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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 21 ]. This is test number [ 212 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (21) | 0.00 (0)
Mathematica | 100.00 (21 ) | 0.00 (0)
Maple 100.00 (21) | 0.00 (0)
Mupad 90.48 (19) | 9.52(2)
Giac 90.48 (19) | 9.52(2)
Reduce 90.48 (19) | 9.52(2)
Fricas 85.71 (18 ) | 14.29 (3)
Sympy 2857 (6) | 7143 (15)
Maxima 9.52 (2) [90.48(19)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 95.238 4.762 0.000 0.000
Maple 85.714 14.286 0.000 0.000
Fricas 57.143 28.571 0.000 14.286
Giac 38.095 52.381 0.000 9.524
Maxima, 9.524 0.000 0.000 90.476
Sympy 9.524 19.048 0.000 71.429
Mupad 0.000 90.476 0.000 9.524
Reduce 0.000 90.476 0.000 9.524

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maple 0 0.00 0.00 0.00

Mupad 2 0.00 100.00 0.00

Giac 2 100.00 0.00 0.00

Reduce 2 100.00 0.00 0.00

Fricas 3 33.33 66.67 0.00

Sympy 15 80.00 20.00 0.00

Maxima 19 10.53 0.00 89.47

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.03

Giac 0.16

Reduce 0.18

Rubi 0.58

Maple 1.24
Mathematica 2.40

Mupad 4.04

Sympy 8.93

Fricas 12.13

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median

Maxima 19.00 0.91 19.00 0.91
Rubi 139.19 1.03 102.00 1.00
Mathematica | 157.19 1.17 116.00 0.98
Maple 186.52 1.40 141.00 1.47
Giac 324.11 2.65 333.00 1.86
Sympy 492.67 8.10 680.00 9.90
Fricas 607.11 4.56 311.00 4.01
Reduce 754.26 3.83 179.00 2.54
Mupad 5601.79 27.31 1537.00 22.02

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current

implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {|17]}
Maple {}



CHAPTER 1. INTRODUCTION 17

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
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Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade { (12,5 B 76,0 10, 1213, 141516, 71519, 20,21}
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { (12605 B8 L0103 [3, 14 1516, [7 I8 19,2021}
B grade {[9}

C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade { 2}B) A 5By 0} 1) 2 13145 16,5} 19} 20,21 )
B grade {[I[0[I7}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade (IEBAEBABEEEMD)
B grade (B0

C grade { }

F normal fail {[16]}

F(-1) timedout fail {[15/[17}

F(-2) exception fail { }

Maxima

A grade {23}
B grade { }

C grade { }

F normal fail {[16}[17 }
F(-1) timedout fail { }

F(-2) exception fail { [ 5,617)5) B} 0, ) 12 13,4, 5} 15 9,20, 21 )
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Giac

A grade {BBM2MEO)

B grade { 115,600,113/ 2021 )
C grade { }

F normal fail { [T6,[T7}

F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade {[D256/758/0 13 H L5 E MmO )
C grade { }

F normal fail { }

F(-1) timedout fail {[16[17}

F(-2) exception fail { }

Sympy

A grade {[2}

B grade {[1[4[5[L§ }

C grade { }

F normal fail {[6[7}[8}[%[10}[L1}[12}[13)[14}[L5},[16}[17 }

F(-1) timedout fail {[19,[20/21 }
F(-2) exception fail { }
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Reduce

A grade { }

B grade { 112508 56, 610 1 12 03 14 15,18 9, 20,21}
C grade { }

F normal fail {[16}[17 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B F(-2) A B B B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 56 96 0 227 688 361 132 1537
N.S. 1 1.00 0.98 1.68 0.00 3.98 12.07 6.33 2.32 26.96
time (sec) N/A 0329 0.132 0.178 0.000 0.126 11.756 0.130  0.149 2.988

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 17 19 28 17 18 18 18
N.S. 1 1.00  1.00 0.89 1.00 1.47 0.89 0.95 0.95 0.95
time (sec) N/A 0.260 0.042 0.090 0.028 0.120 0.158 0.111  0.149 1.006

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 20 28 19 25 27 39 39 30
N.S. 1 1.00 0.87 1.22 0.83 1.09 1.17 1.70 1.70 1.30

time (sec) N/A 0.275 0.229 0.103 0.034 0.107 0336 0.116 0.164 1.034
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 57 97 0 231 804 407 179 2219
N.S. 1 1.00 0.98 1.67 0.00 398 1386 7.02 3.09 38.26
time (sec) N/A 0.327 0.129 0.183 0.000 0.156 12.188 0.133 0.235 6.932
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 55 85 0 235 748 103 179 2213
N.S. 1 1.00 0.95 1.47 0.00 4.05 1290 1.78 3.09 38.16
time (sec) N/A 0.339 0.200 0.192 0.000  0.150 15.220 0.123 0.239 6.908
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 61 108 0 263 0 121 159 1540
N.S. 1 1.00 094 1.66 0.00 4.05 0.00 1.86 2.45 23.69
time (sec) N/A 0.359 0.352 0.288 0.000  0.155 0.000 0.125 0.250 3.006
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 134 96 0 266 0 116 97 419
N.S. 1 1.00 1.34 0.96 0.00 2.66 0.00 1.16 0.97 4.19
time (sec) N/A 0.394 0.478 0.319 0.000  2.835 0.000 0.129 0.162 1.703
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 99 99 116 95 0 265 0 115 97 417
N.S. 1 1.00 1.17 0.96 0.00 2.68 0.00 1.16 0.98 4.21
time (sec) N/A 0.523 0.375 0.229 0.000 3.774 0.000 0.127 0.154 1.678
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 247 247 526 484 0 1049 0 607 2335 9992
N.S. 1 1.00 2.13 1.96 0.00 4.25 0.00 2.46 9.45 40.45
time (sec) N/A 0.716 7.770 1.230 0.000 96.820 0.000 0.207 0.211 6.705
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 170 170 335 291 0 747 0 340 1631 6735
N.S. 1 1.00 1.97 1.71 0.00 4.39 0.00 2.00 9.59 39.62
time (sec) N/A 0.601 3.542 0.757 0.000 21.484 0.000 0.193 0.181 5.703
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 135 165 0 505 0 196 445 3577
N.S. 1 1.00 1.31 1.60 0.00 4.90 0.00 1.90 4.32 34.73
time (sec) N/A 0.531 2.916 0.501 0.000  2.907 0.000 0.170 0.165 4.283
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 112 92 0 296 0 128 193 345
N.S. 1 1.00  1.47 1.21 0.00 3.89 0.00 1.68 2.54 4.54
time (sec) N/A 0.462 0.615 0.310 0.000 0.381 0.000 0.133 0.176 1.781
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 121 121 106 108 0 1022 0 507 291 2665
N.S. 1 1.00 0.88 0.89 0.00 8.45 0.00 4.19 2.40 22.02
time (sec) N/A 0.521 0.954 0.571 0.000 1.647 0.000 0.190 0.173 2.565
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 187 221 205 210 0 2835 0 333 1678 20827
N.S. 1 1.18 1.10 1.12 0.00 15.16 0.00 1.78 8.97 111.37
time (sec) N/A 0.994 2.063 1.652 0.000 87.078 0.000 0.170 0.215 9.106
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F(-1) F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 458 458 319 412 0 0 0 748 4916 52103
N.S. 1 1.00 0.70 0.90 0.00 0.00 0.00 1.63  10.73  113.76
time (sec) N/A 1.220 4.573 4.630 0.000  0.000 0.000 0.298 0.225 11.950
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 213 213 184 318 0 0 0 0 26 0
N.S. 1 1.00  0.86 1.49 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.886 10.692 7.799 0.000  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F(-1) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 102 102 187 206 0 0 0 0 53 0
N.S. 1 1.00 1.83 2.02 0.00 0.00 0.00 0.00 0.52 0.00
time (sec) N/A 0.451 12.048 4.852 0.000  0.000 0.000 0.000 0.167 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 87 87 82 142 0 326 672 454 26 886
N.S. 1 1.00 094 1.63 0.00 3.75 7.72 5.22 0.30 10.18
time (sec) N/A 0.495 0.473 0.339 0.000  0.118 13.950 0.145 0.151 2.188
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 131 115 141 0 444 0 167 173 126
N.S. 1 1.09 0.96 1.18 0.00 3.70 0.00 1.39 1.44 1.05
time (sec) N/A 0.561 0.598 0.324 0.000  0.119 0.000 0.135 0.161 1.257
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 187 213 175 270 0 830 0 480 504 283
N.S. 1 1.14 094 1.44 0.00 4.44 0.00 2.57 2.70 1.51
time (sec) N/A 0.793 0.908 0.527 0.000  0.187 0.000 0.179 0.159 3.112
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 260 302 302 456 0 1334 0 918 1239 502
N.S. 1 1.16  1.16 1.75 0.00 5.13 0.00 3.53 4.77 1.93
time (sec) N/A 1.101 1.266 0.917 0.000  0.225 0.000 0.192 0.162 2.876
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [21]
had the largest ratio of [.516128999999999949]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 3 3 1.00 15 0.200
% A 3 3 1.00 13 0.231
3| A 3 3 1.00 15 0.200
4 A 3 3 1.00 14 0.214
i A 3 3 1.00 15 0.200
6} A 3 3 1.00 15 0.200
7] A 3 3 1.00 15 0.200
3] A ) ) 1.00 15 0.333
9) A ) ) 1.00 25 0.200
10j A ) 5 1.00 25 0.200
11 A 5 ) 1.00 25 0.200
12] A 9 8 1.00 23 0.348
13] A 9 8 1.00 25 0.320
14 A 12 11 1.18 25 0.440
15) A ) ) 1.00 25 0.200
16} A 7 7 1.00 27 0.259
17] A 4 4 1.00 27 0.148
18| A 10 9 1.00 31 0.290
19 A 12 11 1.09 31 0.355
20) A 15 14 1.14 31 0.452
21] A 17 16 1.16 31 0.516
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f A+ Bsin(z)
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f A+ Bsin(z) dz
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f A+ Bsin(z) dz

1—cos(z)

f b+c+sin(z) dz

atbeos(@) ¥ - oo

b+c+tsin(z)
f a—cbcsc::(:) dx
f A+ B tan(z) dz

atbeos(@) T oo

f A+ B cot(z) dz

G/"'TOS(.’E) .........

j‘ A+ B csc(z) dz

atbeos(@) FL - - v e

f (ct+dsec(e+fx))* dz

at+bcos(e+fz) ot

f (ct+dsec(e+fx))? dz

atbcos(e+fz) ottt

f (ct+dsec(e+fx))? dz

atbcos(e+fz) 7 ottt

ct+dsec(e+fx) dz

f atbcos(etfz) ottt
1

dz

(a+b cos(e—i—fm))%c—i—d sec(e+fz))

(a+b cos(e-{—fx))gc—i-d sec(e+fx))?

(a+bcos(e+fz))(ct+dsec(et+fx))3

f \/ctdsec(e+fx) dx

atboos(etfz) FL - - oo
1

(a+bcos(e+fzx))+/c+dsec(e+fzx) dz
f A+ B cos(d+ez)+C sin(d+ex) dz

a+bcos(d+ex) :

f A+ B cos(d+ex)+C sin(d+ex) dz

(a+bcos(d+ex))? :

f A+ B cos(d+ez)+C sin(d+ex) dx

(a+bcos(d+ex))3 :

f A+ B cos(d+ezx)+C sin(d+ex) dz

(a+bcos(d+ex))* :

dzx
dxr
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input L
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3.1 f A+Bsin(z) dx
a-+bcos(x)

Optimal result . . . . . . . . . . e 3061
Mathematica [A] (verified) . . . . . . . . . ... o o 361
Rubi [A] (verified) . . . .. . . ... .. 37
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 39
Maxima [F(-2)] . . . . . . 40)
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ... A0
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 41
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 42

Optimal result

Integrand size = 15, antiderivative size = 57

\/a—btan(%)

) _ Blog(a + bcos(z))

[ A+ Binta) 2Aarctan (V756
a + bcos(x) Ja—bvath

b

n(at+b*cos(x))/b

2xAxarctan((a-b)" (1/2)¥tan(1/2+x)/ (a+b) " (1/2))/ (a-b) " (1/2) / (a+b) " (1/2)-B+1

N

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.98

(a—b) tan(%)

) _ Blog(a + bcos(z))

/ A + Bsin(z) o _2Aarctanh<—fa2+b2
a+bcos(r) VvV + 02

b

Integrate[(A + B*Sin[x])/(a + b*Cos[x]),x]

output

Log[a + b*Cos[x]])/b

‘ (-2xAxArcTanh[((a - b)*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2] - (B*

N




input

output

rule 2009

rule 3042
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A .
/ + Bsin(z) d
a + bcos(z)

l 3042
/ A+ Bsin(m)d

a + bcos(z) v
| 4901

/ (a + bfos(m) + afiﬁfﬁx)) dz
| 2009

Va—btan(%)
2A arctan (sz) _ Blog(a + bcos(x))

va—bva+b b

LInt[(A + B*Sin[x])/(a + b*Cos[x]),x]

(2xAxArcTan[(Sqrt[a - b]*Tan[x/2])/Sqrt[a + b]1)/(Sqrtla - bl*Sqrt[a + b])
‘ - (BxLogl[a + b*Cos[x]1)/b

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

e N

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 4901‘11113 [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[vl] /; ‘
‘ !InertTrigFreeq [u]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 95 vs. 2(47) = 94.

Time = 0.18 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.68

method | result
2 2 2Ab arctan M

2(—Ba+Bb)ln(atan(%) —btan(%) +a+b) v/(a—b)(a+b) 9

defanlt i + N N Bln(1+tan(%)°)
erau b b
1 f oic Aab_mmﬁ 2 gy (m Aab—i\/m)lg ] (w
risch _iBz | 2iBwa’b _ 2iBzb’ _ n(e i Av? - + e v + \
b b2a2—bt b2a2 —bt (a2—b2)b a2—b2
inputLint((A+B*sin(x))/(a+b*cos(x)),x,method=_RETURNVERBOSE) J

¢ 2/bx(1/2%(-Bra+Bb)/ (a-b) *1n(axtan(1/2xx) "2-bxtan(1/2+x) "2+a+b) +A¥b/((a-b)
‘*(a+b))“(1/2)*arctan((a-b)*tan(1/2*x)/((a-b)*(a+b))“(1/2)))+B/b*1n(1+tan(1
‘/2*x)“2) ‘

outpu

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 227, normalized size of antiderivative = 3.98

/ A+ Bsin(z) P

a + bcos(z) v

a x a?—b? z)? —a a T in(z)—a2 2
vV—a2 + b2 Ablog (2 beos(z)+(2a°~b )Zzsc(os)(;;i:/?abﬁc;t:;()::;( )+b) sin(z)—a+2b > + (Ba? — Bb)log (b2 cos
- 2 (a2b — b3)

input Lintegrate ((A+B*sin(x))/(atb*cos(x)),x, algorithm="fricas") J
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Output/[-l/Q*(sqrt(—a“2 + b~2) *Axbxlog((2*axbkcos(x) + (2%a"2 - b 2)*cos(x)"2 + 2
xsqrt (-a~2 + b~2)*(axcos(x) + b)*sin(x) - a~2 + 2*b~2)/(b"2*cos(x) "2 + 2+*a
xb*cos(x) + a”2)) + (B*xa"2 - B*b~2)*log(b~2*cos(x) "2 + 2*axb*cos(x) + a~2)
)/(a”2%b - b~3), 1/2%x(2*sqrt(a”2 - b~2)*A*bxarctan(-(a*cos(x) + b)/(sqrt(a
2 - b"2)*sin(x))) - (B*¥a"2 - Bxb"2)*log(b~2*cos(x)~2 + 2*a*b*cos(x) + a™2
))/(a~2xb - b°3)]

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 688 vs. 2(48) = 96.
Time = 11.76 (sec) , antiderivative size = 688, normalized size of antiderivative = 12.07
A+ Bsi
/ +—sm(w) dx = Too large to display
a + bcos(x)
input(integrate((A+B*sin(x))/(a+b*cos(x)),x)
output Piecewise((zoox(-A*log(tan(x/2) - 1) + Axlog(tan(x/2) + 1) - Bxlog(tan(x/2

) - 1) - Bxlog(tan(x/2) + 1) + Bxlog(tan(x/2)**2 + 1)), Eq(a, 0) & Eq(b, O
)), (Axtan(x/2)/b + Bxlog(tan(x/2)**2 + 1)/b, Eq(a, b)), (A/(b*tan(x/2)) +
Bxlog(tan(x/2)**2 + 1)/b - 2*B*log(tan(x/2))/b, Eq(a, -b)), ((A*x - B*cos
(x))/a, Eq(b, 0)), (Axb*log(-sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*b
xsqrt(-a/(a - b) - b/(a - b)) - b¥*2*sqrt(-a/(a - b) - b/(a - b))) - Axbxl
og(sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*b*sqrt(-a/(a - b) - b/(a -
b)) - b**x2*sqrt(-a/(a - b) - b/(a - b))) - Bxaxsqrt(-a/(a - b) - b/(a - b)
)*xlog(-sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*b*sqrt(-a/(a - b) - b/(
a - b)) - b*x2*xsqrt(-a/(a - b) - b/(a - b))) - Bxaxsqrt(-a/(a - b) - b/(a
- b))*log(sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(axb*sqrt(-a/(a - b) -
b/(a - b)) - b*x2xsqrt(-a/(a - b) - b/(a - b))) + Bxa*sqrt(-a/(a - b) - b/
(a - b))*log(tan(x/2)**2 + 1)/(a*b*sqrt(-a/(a - b) - b/(a - b)) - bx*2xsqr
t(-a/(a - b) - b/(a - b))) + Bsbxsqrt(-a/(a - b) - b/(a - b))*log(-sqrt(-a
/(a - b) - b/(a - b)) + tan(x/2))/(a*bxsqrt(-a/(a - b) - b/(a - b)) - b**2
*sqrt(-a/(a - b) - b/(a - b))) + Bxbksqrt(-a/(a - b) - b/(a - b))*log(sqrt
(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*b*sqrt(-a/(a - b) - b/(a - b)) - b
*x2xsqrt(-a/(a - b) - b/(a - b))) - Bxb*sqrt(-a/(a - b) - b/(a - b))*log(t
an(x/2)**2 + 1)/(a*bxsqrt(-a/(a - b) - b/(a - b)) - b**2*sqrt(-a/(a - b) -
b/(a - b))), True))
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Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ A+ Bsin(z)

a + bcos(x)
input Lintegrate ((A+B*sin(x))/(at+b*cos(x)),x, algorithm="maxima") J
( N
Output‘Exception raised: ValueError >> Computation failed since Maxima requested ‘
‘additional constraints; using the 'assume' command before evaluation *may* ‘
‘ help (example of legal syntax is 'assume(4*¥b~2-4%a~2>0)', see ~assume? f ‘
Lor more de J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 361 vs. 2(47) = 94.

Time = 0.13 (sec) , antiderivative size = 361, normalized size of antiderivative = 6.33

2 2 2a++/—4 (a+b)(a—b)+4 a?
/ A + Bsin(z) o _B(a +b)(a — b)"log (tan (1z)" + v é(l__)b() ) )
a+bcos(r) (a? — 2ab+ b?)b% + (a® — 2a%b + ab?)|b|

2a+ \/—4 (a+b)(a—b)+4 a2

a—b

(Va? — b?Abla — b| + va? — b?Ala — bl[b]) | 7|57 + 3] + arctan ] 2/ ten(2)

+ (@ —2ab+ OB + (& — 2% + ab)[)

2 \/gtan(% m)

2a—\/—4 (a+b)(a—b)+4a2

(Ab— AJp)) [ 7| & + 1] + arctan

a—b
" b? — alb|
2 a—y/—4(a a— a?
(Ba — Bb) log (tan (% x) + 2 V 45(2)1)() b)+4 >
b2 — a|b|
tnput Lintegrate ((A+B*sin(x))/(atb*cos(x)),x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 41

output -Bx(a + b)*(a - b)"2xlog(tan(1/2*x)"2 + 1/2%(2*a + sqrt(-4*(a + b)*(a - b)
+ 4xa”2))/(a - b))/((a”2 - 2*%a*b + b~2)*b"2 + (a”3 - 2*a~2%b + a*b~2)*abs
(b)) + (sqrt(a™2 - b~2)*Axb*abs(a - b) + sqrt(a”2 - b~2)*Axabs(a - b)*abs(
b)) *(pixfloor (1/2*x/pi + 1/2) + arctan(2*sqrt(1/2)*tan(1/2*x)/sqrt((2*a +
sqrt(-4x(a + b)*x(a - b) + 4*a~2))/(a - b))))/((a"2 - 2*a*b + b~2)*b"2 + (a
"3 - 2xa"2xb + axb~2)*abs(b)) + (Axb - Axabs(b))*(pi*floor(1/2*x/pi + 1/2)
+ arctan(2*sqrt(1/2)*tan(1/2*x) /sqrt((2*xa - sqrt(-4*(a + b)*(a - b) + 4xa
~2))/(a - b))))/ (172 - axabs(b)) - (Bxa - Bxb)*log(tan(1/2*x)"2 + 1/2%(2%a
- sqrt(-4*x(a + b)*x(a - b) + 4*a~2))/(a - b))/ (b"2 - axabs(b))

N

Mupad [B] (verification not implemented)

Time = 2.99 (sec) , antiderivative size = 1537, normalized size of antiderivative = 26.96

/ A+ Bsin(z)

o F beos(z) dx = Too large to display

-

input int ((A + B*sin(x))/(a + b*cos(x)),x)
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(B*log(1/(cos(x) + 1)))/b - (log((a + b*cos(x))/(cos(x) + 1))*(2*#Bxb~3 - 2
*Bxa~2%b)) /(2% (b"4 - a~2%b~2)) - (2xA*atan(((a”2 - b~2)*((A*x(64*%A*xB*xb~3 +
((2%B*b~3 — 2*B*a~2%b) *(32*%A*b~4 + 32xA*a”~2*b~2 - 64*A*axb~3))/(2*x(b"4 - a
~2%b"2)) - 128%A*Bxaxb~2 + 64*xA*B*a~2*b))/(a”2 - b"2)"(1/2) + (A*(2*B*xb~3
- 2%B*a”2xb)*(32xA*xb~4 + 32%A*a”2%b"2 - 64xA*xaxb”~3))/(2%(b"4 - a~2*¥b"2)*(a
"2 - b72)7(1/2)))*x(A"2%b"2 - 4xB"2%a"2 + 4xB"2*%b"2))/((32%Axa - 32*%A*xb)*(a
- b)*(A"2%b"2 + 4*%B"2%a"2 - 4x%B"2%b"2)"2) - (tan(x/2)*(a"2 - b~2)~(3/2)*(
(((A"3*(64*a*xb~4 - 128*a~2*b~3 + 64*a~3*b"2))/(a"2 - b"2)7(3/2) + (((Ax(64
*B¥b~4 + 64*Bxa”2+%b”"2 - 128%Bk*axb~3 - ((2%B*#b~3 - 2#B*a”~2xb)*(64*a*b”"4 - 1
28%a”~2*b~3 + 64%a”~3*xb~2))/(2%(b"4 - a~2%b"2))))/(a”2 - b"2)"(1/2) - (A*x(2*
B*b~3 - 2%B*a~2xb)*(64*xaxb~4 - 128%a"2%b"3 + 64*a~3*b"2))/(2*x(b"4 - a~2%b”
2)*%(a”2 - b72)7(1/2)))*(2*B*b~3 - 2%B*a~2xb))/(2x(b"4 - a~2*%b"2)) + (A*(32
*A"2%b"3 + 64*%B"2*a~3 - 32%kA"2xaxb”2 + 64*xB"2*a*xb”2 - 128%B"2*xa~2*b + ((2*
B*b~3 - 2%B*a~2%b)*(64*Bxb~4 + 64*B*a”2%b"2 - 128*B*axb~3 - ((2*B*b~3 - 2%
Bxa~2*b) *(64*a*xb~4 - 128%a~2*b~3 + 64*a~3*b~2))/(2*%(b~4 - a~2xb"2))))/(2*(
b"4 - a"2%b"2))))/(a"2 - b"2)"(1/2))*(A"2%b"2 - 4xB~2*%a~2 + 4*B~2*b~2))/ ((
a"2 - b™2)7(1/2)*(a - b)*(A"2%b"2 + 4%B"2*a"2 — 4*B"2*%b"2)"2) - (4*AxBxbx*(
64%B"3*a"2 + 64*B~3*b"2 - 32%A"2%B*b~2 + (Ax((A*x(64*B*b~4 + 64%B*a”2%b"2 -
128%B*a*xb~3 - ((2%B*b~3 - 2%B*a~2%b)*(64*a*xb~4 - 128*a~2*b~3 + 64*a~3%b"2
))/(2%(b"4 - a”2%b"2)))) /(a2 - b"2)"(1/2) - (A*(2%xBxb~3 - 2xBxa~2xb)*(...

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.32

/ A+ Bsin(z) d

a + bcos(z)
2va2 — b2 atan(%) a+ log<tan (%)2 + 1) a’ — log<tan (3)2 + 1) b2 — log(tan (%)2 a — t:
= aZ — b2

int ((A+B*sin(x) )/ (at+b*cos(x)),x)

inputt

t{(2*sqrt(a**2 - bx*2)*atan((tan(x/2)*a - tan(x/2)*b)/sqrt(a**2 - b*x2))*a +
log(tan(x/2)**2 + 1)*a**2 - log(tan(x/2)**2 + 1)*b**2 - log(tan(x/2)**2*a
\ - tan(x/2)**2%¥b + a + b)*ax*2 + log(tan(x/2)**2xa - tan(x/2)**2*xb + a + b

outpu ‘
’)*b**2)/(a**2 - b*x%x2) ‘




output

input

output
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3.9 Al—l-B sin(z) dx
+cos(z)

Optimal result . . . . . . . . . . e (43l
Mathematica [A] (verified) . . . . . . . . . ... o o 43]
Rubi [A] (verified) . . . .. . . ... .. 44
Maple [A] (verified) . . . . . . ... L 45
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 45
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 46
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ..., 161
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 46
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 47
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 47

Optimal result

Integrand size = 13, antiderivative size = 19

/ A+ Bsin(z)

1 + cos(z)

dz = —Blog(1 + cos(z)) +

Asin(z)

1 + cos(z)

-

L—B*ln(1+cos(x) )+Axsin(x)/(1+cos(x))

-/

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/A—I—B—sm(x) dr = —2Blog <cos (g)) + Atan (f

1 + cos(z)

2

)

s

LIntegrate[(A + B*Sin[x])/(1 + Cos[x]),x]

~—

L—Q*B*Log [Cos[x/2]] + A*Tan[x/2]




CHAPTER 3. LISTING OF INTEGRALS 44

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.231, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A .
/ + Bsin(z) d
cos(z) +1

l 3042
A+ Bsi
/ + Bsin(z) i

cos(z) + 1
| 4901

/ (cos(f) +1 + coi?g(f-)1> de

l 2009

Asin(z)

cos@) 11 Blog(cos(z) + 1)

input TREL(A + B#Sin[x])/(1 + Cos(x]),x] J

e

-(BxLog[1 + Cos[x]]) + (A*Sin[x])/(1 + Cos[x])

~—

output t

Defintions of rubi rules used

ruka2009\lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x]
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rule 4901‘Int [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Intlv, x] /; SumQ[vl] /;
‘ !InertTrigFreeq [u]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

method result size
parallelrisch | Atan (%) + Bln (sec (3)°) 17
default Atan (3) + Bln (1+tan (5)*) | 19
norman | Atan (3) + BIn (1+tan (5)) | 19
risch iBz + 24 —2BIn (e + 1) 31

input Lint ((A+B*sin(x))/(1+cos(x)) ,x,method=_RETURNVERBOSE)

output LA*tan(l/Q*x) +B*1n(sec(1/2%x)~2)

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.47

1 + cos(z) v cos (z) +1

/A+Bsin(z)d _(Bceos(z z) + B)log (3 cos (z) + 3) — Asin (z)

input Lintegrate ((A+B*sin(x))/(1+cos(x)) ,x, algorithm="fricas")

output L—((B*cos(x) + B)*log(1/2*cos(x) + 1/2) - A*sin(x))/(cos(x) + 1)
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Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

/Al-|—+l:—ossil(1éa)v) dx = Atan (g) + Blog (tan2 (g) + 1)

input ‘ integrate ((A+B*sin(x))/(1+cos(x)),x) ‘

output LA*tan(x/2) + B¥log(tan(x/2)**2 + 1) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

A+ Bsin(z) , Asin (z)
/ T+ cos(z) dz = —Blog (cos (z) + 1) + cos () +1

input Lintegrate ((A+B*sin(x))/(1+cos(x)),x, algorithm="maxima") J

outputL_B*log(ms(x) + 1) + A*sin(x)/(cos(x) + 1) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95
A + Bsin(x) 1 \? 1
————~dzx=DBlog|tan | - 1)+ Atan | -

/ 1+ cos(z) x og | tan 9 x| + + Atan 5 T

integrate ((A+B*sin(x))/(1+cos(x)),x, algorithm="giac") J

input L

e

tB*log(tan(1/2*x)"2 + 1) + A*tan(1/2%x)

~—

output




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 1.01 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

/A—i_B—Sin(x)dx =Bln (tan(%)z + 1) +Atan<g>

1 + cos(x)

Lint((A + Bxsin(x))/(cos(x) + 1),x)

LB*log(tan(x/Q)’? + 1) + A*tan(x/2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.95

/A—I—B—sin(a:)dw = log<tan <§>2+1) b+ tan (;) 4

1 + cos(x)

Lint((A+B*sin(x))/(1+cos(x)),X)

Llog(tan(x/2)**2 + 1)*b + tan(x/2)*a
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3.3 A+Bsin(z) dx

1—cos(x)

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 15, antiderivative size = 23

/ A + Bsin(z)

1 — cos(z)

dz = Blog(1 — cos(z)) —

Asin(z)

1 — cos(z)

-

output LB*ln(l—cos (x))-A*sin(x)/(1-cos(x))

input

output

-/

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

/ A+ Bsin(z)

1 — cos(x)

s

dx = —Acot <g> +2Blog (Sin <§>>

LIntegrate[(A + B*Sin[x])/(1 - Cos[x]),x]

~—

L-(A*Cot[x/Z]) + 2%B*Log[Sin[x/2]]
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Bsin(z)
/ 1= cos(z) @
l 3042
A+ Bsin(z)
/ 1= cos(@) @
l 4901
A Bsin(z)
/ <_COS(:E) -1 cos(z) — 1) dz
l 2009
Asin(z
Blog(1 —eos(@) ~ {0 O
input, [6L(A + BxSin[x])/(1 - Coslx]),x] ]
output [B*Log[l - Cos[x]] - (A*Sin[x])/(1 - Cos[x]) \J

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x]
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rule 4901‘11113 [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[vl] /; ‘
‘ !InertTrigFreeq [u]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.22

method result size

parallelrisch | B <2 In (tan (”2—”)) —In (sec (%)2)> — cot (%) A 28

default — s +2B1n (tan (3)) — Bln (1+ tan (2)°) 31

risch —iBr — 24+ 2BIn (e — 1) 31
—A—Atan(3 2 z z

norman (1+tan(;t)2)(ta31(g) +2BIn (ta,n (5)) — Bln (1 + tan (5)2) 52

input 10t ((A+Bxsin(x))/(1-cos(x)) ,x,method=_RETURNVERBOSE) |

output LB* (2%1n(tan(1/2%x))-1n(sec(1/2%x)"2))-cot (1/2*x) *A J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.09

/ A + Bsin(z) e — Blog (—3 cos(z) + 3) sin (z) — Acos (z) — A
1 — cos(z) sin (z)

input tintegrate ((A+B*sin(x))/(1-cos(x)),x, algorithm="fricas") J

output L(B*log(-l/Z*cos(x) + 1/2)*sin(x) - A*cos(x) - A)/sin(x) J
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Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.17

/A—|—B—sin(ac)dx = _L — Blog (tan2 <£> + 1) + 2Blog (tan (m

1 — cos(z) tan (%) 2

-

input | integrate ((A+B+sin(x))/(1-cos(x)),x)

N\

output ~A/tan(x/2) - Bxlog(tan(x/2)+*2 + 1) + 2+Bxlog(tan(x/2))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

A + Bsin(z) s — Blo (cos (2) — _ A(cos (z) +1)
/l—cos(:c) dz = Blog (cos(z) — 1) sin ()

input‘integrate((A+B*sin(x))/(1—cos(x)),x, algorithm="maxima")

output LB*log(“S(X) - 1) - A*(cos(x) + 1)/sin(x)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.70

) 2
/A+B_sm<w>dx:_310g (m (1) +1>
1 — cos(x) 2
(1 )) 2Btan (3z)+ A
tan Ea: —

+ZBlog(

2
tan (3 z)
inputLintegrate((A+B*Sin(X))/(1—cos(x)),X, algorithm="giac")

output‘
/tan(1/2%x)

-B*log(tan(1/2%x)"2 + 1) + 2*Bxlog(abs(tan(1/2*x))) - (2*B*tan(1/2*x) + A)
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Mupad [B] (verification not implemented)

Time = 1.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.30

[AEEID 4~ 2 (1on(3)) _@_Bln (in(Z) 1)

inputtint(—(A + B*sin(x))/(cos(x) - 1),x) J

-

L2*B*log(tan(x/2)) - A/tan(x/2) - Bxlog(tan(x/2)"2 + 1)

| —

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.70

1 — cos(z) tan (%)

/ A+ Bsin(z) o —log<tan () + 1> tan (£) b+ 2log(tan (2)) tan (£)b—a

input Lint((A+B*sin(x))/(1—cos (x)),x) J

output‘ ( - log(tan(x/2)**2 + 1)*tan(x/2)*b + 2xlog(tan(x/2))*tan(x/2)*b - a)/tan( ‘
Lx/2) J




output

input

output
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b+c+sin(z
3.4 f (L—FTOS((CB)) da:

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... .....
Maxima [F(-2)] . . . . . .
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ...
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 14, antiderivative size = 58

va—btan(Z)

W) _ log(a + beos(z))

/ b+c+sin(z) , 2(b+ c) arctan (

a+ beos(x) T va—bv/a+b

b

‘/2* (b+c)*arctan((a-b) ~(1/2)*tan(1/2*x)/(a+b)~(1/2))/(a-b)~(1/2)/(a+b)~(1/2)

‘—1n(a+b*cos(x))/b

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98

(a—b) tan(%)
/ b+ ¢+ sin(z) i — _2(b + c)arctanh( ) ) _ log(a + bcos(z))
a + bcos(z) B VvV —a? + b? b

LIntegrate[(b + ¢ + 8in[x])/(a + b*Cos[x]),x]

‘ (-2x(b + c)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a~2 + b~2]

‘ - Logl[a + b*Cos[x]]/b

N

N
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ b+ ¢+ sin(z) e
a + bcos(z)

| 3042
/ b+ ¢+ sin(z) dx

a + bcos(z)
| 4901

/ (a +bb—ic_ocs(m) + a —slgl(gjs)(m)> dz
| 2009

va—btan(%)
2(b + c) arctan (Tb?) _ log(a + beos(z))

va—bJ/a+b b

input 186 + ¢ + Sin[x])/(a + bsCos[x]) ] |

‘ (2%x(b + c)*ArcTan[(Sqrt[a - bl*Tan[x/2])/Sqrt[a + bl]l)/(Sqrt[a - bl*Sqrt[a ‘

output
- +Db]) - Logla + b*Cos[x]11/b

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

e N

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042
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rule 4901‘11113 [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[vl] /; ‘
‘ !InertTrigFreeq [u] ‘

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.67

method | result
(a—0) tan(i)
2 2
2(—a+b) In (a tan(%)z_b tan(%)2+a+b) 2(b +cb) arctan (m> .
def: 2a-2b * J(a=b)(a+b) ln<1+tan(§) )
efault - 4 i
In(e®— —ab?—cabtivV—aZb%—2b3a2c—b2a2c2+b6+2b5c+bdc2 a? bln e”_m
risch _E + 2ix ab _ 2ixz b3 _ b2 (b+c) +
b b2a2—b* b2a2—bt (a®—2)b
input Lint ((b+c+sin(x))/ (atb*cos(x)) ,x,method=_RETURNVERBOSE) J

¢ ‘ 2/b*(1/2%(-a+b) /(a-b) *1n(a*tan (1/2*x) ~2-b*tan (1/2*x) ~2+a+b)+(b~2+b*c) / ((a- ‘
'b)*(a+b))~(1/2) *arctan((a-b)*tan(1/2*x)/((a-b)*(a+b))~(1/2)))+1/b*1n(1+tan
\(1/2*x>~2) \

outpu

Fricas [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 231, normalized size of antiderivative = 3.98

/ b+ ¢+ sin(z) i
a + bcos(x)

\/T_i_lﬂ(bQ + bC) 10g (Zabcos(x)+(2 a?-b?) cos(z)2+2 v—aZ+b2(a cos(z)+b) sin(z)—a?+2 b2> + (a2 . bz) log (b2 c

b2 cos(z)?+2 ab cos(z)+a2

2 (a%b —b?)

input Lintegrate ((b+c+sin(x))/(at+bxcos(x)),x, algorithm="fricas") J
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[-1/2%(sqrt(-a~2 + b~2)*(b~2 + bxc)*log((2*a*b*cos(x) + (2%¥a~2 - b~2)*cos(
x)"2 + 2*sqrt(-a”2 + b~2)*(a*cos(x) + b)*sin(x) - a”2 + 2%b~2)/(b"2*cos(x)
~2 + 2%axb*cos(x) + a”2)) + (a”2 - b"2)*log(b~2*cos(x) "2 + 2*axb*cos(x) +

a~2))/(a"2%b - b~3), 1/2x(2*sqrt(a”2 - b~2)*(b"2 + b*c)*arctan(-(a*cos(x)

+ b)/(sqrt(a”2 - b™2)*sin(x))) - (a”2 - b~2)*log(b~2*cos(x) "2 + 2*a*b*cos(
x) + a”2))/(a"2%b - b~3)]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 804 vs. 2(49) = 98.
Time = 12.19 (sec) , antiderivative size = 804, normalized size of antiderivative = 13.86

/ b+ c +sin(x)

o F boos(z) dxz = Too large to display

Vs

input\integra*ce((b+c+sin(x))/(a+b*cos(x)),x)

Piecewise((zoo*(-c*log(tan(x/2) - 1) + c*log(tan(x/2) + 1) - log(tan(x/2)

- 1) - log(tan(x/2) + 1) + log(tan(x/2)**2 + 1)), Eq(a, 0) & Eq(b, 0)), (t
an(x/2) + c*tan(x/2)/b + log(tan(x/2)**2 + 1)/b, Eq(a, b)), (1/tan(x/2) +

c/(bxtan(x/2)) + log(tan(x/2)**2 + 1)/b - 2+log(tan(x/2))/b, Eq(a, -b)), (
(cxx - cos(x))/a, Eq(b, 0)), (-axsqrt(-a/(a - b) - b/(a - b))*log(-sqrt(-a
/(a - b) - b/(a - b)) + tan(x/2))/(a*b*sqrt(-a/(a - b) - b/(a - b)) - b**2
*sqrt(-a/(a - b) - b/(a - b))) - axsqrt(-a/(a - b) - b/(a - b))*log(sqrt(-
a/(a - b) - b/(a - b)) + tan(x/2))/(axbxsqrt(-a/(a - b) - b/(a - b)) - b*x
2+sqrt(-a/(a - b) - b/(a - b))) + a*sqrt(-a/(a - b) - b/(a - b))*log(tan(x
/2)*%2 + 1)/(a*bxsqrt(-a/(a - b) - b/(a - b)) - bx*2xsqrt(-a/(a - b) - b/(
a - b))) + bxx2xlog(-sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*bxsqrt(-a
/(a - b) - b/(a - b)) - bk*2*sqrt(-a/(a - b) - b/(a - b))) - b*x2+log(sqrt
(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*bxsqrt(-a/(a - b) - b/(a - b)) - b
x*x2*xsqrt(-a/(a - b) - b/(a - b))) + bxc*log(-sqrt(-a/(a - b) - b/(a - b))

+ tan(x/2))/(a*b*sqrt(-a/(a - b) - b/(a - b)) - b*x2*sqrt(-a/(a - b) - b/(
a - b))) - bxcxlog(sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(axbxsqrt(-a/(
a - b) - b/(a - b)) - bx¥2*sqrt(-a/(a - b) - b/(a - b))) + b*sqrt(-a/(a -

b) - b/(a - b))*log(-sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(a*xb*sqrt(-a
/(a - b) - b/(a - b)) - bx*2*sqrt(-a/(a - b) - b/(a - b))) + bxsqrt(-a/(a

- b) - b/(a - b))*log(sqrt(-a/(a - b) - b/(a - b)) + tan(x/2))/(axb*sqr...

output




CHAPTER 3. LISTING OF INTEGRALS 57

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ b+ c+sin(z)

a + bcos(x)
inputLintegrate((b+c+sin(x))/(a+b*cos(x)),x, algorithm="maxima") J
( N
Output‘Exception raised: ValueError >> Computation failed since Maxima requested ‘
‘additional constraints; using the 'assume' command before evaluation *may* ‘
‘ help (example of legal syntax is 'assume(4*¥b~2-4%a~2>0)', see ~assume? f
Lor more de J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 407 vs. 2(48) = 96.

Time = 0.13 (sec) , antiderivative size = 407, normalized size of antiderivative = 7.02

2 2 2a++/—4 (a+b)(a—b)+4a?
/ b+ ¢ + sin(z) . (a+bd)(a—0b)"log (tan (1z)" + Vv é(a_)b() ) >
a + bcos(z) v (a? — 2ab+ b?)b% + (a® — 2a%b + ab?)|b|

(Via? — b2b?|a — b + Va2 — b%bcla — b| + va® — b%bla — b||b] + Va2 —bcla —b|jb]) [ 7| Z + 1| +a

+ (@ —2ab+ OB + (® — 2% + ab)|

2 \/gtan(% :c)

2a—\/—4(a+b)(a—b)+4a2

a—b

(6% + bc — bJb| — c[b]) [ 7| £ + %] + arctan

+ B — ab|
2 a—+/—4(a a— a?
(a —b)log (tan (Lg)? 4 2=V 45(:2,() L >
b2 — alb|
input Lintegrate ((b+c+sin(x))/(at+b*cos(x)) ,x, algorithm="giac") J
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-(a + b)*(a - b)"2+log(tan(1/2*x)"2 + 1/2*%(2*a + sqrt(-4*(a + b)*(a - b) +
4xa~2))/(a - b))/((a"2 - 2*%a*b + b~2)*b"2 + (a”3 - 2%a~2*%b + axb~2)*abs(b
)) + (sqrt(a”™2 - b~2)*b"2*abs(a - b) + sqrt(a™2 - b~2)*b*c*xabs(a - b) + sq
rt(a”2 - b~2)*b*abs(a - b)*abs(b) + sqrt(a”2 - b"2)*cxabs(a - b)*abs(b))*(
pi*floor(1/2*x/pi + 1/2) + arctan(2*sqrt(1/2)*tan(1/2+*x)/sqrt((2*a + sqrt(
-4x(a + b)*x(a - b) + 4¥a”2))/(a - b))))/((a”2 - 2*a*b + b"2)*b"2 + (a”3 -
2*%a~2xb + a*b~2)*abs(b)) + (b~2 + bxc - b*abs(b) - c*abs(b))*(pixfloor(1/2
*x/pi + 1/2) + arctan(2xsqrt(1/2)*tan(1/2+*x)/sqrt((2*a - sqrt(-4*(a + b)*(
a-b) +4%a"2))/(a - b))))/ ("2 - a*abs(b)) - (a - b)*log(tan(1/2*x)"2 +
1/2%(2%a - sqrt(-4x(a + b)*(a - b) + 4xa~2))/(a - b))/ (b2 - axabs(b))

output

Mupad [B] (verification not implemented)

Time = 6.93 (sec) , antiderivative size = 2219, normalized size of antiderivative = 38.26

dxz = Too large to display

/ b+ ¢+ sin(z)

a + bcos(z)

input int((b + ¢ + sin(x))/(a + b*cos(x)),x)
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log(tan(x/2)"2 + 1)/b - (2*atan((tan(x/2)*((4*xbx(b + c)*(32%axb~3 - 128x*ax
b - 64*xb"3%c + 64*a~2 + 64*xb"2 - 32%b~4 - 32*xb"2%c”2 + ((b + c)*(((b + c)*
(64*xb~4 - 128*a*b”3 + 64*a”2%b"2 + ((2*xa~2*b - 2*%b~3)*(64*a*xb~4 - 128*%a”2*
b~3 + 64*%a~3%b"2))/(2%(b"4 - a~2%b"2))))/(a"2 - b72)7(1/2) + ((2%¥a~2*%b - 2
*b"3)*(b + c)*(64*xaxb”4 - 128*a~2*%b"3 + 64*a~3*b"2))/(2%(b"4 - a~2*%b"2)*(a
"2 - b"2)"(1/2))))/ (@2 - b2)°(1/2) + ((2*xa~2*%b - 2*xb~3)*(64*a*xb~2 - 128x%
a~2%b - 32*axb”4 + 64*b"4*c + 64*a”3 + 32*%b"5 + 32*%b"3kc”2 - ((2*%a"2%b - 2
*b~3)*(64*xb~4 - 128%a*b”3 + 64*a~2*b"2 + ((2*a”2%b - 2%b~3)*(64*axb~4 - 12
8%a~2%b~3 + 64%a~3%b"2))/ (2% (b4 - a~2%b"2))))/(2x(b"4 - a~2*%b~2)) - 32%a*
b~2%c”2 - 64*xaxb”3xc))/(2*x(b"4 - a”2%b"2)) + 32*axbxc”2 + 64*axb~2*kc + ((2
*a~2%b - 2%b~3)*(b + c) "2%(64*axb~4 - 128%a”2*b~3 + 64%a"~3*b~2))/(2%(b"4 -
a~2+%b"2)*(a"2 - b72))))/((a - b)*(2%b"3*c + 4*xa~2 - 4*b"2 + b"4 + b 2*c"2
)72) = ((((b + c)"3*x(64*xa*xb~4 - 128*a~2*%b"3 + 64*a~3*b"2))/(a"2 - b~2)"(3/
2) - ((2*a"2*%b - 2*xb"3)*(((b + c)*(64*xb~4 - 128*a*xb~3 + 64*a~2*%b"2 + ((2*a
~2%b - 2xb~3)*(64*axb”4 - 128*a~2*%b"3 + 64*a~3*%b"2))/(2*%(b"4 - a~2%b"2))))
/(a”2 - b72)7(1/2) + ((2*a™2xb - 2*b~3)*(b + c)*(64*a*xb~4 - 128*a"2*xb~3 +
64%a~3%b"2))/(2*x(b"4 - a"2%b"2)*(a"2 - b72)7(1/2))))/(2*x(b"4 - a~2%b"2)) +
((b + c)*(64*axb™2 - 128*a~2*b - 32*a*b~4 + 64*xb~4*c + 64*a~3 + 32*xb"5 +
32xb~3*%c”2 - ((2*a”2%b - 2%b~3)*(64*b~4 - 128%a*xb”3 + 64*a~2*xb"2 + ((2*a~2
*xb - 2xb~3)*(64%a*b~4 - 128%a”2%b~3 + 64%a~3%b"2))/(2x(b~4 - a~2%b"2)))...

output

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 179, normalized size of antiderivative = 3.09

/ b+ ¢ + sin(z) i

a + bcos(x)
i b(a? -
inputLint((b+C+Sin(X))/(a+b*cos(x)),x) J

~

(2*sqrt(a**2 - b*x2)*atan((tan(x/2)*a - tan(x/2)*b)/sqrt(a**2 — b**2))*xbk*
2 + 2xsqrt(ax*2 - b**x2)*atan((tan(x/2)*a - tan(x/2)#*b)/sqrt(a*x*2 - bx*2))*
bxc + log(tan(x/2)**2 + 1)*a**2 - log(tan(x/2)**2 + 1)*b**2 - log(tan(x/2)
*x*2xa - tan(x/2)**2*b + a + b)*a*x2 + log(tan(x/2)**2%a - tan(x/2)**2*b +
a + b)*b**2)/(b*(a**2 — b**2))

output




output

input

output
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3.5 fwdx

a—bcos(z)

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... .....
Maxima [F(-2)] . . . . . .
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ...
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 15, antiderivative size = 58

Va+btan(Z)

T) + log(a — bcos(x))

/ b+ c + sin(z) ; 2(b+ c) arctan (

a — bcos(x) v va—bv/a+b

b

‘/2* (b+c)*arctan((a+b) ~(1/2)*tan(1/2*x)/(a-b)~(1/2))/(a-b)~(1/2)/(a+b)~(1/2)

‘+1n(a—b*cos(x))/b

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.95

(a-+b) tan(%)
a — bcos(z) B Vv —a? + b? b

LIntegrate[(b + ¢ + 8in[x])/(a - b*Cos[x]),x]

N

‘ (-2x(b + c)*ArcTanh[((a + b)*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a~2 + b~2]

‘ + Logla - b*Cos[x]]/b

N
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

b+ ¢+ sin(z)
/ a — bcos(x) dz

| 3042
/ b+ ¢+ sin(z) dx

a — bcos(x)

l 4901

/ (bcc:slza; C— a + a —Slglfgjs)(m)> &
l 2009

Vatbtan($)
2(b + c) arctan (TIJQ) N log(a — beos(z))

va—bJva+b b

input 186 + ¢ + Sin[x])/(a - bsCos[x]) ,x] |

‘ (2% (b + c)*ArcTan[(Sqrt[a + bl*Tan[x/2])/Sqrt[a - bl]l)/(Sqrt[a - bl*Sqrt[a ‘

output
| +Db]) + Logla - b*Cos[x]11/b

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

e N

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042
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rule 4901‘11113 [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[vl] /; ‘
‘ !InertTrigFreeq [u] ‘

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.47

method | result

(a+b) tan( &
2 (b2 +cb) arctan (ﬁ)

ln<1+tan(%)2> ln(atan(§)2+btan(%)2+a—b)+

default | — A + - (a—b)(atb)
iz y —ab®—cabtiv/—aZbt—2b3aZc—b2a2c? 4604265 c+bdc? | 2 iz —ab®—cabtiv/—a?
riSCh [ 2ix a?b + % b3 + ln(e + 2 (btc) )a B bln(e +
b b2a?—b* b2a2—bt (a—b2)b
input Lint ((b+c+sin(x))/(a-b*cos(x)) ,x,method=_RETURNVERBOSE) J
output |-1/b*1n(1+tan(1/2+x) ~2)+2/b*(1/2%1n(a*tan(1/2+x) “2+bktan (1/2+x) "2+a-b)+ (b~

‘ 2+b*c)/((a-b)*(a+b))~(1/2)*arctan((a+b)*tan(1/2*x)/((a-b)*(a+b))~(1/2))) ‘

Fricas [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 235, normalized size of antiderivative = 4.05

/ b+ ¢+ sin(z) s

a — bcos(z)
\/m(bQ 4+ bC) log (_ 2 ab cos(x)— (2 a2—b?) cos(z)?—2 v/—a?+b2%(a cos(x)—b) sin(z)+a>—2 b2) . (a2 . b2) log (b2

b2 cos(x)?—2 ab cos(z)+a?

2 (a2b — b3)

input integrate((b+c+sin(x))/(a-b*cos(x)),x, algorithm="fricas")




output

input

output
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[-1/2*(sqrt(-a”2 + b"2)*(b"2 + b*c)*log(-(2xaxbxcos(x) - (2*¥a”2 - b~2)*cos
(x)72 - 2*sqrt(-a”™2 + b~2)*(axcos(x) - b)*sin(x) + a”2 - 2*b~2)/(b"2*cos(x
)72 - 2xa¥bxcos(x) + a”2)) - (272 - b"2)*log(b~2*cos(x)~2 - 2xa*bxcos(x) +
a~2))/(a"2*%b - b73), 1/2*x(2*xsqrt(a”2 - b"2)*(b"2 + bxc)*arctan(-(a*cos(x)
- b)/(sqrt(a™2 - b"2)*sin(x))) + (a"2 - b~2)*log(b~2*cos(x) "2 - 2%a*b*cos
(x) + a”2))/(a"2%b - b73)]

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 748 vs. 2(49) = 98.

Time = 15.22 (sec) , antiderivative size = 748, normalized size of antiderivative = 12.90

/ b+ c +sin(x)

dxz = Too large to display
a — bcos(x)

Vs

integrate ((b+c+sin(x))/(a-b*cos(x)),x)

N

Piecewise((zoo*(-c*log(tan(x/2) - 1) + c*log(tan(x/2) + 1) - log(tan(x/2)
- 1) - log(tan(x/2) + 1) + log(tan(x/2)**2 + 1)), Eq(a, 0) & Eq(b, 0)), (-
tan(x/2) - c*tan(x/2)/b - log(tan(x/2)**2 + 1)/b, Eq(a, -b)), (-1/tan(x/2)
- c/(b*tan(x/2)) - log(tan(x/2)**2 + 1)/b + 2xlog(tan(x/2))/b, Eq(a, b)),
((c*x - cos(x))/a, Eq(b, 0)), (axsqrt(-a/(a + b) + b/(a + b))*log(-sqrt(-
a/(a + b) + b/(a + b)) + tan(x/2))/(axb*sqrt(-a/(a + b) + b/(a + b)) + b**
2xsqrt(-a/(a + b) + b/(a + b))) + a*sqrt(-a/(a + b) + b/(a + b))*log(sqrt(
-a/(a + b) + b/(a + b)) + tan(x/2))/(a*b*sqrt(-a/(a + b) + b/(a + b)) + bx
*2*sqrt(-a/(a + b) + b/(a + b))) - a*ksqrt(-a/(a + b) + b/(a + b))*log(tan(
x/2)**2 + 1)/(axb*sqrt(-a/(a + b) + b/(a + b)) + b**2*sqrt(-a/(a + b) + b/
(a + b))) + b**2+log(-sqrt(-a/(a + b) + b/(a + b)) + tan(x/2))/(axbxsqrt(-
a/(a + b) + b/(a + b)) + b¥x2xsqrt(-a/(a + b) + b/(a + b))) - bx*2*xlog(sqr
t(-a/(a + b) + b/(a + b)) + tan(x/2))/(a*bxsqrt(-a/(a + b) + b/(a + b)) +
b**2*sqrt(-a/(a + b) + b/(a + b))) + b*cxlog(-sqrt(-a/(a + b) + b/(a + b))
+ tan(x/2))/(a*b*sqrt(-a/(a + b) + b/(a + b)) + b*x*2*sqrt(-a/(a + b) + b/
(a + b))) - bxc*log(sqrt(-a/(a + b) + b/(a + b)) + tan(x/2))/(a*bxsqrt(-a/
(a + b) + b/(a + b)) + bx*x2ksqrt(-a/(a + b) + b/(a + b))) + bxsqrt(-a/(a +
b) + b/(a + b))*log(-sqrt(-a/(a + b) + b/(a + b)) + tan(x/2))/(axbxsqrt(-
a/(a + b) + b/(a + b)) + b*x2xsqrt(-a/(a + b) + b/(a + b))) + b*sqrt(-a/(a

+ b) + b/(a + b))*log(sqrt(-a/(a + b) + b/(a + b)) + tan(x/2))/(a*b*sq...
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Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ b+ c+sin(z)

a — bcos(x)

inputLintegrate((b+c+sin(x))/(a—b*cos(x)),x, algorithm="maxima") J

e B
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*

‘ help (example of legal syntax is 'assume(4*¥b~2-4%a~2>0)', see ~assume? f

or more de

J

N\

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(48) = 96.

Time = 0.12 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.78

/ b+c+sin(z) 2 <7r | < + 3| sgn(2a + 2b) + arctan <atan(52;r_b;jn(5x)>>(b +¢)

a — bcos(z) v JaZ —b2
log <atan (%x)2+bta,n (%x)2+a—b> log (tan( x)2+1>

1
+ _ 2
b b

inputLintegrate((b+c+sin(x))/(a—b*cos(x)),x, algorithm="giac")

‘2*(pi*floor(1/2*x/pi + 1/2)*sgn(2*a + 2*b) + arctan((axtan(1/2*x) + bxtan(
11/2%x))/sqrt(a™2 - b™2)))*(b + c)/sqrt(a™2 - b~2) + log(a*tan(1/2*x)"2 + b |
‘*tan(1/2*x)“2 + a - b)/b - log(tan(1/2*x)"2 + 1)/b

output
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Mupad [B] (verification not implemented)

Time = 6.91 (sec) , antiderivative size = 2213, normalized size of antiderivative = 38.16

dx = Too large to display

/ b+ c+sin(z)

a — bcos(z)

nput 10E((® + ¢ + sin(0)/(a - brcos(x)),x)

(2*%atan(((((b + c)*(128*a*b”~3 + 64*%b~3*c + 64*%b~4 + 64*a~2*b"2 - ((2*%a”~2*b
- 2%b~3)*(64*a*xb~4 + 32*%b"4xc + 32*%b"5 + 32%a"2*xb~3 + 32*%a"2xb"2*c + 64*a
*b~3%c)) /(2% (b4 - a~2%b"2)) + 128*a*b~2xc + 64*a~2xbxc))/(a"2 - b~2)"(1/2
) - ((2%a~2%b - 2%b~3)*(b + c)*(64*a*xb~4 + 32%b~4*c + 32%b~5 + 32*a~2%b~3
+ 32%a”2%b"2%c + 64*axb~3*c))/(2x(b~4 - a"2*xb"2)*(a"2 - b~2)"(1/2)))*(a"2
- b~2)*(2%b~3%c - 4*a~2 + 4*xb~2 + b™4 + b~2%c~2))/((a + b)*(32%a*xb + 32xax
c + 32%bxc + 32xb"2)*(2*b~3*%c + 4*a”2 - 4*b"2 + b™4 + b~2%c"2)"2) - (tan(x
/2)*(a”2 - b~2)7(3/2)*((4xbx (b + c)*(32*xaxb~3 - 128*axb + 64*b~3*c - 64%a”
2 - 64%b~2 + 32%b"4 + 32%b"2*%c”2 - ((b + c)*(((b + c)*(128*a*b~3 + 64*xb~4
+ 64*%a”2+%b"2 - ((2*¥a"2xb - 2*b~3)*(64*a*b”4 + 128*a~2xb~3 + 64*a~3*%b"2))/(
2%(b~4 - a~2+%b"2))))/(a"2 - b~2)"(1/2) - ((2*%a"2xb - 2*%b~3)*(b + c)*(64*a*
b"4 + 128%a”2*b”3 + 64*a~3*b~2))/(2*x(b"4 - a"2xb"2)*(a"2 - b"2)"(1/2))))/(
a"2 - b72)"(1/2) - ((2*%a"2xb - 2*%b~3)*(32*a*b~4 - 128*a"2*b - 64*a*xb”2 + 6
4%b~4*xc - 64*a”3 + 32%b~5 + 32*xb"3*c”2 - ((2*a"2*b - 2*b~3)*(128*a*b~3 + 6
4*xb"4 + 64%a"2%b"2 - ((2*xa"2*%b - 2%b~3)*(64*a*xb~4 + 128*a”~2*b"3 + 64*a”3*b
~2))/(2%(b~4 - a~2%b~2))))/(2*x(b"4 - a~2*%b~2)) + 32%axb~2%c”2 + 64*axb~3*c
))/(2x(b"4 - a~2%b~2)) + 32%axb*xc™2 + 64*axb~2xc + ((2*xa~2%b - 2%b~3)*(b +
c)"2x(64*xaxb~4 + 128*%a”2%b"3 + 64*a~3*xb"2))/(2*x(b"4 - a~2*%b"2)*(a"2 - b2
))))/((a + b)*(2%b~3*%c + 4*a”2 - 4%b"2 + b™4 + b™2*%c”2)"2) - ((((b + c) 3%
(64*a*xb~4 + 128*%a”~2*b~3 + 64*a~3%b"2))/(a"2 - b"2)7(3/2) + ((2*a~2%b - ...

output

Reduce [B] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 179, normalized size of antiderivative = 3.09

/b+c+$M@dx

a — bcos(z)
2va? — b? atan(%) b% + 2va? — b2 atan(%) bc — 10g<tan (%)2 + 1) a’+ log<
- b (a2 -
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input ‘ int ((b+c+sin(x))/(a-b*cos(x)),x)

output

(2*sqrt(a*x*2 - bx*2)*atan((tan(x/2)*a + tan(x/2)*b)/sqrt(a**2 - b**2))xb**
2 + 2xsqrt(ax*2 - bx*2)*atan((tan(x/2)*a + tan(x/2)#*b)/sqrt(a*x*2 - b*x*2))*
b*c - log(tan(x/2)**2 + 1)*ax*2 + log(tan(x/2)**2 + 1)*b**2 + log(tan(x/2)
**k2%a + tan(x/2)**2*%b + a - b)*a**2 - log(tan(x/2)**2*a + tan(x/2)**2*b +

a - b)xb*%x2)/(b*(a**2 — b*x*2))




output

input L
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A+Btan(z
3.6 | ) g

a+bcos(x)
Optimal result . . . . . . . . . . e 671
Mathematica [A] (verified) . . . . . . . . . ... o o 67
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 69
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 69
Sympy [F] . . o 70
Maxima [F(-2)] . . . . . . [70)
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ... [Tl
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... [Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 72
Optimal result
Integrand size = 15, antiderivative size = 65

24 " \/ﬂtan(%)
/ A+ Btan(z) ,  </arctan{ =7 _ Blog(cos(z)) N Blog(a + bcos(z))
a + bcos(x) B va—bva+b a a

n(cos(x))/a+B*1n(atb*cos(x))/a

2xAxarctan((a-b)" (1/2)¥tan(1/2+x)/ (a+b) " (1/2))/ (a-b) " (1/2) / (a+b) " (1/2)-B+1

N

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

(a—b) tan(%)

/ A + Btan(z) dpe — 2Aarctanh<ﬁ> 4 B(—log(cos(x)) + log(a + bcos(x)))

a + bcos(z)

o

a

Integrate[(A + B*Tan[x])/(a + b*Cos[x]),x]

output

(-Log[Cos[x]] + Logla + b*Cos[x]]))/a

‘ (-2xAxArcTanh[((a - b)*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a"2 + b~2] + (B*

N




input

output

rule 2009

rule 3042
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A + Btan(z) i

a + bcos(x)

| 3042

/ A-I—B—‘uan(x)dx

a + bcos(x)

| 4901

A B tan(z)
/ (a + bcos(z) + a+ bcos(ac)) de
| 2009
Va—btan(%)
2A arctan (TI;Q) N Blog(a + bcos(z)) 3 Blog(cos(z))
Va—bva+b a a

LInt[(A + BxTan[x])/(a + b*Cos[x]),x]

‘ (2xA*ArcTan[(Sqrt[a - bl*Tan[x/2])/Sqrt[a + bl])/(Sqrt[a - bl*Sart[a + b])
| - (B*Log[Cos[x]1)/a + (B*Logla + b*Cos[x]11)/a

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

e N

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 4901‘11113 [u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[vl] /; ‘
‘ !InertTrigFreeq [u]

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.66

method | result
2 2 2Aa arctan %
2(Ba—Bb) ln(atan(%) —btan(%) +a+b) . a arcta: N(CEDICED)
2a—2b /(a—b)(at+b) Bln(tan(%) 1) Bln(tan(%)+1)
default . s _ :
iz a?—iv/—AZa% 1+ AZa2b2 iz a?—iv/—AZa%4+ 424252
isch 2izB a® 2izBa b2 sz aln( +4 ﬁib £alet )B ln(e +4a ’:ib +42 2”2)Bb2 ln(‘
T1SC T ai_p2g2 + at—b2a2 + + 2012 — ) 4+
input Lint ((A+B*tan(x))/(at+b*cos(x)) ,x,method=_RETURNVERBOSE) J

‘2/a*(1/2*(B*a—B*b)/(a—b)*ln(a*tan(1/2*x) ~2-bxtan(1/2+%x) ~2+a+b)+A*a/((a-b)* \
‘(a+b)) (1/2) *arctan((a-b) *tan(1/2*x)/((a-b) *(a+b))~(1/2)))-B/a*1ln(tan(1/2% ‘
x)-1)-B/axln(tan(1/2+x) +1)

output

Fricas [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 263, normalized size of antiderivative = 4.05

/ A+ Btan(z) i
a + bcos(z)

abcos(x a2—b2) cos(z)?+2 v—a2+b2(a cos(z sin(z)—a? 2
vV —a? + b?Aalog (2 beos(w)+ (207 -b7) 0 sos)(;)r22+2 abcj:(;)ﬂ?( J+b)sin(z)—a” +2b ) — (Ba? — Bb*) log (b? cos
B 2 (a® — ab?)

input Lintegrate ((A+B*tan(x))/(a+b*cos(x)),x, algorithm="fricas") J
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[-1/2%(sqrt(-a~2 + b~2)*A*axlog((2*a*b*cos(x) + (2¥a"2 - b~2)*cos(x)"2 + 2
x*sqrt(-a~2 + b"2)*(a*cos(x) + b)*sin(x) - a2 + 2x¥b~2)/(b~2*cos(x)"2 + 2*a
xb*cos(x) + a”2)) - (B*xa"2 - B*b~2)*log(b~2*cos(x) "2 + 2*axb*cos(x) + a~2)
+ 2% (B*a"2 - Bxb~2)*log(-cos(x)))/(a"3 - a*b~2), 1/2%(2*sqrt(a™2 - b~2)*A
*axarctan(-(a*cos(x) + b)/(sqrt(a™2 - b"2)*sin(x))) + (B*a~2 - B*b~2)*log(
b~2*cos(x) "2 + 2xaxb*cos(x) + a”2) - 2x(Bxa~2 - Bxb~2)*log(-cos(x)))/(a"3

- axb~2)]

output

Sympy [F]

/A%—Btan(x)dgvz/zél—I—Btan(x)dﬂC
a + bcos(x) a + beos ()

-

input Lintegrate ((A+B*tan(x) )/ (atb*cos(x)) ,x)

- >

Outputtlntegral((A + Bxtan(x))/(a + b*cos(x)), x)

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ A+ Btan(z)

a + bcos(z)

inputLintegrate((A+B*tan(x))/(a+b*cos(x)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*¥b~2-4%a"2>0)', see “assume? f

‘or more de
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(55) = 110.

Time = 0.13 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.86

/ A + Btan(z) dp —

a + bcos(z)

2 (wL% + 3| sgn(—2a + 2b) + arctan (—atan(%z)_btan(%z)»A

\/a2—b2
Vo>
Blog <—atan (%w)z + btan (%x)z —a-— b)

_|_
a
B Blog (’tan (% x) + 1‘) B Blog (|tan (%x) — 1|)
a a

input‘integrate((A+B*tan(x))/(a+b*cos(X)),X, algorithm="giac")

output‘ -2x (pixfloor (1/2%x/pi + 1/2)*sgn(-2%a + 2%b) + arctan(-(axtan(1/2%x) - bt ‘
‘an(1/2%x))/sqrt(a™2 - b72)))*A/sqrt(a™2 - b™2) + Bxlog(-a*tan(1/2*x)72 + b
'¥tan(1/2%x)"2 - a - b)/a - Bxlog(abs(tan(1/2%x) + 1))/a - Bxlog(abs(tan(1/

‘2*}() - 1))/a

Mupad [B] (verification not implemented)

Time = 3.01 (sec) , antiderivative size = 1540, normalized size of antiderivative = 23.69

dx = Too large to display

/ A + Btan(z)
a + bcos(x)

-

input Lint((A + Bxtan(x))/(a + b*cos(x)),x)

-/
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(log((a + bxcos(x))/(cos(x) + 1))*(2+B*a”~3 - 2#B*axb~2))/(2+¢(a"4 - a~2xb"2
)) + (2xA*atan(((a”2 - b™2)*x((A*x(64*%A*Bxa~3 + ((2%B*xa~3 - 2*B*a*xb~2)*(32*A
*a~4 + 32xAxa”~2*b"2 - 64*A*a~3%b))/(2*x(a"4 - a"2*%b"2)) + 64*AxBxaxb”2 - 12
8*%A*B*a~2xb))/(a"2 - b"2)"(1/2) + (A*(2%B*a~3 - 2*Bkxaxb~2)*(32*A*a~4 + 32%
Axa~2%b"2 - 64xA*a~3*b))/(2*%(a"4 - a~2*%b"2)*(a"2 - b"2)"(1/2)))*(A"2*a"2 -

4x%B~2*%a"2 + 4*B"2xb”2))/((32*%A*xa - 32xA*xb)*(a - b)*(A"2*a”~2 + 4*xB"2%a~2 -

4xB~2%b"2)"2) - (tan(x/2)*(a"2 - b~2)"(3/2)*(((((2*B*xa~3 - 2*B*a*b~2)*((A

*(64*B*xa~4 + 64*Bxa”2%b"2 - 128*B*a~3*b - ((2*B*a”~3 - 2*B*a*b~2)*(64*a~4x*b

+ 64*a~2%b"3 - 128*a~3*xb"2))/(2%(a"4 - a~2%b"2))))/(@"2 - b"2)"(1/2) - (A
*(2xB*xa~3 - 2xB¥a*b~2)*(64*a~4%b + 64*a~2%b~3 - 128%*a~3*b~2))/(2%(a"4 - a~
2%b"2)*x(a”2 - b72)7(1/2))))/(2%(a"4 - a~2*¥b"2)) + (A"3*(64*a"4*b + 64*a~2x%
b~3 - 128+%a~3*b"2))/(a"2 - b"2)"(3/2) + (A*(64*B~2%b~3 - 32%xA"2*a”~3 + 32*A
~2%a"2xb - 128*B”"2*a*b”2 + 64%B"2*a"2xb + ((2*B*a~3 - 2*B*a*b~2)*(64xBxa~4

+ 64%B*a”2%b"2 - 128*Bxa~3*b - ((2*B*a”3 - 2*B*a*xb~2)*(64*a”4*b + 64*a”2*
b"3 - 128%a”3%b"2))/(2*x(a"4 - a"2*xb"2))))/(2*x(a"4 - a"2*xb"2))))/(a"2 - b~2
)7(1/2))*(A"2%a"2 - 4xB"2*xa~2 + 4*B"2*b"2))/((a”2 - b72)"(1/2)*(a - b)*(A~
2%a”2 + 4%B72*a"2 - 4*B"2%b"2)"2) - (4*AxBxax(64*B~3*a”"2 + 64*%B"3%b"2 + 32
*A~2xBxa~2 + (A*x((A*(64%B*a~4 + 64*Bxa~2xb~2 — 128%B*a”3%b - ((2*¥B*xa~3 - 2
*Bxaxb~2)*(64%a~4%b + 64*a~2xb~3 - 128%a~3%b~2))/(2%x(a"4 - a~2%b~2))))/(a”
2 - b™2)7(1/2) - (A*x(2*B*a~3 - 2*Bxa*b~2)*(64*a~4*b + 64*a~2xb~3 - 128%...

output

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 159, normalized size of antiderivative = 2.45

/A—l— B tan(x) i

a + bcos(z)
~ 2v/a2 — b2 atan(%) a? —log(tan (%) — 1) a®b + log(tan (£) — 1) b* — log(tan (%) + 1) a®

a (

input 106 (A+B¥tan(x))/ (avbrcos () )

(2*sqrt(a**2 - b*x2)*atan((tan(x/2)*a - tan(x/2)*b)/sqrt(a**2 — b**2))*xa**
2 - log(tan(x/2) - 1)*a*x2%b + log(tan(x/2) - 1)*bx*3 - log(tan(x/2) + 1)=*
a**x2%b + log(tan(x/2) + 1)*b**3 + log(tan(x/2)**2*a - tan(x/2)**2*b + a +
b)*a**2*b - log(tan(x/2)*x2*a - tan(x/2)**2*b + a + b)*b**3)/(a*x(a**2 - bx*
*2))

output
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3.7 f A+ B cot(x) dx

a+bcos(x)
Optimal result . . . . . . . . . . e [73l
Mathematica [A] (verified) . . . . . . . . . ... o o 73]
Rubi [A] (verified) . . . .. . . ... .. 74
Maple [A] (verified) . . . . . . ... L 75
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 76
Sympy [F] . . . o 76
Maxima [F(-2)] . . . . . . irdrd
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. (|
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... [r8

Optimal result

Integrand size = 15, antiderivative size = 100

A+ Beot(z) , 2Aarctan <%) Blog(1 — cos(z))
/ atbeos(z) T Ja—bva+b 2(a+1b)
Blog(1+cos(z)) aBlog(a+ bcos(z))
2(a —b) B a? —b?

‘2xAxarctan((a-b)~(1/2) *tan(1/2%x)/(a+b)~(1/2))/(a-b)~(1/2)/ (a+b) " (1/2)+B¥1
'n(1-cos(x))/(2*a+2+%b) +B*ln(1+cos (x))/(2+a-2+b) -a*Bxln(atb*cos (x))/(a"2-b"2 |
) |

output

Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.34
A
/ + B cot(z) i
a + bcos(z)
a—b) tan
(A + Bcot(z)) (—2A(a2 —b?) arctanh<( \/);ﬁ ) + v—a?+ b?B((a + b)log (cos (%)) — alog(a+b

(a — b)(a+ b)v/—a® + b%(Bcos(z) + Asin(z))

input LIntegrate [(A + B*xCot[x])/(a + b*Cos[x]),x] J




CHAPTER 3. LISTING OF INTEGRALS 74

t‘ ((A + BxCot[x])*(-2*A*(a”2 - b~2)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a~2 + b

out ‘
P 1211 + Sqrt[-a~2 + b~2]*B*((a + b)*Log[Cos[x/2]] - a*Logla + b¥Cos[x]] + (
‘ a - b)*xLog[Sin[x/2]1]1))*Sin[x])/((a - b)*(a + b)*Sqrt[-a~2 + b~2]*(B*Cos [x] ‘
‘ + A%Sin[x])) ‘
Rubi [A] (verified)
Time = 0.39 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,
— _ o number of rules _
number of steps used = 3, number of rules used = 3, integrand size — 0.200, Rules
used = {3042, 4901, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ A + B cot(z) da
a + bcos(x)
| 3042
/ A+ Bcot(x) dx
a + bcos(x)
| 4901
A B cot(z)
/ (a + bcos(z) + a+ bcos(a:)) dz
| 2009
24 " \/ﬂtan(%)
bBarctanh(cos(z)) | aBlog(sin(z)) aBlog(a+ bcos(z)) N arc an( Jatb )
a? — b2 a? — b2 a? — b2 Va—-bv/a+b
input LInt [(A + BxCot[x])/(a + b*Cos[x]),x] J
Output} (2xA*ArcTan[(Sqrt[a - bl*Tan[x/2]1)/Sqrtla + b]1)/(Sqrtla - bl*Sqrtla + bl)

| + (b*BxArcTanh[Cos([x]1)/(a™2 - b"2) - (a*B*Logla + b*Cos[x]1)/(a”2 - b™2) |
L + (a*B*Log[Sin[x]1)/(a"2 - b~2) J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x]}, Intlv, x] /; SumQ[vl] /;
I InertTrigFreeQ [u]

rule 4901

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.96

method | result

— T
(2Aa+2Ab) arctan (M)

Baln(atan(%)Q—btan(%)2+a+b)+ J(a=b)(atb) (tan(2))
— —5 /(a—b)(atb) Bln(tan %
default 2 paa
1 iw | Aa—iv/—A%a24 422 \ p 1 ( iw | Aa—iv/—A2a24A%p2 | /7
risch 2izBa®  _ _ 2icBab® _ iB _ iwB _ n(e + Ab a+ nleT Ab
at—2b2a2+b4 at—2b2a2+b4 a—b a+b (a+b)(a—b) (a+b)(a—b)
. int ((A+B*cot (x))/(at+b*cos(x)) ,x,method=_RETURNVERBOSE)
input

¢ ‘ 1/ (a+b)*(-B*a/(a-b) *1n(a*tan(1/2*x) ~2-b*tan(1/2%x) ~2+a+b) +(2*A*a+2*Axb) / (( ‘
'a-b)*(a+b))~(1/2) *arctan((a-b)*tan(1/2+x)/ ((a-b)*(a+b))~(1/2)))+1/(atb) ¥B*
In(tan(1/2+x) |

outpu
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Fricas [A] (verification not implemented)

Time = 2.84 (sec) , antiderivative size = 266, normalized size of antiderivative = 2.66

/A—i—Bcot(a:) i

a + bcos(z)
2 ab cos(z)+ (2 a2 —b?) cos(x)2+2 v—a2+b2(a cos(z)+b
B _Ba log (b cos (z)® + 2abcos (z) + a?) + vV—a? + b*Alog ( (@)+( ) = C(OS)(;;erMbC;(;)MQ( Al
2 (a? — b?)

Balog (b*cos (z)* + 2 abcos (z) + a?) — 2+v/a? — B2 A arctan <—\/(%Sb+s);;?z)) — (Ba + Bb)log (% cos

B 2 (a® — b?)

inputLintegrate((A+B*cot(x))/(a+b*cos(x)),x, algorithm="fricas") J
output [-1/2%(B*a*log(b~2*cos(x) "2 + 2%a*b*cos(x) + a~2) + sqrt(-a”2 + b~2)*Axlog

((2*ax*bxcos(x) + (2*a™2 - b~2)*cos(x)"2 + 2*sqrt(-a~2 + b"2)*(axcos(x) + b

)*xsin(x) - a”2 + 2xb~2)/(b"2xcos(x) "2 + 2xa*b*cos(x) + a~2)) - (B*a + Bxb)

*xlog(1/2xcos(x) + 1/2) - (B*a - Bxb)*log(-1/2xcos(x) + 1/2))/(a"2 - b~2),

-1/2*%(Bxa*log(b~2*cos(x) "2 + 2xaxb*cos(x) + a~2) - 2xsqrt(a”2 - b~2)*Axarc

tan(-(a*cos(x) + b)/(sqrt(a™2 - b~2)*sin(x))) - (B*a + Bx*b)*log(1/2*cos(x)
+ 1/2) - (B*a - B*b)*log(-1/2*cos(x) + 1/2))/(a"2 - b~2)]

Sympy [F]
/A+Bcot(x) da :/A—i-Bcot(x) i
a + bcos(x) a+ bcos (z)
inputLintegrate((A+B*cot(x))/(a+b*cos(x)),x) J

outputtlntegral((A + Bxcot(x))/(a + b*cos(x)), x) J
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Maxima [F(-2)]

Exception generated.

/ A+ Bcot(z)

dx = Exception raised: ValueError
a + bcos(z)

inputLintegrate((A+B*cot(x))/(a+b*cos(x)),x, algorithm="maxima") J

output

e B
‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*¥b~2-4%a~2>0)', see ~assume? f

or more de

N\ J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.16

/ A+ Bcot(x) s
a + bcos(x)

Balog (—atan (%x)z + btan (1 x)2 —a— b)
a? — b?
2 (7r | £ + 1] sgn(—2a + 2b) + arctan (—atan(%fiz__b;;n(%w)>>A
Va2 —b?

Blog ([tan (1 x)])
+
a+b

/

Lintegrate((A+B*cot(x))/(a+b*cos(x)),x, algorithm="giac")

~—

input

t‘—B*a*log(—a*tan(l/Q*x)‘Q + b*tan(1/2*%x)"2 - a - b)/(a”2 - b™2) - 2*(pix*flo
Lor(1/2%x/pi + 1/2)xsgn(-2%a + 2%b) + arctan(-(axtan(1/2%x) - bxtan(1/2%x)) |
/sqrt(a”2 - b~2)))*A/sqrt(a”2 - b~2) + Bxlog(abs(tan(1/2*x)))/(a + b)

N J

outpu
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Mupad [B] (verification not implemented)

Time = 1.70 (sec) , antiderivative size = 419, normalized size of antiderivative = 4.19

/A—i—Bcot(x) B In (tan(%))
AT DD gy = = T2
a + bcos(z) a+b

In (3Ba2b2—Bb4—QBa4+Aa\/—(a+b)3 (a—b)g’-l—Ab\/—(ou—i-b)3 (a—b)’+ Aa*tan(Z) +

+

In (2Ba4+Bb4—3Ba2b2+Aa\/—(a+b)3 (a—b)° +Ab\/—(a+)° (a—b)° — Aa*tan() —

inputLint((A + B*cot(x))/(a + b*cos(x)),x) J

(B¥log(tan(x/2)))/(a + b) + (log(3*B*a~2*b~2 - B*b~4 - 2*B*a"4 + Axa*x(-(a
+ b)"3*(a - b)"3)"(1/2) + Axbx(-(a + b)~3*(a - b)~3)~(1/2) + A*a~4xtan(x/2
) + Axb~4xtan(x/2) + B*a*b~3 - B*a"3%b - 2%A*a”2%b~2*tan(x/2) + 2*B*axtan(
x/2)*%(-(a + b)~"3*(a - b)~3)"(1/2) - Bsbxtan(x/2)*(-(a + b)"3*(a - b)~3)~(1
/2))*(Ax(-(a + b)~"3*(a - b)~3)"(1/2) - B*a~3 + B*a*b~2))/(a"4 + b~4 - 2xa"
2¥b~2) - (log(2#B*a~4 + B*b~4 - 3*B*a~2%b~2 + Axa*(-(a + b)~3*(a - b)~3)"(
1/2) + Axbx(-(a + b)"3*(a - b)~"3)"(1/2) - A*a~4xtan(x/2) - A*b~4*tan(x/2)
- Bxa*b~3 + B*a~3*b + 2kxA*a~2*xb"2xtan(x/2) + 2*Bxa*tan(x/2)*(-(a + b)~3*(a

- b)~3)"(1/2) - Bibxtan(x/2)*(-(a + b)~3*(a - b)~3)"(1/2))*(B*a~3 + A*x(-(
a + b)"3x(a - b)"3)"(1/2) - Bxa*b~2))/(a”4 + b~4 - 2*a~2*b"2)

output

N\

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.97

/A+Bcot(x) i

a + bcos(x)
2v/a% — b2 atan(%) a— log<tan (§)2 a — tan (%)2 b+a+ b) ab + log(tan (g)) ab — log(ta
B a2 — b2
inputLint((A+B*cot(x))/(a+b*cos(x)),X) J




output
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‘ (2xsqrt(a**2 - b**2)*atan((tan(x/2)*a - tan(x/2)*b)/sqrt(a**2 - b**2))*a -
‘ log(tan(x/2)**2%a - tan(x/2)**2%b + a + b)*a*b + log(tan(x/2))*a*b - log(
tan(x/2))*bk*2)/(ak*2 ~ br*2)
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3.8 f A+ B csc(z) dx

a+bcos(x)
Optimal result . . . . . . . . . . e 801
Mathematica [A] (verified) . . . . . . . . . ... o o 80)
Rubi [A] (verified) . . . .. . . ... .. BT
Maple [A] (verified) . . . . . . ... L R2
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... ’3
Sympy [F] . . . o 83
Maxima [F(-2)] . . . . . . Rl
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. k!
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... R5)
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 85

Optimal result

Integrand size = 15, antiderivative size = 99

A+ Besc(z) , 2Aarctan (%) Blog(1 — cos(z))
/ atbeosz)  va-bvath 2(a +1b)
Blog(1 + cos(z)) bBlog(a+ bcos(x))
B 2(a —b) a? — b?

‘2xAxarctan((a-b)~(1/2) *tan(1/2%x)/(a+b)~(1/2))/(a-b)~(1/2)/ (a+b) " (1/2)+B¥1
'n(1-cos(x))/(2*a+2%b)-B*ln(1+cos (x))/ (2+a-2+b) +b*Bxln(atb*cos (x))/(a"2-b"2 |
) |

output

Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.17

/ A+ Bcsc(x) p

a + bcos(z) v
—2A(a? — b?) arctanh<w> —V—a?+bB((a+b)log (cos (%)) — blog(a + beos(z)) + (—a +

e
(a—0b)(a+b)vV—a?+1?

input LIntegrate [(A + BxCsc[x])/(a + b*Cos[x]),x] J
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. (-2xAx(a™2 - b 2)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a"2 + b"2]] - Sqrt[-a™2
|+ b 2]#B*((a + b)*LoglCos[x/2]] - bLogla + b*Cos[x]] + (-a + b)*Log[Sin[
'%x/211))/((a - b)*(a + b)*Sgrt[-a~2 + b~2]) |

outpu

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {3042, 4713, 3042, 4901, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

A
/ + Bcsc(z) e
a + bcos(z)

l 3042

A
/ + B csc(x) da
a + bcos(x)

l 4713

/ csc(z)(Asin(z) + B) i
a + bcos(x)

l 3042

/ Asin(z) + B
sin(z)(a + bcos(x))

l 4901

/ (a + bfos(a:) + afzSSCE:(L)) dz
| 2009

24 + Vva—btan(%)
bBlog(a + bcos(z)) arctan Jatb Blog(1 —cos(z))  Blog(cos(z) +1)

2 — 12 T Jacbvath 2(a + b) 2(a—b)

dx

-

LInt[(A + B*Csc[x])/(a + b*Cos[x]),x]

~—

input
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‘(2*A*ArcTan[(Sqrt[a - b]*Tan[x/2])/Sqrt[a + bl])/(Sqrt[a - bl*Sqrt[a + b]) ‘

tput
TP 4 (BeLoglt - Cos[x]1)/(2¢(a + b)) - (BxLogli + Cos[x]1)/(2x(a - b)) + (b
‘B*Log[a + b*Cos[x]])/(a"2 - b~2)
Defintions of rubi rules used
rule2009LInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] J

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

\Q[u, x] \
rule 4713 Int[(cscl(a_.) + (b_.)*(x_)1*(B_.) + (A_))*(u_), x_Symbol] :> Int[ActivateT
riglul*((B + A*Sin[a + b*x])/Sinl[a + b*x]), x] /; FreeQ[{a, b, A, B}, x] &&
KnownSineIntegrandQ[u, x]
rule 4901 Intlu_, x_Symboll :> With[{v = ExpandTriglu, x1}, Intlv, x] /; SumQ[vl] /;
I InertTrigFreeQ[u]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.96

method | result

(a—b) tan(%)

V(a—b)(a+b) )

Bbin (a tan(%)z—b tan(%)2+a+b> (2Aa+2Ab) arctan (

+ z
Py V(a—b)(ath) Bln(tan(3))
default Py =y
iz | Aa—i/—A2a24 A2b2 iz, Aa—i/—A2a24 A2p2
I'iSCh _ 2izB a’b + 2izB b3 + ixB __ izB + ln(e””—l- Ab )Bb + 1n<e””-|— Ab )\/:
at—2b2a2+b4 at—2b2a2+bt a—b a+b (a+b)(a—b) (a+b)(a—b)

-

input Lint ((A+B*csc(x))/ (at+b*cos(x)) ,x,method=_RETURNVERBOSE)

-/
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t‘1/(a+b)*(B*b/(a-b)*ln(a*tan(1/2*x)”2-b*tan(1/2*x)“2+a+b)+(2*A*a+2*A*b)/((a
\-b)*(a+b))“(1/2)*arctan((a-b)*tan(1/2*x)/((a-b)*(a+b))“(1/2)))+1/(a+b)*B*1

\ n(tan(1/2%x))

outpu

Fricas [A] (verification not implemented)

Time = 3.77 (sec) , antiderivative size = 265, normalized size of antiderivative = 2.68

/ A+ Bcsc(x) i
a + bcos(z)

2 / 1712 .
Bblog (62 coS (ac)2 +2abcos (x) + az) —vV—a2 +b2Alog (2ab cos(e)t (27 47) ZZSC(:S)(;;S +2;Zij:(1(; f::(sz) =
a 2 (a2 — b?)

input[integrate((A+B*csc(x))/(a+b*cos(x)),x, algorithm="fricas") J
output [1/2% (B*bxlog(b~2*cos(x) "2 + 2*axb*cos(x) + a~2) - sqrt(-a~2 + b~2)*Axlog(
(2xa*b*cos(x) + (2¥a”2 - b"2)*cos(x)"2 + 2*sqrt(-a~2 + b~2)*(axcos(x) + b)
*sin(x) - a2 + 2*b~2)/(b~2*cos(x) "2 + 2*axbkcos(x) + a~2)) - (Bxa + Bxb)*
log(1/2%cos(x) + 1/2) + (Bxa - B*b)*log(-1/2*cos(x) + 1/2))/(a"2 - b~2), 1
/2% (Bxbxlog(b~2%cos(x) "2 + 2%a*bkcos(x) + a~2) + 2xsqrt(a~2 - b~2)*A*arcta
n(-(a*cos(x) + b)/(sqrt(a™2 - b~2)*sin(x))) - (B*a + B*b)*log(1/2*xcos(x) +
1/2) + (B*a - B*b)*log(_1/2*COS(X) + 1/2))/(a"2 - b~2)]
Sympy [F]
/A—I—BCSC(x) dx:/A—l-Bcsc(x) i
a + bcos(x) a+ bcos (z)
inputLintegrate((A+B*csc(x))/(a+b*cos(x)),x) J

-

. ]

output LIntegral((A + Bxcsc(x))/(a + b*xcos(x)), x)
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Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ A+ Bcsc(x)

a + bcos(z)

inputLintegrate((A+B*csc(x))/(a+b*cos(x)),x, algorithm="maxima") J

p
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

|
‘additional constraints; using the 'assume' command before evaluation *may*

‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f

or more de

N\ J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.16

/A+Bcsc(x)d _ Bblog (—atan (%$)2+btan (%x)z—a—b)
a+bcos(z) a? — b2

2 (WL% + 1| sgn(—2a + 2b) + arctan (—atan(%fiz__bgfn(%x))>A
A /a2 _ b2

Blog (}tan (%x) ‘)
a+b

-

Lintegrate((A+B*csc(x))/(a+b*cos(x)),x, algorithm="giac")

~—

input

Output‘(B*b*log(—a*tan(l/2*x)“2 + bxtan(1/2*%x)72 - a - b)/(a"2 - b72) - 2*(pix*floo
‘r(1/2*x/pi + 1/2)*sgn(-2*a + 2%b) + arctan(-(a*tan(1/2*x) - b¥tan(1/2*x))/
'sqrt(a”2 - b"2)))*A/sqrt(a2 - b"2) + Bxlog(abs(tan(1/2%x)))/(a + b)

\‘
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Mupad [B] (verification not implemented)

Time = 1.68 (sec) , antiderivative size = 417, normalized size of antiderivative = 4.21

/ A + Besc(x) B In (tan(%))
AT 2eAr) 4, o 2B TAE))
a + bcos(z) a+b

In (3Ba2b2—2Bb4—Ba4+Aa\/—(a+b)3 (a—b)g’-l—Ab\/—(ou—i-b)3 (a—b)’+ Aa*tan(Z) +

+

In (Ba4+23b4—3Ba2b2+Aa\/—(a+b)3 (a— b+ Aby/~(a+b)* (a—b)° — Ad*tan(3) —

input Lint((A + B/sin(x))/(a + bxcos(x)),x) J

(B¥log(tan(x/2)))/(a + b) + (log(3*B*a~2xb~2 - 2%Bxb~4 - B*a"4 + Axa*x(-(a
+ b)"3*(a - b)"3)"(1/2) + Axbx(-(a + b)~3*(a - b)~3)~(1/2) + A*a~4xtan(x/2
) + Axb~4xtan(x/2) - B*a*b~3 + B*a"3%b - 2*A*a”2+b~2*xtan(x/2) + B*a*tan(x/
2)*%(-(a + b)"3x(a - b)"3)7(1/2) - 2*Bxbxtan(x/2)*(-(a + b)"3*(a - b)"3)"(1
/2))*x(A*x(-(a + b)~3*%(a - b)~3)"(1/2) - B*xb~3 + B*xa~2*b))/(a"4 + b™4 - 2*a~
2¥b~2) - (log(B*a~4 + 2#B*b~4 - 3*B*a~2%b~2 + Axa*(-(a + b)~3*(a - b)~3)7(
1/2) + Axbx(-(a + b)"3*(a - b)~"3)"(1/2) - A*a~4xtan(x/2) - A*b~4*tan(x/2)
+ B*axb”™3 - B*a"3*b + 2xA*a”2xb~2+tan(x/2) + B*axtan(x/2)*(-(a + b)~3*(a -

b)~3)~(1/2) - 2*Bxb*tan(x/2)*(-(a + b)"3*(a - b)~3)~(1/2))*(B*xb~3 + Ax(-(
a + b)"3x(a - b)"3)"(1/2) - Bxa~2%b))/(a"4 + b~4 - 2%xa~2%b~2)

output

N\

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.98

/ A+ Bcsc(x) .

a + bcos(x)
2va? — b2 atan(%) a+ log (tan (§)2 a — tan (3)2 b+a+ b) B2 + log (tan (%)) ab — log|(ta
- a — b2
input Lint((A+B*csc (x))/ (atb*cos(x)) ,x) J




output
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‘ (2*%sqrt(a**2 - b*x2)*atan((tan(x/2)*a - tan(x/2)#*b)/sqrt(a**2 - b**2))*a +
‘ log(tan(x/2)**2%a - tan(x/2)**2%b + a + b)*b**2 + log(tan(x/2))*axb - log
(tan(x/2))*b**2)/(a**2 - bH*2)




output
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3.9 f (c+dsec(e+f:1:))4 dz

a+b cos(e+ fr)
Optimal result . . . . . . . . .. .. 87
Mathematica [B] (verified) . . . . . . . .. ... L Lo 88
Rubi [A] (verified) . . . . . . . .. .. ]Y
Maple [B] (verified) . . . . . . . . . .. 90
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... OT]
Sympy [F] . . . 92]
Maxima [F(-2)] . . . . . . . o 93
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ... 93
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 94
Reduce [B] (verification not implemented) . . . ... ... ... ......... 95

Optimal result

Integrand size = 25, antiderivative size = 247

\/ﬂtan(%(e+fx))
(c + dsec(e + fz))* o 2(ac — bd)* arctan < N )
a+ beos(e + fx) a*va—byva+bf

d?(4ac — bd)arctanh(sin(e + fz))

+
202 f
N d(2ac — bd) (2a®c® — 2abcd + b?d?) arctanh(sin(e + fz))
at*f

d*tan(e + fz)  d?(6a®c® — 4abed + b2d?) tan(e + fx)

+ +
af adf

d®(4ac — bd) sec(e + fz)tan(e + fx) d*tan®(e + fx)

+ +
2a2f 3af

2% (a*c-b*d) “4*arctan((a-b) " (1/2) *tan(1/2*xf*x+1/2*xe) /(a+b) ~(1/2))/a~4/(a-b)
~(1/2)/(a+b) " (1/2) /£+1/2%d"3* (4*a*xc-b*xd) *arctanh (sin(f*x+e) ) /a~2/f+d*x (2*ax*
c-b*d) * (2*xa~2*c~2-2*a*b*c*d+b~2*d"2) *arctanh (sin(f*x+e)) /a~4/f+d 4*tan (f*x
+e)/a/f+d"2* (6*a~2*c~2-4*xa*bxc*d+b~2*d"2) *tan (f*x+e) /a~3/f+1/2*d~3* (4*axc—
b*d) *sec (f*x+e) *tan (f*x+e)/a"~2/f+1/3*d"4*tan(f*x+e) ~3/a/f




CHAPTER 3. LISTING OF INTEGRALS 88

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 526 vs. 2(247) = 494.

Time = 7.77 (sec) , antiderivative size = 526, normalized size of antiderivative = 2.13

/ (c + dsec(e + fr))*

dr
a+ bcos(e + fx)

24(ac—bd)*arctanh (W

— —— ) — 6d(8ab®cd® — 2b3d® + 4a3c(2¢* + d?) — a?bd(12¢* + d?)) log (cos

input Integrate[(c + d*Sec[e + f*x])~4/(a + b*Cos[e + f*x]),x]

((-24x(axc - b*d) "4xArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]11)/
Sqrt[-a~2 + b"2] - 6*d*(8*axb™2xc*d"2 - 2*¥b"3*d"3 + 4*xa”3xc*(2*c”2 + 472)
- a"2*bxd*(12*xc~2 + d~2))*Logl[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] - 6%d*(
—-8%a*b~2xc*d"2 + 2%b73*d"3 - 4*a"3xc*(2%c”2 + d72) + a”2*bkd*x(12*%c”2 + 472
))*Log[Cos[(e + f*x)/2] + Sin[(e + £*x)/2]] + (a~2*d"3*(-3%bxd + a*(12*c +
d)))/(Cos[(e + f*x)/2] - Sin[(e + £*x)/2])"2 + (2*a~3*d~4%Sin[(e + f*x)/2
1)/(Cos[(e + £*x)/2] - Sin[(e + £*x)/2])"3 + (4*axd”2*(-12*a*xb*c*d + 3*b~2
*d~2 + 2*xa”2%(9*c”2 + d~2))*Sin[(e + f*x)/2])/(Cos[(e + f*x)/2] - Sin[(e +
f*x)/2]) + (2*¥a~3*d"4*Sin[(e + f*x)/2])/(Cos[(e + f*x)/2] + Sin[(e + £f*x)
/2]1)73 - (a"2%d"3*(-3*b*d + ax(12*c + d)))/(Cos[(e + f*x)/2] + Sin[(e + £fx*
x)/2]) 72 + (4*axd~2x(-12*xaxbkckd + 3*%b~2*%d"2 + 2*xa~2x(9*c”2 + d"2))*Sin[(e
+ £xx)/2]1)/(Cos[(e + f*x)/2] + Sin[(e + £*x)/2]))/(12%a~4*f)

output

Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.200, Rules

number of steps used = 5, number of rules used = 5,
used = {3042, 3307, 3042, 3431, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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(c+ dsec(e + fx))*
a+ bcos(e + fx)

l 3042

dz

/(c+dcsc (e—l—fx+%))4dx
a+bsin(e+fw+%)

l'3307

/ sect(e + fz)(ccos(e + fz) + d)*
a+ beos(e + fx)

l 3042

dz

. x 4
/ (csm (e+fw+ 5) +d) i

e o4 5) o bin e+ Fo 4 §)
l 3431

/ ( (ac — bd)* N d3(4ac — bd) sec®(e + fz) N d(2ac — bd) (2a*c® — 2abed + b*d?) sec(e + fz)
a’(

a+ bcos(e + fx)) a? at
| 2009
Va—btan(2 (e+fz))
2(ac — bd)* arctan ( Jatt ) + d3(4ac — bd)arctanh(sin(e + fx)) +
a*fva—bva+b 2a2f
d®(4ac — bd) tan(e + fz)sec(e + fzx)
+
202 f
d(2ac — bd) (2a*c? — 2abed + b%d?) arctanh(sin(e + fz)) +
atf
d?(6a®c* — 4abed + b*d?) tan(e + fz)  d*tand(e + fz) = d*tan(e + fz)
+ +
alf 3af af

e

inputtlnt[(c + dxSec[e + f*x])~4/(a + bxCos[e + f*x]),x]

(2% (a*xc - b*d) “4*ArcTan[(Sqrt[a - bl*Tan[(e + f*x)/2])/Sqrtl[a + bl])/(a~4*
Sqrt[a - bl*Sqrtl[a + bl*f) + (d"3*(4*a*c - b*d)*ArcTanh[Sin[e + fx*x]])/(2*
a~2*f) + (d*(2*axc - b*d)*(2*a~2*%c~2 - 2%axb*ckd + b~2*d~2)*ArcTanh[Sin[e
+ £xx]])/(a"4xf) + (d"4*xTan[e + fx*x])/(a*xf) + (d"2*(6%a~2%c™2 - 4*a*b*c*d
+ b~2xd"2)*Tan[e + f*x])/(a~3*f) + (d"3*(4*a*c - b*d)*Sec[e + f*x]*Tanl[e +
f*x])/(2%xa~2%f) + (d~4*Tan[e + f*x]~3)/(3%axf)

output

d?



rule 2009 ‘

rule 3042

rule 3307
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))"(n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*((d + c*Sinfe +
fxx])"n/Sinle + £*x]°n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[n]

rule 3431

Int[((g_.)*sin[(e_.) + (£_.)*(x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
DD @ )*((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(g*sin[e + f*x]) px(a + b*sin[e + f*x]) m*(c + d*sin[e + f*x])“"n, x
1, x] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && NeQ[b*c - a*d, 0] && (Int
egersQ[m, n] || IntegersQ[m, p] || IntegersQ[n, pl) && NeQ[p, 2]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 483 vs. 2(232) = 464.

Time = 1.23 (sec) , antiderivative size = 484, normalized size of antiderivative = 1.96

method result
2(atct—aba®c3a+66%a?c2d? —abPac aB+btat) arctan (%) p (80363 408 1247
derivativedivides e _sofeen(B+g) )
2(atet—ab a3 at6b2a2c2d? —ab3ac a3 +b%dt ) arctan (Lfb) tan(fF +5) )
Via=b)@@a+b) ] 44 d(8a%cP+4a3ca? 124"
default Ve g0 (tan (45 ) +1)”
risch Expression too large to display

input L

int ((c+d*sec(f*x+e)) "4/ (a+b*cos (f*x+e)) ,x,method=_RETURNVERBOSE) J
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1/£% (2% (a"4*c~4-4%a”~3*b*c~3*d+6*a”2*%b~2*xc"2+%d~2-4*a*xb~3*c*d~3+b~4*d"4) /a~4
/((a-b)*(a+b))~(1/2)*arctan((a-b) *tan(1/2*xf*x+1/2*xe)/((a-b) *(a+b))~(1/2))-
1/3*xd"4/a/(tan(1/2*f*x+1/2xe)+1) “3+1/2*d* (8*a~3*c~3+4*a~3xcxd~2-12*a"2*b*c
~2xd-a~2xbxd"3+8*a*b”2*c*d"2-2*¥b"3*d"3) /a"4*1n(tan(1/2*f*x+1/2*e)+1)-1/2*d
2% (12*a”~2xc”2-4*a” 2% c*d+2*a”2*%d " 2-8*axbxckxd+axb*d"2+2%b"2*%d"2) /a~3/ (tan (1
/2xfxx+1/2*xe)+1) -1/2+%d"3* (4*axc-a*d-b*d) /a~2/ (tan(1/2*f*x+1/2*e)+1) ~2-1/3*
d"4/a/(tan(1/2*%f*x+1/2%e)-1) "3-1/2*d* (8*a~3*c”~3+4*a”3*c*xd~2-12*a” 2*¥b*c”~2*d
-a"2%b*d " 3+8*axb~2xc*xd"2-2%b"3*%d"3) /a~4*1n(tan(1/2*xf*x+1/2%e)-1)-1/2%d " 2% (
12%a~2%c~2-4%a " 2kcxd+2%a”~2*xd~2-8*a*bxc*d+axbxd~2+2*b~2xd"2) /a~3/ (tan(1/2*f
*x+1/2%e)—-1)+1/2*d"3* (4*a*c-a*d-bxd) /a~2/ (tan(1/2*f*x+1/2%e)-1) "2)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 490 vs. 2(232) = 464.

Time = 96.82 (sec) , antiderivative size = 1049, normalized size of antiderivative = 4.25

dz = Too large to display

(c+ dsec(e + fz))*
/ a+bcos(e + fx)

input  integrate ((c+d*sec(f*x+e)) 4/ (atbkcos(f*x+e)),x, algorithm="fricas")




output

input

output
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[-1/12% (6% (a~4%c™4 - 4*a”3*b*c”3*d + 6*a~2*b~2*c"2*d"2 - 4*axb~3*cxd"3 + b
~4xd"4)*sqrt(-a”2 + b~2)*cos(f*x + e) " 3xlog((2*a*bkxcos(f*x + e) + (2xa~2 -
b~2)*cos(f*x + e)”2 + 2*sqrt(-a”2 + b"2)*(axcos(f*x + e) + b)*sin(f*x + e
) — a”2 + 2%b"2) /(b"2*cos(f*x + e)~2 + 2*axb*cos(f*x + e) + a~2)) - 3*(8x%(
a™h - a”3%b"2)*c"3xd - 12*%(a"4%b - a"2*%b"3)*c"2*xd"2 + 4*(a”"5 + a"3%b"2 - 2
*axb~4)*c*d"3 - (a"4*b + a”2x¥b”3 - 2xb~5)*d"4)*cos(f*x + e) "3*log(sin(f*x
+ e) + 1) + 3x(8x(a”5 - a"3*¥b"2)*c"3*d - 12*(a"4*b - a"2*¥b”3)*c”2*d"2 + 4%
(a”5 + a"3*b"2 - 2%a*b”"4)*cxd"3 - (a"4%b + a"2*xb"3 - 2*xb"5)*d"4)*cos(f*x +
e) "3*log(-sin(f*x + e) + 1) - 2%(2*(a”5 - a"3%b"2)*d"4 + 2*(18x(a”5 - a”3
*b~2) *c"2*%d"2 - 12x(a”4*%b - a"2*%b"3)*c*d"3 + (2*a"5 + a"3*b"2 - 3*axb~4)*d
~4)*cos(f*x + e)”2 + 3*x(4*(a”5 - a~3*%b"2)*c*d~3 - (a~4*b - a~2%b~3)*d"4)*c
os(fxx + e))*sin(f*x + e))/((a"6 - a~4xb~2)*f*xcos(f*x + e)~3), 1/12x(12*(a
“4%c”4 - 4%a”3*b*c”3*%d + 6*a”2xb"2%c”2*d"2 - 4*axb”3*c*d"3 + b~4*d"4)*sqrt
(2”2 - b~2)*arctan(-(axcos(f*x + e) + b)/(sqrt(a”2 - b™2)*sin(f*x + e)))*c
os(f*x + e)73 + 3*(8*(a"5 - a"3*%b"2)*c"3*d - 12*x(a"4*b - a”~2%b"3)*c"2*d"2
+ 4x(a”5 + a"3%b"2 - 2¥axb”"4)*cxd"3 - (a"4xb + a~2*xb”"3 - 2*b~5)*d"4)*cos(f
*x + e) " 3*log(sin(f*x + e) + 1) - 3*%(8%(a”b - a”3*%b"2)*c”3*d - 12x(a"4xb -
a~2*%b"3)*c"2xd"2 + 4*(a”5 + a”“3*b"2 - 2*axb”4)*cxd"3 - (a"4xb + a"2xb"3 -
2%b~5)*d"4) *cos(f*x + e) "3*log(-sin(f*x + e) + 1) + 2%(2*%(a”5 - a~3*b"2)*
d™4 + 2x(18*%(a”5 - a”3%b"2)*c"2*d"2 - 12*(a”4*b - a~2*b"3)*c*d"3 + (2*a...

Sympy [F]

(c+dsec(e + fz))* | [ (c+dsec(e+ fz))*
/a-l—bcos(e-l—fx) dac—/ a+bcos(e+ fz) *

p
Lintegrate((c+d*sec(f*x+e))**4/(a+b*cos(f*x+e)),x)

| —

-

LIntegral((c + dxsec(e + fxx))**4/(a + bxcos(e + f*x)), x)

~—
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Maxima [F(-2)]

Exception generated.

(c+ dsec(e + fx))*
a+bcos(e + fx)

dx = Exception raised: ValueError

-

inputLintegrate((C+d*SeC(f*X+e))“4/(a+b*cos(f*x+e)),x, algorithm="maxima")

~—

Ou_,Gput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f
‘or more de ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 607 vs. 2(232) = 464.

Time = 0.21 (sec) , antiderivative size = 607, normalized size of antiderivative = 2.46

d 4
/ (c+ dsec(e + fz)) dz = Too large to display

a+bcos(e + fx)

input Lintegrate ((ct+d*sec(f*x+e)) "4/ (a+tb*cos(f*x+e)) ,x, algorithm="giac") J




output

inputt
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1/6% (3% (8*a~3*c~3*d - 12%a”2%b*c~2*d~2 + 4*a”~3*c*d~3 + 8*axb~2xc*d~3 - a~2
*b*d~4 - 2xb~3*d"4)*log(abs(tan(1/2*f*x + 1/2*%e) + 1))/a~4 - 3*(8xa~3*c” 3%
d - 12%a"2%b*c”2*%d"2 + 4*a~3*%c*d”3 + 8*a*b"2*c*kd"3 - a"2*%b*d"4 - 2*xb~3*%d"4
)*log(abs(tan(1/2*f*x + 1/2%e) - 1))/a~4 - 12%(a~4*c™4 - 4%a~3*bxc~3*d + 6
*a"2%b"2%Cc"2%d"2 - 4*a*b~3*c*d”"3 + b~4*d"4)*(pixfloor(1/2x(f*x + e)/pi + 1
/2)*sgn(-2%a + 2%b) + arctan(-(axtan(1/2*f*x + 1/2%e) - bxtan(1/2*f*xx + 1/
2*xe))/sqrt(a”2 - b~2)))/(sqrt(a”2 - b~2)*a~4) - 2x(36*a~2xc~2+d"2+tan(1/2*
f*x + 1/2xe)”5 - 12*a~2kc*d"3*tan(1/2*f*x + 1/2*e)”5 - 24*axbxc*d~3*tan(1/
2xfxx + 1/2%e)”5 + 6*%a~2xd"4*tan(1/2*f*x + 1/2%e)”5 + 3*a*xbkd~4xtan(l/2xf*
X + 1/2%e)”5 + 6%b~2xd~4*tan(1/2%f*x + 1/2%e) "5 - 72%a~2xc~2%d~2*tan(1/2*f
*x + 1/2xe)~3 + 48xaxbxckd~3*tan(1/2*f*x + 1/2%e) "3 - 4*a~2xd"4xtan(1/2*f*
X + 1/2%e)”3 - 12xb"2+d~4*tan(1/2*%f*x + 1/2*%e) 3 + 36*a~2kc 2*xd"2*tan(1/2*
f*x + 1/2%e) + 12xa”~2xckd"3*tan(1/2*f*x + 1/2xe) — 24*axbkxc*d"3*tan(1/2*fx*
X + 1/2%e) + 6*a"2xd"4xtan(1/2*xf*x + 1/2%e) - 3*axbxd~4xtan(1/2*xf*x + 1/2%
e) + 6*%b"2xd"4xtan(1/2*xf*x + 1/2%e))/((tan(1/2xf*x + 1/2%e)"2 - 1)"3*a”~3))
/£

Mupad [B] (verification not implemented)

Time = 6.71 (sec) , antiderivative size = 9992, normalized size of antiderivative = 40.45

/ (c+ dsec(e + fx))*

dz = Too 1 to displ
o+ boos(e + fz) x oo large to display

e

int((c + d/cos(e + f*x))~"4/(a + b*cos(e + f*x)),x)

-/
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(atan(((((((8*(4*a~13*xc~4 - 8*a~12*xb*c~4 - 2%a~12%b*d~4 + 8%a~13%c*d~3 + 1
6*%a~13*c"3*d + 4*xa~11*%b"2*%c"4 - 4*%a"8*%b"5xd"4 + 6*%a”"9*b"4*d"4 - 2*%a~10%b”"3
*d"4 + 2*%a”"11xb"2%d"4 + 16*a”~9*b"4*kckd~3 - 24*a”10*¥b"3*xc*d~3 + 8*xa~11*xb™~2x*
cxd™3 + 16*%a”11xb"2%c”3*%d - 24*a”~12%b*c™2*d"2 - 24*%a~10*%b"3*%c™2*d"2 + 48%a
“11%b"2%c"2%d"2 - 8*xa~12*b*c*xd~3 - 32*%a~12*b*c”3*d))/a"9 - (8*xtan(e/2 + (f
*x)/2)*(8*a”~10*b + 8*a”~8%b~3 - 16*a”9*b~2) *(a~2*((b*d~4)/2 + 6*bxc”~2*d~2)
- a"3%(2*xc*xd"3 + 4*c~3xd) + b~3*d"4 - 4xaxb”2*c*xd”3))/a~10)*(a"~2*((b*d~4)/
2 + 6%b*c™2xd"2) - a~3*(2kc*xd~3 + 4*c~3*d) + b~3*d"4 - 4*axb~2%c*d~3))/a"4
- (8*tan(e/2 + (f*x)/2)*(4*¥a~9%c™8 - 8*b~9*d"8 - 4*a~8%b*c™8 + 16%a*b~8*d
"8 - 16*xa”"2*%b"7*d"8 + 16*%a"3*%b"6*xd"8 - 13*%a"4*b"5xd"8 + 7*a~5*¥b"4*xd"8 - 3x*
a"6*xb"3*%d"8 + a~7*xb"2*%d"8 + 16*a”"9*%c"2*d"6 + 64*xa”"9*c"4*xd"4 + 64*xa”"9*c”6*xd
T2 - 128%a”2*%b"7*cxd”"7 + 128*%a”3*xb"6*c*d”7 - 128*%a"4*b"b*kc*d~7 + 104*a”5*b
“4xckd”7 - 56*%a”6xb"3kxckxd”7 + 24*%a”7*b"2kckd~7 + 32*%a”7*b"2*%c”7*d - 48%a”8
*¥b*c™2%d"6 - 112*%a”8*b*c~3*d"5 - 192*%a”~8*b*xc~4*xd"4 - 192*%a~8xb*c~5*%d"3 - 1
92%a~8*b*kc 6*xd"2 - 224*%a"2*xb"T7*c"2*xd"6 + 448*a~3*xb"6*%c"2*%d"6 + 448*%a~3*%b"6
*¥Cc"3xd"5 - 424*%a"4xb"5*%c”2xd"6 - 896*a"4xb"5*c”3*xd"5 - 552*%a"4xb"5*c"4*xd"4
+ 376*%a"b*¥b"4*c"2*%d"6 + 784*a " b*b"4*kc”3*%d"5 + 1096*a"b*b"4xc"4*xd"4 + 416%
a~bxb"4*c"b*d"3 - 280*a"6*b"3*%c"2*d"6 - 560%a"6*b"3*%c”3*d"5 - 880%a"6*b~ 3%
cT4x%d™4 - 800*%a"6*b"3*%c"5*d"3 - 176*%a"6*%b"3*%c"6*%d"2 + 136*%a”7*b"2xc"2*d"6
+ 336*%a”7*b"2%c”3*%d"5 + 464*a”7*b"2*%c"4*d"4 + B76*a”"7*¥b"2*%c”bxd"3 + 304...

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 2335, normalized size of antiderivative = 9.45

d 4
/ (c+ dsec(e + fz)) dx = Too large to display

a+bcos(e + fx)

input{int((C+d*se°(f*X+e))”4/(a+b*cos(f*x+e)),x)




output
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/(12*sqrt(a**2 - bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(

ax*2 - bx*2))*cos(e + f*x)*sin(e + f£*x)**2xaxxdxckx4 — 48xsqrt(a**x2 — b**2
)Y*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(a*x*2 — b**2))*cos(e
+ f*x)*sin(e + f#*x)**2xa*x*3xb*c**x3*%d + 72*ksqrt(a**2 - b**2)*atan((tan((e +
f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(ax*2 - b**2))*cos(e + f*x)*sin(e + f
*X) kK 2kakk kDR 2k CHA2kA**2 — 48*sqrt(ax*2 - bkx2)*atan((tan((e + f*x)/2)*a
- tan((e + £*x)/2)#*b)/sqrt(a**2 - b**2))*cos(e + f*x)*sin(e + f*x)**x2*axb
*x*x3xckd*x3 + 12xsqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)
/2)*b) /sqrt (a**2 - b**2))*cos(e + f*xx)*sin(e + f*x)**2*kb*kx4xd**4 - 12%sqrt
(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(ax*2 - b
*x*2) )*cos (e + f*x)xax*kdkckx4d + 48*sqrt(a*x*2 - bx*2)*atan((tan((e + f*x)/2)
*a - tan((e + £*x)/2)*b)/sqrt(ax*2 - b*x2))*cos(e + L*x)*ak*3*bkcx*3xd - 7
2xsqrt (a*x*2 - b**x2)xatan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a*
*2 — b**2))*cos(e + f*xx)*kax*kkbkk2kck*k2xd**2 + 48xsqrt(a**2 — b**2)*atan ((
tan((e + £xx)/2)*a - tan((e + £x*x)/2)*b)/sqrt(a*x*2 — b**2))*cos(e + f*xx)*a
*xbx*3*kckd**3 - 12*%sqrt(ax*2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + fx*
x)/2)*b) /sqrt (a**2 - bx*2))*cos(e + f*x)*b*x4xd*x4 + 24xcos(e + f£*x)**2xsi
n(e + fxx)*axk4xbxckd**3 - 24*cos(e + f*x)*x2+sin(e + f*x)*a*x*2¥bk*3*kckd**
3 - 24xcos(e + fxx)*log(tan((e + f*x)/2) - 1)*sin(e + fkx)**2kax*5kck*3*d
- 12xcos(e + f*x)*log(tan((e + f*x)/2) - 1)*sin(e + f*xx)**x2ka*x*xbkxckxd**3...
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3
ct+dsec(e+fz
3.10 [ letdsecledio)] g
a+b cos(e+f)
Optimal result . . . . . . . . .. .. 97l
Mathematica [A] (verified) . . . . . . ... ... L o 98

Rubi [A] (verified) . . . . . . . . . 9

Maple [A] (verified) . . . . . . . . ..
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ......
Sympy [F] . . .
Maxima [F(-2)] . . . . . . . o
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 25, antiderivative size = 170

(c+ dsec(e + fr))? e 2(ac — bd)? arctan (mta\;‘%%fz)))
a+ beos(e + fx) &va—bv/atbf
d?arctanh(sin(e + fx))
2af

N d(3a%c? — 3abcd + b*d?) arctanh(sin(e + fr))

alf

N d*(3ac — bd) tan(e + fx)

a?f

N d®sec(e + fz)tan(e + fx)

2af

-

output ‘

N\

\2*(a*c—b*d)*3*arctan((a—b)‘(1/2)*tan(1/2*f*x+1/2*e)/(a+b)‘(1/2))/a‘3/(a—b)

~(1/2)/(a+b)~(1/2) /£+1/2xd"3*arctanh(sin(f*x+e)) /a/f+d* (3*a~2xc~2-3*axbxc*
|d+b~2%d~2) *arctanh(sin(f*x+e))/a"3/f+d"2x (3*a*c-bxd) ¥tan(f*x+e) /a~2/f+1/2x

d"3*sec (f*x+e) *tan(f*x+e)/a/f

\‘

J
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Mathematica [A] (verified)

Time = 3.54 (sec) , antiderivative size = 335, normalized size of antiderivative = 1.97

/ (c+ dsec(e + fr))? d
a+ beos(e + fx)
8(ac—bd)3arctanh <W

— e v ) — 2d(—6abed + 2b%d? + a?(6¢* + d?)) log (cos (3(e + fz)) — sin (5(

input‘ Integrate[(c + d*Sec[e + f*x])~3/(a + bxCos[e + f*x]),x] ‘

output

((-8*(a*c - bxd) "3*ArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1)/S
grt[-a”2 + b72] - 2xd*(-6*axb*c*d + 2*¥b"2*d"2 + a~2*(6%c”2 + d~2))*Log[Cos
[(e + £*x)/2] - Sin[(e + £*x)/2]] + 2*d*(-6*a*b*xcxd + 2*xb"2+%d~2 + a~2*x(6%*c
~2 + d72))*Log[Cos[(e + f*x)/2] + Sin[(e + £*x)/2]] + (a~2%d"3)/(Cos[(e +
f*x)/2] - Sin[(e + £*x)/2]1)72 + (4*a*d~2*(3*a*c - b*d)*Sin[(e + £xx)/2])/(
Cos[(e + f*x)/2] - Sin[(e + £f*x)/2]) - (a~2%d~3)/(Cos[(e + £f*x)/2] + Sin[(
e + £*x)/2])72 + (4*a*d~2*(3*axc - bxd)*Sin[(e + f*x)/2])/(Cos[(e + f*x)/2

1 + sin[(e + £*x)/2]))/(4*a~3%f)

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.00,

number of rules _ 900, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 3307, 3042, 3431, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dsec(e + fz))3
a+ beos(e + fx)

l 3042

dz

/ (c+dcsc (e+f:v+ g)):zdm
a+bsin(e+fx+%)
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l’3307

/ sec3(e + fz)(ccos(e + fz) + d)3
a+ beos(e + fx)

l.3042

/ (csin (e+ fz + %) +d)° dz
sin (e + fz +3)° (a+ bsin (e + fz + 3))

dz

l'3431

/ ( (ac — bd)3 + d?(3ac — bd) sec’*(e + fz) 4 d(3a®c® — 3abed + b*d?) sec(e + fx) 4 d3sec3(e + f:
ad(

a+ bcos(e + fz)) a? a3 a
| 2009

Va—btan(2 (e+fz))

2(ac — bd)? arctan ( NG ) N d(3ac — bd) tan(e + fz) N

adfva—bva+b a’f
d(3a%c? — 3abed + b2d?) arctanh(sin(e + fz))  d3arctanh(sin(e + fz))
+ +
alf 2af
d®tan(e + fz)sec(e + fz)

2af

r

LInt[(c + d*Sec[e + f*x])~3/(a + b*Cos[e + f*x]),x]

| —

input

‘ (2% (axc - b*d) ~3*ArcTan[(Sqrt[a - bl*Tan[(e + f*x)/2])/Sqrtl[a + b]l])/(a~3* ‘
'Sqrt[a - bl*Sqrt[a + bl*f) + (d"3*ArcTanh[Sin[e + f¥x]1)/(2%axf) + (d*(3*a

|"2%c™2 - 3xaxbkcxd + b 2%d"2)*ArcTanh[Sinl[e + £¥x]11)/(a"3%f) + (d"2%(3xaxc
‘ - bxd)*Tan[e + f*x])/(a~2+f) + (d"3*Sec[e + f*x]*Tan[e + f*x])/(2*axf) ‘

output

Defintions of rubi rules used

r

rule QOOQLInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
LQ[u, x] J




rule 3307

rule 3431
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Int[(cscl(e_.) + (£_)*(x_)I*(d_.) + (c_))"(m_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol]l :> Int[(a + b*Sin[e + f*x]) m*((d + c*Sinf[e +
fxx])"n/Sinfe + f*x]°n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[n]

input

output

Int[((g_.)*sin[(e_.) + (£_.)*(x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
DD @ )*((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Int[Exp
andTrig[(g*sin[e + f*x]) px(a + b*sin[e + f*x]) m*(c + d*sinle + f*x])"n, x
1, x1 /; FreeQl[{a, b, c, d, e, f, g, n, p}, x] && NeQ[b*c - a*d, 0] && (Int
egersQ[m, n] || IntegersQ[m, p] || IntegersQ[n, pl) && NeQ[p, 2]

Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.71

method result
(a—b)tan(:&-pﬁ)
3c3-3a2pc? 2ca? 1343 (a-btan( 5 +5)
2(«1 c®—3a“bc“d+3ab“cd“—b°d )arctan< (a—b)(a+b) 43 +d(6‘1232+d2a2—6abcd+2b242) ln(t
3/(a—b)(a+b - 7 pi
derivativedivides Ve 2a(tan( 7 +5)+1)
(a—b)tan(LE +§)
8c3-3a2bc? 2cd2—b3d3) arctan /N2 T2)
2(“ T )a - ( (a—b)(a+b) 43 +d(6a2c2+d2a2_6abcd+2b2d2)ln(t
default “Viab ) 2a(ten (42 +5)+1)*
riSCh _'L'd2(adeBi(fm+e)_6ace2i(fac+e)+2bde2i(fa:+6)_dei(fm+e)a_6ac+2bd) _ 3dln(ei(fa:+e)_i)cz _ 43 ln(ei(fm+e
a2f(e2i(fm+e)+1)2 o7

Lint ((c+d*sec(f*x+e)) "3/ (atb*cos (f*x+e)) ,x,method=_RETURNVERBOSE)

1/£% (2% (2" 3*c~3-3*a”~2*b*c~2*d+3*a*b~2*xcxd~2-b~3*d~3) /a~3/((a-b)*(a+b) ) ~(1/
2)*arctan((a-b)*tan(1/2*xf*x+1/2%e)/((a-b)*(a+b))~(1/2))-1/2*d"3/a/(tan(1/2
*fxx+1/2%e)+1) “2+1/2*d* (6*%a~2*c~2+a~2xd"2-6*a*b*c*d+2*¥b~2*%d"2) /a~3*1n(tan(
1/2xf*xx+1/2%e)+1) -1/2*%d"2* (6*xa*xc—a*xd-2*b*d) /a~2/ (tan(1/2*xf*x+1/2*e)+1)+1/2
*d~3/a/(tan(1/2*f*x+1/2%e)-1) "2-1/2*d* (6*a”2*c”~2+a"2*xd"2-6*a*b*c*xd+2*b~2*d
~2)/a~3*1n(tan(1/2*%f*x+1/2%e)-1)-1/2*xd"2* (6*a*c—a*d-2*b*d) /a~2/ (tan(1/2*fx*
x+1/2*xe)-1))




input

output

input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 339 vs. 2(157) = 314.

Time = 21.48 (sec) , antiderivative size = 747, normalized size of antiderivative = 4.39

(c+ dsec(e + fr))? ,
dz = Too 1 to displ
/ o+ boos(e 1 f2) x = Too large to display
{integrate((c+d*sec(f*x+e))‘3/(a+b*cos(f*x+e)),x, algorithm="fricas") ]

[1/4% (2% (a~3*%c™3 - 3*a~2xb*c~2*d + 3%a*b~2*c*d"2 - b~3*d"3)*sqrt(-a"2 + b~
2)*cos(f*x + e) 2xlog((2*axb*cos(f*x + e) + (2*xa”2 - b~2)*cos(f*x + e)"2 -
2*¢sqrt(-a”2 + b"2)*(a*cos(f*x + e) + b)*sin(f*x + e) - a”2 + 2¥b~2)/(b~2x
cos(f*x + e)~2 + 2xaxbxcos(f*x + e) + a"2)) + (6%x(a”4 - a™2*b"2)*c”2*d - 6
*(a"3%b - a*b~3)*cxd"2 + (a"4 + a”2*%b"2 - 2%b"4)*d"3)*cos(f*x + e) "2xlog(s
in(fxx + e) + 1) - (6%(a”4 - a™2xb"2)*c"2*d - 6*%(a”3*b - a*b~3)*cxd"2 + (a
4 + a”2%b"2 - 2*b~4)*d"3)*cos(f*x + e) 2xlog(-sin(f*x + e) + 1) + 2x((a~4
- a”2%b"2)*d"3 + 2%(3x(a”4 - a"2*b"2)*c*d"2 - (a"3*b - a*b~3)*d"3)*cos(fx*
x + e))*sin(fxx + e))/((a”5 - a"3*xb~2)*f*cos(f*xx + e)~2), 1/4*%(4*x(a~3*%c"3
- 3*%a”2%bxc”2*d + 3*a*b~2*cxd"2 - b"3*d"3)*sqrt(a”2 - b~2)*arctan(-(a*cos(
fxx + e) + b)/(sqrt(a”2 - b™2)*sin(f*x + e)))*cos(f*x + e)"2 + (6x(a"4 - a
“2¥b72)*c"2%d - 6*%(a”3*%b - axb~3)*cxd"2 + (a”4 + a”2%b”"2 - 2xb~4)*d"3)*cos
(f*x + e)”"2xlog(sin(f*x + e) + 1) - (6%(a™4 - a™2¥b"2)*c"2*%d - 6%(a"3*b -
a*b”3)*c*d"2 + (a”4 + a"2%b"2 - 2%b~4)*d"3)*cos(f*x + e) 2*log(-sin(f*x +
e) + 1) + 2x((a"4 - a"2¥b"2)*d"3 + 2*(3*x(a"4 - a"2*%b"2)*cxd"2 - (a"3*b - a
*b~3)*d"3) *cos(f*x + e))*sin(f*x + e))/((a"5 - a~3*b~2)*f*cos(f*x + e)~2)]

Sympy [F]
/(c+dsec(e+ fz))? (c + dsec (e + fz))?
dr = dx
a+ bcos(e + fx) a+bcos (e + fx)
‘integrate((c+d*sec(f*x+e))**3/(a+b*cos(f*x+e)),x)

‘Integral((c + d*sec(e + f*x))**3/(a + b*cos(e + f*x)), x)
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Maxima [F(-2)]

Exception generated.

d 3
/ (c + dsec(e + fz)) dzx = Exception raised: ValueError
a+ bceos(e + fx)
input Lintegrate ((c+d*sec(f*x+e)) "3/ (atb*cos(f*x+e)),x, algorithm="maxima") J

p
Ou_tput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested

W
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f
or more de

N J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 340 vs. 2(157) = 314.

Time = 0.19 (sec) , antiderivative size = 340, normalized size of antiderivative = 2.00

/(c+dsec(e+fx))3 p
a+ beos(e + fx) v

4 3 3_3 2b 2
(6 a?c2d—6 abed?+a2d3+2 b2d3) log(|tan(% fz+% e)+1|) (6a202d—6abcd2+a2d3+2 b2d3) log(|tan(% fm+% e)—l‘) (a N abe

a3 a3

input integrate((c+d*sec(f*x+e)) "3/ (a+bxcos(f*x+e)) ,x, algorithm="giac") J

1/2%((6%a~2%c™2%d - 6*a*b*c*d™2 + a"2*%d”~3 + 2*b~2*d"~3)*log(abs(tan(1/2*f*x
+ 1/2xe) + 1))/a”3 - (6*a”2xc”2xd - 6*axb*c*xd”™2 + a"2xd”3 + 2*xb~2*xd"3)*lo
g(abs(tan(1/2*f*x + 1/2%e) - 1))/a"3 - 4x(a”3*c™3 - 3*a~2%b*c"2xd + 3*axb~
2xcxd"2 - b~3%d"3)*(pi*floor(1/2x(f*x + e)/pi + 1/2)*sgn(-2%a + 2xb) + arc
tan(-(axtan(1/2*f*x + 1/2*e) - bxtan(1/2*f*x + 1/2%e))/sqrt(a”2 - b72)))/(
sqrt(a”™2 - b"2)*a"3) - 2*(6*axckd”2*tan(1/2*f*x + 1/2*%e)”"3 - a*d"3*tan(1/2
*f*x + 1/2%e)”~3 - 2%bxd"3*tan(1/2*f*x + 1/2*%e)”3 - 6*axckd~2xtan(1/2*f*x +
1/2xe) - a*d"3xtan(1/2*f*x + 1/2%e) + 2%bxd"3*tan(1/2xf*x + 1/2xe))/((tan
(1/2%f*x + 1/2%e)”"2 - 1)"2*%a~2))/f

output
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Mupad [B] (verification not implemented)

Time = 5.70 (sec) , antiderivative size = 6735, normalized size of antiderivative = 39.62

3
/ (c+ dsec(e + fzx)) dx = Too large to display

a+ beos(e + fx)

7

input 10E((c + d/cos(e + £4x))73/(a + brcos(e + £*x)),x)

((tan(e/2 + (£f*x)/2)*(a*d"3 - 2%b*d~3 + 6*a*c*d~2))/a"2 + (tan(e/2 + (£f*x)
/2)"3*%(a*xd"3 + 2%b*d~3 - 6%a*c*d”2))/a"2)/(f*(tan(e/2 + (f*x)/2)"4 - 2*tan
(e/2 + (£f*x)/2)"2 + 1)) + (atan(((((8*tan(e/2 + (£f*x)/2)*(4*a"T*c™6 + a”T*
d”™6 - 8*%b"7xd"6 - 4*xa”~6*¥bxc”6 + 16*axb"6*%d"6 - 3*a~6*b*d"6 - 16*a”"2*¥b~5*kd~
6 + 16*a"3*%b"4*d"6 - 13*xa"4*b"3*xd"6 + T*a"5*¥b"2*d"6 + 12*xa”~7*c"2*xd"4 + 36%
a~7*c”4*d"2 - 96*%a"2xb"bxcxd"5 + 84*a”"3*%b"4*c*kd"5 - 60*%a"4xb~3*%ckxd"5 + 36%*
a~b*xb"2*%c*kd"5 + 24*xa~bxb"2xc"bxd - 36*a”~6*bkc"2*xd"4 - 72*a"6*b*c”3%d"3 - 1
08*a~6*bkxc~4*xd"2 - 120*%a”~2*xb~bxc~2*xd"4 + 240*%a~3*xb"4*c~2*%d"4 + 152*%a~3*%b"4
*¥Cc"3%d"3 - 192*%a"4*b"3*%c"2*d"4 - 296*a"4*xb"3*xc"3*d"3 - 96*a"4*b"3*kc"4*xd"2

+ 96*a~b*xb"2*%c"2*d"4 + 216%a"b*b"2*%c"3*d"3 + 168*a"bkxb"2*c"4*d"2 + 48*axb”
6*%cxd”"5 - 12*a~6xb*xc*d~5 - 24*a”~6*bxc”5*d))/a"4 + (((8*x(4*a~10*c™3 + 2*a”1
0xd~3 - 8*a”"9%b*c™3 - 2*xa"9*b*d"3 + 12*%a~10%c”2*%d + 4*xa”~8%b~2%c”3 + 4*a”6x%
b"4*%d"3 - 6*%a”"7*b"3*%d"3 + 2*%a"8*%b"2xd"3 - 12*%a " T*b"3%cxd"2 + 24*%a”~8*b"2*cx*
d~2 + 12%a”8*b~2%c”2xd - 12%a”9%b*cxd~2 - 24%a”~9xbxc~2*d))/a"6 + (8*tan(e/
2 + (f*x)/2)*(8%a"8*b + 8*a~6%b~3 - 16*a"7*b"2)*(a~2*(3*c~2%d + d~3/2) + b
~2x%d~3 - 3*xaxbkckd~2))/a"7)*(a"2*(3*%c”2xd + d~3/2) + b"2*%d"3 - 3*axbxcxd”"2
))/a"3)*(a"2*%(3*%c”™2xd + d~3/2) + b~2*%d"3 - 3*a*b*ckd~2)*1i)/a"3 + (((8*tan
(e/2 + (f*x)/2)*(4*a~T*c"™6 + a~7*d"6 - 8*xb~7*d"6 - 4*a~6*b*c”6 + 16*a*b”~6x*
d"6 - 3*%a"6*b*d"6 - 16*%a"2*%b"5*%d"6 + 16*a~3*b"4*xd"6 - 13*a"4*b~3*d"6 + 7*a
“B¥b72%d"6 + 12%a"7*c"2%xd"4 + 36%a”7T*c"4*xd"2 - 96*a"2*%b " b*cxd"5 + 84%a”...

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 1631, normalized size of antiderivative = 9.59

/ (c+ dsec(e + fz))3

dz = Too 1 to displ
o+ boos(e T ) x 0o large to display

input{int((c+d*sec(f*X+e))A3/(3+b*COS(f*X+e)),x)
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(4*sqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a
*¥*2 — b*x2))*cos(e + f*x)*sin(e + f*x)**x2xa*x3*xc**x3 — 12+sqrt(a**2 - b*x*2)
xatan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a**2 - b*x*2))*cos(e +

fxx)*sin(e + f*x)**2xa**x2kbxc*k*2xd + 12xsqrt(ax*2 - bx*2)*atan((tan((e +
fxx)/2)*a - tan((e + f#*x)/2)*b)/sqrt(ax*2 — bx*2))*cos(e + f*x)*sin(e + f*
X) **2xaxbx*2kckd**2 - 4xsqrt(a*x2 - bx*2)*atan((tan((e + f*x)/2)*a - tan((
e + £*x)/2)*b)/sqrt(ax*2 - b**x2))*cos(e + f*x)*sin(e + f*x)**x2*xb**x3*d**3 -

4xsqrt(a**2 - bxx2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a

**x2 — b*x2))*cos(e + f*x)*a*x3xckx3 + 12xsqrt(a**2 - b*x2)*atan((tan((e +
fxx)/2)*a - tan((e + £*x)/2)#*b)/sqrt(a**2 - bx*2))*cos(e + f*x)*ax*k2kbkck*
2%¢d - 12*sqrt(a**2 - b*x2)*atan((tan((e + fxx)/2)*a - tan((e + f*x)/2)*b)/
sqrt(ax*2 - bx*2))xcos(e + f*x)*axb*x2*ckd**2 + 4xsqrt(a**2 - b**2)*atan ((
tan((e + f*x)/2)*a - tan((e + £xx)/2)*b)/sqrt(a**2 - b**2))*cos(e + f*x)*b
**3*%d**3 + 2xcos(e + fxx)**x2+sin(e + f*x)*a*x3*bxd**x3 - 2%cos(e + L*xx)**2x
sin(e + f*x)*axbx*3*%d**3 - 6xcos(e + f*x)*log(tan((e + f*x)/2) - 1)*sin(e
+ £xx)**2ka*xxd*kcx*¥2xd - cos(e + f*x)xlog(tan((e + £*x)/2) - 1)*sin(e + f*x
) x*¥2xax*4*xd*x*3 + 6xcos(e + f*xx)xlog(tan((e + £xx)/2) - 1)*sin(e + £*x)**2%
a*x*3xbxc*xd**2 + 6xcos(e + fxx)*xlog(tan((e + £*x)/2) - 1)*sin(e + f*x)**x2*a
*x*x2xbx*x2xcx*2xd - cos(e + fxx)*log(tan((e + f*x)/2) - 1)*sin(e + f*x)**2*a
**x2xbx*x2xd**3 - 6*xcos(e + f*xx)*log(tan((e + f*x)/2) - 1)*sin(e + F*x)**...

output




CHAPTER 3. LISTING OF INTEGRALS 105

3.11 f (c—l—alsec(e%—fac))2 dx

a+b cos(e+f)
Optimal result . . . . . . . . .. .. 105
Mathematica [A] (verified) . . . . . . ... ... L o 105
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . .. 108
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 108
Sympy [F] . . . 109
Maxima [F(-2)] . . . . . . . o 109
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ... 1101
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 110
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 111

Optimal result

Integrand size = 25, antiderivative size = 103

\/ﬂtan(%(e-l-fx))
/ (c + dsec(e + fz))? o 2(ac — bd)? arctan ( N )

a+bcos(e + fx) v a*va —bva+ bf
d(2ac — bd)arctanh(sin(e + fz)) = d*tan(e + fz)
+ . +
a*f af

(2*(a*c—b*d)“2*arctan((a—b)*(1/2)*tan(1/2*f*x+1/2*e)/(a+b)A(1/2))/a‘2/(a-b)
‘ ~(1/2)/(a+b)~(1/2) /f+d* (2%a*c-b*d) *arctanh(sin(f*x+e))/a~2/f+d " 2*tan (f*x+e
)/a/f

N J

output

\‘

Mathematica [A] (verified)

Time = 2.92 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.31

(c+ dsec(e + fz))?
a+bcos(e + fx)
2(ac—bd)2arctanh <w>
- Vet - + d(—((2ac — bd) (log (cos (3(e + fz)) —sin (3(e + fz))) — log (c

a’f
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input‘ Integrate[(c + d*Sec[e + f*x])~2/(a + b*Cos[e + f*x]),x] ‘

output‘ ((-2%(a*c - b*d)~2*ArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]1)/S ‘
‘qrt[-a™2 + b~2] + d*(-((2*a*c - bxd)*(Log[Cos[(e + f*x)/2] - Sin[(e + f*x)
/211 - LoglCos[(e + £*x)/2] + Sinl(e + £*x)/2]1)) + axd*Tan[e + f*x]))/(a"

‘Q*f)

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules

number of steps used = 5, number of rules used = 5, integrand size

used = {3042, 3307, 3042, 3431, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dsec(e + fz))?
a+ beos(e + fx)

l 3042

dz

/ (c+dcsc(e+ fz + %))2dw
a-+bsin(e+ fx+ %)

| 3307
sec?(e + fz)(ccos(e + fx) + d)zd
/ a+ beos(e + fx) v
| 3042
/ (csin (e—i—f:v—i-g)-l—d)2 i
sin (e + fx + %)2 (a + bsin (e + fx + %))
| 3431
(ac — bd)? d(2ac — bd) sec(e + fx)  d%sec®(e + fzx) d
/ <a2(a + beos(e + fz)) a? + a ) v

l 2009



input

output

rule 2009

rule 3042

rule 3307

rule 3431
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va—b tan(% (e+fx))

2(ac — bd)? arctan ( Va+b ) d(2ac — bd)arctanh(sin(e + fz)) + d?tan(e + fz)

a’fva—bva+b a?f af

LInt[(c + d*Sec[e + f*x])~2/(a + b*Cos[e + f*x]),x]

‘ (2x(axc - b*d) "2*ArcTan[(Sqrt[a - bl*Tan[(e + f*x)/2])/Sqrtl[a + bl])/(a"2*
‘Sqrt [a - bl*Sqrt[a + bl*f) + (d*(2*a*c - bxd)*ArcTanh[Sin[e + £*x]])/(a~2%
£) + (@"2+Tan[e + £*x])/(a*f)

Defintions of rubi rules used

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I1*(d_.) + (c_))"(n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*x(x_)1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*x((d + c*Sin[e +
f*xx])"n/Sinle + f*x]"n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[n]

Int[((g_.)*sin[(e_.) + (£_.)*(x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
DD @) *((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + bxsin[e + f*x]) m*(c + d*sinle + f*x])"n, x
1, x] /; FreeQ[{a, b, c, d, e, £, g, n, p}, x] && NeQ[b*c - a*d, 0] && (Int
egersQ[m, n] || IntegersQ[m, p] || IntegersQ[n, pl) && NeQ[p, 2]
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Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.60

method result
(a—b) tan %-ﬁ-%)
2(a262_2abcd+b2d2) arctan <— /(a—b)((a+b) 42 +d(2ac—bd) ln(tan(%+%)+1) a2
. . o . a2 (a—b)(a+b) _a tan f—z+§ +1 a2 _a tan ﬂ+§ _1
derivativedivides (ten( 5 +5)+1) - (tan(fF+5)-1
22 22 (a_b”an(%“‘%)
2(:1 c“—2abcd+b“d )arctan<— v/ (a—b)(a+b) a2 +d(2ac—bd) ln(tan(f%+%)+1) a2
a?/(a—b)(a+b) _a tan fere +1 a? _a tan fz+e -1
default (t=n (5 +5)+1) - (tan(F+§)-1
; A i(fote) a2—ib?+av/—aZ4b2 | 2
. h 2d2 _ len(e‘t(fz‘f‘e)_i)c 4 d2 ln(ez(fz+e)_i)b _ ln(e + b/ —a2 152 C n 21ln
TSC Fa(eZ(fzto)41) af azf V—a?+b2 f
input Lint ((c+d*sec(f*x+e)) "2/ (a+b*cos(f*x+e)) ,x,method=_RETURNVERBOSE) J

output \ 1/£% (2% (a~2%c~2-2%axbkxc*d+b~2%d~2) /a~2/ ((a-b)*(a+b)) ~(1/2) *arctan((a-b) *ta \
‘n(1/2%f*x+1/2%e)/ ((a-b)*(a+b))~(1/2))-d"2/a/ (tan(1/2*fxx+1/2%e) +1) +dx (2%a*x |
|c-bkd) /a~2%1n(tan(1/2%f*x+1/2%e)+1)-d"2/a/ (tan(1/2xf+x+1/2%e) 1) -d* (2¥axc— |

‘b*d)/a‘2*1n(tan(1/2*f*x+1/2*e)-1))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 218 vs. 2(94) = 188.

Time = 2.91 (sec) , antiderivative size = 505, normalized size of antiderivative = 4.90

(c+ dsec(e + fx))?
dr
a+bcos(e + fx)
3 2\ 72 o 22 2 12 3 o) 2 ab cos(fz+e)+ (2 a2—b?) cos
2(a® — ab®)d?sin (fz + €) — (a®c® — 2abed + b*d*)V/—a? + b cos(fa:—i—e)log( =
input Lintegrate ((c+d*sec(f*x+e)) "2/ (atbxcos(f*x+e)) ,x, algorithm="fricas") J
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[1/2%x(2%(a”3 - a*b~2)*d"2*sin(f*x + e) - (a™2%c™2 - 2%akbxckd + b~2%d"2)*s
grt(-a~2 + b~2)*cos(f*x + e)*log((2xa*b*cos(f*x + e) + (2*a"2 - b~2)*cos(f
*x + e)”2 + 2%sqrt(-a”2 + b"2)*(axcos(f*x + e) + b)*sin(f*x + e) - a”2 + 2
*b~2) / (b~ 2*cos(f*x + e)~2 + 2xa*bxcos(f*x + e) + a”2)) + (2x(a”3 - a*b~2)*
ckd - (a”2%b - b~3)*d"2)*cos(f*x + e)*log(sin(f*x + e) + 1) - (2%(a”3 - ax
b~2)*c*d - (a~2*b - b~3)*d"2)*cos(f*x + e)*log(-sin(f*x + e) + 1))/((a"4 -
a~2xb~2)*f*xcos(fxx + e)), 1/2*%(2%(a"3 - a*b"2)*d"2*sin(f*x + e) + 2x(a~2*
c™2 - 2%akbxc*d + b~2xd"2)*sqrt(a”2 - b~2)*arctan(-(a*cos(f*x + e) + b)/(s
grt(a”2 - b™2)*sin(f*x + e)))*cos(f*x + e) + (2¢(a”3 - axb~2)*cxd - (a~2*b
- b™3)*d"2)*cos(f*x + e)*log(sin(f*x + e) + 1) - (2%(a"3 - a*b™2)*c*d - (
a~2%b - b~3)*d"2)*cos(f*x + e)*log(-sin(f*x + e) + 1))/((a”4 - a~2*b~2)*f*
cos(f*x + e))]

output

Sympy [F]

T = dz

(c+dsec(e+fx))2d [ (c+dsec(e+ fz))?
/ a+ bcos(e + fx) a+bcos (e + fx)

p
inputLintegrate((C+d*SeC(f*X+e))**2/(a+b*cos(f*x+e)),X)

| —

outputtlntegral((c + d*sec(e + f*x))**2/(a + bxcos(e + f*x)), x)

Maxima [F(-2)]
Exception generated.

(c+ dsec(e + fz))?
a+ bcos(e + fx)

dx = Exception raised: ValueError

-

inputLintegrate((C+d*SeC(f*X+e))“2/(a+b*cos(f*x+e)),x, algorithm="maxima")

~—

Ou_,Gput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f

‘or more de
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(94) = 188.

Time = 0.17 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.90

/ (c+ dsec(e + fx))?
dr =
a+bcos(e + fx)
a?c?—2 abcd+b%d?) | =
2d? tan(% fz-l—%e) _ (2acd—bd2) log(|tan(% fz+%e)+1|) + (2acd—bd2) log(|tan(% fz+% e)—1|) + 2( 2abed+b7d )<
(tan(%fﬂ:—l—%e)z—l)a a? a2

f

~—

p
input Lintegrate ((ct+d*sec(f*x+e)) "2/ (atb*cos(f*x+e)),x, algorithm="giac )

-(2+¢d"2*xtan(1/2*%f*x + 1/2*%e)/((tan(1/2*f*x + 1/2%e)”2 - 1)*a) - (2%a*cxd -

b*d~2)*log(abs(tan(1/2*f*x + 1/2%e) + 1))/a~2 + (2%a*c*d - b*d~2)*log(abs
(tan(1/2*fxx + 1/2%e) - 1))/a"2 + 2x(a”2xc™2 - 2%axbxcxd + b~2xd"2)*(pi*fl
oor(1/2*(f*x + e)/pi + 1/2)*sgn(-2*a + 2*b) + arctan(-(a*tan(1/2*f*x + 1/2
xe) — bxtan(1/2xf*x + 1/2xe))/sqrt(a”2 - b72)))/(sqrt(a”2 - b"2)*a"~2))/f

output

Mupad [B] (verification not implemented)

Time = 4.28 (sec) , antiderivative size = 3577, normalized size of antiderivative = 34.73

dz = Too large to display

/ (c+ dsec(e + fz))?
a+bcos(e + fx)

inputtint((c + d/cos(e + f*x))~2/(a + b*cos(e + f*x)),x) J




output
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(atan((((-(a + b)*(a - b))~ (1/2)*((32*tan(e/2 + (f*x)/2)*(a"b*c™4 - 2%b~5%
d™4 - a"4xb*c”4 + 4*axb"4*d"4 - 3*xa"2%b"3*%d"4 + a”“3*xb"2*%d"4 + 4*a~b*c"2xd”
2 - 16*%a"2*%b"3*%c*d"3 + 12*%a"3*xb"2*%c*d"3 + 4*a”~3xb"2*%c"3*%d - 12*%a"4*b*xc”2*d
T2 - 10*%a"2xb"3*%c"2*%d"2 + 18*%a”~3*%b"2*%c"2*d"2 + 8*axb~4xcxd~3 - 4xa~4xbxcxd
3 - 4*xa~4xb*c”3*d))/a"2 + ((-(a + b)*(a - b))~ (1/2)*((32%(a”"7*c"2 - 2*a”6
*bxc™2 - a~6xbxd”2 + a~5xb"2xc”2 - a~4%b"3%d"2 + 2%a~5*xb"2%d"2 + 2%a"T*c*d
- 4*a”6*bkckd + 2*a~5xb~2*xc*xd))/a~3 + (32xtan(e/2 + (f*x)/2)*(-(a + b)*(a
- b))~ (1/2)*(a*c - bxd) 2% (2*a~6%b + 2*xa~4*xb~3 - 4*a~5xb~2))/(a"2*x(a"4 -
a~2%b~2)))*(axc - bxd)"2)/(a"4 - a~2%b"2))*(axc - bxd)"2%1i)/(a"4 - a~2%b"
2) + ((-(a + b)*(a - b))~ (1/2)*((32*xtan(e/2 + (£f*x)/2)*(a~5*c~4 - 2%b~5xd"
4 - a"4*xbxc”4 + 4*a*xb"4*d"4 - 3*%a"2%b"3*xd"4 + a~3*%b"2*%d"4 + 4*a~bxc”2*%d”"2
- 16*%a"2xb"3*%cxd"3 + 12*%a~3*%b"2*c*kd~3 + 4*xa~3*%b"2%c"3*d - 12*%a"4xb*c"2*xd"2
- 10*%a"2xb"3*%c"2*%d"2 + 18*%a"3*xb"2*%c"2*%d"2 + 8*axb"4*c*xd"3 - 4xa"4*xbxc*kd”3
- 4%a~4xbxc"3*d))/a"2 - ((-(a + b)*(a - b))~ (1/2)*((32*%(a"7*c™2 - 2*xa~6x*b
*¥C72 - a"6*xb*d"2 + a"5*b"2%c"2 - a"4*b"3*d"2 + 2*%a~b*xb"2xd"2 + 2*%xa~7*xcxd -
4xa~6xbxcxd + 2*xa~5xb~2xcxd))/a"3 - (32xtan(e/2 + (f*x)/2)*(-(a + b)*(a -
b))~ (1/2)*(a*xc - b*d) "2*x(2*a~6xb + 2*a~4*xb~3 - 4*a~5*b~2))/(a~2%(a”4 - a~
2%b~2)))*(a*xc — bxd)~2)/(a"4 - a~2%b~2))*(axc — b*xd)"2x1i)/(a"4 - a~2*b~2)
)/ ((64%(a*b~4*d~6 — b~5xd~6 - 2*xa~5*c~5*xd + 4*a~5xc”4*d"2 - a*b~4*c"2%d"4
- 6%a”2%b"3%c*d”5 - 12*%a"4xbxc”3*d"3 + a"4xbxc”4xd"2 - 12*%a”"2*%b"3*c”"2*d...

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 445, normalized size of antiderivative = 4.32

/(c-l—dsec(e-i—fac))2 P
a+bcos(e + fx) v
sz

+%>a—tan(%+§>b

n(£2+¢)a—tan(L2+2)b n
QVaI—WaMn<m(2+%;jJﬁ+d>)C%(ﬁ%%@a%2—4Val—WaMn<m(2

Va2 —b2

)

input‘int((c+d*sec(f*x+e))“2/(a+b*cos(f*x+e)),x)
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(2*sqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a
**2 — b¥x2))*cos(e + f*x)*a*x*x2kck*x2 - 4xsqrt(a*x*2 - b*x2)*atan((tan((e + f
xx)/2)*a - tan((e + f#*x)/2)*b)/sqrt(ax*2 — bx*2))*cos(e + f*x)*akxbxckd + 2
xsqrt (a*x*2 - b*x2)xatan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt (a**
2 - b**x2))*cos(e + f*x)*b**x2*d**2 - 2xcos(e + f*x)*log(tan((e + f*x)/2) -
1) *a*x*3*c*d + cos(e + f*xx)xlog(tan((e + £x*x)/2) - 1)*a**2*b*d**2 + 2xcos(e

+ f*xx)*log(tan((e + f*x)/2) - 1)*axb*x2xcxd - cos(e + f*x)*log(tan((e + £
*x)/2) - 1)*b*x3*d**2 + 2*cos(e + f*x)*log(tan((e + f*x)/2) + 1)*ax*3*xc*d
- cos(e + f*x)*log(tan((e + f*x)/2) + 1)*a*x2xb*d**2 - 2xcos(e + fxx)*Llog(
tan((e + £*x)/2) + 1)*axbx*2*c*d + cos(e + f*x)*xlog(tan((e + f*xx)/2) + 1)*
b*x3*d**2 + sin(e + fxx)*a**3*d**2 - sin(e + f*x)*axb*x2*xd**2)/(cos(e + f*
x) *ax*x2*xfx (a*x*x2 — b**2))

output
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3.12 f ct+dsec(e+fx) dx

a+b cos(e+f)
Optimal result . . . . . . . . . . e 113
Mathematica [A] (verified) . . . . . . . . . ... o o 113l
Rubi [A] (verified) . . . .. . . ... .. 114
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 117
Sympy [F] . . . o 117
Maxima [F(-2)] . . . . . . 118}
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 118
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 119
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 119

Optimal result

Integrand size = 23, antiderivative size = 76

\/Etan(%(e—i—fm))
/ ¢+ dsec(e + fr) dp— 2(ac — bd) arctan ( Vatb ) N darctanh(sin(e + fz))
a+ bcos(e + fx) ava —bvVa+bf af

2% (a*c-brd) *arctan((a-b) ~ (1/2) *tan(1/2+£+x+1/2%e) / (a+b)~(1/2)) /a/ (a-b)~ (1/

output
12)/(a+b)~(1/2)/£+d*arctanh(sin(f+x+e))/a/t

Mathematica [A] (verified)

Time = 0.62 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.47

/c+dsec(e+fx) p
a+ bcos(e + fx) v

(—2ac+2bd)arctanh (“_")“‘“(M

i) + d(~log (cos (3¢ + f2)) —sin (3(¢ + f0))) + log (cos (3(e + f2)

af

V—a?+b?

inputLIntegrate[(c + dxSec[e + f*x])/(a + b*Cos[e + £*x]),x]




CHAPTER 3. LISTING OF INTEGRALS 114

| (((-2*a%c + 2%b*d)*ArcTanh[((a - b)*Tan[(e + £4x)/2])/Sqrt[-a~2 + b-211)/S
‘qrt [-a”2 + b~2] + d*(-Logl[Cos[(e + f*x)/2] - Sin[(e + £*x)/2]] + Logl[Cos[(
‘e + £*x)/2] + Sin[(e + £*x)/211))/(a*£)

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00,

number of rules _ 0.348, Rules

number of steps used = 9, number of rules used = 8, = -
integrand size

used = {3042, 3307, 3042, 3480, 3042, 3138, 218, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

c+ dsec(e+ fz)
/ a+ bcos(e + fx) de

l 3042

/c+dcsc(e+f:1:+g)
- dx
a—i—bsm(e+fa:+%)

l 3307
/ sec(e + fx)(ccos(e + fx) + d)
dz
a+ beos(e + fx)
l 3042
/ csin(e+ fr+ %) +d
: . dr
sin (e+ fz+ %) (a+bsin(e+ fz+ %))
l 3480
(ac—bd) [ mdx N d [sec(e + fzr)dx
a a
l 3042
1
(ac—bd)fmdm + dfcsc(e+fx—+—g)dx
a a
l 3138

2(ac ~bd) | (a—b) tan2(%}e+fx))+a+bdtan (3(e+ fx)) 4 dfcsc(e+ fe+%)de
af a
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l 218

Va—btan(2 (e+fx)
dfcsc(e+ fz+7%)de N 2(ac — bd) arctan ( \/c% ))
a afva—bv/a+b

| 4257
\/a—btan(l(e-i-fz))
2(ac — bd) arctan ( Jatt ) N darctanh(sin(e + fz))
afva—b/a+b af

e hY

Int[(c + d*Sec[e + f*x])/(a + b*Cos[e + f*x]),x]

N\ J

input

. (2x(axc - bxd)*ArcTan[(Sqrt[a - bl*Tan[(e + f*x)/2]1)/Sqrt[a + b]1)/(a*Sqrt

outpu
'[a - bl*Sqrtla + bl*f) + (d*ArcTanh[Sin[e + £*x]1)/(a*f)

Defintions of rubi rules used

rule 218 IntL((a) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3138 Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]1}, Simp[2x*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, xI
&& NeQ[a~2 - b~2, 0]

rule 3307 Intllesclle ) + (£_)*(x)1*(d_.) + (c_))"(_.)*((a)) + (b_.)*sinl(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*((d + c*Sin[e +
fxx])"n/Sinle + f£*x]°n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[n]
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rule 3480 Int[((A_.) + (B_.)*sin[(e_.) + (£_)*(x_)1)/(((a_.) + (b_.)*sin[(e_.) + (£f_
Dx(x_)1)*((c_.) + (d_.)*sinl(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(A*b
- a*B)/(b*c - axd) Int[1/(a + b*Sin[e + f*x]), x], x] + Simp[(B*c - A*d)/
(b*c - axd) Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, £
, A, B}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b2, 0] && NeQ[c™2 - 4d~2, 0]
rule 4257 10t [cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Maple [A] (verified
P

Time = 0.31 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.21

method result

2(ac—bd) arctan %
V/(a—b)(a+b) +d1n(tan(%+%)+1) _dln(tan(%g-k%)—l)
derivativedivides av(a=b)(a+b) - o @
(a—b)tan(%-k%)
2(ac—bd) arCtan< /(a—b)(a+b) ) dln(tan(%+%)+l) dln(tan(%-{-%)—l)
default ay/(a—b)(a+h) * - e _ o
i(fx+te ia2—i 2 am i(fx+e iaz—i 2 a\/—(1272 i(fx+e ia2—i 2—a\/—7a2
risch _mGU+H'52%ﬂM)C+mG”+”‘&iuwM)M+f%“f+L\%ﬂw”
V-a®+b f V—a?+b? fa V=a?15 f
input Lint ((c+d*sec(f*x+e))/(atb*cos(f*x+e)) ,x,method=_RETURNVERBOSE) J
output ‘ 1/£* (2% (a*c-b*d) /a/((a-b)*(a+b) ) ~(1/2) *arctan((a-b)*tan(1/2xf*x+1/2%e)/((a ‘

‘—b)*(a+b))‘(1/2))+d/a*1n(tan(1/2*f*x+1/2*e)+1)-d/a*ln(tan(1/2*f*x+1/2*e)-1
B2 |
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Fricas [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 296, normalized size of antiderivative = 3.89

/c—i—dsec(e—i—fx) i

a+ bcos(e + fx)
(a2 ~ ¥2)dlog (sin (f +¢) + 1) — (a? — b)dlog (~sin (fz + ) +1) + v=a7 T F(ac — ba) log (2
B 2(a®—ab?)f

-

tintegrate((c+d*sec(f*x+e))/(a+b*cos(f*x+e)),x, algorithm="fricas")

~—

input

[1/2%((a"2 - b~2)*d*xlog(sin(f*x + e) + 1) - (a"2 - b"2)*d*log(-sin(f*x + e
) + 1) + sqrt(-a”2 + b"2)*(axc - b*d)*log((2*axb*cos(f*x + e) + (2%a”2 - b
“2)xcos(f*x + e)”2 - 2*sqrt(-a”2 + b"2)*(axcos(f*x + e) + b)*sin(f*x + e)

- a”2 + 2xb"2)/(b"2*cos(f*x + e)~2 + 2*a*bxcos(fxx + e) + a”2)))/((a"3 - a
*b~2)*f), 1/2%((a"2 - b~2)*d*log(sin(f*x + e) + 1) - (a”2 - b~2)*d*log(-si
n(f*x + e) + 1) + 2*sqrt(a™2 - b"2)*(axc - bxd)*arctan(-(a*cos(f*x + e) +

b)/(sqrt(a”2 - b™2)*sin(f*x + e))))/((a”3 - a*b~2)*f)]

output

Sympy [F]

c+dsece+ fr) ., [ c+dsec(e+ fx)
/a—i—bcos(e-l—fx) dx_/a+bcos(e+fa:) de

inputLintegrate((c+d*sec(f*x+e))/(a+b*cos(f*x+e)),x) J

p

tIntegral((c + dxsec(e + f*x))/(a + b*cos(e + f*x)), x)

~—

output
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Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

¢+ dsec(e + fr)
/ a+ bcos(e + fx)

inputLintegrate((C+d*sec(f*X+e))/(a+b*COS(f*X+e)),X, algorithm="maxima")

p
Ou_tpm‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f

or more de

N\

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.68

/c+dsec(e+fx) p
a+ beos(e + fx) v

\‘

J

atan(% fz+% e)—btan(% fz+% e)

2 (| foteyl —2a+2b)+arctan | —
dlog({tan(% f:c-l—% e)+1|) _ dlog({tan(% f:c-l—% e)—1|) _ (ﬂ{ 2m 2Jsgn( a+2b)tarctan

a2 _p2

)

a a Va2—b2a

f

-

input integrate ((c+d*sec(f*x+e))/(a+b*cos(f*x+e)) ,x, algorithm="giac")

N\

‘(d*log(abs(tan(1/2*f*x + 1/2%e) + 1))/a - d*log(abs(tan(1/2%f*x + 1/2%e) -
\ 1))/a - 2*(pixfloor(1/2x(f*x + e)/pi + 1/2)*sgn(-2*a + 2xb) + arctan(-(ax*
‘tan(1/2*f*x + 1/2xe) - bxtan(1/2xf*x + 1/2%e))/sqrt(a”2 - b72)))*(a*c - bx*
‘d)/(sqrt(a“2 - b~2)*a))/f

output
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Mupad [B] (verification not implemented)

Time = 1.78 (sec) , antiderivative size = 345, normalized size of antiderivative = 4.54

/c+dsec(e+fx) dp — cos(5+42)
a+ bcos(e + fz) v af
a cos( g+LE cos( £+LZ) —sin( £4+L2) vbZ—a? sin(g+L2)—a sin( g+L
b(dln( 2) ((++f> (+) ) V—(a+b) (a—b)—dln<b (i+%) (<++

input‘int((c + d/cos(e + f*x))/(a + bxcos(e + f*x)),x)

(2*d*atanh(sin(e/2 + (£*x)/2)/cos(e/2 + (£f*x)/2)))/(a*f) - (b*(d*log((a*co
s(e/2 + (f*xx)/2) + b*cos(e/2 + (f*x)/2) - sin(e/2 + (£*x)/2)*(b"2 - a~2)"(
1/2))/cos(e/2 + (£*x)/2))*(-(a + b)*(a - b))~ (1/2) - d*log((b*sin(e/2 + (f
*x)/2) - axsin(e/2 + (£f*x)/2) + cos(e/2 + (£*x)/2)*(b"2 - a~2)~(1/2))/cos(
e/2 + (£xx)/2))*(b"2 - a~2)~(1/2)) + a*cxlog((b*sin(e/2 + (f*x)/2) - a*sin
(e/2 + (£f*x)/2) + cos(e/2 + (£*x)/2)*(b"2 - a~2)~(1/2))/cos(e/2 + (f*x)/2)
)x(b~2 - a”2)7(1/2) - axc*log((a*xcos(e/2 + (f*x)/2) + b*cos(e/2 + (f*x)/2)
- sin(e/2 + (£xx)/2)*(b"2 - a~2)~(1/2))/cos(e/2 + (£*x)/2))*(-(a + b)*(a
- b))~(1/2))/(a*xfx(a”2 - b~2))

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 193, normalized size of antiderivative = 2.54

/ ¢+ dsec(e + fz)
a+ bcos(e + fx)
fe E)a—‘can(f7m+§>b

an(£Z4+¢)a—tan(£Z4¢ an( £°
2v/a? — b? atcm<‘E (5 +)o-ten(5 +2>b) ac — 2v/a? — b2 atan(t (5 +2\/a2_b2 ) bd — log (tan (£

\/a2—b2
af (a2

jnput‘int((c+d*sec(f*X+e))/(a+b*COS(f*X+e)),x)
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(2*sqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a
*¥*2 — b¥x2))*akc - 2*sqrt(a**2 - bx*2)*atan((tan((e + f*x)/2)*a - tan((e +
f*x)/2)*b) /sqrt(ax*2 — bx*2))*bxd - log(tan((e + £*x)/2) - 1)*a*x2*d + lo
g(tan((e + f*x)/2) - 1)*b**2xd + log(tan((e + £*x)/2) + 1)*a*x2*d - log(ta
n((e + £*x)/2) + 1)*bx*2+d)/(a*xf*(a*x*2 - b*x2))

output
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1
3.13 f (a+bcos(e+fz))(c+dsec(e+f)) dx

Optimal result . . . . . . . . . . . . . 1211
Mathematica [A] (verified) . . . . . . . . ... L 121
Rubi [A] (verified) . . . . . . ... . 122
Maple [A] (verified) . . . . . . . . . . 124
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1251
Sympy [F] . . . o 125
Maxima [F(-2)] . . . . . . . o e 126
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... ... . 126
Mupad [B] (verification not implemented) . . . . ... ... ... ... ..... 127
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 128]

Optimal result

Integrand size = 25, antiderivative size = 121

/ ! dz
(a+bcos(e + fz))(c+ dsec(e + fx))

—btan(j(e+fz c—dtan(2(e+fzx
2a arctan (mt\/a(% + ))> - 2darctanh(‘/7dt\/c%§ +f ))>

va —bva+ blac — bd) f ve—dve+d(ac—bd)f

} 2*a*arctan((a-b)~(1/2)*tan(1/2*f*x+1/2%e)/(a+b) ~(1/2))/(a-b) ~(1/2) / (a+b) ~( l
11/2)/(a%c-b*d) /£-2*d*arctanh((c-d) ~(1/2) *tan(1/2xfxx+1/2xe) /(c+d)~(1/2))/( |
(=) 7(1/2)/(c+d) " (1/2)/ (axc-b*d) /£

output

Mathematica [A] (verified)

Time = 0.95 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.88

1
/ (a+bcos(e+ fz))(c+ dsec(e + fx))
2aa,rcta,nh<(a_b)tan(%(e+fz))> 2darctanh<(—c+d) tan(%(E-ﬁ—fz)))
+

dz

‘/—a2+b2 c2_d2
V—a?+b?

\/cz_dz

acf — bdf
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input‘ Integrate[1/((a + b*Cos[e + f*x])*(c + dxSec[e + f*x])),x] ‘

‘ ((-2xa*ArcTanh[((a - b)*Tan[(e + £*x)/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a"2 + b
"‘2] + (2xd*ArcTanh[((-c + d)*Tan[(e + f*x)/2])/Sqrtl[c™2 - d~2]]1)/Sqrt[c~2

output
L— d~2])/(a*c*f - bxdxf) J

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.00,

number of rules _ 0.320, Rules

number of steps used = 9, number of rules used = 8, = -
integrand size

used = {3042, 3307, 3042, 3480, 3042, 3138, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! dz
(a+bcos(e + fz))(c + dsec(e + fx))
| 3042
/ : ! dx
(a+bsin(e+ fe+ %)) (c+desc(e+ fz+ %))
| 3307
/ cos(e + fx) e
(a + bcos(e + fz))(ccos(e + fz) + d)
| 3042
/ sin (e + fz+ %) o
(a + bsin (6 + fx + %)) (csin (e + fz+ %) + d)
| 3480
af mdx ~ df mdw
ac —bd ac — bd
| 3042

1 1
af a+bsin(e+fm+g)dw df d+csin(e+fz+%)

ac — bd ac — bd
l 3138

dz
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1 1
2af (a—b)tan2(%(e+fx))+a+bdtan (§(€ + fw))
f(ac — bd)
1
) e e
f(ac — bd)

l 218

dtan (3(e + fz))

\/ﬂtan(l(e—}-fx)) 1 1
2a arctan ( N ) ~ 2d [ _((C_d)tanz(%(e+fw)))+c+ddtan (5(e+ fz))
fva —bvVa+ b(ac — bd) f(ac — bd)

l 221

2a arctan ( a=b t?;%ﬁfx)) ) 2darctanh ( Ve—dtan(3 (e+fz)) )

+ _ Vetd
fva—bva+ blac — bd) fve—dve+ d(ac — bd)

input LInt[l/((a + bxCos[e + f*x])*(c + d*Secl[e + f*x])),x] J

‘ (2xaxArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrt[a + bl])/(Sqrt[a - bl*Sqrt ‘
'[a + bl*(axc - bxd)*f) - (2*d*ArcTanh[(Sqrt[c - dl*Tan[(e + £*x)/2])/Sqrt[
‘¢ + dl1)/(Sqrtlc - dl*Sqrtlc + dl*(a*c - b*d)*f)

output

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]], x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x |
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rule 3138

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2*%x"2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

rule 3307

N\

Int[(cscl(e_.) + (£_)*(x_)1*(d_.) + (c_)) " (n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*((d + c*Sinf[e +
fxx])"n/Sinfe + f*x]°n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[nl]

rule 3480

Int[((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)1)/(((a_.) + (b_.)*sin[(e_.) + (f_
Dx(x )D)*((c_.) + (d_.)*sinl[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(A*b
- axB)/(b*c - axd) Int[1/(a + b*Sinf[e + f*x]), x], x] + Simp[(B*c - A*d)/
(bxc - axd) Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f
, A, B}, x] && NeQ[b*c - a*d, 0] && NeQ[a~2 - b~2, 0] && NeQ[c~2 - d~2, 0]

Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.89

method result
2a arctan % 2d arctanh %
(a—b)(a+b) CTICT)
derivativedivides (ac—bd)\/(a=b)(a+b) (ac—bd)/(ct ) (c—d)
_ fz e 3 fo e
2a arctan <%> 2d arctanh (%)
defau].t (ac—bd)+/(a—b)(a+b) (ac—bd)+\/(c+d)(c—d)
f
i(fote) | ia®—ib®+ay/—aZ+b2 i(fote)_ia?—ib?—aV/—aZ1b2 ater s —ic? i 1y
risch R G ver i Lo o) | an(somor sty

V—a2+b2 (ac—bd) f v —a2+b2 (ac—bd) f

Vc2—d2 (ac—bd) f

-

input L

int (1/ (at+b*cos (f*x+e) )/ (c+d*sec(f*x+e)) ,x,method=_RETURNVERBOSE)

-/

output

1/£x(2*a/ (axc-b*d) / ((a-b)*(a+b) )~ (1/2) *arctan((a-b) *tan(1/2xf*xx+1/2*e)/((a
-b)*(a+b))~(1/2))-2*d/ (a*xc-b*d) / ((c+d) *(c-d) ) ~(1/2) *arctanh ((c-d) *tan (1/2%
fxx+1/2%e)/((c+d)*(c-d))~(1/2)))
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Fricas [A] (verification not implemented)

Time = 1.65 (sec) , antiderivative size = 1022, normalized size of antiderivative = 8.45

1
/ (a+ bcos(e + fz))(c+ dsec(e + fzr))

dxr = Too large to display

;
input‘integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e)),x, algorithm="fricas")

[-1/2*%((a"2 - b"2)*sqrt(c™2 - d72)*d*log((2*cxd*cos(f*x + e) - (c™2 - 2xd~
2)*cos(f*x + e)”2 + 2xsqrt(c”™2 - d"2)*(d*cos(f*x + e) + c)*sin(f*x + e) +
2xc”2 - d72)/(c"2*cos(f*x + e)"2 + 2%cxd*cos(f*x + e) + d72)) - (a*c™2 - a
*d~2)*sqrt(-a”~2 + b~2)*log((2*a*bxcos(f*x + e) + (2*¥a”"2 - b~ 2)*cos(f*x + e
)72 - 2xsqrt(-a”2 + b~2)*(a*cos(f*x + e) + b)*sin(f*x + e) - a”2 + 2%b~2)/
(b"2xcos(f*x + e)~2 + 2xa*bxcos(f*x + e) + a~2)))/(((a"3 - a*xb"2)*c"3 - (a
“2%b - b73)*c"2*d - (2”3 - a*b"2)*cxd"2 + (a"2*b - b"3)*d"3)*f), —-1/2%(2%(
a”2 - b"2)*sqrt(-c”2 + d~2)*d*arctan(-sqrt(-c”2 + d~2)*(d*cos(f*x + e) + c
)/((c”2 = @"2)*sin(f*x + e))) - (axc™2 - a*d"2)*sqrt(-a~2 + b~2)*log((2xax*
bxcos(f*x + e) + (2¥a”2 - b~2)*cos(f*x + e)”2 - 2+sqrt(-a~2 + b~2)*(a*cos(
fxx + e) + b)*sin(f*x + e) - a”2 + 2%b~2)/(b"2*cos(f*x + e)~2 + 2*a*bxcos(
fxx + e) + a”2)))/(((a"3 - a*b™2)*c”"3 - (a"2%b - b~3)*c"2*xd - (a"3 - axb~2
Y*cxd"2 + (a”2xb - b"3)*d"3)*f), -1/2*x((a"2 - b~2)*sqrt(c”™2 - d~2)*d*log((
2xc*kdxcos(f*x + e) - (c72 - 2+#d"2)*cos(f*x + e)”2 + 2*sqrt(c™2 - d72)*(d*c
os(f*x + e) + c)*sin(f*x + e) + 2xc”2 - d72)/(c"2*cos(f*x + e)~2 + 2*kcxd*c
os(f*x + e) + d~2)) - 2x(a*c™2 - a*d~2)*sqrt(a”2 - b~2)*arctan(-(a*xcos(f*x
+ e) + b)/(sqrt(a”2 - b"2)*sin(f*x + €))))/(((a"3 - a*b™2)*c"3 - (a"2*b -
b~3)*c"2%d - (a”3 - axb~2)*c*d"2 + (a”2%b - b~3)*d"3)*f), -((a”2 - b"2)*s
qrt(-c~2 + d"2)*d*arctan(-sqrt(-c~2 + d~2)*(d*cos(f*x + e) + c)/((c™2 - 4~
2)*sin(f*x + e))) - (a*c™2 - a*d"2)*sqrt(a”2 - b~2)*arctan(-(a*xcos(f*x ...

output

Sympy [F]

1 1

/ (a+ bcos(e + fz))(c+ dsec(e + fz)) dz =/ (a+bcos(e+ fx)) (c+ dsec(e+ fx)) dz

inputLintegrate(1/(a+b*003(f*x+e))/(c+d*sec(f*x+e)),x) J
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Output‘Integral(l/((a + b*cos(e + f*x))*(c + d*sec(e + f*x))), x)

Maxima [F(-2)]

Exception generated.

1

=E i ised: ValueE
(a+ beos(e + fx))(c+ dsec(e + fz)) dz xception raised: ValueError

inputLintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e)),x, algorithm="maxima") J

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*%c~2-4%d"2>0)', see “assume? f

‘or more de

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 507 vs. 2(103) = 206.
Time = 0.19 (sec) , antiderivative size = 507, normalized size of antiderivative = 4.19

1

(a+bcos(e+ fz))(c+ dsec(e + fz)) dz

tan(% fa:+% e)

bc—ad+ \/(ac+bc+ud+bd) (ac—bc—ad+bd)+(bc—ad)?

(\/ a?—b2acla—b|—va2—b2(2 a—b)d|a—b|+v a2 —b?|ac—bd| |a—b|) ™ V;ie +%J +arctan \/

ac—bc—ad+bd

(a2 —2 ab+b2)(ac—bd)?+(a2b—2 ab?+b3)c|lac—bd|— (a3 —2 a2b+ab?)d|ac—bd)

inputLintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))’x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 127

((sqrt(a”2 - b~2)*a*c*abs(a - b) - sqrt(a”™2 - b~2)*(2*a - b)*d*abs(a - b)
+ sqrt(a”™2 - b~2)*abs(axc - bxd)*abs(a - b))*(pi*floor(1/2*(f*x + e)/pi +
1/2) + arctan(tan(1/2*f*x + 1/2%e)/sqrt((b*c - a*d + sqrt((a*c + b*c + axd
+ bxd)*(a*xc — bkc - a*d + bxd) + (bxc - a*d)~2))/(a*c - b*c - axd + bxd))
))/((a”2 - 2*%axb + b™2)*(a*xc - bxd) "2 + (a"2xb - 2*a*b~2 + b~3)*c*abs(a*c
- bxd) - (a”3 - 2*a"2*b + axb~2)*d*abs(a*c - b*d)) + (sqrt(-c”2 + d72)*ax*(
c - 2*%d)*abs(-c + d) + sqrt(-c”2 + d"2)*b*d*abs(-c + d) - sqrt(-c”2 + 4°2)
*abs (a*c - bxd)*abs(-c + d))*(pixfloor(1/2x(f*x + e)/pi + 1/2) + arctan(ta
n(1/2*%f*x + 1/2%e)/sqrt((bxc - a*d - sqrt((a*xc + b*c + axd + b*d)*(axc - b
*c - axd + bxd) + (bxc - axd)~2))/(axc - b*c - a*d + b*d))))/((axc - bxd)~
2%(c™2 - 2xcxd + d”2) + (c"2+d - 2*c*d~2 + d~3)*a*abs(a*c - b*d) - (c”3 -
2¥c™2xd + c*d~2)*b*abs(a*c - bxd)))/f

output

Mupad [B] (verification not implemented)

Time = 2.56 (sec) , antiderivative size = 2665, normalized size of antiderivative = 22.02

1
/ (a+bcos(e + fx))(c+ dsec(e + fx))

dxr = Too large to display

input!/int(l/((c + d/cos(e + £*x))*(a + bkcos(e + f*x))),x)
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(axc~2*atan((a~5*c~2*xtan(e/2 + (£f*x)/2)*(b"2 - a~2)~(1/2)*1i + a~3*d"2*tan
(e/2 + (£f*x)/2)*(b"2 - a™2)~(3/2)*2i + a~b6*d"2xtan(e/2 + (f*x)/2)*(b"2 - a
~2)7(1/2)*2i - b"5*d"2*tan(e/2 + (£*x)/2)*(b"2 - a~2)"(1/2)*1i - a~2*b~3*c
~2%tan(e/2 + (£f*x)/2)*(b"2 - a~2)"(1/2)*1i - a~3*b"2*xc"2*tan(e/2 + (f*x)/2
Yx(b"2 - a”2)"(1/2)*1i + a~2*%b"3*xd"2*tan(e/2 + (£*x)/2)*(b"2 - a~2)~(1/2)*
1i - a”3*b"2xd"2+tan(e/2 + (£*x)/2)*(b"2 - a~2)~(1/2)*3i - a"3*cxd*tan(e/2
+ (f*x)/2)*(b"2 - a~2)~(3/2)*2i - a~bxc*d*tan(e/2 + (f*x)/2)*(b"2 - a~2)~
(1/2)*2i + a”~2*bkc"2*tan(e/2 + (f*x)/2)*(b"2 - a~2)~(3/2)*2i + a~4xbxc~2x*t
an(e/2 + (£*x)/2)*(b~2 - a~2)~(1/2)*1i + a*b~4*d~2+tan(e/2 + (£*x)/2)*(b"2
- a”2)"(1/2)*1i + a~2*b~3*cxd*tan(e/2 + (£xx)/2)*(b"2 - a~2)~(1/2)*2i + a
~3%b~2*cxd*tan(e/2 + (f*x)/2)*(b"2 - a~2)~(1/2)*2i - a~2*b*ckd*tan(e/2 + (
fxx)/2)*%(b"2 - a~2)"(3/2)*2i - a~4xbkxc*d*tan(e/2 + (£f*x)/2)*(b"2 - a~2)~ (1
/2)*2i)/(a"6*%c”2 - b"6*%d"2 + a~2%b"4*c"2 - 2%a~4*b"2*c”2 + 2*a~2*%b"4*xd"2 -
a~4xb~2xd"2) ) *x(b"2 - a~2)"(1/2)*2i)/(f*x(a”3*%c”3 - b~3*%d"3 - a*b"2*%c”3 + a
~2xb*d~3 - a"3*%c*kd"2 + b"3*c"2*d + axb"2xckd"2 - a"2%b*c”2xd)) - (axd"2*at
an((a~5*c™2xtan(e/2 + (£f*x)/2)*(b"2 - a~2)~(1/2)*1i + a~3*d"2*tan(e/2 + (f
*x) /2)%(b"2 - a~2)~(3/2)*2i + a~5xd"2xtan(e/2 + (f*x)/2)*(b"2 - a~2)~(1/2)
*2i - b7bxd"2*xtan(e/2 + (£*x)/2)*(b"2 - a~2)"(1/2)*1i - a~2*b~3*c"2*tan(e/
2 + (f*x)/2)*(b"2 - a~2)"(1/2)*1i - a~3*b~2*c~2*tan(e/2 + (£fxx)/2)*(b"2 -
a~2)"(1/2)*1i + a~2xb~3*d"2xtan(e/2 + (£f*x)/2)*(b"2 - a~2)~(1/2)*1i - a...

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 291, normalized size of antiderivative = 2.40

1
/ (a+ bcos(e + fz))(c+ dsec(e + fz))

2va? — b? atan<tan(g+g)a_tan(f;+;)b> ac® —2va? —b? atan<tan(f;”+§3:2—_tzz(f;+;)b> ad? —2v/—c2

Va2 -b2
f(a®c3 — adcd? — a?bc?d + a?bd3 — a b3

dz

~—

input[int(l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))’x)
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(2% (sqrt (ax*2 - bxx2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(
ax*2 - b¥*2))*akck*2 - sqrt(ax*2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e
+ f*x)/2)*b) /sqrt(a**2 - b**x2))*a*d**2 - sqrt( - c**2 + d**2)*atan((tan((
e + £xx)/2)*c - tan((e + £x*x)/2)*d)/sqrt( — c*x*2 + d**2))*ax*2+xd + sqrt( -
cx*2 + dx*2)*atan((tan((e + f£*x)/2)*c - tan((e + f*x)/2)*d)/sqrt( - c**2
+ d**2)) kb*x*2%d) ) / (f* (a*x*3kc*k*3 — a*x*x3kckd**2 — a*x*x2kbkxck*k2xd + akx*k2xbkxd*x*

3 - axb*x*2kxc**3 + axb**2kxckd*x*2 + b*k3kck*k2kxd — b**k3*kd**3))

output
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1

3.14 f (a+bcos(e+fx))(c+dsec(e+fr))? dx

Optimal result . . . . . . . . . . e 130
Mathematica [A] (verified) . . . . . . . . . ... oo 1311
Rubi [A] (verified) . . . .. . . ... .. 131
Maple [A] (verified) . . . . . . ... L 135
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 135
Sympy [F] . . o o 136
Maxima [F(-2)] . . . . . . e 137
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 137
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 138
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 138

Optimal result

Integrand size = 25, antiderivative size = 187

1
/ (a+bcos(e + fx))(c+ dsec(e + fzx))? de
2a? arctan (‘/Htan(%(ﬁf w))> 2d(2ac® — bed — ad?) arctanh(‘/‘qtan(%(eﬁm)))

Va+tb _ Vetd
va —bva+ blac — bd)? f (c — d)32(c+ d)3/%(ac — bd)2 f
d?sin(e + fz)

T (ac—bd) (@ —P) f({d + coos(e + f2))

(2*a‘2*arctan((a—b)*(1/2)*tan(1/2*f*x+1/2*e)/(a+b)A(1/2))/(a-b)*(1/2)/(a+b)
‘“(1/2)/(a*c—b*d)“2/f—2*d*(2*a*c“2—a*d“2—b*c*d)*arctanh((c—d)“(1/2)*tan(1/2
\*f*x+1/2*e)/(c+d)“(1/2))/(c—d)“(3/2)/(c+d)“(3/2)/(a*c—b*d)“2/f+d“2*sin(f*x

output
|
L+e)/(a*c-b*d)/(c“2-d”2)/f/(d+c*cos(f*x+e)) J




input

output
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Mathematica [A] (verified)

Time = 2.05 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.10

1
(a+bcos(e+ fz))(c+ dsec(e + fz))
2q2arctanh (W) (d+ccos(e+fz))  2d(bed+a(—2c2+d?))arctant

(d+ ccos(e + fz))sec*(e+ fz) | — — - :

de

(ac — bd)?2f(c+ dsec(e + fz))?

-

LIntegrate [1/((a + b*Cos[e + f*x])*(c + d*Sec[e + f*x])~2),x]

-/

((@ + cxCos[e + f*x])#*Sec[e + f*x] 2+((-2*xa~2xArcTanh[((a - b)*Tan[(e + f*
x)/2]1)/Sqrt[-a~2 + b~2]1]1*(d + c*Cos[e + f*x]))/Sqrt[-a~2 + b~2] - (2*d*(b*
cxd + ax(-2xc”2 + d~2))*ArcTanh[((-c + d)*Tan[(e + £*x)/2])/Sqrt[c”2 - d~2
11%(d + cxCos[e + £*x]))/(c”2 - d°2)"(3/2) + (d"2*(a*c - bxd)*Sin[e + f*x]
Y/ ((c = A)*(c + d))))/((axc - bxd) "2*xf*x(c + d*Sec[e + £*x])~2)

Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.18,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 440 Ryles
integrand size

used = {3042, 3307, 3042, 3535, 25, 3042, 3480, 3042, 3138, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzr

~| =

/ (a+ bcos(e + fz))(c+ dsec(e + fx))?

3042

dzr

| =

/ (a+bsin(e+ fe+ %)) (c+desc(e+ fz + g))2

l 3307
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/ cos?(e + fz) i
(a+ bcos(e + fz))(ccos(e + fz) + d)?

| 3042
/ sin (e+fm+g)2
(a+bsin(e+ fz+ %)) (csin(e+ fz+ %) +d)2
| 3535

dx

f acd+(bed—a(c2—d?)) cos(e+fz) da
(a+b cos(e+fm))(d+c cos(e+fx))

(2 — d?) (ac — bd)

d*sin(e + fz)
f(c? —d?) (ac — bd)(ccos(e + fz) + d)

| 25

+

. acd+(bed—a d?)) cos(e+fx)
d? sm(e + f.’l:) f (a+b cos(e+fac))(d+)c)cos(e+fx)) dz
f (2 — d?) (ac — bd)(ccos(e + fz) +d) (c2 — d?) (ac — bd)
| 3042
acd+ (bcd a(c d2)) sm(e—}-fa:—}- )
d? sin(e + f.’L‘) _ f (a+bsin(e+fz+73)) (d—i—csm(e—i—fx—i— ) dx
f (2 —d?) (ac — bd)(ccos(e + fz) + d) (¢ — d?) (ac — bd)
| 3480
d?sin(e + fz)
f (2 — d?) (ac — bd)(ccos(e + fz) +d)
_a2(02—d2)fm d(bcd a(2c2—d?)) fm
ac—bd ac—bd
(¢ —d?) (ac — bd)
| 3042
d*sin(e + fz)
f(c? dz) (ac — bd)(ccos(e + fz) +d)
_a2 (c2—d2) f—a+b51n(e+fav+ )dz ~ d(bcd a(2c2—d2)) J —d+csln(el+f:c+%)dw
ac—bd ac—bd
(¢ — d?) (ac — bd)
| 3138
d*sin(e + fz)

f (2 — d?) (ac — bd)(ccos(e + fz) +d)

2(c2_g2 1 _ 2_ 12 1
_2a (=] (a_b)tanz(%(e+fz))+a+bdtan(2(e+f$)) _ 2d(bed-a(2c*-d%)) J —((e=d) tan? (§ (c+f2)) ) +otd

dtan(%(e—i—fx))

f(ac—bd) f(ac—bd)

(c2 — d?) (ac — bd)
| 218
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d*sin(e + fz) B

f(c® —d?) (ac — bd)(ccos(e + fz) + d)
Va—btan( i (e+fz
2d(bed—a(2*-d%)) | - ((c—d) tan2 (;(e-ﬁ-fm)))-ﬁ-c-i—ddtan(% (e+fx))  20%(c?—d?)arctan <W>
B f(ac—bd) B F+/a—bv/a+b(ac—bd)
(c2 — d?) (ac — bd)
| 221

d?sin(e + fz) B

f (2 —d?) (ac — bd)(ccos(e + fz) + d)

— 1
2a2 (02—d2) arctan (tw

fva—bva+b(ac—bd) a fve—dvet+d(ac—bd)
(¢ — d?) (ac — bd)

Vvec— an 1 e x
2d(bed—a(2¢2—d?))arctanh <W>

Vet+d

input IBt[1/((a + bxCosle + £xx])x(c + dxSecle + £+x])72),x]

-(((-2*a™2x(c"2 - d"2)*ArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrtl[a + b]])
/(Sqrt[a - bl*Sqrt[a + bl*(a*c - bxd)*f) - (2xd*(bxc*d - ax(2xc™2 - d~2))*
ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc + d]1)/(Sqrtlc - dl*Sqrtlc +
dl*(a*c - bxd)*f))/((a*xc - b*d)*(c™2 - d72))) + (d"2#Sinl[e + f*x])/((a*c
- bxd)*(c”2 - d"2)*f*(d + c*Cos[e + f*x]))

output

Defintions of rubi rules used

rule 25 ‘\Int [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

rule 218 1ELCG@) + (B_)*(x)"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
‘tla/b, 211, x] /; FreeQl{a, b}, x] && PosQ[a/b]

ruk3221/Int[((a—) + (b_.)*(x_)"2)7(-1), x_Symboll :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2%xx"2), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

rule 3138

/Int[(csc[(e_.) + (F_)*(x_)1*(d_.) + (c))"(_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*((d + c*Sinf[e +
fxx])"n/Sinfe + f*x]°n), x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IntegerQ
[nl]

rule 3307

N\

rule 3480 Int[((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)1)/(((a_.) + (b_.)*sin[(e_.) + (f_
Dx(x )D)*((c_.) + (d_.)*sinl[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(A*b
- axB)/(b*c - axd) Int[1/(a + b*Sinf[e + f*x]), x], x] + Simp[(B*c - A*d)/
(bxc - axd) Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f
, A, B}, x] && NeQ[b*c - a*d, 0] && NeQ[a~2 - b~2, 0] && NeQ[c~2 - d~2, 0]

rule 3535 Int[((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(E_D)*(x)1)"(n_)*((A_.) + (C_.)*sin[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :>
Simp[(-(A*b~2 + a~2xC))*Cos[e + f*x]*(a + b*Sinl[e + f*x])"(m + 1)*((c + d*S
infe + £f*x])"(n + 1)/(f*(m + 1)*(b*c - axd)*(a”2 - b~2))), x] + Simp[1/((m
+ 1)*(b*c - axd)*(a"2 - b™2)) Int[(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin
[e + £xx]) n*Simp[ax(m + 1)*(bkc - a*d)*(A + C) + d*x(A*b"2 + a"2*C)*(m + n
+ 2) - (c*x(A*b"2 + a”2%C) + bx(m + 1)*(b*c - a*d)*(A + C))*Sinf[e + f*xx] - d
*(A*xb"2 + a™2*%C)*(m + n + 3)*Sin[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c,
d, e, £, A, C, n}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2
- d72, 0] && LtQm, -1] && ((EqQ[a, 0] && IntegerQ[m] &% !IntegerQ[n]) ||
! (IntegerQ[2*n] && LtQ[n, -1] && ((IntegerQ[n] && !'IntegerQ[m]) || EqQ[a,

01Y))




CHAPTER 3. LISTING OF INTEGRALS 135

Time = 1.65 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.12

Maple [A] (verified)

method result

d(ac—bd) tan(%-ﬂ—%)

(20. c2—ad? —bcd) arctanh

(e—d

V1

2a2 arctan

(a=b)tan(LF+§) 2d| — 222 (e (722 €\ 2o tan (1% - €)% 0o
“:ﬁiijﬁ%f§37> ( )(t (f£+§) c—tan (L +5) )

(ctd)(e—d)/(ct+d) (e

(ac—bd)2/(a—b)(a+b) (ac—bd)2

derivativedivides 7

d(ac—bd) tan(%«k%)

(20. c2—ad? —bcd) arctanh

(e=d

V1

_ fz e 2d| — z e T, e
2a2arctan<%> (c27d2)(tan(fTJrf)2c7tan(f7+§)2d7c7d>

(ctd)(e—d)/(ct+d)(c

default (ac—bd)2/(a—b)(a+b) (ac—bd)2
f

274d2 (de’<fw+e) +C) AV c2—d2 c

2d1n (ei(f:c+e)_ icz—idQ—d\/ c2_g2 ) ac

2 d3 In (ei(f:v—l—e)_’iic5

risch

c(c2—d?)(ac—bd) f (ce?i(fz+e) y2d ei(fz+e) 4c) + Ve2—d? (ac—bd)? (c+d)(c—d) f

Vc2—d2 (ac—ba

input L

int (1/ (a+b*cos (f*x+e))/(c+d*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE)

output

1/£*(2%a~2/ (a*c-b*d) “2/((a-b) *(a+b)) ~(1/2) *arctan((a-b) *tan (1/2*f*x+1/2%e)
/((a-b)*(a+b) )~ (1/2))+2%d/ (a*c-b*d) ~2% (-d* (a*xc-b*d) / (c~2-d"2) *tan (1/2*f*x+
1/2%e)/(tan(1/2*xf*x+1/2%e) "2*%c-tan(1/2*f*x+1/2%e) “2*xd-c-d) - (2*a*c~2-a*d~2-
bxcx*d) /(c+d)/(c-d)/ ((c+d) *(c-d)) "~ (1/2) *arctanh( (c-d) *tan(1/2xf*x+1/2%e) / ((
c+d) *(c-d))~(1/2))))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 645 vs. 2(169) = 338.

Time = 87.08 (sec) , antiderivative size = 2835, normalized size of antiderivative =

15.16

1
/ (a+bcos(e + fz))(c+ dsec(e + fx))?

dx = Too large to display

input L

integrate(1/(at+b*cos(f*x+e))/(c+d*sec(f*x+e))~2,x, algorithm="fricas")
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[-1/2*((a~2*c™4*d - 2*a~2xc"2xd"3 + a~2xd"5 + (a"2*c”™5 - 2*a~2*c~3*d"2 + a
~2%c*d"4)*cos(f*x + e))*sqrt(-a”2 + b~2)*log((2xaxb*cos(f*x + e) + (2*a~2
- b™2)*cos(f*x + e)”2 + 2*sqrt(-a”2 + b~2)*(axcos(f*x + e) + b)*sin(f*x +
e) - a2 + 2xb"2)/(b"2*cos(f*x + e)”2 + 2xaxbxcos(f*x + e) + a~2)) - (2x(a
~3 - axb"2)*c"2*d"2 - (a"2*%b - b"3)*c*kd"3 - (a"3 - a*b"2)*d"4 + (2%(a”3 -
axb”"2)*c~3*d - (a"2*b - b"3)*c"2*d"2 - (a”3 - a*b~2)*c*kd~3)*cos(f*x + e))*
sqrt(c”2 - d72)*log((2*cxd*cos(f*x + e) - (c”2 - 2*%d"2)*cos(f*x + e)”2 - 2
*xsqrt(c™2 - d72)*(d*cos(f*x + e) + c)*sin(f*x + e) + 2*c™2 - d72)/(c"2xcos
(fxx + e)”2 + 2xcxd*cos(fxx + e) + d”2)) - 2*((a”3 - a*b”™2)*c~3*d"2 - (a2
*b - b™3)*c"2*%d"3 - (a”3 - a*b"2)*c*d"4 + (a~2*b - b~3)*d"5)*sin(fxx + e))
/(((a~4 - a~2%b~2)*c~7 - 2*%(a~3*b - a*b~3)*c"6%d - (2%a~4 - 3*a~2%b~2 + b~
4)*xc”5*d"2 + 4*x(a~3%b - a*b”3)*c"4*d"3 + (a”4 - 3*a”"2%b"2 + 2*xb"4)*c~3*d"4
- 2x(a"3*b - a*b”~3)*c~2*d"5 + (a"2*b”"2 - b~4)*cxd"6)*f*xcos(f*xx + e) + ((a
~4 - a”2*xb"2)*c”6xd - 2*%(a"3*b - a*b"3)*c”5*%d"2 - (2*a"4 - 3*a"2*%b"2 + b~4
Y*c~4%d"3 + 4x(a”3*%b - a*b"3)*c"3*d"4 + (a~4 - 3*a"2xb"2 + 2*%b~4)*c"2*d"5
- 2%x(a"3%b - a*b~3)*c*d"6 + (a"2%b"2 - b~4)*d"T7)*f), -1/2%(2*x(2%(a~3 - a*b
~2)*c"2x%d"2 - (a"2%b - b"3)*c*kd"3 - (a”3 - a*b”2)*d"4 + (2%x(a”3 - a*xb”2)*c
~3%d - (a"2%b - b"3)*c”2*d"2 - (2”3 - axb~2)*c*d"3)*cos(f*x + e))*sqrt(-c”
2 + d"2)*arctan(-sqrt(-c~2 + d"2)*(d*cos(f*x + e) + c)/((c™2 - d"2)*sin(f*
X + e))) + (a”2xc™4xd - 2*xa~2xc"2xd"3 + a~2xd"5 + (a"2*c”5 - 2*%a~2*c"3*. ..

output

Sympy [F]

1

/ (a+bcos(e+ fz))(c —l—ilsec(e + fx))

/ (a+ beos (e + fx)) (c + dsec (e + fx))”

2dz

dz

p

integrate(1/(atb*cos (f*x+e))/(ctd*sec(f*x+e))**2,x)

input

p
outputtlntegral(l/((a + bkcos(e + f*x))*(c + dksec(e + f*x))**2), x)
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Maxima [F(-2)]

Exception generated.

1
= Exception raised: ValueE
/ (a+bcos(e + fz))(c + dsec(e + fz))? dz = Exception raised: ValueError

input‘integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))"2,x, algorithm="maxima") ‘

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*¥b~2-4%a"2>0)', see “assume? f

‘or more de

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.78

1
(a+bcos(e+ fz))(c+ dsec(e + fz))

1 1.)_ 1 1
<7r Vgie‘i‘%Jsgn(Z a—2b)+arctan (atan(? fots e) btan(?‘j frts e) >>a2
2

2dx

a2—p2 d?tan( fz+3e)

(a2c2—2 abed+b2d?) /a2 —b2 (ac3—bc2d—acd?+bd3) (ctan(% fz+% 6)2—dtan(% fz

f

inputLintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))"2,x, algorithm="giac") J

2% ((pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(2*a - 2*b) + arctan((axtan(l/2*f*
x + 1/2xe) - bxtan(1/2xf*xx + 1/2xe))/sqrt(a™2 - b~2)))*a~2/((a"2xc™2 - 2xa
*¥bkckd + b~2*d"2)*sqrt(a”2 - b~2)) - d”2xtan(1/2xf*x + 1/2xe)/((axc”3 - b*
c2xd - a*c*d”2 + b*d"3)*(cxtan(1/2xf*x + 1/2xe)”2 - dxtan(1/2xf*x + 1/2xe
)72 - ¢ - d)) - (2xa*c”2xd - bkc*d"2 - a*d~3)*(pi*floor(1/2*(f*x + e)/pi +
1/2)*sgn(-2xc + 2*d) + arctan(-(cxtan(1/2xf*x + 1/2xe) - dxtan(1/2*f*xx +
1/2%e))/sqrt(-c™2 + d72)))/((a~2xc™4 - 2*axb*c~3*d - a~2xc~2*d"2 + b~2*c"2
*d"2 + 2xaxb*c*d~3 - b"2xd"4)*sqrt(-c”2 + d~2)))/f

output




input

output

input
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Mupad [B] (verification not implemented)

Time = 9.11 (sec) , antiderivative size = 20827, normalized size of antiderivative =
111.37

1
/ (a+bcos(e + fz))(c+ dsec(e + fx))?

dxr = Too large to display

r

Lint(l/((c + d/cos(e + f*x))~"2*(a + b*cos(e + f*x))),x)

(a"2*%atan(((a"2*(b"2 - a~2)~(1/2)*((32*tan(e/2 + (f*x)/2)*(a"5*xc”6 + 2*a”5
*d"6 - a"4xb*c”6 - 4*a”"4*xb*xd"6 - 2*%a~bkckd"5 - 2*%a~bkxc~bxd - a~2*xb"3*xd"6 +
3*%a~3*b"2*%d"6 - 5*xa”b*c"2*d"4 + 4*a~bxc"3*%d"3 + 3*a”"5*c"4*d"2 - b"5*xc”2*d
~4 + 3*axb”4*c”2*d"4 + 4*axb"4*c”3*d"3 + 6*a”2xb"3*cxd"5 - 6*xa”~3*b~2*c*d”~5
+ 13*a”4%bxc”2+%d"4 - 8*a”~4*b*c”3*d"3 - 11*a”4*b*c”4*d"2 + a~2*xb"3*c"2*xd"4
- 12*%a"2%b"3*%c"3*d"3 - 4*a"2*b"3*c"4*d"2 - 11%a~3*b"2*xc"2+%d"4 + 12*a”3%b”
2%c"3*%d"3 + 12%a”3*b"2*xc"4*d"2 - 2*axb~4xc*d"5 + 4*a~4xbkxc*d~5 + 2*a”4¥b*c
“5xd))/(a"2*c”5 - b"2%d"5 + a"2*xc"4*xd - b"2*kckd"4 - a"2%c"2*%d"3 - a~2%c 3%
d™2 + b™2%c™2*%d"3 + b72*%c"3*d"2 + 2%akxbkckd"4 - 2%axbkxc 4xd + 2*xaxbkxc”2*d”
3 - 2¥axbxc”3*%d"2) + (a"2*(b"2 - a~2)"(1/2)*((32*x(2*a"~6*b*c™9 - a~7*c"9 +
a*b"6*%d"9 + 2*%a"7*c"8*%d + b 7*c*kd"8 - a"5*b"2*%c”9 - 2*%a"2*%b"5xd"9 + a~3*b”
4%d”9 + a"7*c"4*d"5 - 3*%a"7*xc"6*d"3 + a~7*c T7*d"2 - bTT7*xc"2*xd"7 - bT7*xc”3x%
d"6 + b"T7*c"4*d"5 - b*axb"6*c”2xd"7 + T*a*b~6kc"3*d"6 + 4*xa*b”6xc"4*d"5 -
5*xaxb"6*c~5*d"4 - 3*a~2*xb"5*xcxd"8 + 8*a”~3*b"4*c*xd"8 - 4*xa”~4*b"3*kc*d"8 + 5x
a~4xb"3*c"8*d - 8*a”~5*xb"2*c”8*d - 4*a”~6*bxc”3*d"6 - 2*a~6*b*c”4*d"5 + 13*a
“6*b*c”5*xd"4 + a~6*b*c”6+%d”3 - 11*a”6*bxc”7*d"2 + 13*a”2*b~5kc"2xd”"7 + T*a
“2¥b7h*cT3*%d"6 - 21*%a”2*%b"5*cT4*d"5 - 4*%a”2xb"5*kc™bxd"4 + 10*a~2*%b"5*xc”6*d
"3 - a"3%b74*xc”"2*%d”7 - 31*%a"3*xb"4*c”3*d"6 + 4*a”~3*¥b"4*kc"4*d"5 + 33*%a~3*xb"4
*Cc"bxd"4 - 4*%a”3%b"4*cT6*%d"3 - 10*%a"3*xb"4*cTT7*d"2 - 12%a"4*b"3xc72%d”7 + 1
4%a~4xb"3*%c"3*%d"6 + 34*%a"4*xb"3*%c”4*d"5 - 21*%a~4*xb"3kc"b5xd"4 - 27*a"4*xb”...

| —

Reduce [B] (verification not implemented)
Time = 0.22 (sec) , antiderivative size = 1678, normalized size of antiderivative = 8.97

1
/ (a+ bcos(e + fz))(c+ dsec(e + fx))?

dx = Too large to display

{int(l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))“2,x)
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(2*sqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a
*¥*2 — b¥x2))*cos(e + f*x)*a**x2kck*x5 - 4xsqrt(a*x*2 - b*x2)*atan((tan((e + f
xx)/2)*a - tan((e + f#*x)/2)*b)/sqrt(ax*2 — bx*2))*cos(e + f*xx)*a**2kc*x*3*d
**2 + 2xsqrt(a*x*2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/s
grt(a*x*2 - b*x2))*cos(e + fx*x)*ax*2xckdx*4 + 2xsqrt(ax*2 - b**x2)*atan((tan
((e + fxx)/2)*a - tan((e + f£*x)/2)*b)/sqrt(a**2 - b**2))*a*k2kck*dxd - 4*s
gqrt(a**2 - b¥*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(a**2

- Db¥*2) ) kax*2xck*2*%d**3 + 2xsqrt(ax*2 - b*x2)*atan((tan((e + f*x)/2)*a - t
an((e + £*x)/2)*b)/sqrt(a**2 — b**x2))*a*xx2xd**5 — 4*sqrt( - c**2 + d**2)*a
tan((tan((e + f*x)/2)*c - tan((e + f*x)/2)*d)/sqrt( - c**2 + d**2))*cos(e
+ fxx)*arx3kck*3xd + 2xsqrt( - c*x*2 + dx*2)*atan((tan((e + £*x)/2)*c - tan
((e + £*x)/2)*d)/sqrt( - c**2 + d*x2))*cos(e + f*x)*ax*3*kckd*x*3 + 2*sqrt(

- c*x2 + d**2)*atan((tan((e + £*x)/2)*c - tan((e + £*x)/2)*d)/sqrt( - c**2
+ d**2))*cos(e + f*x)*ka*xx2*bkc*k*x2kd**2 + 4xsqrt( - c**2 + d*x2)*atan((tan
((e + £xx)/2)*c - tan((e + f*x)/2)*d)/sqrt( - c**2 + d*x2))*cos(e + f*x)*a
*xbx*2*c*k*x3xd - 2xsqrt( - cx*2 + d*x2)*atan((tan((e + f*x)/2)*c - tan((e +

fxx)/2)*d) /sqrt( - c**2 + d**2))*cos(e + f*x)*axb*x2*c*kd**3 - 2xsqrt( - c*
*2 + d*x2)*atan((tan((e + f*x)/2)*c - tan((e + f*x)/2)*d)/sqrt( - c**2 + d
*¥*%2))xcos(e + f£*x)*b**3xck*x2xd*x2 — 4ksqrt( - c*x*2 + dx*2)*atan((tan((e +

f*x)/2)*c - tan((e + £*x)/2)*d)/sqrt( - c**2 + d**2))*a**k3kck*2kd**2 + ...

output
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1

3.15 f (a+bcos(e+fx))(c+dsec(e+fx))3 dx

Optimal result . . . . . . . . . . e 140
Mathematica [A] (verified) . . . . . . . . . ... oo 1411
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 144
Fricas [F(-1)] . . . . o o 144
Sympy [F] . . o o
Maxima [F(-2)] . . . . . . e
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 146
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 146
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 147

Optimal result

Integrand size = 25, antiderivative size = 458

1
/ (a+bcos(e + fx))(c+ dsec(e + fz))3 de
\/7ta,n( (e+fx))

ve— tan( (e+fx))

B 2a3 arctan < T ) 2d3(3ac — 2bd)arctanh<

Vetd

)

Va—bv/atblac—bd3f  (c—d)¥2(c+ d)*?(ac — bd)2f

Vetd
2(c—d)52(c+ d)*2(ac — bd) f

2d(3a%c? — 3abed + b2d?) arctanh( Vedtan(; (et ””»)

d3(c® + 2d?) arctanh(ﬁtan( (e+fx))>

c+d
Ve —dve+d(ac — bd)3 f
d®sin(e + fx)
 2c(ac — bd) (@ — d?) f(d + ccos(e + fz))?
3d*sin(e + fx)

T Se(ac— bd) (@ — @) f(d + ccos(e + f2))
d?(3ac — 2bd) sin(e + fz)
c(lac — bd)? (2 — d?) f(d + ccos(e + fx))




CHAPTER 3. LISTING OF INTEGRALS 141

2%a~3*arctan((a-b) ~(1/2) *tan (1/2%f*x+1/2%e) /(a+b) ~(1/2))/(a-b)~(1/2)/(a+b)
~(1/2) / (a*c-b*d) ~"3/f-2*d"3* (3*a*c-2*b*d) *arctanh ((c-d) ~(1/2) *tan(1/2*f*x+1
/2%e)/(c+d)~(1/2))/c2/(c-d)~(3/2) / (c+d) ~(3/2) / (a*c-b*d) ~2/f-d~3* (c~2+2*d"
2)*arctanh((c-d) ~(1/2)*tan (1/2*f*x+1/2%e)/(c+d) ~(1/2))/c~2/(c-d)~(5/2) / (c+
d) "~ (5/2) / (axc-b*d) /£-2*d* (3*a~2*c~2-3*a*b*cxd+b~2*xd~2) *arctanh ((c-d) ~(1/2)
*xtan(1/2xf*x+1/2xe)/(c+d)~(1/2))/c~2/(c-d)~(1/2) /(c+d) ~(1/2) / (a*c-b*d) ~3/f
-1/2%d"3*sin(f*x+e) /c/ (a*xc-b*d) /(c~2-d~2) /f/ (d+c*cos (f*xx+e) ) ~2+3/2*%d"4*sin
(f*x+e)/c/ (a*c-bxd) /(c~2-d~2) ~2/f/ (d+c*cos (f*x+e) ) +d~ 2% (3*xa*c-2%b*d) *sin (f
*x+e) /c/ (axc-b*d) ~2/(c"2-d"2) /f/ (d+c*cos (f*x+e))

output

Mathematica [A] (verified)

Time = 4.57 (sec) , antiderivative size = 319, normalized size of antiderivative = 0.70

1
(a +bcos(e+ fz))(c+ dsec(e + fx))3

(a—b) tan(%(e-kfx)) ,
4a3arctanh (m (d+ccos(e+fz))?>  2d(—6abcPd+b2d? (2c2+d?)+a

V—a?+b? T

dz

(d+ ccos(e + fz))sec3(e + fx) | —

2(ac

inputLIntegrate[l/((a + b*Cos[e + f*x])*(c + dxSec[e + f*x])~3),x] J

((d + c*Cos[e + f*x])*Sec[e + f*x] 3*((-4*a"3*ArcTanh[((a - b)*Tan[(e + f*
x)/2]1)/Sqrt[-a"2 + b~2]]1*(d + cxCos[e + f£*x])~2)/Sqrt[-a~2 + b~2] + (2*d*(
—6*axb*c”3*d + b"2*d"2*x(2*%c”2 + d72) + a"2*x(6*%c”4 - 5xc”2*%d"2 + 2%d”"4))*Ar
cTanh[((-c + d)*Tan[(e + £*x)/2])/Sqrtlc”2 - d"2]]1*(d + c*Cosl[e + f*x])~2)
/(c”2 = d72)7(5/2) - (d"3*(a*xc - b*d)~2*Sin[e + f*x])/(c*(c - d)*(c + 4))
+ (d"2*(a*xc - bxd)*(6*axc™3 - 4xbxc~2xd - 3*axc*d~2 + bxd~3)*(d + c*Cos[e
+ f*x])*Sin[e + f*x])/(c*x(c - d)~2%(c + d)~2)))/(2*(axc - b*d) "3xfx(c + d*
Sec[e + f*x])~3)

output
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Rubi [A] (verified)

Time = 1.22 (sec) , antiderivative size = 458, normalized size of antiderivative = 1.00,

=5, number of rules _ 200, Rules
integrand size

number of steps used = 5, number of rules used =
used = {3042, 3307, 3042, 3431, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1 d
/ (a+ bcos(e + fz))(c+ dsec(e + fz))3 v
| 3042
1
/ - zdx
(a+bsin(e+ fe+ %)) (c+desc(e+ fz+7%))
| 3307
/ cos®(e + fz) d
(@ + bceos(e + fz))(ccos(e + fz) + d)3
| 3042
/ sin (e + fz+ 1)’ i
(a + bsin (e + fr+ g)) (csin (e + fr+ g) + d)3
| 3431
ad d(3a?c? — 3abed + b*d?) a3
/ (ac — bd)3(a + beos(e + fz))  (ac — bd)3(ccos(e + fz) +d)  c2(ac — bd)(ccos(e + fz) + d)3 + 2(ac
| 2009
2a3 arctan (ﬁt%ﬁf@)) 2d(3a?c? — 3abed + b2d?) arctanh(\/it?%e—”x)))
fva —bva+ b(ac — bd)3 a c2fve—dve+ d(ac— bd)3 -
2d3(3ac — 2bd)arctanh(‘/7t%e+fm)) ) ~ d? (02 + 2d2) arctanh(ﬁt%ﬁﬂ))) N
c2f(c—d)3/2(c+ d)3/2(ac — bd)? c2f(c—d)®2(c+ d)*/%(ac — bd)
d?(3ac — 2bd) sin(e + fx) 4 3d*sin(e + fx) B
cf (2 — d?) (ac — bd)?(ccos(e + fx) +d) ~ 2¢f (¢ — d2)? (ac — bd)(ccos(e + fz) + d)
d?sin(e + fz)

2¢cf (c2 — d?) (ac — bd)(ccos(e + fz) + d)?



input

output
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Int[1/((a + b*Cos[e + f*x])*(c + d*Sec[e + f*x])~3),x]

(2*a~3*ArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrtla + bl])/(Sqrt[a - bl*Sq
rt[a + bl*(a*xc - b*d) “3*f) - (2%d~3*(3*axc - 2*bxd)*ArcTanh[(Sqrt[c - d]*T
an[(e + £*x)/2]1)/Sqrtlc + dl11)/(c"2*(c - d)~(3/2)*(c + d)~(3/2)*(axc - b*d
)"2%f) - (d73*(c”2 + 2*d"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc
+ d]1)/(c”2x(c - d)~(5/2)*(c + d)~(5/2)*(a*xc - b*d)*f) - (2xd*(3*a~2%c”2 -
3*ka*xb*cxd + b~2+d"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc + dl1)
/(c™2+Sqrt[c - dl*Sqrtlc + dl*(axc - b*d) "3*f) - (d"3*Sin[e + £*x])/(2%c*(
axc - b*d)*(c™2 - d"2)*fx(d + c*Cosle + £*x])"2) + (3xd~4*Sinl[e + f*x])/(2
xcx(a*c - b*d)*(c™2 - d72)"2xfx(d + c*Cosl[e + f*xx])) + (d"2x(3*a*xc - 2%b*d
)*Sinf[e + f*x])/(cx(akc - b*d) "2*(c”2 - d~2)*fx(d + c*Cosl[e + f*x]))

Defintions of rubi rules used

-

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3307

rule 3431

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(d_.) + (c_))"(n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*x(x_)]1)"(m_.), x_Symbol] :> Int[(a + b*Sin[e + f*x]) m*x((d + c*Sin[e +
f*x])"n/Sinle + f*x]"n), x] /; FreeQl[{a, b, c, d, e, £, m}, x] && IntegerQ
[n]

Int[((g_.)*sin[(e_.) + (£_.)*(x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
DD @) *((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + bxsin[e + f*x]) m*(c + d*sinle + f*x])"n, x
1, x] /; FreeQ[{a, b, c, d, e, £, g, n, p}, x] && NeQ[b*c - a*d, 0] && (Int
egersQ[m, n] || IntegersQ[m, p] || IntegersQ[n, pl) && NeQ[p, 2]




input

output

input
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Maple [A] (verified)

Time = 4.63 (sec) , antiderivative size = 412, normalized size of antiderivative = 0.90

method result

(6a2c3+a2 c2d—2a2c d2—10ab c2d—2abc d2+2ab d3 +4b2c d2+b2d3)dtan(

2d 2(c—d) (C2+20d+d2)

f
v/ (a—b)(a+bd)

. . . . _ 3 —
derivativedivides (ac—bd)”v(a—b)(atb)

(6a2c3+a2 c2d—2a2%cd?—10ab c2d—2abc d2+2ab d3 +4b%c d2+b2d3) dtan(

o

v 2(c—d) (c2 +2cd+d2)

3 (a—b) tan(%+%)
2a° arctan | —————0"——
V(a—b)(a+b)

default (ac—bd)3/(a—b)(a+b)

risch Expression too large to display

Lint(l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))“3,x,method=_RETURNVERBOSE)

1/£f*%(2*%a~3/ (a*xc-b*d) "3/ ((a-b) *(a+b) )~ (1/2) *arctan((a-b) *tan(1/2*xf*x+1/2*e)
/((a-b)*(a+b))~(1/2))+2*d/ (a*c-b*d) "3* ((-1/2* (6*xa”~2*c~3+a"~2*c " 2*d-2*a~2*c*
d~2-10*a*b*c”2*xd-2*axbxcxd~2+2*a*b*d "~ 3+4*b"2*xc*xd~2+b~2*d"3) *d/ (c-d) / (c~2+2
*cxd+d~2) ktan (1/2*f*x+1/2%e) “3+1/2*d* (6*xa~2*c~3-a"2*c”~2*d-2*a"2*c*xd"2-10*a
*bxc”2*d+2*a*xbxckd”~2+2*%a*b*xd”~3+4*b”"2*%c*d~2-b"2*%d"3) / (c+d) / (c—d) "2*tan (1/2*
fxx+1/2*%e)) /(tan(1/2xfxx+1/2*%e) "2xc—tan(1/2*f*x+1/2xe) “2xd-c-d) "2-1/2*(6*a
~2%c”4-5%a~2%c"2xd"2+2%a " 2xd~4-6*axb*xc~3kd+2xb"2%c"2xd"2+b"2*d~4) / (c"4-2%*c
~2%d~2+d~4) / ((c+d) *(c-d) ) ~(1/2) *arctanh ((c-d) *tan (1/2*xf*x+1/2%e) / ((c+d) *(c
-d))~(1/2))))

Fricas [F(-1)]
Timed out.

1
/ (a+bcos(e+ fz))(c+ dsec(e + fz))

3 dz = Timed out

Lintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))‘3,x, algorithm="fricas")
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OutputLTlmed out

Sympy [F]

1

(a+bcos(e+ fz))(c +ilsec(e + fx))

3dz

/ (a+ beos (e + fz)) (c + dsec (e + fx))° e

p
input Lintegrate (1/ (a+bxcos (f*x+e)) / (c+d*sec (f*x+e) ) **3,x)

N

output

LIntegral(i/((a + bxcos(e + f*x))*(c + d*sec(e + f*x))**3), x)

Maxima [F(-2)]

Exception generated.

1
/ dx = Exception raised: ValueError

(a+ bcos(e + fz))(c+ dsec(e + fx))3

input L

integrate(1/(at+b*cos(f*x+e))/(c+td*sec(f*x+e))~3,x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may#*

‘or more de

‘ help (example of legal syntax is 'assume(4*%b~2-4%a"2>0)', see “assume?  f
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Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 748, normalized size of antiderivative = 1.63

1
/ (a+bcos(e + fz))(c+ dsec(e + fx))?

dx = Too large to display

.
input‘integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))*3,x, algorithm="giac")

(2% (pixfloor(1/2x(f*x + e)/pi + 1/2)*sgn(2*a - 2%b) + arctan((axtan(1/2*fx*
X + 1/2%e) - bxtan(1/2xf*x + 1/2%e))/sqrt(a”2 - b72)))*a~3/((a"3*c~3 - 3*a
“2%bxc”2xd + 3*a*b~2*cxd"2 - b~3*d"3)*sqrt(a”2 - b72)) + (6%a"2xc”4*xd - 6%
axb*c”3*%d"2 - 5*a”"2xc”2xd"3 + 2*b~2*c"2*d"3 + 2#a~2+#d"5 + b~2*d"5)*(pix*flo
or(1/2x(f*x + e)/pi + 1/2)*sgn(2*c - 2*d) + arctan((c*tan(1/2*xf*x + 1/2%e)
- d¥tan(1/2*f*x + 1/2%e))/sqrt(-c”2 + d72)))/((a"3%c~7 - 3*a~2xbxc~6*d -

2%a"3%c"b*xd"2 + 3*axb"2xc 5*d"2 + 6*a”2%b*c"4*d"3 - b"3*%c"4*d"3 + a~3*c 3%
d~4 - 6*axb"2xc"3*d"4 - 3*a~2*kbxc"2*%d"5 + 2*b~3*%c"2*d"5 + 3*axb~2*c*d~6 -
b~3*d"7)*sqrt(-c~2 + d72)) - (6xaxc”3*d"2xtan(1/2*f*x + 1/2%e)”3 - bxaxc”2
*d~3*%tan(1/2%f*x + 1/2%e)”3 - 4xb*xc~2*d"3xtan(1/2*f*x + 1/2%e) "3 - 3*axc*d
“4xtan(1/2*f*x + 1/2*e) "3 + 3*b*cxd"4*tan(1/2*xf*x + 1/2%e) "3 + 2xaxd"5+tan
(1/2*f*x + 1/2*e) "3 + b*d~5xtan(1/2*f*x + 1/2*e)"3 - 6*a*c~3*d"2*tan(1/2*f
*x + 1/2*%e) — bkakxc™2*d"3*tan(1/2*xf*x + 1/2%e) + 4xb*c”2+*d"3*tan(1/2xf*xx +
1/2*xe) + 3*a*c*d"4xtan(1/2xfxx + 1/2%e) + 3*b*c*xd 4xtan(1/2xf*x + 1/2%e)
+ 2%a*d"5*tan(1/2*xf*x + 1/2*%e) - b*d"5*tan(1/2*xf*xx + 1/2*e))/((a"2%c”6 - 2
*a*xbxc~5xd - 2%a~2%c"4*d"2 + bT2%c"4*d"2 + 4xaxbxc”3*d"3 + a~2%c"2*%d"4 - 2
*b"2%c"2xd"4 - 2*a*bxckd”™5 + b"2*%d”"6)*(cxtan(1l/2*f*x + 1/2%e)”2 - d*xtan(1l/
2xfxx + 1/2*e)”2 - ¢ - d)72))/f

output

\

Mupad [B] (verification not implemented)

Time = 11.95 (sec) , antiderivative size = 52103, normalized size of antiderivative =
113.76

1
/ (a4 bcos(e + fx))(c+ dsec(e + fx))3

dx = Too large to display

input Lint(l/((c + d/cos(e + £*x))~3%(a + bkcos(e + £*x))),x)
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((tan(e/2 + (f*x)/2)"3%(2*a*d™4 + b*d~4 - 6%axc™2+%d"2 - axc*d~3 + 4*b*c*xd~
3))/((c + d)"2%(a"2%c™3 - b™2*%d"3 - a”2%c~2*d + b~ 2*c*d~2 + 2*axb*cxd"2 -
2%a*b*c”2xd)) - (tan(e/2 + (£*x)/2)*(2*xa*d”4 - b*d"4 - 6*a*c”2+%d"2 + axcxd
3 + 4xbxc*d"3))/((c + dA)*(a"2*%c™4 + b™2*xd"4 - 2*%a"2*xc~3*d - 2*b"2xc*d"3 +

a”2%c”2%d"2 + bT2xc"2*d"2 - 2%a*b*c*d”3 - 2*xaxbxc”3*d + 4*axb*c”2+%d"2)))/

(f*x(2*xcxd - tan(e/2 + (£*x)/2)72%(2*%c”2 - 2*d"2) + tan(e/2 + (f*x)/2) 4*x(c
"2 - 2%cxd + d72) + c72 + d72)) + (a”3*atan(((a”3*(b"2 - a~2) " (1/2)*((8*ta
n(e/2 + (£*x)/2)*(b"7*d"10 - 8*a”~7*d"10 - 4*a”7*c~10 + 4*a”6*b*xc”10 - 3*a*
b"6*%d"10 + 16*a”6*b*d"10 + 8*a~7*xc*d™9 + 8*a~7xc 9*d + T*a"2xb~5*xd~10 - 13
*a"3*xb"4*%d"10 + 16*xa"4*¥b"3*d"10 - 16*a~bxb"2*d"10 + 32*a”7*c"2*xd"8 - 32*%a”
Txc~3%d™7 - 57*a”7*c™4*d"6 + 48%a”7*c~bxd™5 + 52*xa~7*c™6xd"4 - 32%a”T*c 7*
d™3 - 24*%a"7*c”8*d"2 + 4*b"7*c”2*%d"8 + 4*b"7xc"4*d"6 - 12*%a*b"6xc"2*d"8 -
12*%a*b"6*c™3*%d"7 - 12*%axb~6*xc"4*xd"6 - 24*a*xb"6*xc 5kd"5 - 72*%a"6*b*c”2*d"8
+ 56*%a”6xb*c”3*%d~7 + 155%a”6%b*c”4*d"6 - 108*a”6*b*c”5%d”"5 - 172*%a"6*b*c”6
*d"4 + 104*a”6*b*xc”~7*d"3 + 96*a”6*b*c”8*%d"2 + 10*a~2xb"5xc”2*xd"8 + 36*a”2x*
b"5%c™3*d"7 + 4*a”"2*¥b"b*c"4*d"6 + 72*a"2*%b"b*c~b*d"5 + 60%a”"2*¥b"5*kc"6*d"4
+ 2%a”"3%b"4*xc"2*%d"8 - 60*%a”"3*%b"4*c"3*%d"7 + 20*%a~3*b"4*c"4*d"6 - 12*%a”~3*b"4
*¥c"bxd"5 - 180*%a”3*xb"4*c"6xd"4 - T72*%a"3*%b"4xc"7*d"3 - 26*a"4*b"3*%c"2*%d"8 +

84*%a~4xb"3*%c"3*%d"7 + 25*%a"4*b"3*%c"4*d"6 - 156*%a"4*b"3x%c"5*d"5 + 120*%a”~4x*b

“3%cT6*d"4 + 216*%a"4*b"3*%c”7*d"3 + 36*a"4*b"3%c"8*%d"2 + 62*%a"bxbT2*cT2x%. ..

output

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 4916, normalized size of antiderivative = 10.73

1

/ (a +beos(e + fz))(c + dsec(e + fz))? dz = Too large to display

-

inputLint(l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))*3,x)

~—
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(8*sqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a
**2 — b¥x2))*cos(e + f*x)*ak*3*ck*T*d - 24*xsqrt(a*x*2 - b*x2)*atan((tan((e
+ f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a**2 - b**2))*cos(e + f*x)*kax*3*ck*
Bxd**3 + 24xsqrt(a**2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*
b) /sqrt(a*x*2 — b*x2))*cos(e + f*x)*a**3kcx*3kd**5 — 8*sqrt(a**2 - b**2)*at
an((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(a*x*2 - b**2))*cos(e + f*
X) *a*x*3xckd**7 - 4*sqrt(ax*2 - b*x2)*atan((tan((e + f*x)/2)*a - tan((e + £
*x)/2)*b) /sqrt (ax*2 - b**x2))*sin(e + f*x)**2¥ax*3kck*8 + 12xsqrt(a**2 - bx
*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(ax*2 - b**2))x*sin(
e + £*x)**k2kax*k3kck*G*xd**2 — 12+sqrt(a**2 - b**x2)*atan((tan((e + f*x)/2)*a
- tan((e + £*x)/2)*b)/sqrt(a**2 - b**2))*sin(e + £*xx)*k*kak*3kck*dkdx*4d +
4xsqrt (a*x2 - b**2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)#*b)/sqrt(a
*%2 — bx*x2))*sin(e + f*xx)**2kax*k3xc*k*2kd*x*6 + 4xsqrt(a**2 - b*x2)*atan((ta
n((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt(a**2 — b**2))*ax*3*cx*8 — 8*sq
rt(a**x2 - b*x2)*atan((tan((e + £*x)/2)*a - tan((e + £*x)/2)#*b)/sqrt(a*x*2 -
b**2) ) kax*x3kckk6kd**2 + 8+sqrt(ax*2 - b**x2)*atan((tan((e + f*x)/2)*a - ta
n((e + £*x)/2)*b) /sqrt(a*x*2 - b**x2))*a**x3kcx*k2*xd**6 — 4*xsqrt(ax*2 — bx*2)x*
atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt(ax*2 — b**2))*a**3xd**
8 - 24xsqrt( - c*x2 + dx*2)x*atan((tan((e + f*x)/2)*c - tan((e + f*x)/2)*d)
/sqrt( - cx*2 + dx*2))*cos(e + f*x)*ax*kdxckx5xd*x*2 + 20*sqrt( - c**2 + ...

output




output
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\/ctdsec(e+fz)
3.16 f a+b cos(e+fx) dx

Optimal result . . . . . . . . .. .. 149
Mathematica [A] (verified) . . . . . . . . ... . L 150
Rubi [A] (verified) . . . . . . . .. .. 150
Maple [A] (verified) . . . . . . . . .. 153
Fricas [F] . . . . . . o 153
Sympy [F] . . . o 154
Maxima [F] . . . . . .o 154
Giac [F] . o o o 154
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o 1551

Optimal result

Integrand size = 27, antiderivative size = 213

Ve +dsec(e + fx)
dx
a+bcos(e + fx)
2\/c+—d cot(e + fz) EllipticF (arcsin (—V C+dsﬁ:fr(§+fm)> ) %) \/ d(l_sﬁzﬂx)) —d(Hsic_(ZJrfx))
af

2(ac — bd) EllipticPi <ﬂ, arcsin (—W) : %) \/ Mse;r# tan(e + fx)

" a(a+b)f\/c+ dsec(e + fx)\/—tan®(e + fz)

2% (c+d) " (1/2) *cot (f*x+e) *E1lipticF ((c+d*sec(f*x+e))~(1/2)/(c+d)~(1/2), ((c+
d)/(c-d))~(1/2))*(d*(1-sec(f*x+e) )/ (c+d)) ~(1/2) *(-d* (1+sec(f*x+e))/(c-d)) "
(1/2) /a/f+2*x (a*c-b*d) *E11ipticPi(1/2*(1-sec(f*x+e))~(1/2)*27(1/2) ,2*a/(a+b
),27(1/2)*(d/ (c+d) )~ (1/2) ) *((c+d*sec(f*x+e) )/ (c+d) )~ (1/2) *tan(f*x+e) /a/ (a+
b) /£/ (c+d*sec (f*xx+e))~(1/2)/(-tan(f*x+e)~2)~(1/2)




input k

output

CHAPTER 3. LISTING OF INTEGRALS 150

Mathematica [A] (verified)

Time = 10.69 (sec) , antiderivative size = 184, normalized size of antiderivative = 0.86

Ve +dsec(e + fx)
dz
a+ bcos(e + fx)
4 cos? (3(e + fz)) \/ 11(;1(;:{?95) € +'f;)'(clc_:_)igesz;’f o) ( ((a + b)(c — d) EllipticF (arcsin (tan (3(e + fz)))
B (@—b)(a+b)f(d+cco
| Integrate[Sqrt[c + d*Sec[e + f*x]]/(a + b*Cos[e + f*x]),x] J

(4*Cos[(e + f*x)/2]12+Sqrt[Cos[e + f*x]/(1 + Cos[e + £*x])]*Sqrt[(d + c*Co
sle + £*x]1)/((c + d)*(1 + Cos[e + f*x]1))1*(-((a + b)*(c - d)*EllipticF[Arc
Sin[Tan[(e + f*x)/2]1]1, (c - d)/(c + d)]) + 2x(a*c - b*d)*EllipticPi[(-a +
b)/(a + b), ArcSin[Tan[(e + £*x)/2]], (c - d)/(c + d)])*Sqrt[c + dxSecl[e +
f*x]11)/((a - b)*(a + b)*f*(d + cxCosl[e + f*x]))

Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.00,

=7 number of rules _ 959, Rules
integrand size

number of steps used = 7, number of rules used =
used = {3042, 3308, 3042, 4457, 3042, 4319, 4461}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Ve +dsec(e + fz)
a+ bcos(e + fx)

l 3042

/\/c—i-dcsc e+ fx + ) .

a+bsin(e+ fr+ %)
| 3308

sec(e + fx)/c + dsec(e + fm)d
/ asec(e + fx)+b o
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| 3042
csc (e+ fx+ %) \/c+dcsc(e+fx+ %)d
/ acsc(e—l—f:r+g)+b v
l 4457
N sec(e+fz) sec(e+fz)
(ac bd) f (b+asec(e+fz))+/c+dsec(e+fz) dz + f v/ ctdsec(e+fz) d
a a
| 3042
(CLC . bd) f Csc(e+f9:+%) da d csc(e+fm+g)
(b+a csc(e—l—fw—l—g))\/c+dcsc(e-|—fx-l—%) N \/c—i—dcsc(e—l—fz—l—%)
a a
| 4319
(ac—bd) [ csc(e+fa+3) dx

(b+acsc(e+fa+ %)) \/c—i-d csc (e—i—f:c—i-g)

a
2v/c+ dcot(e + fx)\/ d(l_sﬁyﬂ)) \/ - d(sec(iff;z)ﬂ) EllipticF (arcsin (@) ; %)
af

l 4461

2(ac — bd) tan(e + fx) M%(?m EllipticPi (f—Jr‘_lb, arcsin (W) ; C%Tdd>
af(a+b)\/—tan?(e + fz)+/c + dsec(e + fx)

2Vc+d cot(e + fa:)\/ d(l_s'ﬂ?rf 2)) \/ - d(sec(i?)ﬂ) EllipticF (arcsin (—V c+ds%_c‘_(§+f m)) , %)
af

+

input LInt [Sqrt[c + d*Sec[e + f*x]]/(a + b*Cos[e + f*x]),x] J

(2*Sqrt[c + dl*Cot[e + f*x]*EllipticF[ArcSin[Sqrt[c + d*Sec[e + f*x]]/Sqrt
[c +dl], (c + d)/(c - d)I*Sqrt[(d*(1 - Secle + £*x]))/(c + d)]1*Sqrt[-((d*
(1 + Secle + £*x]))/(c - d))]1)/(axf) + (2*(axc - b*d)*EllipticPi[(2*a)/(a
+ b), ArcSin[Sqrt[1 - Secle + f*x]]1/Sqrt[2]], (2*d)/(c + d)]1*Sqrt[(c + d*S
ecle + £*x])/(c + d)]*Tan[e + f*x])/(a*x(a + b)*f*Sqrt[c + d*Sec[e + f*x]]*
Sqrt[-Tan[e + f*x]°2])

output
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3308 Intllesclle_.) + (£_.0*(x_)I1x(d_.) + (c))"( )*((a_) + (b_.)*sinl(e_.) + (
f_)*(x_)]1)"(m_.), x_Symbol] :> Int[(b + a*Cscl[e + f*x]) m*x((c + d*Cscle +
f*x])"n/Cscle + f*x]"m), x] /; FreeQ[{a, b, c, d, e, £, n}, x] && !Integer
Q[n] &% IntegerQ[m]

Int[cscl(e_.) + (£_.)*(x_)]1/Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)], x_S
ymbol] :> Simp[-2*(Rt[a + b, 2]/(b*f*Cot[e + f*x]))*Sqrt[(b*x(1 - Cscle + fx*
x]1))/(a + b)1*Sqrt[(-b)*((1 + Cscle + f*x])/(a - b))I*EllipticF[ArcSin[Sqrt
[a + b*Csc[e + f*x]]/Rt[a + b, 2]], (a + b)/(a - b)], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4319

rule 4457 Int[(cscl(e_.) + (f_.)*(x_)1*Sqrtlcscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)1)/(c
scl(e_.) + (£_.)*(x_)I*(d_.) + (c_)), x_Symbol] :> Simp[b/d Int[Cscl[e + f
*x]/Sqrt[a + bxCsc[e + f*x]], x], x] - Simp[(b*c - a*d)/d Int[Cscl[e + f*x
1/(Sqrt[a + bxCscle + f*x]]*(c + d*Cscle + f*x])), x], x] /; FreeQ[{a, b, c
, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a~2 - b~2, 0] && NeQ[c"2 - d~2,
0]

rule 4461 Int[cscl(e_.) + (£_.)*(x_)]1/(Sqrtlcscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)l*(cs
cl(e_.) + (£_.)*(x_)1*(d_.) + (c_))), x_Symbol] :> Simp[-2*#(Cot[e + f*x]/(£
*(c + d)*Sqrt[a + b*Cscl[e + f*x]]*Sqrt[-Cot[e + f*x]~2]))*Sqrt[(a + b*Cscle

+ f*x])/(a + b)1*EllipticPi[2*%(d/(c + d)), ArcSin[Sqrt[1 - Cscle + f*x]]1/S
qrt[2]1], 2*(b/(a + b)), x] /; FreeQl[{a, b, c, d, e, £}, x] && NeQ[b*c - ax
d, 0] &% NeQ[a~2 - b~2, 0] &% NeQ[c™2 - 42, 0]




input

output

input

output
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Maple [A] (verified)

Time = 7.80 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.49

method | result

2 (EllipticF (— csc(fz+e)+cot(fz+e), %)ac—EllipticF (— csc(fz+e)+cot(fz+e), ;—g ad+EllipticF

(— csc(fz+e)+cot(f

default

Lint((c+d*sec(f*x+e))‘(1/2)/(a+b*cos(f*x+e)),x,method=_RETURNVERBOSE) J

2/fx(EllipticF (-csc(f*x+e)+cot (£xx+e), ((c-d)/(c+d))~(1/2))*axc-EllipticF (-
csc(f*xx+e)+cot (fxx+e), ((c-d)/(c+d))~(1/2))*a*xd+E1llipticF(-csc(f*x+e)+cot (£
xx+e) , ((c-d)/(c+d) )~ (1/2))*b*c-EllipticF (-csc(f*x+e)+cot (f*x+e), ((c-d)/(c+
d))~(1/2) ) *b*d-2*E1lipticPi(-csc(f*x+e)+cot (f*x+e) ,-(a-b)/(a+b), ((c-d)/ (c+
d))~(1/2) ) *a*xc+2*E1lipticPi(-csc(f*x+e)+cot (f*x+e) ,-(a-b)/(a+b), ((c-d)/(c+
d))~(1/2) ) *b*d) * (1+cos (fxx+e) ) * (cos (f*x+e) / (1+cos (f*x+e) ) ) ~(1/2) * ((d+c*cos
(f*x+e))/(1+cos(fxx+e))/(c+d) )~ (1/2) * (c+d*sec(f*x+e) )~ (1/2) / (d+c*cos (f*x+e
))/(a-b)/(at+b)

Fricas [F]
¢+ dsec(e + fx) Vdsec(fr+e)+c
Tr =
a+ bcos(e + fx) beos(fr+e)+a
Lintegrate((c+d*sec(f*x+e))A(1/2)/(a+b*cos(f*x+e)),X, algorithm="fricas") J

Lintegral(sqrt(d*sec(f*x + e) + c)/(bxcos(f*x + e) + a), x) J
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Sympy [F]

\/c—i-dsec(e-l-f:v)d [ Ve+dsec(e+ fx)
a+ bcos(e + fx) *= ] a+beos (e+ fx)

input Lintegrate((C+d*SeC(f*x+e))** (1/2) / (a+b*cos (f*x+e)) ,x)

output LIntegral(sqrt(c + d*sec(e + f*x))/(a + bxcos(e + f*x)), x)

Maxima [F]

Ve +dsec(e + fx) dp — Vdsec(fr+e)+ec

a+ beos(e + fx) beos(fx+e€)+a de

input Lintegrate ((ct+d*sec(f*x+e))~(1/2)/(atbxcos(f*x+e)) ,x, algorithm="maxima")

output 1RteBTate(sqrt(drsec(frx + &) + c)/(brcos(fx + &) + ), x)

Giac [F]

/\/c—l—dsec(e—i-fx) d%:/\/dsec(fac+e)—i-cdﬂ3

a+ bceos(e + fx) beos(fx+e)+a

input Lintegrate ((c+d*sec (fxx+e))~(1/2)/ (a+bxcos(f*x+e)),x, algorithm="giac")

output Lintegrate(sqrt(d*sec(f*x + e) + c)/(b*cos(f*x + e) + a), x)
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Mupad [F(-1)]

Timed out.
/ \/c + dsec(e + fx / V€ + cos(e+fx)

a+ bcos(e + fx) a+b cos e+fx)

inputtint((c + d/cos(e + f*x))~(1/2)/(a + b*cos(e + f*x)),x)

output Lint((c + d/cos(e + £*x))~(1/2)/(a + b*cos(e + £*x)), x)

Reduce [F|

Ve +dsec(e+ fx) o = \/sec(fz+e)d+cdw

a+bcos(e+ fx) ) cos(fr+e)b+a

input Lint ((c+d*sec(f*x+e))~(1/2)/ (atb*cos (f*xx+e)) ,x)

output Lint(sqrt(sec(e + f*x)*d + c)/(cos(e + £*x)*b + a),x)




output
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1

3.17 f (a+bcos(e+fz))+/c+dsec(e+fz) dz

Optimal result . . . . . . . . .. . .. 156]
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 156
Rubi [A] (verified) . . . . . . .. . . 157
Maple [B] (verified) . . . . . . . . .. 158]
Fricas [F(-1)] . . . . . o o 159
Sympy [F] . . . o 159
Maxima [F] . . . . . . 160
Giac [F] . . . o o o 160
Mupad [F(-1)] . . . . 1601
Reduce [F] . . . . . . 161

Optimal result

Integrand size = 27, antiderivative size = 102

/ ! dz
(a+bcos(e + fz))\/c+ dsec(e + fz)

2 EllipticPi <a%), arcsin <—V1_sfcg+fz)> , Ci—dd) \/CH%(SHW) tan(e + fx)

(a+b)f\/c+dsec(e + fz)\/—tan’(e + fx)

‘2*EllipticPi(1/2*(1-sec(f*x+e))‘(1/2)*2‘(1/2),2*a/(a+b),2“(1/2)*(d/(C+d))“
‘(1/2))*((c+d*sec(f*x+e))/(c+d))‘(1/2)*tan(f*x+e)/(a+b)/f/(c+d*sec(f*x+e))‘

L(1/2)/(—tan(f*x+e)‘2)‘(1/2)

J

Mathematica [A] (warning: unable to verify)

Time = 12.05 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.83

1 dz
(a+beos(e + fz))\/c+ dsec(e + fz)

- 2\/ C +d;)r(°1‘fig:;’f}x)) ((a+ b) EllipticF (arcsin (tan (3(e + fz))) , &%) — 2a EllipticPi (=242, arcsin (t:

a+b ?

(a—0b)(a+b)f/sec? (3(e + fz))



inpu

output
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¢ ‘ Integrate[1/((a + b*Cos[e + f*x])*Sqrt[c + d*Secle + f*x]]),x]

(-2#Sqrt [(d + c*Cos[e + f*x])/((c + d)*(1 + Cos[e + f*x]))]I*((a + b)*Ellip
ticF[ArcSin[Tan[(e + f£*x)/2]], (c - d)/(c + d)] - 2*axEllipticPi[(-a + b)/
(a + b), ArcSin[Tan[(e + £*x)/2]], (c - d)/(c + d)])*Sqrt[Cos[e + f*x]*Sec
[(e + f*x)/2]"2]*Sqrt[Sec[e + f*x]]1*Sqrt[1 + Secle + £*x]]1)/((a - b)*(a +
b)*f*xSqrt [Sec[(e + f*x)/2]72]*Sqrt[c + d*Sec[e + f*x]])

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.148, Rules

number of steps used = 4, number of rules used = 4,
used = {3042, 3308, 3042, 4461}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(a+bcos(e + fz))\/c+ dsec(e + fz)

| 3042

1

/ dx
(a+bsin(e+ fe+ %)) \/c-l-dcsc(e-}-fx-l-%)

l 3308

/ sec(e + fx) d
T
(asec(e + fz) +b)\/c+ dsec(e + fx)
| 3042

/ csc(e+ fx+ %) .
(acsc(e+ fx+ %) +b) \/c+dcsc (e+ fz+1%)

l'4461

2tan(e + fx)\/@EllipticPi (f—fb, arcsin (W) ; C?Tdd>

f(a+b)\/—tan%(e + fz)\/c+ dsec(e + fz)
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input‘ Int[1/((a + b*Cos[e + f*x])*Sqrt[c + dxSecl[e + f*x]1),x] ‘

| (2#EllipticPil(2#a)/(a + b), ArcSin[Sqrt[i - Secle + f£*x11/Sqrt[2]]1, (2+d)
/(c + d)1*Sqrt[(c + d*Secle + f*x])/(c + d)1#Tanle + £*x]1)/((a + b)*f*Sqrt
L[c + d*Sec[e + f*x]]1*Sqrt[-Tan[e + f*x]~2]) J

output

Defintions of rubi rules used

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))"(n_)*((a_) + (b_.)*sin[(e_.) + (
f_)*(x)])"(m_.), x_Symbol] :> Int[(b + a*Cscl[e + f#*x]) m*((c + d*Cscle +
f*x])"n/Cscle + £*x]"m), x] /; FreeQ[{a, b, c, d, e, £, n}, x] && !Integer
Q[n] &% IntegerQ[m]

rule 3308

Int[cscl(e_.) + (£_.)*(x_)1/(Sqrtlcscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)lx*(cs
clCe_.) + (£_.)*(x_)1*(@d_.) + (c_))), x_Symbol]l :> Simp[-2*(Cot[e + f*x]/(f
*(c + d)*Sqrt[a + b*Csc[e + f*x]]*Sqrt[-Cot[e + f*x]~2]))*Sqrt[(a + bxCscle
+ f*x])/(a + b)]*EllipticPi[2%(d/(c + d)), ArcSin[Sqrt[1 - Cscle + £x*x]]/S
qrt[2]1]1, 2*(b/(a + b))]1, x] /; FreeQl{a, b, c, d, e, £}, x] && NeQ[b*c - ax
d, 0] && NeQ[a~"2 - b2, 0] && NeQ[c~2 - 472, 0]

rule 4461

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(97) = 194.

Time = 4.85 (sec) , antiderivative size = 206, normalized size of antiderivative = 2.02

method | result

2 <2a EllipticPi (— csc(fz+e)+cot(fz+e),— Z—;Z "/ Z;j) —a EllipticF (— csc(fz+e)+cot(fz+e), ZI_Z) —bEllipticF <— csc(fzx
default — f(d+ccos(fz+e))(a—b)(a+b)

input Lint(l/(a+b*cos(f*x+e) )/ (c+d*sec (f*x+e))~(1/2) ,x,method=_RETURNVERBOSE) J
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-2/f*(2+a*EllipticPi(-csc(f*x+e)+cot (f*x+e),-(a-b)/(at+b), ((c-d)/(c+d))~(1/
2))-a*EllipticF(-csc(f*x+e)+cot (f*x+e), ((c-d)/(c+d))~(1/2))-b*EllipticF(-c
sc(f*x+e)+cot (fxx+e), ((c-d)/(c+d))~(1/2)))*(1+cos(f*x+e) ) *(c+d*sec (f*x+e))
~(1/2)*(cos(f*x+e) /(1+cos(f*x+e)) )~ (1/2)*((d+c*cos(f*x+e))/(1+cos(f*x+e))/
(c+d))~(1/2)/(d+c*cos (f*x+e))/(a-b) /(a+b)

output

Fricas [F(-1)]

Timed out.

/ ! dx = Timed out
(a+bcos(e + fz))\/c+ dsec(e + fz)

inputtintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))‘(1/2),X, algorithm="fricas") J

p
LTimed out

N

output
Sympy [F]
1
dz
(a+ beos(e + fz))\/c+ dsec(e + fz)
/ 1
= dz
(a+bcos (e + fz)) /c+ dsec (e + fz)
inputLintegrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))**(1/2),x) J

Outputtlntegral(1/((a + bxcos(e + f*x))*sqrt(c + d*sec(e + f*x))), x) J
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Maxima [F|

/ 1 dz
(a+ bcos(e + fz))\/c+ dsec(e + fz)

=/ 1 dz
(beos (fz +€) +a)\/dsec (fr+e€) +c

input Lintegrate (1/ (a+bxcos (f*x+e) )/ (c+d*sec (f*x+e))~(1/2) ,x, algorithm="maxima")

output Lintegrate(i/((b*cos(f*x + e) + a)*sqrt(d*sec(f*x + e) + c)), x)

Giac [F]

1
/ (a+ beos(e + fz))\/c+ dsec(e + fz)

dz

=/ ! dz
(beos (fz +€) + a)\/dsec (fr+e€) +c

input Lintegrate (1/ (a+bxcos (f*x+e) )/ (c+d*sec (f*x+e))~(1/2) ,x, algorithm="giac")

output Lintegrate(i/((b*cos(f*x + e) + a)*sqrt(d*sec(f*x + e) + c)), x)

Mupad [F(-1)]

Timed out.

/ ! dz
(a+ beos(e + fz))\/c+ dsec(e + fz)

/ 1
dz
c+ (a+bcos(e+ fx))

cos(e+ fz)

inputtint(i/((c + d/cos(e + £*x))~(1/2)*(a + b*cos(e + f*x))),x)
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OutputLint(l/((c + d/cos(e + £*x))~(1/2)*(a + b*cos(e + f*x))), x)

Reduce [F]

h/1 ! dx
(a+bcos(e + fz))\/c+ dsecle + fx)

_ Vsec(fz+e)d+c p
_/cos(fx—I—e)sec(f:c—l—e)bd—l—cos(f:v+e)bc+sec(f$+e)ad+ac v

inputLint(l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))“(1/2),x)

‘int(sqrt(sec(e + f*x)*d + c)/(cos(e + fxx)*sec(e + f*x)*b*d + cos(e + f*x)

output
‘*b*c + sec(e + f*x)*axd + a*c),x)




out

put

input
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A+ B cos(d+ex)+C sin(d+ex
318 | (rer)tCoinldter) gy,
a+b cos(d+ex)
Optimal result . . . . .. ... ... ... .. . 162
Mathematica [A] (verified) . . . . . . . .. ... oL 162
Rubi [A] (verified) . . . .. .. ... . ... 163
Maple [A] (verified) . . . . . . ... 165
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... 166
Sympy [B] (verification not implemented) . . . ... ... ... .... 166
Maxima [F(-2)] . . . . . . . 167l
Giac [B] (verification not implemented) . . . . . . ... ... ... ... 168
Mupad [B] (verification not implemented) . . ... ... .. ... ... 168
Reduce [B] (verification not implemented) . . . . ... ... ... ... 169
Optimal result
Integrand size = 31, antiderivative size = 87
\/ﬂtan(%(d+ex))
/ A+ Bcos(d + ex) + Csin(d + ex) dp— Bz N 2(Ab — aB) arctan < )
a + bcos(d + ex) b Va — bbv/a + be
_ Clog(a+bcos(d + ex))
be

e

"(1/2)/b/(a+b)‘(1/2)/e—C*ln(a+b*cos(e*x+d))/b/e

B*x/b+2* (Axb-B*a)*arctan((a-b) ~(1/2) *tan(1/2*exx+1/2%d) /(a+b) ~(1/2)) / (a-b)

Mathematica [A] (verified)

Time = 0.47 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.94

/ A+ Bcos(d+ ex) + Csin(d + ex)
dx
a + bcos(d + ex)

(a—b) tan(%(d+ez))

2(—Ab+aB)arctanh ( N e

B(d +ex) + T

) — C'log(a + bcos(d + ex))

be

LIntegrate[(A + B*Cos[d + e*x] + C+Sin[d + e*x])/(a + b*Cos[d + e*x]),x]
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t‘ (Bx(d + exx) + (2+(-(A*b) + a*B)*ArcTanh[((a - b)*Tan[(d + e*x)/2])/Sqrt[- \

outpu
La“2 + b~211)/Sqrt[-a~2 + b~2] - C*Logla + b*Cos[d + exx]1)/(bxe) J

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 9, Bumber of rules _ , 94 Ryyjes
integrand size

used = {3042, 4877, 3042, 3147, 16, 3214, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ A+ Bcos(d + ex) + Csin(d + ex)
a+ bcos(d + ex)

l 3042

/ A+ Bcos(d+ ex) + Csin(d + ex)

a+ bcos(d + ex) dz

l 4877

/A+Bcos(d+eac dx +C/ sin(d + ex)
a+ bcos(d + ex) a+ bcos(d + ex)

l 3042

/A+Bsm(d+ea:+ +C’/ cos d+ex—§)
a+bs1n(d+eac+

a—bsm d+em—§)

l’3147

/A—i—Bsin (d+ex+ %)dx _ c/f md(bcos(d+6x))
a + bsin (d+em+%) be

| 16

/A + Bsin (d+ ez + %) o — Clog(a + bcos(d + ex))
a+bsin(d+ex+7) be

l 3214

(Ab — (J/B) f mdm _ Clog(a + bCOS(d + 6.’17)) + Bz

b be b
l 3042
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1
(Ab—aB) [ de B C'log(a + bcos(d + ex)) + Bz
b be b
l 3138
L 1
2(Ab—aB) f (a—b) tanz(%(d-i-ew))-i-a-i-bdtan (E(d + ez)) _ Clog(a + beos(d + ex)) + &
be be b
l 218
Va—btan(2 (d+ex))
2(Ab — aB) arctan ( Jath ) _ Clog(a+ bcos(d + ex)) 4 Bz
bev/a — bva + b be b

inputtlnt[(A + BxCos[d + e*x] + C*Sin[d + e*x])/(a + bxCos[d + e*x]),x]

output‘ (B*x)/b + (2%(Axb - a*B)*ArcTan[(Sqrt[a - bl*Tan[(d + e*x)/2])/Sqrt[a + b]
‘])/(Sqrt[a - bl*bxSqrt[a + bl*e) - (CxLogla + b*Cos[d + e*x]])/(b*e)

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

N

J

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

‘Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol]l :> With[{
‘e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
‘(a - b)*e~2*xx"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]
| && NeQ[a™2 - b2, 0]

rule 3138

~
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rule 3147

Int[cos[(e_.) + (£_.)*x(x )1 " (p_.)*((a_ ) + (b_.)*sin[(e_.) + (£_)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, bxSin[e + f*x]1]1, x] /; FreeQl[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a~2 - b~2, 0]

rule 3214

Int[((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)/((c_.) + (d_.)*sin[(e_.) + (f_.
)*(x_)1), x_Symbol] :> Simp[b*(x/d), x] - Simp[(b*c - a*d)/d Int[1/(c + d
xSin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0]

rule 4877

Int[(u_)*((v_) + (d_D)*F_)[(c_.)*((a_.) + (b_.)*(x_))]1"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[cx(a + b*x)], x]}, Int[ActivateTrigluxv], x] +
Simp[d Int[ActivateTrig[ul#*Sin[c*(a + b*x)]1"°n, x], x] /; FunctionOfQ[Cos[
cx(a + bxx)]/e, u, x]1 /; FreeQl[{a, b, c, d}, x] & !FreeQl[v, x] && Intege
rQ[(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

input ‘

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.63

method result
2 2 2(Ab—B t
e a2 e d 2(—Ca+Cb)ln(atan(%+%) —btan(%+%) +a+b) ( a) arctan
Cln (tan(7+§) +1)+2B arctan(tan(TJ—j)) + 2a—2b \/(Tz
derivativedivides . "
ex 2 ex 2 2(Ab—B t
e 402 e d 2(—Ca+Cb)ln(atan(7+%) —btan(7+%) +a+b) ( a) arctan
Cln(tan(7+7) +1>+23 arctan(tan(7+7)> 5a—2b \/(Tz
+
default . -
ln<ez‘(ez+d)+Aab—B a2—i\
risch _2C | Bz 4 2iCa%be?z _ _2iCbh3e’x + 2iCa%bde  _ _ 2iCb3de  __
b b a2b2e2?—ble2 a?b?e?—bte? a2b?e2—ple2 a?b?e? —bte?

int ((A+B*cos (exx+d)+C*sin(e*x+d) )/ (a+b*cos (e*x+d) ) ,x,method=_RETURNVERBOSE

p
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output 1/e*(2/D*(1/24CH1n(tan(1/2+exx+1/2+d) "2+1) +Brarctan (tan(1/2kexx+1/2+d)))+2
| /b%(1/2%(-C*a+C¥b) / (a-b) ¥1n(axtan(1/2xexx+1/2+d) "2-b¥tan(1/2xexx+1/2%d) "2+ |
'a+b) +(A¥b-B¥a) / ((a-b)*(a+b)) ~(1/2) *arctan((a-b) *tan(1/2*e*x+1/2%d) / ((a-b)* |

(a+b))~(1/2))))

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 326, normalized size of antiderivative = 3.75

/ A+ Bcos(d + ex) + Csin(d + ex) i

a+ bcos(d + ex)

515 2 ab cos(ex+d)+ (2 a2—b2) cos(ex+d)%+2 v —a2+b2 (a cos(ez+d)+b) sin(ez
2 (BCL2 - Bb2)em + (Ba - Ab) —a? + b lOg < ( * ) b2 c(os(em-)l-d)2+2 a,bcos(e(:c-l-d)fl-a2 prot

2 (a?b—b3)e

integrate ((A+Bxcos (exx+d)+C*sin(e*x+d))/(a+b*cos(e*x+d)),x, algorithm="fri

input
cas")

[1/2% (2% (B*a~2 - B*b~2)*e*x + (B*a - A*b)*sqrt(-a~2 + b~2)*1log((2*a*b*cos(
exx + d) + (2%a"2 - b"2)*cos(e*x + d)~2 + 2*xsqrt(-a”2 + b~2)*(axcos(exx +
d) + b)*sin(e*x + d) - a”2 + 2xb~2)/(b"2xcos(exx + d)~2 + 2*kaxbxcos(exx +
d) + a”2)) - (C*a"2 - C*b~2)*1log(b~2*cos(exx + d)~2 + 2*axb*cos(exx + d) +
a~2))/((a"2%b - b"3)*e), 1/2*x(2x(B*xa”"2 - Bxb"2)*exx - 2*(B*a - Axb)*sqrt(
a~2 - b"2)*arctan(-(a*cos(exx + d) + b)/(sqrt(a™2 - b"2)*sin(e*x + d))) -

(C*a~2 - Cxb~2)*log(b~2*cos(e*x + d)~2 + 2*axbxcos(e*x + d) + a~2))/((a"2*
b - b™3)*e)]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 672 vs. 2(73) = 146.

Time = 13.95 (sec) , antiderivative size = 672, normalized size of antiderivative = 7.72

/ A+ Bcos(d + ex) + C'sin(d + ex)

dx = Too 1 to displ
a+ beos(d + ex) z 00 large to display

input integrate ((A+Bxcos (exx+d)+Cxsin(e*xx+d))/ (atb*cos (exx+d)) ,x) J




CHAPTER 3. LISTING OF INTEGRALS 167

Piecewise((zoo*x*(A + B*cos(d) + Cxsin(d))/cos(d), Eq(a, 0) & Eq(b, 0) & E
qe, 0)), (Axtan(d/2 + exx/2)/(bxe) + B*x/b - Bxtan(d/2 + e*x/2)/(b*e) + C
xlog(tan(d/2 + e*xx/2)*x2 + 1)/(b*e), Eq(a, b)), (A/(b*extan(d/2 + exx/2))
+ B*x/b + B/(b*extan(d/2 + exx/2)) + Cxlog(tan(d/2 + e*xx/2)*x2 + 1)/(b*e)
- 2xCxlog(tan(d/2 + exx/2))/(b*e), Eq(a, -b)), ((A*x + B*sin(d + e*x)/e -
Cxcos(d + e*x)/e)/a, Eq(b, 0)), (x*(A + B*cos(d) + C*sin(d))/(a + b*cos(d)
), Eq(e, 0)), (-Axb*sqrt(-a/(a - b) - b/(a - b))*log(-sqrt(-a/(a - b) - b/
(a - b)) + tan(d/2 + e*x/2))/(a*b*e + b*x2%e) + A*b*sqrt(-a/(a - b) - b/(a
- b))*log(sqrt(-a/(a - b) - b/(a - b)) + tan(d/2 + e*x/2))/(axbxe + bx*2x
e) + Bxaxe*x/(a*bke + b*x2xe) + B*axsqrt(-a/(a - b) - b/(a - b))*log(-sqrt
(-a/(a - b) - b/(a - b)) + tan(d/2 + e*x/2))/(axbxe + b*x2*e) - Bka*sqrt(-
a/(a - b) - b/(a - b))*log(sqrt(-a/(a - b) - b/(a - b)) + tan(d/2 + e*x/2)
)/ (a*xb*e + b**2xe) + Bxbkexx/(a*bxe + b**2%e) - C*axlog(-sqrt(-a/(a - b) -
b/(a - b)) + tan(d/2 + e*x/2))/(axb*e + bx*2*e) - Cxa*log(sqrt(-a/(a - b)
- b/(a - b)) + tan(d/2 + e*x/2))/(a*b*e + b**2%e) + Cxaxlog(tan(d/2 + e*x
/2)**2 + 1) /(a*bxe + b**2%e) - Cxbxlog(-sqrt(-a/(a - b) - b/(a - b)) + tan
(d/2 + exx/2))/(axb*e + bx*2xe) - Cxbxlog(sqrt(-a/(a - b) - b/(a - b)) + t
an(d/2 + exx/2))/(axb*e + bx*2%e) + Cxbxlog(tan(d/2 + e*x/2)**2 + 1)/(axbx*
e + bx*2xe), True))

output

N\

Maxima [F(-2)]

Exception generated.

A+ B i
/ + Beos(d + ez) + CUsin(d + ex) dx = Exception raised: ValueError

a+ bcos(d + ex)

integrate ((A+Bxcos (exx+d)+C*sin(e*x+d) )/ (a+b*cos(e*x+d)),x, algorithm="max
ima"

input

output Exception raised: ValueError >> Computation failed since Maxima requested

additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(4%¥b~2-4%a"2>0)', see ~assume? f

or more de
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 454 vs. 2(78) = 156.

Time = 0.15 (sec) , antiderivative size = 454, normalized size of antiderivative = 5.22

dzr =

/ A+ Bcos(d + ex) + Csin(d + ex)
a + bcos(d + ex)

adr/—4 (atb) (a— 22 va2—b2B(2a—b)|a—b|—va2—b2 Abla—b|—v a2 —b2 A|la—b||b|4++a?
C(a+b)(a—b)? log (tan(é ex+% d)2~|— Zaty-d ; (tli);) Rhss ( ( ) | | | | 1
(a?—2 ab+b2)b2+(a®—2 a?b+ab?)|b| + (a?—2 ab+b2)b2-

integrate ((A+Bxcos (exx+d)+Cxsin(e*x+d))/(atb*cos(exx+d)) ,x, algorithm="gia

input
c n )

N\

-(Cx(a + b)*(a - b)"2*log(tan(l/2%exx + 1/2%d)"2 + 1/2x(2xa + sqrt(-4x(a +
b)*(a - b) + 4*a”2))/(a - b))/((a"2 - 2%axb + b"2)*b"2 + (a3 - 2*%a~2*b +
axb~2)*abs(b)) + (sqrt(a™2 - b~2)*B*(2*xa - b)*abs(a - b) - sqrt(a™2 - b~2

)*Axb*abs(a - b) - sqrt(a”2 - b"2)*Axabs(a - b)*abs(b) + sqrt(a™2 - b~2)*B

*abs(a - b)*abs(b))*(pi*floor(1/2*(e*xx + d)/pi + 1/2) + arctan(2*sqrt(1/2)

xtan(1/2xexx + 1/2xd)/sqrt((2*a + sqrt(-4*(a + b)*x(a - b) + 4*¥a~2))/(a - b
))))/((a”™2 - 2xa*b + b™2)*b"2 + (a3 - 2xa"2*b + axb”2)*abs(b)) + (2#B*a -
Axb - Bxb + A*abs(b) - Bxabs(b))*(pixfloor(1/2x(exx + d)/pi + 1/2) + arct

an(2*sqrt(1/2)*tan(1/2xe*x + 1/2*d)/sqrt((2*a - sqrt(-4*(a + b)*(a - b) +

4*xa~2))/(a - b))))/(b"2 - axabs(b)) + (C*a - Cxb)*log(tan(1/2*e*xx + 1/2%d)
~2 + 1/2%(2*a - sqrt(-4*(a + b)*(a - b) + 4*a~2))/(a - b))/ (b~2 - axabs(b)
))/e

output

Mupad [B] (verification not implemented)

Time = 2.19 (sec) , antiderivative size = 886, normalized size of antiderivative = 10.18

dx = Too large to display

/ A+ Bcos(d + ex) + Csin(d + ex)
a+ bceos(d + ex)

| —

p
input Lint((A + Bxcos(d + e*x) + C*sin(d + e*x))/(a + bxcos(d + e*x)),x)




output

input

output
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(log(tan(d/2 + (e*x)/2) + 1i)*(Bx1i + C))/(b*e) - (log(tan(d/2 + (e*x)/2)
- 1i)*(B*1i - C))/(b*e) - (log(A~2%b~3 + B~24b"3 - 4xC"2*a”~3 + 4*C"2xb~3 +
A" 2%a*b”"2 + B™2*%a*xb”2 + 4*%C"2*%a*xb~2 - 4%xC"2%a~2%b - 2xA*xBxaxb~2 - 2xAxBxa
~2%b + A"2x%b"2%tan(d/2 + (e*xx)/2)*(b"2 - a~2)"(1/2) + B~2*b"2xtan(d/2 + (e
*x)/2)*(b"2 - a~2)~(1/2) - 4*C~2*%a~2*tan(d/2 + (e*x)/2)*(b"2 - a~2)~(1/2)
+ 4%C~2xb~2%tan(d/2 + (e*x)/2)*(b"2 - a~2)~(1/2) - 4%A*Cxb~2%(b"2 - a~2)"(
1/2) + 4*xB*C*a~2%(b"2 - a~2)"(1/2) - 4*xA*C*b~3*tan(d/2 + (exx)/2) - 4%B*C*
a~3*tan(d/2 + (exx)/2) - 4*A*C*a*xb*(b~2 - a~2)~(1/2) + 4*B*C*a*b*(b~2 - a~
2)7(1/2) + 4A*AxCxa~2*bkxtan(d/2 + (e*xx)/2) + 4*BxCxaxb~2xtan(d/2 + (exx)/2)
- 2xA*Bsaxbxtan(d/2 + (exx)/2)*(b"2 - a~2)~(1/2))*(C*a~2 - Cxb~2 + Axbx(b
"2 - a”2)7(1/2) - Bxax(b"2 - a~2)"(1/2)))/(b*e*x(a”2 - b72)) - (log(A~2%b"3
+ B™2%b"3 - 4%C"2*%a”"3 + 4*%C"2*%b~3 + A"2*%a*xb~2 + B 2%a*xb~2 + 4%xC"2%xaxb~2 -
4*C~2%a"2%b - 2*xAxBxaxb~2 - 2kA*B*a~2%b - A"2xb"2xtan(d/2 + (e*x)/2)*(b"2
- a"2)"(1/2) - B™2*%b"2*%tan(d/2 + (e*xx)/2)*(b"2 - a~2)"(1/2) + 4*%C~2*xa~2*t
an(d/2 + (exx)/2)*(b"2 - a~2)~(1/2) - 4*C~2%b~2*tan(d/2 + (e*x)/2)*(b"2 -
a~2)"(1/2) + 4xAxCxb~2*%(b"2 - a~2)"(1/2) - 4*xBxCxa~2%(b"2 - a~2)"(1/2) - 4
*A*Cxb~3*tan(d/2 + (e*xx)/2) - 4xB*C*a~3xtan(d/2 + (exx)/2) + 4xA*Ckxaxbx (b~
2 - a~2)"(1/2) - 4xBxCxaxbx(b~2 - a~2)~(1/2) + 4xAxC*a~2*bxtan(d/2 + (e*x)
/2) + 4*BxCxaxb~2*tan(d/2 + (e*x)/2) + 2xAxBxa*b*tan(d/2 + (e*x)/2)*(b"2 -
a~2)"(1/2))*(Cxa~2 - C*b~2 - A*xb*x(b~2 - a~2)~(1/2) + B*xa*x(b"2 - a~2)"(...

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.30

/ A+ Bcos(d + ex) + Csin(d + ex) dp — —log(cos (ex + d) b+ a) c + bex

a + beos(d + ex) be

int ((A+B*cos (e*x+d) +Cxsin(e*x+d) )/ (a+b*cos (e*x+d)) ,x)

N

{( - log(cos(d + exx)*b + a)*c + b*exx)/(b*e)

| —
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3.19 f A+ B cos(d+ex)+C sin2(d+ex) da
(a+b cos(d+ex))

Optimal result . . . . . . . . .. . .. 17
Mathematica [A] (verified) . . . . . . . . . ... 1701
Rubi [A] (verified) . . . . . . .. . . Ival
Maple [A] (verified) . . . . . . . . ... 174
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 174
Sympy [F(-1)] . . . o o 175
Maxima [F(-2)] . . . . . . o o 175
Giac [A] (verification not implemented) . . . . . ... ... ... ... 176
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 176l
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... I

Optimal result

Integrand size = 31, antiderivative size = 120

va—btan(}(d+ez))
/ A+ Bcos(d + ex) + Csin(d + ex) dp — 2(aA — bB) arctan < Va+b )
(a+ bceos(d + ex))? (a —b)3/2(a + b)3/2e
C

+ be(a + beos(d + ex))
(Ab — aB)sin(d + ex)
(a? —b?) e(a+ beos(d + ex))

tput
ourpt ‘/(a+b)‘(3/2)/e+C/b/e/(a+b*cos(e*x+d))—(A*b—B*a)*sin(e*x+d)/(a“2—b“2)/e/(a+

(2*(A*a—B*b)*arctan((a—b)‘(1/2)*tan(1/2*e*x+1/2*d)/(a+b)‘(1/2))/(a-b)‘(3/2) |
‘b*cos(e*x+d)) ‘

Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.96

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a + bcos(d + ex))?
(a—b) tan(%(d-ﬂ—ew))
V—a2+b2 (a2—b%)C—b(Ab—aB) sin(d+ex)
(—a2+b2)3/? (a—b)b(a+b)(a+bcos(d+ex))

2(aA—bB)arctanh
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input [ntegrate[(A + BxCos[d + exx] + CxSinld + exx])/(a + bxCosld + exx])"2,x]

output ((2*(a*A - bxB)*ArcTanh[((a - b)*Tan[(d + exx)/2])/Sqrt[-a"2 + b2]1)/(-a"
\2 + b2)"(3/2) + ((a~2 - b~2)*C - bx(A*xb - a*B)*Sin[d + e*x])/((a - b)*bx( \
La + b)*(a + b*Cos[d + e*x])))/e J

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.09,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size — 0.355, Rules

used = {3042, 4877, 3042, 3147, 17, 3233, 25, 27, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ beos(d + ex))?

l 3042

/ A+ Bcos(d+ ex) + Csin(d + ex)

(a+ bcos(d + ex))? dz

l A8TT

A+ Bcos(d + ex) / sin(d + ex)
/ (a+ bcos(d + ea:))zdx +C (a+ bcos(d + ex))? v

l’3042

dz

A+ Bsin(d+ex+ %) cos(d+ex— %)
/ 2dx—FC'/ 5
(a+bsin(d+ex+ %)) (a—bsin (d+ex— 7))

l 3147

/ A + Bsin (d—|—e:1;—+— g) e C/J Wd(bcos(d—i—ew))
(a—i—bsin (d+em+%))2 be

l 17

/ A+ Bsin(d+ezx+ %) C
sda
(a+bsin(d+ex+ %)) be(a + beos(d + ex))
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| 3233
B J _a+ba£s_(?1§-em) dzx B (Ab — aB)sin(d + ex) C

a? — b2 e(a? —b%)(a+bcos(d+ex)) be(a+ beos(d+ ex))

| 25
J a+ba£s_(?£—ex) dx _ (Ab — aB)sin(d + ex) C

a? — b2 e(a? —b?) (a+bcos(d+ex)) be(a+ beos(d+ ex))

| 27
(aA-bB) [ W)Td-ﬁ-ex)d (Ab— aB)sin(d + ex) C

a? — b2 e(a? —b?) (a+bcos(d+ex))  be(a+ beos(d+ ex))

| 3042
1
(aA o bB) f a+bsin(d+ew+%) dx _ (Ab — aB) sin(d + 6(1)) c

a? — b2 e(a? —b2)(a+bcos(d+ex)) be(a+ beos(d+ ex))

| 3138
1 1
2(aA - bB) f (a—b) tanz(%(d—i—ex))-i-a-i-bdtan (ﬁ(d + 6.’1,‘)) _ (Ab — aB) sin(d + ea:)
e (a? — b?) e(a? —b?) (a + beos(d + ex))
C
be(a + bcos(d + ex))
| 218
Va tan( (d+ex))
2(aA — bB) arctan ( a+b ) _ (Ab—aB)sin(d + ex) c
eva—bva+b(a? —b?) e(a? —b%) (a+bcos(d+ex)) be(a+ beos(d+ ex))

p
LInt[(A + B*Cos[d + exx] + C*Sin[d + e*x])/(a + b*Cos[d + ex*xx])~2,x]

| —

input

A - b*B)*ArcTan[(Sqrt[a - b]*Tan[(d + e*x)/2])/Sqrt[a + bl])/(Sqrtl[a
- - bl*Sqrtfa + bl*(a”2 - b 2)*e) + C/(bxex(a + b*Cos[d + e*xx])) - ((A*b -
‘a*B)*Sin[d + e*x])/((a™2 - b 2)%ex(a + b¥Cos[d + e*x])) |
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Defintions of rubi rules used

rulel7‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

ruk327(1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3138 Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2*x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

N\

rule 3147 Int[cos[(e_.) + (£_.)*x(x_ )1 " (p_.)*((a_ ) + (b_.)*sin[(e_.) + (£_)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, bxSin[e + f*x]], x] /; FreeQl{a, b, e, £, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a~2 - b~2, 0]

rule 3233 Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*c - a*d))#*Cos[e + f*x]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(a”2 - b72))), x] + Simp[1/((m + 1)*(a"2 - b~2))
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - a*d)*(
m + 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0] && NeQ[2"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]
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Int[(u_)*((v_) + (d_D)*F_)[(c_.)*((a_.) + (b_.)*(x_))]1"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[c*(a + b*x)], x]}, Int[ActivateTrigluxv], x] +
Simp[d Int[ActivateTrig[ul#*Sin[c*(a + b*x)]1°n, x], x] /; FunctionOfQ[Cos[
cx(a + bxx)]/e, u, x]1 /; FreeQl[{a, b, c, d}, x] & !FreeQl[v, x] && Intege
rQ[(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

rule 4877

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.18

method result
—Ba)tan( €2+ 9 (a—b)tan(%-}—%)
72(Ab Ba)zt_bz(7+§) 71127_017 +2(Aa—Bb) zurctan(W
o atan(F+4) -bran(F+§) +ats (@=5)(a+t)\@=0)(a+0)
derivativedivides -
_Ba)tan( €z 4+ 4 (a—b)tan(em+d)
B 2(Ab Ba)Zt_bz(TJrg) _azigb +2(Aa,—Bb) arctan(ﬁ)
atan(%+%)2—btan(%+%)2+a+b (a—b)(a+b)+/(a—b)(a+b)
default -
In (ei(ew+d)+iaz—ib2+a\/—a2+b2
risch 2iAabe’(e*+d) —2iB a?ei(e2+d) 1 2 A b2 —2iBab—2C a2e'(¢*+d) 20 p2eilertd) bV —a2+b2
be(—a2-+b2) (be?i(ea+d) £ 2g eilez+d) +p) V—a2+b2 (a+b)(a—b)e
inpus| 18t ((A+Brcos (exx+d) +Cksin(exx+d))/ (a+brcos (exx+d)) “2,x, method=_RETURNVERBO
SE)
1/ex (2% (- (Axb-B*a) /(a~2-b~2) *tan(1/2*e*x+1/2*d)-C/ (a-b) )/ (a*tan(1/2*xe*x+1/
output
2xd) ~2-bxtan(1/2xe*x+1/2*d) ~2+a+b) +2* (A*a-B*b) / (a-b) / (a+b) / ((a-b) *(a+b) ) ~(
1/2)*arctan((a-b) *tan(1/2*exx+1/2*d)/((a-b)*(a+b))~(1/2)))

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 444, normalized size of antiderivative = 3.70

/ A+ Bcos(d + ex) + Csin(d + ex) i

(a+ beos(d + ex))?
2Ca* — 4Ca?b? 4+ 2Cb* — (Aa’b — Bab? + (Aab? — Bb?) cos (ex + d))v/—a? + b2 log (—2abcos(em+d)+(2‘
2 ((a*b? — 2a%b* + b%)e cos (ex -
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integrate ((A+Bxcos (exx+d)+C*sin(e*x+d) )/ (a+b*cos(e*x+d))~2,x, algorithm="f

input
ricas")

[1/2%(2%C*xa~4 - 4*Cxa”~2*b~2 + 2%C*b~4 - (A*a~2xb — B*a*b~™2 + (A*a*b™2 - Bx*
b~3)*cos(e*x + d))*sqrt(-a”2 + b~2)*log((2*a*bxcos(exx + d) + (2%¥a”2 - b~2
Y*cos(exx + d)"2 + 2xsqrt(-a~2 + b~2)*(a*cos(exx + d) + b)*sin(exx + d) -

a~2 + 2%b~2)/(b"2*cos(e*x + d)~2 + 2%axb*cos(e*x + d) + a~2)) + 2% (Bxa~3*b
- Axa~2+%b~2 - B*a*b~3 + A*b~4)*sin(e*x + d))/((a"4*b~2 - 2*a~2%b”4 + b~6)
xexcos(exx + d) + (a~b*b - 2%a~3%b~3 + axb~5)*e), (Cxa~4 - 2xC*xa~2xb~2 + C
*b~4 + (A*a~2*b - B*axb~2 + (A*a*b~2 - B*b~3)*cos(exx + d))*sqrt(a™2 - b2
)xarctan(-(a*cos(exx + d) + b)/(sqrt(a”2 - b~2)*sin(exx + d))) + (B*a"3*b

- A*a~2%b”"2 - B*a*b~3 + A*b~4)*sin(e*x + d))/((a”4*b~2 - 2*a~2*%b"4 + b76)*
excos(exx + d) + (a”b*b - 2*a~3%b~"3 + a*b~5)*e)]

output

Sympy [F(-1)]

Timed out.
A+ B ;
/ + Bcos(d + ex) + C'sin(d + ex) i — Timed out
(a + bcos(d + ex))?
inputLintegrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))**2’x) J
outputLTimed out J

Maxima [F(-2)]

Exception generated.

/ A+ Boos(d + ex) + Usin(d + ex) dx = Exception raised: ValueError

(a+ beos(d + ex))?

t‘integrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))"2,x, algorithm="m

pu Laxima") J
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4*a~2>0)', see “assume? £

‘or more de

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.39

/ A+ Bcos(d + ex) + Csin(d + ex)
dr =
(a+ beos(d + ex))?
ex atan(% ea:+%d)—btan(%ez+%d)
) (‘n{Q';d—i-éJsgn(—2 a+2b)+arctan <— NrTEs (Aa—Bb) B Batan(% e:c—i—% q) —Abtan(% eac—i—% )
(a2—b2)% <atan(% em+% d)2—btan(% em+% d)2+a

p
‘integrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))‘2,x, algorithm="g

iHPUt‘iac") ‘

-2% ((pi*floor(1/2*(e*x + d)/pi + 1/2)*sgn(-2*a + 2*b) + arctan(-(a*tan(1/2
*xexx + 1/2xd) - bxtan(1/2xexx + 1/2xd))/sqrt(a”2 - b~2)))*(Axa - B*b)/(a"2
- b™2)7(3/2) - (Bxaxtan(1/2xe*x + 1/2%d) - Axbxtan(1/2%exx + 1/2%d) - C*a
- Cxb)/((a*tan(1/2%e*x + 1/2%d)"2 - bxtan(l/2xexx + 1/2%d)"2 + a + b)*(a”
2 - b"2)))/e

output

Mupad [B] (verification not implemented)

Time = 1.26 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.05

Datan( EEF) G 4 gy
/A+Bcos(d+ex)+CSin(d+ex)dx_ atan N = a

(a + bcos(d + ex))? e(a+b)*?(a—0b)?
2C 2tan(%+%) (Ab—Ba)
a—b (a+b) (a=b)

e ((a—b) tan(%+%)2+a+b>
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input‘ int ((A + Bxcos(d + exx) + Cxsin(d + exx))/(a + b*cos(d + e*x))~2,x) ‘

output‘(2*atan((tan(d/2 + (e*x)/2)*(2*a - 2xb))/(2*(a + b)~(1/2)*(a - b)~(1/2)))*
‘(A*a - Bxb))/(ex(a + b)~(3/2)*(a - b)~(3/2)) - ((2xC)/(a - b) + (2*tan(d/2
‘ + (exx)/2)*(A*b - Bxa))/((a + b)*(a - b)))/(ex(a + b + tan(d/2 + (e*x)/2)
“2*(a - b)) ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.44

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ beos(d + ex))?

d d

an(<2+2)g—tan(<&+9 an( &£ a—tan a
2va? — b? atan(t (2+23a2_tb2(2+2)b) cos (ex + d) b+ 2v/a? — b2 atan(t (2+2\2a2_tb2(2+2)b> a—c
- e (cos (ex + d) a?b — cos (ex + d) b3 + a3 — a b?)

ex

-

input Lint ((A+B*cos (e*x+d) +Cxsin(e*x+d) )/ (a+b*cos (exx+d)) ~2,x)

-/

(2xsqrt (a**2 - bx*2)*atan((tan((d + e*x)/2)*a - tan((d + e*x)/2)*b)/sqrt(a
**2 - b*x2))*xcos(d + exx)*b + 2*ksqrt(ax*2 - b*x2)*atan((tan((d + e*x)/2)*a
- tan((d + e*x)/2)*b)/sqrt(a**2 - b**2))*a - cos(d + e*x)*a*c + cos(d + e
*x)*b*c + axc - b*c)/(ex(cos(d + exx)*a**x2*%b — cos(d + e*x)*b*x3 + a*x3 -

axb**2))

output




outpu
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A+ B cos(d+ex)+C sin(d+ex
3.20 | (d+ez)+Csin(dtez) 4.,
(a+b cos(d+ex))
Optimal result . . . . . . . . .. . .. 178}
Mathematica [A] (verified) . . . . . . . . . ... 179
Rubi [A] (verified) . . . . . . .. . . 179
Maple [A] (verified) . . . . . . . . ... 183l
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 184
Sympy [F(-1)] . . . o o 184
Maxima [F(-2)] . . . . . . o 185
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 185
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 136!
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 187
Optimal result
Integrand size = 31, antiderivative size = 187
/ A+ Bcos(d + ex) + Csin(d + ex)
dz
(a+ bcos(d + ex))?
B (2a®A + Ab? — 3abB) arctan (mt%dﬂ@ )> C
(@ — b)5/2(a + b)%/%e 2be(a + beos(d + ex))?

(Ab — aB) sin(d + ex)

(3aAb — a?B — 2b?B) sin(d + ex)

2(a? —b?)e(a+bcos(d+ex))?  2(a? —b2)e(a+ beos(d + ex))

¢ \ (2*A*a~2+A*b~2-3*B*axb) *arctan((a-b) ~(1/2) *tan(1/2*exx+1/2*d) /(a+b) ~(1/2))

‘/(a—b)‘(5/2)/(a+b)“(5/2)/e+1/2*C/b/e/(a+b*cos(e*x+d))‘2-1/2*(A*b-B*a)*sin(
‘e*x+d)/(a‘2-b‘2)/e/(a+b*cos(e*x+d))‘2—1/2*(3*A*a*b—B*a“2-2*B*b‘2)*sin(e*x+

‘ d)/(a~2-b~2) “2/e/ (a+b*cos (e*x+d))
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Mathematica [A] (verified)

Time = 0.91 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.94

/ A+ Bcos(d + ex) + Csin(d + ex)
dz
(a+ bcos(d + ex))?
2 9 (a—b) tan( (d+e:v))
2(2a%A+Ab 3abB)arctanh ( —a2+b2 > (—3aAb+a?B+2b?B) sin(d+ex) (a2—b%)C—b(Ab—aB) sin(d+ezx)
_ - (—a2+b2)%/2 + (a—b)2(a+b)?(a+bcos(d+ex)) (a—b)b(a+b)(a+bcos(d+ex))?
N 2e

input‘ Integrate[(A + BxCos[d + e*x] + C*Sin[d + e*x])/(a + b*Cos[d + e*x])"3,x] J

‘ ((-2%(2%a~2*A + A*b~2 - 3*a*b*B)*ArcTanh[((a - b)*Tan[(d + exx)/2])/Sqrt[- \
\a‘2 + b72]]1)/(-a"2 + b72)"(56/2) + ((-3*%axA*b + a~2*B + 2*%b~2*B)*Sin[d + ex* \
'x1)/((a - b)"2%(a + b)"2%(a + bxCos[d + e*x])) + ((a”2 - b 2)*C - b (A*b -

\ a*B)*Sin[d + e*x])/((a - b)*b*(a + b)*(a + b*Cos[d + e*x])"2))/(2xe)

output

Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.14,

_ number of rules
number of steps used = 15, number of rules used = 14, integrand size — = 0.452, Rules

used = {3042, 4877, 3042, 3147, 17, 3233, 25, 3042, 3233, 25, 27, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A+ Bcos(d+ ex) + Csin(d + ex)
(a+ bcos(d + ex))3

l’3042

/ A+ Bcos(d+ ex) + Csin(d + ex)
(a+ bcos(d + ex))?

l.4877

/A—I—Bcos(d—l—ea: iz +C’/ sin(d + ex)
(a + bcos(d + ex))3 (a + bcos(d + ex))3

dx

l.3042
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/ A+Bs1n(d+em+ d +C’/ cos d+ea:—§) i

(a+bs1n(d+ezl:+ a—bsm d+em—§))3
l 3147
/ A+ Bsin(d+ezx+ %) o CJl md(bcos(d+ ex))
(a+bsin(d+ex+%))3 be
l 17
A+ Bsin(d+ex+ %) C
/ zdT + 5
(a+bsin(d+ex+7%)) 2be(a + beos(d + ex))
| 3233
2(aA—bB)—(Ab—aB) cos(d+ex) .
. f (a+bcos(d+ex))? dzx (Ab — aB) sm(d + 6.’L‘) c
2 (a2 — b?) ~ 2e(a2 —b2) (a+bcos(d+ ex))? ' 2be(a + beos(d + ex))?

| 25

f 2(aA—bB)—(Ab— aB)cos(d+ear:)dI

(a+bcos(d+ex))? (Ab - CLB) sin(d + em) C
2 (a2 — b2) " 2e (a2 —b2) (a+bcos(d+ex))? ' 2be(a+ beos(d + ex))?
| 3042
f 2(aA—bB)+(aB—Ab) sin(d+ez+7%) da
(a+bsin(d+ex+7T))* B (Ab — aB)sin(d + ex) C
2 (a2 —b2) 2e (a? — b?) (a + beos(d + ex))?  2be(a + beos(d + ex))?
| 3233
[ —2Aa2-0bBat AV 4y (2B | 30 Ab—262 B) sin(d-tec)
+22 (bd2+ : - e(a2—b2)(a+bcos(d+ex)) . (Ab - aB) Sin(d + em)
2 (a2 —-v?) 2e (a? — b?) (a + beos(d + ex))?
C
2be(a + beos(d + ex))?

| 25

S wd% (a%(—B)+3aAb—2b2B) sin(d+ezx)

a+b cos(d+ex)

a?—b? T e@ ) (atboos(dten)) (Ab — aB)sin(d + ex)
2(a®-0?) 2e (a2 — b?) (a + beos(d + ex))?
C
2be(a + beos(d + ex))?

| 27
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(202 A—3abB+Ab?) fmdz _ (a*(=B)+3aAb—2b>B) sin(d+-ex)

a?—b2 e(a2—b2)(a+bcos(d+ex))
2(a? —b?)
(Ab— aB)sin(d + ex) c
2e (a? — b?) (a +bcos(d + ex))?  2be(a + beos(d + ex))?
| 3042
1
(20*A-3abB-+40%) | a+bsin(d+ea+F ) de (a?(—B)+3aAb—2b?B) sin(d+ex)
a?—b2 - e(a2—b%)(a+bcos(d+ex))
2 (a2 — b?)
(Ab— aB)sin(d + ex) 4 C
2e (a® — b?) (a + bcos(d + ex))?  2be(a + beos(d + ex))?
| 3138
1 1
2(2a?A=3abB+AY) [ (a—b) tan? (%(d+em))+a+bdtan( 3 (d+er) (a?(—B)+3aAb—2b2B) sin(d+ex)
e(a2-b2) - e(a?—b2)(a+b cos(d+ex))
2 (a2 —b?)
(Ab — aB)sin(d + ex) C

2e (a? — b?) (a + bcos(d + ex))?  2be(a + beos(d + ex))?

l 218

(12 —oa 2 arctan —\/Htan(%(d+ea;))
2(2a% A-SabB+AV") arct < Vath (a%(—B)+3aAb—2b2B) sin(d+ex)
eva—bva+b(a2—b2) o e(a?—b2)(a+bcos(d+ex))
2(a® - b?)
(Ab — aB)sin(d + ex) c

2e (a?2 — b%) (a + bceos(d + ex))?  2be(a + beos(d + ex))?

s

input LInt[(A + B*Cos[d + e*x] + CxSin[d + e*x])/(a + b*Cos[d + e*X])AS,X]

-/

C/(2xbxe*x(a + b*Cos[d + e*x])~2) - ((A*b - a*B)*Sin[d + exx])/(2x(a"2 - b~
2)*ex(a + b*Cos[d + e*x])"2) + ((2%(2%a"2*A + A*b~2 - 3*a*b*B)*ArcTan[(Sqr
tla - b]*Tan[(d + exx)/2])/Sqrt[a + b]]1)/(Sqrt[a - bl*Sqrt[a + b]*(a”2 - b
~2)xe) - ((3*a*xAxb - a"2*B - 2+%b"2xB)*Sin[d + exx])/((a"2 - b"2)*e*x(a + bx
Cos[d + e*xx])))/(2x(a"2 - b~2))

output
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Defintions of rubi rules used

rulel7‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

ruk327(1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x11

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3138 Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2*x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

N\

rule 3147 Int[cos[(e_.) + (£_.)*x(x_ )1 " (p_.)*((a_ ) + (b_.)*sin[(e_.) + (£_)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, bxSin[e + f*x]], x] /; FreeQl{a, b, e, £, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a~2 - b~2, 0]

rule 3233 Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*c - a*d))#*Cos[e + f*x]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(a”2 - b72))), x] + Simp[1/((m + 1)*(a"2 - b~2))
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - a*d)*(
m + 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0] && NeQ[2"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]
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Int[(u_)*((v_) + (d_D)*F_)[(c_.)*((a_.) + (b_.)*(x_))]1"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[c*(a + b*x)], x]}, Int[ActivateTrigluxv], x] +
Simp[d Int[ActivateTrig[ul#*Sin[c*(a + b*x)]1°n, x], x] /; FunctionOfQ[Cos[
cx(a + bxx)]/e, u, x]1 /; FreeQl[{a, b, c, d}, x] & !FreeQl[v, x] && Intege
rQ[(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

rule 4877

Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.44

method result
~ (44ab+Ab2—2B o?— Bab—2B %) tan(%+%)3 20 tan(%+%)2 ~ (44ab-Ab?—2B a®+ Bab—2Bb?) tan (£ +§ ) e
(a—b) (a2+2ab+b2) a—b (a+b)(a2_2ab+b2) a2 2
2 2 2
. . .. atan(%+%) —btan(%+%) +atb
derivativedivides ( ) _
~ (44ab+Ab2—2B a®—Bab—2B?) tan(%}+%)3 _2C tan (&F +%)2 ~ (44ab—Ab2-2B a®+Bab—2Bb?) tan (£ +4) o
(a—b) (a2+2ab+52 ) a=b (a+b) (a2—2ab+b2) aZ-2
2 2 2
atan(E+§) —btan(E+§) +atb
default ( ) _
risch 2iB a*e?(er+d) _j A pledi(estd) 1 2i B bt tiA blei(er+d) 1 2i B bte?H(e2+d) 1 5 Ba b3ei(e®+d) —10iA a?b2ei(¢>+9) 1 4iB
input | 10t ((A+Bcos (exx+d)+Cxsin(exx+d))/ (a+b*cos (exx+d)) "3, x,method=_RETURNVERBO
‘ SE) ‘
output 1/ex (2% (-1/2* (4xA*xaxb+A*b~2-2%B*a~2-B*a*b-2+%B*b~2) / (a-b) / (a~2+2*a*b+b"2) *t

an(1/2*exx+1/2*d) ~3-C/ (a-b) *tan (1/2*e*x+1/2*d) ~2-1/2* (4*A*a*b-A*xb~2-2*B*a"
2+B*a*b-2*Bxb~2) / (a+b) / (a~2-2*a*b+b~2) *tan (1/2*e*xx+1/2*d) -C*a/ (a~2-2*a*b+b
~2))/(a*tan(1/2*e*x+1/2%d) “2-b*tan (1/2*e*x+1/2%d) “2+a+b) ~2+(2xA*a~2+Axb~2-
3*B*axb)/(a~4-2*xa~2xb~2+b"4) / ((a-b) *(a+b) ) ~(1/2) *arctan((a-b) *tan (1/2*e*xx+
1/2xd) /((a-b)*(a+b))~(1/2)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 379 vs. 2(171) = 342.

Time = 0.19 (sec) , antiderivative size = 830, normalized size of antiderivative = 4.44

/ A+ Bcos(d + ex) + Csin(d + ex)

(a+ beos(d + ex))3 dzx = Too large to display

integrate ((A+B*cos (exx+d)+C*sin(e*x+d) )/ (at+b*cos(exx+d))~3,x, algorithm="f

input
ricas")

N

[1/4%(2%C*xa~6 - 6*xCxa~4%b~2 + 6%C*ka~2%b~4 - 2xC*b~6 - (2%xA*a~4%b - 3*B*a~3
*b~2 + A*a~2%b~3 + (2*xA*a~2*b~3 - 3*B*a*b~4 + Axb~5)*cos(exx + d)"2 + 2x(2
*A*a~3*%b"2 - 3*%B*a~2*b~3 + A*axb~4)*cos(exx + d))*sqrt(-a”2 + b~2)*log((2*
axb*cos(exx + d) + (2%a”2 - b"2)*cos(exx + d)~2 + 2*sqrt(-a~2 + b~2)*(a*co
s(exx + d) + b)*sin(e*x + d) - a~2 + 2*xb~2)/(b"2*cos(e*x + d)~2 + 2*axb*co
s(exx + d) + a”2)) + 2%(2%B*a~5*b - 4*xA*xa~4*xb~2 — B*a~3*b~3 + 5xA*xa~2xb~4

- Bxa*b~5 - A*b~6 + (B*a~4*b~2 - 3*xA*a~3*b~3 + B*a~2%b~4 + 3xA*xa*b”~5 - 2B
*b~6)*cos(exx + d))*sin(exx + d))/((a"6%b"3 - 3*a"4xb”5 + 3*a~2*b~7 - b~9)
xexcos(exx + d)72 + 2%(a”7*xb"2 - 3*a~5*b~4 + 3*a~3*%b"6 - a*xb~8)*e*cos(e*x

+ d) + (a~8%b - 3%a~6%b~3 + 3%a~4%b~5 - a~2xb~7)*e), 1/2%x(C*a~6 - 3*Cka~4x*
b~2 + 3*C*a”~2%b"4 - Cxb~6 + (2xA*a~4*b - 3*B*a~3%b~2 + A*xa~2*xb~3 + (2%A*a”
2%b~3 - 3*Bka*b~4 + A*b~5)*cos(e*x + d)72 + 2% (2*xA*a~3*b~2 - 3*B*a~2*b"3 +
Axa*b~4)*cos(e*x + d))*sqrt(a™2 - b~2)*arctan(-(axcos(e*x + d) + b)/(sqrt
(a™2 - b™2)*sin(exx + d))) + (2*xB*a~b*b - 4*A*a”~4*xb~2 - B*a~3*b~3 + 5*A*xa”
2%b~4 - B*a*b”"5 - A*b"6 + (B*a~4*%b”"2 - 3*%A*a”~3*b~3 + B*a"2*xb~4 + 3*kA*xaxb”5
- 2xB*b”6)*cos(exx + d))*sin(e*x + d))/((a"6%b~3 - 3*a~4*b~5 + 3*a~2xb”7

- b79)*excos(exx + d)~2 + 2x(a”7*b"2 - 3*a”"5*%b~4 + 3*a~3*b"6 - a*b”~8)*e*xco
s(exx + d) + (a”"8*b - 3*a~6%b~3 + 3*a~4*xb”"5 - a~2%b"7)*e)]

N J

output

Sympy [F(-1)]
Timed out.

dz = Timed out

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ bcos(d + ex))?

tnput integrate ((A+B*cos (exx+d)+C*sin(e*x+d) )/ (at+b*cos (exx+d) ) **3,x)
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Output‘Timed out

Maxima [F(-2)]

Exception generated.

dx = Exception raised: ValueError

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ beos(d + ex))?

integrate ((A+B*cos (e*x+d)+C*sin(e*x+d) )/ (a+b*cos(e*x+d))~3,x, algorithm="m

input
axima")

output Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(4*¥b~2-4%a~2>0)', see ~assume? f

or more de

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 480 vs. 2(171) = 342.

Time = 0.18 (sec) , antiderivative size = 480, normalized size of antiderivative = 2.57

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ bcos(d + ex))?

atan(% ez+% d)—btan(% e:v+% d)
aZ—b2 + 2 Ba® tan(% ex—i—% d)3—4Aa2btan(% er+

(2 Aa?—3 Bab+Ab?) <71- {e;c:d +%J sgn(2 a—2b)+arctan (

(a*—2a2b2+b*)Va2—b?

‘integrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))“3,x, algorithm="g

input
‘iac")
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((2xAxa~2 - 3xBxaxb + Axb~2)*(pixfloor(1/2x(exx + d)/pi + 1/2)*sgn(2*a - 2
*b) + arctan((a*xtan(1l/2xe*x + 1/2%d) - b*tan(1/2*e*xx + 1/2*d))/sqrt(a”2 -

b~2)))/((a”4 - 2#a"2%b"2 + b~4)*sqrt(a”2 - b72)) + (2+#B*a~3*tan(l/2*exx +

1/2xd) "3 - 4*A*a”2%b*tan(1/2*exx + 1/2*d)~3 - B*a 2*b*tan(1/2xexx + 1/2*d)
"3 + 3xAxaxb"2*xtan(1/2%e*x + 1/2%d) "3 + Bxaxb~2xtan(1/2%e*x + 1/2%d)"3 + A
*b"3*tan(1/2%exx + 1/2*d) "3 - 2#Bxb~3*tan(1/2*e*x + 1/2*%d)~3 - 2xC*a”3*tan
(1/2%exx + 1/2%d) "2 - 2*C*a~2*b*tan(1/2*exx + 1/2*d) "2 + 2*Cxa*b~2*xtan(1/2
xexx + 1/2*%d) "2 + 2*%C*b~3*tan(1/2*exx + 1/2*%d) "2 + 2*B*a~3*tan(1/2*exx + 1
/2%d) - 4xAxa”2*bkxtan(1/2*%exx + 1/2*d) + Bxa ~2*bxtan(1/2*exx + 1/2xd) - 3%
Axa*xb~2*xtan (1/2%exx + 1/2%d) + B*a*b~2*xtan(1/2*%exx + 1/2*d) + A*xb~3%tan(1/
2%exx + 1/2*%d) + 2*B*b~3*tan(1/2%e*x + 1/2*d) - 2*C*a~3 - 4*Cxa”2%b - 2*Cx
a*b~2)/((a"4 - 2*xa”2%b~2 + b~4)*(axtan(1/2*e*x + 1/2%d) "2 - bxtan(1/2*e*x

+ 1/2%d)"2 + a + b)"2)) /e

output

Mupad [B] (verification not implemented)

Time = 3.11 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.51

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ bcos(d + ex))?

d

tan( 2+<2) (2a—2b) (a®—2a b+b?
atan(a (& 223/%@—)1)52/2 - )) (2Aa®> —3Bab+ Ab?)
e(a+b)"?(a—0b)°?
2C tan g+%§)2 2Ca 1an(g+%§)3(2Ba2_Abz+2Bb2—4Aab+Bab) tan(g+%;)(Ab2+2Ba2+2Bb2—4Aab—Ba
a—b + (a—b)? - (a+b)? (a—b) (a+b) (a2 —2 a b+b2)

€ (2ab+tan(§+%)2 (202 — 202) + tan (4 + <2)* (a2—2ab+b2)+a2+b2>

input Lint((A + B*cos(d + e*x) + C*sin(d + e*x))/(a + bxcos(d + e*x))"3,x) J

s >N

(atan((tan(d/2 + (e*x)/2)*(2*a - 2xb)*(a"2 — 2*a*b + b~2))/(2*x(a + b)~(1/2
Yx(a - b)~(5/2)))*(2*xA*a"2 + A*b~2 - 3xB*axb))/(ex(a + b)~(5/2)*(a - b)~(5
/2)) - ((2*Cxtan(d/2 + (e*x)/2)"2)/(a - b) + (2%Cxa)/(a - b)~2 - (tan(d/2
+ (exx)/2)"3x(2*Bxa~2 - A*b~2 + 2xBxb~2 - 4xAxaxb + B*a*b))/((a + b) 2*(a
- b)) - (tan(d/2 + (e*x)/2)*(A*b~2 + 2%B*a”~2 + 2*B*b~2 — 4*A*axb - B*a*b))
/((a + b)*(a”2 - 2%axb + b"2)))/(ex(2*xaxb + tan(d/2 + (e*x)/2) 2x(2%a~2 -
2%b~2) + tan(d/2 + (e*x)/2)"4*(a"2 - 2*a*b + b~2) + a2 + b~2))

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 504, normalized size of antiderivative = 2.70

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ bcos(d + ex))?

n(€4+9)g—tan( €& n(€4+9)g—tan(ez+4
8va? — b? atan(Ea (% +2\2;12_t:z<2 s )b) cos (ex + d) a®b — 4v/a2 — b2 (Jnian(ta (% +23;12_t:2<2 +2)b) sin

[MISY

input ‘ int ((A+B*cos (e*x+d) +Cxsin(e*x+d) )/ (a+b*cos (e*x+d))~3,x) ‘

output

(8*sqrt(a**2 - bx*2)*atan((tan((d + e*x)/2)*a - tan((d + e*x)/2)*b)/sqrt(a
**2 — bx*x2))*cos(d + exx)*a*x*2xb - 4xsqrt(a*x*2 - b*x2)*atan((tan((d + e*x)
/2)*a - tan((d + e*x)/2)*b)/sqrt(a*x*2 — b**2))*sin(d + exx)**2*axb*x2 + 4*
sqrt(a**2 - b*x2)*atan((tan((d + exx)/2)*a - tan((d + e*x)/2)*b)/sqrt (a**2
- b*x2))*ax*3 + 4xsqrt(a*x*2 - b**2)*atan((tan((d + e*x)/2)*a - tan((d + e
*x)/2)*b) /sqrt (ax*2 — bx*2))*a*b**2 — 2xcos(d + exx)*sin(d + exx)*ax*2xb*x
2 + 2%cos(d + e*x)*sin(d + e*x)*b*x4 - 2xcos(d + exx)*ax*3*c + 4*cos(d + e
*x) *xaxk2xbkxc - 2xcos(d + exx)*axb*x2xc + sin(d + e*x)**2*a*x*x2*bkc - 2*sin(
d + exx)**2xa*xb**x2xc + sin(d + e*x)**2kb**3*c - 2*sin(d + e*x)*a**3xb + 2%
sin(d + exx)*axb**3 + 2*a**3*c - 4xaxx2xbxc + 2kaxb**2*c)/(2*ex(2xcos(d +
e*xx)*xax*x5*xb — 4xcos(d + exx)*a**3*b**x3 + 2*cos(d + e*x)*axbxx5 - sin(d + e
*x) **k2ka*xk4xb**2 + 2ksin(d + e*xx)**x2kax*2*xb*x4 - sin(d + e*x)**2xb**x6 + ax*
*¥6 — a*x*x4xb**2 — a*x*2¥b**x4 + b**6))




output
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3.91 f A+ B cos(d+ex)+C sinid%—ex) da
(a+b cos(d+ex))

Optimal result . . . . . . . . .. . .. 188}
Mathematica [A] (verified) . . . . . . . . ... .. L 189
Rubi [A] (verified) . . . . . . .. . . 189
Maple [A] (verified) . . . . . . . . ... 194
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 194
Sympy [F(-1)] . . . o o 195
Maxima [F(-2)] . . . . . . o o 196
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 196
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 197
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 198

Optimal result

Integrand size = 31, antiderivative size = 260

/ A+ Bcos(d + ex) + Csin(d + ex)
dz
(a+ bcos(d + ex))*
B (2a®A + 3aAb?> — 4a%bB — b3B) arctan <mt?2%d+em))) C
B (a—b)72(a+b)"/2e 3be(a + beos(d + ex))3
(Ab — aB)sin(d + ex) _ (5aAb — 24°B — 3b*B) sin(d + ex)

3(a? —b?)e(a+bceos(d+ex))®  6(a? —b2)*e(a+ beos(d + ex))?
(11a®Ab + 4Ab® — 2a®B — 13ab®B) sin(d + ex)
6 (a2 — b2)® e(a + beos(d + ex))

(2*xA*a”~3+3xA*xaxb~2-4*B*a~2*%b-B*b~3) *arctan((a-b) ~(1/2) *tan (1/2*exx+1/2*d) /
(a+b)~(1/2))/(a-b)~(7/2) /(at+b) ~(7/2) /e+1/3%C/b/e/ (atb*cos (exx+d)) ~3-1/3* (A
*b-B*a) *sin(exx+d) /(a~2-b"2) /e/ (a+b*cos (e*x+d)) ~3-1/6% (5xA*axb-2%B*a~2-3*B
*b~2) *sin(exx+d) /(a~2-b"2) “2/e/ (a+b*cos (e*xx+d)) ~2-1/6% (11*A*a~2xb+4*A*b~3-
2*¥B*a”~3-13*B*a*b~2) *sin(exx+d)/(a"2-b~2) "3/e/ (atb*cos(exx+d))
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Mathematica [A] (verified)

Time = 1.27 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.16

dz

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ beos(d + ex))*

h (a—b) tan(%(d+ew))

24(2a% A+3aAb%—4a?bB—bB)arctan
( ) V—aZ 42 + —8a8C+24a*b2C—24a2b*C+8b6C'—3b(—24a* Ab+3a2 Ab® —4 Ab5+845

(—a24b2)7/2

tnput Integrate[(A + B#Cos[d + e*x] + CxSin[d + e*x])/(a + b*Cos[d + e*x])~4,x] J

((24%(2*xa~3*%A + 3*a*A*xb~2 - 4*a~2xb*B - b~3*B)*ArcTanh[((a - b)*Tan[(d + e
*x)/2])/Sqrt[-a”2 + ©72]]1)/(-a"2 + b~2)"(7/2) + (-8*a~6*C + 24*a~4*b~2*C -
24%a”~2*xb"4*C + 8*b~6*C - 3*xbx(-24*a”~4*xAxb + 3*a~2xA*b~3 - 4*xA*b~5 + 8*a”5
*B + 14*a~3*xb"2*B + 3*a*b~4*B)*Sin[d + exx] + 6*%b"2%(9*a"3*A*b + axAxb~3 -
2%a~4%B - 9%a~2*xb"2*B + b~4*B)*Sin[2*(d + e*x)] + 11*%a”"2%A*b~4*Sin[3*(d +
exx)] + 4xA*xb~6xSin[3*(d + exx)] - 2*a”~3*b~3*B*Sin[3*(d + exx)] - 13*a*b”
5xB*xSin[3*(d + e*x)])/(b*x(-a"2 + b~2)"3%(a + b*Cos[d + e*x])~3))/(24*e)

output

Rubi [A] (verified)

Time = 1.10 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.16,

number of steps used = 17, number of rules used = 16, number of rules _ 0.516, Rules
integrand size

used = {3042, 4877, 3042, 3147, 17, 3233, 25, 3042, 3233, 25, 3042, 3233, 27, 3042, 3138,
218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ A+ Bcos(d+ ex) + Csin(d + ex)
(a+ bcos(d + ex))*

l,3042

/ A+ Bcos(d+ ex) + Csin(d + ex)

d
(a+ bcos(d + ex))* v

J'4877
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/(A+Bcos(d+ex e +C/(a sin(d + ex)

a+ bcos(d + ex))4 + bcos(d + ex))*
| 3042
/ A+Bs1n(d+em+ +C/ cos d+ea:—§) da
(a+bs1n(d+e:r:+ a—bsm d+em—§))
l 3147
/-A+Bﬁnw+fw+§)dm_ofmﬂméﬂmwd“w“d+””
(a+bsin(d+em+%))4 be
l 17
A+ Bsin(d+ezx+ %) C
/ 74T + 3
(a+bsin(d+ex+7%)) 3be(a + beos(d + ex))
| 3233
3(aA—bB)—2(Ab—aB) cos(d+ex) .
. f (a+bcos(d+ex))3 dzx _ (Ab — (IB) sm(d + CIL')
3(a? - b?) 3e(a? — b?) (a + bceos(d + ex))3
C
3be(a + beos(d + ex))3

| 25

f3(aA bB)—2(Ab— aB)cos(d—}-em)dw

(a+bcos(d+ex))3 (Ab — aB) sin(d + ex) C
3 (a2 —v?) ~ 3e(a2 —b2) (a+bcos(d+ex))® ' 3be(a + beos(d + ex))3
| 3042
Ii 3(aA—bB)—2(Ab—aB)sin(d+ex+7) d
(a+bsin(d+ez+T))* v B (Ab — aB)sin(d + ex)
3 (a2 —bv?) 3e(a? — b?) (a + bceos(d + ex))?
C
3be(a + beos(d + ex))3
| 3233
a?— a 2) - (-2Ba2 a—3b2 cos(d+ex)
f_2(3A e +2Ab(2+b(cozz+;§;42b * B) o dz (—2a2B+5aAb—3b2B) sin(d+ex)
- 2(a2—b?) 7 2e(a?—b2)(a+bcos(d+ex))?
3(a? — b?)
(Ab — aB)sin(d + ex) C

3e(a? — b2) (a+bcos(d+ex))®  3be(a+ beos(d + ex))3

| 25
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2 (3Aa2 —5bBa+2Ab2) - (—2Ba2+5Aba—3b2B) cos(d+ex) p

(a+b cos(d+ex))2 z _ (—2a2B+5aAb—3b%B) sin(d+ex)
2(a2-b2) 2e(a?—b%)(a+bcos(d+ex))2
3 (a2 — b2)
(Ab— aB)sin(d + ex) C
3e(a? —b2) (a+bcos(d+ex))®  3be(a+ beos(d + ex))3
| 3042
s 2(34a%—5bBa+24b%)+(2Ba?~5A4ba+3b? B) sin(d-+ea+ 7§ )
(a+bsin(dteat))” (—2a2 B+5aAb—3b2B) sin(d-rex)
2(a2—-b2) T 2e(a?—b2)(a+bcos(d+ex))?
3 (a? — b?)
(Ab— aB)sin(d + ex) C
3e(a? —b?) (a+bcos(d+ex))®  3be(a+ beos(d + ex))?
| 3233
_3(244° ;ﬁiﬁ;itia_b?)la) dz  (-203B+11a%Ab—13ab? B+44b° ) sin(d+ea)
- aZ—p2 B e(a2-2) (a+b cos(d+ex)) (—2a2 B+5aAb—3b2 B) sin(d+-ex)
2(a2—-b2) T 2e(a?—b2)(a+bcos(dtex))?
3(a? — b?)
(Ab— aB)sin(d + ex) C

3e(a? —b%) (a+bcos(d+ex))®  3be(a+ beos(d + ex))?
| 27

3 2 2 3 1 .
3(2034-44%0B+30402—°B) [ arboosdren) (~203 B+11a2 Ab—13ab2 B+446%) sin(d+e2)

a2—p2 e(a2—b2) (a+bcos(d+ex)) (—2a2 B+5aAb—3bB) sin(d+ex)
2(a2-b2) 7 2e(a?—b2)(a+bcos(d+ex))?
3(a% —b?)
(Ab — aB)sin(d + ex) C
3e(a? — b2) (a+bcos(d+ex))®  3be(a+ beos(d + ex))3
| 3042
5(20% A~ 40”05 +30 4047 B) | atbsin (dl+ez+g) @ (~2a3B+11a2 A4b—13ab% B+44b3) sin(d+ex)
ot b2 - e(a2-2) (a+b cos(d+ex)) (—2a2B+5aAb—3b2 B) sin(d+-ez)
2(a2—b2?) " 2e(a?2—b?)(atbcos(d+ex))?
3(a? —-b?)
(Ab — aB)sin(d + ex) C

3e(a? —b2) (a+bcos(d+ex))3  3be(a+ beos(d + ex))3
| 3138
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6(2a3A—4a2bB+3aAb2—bSB> i dtan(%((ﬂ—ew))

1
(a—b) tan2 (% (d+ez)) +a+b (—2(133-9—11a2 Ab—13ab23+4Ab3) sin(d+ex)

e(a2-02) e(a2-b2) (a+bcos(d-+ex)) (—2a%2B+5aAb—3bB) ¢
2(a?—52) T 2e(a?—b2)(a+bcos(d-
3 (a2 —b2)
(Ab— aB)sin(d + ex) C

3e(a? — b2) (a+bcos(d+ex))3  3be(a+ beos(d + ex))3

l 218

B (Ab — aB)sin(d + ex)
3e(a? — b?) (a + beos(d + ex))3

Va—b tan( 1 (d+em))
(l3 —_ ﬂ2 Q. 2— 3 T an —i
6(2 A=4a7bB+3aAb"—b B)a ot Va+b (—2a3B+11a2Ab—13ab23+4Ab3) sin(d+ex)
emm(ﬂqﬂ) e(a2—b2)(a+b cos(d+ex)) (—2a? B+5aAb—3b% B) sin(d+ex)
2(a2-b2?) " 2e(a?—b2)(atbcos(dtex))? +
3 (a2 —bv?)
C
3be(a + beos(d + ex))3

input‘ Int[(A + B*Cos[d + e*x] + C+Sin[d + e*x])/(a + b*Cos[d + e*x])~4,x]

C/(3*bxe*(a + b*Cos[d + e*x])~3) - ((A*b - a*B)*Sin[d + e*x])/(3*(a"2 - b~
2)*e*x(a + b*xCos[d + e*x])~3) + (-1/2%((5*axAxb — 2*a”~2*B - 3%b~2*B)*Sin[d
+ exx])/((a”2 - b™2)*ex(a + b*Cos[d + e*x])"2) + ((6%(2*a”~3*%A + 3*a*A*xb~2
- 4*a”~2*%b*B - b~3*B)*ArcTan[(Sqrt[a - bl*Tan[(d + e*x)/2])/Sqrt[a + bl1)/(
Sqrt[a - bl*Sqrtl[a + bl*(a"2 - b"2)*e) - ((11*a"2xAxb + 4xAxb~3 - 2%a~3xB
- 13*a*xb~2*B)*Sin[d + e*x])/((a"2 - b~2)*ex(a + b*Cos[d + e*x])))/(2x(a"~2
- b72)))/(3*(a”2 - b~2))

N J

output

Defintions of rubi rules used

e 17 TREL(C_)*((a_.) + (b_.)*(x))"(m_.), x_Symboll :> Simplc*((a + b¥x)"(m + 1
D/ @x@ + 1)), x] /; FreeQl{a, b, c, n}, x] & NeQ[m, -1] J

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J




rule 27

rule 218

rule 3042

rule 3138

rule 3147

rule 3233

rule 4877
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Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
t[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2*%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~"2 - b~2, 0]

N\

Int[cos[(e_.) + (£_.)*(x_)]1 " (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x72)"((p - 1)
/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(@m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*c - axd))*Cos[e + f*x]*((a + b*Sinf[e +
fxx])"(m + 1)/(f*x(m + 1)*(a"2 - b72))), x] + Simp[1/((m + 1)*(a"2 - b~2))

Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - b*d)*(m + 1) - (bxc - a*xd)*(
m + 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c
- axd, 0] && NeQ[2"2 - b~2, 0] && LtQ[m, -1] &% IntegerQ[2*m]

Int[(u_)*((v_) + (d_D)*F_)[(c_.)*((a_.) + (b_.)*(x_))]1"(n_.)), x_Symbol] :
> With[{e = FreeFactors[Cos[cx(a + b*x)], x]}, Int[ActivateTrigluxv], x] +
Simp[d Int[ActivateTrig[ul#*Sin[c*(a + b*x)]1"°n, x], x] /; FunctionOfQ[Cos[
cx(a + bxx)1/e, u, x11 /; FreeQ[{a, b, c, d}, x] && !FreeQl[v, x] && Intege
rQ[(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])
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Maple [A] (verified)

Time = 0.92 (sec) , antiderivative size = 456, normalized size of antiderivative = 1.75

method result

5 4
(GA a2b+34ab2+2463-2B a3-2B a2b—6Bab2—B b3) tan(%-k%) 2Ctan(ez+%) 4(9A a2b+Ab3-3Ba3—7Ba b2) t
a

- (a—b) (a3+3a2b+3ab2+b3) - —b B 3(a2—-2ab+52) (a2 +2ab+
(atan(%}+%)2—b

derivativedivides
(GA a2b+3A4ab2+2463-2B a3 —2B a2b—6Bab?—B b3) tan(ﬁg+%)5 2C tan(ea’ +g)4 4(9A a2b+Ab3—3Ba3—7Ba b2) t
- (a—b)(a3+3a2b+3a b2+53) - a=b B 3(a2—2ab+52) (a2 +2ab+
2
default (a (g 8)
risch Expression too large to display

int ((A+B*cos (exx+d) +C*xsin (exx+d) )/ (a+b*cos (e*x+d)) ~4,x ,method=_RETURNVERBO

input
SE)

1/ex (2% (-1/2% (6*A*xa~2xb+3*xA*axb~2+2*xA*b~3-2*B*a~3-2*B*a”~2*¥b-6*Bxaxb~2-B*b~
3)/(a-b) / (a~3+3%a~2xb+3%a*xb~2+b~3) *tan (1/2*e*x+1/2*d) ~5-C/ (a-b) *tan (1/2xe*
x+1/2*xd) ~4-2/3% (9xA*a~2xb+A*b~3-3*%B*a”~3-7*B*a*b~2) / (a~2-2*a*b+b~2) / (a~2+2%
a*b+b~2) *tan (1/2*e*x+1/2*d) ~3-2*C*a/ (a”~2-2*a*b+b~2) *tan (1/2*e*xx+1/2*d) ~2-1
/2% (6xA*xa~2*%b-3*xA*xa*xb~2+2xA*xb~3-2*%B*a~3+2*B*a”~2*xb-6*B*a*b~2+B*b~3) / (a+b) / (
a”~3-3*a~2*b+3*axb~2-b"3) *tan(1/2*e*xx+1/2*d) -1/3*C* (3*a~2+b"2) / (a~3-3*a~2+*b
+3*a*xb~2-b"3)) /(a*xtan(1/2*exx+1/2*d) “2-bxtan (1/2*e*x+1/2*d) “2+a+b) ~3+(2xA*
a”~3+3*A*axb~2-4*B*a~2+¥b-B*b~3) / (a~6-3*a~4*b"2+3*a"~2*b"4-b"6) / ((a-b) * (a+b) )
~(1/2)*arctan((a-b)*tan(1/2*exx+1/2*d)/((a-b)*(a+b))~(1/2)))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 632 vs. 2(243) = 486.

Time = 0.22 (sec) , antiderivative size = 1334, normalized size of antiderivative = 5.13

/ A+ Bcos(d + ex) + C'sin(d + ex) dz = Too large to display

(a + bcos(d + ex))*

( A
‘ integrate ((A+Bxcos (exx+d)+C*sin(e*x+d) )/ (a+b*cos(e*x+d)) “4,x, algorithm="f ‘

tnput ‘ ricas") ‘




output

input

output
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[1/12%(4%Cxa~8 - 16*C*a”~6*%b~2 + 24*C*a~4*xb~4 - 16*C*xa”~2*%b"~6 + 4*C*b~8 - 3%
(2%A*a~6xb - 4*B*a”~5*%b~2 + 3*%A*a~4*xb~3 - B*a~3*b"4 + (2%A*a~3*%b~4 - 4xB*xa~
2%b~5 + 3*A*axb”6 - B*b~7)*cos(e*x + d)~3 + 3*x(2xA*xa~4*b~3 - 4%B*a~3%b"4 +
3*A*a~2%b"5 - B*a*b~6)*cos(exx + d)~2 + 3*(2*%A*a"5xb"2 - 4*B*a~4*b~3 + 3*
A*xa~3*b~4 - B*a~2*b~5)*cos(e*x + d))*sqrt(-a~2 + b~2)*log((2*a*b*cos(e*xx +
d) + (2*a”2 - b"2)*cos(e*x + d)"2 + 2*sqrt(-a~2 + b~2)*(a*cos(exx + d) +
b)*sin(exx + d) - a~2 + 2%b~2)/(b"2*cos(e*x + d)~2 + 2%axbxcos(exx + d) +
a~2)) + 2x(6*%B*xa”~7*b - 18*%A*a~6*b”2 + 4%Bxa”~5%b~3 + 23*xA*a”4xb"4 - 11*B*a”
3*%b~5 - TxA*a~2*¥b~6 + B*a*b~7 + 2*¥A*xb"8 + (2*%B*a~5*b~3 - 11*A*a”~4%b~4 + 11
*B*a~3%b~5 + T*A*a~2%b~6 - 13*Bxa*xb~7 + 4*A*b~8)*cos(e*x + d)~2 + 3%(2xB*a
“6xb"2 - 9xA*a"5xb"3 + 7*B*xa"4*%b"4 + 8%Axa”~3%b"5 - 10*B*a"2*b”"6 + A*xa*xb”7
+ B*b~8)*cos(e*x + d))*sin(e*x + d))/((a"8*b"4 - 4*a"6%b~6 + 6*xa~4%b~8 - 4
*a~2*¥b~10 + b~12)*e*cos(e*x + d)~3 + 3*(a"9*b~"3 - 4*a"7*b"5 + 6*a~5xb"7 -
4xa~3%b"9 + axb~11)*e*xcos(e*x + d)~2 + 3*(a"10*%b"2 - 4*xa~8*b"4 + 6*xa~6*%b"6
- 4*%a”~4xb"8 + a~2*xb~10) *excos(e*x + d) + (a"11*b - 4*a~9*b~3 + 6*a”~7*b~5
- 4%a”5%b~7 + a~3*b"9)*e), 1/6%(2*%C*a~8 - 8*Cxa~6*xb~2 + 12*C*a~4%b~4 - 8xC
*a"2%b~6 + 2*xCxb~8 + 3*%(2*A*a~6%b - 4*Bxa~5xb"2 + 3*A*a~4%b~3 - B*xa~3*xb"4
+ (2xA*a~3*%b~4 - 4%B*a~2%b”5 + 3xA*a*b~6 - B*b~7)*cos(e*x + d)~3 + 3% (2xAx
a~4*b~3 - 4%B*a~3*%b~4 + 3*%A*a~2*b~5 - Bkaxb~6)*cos(exx + d)"2 + 3*%(2xA*a"5

*b"2 - 4xBxa~4*b"3 + 3*A*a"3%¥b~4 - B*a"2xb~5)*cos(e*x + d))*sqrt(a”2 - ...

Sympy [F(-1)]
Timed out.

dz = Timed out

/ A+ Bcos(d + ex) + Csin(d + ex)
(a + bcos(d + ex))*

p
Lintegrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))**4,x)

~—

p
Timed out

N\
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Maxima [F(-2)]

Exception generated.

/ A+ Boos(d + ex) + Usin(d + ex) dx = Exception raised: ValueError

(a+ beos(d + ex))*

‘integrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))“4,x, algorithm="m

input
‘axima")

Ou_,Gput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*b~2-4%a~2>0)', see ~assume?  f
‘or more de

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 918 vs. 2(243) = 486.

Time = 0.19 (sec) , antiderivative size = 918, normalized size of antiderivative = 3.53

/ A+ Bcos(d+ ex) + Csin(d + ex) dzx = Too large to display

(a+ beos(d + ex))*

‘integrate((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))“4,x, algorithm="g

input
‘iac")
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-1/3*% (3% (2+xA*a~3 - 4xBxa~2*b + 3*A*a*b~2 - B*b~3)*(pi*floor(1/2*(e*x + d)/
pi + 1/2)*sgn(-2*a + 2%b) + arctan(-(axtan(1/2xexx + 1/2%d) - b*tan(1/2*ex*
x + 1/2*%d))/sqrt(a™2 - ©72)))/((a"6 - 3*a~4*b~2 + 3*a~2+%b"4 - b~6)*sqrt(a”
2 - b72)) - (6xBxa"5*xtan(1/2*e*x + 1/2%d)"5 - 18xA*a~4*bktan(1/2*e*x + 1/2
*d) "5 - 6xBxa”4xbkxtan(1/2%e*x + 1/2*d)"5 + 27*A*a”3*b"2*tan(1/2*xexx + 1/2%
d) "5 + 12#B*a~3*b"2*xtan(1/2*e*x + 1/2%d)"5 - 6xA*a~2xb~3*xtan(1/2*e*x + 1/2
*d) "5 - 27*B*a~2*b"3xtan(1/2*e*x + 1/2%d)"5 + 3*xA*axb~4*tan(1l/2%exx + 1/2%
d) "5 + 12#B*axb~4xtan(1/2*e*xx + 1/2%d)"5 - 6xAxb~5xtan(1/2*e*x + 1/2%d)"5
+ 3*Bxb~5xtan(1/2xe*x + 1/2%d) "5 - 6*Cxa ~5xtan(1/2*e*x + 1/2%d)~4 - 6*Cxa”
4xbxtan(1/2%e*x + 1/2%d) "4 + 12%C*a~3*b~2xtan(1/2%e*x + 1/2%d)~4 + 12%Cxa”
2+%b~3*tan(1/2*e*xx + 1/2*d) "4 - 6*Cxaxb”4*tan(1/2*e*x + 1/2%d)~4 - 6*C*xb~5*
tan(1/2*%e*x + 1/2*d)~4 + 12*%B*a”~5*tan(1/2*exx + 1/2*%d) "3 - 36*A*a”4*bxtan(
1/2xexx + 1/2%d) "3 + 16*B*a~3*b~2xtan(1/2*e*x + 1/2%d) "3 + 32xA*xa”~2*b~3*ta
n(1/2*xe*xx + 1/2%d) "3 - 28*Bxaxb~4xtan(1/2*e*x + 1/2%d)"3 + 4xAxb~5*xtan(1/2
*exx + 1/2%d)”"3 - 12*%C*a"5*tan(1/2*exx + 1/2*%d) "2 - 24*C*a”4*bxtan(1/2xe*xx
+ 1/2*d) "2 + 24*C*xa”2%b~3*tan(1/2*exx + 1/2*d) "2 + 12*Cxa*b~4xtan(1/2*e*x
+ 1/2%d) "2 + 6*B*xa~bxtan(1/2*e*xx + 1/2%d) - 18*Axa~4xbxtan(1/2%e*x + 1/2%
d) + 6%B*a”4xbxtan(1/2xexx + 1/2%d) - 27*A*a~3*b~2xtan(1/2*e*x + 1/2%d) +
12xB*a~3*b~2+tan(1/2xe*x + 1/2%d) - 6*%A*a~2+b~3*tan(1/2*e*xx + 1/2*%d) + 27*
Bxa~2+b~3xtan(1/2*e*x + 1/2xd) - 3*A*xaxb~4*tan(l/2%e*x + 1/2%d) + 12+Bx*...

output

Mupad [B] (verification not implemented)

Time = 2.88 (sec) , antiderivative size = 502, normalized size of antiderivative = 1.93

dz

A+ Bcos(d + ex) + Csin(d + ex)
/ (a + beos(d + ex))*
tan<%+%) (2a—2b) (a®—3a?b+3ab?—b3)
atan( 2VaTb @)

e(a+b)"*(a—0b)"?

) (2Aa®—4Ba?b+3Aab? — Bb)

2 3 5
&7 2C (3a2+b?) 4Catan(%+%) 4tan(%+%) (—3Ba3+9Aa?b—TBab?+Ab3) tan(g-l—%) (2]

)4
a—b + 3 (a—b)3 + (a—b)? + 3 (a+b)? (a2—2 a b+b2) o

2(C'tan g-l—””

e(3a@—tmﬂ%+%ﬂ4Gﬁa&+3ﬁb+3aW—3Eﬂ—tmwg+eﬂ203a$—3

2

input‘ int ((A + Bxcos(d + exx) + C*sin(d + e*x))/(a + b*cos(d + e*x))"4,x) ‘
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(atan((tan(d/2 + (e*xx)/2)*(2%a - 2xb)*(3*a*xb~2 - 3*a~2%b + a~3 - b~3)) /(2%
(a + b))~ (1/2)*x(a - b)~(7/2)))*(2*xA*a"3 - B*b~3 + 3*A*a*xb™2 — 4*Bxa~2%b))/(
ex(a + b)~(7/2)*(a - b)~(7/2)) - ((2%C*tan(d/2 + (e*x)/2)"4)/(a - b) + (2%
C*(3*a~2 + b~2))/(3*(a - b)"3) + (4xCxa*tan(d/2 + (e*x)/2)"2)/(a - b)~2 +

(4xtan(d/2 + (e*x)/2) "3*x(A*b~3 - 3*B*a~3 + 9xA*xa~2%b - T7*B*axb~2))/(3*(a +
b)"2*(a”2 - 2%a*b + b~2)) - (tan(d/2 + (e*x)/2) 5%(2*Bxa”~3 - 2*A*b~3 + B*
b~3 - 3xA*axb~2 - 6%A*a”~2xb + 6%Bxaxb~2 + 2xBxa~2%b))/((a + b)~3*(a - b))
+ (tan(d/2 + (exx)/2)*(2xA*b~3 - 2%B*a~3 + B*b~3 - 3*xA*xa*xb”~2 + 6*A*a~2%b -
6*Bxa*xb~2 + 2%B*a”~2xb))/((a + b)*(3*axb™2 - 3*a~2+b + a~3 - b~3)))/(ex(3*
axb”™2 - tan(d/2 + (e*x)/2) 4*(3*a*xb~2 + 3*a"2xb - 3*a~3 - 3*b~3) - tan(d/2
+ (e*x)/2) 2% (3*axb~2 - 3*a~2%b - 3*a~3 + 3%b~3) + 3%a”2%b + a~3 + b~3 +

tan(d/2 + (e*x)/2) " 6%(3*a*b™2 - 3*a~2*b + a~3 - b~3)))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 1239, normalized size of antiderivative = 4.77

dx = Too large to display

/ A+ Bcos(d + ex) + Csin(d + ex)
(a+ beos(d + ex))*

p
inputLint((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*cos(e*x+d))"4,x)
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(12xsqrt (ax*2 - bx*2)*atan((tan((d + e*x)/2)*a - tan((d + e*x)/2)*b)/sqrt(
ax*2 - b¥*2))*cos(d + e*x)*sin(d + e*x)**2xa**x2xb*x3 + 6Gksqrt(ax*2 - b**2)
xatan((tan((d + e*x)/2)*a - tan((d + e*x)/2)*b)/sqrt(a**2 - b*x*2))*cos(d +
exx)*sin(d + e*x)**2*b**5 - 36%sqrt(ax*2 - b**2)*atan((tan((d + e*x)/2)*a
- tan((d + e*x)/2)*b)/sqrt(a**2 - b**2))*cos(d + e*xx)*ax*4xb — 30*sqrt(a*
*2 - b**2)*atan((tan((d + exx)/2)*a - tan((d + e*x)/2)*b)/sqrt(a**2 - b**2
))*xcos(d + exx)*a*x*x2xb*x3 — 6*sqrt(ax*2 - b**2)*atan((tan((d + e*x)/2)*a -
tan((d + e*x)/2)*b)/sqrt(a**2 — b**2))*cos(d + exx)*bx*5 + 36*sqrt(a*x*2 -
bx*2)*atan((tan((d + e*x)/2)*a - tan((d + e*x)/2)*b)/sqrt(a**2 - b**2))*s
in(d + e*x)**2xa*x3*bx*2 + 18*sqrt(a**2 - b*x2)*atan((tan((d + exx)/2)*a -
tan((d + e*x)/2)*b)/sqrt(a**2 - b**2))*sin(d + e*x)**2*xaxb**4 - 12xsqrt(a
**2 - b¥x2)*atan((tan((d + exx)/2)*a - tan((d + ex*x)/2)*b)/sqrt(ax*2 - b¥x
2))*ax*5 — 42*%sqrt(a**2 - b**2)*atan((tan((d + exx)/2)*a - tan((d + e*x)/2
)*b) /sqrt (a**2 — b*#*2))*ax*3xb*x*2 — 18xsqrt(a**2 — b**2)*atan((tan((d + ex
x)/2)*a - tan((d + exx)/2)#*b)/sqrt(a**2 - b*#*2))*axb*x4d - 2+cos(d + e*x)x*s
in(d + e*x)**2xax*3*b*x2xc + 6%cos(d + e*x)*sin(d + e*x)**2ka*x*2*b**3*c -
6*cos(d + exx)*sin(d + e*x)**2%a*xb*x4xc + 2xcos(d + exx)*sin(d + e*x)**2*Db
**x5%xc + 21*cos(d + e*x)*sin(d + exx)*a*x*4xb*x2 - 24xcos(d + e*x)*sin(d + e
*x)*ax*2xbx*4 + 3*xcos(d + exx)*sin(d + exx)*bx*6 + 6xcos(d + exx)*ax*bxc -
18xcos(d + exx)*a*xx4*bxc + 20*cos(d + e*x)*ax*x3xb**2%c — 12*cos(d + e*...

output
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

200

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p

CHAPTER 4. APPENDIX

204

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy

return max(7,ml)
elif str(expn).find("Integral") 1= —1:

ml = max(map(expnType, 1list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False




CHAPTER 4. APPENDIX 215

if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (x)  1-(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 b+c+(x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 b+c+(x)  a-b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (x)  a+b (x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d (e+f x))^4  a+b (e+f x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d (e+f x))^3  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d (e+f x))^2  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 c+d (e+f x)  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  (a+b (e+f x)) (c+d (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  (a+b (e+f x)) (c+d (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  (a+b (e+f x)) (c+d (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 c+d (e+f x)  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (a+b (e+f x)) c+d (e+f x)  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 A+B (d+e x)+C (d+e x)  a+b (d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (d+e x)+C (d+e x)  (a+b (d+e x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (d+e x)+C (d+e x)  (a+b (d+e x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 A+B (d+e x)+C (d+e x)  (a+b (d+e x))^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)
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