((a + b*x)~(1/2) - (a
+ cxx)~(1/2))*(b - (cx((a + b*xx)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1
/2))))/((a + cxx)~(1/2) - a~(1/2))))/(b"2 - 2xbxc + c~2) + (2*axlog(((a +
b*x)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2))))/(b - c)~2 + (x*(b + ¢)
)/(b - c)~2 + (axatan(((a*x(bxc)~(1/2)*(b + c)*((2*((a + b*x)~(1/2) - a~(1/
2))*(32*%a~3*%b~2%xc~10 - 64*a”3*%b"3*%c”9 + 8*xa~3xb~4*c”~8 + 240%a"3*%b"5xc”~7 +
8*%a~3*b~6*c”"6 — 64*a~3*b"7xc~5 + 32*a~3*b"8*%c”4))/(((a + c*x)~(1/2) - a~(1
/2))*x(b~4 - 4*b~3*c - 4*b*xc”3 + c"4 + 6*%b"2%c”2)) - (4*x(4*xa~3*%b"4*c"8 + 44
*a"3*%b"5xc”7 + 44*a”3*%b"6*c”6 + 4*a~3*b"7*xc"5))/(b"4 - 4%b"3*c - 4xbxc”3 +
c"4 + 6%b72%c”2) + (2xax(bxc)”~(1/2)*(b + c)*((4*(4*a~2xb~3*%c"11 + 2*xa~2%b
“4xc”10 - 18%a”"2%b"b*kc”9 + 12%a"2%¥b"6*kc”8 + 12*%a"2%b"7xc”7 - 18%a~2*%b"8%c”
6 + 2xa”2xb~9*c”5 + 4*a~2*%b~10%c"4))/(b"4 - 4xb"3xc - 4*b*c”3 + c"4 + 6%b”
2xc”2) - (2x((a + b*x)~(1/2) - a~(1/2))*(16*a~2xb"2*c~12 - 32*a~2*b~3*c~11
+ 36*%a”2*%b"4*c”10 - 64*a”"2*¥b"bkc”9 + 88%a"2*%b"6xc"8 - 64%a"2*%b"7*c”7 +...

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.43

& d
/(\/a+bx+\/a+cx)2 !
—4¢m+a¢m+am+wﬁ¢m%cﬂﬁvm+a+V@Vm+a%w+¢&@bd}¢hwx+a+¢z
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input‘ int (x/ ((b*x+a)~(1/2)+(c*x+a) ~(1/2))~2,x)

( - 2xsqrt(a + c*x)*sqrt(a + b*x)*b*c + sqrt(c)*sqrt(b)*log( - sqrt(c)*sqr
t(a + b*x) + sqrt(b)*sqrt(a + c*x))*a*b + sqrt(c)*sqrt(b)*log( - sqrt(c)x*s
grt(a + bxx) + sqrt(b)*sqrt(a + c*x))*a*c - sqrt(c)*sqrt(b)*log(sqrt(c)*sq
rt(a + b*x) + sqrt(b)*sqrt(a + c*x))*a*xb - sqrt(c)*sqrt(b)*log(sqrt(c)*sqr
t(a + bxx) + sqrt(b)*sqrt(a + c*x))*axc + 4*log(sqrt(a + b*x)*b + sqrt(a +
c*x)*b) *axbkc + axbkc + axck*2 + bx*2kckx + bkcx*2%xx)/(bxck(b**2 — 2%b*c

output

+ c*%2))

N\




output
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1

3.39 f (\/a+bx+\/a+cx)2 dz

Optimalresult . . . . . . . . .. . .. 273
Mathematica [A] (verified) . . . . . . . .. ... L Lo 274
Rubi [A] (verified) . . . . . . . . . . 274
Maple [C] (verified) . . . . . . . . . ... 275
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 276l
Sympy [F] . . . o 27T
Maxima [F] . . . . . . o e 27T
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 278
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 279
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 2791

Optimal result

Integrand size = 21, antiderivative size = 138

2va + bxy/a + cx

/ 1 dr — — 2a
(\/a+bw+\/a+cw)2 (b—c)z

(b—c)?z

2(b + c)arctanh <@>

va+cz

+

(b—c)?

4+/by/carctanh ( Vevathe

vbvatcz

) | G+9os@)

(b—c)?

(b—c)?

‘ -2xa/ (b-c) ~2/x+2* (b*xx+a) ~(1/2) *(c*xx+a) ~(1/2) / (b-c) ~2/x+2* (b+c) *arctanh ( (b*
‘ x+a) "~ (1/2)/(c*x+a)~(1/2))/(b-c) ~2-4*b~ (1/2) *c~(1/2) *arctanh(c~ (1/2) * (b*x+a

L) ~(1/2)/b7(1/2) / (c*xx+a) = (1/2) ) / (b-c) "2+ (b+c) *1n(x) / (b-c) "2

|
|
J
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Mathematica [A] (verified)

Time = 1.74 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.73

/ L dx
(Va+bz ++a+ cx)2

—2a — 2cx + 2v/a + bxv/a + cx + 8v/by/cxarctanh ( Vby/ater ) + 4(b + c)zarctanh <m

\/E( a—%"—\/am)
- (b—c)%x
input LIntegrate[(Sqrt [a + b*x] + Sqrtl[a + c*x])~(-2),x] J
output (-2%a - 2*c*x + 2*Sqrt[a + bxx]*Sqrt[a + c*x] + 8*Sqrt[b]*Sqrt[c]*x*ArcTan

h[(Sqrt[bl*Sqrt[a + c*x]1)/(Sqrtlcl*(Sqrt[a - (a*b)/c] - Sqrtla + b*x]))] +
4x(b + c)*x*ArcTanh[(-(a*b) - b*c*x + c*Sqrt[a + c*x]*(Sqrt[a - (axb)/c]
- Sqgrt[a + b*x]))/(a*(b - 2*c) - bxc*x + 2xSqrt[a - (a*b)/cl*c*Sqrt[a + b*
x] + Sqrt[a - (a*b)/cl*cxSqrt[a + c*x] - cxSqrt[a + bxx]*Sqrt[a + c*x])1)/

((b - c)™2xx)

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.80,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
L/" th
(Va+bz + va+ cz)
l.7241
(-2 )
(b—c)?
l 2009
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2(b+ c)arctanh( "Zig) - 4\/5\/Earctanh(£\/7m> + 2\/a+b:;\/a+cw — 28 4 (b+ c)log(x)

(b—c)?

i

input‘ Int[(Sqrt[a + b*x] + Sqrtla + c*x])~(-2),x] ‘

‘ ((-2*%a)/x + (2*Sqrt[a + b*x]*Sqrt[a + c*x])/x + 2%(b + c)*ArcTanh[Sqrt[a + ‘
‘ b*x]/Sqrtla + c*x]] - 4*Sqrt[b]*Sqrt[c]*ArcTanh[(Sqrt[c]*Sqrt[a + b*x])/( ‘
'Sqrt[bl*sqrtla + cxx1)] + (b + c)*Loglx])/(b - ¢)"2 |

output

Defintions of rubi rules used

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7241‘Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*(x)"(@_)1 + (f_)*Sqrtl(c_.) + (d_.)* |
‘ (x)"(@_.)1)"(m_), x_Symbol]l :> Simp[(b*e”2 - d*£72)"m  Int[ExpandIntegran ‘
'd[(u*x~(m#n))/(e*Sqrt[a + bxx"n] - f£*Sqrtlc + d*x"n])°m, x], x], x] /; Free |
‘Q[{a, b, ¢, d, e, £, n}, x] & ILtQ[m, O] &% EqQla*xe”2 - c*f~2, 0] ‘

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.01 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.97

method | result

\/m \/CT—HI <2 ngn(a) In ( 2bcz+2V be m2+abm+aca:+a2 Vbc+ab+ac

2Vbe

a (2\/ be x2 +abs
zbe—In| ———

bln(zx) cln(z) 2a
default (h—0)2 (b—c)?  (b—c)’z

input Lint (1/ ((b*x+a) ~(1/2)+(c*x+a) ~(1/2))~2,x,method=_RETURNVERBOSE) J




output

input

output
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1/ (b-c) ~2*b*1n(x)+1/(b-c) “2*c*1n(x)-2*a/ (b-c) ~2/x-1/(b-c) ~2* (b*xx+a) ~(1/2) *
(c*x+a) " (1/2) * (2xcsgn(a) *1n (1/2* (2xb*c*x+2*x (bkxcxx~2+a*bxx+a*ckx+a~2) ~(1/2)
*(bxc) " (1/2)+axb+axc)/(b*c) ~(1/2))*x*b*c-1n(a* (2% (b*c*x~2+axb*x+a*cxx+a”2)
~(1/2) *csgn(a) +b*xx+c*kx+2*a) /x) *x*b* (bxc) ~(1/2) -1n(a* (2% (b*cxx~2+a*b*x+a*c*
x+a”2) " (1/2) *csgn(a) +tbxx+c*x+2*a) /x) *x*cx (b*c) = (1/2)-2% (b*c) ~(1/2) * (b*c*x™
2+axb*x+axcxx+a”2) " (1/2)*csgn(a) ) *csgn(a) / (b*c*x~2+axb*x+a*cxx+a~2) ~(1/2)/
x/ (bxc)~(1/2)

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 317, normalized size of antiderivative = 2.30

B} dw
(\/a bx \/(L Cx )

2(b+c)zlog(z) —2(b+ c)rlog (— (b+e)o=2 Vhotay cx+a+2a> + 4+/bex log (ab2 + 2abc+ ac® + 2 (2 be

Lintegrate(l/((b*x+a)“(1/2)+(c*x+a)‘(1/2))‘2,x, algorithm="fricas")

[1/2% (2% (b + c)*x*log(x) - 2*(b + c)*x*log(-((b + c)*x - 2*xsqrt(bxx + a)*s
grt(c*x + a) + 2xa)/x) + 4xsqrt(b*c)*x*xlog(a*b™2 + 2xa*xbxc + axc™2 + 2%(2%
bxc - sqrt(b*c)*(b + c))*sqrt(b*x + a)*sqrt(c*x + a) + 2x(b72%c + b*c™2)*x
- 2x(2xbxc*x + axb + axc)*sqrt(bxc)) + (b + c)*x + 4xsqrt(b*x + a)*sqrt(c
*x + a) - 4xa)/((b~2 - 2%bxc + c”2)*x), 1/2*%(2*(b + c)*x*log(x) - 2x(b + c
Y*¥x*xlog(-((b + c)*x - 2*xsqrt(b*x + a)*sqrt(c*x + a) + 2*a)/x) + 8*sqrt(-bx
c)*x*xarctan((sqrt(-b*c)*sqrt(b*x + a)*sqrt(cxx + a) - sqrt(-b*c)*a)/(b*c*x
)) + (b + c)*x + 4xsqrt(b*x + a)*sqrt(c*x + a) - 4*a)/((b™2 - 2*b*c + c~2)
*x) ]

2
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Sympy [F]

L/" ! 2d¢:=u/1 1 s dz
(Va+bz+ va+ cz) (Va+bz + va+cz)

inputkintegrate(l/((b*x+a)**(1/2)+(c*x+a)**(1/2))**2,X)

Outputtlntegral((Sqrt(a + bk*x) + sqrt(a + c*x))*x(-2), x)

Maxima [F]

/ 1 de:/ 1 5 dx
(Va+bz+va+cx) (Vbz +a+ ez +a)

inputLintegrate(l/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))*2,x, algorithm="maxima")

output 1ntegrate((sqre(bxx + a) + sqrt(cxx + 2))7(-2), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 438 vs. 2(118) = 236.

Time = 0.65 (sec) , antiderivative size = 438, normalized size of antiderivative = 3.17

/ ! 5 dx
(Va+bz++va+cx)
2
2 /be|b| log ((x/E\/bz +a— \/ab® + (bz + a)bc — abc) )
- b — 262 + bc?

ab?+abe— ( Vbe/bz+a—+/ab2+(bx+a)bc—abe 2
2 VB + ) axctam [ 2o P )
i , (b-+0)log (Jba)

(b2 — 2bc + ¢?)v/—bcb b2 — 2bc + c?
2
4 (\/b_c(\/ﬁx/bx +a— \/ab® + (bz + a)bc — abc> a(b+c)|b| — (b® — 2 b2

((\/%\/bx+a — v/ab? + (bz + a)bc — abc>4 —2(v+ bc)(x/b_c\/ba:—i—a — /ab? + (bz + a)bc — abc

(bx + a)b+ ab + (bz + a)c — ac
(% — 2bc + )bz

inputLintegrate(l/((b*x+a)“(1/2)+(c*x+a)*(1/2))*2,X, algorithm="giac") J

2xsqrt (bxc) *abs (b) *1log((sqrt (b*c) *sqrt (b*x + a) - sqrt(a*b”2 + (b*x + a)#*b
*C - axbxc))”"2)/(b"3 - 2xb~2xc + bxc~2) + 2*ksqrt(b*c)*(b + c)*abs(b)*arcta
n(-1/2*(a*b”2 + axb*c - (sqrt(b*c)*sqrt(b*x + a) - sqrt(a*xb”™2 + (b*x + a)x*
bxc - axbxc))~2)/(sqrt(-b*c)*a*b))/((b~2 - 2*%b*c + c~2)*sqrt(-b*c)*b) + (b
+ c)*log(abs(b*x))/(b"2 - 2%bxc + c~2) - 4*(sqrt(b*c)*(sqrt(b*c)*sqrt (b*x
+ a) - sqrt(a*xb™2 + (b*x + a)*bkc - a*bxc)) 2xa*x(b + c)*abs(b) - (b~3 - 2
*b~2%c + bxc”2)*sqrt(b*c)*a~2*abs(b))/(((sqrt(b*c)*sqrt(b*x + a) - sqrt(ax
b2 + (b*x + a)xbxc - axbxc))~4 - 2%(b~2 + bkc)*(sqrt(b*c)*sqrt(b*x + a) -

sqrt(a*b~2 + (b*x + a)*b*c - axb*c)) 2*a + (b"4 - 2xb~3*c + b"2*c"2)*a"2)
*(b"2 - 2%b*c + c¢72)) - ((b*x + a)*b + axb + (b*x + a)*c - a*c)/((b72 - 2%
bxc + c72)*b*x)

output




input

output
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Mupad [B] (verification not implemented)

Time = 38.59 (sec) , antiderivative size = 4285, normalized size of antiderivative =

31.05

1
/ 5 dz = Too large to display
(Va+bz + va+ cz)

-

N\

int(1/((a + b*x)~(1/2) + (a + c*x)~(1/2))"2,%)

(atan((((b*c)~(1/2)*((4*(b*xc) " (1/2)*((4*(b~4*c~12 + 16*b"5*xc~11 - 42*b~6*c
~10 + 25%b"7*c”9 + 25%b"8%c”8 - 42%b"9*%c”7 + 16*b~10*%c”6 + b~11*c"5))/(b"4
- 4%b"3%c - 4xbxc”3 + c"4 + 6%b"2%c”2) + (4x(bxc) " (1/2)*((4*(4*%b"5*c"12 -
36*%b"7*c”10 + 64*b"8*c”9 — 36*b"9%c”8 + 4*b~11*c"6))/(b"4 - 4%b"3*c - 4xb
*C"3 + c74 + 6*b72%c"2) + (4*(b*c)~(1/2)*((4*(4*%b"5%c”13 - b~ 4*c~14 - 5*b~
6xc”12 + b"7*c"11 + b™8%c”10 + b79*%c”9 + bT10*%c™8 - 5xb"11*c”7 + 4*b"12%c”
6 - b"13%c”5))/(b"4 - 4*b"3*c - 4*b*c”3 + c"4 + 6*b"2xc”"2) + (2*%((a + b*x)
~(1/2) - a~(1/2))*(4%b"3*c"15 - 31*b~4*c"14 + 120%b"5%c”13 - 300*b~6*c”~12
+ B16*b~7*c”11 - 618%b"8*%c”"10 + 516*b"9*%c™9 - 300*xb~10*%c™8 + 120*¥b~11%c~7
- 31%b~12*%c”6 + 4*b~13%c~5))/(((a + c*x)~(1/2) - a~(1/2))*(b"4 - 4%b~3%c -
4%b*c”3 + ¢4 + 6x¥b"2%c"2)))) /(b - c)”2 - (2%((a + b*x)~(1/2) - a~(1/2))*
(4%b~3*%c"14 - 27*b"4*c~13 + 99*b~5*c~12 - 175%b"6*c~11 + 99*b~7*c~10 + 99%
b~8%c”9 - 175%b"9*%c”8 + 99*%b~"10*c”7 - 27*b"11*c”6 + 4*b~12%c~5))/(((a + cx*
x)~(1/2) - a~(1/2))*(b"4 - 4%b"3*%c - 4%b*c”3 + ¢4 + 6*xb"2%c"2))))/(b - ¢)
~2 - (2x((a + b*x)~(1/2) - a~(1/2))*(73*xb~4*xc~12 - 278*%b"5*%c”11 + 503*b~6x*
c”10 - 596*b~7*c”"9 + 503*%b"8*c”8 - 278*b"9*kc”7 + 73*%b~10%c”6))/(((a + c*x)
~(1/2) - a~(1/2))*(b"4 - 4%b"3%c - 4*xbxc”3 + c"4 + 6%b"2%c"2))))/(b - ¢c)~2
- (4% (4%b~5%c~10 + 24%b~6%c™9 + 40%b~7*c™8 + 24*b~8*c~7 + 4*b~9*c~6))/ (b~
4 - 4%b"3xc - 4*b*c”3 + cT4 + 6+%b"2xc”2) + (2x((a + bxx)~(1/2) - a~(1/2))*
(65%b~4*c~11 - 167*b"5*%c™10 + 198*b~6*c~9 + 198*b~7*c"8 - 167*b~8*c~7 +...

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.98

B} dZ’
(\/G, bx \/0, CT )

2\/cx-|—a\/bx+a—|—2\/5\/510g<—\/5\/bx+a+ \/5\/cx+a> x— 2\/5\/510g<\/5\/bx+a+ Vby/ea

z (b — 2bc + ¢



CHAPTER 3. LISTING OF INTEGRALS 280

input\int(l/((b*x+a)“(1/2)+(c*x+a)“(1/2))“2,x)

output (2% (sqrt(a + c*x)*sqrt(a + bxx) + sqrt(c)*sqrt(b)*log( - sqrt(c)*sqrt(a +

bxx) + sqrt(b)*sqrt(a + c*x))*x - sqrt(c)*sqrt(b)*log(sqrt(c)*sqrt(a + b*x
) + sqrt(b)*sqrt(a + c*x))*x + log(sqrt(a + b*x)*b + sqrt(a + c*x)*b)*bxx
+ log(sqrt(a + b*x)*b + sqrt(a + cxx)*b)*ckx — a - b*x))/(x*(b**2 — 2xbkc

+ c*%x2))
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3.36

1
/ z(Vatbz+y/atez)’

Optimal result . . . . . . . . . . . . . e 28T
Mathematica [A] (verified) . . . . . . . .. ... L Lo 28]
Rubi [A] (verified) . . . . . . . . . . 2821
Maple [C] (verified) . . . . . . . . . ... 283
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 2841
Sympy [F] . . . o 284
Maxima [F] . . . . . o 2841
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... ... 2851
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2861
Reduce [B] (verification not implemented) . . . . . .. ... ... ........

Optimal result

Integrand size = 25, antiderivative size = 123

/ 1 dp— @ _ b+e +\/a—|—bm\/a+cm
z (Va+br++a+ cgv)2 (b—c)z*> (b—0o)’ 2a(b — c)z
va+tbzx
Va+bx(a+ cx)3/? arctanh(\/aiw>
+ —
a(b— c)%z? 2a

output ‘ -a/(b-c)~2/x~2-(b+c) /(b-c) ~2/x+1/2* (b*x+a) ~ (1/2) * (c*x+a) ~(1/2) /a/ (b-c) /x+( ‘
| b¥x+a)~(1/2)* (c*x+a)~(3/2) /a/ (b-c)~2/x~2-1/2*arctanh ((b*x+a)~(1/2)/ (ckx+a) |
S(W/2)/a |

Mathematica [A] (verified)

Time = 1.37 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.89

/ 1 5 dx
z (Va+bz ++a+cx)
—2a% + (b+ c)zva + bzv/a+ cz + 2a(~bz — cz + Va + bry/a +cx) — (b c)szarCtanh< ZIZQ
2a(b — c)2z2

]




inpu

output

input L

outpu
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t‘Integrate[l/(x*(Sqrt[a + b*x] + Sqrtla + c*x])"2),x]

‘(—2*a“2 + (b + c)*x*Sqrt[a + b*x]*Sqrtl[a + c*x] + 2*a*x(-(b*x) - c*x + Sqrt
‘[a + b*x]*Sqrtla + c*x]) - (b - c)~2*x"2*ArcTanh[Sqrt[a + c*x]/Sqrt[a + bx
F1D)/@2xax(b - ©)72%x72) |

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.93,

number of rules _ 0.080, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3 dx
X (\/a bm ’\/a/ CT )

| 2a
f (% . 2\/@\/a+cw + %) d
(b—c)?
l 2009
B (b—c)?arctanh (Yetiz ) | Yatba(aten)*’? | (b-e)Vatbayater _ o _ bic
2a az? 2ax 2 z
(b—c)?
Int[1/(x*(Sqrt[a + b*x] + Sqrt[a + c*x])~2),x] J

t‘ (-(a/x"2) - (b + c)/x + ((b - c)*Sqrt[a + bxx]*Sqrt[a + c*x])/(2*axx) + (S ‘
‘qrt[a + bxx]*(a + cxx)~(3/2))/(a*x"2) - ((b - c)~2*ArcTanh[Sqrt[a + b*x]/S
‘qrt[a + cxx]1)/(2%a)) /(b - c)72 ‘
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7241 TAtLu_)*((e_)*Sqrtl(a_.) + (b_)*(x))"(m_)] + (£_.)*Sqrtl(c_.) + (d_.)* |
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x‘(m*n))/(e*Sqrt[a + b*x"n] - fxSqrtlc + d*x"n])"m, x], x], x] /; Free
Ql{a, b, c, d, e, f, n}, x] & ILtQ[m, 0] & EqQla*e™2 - c*£72, 0] |

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 311, normalized size of antiderivative = 2.53

method | result

m\/ﬁ <1n<a(2\/ be :v2+abw+aca:+a2 csgn(a)+bx+cz+2a) > x2b2—2 1n<a(2\/ be -
b c a i
default _x(b—c)2 - z(b—c)? o (b—c)?z2 -
input Lint (1/x/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))~2,x,method=_ RETURNVERBOSE) J
output -1/x/ (b-c) ~2xb-1/x/(b-c) “2*c-a/ (b-c) ~2/x72-1/4/ (b-c) ~2* (b*x+a) ~ (1/2) * (cxx+

a) ~(1/2) /a*x(1n(a* (2% (b*c*x~2+a*b*x+a*c*x+a~2) ~ (1/2) *csgn(a) +bxx+cxx+2*a) /x
) *x"2xb~2-2%1n (a* (2* (b*c*x~2+a*b*x+axc*x+a~2) " (1/2) *csgn (a) +b*x+cxx+2%*a) /x
) *x~2%bxc+1ln(a*x (2% (b*ckx~2+axb*x+a*cxx+a~2) ~(1/2) *csgn(a) +b*kx+ckx+2%a) /x) *
X"2%c72-2% (b*cxx~2+axbxx+akckx+a~2) ~(1/2) *csgn(a) *x*b-2* (b*xc*x~2+axb*x+a*c
*xx+a”2) " (1/2) *csgn(a) *x*xc-4*csgn(a) *a* (bxc*x~2+a*bkx+axc*x+a~2) " (1/2)) *csg
n(a)/ (bxc*x~2+a*b*x+axc*x+a~2) " (1/2)/x"2
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.02

1
/ 5 dx
z (Va+bz ++a+cx)
4 (b — 2bc + c?)x? log <— (b+e)o-2 Vhotay cx+a+2a> + (0 +2bc+ )22 +8((b+ )z + 2a)Vbr + av/cx
- 16 (ab? — 2 abc + ac?)z?

input 1ntegrate(1/x/((bxx+a)~(1/2)+(cxx+a)~(1/2))°2,x, algorithm="fricas") )

‘1/16*(4*(b“2 - 2xb*c + c72)*x"2*1log(-((b + c)*x - 2*sqrt(b*x + a)*sqrt(c*x

output
|+ @) + 2%a)/x) + (b72 + 2¥bxc + c"2)*x"2 + 8%((b + c)*x + 2xa)*sqrt(bxx + |

‘ a)*sqrt(cxx + a) - 16*%a”2 - 16x(axb + a*c)*x)/((a*b™2 - 2*axb*c + axc™2)*

x72)
Sympy [F]
/x(\/&+b$i-\/a+cx)2 dxz/z(\/a+bxi-\/a+cx)2 &
input Lintegrate(l/X/( (bkx+a)** (1/2)+(ckx+a) ** (1/2)) **2,x) J
outputLlntegral(l/(X*(sqrt(a + b*x) + sqrt(a + c*x))**2), x) J
Maxima [F]

1 1
/x(\/ﬁbﬂm)z dm_/w(\/ibz—l-a—l-\/mf @

inputLintegrate(l/x/((b*x+a)“(1/2)+(c*x+a)‘(1/2))*Q,X, algorithm="maxima") J
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output‘ integrate(1/(x*(sqrt(b*x + a) + sqrt(cxx + a))~2), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 532 vs. 2(107) = 214.

Time = 2.57 (sec) , antiderivative size = 532, normalized size of antiderivative = 4.33

/ L dz
z (Va+ bz + \/a+cx)2

\/El b| arctan <_ ab?+abe— (\/E\/bac—i-a— \/ab2+(ba:+a)bc—abc) 2 )

2+/—bcab

2+/—bcab
6
(6% + 6 bc + 02)\/53<\/b_0\/bx +a—+/ab? + (bz + a)bc — abc) o] — (3b* + 5b%c + 5b2c® + 3bc®) Vb

((x/b_c\/bx Fa— /b

(bz + a)b® + (bz + a)bc — abc
(b2 — 2bc + ¢?)b2x?

input ‘ integrate (1/x/((bxx+a)~(1/2)+(c*x+a)~(1/2))"2,x, algorithm="giac")

-1/2*sqrt (b*c) *abs(b) *arctan(-1/2*(a*b~2 + a*b*c - (sqrt(b*c)*sqrt(b*x + a
) - sqrt(axb”™2 + (b*x + a)*bxc - a¥bxc))”2)/(sqrt(-b*c)*axb))/(sqrt(-b*c)x*
axb) - ((b"2 + 6xb*c + c~2)*sqrt(b*c)*(sqrt(bxc)*sqrt(b*x + a) - sqrt(axb”
2 + (bxx + a)¥b*c - a*b*c)) 6*abs(b) - (3*b~4 + 5xb~3xc + 5¥b"2%c”2 + 3J*bx*
c~3)*sqrt (b*c) *(sqrt (b*c) *sqrt(b*x + a) - sqrt(axb”2 + (b*x + a)*b*c - a*b
*xc)) “4*axabs(b) + (3*b~6 - 4xb~5xc + 2%b~4*c™2 - 4xb~3*c”3 + 3*b~2*c"4)*sq
rt(b*c)*(sqrt (bxc)*sqrt(bxx + a) - sqrt(a*b™2 + (b*x + a)*bxc - axb*c)) 2+
a~2*abs(b) - (b™8 - 3%b~7xc + 2*%b~6%c”2 + 2¥b"5*c”3 - 3*b~4*c”™4 + b~3%c”b)
*sqrt (b*c)*a~3*abs (b)) /(((sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b”2 + (bxx + a)
*b*xc - axbxc))”4 - 2%(b"2 + bkc)*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b™2 + (
b*x + a)*bkc - axbkc)) 2*a + (b"4 - 2%b~3%c + b"2%c”2)*a"2) 2% (b"2 - 2xbx*c
+ ¢c72)) - ((bxx + a)*b~2 + (b*x + a)*bkc - axb*xc)/((b~2 - 2%b*c + c~2)*b~
2%x72)

output
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Mupad [B] (verification not implemented)

Time = 36.21 (sec) , antiderivative size = 787, normalized size of antiderivative = 6.40

1
/ 5 dz = Too large to display
z (Va+br++a+cx)

e

inputtint(l/(x*((a + b*x)7(1/2) + (a + c*x)7(1/2))72),%)

~—

log((((a + b*x)~(1/2) - (a + c*x)~(1/2))*(b - (c*((a + b*x)~(1/2) - a~(1/2
I/ ((a + exx)~(1/2) - a~(1/2))))/((a + c*x)~(1/2) - a~(1/2)))/(4*a) - (b~
4/2 + (((a + b*x)~(1/2) - a~(1/2)) 4% (4%b*c"3 + 4*xb~3*c - b"4/2 - c~4/2 +
(3%b~2%c~2)/2))/((a + c*xx)~(1/2) - a~(1/2))"4 - ((2%b"3*c + 2*b~4)*((a + b
*x)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) - ((b*c™3 + b~2*c"2)*((a
+ b*x)~(1/2) - a~(1/2))756)/((a + c*x)~(1/2) - a~(1/2))"5 + (((a + b*x)~(1
/2) - a~(1/2))"2x(6xb"3*c + (5%b~4)/2 + (5%b~2xc”~2)/2))/((a + c*x)~(1/2) -
a~(1/2))"2 - (((a + b*x)~(1/2) - a~(1/2))"3*%(b*xc~3 + 6*%b"3*c + b™4 + 6%b~
2xc”2))/((a + c*xx)~(1/2) - a~(1/2))73)/((((a + b*x)~(1/2) - a~(1/2))"4*(8*
a*b~4 + 8kaxc~4 - 48%axb~2%c”2 + 16%axbkxc~3 + 16%a*xb~3%c))/((a + c*x)~(1/2
) - a~(1/2))74 - (((a + b*x)~(1/2) - a~(1/2))"3*%(16*axb~4 - 16*%axb~2*c”2 +
16*a*b*c™3 - 16%axb~3*c))/((a + c*x)~(1/2) - a~(1/2))"3 - (((a + bxx)~(1/
2) - a~(1/2))"5%(16*a*xc™4 - 16%a*xb~2%c”2 - 16*axb*c”3 + 16*axb~3%c))/((a +
c*xx)~(1/2) - a~(1/2))°5 + (((a + b*x)~(1/2) - a~(1/2))"2*(8xa*b”4 + 8xa*b
“2xc”2 - 16%a*b”3*c))/((a + c*x)~(1/2) - a~(1/2))"2 + (((a + b*x)~(1/2) -
a~(1/2))"6x(8*axc™4 + 8*axb~2xc~2 - 16*a*xb*c~3))/((a + c*x)~(1/2) - a~(1/2
))76) - log(((a + b*x)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))/(4*a)
- (a+ xx(b + c))/(x"2%¥(b"2 - 2%b*c + c~2)) - (c™2*x((a + b*x)~(1/2) - a~(
1/2))72)/(16*%ax(b - c)"2x((a + c*x)~(1/2) - a~(1/2))72) + (cx(b + c)*((a +
bxx)~(1/2) - a~(1/2)))/(8*ax(b - c)~2*((a + c*x)~(1/2) - a~(1/2)))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 251, normalized size of antiderivative = 2.04

J/ ! 5 dx
m(\/a+bx+\/a+cz)
_4\/cx—I—a\/ba:—I—aa+2\/cx—l—a\/bx—|—abx+2\/cz'—|—a\/bx—|—acx—|—10g(2\/cw+a\/bm+ab—2ab—
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input‘int(l/x/((b*x+a)“(1/2)+(c*x+a)“(1/2))“2,x)

(4*sqrt(a + c*x)*sqrt(a + b*x)*a + 2*sqrt(a + c*x)*sqrt(a + b*x)*bxx + 2%*s
grt(a + cxx)*sqrt(a + b*x)*cxx + log(2*sqrt(a + c*x)#*sqrt(a + b*x)*b - 2*a
*b — b**2%x — b¥ckx)*b**2*x**2 - 2xlog(2*sqrt(a + c*x)*sqrt(a + b*xx)*b - 2
*xaxb — bx*2%x — bkc*x)*bxcxx*x*2 + log(2*sqrt(a + c*x)*sqrt(a + b*x)*b - 2%
a*b — b**2%x — b¥c*x)*ck*2*x**2 — log(b*x)*b**2xx**2 + 2%1log(b*x)*bkckx**2
- log(b*x)*xCcx*2xx**2 — 4*a*x2 — 4kaxbxx — 4*axcxx — 2¥b**2*x**2 — 2xbxckx
*%2) / (dxaxxx*2% (b**2 — 2%bxc + c**2))

output

N\
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1
3.37 fx2(\/M+ a+cw)2dx

Optimalresult . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . .. ... L Lo 289
Rubi [A] (verified) . . . . . . . . . . 289
Maple [C] (verified) . . . . . . . . . ... 290
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 29Tl
Sympy [F] . . . o
Maxima [F] . . . . . . o e 292
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 292
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 293
Reduce [B] (verification not implemented) . . . . . .. ... ... ........ 2941

Optimal result

Integrand size = 25, antiderivative size = 174

dr=— — _
Vatto+vata) 30— 20—’ 1a2(b— o)z

(b+ c)va + bz(a + cx)®/?
2a%(b — ¢)?z?
2(a + bz)¥2(a + cx)>/? (b+ c)arctanh(\/iwgilc”;)
3a%(b — c)2z3 + 4a?

/ 1 2a b+c (b+ c)Va + bzv/a+ cx
z? (

output |-2/3%a/ (b-c)"2/x"3-1/2%(b+c) / (b-c) ~2/x"2-1/4% (b+c) * (bxx+a) ~ (1/2) * (c*x+a) " ( \
‘ 1/2)/a~2/(b-c)/x-1/2*(b+c) * (bxx+a) ~(1/2) * (c*x+a) = (3/2) /a~2/(b-c) ~2/x72+2/3 ‘
‘ * (bxx+a) ~(3/2) *(c*x+a) = (3/2) /a~2/ (b-c) "2/x"3+1/4*(b+c) *arctanh ((b*x+a) ~(1/ ‘
‘2)/(c*x+a)’"(1/2))/a“2 ‘
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Mathematica [A] (verified)

Time = 10.29 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.88

/ L 5 dT
z? (Va+ bz + va+ cz)

—8a® + 2a(b + c)zva + bzv/a + cx + (—3b% + 2bc — 3¢?) z°v/a + brv/a + cz + a®(—6bz — 6cz + 8va
- 12a2(b — ¢)%x

-

LIntegrate [1/(x~2*(Sqrt[a + b*x] + Sqrtl[a + c*x])~2),x]

-/

input

‘ (-8*a~3 + 2%ax(b + c)*x*Sqrt[a + b*x]*Sqrt[a + c*x] + (-3%¥b"2 + 2%b*c - 3% \
c"2)*x"2#Sqrt[a + bxx]*Sqrtla + c*x] + a~2x(-6xbxx - 6kcxx + 8xSqrtla + bx |
'x]#Sqrtla + c*x]) + 3%(b - c)"2x(b + c)*x"3*ArcTanh[Sqrt[a + b*x]/Sqrtla +

- c*x]1)/(12%a"2x(b - c)"2%x"3)

output

Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.92,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 5 dx
z? (Va+ bz + va+ cx)

l 7241
J (& - 2R ) da
(b—c)?
l 2009

(b+c)(b—c)2arctanh( Y Ziz:) (b2 —c?)Vatbzy/atez

4a? 4a’x + 3a2x3 2a2x2 3a3 222

(b—c)?

]

2(a+bx)%/2(a+cx)3/2  (btc)Vatbz(atez)3/2  2g b+c
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input‘Int[l/(x"2*(Sqrt[a + bxx] + Sqrtla + c*x])"2),x]

output‘((-2*a)/(3*x"3) - (b + c)/(2*xx"2) - ((b™2 - c"2)*Sqrt[a + b*x]*Sqrt[a + cx*
'x1)/(4%a~2%x) - ((b + c)*Sqrtla + bxxl*(a + c*x)~(3/2))/(2¥a"2%x"2) + (2% (
‘a + b¥x)"(3/2)*(a + c¥x)~(3/2))/(3%a"2%x"3) + ((b - c)"2x(b + c)*ArcTanh[S
‘qrt[a + bxx]/Sqrtla + cxx11)/(4%a"2))/(b - ¢)"2 |

Defintions of rubi rules used

ruk32009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7241‘Int[(u_-)*((e_-)*Sqrt[(a_-) + (b_)*(x)"(@_)] + (f_)*Sqrtl(c_.) + (d_.)* |
‘(x_)“(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f"2)"m  Int[ExpandIntegran ‘
'd[(u*x~(m#n))/(e*Sqrt[a + bxx"n] - £*Sqrtlc + d*x"n])°m, x], x], x] /; Free
Ql{a, b, c, d, e, £, n}, x] & ILtQ[m, 0] && EqQla*e™2 - c*£72, 0] |

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.02 (sec) , antiderivative size = 457, normalized size of antiderivative = 2.63

method | result

Voo sTabotacata?
\/m wTa (—3ln<a(2 bec 22 +abzr+acz+a2 csgn(a)+bz+cw+2a) :1:3b3+31n

x

b c 2a
default T 22(b—0)?  222(b—c)2  3(b—c)%ad

inputLint(l/x‘2/((b*x+a)“(1/2)+(c*x+a)“(1/2))“2,x,method=_RETURNVERBOSE) J
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-1/2/x~2/(b-c) ~2xb-1/2/x~2/ (b-c) "2*c-2/3*a/(b-c) ~"2/x~3-1/24/ (b-c) ~2* (b*x+a
)~ (1/2) ¥ (cxx+a) ~(1/2) /a~2x (-3*1n(a* (2% (b*c*x~2+axb*x+axcxx+a~2) ~(1/2) *csgn
() +b*xx+c*kx+2%a) /x) *x~3*b~3+3*1n (a* (2% (b*xc*x~2+axb*x+a*c*x+a~2) "~ (1/2) *csgn
(a) +b*x+c*kx+2*a) /x) *x~3%b~2%c+3*1n (a* (2% (b*xcxx~2+a*bxx+a*ckx+a~2) ~(1/2) *cs
gn(a) +tbxx+cxx+2*a) /x) *x~3*b*xc~2-3*1n (a* (2* (bkc*kx~2+a*b*x+a*xckx+a~2) ~(1/2) *
csgn(a) +b*x+cxx+2%a) /x) *x~3*%c"3+6* (b*xc*x~2+axb*x+akckx+a~2) ~(1/2) *csgn(a) *
X"2%b"2-4* (bxcxx~2+axbxx+akckx+a~2) ~(1/2)*csgn(a) *x~2xb*c+6% (bkcxx~2+a*xb*x
+akxcxx+a~2) " (1/2) *csgn(a) *x~2*c”2-4*xcsgn (a) *ax (bxcxx~2+axbxx+a*xckx+a~2) ~ (1
/2) *xxb-4*csgn (a) xa*x (bxcxx~2+axbxx+a*c*x+a~2) ~(1/2) *xx*c-16* (bkc*x~2+axbkx+
axcxx+a~2) " (1/2)*a"2xcsgn(a))*csgn(a) / (bxckx™2+a*b*x+a*xcxx+a~2)~(1/2) /x"3

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.05

1
L/Q 5 dT =
z? (Va+ bz + va+ cz)
12 (b® — b2c — be® + ¢3)z3 log (— <b+c>””—2v”’”;“v“+a+2“) + (56 4+ 3b%c + 3bc® + 5¢3)a® + 6443 + 8|
96 (a2b? — 2 a%bc + a2c?)

inputLintegrate(l/x“Q/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))*2,x, algorithm="fricas") J

-1/96*%(12*(b~3 - b™2%c - b*c™2 + c"3)*x"3*xLlog(-((b + c)*x - 2xsqrt(b*x + a
Y*sqrt(c*x + a) + 2%a)/x) + (5x¥b”3 + 3xb~2%c + 3*b*c”2 + 5*%c”3)*x"3 + 64*a
"3 + 8*%((3*b72 - 2¥bxc + 3*c"2)*x"2 - 8*%a”2 - 2x(axb + akc)*x)*sqrt(b*x +

a)*sqrt(cxx + a) + 48%(a”2%b + a"2*c)*x)/((a”2¥b"2 - 2%a"2*bxc + a~2%c"2)*
x~3)

output
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Sympy [F]

/ L 2dx=/ L 5 dT
z? (Va+ bz + va+ cx) z? (Va+ bz + va+ cz)

input,| 1tegrate (1/x6x2/ ((brira) kx (1/2)+(cxxra) 1 (1/2)) 12, %) J
output LIntegral(1/(X**2*(Sqrt(a + b*x) + sqrt(a + c*x))**2), x) J
Maxima [F]
/ z2 (m1+ \/cm)2 dr = / 22 (Vbz + al—l- N a)2 &
inputLintegrate(l/x‘2/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))‘2,x, algorithm="maxima") J

output‘ integrate(1/(x"2x(sqrt(b*x + a) + sqrt(c*x + a))~2), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 802 vs. 2(146) = 292.

Time = 2.29 (sec) , antiderivative size = 802, normalized size of antiderivative = 4.61

1
/ 5 dr = Too large to display
z? (Va+ bz + v/a + cz)
input Lintegrate (1/x~2/ ((bxx+a) ~(1/2)+(c*x+a) ~(1/2))"2,x, algorithm="giac") J
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1/4*sqrt(b*c)*(b + c)*abs(b)*arctan(-1/2*(a*xb”2 + a*bxc - (sqrt(b*c)*sqrt(
b*x + a) - sqrt(a*b”2 + (b*x + a)*bxc - axb*c))~2)/(sqrt(-b*c)*axb))/(sqrt
(-b*c)*a~2+b) + 1/6%(3*(b"3 - b™2xc - b*c~2 + c~3)*sqrt(b*c)*(sqrt(b*c)*sq
rt(b*xx + a) - sqrt(a*b”2 + (b*x + a)*b*c - a¥b*c)) 10*abs(b) - 3*(5%b~5 +

22%b~3*c”2 + b¥bxc~4)*sqrt(b*c)*(sqrt(b*c)*sqrt(b*x + a) - sqrt(axb”2 + (b
*x + a)*bkc - axbxc)) “8kaxabs(b) + 2%(15%b~7 - b~6xc + 18%¥b~5*c”2 + 18*b~4
*C"3 - b"3*c"4 + 15xb~2*c”5)*sqrt (b*c)*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b
"2 + (bxx + a)*b*c - a*bxc)) 6*xa"2xabs(b) - 6%(5%b~9 - 6*%b~8*c - 5¥b~T7*c"2
+ 12¥b~6%c”3 - B5*b~5*c”4 - 6*%b~4xc”5 + 5xb~3xc”6)*sqrt (bxc)*(sqrt (b*c)*sq
rt(b*x + a) - sqrt(a*b™2 + (bxx + a)*b*c - a*bxc)) 4*a~3xabs(b) + 3*(5%b~1
1 - 17%b710%c + 21*%b79%c™2 - 9%b"8%c™3 - 9%b~7*c"4 + 21%b"6%c”5 - 17*b"5*c
"6 + b*b~4xc”7)*sqrt(b*c)*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b”2 + (b*x + a
)*b*c - a*bxc)) 2*a"4*abs(b) - (3*b~13 - 20*%b~12*c + 60*b~11%c~2 - 108*b~1
0xc”3 + 130%b~9*c”4 - 108%b~8%c”5 + 60*b~7*c”™6 - 20%b~6*c”~7 + 3*b~5xc”8)*s
qrt (b*c)*a~5*abs (b)) /(((sqrt(bxc)*sqrt(b*x + a) - sqrt(axb™2 + (b*x + a)*b
*C - a¥bxc))”"4 - 2x(b"2 + b*c)*(sqrt(b*c)*sqrt(b*xx + a) - sqrt(a*b”2 + (b*
X + a)*bkc - axbk*c)) 2%a + (b"4 - 2%b"3xc + b"2%c"2)*a"2) 3*(b"2 - 2%b*c +
c"2)*a) - 1/6x(3*(b*x + a)*b~3 + a*b”3 + 3*(bxx + a)*b~2*c - 3*a*xb~2xc)/(
(b™2 - 2*bxc + c~2)*b"3*x"3)

output

\

Mupad [B] (verification not implemented)

Time = 53.52 (sec) , antiderivative size = 1290, normalized size of antiderivative = 7.41

1
/ 5 dr = Too large to display
z? (Va+ bz + va+ cz)

r

input Lint(l/(x"2*((a + b*x)~(1/2) + (a + c*x)~(1/2))"2),x)

| —
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(log(((a + bxx)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))*(b + c))/ (8%
a”2) - ((((a + b*x)~(1/2) - a~(1/2))"7*(3*%b"5*c - 15xb*c™5 + 3*c™6 + 3%b~2
*Cc~4 + 3xb"3xc”3 - 156%b"4%c"2))/((a + c*x)~(1/2) - a~(1/2))"7 - (((a + b*x
)~(1/2) - a~(1/2))°5%(26*%b"5*%c — b*c™5 - b"6 + 26*%b"2*c"4 + 4%b"3%c”3 + 4x*
b~4*c”2))/((a + c*x)~(1/2) - a~(1/2))"5 - b76/3 + ((b"5*c + b"6)*((a + b*x
)7 (1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) - (((a + b*x)~(1/2) - a~(1
/2))"8%(c™6 - 6%b*c™5 + T*b~2%c™4 - 6xb~3*c”3 + b~4xc~2))/((a + c*xx)~(1/2)
- a~(1/2))78 + (((a + bxx)~(1/2) - a~(1/2))~6x(6%b*c”5 + 6*%b~5*c - (5%xb~6
)/3 - (5%c”6)/3 + 30%b~2%xc~4 - 24%b~3%c~3 + 30*b~4xc~2))/((a + c*x)~(1/2)
- a~(1/2))76 - (((17%b~6)/3 + (17*b~3%c~3)/3)*((a + b*x)~(1/2) - a~(1/2))"
3)/((a + c*xx)~(1/2) - a~(1/2))73 + (((a + b*x)~(1/2) - a~(1/2))"2x(b"6 - 4
*b~5xc + b~4xc~2))/((a + c*xx)~(1/2) - a~(1/2))"2 + (((a + b*x)~(1/2) - a~(
1/2))"4*(18*%b~5%c + 5%b~6 + 5xb"2xc"4 + 18%b"3*c”3 - 6*b~4*xc”2))/((a + c*x
)7(1/2) - a~(1/2))"4)/((((a + b*x)~(1/2) - a~(1/2))"5*(96*%a"2*b"5 + 96*a~2
*b*c"4 + 96*a”2*%b"4xc + 96*%a~2xb"2*%c”3 - 384*a"2*b"3*xc"2))/((a + c*x)~"(1/2
) - a”(1/2))75 - (((a + b*x)~(1/2) - a~(1/2))"8*(96*a"2*c~5 — 96*a”~2*bxc~4
- 96%a”2xb"2xc”3 + 96*a~2*%b"3*c”2))/((a + c*x)~(1/2) - a~(1/2))"8 - (((a
+ b*x)~(1/2) - a~(1/2))"6x(32%a"~2*xb~5 + 32%a”~2*c~5 + 224*a”2%b*c™4 + 224*a
~2%b~4%c - 256%a”2%b~2%c”~3 - 256*a~2%b"3xc"2))/((a + c*x)~(1/2) - a~(1/2))
6 - (((a + bxx)~(1/2) - a~(1/2))"4*(96%a~2%b"5 - 96%a~2*%b~4*c + 96*a"2...

output

Reduce [B] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 363, normalized size of antiderivative = 2.09

1
L/Q 5 dT
22 (Va+ bz + va + cz)
__w¢m+a¢m+af+4¢m+a¢m+adm+4Wm+a¢m+amm—6Wm+a¢m+aﬁﬁ+4

r

Lint(l/x“2/((b*x+a)“(1/2)+(c*x+a)“(1/2))“2,x)

| —

input
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(16xsqrt(a + c*x)*sqrt(a + b*x)*a**2 + 4xsqrt(a + c*x)*sqrt(a + b*x)*axbxx
+ 4xsqrt(a + cxx)*sqrt(a + b*x)*akcxx - 6*sqrt(a + c*x)*sqrt(a + bxx)*xbkx*
2xx**2 + 4*xsqrt(a + c*x)*sqrt(a + b*x)*b*ckx**x2 - 6*sqrt(a + c*x)*sqrt(a +
b*x) *c*k*2*x**2 + 3*xlog( - 2*sqrt(a + cxx)*sqrt(a + b*x)*b — 2%a*b — bx*2x%
X — b*ckx)*b**3*kx**3 - 3xlog( - 2*sqrt(a + c*x)*sqrt(a + b*x)*b — 2*a*b -
b**2%x — bkckx)*kbk*2kckx**3 - 3xlog( - 2*sqrt(a + c*x)*sqrt(a + b*x)*b - 2
*a*xb — b¥*2%x — bkckx)*bxck*x2*xx**3 + 3*log( - 2xsqrt(a + c*x)*sqrt(a + b*x
)*¥b — 2%a*b — b¥*k2%x — bkckx)*kcx*3kx**3 — 3*log(b*x)*bx*3*x**3 + 3*log(b*x
) ¥bx*2xckx*k*3 + 3*%log(b*x)¥bkck*2xx**3 — 3*k1og(b*x)*cx*3*x**3 — 16%a**3 -
12%a**x2kb*x — 12%ax*2xc*x)/(24*%a*x*2xx**x3* (b**2 — 2¥b*c + c**2))

output




output
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4
X

3.38 f (\/a-l—b:c+\/a+cx)3 dz

Optimal result . . . . . . . . .. . . . 296
Mathematica [B] (verified) . . . . . . . . ... Lo 297
Rubi [A] (verified) . . . . . . . . . . 298
Maple [A] (verified) . . . . . . . . . . 299
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 2991
Sympy [F] . . . o 300
Maxima [F] . . . . . . o e 300
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...,
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 3021
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 25, antiderivative size = 277

/ zt dp — a?(a + bz)3/? N 2a%(b+ 3c)(a + bxr)3/?
(Va+bz + \/a—i-cav)3 3b2( c)?® 3b3(b — ¢)?
8a(a + bz)%?  4a(b+ 3c)(a + bx)>/?
502(b—c)® 563(b — c)3
2(b+3c)(a+bzx)/?  8a%(a+ cx)®/?
03 (b—¢)? 3(b—c)3c?
a?(3b+c)(a+cx)¥?  8a(a+ cx)/?
3(b—c)3c? "~ 5(b—c)3c?
4a(3b+c)(a+cz)®?  2(3b+c)(a+ cx)™/?
5(b—c)3c? B 7(b—c)3c?

-8/3*a~2* (bxx+a) ~(3/2) /b~2/(b-c) ~3+2/3*a~2* (b+3*c) * (b*x+a) ~(3/2) /b~3/ (b-c)
~3+8/5*ax (bxx+a) " (5/2) /b~2/ (b-c) ~3-4/5*ax (b+3*c) * (b*x+a) ~(5/2) /b~3/(b-c) "3
+2/7* (b+3*c) * (b*xx+a) ~(7/2) /b~3/(b-c) "3+8/3*a~2* (cxx+a) ~(3/2) / (b-c) "3/c"2-2
/3*%a~2% (3xb+c) * (c*xx+a) ~(3/2)/(b-c) ~3/c~3-8/5*a* (cxx+a) ~(5/2)/(b-c) ~3/c~2+4
/5*ax (3*b+c) * (cxx+a) ~(5/2) / (b-c) ~3/c~3-2/7*(3*b+c) * (cxx+a) ~(7/2) / (b-c)~3/c

=3
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 4285 vs. 2(277) = 554.

Time = 9.73 (sec) , antiderivative size = 4285, normalized size of antiderivative = 15.47

4
/ ad 5 dz = Result too large to show
(Va+bz + va+ cz)

input! Integrate[x~4/(Sqrt[a + b*x] + Sqrtl[a + c*x])~3,x]

((a + c*x)*(-640*a~9%b~2*Sqrt[a - (axb)/c] + (64*a~9*b~5*Sqrt[a - (a*b)/cl
)/c”3 - (320*%a~9%b~4#Sqrt[a - (axb)/cl)/c™2 + (640*%a~9xb~3*Sqrt[a - (a*b)/
c])/c + 320*a~9*b*Sqrt[a - (a*b)/cl*c - 64*a~9*Sqrt[a - (a*b)/cl*c”2 + ((1
28*a~9*b~5) /c"3 - (128*a”9*b~4)/c”2)*Sqrt[a + c*x] + ((-512*%a"9*b~4)/c~2 +
(5612%a~9%b~3) /c)*Sqrt[a + c*x] + (-768%a"9*b~2 + (768*a~9*b~3)/c)*Sqrt[a
+ c*x] + (-512%a”~9%b~2 + 512%a~9xbxc)*Sqrt[a + c*x] + (128*%a~9%bxc - 128%a
~9%c~2)*Sqrt[a + c*x] + 384xa”8xb~2+Sqrt[a - (axb)/cl*(a + cxx) - (192*a"8
*b~b*Sqrt[a - (a*b)/cl*(a + c*x))/c”3 + (704*a"8%b~4*Sqrt[a - (a*b)/cl*(a
+ c*x))/c”2 - (896*a"8+b~3*Sqrt[a - (a*b)/cl*(a + c*x))/c + 64*a~8xb*Sqrt[
a - (axb)/cl*cx(a + cxx) - 64xa~8+Sqrt[a - (axb)/cl*c”2x(a + c*x) + ((-188
8%a~8%b~5)/(6%c~3) + (1888%a~8*b~4)/(5*c~2))*(a + c*x)~(3/2) + ((6432*%a~8*
b~2)/5 - (6432%xa"8*b~3)/(5*c))*(a + c*x)~(3/2) + ((1184*a~8*b~4)/c"2 - (11
84*a~8*b~3) /c)*(a + c*x)~(3/2) + ((2656*a~8*b~2)/5 - (2656*a~8*bxc)/5)*(a
+ c*xx)7(3/2) + ((-256*a”8*b*c)/5 + (256*a~8xc”2)/5)*(a + c*x)~(3/2) + 484x
a~7*b~2xSqrt[a - (a*b)/cl*(a + cxx)~2 + (236*a"7*b~5xSqrt[a - (a*b)/cl*(a
+ c*x)72)/c”3 - (532%a~7*b~4*Sqrt[a - (a*b)/cl*(a + c*x)~2)/c”2 + (116%a~7
*b~3xSqrt[a - (a*b)/cl*(a + c*x)72)/c - 368*a”7*b*Sqrt[a - (axb)/cl*ckx(a +
c*x)"2 + 64xa”7*Sqrt[a - (axb)/cl*c™2x(a + c*x)"2 + ((15248*a~7*b"5)/(35%
c”3) - (15248%a”~7*b"4)/(35%c"2))*(a + c*x)~(5/2) + ((-4688*a~T7*b"2)/7 + (4
688*a”~7*b~3)/(7Txc))*(a + c*x)~(5/2) + ((-34912%a"7*b~4)/(35%c~2) + (349...

output




input L

output
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Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 215, normalized size of antiderivative = 0.78,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

z* p
/ (\/a+ba:+\/a+cx)3 ’

| 7201
[ ((6+3c)Va+bzz? — (3b+ ¢)v/a + cza? + 4av/a + brz — 4av/a + czz) d
(b—c)?
| 2009
202 (b+3c)(a+bz)3/2 _ 8a2 (a+bx)3/2 i 2a2(3b+c)(a+cx)3/2 + 8a2(a+cx)3/2 + 2(b+3c)(a+bxz)7/2 _ 4a(b+3c)(a+bx)>/2 + 8a(a+bx’
3b3 3b2 3c3 3c2 b3 5b3 5b2
(b—c)?
Int[x"4/(Sqrtl[a + b*x] + Sqrt[a + c*x])~3,x] J

((-8xa~2x(a + b*x)~(3/2))/(3*b~2) + (2*xa~2x(b + 3*c)*(a + b*x)~(3/2))/(3*b
~3) + (8xax(a + b*x)~(5/2))/(6%xb"2) - (4*xa*x(b + 3*c)*(a + b*x)~(5/2))/(5*b
~3) + (2x(b + 3*c)*x(a + b*x)~(7/2))/(7*b~3) + (8*a~2*(a + c*x)~(3/2))/(3*c
~2) - (2*xa”2*(3*b + c)*(a + c*x)~(3/2))/(3*c"3) - (8*xax(a + c*x)~(5/2))/(5
*c"2) + (4*ax(3*xb + c)*x(a + c*xx)~(5/2))/(5*%c”3) - (2%(3*b + c)*x(a + c*xx)~(

7/2))/(7%c~3))/(b - c)73
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7241 TAtLu_)*((e_)*Sqrtl(a_.) + (b_)*(x))"(m_)] + (£_.)*Sqrtl(c_.) + (d_.)* |
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x‘(m*n))/(e*Sqrt[a + b*x"n] - fxSqrtlc + d*x"n])"m, x], x], x] /; Free
Ql{a, b, c, d, e, f, n}, x] & ILtQ[m, 0] & EqQla*e™2 - c*£72, 0] |

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 246, normalized size of antiderivative = 0.89

method | result

7

z 5 9 3
2(bz+a)2 4a(bzt+a)2 | 2a“(bz+a)2
7 — 5 + 3

(bota)? _a(bota)? (cota)? _a(eota)? (bota)? _ 2a(bota)?
8a< s — 3 ) 8a< s — 3 > 60( — 3
(b—c)%p? +

default

+

(b—c)®b2 o (b—c)3c? (b—c)®b3

input Lint (x~4/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))~3,x,method=_RETURNVERBOSE) J

2/ (b-c)~3/b" 2% (1/7* (bxx+a) ~ (7/2) -2/5*a* (bxx+a) ~(5/2) +1/3*a"2* (b*x+a) ~(3/2)
)+8/ (b—-c) "3*a/b~ 2% (1/5* (b*x+a) ~(5/2)-1/3*a* (b*x+a) ~(3/2) )-8/ (b-c) "3*a/c"2%
(1/5%(c*x+a) ~(5/2)-1/3*a* (cxx+a) ~(3/2))+6/ (b-c) “3*c/b~ 3% (1/7* (b*x+a) ~(7/2)
-2/56*ax* (b*x+a) ~(5/2)+1/3%a~2* (b*xx+a) ~(3/2))-6/(b-c) “3*b/c~3*(1/7* (c*xx+a) "~ (
7/2)-2/5%ax*(c*xx+a) ~(5/2)+1/3%a~2* (cxx+a) ~(3/2))-2/(b-c) ~"3/c™2x(1/7* (c*x+a)
~(7/2)-2/5%a*x(cxx+a) " (5/2)+1/3*a~2* (cxx+a) " (3/2))

output

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 225, normalized size of antiderivative = 0.81

74
/ 5 dr =
(Va+bz++va+cz)
2 ((16 abc® — 8a’c* — 5 (b*c® + 3b3c*)z® — (29ab3c® + 3ab’c*)z? — 4 (2a’b*c® — a’bc*)z) Vb + a +
35 (b8¢3 — 3b5¢* 4
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input Lintegrate (x~4/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="fricas")

-2/35%((16*a~3*%bxc™3 - 8*a~3*c”4 - 5*%(b"4*c”3 + 3*b~3*%c"4)*x"3 - (29*axb”3
*C™3 + 3*axb”2*%c"4)*x"2 - 4% (2%a”2%b"2%c”3 - a"2%b*c”"4)*x)*sqrt(b*x + a) +
(8*xa~3*%b"4 - 16*a”3*b"3*c + 5*(3*b"4*c”3 + b~3*xc”"4)*x”"3 + (3*a*b~4*c"2 +
29*%axb~3*c”3)*x"2 - 4*(a"2*b"4xc - 2*a"2*b"3*c”2)*x)*sqrt(cxx + a))/(b"6*c

~3 - 3%b"5*c”4 + 3xb~4*c”5 - b~3*c”6)

output

Sympy [F]

/ a 3d$=/ 2! 5 dz
(Va+bz +va+cx) (Va+bz ++a+czx)

inputLintegrate(x**4/((b*x+a)**(1/2)+(c*x+a)**(1/2))**s’x)

outputLIntegral(x**4/(Sqrt(a + b*x) + sqrt(a + c*x))**3, x)

Maxima [F]

/ zt 3da;:/ 4 i
(Va+bz +va+cx) (Vbz +a+ ez +a)

input Lintegrate (x~4/ ((b*x+a)~(1/2)+(c*x+a) ~(1/2))"3,x, algorithm="maxima"

output Lintegrate(x‘ll/(sqrt (b*x + a) + sqrt(c*x + a))~3, x)




input

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 940 vs. 2(237) = 474.

Time = 0.74 (sec) , antiderivative size = 940, normalized size of antiderivative = 3.39

4
/ ad 3 dz = Too large to display
(Va+bz + va+ cz)

‘integrate(x“4/((b*x+a)“(1/2)+(c*x+a)“(1/2))“3,x, algorithm="giac")

-2/35%(sqrt(a*xb”2 + (b*x + a)*b*c - axb*c)*(((b*x + a)*(5%(3*¥b~10*c~5*abs(
b) - 17*b"9*c"6*abs(b) + 39*%b~8*c~T*abs(b) - 45*%b~7*xc~8*abs(b) + 25*%b~6*c~
9%abs(b) - 3*b~5*xc~10*abs(b) - 3*b~4xc~11*abs(b) + b~3*c~12*abs(b))*(b*x +
a)/(b~13%c™5 - 9%b~12*%c”6 + 36*%b~11*%c”~7 - 84*%b~10*c~8 + 126*b~9*c~9 - 126
*b"8%c”10 + 84%b~7xc~11 - 36*b~6*%c”12 + 9*b~5*%c”~13 - b~4*c”14) + (3*axb~11
*xc"4*abs(b) - 34*axb~10*c”5*abs(b) + 126*a*b~9*c”6*abs(b) - 210*axb~8*c~7*
abs(b) + 140*a*b”~7*c 8*abs(b) + 42*a*b~6*c~9*abs(b) - 126*axb~5*c~10*abs (b
) + 74*xaxb~4xc~11%abs(b) - 15%a*b~3*c~12*abs(b))/(b~13*c~5 - 9*xb~12%c~6 +
36*%b~11%c”7 - 84%b~10%c™8 + 126*xb~9*c™9 - 126*xb~8*c~10 + 84xb~7*c~11 - 36%
b~6xc”12 + 9*%b"5%c”13 - b~4*xc~14)) - (4*a”2+%b"12*%c"3*abs(b) - 26*a”2*b~11%
c"4*abs(b) + 85*%a~2*xb~10*c”5*abs(b) - 203*a~2*%b~9*c~6*abs(b) + 385*%a”~2*b~8
*c"~T*abs(b) - 539*%a~2*%b~7*c 8*abs(b) + 511*a~2*%b~6xc~9*abs(b) - 305*a”~2*b~
5%c~10*abs(b) + 103*a~2*b~4*xc~11*abs(b) - 15%a”~2xb~3*c~12*abs(b))/(b~13*c~
5 - 9%b"12%c”™6 + 36*%b"11*xc”™7 - 84*%b~10*c™8 + 126*¥b"9*%c™9 - 126*%b~8*%c~10 +
84*xb~7xc~11 - 36%b~6*c”12 + 9*%b"5%c”13 - b"4*c”~14))*(b*x + a) + (8%a~3xb~1
3xc~2*abs(b) - 60*a~3*b~12*c”3*abs(b) + 187*a~3*b~11*c”4*abs(b) - 296%a”~3*
b~10*c~5*abs(b) + 196*a~3*b~9*c~6*abs(b) + 112*a~3*b~8*c~7*abs(b) - 350*a”
3xb~7xc"8*xabs(b) + 328*a”~3*b~6*c"9*abs(b) - 164*a~3*b~5*c”10*abs(b) + 44x*a
~3*%b~4*xc~11*abs(b) - 5*%a”~3*%b~3*c~12*abs(b))/(b"13*%c™5 - 9*%b~12*%c~6 + 36*b~
11%c™7 - 84*%xb~10*%c™8 + 126*%b~9*%c™9 - 126*%b"8*%c~10 + 84*b~7*c~11 - 36%b~...
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Mupad [B] (verification not implemented)

Time = 22.78 (sec) , antiderivative size = 429, normalized size of antiderivative = 1.55

12a(3b+c) _ 2a(3b+5¢)

2
/ z! do— < T6-9° (-0 ) vater
(\/a+bx—|—\/a—|—cm)3 5¢c

2
‘a <2a(5b+3c)_12a(b +3cb)

2 (b—c)3 7b(b—c)3 )
2a | 25 — = va+bzx

(b—c)®
B 302
)
b—c 7b(b—c
x (:_“;3— S a+bzx
+
3b
) 4a(12a(3b-§c)_2a(3b+§c)>
+ 2
2 (2a(5b+3¢) 12a(b2§-§cb) ——
x( (b—c)® Tb(b—c)® ) a+bx
+
5b
) 4a(12a(3b-gc)_2a(3b+§1c))
x<(b8_"c)3+ T )m
B 3¢
223 (3b+c) \/a+cx+2x3(b2+3cb) Va+bx
7(b—c)® 7h(b—c)®

inputtint(x”‘l/((a + b*x)"(1/2) + (a + c*x)"(1/2))73,x)
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(x~2%((12*%a*x(3*%b + c))/(7*(b - c)~3) - (2%a*(3%b + 5xc))/(b - ¢c)"3)*(a + ¢
*x)~(1/2))/(5xc) - (2*ax((8*a~2)/(b - c)~3 - (4*a*x((2xax(5xb + 3*c))/(b -

c)"3 - (12*ax(3*b*c + b~2))/(7*b*x(b - c)~3)))/(6%b))*(a + b*x)~(1/2))/(3*b
~2) + (xx((8*a”2)/(b - c)”3 - (4xax((2*ax(5%b + 3*c))/(b - c)~3 - (12xax(3
*bxc + b~2))/(7T*b*(b - c)~3)))/(5*%b))*(a + b*x)~(1/2))/(3*b) + (2*ax((8*a”
2)/(d - c)73 + (4*xax((12%a*(3*b + c))/(7*(b - c)~3) - (2*a*(3*b + 5xc))/(b
- ¢c)73))/(5xc))*(a + c*xx)~(1/2))/(3*c"2) + (x"2x((2*a*x(5*%b + 3xc))/(b - c
)73 - (12%a*(3*bxc + b~2))/(7T*b*(b - c)~3))*(a + b*x)~(1/2))/(5%b) - (x*((
8*xa~2)/(b - ¢c)~3 + (4xa*x((12*a*x(3%b + c))/(7*(b - c)~3) - (2*a*(3*b + 5%c)
)/ (b - c)~3))/(5xc))*(a + c*x)~(1/2))/(3*xc) - (2*xx~3*(3*%b + c)*(a + c*xx)~(
1/2))/(7x(b - ¢)~3) + (2%xx~3%(3%b*c + b~2)*(a + b*x)~(1/2))/(7*bx(b - c)~3
)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 298, normalized size of antiderivative = 1.08

z* p
/(\/a+bx+\/a—|—cx)3 !

__32+/bx+aa’bc® + 16v/bz+a a3c* + 16vbzr+aa?b?c3z _ 8vVbztaa?bclz + 58vbz+a a bdc3z? + 6vbz+aab’ctz? + 2vbz+a b’
35 35 35 35 35 35 7

-

Lint(x“4/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))‘3,X)

~—

input

(2% ( - 16*sqrt(a + bxx)*ax*3xbxcx*3 + 8*sqrt(a + bxx)*ax*3*cx*4 + 8xsqrt(a
+ b*x)*ka**2kb*k*2kc*k*3kx — 4xsqrt(a + b*x)*ka*x2xbkck*4*x + 29*sqrt(a + b*x
) xaxb*x3kckx3kx*kx2 + 3*ksqrt(a + bkxx)*xaxbkx2xckx4dxx*kx2 + Bksqrt(a + bxx)*xbx
*x4xckx3*x**3 + 16*ksqrt(a + b*x)xb**3xck*4*x*x3 — 8ksqrt(a + c*x)*a*x3*xb*x4
+ 16*sqrt(a + c#*x)*ax*3*xb**3*c + 4xsqrt(a + c*x)*a*x*2xb*xd*kcxx - 8*sqrt(a
+ C*X)*a**x2xb**3*kc*k*2%x — 3*sqrt(a + c*x)*kaxbkkdkck*2xx**2 — 29%sqrt(a +
C*X) *axbx*3kck*k3kx*x*2 — 16xsqrt(a + c*x)*bk*kdkck*3kx**3 — Sksqrt(a + c*xx)*

b*k3kckkd*xx*k*3)) / (35%b**3kck*3*% (b**k3 — 3kb**k2kc + 3kbkck*2 — c*x*3))

output
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3
X

3.39 f (v a-l—bx+\/a+cx)3 dz

Optimal result . . . . . . . . .. . . .
Mathematica [A] (verified) . . . . . . . . ... . L 305
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...,
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 3091
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 310

Optimal result

Integrand size = 25, antiderivative size = 163

\/a+bx+\/a+ca:)3 & 3b(b —¢)® 3b*(b—c)?

2(b+3c)(a+bz)>?  8a(a+ cx)¥/?
52b—c)® 3(b—c)c

2a(3b+ c)(a+cx)*?  2(3b+ c)(a + cx)®?
3(b—c)3c? B 5(b— c)3¢c?

/ z3 _ 8a(a+bz)*?  2a(b+3c)(a+ bx)3/?
(

Output‘8/3*a*(b*x+a)“(3/2)/b/(b—c)“3—2/3*a*(b+3*c)*(b*x+a)*(3/2)/b~2/(b_c)A3+2/5*
\(b+3*c)*(b*x+a)‘(5/2)/b‘2/(b—c)‘3—8/3*a*(c*x+a)‘(3/2)/(b—c)‘3/c+2/3*a*(3*b
‘+c)*(c*x+a)‘(3/2)/(b—c)“3/c‘2—2/5*(3*b+c)*(c*x+a)‘(5/2)/(b—c)“3/c‘2
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Mathematica [A] (verified)

Time = 1.88 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.21

3

/ 5 dr

(Va+bz+va+cz)

2\/(1 —o g M(azbg’ — 4a®b?c + 5a’bc® — 2a%c® — 2ab®(a + cx) + ab’c(a + cx) + abc*(a + cx) + b(
B 56%(b — c)3c?

2(5ab(a + cz)*? — bac(a + cz)3/? — 3b(a + cz)>/? — c(a + cz)®/?)
_|_
5(b—c)3c?

-

fnput \Integrate [x~3/(Sqrt[a + b*x] + Sqrtl[a + c*x])"3,x] /

(2xSqrt[a - (a*b)/c + (b*(a + c*x))/cl*(a"2%b~3 - 4*a”2xb~2*c + 5xa~2%b*c”
2 - 2*%a"2xc”3 - 2*%a*b~3*k(a + c*x) + a*b 2xck(a + c*x) + a*bxc”2*(a + c*x)
+ b"3*%(a + c*x)72 + 3*b"2xckx(a + c*x)"2))/(5¥b"2%(b - c)"3*c”2) + (2*(5*a*
bx(a + c*x)~(3/2) - S5*xaxc*(a + c*x)~(3/2) - 3*b*(a + c*x)~(5/2) - cx(a + ¢
*x)~(5/2)))/(6*%(b - c)~3%c~2)

output

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.79,

number of rules _
integrand size 0.080, Rules

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

23
d.
/ (\/a+bx+\/a+cm)3 v

| 7201
[ (4Va +bza — 4y/a+ cza + (b+ 3c)zva + bz — (3b+ c)zv/a + cz) dz
(b—¢)?

l’2009
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2(b+3¢) (a+bx)/? _ 2a(b+3c)(a+bx)3/2 _ 2(3b+c) (atcx)?/? + 2a(3b+c)(atcx)3/? + 8a(a+tbx)3/? _ 8a(atcx)3/?
5b2 3b2 5¢? 3c? 3b 3c
(b—c)®

-

input LInt [XAB/(Sqrt [a. + b*X] + Sqrt [a + C*X] )AS,X]

-/

o ((Brax(a + bxx)"(3/2))/(3+b) - (2+ax(b + 3xc)*(a + bxx)~(3/2))/(3%b72) + (
(2%(b + 3%c)*(a + b¥x)"(5/2))/(5%b"2) - (8kax(a + cxx)(3/2))/(3xc) + (2¥ax
(3%b + c)x(a + cxx)7(3/2))/(3%c72) - (2%(3%b + c)x(a + cxx)"(5/2))/(5%c™2)
/(b - )73 |

outpu

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

‘Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*x(x_)"(n_.)] + (£_.)*Sqrtl(c_.) + (d_.)* ‘
‘(x_)‘(n_.)])‘(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x’"(m*n))/(e*Sqrt [a + bxx™n] - £*Sqrtlc + d*x"nl)"m, x], x], x] /; Free ‘
Q{a, b, c, d, e, £, n}, x] & ILtQ[m, 0] & EqQla*e™2 - cxf"2, 0] |

rule 7241

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.06

method | result

5 3
2(bz+a)2 _ 2a(bz+a)2

: (b—c)®b ’ +

60((17:5-20.)3 _a(bx;ﬁ-a)% > 6b<(cm-ga)g _a(cx-;a)% > 2<(cz-|é

+ (b—c)3b2 - (b—c)3¢2 -

8a(bw+a)% _ Sa(cm—i—a)%

default 3b(b—C)3 3(b—c)3c

input Lint (x~3/ ((b*x+a) ~(1/2)+(c*x+a)~(1/2))"3,x,method=_RETURNVERBOSE) J
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output ‘ 2/ (b-c)~3/b*(1/5% (bxx+a) ~(5/2)-1/3*a* (b¥x+a) ~(3/2) ) +8/3*ax (b*xx+a) ~(3/2) /b/ ‘
| (b-c)"3-8/3%ax (cxx+a) "~ (3/2)/ (b-c) "3/c+6/ (b-c) “3%c/b™2% (1/5% (bxx+a) = (5/2)-1
‘ /3%ax* (b*x+a) ~(3/2))-6/(b-c) ~3*%b/c" 2% (1/5% (c*x+a) ~(5/2)-1/3%a*(c*x+a) ~(3/2) ‘

‘ )-2/(b-c)~3/c*(1/5*(c*x+a)~(5/2)-1/3*a* (c*xx+a) ~(3/2))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.02

73
/ 5 dT

(\/a+bx+ va + cx)
_ 2((6a%c — 202 + (b3c? + 3b2c?)a® + (T ab’c® + abc®)z)Vbe + a + (2a%H® — 6a’b’c — (363¢? + b°c?
B 5 (b5c? — 3b*c® + 3b3ct — b2cP)

integrate (x~3/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="fricas")

inputt

output‘ 2/5% ((6%a~2%b*c™2 - 2%a~2xc”3 + (b~3*c”™2 + 3*b"2*c"3)*x"2 + (7*axb~2xc"2 + ‘
| a¥bxc™3)*x)*sqrt(b¥x + a) + (2+¥a"2¥b™3 - 6*a2¥b"2%c - (3¥b73%c"2 + b 2xc |
"3)*x"2 - (a¥b"3xc + Traxb~2kc 2)*x)*sqrt(cxx + a))/ (b 5xc"2 - 3%b4xc™3 +

\ 3%b~3%c~4 - b~2%c"5)

Sympy [F]

/ v’ 3da:=/ 2’ 5 dr
(Va+bz +va+ cz) (Va+bz + va+ cz)

inputLintegrate(x**B/((b*x+a)**(1/2)+(c*x+a)**(1/2))**3,x) J

output LIntegral(x**s/(sqrt(a + b*x) + sqrt(a + c*x))**3, x) J
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Maxima [F|

z3 dp — z’ d
/(\/a+bm+\/a+6$)3 ’ /(\/bm+a+\/cm+a)3 i

input Lintegrate (x73/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))~3,x, algorithm="maxima") J

output Lintegrate(x'“S/(sqrt (bxx + a) + sqrt(cxx + a))~3, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 480 vs. 2(139) = 278.

Time = 0.74 (sec) , antiderivative size = 480, normalized size of antiderivative = 2.94

x3 i —
/(\/a+bx+\/a+cx)3 !

12,35 _ Q pll 4 10,.5(2 _ R8T
—g\/ab2+(bx+a)bc—abc<(bx+a)( (362 |b| — 8bM b + 6b10c|b| — b3cT|b]) (bx + a)

b18c3 — 6b17ct + 15b16¢5 — 20015¢6 + 15b14¢™ — 6 b13¢8 + b12¢f
5 8 5 8
2 ((bx +a)2b+5(bx + a)2ab+ 3 (bx + a)2c — 5 (bz + a)?ac)
5 (b5 — 3b%c + 3632 — B2CP)

+

input integrate (x~3/((bxx+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="giac")
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-2/6*sqrt(a*b™2 + (b*x + a)*bxc - a*bxc)*((b*x + a)*((3*b~12%c~3*abs(b) -

8*%b~11*%c~4*abs(b) + 6*%b~10*c~5*abs(b) - b~ 8*c~T*abs(b))*(b*x + a)/(b~18%c~
3 - 6%b"17*c”4 + 15%b"16*c™5 - 20*%b"15xc”6 + 15%b~14*%c™7 - 6%b~13*%c”™8 + b~
12%c79) + (a*b~13*c”~2*xabs(b) - 2*xa*b~12*c”3*abs(b) - 2*xa*b~11*kc~4*abs(b) +
8xaxb~10*c”~5*abs(b) - 7*xa*xb~9*c”6*xabs(b) + 2*a*xb~8*c”7*abs(b))/(b~18*c~3

- 6xb"17*c"4 + 15%b~16*c”5 - 20*%b~15*%c™6 + 15*%b"14%c”7 - 6%b~13*%c"8 + b~12
*c~9)) - (2%a~2xb~14xc*abs(b) - 11*a~2%b~13*c~2*abs(b) + 25%a~2xb~12%c”~3*a
bs(b) - 30*a~2%b~11*c”~4*abs(b) + 20%a~2*b~10*c~5*abs(b) - 7*a~2%b~9*c~6*ab
s(b) + a~2xb~8xc~7*xabs(b))/(b~18%c~3 - 6%¥b~17*c"4 + 15%b~16*c™5 - 20%b~15%
€™6 + 15%b~14*c”7 - 6*b~13*c™8 + b~12*c~9)) + 2/5x((b*x + a)~(5/2)*b + 5%(
bxx + a)~(3/2)*a*b + 3*(b*x + a)~(5/2)*c - 5x(b*x + a)~(3/2)*axc)/(b”5 - 3
*b~4*xc + 3*xb~3*%c”2 - b"2%c"3)

output

Mupad [B] (verification not implemented)

Time = 22.69 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.64

) 2a<8a(b+3§)_2a(5b+336))
, 8a2 | 5 (b=c) - (b—c) Va+bz
/ z p (b—c)
xTr =
(\/a+bx—|—\/a—|—cx)3 b
) 2a(8a(3b+3c)_2a(3b+§3c))
(e + =) v
B c
8a(b+3¢) 2a(5b+3¢)
_x<5<b—c>3 — M) Vatta
3b
.° (Spivr 2060139 aTen
3c
N 222 (b+3c) Va+br 2z2°(3b+c)Va+cz

5(b—c) 5(—c)°

inputtim"(xﬁs/((a + b*x)~(1/2) + (a + c*x)~(1/2))73,%)




CHAPTER 3. LISTING OF INTEGRALS 310

(((8*%a~2)/(b - c)~3 + (2xax((8*a*x(b + 3*c))/(5%(b - c)~3) - (2%a*(5%b + 3%
c))/(b - ¢c)~3))/(3xb))*(a + b*x)~(1/2))/b - (((8%a~2)/(b - c)~3 + (2*ax((8
*ax(3*%b + ¢c))/(6x(b - c)73) - (2%ax(3*%b + 5%c))/(b - ¢c)73))/(3*c))*(a + cx*
x)7(1/2))/c - (xx((8*ax(b + 3*c))/(5x(b - c)~3) - (2%ax(5*b + 3*c))/(b - ¢
)"3)*x(a + bxx)~(1/2))/(3%b) + (x*((8*ax(3xb + c))/(5x(b - c)~3) - (2xa*x(3*
b + 5xc))/(b - c)~3)x(a + c*x)~(1/2))/(3*c) + (2*x"2*%(b + 3*c)*(a + b*xx)~(
1/2))/(5*(b - ¢)~3) - (2*xx"2%(3%b + c)*(a + c*x)~(1/2))/(6x(b - ¢c)~3)

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.33

3
5 dT
(Va+bz + va+ cz)
12v/bz+aa?bc® _ 4vbz+aa?c? + 14vbz+aab’c’z + 2vbztaabcz + 2v/bz+ab3c?z? + 6vbz+ab?c3z? + 4v/czFaa?b® 12
5 5 5 5 5 5 5

- b2c (b3 — 3b%c + 3b2 — )

input ‘ int (x~3/ ((b*x+a) ~(1/2)+(c*x+a) = (1/2))"3,x%) ‘

(2% (6*sqrt(a + b*xx)*ax*2xbxc**x2 — 2ksqrt(a + b*x)*a**x2*c**3 + Txsqrt(a + b
*xx) *axb*xx2*xcx*2xx + sqrt(a + bxx)*ak*bxc**x3*x + sqrt(a + b*x)*kb**3*kck*k2kx**
2 + 3xsqrt(a + b*xx)*b**2xc**3*kxx*2 + 2xsqrt(a + c*xx)*a*x*2xb*x3 - 6+sqrt(a
+ c*x)*a*x2*¥bx*k2xc - sqrt(a + cxx)*axbx*3*ckx — Txsqrt(a + c*xx)*axbxx2*ck*
2xx — 3*sqrt(a + c*x)*b**3*xc*kx2*x*x2 — sqrt(a + c*x)*b**x2xc*x3*x**2))/(5%b
*k2xckk2k (bk*x3 — 3*bk*2%kc + 3kbkck*x2 — c**3))

output

N
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2
3.40 | z s dT
(Va+bz+v/a+cx)

Optimal result . . . . . . . . .. . . . 3111
Mathematica [B] (verified) . . . . . . . . ... Lo 312
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . . 314
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... B14
Sympy [F] . . . o 315
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...,
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 3161
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... B17

Optimal result

Integrand size = 25, antiderivative size = 155

z? 8ava+bz  2(b+ 3c)(a+ bx)®/?
5 dr = o+ 5
(Va+bz + va+ cz) (b—c) 3b(b —c)
_8avatcr  2(3b+c)(a+cx)®?
(b—c)? 3(b—c)3c
8a%/%arctanh < v %”””) . 8a3/2arctanh < «/t\z;? )
(b—c)? (b—c)?

output \ 8%ax (bxx+a) ~(1/2)/(b-c) ~3+2/3* (b+3*c) * (bxx+a) ~(3/2) /b/ (b-c) ~3-8xa* (c*x+a)~ ‘
‘ (1/2) / (b-c) ~3-2/3% (3xb+c) * (c*x+a) ~ (3/2) / (b-c) ~3/c-8%a" (3/2) *arctanh ( (b*x+a ‘
‘ )~ (1/2)/a~(1/2))/(b-c) ~3+8*a”~ (3/2) *arctanh ((c*x+a) ~(1/2)/a~(1/2))/(b-c) "3 ‘




input

output
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1004 vs. 2(155) = 310.

Time = 10.12 (sec) , antiderivative size = 1004, normalized size of antiderivative = 6.48

72
/ 5 dT

(Va+bz + va+ cz)

—2av/b — c(b@ [a — 233%(b%z + 3bew — 3bv/a + bzv/a + cx — cva + bav/a + cx) + a® (ch (12 a—"°

‘Integrate[x‘2/(Sqrt[a + b*x] + Sqrtl[a + c*x])~3,x] J

(-2*%a*Sqrt[b - cl*(bxSqrtl[a - (a*b)/cl*c”3*x"2%(b~2*x + 3*bkckx - 3*b*Sqrt
[a + bxx]*Sqrt[a + c*x] - cxSqrt[a + b*x]*Sqrtla + c*x]) + a~3*(b*c™2x(12x*
Sqgrt[a - (a*b)/c] - 3*Sqrtla + bxx] - 53xSqrt[a + c*x]) + b 2*c*(-15%Sqrt[
a - (axb)/c] + 24xSqrtl[a + b*x] - 2*Sqrt[a + c*x]) + b"3x(Sqrt[a - (axb)/c
] - 3*Sqrt[a + b*x] + 3*Sqrt[a + c*x]) + 2xc™3%(9*Sqrt[a - (a*b)/c] - 9*Sq
rt[a + b*x] + 26%Sqrt[a + c*x])) + akc™2xx*(-4*Sqrt[a - (axb)/cl*c~2*Sqrt[
a + b*x]*Sqrtla + cxx] + b~ 3*x*(-3xSqrt[a - (a*b)/c] + 3*Sqrt[a + b*x] - 9
xSqrt[a + cxx]) + bx(-22*Sqrt[a - (a*b)/cl*cxSqrt[a + b*x]*Sqrt[a + c*x] +
3xc”2*x* (6%Sqrt[a - (axb)/c] - 3*Sqrt[a + b*x] + Sqrt[a + c*x])) + b~2%(6
xSgrt[a - (a*b)/c]l*Sqrt[a + b*x]*Sqrtl[a + c*x] + c*kxx(9*Sqrt[a - (axb)/c]
+ 6xSqrt[a + b*x] + 6*%Sqrt[a + c*x]))) + a™2%(-3*b~3xc*kx*(Sqrt[a - (a*b)/c
] + 2xSqrt[a + c*x]) + b~2*%(9*Sqrt[a - (a*b)/cl*cxSqrtla + b*x]*Sqrtla + c
*x] + c”2*xx(-9*Sqrt[a - (axb)/c] + 30%Sqrtl[a + b*x] - 44xSqrtla + c*x]))
+ 2xc~3%(-26*Sqrt[a - (a*b)/cl*Sqrtla + b*x]*Sqrt[a + c*x] + cxx*(9*Sqrt[a
- (axb)/c] - 9%Sqrtl[a + b*x] + 2*Sqrt[a + c*x])) + bx(27xSqrt[a - (a*b)/c
Ixc~2*Sqrt[a + b*x]*Sqrtla + cxx] + c”3*x*(30xSqrt[a - (a*b)/c] - 12+Sqrt[
a + b*x] + 46xSqrtla + c*x])))) - 48%a”3*c~(3/2)*(-b + c)*(b*c*x*(3*Sqrt[a
- (axb)/c] - Sqrtl[a + b*x]) + ax(-(b*Sqrtla - (axb)/c]) + 4xSqrt[a - (a*xb
)/cl*c + 3xbxSqrtla + b*x] - 4*c*Sqrtl[a + b*x]))*ArcTan[(Sqrt[b - c]l*Sqrtl[
a + c*x])/(Sqrt[cl*(-Sqrt[a - (a*b)/c] + Sqrt[a + bxx] + Sqrtla + c*x])...
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Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.78,

number of rules _ 0.080, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

z2 p
/ (\/a+bx+\/a+cx)3 ’

l 7241
[ (et seEemn (b1 30)/at ba — (3b+)Va+ @) da
(b—c)?
l 2009
—8a3/2arctanh<‘/‘?) + 8a3/2arctanh(‘/‘\1}?> + 2(b+3c)§,%+bm)3/2 — 2%t g‘?m)?’m + 8av/a + bz — 8av/a + cx
(b—c)?
input LInt [x~2/(Sqrt[a + bk*x] + Sqrt[a + c*x])~3,x] J

output
‘x] - (2%(3*%b + c)*(a + c*x)~(3/2))/(3%c) - 8*a~(3/2)*ArcTanh[Sqrt[a + b*x]

((S*a*Sqrt [a + bxx] + (2x(b + 3*c)*(a + bxx)~(3/2))/(3%b) - 8xaxSqrt[a + c* \\
‘/Sqrt [al] + 8*a~(3/2)*ArcTanh[Sqrt[a + c*x]/Sqrtl[all)/(b - ¢)~3 ‘

Defintions of rubi rules used

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

Int[(u_.)*((e_.)*Sqrtl(a_.) + (b_.)*(x_)~(n_.)] + (f_.)*Sqrtl(c_.) + (d_.)*
‘ (x_)"(n_.)1)"(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x“(m*n))/(e*Sqrt [a + bxx™n] - f*Sqrt[c + d*x"n])"m, x], x], x] /; Free ‘
‘Q[{a, b, c, d, e, £, n}, x] && ILtQ[m, O] && EqQ[a*e”2 - c*xf~2, 0] ‘

rule 7241
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 148, normalized size of antiderivative = 0.95

method | result

2c(bx+a)% B 2b(cm+a)% _ 2(cac+a)% 4a(2\/bx+a—2\/ﬁ a,rctanh( v l:’/”g“)) 4a(2\/ca:+a—2\/a arcta

3
default 2;’2:1?: +

(b—c)®b (b—c)3c 3(b—c)3 (b—c)®

(b—c)°

input ' int (x~2/ ((b¥x+a)~ (1/2)+(c*x+a)~(1/2))"3,x,method=_RETURNVERBOSE)

ut‘2/3/(b—c)‘3*(b*x+a)‘(3/2)+2/(b-c)‘3*0*(b*X+a)‘(3/2)/b-2/(b-c)“3*b*(C*X+a)“
‘(3/2)/0_2/3/(b-c)*3*(c*x+a)‘(3/2)+4*a/(b—c)*3*(2*(b*x+a)‘(1/2)-2*a‘(1/2)*a
‘rctanh((b*x+a)*(1/2)/a*(1/2)))—4*a/(b—c)*3*(2*(c*x+a)‘(1/2)—2*a‘(1/2)*arct
‘anh((c*x+a)~(1/2)/a~(1/2)))

utp

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 315, normalized size of antiderivative = 2.03

2’ dx
/ (Va+bz + \/a+cw)3

2 (6 adbelog (”“W‘”;“ﬁ“a) +6adbeclog (“-W“;W““) — (13abc + 3ac® + (b2c + 3bc?)z)V

| 3 (bic — 3632 + 3623 — beh)

inputLintegrate(x‘Q/((b*x+a)“(1/2)+(c*x+a)*(1/2))“3,X, algorithm="fricas")

[-2/3%(6%a~ (3/2) ¥*b*c*log((bxx + 2*sqrt(bxx + a)*sqrt(a) + 2*a)/x) + 6*a~(3
/2) ¥bxc*log((c*x - 2*sqrt(c*x + a)*sqrt(a) + 2*a)/x) - (13*axb*xc + 3*axc™2
+ (b"2%c + 3*bxc”2)*x)*sqrt(b*x + a) + (3*%a*xb~2 + 13%a*xb*c + (3*¥b"2%c + b
xc"2)*x)*sqrt(cxx + a))/(b~4*c - 3*b~3*%c”2 + 3*%b"2%c”3 - b*c”4), 2/3*%(12#*s
qrt (-a)*axb*c*arctan(sqrt(-a)/sqrt(b*x + a)) - 12xsqrt(-a)*a*b*c*arctan(sq
rt(-a)/sqrt(c*x + a)) + (13xaxb*c + 3*a*c”™2 + (b~2*c + 3*bxc~2)*x)*sqrt (b*
X + a) - (3*a*b”2 + 13*axb*c + (3*b~2%c + bxc~2)*x)*sqrt(cxx + a))/(b"4xc

- 3*%b"3%c”2 + 3*b"2%c"3 - b*c"4)]

output

N\
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Sympy [F]

x? dp — z? d
/(\/a+bx+\/a+cm)3 * /(\/a+bx+\/a+cx)3 ’

input Lintegrate (xx#2/ ((bxx+a) #x (1/2)+(ckx+a) %% (1/2) ) **3,x) J
output LIntegral(x**Q/(sqrt (a + b*x) + sqrt(a + c*x))**3, x) J
Maxima [F]
/ i 5 dr = / =’ 5 dr
(Va+bz+ va+ cz) (Vbz +a+ ez +a)
input Lintegrate (x72/ ((bxx+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="maxima") J
output Lintegrate(x‘Q/(sqrt (b*x + a) + sqrt(cxx + a))"3, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2366 vs. 2(131) = 262.

Time = 1.30 (sec) , antiderivative size = 2366, normalized size of antiderivative = 15.26

2
/ ad 3 dr = Too large to display
(\/a+bx+ va + cx)

input Lintegrate (x~2/ ((bxx+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="giac") J




output

input
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2/3*(12*a”~2*b~2*arctan(sqrt (bxx + a)/sqrt(-a))/((b~3 - 3*b"2xc + 3*b*c™2 -
c"3)*sqrt(-a)) - sqrt(axb”2 + (b*x + a)*bxc - axbxc)*((3*b~5xcxabs(b) - 8
*b~4*c”~2*abs(b) + 6%b~3*c”3*abs(b) - b*c~5*abs(b))*(b*x + a)/(b"8*c - 6%b~
T*c~2 + 15xb~6%c~3 - 20*b~5%c”4 + 15*b~4*c”5 - 6*xb~3*c”6 + b~2*c”7) + (3*a
*b~6*abs(b) + a*b~5xcxabs(b) - 22*a*b~4xc”~2*abs(b) + 30*a*b~3*c”3*abs(b) -
13*a*b~2xc"4*abs(b) + a*b*c”5*abs(b))/(b"8%c - 6%¥b~T*c"2 + 15xb~6%c"3 - 2
0xb~5xc™4 + 15%b~4*c”5 — 6%¥b"3*c”6 + b"2+c”7)) + ((b*x + a)~(3/2)*%b"8 + 12
*sqrt (bxx + a)*a*b~8 - 3*(b*x + a)~(3/2)*b~T*c - 72*sqrt(b*x + a)*a*b~T*c
- 3%(b*x + a)~(3/2)*b"6*c”2 + 180*sqrt(b*x + a)*a*xb~6*c~2 + 256x(b*x + a)~(
3/2)*b"5%c”3 - 240*sqrt(b*x + a)*axb~b*xc~3 - 45x(bxx + a)~(3/2)*b~4*c"4 +
180*sqrt (b*x + a)*axb~4xc™4 + 39*(b*x + a)~(3/2)*b~3*c”5 - T2xsqrt(b*x + a
Y*axb~3xc”5 - 17*(b*x + a)~(3/2)*%b"2*c”6 + 12+sqrt(b*x + a)*a*xb~2*c”6 + 3x
(b*x + a)~(3/2)*b*c”7) /(b9 - 9*b~8%c + 36*%b~7*c™2 - 84*b~6%c”3 + 126%b~5%
c”4 - 126*b"4*c”5 + 84*b"3*%c”6 - 36*b"2xc”7 + 9*xb*c”8 - c79) - 12x(2*(axb”
4 - 3%a*b~3%c + 3*axb”"2%c”2 - axb*c”3) "2x(axb”3%c - axb~2*c”2)*sqrt(-a)*ab
s(b)*sgn(b~3 - 3*b~2%c + 3*xb*c”™2 - c”3) + 2%(a*b”4 - 3*a*b"3xc + 3*kaxb"2*c
~2 - a*bxc”3)"2x(axb”3 - axb”2xc)*sqrt(-axb*c)*abs(b) + (a~2*b~7 - 5*a”~2#*b
“6%c + 10*%a"2xb~b*c”2 - 10%a~2%b"4*c”3 + 5*a~2%b"3*%c"4 - a"2xb"2%c”5)*sqrt
(—axbxc)*abs(-a*xb~4 + 3*axb~3*kc - 3*axb~2*c”2 + axbkxc~3)*abs(b)*sgn(b~3 -
3*¥b~2%c + 3xb*c”2 - c”3) + (a"2%b"8 - 5¥a”2*b"7xc + 10%¥a"2*b~6%c”2 - 10...

Mupad [B] (verification not implemented)

Time = 26.37 (sec) , antiderivative size = 762, normalized size of antiderivative = 4.92

2
/ ad 3 dr = Too large to display
(Va+bz++va+cx)

e

Lint(x’?/((a + b*x)~(1/2) + (a + c*x)~(1/2))"3,%)

-/
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(4%xa~(3/2)*b~4 - (4*a~(3/2)*c"4*x((4x((a + bxx)~(1/2) - a~(1/2))"3)/((a + ¢
*x)~(1/2) - a~(1/2))7"3 - (156%x((a + b*x)~(1/2) - a~(1/2))"4)/((a + c*xx)~(1/
2) - a~(1/2))74 + (24x((a + bxx)~(1/2) - a~(1/2))76)/((a + c*x)~(1/2) - a~
(1/2))75 + (6xlog(((a + bxx)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))
*((a + bxx)~(1/2) - a~(1/2))76)/((a + c*x)~(1/2) - a~(1/2))"6))/3 - (4*a~(
3/2)*b"2%c™2x((24x((a + b*x)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2))
+ (12%((a + b*x)~(1/2) - a~(1/2))"2)/((a + c*x)~(1/2) - a~(1/2))"2 + (12%
((a + b*x)~(1/2) - a~(1/2))73)/((a + c*x)~(1/2) - a~(1/2))"3 - (15%((a + b
*x)~(1/2) - a~(1/2))"4)/((a + c*x)~(1/2) - a~(1/2))"4 + (18*log(((a + b*x)
~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))*((a + b*x)~(1/2) - a~(1/2))
~2)/((a + c*x)~(1/2) - a~(1/2))"2 - 3))/3 + (4*xa~(3/2)*b*xc~3*((6*((a + b*x
)"(1/2) - a~(1/2))"2)/((a + c*x)~(1/2) - a~(1/2))"2 - (12*((a + b*x)~(1/2)
- a~(1/2))73)/((a + c*x)~(1/2) - a~(1/2))"3 + (66*((a + b*x)~(1/2) - a~(1
/2))74)/((a + cxx)~(1/2) - a~(1/2))"4 - (24x((a + bxx)~(1/2) - a~(1/2))75)
/((a + c*x)~(1/2) - a~(1/2))75 + (18%log(((a + b*x)~(1/2) - a~(1/2))/((a +
c*x)~(1/2) - a~(1/2)))*((a + bxx)~(1/2) - a~(1/2))"4)/((a + c*x)~(1/2) -
a~(1/2))74))/3 + (4*xa~(3/2)*b~3*c*x(6*log(((a + b*x)~(1/2) - a~(1/2))/((a +
c*x)~(1/2) - a~(1/2))) - (24x((a + b*x)~(1/2) - a~(1/2)))/((a + c*x)~(1/2
) - a~(1/2)) + (6%x((a + b*x)~(1/2) - a~(1/2))"2)/((a + c*x)~(1/2) - a~(1/2
))"2 = (4x((a + b*x)~(1/2) - a~(1/2))73)/((a + cxx)~(1/2) - a~(1/2))"3 ...

output

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 322, normalized size of antiderivative = 2.08

72
/ 5 dr

(Va+bz+va+cz)

16\/1_)\/5\/2\/5\/1_)—11—catan(ﬁ”bﬁﬁﬁvcﬂ") abc+16\/_\/_\/2\/_\/_ b—catan(‘[vl’“‘wr

Vay/2vevb-b—c Va/2ve

input[int(x“Q/((b*X+a)A(1/2)+(C*X+a)”(1/2))”3,x)

| —
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(2% (24*sqrt (b) *sqrt (a) *sqrt (2*sqrt (c)*sqrt(b) - b - c)*atan((sqrt(c)*sqrt(
a + bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)
)) *axbxc + 24x*sqrt(c)*sqrt(a)*sqrt(2*xsqrt(c)*sqrt(b) - b - c)*atan((sqrt(c
)*sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) -

b - c)))*axbxc + 13*sqrt(a + b*x)*axb*x2%xc - 10*sqrt(a + b*x)*a*bkcx*2 -
3xsqrt(a + bxx)*akc*x*3 + sqrt(a + b*x)*b**x3*kcxx + 2*sqrt(a + b*x)*bx*2*ck*
2xx - 3*sqrt(a + b*x)*bxc**3*x - 3xsqrt(a + c*xx)*a*bx*x3 - 10*sqrt(a + c*x)
*xaxb*x2%c + 13*sqrt(a + c*x)*a*bkcx*2 - 3xsqrt(a + c*xx)*bx*3*cxx + 2*ksqrt(
a + c*x)*b¥x*2kck*x2*x + sqrt(a + c*x)*b*c**3%x))/(3*b*c*(b*x*4 — 4*b**3xc +
B¥b**2%Ck*2 — 4xbkckx3 + c**4))

output




output
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3 (Va+bz+v/ a+cx)3 dz

Optimalresult . . . . . . . . .. . .. 319
Mathematica [A] (verified) . . . . . . . .. ... L Lo 320
Rubi [A] (verified) . . . . . . . . . . 320
Maple [A] (verified) . . . . . . . . . . B21]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [F] . . . o
Maxima [F] . . . . . . o e
Giac [B] (verification not implemented) . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 324
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 23, antiderivative size = 157

/ (\/a+bw+\/a+cx)3

dr =

2(b+3c)va+bxr 4dava+br 2(3b+c)va+cx

+

(b—c)3 S (b—c)3
da/a F oz 6+/a(b + c)arctanh ( W)
(b—c)3x (b—c)?
6+/a(b+ c)arctanh( “+C$>
(b—c)?

‘2*(b+3*c)*(b*x+a) (1/2)/ (b-c) ~3-4xax (b*x+a) ~(1/2)/ (b-c) ~3/x-2* (3*b+c) * (c*x
+a)~(1/2)/ (b-c) “3+4xax (cxx+a) " (1/2) / (b-c) “3/x-6%a" (1/2) % (b+c) *arctanh ((b¥x
\+a) (1/2)/a~(1/2))/ (b-c) ~3+6*a”~ (1/2) * (b+c) *arctanh ((c*x+a) ~(1/2)/a~(1/2))/

(b-c)73

J
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Mathematica [A] (verified)

Time = 10.97 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.22

/ ad dx
(Va+bz ++a+ cx)3

2a( a+be+bey/1+22arctanh (/14
2<(b+3c)\/a+bx —(3b+c)va+cx — \/E(b+3c)arctanh<v%bw> — ( payresr: (

(b—c)?

input LIntegrate [x/(Sqrt[a + bxx] + Sqrt[a + c*x])~3,x] J

(2% ((b + 3xc)*Sqrt[a + b*x] - (3*b + c)*Sqrt[a + cxx] - Sqrt[al*(b + 3xc)*

ArcTanh[Sqrt[a + b*x]/Sqrtl[al] - (2xa*(a + b*x + bxx*Sqrt[1 + (b*x)/al*Arc
Tanh[Sqrt[1 + (b*x)/all))/(x*Sqrtl[a + bxx]) + Sqrt[al*(3*b + c)*ArcTanh[Sq
rt[a + c*x]/Sqrt[al] + (2xa*(a + c*x + c*x*Sqrt[l + (c*x)/al*ArcTanh[Sqrt[
1 + (c*x)/all))/(xxSqrtla + c*x1)))/(b - ¢)~3

output

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.11,

number of rules _ 087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z dz
(Va+bz++va+ cx)3
l 7241

f (4\/a+bxa __ 4va+cza + (b+3c)Vatbxr (3b+c)\/m> d
x2 x2 T T
(b—c)?
l 2009
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—2+/a(b+ 3c)arctanh( ¥ ‘\‘;%bm ) + 24/a(3b + c)arctanh( ¥ ‘y‘;z) - 4\/5barctanh< v ‘\’;%bw ) + 4\/Ecarctanh( v %cx

(b—0)?

input LInt [x/(Sqrt[a + b*x] + Sqrtla + c*x])~3,x] J

(2% (b + 3*c)*Sqrt[a + bxx] - (4*axSqrt[a + b*x])/x - 2%(3*b + c)*Sqrtl[a +
cxx] + (4*axSqrtl[a + c*x])/x - 4*Sqrt[a]*b*ArcTanh[Sqrt[a + b*x]/Sqrt[al]

- 2xSqrt[a]l*(b + 3*c)*ArcTanh[Sqrt[a + b*x]/Sqrt[al] + 4*Sqrt[a]*c*ArcTanh
[Sqgrt[a + c*x]/Sqrt[al] + 2xSqrt[al*(3*b + c)*ArcTanh[Sqrt[a + c*x]/Sqrt[a
11)/( - c)°3

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 7241 IRt )*((e_)*Sqrtl(a_.) + (b_)*(x)"(a_.)] + (f_.)#Sqrtl(c_.) + (d_)*
‘ (x_)"(@_.)1)"(m_), x_Symbol] :> Simp[(b*e”2 - d*f~2)"m  Int[ExpandIntegran ‘
‘d[(u*x"(m*n))/(e*Sqrt [a + bxx"n] - f*Sqrtl[c + d*x"n])"m, x], x], x] /; Free ‘
Ql{a, b, c, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[axe™2 - c*£72, 0] |

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 237, normalized size of antiderivative = 1.51

method | result
( ( W)) 8ab (— ‘/ﬁ — arctan};(\f’jg‘a> > 8ac (— \/;zﬁ B arctan};(\fcf;ﬁ) ) (
b(2v/bz+a—2/a arctanh bate z - 3 : o
- 0o N (b-° - —0° +
input | 10 (x/ ((bxx+a)~ (1/2)+(c*x+a)"(1/2)) "3, x,method=_RETURNVERBOSE) J
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1/ (b-c) ~3%b* (2% (b*x+a) ~(1/2) -2*a~ (1/2) *arctanh ((b*x+a) ~(1/2) /a~(1/2)) ) +8*a
/ (b—c) ~3*bx (-1/2* (b*x+a) ~(1/2) /x/b-1/2/a~ (1/2) *arctanh ((b*x+a) ~(1/2)/a~(1/
2)))-8*a/(b-c) "3xcx(-1/2*(c*x+a) ~(1/2) /x/c-1/2/a" (1/2) *arctanh ((c*x+a) "~ (1/
2)/a~(1/2)))+3/(b-c) ~3*c* (2x (b*xx+a) ~(1/2)-2%a"~ (1/2) *arctanh ((b*x+a) ~(1/2) /
a~(1/2)))-3/(b-c) ~3*b* (2% (c*x+a) ~(1/2) -2*a~ (1/2) *arctanh ((c*x+a) ~(1/2) /a~(
1/2)))-1/(b-c) " 3*c*x (2% (c*x+a) ~(1/2)-2*a~ (1/2) *arctanh ((c*x+a) ~(1/2) /a~(1/2
)))

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.62

T
t/h 5 dT
(Va+bz + va+ cz)
3+v/a(b+ c)xlog (bz+2 v bz:“*/a"'z“) +3+/a(b+ c)zlog (“_2 . “:”‘/a““) —2((b+3c)r —2a)Vbr
N (b5 — 3b%c+ 3bc® — )z

input‘integrate(x/((b*x+a)‘(1/2)+(C*x+a)A(1/2))‘3,x, algorithm="fricas")

[-(3*sqrt(a)*(b + c)*x*xlog((b*x + 2xsqrt(b*x + a)*sqrt(a) + 2*a)/x) + 3*sq
rt(a)*(b + c)*xxlog((c*x - 2*sqrt(cxx + a)*sqrt(a) + 2*a)/x) - 2x((b + 3*c
)*x - 2xa)*sqrt(b*x + a) + 2x((3%b + c)*x - 2%a)*sqrt(c*x + a))/((b~3 - 3%
b~2%c + 3*b*c™2 - c”3)*x), 2*(3*sqrt(-a)*(b + c)*x*arctan(sqrt(-a)/sqrt (b*
x + a)) - 3xsqrt(-a)*(b + c)*x*arctan(sqrt(-a)/sqrt(c*x + a)) + ((b + 3xc)
*x — 2*%a)*sqrt(b*x + a) - ((3*b + c)*x - 2*a)*sqrt(cxx + a))/((b"3 - 3*b~2
*C + 3*bxc”2 - c~3)*x)]

output

Sympy [F]

h/‘ 7 3d¢::&/h v 5 dT
(Va+bz +va+ cz) (Va+bz + va+ cz)

input integrate (x/ ((b*x+a)** (1/2)+(cxx+a)**(1/2))**3,x) J
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Output‘ Integral(x/(sqrt(a + b*x) + sqrt(a + c*x))**3, x)

Maxima [F]

/ x 3da:=/ ad 5 dr
(Va+bz + va+ cx) (Vbr +a+ ez +a)

input Lintegrate (x/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="maxima") J

output Lintegrate(x/(sq_rt(b*x + a) + sqrt(cxx + a))~3, x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2318 vs. 2(137) = 274.

Time = 8.87 (sec) , antiderivative size = 2318, normalized size of antiderivative = 14.76

x
dxz = Too large to display
/ (Va+bz +va+ cx)3

input integrate (x/ ((b*x+a)~(1/2)+(c*x+a)~(1/2))"3,x, algorithm="giac")
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-2%(sqrt(axb™2 + (b*x + a)*bk*c - axb*c)*(3*bxabs(b) + cxabs(b))/(b~4 - 3*Db
“3%c + 3*xb"2xc”2 - bxc~3) + 2*sqrt(bxx + a)*axb/((b"3 - 3*b"2%c + 3*b*c”2
- ¢”"3)*x) - 3*(axb™2 + a*bxc)*arctan(sqrt(b*x + a)/sqrt(-a))/((b"3 - 3*b~2
*c + 3*%bxc”2 - c”3)*sqrt(-a)) - (sqrt(b*x + a)*b~2 + 3*sqrt(b*x + a)*bxc)/
(b™3 - 3*b~2%c + 3*b*c”™2 - c”3) + 4*x((sqrt(b*c)*sqrt(b*x + a) - sqrt(axb~2
+ (b*x + a)*b*c - axb*c))*a~2xb~3*c*abs(b) - (sqrt(b*c)*sqrt(b*x + a) - s
grt(a*xb~2 + (b*x + a)*bxc — axbxc))*a~2xb~2+c~2*abs(b) + (sqrt(b*c)*sqrt(b
*x + a) - sqrt(a*b”2 + (b*x + a)*bxc - axb*c)) 3xaxb*cxabs(b))/((a"2%b"4 -
2%a"2xb"3*%c + a”2xb"2*c”2 - 2*(sqrt(bxc)*sqrt(b*x + a) - sqrt(a*b”2 + (bx
X + a)*bkc - axbxc)) 2*a*b~2 - 2x(sqrt(b*c)*sqrt(b*x + a) - sqrt(axb™2 + (
b*x + a)*bkxc - axbxc)) 2*kaxbxc + (sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b~2 + (
b*x + a)*bkc - axb*xc)) 4)*(b~3 - 3*b"2xc + 3xbxc”2 - c~3)) + 3x(2*%(axb~4xc
- a*b"2#c”3)*(axb”4 - 3*a*b"3*c + 3*kaxb"2xc”2 - axb*c”~3) “2*sqrt(-a)*abs(b
)*sgn(b~3 - 3*%b~2%c + 3*b*c”2 - c73) + 2%(axb”4 - 3*a*b”3*%c + 3*axb~2%c"2
- axb*c”3)"2*(a*b"4 - a*b”2*c~2)*sqrt(-axbxc)*abs(b) + (a"2*%b"8 - 4*a”~2%b~
Txc + 5*a~2%b"6*c”2 — 5*xa”2xb"4xc”4 + 4*a~2*b~3*%c”5 - a“2*b"2*c”6) *sqrt(-a
*xb*c) *abs (-a*b~4 + 3*a*b~3*c — 3*axb~2%c”2 + axb*c”3)*abs(b)*sgn(b”3 - 3*b
“2xc + 3*bxc”2 - c73) + (a"2%b"9 - 4%a”2%b"8%c + b*a"2*b~7*c”2 - 5*a~2%b”5
*C"4 + 4xa"2*¥b"4*c”5 - a"2%b"3*c”6)*sqrt(-a)*abs(-a*b~4 + 3*a*b”3xc - 3*ax
b~2*c”2 + axbxc”~3)*abs(b) + (a"3*b~12%c - 5*a~3*b~11*c”2 + 8*a”~3%b~10%c. ..

output

Mupad [B] (verification not implemented)

Time = 26.70 (sec) , antiderivative size = 559, normalized size of antiderivative = 3.56

z
t/“ 5 dT
(Va+bz + va+ cz)
8 (vVa+bx—+/a 2 (Vatbz—/a)> 31In %:\/i (Vatbz—+/a)
2vﬁW(Va+cz—vﬁ)(sm$%%?—-fﬁ;Fé%-+ <J+Wﬁlwﬁ +1)—-2vac (v

int(x/((a + bF)~(1/2) + (a + ckx)~(1/2))"3,%)

N J

input
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(2*xa~(1/2)*b~2*%((a + c*x)~(1/2) - a~(1/2))*((8*((a + b*x)~(1/2) - a~(1/2))
)/ ((a + c*x)~(1/2) - a~(1/2)) - (2x((a + b*x)~(1/2) - a~(1/2))"2)/((a + c*
x)7(1/2) - a~(1/2))72 + (3*log(((a + b*x)~(1/2) - a~(1/2))/((a + c*x)~(1/2
) - a~(1/2)))*((a + bxx)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/2)) + 1
) - 2xa”~(1/2)*c”2x((a + c*x)~(1/2) - a~(1/2))*((2*((a + b*x)~(1/2) - a~(1/
2))72)/((a + c*xx)~(1/2) - a”(1/2))"2 - ((a + b*x)~(1/2) - a~(1/2))"4/((a +
cxx)~(1/2) - a~(1/2))"4 + (3*log(((a + bxx)~(1/2) - a~(1/2))/((a + c*x)~(
1/2) - a~(1/2)))*((a + b*x)~(1/2) - a~(1/2))"3)/((a + c*x)~(1/2) - a~(1/2)
)73) + 2*a~(1/2)*bxc*x((a + c*x)~(1/2) - a~(1/2))*((8*((a + b*x)~(1/2) - a~
(1/2)))/((a + c*x)~(1/2) - a~(1/2)) - (14x((a + b*x)~(1/2) - a~(1/2))"2)/(
(a + c*x)7(1/2) - a~(1/2))72 + (3*log(((a + b*x)~(1/2) - a~(1/2))/((a + c*
x)7(1/2) - a~(1/2)))*((a + b*x)~(1/2) - a~(1/2)))/((a + c*x)~(1/2) - a~(1/
2)) - (3*log(((a + b*x)~(1/2) - a~(1/2))/((a + c*x)~(1/2) - a~(1/2)))*((a
+ b*x)~(1/2) - a~(1/2))73)/((a + cxx)~(1/2) - a~(1/2))"3))/((b - c)"3x((a
+ bxx)~(1/2) - a~(1/2))*(b - (cx((a + bxx)~(1/2) - a~(1/2))72)/((a + c*x)~
(1/2) - a~(1/2))"2))

output

Reduce [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 395, normalized size of antiderivative = 2.52

ad d
/(\/a+bx+\/a+cx)3 !

12 2 I \/E\/lm+\/5\/m 12 9 _ \f\/m-l‘\/
\/5\/5\/ Vevb—b catan( N bz + \/_\/_\/ Vvevb —b— catan N

inputLint(x/((b*x+a)‘(1/2)+(c*x+a)*(1/2))~3,X) J
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(2% (6xsqrt (b) *sqrt (a) *sqrt (2*sqrt (c) *sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a
+ bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c))
)*bxx + 6*sqrt(b)*sqrt(a)*sqrt(2*xsqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*sq
rt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b -
c)))*c*xx + 6*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sqrt(c
)xsqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) -
b - c)))*b*x + 6*sqrt(c)*sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)*atan((sq
rt(c)*sqrt(a + b*xx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(
b) - b - c)))*cxx - 2xsqrt(a + bxx)*a*b + 2*sqrt(a + bxx)*a*c + sqrt(a + b
*x) ¥bx*2xx + 2*sqrt(a + bxx)*bxckxx - 3*sqrt(a + bkx)*ckx2xx + 2*sqrt(a + ¢
xx)*axb - 2*sqrt(a + ckx)*axc - 3xsqrt(a + c*x)*b**2*x + 2xsqrt(a + c*x)*b
xc*xx + sqrt(a + c*x)*c**2+x))/(xk(b**4d - 4xbx*k3kC + Bkbk*k2kck*k2 — 4¥xbkck*3
+ c**x4))

output
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42 [ L

3 (Va+bz+v/ a+cx)3 dz

Optimalresult . . . . . . . . .. . .. 327
Mathematica [C] (verified) . . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . .. 329
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 3301
Sympy [F] . . . o 337
Maxima [F] . . . . . . o e B31]
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... B31]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 332
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 21, antiderivative size = 164

/ 1 e _2ava+bz  (2b+3c)Va+bs
(Va+bz ++va+ c:c)3 (b—c)’z? (b—c)z
N 2a+v/a + cz N (3b+ 2c)v/a + cx
(b — c)3x? (b—c)zx
~ 3bcarctanh<@> 3bcarctanh<—"‘\‘}:z>

Vab—oF T Jab—cp

output ‘ —-2%ax* (b*x+a) " (1/2)/ (b-c) “3/x"2- (2*%b+3*c) * (b*x+a) ~ (1/2) / (b-c) “3/x+2*a*x (cxx+
‘ a)~(1/2)/ (b-c) ~3/x"2+(3*b+2*c) * (c*x+a) ~ (1/2) / (b-c) ~3/x-3*b*c*arctanh ( (bxx+
‘ a)~(1/2)/a~(1/2))/a~(1/2)/(b-c) ~3+3*bxc*arctanh ((c*x+a) ~(1/2) /a~(1/2))/a~(
11/2)/(b-c)"3




input

output
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 10.33 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.11

/ ! dz
(Va+bz++va+ cr)3

zva+bx zv/a+cz

3(b+3c) (a+bw+bw\/ 1+tzarctanh (\/ 1+%z) ) N 3(3b+c) (a-+eztes, [1+<2arctanh (| /1+))  8b%(a+bx)*/2 Hypergeomets

a2

3(b—rc¢)?

-

LIntegrate [(Sqrt[a + bxx] + Sqrt[a + c*x])~(-3),x]

((-3%(b + 3xc)*(a + b*x + bxx*Sqrt[1 + (b*x)/al*ArcTanh[Sqrt[1 + (b*x)/all
))/(xxSqrt[a + b*x]) + (3%(3*b + c)*(a + c*x + cxx*Sqrt[1 + (c*x)/al*ArcTa
nh[Sqrt[1 + (c*x)/all))/(x*Sqrtla + cxx]) - (8*b~2*x(a + b*x)~(3/2)*Hyperge
ometric2F1[3/2, 3, 5/2, 1 + (b*x)/al)/a~2 + (8*c™2x(a + c*x)~(3/2)*Hyperge
ometric2F1[3/2, 3, 5/2, 1 + (c*x)/al)/a"2)/(3*(b - ¢c)~3)

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.30,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7241, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(\/a+ br ++/a + cm)3
l 7241

4vatbza _ 4atcza | (b4+3c)vatbr  (3b+c)vatcx
f z3 x3 + z2 z2 dzx

(b—c)?
l 2009

-/
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bzarctanh( v ‘ijj;’””) B b(b+3c)arctanh( e ) N c(3b+c)aI'CtaIlh< v ‘ij%”) _ carctanh ( el ) _ (439VaThs |, (bte)
7a 7a 7a 7a = :
(b—¢)?

input |

Int[(Sqrt[a + b*x] + Sqrt[a + c*x])~(-3),x]

output

((-2*a*Sqrt[a + b*x])/x"2 - (bxSqrtl[a + b*x])/x - ((b + 3xc)*Sqrt[a + b*x]
)/x + (2*axSqrt[a + c*x])/x"2 + (c*Sqrtla + c*x])/x + ((3*b + c)*Sqrt[a +
c*x])/x + (b"2*ArcTanh[Sqrt[a + b*x]/Sqrtl[al])/Sqrtla] - (b*(b + 3*c)*ArcT
anh[Sqrt[a + b*x]/Sqrtl[al])/Sqrtla]l - (c~2*ArcTanh[Sqrt[a + c*x]/Sqrt[all)
/Sqrt[a]l + (cx(3*b + c)*ArcTanh[Sqrt[a + c*x]/Sqrt[all)/Sqrtl[al)/(b - ¢)~3

Defintions of rubi rules used

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 7241

|
L

‘/Int[(u_.)*((e_.)*Sqrt[(a_.) + (b_)*(x_)"(m_.)] + (£_.)*Sqrtl(c_.) + (d_.)*
(x)"(@_.)1)"(m_), x_Symbol]l :> Simp[(b*e”2 - d*£f72)"m  Int[ExpandIntegran
‘d[(u*x‘(m*n))/(e*Sqrt [a + b*xx"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; Free

Ql{a, b, c, d, e, £, n}, x] && ILtQ[m, 0] && EqQ[a*e”2 - cxf~2, 0]

input k

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(144) = 288.

Time = 0.01 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.83

1
|
|
J

method | result

N

3

2p2
z4b 8a?

2zb 2v/a
default

z2c2

3 3
arctanh( ba:+a) _(bz+a)2 _ \/bzta arctanh( ba:+a) _(cz+a)2  /caxFa arctanh(
2p2 _Vbzta va 8a b2 ~_8a _ T+ 8a c2 ‘Sﬁ T-l—
+

8¢

(b—c)® (b—c)®

(b—c)®

int (1/ ((b*x+a) ~(1/2)+(c*x+a) ~(1/2)) ~3,x,method=_RETURNVERBOSE)
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2/ (b-c) ~3*b~ 2% (-1/2* (b*x+a) ~(1/2) /x/b-1/2/a~ (1/2) *arctanh ((b*x+a) ~(1/2) /a"
(1/2)))+8/ (b-c) ~3*axb~2* ((-1/8/a*(b*x+a) ~(3/2)-1/8*(bxx+a) ~(1/2))/x~2/b"2+
1/8/a~(3/2) *arctanh ((b*x+a) ~(1/2)/a~(1/2)))-8/(b-c) ~3*a*c~2*((-1/8/a* (c*xx+
a)~(3/2)-1/8x(c*x+a)~(1/2))/x~2/c"2+1/8/a"(3/2) *arctanh ((c*x+a) ~(1/2) /a~ (1
/2)))+6/ (b-c) ~3*cxb* (-1/2*x (b*x+a) ~(1/2) /x/b-1/2/a"~ (1/2) *arctanh ( (b*x+a) ~ (1
/2)/a~(1/2)))-6/(b-c) ~3*b*c*(-1/2* (c*x+a) ~(1/2) /x/c-1/2/a~ (1/2) *arctanh((c
*x+a) " (1/2)/a”~(1/2)))-2/(b-c) "3*c”~2x(-1/2*(c*x+a) " (1/2) /x/c-1/2/a~ (1/2) *ar
ctanh((c*x+a)~(1/2)/a~(1/2)))

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.77

1
b/“ 5 dT
(\/a+bx+ va + cx)
[ 3 y/abcx? log (bm+2 > b”’:“*/a”“) + 3y/abez? log (“‘2 ¥ ”:“‘/E+2a> +2(2a%+ (2ab+ 3ac)z)Vbr +

B 2 (ab® — 3ab%c + 3 abc? — ac3)z?

input‘integrate(l/((b*x+a)‘(1/2)+(c*x+a)A(1/2))A3,x, algorithm="fricas")

[-1/2%(3*sqrt (a) *b*xc*x~2xLlog((b*x + 2*sqrt(bxx + a)*sqrt(a) + 2*a)/x) + 3%
sqrt (a) *b*c*x~2xlog((ckx - 2xsqrt(cxx + a)*sqrt(a) + 2*a)/x) + 2*(2*xa”2 +

(2%a*b + 3*a*c)*x)*sqrt(b*x + a) - 2%(2xa”2 + (3*axb + 2*axc)*x)*sqrt(c*xx

+ a))/((a*xb™3 - 3*axb~2%c + 3*axbxc”2 - a*c~3)*x"2), (3*sqrt(-a)*bxc*x"2*a
rctan(sqrt(-a)/sqrt(b*x + a)) - 3*sqrt(-a)*b*c*x~2*arctan(sqrt(-a)/sqrt(c*
X + a)) - (2*xa”2 + (2%a*b + 3*a*c)*x)*sqrt(b*x + a) + (2*xa”2 + (3*a*b + 2%
axc)*x)*sqrt(c*x + a))/((a*xb”3 - 3*a*b~2*c + 3*axb*c™2 - a*c~3)*x72)]

output
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Sympy [F]

/ L 3dx=/ L 5 dT
(Va+bz+ va+ cz) (Va+bz + va+ cz)

inputkintegrate(l/((b*x+a)**(1/2)+(c*x+a)**(1/2))**3,X)

output LIntegral((sqrt(a + bk*x) + sqrt(a + c*x))*x(-3), x)

Maxima [F]

/ 1 dac:/ 1 dx
(\/a+ba:—|—\/a+cx)3 (\/bx+a+\/cx+a)3

inputLintegrate(l/((b*x+a)‘(1/2)+(c*x+a)‘(1/2))*3,X, algorithm="maxima")

Output‘integrate((sqrt(b*x + a) + sqrt(c*x + a))~(-3), x)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2766 vs. 2(144) = 288.

Time = 17.36 (sec) , antiderivative size = 2766, normalized size of antiderivative =

16.87

1
/ 3 dr = Too large to display
(Va+bz++va+cz)

-

input Lintegrate (1/((b*x+a) ~(1/2)+(cxx+a)~(1/2))"3,x, algorithm="giac")

-/
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3*b*cxarctan(sqrt(b*x + a)/sqrt(-a))/((b"3 - 3*b~2%c + 3*b*c™2 - c~3)*sqrt
(-a)) - 2x(3*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b”™2 + (b*x + a)*b*c - axb*c
))*a”~3*xb~Txc*abs(b) - 7*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*xb™2 + (b*x + a)*
b*c - axb*c))*a~3*b~6*%c"2*abs(b) + 3*(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*xb~2
+ (b*x + a)*b*c - axb*c))*a~3*b~5*c~3*abs(b) + 3*(sqrt(b*c)*sqrt(b*x + a)
- sqrt(axb”™2 + (b*x + a)*bxc - a¥bxc))*a"3*b~4*xc~4*abs(b) - 2*(sqrt(b*c)*
sqrt (b*x + a) - sqrt(a*b”™2 + (b*x + a)*bxc - a*bxc))*a~3*b~3xc 5*abs(b) -
3x(sqrt(b*xc)*sqrt(b*x + a) - sqrt(a*xb™2 + (b*x + a)*bxc — akbxc)) 3*a~2xb~
Bkcxabs(b) - 3*(sqrt(bxc)*sqrt(bxx + a) - sqrt(a*b”2 + (bxx + a)*b*c - axb
*C)) "3*a"2xb~3xc”~3*abs(b) + 6*(sqrt(bxc)*sqrt(b*x + a) - sqrt(axb”2 + (b*x
+ a)*bxc - axb*c)) 3*a”2*b~2*c”4*abs(b) - 3*(sqrt(b*c)*sqrt(b*x + a) - sq
rt(axb~2 + (b*x + a)*bxc - a*bxc)) B*axb~3*c*abs(b) - 3*(sqrt(bxc)*sqrt (b*
x + a) - sqrt(a*b”2 + (b*x + a)*b*c - axb*c)) “bkaxb~2xc~2*abs(b) - 6*(sqrt
(b*c)*sqrt(b*x + a) - sqrt(a*b”™2 + (b*x + a)*b*c - axb*c)) “5xa*b*c~3*abs(b
) + 3x(sqrt(b*c)*sqrt(b*x + a) - sqrt(a*b”2 + (b*x + a)*bkc — a¥bkc)) ~7*bx
ck¥abs(b) + 2x(sqrt(bxc)*sqrt(b*x + a) - sqrt(a*b”2 + (b*x + a)*b*c - a*b*c
)) “7xc"2*abs (b)) /((a"2*¥b~4 - 2*a~2*%b~3*c + a"2*b"2xc”2 - 2x(sqrt(b*c)*sqrt
(b*x + a) - sqrt(axb™2 + (b*x + a)*bxc - axbxc)) 2*axb~2 - 2x(sqrt(b*c)*sq
rt(b*x + a) - sqrt(a*b™2 + (b*x + a)*bxc - a*bxc)) 2xa*bxc + (sqrt(bxc)*sq
rt(b*x + a) - sqrt(a*b™2 + (b*x + a)*bkc - a*bxc)) 4) 2x(b~3 - 3*b™2*c ...

output

Mupad [B] (verification not implemented)

Time = 24.99 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.75

/ 1 5 dz
(Va+bz +va+ cx)
e Wasta-va)’
4va(b-o (Vatez - va)’
<4(ab3—3ab;/ca-il-)zab02—ac3) - (\/a-l—cx{a\/(gj—z_::g—(?)\/ﬂ;ﬁ)@—ac3)> (V atcr— \/6)2
(Vatba-va)

L oem(BER)  ero) (VaTbE-va)

Va (b*—3bc+3bc2—¢)  a(b—c)® (Vatcz—+a)

r

inpu‘ctint(l/((a + b*x)~(1/2) + (a + c*x)~(1/2))73,x)

| —
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(cm2x((a + b*x)~(1/2) - a~(1/2))"2)/(4*a~(1/2)*(b - c)~3*((a + c*x)~(1/2)

- a~(1/2))72) - (((a~(1/2)*b"2)/(4x(a*xb~3 — a*xc™3 + 3*a*xb*c™2 - 3*axb~2*c)
) - (@~ (1/2)*(b*c + b~2)*((a + b*x)~(1/2) - a~(1/2)))/(((a + c*xx)~(1/2) -

a~(1/2))*(a*b”™3 - a*c”3 + 3*xaxb*c”2 - 3xa*b~2*c)))*((a + c*xx)~(1/2) - a~(1
/2))72)/((a + b*x)~(1/2) - a~(1/2))"2 + (3xbxc*log(((a + b*x)~(1/2) - a~(1
/2))/((a + cxx)~(1/2) - a~(1/2))))/(a”(1/2)*(3%b*c™2 - 3*b~2%c + b~3 - c~3
)) = (c*x(b + c)*((a + b*x)~(1/2) - a~(1/2)))/(a~(1/2)*(b - c)~3*((a + c*x)
~(1/2) - a~(1/2)))

N J

output

Reduce [B] (verification not implemented)

Time = 0.78 (sec) , antiderivative size = 293, normalized size of antiderivative = 1.79

b/“ 1 dx
(\/a+bx+\/a+cx)3

—b— Vevbztat+vbyeata — Vevbotaty
_6\/1_)\/5\/2\/5\/5 b catan( NN v )bcx +6\/_\/_\/2\/_\/_ b catan( f;\/f

input[int(l/((b*x+a)‘(1/2)+(c*x+a)*(1/2))A3’x) J

(6*xsqrt (b) *sqrt (a) *sqrt (2xsqrt (c)*sqrt(b) - b - c)*atan((sqrt(c)*sqrt(a +
bxx) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b - c)))*b
xckx**2 + 6*sqrt(c)*sqrt(a)*sqrt(2*xsqrt(c)*sqrt(b) - b - c)*atan((sqrt(c)*
sqrt(a + b*x) + sqrt(b)*sqrt(a + c*x))/(sqrt(a)*sqrt(2*sqrt(c)*sqrt(b) - b
- c)))xbxckx**2 - 2xsqrt(a + bkx)*ax*2*b + 2*sqrt(a + bxx)*ax*k2xc - 2*sqr
t(a + b*x)*axb**2xx - sqrt(a + b*x)*a*bxc*x + 3*ksqrt(a + b*x)*a*ck*2xx + 2
xsqrt(a + c*x)*a*x*2%b — 2*sqrt(a + cxx)*ax*2xc + 3ksqrt(a + c*x)*a¥b**2*x
- sqrt(a + c*x)*axbxckxx — 2ksqrt(a + c*x)*akck*2%x)/(a*x**x2%(b*x*4 — 4*b**3
*C + 6kb*x*2kc**2 — 4xbkckx*3 + c**4))

output
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3.43 [VI—z(V1-2z++1+z)dx

Optimal result . . . . . . . . . . . . e [334]
Mathematica [A] (verified) . . . . . . . . . ... o 334
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ... 336
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 330
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... B37
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 337
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 27, antiderivative size = 31

2

[V (VT4 vITE) dema = D 4 b4 sresin(e)

output Lx—1/2*x”2+1/2*x* (-x~2+1)~(1/2)+1/2*arcsin(x) J
Mathematica [A] (verified)
Time = 0.07 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.45
2 1 VI—a?
/\/1—x<\/1—x+\/1+x) dx=x—x—+—x\/1—x2—arctan z
2 2 1+z
input LIntegrate [Sqrt[1 - x]*(Sqrt[1 - x] + Sqrt[1 + x]),x] J

output X ~ X72/2 + GorSqreli - x721)/2 - ArcTan[Sqrs[1 - x°21/(1 + x)]
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 0.074, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7239, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/1—w<\/1—x+\/x+1> dz
| 7239
/(\/1—m2—x+1)daz

l 2009

arcsi2n(a:) B w; 4 % VI 22z 4z

input| T0E[Sart[1 - x]*(Sqrel1 - x] + Sqrel1 + x1),x] J

p

~—

output LX - x72/2 + (x*Sqrt[1 - x72])/2 + ArcSin[x]/2

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 7239}Int [u_, x_Symbol]l :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl \
‘erIntegrandQ [v, u, x]] ‘
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 62 vs. 2(23) = 46.

Time = 0.05 (sec) , antiderivative size = 63, normalized size of antiderivative = 2.03

method | result size
3 .
default | z — z—; — \/mgl_z) 4 MQM + (lgw)ﬁil_?)ﬁffjm(z) 63

-

Lint((l—x) ~(1/2)*((1-x)~(1/2)+(1+x) ~(1/2)) ,x ,method=_RETURNVERBOSE)

-/

input

x-1/2%x72-1/2% (1+3) " (1/2)% (1-3) " (3/2) +1/2% (143) ~ (1/2) * (1-%) " (1/2) +1/2% ((1-

output
x)*(14x))7(1/2)/ (1-x) " (1/2) / (1+x) " (1/2) *arcsin(x)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.42

/\/1—x<\/1—x+\/1+x> dz=—%w2+%\/ﬂv+1x\/—x+1+z
\/x-l—l\/—a:—i-l—l)

X

— arctan <

input Lintegrate((1—x)’"(1/2)*((1—x)‘(1/2)+(1+x)*(1/2)) ,X, algorithm="fricas") J

‘—1/2*}{”2 + 1/2*%sqrt(x + 1)*x*sqrt(-x + 1) + x - arctan((sqrt(x + 1)*sqrt(- ‘

outputlx s 1) - 1)/%) ‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(22) = 44.

Time = 1.26 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.55

2 4
— asin (_ﬁﬂ)
2

/\/1—x<\/1—:v—|—\/1—|—9:> dx=_M_2m<(1_4x)3 _m>

e

tintegrate((1-x)**(1/2)*((1-x)**(1/2)+(1+x)**(1/2)),x)

~—

input

=(1 - x)*x2/2 - 2xsqrt(x + 1)*((1 - x)*x(3/2)/4 - sqrt(1 - x)/4) - asin(sq

output
Lrt(Z)*sqrt(l - x)/2) J
Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.74
1 , 1 1 :
V1 —x<\/1 —x+\/1+x> dz = 57 + 5\/—.%2—!— lz +z+ 3 arcsin (z)
inputLintegrate((1_X)A(1/2)*((1_X)A(1/2)+(1+X)A(1/2))’X’ algorithm="maxima") J

output‘ -1/2*x72 + 1/2*sqrt(-x"2 + 1)*x + x + 1/2*arcsin(x) ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(23) =

Time = 0.12 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.74

/\/1—x<\/1—w+\/1+x> dac:—%(m—1)2+%(:ﬂ+2)\/x+1\/—x+1

1
— vz +1v/—x + 1 — arcsin (5 ﬁ\/—x-l- 1)

-/

input [integrate ((1-x)7(1/2) *((1-x) ~(1/2) +(1+x)~(1/2)) ,x, algorithm="giac")

Output‘ -1/2%(x - 1)72 + 1/2%(x + 2)*sqrt(x + 1D*sqrt(-x + 1) - sqrt(x + 1)*sqrt(- ‘

J

Mupad [B] (verification not implemented)

Time = 27.66 (sec) , antiderivative size = 209, normalized size of antiderivative = 6.74

/\/1—x<\/1—x+\/1+x> iz

2atan( 1—x—1>
=1 — _
vr+1-—1

2(Vi—a-1)  14(vi—z-1)° 14(\/ﬁ—1)5 _ 2(vi—z-1)”
Va+i-1 (Va+i-1)° (vVa+1-1)° (Va+1-1)" _
4(V1—z-1)° | 6(vi—za—1)* | 4(VT=z-1)° | (VI—a— 1)8_}_1

(Vat1-1)* (Vat1-1)* (Ver1-1)°  (Va+i-1)

| —

[int(((x + 1)7(1/2) + (1 - x)7(1/2)*(1 - x)7(1/2),%)

input

x - 2%xatan(((1 - x)7(1/2) - 1)/((x + 1)7(1/2) - 1)) - ((2%((1 - x)~(1/2) -
1))/((x + 1)7(1/2) - 1) - (14*%((1 - x)7(1/2) - 1)73)/((x + 1)~(1/2) - 1)~
3+ (14x((1 - x)7(1/2) - D7B)/((x + 1)7(1/2) - 1)75 - (2x((1 - x)7(1/2) -
DD/((x + D°@/2) - DT/ (4x((1 - x)7(1/2) - 1)72)/((x + 1)7(1/2) -
1)72 + (6%((1 - x)7(1/2) - 1)74)/((x + 1)~(1/2) - 1)74 + (4x((1 - x)~(1/2)
-176)/((x + 1)°(1/2) - 1)76 + ((1 - x)7(1/2) - 1)°8/((x + 1)~(1/2) - 1)

"8 + 1) - x72/2

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.10

v1-— v/ 1+/1 — 2
/\/1—$<\/1—x+\/1+x) dz = —asin ) + z+ rr_ T L.
V2 2 2
input Lint((1—x)‘(1/2)*((1—x)‘(1/2)+(1+x)*(1/2)),x) J

‘( - 2xasin(sqrt( - x + 1)/sqrt(2)) + sqrt(x + 1)*sqrt( - x + 1)*x - x**2 + ‘

output ‘ e/ ‘
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344 [ (—V1-z—-V1+2)(VI—z+V1+2)de

Optimal result . . . . . . . . . . . . e 340
Mathematica [A] (verified) . . . . . . . . . ... o 3401
Rubi [A] (verified) . . . . . . . . . 341]
Maple [A] (verified) . . . . . . ... L 342
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o 3431
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 344
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 344
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 42, antiderivative size = 38

/z3<_\/1—x—\/1+x> (\/1—z+\/1+x> dzz_%_'_g(l_zz):i/z_g(l_xz)g,/z

output —1/2%x"4+2/3% (-x"2+1) " (3/2)-2/5% (-x"2+1) " (5/2) J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

/z?’(—\/l—x—\/l—l—a:) (\/1—:c—|—\/1+x> dz
—1+2%) (15+8m+3x2(5+4m))

__56(

-

LIntegrate [x"3*(-Sqrt[1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1l + x]),x]

~—

input

e hY

-1/30%((-1 + x~2)*(15 + 8xSqrt[1 - x"2] + 3*x~2*%(5 + 4xSqrt[1 - x72])))

N\ J

output




input

output
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Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/963(—\/1—x—\/x+1) (VI—z+va+1) do
| 7239
/—f%¢1—z+v&+1fdx
| 25
—/¢%¢1—x+¢x+g2m
| 7293
—t/m<2x/1—-x?x34—2m3>dn

l 2009

zt 2 nb/2 2 21\ 3/2

e

LInt[x‘3*(—Sqrt[1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1 + x]),x]

~—

L—i/z*x*4 + (2%(1 - x°2)°(3/2))/3 - (2%(1 - x~2)~(5/2))/5
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Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J
rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
rule 7239 Intlu_, x_Symbol]l :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

erIntegrandQ[v, u, x]]

rule 7293 Int[u_, x_Symbol] :> With[{v = ExpandIntegrand([u, x]}, Int[v, x] /; SumQ[v]

]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method | result
2t 2VitzVI-w (2?-1)(32%42)

default 5 15
: (2404322 20) (—y/T=3—yIF7) (VIa+vITa)  (32+4)(-1+a)(1+2) (32% (—vI—a—vTFa) (vVI—a+vTFa)+a° (-
orering =5 — =t

¢ 0B (3% (- (17007 (1/2) - (143~ (1/2)) *(1-1) " (1/2)+(14x) " (1/2)) , x, method=_RET

inpu
\ URNVERBOSE) \

output L—1/2*x‘4—2/15* (1+x) ~(1/2) * (1-%) ~ (1/2) * (x~2-1) * (3%x~2+2) J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/x3(—\/1—x—\/1+x> (\/1—x+\/1+:v) dx
1, 2

2% 15 (

3x4—x2—2)\/x+1\/—x+1

input‘integrate(x“B*(-(l-x)”(1/2)-(1+x)“(1/2))*((1-x)“(1/2)+(1+x)‘(1/2)),X, algo
‘rithm="fricas") ‘

-

output L—1/2*x"4 - 2/15%(3*x74 - x72 - 2)*sqrt(x + D *sqrt(-x + 1)

-/

Sympy [F]

/x3<—\/1—x—\/1+x> <\/1—x+\/1+x) dx
= —/ngdw—/Qac?’\/m\/sm%:

inputLintegrate(x**B*(—(l—x)**(1/2)—(1+x)**(1/2))*((1—x)**(1/2)+(1+x)**(1/2)),X) J

Output‘-Integra1(2*x**3, x) - Integral (2#x**3*sqrt(l - x)*sqrt(x + 1), x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

/x3<—\/1—a:—\/1+z> <\/1—$+\/1+x) dz

—-__1. 4 g _ 2 5.2 f{ .2
=57 +5( *+1)%z +15( z” +1)

3
2

input‘integrate(x‘3*(-(1—x)‘(1/2)-(1+x)A(1/2))*((1—x)‘(1/2)+(1+x)‘(1/2)),x’ algo
‘rithm="maxima") ‘




CHAPTER 3. LISTING OF INTEGRALS 344

ou‘cput‘_l/2*x‘~4 + 2/6%(-x"2 + 1)7(3/2)*x72 + 4/16%(-x"2 + 1)7(3/2)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 77 vs. 2(28) = 56.

Time = 0.12 (sec) , antiderivative size = 77, normalized size of antiderivative = 2.03

/x3<—\/1—x—\/1+x> (\/1—x+\/1—|—x> dz

1 4
N
- 6—10 (2(3(4z — 17)(z + 1) + 133)(z + 1) — 295)(z + 1) + 195)vz + 1v/—z + 1
- L (@G- 10)@ + 1)+ 43)(w +1) - 39)VaF Iz T L

integrate (x~3*(-(1-x)~(1/2)-(1+x)~(1/2))*((1-x) ~(1/2)+(1+x)~(1/2)) ,x, algo

input
rithm="giac")

-1/2*%x"4 - 1/60*%((2%x (3% (4*x - 17)*(x + 1) + 133)*(x + 1) - 295)*(x + 1) +
195)*sqrt(x + 1)*sqrt(-x + 1) - 1/12%((2%(3*x - 10)*(x + 1) + 43)*(x + 1)
- 39)*sqrt(x + 1) *sqrt(-x + 1)

output

N\

Mupad [B] (verification not implemented)

Time = 22.66 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.11

/x?’(—\/l—w—\/l—l-x) (\/1—x+\/1+x> dz

4z +1 222z +1 224z +1 z*
e N T - )

inputLint(_}rg’*((X + 1)7°(1/2) + (1 - x)7(1/2))72,%)

‘(1 - x)7(1/2)*x((4*(x + 1)7(1/2))/15 + (2*x72*(x + 1)7(1/2))/15 - (2*x"4*(x

output
\ + 1)7(1/2))/5) - x°4/2
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.26

/w3<—\/1—m—\/1—|—x> (\/1—m+\/1+$> dz

B 2\/:c+1\/1—xx4+2\/:U+1\/1—xx2+4\/a:+1\/1—x xt
T 5 15 15 D)

input Lint (x73*%(-(1-x)"(1/2)-(1+x) " (1/2) ) *((1-x) ~(1/2)+(1+x) = (1/2)) ,x)

output‘( - 12*%sqrt(x + 1)*sqrt( - x + 1)*x**4 + 4xsqrt(x + 1)*sqrt( - x + 1)*x**2
‘ + 8*sqrt(x + 1)*sqrt( - x + 1) - 15xx*%x4)/30
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345  [2*(—V/1I—-z—-V1+4+2)(VI—-z++V1+2)de

Optimal result . . . . . . . . . . . . e 346
Mathematica [A] (verified) . . . . . . . . . ... o 3461
Rubi [A] (verified) . . . .. . . ... .. 347
Maple [A] (verified) . . . . . . ... L 348
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 349
Sympy [F] . . o o 349
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 349
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 350
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 350
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... B51]

Optimal result

Integrand size = 42, antiderivative size = 48

/x2<—\/1—x—\/1+x> (x/l—ac+\/1+x) dx

2
=—%—I— LT 1= arcsiln(x)

{—2/3*x“3+1/4*x* (-x"2+1)"(1/2)-1/2*x"3*(-x~2+1) " (1/2)-1/4*arcsin(x)

~—

output

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.42

/1:2<—\/1—x—\/1+x> <\/1—x+\/1+x> dx

112< -8+ 3zvV1—22—23 <8+6\/1—z2> — 12 arctan <_\/§\/—%+Z>>

input LIntegrate [x~2%(-Sqrt[1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrtl[1l + x]),x] J
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‘ (-8 + 3*x*Sqrt[1 - x72] - x"3*(8 + 6xSqrt[1 - x72]) - 12*ArcTan[(-Sqrt[2]

output
L+ Sqrt[1 + x1)/Sqrt[1 - x11)/12 J

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 4 95 Ryjes

integrand size
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/962(—\/1—$—\/w+1> (\/1—x+\/w+1) dz
l 7239
‘/—f(Vl—w+v%+1de
l 25
—/w2(\/1—w+\/x+1)2daz
l 7293
—/(2@3)24-2:62) dx
l 2009
_awesinle) 20 L e LT
input{lnt[x‘2*(—3qrt[1 - x] - Sqrtl1 + x1)*(Sqrt[l - x] + Sqrt[l + x1),x] ]

outputt(_2*XA3)/3 + (x*Sqrt[1 - x°2])/4 - (x~3%Sqrt[1 - x~2])/2 - ArcSin[x]/4 J
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, xJ, x] /; SumQ[u]

rule 7239 Intlu_, x_Symboll :> With[{v
erIntegrandQ[v, u, x]]

SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

rule 7293 ;nt[u_, x_Symbol] :> With[{v

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.23

method | result size
default | — % _ Vitz/1-z (2x3\/ ;32+12—x\/ —z2+1+arcsin(x)) 59
—x?+1
input int (x~2% (- (1-x) ~(1/2)-(1+x) ~(1/2) ) *((1-x) ~(1/2)+(1+x) ~(1/2) ) ,x ,method=_RET
URNVERBOSE)
output -2/3%x73-1/4x(1+x) " (1/2) * (1-x) ~(1/2) * (2*x~3* (-x"2+1) ~(1/2) -x* (-x~2+1) ~(1/2
Y+arcsin(x))/(-x"2+1)~(1/2)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.06

/x2(—\/1—x—\/1+$) <\/1—:c—|—\/1—|—x> dz

2 1 1 1v— 1-1
:—§x3—1(2x3—x)\/x+1\/—x+1+§arctan<\/x+ v-zt )
z

integrate (x~2* (- (1-x)~(1/2)-(1+x)~(1/2))*((1-x) ~(1/2)+(1+x)~(1/2)) ,x, algo

input
rithm="fricas")

-2/3%x"3 - 1/4*%(2*x~3 - x)*sqrt(x + 1)*sqrt(-x + 1) + 1/2*%arctan((sqrt(x +

output
1)*sqrt(-x + 1) - 1)/x)

Sympy [F]

/x2<—\/1—x—\/1+x> (\/1—x+\/1+:v) dx
= —/2x2dx—/2x2\/mmdx

e B

inputLintegrate(x**2*(—(1-x)**(1/2)—(1+x)**(1/2))*((1-x)**(1/2)+(1+x)**(1/2))’X) J

Outputt-lntegral(Z*x**2, x) - Integral (2*x**2xsqrt(l - x)*sqrt(x + 1), x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.71

/x2<—\/1—az—\/1+x> (\/l—x—i-\/l—i-a:) dz

2 1 3 1 1
- —§m3+ 5 (—2*+1)%z — 1 -2+ 1z — 1 arcsin ()
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t‘integrate(x“2*(-(1—x)”(1/2)—(1+x)“(1/2))*((1-X)“(1/2)+(1+X)”(1/2)),X, algo \

inpu
Lrithm="maxima") J

outputt-2/3*x‘3 + 1/2%x(-x"2 + 1)7(3/2)*x - 1/4*sqrt(-x"2 + 1)*x - 1/4*arcsin(x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 76 vs. 2(36) = 72.

Time = 0.13 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.58

/a:2<—\/1—:c—\/1+x> (x/l—x—l-\/l—l-w) dx

_ —g 2 — % (237 — 10)(z + 1) +43)(z + 1) — 39T+ Iv—z + 1
% (2z-5)(z+1)+9)Vz+1vV—z+1— % arcsin <% V2V + 1)

integrate (x~2* (- (1-x)~(1/2)-(1+x) ~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) ,x, algo

input
rithm="giac")

-2/3%x"3 = 1/12*%((2*(3*x - 10)*(x + 1) + 43)*(x + 1) - 39)*sqrt(x + 1)*sqr
t(-x + 1) - 1/3%((2%x - B)*(x + 1) + 9)*sqrt(x + 1)*sqrt(-x + 1) - 1/2%arc
sin(1/2*sqrt(2)*sqrt(x + 1))

output

Mupad [B] (verification not implemented)

Time = 31.28 (sec) , antiderivative size = 381, normalized size of antiderivative = 7.94

/z2(—\/1—$—\/1+$> <\/1_x+\/1+x> dwzatan(M—l)

ver+1-1

Vi—z—1 _ 35(vVI—z-1)® | 213 (vi—z-1)°  715(vI—z—1)" | 715 (\/ﬁ—l)g 273 (vi—z—1)"" | 35(vI—z-1)"?
i e e VR s o VA O Va1’ ()" (e
8 (vi—z-1)? | 28(vi—a-1)* | 56(vi—a—1)° |, 70(vi—z—1)° |, 56 (vIiz—1)° |, 28(vIz-1) |, 8(vi—z—1)""
Vo) T (et T (ari)’ T (arie)' T (e ' (ern® ' (veron®
213
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input\int(-x?*((x +1)7(1/2) + (1 - x)7(1/2))°2,%)

atan(((1 - x)7°(1/2) - 1)/((x + 1)7(1/2) - 1)) - ((1 - ¥°(1/2) - 1)/((x +
1)°(1/2) - 1) - (35*x((1 - x)7(1/2) - 1)73)/((x + 1)7(1/2) - 1)73 + (273%(
1-x701/2) - DB)/((x + 1)7(1/2) - 1)75 - (7T16x((1 - x)7(1/2) - 1)°7)/
((x + 1)7(/2) - )77 + (715x((1 - x)7(1/2) - 1)79)/((x + 1)7(1/2) - 1)79
- Q73%((1 - x)7(1/2) - D71 /((x + 1)7°(1/2) - 1)711 + (35*x((1 - x)~(1/2)
- 1D713)/((x + 1)7(1/2) - 1713 - ((1 - x)7(1/2) - 1)715/((x + 1)°(1/2) -
1)718) /(8% ((1 - x)~(1/2) - 1)72)/((x + 1)7(1/2) - 1)72 + (28x((1 - x)~(1
/2) - D7) /((x + 1)7(1/2) - 174 + (66x((1 - x)7(1/2) - 1)76)/((x + 1)~
/2) - 1)76 + (70x((1 - x)7(1/2) - 1)78)/((x + 1)7(1/2) - 1)78 + (56*((1 -
x)7(1/2) - 1)710)/((x + 1)7(1/2) - 1)710 + (28%((1 - x)7(1/2) - 1)712)/((x
+ 1)7(1/2) - 1)712 + (8%((1 - x)7(1/2) - 1)714)/((x + 1)7(1/2) - 1)714 +
(1 -x7(1/2) - 1)716/((x + 1)7(1/2) - 1)716 + 1) - (2%x73)/3

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/x2<—\/1—x—\/1+x> (\/1—x+\/1+x> dx

. (Vi
B a,sm( 2 ) \/:v+1\/1—x933+\/1’+1\/1—ww 23
2

N 2 4 3

nput | 188 (2% (- (10" (1/2) = (14307 (1/2))* (10" (/D + (140" (1/2)) ,0)

output‘(S*asin(sqrt( - x + 1)/sqrt(2)) - 6*sqrt(x + 1)*sqrt( - x + 1)*x**3 + 3%*sq
Tt(x + D*sqrt( - x + 1)kx - 8¥x#+3)/12 |
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346  [z(—vV1I-z—+V1+z)(Vi—2z++V1+z)dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3521
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 354
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3551
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 350
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 356
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 357

Optimal result

Integrand size = 40, antiderivative size = 21

/x(—\/l—x—\/1+w> (\/1—x+\/1+x) dw:—x2+§(1_x2)3/2

-

L_XA%Q/B* (-x"2+1)~(3/2)

-/

output

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/x(—\/l—x—\/l—i-x) <\/1—x+\/1+x> dmz—%(—l+x)(1+x) (3+2m)

-

LIntegrate [x*x(-Sqrt[1 - x] - Sqrt[l + x])*(Sqrt[1l - x] + Sqrtl[1 + x]),x]

-/

input

output| ~1/3*((-1 + 0¥ + X)*(3 + 248qrel1 - x721)) ‘
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Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:c(—\/l—a:—\/:c+1) (\/1—x+\/w+1) dz
l7239
2
/—CB<\/1—I+\/$+1) dz
l25
2
—/:L'(\/l—w+\/w+1> dz
17293
—/<2Mx+2:c) dx
l2009
20 93/2 9
- s
input Llnt[x*(-Sqrt [1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1 + x]),x]

e

outputt—x*z + (2%(1 - x~2)~(3/2))/3

L
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Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J
rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
rule 7239 Intlu_, x_Symbol]l :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

erIntegrandQ[v, u, x]]

rule 7293 Int[u_, x_Symbol] :> With[{v = ExpandIntegrand([u, x]}, Int[v, x] /; SumQ[v]

]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.24

method | result

default —x2 21tz /1I-z (z2-1)

3
orering | (== (oVIza—viTa) (VIZetvite) (1) (~1+0) ((—VI=8—V/IF8) (VIZa+v/IT8) 2 s — s ) (VI8
: 6

input‘int(x*(_(1_x)A(1/2)'(1+X)A(1/2))*((1‘X)A(1/2)+(1+X)‘(1/2)),X,method=_RETUR
 NVERBOSE) |

output L‘X“H/ 3% (1+%) ~ (1/2) % (1-%) " (1/2) * (x~2-1) J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/m(—\/l—m—\/l—l—x) <\/1—x—|—\/1+z> dx=—x2—§(x2—1)\/w+1\/—x—|—l

integrate (xx (- (1-x) " (1/2) - (1+x) " (1/2))* ((1-x)~(1/2) +(1+x)~(1/2)) ,x, algori

input
‘thm="fricas")

-

t—x*z - 2/3%(x"2 - 1)*sqrt(x + 1)*sqrt(-x + 1)

~—

output

Sympy [F]

/x(—\/l—x—\/1+x) <\/1—x+\/1+x> dx=—/2xdx—/2xm\/x—+1dx

inputkintegrate(x*(—(l-x)**(1/2)-(1+x)**(1/2))*((1—x)**(1/2)+(1+x)**(1/2)),X) J

-

L—Integral(Z*x, x) - Integral(2*x*sqrt(l - x)*sqrt(x + 1), x)

-/

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

3
2

/x(—\/l—x—\/l—i—x) (x/l—x+\/1+x> dx:—x2+§(—x2+1)

N

input(integrate(x*(-(1—x)“(1/2)-(1+x)‘(1/2))*((1—x)‘(1/2)+(1+x)‘(1/2)),x, algori
Lthm="maxima")

Output\—x*z + 2/3%(-x"2 + 1)~(3/2) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(17) = 34.

Time = 0.13 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.57

/x(—\/l—x—\/1+x> (\/1—x+\/1+x> dz

=—4z+1f—%(@z—5xz+1y+mv%+1¢—x+1

—Vz+1l(z—-2)vV—z+1+2x+2

integrate (x* (- (1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) ,x, algori

input
thm="giac")

N\

-(x + 1)72 - 1/3*%((2*%x - 5)*(x + 1) + 9)*sqrt(x + 1)*sqrt(-x + 1) - sqrt(x

output
+ D*(x - 2)*sqrt(-x + 1) + 2*x + 2
Mupad [B] (verification not implemented)
Time = 22.40 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19
2(2-1)Vi—z/zx+1
/x(—\/l—x—\/1+x)(x/l—x+\/1+x> de = —1? — (z ) 3 VT
input BTG+ DA/ + (1 - 07(1/2)72,0) J

output L‘ x"2 - (2x(x”2 - 1)*(1 - x)7(1/2)*(x + 1)7(1/2))/3 J
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.57

/:c(—\/l—x—\/1+m> (\/1—w+\/1—|—:c) dz
:_2¢mmx2+z¢mm )

3 3
input Lint(x*(_(1_X)A(1/2)_(1+X)A(1/2))*((1_X)A(1/2)+(1+X)A(1/2)),X) J
Output‘( - 2xsqrt(x + 1)*sqre( - x + 1kxxk2 + 2xsqre(x + Drsqre( - x + 1) - 3*x |

‘**2)/3 ‘
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347  [(—/T—z-IT7) (VI—z+IT7) du

Optimal result . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . .. ... o oL 358
Rubi [A] (verified) . . . .. . . ... .. 359
Maple [B] (verified) . . . . . . . . . ... 360
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 3611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 362
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 362
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 363
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 39, antiderivative size = 22

/<_\/1 —x—\/1+x> <\/1—x+\/1+x> dz = —2z — 2v/1 — 22 — arcsin(z)

-

output L_2*X'X*('XA2+1)A(1/2)-arcsin(x) J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 46 vs. 2(22) = 44.

Time = 0.01 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.09

/(—\/1—x—\/1+x> <\/1—x+\/1+x> dz
=—2—m(2+m> — 4 arctan <_\/§+ 1—|—x>

N

input LIntegrate[(-Sqrt[l - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrtl[l + x]),x] J

N

‘/—2 - x*%(2 + Sqrt[1 - x72]) - 4xArcTan[(-Sqrt[2] + Sqrt[1 + x])/Sqrtl[1 - x] ‘

] |

output




input

output
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Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _ 0.103, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(—\/I—w—\/:c+1) (Vi—2+va+1) do
| 7239
/—(x/l—m+\/x+1)2da:
| 25
—/(\/1—x+\/x+1>2dx
| 7293
—/(2m+ 2) do
| 2009
— arcsin(z) — V1 — 22z — 2z
LInt[(—Sqrt[l - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1 + x1),x] J

L—2*x - x*Sqrt[1 - x72] - ArcSin[x]




rule 25
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Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, xJ, x] /; SumQ[u]

rule 7239

rule 7293

input

output

Int[u_, x_Symbol] :> With[{v
erIntegrandQ[v, u, x]]

SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

Int[u_, x_Symbol] :> With[{v
]

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 58 vs. 2(20) = 40.

Time = 0.07 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.68

method | result size

3 1—z)(14x) arcsin(x
default | 2z ++v1+z(1—2)2 —/1+2V/1—2— (\/)1(T;r)1+x @) | 59

int ((-(1-x)7(1/2)-(1+x)~(1/2) ) * ((1-x) " (1/2) +(1+x) " (1/2)) , x ,method=_RETURNV
ERBOSE)

=2%x+(1+x) " (1/2) *(1-x) " (3/2) - (1+x) ~(1/2)* (1-x) ~(1/2) - ((1-x) * (1+x) )~ (1/2) / (
1-x)"(1/2)/(1+x) ~(1/2) *arcsin(x)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(20) = 40.

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.86

/(—\/1—x—\/1+x> <\/1—x+\/1+x> dz
\/x+1\/—x—|—1—1)

T

=—Vz+lzy—z+1-22+2 arctan(

integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x) ~(1/2)+(1+x)~(1/2)) ,x, algorith

input
m="fricas")

-sqrt(x + 1)*x*sqrt(-x + 1) - 2*x + 2*arctan((sqrt(x + 1)*sqrt(-x + 1) - 1

output
) /%)
Sym B| (verification not implemented
ympy p
Leaf count of result is larger than twice the leaf count of optimal. 48 vs. 2(17) = 34.
Time = 1.24 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18
/(—\/l—x—\/1+z) (\/l—x-l—\/l-l-x) dz
%
= 27— 4y x<(z Zl) _ Y x4+ 1) — 2asin (L ”;H> —2
inputLintegrate((-(1—x)**(1/2)—(1+x)**(1/2))*((1-x)**(1/2)+(1+x)**(1/2)),X)
ot /_2*x - 4xsqrt(1 - x)*((x + 1)**x(3/2)/4 - sqrt(x + 1)/4) - 2*asin(sqrt(2)*s

‘qrt(x +1)/2) - 2
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Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/(—\/1—x—\/1+x) (\/l—x—l—\/l—l—x) dr = —V/—12 + 1z — 2z — arcsin (z)

integrate((-(1-x)~(1/2) - (1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) ,x, algorith

input
‘m="maxima“) ‘

-

t—sqrt(—x‘2 + 1)*x - 2*%x - arcsin(x)

~—

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(20) = 40.

Time = 0.12 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.23

/<—\/1—x—\/1+x> (VI—z+Vi+z)ds
=—Vr+1(z—2)vV—2+1-2z—2vz+1v/—2+1—2 arcsin (%\/ﬁ\/x——kl> -2

integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) ,x, algorith

input
m="giac")

-sqrt(x + D*(x - 2)*sqrt(-x + 1) - 2xx - 2*sqrt(x + 1)*sqrt(-x + 1) - 2xa

output
rcsin(1/2*sqrt(2)*sqrt(x + 1)) - 2
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Mupad [B] (verification not implemented)

Time = 23.04 (sec) , antiderivative size = 205, normalized size of antiderivative = 9.32

/(—\/1—x—\/1+z) (\/1—x+\/1+w> dz

4(vi—z—1) 28(vI—z-1)° | 28(vi—z-1)> 4 (yi—z-1)’
- - 7

_ datan vVi—z—-1 YN Vz+i-1 (Va+i-1)° + (Va+1-1)° (Vz+1-1)
Ve+1-1 4(vi—z-1)? | 6(vi=e-1)" + 4 (Vizz-1)° + (Vi—e-1)® +1
(vVz+i-1)° (vVz+i-1)* (Va+i-1)° ' (Va+i-1)°

Lint(-((x +1)7(1/2) + (1 - x)7(1/2))"2,x%)

input

output #*atan(((1 = 07(1/2) = D/(Gx + D(A/2) - 1) = 25x + (41 - D7(1/2)
- 1))/(x + 1)7(1/2) - 1) - (28+%((1 - x)°(1/2) - 1)73)/((x + 1)~(1/2) - 1
)73 + (28%((1 - x)7(1/2) - 1)75)/((x + 1)7(1/2) - 1)756 - (4*x((1 - x)~(1/2)
- DD/ x + 1)7(1/2) - D7)/ (Ex((1 - x)7(1/2) - 1)72)/((x + 1)7(1/2)
- 172+ (6x((1 - x)7(1/2) - 1D74)/((x + 1)7(1/2) - 1)74 + (4x((1 - )~/
2) -1D76)/((x + 1)7(1/2) - 176 + ((1 - x)7(1/2) - 1)78/((x + 1)7(1/2) -
1)°8 + 1)
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.41
/(—Vl—x—x/l—l—w) <\/1—x+\/1+x> dz
=2asin( 1—x) —Vz+1V1l—zz -2z
V2
input Lint((-(1—x)‘(1/2)-(1+x)’"(1/2))*((1-X)‘(1/2)+(1+X)“(1/2)),X)

-/

output L2*asin(sqrt( - x + 1)/sqrt(2)) - sqrt(x + 1)*sqrt( - x + 1)*x - 2xx




e

output L
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3.48 f (—=vV1—z—1+z) (V1—z+V/1+2) do
T

Optimal result . . . . . . . . . . . . . . e 3641
Mathematica [B] (verified) . . . . . . . . . ... 364
Rubi [A] (verified) . . . . . . . . . . 3651
Maple [A] (verified) . . . . . . ... L 360
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 367
Sympy [F] . . o o 367
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 367
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 368
Mupad [B] (verification not implemented) . . ... ... ... ... .. ..... 369
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 369

Optimal result

Integrand size = 42, antiderivative size = 32

dz

T

= —2v1 — 22 + 2arctanh (\/ 1- xz) — 2log(z)

/(—\/l—x—\/l—l-a:) (Vi—-z+V1+2)

-2x(-x"2+1) " (1/2)+2*arctanh ((-x~2+1) ~(1/2) ) -2*1n(x)

~—  /

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 72 vs. 2(32) = 64.

Time = 0.02 (sec) , antiderivative size = 72, normalized size of antiderivative = 2.25

dz

T

:—2<m+2log <\/§—\/1+—x> + 2log (x/l—x—\/1+x>

/(—\/l—x—\/l—l—x) (VI—z++I+7z)

— 2log (—2 + \/5\/14-—%))

input

Integrate[((-Sqrt[1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1l + x1))/x,x]

J
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‘-2*(Sqrt [1 - x72] + 2#Log[Sqrt[2] - Sqrt[1 + x]] + 2*Log[Sqrt[1 - x] - Sqr ‘

output
Lt[l + x]] - 2%Log[-2 + Sqrt[21*Sqrt[1 + x11) J

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(—\/l—x—\/w—l-l) (Vi—z+Vz+1)

x

dx

l 7239

/:j¢1—xz¢x+uim
| 25
_/x¢1—x+¢z+nim

X

l 7293

2
_/<2¢1w+2)dw

T X

l 2009

2arctanh(\/ 1-— a:2) —2y/1—22—2log(x)

input| T2t LCC-Sqre 1 - x] - Sqre[1 + xD=(Sqre[1 - x] + Sqre[1 + x1))/x,x]

output L-Q*Sqrt [1 - x72] + 2%ArcTanh[Sqrt[1 - x~2]] - 2*Logl[x] J
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> With[{v
erIntegrandQ[v, u, x]]

rule 7239 SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

rule 7293 :Tnt [u_, x_Symbol] :> With[{v

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.59

method | result size
2v/1+z v1—z | V—z2+1—arctanh ———
default | —2In (z) — ( = () 51

input‘ int ((-(1-x)7(1/2)-(1+x) " (1/2) ) *((1-x) " (1/2)+(1+x) " (1/2)) /%, x ,method=_RETUR ‘
 NVERBOSE) |

—2%In () -2% (1+3) " (1/2) % (1-3) ~ (1/2) / (-x"2+1) " (1/2)* ((-x"2+1) " (1/2) ~arctanh(

output
/(X 2D (/) J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.28

dx
\/x+1\/—m+1—1)

T

/(—\/l—a:—\/1+x) (Vi—z++v1+1)

=—2\/a:+1\/—x+1—210g(a:)—210g( .

integrate((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x,x, algori

input
thm="fricas")

-2xsqrt(x + 1)*sqrt(-x + 1) - 2*xlog(x) - 2*log((sqrt(x + 1)*sqrt(-x + 1) -

tput

T
Sympy [F]
(-V1-z—-1+z) (VI-z++V1+2) 2 2v1—zVz +1
dr =— | —dz — dz
x x x

input Lintegrate((-(1-x)**(1/2)-(1+x)**(1/2))*((1-x) *%(1/2)+(1+x) **(1/2) ) /x,x) J

ou_tputt—Integral(2/x, x) - Integral(2*sqrt(l - x)*sqrt(x + 1)/x, x) J

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.28

dz

/(—\/1—1’—\/1—1-:6) (Vi—z++1+2z)

T

] ]

2v—x2+1 2
=—-2vV—-224+1-2log(x)+ 2 log <$+—>
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integrate((-(1-x)"(1/2)- (1+x) " (1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x,x, algori

input
Lthm="maxima" J

outputt—2*sqrt(-x‘2 + 1) - 2xlog(x) + 2xlog(2*sqrt(-x~2 + 1)/abs(x) + 2/abs(x)) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 130 vs. 2(28) = 56.

Time = 0.15 (sec) , antiderivative size = 130, normalized size of antiderivative = 4.06

/(—\/1—:1:—\/1-}—.’10) (Vi—z++1+1)

X

:—2\/x+1\/—x+1—2log<\/m+l>—210g(\/m—1‘>

dz

V2—+y/—z+1 VZ +1
+2log | |- + +2
vz +1 V2—v-z+1
9log V22— —z+1+ VT +1 .,
r+1 V2 —y/—z+1
input integrate ((- (1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x,x, algori
thm="giac")
output -2%sqrt(x + 1)*sqrt(-x + 1) - 2*xlog(sqrt(x + 1) + 1) - 2xlog(abs(sqrt(x +

1) - 1)) + 2xlog(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) + sqrt(x + 1)/(
sqrt(2) - sqrt(-x + 1)) + 2)) - 2xlog(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x
+ 1) + sqrt(x + 1)/(sqrt(2) - sqrt(-x + 1)) - 2))
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Mupad [B] (verification not implemented)

Time = 23.29 (sec) , antiderivative size = 122, normalized size of antiderivative = 3.81

/(—\/1—1:—\/14-.’1:)(\/l—x-l-\/l-l—x)dx

Lo (VIEELY oy (WIEE-Y)
-2 (Vo) 2! <<\r+1_1)2 1)
o n(e) 16 (vI—z—1)

2 (2(vVi—z-1)? | (Vi—z-1)*
(VeFT-1* (S + e )

-

Lint(-((x + 1)°(1/2) + (1 - x)~(1/2))"2/x,%)

-/

input

2¢Log(((1 - x)7(1/2) - 1)/((x + 1)7(1/2) - 1)) - 2%1og(((1 - 1)~(1/2) - 1)
"2/(Gx + 1D7(/2) - 172 - 1) - 2+log(x) - (16%((1 - x7(1/2) - 1)72)/(((x
S+ D7/2) - D72R((2% (A - 07(/2) - D72/ (x + 1D7(/2) - D72 + (U

- 07(/2) - 174/ ((x + 1D7(/2) - 174+ 1))

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 109, normalized size of antiderivative = 3.41

dz

/(—\/1—x—\/1+x) (Vi—z++1+71)

X

=-2/z+1V1—z+ 2log (—\/§+tan (M) — 1)

2
—2log (—\/§+tan (M) +1) +2log (ﬁ—i—tan (M) —1)
— 2log (\/ﬁ + tan (M) + 1) — 2log(z)

Lint((-(1—x)A(1/2)—(1+x)“(1/2))*((1—x)“(1/2)+(1+x)”(1/2))/x,x) J

input
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Output‘2*( - sqrt(x + 1)*sqrt( - x + 1) + log( - sqrt(2) + tan(asin(sqrt( - x + 1
)/sqrt(2))/2) - 1) - log( - sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) |
‘+ 1) + log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) - 1) - log(sqrt(2

‘) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1) - log(x))
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3.49 f (—=vV1—z—1+z) (V1—z+V/1+2) do

72
Optimal result . . . . . . . . . . . . . . e B71]
Mathematica [A] (verified) . . . . . . . . . .. .. B71]
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 374
Sympy [F] . . o o 374
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 374
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 3751
Mupad [B] (verification not implemented) . . ... ... ... ... .. .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 42, antiderivative size = 26

5 dz = — + —— + 2arcsin(z)
x x x

/(—\/1—x—\/1+x)(\/1—:c+\/1+z) 2 2¢y/1—22

output L2/x+2* (-x~2+1)~(1/2) /x+2%arcsin(x) J
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.88
2(1+4++/1—2? — 4z arctan Ltz
/(—\/l—x—\/1+z‘)(\/1—x+\/1+x)dx_ ( V-2
x? B x
input Integrate[((-Sqrt[1 - x] - Sqrt[1 + x])*(Sqrt[l - x] + Sqrtl[l + x]))/x"2,x
]
output (2x(1 + Sqrt[1 - x72] - 4*x*ArcTan[Sqrt[1 + x]/(Sqrt[2] - Sqrtl[1l - x1)1))/
X




input

output
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Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w—¢1—x—¢x+25¢y—x+¢m+ndx
| 7239
/_ (VI= wl—2\/x+ 1)2d$
| 25
_/(Vl—x;¢z+nim
| 7293
Sz
| 2009
2 arcsin(z) + 2*/1;—“"2 + %

tInt[((—Sqrt [1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1l + x]))/x"2,x]

-

L2/x + (2#%Sqrt[1 - x~21)/x + 2*ArcSin[x]

-/
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, xJ, x] /; SumQ[u]

rule 7239 Intlu_, x_Symboll :> With[{v
erIntegrandQ[v, u, x]]

SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

rule 7293 :Tnt [u_, x_Symbol] :> With[{v

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 49 vs. 2(24) = 48.

Time = 0.09 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.92

method | result size
2( —arcsin(z)z—vV—z2+1 )14z V/1—z
default | 2 — ( @ - \/—9:2-:_1) * 30

int ((-(1-x)7(1/2)-(1+x)~(1/2) ) * ((1-x) " (1/2)+(1+x)~(1/2) ) /x"2,x ,method=_RET

input
URNVERBOSE)

2/x-2x(-arcsin(x)*x-(-x"2+1)~(1/2))*(1+x)~(1/2)*(1-x) ~(1/2) /x/ (-x~2+1) "~ (1/

output
2)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.69

/ (—vVi-z—-+v1+z)(Vi—-z++V1+2) e
2 <2marctan (@) —Vr+1y/—z+1-— 1)

integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x"2,x, algo

input
rithm="fricas")

-2* (2*x*arctan((sqrt(x + 1)*sqrt(-x + 1) - 1)/x) - sqrt(x + 1)*sqrt(-x + 1

output
) - 1 /x
Sympy [F]
(—vVi—-z—-vV1+z)(Vi-z+V1+2) 2 2v/1—zvz +1
5 de = — — dr — 5 dz
X X x
inputLintegrate((-(1—x)**(1/2)—(1+x)**(1/2))*((1-x)**(1/2)+(1+X)**(1/2))/x**2,X) J

Output‘-Integra1(2/x**2, x) - Integral(2*sqrt(l - x)*sqrt(x + 1)/x**2, x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/(—\/1—x—\/1+x)(\/1—x+\/1+x) 2v/—x2+1

2
5 dx = + — + 2 arcsin ()
x x x

input‘integrate((—(1—x)“(1/2)—(1+x)‘(1/2))*((1—x)“(1/2)+(1+x)*(1/2))/x*g,x’ algo
‘rithm="maxima") ‘
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output‘2*sqrt('xh2 + 1)/x + 2/x + 2*arcsin(x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 149 vs. 2(24) = 48.

Time = 0.13 (sec) , antiderivative size = 149, normalized size of antiderivative = 5.73

dz

xr2

8 (ﬁ—m _ Va4l >
VatL Va—V=z+1

(ﬂ—m_ Vot >2_4

/(—\/l—x—\/l-i—z) (Vi—z++1+1)

+

2
=2+ —
x

Vao+1 V2—v/—z+1
(ﬁ_ v _$+1>2 _ 1)

Vx"'l( o1
2(V2—v=z+1)

+ 4 arctan

integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2))/x"2,x, algo

input
rithm="giac")

2xpi + 8*((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - sq
rt(-x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2)
- sqrt(-x + 1)))7°2 - 4) + 2/x + 4xarctan(1/2*sqrt(x + 1)*((sqrt(2) - sqrt
(-x + 1))72/(x + 1) - 1)/(sqrt(2) - sqrt(-x + 1)))

output

Mupad [B] (verification not implemented)

Time = 23.19 (sec) , antiderivative size = 118, normalized size of antiderivative = 4.54

/(—\/l—ac—\/l—l—:c)(\/1—m+\/1+1')dz
$2
5(vVi—z—1)° 1
_ 2(vVari-1)? 2 —8atan(\/1_x_1> Vi—-z-—1 +z
C Vi1 (Vime-n)? Ve+1-1) 2(Vz+1-1) =z
e+1-1  (Vzti-1)°
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input\int(—((x + 1)°(1/2) + (1 - x)"(1/2))"2/%72,%) ‘

‘((5*((1 - x)7(1/2) - 1)72)/(2x((x + 1)°(1/2) - 1)72) - 1/2)/(((1 - x)~(1/2

output
D - D/x+ DTA/2) - 1) - (A - 0)7(W/2) - 1D73/((x + 1)7(1/2) - 1)73) |
- 8xatan(((1 - x)7(1/2) - 1/((x + 1)7(1/2) - 1)) + (A - 0~1/2) - 1)/(@2
*((x + 1D7(/2) - 1) + 2/x
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.27
(—vV1i—-z—-+1+z)(VI—-z+V1+2)
. dz
—4asz’n<—v1\/;”> T+2vVr+1y/1—2+2
B x
inputLint((_(1_X)A(1/2)_(1+X)A(1/2))*((1'X)A(1/2)+(1+X)A(1/2))/XA2,X) J
Output‘(2*( - 2xasin(sqrt( - x + 1)/sqrt(2))*x + sqrt(x + 1)*sqrt( - x + 1) + 1)) ‘

G |




outpu

input
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377

3.50 f (—=vV1—z—1+z) (V1—z+V/1+2) do

x3

Optimalresult . . . . ... ... ... ... ... . . .
Mathematica [B] (warning: unable to verify) . . . . . ... .. ... ...
Rubi [A] (verified) . . . . ... .. . ...
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . ... ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . . ... ... ...
Giac [B] (verification not implemented) . . . . . . .. ... ... .. ...
Mupad [B] (verification not implemented) . . .. .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .....

Optimal result

Integrand size = 42, antiderivative size = 33

dr = — +
3 x2 2

/(—\/1—x—\/1+a:)(\/1—x+\/1+x) 1 1—2?

— arctanh (ﬂ)

t‘1/x"2+(-x"2+1)"(1/2)/x"2—arctanh((—x"2+1)"(1/2))

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 148 vs. 2(33) = 66.

Time = 0.06 (sec) , antiderivative size = 148, normalized size of antiderivative = 4.48

dz

/(—\/1—x—\/1+x) (Vi—z++/1+72)

3

= —2arctanh
( —24+V2+V2/1+2

+1+\/1—x2+x210g(—2—\/§+\/1—z—l—\/l—l-x—l-\/ﬁ\/l—l-x)
2

T

z_\/i+2\/1—x+2¢1+w—\/§v1+x>_1og(f—¢1+—x)

‘Integrate[((—Sqrt[l - x] - Sqrt[1l + x])*(Sqrt[1 - x] + Sqrt[1 + x]))/x73,x

N
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|-2%ArcTanh[(2 - Sqrt[2] + 2#Sqrt[1 - x] + 2#Sqrt[1 + x] - Sqrt[21#Sqrt[i +
 x1)/(-2 + Sqrt[2] + Sqrt[21*Sqrt[1 + x1)]1 - Log[Sqrt[2] - Sqrt[t + x]1 +

‘(1 + Sqrt[1 - x72] + x"2%Log[-2 - Sqrt[2] + Sqrt[1 - x] + Sqrt[1 + x] + Sq ‘
rt[2]*Sqrt[1 + x11)/x"2 |

output

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules

number of steps used = 4, number of rules used = 4, = :
integrand size

used = {7239, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (-V1i-z—+vz+1)(Vi-z++z+1) s
1‘3
l 7239
2
/_(\/1—901—3\/954.1) s
l 25
2
_/%Vl—w;vx+u(m
l 7293
2
_ /<2¢13w + 2 )
X X
l 2009
/1 — 2
—arctanh(ﬂ) + 1 2$ iz
X X
input [Int[((-Sqrt [1 - x] - Sqrt[1 + x])*(Sqrt[1 - x] + Sqrt[1 + x]1))/x"3,x] J

output X" ("2 * Sartll - x"21/x"2 - ArcTanh[Sqrt[1 - x"2]]
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rukaQOOQLInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 7239 Intlu_, x_Symboll :> With[{v
erIntegrandQ[v, u, x]]

SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl

rule 7293 ;nt[u_, x_Symbol] :> With[{v

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.73

method | result size
1+z+/1—2 (arctanh( )xz—\/ —z241 )
1 N
default | - — Vet o7

‘1nt(( (1-x)"(1/2)-(1+x) " (1/2)) *((1-x) " (1/2)+(1+x) ~(1/2)) /x~3,x ,method=_RET ‘

input
‘URNVERBOSE) \

‘1/x“2-(1+x)‘(1/2)*(1-x)‘(1/2)*(arctanh(i/(-x‘2+1)‘(1/2))*x‘2—(—x‘2+1)“(1/2
L))/X‘Q/(—x‘2+1)‘(1/2) J

output
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.30

/(—\/1—$—\/1+33) (Vi—z++1+7) e
3
z2log <‘/F1— Vz_””“_1> +Vr+ 1/ +1+1

x2

integrate((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x"3,x, algo

input
rithm="fricas")

(x"2*log((sqrt(x + 1) *sqrt(-x + 1) - 1)/x) + sqrt(x + 1)*sqrt(-x + 1) + 1)

output
/x"2

Sympy [F]

/(—\/l—x—\/1+x) (Vi—z+v1+x) dxz_/gdm_/2\/1—x3\/x+1dx

3 3 T

input | integrate (= (1-x) %k (1/2) = (1+x)+x (1/2) ) ((1-1) ¥4 (1/2)+ (1+x) % (1/2)) /xx43,%)

outputL—Integra1(2/x**3, x) - Integral(2*sqrt(l - x)*sqrt(x + 1)/x*x3, x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.55

/(—\/1—x—\/1+x) (Vi—-z+V1+2)

3

(1P 1 (2_m 3)

2 2 ERT

dz

=v—-z2+1+
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integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2))/x"3,x, algo

input
rithm="maxima")

sqrt(-x"2 + 1) + (-x"2 + 1)7(3/2)/x"2 + 1/x72 - log(2*sqrt(-x~"2 + 1)/abs(x

output
) + 2/abs(x))
Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 233 vs. 2(29) = 58.
Time = 0.17 (sec) , antiderivative size = 233, normalized size of antiderivative = 7.06
/ (—vV1i—-z—+v1+z) (Vi—-z++V1+2)
3 dx
x
A ((ﬁ—m > )3 LAV sy )
Va+l V2—v/~z+1 Va+l V2—v/~z+1
= 2
( V2—v=z+1 _ T+l >2 _ 4)
z+1 V2—y—z+1
1 V2—v-z+1 z+1
+— —1lo — + +2
x2 g(‘ Vr+1 V2—v=z+1 )
2—v—z+1 1
+ log V2 s+l Va4 .y
rz+1 V2 —+y/=r+1
input integrate ((-(1-x)~(1/2)-(1+x)~(1/2))*((1-x)~(1/2)+(1+x)~(1/2)) /x"3,x, algo
rithm="giac")
output -4%(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - sqrt(-x

+ 1)))73 + 4x(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - 4xsqrt(x + 1)/(sqrt(2
) - sqrt(-x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(s
qrt(2) - sqrt(-x + 1)))"2 - 4)72 + 1/x"2 - log(abs(-(sqrt(2) - sqrt(-x + 1
))/sart(x + 1) + sqrt(x + 1)/(sqrt(2) - sqrt(-x + 1)) + 2)) + log(abs(-(sq
rt(2) - sqrt(-x + 1))/sqrt(x + 1) + sqrt(x + 1)/(sqrt(2) - sqrt(-x + 1)) -

2))
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Mupad [B] (verification not implemented)

Time = 24.14 (sec) , antiderivative size = 186, normalized size of antiderivative = 5.64

/(—\/l—x—\/l—l—a:)(\/1—x+\/1+x)dx
xr3
W (\/1—35—1)2_1 _ln<\/1—x—1)
(Vz+1-1) Ve+l-1
(Vi—z-1)* | 15(v/I—z-1)*
WI=z-1°  seip Peaeyt 61

— + J—
1 1) (Vice-1)? 2(vi—e-1)* | (Vi—z-1)° g2
16(Ve+1-1) (Va+1-1)2  (Vari-1)*T | (Va+i-1)°

input int(-((x + 1)°(1/2) + (1 - x)~(1/2))"2/%x"3,%)

log(((1 - x)7(1/2) - 1)72/((x + 1)7(1/2) - 1)°2 - 1) - 1log(((1 - x)~(1/2)
- D)/(x + 1)7(1/2) - 1)) - (1 - x)7(1/2) - 1)72/16x((x + 1)7(1/2) - 1)~
2) + (((1 -x7(1/2) - 1)72/6*((x + 1)7(1/2) - 1)72) + (15%x((1 - x)~(1/2)
- D7) /A6x((x + 1)7(1/2) - 1)74) - 1/16)/(((1 - x)7(1/2) - 1)72/((x + 1
)7(1/2) - 1)72 - (2x((1 - 07(1/2) - )74/ ((x + 1)7(1/2) - 174 + ((1 - x
)7(1/2) - 1)76/((x + 1)7(1/2) - 1)76) + 1/x72

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 119, normalized size of antiderivative = 3.61

/(—\/l—x—\/1+z’) (VIi—z++VI+2)

x3

dz

asin Vi—z asin Vi—s
Ve+1y1—z— log(—\/ﬁ-l—tan <M) — 1) x? + log<—\/§+tan (M) + 1) 2 — lo

xr2

-

nput| 108 (107 (1/2)= (14307 (1/2))% (107 (1/2)+(1+3) 7 (1/2)) /%73, %)

-/
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output‘ (Sqrt(x i 1)*Sqrt( -x+1) - 10g( - Sqrt(2) + tan(asin(sqrt( - X + 1)/sqr
‘t(2))/2) - 1)*x**2 + log( - sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2)
‘+ 1) *x**2 - log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) - 1)*x**2 +
‘log(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1)*x**x2 + 1)/x**2




output

input

output
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E; E;]. L/‘ \/1——$-Fx/14—$ CZQ?
: —V1—z+v1+z

Optimal result . . . . . . . . . . . e 384
Mathematica [B] (verified) . . . . . . . . . ... o o 3841
Rubi [B] (verified) . . . ... ... . ... ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .....
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [B] (verification not implemented) . . . . . . ... ... ... ... .. ..
Mupad [B] (verification not implemented) . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ........

Optimal result

Integrand size = 39, antiderivative size = 28

Vi—z++V1+zx

—V1i—z++1+z

dr =vV1—22— arctanh(x/ 1-— x2> + log(z)

e

t(—x’"2+1) ~(1/2)-arctanh((-x~2+1)~(1/2))+1n(x)

~—

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 68 vs. 2(28) = 56.

Time = 0.26 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.43

/

Vi—-z++V1+z
dxr =

—V1—-z++1+z

V1—2?—2log (-2 + V2 — 2z)

+2log<\/§—\/m> +2log<—\/1—x+\/1+x>

LIntegrate[(Sqrt[l - x] + Sqrt[1 + x1)/(-Sqrt[1 - x] + Sqrtl[1 + x1),x]

‘Sqrt [1 - x72] - 2#Log[-2 + Sqrt[2 - 2*x]] + 2*Log[Sqrt[2] - Sqrtl[1 - x]] + ‘
‘ 2+Log[-Sqrt[1 - x] + Sqrt[1 + x]]

N
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Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 69 vs. 2(28) = 56.

Time = 0.93 (sec) , antiderivative size = 69, normalized size of antiderivative = 2.46,
number of rules
integrand size 0.103, Rules

number of steps used = 4, number of rules used = 4,
used = {2528, 7239, 2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Vi—z++r+1 i

Ve+l—+y1—-z
l2528
1/\/1—x(\/1—x+\/x+1)dx+1/\/m—i-l(\/l—x-i-\/a:-l-l)dw
2 T 2 T
l7239
1 [—z+V1—22+4+1 1 fz+V1—224+1
— dr + = dz
2 T 2 T
l2010
1 =2 ST 2
1/ Sl da:+1/ = ) e
2 T T 2 T T
l2009

%(—arctanh<\/1 — x2> +V1l—x2—z+ log(a:)) +
1
2 (—arctanh<\/1 - a:2) +V1-a2+z+ log(:c))

e hY

Int[(Sqrt[1 - x] + Sqrt[1 + x])/(-Sqrt[1 - x] + Sqrt[l + x]),x]

N\ J

input

output‘ (-x + Sqrt[1 - x72] - ArcTanh[Sqrt[1 - x"2]] + Loglx])/2 + (x + Sqrt[l - x ‘
"‘2] - ArcTanh([Sqrt[1 - x"2]] + Loglx])/2
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2010 Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

rule 2598 TntL(u )/ (Ce_)*Sqrtl(a_.) + (b_)*(x_)] + (f_.)*Sqrtl(c_.) + (d_.)*x1D),
x_Symbol] :> Simp[c/(ex(b*c - a*d)) Int[(u*Sqrt[a + b*x])/x, x], x] - Si
mp[a/(f*(bxc - a*xd))  Int[(u*Sqrtlc + d*x])/x, x], x] /; FreeQ[{a, b, c, d
, e, £}, x] && NeQ[bxc - axd, 0] && EqQ[axe”2 - cxf~2, 0]

rule 7239‘Int [u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
‘erIntegrandQ[v, u, x]]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.71

method | result size
V1Fz 1=z | vV—22+1—arctanh ——L—
default | In(x) + ( e ( ‘ _“”2“)) 48

int (((1-x)7(1/2)+(1+x)~(1/2)) / (-(1-x) " (1/2)+(1+x) ~(1/2)) ,x ,method=_RETURNV

input
ERBOSE)

In(x)+(1+x) " (1/2)*(1-x)~(1/2) / (-x"2+1) ~(1/2) *((-x~2+1) ~(1/2)-arctanh(1/(-x

output
"2+1)7(1/2)))
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.29

Vi—-z++1+z
—V1—-z++1+z

dr = Vx + 1v/—z + 1+ log () + log (\/x+1\/;z—|—1—1)

‘integrate(((1—x)‘(1/2)+(1+x)‘(1/2))/(—(1-x)‘(1/2)+(1+x)“(1/2)),x, algorith

input
‘m=“fricas“)

qurt(x + D*sqrt(-x + 1) + log(x) + log((sqrt(x + 1)*sqrt(-x + 1) - 1)/x)

output
Sympy [F]
Vi—z++V1+=x dp = — Vi—=z dr — vr+1 i
—V1—z+V1+z Vi—-z—+z+1 Vi—z—+vz+1

input‘integrate(((1—x)**(1/2)+(1+x)**(1/2))/(_(1_X)**(1/2)+(1+x)**(1/2)),x)

t‘—Integral(sqrt(l - x)/(sqrt(1 - x) - sqrt(x + 1)), x) - Integral(sqrt(x +

outpu
1)/(sqrt(1 - x) - sqrt(x + 1)), x)

Maxima [F]

Vi—z++1+z [V +l4+—z+1

= d
—1-z++V1+z ’ Ve+l—y/—z+1 !

}integrate(((1—x)‘(1/2)+(1+x)“(1/2))/(—(1—x)‘(1/2)+(1+x)*(1/2)),x, algorith

input
Lm="maxima")

output Lintegrate((sqrt(x + 1) + sqrt(-x + 1))/(sqrt(x + 1) - sqrt(-x + 1)), x)




input

outpu

input

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(24) = 48.

Time = 0.16 (sec) , antiderivative size = 123, normalized size of antiderivative = 4.39

Vi—-z++/1+z

—V1—-z++1+z

+10g<

VE-VEFl | JaEl
vr+1 \/5 V—z+1

V2 - —x+1 vz +1
z+1 \/§ —r+1

+ 2

-2

dr=+vz+1v/—z+1+log (\/m+1> + log (’\/m—lb

_log<_

)
)

‘integrate(((1—x)“(1/2)+(1+x)”(1/2))/(—(1—x)“(1/2)+(1+x)‘(1/2)),x, algorith

m="giac")

t‘sqrt(x + 1)*sqrt(-x + 1) + log(sqrt(x + 1) + 1) + log(abs(sqrt(x + 1) - 1)

‘) - log(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) + sqrt(x + 1)/(sqrt(2) -
‘ sqrt(-x + 1)) + 2)) + log(abs(-(sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) + sqr
\t(x + 1)/(sqrt(2) - sqrt(-x + 1)) - 2))

Mupad [B] (verification not implemented)

Time = 23.67 (sec)

—V1-—z++1+z

Vi—-z+/1+z dz=1n<(\/1—x—1)
(Vz+1-1)

+1In(x) —

Vi-z-1
o)

, antiderivative size = 93, normalized size of antiderivative = 3.32

i-Q_m(

8(z—2vVz+1+2) (z+2V1—2-2)

vz+i+2vI—z-4)

Lint(((x + D71/2) + (1 - x07(1/2))/((x + 1)7(1/2) - (1 - x)7(1/2)),%)

log(((1 - x)7(1/2) - 1)72/((x + 1)7(1/2) - 1)72 - 1) - log(((1 - x)"(1/2)
- 1)/((x + 1D7(1/2) - 1)) + log(x) - (8%(x - 2%(x + 1)7(1/2) + 2)*(x + 2x(
1= 07(/2) - 2))/(2%(x + 1)7(2/2) + 2%(L - 1)7(1/2) - )72

-/
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.86

2

. (Viz
1— 1 asm(—)
Vi—z+Vlts dr =+vx+1v1—2—2log| tan A2 +1

—1—-z++V1+z 2

asin  Yi=2
+ 2log (—\/5 + tan (%) + 1)
. (Vi-z
asin
+ 2log (\/§+ tan (M) + 1)

2

e

Lint(((1—x)’"(1/2)+(1+x)"(1/2))/(-(1-X)’"(1/2)+(1+X)“(1/2)) »X)

~—

input

output‘ sqrt(x + 1)*sqrt( - x + 1) - 2*log(tan(asin(sqrt( - x + 1)/sqrt(2))/2)**2 ‘
‘+ 1) + 2%log( - sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1) + 2*log ‘
(sqrt(2) + tan(asin(sqrt( - x + 1)/sqrt(2))/2) + 1)

-

J




output

input

output
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E; ES:Z L/'-—\/——14ﬂ$4—\/l—F17ciaj
) V—I+z+V1+z

Optimal result . . . . . . . . . . . e 390
Mathematica [A] (verified) . . . . . . . . . ... o 3901
Rubi [B] (verified) . . . ... ... . ... ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... .. .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F] . . . . . . 394
Giac [A] (verification not implemented) . . . . . . ... ... ..o L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 35, antiderivative size = 33

—V-1+z++/1+z z2

V-1l+z++/1+2 2

1
dx:——§\/—1+xx\/1+x+

arccosh(z)
2

-

L1/2*x‘2—1/2* (-1+x) = (1/2) *x* (1+x) ~(1/2)+1/2*arccosh (x)

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.39

—V-1+z++/1+z 1

V-1l+z++/1+2 2

dx=—(—1+a:2—\/—1+xx\/1+x

—2log <\/—1+$—\/1—|—x))

LIntegrate[(-Sqrt [-1 + x] + Sqrt[1 + x])/(Sqrt[-1 + x] + Sqrt[1 + x]),x]

‘(—1 + x72 - Sqrt[-1 + x]*x*Sqrt[1 + x] - 2*Log[Sqrt[-1 + x] - Sqrt[1 + x]]

/2

-/

J

N
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Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 79 vs. 2(33) = 66.

Time = 0.59 (sec) , antiderivative size = 79, normalized size of antiderivative = 2.39,

_ 4 number of rules
4, integrand size = 0.114, Rules

number of steps used = 4, number of rules used =
used = {2529, 25, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
Ve+1l—+vz—-1 i
Ve—1++z+1
l 9529

;/—V¢+1@@—1—Vw+0dx—;/—Vx—%Vw—l—Vm+0dz

| 25

;/\/x—1<\/a:—1—\/x+1)d:c—;/\/I-i-l(\/fﬂ—l—\/ﬂ?‘i‘l)dﬂf

l 7293
;/(x—\/m\/m-1>dm—;/(—x+\/mm—l>dw
l 2009
(R 2 )
;<arcc02sh(m) .rz \/—\/:m:c-l-a?)

-/

input[lntt<-sqrtt-1 + x] + Sqrtl[1 + x1)/(Sqrt[-1 + x] + Sqrtl1l + x1),x]

output‘( x + x72/2 - (Sqrt[-1 + x]*x*Sqrt[1 + x])/2 + ArcCosh[x]/2)/2 + (x + x~2/ ‘
‘2 - (Sqrt[-1 + x]*x*Sqrt[1 + x])/2 + ArcCosh([x]/2)/2
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[(u_)/((e_.)*Sqrt[(a_.) + (b_.)*(x_)] + (£_.)*Sqrtl(c_.) + (d_.)*(x_)1),
x_Symbol] :> Simp[-d/(e*(b*c - axd))  Int[u*Sqrtl[a + b*x], x], x] + Simp[
b/ (fx(b*c - a*xd)) Int [u*Sqrt[c + d*x], x], x] /; FreeQ[{a, b, c, d, e, f}
» x] && NeQ[b*c - a*d, 0] && EqQ[b*e~2 - d*xf~2, 0]

rule 2529

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(23) = 46.

Time = 0.03 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.88

method | result size
Vit (—14 )% Vitz V== V(1+z)(—1+z) ln(m—i-\/z?—l) 2
R 2v/—T+e VIt +% | 62

0t (- (1430~ (1/2)+(1+x) ~(1/2)) / ((-1+x) " (1/2) +(1+x)~(1/2)) , x,method=_RETUR

input
LNVERBOSE) J

—1/2% (1+3) ™ (1/2) % (-14%) ™ (3/2) ~1/2% (1+3) ~ (1/2) % (-14x) ~ (1/2) +1/2% ((1+x) * (~1+

output
‘ x))~(1/2)/ (-1+x)~(1/2) / (1+x) " (1/2) *1n(x+(x"2-1) ~(1/2) ) +1/2*x~2
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.12

—/—1 1 1 1 1
V-l+z+v +xdx=__\/x—+1\/m$+—x2——log<\/x+1\/x—1—x>
vV-1+z++1+z 2 2 2

integrate ((-(x-1)~(1/2)+(1+x)~(1/2))/((x-1)~(1/2)+(1+x)~(1/2)) ,x, algorith

input
m="fricas")

-1/2%sqrt(x + 1)*sqrt(x - 1)*x + 1/2%x72 - 1/2*log(sqrt(x + 1)*sqrt(x - 1)

output
- x)

Sympy [A] (verification not implemented)

Time = 14.83 (sec) , antiderivative size = 223, normalized size of antiderivative = 6.76

—vV-1+z++/1+2

vV-1l+z++1+z

_ (@-1)F 3@-17 Vo1 +(x—1)2
Wr+1 4/z+1 2z +1 4

dz

Njw

acosh (Y2v/zt1 3 5
L) et S il

+
i [(V2V/TFT
(2+1)” iasin (22475) + it _ 3iarn? + Wzl - gtherwise

4 2 4/1—2x 41—z 2y/1—zx

asinh (‘/5 2””_1)

+

N

input Lintegrate ((—(x=1) %% (1/2)+(1+x) ** (1/2)) / ((x=1) ** (1/2) + (1+x) ** (1/2) ) , %)
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-(x - D*x(5/2)/(4*sqrt(x + 1)) - 3*(x - 1)**(3/2)/(4*xsqrt(x + 1)) - sqrt(
X - 1)/(2xsqrt(x + 1)) + (x - 1)**2/4 + Piecewise(((x + 1)**2/4 + acosh(sq
rt(2)*sqrt(x + 1)/2)/2 - (x + 1)**(5/2)/(4*sqrt(x - 1)) + 3*(x + 1)*x(3/2)
/(4*sqrt(x - 1)) - sqrt(x + 1)/(2*sqrt(x - 1)), Abs(x + 1) > 2), ((x + 1)*
*2/4 - Ixasin(sqrt(2)*sqrt(x + 1)/2)/2 + I*(x + 1)**(5/2)/(4*sqrt(1l - x))
- 3*Ix(x + 1)**%(3/2)/(4xsqrt(1 - x)) + I*sqrt(x + 1)/(2*sqrt(1 - x)), True
)) + asinh(sqrt(2)*sqrt(x - 1)/2)/2

output

Maxima [F]

—\/—1+m+\/1+xdw_ Ve+1—+vr-—1
V-1+z++V1+z Ve+1l4++/z—-1

input\intesrate<<-(x-1>‘<1/2)+<1+x>*<1/2>)/(<x—1>*(1/2)+(1+x>*(1/2)),x, algorith
m="maxima") ‘

outputtintegrate((sqrt(x + 1) - sqrt(x - 1))/(sqrt(x + 1) + sqrt(x - 1)), %) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.24

—/=1+z++V1+=x 1 s 1
dr=>(z+1°— Vot ivzr—1
/ Y Y z 2(x ) 5 VT z— 1z

—m—log(\/x+1—\/x—1>—1

input ‘{integrate ((-x-1)"(1/2)+(1+x)~(1/2)) / ((x-1)~(1/2)+(1+x)~(1/2)) ,x, algorith

Lm=“giac")

~

‘1/2*(x + 1)72 - 1/2%sqrt(x + 1)*sqrt(x - 1)*x - x - log(sqrt(x + 1) - sqrt

output
x-1) -1
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Mupad [B] (verification not implemented)

Time = 33.22 (sec) , antiderivative size = 200, normalized size of antiderivative = 6.06

/—\/—1+x+\/1+a:
V=1l+z+/1+2z

VI—1—i
dx = acosh(z) — 2ata,nh( ° 1)

ve+1-—-1

14 (vo—1-i)® | 14 (Va—1-i)° n 2 (va—1—i)” " 2 (va—1-i)
(Vati-1)° (Va+1-1)° ' (Va+i-1)' Vz+i-1

+ 1 6(va—1-i)"  4(va—1-i)° | (Va-1-i)°  4(Va—1-i)°

(Vz+i-1)*  (Va+ri-1)°® = (Vetri-1)®  (Ve+i-1)°

2

+x
2

-

Lint(-((x - 1D7(1/2) - (x+ 1)7(1/2))/((x - 1)7(1/2) + (x + 1)7(1/2)) ,%)

-/

input

acosh(x) - 2*atanh(((x - 1)7(1/2) - 11)/((x + 1)7(1/2) - 1)) + ((14x((x -

1D7(1/2) - 1)73)/((x + 1)7(1/2) - 1)73 + (14x((x - 1)7(1/2) - 11)76)/((x

+ 1)7(1/2) - D76 + (2x((x - 1)7(1/2) - 1)) /((x + 1)7(1/2) - 177 + (2%
((x - 1D°1/2) - 11)/((x + 1)7(1/2) - 1))/((6*((x - 1)7(1/2) - 1i)"4)/((x
+ 1)7(1/2) - D74 - (Ax((x - D7(@1/2) - 11)72)/((x + 17(1/2) - 1)72 - (4
*((x - 1D7°(1/2) - 11)76)/((x + 1)7(1/2) - 1)76 + ((x - 1)7(1/2) - 1i)78/((
x + 1)7(1/2) - 1)78 + 1) + x72/2

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

—v-1l+z++/1+z

dz =
V-1+z+I+z

Ve +1vz -1z Vz—1++vz+1 2
- 9 + log +

e 1
) 2 4

¢ A0t (- -1~ (1/2)+ (1407 (1/2)) / ((x-1) " (1/2)+(1+2) ™ (1/2)) , %) |

inpu

output‘( - 2*sqrt(x + 1)*sqrt(x - 1)*x + 4xlog((sqrt(x - 1) + sqrt(x + 1))/sqrt(2
‘)) + 2%x*%*2 - 1)/4 ‘
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 390
4.2 Links to plain text integration problems used in this report for each CAS . HEI4

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

396

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)



CHAPTER 4. APPENDIX 407

ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Reduce [B] (verification not implemented)

	 x^3  (a+b x+a+c x)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2  (a+b x+a+c x)^3  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x  (a+b x+a+c x)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  (a+b x+a+c x)^3  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1-x (1-x+1+x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^3 (-1-x-1+x) (1-x+1+x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2 (-1-x-1+x) (1-x+1+x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x (-1-x-1+x) (1-x+1+x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (-1-x-1+x) (1-x+1+x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (-1-x-1+x) (1-x+1+x)  x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (-1-x-1+x) (1-x+1+x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (-1-x-1+x) (1-x+1+x)  x^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1-x+1+x  -1-x+1+x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [B] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 --1+x+1+x  -1+x+1+x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [B] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)
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