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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 44 |. This is test number [ 177 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Mathematica | 100.00 (44 ) | 0.00 (0)

Maple | 90.91 (40) | 9.09 (4)
Fricas 81.82(36) | 18.18(8)
Maxima | 81.82 (36) | 18.18 (8)
Rubi 54.55 (24 ) | 45.45 (20)
Mupad | 36.36 (16) | 63.64 (28)
Giac 36.36 (16 ) | 63.64 (28)
Reduce 36.36 (16 ) | 63.64 ( 28)
Sympy | 36.36 (16) | 63.64 (28)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 47.727 15.909 0.000 36.364
Maple 27.273 0.000 27.273 45.455
Maxima, 20.455 25.000 0.000 54.545
Rubi 18.182 0.000 0.000 81.818
Fricas 0.000 34.091 11.364 54.545
Giac 0.000 0.000 0.000 100.000
Mupad 0.000 0.000 0.000 100.000
Reduce 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS



CHAPTER 1. INTRODUCTION

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

4 4 4 4
4 4 4 4
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

>
oy
@

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Fricas 8 100.00 0.00 0.00

Maxima, 8 50.00 25.00 25.00

Rubi 20 100.00 0.00 0.00

Mupad 28 0.00 100.00 0.00

Giac 28 100.00 0.00 0.00

Reduce 28 100.00 0.00 0.00

Sympy 28 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.12

Rubi 0.68

Maxima 0.83

Giac 1.93

Sympy 3.45

Maple 7.15
Mathematica 11.07

Reduce 12.70

Mupad 26.13

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 16.25 1.03 16.00 1.04
Mupad 18.00 1.13 18.00 1.13
Giac 18.00 1.13 18.00 1.13
Rubi 89.67 0.98 19.00 1.00
Reduce 136.25 10.16 21.00 1.15
Mathematica | 315.41 1.52 150.00 1.11
Fricas 547.06 2.78 373.50 2.96
Maxima 586.19 20.21 222.00 1.97
Maple 1595.15 5.80 129.50 1.00

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{45, B}[10}[14}[15}[19}[20}[25} 26} 31, [32, 37 38} [43, [44]}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 25
Mma . . . . e e s, 25]
Maple . . . . . . e 201
Fricas . . . . . . . s 20]
MaxXima . . . . v v v e e e e e e e e e e e e e e e e 20l
GIaC . . o o s 27
Mupad . . . . . . . 27]
Sympy . . . . . e e 271
Reduce . . . . . . . . e 28]
Rubi
A grade {[1}2[6l[7[11}[I2}[16,[17 }
B grade { }
C grade { }

F normal fail { [ [[3[5,21) 22 23, 20,27 5 29,50, 5% 555,56, 5O O A 22 )
F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {[12,56)7,8 [1,12 3 (167 15,23 24,29, 50,5 B3, 56, A1)
B grade {[ZIE32729 53590}
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple
A grade {[B8([1/12 131617 5,24 50,565/ )
B grade {}

C grade { 21)22,23,27, 25,2555 B4 55 B9, A0, 1 )
F normal fail {[1[2[6[7] }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade { [35)[15) 21,22 25) 24 27, 25, 29) B0, B0 )T 2 )
C grade { [L3|[33,34,[35,[36 }

F normal fail {[1}[2}[6l[7[11}[12}[16/[17 }
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[3}[8}[13}[18[24,30},[35,[36}[42] }

B grade { [21)2223,27) 25,2953 54, 5L 0,1 }
C grade { }

F normal fail {[11}[12}[16}[17] }

F(-1) timedout fail {[6}[7]}

F(-2) exception fail {[|Z}
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Giac

A grade { }
B grade {}
C grade { }

F normal fail {[1)2,8,678) [T} [2 (3,6} {7 [5) 21} 22 23,24 27 25 29,0, B3, 5
56) B, A0, AT 2 )

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade {}

B grade {}

C grade {}

F normal fail { }

F(-1) timedout fail {[1}2,[3}6,[7}[8[11}[12}[L3}[16} 17}[18,[21} 22} 23, 24} 27} 28} [29} 30} 33,
84353639} 40} 4T} 42| }

F(-2) exception fail { }

Sympy
A grade { }
B grade {}

C grade { }

F normal fail {[1)2,8,678) [T} 2 [3,6) 7[5} 21} 22 23,24 27 25 29,0, B3, 5
56) B9, 0, AT 2 )

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade {}
B grade { }
C grade {}

F normal fail {[1)2,8,678) [T} [2 (3,6} {7 [5) 21} 22 23,24 27 25 29,0, B3, 5
56) B, A0, AT 2 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 318 298 277 0 0 0 0 0 15 0

N.S. 1 0.94 0.87 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.922 0.555 0.000 0.000 0.000 0.000 0.000 0.149 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 230 216 203 0 0 0 0 0 15 0

N.S. 1 0.94 0.88 0.00 0.00 0.00 0.00 0.00 0.07 0.00

time (sec) N/A 0.734 0.347  0.000 0.000 0.000 0.000 0.000 0.163 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 150 0 150 134 175 599 0 0 13 0

N.S. 1 0.00 1.00 0.89 1.17 3.99 0.00 0.00 0.09 0.00

time (sec) N/A 0.000 0.047 11.501 0.167 0.117  0.000 0.000 0.170 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 15 15 14 15 15 15
N.S. 1 1.00 1.15 1.00 1.15 1.15 1.08 1.15 1.15 1.15
time (sec) N/A 0.477 0.558  3.748 1.014  0.080 0.315 0.431 0.161 26.411
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 2870 15 15 15 15 15
N.S. 1 1.00 1.15 1.00 220.77 1.15 1.15 1.15 1.15 1.15
time (sec) N/A 0.468 28.368 3.558 12.345 0.068 0.663 0.561 0.188  27.514
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-1) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 318 299 277 0 0 0 0 0 15 0
N.S. 1 094 0.87 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.985 1.250 0.000 0.000  0.000 0.000 0.000 200.017 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-1) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 230 217 203 0 0 0 0 0 15 0
N.S. 1 094 0.88 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.727 0.957  0.000 0.000  0.000 0.000 0.000 0.176 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 150 0 150 135 222 625 0 0 13 0
N.S. 1 0.00 1.00 0.90 1.48 4.17 0.00 0.00 0.09 0.00
time (sec) N/A 0.000 0.087 11.908 0.159  0.192 0.000 0.000 0.182 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 15 15 14 15 15 15
N.S. 1 1.00 1.15 1.00 1.15 1.15 1.08 1.15 1.15 1.15
time (sec) N/A 0.481 0.318 3.740 0.304 0.100 0.571 0.264 0.182  25.809
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 4316 15 15 15 225 15
N.S. 1 1.00 1.15 1.00 332.00 1.15 1.15 1.15 17.31 1.15
time (sec) N/A 0.456 29.339 3.694 0.797  0.078 1.427 0.407 0.190  26.580
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 274 254 248 284 0 0 0 0 15 0
N.S. 1 093 091 1.04 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.919 0.684 10.924 0.000  0.000 0.000 0.000 0.606 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 179 199 210 0 0 0 0 15 0
N.S. 1 092 1.03 1.08 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.709 0.513 9.012 0.000  0.000 0.000 0.000 0.298 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A C F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 126 0 126 125 125 391 0 0 13 0
N.S. 1 0.00 1.00 0.99 0.99 3.10 0.00 0.00 0.10 0.00
time (sec) N/A 0.000 0.044 9.421 0.128  0.110 0.000 0.000 0.187 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 15 15 14 15 15 15
N.S. 1 1.00 1.15 1.00 1.15 1.15 1.08 1.15 1.15 1.15
time (sec) N/A 0.469 9.391 4.162 0.202 0.074 0.427 0.298 0.216 26.120
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 183 15 15 15 834 15
N.S. 1 1.00 1.15 1.00 14.08 1.15 1.15 1.15  64.15 1.15
time (sec) N/A 0.474 63.369 4.217 0.264 0.085 0.438 0.286 0.379  26.316
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 274 254 248 284 0 0 0 0 15 0
N.S. 1 093 091 1.04 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0912 1.640 10.635 0.000  0.000 0.000 0.000 0.210 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 179 199 210 0 0 0 0 15 0
N.S. 1 092 1.03 1.08 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.735 1.285 9.119 0.000  0.000 0.000 0.000 0.174 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 126 0 126 125 148 356 0 0 13 0
N.S. 1 0.00 1.00 0.99 1.17 2.83 0.00 0.00 0.10 0.00
time (sec) N/A 0.000 0.100 9.537 0.138  0.107 0.000 0.000 0.183 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 15 15 14 15 15 15
N.S. 1 1.00 1.15 1.00 1.15 1.15 1.08 1.15 1.15 1.15
time (sec) N/A 0.473 7.064 4.178 0.134  0.071 1.143 0.280 0.212  26.219
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 13 222 15 15 15 834 15
N.S. 1 1.00 1.15 1.00 17.08 1.15 1.15 1.15  64.15 1.15
time (sec) N/A 0.473 43.158 4.187 0219 0.133 1357 0.262 0.380  26.054
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 399 0 1710 8233 1385 2053 0 0 83 0
N.S. 1 0.00 429  20.63 3.47 5.15 0.00 0.00 0.21 0.00
time (sec) N/A 0.000 13.182 10.879 0.325 0.145 0.000 0.000 0.259 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 319 0 1192 5834 870 1489 0 0 58 0
N.S. 1 0.00 3.74 18.29 2.73 4.67 0.00 0.00 0.18 0.00
time (sec) N/A 0.000 10.479 9.726 0.222  0.160 0.000 0.000 0.335 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C B B F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 235 0 340 3464 520 995 0 0 33 0
N.S. 1 0.00 1.45 14.74 2.21 4.23 0.00 0.00 0.14 0.00
time (sec) N/A 0.000 2.237 8.975 0.177  0.118 0.000 0.000 0.274 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 150 0 150 134 175 599 0 0 13 0
N.S. 1 0.00 1.00 0.89 1.17 3.99 0.00 0.00 0.09 0.00
time (sec) N/A 0.000 0.012 8.654 0.154  0.106 0.000 0.000 0.186 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11 1.11
time (sec) N/A 0.426 11.310 1.694 1.849  0.087 0472 0.457 0.209  26.065
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 631 32 19 21 32 21
N.S. 1 1.00 1.11 1.00 33.21 1.68 1.00 1.11 1.68 1.11
time (sec) N/A 1.103 66.847 6.160 1.342  0.110 9.249 16.179 0.224  26.240
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 390 0 2120 8174 1887 2019 0 0 21 0
N.S. 1 0.00 544  20.96 4.84 5.18 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 14.731 12.589 0.288  0.202 0.000 0.000 200.018 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A No No TBD TBD TBD TBD TBD TBD
size 313 0 1432 5774 1146 1465 0 0 21 0
N.S. 1 0.00 4.58 1845 3.66 4.68 0.00 0.00 0.07 0.00
time (sec) N/A 0.000 11.554 10.327 0.192  0.194 0.000 0.000 200.017 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C B B F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 232 0 400 3380 653 989 0 0 33 0
N.S. 1 0.00 1.72  14.57 2.81 4.26 0.00 0.00 0.14 0.00
time (sec) N/A 0.000 2.411 8.858 0.112  0.184 0.000 0.000 0.261 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 150 0 150 135 222 625 0 0 13 0
N.S. 1 0.00 1.00 0.90 1.48 4.17 0.00 0.00 0.09 0.00
time (sec) N/A 0.000 0.014 9.023 0.155  0.149 0.000 0.000 0.155 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11 1.11
time (sec) N/A 0.421 11.278 1.723 2.323 0.085 0.761 0.262 200.022 26.261
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 725 32 19 21 32 21
N.S. 1 1.00 1.11 1.00 38.16 1.68 1.00 1.11 1.68 1.11
time (sec) N/A 1.118 15.229 6.511 1.487  0.113 11.159 2.751 0.182  25.904
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B C F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 341 0 691 6316 867 1567 0 0 83 0
N.S. 1 0.00 2.03 18.52 2.54 4.60 0.00 0.00 0.24 0.00
time (sec) N/A 0.000 4.614 9.521 0.235  0.170 0.000 0.000 0.287 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C B C F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 271 0 434 4458 559 1091 0 0 58 0
N.S. 1 0.00 1.60 16.45 2.06 4.03 0.00 0.00 0.21 0.00
time (sec) N/A 0.000 3.384 7.743 0.212  0.123 0.000 0.000 0.214 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C A C F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 201 0 278 2640 308 686 0 0 33 0
N.S. 1 0.00 1.38 13.13 1.53 3.41 0.00 0.00 0.16 0.00
time (sec) N/A 0.000 1.398 6.286 0.206  0.117 0.000 0.000 0.260 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A C F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 126 0 126 125 125 391 0 0 13 0
N.S. 1 0.00 1.00 0.99 0.99 3.10 0.00 0.00 0.10 0.00
time (sec) N/A 0.000 0.012 8.786 0.126  0.108 0.000 0.000 0.152 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11 1.11
time (sec) N/A 0.416 12.005 1.979 0.855  0.100 0.743 0.314 0.174  25.615
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 169 32 19 21 32 21
N.S. 1 1.00 1.11 1.00 8.89 1.68 1.00 1.11 1.68 1.11
time (sec) N/A 1.118 44.989 2.372 1.069  0.103 9.813 3.704 0.187  25.766
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 332 0 1046 6300 1051 1439 0 0 83 0
N.S. 1 0.00 3.15 18.98 3.17 4.33 0.00 0.00 0.25 0.00
time (sec) N/A 0.000 6.287 11.249 0.236  0.125 0.000 0.000 0.176 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B C B B F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 265 0 652 4416 676 1000 0 0 58 0
N.S. 1 0.00 246 16.66 2.55 3.77 0.00 0.00 0.22 0.00
time (sec) N/A 0.000 4.570 8.652 0.225  0.123 0.000 0.000 0.170 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C B B F F F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 198 0 337 2535 370 627 0 0 33 0
N.S. 1 0.00 1.70 12.80 1.87 3.17 0.00 0.00 0.17 0.00
time (sec) N/A 0.000 1.686 7.311 0.211 0.102 0.000 0.000 0.168 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A A B F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 126 0 126 125 148 356 0 0 13 0
N.S. 1 0.00 1.00 0.99 1.17 2.83 0.00 0.00 0.10 0.00
time (sec) N/A 0.000 0.012 8.961 0.130  0.103 0.000 0.000 0.166 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11 1.11
time (sec) N/A 0.410 12.018 1.994 0.641 0.092 1.451 0.284 0.161 25.564
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 211 32 19 21 32 21
N.S. 1 1.00 1.11 1.00 11.11 1.68 1.00 1.11 1.68 1.11
time (sec) N/A 0.978 47.676 2.338 1.156 0.100 15.178 4.211 0.177  25.681
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[1] had the largest ratio of [.230769000000000002]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul

# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
i | A 4 3 0.94 13 0.231
2 [ A 4 3 0.94 13 0.231

F 0 0 N/A 0.000 N/A
N/A 4 0 1.00 13 0.000
N/A 4 0 1.00 13 0.000
6 | A 4 3 0.94 13 0.231
] A 4 3 0.94 13 0.231
F 0 0 N/A 0.000 N/A
9 | N/A 4 0 1.00 13 0.000
N/A 4 0 1.00 13 0.000
11| A 4 3 0.93 13 0.231
[ A 4 3 0.92 13 0.231
F 0 0 N/A 0.000 N/A
N/A 4 0 1.00 13 0.000
N/A 4 0 1.00 13 0.000
16| A 4 3 0.93 13 0.231
7] A 4 3 0.92 13 0.231
F 0 0 N/A 0.000 N/A
N/A 4 0 1.00 13 0.000
N/A 4 0 1.00 13 0.000

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrg::% leaf size | tegrand leaf size
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
N/A 1 0 1.00 19 0.000
N/A 3 0 1.00 19 0.000
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
N/A 1 0 1.00 19 0.000
N/A 4 0 1.00 19 0.000
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
N/A 1 0 1.00 19 0.000
N/A 3 0 1.00 19 0.000
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
N/A 1 0 1.00 19 0.000
N/A 4 0 1.00 19 0.000
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

3.11
3.12
3.13
3.14
3.15

3.16
3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24
3.25

3.26

/ 10g3(a + btan(c + dz)) dz
[log?(a + btan(c + dz)) dx
[log(a + btan(c + da)) do

de . . ... .. ..

log? (a+btan(c+dm)) de . ... ....
Jlog?(a + beot(c + dz))
[ log?(a + beot(c + dz)) dz
f log(a + beot(c + dx)) dz
de . . ... ...

log? (a+bcot(c+dm)) dz .. ... ..
/ log®(a + btanh(c + dz)) dx

/ log2 (a + btanh(c + dx)) dx
[log(a + btanh(c + dz)) dz
de . .. ... ..

log® (a+btanh(c+dx)) de . . ... ...
[ 1og®(a + beoth(c + dz)) dz

/ l0g2(0t + beoth(c + dx)) dx
[ log(a + beoth(c + dz)) dz
f 1 L dx

og(a+b COth(C+da:))

log? (a+bcoth(c+dx)) de . . . ... ..
[(e+ fz)*log(a + btan(c + dz)) dz
[ (e+ fz)*log(a+ btan(c + dz)) dx
[(e+ fx)log(a+ btan(c + dx)) dx

[ log(a + btan(c + dz)) dz
f log(a+bta}1(c+dx)) dz
et+fx
log(a+btan(ct+dzx))
f (e+fz)? dx

f log(a+b tan(c+dz))

fm

f log(a+b tanh(c+da:))

43
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327  [(e+ fz)’logla+beot(c+dz))dz . . . . ... ... ... 208
328 [(e+ fz)’log(a+beot(c+dz))dr . . . . . . ... 217
329 [(e+ fz)log(a+bcot(c+dz))dr . .. ... ... ... ... 2251
330 [log(a+bceot(c+dx))dr . . .. ... 233
3.31 [ loslerbeotlerdr)) gy WAL
: L
3.32 f log(a—z—bc;)ct()c-i-dz)) dx AT
: REECEESTRdT
333  [(e+ fz)®log(a+btanh(c+dz))dx . . . . .. ... ... ...
334 [(e+ fz)*log(a+btanh(c+dz))dx . . . . .. ... ... 260)
335 [(e+ fz)log(a+btanh(c+dz))dz . ... ... ... ... ..., . 268
336 [log(a+btanh(c+dz))dz . . . ... ..
3.37 f log(a+btar}h(c+da:)) dr ORT]
: AT
3.38 [t gr
339 [(e+ fz)’logla+beoth(c+dz))dx . . . ... ... ... ... . ... 292
3.40  [(e+ fz)*log(a+beoth(c+dz))dx . . .. .. ... ... ... ...
341  [(e+ fz)log(a+bcoth(c+dz))dr . . ... ... ... ...... 309
342  [log(a+bcoth(c+dz))dr . . . ... .. .. BI7
log(a+b coth(c+dz
343  [lElReBCt) gp 32
3.44 [ leslatbeothletdn)) g,

etfo)z 0T
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3
3.1 [ log’(a + btan(c + dzx)) dz
Optimal result . . . . . . . . . . . . e 45]
Mathematica [A] (verified) . . . . . . . . . ... o 161
Rubi [A] (verified) . . . .. . . ... .. 46
Maple [F] . . . . 43
Fricas [F] . . . . . . o 48
Sympy [F] . . o o 48
Maxima [F(-2)] . . . . . . 49
Giac [F] . . . . o o 19
Mupad [F(-1)] . . . o o 19
Reduce [F] . . . o . o o 50
Optimal result
Integrand size = 13, antiderivative size = 318
ilog (W) log®(a + btan(c + dz))
/log3(a+btan(c+dw))dz =— 53
ilog (—W) log®(a + btan(c + dz))
* 2d
3ilog®(a + btan(c + dz)) PolyLog <2, Mff—W)
_l_
2d
3ilog®(a + btan(c + dz)) PolyLog (2, mt;‘+(grdm)>
B 2d
3ilog(a + btan(c + dx)) PolyLog (3, “H’%(;f‘m))
- d
3ilog(a + btan(c + dx)) PolyLog (3, a+bt2+(£+d“’)>
+
d
3i PolyLog (4, %W)
+

d
3i PolyLog <4, ath

tan(c+dz)

a+ib

)

d



CHAPTER 3. LISTING OF INTEGRALS 46

-1/2xIx1n(b* (I-tan(d*x+c))/(a+I*b))*1n(a+bxtan(d*x+c)) ~3/d+1/2*I*1ln(-b*(I+
tan(d*x+c))/(a-I%b))*1n(a+bxtan(d*x+c)) ~3/d+3/2*I*1n(a+b*tan(d*x+c)) "2*pol
ylog(2, (atb*tan(d*x+c))/(a-I*b))/d-3/2*I*1ln(a+b*tan(d*x+c)) "2*xpolylog(2, (a
+b*tan (d*x+c))/(a+I*b))/d-3*I*1n(a+b*tan(d*x+c))*polylog(3, (atb*tan(d*x+c)
)/ (a-I*b))/d+3*I*1n(a+b*tan(d*x+c))*polylog(3, (a+tb*xtan(d*x+c))/(a+tI*b))/d+
3*I*polylog(4, (atb*tan(d*x+c))/(a-I*b))/d-3*I*polylog(4, (atb*tan(d*x+c))/(
a+I*b))/d

output

Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 277, normalized size of antiderivative = 0.87

/log3(a + btan(c + dz)) dz

i(— log (—W%) log®(a + btan(c + dx)) + log (—W) log®(a + btan(c + dx)) + 3 log

e

LIntegrate[Log[a + b*Tan[c + d*x]]~3,x]

~—

input

((1/2)*(-(Log[-((b*(-I + Tan[c + d*x]))/(a + I*b))]l*Logla + b*Tan[c + d*x]
173) + Log[-((bx(I + Tan[c + d*x]))/(a - Ix*b))]*Logla + b*Tan[c + d*x]]~3
+ 3*Logl[a + b*Tan[c + d*x]] 2xPolyLogl[2, (a + b*Tan[c + d*x])/(a - Ixb)] -
3*Log[a + b*Tan[c + d*x]]~2*PolyLogl[2, (a + b*Tan[c + d*x])/(a + I*b)] -
6*Logla + b*Tan[c + d*x]]*PolyLog[3, (a + b*Tan[c + d*x])/(a - I*b)] + 6*L
ogla + bxTan[c + d*x]]*PolyLogl[3, (a + b*Tan[c + d*x])/(a + I*b)] + 6*Poly
Logl[4, (a + bxTan[c + d*x])/(a - I*b)] - 6*PolyLogl[4, (a + b*Tan[c + d*x])
/(a + I*b)]))/d

output

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 298, normalized size of antiderivative = 0.94,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {4853, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ log3(a + btan(c + dz)) dz

l 4853

log3(a+btan(c+d.
J Ogtgﬁ (cfd£§+1x)) dtan(c + dz)

d
l 2856

2(i—tan(c+dz)) 2(tan(c+dz)+i)
d

l 2009

f <ilog3 (a+btan(c+dx)) + ilog? (a+btan(c+dm))> dtan(c + d.’E)

3i PolyLog (4, mt;‘fi(i?d@) — 3¢ PolyLog (4, %W) + %z PolyLog (2, ‘m’fﬂiﬁd@) log2(a + btan(c+d

input LInt [LOg [a + bxTan[c + d*x]]~3,x] J

((-1/2*I)*Log[(b*(I - Tan[c + d*x]))/(a + I*b)]*Logla + b*Tan[c + d*x]]"3
+ (I/2)*Log[-((b*(I + Tan[c + d*x]))/(a - I*b))]*Logla + b*Tan[c + d*x]]"3
+ ((3%I)/2)*Logl[a + b*Tan[c + d*x]]~2+PolyLog[2, (a + b*Tan[c + d*x])/(a
- Ixb)] - ((3%I)/2)*Logla + b*Tan[c + d*x]] 2#PolyLog[2, (a + b*Tan[c + dx*
x])/(a + I*b)] - (3*I)*Logla + b*Tan[c + d*x]]*PolyLog[3, (a + b*Tan[c + d
*x])/(a - I¥b)] + (3*I)*Logla + b*Tan[c + d*x]]*PolyLogl[3, (a + b*Tan[c +
d*x])/(a + I*b)] + (3*I)*PolyLogl[4, (a + b*Tan[c + d*x])/(a - I*b)] - (3*I

)*PolyLog[4, (a + b*Tan[c + d*x])/(a + I*b)1)/d

output

Defintions of rubi rules used

-

rukaQOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 2856‘Int[((a_-) + Logl[(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*x((f_) + (g_. ‘
‘)*(x_)"(r_))“(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x) ‘
“n])‘p, (f + gxx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I ‘
LGtQ[p, 0] && IntegerQlql && (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 11)) J




rule 4853

inputt

output

inputt

output

inputt

outputt
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Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]/d, u, x], x], x, Tan[v]l/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul, x

1]

Maple [F]

/ln (a + btan (dz + ¢))® dz

int (1n(a+b*tan(d*x+c)) ~3,x)

Lint(ln(a+b*tan(d*x+c))‘3,x)

Fricas [F]

/log3(a + btan(c +dz)) dz = /log (btan (dz + c) + a)® dz

integrate(log(atb*tan(d*x+c))~3,x, algorithm="fricas")

Lintegral(log(b*tan(d*x +c) +a)’3, x)

Sympy [F]

/log3(a+btan(c+dx)) dx = /log(a-l—btan (c+ dx))® d

integrate(ln(a+b*tan(d*x+c))**3,x)

Integral(log(a + b*tan(c + d*x))**3, x)




input

output

input

output

input

output
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Maxima [F(-2)]

Exception generated.

/ log®(a + btan(c + dz)) dz = Exception raised: RuntimeError

tintegrate(log(a+b*tan(d*x+c))‘3,x, algorithm="maxima")

p
‘Exception raised: RuntimeError >> ECL says: BINDING-STACK overflow at size
‘ 10240. Stack can probably be resized.Proceed with caution.

—

Giac [F]

/log3(a + btan(c + dz)) dz = /log (btan (dz + c) + a)® dz

Lintegrate (log(atb*tan(d*x+c))~3,x, algorithm="giac")

Lintegrate(log(b*tan(d*x +c) +a)’3, x)

Mupad [F(-1)]

Timed out.

/log3(a + btan(c + dz)) dz = /ln (a+ btan(c+dx))’ dz

tint(log(a + bxtan(c + d*x))~3,x)

Lint(log(a + bxtan(c + d*x))~3, x)
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Reduce [F]

/log3(a + btan(c + dz)) dx = /log(tan (dz +¢)b+a)’de

input ‘

int (log(a+b*tan(d*x+c)) ~3,x)

output k

int(log(tan(c + d*x)*b + a)*#*3,x)




output
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3.2 [log*(a + btan(c + dx)) dx

Optimal result . . . . . . . . . . . . e 61
Mathematica [A] (verified) . . . . . . . . . ... o 52
Rubi [A] (verified) . . . .. . . ... .. 52
Maple [F] . . . . Y!
Fricas [F] . . . . . . o Y!
Sympy [F] . . o o 5!
Maxima [F(-2)] . . . . . . k%)
Giac [F] . . . . o o 5%
Mupad [F(-1)] . . . o o 5%
Reduce [F] . . . . . 56
Optimal result
Integrand size = 13, antiderivative size = 230
ilog (W) log?(a + btan(c + dz))
/log2(a+btan(c—|—dm))dm = — 54
ilog (—W) log®(a + btan(c + dz))
* 2d
. a+btan(ct+dx
ilog(a + btan(c + dz)) PolyLog <2, %)
+
d
. a+btan(ct+dx)
i log(a + btan(c + dz)) PolyLog (2, T)
d
iI%ﬂyLog<3,9iE%§£i@2)
- d
iI%ﬂyLog<3,giE§%£t@2>
* d

-1/2%Ix1n(b* (I-tan(d*x+c))/(a+I*b))*1n(a+b*tan(d*x+c)) ~2/d+1/2*I*1n(-b*(I+
tan(d*x+c))/(a-I*b))*1n(atb*tan(d*x+c))~2/d+I*1n(at+b*tan(d*x+c))*polylog(2
, (a+b*tan(d*x+c))/(a-I*b))/d-I*1n(a+b*tan(d*x+c))*polylog(2, (at+b*tan(d*x+c
))/ (a+I*b))/d-I*polylog(3, (a+b*tan(d*x+c))/(a-I*b))/d+I*polylog(3, (a+b*tan
(d*x+c))/(a+I*b))/d
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.88

/log2(a + btan(c + dz)) dx

B i(— log <—W> log?(a + btan(c + dz)) + log <—W) log?(a + btan(c + dz)) + 21og

e hY
Integrate[Logl[a + b*Tan[c + d*x]]72,x]

N J

input

((1/2)*(-(Log[-((b*(-I + Tan[c + d*x]))/(a + I*b))]l*Logla + b*Tan[c + d*x]
1°2) + Log[-((b*(I + Tan[c + d*x]))/(a - I*b))]*Logla + b*Tan[c + d*x]]~2
+ 2%Logl[a + b*Tan[c + d*x]]*PolyLog[2, (a + bxTan[c + d*x])/(a - Ixb)] - 2
xLog[a + b*Tan[c + d*x]]*PolyLog[2, (a + b*Tan[c + d*x])/(a + I*b)] - 2*Po
lyLog[3, (a + b*Tan[c + d*x])/(a - I*b)] + 2#PolyLog[3, (a + b*Tan[c + d*x
1)/(a + Ixb)]1)) /4

output

Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.94,

number of rules __
integrand size 0.231, Rules

number of steps used = 4, number of rules used = 3,
used = {4853, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log?(a + btan(c + dz)) dz

l 4853

log? (a+btan(c+dz
J Ogta(mz(cfda(g)ﬂ ))dtan(c + dx)

d
l'2856

i log? (a+btan(c+d i log? (a+btan(ctdzx))
J (Z og(i(ztan(a;-li-(;m))x)) + S an(crde) 1) ) dtan(c + dz)

d
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l 2009

—dI%ﬂyLog(3,9t@%§£t%Q>-+iI%ﬂyLog<3,9t@%%£i%Q>-+iI%ﬂyLog<2,9iE§?%t%9)]og(a—kbtan(c#—dxn

input‘Int[Log[a + bxTan[c + d*x]]"2,x]

((-1/2*%I)*Log[(b*(I - Tan[c + d*x]))/(a + I*b)]*Logla + b*Tan[c + d*x]]~2
+ (I/2)*Log[-((b*(I + Tan[c + d*x]))/(a - I*b))]*Logla + b*Tan[c + d*x]]~2
+ IxLogla + b*Tan[c + d*x]]*PolyLogl[2, (a + b*Tan[c + d*x])/(a - I*b)] -
IxLogl[a + b*Tan[c + d*x]]*PolyLogl[2, (a + b*Tan[c + d*x])/(a + Ixb)] - I*P
olyLogl[3, (a + b*Tan[c + d*x])/(a - I*b)] + I*PolyLogl[3, (a + bxTan[c + d*

x])/(a + I*b)1)/d

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, xI, x] /; SumQ[u] J

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*((f_) + (g_.
)*(x_)"(x_))"(q_.), x_Symboll :> Int[ExpandIntegrand[(a + bxLoglcx(d + e*x) |
“n])“p, (f + gxx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I

GtQlp, O] && IntegerQlql &% (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 1]))

& J

rule 2856

rule 4853 1ntlu_, x_Symbol]l :> With[{v = FunctionOfTriglu, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]l/d, u, x], x], x, Tan[v]l/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul, x

1]
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Maple [F]

/ln (a + btan (dz + ¢))* dx

input L

int (1n(at+b*tan(d*x+c))~2,x)

outputt

int (In(at+b*tan(d*x+c))~2,x)

Fricas [F]

/10g2(a + btan(c+ dz)) dz = /log (btan (dz 4 c) + a)® dz

inputt

integrate(log(atb*tan(d*x+c))~2,x, algorithm="fricas")

outputt

integral(log(b*tan(d*x + c) + a)~2, x)

Sympy [F]

/log2(a+btan(c—|—dz')) dx = /log(a—l—btan (c + dx))? dz

inputt

integrate(ln(a+bxtan (d*x+c))**2,x)

outputt

Integral(log(a + bxtan(c + d#*x))**2, x)




input

output

input

output

input

output
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Maxima [F(-2)]

Exception generated.

/ log?(a + btan(c + dz)) dz = Exception raised: RuntimeError

tintegrate(log(a+b*tan(d*x+c))‘2,x, algorithm="maxima")

p
‘Exception raised: RuntimeError >> ECL says: BINDING-STACK overflow at size
‘ 10240. Stack can probably be resized.Proceed with caution.

—

Giac [F]

/log2(a + btan(c + dz)) dz = /log (btan (dz + c) + a)® dz

Lintegrate(log(a+b*tan(d*x+c))‘2,x, algorithm="giac")

Lintegrate(log(b*tan(d*x +c) +a)’2, x)

Mupad [F(-1)]

Timed out.

/log2(a + btan(c + dz)) dz = /ln (a+ btan(c+dx))’ dz

tint(log(a + bxtan(c + d*x))~2,x)

Lint(log(a + b*tan(c + d*x))~2, x)
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Reduce [F]

/logz(a + btan(c + dz)) dx = /log(tan (dz +¢)b+a)’de

input ‘

int (log(a+b*tan(d*x+c)) ~2,x)

output k

int(log(tan(c + d*x)*b + a)**2,x)
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3.3 [ log(a + btan(c + dz)) dx

Optimal result . . . . . . . . . . . . e ¥
Mathematica [A] (verified) . . . . . . . . . ... o B
RUDL [F] .« © o o oot e e e 58
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 60
Sympy [F] . . o o 611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 611
Giac [F] . . . . o o 611
Mupad [F(-1)] . . . o o 62
Reduce [F] . . . . . 62

Optimal result

Integrand size = 11, antiderivative size = 150

ilog (W) log(a + btan(c + dz))
2d
ilog (—W) log(a + btan(c + dz))
2d
. a+btan(ct+dz)
1 PolyLog (2, T)
2d
. a+btan(c+dzx)
1 PolyLog (2, T)
2d

/ log(a + btan(c + dx)) dz = —

_|_

_l_

output \ -1/2*I*1n(b* (I-tan(d*x+c))/(a+I*b))*1n(a+b*tan(d*x+c))/d+1/2+xI*1n(-b*(I+ta
‘n(d*x+c))/(a-I*b))*1n(a+b*tan(d*x+c))/d+1/2*I*polylog(2,(a+b*tan(d*x+c))/(
‘a—I*b))/d-1/2*I*polylog(2,(a+b*tan(d*x+c))/(a+I*b))/d
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00

ilog (W) log(a + btan(c + dz))
2d
ilog (—W) log(a + btan(c + dx))
2d
’LPOlyLOg <2’ a+btan(c+dz)>

/log(a + btan(c+dz)) dzr = —

+

a—1ib
2d

. a+btan(c+dzx)
7 POlyLOg <2, T)

2d

_|_

-

input L

-/

Integrate[Logla + b*Tan[c + d*x]],x]

¢ ((-1/2+D)Log[(b*(I - Tanlc + d*x]))/(a + Ixb)1+Logla + bsTan[c + dxx]11)/d
-+ ((I/2)*Log[-((b*(I + Tanlc + d*x]1))/(a - I*b))]1xLogla + b¥Tan[c + d*x]]
‘)/d + ((I/2)*PolyLog[2, (a + bxTan[c + d*x])/(a - I*b)])/d - ((I/2)*PolyLo ‘
g2, (a + bxTan[c + dxx]1)/(a + I*b)1)/d |

outpu

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + btan(c + dz)) dx

l 3028

bdz sec?(c + di)
a + btan(c + dx)

zlog(a + btan(c + dzx)) — /

l27

2
zlog(a + btan(c + dz)) — bd/ zsec’(c + dz)

a + btan(c + dx)




CHAPTER 3. LISTING OF INTEGRALS 59

l 7299

zsec?(c + dzx)
a + btan(c + dx)

zlog(a + btan(c + dx)) — bd/

input LInt [Logla + b*Tan[c + d*x]],x] J

output L$Aborted J

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] |

rule 3028‘ Int[Logl[u_], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand [x*(DI[u, ‘
‘ x]/u), x], x] /; InverseFunctionFreeQ[u, x] ‘

rule 7299L1nt [u_, x_] :> CannotIntegrate[u, x] J

Maple [A] (verified)

Time = 11.50 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.89

method result
, (_ 4 In(a+b tan(da-+c)) <1n ( b j@‘_ﬁ;”c) ) “In ( ibtbtan(drte) > ) i (dilog( ib—b tan(do-tc) >2;dilog ( ibtbtan(drte) ) ) )
derivativedivides v :
, (_ i In(a+b tan(dz-c)) (m ( ib=b ti‘l’%?mﬂ) ) “In ( ib+b tan(de o) ) ) i (dilog( #-btan(dote) )2;dilog ( ibtb tan(dete) ) ) °
default > /
risch Expression too large to display
input Lint (1n(a+b*tan(d*x+c)) ,x,method=_RETURNVERBOSE) J
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Output‘1/d*b*(-1/2*1*1n(a+b*tan(d*x+c))*(1n((I*b—b*tan(d*x+c))/(a+I*b))—ln((I*b+b
‘*tan(d*x+c))/(I*b-a)))/b-1/2*I*(dilog((I*b-b*tan(d*x+c))/(a+I*b))-dilog((I
*brbrtan(dxx+c))/ (Ixb-a))) /b) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 599 vs. 2(119) = 238.

Time = 0.12 (sec) , antiderivative size = 599, normalized size of antiderivative = 3.99

/ log(a + btan(c + dz)) dr = Too large to display

( N

input integrate(log(atb*tan(d*x+c)),x, algorithm="fricas")

1/4% (4*d*x*log(b*tan(d*x + c) + a) + 2xd*x*log(-2*(Ixtan(d*x + c) - 1)/(ta
n(d*x + c)”2 + 1)) + 2*d*xxlog(-2*(-I*tan(d*x + c) - 1)/(tan(d*x + c)~2 +

1)) - 2x(d*x + c)*log(-2*((Ixaxb - b~2)*tan(d*x + c)"2 - a2 - Ixa*b + (Ix
a~2 - 2#axb - Ix*b”"2)*tan(d*x + c))/((a"2 + b"2)*tan(d*x + c)"2 + a2 + b~2
)) - 2x(d*x + c)*log(-2*((-Ixa*b - b~2)*tan(d*x + c)”2 - a”2 + I*a*b + (-I
*a~2 - 2xa*xb + I*b"2)*tan(d*x + c))/((a”2 + b™2)*tan(d*x + c)”2 + a”2 + b~
2)) + 2*c*xlog(((I*axb + b"2)*tan(d*x + c)~2 - a”2 + I*axb + (I*a"2 + Ixb~2
)*xtan(d*x + c))/(tan(d*x + c)”2 + 1)) + 2*c*log(((I*a*b - b"2)*tan(d*x + c
)72 + a”2 + Ixa*xb + (I*a"2 + I*b"2)*tan(d*x + c))/(tan(d*x + c)~2 + 1)) -

Ixdilog(2*((I*a*b - b~2)*tan(d*x + c)”2 - a”2 - Ika*b + (I*a”2 - 2*%a*b - I
*b~2)*tan(d*x + c))/((a"2 + b"2)*tan(d*x + c)"2 + a”2 + b"2) + 1) + Ixdilo
g(2*%((-I*a*b - b"2)*tan(d*x + c)~2 - a”2 + I*a*b + (-I*a"2 - 2*a*b + I*b~2
)xtan(d*x + c))/((a"2 + b~™2)*tan(d*x + c)”2 + a”2 + b72) + 1) + I*dilog(2x
(I*tan(d*x + c) - 1)/(tan(d*x + ¢c)”2 + 1) + 1) - I*dilog(2*(-Ixtan(d*x + c
) - 1)/(tan(d*x + c)"2 + 1) + 1))/d

output
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Sympy [F]

/log(a+btan(c+dm)) dx = /log(a+btan (c+dx))dx

inputLintegrate(1n(a+b*tan(d*x+c)),x) J

Output‘Integral(log(a + bxtan(c + d*x)), x)

Maxima [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.17

/log(a + btan(c + dz)) dz

2 (dz + c) log (btan (dz + c) + a) + arctan <b2 tana(fﬁf)“b, abtantl(g_’gzc”ﬁ) log (tan (dz +¢)? + 1) — (dz
N 2d

input‘integrate(log(a+b*tan(d*x+c)),x, algorithm="maxima")

1/2x(2*(d*x + c)*log(b*tan(d*x + c) + a) + arctan2((b”"2*tan(d*x + c) + a*b
)/(a”2 + b72), (axb*tan(d*x + c) + a~2)/(a"2 + b~2))*log(tan(d*x + c)~2 +
1) - (d*x + c)*log((b"2*tan(d*x + c)~2 + 2*axbxtan(d*x + c) + a~2)/(a"2 +
b~2)) - Ixdilog(-(I*b*tan(d*x + c) - b)/(I*a + b)) + I*dilog((I*b*tan(d*x
+c) + b)/(-Ixa + b)))/d

output

Giac [F]

/log(a + btan(c + dz)) dz = /log (btan (dz +c¢) +a) dz

inputLintegrate(1°g(a+b*tan(d*x+c)),x, algorithm="giac") J
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OutputLintegrate(log(b*tan(d*x +¢) +a), x)

Mupad [F(-1)]

Timed out.

/log(a—i-bta,n(c—i—dcc))dx = /ln (a+btan(c+dx)) dz

inputLint(log(a + b*tan(c + d*x)),x)

OutputLint(log(a + bxtan(c + d*x)), x)

Reduce [F]

/log(a + btan(c+ dz)) dz = /log(tan (dz+c)b+a)dx

inputLint(log(a+b*tan(d*x+c)),x)

OutputLint(log(tan(c + d*x)*b + a),x)




output L

input

outpu
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34 s da
* log(a+btan(c+dz))

Optimal result . . . . . . . . . . . . . e 631
Mathematica [N/A] . . . . . . .. . 63
Rubi [N/A] . . o 64
Maple [N/A] . . . o 65
Fricas [N/A] . . . . . 651
Sympy [N/A] . . o 661
Maxima [N/A] . . . o 661
Giac [N/A] . . o o 661
Mupad [N/A] . . . o 67
Reduce [N/A] . . . . 671

Optimal result

Integrand size = 13, antiderivative size = 13

1 1
=1
/ log(a + btan(c + dx)) do = Int (log(a + btan(c + dz))’

)

Defer (Int) (1/1n(a+b*tan(d*x+c)),x)

Mathematica [N/A]

Not integrable

Time = 0.56 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ log(a + bt;n(c + dx)) dz = /

1
log(a + btan(c + dz))

dz

-

LIntegrate [Logla + b*Tan[c + d*x]]1~(-1),x]

t‘ Integrate[Log[a + b*Tan[c + d*x]]1~(-1), x]
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Rubi [N/A]
Not integrable
Time = 0.48 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4853, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
= dx
log(a + btan(c + dz))
l 4853
1
f log(a+btan(ct+dz))(tan?(c+dz)+1) dtan(c + dx)
d
l 2865
f (2log(a—i—btan(c—}-dix))(tan(c-i-dw)-i-z') + 2 log(a+btan(c—{—dia:))(i—tan(c_g_dx))) dtan(c + d_q;)
d
l 2009
. ' 1
31 J ogarstnerds)i—mneray @ 120(C + 47) + 31 | oo Ganter ey 4 tan(c + dz)
d
input LInt [Logla + b*Tan[c + d*x]]17(-1),x] J
output t$Aborted J

Defintions of rubi rules used

rule 2009 |

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]
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rule 2865

Int[((a_.) + Logl(c_.)*((d)) + (e_)*(x_))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + exx)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 4853

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2#*x
~2), Tan[vl/d, u, x], x], x, Tan[vl/dl]l, x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

Maple [N/A]
Not integrable

Time = 3.75 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
/ In (a + btan (dz + c))dx

input L

-

output L

input

output L

int (1/1n(a+b*tan(d*x+c)) ,x)

int (1/1n(a+b*tan(d*x+c)) ,x)

| —

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btan(c + dx)) de = / log (btan (dx + ¢) + a) de

Lintegrate (1/1og(a+b*tan(d*x+c)) ,x, algorithm="fricas")

integral(1/log(b*tan(d*x + c) + a), x)
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Sympy [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

1 1
dr = d
/ log(a + btan(c + dz)) v / log (a + btan (c + dx)) v

-

input Lintegrate (1/1n(a+b*tan(d*x+c)) ,x)

-/

output LIntegral(i/log(a + b*tan(c + d*x)), x)

Maxima [N/A]
Not integrable

Time = 1.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btan(c + dz)) de = / log (btan (dz + ¢) + a) dz

input Lintegrate (1/1log(atb*tan(d*x+c)) ,x, algorithm="maxima")

output Lintegrate(1/1og(b*tan(d*x +c) + a), x)

Giac [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btan(c + dz)) de = / log (btan (dz + ¢) + a) dz

input Lintegrate (1/1og(a+bxtan(d*x+c)),x, algorithm="giac")
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OutputLintegrate(1/log(b*tan(d*x +c) +a), x)

Mupad [N/A]
Not integrable

Time = 26.41 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/log(a+btan(c+dx)) de = / In(a+btan (c+ dx)) dz

inputLint(l/log(a + bxtan(c + d*x)),x)

Outputtint(l/log(a + b*tan(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btan(c + dz)) de = / log (tan (dz +¢) b+ a) dz

inputLint(1/log(a+b*tan(d*x+c)),x)

Outputllnt(l/log(tan(c + d*x)*b + a),X)




output

input

output
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1

3.9 f log?(a+btan(c+dz)) dx

Optimal result . . . . . . . . .. .. 6]
Mathematica [N/A] . . . . . ... 68
Rubi [N/A] . . . 69
Maple [N/A] . . . o 70
Fricas [N/A] . . . . o (71l
Sympy [N/A] . . . e [Tl
Maxima [N/A] . . . . o (71
Giac [N/A] .« . o
Mupad [N/A] . . . o 73
Reduce [N/A] . . . o o 73

Optimal result

Integrand size = 13, antiderivative size = 13

1

1

dz = Int
log?(a + btan(c + dz)) e <

log?(a + btan

(c+ dx))’g”)

tDefer(Int) (1/1n(a+b*tan (d*x+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 28.37 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr —
/logZ(a+btan(c+dm)) v /log2(

a+ btan(c + dx))

dz

LIntegrate [Logla + b*Tan[c + d*x]]17(-2),x]

‘Integrate [Log[a + b*Tan[c + d*x]]1~(-2), x]




CHAPTER 3. LISTING OF INTEGRALS 69

Rubi [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4853, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/ log?(a + btan(c + dz)) *

| 4853
1
f log?(a+btan(c+dzx))(tan2 (c+dx)+1) dta‘n(c + d.’l?)
d
| 2865
f (2log2 (a-{—btan(c—l—tzia:))(tan(c—i—dac)—i—i) + 2log?(a+b tan(c—i-tzix))(i—tan(c-i-dz))) dtan(c + da;)
d
| 2009
1. 1 1. L
3 f log? (a+btan(c+dz))(i—tan(c+dz)) dtan(c + dx) + gt f log?(a+b tan(c+dz)) (tan(ct+dz)+4) dtan(c + da:)
d
input LInt [LOg [a + b*Tan[c + d*x]]~(-2),x] J

output L$Aborted J
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Defintions of rubi rules used

rule 2009 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 2865

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 4853

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tanl[vl/d, u, x], x], x, Tanlvl/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

Maple [N/A]
Not integrable

Time = 3.56 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ ! s5dx
In (a + btan (dz + ¢))

input ‘\

output ‘

int (1/1n(a+b*tan(d*x+c)) ~2,x)

int (1/1n(a+b*tan(d*x+c)) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 1 dz = / 1 5 dx
log®(a + btan(c + dz)) log (btan (dz + ¢) + a)

input‘integrate(1/log(a+b*tan(d*x+c))"2,x, algorithm="fricas")

outputLintegral(log(b*tan(d*x +c) + a)7(-2), x)

Sympy [N/A]
Not integrable

Time = 0.66 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log®(a + btan(c + dz)) log (a + btan (c + dz))

inputLintegrate(1/1n(a+b*tan(d*x+c))**2,x)

output LIntegral(log(a + bxtan(c + d*x))**x(-2), x)

Maxima [N/A]
Not integrable

Time = 12.35 (sec) , antiderivative size = 2870, normalized size of antiderivative =
220.77

1 1
/ 5 dr = / 5 dx
log“(a + btan(c + dz)) log (btan (dz + ¢) + a)

input Lintegrate (1/1log(at+bxtan(d*x+c))~2,x, algorithm="maxima")




output

input

output
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1/2% (2% ((b*cos (2%d*x + 2%c) + a*sin(2%d*x + 2%c))*cos(4*d*x + 4%c) - b*cos
(2xd*x + 2*%c) - (a*cos(2*d*x + 2*c) - bxsin(2*d*x + 2*c))*sin(4*d*x + 4*c)
+ a*sin(2*d*x + 2#*c))*arctan2(-b*cos(2*d*x + 2*c) + a*sin(2*d*x + 2*c) +
b, axcos(2*d*xx + 2*c) + b*sin(2*d*x + 2xc) + a) - 2*((b*cos(2xd*x + 2%c) +
a*sin(2*d*x + 2*c))*cos(4xd*x + 4*c) - bxcos(2xd*xx + 2%c) - (a*cos(2xd*x
+ 2%c) - bxsin(2*d*x + 2*c))*sin(4*d*x + 4*xc) + axsin(2*d*x + 2*c))*arctan
2(sin(2*d*x + 2*c), cos(2*d*x + 2%c) + 1) + 2x(4x(b*d*cos(2*d*x + 2%c)"2 +
bxd*sin(2*xd*x + 2%c) ~2)*arctan2(-b*cos(2*d*x + 2*c) + a*xsin(2*d*x + 2%*c)
+ b, a*xcos(2xd*x + 2*c) + bxsin(2xd*x + 2*c) + a)”2 - 8*(bxd*cos(2xd*x + 2
*C) "2 + bkxd*sin(2*d*x + 2%c) ~2)*arctan2(-bxcos(2xd*x + 2%c) + axsin(2*d*x
+ 2%c) + b, akxcos(2*d*x + 2%c) + b*sin(2*d*x + 2*c) + a)*arctan2(sin(2*xd*x
+ 2x%c), cos(2xd*x + 2%c) + 1) + 4x(b*d*cos(2xd*x + 2%c)~2 + b*d*sin(2*d*x
+ 2%c)"2)*arctan2(sin(2xd*x + 2*c), cos(2xd*x + 2*c) + 1)°2 + (b*d*cos(2x*
d*x + 2%c)”2 + bxd*sin(2xd*x + 2*xc)~2)*log((a”2 + b~2)*cos(2*d*x + 2%xc)~2
+ 4*axb*sin(2*d*x + 2*c) + (2”2 + b"2)*sin(2*d*x + 2*c)"2 + a”2 + b2 + 2%
(a”2 - b72)*cos(2*d*x + 2%c)) "2 - 2*k(b*d*cos(2xd*x + 2*c)~2 + b*d*sin(2*d*
X + 2%c)"2)*1log((a"2 + b~2)*cos(2xd*x + 2%c)~2 + 4xa*b*sin(2*d*x + 2%c) +
(a™2 + b™2)*sin(2*%d*x + 2%c)"2 + a~2 + b™2 + 2% (a2 - b"2)*cos(2*xd*x + 2*c
))*log(cos(2*d*x + 2*c)~2 + sin(2*d*x + 2xc) "2 + 2*cos(2*d*x + 2xc) + 1) +
(b*d*cos (2xd*x + 2%c)"2 + bxd*sin(2*d*x + 2xc) ~2)*log(cos(2*d*x + 2%c)...

Giac [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

5 L dz —-]/ 1 5 dx
log®(a + btan(c + dz)) log (btan (dzx + ¢) + a)

‘integrate(1/1og(a+b*tan(d*x+c))“2,x, algorithm="giac")

-

Lintegrate(log(b*tan(d*x +c) +a)”(-2), x

| —
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Mupad [N/A]
Not integrable

Time = 27.51 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 ! dr = / ! 5 dx
log“(a + btan(c + dz)) In(a+btan (c+ dx))

input Lint(l/log(a + bxtan(c + d*x))~2,x)

output Lint(l/log(a + bxtan(c + d*x))~2, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 L dr = / L sdx
log“(a + btan(c + dz)) log (tan (dz + ¢) b+ a)

inputLint(1/log(a+b*tan(d*x+c))“2,x)

Outputtint(l/log(tan(c + d*x)*b + a)**2,x)
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3.6 [log*(a + beot(c + dx)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F(-1)] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 13, antiderivative size = 318

/1og3(a + beot(c+ dz)) dz =

+

74
[(Dl
(Dl
(7
(77
77
(S
(S
g
(Y
ilog (%&?dw))) log®(a + beot(c + dz))
2d
ilog (—W) log®(a + beot(c + dz))
2d
. 2 a+b cot(c+dx)
3ilog”(a + beot(c + dz)) PolyLog (2, ey )
2d
. 2 a+bcot(ct+dz)
3ilog”(a + beot(c + dz)) PolyLog (2, T)
2d
. a+b cot(c+dx)
3ilog(a + bceot(c + dz)) PolyLog (3, T)

+

_|_

3ilog(a + beot(c + dz)) PolyLog (3, atbeot(ctdr)

d

a+ib

)

cot(c+dx)

3¢ PolyLog <4, ath

d

a—1ib

)

d
3i PolyLog (4, ath

cot(c+dzx)

a+ib

)

d
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1/2*I*1n(b* (I-cot (d*x+c))/(a+I*b))*1n(atb*cot (d*x+c))~3/d-1/2*I*1n(-b*(I+c
ot (d*x+c))/(a-I%b))*1ln(a+b*cot(d*x+c))~3/d-3/2*I*1ln(a+bxcot (d*x+c)) " 2*poly
log(2, (atb*cot (d*x+c))/(a-I*b))/d+3/2*I*1ln(a+b*cot (d*x+c)) “2*xpolylog(2, (a+
b*cot (d*x+c))/(a+I*b))/d+3*I*1n(atb*cot (d*x+c))*polylog(3, (atb*cot (d*x+c))
/(a-I*b))/d-3*I*1n(a+b*cot (d*x+c))*polylog(3, (atb*cot (d*x+c))/(a+I*b))/d-3
*I*polylog(4, (atbxcot (d*x+c))/(a-I*b))/d+3*I*polylog(4, (atb*cot(d*x+c))/(a
+I*b))/d

output

Mathematica [A] (verified)

Time = 1.25 (sec) , antiderivative size = 277, normalized size of antiderivative = 0.87

/log3(a + beot(c+ dz)) dx

i(log (—W) log®(a + beot(c + dz)) — log (—W) log®(a + bceot(c + dr)) — 3log?(c

e

~—

inputLIntegrate[Log[a + bxCot[c + d*x]]~3,x]

((I/2)*(Log[-((b*x(-I + Cot[c + d*x]))/(a + Ixb))]xLogla + b*Cot[c + d*x]]~
3 - Log[-((b*(I + Cotl[c + d*x]))/(a - I*b))]l*Logla + b*Cot[c + d*x]]~3 - 3
*xLog[a + bxCot[c + d*x]]~2#PolyLog[2, (a + b*Cot[c + d*x])/(a - Ixb)] + 3%
Logla + bxCot[c + d*x]]~2#PolyLogl[2, (a + b*Cot[c + d*x])/(a + Ixb)] + 6L
ogla + b*Cot[c + d*x]]*PolyLogl[3, (a + b*Cot[c + d*x])/(a - I*b)] - 6xLogl
a + b*Cot[c + d*x]]*PolyLogl[3, (a + bxCot[c + d*x])/(a + Ixb)] - 6*PolyLog
[4, (a + b*Cot[c + d*x])/(a - I*b)] + 6*PolyLogl[4, (a + b*Cot[c + d*x])/(a
+ I*b)1))/d

output

Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 299, normalized size of antiderivative = 0.94,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {4852, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/log3(a + beot(c + dx)) dz

l 4852
3
B J logcg:j(l::j-o;i():rfx)) dcot(c+ dzx)
d
l 2856
ilog3 (a+b cot(c+dz ilog3 (a+b cot(c+dz
f ( g(i(—cot(c-f(dz)) ) + g(éot(c—i—dz()—i-i) ))) dCOt(C + d.’E)
d
l 2009

3i PolyLog (4, W’%W) — 3i PolyLog (4, m%(f;dm)) + 3i PolyLog (2, W) log?(a + beot(c +

input \rInt [Logla + b*Cot[c + d*x]]"3,x] ‘

-(((-1/2*I)*Log[(b*(I - Cot[c + d*x]))/(a + I*b)]*Logla + b*Cot[c + d*x]]1~
3 + (I/2)*Log[-((b*(I + Cot[c + d*x]))/(a - I*b))]l*Logla + b*Cotl[c + d*x]]
=3 + ((3*I)/2)*Logla + b*Cot[c + d*x]] 2*PolyLog[2, (a + b*Cot[c + d*x])/(
a - Ixb)] - ((3*I)/2)*Logla + b*Cot[c + d*x]]~2*PolyLog[2, (a + b*Cot[c +
d*x])/(a + I*b)] - (3*I)*Logla + b*Cot[c + d*x]]*PolyLog[3, (a + b*Cotl[c +
d*x])/(a - I*b)] + (3*I)*Logla + b*Cot[c + d*x]]*PolyLog[3, (a + b*Cotl[c
+ d*x])/(a + I*b)] + (3*I)*PolylLogl[4, (a + b*Cot[c + d*x])/(a - Ixb)] - (3
*I)*PolyLog[4, (a + bxCot[c + d*x])/(a + I*b)])/d)

output

Defintions of rubi rules used

-

rukaQOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

e

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*x((f_) + (g_.
‘)*(x_)‘(r_))“(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
"‘n])“p, (f + gxx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I

rule 2856
LGtQ[p, 0] && IntegerQlql && (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 11)) J
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rule 4852

Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/dll, x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul],
x]]

inputt

Maple [F]

/ln (a + beot (dz + ¢))* da

int (In(a+b*cot (d*x+c)) ~3,x)

output

inputt

output

inputt

outputt

Lint(ln(a+b*cot(d*x+c))“3,x)

Fricas [F]

/log3(a + beot(c + dx)) dz = /log (beot (dz + ¢) + a)® dx

integrate(log(atb*cot (d*x+c))~3,x, algorithm="fricas")

Lintegral(log(b*cot(d*x +c) +a)’3, x)

Sympy [F]

/log3(a+bcot(c—|—dm)) dx = /log(a-l—bcot (c + dx))® do

integrate(ln(a+b*cot (d*x+c))**3,x)

Integral(log(a + b*cot(c + d*x))**3, x)
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Maxima [F(-1)]
Timed out.

/ log®(a + bceot(c + dr)) dz = Timed out

inputLintegrate(log(a+b*cot(d*x+c))*3’x’ algorithm="maxima")

OutputLTlmed out

Giac [F]

/log3(a + beot(c+ dz)) dx = /log (beot (dz + ¢) + a)® dz

input Lintegrate (log(at+b*cot (d*x+c))~3,x, algorithm="giac")

outputLintegrate(log(b*cot(d*x + c) + a)73, x)

Mupad [F(-1)]

Timed out.

/10g3(a+bcot(c+dz)) dr = /ln(a+bcot(c+dz))3d:c

input Lint(log(a + bxcot(c + d*x))~3,x)

output Lint(log(a + bxcot(c + d*x))~3, x)




input

output
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Reduce [F]

/log3(a + beot(c+ dz)) dx = /log(a + beot (dz + ¢))* dx

‘int(log(a+b*cot(d*x+c))“3,x)

tint(log(a+b*cot(d*x+c))‘3,x)




output
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2
3.7 [ log*(a + beot(c + dzx)) dz
Optimal result . . . . . . . . . . . . e 801
Mathematica [A] (verified) . . . . . . . . . ... o 8Tl
Rubi [A] (verified) . . . .. . . ... .. 31
Maple [F] . . . . ]R3
Fricas [F] . . . . . . o ’3
Sympy [F] . . o o ]3
Maxima [F(-1)] . . . . . . !
Giac [F] . . . . o o !
Mupad [F(-1)] . . . o o !
Reduce [F] . . . . . 85
Optimal result
Integrand size = 13, antiderivative size = 230
ilog <W> log?(a + beot(c + dz))
/logz(a-i-bcot(c—kdm))dm = 5
ilog (——b(iﬂzt_(f; dw”) log?(a + beot(c + dx))
2d
ilog(a + bcot(c + dzx)) PolyLog (2, “H’+(;+da”))
B d
ilog(a + bceot(c + dzx)) PolyLog (2, W’%W)
_|_
d
i PolyLog (3, atbcot(ctde) C;E(grdz))
+
d
iI%ﬂyLog(3,5i9§§%t@2>
- d

1/2*%I*1n(b*(I-cot (d*x+c))/(a+I*b))*1ln(atb*cot (d*x+c))~2/d-1/2*I*1n(-b*(I+c
ot (d*x+c))/(a-I*b))*1n(a+b*cot (d*x+c)) ~2/d-I*1ln(at+tb*cot (d*x+c))*polylog(2,
(atbxcot (d*x+c))/(a-I*b))/d+I*1n(a+b*cot (d*x+c))*polylog(2, (a+b*cot (d*x+c)
)/ (a+I*b))/d+I*polylog(3, (at+b*cot (d*x+c))/(a-I*b))/d-I*polylog(3, (at+b*cot(
d*x+c))/(a+I*b))/d




input

output
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Mathematica [A] (verified)

Time = 0.96 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.88

/log2(a + beot(c + dz)) dx

i(log (—W) log?(a + beot(c + dz)) — log (—W) log?(a + beot(c + dz)) — 2log(a

e hY

Integrate[Logl[a + b*Cot[c + d*x]]172,x]

N J

((1/2)*(Log[-((b*x(-I + Cot[c + d*x]))/(a + Ixb))]*Logla + b*Cot[c + d*x]]1~
2 - Log[-((b*(I + Cot[c + d*x]))/(a - Ixb))]*Logla + b*Cot[c + d*x]]"2 - 2
xLog[a + bxCot[c + d*x]]1*PolyLogl[2, (a + b*Cot[c + d*x])/(a - I*b)] + 2*Lo
gla + b*Cot[c + d*x]]*PolyLog[2, (a + b*Cot[c + d*x])/(a + I*b)] + 2%PolyL
ogl3, (a + b*Cot[c + d*x])/(a - I*b)] - 2*PolyLogl[3, (a + b*Cot[c + d*x])/
(a + I*b)1))/d

Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.94,

number of rules __
integrand size 0.231, Rules

number of steps used = 4, number of rules used = 3,
used = {4852, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/logz(a + beot(c + dx)) dz

l 4852

log?(a+b ct+dx
. f Ogcgtj(ciojgg)Il ))dCOt(C —+ dx)

d
l'2856

ilog? (at+b cot(c-d: i log? (a+b cot(ct-d
J (™ + ittt deot(c + da)

d
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l 2009

—i PolyLog <3, M%W) + ¢ PolyLog (3, %W) + i PolyLog (2, W) log(a + beot(c + dx)

input ‘ Int[Logla + bxCot[c + d*x]]~2,x] ‘

-(((-1/2*I)*Log[(b*(I - Cot[c + d*x]))/(a + I*b)]l*Logla + b*Cot[c + d*x]]~
2 + (I/2)*Log[-((b*(I + Cotl[c + d*x]))/(a - I*b))]*Logla + b*Cot[c + d*x]]
~2 + IxLogl[a + bxCot[c + d*x]]*PolyLog[2, (a + b*Cot[c + d*x])/(a - I*b)]

- IxLogl[a + b*Cot[c + d*x]]*PolyLog[2, (a + b*Cot[c + d*x])/(a + I*b)] - I
*PolyLog[3, (a + b*Cot[c + d*x])/(a - I*b)] + IxPolyLog[3, (a + b*Cot[c +

d*x])/(a + I*b)1)/d)

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, xI, x] /; SumQ[u] J

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*((f_) + (g_.
)*(x_)"(x_))"(q_.), x_Symboll :> Int[ExpandIntegrand[(a + bxLoglcx(d + e*x) |
"“n])"p, (f + gxx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, r}, x] & I ‘
GtQlp, O] && IntegerQlql &% (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 1]))

& J

rule 2856

rule 4852 10t [u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/dll, x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul],

x]]
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Maple [F|

/111 (a + beot (dz + ¢))* dx

inputLint(ln(a+b*cot(d*x+c))‘2,x)

outputLint(ln(a+b*cot(d*x+c))“2,x)

Fricas [F|

/log2(a + beot(c+dz)) dz = /log (beot (dz + ¢) + a)? dz

inputLintegrate(log(a+b*cot(d*x+c))*2,x, algorithm="fricas")

output Lintegral(IOg (bxcot(d*x + c) + a)~2 s x)

Sympy [F]

/ log*(a +beot(c + dz)) dz = / log (a + beot (¢ + dz))* dz

inputLintegrate(ln(a+b*00t(d*x+c))**2,x)

Outputtlntegral(log(a + bkcot(c + d*x))**2, x)
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Maxima [F(-1)]
Timed out.

/ log?(a + bceot(c + dr)) dz = Timed out

inputLintegrate(log(a+b*cot(d*x+c))*2’x’ algorithm="maxima")

OutputLTlmed out

Giac [F]

/log2(a + beot(c+ dz)) dx = /log (beot (dz + ¢) + a)® dz

input Lintegrate (log(at+b*cot (d*x+c))~2,x, algorithm="giac")

outputLintegrate(log(b*cot(d*x +c) + a2, x)

Mupad [F(-1)]

Timed out.

/10g2(a+bcot(c+dz)) dr = /ln(a+bcot(c+dz))2d:c

input Lint(log(a + bxcot(c + d*x))~2,x)

output Lint(log(a + bxcot(c + d*x))~2, x)




input

output
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Reduce [F]

/log2(a + beot(c+ dz)) dx = /log(a + beot (dz + ¢))? dx

‘int(log(a+b*cot(d*x+c))“2,x)

tint(log(cot(c + d*x)*b + a)**2,x)
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3.8 [ log(a + beot(c + dx)) dx

Optimal result . . . . . . . . . . . . e 80l
Mathematica [A] (verified) . . . . . . . . . ... o 87
RUDL [F] .« © o o oot e e e 87
Maple [A] (verified) . . . . . . ... L 88
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... ]9
Sympy [F] . . o o 90
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... )
Giac [F] . . . . o o OT]
Mupad [F(-1)] . . . o o OT]
Reduce [F] . . . . . 92

Optimal result

Integrand size = 11, antiderivative size = 150

ilog <b(’_%(f;d“))> log(a + beot(c + dx))
2d
ilog (—W) log(a + bceot(c + dx))

B 2d
. a+bcot(c+dzx)
i PolyLog (2, T)

2d
. a+b cot(c+dz)
1 PolyLog <2, T)

2d

/log(a + beot(c+ dz)) dz =

+

¢ ‘ 1/2*I*1n(b* (I-cot (d*x+c))/(a+I*b))*1n(a+b*cot (d*x+c))/d-1/2*I*1n(-b*(I+cot ‘
‘ (d*x+c))/(a-I*b))*1n(a+b*cot (d*x+c))/d-1/2*I*polylog(2, (a+b*cot (d*x+c))/(a ‘
|~I*b))/d+1/2*I*polylog(2, (a+b*cot (d*x+c))/ (a+I*b))/d |

outpu




input L

outpu
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00

ilog <W) log(a + bceot(c + dx))
2d
ilog (—Wftf(gd“’))) log(a + beot(c + dx))

- 2d
. a+b cot(c+dx)
1 PolyLog (2, T)

2d
. a+b cot(c+dx)
1 POlyLOg (2, T)

2d

/log(a + beot(c+ dx)) dz =

_|_

-

Integrate[Logl[a + b*Cot[c + d*x]],x]

t‘ ((1/2)*Log[(b*x(I - Cotl[c + d*x]))/(a + Ixb)]*Logla + b*Cotl[c + d*x]])/d -

‘ ((1/2)*#Log[-((b*x(I + Cot[c + d*x]))/(a - Ix*b))I*Logla + b*Cot[c + d*x]])/d
| - ((I/2)*PolyLogl[2, (a + b*Cotlc + d*x1)/(a - I¥b)1)/d + ((I/2)*PolyLogl2
, (a + bxCot[c + d*x])/(a + I*b)])/d

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/log(a + beot(c + dx)) dx

l 3028

bdz csc?(c + di)
x
a + beot(c+ dx)

z log(a + bcot(c + dr)) —/_

l 25

dz + xzlog(a + beot(c + dx))

/ bdz csc?(c + dx)
a + beot(c+ dx)

-/
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| 27

dx 4 xlog(a + bcot(c + dx))

bd/ x csc?(c + dx)
a + beot(c+ dx)

l 7299

2
bd/ x csc?(c + dzx)

1
a+ bceot(c+ dx) dz + zlog(a + bcot(c + dz))

input LInt [Log[a + b*Cot[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

-

rule zﬂh1t [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

—

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 3028 Intl[Loglu_1, x_Symboll :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand[x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 7299L1nt [u_, x_] :> CannotIntegrate[u, x]

Maple [A] (verified)

Time = 11.91 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.90
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method result
b( i1n(a+b cot(dz+c)) (1n<ib_b‘;§i<jz+c) ) —ln(ib'H’ ;:lc;t_(;iz-f-c) )) i(dilog(*ib_b(;gi(gz-Fc) ) —dilog(iz‘b-kb ;:lc;t_(;iz-f-c) ))
- 2b - 2b
derivativedivides | — ]
, ( iln(a+bcot(dz+c)) (ln ( ib—b ggj_(jmﬂ) ) —In ( b+ cot(datc) ) ) i (dilog ( ib=beot(dzte) j{,’j_(j”*c) ) —dilog ( ib+bcot(dzto) ) )
- 2b - 2b
default — v
risch Expression too large to display
input Lint (1n(a+b*cot (d*x+c)) ,x,method=_RETURNVERBOSE) J
output ‘ -1/d*b* (-1/2%I*1n(at+b*cot (d*x+c))* (1n((I*b-b*cot (d*x+c))/(a+I*b))-1n((I*b+ ‘

\ bxcot (d*x+c))/(I*b-a)))/b-1/2%I*(dilog((I*b-b*cot (d*x+c))/(a+I*b))-dilog(( \
Ixbbrcot (dkx+e) )/ (I¥b-a))) /b) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 625 vs. 2(119) = 238.

Time = 0.19 (sec) , antiderivative size = 625, normalized size of antiderivative = 4.17

/ log(a + beot(c + dx)) dz = Too large to display

input Lintegrate (log(a+b*cot (d*x+c)) ,x, algorithm="fricas") J
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1/4% (4*%dxx*log((bxcos(2*d*x + 2xc) + axsin(2xd*x + 2%c) + b)/sin(2*d*x + 2
xc)) + 2xcxlog(l/2xa”2 + Ixaxb - 1/2%b"2 - 1/2%(a”2 + b~2)*cos(2*d*x + 2%c
) + 1/2%x(I*a”2 + I*b~2)*sin(2*d*x + 2%c)) + 2*cxlog(-1/2*a~2 + I*a*xb + 1/2
*b"2 + 1/2%(a”2 + b"2)*cos(2*d*x + 2*c) + 1/2%(I*a”2 + I*b~2)*sin(2*kd*x +
2xc)) - 2x(d*x + c)*log((a”2 + b~2 - (a”2 + 2*Ixa*xb - b~2)*cos(2*d*x + 2%c
) + (-I*xa"2 + 2*axb + I*b~2)*sin(2*d*x + 2%c))/(a"2 + b~2)) - 2*(d*x + c)*
log((a™2 + b™2 - (a”2 - 2*xI*a*b - b~2)*cos(2*d*x + 2%c) + (I*a"2 + 2*a*b -
I*b"2)*sin(2xd*x + 2xc))/(a”2 + b72)) - 2*c*log(-1/2*cos(2*d*x + 2%c) + 1
/2*%I*sin(2xd*x + 2%c) + 1/2) - 2*c*xlog(-1/2xcos(2*d*x + 2%c) - 1/2xI*sin(2
*d*x + 2%c) + 1/2) + 2*(d*x + c)*log(-cos(2*d*x + 2%c) + I*sin(2xd*x + 2%c
) + 1) + 2x(d*x + c)*log(-cos(2xd*x + 2%kc) - Ixsin(2*kd*x + 2%c) + 1) + Ixd
ilog(-(a”2 + b™2 - (a”2 + 2*Ixaxb - b~2)*cos(2*d*x + 2%c) + (-I*a~2 + 2*ax
b + I*#b"2)*sin(2*d*x + 2%c))/(a"2 + b™2) + 1) - I*dilog(-(a"2 + b~2 - (a™2
- 2%Ixa*b - b~2)*cos(2*d*x + 2xc) + (I*a"2 + 2*axb - I*b~2)*sin(2*d*x + 2
*c))/(a"2 + b72) + 1) - I*dilog(cos(2*d*x + 2%c) + I*sin(2*kd*x + 2%c)) + I
*dilog(cos(2*d*x + 2%c) - I*sin(2*d*x + 2%c)))/d

output

Sympy [F]

/log(a+bcot(c+dx)) dr = /log(a-l—bcot (c+dzx))dx

p

Lintegrate(ln(a+b*cot(d*x+c)),X)

-

input

output | [ntegral (log(a + brcot(c + ), x)

Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.48

/log(a + beot(c+ dz)) dz =

(W _ 9 arctan <a2 tal;(QdiZ;C)+ab, abtaltl(zd-a"v-;;C)+b2>> log (tan (dz + ¢)* + 1) — 4 (dz + ¢) log (a n tan(;ﬁg))




CHAPTER 3. LISTING OF INTEGRALS

inputLintegrate(log(a+b*cot(d*x+c)),x, algorithm="maxima")

-1/4*((pi - 2*arctan2((a"2*tan(d*x + c) + a*b)/(a"2 + b~2), (a*b*tan(d*x +
c) + b72)/(a"2 + b~2)))*log(tan(d*x + c)~2 + 1) - 4*(d*x + c)*log(a + b/t
an(d*x + c)) + 2x(d*x + c)*log((a"2*tan(d*x + c)~2 + 2%a*b*tan(d*x + c) +
b~2)/(a”2 + b72)) - 4x(d*x + c)*log(tan(d*x + c)) - 2*Ixdilog(-(axtan(d*x
+ ¢) - I*a)/(Ixa + b)) + 2xI*dilog(-(a*tan(d*x + c) + I*a)/(-I*a + b)) + 2
*I*xdilog(I*tan(d*x + c) + 1) - 2*Ixdilog(-I*tan(d*x + c) + 1))/d

output

Giac [F]

/log(a + beot(c + dz)) dz = /log (beot (dz +¢) + a) dz

inputLintegrate(log(a+b*cot(d*x+c)),x, algorithm="giac")

OutputLintegrate(log(b*cot(d*x +¢c) + a), x)

Mupad [F(-1)]

Timed out.

/log(a+bcot(c+dx))dx = /ln (a+bceot(c+dzx)) dx

inputLint(log(a + bxcot(c + d*x)),x)

OutputLint(log(a + bxcot(c + d*x)), x)
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Reduce [F]

/log(a + beot(c+ dz)) dx = /log(a + beot (dx + ¢)) dz

input‘

int (log(a+b*cot (d*x+c)) ,x)

outputt

int(log(cot(c + d*x)*b + a),x)




output L

input

outpu
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39 [ . da
* log(a+b cot(c+dx))

Optimal result . . . . . . . . . . . . . e 93]
Mathematica [N/A] . . . . . . .. . 93]
Rubi [N/A] . . o 94
Maple [N/A] . . . o 95
Fricas [N/A] . . . . . 951
Sympy [N/A] . . o 961
Maxima [N/A] . . . o 961
Giac [N/A] . . o o 97
Mupad [N/A] . . . o 97
Reduce [N/A] . . . . 97

Optimal result

Integrand size = 13, antiderivative size = 13

1 1
=1
/ log(a + bcot(c + dx)) do = Int (log(a + beot(c + dz))’

!

Defer (Int) (1/1n(a+b*cot (d*x+c)) ,x)

Mathematica [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ log(a + bci)t(c + dx)) dz = /

1
log(a + bcot(c + dx))

dz

-

LIntegrate [Log[a + b*Cot[c + d*x]]1~(-1),x]

t‘ Integrate[Log[a + b*Cot[c + d*x]]1~(-1), x]
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Rubi [N/A]
Not integrable
Time = 0.48 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4852, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dz
log(a + bcot(c + dz))
| 4852
1
_ f (cot2(c+dz)+1) log(a+b cot(c+dx)) d COt(C + de)

d

| 2865

_ f (2(i—c0t(c+dw)) lc;ig(a—i-b cot(c+dz)) + 2(cot(c+dz)+i) lcfg(a—i-b cot(c+dz)) ) d COt(C + d.’L‘)

d

| 2009

. %7’ f (i—cot(c+dzx)) loé(a-i—b cot(c+dz)) d COt(C + da:) + %Z f (cot(c+dz)+1) loé(a—i—b cot(c+dz)) dCOt(C + dw)
d

( hY

Int[Logla + b*Cot[c + d*x]]1"(-1),x]

N J

input

output ‘ $Aborted ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2865

rule 4852

inputt

output

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient[v, x, 1] Subst [Int [SubstFor[1/(1 + d~2x%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/d]l], x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul,
x]]

Maple [N/A]
Not integrable

Time = 3.74 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
/ In (a + beot (dx + c))dx

int (1/1n(a+b*cot (d*x+c)) ,x)

Lint(l/ln(a+b*cot(d*x+c)),x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + beot(c + dz)) de = / log (bcot (dz + ¢) + a) de
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inputt

integrate(1/log(at+b*cot (d*x+c)),x, algorithm="fricas")

outputt

integral(1/log(b*cot(d*x + c) + a), x)

Sympy [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

1 1
/ log(a + bceot(c + dx)) de = / log (a + beot (¢ + dz)) dz

inputt

integrate(1/1n(a+b*cot (d*x+c)),x)

outputL

Integral(1/log(a + bxcot(c + d*x)), x)

Maxima [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bcot(c + dz)) dz = / log (bcot (dx + ¢) + a) de

inputL

integrate(1/log(a+b*cot (d*x+c)) ,x, algorithm="maxima")

outputt

integrate(1/log(b*cot(d*x + c) + a), x)




CHAPTER 3. LISTING OF INTEGRALS 97

-

input

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
dr = d
/ log(a + bceot(c + dx)) v / log (bcot (dx + ¢) + a) v

Lintegrate(l/log(a+b*cot(d*x+c)),x, algorithm="giac")

-/

outputt

input

integrate(1/log(b*cot(d*x + c) + a), x)

Mupad [N/A]
Not integrable

Time = 25.81 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bceot(c + dx)) dz = / In(a+bcot(c+dzx)) dz

Lint(i/log(a + bxcot(c + d*x)),x)

outputt

inputt

int(1/log(a + b*cot(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/log(a-i—bcot(c—i-dac)) dx_/log (a + bcot (da:—i—c))dx

int (1/log(a+b*cot (d*x+c)) ,x)




output
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Lint(i/log(cot(c + d*x)*b + a),x)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 99
1

3.10 f log?(a+b cot(c+dz)) dz

Optimal result . . . . . . . . .. .. 99
Mathematica [N/A] . . . . . ... 99
Rubi [N/A] . . o 100
Maple [N/A] . . . o 101
Fricas [N/A] . . . . o 102
Sympy [N/A] . . . e 1021
Maxima [N/A] . . . . o 102
Giac [N/A] .« . o 103
Mupad [N/A] . . . o 104
Reduce [N/A] . . . o o 104

Optimal result

Integrand size = 13, antiderivative size = 13

1

1

dz = Int
log?(a + bceot(c + d)) e <

log?(a + beot(c + dz))’

)

tDefer(Int)(1/1n(a+b*cot(d*x+c))‘2,x)

Mathematica [N/A]

Not integrable

Time = 29.34 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr —
/log2(a+bcot(c+dm)) v /log2(

a + beot(c+ dx)) v

LIntegrate [Log[a + b*Cot[c + d*x]]~(-2),x]

‘ Integrate[Log[a + b*Cot[c + d*x]]1~(-2), x]
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Rubi [N/A]
Not integrable
Time = 0.46 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4852, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/ log?(a + beot(c + dz)) ’

| 4852
1
_ f (cot2(c+dz)+1) log? (a+b cot(c+dz)) d cot (C + dw)
d
| 2865
_ f (2(cot(c-|—dx)+i) 10;2 (a+bcot(c+dz)) + 2log?(a+b COt(C—i-zl.’l!))(i—COt(c-l-dm)) ) d cot (C + dm)
d
| 2009
1. 1 1. 1
. 2t f (i—cot(c+dzx)) log? (a+b cot(c+dzx)) d COt(C + dm) + 2¢ f (cot(c+dx)+i) log? (a+b cot(c+dzx)) d COt(c + dw)
d
input LInt [LOg [a + b*Cot[c + d*x]]~(-2),x] J

output L$Aborted J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 2865

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient[v, x, 1] Subst [Int [SubstFor[1/(1 + d~2x%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/d]l], x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul,
x]]

rule 4852

Maple [N/A]
Not integrable

Time = 3.69 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
/ sdx
In (a + beot (dx + ¢))

input ‘\int (1/1n(at+b*cot (d*x+c)) ~2,x)

output ‘ int (1/1n(a+b*cot (d*x+c)) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 3 ! dz = / 1 5 dx
log”(a + bceot(c + dzx)) log (bcot (dx + ¢) + a)

input‘integrate(1/log(a+b*cot(d*x+c))"2,x, algorithm="fricas")

outputLintegral(log(b*cot(d*x +c) + a)7(-2), x)

Sympy [N/A]
Not integrable

Time = 1.43 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log”(a + bceot(c + dzx)) log (a + beot (¢ + dx))

inputLintegrate(1/1n(a+b*cot(d*x+c))**2,x)

output LIntegral(log(a + b*cot(c + d*x))**x(-2), x)

Maxima [N/A]
Not integrable

Time = 0.80 (sec) , antiderivative size = 4316, normalized size of antiderivative =
332.00

1 1
/ 5 dr = / 5 dx
log“(a + bcot(c + dx)) log (bcot (dx + ¢) + a)

input Lintegrate (1/1log(at+b*cot (d*x+c))~2,x, algorithm="maxima")




output

input

output
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-1/2% (2% ((b*cos (2*xd*x + 2%c) - a*sin(2*d*x + 2%c))*cos(4*d*x + 4*c) - b*co
s(2*d*x + 2xc) + (axcos(2*d*x + 2*c) + b*sin(2*d*x + 2%c))*sin(4*xd*x + 4*c
) - axsin(2*d*x + 2#*c))*arctan2(bxcos(2*d*x + 2%c) + a*sin(2xd*xx + 2%c) +
b, axcos(2*d*xx + 2*c) - b*sin(2*d*x + 2xc) - a) - 2*((b*cos(2xd*x + 2%c) -
a*sin(2*xd*x + 2*c))*cos(4*d*x + 4*c) - bxcos(2xd*x + 2%c) + (a*cos(2xd*x
+ 2%c) + bxsin(2*d*xx + 2*c))*sin(4*d*x + 4*c) - axsin(2*d*x + 2*c))*arctan
2(sin(d*x + c), cos(d*x + c) + 1) - 2x((b*cos(2xd*x + 2%c) - a*sin(2xd*x +
2%c))*cos(4xd*xx + 4*c) - b*cos(2*d*x + 2*c) + (a*cos(2*d*x + 2*c) + b*sin
(2*d*x + 2%c))*sin(4*d*x + 4%c) - a*xsin(2*d*x + 2%c))*arctan2(sin(d*x + c)
, cos(d*x + c) - 1) + 2% (4x(b*d*cos(2*d*x + 2*c)~2 + b*d*sin(2*d*x + 2%c)”
2)*arctan2(b*cos(2*xd*x + 2%c) + a*sin(2*d*x + 2*c) + b, a*cos(2*d*x + 2%*c)
- b*sin(2xd*x + 2*c) - a)”2 + 4x(bxd*cos(2xd*x + 2*c)~2 + bxd*sin(2xd*x +
2*xc) "2)*arctan2(sin(d*x + c), cos(d*x + c) + 1)72 + 8*(b*d*cos(2*xd*x + 2x*
c)”"2 + bxd*sin(2*xd*x + 2*c) 2)*arctan2(sin(d*x + c), cos(d*x + c) + 1)*arc
tan2(sin(d*x + c), cos(d*x + c) - 1) + 4x(b*d*cos(2*d*x + 2*c)~2 + b*d*sin
(2*%d*x + 2*c) 2)*arctan2(sin(d*x + c), cos(d*x + c) - 1)°2 + (b*d*cos(2*dx*
X + 2%c)”2 + bxd*sin(2xd*x + 2xc)~2)*log((a”2 + b~2)*cos(2xd*x + 2%c)~2 +
dxaxb*sin(2*d*x + 2*c) + (2”2 + b"2)*sin(2*d*x + 2*c)”2 + a”2 + b"2 - 2*(a
"2 - b"2)*cos(2xd*x + 2xc)) "2 + (b*d*cos(2xd*x + 2%c)"2 + bkd*sin(2xd*x +
2%c)"2)*log(cos(d*x + ¢)~2 + sin(d*x + c)~2 + 2xcos(d*x + c) + 1)72 + 2...

Giac [N/A]
Not integrable

Time = 0.41 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

3 L dz —-]/ ! 5 dT
log“(a + bcot(c + dx)) log (bcot (dx + ¢) + a)

‘integrate(1/1og(a+b*cot(d*x+c))“2,x, algorithm="giac")

-

Lintegrate(log(b*cot(d*x +c) +a)”(-2), x

| —
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Mupad [N/A]
Not integrable

Time = 26.58 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 ! dr = / ! 5 dx
log”(a + bcot(c + dz)) In(a+bcot(c+dzx))

inputLint(l/log(a + bxcot(c + d*x))~2,x) J

outputLint(l/log(a + b*cot(c + d*x))~2, x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 225, normalized size of antiderivative = 17.31

1
d
/ log?(a + beot(c + dx)) ’

2
1 —tan(%z-i-%) b+2tan(d§+§>a+b _
f ) g(—tan(?+g)2b+2tan(dg“+§)a+b>2 dx log(a + bCOt (dx + C)) 10g< 2tan(d7m+%) bd l‘
o 2tan(4}+%)

”g—””+g)2b+2tan(d§+§
2ta,n<d7’:+§)

log (a + beot (dz + ¢)) log <_tan<

inputLint(1/log(a+b*cot(d*x+c))AQ’X) J

(int(1/1og(( - tan((c + d*x)/2)**2*b + 2xtan((c + d*x)/2)*a + b)/(2xtan((c
+ d*x)/2)))*x2,x)*log(cot(c + d*x)*b + a)*log(( - tan((c + d*x)/2)**2xb +
2+tan((c + d*x)/2)*a + b)/(2*tan((c + d*x)/2)))*bxd - log(cot(c + d*x)*b
+ a)*a + log(( - tan((c + d*x)/2)**2*b + 2+tan((c + d*x)/2)*a + b)/(2xtan(
(c + d*x)/2)))*a)/(log(cot(c + d*x)*b + a)*log(( - tan((c + d*x)/2)**2xb +
2xtan((c + d*x)/2)*a + b)/(2*tan((c + d*x)/2)))*bxd)

output
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3.11 [log*(a + btanh(c + dz)) dz

Optimal result . . . . . . . . . . .. . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 106!
Rubi [A] (verified) . . . .. . . ... .. 106!
Maple [A] (verified) . . . . . . ... L 108
Fricas [F] . . . . . . o 108
Sympy [F] . . o o 109
Maxima [F] . . . . . . 1091
Giac [F] . . . . o o 110
Mupad [F(-1)] . . . o o 110
Reduce [F] . . . o . o o 110

Optimal result

Integrand size = 13, antiderivative size = 274

log (b(l—tan—w) log®(a + btanh(c + dz))
2d
log (_b<1+tn—5<b+d>>> log®(a + btanh(c + dz))

2d
3log?(a + btanh(c + dz)) PolyLog ( “+btanh(c+dm)>

2d

3log®(a + btanh(c + dz)) PolyLog < atb ta;il()c+dz))
2d

3log(a + btanh(c + dz)) PolyLog

/log3(a + btanh(c + dz)) dx = —

+

_I_

a+b ta,nh(c—i-dx )

3log(a + btanh(c + dz)) PolyLog <3 wctbtanb(c-dr)

_|_

a—+btanh(c+dz
3 PolyLog (4 %)
d

a+btanh(c+dz)
~ 3PolyLog (4, exbomhierin))
d

+
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-1/2x1n(b* (1-tanh(d*x+c))/(a+b) ) *1n(at+b*tanh (d*x+c)) “3/d+1/2*1n(-b*(1+tanh
(d*x+c))/(a-b)) *1n(a+b*tanh(d*x+c)) ~3/d+3/2*1n(a+b*tanh (d*x+c) ) “2*xpolylog(
2, (atb*tanh (d*x+c))/(a-b)) /d-3/2*1n(a+b*tanh (d*x+c)) “2*polylog(2, (a+b*tanh
(d*x+c))/(atb))/d-3*1n(atb*tanh(d*x+c))*polylog(3, (atb*tanh(d*x+c))/(a-b))
/d+3*1n(at+b*tanh (d*x+c) ) *polylog(3, (atb*tanh(d*x+c))/(at+b))/d+3*polylog(4,
(at+b*tanh(d*x+c))/(a-b))/d-3*polylog(4, (a+bxtanh(d*x+c))/(a+b))/d

output

Mathematica [A] (verified)
Time = 0.68 (sec) , antiderivative size = 248, normalized size of antiderivative = 0.91
/ log®(a + btanh(c + dz)) dz

log <—W) log®(a + btanh(c + dz)) — log (%) log®(a + btanh(c + dz)) + 3log(a

inputtlntegrate[Log[a + b*Tanh([c + d*x]]73,x] J

(Log[-((b*(1 + Tanh[c + d*x]))/(a - b))]*Logla + b*Tanh[c + d*x]]~3 - Logl
(b - b*Tanh[c + d*x])/(a + b)]*Logl[a + b*Tanh[c + d*x]]~3 + 3*Logl[a + b*Ta
nh[c + d*x]]~2+PolyLog[2, (a + b*Tanh[c + d*x])/(a - b)] - 3*Logl[a + b*Tan
h[c + d*x]]~2%PolyLog[2, (a + b*Tanh[c + d*x])/(a + b)] - 6%Logl[a + b*Tanh
[c + d*x]]*PolyLogl[3, (a + b*Tanh[c + d*x])/(a - b)] + 6+Logl[a + b*Tanhl[c

+ d*x]]#PolyLog[3, (a + b*Tanh[c + d*x])/(a + b)] + 6%PolyLogl[4, (a + b*Ta
nh[c + d*x])/(a - b)] - 6xPolyLogl[4, (a + b*Tanh[c + d*x])/(a + b)])/(2*d)

output

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.93,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {4853, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/log3(a + btanh(c + dx)) dz

l 4853

log3(a+btanh(c+d
J ogl(_attnhaz (cic(;)x)) dtanh(c + dx)

d
l 2856

2(1—tanh(c+dzx)) 2(tanh(c+dz)+1)
d

l 2009

f (log?’(a—i—btanh(c—i-dx)) + log3(a+btanh(c+dz))) dtanh(c-{—dm)

3 PolyLog (4, ‘W’m;iﬁg‘:*d@) — 3PolyLog (4, “*”tajii,(ﬁd‘”)) + 3 PolyLog (2, mw;iw) log?(a + btanh(c +

input LInt [Logla + b*Tanh[c + d*x]]~3,x] J

(-1/2*(Log[(b*(1 - Tanh[c + d*x]))/(a + b)]*Logl[a + b*Tanh[c + d*x]]~3) +

(Log[-((b*(1 + Tanh[c + d*x]1))/(a - b))]*Logla + b*Tanh[c + d*x]173)/2 + (
3*%Log[a + b*Tanh[c + d*x]]~2+PolyLog[2, (a + b*Tanh[c + d*x])/(a - b)]1)/2

- (3*Logla + b*Tanh[c + d*x]]"2*PolyLogl[2, (a + b*Tanh[c + d*x])/(a + b)])
/2 - 3*Log[a + b*Tanh[c + d*x]]*PolyLogl[3, (a + b*Tanh[c + d*x])/(a - b)]

+ 3*Log[a + b*Tanh[c + d*x]]1*PolyLogl[3, (a + b*Tanh[c + d*x])/(a + b)] + 3
*PolyLog[4, (a + bxTanh[c + d*x])/(a - b)] - 3*PolyLog[4, (a + b*Tanh[c +

d*x])/(a + b)1)/d

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

‘)*(x_)"(r_))”(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])7p, (f + g*x"r)°q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] && I

rule 2856‘In‘c[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_)1*(b_.))"(p_.)*x((£_) + (g_. ‘
GtQlp, 0] & IntegerQ[ql & (GtQlq, 0] || (IntegerQlr] & NeQlr, 11)) |
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rule 4853

Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]/d, u, x], x], x, Tan[v]l/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul, x

1]

Maple [A] (verified)

Time = 10.92 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.04

method result
In(a+b tanh(da:+c))3 In (1+ %W) +31n(a+b tanh(dm+c))2 polylog (2,— %W) —61In(a+btanh(dz+c)
2b
derivativedivides | —
In(a+b tanh(dz+c))3 In (1+ m%ﬁ*@) +31n(a+b tanh(dz+c))2 polylog (2,— M%Z*W) —61n(a+btanh(dz+c)
2b
default -

inputt

int (1n(a+b*tanh (d*x+c)) ~3,x,method=_RETURNVERBOSE)

output

inputt

-1/d*b* (1/2/b* (1n(a+b*tanh(d*x+c)) ~3*1n(1+1/(-a-b) * (a+b*tanh (d*x+c)))+3*1n
(at+bxtanh (d*x+c)) ~2*polylog(2,-1/(-a-b)* (a+b*tanh(d*x+c)))-6*1n(a+b*tanh(d
*x+c) ) *polylog(3,-1/(-a-b)*(at+b*tanh (d*x+c)))+6*polylog(4,-1/(-a-b)*(a+b*t
anh (d*x+c))))-1/2/b*(1n(a+b*tanh(d*x+c)) “3*1n(1+1/ (-a+b) * (a+b*tanh (d*x+c))
)+3*1n(a+b*tanh (d*x+c)) “2*polylog(2,-1/(-a+b) * (a+b*tanh (d*x+c)))-6*1n (a+bx*
tanh (d*x+c))*polylog(3,-1/(-a+b)* (a+b*tanh (d*x+c)))+6*polylog(4,-1/(-a+b) *
(at+bxtanh (d*x+c)))))

Fricas [F]

/log3(a + btanh(c + dx)) dz = / log (btanh (dz + ¢) + a)® dz

integrate(log(a+b*tanh(d*x+c))~3,x, algorithm="fricas")
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output‘ integral (log(b*tanh(d*x + c) + a)~3, x)

Sympy [F]

/10g3(a+btanh(c+dw)) do = /log(a+btanh (C+dz))3dz

inputLintegrate(ln(a+b*tanh(d*x+c))**3’x)

OutputLIntegral(log(a + b¥tanh(c + d*x))**3, x)

Maxima [F]

/10g3(a + btanh(c + dx)) dz = /10g (btanh (dz + c) + a)3 dr

input Lintegrate (log(atb*tanh(d*x+c))~3,x, algorithm="maxima")

output

x*¥log((a + b)*e~(2xd*x + 2*c) + a - b)"3 - integrate(-(3*((a*e”(2*c) + bxe
~(2%c))*e”(2xd*x) + a - b)*log((a + b)*e~(2*d*x + 2*c) + a - b)*log(e”(2+d
*x + 2%c) + 1)72 - ((a*e”(2%c) + bxe~(2%c))*e”(2%d*x) + a - b)*log(e” (2*d*
X + 2%c) + 1)73 - 3%(2x(axdxe~(2%c) + bkdke™ (2kc))*x*e” (2%d*x) + ((axe™ (2%
c) + bxe~(2xc))*e”(2xd*x) + a - b)*log(e”(2*d*x + 2xc) + 1))*log((a + b)*e
“(2%d*x + 2xc) + a - b)~2)/((axe”(2*c) + b*e~(2*c))*e”(2*d*x) + a - b), X)
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Giac [F]

/log3(a + btanh(c + dx)) dz = /log (btanh (dz + ¢) + a)3 dx

input Lintegrate (log(a+b*tanh(d*x+c))~3,x, algorithm="giac")

output tintegrate(log(b*tanh(d*x +¢c) +a)73, x)

Mupad [F(-1)]

Timed out.

/log3(a + btanh(c + dz)) dz = /ln (a + btanh(c + dz))® dz

input Lint(log(a + bxtanh(c + d*x))~3,x)

output Lint(log(a + bxtanh(c + d*x))~3, x)

Reduce [F|

/log3(a + btanh(c + dx)) dz = /log(tanh (dr+c)b+ a)3 dx

input Lint (log(atb*tanh(d*x+c))"3,x)

output Lint(log(tanh(c + d*x)*b + a)**3,x)
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3.12 [log*(a + btanh(c + dz)) dz

Optimal result . . . . . . . . . . . . e 111l
Mathematica [A] (verified) . . . . . . . . . ... o 112
Rubi [A] (verified) . . . .. . . ... .. 112
Maple [A] (verified) . . . . . . ... L 114
Fricas [F] . . . . . . o 114
Sympy [F] . . o o 115
Maxima [F] . . . . . . 1151
Giac [F] . . . . o o 115
Mupad [F(-1)] . . . o o 116
Reduce [F] . . . . . 116

Optimal result

Integrand size = 13, antiderivative size = 194

b(l—tanh(&l—dm))) 10g2(a + btanh(c + d.’L'))

2 IOg < a+b
/log (a + btanh(c + dzx)) dz = — 2
. log (—W) log?(a + btanh(c + dz))
2d
a+btanh(c+dz
log(a + btanh(c + dz)) PolyLog (2, HTéJF)>
+
d
a+btanh(c+dz)
 log(a+ btanh(c+dz)) PolyLog (2, T)
d
a+btanh(c+dz)
~ PolyLog (3, T)
d
a+btanh(c+dz
PolyLog <3, HTIEJ“))
* d

-1/2%1n(b* (1-tanh(d*x+c))/(a+b))*1n(a+b*tanh (d*x+c)) ~2/d+1/2*1n(-b* (1+tanh
(d*x+c))/(a-b))*1n(at+tb*tanh (d*x+c)) ~2/d+1n(a+b*tanh (d*x+c))*polylog(2, (a+b
*tanh (d*x+c))/(a-b))/d-1n(a+b*tanh (d*x+c))*polylog(2, (a+bxtanh(d*x+c))/(a+
b)) /d-polylog(3, (a+b*tanh(d*x+c))/(a-b))/d+polylog(3, (a+b*tanh(d*x+c))/(a+
b))/d

output




inputt

output
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Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.03

log?(a + btanh(c + dz)) log (1 - —aJ’bta;fl(fJ’dx))

/logz(a + btanh(c + dz)) dz =

2d
2 a+btanh(ct+dz
log®(a + btanh(c + dz)) log (1 — *)
2d
. log(a + btanh(c + dz)) PolyLog (2, mm;_%mw@)
d
a+btanh(ct+dz
log(a + btanh(c + dz)) PolyLog (2, T))
d
a+btanh(c+dz
PolyLog (3, %)
d
a+btanh(c+dx
. PolyLog <3, %)
d
Integrate[Log[a + b*Tanh[c + d*x]]~2,x] J

(Logla + b*Tanh[c + d*x]]"2*Log[1l - (a + b*Tanh[c + d*x])/(a - b)])/(2xd)

- (Logla + bxTanh[c + d*x]]~2#Log[l - (a + b*Tanh[c + d*x])/(a + b)])/(2*d
) + (Logla + b*Tanh[c + d*x]]*PolyLog[2, (a + b*Tanh[c + d*x])/(a - b)])/d
- (Logl[a + b*Tanh[c + d*x]]*PolyLogl[2, (a + b*Tanh[c + d*x])/(a + b)])/d

- PolyLog[3, (a + b*Tanh[c + d*x])/(a - b)]/d + PolyLog[3, (a + b*Tanh[c +
dxx])/(a + b)1/d

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.92,

number of rules __
integrand size 0.231, Rules

number of steps used = 4, number of rules used = 3,
used = {4853, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/logZ(a + btanh(c + dx)) dz

l 4853

log?(a+btanh(c+d
J ogl(_attnhaz (cic(;)x)) dtanh(c + dx)

d
l 2856

log? (a+b tanh(c+d log? (a+b tanh(c+d
S (et + “Smierdg ) dtenb(c + do)

d
l 2009

— PolyLog (3, Mtaéliill(,&dx)) + PolyLog (3, mmfijW) + PolyLog (2, MW) log(a + btanh(c + dx’

a—

input LInt [Logla + b*Tanh[c + d*x]]~2,x] J

(-1/2*(Log[(b*(1 - Tanh[c + d*x]))/(a + b)]*Logl[a + b*Tanh[c + d*x]]~2) +

(Log[-((b*(1 + Tanh[c + d*x]))/(a - b))]*Logla + b*Tanh[c + d*x]]"2)/2 + L
ogla + b*Tanh[c + d*x]]#*PolyLog[2, (a + b*Tanh[c + d*x])/(a - b)] - Logla

+ bxTanh[c + d*x]]*PolyLog[2, (a + b*Tanh[c + d*x])/(a + b)] - PolyLogl3,

(a + b*Tanh[c + d*x])/(a - b)] + PolyLogl[3, (a + b*Tanh[c + d*x])/(a + b)]
)/d

output

Defintions of rubi rules used

e

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2856‘Int[((a_-) + Log[(c_.)*((d.) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*x((f_) + (g_. ‘
‘)*(x_)‘(r_))‘(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + bxLogl[c*(d + e*x) ‘
“n])‘p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] & I ‘
‘GtQ[p, 0] && IntegerQlql && (GtQ[g, 0] || (IntegerQ[r] && NeQ[r, 11)) ‘
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Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]/d, u, x], x], x, Tan[v]l/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul, x

1]

rule 4853

Maple [A] (verified)

Time = 9.01 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.08

method result

_a+btanh(dz+4c)

( In(a+b tanh(da:-}—c))2 In (1+ M) +2In(a+b tanh(dz+c)) polylog (2, T) —2 polylog (3;— %‘:a_r;

—a—b
2b

derivativedivides | —

—a—
2b

( In(a+b tanh(dz+c))2 In (1+ %W) +21n(a+btanh(dz+c)) polylog (2,— a-l»btanih(gz-kc)) —2 polylog (3, - Lhir;

default —

inputLint(ln(a+b*tanh(d*X+c))A2,X:meth0d=_RETURNVERBUSE) J

-1/d*b*(1/2/b* (1n(a+b*tanh (d*x+c)) “2*1n(1+1/(-a-b) * (a+b*tanh (d*x+c)))+2*1n
(at+b*tanh (d*x+c) ) *polylog(2,-1/(-a-b) *(a+b*tanh (d*x+c)))-2*polylog(3,-1/(-
a-b)*(a+bxtanh (d*x+c))))-1/2/b*(1n(atb*tanh(d*x+c)) ~2*¥1n(1+1/(-a+b) * (a+b*t
anh (d*x+c)))+2*1n(a+b*tanh (d*x+c) ) *polylog(2,-1/(-a+b) * (a+b*tanh (d*x+c)))-
2xpolylog(3,-1/(-a+b)*(atb*tanh(d*x+c)))))

output

Fricas [F]

/logQ(a + btanh(c + dx)) dz = / log (btanh (dz + ¢) + a)’ dz

inputLintegrate(log(a+b*tanh(d*x+c))‘2,x, algorithm="fricas") J

outputLintegral(log(b*tanh(d*x +c) +a)2, x) J
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Sympy [F]

/logQ(a + btanh(c + dz)) dz = /log (a + btanh (c + dgc))2 dz

input‘integrate(ln(a+b*tanh(d*x+c))**2’x)

outputklntegral(log(a + bxtanh(c + d*x))**2, x) J

Maxima [F]

/logQ(a + btanh(c + dx)) dz = /log (btanh (dz + ¢) + a,)2 dz

inputLintegrate(108(a+b*tanh(d*x+c))“2,x, algorithm="maxima") J

output x*¥log((a + b)*e~(2%d*x + 2%c) + a - b)~2 - integrate(-(((a*e~(2%c) + bxe~(
2xc))*e” (2+%d*x) + a - b)*log(e” (2*d*x + 2%c) + 1)72 - 2x(2x(akd*e™(2xc) +
bxdxe” (2*c) ) *x*ke” (2+xd*x) + ((a*e”(2%c) + bxe”(2*c))*e”(2xd*x) + a - b)*log

(e~ (2xd*x + 2xc) + 1))*log((a + b)*e~(2xd*x + 2xc) + a - b))/((a*e”(2*c) +
bke”(2xc))*e”(2xd*x) + a - b), x)

Giac [F]

/logQ(a + btanh(c + dx)) dz = /log (btanh (dz + ¢) + a,)2 dx

inputLintegrate(log(a+b*tanh(d*x+c))‘2,x, algorithm="giac") J

outputLintegrate(log(b*tanh(d*X +c) +a)72, x) J
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Mupad [F(-1)]

Timed out.

/ log?(a + btanh(c + dz)) dz = / In (a + btanh(c + dx))* dz

input Lint(log(a + bxtanh(c + d*x))~2,x)

output Lint(log(a + bxtanh(c + d*x))"2, x)

Reduce [F]

/10g2(& + btanh(c + d.’L‘)) dr = /log(tanh (dw + C) b+ a)2 dr

input Lint (10g(a+b*tanh(d*x+c) )"2,%)

output Lint(log(tanh(c + d*x)*b + a)**2,x)
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3.13 [ log(a + btanh(c + dz)) d=z

Optimal result . . . . . . . . . . . . e 117
Mathematica [A] (verified) . . . . . . . . . ... o INEY
Rubi [F] .« o oot IS
Maple [A] (verified) . . . . . . ... L 119
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 120
Sympy [F] . . o o 121]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1211
Giac [F] . . . . o o 122
Mupad [F(-1)] . . . o o 122
Reduce [F] . . . . . 122

Optimal result

Integrand size = 11, antiderivative size = 126

log <b(1_ta2—_};§f+dm))) log(a + btanh(c + dzx))
2d
log (—M> log(a + btanh(c + dz))

a—b
2d
POlyLOg (2, a+btanh(c+da:))

a—b

2d

a+btanh(c+dz)
POIYLOg (2, T)

2d

/log(a + btanh(c + dx)) dz = —

+

+

‘ -1/2x1n(b* (1-tanh(d*x+c))/(a+b) ) *1n(at+b*tanh (d*x+c)) /d+1/2*1n(-b*(1+tanh(d \
 *x+c))/(a-b)) *1n(a+b¥tanh(d*x+c) ) /d+1/2*polylog(2, (a+bxtanh(d*x+c))/(a-b)) |
/d-1/2*polylog(2, (a+bxtanh(dx+c))/(a+b))/d

output
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00

log (Wta;l—w> log(a + btanh(c + dz))
log(a + btanh(c + dz)) dz = — 2d

log (_W) log(a + btanh(c + dz))
2d
PolyLOg <2’ a+btanh(c+dw))

_|_

a—b
2d

a+btanh(c+dz)
POIYLOg (2, T)

2d

+

-

input L

-/

Integrate[Log[a + b*Tanh[c + d*x]],x]

t‘—1/2*(Log[(b*(1 - Tanh[c + d*x]))/(a + b)]*Logla + b*Tanh[c + d*x]]1)/d + ( ‘
'Log[-((b*(1 + Tanh[c + d*x]))/(a - b))I*Logla + b*Tanh[c + d*x]1)/(2¢d) +
'PolyLog[2, (a + bxTanh[c + d*x])/(a - b)1/(2*d) - PolyLogl[2, (a + b*Tanh[c |
+ axx])/(a + D)1/ (2%d) |

outpu

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + btanh(c + dx)) dz

l 3028

bdzsech?(c + dx) i
a + btanh(c + dz)

z log(a + btanh(c + dz)) — /

l27

2
zlog(a + btanh(c + dz)) — bd/ wsech?(c + dz)

a + btanh(c + dx) v
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l 7299

xsech?(c + dx)

zlog(a + btanh(c + dz)) — bd/

a + btanh(c + dx) v

input LInt [Log[a + b*Tanh[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule 3028‘ Int[Loglu_], x_Symbol] :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand[x*(D[u, ‘

‘ x]J/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [A] (verified)

Time = 9.42 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99

method result
(dilog ( %) +In(a+b tanh(dz+c)) In ( %) ) b (dilog ( %W) +In(a+b tanh(dz+c)) In ( b
. . . . - 5 + 3
derivativedivides 7
(dilug ( %) +In(a+b tanh(dz+c)) In ( %) ) b (dilog ( %ﬁic)“’) +1In(a+b tanh(dz+c)) In ( (2
— 2 + 2
default db
risch Expression too large to display

input Lint (1n(a+b*tanh(d*x+c)) ,x,method=_RETURNVERBOSE)
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‘1/d/b*(-1/2*(dilog((b*tanh(d*x+c)—b)/(—a—b))+1n(a+b*tanh(d*x+c))*ln((b*tan
\ h(d*x+c)-b)/(-a-b)))*b+1/2*(dilog((b*tanh (d*x+c)+b) /(-a+b))+1n(a+b*tanh (d* \
‘ x+c) ) *1n((b*tanh (d*x+c)+b) /(-a+b)) ) *b)

output

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 391, normalized size of antiderivative = 3.10

/log(a + btanh(c + dz)) dz

B dz log (“COSh(df;gfl)(gf;h(dHc) > + clog (2 (a+b) cosh (dz + ¢) + 2 (a + b) sinh (dz + ¢) + 2 (a — b),/—2

input‘integrate(log(a+b*tanh(d*x+c)),x, algorithm="fricas")

(d*x*1log((a*cosh(d*x + c) + b*sinh(d*x + c))/cosh(d*x + c)) + cxlog(2*(a +
b)*cosh(d*x + c) + 2%(a + b)*sinh(d*x + c) + 2*(a - b)*sqrt(-(a + b)/(a -
b))) + c*log(2*(a + b)*cosh(d*x + c) + 2%(a + b)*sinh(d*x + c) - 2%(a - b
)xsqrt(-(a + b)/(a - b))) - (d*x + c)*log(sqrt(-(a + b)/(a - b))*(cosh(d*x
+ ¢) + sinh(d*x + c)) + 1) - (d*x + c)*log(-sqrt(-(a + b)/(a - b))*(cosh(
d*x + c) + sinh(d*x + c)) + 1) - c*log(cosh(d*x + c) + sinh(d*x + c) + I)
- c*log(cosh(d*x + c) + sinh(d*x + c) - I) + (d*x + c)*log(I*cosh(d*x + c)
+ Ixsinh(d*x + c) + 1) + (d*x + c)*log(-I*cosh(d*x + c) - I*sinh(d*x + c)
+ 1) - dilog(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) - di
log(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) + dilog(I*cos
h(d*x + c) + I*sinh(d*x + c)) + dilog(-I*cosh(d*x + c) - I*sinh(d*x + c)))

/d

output
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Sympy [F]

/log(a + btanh(c + dz)) dz = /log (a + btanh (¢ + dx)) dz

input‘integrate(ln(a+b*tanh(d*x+c:)),x)

OutputLIntegral(log(a + b*tanh(c + d*x)), x) J
Maxima [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99
/log(a + btanh(c + dx)) dz =
ae(2 c)+be(2c) e(2dz) . ae(2 c)+be(2c) e(2dz)
1 iy 2dzlog <( > ) + 1> + Li, <_( P ) ) _ 2dzlog (e42+29) 4+ 1) + Lip (-
2 bd? bd?
+ z log (btanh (dzx + ¢) + a)
inputLintegrate(log(a+b*tanh(d*x+C)),x, algorithm="maxima") J

outpup ~L/2¥b*d* ((2xdxxxlog((are™(2%c) + bre™(24c))*e”(24d*x)/(a = b) + 1) + dilo
‘g(—(a*e‘(2*c) + bxe” (2%c))*e~(2*d*x)/(a - b)))/(b*xd™2) - (2*d*x*log(e” (2*d ‘
\*x + 2xc) + 1) + dilog(-e”(2xd*x + 2xc)))/(b*d~2)) + x*log(b*tanh(d*x + c) \
‘ + a) ‘
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Giac [F]

/log(a + btanh(c + dx)) dz = / log (btanh (dz + ¢) + a) dz

input

Lintegrate(log(a+b*tanh(d*x+c)),x, algorithm="giac")

outputt

integrate(log(b*tanh(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

/log(a + btanh(c + dz)) dz = /111 (a + btanh(c+ dz)) dz

input Lint(log(a + bx*tanh(c + d*x)),x)

OutputLint(log(a + bxtanh(c + d*x)), x)

Reduce [F]

/log(a + btanh(c + dx)) dz = /log(tanh (dr+c)b+a)dz

input Lint (Log(a+b*tanh (d*x+c)),x)

Outputtint(log(tanh(c + d*x)*b + a),x)




output L

input

outpu
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1

3.14 f log(a+btanh(c+dx)) dx

Optimal result . . . . . . . . . . . . . e 123
Mathematica [N/A] . . . . . . .. . 1231
Rubi [N/A] . . o 124
Maple [N/A] . . . o
Fricas [N/A] . . . . .
Sympy [N/A] . . o 1261
Maxima [N/A] . . . o 1261
Giac [N/A] . . o o
Mupad [N/A] . . . o 127
Reduce [N/A] . . . . 127

Optimal result

Integrand size = 13, antiderivative size = 13

/ ! dr = Int
log(a + btanh(c +dz)) ~

1

log(a + btanh(c + dz))’

)

Defer (Int) (1/1n(a+b*tanh (d*x+c)) ,x)

Mathematica [N/A]

Not integrable

Time = 9.39 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr =
/ log(a + btanh(c + dz)) v / log(a + btanh(c + dx))

dz

-

LIntegrate [Log[a + b*Tanh[c + d*x]]1~(-1),x]

t‘ Integrate[Log[a + b*Tanh[c + d*x]]1~(-1), x]
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Rubi [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4853, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
log(a + btanh(c + dx))

l 4853

dx

1
f log(a-+btanh(c+dz)) (1—tanh?(c+dz)) dtanh(c + da:)

d
l 2865

dtanh(c + dx)

1 1
f ( 2log(a+b tanh(c+dz))(tanh(c+dz)+1) + 2]og(a+b tanh(c+dz))(1—tanh(c+dz)) )
d

l 2009

% f log(a+b tanh(c+da%))(1—tanh(c+dx)) dta’nh(c + dm) + % f log(a+btanh(c—i—dxl))(tanh(c—i—da:)—l—l) dtanh(c + d(L')
d

input LInt [Log[a + b*Tanh[c + d*x]]~(-1),x] J

output ‘\$Aborted
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 2865

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tanl[vl/d, u, x], x], x, Tanlvl/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

rule 4853

Maple [N/A]
Not integrable

Time = 4.16 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
/ In (a + btanh (dz + c))dx

input ‘\int (1/1n(a+b*tanh (d*x+c)) ,x)

output Lint (1/1n(at+b*tanh (d*x+c)) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btanh(c + dz)) de = / log (btanh (dz + ¢) + a) de
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inputLintegrate(1/log(a+b*tanh(d*x+c)),x, algorithm="fricas")

OutputLintegral(1/log(b*tanh(d*x +c) +a), x)

Sympy [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

1 1
/ log(a + btanh(c + dz)) de = / log (a + btanh (c + dx)) de

inputLintegrate(1/1n(a+b*tanh(d*x+c)),x)

output [ntegral(1/log(a + btanh(c + 4+, x)

Maxima [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btanh(c + dz)) dz = / log (btanh (dz + ¢) + a) dz

inputLintegrate(1/log(a+b*tanh(d*x+c)),x, algorithm="maxima")

output | integrate(1/log(brtanh (@¥x + ) + a), x)
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-

input

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
dr = d
/ log(a + btanh(c + dz)) v / log (btanh (dz + ¢) + a) v

Lintegrate (1/1log(at+b*tanh(d*x+c)),x, algorithm="giac")

-/

output L

input

integrate(1/log(b*tanh(d*x + c) + a), x)

Mupad [N/A]
Not integrable

Time = 26.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btanh(c + dz)) dz = / In (a + btanh (c + dx)) de

Lint(i/log(a + bxtanh(c + d*x)),x)

output L

input L

int(1/log(a + b*tanh(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + btanh(c + dz)) de = / log (tanh (dz + ¢) b+ a) dz

int (1/log(a+b*tanh (d*x+c)) ,x)
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output Lint(i/log(tanh(c + d*x)*b + a),x)




output

input

output
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1

3.15 f log?(a+btanh(c+dz)) dz

Optimal result . . . . . . . . .. .. 1291
Mathematica [N/A] . . . . . ... 129
Rubi [N/A] . . . 130
Maple [N/A] . . . o 131
Fricas [N/A] . . . . o 132
Sympy [N/A] . . . e 1321
Maxima [N/A] . . . . o 132
Giac [N/A] .« . o 133
Mupad [N/A] . . . o 133
Reduce [N/A] . . . o o 134

Optimal result

Integrand size = 13, antiderivative size = 13

1

1

dz = Int
log?(a + btanh(c + dz)) e <

log?(a + btanh(c + dz))’ m)

LDefer(Int) (1/1n(a+b*tanh (d*x+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 63.37 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr —
/logz(a+btanh(c+dm)) v /log2(

a + btanh(c + dz))

dz

LIntegrate [Log[a + b*Tanh[c + d*x]]~(-2),x]

‘ Integrate[Log[a + b*Tanh[c + d*x]]1~(-2), x]




CHAPTER 3. LISTING OF INTEGRALS 130

Rubi [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4853, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
d
/ log?(a + btanh(c + dz)) N

| 4853
1
f log? (a-+btanh(c+dz)) (1—tanh?(c+dz)) d tanh(c + d.’L‘)
d
| 2865
i < 1 + 1 ) dtanh(c + dz)
2log?(a+btanh(c+dz))(tanh(c+dz)+1) 2log?(a+btanh(c+dz))(1—tanh(c+dzx))

d
| 2009

1 1 1 1

2 f log?(a+btanh(c+dx))(1—tanh(c+dz)) dtanh(c + d.’L‘) +2 f log?(a+btanh(c+dx))(tanh(c+dz)+1) dtanh(c + dm)

d

input Int[Log[a + b*Tanh[c + d*x]]~(-2),x]

output ‘ $Aborted ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 2865

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tanl[vl/d, u, x], x], x, Tanlvl/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

rule 4853

Maple [N/A]
Not integrable

Time = 4.22 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ ! 5dx
In (a + btanh (dz + c))

input‘\int(l/ln(a+b*tanh(d*x+c)) 2,%)

output ‘ int(1/1n(a+b*tanh(d*x+c))~2,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log“(a + btanh(c + dz)) log (btanh (dz + ¢) + a)

jnputLintegrate(1/1°g(a+b*tanh(d*x+c))“2,x, algorithm="fricas") J

Output‘ integral (log(b*tanh(d*x + c) + a)~(-2), x)

Sympy [N/A]
Not integrable
Time = 0.44 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log”(a + btanh(c + dz)) log (a + btanh (¢ + dz))

input Lintegrate (1/1n(at+b*tanh (d*x+c))**2,x)

output LIntegral(log(a + bxtanh(c + d*x))**x(-2), x)

Maxima [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 183, normalized size of antiderivative = 14.08

/ 5 1 dz = / L 5 dx
log“(a + btanh(c + dz)) log (btanh (dz + ¢) + a)

input Lintegrate (1/1log(at+b*tanh(d*x+c))~2,x, algorithm="maxima")
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-1/4x((axe~(4*c) + bxe”(4xc))*e” (4xd*x) + 2*axe” (2*d*x + 2*c) + a - b)/(b*
dxe” (2xd*x + 2xc)*log((a + b)*e”(2*d*x + 2%c) + a - b) - bxd*e” (2*d*x + 2%
c)*log(e~(2xd*x + 2xc) + 1)) + integrate(1/2x((a*e”(4*c) + b*xe~(4xc))*e” (4
xd*x) - a + b)/(b*e”(2xd*x + 2*xc)*log((a + b)*e~(2*d*x + 2%c) + a — b) - b
xe” (2xd*x + 2xc)*log(e”(2*d*x + 2%c) + 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 1 dr = / L 5 dx
log“(a + btanh(c + dz)) log (btanh (dz + ¢) + a)

-

inputtintegrate(1/1og(a+b*tanh(d*x+c))*g’x’ algorithm="giac")

e—

output Lintegrate(log(b*tanh(d*x +c) +a)(-2), x)

Mupad [N/A]
Not integrable

Time = 26.32 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 ! dz = / L 5 dz
log“(a + btanh(c + dz)) In (a + btanh (c + dx))

input Lint(l/log(a + b*tanh(c + d*x))"2,x)

output Lint(l/lOS(a + bxtanh(c + d*x))~2, x)
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Reduce [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 834, normalized size of antiderivative = 64.15

1
d
/ log?(a + btanh(c + dr)) *

4dx

264c f €

2
e4dz+4q0g(62d1+2ca+e2d1+2cb+a—b)2a+e4dz+4qog(e2dz+2ca+62dz+2cb+a—b> b+262dx+2qog(ezdz+26a+e2dz+acb+a_b

e2dx+2c 1 e2dx+2c 1

e2d1:+20+1

)Qa—i—h

input ‘ int (1/1log(a+bxtanh (d*x+c))~2,x)

output

(2*%ex* (4xc) *int (e** (4*d*x) / (ex* (4xc + 4*d*x)*log((ex*(2xc + 2*d*x)*a + e*x
(2%c + 2xd*x)*b + a - b)/(ex*(2kc + 2xd*x) + 1))**2%a + e*x*(4d*c + 4xd+*x)*1
og((e*xx(2xc + 2*d*x)*a + ex*x(2kc + 2*d*x)*b + a — b)/(ex*(2*%c + 2*d*x) + 1
))*x*%2%b + 2kex*(2%c + 2xdxx)*1log((e**(2xc + 2*d*x)*a + ex*(2kc + 2*d*x)*b

+ a - b)/(exx(2%c + 2*d*x) + 1))**2xa + log((e**(2xc + 2xd*x)*a + e**(2xc

+ 2xd*x)*b + a - b)/(ex*(2xc + 2xd*x) + 1))**2xa - log((e**(2%c + 2%d*x)*a
+ exx(2xc + 2%d*x)*b + a - b)/(ex*(2xc + 2%d*x) + 1))*x2xb),x)*log((ex*(2
*C + 2kd*x)*a + ex*x(2%c + 2xd*x)*b + a - b)/(exx(2xc + 2xd*x) + 1))*axb*d

+ 2xint(tanh(c + d*x)/(log(tanh(c + d*x)*b + a)**2+tanh(c + d*x)*b + log(t
anh(c + d*x)*b + a)**2*a),x)*log((ex*(2*c + 2xdxx)*a + e**(2xc + 2*d*x)*b

+ a - b)/(e*x*(2%c + 2xd*x) + 1))*b**2+d + 2*int(1/(e**(4*c + 4*d*x)*log((e
*k(2%xc + 2xd*x)*a + ex*k(2%c + 2*%d*x)*b + a — b)/(e*x*x(2%xc + 2*d*xx) + 1))*x*2
*xa + ex*(4xc + 4xdxx)*Llog((ex*(2%c + 2*d*x)*a + ex*(2*%c + 2xd*x)*b + a - b
)/ (ex*(2xc + 2%d*x) + 1))*x2%b + 2%ex*(2%c + 2xd*x)*Llog((ex*(2*%c + 2xd*x)*
a + e*xx(2xc + 2%d*xx)*b + a - b)/(ex*(2%c + 2%d*x) + 1))**2*a + log((exx (2%
c + 2%dxx)*a + e*xx(2xc + 2*d*x)*b + a - b)/(e¥x*(2*kc + 2%d*x) + 1))**x2*a -

log((ex*(2xc + 2xd*x)*a + e*x*(2*c + 2*d*x)*b + a - b)/(ex*(2*c + 2xd*x) +

1)) **2%b) ,x) ¥log((e** (2*c + 2*d*x)*a + e*xx(2xc + 2*d*x)*b + a - b)/(e**x (2%
c + 2%d*x) + 1))*axbxd - a)/(2xlog((e**(2%c + 2kd*x)*a + e**(2%c + 2*d*x)*
b + a - b)/(ex*x(2%c + 2%d*x) + 1))*bxd)
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3.16 [log*(a + beoth(c + dz)) dz

Optimal result . . . . . . . . . . .. . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 1361
Rubi [A] (verified) . . . .. . . ... .. 1301
Maple [A] (verified) . . . . . . ... L 138
Fricas [F] . . . . . . o 138
Sympy [F] . . o o 139
Maxima [F] . . . . . . 1391
Giac [F] . . . . o o 140
Mupad [F(-1)] . . . o o 140
Reduce [F] . . . o . o o 140

Optimal result

Integrand size = 13, antiderivative size = 274

log <b(l_$+(bc+dm))> log®(a + beoth(c + dx))
2d
log (—W) log®(a + bceoth(c + dz))
2d
3log?(a + bcoth(c + dz)) PolyLog (2, %W)
2d
3log®(a + bcoth(c + dz)) PolyLog <2, "H’L}’(Hdz))

a+b
2d
a+bcoth(c+dz)
3log(a + bcoth(c + dz)) PolyLog (3, T)
d
a+bcoth(c+dzx
3log(a + bcoth(c + dx)) PolyLog (3, a—+b)>
d
3 POlYLOg (4’ a+bcoth(c+dz) >

a—b
d

a+b coth(c+dz)
~ 3PolyLog (4, exbecthictas))
d

/log3(a + beoth(c+ dx)) dx = —

+

_|_

_|_

+
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-1/2*1n(b* (1-coth(d*x+c) )/ (a+b) ) *1n(a+b*coth(d*x+c)) ~3/d+1/2+1n(-b* (1+coth
(d*x+c))/(a-b))*1n(a+b*coth(d*x+c)) ~3/d+3/2*1n(a+b*coth(d*x+c)) "2*xpolylog(
2, (atb*coth(d*x+c))/(a-b))/d-3/2*1n(a+b*coth(d*x+c)) “2*polylog(2, (atb*coth
(d*x+c))/(atb))/d-3*1n(atb*coth(d*x+c))*polylog(3, (atb*coth(d*x+c))/(a-b))
/d+3*1n(at+b*coth(d*x+c))*polylog(3, (atb*coth(d*x+c))/(at+b))/d+3*polylog(4,
(at+b*coth(d*x+c))/(a-b))/d-3*polylog(4, (a+bxcoth(d*x+c))/(a+b))/d

output

Mathematica [A] (verified)

Time = 1.64 (sec) , antiderivative size = 248, normalized size of antiderivative = 0.91

/log3(a + beoth(c + dx)) dx

log <—W) log®(a + bcoth(c + dx)) — log (%W) log®(a + bcoth(c + dz)) + 3log?(a -

inputtlntegrate[Log[a + b*Coth[c + d*x]]173,x] J

(Log[-((b*(1 + Coth[c + d*x]))/(a - b))]*Logla + b*Coth[c + d*x]]~3 - Logl
(b - b*Coth[c + d*x])/(a + b)]*Logl[a + bxCoth[c + d*x]]~3 + 3*Log[a + b*Co
th[c + d*x]]~2#PolyLog[2, (a + b*Coth[c + d*x])/(a - b)] - 3*Logl[a + b*Cot
h[c + d*x]]~2%PolyLog[2, (a + b*Coth[c + d*x])/(a + b)] - 6*Logl[a + b*Coth
[c + d*x]]*PolyLogl[3, (a + b*Coth[c + d*x])/(a - b)] + 6+Logl[a + b*Cothlc
+ dxx]]#PolyLog[3, (a + b*Coth[c + d*x])/(a + b)] + 6%PolyLogl[4, (a + b*Co
thlc + d*x])/(a - b)] - 6%PolyLogl[4, (a + bxCoth[c + d*x])/(a + b)])/(2*d)

output

Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.93,

number of rules _ 0.231, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {4852, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/log3(a + beoth(c + dx)) dz

l 4852

log3 (a+b coth(c+d.
[ e deoth(c+ d)

d
l 2856

log3 (a+b coth(c+d log® (a+b coth(c+d
J ( Og2((1(7;cofc:lcl)(c-(|-cdw);c)) + Og2((c?>th(zida(n§+1;0))> dooth(c+ dr)

d
l 2009

3 PolyLog (4, “*”*ﬁg‘:*d@) — 3PolyLog (4, "“’*ﬁﬁf*dw)) + 3 PolyLog (2, “*”*&f*dw)) log?(a + beoth(c +

input LInt [Log[a + b*Coth[c + d*x]]~3,x] J

(-1/2%(Log[(b*(1 - Coth[c + d*x]))/(a + b)]*Logla + b*Coth[c + d*x]]~3) +

(Log[-((b*(1 + Coth[c + d*x]))/(a - b))]*Logla + bxCoth[c + d*x]]173)/2 + (
3*Logl[a + b*Coth[c + d*x]]~2#PolyLog[2, (a + b*Coth[c + d*x])/(a - b)])/2

- (3*Logla + b*Coth[c + d*x]] 2*PolyLogl[2, (a + b*Coth[c + d*x])/(a + b)])
/2 - 3%Logl[a + b*Coth[c + d*x]]*PolyLog[3, (a + b*Coth[c + d*x])/(a - b)]

+ 3xLog[a + b*Coth[c + d*x]]*PolyLog[3, (a + b*Coth[c + d*x])/(a + b)] + 3
*PolyLog[4, (a + bxCoth[c + d*x])/(a - b)] - 3*PolyLog[4, (a + b*Coth[c +

d*x])/(a + b)1)/d

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

2856‘In‘c[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_)1*(b_.))"(p_.)*x((£_) + (g_.
‘)*(x_)"(r_))”(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])7p, (f + g*x"r)°q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] && I

rule
GtQlp, 0] & IntegerQ[ql & (GtQlq, 0] || (IntegerQlr] & NeQlr, 11)) |




rule 4852
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inputt

output

inputt

Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/dll, x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul],
x]]

Maple [A] (verified)

Time = 10.64 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.04

method result
In(a+b coth(dm+c))3 In (1+ %}W) +3In(a+b coth(da:+c))2 polylog (2,— %W) —61n(a+b coth(dz+c,
- 2b
derivativedivides | —
In(a+b coth(dz+c))3 In (1+ %W) +31n(a+b coth(dz+c))2 polylog (2,— %&W) —61In(a+b coth(dz+c,
- 2b
default -

int (In(a+b*coth(d*x+c)) ~3,x,method=_RETURNVERBOSE)

-1/d*b*(-1/2/b* (1n(a+b*coth(d*x+c)) ~3*1n(1+1/(-a+b) * (a+b*coth(d*x+c)) ) +3*1
n(a+b*coth(d*x+c)) “2*polylog(2,-1/(-a+b) * (a+b*coth(d*x+c)))-6%1n(a+b*coth
d*x+c))*polylog(3,-1/(-a+b)* (at+b*coth(d*x+c)))+6%polylog(4,-1/(-a+b)* (a+b*
coth(d*x+c))))+1/2/b*x(1n(a+b*coth(d*x+c)) ~3*1n(1+1/(-a-b) * (a+b*coth (d*x+c)
))+3*1n(a+b*coth(d*x+c)) “2*polylog(2,-1/(-a-b)*(a+b*coth(d*x+c)))-6*1n(a+b
*coth (d*x+c))*polylog(3,-1/(-a-b)* (at+tb*coth(d*x+c)))+6xpolylog(4,-1/(-a-b)
* (atb*coth(d*x+c)))))

Fricas [F]

/log3(a + beoth(c+ dx)) dz = / log (bcoth (dz + ¢) + a)® dx

integrate(log(a+b*coth(d*x+c))~3,x, algorithm="fricas")
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Output‘integral(log(b*coth(d*x +c) +a)’3, x)

Sympy [F]

/10g3(a—|—bcoth(c+dw)) do = /log(a+bcoth (C+dx))3dx

input‘integrate(ln(a+b*coth(d*x+c))**3’x)

outputtlntegral(log(a + bxcoth(c + d*x))**3, x)

Maxima [F]

/10g3(a + beoth(c+ dx)) dz = /10g (beoth (dz + c) + a)3 d

inputLintegrate(log(a+b*C°th(d*X+C))*3,X, algorithm="maxima")

-

x*log((a + b)*e~(2*d*x + 2%c) - a + b)"3 - integrate((((a*xe™(2*c) + b*e~ (2
*c))*e”~ (2%d*x) - a + b)*log(e~(d*x + c) + 1)"3 + 3x((axe”(2%c) + bxe™(2%c)
)*e”(2*d*x) - a + b)*log(e”(d*x + c) + 1)"2xlog(e”(dxx + c) - 1) + 3*((axe
~(2%c) + bxe~(2%c))*e~(2¢d*x) - a + b)*log(e~(d*x + c) + 1)*log(e~(d*x + c
) = 1)72 + ((axe™(2%c) + bxe”(2*c))*e”(2*d*x) - a + b)*log(e”(d*x + c) - 1
)~3 + 3% (2 (axd¥e~ (2*c) + bkdke™ (2%c))*xxe~ (2xd*x) + ((axe~(2%c) + bxe~ (2%
c))xe”(2*d*x) - a + b)*log(e~(d*x + c) + 1) + ((axe”(2xc) + bxe™(2*c))*e”(
2*%d*x) - a + b)xlog(e”~(d*x + c) - 1))*log((a + b)*e~(2*d*x + 2xc) - a + b)
"2 - 3x(((axe”(2xc) + bxe”(2xc))*e”(2xd*x) - a + b)*log(e”(d*x + c) + 1)72
+ 2x((a*xe~(2%c) + bke~(2%c))*e”(2*d*x) - a + b)xlog(e~(d*x + c) + 1)*log(
e~(d*x + c) - 1) + ((a*e™(2%c) + bxe~(2%c))*e~(2*d*x) - a + b)*log(e” (d*x
+ ¢c) - 1)72)*log((a + b)*e”(2xd*x + 2*c) - a + b))/((a*xe”(2*c) + bke~(2%c)
Y¥e~ (2%d*x) - a + b), x)

output
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Giac [F]

/log3(a + beoth(c + dx)) dz = / log (b coth (dz + ¢) + a)3 dz

input Lintegrate (log(at+b*coth(d*x+c))~3,x, algorithm="giac")

output Lintegrate(log(b*coth(d*x +¢) + a)3, x)

Mupad [F(-1)]

Timed out.

/log3(a + beoth(c + dz)) dz = /ln (a + beoth(c + dx))’ dx

fnput Lint(log(a + bxcoth(c + d*x))"3,x)

Outputtint(log(a + b*coth(c + d#*x))~3, x)

Reduce [F|

/ log®(a + beoth(c + dz)) dz = /log(coth (dz 4 c) b+ a)’ dx

input Lint (log(at+bxcoth(d*x+c))~3,x)

output Lint(log(coth(c + d*x)*b + a)**3,x)




output
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3.17 [log*(a + beoth(c + dz)) dz

Optimal result . . . . . . . . . . . . e 141
Mathematica [A] (verified) . . . . . . . . . ... o 1421
Rubi [A] (verified) . . . .. . . ... .. 142
Maple [A] (verified) . . . . . . ... L 144
Fricas [F] . . . . . . o 144
Sympy [F] . . o o 145
Maxima [F] . . . . . . 1451
Giac [F] . . . . o o 145
Mupad [F(-1)] . . . o o 146
Reduce [F] . . . . . 146

Optimal result

Integrand size = 13, antiderivative size = 194

b(1—coth(c+dz)) ) log?(a + bcoth(c + dz))

9 log ( b
/ log*(a + beoth(c + dzx)) dz = — —
Lo (- tetbeethietes) ) 1og2(a + beoth(c + da))
2d
. log(a 4 bcoth(c + dz)) PolyLog (2, %5,*‘”)
d
log(a + b coth(c + dz)) PolyLog (2, W)
- d
a+bcoth(c+dz)
~ PolyLog (3, T)
d
PolyLog <3, %)
+
d

-1/2%1n(b* (1-coth(d*x+c))/(a+b) ) *1n(at+b*coth(d*x+c) ) ~2/d+1/2*1n(-b* (1+coth
(d*x+c))/(a-b))*1n(a+b*coth(d*x+c)) ~2/d+1n(a+b*coth(d*x+c))*polylog(2, (a+b
*coth(d*x+c))/(a-b))/d-1n(a+b*coth(d*x+c))*polylog(2, (a+bxcoth(d*x+c))/ (a+
b)) /d-polylog(3, (atb*coth(d*x+c))/(a-b))/d+polylog(3, (at+b*coth(d*x+c))/(a+
b))/d




inputt

output
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Mathematica [A] (verified)

Time = 1.29 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.03

log?(a + bcoth(c + dr)) log (1 — —“’LbCOth(c’de))

/10g2(a + beoth(c + dz)) dz = 5 a-b
2 a+b coth(c+dz)
- log*(a + bcoth(c + dz)) log <1 — T)
2d
. log(a + bcoth(c + dz)) PolyLog (2, %W)
d
a+b coth(c+dz)
 log(a+beoth(c + dz)) PolyLog (2, exbeothletn))
d
a-+b coth(c+dz)
- PolyLog (3, T)
d
PolyLog <3, atbeoth(s “::i%“rdw))
+
d
Integrate[Logla + b*Coth[c + d*x]]~2,x] J

(Logla + b*Coth[c + d*x]]"2*Log[l - (a + b*Coth[c + d*x])/(a - b)])/(2xd)

- (Logla + b*Coth[c + d*x]]~2*Log[1l - (a + b*Coth[c + d*x])/(a + b)])/(2*d
) + (Logl[a + b*Coth[c + d*x]]*PolyLog[2, (a + b*Coth[c + d*x])/(a - b)])/d
- (Logla + b*Coth[c + d*x]]*PolyLogl[2, (a + b*Coth[c + d*x])/(a + b)])/d

- PolyLog[3, (a + b*Coth[c + d*x])/(a - b)]1/d + PolyLogl[3, (a + b*Coth[c +
d*x])/(a + b)1/d

Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.92,

number of rules __
integrand size 0.231, Rules

number of steps used = 4, number of rules used = 3,
used = {4852, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/logQ(a + beoth(c + dx)) dz

l 4852

log? (a+b coth(c+d.
[ e deoth(c+ d)

d
l 2856

log? (a+b coth(c+d log?(a+b coth(c+d
J ( Og2((1(7;cofc:lcl)(c-(|-cdw);c)) + Og2((c?>th(zida(n§+1;0))> dooth(c+ dr)

d
l 2009

— PolyLog (3, %W) + PolyLog (3, %}W) + PolyLog (2, %W) log(a + bcoth(c + dz)’

input LInt [Logla + b*Coth[c + d*x]]~2,x] J

(-1/2%(Log[(b*(1 - Coth[c + d*x]))/(a + b)]*Logla + b*Coth[c + d*x]]"2) +

(Log[-((b*(1 + Coth[c + d*x]))/(a - b))]*Logla + bxCoth[c + d*x]]1"2)/2 + L
ogla + bxCoth[c + d*x]]*PolyLog[2, (a + b*Coth[c + d*x])/(a - b)] - Logla

+ bxCoth[c + d*x]]*PolyLog[2, (a + b*Coth[c + d*x])/(a + b)] - PolyLogl3,

(a + b*Coth[c + d*x])/(a - b)] + PolyLog[3, (a + bxCoth[c + d*x])/(a + b)]
)/d

output

Defintions of rubi rules used

e

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2856‘Int[((a_-) + Log[(c_.)*((d.) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*x((f_) + (g_. ‘
‘)*(x_)‘(r_))‘(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + bxLogl[c*(d + e*x) ‘
“n])‘p, (f + gxx"r)"q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] & I ‘
‘GtQ[p, 0] && IntegerQlql && (GtQ[g, 0] || (IntegerQ[r] && NeQ[r, 11)) ‘




rule 4852

input

output

input

output
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Int[u_, x_Symbol] :> With[{v = FunctionOfTrig[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/dll, x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] &% TryPureTanSubst[ActivateTrig[ul],
x]]

Maple [A] (verified)

Time = 9.12 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.08

method result
(_hﬂw%cmhwm+oﬁ1n0+a+hfgﬁ?+®>+ﬂnm+mmmuwmnpdﬂ%(&—a+mf?ﬁ?+®)—ZpMﬂ%(&—a+hf
2b
derivativedivides | —
b(_mm+mmMMﬁ@Fm(uﬁ+“$ﬂ?*@)+mmm¢mmwwt?mwbd?—aﬂ&gﬂ?%a)—hmﬂ%(&—ﬁ¢?
default —

Lint(ln(a+b*coth(d*x+c))‘2,x,method=_RETURNVERBUSE)

-1/d*b*(-1/2/b* (1n(a+b*coth(d*x+c)) "2*1n(1+1/ (-a+b) * (a+b*coth(d*x+c)) ) +2*1
n(a+b*coth(d*x+c))*polylog(2,-1/(-a+b)* (a+bxcoth(d*x+c)))-2*polylog(3,-1/(
-a+b) * (a+b*coth (d*x+c))) ) +1/2/b* (1n(a+b*coth(d*x+c)) “2x1n(1+1/ (-a-b) * (a+bx*
coth(d*x+c)))+2x1n(at+b*coth(d*x+c) ) *polylog(2,-1/(-a-b)* (at+tb*coth(d*x+c)))
-2*polylog(3,-1/(-a-b)* (a+b*coth(d*x+c)))))

Fricas [F]

/logz(a + beoth(c + dx)) dz = /10g (beoth (dz + ¢) + a)® dz

Lintegrate(log(a+b*coth(d*x+c))‘2,x, algorithm="fricas")

Lintegral(log(b*coth(d*x +c) +a)’2, x)
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Sympy [F]

/log2(a—|—bcoth(c—|—dx)) dr = /log(a‘l‘bCOth (C+da¢))2 dx

input ‘ integrate (1ln(a+b*coth(d*x+c))**2,x)

outputtlntegral(log(a + b*coth(c + d*x))**2, x)

Maxima [F]

/logQ(a + bCOth(C -+ d:l:)) dr = /log (b coth (dl’ + C) + a)2 da

inputLintegrate(log(a+b*coth(d*x+c))*Q,X’ algorithm="maxima")

xxlog((a + b)*e”(2*d*x + 2*c) - a + b)"2 - integrate(-(((a*e”(2%c) + bxe”(
2%c))*xe” (2xd*x) - a + b)xlog(e~(d*x + c) + 1)72 + 2*x((a*xe™(2*c) + bxe~(2xc
))*xe~(2*d*x) - a + b)*log(e~(d*x + c) + 1)xlog(e~(d*x + c) - 1) + ((a*e~(2
*xCc) + b*e”(2xc))*e”(2*%d*x) - a + b)*log(e~(d*x + c) - 1)72 - 2% (2*x(axd*e”(
2xc) + bxdxe”(2%c))*x*e” (2xd*x) + ((a*xe”(2*c) + bke”(2%c))*e”(2*d*x) - a +
b)*log(e~(d*x + c) + 1) + ((a*e™(2xc) + bxe~(2*c))*e”(2%d*x) - a + b)*log
(e~ (d*x + c) - 1))*log((a + b)*e~(2%d*x + 2%c) - a + b))/((axe~(2%c) + bxe
~(2xc))*xe”~(2xd*x) - a + b), x)

output

Giac [F]

/log2(a + beoth(c + dz)) dz = /log (beoth (dz + ¢) + a)® dx

inputLintegrate(log(a+b*coth(d*x+c))*Q,X, algorithm="giac") J
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output Lintegrate(log(b*coth(d*x +c) +a)”2, x) J

Mupad [F(-1)]

Timed out.
/logz(a + beoth(c + dz)) dz = /ln (a + beoth(c+ dx))’ do
input Lint(log(a + b*coth(c + d*x))"2,x) J
output Lint(log(a + bxcoth(c + d*x))"2, x) J
Reduce [F]
/ log?(a + beoth(c + dz)) dx = /log(coth (dz 4 ¢) b+ a)’ dz
input Lint (log(a+b*coth(d*x+c))"2,x) J
output Lint(log(coth(c + d*x)*b + a)*%x2,x) J
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3.18 [ log(a + beoth(c + dz)) dz

Optimal result . . . . . . . . . . . . e 147
Mathematica [A] (verified) . . . . . . . . . ... o T48]
Rubi [F] .« o oot 148
Maple [A] (verified) . . . . . . ... L 149
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 150
Sympy [F] . . o o [151]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1511
Giac [F] . . . . o o 152
Mupad [F(-1)] . . . o o 152
Reduce [F] . . . . . 152

Optimal result

Integrand size = 11, antiderivative size = 126

log (%ﬁbﬁdm))) log(a + bcoth(c + dx))
2d
log <—w> log(a + bcoth(c + dx))

a—b
2d
POlyLOg <2, a+b coth(c+da:))

a—b
2d

a+bcoth(c+dz)
POIYLOg (2, T)

2d

/log(a + beoth(c + dz)) dz = —

+

+

‘ -1/2%1n(b*(1-coth(d*x+c) )/ (a+b))*1n(a+b*coth(d*x+c))/d+1/2*1n(-b*(1+coth(d \
' *x+c))/(a-b)) ¥1n(a+b*coth(d*x+c) ) /d+1/2*polylog(2, (a+b*coth(d*x+c))/(a-b)) |
| /d-1/2%polylog(2, (atb*coth(d*x+c))/(a+b))/d

output
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00

log (%W) log(a + bcoth(c + dz))
2d
log (—W) log(a + bcoth(c + dz))
2d
POlyLOg <2’ a+bcoth(c+dw)>

a—b
2d
POlyLOg (2, a+bcoth(c+dac)>

a+b
2d

/log(a + beoth(c+ dz)) dz = —

+

+

-

input L

-/

Integrate[Log[a + b*Coth[c + d*x]],x]

‘—1/2*(Log[(b*(1 - Coth[c + d*x]))/(a + b)]*Logla + b*Coth[c + d*x]]1)/d + ( ‘
'Log[-((b*(1 + Coth[c + d*x1))/(a - b))1*Logla + bxCothlc + d*x]1)/(2%d) +
‘PolyLog[2, (a + bxCoth[c + d*x])/(a - b)]/(2*%d) - PolyLog[2, (a + b*Coth[c ‘
+ axx])/(a + D)1/ (2%d) |

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + beoth(c + dx)) dz

l 3028

3 bdzcsch?(c + dx)

wlog(a+bc0th(c+dx))—/ o+ beoth(c + dz) x

| 25

2
bdxcsch®(c + dx) dz + zlog(a + bcoth(c + dz))

a + beoth(c + dz)
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| 27

dx + zlog(a + bcoth(c + dzx))

bd/ xcsch?(c + dx)
a + beoth(c + dz)

l 7299

bd / xcsch?(c + di)

a + beoth(c + dz) dz + zlog(a + beoth(c + dz))

input‘ Int[Log[a + b*Coth[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

Int[Loglu_], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand[x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 3028

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [A] (verified)

Time = 9.54 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99
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method result
(dilog ( beoth(dzte)—b ) +In(a+b coth(dz+c)) In ( beoth(dzte)—b ) ) b (dilog ( beoth(dztc)+b °°”‘_(Zi‘l‘;°)+b ) +1n(a+b coth(dz+c)) In ( be
derivativedivides | — 2 dZ‘ P
~ (dilog ( beoth(drte)—b ) +1n(a+b coth(dz+c)) In (7” coth(dz+c)—b ) ) b . (dilog ( beoth(dzte)+b ) +In(a+b coth(dz+c)) In ( be
default 2 - 3
risch Expression too large to display
inputLint(ln(a+b*00th(d*X+c)),X,meth0d=_RETURNVERBOSE) J

output

‘fl/d/b* (-1/2*(dilog((b*coth(d*x+c)-b)/(-a-b))+1ln(at+b*coth(d*x+c))*1n((b*cot \‘
‘ h(d*x+c)-b)/(-a-b)))*b+1/2*(dilog((b*coth(d*x+c)+b)/(-a+b))+1n(a+b*coth (d* ‘

‘ x+c))*1n ((b*coth(d*x+c)+b) /(-a+b)))*b)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 356 vs. 2(115) = 230.

Time = 0.11 (sec) ,

antiderivative size = 356, normalized size of antiderivative = 2.83

/log(a + beoth(c + dx)) dx

dz log (bCOSh(dﬁ;ﬁ)(ngh(dHc)> + dzlog (cosh (dz + ¢) + sinh (dx + ¢) + 1) + clog (2 (a + b) cosh (dz +

-

input

Lintegrate (log(atb*coth(d*x+c)),x, algorithm="fricas")

N
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(d*x*log((b*cosh(d*x + c) + a*sinh(d*x + c))/sinh(d*x + c)) + dxx*log(cosh
(d*x + c) + sinh(d*x + c) + 1) + cxlog(2*(a + b)*cosh(d*x + c) + 2*(a + b)
*sinh(d*x + c) + 2x(a - b)*sqrt((a + b)/(a - b))) + c*log(2x(a + b)*cosh(d
*x + c) + 2x(a + b)*sinh(d*x + c) - 2x(a - b)*sqrt((a + b)/(a - b))) - (d*
x + c)*log(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) - (d
*x + c)*log(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) -

c*log(cosh(d*x + c) + sinh(d*x + c) - 1) + (d*x + c)*log(-cosh(d*x + c) -

sinh(d*x + c) + 1) - dilog(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x
+ ¢))) - dilog(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) +

dilog(cosh(d*x + c) + sinh(d*x + c)) + dilog(-cosh(d*x + c) - sinh(d*x + c
)))/d

output

Sympy [F]

/log(a + beoth(c+ dx)) dz = /log (a + beoth (¢ + dx)) dz

input‘integrate(ln(a+b*coth(d*x+c)),x)

outputtlntegral(log(a + b*coth(c + d*x)), x) J

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.17

/log(a + beoth(c + dx)) dx =

_Ebd

ae(2 c)+be(2 c))e(2dz) . ae(2¢) +be(2 c))e(2dx)
1 2dzx 10g <— ( " ) + 1) + L12 <( — ) > 9 (dx log (e(dx—i-c) + 1) + LiQ(—t
bd? bd?

+ zlog (bcoth (dz + ¢) + a)

p

tintegrate(log(a+b*coth(d*x+c)),X, algorithm="maxima")

~—

input
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Output‘ -1/2xbxd* ((2*d*x*Llog(-(a*e~ (2%c) + bke~(2*c))*e~(2xd*x)/(a - b) + 1) + dil \
Log((axe™(2%c) + bxe™(2%c))*e™(2+d*x)/(a - b)))/(b*d"2) - 2¢(dxx*log(e™(d*x |
‘ + ¢c) + 1) + dilog(-e~(d*x + c)))/(b*d~2) - 2%(d*x*log(-e~(d*x + c) + 1) + ‘

‘ dilog(e~(d*x + c)))/(b*d~2)) + x*log(bxcoth(d*x + c) + a)

Giac [F]

/log(a + beoth(c + dx)) dz = /log (bcoth (dz + ¢) + a) dx

inputLintegrate(10g(a+b*coth(d*x+c)),x, algorithm="giac") J

OutputLintegrate(log(b*coth(d*x +c) +a), x) J

Mupad [F(-1)]

Timed out.

/log(a + beoth(c + dz)) dz = /ln (a4 bceoth(c+dx)) dz

inputLint(log(a + bxcoth(c + d*x)),x) J

-

int(log(a + b*coth(c + d*x)), x)

—

outputt

Reduce [F]

/log(a + beoth(c + dzx)) dz = /log(coth (dx+c)b+a)dx

inputLint(log(a+b*coth(d*x+c)),x) J
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output Lint(log(coth(c + d*x)*b + a),x)




output L

inpu

outpu
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1

3.19 f log(a+b coth(c+dx)) dzx

Optimal result . . . . . . . . . . . . . e 154
Mathematica [N/A] . . . . . . .. . 1541
Rubi [N/A] . . o
Maple [N/A] . . . o 156
Fricas [N/A] . . . . . 1561
Sympy [N/A] . . o 1571
Maxima [N/A] . . . o
Giac [N/A] . . o o 158
Mupad [N/A] . . . o 158
Reduce [N/A] . . . . 158

Optimal result

Integrand size = 13, antiderivative size = 13

/ ! dr = Int
log(a + beoth(c +dz))

1
log(a + bcoth(c + dz))’

‘)

Defer (Int) (1/1n(a+b*coth(d*x+c)) ,x)

Mathematica [N/A]

Not integrable

Time = 7.06 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr = d
/ log(a + bcoth(c + dz)) v / log(a + bcoth(c + dz)) v

-

¢ LIntegrate [Log[a + b*Coth[c + d*x]]1~(-1),x]

¢ ‘ Integrate[Logl[a + b*Coth[c + d*x]]1~(-1), x]
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Rubi [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4852, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ log(a + bcoth(c + dz))

l 4852

dz

1
f (1—coth?(c+dz)) log(a+bcoth(c+dz)) d COth(c + d‘r)

d
l 2865

d coth(c + dz)

1 1
f (2(1—coth(c+dx)) log(a+b coth(c+dz)) + 2(coth(c+dz)+1) log(a+b coth(c+dzx)) )
d

l 2009

% f (1—coth(c+dx)) lolg(a-i-b coth(c—i—dx))dCOth(c + dm) + % f (coth(c+dz)+1) lolg(a—i-b coth(c+dt)) dCOth(c + d(I,')
d

input LInt [Log[a + b*Coth[c + d*x]]~(-1),x] J

output ‘\$Aborted
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 2865

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient[v, x, 1] Subst [Int [SubstFor[1/(1 + d~2x%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/d]l], x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul,
x]]

rule 4852

Maple [N/A]
Not integrable

Time = 4.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1
/ In (a + bcoth (dz + c))dm

input ‘\int (1/1n(a+b*coth(d*x+c)) ,x)

output Lint (1/1n(at+b*coth(d*x+c)) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bcoth(c + dz)) de = / log (bcoth (dz + ¢) + a) dz
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inputLintegrate(1/log(a+b*coth(d*x+c)),x, algorithm="fricas")

output Lintegral(1/10g(b*coth(d*x +c) +a), %)

Sympy [N/A]
Not integrable

Time = 1.14 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

1 1
/ log(a + bcoth(c + dz)) de = / log (a + bcoth (c + dx)) dz

input Lintegrate (1/1n(a+b*coth(d*x+c)) ,x)

outputllntegral(l/log(a + b*coth(c + d*x)), x)

Maxima [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bcoth(c + dzx)) dz = / log (bcoth (dz + ¢) + a) dz

input Lintegrate (1/log(at+b*coth(d*x+c)),x, algorithm="maxima")

output Lintegrate(1/log(b*coth(d*x +c) +a), x)
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-

input

Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
dr = d
/ log(a + bcoth(c + dz)) v / log (bcoth (dz + ¢) + a) v

Lintegrate (1/1log(atb*coth(d*x+c)),x, algorithm="giac")

-/

output L

input

integrate(1/log(b*coth(d*x + c) + a), x)

Mupad [N/A]
Not integrable

Time = 26.22 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bcoth(c + dz)) dz = / In (a + beoth (¢ + dx)) dz

Lint(i/log(a + bxcoth(c + d*x)),x)

output L

input L

int(1/log(a + b*coth(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ log(a + bcoth(c + dz)) de = / log (coth (dz + ¢) b+ a) dz

int (1/log(a+b*coth(d*x+c)) ,x)
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output Lint(i/log(coth(c + d*x)*b + a),x)




output

input

output
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1
3.20 f log?(a+b coth(c+dz)) dz

Optimal result . . . . . . . . .. ..
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . o
Sympy [N/A] . . . e
Maxima [N/A] . . . . o
Giac [N/A] .« . o
Mupad [N/A] . . . o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 13, antiderivative size = 13

1

1

dz = Int
log?(a + bcoth(c + dz)) e <

log?(a + bcoth(c + dx))’

!

tDefer (Int) (1/1n(a+b*coth(d*x+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 43.16 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1

1
dr —
/log2(a+bcoth(c+dm)) v /log2(

a + bcoth(c + dz))

dzx

LIntegrate [Log[a + b*Coth[c + d*x]]1~(-2),x]

‘ Integrate[Logl[a + b*Coth[c + d*x]]1~(-2), x]
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Rubi [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {4852, 2865, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 5 1 dz
log”(a + bcoth(c + dx))

l 4852
1
f (1—coth?(c+dz)) log?(a+b coth(c+dz)) dCOth(c + dm)
d
l 2865
1 1
/ (Z(COth(C+dm)+1) log? (a+bcoth(c+dw)) NE log®(a+b COth(C+dw))(1—coth(c+dx))> dcoth(c + dx)
d
l 2009
1 1 1 1
2 ) Gcotmerany g @b comieraz) ¢ O + 42) + 3 | ooyt 1)1og (e rbootnierazy @ O (€ + d)
d

Int[Logla + b*Coth[c + d*x]]1"(-2),x]

input

output ‘ $Aborted ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Logl[c*(d + e*x)~"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

rule 2865

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Cot[v], x]}, -d/Coefficient[v, x, 1] Subst [Int [SubstFor[1/(1 + d~2x%
x~2), Cotl[vl/d, u, x], x], x, Cotl[vl/d]l], x] /; !'FalseQ[v] && FunctionOfQ[
NonfreeFactors[Cot[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul,
x]]

rule 4852

Maple [N/A]
Not integrable

Time = 4.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ ! 5dx
In (a + beoth (dz + ¢))

input ‘\int (1/1n(at+b*coth(d*x+c))~2,x)

output ‘ int (1/1n(a+b*coth(d*x+c))~2,x)




CHAPTER 3. LISTING OF INTEGRALS 163

Fricas [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log”(a + bceoth(c + dz)) log (bcoth (dz + ¢) + a)

inputLintegrate(1/1°g(a+b*coth(d*x+c))“2,x, algorithm="fricas") J

output 1ntegral(log(brcoth(dex + o) + )7 (-2), )

Sympy [N/A]
Not integrable

Time = 1.36 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

1 1
/ 5 dr = / 5 dx
log”(a + bcoth(c + dz)) log (a + bcoth (¢ + dz))

inputLintegrate(1/1n(a+b*coth(d*x+c))**Q,X)

output LIntegral(log(a + bxcoth(c + d¥x))**(-2), x)

Maxima [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 222, normalized size of antiderivative = 17.08

/ 5 1 dz = / ! 5 dr
log”(a + bcoth(c + dz)) log (bcoth (dz + ¢) + a)

input Lintegrate (1/1og(a+b*coth(d*x+c))~2,x, algorithm="maxima")
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1/4*((axe”(4%c) + bkxe~(4%*c))*e” (4*xd*x) - 2%akxe” (2*d*x + 2%c) + a - b)/(bxd
xe” (2xd*x + 2xc)*log((a + b)*e”(2*d*x + 2%c) - a + b) - bxd*e” (2*d*x + 2%c
)*log(e~(d*x + c) + 1) - b*dxe” (2xd*x + 2*c)*log(e~(d*x + c) - 1)) - integ
rate(1/2*%((a*xe” (4*c) + bxe” (4*c))*e” (4*d*x) - a + b)/(b*e” (2*xd*x + 2#*c)*lo
g((a + b)*xe~(2xd*x + 2%xc) - a + b) - b*e”(2*d*x + 2*c)*log(e~(d*x + c) + 1
) - bxe~(2xd*x + 2*c)*log(e~(d*x + c) - 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 ! dz = / ! 5 dx
log“(a + bcoth(c + dz)) log (bcoth (dz + ¢) + a)

-

Lintegrate(1/1og(a+b*coth(d*x+c))‘2,x, algorithm="giac")

-/

input

OutputLintegrate(log(b*coth(d*x +c) +a)7(-2), x)

Mupad [N/A]
Not integrable

Time = 26.05 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

/ 5 L dz = / ! 5 dT
log“(a + beoth(c + dz)) In (a + beoth (c + dx))

inputLint(l/log(a + bxcoth(c + d*x))~2,x)

outputtint(l/log(a + b*coth(c + d*x))~2, x)
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Reduce [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 834, normalized size of antiderivative = 64.15

1
d
/ log?(a + bcoth(c + dz)) N

4dx

264c f €

2dz+2¢ gy o2dT+2cp_ 2 2dz+2cqy o2dT+2cp_ 2 2dz+2¢ gy o2dz+2cp_
Adx+4 e ate b—a+b Adx+4 e ate b—a+b _9,2dz+2¢ e ate b—a+b
eddz+ CIOg( 3dwoT2c ] ) a+eddz+ CIOg( 2dw e ) b—2e log 2det2c_]

)Qa—i—h

input‘int(1/10g(a+b*coth(d*x+c))*Q,X)

output

(2*%ex* (4xc) *int (e** (4*d*x) / (ex* (4xc + 4*d*x)*log((ex*(2xc + 2*d*x)*a + e*x
(2%c + 2xd*x)*b - a + b)/(ex*(2kc + 2xd*x) - 1))**2*a + e*x*(4d*c + 4xd+*x)*1
og((e*xx(2xc + 2*d*x)*a + ex*x(2kc + 2*d*x)*b - a + b)/(ex*(2*%c + 2*d*x) - 1
))*x*k2xb — 2kex*(2%c + 2xdxx)*1log((e**(2xc + 2*d*x)*a + ex*(2kc + 2*d*x)*b

- a + b)/(ex*(2xc + 2%d*x) - 1))*x2*ka + log((ex*(2*c + 2xd*x)*a + e**(2*c

+ 2xd*x)*b - a + b)/(ex*(2xc + 2xd*x) - 1))**2xa - log((e**(2%c + 2%d*x)*a
+ exx(2kc + 2%d*x)*b - a + b)/(ex*(2*%c + 2*d*x) — 1))**2%b) ,x)*log((ex*(2
*C + 2kd*x)*a + ex*x(2%xc + 2xd*x)*b - a + b)/(exx(2xc + 2xd*x) - 1))*axb*d

+ 2xint(coth(c + d*x)/(coth(c + d*x)*log(coth(c + d*x)*b + a)*x2*b + log(c
oth(c + d*x)*b + a)**2*a),x)*log((ex*(2*c + 2xdxx)*a + e**(2xc + 2*d*x)*b

- a + b)/(exx(2xc + 2%d*x) - 1))*bx*2xd + 2*int(1/(ex*(4xc + 4*d*x)*1log((e
*k(2%xc + 2xd*x)*a + ex*k(2%c + 2*%d*x)*b - a + b)/(e*x*x(2*xc + 2*%d*xx) - 1))*x*2
*xa + ex*(4xc + 4xdxx)*Llog((ex*(2%c + 2*d*x)*a + ex*(2*%c + 2xd*x)*b - a + b
)/ (exx(2kc + 2%d*x) — 1))**2xb — 2kex*(2%c + 2xd+*x)*1log((e**(2%c + 2*d*x)*
a + e*xx(2xc + 2%d*x)*b - a + b)/(ex*x(2kc + 2*d*x) - 1))**2xa + log((ex*(2*
c + 2%dxx)*a + e*xx(2xc + 2*d*x)*b - a + b)/(e*x*(2*kc + 2%d*x) - 1))**x2*a -

log((ex*(2%c + 2*d*x)*a + ex*(2xc + 2xd*x)*b - a + b)/(e**x(2%c + 2*kd*x) -

1)) **2%b) ,x) ¥log((e** (2*%c + 2*d*x)*a + e*xx(2xc + 2*d*x)*b - a + b)/(e**x (2%
c + 2%d*x) - 1))*axbxd - a)/(2xlog((e**(2%c + 2kd*x)*a + e**(2*c + 2*d*x)*
b - a + b)/(ex*x(2%c + 2%d*x) - 1))*bxd)
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3.21

Optimal result
Mathematica [B] (warning: unable to verify)

Rubi [F]

[(e+ fz)’log(a + btan(c + dz)) dz

Maple [C] (warning: unable to verify) . . . . . . . ... ... ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F]

Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] .

Mupad [F(-1)] . . . o o

Reduce [F]
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Optimal result

Integrand size = 19, antiderivative size = 399

(e + fz)log (1 + eQi(c+d:c))

/(e + fz)*log(a + btan(c + dz)) dz =

4f
(a—ib)e2i(ctdx)
B (e+ fx)*log (1 + T)
Af
n (e + fz)*log(a + btan(c + dz))
4f
i(e + f:E)3 POlyLOg (2, _62i(c+dz))
2d
) a—1 eQi(C-i-dz)
N i(e + f2)° PolyLog (2, — (=" )
2d '
n 3f(e + fz)?*PolyLog (37 _e2z(c+dx))
42
(a—ib)e2i(ctdz)
~ 3f(e + fz)? PolyLog <3, _T>
4d?
+ 3Zf2 (6 + fCE) PolyLog (4, _62i(c+dx))
4d3
) (a—ib)e2i(ctd)
) 3if2(e + fz) PolyLog (4, _T>
4d3
3f% PolyLog (5, —e?(c+d2))
8d*
(a—ib)e?i(ctde)
N 3% PolyLog (5, _T>
8d4

1/4% (f*x+e) “4*1n(1+exp (2*I*(d*x+c)))/f-1/4* (f*x+e) "4*1n(1+(a-I*b)*exp (2+I*
(d*x+c))/(a+I*b))/f+1/4* (fxx+e) ~4x1ln(a+bxtan(d*x+c))/f-1/2*%I* (fxx+e) “3*pol
ylog(2,-exp (2*I* (d*x+c)))/d+1/2*I* (f*x+e) "3*polylog(2,-(a-I*b)*exp (2*I*(d*
x+c))/(a+Ixb))/d+3/4xf* (fxx+e) "2xpolylog(3,—exp(2*I* (d*x+c)))/d~2-3/4xfx* (£
*xx+e) “2*polylog(3,-(a-Ix*b)*exp(2*I*(d*x+c))/(a+I*b))/d~2+3/4*I*f 2% (f*x+e)
*polylog(4,-exp(2*I*(d*x+c)))/d~3-3/4*I*f 2% (f*x+e)*polylog(4,-(a-I*b)*exp
(2%Ix(d*x+c))/(a+I*b))/d~3-3/8*f " 3*polylog(5,-exp(2*I*(d*x+c)))/d~4+3/8%f"
3*polylog(5,-(a-I*b)*exp(2*xI*(d*x+c))/(a+I*b))/d"4

output




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf

count of optimal. 1710 vs. 2(399) = 798.

Time = 13.18 (sec) , antiderivative size = 1710, normalized size of antiderivative = 4.29

/(e + fx)*log(a + btan(c + dz)) dx = Too large to display

e

LIntegrate[(e + fxx) 3*Logl[a + b*Tan[c + d*x]],x]

-/

(x*(4%e~3 + 6xe 2xf*x + 4*xexf~2+x~2 + f£~3*x"3)*Logl[a + b*Tan[c + d*x]])/4
+ ((a”2 + b72)*d*((40%e~3*x"2)/(I*a + b) + (40%xe~2*f*x"3)/(I*a + b) + (20%
exf~2*%x74)/(I*xa + b) + (4*£73*x75)/(I*a + b) - (40%e"3*((-I)*bx(-1 + E~((2
*I)xc)) + ax(1 + ET((2*%I)*c)))*x*Log[l + (a + Ixb)/((a - I*b)*E~((2*I)*(c
+ d*x)))]1)/((@”2 + b™2)*d) - (60%e~2*((-I)*bx(-1 + E~((2*I)*c)) + a*(1 + E
“((2*xI)*c)) ) *f*x"2*Log[1 + (a + I*b)/((a - I*b)*E~((2*I)*(c + d*x)))]1)/((a
"2 + b™2)*d) - (40*e*x((-I)*b*(-1 + E~((2*I)*c)) + a*x(1 + E~((2*I)*c)))*£f"2
*x”~3xLog[1 + (a + I*b)/((a - Ixb)*E~((2*I)*(c + d*x)))])/((a”2 + b"2)*d) -
(10%((-I)*b* (-1 + E~((2%I)*c)) + a*x(1 + E~((2*I)*c)))*f"3*x"4*xLog[1l + (a
+ Ixb)/((a - I*xb)*E~((2*xD)*(c + d*x)))])/((a"2 + b"2)*d) + (20%e~3*((-I)*b
*(-1 + ET((2%I)*c)) + ax(1 + E~((2xI)*c)))*PolyLogl[2, (-a - I*b)/((a - Ix*b
)*¥E~((2%I)*(c + d*x)))]1)/((a + I*b)*(I*a + b)*d~2) + (30%xe”2*x(b - b*E~((2%
I*c) - I*xa*x(1 + E~((2*I)*c)))*f*x(2xd*x*PolyLog[2, (-a - I*b)/((a - I*b)*E
“((2*%I)*(c + d*x)))] - I*PolyLogl[3, (-a - I*#b)/((a - I*b)*E~((2*I)*(c + d*
1)/ ((a"2 + b72)*%d"3) + (30xe*(b - b*E~((2*xI)*c) - Ixa*x(1 + E~((2*I)*c
)) ) *£72x (2xd"2*xx"2*xPolyLog[2, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x)))]
- (2%I)*d*x*PolyLog[3, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x)))] - PolyL
ogl4, (-a - Ixb)/((a - I*b)*E~((2*xD)*(c + d*x)))]1))/((a"2 + b™2)*d"4) + (5
*((-I)*bx (-1 + E~((2*I)*c)) + a*(1 + E~((2*I)*c)))*f 3% ((-4*I)*d"~3*x"3*Pol
yLogl[2, (-a - I*b)/((a - Ixb)*E~((2*xI)*(c + d*x)))] - 6*d~2*x"2%PolyLog...
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(e + fz)3log(a + btan(c + dx)) dz
| 3031
bd 4 sec? d:
(e + fx)*log(a + btan(c + dr)) B J (emzt)ans(iit(;)r 2 da
4f 4f
| 27
+fx)t ct+dx
(e + fx)*log(a + btan(c + dr)) B bd [ < aib)taie(ccidx) \da
4f 4f
| 7293
(e + fz)*log(a + btan(c + dz)) B
4f
(ctdx)e 4fxsec?(c+dx)ed 622 sec?(c+dx)e? 4323 sec?(c+dzx)e fizt sec?(c+dx
bdf (j—i%tan(c-i-)dx) + a+§)e§a1§(c+d:2) a+bstea::n((c+dx)) a+b::fl(£+dx)) a+bf§f1(£+dw))) dzx
4f
l 2009

(e + fz)*log(a + btan(c + dz)) B
4f

3 x sec?(c+dx) 2 r2  x?sec?(c+dx) 3  z3sec?(ct+dz) 4 [ z*sec?(ctdz) e*log(a+bta
(46 ff a+btan(ct+dz) dz + 6e f f a+btan(ct+dx) dzx +46f f a+btan(c+dx) dz + f f a—l—btan(c—i—dx)d T+ bd

4f

inputLInt[(e + fxx) " 3*Logla + b*Tan[c + d*x]],x]

~—

output L$Aborted J
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]
rule 2009“1“’ [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J
rule 3031 Int[Loglu_1*((a_.) + (b_.)*(x))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
bxx)~(m + 1)*(D[u, x]/w), x], x]1, x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]
rule 7293 Intlu_, x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.
Time = 10.88 (sec) , antiderivative size = 8233, normalized size of antiderivative =
20.63
method | result size
risch Expression too large to display | 8233
input [int ((f*x+e) “3*1n(a+b*tan(d*x+c)) ,x,method=_RETURNVERBOSE) \J
output Lresult too large to display J




input

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2053 vs. 2(327) = 654.

Time = 0.15 (sec) , antiderivative size = 2053, normalized size of antiderivative = 5.15

/(e + fx)*log(a + btan(c + dz)) dx = Too large to display

-

Lintegrate((f*x+e)‘3*log(a+b*tan(d*x+c)),x, algorithm="fricas")

-/

1/16*%(3*f~3*polylog(5, ((a~2 + 2*I*a*b - b~2)*tan(d*x + c)~2 - a”2 - 2*I*a
*b + b72 - 2%(-I*a”2 + 2%a*xb + I*b~2)*tan(d*x + c))/((a”2 + b~2)*tan(d*x +
c)”2 + a”2 + b~2)) + 3*f"3*polylog(5, ((a~2 - 2xI*axb - b~2)*tan(d*x + c)
"2 - a"2 + 2*I*axb + b"2 - 2%(I*a”2 + 2xaxb - Ixb~2)*tan(d*x + c))/((a"2 +
b"2)*tan(d*x + c)”2 + a”2 + b72)) - 3*f"3*polylog(5, (tan(d*x + c)~2 + 2%
Ixtan(d*x + c) - 1)/(tan(d*x + c)~2 + 1)) - 3*f~3*polylog(5, (tan(d*x + c)
2 - 2*Ixtan(d*x + c) - 1)/(tan(d*x + c)~2 + 1)) - 4x(I*d"3*f"3*x"3 + 3*I*
d"3%e*f"2%xx"2 + 3*xI*xd"3*%e"2xf*x + I*d"3%e”3)*dilog(2*((I*axb - b~2)*tan(d*
X + ¢)72 - a”2 - I*xa*xb + (I*a~2 - 2xaxb - I*b~2)*tan(d*x + c))/((a"2 + b~2
Y¥tan(d*x + c)72 + a”2 + b72) + 1) - 4x(-I*d"3*f"3%x"3 - 3*I*kd 3xe*f 2*x"2
- 3xI*d"3*%e"2xf*x - I*d"3*e"3)*dilog(2*((-I*a*b - b 2)*tan(d*x + c)72 - a
"2 + Ixaxb + (-Ixa”™2 - 2*%axb + I*b~2)*tan(d*x + c))/((a”2 + b~2)*tan(d*x +
C)72 + a”2 + b72) + 1) - 4*x(-I*d"3*f"3%x"3 - 3*I*d"3xe*xf 2+x"2 - 3*I*d"3*
e”2xf*x - Ixd"3%e"3)*dilog(2*(I*tan(d*x + c) - 1)/(tan(d*x + c)"2 + 1) + 1
) - 4% (I*d~3*f73%x"3 + 3*I*kd"3*kexf"2xx"2 + 3*I*d"3xe " 2xf*x + I*d"3*e”3)*di
log(2x(~Ixtan(d*x + c) - 1)/(tan(d*x + c)"2 + 1) + 1) + 4*(d"4*£73*%x"4 + 4
*d"4xexf"2%x"3 + 6xd"4xe"2xf*x"2 + 4*d"4*e”3*x)*log(b*tan(d*x + c) + a) -
2% (d"4*f73*x"4 + 4*d"4xe*xf"2xx"3 + 6kd"4xe " 2*%f*xx"2 + 4xd"4*e”"3*x + 4*kc*d"3
*@"3 - 6xc”2xd"2xe"2xf + 4xc”3xdxexf"2 - c"4*f"3)*log(-2*((I*a*xb - b~2)*ta
n(d*x + c)”2 - a”2 - I*axb + (I*a”2 - 2%axb - I*b~2)*tan(d*x + c))/((a"...
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Sympy [F]

/(e + fz)3log(a + btan(c + dz)) dz = / (e+ fz)%log (a + btan (c + dz)) dz

input‘integrate((f*x+e)**3*1n(a+b*tan(d*x+c)),x)

outputtlntegral((e + f*x)**x3*xlog(a + bxtan(c + d*x)), x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1385 vs. 2(327) = 654.

Time = 0.32 (sec) , antiderivative size = 1385, normalized size of antiderivative = 3.47

/(e + fx)*log(a + btan(c + dz)) dz = Too large to display

input integrate ((f*x+e) “3*log(atb*tan(d*x+c)),x, algorithm="maxima")
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output

1/12+%(3*x(4x(d*x + c)*e”3 + 6x((d*x + ¢c)”2 - 2+(d*x + c)*c)*e"2xf/d + 4*((d
*x + ¢c)73 - 3x(d*x + c)"2%c + 3*%(d*x + c)*c"2)*e*xf"2/d"2 + ((d*x + c)"4 -
4% (d*x + c)"3xc + 6%(d*x + c) "2xc”2 - 4x(d*x + c)*c”3)*£73/d"3)*log(b*tan(
d*x + c) + a) + (9%f~3*polylog(5, (I*a + b)*e~(2xIxd*x + 2xI*c)/(-I*a + b)
) - 9xf£73%polylog(5, —e~(2%Ixd*x + 2*Ixc)) + 2x(3*Ix(d*x + c)~4*f~3 + 8x*(I
*dxe*f~2 — I*xcxf~3)*(d*x + c)73 + 9k (I*xd"2*e 2xf — 2xIkckdxexf~2 + I*c™2*f
~3)*x(d*x + c)”2 + 6% (I*d"3*xe”3 - 3*xI*xckd 2*xe 2%f + 3*xI*c 2kd*xe*xf~2 - I*c~3
*f~3)*x(d*x + c))*arctan2((2*axbxcos(2xd*x + 2*%c) - (a”2 - b™2)*sin(2*d*x +
2xc))/(a”2 + b"2), (2*axb*sin(2xd*x + 2%c) + a~2 + b2 + (a2 - b~2)*cos(
2xd*x + 2*%c))/(a”2 + b72)) + 2% (3*xIx(d*x + c)"4*f"3 + 8x(I*d*ke*f~2 - I*c*f
~3)*x(d*x + c)”3 + 9x(I*d"2xe 2xf - 2%xIkckdkexf~2 + Ikc 2%xf~3)*(d*x + c)~2
+ 6% (I*d"3*e~3 - 3xI*kc*xd~2%e 2*xf + 3*Ikc " 2kd*e*f~2 — I*c~3*f"3)*(d*x + c))
*arctan2(sin(2*d*x + 2*c), cos(2*d*x + 2%c) + 1) + 6x(I*d"3*e”3 - 3*Ixc*d~
2%e"2%f + 3xIxc”2xdxexf~2 + 2*%I*(d*x + c)"3*%f"3 — I*c"3*f"3 + 4*(I*d*exf~2
- I*c*xf73)*x(d*x + c)~2 + 3% (I*d"2%e"2xf — 2xIxckxdkexf~2 + I*c™2xf"3)*(d*x
+ c))*dilog((I*a + b)*e” (2*I*d*x + 2*I*c)/(-I*a + b)) + 6x(-I*d"3%e"3 + 3
*Ixckd"2xe"2xf — 3kI*c 2*d*exf~2 — 2xIx(d*x + c) "3*%f"3 + I*c™3*f~3 + 4*x(-I
*dxe*f~2 + I*xcxf~3)*(dkx + c)”2 + 3k (-Ixd"2%e 2xf + 2xI*kckdxexf~2 — I*c™2*
£73)*(d*x + c))*dilog(-e~(2xIxd*x + 2xI*c)) + (3x(d*x + c)~4*f"3 + 8x(dxex
£72 - c*f73)*(d*x + ¢)73 + 9*%(d"2%e " 2xf — 2kckdxe*xf"2 + cT2+4f73)*(d*x +...

Giac [F]

/(e + fz)*log(a + btan(c + dz)) dr = / (fz + €)®log (btan (dz + ¢) + a) dz

inputt

integrate ((f*x+e) "3*log(atb*tan(d*x+c)),x, algorithm="giac")

-

outputt

integrate((f*x + e) " 3xlog(b*tan(d*x + c) + a), x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fx)*log(a + btan(c + dx)) dx = /ln (a+btan(c+dx)) (e + fz)’ dz

input Llnt(log(a + bxtan(c + d*x))*(e + f*X)AB,x)

output Lint(log(a + bxtan(c + d*x))*(e + f*x)73, x)

Reduce [F]

/ (e + fz)log(a + btan(c + dz)) dz = < / log(tan (dz + ¢) b+ a) da:) ¢
+ ( / log(tan (dz + ¢) b+ a) x3dx) £
+3 ( / log(tan (dz + ¢) b+ a) xzdx) e 2
+3 ( / log(tan (dz + ¢) b+ a) xdx) e f

input Lint ((f*xx+e) "3x1log(atb*tan(d*x+c)) ,x)

‘int(log(tan(c + d*x)*b + a),x)*e*x3 + int(log(tan(c + d*x)*b + a)*x**3,x)*
\f**s + 3*int(log(tan(c + d*x)*b + a)*x**2,x)*exf**2 + 3*int(log(tan(c + dx*
‘x)*b + a)*X,X)kekk2xf

output
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3.22 [(e+ fz)?log(a + btan(c + dz)) dz

Optimalresult . . .. .. ... ... .. ... . .
Mathematica [B| (warning: unable to verify) . . . . . . ... ... ... ... 176l
Rubi [F] . . . 177
Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... 179
Fricas [B] (verification not implemented) . . . . . ... ... ... ...... 179
Sympy [F] . . o o 180
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 1811
Giac [F] . . . . o o 182
Mupad [F(-1)] . . . o o 182
Reduce [F] . . . . oo 182

Optimal result

Integrand size = 19, antiderivative size = 319

(e + fz)3log (1 + e(ctdn)

/(e + fx)*log(a + btan(c + dz)) dr =

3f
(a_ib)eZi(c+dw)
- (e+ fz)3log (1 + T)
3f
N (e + fz)3log(a + btan(c + dz))
3f
i(e + fz)?PolyLog (2, —e?(c+d2))
2d
. a—ib)e2i(ctdz)
. i(e + fz)? PolyLog (2, —%)
2d

N f(e+ fz)PolyLog (3, —e%(ctd))

(a_ib)e2i(c+dz)

)

2d?
f(e+ fz)PolyLog <3, — =
2d?
N if? PolyLog (4, —eZ(ctd))
4d3
. (a—ib)e2i(ctdz)
if? PolyLog (4, _T>

4d3
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1/3%(f*x+e) “3*1n(1+exp (2*I*(d*x+c)))/f-1/3* (f*x+e) "3*1n(1+(a-I*b)*exp (2+I*
(d*x+c))/(a+Ixb))/f+1/3*(£xx+e) "3*1n(a+b*tan(d*x+c)) /£-1/2*xI* (£*x+e) ~2*pol
ylog(2,-exp(2*I*(d*x+c)))/d+1/2xI* (f*x+e) "2*polylog(2,-(a—-I*b)*exp (2*xI*(d*
x+c))/(a+I*b))/d+1/2xfx (£*x+e)*polylog(3,—exp(2*I* (d*x+c)))/d~2-1/2*xEfx (£*x
+e)*polylog(3,-(a-I*b)*exp(2*I*(d*x+c))/(a+I*b))/d~2+1/4*I*f 2*polylog(4,-
exp (2xI*x(d*x+c)))/d~3-1/4*Ixf " 2*polylog(4,—-(a-Ixb)*exp(2*I*(d*x+c))/(a+I*b
))/d"3

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1192 vs. 2(319) = 638.

Time = 10.48 (sec) , antiderivative size = 1192, normalized size of antiderivative = 3.74

/(e + fz)?log(a + btan(c + dz)) dz = Too large to display

r

inputtlntegrate[(e + f*x) "2+Logl[a + b*Tan[c + d*x]],x]

| —
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(x*(3%e”2 + 3*xexfxx + £f~2*x"2)*Logla + bxTan[c + d*x]]1)/3 + ((a”2 + b~2)*d
*((12xe"2%x72) /(I*a + b) + (8*exf*x~3)/(I*a + b) + (2*%f72xx"4)/(I*a + b) -
(12xe~2+% ((-I)*b* (-1 + E~((2*I)*c)) + a*(1 + E~((2*I)*c)))*x*Log[l + (a +
Ixb)/((a - I*b)*E~((2*I)*(c + d*x)))]1)/((a"2 + b72)*d) - (12%e*x((-I)*b*(-1
+ E7((2%I)*c)) + a*(1 + E~((2*I)*c)))*f*x"2*Log[1l + (a + I*b)/((a - I*b)*
E7((2*xD*(c + d*x)))])/((a”2 + b™2)*d) - (4*((-I)*b*(-1 + E~((2*I)*c)) + a
*(1 + ET((2%I)*c)))*f"2*xx"3xLog[1 + (a + I*b)/((a - I*b)*E~((2*I)*(c + d*x
N1/ (@72 + b72)*xd) + (6%e”2%x((-I)*bx(-1 + E~((2%I)*c)) + ax(1 + E~((2+*I
)*c)))*PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x)))]1)/((a + I*b)*
(I*a + D)*d"2) + (6*ex(b - D*E~((2%I)*c) - Ixax(1 + E~((2xI)*c)))*f*(2xd*x
*PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x)))] - I*PolyLogl[3, (-a
- Ixb)/((a - I*b)*E~((2*I)*(c + d*x)))1))/((a"2 + b™2)*d"3) + (3*(b - b*E
“((2%I)*c) - I*xax(1 + E"((2*I)*c)))*f"2x(2xd~2+x"2*PolyLog[2, (-a - I*b)/(
(a - I*b)*E~((2*I)*(c + d*x)))] - (2*I)*d*x*PolyLog[3, (-a - I*b)/((a - I*
b)*E~((2*I)*(c + d*x)))] - PolyLogl[4, (-a - I*b)/((a - I*b)*E~((2*I)*(c +
d*x)))1))/((a”2 + b™2)*d"4)))/(12%((-I)*b* (-1 + E~((2*¥I)*c)) + a*(1 + E~((
2xI)*c)))) + ((I/12)*exfx(2xd"2+x" 2% (2xd*x — (3*I)*(1 + E~((2%I)*c))*Log[1
+ E7((-2#I)*(c + d*x))]) + 6*d*x(1 + E~((2*I)*c))*x*xPolyLog[2, -E~((-2*I)*
(c + d*x))] - (3*I)*(1 + E~((2*I)*c))*PolyLogl[3, -E~((-2*I)*(c + d*x))])*S
ec[c])/(d"2%E~(I*c)) + ((I/24)*E~(Ixc)*£~2x((2*d"4*x~4)/E~((2*I)*c) - (...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fxz)%log(a + btan(c + dx)) dz

l 3031

bd 3 sec2(ct-d
(e + fz)*log(a + btan(c + dx)) [ (emﬁans(ii ((1?:; %) 4o

3f 3f

l 27

3 2
(e + fx)3log(a + btan(c + dx)) B bd [ (etﬁ)taie(ccﬁl;;m dzx
3f 3f

l 7293
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(e + fz)3log(a + btan(c + dz))

3f
*(ctdz)e® | 3fzsec’(ctdw)e? | 3f%z”sec’(ctdr)e | f3zsec?(ctdn)
bdf (;i(;)t:n(cj-;x) + ac—ci-zetcan(cc—i-;x;3 + a—fb::;(cj-d;): : a—ib::;fl(cj-dw:; >d
3f
| 2009
(e + fz)3log(a + btan(c + dz)) B
3f
2 2 2 3 2 3
bi(362 [ ZEEE) 4 3ef? [ Rt g 1 3 [ Epierin g 4 losterbinteran)
3f
input kInt[(e + fxx) 2*Logl[a + b*Tan[c + d*x]],x] J
output L$Aborted J

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

-

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

rule 3031‘ Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1) ‘
‘*(Log[u]/(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a + ‘
‘ b*x)~(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc ‘
‘tionFreeQ[u, x] && NeQ[m, -1] ‘

rule 7293‘11113 [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |




input

output

input
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 9.73 (sec) , antiderivative size = 5834, normalized size of antiderivative = 18.29

method

result

size

risch

Expression too large to display

5834

-

Lint((f*x+e)“2*1n(a+b*tan(d*X+C)),X,method=_RETURNVERBOSE)

-/

Lresult too large to display

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1489 vs. 2(259) = 518.

Time = 0.16 (sec) , antiderivative size = 1489, normalized size of antiderivative = 4.67

/(e + fx)*log(a + btan(c + dz)) dz = Too large to display

Lintegrate((f*x+e)‘2*log(a+b*tan(d*x+c)),x, algorithm="fricas")
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output

1/24%(3*I*xf"2*polylog(4, ((a”2 + 2*Ixaxb - b~2)*tan(d*x + c)"2 - a”2 - 2*I
xaxb + b~2 - 2%(-Ixa”2 + 2xaxb + I*b~2)*tan(d*x + c))/((a”2 + b~2)*tan(d*x
+ ¢c)72 + a”2 + b™2)) - 3*xI*f"2+polylog(4, ((a”2 - 2*Ixa*b - b~2)*tan(d+*x
+ ¢c)72 - a”2 + 2xI*axb + b™2 - 2x(I*a”2 + 2*a*b - I*b~2)*tan(d*x + c))/((a
2 + b72)*tan(d*x + c)”2 + a2 + b~2)) - 3*I*xf"2*polylog(4, (tan(d*x + c)~
2 + 2xIxtan(d*x + c) - 1)/(tan(d*x + c)~2 + 1)) + 3*I*f~2xpolylog(4, (tan(
d*x + c)72 - 2xIxtan(d*x + c) - 1)/(tan(d*x + c)"2 + 1)) - 6%(I*d"2*f"2*x"
2 + 2%I*d"2xexf*x + Ixd"2*e”2)*dilog(2*((I*axb - b~2)*tan(d*x + c)"2 - a™2
- I*xaxb + (I*a"2 - 2xa*b - I*b~2)*tan(d*x + c))/((a”2 + b~2)*tan(d*x + c)
T2 + a2 + b72) + 1) - 6%(-Ixd"2*f72+x72 - 2*I*d"2xexf*x - Ixd"2*e"2)*dilo
g(2x((-I*a*b - b~2)*tan(d*x + c)~2 - a~2 + I*axb + (-I*a"2 - 2xa*b + I*b"2
Y¥tan(d*x + ¢))/((a"2 + b~ 2)*tan(d*x + c)"2 + a”2 + b™2) + 1) - 6x(-Ixd"2*
£72%x72 - 2%I*d"2*%exf*x — I*d"2*e”2)*dilog(2*(I*tan(d*x + c) - 1)/(tan(d*x
+c)72 + 1) + 1) - 6x(I*d™2*xf72%x"2 + 2%I*d 2xexf*x + I*xd"2%e~2)*dilog(2x
(-I*tan(d*x + c) - 1)/(tan(d*x + c)”2 + 1) + 1) + 8*(d"3*f72*xx"3 + 3*d"3*e
*f*x"2 + 3xd"3*e”2xx)*log(b*tan(d*x + c) + a) - 4*(d"3*f"2%x"3 + 3*d"3xexf
*X"2 + 3%d"3%e”2*%x + 3*kckxd"2%e”2 - 3xc 2kd*exf + c"3*xf72)*1log(-2*((I*axb -
b~"2)*tan(d*x + c)~2 - a”2 - I*axb + (I*a"2 - 2xa*xb - I*b~2)*tan(d*x + c))
/((a™2 + b™2)*tan(d*x + c)"2 + a”2 + b"2)) - 4x(d"3*f"2*x"3 + 3*xd"3kexf*x"
2 + 3xd"3*e”2%x + 3kckd"2%e”2 - 3*kc"2xdxexf + c 3*xf72)*xLlog(-2x((~I*a*b ...

Sympy [F]

/(e + fx)*log(a + btan(c + dz)) dr = / (e + fx)?log (a + btan (c + dz)) dx

inputt

integrate ((f*x+e)**2x1n (a+b*tan(d*x+c)),x)

-

outputt

Integral((e + f*x)**2xlog(a + b¥tan(c + d*x)), x)

| —




-

input L

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 870 vs. 2(259) = 518.

Time = 0.22 (sec) , antiderivative size = 870, normalized size of antiderivative = 2.73

/(e + fx)*log(a + btan(c + dz)) dx = Too large to display

integrate ((f*x+e) “2*log(atb*tan(d*x+c)),x, algorithm="maxima")

-/

1/18% (6% (3*x(d*x + c)*e”2 + 3*x((d*x + ¢c)~2 - 2%(d*x + c)*c)*exf/d + ((d*x +
c)”3 - 3x(d*x + c)"2xc + 3*(d*x + c)*c"2)*f"2/d"2)*log(b*tan(d*x + c) + a
) - (6*%Ixf~2%polylog(4, (I*a + b)*e~(2xI*kd*x + 2xI*c)/(-I*a + b)) - 6*Ixf"”
2xpolylog(4, -e” (2%I*d*x + 2%I*c)) - 2% (4*I*(d*x + c)"3*f72 + 9x(I*kdxexf -
Ixc*xf72)x(d*x + c)72 + 9% (I*d"2*xe"2 — 2xI*kckdke*xf + I*c™2xf72)*x(d*x + c))
*arctan2((2*a*b*cos (2*%d*x + 2*c) - (a"2 - b~2)*sin(2xd*x + 2*c))/(a"2 + b~
2), (2xa*bxsin(2*d*x + 2*c) + a”2 + b™2 + (a™2 - b~2)*cos(2xd*x + 2*c))/(a
"2 + b72)) - 2%k (4xIx(d*x + c)"3*%f"2 + 9k (I*xdkexf — Ikc*f~2)*(d*x + c)~2 +
9% (I*d"2%e"2 — 2xIxckxdkexf + I*c ™ 2*%f"2)*(d*x + c))*arctan2(sin(2*d*x + 2*c
), cos(2xdxx + 2%c) + 1) - 3% (3*xI*xd"2*e”2 - 6xIxckdkexf + 4*I*x(d*x + c) 2%
72 + 3xI*c™2xf72 + 6% (Ixd*exf - Ixcxf~2)*(d*x + c))*dilog((I*a + Db)*e” (2%
Ixd*x + 2%I*c)/(-I*a + b)) — 3*%(-3*xI*d"2*e"2 + 6*kI*ckxdke*xf — 4*Ix(d*x + c)
“2xf"2 - 3kIkc”2+f72 + 6k (~Ixdxexf + Ixcxf~2)*(d*x + c))*dilog(-e” (2*I*d*x
+ 2xI*xc)) - (4*%(d*x + c)"3*f72 + 9*(d*e*xf - c*xf 2)*x(d*x + c)~2 + 9*%(d"2*e
~2 - 2%cxd*exf + c”2*xf£72)*(d*x + c))*log(cos(2*d*x + 2%c)”2 + sin(2*kd*x +
2%c) "2 + 2xcos(2xd*xx + 2*c) + 1) + (4*(d*x + c)"3*f"2 + 9k (d*e*f - c*xf~2)x*
(d*x + c)72 + 9%(d"2%e"2 - 2%c*d*exf + c”2*f"2)*(d*x + c))*log(((a"2 + b~2
Ykcos(2xd*x + 2%c) "2 + 4xaxb*sin(2*d*x + 2*c) + (a”2 + b72)*sin(2*d*x + 2%
€)"2 + a”2 + b™2 + 2%(a”2 - b 2)*cos(2xd*x + 2*c))/(a”2 + b~2)) + 3*(3xd*e
*f + 4x(d*x + c)*f"2 - 3*c*f"2)*polylog(3, (Ixa + b)*e” (2xI*kd*x + 2xI*c...




CHAPTER 3. LISTING OF INTEGRALS 182

Giac [F]

/(e + fz)?log(a + btan(c + dz)) dr = / (fz + €)*log (btan (dz + ¢) + a) dz

inputLiﬂtegrate((f*X+e)A2*1Og(a+b*tan(d*x+c)),x, algorithm="giac") J

output Lintegrate((f*x + e)~2*log(b*tan(d*x + c) + a), x) J

Mupad [F(-1)]

Timed out.

/(e + fz)?log(a + btan(c + dz)) dr = /ln (a+btan(c+dz)) (e + fz)’dx

inpu,dint(log(a + brtan(c + d*x))*(e + £*x)°2,%) J
output Lint(log(a + bxtan(c + d*x))*(e + f*x)72, x) J
Reduce [F]
/(e + fz)*log(a + btan(c + d)) dz = (/ log(tan (dz + c) b+ a) dx) e?
+ (/ log(tan (dz +¢) b+ a) dex) f?
+ 2(/ log(tan (dz +c)b+a) :vd:v) ef
inputLint((f*x+e)A2*1°g(a+b*tan(d*x+c)),x) J

Output‘ int(log(tan(c + d*x)*b + a),x)*e**2 + int(log(tan(c + d*x)*b + a)*x**2,x)* ‘
‘f**2 + 2xint (log(tan(c + d*x)*b + a)*x,x)*e*f
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3.23 [(e+ fz)log(a + btan(c + dz)) dz

Optimal result . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... o 184
RUDL [F] .« © o o oot e e e =4
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 186
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 187
Sympy [F] . . o o 188
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1R8]
Giac [F] . . . . o o 189
Mupad [F(-1)] . . . o o 189
Reduce [F] . . . o . o o 190

Optimal result

Integrand size = 17, antiderivative size = 235

(6 + f:v)2 log (1 + eZz’(c—i—dx))
2f
e poPio 1+ -0
2f
N (e + fx)?log(a + btan(c + dx))
2f
i(e + fz) PolyLog (2, —e?(ctd2))
Bl 2d
. i(e + fz) PolyLog (2, —%)
2d
N f PolyLog (3, —e%(ctdo))
4d?
f PolyLog (3, —M)

a—+ib
4d?

/(e + fx)log(a + btan(c + dx)) dz =

1/2% (f*x+e) "2*1n(1+exp (2*%I* (d*x+c)))/£-1/2% (f*x+e) "2*1n(1+(a-I*b)*exp (2*I*
(d*x+c))/(a+I*b))/f+1/2* (fxx+e) ~2x1n(a+bxtan(d*x+c))/f-1/2*I* (f*x+e)*polyl
0g(2,-exp(2*I*(d*x+c)))/d+1/2xI*(f*x+e)*polylog(2,-(a-I*b)*exp(2*I* (d*x+c)
)/ (a+I*b))/d+1/4*fxpolylog(3,-exp(2*I*(d*x+c)))/d~2-1/4*f*polylog(3,-(a-I*
b) *exp (2+I*(d*x+c))/(a+I*b))/d"2

output
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Mathematica [A] (verified)

Time = 2.24 (sec) , antiderivative size = 340, normalized size of antiderivative = 1.45

/(e + fx)log(a + btan(c + dx)) dz

22 f log (1 + e~2(c+d2)) _ 942 f22 log (1 + (““'b)e‘“‘”d’”) +2d2f22 log(a + btan(c + dz)) — 2ide log

a—1ib

e hY

input \Integrate[(e + fxx)*Log[a + b*Tan[c + d*x]],x]

(2xd~2*f*x"2*xLog[1 + E~((-2*xI)*(c + d*x))] - 2*d~2xf*x"2*Log[1l + (a + I*b)
/((a - I*b)*E~((2%I)*(c + d*x)))] + 2xd"2xf*x"2xLog[a + bxTan[c + d*x]] -
(2+I)*d*e*Log[-((b*x(-I + Tan[c + d*x]))/(a + I*b))]*Logla + b*Tan[c + d*x]
] + (2xI)*d*exLog[-((b*(I + Tan[c + d*x]))/(a - I*b))]*Logla + bxTan[c + d
*x]] + (2*I)*d*f*x*xPolyLogl[2, -E~((-2*I)*(c + d*x))] - (2%I)*d*f*x*PolyLog
[2, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x)))] + (2xI)*d*e*PolyLogl[2, (a
+ bxTan[c + d*x])/(a - I*b)] - (2+I)*d*e*PolyLogl[2, (a + b*Tan[c + d*x])/(
a + I*b)] + fxPolyLog[3, -E~((-2*I)*(c + d*x))] - f*PolyLog[3, (-a - Ixb)/
((a - I*b)*E~((2*I)*(c + d*x)))]1)/(4%d"2)

N\ J

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)log(a + btan(c + dz)) dx

l 3031

bd 2 sec2(c-d
(e + fz)*log(a + btan(c + dz)) ~ [ (e:-i-fbmt)ans(ii((zg 2) g

2f 2f

| 27
2 2 d
(e + fx)%log(a + btan(c + dr)) B bd [ (etﬁ)taie(cc-ﬁil:) 2 da

2f 2f
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l 7293
2 2 +d f2 2 2 +d. 2¢ef 2 +d
(e + fz)*log(a + btan(c + dx)) bd [ <:+Zizlf(cc+£) + af—b::fl(t(:'id:t:? + ;-i-:lE)iS?Zfl(t(:id:tx))) de
l 2009
(e + fz)?log(a + btan(c + dz))
2f
2 2 (on2 2
b (2ef | Zsctihda + 7 Zepemicihda + Slostestpnttan)
2f
input 18t [(e + fxx)+Logla + baTan[c + d#x]],x] ]
output L$Aborted J

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]] ‘
rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J
rule 3031 IntlLoglu Tx((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1)
*(Log[ul/(bx(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
bxx)~(m + 1)*(D[u, x]1/w), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]
rule 7293 ;nt[u—’ x_Symboll :> With[{v = ExpandIntegrand[u, x]}, Intlv, x] /; SumQ[v]




input

output
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 8.98 (sec) , antiderivative size = 3464, normalized size of antiderivative = 14.74

method | result size

risch Expression too large to display | 3464

-

Lint((f*x+e)*1n(a+b*tan(d*x+c)),x,method=_RETURNVERBOSE)

Ixf/d"~2xc*dilog(1+I*exp(I*(d*x+c)))+I*f/d"2*c*dilog(1-I*exp(I*(d*x+c)))-1/
2/dx£*b/ (Ixb-a)*polylog(2, (I*b-a)*exp (2*I*(d*x+c))/(a+I*b))*x-1/2/d"2xf*b/
(I*¥b-a)*polylog(2, (I*xb-a)*exp(2*I*(d*x+c))/(a+I*b))*c-1/d"2*a*f*c~2/(Ixb-a
)*#1n ((I*exp (I*(d*x+c))*b-akxexp (I*(d*x+c))+((I*b-a)*(a+I*b))~(1/2))/((I*b-a
)*(a+I*b))~(1/2))-1/d"2xaxf*c”2/(I*b-a)*1n((-Ixexp (I*(d*x+c))*b+axexp(I*(d
*xx+c))+((Ixb-a)*(a+Ixb))~(1/2))/((I*b-a)*(a+tI*b))~(1/2))+1/d"2*b*c*f/(I*b-
a)*dilog((I*exp(I*(d*x+c))*b-a*xexp (I*(d*x+c))+((I*¥b-a)*(a+I*b))~(1/2))/((I
*b-a) * (a+I*b))~(1/2))+1/d"2*b*cxf/(I*xb-a)*dilog (- (I*exp(I*(d*x+c))*b-a*exp
(I*(d*x+c))-((I*¥b-a)*(a+Ixb))~(1/2))/((Ix¥b-a)*(a+I*b))~(1/2))+1/d*e*xa/(I*b
-a) *1n((I*exp (I*(d*x+c))*b-a*exp (I* (d*x+c))+((Ixb-a)*(a+I*b))~(1/2))/((I*b
-a)*(a+I*b))~(1/2))*c+1/d*e*a/ (I*b-a)*1n((-I*exp(I*(d*x+c))*b+a*exp (I*(d*x
+c))+((I*b-a)*(a+I*b))~(1/2))/((I*b-a)*(at+I*b))~(1/2))*c+1/2/d"2*axf*c"2/(
I*b-a)*1ln(Ixbxexp (2*I*(d*x+c))-I*b-axexp(2*xI*(d*x+c))-a)+1/2/d"2*a*xf/(I*b-
a)*1n(1-(Ixb-a)*exp(2*%I* (d*x+c))/(a+I*b))*c~2-1/d*a*exc/ (I*b-a)*1n(I*b*exp
(2*%I*(d*x+c) ) -Ixb-a*exp(2*I*(d*x+c))-a)-1/4*%I/d"2*xf*b/ (I*b-a)*polylog(3, (I
*xb-a) *xexp (2*xI* (d*x+c))/(a+I*b))-I/d*e*xa/(I*b-a)*dilog((I*exp(I*(d*x+c))*b-
axexp (I*(d*x+c))+((Ixb-a)*(a+Ixb))~(1/2))/((Ixb-a)*(a+I*b))~(1/2))-I/d*e*a
/ (Ix¥b-a)*dilog(-(I*exp (I*(d*x+c))*b-axexp(I*(d*x+c))-((I*b-a)*(a+I*b))~(1/
2))/ ((I*b-a)*(a+I*b))~(1/2))-1/2*Ixf*b/(I*b-a)*1n(1-(I*b-a)*exp(2*I*(d*x+c
))/(a+Ixb))*x"2-I*e*b/ (I*b-a)*1n((I*exp(I*(d*x+c))*b-axexp(I*(d*x+c))+(...

J




input

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 995 vs. 2(197) = 394.

Time = 0.12 (sec) , antiderivative size = 995, normalized size of antiderivative = 4.23

/(e + fz)log(a + btan(c + dx)) de = Too large to display

-

Lintegrate ((f*x+e)*log(a+b*tan(d*x+c)) ,x, algorithm="fricas")

-/

-1/8% (2% (I*xd*f*x + I*d*e)*dilog(2*((I*a*xb - b~2)*tan(d*x + c)"2 - a~2 - Ix*
axb + (I*a"2 - 2xa*b - I*b~2)*tan(d*x + c))/((a”2 + b~2)*tan(d*x + c)~2 +
a™2 + b72) + 1) + 2x(-Ixd*f*x - Ixd*e)*dilog(2x((-I*axb - b~2)*tan(d*x + c
)72 - a”2 + Ixaxb + (-I*a”2 - 2%a*b + I*b~2)*tan(d*x + c))/((a"2 + b~2)*ta
n(d*x + c)72 + a”2 + b72) + 1) + 2% (-I*d*f*x - I*dxe)*dilog(2*(I*tan(d*x +
c) - 1)/(tan(d*x + c)"2 + 1) + 1) + 2x(Ixd*f*x + I*d*e)*dilog(2*(-I*tan(d
*x + c) - 1)/(tan(d*x + c)72 + 1) + 1) - 4x(d"2*f*x"2 + 2xd"2*e*x)*log(b*t
an(d*x + c) + a) + 2%(d"2*f*x"2 + 2*d"2%e*x + 2*ckd*ke - c”2*f)*log(-2*x ((I*
axb - b"2)*tan(d*x + c)”2 - a”2 - I*axb + (I*a"2 - 2xa*b - Ixb~2)*tan(d*x
+ ¢))/((a”2 + b 2)*tan(d*x + c)~2 + a”2 + b"2)) + 2k (d"2*f*x"2 + 2xd"2*e*x
+ 2xckd¥e - c”2*xf)*log(-2*((-I*axb - b~2)*tan(d*x + c)~2 - a~2 + Ixa*b +
(-I*xa"2 - 2%axb + I*b~2)*tan(d*x + c))/((a"2 + b"2)*tan(d*x + c)72 + a™2 +
b~2)) - 2x(2*cxdxe - c~2*f)*log(((I*a*b + b 2)*tan(d*x + c)~2 - a~2 + Ixa
*b + (I*a"2 + I*b"2)*tan(d*x + c))/(tan(d*x + c)72 + 1)) - 2%(2%c*d*e - c~
2xf)*1log(((I*a*b - b~2)*tan(d*x + c)~2 + a~2 + Ixa*b + (I*a"2 + I*b~2)*tan
(d*x + c))/(tan(d*x + c)72 + 1)) - 2*(d"2*f*x"2 + 2xd"2*xe*x)*Llog(-2*(I*tan
(d*x + c) - 1)/(tan(d*x + c)"2 + 1)) - 2x(d"2*f*x"2 + 2xd"2%e*x)*log(-2* (-
Ixtan(d*x + c) - 1)/(tan(d*x + c)~2 + 1)) + fxpolylog(3, ((a”2 + 2*I*axb -
b~"2)*tan(d*x + c)72 - a”2 - 2*I*axb + b"2 - 2*(-I*a”2 + 2*axb + I*b~2)*ta
n(d*x + c))/((a”2 + b~™2)*tan(d*x + c)”2 + a”2 + b"2)) + f*polylog(3, ((...
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Sympy [F]

/(e + fx)log(a + btan(c+ dx)) dz = / (e + fz)log (a + btan (c + dz)) dx

input‘integrate((f*x+e)*ln(a+b*tan(d*x+c)),x)

outputtlntegral((e + f*x)*log(a + b*tan(c + d*x)), x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 520 vs. 2(197) = 394.

Time = 0.18 (sec) , antiderivative size = 520, normalized size of antiderivative = 2.21

/(e + fz)log(a + btan(c + dx)) dx

2 abcos(2¢

2 (z (dz+c)? f+2 (i de—i cf) (dz+c)) arctan (

dz+c)2—2 (dz+c)c
2<2(dm+c)e+<( *o d( +))f>log(btan(dx+c)+a)+
inputLintegrate((f*x+e)*1og(a+b*tan(d*x+c)),x, algorithm="maxima") J
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1/4% (2% (2+(d*x + c)*e + ((d*x + c)”2 - 2%(d*x + c)*c)*f/d)*log(b*tan(d*x +
c) + a) + (2*%(Ix(d*x + c)"2*xf + 2x(I*d*e — I*cxf)*(d*x + c))*arctan2((2*a
*bxcos (2xd*x + 2xc) - (a”2 - b~2)*sin(2*d*x + 2*xc))/(a"2 + b~2), (2*%axb*si
n(2*d*x + 2*%c) + a”2 + "2 + (2”2 - b"2)*cos(2*d*x + 2*c))/(a"2 + b~2)) +
2% (I*(d*x + c)~2xf + 2k (I*d*e - I*c*f)*(d*x + c))*arctan2(sin(2*d*x + 2*c)
, cos(2%d*x + 2%c) + 1) + 2% (Ixdxe + Ix(d*x + c)*f - Ixc*f)*dilog((I*a + b
Yxe” (2xI*xd*x + 2%I*c)/(-I*a + b)) + 2k (-I*d*e - I*(d*x + c)*f + Ikc*f)*dil
og(-e~ (2xI*d*x + 2*I*c)) + ((d*x + c)"2xf + 2x(d*e - c*f)*(d*x + c))*log(c
0s(2%d*x + 2%c)”2 + sin(2*xd*x + 2*c)"2 + 2%cos(2*d*x + 2%c) + 1) - ((d*x +
c)"2xf + 2x(d*e - c*f)*(d*x + c))*log(((a”2 + b~2)*cos(2xd*x + 2%c)~2 + 4
*axbxsin(2+d*x + 2xc) + (2”2 + b™2)*sin(2*d*x + 2%c)"2 + a”2 + b2 + 2x(a”
2 - b™2)*cos(2xd*x + 2*c))/(a”2 + b~2)) - f*polylog(3, (I*a + b)*e” (2xIxd*
x + 2xI*c)/(-I*a + b)) + f*polylog(3, -e~ (2xI*d*x + 2xI*c)))/d)/d

output

Giac [F]

/(e + fz)log(a + btan(c + dz)) dx = / (fx+e)log(btan (dxr + ¢) + a) dx

inputLintegrate((f*X+e)*log(a+b*tan(d*x+c)),x, algorithm="giac")

-

ou_tputLintegrate((f*x + e)*log(b*tan(d*x + c) + a), x)

~—

Mupad [F(-1)]

Timed out.

/(e + fz)log(a + btan(c + dx)) dz = /ln (a+btan(c+dx)) (e+ fz) dx

input‘int(log(a + bxtan(c + d*xx))*(e + f*xx),x)

-

ou‘cputtint(log(a + b¥tan(c + d*x))*(e + f*x), x)

| —
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Reduce [F]

/(e + fz)log(a + btan(c + dx)) dz = (/ log(tan (dz +¢) b+ a) dx) e

+ (/ log(tan (dz +¢) b+ a) xdx) f

inputLint((f*x+e)*1og(a+b*tan(d*x+c)),x)

outputtint(log(tan(c + d*x)*b + a),x)*e + int(log(tan(c + d*x)*b + a)*x,x)*f
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3.24 [ log(a + btan(c + dz)) dz

Optimal result . . . . . . . . . . . . e 191l
Mathematica [A] (verified) . . . . . . . . . ... o 1921
RUDL [F] .« © o o oot e e e 192
Maple [A] (verified) . . . . . . ... L 193
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 194
Sympy [F] . . o o 195
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1951
Giac [F] . . . . o o 195
Mupad [F(-1)] . . . o o 196
Reduce [F] . . . . . 196

Optimal result

Integrand size = 11, antiderivative size = 150

ilog (W) log(a + btan(c + dz))
2d
ilog (—W) log(a + btan(c + dz))
2d
. a+btan(ct+dz)
1 PolyLog (2, T)
2d
. a+btan(c+dzx)
1 PolyLog (2, T)
2d

/ log(a + btan(c + dx)) dz = —

_|_

_l_

output \ -1/2*I*1n(b* (I-tan(d*x+c))/(a+I*b))*1ln(a+b*tan(d*x+c))/d+1/2+*I*1ln(-b*x(I+ta \
'n(d*x+c))/(a-I¥b))*1n(a+b¥tan(d*x+c))/d+1/2*I*polylog(2, (a+bxtan(d*x+c))/(
'a-I*b))/d-1/2*I#polylog (2, (a+bxtan(d*x+c))/(a+I*b))/d |
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00

ilog (W) log(a + btan(c + dz))
2d
ilog (—W) log(a + btan(c + dx))
2d
’LPOlyLOg <2’ a+btan(c+dz)>

/log(a + btan(c+dz)) dzr = —

+

a—1ib
2d

. a+btan(c+dzx)
7 POlyLOg <2, T)

2d

_|_

-

input L

-/

Integrate[Logla + b*Tan[c + d*x]],x]

¢ ((-1/2+D)Log[(b*(I - Tanlc + d*x]))/(a + Ixb)1+Logla + bsTan[c + dxx]11)/d
-+ ((I/2)*Log[-((b*(I + Tanlc + d*x]1))/(a - I*b))]1xLogla + b¥Tan[c + d*x]]
‘)/d + ((I/2)*PolyLog[2, (a + bxTan[c + d*x])/(a - I*b)])/d - ((I/2)*PolyLo ‘
g2, (a + bxTan[c + dxx]1)/(a + I*b)1)/d |

outpu

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + btan(c + dz)) dx

l 3028

bdz sec?(c + di)
a + btan(c + dx)

zlog(a + btan(c + dzx)) — /

l27

2
zlog(a + btan(c + dz)) — bd/ zsec’(c + dz)

a + btan(c + dx)
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l 7299

zsec?(c + dzx)
a + btan(c + dx)

zlog(a + btan(c + dx)) — bd/

input LInt [Logla + b*Tan[c + d*x]],x] J

output L$Aborted J

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] |

rule 3028‘ Int[Logl[u_], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand [x*(DI[u, ‘
‘ x]/u), x], x] /; InverseFunctionFreeQ[u, x] ‘

rule 7299L1nt [u_, x_] :> CannotIntegrate[u, x] J

Maple [A] (verified)

Time = 8.65 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.89

method result
, (_ 4 In(a+b tan(da-+c)) <1n ( b j@‘_ﬁ;”c) ) “In ( ibtbtan(drte) > ) i (dilog( ib—b tan(do-tc) >2;dilog ( ibtbtan(drte) ) ) )
derivativedivides v :
, (_ i In(a+b tan(dz-c)) (m ( ib=b ti‘l’%?mﬂ) ) “In ( ib+b tan(de o) ) ) i (dilog( #-btan(dote) )2;dilog ( ibtb tan(dete) ) ) °
default > /
risch Expression too large to display
input Lint (1n(a+b*tan(d*x+c)) ,x,method=_RETURNVERBOSE) J
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Output‘1/d*b*(-1/2*1*1n(a+b*tan(d*x+c))*(1n((I*b—b*tan(d*x+c))/(a+I*b))—ln((I*b+b
‘*tan(d*x+c))/(I*b-a)))/b-1/2*I*(dilog((I*b-b*tan(d*x+c))/(a+I*b))-dilog((I
*brbrtan(dxx+c))/ (Ixb-a))) /b) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 599 vs. 2(119) = 238.

Time = 0.11 (sec) , antiderivative size = 599, normalized size of antiderivative = 3.99

/ log(a + btan(c + dz)) dr = Too large to display

( N

input integrate(log(atb*tan(d*x+c)),x, algorithm="fricas")

1/4% (4*d*x*log(b*tan(d*x + c) + a) + 2xd*x*log(-2*(Ixtan(d*x + c) - 1)/(ta
n(d*x + c)”2 + 1)) + 2*d*xxlog(-2*(-I*tan(d*x + c) - 1)/(tan(d*x + c)~2 +

1)) - 2x(d*x + c)*log(-2*((Ixaxb - b~2)*tan(d*x + c)"2 - a2 - Ixa*b + (Ix
a~2 - 2#axb - Ix*b”"2)*tan(d*x + c))/((a"2 + b"2)*tan(d*x + c)"2 + a2 + b~2
)) - 2x(d*x + c)*log(-2*((-Ixa*b - b~2)*tan(d*x + c)”2 - a”2 + I*a*b + (-I
*a~2 - 2xa*xb + I*b"2)*tan(d*x + c))/((a”2 + b™2)*tan(d*x + c)”2 + a”2 + b~
2)) + 2*c*xlog(((I*axb + b"2)*tan(d*x + c)~2 - a”2 + I*axb + (I*a"2 + Ixb~2
)*xtan(d*x + c))/(tan(d*x + c)”2 + 1)) + 2*c*log(((I*a*b - b"2)*tan(d*x + c
)72 + a”2 + Ixa*xb + (I*a"2 + I*b"2)*tan(d*x + c))/(tan(d*x + c)~2 + 1)) -

Ixdilog(2*((I*a*b - b~2)*tan(d*x + c)”2 - a”2 - Ika*b + (I*a”2 - 2*%a*b - I
*b~2)*tan(d*x + c))/((a"2 + b"2)*tan(d*x + c)"2 + a”2 + b"2) + 1) + Ixdilo
g(2*%((-I*a*b - b"2)*tan(d*x + c)~2 - a”2 + I*a*b + (-I*a"2 - 2*a*b + I*b~2
)xtan(d*x + c))/((a"2 + b~™2)*tan(d*x + c)”2 + a”2 + b72) + 1) + I*dilog(2x
(I*tan(d*x + c) - 1)/(tan(d*x + ¢c)”2 + 1) + 1) - I*dilog(2*(-Ixtan(d*x + c
) - 1)/(tan(d*x + c)"2 + 1) + 1))/d

output
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Sympy [F]

/log(a+btan(c+dm)) dx = /log(a+btan (c+dx))dx

inputLintegrate(1n(a+b*tan(d*x+c)),x) J

Output‘Integral(log(a + bxtan(c + d*x)), x)

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.17

/log(a + btan(c + dz)) dz

2 (dz + c) log (btan (dz + c) + a) + arctan <b2 tana(fﬁf)“b, abtantl(g_’gzc”ﬁ) log (tan (dz +¢)? + 1) — (dz
N 2d

input‘integrate(log(a+b*tan(d*x+c)),x, algorithm="maxima")

1/2x(2*(d*x + c)*log(b*tan(d*x + c) + a) + arctan2((b”"2*tan(d*x + c) + a*b
)/(a”2 + b72), (axb*tan(d*x + c) + a~2)/(a"2 + b~2))*log(tan(d*x + c)~2 +
1) - (d*x + c)*log((b"2*tan(d*x + c)~2 + 2*axbxtan(d*x + c) + a~2)/(a"2 +
b~2)) - Ixdilog(-(I*b*tan(d*x + c) - b)/(I*a + b)) + I*dilog((I*b*tan(d*x
+c) + b)/(-Ixa + b)))/d

output

Giac [F]

/log(a + btan(c + dz)) dz = /log (btan (dz +c¢) +a) dz

inputLintegrate(1°g(a+b*tan(d*x+c)),x, algorithm="giac") J
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OutputLintegrate(log(b*tan(d*x +¢) +a), x)

Mupad [F(-1)]

Timed out.

/log(a—i-bta,n(c—i—dcc))dx = /ln (a+btan(c+dx)) dz

inputLint(log(a + b*tan(c + d*x)),x)

OutputLint(log(a + bxtan(c + d*x)), x)

Reduce [F]

/log(a + btan(c+ dz)) dz = /log(tan (dz+c)b+a)dx

inputLint(log(a+b*tan(d*x+c)),x)

OutputLint(log(tan(c + d*x)*b + a),x)
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3.25 f log(a+btan(c+dz)) dx

e+fr
Optimal result . . . . . . . . . . . . . 197
Mathematica [N/A] . . . . . . . . . 197
Rubi [N/A] . o oo oo e 198
Maple [N/A] . . . 198}
Fricas [N/A] . . . . . o 199
Sympy [N/A] . . e 199
Maxima [N/A] . . . . 200
Giac [N/A] .« . o 200
Mupad [N/A] . . . o o 2001
Reduce [N/A] . . . . o 201]

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + btan(c + dz)) dr — Tnt log(a + btan(c + dz)) .
e+ fz e+ fx

output ‘ Defer (Int) (1n(a+b*tan(d*x+c))/(fxx+e),x)

Mathematica [N/A]

Not integrable

Time = 11.31 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + btan(c + dz)) / log(a + btan(c + dz))
dr = dz
e+ fz e+ fx

-

LIntegrate[Log[a + b*Tan[c + d*x]]/(e + f£*x),x]

-/

input

output LIntegrate [Log[a + b*Tan[c + d*x]]/(e + f*x), x] J




input
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Rubi [N/A]
Not integrable
Time = 0.43 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + btan(c + dz)) e

e+ fz
l 7299

/ log(a + btan(c + dz))

d
e+ fx v

LInt[Log[a + b¥Tan[c + d*x]11/(e + £*x),x] J

output L

$Aborted J

e

rule 7299 k

Defintions of rubi rules used

L

Int[u_, x_] :> CannotIntegrate[u, x]

-

input L

Maple [N/A]
Not integrable

Time = 1.69 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

In (a + btan (dz + c))d
/ fx+e v

int (1n(at+b*tan (d*x+c) )/ (f*x+e) ,x)

-/




CHAPTER 3. LISTING OF INTEGRALS 199

output Lint (1n(a+bxtan(d*x+c))/ (f*x+e) ,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + btan(c + dz)) log (btan (dz + ¢) + a)
dxr = dx
e+ fz fx+e

input Lintegrate (log(at+bxtan(d*x+c))/(f*x+e) ,x, algorithm="fricas")

output Lintegral(log(b*tan(d*x +c) + a)/(f*x + e), x)

Sympy [N/A]
Not integrable

Time = 0.47 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

log(a + btan(c + dz)) log (a + btan (c + dx))
dr = dx
e+ fz e+ fx

input Lintegrate (1n(at+b*tan(d*x+c) )/ (f*x+e) ,x)

output Llntegral(log(a + bxtan(c + d*x))/(e + f*x), x)
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Maxima [N/A]
Not integrable

Time = 1.85 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/log(a+btan(c+dx)) dm—/lOg (btan (dz + ¢) + a) i
e+ fr N fr+e

input Lintegrate (log(atb*tan(d*x+c))/(f*x+e) ,x, algorithm="maxima")

output Lintegrate(log(b*tan(d*x +c) +a)/(f*x + e), x)

Giac [N/A]
Not integrable

Time = 0.46 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + btan(c + dz)) log (btan (dz + ¢) + a)
dr = dx
e+ fx fx+e

input Lintegrate (log(at+b*tan(d*x+c) )/ (f*x+e) ,x, algorithm="giac")

output Lintegrate(log(b*tan(d*x +c) +a)/(f*x + e), x)

Mupad [N/A]
Not integrable

Time = 26.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/log(a—l—btan(c—i—dx)) dx:/ln(a—l—btan(c-l-dz)) i
e+ fx e+ fzx

input Lint(log(a + bxtan(c + d*x))/(e + £*x),x)
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output 1Bt (10g(a + brtan(c + dxn))/(e + £4), )

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + btan(c + dz)) log(tan (dz +c) b+ a)
dr = dz
e+ fx fx+e

input Lint (log(at+b*tan(d*x+c))/(f*x+e) ,x)

output Lint(hg(tan(c + d*x)*b + a)/(e + £*x),%)
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3.26 f log(a+btan(c+dz)) dx

(e+fz)?
Optimal result . . . . . . . . .. . .. 202
Mathematica [N/A] . . . . . . .. 202
Rubi [N/A] . . o e 203
Maple [N/A] . . . 204
Fricas [N/A] . . . . . o 204
Sympy [N/A] . . 205
Maxima [N/A] . . . . o 205
Giac [N/A] .« . o
Mupad [N/A] . . . . 2061
Reduce [N/A] . . . . o 207

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + btan(c + dzx)) dr — Tnt <log(a + btan(c + dz)) 7 x)
(e+ fz)? (e+ fz)?
output Defer (Int) (In(a+brtan (@xx+c))/ (frx+e)“2,x) J
Mathematica [N/A]
Not integrable
Time = 66.85 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11
log(a + btan(c + dz)) log(a + btan(c + dz))
dr = dz
(e+ fz)? (e+ fz)?
input LIntegrate [Log[a + b*Tan[c + d*x]]/(e + f*x)~2,x] J

e

~—

output [tegrateLogla + bsTan[c + dxx]1/(e + £42)°2, x]
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Rubi [N/A]
Not integrable
Time = 1.10 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {3031, 27, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ log(a + btan(c + dx)) e
(e+ fz)?
l 3031
bd sec?(c+dz
J (et fm)(a—i—b(tan(c?i—d:c)) dx _ log(a + btan(c + dz))
f fle+ fz)
l 27
sec?(c+dzx
bd | (e—‘,—fx)(a—l—(btan()c—‘,-dx))dx _log(a + btan(c + dz))
f fle+ fz)
l 7299
sec?(c+dzx
bd f (e+fm)(a+(btan()c+dm))dx _ log(a + btan(c + d$))
f fle+ fz)
input LInt [Logla + b*Tan[c + d*x]]1/(e + £*x)~2,x]

output ‘\$Aborted
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~"(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
b*x)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [N/A]
Not integrable

Time = 6.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + btan (dz + C))da:
(fz +e)’

input Lint (1n(a+b*tan(d*x+c) )/ (£*x+e) ~2,x)

output 10 (1a(a+brtan(drxrc))/ (trx+e) 2,%)

Fricas [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + btan(c + dz)) _ / log (btan (dz + ¢) + a) da
(e + fz)? (fz+e)’

input Lintegrate (log(atb*tan(d*x+c))/(f*x+e) "2,x, algorithm="fricas")
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output Lintegral(log(b*tan(d*x +c) + a)/(£72%x"2 + 2kexf*x + e~2), x)

Sympy [N/A]
Not integrable

Time = 9.25 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

dz

/ log(a + btan(c + dz)) dp — / log (a + btan (c + dz))
(e + fx)? (e+ far:)2

input Lintegrate (1n(at+b*tan(d*x+c) )/ (fxx+e) **2,x)

OutputLIntegral(log(a + bxtan(c + d*x))/(e + f£*x)**2, x)

Maxima [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 631, normalized size of antiderivative = 33.21

log(a +btan(c+dz)) , [ log(btan (dz + c) + a) .
[ e

input Lintegrate (log(atbxtan(d*x+c))/(f*x+e) "2,x, algorithm="maxima") J
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1/2% (4x (b*d*f~2*x + bxdxexf)*integrate((axcos(2*d*x + 2xc) + b*sin(2xd*x +
2%c) + a)/((a”2 + b™2)*f"2%x + (a”2 + b™2)*e*xf + ((a”2 + b™2)*f"2*x + (a~
2 + b72)*exf)*xcos(2xd*x + 2%c)"2 + ((a”2 + b72)*xf"2*x + (a2 + b72)*exf)x*s
in(2xd*xx + 2*c)”2 + 2%((a”2 - b"2)*f"2xx + (2”2 - b72)*exf)*cos(2xd*xx + 2%
c) + 4x(axbxf~2*x + axbkexf)*sin(2*xd*x + 2*c)), x) - 4*x(a*xd*xf~2%x + axd*ex
f)*integrate (- (bxcos(2*d*x + 2%c) - a*sin(2*d*x + 2xc) - b)/((a”2 + b~2)*f
“2xx + (@72 + b"2)*kexf + ((a”2 + bT2)*f"2xx + (a2 + b"2)*exf)*cos(2xd*xx +
2%c)"2 + ((a72 + b™2)*f"2%x + (a”2 + b~ 2)*exf)*sin(2kd*x + 2%c)"2 + 2x((a
2 - bT2)*f"2xx + (2”2 - b~2)*exf)*cos(2kd*x + 2%c) + 4x(axbxf 2%x + axb*e
*f)*sin(2*%d*x + 2xc)), x) + 4*(d*f"2*x + d¥exf)*integrate(sin(2xd*x + 2xc)
/(£72%x + (£72%x + exf)*cos(2xd*x + 2*c)~2 + (£72*x + exf)*sin(2*d*x + 2*cC
)72 + exf + 2x(£72xx + e*xf)*cos(2xd*x + 2xc)), x) - log((a”™2 + b~2)*cos(2*
d*x + 2%c)”2 + 4xaxbxsin(2xd*x + 2%c) + (a”2 + b"2)*sin(2*d*x + 2%c)"2 + a
"2 + b™2 + 2x(a”2 - b"2)*cos(2xd*x + 2*c)) + log(cos(2*d*x + 2xc)~2 + sin(
2%d*x + 2%c)"2 + 2xcos(2*d*x + 2%c) + 1))/ (£f72*x + exf)

output

Giac [N/A]
Not integrable

Time = 16.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a +btan(c+dz)) , [ log(btan (dz + c) + a) .
[ [

inputLintegrate(log(a+b*tan(d*x+c))/(f*x+e)‘2,x, algorithm="giac")

Output‘integrate(log(b*tan(d*x +c) +a)/(fxx + e)"2, x)

Mupad [N/A]
Not integrable

Time = 26.24 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dx

/ log(a + btan(c + dz)) dp — / In(a+ btan(c+ dx))
(e + fz)? (e+ fx)*
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inputtint(log(a + bxtan(c + d*x))/(e + £*x)~2,%)

ou‘cputtint(log(a + bxtan(c + d*x))/(e + £*x)72, x)

Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + btan(c + dx)) dr — log(tan (dz + ¢) b+ a)
(e + fx)? N f2z2 + 2efx + €2

input Lint (log(at+b*tan(d*x+c))/ (f*x+e)~2,x)

output Lint(log(tan(c + d*xx)*b + a)/(ex*2 + 2kexfkx + Frk2kx**2),X)
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3.27 [(e+ fz)’log(a + beot(c + dz)) dz

Optimal result . . . . . . . . . . . . e 209
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ... 2101
RUDL [F] .« © o o oot e e e 21T
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 212
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 213
Sympy [F] . . o o 214
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 214
Giac [F] . . . . o o 215
Mupad [F(-1)] . . . o o 216
Reduce [F] . . . . .
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Optimal result

Integrand size = 19, antiderivative size = 390

(6 + fx)4 log (1 — 6—2i(c+dz))
4f
(a—ib)e—2i(c+dz)
(e + fz)*log (1 _ T)
4f
(e + fx)*log(a + beot(c + dx))
4f
+ i(e + fz)? PolyLog (2, e~2ie+da))
2d
1 —2i(ct+dx
i(e + fz)? PolyLog (2, %)
2d .
+_3f(€4-fw)2fkﬂyLog(3,e—m@+¢n)
42
] —2i(c+dzx
3f(e + fz)? PolyLog (3, %)
4d?
37:f2 (6 + fx) PolyLog (4’ e—21'(c+dx))
4d3 |
3if%(e + fz) PolyLog (4, %)
" 4d3
312 PolyLog (5, e~2ic+d2))
8d4
(a—ib)e—2i(c+dz)
3f3 PolyLog (5, T)
8d*

/(e + fz)*log(a + beot(c + dz)) dx =

+

1/4* (f*x+e) ~4*1n(1-exp (-2*I* (d*x+c)))/f-1/4* (£xx+e) “4*1n(1-(a-I*b)/(a+I*b)
/exp(2+I*(d*x+c))) /f+1/4x (£*x+e) “4x1n(a+b*cot (d*x+c) ) /£+1/2+I* (f*x+e) ~3*po
lylog(2,exp(-2xIx(d*x+c)))/d-1/2xI*(£xx+e) ~3*polylog(2, (a-I*b)/(a+I*b)/exp
(2%Ix(d*x+c))) /d+3/4*xfx (f*x+e) “2*polylog(3,exp(-2*I* (d*x+c)))/d~2-3/4*f* (£
xx+e) “2*polylog(3, (a-I*b)/(a+I*b)/exp(2*I*(d*x+c)))/d~2-3/4*I*f 2% (f*xx+e)*
polylog(4,exp(-2*I*(d*x+c)))/d~3+3/4*Ixf~2x (f*x+e)*polylog(4, (a-I*b)/(a+Ix*
b) /exp (2*I* (d*x+c)))/d~3-3/8*f~3*polylog(5,exp (-2*I*(d*x+c)))/d~4+3/8%f 3%
polylog(5, (a-I*b)/(a+I*b)/exp(2*xI*(d*x+c)))/d"4

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 2120 vs. 2(390) = 780.

Time = 14.73 (sec) , antiderivative size = 2120, normalized size of antiderivative = 5.44

/(e + fx)*log(a + bcot(c + dz)) dz = Result too large to show

e

LIntegrate[(e + fxx) " 3*Logl[a + b*Cot[c + d*x]],x]

-/

input

(x*(4%e~3 + 6xe 2xf*x + 4*xexf~2+x~2 + £~3*x"3)*Logla + b*Cot[c + d*x]])/4
- (e"2+E" (I*c)*f*Csc[c]*((2%d"3*x"3)/E~((2*%I)*c) + (3*xI)*d"2*(1 - E~((-2%I
)xc))*x"2*Log[1l - E~((-I)*(c + d*x))] + (3*I)*d"2*(1 - E~((-2%I)*c))*x"2*L
ogll + ET((-I)*(c + d*x))] - 6*d*x(1 - E~((-2#I)*c))*x*PolyLogl[2, -E~((-I)=*
(c + d*x))] - 6%d*(1 - E~((-2xI)*c))*x*PolylLog[2, E~((-I)*(c + d*x))] + (6
*I)*(1 - E~((-2%I)*c))*PolyLogl[3, -E~((-I)*(c + d*x))] + (6xI)*(1 - E~((-2
*I)*c))*PolyLog[3, ET((-I)*(c + d*x))]1))/(4*d"2) - (e*E™ (I*c)*f~2*Csclc]*(
(d"4*x"4) /E~((2*I)*c) + (2xI)*d"3*(1 - E~((-2*%I)*c))*x"3*Log[l - E~((-I)*(
c + d*x))] + (2%I)*d"3*%(1 - E~((-2%I)*c))*x"3*Log[1l + E~((-I)*(c + d*x))]
- 6%d"2x(1 - E~((-2*I)*c))*x"2*PolyLog[2, -E~((-I)*(c + d*x))] - 6*d~2*(1
- E7((-2%I)*c))*x~2*PolyLog[2, E~((-I)*(c + d*x))] + (12*xI)*d*(1 - E~((-2%
I)*c))*x*PolyLog[3, -E~((-I)*(c + d*x))] + (12%I)*d*(1 - E~((-2*%I)*c))*x*P
olyLogl[3, E~((-I)*(c + d*x))] + 12%(1 - E~((-2*I)*c))*PolyLog[4, -E~((-I)*
(c + d*x))] + 12x(1 - E~((-2*I)*c))*PolyLogl[4, E~((-I)*(c + d*x))]))/(4*d"
3) - (E"(I*c)*£f~3*Csclc]*((2%d~5*x~5)/E~((2*I)*c) + (5*I)*d~4*(1 - E~((-2*
I)*c))*x"4xLog[l - E"((-I)*(c + d*x))] + (5*%I)*d~4*(1 - E~((-2*I)*c))*x"4x*
Logl[l + ET((-I)*(c + d*x))] - 20%d"3*(1 - E~((-2*I)*c))*x"3*PolylLog[2, -E~
((-D*(c + d*x))] - 20%d~3*(1 - E~((-2%I)*c))*x"3*PolyLog[2, E~((-I)*(c +
d*x))] + (60*I)*d~2*(1 - E~((-2%I)*c))*x"2*PolyLog[3, -E~((-I)*(c + d*x))]
+ (60*I)*d~2x(1 - E~((-2*I)*c))*x"2*PolyLog[3, E~((-I)*(c + d*x))] + 1...

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(e + fz)3log(a + beot(c + dz)) dz

l 3031

bd 4 csc?(c+d
(e + fx)*log(a + beot(c + dx)) B J- (ec—zi:l—flf(zot(éiit(ii—;_ 2o

4f 4f

| 25

bd(e+ fz)* csc?(c+dx
J ( a-ifbtzot(c—i—t(ix) Ldg + (e + fx)*log(a + beot(c + dx))
Af Af

l 27
e+ fx)t 2(c+dzx
bd | ( a{i—b)cocts(cc—édx) Lde 4 (e + fx)*log(a + bcot(c + dx))

4f 4f
l 7293

bd f csc?(ct+dx)et + 4fx csc?(ct+dx)ed 622 csc?(c+dx)e? 4f323 csc?(c+dx)e |, fix? csc?(c+dx) d
a+b cot(c+dx) a+b cot(c+dx) a+b cot(c+dx) a+b cot(c+dx) a+bcot(ct+dzx) z

af *
(e + fx)*log(a + beot(c + dx))
Af
| 2009
b(4€°f | Eeiriadn + 62 f? [ SRSt o + def [ ZpeciEtadda 4 f1 [ ZpeeEtar) do — losletbot
Af
(e + fz)*log(a + beot(c + dx))

Af

input‘ Int[(e + f*x) 3*xLogla + bxCot[c + d*x]],x]

output ‘ $Aborted




rule

rule 27 ‘
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3031

rule 7293

Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(b*x(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
bxx)~(m + 1)*(D[u, x]/w), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

input

output L

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 12.59 (sec) , antiderivative size = 8174, normalized size of antiderivative =
20.96

method | result size
risch Expression too large to display | 8174

Lint ((f*x+e) “3*1n(a+b*cot (d*x+c)) ,x,method=_RETURNVERBOSE)

result too large to display




inputt

output

CHAPTER 3. LISTING OF INTEGRALS 213

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2019 vs. 2(318) = 636.

Time = 0.20 (sec) , antiderivative size = 2019, normalized size of antiderivative = 5.18

/(e + fx)*log(a + bcot(c + dz)) dz = Too large to display

-

\

integrate ((f*x+e) “3*log(atb*cot (d*x+c)) ,x, algorithm="fricas")

-/

1/16*(3*f~3*polylog(5, ((a~2 + 2*I*a*b - b~2)*cos(2xd*x + 2*c) + (I*xa~2 -

2%axb - I*b~2)*sin(2xd*x + 2%c))/(a"2 + b72)) + 3*xf~3xpolylog(5, ((a"2 - 2
*I*a*b - b~2)*cos(2*d*x + 2*%c) + (-I*a"2 - 2%a*b + I*b~2)*sin(2*d*x + 2%c)
)/(@”2 + b~2)) - 3*f£"3%polylog(b, cos(2kd*x + 2%c) + Ixsin(2kd*x + 2%c)) -
3*%f~3*polylog(5, cos(2*d*x + 2%c) - I*sin(2xd*x + 2%c)) - 4*(-I*d~3*f73*x
~3 - 3*Ixd"3*%exf"2xx"2 - 3*xI*d"3*e”2xf*x - I*d"3*e"3)*dilog(-(a"2 + b~2 -

(2”2 + 2xI*axb - b~2)*cos(2xd*x + 2%c) + (-I*a”2 + 2xa*b + I*b~2)*sin(2*d*
X + 2%c))/(a"2 + b72) + 1) - 4x(I*d"3*f73*%x"3 + 3*I*kd"3*e*f~2%x"2 + 3*I*d"
3xe"2+f*x + I*d"3*e"3)*dilog(-(a”2 + b"2 - (a”2 - 2*I*axb - b~2)*cos(2*d*x
+ 2%c) + (I*a™2 + 2*a*b - Ixb~2)*sin(2*d*x + 2*c))/(a"2 + b™2) + 1) - 4x*(
I*d"3*f"3%x"3 + 3*%I*d"3xe*f~2*x"2 + 3*I*xd"3*e”"2xfxx + I*d~3*e”3)*dilog(cos
(2*%d*x + 2xc) + Ixsin(2xd*x + 2%c)) - 4*x(-I*d"3*f£73%x"3 - 3*I*d"3*kexf 2*x"
2 - 3xIxd"3*e"2xf*x - I*d"3xe"3)*dilog(cos(2xd*x + 2xc) - Ixsin(2*d*x + 2%
c)) + 2%(4xc*d"3*e”3 - 6*c”2xd"2ke"2xf + 4xc”3*d*kexf"2 - cT4xf73)xLlog(1/2x%
a”2 + Ikxaxb - 1/2%b"2 - 1/2%(a”2 + b~2)*cos(2*d*x + 2xc) + 1/2%(I*a"2 + Ix
b~2)*sin(2xd*x + 2xc)) + 2% (4xc*d"3*e”3 — 6xc"2xd"2xe”2xf + 4*c”3xd*kexf”2

- c"4xf~3)*log(-1/2*a"2 + I*axb + 1/2%b"2 + 1/2%x(a”2 + b~2)*cos(2*d*x + 2%
c) + 1/2x(I*xa"2 + I*b"2)*sin(2xd*x + 2%c)) - 2*%(d"4*f"3*x"4 + 4xd"4*xexf~2*
X"3 + 6*%d"4*xe"2*%f*x"2 + 4*d"4*e " 3%x + 4*kckd"3%e”3 - 6kcT2xd"2%e”"2xf + 4*xc”
3*dxe*xf~2 - c”4*f"3)*log((a”2 + b~2 - (a”2 + 2xI*axb - b~2)*cos(2*d*x +...
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Sympy [F]

/(e + fz)3log(a + beot(c + dz)) dx = / (e+ fz)%log (a + beot (¢ + dz)) dz

input‘integrate((f*x+e)**3*1n(a+b*cot(d*x+c)),x)

outputtlntegral((e + f*x)**x3*xlog(a + bxcot(c + d*x)), x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1887 vs. 2(318) = 636.

Time = 0.29 (sec) , antiderivative size = 1887, normalized size of antiderivative = 4.84

/(e + fx)*log(a + bcot(c + dx)) dz = Too large to display

input integrate ((f*x+e) “3*log(atb*cot (d*x+c)) ,x, algorithm="maxima")
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output

1/24% (6% (4x(d*x + c)*e”3 + 6x((d*x + ¢c)”2 - 2+(d*x + c)*c)*e”"2xf/d + 4*x((d
*x + ¢c)73 - 3x(d*x + c)"2%c + 3*%(d*x + c)*c"2)*e*xf"2/d"2 + ((d*x + c)"4 -
4% (d*x + c)73xc + 6%(d*x + c) "2xc”2 - 4x(d*x + c)*c”3)*£73/d"3)*log(b*cot(
d*x + c) + a) + (18+f~3*polylog(5, (I*a - b)*e~ (2%I*d*x + 2*Ixc)/(I*a + b)
) - 144xf~3%polylog(5, -e~(I*d*x + I*c)) - 144xf~3*polylog(5, e~ (I*d*x + I
*¥c)) + 4% (-3%xI*x(d*x + c) ~4*xf~3 + 8x(-Ixdxexf~2 + Ixcxf~3)*(d*x + c)~3 + 9%
(-I*d"2xe"2*f + 2*I*ckxd*e*xf~2 — Ixc"2+%f73)*(d*x + c)~2 + 6%(-I*d"3*e”"3 + 3
*Ixckd"2xe " 2+f — 3*I*xc”2*d*exf"2 + I*c 3*f~3)*(d*x + c))*arctan2(-(2*a*b*c
os(2%d*x + 2*c) + (a”2 - b™2)*sin(2xd*x + 2*c))/(a"2 + b~2), (2*a*b*sin(2%
d*x + 2%c) + a”2 + b™2 - (a”2 - b"2)*cos(2*d*x + 2%c))/(a”2 + b~2)) + 6x(I
*(d*x + c)"4*f~3 + 4% (I*xd*exf~2 - Ixcxf~3)*(d*x + c)~3 + 6% (I*d 2%e 2%f -
2*Ixckd*exf~2 + Ikc ™ 2+%f~3)*(d*x + c)~2 + 4*x(I*d"3*e”3 - 3*kI*cxd"2*e”2*xf +
3xI*xc 2xd*exf~2 - Ixc~3*xf~3)*(d*x + c))*arctan2(sin(d*x + c), cos(d*x + c)
+ 1) + 6%(-I*(d*x + c)"4*xf~3 + 4*x(-I*d*e*f~2 + Ixc*xf~3)*x(d*x + c)~3 + 6%*(
-I*%d"2%e"2%f + 2xIxckdkexf~2 — I*c™2*%f"3)*(d*x + c)~2 + 4*%(-I*d"3*e"3 + 3%
Ixckd"2xe " 2*f — 3*I*c”2*kd*exf~2 + I*kc ™ 3*xf"3)*(d*x + c))*arctan2(sin(d*x +
c), —cos(d*x + c) + 1) + 12%x(I*d"3%e”3 - 3*kI*kcxd 2%e~2%f + 3xIkc 2xdkxe*xf~2
+ 2%Ix(d*x + c)"3*f"3 - I*c"3*%f"3 + 4x(I*d*exf~2 — Ikc*f~3)*(d*x + c)~2 +
3% (I*d"2*%e"2xf — 2xIxckd*exf~2 + I*c 2*xf~3)*(d*x + c))*dilog((I*a - b)*e”
(2%I*d*x + 2%I*c)/(I*a + b)) + 24%(-I*d"3%e”3 + 3*xI*ckxd 2%e 2xf - 3*Ix*c...

Giac [F]

/(e + fx)*log(a + beot(c + dz)) dr = / (fz + €)®log (bcot (dz + ¢) + a) dz

inputt

integrate ((f*x+e) “3*log(atb*cot (d*x+c)) ,x, algorithm="giac")

-

outputt

integrate((f*x + e) " 3xlog(b*cot(d*x + c) + a), x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fx)*log(a + beot(c + dx)) dx = /ln (a+beot(c+dx)) (e+ fz)’dr

input Lint(log(a + bxcot(c + d*x))*(e + f*x)~3,%)

output Lint(log(a + bxcot(c + d*x))*(e + f*x)73, x)

Reduce [F]

/(e + fx)*log(a + beot(c + dx)) dx = / (fz + €)’log(a + beot (dz + ¢)) dz

input Lint ((fxx+e) ~3*xlog(a+bxcot (d*x+c)) ,x)

output Lint ((f*x+e) "3*log(a+bxcot (d*x+c)) ,x)
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3.28 [(e+ fz)?log(a + beot(c + dz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ...
RUDL [F] .« © o o oot e e e
Maple [C] (warning: unable to verify) . . . . . . . ... ... ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result
Integrand size = 19, antiderivative size = 313
(e + fz)3log (1 — e~%ictdo))

3f
(e + fx)®log (1 atib

/(e + fx)*log(a + bcot(c + dx)) dx =

(a_ib)e—Zi(zH-d:v)

)

3f

(e + fz)3log(a + beot(c + dz))

3f

N i(e + fz)?PolyLog (2, e~2i(c+da))

2d
i(e + fz)? PolyLog (2, (a—ib

)e—2i(c+dm)
a+ib

)

2d

N f(e+ fz)PolyLog (3, e=2ic+d2))

2d?

)6—2i(c+dm)

f(e+ fz) PolyLog (3, (e=e 5

)

2d?
if2 PolyLog (4, 3_22(0+dz))
443 |
if2 PolyLog (4, M)

+

a+ib
43
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1/3*(f*x+e) “3*1n(1-exp (-2*%I* (d*x+c)))/£-1/3*(fxx+e) “3*1n(1-(a-I*b)/(a+Ix*b)
/exp(2xIx(d*x+c))) /f+1/3x (£xx+e) “3x1n(a+b*cot (d*x+c) ) /£+1/2+I* (f*x+e) ~“2%po
lylog(2,exp(-2*I*(d*x+c)))/d-1/2*I*(f*x+e) ~“2*polylog(2, (a-I*b)/(a+I*b)/exp
(2%I*(d*x+c)))/d+1/2%f* (f*x+e) *polylog(3,exp (-2*I*(d*x+c)))/d~2-1/2*f* (f*x
+e)*polylog(3, (a-I*b)/(a+I*b)/exp(2*I*(d*x+c)))/d~2-1/4*I*f 2*polylog(4,ex
p(=2*%I*(d*x+c)))/d"3+1/4*Ixf"2xpolylog(4, (a-I*b)/(a+I*b)/exp (2*I*(d*x+c)))
/4”3

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1432 vs. 2(313) = 626.

Time = 11.55 (sec) , antiderivative size = 1432, normalized size of antiderivative = 4.58

/(e + fz)?log(a + bcot(c + dz)) dz = Too large to display

r

Integrate[(e + f*x)~2+Logl[a + b*Cot[c + d*x]],x]

| —

inputt
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(x*(3%e~2 + 3xexfxx + £ 2*x"2)*Logla + bxCot[c + d*x]])/3 - (e*E~(I*c)*f*C
sc[c]*((2%d"3*x"3) /E~ ((2*I)*c) + (3*I)*d~2*(1 - E~((-2*I)*c))*x"2*xLogl[1l -
ET((-I)*(c + d*x))] + (3*I)*d"2*(1 - E~((-2xI)*c))*x"2*Log[1 + E~((-I)*(c
+ d*x))] - 6%d*(1 - E~((-2%I)*c))*x*PolyLogl[2, -E~((-I)*(c + d*x))] - 6*d*
(1 - E7((-2*I)*c))*x*PolyLog[2, E~((-I)*(c + d*x))] + (6*%I)*(1 - E~((-2*I)
xc))*PolyLog[3, -E~((-I)*(c + d*x))] + (6xI)*(1 - E~((-2*I)*c))*PolyLogl[3,
E~((-I)*(c + d*x))1))/(6xd~2) - (E~(I*c)*f~2xCsclc]*((d~4*x"~4)/E~((2*I)*c
) + (2+%I)*d"3*(1 - E~((-2%I)*c))*x"3*Log[l - E~((-I)*(c + d*x))] + (2*I)*d
“3%(1 - E7((-2%I)*c))*x"3*Log[1 + E~((-I)*(c + d*x))] - 6+d"2*(1 - E~((-2%
I)*c))*x"2*PolyLog[2, -E~((-I)*(c + d*x))] - 6*d™~2x(1 - E~((-2*I)*c))*x 2%
PolyLog[2, E~((-I)*(c + d*x))] + (12*I)*d*(1 - E~((-2*I)*c))*x*PolyLogl[3,
-E7((-I)*(c + d*x))] + (12*%I)*d*(1 - E~((-2*I)*c))*x*PolyLog[3, E~((-I)*(c
+ d*x))] + 12%(1 - E~((-2xI)*c))*PolyLog[4, -E~((-I)*(c + d*x))] + 12x(1
- E~((-2*I)*c))*PolyLogl[4, E~((-I)*(c + d*x))]1))/(12%d~3) + ((I/12)*(a"2 +
b~2) xdx ((12xe~2*%x"2) /(a + I*b) + (8*exf*xx~3)/(a + Ixb) + (2%f~2*x"4)/(a +
Ixb) + (12xe”2*(ax(-1 + E~((2*%I)*c)) + Ixbx(1 + E~((2+I)*c)))*x*Logl[l + (
-a + Ixb)/((a + I*b)*E~((2*I)*(c + d*x)))])/((a - I*b)*((-I)*a + b)*d) + (
12%ex(ax (-1 + E~((2%I)*c)) + I*b*x(1 + E~((2*I)*c)))*f*x"2xLog[l + (-a + I*
b)/((a + I*b)*E~((2*I)*(c + d*x)))]1)/((a - I*b)*((-I)*a + b)*d) + (4x(ax(-
1 + ET((2%I)*c)) + I*xb*x(1 + E~((2*I)*c)))*£"2xx"3%Logl[l + (-a + Ixb)/((...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)2log(a + beot(c + dz)) dz

l 3031

bd 3 osc?(c+d
(e + fz)3log(a + beot(c + dz)) J — (e:ffgo&sciég %) da

3f 3f

l25

bd 3 csc?(c+d
J (e:—l‘-f:got?i:—((i:ct—; 2 dg (e + fx)3log(a + beot(c + dx))
3f " 37

| 27
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e+fx)3 csc?(c+dx
bd | ( a{i—b)cocts(cc—édx) Ldz 4 (e + fz)3log(a + beot(c + dz))

3f 3f
| 7293
csc?(c+dz)ed 3fx csc?(ct+dx)e? 3f2z? csc? (c+dx)e F323 csc?(c+dzx)
bdf (a—i—bcot(c—i—dz) + a+b cot(ct+dz) a+b cot(c+dzx) a+b cot(ct+dz) ) dzx n
3f
(e + fz)3log(a + beot(c + dx))
3f
| 2009
bd( 32 x csc?(c+dx) d 3¢ f2 22 csc? (c+dzx) d 3 [ x3csc?(c+dzx) dr — 2 log(a+bcot(ct+dz))
€ f f a+bcot(ct+dz) T+ Cf f a+bcot(ct+dz) T+ f f a+bcot(ct+dzx) z bd n
3f
(e + fz)3log(a + beot(c + dx))
3f
input LInt [(e + f*x)~2xLog[a + b*Cot[c + d*x]],x] J
output t$Aborted J
Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x] J

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

‘*(Log[u]/(b*(m + 1)), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
| b*x)"(m + 1)*(D[u, x1/w), x], xI, x] /; FreeQ({a, b, m}, x] & InverseFunc

rule 3031‘ Int[Loglu_l*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1) ‘
‘tionFreeQ[u, x] && NeQ[m, -1] ‘
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rule 7293}1111: [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]1}, Int[v, x] /; SumQ[v]

input

output

input

p

J

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 10.33 (sec) , antiderivative size = 5774, normalized size of antiderivative =

18.45

method

result

size

risch

Expression too large to display

9774

Lint((f*x+e)‘2*1n(a+b*cot(d*x+c)),x,method=_RETURNVERBUSE)

p
Lresult too large to display

-/

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1465 vs. 2(253) = 506.

Time = 0.19 (sec) , antiderivative size = 1465, normalized size of antiderivative = 4.68

/(e + fz)?log(a + bcot(c + dz)) dz = Too large to display

integrate ((f*x+e) “2*log(atb*cot (d*x+c)) ,x, algorithm="fricas")
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output

1/24x (-3*xI*f~2*polylog(4, ((a”2 + 2%I*a*b - b~2)*cos(2xd*x + 2%c) + (I*a~2
- 2xaxb - Ixb"2)*sin(2kd*x + 2*c))/(a”2 + b~2)) + 3*I*xf~2+polylog(4, ((a~
2 - 2xI*a*b - b"2)*cos(2xd*x + 2*c) + (-I*a”"2 - 2%a*b + I*b~2)*sin(2xd*x +
2xc))/(a”2 + b72)) + 3*I*xf~2+polylog(4, cos(2*d*x + 2%c) + Ixsin(2*d*x +
2xc)) - 3*xIxf~2%polylog(4, cos(2xd*x + 2*c) - I*sin(2xd*x + 2%c)) - 6% (-Ix
d"2*x£72%x"2 - 2%xIxd"2xexf*x - I*xd"2*e"2)*dilog(-(a"2 + b"2 - (a”2 + 2*Ixax
b - b"2)*cos(2*d*x + 2%c) + (-I*a”2 + 2*axb + I*b~2)*sin(2*d*x + 2%c))/(a”
2 + b72) + 1) - 6%x(I*d"2*%f72%x"2 + 2*I*d"2*e*f*x + I*d"2*e”2)*dilog(-(a~2
+ b72 - (a”2 - 2xI*a*xb - b~2)*cos(2xd*x + 2%c) + (I*a~2 + 2xa*xb — I*b~2)*s
in(2*d*x + 2%c))/(a"2 + b72) + 1) - 6x(I*d"2*xf"2*x"2 + 2*I*d"2xe*f*x + Ixd
~2xe"2)*dilog(cos(2*d*x + 2*c) + I*sin(2xd*x + 2%c)) - 6*%(-Ixd"2*f"2*x"2 -
2xIxd"2%exfxx — I*kd"2xe"2)*dilog(cos(2*d*x + 2%c) - I*ksin(2*d*x + 2%c)) +
4% (3*%cxd"2%e”2 - 3*kc"2*dxe*f + c"3xf72)*log(1/2*a”2 + I*a*b - 1/2*b"2 - 1
/2%x(a"2 + b"2)*cos(2xd*x + 2%c) + 1/2*(I*a”"2 + I*b~2)*sin(2*d*x + 2%c)) +
4x(3*%c*kd"2%e”2 - 3kc”2*d*kexf + c"3*%f"2)*log(-1/2*%a”~2 + I*a*xb + 1/2%b"2 + 1
/2%(a"2 + b~2)*cos(2*d*x + 2%c) + 1/2%x(I*a”2 + I*b~2)*sin(2*d*x + 2%c)) -
4% (d"3*f"2*xx"3 + 3*kd"3*kexf*x"2 + 3*xd"3*e”2xx + 3*kcxd"2*e”2 - 3kc"2*kdxexf +
c"3xf72)xlog((a”2 + b"2 - (2”2 + 2xIxa*b - b~2)*cos(2*d*x + 2%c) + (-I*xa”
2 + 2%axb + Ixb~2)*sin(2*d*x + 2%c))/(a”2 + b72)) - 4x(d"3*f"2*x"3 + 3%d~3
xexf*x"2 + 3kd"3%e”2xx + 3*ckxd"2xe”2 - 3xc 2kd*exf + c"3*f"2)*log((a”2 ...

Sympy [F]

/(e + fz)?log(a + beot(c + dz)) dr = / (e + fz)’log (a + beot (c + dz)) dx

inputt

integrate ((f*x+e)**2x1n (a+b*cot (d*x+c)) ,x)

-

outputt

Integral((e + f*x)**2xlog(a + b*cot(c + d*x)), x)

| —




inputt

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1146 vs. 2(253) = 506.

Time = 0.19 (sec) , antiderivative size = 1146, normalized size of antiderivative = 3.66

/(e + fx)*log(a + bcot(c + dz)) dz = Too large to display

-

\

integrate ((f*x+e) “2*log(atb*cot (d*x+c)) ,x, algorithm="maxima")

-/

1/18% (6% (3*x(d*x + c)*e”2 + 3*x((d*x + ¢c)~2 - 2%(d*x + c)*c)*exf/d + ((d*x +
c)”3 - 3x(d*x + c)"2xc + 3*(d*x + c)*c"2)*f~2/d"2)*log(b*cot(d*x + c) + a
) - (6*%Ixf~2%polylog(4, (I*a - b)*e~(2xI*d*x + 2xI*c)/(I*a + b)) - 36*Ixf"
2xpolylog(4, -e~ (I*d*x + I*c)) - 36*Ixf~2*polylog(4, e~ (I*d*x + I*c)) - 2%
(-4xIx(d*x + c) " 3*f"2 + 9*(-I*d*exf + Ixcxf~2)*k(d*x + c)72 + 9*x(-I*d"2*xe"2
+ 2%I*ckd*exf - Ixc™2xf~2)*(d*x + c))*arctan2(-(2*xaxbxcos(2*d*x + 2%c) +
(a”2 - b™2)*sin(2*d*x + 2*xc)) /(a2 + b~2), (2*a*xb*sin(2*d*x + 2*c) + a~2 +
b"2 - (2”2 - b"2)*cos(2*d*x + 2%c)) /(a2 + b72)) - 6% (Ix(d*x + c)~3*f~2 +
3% (Ixdke*xf — I*ckxf~2)*(d*x + c)”2 + 3*x(I*d"2*e"2 - 2*I*ckxdke*xf + I*c™2*xf"
2)*(d*x + c))*arctan2(sin(d*x + c), cos(d*x + c) + 1) - 6x(-I*(d*x + c) 3%
£72 + 3% (-Ixd*e*f + Ixc*f~2)*(d*x + c)~2 + 3*(-I*d"2%e"2 + 2*I*ckdxexf - I
xc~2xf~2) % (d*x + c))*arctan2(sin(d*x + c), -cos(d*x + c) + 1) - 3*(3*xI*xd"2
*x@"2 — 6xIxckdkexf + 4*Ik(dkx + c)"2+f72 + 3*xI*c™2*f72 + 6k (I*kdkexf — Ikck
£72)*(d*x + c))*dilog((I*a - b)*e” (2*I*d*x + 2*Ixc)/(I*a + b)) - 18*(-Ixd"
2%e”2 + 2xIxcxkxdxexf — Ik(d*x + c) 2+%f72 — Ixc™2*xf"2 + 2k (-I*d*e*f + Ixcxf”
2)*(d*x + c))*dilog(-e~ (I*d*x + I*c)) - 18*(-I*d"2*e"2 + 2xIxckdkexf — I*(
d*x + c)"2*%f72 - I*c™2*xf72 + 2% (-I*d*exf + I*ckxf~2)*(d*x + c))*dilog(e™ (I*
d*x + I*c)) - 3*((d*x + c)73*%f72 + 3x(d*exf - c*xf72)*(d*x + c)~2 + 3*x(d"2%
e"2 - 2kckdxexf + c”2xf72)*(d*x + c))*log(cos(d*x + c)”2 + sin(d*x + c)~2
+ 2%cos(d*x + c) + 1) - 3*x((d*x + c)"3*f"2 + 3k(dkexf — c*f~2)*(d*x + c...
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Giac [F]

/(e + fz)%log(a + beot(c + dz)) dx = / (fz + €)*log (bcot (dz + ¢) + a) dz

input‘integrate((f*x+e)"2*log(a+b*cot(d*x+c)),x, algorithm="giac")

outputtintegrate((f*x + e)"2xlog(b*cot(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

/(e + fx)*log(a + beot(c + dx)) dx = /ln (a+beot(c+dzx)) (e+ fx)’de

inputtint(log(a + bxcot(c + d*x))*(e + fxx)~2,x)

output Lint(log(a + bxcot(c + d*x))*(e + £f*x)72, x)

Reduce [F]

/(e + fz)?log(a + beot(c + dz)) dz = / (fz + €)*log(a + beot (dz + ¢)) dx

input Lint ((fxx+e) "2xlog(a+bxcot (d*x+c)) ,x)

output Lint ((f*x+e) "2xlog(atb*cot (d*x+c)) ,x)




output
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3.29 [(e+ fx)log(a + beot(c+ dx)) dx

Optimal result . . . . . . . . . . . . e 225
Mathematica [A] (verified) . . . . . . . . . ... o 2261
RUDL [F] .« © o o oot e e e 276
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 228
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 229
Sympy [F] . . o o 230
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2311
Giac [F] . . . . o o 231
Mupad [F(-1)] . . . o o 232
Reduce [F] . . . . . 232

Optimal result

Integrand size = 17, antiderivative size = 232

B (6 + fx)Q lOg (1 _ e—2i(c+dm))

/(e + fx)log(a + beot(c + dz)) dx

(e + fz)?log (1 — = 2

a+ib

)

2f

N (e + fz)?log(a + beot(c + dx))

2f

N i(e + fz) PolyLog (2, e~2i(c+d2))

2d

(a—ib)€_2i(c+dz)

i(e + fz) PolyLog (2, s

)

2d
N f PolyLog (3, e~2ile+da))

i ‘
f PolyLog (3, (= )

a+ib
4d?

1/2x (£*x+e) "2*1n(1-exp (-2*I* (d*x+c)))/f-1/2* (f*x+e) “2*1n(1-(a-I*b)/(a+I*b)
/exp (2xIx(d*x+c))) /£+1/2% (f*x+e) “2*1n(at+b*cot (d*xx+c)) /£+1/2%I* (f*x+e) *poly
log(2,exp(-2*I*(d*x+c)))/d-1/2+Ix(f*x+e)*polylog(2, (a-I*b)/(a+I*b)/exp(2+*I
*(d*x+c))) /d+1/4*f*polylog(3,exp(-2*I* (d*x+c)))/d~2-1/4*fxpolylog(3, (a-I*b

)/ (a+I*b)/exp(2*I*(d*x+c)))/d"2
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Mathematica [A] (verified)

Time = 2.41 (sec) , antiderivative size = 400, normalized size of antiderivative = 1.72

/(e + fx)log(a + beot(c + dx)) dz

—2i(ct+dx)

2d2f1172 log (1 _ e—i(c+dw)) + 2d2f1172 log (1 + e—i(c-l—dac)) _ 2d2f.'132 log <1 + (—a+ib)e

Jer ) + 242 fa log|

e hY

Integrate[(e + f*x)*Logla + b*Cot[c + d*x]],x]

input |

(2*%d~2*xf*x"2*%Log[1 - ET((-I)*(c + d*x))] + 2*d"2*fxx"2+Log[l + E~((-I)*(c
+ d*x))] - 2xd"2*f*x"2xLog[l + (-a + I*b)/((a + I*b)*E~((2*I)*(c + d*x)))]
+ 2+%d"2*fxx"2+Log[a + b*Cot[c + d*x]] + (2+I)*d*e*Log[-((bx(-I + Cotl[c +
d*x]))/(a + I*b))]*Logla + b*Cot[c + d*x]] - (2*I)*d*e*xLog[-((b*(I + Cotl[c
+ d*x]))/(a - Ixb))]l*Logla + b*Cot[c + d*x]] + (4*I)*d*f*x*PolyLogl[2, -E~
((-D*(c + d*x))] + (4*I)*d*f*x*xPolyLogl[2, E~((-I)*(c + d*x))] - (2%I)*dxf
*xx*PolyLog[2, (a - I*b)/((a + I*b)*E~((2*I)*(c + d*x)))] - (2*I)*d*exPolyL
ogl2, (a + b*Cot[c + d*x])/(a - I*b)] + (2%I)*d*exPolyLog[2, (a + b*Cotl[c
+ d*x])/(a + I*b)] + 4xf*PolyLogl[3, -E~((-I)*(c + d*x))] + 4*fxPolyLogl[3,
E"((-I)*(c + d*x))] - f*PolyLogl[3, (a - I*b)/((a + I*b)*E~((2*I)*(c + d*x)

))1)/(4%d~2)

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)log(a + beot(c + dx)) dz

l 3031

bd(e+ fx)? csc?(c+d
(e + fx)?log(a + beot(c + dx)) B J- (ea-lfbwc)ot(zi(—:i—t(i;) %) dz

2f 2f

| 25




CHAPTER 3. LISTING OF INTEGRALS 227

bd(e+fz)? csc(c+dx
J ( a-[b(?ot(c—i—fix) Ldg (e + fz)?log(a + beot(c + dx))
2f * of

l 27
e+fz)? 2(c+dzx
bd | ( a{i-b)cocts(cc—lsdz) Vda 4 (e + fx)%log(a + bcot(c + dx))

2f 2f
l 7293
2 2 +d. f2 2 2 +d. 2 f 2 +d
ba [ (Srbesterdsy + Yorvemerds). + “erpenordsy ) 42 . (e+ fz)’log(a + beot(c + dz))
2f 2f
l 2009
b (2ef | e e + 17 | Sbentesan o — el )
+
2f
(e + fx)%log(a + bcot(c + dx))
2f
input LInt [(e + £xx)*Log[a + b*Cot[c + d*x]],x] J
output L$Aborted J
Defintions of rubi rules used
ruk>z5tint[‘(FX-)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

7‘In’c[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule 2
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1 |

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘
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rule 3031 IRt [Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(ox(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
bxx)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 7293 ;nt[“-’ x_Symbol] :> With[{v = ExpandIntegrand[u, x1}, Int[v, x] /; SumQ[v]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 8.86 (sec) , antiderivative size = 3380, normalized size of antiderivative = 14.57

method | result size

risch Expression too large to display | 3380

input Lint ((£*x+e)*1n(a+b*cot (d*x+c)) ,x,method=_RETURNVERBOSE) J
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output

1/2x£/d"2*1n(-exp (I*(d*x+c))+1)*c~2-I/d*f*b/ (a+I*b)*1n(1-(a+I*b)*exp (2*I*(

dxx+c))/(a-Ixb))*c*x-Ixf/d"2*cxdilog(exp (I* (d*x+c)))+I/d*exdilog(exp (I*(d*
x+c)))-I*f/d*polylog(2,-exp (I*(d*x+c)))*x-I*f/d"2*polylog(2,-exp (I*(d*x+c)
)) *c+Ixf/d"2*cxdilog(exp (I* (d*x+c))+1)-Ixf/d*polylog(2,exp(I*(d*x+c)))*x-1
/d*xexa/ (a+I*b)*1n (- (I*exp(I*(d*x+c))*b+a*exp (I*(d*x+c))-(-(Ixb-a)*(a+I*b))
~(1/2))/(-(I*b-a)*(a+I*b))~(1/2))*c-1/d*e*a/(a+I*b)*1n((I*exp (I*(d*x+c))*b
+axexp (I* (d*x+c) )+ (- (I*b-a)*(a+I*b))~(1/2))/(-(I*b-a)*(a+I*b))~(1/2))*c-1/
2/d"2*a*f*c~2/ (a+I*b)*1n(I*b*exp (2*I* (d*x+c))+axexp (2*I* (d*x+c))+I*b-a)+I/
d*exa/ (a+I*b)*dilog((-I*exp (I*(d*x+c))*b-axexp (I*(d*x+c))+(-(Ixb-a)*(a+I*b
))~(1/2)) /(- (Ixb-a)*(a+I*b))~(1/2))+I/d*exa/(a+I*b)*dilog((I*exp (I*(d*x+c)
) ¥b+axexp (I* (d*x+c) )+ (- (Ixb-a)*(a+I*b))~(1/2))/(-(Ixb-a)*(a+I*b))~(1/2))+1
/d"2*xaxfxc~2/ (a+I*b)*1n (- (I*exp (I* (d*x+c))*b+akxexp (I*(d*x+c))-(-(I*b-a)*(a
+Ixb))~(1/2))/(-(I*b-a)*(a+I*b))~(1/2))+1/d"2*a*f*c”2/(a+I*b)*1n((I*xexp(I*
(d*x+c) ) *b+axexp (I* (d*x+c) ) +(-(I*b-a)*(a+I*b))~(1/2))/(-(I*xb-a)*(a+I*b))~(
1/2))+1/d"2%b*c*xf/ (a+I*b)*dilog((-I*exp(I*(d*x+c))*b-a*exp (I*(d*x+c))+(-(I
*b-a) *(a+I*b))~(1/2))/(-(I*b-a)*(a+I*b))~(1/2))+f/d*1n(-exp(I*(d*x+c))+1)*
x*c-1/d*exc*1n(exp (I*(d*x+c))-1)+1/2*f/d"2xc”2x1n(exp (I* (d*x+c))-1)-I*xf/d"
2xpolylog(2,exp (I*(d*x+c)))*c-1/2*I*Pikcsgn (I* (Ixbxexp (2*I* (d*x+c))+a*exp(
2%I* (d*x+c))+I*b-a)/(exp (2*xI*(d*x+c))-1))*(csgn (I* (I*b*exp (2*I* (d*x+c))+ax
exp (2*%I*(d*x+c))+I*b-a))*csgn(I/ (exp(2*I*(d*x+c))-1))-csgn(I*(Ixb*exp(2...

-

inputL

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 989 vs. 2(194) = 388.

Time = 0.18 (sec) , antiderivative size = 989, normalized size of antiderivative = 4.26

/(e + fz)log(a + beot(c + dx)) de = Too large to display

integrate ((f*x+e)*log(at+b*cot(d*x+c)),x, algorithm="fricas")
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output

-1/8% (2% (-I*d*f*x - I*d*e)*dilog(-(a”2 + b~2 - (a”2 + 2xI*a*b - b~2)*cos(2
*d*x + 2%c) + (-I*a”2 + 2xa*xb + I*b~2)*sin(2xd*x + 2*c))/(a”2 + b~2) + 1)
+ 2% (Ixd*f*xx + Ixd*e)*dilog(-(a”2 + b™2 - (a2 - 2xI*axb - b~2)*cos(2*xd*x
+ 2%c) + (I*a"2 + 2%a*b — Ixb"2)*sin(2xd*x + 2*c))/(a"2 + b™2) + 1) + 2x(I
xd*f*x + Ixd*e)*dilog(cos(2*d*x + 2%c) + I*sin(2*d*x + 2%c)) + 2% (-I*kd*f*x
- Ixd*e)*dilog(cos(2*d*x + 2%c) - I*sin(2*d*x + 2%c)) - 2%(2%c*d*e - c™2%
f)*log(1/2*a~2 + I*a*xb - 1/2%b"2 - 1/2%(a"2 + b~2)*cos(2xd*x + 2%c) + 1/2%
(I*a"2 + I*b"2)*sin(2xd*x + 2%c)) - 2% (2*kcxdxe — c~2xf)*xlog(-1/2%a"2 + Ixa
*b + 1/2%b"2 + 1/2%(a”2 + b"2)*cos(2*d*x + 2xc) + 1/2x(I*a”2 + Ixb~2)*sin(
2%dxx + 2*c)) + 2%(d72*f*x"2 + 2*d"2xe*x + 2*cxd*e - c”2xf)*log((a”2 + b2
- (a”2 + 2xI*axb - b~2)*cos(2xd*x + 2%c) + (-I*a”2 + 2%axb + I*b~2)*sin(2
xd*xx + 2xc))/(a”2 + b72)) + 2x(d"2*f*x"2 + 2%d"2%e*x + 2*ckd*e - c”2*f)xlo
g((a™2 + ™2 - (a”2 - 2*I*axb - b"2)*cos(2*d*x + 2*c) + (I*a”2 + 2%axb - I
*b~2) *sin(2xd*x + 2*c))/(a”2 + b72)) - 4x(d"2xf*x"2 + 2xd"2xe*x)*Llog((b*co
s(2xd*x + 2%c) + axsin(2*d*x + 2%c) + b)/sin(2*d*x + 2%c)) + 2% (2xc*d*e -
c"2xf)*log(-1/2*cos(2*d*x + 2*%c) + 1/2*I*sin(2*d*x + 2%c) + 1/2) + 2% (2*cx*
dxe - c"2xf)*log(-1/2%cos(2xd*x + 2%c) - 1/2*I*sin(2*d*x + 2%c) + 1/2) - 2
*(d"2*f*x72 + 2%d"2%exx + 2kcxdxe - c”2xf)*log(-cos(2kd*x + 2*c) + I*sin(2
*xd*x + 2xc) + 1) - 2x(d72xf*x"2 + 2xd"2%e*x + 2xckd*e - c~2*f)*log(-cos(2*
d#x + 2%c) - I*sin(2*d*x + 2%c) + 1) + f*polylog(3, ((a”2 + 2%I*axb - b...

Sympy [F]

/(e + fz)log(a + beot(c + dx)) dz = / (e + fz)log(a+ bceot (c+ dx)) dx

inputt

integrate ((f*x+e)*1n(a+b*cot (d*x+c)),x)

-

outputt

Integral((e + f*x)*log(a + b*cot(c + d*x)), x)

| —




input

output

input
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 653 vs. 2(194) = 388.

Time = 0.11 (sec) , antiderivative size = 653, normalized size of antiderivative = 2.81

/(e + fz)log(a + beot(c + dx)) dz = Too large to display

p
Lintegrate((f*x+e)*log(a+b*cot(d*x+c)),x, algorithm="maxima")

~—

1/4% (2% (2*(d*x + c)*e + ((d*x + c)~2 - 2x(d*x + c)*c)*f/d)*log(bxcot (d*x +
c) + a) + (2x(-Ix(d*x + c)"2xf + 2x(-Ixd*e + Ixcxf)*(d*x + c))*arctan2(-(
2*axbxcos(2*xd*x + 2*c) + (2”2 - b"2)*sin(2xd*x + 2%c))/(a”2 + b~2), (2*axb
*3in(2*%d*x + 2%c) + a”2 + b™2 - (2”2 - b~2)*cos(2*d*x + 2*c))/(a”2 + b~2))
+ 2% (I*(d*x + c) " 2xf + 2% (Ixd*e - I*c*f)*x(d*x + c))*arctan2(sin(d*x + c),
cos(d*x + c) + 1) + 2%(-I*(d*x + c)~2xf + 2k(-I*d*e + Ixcxf)*x(d*x + c))*a
rctan2(sin(d*x + c), -cos(d*x + c) + 1) + 2%(I*d*e + Ix(d*x + c)*f - Ixcxf
)*dilog((I*a — b)*e” (2*I*d*x + 2*I*c)/(I*a + b)) + 4*x(-Ixd*e - Ix(d*x + c)
*f + Ikcxf)*dilog(-e~ (Ixd*x + Ixc)) + 4x(-I*d*e — I*(d*x + c)*f + Ixc*f)xd
ilog(e” (I*d*x + I*c)) + ((d*x + c)~2xf + 2x(d*e - c*f)*(d*x + c))*log(cos(
d*x + ¢c)”2 + sin(d*x + c)"2 + 2xcos(d*x + c) + 1) + ((d*x + c)~2%f + 2*x(d*
e - cxf)*(d*x + c))*log(cos(d*x + c)~2 + sin(d*x + c)~2 - 2*xcos(d*x + c) +
1) - ((d*x + c)"2+f + 2+(d*e - cxf)*(d*x + c))*Llog(((a”2 + b~2)*cos(2*d*x
+ 2%c) "2 + 4d*xa*bxsin(2*d*x + 2*c) + (2”2 + b72)*sin(2*d*x + 2*c)”2 + a”2
+ b72 - 2x(a”2 - b"2)*cos(2xd*x + 2xc))/(a"2 + b"2)) - fxpolylog(3, (I*a -
b)*xe~ (2xI*d*x + 2xI*c)/(I*a + b)) + 4*f*polylog(3, -e~(Ixd*x + I*c)) + 4x*

fxpolylog(3, e~ (I*d*x + I*c)))/d)/d

Giac [F]

/(e + fz)log(a + beot(c + dx)) dx = / (fz +e)log (beot (dz + ¢) + a) dz

e

Lintegrate((f*x+e)*log(a+b*cot(d*x+c)),X, algorithm="giac")

~—
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OutputLintegrate((f*x + e)*log(b*cot(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

/(e+ fz)log(a + beot(c+ dx)) dx = /ln (a+beot(c+dzx)) (e+ fx) dx

input Lint(log(a + bkcot(c + d*x))*(e + £*x),x)

Outputtint(log(a + bkxcot(c + d*x))*(e + f*x), x)

Reduce [F]

/(e + fz)log(a + beot(c + dz)) dx = (/ log(a + bcot (dz + ¢)) d:v) e
+ (/ log(a + beot (dz + ¢)) xdm> f

input Lint ( (f*x+e) *log(a+b*cot (d*X+C) ) , X)

Outputtint(log(cot(c + d*x)*b + a),x)*e + int(log(cot(c + d*x)*b + a)*x,x)*f




outpu
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3.30 [ log(a + beot(c + dz)) dx

Optimal result . . . . .. ... ... ... ... .. ..
Mathematica [A] (verified) . . . . . . . ... ... L
RUbi [F]  © o o oo e e e
Maple [A] (verified) . . . . . . ... Lo
Fricas [B] (verification not implemented) . . . . . ... ... ... ..

Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . .. ... ...

Giac [F] . . . . . o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 11, antiderivative size = 150

a+ib

ilog <1)(’_L(C+d”’))> log(a + beot(c + dx))

/log(a + beot(c+ dz)) dz = 53

a—1ib

ilog (—M> log(a + bceot(c + dx))

2d
i POlyLOg (2, a+bcot(c+dzx) )

a—1ib
2d

. a+b cot(c+dz)
1 PolyLog <2, T)

2d

_|_

t‘1/2*1*1n(b*(1—cot(d*x+c))/(a+I*b))*1n(a+b*cot(d*x+c))/d—1/2*I*1n(—b*(I+cot

‘(d*x+c))/(a-I*b))*1n(a+b*cot(d*x+c))/d-1/2*I*polylog(2,(a+b*cot(d*x+c))/(a

‘—I*b))/d+1/2*I*polylog(2,(a+b*cot(d*x+c))/(a+I*b))/d




input L

outpu
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00

ilog <W) log(a + bceot(c + dx))
2d
ilog (—Wftf(gd“’))) log(a + beot(c + dx))

- 2d
. a+b cot(c+dx)
1 PolyLog (2, T)

2d
. a+b cot(c+dx)
1 POlyLOg (2, T)

2d

/log(a + beot(c+ dx)) dz =

_|_

-

Integrate[Logl[a + b*Cot[c + d*x]],x]

t‘ ((1/2)*Log[(b*x(I - Cotl[c + d*x]))/(a + Ixb)]*Logla + b*Cotl[c + d*x]])/d -

‘ ((1/2)*#Log[-((b*x(I + Cot[c + d*x]))/(a - Ix*b))I*Logla + b*Cot[c + d*x]])/d
| - ((I/2)*PolyLogl[2, (a + b*Cotlc + d*x1)/(a - I¥b)1)/d + ((I/2)*PolyLogl2
, (a + bxCot[c + d*x])/(a + I*b)])/d

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/log(a + beot(c + dx)) dx

l 3028

bdz csc?(c + di)
x
a + beot(c+ dx)

z log(a + bcot(c + dr)) —/_

l 25

dz + xzlog(a + beot(c + dx))

/ bdz csc?(c + dx)
a + beot(c+ dx)

-/
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| 27

dx 4 xlog(a + bcot(c + dx))

bd/ x csc?(c + dx)
a + beot(c+ dx)

l 7299

2
bd/ x csc?(c + dzx)

1
a+ bceot(c+ dx) dz + zlog(a + bcot(c + dz))

input LInt [Log[a + b*Cot[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

-

rule zﬂh1t [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

—

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 3028 Intl[Loglu_1, x_Symboll :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand[x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 7299L1nt [u_, x_] :> CannotIntegrate[u, x]

Maple [A] (verified)

Time = 9.02 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.90
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method result
b( i1n(a+b cot(dz+c)) (1n<ib_b‘;§i<jz+c) ) —ln(ib'H’ ;:lc;t_(;iz-f-c) )) i(dilog(*ib_b(;gi(gz-Fc) ) —dilog(iz‘b-kb ;:lc;t_(;iz-f-c) ))
- 2b - 2b
derivativedivides | — ]
, ( iln(a+bcot(dz+c)) (ln ( ib—b ggj_(jmﬂ) ) —In ( b+ cot(datc) ) ) i (dilog ( ib=beot(dzte) j{,’j_(j”*c) ) —dilog ( ib+bcot(dzto) ) )
- 2b - 2b
default — v
risch Expression too large to display
input Lint (1n(a+b*cot (d*x+c)) ,x,method=_RETURNVERBOSE) J
output ‘ -1/d*b* (-1/2%I*1n(at+b*cot (d*x+c))* (1n((I*b-b*cot (d*x+c))/(a+I*b))-1n((I*b+ ‘

\ bxcot (d*x+c))/(I*b-a)))/b-1/2%I*(dilog((I*b-b*cot (d*x+c))/(a+I*b))-dilog(( \
Ixbbrcot (dkx+e) )/ (I¥b-a))) /b) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 625 vs. 2(119) = 238.

Time = 0.15 (sec) , antiderivative size = 625, normalized size of antiderivative = 4.17

/ log(a + beot(c + dx)) dz = Too large to display

input Lintegrate (log(a+b*cot (d*x+c)) ,x, algorithm="fricas") J
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1/4% (4*%dxx*log((bxcos(2*d*x + 2xc) + axsin(2xd*x + 2%c) + b)/sin(2*d*x + 2
xc)) + 2xcxlog(l/2xa”2 + Ixaxb - 1/2%b"2 - 1/2%(a”2 + b~2)*cos(2*d*x + 2%c
) + 1/2%x(I*a”2 + I*b~2)*sin(2*d*x + 2%c)) + 2*cxlog(-1/2*a~2 + I*a*xb + 1/2
*b"2 + 1/2%(a”2 + b"2)*cos(2*d*x + 2*c) + 1/2%(I*a”2 + I*b~2)*sin(2*kd*x +
2xc)) - 2x(d*x + c)*log((a”2 + b~2 - (a”2 + 2*Ixa*xb - b~2)*cos(2*d*x + 2%c
) + (-I*xa"2 + 2*axb + I*b~2)*sin(2*d*x + 2%c))/(a"2 + b~2)) - 2*(d*x + c)*
log((a™2 + b™2 - (a”2 - 2*xI*a*b - b~2)*cos(2*d*x + 2%c) + (I*a"2 + 2*a*b -
I*b"2)*sin(2xd*x + 2xc))/(a”2 + b72)) - 2*c*log(-1/2*cos(2*d*x + 2%c) + 1
/2*%I*sin(2xd*x + 2%c) + 1/2) - 2*c*xlog(-1/2xcos(2*d*x + 2%c) - 1/2xI*sin(2
*d*x + 2%c) + 1/2) + 2*(d*x + c)*log(-cos(2*d*x + 2%c) + I*sin(2xd*x + 2%c
) + 1) + 2x(d*x + c)*log(-cos(2xd*x + 2%kc) - Ixsin(2*kd*x + 2%c) + 1) + Ixd
ilog(-(a”2 + b™2 - (a”2 + 2*Ixaxb - b~2)*cos(2*d*x + 2%c) + (-I*a~2 + 2*ax
b + I*#b"2)*sin(2*d*x + 2%c))/(a"2 + b™2) + 1) - I*dilog(-(a"2 + b~2 - (a™2
- 2%Ixa*b - b~2)*cos(2*d*x + 2xc) + (I*a"2 + 2*axb - I*b~2)*sin(2*d*x + 2
*c))/(a"2 + b72) + 1) - I*dilog(cos(2*d*x + 2%c) + I*sin(2*kd*x + 2%c)) + I
*dilog(cos(2*d*x + 2%c) - I*sin(2*d*x + 2%c)))/d

output

Sympy [F]

/log(a+bcot(c+dx)) dr = /log(a-l—bcot (c+dzx))dx

p

Lintegrate(ln(a+b*cot(d*x+c)),X)

-

input

output | [ntegral (log(a + brcot(c + ), x)

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.48

/log(a + beot(c+ dz)) dz =

(W _ 9 arctan <a2 tal;(QdiZ;C)+ab, abtaltl(zd-a"v-;;C)+b2>> log (tan (dz + ¢)* + 1) — 4 (dz + ¢) log (a n tan(;ﬁg))
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inputLintegrate(log(a+b*cot(d*x+c)),x, algorithm="maxima")

-1/4*((pi - 2*arctan2((a"2*tan(d*x + c) + a*b)/(a"2 + b~2), (a*b*tan(d*x +
c) + b72)/(a"2 + b~2)))*log(tan(d*x + c)~2 + 1) - 4*(d*x + c)*log(a + b/t
an(d*x + c)) + 2x(d*x + c)*log((a"2*tan(d*x + c)~2 + 2%a*b*tan(d*x + c) +
b~2)/(a”2 + b72)) - 4x(d*x + c)*log(tan(d*x + c)) - 2*Ixdilog(-(axtan(d*x
+ ¢) - I*a)/(Ixa + b)) + 2xI*dilog(-(a*tan(d*x + c) + I*a)/(-I*a + b)) + 2
*I*xdilog(I*tan(d*x + c) + 1) - 2*Ixdilog(-I*tan(d*x + c) + 1))/d

output

Giac [F]

/log(a + beot(c + dz)) dz = /log (beot (dz +¢) + a) dz

inputLintegrate(log(a+b*cot(d*x+c)),x, algorithm="giac")

OutputLintegrate(log(b*cot(d*x +¢c) + a), x)

Mupad [F(-1)]

Timed out.

/log(a+bcot(c+dx))dx = /ln (a+bceot(c+dzx)) dx

inputLint(log(a + bxcot(c + d*x)),x)

OutputLint(log(a + bxcot(c + d*x)), x)
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Reduce [F]

/log(a + beot(c+ dz)) dx = /log(a + beot (dx + ¢)) dz

input‘int(log(a+b*cot(d*x+c)),x)

outputkint(log(cot(c + d*x)*b + a),x)
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3.31 f log(a+bcot(c+dz)) dx

e+fx
Optimal result . . . . . . . . . . . . . . e 240)
Mathematica [N/A] . . . . . . . . . 240
Rubi [N/A] . . o 24Tl
Maple [N/A] . . . 24T]
Fricas [N/A] . . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . 243
Giac [N/A] . . o o e 243]
Mupad [N/A] . . . . 243]
Reduce [N/A] . . . o

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + bcot(c + dx))

dz — Tnt <log(a + beot(c + dx)) , x)
e+ fz

e+ fz

output ‘ Defer (Int) (1n(a+b*cot (d*x+c))/(f*x+e) ,x)

Mathematica [N/A]
Not integrable

Time = 11.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dzx

/log(a+bcot(c+dz))d _/log(a—I—bcot(c—i-dm))
e+ fz = e+ fx

-

inputLIntegrate[Log[a + b*Cot[c + d*x]]/(e + f*x),x]

\ )

output LIntegrate [Log[a + b*Cot[c + d*x]]/(e + f*x), x] J
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Rubi [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + bcot(c + dz)) i

e+ fr
l 7299
/ log(a + beot(c + dx)) "
e+ fr
input LInt [Log[a + b*Cot[c + d*x]]/(e + f*x),x] J
output L$Aborted J

e

rule 7299 k

Defintions of rubi rules used

L

Int[u_, x_] :> CannotIntegrate[u, x]

-

input L

Maple [N/A]
Not integrable

Time = 1.72 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + beot (dz + ¢))

fx+e de

int (1n(at+b*cot (d*x+c) )/ (f*x+e) ,x)

-/
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output Lin‘t (1n(at+b*cot (d*x+c) )/ (f*x+e) ,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + bcot(c + dx)) log (bcot (dz + ¢) + a)
dxr = dz
e+ fz fx+e

input Lintegrate (log(at+bxcot (d*x+c))/(f*x+e) ,x, algorithm="fricas")

output Lintegral(log(b*cot(d*x +c) +a)/(f*x + e), x)

Sympy [N/A]
Not integrable

Time = 0.76 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

/ log(a + bceot(c + dx)) / log (a + beot (¢ + dz))
dr = dz
e+ fz e+ fx

input Lintegrate (1n(at+b*cot (d*x+c) )/ (f*x+e) ,x)

output tIntegral(log(a + bxcot(c + d*x))/(e + f*x), x)
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Maxima [N/A]
Not integrable

Time = 2.32 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + bceot(c + dx)) s

/ log (bcot (dx + ¢) + a)
dz
e+ fx

fx+e

input Lintegrate (log(atb*cot (d*x+c))/(f*x+e) ,x, algorithm="maxima")

output Lintegrate(log(b*cot(d*x +c) +a)/(f*x + e), x)

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + bceot(c + dx)) log (bcot (dx + ¢) + a)
dr = dz
e+ fx fx+e

input Lintegrate (log(at+b*cot (d*x+c) )/ (f*x+e) ,x, algorithm="giac")

output Lintegrate(log(b*cot(d*x +c) +a)/(fxx + e), x)

Mupad [N/A]
Not integrable

Time = 26.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/log(a-l—bcot(c—i—dx)) dx_/ln(a—l—bcot(c—l—dx)) i
e+ fx e+ fzx

input Lint(log(a + bxcot(c + d*x))/(e + £*x),x)
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output Lint(log(a + bxcot(c + d*x))/(e + f*x), x)

Reduce [N/A]
Not integrable

Time = 200.02 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + bceot(c + dx)) / log(a + bceot (dz + ¢))
dr = dx
e+ fz fx+e

input Lint (log(at+b*cot (d*x+c) )/ (£*x+e) ,x) J

output Lint (log(a+b*cot (d*x+c) )/ (£*x+e) ,x) J
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3.32 f log(a+b cot(c+dx)) dx

(e+fx)?
Optimal result . . . . . . . . . . . . . e 245
Mathematica [N/A] . . . . . . ..
Rubi [N/A] . . o 2461
Maple [N/A] . . . 247
Fricas [N/A] . . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . 248
Giac [N/A] . . o o 249]
Mupad [N/A] . . . . 2501
Reduce [N/A] . . . o 250

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + bceot(c + dx)) dr — Tnt <log(a + beot(c + dx)) a:)

(e + fz)? (e + fx)?
output LDefer (Int) (In(at+b*cot (d*x+c))/ (f*x+e) "2,x) J
Mathematica [N/A]
Not integrable
Time = 15.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11
/ log(a + bcot(c + dx)) / log(a + bcot(c + dx))
dx = dz
(e + fz)? (e + fz)?
input LIntegrate [Log[a + b*Cot[c + d*x]]/(e + f*x)~2,x] J
output [Integrate [Log[a + b*Cot[c + d*x]]1/(e + f*x)~2, x]

—




input

output
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Rubi [N/A]
Not integrable
Time = 1.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {3031, 25, 27, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + bcot(c + dz)) i
(e+ fz)?

l 3031

bd csc?(c+d
/- (e+ fac)(csib(got(i—)i—dw))dm _ log(a + beot(c +dz))

f fle+ fz)

l 25
bd csc? (c+dx
B J (e+fx)fsib( cot(c—)i-dx))dx _ log(a + beot(c + dz))

f fle+ fx)
l 27

2 +d
_ bd f (e+fx():?z-lflicota€)c+d$)) dx . log(a +b COt(C + d-'IJ))
f fle+ fz)
l 7299

csc? (c+dz
B bd | o+ fz)(a-igbcot()c—‘rdm)) dx _ log(a + beot(c +dr))
f fle+ fz)

LInt[Log[a + bxCot[c + d*x]]1/(e + f*x)~2,x]

-

L$Aborted

-/




CHAPTER 3. LISTING OF INTEGRALS 247

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 3031 Int[Loglu_1*((a_.) + (b_.)*(x))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
b*x)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 7299 LInt [u_, x_] :> CannotIntegrate([u, x]

Maple [N/A]
Not integrable

Time = 6.51 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + bceot (dz + C))d:v
(fz +e)’

input ‘ int (1n(a+b*cot (d*x+c) )/ (f*x+e) ~2,x)

output Lint (In(a+b*cot (d*x+c))/ (£*x+e) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + bceot(c + dx)) dp — / log (bcot (dx + ¢) + a) i

(e + fx)? (fz+e)’
input Lintegrate (log(atb*cot (d*x+c))/(f*x+e)~2,x, algorithm="fricas") J
outputLintegral(log(b*cot(d*x + c) + a)/(£72*x"2 + 2*xexf*x + e72), x)

Sympy [N/A]
Not integrable

Time = 11.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ log(a + bceot(c + dx)) dp — / log (a + beot (¢ + dx)) .
(e + fo)? (e + fz)’

input Lintegrate (1n(a+b*cot (d*x+c)) / (fxx+e) **2,x)

output LIntegral(log(a + bxcot(c + d*x))/(e + fxx)*¥2, x)

Maxima [N/A]
Not integrable

Time = 1.49 (sec) , antiderivative size = 725, normalized size of antiderivative = 38.16

log(a+bcot(c+dzx)) . [ log(bcot (dx + c) + a) .
[ [

input Lintegrate (log(atb*cot (d*x+c))/(f*x+e)~2,x, algorithm="maxima")
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-1/2% (4x (bxd*f~2*x + bxd*e*f)*integrate(-(a*cos(2xd*x + 2xc) - bxsin(2*d*x
+ 2%c) - a)/((a”2 + b"2)*f"2xx + (2”2 + b™2)*exf + ((a”2 + b~2)*f"2xx + (
a~2 + b"2)xe*xf)*cos(2xd*x + 2*xc)"2 + ((a”2 + b"2)*f"2xx + (a”2 + b~2)*ex*f)
*sin(2xd*xx + 2*c)”2 - 2%((a”2 - b"2)*f"2xx + (a"2 - b"2)*e*f)*cos(2xd*x +

2%c) + 4*(axb*f~2*x + axbxexf)*sin(2kd*x + 2*c)), x) - 4x(axd*f~2*xx + a*xdx*
exf)*integrate((bxcos(2*d*x + 2*c) + a*sin(2xd*x + 2xc) + b)/((a”2 + b~2)*
£f72%x + (272 + b™2)*exf + ((a"2 + b™2)*f"2*x + (a”2 + b~2)*ex*xf)*cos(2*d*x
+ 2%c)”2 + ((272 + b™2)*f72*x + (2”2 + b 2)*e*xf)*sin(2*d*x + 2xc)”2 - 2*((
a”2 - bT2)*f"2xx + (2”2 - b~2)*kexf)*cos(2*xdkx + 2%c) + 4x(axbxf"2%x + axb*
exf)*sin(2xd*x + 2%c)), x) - 2+(d*f"2xx + d*exf)*integrate(sin(d*x + c)/(f
“2%x + (£72%x + exf)*cos(d*x + )72 + (£72*x + exf)*sin(d*x + c)~2 + exf +
2% (£72xx + exf)*cos(d*x + c)), x) + 2x(d*f~2+x + dxexf)*integrate(sin(d*x
+ ¢c)/(£72*x + (£72*x + exf)*cos(d*x + c)72 + (£72*x + exf)*sin(d*x + c)~2
+ exf - 2x(£f72*x + exf)*cos(d*x + c)), x) + log((a”2 + b~2)*cos(2xd*x + 2
*C) "2 + 4dxaxbxsin(2*d*x + 2*c) + (272 + b72)*sin(2*d*x + 2%¢c)"2 + a”2 + b~
2 - 2%(a”2 - b"2)*cos(2*d*x + 2*c)) - log(cos(d*x + c)~2 + sin(d*x + c)~2
+ 2xcos(d*x + c) + 1) - log(cos(d*x + c)~2 + sin(d*x + c)~2 - 2xcos(d*x +

c) + 1))/(£72%x + exf)

output

\

Giac [N/A]
Not integrable

Time = 2.75 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a+bceot(c+dzx)) , [ log(bcot (dx + c) + a) .
[ |

input"integrate(log(a+b*cot(d*x+c))/(f*x+e)“2,x, algorithm="giac")

-

outputLintegrate(log(b*cot(d*x +¢c) + a)/(f*x + €)"2, x)

| —
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Mupad [N/A]
Not integrable

Time = 25.90 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a +bcot(c+dzx)) ,  [In(a+bcot(c+dx)) .
/ (e+ fx)? do = / (e+ fz)? 4

input Lint(log(a + b*cot(c + d*x))/(e + f*X)A2,X)

-

output Lint(log(a + bxcot(c + d*x))/(e + f*x)72, x)

-/

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

log(a 4+ bcot(c+dz)) , [ log(a+ beot (dzx + c))
/ (e + f2)? T TP oefat

input Lint (log(at+b*cot (d*x+c) )/ (fxx+e) ~2,x)

output‘ int(log(cot(c + dxx)*b + a)/(e**2 + 2kexfix + fikkx**2),x)
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3.33 [(e+ fz)’log(a + btanh(c + dz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . .. ... o oL
RUDL [F]  © o o o oot e e e
Maple [C] (warning: unable to verify) . . . . . . . ... ... ...
Fricas [C] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o

Reduce [F]
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Optimal result

Integrand size = 19, antiderivative size = 341

(e + fz)*log (1 + eXctdo))

/(e + fz)3log(a + btanh(c + dz)) dzr =

Af
(e + fz)*log (1 + W)
_ i
N (e + fx)*log(a + btanh(c + dz))
4f
(e + fz)3 PolyLog (2, —ectd))
- 2d

(e + fz)3 PolyLog (2 _w>

3f(e+ fx)? PolyLog —e2(ctdn))

_|_

4d?

f(e + f.’E 2 POlyLOg <3, (a-i—b)ez(c-‘rdz))
3f2 (6 + fCL' POlyLog (

2(c-|—d:1:))

(a+b)e2(c+dm)
- 3f%(e+ fx) PolyLog (4, —T>
4d3
3f% PolyLog (5, —e(ctd))
8d*
(a+b)e2(c+dz)
3f2 PolyLog (5, _T>

8d4

+

1/4% (f*x+e) “4*1n(1+exp (2xd*x+2%c)) /£-1/4* (£*x+e) ~4*1n(1+(a+b) *exp (2*d*x+2%*
c)/(a-b))/f+1/4*(f*x+e) “4*1n(at+tb*tanh(d*x+c))/f+1/2*(fxx+e) "3*polylog(2,-e
xp (2xd*x+2%c)) /d-1/2* (f*x+e) “3*xpolylog(2, - (a+b) *exp (2xd*x+2*c) / (a-b)) /d-3/
4xf*x (fxx+e) "2xpolylog(3,-exp(2*¢d*x+2*c))/d~2+3/4*f* (f*x+e) “2*polylog(3,-(a
+b) *exp (2xd*x+2%c) / (a-b) ) /d~2+3/4*£~2* (f*x+e) *polylog(4,-exp (2*d*x+2%c))/d
~3-3/4xf"2x (f*x+e) *polylog(4,-(a+b)*exp(2*d*x+2*c)/(a-b))/d~3-3/8*f " 3*poly
log(5,-exp(2*d*x+2%c))/d~4+3/8*f"3*polylog(5,-(a+b) *exp(2*d*x+2*c)/(a-b))/
d~4

output
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 691 vs. 2(341) = 682.

Time = 4.61 (sec) , antiderivative size = 691, normalized size of antiderivative = 2.03

/(e + fz)*log(a + btanh(c + dz)) dz

8die’zlog (1 + e~ 2ct4)) 4 12d%€? fz? log (1 + e~ 2T4)) + 8de f2z3 log (1 4 e~2(+d2)) + 2d* f3z* log

r

| —

inputtlntegrate[(e + fxx) " 3xLogl[a + b*Tanh[c + d*x]],x]

(8*%d~4*e~3*x*Log[l + E~(-2x(c + d*x))] + 12%d~4*e~2*f*x"2xLog[l + E~(-2*(c
+ d*x))] + 8%d~4*exf 2*x"3%Logl[l + E~(-2%(c + d*x))] + 2%d~4*f~3*x"4*Log[
1 + E~(-2%(c + d*x))] - 8xd~4*e”~3*x*Log[l + (a - b)/((a + DI*E~(2*(c + d*x
)] - 12+d~4*e"2xf*x"2*Log[l + (a - b)/((a + b)*E~(2*(c + d*x)))] - 8*d~4
*xexf~2%x"3xLog[1 + (a - b)/((a + b)*E~(2%(c + d*x)))] - 2xd~4*f~3*x"4*Logl[
1+ (a-b)/((a+ b)*E"(2%(c + d*x)))] + 8*d"4xe”3*x*Logla + b*Tanh[c + dx*
x]] + 12*d"4*xe"2xf*x"2xLogla + b*Tanh[c + d*x]] + 8*d~4*e*xf 2*x"3*Logl[a +

b*Tanh[c + d*x]] + 2xd"4*f~3xx"4*Logl[a + b*Tanh[c + d*x]] - 4*d"3*(e + f*x
)"3*%PolyLog[2, -E~(-2*(c + d*x))] + 4*d"3*(e + f*x) " 3*PolyLog[2, (-a + b)/
((a + D)*E~(2*%(c + d*x)))] - 6*xd"2xe~2*fxPolyLogl[3, -E~(-2*(c + d*x))] - 1
2xd~2xe*f " 2+x*PolyLog[3, -E~(-2x(c + d*x))] - 6*%d~2*f~3*x"2+PolyLogl[3, -E~
(-2%(c + d*x))] + 6*%d~2*e~2*xf*PolyLog[3, (-a + b)/((a + b)*E~(2*(c + d*x))
)] + 12*%d"2*xexf~2*x*PolyLog[3, (-a + b)/((a + b)*E~(2%(c + d*x)))] + 6xd~2
*f~3xx~2%PolyLog[3, (-a + b)/((a + b)*E~(2*(c + d*x)))] - 6*d*exf~2xPolyLo
gld, -E~(-2*%(c + d*x))] - 6*d*f~3*x*PolyLogl4, -E~(-2*(c + d*x))] + 6xd*e*
f~2xPolyLog[4, (-a + b)/((a + D)*E~(2*(c + d*x)))] + 6*d*f ~3*x*PolyLogl4,

(-a + b)/((a + D)*¥E~(2%(c + d*x)))] - 3*f"3%PolyLog[5, -E~(-2*(c + d*x))]

+ 3xf"3*PolyLog[5, (-a + b)/((a + D)*E~(2*(c + d*x)))]1)/(8%d"4)

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(e + fx)3log(a + btanh(c + dz)) dz

l 3031

bd(e+ fz)*sech’ (c+dz
(e + fx)*log(a + btanh(c + dz)) B J ( a+b2anh(c+c§a:) Vda

4f 4f

l 27
4 bd (e+fx)4S6Ch2(c+dx)d
(e+ fz)*log(a + btanh(c +dz)) J atbtanh(ctdz) ¥

Af 4f
l 7293

(e + fx)*log(a + btanh(c + dz))
Af

bd f sech’ (ctdzx)et + 4fmsech2 (c+dzx)ed 6f2x2sech2 (ctdz)e? 4f3z3SGCh2 (ctdz)e f4z4sech2 (c+dz) d
a+btanh(c+dz) a+btanh(c+dz) a+btanh(c+dz) a+btanh(c+dz) a+btanh(c+dz)

4f
l 2009

(e + fx)*log(a + btanh(c + dz))
4f

sech®(c+d 2gech®(c+d 3sech®(c+d 4sech’(c+d
bd <463f f ;+btanl1(((:;-(ixaz)) dz + 662f2 f §+btanhgzid§g dz + 46f3 f 2+b tanhgiidz; dr + f4 f 2+btanh§iid§g

dz + e log(a

4f

input LInt[(e + f*x)"3%Logla + b*Tanh[c + d*x]],x] J

output ‘\$Aborted
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[Loglu_l*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
b*x)~(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 9.52 (sec) , antiderivative size = 6316, normalized size of antiderivative = 18.52

method | result size

risch Expression too large to display | 6316

input Lint ((f*x+e) ~3*1n(a+b*tanh(d*x+c)) ,x,method=_RETURNVERBOSE) J

output Lresult too large to display J
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.17 (sec) , antiderivative size = 1567, normalized size of antiderivative = 4.60

/(e + fz)*log(a + btanh(c + dz)) dz = Too large to display

e

inputLintegrate((f*X+e)‘3*log(a+b*tanh(d*x+c)),x, algorithm="fricas")

~—

1/4*(24*f~3*polylog(5, sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x +
c))) + 24xf~3xpolylog(5, -sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x
+ ¢))) - 24*f"3*polylog(5, I*cosh(d*x + c) + Ixsinh(d*x + c)) - 24%f~3%po
lylog(5, -I*cosh(d*x + c) - I*sinh(d*x + c)) - 4*(d"3*f"3%x"3 + 3%d"3xexf”
2*%x72 + 3*d"3*e"2xf*x + d"3xe~3)*dilog(sqrt(-(a + b)/(a - b))*(cosh(d*x +
c) + sinh(d*x + c))) - 4*(d"3*f"3*x"3 + 3%d"3xe*f 2+x"2 + 3xd"3ke 2kfxx +
d~3*e~3)*dilog(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) +
4x(d"3*f"3*%x"3 + 3*%d"3xe*xf"2*x"2 + 3*d"3*e”2*f*x + d"3*e"3)*dilog(I*cosh(d
*x + c) + I*sinh(d*x + c)) + 4%(d"3*£73%x"3 + 3*d"3*e*xf"2%x"2 + 3*d"3%e 2%
f*x + d"3*e"3)*dilog(-I*cosh(d*x + c) - I*sinh(d*x + c)) + (4*c*xd~3%e”3 -
6xc”2%d"2%e"2xf + 4xc”3*d*exf"2 - c"4xf73)*xlog(2*(a + b)*cosh(d*x + c) + 2
*(a + b)*sinh(d*x + c) + 2*(a - b)*sqrt(-(a + b)/(a - b))) + (4xcxd~3*e”3
- 6%c™2xd"2%e"2xf + 4*c"3xdxexf"2 - c”4*xf"3)*log(2+(a + b)*cosh(d*x + c) +
2+(a + b)*sinh(d*x + c) - 2*(a - b)*sqrt(-(a + b)/(a - b))) - (d™4*f~3*x~
4 + 4xd"4xe*xf"2%x"3 + 6%d"4*xe " 2%xf*x"2 + 4xd"4*xe"3*%x + 4*xckd"3*e”3 - 6%c”2*
d"2xe"2xf + 4xc~3xdxexf"2 - c"4xf"3)*log(sqrt(-(a + b)/(a - b))*(cosh(d*x
+ c) + sinh(d*x + c)) + 1) - (d™4*f73%x"4 + 4xd"4*e*xf~2%x"3 + 6xd 4*e 2xf*
X"2 + 4*%d"4*e”3%x + 4kxcxd"3%xe”3 - 6*%cT2%xd"2%e"2*f + 4kc"3kdxe*f"2 - cT4*f”
3)*log(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) + (d"4
*£73%x"4 + 4xd"4xexf"2xx"3 + 6xd"4*e”2%f*x"2 + 4*d~4*e”3*x)*log((a*cosh...

output
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Sympy [F]

/(e + fz)3log(a + btanh(c + dz)) dz = / (e + fz)%log (a + btanh (c + dz)) dz

input‘integrate((f*x+e)**3*1n(a+b*tanh(d*x+c)),x)

outputtlntegral((e + f*x)**3*log(a + bxtanh(c + d*x)), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 867 vs. 2(317) = 634.

Time = 0.24 (sec) , antiderivative size = 867, normalized size of antiderivative = 2.54

/(e + fz)*log(a + btanh(c + dz)) dz = Too large to display

-

input Lintegrate ((f*x+e) ~3xlog(a+b*tanh(d*x+c)),x, algorithm="maxima")

-/




output

input

output
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-1/12%b*d* (6% (2*d*x*xLog((a*xe™ (2*c) + b*xe~(2*c))*e”(2+d*x)/(a - b) + 1) + d
ilog(-(axe™(2*c) + bxe~(2*c))*e”(2xd*x)/(a - b)))*e~3/(b*d~2) - 6%(2*d*x*1
og(e~(2#d*x + 2%c) + 1) + dilog(-e~(2*d*x + 2xc)))*e~3/(b*xd"2) + 9*(2*xd~2%
x"2xlog((axe™(2%c) + b*e~(2xc))*e”(2*d*x)/(a - b) + 1) + 2*kd*x*dilog(-(a*xe
~(2%c) + bxe~(2%c))*e”(2xd*x)/(a - b)) - polylog(3, -(a*e”(2*c) + bxe”(2*c
))*xe”(2xd*x) /(a - b)))*e”"2xf/(b*d~3) - 9*(2%d"2*x"2xlog(e” (2*d*x + 2%c) +
1) + 2xd*x*dilog(-e~(2*d*x + 2*c)) - polylog(3, -e”(2xd*x + 2%c)))*e 2xf/(
bxd~3) + 4*(4xd"3*x"3xlog((a*e”(2*c) + bxe~(2*c))*e”(2xd*x)/(a - b) + 1) +
6%d"2+x"2*dilog (- (a*e~(2*c) + b*e”(2*xc))*e”(2*d*x)/(a - b)) - 6xd*x*polyl
og(3, -(a*e~(2*c) + b*e”(2*xc))*e”~(2*d*x)/(a - b)) + 3*polylog(4, -(a*xe™ (2%
c) + bxe~(2xc))*e” (2xd*x)/(a - b)))*exf~2/(b*xd"4) - 4x(4xd~3xx"3xlog(e” (2%
d*x + 2%c) + 1) + 6xd"2*x"2xdilog(-e” (2*d*x + 2%c)) - 6*d*x*polylog(3, -e~
(2%d*x + 2%c)) + 3xpolylog(4, -e~(2*d*x + 2%c)))*e*f~2/(b*d~4) + 3*x(2xd~4x*
x"4xlog((a*xe”(2*c) + bxe~(2xc))*e”(2*xd*x)/(a - b) + 1) + 4*d"3*x"3*dilog(-
(axe~(2%c) + bxe~(2%c))*e~(2*d*x)/(a - b)) - 6*d~2*x"2*polylog(3, -(axe~(2
*c) + bxe”(2*c))*e”(2xd*x)/(a - b)) + 6*d*x*polylog(4, -(a*xe”(2*c) + bxe™(
2xc))*e”~ (2xd*x)/(a - b)) - 3*polylog(5, -(a*e”(2*c) + bxe”(2*c))*e” (2xd*x)
/(a - b)))*£°3/(b*d~5) - 3%(2xd~4*x~4*log(e” (2*d*x + 2%c) + 1) + 4*d"3*x"3
*dilog(-e~ (2*d*x + 2*c)) - 6%d"2*x"2*polylog(3, -e~(2xd*x + 2%c)) + 6xd*x*
polylog(4, -e~(2*d*x + 2%c)) - 3*polylog(5, -e~(2xdxx + 2%c)))*£73/(bxd...

Giac [F]

/(e + fx)*log(a + btanh(c + dz)) dr = / (fz + €)®log (btanh (dz + ¢) + a) dz

integrate ((f*x+e) "3*log(atb*tanh(d*x+c)),x, algorithm="giac")

N

-

Lintegrate((f*x + e) " 3xlog(b*tanh(d*x + c) + a), x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fz)3log(a + btanh(c + dz)) dz = /ln (a+btanh(c+dz)) (e+ fx)’ de

input Lint(log(a + bxtanh(c + d*x))*(e + f*x)~3,x) J
Output‘ int(log(a + bxtanh(c + d*x))*(e + f*x)~3, x) J
Reduce [F]

(e + fx)*log(a + btanh(c + dz)) dx = log(tanh (dz + ¢) b+ a) dz | €

/ (/ )
+ (/log(tanh (dz+c)b+a) x3dx> f3
+3 (/ log(tanh (dz + ¢) b + a) xQda:) e f?

+3 (/ log(tanh (dz + ¢) b + a) xdm) e’ f

input Lint((f*x+e)‘3*log(a+b*tanh(d*x+c)) ,X) J

‘int(log(tanh(c + d*x)*b + a),x)*e*x3 + int(log(tanh(c + d*x)*b + a)*x**3,x ‘
‘)*f**B + 3xint (log(tanh(c + d*x)*b + a)*x**2,x)*exf**2 + 3*int(log(tanh(c ‘
‘+ d*x)*b + a)*x,X)*exk2kf

output
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3.34 [(e+ fz)?log(a + btanh(c + dz)) dz

Optimal result . . . . . . . . . . . . 260
Mathematica [A] (verified) . . . . . . . . . ... 2611
Rubi [F] . . 2621
Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... 263
Fricas [C] (verification not implemented) . . . . . . ... ... ... ...... 264
Sympy [F] . . . o 2651
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... ... 2661
Giac [F] . . o . o 2661
Mupad [F(-1)] . . . o o 267l
Reduce [F] . . . . . o 267l

Optimal result

Integrand size = 19, antiderivative size = 271

(e + fz)3log (1 + eXctdo))

/(e + fz)?log(a + btanh(c + dz)) dz =

3f
(a+b)e2(ctde)
a1 )
3f
+ (6 + ffL')3 log(a + btanh(c + dx))
3f
+ (e + fz)2 PolyLog (2, —62(C+dx))
2d
(a+b)e2(ctdz)
B (e + fz)? PolyLog (2, _T>
2d
f(e+ fx)PolyLog (3, _62(c+dx))
2d?
4 f(e+ fz)PolyLog <3, _W>
242
+ ‘f2 POlyLOg (4, —32(C+dx))

4P
f?PolyLog (4, — 20

a—b
4d3
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1/3* (fxx+e) “3*1n(1+exp (2*d*x+2*c) ) /£-1/3* (fxx+e) “3*1n(1+(a+b) xexp (2*d*x+2%
c)/(a-b))/f+1/3*(£*x+e) ~3*1n(a+b*tanh (d*x+c) ) /£+1/2% (f*x+e) ~"2*polylog(2,-e
xp (2*%d*x+2%c) ) /d-1/2* (f*x+e) “2*polylog(2, - (a+b) *exp (2*xd*x+2*c)/(a-b))/d-1/
2xfx (fxx+e) *polylog(3,—exp (2*d*x+2*c))/d~2+1/2*xf* (f*x+e)*polylog(3,-(a+b) *
exp(2*d*x+2xc)/(a-b)) /d"2+1/4*f~2*polylog(4,-exp(2*d*x+2%c)) /d~3-1/4*£"2*p
olylog(4,-(a+b)*exp(2*d*x+2*c)/(a-b))/d"3

output

Mathematica [A] (verified)

Time = 3.38 (sec) , antiderivative size = 434, normalized size of antiderivative = 1.60

/(e + fz)?log(a + btanh(c + dz)) dx

12d%e?z log (1 4 e~ 2+42)) + 12d3e fz? log (1 + e~2(T4)) + 443 f223 log (1 + e 2(¢+4)) — 12d%e%z log (

inputtlntegrate[(e + fxx) 2*Logl[a + b*Tanh[c + d*x]],x] J

(12%d~3%e~2*x*Log[1l + E~(-2%(c + d*x))] + 12%d"3*exf*x"2*Log[l + E~(-2x*(c
+ d*x))] + 4*d"3*f"2%x"3xLog[l + E~(-2*(c + d*x))] - 12*d~3*e~2x*x*Log[1l +
(a - b)/((a + bD)*¥E~(2*(c + d*x)))] - 12*d~3*exf*x~2*Log[l + (a - b)/((a +
b)*E~ (2% (c + d*x)))] - 4*d"3*f"2+x"3*Log[l + (a - b)/((a + D)*E~(2*(c + dx
x)))] + 12%d"3xe"2xx*Logla + b*Tanh[c + d*x]] + 12*%d"3*exf*x"2xLogla + Db*T
anh[c + d*x]] + 4xd"3*f"2*x"3*Log[a + b*Tanh[c + d*x]] - 6*d"2x(e + f*x)~2
*PolyLog[2, -E~(-2*(c + d*x))] + 6xd"2*(e + f*x) 2xPolyLog[2, (-a + b)/((a
+ b)*E~(2%(c + d*x)))] - 6xd*exf*PolyLog[3, -E~(-2*(c + d*x))] - 6%d*f~2x
x*PolyLog[3, -E~(-2x(c + d*x))] + 6*xd*exf*PolyLogl[3, (-a + b)/((a + b)*E~(
2x(c + d*x)))] + 6*d*xf~2*x*PolyLogl[3, (-a + b)/((a + b)*E~(2*(c + d*x)))]
- 3%f~2*%PolyLog[4, -E~(-2*(c + d*x))] + 3*xf~2xPolyLogl[4, (-a + b)/((a + b)
*E~ (2% (c + d*x)))]1)/(12%d"3)

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(e + fx)?log(a + btanh(c + dz)) dz
| 3031
bd(e+ fz)3sech’ (c+dz
(e + fz)2log(a + btanh(c + dz)) B J ( a+b2anh(c+c§a:) Lda

3f 3f

l 27
3 bd (e+fx)3S6Ch2(c+dx)d
(e+ fz)’log(a + btanh(c +dz)) J atbtanh(ctdz) ¥

3f 3f

| 7298
(e + fx)3log(a + btanh(c + dx)) B
3f
bd sech’(ct+dz)e? |, 3fzsech®(ctdz)e? |, 372a?sech’(ct+dr)e |, f3az3sech’(c+dx) d
f a+btanh(c+dz) + a+btanh(c+dz) a+btanh(c+dz) a+btanh(c+dz) z
3f
| 2009
(e + fz)3log(a + btanh(c + dx)) B
3f
2 2 2 3 2 3 n
b (3621 [ ZERCRaSEHhdo 4 3ef [ Zeomn(eiihd + 9 | Spencris do 4 Sloslerbigahicta)
3f
input LInt [(e + f£xx)~2xLogl[a + bxTanh[c + d*x]],x] J

output ‘\$Aborted
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

rule 2009“11?' [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

Int[Loglu_l*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
b*x)~(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 7.74 (sec) , antiderivative size = 4458, normalized size of antiderivative = 16.45

method | result size
risch Expression too large to display | 4458

input Lint ((f*x+e) ~2*1n(a+b*tanh(d*x+c)) ,x,method=_RETURNVERBOSE) J




output

inputt
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-1/2%f/d"2xe*polylog(3,-exp (2*d*x+2%c) ) -£~2xc~3/d"3*1n (1+exp (2*d*x+2%c) ) +1

/2x£~2/d*polylog(2,-exp(2*d*x+2*c) ) *x~2-1/2*£~2/d"3*polylog(2, —exp (2*d*x+2
xc))*xc~2+2/d"2*f*axe*xc~2/ (a+b) *1n((-exp (d*x+c) *a-b*exp (d*x+c)+(-(a+b) *(a-b
))~(1/2))/(-(a+b)*(a-b)) ~(1/2))+2/d"2*f*a*exc”2/ (a+b) *1n((exp (d*x+c) *a+tbxe
xp(d*x+c)+(-(a+b)*(a-b))~(1/2))/(-(a+b)*(a-b) ) ~(1/2) ) -1/d"2xf"2*a*c~2/ (a+b
) *1n((-exp(d*x+c)*a-bxexp (d*x+c)+(-(at+b)*(a-b))~(1/2))/(-(a+b)*(a-b))~(1/2
))*x—-1/d"2*f"2*a*c~2/ (a+b) *1n ((exp (d*x+c) *a+b*exp (d*x+c) +(-(a+b) *(a-b) ) ~ (1
/2))/(-(at+b)*(a-b)) ~(1/2) ) *x-1/d"2*f~2*b*c~2/ (a+b) *1n ((-exp (d*x+c) *a-b*exp
(d*x+c)+(-(atb)*(a-b))~(1/2))/(-(a+b)*(a-b) ) ~(1/2) ) *x-1/d"2*f ~2xb*c~2/ (a+b
)*1n((exp (d*x+c) *a+b*xexp (d*x+c)+(-(a+b) *(a-b)) ~(1/2)) /(- (a+b) *(a-b) ) ~(1/2)
) *x+2/d"2*f*xa*xexc/ (a+b) *dilog ((-exp (d*x+c) *a-b*exp (d*x+c)+(-(a+b) *(a-b) ) ~(
1/2))/(-(a+b)*(a-b))~(1/2))-1/3*f~2*a/ (a+b) *1n(1-(a+b) *exp (2*xd*x+2*c) / (-a+
b)) *x~3-1/d*a*xe”2/ (a+b) *dilog ((-exp (d*x+c) *a-b*exp (d*x+c)+ (- (a+b) *(a-b)) ~(
1/2))/(-(a+b)*(a-b))~(1/2))-1/d*a*xe”2/(a+b) *dilog((exp (d*x+c) *a+tb*exp (d*x+
c)+(-(a+b)*(a-b))~(1/2))/(-(a+b)*(a-b)) ~(1/2))-b*e”~2/ (a+b) *1n ((-exp (d*x+c)
*a-bxexp (d*x+c)+(-(at+b)*(a-b))~(1/2)) /(- (a+b)*(a-b)) ~(1/2) ) *x-bxe~2/ (a+b) *
1n((exp (d*x+c) *a+bkexp (d*x+c)+(-(a+b)*(a-b)) ~(1/2)) /(- (at+b) *(a-b)) " (1/2) ) *
x-a*e~2/ (a+b) *1n((-exp (d*x+c) *a-b*exp (d*x+c)+(-(a+b) *(a-b) )~ (1/2)) /(- (a+b)
*(a-b))~(1/2))*x-a*xe~2/ (a+b) *1n((exp (d*x+c) *at+b*exp (d*x+c)+(-(a+b)*(a-b))~
(1/2))/(-(a+b)*(a-b) ) ~(1/2) ) *x-1/2*£~2/d"2*polylog (3, —exp (2*d*x+2*c) ) *x. . .

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 1091, normalized size of antiderivative = 4.03

/(e + fz)?log(a + btanh(c + dx)) dr = Too large to display

integrate ((f*x+e) "2*log(a+b*tanh(d*x+c)),x, algorithm="fricas")
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-1/3%(6*f"2+polylog(4, sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x +
c))) + 6xf~2+polylog(4, -sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x
+ c))) - 6xf~2*polylog(4, Ix*cosh(d*x + c) + I*sinh(d*x + c)) - 6*xf 2xpolyl
og(4, -Ixcosh(d*x + c) - Ixsinh(d*x + c)) + 3*x(d"2*f£72*x"2 + 2*d"2xe*xf*x +
d~2%e"2)*dilog(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) +
3% (d"2*%£72%x72 + 2%d"2xexf*x + d"2*e”~2)*dilog(-sqrt(-(a + b)/(a - b))*(cos
h(d*x + c) + sinh(d*x + c))) - 3*(d"2*f"2*x"2 + 2%d"2*e*f*x + d"2%e”2)*dil
og(I*cosh(d*x + c) + Iksinh(d*x + c)) - 3*(d"2*%f72*x"2 + 2*d"2%e*f*x + 472
*e"2)*dilog(-I*cosh(d*x + c) - I*sinh(d*x + c)) - (3*c*d"2%e”2 - 3%c~2xd*e
*f + c~3xf72)*log(2*(a + b)*cosh(d*x + c) + 2x(a + b)*sinh(d*x + c) + 2*(a
- b)*sqrt(-(a + b)/(a - b))) - (3xc*d™2xe”2 - 3*c 2*dxexf + c~3*f72)*log(
2x(a + b)*cosh(d*x + c) + 2x(a + b)*sinh(d*x + c) - 2x(a - b)*sqrt(-(a + b
)/(a - b)) + (d73*£72*x"3 + 3*d"3kexf*x"2 + 3*xd"3*e"2%x + 3*xcxd"2%e”2 - 3
xc"2*d*exf + c”3*f72)*log(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x
+ c)) + 1) + (d73*£72%x"3 + 3*xd"3xexf*x"2 + 3*xd"3*e"2%x + 3*cxd"2%e”2 - 3
*xc~2xdxexf + c”3xf72)*log(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*
X +c)) + 1) - (d73*%£72*%x"3 + 3*%d"3xexf*x"2 + 3*d"3*e”2+*x)*1log((a*cosh(d*x
+ c) + b*sinh(d*x + c))/cosh(d*x + c)) + (3xcxd"2xe”2 - 3xc~2xdxexf + c~3
*f~2)*log(cosh(d*x + c) + sinh(d*x + c) + I) + (3*c*d™2xe”2 - 3*c™2xd*e*f
+ c"3%f72)*log(cosh(d*x + c) + sinh(d*x + c) - I) - (d73*£72*x"3 + 3*d"...

output

Sympy [F]

/(e + fz)?log(a + btanh(c + dz)) dr = / (e + fz)’log (a + btanh (c + dz)) dz

inputLintegrate((f*X+e)**2*ln(a+b*tanh(d*x+c)),x)

-

outputtlntegral((e + fxx)**x2xlog(a + bxtanh(c + d*x)), x)

| —
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 559 vs. 2(251) = 502.

Time = 0.21 (sec) , antiderivative size = 559, normalized size of antiderivative = 2.06

/(e + fz)?log(a + btanh(c + dz)) dz = Too large to display

e

inputL

integrate ((f*x+e) "2*log(atb*tanh(d*x+c)),x, algorithm="maxima")

output

~—

-1/18%b*d* (9% (2*d*x*log((axe™(2%c) + b*e~(2xc))*e”(2%d*x)/(a - b) + 1) + d
ilog(-(axe~(2xc) + b*e”(2*c))*e~(2xd*x)/(a - b)))*e”2/(b*d~2) - 9*(2xd*x*1
og(e~(2xd*x + 2%c) + 1) + dilog(-e~(2xd*x + 2*c)))*e~2/(b*d"2) + 9*(2xd~2*
x"2xlog((a*xe™(2*c) + bxe~(2*c))*e~(2+d*x)/(a - b) + 1) + 2xd*xxdilog(-(axe
~(2%c) + bxe”(2*c))*e”(2xd*x)/(a - b)) - polylog(3, -(a*xe”(2*c) + bxe~(2*c
))xe”(2xd*x) /(a - b)))*e*xf/(b*d~3) - 9*(2xd"2*x"2xlog(e” (2*d*x + 2%c) + 1)
+ 2*%d*x*dilog(-e~(2*d*x + 2*c)) - polylog(3, -e”(2xd*x + 2%c)))*e*xf/(b*d™
3) + 2x(4*d"3*x"3*log((axe”(2*c) + b*e”(2*c))*e~(2xd*x)/(a - b) + 1) + 6*d
~2xx"2xdilog(-(axe~(2*%c) + bxe~(2%c))*e”~(2*d*x)/(a - b)) - 6*d*x*polylog(3
, —(axe™(2%c) + bxe~(2*c))*e~(2xd*x)/(a - b)) + 3*polylog(4, -(axe™(2%c) +
bke~ (2%c))*e” (2*xd*x)/(a - b)))I*£72/(bxd"4) - 2% (4*d"3*x"3*log(e” (2xd*x +

2xc) + 1) + 6xd"2*x"2xdilog(-e” (2*d*x + 2%c)) - 6*d*x*polylog(3, -e”(2*d*x
+ 2xc)) + 3*polylog(4, -e”(2xd*x + 2%c)))*f~2/(bxd"~4)) + 1/3*(£f72*x"3 + 3
xexfxx"2 + 3%e”2*x)*log(b*tanh(d*x + c) + a)

Giac [F]

/(e + fx)?log(a + btanh(c + dz)) dr = / (fz + €)*log (btanh (dz + ¢) + a) dz

inputt

integrate ((f*x+e) "2*log(atb*tanh(d*x+c)),x, algorithm="giac")

r

outputt

integrate((f*x + e) 2xlog(b*tanh(d*x + c) + a), x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fz)?log(a + btanh(c + dz)) dz = /ln (a+btanh(c+dz)) (e+ fx)’de

input Lint(log(a + bxtanh(c + d*x))*(e + £*x)~2,x) J
output Lint(log(a + bxtanh(c + d*x))*(e + £*x)~2, x) J
Reduce [F]
/(e + fz)?log(a + btanh(c + dz)) dz = (/ log(tanh (dz + ¢) b+ a) da:) o2

+ ( / log(tanh (dx + ¢) b+ a) xde) f?

+2 (/ log(tanh (dz + ¢) b+ a) xdx) ef
input Lint((f*x+e)“2*log(a+b*tanh(d*x+c)) ,x) J

output‘im—'(log(taﬂh(C + d*x)*b + a),x)*e*x2 + int(log(tanh(c + d*x)*b + a)*x**2,x

‘)*f**2 + 2xint (log(tanh(c + d*x)*b + a)*x,x)*exf ‘




output
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3.35 [ (e + fx)log(a + btanh(c + dzx)) dz

Optimal result . . . . . . . . . . . . e 268
Mathematica [A] (verified) . . . . . . . . . ... o 2691
RUDL [F] .« © o o oot e e e 269
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 27Tl
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 272
Sympy [F] . . o o 272
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2731
Giac [F] . . . . o o 273
Mupad [F(-1)] . . . o o 274
Reduce [F] . . . . . 274

Optimal result

Integrand size = 17, antiderivative size = 201

(e _|_ fx)z log (1 _+_ 62(c+dz))
2f

/(e + fx)log(a + btanh(c + dz)) dx =

2(ct+dx)

(e + fz)?log <1 4 (afb)em T

a—b

)

2f

N (e + fz)?log(a + btanh(c + dz))

2f

N (e + fz) PolyLog (2, —eX(ct))

2d

(e + fz) PolyLog (2, _ (a+b)e2(etdn)

)

a—b
2d
f PolyLog (3, —e?(¢+d2))
B 4d?
f PolyLog (3, — (420 )
+ 1P

1/2% (f*x+e) "2*1n(1+exp (2*%d*x+2%c) ) /£-1/2* (f*x+e) “2%1n (1+(a+b) *exp (2*xd*x+2%
c)/(a-b))/f+1/2x (£*x+e) "2x1n(a+b*tanh(d*x+c)) /£+1/2* (f*x+e) *polylog(2,-exp
(2xd*x+2xc)) /d-1/2* (f*x+e) *polylog(2,-(a+b) xexp (2*d*x+2xc) /(a-b) ) /d-1/4*f*
polylog(3,-exp(2*d*x+2xc))/d~2+1/4*f*polylog(3,-(a+b) *exp(2*d*x+2xc)/(a-b)

)/d"2
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Mathematica [A] (verified)

Time = 1.40 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.38

/(e + fx)log(a + btanh(c + dz)) dx

e—2(ctdz)

2d2 fz*log (1 + e~2(+d)) — 242 fz%log (1 + %) + 2d? fr?log(a + btanh(c + dzx)) — 2delog

e hY

input \Integrate[(e + fxx)*Log[a + b*Tanh[c + d*x]],x] |

(2*%d"2xf*x"2*Log[1 + E~(-2%(c + d*x))] - 2*%d~2xf*x"2*Log[l + (a - b)/((a +
b)*E~(2x(c + d*x)))] + 2*%d"2xfxx"2*Log[a + b*Tanh[c + d*x]] - 2*d*exLog[-
((bx(-1 + Tanh[c + d*x]))/(a + b))]*Log[a + b*Tanh[c + d*x]] + 2*d*exLog[-
((b*(1 + Tanh[c + d*x]))/(a - b))]*Logla + bxTanh[c + d*x]] - 2*d*f*x*Poly
Logl[2, -E~(-2%(c + d*x))] + 2*d*f*x*xPolyLogl[2, (-a + b)/((a + b)*E~(2*(c +
d*x)))] + 2*d*e*PolyLog[2, (a + b*Tanh[c + d*x])/(a - b)] - 2*d*exPolyLog
[2, (a + b*Tanh[c + d*x])/(a + b)] - f*PolyLog[3, -E~(-2*(c + d*x))] + f*P
olyLog[3, (-a + b)/((a + b)*E~(2%(c + d*x)))])/(4*d"2)

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)log(a + btanh(c + dx)) dz

l’3031

bd(e+fz)2sech’ (c+d
(e + fx)?log(a + btanh(c + dzx)) il (eaffﬂanh(c+§;) 2) dr

2f 2f

| 27

e+ fx 2sech’ c+dzx
(e + fz)?log(a + btanh(c + dz)) B bd [ ( a{i-lzta,nh(c—i-(dx) \da
2f 2f

l 7293
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(e + fz)?log(a + btanh(c + dz))

2f
bdf <ezsech2(c+dx) f2x2sech2(c+dx) + 2efxsech2(c+d:c)> dx

a+btanh(c+dz) a+btanh(c+dz) a+btanh(c+dz)
2f
| 2009
(e + fx)%log(a + btanh(c + dx)) B
2f
sech®(c+d 2sech” (c+d 2 log(a-+btanh(c+d;
bd <26f f :—I—btanh((cc-l—zzz) dz + f2 f z—i—btanhgz—i—dz% dz + = logla bzn (erd)
2f

input LInt[(e + f*x)*Log[a + b*Tanh[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

ruk327‘1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQl[b, x11

|
J

ruk32009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[Loglu_l*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[(a + b*x)"(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
b*x)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293




input

output
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 6.29 (sec) , antiderivative size = 2640, normalized size of antiderivative = 13.13

method | result size

risch Expression too large to display | 2640

-

Lint((f*x+e)*ln(a+b*tanh(d*X+C)),X,method=_RETURNVERBOSE)

-1/d*e*a/ (a+b) *dilog( (—exp (d*x+c) *a-bxexp (d*x+c)+(-(a+b)*(a-b))~(1/2)) /(- (
a+b)*(a-b))~(1/2))-1/d*exa/ (a+b)*dilog((exp (d*x+c) *a+bxexp (d*x+c)+(-(a+b) *
(a-b))~(1/2))/(-(atb) *(a-b)) ~(1/2))-1/d*b*e/ (a+b) *dilog ((-exp (d*x+c) *a-b*e
xp(d*x+c)+(-(a+b)*(a-b))~(1/2)) /(- (a+b) *(a-b)) ~(1/2))-1/d*b*e/ (a+b) *dilog(
(exp (d*x+c) ¥a+b*exp (d*x+c)+(-(a+b) *(a-b)) ~(1/2)) /(- (a+b)*(a-b)) ~(1/2))+1/4
/d~2xax*xf/(a+b) *polylog(3, (a+b) *exp(2*d*x+2*c)/(-a+b))+1/4/d"2*b*xf/ (a+b) *po
lylog(3, (a+b) *exp(2*d*x+2*c)/(-a+b) ) -b*e/ (a+b) *1n((-exp (d*x+c) *a-b*exp (d*x
+c)+(-(a+b)*(a-b)) " (1/2))/(-(a+b) *(a-b)) ~(1/2) ) *x-b*e/ (a+b) *1n ((exp (d*x+c)
*a+bkexp (d*x+c)+(-(atb)*(a-b))~(1/2))/(-(atb)*(a-b)) ~(1/2)) *x-1/2*a*xf/(atb
)*#1n (1-(a+b) *exp (2xd*x+2*c) / (-a+b) ) *x~2-1/2*b*£f/ (a+b) *1n (1- (a+b) *exp (2*d*x
+2%c) /(—a+b) ) ¥x~2-e*a/ (a+b) *1n ((-exp (d*x+c) *a-b*exp (d*x+c)+(-(a+b) *(a-b) )~
(1/2))/(-(a+b) *(a-b) ) ~(1/2) ) *x-e*a/ (a+b) *1n ((exp (d*x+c) *a+b*exp (d*x+c) + (- (
a+b)*(a-b))~(1/2))/(-(a+tb)*(a-b) )~ (1/2) ) *x-1/2xI*Pi*csgn (I* (a* (1+exp (2*d*x
+2%c) ) +b* (exp (2*d*x+2%c) -1) ) / (1+exp (2*d*x+2*c) ) ) * (csgn (I* (a* (1+exp (2*d*x+2
*c) ) +b* (exp (2%d*x+2*c)-1)) ) *csgn(I/ (1+exp (2*d*x+2%c)) ) -csgn(I* (a* (1+exp (2%
d*x+2%xc) ) +b* (exp (2*d*x+2*c) -1) ) / (1+exp (2*d*x+2*c) ) ) *csgn (I/ (1+exp (2*d*x+2%
c)))-csgn(I*(a*(1+exp(2*d*x+2%c))+b* (exp (2*d*x+2%c)-1)) ) *csgn(I* (a* (1+exp(
2xd*x+2%c) ) +b* (exp (2*d*x+2%c)-1) ) / (1+exp (2*d*x+2*c) ) ) +csgn (I* (ax (1+exp (2*d
*x+2%xC) ) +b* (exp (2*%d*x+2*c)-1) ) / (1+exp (2*%d*x+2%c) ) ) "2) * (1/2*f*x"2+e*xx) +1/2*
f/d*polylog(2,-exp (2xd*x+2%c))*x+1/2*f/d"2*polylog(2,-exp (2*d*x+2*c) ) *c. ..

J
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 686, normalized size of antiderivative = 3.41

/(e + fz)log(a + btanh(c 4 dz)) dz = Too large to display

input{integrate((f*x+e)*1og(a+b*tanh(d*x+c)),x, algorithm="fricas")

-1/2% (2% (d*f*x + d*e)*dilog(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d
*x + c))) + 2*%(d*f*x + d*e)*dilog(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) +
sinh(d*x + c))) - 2x(d*f*x + d*e)*dilog(I*cosh(d*x + c) + I*sinh(d*x + c)
) - 2x(d*f*x + d*e)*dilog(-I*cosh(d*x + c) - I*sinh(d*x + c)) - (2%c*d*e -
c"2xf)*log(2*(a + b)*cosh(d*x + c) + 2*(a + b)*sinh(d*x + c) + 2*(a - b)*
sqrt(-(a + b)/(a - b))) - (2xcxd*e - c~2xf)*log(2*(a + b)*cosh(d*x + c) +
2+(a + b)*sinh(d*x + c) - 2x(a - b)*sqrt(-(a + b)/(a - b))) + (d™2xf*x"2 +
2%d"2%exx + 2xckdxe - c”2*f)*log(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) +
sinh(d*x + ¢)) + 1) + (d"2*f*x"2 + 2*d"2xe*x + 2%cxd*e - c~2xf)*log(-sqrt(
-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) - (d"2%f*x"2 + 2%d~
2xe*x)*log((a*cosh(d*x + c) + b*sinh(d*x + c))/cosh(d*x + c)) + (2xc*dxe -
c"2xf)*log(cosh(d*x + c) + sinh(d*x + c) + I) + (2%cxd*e - c~2xf)*log(cos
h(d*x + c) + sinh(d*x + c) - I) - (d"2*f*x"2 + 2*d"2%e*xx + 2%ckxd*e - c~2xf
)*log(I*cosh(d*x + c) + Ixsinh(d*x + c) + 1) - (d™2*f*x"2 + 2%d"2%e*xx + 2%
ckdxe — c~2xf)*log(-I*cosh(d*x + c) - Ixsinh(d*x + c) + 1) - 2xf*polylog(3
, sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) - 2*fxpolylog(3,
-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) + 2xf*polylog(3,
Ixcosh(d*x + c) + I*sinh(d*x + c)) + 2%fxpolylog(3, -I*cosh(d*x + c) - Ix
sinh(d*x + c)))/d"2

output

Sympy [F]

/(e + fxz)log(a + btanh(c + dx)) dz = / (e + fz)log (a + btanh (¢ + dx)) dz

input"integrate((f*x+e)*1n(a+b*tanh(d*x+c)),x)
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Output‘Integral((e + f*x)*log(a + bktanh(c + d*x)), x)

Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 308, normalized size of antiderivative = 1.53

/(e + fx)log(a + btanh(c + dz)) dx =

ae( c) e( c) e( dz) . ae( c) e( c) e( dz)
1bd 2<2dxlog<( : +I;_’Z et +1> —I—le(—( : +I;_2b Jet? ))e 2(2dzlog (e(2da:+2c)_|_]_)

1 bd? bd?

1
+5 (fz® + 2ex) log (btanh (dz + c) + a)

input Lintegrate ((f*x+e)*log(atb*tanh(d*x+c)) ,x, algorithm="maxima") J

-1/4*xb*xd* (2% (2xd*x*1log((axe™ (2%c) + bxe~(2xc))*e”~(2*d*x)/(a - b) + 1) + di
log(-(axe”™(2*%c) + bxe™(2*c))*e”(2xd*x)/(a - b)))*e/(b*d"2) - 2x(2*d*x*Log(
e~ (2+dxx + 2*c) + 1) + dilog(-e~(2*d*x + 2*c)))*e/(b*d~2) + (2*d~2*x"2xlog
((axe~(2xc) + bxe”(2%c))*e”(2xd*x)/(a - b) + 1) + 2*d*x*dilog(-(axe”(2xc)
+ b*xe”(2*c))*e~ (2+d*x)/(a - b)) - polylog(3, -(a*e™(2*c) + b*e~(2*c))*e” (2
*d*x)/(a - b)))*£f/(bxd"3) - (2xd"2xx"2xlog(e”(2*d*x + 2%c) + 1) + 2xd*x*di
log(-e~(2*d*x + 2*c)) - polylog(3, -e~(2*d*x + 2%c)))*f/(b*d~3)) + 1/2x(f*
Xx"2 + 2%exx)*log(b*tanh(d*x + c) + a)

output

Giac [F]

/(e + fz)log(a + btanh(c + dz)) dz = / (fz + e)log (btanh (dz + ¢) + a) dx

-

inputLintegrate((f*x+e)*1og(a+b*tanh(d*x+c)),x, algorithm="giac")

-/

output Lintegrate((f*x + e)*log(b*tanh(d*x + c) + a), x) J
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Mupad [F(-1)]

Timed out.

/(e + fz)log(a + btanh(c + dz)) dz = /ln (a+btanh(c+dzx)) (e+ fz) dzx

input Llnt(log(a + b*'ta_nh(c + d*X))*(e + f*X) ,X)

output Lint(log(a + b*tanh(c + d*x))*(e + f*x), x)

Reduce [F]

/(e + fz)log(a + btanh(c + dz)) dz = (/ log(tanh (dz + ¢) b+ a) dm) e

+ ( / log(tanh (dz + ¢) b+ a) xdx) f

input Lint ((f*x+e)*1log(a+b*tanh (d*x+c)),x)

output Lint(log(tanh(c + d*x)*b + a),x)*e + int(log(tanh(c + d*x)*b + a)*x,x)*f




output
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3.36 [ log(a + btanh(c + dz)) d=z

Optimal result . . . . . . . . . . . . e 275
Mathematica [A] (verified) . . . . . . . . . ... o 276l
RUDL [F] .« © o o oot e e e 76
Maple [A] (verified) . . . . . . ... L 27T
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 278
Sympy [F] . . o o 279
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2791
Giac [F] . . . . o o 280
Mupad [F(-1)] . . . o o 280
Reduce [F] . . . o . o o 280

Optimal result

Integrand size = 11, antiderivative size = 126

a+b

10g <M) log(a + btanh(c + d:l?))

/log(a + btanh(c+dz)) dr = — 5

a—b
+

log (—M> log(a + btanh(c + dz))

2d

a—b

+

POlyLOg (2, a+btanh(c+dz)

)

2d

POIYLOg (2’ a+btanh(c+dz)

a+b

)

2d

‘ -1/2*1n(b* (1-tanh(d*x+c))/(a+b))*1n(a+b*tanh(d*x+c))/d+1/2*1n(-b*(1+tanh(d
‘*x+c))/(a-b))*1n(a+b*tanh(d*x+c))/d+1/2*polylog(2,(a+b*tanh(d*x+c))/(a-b))

| /d-1/2%polylog(2, (a+b*tanh(d*x+c))/(a+b))/d




CHAPTER 3. LISTING OF INTEGRALS 276

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00

log (Wta;l—w> log(a + btanh(c + dz))
log(a + btanh(c + dz)) dz = — 2d

log (_W) log(a + btanh(c + dz))
2d
PolyLOg <2’ a+btanh(c+dw))

_|_

a—b
2d

a+btanh(c+dz)
POIYLOg (2, T)

2d

+

-

input L

-/

Integrate[Log[a + b*Tanh[c + d*x]],x]

t‘—1/2*(Log[(b*(1 - Tanh[c + d*x]))/(a + b)]*Logla + b*Tanh[c + d*x]]1)/d + ( ‘
'Log[-((b*(1 + Tanh[c + d*x]))/(a - b))I*Logla + b*Tanh[c + d*x]1)/(2¢d) +
'PolyLog[2, (a + bxTanh[c + d*x])/(a - b)1/(2*d) - PolyLogl[2, (a + b*Tanh[c |
+ axx])/(a + D)1/ (2%d) |

outpu

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + btanh(c + dx)) dz

l 3028

bdzsech?(c + dx) i
a + btanh(c + dz)

z log(a + btanh(c + dz)) — /

l27

2
zlog(a + btanh(c + dz)) — bd/ wsech?(c + dz)

a + btanh(c + dx) v
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l 7299

xsech?(c + dx)

zlog(a + btanh(c + dz)) — bd/

a + btanh(c + dx) v

input LInt [Log[a + b*Tanh[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule 3028‘ Int[Loglu_], x_Symbol] :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand[x*(D[u, ‘

‘ x]J/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [A] (verified)

Time = 8.79 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99

method result
(dilog ( %) +In(a+b tanh(dz+c)) In ( %) ) b (dilog ( %W) +In(a+b tanh(dz+c)) In ( b
. . . . - 5 + 3
derivativedivides 7
(dilug ( %) +In(a+b tanh(dz+c)) In ( %) ) b (dilog ( %ﬁic)“’) +1In(a+b tanh(dz+c)) In ( (2
— 2 + 2
default db
risch Expression too large to display

input Lint (1n(a+b*tanh(d*x+c)) ,x,method=_RETURNVERBOSE)
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‘1/d/b*(-1/2*(dilog((b*tanh(d*x+c)—b)/(—a—b))+1n(a+b*tanh(d*x+c))*ln((b*tan
\ h(d*x+c)-b)/(-a-b)))*b+1/2*(dilog((b*tanh (d*x+c)+b) /(-a+b))+1n(a+b*tanh (d* \
‘ x+c) ) *1n((b*tanh (d*x+c)+b) /(-a+b)) ) *b)

output

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 391, normalized size of antiderivative = 3.10

/log(a + btanh(c + dz)) dz

B dz log (“COSh(df;gfl)(gf;h(dHc) > + clog (2 (a+b) cosh (dz + ¢) + 2 (a + b) sinh (dz + ¢) + 2 (a — b),/—2

input‘integrate(log(a+b*tanh(d*x+c)),x, algorithm="fricas")

(d*x*1log((a*cosh(d*x + c) + b*sinh(d*x + c))/cosh(d*x + c)) + cxlog(2*(a +
b)*cosh(d*x + c) + 2%(a + b)*sinh(d*x + c) + 2*(a - b)*sqrt(-(a + b)/(a -
b))) + c*log(2*(a + b)*cosh(d*x + c) + 2%(a + b)*sinh(d*x + c) - 2%(a - b
)xsqrt(-(a + b)/(a - b))) - (d*x + c)*log(sqrt(-(a + b)/(a - b))*(cosh(d*x
+ ¢) + sinh(d*x + c)) + 1) - (d*x + c)*log(-sqrt(-(a + b)/(a - b))*(cosh(
d*x + c) + sinh(d*x + c)) + 1) - c*log(cosh(d*x + c) + sinh(d*x + c) + I)
- c*log(cosh(d*x + c) + sinh(d*x + c) - I) + (d*x + c)*log(I*cosh(d*x + c)
+ Ixsinh(d*x + c) + 1) + (d*x + c)*log(-I*cosh(d*x + c) - I*sinh(d*x + c)
+ 1) - dilog(sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) - di
log(-sqrt(-(a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) + dilog(I*cos
h(d*x + c) + I*sinh(d*x + c)) + dilog(-I*cosh(d*x + c) - I*sinh(d*x + c)))

/d

output
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Sympy [F]

/log(a + btanh(c + dz)) dz = /log (a + btanh (¢ + dx)) dz

input‘integrate(ln(a+b*tanh(d*x+c:)),x)

OutputLIntegral(log(a + b*tanh(c + d*x)), x) J
Maxima [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99
/log(a + btanh(c + dx)) dz =
ae(2 c)+be(2c) e(2dz) . ae(2 c)+be(2c) e(2dz)
1 iy 2dzlog <( > ) + 1> + Li, <_( P ) ) _ 2dzlog (e42+29) 4+ 1) + Lip (-
2 bd? bd?
+ z log (btanh (dzx + ¢) + a)
inputLintegrate(log(a+b*tanh(d*x+C)),x, algorithm="maxima") J

outpup ~L/2¥b*d* ((2xdxxxlog((are™(2%c) + bre™(24c))*e”(24d*x)/(a = b) + 1) + dilo
‘g(—(a*e‘(2*c) + bxe” (2%c))*e~(2*d*x)/(a - b)))/(b*xd™2) - (2*d*x*log(e” (2*d ‘
\*x + 2xc) + 1) + dilog(-e”(2xd*x + 2xc)))/(b*d~2)) + x*log(b*tanh(d*x + c) \
‘ + a) ‘
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Giac [F]

/log(a + btanh(c + dx)) dz = / log (btanh (dz + ¢) + a) dz

input

Lintegrate(log(a+b*tanh(d*x+c)),x, algorithm="giac")

outputt

integrate(log(b*tanh(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

/log(a + btanh(c + dz)) dz = /111 (a + btanh(c+ dz)) dz

input Lint(log(a + bx*tanh(c + d*x)),x)

OutputLint(log(a + bxtanh(c + d*x)), x)

Reduce [F]

/log(a + btanh(c + dx)) dz = /log(tanh (dr+c)b+a)dz

input Lint (Log(a+b*tanh (d*x+c)),x)

Outputtint(log(tanh(c + d*x)*b + a),x)
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3.37 f log(a+btanh(c+dx)) dx

e+fx
Optimal result . . . . . . . . . . . . . . e 2RT]
Mathematica [N/A] . . . . . . . . . 28]
Rubi [N/A] .« . o 282
Maple [N/A] . . .
Fricas [N/A] . . . . . o 283
Sympy [N/A] . . e 283
Maxima [N/A] . . . . 284
Giac [N/A] .« . o 284
Mupad [N/A] . . . o o 2841
Reduce [N/A] . . . . o 285

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + btanh(c + dz))

dz — Tnt <log(a + btanh(c + dx)) ’ a:)
e+ fx

e+ fx

output ‘ Defer (Int) (1n(a+b*tanh(d*x+c))/ (fxx+e) ,x)

Mathematica [N/A]

Not integrable

Time = 12.01 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ log(a + btanh(c + dz)) dp — / log(a + btanh(c + dz))
e+ fz N e+ fx

-

input LIntegrate [LOg [a + b*Tanh[c + d*x]]/(e + f*x),x]

-/

output LIntegrate [Log[a + b*Tanh[c + d*x]]1/(e + f*x), x]




rule 7299LI1113 [u_, x_] :> CannotIntegratel[u, x]

input L
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Rubi [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + btanh(c + dx)) da

e+ fz
l 7299

/ log(a + btanh(c + dz))

d
e+ fx v

LInt[Log[a + b*Tanh[c + d*x]]1/(e + £*x),x] J

L$Aborted J

Defintions of rubi rules used

e

L

Maple [N/A]
Not integrable

Time = 1.98 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + btanh (dz + ¢))

fx+e dz

-

int (1n(at+b*tanh (d*x+c) )/ (f*x+e) ,x)

-/
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outputLint(ln(a+b*tanh(d*X+C))/(f*x+e),x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + btanh(c + dz)) dp — / log (btanh (dz + ¢) + a) s

e+ fz fx+e

input Lintegrate (log(at+bxtanh(d*x+c))/(f*x+e) ,x, algorithm="fricas")

OutputLintegral(log(b*tanh(d*x +c) +a)/(f*xx + e), x)

Sympy [N/A]
Not integrable

Time = 0.74 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

dxr

/log(a+btanh(c+dx)) dp — / log (a + btanh (¢ + dz))
e+ fz N e+ fz

input Lintegrate (1n(a+b*tanh (d*x+c) )/ (fxx+e) ,x)

output tIntegral(log(a + bxtanh(c + d*x))/(e + f*x), x)
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Maxima [N/A]
Not integrable

Time = 0.86 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/log(a+btanh(c+dx)) dp — / log (btanh (dz + ¢) + a)
e+ fz N frx+e

input Lintegrate (log(atb*tanh(d*x+c))/(f*x+e) ,x, algorithm="maxima")

output Lintegrate(log(b*tanh(d*x +c) +a)/(f*x + e), x)

Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dx

/log(a+btanh(c+dac)) dp — / log (btanh (dz + ¢) + a)
e+ fr - fr+e

input Lintegrate(log(a+b*tanh(d*x+c) )/ (f*x+e) ,x, algorithm="giac")

output Lintegrate(log(b*tanh(d*x +c) +a)/(£f*x + e), x)

Mupad [N/A]
Not integrable

Time = 25.61 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + btanh(c + dz)) dp — / In (a + btanh(c + dz)) i

e+ fx e+ fx

input Lint(log(a + bxtanh(c + d*x))/(e + £*x),x)




CHAPTER 3. LISTING OF INTEGRALS 285

output Lint(log(a + bxtanh(c + d*x))/(e + f*x), x)

Reduce [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + btanh(c + dz)) log(tanh (dz + ¢) b+ a)
dr = dz
e+ fx fx+e

input | 18t (Log(arbrtanh (dex+e) )/ (£xx+e) )

output Lint(log(tanh(c + d*x)*b + a)/(e + f*x),x)
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3.38 f log(a+btanh(c+dx)) dx

(e+fz)?
Optimal result . . . . . . . . .. . .. 28061
Mathematica [N/A] . . . . . . .. . 2861
Rubi [N/A] .« . o 287
Maple [N/A] . . . 288
Fricas [N/A] . . . . . o
Sympy [N/A] . . 289
Maxima [N/A] . . . . o 230
Giac [N/A] .« . o 290
Mupad [N/A] . . . . 2901
Reduce [N/A] . . . . o 290

Optimal result

Integrand size = 19, antiderivative size = 19

(e + fz)? (e + fx)?
output LDefer(Int) (1n(at+b*tanh (d*x+c) )/ (£*x+e)~2,x) J
Mathematica [N/A]
Not integrable
Time = 44.99 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11
/ log(a + btanh(c + dz)) / log(a + btanh(c + dz))
dx = dr
(e + fz)? (e + fz)?
input LIntegrate [Log[a + b*Tanh[c + d*x]]1/(e + £*x)~2,x] J
output {Integrate [Logla + b*Tanh[c + d*x]]/(e + f*x)~2, x]

~—
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Rubi [N/A]
Not integrable
Time = 1.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {3031, 27, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ log(a + btanh(c + dx)) da
(e+ fx)?
| 3031
bdsech’ (c+d:
J (et fx)(a+btacnh(2-dw))dm _ log(a + btanh(c + dz))
f fle+ fz)
| 27
sech’(c+d
bd | (et fx)(a+b(t2nh2+dx)) dz _ log(a + btanh(c + dz))
f fle+ fz)
| 7299
sech’(c+d
bd | (e+ fm)(a+b(tznh2+dz)) dzx log(a + btanh(c + dx))
f fle+ fz)
inputLInt[Log[a + bxTanh[c + d*x]1/(e + £*x)72,x] J

output ‘\$Aborted
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~"(m + 1)
*(Log[ul /(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
b*x)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

rule 7299 LInt [u_, x_] :> CannotIntegratel[u, x]

Maple [N/A]
Not integrable

Time = 2.37 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + btanh (dz + c))

Gatef

input Lint (1n(a+b*tanh(d*x+c))/ (f*x+e) ~2,x%)

output 1Bt (Ln(arbrtanh (@xx+c))/ (£rx+e)"2,%)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

dzx

/ log(a + btanh(c+dz)) , / log (btanh (dz + ¢) + a)
(e+ fx)? (fz +e)?

input Lintegrate (log(at+b*tanh(d*x+c))/(f*x+e)~"2,x, algorithm="fricas")
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Output‘integral(log(b*tanh(d*x + ¢c) + a)/(£f72xx"2 + 2xexf*x + e72), x)

Sympy [N/A]
Not integrable

Time = 9.81 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

dzx

/ log(a + btanh(c + dz)) dp — / log (a + btanh (c + dx))
(e + fx)? (e+ fac)2

inputLintegrate(ln(a+b*tanh(d*x+c))/(f*x+e)**2,x)

Ou_tputLIntegral(log(a + bxtanh(c + d*x))/(e + £*x)**2, x)

Maxima [N/A]
Not integrable

Time = 1.06 (sec) , antiderivative size = 169, normalized size of antiderivative = 8.89

/ log(a + btanh(c + dz)) dp — / log (btanh (dz + ¢) + a)
(e+ fx)? (fz+e)?

inputLintegrate(log(a+b*tanh(d*x+c))/(f*x+e)‘2,x, algorithm="maxima")

-2x(axd - b*d)*integrate(1/(axe*xf - bxexf + (a*f~2 - bxf~2)*x + (axexfxe”(
2%c) + bxexfxe”(2xc) + (axf~2xe”(2%c) + bxf~2xe” (2*c))*x)*e”(2*d*x)), x) +
2xdxintegrate (1/(£72*x + exf + (£ 2kx*e~(2xc) + exf*e” (2*c))*e”(2xd*x)),
x) - (log((a + b)*e~(2*%d*x + 2%c) + a - b) - log(e~(2xd*x + 2*xc) + 1))/(f~

2xx + ex*f)

output
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Giac [N/A]
Not integrable

Time = 3.70 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + btanh(c + dz)) dp — / log (btanh (dz + ¢) + a) i
(e + fz)? (fr+e)’

input Lintegrate (log(a+b*tanh(d*x+c))/(f*x+e)~2,x, algorithm="giac")

OutputLintegrate(log(b*tanh(d*x +c) +a)/(fxx + e)72, x)

Mupad [N/A]
Not integrable

Time = 25.77 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ log(a + btanh(c + dx)) dr = / In (a + btanh(c+ dx))
(e+ fx)? (e+ fz)°

inputtint(log(a + bxtanh(c + d*x))/(e + £*x)~2,x)

ou‘cpu‘ctint(log(a + bxtanh(c + d*x))/(e + £*x)~2, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + btanh(c + dz)) dr = / log(tanh (dz + ¢) b+ a)
(e + fx)? f2z2 + 2efx + e2

inputLint(log(a+b*tanh(d*X+C))/(f*x+e)“2,x)
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output Lint(log(tanh(c + d*x)*b + a)/(ex*x2 + 2xexf*x + f**x2kx**2),x)
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3.39 [(e+ fz)’log(a + bcoth(c + dz)) dz

Optimal result . . . . . . . . . . . . e 293
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RUDL [F]  © o o o oot e e e PiSh
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 296
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 297
Sympy [F] . . o o 298
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 298]
Giac [F] . . . . o o 299
Mupad [F(-1)] . . . o o 300
Reduce [F] . . . o . o o 300
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Optimal result

Integrand size = 19, antiderivative size = 332

(e + fz)*log (1 — e=ctdo))
Af

(e + fx)*log <1 — W)
_ 7
N (e + fx)*log(a + beoth(c + dz))

af

(e + fz)3 PolyLog (2, e=2(ctd))
B 2d
(e + fz)? PolyLog (2, M)

a+b
2d
3f(e+ fx)? PolyLog (3, e~2(etda))

/(e + fz)3log(a + bcoth(c + dz)) dx =

_|_

f( + f.'E)Q POlyLOg <3, (a b)2;2l:c+dz)>

4d2
_ 3f(e+ fx) PolyLog (4, e~2(c+da))

_|_

3f%(e+ fx) PolyLog (4 %)
1
312 PolyLog (5, e~2(¢+d2))
8d*
3f3 PolyLog <5, M)

a+b
8d*

+

+

1/4% (f*x+e) “4*1n(1-exp (-2*d*x-2xc) ) /f-1/4* (fxx+e) ~4x1n(1-(a-b)/(a+b) /exp(2
*xd*x+2%c)) /E+1/4* (£*x+e) “4*1n(a+bxcoth(d*x+c)) /f-1/2% (f*x+e) “3*polylog(2,e
xp (—2*d*x-2%c) ) /d+1/2* (f*x+e) ~3*polylog(2, (a-b) / (a+b) /exp (2*d*x+2*c)) /d-3/
4xf*x (fxx+e) "2xpolylog(3,exp (-2*d*x-2%c))/d~2+3/4*f* (£*xx+e) “2*polylog(3, (a-
b)/(atb) /exp(2*d*x+2*c) ) /d~2-3/4*f 2% (f*x+e) *polylog (4, exp (-2*d*x-2%c))/d~
3+3/4x£~2*x (f*xx+e) *polylog(4, (a-b)/(a+b) /exp(2*xd*x+2*xc)) /d~3-3/8*f " 3*polylo
g(5,exp(-2*d*x-2xc) ) /d~4+3/8*f ~3*polylog(5, (a-b) / (a+b) /exp(2*d*x+2*c))/d~4

output
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1046 vs. 2(332) = 664.

Time = 6.29 (sec) , antiderivative size = 1046, normalized size of antiderivative = 3.15

/(e + fx)*log(a + bcoth(c + dz)) dx = Too large to display

e

inputLIntegrate[(e + f*xx) 3*Logl[a + b*Coth[c + d*x]],x]

~—

(8*%d~4*e~3*x*Log[l - E"(-c - d*x)] + 12xd"4*e”2xf*x"2*Log[l - E~(-c - d*x)
] + 8xd"4xexf~2xx"3*xLog[l - E"(-c - d*x)] + 2xd~4*f~3xx"4xLog[l - E~(-c -
d*x)] + 8xd~4xe”~3*x*Log[l + E~(-c - d*x)] + 12%d"4*e 2*f*x"2*Log[l + E~(-c
- d*x)] + 8%d"4*exf"2+x"3*Logl[l + E~(-c - d*x)] + 2*%d~4*f"3xx"4xLog[l + E
“(-c - d*x)] - 8+d"4xe”3*x*Logl[l + (-a + b)/((a + DI*E~(2*(c + d*x)))] - 1
2%d"4*e"2xf*x"2*%Log[1l + (-a + b)/((a + D)*E~(2x(c + d*x)))] - 8xd 4xexf 2%
x"3%Log[1l + (-a + b)/((a + D)*E~(2*(c + d*x)))] - 2xd~4*f~3*x"4xLog[1l + (-
a + b)/((a + b)¥E~(2*%(c + d*x)))] + 8xd~4*e”3*x*xLogl[a + b*Coth[c + d*x]] +
12xd~4*e~2xf*x"2*Log[a + b*Coth[c + d*x]] + 8*d~4*e*xf ~2*x~3*Logl[a + b*Cot
hlc + d*x]] + 2xd~4*f~3*x"4*Logl[a + b*Coth[c + d*x]] - 8%d"3*(e + f*x) 3P
olyLog[2, -E"(-c - d*x)] - 8%d~3*(e + f*x) 3%PolyLog[2, E~(-c - d*x)] + 4x
d~3*e~3*PolyLog[2, (a - b)/((a + b)*E~(2*(c + d*x)))] + 12*d~3%e”2xf*x*Pol
yLogl[2, (a - b)/((a + D)*E~(2x(c + d*x)))] + 12%d"3*exf~2*x~2*PolyLog[2, (
a - b)/((a + D)*E~(2x(c + d*x)))] + 4%d~3*f"3*x"3*PolyLog[2, (a - b)/((a +
b)*E~(2*%(c + d*x)))] - 24xd~2%e"2*f*PolyLog[3, -E~(-c - d*x)] - 48%d"2*e*
f~2xx*PolyLog[3, -E~(-c - d*x)] - 24*d~2*f~3*x"2*PolyLogl[3, -E~(-c - d*x)]
- 24*d"2xe"2*f*PolyLog[3, E~(-c - d*x)] - 48%d"2*exf~2*x*PolyLog[3, E~(-c
- d*x)] - 24xd"2xf"3*x"2*PolyLog[3, E"(-c - d*x)] + 6*d"2*e~2*f*xPolyLogl[3
, (@ -Db)/((a + b)XE~(2*(c + d*x)))] + 12*%d~2*e*f ~2*x*PolyLogl[3, (a - b)/(
(a + D)*E~(2%(c + d*x)))] + 6*%d~2*f"3*x"2+PolyLog[3, (a - b)/((a + D)*E...

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(e + fz)3log(a + beoth(c + dx)) dzx

l 3031

bd 4csch®(c+d
(e + fx)*log(a + bcoth(c + dx)) 3 J- (e:icbw():oﬁ??c«g;- 2 da

4f Af

| 25
bd(e+fr)*csch’ (c+dx) d 4
J a+b coth(c+da) z N (e + fz)*log(a + bcoth(c + dx))

4f 4f

l 927
e+ fz)tcsch® (c+da
bd | ( a{}-lzcoth(c—f-(dz) Lz + (e + fx)*log(a + beoth(c + dx))

4f Af
| 7293
bdf <CSCh2(c+dw)e4 + 4fxCSChQ(c—i-dz)e3 6]”2302CSCh2(c-|—d:::)e2 4f3x3CSCh2(c+dx)e f4$4CSCh2(c+dx)> d
a+b coth(c+dzx) a-+b coth(c+dz) a+bcoth(c+dzx) a+bcoth(c+dzx) a+b coth(c+dz)
af *
(e + fx)*log(a + beoth(c + dz))
Af
| 2009
h? 2csch’ 3csch? 4csch’ 4
b4 1 25 1o 0022 ZS o e [ ZSIENE 1 g1 £ gy
4f
(e + fx)*log(a + bcoth(c + dzx))
Af
input LInt [(e + £xx)~3*xLogl[a + bxCoth[c + d*x]],x] J

output L$Aborted J




rule

rule 27 ‘
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3031

rule 7293

Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(b*x(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
bxx)~(m + 1)*(D[u, x]/w), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

input

output L

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 11.25 (sec) , antiderivative size = 6300, normalized size of antiderivative =
18.98

method | result size
risch Expression too large to display | 6300

Lint((f*x+e)*3*ln(a+b*coth(d*x+C)),X,method=_RETURNVERBUSE)

result too large to display




e

inputL
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1439 vs. 2(308) = 616.

Time = 0.12 (sec) , antiderivative size = 1439, normalized size of antiderivative = 4.33

/(e + fx)*log(a + bcoth(c + dz)) dx = Too large to display

integrate ((f*x+e) “3*log(atb*coth(d*x+c)),x, algorithm="fricas")

~—

output

1/4*(24%f~3*polylog(5, sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c
))) + 24xf~3*polylog(5, -sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x +
c))) - 24xf~3*polylog(5, cosh(d*x + c) + sinh(d*x + c)) - 24*xf 3xpolylog(
5, —cosh(d*x + c) - sinh(d*x + c)) - 4*%(d"3*f"3*x"3 + 3*d"3*exf " 2*x"2 + 3%
d~3xe"2+f*x + d"3*e"3)*dilog(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d
*x + c))) - 4x(d”3%f73*%x"3 + 3xd"3*ke*xf"2%xx"2 + 3%d"3*e”2*f*x + d"3%e”3)*di
log(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) + 4x(d"3*f"3*x
~3 + 3*%d"3xe*f"2*x"2 + 3*%d"3%e”2*xf*x + d"3*e"3)*dilog(cosh(d*x + c) + sinh
(d*x + c)) + 4x(d™3*f73*%x"3 + 3*d"3*ke*xf~2%x"2 + 3*d"3*e"2*xf*x + d"3*e”3)*d
ilog(-cosh(d*x + c) - sinh(d*x + c)) + (4*c*d"3*e”3 - 6*%c~2+%d"2*%e"2xf + 4%
c"3xdxe*f~2 - c”4*f"3)*log(2*(a + b)*cosh(d*x + c) + 2x(a + b)*sinh(d*x +
c) + 2x(a - b)xsqrt((a + b)/(a - b))) + (4xcxd"3xe”3 - 6%c™2xd"2xe"2+f + 4
*Cc"3xd*ke*xf"2 - cT4*f73)*log(2*(a + b)*cosh(d*x + c) + 2*(a + b)*sinh(d*x +
c) - 2x(a - b)xsqrt((a + b)/(a - b))) - (A74*f73%x"4 + 4xd"4*exf 2%x"3 +
6xd"4*xe " 2%xf*x"2 + 4xd"4*xe"3*x + 4xckd"3*%e”3 - 6%c”2xd"2xe"2*%f + 4xc”3xd*ex
£72 - c"4x£73)*log(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) +
1) = (d74*£73*%x74 + 4*d"4xe*xf"2xx"3 + 6*kd"4xe " 2*%f*xx"2 + 4xd"4*e"3*kx + 4*c
*q"3%e”3 - 6%c”2xd"2%e”2*%f + 4*c”3*dxe*f”"2 - c~4*f~3)*log(-sqrt((a + b)/(a
- b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) + (d74*f73*x"4 + 4*d"4xe*f ~2*x
“3 + 6*%d"4xe”2xf*x"2 + 4*xd"4xe”3*x)*log((b*cosh(d*x + c) + axsinh(d*x +...




input

output

input
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Sympy [F]

/(e + fz)3log(a + bcoth(c + dz)) dz = / (e + fz)%log (a + beoth (¢ + dz)) dz

‘integrate((f*x+e)**3*1n(a+b*coth(d*x+c)),x)

LIntegral((e + f*x)**3*log(a + b*coth(c + d*x)), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1051 vs. 2(308) = 616.

Time = 0.24 (sec) , antiderivative size = 1051, normalized size of antiderivative = 3.17

/(e + fx)*log(a + bcoth(c + dz)) dz = Too large to display

p
Lintegrate ((f*x+e) “3xlog(atb*coth(d*x+c)) ,x, algorithm="maxima")

-/




output

input

output
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-1/12%b*d* (6% (2%d*x*xLog(-(a*xe~(2xc) + bxe~(2*c))*e~(2xd*x)/(a - b) + 1) +
dilog((a*e~(2%c) + b¥e”(2xc))*e”(2*xd*x)/(a - b)))*e~3/(b*d"2) - 12*(d*x*lo
g(e“(d*x + c) + 1) + dilog(-e~(d*x + c)))*e~3/(b*d~2) - 12*(d*x*log(-e~(d*
X +c) + 1) + dilog(e~(d*x + c)))*e"3/(bxd"2) + 9% (2+%d~2*x"2*log(-(axe™ (2%
c) + bxe~(2xc))*e”(2+d*x)/(a - b) + 1) + 2*d*x*dilog((a*e”(2%c) + b*e”(2*c
))*e~(2*d*x)/(a - b)) - polylog(3, (a*e™(2*c) + b*e~(2*c))*e” (2xd*x)/(a -
b)) ) *xe~2xf/(bxd~3) - 18*(d"2*x"2*log(e~(d*x + c) + 1) + 2*d*xxdilog(-e”(d*
x + ¢)) - 2*polylog(3, -e~(d*x + c)))*e~2xf/(bxd~3) - 18*(d~2*x"2*log(-e~(
d*x + c) + 1) + 2+d*x*dilog(e”(d*x + c)) - 2*polylog(3, e~ (d*x + c)))*e 2%
f/(b*d~3) + 4*(4*d~3*x"3*log(-(axe~(2xc) + bxe”~(2xc))*e~(2*d*x)/(a - b) +
1) + 6%d"2*x"2*dilog((a*e~(2xc) + bxe”(2*c))*e”(2*d*x)/(a - b)) - 6*xd*x*po
lylog(3, (axe~(2xc) + b*e”(2*c))*e~(2xd*x)/(a - b)) + 3*polylog(4, (a*xe”(2
xc) + bxe”(2xc))*e”(2+d*x)/(a - b)))*exf~2/(b*xd"4) - 12x(d"3*x"3*log(e”(d*
X + c) + 1) + 3kd72*x"2*dilog(-e~(d*x + c)) - 6*d*x*polylog(3, -e~(d*x + c
)) + 6%polylog(4, -e~(d*x + c)))*exf~2/(b*d”~4) - 12%(d"3*x"3*log(-e~(d*x +
c) + 1) + 3xd"2*x"2*dilog(e~(d*x + c)) - 6*dxx*polylog(3, e~ (d*x + c)) +
6*polylog(4, e~ (d*x + c)))*exf~2/(bxd"4) + 3*(2xd"4*x"4*xlog(-(axe”(2*c) +
bxe~ (2*c))*e~ (2+d*x)/(a - b) + 1) + 4*d"3*x"3*dilog((axe~(2*c) + bxe~(2*c)
Yxe~ (2xd*x)/(a - b)) - 6+d"2*xx"2*polylog(3, (axe”(2xc) + bxe~(2xc))*e”(2*d
*x)/(a - b)) + 6*d*x*polylog(4, (a*e”(2*c) + bxe~(2*c))*e”(2xd*x)/(a - ...

Giac [F]

/(e + fx)*log(a + beoth(c + dz)) dr = / (fz + €)®log (bcoth (dz + ¢) + a) dz

integrate ((f*x+e) “3*log(atb*coth(d*x+c)),x, algorithm="giac")

N

-

Lintegrate((f*x + e) " 3xlog(b*coth(d*x + c) + a), x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fz)3log(a + bcoth(c + dz)) dz = /ln (a + beoth(c +dz)) (e + fz)’ d

input Lint(log(a + b*coth(c + d*x))*(e + f*x)~3,x) J
Output‘ int(log(a + b*coth(c + d*x))*(e + f*x)~3, x) J
Reduce [F]

/(e + fz)*log(a + bcoth(c + dz)) dx = </ log(coth (dx + ¢) b+ a) dm) e?
+ (/log(coth (dx+c)b+a) x3dac) f?
+3 (/ log(coth (dx + ¢) b+ a) x2dm> e f?

+3 (/ log(coth (dx + ¢) b+ a) xdac) e’ f

input Lint ((f*xx+e) “3x1log(atb*coth(d*x+c)) ,x) J

‘int(log(coth(c + d*x)*b + a),x)*e*x3 + int(log(coth(c + d*x)*b + a)*x**3,x ‘
‘)*f**B + 3xint (log(coth(c + d*x)*b + a)*x**2,x)*exf**2 + 3*int(log(coth(c ‘
‘+ d*x)*b + a)*x,X)*exk2kf

output
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3.40 [(e+ fz)?log(a + bcoth(c + dz)) dz

Optimal result . . . . . . . . . . . .
Mathematica [B] (verified) . . . . . . . . ... ..
RUDL [F]  © o o oo e e e e
Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o

Optimal result
Integrand size = 19, antiderivative size = 265
(e + fz)3log (1 — e~ 2ctdo))

3f
a—b)e—2(ctdz)
(e + fx)3log (1 _ lazb)e e )a+b )

/(e + fz)*log(a + bcoth(c + dz)) dxr =

3f

N (e+ fz)? 1og(a + bcoth(c + dx))

_ (e+f=z)° PolyLog (2, g=2(ctdo))

+
f (e+ fx) PolyLog 3,e 2(c+d””))

2(c+dx)

fle+ fz) PolyLog (3 (“ba—er

(6 + f.’L' 2 PolyLOg <2’ (a b)e 2(c+dm)>

)

202
204
206l

' 2d?
f? PolyLog (4’ e-?(c-{-dw))
43
f?PolyLog (4, =05

a+b
4d3

+
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1/3%(f*x+e) “3*1n(1-exp (-2*d*x-2%*c) ) /f-1/3* (fxx+e) “3*1n(1-(a-b)/(a+b) /exp(2
*d*x+2%c)) /£+1/3* (£*x+e) “3x1n(a+b*coth(d*x+c)) /f-1/2x (£xx+e) “2*polylog(2,e
xp(-2*d*x-2%c) ) /d+1/2* (£*xx+e) "2*xpolylog(2, (a-b) /(a+b) /exp(2*d*x+2*c))/d-1/
2xfx (fxx+e) *polylog(3,exp(-2*d*x—2%*c))/d~2+1/2*f* (f*x+e)*polylog(3, (a-b)/(
at+b) /exp(2*d*x+2*c))/d"2-1/4*%f~2*polylog(4,exp(-2*d*x—-2%c))/d~3+1/4*f~2*po
lylog(4, (a-b)/(a+b) /exp(2*d*x+2%c))/d"3

output

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 652 vs. 2(265) = 530.

Time = 4.57 (sec) , antiderivative size = 652, normalized size of antiderivative = 2.46

/(e + fx)*log(a + beoth(c + dz)) dx

12d3e’zlog (1 — e7*%) + 12d3e fz*log (1 — e7*%) + 4d3 f2z3 log (1 — e=~%) + 12d%e®z log (1 + e~

-

input LIntegrate[(e + fxx) 2*Logl[a + b*Coth[c + d*x]],x]

-/

(12%d"3%e~2*x*Log[1l - E~(-c - d*x)] + 12%d"3*exf*x"2*Log[l - E~(-c - d*x)]
+ 4xd~3*f"2*x"3*Log[1 - E~(-c - d*x)] + 12xd~3%e"2*x*Log[1l + E~(-c - d*x)
1 + 12xd"3%exf*x"2*Log[l + E~(-c - d*x)] + 4*d"3*f~2xx"3xLog[l + E~(-c - d
*x)] - 12*%d"3*e"2xx*Log[l + (-a + b)/((a + b)*E~(2x(c + d*x)))] - 12%d"3*e
*f*xx"2%Log[1 + (-a + b)/((a + b)*E~(2*(c + d*x)))] - 4*d~3*f~2xx"3*Log[1 +

(-a + b)/((a + B)*E~(2x(c + d*x)))] + 12xd~3*e”2*xx*Logla + b*Coth[c + d*x
11 + 12%d~3xe*f*x"2xLogl[a + b*Coth[c + d*x]] + 4*d~3*f~2*x"3*Logl[a + b*Cot
hlc + d*x]] - 12%d"2x(e + f*x) "2%PolyLog[2, -E~(-c - d*x)] - 12%d"2*(e + £
*x) "2%PolyLog[2, E~(-c - d*x)] + 6xd"2*e~2*PolyLogl[2, (a - b)/((a + b)*E"(
2%(c + d*x)))] + 12xd"2*exf*x*PolyLog[2, (a - b)/((a + D)*E~(2x(c + d*x)))
] + 6%d™2xf~2*x"2%PolyLog[2, (a - b)/((a + D)*E~(2*(c + d*x)))] - 24*d*exf
*PolyLog[3, -E~(-c - d*x)] - 24xd*f~2xx*PolyLogl[3, -E~(-c - d*x)] - 24xd*e
*f*PolyLog[3, E~(-c - d*x)] - 24*d*f~2+x*PolyLog[3, E~(-c - d*x)] + 6*xd¥ex
f*PolyLog[3, (a - b)/((a + D)*E~(2*(c + d*x)))] + 6*d*f ~2*x*PolyLogl[3, (a
- b)/((a + D)*E~(2*(c + d*x)))] - 24*f~2xPolyLogl[4, -E~(-c - d*x)] - 24xf~
2xPolyLog[4, E~(-c - d*x)] + 3xf~2xPolyLogl[4, (a - b)/((a + bB)*E~(2x(c + d
*x)))]1)/(12%d"3)

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(e + fx)?log(a + beoth(c + dx)) dz

l 3031

bd(e+fz)3csch’ (c+dz
(e + fz)3log(a + beoth(c + dx)) B J= ( a+b<):oth(c+d(x) Lda

3f 3f

| 25
bd(e+fx)3CSCh2(c+dx)d 3
f a+bcoth(c+dzx) T + (6 + f.’L') log(a + bCOth(C + dw))

3f 3f

l 27
e+fx 3CSCh2 ct+dx
bd f ( a{}—lzcoth(c—l—(dx) )dx 4 (6 + fac)3 log(a + bCOth(c + dx))

3f 3f
| 7293
bd [ <CSCh2(c+dz)e3 43 fzesch’ (c+dz)e? | 3f2z2csch’(c+dz)e f3a:3CSCh2(c+dm)) dz
a+b coth(c+dz) a+b coth(c+dz) a+b coth(c+dz) a+bcoth(c+dz)
+
3f
(e + fx)3log(a + beoth(c + dx))
3f
| 2009
csch®(c+d 2csch®(c+d 3csch®(c+d 3 log(a+b coth(c+d.
bd <362f f :—l—b coth((cc—l—da;:)) dz + 36f2 f z—i-b coth((Z—i—d;L;; dzr + f3 f Z+b coth§g+daf; dz — < = l(z:c(l) {erd)
_|_
3f
(e + fz)3log(a + beoth(c + dx))
3f
input LInt [(e + f£xx)~2xLogl[a + bxCoth[c + d*x]],x] J

output ‘ $Aborted ‘
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(b*x(m + 1))), x] - Simp[1/(bx(m + 1)) Int[SimplifyIntegrand[(a +
bxx)~(m + 1)*(D[u, x]/w), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 3031

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 8.65 (sec) , antiderivative size = 4416, normalized size of antiderivative = 16.66

method | result size
risch Expression too large to display | 4416

tnput Lint ((f*x+e) "2x1n(atb*coth(d*x+c)) ,x,method=_RETURNVERBOSE) J




output

input
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-1/4/d4°3*f"2*a/ (a+b) *polylog(4, (a+b)*exp (2*xd*x+2*c) /(a-b))-1/4/d"3*£f~2%b/(
a+b) *polylog(4, (a+b) *exp (2*d*x+2*c)/(a-b) )-1/3/f*a*e”3/ (a+b) *1n(axexp (2*d*
x+2%c)+exp (2*d*x+2%c) *b-a+b) -1/3/f*b*e~3/ (a+b) *1n (a*exp (2*d*x+2%c) +exp (2*d
*x+2*c) *b-a+b) -1/d*a*e~2/ (a+b) *dilog((-exp (d*x+c) *a-b*exp (d*x+c)+((a+b) *(a
-b))~(1/2))/((a+b)*(a-b))~(1/2))-1/d*a*e~2/(atb)*dilog((exp(d*x+c)*at+b*exp
(d*x+c)+((a+b)*(a-b))~(1/2))/((a+b)*(a-b))~(1/2))-1/d*b*xe”2/ (a+b) *dilog((-
exp (d*x+c) *a-b*exp (d*x+c)+((atb)*(a-b))~(1/2))/((a+b)*(a-b) ) ~(1/2) )-1/d*bx*
e~2/ (a+b) *dilog( (exp (d*x+c) *a+b*exp (d*x+c)+((a+b) *(a-b))~(1/2))/((a+b) *(a-
b))~ (1/2))-1/3%£~2xb/ (a+b) *1n(1-(a+b) *exp (2xd*x+2*c) / (a-b) ) ¥x~3-1/3*f"2*a/
(a+b) *1n(1- (a+b) *exp (2*d*x+2*c) / (a-b) ) *x~3-b*e~2/ (a+b) *1n ((exp (d*x+c) *a+b*
exp (d*x+c)+((a+b)*(a-b))~(1/2))/((a+b) *(a-b)) ~(1/2) ) *x-b*e~2/ (a+b) *1n((-ex
p(d*x+c)*a-bxexp(d*x+c)+((a+b)*(a-b))~(1/2))/((a+b)*(a-b))~(1/2) ) *x-a*e~2/
(a+b) *1n((-exp (d*x+c) *a-b*exp (d*x+c)+((a+b) *(a-b)) ~(1/2))/((a+b)*(a-b) )~ (1
/2))*x-axe”2/ (a+b) *1n( (exp (d*x+c) *a+b*exp (d*x+c)+((a+b) *(a-b)) ~(1/2))/((a+
b)*(a-b)) ~(1/2) ) #*x-1n(exp (2*d*x+2*c) —1) *f*x~2%e+2*f /d*e*1n (-exp (d*x+c) +1) *
x*xc—-£72/d"2*1n(-exp (d*x+c)+1) *x*c~2+2xf/d"2*cxe*dilog(exp (d*x+c) ) -2*f/d~2*
cxexdilog(exp(d*x+c)+1)+f*c~2/d"2*e*1n(exp(d*x+c)-1)+£f/d"2*ex1n(-exp (d*x+c
)+1) *c~2+2xf /d*e*polylog(2, exp (d*x+c) ) *x+2*f/d~2*e*polylog (2, exp (d*x+c)) *c
+2xf/dxe*xpolylog(2,-exp (d*x+c) ) *x+2xf/d"2*%e*polylog(2,-exp(d*x+c) ) *c-£72/d
~3*polylog(2,exp(d*x+c))*c™2-2xf~2/d"2*polylog(3,exp(d*x+c) ) *x+f~2/d*po. ..

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1000 vs. 2(245) = 490.

Time = 0.12 (sec) , antiderivative size = 1000, normalized size of antiderivative = 3.77

/(e + fx)?log(a + bcoth(c + dx)) dr = Too large to display

‘integrate((f*x+e)‘2*log(a+b*coth(d*x+c)),x, algorithm="fricas")
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-1/3%(6*f~2*polylog(4, sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c
))) + 6xf~2xpolylog(4, -sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x +
c))) - 6xf~2xpolylog(4, cosh(d*x + c) + sinh(d*x + c)) - 6*xf~2xpolylog(4,
—-cosh(d*x + c) - sinh(d*x + c)) + 3*x(d"2*f72*%x72 + 2%d"2%e*xf*x + d"2%e”2)*
dilog(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) + 3*(d"2*f"2*
X72 + 2xd"2xexf*x + d"2xe"2)*dilog(-sqrt((a + b)/(a - b))*(cosh(d*x + c) +
sinh(d*x + c))) - 3*(d"2*£72%x"2 + 2xd"2*exfxx + d"2*xe”2)*dilog(cosh(d*x
+ c) + sinh(d*x + c)) - 3*(d"2*£72%x"2 + 2xd"2*exf*x + d"2*e"2)*dilog(-cos
h(d*x + c) - sinh(d*x + c)) - (3%c*d"2*e”2 - 3xc~2*kd*exf + c~3*f"2)*log(2%
(a + b)*cosh(d*x + c) + 2x(a + b)*sinh(d*x + c) + 2*(a - b)*sqrt((a + b)/(
a - b))) - (3xckd"2*e”2 - 3*xc 2*dxexf + c~3xf"2)*log(2*(a + b)*cosh(d*x +
c) + 2x(a + b)*sinh(d*x + c) - 2*(a - b)*sqrt((a + b)/(a - b))) + (d"3*£"2
*x73 + 3xd"3*exf*x"2 + 3*%d"3*ke”2xx + 3*cxd"2*e"2 - 3kxc"2*dxexf + cT3*f£72)*
log(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) + (d~3*f72%
X783 + 3*%d"3*kexf*x"2 + 3*%d"3*e”2xx + 3kcxd"2*e”2 - 3kc"2*kdxe*f + cT3*¥f72)*1
og(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) - (d"3*f"2*
X"3 + 3*d"3*e*xf*x"2 + 3*d"3xe”2*x)*log((b*cosh(d*x + c) + a*sinh(d*x + c))
/sinh(d*x + c)) - (d"3*f£72%x"3 + 3*d"3*exf*x"2 + 3*d"3*e”2*x)*log(cosh(d*x
+ ¢) + sinh(d*x + c) + 1) + (3%cxd"2*e”2 - 3xc~2*d*exf + c~3*f"2)*log(cos
h(d*x + c) + sinh(d*x + c) - 1) - (d73*f£72xx"3 + 3*kd"3kexf*x"2 + 3*d™3*...

output

Sympy [F]

/(e + fx)*log(a + beoth(c + dz)) dr = / (e + fz)’log (a + beoth (c + dz)) dz

jnputLintegrate((f*X+e)**2*1n(a+b*COth(d*x+c)),x)

-

outputtlntegral((e + fxx)**x2xlog(a + bxcoth(c + d*x)), x)

| —




-

inputL
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 676 vs. 2(245) = 490.

Time = 0.23 (sec) , antiderivative size = 676, normalized size of antiderivative = 2.55

/(e + fx)*log(a + bcoth(c + dz)) dx = Too large to display

integrate ((f*x+e) “2*log(atb*coth(d*x+c)),x, algorithm="maxima")

~—

output

-1/18%b*d* (9% (2*d*x*1og(-(a*xe™ (2%c) + bxe~(2*c))*e~(2*d*x)/(a - b) + 1) +
dilog((a*e™(2*c) + b*e~(2*c))*e” (2xd*x)/(a - b)))*e~2/(b*xd"2) - 18*(d*x*lo
g(e“(d*x + c) + 1) + dilog(-e~(d*x + c)))*e”2/(b*d"2) - 18*(d*x*log(-e~ (d*
x + ¢c) + 1) + dilog(e~(d*x + c)))*e”2/(b*d"2) + 9*(2xd~2*x"2*log(-(a*xe™ (2%
c) + bkxe~(2xc))*e”(2xd*x)/(a - b) + 1) + 2*d*x*dilog((a*e” (2*c) + bxe™(2*c
))*e~(2*d*x)/(a - b)) - polylog(3, (a*e~(2*c) + b*e~(2*c))*e” (2xd*x)/(a -
b)) ) *exf/(b*xd~3) - 18x(d"2*x"2*log(e~(d*x + c) + 1) + 2*d*x*dilog(-e~(d*x
+ c)) - 2xpolylog(3, -e~(d*x + c)))*exf/(b*d~3) - 18%(d~2*x"2xlog(-e~ (d*x
+ c) + 1) + 2xd*x*dilog(e~(d*x + c)) - 2*polylog(3, e~ (d*x + c)))*exf/(b*d
73) + 2x(4*d"3xx"3*log(-(a*e”(2%c) + b¥e”(2%c))*e”(2*d*x)/(a - b) + 1) + 6
*d~2*x"2xdilog((a*e” (2*%c) + b*xe~(2%c))*e” (2*d*x)/(a - b)) - 6*d*x*polylog(
3, (a*e”(2xc) + b¥e”(2%c))*e”(2*d*x)/(a - b)) + 3*polylog(4, (axe”(2%c) +
bxe~(2%c))*e” (2xd*x)/(a - b)))*£~2/(b*d"4) - 6%(d"3*x"3xlog(e~(d*x + c) +

1) + 3%d"2*x"2*dilog(-e~(d*x + c)) - 6xd*x*polylog(3, -e~(d*x + c)) + 6%*po
lylog(4, -e~(d*x + c)))*£72/(bxd"4) - 6*%(d"3*x"3*log(-e~(d*x + c) + 1) + 3
*d"2*x"2xdilog(e” (d*x + c)) - 6xd*x*polylog(3, e~ (d*x + c)) + 6*polylog(4,
e~ (d*x + c)))*£72/(b*xd"4)) + 1/3*%(£72%x"3 + 3*e*f*x"2 + 3*e~2*x)*Llog(b*co
th(d*x + c) + a)

Giac [F]

/(e + fz)?log(a + bcoth(c + dz)) dx = / (fz + €)*log (beoth (dz + ¢) + a) da

inputl

integrate ((f*x+e) “2*log(at+b*coth(d*x+c)),x, algorithm="giac")




output

input

output

input

output
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Lintegrate((f*x + e)"2xlog(b*coth(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

/(e + fz)*log(a + bcoth(c + dz)) dz = /ln (a + beoth(c +dz)) (e + fz) d

-

Lint(log(a + bxcoth(c + d*x))*(e + f*x)~2,x%)

-/

Lint(log(a + bxcoth(c + d*x))*(e + f*x)~2, x)

Reduce [F]

/(e + fx)*log(a + beoth(c + dz)) dr = (/ log(coth (dx + ¢) b+ a) dx> e’
+ (/ log(coth (dx +¢) b+ a) xQdac> f?
+2 (/ log(coth (dx + ¢) b+ a) xdm) ef

Lint((f*x+e)"2*log(a+b*coth(d*x+c)) ,X)

‘int(log(coth(c + d*x)*b + a),x)*e*x2 + int(log(coth(c + d*x)*b + a)*x**2,x
‘)*f**2 + 2xint (log(coth(c + d*x)*b + a)*x,x)*exf




output
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3.41 [(e+ fz)log(a + bcoth(c + dzx)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
RUDL [F] .« © o o oot e e e
Maple [C] (warning: unable to verify) . . . . . . . ... ... ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 17, antiderivative size = 198

(e+ fz)?log (1 — 6—2(c+dz))
2f

/(e + fx)log(a + beoth(c + dz)) dx =

(e+ fa)?log (1 — Le=ber™

a+b

)

2f

N (e + fz)?log(a + beoth(c + dz))

2f
(e + fz) PolyLog (2, e~2(ct))

2d

—2(c+dz)

(e + fz) PolyLog <2, (azbje =T

a+b

)

’ 2d
f POlyLOg (3, 6_2(C+dz))
4d?
f PolyLog <3, (a—b)e=2(c+da) >

a+b
4d?

_|_

1/2% (f*x+e) "2*1n(1-exp (-2*d*x-2%c)) /f-1/2x (£*x+e) “2x1n(1-(a-b)/(at+b) /exp(2
*xd*x+2%c)) /£+1/2* (f*x+e) "2*1n(a+bxcoth(d*x+c) ) /f-1/2* (f*xx+e) *polylog(2, exp
(-2%d*x-2%c) ) /d+1/2* (fxx+e) *polylog(2, (a-b) / (a+b) /exp (2xd*x+2%c) ) /d-1/4*f*
polylog(3,exp(-2*d*x-2%*c))/d~2+1/4*f*polylog(3, (a-b)/(a+b) /exp (2*d*x+2%c))

/d~2
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Mathematica [A] (verified)

Time = 1.69 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.70

/(e + fx)log(a + beoth(c + dz)) dx

—2(c+dx)

2d? fz?log (1 — e7*%) + 2d* fz? log (1 + %) — 2d? fz? log <1 + %) + 2d% fz?log(a +

;
Integrate[(e + f*x)*Logla + b*Coth[c + d*x]],x]

N J

input

(2xd~2xfxx"2xLog[1 - E"(-c - d*x)] + 2*d"2*f*x"2+Log[l + E~(-c - d*x)] - 2
*q"2*%f*x"2xLog[1 + (-a + b)/((a + D)*E~(2*(c + d*x)))] + 2*d~2xf*x"2*Log[a
+ b*Coth[c + d*x]] - 2xd*e*Log[-((bx(-1 + Coth[c + d*x]))/(a + b))]*Logla
+ b*Coth[c + d*x]] + 2xd*e*Log[-((b*(1 + Coth[c + d*x]))/(a - b))]*Logla
+ bxCoth[c + d*x]] - 4*d*f*x*PolyLog[2, -E~(-c - d*x)] - 4*d*f*x*PolyLogl[2
, E7(-c - d*x)] + 2*dxf*x*PolyLogl[2, (a - b)/((a + D)*E~(2*(c + d*x)))] +
2xd*e*PolyLog[2, (a + b*Coth[c + d*x])/(a - b)] - 2xd*exPolyLogl[2, (a + b*
Coth[c + d*x])/(a + b)] - 4xfxPolyLog[3, -E~(-c - d*x)] - 4*f*PolyLog[3, E

“(-c - d*x)] + f*PolyLog[3, (a - b)/((a + b)*E~(2*(c + d*x)))])/(4%d"2)

N\ J

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fxz)log(a + bcoth(c + dx)) dz

| 3031
9 __bd(e+fx)?csch® (c+dz) d
(e + fz)*log(a + beoth(c +dz)) J a+b coth(c+dx) z
2f 2f

l 25
f bd(e+fz)2CSCh2(c+dm)d 9
a-+bcoth(c+dz) T 4 (e + fz)*log(a + beoth(c + dzx))

2f 2f
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l 27
e+fx 2CSCh2 ct+dzx
bd f ( a{}—lzcoth(c—l-(dz) )dx 4 (6 + fJ?)Q log(a + bCOth(C + dx))

2f 2f
| 7293
2¢csch?(c+d F2z2csch’(c+d 2efzcsch’ (c+d
bd f (Z—i—b cothéi—i—dig afi—b coth(c(j-dx;C) + Z—i—mb coth(c(j—d:c)z) dzx
+
2f
(e + fx)?log(a + beoth(c + dx))
2f
l'2009
ar}CSCh2 ct+dzx iBQCSCh2 ct+dz e? log(a+b coth(c+dx
bd <2€f f a+b coth((c—f-dz)) dz + f2 a+b cothEc—}-dac; dx — = bd ( )))
2f +
e+ fz)?log(a + beoth(c + dx
(e + fz)*log
2f
input LInt [(e + f*x)*Logl[a + b*Coth[c + d*x]],x] J
output t$Aborted J
Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J
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rule 3031 IRt [Loglu_l*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(ox(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
bxx)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 7293 ]Int [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x1}, Int[v, x] /; SumQ[v]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 7.31 (sec) , antiderivative size = 2535, normalized size of antiderivative = 12.80

method | result size

risch Expression too large to display | 2535

inputLint((f*x+e)*1n(a+b*coth(d*x+c)),X,method=_RETURNVERBOSE)
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-e/d*dilog(exp(d*x+c))+1/4/d"2*bxf/ (a+b)*polylog(3, (a+b) *xexp (2*d*x+2*c)/(a
-b))+1/4/d"2*axf/(a+b)*polylog(3, (a+b)*exp (2*d*x+2xc)/(a-b))-1/d*e*a/(a+b)
*dilog((-exp(d*x+c)*a-b*xexp(d*x+c)+((at+tb)*(a-b))~(1/2))/((a+b)*(a-b))~(1/2
))-1/d*ex*a/(a+b) *dilog((exp (d*x+c) *a+b*exp (d*x+c)+((a+b) *(a-b))~(1/2))/((a
+b) *(a-b) )~ (1/2))-1/d*b*e/ (atb) *dilog((-exp (d*x+c) *a-b*exp (d*x+c)+((a+b)*(
a-b))~(1/2))/((a+b)*(a-b))~(1/2))-1/d*bxe/ (a+b) *dilog( (exp (d*x+c) *a+b*exp(
d*x+c)+((a+b)*(a-b))~(1/2))/((a+b) *(a-b)) ~(1/2) ) -e*a/ (a+b) *1n((-exp (d*x+c)
*a-bxexp (d*x+c)+((a+b)*(a-b))~(1/2))/((at+b)*(a-b) )~ (1/2) ) *x-e*a/ (a+b) *1n ((
exp (d*x+c) *a+b*exp (d*x+c)+((atb)*(a-b))~(1/2))/((a+b)*(a-b) ) ~(1/2) ) *x-b*e/
(a+b) *1n ((-exp (d*x+c) *a-b*exp (d*x+c)+((a+b) * (a-b) ) ~(1/2)) / ((a+b) *(a-b) ) ~(1
/2))*x-b*e/ (a+b) *1n ((exp (d*x+c) *a+b*exp (d*x+c)+((a+b) *(a-b) ) ~(1/2) )/ ((a+b)
*(a-b))~(1/2) ) *x+1/2%f/d"2xc~2*1n(exp(d*x+c)-1)+f/d"2*cxdilog (exp (d*x+c)) -
f/d"2xc*dilog(exp(d*x+c)+1)+f/d*polylog(2,-exp(d*x+c))*x+f/d"2*polylog(2,-
exp (d*x+c)) *c+f/d*1n (-exp (d*x+c)+1) *c*x—e/d*c*1n(exp (d*x+c)-1)-1/2+%I*Pixcs
gn (I*(a*(exp(2*d*x+2*c)—1)+b* (1+exp (2*d*x+2*c))) / (exp (2*d*x+2*c)-1)) *(csgn
(I*(ax(exp (2*d*x+2*c)-1)+b* (1+exp (2*d*x+2%c)))) *csgn(I/ (exp (2*d*x+2%c)-1))
—-csgn (I*(a*(exp(2*d*x+2*c)-1) +b* (1+exp (2*d*x+2%c))) / (exp (2*d*x+2%c)-1) ) *cs
gn(I/ (exp(2xd*x+2*c)-1))-csgn(I*(a*(exp(2*d*x+2%c)-1)+b* (1+exp (2*d*x+2%c))
) ) *csgn (I*(a* (exp(2*d*x+2*c) -1) +bx (1+exp (2*d*x+2xc))) / (exp (2xd*x+2%c)-1) )+
csgn(I*(a*(exp(2xd*x+2%c)-1) +bx (1+exp (2*d*x+2*xc)) )/ (exp (2*%d*x+2*c)-1)) ...

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 627 vs. 2(182) = 364.

Time = 0.10 (sec) , antiderivative size = 627, normalized size of antiderivative = 3.17

/(e + fz)log(a + bcoth(c + dz)) dz = Too large to display

input‘integrate((f*X+e)*1°g(a+b*00th(d*X+C)),X, algorithm="fricas")
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-1/2% (2% (d*f*x + d*e)*dilog(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*
X + c))) + 2x(dxfxx + d*e)*dilog(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + s
inh(d*x + c))) - 2x(d*f*x + dxe)*dilog(cosh(d*x + c) + sinh(d*x + c)) - 2x
(dxf*x + d*e)*dilog(-cosh(d*x + c) - sinh(d*x + c)) - (2*c*d*e - c~2*f)x*lo
g(2*(a + b)*cosh(d*x + c) + 2%(a + b)*sinh(d*x + c) + 2*(a - b)*sqrt((a +
b)/(a - b))) - (2*cxd*e - c~2*f)*log(2*(a + b)*cosh(d*x + c) + 2x(a + b)*s
inh(d*x + c) - 2%(a - b)*sqrt((a + b)/(a - b))) + (d72%f*x"2 + 2%d"2*e*x +
2kc*dxe - c”2*f)*log(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)
) + 1) + (d72%f*x"2 + 2xd"2*e*x + 2kckd*e - c”2*xf)*log(-sqrt((a + b)/(a -
b)) *(cosh(d*x + c) + sinh(d*x + c)) + 1) - (d™2xf*x"2 + 2*d"2xe*x)*log((b*
cosh(d*x + c) + a*sinh(d*x + c))/sinh(d*x + c)) - (d72%f*x"2 + 2xd™2%exx)*
log(cosh(d*x + c) + sinh(d*x + c) + 1) + (2*kcxdxe - c~2xf)*log(cosh(d*x +
c) + sinh(d*x + c) - 1) - (d"2*f*x"2 + 2xd"2xe*x + 2xc*d*e - c~2*f)*log(-c
osh(d*x + c) - sinh(d*x + c) + 1) - 2xfxpolylog(3, sqart((a + b)/(a - b))*(
cosh(d*x + c) + sinh(d*x + c))) - 2*f*polylog(3, -sqrt((a + b)/(a - b))*(c
osh(d*x + c) + sinh(d*x + c))) + 2*f*polylog(3, cosh(d*x + c) + sinh(d*x +
c)) + 2xf*polylog(3, -cosh(d*x + c) - sinh(d*x + c)))/d"2

output

Sympy [F]

/(e + fz)log(a + beoth(c + dz)) dz = / (e + fz)log (a + beoth (c + dz)) dz

B
Lintegrate((f*x+e)*1n(a+b*coth(d*x+c)),x)

~—

input

;
Output‘lntegral((e + fxx)*log(a + bxcoth(c + d*x)), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 370 vs. 2(182) = 364.
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Time = 0.21 (sec) , antiderivative size = 370, normalized size of antiderivative = 1.87

/(e + fz)log(a + beoth(c + dz)) dz =

ae(2¢) 4 pe(2c))e(2dx) . ae(2¢) 4 pe(20))e(2dz)
lbd 2<2dxlog<——( +Z_b) 4—1>-+IA2<( +Z_b) ))e 4 (dzlog (e®+9) 4 1) +1
4 bd? B bd?

1
+ 3 (fz® +2ex) log (beoth (dz + ¢) + a)

-/

p
input Lintegrate ((fxx+e)*1log(atb*coth(d*x+c)) ,x, algorithm="maxima")

-1/4xb*d* (2% (2xd*x*1log (- (a*e™ (2*c) + b*e~(2*c))*e”(2xd*x)/(a - b) + 1) + d
ilog((axe™(2*c) + b*xe~(2xc))*e” (2xd*x)/(a - b)))*e/(bxd"2) - 4*(d*x*log(e”
(d*x + c) + 1) + dilog(-e~(d*x + c)))*e/(b*d"2) - 4*(d*x*log(-e~(d*x + c)

+ 1) + dilog(e~(d*x + c)))*e/(b*d"2) + (2*d~2xx"2*log(-(a*e” (2*c) + bxe~(2
xc))*xe” (2xd*x)/(a - b) + 1) + 2*d*x*dilog((axe”(2*c) + b*e~(2*c))*e” (2xd*x
)/(a - b)) - polylog(3, (axe”(2xc) + bxe”(2%c))*e~(2*d*x)/(a - b)))*f/(b*d
~3) - 2%(d"2*x"2xlog(e”(d*x + c) + 1) + 2*kd*x*dilog(-e~(d*x + c)) - 2*poly
log(3, -e~(d*x + c)))*f/(b*d~3) - 2%(d"2*x"2*xlog(-e”~(d*x + c) + 1) + 2%d*x
*dilog(e~(d*x + c)) - 2*polylog(3, e~ (d*x + c)))*£f/(bxd"3)) + 1/2x(f*x"2 +
2xexx)*log(b*coth(d*x + c) + a)

output

Giac [F]

/(e + fz)log(a + beoth(c + dz)) dx = / (fz + e)log (beoth (dz + ¢) + a) dx

inputLintegrate((f*x+e)*1og(a+b*coth(d*x+c))’x, algorithm="giac") J

Output‘integrate((f*x + e)*log(b*coth(d*x + c) + a), x)
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Mupad [F(-1)]

Timed out.

/(e + fz)log(a + beoth(c + dz)) dz = /ln (a+bcoth(c+dx)) (e+ fz) dz

inputtint(log(a + bkcoth(c + d*x))*(e + £*x),x)

output Lint(log(a + b*coth(c + d*x))*(e + f*x), x)

Reduce [F]

/(e + fz)log(a + beoth(c + dz)) dx = (/ log(coth (dx +¢) b+ a) dx) e

+ ( / log(coth (dz + ¢) b+ a) xdx) f

inputLint((f*x+e)*10g(a+b*coth(d*x+c)),x)

output Lint(log(coth(c + d*x)*b + a),x)*e + int(log(coth(c + d*x)*b + a)*x,x)*f
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3.42 [ log(a + beoth(c + dz)) dz

Optimal result . . . . . . . . . . . . e 317
Mathematica [A] (verified) . . . . . . . . . ... o 318
Rubi [F] .« o oot 318
Maple [A] (verified) . . . . . . ... L 319
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 320
Sympy [F] . . o o B21]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B211
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 11, antiderivative size = 126

log (%ﬁbﬁdm))) log(a + bcoth(c + dx))
2d
log <—w> log(a + bcoth(c + dx))

a—b
2d
POlyLOg <2, a+b coth(c+da:))

a—b
2d

a+bcoth(c+dz)
POIYLOg (2, T)

2d

/log(a + beoth(c + dz)) dz = —

+

+

‘ -1/2%1n(b*(1-coth(d*x+c) )/ (a+b))*1n(a+b*coth(d*x+c))/d+1/2*1n(-b*(1+coth(d \
' *x+c))/(a-b)) ¥1n(a+b*coth(d*x+c) ) /d+1/2*polylog(2, (a+b*coth(d*x+c))/(a-b)) |
| /d-1/2%polylog(2, (atb*coth(d*x+c))/(a+b))/d |

output
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00

log (%W) log(a + bcoth(c + dz))
2d
log (—W) log(a + bcoth(c + dz))
2d
POlyLOg <2’ a+bcoth(c+dw)>

a—b
2d
POlyLOg (2, a+bcoth(c+dac)>

a+b
2d

/log(a + beoth(c+ dz)) dz = —

+

+

-

input L

-/

Integrate[Log[a + b*Coth[c + d*x]],x]

‘—1/2*(Log[(b*(1 - Coth[c + d*x]))/(a + b)]*Logla + b*Coth[c + d*x]]1)/d + ( ‘
'Log[-((b*(1 + Coth[c + d*x1))/(a - b))1*Logla + bxCothlc + d*x]1)/(2%d) +
‘PolyLog[2, (a + bxCoth[c + d*x])/(a - b)]/(2*%d) - PolyLog[2, (a + b*Coth[c ‘
+ axx])/(a + D)1/ (2%d) |

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/log(a + beoth(c + dx)) dz

l 3028

3 bdzcsch?(c + dx)

wlog(a+bc0th(c+dx))—/ o+ beoth(c + dz) x

| 25

2
bdxcsch®(c + dx) dz + zlog(a + bcoth(c + dz))

a + beoth(c + dz)
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| 27

dx + zlog(a + bcoth(c + dzx))

bd/ xcsch?(c + dx)
a + beoth(c + dz)

l 7299

bd / xcsch?(c + di)

a + beoth(c + dz) dz + zlog(a + beoth(c + dz))

input‘ Int[Log[a + b*Coth[c + d*x]],x]

output L$Aborted

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

Int[Loglu_], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand[x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

rule 3028

rule 7299 LInt [u_, x_] :> CannotIntegrate[u, x]

Maple [A] (verified)

Time = 8.96 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99
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method result
(dilog ( beoth(dzte)—b ) +In(a+b coth(dz+c)) In ( beoth(dzte)—b ) ) b (dilog ( beoth(dztc)+b °°”‘_(Zi‘l‘;°)+b ) +1n(a+b coth(dz+c)) In ( be
derivativedivides | — 2 dZ‘ P
~ (dilog ( beoth(drte)—b ) +1n(a+b coth(dz+c)) In (7” coth(dz+c)—b ) ) b . (dilog ( beoth(dzte)+b ) +In(a+b coth(dz+c)) In ( be
default 2 - 3
risch Expression too large to display
inputLint(ln(a+b*00th(d*X+c)),X,meth0d=_RETURNVERBOSE) J

output

‘fl/d/b* (-1/2*(dilog((b*coth(d*x+c)-b)/(-a-b))+1ln(at+b*coth(d*x+c))*1n((b*cot \‘
‘ h(d*x+c)-b)/(-a-b)))*b+1/2*(dilog((b*coth(d*x+c)+b)/(-a+b))+1n(a+b*coth (d* ‘

‘ x+c))*1n ((b*coth(d*x+c)+b) /(-a+b)))*b)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 356 vs. 2(115) = 230.

Time = 0.10 (sec) ,

antiderivative size = 356, normalized size of antiderivative = 2.83

/log(a + beoth(c + dx)) dx

dz log (bCOSh(dﬁ;ﬁ)(ngh(dHc)> + dzlog (cosh (dz + ¢) + sinh (dx + ¢) + 1) + clog (2 (a + b) cosh (dz +

-

input

Lintegrate (log(atb*coth(d*x+c)),x, algorithm="fricas")

N




CHAPTER 3. LISTING OF INTEGRALS 321

(d*x*log((b*cosh(d*x + c) + a*sinh(d*x + c))/sinh(d*x + c)) + dxx*log(cosh
(d*x + c) + sinh(d*x + c) + 1) + cxlog(2*(a + b)*cosh(d*x + c) + 2*(a + b)
*sinh(d*x + c) + 2x(a - b)*sqrt((a + b)/(a - b))) + c*log(2x(a + b)*cosh(d
*x + c) + 2x(a + b)*sinh(d*x + c) - 2x(a - b)*sqrt((a + b)/(a - b))) - (d*
x + c)*log(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) - (d
*x + c)*log(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c)) + 1) -

c*log(cosh(d*x + c) + sinh(d*x + c) - 1) + (d*x + c)*log(-cosh(d*x + c) -

sinh(d*x + c) + 1) - dilog(sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x
+ ¢))) - dilog(-sqrt((a + b)/(a - b))*(cosh(d*x + c) + sinh(d*x + c))) +

dilog(cosh(d*x + c) + sinh(d*x + c)) + dilog(-cosh(d*x + c) - sinh(d*x + c
)))/d

output

Sympy [F]

/log(a + beoth(c+ dx)) dz = /log (a + beoth (¢ + dx)) dz

input‘integrate(ln(a+b*coth(d*x+c)),x)

outputtlntegral(log(a + b*coth(c + d*x)), x) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.17

/log(a + beoth(c + dx)) dx =

_Ebd

ae(2 c)+be(2 c))e(2dz) . ae(2¢) +be(2 c))e(2dx)
1 2dzx 10g <— ( " ) + 1) + L12 <( — ) > 9 (dx log (e(dx—i-c) + 1) + LiQ(—t
bd? bd?

+ zlog (bcoth (dz + ¢) + a)

p

tintegrate(log(a+b*coth(d*x+c)),X, algorithm="maxima")

~—

input
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Output‘ -1/2xbxd* ((2*d*x*Llog(-(a*e~ (2%c) + bke~(2*c))*e~(2xd*x)/(a - b) + 1) + dil \
Log((axe™(2%c) + bxe™(2%c))*e™(2+d*x)/(a - b)))/(b*d"2) - 2¢(dxx*log(e™(d*x |
‘ + ¢c) + 1) + dilog(-e~(d*x + c)))/(b*d~2) - 2%(d*x*log(-e~(d*x + c) + 1) + ‘

‘ dilog(e~(d*x + c)))/(b*d~2)) + x*log(bxcoth(d*x + c) + a)

Giac [F]

/log(a + beoth(c + dx)) dz = /log (bcoth (dz + ¢) + a) dx

inputLintegrate(10g(a+b*coth(d*x+c)),x, algorithm="giac") J

OutputLintegrate(log(b*coth(d*x +c) +a), x) J

Mupad [F(-1)]

Timed out.

/log(a + beoth(c + dz)) dz = /ln (a4 bceoth(c+dx)) dz

inputLint(log(a + bxcoth(c + d*x)),x) J

-

int(log(a + b*coth(c + d*x)), x)

—

outputt

Reduce [F]

/log(a + beoth(c + dzx)) dz = /log(coth (dx+c)b+a)dx

inputLint(log(a+b*coth(d*x+c)),x) J
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output Lint(log(coth(c + d*x)*b + a),x)
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3.43 f log(a+bec_:_)’}1;(c+d:r)) dx

Optimal result . . . . . . . . . . . . .
Mathematica [N/A] . . . . . . . . . 324
Rubi [N/A] .« . o 325
Maple [N/A] . . .
Fricas [N/A] . . . . . o 326
Sympy [N/A] . . e 326
Maxima [N/A] . . . .
Giac [N/A] .« . o
Mupad [N/A] . . . o o 3271
Reduce [N/A] . . . . o 328

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + bcoth(c + dx))

dr — Tnt <log(a + beoth(c + dz)) ’ x>
e+ fx

e+ fz

output ‘ Defer (Int) (1n(a+b*coth(d*x+c))/ (fxx+e) ,x)

Mathematica [N/A]
Not integrable

Time = 12.02 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ log(a + bcoth(c + dx)) dp — / log(a + bcoth(c + dzx))
e+ fz N e+ fx

-

input LIntegrate [LOg [a + b*Coth[c + d*x]]/(e + f*x),x]

-/

output LIntegrate [Log[a + b*Coth[c + d*x]]1/(e + fx*x), x] J




input L
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Rubi [N/A]
Not integrable
Time = 0.41 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + bcoth(c + dzx)) dx

e+ fz
l 7299

/ log(a + bcoth(c + dz))

d
e+ fx v

Int[Log[a + b*Coth[c + d*x]]1/(e + f*x),x] J

output L

$Aborted J

e

rule 7299 k

Defintions of rubi rules used

L

Int[u_, x_] :> CannotIntegrate[u, x]

-

input L

Maple [N/A]
Not integrable

Time = 1.99 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + beoth (dz + ¢))

fx+e dz

int (1n(at+b*coth(d*x+c) )/ (f*x+e) ,x)

-/
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outputLint(ln(a+b*c°th(d*X+C))/(f*x+e),x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + bcoth(c + dz)) dp — / log (bcoth (dz + ¢) + a) i

e+ fz fx+e

input Lintegrate (log(at+bxcoth(d*x+c))/(f*x+e) ,x, algorithm="fricas")

output Lintegral(log(b*coth(d*x +c) +a)/(f*x + e), x)

Sympy [N/A]
Not integrable

Time = 1.45 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

dz

/log(a+bcoth(c+dw)) i _/log (a + bceoth (¢ + dx))
e+ fz N e+ fx

input Lintegrate (1n(at+b*xcoth(d*x+c) )/ (f*x+e) ,x)

output tIntegral(log(a + b*coth(c + d*x))/(e + f*x), x)
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Maxima [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz = dz

/ log(a + bcoth(c + dz))

/ log (bcoth (dz + ¢) + a)
e+ fz

frx+e

input Lintegrate (log(atb*coth(d*x+c))/(f*x+e) ,x, algorithm="maxima")

OutputLintegrate(log(b*coth(d*x +c) +a)/(f*x + e), x)

Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

log(a + bcoth(c + dz)) log (bcoth (dz + ¢) + a)
dr = dz
e+ fz fx+e

input Lintegrate(log(a+b*coth(d*x+c) )/ (f*x+e) ,x, algorithm="giac")

output Lintegrate(log(b*coth(d*x +c) +a)/(£f*x + e), x)

Mupad [N/A]
Not integrable

Time = 25.56 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/log(a—l-bcoth(c-l-dx))d _/ln(a—l—bcoth(c—l—dx))
e+ fx v e+ fx

input Lint(log(a + bxcoth(c + d*x))/(e + f*x),x)
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output Lint(log(a + bxcoth(c + d*x))/(e + f*x), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ log(a + bcoth(c + dz)) dp — / log(coth (dz + ¢) b+ a)
e+ fz N fr+e

input 18t (1og(arbrcoth (dex+e) )/ (£xx+e) )

output Lint(log(coth(c + d*x)*b + a)/(e + f*x),x)
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3.44 f log(a+bcoth(c+dz)) dx

(e+fz)?
Optimal result . . . . . . . . .. . .. 3291
Mathematica [N/A] . . . . . . .. 329
Rubi [N/A] .« . o 330
Maple [N/A] . . . 3311
Fricas [N/A] . . . . . o
Sympy [N/A] . . 332
Maxima [N/A] . . . . o 332
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . o B34

Optimal result

Integrand size = 19, antiderivative size = 19

/ log(a + bcoth(c + dz)) dz — Tnt <log(a + beoth(c + dz)) | x)
(e + fz)? (e+ fzx)?
output LDefer(Int) (In(atb*coth(d*x+c) )/ (f*x+e)~2,x) J
Mathematica [N/A]
Not integrable
Time = 47.68 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11
log(a + bcoth(c + dx)) log(a + bcoth(c + dzx))
dr = dr
(e + fz)? (e + fx)?
input LIntegrate [Log[a + b*Coth[c + d*x]]1/(e + £*x)~2,x] J
output {Integrate [Log[a + b*Coth[c + d*x]]1/(e + f*x)~2, x] \J




input

output

-

LInt [Logla + b*Coth[c + d*x]]1/(e + f*x)~2,x]
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Rubi [N/A]
Not integrable
Time = 0.98 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {3031, 25, 27, 7299}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ log(a + bcoth(c + dzx)) dx

(e+ fx)?
l 3031

bdcsch? (c+d
/- (e+fx)(a+bc(octh(ﬁdz))dm _ log(a + beoth(c + dz))

f fle+ fx)

l 25
bdcsch? (c+d
_ J (e+fx)(a+bc(octh(f-|)-dz))dx _ log(a + beoth(c + dz))

f fle+ fx)
l 27

csch®(c+d
_ bd [ (e+ fm)(a+b(ccothzcc)+dx)) dx _ log(a + bcoth(c + dz))
f fle+ fz)
l 7299

csch’(c+d
B bd | (et fa:)(a+b(ccothg(vc)+dx)) dx _ log(a + beoth(c + dz))
f fle+ fx)

\ J

-

N\

$Aborted
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 3031 Int[Loglu_1*((a_.) + (b_.)*(x))"(m_.), x_Symbol] :> Simp[(a + b*x)~(m + 1)
*(Log[ul/(b*(m + 1))), x] - Simp[1/(b*(m + 1)) Int[SimplifyIntegrand[(a +
b*x)"(m + 1)*(D[u, x]/u), x], x], x] /; FreeQ[{a, b, m}, x] && InverseFunc
tionFreeQ[u, x] && NeQ[m, -1]

rule 7299 LInt [u_, x_] :> CannotIntegrate([u, x]

Maple [N/A]
Not integrable

Time = 2.34 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ In (a + beoth (dz + ¢))
(fz +e)’

dz

input ‘ int (1n(at+b*coth(d*x+c) )/ (fxx+e) ~2,x)

output Lint (In(at+b*coth(d*x+c))/(£*x+e)~2,x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + bcoth(c + dz)) dp — / log (bcoth (dz + ¢) + a) i

(e + fx)? (fz+e)’
input Lintegrate (log(at+b*coth(d*x+c))/(f*x+e)~2,x, algorithm="fricas") J
outputLintegral(log(b*coth(d*x + c) + a)/(£72*x"2 + 2*exf*x + e72), x) J

Sympy [N/A]
Not integrable

Time = 15.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

dz

/ log(a + bcoth(c + dz)) dp — / log (a + bcoth (¢ + dz))
(e + fx)? (e+ fx)?

input Lintegrate (1n(at+b*coth(d*x+c) )/ (f*xx+e) **2,x) J

output LIntegral(log(a + bkcoth(c + d*x))/(e + fxx)*%2, x)

Maxima [N/A]
Not integrable

Time = 1.16 (sec) , antiderivative size = 211, normalized size of antiderivative = 11.11

/ log(a + bcoth(c + dzx)) dp — / log (bcoth (dz + ¢) + a) I
(e + fz)? (fr+e)’

input Lintegrate (Log(a+b*coth(d*x+c))/(f*x+e)~2,x, algorithm="maxima")
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2% (axd - bxd)*integrate(-1/(axexf - bxexf + (a*f~2 - b*f~2)*x - (akxexf*e™(
2%c) + bxexfxe”(2xc) + (axf~2xe”(2%c) + b*f~2xe”(2%c))*x)*e” (2xd*x)), x) +
d*integrate(1/(£72*x + exf + (£72*x*e”c + exfxe”c)*e”(d*x)), x) - dxinteg
rate(-1/(£72*x + exf - (£72xx*e"c + e*fxe”c)*e~(d*x)), x) - (log((a + b)*e
“(2%d*x + 2%c) - a + b) - log(e~(d*x + c) + 1) - log(e~(d*x + c) - 1))/(£f~
2%x + exf)

output

Giac [N/A]
Not integrable

Time = 4.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + bcoth(c + dz)) dp — / log (bcoth (dz + ¢) + a) .

(e + fx)? (fz+e)?

inputLintegrate(log(a+b*coth(d*x+c))/(f*x+e)‘2,x, algorithm="giac")

OutputLintegrate(log(b*coth(d*x +c) +a)/(fxx + e)"2, x)

Mupad [N/A]
Not integrable

Time = 25.68 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

/ log(a + bcoth(c + dz)) P / In (a + beoth(c+ dz)) i

(e + fx)? B (e+ f:(:)2

inputtint(log(a + b*coth(c + d*x))/(e + f*x)~2,x)

-

output i8¢ (L0g(a + brcoth(c + ax0))/(e + £40)°2, B

~—
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Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/ log(a + bcoth(c + dx)) dp — / log(coth (dx + ¢) b+ a) i
(e + fz)? N f2x? 4 2efx + €2

inputtint(log(a+b*C°th(d*X+C))/(f*x+e)‘2,x)

output Lint(log(coth(c + d¥xx)*b + a)/(e**2 + 2kexfirx + frx2xkx**2),x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L.
4.2 Links to plain text integration problems used in this report for each CAS . B53

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

335

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x)^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x) (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  e+f x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))  (e+f x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (e+f x)^3 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x)^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x) (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  e+f x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))  (e+f x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (e+f x)^3 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x)^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x) (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  e+f x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))  (e+f x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (e+f x)^3 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x)^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e+f x) (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  e+f x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))  (e+f x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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