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CHAPTER 1. INTRODUCTION 15

This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 399 |. This is test number | 159 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 14 (January 9, 2024) on windows 10 pro.
2. Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
3. Maple 2024 (March 1, 2024) on windows 10 pro.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

5. FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

6. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

7. Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

9. Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.



CHAPTER 1. INTRODUCTION 16

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 96.49 (385 ) | 3.51 (14)

Mathematica | 95.99 (383 ) | 4.01 (16)
Fricas | 74.94 (299 ) | 25.06 ( 100 )
Maple | 51.13 (204 ) | 48.87 ( 195)
Mupad 37.09 (148 ) | 62.91 ( 251)
Giac 36.84 (147 ) | 63.16 ( 252 )
Maxima 36.59 (1146 ) | 63.41 ( 253 )
Reduce | 28.07 (112) | 71.93 ( 287 )
Sympy | 24.56 (98) | 75.44 (301)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.241 0.000 0.000 3.759
Mathematica 66.165 0.000 29.574 4.261
Fricas 58.145 16.541 0.000 25.313
Maple 45.113 4.261 1.504 49.123
Maxima 23.810 12.782 0.000 63.409
Giac 22.055 14.536 0.000 63.409
Sympy 16.792 7.519 0.000 75.689
Mupad 0.000 36.842 0.000 63.158
Reduce 0.000 27.820 0.000 72.180

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

o

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 14 100.00 0.00 0.00
Mathematica | 16 100.00 0.00 0.00

Fricas 100 100.00 0.00 0.00

Maple 195 100.00 0.00 0.00

Mupad 251 0.00 100.00 0.00

Giac 252 45.63 8.33 46.03

Maxima 253 95.26 0.00 4.74

Reduce 287 100.00 0.00 0.00

Sympy 301 84.05 15.95 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.07
Mathematica 0.10

Fricas 0.11

Giac 0.15

Reduce 0.24

Rubi 0.55

Maple 2.17

Sympy 4.33

Mupad 16.60

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 68.61 1.10 51.50 0.94
Mathematica | 83.65 0.81 73.00 0.82
Maple 114.67 1.37 67.50 0.98
Sympy 118.27 1.68 51.00 1.13
Giac 134.65 1.58 80.00 1.35
Rubi 141.16 1.05 98.00 1.00
Reduce 168.14 1.85 86.50 1.47
Fricas 172.43 1.35 111.00 1.06
Maxima 211.64 1.74 67.00 1.26

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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1.9 list of integrals with no known antideriva-
tive

(13}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {[76,[77,[78}[79}[85}[86} 87} [88} 8%} 94} 95} 96} [97} (98} 103} [L04} [105} [106; [107} [1 12} [1 13} 114
(115, 116} [T2T], 122} 123} [124} 125} T30} (13T} [132} 133} [143} 144} [145, [146} 230} 23T}, 232} 235,
236}, 237,238, 240, 241, 242} P45, 46}, 247, 248, 316} 518, 321}, B23]}

Mathematica {155,156} [157,[158,[[76} 221 222,316} 367}




CHAPTER 1. INTRODUCTION 28

Maple {226]}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e
Mma . . . . . . e e e e 36)
Maple . . . . . . e 87
Fricas . . . . . . e e 87
Maxima . . . . . . . e e e
Gilac . . . . e e 39
Mupad . . . . . . . 40
SYMPY . . . o o e e 41l
Reduce . . . . . . . . . e 41

Rubi

A grade {1617 (15,19} 20, 21,22 23,2 25, 26) 27 25,2 50,51 52,53 4 85,56, B 68
39, 40}, AT}, 42, (43} (44, {45} 46, 47}, 48, 49} 50} 6}, 52} 63}, 54} (55, [56} 571, 68} 59, [60}, 6T, (62, [63),
64,65, 166} (671, 68} [69, [70} [7T, [72} [73}[74} [75} [76}, [77} [78, [79} (8T {81, 82, B3} 84, [85), 86} [B7], B3,
89,00, BT}, 02, 03}, 04, P35}, 96}, 07} 98}, 09} [100} [L0T], 102} 103}, [L04}, [L05}, [106}, [107} [L08} [109} 11T},
(111}, 112}, 113}, 114} [TT5} [1T6} [TT7} [TT8} (119} [T20} 121}, 122, [123} [124} 125}, 126}, 127], 128}, [129,
(130, (13T}, 132} 133}, 134, (135}, [136}, (137} [138], 139, [140}, 14T}, [142} [143], 144} [145), [146), [147], 148,
[149,[150} 15T} 152}, 153}, 154} [T55} 156}, [157], 158}, [159, 160}, (16T}, [162], 163, 164, [165}, [166}, 167,
[168,[169, [T70} (17T}, 172}, 173} [T74, 175} [176], 177,178, [T79} [180} [18T], 182, [183), [184, [185}, 186,
[187,[188},[189}[190}, 191}, 192} [T93} 194} [195], 196}, 197,198}, [199} [200} (201}, 202, 203} (204}, [203),
[206],[207,[208}, 209} 210}, 211}, 212} 213}, 214}, 215}, 216}, 217} 218}, 219}, 220} [22T}, 222} 223}, 224},
[225],[226,, [227} 228}, 229}, (230}, 231}, 232} 233}, 234, [235,[236}, 237}, 238}, 239, [240}, 241}, 242}, [243]
(244,245, [246], 247} [248],[249, [250, 251}, 252}, [253], 254}, [255}, 256}, 257, 258, [259, 260} 26T}, 262,
[263],[264, [265], 266}, [267], 268, 269, 270} 271}, 272, 273} 274} 275}, 276}, 277, 278, 279} 280} [28T],
282,283, [284], [285), 286,287, 288, 289} 290}, [291], 292, 293} 294}, [295], 296}, 297, 298}, 299}, [300,
[301},[302,[303}, 304} [303},[306},[307, 308}, 309}, 310}, 311} [312} 313}, 314}, 315}, 316}, 317} [318},[3T9,
820,321,322} 323}, [324},[325}, 326}, 327} [328},[329,[330}, 331}, [332}, 333}, 334} 335}, 336}, [337},[338],
339,340, (34T}, 342} [343}, (344}, [345), 346}, [347],[348},[349,[350}, 351}, 352}, 353}, [354, [355}, [356}, [357),
1358,,[359, (360}, 36T}, [362},[36 3}, (364, 365}, [366,[36 7], 368, (369} [370}, 371}, 372, 373}, 374} [375},[376],

B77,378,[379} 380} [381],[382, [383), 384}, [385), (386, 387, (388}, [389}, 390}, 391}, 392}, 393}, [394}, [393),
396}, [397, 398}, [399] }

B grade { }
C grade { }
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F normal fail { [12,5,85,6,7B/6/10 [ 245}

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {12 B)78/5,6 7 5510 11 2 135 16,7 15,1920, 21} 22, 23,2 25,26, 27
28,29} 301, 31} [32}, 33, 134} [35} 36}, 137} 38} 39, (40} 41}, 42} 43} 44}, (45, 146}, [47], 48, 49} 50}, 5T}, 62,
[3}[64, 55} (56, [57} 58, [69} (60} [61}, 62463}, 64} (65}, (66} (67, (68} (69, [70} [7 T, [72} [73}[74} [75} 149} [150,
[15T},[152} 153}, (154} [168], 169, [T70} 17T}, [172], 173}, [174, [T75} (176}, [177], 178, [T79} [180} 18T}, 182,
[183}, (184}, [185), [186}, 187}, 188}, [189} 190}, [191], 192, [193}, 194, [195},[196], 197, 198}, [199} 200}, [201],
202,203, [204, 205}, 206}, 207,208, 209} 210}, 211}, 212} 213} 214}, 215}, 216}, 217, 218} 219} [220,
[221],222, 223} 224} [225], 226}, 227, 228}, 229}, [251], 252} 253} 254}, [255], 256}, 257, 258} 259} [260,
[261],[267,[268}, 269} 270}, 271}, [272} 273}, 274}, 275}, [276], 28T}, 282}, 283}, 284}, [285}, 286}, (287}, 283,
289,290 [295}, 296}, [297], 298, [299, 300} 301}, 1302, [303, 304} [309}, 310}, 311}, 312} 313}, 314}, [3T5),
817,318, [319}, 320} [321},[322, [323), 324, [326),[327],[328,[329} 330}, 331}, 332, 333}, 334}, [335}, [336],
1337,1338,[339} 340} [341],[342, [343), 344}, [345), (346, [34 7, [348}, [349}, 350}, 351}, 352}, 353}, [354}, [353),

[356},1358,[359, 360} [362},[36 3, (364, 365}, [366},[36 7], [368, (369} [370}, 371}, 372, 373}, 374} [375},[376),
377, [379, [385} [336|, 337, 338 389}, 390}, 391}, 392} 393, [394] 395}, 396}, 397} 398,399 }

B grade { }

C grade {[76}[77] 78 [79}80} 81} 82} 83|84} 85 [86} |87 88} [8%} [90} 01} 92} 93} 04} 9506, 7} [08)
[99 (L00, (10T, 102} 103} [0 [T05} (L8, (107, (L0} (09} [.T0} [T} [LT2, [[T3} 14} [ 15 [LT6, 117,
[TT8) [TT9, [T20 [C21) [T22, (123} 124, [T25) (126, [[27} [28) [[20} (130} [31) [[32, [L33} 34 [[35 [L36,
[[37) 138, (139} (140} 141} (142} 143} 144 (145 (146 147 [[48, 155} (56 157, [158} 230} [231) 232,
[233, (234 235, 236, [237) (238} 239 [240) (24T, 242} [243 [244, 245, 246 [247) 248, 240 [262 263,
[264% [265, 266, 277} [278, [279 280} [201} (292, 293, [20% 305, U6, ;307 [308, B 325 357, B61]
}

F normal fail {[I59}[160} 161} 162} [163}[164} [165}[166}[167,[250}[378|[380}[381} [382} 383 [384]
}

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {1617 (15, 19} 20, 22,5 24,25 26, 27 2 20,50, 5152 53,5 55 55, 57} B9,
(AT} A2} 43, [44} (45} 46}, 47, [48] 49} [50, 511, 52} 53} 651 [56} 57} 58, [691 (60} 6T, (62} (63} 64} [65} (66
67,68} 69} [70} [72} [73} [74,[75}, [T55} [156}, 176}, (177, 178}, [T79} [180} [T8T}, 182} [T83} 184, [186}, 187,
[188},[189], (190}, [191], 194, [195], 196}, [197], 198}, (200, 201}, (202}, 203}, [204, [205}, (206}, 207} 209, [210),
211,212}, 213, 214} 215, [216], 217, 218 219} 220, 22T}, 222}, 223} 224}, 225 [227], 228}, [229, [26 2,
263, [264}, (265, [266], 270, [271], 272} 277,278}, 279, [280} 284}, [285], (286}, 291}, [292, 293}, 294, [298,
299,300}, (305, [306},[307, 308}, (312}, (313}, 314, [315}, 317} [319}, [320}, (322}, [324], [326, 328}, [329, (330,
1B31,[333},[334,[335},[336}, [337],[338}, [339}, [340}, [341], 342}, [343], (344, [345], (346}, [347], (348, [349,[350,
[57,561] [, [57 555, S0, B90, 891, 392, 393, B9, 395, 596, 697, B8, B9 }

B grade { [21) 58)/54 71} 55} 192} 103} 109} 208, 226, 316, 318} 521 523, 525, 527, 532 }
C grade {[149}[150|[151} [152}[153,[154] }

F normal fail { [1)2)BLM5,6, 7 80 10U} (2[4 (5,7} 775} 70,50 BT 2 B3
86},[87,88}[89, [90} 9T, 92} 93} 94} 95}, 06}, [97}, 98} [99}, [T00} 10T}, 102} 103}, [104} [105} [106}, 107
[108,[T09, [T10} (11T}, 112}, 113} [T14}[T15} 116}, 117, 118, [T19} 120} [121], 122, 123}, [T24} [125}, 126,
[127,[128},[129} (130}, 131}, 132} 133} [134} (135}, 136}, 137, 138} [139} [140}, 141}, 142} 143} [144} [143),
[146}, (147,148} [157], 158}, [159}[160} 16T}, [162], 163, [164, 165}, [166},[167], 168, 169} 170} 171}, 172,
[173,[T74,[T75} 230} 231}, 232} [233} 234} 235}, 236}, 237, 238}, 239} [240}, (24T}, 242}, 243} 244}, [243),
[246],[247,[248], 249} 250, 251}, 252}, 253} 254}, [255], 256, 257} 258}, 259}, (260}, 26 T, 26 7} (268}, [269,
(273,274, [275, 276} [28T], 282, 283, 287} 288}, 289, 290}, 295}, 296}, 297], 301}, 302, 303}, [304}, [309,

810,811, [351}, 352} [353},[354}, [355}, 356}, [358},[359}, [36 0}, [36 2} [363}, 364, [365}, (366}, [36 7}, [368}, 369,
370,71}, 372,573,374 375) 376}, 377, 378}, [579,[330] [331] 382, 383} 384} 335 }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { 2B} 5)B) 7B B 0} 12 56, 1715, 20, 23,225 26,27} 25) 29,50, 1)
32} [33},[34, 135}, 36}, 37} {0}, 41}, 42} 43, 44}, (45} (46}, 7], (48}, [49} [50} [51}, 52} 53} [56, 57}, 58} 59} (6T,
61}, [62}[63, 64} [65} (66, [671, 68} 69} [70L [73}, [74}, [75}[761, [77], [78} [79}, [T}, B2} 83}, 84, [B5), 86}, 87, [88,
B9}, 0T}, 02, 03}, 94}, 05, 06}, 97} 98}, 09, [L00}, [T0T}, [T02} 103} [[04} [105}, [106}, 107, 109}, [TT0} [TTT}
[112}[T13], 114, 115}, 116} [T18) 119} 120, 12T} [122] [123} [124, 128} [129, [130} [131}, 132} 133}, [134,
(135,136}, 137, (138}, [139} (140}, 14T}, [142], 143} (144}, [145, [146], 148} [176], 177} [178, [T79} [180, [185),
(186}, [187],[188},[189},[190}, [191},[192} 193], 194, [195], 196}, [197], (198}, 203}, 204}, 205}, 206}, (207, 212,
213,214} 215, [216}, 217, [218], 219} 220}, 22T}, 222}, 223} 224, 225} 231}, 232} 233, 237} [24T}, [242],
(247, [262], 263, 264}, (265, [266], 270, 271}, 272} 277,278} 279, [280} (284, [285] [286], 291}, (292, 293,
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294, [298],1299, (300}, (305}, 306}, (307, 308}, 312} 313}, 314, [315], 316}, 317,318}, 319, [320}, [321},[322],
1823,[333},[334,[335},[336},[339},[340}, [341}, 342}, [343},[344], [345],[348}, 349}, [350}, 357, [36 T}, [3861,[387,
583B91,592 )

B grade {121} 228,59, 54 55 71 [72, 50} 90} 108} 7 125} 126,127 147 15T} [53, 1553
[184,[199, 200}, 201}, (202}, 208, [209} 210}, [211], 226}, 227, 228, 229} 230}, (234, 235}, 236}, 238}, 239,

240,243,244, 245} [246], 248, [249, 324}, [325),[326],[327,[328}, [329}, 330}, 331}, 332}, 337} [338}, [346],
347, [389},[390}[393][394] [395] 398}, [399] }

C grade { }

F normal fail { [ ([5,[[49} 150} (51} [52[53, 54 {153,156} 157 [[58 159} 160, 161} {62
[163},[164} 165}, [166}, 167,168,169} 170} [171], 172, [173} 174} [175} 250, 251}, 252} 253} 254} [253),
[256],[257,[258], 259} 260}, (261}, 267, 268}, (269}, (273, 274, 275} 276}, 28], 282, 283, 287} 288}, 289,
[290},[295,[296}, 297} [301},[302,[303}, 304} 309}, 310, BT} 351}, 352}, 353}, 354, [355}, 356}, 358}, [359,
1360, [362,[363}, 364} [365], 3661, [36 7, 368}, [369}, 370}, 371} 372} 373}, 374, 375, 376}, 377}, [378},[379,
(50, 351 352, 353 354, 355,396} 597 }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {{[7[8}[}[10}[T1} [12}[16} 1718} 19} 20} 1] 22} [23} 24} 25} [26) 27} 28} 29}30] 3] [32}
(B3, 34 35}, 36, [37} B8, (39}, AU AT} 42, 3} 14, 45, 6, 47, 8, 49, 50} BT, 52 53} 54 59 6T, BT
(62,63} 6% (65 66, 69} [70} (180} 204 205, 206, 207 212, P13} [214) [215, (216, 217, 225 (262, 277

[291],[305, [315}, 317} [318},[320}, [32T}, 322} [323}, (329}, [330}, 331}, 332}, 334}, [3361, [337, 339} [340}, [347,
348 [349}, 357} [386/,[397] ;398 }

B grade {[1)3B}5)6,768) 76} 77 78} 79} [51) 152, 53 (54 [155} {56} {57 158} 150}
(190}, 191}, 192}, [193},[194} [195}, [196},[197} 198}, [199, 200}, 201}, 202, [203} [218}, 219} [220} [221], 222,
(223, 224 516, 510,533, 535 541, 550, 359} 390} BOT, 99 }

C grade { }

F normal fail {[[4)[5)55,[56) 57 B8 71} 72,73} 72,75} 76} 77 75) 79,60, B, 52, 63 B4 69
86}, [87}[88, 89}, 90} 91}, 092, [93} 94} 95, 96}, 97}, 98} 99, [L0C},[10T}, 102} 103} [104} [105} [106}, (107}
[108,[109, 110}, [TTT], 112} [TT3] 114} [TT5], 116}, [T17, 118} [TT9, [T20} 121}, 122} [123], 124} [125], [T26),
[127,[128], 129, [130}, 13T}, [132], 133} [134, 135}, (136}, 137} [138], (139} [140, (141}, [142, [T43} [144} [T45),
(146}, (147,148, [149,[150} (151}, 152} 153}, 154} [155], (156} [157], (158} [159, (160} (161}, 162} 163, 164,
[165,[166},[167, [168],[169} [170, 17T} [172, 173} [174, [T75} 209, 210} 211}, 226}, 227, 228}, 230}, [231],
(232,233}, 234, [235], (236}, [237], 238, 239}, [240}, 241}, 242} [243], 244, [245], 246}, [247], 248}, [249, [250,
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251} 252} [253, 254} [255} [2561, 257} 258} 259, [260} 26T}, [26 3, 264} [265, 266} 267} 268, 269} 270,
271,272} [273, 274} [275} [276), 278, [279} 280, [281], 282, 283,284} [285, 286}, 287} 288}, 289} [290),
292,293} [294, 295,296}, 297, (298, [299} 300, 301}, 302, 303}, [304} 306}, [307} 308} 309, [310} B1T],
812,313} 314} 324} [325}, 3261, 327} 342} 343}, 345}, 351}, 352} 353}, B54, 355} 356}, 358}, [359} 36T,
361,362} 363,364} [365}, 3661 367} 368} 369, [370} 371}, 372} 373}, 374, [375} 376}, 377} [378, 379,
[B80} 381}, 382} 383} 334} 385,387} 388 }

F(-1) timedout fail { }

F(-2) exception fail {[13}[208}[229}[328} 338} 344, [346} [392, [393}[394} [395}[96] }

Giac

A grade {[17,19,20,[26, 27,28, 29}[30, 31} 32} 33, |42} 3, [44} 45, 46 |47 48} [49} 52} 53} 59, 60
(6% 6566, [L76} 77} L 78, [L79 (T80} (181} (182, [85} 186, (187, (188} (189} 190} (19T, [192} 193, 1%,
(195} 196, (197, 203} [204 (205} 206 [207] (208, 209} 216 221, 222} 223} [224, 262, 271 [277) 29T
[209, ;305 BT5, 816 317, 19} 820} [322) (323, 825, [327) {330, 832, B33, 335, (336, 837 [338) (339,
[B40} 8451848} 857} [386} 387} [391] }

B grade { 21} 22 23,24, 25,5461, 62 63 153 154 [[08) [109) 210, 211} 212, P13, P14 215,
217,218,219}, 220} [225], 226}, 26 3} 264, 265}, 266}, 270, 272} 278}, 279, 280}, 284, 285 286}, 292,
[293],[294,[298},[300} [306},[307,[308}, 312}, [313}, 314}, [334} [341}, 343}, 350}, 36 1}, 388}, 389}, [390}, [392,
593}

C grade { }

F normal fail { [55,56)5758) 59}, 1) 5, 55, 65,69} 70\ 72 73 7 75, 50,31} 152
[133}[134}, 135,136}, 137, [138] 139} (140}, 14T}, [142], [149} [150, [151} (152, [153}, [154} [156}, 157,164,
[165}[167], (168, [169, [170} (171}, 172} [173], 174, [175], 200} (201}, 202} 227, 228, 229, [258, 259, [260),
[261},[269}, 273, [274}, 275, [276], 283, [287], 288}, 289, [290} [297],[30T}, (302, (303}, 304, [31T], 318}, [32T],
1324,[326,[328, [331],[342}, [344}, 35T}, 352}, 353}, [354}, [355}, [356, 358}, [359}, (360}, [36 4, [36.5}, [366, (368,
1369,[370},[3711,[372},[373,[375},[376), 377,378, [379},[382} [383}, 384}, [385], 394}, [395], 396}, [397],[398]
}

F(-1) timedout fail {[I}[2}[3}[45,/6.[7 B 0 [0} {1} {2, {14, [T5) 251 [252) [253) 254 255, 256,
}

F(-2) exception fail { (16,15} 54,50} 51,55 57,67 7577 75 79} 50, 1 52,63} 54,6556,
B7,[88, 89} [90, 91}, 92, 93} 94, [95} 96}, 07}, 98} [99}, [100} [101} [102} 103}, 104}, 105, 106}, [107], [108,
(109,110, 11T, [1T2, 113} 114, 115} 116}, 117, (118 [119}[120], (121} 122, 123} [124} [T25] [126], [127,
[128}[129], (143} [144}, [145),[146], [147}[148],[155} [158], [159} [160} [16 1} [162, [163}, [166}, 230} 231}, 232,
(233,234}, 235, [236}, 237, 238}, 239}, 240}, 24T}, 242}, 243} 244, [245] [246], 247} [248),[249} 250, [26 7,
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[268} [281}[282} 295, [296}[309), 310} [329} [346} [347} [349} [362} [363} [36 7} [374} [380} [381},[399 }

Mupad
A grade { }

B grade { [16,17)[T3,19)/20, 21} 22,23} 24 25) 26,27} 25,29} 50,1} 52 53} 5 55, 55,57} 55
139} 40}, 411, 42} (A3}, 44} {5}, (46}, (47, 48, 49}, 50} 1}, 62, 53}, 54} 55, [66, 57} 58, 59, (60, 6T, 62} [63,
64,65}, 66} (67, 68} [69 [70} [7 T [72} [73} [74} [75}, (180}, 18T}, (182} (185}, [L86), [L87}, 188}, 189} 190} [19T],
[192}[193], 212} 213}, 214} [215] [216}, 217], 218}, 219, [220}, 262, [26 3}, [264, [265} (266}, 270} 27T}, 272,
[277,[278}, 279, [280}, (284}, [285], 286], (291}, 292} 293}, 294, 298], 299}, 300, (305}, (306}, (307}, [308}, 312,
B13,[314}, 315, [316},[317, 318}, (319, [320}, 32T}, (322}, [323} [333}, 334, 335}, [336}, (337, [338}, [339,[340,
ﬁmmmmmmmmmmmmmmmmmm
}

C grade { }

F normal fail { }

F(-1) timedout fail { [1)BF5,6,7 80)/I0) T} 124 15,75} 7775} 79,50 BT} 2 3
B4} 185,861 87,83} [89}[00, [91}, 92}, 93} 94}, [95}, 96}, 97, [98} [99} [L0C} [101}, [102, [103, 104} [105}, 106},
[107,[108},[109, 110, 11T} [1T2, 113} [T14, 115} (116}, 117} [118] [T19}[120, 121} 122, [T23} [124} [T25),
[126},[127],[128},[129},[130}, [131},[132} 133}, 134, [135], [1 36}, [137], (138} [139, [140}, [141}, 142} [143}, [144,
(145}, (146}, (147,148}, [149} 150, [15T} 152}, 153} [154}, [155} [156], 157} [158), 159} [160, 16T}, 162, [163),
[164,[165],[166),[167], 168, [169], 170} (171}, 172} [173], 174, [175],[T76} [177, 178}, [179, [183} [184, (194,
(195,196}, 197, [198],[199, 200} 20T}, [202], 203} (204, [205}, (206}, 207} 208, 209} 210, 211}, (221}, 222,
(223, [224},225,[226], 227, [228], 229, 230}, 231}, 232}, 233} 234}, 235}, 236}, 237} 238, 239} [240}, [241],
242, [243], 244, [245],[246),[247],248), 249}, [250}, 251}, 252} 253, 254, 255}, 256), [257], 258}, [259, [260),
[261},[267], 268, 269} 273} 274}, 275, 276}, 28T}, 282}, 283 [287], 288}, (289, 290}, [295], 296}, (297, [30T],
1302, [303},[304}, [309}, (310}, [311],[324}, [325}, 326}, [327],[328], [329}, [330}, 331}, 332}, [346}, 347}, [351},[352],
1353, [354},[355,,[3561,[358, [359},[360}, 362}, 363}, [364, [365}, [366], 36 7}, 368, [369} 370, 371}, [372,[373),
(74 575, 376, 677, 575, 79, 330, 351,557 353, 334 553, 655 59, 396,397 }

F(-2) exception fail { }




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 41

Sympy

A grade {[LP13[4[51[6}[16,[17) 18} 19 21} 22} [23) 24} [25} [26) 27 [28} 29} 30} 31} |32} 33} |42} 3}
P, 5, P65, 47, 48, P29, 59, 60} 6T 62 53} 6% 65, 56 (156, T80 (185, (56, [[87, (158} 189} 212,
[2T3, (214 215 [216, 262} [277, 291 [305, BT, 317 319} 820} 322, B33, 335, B37,[338, 340} 891}
892/}

B grade {[20,[151}[152}[176}[177}[178} [179,[190}[191}[192}[193} 217} 218} 219} 220} [263} [264]
265}, 266}, 278, 279], 230] 292, 293, 306}, 307}, 57, [339] [390], 393 }

C grade { }

F normal fail {[780}[10},[11}[12}[14 15} 34 35|36} 37} [38} 39} 40} 41} 50} 51} 52} [53} 54} 55
(56} 574 8} 67 [68} 6% [70} 71} (7273, 74 [75} 76, [77, (78, [79 (8T, BT (82, B3, % /85 863, 87, BB,
[B% 90, (91}, 92, [93} [98, [T03},[T04 [T05, [T06},[[07] 108, [T09, [T10, 1T} [TT2} [TT3, 114} [TT5} [[16,
(L7} [LT8, (119} [L20} 121} (122} 123} 124 (125} (126} 127 [L30, [[3T} (132} 133, [13%} [35 L3} (140,
[T} (143, (14145 (146, (147} 148} 149} [T50, [[53} 54 [T55, [157} [58) [T61T} (162, 63} [6% 165
[T66 (167, (168} (169} 70 [L7T} [T72} 73, [L74, [[75 [81) [T82, 83} 18 (194, 195, (196, 197 (178
[T99} (200, 201, 202} [203, (204 205 [206) (207, 208} 209} 210, 21T} 224 [225, 226, 230 [231) 232,
[233, (234 240, 241) [242, [243) 244 [247) (250, 251 [252) [253, 257 255 [256, 257 258 [259) (260
[261) [267, (268} 269} [270} (271} [273| [274 (275, 276, [281) [282, 283, 284 [287, 287, 288} [289) 290,
[206, 297, 298} [BUT) [302, 303} 804 310 1T, BT2} 316 318, B2, 823, 524, (325, 826, [327) 328,
(329 /330, B31), 832} [33% (336, 339} [341) (342, B3, [344) {35, B46, 87 [38, 349} 850 351 352,
[853 (354, 55 356 [358, (359} 360, (362 (363, 864 [366) (367, B68, 869} 370, B7T} 872} 373, 74,
[B75}[B76}[377} [B78} 379} [380} [381) [382) [385, [385}, [336, 387}, 395}, 396} 397 }

F(-1) timedout fail { [94,[05)[96}[97,[99} [00}[10T}[102} [128} [129} 136} [137} [138} 142} [159}
(160} [221], 222}, 223}, 227} [228), [229} 235}, 236}, 237} 238} 239, [245] [246], [2438}, 249}, [272}, [286}, [294,
[295}299}[300} 1308} [309} 313} 314} 361, [365} [384) 388} [394, 398,139 }

F(-2) exception fail { }

Reduce
A grade { }

B grade { [16,17)[T5)10)/20, 21} 22,23} 2 25) 26,27} 25,29} 50,1} 52, 3} 5 55 55,57} 5
139} 40}, (AT}, A2} (A3}, A4, 5], (46, A7), 48, 49}, [144}, [177], [T78), [T79} [T80}, 18T}, [[82}, [183} [184} [185} [186}
[187,[188},[189, 190}, 19T}, [192], 193} [196], 197, [198],[199} 200, 202} 262, [26 3}, [26 4, [265} [266], 270,
271,[272],277,[278], 279}, 280}, 284}, 285}, 286}, [291], 292} 298], [305}, 306}, 312}, 315}, 316}, 317, 318,
1319,[320},[324}, [325},[326},[327],[328}, [329},[333}, [334}, [335}, [336},[337} 342}, [343), [344}, [345), [3461,[357),
(1] [350, 557, 359,390, 591, 594, 595,596 }
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C grade { }

F normal fail { [1)2BL05,6, 7 60 [0L[C) (2} (5,0} 57,2 53, 55,6 67 )
60} (6T}, 162} (63, [64} (65, [66}, 67, [68} 69, [70} [7 T} [72, [73} [74}, [75} 76, [77} [78, [79} 80, [B1}, 82} B3} B4
85}, [86}[87, 88}, 89} 90}, 011,92}, 93}, 94, [95}, 96}, 97}, 98, [99} [100} [10T} [102} 103, 104}, 103}, 106}, [107,
[108,[109, [T10} (11T}, 112}, 113} [T14}[T15} 116}, 117, (118, [T19} 120} [121], 122, 123} [124} [125}, 126,
[127,[128},[129} (130}, 131}, 132} 133} [134} (135}, 136}, 137, 138} [139} [140}, 141}, 142} 143} [145}, 146,
[147,[148},[149},[150} 151}, 152} [153} 154} [155], 156} [157, 158}, [159} [160}, 161}, [162} 163}, 164} [163)],
[166},[167, [168},[169} 170}, 171} [T72} 173}, [174] 175} [176], 194} [195}, (201}, 203, [204}, 205}, 206}, 207,
[208,[209, 210}, 211} 212}, 213, 214}, 215} 216}, 217, 218, [219} 220}, 221}, 222, 223}, 224} 225}, 226,
227,228, [229, 230} 231}, 232, 233} 234}, 235}, 236}, 237, 238}, 239} 240}, 241}, 242} 243} 244}, [245),
[246],[247,[248], 249} 250, 251}, 252, 253} 254}, [253], 256, 257} 258}, 259, 260, 26 T, 267} (268}, 269,
[273,[274,[275], 276} [281], 282, [283], 287} 288}, 289}, [290, 293} 294}, [295], 2961, 297, 299} 300}, [301],
1302,[303,[304, 307}, [308},[309, 310}, 311}, 313}, 314, [32T},[322} 323}, 330}, 331}, 332} 338}, [339}, [340,
1341],1347,[348},[349}[350},[351}, 352}, 353}, [354}, [353],[3561, 358}, [359}, 360}, 362, [36 3}, [364], [36 5}, [36 6],
1367,[368,[369, 370} [371},[372,[373}, 374} [375}, (376}, [377, 378}, [379}, 380, 381}, 382}, 383} [384}, [385),
(539,592, 599 897, 398,599 }

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A F B B A F(-1) F F(-1)
verified N/A N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 69 0 63 0 170 111 78 0 17 0

N.S. 1 0.00 0.91 0.00 2.46 1.61 1.13 0.00 0.25 0.00
time (sec) N/A 0.000 0.065 0.000 0.058 0.076  0.348 0.000 0.177 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A F B A A F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 43 0 46 0 100 99 37 0 17 0

N.S. 1 0.00 1.07 0.00 2.33 1.37 0.86 0.00 0.40 0.00
time (sec) N/A 0.000 0.056 0.000 0.041 0.068 0.184 0.000 0.164 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A F B A A F(-1) F F(-1)
verified N/A N/A Ye N/A TBD TBD TBD TBD TBD TBD
size 26 0 35 0 44 26 20 0 17 0

N.S. 1 0.00 1.35 0.00 1.69 1.00 0.77 0.00 0.65 0.00

time (sec) N/A 0.000 0.030 0.000 0.035 0.103 0.089 0.000 0.177 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A A F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 29 0 35 0 43 26 22 0 19 0
N.S. 1 0.00 1.21 0.00 1.48 0.90 0.76 0.00 0.66 0.00
time (sec) N/A 0.000 0.031 0.000 0.033  0.101 0.087 0.000 0.189 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F B A A F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 49 0 46 0 100 59 37 0 19 0
N.S. 1 0.00 0.94 0.00 2.04 1.20 0.76 0.00 0.39 0.00
time (sec) N/A 0.000 0.059 0.000 0.042 0.091 0.185 0.000 0.164 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F B A A F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 75 0 63 0 169 111 80 0 19 0
N.S. 1 0.00 0.84 0.00 2.25 1.48 1.07 0.00 0.25 0.00
time (sec) N/A 0.000 0.060 0.000 0.049 0.097 0.346 0.000 0.209 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 171 0 63 0 148 193 0 0 17 0
N.S. 1 0.00 0.37 0.00 0.87 1.13 0.00 0.00 0.10 0.00
time (sec) N/A 0.000 0.161  0.000 0.158  0.082 0.000 0.000 0.166 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 123 0 46 0 93 122 0 0 17 0
N.S. 1 0.00 0.37 0.00 0.76 0.99 0.00 0.00 0.14 0.00
time (sec) N/A 0.000 0.145 0.000 0.122  0.084 0.000 0.000 0.197 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 79 0 31 0 60 81 0 0 16 0
N.S. 1 0.00 0.39 0.00 0.76 1.03 0.00 0.00 0.20 0.00
time (sec) N/A 0.000 0.040 0.000 0.119 0.088 0.000 0.000 0.173 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 79 0 31 0 56 81 0 0 18 0
N.S. 1 0.00 0.39 0.00 0.71 1.03 0.00 0.00 0.23 0.00
time (sec) N/A 0.000 0.039 0.000 0.117  0.085 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 123 0 46 0 91 82 0 0 19 0
N.S. 1 0.00 0.37 0.00 0.74 0.67 0.00 0.00 0.15 0.00
time (sec) N/A 0.000 0.152  0.000 0.128  0.100 0.000 0.000 0.178 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 46
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F A A F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 171 0 63 0 145 124 0 0 19 0
N.S. 1 0.00 0.37 0.00 0.85 0.73 0.00 0.00 0.11 0.00
time (sec) N/A 0.000 0.170  0.000 0.158  0.116 0.000 0.000 0.194 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 0 16 14 16 18 16
N.S. 1 1.00 1.14 1.00 0.00 1.14 1.00 1.14 1.29 1.14
time (sec) N/A 0.440 0.709 0.089 0.000  0.087 3.554 1.404 0.185  22.716
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F F F F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 104 0 7 0 0 0 0 0 16 0
N.S. 1 0.00 0.74 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.000 0.059 0.000 0.000  0.000 0.000 0.000 0.189 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F F F F F(-1) F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 82 0 59 0 0 0 0 0 17 0
N.S. 1 0.00 0.72 0.00 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.000 0.060 0.000 0.000  0.000 0.000 0.000 0.188 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 128 156 64 84 100 67 114 0 106 98
N.S. 1 1.22  0.50 0.66 0.78 0.52 0.89 0.00 0.83 0.77
time (sec) N/A 0.529 0.064 0.201 0.030  0.095 0.542 0.000 0.202 0.122
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 125 56 7 81 59 104 70 88 85
N.S. 1 1.19  0.53 0.73 0.77 0.56 0.99 0.67 0.84 0.81
time (sec) N/A 0.468 0.047 0.141 0.031 0.081 0.544 0.113 0.169 0.077
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 92 46 67 62 51 90 0 69 71
N.S. 1 1.15  0.58 0.84 0.78 0.64 1.12 0.00 0.86 0.89
time (sec) N/A 0.415 0.038 0.127  0.028 0.077 0.511 0.000 0.207  22.608
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 61 38 59 42 43 78 53 50 51
N.S. 1 1.13  0.70 1.09 0.78 0.80 1.44 0.98 0.93 0.94
time (sec) N/A 0.335 0.032 0.110 0.028 0.078 0.518 0.139 0.170 0.045
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 26 41 25 37 61 41 32 32
N.S. 1 1.00 0.90 1.41 0.86 1.28 2.10 1.41 1.10 1.10
time (sec) N/A 0.281 0.021 0.083 0.029 0.079 0431 0.135 0.194 0.040
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 29 48 18 58 48 68 52 32
N.S. 1 1.00 1.16 1.92 0.72 2.32 1.92 2.72 2.08 1.28
time (sec) N/A 0.342 0.019 0.133 0.028 0.078 1.610 0.152 0.176 0.038
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 47 34 29 66 26 75 62 33
N.S. 1 1.00 1.24 0.89 0.76 1.74 0.68 1.97 1.63 0.87
time (sec) N/A 0.346 0.040 0.135 0.029 0.076 1.116 0.155 0.178 0.038
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 57 53 48 83 48 153 80 52
N.S. 1 1.00 0.90 0.84 0.76 1.32 0.76 2.43 1.27 0.83
time (sec) N/A 0.396 0.064 0.145 0.031 0.076 1.621 0.143 0.187 0.043
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 92 70 68 67 92 75 161 109 74
N.S. 1 1.02  0.78 0.76 0.74 1.02 0.83 1.79 1.21 0.82
time (sec) N/A 0.437 0.062 0.154 0.030 0.080 1.731 0.144 0.192 0.039
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 118 76 7 86 101 122 237 127 95
N.S. 1 1.04  0.67 0.68 0.76 0.89 1.08 2.10 1.12 0.84
time (sec) N/A 0.507 0.069 0.165 0.025 0.082 2921 0.130 0.182 0.034
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 48 46 56 46 41 46 55 43
N.S. 1 1.00 1.00 0.96 1.17 0.96 0.85 0.96 1.15 0.90
time (sec) N/A 0.355 0.026 0.165 0.107  0.068 0.058 0.129 0.187  22.509
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 39 37 47 37 31 37 46 36
N.S. 1 1.00 1.00 0.95 1.21 0.95 0.79 0.95 1.18 0.92
time (sec) N/A 0.342 0.017 0.142 0.104 0.068 0.063 0.135 0.161  22.625
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 29 38 29 22 29 38 27
N.S. 1 1.00 1.00 1.00 1.31 1.00 0.76 1.00 1.31 0.93
time (sec) N/A 0.311 0.015 0.114 0.102  0.098 0.049 0.140 0.195 0.063
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 30 20 28 21 12 15 27 19
N.S. 1 1.00 1.58 1.05 1.47 1.11 0.63 0.79 1.42 1.00
time (sec) N/A 0.287 0.015 0.085 0.104 0.099 0.057 0.123 0.169 0.047
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 13 21 15 17 12 22 14
N.S. 1 1.00  1.00 1.00 1.62 1.15 1.31 0.92 1.69 1.08
time (sec) N/A 0.304 0.010 0.138 0.106  0.105 0.074 0.139 0.205 22.679
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 26 31 26 32 21 36 17
N.S. 1 1.00 1.00 1.00 1.19 1.00 1.23 0.81 1.38 0.65
time (sec) N/A 0.311 0.015 0.163 0.103  0.077 0.084 0.119 0.172  23.673




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 51
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 36 38 42 39 42 31 53 27
N.S. 1 1.00 1.00 1.06 1.17 1.08 1.17 0.86 1.47 0.75
time (sec) N/A 0.331 0.016 0.153 0.103  0.077 0.097 0.118 0.189 0.084
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 48 48 51 47 54 39 62 34
N.S. 1 1.00 1.00 1.00 1.06 0.98 1.12 0.81 1.29 0.71
time (sec) N/A 0.347 0.019 0.167 0.103  0.078 0.112 0.135 0.177  22.946
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 154 80 124 114 88 0 0 172 137
N.S. 1 1.22  0.63 0.98 0.90 0.70 0.00 0.00 1.37 1.09
time (sec) N/A 1.384 0.069 0.302 0.031 0.079  0.000 0.000 0.184 0.101
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 125 63 111 95 80 0 0 149 114
N.S. 1 1.19  0.60 1.06 0.90 0.76 0.00 0.00 1.42 1.09
time (sec) N/A 1.226  0.063 0.282 0.032  0.077 0.000 0.000 0.194 0.070
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 89 54 106 76 72 0 0 135 104
N.S. 1 1.07  0.65 1.28 0.92 0.87 0.00 0.00 1.63 1.25
time (sec) N/A 0.942 0.069 0.233 0.033 0.080 0.000 0.000 0.189 23.162
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 42 93 57 60 0 0 111 72
N.S. 1 1.00 0.70 1.55 0.95 1.00 0.00 0.00 1.85 1.20
time (sec) N/A 0.378 0.041 0.200 0.036  0.080 0.000 0.000 0.170 22.736
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 55 101 46 100 0 0 175 73
N.S. 1 1.00 1.10 2.02 0.92 2.00 0.00 0.00 3.50 1.46
time (sec) N/A 0.753 0.050 0.181 0.025 0.081 0.000 0.000 0.193 23.108
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 63 61 80 60 109 0 0 165 75
N.S. 1 0.95 0.92 1.21 0.91 1.65 0.00 0.00 2.50 1.14
time (sec) N/A 0.708 0.067 0.232 0.031  0.078 0.000 0.000 0.167  0.061
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 92 79 105 81 130 0 0 195 99
N.S. 1 1.01  0.87 1.15 0.89 1.43 0.00 0.00 2.14 1.09
time (sec) N/A 0.775 0.096 0.216 0.027  0.081 0.000 0.000 0.200 22.787
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 117 89 116 100 139 0 0 215 116
N.S. 1 098 0.74 0.97 0.83 1.16 0.00 0.00 1.79 0.97
time (sec) N/A 0.806 0.125 0.263 0.032  0.079 0.000 0.000 0.181  22.596
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 65 67 7 70 56 60 114 60
N.S. 1 1.00 1.00 1.03 1.18 1.08 0.86 0.92 1.75 0.92
time (sec) N/A 0.384 0.058 0.181 0.103  0.069 0.106 0.107 0.194  22.697
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 53 58 67 62 44 51 104 51
N.S. 1 1.00 1.00 1.09 1.26 1.17 0.83 0.96 1.96 0.96
time (sec) N/A 0.369 0.043 0.168 0.109 0.068 0.109 0.115 0.164 0.064
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 45 50 60 53 36 43 96 43
N.S. 1 1.00  1.00 1.11 1.33 1.18 0.80 0.96 2.13 0.96
time (sec) N/A 0.336 0.033 0.143 0.109 0.098 0.091 0.136 0.171 0.066
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 42 33 44 43 22 25 86 32
N.S. 1 1.00 1.35 1.06 1.42 1.39 0.71 0.81 2,77 1.03
time (sec) N/A 0.302 0.032 0.109 0.106 0.072 0.096 0.129 0.172 22.721
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 15 22 18 10 13 37 14
N.S. 1 1.00 1.00 0.94 1.38 1.12 0.62 0.81 231 0.88
time (sec) N/A 0.301 0.015 0.151 0.106  0.068 0.105 0.109 0.174 22.784
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 38 44 53 60 44 35 106 37
N.S. 1 1.00 1.00 1.16 1.39 1.58 1.16 0.92 2.79 0.97
time (sec) N/A 0.335 0.033 0.175 0.106 0.078 0.156 0.112 0.179 0.100
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 52 53 69 7 58 46 122 43
N.S. 1 1.00  1.00 1.02 1.33 1.48 1.12 0.88 2.35 0.83
time (sec) N/A 0.350 0.053 0.180 0.106 0.076 0.170 0.132 0.196  22.504
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 62 61 7 86 70 54 132 55
N.S. 1 1.00 1.00 0.98 1.24 1.39 1.13 0.87 2.13 0.89
time (sec) N/A 0.369 0.063 0.178 0.108 0.073 0.201 0.136 0.155 0.142
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 125 56 7 76 59 0 0 24 85
N.S. 1 1.19  0.53 0.73 0.72 0.56 0.00 0.00 0.23 0.81
time (sec) N/A 0.460 0.061 0.214 0.108  0.093 0.000 0.000 0.194 0.068
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 92 46 67 59 51 0 0 24 71
N.S. 1 1.15  0.58 0.84 0.74 0.64 0.00 0.00 0.30 0.89
time (sec) N/A 0.395 0.041 0.143 0.106  0.079 0.000 0.000 0.159  22.713
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 61 38 59 42 43 0 53 22 51
N.S. 1 1.13  0.70 1.09 0.78 0.80 0.00 0.98 0.41 0.94
time (sec) N/A 0.334 0.226 0.123 0.107  0.089 0.000 0.115 0.190 22.886
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 26 48 25 37 0 41 21 32
N.S. 1 1.00 0.90 1.66 0.86 1.28 0.00 1.41 0.72 1.10
time (sec) N/A 0.278 0.118 0.090 0.103 0.081 0.000 0.133 0.185 0.047
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 29 121 26 58 0 68 23 32
N.S. 1 1.00 1.16 4.84 1.04 2.32 0.00 2.72 0.92 1.28
time (sec) N/A 0.336 0.077 0.132 0.110 0.084 0.000 0.141 0.177 0.039
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 47 34 0 66 0 0 25 33
N.S. 1 1.00 1.24 0.89 0.00 1.74 0.00 0.00 0.66 0.87
time (sec) N/A 0.332 0.037 0.146 0.000 0.082 0.000 0.000 0.173  22.797
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 64 57 60 0 83 0 0 25 52
N.S. 1 1.02  0.90 0.95 0.00 1.32 0.00 0.00 0.40 0.83
time (sec) N/A 0.382 0.057 0.154 0.000 0.083 0.000 0.000 0.180 23.018
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 92 70 68 0 92 0 0 25 74
N.S. 1 1.02  0.78 0.76 0.00 1.02 0.00 0.00 0.28 0.82
time (sec) N/A 0.432 0.061 0.168 0.000  0.087 0.000 0.000 0.171 0.042
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 118 76 7 0 101 0 0 25 95
N.S. 1 1.04 0.67  0.68 0.00 0.89 0.00 0.00 0.22 0.84
time (sec) N/A 0.484 0.076 0.188 0.000  0.089 0.000 0.000 0.183 0.034
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 49 48 44 46 41 68 52 43
N.S. 1 1.00 1.00 0.98 0.90 0.94 0.84 1.39 1.06 0.88
time (sec) N/A 0.348 0.028 0.136 0.029 0.069 0.062 0.129 0.172 0.060
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 40 40 35 37 31 58 52 36
N.S. 1 1.00 1.00 1.00 0.88 0.92 0.78 1.45 1.30 0.90
time (sec) N/A 0.336 0.019 0.135 0.033  0.070 0.067 0.133 0.174  23.005
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 31 28 29 22 52 50 27
N.S. 1 1.00 1.00 1.03 0.93 0.97 0.73 1.73 1.67 0.90
time (sec) N/A 0.320 0.016 0.110 0.025 0.072 0.054 0.113 0.163  22.887
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 30 19 16 21 14 65 48 19
N.S. 1 1.00 1.50 0.95 0.80 1.05 0.70 3.25 2.40 0.95
time (sec) N/A 0.287 0.016 0.077  0.025 0.095 0.060 0.106 0.157  22.882
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 14 14 12 15 17 44 50 14
N.S. 1 1.00 1.00 1.00 0.86 1.07 1.21 3.14 3.57 1.00
time (sec) N/A 0.304 0.011 0.125 0.026  0.078 0.072 0.137 0.190 0.092




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 59
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 27 25 34 26 32 34 50 17
N.S. 1 1.00 1.00 0.93 1.26 0.96 1.19 1.26 1.85 0.63
time (sec) N/A 0.319 0.016 0.140 0.031 0.104 0.085 0.108 0.173  23.130
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 37 34 50 39 42 54 54 26
N.S. 1 1.00 1.00 0.92 1.35 1.05 1.14 1.46 1.46 0.70
time (sec) N/A 0.328 0.017 0.145 0.025 0.076 0.103 0.115 0.195 23.015
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 49 44 57 47 54 67 56 33
N.S. 1 1.00 1.00 0.90 1.16 0.96 1.10 1.37 1.14 0.67
time (sec) N/A 0.347 0.020 0.159 0.031 0.078 0.116 0.149 0.193  23.009
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 154 80 124 216 88 0 0 90 138
N.S. 1 1.24  0.65 1.00 1.74 0.71 0.00 0.00 0.73 1.11
time (sec) N/A 1.364 0.071 0.249 0.113  0.082 0.000 0.000 0.249 22.868
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 125 63 111 181 80 0 0 90 115
N.S. 1 1.21  0.61 1.08 1.76 0.78 0.00 0.00 0.87 1.12
time (sec) N/A 1.211 0.065 0.248 0.110 0.081 0.000 0.000 0.219 22.775
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 89 60 106 112 72 0 0 88 105
N.S. 1 1.07  0.72 1.28 1.35 0.87 0.00 0.00 1.06 1.27
time (sec) N/A 0.947 0.055 0.227  0.107  0.112 0.000 0.000 0.210 0.071
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 60 42 93 65 60 0 0 87 73
N.S. 1 1.03  0.72 1.60 1.12 1.03 0.00 0.00 1.50 1.26
time (sec) N/A 0.384 0.044 0.197 0.106  0.077 0.000 0.000 0.224 22.707
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 50 55 649 0 100 0 0 334 74
N.S. 1 1.04 115 13.52 0.00 2.08 0.00 0.00 6.96 1.54
time (sec) N/A 0.771 0.058 0.191 0.000  0.088 0.000 0.000 0.312 22.876
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 61 82 0 109 0 0 90 76
N.S. 1 1.00 0.95 1.28 0.00 1.70 0.00 0.00 1.41 1.19
time (sec) N/A 0.718 0.105 0.262 0.000  0.081 0.000 0.000 0.233 22.967
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 93 79 108 0 130 0 0 622 100
N.S. 1 1.04 0.89 1.21 0.00 1.46 0.00 0.00 6.99 1.12
time (sec) N/A 0.779 0.103 0.294 0.000  0.078 0.000 0.000 0.531 @ 22.641
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 118 89 116 0 139 0 0 96 117
N.S. 1 1.00 0.75 0.98 0.00 1.18 0.00 0.00 0.81 0.99
time (sec) N/A 0.815 0.107 0.342 0.000  0.080 0.000 0.000 0.330 22.816
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 139 95 125 0 146 0 0 799 139
N.S. 1 1.03  0.70 0.93 0.00 1.08 0.00 0.00 5.92 1.03
time (sec) N/A 0.885 0.103 0.339 0.000  0.095 0.000 0.000 0.631 23.154
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 268 317 82 0 0 244 0 0 27 0
N.S. 1 1.18 0.31 0.00 0.00 0.91 0.00 0.00 0.10 0.00
time (sec) N/A 0.752 0.052  0.000 0.000  0.092 0.000 0.000 200.037 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 280 63 0 0 236 0 0 25 0
N.S. 1 1.24  0.28 0.00 0.00 1.04 0.00 0.00 0.11 0.00
time (sec) N/A 0.697 0.028 0.000 0.000  0.088 0.000 0.000 200.040 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 195 239 41 0 0 209 0 0 23 0
N.S. 1 1.23 0.21 0.00 0.00 1.07 0.00 0.00 0.12 0.00
time (sec) N/A 0.622 0.042 0.000 0.000  0.099 0.000 0.000 200.032 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 203 266 97 0 0 243 0 0 32 0
N.S. 1 1.31  0.48 0.00 0.00 1.20 0.00 0.00 0.16 0.00
time (sec) N/A 0.708 0.049 0.000 0.000  0.085 0.000 0.000 0.235 0.000
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 96 71 0 0 151 0 0 27 0
N.S. 1 1.04 0.77  0.00 0.00 1.64 0.00 0.00 0.29 0.00
time (sec) N/A 0.368 0.021  0.000 0.000  0.083 0.000 0.000 200.033 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 132 135 81 0 0 175 0 0 27 0
N.S. 1 1.02  0.61 0.00 0.00 1.33 0.00 0.00 0.20 0.00
time (sec) N/A 0.399 0.026 0.000 0.000  0.078 0.000 0.000 200.028 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 170 172 93 0 0 184 0 0 27 0
N.S. 1 1.01  0.55 0.00 0.00 1.08 0.00 0.00 0.16 0.00
time (sec) N/A 0.468 0.034 0.000 0.000 0.089 0.000 0.000 200.044 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 202 209 99 0 0 192 0 0 172 0
N.S. 1 1.03  0.49 0.00 0.00 0.95 0.00 0.00 0.85 0.00
time (sec) N/A 0.510 0.038 0.000 0.000  0.087 0.000 0.000 0.316 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 240 248 111 0 0 200 0 0 227 0
N.S. 1 1.03  0.46 0.00 0.00 0.83 0.00 0.00 0.95 0.00
time (sec) N/A 0.569 0.047  0.000 0.000  0.090 0.000 0.000 0.335 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 291 330 148 0 0 254 0 0 27 0
N.S. 1 1.13  0.51 0.00 0.00 0.87 0.00 0.00 0.09 0.00
time (sec) N/A 0.785 0.153  0.000 0.000  0.096 0.000 0.000 200.032 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 268 317 82 0 0 247 0 0 27 0
N.S. 1 1.18  0.31 0.00 0.00 0.92 0.00 0.00 0.10 0.00
time (sec) N/A 0.752 0.071  0.000 0.000  0.088 0.000 0.000 200.040 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 280 61 0 0 239 0 0 25 0
N.S. 1 1.24 027  0.00 0.00 1.06 0.00 0.00 0.11 0.00
time (sec) N/A 0.700 0.025 0.000 0.000  0.090 0.000 0.000 200.030 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 195 239 41 0 0 215 0 0 23 0
N.S. 1 1.23  0.21 0.00 0.00 1.10 0.00 0.00 0.12 0.00
time (sec) N/A 0.614 0.054 0.000 0.000  0.083 0.000 0.000 200.034 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 204 266 96 0 0 243 0 0 27 0
N.S. 1 1.30 047 0.00 0.00 1.19 0.00 0.00 0.13 0.00
time (sec) N/A 0.730 0.043 0.000 0.000  0.082 0.000 0.000 200.027 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 96 68 0 0 157 0 0 63 0
N.S. 1 1.04 0.74 0.00 0.00 1.71 0.00 0.00 0.68 0.00
time (sec) N/A 0.382 0.021  0.000 0.000 0.161 0.000 0.000 0.397 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 132 135 81 0 0 179 0 0 89 0
N.S. 1 1.02  0.61 0.00 0.00 1.36 0.00 0.00 0.67 0.00
time (sec) N/A 0.407 0.062  0.000 0.000  0.085 0.000 0.000 0.521 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 170 172 93 0 0 187 0 0 116 0
N.S. 1 1.01  0.55 0.00 0.00 1.10 0.00 0.00 0.68 0.00
time (sec) N/A 0.480 0.043 0.000 0.000  0.081 0.000 0.000 0.503 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 202 207 99 0 0 195 0 0 145 0
N.S. 1 1.02  0.49 0.00 0.00 0.97 0.00 0.00 0.72 0.00
time (sec) N/A 0.533 0.044 0.000 0.000  0.081 0.000 0.000 0.568 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 325 372 96 0 0 251 0 0 27 0
N.S. 1 1.14  0.30 0.00 0.00 0.77 0.00 0.00 0.08 0.00
time (sec) N/A 0.867 0.059  0.000 0.000  0.089 0.000 0.000 200.030 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 300 354 86 0 0 244 0 0 27 0
N.S. 1 1.18  0.29 0.00 0.00 0.81 0.00 0.00 0.09 0.00
time (sec) N/A 0.811 0.046  0.000 0.000  0.165 0.000 0.000 200.026 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 255 314 72 0 0 236 0 0 25 0
N.S. 1 1.23  0.28 0.00 0.00 0.93 0.00 0.00 0.10 0.00
time (sec) N/A 0.745 0.049 0.000 0.000  0.133 0.000 0.000 200.028 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 273 41 0 0 209 0 0 23 0
N.S. 1 1.21  0.18 0.00 0.00 0.92 0.00 0.00 0.10 0.00
time (sec) N/A 0.671 0.062  0.000 0.000  0.137 0.000 0.000 200.035 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 230 292 112 0 0 267 0 0 27 0
N.S. 1 1.27  0.49 0.00 0.00 1.16 0.00 0.00 0.12 0.00
time (sec) N/A 0.778 0.053  0.000 0.000  0.141 0.000 0.000 200.034 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 121 127 87 0 0 152 0 0 154 0
N.S. 1 1.06  0.72 0.00 0.00 1.26 0.00 0.00 1.27 0.00
time (sec) N/A 0.400 0.030 0.000 0.000  0.13¢ 0.000 0.000 0.391 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 163 166 99 0 0 176 0 0 182 0
N.S. 1 1.02  0.61 0.00 0.00 1.08 0.00 0.00 1.12 0.00
time (sec) N/A 0.434 0.033 0.000 0.000  0.119 0.000 0.000 0.523 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 203 205 106 0 0 184 0 0 211 0
N.S. 1 1.01  0.52 0.00 0.00 0.91 0.00 0.00 1.04 0.00
time (sec) N/A 0.524 0.042 0.000 0.000  0.114 0.000 0.000 0.522 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 233 240 118 0 0 192 0 0 241 0
N.S. 1 1.03  0.51 0.00 0.00 0.82 0.00 0.00 1.03 0.00
time (sec) N/A 0.578 0.051  0.000 0.000  0.112 0.000 0.000 0.613 0.000
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 291 330 127 0 0 255 0 0 27 0
N.S. 1 1.13 0.44 0.00 0.00 0.88 0.00 0.00 0.09 0.00
time (sec) N/A 0.779 0.140 0.000 0.000 0.134¢ 0.000 0.000 200.024 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 268 317 73 0 0 247 0 0 27 0
N.S. 1 1.18  0.27 0.00 0.00 0.92 0.00 0.00 0.10 0.00
time (sec) N/A 0.753 0.043  0.000 0.000  0.156 0.000 0.000 200.021 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 280 63 0 0 238 0 0 25 0
N.S. 1 1.24  0.28 0.00 0.00 1.05 0.00 0.00 0.11 0.00
time (sec) N/A 0.685 0.022 0.000 0.000  0.135 0.000 0.000 200.032 0.000
Problem 106 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 195 239 41 0 0 213 0 0 23 0
N.S. 1 1.23 0.21 0.00 0.00 1.09 0.00 0.00 0.12 0.00
time (sec) N/A 0.599 0.044 0.000 0.000  0.129 0.000 0.000 200.025 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 203 266 96 0 0 243 0 0 27 0
N.S. 1 1.31 047 0.00 0.00 1.20 0.00 0.00 0.13 0.00
time (sec) N/A 0.733 0.035 0.000 0.000 0.126 0.000 0.000 200.034 0.000
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 96 69 0 0 156 0 0 63 0
N.S. 1 1.04 0.75 0.00 0.00 1.70 0.00 0.00 0.68 0.00
time (sec) N/A 0.386 0.022 0.000 0.000 0.146 0.000 0.000 0.307 0.000
Problem 109, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 132 135 81 0 0 178 0 0 89 0
N.S. 1 1.02  0.61 0.00 0.00 1.35 0.00 0.00 0.67 0.00
time (sec) N/A 0.403 0.026  0.000 0.000  0.149 0.000 0.000 0.347 0.000
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 170 172 92 0 0 187 0 0 116 0
N.S. 1 1.01  0.54 0.00 0.00 1.10 0.00 0.00 0.68 0.00
time (sec) N/A 0.487 0.032  0.000 0.000  0.122 0.000 0.000 0.354 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 202 209 99 0 0 195 0 0 145 0
N.S. 1 1.03  0.49 0.00 0.00 0.97 0.00 0.00 0.72 0.00
time (sec) N/A 0.526 0.043  0.000 0.000  0.146 0.000 0.000 0.375 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 291 330 127 0 0 251 0 0 27 0
N.S. 1 1.13 044 0.00 0.00 0.86 0.00 0.00 0.09 0.00
time (sec) N/A 0.813 0.143 0.000 0.000  0.087 0.000 0.000 200.027 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 268 317 73 0 0 243 0 0 27 0
N.S. 1 1.18  0.27 0.00 0.00 0.91 0.00 0.00 0.10 0.00
time (sec) N/A 0.770 0.040 0.000 0.000  0.115 0.000 0.000 200.033 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 280 63 0 0 236 0 0 25 0
N.S. 1 1.24  0.28 0.00 0.00 1.04 0.00 0.00 0.11 0.00
time (sec) N/A 0.693 0.023 0.000 0.000 0.086 0.000 0.000 200.026 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 195 239 39 0 0 209 0 0 23 0
N.S. 1 1.23  0.20 0.00 0.00 1.07 0.00 0.00 0.12 0.00
time (sec) N/A 0.636 0.057  0.000 0.000  0.110 0.000 0.000 200.027 0.000
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 204 266 97 0 0 243 0 0 27 0
N.S. 1 1.30 048 0.00 0.00 1.19 0.00 0.00 0.13 0.00
time (sec) N/A 0.718 0.032  0.000 0.000  0.088 0.000 0.000 200.028 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 96 69 0 0 152 0 0 27 0
N.S. 1 1.04 0.75 0.00 0.00 1.65 0.00 0.00 0.29 0.00
time (sec) N/A 0.371 0.020 0.000 0.000  0.083 0.000 0.000 200.025 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 132 135 81 0 0 176 0 0 101 0
N.S. 1 1.02  0.61 0.00 0.00 1.33 0.00 0.00 0.77 0.00
time (sec) N/A 0.398 0.025 0.000 0.000  0.085 0.000 0.000 1.618 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 170 172 93 0 0 184 0 0 113 0
N.S. 1 1.01  0.55 0.00 0.00 1.08 0.00 0.00 0.66 0.00
time (sec) N/A 0.472 0.031 0.000 0.000  0.130 0.000 0.000 2.019 0.000
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 202 207 99 0 0 192 0 0 101 0
N.S. 1 1.02  0.49 0.00 0.00 0.95 0.00 0.00 0.50 0.00
time (sec) N/A 0.522 0.048 0.000 0.000  0.127 0.000 0.000 2.364 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 325 372 100 0 0 304 0 0 118 0
N.S. 1 1.14 031 0.00 0.00 0.94 0.00 0.00 0.36 0.00
time (sec) N/A 0.878 0.062  0.000 0.000  0.124 0.000 0.000 0.782 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 300 354 91 0 0 296 0 0 118 0
N.S. 1 1.18  0.30 0.00 0.00 0.99 0.00 0.00 0.39 0.00
time (sec) N/A 0.810 0.044 0.000 0.000  0.138 0.000 0.000 0.995 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 255 314 63 0 0 289 0 0 116 0
N.S. 1 1.23  0.25 0.00 0.00 1.13 0.00 0.00 0.45 0.00
time (sec) N/A 0.729 0.037  0.000 0.000  0.122 0.000 0.000 0.746 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 226 273 39 0 0 261 0 0 115 0
N.S. 1 1.21  0.17 0.00 0.00 1.15 0.00 0.00 0.51 0.00
time (sec) N/A 0.673 0.070  0.000 0.000 0.121  0.000 0.000 0.714 0.000
Problem 125/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 230 292 106 0 0 329 0 0 116 0
N.S. 1 1.27  0.46 0.00 0.00 1.43 0.00 0.00 0.50 0.00
time (sec) N/A 0.796 0.073  0.000 0.000  0.119 0.000 0.000 0.790 0.000
Problem 126 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 121 127 69 0 0 212 0 0 117 0
N.S. 1 1.05  0.57 0.00 0.00 1.75 0.00 0.00 0.97 0.00
time (sec) N/A 0.416 0.024 0.000 0.000 0.129 0.000 0.000 0.574 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 163 166 81 0 0 238 0 0 120 0
N.S. 1 1.02  0.50 0.00 0.00 1.46 0.00 0.00 0.74 0.00
time (sec) N/A 0.439 0.030 0.000 0.000  0.112 0.000 0.000 1.213 0.000
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 203 205 93 0 0 246 0 0 122 0
N.S. 1 1.01  0.46 0.00 0.00 1.21 0.00 0.00 0.60 0.00
time (sec) N/A 0.543 0.036 0.000 0.000 0.156 0.000 0.000 15.842  0.000
Problem 129, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 233 240 99 0 0 254 0 0 122 0
N.S. 1 1.03  0.42 0.00 0.00 1.09 0.00 0.00 0.52 0.00
time (sec) N/A 0.583 0.045 0.000 0.000  0.129 0.000 0.000 0.705 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 255 302 73 0 0 208 0 0 20 0
N.S. 1 1.18  0.29 0.00 0.00 0.82 0.00 0.00 0.08 0.00
time (sec) N/A 0.713 0.052  0.000 0.000  0.081 0.000 0.000 0.219 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 216 270 57 0 0 195 0 0 18 0
N.S. 1 1.25 0.26 0.00 0.00 0.90 0.00 0.00 0.08 0.00
time (sec) N/A 0.658 0.028 0.000 0.000  0.080 0.000 0.000 0.216 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 196 237 34 0 0 195 0 0 17 0
N.S. 1 1.21  0.17 0.00 0.00 0.99 0.00 0.00 0.09 0.00
time (sec) N/A 0.587 0.027  0.000 0.000  0.090 0.000 0.000 0.180 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 311 437 90 0 0 339 0 0 20 0
N.S. 1 1.41  0.29 0.00 0.00 1.09 0.00 0.00 0.06 0.00
time (sec) N/A 0.835 0.037  0.000 0.000  0.090 0.000 0.000 0.248 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 199 258 64 0 0 211 0 0 20 0
N.S. 1 1.30 0.32 0.00 0.00 1.06 0.00 0.00 0.10 0.00
time (sec) N/A 0.538 0.018 0.000 0.000  0.118 0.000 0.000 0.292 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 228 294 72 0 0 234 0 0 20 0
N.S. 1 1.29  0.32 0.00 0.00 1.03 0.00 0.00 0.09 0.00
time (sec) N/A 0.578 0.022  0.000 0.000  0.142 0.000 0.000 0.307 0.000
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Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 265 328 81 0 0 243 0 0 20 0
N.S. 1 1.24 0.31 0.00 0.00 0.92 0.00 0.00 0.08 0.00
time (sec) N/A 0.635 0.026 0.000 0.000  0.122 0.000 0.000 0.384 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 177 186 73 0 0 117 0 0 20 0
N.S. 1 1.06 041 0.00 0.00 0.66 0.00 0.00 0.11 0.00
time (sec) N/A 0.426 0.044 0.000 0.000  0.130 0.000 0.000 0.152 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 140 156 54 0 0 116 0 0 18 0
N.S. 1 1.11  0.39 0.00 0.00 0.83 0.00 0.00 0.13 0.00
time (sec) N/A 0.375 0.028 0.000 0.000  0.130 0.000 0.000 0.164 0.000
Problem 139, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 116 123 34 0 0 104 0 0 17 0
N.S. 1 1.06  0.29 0.00 0.00 0.90 0.00 0.00 0.15 0.00
time (sec) N/A 0.325 0.032 0.000 0.000  0.075 0.000 0.000 0.167 0.000
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 163 175 90 0 0 145 0 0 20 0
N.S. 1 1.07  0.55 0.00 0.00 0.89 0.00 0.00 0.12 0.00
time (sec) N/A 0.398 0.038 0.000 0.000  0.119 0.000 0.000 0.157  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 111 113 59 0 0 120 0 0 20 0
N.S. 1 1.02  0.53 0.00 0.00 1.08 0.00 0.00 0.18 0.00
time (sec) N/A 0.361 0.018 0.000 0.000 0.129 0.000 0.000 0.185 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 142 149 69 0 0 138 0 0 20 0
N.S. 1 1.05  0.49 0.00 0.00 0.97 0.00 0.00 0.14 0.00
time (sec) N/A 0.374 0.023 0.000 0.000  0.117 0.000 0.000 0.178 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 571 734 83 0 0 435 0 0 25 0
N.S. 1 1.29  0.15 0.00 0.00 0.76 0.00 0.00 0.04 0.00
time (sec) N/A 1.399 0.055 0.000 0.000  0.152 0.000 0.000 0.191 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) B F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 523 697 63 0 0 428 0 0 31 0
N.S. 1 1.33  0.12 0.00 0.00 0.82 0.00 0.00 0.06 0.00
time (sec) N/A 1.266 0.028 0.000 0.000 0.144 0.000 0.000 0.166 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 504 656 41 0 0 383 0 0 22 0
N.S. 1 1.30  0.08 0.00 0.00 0.76 0.00 0.00 0.04 0.00
time (sec) N/A 1.202 0.035 0.000 0.000  0.106 0.000 0.000 0.168 0.000
Problem 146/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 630 918 97 0 0 509 0 0 25 0
N.S. 1 1.46  0.15 0.00 0.00 0.81 0.00 0.00 0.04 0.00
time (sec) N/A 1.780 0.047 0.000 0.000 0.084 0.000 0.000 0.217 0.000
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 259 331 71 0 0 345 0 0 27 0
N.S. 1 1.28  0.27 0.00 0.00 1.33 0.00 0.00 0.10 0.00
time (sec) N/A 0.674 0.022 0.000 0.000  0.093 0.000 0.000 200.026 0.000
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 295 370 84 0 0 381 0 0 27 0
N.S. 1 1.25 0.28 0.00 0.00 1.29 0.00 0.00 0.09 0.00
time (sec) N/A 0.717 0.027  0.000 0.000  0.088 0.000 0.000 200.022 0.000
Problem 149, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 114 9 748 0 0 0 0 0 0
N.S. 1 092 0.76 6.03 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.456 0.052 0.679 0.000  0.000 0.000 0.000 0.179 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 58 417 0 0 0 0 0 0
N.S. 1 1.00 1.16 8.34 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.350 0.030 0.331 0.000  0.000 0.000 0.000 0.179 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 29 175 0 0 126 0 122 0
N.S. 1 1.00 0.74 4.49 0.00 0.00 3.23 0.00 3.13 0.00
time (sec) N/A 0.303 0.011 0.177  0.000  0.000 1.660 0.000 0.169 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 29 158 0 0 133 0 55 0
N.S. 1 1.00 0.74 4.05 0.00 0.00 3.41 0.00 1.41 0.00
time (sec) N/A 0.306 0.013 0.193 0.000 0.000 2.364 0.000 0.178 0.000
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 58 428 0 0 0 0 411 0
N.S. 1 1.00 1.16 8.56 0.00 0.00 0.00 0.00 8.22 0.00
time (sec) N/A 0.350 0.026 0.474 0.000  0.000 0.000 0.000 0.204 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 115 94 1196 0 0 0 0 838 0
N.S. 1 093 0.76 9.65 0.00 0.00 0.00 0.00 6.76 0.00
time (sec) N/A 0.458 0.047 1.326 0.000  0.000 0.000 0.000 0.199 0.000
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 118 161 113 146 0 0 0 0 167 0
N.S. 1 1.36  0.96 1.24 0.00 0.00 0.00 0.00 1.42 0.00
time (sec) N/A 0.858 0.096 0.111 0.000  0.000 0.000 0.000 0.227 0.000
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Problem 156| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F A F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 79 79 85 71 0 0 94 0 41 0
N.S. 1 1.00 1.08 0.90 0.00 0.00 1.19 0.00 0.52 0.00
time (sec) N/A 0.376 0.055 0.091 0.000  0.000 1.504 0.000 0.171 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 79 79 85 0 0 0 0 0 24 0
N.S. 1 1.00 1.08 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.361 0.054 0.000 0.000  0.000 0.000 0.000 0.200 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F(-2) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 118 161 113 0 0 0 0 0 93 0
N.S. 1 1.36  0.96 0.00 0.00 0.00 0.00 0.00 0.79 0.00
time (sec) N/A 0.864 0.094 0.000 0.000  0.000 0.000 0.000 0.310 0.000
Problem 159, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 1098 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00  30.50 0.00
time (sec) N/A 0.321 0.000 0.000 0.000  0.000 0.000 0.000 1.454 0.000
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 128 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 3.56 0.00
time (sec) N/A 0.311 0.000 0.000 0.000  0.000 0.000 0.000 0.753 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 24 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.67 0.00
time (sec) N/A 0.311 0.000 0.000 0.000  0.000 0.000 0.000 0.375 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 127 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 3.53 0.00
time (sec) N/A 0.316 0.000 0.000 0.000  0.000 0.000 0.000 0.549 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 27 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.75 0.00
time (sec) N/A 0.312 0.000 0.000 0.000  0.000 0.000 0.000 200.026 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 38 38 0 0 0 0 0 0 12 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 0.319 0.000 0.000 0.000  0.000 0.000 0.000 0.156 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 38 38 0 0 0 0 0 0 12 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 0.310 0.000 0.000 0.000  0.000 0.000 0.000 0.168 0.000
Problem 166, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 36 36 0 0 0 0 0 0 25 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.308 0.000 0.000 0.000  0.000 0.000 0.000 0.266 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 40 40 0 0 0 0 0 0 15 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 0.320 0.000 0.000 0.000  0.000 0.000 0.000 0.161 0.000
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 207 177 210 0 0 0 0 0 15 0
N.S. 1 0.86 1.01 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.511 0.246  0.000 0.000  0.000 0.000 0.000 0.184 0.000
Problem 169, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 159 165 116 0 0 0 0 0 15 0
N.S. 1 1.04 0.73 0.00 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.470 0.070  0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 170, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 107 107 105 0 0 0 0 0 13 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.371 0.037  0.000 0.000  0.000 0.000 0.000 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 71 71 53 0 0 0 0 0 11 0
N.S. 1 1.00 0.75 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.305 0.048 0.000 0.000  0.000 0.000 0.000 0.167 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 125 125 106 0 0 0 0 0 15 0
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.408 0.032  0.000 0.000  0.000 0.000 0.000 0.154 0.000
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 79 79 82 0 0 0 0 0 44 0
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.342 0.022 0.000 0.000  0.000 0.000 0.000 0.182 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 114 0 0 0 0 0 83 0
N.S. 1 1.00 0.95 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.397 0.042 0.000 0.000  0.000 0.000 0.000 0.179 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 171 174 119 0 0 0 0 0 138 0
N.S. 1 1.02  0.70 0.00 0.00 0.00 0.00 0.00 0.81 0.00
time (sec) N/A 0.463 0.077  0.000 0.000  0.000 0.000 0.000 0.161 0.000
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 315 284 217 197 749 177 1222 206 27 0
N.S. 1 0.90 0.69 0.63 2.38 0.56 3.88 0.65 0.09 0.00
time (sec) N/A 0.780 1.112 0.852 0.043 0.105 1.865 0.149 200.017 0.000
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 238 208 176 150 529 139 857 156 361 0
N.S. 1 0.87 0.74 0.63 2.22 0.58 3.60 0.66 1.52 0.00
time (sec) N/A 0.608 0.501 0.510 0.041 0.116 1.581 0.145 2.197 0.000
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 171 180 135 113 351 106 585 114 228 0
N.S. 1 1.05 0.79 0.66 2.05 0.62 3.42 0.67 1.33 0.00
time (sec) N/A 0.535 0.197 0.445 0.040 0.119 1.348 0.128 0.169 0.000
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 121 108 87 209 79 362 76 124 0
N.S. 1 1.10 0.98 0.79 1.90 0.72 3.29 0.69 1.13 0.00
time (sec) N/A 0.445 0.161 0.310 0.034 0.116 0915 0.129 0.169 0.000
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Problem 180, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 65 28 69 62 60 36 52 49 97
N.S. 1 1.25 0.54 1.33 1.19 1.15 0.69 1.00 0.94 1.87
time (sec) N/A 0.354 0.025 0.225 0.028 0.108 0.801 0.132 0.161  23.840
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 111 142 107 233 144 0 113 152 118
N.S. 1 1.25  1.60 1.20 2.62 1.62 0.00 1.27 1.71 1.33
time (sec) N/A 0478 0.114 0.221 0.034 0.091 0.000 0.180 0.150  23.887
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 120 93 239 224 0 145 198 218
N.S. 1 1.00 0.92 0.72 1.84 1.72 0.00 1.12 1.52 1.68
time (sec) N/A 0.420 0.096 0.661 0.037  0.089 0.000 0.162 0.187  24.478
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 201 198 154 187 424 452 0 471 510 0
N.S. 1 099 0.77 0.93 2.11 2.25 0.00 2.34 2.54 0.00
time (sec) N/A 0.509 0.188 0.355 0.038  0.083 0.000 0.164 0.166 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 283 294 234 281 644 690 0 884 852 0
N.S. 1 1.04 0.83 0.99 2.28 2.44 0.00 3.12 3.01 0.00
time (sec) N/A 0.621 0.480 0.822 0.037  0.093 0.000 0.171 0.387 0.000
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 92 92 160 149 105 110 123 261 201
N.S. 1 1.00 1.00 1.74 1.62 1.14 1.20 1.34 2.84 2.18
time (sec) N/A 0.464 0.193 0.272 0.104 0.072 0.250 0.115 0.148 0.207
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 72 109 116 7 75 83 189 153
N.S. 1 1.00  1.00 1.51 1.61 1.07 1.04 1.15 2.62 2.12
time (sec) N/A 0.416 0.075 0.245 0.110 0.071 0.184 0.132 0.163 23.131
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 54 70 87 53 46 53 128 107
N.S. 1 1.00 1.00 1.30 1.61 0.98 0.85 0.98 2.37 1.98
time (sec) N/A 0.384 0.045 0.194 0.104  0.067 0.153 0.106 0.172  23.266
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 37 41 64 35 29 35 79 60
N.S. 1 1.00 1.00 1.11 1.73 0.95 0.78 0.95 2.14 1.62
time (sec) N/A 0.341 0.029 0.180 0.107  0.070 0.118 0.143 0.155  23.440
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 32 21 46 22 14 16 37 21
N.S. 1 1.00 1.60 1.05 2.30 1.10 0.70 0.80 1.85 1.05
time (sec) N/A 0.293 0.013 0.121 0.107 0.068 0.076 0.119 0.165  23.323
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 31 47 78 27 100 33 84 32
N.S. 1 1.00 0.82 1.24 2.05 0.71 2.63 0.87 221 0.84
time (sec) N/A 0.351 0.028 0.229 0.108 0.080 0.414 0.136 0.153  23.517
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 39 96 126 40 156 61 161 98
N.S. 1 1.00 0.71 1.75 2.29 0.73 2.84 1.11 2.93 1.78
time (sec) N/A 0.377 0.036 0.231 0.107 0.128 0.315 0.145 0.149 23.381
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 63 201 188 69 228 89 303 154
N.S. 1 1.00 0.83 2.64 2.47 0.91 3.00 1.17 3.99 2.03
time (sec) N/A 0.407 0.045 0.271 0.108 0.133 0444 0.111 0.173  23.482
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 88 267 263 94 286 126 464 199
N.S. 1 1.00 0.95 2.87 2.83 1.01 3.08 1.35 4.99 2.14
time (sec) N/A 0.422 0.059 0.279 0.116  0.107 0.556 0.130 0.158  23.464
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 359 342 249 436 3081 264 0 334 29 0
N.S. 1 0.95  0.69 1.21 8.58 0.74 0.00 0.93 0.08 0.00
time (sec) N/A 0.877 0.681 2.319 0.084  0.147 0.000 0.157 200.015 0.000
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 282 264 201 342 2295 216 0 285 29 0
N.S. 1 094 071 1.21 8.14 0.77 0.00 1.01 0.10 0.00
time (sec) N/A 0.724 0.356 1.414 0.062 0.125 0.000 0.142 200.013 0.000
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 229 160 259 1608 174 0 243 770 0
N.S. 1 1.01  0.70 1.14 7.08 0.77 0.00 1.07 3.39 0.00
time (sec) N/A 0.632 0.294 1.323 0.052  0.139 0.000 0.162 0.181 0.000
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 163 171 132 186 1108 136 0 209 555 0
N.S. 1 1.06 0.81 1.14 6.80 0.83 0.00 1.28 3.40 0.00
time (sec) N/A 0.503 0.215 0.825 0.042 0.119 0.000 0.146 0.161 0.000
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 109 45 120 736 99 0 180 298 0
N.S. 1 1.16  0.48 1.28 7.83 1.05 0.00 1.91 3.17 0.00
time (sec) N/A 0.406 0.049 0.782 0.040 0.115 0.000 0.161 0.152 0.000
Problem 199, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 134 162 196 485 733 356 0 252 1336 0
N.S. 1 1.21  1.46 3.62 5.47 2.66 0.00 1.88 9.97 0.00
time (sec) N/A 0.573 1.230 0.516 0.042 0.130 0.000 0.248 0.184 0.000
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 176 185 145 174 992 389 0 0 1546 0
N.S. 1 1.05  0.82 0.99 5.64 2.21 0.00 0.00 8.78 0.00
time (sec) N/A 0.486 0.308 1.803 0.042 0.141 0.000 0.000 0.320 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 264 253 194 269 1536 574 0 0 29 0
N.S. 1 096 0.73 1.02 5.82 2.17 0.00 0.00 0.11 0.00
time (sec) N/A 0.570 0.377 1.234 0.051  0.161 0.000 0.000 200.024 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 338 356 282 379 2313 839 0 0 2831 0
N.S. 1 1.05 0.83 1.12 6.84 2.48 0.00 0.00 8.38 0.00
time (sec) N/A 0.801 0.658 1.477  0.057 0.126 0.000 0.000 5.747  0.000
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 315 284 248 197 456 177 0 206 35 0
N.S. 1 0.90 0.79 0.63 1.45 0.56 0.00 0.65 0.11 0.00
time (sec) N/A 0.768 1.379 0.964 0.142 0.106 0.000 0.133 0.148 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 233 208 202 150 308 139 0 156 35 0
N.S. 1 0.89 0.87 0.64 1.32 0.60 0.00 0.67 0.15 0.00
time (sec) N/A 0.616 0.692 0.626 0.126  0.141 0.000 0.124 0.165 0.000
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 171 180 162 113 161 106 0 114 35 0
N.S. 1 1.056  0.95 0.66 0.94 0.62 0.00 0.67 0.20 0.00
time (sec) N/A 0.569 0.376 0.478 0.114 0.133 0.000 0.129 0.163 0.000
Problem 206, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 121 131 87 97 79 0 76 33 0
N.S. 1 1.10 1.19 0.79 0.88 0.72 0.00 0.69 0.30 0.00
time (sec) N/A 0.442 0.171  0.386 0.110  0.109 0.000 0.123 0.151 0.000
Problem 207 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 65 28 69 35 60 0 52 32 0
N.S. 1 1.25 0.54 1.33 0.67 1.15 0.00 1.00 0.62 0.00
time (sec) N/A 0.358 0.023 0.306 0.103 0.149 0.000 0.122 0.173 0.000
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 111 142 260 0 144 0 113 35 0
N.S. 1 1.25  1.60 2.92 0.00 1.62 0.00 1.27 0.39 0.00
time (sec) N/A 0.456 0.102 0.310 0.000  0.147 0.000 0.182 0.147 0.000
Problem 209, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 119 93 0 224 0 145 39 0
N.S. 1 1.00 0.92 0.72 0.00 1.72 0.00 1.12 0.30 0.00
time (sec) N/A 0.433 0.098 0.464 0.000 0.140 0.000 0.175 0.176 0.000
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 201 198 154 187 0 452 0 471 29 0
N.S. 1 099 0.77 0.93 0.00 2.25 0.00 2.34 0.14 0.00
time (sec) N/A 0.518 0.190 0.478 0.000  0.150 0.000 0.178 200.022 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 283 294 233 281 0 690 0 884 29 0
N.S. 1 1.04 0.82 0.99 0.00 2.44 0.00 3.12 0.10 0.00
time (sec) N/A 0.654 0.486 0.938 0.000  0.153 0.000 0.170 200.017 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 99 99 95 125 105 105 114 215 153 165
N.S. 1 1.00 0.96 1.26 1.06 1.06 1.15 2.17 1.55 1.67
time (sec) N/A 0.476 0.089 0.219 0.044 0.121 0.221 0.141 0.171 0.187
Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 7 85 73 7 76 158 153 129
N.S. 1 1.00 1.00 1.10 0.95 1.00 0.99 2.05 1.99 1.68
time (sec) N/A 0.425 0.076  0.200 0.036 0.111 0.187 0.122 0.183  23.417
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 55 59 53 53 49 109 153 90
N.S. 1 1.00 0.93 1.00 0.90 0.90 0.83 1.85 2.59 1.53
time (sec) N/A 0.388 0.044 0.151 0.031 0.110 0.144 0.114 0.193 23.231
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 40 39 36 35 29 72 149 51
N.S. 1 1.00 1.00 0.98 0.90 0.88 0.72 1.80 3.72 1.28
time (sec) N/A 0.348 0.030 0.144 0.027 0.069 0.109 0.136 0.160  23.120
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 32 22 19 22 15 37 143 21
N.S. 1 1.00 1.39 0.96 0.83 0.96 0.65 1.61 6.22 0.91
time (sec) N/A 0.301 0.013 0.089 0.032 0.069 0.078 0.136 0.169 0.064
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 34 42 47 27 99 68 157 34
N.S. 1 1.00 0.83 1.02 1.15 0.66 241 1.66 3.83 0.83
time (sec) N/A 0.361 0.030 0.165 0.028  0.077 0.422 0.138 0.174  23.359
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 42 69 110 40 158 95 176 100
N.S. 1 1.00 0.68 1.11 1.77 0.65 2.55 1.53 2.84 1.61
time (sec) N/A 0.381 0.035 0.191 0.037 0.076 0.296 0.131 0.162  23.357
Problem 219, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 81 66 109 160 69 226 142 191 156
N.S. 1 0.98 0.80 1.31 1.93 0.83 2.72 1.71 2.30 1.88
time (sec) N/A 0.417 0.049 0.216 0.037  0.115 0.427 0.137 0.171  23.350
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 102 91 150 218 94 286 183 197 199
N.S. 1 098 0.88 1.44 2.10 0.90 2.75 1.76 1.89 1.91
time (sec) N/A 0.445 0.062 0.243 0.038  0.087 0.573 0.140 0.173 23.434
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F(-1) A F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 360 342 299 445 1368 264 0 334 361 0
N.S. 1 095 0.83 1.24 3.80 0.73 0.00 0.93 1.00 0.00
time (sec) N/A 0.843 0.882 1.209 0.148  0.095 0.000 0.177 7.634 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F(-1) A F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 282 264 244 351 979 216 0 285 361 0
N.S. 1 094 0.87 1.24 3.47 0.77 0.00 1.01 1.28 0.00
time (sec) N/A 0.715 0.566  0.849 0.138 0.144 0.000 0.139 4.904 0.000
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 229 232 198 268 624 174 0 241 361 0
N.S. 1 1.01  0.86 1.17 2.72 0.76 0.00 1.05 1.58 0.00
time (sec) N/A 0.604 0.441 0.902 0.119 0.095 0.000 0.146 0.936 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 163 172 157 195 293 136 0 210 357 0
N.S. 1 1.06  0.96 1.20 1.80 0.83 0.00 1.29 2.19 0.00
time (sec) N/A 0.509 0.395 0.810 0.110  0.099 0.000 0.156 0.501 0.000
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 109 45 129 103 99 0 180 353 0
N.S. 1 1.16  0.48 1.37 1.10 1.05 0.00 1.91 3.76 0.00
time (sec) N/A 0.408 0.048 0.802 0.107  0.087 0.000 0.133 0.481 0.000
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 134 163 189 1067 0 356 0 252 29 0
N.S. 1 1.22 141 7.96 0.00 2.66 0.00 1.88 0.22 0.00
time (sec) N/A 0.577 0.762  0.793 0.000  0.148 0.000 0.253 200.022 0.000
Problem 227 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 178 187 145 187 0 389 0 0 29 0
N.S. 1 1.06 0.81 1.05 0.00 2.19 0.00 0.00 0.16 0.00
time (sec) N/A 0.498 0.198  1.487 0.000 0.144 0.000 0.000 200.026 0.000
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 264 255 194 282 0 574 0 0 29 0
N.S. 1 097 0.73 1.07 0.00 2.17 0.00 0.00 0.11 0.00
time (sec) N/A 0.587 0.282 1.451 0.000 0.164 0.000 0.000 200.022 0.000
Problem 229, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 339 363 275 392 0 839 0 0 29 0
N.S. 1 1.07 0.81 1.16 0.00 2.47 0.00 0.00 0.09 0.00
time (sec) N/A 0.801 0.486 2.716 0.000  0.161 0.000 0.000 200.026 0.000
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 391 414 121 0 0 554 0 0 30 0
N.S. 1 1.06  0.31 0.00 0.00 1.42 0.00 0.00 0.08 0.00
time (sec) N/A 0.888 0.107  0.000 0.000  0.155 0.000 0.000 200.027 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 314 355 81 0 0 415 0 0 28 0
N.S. 1 1.13  0.26 0.00 0.00 1.32 0.00 0.00 0.09 0.00
time (sec) N/A 0.766 0.056  0.000 0.000  0.142 0.000 0.000 200.024 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 245 299 45 0 0 255 0 0 26 0
N.S. 1 1.22  0.18 0.00 0.00 1.04 0.00 0.00 0.11 0.00
time (sec) N/A 0.659 0.020 0.000 0.000  0.143 0.000 0.000 200.025 0.000
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 319 437 124 0 0 414 0 0 30 0
N.S. 1 1.37  0.39 0.00 0.00 1.30 0.00 0.00 0.09 0.00
time (sec) N/A 0.894 0.116 0.000 0.000  0.143 0.000 0.000 200.022 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 205 261 110 0 0 598 0 0 30 0
N.S. 1 1.27  0.54 0.00 0.00 2.92 0.00 0.00 0.15 0.00
time (sec) N/A 0.518 0.035 0.000 0.000  0.157 0.000 0.000 200.029 0.000
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 391 414 121 0 0 561 0 0 30 0
N.S. 1 1.06 0.31 0.00 0.00 1.43 0.00 0.00 0.08 0.00
time (sec) N/A 0.889 0.117  0.000 0.000  0.141 0.000 0.000 200.026 0.000
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 314 355 79 0 0 431 0 0 28 0
N.S. 1 1.13  0.25 0.00 0.00 1.37 0.00 0.00 0.09 0.00
time (sec) N/A 0.773 0.051  0.000 0.000  0.131 0.000 0.000 200.025 0.000
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 245 299 45 0 0 268 0 0 26 0
N.S. 1 1.22  0.18 0.00 0.00 1.09 0.00 0.00 0.11 0.00
time (sec) N/A 0.680 0.019 0.000 0.000  0.132 0.000 0.000 200.022 0.000
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 344 427 122 0 0 690 0 0 30 0
N.S. 1 1.24  0.35 0.00 0.00 2.01 0.00 0.00 0.09 0.00
time (sec) N/A 0.963 0.094 0.000 0.000  0.098 0.000 0.000 200.027 0.000
Problem 239, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 211 224 106 0 0 694 0 0 30 0
N.S. 1 1.06  0.50 0.00 0.00 3.29 0.00 0.00 0.14 0.00
time (sec) N/A 0.563 0.031 0.000 0.000  0.093 0.000 0.000 200.033 0.000
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 391 414 99 0 0 561 0 0 30 0
N.S. 1 1.06  0.25 0.00 0.00 1.43 0.00 0.00 0.08 0.00
time (sec) N/A 0.947 0.114 0.000 0.000  0.096 0.000 0.000 200.031 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 314 355 84 0 0 421 0 0 28 0
N.S. 1 1.13 027  0.00 0.00 1.34 0.00 0.00 0.09 0.00
time (sec) N/A 0.803 0.050 0.000 0.000  0.093 0.000 0.000 200.024 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 245 299 45 0 0 266 0 0 26 0
N.S. 1 1.22  0.18 0.00 0.00 1.09 0.00 0.00 0.11 0.00
time (sec) N/A 0.677 0.021  0.000 0.000  0.113 0.000 0.000 200.021 0.000
Problem 243 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 319 437 126 0 0 470 0 0 30 0
N.S. 1 1.37  0.39 0.00 0.00 1.47 0.00 0.00 0.09 0.00
time (sec) N/A 0.886 0.040 0.000 0.000  0.098 0.000 0.000 200.027 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 210 261 107 0 0 707 0 0 30 0
N.S. 1 1.24  0.51 0.00 0.00 3.37 0.00 0.00 0.14 0.00
time (sec) N/A 0.524 0.037  0.000 0.000  0.088 0.000 0.000 200.028 0.000
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 391 414 98 0 0 555 0 0 30 0
N.S. 1 1.06  0.25 0.00 0.00 1.42 0.00 0.00 0.08 0.00
time (sec) N/A 0.982 0.114 0.000 0.000  0.131 0.000 0.000 200.026 0.000
Problem 246 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 314 355 84 0 0 433 0 0 28 0
N.S. 1 1.13  0.27 0.00 0.00 1.38 0.00 0.00 0.09 0.00
time (sec) N/A 0.797 0.048 0.000 0.000 0.144 0.000 0.000 200.026 0.000
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F A F F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 245 299 43 0 0 255 0 0 26 0
N.S. 1 1.22  0.18 0.00 0.00 1.04 0.00 0.00 0.11 0.00
time (sec) N/A 0.671 0.022 0.000 0.000  0.129 0.000 0.000 200.040 0.000
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 344 427 128 0 0 629 0 0 30 0
N.S. 1 1.24  0.37 0.00 0.00 1.83 0.00 0.00 0.09 0.00
time (sec) N/A 0.961 0.041 0.000 0.000  0.165 0.000 0.000 200.022 0.000
Problem 249, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F B F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 211 226 107 0 0 613 0 0 30 0
N.S. 1 1.07  0.51 0.00 0.00 291 0.00 0.00 0.14 0.00
time (sec) N/A 0.569 0.034 0.000 0.000  0.141 0.000 0.000 200.020 0.000
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 135 140 0 0 0 0 0 0 16 0
N.S. 1 1.04  0.00 0.00 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.470 0.000 0.000 0.000  0.000 0.000 0.000 0.173 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 320 266 272 0 0 0 0 0 16 0
N.S. 1 0.83 0.85 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.683 0.393 0.000 0.000  0.000 0.000 0.000 0.163 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 220 226 160 0 0 0 0 0 16 0
N.S. 1 1.03 0.73 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.592 0.199  0.000 0.000  0.000 0.000 0.000 0.151 0.000
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 147 147 128 0 0 0 0 0 14 0
N.S. 1 1.00 0.87 0.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.454 0.163 0.000 0.000  0.000 0.000 0.000 0.151 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 91 60 0 0 0 0 0 12 0
N.S. 1 1.00 0.66 0.00 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.338 0.047  0.000 0.000  0.000 0.000 0.000 0.159 0.000
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 191 203 170 0 0 0 0 0 16 0
N.S. 1 1.06  0.89 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.495 0.049 0.000 0.000  0.000 0.000 0.000 0.156 0.000
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 128 128 125 0 0 0 0 0 57 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.434 0.029 0.000 0.000  0.000 0.000 0.000 0.157 0.000
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 207 205 173 0 0 0 0 0 362 0
N.S. 1 099 0.84 0.00 0.00 0.00 0.00 0.00 1.75 0.00
time (sec) N/A 0.593 0.095 0.000 0.000  0.000 0.000 0.000 0.155 0.000
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 102 102 102 0 0 0 0 0 21 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.536 0.039  0.000 0.000  0.000 0.000 0.000 0.171 0.000
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 63 63 63 0 0 0 0 0 46 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.73 0.00
time (sec) N/A 0.363 0.020 0.000 0.000  0.000 0.000 0.000 0.160 0.000
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 61 61 61 0 0 0 0 0 27 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.44 0.00
time (sec) N/A 0.344 0.018 0.000 0.000  0.000 0.000 0.000 0.152 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 60 60 45 0 0 0 0 0 8 0
N.S. 1 1.00 0.75 0.00 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.302 0.032 0.000 0.000  0.000 0.000 0.000 0.156 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 35 13 12 12 12 12 13 12
N.S. 1 1.00 2.69 1.00 0.92 0.92 0.92 0.92 1.00 0.92
time (sec) N/A 0.319 0.011 0.360 0.118 0.078 0.440 0.114 0.168 23.324
Problem 263 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 60 39 0 39 95 109 39 44
N.S. 1 1.00 1.20 0.78 0.00 0.78 1.90 2.18 0.78 0.88
time (sec) N/A 0.476 0.026 2.372 0.000  0.077 1.130 0.139 0.162  23.352
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 85 89 55 0 66 223 203 63 74
N.S. 1 1.02  1.07 0.66 0.00 0.80 2.69 2.45 0.76 0.89
time (sec) N/A 0.650 0.174 11.075 0.000 0.120 3.095 0.142 0.166  23.454
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 116 120 123 71 0 93 398 297 87 104
N.S. 1 1.03  1.06 0.61 0.00 0.80 3.43 2.56 0.75 0.90
time (sec) N/A 0.866 0.315 36.436 0.000 0.098 8.308 0.143 0.154  23.338
Problem 266/ | Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 155 153 87 0 120 620 391 111 134
N.S. 1 1.04 1.03 0.58 0.00 0.81 4.16 2.62 0.74 0.90
time (sec) N/A 1.096 0.361 100.004 0.000 0.086 23.449 0.213 0.166 23.496
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 98 0 0 0 0 0 50 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 0.529 0.031  0.000 0.000  0.000 0.000 0.000 0.176 0.000
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 97 97 97 0 0 0 0 0 22 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.526 0.028 0.000 0.000  0.000 0.000 0.000 0.169 0.000
Problem 269, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 93 93 93 0 0 0 0 0 26 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.551 0.030  0.000 0.000  0.000 0.000 0.000 0.155 0.000
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 35 35 37 0 42 0 64 42 33
N.S. 1 1.00 1.00 1.06 0.00 1.20 0.00 1.83 1.20 0.94
time (sec) N/A 0.351 0.020 0.064 0.000 0.134 0.000 0.188 0.165 0.210
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 60 54 0 70 0 107 67 78
N.S. 1 1.00 0.83 0.75 0.00 0.97 0.00 1.49 0.93 1.08
time (sec) N/A 0.543 0.045 0.063 0.000  0.119 0.000 0.169 0.162 0.255
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 108 116 79 70 0 97 0 250 91 120
N.S. 1 1.07  0.73 0.65 0.00 0.90 0.00 231 0.84 1.11
time (sec) N/A 0.753 0.047  0.069 0.000 0.146 0.000 0.191 0.191  23.555
Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 90 90 90 0 0 0 0 0 23 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.540 0.030 0.000 0.000  0.000 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 53 53 53 0 0 0 0 0 52 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.98 0.00
time (sec) N/A 0.369 0.019 0.000 0.000  0.000 0.000 0.000 0.168 0.000
Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 51 0 0 0 0 0 31 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.61 0.00
time (sec) N/A 0.343 0.018 0.000 0.000  0.000 0.000 0.000 0.164 0.000
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Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 46 46 37 0 0 0 0 0 10 0

N.S. 1 1.00  0.80 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.306 0.037 0.000 0.000 0.000 0.000 0.000 0.160 0.000

Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A A A A B B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 34 16 15 15 15 15 16 15
N.S. 1 1.00 1.89  0.89 0.83 0.83 0.83  0.83 0.89 0.83
time (sec) N/A 0.329 0.012 0.367 0.120 0.112 0.449 0.117 0.153  23.269

Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 55 40 0 40 99 119 40 46
N.S. 1 1.00 1.04 0.75 0.00 0.75 1.87 225 0.75 0.87
time (sec) N/A 0.514 0.027 2.622 0.000 0.131 1.18 0.127 0.172  23.265

Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 90 86 57 0 68 231 221 65 79
N.S. 1 1.02 098 0.65 0.00 0.77 262 251 0.74 0.90

time (sec) N/A 0.665 0.157 11.234  0.000 0.131 3.240 0.154 0.158 23.414
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Problem 280 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 127 122 73 0 95 410 323 89 111
N.S. 1 1.03  0.99 0.59 0.00 0.77 3.33 2.63 0.72 0.90
time (sec) N/A 0.897 0.320 36.803 0.000 0.154 8580 0.161 0.152  23.626
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 88 88 88 0 0 0 0 0 54 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.61 0.00
time (sec) N/A 0.531 0.030 0.000 0.000  0.000 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 87 87 87 0 0 0 0 0 24 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.527 0.025 0.000 0.000  0.000 0.000 0.000 0.181 0.000
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 87 87 87 0 0 0 0 0 28 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 0.522 0.026  0.000 0.000  0.000 0.000 0.000 0.168 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 37 39 0 44 0 70 44 35
N.S. 1 1.00 1.00 1.05 0.00 1.19 0.00 1.89 1.19 0.95
time (sec) N/A 0.360 0.021 0.059 0.000  0.087 0.000 0.194 0.163 23.107
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 62 56 0 72 0 170 69 80
N.S. 1 1.00 0.82 0.74 0.00 0.95 0.00 2.24 0.91 1.05
time (sec) N/A 0.542 0.045 0.062 0.000 0.082 0.000 0.141 0.158 0.244
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 122 81 72 0 99 0 272 93 122
N.S. 1 1.07  0.711 0.63 0.00 0.87 0.00 2.39 0.82 1.07
time (sec) N/A 0.763 0.047 0.063 0.000 0.092 0.000 0.165 0.194 22.954
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 101 101 102 0 0 0 0 0 23 0
N.S. 1 1.00 1.01 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.530 0.035 0.000 0.000  0.000 0.000 0.000 0.155 0.000
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 63 63 63 0 0 0 0 0 52 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.83 0.00
time (sec) N/A 0.356 0.022  0.000 0.000  0.000 0.000 0.000 0.154 0.000
Problem 289, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 61 61 61 0 0 0 0 0 31 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 0.340 0.018 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 60 60 45 0 0 0 0 0 10 0
N.S. 1 1.00 0.75 0.00 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 0.304 0.034 0.000 0.000  0.000 0.000 0.000 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 36 16 23 15 15 15 16 15
N.S. 1 1.00 2.25 1.00 1.44 0.94 0.94 0.94 1.00 0.94
time (sec) N/A 0.328 0.013 0.549 0.043 0.111 3.165 0.113 0.151  22.878
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 60 41 0 41 116 98 41 47
N.S. 1 1.00 1.11 0.76 0.00 0.76 2.15 1.81 0.76 0.87
time (sec) N/A 0.506 0.028 3.535 0.000 0.114 19.748 0.140 0.160  23.067
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 91 91 57 0 68 291 182 237 80
N.S. 1 1.02  1.02 0.64 0.00 0.76 3.27 2.04 2.66 0.90
time (sec) N/A 0.692 0.191 14.631 0.000 0.116 90.233 0.135 0.155  23.079
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 128 127 73 0 95 0 266 369 112
N.S. 1 1.03  1.02 0.59 0.00 0.77 0.00 2.15 2.98 0.90
time (sec) N/A 0.885 0.433 46.457 0.000 0.108 0.000 0.151 0.163  23.260
Problem 295 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 98 0 0 0 0 0 54 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 0.531 0.031 0.000 0.000  0.000 0.000 0.000 0.180 0.000
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Problem 296/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 97 97 97 0 0 0 0 0 24 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.517 0.029 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 297 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 93 93 93 0 0 0 0 0 28 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.522 0.026  0.000 0.000  0.000 0.000 0.000 0.165 0.000
Problem 298 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 37 39 0 44 0 94 44 35
N.S. 1 1.00 097 1.03 0.00 1.16 0.00 2.47 1.16 0.92
time (sec) N/A 0.362 0.026 0.059 0.000 0.141 0.000 0.184 0.162  23.150
Problem 299 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 62 56 0 72 0 105 7 81
N.S. 1 1.00 0.81 0.73 0.00 0.94 0.00 1.36 1.00 1.05
time (sec) N/A 0.558 0.053 0.062 0.000  0.130 0.000 0.170 0.174  23.295
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Problem 300, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 123 81 72 0 99 0 224 101 123
N.S. 1 1.07  0.70 0.63 0.00 0.86 0.00 1.95 0.88 1.07
time (sec) N/A 0.847 0.058 0.065 0.000 0.103 0.000 0.178 0.168  22.969
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 90 90 90 0 0 0 0 0 25 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.530 0.031 0.000 0.000  0.000 0.000 0.000 0.156 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 53 53 53 0 0 0 0 0 58 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 1.09 0.00
time (sec) N/A 0.362 0.021 0.000 0.000  0.000 0.000 0.000 0.171 0.000
Problem 303 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 51 0 0 0 0 0 35 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.339 0.020 0.000 0.000  0.000 0.000 0.000 0.163 0.000
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Problem 304| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 46 46 37 0 0 0 0 0 12 0

N.S. 1 1.00  0.80 0.00 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.304 0.038 0.000 0.000 0.000 0.000 0.000 0.150 0.000

Problem 305 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A A A A B B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 34 18 23 15 19 15 18 15
N.S. 1 1.00 1.89  1.00 1.28 0.83 1.06  0.83 1.00 0.83
time (sec) N/A 0.321 0.012 0.553  0.043 0.078 6.659 0.133 0.150  23.205

Problem 306| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 55 42 0 40 124 104 43 47
N.S. 1 1.00 1.02 0.78 0.00 0.74 2.30 1.93 0.80 0.87
time (sec) N/A 0.489 0.026 3.657  0.000 0.074 38.443 0.123 0.167 24.144

Problem 307| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F A B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 91 85 59 0 68 316 192 270 79
N.S. 1 1.02 096  0.66 0.00 0.76 3.55 2.16 3.03 0.89

time (sec) N/A 0.669 0.207 14.869  0.000 0.124 173.990 0.125 0.156  23.898
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Problem 308 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 128 121 75 0 95 0 280 420 111
N.S. 1 1.03 0.98 0.60 0.00 0.77 0.00 2.26 3.39 0.90
time (sec) N/A 0.898 0.481 47.540 0.000 0.121 0.000 0.149 0.153  23.406
Problem 309 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 88 88 88 0 0 0 0 0 58 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.66 0.00
time (sec) N/A 0.528 0.033  0.000 0.000  0.000 0.000 0.000 0.169 0.000
Problem 310, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 87 87 87 0 0 0 0 0 26 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.522 0.029 0.000 0.000  0.000 0.000 0.000 0.166 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 87 87 87 0 0 0 0 0 30 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.541 0.031 0.000 0.000  0.000 0.000 0.000 0.174 0.000
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Problem 312 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 37 41 0 44 0 94 46 35
N.S. 1 1.00 0.97 1.08 0.00 1.16 0.00 2.47 1.21 0.92
time (sec) N/A 0.364 0.028 0.059 0.000 0.119 0.000 0.154 0.159 0.193

Problem 313 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F(-1) B F B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 62 58 0 72 0 148 83 81
N.S. 1 1.00 081 0.75 0.00 0.94 0.00 1.92 1.08 1.05
time (sec) N/A 0.548 0.052 0.063  0.000 0.142 0.000 0.163 0.164 23.401

Problem 314| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F(-1) B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 123 81 74 0 99 0 236 109 123
N.S. 1 1.07 070  0.64 0.00 0.86 0.00 2.05 0.95 1.07
time (sec) N/A 0.790 0.060 0.062 0.000 0.145 0.000 0.184 0.177 23.710

Problem 315 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 42 34 63 53 36 30 124 49
N.S. 1 1.00 0.84 0.68 1.26 1.06 0.72  0.60 2.48 0.98

time (sec) N/A 0.406 0.030 0.152 0.102 0.084 0.139 0.109 0.156 0.149
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Problem 316/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B B A F A B B
verified N/A No No Yes TBD TBD TBD TBD TBD TBD
size 69 73 48 178 112 86 0 24 155 92
N.S. 1 1.06  0.70 2.58 1.62 1.25 0.00 0.35 2.25 1.33
time (sec) N/A 0.404 0.018 0.189 0.032 0.080 0.000 0.154 0.151  23.666
Problem 317 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 28 43 31 19 24 80 28
N.S. 1 1.00 1.00 0.93 1.43 1.03 0.63 0.80 2.67 0.93
time (sec) N/A 0.384 0.024 0.121 0.102 0.073 0.083 0.132 0.157  23.387
Problem 318 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F F B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 38 41 52 87 40 54 0 0 92 55
N.S. 1 1.08  1.37 2.29 1.05 1.42 0.00 0.00 2.42 1.45
time (sec) N/A 0.364 0.040 0.132 0.026  0.079 0.000 0.000 0.159 0.074
Problem 319 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 14 24 15 8 11 24 15
N.S. 1 1.00 1.00 0.93 1.60 1.00 0.53 0.73 1.60 1.00
time (sec) N/A 0.341 0.009 0.075 0.103 0.102 0.022 0.142 0.160 22.931




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 123
Problem 320, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 14 12 15 10 12 13 15
N.S. 1 1.00 1.00 0.88 0.75 0.94 0.62 0.75 0.81 0.94
time (sec) N/A 0.335 0.009 0.053 0.029 0.093 0.024 0.112 0.155  23.789
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 38 41 56 149 33 54 0 0 31 56
N.S. 1 1.08  1.47 3.92 0.87 1.42 0.00 0.00 0.82 1.47
time (sec) N/A 0.388 0.276 0.132 0.104 0.113 0.000 0.000 0.158 23.401
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 32 30 41 31 19 24 97 29
N.S. 1 1.00 1.00 0.94 1.28 0.97 0.59 0.75 3.03 0.91
time (sec) N/A 0.395 0.024 0.105 0.031 0.104 0.085 0.140 0.168 23.971
Problem 323 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 69 73 82 305 107 86 0 24 226 93
N.S. 1 1.06 1.19 4.42 1.55 1.25 0.00 0.35 3.28 1.35
time (sec) N/A 0.397 0.104 0.185 0.108 0.082 0.000 0.132 0.540 0.112
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 131 78 69 82 0 364 0 0 129 0
N.S. 1 0.60 0.53 0.63 0.00 2.78 0.00 0.00 0.98 0.00
time (sec) N/A 0.620 0.070 0.141 0.000  0.098 0.000 0.000 0.165 0.000
Problem 325 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 112 71 526 0 186 0 132 160 0
N.S. 1 1.17  0.74 5.48 0.00 1.94 0.00 1.38 1.67 0.00
time (sec) N/A 0.509 0.069 0.349 0.000  0.148 0.000 0.220 0.162 0.000
Problem 326, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 58 55 61 0 357 0 0 85 0
N.S. 1 0.69 0.65 0.73 0.00 4.25 0.00 0.00 1.01 0.00
time (sec) N/A 0.578 0.044 0.128 0.000  0.177 0.000 0.000 0.152 0.000
Problem 327 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 68 91 204 0 152 0 70 97 0
N.S. 1 1.08 1.44 3.24 0.00 241 0.00 1.11 1.54 0.00
time (sec) N/A 0.429 0.052 0.164 0.000  0.120 0.000 0.150 0.156 0.000
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Problem 328 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 42 38 0 253 0 0 29 0
N.S. 1 1.00 1.00 0.90 0.00 6.02 0.00 0.00 0.69 0.00
time (sec) N/A 0.502 0.027 0.094 0.000 0.164 0.000 0.000 0.167  0.000
Problem 329, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 43 39 15 253 0 0 18 0
N.S. 1 1.00 1.00 0.91 0.35 5.88 0.00 0.00 0.42 0.00
time (sec) N/A 0.498 0.027 0.095 0.034 0.112 0.000 0.000 0.161 0.000
Problem 330, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 68 117 87 40 152 0 70 115 0
N.S. 1 1.08 1.86 1.38 0.63 241 0.00 1.11 1.83 0.00
time (sec) N/A 0.423 0.132 0.190 0.109 0.086 0.000 0.182 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 86 60 60 66 35 357 0 0 102 0
N.S. 1 0.70  0.70 0.77 0.41 4.15 0.00 0.00 1.19 0.00
time (sec) N/A 0.569 0.050 0.136 0.035  0.100 0.000 0.000 0.151 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 112 132 188 76 186 0 132 231 0
N.S. 1 1.17  1.38 1.96 0.79 1.94 0.00 1.38 241 0.00
time (sec) N/A 0.508 0.116 0.237 0.113  0.093 0.000 0.187 0.544 0.000
Problem 333 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 35 24 20 59 35 39 18 53 21
N.S. 1 1.00 0.69 0.57 1.69 1.00 1.11 0.51 1.51 0.60
time (sec) N/A 0.419 0.057 0.149 0.104 0.070 0.154 0.104 0.154 0.107
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 67 47 32 95 75 0 111 140 41
N.S. 1 1.03  0.72 0.49 1.46 1.15 0.00 1.71 2.15 0.63
time (sec) N/A 0.389 0.040 0.194 0.027  0.115 0.000 0.140 0.18  22.850
Problem 335 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 18 15 35 21 20 12 41 24
N.S. 1 1.00 0.95 0.79 1.84 1.11 1.05 0.63 2.16 1.26
time (sec) N/A 0.346 0.021 0.101 0.105 0.091 0.089 0.114 0.159 22.831
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Problem 336/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 67 48 31 45 51 0 67 86 33
N.S. 1 1.37 098 0.63 0.92 1.04 0.00 1.37 1.76 0.67
time (sec) N/A 0.390 0.021 0.137 0.026  0.113 0.000 0.125 0.152  23.001
Problem 337 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 21 24 28 49 32 35 43 23
N.S. 1 1.00 0.75 0.86 1.00 1.75 1.14 1.25 1.54 0.82
time (sec) N/A 0.401 0.025 0.110 0.105 0.106 0.103 0.108 0.143  22.960
Problem 338 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 21 24 0 49 34 35 25 25
N.S. 1 1.00 0.72 0.83 0.00 1.69 1.17 1.21 0.86 0.86
time (sec) N/A 0.391 0.022 0.129 0.000 0.118 0.102 0.130 0.161  23.137
Problem 339, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 67 48 33 58 51 0 67 51 31
N.S. 1 1.37  0.98 0.67 1.18 1.04 0.00 1.37 1.04 0.63
time (sec) N/A 0.381 0.020 0.137 0.102 0.144 0.000 0.147 0.184 0.066
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Problem 340, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 18 15 13 21 22 13 29 24
N.S. 1 1.00 0.95 0.79 0.68 1.11 1.16 0.68 1.53 1.26
time (sec) N/A 0.351 0.021 0.079 0.027 0.062 0.084 0.112 0.147 0.057

Problem 341 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B A F B F B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 65 67 47 33 99 75 0 111 49 40
N.S. 1 1.03 0.72 0.51 1.52 1.15 0.00 1.71 0.75 0.62
time (sec) N/A 0.384 0.023 0.194 0.031  0.087 0.000 0.153 0.334 22.960

Problem 342 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 66 56 44 0 101 0 0 58 48
N.S. 1 069 059  0.46 0.00 1.06 0.00 0.00 0.61 0.51
time (sec) N/A 0.590 0.046 0.144 0.000 0.077 0.000 0.000 0.157  23.995

Problem 343 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 (s v 44 0 66 0 134 145 46
N.S. 1 1.12 1.12 0.64 0.00 0.96 0.00 1.94 2.10 0.67

time (sec) N/A 0.444 0.050 0.256 0.000 0.103 0.000 0.143 0.160 23.284
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 48 42 0 71 0 0 46 41
N.S. 1 1.00 0.98 0.86 0.00 1.45 0.00 0.00 0.94 0.84
time (sec) N/A 0.497 0.038 0.110 0.000 0.083 0.000 0.000 0.160  23.583
Problem 345 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 59 78 33 0 47 0 76 91 32
N.S. 1 1.09 1.44 0.61 0.00 0.87 0.00 1.41 1.69 0.59
time (sec) N/A 0.398 0.041 0.164 0.000  0.090 0.000 0.146 0.169 0.238
Problem 346 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 59 51 58 0 317 0 0 48 0
N.S. 1 0.67  0.58 0.66 0.00 3.60 0.00 0.00 0.55 0.00
time (sec) N/A 0.572 0.052 0.125 0.000  0.150 0.000 0.000 0.160 0.000
Problem 347 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 60 60 86 52 317 0 0 31 0
N.S. 1 0.67 0.67 0.97 0.58 3.56 0.00 0.00 0.35 0.00
time (sec) N/A 0.579 0.047 0.138 0.037  0.154 0.000 0.000 0.155 0.000
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Problem 348 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 59 78 45 59 47 0 76 58 32
N.S. 1 1.09 1.44 0.83 1.09 0.87 0.00 1.41 1.07 0.59
time (sec) N/A 0.417 0.045 0.163 0.033 0.129 0.000 0.179 0.160 23.441
Problem 349, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 48 42 29 71 0 0 34 49
N.S. 1 1.00 0.98 0.86 0.59 1.45 0.00 0.00 0.69 1.00
time (sec) N/A 0.503 0.074 0.106 0.042  0.107 0.000 0.000 0.164 24.170
Problem 350, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 7 7 45 119 66 0 134 54 45
N.S. 1 .12 1.12 0.65 1.72 0.96 0.00 1.94 0.78 0.65
time (sec) N/A 0.442 0.061 0.231 0.035 0.176 0.000 0.140 0.377  24.258
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 86 86 90 0 0 0 0 0 52 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.60 0.00
time (sec) N/A 0.411 0.032 0.000 0.000  0.000 0.000 0.000 0.155 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 84 84 88 0 0 0 0 0 31 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.406 0.026  0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 353 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 81 81 56 0 0 0 0 0 10 0
N.S. 1 1.00 0.69 0.00 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.346 0.024 0.000 0.000  0.000 0.000 0.000 0.158 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 131 208 141 0 0 0 0 0 29 0
N.S. 1 1.59  1.08 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.667 0.175  0.000 0.000  0.000 0.000 0.000 0.164 0.000
Problem 355 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 164 164 121 0 0 0 0 0 29 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 0.579 0.153  0.000 0.000  0.000 0.000 0.000 0.157 0.000
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Problem 356/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 122 120 109 0 0 0 0 0 27 0
N.S. 1 0.98  0.89 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.457 0.070  0.000 0.000  0.000 0.000 0.000 0.170 0.000
Problem 357 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 42 18 17 17 26 17 18 17
N.S. 1 1.00 2.33 1.00 0.94 0.94 1.44 0.94 1.00 0.94
time (sec) N/A 0.339 0.011 0.344 0.113  0.109 0.479 0.111 0.157 22.881
Problem 358 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 65 120 120 0 0 0 0 0 26 0
N.S. 1 1.85 1.85 0.00 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.495 0.048 0.000 0.000  0.000 0.000 0.000 0.156 0.000
Problem 359 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 90 162 142 0 0 0 0 0 62 0
N.S. 1 1.80 1.58 0.00 0.00 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.604 0.065 0.000 0.000  0.000 0.000 0.000 0.149 0.000
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Problem 360, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 126 223 174 0 0 0 0 0 110 0
N.S. 1 1.77  1.38 0.00 0.00 0.00 0.00 0.00 0.87 0.00
time (sec) N/A 0.706 0.098  0.000 0.000  0.000 0.000 0.000 0.169 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 181 158 165 166 0 298 0 1346 277 281
N.S. 1 0.87 0.91 0.92 0.00 1.65 0.00 7.44 1.53 1.55
time (sec) N/A 1.080 0.551 42.063 0.000 0.154 0.000 0.189 0.173  23.242
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 121 121 118 0 0 0 0 0 54 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.626 0.126  0.000 0.000  0.000 0.000 0.000 0.188 0.000
Problem 363 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 117 0 0 0 0 0 24 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.582 0.066  0.000 0.000  0.000 0.000 0.000 0.173 0.000
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Problem 364 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 117 0 0 0 0 0 28 0

N.S. 1 1.00  0.98 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.613 0.061 0.000 0.000 0.000 0.000 0.000 0.175 0.000

Problem 365 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F(l) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 283 236 217 0 0 0 0 0 57 0

N.S. 1 083 0.77 0.00 000 000 000 000 020 0.0

time (sec) N/A 0.992 0.311 0.000 0.000 0.000 0.000 0.000 0.388 0.000

Problem 366| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 280 235 214 0 0 0 0 0 27 0

N.S. 1 0.84 0.76 0.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.921 0.244 0.000 0.000 0.000 0.000 0.000 0.184 0.000

Problem 367 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 390 275 248 0 0 0 0 0 31 0

N.S. 1 0.71  0.64 0.00 0.00 0.00 0.00 0.00 0.08 0.00

time (sec) N/A 1.097 0.373 0.000 0.000 0.000 0.000 0.000 0.170 0.000
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Problem 368 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 291 252 206 0 0 0 0 0 31 0
N.S. 1 087 0.71 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.996 0.225 0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 369, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 202 184 176 0 0 0 0 0 29 0
N.S. 1 091 0.87 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.759 0.170  0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 370, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 117 0 0 0 0 0 28 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.594 0.033 0.000 0.000  0.000 0.000 0.000 0.154 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 121 121 120 0 0 0 0 0 31 0
N.S. 1 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.809 0.064 0.000 0.000  0.000 0.000 0.000 0.182 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 196 170 142 0 0 0 0 0 31 0
N.S. 1 0.87 0.72 0.00 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.823 0.081 0.000 0.000  0.000 0.000 0.000 0.180 0.000
Problem 373 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 281 230 159 0 0 0 0 0 31 0
N.S. 1 0.82  0.57 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.899 0.102 0.000 0.000  0.000 0.000 0.000 0.201 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 120 0 0 0 0 0 26 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.600 0.084 0.000 0.000  0.000 0.000 0.000 0.211 0.000
Problem 375 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 120 0 0 0 0 0 26 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.612 0.057 0.000 0.000  0.000 0.000 0.000 0.184 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 137
Problem 376/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 120 120 120 0 0 0 0 0 26 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.613 0.057  0.000 0.000  0.000 0.000 0.000 0.184 0.000
Problem 377 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 123 123 123 0 0 0 0 0 47 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 0.612 0.072 0.000 0.000  0.000 0.000 0.000 0.176 0.000
Problem 378 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 49 49 0 0 0 0 0 0 38 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.78 0.00
time (sec) N/A 0.415 0.000 0.000 0.000  0.000 0.000 0.000 0.177 0.000
Problem 379 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 96 0 0 0 0 0 43 0
N.S. 1 1.00 1.88 0.00 0.00 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 0.446 0.190 0.000 0.000  0.000 0.000 0.000 0.158 0.000
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Problem 380, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 51 51 0 0 0 0 0 0 276 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 5.41 0.00
time (sec) N/A 0.445 0.000 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 51 51 0 0 0 0 0 0 483 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 9.47 0.00
time (sec) N/A 0.445 0.000 0.000 0.000  0.000 0.000 0.000 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 79 79 0 0 0 0 0 0 31 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.717 0.000 0.000 0.000  0.000 0.000 0.000 0.202 0.000
Problem 383 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 82 82 0 0 0 0 0 0 52 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 0.745 0.000 0.000 0.000  0.000 0.000 0.000 4.231 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F(-1) F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 82 82 0 0 0 0 0 0 70 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.85 0.00
time (sec) N/A 0.758 0.000  0.000 0.000  0.000 0.000 0.000 0.273 0.000
Problem 385 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 115 115 115 0 0 0 0 0 23 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.564 0.044 0.000 0.000  0.000 0.000 0.000 0.155 0.000
Problem 386/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 39 41 76 42 0 53 40 54
N.S. 1 1.00 0.74 0.77 1.43 0.79 0.00 1.00 0.75 1.02
time (sec) N/A 0.510 0.039 0.642 0.054  0.077 0.000 0.256 0.151 0.208
Problem 387 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 39 41 0 44 0 53 40 54
N.S. 1 1.00 0.74 0.77 0.00 0.83 0.00 1.00 0.75 1.02
time (sec) N/A 0.489 0.034 1.100 0.000  0.079 0.000 0.252 0.148  22.997
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Problem 388 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 55 59 0 78 0 333 61 0
N.S. 1 1.00 0.92 0.98 0.00 1.30 0.00 5.55 1.02 0.00
time (sec) N/A 0.477 0.033 5.021 0.000 0.089 0.000 0.429 0.176 0.000
Problem 389 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 34 292 379 439 299 234 0
N.S. 1 1.00 0.95 0.89 7.68 997 11.55  7.87 6.16 0.00
time (sec) N/A 0.425 1.290 0.859 0.187  0.539 2.757 0.126 0.161 0.000
Problem 390, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 34 155 169 194 139 129 160
N.S. 1 1.00 0.95 0.89 4.08 4.45 5.11 3.66 3.39 4.21
time (sec) N/A 0.414 0.242 0.450 0.120 0.134 0.847 0.117 0.160 27.196
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 34 62 49 54 45 56 47
N.S. 1 1.00 0.95 0.89 1.63 1.29 1.42 1.18 1.47 1.24
time (sec) N/A 0.412 0.041 0.187  0.111  0.108 0.212 0.128 0.159  23.041
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 34 0 49 53 80 60 65
N.S. 1 1.00 0.95 0.89 0.00 1.29 1.39 2.11 1.58 1.71
time (sec) N/A 0.418 0.041 0.217 0.000  0.107 0.207 0.136 0.156  22.991
Problem 393 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B B B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 34 0 169 192 139 151 159
N.S. 1 1.00 0.95 0.89 0.00 4.45 5.05 3.66 3.97 4.18
time (sec) N/A 0.421 0.249 0.581 0.000 0.129 0.768 0.118 0.161  26.967
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 63 57 0 496 0 0 180 46
N.S. 1 1.00 097 0.88 0.00 7.63 0.00 0.00 2,77 0.71
time (sec) N/A 0.716 0.594 0.438 0.000 0.191 0.000 0.000 0.151 2.454
Problem 395 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 65 57 0 192 0 0 91 48
N.S. 1 1.00 1.00 0.88 0.00 2.95 0.00 0.00 1.40 0.74
time (sec) N/A 0.728 0.123 0.243 0.000  0.131 0.000 0.000 0.156  24.251
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Problem 396/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 83 74 87 0 0 0 0 80 0
N.S. 1 0.58  0.52 0.61 0.00 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.794 0.066 0.165 0.000  0.000 0.000 0.000 0.174 0.000
Problem 397 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 84 75 86 54 0 0 0 58 0
N.S. 1 0.59  0.52 0.60 0.38 0.00 0.00 0.00 0.41 0.00
time (sec) N/A 0.793 0.071 0.171 0.039  0.000 0.000 0.000 0.155 0.000
Problem 398 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 65 50 93 192 0 0 105 57
N.S. 1 1.00 1.00 0.77 1.43 2.95 0.00 0.00 1.62 0.88
time (sec) N/A 0.722 0.129 0.237 0.043 0.088 0.000 0.000 0.158  25.225
Problem 399 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F(-1) F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 63 50 274 496 0 0 239 47
N.S. 1 1.00 0.97 0.77 4.22 7.63 0.00 0.00 3.68 0.72
time (sec) N/A 0.741 0.612 0.359 0.121 0.190 0.000 0.000 0.169 27.197
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [146]
had the largest ratio of [1.56250000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade s;:jj u:;;z;e antli:;ris‘szive leaf size irﬁ‘é’g}a‘ﬁlﬁ(ﬁeﬁlﬁie
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
6 F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
9 F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
N/A 3 0 1.00 14 0.000
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
6] | A 13 13 1.22 14 0.929
17 | A 10 10 1.19 14 0.714
g | A 8 8 1.15 14 0.571
19 | A 5 5 1.13 12 0.417
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
7 grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
20) A 3 3 1.00 10 0.300
g A 7 6 1.00 14 0.429
22] A 6 ) 1.00 14 0.357
23] A 9 8 1.00 14 0.571
% A 11 10 1.02 14 0.714
é A 14 13 1.04 14 0.929
26} A 3 3 1.00 14 0.214
2_7 A 3 3 1.00 14 0.214
28 | A 3 3 1.00 12 0.250
29) A 3 3 1.00 10 0.300
@ A 3 3 1.00 14 0.214
ﬂ A 3 3 1.00 14 0.214
g A 3 3 1.00 14 0.214
33] A 3 3 1.00 14 0.214
% A 15 15 1.22 14 1.071
ﬁ A 12 12 1.19 14 0.857
E A 12 12 1.07 12 1.000
37 A 6 6 1.00 10 0.600
ﬁ A 10 9 1.00 14 0.643
@ A 3 3 0.95 14 0.214
4_0 A 3 3 1.01 14 0.214
4_1 A 3 3 0.98 14 0.214
Q A 3 3 1.00 14 0.214
43] A 3 3 1.00 14 0.214
44 A 3 3 1.00 12 0.250
45) A 3 3 1.00 10 0.300
@ A 3 3 1.00 14 0.214
ﬂ A 3 3 1.00 14 0.214
4_8 A 3 3 1.00 14 0.214
@ A 3 3 1.00 14 0.214
50) A 11 11 1.19 14 0.786
ﬂ A 8 8 1.15 14 0.571

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
7 grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
59 | A 6 6 1.13 12 0.500
53] A 3 3 1.00 10 0.300
% A 7 6 1.00 14 0.429
55) A 6 ) 1.00 14 0.357
56l | A 8 7 1.02 14 0.500
ﬂ A 11 10 1.02 14 0.714
58] A 13 12 1.04 14 0.857
@ A 3 3 1.00 14 0.214
@ A 3 3 1.00 14 0.214
61 | A 3 3 1.00 12 0.250
62] A 3 3 1.00 10 0.300
@ A 3 3 1.00 14 0.214
% A 3 3 1.00 14 0.214
65) A 3 3 1.00 14 0.214
@ A 3 3 1.00 14 0.214
6_7 A 15 15 1.24 14 1.071
@ A 12 12 1.21 14 0.857
@ A 12 12 1.07 12 1.000
70 A 6 6 1.03 10 0.600
ﬂ A 10 9 1.04 14 0.643
E A 3 3 1.00 14 0.214
E A 3 3 1.04 14 0.214
E A 3 3 1.00 14 0.214
75) A 3 3 1.03 14 0.214
76 A 16 15 1.18 16 0.938
E A 14 13 1.24 14 0.929
E A 13 12 1.23 12 1.000
E A 17 16 1.31 16 1.000
0] A 7 6 1.04 16 0.375
81 | A 8 7 1.02 16 0.438
8 | A 12 11 1.01 16 0.688
@ A 14 13 1.03 16 0.812

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b ¢l
# | grade steps wmigue. | antderNative |y e ntegrand leaf size
34 A 16 15 1.03 16 0.938
@ A 16 15 1.13 16 0.938
& A 16 15 1.18 16 0.938
8_7 A 14 13 1.24 14 0.929
@ A 13 12 1.23 12 1.000
@ A 18 17 1.30 16 1.062
oo | A 8 7 1.04 16 0.438
91 A 9 8 1.02 16 0.500
% A 13 12 1.01 16 0.750
% A 15 14 1.02 16 0.875
% A 18 17 1.14 16 1.062
% A 17 16 1.18 16 1.000
% A 15 14 1.23 14 1.000
97] A 14 13 1.21 12 1.083
% A 20 19 1.27 16 1.188
99 A 8 7 1.05 16 0.438
100 A 9 8 1.02 16 0.500
101 A 14 13 1.01 16 0.812
102 A 16 15 1.03 16 0.938
103 A 16 15 1.13 16 0.938
104 A 16 15 1.18 16 0.938
105 A 14 13 1.24 14 0.929
106 A 13 12 1.23 12 1.000
107 A 18 17 1.31 16 1.062
108 A 8 7 1.04 16 0.438
109 A 9 8 1.02 16 0.500
110 A 13 12 1.01 16 0.750
111 A 15 14 1.03 16 0.875
112 A 16 15 1.13 16 0.938
113 A 16 15 1.18 16 0.938
114 A 14 13 1.24 14 0.929
115 A 13 12 1.23 12 1.000

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
116 A 17 16 1.30 16 1.000
117] A 7 6 1.04 16 0.375
118 A 8 7 1.02 16 0.438
119 A 12 11 1.01 16 0.688
120 A 14 13 1.02 16 0.812
121 A 18 17 1.14 16 1.062
122 A 17 16 1.18 16 1.000
123 A 15 14 1.23 14 1.000
124 A 14 13 1.21 12 1.083
125 A 21 20 1.27 16 1.250
126 A 9 8 1.05 16 0.500
127 A 10 9 1.02 16 0.562
128 A 15 14 1.01 16 0.875
129 A 17 16 1.03 16 1.000
130 A 16 15 1.18 14 1.071
131 A 14 13 1.25 12 1.083
132 A 13 12 1.21 10 1.200
133 A 17 16 1.41 14 1.143
134 A 12 11 1.30 14 0.786
135 A 13 12 1.29 14 0.857
136 A 17 16 1.24 14 1.143
137 A 6 6 1.05 14 0.429
138 A 4 4 1.11 12 0.333
139 A 3 3 1.06 10 0.300
140 A 4 4 1.07 14 0.286
141 A 3 3 1.02 14 0.214
142 A 4 4 1.05 14 0.286
143 A 16 15 1.29 16 0.938
144 A 14 13 1.33 14 0.929
145 A 13 12 1.30 12 1.000
146 A 26 25 1.46 16 1.562
147 A 16 15 1.28 16 0.938

Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

148

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
148 A 17 16 1.25 16 1.000
149 A ) ) 0.92 14 0.357
150 A 6 6 1.00 14 0.429
151 A 3 3 1.00 14 0.214
152 A 3 3 1.00 14 0.214
153 A 6 6 1.00 14 0.429
154 A ) ) 0.93 14 0.357
155 A 7 7 1.36 14 0.500
156 A 3 3 1.00 14 0.214
157 A 3 3 1.00 14 0.214
158 A 7 7 1.36 14 0.500
159 A 2 2 1.00 16 0.125
160 A 2 2 1.00 16 0.125
161 A 2 2 1.00 16 0.125
162 A 2 2 1.00 16 0.125
163 A 2 2 1.00 16 0.125
164 A 2 2 1.00 12 0.167
165 A 2 2 1.00 12 0.167
166 A 2 2 1.00 16 0.125
167 A 2 2 1.00 15 0.133
168 A ) 5) 0.86 15 0.333
169 A 5) 5) 1.04 15 0.333
170 A 3 3 1.00 13 0.231
171 A 2 2 1.00 11 0.182
172 A 4 4 1.00 15 0.267
173 A 2 2 1.00 15 0.133
174 A 3 3 1.00 15 0.200
175 A 7 7 1.02 15 0.467
176 A 11 10 0.90 16 0.625
177 A 9 8 0.87 16 0.500
178 A 9 8 1.05 16 0.500
179 A 7 6 1.10 14 0.429
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
180 A 6 ) 1.25 12 0.417
181 A 9 8 1.25 16 0.500
182 A ) 4 1.00 16 0.250
183 A 6 ) 0.99 16 0.312
184 A 10 9 1.04 16 0.562
185 A 3 3 1.00 16 0.188
186 A 3 3 1.00 16 0.188
187] A 3 3 1.00 16 0.188
188 A 3 3 1.00 14 0.214
189 A 3 3 1.00 12 0.250
190 A 3 3 1.00 16 0.188
191 A 3 3 1.00 16 0.188
192 A 3 3 1.00 16 0.188
193 A 3 3 1.00 16 0.188
194 A 14 13 0.95 16 0.812
195 A 12 11 0.94 16 0.688
196 A 10 9 1.01 16 0.562
197] A 8 7 1.05 14 0.500
198 A 7 6 1.16 12 0.500
199 A 10 9 1.21 16 0.562
200 A 6 5) 1.05 16 0.312
201 A 7 6 0.96 16 0.375
202 A 14 13 1.05 16 0.812
203 A 12 11 0.90 16 0.688
204 A 9 8 0.89 16 0.500
205 A 9 8 1.05 16 0.500
206 A 7 6 1.10 14 0.429
207} A 6 ) 1.25 12 0.417
208 A 9 8 1.25 16 0.500
209 A 5 4 1.00 16 0.250
210 A 6 ) 0.99 16 0.312
211 A 12 11 1.04 16 0.688
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
212 A 3 3 1.00 16 0.188
213 A 3 3 1.00 16 0.188
214 A 3 3 1.00 16 0.188
215 A 3 3 1.00 14 0.214
216 A 3 3 1.00 12 0.250
217] A 3 3 1.00 16 0.188
218 A 3 3 1.00 16 0.188
219 A 3 3 0.98 16 0.188
220 A 3 3 0.98 16 0.188
221 A 13 12 0.95 16 0.750
222 A 11 10 0.94 16 0.625
223 A 11 10 1.01 16 0.625
224 A 8 7 1.06 14 0.500
225 A 7 6 1.16 12 0.500
226 A 10 9 1.22 16 0.562
2217] A 6 ) 1.05 16 0.312
228 A 7 6 0.97 16 0.375
229 A 13 12 1.07 16 0.750
230 A 16 15 1.06 18 0.833
231 A 14 13 1.13 16 0.812
232 A 13 12 1.22 14 0.857
233 A 15 14 1.37 18 0.778
234 A 7 6 1.27 18 0.333
239 A 16 15 1.06 18 0.833
236 A 14 13 1.13 16 0.812
237] A 13 12 1.22 14 0.857
238 A 19 18 1.24 18 1.000
239 A 8 7 1.06 18 0.389
240 A 16 15 1.06 18 0.833
241 A 14 13 1.13 16 0.812
242 A 13 12 1.22 14 0.857
243 A 14 13 1.37 18 0.722
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
244 A 6 ) 1.24 18 0.278
245 A 16 15 1.06 18 0.833
246 A 14 13 1.13 16 0.812
247 A 13 12 1.22 14 0.857
248 A 18 17 1.24 18 0.944
249 A 7 6 1.07 18 0.333
250 A 4 4 1.04 14 0.286
251 A 5) 5) 0.83 14 0.357
252 A ) ) 1.03 14 0.357
253 A 3 3 1.00 12 0.250
254 A 2 2 1.00 10 0.200
255 A ) ) 1.06 14 0.357
256 A 2 2 1.00 14 0.143
257 A 3 3 0.99 14 0.214
258 A 3 3 1.00 19 0.158
259 A 2 2 1.00 19 0.105
260 A 2 2 1.00 17 0.118
261 A 2 2 1.00 6 0.333
262 A 1 1 1.00 19 0.053
263 A 3 3 1.00 19 0.158
264 A 4 4 1.02 19 0.211
265 A 5) 5) 1.03 19 0.263
266 A 6 6 1.04 19 0.316
267 A 3 3 1.00 21 0.143
268 A 3 3 1.00 21 0.143
269 A 3 3 1.00 21 0.143
270 A 1 1 1.00 21 0.048
271 A 2 2 1.00 21 0.095
272 A 3 3 1.07 21 0.143
273 A 3 3 1.00 21 0.143
274 A 2 2 1.00 21 0.095
2795 A 2 2 1.00 19 0.105
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
276 A 2 2 1.00 8 0.250
277] A 1 1 1.00 21 0.048
278 A 3 3 1.00 21 0.143
279 A 4 4 1.02 21 0.190
280 A ) ) 1.03 21 0.238
281 A 3 3 1.00 23 0.130
282 A 3 3 1.00 23 0.130
283 A 3 3 1.00 23 0.130
284 A 1 1 1.00 23 0.043
285 A 2 2 1.00 23 0.087
286 A 3 3 1.07 23 0.130
287} A 3 3 1.00 21 0.143
288 A 2 2 1.00 21 0.095
289 A 2 2 1.00 19 0.105
290 A 2 2 1.00 8 0.250
291 A 1 1 1.00 21 0.048
292 A 3 3 1.00 21 0.143
293 A 4 4 1.02 21 0.190
294 A ) ) 1.03 21 0.238
295 A 3 3 1.00 23 0.130
296 A 3 3 1.00 23 0.130
297 A 3 3 1.00 23 0.130
298 A 1 1 1.00 23 0.043
299 A 2 2 1.00 23 0.087
300 A 3 3 1.07 23 0.130
301 A 3 3 1.00 21 0.143
302 A 2 2 1.00 21 0.095
303 A 2 2 1.00 19 0.105
304 A 2 2 1.00 8 0.250
305 A 1 1 1.00 21 0.048
306 A 3 3 1.00 21 0.143
307} A 4 4 1.02 21 0.190
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
308 A 5) ) 1.03 21 0.238
309 A 3 3 1.00 23 0.130
310 A 3 3 1.00 23 0.130
311 A 3 3 1.00 23 0.130
312 A 1 1 1.00 23 0.043
313 A 2 2 1.00 23 0.087
314 A 3 3 1.07 23 0.130
315 A 3 3 1.00 24 0.125
316 A ) ) 1.06 24 0.208
317 A 3 3 1.00 24 0.125
318 A 4 4 1.08 24 0.167
319 A 2 2 1.00 24 0.083
320 A 2 2 1.00 24 0.083
321 A 4 4 1.08 24 0.167
322 A 3 3 1.00 24 0.125
323 A ) ) 1.06 24 0.208
324 A 4 4 0.60 25 0.160
325 A 6 5) 1.17 25 0.200
326 A 4 4 0.69 25 0.160
327} A 5 4 1.08 25 0.160
328 A 3 3 1.00 25 0.120
329 A 3 3 1.00 25 0.120
330 A ) 4 1.08 25 0.160
331 A 4 4 0.70 25 0.160
332 A 6 5) 1.17 25 0.200
333 A 3 3 1.00 24 0.125
334 A 3 3 1.03 24 0.125
335 A 2 2 1.00 24 0.083
336 A 3 3 1.37 24 0.125
337} A 3 3 1.00 24 0.125
338 A 3 3 1.00 24 0.125
339 A 3 3 1.37 24 0.125

Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

154

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
i grade Slf::: uz;i:e antlfaefrls\;:zwe leaf size integrand leaf size
340 A 2 2 1.00 24 0.083
341 A 3 3 1.03 24 0.125
342 A 4 4 0.69 25 0.160
343 A 3 3 1.12 25 0.120
344 A 3 3 1.00 25 0.120
345 A 3 3 1.09 25 0.120
346 A 4 4 0.67 25 0.160
347 A 4 4 0.67 25 0.160
348 A 3 3 1.09 25 0.120
349 A 3 3 1.00 25 0.120
350 A 3 3 1.12 25 0.120
351 A 2 2 1.00 21 0.095
352 A 2 2 1.00 19 0.105
353 A 2 2 1.00 8 0.250
354 A ) 5) 1.59 24 0.208
355 A ) ) 1.00 24 0.208
356 A 3 3 0.98 22 0.136
357} A 1 1 1.00 21 0.048
358 A 3 3 1.85 24 0.125
359 A 8 8 1.80 24 0.333
360 A 10 10 1.77 24 0.417
361 A 5) 5) 0.87 21 0.238
362 A 3 3 1.00 23 0.130
363 A 3 3 1.00 23 0.130
364 A 3 3 1.00 23 0.130
365 A 6 6 0.83 26 0.231
366 A 6 6 0.84 26 0.231
367 A 6 6 0.71 26 0.231
368 A 6 6 0.87 26 0.231
369 A 4 4 0.91 24 0.167
370 A 3 3 1.00 23 0.130
371 A 3 3 1.00 26 0.115
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
i grade Slf::: uz;i:e antlfaefrls\;:zwe leaf size integrand leaf size
372 A 4 4 0.87 26 0.154
373 A 8 8 0.82 26 0.308
374 A 3 3 1.00 23 0.130
379 A 3 3 1.00 23 0.130
376 A 3 3 1.00 23 0.130
377} A 3 3 1.00 23 0.130
378 A 2 2 1.00 22 0.091
379 A 2 2 1.00 24 0.083
380 A 2 2 1.00 24 0.083
381 A 2 2 1.00 24 0.083
382 A 3 3 1.00 26 0.115
383 A 3 3 1.00 26 0.115
384 A 3 3 1.00 26 0.115
385 A 3 3 1.00 21 0.143
386 A 3 3 1.00 24 0.125
387 A 3 3 1.00 24 0.125
388 A 1 1 1.00 35 0.029
389 A 2 2 1.00 26 0.077
390 A 2 2 1.00 26 0.077
391 A 2 2 1.00 26 0.077
392 A 2 2 1.00 26 0.077
393 A 2 2 1.00 26 0.077
394 A 3 3 1.00 28 0.107
399 A 3 3 1.00 28 0.107
396 A 4 4 0.58 28 0.143
397 A 4 4 0.59 28 0.143
398 A 3 3 1.00 28 0.107
399 A 3 3 1.00 28 0.107
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3.200 [eactan(az) go 23261
3.201 | ‘M—Qc;) AT 2331
arctan(am)
3202 [e—0r (f+“i x(:,) e 2330
3203 [ (c:;;;)”; ................................ 2342
- arctan(aw) Q
3.294 f ezt OF - o
3.295 [ e arctan(a) (c vatex®)Pdr
3.296 [ e~ arctan(az) \/ cH+a2cx®dx . . ... 2360
— arctan(aw)
3297 [e—0nun e W R 2365
3298 f W d.’,C ................................ 250
— arctan(azx)
3.299 f m d.’I,' ................................
— arctan(ax) =
3.300 f W d.’I,' ................................
3.301 [e2mctan(@@)(c 4 q2ex?)P dT . . ..
3.302 [e2metanam)(c 4 q2ea) P dr . .. 2397
3.303 [e2actan(a2)(c 4 a2ex?) dT . . . oo 2397,
3.304 [e2arctan(a®) g 2402
8.305 [ AT e
e—2arctan(az) /
3.306 (_c ;f:tiﬁiw) dT . . . e e e 2412
3307 m d.'L' ................................
3.308 [ (‘:;j;‘;‘”” AT . .
3.309 [ e2arctan(az)(c 4 q2cx e R WERY)
3.310 [e2arctan(a2) /e 4 a2ea2dx . ... .
—2 arctan(aa:)
3.311 f W) dT . . . s
3312 f m d.’L' ................................ 244
3,313 [ Da52

(c+a2cx2)®/?
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—2arctan(azx) d

3314 [< T oo e 2453

(c+a2cx2)7/?

3315 [ETERAT A6

3316 [ESERdT D469

3317 [E/SRdT AT

o2t arctan(aw) Q
3318 [C—mdr .. 24800

3319 [erNEldr . L 436

et arctan(az)
3320 [fo—dr . ... 2491]

3321 [E ST dn D496

3322 [EmtITdT 2502

3.323 [ ‘f/HfT“” T 25007

51 arctan(a:t)

3324 [T
3.325 [ :‘/Jr;%> ................................ 5200
3326 [EEENAT 527
3.327 [ ;ﬁ%’ ................................ 2533
3328 [ —— 2539
3329 [= 2547
3.330 2549

el arctan(az)

m .................................
3.331 2555
3.332 25611

et arctan(am)

m AT . . e
3.333
3.334

e—2iarctan(ax)
3.335
e2t arctan(azx) d
(ct+a2cz?) 3/ 2

W S
3.336 fm S 2034

e—3iarctan(az) d
—\/C-HLW S
e—4iarctan(az) dx
—m ................................
ebiarctan(ax) d
(1+a222)%/2
4i arctan(az)
f(31_1_(12132)3/2 d
3iarctan(az)
?14_,1212)3/2 d
i arctan(ax)

3.337 f m 7 12090

—iarctan(azx)
3.338 W dT . . . e 2099
3.339
3.340

—4i arctan(azx)
3.341 W AT . . . e 2010
5i arctan(ax)
3.342 f m dT . . . e 2010
ediarctan(ax)
3.343
3.344

e—2iarctan(az) d

W =/ 20600

e—3iarctan(az) d

W L v v v e e e e e e e e e e e e e e e e e e e e e e e e e e e e 12000

Ir- dT . o 2622
f e3iarctan(ax)

(c+a2cx2)3/2

dr . . .. [2020)
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3.345 [ LY gp D634
. (c+a2m2)3/2 --------------------------------
i arctan(azx)
3346 f m d.’L' ................................ 2040
—iarctan(azx)
3347 [ ETIIAT o 2646
3.348 e d 2657
. W 2 O
e—3iarctan(az) 5
3.349 [ T oo e e e e e e e e e e e e e e e 2658
—4iarctan(ax)
3.350 W e e e e 2 ............................ mﬁw!
3.351 [ermetan(a®)(c 4 a2ex?) dr . ... 2670
3.352 [erarctan(a®)(c 4 g2ex?) dr . . ... 26751
3.353  [enarctan(az) gy 2630
3354 [ 635
3.355 [ et 2691
. cTaZea? T - - o 0
3356 [ ITAT L 2697
n arctan(azx)
3.357 [ ec+a—2m€2) dT . 2702
n arctan(ax
3358 f Z(C_HL—QCEQ) diL' ................................ 2707
835 [ Soretam OT o 2712
3360 [ Gt A D718
T (c+a20z2)
en arc an(aw)
3361 [N AT 2725
(c+a2cx?)?
3.362 [em arCtan(‘“”)(c va2ex®)Pdn L 2733
3.363 [e" arCtaI(‘(“)’”) vetalexidr ... .. 2738
en arctan(ax
3364 [C—dr .. ... ... 2743
3.365 [em amtan(‘”)x (c+a2ex®)®Pdz .. .. ... 2748
3.366 [enarctan(a®)p2 /e 4 a2ex2dT . . . . oo e 2755
en arctan(aw)z
3367 [C—==rdr. .. 27621
en arctan(ax
3368 LTI AL 2769
en arctan(az)z
3369 [< W dT . . 2776
en arctan(ax .
33710 [“—— ‘/’W> ................................ 27821
n arctan(ax 5
222 1= W B ::;:
312 [ Siamade
337 [ Som=mdr - 2793
3.374 [ enarctan(az) \/c +aZex2dT . . 2805
3.375 ) AT o e e e ORT0
L g Ve+ a20z2
narctan ax
3.376 [ ﬁ AT . . I
3377 [ LD AT REYAN

(cta?cx?)
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3.378 [enarctan(a®)pmic 4 g2ex?) dT . . ..o 2825!
n arctan(az) ,,m Q
3.379 f W AT . . 28500
en arctan(az m o)
3.380 f (c—l—zﬂ—c;tz)2 AT . . e 2839
enarctan(az) pm Q
3.381 f W AT . . e e 2840
3382 [ I AT L e 2845
~Verata?
3.383 [ e g g D850
. (C+a26?2);‘/2 -------------------------------
en arctan(az m S
3.384 f W dx . . . e e 2809
3.385 [er¥tan(a)(ctaZex®)Pdr . ... 2860
3.386 [e Zparctan(a)(c 4 q2cx?) dr . . .. 23651
3.387 [ eZiparctan(en) (¢ 4 g2cx?)P dx R . PR
3.388 [ einarctan(az)y2 (c vatex?) T odr 275!
ebiarctan(az) 5,2 QR
3.389 [= §°+“f f2)§9 ............................... PR30
7 arctan(ax x o0
3390 [e— & Sty 0T D8R
e2iarctan(az) 5,2 .
3391 [= e BT - 2894
e—2t a.rct'.an(az)‘z 5
3392 [= ot BT 2890
3.393 [ _4c+at2;(2) AT 2905
ebiarctan(ax)
3394 [ W AT . o 29711
3iarctan(azx) .2
3.395 f W dT . . e 2917
iarctan(ax) .2
3.396 [ P AT 2924
—iarctan(az) .2
3.397 W AT . 2930
e—3iarctan(ax) ;2
3.398 [= e/ 0 29361
3.399 [ 947

(cta2cz?)
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3.1 f eCtoi arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e 168
Mathematica [A] (verified) . . . . . . . . . ... o 168]
Rubi [F] . . . 169
Maple [F] . . . . 169
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 170
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 170
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... Il
Giac [F(-1)] . . o o o Ival
Mupad [F(-1)] . . . o o 172
Reduce [F] . . . o . o o 172
Optimal result

Integrand size = 14, antiderivative size = 69

/ ec+6i arctan(a+bz) dr = —e‘x 4die 12e Gie 10g(7’ +a+ b$)

"~ b(1—ia—ibz)?  b(i+a+ bx)

b

output ‘ -exp(c)*x-4*I*exp(c) /b/ (1-I*a-I*b*x) ~2-12%exp(c) /b/ (I+a+b*x)+6*I*exp(c)*1n

input

output

\ (I+a+b*x) /b

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.91

/ ec+6z arctan(a+bzx) dr

e <—a — bz + (i—i—aﬁbx)z — =2 +6arctan(a + bz) + 3ilog (1 + (a + bw)2)>

b

LIntegrate [E"(c + (6*%I)*ArcTan[a + b#*x]),x]

(E"cx(-a - bkx + (4¥I)/(I + a + b*x)"2 - 12/(I + a + b*x) + 6ArcTan[a + b

\*x] + (3*I)*Logl[1 + (a + bxx)~21))/b




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec+6iarctan(a+bm) dz

l 7281

f ec—i—ﬁi arctan(a+bx)d(a + blL‘)
b

l 7299

f ec~|—6i arctan(a+bx)d(a + b.’L‘)
b

‘Int[E“(c + (6%I)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]
LInt[u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec+61 arctan(bz+a) dr

Lint(exp(c+6*I*arctan(b*x+a)),x)

Lint (exp(c+6*I*arctan(b*x+a)),x)
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 111 vs. 2(53) = 106.

Time = 0.08 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.61

/ec+61arctan(a+bz) dr =

6 (—ib?2? +2(—ia+ 1)bz —ia® + 2a + i)elog (BE) + (b33 + 2 (a + 1)b?*2® + (a® + 2ia + 11)t
b¥22 + 2 (a+19)b%z + (a®> +2ta — 1)b

input Lintegrate (exp(c+6*I*arctan(b*x+a)),x, algorithm="fricas") J

s

-(6%(-I*b~2*x"2 + 2x(-I*a + 1)*b*x - I*a"2 + 2%a + I)*e"cxlog((b*x + a + I
\)/b) + (b73%x"3 + 2x(a + I)*b™2*xx"2 + (2”2 + 2*I*a + 11)*b*x + 12*a + 8%I)
‘*e‘c)/(b‘3*x‘2 + 2%(a + I)*b~2%x + (a2 + 2%I*a - 1)%b)

output

Sympy [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.13

/ petbiarctan(a+be) g _ oo _ 12ae° + 12bze’ + 8ie®
a?b + 2iab + b3z — b+ z (2ab? + 2ib?)
6ielog (a + bx + 1)
* b

-/

p
input Lintegrate (exp(c+6*I*atan(b*x+a)),x)

‘—x*exp(c) - (12xa*exp(c) + 12xbxx*exp(c) + 8xI*exp(c))/(ax*2xb + 2kIxaxb + ‘
‘ b**3*x**x2 — b + x*(2%a*xb**2 + 2%I*b**2)) + 6*xI*exp(c)*log(a + b*x + I)/b

N\

output

J
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 170 vs. 2(53) = 106.

Time = 0.06 (sec) , antiderivative size = 170, normalized size of antiderivative = 2.46

/ec+61arctan(a+bz) dr =

b3z3e® + 2 (a + 1)b?z%e + (a® + 2i a + 11)bze® + 6 (b?z%e° + 2 (a + 7)bxe® + (a® + 2ia — 1)e°) arctan
b3 +2(a+

input integrate(exp(c+6*I*arctan(b*x+a)),x, algorithm="maxima")

-(b"3*x"3*e"c + 2x(a + I)*b"2*xx"2%e"c + (a”2 + 2xI*a + 11)*b*x*e”c + 6*%(b~
2%x"2%e"c + 2x(a + I)*b*x*e“c + (a”2 + 2xI*a - 1)*e”c)*arctan2(b*x + a, -1
) + 4x(3*a + 2*I)*e"c + 3*x(-I*b"2xx"2*%e"c + 2% (-I*a + 1)*bxx*e"c + (-I*a"2
+ 2xa + I)*e"c)*log(b~2*x"2 + 2%axb*x + a”2 + 1))/(b"3*x"2 + 2x(a + I)*b~
2%x + (a”2 + 2xIxa - 1)*b)

output

Giac [F(-1)]
Timed out.

/ec-l—ﬁiarctan(a—l—bx) dr = Timed out

input Lintegrate (exp(c+6*xI*arctan(b*x+a)) ,x, algorithm="giac") J

-

tTimed out

~—

output
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Mupad [F(-1)]
Timed out.

/ec—{—ﬁz arctan(a+bx) dr = /ec+atan(a+b:c) 6i dx

input Lint(exp(c + atan(a + b*x)*6i),x)

OutputLint(exp(c + atan(a + b*x)*6i), x)

Reduce [F]

/ec+6iarcta,n(a+bx) dr = e° </ 66atan(bx—i—a)idw)

input Lint (exp(c+6xI*atan(b*x+a)),x)

output Le**c*int(e**(G*atan(a + b*x)*i),x)
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3.2 f eCT4i arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e 173
Mathematica [A] (verified) . . . . . . . . . ... o 173l
RUDL [F] .« © o o oot e e e ive!
Maple [F] . . . . 174
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 175
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F(-1)] . . . o o o 176
Mupad [F(-1)] . . . o o 176
Reduce [F] . . . o . o o 176

Optimal result

Integrand size = 14, antiderivative size = 43

4e° _ 4ieclog(i +a + bz)
b(i + a + bx) b

/ec+4zarctan(a+bz) dr = ez +

-

output LeXP (c)*x+4xexp(c) /b/ (I+atb*x)-4*I*exp(c)*1n(I+a+b*x) /b

- 4

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.07

/60+4iarctan(a+bx) do — eC (a +bx + Haibw — 4arctan(a + bz) — 2ilog (1 + (a + bz)2))
b
input LIntegrate [E~(c + (4*I)*ArcTan[a + b*x]),x] J

output‘ (E~c*(a + b*x + 4/(I + a + b*x) - 4xArcTan[a + b*x] - (2%I)*Log[l + (a + b ‘
*x)721)) /b |




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec+4i arctan(a+bz) dz

l 7281

f eCt4i arctan(a+bw)d(a + b.’L‘)
b

l 7299

f ectdi arctan(a+bw)d(a + b.’L‘)
b

‘Int[E“(c + (4*I)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]
LInt[u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec+4z arctan(bz+a) dr

Lint(exp(c+4*I*arctan(b*x+a)),x)

Lint (exp(c+4*I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.37

4(ibr +ia — 1)elog (2tatt) — (b%2% + (a + i)bz + 4)e°
b2z + (a +14)b

/ec+4z arctan(a+bx) dr = —

input ‘ integrate(exp(c+4*I*arctan(b*x+a)),x, algorithm="fricas") ‘

-(4*%(I*bxx + I*a - 1)*e"c*log((b*x + a + I)/b) - (b™2*xx"2 + (a + I)*b*x +

output‘
4)xe~c)/(b~2%x + (a + I)*b)

Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.86

4e° _ 4ieclog (a + bz + i)
ab + b%x + ib b

/ec+4iarctan(a+ba:) dx = zet +

input Lintegrate(exp(c+4*I*atan(b*x+a)) ,X) J

Output\x*exp(c) + 4xexp(c)/(axb + b**2%x + Ixb) - 4*Ikexp(c)*log(a + bxx + I)/b |

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 100 vs. 2(34) = 68.

Time = 0.04 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.33

ec+4z arctan(a+bx) dx

_ b®z?e® + (a + 4 arctan (1, bz + a) + i)bze® + 4 (aarctan (1, bz + a) + ¢ arctan (1,bx + a) + 1)e® + 2 (—
B b2z + (a +1)b

input Lintegrate (exp(c+4xIxarctan(b*x+a)),x, algorithm="maxima") J
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Output‘(b“Q*x”2*e“c + (a + 4*arctan2(1l, b*x + a) + I)x*bxx*e~c + 4*x(axarctan2(l, b
(*x + a) + I*arctan2(l, b¥x + a) + 1)*e"c + 2x(-Ixbxx*e c + (-Ixa + 1)*e7c) |
*log(b~2%x"2 + 2xakbkx + a™2 + 1))/(b"2%x + (a + I)*b) |

Giac [F(-1)]

Timed out.
/ec+4z’ arctan(a+bz) dz = Timed out
inputtintegrate(exp(c+4*I*arctan(b*x+a)),x, algorithm="giac") J
outputLTimed out J

Mupad [F(-1)]

Timed out.
/6c+4iarctan(a+ba:) dr = /ec+atan(a+bw) 4i dx
inputLint(exp(c + atan(a + b*x)*4i),x) J
outputLint(exP(c + atan(a + b*x)*4i), x) J
Reduce [F]
/ec+4iarctan(a+bw) dr = e° </ e4atan(bw+a)idx)
inputLint(exp(c+4*I*atan(b*x+a)),x) J

output | ©**e¥int (exk(4xatan(a + bxx)*i),x) J
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3.3 f eCt2i arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
RUDL [F] v v oot e e e
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 14, antiderivative size = 26

2ieclog(i + a + bx)
b

/ec+2zarcta,n(a+bac) dr = —e‘x +

L (o)
Ve
LY
1Y
IVe)
L0
L0
1180

output L

-exp (c) *x+2*I*exp (c)*1n(I+a+b*x) /b

input L

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.35

_e°(a+ bz — 2arctan(a + bx) — ilog (1 + (a + bx)*))

/ec+2zarctan(a,+bz) dr = ;

Integrate[E~(c + (2*I)*ArcTan[a + b*x]),x]

e

output t

-((E~c*(a + b*x - 2xArcTan[a + b*x] - IxLog[l + (a + b*x)~2]))/b)

e—




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec+2iarctan(a+bm) dz

l 7281

f eCt2i arctan(a+bw)d(a + b.’L‘)
b

l 7299

f ect2i arctan(a+bw)d(a + b.’L‘)
b

‘Int[E“(c + (2*I)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]
LInt[u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec+21 arctan(bz+a) dr

Lint(exp(c+2*I*arctan(b*x+a)),x)

Lint (exp(c+2*I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

_ bze® —2ie‘log ((botati)
b

/ec+21arctan(a+bz) dr =

input Lintegrate (exp(c+2*I*arctan(b*x+a)),x, algorithm="fricas") J

OutputL_(b*x*eAc - 2xIxe"c*log((b*x + a + I)/b))/b J

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.77

/ eet2iarctan(atbe) g0 e | 2ie®log (a + bx + 1)
b
( B
input Lintegrate (exp(c+2xI*atan(b*x+a)) ,x) J
output L-X*exp(c) + 2xIxexp(c)*log(a + bxx + I)/b J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 44 vs. 2(20) = 40.

Time = 0.04 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.69

/ ec+2z arctan(a+bzx) dr

bze + 2 arctan (bx + a, —1) e¢ — i e log (b*z? + 2abz + a® + 1)
b

input Lintegrate (exp(c+2*I*arctan(b*x+a)),x, algorithm="maxima") J
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‘-(b*x*e“c + 2*arctan2(b*x + a, -1)*e"c - Ixe"cxlog(b~2*x"2 + 2%axb*x + a~2

output
S+ D)/

Giac [F(-1)]
Timed out.

/ec+2z’ arctan(a+bz) dr = Timed out

input tintegrate (exp (C+2*I*arcta_n (b*x+a) ) ,X, algorithm="giac")

Ou_tputLTimed out

Mupad [F(-1)]
Timed out.

/6c+2iarctan(a+ba:) dr = /ec+atan(a+bw) 2i dx

inputLint(exp(c + atan(a + b*x)*2i),x)

outputLint(eXp(c + atan(a + b*x)*2i), x)

Reduce [F]

/ec+2iarctan(a+bw) dr = e° </ e2atan(bw+a)idx)

inputLint(exp(c+2*I*atan(b*x+a)),x)

OutputLe**c*int(e**(2*atan(a + b*x)*i) ,x)
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3.4 f eC—2 arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
RUDL [F] v v oot e e e
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o

Reduce [F] . . . o . o o
Optimal result
Integrand size = 14, antiderivative size = 29

2ie€log(i — a — bx)
b

/ec—2zarctan(a+bx) dr = —eSz —

182
182
1183
1183
1kK!

output L

-exp (c) *x-2*I*exp(c)*1n(I-a-b*x) /b

input L

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.21

_e(a+ bx — 2arctan(a + bz) +ilog (1 + (a + bx)*))

/60—21arctan(a+bx) dr = ;

Integrate[E~(c - (2*I)*ArcTan[a + b*x]),x]

e

output t

-((E~c*(a + b*x - 2xArcTan[a + b*x] + IxLog[l + (a + b*x)~2]))/b)

e—




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec—Ziarctan(a+bm) dz

l 7281

f eC—20 arctan(a+bw)d(a + b.’L‘)
b

l 7299

f ec—2i arctan(a+bw)d(a + bx)
b

‘Int[E“(c - (2*I)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec—21 arctan(bz+a) dr

Lint(exp(c—2*I*arctan(b*x+a)),x)

Lint (exp(c-2*I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

_ bze + 2ie‘log (beta=t)
b

/ec—2zarctan(a+bm) dr =

-

input Lintegrate (exp(c-2+Ixarctan(b*x+a)),x, algorithm="fricas")

output‘ -(b*xxe~c + 2*Ixe~c*xlog((b*x + a - I)/b))/b

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.76

2ieclog (a + bz — 1)
b

/ec—2zarctan(a+bx) dr = —xet —

inputLintegrate(exp(c—2*I*atan(b*x+a)),x)

output L_x*eXP(C) - 2xIxexp(c)*log(a + b*x - I)/b

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.48

/ so-Ziarctan(a+ba) g _ _ bre® — 2 arctan (bx + a) ° + i e®log (b?z? + 2 abz + a® + 1)
b

input ‘ integrate(exp(c-2*I*arctan(b*x+a)),x, algorithm="maxima")

‘-(b*x*e“c - 2xarctan(b*x + a)*e~c + I*e“cxlog(b~2*x"2 + 2*xaxb*x + a~2 + 1)

output
/b
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Giac [F(-1)]

Timed out.
/ec—2iarctan(a+bm) dr = Timed out
inputLintegrate(exp(c—2*I*arctan(b*x+a)),x, algorithm="giac")
OutputLTimed out

Mupad [F(-1)]
Timed out.

/ec—ZZarctan(a+bz‘) dr = /ec—atan(a—i—bw) 2i dr

input Lint(exp(c - atan(a + b*x)*2i),x)

output Lint(exp(c - atan(a + b*x)*2i), x)

Reduce [F]

_ 1
/ g°2iarctan(athe) gy — ¢ (/ de)

input Lint (exp(c-2xI*atan(b*x+a)),x)

output Le**c*int(l/e**(2*atan(a + b*x)*i),x)




output L

inputt

outpu
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3.5 f et~ 4 arctan(a+bz) dr

Optimal result . . . . . . . . . . .. . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [F] . . . 186
Maple [F] . . . . 186
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 187
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 187
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 187
Giac [F(-1)] . . . o o o 188
Mupad [F(-1)] . . . o o 188
Reduce [F] . . . o . o o 18Y

Optimal result

Integrand size = 14, antiderivative size = 49

4e€

4ieclog(i — a — bx)

/ec—4zarctan(a+bz) dr = e‘r —

b(i —a — bx)

b

-

exp (c) *x-4*exp(c) /b/ (I-a-b*x)+4xI*exp(c) *1n(I-a-b*x) /b

-/

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.94

—i+a+bx

e’(a+ bz + —+5 — 4arctan(a + bz) + 2ilog (1 + (a + bz)?))

/60—41 arctan(a+bx) dr =

b

-

Integrate[E~(c - (4*I)*ArcTan[a + b*x]),x]

| —

‘b*x)“2]))/b

t‘(E"c*(a + b*x + 4/(-I + a + b*x) - 4*xArcTan[a + b*x] + (2*I)*Logl[l + (a +




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec—4iarctan(a+bm) dz

l 7281

f 4 arctan(a+bw)d(a + b.’L‘)
b

l 7299

f ec—4 arctan(a+bw)d(a + bx)
b

‘Int[E“(c - (4xI)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec—4z arctan(bz+a) dr

Lint(exp(c—4*I*arctan(b*x+a)),x)

Lint (exp(c-4*I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.20

4(—ibz —ia — 1)elog (2£2=t) — (b22% + (a — i)bx + 4)€°

b2z + (a — )b

/60—41 arctan(a+bz) dr = —

input ‘ integrate(exp(c-4*I*arctan(b*x+a)),x, algorithm="fricas") ‘

‘—(4*(—I*b*x - Ixa - 1)*e"c*log((b*x + a - I)/b) - (b™2*xx"2 + (a - I)*b*x + \

output
\ 4)xe~c)/(b~2%x + (a - I)*b)

Sympy [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.76

4e° 4ielog (a + bx — 1)
ab + b%zx —ib b

/ec—4zarctan(a+bz) dx = zet +

input Lintegrate(exp(c—4*I*atan(b*x+a)) ,X) J

Output‘x*exp(c) + 4xexp(c)/(axb + b**2xx - I*b) + 4*xIxexp(c)*log(a + b*x - I)/b ‘

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 100 vs. 2(37) = 74.

Time = 0.04 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.04

ec—4z arctan(a+bx) dx

_ b®z?e® + (a + 4 arctan (1, bz + a) — i)bxe® + 4 (aarctan (1, bz + a) — i arctan (1,bz + a) + 1)e® — 2 (—
B b2z + (a — )b

input Lintegrate (exp(c-4xIxarctan(b*x+a)),x, algorithm="maxima") J
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Output‘ (b~2*%x~2%e"c + (a + 4*arctan2(l, b*x + a) — I)*b*x*e~c + 4*(a*arctan2(l, b
‘*x + a) - Ixarctan2(l, b*x + a) + 1)*e"c - 2%(-Ixb*x*e”c + (-I*a - 1)*e”c)
‘*log(b“2*x"2 + 2%axb*x + a”2 + 1))/(b"2*x + (a - I)*b)

Giac [F(-1)]
Timed out.

/ ec—4iarctan(a+bz) 1. — Timed out

inputtiﬂtegrate(eXP(C-4*I*arctan(b*x+a)),x, algorithm="giac")

Ou_tputLTimed out

Mupad [F(-1)]
Timed out.

/60—4iarctan(a+ba:) dr = /ec—atan(a+bw) 4i dx

inputLint(exp(c - atan(a + b*x)*4i),x)

outputLint(exP(c - atan(a + b*x)*4i), x)

Reduce [F]

. 1
c—4iarctan(a+bz) __
/6 dr =e (/ etatan(bz+a)i dm)

inputLint(exp(c—4*I*atan(b*x+a)),x)

output Le**c*int(l/e**(4*atan(a + b*x)*i),x)
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3.6 f ec—6i arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e 189
Mathematica [A] (verified) . . . . . . . . . ... o 1891
Rubi [F] . . . 190
Maple [F] . . . . 190
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [191]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 191]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1921
Giac [F(-1)] . . . o o o 192
Mupad [F(-1)] . . . o o 193
Reduce [F] . . . o . o o 193

Optimal result

Integrand size = 14, antiderivative size = 75

12e°€

43e°

_ 6ieclog(i — a — br)

c—67 arctan(a+bzx) dr = —e
/e x ew—'_b(i—a—bx)

5

(1 + da + ibx)?

b

output ‘ -exp (c) *x+12*exp(c) /b/ (I-a-b*x)+4*xI*exp(c) /b/ (1+I*a+Ixb*x) ~2-6*I*exp(c)*1n

input

output

\ (I-a-b*x) /b

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.84

/ec—ﬁiarctan(a+bw) dr

e° (—a — bz — (—i—i—i:—bz)z — 24 + 6arctan(a + bx) — 3ilog (14 (a + bx)2))

b

LIntegrate [E"(c - (6%I)*ArcTan[a + b#*x]),x]

(E"cx(-a - bx - (4¥I)/(-I + a + b*x)"2 - 12/(-I + a + bxx) + 6xArcTan[a +

\ b*x] - (3*I)*Logll + (a + b*x)"~2]))/b




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec—ﬁiarctan(a+bm) dz

l 7281

f ec—61 arctan(a+bx)d(a + blL‘)
b

l 7299

f ec—6i arctan(a+bx)d(a + b.’L‘)
b

‘Int[E“(c - (6*I)*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ec—Gz arctan(bz+a) dr

Lint(exp(c—6*I*arctan(b*x+a)),x)

Lint (exp(c-6*I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.48

/ec—ﬁiarctan(a+bx) dr =

6 (i b°z% + 2 (ia+ 1)bz + ia® + 2a — i)e®log (2212=%) + (632% + 2 (a — §)b%z% + (a® — 2ia + 11)bz +
b3x2+2(a —i)b?x + (a®> — 2ia — 1)b

inputLintegrate(exp(c—6*I*arctan(b*x+a)),x, algorithm="fricas") J

Output‘ - (6% (I*xb~2xx"2 + 2% (I*a + 1)*b*x + I*a"2 + 2*a - I)*e"cxlog((b*x + a - I)/
'b) + (b73%x"3 + 2x(a - I)¥b™2%x"2 + (a™2 - 2+I*a + 11)*b*x + 12%a - 8¥I)xe |
L“c)/(b“s*x? + 2k(a - I)*b"2*x + (2”2 - 2xI*a - 1)*b) J

Sympy [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.07

, 12ae® + 12bxe® — 8ie®
c—6i arctan(a+bzx) dr = —re —
/e v T T @b —2iab+ B’ —b+a (2ab? — 2ib?)
_ 6ie“log (a + bz — 1)
b

input ‘ integrate (exp(c-6xI*atan(b*x+a)),x) ‘

output‘—x*exp(c) - (12xaxexp(c) + 12xb*x*exp(c) - 8xI*exp(c))/(a**2*b - 2xI*axb + ‘
| bRR3kx#x2 - b + xk(2kaxbrk2 - 2xI¥bk*2)) - 6xIxexp(c)*log(a + bxx - I)/b




CHAPTER 3. LISTING OF INTEGRALS 192

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 169 vs. 2(56) = 112.

Time = 0.05 (sec) , antiderivative size = 169, normalized size of antiderivative = 2.25

/ec—ﬁzarctan(a—i-bz) dr =

b3z3e® + 2 (a — i)b?z%e® + (a® — 2ia + 11)bze — 6 (b?z%e® + 2 (a — 1)bze’ + (a® — 2ia — 1)e°) arctar
B2 +2(a—1

input integrate(exp(c-6*I*arctan(b*x+a)),x, algorithm="maxima")

-(b"3*x"3*e"c + 2x(a - I)*b"2*xx"2%e"c + (a”2 - 2xI*a + 11)*b*x*e”c - 6*%(b~

2%x"2%e"c + 2x(a - I)*b*x*e“c + (a”2 - 2xI*a - 1)*e”c)*arctan(b*x + a) + 4

*(3*xa - 2xI)*e"c - 3*(-I*b"2*x"2xe"c + 2x(-I*a - 1)*b*x*e”c + (-I*xa~2 - 2%

a + I)*e"c)*log(b~2*x"2 + 2*axb*x + a”2 + 1))/(b73*%x"2 + 2*(a - I)*b"2*x +
(a”2 - 2xI*a - 1)%*b)

output

Giac [F(-1)]
Timed out.

/ec—ﬁi arctan(a+bz) dx = Timed out

input Lintegrate (exp(c-6*I*arctan(b*x+a)),x, algorithm="giac") J

-

tTimed out

~—

output




CHAPTER 3. LISTING OF INTEGRALS 193

Mupad [F(-1)]
Timed out.

/ec—ﬁzarctan(a+bm) dr = /ec—atan(a+bm) 6i dx

input Lint(exp(c - atan(a + b*x)*6i),x)

OutputLint(exp(c - atan(a + bxx)*6i), x)

Reduce [F]

| 1
/ ee-Bimmctan(a+ba) gy e (/ de>

input Lint (exp(c-6xI*atan(b*x+a)),x)

output Le**c*int(l/e**(G*atan(a + b*x)*i),x)
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3.7 f eCtot arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
RUDL [F] .« © o o oot e e e
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....

Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...

Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 171

5iev/1 —ia — ibzy/1+ia + ibx  10ie®(1 + ia + ibx)3/?

195
196
196
196

193]
195

/ec+5iarctan(a+bm) dr = ;

3bv1 —ia — ibx

2iec(1 + ia + ibx)*2 10ie”arcsin< i

~3b(1 —ia — ibx)3/2

b

output‘5*I*exp(c)*(1—I*a—I*b*x)‘(1/2)*(1+I*a+I*b*x)‘(1/2)/b+10/3*I*exp(c)*(1+I*a+
‘I*b*x)‘(3/2)/b/(1—I*a—I*b*x)‘(1/2)—2/3*I*exp(c)*(1+I*a+I*b*x)‘(5/2)/b/(1—I
‘*a—I*b*x)“(3/2)—10*I*exp(c)*arcsin(1/2*(1+I*a+I*b*x)“(1/2)*2“(1/2))/b

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.37

/ec+5iarctan(a+bw) dr

28

ec< 1 + (a + bz)Z <3Z + (i_i_a%sz)z -

i+a+bx

> + 15arcsinh(a + bz))

3b

inputt

Integrate[E~(c + (5*I)*ArcTan[a + b*x]),x]
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‘(E“c*(Sqrt[l + (a + b*x)"2]*(3*I + (8*I)/(I + a + b*x)"2 - 28/(I + a + b*x \

output
D) + 15*ArcSinh[a + bxx]))/(3+b) |

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ec+5iarctan(a+bx) dx
l 7281
f ec-i-5i arctan(a+bz)d(a + b.’E)
b
l 7299
f ectbi arctan(a+bm)d(a + b.’L‘)
b
inputLInt [E~(c + (5*%I)*ArcTan[a + b*x]),x] J
output ‘ $Aborted ‘

Defintions of rubi rules used

rule 7281\/Int [u_, x_Symbol] :> With[{lst = FunctionOfLinear([u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[31]1*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x] J
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Maple [F|
/ ec+5i arctan(bx+a)dm
inputLint(eXP(C+5*I*arCtan(b*X+a)),X) J
output Lint (exp(c+5*I*arctan(b*x+a)),x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.13

/ec+5iarctan(a+bm) dr =
15 (b®z2% + 2 (a + i)bz + a® + 2ia — 1)e®log ( botati 4 1) —15(v?2%* +2(a +49)bx + a®> + 2ia — 1)
3(3z2+2
inputLintegrate(eXP(C+5*I*arctan(b*x+a)),x, algorithm="fricas") J
output -1/3%(15%(b~2%x"2 + 2%(a + I)*b*x + a~2 + 2xIxa - 1)*e"cxlog(sqrt((b*x + a

+ I)/(b*x + a - I)) + 1) - 15 (b"2%x"2 + 2%(a + I)*b*x + a~2 + 2%I*a - 1)
xe"cxlog(sqrt((b*x + a + I)/(b*xx + a — I)) - 1) - (-3*Ixb"3*x"3 + (-9*Ix*a
+ 31)*%b"2%x72 - 3*xI*a~3 + (-9*I*a"2 + 62%a - 11xI)*bxx + 31*a”"2 - 11%I*a +

23)*sqrt((bxx + a + I)/(b*x + a — I))*e"c)/(b"3*x"2 + 2x(a + I)*b"2*x + (
a2 + 2xIxa - 1)x*b)

Sympy [F]

/ec-{—Szarctan(a—i-bx) dr = ec/eEna,tan (a+bz) dr

inputLintegrate(exp(c+5*I*atan(b*x+a)),x) J
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OutputLGXP(C)*Integral(exp(S*I*atan(a + b*x)), Xx) J

Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 148, normalized size of antiderivative = 0.87

/ec+5zarctan(a+bx) dr =

15 (b?%e® + 2 (a + i)bze® + (a® + 2ia — 1)e®) log (—bz — a + Vb?z? + 2abz + a® + 1) — (3i b*z?e” -
3(B3z?2 +2(a+i)b%x + (a? + 2ia —

inputLintegrate(eXP(C+5*I*arctan(b*X+a)),x, algorithm="maxima") J

‘—1/3*(15*(b‘2*x‘2*e‘c + 2x(a + I)xbxxxe"c + (a”2 + 2*I*a - 1)*e"c)*log(-b* \
‘x - a + sqrt(b”2*x"2 + 2*%a*xb*x + a”2 + 1)) - (3*I*b~2%x"2%e"c - 2%(-3xI*a
‘+ 17)*b*x*e~c + (3*xI*a”~2 - 34*a - 23*I)*e"c)*sqrt(b”2*x"2 + 2*axbxx + a~2
+ 1))/(0734x72 + 2#(a + D)*b"24x + (a2 + 2+T*a - 1)*b) |

output

Giac [F(-1)]
Timed out.

/ec+5iarctan(a+bm) dr = Timed out

inputLintegrate(exp(c+5*I*arctan(b*x+a)),x, algorithm="giac") J

OutputLTlmed out J
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Mupad [F(-1)]
Timed out.

/ec+51 arctan(a+bx) dr = /ec+atan(a+b:c) 51 dx

input Lint(exp(c + atan(a + b*x)*5i),x)

OutputLint(exp(c + atan(a + b*x)*5i), x)

Reduce [F]

/ec+5iarcta,n(a+bx) dr = e° </ 65atan(bx—i—a)idw)

input Lint (exp(c+5xI*atan(b*x+a)),x)

output Le**c*int(e**(S*atan(a + b*x)*i),x)
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3.8 f eCt3i arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e 199
Mathematica [A] (verified) . . . . . . . . . ... o 1991
Rubi [F] .« o oot 2000
Maple [F] . . . . 201]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 201]
Sympy [F] . . o o 201]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F(-1)] . . . o o o 202
Mupad [F(-1)] . . . o o 202
Reduce [F] . . . o . o o 203

Optimal result

Integrand size = 14, antiderivative size = 123

_3ie°\/1 —ia — ibz/1 +ia + ibx

/ec+3z arctan(a+bz) dr =

b

vV 1+ia+ibm)

_ 2ie°(1 +da + iba)?/? N 6ie® arcsin ( e

bv1 —ia — ibx

b

output \ -3*Ixexp(c)*(1-I*a-Ixb*x)~(1/2)*(1+I*a+Ixb*x)~(1/2)/b-2*I*exp(c)*(1+I*a+I*
\b*x)‘(3/2)/b/(1—I*a—I*b*x)‘(1/2)+6*I*exp(c)*arcsin(1/2*(1+I*a+I*b*x)“(1/2)

*27(1/2)) /b

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.37

eC( 1+ (a+bz)?(—i+

4
i+a+bx

) — 3arcsinh(a + bx))

/ec+3zarctan(a+bx) dr =

b

inputt

Integrate[E~(c + (3*I)*ArcTan[a + b*x]),x]
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(E"cx(Sqrt[1 + (a + bxx)"2]*(-I + 4/(I + a + b*x)) - 3*ArcSinh[a + b*x1))/

E |

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ec+3i arctan(a+bz) dx
l 7281
f ec-i-3i arctan(a+bz)d(a + b.’E)
b
l 7299
f ect3i arctan(a+bm)d(a + b.’L‘)
b
inputLInt[EA(c + (3*I)*ArcTan[a + b*x]),x] J
output ‘ $Aborted ‘

Defintions of rubi rules used

rule 7281\/Int [u_, x_Symbol] :> With[{lst = FunctionOfLinear([u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[31]1*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x] J
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Maple [F|
/ ec+3i arctan(bx+a)dm
input Lint(exp(c+3*1*arctan (b*x+a)),x) J
output Lint (exp(c+3*I*arctan(b*x+a)),x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.99

/ec—i—Szarctan(a—i—bx) dr

3(bx +a+1i)eclog <,/%+1> —3(bx +a+1i)elog (,/%—1) + (i b*x2 — 2 (—ia + 2)bx + 1

a b’z + (a+ )b

input Lintegrate (exp(c+3*Ixarctan(b*x+a)),x, algorithm="fricas") J

output‘ (3% (b*x + a + I)*e"cxlog(sqrt((b*x + a + I)/(bxx + a - I)) + 1) - 3*(b*x + \
| a + D*e"cxlog(sqrt((bxx + a + I)/(bxx + a - 1)) - 1) + (I*b"2%x"2 - 2%(- |
|Ixa + 2)*bxx + Ixa™2 - 4xa + 5xD)*sqrt((b*x + a + I)/(bxx + a - I))*e"c)/( |

b 2%x + (a + I)*b)

Sympy [F]

/ec+3zarctan(a+bz) dr = ec/e3zatan (a+bx) dx

input Lintegrate (exp(c+3*I*atan(b*x+a)) ,x) J

output LeXP(c)*Integral(exp(B*I*atan(a + b*x)), x) J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.76

/ec+3zarctan(a+bx) dx

3 (bze® + (a +1)e) log (—bx — a + Vb?z® + 2abz + a®> + 1) — Vb2 + 2abz + a® + 1(ibze® + (ia — 5
b2x + (a+10)b

p
tintegrate(exp(c+3*I*arctan(b*x+a)),x, algorithm="maxima")

—

input

Output‘ (3x(b*x*e”c + (a + I)*e"c)*log(-b*x - a + sqrt(b”2*x"2 + 2%a*b*x + a2 + 1 \
\)) - sqrt(b~2*x72 + 2xa*b*x + a2 + 1)*(I*bkx*e~c + (I*a - 5)*e"c))/(b"2*x \
L + (a + I)*b) J

Giac [F(-1)]

Timed out.
/ec+3iarctan(a+bm) dr = Timed out
input Lintegrate (exp(c+3*I*arctan(b*x+a)),x, algorithm="giac") J
OutputLTimed out J

Mupad [F(-1)]
Timed out.

/ec+3zarctan(a+bm) dr = /ec+atan(a+bac) 3i dx

input Lint(exp(c + atan(a + b*x)*3i),x) J

output Lint(exp(c + atan(a + b*x)*3i), x) J
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Reduce [F]

/ec+3iarctan(a+bx) dr = e° </ e3atan(bx+a)idx>

inputLint(exp(c+3*I*atan(b*x+a)),x)

outputLe**c*int(e**(B*atan(a + b*x)*i),x)




output

input

output L
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3.9 f eCTi arctan(a+bx) dx

Optimal result . . . . . . . . . . . . e 204
Mathematica [A] (verified) . . . . . . . . . ... o 204
RUbE [F] o o o oot et e e e e 205
Maple [F] . . . . o
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 200
Sympy [F] . . . o 2061
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2061
Giac [F(-1)] . . o o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 79

v 14+1a+ibx

V2

)

/ec—f-i arctan(a+bz) 7. _ iec\/l —ta — ’ibiL‘\/l + ia + bz _ 2ie"arcsin (

b

b

‘I*exp(c)*(1—I*a—I*b*x)“(1/2)*(1+I*a+I*b*x)‘(1/2)/b—2*I*exp(c)*arcsin(1/2*(
1+T*a+T¥b*x) " (1/2)*%27(1/2)) /b

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.39

/ec-i—zarctan(a-l—bz) dr =

et (z\ /1+ (a+ bx)? + arcsinh(a + bx))
b

LIntegrate[E“(c + IxArcTan[a + b*x]),x]

(E"c*(I*Sqrt[1 + (a + b*x)~2] + ArcSinh[a + b*x]))/b
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec+iarctan(a+bm) dz

l 7281

f ecti arctan(a+bw)d(a + bZL’)
b

l 7299

f ecti arctan(a+bw)d(a + b.’L‘)
b

input‘Int[E"(c + I*ArcTan[a + b*x]),x]

outputt$Aborted

Defintions of rubi rules used

rule7281‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ ecti arctan(bz+a) dr

inputLint(exp(c+I*arctan(b*x+a)),x)

output Lint (exp(c+I*arctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.03

/ec—i—iarctan(a-i—bz) dr
(—ibz —ia—1),/%tetiec — eclog (,/% + 1) + e®log (,/% — 1)
B b
inputLintegrate(exp(c+I*arctan(b*x+a)),x, algorithm="fricas") J

‘((—I*b*x - Ixa - 1)*sqrt((b*x + a + I)/(b*x + a - I))*e"c - e cxlog(sqrt(( ‘

output
‘b*x +a+ I)/(b*x + a - I)) + 1) + e“cxlog(sqrt((b*x + a + I)/(b*x + a - I ‘
D) - 1)/ |
Sympy [F]
/ec+iarctan(a+bm) dr = ec/eiatan(a+b:c) dz
input tintegrate (exp(c+Ixatan(b*x+a)),x) J
output LeXP(C)*Integral(exp(I*atan(a + b*x)), x) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.76

/ ec—i—zarctan(a—i—bx) dr

e’log (—bz — a + V%22 + 2abz + a® + 1) — i V%22 + 2abz + a® + Le°
b

input Lintegrate (exp(c+Ixarctan(b*x+a)),x, algorithm="maxima") J
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‘-(e‘c*log(—b*x - a + sqrt(b™2*x"2 + 2*axb*x + a”2 + 1)) - Ixsqrt(b™2*x"2 +

output
‘ 2%akxbkx + a~2 + 1)*e~c)/b

Giac [F(-1)]
Timed out.

/ ectiarctan(a+bz) 1o — Timed out

input tintegrate (exp (C+I*arcta_n(b*x+a) ) ,X, algorithm="giac")

Ou_tputLTimed out

Mupad [F(-1)]
Timed out.

/ec+iarctan(a+bw) dr = /ec+atan(a+bm) 1i dx

inputLint(exp(c + atan(a + b*x)*1i),x)

outputLint(eXp(c + atan(a + b*x)*1i), x)

Reduce [F]

/ec—i-z'arcta,n(a—i-bw) dr = e° </ eatan(bz-l—a)idw)

inputLint(exp(c+I*atan(b*x+a)),x)

OutputLe**c*int(e**(atan(a + b*x)*i),x)




output ‘ -Ixexp(c)*(1-I*a-Ixb*x)~(1/2)*(1+I*a+I*b*x) " (1/2)/b-2xIxexp(c)*arcsin(1/2%
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3.10 f eCl arctan(a+bz) dr

Optimal result . . . . . . . . . . . . e 208
Mathematica [A] (verified) . . . . . . . . . ... o 208}
Rubi [F] . . . 209
Maple [F] . . . . 209
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 210
Sympy [F] . . o o 210
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 210
Giac [F(-1)] . . . o o o 211
Mupad [F(-1)] . . . o o 211
Reduce [F] . . . o . o o 211

Optimal result

Integrand size = 14, antiderivative size = 79

v 1+ia+ibx

V2

)

/ c—iarctan(a+bzx) d iec\/l —%a — ’l,b:I,‘\/]_ +1a + bz 2ie€ arcsin (
e xr = — —

b

b

‘(1+I*a+I*b*x)‘(1/2)*2”(1/2))/b

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.39

/ec—zarctan(a—l—bx) dr =

e° (—z’\ /1+ (a+ bx)? + arcsinh(a + bx))
b

input L

Integrate[E~(c - I*ArcTan[a + b*x]),x]

output L

(E"c*((-I)*Sqrt[1 + (a + b*x)~2] + ArcSinh[a + b*x]))/b




input

output

rule 7281

rule 7299

input

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec—iarctan(a+bm) dz

l 7281

f ec—t arctan(a+bw)d(a + bZL’)
b

l 7299

f et arctan(a+bw)d(a + b.’L‘)
b

‘Int[E“(c - I*ArcTan[a + b*x]),x]

t$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]], x], x, 1st[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [F]

/ et arctan(bz+a) dr

Lint(exp(c—I*arctan(b*x+a)),X)

Lint (exp(c-Ixarctan(b*x+a)),x)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.03

/ec—zarctan(a—i-bx) dr

ibr +ia+ 1), /8tatiec _ eclog (|, /betati L 1) 4 eclog (,/b2Fati _q
bx+a—1 bx+a—1 bx+a—1

b

inputLintegrate(exp(c—I*arctan(b*x+a)),x, algorithm="fricas") J

‘((I*b*x + Ixa + 1)*sqrt((b*x + a + I)/(bxx + a - I))*e"c - e c*log(sqrt((b ‘

output
‘*x +a+ I)/(b*x + a - I)) + 1) + e"cxlog(sqrt((b*x + a + I)/(b*x + a - I)
D - /b |
Sympy [F]
/ et arctan(a+bx) dr = €€ / e —tatan (a+bz) dz
input Lintegrate (exp(c-I*atan(b*x+a)),x) J
output LeXP (c)*Integral(exp(-I*atan(a + b*x)), x) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.71

/ec—zarctan(a—i—bx) dr

_ eflog (bz + a+ Vb%2?2 + 2abz + a® + 1) — i Vb%22 + 2abz + a® + 1€
o b

input Lintegrate (exp(c-Ixarctan(b*x+a)),x, algorithm="maxima") J
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‘(e“c*log(b*x + a + sqrt(b™2#x"2 + 2kaxbxx + a”2 + 1)) - I*sqrt(b™2*x"2 + 2

output
‘*a*b*x +a"2 + 1)*e~c)/b

Giac [F(-1)]
Timed out.

/ ec—iarctan(a+bz) 1o — Timed out

input tintegrate (exp (C—I*arcta_n(b*x-}-a) ) ,X, algorithm="giac")

Ou_tputLTimed out

Mupad [F(-1)]
Timed out.

/ec—iarctan(a+bw) dr = /ec—atan(a+bm) 1i dx

inputLint(exp(c - atan(a + b*x)*1i),x)

outputLint(eXp(c - atan(a + b*x)*1i), x)

Reduce [F]

. 1
c—iarctan(a+bz) _ ,C
/6 arcta dr=c¢e (/ g G da:)

inputLint(exp(c—I*atan(b*)Ha)),x)

output Le**c*int(l/e**(atan(a + b*x)*i),x)




output

input
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3.11 f eC—3i arctan(a+bx) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
RUDL [F] .« © o o oot e e e
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....

Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...

Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 123

3ie/1 — ia — ibz/1 + ia + ibz

. C(1 _ i ib)\3/2
/ec—Bzarctan(a+bx) dr — 2te (]. a ’be)
bv1+ia + ibx

v 1+ia+ibx

. .
62e¢ arcsin ( 7

)

+ b

b

‘2*I*exp(c)*(1—I*a—I*b*x)“(3/2)/b/(1+I*a+I*b*x)“(1/2)+3*I*exp(c)*(1-I*a—I*b
\*x)‘(1/2)*(1+I*a+I*b*x)‘(1/2)/b+6*I*exp(c)*arcsin(1/2*(1+I*a+I*b*x)‘(1/2)*

\2*(1/2))/b

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.37

ec<\/1+(a+bx)2(i+

4
—i+a+bxr

) — 3arcsinh(a + bx))

/ec—3zarctan(a+bx) dr =

b

LIntegrate [E=(c - (3*%I)*ArcTan[a + b#*x]),x]
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(E"cx(Sqrt[1 + (a + bxx)"2]*(I + 4/(-I + a + b*x)) - 3*ArcSinh[a + b*x1))/

E |

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/60—31' arctan(a+bz) dx
| 7281
f ec—31 arctan(a+bz)d(a + b.’E)
b
| 7299
f ec—3i arctan(a+bm)d(a + b.’L‘)
b
input Llnt [E-(c - (3*I)*ArcTan[a + b*x]),x] J
output ‘ $Aborted ‘

Defintions of rubi rules used

rule 7281\/Int [u_, x_Symbol] :> With[{lst = FunctionOfLinear([u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[31]1*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x] J
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Maple [F|
/ ec—3i arctan(bx+a)dm
input Lint (exp(c-3*I*arctan(b*x+a)),x) J
output Lint (exp(c-3*I*arctan(b*x+a)),x) J

Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.67
/ec—3iarctan(a+bm) dr

—ibz —ia —b5)y/ e 4 Jeclog (/82 4 1) — 3ellog ( 4/ 2Etett 1
br+a—1 br+a—1 br+a—1

b

input tintegrate (exp(c-3*I*arctan(b*x+a)),x, algorithm="fricas") J
output‘ ((-Ixb*x - Ik*a - 5)*sqrt((b*x + a + I)/(b*x + a - I))*e"c + 3%e"c*log(sqrt \
‘((b*x +a+ I)/(b*x + a - I)) + 1) - 3xe"c*xlog(sqrt((b*x + a + I)/(bxx + a ‘
- I) - 1)/b |

Sympy [F]

/ec—3iarctan(a+bz) dr = ec/e—3ia,tan (a+bx) dr

input Lintegrate (exp(c-3*I*atan(b*x+a)),x) J

output LeXP(c)*Integral(exp(—s*l*atan(a + b*x)), X) J
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.74

/ec—3zarctan(a+bx) dr =

3 (bze + (a —i)e®) log (bz + a + V22?2 + 2abz + a® + 1) — Vb2 + 2abz + a® + 1(i bae® + (ta + !
b2x + (a —1)b

p
tintegrate(exp(c—3*I*arctan(b*x+a)),x, algorithm="maxima")

—

input

output‘ -(3*(b*x*e~c + (a - I)*e~c)*log(b*x + a + sqrt(b™2%x"2 + 2*a*b*x + a™2 + 1
\)) - sqrt(b~2*x72 + 2xa*b*x + a”2 + 1)*(I*b*x*e~c + (I*a + 5)*e"c))/(b"2*x \
* @ - D) J

Giac [F(-1)]

Timed out.
/ec—3iarctan(a+bm) dr = Timed out
input Lintegrate (exp(c-3*I*arctan(b*x+a)),x, algorithm="giac") J
OutputLTimed out J

Mupad [F(-1)]
Timed out.

/ec—3zarctan(a+bm) dr = /ec—atan(a—i—bm) 3i dx

input Lint(exp(c - atan(a + b*x)*3i),x) J

output Lint(exp(c - atan(a + b*x)*3i), x) J
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Reduce [F]

| 1
/ gemdarctan(a+be) g — oo ( / mdx)
e atan(oxr+a)t

inputLint(exp(c—3*I*atan(b*x+a)),x)

outputLe**c*int(l/e**(B*atan(a + b*x)*i),x)




CHAPTER 3. LISTING OF INTEGRALS

217

3.12 f eC—ot arctan(a+bx) dx

Optimal result . . . . . . . . . . . . e

Mathematica [A] (verified) . . . . . . . . . ... L

RUDE [F]  © o o oot e e e
Maple [F] . . . .

Fricas [A] (verification not implemented) . . . . . . ... ... ... ...

Sympy [F] . . o o

Maxima [A] (verification not implemented) . . . . . . . . ... ... ...

Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 171

/ec—5zarctan(a+bm) dr =

2ie°(1 —ia — ibz)™?  10ie°(1 — ia — ibx)®/
3b(1 + ia + ibx)3/? 3bv'1+ia + ibz
5iec/1 — ia — iboy/1 + ia + ibx ~ 10i€°arcsin <

v 1+ia+ibx

V2

)

b b

output \ 2/3*Ixexp(c)*(1-I*a-I*b*x)~(5/2) /b/ (1+Ixa+Ixb*x)~(3/2)-10/3*I*exp(c)*(1-I*
‘a-I*b*x)‘(3/2)/b/(1+I*a+I*b*x)‘(1/2)-5*I*exp(c)*(1-I*a-I*b*x)“(1/2)*(1+I*a
‘+I*b*x)“(1/2)/b-10*I*exp(c)*arcsin(1/2*(1+I*a+I*b*x)‘(1/2)*2‘(1/2))/b

Mathematica [A]

Time = 0.17 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.37

(verified)

/ec—Szarctan(a+bz) dr

ec(1 /1+ (a+ bx)? (—3i ~ ey — _Z.ff%m) + 15arcsinh(a + bx))

3b

inputt

Integrate[E~(c - (5*I)*ArcTan[a + b*x]),x]
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‘(E“c*(Sqrt[l + (a + b*x)"2]*(-3+I - (8*I)/(-I + a + b*x)"2 - 28/(-I + a +

output
\b*x)) + 15%ArcSinh[a + bxx]))/(3%b)

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec—Biarctan(a+bx) dz

l 7281

f ec—5i arctan(a+bz)d(a + b.’E)
b

l 7299

f ec—bi arctan(a+bm)d(a + b.’L‘)
b

input It [E"(c = (5*D)#ArcTan[a + bxx]),x]

output ‘ $Aborted

Defintions of rubi rules used

rule 7281\/Int [u_, x_Symbol] :> With[{lst = FunctionOfLinear([u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[31]1*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]
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Maple [F|
/ ec—5i arctan(bx+a)dm
input Lint(exp(c—S*I*arctan (b*x+a)) ,x) J
output Lint (exp(c-5*I*arctan(b*x+a)),x) J

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.73

/ec—Szarctan(a—i-bx) dr =

15 (bo +a — i)etlog (|/EEet 1) — 15 (b + a — i)eclog (/222 — 1) — (3ib%0® — 2 (~Bia — 1
3 (b*z + (a —i)b)

input Lintegrate (exp(c-5*I*arctan(b*x+a)),x, algorithm="fricas") J

output‘ -1/3%(15%(b*x + a - I)*e"c*xlog(sqrt((b*x + a + I)/(b*x + a - I)) + 1) - 15 ‘
*(bxx + a - I)xe"cxlog(sqrt((b*x + a + I)/(b*x + a - I)) - 1) - (3*I¥b"2%x
"2 - 2%(-3xI*a - 17)¥bxx + 3%Ixa”2 + 34*a - 23*I)xsqrt((b*x + a + I)/(b*xx |
+a - I))xe"c)/(b™2%x + (a - I)*b)

Sympy [F]

/ec—5zarctan(a+bz) dr = ec/e—5zatan (a+bzx) dr

input Lintegrate (exp(c-5*I*atan(b*x+a)) ,x) J

output LeXP(C)*Integral(exp(—S*I*atan(a + b*x)), X) J
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Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.85

/ec—Szarctan(a—i-bx) dr

15 (b*a%e® + 2 (a — i)bxe® + (a® — 2ia — 1)e°) log (bx + a + Vb22? + 2abx + a® + 1) — (3ib%z%e — 2 (-
30322 +2(a—i)b?x + (a®? — 2ia—1)b

input Lintegrate (exp(c-5*I*arctan(b*x+a)),x, algorithm="maxima") J

Output‘1/3*(15*(b‘2*x‘2*e‘c + 2%(a - I)*b*x*e"c + (a2 - 2xIxa - 1)*e”c)*log(b*x
‘+ a + sqrt(b”2*x"2 + 2%axb*x + a”2 + 1)) - (3*Ixb"2*%x"2%e"c - 2%(-3xI*a -
‘17)*b*x*e“c + (3*I*a”2 + 34%a - 23xI)*e"c)*sqrt(b~2*x”2 + 2xa*b*x + a~2 +

1))/(b73%x72 + 2x(a - I)*b"2%x + (a”2 - 2*%Ixa - 1)*b)

Giac [F(-1)]

Timed out.
/ec—Siarctan(a—f-bm) dr = Timed out
inputLintegrate(exp(c—5*I*arctan(b*x+a)),x, algorithm="giac") J
Ou_tputLTimed out J
Mupad [F(-1)]
Timed out.
/ec—Biarctan(a+bx) dr = /ec—atan(a-l—bz) 5i dr
inputLint(exp(c - atan(a + b*x)*5i),x) J

output Lint(exp(c - atan(a + b*x)*5i), x) J
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Reduce [F]

| 1
/ gemPiaretan(a+be) g — oo ( / mdx)
e atan(oxr+a)t

inputLint(exp(c—5*I*atan(b*x+a)),x)

outputLe**c*int(l/e**(S*atan(a + b*x)*i),x)




output

input

output
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3.13 f Fetd arctan(a+bzx)" dx

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . .
Fricas [N/A] . . . o o
Sympy [N/A] . . e
Maxima [F(-2)] . . . . . .
Giac [N/A] . . . e
Mupad [N/A] . . . o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 14, antiderivative size = 14

/Fc—i—darcta,n(a—i-bx)" dr = Int (Fc+darctan(a+bx)” .’L')

-

LDefer (Int) (F~ (c+d*arctan(b*x+a)~n) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.71 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/Fc+darctan(a+bz)" dr = /Fc+darctan(a+b:c)" dr

‘Integrate [F~(c + d*ArcTan[a + b*x] n),x]

‘Integrate [F~(c + dxArcTan[a + b*x]"n), x]
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Rubi [N/A]
Not integrable
Time = 0.44 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {7281, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/Fdarctan(a+bz)“+c dz

| 7281

f Fdarctan(a+bm)"+cd(a + b.’L‘)
b
| 7299

f Fda,rctan(a+bz)”+cd(a + b(L‘)
b

input ‘ Int[F~(c + d*ArcTan[a + b*x] n),x]

output L$Aborted

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
Subst[Int[1st[[1]1], x], x, lst[[2]] + 1st[[3]]*x], x] /; !FalseQ[lst]]

rule 7281

N

rule 7299‘ Int[u_, x_] :> CannotIntegrate[u, x]
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ Fc+d arctan(bz—i—a)"dx

input‘

int (F~ (c+d*arctan(b*x+a) "n) ,x)

outputt

int (F~ (c+d*arctan(b*x+a) "n) ,x)

-

input t

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

n n
/Fc—i—darcta,n(a—i-bx) dr = /Fda,rcta,n(bx—i-a) e dx

integrate(F~ (c+d*arctan(b*x+a) "n) ,x, algorithm="fricas")

e—

output

input

output

Lintegral(F“(d*arctan(b*x +a)™n + c), x)

Sympy [N/A]
Not integrable

Time = 3.55 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/Fc+darctan(a+b:z)" dr = /Fc+datan" (a+bx) dx

Lintegrate(F**(c+d*atan(b*x+a)**n),x)

LIntegral(F**(c + d*xatan(a + b*x)**n), x)
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Maxima [F(-2)]

Exception generated.

/ Fetdarctan(a+b2)” 4o — Exception raised: RuntimeError

Lintegrate (F~ (c+d*arctan(b*x+a) "n) ,x, algorithm="maxima")

input
Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
‘ ve exponent.
Giac [N/A]
Not integrable
Time = 1.40 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14
/Fc—i—darcta,n(a—i-bx)" dr = /Fda,rcta,n(bm—i-a)"—i-c dr
input Lintegrate (F~ (ctd*arctan(b*x+a) "n) ,x, algorithm="giac")
output Lintegrate(F*(d*arctan(b*x +a)n+c), x)
Mupad [N/A]
Not integrable
Time = 22.72 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14
/Fc—{—da,rctan(a—i-b:c)” dr = /Fc—i—data,n(a—i-b:c)” dr
input Lint(F‘(c + dxatan(a + b*x)“"n),x)
output Lint(F‘(c + d*atan(a + b*x)~"n), x)
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Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.29

/Fc—i—darctan(a—i—bm)” dr = fc (/ fatan(bm—}-a)"ddx)

input Lint (F~ (c+d*atan(b*x+a) "n) ,x)

output Lf**c*int (f%*(atan(a + bxx)**n*d) ,x)
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3.14 f Fetd arctan(a+bz) dx

Optimal result . . . . . . . . . . . . e 227
Mathematica [A] (verified) . . . . . . . . . ... o 2271
Rubi [F] . . . 228]
Maple [F] . . . . o 2291
Fricas [F] . . . . . . o 229
Sympy [F] . . . o 2291
Maxima [F] . . . . . . 2301
Giac [F(-1)] . . o o o 2301
Mupad [F(-1)] . . .« 2301
Reduce [F] . . . o . o o 231]

Optimal result

Integrand size = 12, antiderivative size = 104

/Fc+darctan(a+ba:) dr

B ol+3idlog(F) fe(1 4 ja + ba) '~ 2*41°8(F) Hypergeometric2F1 (—Lid log(F), 1 — lidlog(F),2 — Lidlog(F"
B b(2i + dlog(F))

‘ 27 (1+1/2%I*d*1n(F) ) *F~c* (1+I*a+Ixb*x) ~(1-1/2%I*d*1n(F))*hypergeom([-1/2*I* \
output
|d*1n(F), 1-1/2+%Ixd*1n(F)], [2-1/2%I*d*1n(F)],1/2+1/2%I*a+1/2%I*¥b*x) /b/ (2xI+
\d*ln(F)) ‘

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.74

/ Fc+d arctan(a+bz) dr
B 4e% arctan(a+bx) Fetd arctan(a+bx) HypergeometricQFl (2, 1— %’Ld log(F), 92— %Zd log(F), —e2t arctan(a—i—bz))
- b(2i + dlog(F))

input LIntegrate [F~(c + d*ArcTan[a + b*x]),x] J
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‘ (4+#E~ ((2*I)*ArcTan[a + b*x])*F~(c + d*ArcTan[a + b*x])*Hypergeometric2F1[2 ‘
, 1 - (I/2)*d*Log[F], 2 - (I/2)*dxLogl[F], -E~((2*I)*ArcTan[a + b*x])])/(b* ‘
(241 + d*Log[F1)) |

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ e arctan(a+bz)+c dz
| 7281
f Fc—{—darctan(a—i—bm)d(a + bm)
b
| 7299
f Fc—i—darcta,n(a—i-bx)d(a + bx)
b
input LInt [F~(c + d*ArcTan[a + b*x]),x] J
output L$Aborted J

Defintions of rubi rules used

7281}1111; [u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/lst[[3]] |

1
e L Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[3]]1*x], x] /; !FalseQ[lst]] J

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x] J
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Maple [F]

/ Fc+d arctan(bz+a) dr

inputLint(F"(c+d*arctan(b*x+a)),x)

OutputLint(F”(c+d*arctan(b*x+a)),x)

Fricas [F]

/Fc+darctan(a+bz) dr = /Fdarctan(b:c+a)+c dr

inputLintegrate(F‘(c+d*arctan(b*x+a)),x, algorithm="fricas")

OutputLintegral(F“(d*arctan(b*x +a) +c), x)

Sympy [F]

/Fc+darctan(a+bz) dr = /Fc+datan (a+bx) dr

inputLintegrate(F**(c+d*atan(b*x+a)),x)

Outputtlntegral(F**(c + d*atan(a + b*x)), x)
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Maxima [F|

/Fc+darctan(a+bx) dr = /Fdarctan(ba:+a,)+c dr

Lintegrate(F“(c+d*arctan(b*x+a)),x, algorithm="maxima")

input
Outputtintegrate(F"(d*arctan(b*x +a) +c), x)
Giac [F(-1)]
Timed out.
/Fc+darctan(a+bm) dr = Timed out
inputLintegrate(F‘(c+d*arctan(b*x+a)),x, algorithm="giac")
OutputLTimed out
Mupad [F(-1)]
Timed out.
/Fc+darctan(a+bz) dr = /Fc+datan(a+bx) dr
inputLint(F”(c + d*xatan(a + b*x)),x)
outputLint(F"(c + d*atan(a + b*x)), x)
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Reduce [F]

/Fc—i—darctan(a—i-bx) dr = fc (/ fatan(bx—i—a)ddx)

input Lint (F~ (c+d*atan(b*x+a)) ,x)

output Lf**c*int (f**(atan(a + b*x)*d),x)




output

input L
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3.15 f ectid arctan(a+bx) dx

Optimal result . . . . . . . . . . . . e 232
Mathematica [A] (verified) . . . . . . . . . ... o 2321
RUDL [F] .« © o o oot e e e
Maple [F] . . . . 234
Fricas [F] . . . . . . o 234
Sympy [F] . . o o 234
Maxima [F] . . . . . . 2351
Giac [F(-1)] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o 230

Optimal result

Integrand size = 15, antiderivative size = 82

/ec+zdarctan(a+bw) dr

i2'=%¢°(1 + ia + ibx) “2* Hypergeometric2F1 (£, 2

2

’ 2

444 11+ ia + ibz))

b(2 + d)

\ -I*27(1-1/2xd) *exp(c) * (1+I*a+I*b*xx)~ (1+1/2*d) *hypergeom([1/2*d, 1+1/2*d], [

‘ 2+1/2%d] ,1/2+1/2*I*a+1/2*xI*b*xx) /b/ (2+d)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.72

/ec+zdarctan(a+bx) dr

4iectird)arctan(atbe) Hypergeometric2F1 (2,14 £,2+ 4, —¢

2 arctan(a+bx)>

b(2 + d)

Integrate[E~(c + I*d*ArcTan[a + b*x]),x]
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output‘ ((-4*I)*+E~(c + I*(2 + d)*ArcTan[a + b*x])*Hypergeometric2F1[2, 1 + d4/2, 2
‘+ d/2, -E~((2*I)*ArcTan[a + b*x])])/(b*(2 + d))

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ec-l—ida.rctan(a-l—bw) dz

l 7281

f ec+idarctan(a+bw)d(a + b.’E)
b

l 7299

f ec—{—idarctan(a-{-bw)d(a + bx)
b

input LInt [E~(c + I*d*ArcTan[a + b*x]),x]

output ‘ $Aborted

Defintions of rubi rules used

rule 7281\/Int [u_, x_Symbol] :> With[{lst = FunctionOfLinear([u, x]}, Simp[1/1st[[3]]
‘ Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[31]1*x], x] /; !FalseQ[lst]]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]
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Maple [F]

/ ec+zd arctan(bz+a) dr

inputLint(exp(c+I*d*arctan(b*x+a)),x)

OutputLint(exp(c+I*d*arctan(b*x+a)),x)

Fricas [F]

/ec—l—zda,rctan(a—i—b:c) dr = /e(zdarctan(bac+a)+c) dr

inputLintegrate(exp(c+I*d*arctan(b*x+a)),x, algorithm="fricas")

OutputLintegral(e“(-1/2*d*1og(-(b*x +a+ I)/(b*x + a - I)) + ¢), x)

Sympy [F]

/ec+idarctan(a+bm) dr = ec/eidatan (a+bx) dr

inputLintegrate(exp(c+I*d*atan(b*x+a)),x)

outputtexp(c)*Integral(exp(I*d*atan(a + b*x)), %)
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Maxima [F|

/ec+idarctan(a+ba:) dr = /6(idarctan(bw+a)+c) dr

inputLintegrate(eXP(C+I*d*arctan(b*x+a)),x, algorithm="maxima"

Outputtintegrate(e"(I*d*arctan(b*x +a) +c), x)

Giac [F(-1)]
Timed out.

/ec+idarctan(a+bz) dr = Timed out

input Lintegrate (exp(c+Ixd*arctan(b*x+a)),x, algorithm="giac")

OutputLTimed out

Mupad [F(-1)]
Timed out.

/ec+zdarctan(a+ba)) dr = /ec+datan(a,+bz) 1i dr

input Lint(exp(c + d*xatan(a + b*x)*1i),x)

output Lint(exP(c + d*atan(a + b*x)*1i), x)
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Reduce [F]

/6c+zdarctan(a+bx) dr = e° </ eatan(bx+a)dzdx)

inputLint(exp(c+I*d*atan(b*x+a)),x)

outputLe**c*int(e**(atan(a + bxx)*d*i),x)
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3.16 f el arctan(ax)x4 dr

Optimal result . . . . . . . . . . . . e 237
Mathematica [A] (verified) . . . . . . . . . ... o 237
Rubi [A] (verified) . . . .. . . ... .. 238
Maple [A] (verified) . . . . . . ... L 247]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 247]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 242
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2421
Giac [F(-2)] . . .« o oo 243
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 243
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 247

Optimal result

Integrand size = 14, antiderivative size = 128

/eiarctan(az)x4 dr = 8tv1+ a?x? _ 3zv1+ a?x? 4i13+y/1 + a2g?

15a® 8at 15a3
3v/1+a?x?  iz'v/1+a2x?  3arcsinh(az)
+ + +
4a? 5a 8a®

8/15%Ix(a"2%x"2+1) "~ (1/2) /a"5-3/8%xx (a~2xx"2+1) " (1/2) /a"4-4/15xT+x 2 (a"2%x
‘ ~2+1)7(1/2) /a”3+1/4*%x"3*% (a"2*x"2+1) " (1/2) /a~2+1/5%I*x"4*x (a~2*%x"2+1)~(1/2) / ‘
La+3/8*arcsinh(a*x) /a”5 J

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.50

V1+ a2z%(64i — 45az — 32ia’z? + 30a®z® + 24ia*z*) + 45arcsinh(az)
120a5

/ el arctan(az) $4 dr =

-

input L

-/

Integrate[E~ (I*ArcTan[a*x])*x"4,x]




output
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‘ (Sqrt[1 + a™2%x"2]*(64*I - 45%a*x - (32%I)*a”2*x"2 + 30%a~3*x"3 + (24*I)*a

L"4*x"4) + 45xArcSinh[a*x])/(120%a"~5)

|
J

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.22,

number of steps used = 13, number of rules used = 13,
used = {5583, 533, 27, 533, 25, 27, 533, 27, 533, 25, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules

/.’1,'467' arctan(az) dz

l 5583

z(1 + iazx)

. _—dx
valz? +1

l 533

8(4i—5
az® (41 ax)dx

iz*vVa222 + 1 _ / Va?z2+1

5a

5a2

| 27

3(4i—5
iztVa2z+1 |/ x\/(azszﬁ) dzx

5a

integrand size

iz*va222+1 -

oa
| 533
f_am2(16'ia:c+15)dx
523va2x2+1 Va2z2+1
4a 4qa?

5a

5a

| 25

I az?(16iaz+15) da

. 4 /35 _ 523v/a222+41 025241
iw'varri+1 ia + 102
5a 5a
l 27
22 (165az+15)
. 3./73.3 S 3.2 dz
iz*Va2z2 +1 = ‘/ffax == Y S

5a

5a

= 0.929, Rules
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l 533

[ az(82i—45az) 4

16i2%VaZo241 _ 22211
_ a .
5a >
| 27
f z(32i—45azx) de
164 2\/ 2 2+1 5 2+1
iz a’z? +1 —5963\/2295T+1 n iz"/as z L
_ a -
b 5a
l 533
[ —a(64iaztd5) ;.
45, 2 2+1 \/ 5 2+1
4Va2z? 523v/a2z2+1 16ix2\ém_— zValx _3 e
. - = * - 4a a
» ) 5a
| 25
a(64iaz+45) |
ia? /a%s? S a2z2+1+‘[ a2l
. 4 2.2 +1 523va2z2+1 n 16iz W— o2 = %,
1 a“x _ o E
5a -
| 27
64iaz+45d
) 450/ a2 41 i it
4 523v/a2z2+1 16ie2Va222 41 _ a? . 7
. 2.2 _ 523va%z /a .
1T a’x? + 1 C N
B ¢ 4a
e 5a
| 455
2,52 45 f 212 dx+64i\/,f172+1
3 16ix2m__45z aZz 1, o -
i$4 a,2:v2 + 1 _5:1) Z2z2+1 + £ 4 =
_ a :
5a -
l 222
ssarcsinh 64ir/aZa2 41
16122/ a2z2+1 _45@-\/;29072+1+ 1 (az)+ ’\/F
* a
’iﬂ}4 a2w2 + 1 _5:63\/222)724_1 + /a B 4 =
_ a -
5a -

inputLInt[E“(I*ArcTan[a*x])*XA4,X]




CHAPTER 3. LISTING OF INTEGRALS 240

output‘ ((I/5)*x~4xSqrt[1 + a~2*x"2])/a - ((-5*x"3*Sqrt[1 + a~2%x"2])/(4xa) + (((( ‘
‘16*1)/3)*x“2*8qrt [1 + a~2*%x72])/a - ((-45*x*Sqrt[1 + a~2*%x"2])/(2xa) + ((( ‘
64xI)*Sqrt[1 + a~2%x"2])/a + (45%ArcSinh([a*x])/a)/(2%a))/(3%a))/(4%a))/ (5%

B

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol]l :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 222

rule 455 IntL((c) + (A_D)*(x_))*((al) + (b_.)*(x_)"2)7(p_.), x_Symbol] :> Simp[d*((
a+ bxx"2) " (p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 TRtL&"@_D*((c) + (d_)*(x_))*((a)) + (b_.)*(x.)"2)"(p_), x_Symbol] :>

Simp [d*x"m*((a + b*x"2) " (p + 1)/(b*x(m + 2%p + 2))), x] - Simp[1/(b*x(m + 2%
P+ 2)) Intl[x"(m - 1)*x(a + b*x"2) "p*Simp[a*d*m - b*cx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2*p]

Int[E~(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2*xx~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583




input

output

input

output‘ 1/120% ((24*I*a~4*x~4 + 30*%a~3*x~3 - 32%I*a~2*x~2 - 45%a*x + 64*I)*sqrt(a™2
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.66

method | result size
2
a“x 202
<ch i(24ats? —30ia’z?~324%0 14510z +64)ValeTHT 31“(\/:2 tvets +1> 84
risc 5005 i
5 5 7 (6a%z4 —8a2 42 Va2z2
ﬁz(aQ) 2 (—10@2z2+15) Va2z2+1 +3\/7r (a2) 2 arcsinh(az) i<— 161\5/7T+ v (6 8 = +16) +1>
.. - 20a% 445
meijerg Py + a5 /n 117
2
(222 | /o271
Va2r2 2
3| BeE - wiz@ ) 4 22Va2e241_ 2Va%s241
22va2z24+1 | zVa22241 3a 3a
default o 7 + ia o £ 142

‘ int ((1+Ixaxx)/(a~2*x"2+1)"(1/2)*x"4,x ,method=_RETURNVERBOSE)

‘1/120*I*(24*a‘4*x‘4-30*I*a“3*x‘3-32*a‘2*x“2+45*I*a*x+64)*(a‘2*x“2+1)‘(1/2)
‘/a‘5+3/8/a“4*1n(a“2*x/(a‘2)‘(1/2)+(a‘2*x“2+1)‘(1/2))/(a“2)‘(1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.52

/ ezarctan(ax) 1'4 dr

(24i a*z* + 30 a®z® — 32i a’z? — 45 az + 64i)va?z® + 1 — 45 log (—az + Va?z? + 1)

120 @b

tintegrate ((1+I*a*x)/(a~2%x"2+1)"(1/2)*x"4,x, algorithm="fricas")

L*x"2 + 1) - 45xlog(-a*x + sqrt(a™2*x"2 + 1)))/a"5

|
J
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Sympy [A] (verification not implemented)

Time = 0.54 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.89

/ ezarctan(ax) £L‘4 dx
2 202 a2
Valz? + 1 (it 4 22 _ 4ie® 3z | 8i_ +3log<2aw+2ma> for a® # 0
— 5a 4a? 15a3 8at 15a® 8atva?
. 6 5 .
fos” 4 2 otherwise

-

Lintegrate ((1+I*a*x) / (a**x2xx*x*2+1) ** (1/2) *x**4,x)

-/

input

Output‘Piecewise((sqrt(a**2*x**2 + 1)x(Ikx**4/(5*a) + x**3/(4d*ax*2) — 4*xIxx*x*2/(1 \
|Bkaxx3) - 3xx/(8xaxx4) + 8xI/(15%a*5)) + 3xlog(2xa**2kx + 2ksqrt(akxxx** |
12 + 1)*sqrt(ax*2))/(8xaxxd*sqrt (ax¥2)), Ne(a**2, 0)), (Ixa*x+*6/6 + x**5/5
, True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.78

/ iarctan(azx) .4 iV a?x? + 1554 Vv a’z? + 123 41 4/ a?x? + 122
e xdxr = + —
S5a 4 a? 15a?
_3Vadr’ +1x + 3 arsinh (az) + 8 va?z? +1
8at 8 a’ 15a®

inputtintegrate((1+I*a*x)/(a"2*x‘2+1)"(1/2)*x"4,x, algorithm="maxima") J

p

t‘ 1/5%I*sqrt(a~2+x"2 + 1)*x"4/a + 1/4*sqrt(a”2*x"2 + 1)*x~3/a"2 - 4/15%I*sqr
‘t(a“2*x‘2 + 1)*x72/a"3 - 3/8*sqrt(a”2*x"2 + 1)*x/a"4 + 3/8*arcsinh(a*x)/a”
5 + 8/15*I*sqrt(a™2+x"2 + 1)/a”5

N
outpu
|
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Giac [F(-2)]

Exception generated.

/ grarctan(az) ;4 4o — Exception raised: TypeError

input Lintegrate ((1+I*axx)/(a"2*xx"2+1)~(1/2)*x"4,x, algorithm="giac") J

p
‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const

N
output
Lindex_m & i,const vecteur & 1) Error: Bad Argument Value J

Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.77

il G M PRV/ ) 8i 342 4i 5441
/ casctanta) 4 g a? 562+1< fat — — Tgat T 15(22)5/2 o 1;(52)5/2 5a(a326)5/2
e T €Tr =
Va2
3 asinh (m vV a2>
_.|_
8 a*+va?
input Lint((x"4*(a*x*1i + 1))/(@2%x~2 + 1)~(1/2),%) J

‘((a‘2*x‘2 + 1)7(1/2)*((a*81) / (156%(a™2)~(5/2)) - (a~3%x~2%4i)/(15%(a~2)"(5/ |
‘2)) + (x73%(a"2)"(3/2))/(4*a~4) + (a~5*x~4x*1i)/(5%x(a~2)"(5/2)) - (3*x*(a~2 ‘
‘)'"(1/2))/(8*a‘4)))/(a"2)’"(1/2) + (3*asinh(x*(a~2)~(1/2)))/(8*xa~4*x(a~2)~(1/ ‘
2)) |

output
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.83

/ eiarctan(am) £L‘4 dr
__%vﬁﬁ+1&m%+%vﬁﬁ+da%&—&v#ﬁ+lfm9—%vﬁﬂ+dam+Mvﬁﬁ+di+%:

120a3

-

Lint((1+I*a*x)/(a“2*x“2+1)“(1/2)*x“4,x)

| —

input

t‘(24*sqrt(a**2*x**2 + 1)*ax*k4xixx*x4 + 30%sqrt(a*x*2*x**2 + 1)*ka**3*kx**3 - 3
‘2*sqrt(a**2*x**2 + 1)*ax*k2xixx**2 — 45*sqrt(a*x*2*x**2 + 1)*a*x + 64xsqrt(a
RR2kxAA2 + 1)*i + 45%Log(sqrt(axk2kx#42 + 1) + akx))/(120%a**5)

outpu




output

input L
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3.17 f el arctan(ax)xS dr

Optimal result . . . . . . . . . . . . e 245
Mathematica [A] (verified) . . . . . . . . . ... o 2451
Rubi [A] (verified) . . . .. . . ... .. 246
Maple [A] (verified) . . . . . . ... L 248
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 249
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 249
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2501
Giac [A] (verification not implemented) . . . . . . ... ... ... 250
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 251]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 251]

Optimal result

Integrand size = 14, antiderivative size = 105

/eiarctan(az)x?; dp — _2v1+a*s?  3izV1+aPr? + V1 + a?z?
3at 8a? 3a?
iz®y/1+ a222  3iarcsinh(az)
* 4a + 8at

p
‘ -2/3*%(a"2*x"2+1)~(1/2) /a~4-3/8*Ixx*(a~2*x"2+1) " (1/2) /a~3+1/3*x"2% (a~2%x" 2+
‘ 1)°(1/2)/a~2+1/4*I*x"3*(a~2+x"2+1) " (1/2) /a+3/8*I*arcsinh(a*x) /a~4

\‘

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.53

/ giarctan(aa) 3 g _ V1 + a2x2(—16 — 9iax + 8a?z? + 6ia®r3) + iarcsinh(ax)

24a4

Integrate[E~ (I*ArcTan[a*x])*x"3,x]

outpu

t‘ (Sart[1 + a™2xx"2]*(-16 - (9*I)*a*xx + 8*a™2*x"2 + (6*I)*a~3*x"3) + (9*I)*A \
'TcSinh[a*x])/(24%a"4)

N
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.19,

number of steps used = 10, number of rules used = 10, Bumber of rules _ 4 794 Ryjes
integrand size

used = {5583, 533, 27, 533, 25, 27, 533, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/.%'367’ arctan(az) dz

l 5583
z3(1 + iazx) i
valz? +1

l 533

2(3i—4
iz3va2x? + 1 / agi/,(lz;iz_,_m
4q 4q2

| 27

4
iw3\/a2:c2+1 il \/jzzz%)dm

4a 4a
| 533
R [ — aw(@iarts) g
ir*Vala? +1 —Arvelatl D Vel
4a 4a

| 25

f az(9iaz+8) dz

i 2 272 a2r2

igdya2r? +1 Vel g ry
4a 4a

l 27

. 2,/ 2.2
ir3valr +1 & T ==

z(9iaz+8)
I

_ 3a
4a 4a
| 533
- a(9i— 16az)d
4 2 5 2+1 iz a2a:2+1 a2m§+1
-3 202 _ar a“x 2a 2a
iz°varri+1 3a + 3a

4a 4a
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| 27

9i—16ax dz
9izVa22241 _ a2z241
’l:il?3 a2x2 +1 B _41'2\/‘;21324‘1 + 2a 5 2a
4a 4a
l 455
_16Va2z241 +9i [ 1 d
izy/a2z2 a a2z2
i3V T 1 _4&@ + 9 \/Za +1_ - - +1
4a 4a
J,222
v l6Va%e?41 +gz-arcsinh(a:c)
i3y ax2 +1 _4132\/;2%24'1 + 2 2a - ;a 2a “
4qa 4a
inputLInt[E (I*ArcTan[a*x])*x~3,x] J
output‘ ((1/4)*x~3+Sqrt[1 + a~2#x72])/a - ((-4*#x~2%Sqrt[1 + a"2+x~2]1)/(3%a) + ((((

(9%I)/2)*x*Sqrt[1 + a~2%x"2])/a - ((-16%Sqrt[1 + a~2%x"2])/a + ((9*I)*ArcSi
‘nh[a*x])/a)/(2*a))/(3%a))/ (4*a)

Defintions of rubi rules used

rule 25{Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 292 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl]

rule 455 TRELCCED) + (@_)*x)*((@) + (b_.)*(x))"2)7(p_.), x_Symboll :> Simpldx((
‘a + b*x72)"(p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x"2)"p, x], x]
{/; FreeQ[{a, b, c, d, p}, x] & !LeQlp, -1] J
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rule 533 Int[(x_)"(m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp [d*x"m*((a + b*x"2) " (p + 1)/(bx(m + 2%p + 2))), x] - Simp[1/(b*x(m + 2%
P+ 2)) Intlx"(m - 1)*x(a + b*x"2) p*Simp[a*xd*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQl{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2xp]

rule 5583 Int[E"(ArcTan[(a_.)*(x_)1*(n_))*(x_)~(m_.), x_Symbol] :> Int[x"m*((1 - Ix*ax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2*x~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.73

method | result size
. a2z 2.9
<ch i(6a%a’ ~ia%a? 9ar+16i)VaTa+1 3““(\/:2 tvatzi 77
Hse 24a’ 8a%va?
5 5
( ) . ﬁm(a?) 2 (—10a2z2+15) Va2z2+41 " 3w (az) 2 arcsinh(az)
2.2 2.2 | —
N V7 (—4a“z“+8 m 20a% 4a5
meijerg 8- 6 + 109
2a*y/m 2a3+/m Va?
n a2x 2,2
Na%gim_l (m*“‘ i “)
2a 2a2\/a.72
22va2z2241 _ 2v/a2z2+1 . z3va2z24+1
default 57 o tTia v 17 117

-

input tint ((1+I*axx)/(a"2*xx"2+1)~(1/2) #*x~3,x,method=_RETURNVERBOSE)

—

‘1/24*I*(6*a“3*x‘3—8*I*a‘2*x‘2—9*a*x+16*I)*(a‘2*x“2+1)“(1/2)/a“4+3/8*I/a‘3*

output
Lln(a“Q*x/(a“2)‘(1/2)+(a‘2*x“2+1)“(1/2))/(a‘2)‘(1/2)

—
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.56

/ez arctan(am)wl’z dx

(6i a®z® + 8a?z® — 9iaz — 16)va?z? + 1 — 9 log (—az + Va?z? + 1)
24 *

-

Lintegrate((1+I*a*x)/(a“2*x“2+1)“(1/2)*x“3,x, algorithm="fricas")

| —

input

t‘ 1/24*%((6*I*a~3*x"3 + 8*a~2*x"2 - 9*xI*a*x - 16)*sqrt(a™2*x"2 + 1) - 9xIxlog \

outpu
L(—a*x + sqrt(a”2*x"2 + 1)))/a"4 J

Sympy [A] (verification not implemented)

Time = 0.54 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.99

/ezarctan(ax)xS dr
. 2 Vo) 2
@22 +1( 2 4 22 _ 3w _ 2 _|_3“0g(2am+2 ) fora® #0
_ 4a 3a2 8a3 3a? 8a3v/a?
.5 4 .
laz’ | 2 otherwise

integrate ((1+Ixa*x)/(a**2*x**2+1)*x (1/2) *x**3,x)

inputt

‘Piecewise((sqrt(a**2*x**2 + 1)x(Ikx**3/(4*a) + xx*2/(3*ax*2) - 3*kIxx/(8xax \
(*3) - 2/(3%ax*4)) + 3xIxlog(2xa**2*x + 2xsqrt(axx2xx+*2 + 1)xsqrt(axx2))/( |
 8xaxk3xsqrt(ak*2)), Ne(axk2, 0)), (I*a*xx*5/5 + xk*4/4, True)) |

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.77

/eiarctan(am)w3 dr = iva’z? + 1z? + vVatz? + 122 _ 3iva?x? + 1z
4a

3a? 8a?
3i arsinh (az) 2+va%22%2+1
8at 3at

e

Lintegrate((1+I*a*x)/(a‘2*x‘2+1)‘(1/2)*x‘3,x, algorithm="maxima")

~—

input

‘1/4*I*sqrt(a‘2*x‘2 + 1)*x73/a + 1/3*sqrt(a”™2*x"2 + 1)*x"2/a"2 - 3/8*%Ixsqrt

output
L(a‘Z*x‘2 + 1)*x/a~3 + 3/8xIxarcsinh(axx)/a"4 - 2/3*sqrt(a”2xx"2 + 1)/a"4 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.67

: 1 Jix 4 9% 16
iarctan(ax) .3 _
/6 ( )IE d:l:——ﬂ a2$2+1(<21’<—7—§>+$>1}+g)

3i log (—z|a| + Va?z? + 1)

8 a3|a|
inputLintegrate((1+I*a*x)/(a“2*x‘2+1)“(1/2)*X*3’x, algorithm="giac") J
output‘—1/24*sqrt(a‘2*x‘2 + 1)*x((2%x*x(-3*%I*x/a - 4/a"2) + 9*%I/a~3)*x + 16/a~4) -

‘3/8*I*log(-x*abs(a) + sqrt(a™2*x"2 + 1))/(a"3*abs(a))
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.81

asinh (:c \/a_2> 3i

ei arctan(aw)x3 dr =
/ v
NZr - 222 _ 2@’ | pvasi
a*z + 3(0,2)3/2 - 3(a2)3/2 - 4a3 + 8 a3
1/012
inputLint((XAB*(a*x*li + 1))/(a"2%x"2 + 1)~(1/2),x) J

.| (asinh(xx(a2)"(1/2))%31)/(8%a"3+(a™2)"(1/2)) - ((@™2%x™2 + 1)"(1/2)%(2/(3

t
ot ‘ *(a”2)7(3/2)) - (a™2*x72)/(3*%(a"2)7(3/2)) - (x73*%(a"2)"(3/2)*1i)/(4*a"3) + ‘
(xx(a~2)~(1/2)*31)/(8%a”3)))/(a~2)~(1/2)
Reduce [B] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.84
/ eiarctan(am) .’L‘3 dr
_ 6va2r? + 1a%i2® + 8va%a? + 1aa® — 9Va2a? 4 1aiz — 16va?a? + 14 9log(Vaa? + 1+ ax) i
B 24a4
input| 108 ((1#Traxx) / (a”2x"2+1) " (1/2)¥x°3, ) J

\qrt(a**2*x**2 + 1)*axi*x - 16*sqrt(a**2*x*x*2 + 1) + 9xlog(sqrt(a*x*2xx**x2 +

( N
output‘ (6*sqrt (a**2*x*k*2 + 1)*kax*3kikx*x*k3 + 8*sqrt(ak*2kx*k*2 + 1)*kax*kkxx*2 - O*s \
1)+ akx)*i)/(24xak*4)




outpu
L2+1)"(1/2) /a-1/2*arcsinh(a*x)/a"3
Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.58
/ giarctan(aa) 2 g, _ (—4i + 3az + 2ia*z?) V1 + az? — 3arcsinh(az)
6a3
p
input LIntegrate [E” (I*ArcTan[a*x])*x~2,x]
output‘ ((-4xI + 3*xa*x + (2*I)*a"2*x"2)*Sqrt[1 + a~2#x~2] - 3*ArcSinh[a*x])/(6%a"3
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3.18 f el arctan(ax)x2 dr

Optimal result . . . . . . . . . . . . e 252
Mathematica [A] (verified) . . . . . . . . . ... o 2521
Rubi [A] (verified) . . . .. . . ... .. 253
Maple [A] (verified) . . . . . . ... L 255
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 255
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 250
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2561
Giac [F(-2)] . . .« o oo 250
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 257
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 257

Optimal result

Integrand size = 14, antiderivative size = 80

) 2i/1 2.2 1 2.2 i2/1 2,2 inh
/ezarctan(am)dex:_ iv1+a’x +x\/ +a’x L= V14 a2z?  arcsinh(ax)

3a3 2a2

3a 2a3

t‘-2/3*I*(a“2*x”2+1)“(1/2)/a“3+1/2*x*(a“2*x”2+1)“(1/2)/a“2+1/3*I*x”2*(a“2*x“

|
J

-/

)
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Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.15,

number of rules _ 571, Rules
integrand size

number of steps used = 8, number of rules used = 8,
used = {5583, 533, 27, 533, 25, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/.%'267’ arctan(az) dz

l 5583
z2(1 + iazx) i
valz? +1

l 533

2i-3
i?va2eZ+1 [ af/(alezﬁ) dzx
3a 3a?

| 27

2i—3
ix’Va2x? + 1 B J %dm

3a 3a
| 533
f—Mdz
ix2vVa2z2 + 1 _3z\/¢F _ \/a22az272+1
3a B 3a
| 25
22 J lliaztd)
ir?va2z2 + 1 —3‘”‘/'12;” +1 4 a;2§+1

3a B 3a
l 27
4iax+3 dx
iVl §1  —SeERl | L
3a 3a
l 455

ix/a2x2
3f 1 dz+4z a“z“+1
. QW _ 3zva2z2+1 Va22241 a
1x°vVa‘x + 1 _ 5 + %
3a 3a
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l 292
sarcsinh(az) | 4ivaZ2241
iz2 /(12.’1,‘2—+—1 _3zx/a22aa:2+1 + - 2a+ =
3a 3a
inputLInt[E‘(I*ArcTan[a*x])*x*z,x] J
Output‘((I/S)*x‘Q*Sqrt[i + a~2%x72])/a - ((-3*x*Sqrt[1 + a~2*x"2])/(2*a) + (((4*I

)*Sqrt[1 + a~2*x~2])/a + (3*ArcSinh[a*x])/a)/(2*a))/(3*a)

- J

Defintions of rubi rules used

rule 25 10t[-(Fx), x _Symboll :> Simp[ldentity[-1]  Int[Fx, x], x] J

rule 27 Int[(@ )*x(Fx ), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 222 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a]l)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 455 Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1l

rule 533 Int[(x_ )" (m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[d*x"m*((a + b*x"2)"(p + 1)/(bx(m + 2%p + 2))), x] - Simp[1/(b*(m + 2*
p+2) Int[x"(m - 1)*(a + b*x"2) "p*Simp[a*d*m - bxcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] &% Integer
Q[2xp]
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255

ule 5583 Int[E"(ArcTan[(a_.)*(x)1*(n_))*(x )" (m_.), x_Symbol] :> Int[x'm¥((1 - Ixax
X ((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[1 + a~2%x~21)), x] /; Free |

input

outpu

input

output

‘Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.84

method | result Size
a?zx 2.2

isch i(2a%2%3iaz—4)VaZe?H1 _ h’(ﬁz +va2z2+1 67

risc . 7
2
In M+\/m)
default | 2L+l _ <\/‘TZ +jg( V22?1 _ 2VaP2?41 99
2a? 2a2v/a? 3a2 3a4
2. 2
ﬁz(ﬂ2) % Va2z241 VT (az)% arcsinh(az) z<4\?{;_ VT (—40. il :8) m)
11 a2 _ a3

meljerg 2a2+/7 Va2 + 2a3/7 98

Lint((1+I*a*x)/(a“2*x‘2+1)“(1/2)*X“2,X,method=_RETURNVERBOSE)

\1/2)+(a*2*x*2+1)*(1/2))/(a*2)*(1/2)

t‘1/6*I*(2*a“2*x”2-3*I*a*x-4)*(a’"2*x"2+1)'"(1/2)/a“3—1/2/a“2*1n(a“2*x/(a’"2)“(

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.64

a?z? + 1(2i a®z* + 3 az — 4i) + 3 log (—az + Va?z? + 1)

/ez arctan(ax)$2 dr =

6 a3

Lintegrate((1+I*a*x)/(a*2*x*2+1)“(1/2)*XA2,X, algorithm="fricas")

‘1/6*(sqrt(a“2*x“2 + 1)*(2%xI*a~2%x"2 + 3%a*x - 4%I) + 3*log(-a*x + sqrt(a”2

‘*x“2 +1)))/a"3
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Sympy [A] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.12

2 27201/ a2
| ﬁ+i_ﬁ _log<2a z+2va222 41 a) fora27é0
iarctan(az) .2 _ 3a 2a2 3a3 2a2v a2
e x*dr =
. 4 3 .
foa” 4 otherwise

inputt

integrate ((1+Ixa*x)/(a**2*x**2+1)*x (1/2) *x**2,x)

output‘

Piecewise ((sqrt(ax*2xx**2 + 1)*(Ixx**2/(3*a) + x/(2xax*2) - 2xI/(3*a**x3))
- log(2*a**2xx + 2*sqrt(ax*2*x**2 + 1)*sqrt(a**2))/(2*a*x*2*sqrt(a**2)), Ne
(a**2, 0)), (I*axx**x4/4 + x**3/3, True))

-

input

output‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.78

2 a? 2a3 3a3

/ iarctan(az) .2 g iva2z? + 122 N va2x? + 1z arsinh (ax) 2iva?r2+1
[ €T €T = —
3a

Lintegrate ((1+I*a*x)/(a~2%x~2+1)"(1/2)*x~2,x, algorithm="maxima")

-/

1/3*I*xsqrt(a”2*x~2 + 1)*x"2/a + 1/2*sqrt(a”2*x"2 + 1)*x/a"2 - 1/2*arcsinh(
a*x)/a"~3 - 2/3*I*sqrt(a”2*x"2 + 1)/a"3

Giac [F(-2)]

Exception generated.

/ grarctan(az) 12 4o — Exception raised: TypeError

inputt

integrate ((1+Ixa*x)/(a"2*x"2+1)~(1/2)*x"2,x, algorithm="giac")
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Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [B] (verification not implemented)

Time = 22.61 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.89

ﬁ . 3,..21: .
212+ 1 (wzag - 3(222)13 5+ 3“((1”26)31/12) - asinh (:v \/c?>
Va2 2a2va?

/ez arctan(am)xZ dr =

input Lint((x‘2*(a*x*1i + 1))/(a~2%x~2 + 1)~(1/2),x)

(@ 2+x72 + 1)"(1/2)*((a"3%x"2%11) /(3% (a~2)~(3/2)) - (a*2i)/(3%(a"2)"(3/2)
D+ r(@72)7(1/2))/(24a"2)))/(a"2)~(1/2) - asinh(x+(a™2)"(1/2))/(2*a"2*(a
2D (/)

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.86

/Bi arctan(ax)x2 dr
_ 2Va%? +1a% 2% 4+ 3Va?z? + Lax — 4v/a?a? 4 14 — 3log(va?z® + 1+ az)

6a3

inputLint((1+I*3*X)/(a“2*x‘2+1)“(1/2)*x“2,x)

e

(2*sqrt (a**2*x*k*2 + 1)*ax*2kikx*x*2 + 3*sqrt(a*x*2*x**2 + 1)*axx — 4*xsqrt(ax

output
‘*2*x**2 + 1)*i - 3%log(sqrt(a**2*x*x2 + 1) + a*x))/(6xa**3)




CHAPTER 3. LISTING OF INTEGRALS 258
3.19 f el arctan(ax)x dx

Optimal result . . . . . . . . . . . . e 258
Mathematica [A] (verified) . . . . . . . . . ... o 258]
Rubi [A] (verified) . . . .. . . ... .. 259
Maple [A] (verified) . . . . . . ... L 260
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 261]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 2611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2621
Giac [A] (verification not implemented) . . . . . . ... ... ... 262
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 262
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 263

Optimal result

Integrand size = 12, antiderivative size = 54

izv/1+a?z®  darcsinh(az)

_ N
/ez arctan(az)x dr = +2a' z +

a

2a

2a2

outpu

input L

t\(a“2*x“2+1)“(1/2)/a“2+1/2*I*x*(a‘2*x“2+1)“(1/2)/a—1/2*I*arcsinh(a*x)/a“2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.70

/ giarctan(az) ;. 1 _ (2 + iax)V/1 + a’x? — iarcsinh(azx)

2a?

Integrate [E~ (I*ArcTan[a*x])*x,x]

output L

((2 + I*xa*x)*Sqrt[1 + a"2*x"2] - I*ArcSinh[a*x])/(2*a"~2)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13,

number of rules _ 417, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {5583, 533, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zé arctan(az) dz

l 5583
z(1 + iax) i
valz? +1

l 533

i—2
iV +1 :‘/((;T;ﬁdx
2a 2a?

| 27

i—2
eVt +1 [ \/Zazz%dm

2a 2a
l 455
2 22241 .
izvalz? +1 3 _@ +if ﬁdm
2a 2a
l 992
izva2rZ + 1 _2@ + ia.I‘CSi(Illh(az)
2a 2a

input ‘ Int [E~ (I*ArcTan[a*xx])*x,x]

r

‘((I/2)*x*Sqrt [1 + a~2%x"2])/a - ((-2*Sqrt[1 + a"2*x"2])/a + (I*ArcSinh[a*x

output
1)/a)/ (2%a)




rule 27

rule 222

rule 455

rule 533

rule 5583
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Defintions of rubi rules used
Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + bxx"2)"(p + 1)/(2*%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], xI]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

Int[(x_ )" (m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp [d*x"m*((a + b*x"2) " (p + 1)/(b*x(m + 2%p + 2))), x] - Simp[1/(b*x(m + 2%
P+ 2)) Intlx"(m - 1)*(a + b*x"2) "p*Simp[a*d*m - b*cx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2+*p]

Int[E"(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2*xx~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.09

method | result size
il 2%z 4 aZe2 1
isch i(ax—2i)va2z24+1 “n(\/ﬁJr e +1) 59
I 2a? 2ava2
2
Inl &2 +\/a2w2+1)
default | Yetz*+l 4 5o 2vezi+l (‘/‘TZ 72
a? 2a2 2a2va2
3 3
i (ﬁz(az) 2Va22241 7 (az) 2 arcsinh(az))
(12 - aS
. —2/7+2+/7 Va2x2+1

meijerg 50T + NV 88
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input‘int((1+I*a*x)/(a"2*x"2+1)"(1/2)*x,x,method=_RETURNVERBOSE)

‘1/2*I*(a*x-2*I)*(a“2*x‘2+1)“(1/2)/a“2—1/2*I/a*1n(a“2*x/(a“2)‘(1/2)+(a“2*x“
‘2+1)‘(1/2))/(a‘2)‘(1/2)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.80

2 a?

/ ctan(az), g _ VT 1(iaz +2) + i log (~az + VaPr? 1)

inputLintegrate((1+I*a*x)/(a“2*x*2+1)*(1/2)*x,x, algorithm="fricas")

outputtl/2*(sqrt(a“2*x"2 + 1)x(I*xa*x + 2) + Ixlog(-a*x + sqrt(a”2*x~2 + 1)))/a"2

Sympy [A] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.44

. 2 2,211/ a2
| a2$2+]_(i—”3—|—i2)—“0g<2a z+2va?z?+1 a) fora2#0
et arctan(aw)m dr = 2a a 2aVa?
ax

3 2 .
w4+ otherwise

inputLintegrate((1+I*a*x)/(a**g*x**2+1)**(1/2)*X’x)

t‘Piecewise((sqrt(a**2*x**2 + 1)*(I*xx/(2*%a) + ax*(-2)) - Ixlog(2*a**2*x + 2%
‘sqrt(a**2*x**2 + 1)*sqrt(a**2))/(2*a*sqrt(ax*2)), Ne(ax*2, 0)), (I*axx*x3/
LB + x*%2/2, True))

outpu
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.78

2a 2a? a?

/ giarctan(az) ;, g _ ivalz? +1 i arsinh (ax) N a’zr? +1

-

inputLintegrate((1+I*a*X)/(aA2*XA2+1)A(1/2)*X’X’ algorithm="maxima")

-/

output‘ 1/2xI*xsqrt(a”2#x~2 + 1)*x/a - 1/2xI*arcsinh(a*x)/a"2 + sqrt(a”2*x"2 + 1)/a ‘
2

N\ J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

i log (—zla| + Va?z? + 1)

. 1 ) 2
/ezarctan(ax)xdx — _5 va2x2 + 1(_E — _2) 4+
a a

2alal
input ‘ integrate((1+I*a*x)/(a"2*x"2+1)~(1/2)*x,x, algorithm="giac") J
Output‘-1/2*sqr1:(a"2*x"2 + 1)x(-I*x/a - 2/a"2) + 1/2xIxlog(-x*abs(a) + sqrt(a”2+*x ‘

\*2 + 1))/ (a*abs(a)) \

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.94

asinh (:1: \/(TQ> 1i

- Va2 1i
/ iarctan(ax) (\/27 + £ 2‘2 1> a?z?2+1— 5o
e rdr =
1/0,2

input 1RE(Gor(axxxti + 1))/ (272472 + D7(1/2),%) J
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((1/@2D7(1/2) + (xx(a™2)"(1/2)%11)/(2%a))*(a"2#x"2 + 1)°(1/2) - (asinh(x

output
*(2™2)"(1/2))%14) / (2*a)) / (a™2) " (1/2)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.93

/ iarctan(ax) d \% a’x? + laix + 2v a?z? +1- log(v a?z? +1+ CL.’I)) ')
€ rar =

2a?

input Lint ((1+I%a*xx)/(a~2%x~2+1)~(1/2) *x,x) J

‘(sqrt(a**2*x**2 + 1)*axi*x + 2xsqrt(ax*x2xx**x2 + 1) - log(sqrt(a*x*2*x**2 +

output
\1) + axx)*xi)/(2*a*x*2) ‘
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3.20 f el arctan(azx) dx

Optimal result . . . . . . . . . . . . e 264
Mathematica [A] (verified) . . . . . . . . . ... o 2641
Rubi [A] (verified) . . . .. . . ... .. 265
Maple [A] (verified) . . . . . . ... L 260
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 260
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 267
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 267l
Giac [A] (verification not implemented) . . . . . . ... ... ... 267
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 268
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 268

Optimal result

Integrand size = 10, antiderivative size = 29

: iv/1 &+ a222 inh
/ezarctan(am) dr = 7 + a“x + arcsin (a,.’L')

a

a

output‘

Ix(a~2%x~2+1)~(1/2) /atarcsinh(a*x)/a

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

/ giarctan(az) g, — iv'1 + a%z? + arcsinh(az)

a

input L

Integrate [E~(I*ArcTan[a*x]),x]

output L

(I*Sqrt[1 + a~2*x~2] + ArcSinh[a*x])/a
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5582, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

input L

/eiarctan(aa:) dr
l 5582
1+ iax d
va2x?+1
l 455
/ 1 ia2x? +1
dx +
a?z? +1 a
l 992
arcsinh(ax) N ivalz? +1
a a
Int [E~ (I*ArcTan[a*x]),x] J

N\

output

(I*Sqrt[1 + a”2#x"2])/a + ArcSinh[a*x]/a

Defintions of rubi rules used

rule 222 ‘

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt ‘

L[a])]/Rt [b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b] J

rule 455 ‘

N\

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*(( \
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x] ‘
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

J
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rule 558

2‘Int[E"(ArcTan[(a_.)*(x_)]*(n_)), x_Symbol] :> Int[(1 - I*a*x)~((I*n + 1)/2)

‘/((1 + Ikxaxx)~((I*n - 1)/2)*Sqrt[1 + a~2xx~2]), x] /; FreeQla, x] && Intege

rQ[(I*n - 1)/2]

-

input

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.41

method | result size
. i —2¢/7T+2/7 Va2z2+1
meijerg arcsu(llh(am) ( VT Q;CE ez ) 41
2
n( 222 4va241)
default (m = ) + “‘ZQ;ZH 48
2
n( <224 aZm i)
risch (Jﬁ\/? ) + ““2:2“ 48

Lint ((1+I*axx)/(a"2*xx"2+1)~(1/2) ,x ,method=_RETURNVERBOSE)

—

output

Larcsinh(a*x)/a+1/2*I/a/Pi"(1/2)*(-2*Pi"(1/2)+2*Pi"(1/2)*(a"2*x"2+1)"(1/2)) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.28

. ?
/ezarctan(ax) dr =

va2z? +1—log (—ax +Va?z? + 1)

a

input L

integrate((1+I*a*x)/(a”2*x~2+1)"(1/2),x, algorithm="fricas")

-

output t

(I*sqrt(a™2*x"2 + 1) - log(-a*x + sqrt(a™2*x"2 + 1)))/a

e—
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Sympy [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 61 vs. 2(20) = 40.

Time = 0.43 (sec) , antiderivative size = 61, normalized size of antiderivative = 2.10

log (2a2x+2\/a2x2+1\/a2) n a2 1 f 9 # 0
: or a
/ezarctan(aa:) dr = Va2 a
. 2 .
-+t otherwise

-

Lintegrate((1+I*a*x)/(a**2*x**2+1)**(1/2),x)

~—

input

N

;
‘Piecewise((log(2*a**2*x + 2xsqrt (a*x*2xx*x2 + 1)*sqrt(a**2))/sqrt(ax*2) + I ‘

output
‘*sqrt(a**2*x**2 + 1)/a, Ne(a**2, 0)), (Ixa*x**2/2 + x, True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.86

. inh N
/ giarctan(az) g, _ 8IS (ax) 4 i1va?r? +

a a

e

tintegrate ((1+I*a*x)/(a~2%x"2+1)~(1/2) ,x, algorithm="maxima")

~—

input

-

Larcsinh(a*x)/a + I*sqrt(a™2*x"2 + 1)/a

~—

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.41

+
lal a

/ iarctan(az) log (_x|a| +v a’z? + ]-) 1V a2x? +1
e dxr = —

input Lintegrate ((1+I*axx)/(a"2%x"2+1)"(1/2),x, algorithm="giac") J
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output L-log(—x*abs(a) + sqrt(a~2*%x~2 + 1))/abs(a) + I*sqrt(a~2*x~2 + 1)/a

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10

/ iarctan(ax) asinh (1} \/@> V a’?x?+11i
e dxr = +
Va? a

inputtint((a*x*li + 1)/(a"2*x"2 + 1)7(1/2),x%)

output | ((272%X72 + 1)7(1/2)%11)/a + asinh(xx(a2)"(1/2))/(a"2)"(1/2)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10

/ei arctan(az) dr — \/m@ + lOg(W + a,g;)

a

inputLint((1+I*a*x)/(a*2*x*2+1)~(1/2)’x)

outputt(sqrt(a**2*x**2 + 1)*i + log(sqrt(ax*2*x*x2 + 1) + a*x))/a




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 269
tarctan(az
3.21  [£rgy
T

Optimal result . . . . . . . . . . . . e 269
Mathematica [A] (verified) . . . . . . . . . ... o o 2691
Rubi [A] (verified) . . . .. . ... .. 270
Maple [B] (verified) . . . . . . . . . .. 271]
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 272
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 273
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2731
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 273
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 274
Reduce [B] (verification not implemented) . . . ... ... ... ......... 274

Optimal result

Integrand size = 14, antiderivative size = 25

i arctan(az)
/  dz= iarcsinh(az) — arctanh (\/ 1+ a2x2>

x

-

LI*arcsin.h(a*x) —arctanh((a~2*x~2+1)~(1/2))

-/

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.16

iarctan(az)
/ dr= tarcsinh(az) + log(z) — log (1 +V1+ a2x2>

X

tIntegrate [E~ (I*ArcTan[a*x])/x,x]

-

LI*ArcSinh[a*x] + Log[x] - Logl[l + Sqrt[1 + a~2%x"2]]

-/
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 429, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5583, 538, 222, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

i arctan(az)
[

X

l 5583

1+ 2ax e
zva?x? +1
l 538

/ a:\/a;:2 + 1dm * ia/ \/a29312 + 1d:c
l 222
/ ;dm + darcsinh(ax)
zvalz? +1
l'243

1/ 1 dz? + iarcsinh(ax)
Z | ————dz* + iarcsinh(azx
2 ) x2v/a?x2+1

| 73

[ —t+dVa?z? +1
— a2

a

48

+ sarcsinh(ax)

l,221

—arctanh( a’z? + 1) + iarcsinh(ax)

2

input LInt [E~(I*ArcTan[a*x])/x,x]

output LI*ArcSinh[a*x] - ArcTanh[Sqrt[1 + a~2%x"2]]
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Defintions of rubi rules used

rule 73 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> Withl[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 291 Intl((al) + (b_)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 292 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 243 Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 538 Int[((c_) + (A_.)*(x_))/((x_)*Sqrtl(a_) + (b_.)*(x_)"2]), x_Symbol]l :> Simp
[c Int[1/(x*Sqrtl[a + b*x~2]), x], x] + Simp[d 1Int[1/Sqrtl[a + b*x~2], x]
, x] /; FreeQ[{a, b, c, d}, x]

rule 5583 Int[E~(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + I*xa*x)~((I*n - 1)/2)*Sqrt[1 + a~2*x~2])), x] /; Free
Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 47 vs. 2(22) = 44.

Time = 0.13 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.92
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2V

method | result size
ia ln( o’z +\/a2.’n2+1)
1 Va2
default | — arctanh < NCEE +1> + N 48
(—21n(2)+21n(z)+In(a?) ) /7—2/7 ln(%+ . “2;2+1)
meijerg + i arcsinh (az) | 53

e

input

Lint ((1+I*axx)/(a"2*xx"2+1)~(1/2) /x,x ,method=_RETURNVERBOSE)

output
L(a‘Z)‘(l/Q)

‘ —arctanh(1/(a"2*x"2+1) ~(1/2))+I*a*1n(a~2*x/(a~2) ~(1/2)+(a"2*x"2+1)~(1/2))/

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 58 vs. 2(21) = 42.

Time = 0.08 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.32

X

iarctan(ax)
/e—dm = —log <—ax + Va2 + 1+ 1> —1 log (—ax +Va?z? + 1)

+ log <—az—|— Va2 +1— 1)

~—

J

input L

integrate((1+I*a*x)/(a~2*x"2+1)~(1/2)/x,x, algorithm="fricas")

)
Output‘'1°g(_a’"X + sqrt(a”2#x™2 + 1) + 1) - Ixlog(-a*x + sqrt(a™2*x"2 + 1)) + log

(-a*x + sqrt(a”2%x™2 + 1) - 1)

N
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Sympy [A] (verification not implemented)

Time = 1.61 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.92

iarctan(az) log (2a2z+2\/m\/ﬁ) ) .
/eT dz = ia va? fora®7#0 1 _ asinh (E)
z otherwise

-

Lintegrate((1+I*a*x)/(a**2*x**2+1)**(1/2)/x,x)

~—

input

e hY
\I*a*Piecewise((log(2*a**2*x + 2xsqrt (a**2*xx**x2 + 1)*sqrt(a**2))/sqrt(ax*2) \

output
, Ne(a**2, 0)), (x, True)) - asinh(1/(a*x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.72

et arctan(az) 1
/ ——— dx = ¢ arsinh (ax) — arsinh (—)

x a|z|

inputLintegrate((1+I*a*x)/(a*2*x*2+1)*(1/2)/X,X, algorithm="maxima") J

e

I*arcsinh(a*x) - arcsinh(1/(a*abs(x)))

~—

outputL

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 68 vs. 2(21) = 42.

Time = 0.15 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.72

i arctan(ax) ialog (—zla|l + Va2x2 + 1
/e—dx:— g (=2l )—log<‘—m|a|+\/a2m2+1+1’>

z lal

+ log (‘—x|a| +Va2z? +1— 1‘)
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input‘integrate((1+I*a*x)/(a"2*x“2+1)"(1/2)/x,x, algorithm="giac")

output‘—I*a*log(-x*abs(a) + sqrt(a”2*x"2 + 1))/abs(a) - log(abs(-x*abs(a) + sqrt(
‘a‘2*x‘2 + 1) + 1)) + log(abs(-x*abs(a) + sqrt(a™2*x"2 + 1) - 1))

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

a asinh (z \/0?) 1i

et arctan(ax)
/—dz = —atanh( a?x? + 1) +

v Va?
input Lint((a*x*ii + 1)/ (xx(a"2%x"2 + 1)°(1/2)),%) J
OutputL(a*asinh(X*(a‘2)‘(1/2))*1i)/(a‘2)‘(1/2) - atanh((a~2*x~2 + 1)~(1/2)) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.08

i arctan(ax)
/e—dx = 10g<\/a2x2 +1+azx— 1)
x
— log<\/a2x2 +1+4azx+ 1) + log(x/az:/v2 +14 ax) i

input Lint ((1+I*xa*x)/(a~2*xx~2+1)~(1/2) /x,x) J

Output‘10g(sqr‘c(a**2*x**2 + 1) + a*x - 1) - log(sqrt(a**2*x**2 + 1) + axx + 1) + ‘
log(sqrt (ax*2*x**2 + 1) + axx)*i ‘




CHAPTER 3. LISTING OF INTEGRALS

275

3.99 f et arctan(az) dr

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result
Integrand size = 14, antiderivative size = 38

r = —
2 z

/ et arctan(az) p m

— iaarctanh(V 1+ a2x2)

output‘

-(a~2%x"2+1) " (1/2) /x-I*a*arctanh((a~2*x~2+1)~(1/2))

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.24

-

input L

output L

i arctan(az) V1 212
/ dr= _Vitaw + ialog(z) — ialog (1 +V1+ a2x2>
x

xr2

Integrate[E~ (I*ArcTan[a*x])/x"2,x]

-/

-(8qrt[1 + a"2*x~2]/x) + Ixa*Logl[x] - Ixa*Logl[l + Sqrt[l + a~2*x"2]]




input

output
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

=5, number of rules _ 357, Rules
integrand size

number of steps used = 6, number of rules used =
used = {5583, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

et arctan(az)
U/n:zdw

X
l 5583
1+ iazx d

z2v/a2z?2 + 1

l 534

\/m 'La/
xW
l 243
Wozes

e

x x2v/a2z? +

l 73

. 1
va?z? +1 +Z %}—;1;
x a

l 221

dva?z? +1

22 1
A iaarctanh( a?z? + 1)
T

[Int [E~ (I*ArcTan[a*x])/x"2,x]

-/

L-(Sqrt [1 + a~2*x"2]/x) - I*axArcTanh[Sqrt[1 + a~2%x~2]]
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx™((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

Int [(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x"(m + Dx(a + b*x"2)"p, x]1, x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] && EqQm + 2%p + 3, O]

rule 534

rule 5583‘ Int[E~(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
‘x)“((I*n + 1)/2)/((1 + I*xa*x)~((I*n - 1)/2)*Sqrt[1 + a~2%x~2])), x] /; Free
‘Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.89

method | result size

default ——”’2;’6"2"'1 — ja arctanh <\/#72+1> 34

risch ——“‘2;””1 — ia arctanh <\/#72+1> 34
ia( (—21n(2)+21In(z)+In(a?))/7—24/7 In 14 Va?a?41

meijerg | —¥ “2;’2“ + ( NG (2 ’ )> 64
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input| 10t ((1+T*a*x)/(a"2#x"2+1)~(1/2) /x°2, %, method=_RETURNVERBOSE) |

output L-(a“2*x‘2+1) ~(1/2) /x-I*axarctanh(1/(a"2*x"2+1)~(1/2)) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 66 vs. 2(32) = 64.

Time = 0.08 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.74

etarctan (ax)
=N
—iazlog (—az + Va*z? + 1+ 1) +iazlog (—az + vVa?z? + 1 — 1) — az — Va?z? + 1
x

— Lintegrate ((1+I%a*x)/(a~2%x~2+1)~(1/2)/x~2,x, algorithm="fricas") J

‘(—I*a*x*log(—a*x + sqrt(a™2*x”2 + 1) + 1) + I*xaxxxlog(-axx + sqrt(a”2*x"2 ‘

output
‘+ 1) = 1) - a*x - sqrt(a™2*x"2 + 1))/x ‘

Sympy [A] (verification not implemented)

Time = 1.12 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.68

i arctan(ax) 1 1
/e—zd:r = —a\/1+ —— —iaasinh (—)
T a“r axr

integrate ((1+Ixa*x)/(ax*2xx**2+1) %% (1/2) /x%*2,%) J

input L

output L—a*sqrt(l + 1/(a**x2xx*x2)) - Ixaxasinh(1/(a*x)) J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.76

et arctan(az) 1 a2x2 +1
/ ————dx = —taarsinh -
x2 a|z| x

input‘integrate((1+I*a*x)/(a“2*x’“2+1)“(1/2)/X*2,X, algorithm="maxima")

output L‘I*a*arCSinh(l/(a*abs(x))) - sqrt(a~2*x"2 + 1)/x J

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 75 vs. 2(32) = 64.

Time = 0.16 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.97

i arctan(az)
/erx = —jalog (‘—x|a| +Va?z? + 1+ ID
+ialog (‘—z|a| +Va2z?+1— 1’) + (

2]a
2
zla| — Va2z? +1)" — 1

input‘integrate((1+I*a*x)/(a’“2*x‘2+1)“(1/2)/XA2,X, algorithm="giac")

‘-I*a*log(abs(-x*abs(a) + sqrt(a”™2*x”2 + 1) + 1)) + Ixaxlog(abs(-x*abs(a) +

output
‘ sqrt(a™2*x~2 + 1) - 1)) + 2*abs(a)/((x*abs(a) - sqrt(a”™2*x"2 + 1))72 - 1)
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

x2 T

i arctan(az) 22211
/e—dac __vertl aatanh(Va2x2 + 1) 1i

-

input Lint ((a*x*1i + 1)/(x"2%(a"2*x"2 + 1)~(1/2)),x)

-/

output L— axatanh((a™2%x"2 + 1)7(1/2))*1i - (a"2%x"2 + 1)7(1/2)/x

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.63

et arctan(az)
W
T

Va2z? +1+log(va?z? + 1+ az — 1) aiz — log(vVa?z? + 1 + az + 1) aiz — az

X

input Lint ((1+I*a*x)/(a~2*xx~2+1)~(1/2) /x~2,%)

output ‘ -
|qrt(ass2x#x2 + 1) + axx + 1)ka*ixx - a*x)/x

sqrt (a**2*xx**2 + 1) + log(sqrt(ax*2xx**2 + 1) + a*x - 1)*axixx - log(s




output

input

output
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3.23 [y

Optimal result . . ... ... .........
Mathematica [A] (verified) . . . . . . ... ..
Rubi [A] (verified) . ... .. ... ... ...
Maple [A] (verified) . . . . . . ... ... ...
Fricas [A] (verification not implemented) . . .
Sympy [A] (verification not implemented) . .
Maxima [A] (verification not implemented) . .
Giac [B] (verification not implemented) . . . .
Mupad [B] (verification not implemented) . .
Reduce [B] (verification not implemented) . .

Optimal result

Integrand size = 14, antiderivative size = 63

dzr =

i arctan(az) /1 212 a1 2,2 1
/e— — tae” tavltaw + §a2arctanh <\/1 + a2z2>

3 212 T

‘-1/2*(a“2*x“2+1)“(1/2)/x“2-I*a*(a“2*x“2+1)“(1/2)/x+1/2*a”2*arctanh((a“2*x“

12+1)7(1/2))

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

3 dz = 2 2

./éwmwm 1(@4—2mm¢1+ﬁﬁ

— a*log(z) + a®log (1 +V1+ a2x2>>

‘ Integrate [E~ (I*ArcTan[a*x])/x"3,x]

p
‘(((-1 - (2*I)*a*x)*Sqrt[1 + a~2*x"2])/x"2 - a~2+Logl[x] + a~2+Logl[l + Sqrt[

\ 1 + a~2%x~211)/2

~N
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00,
number of rules _ 571, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {5583, 539, 25, 27, 534, 243, 73, 221}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

et arctan(az)

l 5583

/ 1+ iax d
3va2x? +1
l 539

va?z?+1 1 a(2i — ax) p
verv: L f_ 9Lt — 9% -
212 2 z2va2z? + 1

l 25

Va2z? +1 + 1 a(2i — ax) iz
222 2) x2va?2x? +1

l27

Vvafrz+1 1 2i — azx

——d
2?1 2%) vl "

| 534
a’?z? +1 4 la a/ 1 i 2iva?z? + 1
212 2 zvalz? +1 x
| 243
a’?z? +1 4 la 1a/ 1 g 2iva?z? + 1
212 2 2 z2Va?z? + 1 z

73

—

1
dv/azZ 1 1
vzl o1 [/ R N

212 2 a z
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l 221
A/ a2r2 1 1
_a;f;— + ia (aarctanh( a?x? 4+ 1
x

) 2%iva2z2 + 1)
X

input‘Int[EA(I*ArCTan[a*X])/X“B,x]

output‘ -1/2%Sqrt[1 + a™2%x~2]/x72 + (a*x(((-2*I)*Sqrt[1 + a~2*x"2])/x + a*ArcTanh[ \
‘Sqrt[l + a~2%x~211))/2 \

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], xI] J

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 73 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl{a, b}, x] && NegQ[a/b]

rule 243 Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]
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Int[(x_ )" (@ )*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*xx~2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x“(m + Dx*(a + b*x"2)7p, x], x] /; FreeQ[{a, b, c, d, m, p}, x] && ILtQ[m,

0] && GtQlp, -1] && EqQm + 2%p + 3, 0]

rule 534

Int[(x_ )" (m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*x"2)"(p + 1)/(a*(m + 1))), x] + Simp[1/(a*(m + 1))

Int[x~(m + 1)*(a + bxx"2) "p*x(axd*(m + 1) - b*cx(m + 2xp + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 539

Int[E”(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrtl[l + a~2*x~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.84

method | result size
a? arctanh (*) )
default | —Yoz+l 4 AR T ia/aTs] 53
i(2a323 —ia?2?+2az—1) a? arctanh(ﬁ)
risch o 2z2v/a2x2+1 + 2 60
—_ n n(x n a2 Ly ™ (121:2
e e N O ey ) [
.o wav a“x
meijerg NG — . 122
inputLiﬂt((1+I*a*X)/(a*2*X“2+1)“(1/2)/x”3,x,method=_RETURNVERBOSE) J
output ‘ -1/2*%(a~2*x"2+1) " (1/2) /x~2+1/2*a~2*arctanh (1/(a~2*x"2+1) ~(1/2) ) -I*a*(a~2*x ‘

\*2+1)‘(1/2)/x
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.32

gt arctan (az)
SN
T

a’z?log (—az + Va*z? + 1+ 1) — a’z?log (—az + Va?z® + 1 — 1) — 2ia’z? + vVa?2? + 1(—2iaz — 1

212

inputLintegrate((1+I*a*x)/(a‘2*x*2+1)"(1/2)/x"3,x, algorithm="fricas") J

‘1/2*(a‘2*x“2*log(—a*x + sqrt(a”™2*x"2 + 1) + 1) - a"2*x"2xlog(-a*x + sqrt(a ‘
"2%x72 + 1) - 1) - 2%Ixa”2%x"2 + sqrt(a”2%x"2 + 1)x(-2%Ixa*x - 1))/x"2 |

output

Sympy [A] (verification not implemented)

Time = 1.62 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.76

3 a?x? + 2 2r

i arctan(az) 1 a? asinh L a \/ 1+ a2_1x2
/—e dr = —ia®y\/1+ (aw)

input ‘ integrate ((1+I*axx)/ (a**2%x**2+1) %% (1/2) /x**3,x) ‘

‘—I*a**Q*sqrt(l + 1/(ax*2xx*%2)) + ax*2+asinh(1/(a*x))/2 - a*sqrt(l + 1/(ax* \

output
‘*2*x**2))/(2*x) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.76

3 dm:ia T 2 x2

gt arctan(az) 1, . 1 ivalr?+1la  Valr?+1
- arsinh 2] — —
a

input Lintegrate ((1+Ixa*xx)/(a~2*xx"2+1)~(1/2)/x"3,x, algorithm="maxima") J
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‘1/2*a“2*arcsinh(1/(a*abs(x))) - Ixsqrt(a™2*x™2 + 1)*a/x - 1/2*sqrt(a”2*x"2 ‘

outputL Y J

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 153 vs. 2(51) = 102.

Time = 0.14 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.43

etarctan (az)
==
1 1
= 5(1210g (’—x|a| +Vva2z? +1+ 1)) — §a210g <‘—x|a| +Vva2r?+1— 1))

N (z]a| — Va2 + 1)3(12 + 2 (z|a| — Va?z? + 1)2a|a| + (z|a] — Va*z? + 1)a® — 2i alal

((x|a| — Va2z? + 1)2 — 1)2

-

Lintegrate((1+I*a*x)/(a“2*x“2+1)“(1/2)/x“3,x, algorithm="giac")

| —

input

‘1/2*a‘2*log(abs(—x*abs(a) + sqrt(a”2*x"2 + 1) + 1)) - 1/2*xa"2*xlog(abs(-x*a
‘bs(a) + sqrt(a™2*x"2 + 1) - 1)) + ((x*abs(a) - sqrt(a™2*x"2 + 1))"3*a"2 +
‘2*1*(x*abs(a) - sqrt(a”2#x"2 + 1)) 2+a*abs(a) + (x*abs(a) - sqrt(a™2*x"2 +

output
L 1))*a”2 - 2xI*axabs(a))/((x*abs(a) - sqrt(a™2*x"2 + 1))72 - 1)72 J

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.83

T
3 2 2 12 T

/ gl arctan(az) o — a? ata,nh(\/a2 2 + 1) valz2+1 ava?z?2+11i

input Lint((a*x*li + 1)/(x"3*(a"2%x"2 + 1)°(1/2)),%) J

N

.| (@ 2vatanh((a"2+x"2 + 1)°(1/2)))/2 - (@ 2%x"2 + 1)°(1/2)/(2%x°2) - (ax(a"2

outpu
X2 4 1) (L/*11) /x
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.27

et arctan(az)
S
T

_ —2va%2? + laiz — Va2a? + 1 - log(Va2a? + 1+ az — 1) a®2? + log(Va?a? + 1 + ax + 1) a?2?

212

input| 10 ((1+Traxx) / (a"2+x"2+1)~(1/2) /x73,%)

- 2*sqrt(a**2kx**2 + 1)*a*ixx - sqrt(ax*2xx**2 + 1) - log(sqrt (a*x*2xx**2
+ 1) + a*x - 1)*ax*2xx**2 + log(sqrt(a*x*2*x**2 + 1) + a*xx + 1)*a*x*x2*x**2)
|/ (2%x*%2)

output (




output

input
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3.24 [y

4
Optimal result . . . . . . . . . . . . e 288
Mathematica [A] (verified) . . . . . . . . . ... o o 288]
Rubi [A] (verified) . . . .. . ... .. 230
Maple [A] (verified) . . . . . . ... 292
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 292
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 293
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 293
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 293
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 294
Reduce [B] (verification not implemented) . . . ... ... ... ......... 294

Optimal result

Integrand size = 14, antiderivative size = 90

€Tr =

/ ez’arctan(az) p B /1 + a2x2 B iavV'1 + a’x?

x4 3x3

N 2a%v/1 + a2z2

3z

212

1
+ Eiagarctanh (\/ 1+ a2x2>

-

‘ -1/3*%(a"2*x"2+1)~(1/2) /x73-1/2*%I*ax(a~2*x~2+1) " (1/2) /x"2+2/3*a"2* (a~2*x" 2+

Ll)‘(1/2)/x+1/2*I*a“3*arctanh((a‘2*x“2+1)‘(1/2))

W
J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.78

dz =

x4

/ giarctan(az) 1 <\/ 1+ a?2x2(—2 — 3iaz + 4az?)
6

3

— 3ia®log ()

+ 3ia® log (1 + \/m)>

Integrate[E~ (I*ArcTan[a*x])/x"4,x]
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‘((Sqrt [1 + a”2*x™2]*(-2 - (3*xI)*a*x + 4%a~2%x"2))/x"3 - (3*I)*a~3xLog[x] +

output
L (3*I)*a~3*Logl[l + Sqrt[1 + a~2%x~2]]1)/6 J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.02,

number of rules _ g 7; 4, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {5583, 539, 25, 27, 539, 27, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

et arctan(az)
SR
T

l 5583
1+ 2ax d
z4/a?x? + 1
l 539

_Va*z?+1 1/_ a(3i — 2az) i
z3va2z? + 1

below.

3z3 3

l 25
Va2z? +1 + 1 / a(3i — 2ax) iz
3z3 3.) z3va2z2+1
l 27
va2z? +1 + la 3i — 2ax i
3z3 3 J 8Va2z? +1
l 539

ﬁﬂ+1+14:1/a@mm4hi_m¢ﬁﬁ+1>

2 x2va?x? + 1 v 222
l 27
a?zx? +1 4 1 la 3iax + 4 i 3iva2z? +1
2 x2va?x? + 1 222
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l 534
_\/a2a:2 +1 4 la —la 4\/a2w2 +1 + 3ia / Y a?z? +1
3.’173 3 2 ;1;\/0,21;2 2.’172
l 243
_Va?z? +1 n la —la _4vaPz? +1 n 32,0/ 1 PN 3ivalz? +1
3z3 3 2 T 2 2/ a2x2 +1 212
l 73
3t dva?z? +1
P41 1 (1 [ a/aRP I, il e pove 3ivaZz? + 1
3x3 3 2 T a 212
l 221
a?z2+1 1 1 4va2x2 4+ 1 . 3iva2z? +1
— +-a| —=a| ———— — 3zaarctanh< a?x? + 1) -
33 3 2 z 22
input LInt [E~ (I*ArcTan[a*x])/x"4,x] J
output ~1/3*Sart[l + a™2+x721/x78 + (ax((((-3+1)/2)*Sqrt[1 + a"2+x"2])/x"2 - (ax(

‘ (-4*Sqrt[1 + a~2*x~2])/x - (3*I)*axArcTanh[Sqrt[1 + a~2%x~2]1))/2))/3 ‘

Defintions of rubi rules used

ruke25LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

A J

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11 J
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Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx™((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

Int[(x_)"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[(-c)*x~(m + 1)*((a + b*x"2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x"(m + Dx*(a + b*x"2)"p, x]1, x] /; FreeQ[{a, b, ¢, d, m, p}, x] && ILtQ[m,

0] && GtQ[p, -1] && EqQm + 2xp + 3, 0]

rule 534

Int[(x_)~"(m_)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[c*x~(m + 1)*((a + b*x~2)"(p + 1)/(ax(m + 1))), x] + Simp[1/(ax(m + 1))

Int[x"(m + 1)*(a + b*x"2) "p*(a*d*(m + 1) - bxcx(m + 2%p + 3)*x), x], x]
/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2xp]

rule 539

/

Int[E-(ArcTan[(a_.)*(x_)]1*(n_))*(x_)~(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
X)"((I*n + 1)/2)/((1 + Ixa*x)~((I*n - 1)/2)*Sqrt[1 + a~2+#x"2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76

method | result

ia® arctanh (

2

1
4a%z*—3ia3 23 +2a2x2 —3iax—2 + \/m)

6x3va2x2+1

risch

2 arcta, h(*)
defaul _ Va2z2+1 2a2va2x2+1 . __Va2x2+1 avaretani\ Vaz.z
efault 505 T 3z tia %? T 2

A

o yr (12m@+2m@)4in(e?))va | A (102?48) 2o I
Yoo S 242 2 + 2.2 35—+ In| 5+¥5=
(—20,2(1:2-‘1-1) a2m2+1 + x4a 8a a‘x
- 323 27

/

meijerg

input Lint ((1+I*a*x)/(a~2%x~2+1)~(1/2)/x~4,x,method=_RETURNVERBOSE) J

t ‘ 1/6% (4*a~4*x"4-3*%I*a " 3*x"3+2*a”2xx"2-3*I*a*x-2) /x"3/(a"2*x"2+1) " (1/2)+1/2% ‘

outpu
' I*a~3%arctanh(1/(a”2%x"2+1)"(1/2)) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.02

gt arctan (az)
o
T

_ 3id’z?log (—ax + Va2a? + 1+ 1) — 3iaPz®log (—ax + va?z? +1—1) + 46°2° + (40’2 — Biax — 2
B 6 x3

inputtintegrate((1+I*a*x)/(a"2*x‘2+1)"(1/2)/x"4,x, algorithm="fricas") J

Ou_tput‘1/6*(3*I>!=a"3*x‘3*log(—a*x + sqrt(a”2*x”2 + 1) + 1) - 3*I*a~3*x"3*log(-a*x
‘+ sqrt(a”2*x"2 + 1) - 1) + 4*a”3*x"3 + (4*%a~2*%x"2 - 3*xI*a*xx - 2)*sqrt(a”2%
‘x‘2 + 1))/x73 ‘
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Sympy [A] (verification not implemented)

Time = 1.73 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.83

el arctan(az) 2a3,/1 + a2x2 7a3 asinh (L) 1+ a2$2 ay/1+ a2x2
[ =) "y V

xt 3 + 2 2x 3x2

p
input Lintegrate ((1+I*axx)/ (a*x*2*xx**2+1) *x (1/2) /x**4 ,x)

-/

\2*a**3*sqrt(1 + 1/ (a**2%x*%2)) /3 + Ika**3*asinh(1/(a*x))/2 - Ixax*2*sqrt (1l
+ 1/ (a*x*2xx**x2)) /(2*x) - axsqrt(l + 1/(a**2*x**2))/(3*x**2)

N J

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.74

gtarctan(ax) I 1 2va2x? +1a®> iva2z2+1la Va2x2+1
—_— ¢ a” arsinh 2] +

4 dx=§ 3z B 212 B 33

input ‘ integrate((1+I*a*x)/(a~2*x"2+1)~(1/2)/x"4,x, algorithm="maxima") ‘

N

output‘ 1/2xIxa"3*arcsinh(1/(a*abs(x))) + 2/3*sqrt(a™2*x~2 + 1)*a~2/x - 1/2xI*sqrt ‘
‘(a 2xx"2 + 1)*a/x"2 - 1/3*sqrt(a”2*x"2 + 1)/x"3 ‘

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 161 vs. 2(70) = 140.

Time = 0.14 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.79

etarctan (az)
[
1.
= —za 3log (’—x|a| +Va2z2 + 1+ 1‘) — 5t  a® log (‘ zla| + Va2x? +1— 1‘)
—3i (z|a| — Va2z? + ) a® — 12 (z|a| — Va2z? + ) a?la| + 3 (z zla| — i vVa?z? + 1)a® + 4 a?|a|

3 <(:c|a| —Va2z? + 1) - 1)
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input‘integrate((1+I*a*x)/(a"2*x“2+1)"(1/2)/x“4,x, algorithm="giac")

1/2xI*a~3*log(abs(-x*abs(a) + sqrt(a”2*x"2 + 1) + 1)) - 1/2xI*a"3*log(abs(
-x*abs(a) + sqrt(a”™2*x"2 + 1) - 1)) - 1/3%(-3*Ix(x*abs(a) - sqrt(a”2*x"2 +

1))~5*a~3 - 12*(x*abs(a) - sqrt(a”2*x”2 + 1)) 2*a~2*abs(a) + 3*(I*x*abs(a
) - Iksqrt(a™2*x~2 + 1))*a~3 + 4*a"2xabs(a))/((x*abs(a) - sqrt(a™2*x"2 + 1
»N"2 - 1)73

output

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.82

X

/ gt arctan(az) o — a® atan(va? 22 + 11i) a?z? + 1

z? 2 B 33
+2a2\/a2x2+1 ava?z?+11i
3z 2 x2

-

inputtint((a*x*li + 1)/ (x"4*(a”2%x"2 + 1)7(1/2)),x)

| —

(a~3*atan((a™2#x"2 + 1)7(1/2)%11))/2 - (a"24x"2 + 1)°(1/2)/(3*x°3) - (a*(a

output
L’"2*x“2 + 1)~ (1/2)%11) /(2%x72) + (2%a~2%(a~2%x~2 + 1)~(1/2))/(3%x) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.21

et arctan (azx)
W
T

_ 4a%2? +1a°2® — 3va2a? + laiz — 2va%2? + 1 — 3log(va2z® + 1+ az — 1) a®i z® + 3log(va?2? +

63

inputtint((1+I*a*x)/(a‘2*x‘2+1)*(1/2)/X*4’x) J
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Output‘(4*sqrt(a**2*x**2 + 1) kaxx2kxkx2 — ksqrt(axk2*x**2 + 1)*a*xixx - 2*sqrt(a*
\*2*x**2 + 1) - 3%log(sqrt(ax*2xx**2 + 1) + a*x - 1)*ax*3xixx**3 + 3*log(sq
‘rt(a**2*x**2 + 1) + a*x + 1)*a*xk3*ikx**3 — 4kax*3xx**3)/(6xx**3)




output

input
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tarctan(az
3.25  [<2 gy
T

Optimal result . . . . . . . . . . . . e 296
Mathematica [A] (verified) . . . . . . . . . ... o o 2961
Rubi [A] (verified) . . . .. . ... .. 297
Maple [A] (verified) . . . . . . ... 300
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 3011
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ......... 303

Optimal result

Integrand size = 14, antiderivative size = 113

dzr =

/ gt arctan(az) V1+a2z?  ia/1 + a?2? N 3a*V/1 + a?z?

0 4x4

N 2ia3v/1 + o222

3z

33

82

— ga‘larctanh <\/ 1+ a2z2)

-

‘—1/4*(a‘2*x“2+1)‘(1/2)/x‘4-1/3*I*a*(a‘2*x“2+1)‘(1/2)/x“3+3/8*a“2*(a‘2*x“2+
‘1)‘(1/2)/x“2+2/3*I*a“3*(a“2*x‘2+1)‘(1/2)/x—3/8*a‘4*arCtanh((a‘2*x“2+1)A(1/

{2))

\‘
J

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.67

Y]

/ e arctan(az) o — 1 <\/1 + a2z%(—6 — 8iax + 9a’z? + 16ia®z3)

xrd

+ 9a* log ()

— 9a*log (1 + \/m>>

Integrate [E~ (I*ArcTan[a*x])/x"5,x]
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‘ ((Sqrt[1 + a~2%x"2]*(-6 - (8*I)*axx + 9*a~2xx"2 + (16xI)*a”~3%x"3))/x"4 + 9

output
L*a"4*Log[x] - 9*%a”~4xLog[1l + Sqrt[1 + a~2%x~2]])/24 J

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.04,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 gog Ryyles
integrand size

used = {5583, 539, 25, 27, 539, 27, 539, 25, 27, 534, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

et arctan(az)
s
T

l 5583
1+ 2ax d
2va?x? + 1
l 539

valz? +1 1/_ a(4i — 3az) i
z*Va2z? + 1

4x4 4

l 25
Va2z? +1 + 1 / a(4i — 3azx) iz
4zt 4 ) z4V/a222 +1
l 27
va2z? +1 1a/ 4i — 3azx i
4zt 4 z*Va2z? +1
l 539
a’z? +1 + la _1/ a(8iax +9) d — 4iva2z? +1
4a4 4 3) 3vVa2Z+1 323
l 27
3 a?zx? +1 + la —la 8iaz + 9 d — 4iva?z? + 1
4zt 4 3" ) Va2 +1 323

below.



input
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|5

39

_Va?z? +1 n la —la WPz +1 1/_a(16i — 9ax) g ) — 4iva?z? +1
4zt 4 3 212 2 22v/a2z2 + 1 3z3
l 25
_Va?z? +1 + la —la _9va*z? +1 + 1 / a(16: — 9az) gz | — divalz? + 1
474 4 3 22 2 x2v/a2x2 +1 33
l 27
3 a?z? +1 la —la 9 a?z? +1 1a/ 16¢ — 9ax gz | — 4iva?z? +1
474 4 3 212 2 x2va2x2 +1 3z3
l 534
ax? +1
_YEE T
44
la —la 9 a?x? +1 la —Qa/ 1 g — 16iva2z? + 1 B 4ivalz? +1
4 3 222 2 zvalz? +1 T 3z3
l 243
va2z?2 +1 +
T 4gt
la —la _9Va*z? +1 la _9a/ 1 da? — 16iva?z? +1) | 4iva’z? +1
4 212 2 2 2y a2x2 +1 T 3z3
l 73
va2z? +1
gt
9 L _dva2z? +1
Lo ovarmsT 1 _,f%_ﬁ, TETL eV 1) | 4ive? A
4 3 212 2 a x 3z3
l 221
Vva?z? +1 N
T 4gt
1 (1 ( owaZ+1 1 — 16ivVa?? +1)\ 4iva%a? 11
1(1 —ga —T + 5(1, 9aarctanh< a“xr + 1) — f — T

e

LInt[E‘(I*ArcTan[a*x])/x‘5,x]

~—
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‘-1/4*Sqrt[1 + a”2%x72]/x74 + (ax((((-4*I)/3)*Sqrt[1 + a~2*x~2])/x"3 - (a*(
\(-Q*Sqrt[l + a”2xx72])/(2%x72) + (a*(((-16xI)*Sqrt[1 + a~2*xx"2])/x + 9*axA
‘rcTanh[Sqrt [1 + a"2%x"2]1))/2))/3))/4

output

Defintions of rubi rules used

ruk325LInt[‘(FX->’ x_Symboll :> Simp[Identity[-1]  Int[Fx, x], x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 221 IELC@) + (b_)*(x)"2)7(-1), x_Symboll :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

243‘Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x"2], x] /; FreeQ[{a, b, m, p}, x] && I
‘ntegerQ[(m - 1)/2]

rule

534\Int[(x_)‘(m_)*((c_) + (d_)*(x_))*((a) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
‘Simp[(—c)*x“(m + D*((a + b*xx~2)"(p + 1)/(2*ax(p + 1))), x] + Simp[d Int[
x~(m + 1)x(a + b*xx"2)7p, x1, x] /; FreeQ{a, b, ¢, d, m, p}, x] && ILtQ[m,
0] && GtQlp, -1] & EqQ[m + 2+p + 3, 0]

rule

\‘
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rule 539 TRtLx) T )*((c)) + (d_)*Gx)I*((a)) + (b_)*(x_)"2)"(p_), x_Symbol] :>

Simp[c*xx~(m + 1)*((a + bxx"2)"(p + 1)/(ax(m + 1))), x] + Simp[1/(a*(m + 1))
Int[x"(m + 1)*(a + b*x"2) "p*(a*xd*(m + 1) - bxcx(m + 2%p + 3)*x), x], x]

/; FreeQ[{a, b, c, d, p}, x] && ILtQ[m, -1] && GtQ[p, -1] && IntegerQ[2*p]

rule 5583 Int[E"(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
X)"((I*n + 1)/2)/((1 + Ixa*x)”"((I*n - 1)/2)*Sqrt[1 + a~2*x~2])), x] /; Free
Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.68

method | result
4 1
I‘iSCh i(16a5x5 —9ia4x4+8a3w3—3ia,2w2—8am+6i) _ 3a arctanh( \/a2z2+1)
24x4v/a22241 8
a2 arctanh(*)
3a2 _\/a2w22+1+ 2\/0‘2:52-9—1
2z
_ Va2z241 - [ Va2z2+1 2a%va2x2+1
default ye 7 + ia s+ o
22241
4 N N 3(%—21n(2)+2 ln(z)+1n(a2))\/‘7r VT (—7a4z4—8a222+8) V2 (—12a2z2+8) Va2z241 3VT 1“(%+%+1
a*| — + + + - - :
2z4a4 ' 22242 8 16a4z4 16a4z4 4
meljerg 24/
. int ((1+I*axx)/(a"2*x"2+1)~(1/2)/x"5,x,method=_RETURNVERBOSE)
input

outpu

p
" \ 1/24*T*(16%a"~5*xx~5-9%I*a~4*xx"4+8%a "~ 3*x"3-3*I*a " 2*xx~2-8*a*xx+6*I) /x"4/(a"~2*x \
"2+1)"(1/2)-3/8*a"4xarctanh(1/(a 2+x"2+1)"(1/2))

N
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.89

et arctan(az)
SR
T

9a*zlog (—az + Va?z? + 1+ 1) — 9a'z*log (—az + Va?az? + 1 — 1) — 16ia*z* — (16ia®z® + 9a?
24 x4

input ‘ integrate((1+I*a*x)/(a"2*x"2+1)~(1/2)/x"5,x, algorithm="fricas") ‘

‘—1/24*(9*a"4*x"4*log(—a*x + sqrt(a”2*x"2 + 1) + 1) - 9*a~4*x"4*log(-a*x + ‘
‘sqrt(a“Q*x’? + 1) - 1) - 16%I*xa"4*x"4 - (16*%I*a~3*%x"3 + 9%a~2*x"2 - 8*Ixax \
Lx - 6)*sqrt(a”2*x"2 + 1))/x"4 J

output

Sympy [A] (verification not implemented)

Time = 2.92 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.08

B 3a3
z® 3 8 8z/1+ s
1

312 + 3/ 1 / 1
823\ /1+ ==  4azx5\/1+ 5

Lintegrate ((1+I*axx)/ (ax*x2kx**2+1) *x*(1/2) /x**5,%) J

/ ei arctan(ax) 22'(14\ /1+ # 3a4 asinh (l>
——dx - A+

input

‘2*I*a**4*sqrt(1 + 1/(ax*2%x*%2))/3 - 3xax*4*asinh(1/(a*x))/8 + 3%axx3/(8%x |
(*sqrt (1 + 1/(akx2xx*%2))) - Ixa**2ksqrt(l + 1/(axx2%x*%2))/(3%xx*2) + a/(8 |
L*x**S*sqrt(l + 1/ (a**2%x*%2))) - 1/(d*arx**Exsqrt (1 + 1/(a**2%x**2))) J

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.76

dz =

eiarctan(az) 3 . . 1 % \/ma3
T a— ——a"arsinh ala] +

x? 3z
N 3va2x? +1a®> iva2z2+1la Va2x2+1
8 22 33 4 4
inputLintegrate((1+I*a*x)/(a"2*x‘2+1)"(1/2)/x"5,x, algorithm="maxima") J

p
t‘—3/8*a"4*arcsinh(1/(a*abs(x))) + 2/3xI*sqrt(a”2*x"2 + 1)*a~3/x + 3/8*sqrt(
‘a‘2*x“2 + 1)*a”2/x72 - 1/3%I*sqrt(a”2*x"2 + 1)*a/x"3 - 1/4*sqrt(a™2*x"2 +

1)/x74

& J

N
outpu

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 237 vs. 2(89) = 178.

Time = 0.13 (sec) , antiderivative size = 237, normalized size of antiderivative = 2.10

gtarctan (az)

dz
75

3
= —ga“log (‘—x|a| +Vaz2 + 1+ ID + 3 a*log (‘—x|a| +Va?z? +1— 1‘)
9 (zla|] — vVa?a? + 1)7a4 — 33 (zla| — Va?z® + 1)5a4 — 48i (z]a| — Va?z® + 1)4a3|a| — 33 (z]al — Ve
12 ((x|a| —Va2z? + 1)2

inputLintegrate((1+I*a*x)/(a"2*x"2+1)"(1/2)/x"5,x, algorithm="giac") J

-3/8%a~4xlog(abs(-x*abs(a) + sqrt(a™2*x"2 + 1) + 1)) + 3/8*a~4*log(abs(-x*
abs(a) + sqrt(a™2*x”2 + 1) - 1)) - 1/12x(9*(x*abs(a) - sqrt(a™2*x~2 + 1))~
T*a~4 - 33x(x*abs(a) - sqrt(a™2*x"2 + 1))~5*a"4 - 48xIx(x*abs(a) - sqrt(a”
2%x72 + 1))"4*xa"3*abs(a) - 33*(x*abs(a) - sqrt(a”2*x”2 + 1))73*%a"4 + 64*Ix
(x*abs(a) - sqrt(a~2*x”2 + 1)) 2*a"3*abs(a) + 9*(x*abs(a) - sqrt(a™2*x"2 +
1))*a~4 - 16xI*a~3*abs(a))/((x*abs(a) - sqrt(a™2*x"2 + 1))72 - 1)74

output
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.84

/ gt arctan(az) o — a*atan(va®z? +11i) 3i a?z?+1

5 T 8 B 4 x4
ava?x?+11i 3a2\/a2x2+1+a3\/a2w2+121
B 3z3 8 12 3z

-

input Lint((a*x*li + 1)/(x"5*(a"2*x"2 + 1)°(1/2)),x)

-/

output
\*(a‘2*x“2 + 1)7(1/2)%11)/(3*x~3) + (3*a"2*%(a"2*x"2 + 1)7(1/2))/(8%x~2) + (

(a"aratan((a"24x"2 + 1)7(1/2)¥11)#31)/8 - (a"24x"2 + D (1/2)/(Usx"d) - (a
(a"3x(a"2%x"2 + 1)7(1/2)%21)/(3%x) |

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.12

et arctan(az)
s &
T

_ 16va?z? + 1a%i2® + 9va?a? + 1a°s® — 8Va?a? + 1aix — 6va?a? + 14 9log(Va2e? + 1+ az — 1) a
N 24x4

input Lint ((1+I*a*x)/(a~2%x~2+1)~(1/2)/x"5,x) J

output‘/(16*sqrt(a**2*x**2 + 1)kaxk3xixx**3 + Oksqrt (ax*kx**2 + 1)*ka*xk2xx**2 — 8 \‘
sqrt (a**x2*xx*x*2 + 1)*a*ikx — 6xsqrt(ax*2*x**2 + 1) + 9*log(sqrt (a**2*kx**2 + \
1) + akx - D)kaxxdrxkxd - Oxlog(sqre(axk2xx#*2 + 1) + axx + 1)xaxrdsxs*d
L— 16%axkaxi*xx*4a) / (24*x**4) J
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3.26 f o2 arctan(ax)x?) dr

Optimal result . . . . . . . . . . . . e 304
Mathematica [A] (verified) . . . . . . . . . ... o 304
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 300
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 307
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 307l
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 14, antiderivative size = 48

; 2 - 3 4 .
/ piarctan(az) 1.3 . _ 2 n z” " 2ix® a7 21og(i + ax)
a®  a®  3a 4 a’
output L-2*I*x/a“3+x‘2/a“2+2/3*I*x‘3/a—1/4*x“4—2*1n(I+a*x) /a~4 J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/ 621' arctan(aw)x3 dz = _%j .'13_2 2ix? _ 1;4 _ M
a®  a? 3a 4 at
input LIntegrate [E~((2*I)*ArcTan[a*x])*x"3 , x] J

N

((-2#D)#x)/a"3 + x°2/a2 + (((2¥D)/3)*x"3)/a - x~4/4 - (2+Logll + axx])/a~
4

output




input

output
4

rule 86
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/563621 arctan(ax) dr

l 5585
3 .
/ac (1+zaw)dm

1 —iax

| 86

/ 2 2 2w 2iz? 4 p
———— e+ o+ —2° | dz
ad(ax +1) a3 a? a

l 2009
_2log(az +1) 2z 37:72 2iz3 3 wi
at a3 a2 3a 4

e

tInt[E‘((2*I)*ArcTan[a*x])*x‘B,X]

L

‘((—2*I)*x)/a‘3 + x72/a"2 + (((2%I)/3)*x"3)/a - x"4/4 - (2%LoglI + a*x])/a"

Defintions of rubi rules used

|
J

Int[((a_.) + (b_.)*(x_))*((c_) + (d_.)*(x_))"(n_.)*x((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x)"n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, ¢, d, e, f, n}, x] && ((ILtQ[n, 0] &% ILtQ[p, 01) || EqQlp, 1
1 Il (IGtQlp, O] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] Il (GeQ[n + p + 2, 0] && RatiomnalQ[a, b, c, 4, e, £1))))
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ruke2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule5585}Int[E*(ArcTan[(a_.)*(x_)]*(n_.))*(x_)*(m_.), x_Symbol] :> Int[x"m*((1 - Ixa
*x)7(I*(n/2)) /(1 + T*a*x)~(I*(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege

\rQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.96

method result size
. —3a*z*+8ia3z3+12a22% —24iax—241 ]
parallelrisch | =S¢ Z15a o +13a°e —3%ar n(az+7) 46
: z? 23 | 22 _ 2iz _ In(a?z®+1) 2¢ arctan(azx)
risch 4 + 3a + a? a3 at + at 95
In a21:2+1) .
1.3.4,2,.2.3 2 ; ( 2i arctan(ax)
—za°x*+2ia°c°+a x®—2ixc - +
default 4 — + —— = 63
a a
5 5
2z (a2) 2 (—5a2:t2+15) 2((12) 2 arctan(ax)
- 1504 + ab w2a2(—3a2w2+6) 2 9
.. a?z?—In(a?z%+1) + . —#+ln(a z2+1) 108
meljerg 2a* a3va? 2a4

input Lint ((1+I*axx)~2/(a~2%x"2+1)*x"3,x,method=_RETURNVERBOSE)

output

L1/12*(—3*a‘4*x‘4+8*I*x‘3*a‘3+12*a‘2*x‘2—24*I*a*x—24*ln(I+a*x))/a‘4

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.96

. 3.3 2,2 : ;
/62iarctan(aw)m3 do — _3a4x4 — 8ia’z® — 124’z + 24i az + 24 log (22H)

12 a*

input Lintegrate ((1+I*a*x)~2/(a~2*x"2+1)*x~3,x, algorithm="fricas")
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‘-1/12*(3*a“4*x“4 - 8%I*a~3*x"3 - 12%a”2*x"2 + 24xIxaxx + 24xlog((a*x + I)/

tput
outpu La))/a“4

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.85

/e2iarctan(aw)x3 dr = _$_4 + 2ix + .’E_ _ 27,_117 . 210g (CL.’E + ’l)

4 3a a? a3 at

inputLintegrate((1+I*a*x)**2/(a**2*x**2+1)*x**S,X)

output L-X**4/4 + 2xTxx*x3/(3%a) + x**2/a**2 - 2xI*x/ax*3 - 2*log(a*x + I)/a**x4

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.17

/e2zarctan(az)x3 dr

3a®z* — 8ia’z® — 12az? + 24ix  2i arctan (ax) log (a’z? + 1)
_|_ —
12a3 at at

input Lintegrate ((1+I*ax*xx)"2/(a"2*x"2+1)*x"3,x, algorithm="maxima")

‘—1/12*(3*a“3*x‘4 - 8xI*a~2%x"3 - 12%a*xx~2 + 24xI*x)/a"~3 + 2*xI*arctan(a*x)/

output
‘a‘4 - log(a™2*%x"2 + 1)/a"4
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.96

/GQiarctan(ax)xS dp — _3a'z* —8ia’2® — 12a%% + 24iax 2 log(ax + i)
12a4 at
inputLintegrate((1+I*a*x)‘2/(a*2*x*2+1)*x~3,x’ algorithm="giac") J

-1/12%(3*%a"4*x"4 - 8*I*a”~3*x~3 - 12*%a~2*%x"2 + 24xI*axx)/a"4 - 2xlog(a*x + \

|
output Y ‘

Mupad [B] (verification not implemented)

Time = 22.51 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.90

1i . .
/62iarctan(ax)x3 dr = x_Q 117_4 _ 21In (-’I; + E) _ x 2i 4 x3 21

a? 4 at a3 3a

-

int ((x~3*(a*x*1i + 1)72)/(@a"2*%x"2 + 1),x)

| —

inputt

outputL(XA?’*?i)/(S*a) - (x*2i)/a"3 - x"4/4 - (2%log(x + 1i/a))/a~4 + x~2/a"2 J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.15

/627, arctan(am)lﬁ dr

_ 24atan(ax) i — 12log(a’a? + 1) — 3a’z* + 8a®i z® + 12a%2? — 24aix
B 12a*

input Lint ((1+I*axx)~2/(a~2%x~2+1) *x~3,x) J

‘(24*atan(a*x)*i - 12*%log(ax*2*x**2 + 1) - 3kakxdxx*kx4d + Bka**3*ki*x**3 + 12 \

output
‘*a**2*x**2 - 24xaxixx)/(12xax*4) ‘
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3.27 f o2 arctan(ax)x2 dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3091
Rubi [A] (verified) . . . .. . . ... .. 310
Maple [A] (verified) . . . . . . ... L B11]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... B11
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 312
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 312
Giac [A] (verification not implemented) . . . . . . ... ... ... 312
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 14, antiderivative size = 39

. 2 3 . .
/e%arctan(am)xZ dr = 2_1’. + ﬁ _ m; _ 2 log(z + 0,1,')
a’>  a 3 ad

outputt

2%x/a"~2+I*x"2/a-1/3%x"3-2%I*1n(I+a*x)/a~3

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00

. 2 . 92 3 21 .
/eZZarctan(ax)xQ dz = z (24 T 7 Og(’l + Cl.’I?)
a? a 3 a3

inputt

Integrate [E~((2*I)*ArcTan[a*x])*x"2,x]

-

output L

(2xx)/a"2 + (I*x~2)/a - x73/3 - ((2*I)*Log[I + a*x])/a"3

-/




input

output

rule 86
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,
number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 222t arctan(az) dz

l 5585
2 .
/a: (1—i—zaac)dﬂl7

1—iax

l 2009
_ 2ilog(az +1) | 2z @ B xj
al a? a 3

tInt[E‘((2*I)*ArcTan[a*x])*x‘2,x]

-

L(2*X)/a‘2 + (I*¥x"2)/a - x°3/3 - ((2*I)*LoglI + a*x])/a"3

-/

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95

method result size
. alz3—3ia’2?+6iIn(az+i)—6ax
parallelrisch | — 307 37
X 2 23 g2 iln (a?x?+1) __ 2arctan(ax)
risch e i - — 3 47
iln (a212+1)

22—10/29334-7:@ z2 _ __2arctan(ax)

default s “— u 55

3 3 5 5
2z (a2) 2 2(&2) 2 arctan(ax) 2z (az) 2 (—5a2m2+15) 2(&2) 2 arctan(ax)
.. o — 3 i(a?z2—In(a2z?+1)) - 1 + 5
meijerg = = 3 — 15a = 110
2a2vVa? a 2a2vVa?

input Lint ((1+I%a*x)~2/(a"2%x"2+1)*x~2,x,method=_RETURNVERBOSE)

output L-1/3*(a 3xx~3-3%I*a~2%x"2+6*I*1n (I+a*x)-6*ax*xx)/a~3

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95

3.3 i 22 ; az+i
piarctan(az) 2 . _a'r — 3ia‘z® — 6ax + 67 log (T)
3a3
input Lintegrate ((1+I*xax*xx)~2/(a"2*x"2+1)*x"2,x, algorithm="fricas ) J

output

L—1/3*(a‘3*x‘3 - 3xI*a"2*x"2 - 6¥axx + 6*xIxlog((a*x + I)/a))/a"3 J
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Sympy [A] (verification not implemented)
Time = 0.06 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.79

/ e2i arctan(ax)x2 dr = — .'133 i$2 2z 2 log (aa: + 7/)
3 a a? a3

inputLintegrate((1+I*a*x)**2/(a**2*x**2+1)*x**z,x)

output L-x**S/S + Ixx**k2/a + 2%x/ax*2 - 2%Ixlog(axx + I)/a**3

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.21

Siarctan(aa) 2 g _ _a’z® —3iaz® — 6z 2 arctan(ax) ilog(a*z® +1)
3a? ad a?

input‘integrate((1+I*a*x)“2/(a“2*x”2+1)*x”2,x, algorithm="maxima")

‘—1/3*(a“2*x“3 - 3xIxa*x~2 - 6+%x)/a"2 - 2xarctan(a*x)/a"3 - Ixlog(a™2%x"2 +

output
- 1)/a"3

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95

323 — 3ia’z® — 6ax  2i log (ax + 1)

3ad a3

; a
/621 arctan(aw)x2 dr = —

inputLintegrate((1+I*a*x)A2/(a*2*x*2+1)*x*2,x’ algorithm="giac")

output L'l/ 3% (a~3%x"3 - 3*Ixa~2%x"2 - 6%axx)/a"3 - 2*¢Ixlog(a*x + I)/a"3
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Mupad [B] (verification not implemented)

Time = 22.63 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.92

/e2iarctan(ax)x2 dr = 2_‘7; _ In (117 + %) 2i . 113_3 i .'132 1i

a? a? 3 a
inputLint<<x‘2*<a*x*1i +1)72)/(a™2%x"2 + 1),%) J
outputL(Q*x)/a? - (log(x + 1i/a)*2i)/a"3 - x73/3 + (x"2%1i)/a J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.18

/ Riarctan(az) ;2 g _ —6atan(azx) — 3log(a®z? + 1) i — adz® + 3a%*i 2? + 6ax
3a3

input ‘ int ((1+I*a*xx)~2/(a~2*x"2+1)*x"2,x) ‘

‘ ( - 6xatan(a*x) - 3*log(a**2*x**2 + 1)*i — ax*k3*x**3 + 3Jkak*2*kikx**2 + 6%*a \

output
*x)/ (3*a*3) |
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3.28 f o2 arctan(ax)x dx

Optimal result . . . . . . . . . . . . e 3141
Mathematica [A] (verified) . . . . . . . . . ... o 314
Rubi [A] (verified) . . . .. . . ... .. 315
Maple [A] (verified) . . . . . . ... L 316
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 316
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... B17
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B17
Giac [A] (verification not implemented) . . . . . . ... ... ... B17
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... BI8
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... BI8

Optimal result

Integrand size = 12, antiderivative size = 29

. 2 .
/eZiarctan(aw)w dr = 2Z_$ _ 17_ + 210g(7’ + 0,1')
a 2 a?

output LQ*I*x/a—1/2*x 2+2%1n(I+a*x)/a~2 J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

, 2 2 2log(s
/621, arctan(aw)x dr = Lz z + Og('L + G,.’L')

a 2 a?

input LIntegrate [E~ ((2*I)*ArcTan[a*x])*x,x] J

-

output L((2*I)*x)/a - x72/2 + (2xLog[I + axx])/a"2

-/




input

output

rule 86

rule 2009

CHAPTER 3. LISTING OF INTEGRALS 315

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ze2 arctan(az) dr

l 5585
/a:(l +zax)dm

1 —iax

2log(ax + 1) 4 2z x?

a? a 2

‘ Int [E~((2%I)*ArcTan[a*x])*x,x]

-

L((2*I)*x)/a - x°2/2 + (2*LoglI + a*x])/a™2

| —

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |

‘rQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

method result Size
. — 2,2 44 41 .
parallelrisch | =¢=+ “;”;F n(az+i) 99
risch _§ 4 Ziz ln(a2$22+1) 2 arctzn(am) 38
a a a
In a222+1) .
_1, $2+2im ( __2iarctan(azx)
default — + r B— 16
3 3
[ 2z (QQ) 2 2((12) 2 arctan(ax)
In(a?2?+1) N @ 222 —In(a%2?+1)
.o n(a“x“+ a2z2—In(a2a+
melers 2+ v I 79

input

tint ((1+I*xaxx)~2/(a"2#x"2+1) *x,x,method=_RETURNVERBOSE)

-

output L1/2*(—a 2xx~2+4*I*xaxx+4*1n (I+a*x))/a~2

-/

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

2

am+i)

a

z? — 4diaz — 4 log (

. a
/621 arctan(am)x dr = —

2 a2

inputLlntegrate((1+I*a*x) 2/ (a~2%x~2+1) *x,x,

algorithm="fricas")

outputL-1/2*(a"2*x“2 - 4xIxa*x - 4xlog((a*x +

I)/a))/a"2
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Sympy [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.76

2 . .
/e2iarctan(ax)xdx — _x + 2Z_$ + 210g (aa: + 7’)

a a?

input Lintegrate ((1+T*axx) **2/ (a**2kx**2+1) ¥, X) J

output L—x**2/2 + 2*%I*x/a + 2xlog(a*x + I)/ax*2 J

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.31

/ JRiarctan(as) g _ _az® —4ix 2 arctan (az) N log (a?z% + 1)
2a a? a?

input ‘ integrate ((1+I*a*x)~2/(a~2*x~2+1)*x,x, algorithm="maxima") ‘

output L‘1/2*(3*XA2 - 4xI*x)/a - 2*I*arctan(a*x)/a"2 + log(a™2*x"2 + 1)/a"2 J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00

2

z? —4diax N 2 log (az + 1)

; [0
622 arctan(am)w dr = — ) -
2a a

input Lintegrate ((1+Ixaxx) "2/ (a"2*xx"2+1) *x,Xx, algorithm="giac " J

-

L—1/2*(a‘2*x‘2 - 4*T*a*x)/a~2 + 2*log(a*x + I)/a™2

—

output
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.93

2In(z+3) 22
a? 2

/622' arctan(ax)xdm — - 4

T 21

a

input Lint((x*(a*x*li + 1)72)/(a"2%x"2 + 1),x)

outputL(Q*log(x + 1i/a))/a"2 + (x*2i)/a - x~2/2

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.31

— a’z? + daix

. —A4at y 21 2.2 1
/eQzarctan(ax)xdm — a a’n(ax) 1+ Og((l "+ )

2a?

input ‘ int ((1+I*axx) "2/ (a~2*x~2+1)*x,x)

output

L( - 4*atan(a*x)*i + 2xlog(a**2*kx*x*2 + 1) - ax*2xx**x2 + 4*kaxi*x)/(2xa**x2)




output

input

output
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3.29 f o2 arctan(azx) dr

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3191
Rubi [A] (verified) . . . .. . . ... .. 320
Maple [A] (verified) . . . . . . ... L B21]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 321
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 19

/e%arctan(a:c) dr = —x +

2ilog(i + ax)

a

;
-x+2*I*1n(I+a*x)/a

N\

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

- 2arct log (1 + a%a?
/GQZarctan(az) drx = —z + arc an(ax) + ! Og( t+a' )

a

a

LIntegrate [E~((2*I)*ArcTan[a*x]),x]

p

t—x + (2*ArcTan[a*x])/a + (I*Log[l + a~2xx~2])/a

L
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5584, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/e2zarctan(aw) dz

l 5584
L4
/ +7faxdx
1 —iax
l 49
21
-1 d
/( +ax+i> v

l 2009

2ilog(ax + 1
_ +g(a)

input LInt [E~ ((2*I)*ArcTan[a*x]),x] J

outputt—x + ((2+#I)*Logl[I + a*x])/a J

Defintions of rubi rules used

rule 49‘Int[((a_.) + (b_)*(x )~ (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int ‘
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] ‘
& 1GtQ[m, 0] && IGtQ[m + n + 2, 0] |

ruke2009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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ule 5584 Imt [E™(ArcTan[(a_.)*(x)I*(n_.)), x_Symbol]l :> Int[(1 - Txaxx)"(I*(n/2))/(1
\ + Ixaxx)~(I*(n/2)), x] /; FreeQ[{a, n}, x] && !'IntegerQ[(I*n - 1)/2] \

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

method result size
parallelrisch w 20
; 2.2
default —r 4+ In(a ax +1) + 2 arCth(a:c) 30
; 2.2
risch —x+ iln(a : +1) + 2 arctzn(a:z) 30
3 3
2z (‘12) 2 2(112) 2 arctan(az)
s3 t iln a2x2+1) ~ — -
meijerg arc a;(aw) 4 in( - - — 2 59
input Lint ((1+I*a*x)"2/(a~2%x"2+1) ,x,method=_RETURNVERBOSE) J
output L(2*I*1n(1+a*X)-a*x) /a J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

) 4
/e%arctan(ax) dr = _ax -2 log (%)
a
input Lintegrate ((1+I*a*x)~2/(a"2*%x"2+1) ,x, algorithm="fricas") J
output t—(a*x - 2xIxlog((a*x + I)/a))/a J
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Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.63

- 2i1 ;
/eQzarctan(ax) de = —x + 1 10g ((j‘x + 7’)

inputtintegrate((1+I*a*x)**2/(a**2*x**2+1)’X) J

p
L—x + 2xIxlog(a*x + I)/a

-/

output

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.47

/ pRiarctan(as) g _ _ o 4 2 arctan (ax) N i log (a?z* + 1)
a a

input Lintegrate ((1+I*a*x)~2/(a"~2%x~2+1) ,x, algorithm="maxima") J

| —

P
output L-X + 2*arctan(a*x)/a + I*log(a“2*x*2 + 1)/a

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

/eQiarctan(ax) dr = —z + w

input tintegrate ((1+I*axx)~2/(a"~2*x"2+1) ,x, algorithm="giac") J

output L—x + 2xIxlog(a*x + I)/a J
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Mupad [B] (verification not implemented)
Time = 0.05 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

In (z+%) 2i

/eZiarctan(ax) dr = —x +
[0

input Lint((a*x*ii + 1)°2/(a~2%x~2 + 1),x%)

ou‘spu‘ct(hg(X + 1i/a)*2i)/a - x

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.42

: 2at 1 202 4+ 1) —
/eZzarctan(az) dr = a an(ax) + Og(a’ "+ )Z azr
a

nput | 10t ((1+Txaxx) "2/ (a"2+x"2+1) ,x)

outputtm*atan(a*x) + log(a**2*x**2 + 1)*i - a*x)/a




-

output
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2i arctan(ax)
3.30  [¢ dz
T

Optimal result . . . . . . . . . . . . e 324
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ... 326
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 320
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3271
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L. 327
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ......... 328

Optimal result

Integrand size = 14, antiderivative size = 13

e2i arctan(az)
/ ————dz =log(z) — 2log(i + ax)

T

Lln (x)-2*%1n(I+a*x)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

621' arctan(az)
/ ———dz =log(z) — 2log(i + ax)

X

input k

Integrate [E~ ((2*I)*ArcTan[a*x]) /x,x]

-

output L

Loglx] - 2*Logl[I + a*x]

-/




input

output

rule 86

rule 2009
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

e2t arctan(az)
[

X

J,5585
14i
/ —|—qu e
z(1 —iax)
l 86
1 2
/( — @ > dx
r ar+1

l 2009

log(z) — 2log(ax + 1)

\ Int [E~ ((2%I)*ArcTan[a*x]) /x,x]

‘Log[x] - 2xLog[I + axx]

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))*((c_) + (d_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+1, 0] Il (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |

rQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

method result size
parallelrisch | In (z) — 21In (az + %) 13
risch In (—z) — In (a®z? + 1) + 2i arctan (az) 25
meijerg In (z) + @ —In (a®z? 4+ 1) + 2 arctan (az) | 29
default 2a (_ln(a22.'f+1) + iamtzn(az)> +In (z) 33

inputt

int ((1+I*a*x)~2/(a"2*x"2+1)/x,x,method=_RETURNVERBOSE)

output

Lln(x)-Q*ln(I+a*x)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

2i arctan(az) ;
/e—dac = log (z) — 2 log (ax—l—z
T a

)

input

Lintegrate((1+I*a*x)‘2/(a‘2*x‘2+1)/x,x, algorithm="fricas")

output L

log(x) - 2xlog((a*x + I)/a)
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Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

e2i arctan(az)
/ — dz = log (3az) — 2log (3az + 3i)

inputLintegrate((1+I*a*x)**2/(a**2*x**2+1)/x’x)

output Llog(s*a*x) - 2xlog(3*axx + 3*I)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.62

2i arctan(ax)
/ C " ds = 2 arctan (az) — log (a’z® + 1) + log ()
x

input‘integrate((1+I*a*x)”2/(a”2*x”2+1)/X,x, algorithm="maxima")

outpud?*l*arctan(a*x) - log(a™2*x"2 + 1) + log(x)

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

e2i arctan(az)
/ ——— dz = —2 log (az + i) + log (|z|)
i

input Lintegrate ( (1+I*a*x) A2/(a“2*x“2+1) /X,X, algorithm="giac u)

output t‘2*10g(a*x + I) + log(abs(x))




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 22.68 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

2i arctan(az) :
/e—dx=ln(x)—2 In (z—l—%)

T

-

Lint((a*x*li + 1)72/(x*x(a~2%x~2 + 1)),x)

e—

Llog(x) - 2xlog(x + 1li/a)

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.69

2i arctan(az)
/ c dr= 2atan(az) i — log(a’z® 4+ 1) + log(z)
T

Lint((1+I*a*x)‘2/(a“2*x‘2+1)/x,x)

L2*atan(a*x)*i - log(a**2*x**2 + 1) + log(x)




output

input

output
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2t arctan(az
3.31 [y
T

Optimal result . . . . . . . . . . . . e 329
Mathematica [A] (verified) . . . . . . . . . ... o o 3291
Rubi [A] (verified) . . . .. . ... .. 330
Maple [A] (verified) . . . . . . ... 331
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... B31]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . .. .. ... ... ... ...... 333l

Optimal result

Integrand size = 14, antiderivative size = 26

e2i arctan(az) 1
/ ————dz = —— + 2ialog(z) — 2ialog(i + ax)
x

xr2

.
L—l/x+2*1*a*1n (x)-2%I*a*1ln (I+a*x)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

e2i arctan(ax) 1
/ ————dz = — + 2ialog(z) — 2ialog(i + ax)

xr2

t

Integrate[E~ ((2*I)*ArcTan[a*x])/x"2,x]

[

-x~(-1) + (2*I)*a*Log[x] - (2*I)*axLogl[I + ax*x]

-/
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2i arctan(az)
/fezzdx
X

l 5585
1+ 2ax
—_d
/xQ(l—iam) v
l 86
[( v 1),
ax +1 T z2

l 2009

1
2ialog(z) — 2ialog(az + i) — -

e

tInt[E‘((2*I)*ArcTan[a*x])/x‘2,x]

~—

input

output L_XA(_D + (2xI)*axLog[x] - (2+I)*axLog[I + a%x] J

Defintions of rubi rules used

rule 86 Int[(Ca_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

method result size
parallelrisch 2ia ln(x)z—Zi; In(az+i)z—1 926
risch —1 —2qgarctan (az) — ialn (a’z? + 1) + 2ialn (z) 34
default —2a? (iln(azfﬂ) o (az)) — 1 +2ialn(z) 43
a2 (_%_ML?(MU
meijerg N:g\/;z v +1ia(21n (z) + In (a?) — In (a®x% + 1)) — aarctan (az) | 67
input Liﬂt ((1+I*a*x)"~2/(a~2%x"2+1)/x"2,x ,method=_RETURNVERBOSE) J
output t (2*I*a*ln(x)*x-2*xI*a*x1ln(I+a*x)*x-1)/x J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

a

/ g2iarctan(az) 2i az log (z) — 2i az log (%) — 1
E—— -
T T

input Lintegrate ((1+I*xa*xx)~2/(a~2*x"2+1)/x"2,x, algorithm="fricas") J

Outputt(2*1*a*x*log(x) - 2xIxa*xx*log((a*xx + I)/a) - 1)/x J
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Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.23

e2t arctan(az) 1
/ ———dx = —2a(—z’ log (4a2a:) + ¢log (4(12:5 + 42'0,)) - —

z2 T

inputLintegrate((1+I*a*x)**2/(a**2*x**2+1)/x**2,x)

OutputL—2*a*(—I*1og(4*a**2*x) + Ixlog(4*xa**x2*x + 4xI*a)) - 1/x

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.19

2i arctan(az) 1
/ 6—2 dz = —2aarctan (az) — ialog (a’z® + 1) + 2ialog (z) — =
x iy

input‘integrate((1+I*a*x)“2/(a”2*x”2+1)/X”2,x, algorithm="maxima")

output L‘Q*a*arctan(a*x) - Ixaxlog(a~2%x"2 + 1) + 2xIxaxlog(x) - 1/x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.81

e?i arctan(az) 1
/ ———dz = —2ialog (ax + i) + 2ialog (|z]) — ~
x iy

input Lintegrate ((1+I*axx)~2/(a"2*x"2+1)/x"2,x, algorithm="giac")

output t‘Q*I*a*log(a*x + I) + 2*xIxaxlog(abs(x)) - 1/x
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Mupad [B] (verification not implemented)

Time = 23.67 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.65

e2i arctan(ax) 1
/ ————dr = —4aatan(2azr + 1i) — —
T T

inputtint((a*x*li + 1)°2/(x"2%(a~2*x"2 + 1)),x)

outputt— 4xaxatan(2%a*xx + 1i) - 1/x

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.38

/ g2iarctan(az) e —2atan(ax) ax — log(a?z? + 1) aiz + 2log(z) aiz — 1
72 o x

input ‘ int ((1+I*a*x) "2/ (a~2*%x"2+1)/x"2,%)

outputt( - 2#atan(a*x)*a*x - log(a**2*x**2 + 1)*a*xikx + 2xlog(x)*a*xixx - 1)/x




output

input

output L

-

L—1 /2/x"2-2%I*a/x-2%a~2%1n (x)+2%a~2%1n (I+a*x)
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3.39 f o2 arctan(az) d:]j

3

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 14, antiderivative size = 36

2ia

e2i arctan(az) 1
/— de = —— — == — 2a*log(x) + 2a”log(i + azx)
x

3 212

\ ]

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00

/ e2iarctan(az) p 1 2ia
3 222

(z) + 2a*log(i + ax)

t

Integrate[E~ ((2*I)*ArcTan[a*x])/x"3,x]

-

-1/2%1/x72 - ((2xI)*a)/x - 2*a~2xLogl[x] + 2*a~2xLog[I + a*x]

-/
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

e2t arctan(az)
= ——
T

below.

l 5585

1+ iax

—d
/ z3(1 — iax) v
l 86
/2&_M+m 1\ 5.
ax +1 T 2 3
l 2009
23 1
—2a? log(z) + 24> log(az + 1) — % ~ 32

-

LInt[E‘((2*I)*ArcTan[a*x])/x‘S,x]

-/

input

output ‘\7-1/2*1/}{‘2 - ((2xI)*a)/x - 2*a"2+Logl[x] + 2*a"2*Logl[I + a*x]

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

rule 86

rule 2009 Intlu_, x_Symboll :> Simp[IntSumfu, xI, x] /; SumQ[u]




rule 5585

input

output

input

output
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Int[E"(ArcTan[(a_.)*(x_)1*(n_.))*(x_)~(m_.), x_Symboll :> Int[x"m*((1 - I*a
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |

‘rQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

method result size
parallelrisch | — 402 In(z)z?—4a? 121;(2aw+i)m2+4iaw+1 38
risch _%Zf_% — 2a?In (z) — 2ia® arctan (az) + a?In (a®z? + 1) 44
default —2a? <_ln(a2;a2+1) - ia'mtin(“z)> — 57 — 22 — 24’ In (z) 52
. a? (= gty —2In(z)—In(a?) +In(a%e?+1)) ~ i0° (‘ zf*z‘%wﬁ(m) a2 (21n(z)+1n(a2) —In(a222+1))
meijerg 5 + Ja2 - 2 96

‘ int ((1+Ixax*x)~2/(a~2%x"2+1)/x"3,x,method=_RETURNVERBOSE)

t—1/2*(4*a‘2*1n(x)*x“2—4*a‘2*1n(I+a*x)*x‘2+4*I*a*x+1)/x‘2

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.08

der = — a_

/ i arctan(az) 4 a?x? 10g (x) — 4qg222 log (aaH—i) +4iax+1
x3 2 .’132

Lintegrate((1+I*a*x)‘2/(a‘2*x“2+1)/x“3,x, algorithm="fricas")

L—1/2*(4*a“2*x‘2*10g(x) - 4*a~2xx"2%log((a*x + I)/a) + 4*Ikaxx + 1)/x"2
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Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.17

e2t arctan(ax) _ ) s 5 L diaz + 1
/Tdm = —2a (log (4a m) — log (4a x + 4ia )) — o

-

Lintegrate((1+I*a*x)**2/(a**2*x**2+1)/x**3,x)

L

input

‘—2*a**2*(10g(4*a**3*x) - log(4*a*x*3*x + 4xI*a*x*2)) - (4xIxa*x + 1)/(2*x**2 \

2 J

Maxima [A] (verification not implemented)

output

Time = 0.10 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.17

2i arctan(az) B 1

-

Lintegrate ((1+I*a*x)~2/(a"2*%x"2+1)/x"3,x, algorithm="maxima")

-/

input

Output‘—2*I*a‘2*arctan(a*x) + a"2+log(a”2*x"2 + 1) - 2*xa”2+log(x) - 1/2*%(4xI*a*x ‘
+ 1)/x72 |

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

e2i arctan(az) 4iax +1
— dr=2d?1 ) —2a°1 -
/ 73 z a”log (az + 1) a”log (|z|) 2 22
input Lintegrate ((1+I*a*x)~2/(a"2*x"2+1)/x"3,x, algorithm="giac") J

output LQ*aAQ*log(a*X + I) - 2*a"2xlog(abs(x)) - 1/2%(4*I*a*x + 1)/x"2 J
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Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.75

2i arctan(az) 1 +ax2i
/6—dz = —a’atan(2az + 1i) 4i— 2——

3 T2

inputtint((a*x*ii + 1)7°2/(x"3%(a"2*x"2 + 1)),x)

output L- a~2*xatan(2*a*x + 1i)*4i - (axx*2i + 1/2)/x"2

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.47

/ gZiarctan(az) dp— —4atan(az) a®i 22 + 2log(a’z? + 1) a’z? — 4log(x) a®z? — 4aiz — 1
x3 B 22

input Lint((1+1*a*x) 2/(a~2*x~2+1) /x"3,x)

‘( - 4*atan(a*x)*kax*x2*ikx**x2 + 2+log(a*x*2xx**x2 + 1)*a*x*2kxx*x*x2 - 4xlog(x)*ax*

output
‘*2*x**2 - 4xaxixx - 1)/(2%x*%2)




output

input

output
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2i arctan(ax)
3.33 [ gy
T

Optimal result . . . . . . . . . . . . e 339
Mathematica [A] (verified) . . . . . . . . . ... o o 3391
Rubi [A] (verified) . . . .. . ... .. 340
Maple [A] (verified) . . . . . . ... 341]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 341]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 342
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L.
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . .. .. ... ... ... ...... 3431

Optimal result

Integrand size = 14, antiderivative size = 48

/ e2i arctan(az) 1 ia 2a2

dr = ——— — — + — — 2ia®log(z) + 2ia® log(i + ax)
T

4 33 2

-

L—1/3/x“3—I/x‘2*a+2*a‘2/x—2*I*a‘3*1n (x)+2*I*a~3*1n(I+a*x)

-/

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

/ 621' arctan(az) 1 ia 2a2

do = =25 — 2o + =2 — 2ia® log(x) + 2ia® log i + av)

4 33 2

tIntegrate [E~((2*I)*ArcTan[a*x]) /x"4,x]

p
‘—1/3*1/x’"3 - (Ixa)/x"2 + (2%xa~2)/x - (2*I)*a"3*Log[x] + (2*I)*a~3*Logl[I +

La*x]

~




input L

output

rule 86
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

e2t arctan(az)
[

4

l 5585

/ 1+iax do
z4(1 — iax)

2a%2  ia 1

Int [E”((2*I)*ArcTan[a*x])/x"4,x]

p
‘—1/3*1/}(’"3 - (Ixa)/x"2 + (2%xa~2)/x - (2*I)*a"3*Log[x] + (2*I)*a~3*Logl[I +
‘ a*x]

Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))*((c_) + (d_.)*(x_))"(n_.)*x((e_.) + (£_.)*(x_))"(p_
.), x_1 :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, ¢, d, e, £, n}, x] && ((ILtQ[n, 0] &% ILtQ[p, 01) || EqQlp, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5x(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RatiomnalQla, b, c, 4, e, £1))))
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rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule5585}Int[E*(ArcTan[(a_.)*(x_)]*(n_.))*(x_)*(m_.), x_Symbol] :> Int[x"m*((1 - Ixa

*x)7(I*(n/2)) /(1 + T*a*x)~(I*(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00

method result
. 6ia® In(x)x3 —6ia3 In(az+i)xz3+1—6a22+3iax
parallelrisch | — 3.3
. 202z2—iax—1 . .
risch =275 + 2d% arctan (az) + i’ In (az? + 1) — 2ia®In (—z)
iln(a?x?+1 t . ; 2
default 2a* (Z n(azz ) 4 are a:(m’)> — 55 — 2ia%In (z) — 4 + 2=
a4< 2a .- 2 5 2a arctag(aw)) .
.. z(a2)2  323(a2)2 a2)2 i a (—:
meijerg (=2) (2\/372 (=2) +ia3(— 2> — 2In (z) — In (a?) + In (a®z* + 1)) — :
. int ((1+I*a*xx)~2/(a"~2*x"2+1)/x"4,x,method=_RETURNVERBOSE)
input
-1/3*(6*%I*a”~3*1ln(x)*x~3-6*%I*a~3*1ln(I+a*x)*x"3+1-6%a”~2*x"2+3*I*a*x) /x~3
output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.98

xt dz = 3z3

/ e2i arctan(az) —63 asz? log (CC) + 67 aszd log (%—H) +6 a’x? — 3iar —1

input Lintegrate ((1+Ixa*x)~2/(a~2*x"2+1)/x"4,x, algorithm="fricas") J




output

input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 342

‘1/3*(—6*I*a”3*x“3*10g(x) + 6*%Ixa~3*x"3*log((a*x + I)/a) + 6xa~2*%x"2 - 3*Ix*
La*x - 1)/x"3

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.12

—6a%z? + 3iazx + 1
3z3

2i arctan(az)
/ eT dz = —2a° (z log (4a4w) —tlog (4a4x + 4z'a3)) —

Lintegrate((1+I*a*x)**2/(a**2*x**2+1)/x**4,x)

‘—2*a**3*(I*log(4*a**4*x) - I*log(4*axx4d*x + 4xI*a**3)) — (—6Gkax*x2*x*x*2 + 3
(*Dkakx + 1)/(34xx*3)

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.06

6a%z%> —3iax — 1

2i arctan(az)
/ dr=2dlarctan (az)+ia®log (a’z®+1) —2i a®log (z)+

4 33

-

Lintegrate((1+I*a*x)“2/(a“2*x“2+1)/x“4,x, algorithm="maxima"

| —

‘2*a‘3*arctan(a*x) + I*a"3*log(a™2*x"2 + 1) - 2*I*a~3*log(x) + 1/3*(6%a”2*x
72 - 3%Ixakx - 1)/x73
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.81

6a%z%2 —3iax — 1
33

2t arctan(ax)
/ eT dz = 2ia®log (ax + 1) — 2i a®log (|z|) +

input‘integrate((1+I*a*x)“2/(a“2*x*2+1)/x~4,x’ algorithm="giac")

‘2*I*a“3*log(a*x + I) - 2%I*xa~3*xlog(abs(x)) + 1/3*(6%a~2%x"2 - 3*I*a*xx - 1)

output
‘/X“S

Mupad [B] (verification not implemented)
Time = 22.95 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.71

—2a’2® +azxli+;

x3

e2i arctan(az)
/ ——dz=4cd’atan(2az + 1i) —
z

inputtint((a*x*li + 1)7°2/(x"4%(a~2%x~2 + 1)),x)

outputt4*a 3*katan(2*a*x + 1i) - (a*x*1i - 2%a~2*%x"2 + 1/3)/x"3

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.29

e2t arctan(az)
SR
T

_ 6atan(az) a®z® + 3log(a’z? + 1) a®i 2% — 6log(z) a®i 2 + 6a’x® — 3aiz — 1
B 33

input Lint ((1+I*axx)~2/(a~2%x~2+1) /x~4,x)

‘(6*atan(a*x)*a**3*x**3 + 3%log(ax*2xx**2 + 1)*ax*3xixx*x3 — 6*log(x)*ax*3*

output
‘i*x**B + Bkaxk2kx*x*x2 — 3kaxikx — 1)/ (3%x**3)




outpu

input
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344

3.34 f e arctan(ax)x?) dr

Optimal result . . . . . . . . . . . . e [344]
Mathematica [A] (verified) . . . . . . . . . ... o 344
Rubi [A] (verified) . . . .. . . ... .. 345
Maple [A] (verified) . . . . . . ... L 349
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 349
Sympy [F] . . o o 350
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3501
Giac [F(-2)] . . .« o oo B51]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 351
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 14, antiderivative size = 126

iz3V/1 + a2z?

/ 3iarctan(az) .3 7 \% 1 + 0/251:2 197;1;\/ 1 + 021}2
e r’dr = Z + o
a a

4q

4W/T+a22 (1+a22?)*?  S5liarcsinh(az)

a*(1 — iax) at

Ra?

t‘7*(a”2*x“2+1)”(1/2)/a‘4+19/8*I*x*(a”2*x“2+1)“(1/2)/a“3—1/4*I*x“3*(a“2*x”2+

‘1)“(1/2)/a+4*(a“2*x“2+1)“(1/2)/a“4/(1-I*a*x)-(a“2*x”2+1)“(3/2)/a”4-51/8*I*

‘arcsinh(a*x)/a‘4

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.63

2 S 3

4

5liarcsinh(ax)

/e3iarctan(ax)x3 dr=+/1 + a2x2 (% + 19£ - £ . T
a

8a® a? E—i_a‘l(i—l—aw))_

8a?

‘Integrate[E“((B*I)*ArcTan[a*x])*x“3,x]
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¢ Sartl1 + a~2#x"2]%(6/a™4 + (((19+I)/8)xx)/a™3 - x"2/a"2 - ((I/4)*x"3)/a +

outpu
L(4*I)/(a“4*(I + a*x))) - (((51%I)/8)*ArcSinh[a*x])/a~4 J

Rubi [A] (verified)

Time = 1.38 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.22,

number of steps used = 15, number of rules used = 15, Bumber of rules _ 4 579 Ryjeg
integrand size

used = {5583, 2164, 2027, 2164, 25, 27, 563, 25, 2346, 2346, 27, 2346, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/mSeSzarctan(aw) dz

| 5583
z3(1 + iaz)?
(1 —iaz)Valz? +1
| 2164
Va1 o)
—m/ (1 —iax)?
| 2027
, / (L —z)2? a2m2+1d
v (1 —iax)?

l 2164

dz

X

3/2

3(a222 4 1
_az/_:c(am—?-) dz
a?(1 — iax)3

l25
3( 2,2 1
a2/a:(azz:+)

a?(1 — iazx)?
| 27
3/2

3(,.2,..2
/w(aa: +1) iz

(1 —iax)3

3/2
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l 563

: a*z?—3ialx3 —4a2z% +diax+4
if - Va2z2+1 dr  4\/a222 + 1
ad a*(1 — iax)

| 25

. atzt—3ialx3 —4a2x2+4iaz+4
4v/a?x2+1 ° f VaZz2+1 dzx

a*(1 —iax) a’
l 2346
—12iz3a5—19x2a4+161}za3+16a2 dx
. 2.2
i ia2w3 a2z2 + 1 + \/a422+1
4va2x2 4+ 1
a*(1 — iax) a’d
l 2346
3(71912a6+24ima5+16a4>
a2z2+41 4 3.2 73
. —4ia’x*vVa‘r+1
i %a2w3\/a2z2 +14+ 3a? 122
4va?x2 4+ 1
a*(1 — iax) a’
l 27
i —1922a8 4 24izad 4160t ;.
Va2z2+1 4ia3z2va2x2
: - +1
i| 3a%23Va%a? + 1+ T
4v/a2x? + 1
a*(1 — iax) a
l 2346
- 3a%(16ia2417) |
—19040 /a2e2 1 VaZelil
1123 ) 5 2a —45a32%va222+1
i| j0°z°Valz? + 1+ a

4a2
4va?z? + 1

at(1 —iaz) a3

| 27

19 4 2.2 3.4 16iaz+17
—%a“zVatzitltsa f7;‘2122+1dz_ ey
-1 1,.2,.3 2.2 5 41a°x
i| z0°2°Valz? + 1+ e

4a?
4va?z? + 1

a*(l —iaz) ad

a2x2+1

l 455
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4v/a?z? + 1
a*(1 — iax)
7§¢%Jﬁﬁiﬁ%#(nf L dmﬁm%fﬁiﬁ
atzotl —4ia322va2x2+1
-1 1.2,..3 2,2 a2
1 Zaw\/a:v +1+4 122

a3

l 222

4va’z? + 1
a*(1 — iax)
19445 /a%eT 14 3a ( 17arcslilnh(az) | 167 /7%212“)

. —45a32%va222+1
i ia2x3\/a2x2 +1+ aZ i

tnput LInt [E~ ((3*I)*ArcTan[a*x])*x"3,x] J

output‘ (4%Sqrt[1 + a~2*x72])/(a~4*(1 - Ikaxx)) - (I*((a~2*x"3*xSqrt[1 + a~2*x~2])/
4 + ((-4*I)*a~3*x"2*Sqrt[1 + a™2*x"2] + ((-19%a~4*x*Sqrt[l1 + a~2*x"2])/2 +

| (3%a”4x(((16*I)*Sqrt[1 + a~2#x"2])/a + (17*ArcSinh[a*x])/a))/2)/a"2)/(4*a
172)))/a73 |

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 27 Intl(@)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 229 Int[1/8artl(a)) + (b_.)*(x_)72], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]




rule 455

rule 563

rule 2027

rule 2164

rule 2346

rule 5583
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Int[((c ) + (d_.)*(x_))*((al) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[dx*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_)) " (n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbo
1] :> Simp[(-(-¢c)"(m - n - 2))*d"(2*n - m + 3)*(Sqrt[a + b*x"2]/(2"(n + 1)=*
b"(n + 2)*(c + d*x))), x] - Simp[d~(2*n - m + 2)/b"(n + 1) Int[(1/Sqrtl[a
+ b*x~2])*ExpandToSum[(2°(-n - 1)*(-c)"(m - n - 1) - d"m*x"m*(-c + d*x)~(-n
- 1))/(c + d*x), x], x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c™2 + a*d~2
, 0] && IGtQ[m, 0] && ILtQ[n, 0] && EqQ[n + p, -3/2]

Int[(Fx_.)*((a_.)*(x_)"(r_.) + (b_.)*(x_)"(s_.))"(p_.), x_Symbol] :> Int[x~
(p*r)*(a + b*x~(s - 1)) p*Fx, x] /; FreeQ[{a, b, r, s}, x] && IntegerQ[p] &
& PosQ[s - r] && !'(EqQ[p, 1] && EqQ[u, 11)

Int[(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symboll

:> Simp[d*e Int[(d + e*x)”(m - 1)*PolynomialQuotient[Pq, a*e + b*d*x, x]*
(a + bxx~2)"(p + 1), x], x] /; FreeQ[{a, b, d, e, m, p}, x] && PolyQ[Pq, x]
&& EqQ[b*d~2 + axe”2, 0] && EqQ[PolynomialRemainder[Pq, a*e + b*d*x, x], O
]

Int[(Pq_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]]}, Simpl[exx~(q - 1)*((a + bxx"2)"(p + 1)/ (b*(
q+ 2%p + 1))), x] + Simp[1/(b*x(q + 2%p + 1)) Int[(a + b*x"2) “p*ExpandToS
um[b*(q + 2*xp + 1)*Pq - axe*(q - 1)*x"(q - 2) - b*ex(q + 2xp + 1)*x"q, x],
x], x]]1 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Int[E~(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[1l + a~2*xx~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]
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Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.98

method | result
. 32\/(m+g)2a272m(x+g) +511n(\"/%+\/a212+1>
| — -
<ch i(20%23 —8ia2a? —19ac+48i) Va2 + 1 a?(e+§) Va2
risc — 82 - 843
5 5
| VT a?)2 (5a222+15 3w a? 2 arcsinh(az) 7 (—2a424 180222 i
_2\/77+M 31( SOaz\/£2z2+l )_ ( )2«15 ) 3<8\3/7r_f( 26\/ 2+: 1 +16)> Z(_
meijer 4vaPz®il 4 — o - —
jerg P BT v
m(%wm)
3 3 _a2\/azz2+1+ a’aQ\/ai2
2q2 22:1:2+1_ 2a2
z2 2 i3 x® _ ;
default a2va2z2+1 + a*va2z2+1 ta 4a2va2z2+1 4a? + 31
. int ((1+I*a*x)~3/(a~2*x~2+1)~(3/2)*x"3,x,method=_RETURNVERBOSE)
input
‘-1/8*1*(2*a“3*x“3—8*I*a“2*x”2-19*a*x+48*1)*(a“2*x”2+1)“(1/2)/a“4—1/8*1/a“3 |
output

*(-32/a72/ (x+I/a)* ((x+I/a) ~2%a~2-2%I*ax(x+I/2)) " (1/2)+51*1n(a~2%x/(a~2)~ (1
/2)+(a724x72+1) " (1/2)) /(a"2) " (1/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.70

/e3i arctan(aw)x3 dr
_ 32iaz — 51 (—iazx + 1)log (—az + Va2a? + 1) + (—2ia's! — 66°c® + 110 a®a? + 29 azx 4 80i)v/a22? +
B 8 (a%r +ia?)

input Lintegrate ((1+Ixa*xx)~3/(a~2*x"2+1)~(3/2)*x"3,x, algorithm="fricas") J
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Output‘ 1/8%(32+I*a*x - 51k (-Ixa*x + 1)*log(-a*x + sqrt(a”2#x"2 + 1)) + (-2xI*a”4x
\x“4 - 6%a”3%x"3 + 11xI*a”2%x"2 + 29%a*x + 80*I)*sqrt(a”2*x"2 + 1) - 32)/(a
“Bkx + I*a™4)

Sympy [F]

.3
/632' arctan(az)x3 dr = —i (/ T dr
a2x2v/a?z?2 + 1+ Va2z2 + 1
/ ( 3ax* )
+ - dx
a?z2va?z? + 1+ Va2r? +1

a’z®
-%U/ﬁ dz
a?z2va?z? + 1+ Va2r? + 1
/ ( 3ia2xd ) )
+ — dx
a2x2va2z?2 + 1+ Va2z2 + 1

input Lintegrate ((1+I%a*xx) **3/ (a**2*xx*x*k2+1)** (3/2) *x**3,%)

-I*(Integral (I*x**3/ (a**2*xx**2kxsqrt (ax*2xx**2 + 1) + sqrt(a**x2*x*x2 + 1)),
x) + Integral(-3*a*x**4/(a*x2*x*x2*sqrt (a**2*x**2 + 1) + sqrt(ax*2xx**2 +
1)), x) + Integral (ax*3*x**6/(ax*2kx**2xsqrt (ax*2xx*x*2 + 1) + sqrt(a*x*2*x

*¥2 + 1)), x) + Integral (-3*I*a**2*x**5/(a**2xx**x2xsqrt (a**2xx**2 + 1) + s

qrt (a**x2*xx**2 + 1)), x))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.90

/ 3iarctan(az) .3 iazx® z* 17i 2 5z°
e z'dr = — — + +
4+/a222+1 Va2x2+1 8+a2x2+1la Va2z? + la?
5lix 517 arsinh (az) 10

+ = +
8+va2x? + 1a3 8at Va2z? + lat

e

inputLintegrate((1+I*a*x)"3/(a"2*x"2+1)“(3/2)*x‘3,x, algorithm="maxima")

~—
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Output‘-1/4*I*a*X“5/sqrt(a“2*x“2 + 1) - x"4/sqrt(a™2*x"2 + 1) + 17/8%I*x~3/(sqrt(
‘a“2*x“2 + 1)*a) + 5*xx72/(sqrt(a™2*x"2 + 1)*a”2) + 51/8*%Ixx/(sqrt(a”2*x"2 +
| 1)*a”3) - 51/8*I*arcsinh(a*x)/a™4 + 10/(sqrt(a™2+x"2 + 1)*a~4) |

Giac [F(-2)]

Exception generated.

/ gliarctan(ae) ;3 4o — Fxception raised: TypeError

e

integrate ((1+I*a*x)~3/(a~2*x~2+1)~(3/2)*x"3,x, algorithm="giac")

~—

input L

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const ‘

index_m & i,const vecteur & 1) Error: Bad Argument Value

N\ J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.09

/2 ..
4 2va? 2/g2 22 (a?)* 1 Va? 19
a2x2+1( 5z T ot 5 @) e =

(a?) a* 4a3 8a3
Va
asinh(x \/a_2> 51i m4i
— +
8a3va? a3 (x\/a—”@)\/a—z

/631 arctan(az)$3 dr =

-

Lint((x’"B*(a*x*li + 1)7°3)/(a"2*x"2 + 1)7(3/2) ,x)

~—

input

((<a~2*x*2 + 1)°(1/2)%(4/(a~2)~(3/2) + (2%(a~2)~(1/2))/a~4 - (x~2%(a~2)~(1/
12))/272 - (x73%(a"2)"(3/2)*%11)/(4*a"3) + (x*(a~2)"(1/2)*19i)/(8*a~3)))/(a"
\2)“(1/2) - (asinh(x*(a~2)~(1/2))%51i)/(8*a~3*(a~2)~(1/2)) + ((a™2*x"2 + 1)
L“(1/2)*4i)/(a“3*(((a”2)“(1/2)*1i)/a + xx(a2)~(1/2))*(a~2)~(1/2))

output

| —
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.37

/e3i arctan(az)x:} dz

_ —2v/a2x? + 1a’%i 25 — 8V a2x? + 1a'z* + 17V a2x2 + 1a3i 23 + 40 /a2x2 + 1 a2x2 + 51 (0222 + 1 T 1aiz +

) 8at (a?x? +
input Lint ((1+I%a*xx)~3/(a"2*x"2+1) " (3/2)*x"3,x) J

(- 2xsqrt(a**2xx**2 + 1)*a**x5xikx*x5 — 8*sqrt(ax*2*x**2 + 1)*ax*4*x**4 +

17*sqrt (a**2*xx**2 + 1)*a*xk3*i*x**3 + 40*sqrt (a**2*xx**2 + 1)*a*kx2kx**2 + 51
*sqrt (ax*x2xx**x2 + 1)*a*xikx + 80*sqrt(ax*2*x**2 + 1) - 5lxlog(sqrt (ax*2xx**
2 + 1) + a*x)*a*x2*i*x**2 - Blklog(sqrt(a**2+x**2 + 1) + axx)*i + 37xa*x2*

ikx*x*k2 + 37%i)/(8*ax*x4* (a**x2*xx*x*2 + 1))

output




outpu

inpu

outpu
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3.35 f e arctan(ax)x2 dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 353
Rubi [A] (verified) . . . .. . . ... .. 354
Maple [A] (verified) . . . . . . ... L 357
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 358
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3591
Giac [F] . . . . o o 359
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 359
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 360

Optimal result

Integrand size = 14, antiderivative size = 105

/63iarctan(am)z2 dr = 5% \% 1 + a2x2 . 31"\’ 1 + 0/21;2 + 47:\/ 1 + (12.’1;2

a3

i(1+d’x

2)3/2

2a?

a3(1 —iax)

11arcsinh(ax)

3a3

2a3

t‘5*1*(a“2*x“2+1)‘(1/2)/a“3—3/2*x*(a‘2*x“2+1)‘(1/2)/a“2+4*I*(a“2*x‘2+1)“(1/2
‘)/a“3/(1—I*a*x)—1/3*I*(a“2*x”2+1)“(3/2)/a‘3+11/2*arcsinh(a*x)/a‘3

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.60

V1+a2z2 (—52+19iaz—"Ta2z? —2ia®x3)

i+ax

+ 33arcsinh(az)

/631 arctan(am)xZ dr =

6a3

tLIntegrate[E“((S*I)*ArcTan[a*x])*x"2,x]

t‘ ((Sqrt[1 + a™2*xx"2]*(-52 + (19%I)*a*x - T*a"2*x"2 - (2*I)*a"3*x"3))/(I + a

‘ *x) + 33xArcSinh[a*x])/(6%a~3)
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Rubi [A] (verified)

Time = 1.23 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.19,

number of steps used = 12, number of rules used = 12, Bumber of rules _ 4 g57 Ryjjeg
integrand size

used = {5583, 2164, 2027, 2164, 25, 27, 563, 2346, 2346, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/xZeSzarctan(aw) dz

l 5583
22(1 + iax)?
(1 —iaz)Valz? +1

l 2164

Va1 -8
—m/ (1 —iax)?
l2m7

o [ AV
(1 —iax)?
l 2164

2/ xQ(a2x2+1)3/2d
4 a?(1 — iax)3 v

| 25

2/9:2((12:1:2 + 1)3/2d
4 a?(1 — iazx)? v

| 27
/ x? (a2w2 + 1)

(1 —iax)3
l 563

—ia3z3—3a%z2+4iaz+4 .
f Va2z2+1 dx 4iv/a2x% + 1
a? a3(1 — iax)

dz

dz

3/2
dr




input

output
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l 2346
f 9z2a4+14lza3+12a dx
a2 2+1 1- 2 2.9 1 . 592
302 — ztaz*va’z® + 4iva*z? +1
a? a3(1 — iax)
l 2346
4(281.az+33) s
—7a2x\/m+—”‘ zo+ i
332 — Yiaz®Va22? +1  4iva2e? + 1
a? a3(1 — iax)

l 27
_7a2z\/m+la2f 28'Lam+33

T a— aZa?+1 3iax2 a?z?2 +1 4iva2z2 + 1

a? a3(1 — iax)
| 455
—%a2zva%2?+1+ 302 (33] v 212+1dz+28iVajwz+1) .
a“x . .
— — Jiaz®Va2e? +1  4iva?z? +1
a? a3(1l — iax)
| 222
—%ﬁxwﬁyai+%ﬂ(“m”%nh@@+%“%?1”> L. 9 7 _
352 — 3ztaz“Varzs +1 4iva?z? + 1
a? a3(1 — iax)

LInt[E“((B*I)*ArcTan[a*x])*x“2,x]

‘(((4*1)*Sqrt [1 + a™2*%x72])/(a"3*(1 - I*a*x)) + ((-1/3*I)*a*x”"2*Sqrt[1 + a~2
\*x‘zj + ((-9%a~2*x*Sqrt[1 + a"2*x"2])/2 + (a"2*x(((28*I)*Sqrt[1 + a~2*x"2])
L/a + (33*ArcSinh[a*x])/a))/2)/(3*a"2))/a"2

~
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 222

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simpl[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 455

Int [(x_)"(m_.)*((c_) + (d_)*(x_))"(n )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbo
1] :> Simp[(-(-c)"(m - n - 2))*d"(2*n - m + 3)*(Sqrtla + b*xx"2]/(2"(n + 1)*
b"(n + 2)*(c + d*x))), x] - Simp[d~(2*n - m + 2)/b"(n + 1) Int[(1/Sqrtla
+ b*x~2])*ExpandToSum[(27(-n - 1)*(-c)"(m - n - 1) - d"m*x"m*(-c + d*x)~(-n
- 1))/(c + d*x), x], x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c™2 + a*d~2
, 0] && IGtQ[m, 0] && ILtQ[n, 0] && EqQ[n + p, -3/2]

rule 563

N\

Int[(Fx_.)*((a_)*(x_)"(r_.) + (b_.)*(x_)"(s_.))"(p_.), x_Symbol] :> Int[x~
(p*r)*(a + b*x~(s - r)) p*Fx, x] /; FreeQ[{a, b, r, s}, x] && IntegerQ[p] &
& PosQ[s - r] && !'(EqQ[p, 1] && EqQ[u, 11)

rule 2027

Int[(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symboll

:> Simp[d*e Int[(d + e*x)”(m - 1)*PolynomialQuotient[Pq, a*e + b*d*x, x]=*
(a + b*xx~2)"(p + 1), x], x] /; FreeQ[{a, b, d, e, m, p}, x] && PolyQ[Pq, x]
&& EqQ[b*d~2 + axe”2, 0] && EqQ[PolynomialRemainder[Pq, a*e + bxd*x, x], O

rule 2164

]




rule 2346

rule 5583

input

output
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Int[(Pg_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[e*x~(q - 1)*((a + b*x"2)"(p + 1)/ (bx(
q + 2%p + 1))), x] + Simp[1/(b*(q + 2*%p + 1)) Int[(a + b*x"2) p*ExpandToS
um[b*(q + 2%p + 1)*Pq - a*xe*x(q - 1)*x~(q - 2) - b*ex(q + 2*p + 1)*x"q, x],
x], x]1] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Int[E"(ArcTan[(a_.)*(x_)1*(n_))*(x_)~(m_.), x_Symbol] :> Int[x"m*((1 - Ix*ax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2*x~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.06

method | result
2
i\ 2 . ; a’T 2,2
| ittt sian ) T ara e ey | e Feve)
6a3 at (z+i) 2a2va?
5 5
3 3 2.2 7z(a?)2 5a2z2+15 37 (a2) 2 arcsinh(az
ﬁw(a2)2 ﬁ(az)zarcsinh(az) 33 _2ﬁ+ﬁ(4a z +8) 3 v ( 2 (2 5 )_ f( ) arcsinh(ax)
.. _a2 a2z2+1+ 23 + 4«/0.2124—1 10a \/a x4+1
melerg a2y/7 Va2 ad\/m a2+/m Va2
2 2
1 T 4 /a2x241 4 x 2
default | ——5—%— + n(m+ i +) —ia® o (“2\/“212+1+“4 “2””2+1) + 3ia( 5 — -
a2va2x2+1 a2va? 3a2va2zx2+1 3a? a2va2x24+1

Lint ((1+I*a*x) "3/ (a~2*%x"2+1) "~ (3/2)*x"2,x ,method=_RETURNVERBOSE)

‘-1/6*I*(2*a”2*x“2—9*I*a*x—28)*(a“2*x”2+1)”(1/2)/a”3-4/a”4/(x+1/a)*((x+I/a)
‘ ~2%a~2-2xIxax(x+I/a)) "~ (1/2)+11/2/a"2*%1n(a"2*x/(a~2) " (1/2)+(a~2*x~2+1) ~(1/2
N/ (@2)7(1/2)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.76

/e3i arctan(az)wQ dr =
24 az + 33 (az + i) log (—az + Va2z? + 1) — (—2ia®z® — 7a’a? + 19 az — 52)vVaz® + 1 + 24¢
6 (a*z +ia?)
input Lintegrate ((1+I*a*x)~3/(a"2*%x"2+1)~(3/2)*x~2,x, algorithm="fricas") J

-1/6%(24%axx + 33x(axx + I)*log(-a*x + sqrt(a™2*x"2 + 1)) - (-2*I*a"3*x"3 ‘
|- Ta"2#x"2 + 19#Tkakx - 52)*sqrt(a”2#x"2 + 1) + 24+I)/(a"4*x + I*a~3)

‘(

output

Sympy [F]

. 9
/e3iarctan(ax)x2 dr = —i (/ T d
a2x2v/az?2 + 14+ Va2z2 + 1
/ ( 3az? >
+ — dx
a?x2v/a2z2 + 14+ Va2x2 + 1

adz®
+ / dz
a?x2v/a2z? + 14+ Va2x2 + 1
/ ( 3ia%x* ) )
+ — dx
a2x2v/a2x?2 + 14+ Va2z2 + 1

¢ integrate ((1+T+akx)++3/ (a*+24xrk2+1) %+ (3/2)+x+%2,x) |

inpu

-Ix(Integral (I*x**2/ (a**x2*x**2xsqrt (a*x*2*+x**2 + 1) + sqrt(a*x*2*x**2 + 1)),
x) + Integral(-3*a*x**3/(a**2*x**x2*sqrt (a**2*x**2 + 1) + sqrt(a**2xx**2 +
1)), x) + Integral (ax*3*x**5/(a**2kx**2xsqrt (a*x*2xx**2 + 1) + sqrt(a**2*x

*¥2 + 1)), x) + Integral (-3*I*a**2xx**4/(a*x*2kxx**2*sqrt (a*x*2*x**2 + 1) + s

qrt (a**2*x**2 + 1)), x))

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.90

/ 3iarctan(az) ,.2 { a,a:4 3 .'133 132 .'132
e rédr = — — +
3vVa2z2 +1 2vVa2x2+1  3+a2z? + 1la
11z 11 arsinh (az) 264

- + +
2+ a?x? + 1a? 2a3 3va2z? + 1a3

input Lintegrate ((1+I*a*x)~3/(a"2*%x"2+1)~(3/2)*x~2,x, algorithm="maxima")

‘-1/3*I*a*x“4/sqrt(a‘2*x‘2 + 1) - 3/2%x73/sqrt(a™2*x"2 + 1) + 13/3xI*x"2/(s
|qrt(a”2%x"2 + 1)*a) - 11/2%x/(sqrt(a™2#x"2 + 1)*a~2) + 11/2*arcsinh(axx)/a
"3 + 26/3+I/(sqrt(a™2*x"2 + 1)*a"3)

output

Giac [F]

. 3 2
/e3iarctan(aw)x2 dr = / (7’ azx + 1) ‘,1;: dz
(a2z2 + 1)5

e

inputLintegrate((1+I*a*x)“3/(a"2*x"2+1)“(3/2)*x“2,x, algorithm="giac")

~—

output Lundef

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.09

. 3zVa? 14i 3x21i
11 asinh (x \/a2> a’z?+1 < 2a2a - 3(22)3/2 + 3a(a2)3/2>

2a2 a2 B Va2
4+/a2z2+1
@ (ava + Y21) Va2

/631 arctan(ax)x2 dr =
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inpup| 10T (G2x (akxxdi + 1)73)/(a"24x"2 + 1)7(3/2),%)

. (11xasinh(xx(a™2)7(1/2)))/(2¢a"2%(a™2)"(1/2)) - ((@"2%x"2 + 1)~ (1/2)*((a"3
*x"2+11)/(3%(a72)7(3/2)) - (a#141)/(3%(a™2)7(3/2)) + (3%x*(a~2)"(1/2))/(2+
1272)))/(272)7(1/2) - (4%(a"2+x72 + 1)7(1/2))/(a 2+ (((a"2)"(1/2)*1i) /a + x*
(272)7(1/2))*(a™2) " (1/2))

outpu

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.42

/e3iarctan(ax)x2 dr
_ —2va?a? +1 a*i z* — 9vVa2x? + 1a®z® + 261V a2x? + 1 a?i 2% — 33V a2x2 + lazx + 52va2x2 + 14 + 331

6a® (a?x? + 1)

input \ int ((1+I*a*x) "3/ (a~2*x~2+1) " (3/2)*x~2,x) ‘

output‘( - 2*sqrt (a**2kx*x*2 + 1)*a*xd*xixx* x4 — O*ksqrt (a**2kx**2 + 1)*a**3*kx**3 +
|26%SqTt (ax*2¥xkk2 + 1)*akk2kikx#*2 - 33*sqrt(axk2xx+*2 + 1)*akx + 52ksqrt(
Lakk2¥xHk2 + 1)1 + 33%log(sqrt(ax*2xx+*2 + 1) + axx)*ak*2%x**2 + 33+log(sq |
TE(a*k24xkk2 + 1) + akx) - 24karr2kxkA2 — 24)/(Exark3k (ark24x+42 + 1)) |




output

input
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3.36 f e arctan(ax)x dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 83

0601}
sl
262
260)
200!
360!
200)
s{i
207
267}

4v/1 + a?a? 4 9jarcsinh(ax)

/ 3¢ arctan(azx) 3\/m Zx\/m
€ rdr = — 5 —

a 2a

a?(1 — iax)

2a?

~2/(1-I*a*x)+9/2*I*arcsinh(a*x)/a~2

N

-3%(a~24x"2+1) " (1/2) /a"2-1/2% Tz (a"2%x"2+1) " (1/2) /a-4* (a~2#x~2+1)~(1/2) /a

J

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.65

V1+a2z2(14—5iaz+a2z?)

- 9arcsinh(ax)>

3iarctan(azx) ‘ ( i+az
e rdr = —

2a?

LIntegrate[E“((S*I)*ArcTan[a*x])*x,x]

output‘ ((-1/2+I1)*((Sqrt[1 + a™2%x72]*(14 - (xI)*axx + a™2%x72))/(I + a*x) - 9*Ar

'cSinh[a*x]))/a"2
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Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.07,

number of steps used = 12, number of rules used = 12, Bumber of rules _ 4 55 Ryyes
integrand size

used = {5583, 2164, 2027, 2164, 25, 27, 563, 25, 2346, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 56637' arctan(az) dz

l 5583

z(1 + iax)?
(1 —iaz)Valz? +1
| 2164
T .2 2,2 11
—ia/(“ a:).ax +1
(1 —iax)?
| 2027
_ / (3 —z)zvalz? +1
—ia ,
(1 —iax)?

l 2164

dx

2,2 4 1)%/2
_a2/_:n(a:v + ) da

a?(1l — iax)3

| 25

2,9 13/2
a2/z(aa:+) i

a?(1 —iax)?

| 27

/ z(a’z® + 1)3/2

(1 —iax)3

l 563

dz

. —a?z2+3iax+4
_Zf_ VaZz2+1 dr  4\/a222 + 1

a a?(1 —iax)

| 25
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—a?x? 4 3iax+4
if V22 +1 dr  4\/a222 + 1
a  a2(1 —iax)

l 9346

2.
3a (2zaz+3)d

. 1 202 \/azz2 1
z<—2m\/a w2414 et

)wm

a "~ a2(1 —iax)

| 27

i(—%x\/asz +1+3 [ j%dw) Aa2z? + 1

a a?(1 — iax)
| 455
. iva2x2
( srvaz? + 145 (3f\/ﬁdx+2%a+l>> 4va?z? + 1
a a?(1 — iax)
| 222
z(—%m /2 14 %(3arcsg1h(ax) n 2i\/a2m2+1>> Wrree)
a a?(1 — iax)
input LInt [E~((3*I)*ArcTan[a*x]) *x,x] J

‘(—4*Sqrt[1 + a”2%x72])/(a”2%(1 - Ixa*x)) + (I*(-1/2%(x*Sqrt[1 + a~2xx"2]) \

output
}+ (3% (((2*I)*Sqrt[1 + a~2*x~2])/a + (3*ArcSinh[a*x])/a))/2))/a \

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla  Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
LtChQ[Fx, (b_)*(Gx_) /; FreeQ[b, xI] J
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rule 292 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, O] && PosQ[b]

I‘ule 455 Int[((C_) + (d_.)*(x_))*((a_) + (b_.)*(x_)‘2)"(p_.), X_Symbol] > Slmp[d*((
a + b*x"2)"(p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

e 563 IELR) "o )% ((e)) + (d_)*(x ) (m)*((a)) + (b_.)*(x)"2)"(p_), x_Symbo
1] :> Simp[(-(-c)"(m - n - 2))*d"(2*n - m + 3)*(Sqrtla + b*x~2]/(27(n + 1)*
b~ (n + 2)*(c + d*x))), x] - Simp[d~(2*n - m + 2)/b"(n + 1) Int[(1/Sqrtla
+ b*x"2])*ExpandToSum[(27(-n - 1)*(-c)"(m - n - 1) - d"m*x"m*(-c + d*x)~(-n
- 1))/(c + d*x), x], x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c™2 + axd"2
, 0] && IGtQ[m, 0] && ILtQ[n, 0] &% EqQ[n + p, -3/2]

rule2027/Int[(Fx_.)*((a_.)*(x_)"(r_.) + (b_.)*(x_)"(s_.))"(p_.), x_Symbol] :> Int[x~ )
(pxr)*(a + bxx~(s - r)) p*Fx, x] /; FreeQ[{a, b, r, s}, x] && IntegerQ[pl &
& PosQ[s - r] & !(EqQlp, 1] && EqQ[u, 11)

rule 2164 IRt L(PQ*((d) + (e_)*(x_))~(m_.)*((al) + (b_.)*(x_)72)7(p_.), x_Symbol]

:> Simp[d*e Int[(d + e*x)"(m - 1)*PolynomialQuotient[Pq, a*e + b*d*x, x]*
(a + bxx~2)~(p + 1), x], x] /; FreeQ[{a, b, d, e, m, p}, x] && PolyQ[Pq, x]
&& EqQ[b*d~2 + a*e”2, 0] && EqQ[PolynomialRemainder[Pq, a*e + b*d*x, x], O

]

rule 2346 I[P I*((a) + (b_.)*(x_)"2)~(p_), x_Symbol] :> With[{q = Expon[Pq, xI,
e = Coeff[Pq, x, Expon[Pq, x]]}, Simpl[e*x~(q - 1)*((a + b*x~2)~(p + 1)/ (b*(
q + 2%p + 1))), x] + Simp[1/(b*(q + 2%p + 1)) Int[(a + b*x~2) “p*ExpandToS
um[b*x(q + 2*p + 1)*Pq - axex(q - 1)*x~(q - 2) - bxex(q + 2*p + 1)*x"q, x],
x], x1] /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Int[E"(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + I*xa*x)~((I*n - 1)/2)*Sqrt[1 + a~2*x~2])), x] /; Free
Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583
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Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.28

method | result
] 8\/(m+%)2a2—2ia(m+%) 91n(\“/%+\/m>
. ao—6iaH T |\ a?(o+3) i Va?
risch — 5 + -
3 3 5
. ﬁz(a2)§ ﬁ(az)farcsinh(az) 1022248 ‘ ﬁz(a2)?(5a2z2+15) 3y
\/7? .2 3 <_a2\/a2z2+1+ a3 < 2\/7+\(/W+)> 3 10&4\/a222+1 —_—
meijerg ﬁ + — . —
a \/> a\/;r\/c? a f (1\/777\/(?
a2z
N - +1D(\/7+\/m> ]
1 3 3 a2vaZa? 11 a2vaZ h’(f/iz*
) z y T a
default SN s a 202vVa2z2+1 242 + 3ia Ry o | + p,
input Lint ((1+I*a*x)~3/(a~2%x~2+1)"~ (3/2) *x,x ,method=_RETURNVERBOSE) J
Output‘ -1/2*I* (a*x-6*I) *(a~2*x"2+1) " (1/2) /a~2+1/2%I/a* (-8/a~2/ (x+I/a) * ((x+I/a) ~2*

\a 2-2xTxax(x+I/a)) "~ (1/2)+9%1n(a~2%x/(a~2)~(1/2)+(a~2*x~2+1)~(1/2))/(a~2)~( \
‘ 1/2)) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.87

/ e3iarctan(ax) xdr
—8iaz — 9 (iaz — 1)log (—az + Va?z? + 1) + Va2z? + 1(—ia’s? — 5az — 141) + 8
B 2 (a®z +ia?)
input Lintegrate((1+l*a*x) ~3/(a"2*x"2+1)"(3/2)*x,x, algorithm="fricas") J
output‘ 1/2%(-8*I*a*x - 9*(I*a*x - 1)*log(-a*x + sqrt(a™2*x”2 + 1)) + sqrt(a™2*x"2 ‘

‘ + 1)*(-I*a~2%x"2 - Gkakx - 14*%I) + 8)/(a~3*x + I*a~2) ‘
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Sympy [F]

3iarctan(az) _ i
e rdr = —1 dx
/ (/ a?x2va2x2 + 1+ vVa2z2 + 1

/ ( 3az? )

+ — dx
a?z?va?z? + 1+ Valr? +1
alzt

+ / dx

a?x2v/a2z2 + 14+ Va2x2 + 1

/ ( 3ia’z3 ) )
+ — dx
a?x2va2x? + 1+ va2z2 + 1

Lintegrate ((1+Ixa*x)**3/ (a**2kx**2+1) ¥* (3/2) *x, x) J

input

-I*(Integral (I*x/(a**2kx**2xsqrt (a*x*2xx**2 + 1) + sqrt(a**2*x**2 + 1)), x)

+ Integral (—3*a*x**2/ (a**2*x**2*ksqrt (a**2kx**2 + 1) + sqrt(a**2xx*x2 + 1)
), x) + Integral(ax*3*x*x*4/(a**2*x**2*xsqrt(a**2kxx**2 + 1) + sqrt(a**x2*xx**x2
+ 1)), x) + Integral (-3*I*a**2*x**3/(a**2xx**x2xsqrt (a**x2xx**x2 + 1) + sqrt
(a**2xx*x*x2 + 1)), x))

N\ J

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.92

. iax® 32 9z
632 arctan(a:ﬂ:).27 dr = — _ —
2vVa2z2+1 Va2z2+1 2+va2z2+ la
9; arsinh (ax) 7

2 a? Va2 + 1a?

e

inputtintegrate((1+I*a*x)‘3/(a"2*x"2+1)"(3/2)*x,x, algorithm="maxima")

A >

p
‘—1/2*I*a*x“3/sqrt(a‘2*x‘2 + 1) - 3*x"2/sqrt(a”2*x~2 + 1) - 9/2*I*x/(sqrt(a

output
L‘Q*x“Q + 1)*a) + 9/2*I*arcsinh(a*x)/a"2 - 7/(sqrt(a™2*x"2 + 1)*a"2)

~




CHAPTER 3. LISTING OF INTEGRALS 367

Giac [F]
: 3
/e3iarctan(az)xdx _ / (Z axr + 1) fdw
(a2z? + 1)
input Lintegrate ((1+Ixa*x)~3/(a~2%x~2+1)"(3/2)*x,x, algorithm="giac") J
output Lundef J
Mupad [B] (verification not implemented)
Time = 23.16 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.25
a?z?+1 (—3‘/2‘72 + —”“/‘7211)
/63i arctan(am)xdz - _ a 2a
V&
i GG SN E S V)
+ _
2V a eV ) v
input Lint((x*(a*x*li + 1)73)/(a”2xx"2 + 1)°(3/2),x) J
output (25LIEGE* (272)7(1/2))%91)/ (2xax (2°2)"(1/2)) - ((@72%x°2 + 1)"(1/2)*((3x (2"

2)7(1/2))/2™2 + (x+(2™2)"(1/2)*11)/(2%a)))/ (@™2)"(1/2) - ((a"2+x"2 + 1)
/2)%41)/ (ax(((a"2)"(1/2)%11) /a + x+(a™2)"(1/2))*(@"2)"(1/2))

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.63

/631' arctan(az)x dr
—Va?z? + 1a*iz® — 6va?z? + 1a’s® — 9Va?2? + L aiz — 14V/a%2? + 1 4 9log(Va?a? + 1 + az) d’ix

2a2 (az% + 1)
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input‘int((1+I*a*x)”3/(a*2*x*2+1)~(3/2)*X’X)

output‘( - sqrt(ax*2*x*k*2 + 1)*ax*k3xikx*x*3 — 6xsqrt(a*x*2*x**2 + 1)*kax*x2*x*k*2 — 9%
‘sqrt(a**2*x**2 + 1)*axi*x - 14*sqrt(ax*2xx*x*2 + 1) + 9*log(sqrt (a**2xx**2
\+ 1) + akx)*a¥x*2kxikx**2 + 9*log(sqrt(a**2*x**2 + 1) + a*x)*i - 8kax*2kikx*
‘*2 — 8%i)/(2%a*x*x2% (a*x*2*xx**x2 + 1))




output

input

output
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3.37 f e arctan(ax) dr

Optimal result . . . . . . . . . . . . e 369
Mathematica [A] (verified) . . . . . . . . . ... o 3691
Rubi [A] (verified) . . . .. . . ... .. 370
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o B73l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o 374
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 374
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 374

Optimal result

Integrand size = 10, antiderivative size = 60

4iv1+ a®2z*  3arcsinh(az)

a

‘ iv/1 - a2z2
/e3zarctan(am) dr = _7’ +ax

a(l — iax) a

L—I*(a‘2*x‘2+1)‘(1/2)/a—4*I*(a‘2*x‘2+1)‘(1/2)/a/(1—I*a*x)—S*arcsinh(a*x)/a

J

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.70

ViTa (-

T

i+ax

) _ 3arcsinh(az)

/e3zarctan(ax) dr =

a

a

-

LIntegrate[E“((B*I)*ArcTan[a*x]),x]

-/

L(Sqrt[l + a~2xx"2]*x(-I + 4/(I + a*x)))/a - (3*ArcSinh[a*x])/a
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00,

number of rules _ 0.600, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {5582, 711, 25, 27, 671, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/e3zarctan(az) dz

l 5582

(1 + iax)?
(1 —iaz)Valz? +1

l 711

a*(3iaz+1)
|~ ey a3 _ivaa? +1
a? a
l 25
a*(3iaz+1) )
f (l—iax)\/mdx . (A a’z? +1
at a
l 27
/ 3iax + 1 d — ivalz? +1
(1 —iazx)Vaiz? +1 a
l 671

B ivalz? +1 4iva2z?2 +1

1
-3 d
/ Va2z? +1 v a a(l — iax)

| 222
_Wa?z?+1  4iva?z?+1  3arcsinh(az)
a a(l —iax) a

inputLInt[E“((B*I)*ArcTan[a*x]),x]
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((-D#Sqrtl1 + a~2#x~2])/a - ((4¥D)*Sqrtlt + a~2#x~2])/(a*(1 - Txasx)) - (

output
LB*ArcSinh[a*x])/a J

Defintions of rubi rules used

-

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule o7 Intl[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 222

rule 671 It LC(A) + (e_D)*x(x_)) @ )*((£_.) + (g_.)*x(x_))*((a)) + (c_.)*(x_)"2)"(p_
), x_Symbol] :> Simp[(d*g - e*f)*(d + e*x) m*((a + c*x"2)"(p + 1)/(2%c*d*(m
+p+ 1)), x] + Simp[(m*(gkc*xd + cxexf) + 2%excxf*(p + 1))/ (ex(2*cxd)*(m

+p+ 1)) Int[(d + e*x)"(m + 1)*x(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d,

e, f, g, m, p}, x] && EqQlc*d"2 + a*e~2, 0] && ((LtQ[m, -1] && !IGtQ[m + p
+1, 01) || (LtQ[m, 0] && LtQ[p, -11) || EqQ[m + 2*p + 2, 0]) && NeQ[m + p
+ 1, 0]

rule 711 It LC(A_.) + Ce_)*(x D)~ (m_)*((£) + (g_)*(x_))"(a_.)*((a_.) + (c_.)*(x_
)"2)~(p_), x_Symbol] :> Simp[g™n*(d + e*x)"(m + n - 1)*((a + c*xx"2)"(p + 1)
/(c*e~(n - 1)*(m + n + 2*p + 1))), x] + Simp[1/(c*e"n*(m + n + 2*p + 1))
Int[(d + exx) m*(a + c*x~2) p*ExpandToSum[c*e n*(m + n + 2*p + 1)*(f + gxx)
“n - ckxg'nx(m + n + 2%xp + 1)*(d + e*x)"n - 2xexg'nk(m + p + n)*x(d + e*x) " (n
- 2)*(axe - cxd*x), x], x], x] /; FreeQ[{a, c, d, e, f, g, m, p}, x] && Eq
QLc*d~2 + a*e”2, 0] && IGtQ[n, 0] && NeQ[m + n + 2%p + 1, 0]

Int[E~(ArcTan[(a_.)*(x_)]*(n_)), x_Symbol] :> Int[(1 - I¥a*x)~((I*n + 1)/2)
/(1 + I*xaxx)~((I*n - 1)/2)*Sqrt[1 + a~2*x~2]), x] /; FreeQ[a, x] && Intege
rQ[(I*n - 1)/2]

rule 5582




input

output

input

output
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.55

method | result si
isch iva2x2+1 4\/(“""%)2“2_%“(“"4_%) 3ln(\a/%+ a2w2+1) o}
risc - o + a2 (2t 1) — 7 X
2
n( 22 4 /aZz? 41
. 3 2 2 3i 2 (@ ) y
default \/a222+1 —wa <a2\/;2zz+1 + a4\/a2x2+1> - a\/a2:2r2—|—1 —3a <_a2\/a:§m2+l + a2va? ) I
ﬁa:(a?) % VT (a2) % arcsinh(az) Nz (4a2w2+8)
y . s(va- ) P\ Tevemat B i<_2ﬁ+4¢m
meijerg | =5+ o/ - Jrva? - av/n 1.
Lint ((1+Ixaxx)~3/(a~2%x~2+1)~(3/2) ,x,method=_RETURNVERBOSE) J
-Ix(a~2#x72+1)"(1/2) /a+4/a"2/ (x+1/a)*((x+I/a) ~2*a~2-2+I*a* (x+I/a))~(1/2)-3
‘ *1n(a~2*x/(a"2)~(1/2)+(a"2*xx~2+1)~(1/2))/(a~2)~(1/2) ‘
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00
/ e3i arctan(az) dr
4az + 3 (az +1)log (—az + Va*z? + 1) + Va?a? + 1(—iaz + 5) + 4
B a’r+ia
Lintegrate ((1+I*a*x)"~3/(a"2*%x"2+1)"(3/2) ,x, algorithm="fricas") J
‘ (4*a*xx + 3x(axx + I)*log(-a*x + sqrt(a”2*x"2 + 1)) + sqrt(a™2*x"2 + 1)*(-I ‘

‘*a*x + 5) + 4xI)/(a~2%x + I*a) ‘
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Sympy [F]

3iarctan(ax) - i
e dr = —1i dx
/ (/ a?x2va2x2 + 1+ vVa2z2 + 1
3ax
+ — dx
/ ( a2x2\/a2x2+1+\/a2w2+1>

a’z?
+ / dz
a?z?va?z? + 1+ Va?z? +1
/ ( 3ia%x? ) )
+ — dx
a2x2vVa?r?2 + 1+ Va2z2 + 1

Lintegrate ((1+I%a*x) **3/ (ax*2*x**2+1) *x(3/2) ,x) J

input

-I*(Integral (I/(a**2*x**2*xsqrt (a*x*2kx**2 + 1) + sqrt(a**2*xx*x2 + 1)), x) +
Integral (-3*a*xx/ (ax*2xx**2xsqrt (a**2*x*x2 + 1) + sqrt(ax*2kx*x*2 + 1)), x)
+ Integral (ax*3*x**3/ (a**2*x*k*2*xsqrt (a**2kx**2 + 1) + sqrt(a**2xx*x2 + 1)

), x) + Integral(-3*Ixax*2xx**2/(a**2*x**2*sqrt (a**2*x**2 + 1) + sqrt(a**2

*x*¥*2 + 1)), x))

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.95

_|_ —_
Va2 +1  Va2x2+1 a a2z? + la

. > 2 4 3 . h 5.
/ e3z arctan(az) dr = — 1ax T arsin (ax) )

-

integrate ((1+I*axx)~3/(a"2*x"2+1)~(3/2) ,x, algorithm="maxima")

| —

inputt

‘—I*a*x‘Q/sqrt(a‘2*x‘2 + 1) + 4*x/sqrt(a”2*x”2 + 1) - 3*arcsinh(a*x)/a - 5%

output
‘I/(sqrt(a‘Z*x‘2 + 1)*a)
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Giac [F]
3 (iaz +1)°
/6 i arctan(az) dr = . dr
(a2x2 + 1)5
input Lintegrate ((1+I*axx)~3/(a"2*x"2+1)~(3/2) ,x, algorithm="giac") J
output Lundef J

Mupad [B] (verification not implemented)

Time = 22.74 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.20

/ PR i 2
/e3iarctan(az) dr = — a?r?+ 11 . 3asinh (.’L' \/(1,_> + 4/ a’?z?+1
: i v ) i

inputtint((a*x*li + 1)73/(a~2%x"2 + 1)~(3/2),x%) J

(@ (am24x72 + 1)7(1/2))/((((a~2)"(1/2)*11) /a + x*(a~2)"(1/2))*(a~2)"(1/2))

output
\ - (3*asinh(x*(a”2)7(1/2)))/(a"2)"(1/2) - ((@™2*x~2 + 1)~ (1/2)*1i)/a \

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.85

/e3i arctan(az) dr
—Va2z? + 1a%i 2? + 4V/a?z? + laz — 5va?z? + 1i — 3log(Va2z? + 1 + az) a’z? — 3log(va?z? + 1 -

a(a?z?+1)

input Lint((1+I*a*x)"3/(a"2*x“2+1)“ (3/2) ,%) J
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‘( - sqrt(a*x*2*x**2 + 1)*a*x*k2*xi*x*x*2 + 4xsqrt(ax*x2xx**2 + 1)*axx - b*sqrt(a
‘**2*x**2 + 1)*i - 3*log(sqrt(a**2*x*x2 + 1) + axx)*ax*2kxx*2 - 3xlog(sqrt(
‘a**2*x**2 + 1) + axx) + 4*xax*2xxx*x2 + 4)/(ax(ax*2xx*x*2 + 1))

output
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3iarctan(azx)
3.38  [¢ dz
T

Optimal result . . . . . . . . . . . . e 376
Mathematica [A] (verified) . . . . . . . . . ... o o 3761
Rubi [A] (verified) . . . .. . ... .. B77
Maple [B] (verified) . . . . . . . . . .. 379
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 380
Sympy [F] . . o o 3311
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . . ... ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ......... 382

Optimal result

Integrand size = 14, antiderivative size = 50

e3i arctan(az)
T

dzr =

A1 T @222
Vorew iarcsinh(ax) — arctanh(\/ 1+ a2x2>

1—ax

output

‘4*(a‘2*x“2+1)‘(1/2)/(1-I*a*x)-I*arcsinh(a*x)-arctanh((a“2*x“2+1)”(1/2))

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.10

e3i arctan(az)
[

T

434/1 + a?z?

1+ azx

— tarcsinh(ax) + log(z) — log (1 +V1+ a2x2>

-

input L

Integrate[E~ ((3*I)*ArcTan[a*x]) /x,x]

-/

output‘((4*1)*sqrt[1 + a”2*x72])/(I + a*x) - I*ArcSinh[a*x] + Log[x] - Log[l + Sq

‘rt[l + a~2xx~2]]

J




CHAPTER 3. LISTING OF INTEGRALS 377

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00,

=9 number of rules _ ¢ 43, Rules
integrand size

number of steps used = 10, number of rules used =
used = {5583, 2351, 564, 25, 243, 73, 221, 671, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

e3t arctan(ax)
[

X

l 5583

1+ iaz)?
/ (1 + daz) i
z(1 — iax)va2r? + 1

J,2351

1 2ia — a’z
- dz + - dz
z(1 —iax)Vaiz? + 1 (1 —iax)Vaiz? + 1

l 564
_/_ 1 dac+/ 2ia — a2z a?z?+1
zva2z? +1 (1- zax)\/m 1 —iax

| 25

/ 1 do + / 2ia — a’x a?z? +1
zvatz? +1 (1 —iaz)Va?2? +1 1—iax
l 243
1/ 1 / 2ia — a2z a?z? +1
2 ;ﬂm (1- zam)m 1 —idax
l 73
dv/aZs?
2ia — a?x f% @’z +1 a?x? +1
dw + —= 3 + -
(1 —iax) Va2r2 +1 a 1—iax
l 221
2ia — o’z va2z? +1

dr — arctanh( a?z? + 1) +

(1 —iaz)Va2z? +1 1—iazx
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l 671
1 4va?z? + 1
—; _ S22
zﬂ/ ﬁﬁ+1®:ammM( ax+&)+ 1~ iaz
l 992
4va2x? +1
—arctanh( a’z? + 1) + fi“ — tarcsinh(ax)
—iazx

inputLInt[E“((3*I)*ArcTan[a*x])/x,x]

‘(4*Sqrt [1 + a”2%x72])/(1 - I*a*x) - I*ArcSinh[a*x] - ArcTanh[Sqrt[1 + a~2%

output
‘ x~2]]

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 73 InELCCa_) + (b_)*(x))~ @ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 221 TotL((a) + (b_)*(x)"2)7(-1), x_Symboll :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

rule 292 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al>1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

ruk3243(Int[(x—)A(m—')*((a-) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + b*x)7p, x], x, x"2], x] /; FreeQ[{a, b, m, p}, x] && I
‘ ntegerQ[(m - 1)/2]

\‘
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Int[(x )" (m_)*((c_) + (d_.)*(x_))"(n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol
] > Simp[(-(-c)"(m - n - 2))*%d"(2%n - m + 3)*(Sqrtla + b*x"2]/(2"(n + 1)#*Db
“(n + 2)x(c + d*x))), x] - Simp[d~(2*n + 2)/b"(n + 1) Int[(x"m/Sqrtl[a + b
*x~2] ) *ExpandToSum[((2"(-n - D) *(-c)"(m - n - 1))/(d"m*x"m) - (-c + d*x)~(-
n-1))/(c +d*x), x], x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b*c”2 + axd”
2, 0] && ILtQ[m, 0] &% ILtQ[n, 0] && EqQ[n + p, -3/2]

rule 564

Int[((d_ ) + (e_.)*(x)) (@ )*((£f_.) + (g_.)*x(x_))*((a_) + (c_.)*(x_)"2)"(p_
), x_Symbol] :> Simp[(d*g - e*xf)*(d + e*x) m*x((a + c*x72)"(p + 1)/(2*c*d*(m
+p+ 1)), x] + Simp[(m*(g*cxd + cxexf) + 2kexcxf*(p + 1))/(ex(2xc*d)*(m

+p+ 1)) Int[(d + exx)"(m + 1)*(a + c*x~2)"p, x], x] /; FreeQl[{a, c, d,

e, £, g, m, p}, x] && EqQlc*d~2 + a*e~2, 0] && ((LtQ[m, -1] && !'IGtQm + p
+ 1, 01) |l (LtQm, 0] && LtQlp, -11) || EqQm + 2*p + 2, 0]) && NeQ[m + p
+ 1, 0]

rule 671

Int [((Px_)*((c_) + (d_D)*(x_))"(@m_.)*((a_) + (b_)*(x_)"2)"(p_.))/(x_), x_S
ymbol] :> Int[PolynomialQuotient[Px, x, x]*(c + d*x) n*(a + b*x~2)7p, x] +
Simp[PolynomialRemainder [Px, x, x] Int[(c + d*x) nx((a + b*x~2)"p/x), xI,
x] /; FreeQ[{a, b, ¢, d, n, p}, x] && PolynomialQ[Px, x]

rule 2351

N\

Int[E~(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - I*a*
x)"((I*n + 1)/2)/((1 + I*a*x)~((I*n - 1)/2)*Sqrt[1 + a"2*x"2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 100 vs. 2(44) = 88.

Time = 0.18 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.02
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method | result

4 1 Jiazx 43 T ln<%+ a2z2+1>
default T, — arctanh ( \/a2x2+1> + T | —mae N

(2—2ln(2)+2ln(z)+ln(a2))ﬁ_ﬁ+ NG = ln<l+\/m>
’e 2 Va2z2+1 2 2 .
meljerg v — + x/a3;;§+1 o VT

input Lint ((1+I*ax*x)~3/(a~2*%x"2+1)~(3/2)/x,x,method=_RETURNVERBOSE) J

Output‘4/(a‘2*x‘2+1)‘(1/2)—arctanh(i/(a‘2*x‘2+1)A(1/2))+3*I*a*x/(a’“2*x‘2+1)“(1/2)
-I*a~3%(-x/a"2/(a"2%x"2+1) ~(1/2)+1/a"2%1n(a"2*x/(a"2) ~(1/2)+(a"2*x"2+1) ~ (1 ‘
/2)/(@"2)7(1/2)) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 100 vs. 2(42) = 84.

Time = 0.08 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.00

e3i arctan(az)
[

x
_ 4iazx — (ax +1)log (—az + Va22? + 1+ 1) + (iax — 1) log (—az + Va?z? + 1) + (az + i) log (—az +
N ar +1
input Lintegrate((1+l*a*x) ~3/(a~2*x~2+1)~(3/2) /x,x, algorithm="fricas") J
output‘ (4xIxa*xx - (a*x + I)xlog(-axx + sqrt(a”2*x”2 + 1) + 1) + (I*a*x - 1)*log(- ‘

‘a*x + sqrt(a”2*x”2 + 1)) + (a*x + I)*xlog(-a*x + sqrt(a™2*x"2 + 1) - 1) + 4 ‘
L*I*sqrt(a"2*x‘2 +1) - 4)/(axx + I) J
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Sympy [F]

e3t arctan(az) i
/ T g = ( / iz
x a?r3va2z? + 1+ zva?x? + 1

/ ( 3az )
+ — dx
a2x3v/a?z? + 1+ zv/a2x2 + 1

a’z?

+ dz
a’x3va?z?2 + 1+ zva?z2 + 1

/ < 3ia’x? ) )
+ — dx
a2x3v/a22? + 1 + zva222 + 1

inputLintegrate((1+I*a*X)**3/(3**2*X**2+1)**(3/2)/x,x)

-I*(Integral (I/(a**2xx**x3*sqrt (a**x2*xx**2 + 1) + x*sqrt(ax*2xx**2 + 1)), x)
+ Integral (-3*axx/(a**2xx**3*sqrt (ax*2*x*x2 + 1) + x*ksqrt(ax*2xx**x2 + 1))
, x) + Integral (a**3*x**3/(ax*2xxx*3*xsqrt (a*x*2xx**2 + 1) + xksqrt(ax*2kx*x*
2 + 1)), x) + Integral (-3*%I*a**2xx**2/(a*x*2kxx**3*sqrt (a*x*2*xx**2 + 1) + x*s
qrt (a**2xx**2 + 1)), x))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.92

/ 31 arctan(az) p 4iaz n 4  arsinh (az) inh < ! )
v = — ¢ arsinh (ax) — arsinh [ —
z VeT 1 Vi 41 e
input Lintegrate ((1+I*a*x)~3/(a~2*x"2+1)~(3/2)/x,x, algorithm="maxima") J

‘4*I*a*x/sqrt(a‘2*x‘2 + 1) + 4/sqrt(a”2*x"2 + 1) - I*arcsinh(a*x) - arcsinh
1/ (axabs(x)))

output
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Giac [F]
3iarctan(az) ; 3
/—e dxz/—(”’x“)a dz
x (a222 + 1)z
input Lintegrate((lﬂ*a*x) ~3/(a"2*x"2+1)"(3/2)/x,x, algorithm="giac") J
output Lundef J
Mupad [B] (verification not implemented)
Time = 23.11 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.46
g3iarctan(az) a asinh (m \/a_2> 1i a a2 22 + 14i
/—dz=—atanh( a2x2+1>— + .
T Va2 (z Va? + —*/fh) Va2
inputtint((a*x*li +1)73/(x*(a"2%x72 + 1)7(3/2)) ,%) J
outpus (F*@72°2 + D7(1/2)#41) /(@D (1/)*11) /2 + xx(a"D~(W/2)* @D~/

\2)) - (a*asinh(x*(a~2)~(1/2))*1i)/(a~2)~(1/2) - atanh((a~2*x~2 + 1)~(1/2))

Reduce [B] (verification not implemented)
Time = 0.19 (sec) , antiderivative size = 175, normalized size of antiderivative = 3.50

e3i arctan(az)
[

T

_4Avarzr? + laiz +4vaPz? +1+ log(vVa?z? + 1+ az — 1) a®z? + log(va?2? + 1+ az — 1) — log(v/a?:

input tint ((1+I*a*x)~3/(a~2%x~2+1)~(3/2) /x,%) J
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(4*sqrt (a*x*2*xx**2 + 1)*axixx + 4*xsqrt(ax*x2xx**2 + 1) + log(sqrt (a**2kx**2
+ 1) + a*x - 1)*kax*2xx*x*2 + log(sqrt(ax*2xxx*2 + 1) + a*x - 1) - log(sqrt(
axkx2xx*k*2 + 1) + a*x + 1)*ax*2xx**x2 - log(sqrt(ax*2*x**2 + 1) + a*x + 1) -
log(sqrt (a**2*kx*x*2 + 1) + a*xx)*a**x2kixx**2 - log(sqrt(ax*2*x**2 + 1) + a*
X) ki + dxaxx2kikx**2 + 4%i)/(ax*2xx*x*2 + 1)

output




output

input

output
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3iarctan(azx)
3.39  [< gy
T

Optimal result . . . . . . . . . . . . e 384
Mathematica [A] (verified) . . . . . . . . . ... o o 3841
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ......... 389

Optimal result

Integrand size = 14, antiderivative size = 66

dr = —

/ e3z’arcta,n(am) \/m N 4ia\/1 + a2x2

2 T 1 —iax

— 3iaarctanh<v 1+ a2x2)

‘-(a“2*x“2+1)”(1/2)/x+4*I*a*(a“2*x“2+1)“(1/2)/(1-I*a*x)-3*I*a*arctanh((a“2*

\x*2+1>*<1/2)>

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.92

2 T i14+ax

3iarctan(azx) 1 4
/e— dz = V1 + a?x? (—— — ) + 3ialog(z) — 3ialog (1 +V1+ a2z2)

LIntegrate[E‘((B*I)*ArcTan[a*x])/x‘2,x]

‘Sqrt[l + a”™2%x"2] % (-x~(-1) - (4%a)/(I + a*x)) + (3*I)*axLogl[x] - (3+I)*a*L

‘og[l + Sqrt[1 + a~2*x~2]]




CHAPTER 3. LISTING OF INTEGRALS 385

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.95,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5583, 2353, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
e3tarctan(az)
/ Tz ®
| 5583
SN2
/ (1 + dax) i
z2(1 —iaz)Valz? + 1
| 2353
/ <_ 4ia® + 3ia + 1 >dm
(ax +i)Va222 +1  zva2z2+1  22Va2x2 +1
| 2009
4 22211 20211
—3iaarctanh( a2x2+1) _ ava2x .—i- _ Va2z? +
axr +1 T
input LInt [E~((3*I)*ArcTan[a*x])/x"2,x] J
output‘ -(Sqrt[1 + a~2*x~2]/x) - (4xa*xSqrt[1 + a~2*%x~2])/(I + a*x) - (3xI)*a*ArcTa ‘

th[Sqrt [1 + a~2*%x~2]] J

Defintions of rubi rules used

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]
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rule 2353 Int[(PX_)*((e_.)*(X_))A(m_.)*((c_) + (d_,)*(x_))"(n_)*((a_) + (b__)*(x_)~2)
~(p_), x_Symbol] :> Int[ExpandIntegrand[Px*(e*x) m*(c + d*x) n*(a + b*x~2)~
p, x1, x] /; FreeQ[{a, b, c, 4, e, m, n, p}, x] && PolyQ[Px, x] &% (Integer
Qlp] || (IntegerQ[2*p] && IntegerQ[m] && ILtQ[n, 0]))

rule 5583 Int[E"(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
X)"((I*n + 1)/2)/((1 + Ixa*x)”"((I*n - 1)/2)*Sqrt[1 + a~2*x~2])), x] /; Free
Q[{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.21

method | result

1 5a%z ia ; 1 1
default T ova2ril | Va2ril + VaZoi+1 + 3’1/&<\/Tf+1 — arctanh <\/TT+1>>
— :
. IR r-rs e 1 41\/(x+§) a?—2ia(z+1)
risch s za( 3 arctanh ( NG +1) + a(e+ )
(2721n(2)+21n(m)+1n(a2)>ﬁ N 1, VaZa?11 N

R e . o

meijerg | — 222 EL 4 7
zvVa2z2+1 N VaZz?+1 VT
inputLint((1+I*a*x)“3/(a“2*x‘2+1)“(3/2)/x“2,x,method=_RETURNVERBOSE) J
Output‘—1/x/(a’“2*x*2+1)“(1/2)-5/(a’"2*x“2+1)'"(1/2)*a“2*x+I*a/(aA2*X“2+1)”(1/2)+3*I

‘*a*(1/(a“2*x“2+1)“(1/2)—arctanh(l/(a“2*x“2+1)“(1/2)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 109 vs. 2(54) = 108.
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Time = 0.08 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.65

e3i arctan(ax)
[ e

72
5a’z? + 5iaz + 3 (i a’z® — az) log (—az + Va?z? + 1 + 1) + 3 (—ia’s? + az) log (—az + Vaz? +
ar? +ix
input Lintegrate ((1+I*a*x)~3/(a"2*%x"2+1)~(3/2)/x~2,x, algorithm="fricas") J
output‘ -(5%a”2*x"2 + BbxIxaxx + 3*x(I*a~2*x"2 - a*x)*log(-a*x + sqrt(a™2*x~2 + 1) + ‘

‘ 1) + 3x(-I*a"2*x"2 + a*x)*log(-a*x + sqrt(a”2*x"2 + 1) - 1) + sqrt(a™2*x” ‘
12 + D*(B*axx + 1))/(a*x™2 + T*x)

Sympy [F]

dz

e3t arctan(ax) ( i
——dr = —1
/ z? a?z*va?z? + 1+ 22v/a2z2 + 1

/ ( 3az )
+ — dx
a2ztva2z? + 1+ 22v/a2z2 + 1

a®z?

+ dz
a?z*va?x? + 1+ 22v/a2z?2 + 1

N / ( 3ia’z? ) dx)
0/2.’1,'4‘ /a2x2 + 1 + 11-21 /(12.'IJ2 + 1

inputLintegrate((1+I*a*X)**3/(3**2*X**2+1)**(3/2)/x**2,x) J

-I*(Integral (I/(a**2xx*x4*xsqrt (a**x2xx**2 + 1) + x**2kxsqrt(ax*2xx**2 + 1)),
x) + Integral (-3*a*x/(a**2*x*k*4*sqrt (ax*2kxx**2 + 1) + x**2xsqrt (a**x2*xx**2
+ 1)), x) + Integral (a**3*x**3/(a**2kx*x*x4*xsqrt (a**x2*x**2 + 1) + x*k*2xsqrt
(a*x*2xx*x2 + 1)), x) + Integral (—-3*xI*a**2*x**2/(a**2*xx**4*xsqrt (a**2*x**2 +
1) + x*x*2+sqrt (a**x2*x*x*2 + 1)), x))

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.91

e3t arctan(az) 5ax 1 4dia 1
————dr = ——————= — 3iaarsinh + -
/ x? vaiz? +1 (a|z|) Va2z2 +1 a2z + 1z
inputLintegrate((1+I*a*x)"3/(a"2*x"2+1)"(3/2)/x"2,x, algorithm="maxima") J

t‘—5*a“2*x/sqrt(a"2*x“2 + 1) - 3*Ikxa*arcsinh(1/(a*abs(x))) + 4*Ixa/sqrt(a”2*

outpu ‘
X72 + 1) - 1/(sqrt(a™24x"2 + 1)#x) |

Giac [F]
/ e3iarct:n(az) i (z az + 1)33 o
T (a222 +1)222
inputLintegrate((1+I*a*x)‘3/(a‘2*x‘2+1)‘(3/2)/x‘2,x, algorithm="giac") J
output Lundef J

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.14

3iarctan(az) 53 1 1 ) a— :
/ 6—2 dx = —q atanh <\/a2 x2 + 1) 3i _ a“xr + . a a :L'Q +
x x <x\/a_2+ \/{11) Va2

input Lint((a*x*li + 1)73/(x"2%(a"2%x~2 + 1)°(3/2)),x%) J

- axatanh((a"2%x"2 + 1)"(1/2))*3i - (a"2%x™2 + 1)7(1/2)/x - (4*a 2% (a"2%x"

output
‘2 + 1)7(1/2))/((((a~2) " (1/2)*1i) /a + x*x(a~2)~(1/2))*(a~2)"(1/2)) ‘
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 165, normalized size of antiderivative = 2.50

e3t arctan(az)
[

2

_ —5va2z? + 1a%2% + 4vVa2x? + 1aiz — Va2z2 + 1 + 3log(\/a2m2 +1+4az— 1) a3izd + 310g( (272 1

) z (a?a?
inputLint((1+I*a*x)‘3/(a‘2*x‘2+1)*(3/2)/X~2,x) J

( - B*sqrt(ax*2kx*x2 + 1)*a*x*x2xx**2 + 4*xsqrt(a*x*2xx**2 + 1)*axixx - sqrt(a
*x2xx**2 + 1) + 3*xlog(sqrt(ax*2*x**2 + 1) + axx — 1)*a*x3xikx**3 + 3xlog(s
grt (ax*2*x*x2 + 1) + a*x - 1)*axixx - 3xlog(sqrt(a**2*x**2 + 1) + a*x + 1)
*xaxx3xikx**3 — 3xlog(sqrt(a*x*x2xx*x2 + 1) + a*x + 1)*axikx — B¥ax*3*x**3 -

Bkaxx) / (x*x (a**2xx**2 + 1))

output
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3iarctan(azx)
3.40 [ &—F—dz
T

Optimal result . . . . . . . . . . . . e 390
Mathematica [A] (verified) . . . . . . . . . ... o o 3901
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [F] . . o o 393
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 394
Reduce [B] (verification not implemented) . . . ... ... ... ......... 395

Optimal result

Integrand size = 14, antiderivative size = 91

/ e3iarctan(am) dr— — /1 + a212 B 3iav/1 + a2x2
x3 B

212

1—ax

40?1 + a2x2

x

+ gazarcta,nh<\/ 1+ a2x2)

output

p
‘ -1/2%(a~2%x"2+1)~(1/2) /x~2-3%I*a*x(a~2*xx~2+1) ~(1/2) /x-4*a~ 2% (a~2*x~2+1)~(1/
‘2)/(1—I*a*x)+9/2*a“2*arctanh((a‘2*x“2+1)“(1/2))

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

x3

3iarctan(ax)
/e—dz'z \/1—|—a2z2<—— - — =
x
9 9
- §a2 log(x) + 5(12 log (1 +V1+ a2x2>

3ia
T

4ia?

1+ ax

)

inputt

Integrate[E~ ((3*I)*ArcTan[a*x])/x"3,x]
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‘Sqrt [1 + a~2%x"2]*(-1/2%1/x"2 - ((3*I)*a)/x - ((4*xI)*a~2)/(I + a*x)) - (9% ‘

output
La“2*Log[x])/2 + (9%a~2*Log[l + Sqrt[1l + a~2%x~2]1)/2 J

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.01,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5583, 2353, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
e3tarctan(az)
/ s w
| 5583
L N2
/ (1 + dax) i
z3(1 —iaz)Va?z? + 1
| 2353
/ (_ 4a? + 3ia + 1 N 4a3 ) i
rvVa2x2 +1  22va222 +1  23vae222+1  (az +i)VaZzZ +1
| 2009
9 4 7 3 4ia*vVa2x2 +1  3iava2z2+1 Va2z2 +1
ia arctanh( a’r? + 1) — P — . — 52
input 126 [E” (3D xArcTan [axx]) /x73,x] ]
output ‘ -1/2%Sqrt[1 + a™2*x"2]/x72 - ((3*I)*axSqrt[1 + a™2*%x"2])/x - ((4%I)*a~2xSq ‘

Lrt [1 + a~2+%x"2])/(I + a*x) + (9*a~2*ArcTanh[Sqrt[1 + a"2*x"2]])/2 J
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2353 Int [(PX_) *( (e_ DL (X_) )” (m_ ) x( (C_) + (d_ L)% (x_) )~ (n_) *( (a-) + (b- D) * (X_) ~2)
~(p_), x_Symbol] :> Int[ExpandIntegrand[Px*(e*x) m*(c + d*x) n*(a + b*x~2)~
ps x], x] /; FreeQ[{a, b, c, 4, e, m, n, p}, x] && PolyQ[Px, x] && (Integer
Qlp] || (IntegerQ[2*p] && IntegerQ[m] && ILtQ[n, 0]))
rule 5583 Int[E~(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax

x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2xx~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]
Maple [A] (verified)
Time = 0.22 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.15

method | result

9a2 #—arctanh —L
a‘x Va2z2+1 ia3x : a’x
default _2w2\/al?:c2+1 - ( = 2 ( +1)) T Va2z?+1 + dia <_ m\/a21w2+1 - \/(122z2+1>
3 i 2a —2ia(x i
ll2 —9 arctanh(\/ 2:|_2 )+81\/(J5+a) 2i2 ( +a)
isch . 1(6az®—ia%z?+6az—1) _ afwttl “(m+5)
rsc 2x2v/a222+1 2
) N 3(g72ln(2)+2 1n(x)+1n(a2))ﬁ VT (20a2z2+8) VT (24a2:z:2+8) 3vT ln<%+%)
B N vy e 1 T %Y T 16242 Va%e0 1 2 3ia(2a%2241)
meijerg 7 T avaz4l
input Lint ((1+I*a*xx)~3/(a"2*%x"2+1)~(3/2)/x~3,x,method=_RETURNVERBOSE) J

output ‘ -1/2/x72/(a"~2%x~2+1) ~(1/2)-9/2%a~2* (1/ (a~2*x~2+1) ~ (1/2) -arctanh (1/(a~2%x"2 ‘

‘ +1)7(1/2))) -I*a"3*x/(a™2*x"2+1) " (1/2) +3*I*ax (-1/x/(a"2*x"2+1) " (1/2) -2/ (a™2
¥x72+1) " (1/2) *a~2%x)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.43

e3t arctan(az)
[

73
_ —l4id’s® + 14a%z® + 9 (a®s® + i a’2?) log (—az + Va?z? + 1+ 1) — 9 (a®2® + i a®z?) log (—az + V/a?
B 2 (azx® +ix?)

inputLintegrate((1+I*a*x)“3/(a"2*x"2+1)“(3/2)/x“3,x, algorithm="fricas") J

‘1/2*(—14*I*a’“3*x"3 + 14*%a”2%x72 + 9x(a”3%x"3 + Ixa~2*x"2)*log(-a*x + sqrt( \
\a‘2*x‘2 + 1) + 1) - 9%x(a”3*x"3 + Ixa"2*x"2)*log(-a*x + sqrt(a™2*x"2 + 1) - \
‘ 1) + sqrt(a™2*x”2 + 1)*(-14*I*a”2*x"2 + Sxaxx - I))/(a*x"3 + I*x"2) ‘

output

Sympy [F]

3iarctan(az) ;
/ 6—3 dr = — ( : dx
T a’rdva2x? + 14 z3va?x? + 1
N / ( 3ax > d
— T
a?x®va2x? + 1+ z3va2x? + 1

alx?

dz
a?z®va?x?2 + 1+ z3va2z?2 + 1
N / (_ 3ia’z? ) dac)
a?z®va?r? + 1+ z3va2x2 + 1

+

-

Lintegrate ((1+Ixa*x)**3/ (ax*2xx**2+1) ¥* (3/2) /x**3,X)

-/

input

-I*(Integral (I/(a*x*2xx**5*xsqrt (a**x2*x**2 + 1) + x**3*ksqrt(ax*2xx**2 + 1)),
x) + Integral (-3*a*x/(a**2xx*x5xsqrt (a*x*x2xx**x2 + 1) + x*k*3*ksqrt (a**2kx**2
+ 1)), x) + Integral (ax*3*x**3/(a**2xx**x5xsqrt (a**x2xx**x2 + 1) + x**3*sqrt
(a*xx2xx*x2 + 1)), x) + Integral (-3xI*a*x2*x**2/ (a**x2xx*x5*xsqrt (a**2*+x**2 +
1) + x*x3*sqrt(a**x2*x**2 + 1)), x))

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.89

e3t arctan(az) 7iadT 9 1
- dr=——-" + Zg%arsinh [ —
/ x3 v a?z? +1 * g @ <a|:c|)
9a? 3ia 1

Bl 2vValr? +1 B va2z? + 1z B 2+va2x? + 122

input‘integrate((1+I*a*x)AS/(a“2*x‘2+1)A(3/2)/x‘3,x, algorithm="maxima")

Output"7*I*a“3*X/sqrt(a“2*x“2 + 1) + 9/2%a”2*arcsinh(1/(a*abs(x))) - 9/2*a~2/sqr
‘t(aﬁ2*xﬁ2 + 1) - 3xIxa/(sqrt(a™2*x"2 + 1)*x) - 1/2/(sqrt(a™2*x"2 + 1)*x72)

Giac [F]

3 dr = >
x (a222 + 1)223

3iarctan(az) ; 1 3
/ e (taz+1) i

-

inputtintegrate((1+I*a*x)"3/(a"2*x"2+1)‘(3/2)/x‘3,x, algorithm="giac")

—

output Lundef

Mupad [B] (verification not implemented)

Time = 22.79 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.09

e arctan(ax) dp — a? ata,n(\/a? 2 +1 ].i) 9i a?zr?2+1
/ 11:3 T = 92 2.’172
avV@ 2+ 13 a3 Va2 + 14i
z (x Va2 + @) Va2

input Lint((a*x*li + 1)73/(x"3*(a"2%x"2 + 1)°(3/2)),x%)
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- (a~2+atan((a~2+x"2 + 1)~(1/2)%11)%9i)/2 - (a~24x"2 + 1)~(1/2)/(2%x"2) -
(ax(at2#x~2 + 1)7(1/2)%31)/x - (a~3+(a~2%x"2 + 1)7(1/2)*41)/((((a2)~(1/2)
#1i)/a + xx(a"2)7(1/2))% (")~ (1/2))

output

Reduce [B] (verification not implemented)
Time = 0.20 (sec) , antiderivative size = 195, normalized size of antiderivative = 2.14

e3i arctan(az)
[

x3

_ —14va’z? + 1a%i2® — 9va?x? + 1 a’a® — 6v/a’2? + L aiz — Va?a? + 1 — 9log(va?z® +1+az —1)

-

Lint((1+I*a*x)‘3/(a“2*x‘2+1)“(3/2)/x‘3,x)

-/

input

(- 14*sqrt(ax*2*x**2 + 1)*a*x*3*i*xx*x*3 — Oxsqrt (a**2xx**2 + 1)*a**x2xx**2 -
B*sqrt (ax*2xx**2 + 1)*axixx - sqrt(a**2xx**2 + 1) - 9xlog(sqrt (a**2xx**2
+ 1) + a*x - 1)*ax*4*x*x*4 - 9xlog(sqrt(a**2*kx**2 + 1) + a*x - 1)*ax*2xx**2
+ 9xlog(sqrt (a**2xx*x*2 + 1) + axx + 1)*a*xx4dxxx*4 + O*xlog(sqrt (ax*2kxx*x*2 +
1) + a*x + 1)*a*xx2kxx**2 + 18%ax*k4xixx**x4 + 18*kax*x2xixx*k*x2)/(2kx*x*2x (a**2*

x*x*2 + 1))

output
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3iarctan(azx)
3.41 [ gy
T

Optimal result . . . . . . . . . . . . e 396
Mathematica [A] (verified) . . . . . . . . . ... o o 3961
Rubi [A] (verified) . . . .. . ... ..
Maple [A] (verified) . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 399
Sympy [F] . . o o 399
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4001
Giac [F] . . . . o o 00
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 400
Reduce [B] (verification not implemented) . . .. .. ... ... ... ...... Z0

Optimal result

Integrand size = 14, antiderivative size = 120

dr = — —

/ gliarctan(az) V1+a2z®  3iaV1+ a?z? N 14a%V/1 + a?z?

4 3x3
4ia3/1 + a2z?

1—ax

22 3z

11
+ Eia?’arctanh(v 1+ a2x2)

output \ -1/3%(a~2*x~2+1) ~(1/2) /x~3-3/2*I*a*(a~2*x~2+1) ~(1/2) /x"2+14/3%a~2* (a~2%x"2
+1)7(1/2) /x-4*T*a~3% (a”2%x~2+1) " (1/2) / (1-T*a*x)+11/2%I*a"3*arctanh ((a~2%x"

2+1)7(1/2))

N

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.74

zt 6

/ gliarctan(az) i 1 V14 a?z?(—2i + Taz + 19ia*z? + 52a%z3)
z3(i + ax)

— 33ia®log(z)

+ 33ia3 log <1 +V1+ a2x2>>

input L

Integrate[E~((3*I)*ArcTan[a*x])/x"4,x]

J
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‘ ((Sqrt[1 + a™2%x"2]*(-2*I + T*a*x + (19%I)*a~2*x~2 + 52*%a~3*x"3))/(x"3*(I \

output
L+ a*x)) - (33%I)*a~3*Loglx] + (33*I)*a~3xLogl[l + Sqrt[l + a~2%x~2]1)/6 J

Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.98,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5583, 2353, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

e3t arctan(ax)
T

l 5583

1+ iaz)?
/ (1 + daz) "
z4(1 —iaz)Va2z? + 1

l 2353

below.

/ ( 4a? 4 1 4 3ia + 4ia* 4ia® ) d
— — z
z2Va2z? +1 z*a?z2+1 23va?z?+1  (ax+i)Va2z?+1 zva?z?+1

l 2009
14a?vVa?2? +1  Biava’a’+1 V2?41 11, 4 2.2 4a3va2z2 + 1
3z B 222 - 323 + ?za arctanh( a’x? + 1) + i
input LInt [E~ ((3*I)*ArcTan[a*x])/x"4,x] J

Output‘ -1/3%Sqrt[1 + a~2%x"2]/x73 - (((3*I)/2)*a*Sqrt[1 + a~2*x~2])/x"2 + (14%a”2 ‘
(*Sqrtl[l + a~2#x72]1)/(3xx) + (4*a”3*Sqrtll + a”2%x™21)/(I + a*x) + ((11xI)/ |
'2)*a”3*ArcTanh[Sqrt[1 + a"2#x2]] |
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2353 Int [(Px_)*((e_.)*(x_))"(m_.)*((c_) + (d_.)*(x_)) " (n_)*((a_) + (b_.)*x(x_)"2)
~(p_), x_Symbol] :> Int[ExpandIntegrand[Px*(e*x) m*(c + d*x) n*(a + b*x~2)~
ps x], x] /; FreeQ[{a, b, c, 4, e, m, n, p}, x] && PolyQ[Px, x] && (Integer
Qlp]l || (IntegerQ[2*p] && IntegerQ[m] && ILtQ[n, 01))

rule 5583 Int[E~(ArcTan[(a_.)*(x_)1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[l + a~2xx~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.97

method | result
. i\ 2 2 o B
ia3 <—11 arctanh( 1 )+81\/(m+a) e 2“’(m+a)>
a2z241 2
risch 28a*z*—9ia323+260%x>—9iax—2 a(z+a)
6x3va222+1
1 13a° (_ 7 2+1_¢2§2§+1) 3 1 1 1
zvVa“x a2z . '
et | ~wm 3 ~ 0k — awetanh ( gty ) ) + Bio| ~ gy
2.2
3ia3 | — NG _3(%—2ln(2)+21n(x)+ln(a2))\/; ﬁ(20a2m2+8) B ﬁ(24a212+8) +3ﬁ ln(%-q-@
8 4.4 4, 2 2+1 22242 4 16022 160202/ 2222 11 5
1i —8a*z*—4ax
meljerg 323va2z2+1 + -

-

Lint ((1+I*axx)~3/(a~2*x"2+1)~(3/2)/x"4,x,method=_RETURNVERBOSE)

-/

input

¢ \ 1/6% (28%a~4*x~4-9%I*a~3%x~3+26*%a~2%xx~2-9*%I*a*x-2) /x~3/(a~2*xx~2+1)~(1/2)-1/ \
\ 2%Ixa~3%(-11*arctanh(1/(a~2%x~2+1)~(1/2))+8*I/a/ (x+I/a)*((x+I/a) ~2%a~2-2%*I \
‘ *xax (x+I/a))~(1/2)) ‘

outpu
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.16

e3t arctan(az)
[

74
_ 52a%z" +52ia’2® — 33 (—ia'z* + a®2®)log (—az + Va2z? + 1+ 1) — 33 (ia’z" — a®2®) log (—az + v
B 6 (az* + i z3)
inputLintegrate((1+I*a*x)“3/(a"2*x"2+1)“(3/2)/x“4,x, algorithm="fricas") J

‘1/6*(52*a‘4*x“4 + 52%Ixa~3%x"3 - 33x(-I*a"4*x"4 + a~3*x"3)*log(-a*x + sqrt

output
‘(a‘2*x‘2 + 1) + 1) - 33x(Ixa"4*x"4 - a~3*x"3)*log(-a*x + sqrt(a”2*x"2 + 1)
|- 1) + (52%a”3%x™3 + 19xI*a"2xx"2 + Txaxx - 2+I)*sqrt(a™2%x"2 + 1))/(axx"
4 + I¥x"3) |
Sympy [F]
/ e3t arctan(az) J ‘ ( i p
—dr = — Z
x4 a?zbva?x?2 + 1+ z*va2z?2 + 1
3ax
+ - dx
a?z%va?x2 + 1+ z*vVa2z2 + 1
az?
+ dx
a?zbva?x2 + 1+ z*Va2z2 + 1
+/( 3ia’z? )d)
— x
0,21,'61 /0,21,'2 + 1 + 1'4‘ /a2x2 + 1
inputLintegrate((1+I*a*x)**3/(a**2*x**2+1)**(3/2)/x**4,x) J
output -Ix(Integral (I/ (ax*2*x**6xsqrt (ax*2+x**2 + 1) + xk*xdxsqrt(ax*2xx**2 + 1)),

x) + Integral (-3*a*x/(a**2xx*x6xsqrt (a**x2xx**x2 + 1) + xkx4ksqrt (a**2kx**x2
+ 1)), x) + Integral(ax*3*x**3/(a*x*2*xk*6*xsqrt (ax*2kxx*2 + 1) + x**x4dxsqrt
(a*x2xx*x2 + 1)), x) + Integral (-3xI*a**x2*x**2/ (a**2xx*x6*xsqrt (a**x2*x**2 +
1) + xxx4*sqrt(a**x2*xx*x*2 + 1)), x))
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.83

/ g3t arctan(az) p 26 atx 4 11. 3 nh ( 1 ) 11 a®
- dx=—"" 4+ “—jaParsin —
74 3vVa@2+1 2 a|z| 2va?x? +1
13a? 3ia 1

+ —_ —_
3va2z2+ 1z 2+a?z?2 +1x2  3+va?z?2 + 1x3

input Lintegrate ((1+Ixa*x)~3/(a~2%x~2+1)~(3/2)/x~4,x, algorithm="maxima")

‘26/3*a”4*x/sqrt(a“2*x”2 + 1) + 11/2%Ixa"3%arcsinh(1/(a*abs(x))) - 11/2xI*a
‘“3/sqrt(a“2*x“2 + 1) + 13/3%a"2/(sqrt(a"2*x"2 + 1)#*x) - 3/2xIxa/(sqrt(a”2%*
‘x‘2 + 1)*x72) - 1/3/(sqrt(a™2*x"2 + 1)*x73)

output

Giac [F]
/e3iarct:n(ax) i / (iaz + 1)33 N
T (a2x2 +1)2 4
input Lintegrate((lﬂ*a*x) ~3/(a"2%x"2+1)~(3/2)/x"4,x, algorithm="giac") J
output‘\undef

Mupad [B] (verification not implemented)

Time = 22.60 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.97

4 v 2 3z3 212

+14(12\/(12302+1+ 4a*Va2x2+1
3z (x\/(?-l—‘/f“) Ja?

/ giarctan(az) o — 11a®atan(va?z?+11i) +Va2z2+1 ava222+13i




CHAPTER 3. LISTING OF INTEGRALS 401

input‘int((a*x*li + 1)°3/(x"4*(a~2*%x~2 + 1)°(3/2)),%)

output‘(11*a“3*atan((a‘2*x‘2 + 1)7(1/2)%11)) /2 - (a™2*%x”2 + 1)7(1/2)/(3*x~3) - (a
*¥(am2¢x72 + 1)7(1/2)%31)/(2%x72) + (14%a~2%(a™2%x™2 + 1)7(1/2))/(3*x) + (4 |
\*a‘4*(a‘2*x‘2 + 1)7(1/2))/((((@"2) " (1/2)*1i) /a + x*(a”2)~(1/2))*(a"2)~(1/2 \
» |

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.79

e3i arctan(az)
R
T

_ 52va2x? + Ta'z* — 33va%2? + 1a%i 2 + 26v/a2a? + 1a®2? — 9va%2? + 1 aiz — 2v/a?x? 4+ 1 — 33 log(

input | 10t ((1+T*axx) "3/ (a~2%x"2+1)"(3/2) /%74, %)

(52xsqrt (a*x*2xx**2 + 1)*a*xd*x*x4d — 33*sqrt(ak*2kx**2 + 1)*kax*k3kixx**3 + 2
6xsqrt (a*x*2*x**2 + 1)*kax*x2*x*k*2 — Oksqrt(ax*2xx**2 + 1)*axi*x - 2*sqrt(a**
2xx*x*2 + 1) - 33xlog(sqrt(a**2kx**2 + 1) + a*x - 1)*a**bxixx**5 - 33xlog(s
qrt (a**x2*x**2 + 1) + axx — 1)*a**3*ikx**3 + 33*xLlog(sqrt(a**2*x**2 + 1) + a
*x + 1)*a*xxb*ikx**5 + 33*Llog(sqrt(a**2*x**2 + 1) + axx + 1)*a**x3*ikx**3 -

B52xa*xk5xxkk5 — B52%a*x*x3kx*x*3) / (6kx*x*x3k (a*x*2xx**2 + 1))

output




output

input

output
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3.42 f el arctan(ax) 3 dr

Optimal result . . . . . . . . . . . . e 402
Mathematica [A] (verified) . . . . . . . . . ... o 1021
Rubi [A] (verified) . . . .. . . ... .. 03
Maple [A] (verified) . . . . . . ... L 404
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 404
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 405
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4051
Giac [A] (verification not implemented) . . . . . . ... ... ... 406
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 406
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 400

Optimal result

Integrand size = 14, antiderivative size = 65

12iz  4z? 46z’

/e4i arctan(az)$3 dr = - - 4

ad a? 3a

$4

4

45

a(i + ax)

16log(z +
+ og(i + ax)

at

L12*I*x/a"3—4*x‘2/a“2—4/3*I*x“3/a+1/4*x"4+4*I/a‘4/ (I+a*x)+16*1n(I+a*x)/a~4

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00

: 12z 42®  4iz?
4iarctan(az) .3 dr =
/ ¢ Tar a’ a? 3a

1'4

4

43

a*(i + ax)

16 log(z +
+ og(i + ax)

at

LIntegrate [E~ ((4*I)*ArcTan[a*x])*x"~3,x]

‘((12*I)*x)/a”3 - (4xx72)/a”2 - (((4*I)/3)*x"3)/a + x"4/4 + (4xI)/(a"4*(I +

‘ axx)) + (16xLog[I + axx])/a"4

J
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w3e4iarctan(aw) dz
| 5585
3 1 : 2
/ x°( —i-.zaa:) i
(1 —iax)?
| 99
/ 16 4i +g_8ﬁ_4ix2+x3 o
ad(ax +1) ad(ax+14)2 a3 a? a
| 2009
4i N 16 log(az + 1) N 12iz  42®  4ic® ot
a*(azx + 1) at a3 a? 3a 4
input LInt [E~((4*I)*ArcTan [a*x])*x"3,x] J

Output\{((iz*I)*x)/a‘S - (4%xx~2)/a"2 - (((4%I)/3)*x"3)/a + x~4/4 + (4*I)/(a~4x(I +
L a*x)) + (16*Logl[I + a*x])/a"4

~

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
‘)"(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*(e + f*x)“p, x], ‘
‘ x] /; FreeQ[{a, b, c, 4, e, f, p}, x] && IntegersQ[m, n] && (IntegerQ[pl | ‘
| (GtQln, 0] & GeQln, -11)) )

rule 99

rule 2009“111: [u_, x_Symbol]l :> Simp[IntSum[u, x1, x] /; SumQ[u] J




CHAPTER 3.

LISTING OF INTEGRALS 404

hule 5585 Int[E"(ArcTan[(a_.)*(x)1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.03

method result
1.3.4,4:2.3 2 . 4(—_ i 4ln(azti)
—za°x*+3ia°z+4a z —12ix
default —— 3 — < a(amﬂ)as s )
. 4 3 2 ; i 81n(a2z2+1) 167 arctan(ax)
T 4ix 4x 12iz 4 ¢ arctan(ax
risch 4 3a a? + ad + a*(az+1) + a* a*
. —32%a54-16ix°a® +45a% x4 —128ia% 23 —192a? In(az+i) x> +96a2 2% —192iax—192 In(az+1)
parallelrisch | — 12a% (a2 +1)
5 5
. z(aZ) 2 (10a2z2+15) 3(&2) 2 arctan(ax) 2242 (3a2a:2+6) .
o232 2.2 2 5a4(a2x2+1) - aB 3| — 93+ —2ln(a2z2+1) 2i
11 _a2w2+1+ln(a z +1) 3a4x4+3
meljerg 54 —+ pEY/= — —1 o

input

Lint ((1+I*xaxx)~4/(a"2#x"2+1) "2*x~3,x,method=_RETURNVERBOSE)

-

output
*1n(I+a*x))

‘—1/a“3*(—1/4*a‘3*x“4+4/3*I*a‘2*x“3+4*a*x“2—12*I*x)—4/a“3*(—I/a/(I+a*x)-4/a

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.08

/ 642 arctan(az) 373 dr

_ 3ad°s® —13ia's! — 320°0® 4 96i aa® — 144 ax + 192 (azw 4 1) log (22H) + 484

12 (abz 4 ia*)

input

Lintegrate((1+I*a*x)*4/(a“2*x‘2+1)*2*x‘3,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 405

‘1/12*(3*a“5*x”5 - 13*xI*a"4*x"4 - 32%a"3*x"3 + 96*I*a”~2%xx"2 - 144x*xaxx + 192

output
L*(a*x + I)*log((a*x + I)/a) + 48+I)/(a~B*x + I*a~4)

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.86

44 dizd  4x? N 12iz N 161log (az + 1)
a’z + ia* 3a a? a3 at

. .'L'4
/e4zarctan(ax)x3 dr = Z +

inputLintegrate((1+I*a*x)**4/(a**2*x**2+1)**2*X**3’X)

t‘x**4/4 + 4%I/(a**5*xx + I*a*x*4) - 4xI*xx*x*3/(3%a) — 4*x**x2/a*x*2 + 12%I*x/a**

outpu
'3 + 16%log(a*x + I)/a**4

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.18

/e4iarctan(aw)w3 g A (—iazx —1) 3a3z* —16ia%c® — 48 az® + 144izx
abx? + at 1203
167 arctan (az) = 8 log (a®z? + 1)
o 4 + 4
a a

input Lintegrate ((1+I*axx)~4/(a"2*x"2+1)"2*%x"3,x, algorithm="maxima")

-4x(-I*a*x - 1)/(a"6*x"2 + a~4) + 1/12%(3*a"3*x"4 - 16%xI*a~2*%x"3 - 48*xa*x”

output‘
2 + 144%I*x)/a"3 - 16xI*arctan(a*x)/a"4 + 8*log(a™2*x"2 + 1)/a"4
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.92

/641' arctan(am)z3 dx
16 log (ax + 1) 43 3abz* — 16ia"z3 — 48 a2? + 144i a°x
N at (az + i)a 12 a8
input Lintegrate ((1+I*a*x)~4/(a~2*x"2+1)"2%x~3,x, algorithm="giac") J

N

)
(16%log(axx + I)/a~4 + 4xI/((axx + I)*a”4) + 1/12%(3%a"8%x"4 - 16%I*a~7*x"3 |

output
L - 48%a~6%x~2 + 144%I*a~5%x)/a~8 J

Mupad [B] (verification not implemented)

Time = 22.70 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.92

at 4 a? = a (z+ D) ad 3a

. 16In(z+ 4 4 42 4i 12i 344
/e4zarctan(az)w3 dr = ( a) + i . T n 1 T 1_ I 4l

s

Lint((x‘3*(a*x*1i + 1)74)/(a"2*%x"2 + 1)72,%)

~—

input

. 41/(a"5x(x + 1i/a)) + (16¥log(x + 1i/a))/a™4 + (x¥121)/a™3 + x™4/4 - (x"3%

outpu
L4i)/(3*a) - (4%x~2)/a~2 J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.75

641 arctan(az) 123 dr

_ —192atan(ax) a*i 2 — 192atan(ax) i + 96log(a’z?® + 1) a®z? + 96log(a’x? + 1) + 3a’2® — 16a°i 2 — -
B 12a* (a?22 4+ 1)




input

output
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‘int((1+I*a*x)”4/(a“2*x“2+1)”2*x“3,x)

‘( - 192*atan(a*x)*a**2xi*x**2 - 192*atan(a*x)*i + 96*log(ax*2xx**2 + 1)*ax
‘*2*x**2 + 96%log(a**2xx**2 + 1) + 3xax*G*kx**x6 — 16%a*x*k5*xi*x**5 — 4b5*a*x4*x
‘**4 + 128%a**x3kxikx*k*k3 — OB6*a**kx*x*2 + 192%a*i*x)/(12%ax*4* (a*x*2*xx**x2 + 1)

)




output

input

output
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3.43 f el arctan(azx) 72 dr

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 14, antiderivative size = 53

. 8z 2iz? P
641 arctan(am)mﬂ dr = - = —
a a 3

4

12ilog(i + azx)

a3(i + ax)

a3

L—S*x/a“2—2*I*x‘2/a+1/3*x‘3—4/a‘3/(I+a*x)+12*I*1n(I+a*x)/a“3

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00

. 8 21
/e4zarctan(am)$2 dr = __.'L' _ ﬁ + % —

4

12ilog(i + azx)

a3(i + ax)

a3

LIntegrate[E*((4*I)*ArcTan[a*x])*x*2,x]

(-8%x)/a"2 - ((2+xI)*x"2)/a + x°3/3 - 4/(a"3%(I + a*x)) + ((12+xD)*Logll + a
#x])/a"3
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Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w2e4z arctan(ax) dx

l'5585

2 L2
/x (1 —}-.zaa:) de
(1 —iax)?

| 99
[ N ST
a’(ax +1) a?(ax+14)? a®> a
| 2009

4 12 1log(ax + ¢ 8x 2ix? 13
. 12ilog( ) 8 2" 27

ad(azx +1) a3 a? a 3

input ‘ Int [E~((4*I)*ArcTan[a*x])*x"2,x] ‘

(-8%x)/a™2 - ((2¥D)*x"2)/a + x°3/3 - 4/(a"3x(I + a*x)) + ((12+D)*Log[I + a

output
*x])/a"3

Defintions of rubi rules used

e B

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
‘)"(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*(e + f*x)“p, x], ‘
‘ x] /; FreeQ[{a, b, c, 4, e, f, p}, x] && IntegersQ[m, n] && (IntegerQ[pl | ‘
| (GtQln, 0] & GeQln, -11)) )

rule 99

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa

*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2]

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.09

method result
8 123 2% 2 _ 4 i 12:In(az+1i)
default - :2+ T 4 _alestd O
. 8 23 %2 4 6iln(a?z2+1) 12 arctan(az)
risch T aZ + 3 Ta  d3(azti) + a3 + a3
. ab2%—6ia*z*436i In(az+i)z2a®—23a3 2% —18ia%22+36i In(ax+i) —36ax
parallelrisch 3a%(a%221T)
3 3 23 (100222 2)3
Z(CLQ)Q (a2)j arctan(az) 3 :v(a ) (10a x +15) _3(0. ) arctan(azx) )
' RUCDNN 24~ 85 Hn(ata" ) ot (a2271) s 2
meljerg 2a? Va2 + 2 - 2VaZ -
input Lint ((1+I*axx)~4/(a"2*x"2+1) "2*x"2,x,method=_RETURNVERBOSE) J
output L—l/a“z* (8%x-1/3%a~2xx~3+2*I*axx"2)+4/a"2x(-1/a/ (I+a*x) +3*I*1n (I+a*x)/a) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.17

/ 4i arctan(az) 2 a*z* — 5ia’z® — 18 a’z? — 24i az — 36 (—iaz + 1) log (%) — 12
e o dr= : a

3(a*z +iad)
input Lintegrate ((1+Ixaxx)~4/(a"2*x"2+1) "2*%x"2,x, algorithm="fricas ) J

output

‘1/3*(a‘4*x‘4 - B*Ixa~3*x"3 - 18%a”2xx"2 - 24*I*axx - 36x(-I*a*x + 1)*log((
‘a*x + I)/a) - 12)/(a”4*x + I*a"3) |




CHAPTER 3. LISTING OF INTEGRALS 411

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.83

4iarctan(az) .2 dr = IE_3 i 4 . 22552 _ 8_.'15 127 lOg (CLLE + ’L)
e x®dr = i — =+ -
3 a‘T+ia a a a
inputLintegrate((1+I*a*x)**4/(a**2*x**2+1)**2*x**2,x) J
output‘x**'?’/s - 4/(a*x*4xx + Ikaxx3) - 2xIxx**2/a - 8*x/a**2 + 12%Ixlog(a*x + I)/a ‘

‘ *%3 ‘

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.26

a’z? + a? 3a?
12 arctan 67 1 222 4+1
+ : (ax) , Gilog (a3w +1)
a a

/ pliarctan(az) 2 g, _ _4(az —1) a’z3 —6iax? —24x

inputLintegrate((1+I*a*x)*4/(a“2*x‘2+1)*2*x“2,x, algorithm="maxima") J

output‘ -4x(axx - I)/(a"5%x~2 + a~3) + 1/3%(a"2%x"~3 - 6xI*a*xx~2 - 24*x)/a"2 + 12%a ‘
‘rctan(a*x)/a“B + 6%Ixlog(a™2%x"2 + 1)/a"3

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.96

4iarctan(az) .2 _ 12 log (G,CL' + 7’) 4 abz3 — 6ia’z? — 24 a'x
e i dr = — — +

a? (azx +i)a® 3ab
inputkintegrate((1+I*a*x)‘4/(a‘2*x*2+1)*2*x*2,x’ algorithm="giac") J
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‘12*I*log(a*x + I)/a”3 - 4/((a*x + I)*a"3) + 1/3%(a"6%x"3 - 6xI*xa~5xx"2 - 2

Output‘4*a"4*x)/a"6 ‘

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.96

/e4iarcta,n(ax)x2 dr = 117_3 + In (33 + %) 12i _ 8_;1; _ 4 L .'132 2
3 a’ a? ot (z+ 1) a
input Lint((x‘Q*(a*x*ii + 1)74)/(a™2*x"2 + 1)°2,%) J

(log(x + 1i/a)*12i)/a"3 - 4/(a"4*(x + 1i/a)) - (8%x)/a"2 + x"3/3 - (x"2%2i

ou‘cpu‘c‘)/a ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.96

/e4z arctan(aw)xQ dr

_ 36atan(azx) a’z® + 36atan(ax) + 18log(a®z? + 1) a%i x? + 18log(a’z? + 1) i + a’z° — 6a’i z* — 23a’z?
B 3a® (a?z? + 1)

-

e—

inputlint((1+l*a*x) 4/ (a~2%x~2+1) ~2%x"2,x)

‘ (36*atan(a*x)*a**2xx**2 + 36*atan(a*xx) + 18*log(a**2*x**2 + 1)ka*k2kikx**2 \
|+ 18%log(a**2kxxx2 + 1)%i + axkBkxxxb — Grakkdkixxs*d - 23kark3*x*3 - 18
L*a**Q*i*x**Q - 36*axx)/(3*kaxx3* (ax*2*x**2 + 1)) J

output
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3.44 f el arctan(azx) T dx

Optimal result . . . . . . . . . . .. . . . e 413
Mathematica [A] (verified) . . . . . . . . . ... o 4T3l
Rubi [A] (verified) . . . .. . . ... .. 414
Maple [A] (verified) . . . . . . ... L AT15
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 415
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 416
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT6l
Giac [A] (verification not implemented) . . . . . . ... ... ... 416
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 417
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 417
Optimal result
Integrand size = 12, antiderivative size = 45
/e4iarctan(az)xdw _ _4£ 4+ 1'_2 _ 4 _ 810g(Z + am)
a 2 a?(i+ ax) a?
output L—4*I*x/a+1/2*x‘2—4*I/a’“2/ (I+a*x)-8*1n(I+a*xx)/a"2 J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00

' div o 4 Slog(i+az)
4i arctan(az) dr = — 2% - B
/6 T dx . +2 a2(i + az) s
input LIntegrate [E~((4%I)*ArcTan [a*x])*x,x] J

output‘ ((-4xI)*x)/a + x°2/2 - (4xI)/(a~2x(I + a*x)) - (8*Logl[I + axx])/a"2 |
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ .'17641 arctan(az) dr

l'5585

z(1 + iaz)?
(1 —iax)?

| 86

J(catmisi s — o +o)do
alax +1) alar+1i)2 a

| 2009
4 _810g(ax+i)_@+xj
a?(azx +1) a? a 2

input ‘ Int [E~((4*I)*ArcTan[a*x])*x,x]

outputt((“l*l)*x)/a + x72/2 - (4%I)/(a~2%(I + a*x)) - (8*LoglI + a*x])/a~2

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))*((c_) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p_
.), x_] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (1GtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] |l (GeQ[n + p + 2, 0] && RationalQ[a, b, c, d, e, £1))))

rule 86

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.11

method result
g, ?i4ig A Bn(azti)
default — 2az+ 2z 4 A —
: z? 4i 44 41n(a?x?+1) 8iarctan(az)
risch T T T @ T @
. —a*z*48ia®2% 4160 In(az+i)a? —9a?z?+16iax+16 In(az+i
parallelrisch | — =2 %=z ¥00 n(;;z(;)zizﬂl; Z 162 +16 n(awt4)
. a:(az)% (az)%arctan(aa:) i z(a2)%(10a222+15) 3(17.2)g
BRECEN o 3(— 288 +in(a?2?+1)) M\ )
meijerg @ 4 _ 25211 .
2070742 ava? 22 T
input Liﬂt ((1+I*a*x)~4/(a~2%x~2+1) ~2%x,x,method=_RETURNVERBOSE) J
output L—l/a* (-1/2%axx"2+4*I*x)+4/ax(-I/a/ (I+a*x)-2/a*x1n(I+a*x)) J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.18

/e4iarctan(m)m o — adz® — Tia’z® + 8az — 16 (az + 1) log (%) — 8
2 (a®z +ia?)

input Lintegrate ((1+I*ax*xx)~4/(a"2*%x"2+1) "2*x,x, algorithm="fricas ) J

‘1/2*(a‘3*x‘3 - T*Ixa"2%x"2 + 8%axx - 16x(a*x + I)*log((a*x + I)/a) - 8*I)/ \

Output‘ (a~3*x + I*a~2) ‘
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Sympy [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.80

/642' arcta,n(ax)x dr = .’172 4q : dix 8 ]'Og (aa: + Z)
2 a3z + ia? a a2

inputLintegrate((1+I*a*x)**4/(a**2*x**2+1)**Q*X,X)

output LX**2/2 - 4xI/(ax*3%x + Ixax*2) - 4xI*x/a - 8xlog(axx + I)/ax*x2

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.33

/e“arcmn(“‘”)m dp — _4(iaz+1)  az®-8iz + 8i arctan (ax) 4 log (a*z® +1)
atz? + a? 2a a2 a2

input‘integrate((1+I*a*x)“4/(a“2*x”2+1)”2*x,x, algorithm="maxima")

‘—4*(I*a*x + 1)/(a"4*xx"2 + a~2) + 1/2*(a*x"2 - 8xI*x)/a + 8*I*arctan(a*x)/a

output
72 - 4xlog(a"24x"2 + 1)/a™2

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.96

/e4iarctan(az)xdx — _8 log (CMI7 + 7/) + a*z? — 8iadx _ 43
a? 2a* (az + i)a?

e

inputLintegrate((1+I*a*x)‘4/(a‘2*x‘2+1)*2*x,x, algorithm="giac")

~—

output L-S*log(a*x + I)/a"2 + 1/2x(a~4*x"2 - 8xI*a~3*x)/a~4 - 4xI/((a*x + I)*a~2)

J
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.96

. 2 8ln(z+1Y) 4 T 4i
4i arctan(ax) — .’E_ _ a
/ € zde 2 a? a3 (x + %) a

input‘ int ((xx(a*x*x1i + 1)74)/(a"2*x"2 + 1)72,x) ‘

output LX“2/2 - (8*log(x + 1i/a))/a™2 - (x*4i)/a - 4i/(a"3*(x + 1i/a)) J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 96, normalized size of antiderivative = 2.13

/ 641 arctan(az)w dr

_ 16atan(ax) a*i z* + 16atan(azx) i — 8log(a’z? + 1) a®z? — 8log(a’z? + 1) + a’z* — 8a’iz® + 9a’2? — 1
B 2a2 (ax% + 1)

input tint ((1+I*axx)~4/(a~2%x~2+1) ~2%x,x) J

e N
output‘ (16%atan(axx)*ax*2*ixx++2 + 16xatan(axx)*i - 8xlog(ax*2xx+*2 + 1)*akk2kxsk |
‘2 - 8xlog(ax*x2xx**2 + 1) + akkdkxkkd — Skakk3kikxkk3 + Okakkkx**2 — 16%ax* ‘
Li*x)/(z*a**z*(a**z*x**z + 1)) J




-
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3.45 f el arctan(azx) dr

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 10, antiderivative size = 31

_ 4ilog(i + ax)

‘ 4
/e4zarctan(am) de =z +

a(i + ax)

a

418
413
419
42()
420

422
422

output LX+4/a/ (I+a*x)-4*xI*1n(I+a*xx)/a

input

-/

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.35

; 2.2
/e4iamtan(m) Az — 7+ 4 _ 4arctan(az)  2ilog (1 +a’z?)

a(i + ax)

a

a

LIntegrate[E“((4*I)*ArcTan[a*x]),x]

outputt

x + 4/(ax(I + a*x)) - (4*ArcTan[a*x])/a - ((2xI)*Log[l + a~2*x~2])/a
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5584, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/e4zarctan(aw) dz

l 5584
/(1 +i(w)2dm

(1 —iax)?
| 49
4

43
/<_afc—|—i  (azx +1)? +1> do

l 2009

4 4 .
4 log(az + 1) i
a(ax + 1) a

inputLInt[E‘((4*I)*ArcTan[a*X]),x] J

\x + 4/(ax(I + axx)) - ((4*I)*LoglI + a*x])/a

output

Defintions of rubi rules used

ruk349‘Int[((a_-) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*xx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] ‘
\&&Imqm,O]&&IQOn+n+2,01

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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ule 5584 Imt [E™(ArcTan[(a_.)*(x)I*(n_.)), x_Symbol]l :> Int[(1 - Txaxx)"(I*(n/2))/(1
‘ + Ixaxx)~(I*(n/2)), x] /; FreeQ[{a, n}, x] & !'IntegerQ[(I*n - 1)/2] ‘

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

method result
zln(az+z)
default T — 4a< - (azﬂ) + >
i 2i1n(a’z+1) 4arctan(az)
risch T+ - (axﬂ) . _ 2
s 4 I -+ — 3_4 2 2+4 1 +i)—5
parallelrisch iIn(az+i)z*a? ‘1(2%2111 )ﬂ; iIn(az+i)—5ax
3 3
T(G'Q) 2 (a2) 2 arctan(ax) w(az
3| — + a(a’
. 2(213\/2:2+\/7arctan(az) N diaz® a2(a212+1) 3 B 21.(_%%2“4_111(012%2-{—1)) -
meljerg o7 e = '
input Lint ((1+I*a*x)~4/(a"~2*%x~2+1) "2,x,method=_RETURNVERBOSE) J
output LX_‘L*a* (-1/a"2/ (I+a*x)+I/a"~2*1n(I+a*x)) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.39

/64iarctan(ax) de — a'2$2 + iar — 4 (Z ar — 1) lOg (ax-l—z) + 4
a’x +ia

input Lintegrate ((1+Ixaxx)~4/(a~2%x"2+1)"2,x, algorithm="fricas") J

outputk(a‘Z*x? + Ikaxx - 4*%(I*axx - 1)xlog((a*x + I)/a) + 4)/(a"2*x + Ixa) J
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Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.71

/e4iarctan(ax) dr =z + ; 4 _ 43 lOg (ax + Z)
a“r +1a a
inputkintegrate((1+I*a*x)**4/(a**2*x**2+1)**2,x) J

§
Lx + 4/(ax*2xx + I*a) - 4xIxlog(a*x + I)/a

-/

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.42

4(axz —i) 4 arctan (ax) 2i log(a®z® 4 1)
a3z’ +a a a

/e4iarctan(am) de =z +

input Lintegrate ((1+I*axx)~4/(a"2*x"2+1)"2,x, algorithm="maxima") J

-

Lx + 4x(axx - I)/(a"3*%x"2 + a) - 4*arctan(axx)/a - 2*Ixlog(a"2*x"2 + 1)/a

| —

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

/e4iarctan(ax) dr — o — 49 log (aa: + Z) 4 .
a (az +i)a
input Lintegrate ((1+I%a*x)~4/(a~2%x~2+1)"2,x, algorithm="giac") J
output LX - 4xIxlog(a*x + I)/a + 4/((a*x + I)*a) J




CHAPTER 3. LISTING OF INTEGRALS 422

Mupad [B] (verification not implemented)

Time = 22.72 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.03

/e4iarctan(ax) dr =2 + 4 _ In (.’,C + %) 4i
a? (z+ 1) a

a

inputtint((a*x*ii + 1)°4/(a~2%x~2 + 1)°2,%) J

output Lx + 4/(a™2x(x + 1i/a)) - (log(x + 1i/a)*4i)/a J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 86, normalized size of antiderivative = 2.77

/e4i arctan(azx) dx
—4atan(az) a®z? — 4atan(az) — 2log(a’z? + 1) a®i x* — 2log(ax?® + 1) i + a®z® + 4a%i 2* + bax
B a(a?z?+1)
input tint ((1+Ixa*x)~4/(a~2%x"2+1)"2,x) J

p
\( - 4xatan(a*x)*a**x2*x*x2 — 4*xatan(axx) - 2%log(ax*2xx**2 + 1)*a*x2*ikx**2
‘ - 2xlog(ax*2*kx**2 + 1)*i + a*x3*x**x3 + 4xax*k2xixx**2 + bkaxx)/(ak(a*x2*x*
*2 + 1))

output

\‘
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4j arctan(azx)
3.46 IE dx
T

Optimal result . . . . . . . . . . . . e 423
Mathematica [A] (verified) . . . . . . . . . ... o o 23]
Rubi [A] (verified) . . . .. . ... .. 427
Maple [A] (verified) . . . . . . ... 425
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 425
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 426
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 426]
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L. 426
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 427
Reduce [B] (verification not implemented) . . . ... ... ... ......... 427

Optimal result

Integrand size = 14, antiderivative size = 16

el arctan(az)
[

T 1+ ax

-

output

L4*1/ (I+a*x)+1n(x)

-/

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

e4i arctan(az)
/ T g =

T 1+ ax

43

+ log(z)

input k

Integrate [E~ ((4*I)*ArcTan[a*x]) /x,x]

-

output L

(4*I)/(I + a*x) + Logl[x]

-/
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

43 arctan(azx)
/ e
T
| 5585
(1 +iax)?
z(1 — iax)?

| 99
[G-im)e
l'2009

43
ax +1

dz

log(z) +

Int [E~((4*I)*ArcTan[a*x])/x,x] J

e

L<4*1)/(1 + a*x) + Logl[x]

~—

Defintions of rubi rules used

e 99 IELCa_.) + (b_)*(x1))"@)*((e_) + (@)% (m)*((e_.) + (F_.)*(x.)

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ x] /; FreeQ[{a, b, c, d, e, £, p}, x] && IntegersQ[m, n] && (IntegerQ[p] |

‘)“(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) nx(e + f*x)7p, x], ‘
| (GtQIm, 0] & GeQ[n, -11))

e

~—  /
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

method result
4i
default wp tn(z)
. 4i
risch g tIn(=z)
—4a’z?+4i
norman o +1n(2)
. a? In(z)x?—4a?2z?+4iaz+In(z)
parallelrisch o
. o(2)F ()7
; zV a2 a? arctan(ax 21 — +
.. 14 In(a?) a2a? 2’“(2(2129{2:& ae )) 7a2a? C\ )
meijerg ;s tIn(e) + =5 — 53 Vot T @2 +D) Va2
input Lint ((1+I*a*x)~4/(a~2%x~2+1) "2/x,x,method=_RETURNVERBOSE) J
output L4*1/ (I+a*x)+1n(x) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ gliarctan(az) dp — (azx + 1) log (z) + 41
T ar + 1

input Lintegrate ((1+I*a*x)~4/(a~2*x"2+1)"2/x,x, algorithm="fricas") J

outputt((a*x + I)*log(x) + 4xI)/(a*x + I) J
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Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.62

e arctan(az) p |
/ T x—og(x)+am+i

input Lintegrate ((1+I*a*x) **4/ (ax*kx**x2+1) **2/x,X)

outputLlog(x) + 4%I/(a*x + I)

Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

[ gy 4G 1)

1
T a?z? +1 +log (z)

input‘integrate((1+I*a*x)“4/(a“2*x”2+1)“2/x,x, algorithm="maxima")

outputt—4*(-l*a*x - 1)/(@ 2*x"2 + 1) + log(x)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

e arctan(az) 4
/ z ’ azx + 1 +log (Jal)

input Lintegrate ((1+Ixaxx)~4/(a~2%x"2+1)"2/x,x, algorithm="giac")

output H*I/ (a*x + I) + log(abs(x))
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Mupad [B] (verification not implemented)

Time = 22.78 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

e arctan(az) 4i
dr=1
/ T z =ln(z) + ar—+ 1i

inputtint((a*x*li + 1)°4/(x*(a~2%x~2 + 1)72),%)

outputLlog(x) + 4i/(axx + 1i)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 37, normalized size of antiderivative = 2.31

/ e4iarctan(am) do — log(x) a2z 4 log(x) — 4q2 12 + daix
T N a?z? + 1

input ‘ int ((1+I*a*xx) ”4/ (a~2*xx~2+1) A2/X ,X)

outputt(log(x)*a**2*x**2 + log(x) - 4xa**k2%x**2 + 4dxakxi*x)/(ax*2xx**2 + 1)




output

input

output

-

L—l/x-4*a/ (I+a*x)+4*I*a*ln(x)-4*I*a*1ln (I+a*x)
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3.47 f gdiarctan(az) dr

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 14, antiderivative size = 38

4i arctan(az) 1 4
/ C dr=-—- Y} dia log(z) — 4ialog(i + ax)

x2 r i+ax

-/

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00

4i arctan(az) 1 4
/eT dp = —=— —— 4 4ialog(z) — 4ialog(i + azx)

r 1+ax

t

Integrate [E~ ((4*I)*ArcTan[a*x])/x"2,x]

[

-x"(-1) - (4*%a)/(I + a*x) + (4xI)*axLoglx] - (4*I)*axLogl[I + a*x]

-/




input L

output

rule 99‘Int[((a_.) + (b_)*(x))"(m )*((c_.) + (d_)*x))"(m)*((e_.) + (f_.)*(x_)

rule 2009

-
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

el arctan(az)
[

IQ
J,5585

(1 + iax)?
z2(1 — iax)?

| 99
/4—m2+ L S PP
ax+i (ax+1)? = 22

l 2009

dz

4a

ar +1

1
+ 4ialog(z) — 4ialog(ax + 7) — -

Int [E~((4*I)*ArcTan[a*x])/x"2,x]

-/

-

N

-x"(-1) - (4%a)/(I + a*x) + (4xI)*a*Logl[x] - (4xI)*a*xLogl[I + a*x]

Defintions of rubi rules used

)~(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) nx(e + f*x)"p, x],
x] /; FreeQ[{a, b, c, d, e, £, p}, x] && IntegersQ[m, n] && (IntegerQ[p] |
| (GtQ[m, 0] && GeQ[n, -11))

-

N

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]
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5 Int[E"(ArcTan[(a_.)*(x)1*(n_.))*(x)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

rule 558

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

method result
default —4a’ (a(a;+i) + “n((fﬂ)) — % + 4ialn ()
risch —(_a‘r;‘ﬁ;; — 4a arctan (azx) — 2ialn (a’z? + 1) + 4ialn (z)
parallelrisch 4" In(p)o” ~Mia’ In(ar o> _42222211;41@ In(z)z—4ialn(az+i)z—5a%z?
a2 (_ 2(311212 +2) __3aarctan(ax) > s
zv/a2 (24222 Va2 . a
meijerg C 2\2—3 + 2za<1 +2In(z) +1In(a?) — 222 — In (a®2? + 1)> o
input Lint ((1+Ixa*x)~4/(a~2%x"2+1)"2/x"2,x,method=_RETURNVERBOSE) J
output L—4*aﬁ2* (1/a/(I+a*x)+I*1n(I+a*x)/a)-1/x+4*I*a*1ln(x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.58

/ giarctan(az) p 5ax + 4 (—i a?z? + az)log (z) + 4 (i az? — az) log (%ﬂ) 4+
——dxr = —

z? ar?+izx
input Lintegrate ((1+Ixaxx)~4/(a"2*x"2+1)"2/x"2,x, algorithm="fricas ) J

—-(5xa*xx + 4*(-I*a™2%x"2 + a*x)*log(x) + 4*(I*a"2*x"2 - axx)*log((axx + I)/ ‘

output‘
a) + I)/(a*xx™2 + I*x) ‘
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Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

641' arctan(az) ) . . —daxr —1
/ — dr = 4a (z log (8a2x) —ilog (8a2:c + 82a)) + w4z

-

Lintegrate((1+I*a*x)**4/(a**2*x**2+1)**2/x**2,x)

L

input

Output‘4*a*(I*log(8*a**2*x) - Ixlog(8*a**2%x + 8%I%a)) + (-5kaxx - I)/(axx*¥2 + I ‘
= J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.39

e4i arctan(ax) 5 a2:172 —4iaz +1
—————dr=-4 t —2ial 202 +1) +4ial —
/ = x aarctan (az)—2i alog (a’z*+1) +4i alog (z) 213 + 1

-

Lintegrate ((1+I*a*x)~4/(a"2*%x"2+1)"2/x"2,x, algorithm="maxima")

-/

input

output‘ -4*xaxarctan(a*x) - 2xI*axlog(a™2*x~2 + 1) + 4*xIxaxlog(x) - (5*a~2*x"2 - 4% ‘
\I*a*x + 1)/(a"2*x"3 + x) ‘

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

4i arctan(az) 5 n
e ar+1
———dx = —4ialog(ax + 1) +4ialog (|x|) — ————
e g(az +1) + dialog (af) - ~ae L

input Lintegrate ((1+I%a*x)~4/(a~2%x"2+1)"2/x~2,x, algorithm="giac") J

output L—4*I*a*log(a*x + I) + 4xI*axlog(abs(x)) - (5xa*x + I)/(a*x"2 + I*x) J
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Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.97

4i arctan(ax) 51 4+ 1i

/erx = —8aatan(2az + 1i) — Wx—‘;‘
input Lint((a*x*ii + 1)74/(x"2%(a"2%x"2 + 1)7°2),%) J
output L‘ 8xakatan(2xa*x + 1i) - (5xx + 1i/a)/((x*1i)/a + x72) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.79

el arctan(ax)
S
T

—4atan(az) a3x® — 4atan(azx) ax — 2log(a’z? + 1) a®i x® — 2log(a’x? + 1) @iz + 4log(x) a®i z° + 4log
z (a?z? +1)

input ‘ int ((1+Ixa*x)~4/(a~2*%x"2+1)"2/x"2,%) ‘

‘ ( - 4xatan(a*x)*a**3*x**3 - 4*xatan(a*x)*a*xx - 2xLlog(a*x*2*x**2 + 1)*a**3*kix \
(xkx3 - 2¢log(akk2xx**2 + 1)kaxikx + 4xlog(x)*ax*3xi*x 3 + 4log(x)*axi*x |
‘— Lxa*x*x3xikx*k*k3 — Bkax*2kx**x2 — 1)/(x*k(a**x2*xx*x*2 + 1)) ‘

output




output

input

output
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47 arctan(az

3.48 [ g

Optimal result . . . . . . . . . . . . e 433
Mathematica [A] (verified) . . . . . . . . . ... o o 133]
Rubi [A] (verified) . . . .. . ... .. 434
Maple [A] (verified) . . . . . . ... 435
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 435
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 436
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4306l
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L. 436
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 437
Reduce [B] (verification not implemented) . . .. .. ... ... ... ...... 437

Optimal result

Integrand size = 14, antiderivative size = 52

e4i arctan(az) 1 41a 4’1:&2
3 212 T 1+ ax

8a®log(z) + 8a®log(i + ax)

-

L—1/2/x‘2—4*I*a/x—4*I*a"2/ (I+a*x)-8*a~2*1n(x)+8*a~2*1n(I+a*x)

-/

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00

642' arctan(az) 1 41a 4.?:@2
3 212 x 1+ ax

8a®log(z) + 8a®log(i + ax)

tIntegrate [E~ ((4*I)*ArcTan[a*x])/x"3,x]

\(—1/2*1/::‘2 - ((4*I)*a)/x - ((4xI)*a~2)/(I + axx) - 8+a~2xLog[x] + 8*a~2xLo \

Lg [I + a*x]

N

J




CHAPTER 3. LISTING OF INTEGRALS 434

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
4i arctan(az)
/ o
x
l 5585
/ (A +iaz)®
z3(1 — iax)?
l 99
/ 8a3 N 4ia3 —@+4£+i "
axr +1 (ax + 1)2 T $2 .’L'3
l 2009
4ia’ 2 2 . 4ia 1
i 8a”log(z) + 8a° log(az + i) — )
input LInt [E~ ((4*I)*ArcTan[a*x])/x"3,x] J

outpus "L/2¥1/x°2 = ((4xD#a)/x = ((4+D*a"2)/(I + axx) - 8*a"2#Loglx] + Bxa"2+lo
‘g[I + axx] ‘

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)

‘)"(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*(e + f*x)“p, x], ‘
‘ x] /; FreeQ[{a, b, c, 4, e, f, p}, x] && IntegersQ[m, n] && (IntegerQ[pl | ‘
| (GtQln, 0] & GeQln, -11)) )

rule 99

rule 2009“111: [u_, x_Symbol]l :> Simp[IntSum[u, x1, x] /; SumQ[u] J
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ule 5585 Int[E"(ArcTan[(a_.)*(x )1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.02

method result

default —4a3< L — ZIH(“”H)) — ok — % _8q%In (x)

a(az+1) a
—8ia’z%+ %ax— %7,
(az+i)z?

__16In(zx)z%a*—16In(az+i)ztat —9a*z?+16ia®s3+1+16a% In(x)z2 —16a? In(az+i)z2 +8iax
2(a2x2+1)z2

risch — 8a?In (z) — 8ia? arctan (azx) + 4a®In (a?z? + 1)

parallelrisch

2.2
2(3(1 :v +2) _ 3aarctan(az)

2 2 2ia3 | —
a? (—ﬁ—l—4ln(z)—21ﬂ(a2)+322az°2”+3+21n(a2z2+1)> " a < zvVa2 (2a2z2+2) Va2

2 Va2

meijerg ) — 3a? (1 + -

input Liﬂt ((1+I*a*x)~4/(a~2*x~2+1)~2/x"3,x,method=_RETURNVERBOSE) J

output L_4*3A3* (I/a/(I+a*x)-2/a*1n(I+a*x))-1/2/x"2-4*I*a/x-8%*a~2*1n(x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.48

el arctan(az)
[t

3
_ —16ia’z? + Tazx — 16 (a’z® + i a’z?) log (z) + 16 (a’z® + i a®z) log (eztt) — g
- 2 (azx3 +1ix?)

input Lintegrate ((1+I*a*x)~4/(a"2*%x"2+1)"2/x"3,x, algorithm="fricas") J

|1/2%(-16%I%a"2#x"2 + Txa*x - 16%(a~3+x"3 + Ixa"2+x"2)*log(x) + 16%(a"3%x"3

output
|+ Ixa"2#x"2)*log((a*x + I)/a) - I)/(a*x™3 + I*x"2) |
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Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.12

4i arctan(ax) —165a%z% + Tax — 1
e 1a°T axr — 1
—————dz = 8a*(—log (16a*z) + log (16a’z + 16ia?)) + _
I (1o (16a°) +log )+ 1 T

input Lintegrate ((1+Ixa*x)**4/ (ax*2kx**2+1) **2/x**3,%) J
Output‘8*a**2*(_10g(16*a**3*x) + log(16*a**3*x + 16%Ixa*x*2)) + (-16kIkax*k2xx**2 + \

‘ Tkakx — I)/(2xakx**3 + 2k[xxk*2) \

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.33
el arctan(az)
/ ————— dx = —8ia” arctan (az) + 4a®log (a’z” + 1)
x

—16ia323® — 9a%2? — 8iazx — 1

2
— 1
8a’log (z) + 2 (a2 + 27

-

input Lintegrate ((1+Ixa*x)~4/(a"~2%x~2+1)"2/x"3,x, algorithm="maxima")

-/

‘—8*1*a‘2*arctan(a*x) + 4%a~2xlog(a”2%x"2 + 1) - 8*%a~2xlog(x) + 1/2%(-16*I* \
a~3*x~3 - 9*ka~2*x"2 - 8kI*axx - 1)/(a"2*x"4 + x°2)

N J

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.88

géiarctan(az) , _ , 16 a?2? — Taz + i
/de=8a log (ax + 1) — 8a®log (|z]) — 2 (az )22

inputLintegrate((1+I*a*x)"4/(a“2*x”2+1)A2/x“3,x, algorithm="giac") J
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‘8*a“2*log(a*x + I) - 8xa"2*log(abs(x)) - 1/2%(16xI*a~2*x"2 - 7Txa*x + I)/((

output
La*x + I)*x"2) J

Mupad [B] (verification not implemented)

Time = 22.50 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

8az? 4 220 + ¢
z2 (=14 azli)

el arctan(ax)
/ ———dr = —a*atan(2az + 1i) 16i +
T

inputtint((a*x*li + 1)74/(x"3%(a~2%x"2 + 1)°2),x) J

‘((a*x*?i)/2 + 8%a"2%x"2 + 1/2)/(x72*(a*xx*1i - 1)) - a"2xatan(2ka*x + 1i)*1 \

output
6 |

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.35

el arctan(ax)
M
T

_ —16atan(azx) a’i z* — 16atan(az) a®i z* + 8log(a’z® + 1) a’z* + 8log(a®z? 4 1) a’z® — 16log(x) a’z* -

B 222 (a?22 4+ 1)

input ‘ int ((1+I*a*xx)~4/(a”2*x"2+1)"2/x"3,x) ‘

‘ ( - 16*atan(a*x)*a*x*4xi*xx**x4 — 16%atan(akx)*a*x*2xikx**2 + 8*log(a**2*x**2 \
‘+ 1) xax*4xx**4 + 8*log(a*x*2xx**2 + 1)*a*x2*x*x2 — 16%log(x)*ax*4*xx*x*4 — 16
‘*10g(x)*a**2*x**2 + Oxax*x4kxkkd — 16*a*xk3kikx**3 — 8Sxaxikxx — 1)/(2*x**2%(a
‘**2*x**2 + 1))

output




output

input

output
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4j arctan(azx)
3.49 [ &—F—dz
T

Optimal result . . . . . . . . . . . . e 438
Mathematica [A] (verified) . . . . . . . . . ... o o 138]
Rubi [A] (verified) . . . .. . ... .. 439
Maple [A] (verified) . . . . . . ... 440
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 4401
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 441]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 441l
Giac [A] (verification not implemented) . . . . . . .. ... .. ... L. 442
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 442
Reduce [B] (verification not implemented) . . . ... ... ... ......... 442

Optimal result

Integrand size = 14, antiderivative size = 62

do=—— — =24 ¢

el arctan(az) 1 %a 8a?2 4a3
x? 3z 2 Tz it+az

— 12ia® log(z) + 12ia® log(i + ax)

-

L—1/3/x"3—2*I*a/x’“2+8*a"2/x+4*a’“3/ (I+a*x)-12*%I*a~3*1n(x)+12*I*a”~3*1n(I+ax*x)

}

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00

/ e4i arctan(az) p 1 %a 8a2 4CL3
x4 33 x? x itaz

— 12ia®log(z) + 12ia® log(i + ax)

tIntegrate [E~ ((4*I)*ArcTan[a*x])/x"4,x]

(—1/3*1/x‘3 - ((2%I)*a)/x"2 + (8*a~2)/x + (4%a~3)/(I + a*x) - (12xI)*a~3*Lo

Lg[x] + (12¢I)*a~3*Log[I + a*x]

N

|
J
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Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5585, 99, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

e4iarctan(ax)
[

4
l 5585

(1 + iax)?
z4(1 — iax)?

| 99

/ 12ia* 4a* 12ia®  8a? N 4ia N 1 p
— - -t =+ = | dx
az+1i (ax+1)? z 2  x3

l 2009

403 2 o 1
aa:(:—i — 12ia3 log(x) + 12ia® log(ax + ) + 8% — g ~ 33

input LInt [E~ ((4*I)*ArcTan[a*x])/x"4,x] J

output‘ -1/3%1/x73 - ((2*I)*a)/x"2 + (8*%a~2)/x + (4%¥a~3)/(I + a*x) - (12*I)*a”3x*Lo ‘
‘g[x] + (12%I)*a"3xLog[I + axx] ‘

Defintions of rubi rules used

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)

‘)"(p_), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x) n*(e + f*x)“p, x], ‘
‘ x] /; FreeQ[{a, b, c, 4, e, f, p}, x] && IntegersQ[m, n] && (IntegerQ[pl | ‘
| (GtQln, 0] & GeQln, -11)) )

rule 99

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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hule 5585 Int[E"(ArcTan[(a_.)*(x)1*(n_.))*(x)~(m_.), x_Symbol] :> Int[x"mx((1 - Ixa
*+x)~(Ix(n/2))/(1 + Ixa*x)~(Ix(n/2))), x] /; FreeQ[{a, m, n}, x] & !Intege |
TQL(I*n - 1)/2] |

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.98

method result
default 4a* (a(az-ﬂ) + 3zln(am+z)> _ 3% —12a31n (IL') _ 2Lg + %
33 Q- T .
risch 12a7 Jr(i;lﬂ); =5 | 1243 arctan (az) + 6ia®In (a’z? + 1) — 12ia3 In (—2x)
parallelrisch __36iln(zx)x®a®—36i In(ax+i)z’a® —18iz a® +3giz‘z ;I;(j_via;zg—36ia3 In(az+4)x3+1—36a*z*—23a%x%+6iaz
o (_2( 15a4x4—10a o2+2) +5a3 arctag(az)>
23 (a2 a2z2 a2)2 .
meijerg os8 ()8 (22\/;) (=2) +2za3< —3—1—4In(z) —2In(a 2)+32§x§+3+2h

p
Lint ((1+I*axx)~4/(a"2%x"2+1)"2/x"4,x,method=_RETURNVERBOSE)

-/

input

. 4xa~4x(1/a/(I+axx)+3+I¥In(T+a*x)/a)-1/3/x"3-12+T*a"3+1n(x)-2+I*a/x"2+8%a"2

| J

Fricas [A] (verification not implemented)

outpu

Time = 0.07 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.39

el arctan(ax)
[t

!
_ 360°2® 4+ 18ia*® + 5 ax — 36 (i a'z* — a®z®) log () — 36 (—ia'z* + a®a®) log (4&H) — i
B 3 (az* + i 23)

input Lintegrate ((1+Ixa*x)~4/(a~2*%x"2+1)"2/x"4,x, algorithm="fricas") J
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‘1/3*(36*a“3*x"3 + 18%I*a~2%x"2 + bka*xx - 36x(I*a~4*x"4 - a~3*x"3)*log(x) - \

output
L 36%(-I*a~4*x"4 + a~3*x"3)*log((a*x + I)/a) - I)/(a*x~4 + I*x~3) J

Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.13

4iarctan(az)
/ eT dr = 1243 (—z' log (24a4x) + ilog (24a4x + 24ia3))

36a3z® + 18ia%x? + bax — i
3ax* + 3ix3

p
Lintegrate((1+I*a*x)**4/(a**2*x**2+1)**2/x**4,x)

~—

input

N

.
\12*a**3*(—I*log(24*a**4*x) + I*xlog(24*ax*4xx + 24xI*xa*x3)) + (36xax*3*xx**3 \

output
‘ + 18*%T*a**2*x**x2 + Bxaxx — I)/(3*ka*x**4 + 3xI*x**3) ‘

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.24

4iarctan(az)
/ 6—4 dz = 12 a® arctan (az) + 6i a® log (a’2* + 1) — 12i a®log ()
T

36az* — 18ial2® + 23a%2? — 6iar — 1
3 (a%z5 + 23)

input ‘ integrate ((1+I*a*x)~4/(a~2*x~2+1)"2/x"4,x, algorithm="maxima") ‘

output‘ 12+a”~3*arctan(a*x) + 6%I*a~3xlog(a~2*x"2 + 1) - 12*I*a~3*log(x) + 1/3*(36% ‘
‘a"4*x"4 - 18*I*a”~3*x"3 + 23*a”2*x"2 - 6*I*axx - 1)/(a”2*x"5 + x73) \
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.87

36a3z3 + 18ia’z® +5ax — i
3 (azx + 0)x®

4iarctan(az)
/ eT dzr = 12i a®log (az + i) — 12i a® log (|z|) +

inputLintegrate((1+I*a*x)‘4/(a‘2*x*2+1)*2/x*4’x, algorithm="giac") J

‘12*I*a‘3*10g(a*x + I) - 12xI*a~3%log(abs(x)) + 1/3%(36*a"3*x~3 + 18%I*a 2% \

output
‘x“2 + B*xaxx - I)/((axx + I)*x"3)

Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.89

4iarctan(az) S5z +12 a? 3 + ar?6i— i
/e—4dx:24a3atan(2ax+11)+ 2 YRAESET Sa
T T+
inputLint((a*x*li + 1)74/(x"4%(a"2%x"2 + 1)72),x) J

output‘24*a“3*atan(2*a*x + 1i) + ((5*x)/3 + a*x~2%6i - 1i/(3*%a) + 12*%a~2*x~3)/(x~
\4 + (x~3%1i)/a) ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.13

e4i arctan(az)
[eme,

o,
_ 36atan(az) a’z® + 36atan(ax) a*z® + 18log(a’z? + 1) a®ix® + 18log(a’z?® + 1) a’i 2® — 36log(z) a® =’
B 323 (a22% + 1)

input Lint ((1+4Ixaxx)~4/(a"2*x"2+1)"2/x"4,x) J




CHAPTER 3. LISTING OF INTEGRALS 443

Output‘(36*atan(a*x)*a**5*x**5 + 36*atan(a*x)*a**x3xx**x3 + 18xlog(a**2*x**2 + 1)*a
‘**5*i*x**5 + 18*log(a**2*x**2 + 1)*akx*3*ikxx*3 - 36%Log(x)*a*x5xi*x*k*5 - 3
‘6*log(x)*a**3*i*x**3 + 18%ax*5*xikx**5 + 36%akxkdkx*xkx4d + 23kax*k2kxk*k2 — Gkak
(ikx = 1)/ (BkxeA3x (akk2axxk2 + 1))




CHAPTER 3. LISTING OF INTEGRALS 444
3.50 f et arctan(az) 3 dr

Optimal result . . . . . . . . . . . . e 444
Mathematica [A] (verified) . . . . . . . . . ... o 444
Rubi [A] (verified) . . . .. . . ... .. 445
Maple [A] (verified) . . . . . . ... L 447
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 448
Sympy [F] . . o o 448
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 148]
Giac [F(-2)] . . .« o oo 449
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 449
Reduce [F] . . . o . o o 450

Optimal result

Integrand size = 14, antiderivative size = 105

—iarctan(az),.3 2v1+ a?x? 3ixv/1+ a’x? x2\/ 1+ a?x2
e z’dr = — + +
3a? 8a3 3a?
iz3v/1+a?x?  3iarcsinh(az)
4a 8at

output

p
‘ -2/3*%(a"2*x"2+1) "~ (1/2) /a~4+3/8*Ixx*(a~2%x"2+1) " (1/2) /a~3+1/3*x"2* (a~2%x" 2+
‘ 1)°(1/2)/a"2-1/4*I*x"3*(a~2*%x"2+1) " (1/2) /a-3/8*I*arcsinh(a*x)/a"4

\‘

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.53

/ p—iarctan(az) ;3 g _ V1 + a2x2(—16 + iaz + 8a’z? — 6ia®x3) — Yiarcsinh(ax)

24a4

input L

Integrate[x~3/E~ (I*ArcTan[a*x]) ,x]

outpu

t‘ (Sart[1 + a~2xx"2]*(-16 + (9*I)*a*x + 8*a 2xx"2 - (6*I)*a~3*x"3) - (9*I)*A \
'TcSinh[a*x])/(24%a"4)
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Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.19,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 4 766 Ryjjes
integrand size

used = {5583, 533, 25, 27, 533, 27, 533, 25, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m3e—zarctan(ax) dz

l 5583
z3(1 — iax) i
va?z? +1
l 533
2 (4ax+3i)
f a%l Az iz3y/a?a? + 1
4a2 4q

| 25

2(4ax+3
J “%@) Az ig3y/a22? + 1
4a? 4a
l 27
2(4az+3
J® (a;ferZ) izvVa2z2 + 1
4qa 4a
J,533
422va2z2+1 fa\x/fzmg;flc)d -3 2.2
32 - 302 _irtVatzt +1
4qa 4a
l 27
) — f m(829;aa:)d
4z \/gax +1 Y Va 3a+1 _ ix3va2x? +1
4a 4a
l 533

= a(lGax+9z)
AT T _ \/ 2 2+ _9izVa22241
et — 3a = iz3va222 + 1

4a 4qa




input

output

rule 25

rule 27

rule 222
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| 25

I a(16az+91) da

\/a2a€+1 _ 9izVa222+1
2a a

4x%va22241 _ 2 3. /2.2
3a 3a _w'Vatr +1
4a 4a
l 27
16ax+91 dz
4z2v/a222+1 a22:c2+1 — iz 32w2+1 3 2.9
_ a a .
3q 3a _ iVt +1
4qa 4a
l'455
16\/a2z2+1+9i[ 1 da
41'2 a2x2+1 a “ Va2z2+1 _9iz\/a2z2+l 3
% _ 2a 3. 2a T a2w2 + 1
4a 4a
l 992
2.2 ; i
VT 11, 0aresinhen) o oy
Vel T 2a ir3va2z2 + 1
4a 4a

LInt [x~3/E~ (I*ArcTan[a*x]),x]

‘ ((-1/4*I)*x"3*Sqrt[1 + a~2*x"2])/a + ((4*x~2xSqrt[1 + a~2*x"2])/(3*%a) - ((
‘ ((-9%I)/2)*x*Sqrt[1 + a~2*x"2])/a + ((16*%Sqrt[1 + a~2*x"2])/a + ((9*I)*Arc

‘ Sinh[a*x])/a)/(2*a))/(3*a))/(4*a)

Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQla, x] &&

[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, O] && PosQ[b]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
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Int[((c ) + (d_.)*(x_))*((al) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[dx*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x"2)7p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

rule 455

Int[(x_)"(m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[d*x"m*((a + b*x"2)~(p + 1)/(bx(m + 2*p + 2))), x] - Simp[1/(b*(m + 2%
P+ 2)) Intlx"(m - 1)*(a + b*x"2) p*Simp[a*d*m - b*xcx(m + 2*p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] &% Integer
Q[2*p]

rule 533

Int[E”(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - Ixax
x)"((I*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrtl[l + a~2*x~2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]

rule 5583

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.73

method | result
, (12"1}
sch i(6a323+8ia2a? —9az—16i)VaZz?41 O ln( NG +‘/m)
risc — o _ s =
a213
3 \/azz2+lz 1n<\/a2 +\/m)
aza: 2.2 ; w(a2w2+1)§ 2 + 2\/07
(\/a,2x2+1m+1n(\/a2 +m>) . ’ 4a2 - 4a2
2 2V a2 2 92
+1)2
default - 4 (o i )z _
. int (x73/ (1+I*a*x)*(a~2*x"2+1)~(1/2) ,x,method=_RETURNVERBOSE)
input
output \ -1/24xI* (6*a”~3*x"3+8xI*a”~2*%x"2-9*a*x—-16*I) * (a~2*xx"2+1) ~(1/2)/a~4-3/8%I/a"3 \

‘ *1n(a”~2*x/(a"2)~(1/2)+(a"2*xx~2+1)~(1/2))/(a~2)~(1/2) ‘
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.56

/ et arctan(aw)z3 dx

_ (—6id’s® 4+ 8a’2® + i ax — 16)va?z? + 1 + 9i log (—ax + va?a? + 1)
B 24.a*

inputLintegrate(x‘S/(HI*a*x)*(a“2*x"2+1)‘(1/2),x, algorithm="fricas") J

Output‘1/24*((—6*I*a*3*x‘3 + 8%a”2%x"2 + 9*I*axx — 16)*sqrt(a”2*x"2 + 1) + 9*Ixlo
‘g(—a*x + sqrt(a™2*x"2 + 1)))/a"4

Sympy [F]
/e—iarctan(am)m3 dr — —i/ x3m d
ar —1
tnput Lintegrate (x**%3/ (1+I*a*x) * (a**2*x**x2+1) ** (1/2) ,x) J
OutputL-I*Integral(x**s*sqrt(a**g*x**g + 1)/(a*x - I), %) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.72

3
. y 2,.2 1 5 5 3.5 1
/6—Zarctan(az) 34 i(a*z®+ 1)z iva2r? + 1z

4a3 8a?
N (a®z* + 1)% _ 3i arsinh (az)  Va?2? +1
3a* 8a* a*

inputLintegrate(x*S/(HI*a*x)*(a’“2*x“2+1)”(1/2),x, algorithm="maxima") J
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-1/4xIx(a"2%x72 + 1)7(3/2)*x/a"3 + 5/8xI*sqrt(a"2xx"2 + 1)*x/a"3 + 1/3x(a”

output
Lz*x*z + 1)~(3/2)/a~4 - 3/8+I*arcsinh(a*x)/a~4 - sqrt(a~2*x~2 + 1)/a"4 J

Giac [F(-2)]

Exception generated.

/ e~tarctan(az) ;3 14 — Exception raised: TypeError

inputtintegrate(x‘S/(HI*a*x)*(a"2*x"2+1)"(1/2),x, algorithm="giac") J

p
‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ;OUTPUT : sym2poly/r2sym(const gen & e,const

N
output
Lindex_m & i,const vecteur & 1) Error: Bad Argument Value J

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.81

asinh (m \/a_2> 3i
8a3 Va2

/e—zarctan(az)lﬁ dr = —

a‘zx 23 (a2)/? 1 Va2 3i
a2 xz + 1 <3(a22)3/2 - 3(‘:2):/2 (423 - \8/;3 )
— -
input Lint((x‘s*(a“Q*xQ + 1)7(1/2))/(axx*1i + 1),x) J
output" (asinh(x*(a~2)"~(1/2))*31)/(8%a~3+(a~2)"(1/2)) - ((a~2%x"2 + 1)~(1/2)*(2/ |

|(3%(a”2)7(3/2)) - (a™2%x72)/(3%(a”2)7(3/2)) + (x"3%(a~2)"(3/2)*1i)/(4*a"3)
- (xx(a72)7(1/2)#31) /(8+a”3)))/ (a~2) " (1/2)
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Reduce [F]
A/ 3
/ e—i arctan(az)x3 dr = / de
air +1
input Lint (x~3/(1+I*a*xx)*(a~2%x"2+1)~(1/2),x)

output Lint((sqrt(a**2*x**2 + 1)*x**3)/(a*xi*x + 1),x)




outpu

input

output

CHAPTER 3. LISTING OF INTEGRALS

451

3.51 f et arctan(aa:)x2 dx

2a3

Optimal result . . . . . . . . . . . . e 451
Mathematica [A] (verified) . . . . . . . . . ... o 4511
Rubi [A] (verified) . . . .. . . ... .. 152
Maple [A] (verified) . . . . . . ... L 457
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 457
Sympy [F] . . o o 455
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 551
Giac [F(-2)] . . .« o oo 455
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 456
Reduce [F] . . . . . 450
Optimal result

Integrand size = 14, antiderivative size = 80

/ o—iarctan(ae) 2 g _ 2iv/1 + a2x? N zv1+a%x?  iz’y/1+a’z?  arcsinh(az)

3a3 2a2

3a

L+1) ~(1/2)/a-1/2*arcsinh(a*x)/a"3

t ‘ 2/3xI*(a~2+x"2+1) " (1/2) /a~3+1/2*x* (a"2*x"2+1) " (1/2) /a~2-1/3*I*x"2* (a~2%x"2

|
J

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.58

/ g-iarctan(az) 2 1o, _ (4i + 3ax — 2ia*z?®) V1 + a?x? — 3arcsinh(azx)

6a3

-

LIntegrate [x~2/E~ (I*ArcTan[a*x]) ,x]

-/

L(<4*1 + 3kakx - (2+¢I)*a~2%x~2)*Sqrt[1 + a~2%x"2] - 3*ArcSinh[a*x])/(6%a~3) J
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Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.15,

=8, number of rules _ 571, Rules
integrand size

number of steps used = 8, number of rules used =
used = {5583, 533, 25, 27, 533, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/er—zarctan(ax) dz

l 5583
z2(1 — iax) i
va?z? +1
l 533
3az+2
f a%) T ir*Valz? +1
3a2 3a
l 25
3az-+2i)
J a\x/((%z_: _iz®Va2a? +1
3a? 3a

l 27
3az+2
J % z'x2 a?z? +1

3a 3a
l 533
— f a(3— 4zaz)d
222 .
3x\/aza:l: +1 _ o +1 ir2vVaZz2 + 1
3a 3a
l 27
3—4iax
222 2202 .
3m\/a2am +1 _ - +1 ir2v/a2x2 +1
3a 3a
l 455
3 1 do— 4ivVa2z2+1
a2z 2222 .
Sz o +1 _ o - ir’Va2z2 + 1

3a 3a
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l 222
sarcsinhez)  4iva22241
2,2 - .
3““2;” +1_ R & iz2va2x2 + 1

3a 3a

input LInt [x~2/E~(I*ArcTan[a*x]),x]

‘((—1/3*I)*x“2*Sqrt [1 + a~2*x"2])/a + ((3*x*Sqrt[1 + a~2*x~2])/(2*a) - (((-
4*xI)*Sqrt[1 + a~2+x"2])/a + (3*ArcSinh[a*x])/a)/(2%a))/(3*a)

N

output

Defintions of rubi rules used

J

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(@ )*x(Fx ), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 299 | Int[1/8qrtl(a ) + (b_.)*(x_)72], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

rule 455 Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

rule 533 Int[(x_ )" (m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>

Simp[d*x"m*((a + b*x"2)"(p + 1)/(bx(m + 2%p + 2))), x] - Simp[1/(b*(m + 2*
p+2) Int[x"(m - 1)*(a + b*x"2) "p*Simp[a*d*m - bxcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] &% Integer
Q[2xp]
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rule 5583 Int[E"(ArcTan[(a_.)*(x)1*(n_))*(x)"(m_.), x_Symbol]l :> Int[x"mx((1 - Ixax
X)"((T*n + 1)/2)/((1 + Ixaxx)~((I*n - 1)/2)*Sqrt[1 + a~2*x~21)), x] /; Free
‘Q[{a, m}, x] && IntegerQ[(I*n - 1)/2] ‘

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.84

method | result
(121‘
isch i(2a%2%+3iaz—4) Va2a?+1 1n< \/a—g+x/m)
risc — s _ Akl
ta+ w—% a2 P - ;
) — . : mln(%ﬂ/(m_a)%zﬂm(z_a)
Nere ln(%+\/m) , g \/(m—é) a?+2ia(z—2)+ e
a "72 m+ a \/a72 i(a2x2+1)§
default — _ e ) _
input Lint (x~2/ (1+I*a*x)* (a~2%x~2+1)~(1/2) ,x,method=_RETURNVERBOSE) J
output ‘ -1/6%I* (2%a~2xx~2+3*I*axx-4)*(a~2*xx"2+1) ~(1/2) /a~3-1/2/a~2*1n(a"2*x/(a~2) "~ ‘

(1/2)+(a"2%x72+1)7(1/2))/ (a"2) " (1/2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.64

Va2z? + 1(—2i a’z® + 3az + 43) + 3 log (—az + Va?z? + 1)

6a3

/e—zarctan(az)a;Q dr =

-

input Lintegrate (x~2/ (1+I*a*xx)*(a"2*x"2+1)~(1/2) ,x, algorithm="fricas")

-/

‘1/6*(sqrt(a‘2*x‘2 + 1)*(-2%I*a”2%x"2 + 3xaxx + 4xI) + 3xlog(-a*x + sqrt(a” ‘

output
2%x72 + 1)))/a"3 |
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Sympy [F]

2,/
/e—iarctan(am)z2 dr = _2/ z*vatz? +1 dr

axr —1

input Lintegrate (x*%2/ (1+I*a*x) * (ax*x2*xx**2+1)**x(1/2) ,x)

-

outputt—I*Integral(x**2*sqrt(a**z*x**z + 1)/(a*x - I), x)

e—

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.74

/ _iarctan(az) .2 va2z? + 1z i(a’z® + 1)% arsinh (ax) = iva?22 +1
e xdxr = — — +
2a? 3a? 2a3 a?

inputLintegrate(x“2/(1+l*a*x)*(a‘z*x“2+1)*(1/2),x, algorithm="maxima"

‘1/2*sqrt(a“2*x‘2 + 1)*x/a”2 - 1/3%I*%(a"2*%x"2 + 1)7(3/2)/a"3 - 1/2*arcsinh(

output
‘a*x)/a‘3 + Ixsqrt(a™2*x"2 + 1)/a"3

Giac [F(-2)]

Exception generated.

/ e~tarctan(az) ;2 1o — Exception raised: TypeError

-

inputLintegrate(x“2/(1+1*a*x)*(a“2*x"2+1)‘(1/2),x, algorithm="giac")

-/

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r23ym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value
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Mupad [B] (verification not implemented)

Time = 22.71 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.89

a?z?+1 (“”Qa‘f + e alell > asinh(z \/a_z)

3(a?)*?  3(a?)*?

/e—z arctan(az)x2 dr =

Va?  2a2Ve

input Lint((x“2*(a‘2*x"2 + 1)°(1/2))/(a*x*1i + 1),%) J
Outputl ((@™2*x™2 + 1)~ (1/2)*((a*x21) /(3% (a~2)~(3/2)) - (a~3*x~2*1i)/(3*(a"2)"(3/2) \

‘) + (xx(a”2)7(1/2))/(2%a~2)))/(a"2)"(1/2) - asinh(x*(a~2)7(1/2))/(2*a"2x(a ‘

"2)7(1/2)) |

Reduce [F]

[eteenienzap = [ vaal+1a?
aixr + 1

input Lint (x72/ (1+I*a*x)*(a~2*%x"2+1)~(1/2) ,x) J
output Lint((sqrt(a**Q*x**Q + 1)*x*x*2)/(a*xi*x + 1),x) J




outpu

input L
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3.52 f et arctan(ax)x dr

Optimal result . . . . . . . . . . . . e 457
Mathematica [A] (verified) . . . . . . . . . ... o 57l
Rubi [A] (verified) . . . .. . . ... .. A58
Maple [A] (verified) . . . . . . ... L 460
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 160
Sympy [F] . . o o 460
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 46Tl
Giac [A] (verification not implemented) . . . . . . ... ... ... Za
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 462
Reduce [F] . . . . . 462

Optimal result

Integrand size = 12, antiderivative size = 54

/ —iarctan(azx) vV1+ a’z? w
e rdr = 5 -
a

V1+ a?z? 4 tarcsinh(ax)

2a

2a2

t‘(a"2*x"2+1)"(1/2)/a"2-1/2*I*x*(a’"2*x"2+1)"(1/2)/a+1/2*I*arcsinh(a*x)/a“2

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.70

/ p—iarctan(az) ;. g _ (2 — iaz)v/1 + az? + iarcsinh(azx)

2a2

Integrate [x/E~ (I*ArcTan[a*x]) ,x]

output L

((2 - Ikxa*x)*Sqrt[1 + a"2*x~2] + I*ArcSinh[a*x])/(2*a"~2)




input |
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13,

— 6, number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used =
used = {5583, 533, 25, 27, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/me—zarctan(aw) dz

l 5583
z(1 — iax) i
valz? +1

l 533

2az+
_f f}#d&: izvate? +1
2a? 2a

l 25

(2az+
J \/# _dzva*z? +1
2a? 2a

l 27

2ax+1 .
J 1/7a2z2+ _dzvaiz? +1

2a 2a
l 455
a2z i+l | ; 1
i T _dzvaiz? +1
2a 2a
l 9922
2va?z241 , darcsinh(az) .
oA iaVa?a? + 1
2a 2a

Int [x/E~ (I*ArcTan[a*x]) ,x]




output

rule 25

rule 27

rule 222

rule 455

rule 533

rule 5583
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‘ ((-1/2%I)*x*Sqrt[1 + a~2xx~2])/a + ((2*Sqrt[1 + a"2*x"2])/a + (I*ArcSinh[a
*x1)/a)/ (2xa)

Defintions of rubi rules used

-

LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

‘Int[((c_) + (d_)*(x))*((a)) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*((
‘a + bxx"2)"(p + 1)/(2*bx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
L/; FreeQ[{a, b, c, d, p}, x] & !LeQ[p, -1]

Int[(x_)"(m_.)*((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :>
Simp[d*x"m*((a + b*x"2)"(p + 1)/(b*(m + 2%p + 2))), x] - Simp[1/(bx(m + 2%
P+ 2) Intlx"(m - 1)*x(a + b*x"2) p*Simp[axd*m - bkcx(m + 2%p + 2)*x, x],
x], x] /; FreeQ[{a, b, c, d, p}, x] && IGtQ[m, 0] && GtQ[p, -1] && Integer
Q[2xp]

Int [E”(ArcTan[(a_.)*(x_)]1*(n_))*(x_)"(m_.), x_Symbol] :> Int[x"m*((1 - I*ax*
X)"((I*n + 1)/2)/((1 + Ixa*x)~((I*n - 1)/2)*Sqrt[1 + a~2*x"2])), x] /; Free
Ql{a, m}, x] && IntegerQ[(I*n - 1)/2]




input

output

input

output

input
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.09

method | result size
1121

risch _ i(azt2i) e + zln(\/a—2+\/a2z2+1) 59

2a? 2a\/t?

in(( 22 4 VaZe2 1) e G V221200 (o
i \/a2z2+lz+ Va2 — : zaln( NE +\/(a:—a) a +2m( _,)>

2 2Va? V(@) a4 2ia(e— 1)+ 7

defa.ult —_ p + p a 150

Lint (x/ (1+I*xa*xx)*(a"2*x"~2+1) " (1/2) ,x,method=_RETURNVERBOSE)

‘—1/2*I*(a*x+2*I)*(a‘2*x‘2+1)‘(1/2)/a‘2+1/2*I/a*ln(a‘2*x/(a‘2)“(1/2)+(a“2*x
"2+1)‘(1/2))/(a‘2)‘(1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.80

a?z? + 1(—iaz + 2) — i log (—az + Va?z? + 1)
2a?

/e—z arctan(ax)x dr =

Lintegrate (x/ (1+I*a*x)*(a~2*%x"2+1)"(1/2) ,x, algorithm="fricas")

t1/2*(sqrt(a“2*x"2 + 1)*(-I*a*x + 2) - Ixlog(-a*x + sqrt(a™2*x"2 + 1)))/a"2 J

Sympy [F]

axr —1

. Va2z? + 1
/e—zarctan(az)xdz: —’l/x a“x” + dr

Lintegrate(x/(1+I*a*x)*(a**2*x**2+1)**(1/2),x)




CHAPTER 3. LISTING OF INTEGRALS 461

output‘ -I*Integral (x*sqrt(a**2*x**2 + 1)/(a*x - I), x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.78

/e_iamtan(ax)x dp — ivalr + 1z 4 i arsinh (az) N a’z? 41

2a 2a? a?

inputLintegrate(x/(1+I*a*x)*(a*z*x*2+1)*(1/2),X, algorithm="maxima")

-1/2*Ixsqrt(a”2*x"2 + 1)*x/a + 1/2xI*arcsinh(a*x)/a"2 + sqrt(a™2*x"2 + 1)/
a~2

output ‘

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

; 1 ) 2 i log (—z|a| + va22? + 1
/e—zarctan(ax)xdx — _5 a2z + 1 (% _ _) _ g ( | I )

a? 2alal

inputLintegrate(x/(1+I*a*x)*(a‘2*x*2+1)*(1/2)’x, algorithm="giac")

‘-1/2*sqrt(a“2*x“2 + D) *(Ixx/a - 2/a”2) - 1/2*Ixlog(-x*abs(a) + sqrt(a™2*x"

output
Lz + 1)) /(a*abs(a))




CHAPTER 3. LISTING OF INTEGRALS 462

Mupad [B] (verification not implemented)

Time = 22.89 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.94

(L _ xx/ﬁli) R 1+ asinh(z\/??) 1i
/ —iarctan(az) _ Va2 2a 2a
e rdxr =
Va2
inputLint((x=i<(a“2>o<x"2 + 1)°(1/2)) /(a*xx*1i + 1),x) J

N

t‘/((1/(a’"2)”(1/2) - (xx(a™2)7(1/2)*1i)/(2*a) ) *(a"2*x"2 + 1)7(1/2) + (asinh(x ‘

outpu
*(a72)7(1/2))%11) /(2%2)) / (a"2) " (1/2)
Reduce [F]
S22 1
/e—iarctan(az)xdz — / a 1' + 1 xdflj
aix +1
tnput Lint (x/ (1+Ixa*x)*(a~2%x~2+1)~(1/2),x) J
output Lint((sqrt(a**Q*x**z + 1)*x)/(axi*x + 1),%) J




output‘
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3.53 f et arctan(ax) dx

Optimal result . . . . . . . . . . . . e 463
Mathematica [A] (verified) . . . . . . . . . ... o 163
Rubi [A] (verified) . . . .. . . ... .. 467
Maple [A] (verified) . . . . . . ... L 465
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 465
Sympy [F] . . o o 166
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 166l
Giac [A] (verification not implemented) . . . . . . ... ... ... 460
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 467
Reduce [F] . . . . . 467

Optimal result

Integrand size = 10, antiderivative size = 29

arcsinh(az)

_ iv/1 L a2z2
/6—zarctan(am) dr = _Z +a‘r +

a

a

-Ix(a~2%x~2+1)"(1/2)/atarcsinh(a*x)/a

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

a

/ —iarctan(az) —iv'1 4+ a?z? + arcsinh(az)
e dx =

input L

Integrate[E~((-I)*ArcTan[a*x]),x]

output L

((-I)*Sqrt[1 + a~2#x~2] + ArcSinh[a*x])/a




input L

CHAPTER 3. LISTING OF INTEGRALS 464

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5582, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/e—iarctan(aw) dz

l 5582
1 —iax
T d
valz? +1
l 455
/ 1 o — iva?z? +1
a’z? +1 a
l 9222
arcsinh(az) iva?z? +1
a a
Int [E~ ((~I)*ArcTan[a*x]) ,x] J

N\

output

((-I)*Sqrt[1 + a~2%x~2])/a + ArcSinh[ax*x]/a

Defintions of rubi rules used

rule 222 ‘

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt ‘

L[a])]/Rt [b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b] J

rule 455 ‘

N\

Int[((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[d*(( \
a + b*x"2)"(p + 1)/(2%bx(p + 1))), x] + Simplc Int[(a + b*x"2)7p, x], x] ‘
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

J
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rule 5582‘Int[E"(ArcTan[(a_.)*(x_)]*(n_)), x_Symbol] :> Int[(1 - I*a*x)~((I*n + 1)/2) ‘
‘/((1 + Ikxaxx)~((I*n - 1)/2)*Sqrt[1 + a~2xx~2]), x] /; FreeQla, x] && Intege
‘rQ[(I*n - 1)/2]

input

output

input

output

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.66

method | result size
2

. In( 22 422241

risch — “2:2"’1 + (‘/‘72 v ) 48
ia z—i a2 ) "
2 . mlﬂ<‘4t%zﬁil4~+¢(z—%)2a2+2m(w—é))

% \/(a:—i) a2+2ia(m—§)+ T3

default | — - 100

Lint (1/(1+I*a*x)*(a~2*%x"2+1)~(1/2) ,x,method=_RETURNVERBOSE)

L—I*(a‘2*x“2+1)‘(1/2)/a+1n(a‘2*x/(a‘2)‘(1/2)+(a“2*x‘2+1)‘(1/2))/(a“2)‘(1/2) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.28

/ —iarctan(az) d —iv a?x? +1-— log <_a-'L' + Vv a2x? + 1)
e €T =

a

Lintegrate(l/(1+I*a*x)*(a‘2*x‘2+1)‘(1/2),x, algorithm="fricas")

L(—I*sqrt(a“2*x‘2 + 1) - log(-a*x + sqrt(a™2*x~2 + 1)))/a




-

Lintegrate (1/ (1+Ixaxx) * (a*x*2%x**2+1) ** (1/2) ,x)

input

outputt
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Sympy [F]

. 272 1 1
/e—zarctan(az) dr = —’l/ a’r + dr
ar —1

-/

-I*Integral (sqrt(a**2*x**2 + 1)/(axx - I), x)

Maxima [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.86

/e—iarctan(az) di’ _ arsinh (ax) 1 a2x2 + 1

a a

inputt

integrate(1/(1+I*a*x)*(a"2*xx"~2+1)~(1/2) ,x, algorithm="maxima")

-

outputt

arcsinh(a*x)/a - I*sqrt(a”™2*x"2 + 1)/a

e—

inputt

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.41

lal a

/ —iarctan(ax) log (—x|a| + v a’z? + ]-) ivatr? +1
e dr = —

integrate(1/(1+I*axx)*(a"2*x~2+1)~(1/2),x, algorithm="giac")

outputt

-log(-x*abs(a) + sqrt(a”2*x"2 + 1))/abs(a) - I*sqrt(a™2*x"2 + 1)/a
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10

/e—iarctan(ax) dr = asinh <.’L’ \/C?> _ Vv a?z?+ 11
a

a?

input Lint((aAQ*X'Q + 1)7(1/2)/ (a*xx*1i + 1),x)

output LaSinh(X*(a“”‘(l/?))/ (a~2)"(1/2) - ((a™2*x"2 + 1)~ (1/2)*1i)/a
Reduce [F]
/ p—iarctan(az) Jo. _ / a’z? +1 I
aix + 1
input Lint(1/(1+I*a*x)*(a‘2*x”2+1)’" (1/2) ,%)

OutputLint(sqrt(a**Q*x**z + 1)/(axi*x + 1),%)




-

output
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—tarctan(azx
3.54 [ gy
Wi

Optimal result . . . . . . . . . . . . e 468
Mathematica [A] (verified) . . . . . . . . . ... o o 168]
Rubi [A] (verified) . . . .. . ... .. 169
Maple [B] (verified) . . . . . . . . . .. Zy(0)
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ..... Zya\
Sympy [F] . . o o 472
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... A7
Giac [B] (verification not implemented) . . . . . . .. ... ... ... .. ... 472
Mupad [B] (verification not implemented) . . ... ... ... ... ...... A73]
Reduce [F] . . . . . o 473l

Optimal result

Integrand size = 14, antiderivative size = 25

et arctan(az)
/ i

dx = —iarcsinh(az) — arctanh <\/ 1+ a2x2>

L—I*arcsinh(a*x)—arctan.h( (a~2%x~2+1)~(1/2))

-/

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.16

/

et arctan(az)

X

dz

—tarcsinh(az) + log(z) — log (1 +V1+ azxz)

input

tIntegrate [1/(E” (I*ArcTan[a*x])*x) ,x]

-

output L

(-I)*ArcSinh[a*x] + Log[x] - Logl[l + Sqrt[1 + a"2xx"2]]

-/
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 429, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5583, 538, 222, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

—iarctan(az)
[

X
l 5583
1 —iax
TN
zva?x? +1
l 538

1 1
/ mdm—ia / de
| 222
/ ;dm — sarcsinh(ax)
zva2z? + 1
| 243

1 / 1 9 . .
— | ————dz* — tarcsinh(ax
2 ) z2va?z2+1 (a2