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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 49 |. This is test number [ 221 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 (49 ) | 0.00 (0)
Rubi 901.84 (45) | 8.16 (4)
Fricas 81.63(40) | 1837 (9)
Maple | 61.22 (30) | 38.78 (19)
Mupad 0.00 (0) | 100.00 ( 49)
Giac 0.00 (0) | 100.00 (49 )
Maxima 0.00 (0) | 100.00 ( 49)
Reduce 0.00 (0) | 100.00 ( 49)
Sympy 0.00 (0) | 100.00 ( 49)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 91.837 0.000 0.000 8.163
Mathematica 32.653 0.000 67.347 0.000
Fricas 20.408 61.224 0.000 18.367
Maple 18.367 42.857 0.000 38.776
Giac 0.000 0.000 0.000 100.000
Mupad 0.000 0.000 0.000 100.000
Maxima 0.000 0.000 0.000 100.000
Reduce 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.



CHAPTER 1. INTRODUCTION 10
System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica 0.00 0.00 0.00

Rubi 4 100.00 0.00 0.00

Fricas 9 33.33 66.67 0.00

Maple 19 47.37 52.63 0.00

Mupad 49 0.00 100.00 0.00

Giac 49 48.98 44.90 6.12

Maxima 49 65.31 16.33 18.37

Reduce 49 100.00 0.00 0.00

Sympy 49 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maple 1.06

Fricas 2.45

Rubi 2.94
Mathematica 4.43

Sympy -nan(ind)
Reduce -nan(ind)
Maxima -nan(ind)

Giac -nan(ind)
Mupad -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median

Mathematica | 482.94 0.92 278.00 0.78
Rubi 485.78 1.01 447.00 0.99
Fricas 14057.12 23.14 4968.00 14.61
Maple 5992961.63 | 10074.06 2771.50 3.84
Sympy -nan(ind) | -nan(ind) nan nan
Reduce -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Giac -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals

Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved

integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
Mathematica
Maple {[1}[2},[3}[4}[8}[9[10}, [L1} [£3} [17} [L8}[19} [20} 21]}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade { 25,8, 10) 1) [2)[3,[4) [5) 6, 7 15,19 20,21} 22,23, 2725, 26) 2,28
20} 50, 31, 32,33, 34 35} 36} 57 35 B9, 0L 41,2} 13| 15} 46, 7 A5 19

B grade { }

C grade { }

F normal fail {[1[}[6}[7 }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [0, 27,2529, 5435, 56,57) B8 I3, L A G T 39 )
B grade { }

C grade {[1)28,15)5) 7 B0, 0L 1 12 3 14 5 16,7 15,10 20, 21 22, 23,2 0 B
5253, B0 A0, 1 1219 )

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 26

Maple

A grade { [25,[26)27)[54 55,56, 59 A0, 1 )

B grade { [12)B)/0,80,[0 1) [3)(T7 [5) 9, 20, 21 50} BT 43 i 15, 6, )
C grade { }

F normal fail { [2529,52 53 57,58, A3 A8 }

F(-1) timedout fail { 507345622231}
F(-2) exception fail { }

Fricas
A grade { 25,2627 25, 29,54, 55,56,57, 58 }

B gr*ﬁé@@@@@
45, 46, 4T, (48] }

C grade { }
F normal fail {[33[39,[40] }

F(-1) timedout fail {[30,[31}[32[41}[42,[49] }
F(-2) exception fail { }

Maxima

A grade { }
B grade { }
C grade { }

F normal fail {[1,2}[3,6}[7, 89} L0} [L1}[14} 15}[16}[25}[26, 27] [28} [29} 30} 31} 32} 33} 35}[36}
[B7}[39, 40} (41} 42} 44} 45} 46} 49 }

F(-1) timedout fail {[17[18[22[2324,[34,[38][48| }
F(-2) exception fail { [4[5][12}[13][19;[20}[21} [43}[47] }
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Giac

A grade { }
B grade {}
C grade { }

F normal fail { 5,673} 1[5, [6, 25) 26,27} 25) 29,50, ) 52,55, 5 5,57 55,59,
i)

F(-1) timedout fail {[3}9}[10,[L1}[12}[17[18} 19} 20} 21} [22} 23} 24} 36} 40} |43} [44} 45, 46, 47
A8, }

F(-2) exception fail {[122,[3}

Mupad

A grade {}

B grade {}

C grade {}

F normal fail { }

F(-1) timedout fail {[1}[2}[3,4}[5}(6}[7,8}[9%} [0} 11} 12}[13}[14}[L5} 16} 17, 18} 19} 20} 21} ]2,
%%?@@@@@@@@@@@M@@@@@@@@
48

F(-2) exception fail { }

Sympy
A grade { }
B grade {}

C grade { }

F normal fail {[1}[2,3,[45,[6} 7 8%} [10}[11}[12}[13} 14} 15}[16} 17 18} 19}[20} 21} 22} 23} ]24}
?@@@@@@@@@@@@@@@@@@@@@

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade { }
B grade { }
C grade { }

F normal fail {[1}[2,3,[45,[6} 7 8% [10,[L1}[12}[13}[14} 15}[16} 17 18} 19} [20} 21} 22} 23} [24}
?@@@@@@@@@@@@@@@@@@@@

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could
indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

In this table, the column N.S. means normalized size and is defined as

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

Problem 1 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C B F B F F(-2) F F(-1)
verified N/A N/A  Yes No TBD TBD TBD TBD TBD TBD
size 748 0 386 21948887 0 4793 0 0 32 0
N.S. 1 0.00 0.52  29343.43 0.00 6.41 0.00 0.00 0.04 0.00
time (sec) N/A 0.000 1.834 6.445 0.000  0.792 0.000 0.000 0.204 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 676 703 329 17247074 0 4685 0 0 32 0
N.S. 1 1.04 0.49  25513.42 0.00 6.93 0.00 0.00 0.05 0.00
time (sec) N/A 28.659 0.618 2.954 0.000  0.667 0.000 0.000 0.215 0.000
Problem 3 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 601 665 252 17767879 0 4660 0 0 30 0
N.S. 1 1.11 0.42  29563.86 0.00 7.75 0.00 0.00 0.05 0.00
time (sec) N/A 28.197 0.191 2.306 0.000 0.586 0.000 0.000 0.286 0.000
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Problem 4 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F(-2) B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 574 637 228 17246911 0 4547 0 0 23 0

N.S. 1 1.11 0.40 30046.88 0.00 7.92 0.00 0.00 0.04 0.00

time (sec) N/A 27.953 0.076 1.787 0.000 0.363 0.000 0.000 0.241 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F C  F(1) F(-2) B F F F F(-1)
verified N/A N/A Yes N/A TBD TBD TBD TBD TBD TBD
size 571 0 223 0 0 9127 0 0 30 0

N.S. 1 0.00 039  0.00 000 1598 0.0 0.0 005 0.0

time (sec) N/A 0.000 0.608 180.000  0.000 0.666  0.000 0.000 0.250 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A F C F(-1) F B F F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 612 0 261 0 0 9245 0 0 32 0
N.S. 1 0.00 0.43 0.00 0.00 15.11  0.00 0.00 0.05 0.00
time (sec) N/A 0.000 0.764 180.000 0.000 0.856 0.000 0.000 0.251 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C F(-1) F B F F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 690 0 289 0 0 9449 0 0 33 0
N.S. 1 0.00 0.42 0.00 0.00 13.69  0.00 0.00 0.05 0.00
time (sec) N/A 0.000 1.181 180.000 0.000  0.967 0.000 0.000 200.023 0.000
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Problem 8 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 548 531 456 9581348 0 10457 0 0 54 0
N.S. 1 097 0.83 17484.21 0.00 19.08  0.00 0.00 0.10 0.00
time (sec) N/A 1.209 6.088 0.773 0.000 1.112  0.000 0.000 0.254  0.000
Problem 9 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 495 481 283 7491919 0 10089 0 0 54 0
N.S. 1 097 0.57 15135.19 0.00 20.38  0.00 0.00 0.11 0.00
time (sec) N/A 0.949 1.571 0.621 0.000 0930 0.000 0.000 0.277  0.000
Problem 10 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 383 375 252 9581103 0 10337 0 0 54 0
N.S. 1 098 0.66 25015.93 0.00 26.99  0.00 0.00 0.14 0.00
time (sec) N/A 0.843 0.585 0.879 0.000 0961 0.000 0.000 0.218 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 352 347 228 7492224 0 9961 0 0 54 0
N.S. 1 099 0.65 21284.73 0.00 28.30  0.00 0.00 0.15 0.00
time (sec) N/A 0.679 0.159 0.741 0.000  0.902 0.000 0.000 0.213 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F(-2) B F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 294 292 173 0 0 5045 0 0 52 0
N.S. 1 0.99  0.59 0.00 0.00 17.16  0.00 0.00 0.18 0.00
time (sec) N/A 0.543 0.065 180.000 0.000 0.646 0.000 0.000 0.203 0.000
Problem 13 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-2) B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 298 296 173 7300256 0 4891 0 0 203 0
N.S. 1 0.99 0.58 24497.50 0.00 16.41  0.00 0.00 0.68 0.00
time (sec) N/A 0.491 0.072 0.366 0.000  0.602 0.000 0.000 0.309 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 350 345 223 0 0 20629 0 0 52 0
N.S. 1 0.99 0.64 0.00 0.00 58.94  0.00 0.00 0.15 0.00
time (sec) N/A 0.837 0.284 180.000 0.000  2.078 0.000 0.000 0.237 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 395 387 264 0 0 20213 0 0 33 0
N.S. 1 098  0.67 0.00 0.00 51.17  0.00 0.00 0.08 0.00
time (sec) N/A 0.884 0.991 180.000  0.000 1.972  0.000 0.000 200.016 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 33
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 500 486 315 0 0 20934 0 0 33 0
N.S. 1 097 0.63 0.00 0.00 41.87  0.00 0.00 0.07 0.00
time (sec) N/A 0.957 3.601 180.000 0.000  2.276 0.000 0.000 200.020 0.000
Optimal | Rubi MMA = Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) B F F(-1) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 1190 1158 2476 13068421 0 40569 0 0 96 0
N.S. 1 097 2.08 10981.87 0.00 34.09  0.00 0.00 0.08 0.00
time (sec) N/A 4.866 9.181 1.642 0.000  8.842 0.000 0.000 0.164 0.000
Problem 18 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) B F F(-1) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 864 847 2272 13067695 0 39731 0 0 96 0
N.S. 1 098 2.63 15124.65 0.00 45.98  0.00 0.00 0.11 0.00
time (sec) N/A 3.081 7.071 1.440 0.000  4.287 0.000 0.000 0.161 0.000
Problem 19 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-2) B F F(-1) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 686 678 2339 13067312 0 19371 0 0 753 0
N.S. 1 0.99 3.41 19048.56 0.00 28.24  0.00 0.00 1.10 0.00
time (sec) N/A 2.873 6.814 1.656 0.000 2.734 0.000 0.000 0.200 0.000
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Problem 20 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-2) B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 638 719 328 11848772 0 19326 0 0 96 0
N.S. 1 1.13 0,51 18571.74 0.00 30.29  0.00 0.00 0.15 0.00
time (sec) N/A 1.239 3.279 1.449 0.000 2,599 0.000 0.000 0.201 0.000
Optimal | Rubi MMA = Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-2) B F F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 635 715 318 13067197 0 19368 0 0 94 0
N.S. 1 1.13  0.50 20578.26 0.00 30.50  0.00 0.00 0.15 0.00
time (sec) N/A 1.024 2.972 0.969 0.000 2.694 0.000 0.000 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F(-1) B F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 750 739 450 0 0 78455 0 0 94 0
N.S. 1 0.99 0.60 0.00 0.00 104.61  0.00 0.00 0.13 0.00
time (sec) N/A 3.074 3.018 180.000 0.000 12.723 0.000 0.000 0.187  0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F(-1) B F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 829 815 506 0 0 78559 0 0 96 0
N.S. 1 098 0.61 0.00 0.00 94.76 0.00 0.00 0.12 0.00
time (sec) N/A 3.157 4.843 180.000 0.000  12.278 0.000 0.000 4.422 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F(-1) F(-1) B F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 1007 984 786 0 0 79413 0 0 33 0
N.S. 1 098 0.78 0.00 0.00 78.86 0.00 0.00 0.03 0.00
time (sec) N/A 3.273 6.137 180.000 0.000  13.407 0.000 0.000 200.033 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 279 290 455 0 1405 0 0 0 0
N.S. 1 1.03  1.07 1.69 0.00 5.20 0.00 0.00 0.00 0.00
time (sec) N/A 0.639 3.749 0.401 0.000 2.904 0.000 0.000 0.813 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 209 211 208 318 0 1199 0 0 1106 0
N.S. 1 1.01  1.00 1.52 0.00 5.74 0.00 0.00 5.29 0.00
time (sec) N/A 0.529 1.223 0.197 0.000  2.159 0.000 0.000 0.568 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 179 173 180 217 0 1057 0 0 716 0
N.S. 1 097 1.01 1.21 0.00 5.91 0.00 0.00 4.00 0.00
time (sec) N/A 0.431 0.203 0.150 0.000 1.553  0.000 0.000 0.455 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 203 193 192 0 0 2517 0 0 32 0
N.S. 1 095 0.95 0.00 0.00 12.40  0.00 0.00 0.16 0.00
time (sec) N/A 0.519 0.652  0.000 0.000  0.520 0.000 0.000 0.192 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 435 409 187 0 0 1186 0 0 35 0
N.S. 1 094 043 0.00 0.00 2.73 0.00 0.00 0.08 0.00
time (sec) N/A 0.656 0.876  0.000 0.000 1.627 0.000 0.000 200.015 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 743 760 595 1945 0 0 0 0 34 0
N.S. 1 1.02  0.80 2.62 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 1.265 15.808 0.937  0.000 0.000 0.000 0.000 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 660 694 428 1497 0 0 0 0 25 0
N.S. 1 1.06  0.65 2.27 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.871 11.374 0.547  0.000  0.000 0.000 0.000 0.161 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F(-1) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 699 724 1258 0 0 0 0 0 34 0
N.S. 1 1.04 1.80 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 1.030 17.798 0.000 0.000  0.000 0.000 0.000 0.168 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 804 906 1590 0 0 0 0 0 35 0
N.S. 1 1.13  1.98 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.627 19.492 0.000 0.000  0.000 0.000 0.000 200.013 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 182 181 173 232 0 1226 0 0 58 0
N.S. 1 099 0.95 1.27 0.00 6.74 0.00 0.00 0.32 0.00
time (sec) N/A 0.479 1.853 0.221 0.000 1.098 0.000 0.000 0.265 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 141 136 136 153 0 993 0 0 58 0
N.S. 1 0.96 0.96 1.09 0.00 7.04 0.00 0.00 0.41 0.00
time (sec) N/A 0.411 0.159 0.207 0.000 0.874 0.000 0.000 0.231 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 79 102 0 299 0 0 56 0
N.S. 1 1.00 1.00 1.29 0.00 3.78 0.00 0.00 0.71 0.00
time (sec) N/A 0.305 0.079 0.322 0.000  0.252 0.000 0.000 0.252 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 142 138 139 0 0 1015 0 0 33 0
N.S. 1 097 0.98 0.00 0.00 7.15 0.00 0.00 0.23 0.00
time (sec) N/A 0.459 0.595 0.000 0.000 0.849 0.000 0.000 200.019 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-1) A F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 249 235 188 0 0 1350 0 0 35 0
N.S. 1 094 0.76 0.00 0.00 5.42 0.00 0.00 0.14 0.00
time (sec) N/A 0.507 2.686  0.000 0.000 1.126 0.000 0.000 200.016 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 662 675 533 646 0 0 0 0 58 0
N.S. 1 1.02  0.81 0.98 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.840 10.297 1.072 0.000  0.000 0.000 0.000 0.171 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 436 447 311 402 0 0 0 0 58 0
N.S. 1 1.03 0.71 0.92 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.632 2.513 0.934 0.000  0.000 0.000 0.000 0.179 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 436 446 235 231 0 0 0 0 50 0
N.S. 1 1.02  0.54 0.53 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.577 10.660 0.586 0.000  0.000 0.000 0.000 0.159 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F(-1) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 707 725 683 0 0 0 0 0 58 0
N.S. 1 1.03 097 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 1.115 17.075 0.000 0.000  0.000 0.000 0.000 0.520 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 235 234 274 684 0 3773 0 0 100 0
N.S. 1 1.00 1.17 291 0.00 16.06  0.00 0.00 0.43 0.00
time (sec) N/A 0.605 5.235 0.726 0.000 2253 0.000 0.000 0.213 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 159 159 206 509 0 1095 0 0 803 0
N.S. 1 1.00 1.30 3.20 0.00 6.89 0.00 0.00 5.05 0.00
time (sec) N/A 0.455 4.770 0.230 0.000 0.466 0.000 0.000 0.369 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 152 155 456 0 1077 0 0 100 0
N.S. 1 099 1.01 2.96 0.00 6.99 0.00 0.00 0.65 0.00
time (sec) N/A 0.418 1.839 0.189 0.000 0.446 0.000 0.000 0.389 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 155 156 406 0 1099 0 0 98 0
N.S. 1 1.00 1.01 2.62 0.00 7.09 0.00 0.00 0.63 0.00
time (sec) N/A 0.386 1.984 0.186 0.000  0.437 0.000 0.000 0.372 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) B F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 280 271 278 0 0 3951 0 0 98 0
N.S. 1 097  0.99 0.00 0.00 14.11  0.00 0.00 0.35 0.00
time (sec) N/A 0.555 2.345 0.000 0.000  2.347 0.000 0.000 0.257 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-1) B F F(-1) F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 477 454 555 0 0 5189 0 0 100 0
N.S. 1 095 1.16 0.00 0.00 10.88  0.00 0.00 0.21 0.00
time (sec) N/A 0.680 6.057 0.000 0.000 3.236 0.000 0.000 0.264 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F(-1) F F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 803 824 825 3598 0 0 0 0 100 0
N.S. 1 1.03  1.03 4.48 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 1.414 15.575 0.960 0.000  0.000 0.000 0.000 0.212 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[4] had the largest ratio of [.458332999999999990]

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
F 0 0 N/A 0.000 N/A
2 A 14 13 1.04 33 0.394
3| A 14 13 1.11 31 0.419
4 A 12 11 1.11 24 0.458
F 0 0 N/A 0.000 N/A
6 | F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
| A 5 4 0.97 33 0.121
9 A 5 4 0.97 33 0.121
10| A 5 4 0.98 33 0.121
11| A 10 9 0.99 33 0.273
12| A 7 6 0.99 31 0.194
13| A 6 5 0.99 24 0.208
14| A 5 4 0.99 31 0.129
15[ A 5 4 0.98 33 0.121
16| A 5 4 0.97 33 0.121
17| A 5 4 0.97 33 0.121
g A 5 4 0.98 33 0.121
19| A 5 4 0.99 33 0.121
20) A 8 7 1.13 33 0.212
21] A 10 9 1.13 31 0.290
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade 51::5; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
2 A ) 4 0.99 31 0.129
3| A 5 4 0.98 33 0.121
24| A 5 4 0.98 33 0.121
é A 13 12 1.03 35 0.343
E A 11 10 1.01 35 0.286
27] A 11 10 0.97 33 0.303
28 A 12 11 0.95 33 0.333
29) A 6 ) 0.94 35 0.143
@ A 13 12 1.02 35 0.343
3_1 A 11 10 1.05 26 0.385
Q A 13 12 1.04 35 0.343
ﬁ A 17 16 1.13 35 0.457
34 A 11 10 0.99 35 0.286
35) A 9 8 0.96 35 0.229
36} A 6 ) 1.00 33 0.152
37 A 6 ) 0.97 33 0.152
3| A 6 5 0.94 35 0.143
39) A 8 7 1.02 35 0.200
40 A 7 6 1.03 35 0.171
4_1 A 7 6 1.02 26 0.231
4_2 A 12 11 1.03 35 0.314
4_3 A 12 11 1.00 35 0.314
44 A 8 7 1.00 35 0.200
45| A 8 7 0.99 35 0.200
4_6 A 8 7 1.00 33 0.212
47 A 6 5 0.97 33 0.152
48] A 6 5 0.95 35 0.143
49 A 14 13 1.03 35 0.371
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f tan?(d+ex) dz
V/a+btan(d+ex)+ctan?(d+ex)

f tan3(d+ex)
Va+btan(d+ex)+ctan?(d+ex)

f tan?(d+ex) dz
V/a+btan(d+ex)+ctan?(d+ex)

f tan(d+ex) dr
Va+btan(d+ex)+ctan?(d+ex)

1 dz

Va+btan(d+ex)+ctan?(d+ex)

f cot(d+ex)
\/a+btan(d+ex)+ctan?(d+ex)

f cot?(d+ex) dz
V/a+btan(d+ex)+ctan?(d+ex)

f cot3(d+ex) dr
Va+btan(d+ex)+ctan?(d+ex)

f tan? (d+ex)
(a+btan(d+ex)+ctan?(d+ex))

tan® (d+ex)

tan3(d+ex)

(a+btan(d+ex)+ctan? (d+ez))>/?
tan?(d+ex)

(a+btan(d+ex)+ctan?(d+ex))
tan(d+ex)

(a+btan(d+ex)+ctan?(d+ex))
cot(d+ex)

(a+btan(d+ez)+ctan?(d+ex))

3/2

dz
(a+btan(d+ex)+ctan? (d+eac))3/2
dr . . . ... e

52 dT .

s dT . .

s dT . .

44
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cot?(d+ex) i
38 [ e T
cot?(d+ex)
BU [ g S ndn 23T
3.25  [tan®(d+ex)\/a+ btan?(d +ex) + ctan*(d+ex)dr . ......... 240)
326  [tan® (d +ex)\/a+ btan%(d + ex) + ctan*(d +ex)dr . ... ... ... 2501
3.27  [tan(d +ez)\/a+btan®(d + ex) + ctan*(d +ex)dzr . . . . . ... ... 259)
3.28  [cot(d+ex)\/a+btan’(d+ex) +ctan*(d+ex)dx . . ... ... ... 268
3.29  [cot®(d+ex)\/a+ btan?(d +ex) + ctan*(d+ex)dz. . . . . . .. ... 2761
3.30  [tan?(d+ex)\/a+ btan?(d +ex) + ctan*(d+ex)dx . ... ...... 283
331 [\/a+btan®(d+ex)+ctan*(d+ex)dr . ... .. ... ... .. ... 294
3.32  [cot’(d+ex)y/a+btan?(d + ex) + ctan*(d +ex)dr . . . . . . . . ...
3.33  [cot*(d + ex)\/a+ btan?(d + ex) + ctan*(d+ezx)dz. . . . . ... ... 315
tan’ (d+ex)
334 [t e 00
tan®(d+ezx)
335 [ T d+(em)+c)tan4 T T 3361
tan(d+ex
336 [ ey e AT o 544
cot(d+ex
337 [ o) oy 35T
cot3(d+ex) Q
338 [ < G 0
tan®(d+-ez)
339 [ Vb ) et ) dr . . . .. 365
tan?(d+ezx)
S0 S e G0
341 [y (dtew)malﬁ e
cot?(d+ex)
342 [ttt
tan” (d+ex) 4
343 [ (bt @ ca) s ctant (o) dT . .o 102
tan® (d+ex)
34 [ e R R R R PR PR AT
tan®(d+ex) 7
345 [ PR Fr ——TrT—Tk dT . .. 20
tan(d+-ex) T
346 [ erb e (dren) s o tamt (dTea) T2 dz .. .. 128
cot(d+ex) 4
347 [ (arbram @ty rotan e 00+ 1361
cot? (d+ex) 14
348 [ bt e totani(Erea) 7 A0 A4
349 | tan”(d+ez) gz dT 449

(a+btan?(d+ex)+ctan(d+ex))
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3.1 [ tan3(d+ex)+/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 40l
Mathematica [C] (verified) . . . . . . . . . ... . L 47
Rubi [F] . . oot ag
Maple [B] (warning: unable to verify) . . . . . .. ... ... oL 49
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... B
Sympy [F] . . o 50
Maxima [F] . . . . . . 50
Giac [F(-2)] . . . o o o b1l
Mupad [F(-1)] . . . . o LIl
Reduce [F] . . . . o e

Optimal result

Integrand size = 33, antiderivative size = 748

/tan3(d + ex) \/a + btan(d + ex) + ctan?®(d + ex) dz =

@+ b +c(c+va?+b —2ac+ ) —a(2c+ Va? +b% — 2ac + ) arctan -
Vzva? 4+ b% — 2ac

V2va2 + b2 — 2ac + c2e

b+2ctan(d+ex)
_ barctanh (2\/5\/a+b tan(d+exz)+ctan?(d+ex) >
24/ce
9 b+2ctan(d+ex)
. b(b* — 4ac) ::umt::mh(2 Jev/aThtan(dren) +ctan2(d+em)>
16¢5/2%e

a?+ b +c(c— Va2 + b —2ac+ ) — a(2c — va? + b — 2ac + ¢2)arctanh -
a? + b2 — 2ac

_|_

V2va2 + b2 — 2ac + c2e

_ Va+btan(d + ex) + ctan®(d + ex)
e
_ b(b+2ctan(d + ex))\/a + btan(d + ex) + ctan®(d + ex)
8c?e
N (a + btan(d + ex) + ctan?(d + ex))
3ce

3/2
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-1/2*%(a"~2+b~2+c* (c+(a~2-2*%a*c+b~2+c~2) " (1/2) ) —ax (2xc+(a~2-2*a*c+b~2+c~2) ~ (
1/2)))~(1/2) *arctan(1/2*(b~2+(a-c) *(a-c-(a"~2-2*a*c+b~2+c~2) ~(1/2) ) -b*(a"2-
2%a*xc+b”2+c"2) ~(1/2) *tan(e*x+d) ) %2~ (1/2) / (a~2-2*a*xc+b~2+c~2) ~(1/4) / (a~2+b~
2+cx(c+(a~2-2*%axc+b~2+c”2) ~(1/2)) —a*x (2*xc+(a”~2-2xa*xc+b~2+c~2) ~(1/2)))~(1/2)
/ (a+bxtan (e*xx+d) +c*xtan(exx+d) ~2) ~(1/2))*2~(1/2) / (a~2-2*%a*xc+b~2+c~2) ~(1/4)/
e-1/2*b*arctanh (1/2* (b+2*c*tan(exx+d))/c~(1/2)/ (a+b*tan(e*x+d)+c*xtan (e*x+d
)"2)7(1/2))/c~(1/2) /e+1/16%xbx (-4*axc+b~2) *arctanh (1/2% (b+2*c*tan(e*x+d))/c
~(1/2) / (a+b*tan(e*x+d) +cxtan(exx+d) "2) ~(1/2))/c~(5/2) /e+1/2x(a~2+b"2+c* (c-
(a~2-2*%axc+b~2+c~2) " (1/2))-a*x (2xc-(a~2-2*%a*c+b~2+c~2) ~(1/2))) ~(1/2) *arctan
h(1/2*(b~2+(a-c) *(a—c+(a~2-2*a*c+b~2+c~2) " (1/2) ) +b* (a~2-2*a*c+b~2+c~2) ~(1/
2)*tan(e*x+d) ) *2~(1/2) / (a~2-2*a*c+b~2+c"2) ~(1/4) / (a~2+b~2+c* (c- (a~2-2*a*c+
b~2+c”2) " (1/2))-a*(2*xc-(a~2-2xaxc+b~2+c~2) ~(1/2)))~(1/2) / (atb*tan(e*x+d) +c
*tan (exx+d) ~2) ~(1/2))*27(1/2) / (a~2-2*axc+b~2+c~2) " (1/4) /e- (a+b*tan (exx+d) +
c*tan(exx+d) ~2) " (1/2) /e-1/8*b*x (b+2*c*tan (e*x+d) ) * (a+b*tan (e*xx+d)+c*tan(e*xx

+d)~2)~(1/2)/c"2/e+1/3* (a+b*tan(e*x+d)+cxtan (e*xx+d) ~2) ~(3/2)/c/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.83 (sec) , antiderivative size = 386, normalized size of antiderivative = 0.52

/tan3(d + ex) \/a + btan(d + ex) + ctan?®(d + ex) dz

2a-+ib+(b4-2ic) tan(d-

2v/a—ib—c+/a+btan(d+ex)+ctan2(d+ex)

3va —1b— carctanh( 2a—ib+(b—2ic) tan(d+ex) ) + 3va+ b — carctanh(

2v/a+ib—c+/a+btan(d+ex)+

LIntegrate[Tan[d + exx]"3#Sqrt[a + bxTan[d + e*x] + c*Tan[d + exx]~2],x]
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(3*Sgrt[a - I*b - cl*ArcTanh[(2*a - Ixb + (b - (2*xI)*c)*Tan[d + e*x])/(2*S
grt[a - Ixb - c]*Sqrt[a + bxTan[d + e*x] + c*Tan[d + exx]~2])] + 3xSqrt[a

+ I*b - c]*ArcTanh[(2%a + Ixb + (b + (2*I)*c)*Tan[d + exx])/(2*Sqrt[a + I*
b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])] - (3*b*ArcTanh[(b + 2
xc*xTan[d + e*x])/(2*Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])
/Sqrt[c] + (3*b*(b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*x] + cxTan[d + exx]~2]1)]1)/(8*c~(5/2)) - 6*Sqrtl[a + bxTa
n[d + exx] + c*Tan[d + e*x]~2] - (3*b*(b + 2*c*Tan[d + exx])*Sqrt[a + bx*Ta
nld + e*x] + c*Tan[d + exx]~2])/(4*c”2) + (2x(a + b*Tan[d + exx] + cxTanl[d
+ e*x]72)7(3/2))/c)/ (6%e)

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tan3(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dx

l 3042

/tan(d + ex)3\/a + btan(d + ex) + ctan(d + ex)2dx

l 4183

f tan®(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e

l 7276

dtan(d + ex)

i (tan(d +ex)\/ctan?(d + ex) + btan(d + ex) + a — 2n(d+er) \/C::;f ((ji;f))ﬁ tan(d+ew)+a> dtan(d + ex)

e

l 7299

an exr C an2 exr an exr a
Ik (tan(d + ex)+/ctan®(d + ex) + btan(d + ex) + a — ° (dtez)y/ ttang((gim))ﬂt (d+ex)+ ) dtan(d + ex)

€

input‘ Int[Tan[d + e*x]~3xSqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]
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output ‘ $Aborted

Defintions of rubi rules used

rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

rule 4183

rule 7276

rule 7299

input

output

Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (a_.) + (c_)*((f_D*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, f*xTanl[d + e*x]], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

/Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

‘Int [u_, x_] :> CannotIntegratel[u, x]

Maple [B] (warning: unable to verify)

result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 6.44 (sec) , antiderivative size = 21948887, normalized size of antiderivative =

29343.43

output too large to display

Lint (tan(e*x+d) “3* (a+b*tan (e*x+d) +cxtan(e*xx+d) ~2)~(1/2),x)

p
Lresult too large to display

-/
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2396 vs. 2(671) = 1342.

Time = 0.79 (sec) , antiderivative size = 4793, normalized size of antiderivative = 6.41

/ tan®(d + ex) \/ a+ btan(d + ex) + ctan?(d + ex) dz = Too large to display

input‘integrate(tan(e*x+d)”3*(a+b*tan(e*x+d)+c*tan(e*x+d)*2)*(1/2)’X’ algorithm=
‘"fricas")

-

outputtToo large to include

~—

Sympy [F]

/tan3(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dx

= / \/a-l- btan (d + ex) + ctan? (d + ex) tan® (d + ex) dx

-

input tintegrate (tan(e*x+d) **3* (a+b*tan (exx+d) +cxtan (exx+d) **2) x*x (1/2) ,x)

—

output LIntegral(sqrt(a + bxtan(d + exx) + cktan(d + e*x)**x2)*tan(d + e*x)**3, x)

Maxima [F]

/tan3(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

z/\/ctan(ex+d)2+btan(ex+d)+atan(ex+d)3 dz

t‘ integrate(tan(e*x+d) ~3* (atb*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2) ,x, algorithm=

inpu
‘"maxima")
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OutputLintegrate(Sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a)*tan(e*x + d)~3, x)

Giac [F(-2)]

Exception generated.

/ tan®(d + ex) \/ a + btan(d + ex) + ctan?(d + ex) dz = Exception raised: TypeError

integrate(tan(e*xx+d) "3*(a+b*tan(exx+d)+cxtan(e*x+d) ~2)~(1/2) ,x, algorithm=

input
||giac ll)

Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

output

Mupad [F(-1)]

Timed out.

/tan3(d + ex) \/a, + btan(d + ex) + ctan®(d + ex) dz

= /tan(d+ex)3 \/ctan(d+ex)2+btan(d+ex) +adzx

inputtint(tan(d + exx)"3%(a + b*tan(d + e*x) + cxtan(d + e*x)"2)"(1/2),x)

output Lint(tan(d + exx) 3%(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(1/2), x)




input

output
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Reduce [F]

/tan3(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dx

:/\/tan(eac+d)20+tan(ex+d)b+atan(ex+d)3dx

Lint (tan(e*x+d) ~3* (a+b*tan (e*x+d)+c*tan(e*x+d) ~2)~(1/2),x)

Lint(sqrt(tan(d + exx)**2*%c + tan(d + exx)*b + a)*tan(d + e*x)**3,x)
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3.2 [ tan?(d+ex)+/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L Y!
Rubi [A] (verified) . . . ... . . . . . .o 55]
Maple [B] (warning: unable to verify) . . . . . .. ... ... oL 60
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 60
Sympy [F] . . . o 60
Maxima [F] . . . . . . 611
Giac [F(-2)] . . . o o 61]
Mupad [F(-1)] . . . o 621
Reduce [F] . . . . . o 621

Optimal result

Integrand size = 33, antiderivative size = 676

/tanQ(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

bva2+b2 -2
VzVva2 + b2 — 2ac +

@+ b +c(c—va®+b —2ac+ ) —a(2c— vVa?+ b — 2ac + ) arctan (

V2va2 + b2 — 2ac + c?e

2 . b+2ctan(d+ex)
(b 4(0’ 20) C) arctanh (2\/5\/a+b tan(d+ex)+ctan?(d+ex) )

8c3/%e

bva2+b2
vzva2 + b2 — 2ac

a?+ b +c(c+va?+ b —2ac+ ) —a(2c+ Va? + b* — 2ac + CQ)arctanh<
+

V2va? + b2 — 2ac + ce

+ (b+ 2ctan(d + ex))\/a + btan(d + ex) + ctan?(d + ex)
4ce



output

input

output
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1/2%(a~2+b~2+c* (c-(a~2-2*a*c+b~2+c~2) " (1/2) ) —ax (2xc-(a~2-2*a*c+b~2+c"2) " (1
/2)))~(1/2) *arctan(1/2%(b*(a~2-2%a*xc+b~2+c~2) ~(1/2) - (a~2+b~2+c* (c-(a~2-2*a
*c+b™2+¢"2) " (1/2) ) —ax (2*c-(a~2-2%a*c+b™2+c~2) " (1/2)) ) ¥tan(exx+d) ) *2~(1/2)/
(a~2-2%axc+b~2+c~2) "~ (1/4) / (a~2+b~2+c* (c- (a~2-2*a*xc+b~2+c~2) ~(1/2) ) -a* (2*c-
(a™2-2*a*c+b~2+c™2) " (1/2))) ~(1/2) / (atb*tan (e*xx+d) +crtan (exx+d) ~2) ~(1/2) ) *2
~(1/2)/(a™2-2%a*c+b~2+c”~2) " (1/4) /e-1/8%(b~2-4% (a-2*c) *c) *arctanh (1/2% (b+2*
cxtan(e*x+d))/c~(1/2)/(atbxtan (e*x+d) +cxtan(exx+d) ~2)~(1/2))/c~(3/2) /e+1/2
* (2" 2+b"2+c* (c+(a"2-2*%a*c+b~2+c”2) ~(1/2) ) —a* (2xc+(a~2-2*a*xc+b~2+c~2) ~(1/2)
))~(1/2) *arctanh (1/2% (b* (a~2-2*%a*xc+b~2+c~2) ~(1/2)+(a"~2+b"2+c* (c+(a~2-2*a*c
+b72+c72) " (1/2) ) —a*x (2xc+(a~2-2%a*xc+b~2+c~2) ~(1/2) ) ) *tan (e*x+d) ) *2~(1/2) /(a
~2-2xaxc+b~2+c~2) " (1/4)/(a~2+b~2+c* (c+(a~2-2%a*xc+b~2+c~2) " (1/2) ) —a* (2*c+(a
"2-2%a*c+b~2+c72)"(1/2))) " (1/2) / (atb*tan(e*x+d) +cxtan (exx+d) ~2) " (1/2))*27(
1/2)/ (a~2-2*%a*c+b™2+c"2) " (1/4) /e+1/4* (b+2*c*xtan (e*x+d) ) * (atb*tan (e*x+d) +c*
tan(e*x+d)~2)~(1/2)/c/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.62 (sec) , antiderivative size = 329, normalized size of antiderivative = 0

/tanz(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

. . 2a—1ib+(b—2ic) tan(d+ex) A T
4iv/a — ib aﬂamm(m@%mqmwmmﬂwnmmwwwg 4iv/a + b andmm<

49

2a+1ib+(b+2ic) tan|
2v/a+ib—c+/a+btan(d+ex)

r

LIntegrate[Tan[d + exx]"2+Sqrt[a + bxTan[d + e*x] + c*Tan[d + exx]~2],x]

| —

((4xI)*Sqrt[a - I*b - cl*ArcTanh[(2*%a - I*b + (b - (2*I)*c)*Tan[d + e*x])/
(2#Sqrt[a - I*b - cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])] - (4%I)
xSqrt[a + Ixb - c]l*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2*Sqr
t[a + Ix¥b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])] - 8xSqrt[c]l*A
rcTanh[(b + 2*c*Tan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tanl[d
+ exx]~2])] + ((-b"2 + 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*S
grt[a + b*Tan[d + exx] + cxTan[d + exx]~2])1)/c”(3/2) + (2x(b + 2xc*Tan[d
+ e*xx])*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])/c)/(8*e)
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Rubi [A] (verified)

Time = 28.66 (sec) , antiderivative size = 703, normalized size of antiderivative = 1.04,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 394 Ryjes
integrand size

used = {3042, 4183, 2140, 27, 2144, 27, 1092, 219, 1369, 25, 1363, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tan2(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dx

l 3042

/tan(d + ex)?\/a + btan(d + ex) + ctan(d + ex)2dx

| 4183
tan?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
i tanZ(dtex) 11 dtan(d + ex)

e

| 2140

b2+8c tan(d+ex)b+ (b2 —4(a—2c)c) tan2 (d+ex)+4ac d ta,n(d+ex)

(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex) . 4 (tan2 (d+€$)+1) \/C tan?(d+ez)+b tan(d+ez)+a
4c 2c
e

| 27

b2+8c tan(d+ex)b+ (b2 —4(a—2c) c) tan2 (d+ex)+4ac

dtan(d+ex)
(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex) . (tanz (d+ez)+1) \/C tan?(d+ex)+b tan(d+ez)+a
4c 8c
e
| 2144
b2—4c(a—2c)) [ 1 dtan(d+ezx)+ [
(b+20tan(d+em))\/a+btan(d+em)+ctan2(d+ea:) . ( ) \/ctanz(d+ez)+btan(d+ez)+a (tanQ(d+ez)+1) \/ctanz(d+
4c 8c
e
| 27
b2—4c(a—2c)) [ 1 dtan(d+ex)+8c [
(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex) ( ) \/Ctan2(d+ez)+b tan(d+ex)+a (tanz(d+€z)+1) \/Ctan2(
4c 8c
e

l 1092
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2(b?—4c(a—2¢)) [ 1 5 d b+2ctan(d+ea) +8c [ —
(b+2c tan(d+ex)) ctan2 ex an(d+ex)+a
de— ctan2(d+ew)+b tan(d+ezx)+a \/ ¢ (d+ez)+btan(d+ea)+ (‘

(b+2ctan(d+ex))+/a+btan(d+ex)+ctan?(d+ex) .

4c

8c

e
l 219

(b2 —4c(a—26)) arctanh (
a—c+btan(d+ex)

8c dtan(d+ex)+
(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex) _ (tan2 (d+ez)+1) \/C tanZ(d+ez)+btan(d+ex)+a
4c 8c
e
| 1369
b2 —Va2—-2ca+b2+c2 tan(d+ex)b+(a—c) (a—c— Va2 —20a+b2+62) b2 -
- dtan(d+ez) [——
s (tan2(d+ez)+1) \/ctan2(d+ez)+b tan(d+ex)+a
¢ 2 a2—2ac+b2+c2 -
(b+2ctan(d+ex))/a+btan(d+ez)+ctan?(d+ex)
4c
e

| 25

[ b2+\/ a2—2ca+b2+c2 tan(d+ex)b+(a—c) (a—c+ Va2 —2ca+b2+¢:2) b2—\ﬂ

dtan(d+ez) [

(tan2 (d+ez)+1) \/c tan?2 (d+ex)+btan(d+ex)+a

8c 2v/a2 —2ac+b2+c2 -
(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex)
4c
e
| 1363
8c| —b((a—c)(—vaZ—2ac+b2+c2+a—c)+b?
<( )< ) ) f b(\/a2—2ca+b2+02b+(b2+(a—c) (a—c—\
(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex) . ctan2(dtex)+btan
4c
| 218
8¢

(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex)

— _ —_ 2__ 2 2 _ 2
b((a c)( Va?—Zactb?+c3+a c)+b )f (o aent ot (o) (oo

ctan2 (d+ex)+b tan

4c
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l 221

by a2 —2ac+b2
vﬁi/a2——2ac4—b24—02M_a@c;

Va2 — 2ac+ b2 + c? —a(2e- Va2

((a—c) (\/ a2 —2ac+b2+c2+a—c) +b2) arctan

8c| —

(b+2ctan(d+ex))/a+btan(d+ex)+ctan?(d+ex)
4c

.
input‘Int[Tan[d + exx] "2+Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2],x] ‘

(-1/8x(((b~2 - 4x(a - 2*c)*c)*ArcTanh[(b + 2xc*Tan[d + e*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]1)/Sqrtlc] + 8xcx(-(((b"2 + (a -
c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*xa*c + c~2]))*ArcTan[(b*Sqrt[a”2 + b~2 - 2%
axc + c”2] - (b™2 + (a - c)*(a - c + Sqrt[a™2 + b™2 - 2xa*c + c~2]))*Tan[d
+ exx])/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c~2)"(1/4)*Sqrt[a”2 + b™2 + c*(c -
Sqrt[a™2 + b~2 - 2%axc + c”2]) - ax(2*c - Sqrt[a™2 + b"2 - 2xa*c + c~2])]1*
Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a”"2 + b2 - 2*a*c
+ ¢72)7(1/4)*Sqrt[a”2 + b™2 + c*(c - Sqrt[a”2 + b~2 - 2*xa*xc + c72]) - ax*(
2%c - Sqrt[a™2 + b2 - 2%axc + ¢c"2])]1)) - ((b"2 + (a - c)*(a - ¢ - Sqrt[a”
2 + b™2 - 2%axc + c~2]))*ArcTanh[(b*Sqrt[a~2 + b™2 - 2%axc + c™2] + (b"2 +
(a - c)*x(a - ¢ - Sqrt[a™2 + b™2 - 2*axc + c~2]))*Tan[d + e*x])/(Sqrt[2]*(
a”2 + b"2 - 2%a*c + c”2)"(1/4)*Sqrt[a”2 + b"2 + c*(c + Sqrt[a”2 + b"2 - 2%
axc + c"2]) - ax(2%c + Sqrt[a”™2 + b"2 - 2xa*c + c~2])]*Sqrt[a + b*Tan[d +
exx] + c*Tan[d + e*x]72])]1)/(Sqrt[2]1*(a”2 + b~2 - 2*a*c + c~2)~(1/4)*Sqrt[
a”2 + b™2 + cx(c + Sqrt[a™2 + b"2 - 2xaxc + c”2]) - ax(2%c + Sqrt[a”2 + b~
2 - 2xaxc + ¢2]1)1)))/c + ((b + 2*c*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*x]

+ cxTan[d + e*x]"2])/(4*c))/e

output

Defintions of rubi rules used

-

25LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule

‘Int[(a_)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma

rule 27
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] J




rule 218

rule 219

rule 221

rule 1092

rule 1363

rule 1369
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qfa, 0] || LtQ[b, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
’ b’ C}, X]

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int([1/Simp[2*a~2*g*h*c + a
*exx~2, x], x], x, Simp[axh - g¥c*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ

[{a, ¢, 4, e, f, g, h}, x] && EqQ[a*h~2xe + 2*gxhx(c*d - a*xf) - g~2*cxe, 0]

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Simp
[1/(2%q) Int[Simp[(-a)*h*e - gx(c*d - a*f - q) + (hx(cxd - axf + q) - gxc
xe)*x, x]/((a + c*x"2)*Sqrt[d + e*x + £*x~2]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e - gx(cxd - axf + q) + (h*x(c*d - a*xf - q) - gkcxe)*x, x]/((a +
c*x"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x]

&& NeQ[e™2 - 4xd*f, 0] && NegQ[(-a)=*c]




rule 2140

rule 2144

rule 3042

rule 4183
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Int [(Px_)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (f_.)*(x_)"2)"(q_
), x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[P
X, X, 21}, Simp[(B*cxfx(2xp + 2*%q + 3) + Ck(bxf*p) + 2kcxCxf*(p + q + 1)*x)
x(a + bxx + c*x"2)p*((d + £*#x72)7(q + 1)/ (2*xc*£72*%(p + q + 1)*(2%p + 2%q +
3))), x] - Simp[1/(2%c*xf~2%(p + q + 1)*(2*p + 2%q + 3)) Int[(a + b*x + c
*x72)"(p - 1)*(d + £*xx72) q*Simp [p* (bxd)* (Cx((-b)*f)*(q + 1) - c*((-B)*£f)*(
2xp + 2%q + 3)) + (p + q + 1)*(b"2%Ckd*f*p + axc*(Ck(2kxd*f) + f£x(-2xA*xf)*(2
*p + 2%q + 3))) + (2xp*x(c*d - a*xf)*(Cx((-b)*f)*(q + 1) - c*((-B)*f)*(2%p +
2%q + 3)) + (p + q + 1)*((-D)*ckx(Ckx(-4*d*f)*(2*p + q + 2) + £x(2*xCkd + 2%Ax
£)*x(2xp + 2%q + 3))))*x + (p*((-D)*£)*(Cx((-b)*f)*(q + 1) - c*x((-B)*£f)*(2*p
+ 2%q + 3)) + (p + q + 1)*(Cxf2xp*x(b~2 - 4*axc) - c 2% (Ck(-4*xd*f)*(2%p +
q + 2) + £*x(2%Cxd + 2xA*xf)*(2xp + 2xq + 3))))*x"2, x], x], x]] /; FreeQ[{a,
b, c, d, f, q}, x] && PolyQ[Px, x, 2] && GtQ[p, O] &% NeQ[p + q + 1, 0] &&

NeQ[2#p + 2%q + 3, 0] && !IGtQ[p, 0] && 'IGtQlq, O]

Int[(Px_)/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (£_.)*(x_)"21),
x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[Px,
x, 21}, Simp[C/c  Int[1/Sqrt[d + exx + f*x~2], x], x] + Simp[1/c  Int[(A*
c - a*C + Bxc*x)/((a + c*xx~2)*Sqrt[d + exx + £*x~2]), x], x]] /; FreeQ[{a,
c, d, e, f}, x] & PolyQ[Px, x, 2]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (a_.) + (c_)*((f_D*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]
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Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 2.95 (sec) , antiderivative size = 17247074, normalized size of antiderivative =

25513.42
output too large to display
( N
input Lint (tan(exx+d) ~“2* (a+b*tan (e*x+d) +cxtan (exx+d) “2) ~(1/2) ,x) J
OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2342 vs. 2(610) = 1220.

Time = 0.67 (sec) , antiderivative size = 4685, normalized size of antiderivative = 6.93

/ tan?(d + ex) \/ a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

input ‘ integrate(tan(exx+d) “2* (at+bxtan(e*x+d)+cxtan(e*x+d)~2)~(1/2) ,x, algorithm= ‘

L"fricas") J
output tToo large to include J
Sympy [F]

/tanQ(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

= / \/a+ btan (d + ex) + ctan? (d + ex) tan® (d + ex) dz

input Lintegrate (tan(e*xx+d) **2% (a+b*tan (e*xx+d) +c*tan (e*xx+d) **2) **x(1/2) ,x) J
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output LIntegral(sqrt(a + b*xtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**2, x)

Maxima [F]

/tanz(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

=/\/ctan(ex+d)2+btan(ex+d)+atan(ew+d)2 dz

p
‘integrate(tan(e*x+d)‘2*(a+b*tan(e*x+d)+c*tan(e*x+d)‘2)“(1/2),x, algorithm=

input
‘“maxima“)

output Lintegrate(sqrt(C*tan(e*x + d)"2 + bxtan(e*x + d) + a)*tan(exx + d)~2, x)

Giac [F(-2)]

Exception generated.

/ tan®(d + ex) \/ a + btan(d + ex) + ctan?(d + ex) dr = Exception raised: TypeError

integrate(tan(e*x+d) ~2* (a+b*tan(e*x+d)+c*tan(e*x+d) "2)~(1/2) ,x, algorithm=

input
"giac")

output Exception raised: TypeError >> an error occurred running a Giac command:IN

PUT:sage2:=int (sage0, sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const

index_m & i,const vecteur & 1) Error: Bad Argument Value
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Mupad [F(-1)]

Timed out.

/tan2(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

- /tan(d+ex)2 \/ctan(d+ez)2—|—btan(d+ex) +adx

input‘int(tan(d + e*xx)"2%(a + b*tan(d + e*x) + c*tan(d + e*x)~2)~(1/2),x)

outputtint(tan(d + e*x)~2%(a + b¥tan(d + e*x) + c*tan(d + e*x)~2)"(1/2), x)

Reduce [F]

/tanz(d + ex) \/a, + btan(d + ex) + ctan®(d + ex) dz

:/\/tan(ea:+d)2c+tan(ex+d)b+atan(ex+d)2da:

inputLint(tan(e*x+d)‘2*(a+b*tan(e*x+d)+c*tan(e*x+d)"2)"(1/2),x)

output Lint(sqrt(tan(d + exx)**x2xc + tan(d + e*x)*b + a)*tan(d + exx)**2,x)
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3.3 [ tan(d+ezx)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 631
Mathematica [C] (verified) . . . . . . . . . ... . L 64
Rubi [A] (verified) . . . . . . . . . . 651
Maple [B] (warning: unable to verify) . . . . . .. ... ... oL 69
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... [ral
Sympy [F] . . o 70
Maxima [F] . . . . . . 70
Giac [F(-2)] . . . o o o [r1l
Mupad [F(-1)] . . . . o [71]
Reduce [F] . . . . o e 72

Optimal result

Integrand size = 31, antiderivative size = 601

/tan(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

Vzva2 + b2 — 2ac + «
V2va2 + b2 — 2ac + c2e

a®+ b +c(c+va?+ b —2ac+ ?) —a(2c+\/a2+b2—2ac+02)arctan(

b+2ctan(d+ex)
barctanh ( 2,/c\/a+btan(d+ex)+ctan?(d+ex) )

24/ce

\/a2+b2+c(c— Va2 + b2 —2ac—|—02) —a(2c— Va2 + b2 —2ac+c2)arctanh(

+

VzvVa? + b2 — 2ac

V2va2 + b2 — 2ac + c2e

N va+ btan(d + ex) + ctan®(d + ex)
€



output

input

output
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1/2%(a~2+b~2+c* (c+(a”2-2*%a*xc+b~2+c~2) ~(1/2)) —a* (2*c+(a~2-2*axc+b~2+c~2) " (1
/2)))~(1/2)*arctan(1/2*(b~2+(a-c) *(a-c-(a~2-2*a*c+b"2+c~2) ~(1/2) ) -b*(a~2-2
*axc+b~2+c”2) ~(1/2) *tan(e*x+d) ) *27(1/2) / (a"2-2*xa*c+b~2+c~2) ~(1/4) /(2" 2+b"2
+c*x (c+(a™2-2%a*xc+b~2+c"2) " (1/2) ) —a* (2*c+(a~2-2*xaxc+b~2+c~2) ~(1/2)))~(1/2)/
(a+b*tan(exx+d)+c*xtan(e*x+d) ~2) ~(1/2))*27(1/2) / (a~2-2*a*c+b~2+c"2)~(1/4) /e
+1/2%b*arctanh (1/2* (b+2*c*tan(e*x+d))/c~(1/2) /(atb*tan(e*x+d) +c*tan (e*x+d)
~2)7(1/2))/c”(1/2) /e-1/2*%(a~2+b~2+c* (c-(a~2-2*a*c+b~2+c~2) " (1/2) ) —ax (2xc—(
a~2-2*a*c+b"2+c~2) " (1/2))) " (1/2) *arctanh (1/2* (b~ 2+(a-c) *(a—c+(a"2-2*a*xc+b~
2+c72) 7 (1/2) ) +bx (a~2-2*a*c+b"2+c~2) ~(1/2) *tan (exx+d) ) 2~ (1/2) / (a~2-2*a*c+b
~2+c~2)"(1/4)/ (a~2+b~2+cx (c-(a~2-2*a*xc+b~2+c~2) " (1/2) ) —a* (2*c-(a~2-2*a*c+b
~2+c~2)"(1/2)))~(1/2) / (a+b*tan (e*x+d) +c*xtan (exx+d) ~2) ~(1/2))*2~(1/2) / (a~2-
2%axc+b~2+c”2) ~(1/4) /e+(a+b*tan (e*x+d) +c*tan(e*x+d) ~2) ~(1/2) /e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.19 (sec) , antiderivative size = 252, normalized size of antiderivative = 0.42

/tan(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

—%\/a — b — carctanh< 2a—ib+(b—2ic) tan(d+ex) ) — %\/ a+1b— carctanh(

2v/a—ib—c+/a+btan(d+ex)+ctan?(d+ex)

2a+1ib+(b+2ic) tar
2v/a+ib—c+/a+btan(d+ex

e

Integrate[Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x]

(-1/2*(Sqrt[a - I*b - cl*ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + e*x])/
(2#Sqrt[a - Ix*b - cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])]) - (Sqr
t[a + I*b - c]*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + e*x])/(2*Sqrt[a
+ I*b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/2 + (b*ArcTanh[(
b + 2*cxTan[d + exx])/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]”
2]1)1)/(2+Sqrt[c]) + Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])/e
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Rubi [A] (verified)

Time = 28.20 (sec) , antiderivative size = 665, normalized size of antiderivative = 1.11,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 419 Ryjes
integrand size

used = {3042, 4183, 1354, 27, 2144, 27, 1092, 219, 1369, 25, 1363, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tan(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dx

3042

/tan(d + ex)\/a + btan(d + ex) + ctan(d + ex)2dx

l 4183

dtan(d + ex)

f tan(d+ez)/ctan?(d+ezx)+btan(d+ex)+a
tan?(d+ex)+1

e

l 1354

—btan?(d+ex)—2(a—c) tan(d+ex)+b
2(tan2(d+ez)+1)+/ctan?(d+ex)+btan(d+ex)+a
e

l 27

Va +btan(d + ex) + ctan?(d + ex) — [ dtan(d + ex)

—btan?(d+ex)—2(a—c) tan(d+ex)+b

2 1
\/a + btan(d + CCIJ) + ctan (d + 6.’1}) 2 f (tan2(d+ex)+1)\/ctan2(d+ex)+btan(d+ex)+adtan(d + em)
€

| 2144
1 1 _ 2(b—(a—c) tan(d+-ex)) o
2 (b f V/ctan?(d+ex)+b tan(d+ex)+ad tan(d + 6:17) f (tan2(d+ex)+1)+/ctan?(d+ex)+b tan(d—i—ex)—i—ad tan(d + ex)) Tva-

e

| 27
1 1 _ b—(a—c) tan(d+ezx)
2 (b f \/ctan?(d+ex)+b tan(d+ex)+ad tan(d + ew) 2 f (tan2(d+ex)+1)+/ctan?(d+ex)+b tan(d+em)+ad tan(d + 6.’)3)) + \/(;

e
l 1092
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1 2bf 1 b+2ctan(d+ex) _ f b—(a—c) tan(d+ex) dtan(d
4e— b ctan ex an EexT a an ex ctan ET an exr a
2 c (b+2ctan(d+ex))? \/ctanZ(d+ex)+btan(d+ex)+ (tan2(d+ex)+1)+/ctan? (d+ex)+btan(d+ex)+
ctan2(d+ez)+btan(d+em)+a
e
| 219
barctanh < b+2ctan(d+ex)
1 2\/5\/a+b tan(d+ez)+ctan2(d+ex) . b—(a—c) tan(d+ex)
2 Ve f (tan2(d+ex)+1)+/ctan? (d+ex)+btan(d+ex)+adtan(d + 6.’1)) tvatt
e
| 1369
parctanh b+2c tan(d+ex) Ik bv/aZ—2catbZtc?— (b +(a—c)(a—ctva?—2catb+c?)) tan(dtex) dtan(d+ez) |
1 2\/5\/a+b tan(d+ez)+ctan2(d+ex) 9 (tan2 (d+ez)+1) \/c tan2(d+ez)+btan(d+ez)+a )
2 Ve 2v/a2—2ac+b2+c?
e
| 25
ba,rcta,nh b+2c tan(d+ex) f vV a2—20a+b2+c2b+(b2+(a—c) (a—c— vV 02—20a+b2+c2)) tan(d+ezx) dtan(d-‘,—ez) J
1 2\/5\/a+b tan(d+ez)+ctan2(d+ex) 9 (tan2 (d+e:v)+1) \/c tan2(d+ex)+btan(d+ez)+a + -
2 Ve 2v/a2—2ac+b2+c?
e
| 1363
barctanh < b+2ctan(d+ex)
1 2\/5\/a+b tan(d+ex)+c tan2(d+ex) 2 b( ( 3 3 5 ) 2)
5 — a—c a*—2ac+b*+c*+a—c b _
2 Ve ( ) (v Tty T J b(b2+V/aZ—2catb?-
| 218
barctanh < b+2ctan(d+ex)
1 2\/5\/a+b tan(d+ez)+-ctan2(d+ex) 9 b< ( ] 5 5 ) 2)
5 — a—c a*—2ac+b*+c*+a—c)+b I =——
2 Ve ( ) (v Tttt T J b(2+V/aZ—2catb2-

l 221
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bVa
- 2—2ac+b%+c?+a—c +b2)arctanh
varctanh b+2ctan(d+ex) ((a o) (\/(17 ) 4
; Cﬁﬁ“m@mHMWHm 2 vzV/a? — 2ac+ b2 + 2
5 —
Ve V2 ‘{/(12 —2ac+ b2 + 02\/—(1(20—\/@7

-

LInt[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x] + c#Tan[d + e*x]~2],x]

\ >

input

(((bxArcTanh[(b + 2*c*Tan[d + e*x])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c
*Tan[d + exx]~2])]1)/Sqrtlc] - 2*x(-(((b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b~2
- 2xa*xc + c~2]))*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b~2 - 2*axc +
c"2]) - b*Sqrt[a”2 + b"2 - 2%a*c + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2
- 2%axc + c2)7(1/4)*Sqrt[a”2 + b™2 + c*(c + Sqrt[a”™2 + b~2 - 2xa*c + c~2]
) - ax(2%c + Sqrt[a™2 + b2 - 2*axc + c~2])]*Sqrt[a + b*Tan[d + e*x] + cxT
an[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*xaxc + c~2)"(1/4)*Sqrt[a~2 + b~2
+ cx(c + Sqrt[a”™2 + b™2 - 2xa*xc + c~2]) - ax(2xc + Sqrt[a”2 + b™2 - 2*axc
+ c™2D)1)) + ((b™2 + (a - c)*(a - ¢ + Sqrt[a”2 + b™2 - 2xa*c + c~2]))*ArcT
anh[(b~2 + (a - c)*(a - ¢ + Sqrt[a”2 + b2 - 2%a*c + c”2]) + b*Sqrt[a”2 +
b~2 - 2*a*xc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2*axc + c~2)~(1/4)*
Sqrt[a™2 + b™2 + c*(c - Sqrt[a™2 + ™2 - 2xa*c + c”2]) - a*(2*c - Sqrt[a~2
+ b~2 - 2xa*xc + c¢~2])]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]1)])/(Sq
rt[2]1*(a”"2 + b™2 - 2*axc + c"2)"(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqrt[a™2 + b
2 - 2%axc + c”2]) - ax(2*%c - Sqrt[a”2 + b"2 - 2xa*c + c~2])]1)))/2 + Sqrtl

a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])/e

output

Defintions of rubi rules used

e hY

Int[-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

N\ J

rule 25

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

rule
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J

( N

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
Lt[a/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b] J

rule 218




rule 219

rule 221

rule 1092

rule 1354

rule 1363

rule 1369
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a
» b, c}, x]

Int[((g_.) + (h_)*(x_))*((al) + (b_.)*(x_) + (c_.)*(x_)"2)~(p_)*((d_) + (f
_)*(x.)72)7(q_), x_Symbol] :> Simp[h*(a + b*x + c*x~2) px((d + £*x~2)"(q +
1 /(2*fx(p + q + 1))), x] - Simp[1/(2xf*x(p + q + 1)) Int[(a + b*x + c*x~
2)"(p - 1)*(d + £*x~2)"g*Simp [h*p*(b*d) + a*x(-2xg*f)*(p + q + 1) + (2*kh*p*(
ckd - a*f) + bk (-2xg*xf)*x(p + q + 1))*x + (h*p*x((-b)*f) + ckx(-2xg*f)*(p + q
+ 1))*x~2, x], x], x] /; FreeQ[{a, b, c, d, f, g, h, qF, x] && NeQ[b~2 - 4x
axc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_.)*(x_)"2]1), x_Symbol] :> Simp[-2*a*g*h  Subst[Int[1/Simp[2*a~2*gxh*c + a
*e*xx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ

[{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*x(cxd - a*f) - g~2xc*e, 0]

Int[((g_.) + (h_.)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axc*e”2, 2]}, Simp
[1/(2*q) Int[Simp[(-a)*hxe - gx(cxd - a*f - q) + (h*(cxd - axf + q) - gc
*xe)*x, x]/((a + cxx~2)*Sqrt[d + exx + f*x~2]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e - gx(cxd - axf + q) + (h*(c*d - a*xf - q) - gkcxe)*x, x]/((a +
cxx~2)*Sqrt[d + e*x + £*x~2]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x]
&& NeQ[e™2 - 4xd*f, 0] && NegQ[(-a)*c]




rule 2144

rule 3042

rule 4183

input

output
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Int[(Px_)/(((a_) + (c_.)*(x_)~2)*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"2]),
x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff [Px,
x, 21}, Simp[C/c  Int[1/Sqrtld + e*x + f*x~2], x], x] + Simp[1/c Int[(A*
c - a*C + Bxc*x)/((a + cxx"2)*Sqrtld + e*x + f£*x72]), x1, x1] /; FreeQ[{a,
c, d, e, f}, x] && PolyQ[Px, x, 2]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£f_.)*tan[(d_.) + (e_.)*(
x )" (m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n

2, 2*n] && NeQ[b~2 - 4#axc, 0]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 2.31 (sec) , antiderivative size = 17767879, normalized size of antiderivative =
29563.86

output too large to display

‘int(tan(e*x+d)*(a+b*tan(e*x+d)+c*tan(e*x+d)‘2)“(1/2),x)

‘result too large to display




input ‘ integrate (tan(e*x+d)* (a+b*tan (e*x+d)+cxtan (e*x+d) ~2)~(1/2) ,x, algorithm="f
‘ricas")

output t

input

output L

inpu
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2330 vs. 2(542) = 1084.

Time = 0.59 (sec) , antiderivative size = 4660, normalized size of antiderivative = 7.75

/tan(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

e—

Too large to include

tintegrate(tan(e*x+d)*(a+b*tan(e*x+d)+c*tan(e*x+d)**2)**(1/2),x)

Sympy [F]

/tan(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

= / \/a,-l- btan (d + ex) + ctan? (d + ex) tan (d + ex) dz

—

Integral(sqrt(a + b*tan(d + e*x) + cxtan(d + exx)**2)*tan(d + e*x), x) J

Maxima [F]

/tan(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

:/\/ctan(ex+d)2+btan(ex+d)+atan(ex+d) dz

¢ ‘ integrate(tan(e*x+d) * (at+b*tan(exx+d) +c*tan(exx+d) ~2)~(1/2) ,x, algorithm="m ‘
‘axima") ‘
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outputLintegrate(sqrt(C*tan(e*x + d)"2 + bxtan(e*x + d) + a)*tan(exx + d), x)

Giac [F(-2)]

Exception generated.

/ tan(d + ex) \/ a + btan(d + ex) + ctan?(d + ex) dz = Exception raised: TypeError

integrate(tan(e*x+d) * (at+b*tan(e*x+d)+c*tan(exx+d) ~2)~(1/2) ,x, algorithm="g

input
iac")

output Exception raised: TypeError >> an error occurred running a Giac command:IN

PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/tan(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

:/tan(d—i-ex) \/ctan(d+ex)2+btan(d+ea:)+ada:

input Lint(tan(d + exx)*(a + bxtan(d + exx) + cxtan(d + e*x)~2)~(1/2),x)

output Lint(tan(d + exx)*(a + bxtan(d + exx) + c*tan(d + e*x)~2)"(1/2), x)
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Reduce [F]

/tan(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

z/\/tan(ex+d)2c+tan(ex+d)b+atan(ew+d)dm

input Lint (tan(e*x+d) * (a+b*tan (e*x+d) +c*tan (exx+d) ~2) ~(1/2) ,x)

output Lint(sqrt(tan(d + exx)**2%c + tan(d + e*x)*b + a)*tan(d + e*x),x)
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3.4 [ /a+btan(d + ex) + ctan®(d + ex) dz

Optimal result . . . . . . . . . . . . . . e 73]
Mathematica [C] (verified) . . . . . . . . . ... . L (74
Rubi [A] (verified) . . . . . . . . . . 751
Maple [B] (warning: unable to verify) . . . . . .. ... ... oL 78
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 79
Sympy [F] . . . o 79
Maxima [F(-2)] . . . . . .. R0
Giac [F] . . . o o 80i
Mupad [F(-1)] . . . . o R0
Reduce [F] . . . . . o BT

Optimal result

Integrand size = 24, antiderivative size = 574

/ \/a+ btan(d + ex) + ctan?(d + ex) dz =

@+ +c(c—va®+b —2ac+ ) —a(2c— vVa?+ b — 2ac + ) arctan -
v2Va? + b? — 2ac

V2va2 + b2 — 2ac + c2e

b+2ctan(d+ex)
\/Earctanh ( 2y/c\/a+btan(d+ex)+ctan?(d+ex) )

e

+

\/a2 + b2 +c(c+ Va2 + b —2ac+ c2) —a (2c + Va® + b — 2ac + ¢?)arctanh -
v2vVa? + b — 2ac

V2va? + b2 — 2ac + ce



output

input

output

CHAPTER 3. LISTING OF INTEGRALS

74

-1/2%(a"2+b"2+c* (c-(a~2-2*a*xc+b~2+c~2) ~(1/2) ) —a* (2*c-(a~2-2*a*c+b~2+c~2) ~(
1/2)))~(1/2)*arctan(1/2* (bx(a~2-2*%a*c+b~2+c~2) " (1/2)-(b~2+(a-c)*(a-c+(a~2-
2%axc+b~2+c”2) " (1/2)) ) *xtan(exx+d) )*2~ (1/2) / (a~2-2*a*c+b~2+c~2) " (1/4) /(a~2+
b~ 2+c*(c-(a"2-2%a*c+b™2+c"2) ~(1/2) ) —a*x(2*xc-(a"2-2*a*c+b~2+c~2) " (1/2)))~(1/
2) / (a+bxtan (exx+d) +cxtan(e*xx+d) ~2) ~(1/2))*27(1/2) / (a"2-2*a*c+b"2+c"2) " (1/4
)/e+c”(1/2)*arctanh (1/2* (b+2*c*tan(e*x+d)) /c~(1/2)/(a+b*tan(e*x+d)+c*tan(e
*x+d) "2) " (1/2)) /e-1/2%(a"2+b"2+c* (c+(a~2-2*a*xc+b~2+c~2) ~(1/2) ) —a*x (2xc+(a"2
-2%axc+b~2+c~2) ~(1/2))) ~(1/2) *arctanh (1/2* (b* (a~2-2*axc+b~2+c~2) ~(1/2) +(b~
2+(a-c)*(a-c-(a~2-2*xa*c+b™2+c"2) " (1/2)) ) *tan(e*xx+d) ) ¥2~ (1/2) / (a"2-2*a*c+b”
2+4c~2) " (1/4) / (a~2+b~2+c* (c+(a~2-2%a*c+b~2+c~2) ~(1/2) ) —a* (2*c+(a~2-2%a*c+b”
2+¢c™2)"(1/2)))~(1/2)/ (at+b*tan (exx+d) +cxtan (e*x+d) ~2) ~(1/2))*2~(1/2) /(a~2-2
xaxc+b~2+c"2) " (1/4) /e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 228, normalized size of antiderivative = 0.40

/ \/a + btan(d + ex) + ctan®(d + ez) dz
—4Va—¢b—anmmm< 2a—ib+(b—2ic) tan(d+ex) )+dVa+4b—aHmmm(

2a+ib+(b+2ic) tan(

2v/a+ib—c+/a+btan(d+ex)-

2v/a—ib—c+/a+btan(d+ex)+ctan2(d+ex)
2e

r

LIntegrate[Sqrt[a + bxTan[d + e*x] + c*Tan[d + exx]~2],x]

| —

((-I)*Sqgrtl[a - I*b - c]*ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + e*x])/(
2xSqrt[a - I*b - c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2])] + I*Sqrt
[a + I*b - c]l*ArcTanh[(2*a + I*b + (b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a +
I*b - c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])] + 2*Sqrt[c]*ArcTan
h[(b + 2*cxTan[d + exx])/(2+Sqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex
x]1721)1)/ (2%e)
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Rubi [A] (verified)

Time = 27.95 (sec) , antiderivative size = 637, normalized size of antiderivative = 1.11,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 456 Ryjjeg
integrand size

used = {3042, 4853, 1321, 25, 1092, 219, 1369, 25, 1363, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ \/a + btan(d + ex) + ctan?(d + ex) dx

l 3042

/ Va+btan(d + ex) + ctan(d + ex)2dz

| 4853
f \/ctan? izi—;;a(cgi—zgz?i(ld—i-ex)-l-a dtan(d + ez)
€
| 1321
1 _r_ a—c+btan(d+ex)
¢ f \/ctan?(d+ex)+b tan(d—i—ex)—l—adtan(d + 633) f (tanz(d+ex)+1)\/ctanz(d+ex)+btan(d+ex)+adtan(d + 6117)
(&
| 25
1 a—c+btan(d+ex)
¢ f V/ctan2(d+ex)+btan(d+ex)+a d tan(d + ex) + f (tan2(d+ex)+1)+/ctan?(d+ez)+btan(d+ex)+a d tan(d + 6.’17)
e
| 1092
a—c+btan(d+ex) 1 b+2ctan(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+b tan(d—i—ez)—i—adtan(d + GI) +2c f de 2(b+2ctan(d+eﬂﬂ))2 \/ctan?(d+ezx)+btan(d+ex)+
ctan®(d+ex)+btan(d+ex)+a
e
| 219
—c+btan(d+ex) b+2ctan(d+ex)
f (tan? (d—f-ea:)—i—l()l\/cc-:an2 (d+ex)+btan(d+ex)+a d tan(d + e:v) + \/Earctanh ( 24/cy/a+btan(d+ex)+ctan?(d+ex) )
e

l 1369
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b2 —Va2—2ca+b2+c2 tan(d+ex)b+(a—c) (a—c—\/ a2 —2ca+b2+02) b2+\/ a2 —2ca+b2+c2 tan(d+ex)b+(a—c) (a—c+ Va2 —2ca+b2+

dtan(d+ -
f (tan2 (d+e:c)+1) \/c tan2(d+ez)+b tan(d+ez)+a an( eZ) f (tan2 (d+ew)+1) \/c tan2(d+ew)+b tan(d+ez)+a
2v/a2—2ac+b2+c? 2v/a2—2ac+b2+c?
e
| 25
b2 — /a2 —2ca+b2+c2 tan(d+ez)b+(a—c) (a—c—vaZ—2catb2+c2 b2 a2 —2ca+b2+c2 tan(d+ez)b+(a—c) (a—c a2 —2ca+b2+c2
Vv +b2+¢2 tan(d-+ez)b+(a—c) (a—c—/ ++)dtan(d+em) I +V +b2+c2 tan(d-+ex)b+(a—c) (a—c+V/ 24
(tan2 (d+ew)+1) \/c tan2(d+ew)+b tan(d+ez)+a + (tan2 (d+ez)+1) \/c tan2 (d+ex)+btan(d+ex)+a
2v/a2—2ac+b2+c2? 2v/a2—2ac+b2+c2?
e
| 1363
—b(a—c (— a? — 2ac + b2 + 2 a—c) b2> 1
( ) \/ + + + + f b(\/a2—2ca+b2+02b+(b2+(a—c)(a—c—\/a2—2ca+b2+c2))tan(d+ex))2 \[
ctanz(d+em)+btan(d+ex)+a —2bVa
| 218
—b((a—c)(—\/a2—2ac+b2+02+a—c)+b2)f 1,
a“—sica C a—c a—cCc— a“—sica C exr
b(\/ 2_2ca+b2+ 2b+(b2+( )( Va2 -2ca+b2+ 2))tan(d+ )) —2ba

ctan2(d+ex)+b tan(d+ex)+a

l 221

b/ a2—2ac+b2+c2—((a—c)<\/ a2—2ac+b2+c2+a—c) +b2) tan(d+ex)
V2 A{/a2 - 2ac + b2 + C2 \/7a(2c7\/ a272ac+b2+c2)+c<cf V a272ac+b2+c2)+a2+b2\/a+b
V2 4\/(12 — 2ac + b2 =+ c? \/—a<2c—\/ a2—2ac+b2+62>+c(c—\/ (12—20,c+b2+62>+a2-|-b2

((a—c) (\/tm+a—c) +b2) arctan

;
Int[Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

N J

input




output
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(-(((b"2 + (a - c)*(a - ¢ + Sgrt[a”2 + b~2 - 2xa*c + c~2]))*ArcTan[(b*Sqrt
[a”2 + b2 - 2xa*xc + c”2] - ("2 + (a - c)*(a - ¢ + Sqrt[a™2 + b~2 - 2*ax*c
+ ¢c72]))*Tan[d + e*x])/(Sqrt[2]1*(a”2 + b~2 - 2*axc + c~2)~(1/4)*Sqrt[a~2
+ b™2 + cx(c - Sqrt[a™2 + b™2 - 2*axc + c¢”2]) - a*(2%c - Sqrt[a”2 + b~2 -
2*¥axc + c~2])]*Sqrt[a + bxTan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”
2 + b72 - 2%axc + c~2)"(1/4)*Sqrt[a”2 + b2 + c*(c - Sqrt[a™2 + b"2 - 2xa*
c + c”2]) - ax(2*c - Sqrt[a”2 + b~2 - 2*axc + c~2])])) + Sqrtlcl*ArcTanh[(
b + 2xcxTan[d + exx])/(2*Sqrt[c]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~
21)] - ((b”2 + (a - c)*(a - c - Sqrt[a™2 + b2 - 2*a*c + c~2]))*ArcTanh[(b
*Sqrt[a™2 + b™2 - 2%a*xc + ¢”2] + (b”2 + (a - c)*(a - ¢ - Sqrt[a”2 + b2 -
2%¥axc + c”2]))*Tan[d + ex*x])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc + c~2)~(1/4)*Sqrt
[a”2 + b™2 + cx(c + Sqrt[a™2 + b~2 - 2*axc + c"2]) - a*(2*c + Sqrt[a”2 + b
"2 - 2*%axc + c"2])]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2
I*x(a”2 + b™2 - 2%a*c + c”2)"(1/4)*Sqrt[a”2 + b"2 + c*(c + Sqrt[a”2 + b~2 -
2%axc + c72]) - ax(2*%c + Sqrt[a”2 + b~2 - 2*axc + c"2])]))/e

Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol]l :> Simp[Identity[-1]  Int[Fx, x], x]

rule 218

rule 219

rule 221

rule 1092

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0]1)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*%c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQl[{a
» b, c}, xl




CHAPTER 3. LISTING OF INTEGRALS 78

rule 1321 ImtSartl(a ) + (b_.)x(x) + (c_.)*(x)"21/((d)) + (£_.)*(x_)"2), x_Symbol]
:> Simp[c/f  Int[1/Sqrtla + bxx + c*x~2], x], x] - Simp[1/f Int[(c*d -

a*f - bxf*x)/(Sqrtla + b*x + c*xx~2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c,
d, £}, x] && NeQ[b~2 - 4xa*c, 0]

rule 1363 TotLC(g) + (h_)*(x_))/(((a)) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x)) + (£
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int([1/Simp[2*a~2*g*h*c + a
xexx~2, x], x], x, Simp[a*h - g*c*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ
[{a, ¢, 4, e, f, g, h}, x] & EqQ[a*h™2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

rule 1369 TRtLC(g ) + (B_)*(x))/(((al) + (c_)*(x)"2)*Sqrtl(d_.) + (e_.)*(x) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Simp
[1/(2%q) Int[Simp[(-a)*h*e - gx(c*d - a*f - q) + (h*x(cxd - a*f + q) - g*c
xe)*x, x]/((a + c*x"2)*Sqrt[d + e*x + £*x72]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e — gk(ckd - axf + q) + (h*(c*d - axf - q) - gkcxe)*x, x]/((a +
c*x"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x]
&& NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)=*c]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4853 Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2#*x
~2), Tanl[vl/d, u, x], x], x, Tan[vl/dl], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrigl[ul, x

1]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.79 (sec) , antiderivative size = 17246911, normalized size of antiderivative =
30046.88

output too large to display
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input Lint ((atb*tan(e*x+d) +cxtan(exx+d) ~2)~(1/2),x) J

OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2273 vs. 2(516) = 1032.

Time = 0.36 (sec) , antiderivative size = 4547, normalized size of antiderivative = 7.92

/ \/ a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

input Lintegrate ((at+bxtan(e*x+d)+cxtan(e*x+d) ~2)~(1/2),x, algorithm="fricas") J
OutputLToo large to include J
Sympy [F]

/\/a-l—btan(d—l—ex)+ctan2(d+ex)dz=/\/a+btan(d+ea:)+ctan2 (d+ex)dz

input Lintegrate ((a+b*tan(e*x+d) +cxtan (exx+d) **2) *x(1/2) ,x) J

output LIntegral(sqrt(a + bxtan(d + e*x) + c*xtan(d + e*x)**2), x) J
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Maxima [F(-2)]

Exception generated.

/ \/ a+ btan(d + ex) + ctan®(d + ex) dz = Exception raised: ValueError

inputLintegrate((a+b*tan(e*x+d)+c*tan(e*x+d)“2)A(1/2),x, algorithm="maxima") J

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((c-b-a)*(c+b-a)>0)', see " assume

‘?‘ for mor

Giac [F]

/\/a—l—btan(d—l—ea:)+ctan2(d+ew)dx:/\/ctan(ew+d)2+btan(ea:+d)—I—ada:

-

input tintegrate((a+b*tan(e*x+d) +cxtan (e*x+d) ~2)~(1/2) ,x, algorithm="giac") \J
output Lintegrate(sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a), x) J
Mupad [F(-1)]
Timed out.
/ \/a + btan(d + ex) + ctan®(d + ez) dz
=/\/ctan(d—l—ex)2+btan(d+ex)—l—adx
input Lint((a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(1/2),x) J

outputtint((a + bxtan(d + exx) + c*tan(d + e*x)~2)7(1/2), x) J
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Reduce [F|

/\/a+btan(d+ex)+ctan2(d+ex)dx=/\/tan(ex+d)20+tan(ex+d)b+adx

inputLint((a+b*tan(e*x+d)+C*tan(e*X+d)A2)“(1/2),x)

outputtint(sqrt(tan(d + exx)**2xc + tan(d + e*x)*b + a),x)
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3.5 [ cot(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 82
Mathematica [C] (verified) . . . . . . . . . ... . L ]R3
Rubi [F] . . oo RZ
Maple [F(-1)] . . . o o o 88
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... ]9
Sympy [F] . . . o 89
Maxima [F(-2)] . . . . . .. ]9
Giac [F] . . . o o 90
Mupad [F(-1)] . . . o )
Reduce [F] . . . . . o OT]

Optimal result

Integrand size = 31, antiderivative size = 571

/cot(d + ex) \/a + btan(d + ex) + ctan?®(d + ex) dz =

@+ b +c(c+va?+b —2ac+ ) —a(2c+ Va? +b% — 2ac + ) arctan -
Vzva? 4+ b% — 2ac

V2va2 + b2 — 2ac + c2e

2a+btan(d+ex)
\/Ea‘rCtanh ( 2y/a+/a+btan(d+ex)+ctan?(d+ex) >

e

a?+ b2 +c(c—va?+ b —2ac+ A2) — a(2c — Va? + b — 2ac + ¢2)arctanh -
v2va? + b? — 2ac

+

V2va? + b2 — 2ac + c%e



output

input

output

CHAPTER 3. LISTING OF INTEGRALS

-1/2%(a"2+b"2+c* (c+(a~2-2*axc+b~2+c~2) ~(1/2) ) —a* (2*c+(a~2-2*a*c+b~2+c~2) ~(
1/2)))~(1/2) *arctan(1/2*(b~2+(a-c) *(a-c-(a"~2-2*a*c+b~2+c~2) ~(1/2) ) -b*(a"2-
2¥axc+b~2+c”2) ~(1/2) *tan(e*x+d) ) *2~(1/2) / (a~2-2*a*c+b~2+c"2) ~(1/4) / (a~2+b~
2+cx(c+(a~2-2*%axc+b~2+c”2) ~(1/2)) —a*x (2*xc+(a”~2-2xa*xc+b~2+c~2) ~(1/2)))~(1/2)
/ (a+bxtan (e*xx+d) +c*xtan(exx+d) ~2) ~(1/2))*2~(1/2) / (a~2-2*%a*xc+b~2+c~2) ~(1/4)/
e-a~ (1/2)*arctanh(1/2* (2*a+b*tan(exx+d))/a~(1/2)/ (a+b*tan(e*x+d)+c*tan (e*x
+d)"2)"(1/2)) /e+1/2*%(a~2+b~2+c*(c-(a~2-2*a*xc+b~2+c~2) ~(1/2) ) -a*x (2*c-(a~2-2
*axc+b~2+c~2) " (1/2))) " (1/2) *arctanh (1/2* (b~ 2+(a-c) * (a-c+(a~2-2*a*c+b~2+c”2
)~ (1/2))+b* (a~2-2%a*c+b~2+c~2) " (1/2) *tan (exx+d) ) *2~ (1/2) / (a~2-2%a*c+b~2+c”
2)~(1/4)/(a~2+b~2+c* (c-(a~2-2*a*xc+b~2+c~2) ~(1/2)) -a* (2xc- (a~2-2%a*c+b~2+c”
2)7(1/2)))~(1/2)/ (a+b*tan(exx+d) +cxtan (e*xx+d) ~2) ~(1/2) ) *2~(1/2) / (a~2-2%a*c
+b~2+c~2) " (1/4) /e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.61 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.39

/cot(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

_9 \/Earctanh( 2a-+btan(d+ex) ) +va —ib— car ctanh( 2a—ib-+(b—2ic) tan(d+ex)

2v/a—ib—c+/a+btan(d+ex)+ctan2(d+ex)

2v/a+\/a+btan(d+ex)+ctan?(d+ex)

2e

r

LIntegrate[Cot[d + exx]*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2],x]

| —

(-2xSqrt [a] *ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e
*x] + c*Tan[d + e*x]~2])] + Sqrt[a - I*b - c]l*ArcTanh[(2*%a - I*b + (b - (2
*I)*c)*Tan[d + e*x])/(2*Sqrt[a - I*b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tanl[
d + exx]~2])] + Sqrt[a + I*b - cl*ArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d
+ exx])/(2+Sqrt[a + I*b - c]*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]"2])
1)/ (2xe)
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/cot(d + em)\/a + btan(d + ex) + ctan?(d + ex) dz

l 3042

/ va+btan(d + ex) + ctan(d + ea:)2d
tan(d + ex) v

l 4183

cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 d ta‘n(d + 6.’1,‘)

e
l 7276

i (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d’Lew)\/ctt:E; ((gieej))ﬂ tan(d+em)+a> dtan(d + ex)
e
| 7239

cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 d ta‘n(d + e:z:)

e
l 7276

i (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+em)‘/c::£22 ((jizf))ﬂ tan(d+6x)+a> dtan(d + ex)
e
| 7239

cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 d ta‘n(d + GCL')

e
l 7276

/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+6x)\/czzijggi:i))i'ftan(d+ex)+a) dtan(d + ex)
e
| 7239
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cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f Hdten) :anz((d::-ezgilt o) dtan(d—i—ex)
e
l 7276
/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ex)‘/cf:§22 ((gieef))ﬂ tan(d+ew)+a> dtan(d + ex)
e
l 7239
cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
[ e el e tan(dten)te § gan(d + ex)
e
l 7276
/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ew)\/c,::;lj((jizi))i'ftan(d+ex)+a) dtan(d + ex)
e
l 7239
d+ex)\/ctan?(d+ex)+btan(d+ex)+a
[ etdea el Gred e ten)te § gan(d + ex)
e
l 7276
Ik (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ez) \/cs:;lj((gizi))i'ftan(d+ew)+a> dtan(d + ex)
e
l 7239
d+ex)\/ctan?(d+ex)+btan(d+ex)+a
e ey ™ T dtan(d + ea)
e
l 7276
/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ew)\/C,::;lj((jiee:)):ftan(d+ex)+a) dtan(d + ex)
e
l 7239

f cot(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)




CHAPTER 3. LISTING OF INTEGRALS 86

Ik (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(dJrew)\/Ctanz(d+ew)+btan(d+em)+a) dtan(d + ex)

tan?(d+ex)+1
e
| 7239
f cot(d+ez)\/c;czzz((sizgill)tan(d+ew)+adtan(d + 6.’1,')
e
| 7276
i (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(dﬁx)\/ctt:;; gj:gﬂ tan(d+em)+a> dtan(d + ex)
e
| 7239
f cot(d+em)\/c::;llz((si-zgj:ll)tan(d+em)+adtan(d 4 e:z:)
e
| 7276
Ik (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ew)\/ctt:§§ gi:gﬂ tan(d+ex)+a> dtan(d + ex)
e
| 7239
f cot(d+em)\/c::zz((gi-zgilitan(d+em)+adtan(d + ECL')
e
| 7276
/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ex)‘/cf:§22 ((gieef))ﬂ tan(d+ew)+a> dtan(d + ex)
e
| 7239
f cot(d+em)\/czzzz((gdlizgil{tan(d+em)+adtan(d + 6.’17)
e
| 7276

/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d+ew)\/c,::;lj((jizi))i'ftan(d+ex)+a) dtan(d + ex)

e
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| 7239
f cot(d+eac)\/c::Iriz((;iizgiita,n(d+ez)+adtan(d + 6.’)3)
e
| 7276
/ (cot(d + ex)\/ctan?(d + ex) + btan(d + ex) + a — tan(d-"em)\/C,::g((jiz)):ftan(d+ex)+a) dtan(d + ex)
e
| 7239
f cot(d+e:c)\/c::;llz((i—t:gill)tan(d+em)+adtan(d + 6.’L')
e
| 7276
i (cot(d + ex)+/ctan®(d + ex) + btan(d + ez) + a — tan(d+em)\/€:j§; ((j_t:;))ﬁ tan(d+em)+a> dtan(d + ex)
e
| 7239
f cot(d+ea:)\/c::ﬁz(((tiiizgillztan(d+em)+adtan(d + 6.%')
e
input LInt [Cot[d + e*x]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x] J

output L$Aborted J
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Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4183

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 7239

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

rule 7276

input

output L

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Maple [F(-1)]
Timed out.

hanged

Lint (cot (exx+d) * (a+b*tan (e*x+d)+c*tan (exx+d) ~2) ~(1/2) ,x)

int (cot (e*xx+d) * (a+b*tan (e*x+d) +c*tan (e*xx+d) ~2) ~(1/2),x)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 4557 vs. 2(516) = 1032.

Time = 0.67 (sec) , antiderivative size = 9127, normalized size of antiderivative = 15.98

/ cot(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

¢ ‘ integrate(cot (e*x+d) * (a+b*tan (exx+d) +c*tan(exx+d) ~2)~(1/2) ,x, algorithm="f ‘

inpu
‘ricas") ‘
outputtToo large to include J

Sympy [F]
/cot(d + ex) \/a + btan(d + ex) + ctan?®(d + ex) dx
- / \/a + btan (d + ex) + ctan? (d + ex) cot (d + ex) dz

input Lintegrate (cot (exx+d) * (a+bxtan (exx+d) +cxtan (exx+d) **2) *x(1/2) ,x) J
output LIntegral(sqrt (a + bxtan(d + e*x) + c*xtan(d + e*x)**2)*cot(d + e*x), x) J

Maxima [F(-2)]

Exception generated.

/ cot(d + ex) \/ a+ btan(d + ex) + ctan®(d + ex) dz = Exception raised: ValueError

¢ ‘ integrate(cot (e*x+d) * (a+b*tan(exx+d) +c*tan(exx+d) "2)~(1/2) ,x, algorithm="m ‘

inpu
‘axima") ‘
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume((-16*a*(a/4-c/4))>0)', see “assu
‘me?‘ for m

Giac [F]

/ cot(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

=/\/cta,n(ea:-l-d)Z—l-btan(ex—l—d)—l—acot(ex—l—d) dx

input \ integrate(cot (e*x+d) * (a+b*tan (e*x+d)+cxtan(e*x+d) ~2)~(1/2) ,x, algorithm="g
‘iac")

Output‘integrate(sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a)*cot(exx + d), x)

Mupad [F(-1)]

Timed out.

/cot(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

=/cot(d+ez) \/ctan(d+ex)2+btan(d+ex)—I—adx

inputLint(cot(d + exx)*(a + bxtan(d + e*xx) + cxtan(d + e*x)~2)~(1/2),x)

outputtint(cot(d + exx)*(a + bxtan(d + e*x) + c*tan(d + exx)"2)7(1/2), x)
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Reduce [F]

/cot(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

:/\/tan(ex+d)2c+tan(ex+d)b+acot(ex—i—d)dw

input Lint (cot (exx+d) * (a+b*tan (exx+d) +c*tan (e*xx+d) ~2) ~(1/2) ,x)

output Lint(sqrt(tan(d + e*x)*x2xc + tan(d + e*x)*b + a)*cot(d + e*x),x)
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3.6 [ cot?(d+ex)+/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 92
Mathematica [C] (verified) . . . . . . . . . ... . L 93
Rubi [F] . . o oo 97
Maple [F(-1)] . . . . . o 98
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 99
Sympy [F] . . . o 99
Maxima [F] . . . . . . 99
Giac [F] . . o o oo 100
Mupad [F(-1)] . . . . o 100
Reduce [F] . . . . . o 101

Optimal result

Integrand size = 33, antiderivative size = 612

/cotQ(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

b,
VzVva2 + b2 — 2ac +

@+ b +c(c—va®+b —2ac+ ) —a(2c— vVa?+ b — 2ac + ) arctan (

V2va2 + b2 — 2ac + c?e

2a+btan(d+ex)
barctanh ( 2v/a\/a+btan(d+ez)+ctan2(d+ex) )

24/ae

\/a2+b2+c(c+ Va2 + b2 —2ac—|—02) —a(2c+ Va2 + b2 —2ac+c2)arctanh(

vzva? + b2 — 2ac

_|_

V2va2 + b2 — 2ac + c2e

_ cot(d +ex)y/a + btan(d + ex) + ctan®(d + ex)
e




CHAPTER 3. LISTING OF INTEGRALS 93

1/2x(a~2+b~2+c* (c-(a"2-2*%a*c+b~2+c~2) ~(1/2)) -a*(2*c-(a~2-2*axc+b~2+c~2) " (1
/2)))"(1/2)*arctan(1/2*(b*(a~2-2*a*c+b~2+c~2) ~(1/2)-(b~2+(a-c) *(a-c+(a~2-2
*axc+b~2+c”2) " (1/2)) ) *tan(exx+d) )*2~ (1/2) / (a~2-2*a*c+b~2+c~2) " (1/4) /(a~2+b
~2+c*k(c-(a~2-2*%a*xc+b~2+c”2) " (1/2))-a*x(2xc-(a~2-2*a*xc+b~2+c~2)~(1/2)))~(1/2
)/ (at+b*tan (e*x+d) +cxtan(e*x+d) ~2) ~(1/2))*2~(1/2) / (a~2-2*a*c+b~2+c~2) ~(1/4)
/e-1/2*bxarctanh (1/2* (2*xa+bxtan(e*x+d))/a~(1/2)/(a+b*tan(e*x+d)+c*tan (exx+
d)"2)"(1/2))/a~(1/2) /e+1/2x(a~2+b~2+c* (c+ (a~2-2*a*xc+b~2+c~2) ~(1/2) ) -a*x(2*c
+(a”2-2*a*c+b”"2+c~2) " (1/2))) " (1/2) *arctanh (1/2* (b* (a~2-2*a*c+b~2+c~2) ~(1/2
)+(b~2+(a-c)*(a-c-(a~2-2*a*c+b~2+c~2) " (1/2)) ) *tan(exx+d) ) *2~(1/2) / (a~2-2*a
*C+b~2+c~2) " (1/4)/ (a~2+b~2+c* (c+(a~2-2*a*xc+b~2+c~2) ~(1/2) ) —a* (2*c+(a~2-2+*a
*Cc+b~2+c~2)~(1/2)))~(1/2)/ (a+bxtan(e*x+d) +c*tan (exx+d) ~2) ~(1/2))*2~(1/2) /(
a”2-2*axc+b~2+c~2) "~ (1/4) /e-cot (e*x+d) * (a+tb*tan (exx+d) +c*ktan (e*xx+d) ~2) ~(1/2
)/e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.76 (sec) , antiderivative size = 261, normalized size of antiderivative = 0.43

/cotz(d + ex)\/a + btan(d + ex) + ctan?(d + ex) dz =

baI‘Ctanh< 2a+btan(d+ex) >

2\/5\/a+b tan(d+ex)+c tan? (d+ex) \/7 2a—1b+(b—2ic) tan(d+ex) .
Va iWa — ib — carctanh 2v/a—ib—c+/a+btan(d+ex)+ctan2(d+ex) + 2\/5

input‘Integrate[Cot[d + exx] "2*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x] ‘

-1/2*((b*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[a]l*Sqrt[a + b*Tan[d + exx]
+ c*Tan[d + e*x]~2])])/Sqrt[a] - IxSqrt[a - I*b - c]l*ArcTanh[(2*a - Ixb +
(b - (2*%I)*c)*Tan[d + exx])/(2*Sqrt[a - Ix*b - cl*Sqrt[a + b*Tan[d + e*x]

+ c*Tan[d + exx]~2])] + I*Sqrt[a + I*b - c]l*ArcTanh[(2*a + Ixb + (b + (2*I

)*c)*Tan[d + exx])/(2xSqrt[a + Ixb - c]*Sqrt[a + b*Tan[d + e*x] + c*Tanl[d

+ e*xx]~2])] + 2#Cot[d + e*x]*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2])/

e

N\ J

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/cot2(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

l 3042

/ Va+btan(d + ex) + ctan(d + ex)?
dz
tan(d + ex)?

l 4183

cot?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta’n(d + GI)

e
l 7276

i (\/ ctan®(d + ex) + btan(d + ex) + acot?(d + ex) + \/ctan2_(dt:§§2;f2:;1£dl+ex)+a) dtan(d + ex)
e

l 7239

cot?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta’n(d + 6.’13)

e
l 7276

i <\/ ctan®(d + ex) + btan(d + ex) + acot?(d + ex) + \/ctan2_(dt:§§2;f2:;1£dl+ex)+a) dtan(d + ex)
e

l 7239

cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta'n(d + 6.’13)

e
l 7276

/ <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan?_(tsfzjfeti?id;rex“a) dtan(d + ex)
e
| 7239
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f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

/ <\/ ctan®(d + ex) + btan(d + ex) + acot?(d + ex) + ‘/ctanzfﬁﬁfg;fz:;{?“)Jra) dtan(d + ex)

e

l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

/ <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan2_(d;§§2;_|l_’et:;1g+ex)+a) dtan(d + ex)

e
l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

Ik <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan2_(dt—;-§§2:il—f;c:;1£d1+ea:)+a> dtan(d + ex)

e
l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

/ <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/CtaHQgJ;zgz;fzz;ngrexHa> dtan(d + ex)

e
l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)
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Ik <\/ ctan?(d + ex) + btan(d + ex) + acot?(d + ex) + \/Ctanz_(dt:sgzjﬁzi;lfd;rem)Jra> dtan(d + ex)

€

l 7239

f cot?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e

l 7276

dtan(d + ex)

i <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan2_(d;-1e§2;£22;1(dl+ez)+a) dtan(d + ex)

€

l 7239

f cot?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

Ik <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan2_(dt:§§2;f2:;1(dl+ex)+a) dtan(d + ex)

e

l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

/ (\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + ‘/ctanzfﬁﬁfg;fz:;l(dﬁex)Jra) dtan(d + ex)

e

l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

/ <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + \/ctan2_(t§§2;_ll_’et:;1(ci+ex)+a) dtan(d + ex)

e
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l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l'7276

dtan(d + ex)

/ <\/c tan?(d + ex) + btan(d + ex) + a cot?(d + ex) + ‘/CtaHQE‘iZgz;fz;;lﬁ‘?ex)-"a) dtan(d + ex)

e
l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

/ <\/ ctan?(d + ex) + btan(d + ex) + acot?(d + ex) + \/Ctan2£i:§§2;fz$lﬁdl+ex)+a) dtan(d + ex)

[
l 7239

f cot?(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e

dtan(d + ex)

input LInt [Cot[d + e*x]~2xSqrt[a + b*Tan[d + e*x] + cxTan[d + ex*x]~2],x] J

output L$Aborted J
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Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4183

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 7239

Int[u_, x_Symbol] :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

rule 7276

input

output L

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Maple [F(-1)]
Timed out.

hanged

Lint (cot (exx+d) ~“2* (a+b*tan (e*x+d) +c*tan (exx+d) ~2) ~(1/2) ,x)

int (cot (e*xx+d) ~2* (at+b*tan (e*xx+d)+cxtan (exx+d) ~2)~(1/2) ,%)
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4616 vs. 2(552) = 1104.

Time = 0.86 (sec) , antiderivative size = 9245, normalized size of antiderivative = 15.11

/cotz(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

input‘integrate(cot(e*x+d)”2*(a+b*tan(e*x+d)+c*tan(e*x+d)*2)*(1/2)’X’ algorithm=
‘"fricas")

-

outputtToo large to include

~—

Sympy [F]

/cotz(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

= / \/a + btan (d + ex) + ctan? (d + ex) cot? (d + ex) dx

-

input tintegrate (cot (e*xx+d) **x2* (a+b*tan (exx+d) +ckxtan (exx+d) **2) x*x (1/2) ,x)

—

output LIntegral(sqrt(a + bxtan(d + exx) + cktan(d + e*x)**x2)*cot(d + e*x)**2, x)

Maxima [F]

/ cot?(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dx

:/\/ctan(ex+d)2+btan(ex+d)+acot(ex+d)2 dz

t‘ integrate(cot (e*x+d) ~2* (a+b*tan (e*x+d) +c*tan(e*x+d) ~2) ~(1/2) ,x, algorithm=

inpu
‘"maxima")
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outputLintegrate(Sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a)*cot(e*x + d)~2, x)

Giac [F]

/ cot?(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

:/\/ctan(ex+d)2+btan(eac+d)+acot(eac+d)2 dz

input‘ integrate(cot (e*x+d) ~2* (a+b*tan (exx+d)+cxtan(exx+d) ~2)~(1/2) ,x, algorithm=
n 3 n
‘ giac")

output Lintegrate(sqrt(C*tan(e*x + d)"2 + bxtan(e*x + d) + a)*cot(exx + d)~2, x)

Mupad [F(-1)]

Timed out.

/ cot?(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

= /cot(d—i—eac)2 \/cta,n(d+ez)2+btan(d+ex) +adzx

input Lint(cot(d + exx)"2%(a + bxtan(d + e*x) + cxtan(d + e*x)~2)"(1/2),x)

output Lint(cot(d + exx) 2%(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(1/2), x)
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Reduce [F]

/ cot?(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

z/\/tan(ex+d)26+tan(ex+d)b+acot(ex+d)2dx

input Lint (cot (e*xx+d) ~2* (a+b*tan (e*x+d) +cxtan (e*xx+d) ~2) ~(1/2),x)

output Lint(sqrt(tan(d + exx)**2xc + tan(d + e*x)*b + a)*cot(d + exx)**2,x)
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3.7 [ cot3(d+ex)+/a + btan(d + ex) + ctan®(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 102
Mathematica [C] (verified) . . . . . . . . . ... . L 103
Rubi [F] . . . 104
Maple [F(-1)] . . . . . o 108
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 109
Sympy [F] . . o 109
Maxima [F] . . . . . . 109
Giac [F] . . . o o 17101
Mupad [F(-1)] . . . . o 110
Reduce [F] . . . . . o 111

Optimal result

Integrand size = 33, antiderivative size = 690

/cot3(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

Vzva2 + b2 — 2ac + «
V2va2 + b2 — 2ac + c2e

a®+ b +c(c+va?+ b —2ac+ ?) —a(2c+\/a2+b2—2ac+02)arctan(

2a+btan(d+ex)
n \/Ea‘rCtanh ( 2v/a+/a+btan(d+ex)+ctan?(d+ex) )
e
2 2a-+btan(d+ex)
+ (b 4ac) arctanh ( 2v/a+/a+btan(d+ezx)+ctan2(d+ex) >
8a3/2e

\/a2 + 82+ c(c—Va?+ b —2ac+ c?) — a(2c — va?® + b? — 2ac + ¢?)arctanh -
v2Va? + b? — 2ac

V2va? + b2 — 2ac + c2e

_ cot?(d + ex)(2a + btan(d + ex))/a + btan(d + ex) + ctan®(d + ex)
4ae
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1/2%(a~2+b~2+c* (c+(a”2-2*%a*xc+b~2+c~2) ~(1/2)) —a* (2*c+(a~2-2*axc+b~2+c~2) " (1
/2)))~(1/2)*arctan(1/2*(b~2+(a-c) *(a-c-(a~2-2*a*c+b"2+c~2) ~(1/2) ) -b*(a~2-2
*axc+b~2+c”2) ~(1/2) *tan(e*x+d) ) *27(1/2) / (a"2-2*xa*c+b~2+c~2) ~(1/4) /(2" 2+b"2
+c*x (c+(a™2-2%a*xc+b~2+c"2) " (1/2) ) —a* (2*c+(a~2-2*xaxc+b~2+c~2) ~(1/2)))~(1/2)/
(a+b*tan(exx+d)+c*xtan(e*x+d) ~2) ~(1/2))*27(1/2) / (a~2-2*a*c+b~2+c"2)~(1/4) /e
+a” (1/2)*arctanh(1/2*(2xa+bxtan(exx+d))/a~(1/2)/(atb*tan(exx+d)+c*tan (e*x+
d)~2)"(1/2))/e+1/8%(-4*a*xc+b~2) *arctanh (1/2* (2*a+bxtan(exx+d))/a~(1/2)/(a+
bxtan (exx+d)+cxtan(exx+d) ~2) ~(1/2))/a~(3/2) /e-1/2*(a”~2+b"2+c* (c-(a~2-2*ax*c
+b~2+c”2) " (1/2)) -a*x (2xc-(a~2-2%a*c+b~2+c~2) ~(1/2))) ~(1/2) *arctanh (1/2*(b"2
+(a-c)*(a-c+(a™2-2%a*xc+b™2+c72) 7 (1/2) ) +b*x (a~2-2%a*c+b™2+c”2) " (1/2) *tan (e*x
+d))*27(1/2) / (a~2-2%a*c+b~2+c"2) ~(1/4) / (a~2+b~2+c* (c- (a~2-2*axc+b~2+c~2) ~ (
1/2))-a*x(2*c-(a~2-2*a*c+b~2+c~2) " (1/2))) "~ (1/2)/ (a+tb*tan (exx+d) +cxtan (exx+d
)"2)7(1/2))*27(1/2) / (a™2-2*%a*c+b~2+c~2) ~(1/4) /e-1/4*cot (exx+d) ~2* (2*a+b*ta
n(exx+d) ) * (a+b*tan (e*x+d)+cxtan(exx+d) ~2) ~(1/2) /a/e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.18 (sec) , antiderivative size = 289, normalized size of antiderivative = 0.42

/cot3(d + ea:)\/a + btan(d + ex) + ctan®(d + ex) dz

2 2 2a+btan(d+ex) _ S 2a—1ib+(b—21
(8a*+b 4a@aﬂxanh(%@¢wwmmww@+mw%ww@) 2vﬂ<2wVa ib &Hdmnh<iﬁfiiiifﬁﬁi

inputtlntegrate[Cot[d + exx]"3*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x] J

((8*¥a"2 + b~2 - 4*axc)*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a +
bxTan[d + exx] + c*Tan[d + e*x]~2])] - 2*Sqrt[a]l*(2*a*Sqrt[a - I*b - c]*Ar
cTanh[(2*a - I*b + (b - (2%I)*c)*Tan[d + e*x])/(2*Sqrt[a - Ixb - c]*Sqrtla
+ bxTan[d + e*x] + c*Tan[d + e*x]72])] + 2*xa*Sqrt[a + I*b - c]l*ArcTanh[(2
*a + Ixb + (b + (2%I)*c)*Tan[d + e*x])/(2#Sqrt[a + I*b - cl*Sqrt[a + bxTan
[d + exx] + c*Tan[d + e*x]~2])] + Cot[d + exx]*(b + 2xaxCot[d + e*x])*Sqrt
[a + b*Tan[d + e*x] + cxTan[d + exx]~2]))/(8*a”(3/2)*e)

output
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/cot3(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

l 3042

/ Va+btan(d + ex) + ctan(d + ex)?
dz
tan(d + ex)3

l 4183

cot®(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta’n(d + GI)

e
l 7276

tan(a

i (\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

cot®(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta’n(d + 6.’13)

e
l 7276

tan(a

i <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
f tan?(d+ex)+1 dta'n(d + 6.’13)

e
l 7276

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239
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f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

tan(a

Ik <\/ctan2(d + ex) + btan(d + ex) + acot?(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot?(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)
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tan(a

Ik <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot®(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e

l 7276

dtan(d + ex)

tan(a

i <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot®(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 7276

dtan(d + ex)

tan(a

Ik <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot3 (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 7276

dtan(d + ex)

tan(a

/ <\/ctan2(d + ex) + btan(d + ex) + acot3(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e
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l 7239

f cot3(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l'7276

dtan(d + ex)

tan(d

/ <\/ctan2(d + ex) + btan(d + ex) + acot?(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) + =

e

l 7239

f cot3(d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l’7276

dtan(d + ex)

tan(a

i <\/ctan2(d + ex) + btan(d + ex) + acot®(d + ex) — \/ctan?(d + ex) + btan(d + ex) + acot(d + ex) +

e

l 7239

f cot? (d+ex)/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e

dtan(d + ex)

input LInt [Cot[d + e*x]~3*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2],x] J

output L$Aborted J
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183

rule 7239 Intlu_, x_Symbol]l :> With[{v = SimplifyIntegrand[u, x]}, Int[v, x] /; Simpl
erIntegrandQ[v, u, x]]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Maple [F(-1)]
Timed out.

hanged

input Lint (cot (exx+d) ~3* (a+bxtan (exx+d)+c*xtan (exx+d) ~2) ~(1/2) ,x)

output Lint (cot (e*xx+d) ~3*(atbxtan(e*xx+d)+cxtan(e*xx+d) ~2)~(1/2),x)
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4716 vs. 2(621) = 1242.

Time = 0.97 (sec) , antiderivative size = 9449, normalized size of antiderivative = 13.69

/cot3(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz = Too large to display

input‘integrate(cot(e*x+d)”3*(a+b*tan(e*x+d)+c*tan(e*x+d)*2)*(1/2)’X’ algorithm=
‘"fricas")

-

outputtToo large to include

~—

Sympy [F]

/cot3(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dz

= / \/a + btan (d + ex) + ctan? (d + ex) cot® (d + ex) dx

-

input tintegrate (cot (e*x+d) **3* (a+b*tan (exx+d) +ckxtan (exx+d) **2) x*x (1/2) ,x)

—

output LIntegral(sqrt(a + bxtan(d + exx) + cktan(d + e*x)**x2)*cot(d + e*x)**3, x)

Maxima [F]

/ cot®(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dx

:/\/ctan(ex+d)2+btan(ex+d)+acot(ex+d)3 dz

t‘ integrate(cot (e*x+d) ~3* (at+b*tan(e*x+d) +c*tan(e*x+d) "2) ~(1/2) ,x, algorithm=

inpu
‘"maxima")
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outputLintegrate(Sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a)*cot(e*x + d)~3, x)

Giac [F]

/ cot®(d + ex) \/a + btan(d + ex) + ctan?(d + ex) dz

:/\/ctan(ex+d)2+btan(ex+d)+acot(eac+d)3 dz

input‘ integrate(cot (e*x+d) ~3* (a+b*tan (exx+d)+cxtan(exx+d) ~2)~(1/2) ,x, algorithm=
n 3 n
‘ giac")

output Lintegrate(sqrt(c*tan(e*x + d)"2 + bxtan(e*x + d) + a)*cot(exx + d)~3, x)

Mupad [F(-1)]

Timed out.

/ cot’(d + ex) \/a + btan(d + ex) + ctan®(d + ez) dz

= /cot(d—i—eac)3 \/cta,n(d+ez)2+btan(d+ex) +adzx

input Lint(cot(d + exx)"3%(a + bxtan(d + e*x) + cxtan(d + e*x)"2)"(1/2),x)

output Lint(cot(d + exx) 3%(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(1/2), x)
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Reduce [F]

/cot3(d + ex) \/a + btan(d + ex) + ctan®(d + ex) dx

= /cot (ex + d)° \/tan (ex + d)® ¢ + tan (ex + d) b+ adz

input Lint (cot (exx+d) ~3* (a+b*tan (e*x+d) +c*tan(e*x+d) ~2)~(1/2) ,x)

output Lint (cot (e*xx+d) ~3*(atbxtan(e*xx+d)+cxtan(e*xx+d) ~2)~(1/2),x)
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3.8 f tan®(d+-ex) dx
v/ a+btan(d+ex)+ctan?(d+er)

Optimal result . . . . . . . . . . . .. 112
Mathematica [C] (verified) . . . . . . . . . . ... L 113
Rubi [A] (verified) . . . . . . . .. .. 114
Maple [B] (warning: unable to verify) . . . . . .. .. ... ... L. 116
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 176l
Sympy [F] . . . o 116
Maxima [F] . . . . . . o 117
Giac [F(-1)] . - o o o e 117
Mupad [F(-1)] . . . 118
Reduce [F] . . . . . o 118}

Optimal result

Integrand size = 33, antiderivative size = 548

tan®(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

e VP TP —TaetP+btan(d
\/G—C—\/a2+b2—2ac+02arctanh< a—c_va?4b7—2actc’ +htan(der)

V2V a—c—/a2+b2—2ac+c2 Va+btan(d+ex)+ctan?(d+ex) )

V2va? + b2 — 2ac + c%e

Va—c+ a2+ b —2ac+ c2arctanh< a—ctVa? 117 2actc? +btan(dter)

V2V a—c+va2+b2—2act+c2/a+b tan(d+ex)+c tan? (d+ex)

)

V2v/a? + b2 — 2ac + c%e

b+2ctan(d+ex)
barctanh ( 2y/c\/a+btan(d+ex)+ctan2(d+ex) >

2c3/2¢

2 b+2ctan(d+ex)
. b(5b 12ac) arctanh < 2y/c\/a+btan(d+ex)+ctan?(d+ex) )

16¢7/2e
_ V/a+btan(d + ex) + ctan®(d + ex)

_|_

ce
N tan?(d + ex)\/a + btan(d + ex) + ctan?(d + ex)
3ce
+ (156? — 16ac — 10bctan(d + ex)) v/a + btan(d + ex) + ctan?(d + ex)
24c3e




output

input |

output
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1/2x (a-c-(a~2-2*%a*c+b~2+c~2) " (1/2)) " (1/2) *arctanh(1/2*(a-c-(a~2-2*a*c+b™2+
c~2) " (1/2)+b*tan(e*x+d) ) *2~(1/2) / (a-c-(a~2-2*a*xc+b~2+c~2) ~(1/2))~(1/2) / (a+
bxtan (e*xx+d)+c*tan(e*x+d) ~2)~(1/2))*27(1/2) /(a"2-2*a*xc+b~2+c~2) " (1/2) /e-1/
2% (a-c+(a"2-2xaxc+b~2+c~2) " (1/2)) " (1/2)*arctanh (1/2* (a-c+(a"2-2*a*c+b~2+c”
2)~(1/2) +bxtan (exx+d) ) *2~(1/2) / (a-c+(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) / (a+b*
tan(exx+d)+c*tan(e*xx+d) ~2) " (1/2))*27(1/2) / (a~2-2*a*c+b~"2+c~2) " (1/2) /e+1/2%
b*arctanh (1/2* (b+2*c*tan(e*xx+d))/c”(1/2)/(a+b*tan(e*x+d)+c*tan (e*xx+d) ~2) ~(
1/2))/c~(3/2) /e-1/16%b* (-12%a*c+5*b~2) *arctanh (1/2* (b+2*c*tan (exx+d) ) /c~ (1
/2)/ (a+b*tan (e*x+d)+cxtan(exx+d) ~2)~(1/2))/c~(7/2) /e-(a+bxtan(e*x+d)+c*tan
(exx+d)~2)~(1/2)/c/e+1/3*tan(e*x+d) ~2* (a+b*tan (exx+d) +cktan (e*x+d) ~2) ~(1/2
)/c/e+1/24*x(15%b~2-16*a*c-10*bxcxtan (exx+d)) * (a+b*tan (e*x+d) +cxtan (exx+d) "~
2)~(1/2)/c~3/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 6.09 (sec) , antiderivative size = 456, normalized size of antiderivative = 0.83

tan®(d + ex)
va+ btan(d + ex) + ctan®(d + ex)

dz

2marctanh < 2a+ib—(—b—2ic) tan(d+ex) > 2\/marctanh ( 2a—1ib—(—b+2ic) tan(d+ex)

2\/a—ib—C\/a+b tan(d+ex)+c tan2 (d+ex)

2\/a+ib—0\/a+b tan(d+ex)+c tanz(d+ex)

) ba
+ —

da+4ib—4c - da—4ib—4c

Integrate[Tan[d + e*x]~5/Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

((-2*Sgrt[a + I*b - cl*ArcTanh[(2*a + I*b - (-b - (2*I)*c)*Tan[d + exx])/(
2x3qrt[a + I*b - cl*Sqrt[a + b*Tan[d + exx] + cxTan[d + e*x]~2])])/(4*a +

(4*I)*b - 4xc) - (2*Sqrt[a - I*b - cl*ArcTanh[(2*a - I*b - (-b + (2*I)*c)x*
Tan[d + exx])/(2+Sqrt[a - Ix*b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1721)1)/(4*a - (4xI)*b - 4*c) + (b*ArcTanh[(b + 2*c*Tan[d + e*x])/(2*Sqrt[
c]*Sqrt[a + bxTan[d + exx] + c*Tanl[d + e*x]~2])]1)/(2%c~(3/2)) - Sqrt[a + b
*Tan[d + exx] + c*Tan[d + exx]~2]/c + (Tan[d + e*x] 2*Sqrt[a + b*Tan[d + e
*x] + cxTan[d + e*x]~2])/(3%c) + ((((-156%¥b~3)/4 + 9*a*bxc)*ArcTanh[(b + 2%
cxTan[d + exx])/(2+Sqrt[cl*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2])1)/
(4%c~(5/2)) + (((15%b~2)/4 - 4xa*xc - (5*b*cxTan[d + exx])/2)*Sqrt[a + b*Ta
nld + exx] + cxTan[d + exx]1"2])/(2xc~2))/(3%c))/e




input
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Rubi [A] (verified)

Time = 1.21 (sec) , antiderivative size = 531, normalized size of antiderivative = 0.97,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan®(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)

l 3042

tan(d + ex)® -
va+btan(d + ex) + ctan(d + ex)?

l 4183

tan® (d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + 61,‘)

e
l 7276

tan3(d+ex) tan(d+ex) _ tan(d+ex) )
f ( \/ctan2(d+ez)+btan(d+ex)+a + (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a \/ctan2(d+ex)+btan(d+ex)+a d tan(d T

e

l 2009

oy Sy ] _
vV —vaZ—2actb? 2 +a—carctanh o?—2actb2tc?tatbtan(dter)—c Vva2—2ac b2t 2 ta—carctanh | —
\/5\/—\/ 2—2ac+b2+c2+a—0\/a+btan(d+ex)+ctan2(d+ew) V2

V2va2—2ac+b2+c2 B V2y

LInt [Tan[d + e*x]~5/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x] J




output

rule 2009

rule 3042

rule 4183

rule 7276
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((Sqrtfa - ¢ - Sqrt[a”2 + b™2 - 2%a*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +
b2 - 2xa*xc + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtl[a - c - Sqrt[a”2 + b~2

- 2xa*xc + c~2]]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])]1)/(Sqrt[2]*Sq
rt[a”2 + b™2 - 2%a*c + c¢”2]) - (Sqrt[a - c + Sqrt[a”™2 + b2 - 2%a*c + c”2]
I*ArcTanh[(a - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c”2] + b*Tan[d + e*x])/(Sqrt[2
]#Sqrtla - c + Sqrt[a”2 + b~2 - 2*axc + c2]]*Sqrt[a + bxTan[d + e*x] + c*
Tan[d + exx]~2])]1)/(Sqrt[2]*Sqgrt[a™2 + b~2 - 2*xaxc + c¢~2]) + (b*ArcTanh[(b
+ 2%c*Tan[d + e*x])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2
11)/(2%c~(3/2)) - (b*(5%b~2 - 12%axc)*ArcTanh[(b + 2*c*Tan[d + exx])/(2xS
grt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(16xc~(7/2)) - Sqrtl
a + bxTan[d + e*x] + c*Tan[d + exx]~2]/c + (Tan[d + e*x] ~2*Sqrt[a + b*Tan[
d + exx] + cxTan[d + e*x]72])/(3%c) + ((156%b~2 - 16*a*c - 10*b*cxTan[d + e
*x])*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])/(24*c"3))/e

Defintions of rubi rules used

>

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[vl]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.77 (sec) , antiderivative size = 9581348, normalized size of antiderivative =

17484.21
output too large to display
e B
input Lint (tan(e*x+d) 5/ (a+b*tan (e*x+d) +c*tan (e*xx+d) ~2) ~(1/2) ,x) J
OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 5228 vs. 2(485) = 970.

Time = 1.11 (sec) , antiderivative size = 10457, normalized size of antiderivative =
19.08
tan®(d + ex)

dz = Too large to displa;
V/a+btan(d + ex) + ctan?(d + ex) & Py

‘ integrate(tan(e*x+d) “5/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2) ,x, algorithm= ‘

input

‘"fricas") ‘

output LToo large to include J

Sympy [F]
tan®(d + ex) s
va+ btan(d + ex) + ctan?(d + ex)
. / tan® (d + ex) s
v/a+ btan (d + ex) + ctan® (d + ex)
input Lintegrate (tan(e*xx+d) **5/ (a+b*tan (e*x+d) +cxtan (e*x+d) **2) *x* (1/2) ,x) J
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output LIntegral(tan(d + exx)**5/sqrt(a + bxtan(d + e*x) + c*tan(d + e*x)**2), x)

Maxima [F]

tan®(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ tan (ex + d)° i
\/ctan ex +d)’ + btan (ez + d) + a

dz

‘ integrate(tan(e*x+d) "5/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2) ,x, algorithm=

input
‘ "maxima")

output Lintegrate(tan(e*x + d)"5/sqrt(c*tan(exx + d)~2 + bxtan(e*xx + d) + a), x)

Giac [F(-1)]

Timed out.

tan®(d + ex)

dxr = Timed out
Va+ btan(d + ex) + ctan®(d + ex)

lnput‘1n'cegrate(‘tan(e*x+d) 5/ (at+b*tan(exx+d)+cxtan(e*x+d) ~2)~(1/2) ,x, algorithm=
n n
giac")

output LTlmed out
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Mupad [F(-1)]

Timed out.
tan®(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ tan(d + exz)’ g
\/ctan d+ew )" +btan(d+ex)+a

dz

input Lint(tan(d + exx)"5/(a + b¥tan(d + e*x) + ck*tan(d + e*x)~2)~(1/2),x)

output Lint(tan(d + exx)"5/(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(1/2), x)

Reduce [F|

tan’(d + ex)
va+ btan(d + ex) + ctan®(d + ex)
\/tan (ex 4 d)* ¢+ tan (ex + d) b+ a tan (ex + d)°
=/ tan (ex 4 d)® ¢ + tan (ex + d) b+ a

dz

dx

input Lin‘t (tan(exx+d) 5/ (a+b*tan (e*x+d) +c*tan (exx+d) ~2) ~(1/2) ,x)

output‘ int((sqrt(tan(d + exx)**2%c + tan(d + e*x)*b + a)*tan(d + exx)**5)/(tan(d

‘+ exx)**x2%c + tan(d + e*x)*b + a),x)
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tan*(d+ex) dx

3.9 f \/a—l—b tan(d+ex)+c tan2(d+ex)

Optimal result . . . . . . . . . . . ..
Mathematica [C] (verified) . . . . . . . .. .. ... L
Rubi [A] (verified) . . . . . . . .. ..
Maple [B] (warning: unable to verify) . . . . . .. .. ... ... L.
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... ....
Sympy [F] . . . o
Maxima [F] . . . . . . o
Giac [F(-1)] . - o o o e
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result
Integrand size = 33, antiderivative size = 495

tan*(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

dz

b— (a—c— Va2+b2 —2ac+c2) tan(d+ezx)

\/a—c—\/a2+b2—2ac+c2arctan(

\/ﬁ\/a—c— Va2+b2—2ac+c? \/a+b tan(d+ex)+ctan?(d+ex) )

V2v/a2 + b2 — 2ac + c2e

b—(a—c+va2+b2—2ac+c? ) tan(d+
\/a—c+\/a2+b2—2ac+czarctan( (ac ¢ acc)a( )

V2V a—c+va2+b2—2act+c2+/a+btan(d+ex)+ctan? (d+ex)

)

V2v/a? + b2 — 2ac + c%e

b+2ctan(d+ex)
arctanh < 2y/c\/a+btan(d+ezx)+ctan(d+ex) >

\Vee

2 _ b+2ctan(d+ex)
i (3b 4CLC) arctanh ( 2y/c\/a+btan(d+ex)+ctan2(d+er) >
8c/2%e
3b\/a + btan(d + ex) + ctan?(d + ex)
B 4c2e

N tan(d + ex)\/a + btan(d + ex) + ctan®(d + ex)
2ce




output

input

output
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1/2% (a-c-(a”~2-2*a*xc+b~2+c~2) "~ (1/2)) ~(1/2) *arctan (1/2* (b- (a-c-(a"~2-2*a*c+b”
2+c”2) 7 (1/2) ) *tan(exx+d) ) *2~(1/2) / (a-c-(a~2-2xa*c+b~2+c~2) " (1/2))~(1/2)/(a
+b*tan (e*x+d)+c*tan(e*x+d) "2) ~(1/2))*27(1/2)/(a~2-2*a*c+b~2+c~2) " (1/2) /e-1
/2% (a-c+(a~2-2xaxc+b~2+c~2) ~(1/2)) " (1/2)*arctan(1/2*(b-(a-c+(a"2-2*a*c+b~2
+c”2) " (1/2) ) *tan(exx+d) ) *2~(1/2) / (a-c+(a"2-2*a*xc+b~2+c~2) " (1/2))~(1/2) / (a+
bxtan (e*x+d)+c*tan(e*xx+d) ~2) ~(1/2))*27(1/2) /(a~2-2*a*c+b~2+c~2) ~(1/2) /e-ar
ctanh(1/2* (b+2*c*tan(exx+d))/c”~(1/2) / (a+b*tan (e*xx+d)+c*tan (e*xx+d) ~2) ~(1/2)
)/c~(1/2) /e+1/8%(-4*a*c+3*b~2) *arctanh (1/2* (b+2*c*tan(e*xx+d))/c”(1/2)/(a+b
*xtan (exx+d)+c*tan(e*xx+d) "2)~(1/2))/c~(5/2) /e-3/4*b* (at+bxtan (exx+d)+c*tan(e
*x+d) "2)~(1/2) /c"2/e+1/2xtan (e*x+d) * (a+b*tan (e*x+d) +c*xtan (e*x+d) ~2) ~(1/2)/

c/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.57 (sec) , antiderivative size = 283, normalized size of antiderivative = 0.57

tan*(d + ex
dre)
va+ btan(d + ex) + ctan?(d + ex)
4sarctanh 2a—ibt(b—2ic) tan(dfew) giarctanh 2atibt (bt2ic) tan(dfex) (3b2—4c(a+2c)) AT
2\/m\/a+b tan(d+ez)+c tan2 (d+ex) 2\/m\/a+b tan(d+ex)+c tan2 (d+ex)
- . + . +
va—ib—c Va+ib—c

8e

-

LIntegrate[Tan[d + exx]~4/Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2],x]

~—

(((-4*I)*ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tanl[d + e*x])/(2xSqrt[a - I*b

- c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1)/Sqrt[a - I*b - c] + ((
4xI)*ArcTanh[(2%a + I*b + (b + (2*I)*c)*Tan[d + e*x])/(2xSqrt[a + I*b - c]
*xSqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqrtl[a + I*b - c] + ((3*b~
2 - 4xc*x(a + 2xc))*ArcTanh[(b + 2*c*Tan[d + exx])/(2+Sqrt[c]*Sqrt[a + bxTa
n[d + exx] + c*Tanl[d + e*x]~2])]1)/c~(56/2) + (2%x(-3%b + 2*c*Tan[d + e*x])*S
grt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])/c~2)/(8*e)
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Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 481, normalized size of antiderivative = 0.97,

number of rules _ 0.121, Rules

number of steps used = 5, number of rules used = 4, 5 Fo 1

used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan*(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)

l 3042

tan(d + ex)* iz
va+btan(d + ex) + ctan(d + ex)?

l 4183

tan*(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + 61,‘)

e
l 7276

tan?(d+ex) 1 _ 1 )
f ( \/ctan2(d+ez)+btan(d+ex)+a + (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a \/ctan2(d+ex)+btan(d+ex)+a d tan(d T

e

l 2009

- (7 a272ac+b2+CQ+aic) ten(dter) Va2 —2ac+b?>+c2+a—carctan | — —
\/5\/— Va2—2ac+b2+c2 +a—c\/a+b tan(d+ex)+c tan2 (d+ex) \/5\/ Va2-
V2va2—2ac+b2+c2 V2vVa2 -

vV —va2—2ac+b2+c2+a—carctan <

input LInt [Tan[d + e*x]~4/Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2],x] J




output
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((Sqrt[a - ¢ - Sqrt[a”2 + b™2 - 2%a*c + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b™2 - 2xaxc + c~2])#*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - c - Sqrt[a”2 + b~2
- 2xaxc + c~2]]1#Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*S
grt[a”2 + b™2 - 2xaxc + c”2]) - (Sqrt[a - c + Sqrt[a™2 + b"2 - 2*a*c + c”2
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c~2])*Tan[d + exx])/(Sqrt
[2]1*Sqrt[a - ¢ + Sqrt[a™2 + b™2 - 2*a*c + c"2]]1*Sqrt[a + b*Tan[d + exx] +

c*Tan[d + exx]~2]1)]1)/(8Sqrt[2]1*Sqrt[a~2 + b~2 - 2%a*c + c~2]) - ArcTanh[(b

+ 2%c*Tan[d + ex*x])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2]
)1/8qrtlc] + ((3*b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*x] + cxTan[d + e*x]1"2])]1)/(8%c~(5/2)) - (3*b*Sqrtl[a + b
*Tan[d + exx] + c*Tan[d + exx]~2])/(4xc”2) + (Tan[d + e*x]*Sqrt[a + b*Tan[
d + exx] + cxTan[d + e*x]"2])/(2%c))/e

-

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4183

rule

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

7976 ‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE

xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.62 (sec) , antiderivative size = 7491919, normalized size of antiderivative =

15135.19
output too large to display
( N
input Lint (tan(exx+d) "4/ (a+b*tan (e*x+d)+cxtan (exx+d) ~"2) ~(1/2) ,x) J
OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 5044 vs. 2(438) = 876.

Time = 0.93 (sec) , antiderivative size = 10089, normalized size of antiderivative =
20.38
tan*(d + ex)

dz = Too large to displa;
V/a+btan(d + ex) + ctan?(d + ex) & Py

‘ integrate(tan(e*x+d) ~4/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2) ,x, algorithm= ‘

input

‘"fricas") ‘

output LToo large to include J

Sympy [F]
tan*(d + ex) I
va+ btan(d + ex) + ctan?(d + ex)
. / tan* (d + ex) s
v/a+ btan (d + ex) + ctan® (d + ex)
input Lintegrate (tan(e*xx+d) **4/ (a+b*tan (e*x+d) +cxtan (e*x+d) **2) *x* (1/2) ,x) J
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output LIntegral(tan(d + exx)**4/sqrt(a + bxtan(d + e*x) + c*tan(d + e*x)**2), x)

Maxima [F]

tan*(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ tan (ex + d)* i
\/ctan ex +d)’ + btan (ez + d) + a

dz

‘ integrate(tan(e*x+d) ~4/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2) ~(1/2) ,x, algorithm=

input
‘ "maxima")

output Lintegrate(tan(e*x + d)"4/sqrt(c*tan(exx + d)~2 + bxtan(e*xx + d) + a), x)

Giac [F(-1)]

Timed out.

tan*(d + ex)

dxr = Timed out
Va+ btan(d + ex) + ctan®(d + ex)

mput‘1ntegrate(tan(e*x+d) ~4/ (atb*tan(exx+d) +c*tan(exx+d) "2)~(1/2) ,x, algorithm=
n n
giac")

output LTlmed out




CHAPTER 3. LISTING OF INTEGRALS

125

Mupad [F(-1)]

Timed out.
tan*(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ tan(d + ex)* g
\/ctan d+ew )" +btan(d+ex)+a

dz

input Lint(tan(d + e*x)"4/(a + bxtan(d + e*x) + cxtan(d + exx)~2)"(1/2),x)

output Lint(tan(d + exx)~4/(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(1/2), x)

Reduce [F|

tan*(d + ex)
va+ btan(d + ex) + ctan®(d + ex)
\/tan (ex 4 d)* ¢+ tan (ez + d) b+ a tan (ex + d)*
=/ tan (ex 4 d)® ¢ + tan (ex + d) b+ a

dz

dx

input Lin‘t (tan(e*xx+d) "4/ (a+b*tan (e*x+d)+c*tan (exx+d) ~2) ~(1/2) ,x)

output‘ int((sqrt(tan(d + exx)**2%c + tan(d + e*x)*b + a)*tan(d + exx)**4)/(tan(d

‘+ exx)**x2%c + tan(d + e*x)*b + a),x)
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3. 10 f tan3(d+e$) dx
\/a+btan(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . .. 126
Mathematica [C] (verified) . . . . . . . .. .. ... L 127
Rubi [A] (verified) . . . . . . . .. .. 127
Maple [B] (warning: unable to verify) . . . . . .. .. ... ... L. 129
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 1291
Sympy [F] . . . o 130
Maxima [F] . . . . . . o 130
Giac [F(-1)] . - o o o e 131
Mupad [F(-1)] . . . 131
Reduce [F] . . . . . o 1311

Optimal result

Integrand size = 33, antiderivative size = 383

tan®(d + ex) B
va+ btan(d + ex) + ctan?(d + ex)
o 2 2 _ 5 a—c—va24b%—2ac+c2+btan(d+ex) )
~ \/ a —c— Va2 + b? — 2ac + c2arctanh ( V2V a—c— Va5 —2act P /atbtan(dtez) totan2(dtea)

V2va? + b2 — 2ac + c%e

3 3 3 a—c+va?+b2—2ac+c2+btan(d+ex)
a—c++va?+ b —2ac carctanh(
\/ \/ T V2V a—c+va2+b2—2act+c2+/a+btan(d+ex)+c tan? (d+ex)

V2v/a? + b2 — 2ac + ce
barctanh ( b+2ctan(d+ex)

wa¢a+btan(d+ex)+ctan2(d+ex)) 4 va+btan(d + ex) + ctan®(d + ex)
2c3/2¢ ce

+

-1/2x(a-c-(a"2-2*a*c+b”~2+c~2) " (1/2))~(1/2) *arctanh(1/2*(a-c-(a~2-2*a*xc+b~2
+c~2) " (1/2) +b*tan(e*xx+d) ) *2~(1/2) / (a-c-(a"2-2*a*c+b~2+c~2) ~(1/2))~(1/2) / (a
+b*tan (e*x+d)+c*tan(e*x+d) "2) ~(1/2))*27(1/2) /(a~2-2*a*c+b~2+c~2) ~(1/2) /e+1
/2% (a—c+(a"~2-2*axc+b"2+c~2) " (1/2)) ~(1/2) *arctanh(1/2* (a-c+(a~2-2*a*xc+b~2+c
~2)~(1/2)+b*tan(e*x+d) ) *2~(1/2) / (a-c+(a~2-2*%a*xc+b~2+c~2) ~(1/2))~(1/2) / (a+b
*xtan (e*x+d)+cxtan(e*x+d) ~2) ~(1/2))*27(1/2) / (a~2-2*%a*c+b~2+c"2) " (1/2) /e-1/2
*xbxarctanh (1/2* (b+2*c*tan (e*xx+d))/c”~(1/2)/ (a+b*tan (e*x+d) +cxtan (exx+d) ~2) ~
(1/2))/c”~(3/2) /e+(at+b*tan (e*xx+d) +cxtan(exx+d) ~2) ~(1/2) /c/e

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.58 (sec) , antiderivative size = 252, normalized size of antiderivative = 0.66

tan®(d + ex
( ) i
va+ btan(d + ex) + ctan?(d + ex)
arctanh 2a—1ib+(b—2ic) tan(d+ex) arctanh 2a+ib+(b+2ic) tan(d+ex) barctanh . b42
2\/m\/a+b tan(d+ezx)+ctan2(d+ex) + 2\/m\/a+btan(d+em)+ctan2(d+ez) N 2y/cy\/a+btan
_ va—ib—c va+ib—c c3/2
2e
LIntegrate [Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x] J

(ArcTanh[(2*%a - I*b + (b - (2*I)*c)*Tan[d + e*x])/(2xSqrt[a - I*b - cl*Sqr
t[a + b*Tan[d + e*x] + c*Tanl[d + e*x]~2])]/Sqrtl[a - I*b - c] + ArcTanh[(2%
a+ I*xb + (b + (2%I)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - cl*Sqrt[a + b*Tan[
d + e*x] + cxTan[d + exx]~2])]/Sqrt[a + I*b - c] - (b*ArcTanh[(b + 2*c*Tan
[d + exx])/(2%Sqrt[c]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]1)])/c~(3/
2) + (2*%Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])/c)/(2*e)

Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 375, normalized size of antiderivative = 0.98,
number of rules _
4, integrand size 0.121, Rules

number of steps used = 5, number of rules used =
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan3(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)

J,3042

dx

tan(d + ex)3 iz
va+btan(d + ex) + ctan(d + ex)?

l 4183
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tan3(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + em)

e

l 7276

tan(d+ezx) i tan(d+ex)
f < \/ctan?(d+ex)+btan(d+ex)+a (tanz(d+em)+1)\/ctan2(d+ez)+btan(d+ez)-|-a) dtan(d + 637)

e

l 2009

\/i\/— Va2 —2ac+b2+c2+a—c\/a+b tan(d+exz)+c tan2 (d+ex) R
V2va2—2ac+b2+c? vV

VT 3aero? TR _
V—vaZ—2actb2tc2+a—carctanh ( a?—2actb?+c?+atbtan(dten)—c > Vva2—2actb2+c2ta—carctanh (
+

e

tInt[Tan[d + exx]~3/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

~—

input

(-((Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2%a*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a~2
+ b72 - 2*xa*c + c”2] + b*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a~2 + b~
2 - 2%a*c + c”2]]1*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]=*
Sart[a”2 + b™2 - 2%axc + c”2])) + (Sqrt[a - c + Sqrt[a™2 + b™2 - 2*xa*c + ¢
~2]]1*ArcTanh[(a - ¢ + Sqrt[a”2 + b™2 - 2*a*c + c~2] + bxTan[d + exx])/(Sqr
t[2]*Sqrt[a - ¢ + Sqrt[a”™2 + b~2 - 2*axc + c"2]]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + e*xx]~2]1)])/(Sqrt[2]1*Sqrt[a~2 + b~2 - 2*a*c + c~2]) - (bxArcTanh
[(b + 2kc*Tan[d + e*x])/(2%Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1°21)1)/(2%c~(3/2)) + Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]/c)/e

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘1nt[u—’ x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \




rule 4183

rule 7276

input

output

input

CHAPTER 3. LISTING OF INTEGRALS 129

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x))DD"(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

[n, 0]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.88 (sec) , antiderivative size = 9581103, normalized size of antiderivative =
25015.93

output too large to display

Lint (tan(e*x+d) 3/ (a+bxtan (e*x+d)+c*tan (exx+d) ~2) ~(1/2) ,x) J

-

Lresult too large to display

-

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 5168 vs. 2(338) = 676.

Time = 0.96 (sec) , antiderivative size = 10337, normalized size of antiderivative =
26.99
tan3(d + ex)

dz = Too large to display
va+ btan(d + ex) + ctan®(d + ex) &

‘integrate(tan(e*x+d)‘3/(a+b*tan(e*x+d)+c*tan(e*x+d)‘2)‘(1/2),x, algorithm= \
"fricas") J
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LToo large to include

output
Sympy [F]
tan3(d + ex) .
va+btan(d + ex) + ctan?(d + ex)
_ / tan® (d + ex) s
Va+btan (d + ex) + ctan? (d + ex)
input Lintegrate (tan(e*x+d) **3/ (a+b*tan (exx+d) +cxtan (e*xx+d) **2) x* (1/2) ,x)

output LIntegral(tan(d + exx)**3/sqrt(a + bxtan(d + e*x) + cxtan(d + e*xx)**2), x)

Maxima [F]

tan®(d + ex)
va+btan(d + ex) + ctan?(d + ex)

/ tan (ex + d)° .
\/ctan ex +d)* +btan (ex + d) +a

dz

‘ integrate(tan(exx+d) “3/ (atb*tan(exx+d)+cxtan(e*x+d)~2)~(1/2) ,x, algorithm=
"maxima"

input

output tintegrate(tan(e*x + d)~3/sqrt(cxtan(e*x + d)~2 + b*tan(e*x + d) + a), x)
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Giac [F(-1)]
Timed out.

tan3(d + ex)

dxr = Timed out
va+ btan(d + ex) + ctan?(d + ex)

lnput‘ integrate(tan(e*x+d) 3/ (a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2),x, algorithm= ‘
‘ ||glacll) ‘

output tTimed out J

Mupad [F(-1)]

Timed out.
tan®(d + ex) s
va+ btan(d + ex) + ctan?(d + ex)
/ tan(d + exz)® s
\/ctan d+ex)’+btan(d+ezx)+a
input Lint(tan(d + exx)"3/(a + bxtan(d + exx) + c*tan(d + e*x)~2)"(1/2),x) J
outputtint(tan(d + e*x)"3/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)"(1/2), x) J
Reduce [F]

tan3(d + ex)
va+ btan(d + ex) + ctan®(d + ex)
\/tan (ex 4+ d)* ¢ + tan (ex + d) b+ a tan (ex + d)®
:/ tan (ex 4+ d)® ¢ + tan (ex + d) b+ a

dz

dx

input Lint (tan(e*xx+d) ~3/ (at+bxtan (e*x+d)+cxtan(exx+d) ~2)~(1/2),%) J
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Output‘ int((sqrt(tan(d + e*x)*x2*c + tan(d + exx)*b + a)*tan(d + ex*x)**3)/(tan(d
‘+ e*xx)**%2%c + tan(d + e*x)*b + a),x)
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3 . 1 1 f tan2 (d"‘efﬁ) dx
\/a+btan(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . .. 133]
Mathematica [C] (verified) . . . . . . . .. .. ... L 134
Rubi [A] (verified) . . . . . . . .. .. 134
Maple [B] (warning: unable to verify) . . . . . .. .. ... ... L. 137
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 138
Sympy [F] . . . o 138
Maxima [F] . . . . . . o 138
Giac [F(-1)] . - o o o e 139
Mupad [F(-1)] . . . 139
Reduce [F] . . . . . o 1401

Optimal result
Integrand size = 33, antiderivative size = 352
tan?(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

\/a—c—\/a2+b2—2ac+c2arctan(

b— (a—c— Va2+b2 —2ac+02) tan(d+ezx)
\/ﬁ\/a—c— Va2+b2—-2ac+c? \/a+b tan(d+ex)+ctan?(d+ex)

V2v/a2 + b2 — 2ac + c2e

Va—c++a®+ b2 — 2ac + 2 arctan - <a_c+ a2+b2_2ac+62> ten(dtes)
+ V2V a—c+va2+b2—2ac+c2/a+btan(d+ex)+ctan(d+ex)
V2/a2 + b2 — 2ac + c2e
b+2ctan(d+ex)
+ arctanh < 2v/c\/a+btan(d+ex)+ctan?(d+ex) >
\Vce

-1/2%(a-c-(a~2-2*a*c+b~2+c~2) " (1/2)) ~(1/2) *arctan(1/2*(b- (a-c-(a~2-2*a*c+b
~2+¢72) 7 (1/2)) *tan(e*xx+d) )*2~ (1/2) / (a-c-(a~2-2*a*xc+b~2+c~2) ~(1/2))~(1/2) / (
atb*tan(e*xx+d)+c*xtan(exx+d) “2) ~(1/2))*27(1/2) /(a"2-2*a*c+b~2+c~2) ~(1/2) /e+
1/2x(a-c+(a~2-2*a*xc+b~2+c~2) ~(1/2)) ~(1/2) *arctan(1/2* (b-(a-c+(a~2-2*a*xc+b”
2+c~2) " (1/2)) *tan(e*x+d) ) *2~(1/2) / (a-c+(a~2-2*a*xc+b™2+c~2) ~(1/2))~(1/2) /(a
+b*tan (e*x+d)+cxtan(exx+d) “2) ~(1/2))*27(1/2) / (a~2-2*axc+b~2+c~2) “(1/2) /e+a
rctanh (1/2* (b+2*c*xtan(exx+d))/c”(1/2) / (a+b*tan (exx+d)+c*tan(e*xx+d) ~2) ~(1/2
))/c”(1/2)/e

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 228, normalized size of antiderivative = 0.65

tan?(d + ex
( ) i
va+ btan(d + ex) + ctan?(d + ex)
zaI‘Ctanh 2a—1b+(b—2ic) tan(d+ex) zaI‘CtaIlh 2a+ib+(b+2ic) tan(d+ex) arctanh b
2\/m\/a+b tan(d+ex)+ctan2(d+ex) N 2\/m\/a+btan(d+ex)+ctan2(d+em) + 2./cy/a+btar
_ 2va—ib—c 2v/a+ib—c Nz
e
LIntegrate[Tan[d + exx]"2/Sqrt[a + bxTan[d + e*x] + c*Tan[d + exx]~2],x] J

(((I/2)*ArcTanh[(2*a - Ixb + (b - (2*xI)*c)*Tan[d + e*x])/(2*Sqrt[a - Ixb -
cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/Sqrt[a - I*b - c] - ((I
/2)*ArcTanh[(2*a + I*b + (b + (2xI)*c)*Tan[d + exx])/(2*Sqrt[a + I*b - c]*
Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqrtl[a + I*b - c] + ArcTanh
[(b + 2kc*Tan[d + e*x])/(2%Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1°21)1/Sqrtlcl) /e

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 347, normalized size of antiderivative = 0.99,

number of steps used = 10, number of rules used = 9, Ii%{é%?gr?é gtilzlgs = 0.273, Rules

used = {3042, 4183, 2144, 25, 1092, 219, 1318, 1363, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan?(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)

J,3042

dx

tan(d + ex)? iz
va+btan(d + ex) + ctan(d + ex)?

l 4183
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tan?(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + ex)
e
| 2144
1 _ 1
f \/ctan?(d+ex)+btan(d+ex)+a d tan(d + em) + f (tan2(d+ex)+1)+/ctan?(d+ez)+btan(d+ex)+a d tan(d + ex)
e
| 25
1 . 1
f \/ctan?(d+ex)+btan(d+ex)+a d tan(d + 6.’13) f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + 61,‘)
e
| 1002
1 b+2ctan(d+ex) _ 1 \
2 f de— (b+2c tan(d+ex))? d \/ctan2(d+ex)+btan(d+ex)+a f (tan2(d+ex)+1)+/ctan2(d+ex)+b tan(d+em)+adtan(d tez
ctan2(d+ex)+b tan(d+ex)+a
€
| 219
arctanh ( \/ b+2ctan(d+ex) >
2y/c a+btan(d+ez)+ctan2(d+e:¢) 1
Ve f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + 6.’17)
e
| 1318
a—c+btan(d+ex)—\/m dtan(d—i—ex) a—c+btan(d+ez)+\/m dtan(d+ex) arctanh
(tan2 (d+ea:)+l) \/c tan2(d+ex)+b tan(d+ex)+a (tanz(d+ez)+1) \/ctanz(d+ez)+b tan(d+ex)+a 2\/5\/
2va2—2ac+b%+c2 B 2v/a2—2ac+b%+c? +
e
| 1363
b—(a—c—va2—2ca+b2+c2 n(d+ex
b(_1 /a2_2ac+b2+02+a_c) f 1 d ( 2ca+b<+ )ta (d+ex)

2
b(b— (a—c— Va2 —2ca+b2+62) tan(d+ez))
—e—+va2— 2.2
_ ctan2(d+ex)+b tan(d+ex)+a +2b(a ¢ a®—2catbite ) +
Va2—2ac+b2+c2

\/c tan2(d+ex)+b tan(d+ex)+a

l 218

b— (— Va2 —2ac+b2+c2 +a—c) tan(d+ex)
\/5\/— vV a.2—2ac+b2+<:2+a—0\/a+b tan(d+ex)+c tan2(d+ez)
V2va2—2ac+b2+c2

V—va2—2ac+b?+c2+a—carctan
vz Ve
V2V’

> VVa2—2act+b2+c2+a—carctan <
+

e



CHAPTER 3. LISTING OF INTEGRALS 136

input‘ Int[Tan[d + e*x]~2/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

(-((Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b - (a - ¢ - Sqrtl[
a"2 + b™2 - 2*%axc + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b
"2 - 2*axc + c”2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]
x*Sqrt[a”2 + b™2 - 2xa*c + c¢"2])) + (Sqrtl[a - c + Sqrt[a™2 + b™2 - 2*axc +
c~2]]1*ArcTan[(b - (a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c~2])*Tan[d + exx])/(S
grt[2]*Sqgrt[a - ¢ + Sqrt[a”2 + b™2 - 2*a*xc + c~2]]1*Sqrt[a + b*Tan[d + e*x]
+ c*Tan[d + e*x]~2])]1)/(Sqrt[2]*Sqrt[a~2 + b~2 - 2*a*c + c¢~2]) + ArcTanh[
(b + 2xcxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]
~21)1/Sqrtlcl)/e

output

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

. ]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

N\

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2*c*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
’ b’ C}: X]

rule 1092

Int[1/(((a_.) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"21), x_S
ymbol] :> With[{q = Rt[(cxd - a*f)~2 + axcxe”2, 2]}, Simp[1/(2*%q) Int[(cx*
d - axf + q + ckexx)/((a + c*xx"2)*Sqrt[d + e*xx + £*x72]), x], x] - Simp[1/(
2%q) Int[(cxd - axf - q + cxexx)/((a + c*x"2)*Sqrt[d + exx + f*x~2]), x],
x]] /; FreeQl{a, c, d, e, f}, x] && NeQ[e™2 - 4xdxf, 0] && NegQ[(-2a)*c]

rule 1318
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Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int([1/Simp[2*a~2*g*h*c + a
xe*x"2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ
[{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*%e + 2xg*h*x(cxd - a*f) - g~2xc*e, 0]

rule 1363

Int[(Px_)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£_.)*(x_)"2]),
x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[Px,
x, 21}, Simp[C/c  Int[1/Sqrt[d + exx + f*x~2], x], x] + Simp[1/c  Int[(A*
c - a*C + Bxc*x)/((a + c*xx~2)*Sqrt[d + exx + £*x~2]), x], x]] /; FreeQ[{a,
c, d, e, f}, x] & PolyQ[Px, x, 2]

rule 2144

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.74 (sec) , antiderivative size = 7492224, normalized size of antiderivative =
21284.73

output too large to display

input Lint (tan(e*x+d) "2/ (a+bxtan (e*x+d) +cxtan (exx+d) ~2) " (1/2) ,x)

-

output Lresult too large to display

-/
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 4980 vs. 2(313) = 626.
Time = 0.90 (sec) , antiderivative size = 9961, normalized size of antiderivative = 28.30

tan?(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

dx = Too large to display

mput‘1ntegrate(tan(e*x+d) 2/ (at+b*tan (exx+d)+c*xtan (e*xx+d) ~2)~(1/2) ,x, algorithm=

"fricas")
OutputLToo large to include
Sympy [F]
tan?(d + ex) -
\/a + btan(d + ex) + ctanQ(d + ex)
tan? (d + ex)

= dz
Va+btan (d + ex) + ctan? (d + ex)

input Lintegrate (tan(e*x+d) **2/ (a+b*tan (e*xx+d) +c*tan (e*xx+d) **2) *x(1/2) ,x)

Outputtlntegral(tan(d + e*x)*x2/sqrt(a + bxtan(d + e*x) + cxtan(d + e*x)**2), x)

Maxima [F]

tan?(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

/ tan (ex 4 d)’ i
\/ctan ex +d)’ + btan (ez + d) +a

dz
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t‘integrate(tan(e*x+d)"2/(a+b*tan(e*x+d)+c*tan(e*x+d)"2)’“(1/2),x, algorithm=

inpu
‘"maxima" ‘

output tintegrate(tan(e*x + d)"2/sqrt(c*tan(e*x + d)~2 + bk*tan(e*x + d) + a), x) J

Giac [F(-1)]

Timed out.

tan?(d + ex)
Va+btan(d + ex) + ctan®(d + ex)

dz = Timed out

‘ integrate(tan(e*x+d) ~2/ (atb*tan(e*x+d)+c*tan(e*x+d) "2)~(1/2) ,x, algorithm= ‘

input ‘ ngiac") ‘

OutputLTimed out J

Mupad [F(-1)]

Timed out.
tan?(d + ex) e
va+ btan(d + ex) + ctan®(d + ex)
tan(d
/ an(d + ex)? i
\/ctan d+e:c ) +btan(d+ex)+a
input Lint (tan(d + exx)~2/(a + bk*tan(d + e*x) + cktan(d + e*x)~2)~(1/2),x) J

OutputLin’c(tan(d + e*x)"2/(a + b*tan(d + e*x) + c¥tan(d + e*x)~2)~(1/2), x) J
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Reduce [F]

tan®(d + ex)
va+ btan(d + ex) + ctan®(d + ex)

dz

/ \/tan(ex—l—d c+tan(ex+d)b—|—atan(ex+d)2d
x

tan (ex 4+ d)® ¢ + tan (ex + d) b+ a

fnput Lint (tan(exx+d) "2/ (a+bxtan (exx+d)+c*xtan (exx+d) ~2) ~(1/2) ,x)

output‘ int((sqrt(tan(d + e*x)**2*c + tan(d + e*x)*b + a)*tan(d + e*x)**2)/(tan(d
‘+ exx)**x2xc + tan(d + e*x)*b + a),x)
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tan(d+ex)

3.12 f v a+btan(d+ex)+ctan?(d+ex) dz

Optimal result . . . . . . . . . . . . e 41
Mathematica [C] (verified) . . . . . . . . .. ... 142
Rubi [A] (verified) . . . . . . . . . . 1421
Maple [F(-1)] . . . o o 1451
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 1451
Sympy [F] . . . o 145
Maxima [F(-2)] . . . . . . . o 146
Giac [F(-1)] . . o« o o e
Mupad [F(-1)] . . . o o 146
Reduce [F] . . . . . 147

Optimal result

Integrand size = 31, antiderivative size = 294

/ tan(d + ex) i
va+ btan(d + ex) + ctan?(d + ex)

o 2 2 _ D) a—c—\/m—i—btan(d—l—ez) )
— \/a © \/a +o 2ac+ ctarctanh ( V2V a—c—va2+b2—2ac+c2\/a+btan(d+ex)+ctan?(d+ex)

V2v/a? + b2 — 2ac + c%e

) 3 0] a—c+va?+b%—2ac+c?+btan(d+ex)
a—c a’+ b —2ac+c arctanh(
\/ T \/ T T V2V a—c+va2+b2—2act+c? Va+btan(d+ex)+ctan?(d+ex)

V2v/a2 + b2 — 2ac + c2e

1/2x(a-c-(a"2-2*a*c+b~2+c~2) " (1/2) )~ (1/2) *arctanh (1/2* (a-c-(a~2-2*a*c+b~ 2+
c~2)"(1/2)+bxtan(e*x+d) ) *2~(1/2) / (a-c-(a"2-2*a*c+b~2+c~2) " (1/2))~(1/2) / (a+
bxtan (e*xx+d)+c*tan(e*x+d) ~2) ~(1/2))*27(1/2) / (a"2-2*a*c+b~2+c~2) " (1/2) /e-1/
2% (a-c+(a~2-2*a*xc+b”2+c~2) ~(1/2)) ~(1/2) *arctanh (1/2* (a-c+(a~2-2*a*c+b~2+c~
2)~(1/2)+b*tan(e*x+d) ) *2~(1/2)/ (a-c+(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) / (a+b*
tan(e*x+d)+c*tan(e*xx+d) ~2) " (1/2))*2°(1/2) / (a~2-2*axc+b~2+c~2)~(1/2) /e

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.06 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.59

tan(d + ex
[ dre)
Va+btan(d + ex) + ctan?(d + ex)
arctanh 2a—1ib+(b—2ic) tan(d+ex) arctanh 2a+1b+(b+2ic) tan(d+ex)
2\/a—ib—0\/a+btan(d+ex)+ctan2(d+ez) 2\/a+ib—0\/a+btan(d+ew)+ctan2(d+ex)
2v/a—ib—c 2v/a+ib—c

e

e

tIntegrate [Tan[d + e*x]/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

A >

input

| (-1/2*ArcTanh[(2*a - I#b + (b - (2*I)*c)*Tan[d + e*x])/(2#Sqrtla - I#b - ¢
‘]*Sqrt [a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/Sqrt[a - I*b - c] - ArcTan ‘
‘h[(2*a + Ixb + (b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a + Ixb - cl*Sqrt[a + b ‘
#Tan[d + e*x] + c*Tan[d + exx]1"2])]/(2#Sqrt[a + I¥b - cl))/e |

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 292, normalized size of antiderivative = 0.99,

number of rules _ 0.194, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {3042, 4183, 1369, 25, 1363, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ tan(d + ex) i
Va+ btan(d + ex) + ctan?(d + ex)

l 3042
/ tan(d + ex) dz
Va+btan(d + ex) + ctan(d + ex)?
l 4183
| tan(d+ez) dtan(d + ex)

(tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a
€
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| 1369
b—(a—c+V a272ca+b2+c2 tan(d+ex b—(a—c—+V/ a2 72ca+b2+c2 tan(d+ex
- ( ) en ) dtan(d+ex) J- ( ) en ) dtan(d+ex)
(tan2 (d+ez)+1) \/c tan2(d+ex)+btan(d+ez)+a (tan2 (d+ez)+1) \/c tan2(d+ex)+btan(d+ez)+a
2v/a2—2ac+b2+c2 2v/a2—2ac+b2+c?
€
| 25
—(a—c— — n —(a— - n
b (a c—va2 2ca+b2+cz) tan(d+ex) dta,n(d-‘,—e:z:) f b (a c+va2 26a+b2+c2) tan(d+ex) dtan(d+ez‘)
(tan2 (d+ez)+1) \/c tan2(d+ex)+btan(d+ez)+a (tan2 (d+ez)+1) \/c tan2 (d+ez)+b tan(d+ex)+a
2v/a2—2ac+b2+c? 2va2—2ac+b2+c2
(&
| 1363

_a—c+b tan(d+ex)—V 2_2ca+b2+4c2

b(_v@7:25132ﬁ3+a_c)f

ctan2 (d+exz)+btan(d+ex)+ta

1 d
b(a—c+btan(d+ez)—\/ 2—2ca+b2+02)2 < \/ctanz(d+ew)+btan(d+ez)+a
—Qb(a—c— vV a2 —20a+b2+c2)

va2—2ac+b2+c2

) t

l 921

Va2 n _
\/—\/ a2 —2ac+b%+c2+a—carctanh < ®—2actb?+c?+atbtan(dtes)—c \/\/ a2 —2ac+b2+c2+a—carctanh | —

\/5\/— Va2 —2ac+b2+02+a—C\/a+b tan(d+ex)+c tan2 (d+ex)

e

NG

V2va2—2ac+b2+c2

V2y

e

p
input Int[Tan[d + e*x]/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x]

N

((Sqrtfa - ¢ - Sqrt[a”2 + b"2 - 2%a*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b2 - 2xa*xc + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtl[a - c - Sqrt[a”2 + b~2

- 2%axc + c”2]]*Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*Sq
rt[a™2 + b™2 - 2*a*c + c¢”2]) - (Sqrt[a - c + Sqrt[a”™2 + b2 - 2*a*c + c”2]
I*ArcTanh[(a - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c2] + b*Tan[d + e*x])/(Sqrt([2
]*#Sgrtla - c + Sqrt[a™2 + b~2 - 2*axc + c"2]]*Sqrt[a + bxTan[d + e*x] + c*
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a~2 + b~2 - 2*a*c + c~2]))/e

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 1363 TotLC(g) + (h_)*(x_))/(((al) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x)) + (£
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int([1/Simp[2*a~2*g*h*c + a
xexx~2, x], x], x, Simp[a*h - g*c*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ
[{a, ¢, 4, e, f, g, h}, x] & EqQ[a*h~2xe + 2*g*hx(c*d - a*f) - g~2*cxe, 0]

rule 1369 TRtLC(g ) + (B_)*(x))/(((al) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Simp
[1/(2%q) Int[Simp[(-a)*h*e - gx(c*d - a*f - q) + (h*x(cxd - a*f + q) - g*c
xe)*x, x]/((a + c*x"2)*Sqrt[d + e*x + £*x~2]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*xe - gk(ckd - axf + q) + (h*(c*d - axf - q) - gkcxe)*x, x]/((a +
c*x~2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x]
&& NeQ[e™2 - 4xd*f, 0] && NegQ[(-a)x*c]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4183 Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]
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Maple [F(-1)]
Timed out.

hanged

input‘int(tan(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)"2)"(1/2),x)

output tint (tan(exx+d)/ (a+bxtan (exx+d) +c¥tan(exx+d) 2)~(1/2) ,x) J
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 5045 vs. 2(261) = 522.
Time = 0.65 (sec) , antiderivative size = 5045, normalized size of antiderivative = 17.16
tan(d
/ an(d + ex) dx = Too large to display
Va+btan(d + ex) + ctan?(d + ex)
input \ integrate(tan(e*x+d)/(atb*tan(e*x+d)+c*tan(exx+d) ~2)~(1/2),x, algorithm="f \
ricas") J
OutputLToo large to include J
Sympy [F]
/ tan(d + ex) s
va+ btan(d + ex) + ctan?(d + ex)
_ / tan (d + ex) s
v/a+ btan (d + ex) + ctan® (d + ex)
input Lintegrate (tan(e*x+d)/ (a+b*tan (exx+d) +cxtan (exx+d) **2) *x (1/2) ,x) J

Outputtlntegral(tan(d + exx)/sqrt(a + bxtan(d + exx) + c*tan(d + e*x)**2), x) J
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Maxima [F(-2)]

Exception generated.

tan(d + ex)

dx = Exception raised: ValueError
va+btan(d + ex) + ctan?(d + ex)

input integrate(tan(e*xx+d)/(at+b*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="m
axima")
output Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *mayx*
help (example of legal syntax is 'assume(4*a*c-b~2>0)', see “assume?  for
more deta
Giac [F(-1)]
Timed out.
tan(d + ex _
( ) > dz = Timed out
Va+ btan(d + ex) + ctan®(d + ex)
lnput‘1ntegrate(tan(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d) 2)°(1/2) ,x, algorithm="g
‘1ac")
OutputLTlmed out J

Mupad [F(-1)]

Timed out.
tan(d + ex)

va+ btan(d + ex) + ctan?(d + ex)

/ tan(d + ex) i
\/ctan d+ex)’+btan(d+ezx)+a

dz
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inputtint(tan(d + exx)/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(1/2),x)

outputtint(tan(d + e*xx)/(a + bxtan(d + e*x) + cxtan(d + e*x)"2)7(1/2), x)

Reduce [F]

tan(d + ex)
\/a + btan(d + ex) + ctan?(d + ex)

/\/tan (ex + d)? c+tan(ew+d)b+atan(ew+d)d
T

tan (ez + d)>c+tan (ex +d)b+a

inputLint(tan(e*x+d)/(a+b*tan(e*X+d)+c*tan(e*x+d)“2)*(1/2),x)

output‘lnt((sqrt(tan(d + e*x)*x2xc + tan(d + e*x)*b + a)*tan(d + e*x))/(tan(d + e

‘*x)**2*c + tan(d + e*x)*b + a),x)
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1 dx

3.13 f \/a—I-b tan(d+ex)+c tan2(d—|—ex)

Optimal result . . . . . . . . .. . .. 148}
Mathematica [C] (verified) . . . . . . . . . ... 149
Rubi [A] (verified) . . . . . . .. . . 149
Maple [B| (warning: unable to verify) . . . . . . ... ... o oL 1511
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 152
Sympy [F] . . . o 152
Maxima [F(-2)] . . . . . o o e 153
Giac [F] . . . o o 153
Mupad [F(-1)] . . . . 1531
Reduce [F] . . . . . . 154

Optimal result
Integrand size = 24, antiderivative size = 298
1
va+ btan(d + ex) + ctan?(d + ex)

Va—c—+/a®+ b2 — 2ac + 2 arctan (

dz

b— <a—c—\/ a?+b2 —2ac+cz) tan(d+ex)
V2V a—c—+v/a?+b2—2ac+c2\/a+b tan(d+ex)+c tan? (d+exz)

V2v/a? + b2 — 2ac + c%e

b— (a—c+\/ a2+-b2 —2ac+52> tan(d+ex)
2 2 2
a—c a® 4+ b? — 2ac + c? arctan
\/ + \/ + + <\/§\/a—c+\/a2 +b2—2ac+c? \/a+b tan(d+ex)+ctan?(d+ex)

V2v/a2 + b2 — 2ac + c2e

1/2%(a-c-(a~2-2*a*c+b~2+c~2) " (1/2)) " (1/2) *arctan(1/2* (b-(a-c-(a~2-2*a*c+b”
2+c72) " (1/2) ) *tan(e*xx+d) ) *2~(1/2) / (a-c-(a~2-2*a*xc+b~2+c~2) ~(1/2))~(1/2)/(a
+b*tan (e*x+d)+cxtan(exx+d) “2) ~(1/2))*27(1/2) / (a~2-2*a*xc+b~2+c”~2) " (1/2) /e-1
/2% (a-c+(a~2-2*xaxc+b"2+c”2) ~(1/2)) " (1/2)*arctan(1/2*(b-(a-c+(a"2-2*a*c+b"2
+c~2)7(1/2) ) *tan(e*xx+d) ) *2~(1/2) / (a-c+(a~2-2*a*c+b™2+c~2) " (1/2))~(1/2) / (a+
b*tan (exx+d)+cxtan(e*x+d) “2) ~(1/2))*27(1/2) / (a~2-2*a*c+b~™2+c~2) " (1/2) /e

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.07 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.58

1
5 dz =
va+ btan(d + ex) + ctan®(d + ex)
arctanh 2a—1ib+(b—2ic) tan(d+ex) arctanh 2a+1ib+(b+2ic) tan(d+ex)
. 2\/a—ib—C\/a+btan(d+ez)+ctan2(d+ez) _ 2\/a+ib—5\/a+btan(d+ez)+ctanz(d+ez)
¢ va—ib—c va+ib—c

2e

input‘ Integrate[1/Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x] ‘

output‘ ((-1/2*I)*(ArcTanh[(2*%a - I*b + (b - (2*I)*c)*Tanld + e*x])/(2*Sqrtla - Ix ‘
‘b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/Sqrt[a - I*b - c] - A ‘
'rcTanh[(2%a + I¥b + (b + (2*I)*c)*Tanld + e*x])/(2*Sqrt[a + I*b - c]*Sqrt[

‘a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]/Sqrt[a + I*b - cl))/e

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 296, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.208, Rules

number of steps used = 6, number of rules used = 5,
used = {3042, 4853, 1318, 1363, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 dz
Va+btan(d + ex) + ctan?(d + ex)
| 3042

/ ! dz
va+btan(d + ex) + ctan(d + ex)?

l 4853
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1
‘[ (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + ex)
e
| 1318

a—c+btan(dtex)+V a2 —2ca+b2+c2 dtan(d—i—ex) f a—c+btan(dtex)—V 2_2ca+b2+c2 dtan(d+ex)
(tan2 (d+em)+1) \/c tan2 (d+ex)+btan(d+ex)+a (tan2 (d+em)+1) \/c tan?2 (d+ex)+btan(d+ex)+ta

2v/a2—2ac+b2+4c? B 2v/a2 —2ac+b2+4c2
e
l 1363
b—(a—c—v/aZ—2catt24<2) tan(d+
b(— /a2—2ac+b2+02+a—c)f 1 5 d (a c a ca c ) an( ex) b(
b(b* (afcf\/ a272ca+b2+c2) tan(d+ez)) \/W \/ctan2(d+ez)+b tan(d+ex)+a
ctan2(d+ez)+btan(d+ez)+a +2b(a—c— a®—2catbstc ) L
Va2 —2ac+b24c2
e
| 218
b= (—Va?—2act02F 2 +a—c) tan(d+ ‘
vV —va2—2ac+b2+c2+a—carctan ( e o C) an(dtes) Va2 —2actb?+c2+a—carctan
\/5\/—\/ 2—2ac+b2+c2+a—c\/a+btan(d+s:c)+ctan2(d+e:v) V2 a2 -
V2va2—2ac+b2+c2 V2vVa2—

e

e

~—

inputtlnt[l/Sqrt[a + b*Tan[d + exx] + c*xTan[d + e*x]"2],x]

((Sgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b”2 - 2%axc + c"2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b~2
- 2xaxc + c”2]]1#Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*S
grt[a”2 + b™2 - 2%axc + c¢72]) - (Sqrt[a - c + Sqrt[a™2 + b™2 - 2%axc + c72
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b~2 - 2%axc + c~2])*Tan[d + exx])/(Sqrt
[2]*Sqrt[a - c + Sqrt[a™2 + b~2 - 2xaxc + c~2]]*Sqrt[a + bxTan[d + e*x] +

cxTan[d + exx]~2]1)])/(Sqrt[2]1*Sqrt[a~2 + b~2 - 2*a*xc + c~2]))/e

output




rule 218

rule 1318

rule 1363

rule 3042

rule 4853

input
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Int[1/(((a_.) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£f_.)*(x_)"2]), x_S
ymbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe”2, 2]}, Simp[1/(2*%q) Int[(c*
d - axf + q + c*exx)/((a + cxx"2)*Sqrt[d + e*x + £*xx~2]), x], x] - Simp[1/(
2xq) Int[(cxd - axf - q + cxe*x)/((a + cxx"2)*Sqrt[d + exx + f*x~2]), x],
x]] /; FreeQ[{a, c, d, e, f}, x] && NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)x*c]

N

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int([1/Simp[2*a~2*g*h*c + a
xe*x"2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ
[{a, c, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*x(cxd - a*f) - g~2xc*e, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2*x
~2), Tan[v]/d, u, x], x], x, Tan[v]l/d]], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

Maple [B]| (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.37 (sec) , antiderivative size = 7300256, normalized size of antiderivative =
24497.50

output too large to display

Lint (1/ (at+b*tan(e*x+d) +c*tan (exx+d) ~2) ~(1/2) ,x)
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OutputLresult too large to display J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 4891 vs. 2(267) = 534.
Time = 0.60 (sec) , antiderivative size = 4891, normalized size of antiderivative = 16.41

1
va+btan(d + ex) + ctan®(d + ex)

dx = Too large to display

inputLintegrate(1/(a+b*tan(e*x+d)+c*tan(e*x+d)AQ)A(1/2),X, algorithm="fricas") J
output LToo large to include J
Sympy [F]
1
dx
va+ btan(d + ex) + ctan®(d + ex)
1
= / dx
Va+btan (d + ex) + ctan? (d + ex)
input Lintegrate (1/ (a+b*tan (exx+d) +cxtan (e*x+d) **2) x* (1/2) ,x) J
output Llntegral(l/sqrt(a + bxtan(d + exx) + c*xtan(d + e*x)**2), x) J
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Maxima [F(-2)]

Exception generated.

1
va+ btan(d + ex) + ctan®(d + ex)

dx = Exception raised: ValueError

input Lintegrate (1/ (atb*tan(exx+d)+cxtan(e*x+d) "2)~(1/2) ,x, algorithm="maxima") J

Output‘Exception raised: ValueError >> Computation failed since Maxima requested ‘
‘additional constraints; using the 'assume' command before evaluation *may* ‘
‘ help (example of legal syntax is 'assume(4*a*c-b~2>0)', see “assume?  for ‘

‘ more deta
Giac [F]
1
dx
va+btan(d + ex) + ctan®(d + ex)
1
= / dz
\/ctan (ex +d)* + btan (ex + d) + a
input Lintegrate (1/ (at+b*tan(exx+d) +c*tan(exx+d) "2)~(1/2) ,x, algorithm="giac") J
output Liﬂtegrate(1/Sqrt(0*tan(e*x + d)"2 + bxtan(exx + d) + a), x) J

Mupad [F(-1)]
Timed out.
1

dz
va+ btan(d + ex) + ctan?(d + ex)

/ 1
= dx
\/ctan(d+ex)2+btan(d+e:c) +a
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inputLint(l/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(1/2),x) J
output Lint(i/ (a + b¥tan(d + e*x) + cxtan(d + e*x)"2)"(1/2), x) J
Reduce [F]
1
dx
va+ btan(d + ex) + ctan®(d + ex)
an(ex 2ct+tan(ex a tan(ex 3 an(ex 2
2\/tan (ez + d)2 cttan(ez+d)b+a—2 (f \/t : tajzﬁtzt)%it;gid)Li = da:) “- (f \/t(thx
) be
inputLint(1/(a+b*tan(e*x+d)+c*tan(e*x+d)*2)‘(1/2)’X) J

output (2*sqrt(tan(d + exx)**2xc + tan(d + e*x)*b + a) - 2*int((sqrt(tan(d + e*x)
*k2%xc + tan(d + e*x)*b + a)*tan(d + e*xx)**3)/(tan(d + e*xx)**2%c + tan(d +
exx)*b + a),x)*cxe - int((sqrt(tan(d + exx)**2*c + tan(d + e*x)*b + a)*tan
(d + e*x)**2)/(tan(d + e*x)**2xc + tan(d + exx)*b + a),x)*bxe - 2*int((sqr
t(tan(d + e*x)**2xc + tan(d + e*x)*b + a)*tan(d + exx))/(tan(d + e*x)**2xc

+ tan(d + e*x)*b + a),x)*c*e)/(bxe)
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3 . 14 f COt(d‘l‘&’L‘) da’;
v a+btan(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . . e 155
Mathematica [C] (verified) . . . . . . . . . ... L 1561
Rubi [A] (verified) . . . .. . ... .. 156
Maple [F(-1)] . . . . o o e 158
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 158
Sympy [F] . . . o 159
Maxima [F] . . . . . .. 159
Giac [F] . . . . o o 159
Mupad [F(-1)] . . . oo 160
Reduce [F] . . . o . o o 160

Optimal result

Integrand size = 31, antiderivative size = 350

2a-+btan(d+ex)
/ cot (d + 61’) de — — arctanh ( 2v/a\/a+btan(d+ex)+ctan2(d+ex) >
va+btan(d + ex) + ctan?(d + ex) Vae
L 3 > ) a—c—Vva?+b2—2ac+c2+btan(d+ex) )
. \/a ¢ \/(1 +b 2ac + c*arctanh < V2V a—c—+v/a2+b2—2ac+c2+/a+btan(d+ex)+c tan? (d+ex)

V2v/a? + b2 — 2ac + c%e

—c+va?+b2—2ac+c?+btan(d+ex)
a—c++va?+b*—2ac+ cQarctanh< 2=
\/ \/ V2V a—c+va2+b2—2ac+c2 Va+btan(d+ex)+ctan?(d+ex)

_|_

V2v/a? + b2 — 2ac + c%e

—arctanh (1/2* (2*xa+bxtan(e*x+d))/a~(1/2)/(a+b*tan(e*x+d)+c*tan(e*x+d) ~2) " (1
/2))/a~(1/2) /e-1/2x(a-c-(a"2-2*a*c+b~2+c"2)~(1/2) )~ (1/2) *arctanh(1/2* (a-c-
(a~2-2%axc+b~2+c”2) " (1/2) +b*tan (exx+d) ) *2~(1/2) / (a-c-(a~2-2*a*c+b~2+c~2) ~ (
1/2))~(1/2)/ (at+b*tan (exx+d)+c*tan (e*x+d) ~2) ~(1/2))*2~(1/2) / (a~2-2*a*c+b~ 2+
c~2)~(1/2) /e+1/2*%(a-c+(a"2-2*a*xc+b~2+c~2) " (1/2)) ~(1/2) *arctanh (1/2*(a-c+(a
~2-2xaxc+b~2+c”2) " (1/2)+b*tan(e*x+d))*2~ (1/2) / (a-c+(a~2-2*a*c+b~2+c~2) ~(1/
2))~(1/2)/ (atb*tan(e*x+d) +cxtan(e*x+d) ~2) ~(1/2))*27(1/2) / (a~2-2%a*c+b~2+c”
2)7(1/2) /e

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.64

cot(d + ex
/ dre)
va+ btan(d + ex) + ctan?(d + ex)
Qarctanh 2a+btan(dtez) arctanh 2a—ib+(b—2ic) tan(d+ex) aI‘Cta,nh  2a+ib+(
2/ay/atbtan(d+ex)+c tan? (d-+ew) + 2va—ib—cy/a+btan(d+ex)+c tan? (d+ex) n 2v/aFib—c\/atb
_ va va—ib—c Va+ib
2e

e

tIntegrate [Cot[d + e*x]/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

~—

input

((-2xArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Tan[d + exx] + ¢
*Tan[d + exx]~2])])/Sqrt[a] + ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + e
*x])/(2*Sqrt[a - I*b - cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/Sq
rt[a - I*b - c] + ArcTanh[(2*%a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2xSqrt
[a + Ixb - cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1/Sqrtl[a + I*b -
cl)/(2xe)

output

Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 345, normalized size of antiderivative = 0.99,

number of rules _ 0.129, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)

J’3042

/ 1 dz
tan(d + ex)+/a + btan(d + ex) + ctan(d + ex)?

l 4183

dx
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cot(d+ex)
‘[ (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + ex)

e
l'7276

cot(d+ex) _ tan(d+ex)
f ( Vctan?(d+ez)+btan(d+ex)+a  (tan2(d+ex)+1)\/ctan2(d+ex)+btan(d+ex)+a ) d tan(d + CIL‘)

e

l 2009

—_ —Zac C a I exr)—c
\/—\/a2—2ac+b2+c2+a—carctanh( Va?—2ac+b?+c?+atbtan(dtes) > \/\/a2—2ac+b2+c2+a—carctanh(
+

\/ﬁ\/— Va2—2ac+b2 +c2+a—c\/a+b tan(d+ex)+c tan2 (d+ex) R
V2va2—2ac+b2+c? Vi
e

-

LInt [Cot[d + exx]/Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2],x]

-

input

(-(ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[al*Sqrt[a + b*Tan[d + exx] + c*T
an[d + e*x]72])]/Sqrt[al) - (Sgrtl[a - c - Sgrt[a™2 + b2 - 2%axc + c~2]]*A
rcTanh[(a - ¢ - Sqrt[a™2 + b™2 - 2*a*xc + c~2] + b*Tan[d + e*x])/(Sqrt[2]*S
grtla - ¢ - Sqrt[a™2 + b™2 - 2xaxc + c~2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]~2])]1)/(Sqrt[2]*Sqrt[a™2 + b~2 - 2*axc + c¢”2]) + (Sqrt[a - ¢ + Sq
rt[a™2 + b"2 - 2xa*c + c”2]]*ArcTanh[(a - c + Sqrt[a™2 + b™2 - 2*xa*c + c~2
] + bxTan[d + exx])/(Sqrt[2]*Sqrt[a - c + Sqrt[a™2 + b"2 - 2*a*xc + c~2]]*S
art[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2%
axc + c~2]))/e

output

Defintions of rubi rules used

ruka2009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ru1e3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]
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Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Maple [F(-1)]
Timed out.

hanged

input Lint (cot (exx+d) / (a+bxtan (exx+d)+c*tan (e*xx+d) ~2)~(1/2) ,x) ‘

output \ int (cot (e*x+d)/ (at+b*tan (exx+d)+cxtan (e*x+d) ~2)~(1/2) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 10308 vs. 2(309) = 618.

Time = 2.08 (sec) , antiderivative size = 20629, normalized size of antiderivative =
58.94
cot(d + ex)

/ Va+btan(d + ex) + ctan?(d + ex)

dx = Too large to display

input ‘ integrate(cot (e*x+d)/(a+b*tan (e*x+d)+cxtan (e*x+d) ~2)~(1/2) ,x, algorithm="f ‘

ricas")

output LToo large to include J
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Sympy [F]
cot(d + ex) i
va+ btan(d + ex) + ctan?(d + ex)
_ / cot (d + ex) i
Va+ btan (d + ex) + ctan? (d + ex)
input Lintegrate (cot (exx+d)/ (a+bxtan (e*x+d) +cxtan (exx+d) **2) *x (1/2) ,x)

output LIntegral(cot(d + e*x)/sqrt(a + bxtan(d + exx) + c*tan(d + e*x)**2), x)

Maxima [F]

cot(d + ex)
va+btan(d + ex) + ctan?(d + ex)

/ cot (ex + d) .
\/ctan em+d )"+ btan (ex +d) + a

dz

1nput‘ integrate(cot (exx+d)/(a+bxtan(exx+d)+cxtan(e*x+d)~2)~(1/2),x, algorithm="m
‘ axima")

output Lintegrate(cot(e*x + d)/sqrt(c*tan(e*x + d)~2 + b*xtan(e*x + d) + a), x)

Giac [F]

cot(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

/ cot (ex + d) i
\/ctan ex-l—d )" +btan (ex +d) + a

dz
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input
‘iac")

‘integrate(cot(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)“2)“(1/2),x, algorithm="g

outputtintegrate(“t(e*X + d)/sqrt(c*tan(e*x + d)~2 + bxtan(e*x + d) + a), x)

Mupad [F(-1)]

Timed out.
cot(d + ex) i
va+ btan(d + ex) + ctan®(d + ex)
/ cot(d + ex) e
\/ctan d+ex)’ +btan(d+ez)+a
inputtint(cot(d + exx)/(a + bxtan(d + exx) + c*tan(d + e*x)~2)"(1/2),x)

output Lint(cot(d + e*x)/(a + b¥tan(d + e*x) + cxtan(d + e*x)"2)"(1/2), x)

Reduce [F]

/ cot(d + ex) i
Va+btan(d + ex) + ctan®(d + ex)
\/tan ex +d)’ ¢+ tan (ex + d) b+ a cot (ex + d)
/ tan (ex 4+ d)® ¢ + tan (ex + d) b+ a

dz

inputtint(COt(e*X+d)/(a+b*tan(e*X+d)+c*tan(e*x+d)‘2)‘(1/2),X)

output
‘*x)**z*c + tan(d + e*x)*b + a),x)

‘int((sqrt(tan(d + exx)*x2xc + tan(d + e*x)*b + a)*cot(d + e*x))/(tan(d + e
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3.15 f cot?(d+ex) dx
\/a+btan(d+ex)+ctan?(d+ex)

Optimalresult . . . . ... ... ... ... .. .. ... 161l
Mathematica [C] (verified) . . . . . . . .. ... oL 162
Rubi [A] (verified) . . . . .. ... . .. 163!
Maple [F(-1)] . . . o o o 165
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 1651
Sympy [F] . . . o 1651
Maxima [F] . . . . . . . 1661
Giac [F] . o o o o 166
Mupad [F(-1)] . . . 167
Reduce [F] . . . . . . . 167

Optimal result
Integrand size = 33, antiderivative size = 395

/ cot?(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

b— (a—c— Va2+b2 —2ac+c2) tan(d+ezx)

\/a—c—\/a2+b2—2ac+c2arctan(

\/ﬁ\/a—c— Va2+b2—-2ac+c? \/a+b tan(d+ex)+ctan?(d+ex)

)

V2v/a2 + b2 — 2ac + c2e

b— (a—c—l—\/ a?+b2 —2ac+02> tan(d+ex)

\/a—c+\/a2+b2—2ac+c2arctan(

V2V a—c+va2+b2—2ac+c2/a+btan(d+ex)+ctan(d+ex)

)

+
V2va? + b — 2ac + c?e
2a-+btan(d+tex)
+ barctanh ( 2y/a\/a+btan(d+ex)+ctan?(d+ex) )
2a3/2e

_ cot(d +ex)y/a + btan(d + ex) + ctan®(d + ex)
ae




output

input

output
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-1/2%(a-c-(a~2-2*a*c+b~2+c~2) " (1/2)) "~ (1/2) *arctan(1/2*(b- (a-c-(a~2-2*a*c+b
~2+¢c”2)~(1/2) ) *tan(exx+d) )*2~(1/2) / (a—c-(a"2-2*a*c+b~2+c~2) ~(1/2))~(1/2) /(
a+bxtan (exx+d) +cxtan (exx+d) ~2) " (1/2))*27(1/2) / (a~2-2*a*c+b~2+c”2) ~(1/2) /e+
1/2*x(a-c+(a"2-2%a*c+b™2+c"2) " (1/2) )~ (1/2) *arctan(1/2* (b-(a-c+(a"2-2*a*c+b”
2+c72) " (1/2) ) *tan(e*xx+d) ) *2~(1/2) / (a-c+(a~2-2*a*xc+b"2+c~2) ~(1/2))~(1/2)/(a
+bxtan (e*x+d)+c*tan (e*xx+d) "2) " (1/2))*27(1/2) / (a"2-2*a*c+b~2+c~2) ~(1/2) /e+1
/2*b*arctanh (1/2*(2*a+bxtan(e*x+d))/a~(1/2)/(a+b*tan(e*x+d) +c*tan (exx+d) "2
)~ (1/2))/a~(3/2) /e-cot (e*x+d) * (a+bxtan (exx+d)+cxtan(e*x+d) ~2) ~(1/2)/a/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.99 (sec) , antiderivative size = 264, normalized size of antiderivative = 0.67

/ cot?(d + ex) p
i
va+ btan(d + ex) + ctan?(d + ex)
varctanh 2a+btan(dter) iarctanh 2a—ibt (b_2ic) tan(d+e) iarctanh [ ——2atibt(-
2\/5\/a+btan(d+ew)+ctan2(d+ew) + 2\/a—ib—0\/a+btan(d+ew)+ctan2(d+ew) 2v/a+ib—cy/a+bte

a3/2 Va—ib—c

2e

LIntegrate[Cot[d + e*x]~2/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

((b*ArcTanh[(2*a + b*Tan[d + exx])/(2xSqrt[a]l*Sqrt[a + b*Tan[d + exx] + c*
Tan[d + exx]~2])]1)/a"~(3/2) + (IxArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d +
exx])/(2xSqrt[a - I*b - c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)
/Sart[a - Ixb - c] - (I*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(
2+#Sqrt[a + I*b - c]*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2])])/Sqrtl[a
+ I*%b - c] - (2*Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])/
a)/(2xe)
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Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 387, normalized size of antiderivative = 0.98,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot?(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)
| 3042
/ 1
dz
tan(d + ex)2\/a + btan(d + ex) + ctan(d + ex)?
| 4183
cot?(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + ez)
e
| 7276
cot?(d+ex) 1 )
f ( V/ctan2(d+ez)+btan(d+ex)+a + (- tan2(d+ex)—1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + GCE)
e
| 2009
parctanh 2atbtan(dter) vV —va2—2ac+b2+c2+a—carctan - (_ 2_2ac+b2+02+0_c) tan(dtes)
2\/5\/01,+btan(d+ez)+ctan2(d+e:v) i \/5\/7\/ 272ac+b2+c2+a7C\/a+btan(d+ez)+ctan2(d+ez
2a3/2 vV2va2—2ac+b2+c2

input| [t [Cot[d + exx]"2/Sqrt[a + bxTan[d + exx] + cxTan[d + exx]"2],x]




output
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(-((Sgrt[a - ¢ - Sgrt[a”2 + b™2 - 2*axc + c”2]]*ArcTan[(b - (a - ¢ - Sqgrt[
a”2 + b"2 - 2xa*c + c~2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b
"2 - 2*%axc + c"2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]
*Sgrt[a”2 + b~2 - 2%a*c + c¢72])) + (Sqrt[a - c + Sqrt[a™2 + b2 - 2*xaxc +

c"2]]1*ArcTan[(b - (a - ¢ + Sqrt[a™2 + b™2 - 2xaxc + c~2])*Tan[d + exx])/(S
grt[2]*Sqrt[a - ¢ + Sqrt[a™2 + b"2 - 2xa*c + c~2]]1*Sqrt[a + b*Tan[d + exx]
+ c*Tan[d + e*x]~2]1)]1)/(Sqrt[2]*Sqrt[a~2 + b~2 - 2%a*c + c~2]) + (b*ArcTa
nh[(2*a + b*Tan[d + e*x])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
*x]~2]1)]1)/(2*a~(3/2)) - (Cot[d + e*x]*Sqrtl[a + bxTan[d + e*x] + cxTan[d +

rule 2009

rule 3042

rule 4183

rule 7276

exx]~2])/a) /e

Defintions of rubi rules used

e

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xa*c, O]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Maple [F(-1)]
Timed out.

hanged

input ‘ int (cot (e*xx+d) ~2/ (at+bxtan (e*xx+d)+cxtan (exx+d) ~2)~(1/2) ,x) ‘

output tint (cot (exx+d) ~2/ (at+b¥tan (exx+d)+cxtan (exx+d) "2)~(1/2) ,x) J
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 10100 vs. 2(352) = 704.
Time = 1.97 (sec) , antiderivative size = 20213, normalized size of antiderivative =
51.17
t(d
/ cot™(d + ex) dx = Too large to display
V/a+btan(d + ex) + ctan?(d + ex)
input ‘ integrate(cot (e*x+d) ~2/ (a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2) ,x, algorithm= ‘
"fricas") ‘
output LToo large to include J
Sympy [F]
/ cot?(d + ex) i
va+ btan(d + ex) + ctan?(d + ex)
_ / cot? (d + ex) i
va+ btan (d + ex) + ctan® (d + ex)
input Lintegrate (cot (exx+d) **x2/ (a+b*tan (e*xx+d) +cxtan (e*xx+d) **2) ** (1/2) ,x) J

Outputtlntegral(cot(d + exx)**2/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2), x) J
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Maxima [F|

cot?(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ cot (ex + d)* s
\/ctan ex+d)’ +btan (ex +d) +a

dz

‘1ntegrate(cot(e*x+d) 2/ (atb*tan(exx+d) +cxtan(e*xx+d) ~2)~(1/2) ,x, algorithm=

input
"maxima")

Outputtintegrate(cot(e*x + d)"2/sqrt(cxtan(e*x + d)~2 + b*tan(exx + d) + a), x)

Giac [F]

cot?(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

/ cot (ex + d)* s
\/ctan ex+d)* +btan (ex +d) +a

dz

‘integrate(cot(e*x+d)”2/(a+b*tan(e*x+d)+c*tan(e*x+d)“2)“(1/2),x, algorithm=

input
||giacll)

ou_tputtintegrate(cot(e*x + d)~2/sqrt(c*tan(e*x + d)~2 + bxtan(e*x + d) + a), x)
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Mupad [F(-1)]

Timed out.
cot?(d + ex) s
va+ btan(d + ex) + ctan®(d + ex)
t(d
/ cot(d + e x)’ e
\/ctan d+ex)’ +btan(d+ez)+a

input Lint(cot (d + e*x)"2/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(1/2),x) J
output Lint(cot (@ + exx)"2/(a + bxtan(d + e*x) + c*tan(d + e*x)~2)~(1/2), x) J

Reduce [F|
cot?(d + ex) / cot (ex + d)? s

va+btan(d +ex) + ctan’ d+ew \/ta,n ex +d)’c+tan(ez +d)b+a

input Lint (cot (exx+d) "2/ (a+bxtan (exx+d)+c*xtan (exx+d) ~2) ~(1/2) ,x) J
output Lint (cot (exx+d) "2/ (at+bxtan(e*x+d)+c*tan(exx+d) ~2)~(1/2),x) J
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3.16 f cot3(d+ex) dx
v a+btan(d+ez)+ctan®(d+ex)

Optimalresult . . . . . ... ... ... .. ... 168}
Mathematica [C] (verified) . . . . . . . .. ... oL 169
Rubi [A] (verified) . . . ... ... ... 170
Maple [F(-1)] . . . o o o 172
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... 1721
Sympy [F] . . . o
Maxima [F] . . . . . .. 173
Giac [F] .« . o o e 173
Mupad [F(-1)] . . . 174
Reduce [F] . . . . . o 174

Optimal result

Integrand size = 33, antiderivative size = 500

2a+btan(d+ex)
/ COt3(d + 61’) de — arCta’nh(2\/E\/a+b tan(d+ezx)+ctan?(d+ezx)

va+ btan(d + ex) + ctan®(d + ex) Vae

2 2a+btan(d+ex)
. (3b 4ac) arctanh <2\/E\/a+b tan(d+ex)+ctan?(d+ex) )

8a®/2e

A 2 2 _ 5 a—c—+va?+b%2—2ac+c2+btan(d+ex)

4 \/a ¢ \/a +b 2ac + c*arctanh ( V2V a—c—v/a2+b2—2ac+c\/a+b tan(d+ex)+ctan? (d—i—ez))
V2v/a? + b2 — 2ac + c%e
_ 2 7 _ 0] a—c+va?+b%—2ac+c?+btan(d+ex) )
\/a ¢+ \/a + b 2ac +c arctanh ( \/5\/(1—0+\/a2+b2—2ac+62 \/a+btan(d+ez)+ctan2 (d+ex)

V2v/a2 + b2 — 2ac + c2e
3bcot(d + ex)\/a + btan(d + ex) + ctan?(d + ex)
_|_
4a’e
_ cot?(d + ex)\/a + btan(d + ex) + ctan®(d + ex)
2ae




output

input

output
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arctanh(1/2*(2*a+b*tan(e*x+d))/a~(1/2)/(atb*tan(e*x+d)+c*tan(exx+d) ~2)~(1/
2))/a"~(1/2)/e-1/8* (-4*a*c+3*b~2) *arctanh (1/2* (2*a+b*tan(e*xx+d))/a~(1/2)/(a
+b*tan (e*x+d)+cxtan(exx+d) ~“2) ~(1/2))/a~(5/2) /e+1/2*x(a—c-(a"~2-2*a*c+b~2+c"2
)~ (1/2)) " (1/2) *arctanh(1/2* (a—-c-(a"2-2*a*c+b~2+c~2) ~(1/2) +bxtan (e*x+d) ) *2~
(1/2)/(a—c-(a"2-2*a*c+b"2+c"2)~(1/2))~(1/2) / (a+b*tan (e*x+d) +c*tan (exx+d) "2
)= (1/2))*27(1/2) / (a™2-2*a*xc+b~2+c”2) ~(1/2) /e-1/2* (a-c+(a~2-2*a*xc+b~2+c~2) "
(1/2))~(1/2)*arctanh(1/2* (a-c+(a~2-2*a*c+b"2+c~2) " (1/2) +b*tan (e*x+d) ) *2~ (1
/2)/ (a—c+(a~2-2%a*xc+b~2+c~2) " (1/2) )~ (1/2) / (a+b*tan (e*x+d) +c*tan (e*xx+d) ~2) "
(1/2))*27(1/2)/ (a~2-2xa*c+b~2+c~2) ~(1/2) /e+3/4*b*cot (e*x+d) * (a+b*tan (exx+d
Y+cxtan(e*x+d) ~2) ~(1/2) /a~2/e-1/2*cot (e*xx+d) “2* (a+b*tan (exx+d)+cxtan (e*xx+d
)~2)"(1/2)/a/e

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.60 (sec) , antiderivative size = 315, normalized size of antiderivative = 0.63

/ cot®(d + ex)
va+ btan(d + ex) + ctan?(d + ex)
(8a2—3b2-+4ac)arctanh 2athtan(dter) 2arctanh 2a—ib+(b_2ic) tan(dtea) 2arctanh | -
Qﬁ\/a-f-btan(d+em)+ctan2(d+ez) ZJm\/a-Hztan(d+ez)+ctan2(d+5x) P
2a5/2 Va—ib—c

-

LIntegrate[Cot[d + e*x]~3/Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

~—

(((8%a"2 - 3*b~2 + 4*a*c)*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a
+ bxTan[d + exx] + c*Tan[d + e*x]~2])]1)/(2*xa~(5/2)) - (2*ArcTanh[(2*a - I
*b + (b - (2*I)*c)*Tan[d + exx])/(2+Sqrt[a - I*b - c]*Sqrt[a + bxTan[d + e
*x] + c*Tan[d + e*x]~2])])/Sqrt[a - I*b - c] - (2*%ArcTanh[(2*a + I*b + (b

+ (2xI)*c)*Tan[d + e*xx])/(2xSqrt[a + I*b - c]*Sqrt[a + b*Tan[d + exx] + c*
Tan[d + exx]~2])])/Sqrt[a + Ixb - c] + (3xbxCot[d + e*x]*Sqrt[a + b*Tan[d

+ e*x] + c*Tan[d + e*x]~2])/a"2 - (2*Cot[d + e*x] 2*Sqrt[a + b*Tan[d + e*x
1 + c*Tan[d + exx]~2])/a)/(4xe)

4¢
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Rubi [A] (verified)

Time = 0.96 (sec) , antiderivative size = 486, normalized size of antiderivative = 0.97,

number of steps used = 5, number of rules used = 4,

number of rules _ 0.121, Rules
integrand size

used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot3(d + ex)
Va+ btan(d + ex) + ctan?(d + ex)
| 3042
/ 1 d
X
tan(d + ex)3+/a + btan(d + ex) + ctan(d + ex)?
| 4183
cot3(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d + ez)
e
| 7276
cot3(d+ex) _ cot(d+ex) tan(d+ex) )
f ( Vctan?(d+ez)+btan(d+ex)+a  \/ctan2(d+ex)+btan(d+ex)+a + (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a d tan(d T
e
| 2009
(3b2—4ac)arctanh( 2a+btan(d+ex) ) \/_ /a2—2ac+b2+62+a—carctanh( —Va2—2ac+b2+c2+a+btan(d4
_ 2\/5\/a+btan(d+ez)+ctan2(d+ez) + \/i\/—\/m-ﬁ-a—c\/aﬁ-btan(d-ﬁ-

8aB/2 V2va2—2ac+b2+c2

e

input L

Int[Cot[d + e*x]~3/Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

-/
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(ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + exx] + cxTan
[d + exx]~2])]1/Sqrt[al - ((3*%b"2 - 4*a*c)*ArcTanh[(2*a + bxTan[d + exx])/(
2x3qrt [a]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2])])/(8*a~(5/2)) + (Sq
rtla - ¢ - Sqrt[a”2 + b™2 - 2%a*c + c”2]]*ArcTanh[(a - ¢ - Sqrt[a”"2 + b~2

- 2%axc + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b~2 - 2%
a*c + c”2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2])])/(Sqrt[2]*Sqrt[a
"2 + b72 - 2%a*xc + c”2]) - (Sgrtla - c + Sqrt[a”2 + b"2 - 2%a*xc + c~2]]1*Ar
cTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2%axc + c¢~2] + b*Tan[d + e*x])/(Sqrt[2]*Sq
rtla - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*Sqrt[a + b*Tan[d + exx] + cx*Tan[
d + exx]~2]1)]1)/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*c + c~2]) + (3*b*Cot[d + e*x]
*Sqgrt[a + bxTan[d + exx] + cxTan[d + e*x]~2])/(4%¥a"2) - (Cotl[d + e*x] 2%Sq
rt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])/(2%a))/e

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

rule 4183

1
O spand[u/(a + bxxn), x1}, Intlv, x] /; SmQlvl] /; Freeql{a, b}, x] &k IGtQ

' [n, 0]

7976 ‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE ‘
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Maple [F(-1)]
Timed out.

hanged

input ‘ int (cot (e*xx+d) "3/ (atbxtan (e*xx+d)+cxtan (exx+d) ~2)~(1/2),x) ‘

output tint (cot (exx+d) "3/ (at+b¥tan (exx+d) +cxtan (exx+d) "2)~(1/2) ,x) J
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 10459 vs. 2(441) = 882.
Time = 2.28 (sec) , antiderivative size = 20934, normalized size of antiderivative =
41.87
t3(d
/ cot’(d + ex) dx = Too large to display
V/a+btan(d + ex) + ctan?(d + ex)
input ‘ integrate(cot (e*x+d) ~3/(a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(1/2),x, algorithm= ‘
"fricas") ‘
output LToo large to include J
Sympy [F]
/ cot?(d + ex) i
va+ btan(d + ex) + ctan?(d + ex)
_ / cot? (d + ex) i
va+ btan (d + ex) + ctan® (d + ex)
input Lintegrate (cot (exx+d) **3/ (a+b*tan (e*xx+d) +c*xtan (e*xx+d) **2) ** (1/2) ,x) J

Outputtlntegral(cot(d + exx)**3/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2), x) J
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Maxima [F|

cot®(d + ex)
va+btan(d + ex) + ctan®(d + ex)

/ cot (ex + d)® s
\/ctan ex+d)’ +btan (ex +d) +a

dz

‘1ntegrate(cot(e*x+d) 3/ (atb*tan(exx+d) +cxtan(e*xx+d) ~2)~(1/2) ,x, algorithm=

input
"maxima")

Outputtintegrate(cot(e*x + d)~3/sqrt(c*tan(e*x + d)~2 + bxtan(e*x + d) + a), x)

Giac [F]

cot®(d + ex)
va+ btan(d + ex) + ctan?(d + ex)

/ cot (ex + d)® s
\/ctan ex+d)* +btan (ex +d) +a

dz

‘integrate(cot(e*x+d)”3/(a+b*tan(e*x+d)+c*tan(e*x+d)“2)“(1/2),x, algorithm=

input
||giacll)

ou_tputtintegrate(cot(e*x + d)~3/sqrt(cxtan(e*x + d)~2 + b*tan(e*x + d) + a), x)
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Mupad [F(-1)]

Timed out.
cot?(d + ex) s
va+ btan(d + ex) + ctan®(d + ex)
t(d
/ cot(d + e x)® e
\/ctan d+ex)’ +btan(d+ez)+a

input Lint(cot (d + e*x)"3/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(1/2),x) J
output Lint(cot (4 + exx)"3/(a + bxtan(d + e*x) + c*tan(d + e*x)~2)~(1/2), x) J

Reduce [F|
cot®(d + ex) / cot (ex + d)° s

va+btan(d +ex) + ctan’ d+ew \/ta,n ex +d)’c+tan(ez +d)b+a

input Lint (cot (exx+d) "3/ (at+bxtan (exx+d)+c*tan (exx+d) ~2) ~(1/2) ,x) J
output Lint (cot (exx+d) "3/ (at+b*tan(e*x+d)+c*xtan(exx+d) ~2)~(1/2),x) J
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3.17 f tan' (d+ex) - dx
(a+btan(d+ex)+ctan?(d+er))

Optimal result . . . . . . .. .. . ... . 175
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. 176l
Rubi [A] (verified) . . . .. .. ... ... 177
Maple [B] (warning: unable to verify) . . . . . . ... ... .. L L. 179
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 180
Sympy [F] . . o o 180
Maxima [F(-1)] . . . . . . o o 1801
Giac [F(-1)] . . . o oo 18T
Mupad [F(-1)] . . . o o [181]
Reduce [F] . . . . . . 181

Optimal result

Integrand size = 33, antiderivative size = 1190

/ tan’(d + ex)

(a + btan(d + ex) + ctan?(d + ex))*?

dxz = Too large to display



output

input
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3/2*bxarctanh (1/2* (b+2xcxtan(e*x+d))/c”(1/2) / (a+bxtan(e*x+d)+cxtan(e*x+d)~
2)°(1/2))/c~(5/2) /e-5/16*b* (-12*a*c+7*b~2) *arctanh (1/2* (b+2*c*tan (exx+d) )/
c~(1/2)/(a+b*tan(e*x+d)+c*tan(exx+d) ~2)~(1/2))/c”(9/2) /e-1/2* (2*xa-2*c-(a"2
—2%a*xc+b"2+c"2) " (1/2)) " (1/2) *(a"2-b"2-2*a*xc+c"2+(a-c) * (a"2-2*a*c+b"2+c"2) "
(1/2))~(1/2)*arctanh(1/2* (b"2-(a-c)*(a—c+(a"2-2*a*c+b~2+c~2) ~(1/2) ) -b*(2*a
-2xc—(a"2-2*a*c+b"2+c"2) " (1/2) ) *tan(e*xx+d) ) *2~ (1/2) / (2*xa-2*c-(a"2-2*a*xc+b~
2+¢c”2)7(1/2))~(1/2) / (a~2-b"2-2*a*c+c”2+(a-c) * (a~2-2*a*c+b~2+c~2)~(1/2))~(1
/2)/ (a+bxtan(e*x+d) +cxtan (exx+d) ~2) ~(1/2))*2~(1/2) / (a~2-2%a*c+b~2+c~2) ~(3/
2) /e+1/2%(2*%a-2%c+(a~2-2*a*c+b~2+c~2) " (1/2)) ~(1/2) *(a~2-b~2-2*a*c+c"2-(a-c
)*(a~2-2%axc+b~2+c~2) " (1/2)) ~(1/2)*arctanh(1/2*(b~2-(a-c)*(a-c-(a~2-2*a*c+
b~2+c”2) " (1/2) ) -b* (2%a-2%c+(a~2-2*a*c+b~2+c~2) ~(1/2) ) *tan (e*xx+d) ) *2~(1/2) /
(2xa-2*c+(a"2-2*%a*c+b~2+c"2) " (1/2))~(1/2)/ (a~2-b"2-2*a*c+c~2-(a-c) *(a~2-2%
axc+b”~2+c~2) " (1/2)) " (1/2) / (a+b*tan (e*x+d) +cktan (exx+d) ~2) ~(1/2))*2~(1/2) /(
a~2-2%axc+b"2+c"2) " (3/2) /e+2* (2*a+b*tan (exx+d) ) / (-4*a*xc+b~2) /e/ (a+b*tan (e*
x+d) +c*tan (e*x+d) ~2) ~(1/2) -2*tan (e*x+d) ~2* (2*xa+b*tan (exx+d) ) / (-4*a*c+b~2) /
e/ (a+b*tan (exx+d)+cxtan(e*x+d) ~2) ~(1/2)+2xtan (e*x+d) ~4* (2*a+b*tan (exx+d))/
(-4*a*c+b~2) /e/ (a+b*tan(e*x+d) +c*tan (e*x+d) "2) ~(1/2) -2*x(a* (b~2-2* (a-c) *c) +
b*c* (atc) *tan(exx+d) )/ (b"2+(a-c) "2) / (-4*axc+b~2) /e/ (a+b*tan(e*x+d) +c*tan(e
*xx+d) "2) 7 (1/2) +1/3* (~16*a*c+7*b"2) ¥tan (exx+d) "2* (a+b*tan (e*xx+d) +cxtan (exx+

d)~2)~(1/2)/c~2/ (-4*a*xc+b~2) /e-2xb*tan (e*xx+d) ~3* (a+b*tan (e*x+d) +c*tan(e. ..

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 9.18 (sec) , antiderivative size = 2476, normalized size of antiderivative = 2.08

/ tan’(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dzr = Result too large to show

-

LIntegrate[Tan[d + exx]"7/(a + b*Tan[d + exx] + cxTan[d + e*x]~2)~(3/2),x]

g

J
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(((-35%a~2+%b~3 - 35%xb~5 + 60*a~3*bxc + 130*a*xb~3*c - 96%a”2xb*c~2 - 11xb~3
*C"2 + 12%axbxc™3 + 16%bkc~4)*ArcTanh[(2*Sqrt[c]*Tan[(d + e*x)/2])/(Sqrt[a
I*(-1 + Tan[(d + e*x)/2]72) - Sqrtlax(-1 + Tan[(d + ex*x)/2]72)"2 + 2*Tan[(
d + exx)/2]*(b + 2*cxTan[(d + e*x)/2] - b*Tan[(d + e*x)/2]172)]1)]*(1 + Cos[
d + e*xx])*Sqrt[(1 + Cos[2*(d + e*x)])/(1 + Cos[d + e*x])~2]*Sqrt[(a + c +
(a - c)*Cos[2x(d + exx)] + b*Sin[2%(d + e*x)])/(1 + Cos[2x(d + e*x)])]*(-1
+ Tan[(d + e*x)/2]1"2)*(1 + Tan[(d + e*x)/2]"2)*Sqrt[(ax(-1 + Tan[(d + e*x
)/2]17°2)72 + 2%Tan[(d + e*x)/2]*(b + 2*c*Tan[(d + e*x)/2] - bxTan[(d + e*x)
/2172))/(1 + Tan[(d + e*x)/2]172)"2])/(Sqrt[cl*Sqrt[a + c + (a - c)*Cos[2x(
d + e*x)] + b*Sin[2%(d + e*x)]]*Sqrt[(-1 + Tan[(d + e*x)/2]72) 2]*Sqrt [a*(
-1 + Tan[(d + e*x)/2]72)"2 + 24Tan[(d + e*x)/2]*(b + 2xc*Tan[(d + e*x)/2]
- bxTan[(d + exx)/2]172)]) + ((-8*axc™4 + 8xc~B)*(1 + Cos[d + e*x])*Sqrt[(1
+ Cos[2*(d + exx)])/(1 + Cos[d + e*x])~2]*RootSum[a~2 + b2 + 4*b*Sqrt[c]
*#1 — 2xa*x#172 + 4xc*k#172 + #174 & , (-(axLog[-1 + Tan[(d + e*x)/2]72]) +
axLog[#1 - 2*Sqrt[c]l*Tan[(d + e*x)/2] - #1xTan[(d + e*x)/2]"2 + Sqrt[a + 2
*bxTan[(d + e*x)/2] + (-2%a + 4*c)*Tan[(d + e*x)/2]"2 - 2*b*Tan[(d + e*x)/
2]73 + axTan[(d + e*x)/2]74]] + Logl[-1 + Tan[(d + e*x)/2]72]*#172 - Logl[#1
- 2xSqrt[c]*Tan[(d + e*x)/2] - #1*Tan[(d + e*x)/2]1"2 + Sqrt[a + 2*b*Tan[(
d + e*x)/2] + (-2xa + 4*c)*Tan[(d + e*x)/2]72 - 2*b*Tan[(d + e*x)/2]"3 + a
*Tan[(d + e*x)/2]1°4]11*#1°2)/(-(b*Sqrt[c]) + ax#1 - 2xc*x#1 - #1°3) & ]*S...

output

Rubi [A] (verified)

Time = 4.87 (sec) , antiderivative size = 1158, normalized size of antiderivative = 0.97,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan’(d + ex)

dx
/ (a+btan(d + ex) + ctan?(d + ex))

3/2

l,3042

/ tan(d 4+ e;v)7 e
(a + btan(d + ez) + ctan(d + ex)?)>/?

l 4183
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tan’ (d+ex)
f (tan?(d+ex)+1) (ctan?(d+ex)+btan(d+ex)+a)>/? d tan(d T 6.’1})
€
| 7276
f tan® (d+ex) _ tan3(d+ex) . tan(d+ex) +
(ctan?(d+ex)+btan(d+ex)+a)®>’?  (ctan?(d+ex)+btan(d+ex)+a)>’?  (tan2(d+ex)+1)(ctan?(d+ex)+btan(d+ex)+a)>’? ' (ct
(&
| 2009
2(2a+btan(d+ex)) tan?(d+ex) __ 2by/ctan?(d+ex)+btan(d+ex)+atan®(d+ex) + (7b2—16ac) y/ctan?(d+ex)+btan(d+ex)+at:
(b2—4ac)+/ctan?(d+ex)+btan(d+ex)+a c(b?—4ac) 3c2(b%2—4ac)

;
input‘Int[Tan[d + e*x]"7/(a + b*Tan[d + e*x] + cxTan[d + e*x]~2)~(3/2),x] ‘

((3*b*ArcTanh[(b + 2*c*Tan[d + e*x])/(2xSqrt[c]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + e*x]72])]1)/(2%c~(5/2)) - (5*b*(7*b~2 - 12%axc)*ArcTanh[(b + 2%c*
Tan[d + exx])/(2+Sqrt[c]*Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]~2])1)/(1
6*c~(9/2)) - (Sqrt[2*a - 2%c - Sqrt[a”2 + b~2 - 2*xaxc + c”2]]*Sqrt[a”2 - b
2 - 2%axc + c”2 + (a - c)*Sqrt[a”2 + b~2 - 2*axc + c"2]]*ArcTanh[(b"2 - (
a - c)x(a - c + Sqrt[a™2 + b™2 - 2xa*c + c"2]) - b*(2*a - 2xc - Sqrt[a~2 +
b2 - 2xaxc + c~2])#*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c - Sqrt[a~2 + b~
2 - 2%axc + c”2]]1*Sqrt[a”2 - b"2 - 2xa*c + c¢™2 + (a - c)*Sqrt[a”2 + b"2 -
2%axc + c"2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a"2
+ b72 - 2xaxc + ¢72)7(3/2)) + (Sqrt[2*a - 2%c + Sqrt[a”2 + b~2 - 2xa*c +
c2]]*Sqrt[a”2 - b~2 - 2%a*xc + c”2 - (a - c)*Sqrt[a”™2 + b~2 - 2%axc + c”2]
J*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b~2 - 2*a*xc + c2]) - b*(2xa
- 2%c + Sqrt[a”™2 + b"2 - 2xa*c + c~2])*Tanl[d + exx])/(Sqrt[2]*Sqrt[2*a - 2
xc + Sqrt[a”2 + b™2 - 2xa*xc + c”2]]*Sqrt[a”2 - b"2 - 2xa*c + c”2 - (a - c)
*Sgrt[a”™2 + b~2 - 2*%axc + c"2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2
1)1/ (Sgrt[2]1*(a”2 + b~2 - 2*%axc + ¢~2)7(3/2)) + (2*x(2*a + b*Tan[d + e*x])
)/ ((b~2 - 4xa*xc)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]) - (2*Tan[d +
exx] "2x(2*%a + b*Tan[d + e*x]))/((b~2 - 4xa*xc)*Sqrt[a + b*Tan[d + exx] + c
*Tan[d + exx]~2]) + (2*Tan[d + e*x]~4*(2*a + b*Tan[d + e*x]))/((b~2 - 4x*ax
c)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]) - (2x(a*x(b"2 - 2*(a - c...

output




rule 2009

rule 3042

rule 4183

rule 7276

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

‘Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
'xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] & IGtQ
L[n, 0]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.64 (sec) , antiderivative size = 13068421, normalized size of antiderivative =
10981.87

output too large to display

int (tan(e*x+d) ~7/ (a+b*tan (e*x+d) +c*tan (exx+d) ~2) ~(3/2) ,x)

N\

‘result too large to display
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 20284 vs. 2(1096) =
2192.

Time = 8.84 (sec) , antiderivative size = 40569, normalized size of antiderivative =
34.09

/ tan’(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*?

dxz = Too large to display

‘ integrate(tan(e*x+d) ~7/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

input
‘"fricas")

outputLToo large to include

Sympy [F]

tan’(d + ex) tan’ (d + ex)

dx=/
/ (a + btan(d + ex) + ctan?(d + ex))*? (a+ btan (d + ex) + ctan® (d + ex))

N

-

input Lintegrate (tan(exx+d) *x7/ (atb*tan (e*x+d) +cxtan (exx+d) **2) **(3/2) ,x)

e—

Output‘ Integral(tan(d + exx)#**7/(a + b¥tan(d + e*x) + cxtan(d + exx)**2)**(3/2),
‘x)

Maxima [F(-1)]
Timed out.

tan’(d + ex)

dz = Timed out
/ (a + btan(d + ex) + ctan?(d + ex))*”

t‘ integrate(tan(e*x+d) ~7/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

inpu
‘"maxima")
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OutputLTimed out J
Giac [F(-1)]
Timed out.
7
/ tan'(d + ez) 372 dz = Timed out
(a + btan(d + ex) + ctan®(d + ex))
input‘integrate(tan(e*x+d)”7/(a+b*tan(e*x+d)+c*tan(e*x+d)“2)*(3/2),x, algorithm=
"giac n) ‘
Ou_tpudTimed out J
Mupad [F(-1)]
Timed out.
7
/ tan’(d + ex) - dz = Hanged
(a+ btan(d + ex) + ctan?(d + ex))
inputLint(tan(d + exx)"7/(a + bxtan(d + exx) + c*tan(d + e*x)~2)~(3/2),x) J
OutputL\text{Hanged} J
Reduce [F|
2 ;
/ tan’(d + ex) o _/ \/tan (ex +d)"c+tan(ex +d
(a + btan(d + ex) + ctan?(d + ex))*/? tan (ez + d)* ¢ + 2tan (ez + d)’ be + 2tan (ez + d)’ a

input Lint (tan(e*xx+d) ~7/ (at+bxtan (e*xx+d)+cxtan (exx+d) ~2)~(3/2) ,%) J
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output‘int((sqrt(tan(d + exx)xk2xc + tan(d + exx)*b + a)*tan(d + e*x)**7)/(tan(d
\+ exx) *xxdxc*x*2 + 2xtan(d + e*xx)**3xbkxc + 2*xtan(d + e*x)**2*axc + tan(d + e
‘*X)**Q*b**2 + 2xtan(d + exx)*a*b + a*x*x2),x)
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tan®(d+ex)
3.18 f (a-+btan(d+ez)+c tan2(d—|-ex))3/ 2 dz

Optimal result . . . . .. ... ... ... ... .. ... ...
Mathematica [C] (warning: unable to verify) . . . . . ... ... ...
Rubi [A] (verified) . . . ... ... ...
Maple [B] (warning: unable to verify) . . . . . ... ... ... .. ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ..
Sympy [F] . . . o
Maxima [F(-1)] . . . . . . .o o
Giac [F(-1)] . . .« o o o
Mupad [F(-1)] . . . . o
Reduce [F] . . .« . . o

Optimal result

Integrand size = 33, antiderivative size = 864

tan®(d + ex)
372 dr =
(a + btan(d + ex) + ctan?(d + ex))

b+2ctan(d+ex)
3barctanh ( 2v/c\/a+btan(d+ex)+ctan?(d+ex) >

2c5/2¢

...... 1183

...... 180

...... 188
...... 188
...... L 56)
...... 189
...... 1189
...... 1189

V2 —2c—aZ+ b — 20Lc—|-02\/a2 — b0 —2ac+ A+ (a—c)Va?+ b — 2ac+02arctanh(

_|_

V2V 2a—2c—

V2 (a2 + b — 2ac+ 2)*?e

V2a —2c+VaZ + b — 2ac—|—c2\/oz2 — b2 —2ac+ 2 — (a—c)Va? + b2 — 2ac+ czarctanh<

ﬂ\/ 2a—2c+

2(2a + btan(d + ex))
(b2 — 4ac) ey/a + btan(d + ex) + ctan®(d + ex)
2tan?(d + ex)(2a + btan(d + ex))
(b2 — 4ac) ey/a + btan(d + ex) + ctan®(d + ex)
2(a(b? — 2(a — ¢)c) + be(a + c) tan(d + ex))
(b2 + (a — c)?) (b2 — 4ac) e\/a + btan(d + ex) + ctan?(d + ex)
(36 — 8ac — 2bctan(d + ex)) \/a + btan(d + ex) + ctan?(d + ex)
+ c? (b2 —4ac) e

V2 (a2 + b2 — 2ac+ )**e



output
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-3/2*b*arctanh (1/2* (b+2*c*tan(exx+d))/c”(1/2) / (a+b*tan (exx+d) +cxtan(e*x+d)

~2)7(1/2))/c”(5/2) /e+1/2% (2*xa-2*c—-(a"2-2*a*c+b~2+c~2) ~(1/2)) " (1/2)*(a"2-b~
2-2%a*xc+c”2+(a-c)*(a"2-2*a*xc+b~2+c"2) " (1/2)) " (1/2) *arctanh (1/2* (b"2-(a-c) *
(a-c+(a~2-2*xa*xc+b~2+c~2) " (1/2) ) -b* (2*xa-2*c—-(a"~2-2*a*c+b~2+c~2) ~(1/2) ) *tan(
e*xx+d) ) *27(1/2) / (2*xa-2*c-(a"~2-2*a*c+b™2+c"2) "~ (1/2))~(1/2) / (a"2-b"2-2*a*c+c
~2+(a-c)*(a"2-2*%a*c+b"2+c"2) " (1/2)) " (1/2) / (a+b*tan (exx+d) +cxtan (exx+d) ~2)~
(1/2))*27(1/2)/ (a"2-2%a*c+b"2+c~2) ~(3/2) /e-1/2*% (2%a-2*c+(a~2-2*a*xc+b~2+c”2
)= (1/2)) " (1/2)*(a~2-b~2-2xa*c+c~2- (a-c) * (a~2-2*a*c+b~2+c~2) ~(1/2)) ~(1/2) *a
rctanh(1/2*%(b~2-(a-c)*(a-c-(a~2-2*%a*c+b~2+c~2) ~(1/2) ) -b* (2*xa-2%c+(a~2-2*a*
c+b”2+c72) " (1/2) ) ¥tan(e*x+d) ) *27 (1/2) / (2¥a-2*c+(a"2-2*%a*c+b~2+c~2) ~(1/2)) "~
(1/2)/ (a~2-b~2-2*a*c+c~2-(a-c) * (a~2-2*a*c+b~2+c~2) ~(1/2)) ~(1/2)/ (a+b*tan(e
*x+d)+cxtan(e*xx+d) ~2) ~(1/2))*27(1/2) / (a"2-2*a*xc+b~2+c~2) " (3/2) /e-2* (2*a+b*
tan(e*x+d) )/ (-4*axc+b~2)/e/ (a+b*tan (e*x+d)+cxtan (exx+d) ~2) ~ (1/2) +2*tan (e*x
+d) ~2% (2*a+b*tan (exx+d) ) / (-4*a*c+b~2) /e/ (a+b*tan (e*xx+d) +cxtan(e*xx+d) ~2) ~ (1
/2)+2* (a*x (b~2-2* (a—c) *c)+b*c* (a+c) *tan(e*x+d) ) / (b~2+(a-c) "2) / (-4*a*c+b"2)/
e/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2) ~(1/2)+(3*xb~2-8*a*c-2xb*c*tan (e*x+d)) * (a+
bxtan (e*x+d)+c*xtan(exx+d) ~2)~(1/2) /c~2/ (-4*a*xc+b~2) /e

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 7.07 (sec) , antiderivative size = 2272, normalized size of antiderivative = 2.63

/ tan®(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dx = Result too large to show

input‘lntegrate[Tan[d + exx]"5/(a + bxTan[d + exx] + cxTan[d + exx]~2)"(3/2),x]
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(Sqgrt[(a + c + axCos[2*(d + exx)] - cxCos[2*(d + exx)] + b*Sin[2*(d + ex*x)
1)/ + Cos[2x(d + exx)])]*((-3*a"3*b"2 - 3*a*xb”™4 + 8xa~4xc + 15%xa”2xb~2*c
+ b~4*c - 16%a”3*%c”2 - T*xa*b"2xc”2 + 12*%a~2*c”3 + b"2*c”3 - 4xa*xc”4)/((a
- c)x(a - I*b - c)*(a + I*b - c)*c™2*x(-b~2 + 4*axc)) - (2*%(-2*xa"3%b"2 - 2%
a*xb~4 + 4xa”4*c + 8*a"2*b"2xc - 4*a”3*%c”2 - a~4xb*Sin[2*(d + e*x)] - 2*a”~2
*b"3*xSin[2*(d + e*x)] - b~5*Sin[2*(d + e*x)] + 6*a”3*b*cxSin[2*(d + e*x)]
+ b*axb~3xc*Sin[2*x(d + exx)] - 5*a~2*bxc"2xSin[2*(d + e*x)]))/((a - c)*(a
- Ixb - c)*x(a + I*b - c)*c*(-b"2 + 4*a*c)*(a + c + a*Cos[2*%(d + e*x)] - cx*
Cos[2*(d + exx)] + b*Sin[2*(d + e*x)]))))/e - (((3*%a™2%b + 3*b~3 - 6*a*b*c
+ 2%b*c~2)*ArcTanh[(2*Sqrt [c]*Tan[(d + e*x)/2])/(Sqrt[al*(-1 + Tan[(d + e
*x)/2]72) - Sqrtlax(-1 + Tan[(d + e*x)/2]72)"2 + 2*Tan[(d + e*x)/2]*(b + 2
xc*xTan[(d + exx)/2] - bxTan[(d + e*x)/2]172)]1)]1*(1 + Cos[d + e*x])*Sqrt[(1
+ Cos[2*(d + exx)])/(1 + Cos[d + e*x])"2]*Sqrt[(a + c + (a - c)*Cos[2x(d +
e*x)] + bxSin[2*(d + e*x)])/(1 + Cos[2*(d + exx)])]1*(-1 + Tan[(d + e*x)/2
172)*(1 + Tan[(d + e*x)/2]"2)*Sqrt[(a*x(-1 + Tan[(d + e*x)/2]"2)"2 + 2*Tan|[
(d + exx)/2]*(b + 2*c*Tan[(d + e*x)/2] - b*Tan[(d + e*x)/2]72))/(1 + Tan[(
d + e*x)/2]172)72]1)/(Sqgrtlcl*Sgrtla + ¢ + (a - c)*Cos[2*(d + exx)] + b*Sin[
2x(d + exx)]]*Sqrt[(-1 + Tan[(d + e*x)/2]72)"2]*Sqrt[a*(-1 + Tan[(d + e*x)
/21°2)"2 + 2xTan[(d + e*x)/2]*(b + 2*c*Tan[(d + e*x)/2] - b*Tan[(d + e*x)/
2]1°2)1) + ((-(a*c™2) + c~3)*(1 + Cos[d + e*x])*Sqrt[(1 + Cos[2*(d + e*x...

output

Rubi [A] (verified)

Time = 3.08 (sec) , antiderivative size = 847, normalized size of antiderivative = 0.98,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ tan®(d + ex)
(a+btan(d + ex) + ctan?(d + ex))3/2

dz

l,3042

tan(d + ex)®
372 dx
(a + btan(d + ex) + ctan(d + ex)?)

l 4183
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tan® (d+ex)
n
f (tan?(d+ex)+1) (ctan?(d+ex)+btan(d+ex)+a)>/? dta (d + 6.’L')
€
| 7276
f tan3(d+ex) + tan(d+ex) _ tan(d+ex) dta
(ctan?(d+ez)+btan(d+ex)+a)>’? ' (tan?(d+ex)+1)(ctan?(d+ex)+btan(d+ex)+a)>’?  (ctan?(d+ex)+btan(d+ex)+a)’/?
(&
| 2009
3barctanh bt2ctan(dtez) V/2a—2c—+/a2—2ca+b%+c2/ a2 —2ca—b2+
2(2a+btan(d+ex)) tan? (d+ex) 2\/5\/0tan2(d+ez)+b tan(d+ez)+a +

(b2—4ac)+/ctan?(d+ex)+btan(d+ex)+a - 2c5/2

p
input‘ Int[Tan[d + ex*xx]~5/(a + b*Tan[d + e*x] + c*Tan[d + e*xx] *2)*(3/2)’}{]

((-3*b*ArcTanh[(b + 2%c*Tan[d + e*x])/(2*Sqrt[cl*Sqrt[a + b*Tan[d + exx] +
cxTan[d + exx]~2]1)]1)/(2xc~(5/2)) + (Sqrt[2*a - 2%c - Sqrt[a”2 + b~2 - 2*a
xc + c"2]]#Sqrt[a”™2 - P72 - 2xa*c + c”2 + (a - c)*Sqrt[a”2 + b"2 - 2*axc +
c"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”2 + b™2 - 2%a*c + c”2]) - b*
(2%xa - 2xc - Sqrt[a™2 + "2 - 2*a*c + c"2])*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*
a - 2xc - Sqrt[a”2 + b™2 - 2*axc + c"2]]1*Sqrt[a”™2 - b"2 - 2*a*c + c”2 + (a
- c)*Sqrt[a”2 + b"2 - 2xa*c + c~2]]1*Sqrt[a + b*Tan[d + exx] + cxTan[d + e
*x]172]1)1)/(Sqrt[2]*(a~2 + b2 - 2*axc + ¢~2)~(3/2)) - (Sgrt[2*a - 2*c + Sq
rt[a™2 + b2 - 2xa*c + c~2]]1*Sqrt[a”2 - b™2 - 2*axc + c”2 - (a - c)*Sqgrt[a
"2 + b™2 - 2%axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sgrt[a™2 + b2 -
2xaxc + c”2]) - bk(2*%a - 2%c + Sqrt[a”2 + b"2 - 2%a*xc + c”2])*Tan[d + exx]
)/ (Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2xa*xc + c~2]]1#Sqrt[a”2 - b~2
- 2%axc + c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*a*c + c~2]]1*Sqrt[a + b*Tan[d +
exx] + c*Tan[d + e*x]72])]1)/(Sqrt[2]1*(a”2 + b~2 - 2*a*c + c~2)~(3/2)) - (2
*(2*a + b*Tan[d + e*x]))/((b~2 - 4*axc)*Sqrt[a + b*Tan[d + e*x] + cxTan[d
+ exx]~2]) + (2*Tan[d + exx] 2*(2*a + bxTan[d + e*x]))/((b"2 - 4*a*c)*Sqrt
[a + bxTan[d + e*x] + c*Tan[d + e*x]72]) + (2x(ax(b”2 - 2%(a - c)*c) + bxc
*(a + c)*Tan[d + e*x]))/((b"2 + (a - c)"2)*(b"2 - 4*axc)*Sqrt[a + b*Tan[d
+ e*x] + cxTan[d + e*x]"2]) + ((3*b~2 - 8*a*c - 2xbxc*Tan[d + e*x])*Sqrt[a
+ bxTan[d + exx] + c*Tan[d + e*x]~2])/(c™2x(b"2 - 4*axc)))/e

output




rule 2009

rule 3042

rule 4183

rule 7276

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

‘Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
'xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] & IGtQ
L[n, 0]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.44 (sec) , antiderivative size = 13067695, normalized size of antiderivative =
15124.65

output too large to display

int (tan(e*x+d) 5/ (a+b*tan (e*x+d)+c*tan (exx+d) ~2) ~(3/2) ,x)

N\

‘result too large to display
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19865 vs. 2(794) =
1588.

Time = 4.29 (sec) , antiderivative size = 39731, normalized size of antiderivative =
45.98

/ tan®(d + ex)
(a + btan(d + ex) + ctan?(d + ex))

373 dxz = Too large to display

‘ integrate(tan(e*x+d) “5/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

input
‘"fricas")

outputLToo large to include

Sympy [F]

tan®(d + ex) tan® (d + ex)

dx=/
/ (a + btan(d + ex) + ctan?(d + ex))*? (a+ btan (d + ex) + ctan® (d + ex))

N

-

input Lintegrate (tan(e*xx+d) *x5/ (atb*tan (e*x+d) +cxtan (exx+d) **2) **(3/2) ,x)

e—

Output‘ Integral(tan(d + exx)#**5/(a + b¥tan(d + e*x) + cxtan(d + exx)**2)**(3/2),
‘x)

Maxima [F(-1)]
Timed out.

tan®(d + ex)

dz = Timed out
/ (a + btan(d + ex) + ctan?(d + ex))*”

t‘ integrate(tan(e*x+d) “5/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

inpu
‘"maxima")
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OutputLTimed out J
Giac [F(-1)]
Timed out.
5
/ tan’(d + ez) 372 dz = Timed out
(a+ btan(d + ex) + ctan®(d + ex))
input‘integrate(tan(e*x+d)“5/(a+b*tan(e*x+d)+c*tan(e*x+d)‘2)*(3/2),x, algorithm=
‘ n giac n ) ‘
OutputLTimed out J
Mupad [F(-1)]
Timed out.
/ tan®(d + ex) dp— / tan(d + ex)® i
(a + btan(d + ex) + ctan?(d + ex))*? (ctan (d+ex)® +btan (d +ex) + a)3/2
inputLint(tan(d + exx)"5/(a + bxtan(d + e*x) + cxtan(d + e*x)~2)~(3/2),x) J
outputtint(tan(d + e*x)75/(a + b¥tan(d + e*x) + cxtan(d + exx)~2)7(3/2), x) J
Reduce [F|
2 <
/ tan®(d + ex) x_/ \/tan (ex +d)"c+tan(ex +d
(a + btan(d + ex) + ctan?(d + ex))*” tan (ez + d)* ¢ 4 2tan (ez + d)® bc + 2 tan (ex + d)’a

input Lint (tan(e*x+d) ~5/ (a+bxtan (e*x+d)+cxtan (exx+d) ~2)~(3/2),%) J
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output‘ int((sqrt(tan(d + e*x)*x2*c + tan(d + exx)*b + a)*tan(d + e*x)**5)/(tan(d
\+ exx) *xxdxc*x*2 + 2xtan(d + e*xx)**3xbkxc + 2*xtan(d + e*x)**2*axc + tan(d + e
‘*x)**2*b**2 + 2*%tan(d + e*x)*a*xb + ax*2),x)
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tan3(d+ex)
319 f (a-+btan(d+ez)+c tanz(d—l-ex))?’/ 2 dz

Optimal result . . . . .. ... ... ... ... .. ... ...
Mathematica [C] (warning: unable to verify) . . . . . ... ... ...
Rubi [A] (verified) . . . ... ... ...
Maple [B] (warning: unable to verify) . . . . . ... ... ... .. ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ..
Sympy [F] . . . o
Maxima [F(-2)] . . . . . . .. o
Giac [F(-1)] . . .« o o o
Mupad [F(-1)] . . . . o
Reduce [F] . . .« . . o

Optimal result

Integrand size = 33, antiderivative size = 686

tan®(d + ex)
372 dr =
(a + btan(d + ex) + ctan?(d + ex))

...... 192

......
...... 1196
...... 1196
...... 196

...... 1198

V2a—2c— a2+ b — 2ac+c2\/a2 — b2 —2ac+ 2+ (a—c)vVa? + b2 — 2ac + cQarctanh(

\/5 V2a—2c—

V2 (a? + b2 — 2ac+ 2)*?e

+

V2a —2c+Va® + b — 2ac—|—02\/a2 — b2 —2ac+c2— (a—c)Va?+ b2 — 2ac+02arctanh(

ﬁ vV 2a—2c+

2(2a + btan(d + ex))
(b2 — dac) e\/a + btan(d + ex) + ctan?(d + ex)
2(a(b® — 2(a — ¢)c) + be(a + ¢) tan(d + ex))
(82 + (a — ¢)?) (b — 4ac) ey/a + btan(d + ex) + ctan®(d + ex)

V2 (a2 + b2 — 2ac + ¢2)*?e



output

input
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-1/2%(2xa-2%c-(a"2-2%axc+b~2+c~2) " (1/2) )~ (1/2) * (a~2-b"2-2*axc+c"2+(a-c) *(a
~2-2*a*xc+b”"2+c~2) " (1/2)) " (1/2) *arctanh(1/2* (b~2-(a-c) *(a-c+(a"~2-2*a*c+b~2+
c~2) 7 (1/2))-b*(2*a-2xc-(a~2-2*a*c+b~2+c~2) " (1/2)) *tan(e*x+d) ) *2~(1/2) / (2*a
-2%c-(a"2-2*xaxc+b~2+c”2) " (1/2)) "~ (1/2)/ (a~2-b"2-2*a*c+c”2+(a-c) * (a~2-2*a*xc+
b~2+c~2)"(1/2)) " (1/2)/ (atb*tan(exx+d) +cxtan (exx+d) ~2) ~(1/2))*2~(1/2) /(a~2-
2*%axc+b~2+c”2) " (3/2) /e+1/2x (2*xa-2*c+(a~2-2*a*xc+b~2+c~2) " (1/2)) "~ (1/2)*x(a~2-
b~2-2*axc+c”2-(a-c) *(a~2-2*a*xc+b~2+c~2) ~(1/2)) " (1/2) *arctanh(1/2*(b~2-(a-c
Y*x(a-c—-(a"2-2%a*c+b"2+c"2) ~(1/2) ) -b* (2*a-2*c+(a"~2-2*a*c+b~2+c~2) ~(1/2) ) *ta
n(e*x+d))*27(1/2) / (2*xa-2*c+(a"~2-2*%a*c+b~2+c~2) " (1/2))~(1/2)/ (a~2-b"2-2*ax*c
+c~2-(a-c)*(a"2-2%axc+b~2+c~2) ~(1/2))~(1/2) / (atb*tan (e*x+d) +cxtan (e*x+d) ~2
)~ (1/2))*27(1/2) / (a~2-2*a*c+b™2+c~2) ~(3/2) /e+2* (2*%a+bxtan (e*x+d) ) / (-4*a*c+
b~2) /e/ (a+b*tan (e*x+d) +cxtan (e*x+d) ~2) ~(1/2)-2* (a* (b~2-2* (a—c) *c) +b*c* (a+c
)*tan(e*xx+d))/(b~2+(a-c)~2)/(-4*xaxc+b~2) /e/ (a+b*tan (e*x+d)+cxtan (e*xx+d) ~2)
~(1/2)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 6.81 (sec) , antiderivative size = 2339, normalized size of antiderivative = 3.41

tan®(d + ex)

/ (a + btan(d + ex) + ctan®(d + ez))*” e = el feo faree fo shov

e

LIntegrate[Tan[d + e*x]~3/(a + b*Tan[d + e*x] + c*Tan[d + exx]~2)~(3/2),x]

-/




CHAPTER 3. LISTING OF INTEGRALS 193

(Sqgrt[(a + c + axCos[2*(d + exx)] - cxCos[2*(d + exx)] + b*Sin[2*(d + ex*x)
1)/ + Cos[2%(d + e*x)])I*((-2*a*(2*a”~2 + b~2 - 2*xa*c))/((a - c)*(a - I*b
- c)*(-(a*xb”2) - I*b~3 + 4*a~2*c + (4x*I)*axbxc + b~2%c - 4*a*c”2)) + ((Co
s[2*x(d + exx)] - I*Sin[2*(d + ex*x)])*(I*a"3*b + (2*I)*a"2%b*c + I*b~3*xc -
(3*I)*axbxc™2 + 8*a~3*c*Cos[2*(d + exx)] + 4*a*b”~2*c*Cos[2*(d + exx)] - 8%
a~2xc"2*Cos[2*%(d + e*x)] - I*a”3*b*Cos[4*(d + exx)] - (2*I)*a~2*b*c*xCos[4*
(d + exx)] - I*b"3*c*Cos[4*(d + exx)] + (3*I)*axb*c™2*xCos[4*x(d + e*xx)] + (
8*I)*a " 3*xcxSin[2*x(d + e*x)] + (4*I)*a*b™2xc*Sin[2*(d + e*x)] - (8+I)*a"2*c
~2xSin[2*(d + e*x)] + a~3*b*Sin[4*(d + e*x)] + 2%a~2*b*c*Sin[4*(d + exx)]
+ b~3%c*Sin[4*(d + e*x)] - 3%a*bxc~2*Sin[4*(d + e*x)]))/((a - c)*(a - I*b
- c)x(a + Ixb - c)*(-b"2 + 4*xa*xc)*(a + ¢ + a*Cos[2*(d + e*x)] - c*Cos[2*(d
+ exx)] + b*Sin[2x(d + e*x)]))))/e - ((bxArcTanh[(2*Sqrt[c]*Tan[(d + e*x)
/21)/(Sqrt[al*(-1 + Tan[(d + e*x)/2]"2) - Sqrtla*(-1 + Tan[(d + exx)/2]"2)
~2 + 2xTan[(d + e*x)/2]*(b + 2*c*xTan[(d + e*x)/2] - b*Tan[(d + e*x)/2]"2)]
)1*#(1 + Cos[d + exx])*Sqrt[(1 + Cos[2*(d + e*x)])/(1 + Cos[d + e*x])~2]*Sq
rt[(a + ¢ + (a - c)*Cos[2*(d + e*x)] + b*Sin[2*x(d + e*x)])/(1 + Cos[2*(d +
exx)])]1*(-1 + Tan[(d + exx)/2]1"2)*(1 + Tan[(d + e*x)/2]"2)*Sqrt[(ax(-1 +
Tan[(d + e*x)/2]72)"2 + 2xTan[(d + e*x)/2]*(b + 2%c*Tan[(d + e*x)/2] - b*T
an[(d + e*x)/2]172))/(1 + Tan[(d + e*x)/2]172)"2])/(Sqrtlc]l*Sqrtla + c + (a
- c)*Cos[2*(d + exx)] + b*Sin[2*(d + e*x)]]1*Sqrt[(-1 + Tan[(d + e*x)/2]...

output

Rubi [A] (verified)

Time = 2.87 (sec) , antiderivative size = 678, normalized size of antiderivative = 0.99,

number of rules _ 0.121, Rules

number of steps used = 5, number of rules used = 4, T ro e

used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan3(d + ex)

dx
/ (a+btan(d + ex) + ctan?(d + ex))

3/2

l,3042

tan(d + ex)3
372 dx
(a + btan(d + ex) + ctan(d + ex)?)

l 4183
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J (tan2 (d+ea:)-|—1)(ct:?lgjz(ii—zza)clbtan(d+em)+a)3/ zdtan(d + ex)
e
l 7276
J ((ctan2(d+e::z;i(l)(ilt:re12+ez)+a)3/2 N (tanz(d+ez)+1)(ctatr?;((j:ee::v))+btan(d+ez)+a)3/2> dtan(d + ex)
e
l 2009

—b(—va2—2ac+b2+c2+2a—2c) tan(d+ex)—(a-
\/—\/ a2—2ac+b2+02+2a—20\/(a—c)\/ a2 —2ac+b2+c2+a2—2ac—b2+c2arctanh ( & o C) anldter)—(a
\/"E\/— vV 2—2ac+b2+c2+2a—2c\/(a—c) V4 a2 —2ac+b2+c2+a

V2(a2 —2(J,t:-|-b2+52)3/2

inputLInt[Tan[d + exx]~3/(a + bxTan[d + e*x] + c*Tan[d + e*xx]~2)~(3/2),x] J

(-((Sqrt[2*a - 2xc - Sqrt[a™2 + b™2 - 2*xaxc + c~2]]*Sqrt[a”2 - b™2 - 2*a*c
+ ¢c”2 + (a - c)*Sqrt[a”™2 + b~2 - 2*a*c + c”2]]*ArcTanh[(b"2 - (a - c)*(a
- c + Sqgrt[a™2 + b™2 - 2xaxc + c”2]) - bx(2*a - 2%c - Sqrt[a”2 + b"2 - 2*a
xc + c~2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2%c - Sqrt[a™2 + b~2 - 2*axc
+ c”2]]1#Sqrt[a™2 - b2 - 2xa*c + ¢c”2 + (a - c)*Sqrt[a”2 + b~2 - 2*xa*c + c”
2]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])])/(Sqrt[2]*(a”2 + "2 - 2
xaxc + c~2)7(3/2))) + (Sqrt[2*a - 2xc + Sqrt[a”™2 + b™2 - 2xaxc + c~2]]*Sqr
t[a™2 - b2 - 2*%axc + ¢c”2 - (a - c)*Sqrt[a™2 + b~2 - 2*xaxc + c~2]]*ArcTanh
[(b2 - (a - c)*(a - c - Sqgrt[a™2 + b™2 - 2%axc + c™2]) - b*(2*%a - 2%c + S
grt[a™2 + b2 - 2*xaxc + c~2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqgrt
[a”2 + b™2 - 2*%axc + c”2]]*Sqrt[a™2 - b™2 - 2*a*c + c”2 - (a - c)*Sqrt[a~2
+ b72 - 2xaxc + c”2]]*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2])])/(Sqr
t[2]1*(a”2 + b™2 - 2xa*xc + c”2)7(3/2)) + (2x(2*a + b*Tan[d + e*x]))/((b"2 -
4xaxc)*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2]) - (2x(ax(b"2 - 2x(a -
c)*c) + bkcx(a + c)*Tanl[d + e*x]))/((b72 + (a - c)"2)*(b"2 - 4*axc)*Sqrt[

a + bxTan[d + e*x] + c*Tan[d + e*x]"2]))/e

output




rule 2009

rule 3042

rule 4183

rule 7276

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

‘Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
'xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] & IGtQ
L[n, 0]

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.66 (sec) , antiderivative size = 13067312, normalized size of antiderivative =
19048.56

output too large to display

int (tan(e*x+d) ~3/ (a+b*tan (e*x+d)+c*tan (exx+d) ~2) ~(3/2) ,x)

N\

‘result too large to display
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19371 vs. 2(629) =
1258.

Time = 2.73 (sec) , antiderivative size = 19371, normalized size of antiderivative =
28.24

/ tan3(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dxz = Too large to display

‘ integrate(tan(e*x+d) ~3/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm= ‘

input
L"fricas") J
output LToo large to include J
Sympy [F]

tan®(d + ex) tan® (d + ex)

/ 5 372 dm=/ dz
(a + btan(d + ex) + ctan®(d + ex)) (a+ btan (d + ex) + ctan? (d + ex))

N

input ‘ integrate(tan(exx+d) **3/ (a+bxtan (e*x+d) +c*tan (e*xx+d) **2) **(3/2) ,x) ‘

output‘ Integral(tan(d + exx)**3/(a + bxtan(d + exx) + cxtan(d + e*x)**2)**(3/2), ‘
® |

Maxima [F(-2)]
Exception generated.

/ tan3(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dx = Exception raised: ValueError

t‘ integrate(tan(e*x+d) ~3/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm= ‘

inpu
‘ "maxima") ‘
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested ‘
‘additional constraints; using the 'assume' command before evaluation *may* ‘
‘ help (example of legal syntax is 'assume(4*a*c-b"2>0)', see ~assume?  for ‘
‘ more deta ‘

Giac [F(-1)]

Timed out.

tan3(d + ex)

dz = Timed out
/ (a + btan(d + ex) + ctan®(d + ex))*

‘ integrate(tan(e*x+d) ~3/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm= ‘

input
"giac") ‘
output LTimed out J
Mupad [F(-1)]
Timed out.
/ tan3(d + ex) dp— / tan(d + ex)’ I
(a +btan(d + ex) + ctan2(d + em))3/2 (ctan (d+ e:c)z tbtan (d+ez) + a)3/2
input Lint(tan(d + e*x)"3/(a + bxtan(d + e*x) + cxtan(d + exx)~2)"(3/2),x) J

Outputtint(tan(d + e*xx)"3/(a + btan(d + exx) + cxtan(d + e*x)~2)"(3/2), x) J
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Reduce [F]

373 dxz = Too large to display

/ tan®(d + ex)

(a + btan(d + ex) + ctan?(d + ex))

input ‘ int (tan(e*x+d) ~3/ (atb*tan (e*x+d) +c*xtan(exx+d) ~2) ~(3/2) ,X)
N

( - 2xsqrt(tan(d + e*x)**2xc + tan(d + exx)*b + a)*tan(d + e*x)*b - 4x*sqrt
(tan(d + e*x)**2*c + tan(d + exx)*b + a)*a - 4*int((sqrt(tan(d + exx)**2*c
+ tan(d + e*x)*b + a)*tan(d + e*xx))/(tan(d + e*x)**x4*xcx*x2 + 2xtan(d + e*x
)**3*xbxc + 2*%tan(d + e*xx)**k2xakxc + tan(d + e*x)**2xb**2 + 2ktan(d + exx)*a
*b + a**2),x)*tan(d + exx)**2kaxc**2xe + int((sqrt(tan(d + exx)**2*c + tan
(d + exx)*b + a)*tan(d + exx))/(tan(d + e*x)*xd*xc**x2 + 2%tan(d + e*x)**3*b
*c + 2+¢tan(d + e*xx)**2xakxc + tan(d + e*x)**2xb*x2 + 2xtan(d + exx)*a*b + a
**2) ,x)*tan(d + e*x)**2*b*x2xcxe - 4*int((sqrt(tan(d + e*x)**2*c + tan(d +
exx)*b + a)*tan(d + e*x))/(tan(d + e*x)**4*xc**2 + 2xtan(d + exx)**3xbxc +
2+¢tan(d + exx)**x2xaxc + tan(d + e*x)**x2xbxx2 + 2xtan(d + e*x)*axb + ax*x2)
,X)*tan(d + e*x)*axb*cxe + int((sqrt(tan(d + e*x)**2*c + tan(d + exx)*b +
a)*tan(d + exx))/(tan(d + e*x)**4*c**2 + 2xtan(d + e*xx)**3*b*c + 2*tan(d +
exx)**2*axc + tan(d + exx)**x2xb**2 + 2*tan(d + exx)*axb + a*x2),x)*tan(d
+ e*xx)*b*x3*%e — 4xint((sqrt(tan(d + e*x)**2*c + tan(d + exx)*b + a)*tan(d
+ exx))/(tan(d + e*xx)**4dxc**x2 + 2*xtan(d + e*x)**3xbkxc + 2xtan(d + exx) **2*
axc + tan(d + exx)**2*b**2 + 2*xtan(d + e*x)*axb + a**2),x)*ax*x2*c*e + int(
(sqrt(tan(d + exx)**2%c + tan(d + exx)*b + a)*tan(d + ex*x))/(tan(d + e*x)*
*4xck*x2 + 2xtan(d + exx)**3*bkxc + 2*ktan(d + e*xx)**2*akxc + tan(d + e*x)**k2x*
bxx2 + 2ktan(d + e*x)*axb + ax*2),x)*axb**2*e)/(ex(4xtan(d + e*xx)*kkkakxck*
2 - tan(d + exx)**x2xb**2*c + 4*tan(d + exx)*axbxc — tan(d + e*x)*b*xx3 +...

output
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199

tan?(d+-ex)
3.20 f (a-+btan(d+ez)+c tanz(d—l-ex))?’/ 2 dz

Optimal result . . . . .. ... ... ... ... .. ... ...
Mathematica [C] (verified) . . . . . . ... .. ... L.
Rubi [A] (verified) . . . ... ... ...
Maple [B] (warning: unable to verify) . . . . . ... ... ... .. ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ..
Sympy [F] . . . o
Maxima [F(-2)] . . . . . . .. o
Giac [F(-1)] . . .« o o o
Mupad [F(-1)] . . . . o
Reduce [F] . . .« . . o

Optimal result

Integrand size = 33, antiderivative size = 638

...... 1199
...... 200!
......
...... 1204
......
...... 200
...... 2006
...... 2006
...... 200
...... 1207

/ tan2(d+ 6-'17) dr =
(a + btan(d + ex) + ctan?(d + ez))3/2
b
V24— 2+ V@ 1 B2 — 2ac + c2\/a2 — b —2ac+ ¢ — (a — ¢)Va® + b* — 2ac + c? arctan <ﬁ\/m
V2 (a2 + b2 — 2ac + 02)3/26
b
V/2a — 2c — /a2 + b% — 2ac + 62\/a2 — b —2ac + ¢ + (a — ¢)Va® + b — 2ac + c* arctan (\/5\/211——20—\(

+

2(ab(a + ¢) + ¢(2a® + b* — 2ac) tan(d + ex))
(82 + (a — ¢)?) (b® — 4ac) e\/a + btan(d + ex) + ctan?(d + ex)

V2 (a2 + b2 — 2ac+ 2)*?e



output

input

output
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-1/2*% (2*a-2xc+(a~2-2*%a*c+b~2+c”~2) " (1/2)) " (1/2)*(a~2-b~2-2*a*c+c"2-(a-c) *(a
~2-2xa*c+b”2+c”2) " (1/2)) " (1/2) *arctan(1/2* (b* (2*¥a-2*c+(a~2-2*a*xc+b~2+c~2) "
(1/2))+(b"2-(a-c) *(a-c-(a"2-2*a*xc+b~2+c~2) " (1/2))) *tan(e*x+d) ) *2~(1/2) / (2*
a-2*c+(a"2-2xaxc+b"2+c”~2) " (1/2)) " (1/2) /(a~2-b"2-2*xa*c+c”~2-(a-c) * (a~2-2*a*c
+b"2+c”2)~(1/2))~(1/2) / (a+b*tan (e*x+d) +c*tan(e*x+d) ~2) ~(1/2))*2°(1/2) /(a~2
—2%a*xc+b™2+c"2) ~(3/2) /e+1/2% (2%a-2*c-(a~2-2*axc+b"2+c"2) " (1/2)) " (1/2)*(a~2
-b"2-2*axc+c”2+(a-c)*(a"2-2*a*c+b"2+c"2) " (1/2)) " (1/2) *arctan (1/2* (b* (2*a-2
*c-(a~2-2xaxc+b"2+c”2) ~(1/2))+(b~2-(a-c) *(a-c+(a"2-2*a*c+b™2+c~2) ~(1/2)) ) *
tan(exx+d) ) *27(1/2) / (2*¥a-2*c-(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) /(a"2-b"2-2*a
xc+c ™2+ (a-c)*(a~2-2*a*c+b~2+c~2) " (1/2))~(1/2) / (a+bxtan (e*x+d) +c*tan (exx+d)
~2)7(1/2))*27(1/2) / (a~2-2%a*xc+b~2+c~2) ~(3/2) /e-2% (a*b* (a+c) +c* (2%a~2-2%a*c
+b~2) *tan(exx+d) )/ (b~2+(a-c) "2) / (-4*a*xc+b~2) /e/ (a+b*tan (exx+d) +cxtan (exx+d
)"2)7(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.28 (sec) , antiderivative size = 328, normalized size of antiderivative = 0.51

(—b2(b+ic)—4iac+a(ib?+4be+4ic?) )arctanh < 2a—tbt (b_2ic) ton(d+
2\/a—ib—C\/a+b tan(d+ex)+c
tan?(d + ex) Va—ib—c

dr =
/ (a + btan(d + ex) + ctan®(d + ex))*/?

s

LIntegrate[Tan[d + exx]~2/(a + bxTan[d + e*x] + cxTan[d + e*x]~2)~(3/2),x] J

J

(((-(b72%(b + I*c)) - (4xI)*a~2*c + a*x(I*b~2 + 4xbxc + (4*I)*c”2))*ArcTanh
[(2%a - Ixb + (b - (2*I)*c)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrt[a + bx
Tan[d + exx] + c*Tan[d + e*x]~2])])/Sqrt[a - I*b - c] + (I*(4*a"2*c + b~2%*
(I*b + c) - a*x(b"2 + (4*I)*b*c + 4*c”2))*ArcTanh[(2*a + I*b + (b + (2*I)*c
)*Tan[d + e*x])/(2xSqrt[a + I*b - cl*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
*x]°2]1)])/Sqrtla + I*b - c] - (4x(axbx(a + c) + c*x(2*a”2 + b~2 - 2*a*c)*Ta
n[d + e*x]))/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])/(2*x(b"2 + (a - ¢
)"2)*%(b"2 - 4xa*c)*e)
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Rubi [A] (verified)

Time = 1.24 (sec) , antiderivative size = 719, normalized size of antiderivative = 1.13,

number of rules _ 0.212, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4183, 2137, 27, 1369, 1363, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ tan?(d + ex) i
i
3/2
(a + btan(d + ex) + ctan®(d + ex)) /
| 3042
/ tan(d + ex)? d
i
(a + btan(d + ez) + ctan(d + ex)2)>/?
| 4188
tan?(d+ex) d
tan(d + ex
f (tan2(d+ex)+1)(ctan2(d+ex)+btan(d+ex)+a)>/ 2 ( T )
e
| 2137
2— ac)(a—c— an ex
(b : )( blan(dtes)) dtan(d+ex)
2(tan2(d+ez)+l) Ve tan? (d+ea)+b tan(d+ex)+a . 2(c(2a2—2ac+b?) tan(d+ex)+ab(atc))
((a—c)2+b?)(b%>—4ac) ((a—c)2+b2)(b2—4ac)+/a+btan(d+ex)+ctan?(d+ex)
e
| 27
f a—c—btan(d+ex) dtan(d—i—em)
_ (tanQ(d+ew)+1) \/ctanQ(d+ew)+btan(d+ew)+a . 2(c(2a2—2ac+b?) tan(d+ex)+ab(a+tc))
(a—c)?+b? ((a—c)2+b2) (b2 —4ac)\/a+btan(d+ex)+ctan2(d+ex)
e
| 1369
b2—(2a—2c a2 —2ca+b2+c2) tan(d+ez)b—(a—c) (a—c—v a2 —2ca+b2+c2 b2— (2a—2c—VaZ—2ca+b2+c2) tan(d+ex)b—(a—c)(a—c
f(22+v 2ca+b2+c2) tan(d+ea)b—(a—c) ( V2++)dtan(d+m)f(22v 2ca+b2+c2) tan(d+ea)b—(a—c) (a—c+
(tan2(d+ew)+1) \/c tan2 (d+exz)+btan(d+ex)+ta (tan2 (d+e:c)+1) \/c tan2(d+ez)+b tan(d+ea
_ 2 a2—2ac+b2+02 B 2 a2—2ac+b2+c2
(a—c)2+b2
€

l 1363
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VaZ “2actt? 52 420 2_(a—c)(—/a?—2act 212 +a 1
b(VaZ—2ac+b2+c2+2a—2¢) (62— (a—c) 2ac+b2+cZ+a—c)) [ (02020 o 5ea T ) (o) (aom e 2ea T P23 ) ) ram(aem)

ctan2 (d+ez)+btan(dtex)+ta

a2—

l 218

(bz—(a—c) (\/ a2—2ac+b2+c2+a—c)) tan(d+em)+b(— vV 2—2ac+
\/5\/— Va2 —2ac+b2+c2+2a—20\/(a—c) Va2 —2ac+b2+c2+a2—2ac—b2+c2 \/;

V2 a272ac+b2+c2\/(a7c) a2 —2ac+b2+c2+4+a2—2ac—b2+c2

\/— Va2 —2ac+b2+c2+4+2a—2¢c (b2—(a—c) (\/ a2 —2ac+b2+c2+a—c)) arctan (

-

LInt[Tan[d + exx]"2/(a + bxTan[d + exx] + cxTan[d + e*x]~2)~(3/2),x]

| —

input

(-((-((Sgrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*a*c + c~2]]*(b"2 - (a - c)*(a -
c - Sqrt[a”2 + b"2 - 2%a*xc + c~2]))*ArcTan[(b*(2*a - 2*c + Sqrt[a”2 + b~2
- 2%axc + c72]) + (b”2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2*xa*c + c~2]))
*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2*xaxc + c~2]]*Sq
rt[a™2 - b2 - 2xa*c + ¢c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*xa*xc + c~2]]*Sqrt[a
+ b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”™2 + b"2 - 2*a*c +
c”2]*3qrt[a”2 - b™2 - 2*%a*c + c¢”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c~2]
1)) + (Sqgrt[2#a - 2xc - Sqrt[a™2 + b~2 - 2xa*c + c"2]]1*(b"2 - (a - c)*(a -
c + Sqrt[a”2 + b~2 - 2*axc + c~2]))*ArcTan[(b*(2*a - 2%c - Sqrt[a”2 + b~2
- 2%axc + c72]) + (b”2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*xa*c + c~2]))
*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqrt[a”2 + b~2 - 2*xaxc + c~2]]*Sq
rt[a”2 - ™2 - 2%a*c + c”2 + (a - c)*Sqrt[a”2 + b™2 - 2%a*c + c~2]]*Sqrtla
+ b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a~2 + b~2 - 2x%axc +
c"2]*Sqrt[a”2 - b"2 - 2xa*c + c”2 + (a - c)*Sqrt[a”2 + b"2 - 2xaxc + c”2]
1)/ (2 + (a - ¢)72)) - (2x(a*xbx(a + c) + c*x(2*a”2 + b™2 - 2*axc)*Tan[d +
e*xx]))/((b”2 + (a - c)"2)*(b~2 - 4*a*c)*Sqrt[a + bxTan[d + e*x] + cxTanl[d
+ exx]~2])) /e

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

rule 1363 TotLC(gl) + (h_)*(x_))/(((al) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x)) + (£
_.)*(x_)"2]), x_Symbol] :> Simp[-2%a*g*h  Subst[Int[1/Simp[2*a~2*g*h*c + a
xexx~2, x], x], x, Simp[a*h - g*c*x, x]/Sqrt[d + exx + f*x~2]], x] /; FreeQ
[{a, c, d, e, £, g, h}, x] && EqQ[axh~2%e + 2xgxh*(c*d - axf) - g~ 2*c*e, 0]

rule 1369 Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)=*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*xf)~2 + a*cxe™2, 2]}, Simp
[1/(2*q) Int [Simp[(-a)*h*e - g*(cxd - axf - q) + (hx(cxd - axf + q) - g*c
xe)*x, x]/((a + c*x"2)*Sqrt[d + exx + f*x72]), x], x] - Simp[1/(2%q) 1Int[
Simp[(-a)*h*e - gx(cxd - axf + q) + (h*(c*d - a*xf - q) - gkcxe)*x, x]/((a +
c*x"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQl[{a, c, d, e, f, g, h}, x]
&& NeQ[e™2 - 4xdxf, 0] && NegQ[(-a)*c]
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Int [(Px_)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (f_.)*(x_)"2)"(q_
), x_Symbol] :> With[{A = Coeff[Px, x, 0], B = Coeff[Px, x, 1], C = Coeff[P
X, x, 21}, Simp[(a + bxx + c*x"2)"(p + 1)*((d + £*x72)"(q + 1)/((b~2 - 4*ax
c)*(b~2+d*f + (cxd - a*f)"2)*(p + 1)))*((A*xc - a*C)*((-b)*(cxd + a*f)) + (A
*b — a*xB)*(2*c”2*d + b"2*f - c*k(2xa*xf)) + ck(Ax(2*%c™2xd + b~ 2*f - c*k(2*axf)
) - B*(b*cxd + a*bxf) + Cx(b~2*d - 2*xa*(c*d - axf)))*x), x] + Simp[1/((b~2

- 4xaxc)*(b"2xd*f + (c*d - a*f)"2)x(p + 1)) Intl[(a + bxx + c*x"2)"(p + 1)
*(d + £*x72) g*Simp[(b*B - 2*Axc - 2%a*C)*((cxd - a*f)~2 - (b*d)*((-b)*£f))*
(p + 1) + (b72%(Cxd + Axf) - bx(Bxc*d + a*Bxf) + 2x(Axc*(c*d - axf) - a*(c*
Ckd - axCxf)))x(axfx(p + 1) - cxd*(p + 2)) - (2*fx((A*c - axC)*((-b)*(cxd +
axf)) + (A*b - axB)*(2kc™2+d + b~2%f - cx(2xaxf)))*x(p + q + 2) - (b"2%x(C*d
+ Axf) - b*(Bkckd + a*B*xf) + 2x(Axcx(cxd - a*f) - ax(ckxCxd — a*xCxf)))x*(bxf
*(p + 1)))*x - cxf*x(b"2%x(Cxd + A*f) - b*(Bkcxd + a*Bxf) + 2x(A*xck(cxd - ax*f
) — ax(cxCxd - a*xCxf)))*(2xp + 2xq + 5)*x~2, x], x], x]1] /; FreeQl{a, b, c,
d, £, q}, x] && PolyQ[Px, x, 2] && LtQ[p, -1] && NeQ[b~2*d*f + (cxd - axf)
~2, 0] && '( 'IntegerQ[p] && ILtQlq, -1]1) && 'IGtQ[q, O]

rule 2137

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£f72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183

Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 1.45 (sec) , antiderivative size = 11848772, normalized size of antiderivative =
18571.74

output too large to display

input int (tan(exx+d) 2/ (a+b*tan (e*x+d) +c*tan(e*x+d) ~2) ~(3/2) ’x)




outputt

CHAPTER 3. LISTING OF INTEGRALS 205

result too large to display

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19326 vs. 2(587)
1174.

Time = 2.60 (sec) , antiderivative size = 19326, normalized size of antiderivative
30.29

/ tan?(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dxz = Too large to display

input‘ integrate (tan(e*x+d) ~2/(a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(3/2),x, algorithm=

outputt

inpu

outpu

‘“fricas")

Too large to include J
Sympy [F]
/ tan?(d + ex) dp— / tan? (d + ex)

(a + btan(d + ex) + ctan?(d + ex))*/? (a+ btan (d + ex) + ctan? (d + ea:))%

tLintegrate(tan(e*x+d)**2/(a+b*tan(e*x+d)+c*tan(e*x+d)**2)**(3/2),x)

t‘Integral(tan(d + exx)**x2/(a + b*tan(d + e*x) + cxtan(d + e*xx)**x2)*x(3/2),
»

dz
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Maxima [F(-2)]

Exception generated.

/ ( tan®(d + ex)

a+ btan(d + ex) + ctan®(d + ex))

37 dx = Exception raised: ValueError

‘ integrate(tan(e*x+d) ~2/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm= ‘

input
‘"maxima") ‘

output‘Exception raised: ValueError >> Computation failed since Maxima requested ‘
‘additional constraints; using the 'assume' command before evaluation *may* ‘
‘ help (example of legal syntax is 'assume(4*a*c-b~2>0)', see “assume?  for ‘
‘ more deta ‘

Giac [F(-1)]
Timed out.

tan?(d + ex)

dz = Timed out
/ (a + btan(d + ex) + ctan?(d + ex))*

p
input‘ integrate(tan(e*x+d) "2/ (at+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(3/2) ,x, algorithm= ‘

‘ ||giacll) ‘
output LTimed out J
Mupad [F(-1)]
Timed out.
tan?(d + ex tan(d + e z)?
[ e nid-+e3) i
(a + btan(d + ex) + ctan®(d + ex)) (ctan(d+exz)” +btan(d +ez) + a)

input Lint(tan(d + exx)"2/(a + bxtan(d + exx) + c*tan(d + e*x)~2)"(3/2),x) J
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outputtint(tan(d + e*x)"2/(a + b*tan(d + e*x) + c¥tan(d + e*x)~2)~(3/2), x) J

Reduce [F|

/v tan?(d + ex) /‘ ¢Mn@x+dfc+MM@z+d
(a + btan(d + ex) + ctan®(d + ex))* tan (ex + d)* ¢2 + 2tan (ez + d)° b + 2tan (ez + d)* a

input Lint (tan(exx+d) 2/ (a+b*tan (e*x+d) +cxtan (exx+d) ~2) ~(3/2) ,x) J

Output‘int((sqrt(tan(d + exx)**x2xc + tan(d + e*x)*b + a)*tan(d + exx)*x2)/(tan(d
+ exx)**k4xcxx2 + 2xtan(d + e*x)**x3xbxc + 2xtan(d + e*xx)**2*axc + tan(d + e \
‘*x)**2*b**2 + 2xtan(d + exx)*a*b + a*x*x2),x) ‘
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3.21 f tan(d—l—ex) 3/2 dx
(a+btan(d+ex)+ctan?(d+ez))

Optimal result . . . . . . . . . . . . . e 208]
Mathematica [C] (verified) . . . . . . . . . ... . L 209
Rubi [A] (verified) . . . . . . . . . . . . 27101
Maple [B] (warning: unable to verify) . . . . ... ... ... oL 214
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 214
Sympy [F] . . o o
Maxima [F(-2)] . . . . . . o 215
Giac [F(-1)] . . . o
Mupad [F(-1)] . . . o o e 276l
Reduce [F] . . . . . o

Optimal result

Integrand size = 31, antiderivative size = 635

2a — 2c¢ — Va2 + b2 — 2ac+ c2y\/a? — b2 — 2ac+ 2 +
tan(d + ex) _\/ v \/ (

dr =
/ (a + btan(d + ex) + ctan®(d + ex))*/?

% — 9 2 b2 _ 9 2\/2—1)2—2 2 (7 T2 — 9 Zarctanh | —
V2a —2c+ Va2 + ac+ c2\/a ac+c — (a—c)Va?+ ac + c2arctan <ﬁm

V2 (a? + b2 — 2ac + ¢2)*? e

2(a(b* — 2(a — ¢)c) + be(a + ¢) tan(d + ex))
(82 + (a — ¢)?) (b2 — 4ac) e\/a + btan(d + ex) + ctan?(d + ex)




output

input

output
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1/2% (2*%a-2xc-(a~2-2*a*c+b~2+c”2) " (1/2) )~ (1/2) *(a~2-b"2-2*a*c+c"2+(a-c)*(a”
2-2xa*xc+b~2+c"2) " (1/2) )~ (1/2)*arctanh (1/2*(b~2-(a-c) * (a-c+(a~2-2*a*c+b~2+c
~2)7(1/2)) -b* (2*xa-2*c-(a"~2-2*a*c+b~2+c~2) ~(1/2) ) *tan (exx+d) ) *2~ (1/2) / (2*a-
2%c-(a"2-2*xaxc+b~2+c”2) " (1/2)) " (1/2) / (a~2-b"2-2*a*c+c”2+(a-c) * (a~2-2*a*xc+b
~2+c”2)~(1/2))"(1/2) / (a+b*tan (e*x+d) +c*tan (e*x+d) ~2) ~(1/2))*2~(1/2) /(a"2-2
*axc+b~2+c”2) " (3/2) /e-1/2% (2*a-2xc+(a"2-2*a*c+b"2+c"2) " (1/2)) " (1/2) *(a~2-b
~2-2xaxc+c”2-(a-c) *(a"2-2*a*c+b"2+c"2) " (1/2)) " (1/2) *arctanh (1/2*(b~2-(a-c)
*(a-c-(a~2-2*%a*xc+b”~2+c"2) " (1/2) ) -b* (2*xa-2*c+(a"~2-2*a*c+b~2+c~2) ~(1/2) ) *tan
(exx+d) )*27(1/2) / (2xa-2xc+(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) / (a~2-b"2-2*a*xc+
c"2-(a-c)*(a"2-2xaxc+b~2+c~2) " (1/2))~(1/2) / (atb*tan(exx+d) +c*tan(e*x+d) ~2)
~(1/2))*27(1/2) / (a~2-2xa*c+b~2+c~2) " (3/2) /e+2* (ax (b~2-2* (a-c) *c) +bxc* (a+c)
*xtan(exx+d))/(b~2+(a-c) ~2) / (—4*a*xc+b~2) /e/ (a+b*tan (e*x+d) +cxtan (exx+d) ~2) ~

(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.97 (sec) , antiderivative size = 318, normalized size of antiderivative = 0.50

(4a2c+b%(—ib+c)—a (b2 —dibet+4c?) ) arctanh < 2a—tbt (b_2ic) tan(dte
2\/m\/a+btan(d+ez)+ctz
/ tan(d + ex) dp— Va—ib—c
(a + btan(d + ex) + ctan®(d + ex))*/?

s

LIntegrate[Tan[d + e*xx]/(a + bxTan[d + exx] + c*Tan[d + e*x]~2)~(3/2),x]

-/

(((4xa~2xc + b™2x((-I)*b + c) - a*x(b~2 - (4*I)*b*c + 4*c~2))*ArcTanh[(2*a
- Ixb + (b - (2*%I)*c)*Tan[d + e*x])/(2*Sqrt[a - I*b - c]*Sqrt[a + b*Tan[d
+ exx] + cxTan[d + e*x]72])])/Sqrtla - I*b - c] + ((4*%a~2*c + b™2x(I*b + ¢
) - ax(b"2 + (4*I)*b*c + 4*c”2))*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tanl[d
+ exx])/(2*Sqrt[a + I*b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])]
)/Sqrt[a + Ixb - c] + (4*(a*(b"2 + 2%c*x(-a + c)) + bxcx(a + c)*Tan[d + e*x
1))/Sqrtla + b*Tan[d + exx] + cxTan[d + e*x]~2])/(2*(b"2 + (a - c)"2)*(b"2
- 4xaxc)*e)
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Rubi [A] (verified)

Time = 1.02 (sec) , antiderivative size = 715, normalized size of antiderivative = 1.13,

number of rules _ 0.290, Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {3042, 4183, 1351, 27, 27, 1369, 25, 1363, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ tan(d + ex) i
(a+btan(d + ex) + ctan?(d + eac))3/2
| 3042
/ tan(d + ex) de
(a + btan(d + ex) + ctan(d + ex)?)>/?
| 4183
tan(d+ex)
f (tan2?(d+ex)+1)(ctan?(d+ex)+b tan(cl—l—ea:)+a)3/2 d tan(d T ex)
e
| 1351
b (b2 —4ac) +(a—c) tan(d+ezx) (b2 —4ac)
2 [ - d d
2(a(b2—2c(a—c))+bc(a+c) tan(d+em)) _ f 2(tan2(d+ez)+1) \/ctanz(d+ez)+btan(d+ez)+a tan( +693)
((a—c)2+b2)(b2—4ac) \/a+btan(d+ex)+ctan?(d+ex) ((a—c)?+b%)(b*—4ac)
e
| 27
(b2—4ac) (b+(a—c) tan(d+ex)) dta.n(d+e:1:)
(tan2 (d+ez)+1) \/c tan2 (d+ex)+btan(d+ezx)+a 2 (a, (b2 —2c(a—c)) +bc(a+c) tan(d—i—ex))
((a—c)2+b%) (b2 —4ac) ((a—c)2+b2)(b2—4ac)+/a+btan(d+ex)+ctan?(d+ex)
e
| 27
b+(a—c) tan(d+ex) d d
| Gt arearet) e areny ram@renta e 2(a(b—2c(a—c)) +be(ate) tan(d+ex))
(a—c)?+b? ((a—c)2+b2)(b2—4ac)+/a+btan(d+ex)+ctan?(d+ex)
e

l 1369



input
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b(2a—2c—\/ a2—2ca+b2+52)+(b2—(a—c) (a—c+\/a2—2ca+b2+02)) tan(d+ex) s b(2a—2c+\/ a2—2ca+b2+02>+(b2—(a—c) (a—c—\/ a2—
(tan2 (d+ew)+1) \/c tan2(d+ex)+btan(d+ez)+a (tan2 (d+ew)+1) \/c tan2(d+ex)+btan(,
2 a2—2&c+b2+c2 B 2 a2—2&c+b2+c2

(a—c)2+b2
| 25

r b(2a72c+ Va2 72ca+b2+c2) + (b27(afc) (afcf Va2 —2ca+b2 +c2)) tan(d+ex)
' (tanz(d+ez)+1> \/ctan2 (d+ezx)+btan(d+ex)+a

dtan(d+ezx)

[ b(2a72c7 V4 a272ca+b2+c2)+ (b2 —(a—c) (achr Va2 —2ca

dtan(d+ex)
(tan2 (d+ez)+1> \/c tan2 (d+ex)+b tan(d+e

2 a2—2ac+b2+c2 2 a2—2ac+b2+c2
(a—c)2+b2
e
| 1363
b(—va2—2ac+b2+c2+2a—2¢ b2—(a—c) Va2 —2ac+b2+c2+a—c I/ 1

( ) ( ( )) b(b2— (2a—20—\/ a2—20a+b2+c2) tan(d+ex)b—(a—c) (a—c+\/ a2—2ca+b2+c2))2
ctan2(d+ez)+btan(d+em)+a +2
a272ac+b27

l 921

\/\/ a2 —2ac+b2 +c2+2a—2c(b2 —(a—c) (— Va2 —2ac+b2+c2 +u—c) ) arctanh (

7b(\/ a2 —2ac+b24c2 +2a72c) tan(d+ex)—(a—c) (7 Va2 —2ac+i
\/f\/\/ a2—2ac+b2+c2+2a—20\/—(a—c) V a2—2ac+b2+c2+a2—2ac—b2+02v
V2V a2—2ac+b2+c2 \/— (a—c)V a2 —2ac+b2+c2+a2—2ac—b2+c2

-

LInt[Tan[d + exx]/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)~(3/2),x] J
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((-((Sqrt[2#a - 2xc - Sqrt[a™2 + b~2 - 2xa*c + c"2]]1*(b"2 - (a - c)*(a - ¢
+ Sqrt[a”2 + b~2 - 2*axc + c¢~2]))*ArcTanh[(b"2 - (a - c)*(a - c + Sqrt[a”
2 + b™2 - 2xaxc + c”2]) - bx(2*a - 2%c - Sqrt[a”2 + b~2 - 2*axc + c~2])*Ta
n[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2xaxc + c~2]]*Sqrt[
a”2 - b™2 - 2%a*c + c”2 + (a - c)*Sqrt[a”2 + b"2 - 2xa*c + c”2]]*Sqrtla +
bxTan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a™2 + b2 - 2%a*c + c~
2] *Sqrt[a”2 - b™2 - 2*axc + c”2 + (a - c)*Sqrt[a”2 + b™2 - 2xa*c + c~2]]1))
+ (Sqrt[2*a - 2*c + Sqrt[a™2 + b™2 - 2*%axc + c"2]]*(b"2 - (a - c)*(a - ¢

- Sqrt[a~2 + b~2 - 2*xa*c + ¢~2]))*ArcTanh[(b"2 - (a - ¢c)*(a - ¢ - Sqrt[a~2
+ b"2 - 2xa*xc + c¢”2]) - bx(2*a - 2*c + Sqrt[a”2 + b"2 - 2*axc + c~2])*Tan
[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a”2 + b~2 - 2*xa*c + c~2]]*Sqrt[a
"2 - b72 - 2%a*xc + c”2 - (a - c)*Sqrt[a”2 + b"2 - 2%a*c + c”2]]*Sqrt[a + b
*Tan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a~2 + b~2 - 2+*a*c + c~2
I*Sqrt[a™2 - b2 - 2*%axc + ¢c”2 - (a - c)*Sgrt[a”™2 + b~2 - 2*axc + c~2]1]))/
(b"2 + (a - ¢)72) + (2x(a*(b"2 - 2x(a - c)*c) + bxck(a + c)*Tan[d + ex*x]))
/((b~2 + (a - ¢)"2)*(b~2 - 4*a*c)*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]
~21))/e

output

Defintions of rubi rules used

r

ruk325LInt[-(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

|

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221
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rule 1351 TRELCCE_) + (_D*(x)*((a)) + (b_)*(x)) + (c_)*(x)™2)7(p)*((d)) + (£
_)*(x_)"2)7(q.), x_Symbol] :> Simp[(a + b*x + c*xx~2)"(p + 1)*((d + £*xx~2)~
(@ + 1)/((072 - 4xa*xc)*(b"2xd*f + (cxd - a*f)~2)*(p + 1)))*((gkc)*((-b)*(c*
d + axf)) + (g*b — axh)*(2%c™2+d + b™2xf - c*(2*axf)) + cx(gx(2*c™2xd + b~2
*f - c*(2*axf)) - hx(bxc*d + axb*f))*x), x] + Simp[1/((b"2 - 4xa*c)*(b~2*dx*
f + (cxd - a*xf)"2)*(p + 1)) Intl[(a + b*x + c*xx™2)"(p + 1)*(d + £*x~2)"q*S
imp[(bxh - 2xgxc)*((c*d - a*f)~2 - (b*d)*((-b)*£))*(p + 1) + (b™2*(g*f) - b
*x(hxcxd + axh*xf) + 2*(gxc*(cxd - axf)))*x(axfx(p + 1) - c*kdx(p + 2)) - (2*f*
((gxc)*((-D)*(cxd + a*f)) + (gxb - a*h)*(2xc™2*d + b™2*f - cx(2*axf)))*(p +
q + 2) - (b™2*%(gxf) - bkx(hxckd + axhxf) + 2x(gxck(cxd - a*xf)))*(b*xf*(p + 1
)))*x - c*fx(b™2%(g*f) - bx(h*ckxd + axh*f) + 2*x(gkckx(cxd - a*xf)))*(2%p + 2%
q + 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, g}, x] && NeQ[b~2 - 4
xaxc, 0] && LtQlp, -1] && NeQ[b~2+d*f + (cxd - a*f)~2, 0] && !'( !'IntegerQ[
pl &% ILtQ[q, -11)

rule 1363 TotLC(g) + (h_)*(x_))/(((al) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x)) + (£
_)*(x_)"2]), x_Symbol] :> Simp[-2*a*g*h  Subst[Int[1/Simp[2*a~2*g*h*c + a
xexx~2, x], x], x, Simp[a*h - g*c*x, x]/Sqrt[d + exx + £*x~2]], x] /; FreeQ
[{a, ¢, 4, e, f, g, h}, x] && EqQ[a*h™2xe + 2*gxhx(c*d - a*f) - g~2*cxe, 0]

rule 1369 Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe~2, 2]}, Simp
[1/(2%q) Int[Simp[(-a)*h¥e - gx(c*d - a*f - q) + (h*x(cxd - a*f + q) - g*c
xe)*x, x]/((a + c*x"2)*Sqrt[d + e*x + £*x72]), x], x] - Simp[1/(2%q) Int[
Simp[(-a)*h*e — gk(ckd - axf + q) + (h*(c*d - axf - q) - gkxcxe)*x, x]/((a +
c*x"2)*Sqrt[d + exx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x]
&& NeQ[e™2 - 4xd*f, 0] && NegQ[(-a)x*c]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 (m_.)*((a_.) + (b_.)*((£f_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_Dd*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183
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Maple [B] (warning: unable to verify)
result has leaf size over 500,000. Avoiding possible recursion issues.

Time = 0.97 (sec) , antiderivative size = 13067197, normalized size of antiderivative =

20578.26
output too large to display
e B
input Lint (tan(e*x+d) / (a+b*tan (e*x+d) +c*tan(e*xx+d) ~2) ~(3/2) ,x) J
OutputLresult too large to display J

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 19368 vs. 2(580) =
1160.

Time = 2.69 (sec) , antiderivative size = 19368, normalized size of antiderivative =
30.50

37 dx = Too large to display

/ tan(d + ex)
(a + btan(d + ex) + ctan?(d + ex))

‘integrate(tan(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)“2)‘(3/2),x, algorithm="f
‘ricas")

N\ J

input

Output‘Too large to include
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Sympy [F]

/ tan(d + ex) tan (d + ex)

; 372 da:z/ 5 dr
(a + btan(d + ex) + ctan®(d + ex)) (a+ btan (d + ex) + ctan? (d + ex))?

input Lintegrate (tan(e*x+d)/ (a+b*tan (e*x+d)+cxtan (exx+d) **2) *x* (3/2) ,x) J

-

output LIntegral(tan(d + exx)/(a + bxtan(d + e*x) + cktan(d + e*x)**2)*%x(3/2), x)

-/

Maxima [F(-2)]

Exception generated.

/ ( tan(d + ex)

a+ btan(d + ex) + ctan?(d + ex))*”

dxr = Exception raised: ValueError

input integrate (tan(e*x+d)/(a+b*tan (e*x+d)+c*tan(exx+d) ~2)~(3/2) ,x, algorithm="m
axima")

Exception raised: ValueError >> Computation failed since Maxima requested
additional constraints; using the 'assume' command before evaluation *may*
help (example of legal syntax is 'assume(4*a*c-b"2>0)', see ~assume?  for
more deta

output

Giac [F(-1)]

Timed out.

/ tan(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*/?

dz = Timed out

‘ integrate(tan(e*x+d)/(at+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(3/2),x, algorithm="g ‘

input‘iac") ‘
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output LTimed out J
Mupad [F(-1)]
Timed out.
/ tan(d + ex) oy do— / tan(d + ex) o
(a+ btan(d + ex) + ctan?®(d + ex)) (ctan (d+ex)® +btan (d +ex) + a)
input Lint (tan(d + e*x)/(a + bxtan(d + exx) + c*tan(d + e*x)"2)"(3/2),x) J
output tint (tan(d + e*x)/(a + b*tan(d + e*x) + c*tan(d + e*x)~2)~(3/2), x) J
Reduce [F]
2 |
/ tan(d + ex) p / \/tan (ex 4+ d)” ¢ + tan (ex + a
Tr =
(a + btan(d + ex) + ctan?(d + ex))*/? tan (ex 4 d)* ¢ + 2tan (ex 4 d)° b + 2tan (ez + d)* a
inputLint(tan(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)*2)*(3/2),X) J
output‘int((sqrt(tan(d + exx)**2%c + tan(d + e*x)*b + a)*tan(d + exx))/(tan(d + e

kx)wxdxckx2 + 2¥tan(d + exx)*x3xbkc + 2xtan(d + exx)**2xa*c + tan(d + e¥x) |
‘**2*b**2 + 2xtan(d + e*x)*a*b + a**2),x) ‘
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3.22 f COt(d‘*’&’E) 3/2 dx
(a+btan(d+ex)+ctan?(d+ez))

Optimal result . . . . . . . . . . . . . e 217
Mathematica [C] (verified) . . . . . . . . . ... . L 218
Rubi [A] (verified) . . . . . . . . . 27191
Maple [F(-1)] . . . . o o
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. .....
Sympy [F] . . o o 222
Maxima [F(-1)] . . . . . . o 222
Giac [F(-1)] . . o o o o 2221
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 31, antiderivative size = 750

2a+btan(d+ex)
/ COt(d + €$) de — — arctanh <2\/E\/a,+b tan(d+ex)+ctan?(d+ex) >
(a + btan(d + ex) + ctan?(d + eav))‘g/2 a3/%e

92t = 2 a2 — b2 — 2 _ 5 p2 3
V2 —2c—a® + b 2ac+c\/a b —2ac+c®+ (a—c)Va® +b 2ac+carctanh<\/§ —

V2 (a2 + b2 — 2ac+ @) e

\/2a— 2¢c + Va2 + b2 — 2ac—|—c2\/a2 — b2 —2ac+c? — (a—c)Va?+ b — 2ac+c2arctanh(

n V2V 2a—2c+
V2 (a2 4 b2 — 2ac+ 2)*?e
N 2(b? — 2ac + betan(d + ex))

a (b2 — 4ac) ey/a + btan(d + ex) + ctan?(d + ex)
2(a(b? — 2(a — ¢)c) + be(a + c) tan(d + ex))
(12 + (a — ¢)?) (b — 4ac) ey/a + btan(d + ex) + ctan®(d + ex)
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—arctanh (1/2*(2*at+b*tan(e*x+d))/a~(1/2)/(atb*tan(e*x+d)+c*tan(e*x+d) ~2)~ (1
/2))/a~(3/2) /e-1/2x(2*a-2*c-(a"~2-2*a*c+b~2+c~2) ~(1/2)) " (1/2) ¥ (a~2-b"2-2*ax*
c+c™2+(a-c)*(a"2-2*a*c+b"2+c"2) " (1/2) )~ (1/2) *arctanh (1/2* (b~2-(a-c)*(a-c+(
a~2-2%axc+b~2+c"2) " (1/2)) -b* (2*a-2*c-(a~2-2*axc+b~2+c”2) " (1/2) ) ¥tan (exx+d)
)*x27(1/2) / (2*a-2*c-(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) / (a~2-b"2-2*a*c+c~2+(a-
c)*(a"2-2*axc+b~2+c~2)~(1/2))~(1/2) / (a+b*tan(e*x+d) +c*tan (exx+d) ~2) ~(1/2))
*27(1/2)/ (a~2-2*%axc+b~2+c~2) ~(3/2) /e+1/2x (2*xa-2*c+(a~2-2*a*c+b~2+c~2) ~(1/2
))"(1/2)*(a"2-b"2-2*a*c+c”2-(a-c)*(a~2-2*a*c+b~2+c~2) ~(1/2)) ~(1/2) *arctanh
(1/2* (b~2-(a-c) *(a—c-(a~2-2*a*xc+b~2+c~2) ~(1/2) ) -b* (2xa-2*c+(a~2-2*axc+b~2+
c~2)~(1/2) ) *xtan(e*x+d) ) %2~ (1/2) / (2*xa-2*c+(a”~2-2*a*xc+b~2+c~2) ~(1/2))~(1/2)/
(a~2-b"2-2*axc+c”2-(a-c)*(a~2-2%a*xc+b~2+c”2) ~(1/2))~(1/2) / (a+bxtan (e*xx+d) +
cxtan(exx+d) ~2)~(1/2))*27(1/2) / (a~2-2*a*c+b~2+c~2) " (3/2) /e+2* (b~ 2-2*a*c+b*
cxtan(exx+d))/a/(-4*a*c+b~2) /e/ (a+b*tan(e*xx+d)+c*tan (e*x+d) ~2) ~(1/2)-2* (a*
(b~2-2*x(a-c)*c)+b*c* (a+c) *tan(exx+d) )/ (b"2+(a-c) "2) / (-4*a*xc+b~2) /e/ (a+b*ta
n(exx+d)+c*xtan(e*x+d) ~2)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.02 (sec) , antiderivative size = 450, normalized size of antiderivative = 0.60

(4azc+b‘

(— §+2ac) arctanh < 2a+b tan(d+ex) > ~
_|_

2\/5\/a+b tan(d+ex)+c tanz(d+ez)
a3/2

2

cot(d + ex)
3/2 dz =
(a + btan(d + ex) + ctan?(d + ex))

-

LIntegrate[Cot[d + e*xx]/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)~(3/2),x]

~—

input




output
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(2% (((-1/2%b"2 + 2%axc)*ArcTanh[(2*a + bxTan[d + exx])/(2+Sqrt[al*Sqrt[a +

bxTan[d + exx] + c*Tan[d + e*xx]~2])])/a~(3/2) + (-1/4*((4*%a"2*c + b~2*((-
ID*b + c) - a*x(b™2 - (4*xI)*b*c + 4*xc~2))*ArcTanh[(2%a - I*b + (b - (2*I)*c
)*Tan[d + e*x])/(2*Sqrt[a - I*b - c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
*x]°2]1)1)/Sqrt[a - Ixb - c] - ((4*a~2xc + b™2%(I*b + c) - a*x(b™2 + (4*I)*Db
*C + 4xc~2))*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2*Sqrtl[a +

I*b - c]*Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1)/(4+Sqrtl[a + I*b -

c1))/ ("2 + (a - c)”"2) + (b~2 - 2*axc + bxc*Tan[d + e*x])/(axSqrt[a + b*Ta
n[d + exx] + c*Tan[d + e*x]"2]) + (-(axb™2) + 2*ax(a - c)*c - b*ck(a + c)*
Tan[d + exx])/((a"2 + b~2 - 2*xa*c + c~2)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])))/((b™2 - 4*a*c)*e)

Rubi [A] (verified)

Time = 3.07 (sec) , antiderivative size = 739, normalized size of antiderivative = 0.99,

number of rules _ 0.129, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot(d + ex)
373 dx
(a + btan(d + ex) + ctan®(d + ex))

l 3042

1
/ 373 dx
tan(d + ex) (a + btan(d + ex) + ctan(d + ex)?)

l 4183

cot(d+ex)
f (tanZ(d+ex)+1)(ctan2(d+ez)+btan(d+ex)+a)>/ 2 d tan(d T 6(1,')

e

l 7276

cot(d+ex) _ tan(d+ex)
f ((c tan2(d+ex)+btan(d+ex)+a)>/? (tan2(d+ex)+1)(ctan?(d+ex)+btan(d+ez)+a)>/ 2 > d tan(d T CJJ)

e
l 2009
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arctanh < 2a+btan(dtex) > V—va2—2ac+b2+c2 +2a—20\/ (a—c)vVa®—2ac+b2+c?+a2—2ac—b2+c2arctanh <
_ 2\/5\/a+btan(d+em)+ctanz(d+ez) _
ad/2 \f2(a2—2¢
input LInt [Cot[d + e*x]/(a + bxTan[d + exx] + c*Tan[d + e*x]~2)~(3/2),x] J
output (-(ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*T

an[d + e*x]72]1)]1/a~(3/2)) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b™2 - 2%axc + c~2
J1*Sqrt[a~2 - b™2 - 2%a*c + c™2 + (a - c)*Sqrt[a”2 + b™2 - 2%a*xc + c”2]]*A
rcTanh[(b™2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c"2]) - b*(2%a - 2
*c — Sqrt[a”2 + b™2 - 2xa*c + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c

- Sqrt[a™2 + b~2 - 2%a*c + c"2]]*Sqrt[a”2 - b~2 - 2*axc + c”2 + (a - c)*Sq
rt[a”2 + b™2 - 2%a*c + c”2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])]
)/ (Sqrt[2]1*(a~2 + b~2 - 2%a*c + c~2)7(3/2)) + (Sqrt[2*a - 2*c + Sqrt[a~2 +
b2 - 2xaxc + c”2]]1#Sqrt[a”2 - b"2 - 2xa*c + ¢c”2 - (a - c)*Sqrt[a”2 + b~2

- 2xa*xc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b~2 - 2xa*c +

c”2]) - b*(2*a - 2%c + Sqrt[a™2 + b2 - 2xa*c + c~2])*Tan[d + e*x])/(Sqrtl[
2]*Sqrt[2*a - 2%c + Sqrt[a”2 + b~2 - 2*a*xc + c"2]]*Sqrt[a”2 - b~2 - 2*ax*c
+ ¢c™2 - (a - c)*Sqrt[a”2 + b™2 - 2%a*c + c”2]]1*Sqrt[a + b*Tan[d + e*x] + c
*Tan[d + exx]~2]1)])/(Sqrt[2]*(a~2 + b~2 - 2%a*c + c~2)7(3/2)) + (2*x(b"2 -

2xaxc + bxcxTan[d + exx]))/(ax(b~2 - 4*axc)*Sqrt[a + b*Tan[d + e*x] + c*Ta
nld + exx]~2]) - (2*%(ax(b”2 - 2k(a - c)*c) + bxcx(a + c)*Tan[d + exx]))/((
b"2 + (a - ¢c)"2)*(b"2 - 4xaxc)*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2]
))/e

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] ‘
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Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Maple [F(-1)]
Timed out.

hanged

input Lint (cot (exx+d) / (a+bxtan (exx+d)+c*tan (e*xx+d) ~2)~(3/2) ,x) ‘

output \ int (cot (e*x+d)/ (a+b*tan (exx+d)+cxtan (e*x+d) ~2)~(3/2) ,x) ‘

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39221 vs. 2(685) =
1370.

Time = 12.72 (sec) , antiderivative size = 78455, normalized size of antiderivative =
104.61

/ cot(d + ex)
(a + btan(d + ex) + ctan?(d + ex))

373 dx = Too large to display

input ‘ integrate(cot (exx+d)/(a+b*tan(e*x+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="f ‘
‘ricas") ‘

output LToo large to include J
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Sympy [F]
/ cot(d + ex) : Ly du= / cot (d + ex) _da
(a + btan(d + ex) + ctan®(d + ex)) (a+ btan (d + ex) + ctan® (d + ex))?
inputLintegrate(cot(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)**2)**(3/2),x) J

outputtlntegral(cot(d + exx)/(a + bxtan(d + exx) + c*tan(d + e*x)**2)*x(3/2), x) J

Maxima [F(-1)]

Timed out.

/ cot(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dz = Timed out

input ‘ integrate(cot (e*x+d)/(atb*tan(exx+d)+c*tan(exx+d) ~2)~(3/2) ,x, algorithm="m ‘
axima") ‘

OutputLTimed out

Giac [F(-1)]

Timed out.

/ cot(d + ex)
(a + btan(d + ex) + ctan®(d + ex))*

dz = Timed out

input‘integrate(cot(e*x+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)"2)"(3/2),x, algorithm="g
‘ iac") ‘

OutputLTlmed out
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Mupad [F(-1)]
Timed out.

cot(d + ex) cot(d + ex)

dm=/ dz
/ (a + btan(d + ex) + ctan?(d + ex))*? (ctan (d+ex)’ +btan(d +ex) +a

)3/2

input Lint(cot(d + exx)/(a + bxtan(d + exx) + cxtan(d + e*x)"2)~(3/2),x) J

-

Lint(cot(d + e*xx)/(a + bxtan(d + e*x) + c*tan(d + e*x)~2)~(3/2), x)

. )

output
Reduce [F]
2
/ cot(d + ex) y / \/tan (ex + d)” ¢+ tan (ex + ¢
T =
(a + btan(d + ex) + ctan?(d + ex))*/* tan (ex + d)* ¢ + 2tan (ez + d)’ be + 2tan (ez + d)’ a
input Lint (cot (e*xx+d) / (a+bxtan (e*x+d)+c*xtan (e*x+d) ~2) ~(3/2) ,x) J

‘int((sqrt(tan(d + exx)**x2xc + tan(d + exx)*b + a)*cot(d + e*x))/(tan(d + e ‘
(kx)wkdkckx2 + 2¥tan(d + exx)*x3xbkc + 2xtan(d + exx)**2xaxc + tan(d + e¥x) |
‘**2*b**2 + 2xtan(d + e*x)*a*b + a**2),x)

output
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cot?(d+ex)
3.23 f (a-+btan(d+ez)+c tan2(d—|-ex))3/ 2 dz

Optimal result . . . . .. ... ... ... ... .. ... ...
Mathematica [C] (verified) . . . . . . ... .. ... L.
Rubi [A] (verified) . . . ... ... ...
Maple [F(-1)] . . . . . o
Fricas [B] (verification not implemented) . . . . . ... ... ... ..
Sympy [F] . . . o
Maxima [F(-1)] . . . . . . .o o
Giac [F(-1)] . . .« o o o
Mupad [F(-1)] . . . . o
Reduce [F] . . .« . . o

Optimal result

Integrand size = 33, antiderivative size = 829

cot?(d + ex)
372 dr =
(a + btan(d + ex) + ctan?(d + ex))

b
V24— 2+ V@ 1 B2 — 2ac + c2\/a2 — b —2ac+ ¢ — (a — ¢)Va® + b* — 2ac + c? arctan <ﬁ\/m
V2 (a2 4+ b2 — 2ac+ 2)*?e
b|
20 — 2 — VaZ + b2 — 2 2\/2—62—2 2 - 2+ 0?2 “arctan | ————
+\/a c— Vit ac + 2\ /a ac+c* + (a —c)va® + “c+carcan(ﬁm
V2 (a2 4+ b2 — 2ac+ 2)*?e
2a+btan(d+ex)
+ 3barctanh (2ﬁ\/ a+btan(d+ex)+ctan?(d+ex) )
2a5/%¢

2 cot(d + ex) (b — 2ac + betan(d + ex))
a (b? — 4ac) ey/a + btan(d + ex) + ctan?(d + ex)
2(b(b* — (3a — ¢)c) + c(b* — 2(a — ¢)c) tan(d + ex))
(b2 + (a — c)?) (b2 — 4ac) e\/a + btan(d + ex) + ctan?(d + ex)
(36% — 8ac) cot(d + ex)+/a + btan(d + ex) + ctan?(d + ex)
a? (b2 — 4ac) e
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-1/2*% (2*a-2xc+(a~2-2*%a*c+b~2+c”~2) " (1/2)) " (1/2)*(a~2-b~2-2*a*c+c"2-(a-c) *(a
~2-2xa*c+b”2+c”2) " (1/2)) " (1/2) *arctan(1/2* (b* (2*¥a-2*c+(a~2-2*a*xc+b~2+c~2) "
(1/2))+(b"2-(a-c) *(a-c-(a"2-2*a*xc+b~2+c~2) " (1/2))) *tan(e*x+d) ) *2~(1/2) / (2*
a-2*c+(a"2-2xaxc+b"2+c”~2) " (1/2)) " (1/2) /(a~2-b"2-2*xa*c+c”~2-(a-c) * (a~2-2*a*c
+b"2+c”2)~(1/2))~(1/2) / (a+b*tan (e*x+d) +c*tan(e*x+d) ~2) ~(1/2))*2°(1/2) /(a~2
—2%a*xc+b™2+c"2) ~(3/2) /e+1/2% (2%a-2*c-(a~2-2*axc+b"2+c"2) " (1/2)) " (1/2)*(a~2
-b"2-2*axc+c”2+(a-c)*(a"2-2*a*c+b"2+c"2) " (1/2)) " (1/2) *arctan (1/2* (b* (2*a-2
*c-(a~2-2xaxc+b"2+c”2) ~(1/2))+(b~2-(a-c) *(a-c+(a"2-2*a*c+b™2+c~2) ~(1/2)) ) *
tan(exx+d) ) *27(1/2) / (2*¥a-2*c-(a~2-2*a*c+b~2+c~2) ~(1/2))~(1/2) /(a"2-b"2-2*a
xc+c ™2+ (a-c)*(a~2-2*a*c+b~2+c~2) " (1/2))~(1/2) / (a+bxtan (e*x+d) +c*tan (exx+d)
~2)7(1/2))*27(1/2) / (a™2-2*a*xc+b~2+c~2) ~(3/2) /e+3/2*b*arctanh (1/2* (2*xa+b*ta
n(exx+d))/a~(1/2) / (a+b*tan(exx+d)+c*xtan(exx+d) ~2)~(1/2)) /a~(5/2) /e+2*cot (e
*x+d) * (b~2-2*axc+b*cxtan (exx+d) ) /a/ (-4*axc+b~2) /e/ (a+b*tan (exx+d)+cktan (e*
x+d) "2) " (1/2) +2* (b*x (b~2-(3*a-c) *c) +c* (b~2-2* (a-c) *c) *tan(e*x+d) ) / (b~ 2+ (a-c
)~2)/ (4*xa*xc+b~2) /e/ (a+b*tan (exx+d) +cktan (e*x+d) ~2) ~(1/2) - (-8*a*xc+3*b~2) *c
ot (exx+d) * (a+b*tan (e*x+d) +cxtan (exx+d) ~2) ~(1/2) /a~2/(-4*axc+b~2) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 4.84 (sec) , antiderivative size = 506, normalized size of antiderivative = 0.61

2\/6\/11-#—17 tan(d+ex)+c tan2(d+ez)
cot?(d + ex) o572
dr =

3b(b2—4ac) arctanh< 2a+b tan(d+ex) ) (b2(b+i0)+4ia,2c
+
/ (a + btan(d + ex) + ctan?(d + 6$))3/2 -

-

input LIntegrate [Cot[d + e*x]~2/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)~(3/2),x] J
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((3*b*(b~2 - 4xa*c)*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*T
an[d + e*x] + c*Tan[d + e*x]72]1)])/a~(5/2) + (((b™2*(b + I*c) + (4*I)*a~2x
c - Ixa*x(b~2 - (4*I)xbxc + 4xc~2))*ArcTanh[(-2%a + Ix*b - (b - (2*I)*c)*Tan
[d + exx])/(2xSqrt[a - I*b - c]*Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]~2
1)1)/Sqrtla - I*b - c] + ((b"2*(b - I*c) - (4*I)*a~2%c + I*xa*x(b~2 + (4*I)*
b*c + 4xc”2))*ArcTanh[(-2*a - I*b - (b + (2*I)*c)*Tan[d + e*x])/(2*Sqrt[a
+ I*b - c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/Sqrtl[a + I*b - c
D/®2 + (a - ¢)72) + (4%(bxc + (b2 - 2*axc)*Cot[d + e*x]))/(a*Sqrt[a +
b*Tan[d + e*x] + c*Tan[d + e*x]~2]) + (4%(b~3 + bkcx(-3*a + c) + cx(b™2 +

2%¢cx(-a + c))*Tan[d + exx]))/((a”2 + b™2 - 2%axc + c~2)*Sqrt[a + bxTan[d +
exx] + cxTan[d + e*x]"2]) + (2%(-3*¥b~2 + 8xaxc)*Cot[d + exx]*Sqrt[a + b*T
an[d + exx] + cxTan[d + e*x]~2])/a~2)/(2%(b"2 - 4x*axc)*e)

output

Rubi [A] (verified)

Time = 3.16 (sec) , antiderivative size = 815, normalized size of antiderivative = 0.98,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot?(d + ex)

dz
/ (a+ btan(d + ex) + ctan?(d + ex))3/2

l 3042

1
/ 3/ dx
tan(d + ex)? (a + btan(d + ex) + ctan(d + ex)?)
| 4183

cot?(d+ex)
‘f (tan2(d+ex)+1)(ctan2(d+ex)+btan(d+ex)+a)>/ 2 d tan(d T 6.’L')

e
l 7276

cot?(d+ezx) 1
f ( (ctan?(d+ex)+btan(d+ex)+a)®/ 2 + (—tan2(d+ex)—1)(ctan2(d+ex)+btan(d+ex)+a)>/ 2 > d tan(d t eI)

e

l 2009
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b(2a—2c+va2—2ca+b2+c2)+(b2—(a—c)(a—c—Va2-
\/261—2c—|—\/az—2ca.—|—b2—|—02\/0.2—2ca,—b2—|—02—(a.—c)\/a2—2ca.—|—b2—|—c2 arctan (a I C) ( (a C)(a Ve
\/5\/2a—20+\/a2—20a+b2+02\/a2—20a—b2+c2—(a—c)\/a2—20a-}

V2(a2—2ca+b2+c2)%/?

inputLInt[Cot[d + e*x]"2/(a + b*Tan[d + e*x] + cxTan[d + ex*x]"2)~(3/2),x] J

(-((Sgrt[2xa - 2*c + Sgrt[a”2 + b™2 - 2*xa*c + c~2]]*Sqrt[a™2 - b2 - 2xa*c
+ c2 - (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]1*ArcTan[(b*x(2*a - 2*c + Sqr
t[a”2 + b2 - 2%axc + c”2]) + (b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xc + c¢~2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqrt[a™2 + b2 - 2xa*c
+ c”2]]*Sqrt[a”2 - b™2 - 2%a*c + c”2 - (a - c)*Sqrt[a”2 + b™2 - 2%a*c + c
~2]]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]1)])/(Sqrt[2]*(a"2 + b2 -
2xaxc + c72)7(3/2))) + (Sqrt[2*a - 2%c - Sqrt[a”2 + b~2 - 2*a*c + c~2]]*Sq
rt[a™2 - "2 - 2*a*c + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”"2]]*ArcTan
[(b*x(2%a - 2%xc - Sqrt[a™2 + b™2 - 2%axc + c”2]) + (b™2 - (a - c)*(a - c +
Sart[a”2 + b™2 - 2%axc + c~2]))*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c - Sq
rt[a™2 + b2 - 2xa*xc + c"2]]1*Sqrt[a”2 - b™2 - 2%axc + c”2 + (a - c)*Sqgrt[a
"2 + b"2 - 2*%a*xc + c”2]]1*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2]1)]1)/(S
grt[2]*(a”2 + b"2 - 2xaxc + c~2)7(3/2)) + (3*b*ArcTanh[(2*a + bxTan[d + ex
x])/(2+Sqrt[a]l*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2])]1)/(2xa~(5/2))
+ (2%Cot[d + exx]*(b"2 - 2%a*xc + b*c*Tan[d + e*x]))/(ax(b"2 - 4xa*c)*Sqrt[
a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]) + (2*(b*x(b~2 - (3*a - c)*c) + c*x(b
2 - 2x(a - c)*c)*Tan[d + e*x]))/((b"2 + (a - c)~2)*(b"2 - 4*axc)*Sqrt[a +
b*Tan[d + e*x] + c*Tan[d + exx]~2]) - ((3*b~2 - 8*axc)*Cot[d + exx]*Sqrtl[
a + bxTan[d + exx] + c*Tan[d + e*x]~2])/(a"2*(b~2 - 4*axc)))/e

output

Defintions of rubi rules used

-

rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
]Q[u, x] ‘

rule 3042
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Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Maple [F(-1)]
Timed out.

hanged

input Lint (cot (e*xx+d) "2/ (atbxtan(e*xx+d)+cxtan (exx+d) ~2)~(3/2),%)

output ‘ int (cot (exx+d) "2/ (at+b*tan (e*x+d)+cxtan(e*xx+d) ~2)~(3/2),x) ‘

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39273 vs. 2(764) =
1528.

Time = 12.28 (sec) , antiderivative size = 78559, normalized size of antiderivative =
94.76

/ cot?(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dxz = Too large to display

input ‘ integrate(cot (e*x+d) 2/ (a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(3/2) ,x, algorithm= ‘
‘"fricas") ‘

-/

p
output LTOO large to include
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Sympy [F]
2 2
/ cot*(d + ex) : oy do— / cot® (d + ex) —ds
(a + btan(d + ex) + ctan?(d + ex)) (a+ btan (d + ex) + ctan® (d + ex))?
input Lintegrate (cot (e*xx+d) **2/ (atb*tan (e*x+d) +cktan (e*x+d) **2) **(3/2) ,x) J

output‘ Integral(cot(d + e*x)**2/(a + bktan(d + exx) + cktan(d + exx)**2)**(3/2), ‘
‘ x)

Maxima [F(-1)]

Timed out.

/ cot?(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*”

dz = Timed out

input ‘ integrate(cot (exx+d) "2/ (a+b*tan (e*x+d)+c*tan(e*xx+d) ~2)~(3/2),x, algorithm= ‘
"maxima")

output tTimed out

Giac [F(-1)]

Timed out.
t2(d
/ cot (d + e) 372 dz = Timed out
(a+ btan(d + ex) + ctan®(d + ex))
input ‘ integrate (cot (exx+d) ~2/ (a+b*tan (e*x+d)+c*tan(exx+d) ~2)~(3/2),x, algorithm= ‘

Ilgiac ")

output LTlmed out J
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Mupad [F(-1)]

Timed out.
/ cot?(d + ex) i _/ cot(d + ex)? i
(a + btan(d + ex) + ctan?(d + 612))3/2 (ctan (d+ e:v)2 +btan (d+ ex) + a)3/2
input Lint(cot(d + e*x)"2/(a + bxtan(d + e*x) + cxtan(d + exx)~2)"(3/2),x) J
output Lint(cot(d + exx)"2/(a + bxtan(d + e*x) + c*tan(d + e*x)~2)~(3/2), x) J
Reduce [F]

/ cot?(d + ex) p / \/tan (ex +d)® ¢+ tan (ex + d
xTr =
(a + btan(d + ex) + ctan?(d + ez))3/2 tan (ex + d)* ¢2 + 2tan (ex + d)° bc + 2tan (ez + d)* a

input Lint (cot (exx+d) "2/ (atb*tan(e*x+d)+cxtan(exx+d) ~2)~(3/2),%) J

output‘int((sqrt(tan(d + e*xx)*x2%xc + tan(d + e*x)*b + a)*cot(d + e*x)**2)/(tan(d
+ exx)wkdxcHx2 + 2¥tan(d + exx)**3kbxc + 2xtan(d + exx)xx2%akc + tan(d + e |
‘*x)**Q*b**Q + 2xtan(d + exx)*a*b + a*x*x2),x)
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3
3.24 f cot®(d+ezx) - dx
(a+btan(d+ex)+ctan?(d+er))

Optimal result . . . . . . . . . . . . e 232
Mathematica [C] (verified) . . . . . . . . . . ... L 233l
Rubi [A] (verified) . . . .. . . ... .. 234
Maple [F(-1)] . . . . o o 230
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 237
Sympy [F] . . o o 237
Maxima [F(-1)] . . . . . . o o 237
Giac [F(-1)] . . .« o o e 238
Mupad [F(-1)] . . . oo 238
Reduce [F] . . . o . o o e 238
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Optimal result

Integrand size = 33, antiderivative size = 1007

2a+b tan(d+ex)
/ cot? (d + 6113) de — arctanh ( 2v/a+/a+btan(d+ex)+ctan?(d+ex) )
(a + btan(d + ex) + ctan?(d + egv)):‘}/2 a3/%e
2 _ 2a+btan(d+ex)
. 3 (5b 40/6) arctanh ( 2v/a+/a+btan(d+ex)+ctan?(d+ex) )
8a7/2e

V24— 2 — @&+ B — 2ac + c2\/a2 — b —2ac+c + (a— c)va® + b — 2ac + c%rctanh(ﬁm

V2 (a2 + b2 — 2ac + 2)* e
V2a —2c+VaZ+ b — 2ch+c2\/a2 — b —2ac+ 2 — (a — ¢)va? + b — 2ac + czarctanh<

_|_

\/5\/ 2a—2c+
V2 (a2 + b2 — 2ac+ 2)**e

2(b% — 2ac + betan(d + ex))
a (b2 — 4ac) ey/a + btan(d + ex) + ctan?(d + ex)
2 cot?(d + ex) (b? — 2ac + betan(d + ex))
a (b2 — 4ac) ey/a + btan(d + ex) + ctan?(d + ex)
2(a(b?® — 2(a — ¢)c) + be(a + ¢) tan(d + ex))
(12 + (a — ¢)?) (b — 4ac) ey/a + btan(d + ex) + ctan®(d + ex)
b(15b? — 52ac) cot(d + ex)+/a + btan(d + ex) + ctan?(d + ex)
* 4a3 (b® — 4ac) e
(5% — 12ac) cot?(d + ex)\/a + btan(d + ex) + ctan?(d + ex)
2a? (b? — 4ac) e
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arctanh(1/2*(2*a+b*tan(e*x+d))/a~(1/2)/(atb*tan(exx+d)+c*tan(e*x+d) ~2) ~(1/
2))/a"~(3/2)/e-3/8* (-4*a*c+5*b~2) *arctanh (1/2* (2*a+b*tan(e*xx+d))/a~(1/2)/(a
+b*tan (e*x+d)+c*tan(e*x+d) ~2)~(1/2))/a~(7/2) /e+1/2* (2*a-2*c-(a~2-2*a*xc+b~2
+¢c72)7(1/2)) " (1/2) % (a~2-b~2-2*a*xc+c~2+(a-c) * (a~2-2*a*c+b~2+c~2) ~(1/2))~(1/
2) *arctanh(1/2*(b~2-(a-c)*(a-c+(a”2-2*a*c+b~2+c~2) " (1/2) ) -b* (2*a-2*c-(a~2-
2%a*xc+b™2+c”2) " (1/2) ) *tan(e*xx+d) ) *2~ (1/2) / (2*xa-2*c—(a~2-2*a*c+b~2+c~2) ~(1/
2))~(1/2)/(a~2-b~2-2%a*c+c~2+(a-c) *(a~2-2*a*xc+b~2+c~2) ~(1/2) )~ (1/2) / (a+b*t
an (exx+d)+cxtan(e*xx+d) ~2) ~(1/2))*27(1/2) / (a"2-2*a*xc+b~2+c~2) ~(3/2) /e-1/2%(
2%a-2*c+(a”2-2%a*c+b"2+c”2) " (1/2) )~ (1/2) *(a~2-b~2-2*axc+c~2-(a-c) *(a"2-2*a
*c+b~2+c”~2) " (1/2)) "~ (1/2) *arctanh (1/2* (b~2-(a-c) *(a-c-(a"~2-2*a*c+b~2+c~2) " (
1/2) ) -bx (2xa-2*c+(a~2-2xa*xc+b"2+c~2) ~(1/2) ) ¥tan(exx+d) ) *2~ (1/2) / (2*%a-2xc+(
a~2-2*a*c+b~2+c~2) " (1/2)) "~ (1/2)/(a~2-b"2-2*a*c+c~2-(a-c) * (a~2-2*a*c+b”~2+c~
2)7(1/2))"(1/2) / (a+b*tan (e*x+d) +c*xtan (e*x+d) ~2) ~(1/2) )*27(1/2) / (a~2-2*a*c+
b~2+c”2) " (3/2) /e-2* (b™2-2*axc+bxcxtan (e*x+d) ) /a/ (-4*a*xc+b~2) /e/ (a+b*tan (e*
x+d) +c*tan (e*x+d) ~2) ~(1/2) +2*cot (e*x+d) ~2* (b~ 2-2*a*c+bxcxtan (e*xx+d) ) /a/ (-4
*axc+b~2)/e/ (a+b*tan (e*xx+d)+cktan (exx+d) ~2) ~ (1/2) +2* (ax (b~2-2* (a-c) *c) +b*c
*(a+c) *tan(exx+d) )/ (b~2+(a-c) ~2) / (-4*a*c+b~2) /e/ (a+b*tan (e*x+d) +c*tan (exx+
d)~2) " (1/2)+1/4*b* (-52*a*c+15xb~2) *cot (e*x+d) * (a+b*tan (exx+d) +c*tan (e*x+d)
~2)7(1/2)/a”3/ (—4*a*xc+b~2) /e-1/2* (-12*a*c+5+%b~2) *cot (exx+d) ~2* (a+b*tan (e*x
+d)+c*tan(exx+d) ~2) ~(1/2) /a~2/(-4*a*xc+b~2) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 6.14 (sec) , antiderivative size = 786, normalized size of antiderivative = 0.78

4+/a+
9 ——
2(~% +2ac)arctanh 2a+btan(d+es)
2\/5\/0,+b tan(d+ex)+c tan2 (d+ex)
cot®(d + ex) - a3/2(b2—4ac)

dx =
/ (a + btan(d + ex) + ctan?(d + ex))*”

inputtlntegrate[Cot[d + exx]~3/(a + b*Tan[d + exx] + c*Tan[d + e*x]~2)~(3/2),x] J
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((-2%(-1/2%b~2 + 2*axc)*ArcTanh[(2*a + b*Tan[d + e*x])/(2xSqrt[al*Sqrt[a +
b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1)/(a~(3/2)*(b™2 - 4*a*xc)) - (2%((-4#S
grtla + Ixb - c]*((I/4)*bx(b"2 - 4*a*c) - ((a - c)*(b~2 - 4xaxc))/4)*ArcTa
nh[(2*a + I*b - (-b - (2*%I)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]*Sqrtla +
b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(4%a + (4*I)*b - 4xc) - (4xSqgrt[a -
Ixb - c]*((-1/4*I)*bx(b~2 - 4*a*xc) - ((a - c)*(b"2 - 4*axc))/4)*ArcTanh[(
2xa - I*¥b - (-b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a - I*b - cl*Sqrtl[a + b*T
an[d + e*x] + cxTan[d + e*x]"2])])/(4*a - (4*I)xb - 4%c)))/((b~2 - 4*a*c)*
(b”2 + (-a + ¢c)72)) + (2%(-b~2 + 2xaxc - b*c*Tan[d + e*x]))/(a*x(b”2 - 4*ax
c)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]) - (2*Cot[d + e*x] 2x(-b~2
+ 2%a*xc - bkxc*Tan[d + e*x]))/(ax(b~2 - 4*axc)*Sqrt[a + b*Tan[d + exx] + c*
Tan[d + exx]~2]) - (2x(-(a*(b”2 - 2xaxc + 2xc~2)) + cx(-(a*b) - bxc)*Tan[d
+ e*x]))/((b"2 - 4*axc)*(b"2 + (-a + c)"2)*Sqrt[a + bxTan[d + e*x] + c*Ta
nld + exx]~2]) - (2%(-1/4%x((-5%b~2 + 12*a*c)*Cot[d + e*x] 2*Sqrt[a + b*Tan
[d + exx] + c*Tan[d + e*x]"2])/a - (((-1/4*(b~2*(15%b~2 - 52xa*c)) + a*c*(
5xb~"2 - 12*axc))*ArcTanh[(2*a + bxTan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Tan[
d + exx] + c*Tan[d + e*x]72])]1)/(2%a"~(3/2)) + (b*x(15%¥b~2 - 52*axc)*Cot[d +
exx]*Sqrt[a + bxTan[d + e*x] + cxTan[d + exx]~2])/(4xa))/(2xa)))/(ax(b"2
- 4xaxc)))/e

output

Rubi [A] (verified)

Time = 3.27 (sec) , antiderivative size = 984, normalized size of antiderivative = 0.98,

number of rules _ 0.121, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4183, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

cot3(d + ex

/ (d+e2) i

(a+btan(d + ex) + ctan?(d + ex))
| 3042
1
/ 3/2 dx

tan(d + ez)3 (a + btan(d + ex) + ctan(d + ex)?)

l 4183
f cot3(d+ex) 3/2dtan(d + ex)

(tan2(d+ex)+1)(ctan2(d+ex)+btan(d+ex)+a)
e
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| 7276
f cot3(d+ex) _ cot(d+ex) + tan(d+ex) dta
(ctan2(d+ex)+b tan(d+ex)+a)>/? (ctan2(d+ex)+b tan(d+ex)+a)’/? (tan2?(d+ex)+1)(ctan?(d+ex)+b tan(d+ex)+a)’/?
e
| 2009

(562—12ac) y/ctan?(d+ez)+btan(d+ex)+a cot?(d+ex)
2a2(b2—4ac)

2(b?+ctan(d+ex)b—2ac) cot?(d+ex) + b(15b%—52ac) \/c tan?(d+ex)+b

+ a(b2—4ac)/ctan?(d+ezx)+btan(d+ex)+a 4a3(b?—4a

-

LInt[Cot[d + e*x]~3/(a + b*Tan[d + e*x] + c*Tan[d + exx]~2)~(3/2),x]

-/

input

(ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + e*x]172])1/a~(3/2) - (3*(5%b~2 - 4xa*c)*ArcTanh[(2*a + b*Tan[d + e*x])
/(2xSqrt[a]l*Sqrt[a + b*Tan[d + exx] + cxTan[d + e*x]~2])]1)/(8*a~(7/2)) + (
Sqrt[2*xa - 2%c - Sqrt[a”™2 + b~2 - 2*axc + c"2]]*Sqrt[a”™2 - b~2 - 2*axc + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - c
+ Sgrt[a”2 + b™2 - 2*%axc + c72]) - b*(2%a - 2xc - Sqrt[a”2 + b™2 - 2%a*c +
c"2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2xaxc + c~
2]1*8qrt[a™2 - b~2 - 2%a*c + c”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]1*
Sqrt[a + bxTan[d + e*x] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a”"2 + b2 - 2*a*c
+ ¢72)7(3/2)) - (Sqrt[2*a - 2xc + Sqrt[a”™2 + b~2 - 2xa*c + c~2]]*Sqrt[a”2
- b™2 - 2*a*xc + c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b~2
- (a - c)x(a - ¢ - Sgrt[a™2 + b2 - 2xa*c + c~2]) - bx(2*a - 2*c + Sqgrtl[a
"2 + b72 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a~2
+ b2 - 2xaxc + c”2]]1#Sqrt[a”2 - b"2 - 2xaxc + ¢c”2 - (a - c)*Sqrt[a”2 + b~
2 - 2xa*c + c~2]]*Sqrt[a + b*Tan[d + exx] + cxTan[d + e*x]~2])])/(Sqrt[2]*
(2”2 + b72 - 2*%a*c + c72)7(3/2)) - (2*(b"2 - 2%a*c + bxc*Tan[d + e*x]))/(a
*(b~2 - 4*axc)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]) + (2%Cot[d + e
*x] “2%(b~2 - 2*a*c + bxc*Tan[d + exx]))/(ax(b"2 - 4xa*xc)*Sqrt[a + b*Tan[d
+ exx] + c*Tan[d + e*x]~2]) + (2%(ax(b"2 - 2*(a - c)*c) + bxc*(a + c)*Tan[
d + exx]))/((b"2 + (a - c)"2)*x(b~2 - 4*a*xc)*Sqrt[a + bxTan[d + exx] + c...

output

\
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4183 Intltanl(d_.) + (e_.)*(x)1"@m_)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

rule 7276 IEL@)/((a) + (b_)*(x))"(n.)), x_Symbol] :> With[{v = RationalFunctionE
‘xpand[u/(a + b*x™n), x1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
‘ [n, 0]

Maple [F(-1)]
Timed out.

hanged

inputtint(COt(e*X+d)A3/(a+b*tan(e*X+d)+c*tan(e*x+d)‘2)‘(3/2),x)

output Lint (cot (e*x+d) ~3/ (a+b*tan (e*x+d) +c*xtan (exx+d) ~2) ~(3/2) ,x)
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39698 vs. 2(922) =
1844.

Time = 13.41 (sec) , antiderivative size = 79413, normalized size of antiderivative =
78.86

/ cot®(d + ex)
(a + btan(d + ex) + ctan?(d + ex))*?

dxz = Too large to display

‘ integrate(cot (e*x+d) ~3/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

input
‘"fricas")

outputLToo large to include

Sympy [F]

cot®(d + ex) cot® (d + ex)

dx=/
/ (a + btan(d + ex) + ctan?(d + ex))*? (a+ btan (d + ex) + ctan® (d + ex))

N

-

input Lintegrate (cot (exx+d) **3/ (atb*tan (e*x+d) +cxtan (exx+d) **2) **(3/2) ,x)

e—

output‘ Integral(cot(d + exx)**3/(a + bxtan(d + e*x) + c*tan(d + e*x)**2)**(3/2),
‘x)

Maxima [F(-1)]
Timed out.

cot®(d + ex)

dz = Timed out
/ (a + btan(d + ex) + ctan?(d + ex))*”

¢ ‘ integrate(cot (e*x+d) ~3/ (atb*tan(e*x+d)+c*tan(e*x+d) ~2) ~(3/2) ,x, algorithm=

inpu
‘"maxima")
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OutputLTimed out J
Giac [F(-1)]
Timed out.
3
/ cot’(d + e) 372 dz = Timed out
(a + btan(d + ex) + ctan?(d + ex))
input ‘ integrate(cot (exx+d) ~3/(a+b*tan(e*x+d)+c*tan(e*x+d) ~2)~(3/2),x, algorithm= ‘
Ilgiacll) ‘
OutputLTimed out J
Mupad [F(-1)]
Timed out.
3
/ cot®(d + ex) 73 dz = Hanged
(a+ btan(d + ex) + ctan?®(d + ex))
input Lint(cot (d + e*x)"3/(a + b*tan(d + e*x) + cxtan(d + e*x)~2)~(3/2),x) J
Ou_tputk\text{Hanged} J

Reduce [F|

cot®(d + ex) dp— cot (ex + d)®

= dx
/ (a+ btan(d + ex) + ctan’(d + ex))*’? / (tan (ez + d)* ¢ + tan (ex + d) b+ a)

(SIS

input Lint (cot (e*xx+d) "3/ (atbxtan (e*xx+d)+cxtan(exx+d) ~2)~(3/2),%) J
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output Lint (cot (e*xx+d) "3/ (at+b*tan(e*xx+d)+cxtan(e*xx+d) ~2)~(3/2),x)
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3.25 [ tan®(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) a

Optimal result . . . . . . . . . . . . . . . e 240
Mathematica [A] (verified) . . . . . . . . . ... 247]
Rubi [A] (verified) . . . . . . . . . . 24T]
Maple [A] (verified) . . . . . . ... L 246
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 246
Sympy [F] . . o 247
Maxima [F] . . . . . . 248
Giac [F] . . . o o 248]
Mupad [F(-1)] . . . . o 248
Reduce [F] . . . . o e 249

Optimal result

Integrand size = 35, antiderivative size = 270

/tan5(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
—_— 2
a — b+ carctanh ( 2/ a—b+icz/_:j-_b( I:;i?;iizgi—zigl‘l (d-l-ez))
2e
(b + 2% — 4b(a — 2c)c — 8c*(a + 2c)) arctanh ;e )
32c5/2¢
(b —2¢)(b+ 4c) + 2¢(b + 2c) tan?(d + ex)) \/a + btan?(d + ex) + ctan®(d + ex)
16¢c2%e
N (a + btan?(d + ex) + ctan’(d + ex))*”
6ce

+

-1/2x(a-b+c) ~(1/2)*arctanh (1/2* (2*%a-b+(b-2*c) *tan (e*x+d) ~2) /(a-b+c) ~(1/2)/
(a+bxtan(e*x+d) “2+cxtan(e*x+d) “4) ~(1/2)) /e+1/32% (b~ 3+2*b~2*c—4*b* (a-2%*c) *c
-8xc~ 2% (a+2%c) ) *arctanh (1/2* (b+2*cxtan (exx+d) ~2) /c~(1/2)/ (a+b*tan (e*x+d) 2
+cxtan (e*x+d) ~4) ~(1/2))/c~(5/2) /e-1/16% ((b-2%c) * (b+4*c) +2%c* (b+2%c) *tan (e*
x+d) "2) * (at+b*tan(e*x+d) “2+cxtan(exx+d) "4) ~(1/2) /c~2/e+1/6* (atb*tan(e*xx+d) ~
2+cxtan(exx+d) ~4)~(3/2) /c/e

output
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Mathematica [A] (verified)

Time = 3.75 (sec) , antiderivative size = 290, normalized size of antiderivative = 1.07

/tan5(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

a—b+(b—2c) tan?(d+ex
—48¢5/%/a — b+ carctanh(2\/a_b+i\/a:£tafz();+ez§+ttal4(d+em)) + 3(b® + 2b%c — 4b(a — 2¢)c — 8c*(a + 2

.
fnput Integrate[Tan[d + e*x] 5%Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

N

(-48%c~(5/2)*Sqrt[a - b + c]*ArcTanh[(2%a - b + (b - 2*c)*Tan[d + e*x]~2)/
(2#Sqrt[a - b + c]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]1)] + 3x(b~
3 + 2¥b"2%c - 4*b*x(a - 2*c)*c - 8*c"2x(a + 2%c))*ArcTanh[(b + 2*c*Tan[d +
exx] ~2)/(2%Sqrt [c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])] + (Sqgrt
[c]*(-9%b~2 + 24x*a*c - 16%bxc + 84*c™2 - 4%(3*¥b~2 + 6xb*c - 8xcx(a + 2%c))
*Cos[2*(d + exx)] + (-3%b™2 + 8xa*c - 8xbxc + 44*c~2)*Cos[4*(d + e*x)])*Se
cld + e*x]~4*Sqrt[a + bxTan[d + e*x]~2 + c*Tan[d + exx]~4])/4)/(96%c~(5/2)

*xe)

output

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 279, normalized size of antiderivative = 1.03,

number of steps used = 13, number of rules used = 12, number of rules _ 0.343, Rules
integrand size

used = {3042, 4183, 1578, 1267, 27, 1231, 27, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tans(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

l 3042

/tan(d + ex)®\/a + btan(d + ex)? + ctan(d + ex)*dx

J'4183
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tan® (d+ex)+/ctan(d+ex)+btan2(d+ex)+a
/ tan (d+ez)+1 dtan(d + ex)
e
| 1578
tan(d+ex)+/ctan(d+ex)+btan?(d+ezx)+a 2
f tan?(d+ex)+1 dtan (d + 6.’1))
2e
| 1267
f . 3 ((b+2c) tan? (d+ez)+b) \/c tan4(d+ex)+btan2 (d+ez)+a dtan? (d-’-ew) o
2(tan2(d+ez)+1) (a+btan?(d+ex)+ctant(d+ex))
3c + 3c
2e
| 27
(b+2¢) tan2 (d+ex)+b \/c tan4(d+ex)+btan2(d+ez)+a
(a+btan?(d+ex)+ctan? (d—i—eac))s/2 _ / ( ta)nz(d+ez)+1 dtan?(d+ez)
3c 2c
2e
| 1231
(b3 +2¢cb? 74(a72c)cb78c2 (a+2c)) ta
(a+bta,n2 (d+ex)+ctan4(d+e:1;))3/2 (20(6+20) tan2(d+ez)+(b—2c)(b+4c)) \/a+b tan2 (d4ez)+ctan(d+ex) 2(tan2 (d+ez)+1) \/c tan (
_ 4c -
3c 2c
2e
| 27
. (b3 +2¢b? —4(17,—2c)cb—8c2 (a+2c)) ta
( bt 2(d )+ ¢ 4(d+ ))3/2 (2c(b+2c) tan2(d+ez)+(b—2c)(b+4c)) \/a+btan2(d+em)+c tan4 (d+ex) (tanQ(d+em)+1) \/ctan4(d
a an”(d+ex)+ctan ex 1 -
3c - i 2c
2e
| 1269
—4bc(a—2c) —8¢c2 (a+2c)+b3 +2b2c
(20(6+20) tan2(d+ez)+(b—2c)(b+4c)) \/a+b tan2(d4ez)+ctan(d+ex) ( ) !
(a+btan?(d+ex)+ctan (d—i—eac))g’/2 e —
3c -
2e
| 1092
2(—4bc(a—2c)—8c? (a+2c)+b3+2b%¢) |
9 4 3/2 (2c(b+2c) tan2(d+ez)+(b—2c)(b+40)) \/a+btan2(d+ez)+c tan4 (d+ex) ( o(a=2¢)~8c"(a+2c) C) J
(a+btan (d+e:t);-c tan?(d+ex)) . i —
C

2e
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(a+btan?(d+ex)+ctan*(d+ex)) 3/2

l 219

16¢2 (a—b+c) [
(2c(b+2c) tan? (d+ez)+(b—2c)(b+4c)) \/a+b tan2(d4ex)+ctan (d+ex) (tan2 (d+ez)+1) \/ctan

4c —

3c

(a+btan?(d+ex)+ctan (d+ea:))3/2

2e
l 1154

(—4bc(a—2c) —8c2 (a+20)+b3 +2b2c) al

(2c(b+2c) tan2 (d+ez)+(b72c)(b+4c)) \/a+b tan2 (d+ex)+ctand(d+ex)

4c

3c

(a+btan?(d+ex)+ctant(d+ex))

3/2

2e
l 219

(—4bc(a—20)—802(a+2c)+b3+2b20) aj

(2c(b+20) tan? (d+ez)+(b—20)(b+4c)) \/a+b tan2 (d+ex)+ctand (d+ex)
4c —

3c

2e

inputt

Int[Tan[d + e*x] “5*Sqrt[a + bxTan[d + e*x]~2 + cxTan[d + e*x]~4],x] J

™

output

((a + b*Tan[d + e*x]~2 + cxTan[d + e*x]"4)~(3/2)/(3*c) - (-1/8%(-16%c~2xSq
rt[a - b + c]l*ArcTanh[(2*%a - b + (b - 2*c)*Tan[d + e*x]~2)/(2xSqrt[a - b +
cl*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]74])] + ((b"3 + 2*%b~2%c - 4x
bx(a - 2xc)*c - 8*c~2*x(a + 2*c))*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[
cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]1)])/Sqrtlcl)/c + (((b - 2*
c)*(b + 4*c) + 2%cx(b + 2xc)*Tan[d + exx] 2)*Sqrt[a + bxTan[d + exx]"2 + ¢
*Tan[d + e*x]~4])/(4*c))/(2%c))/(2xe)
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + c*x"2]], x] /; FreeQ[{a
, b, c}, xl]

rule 1092

rule 1154 Int[1/(((@_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4#bxd*e + 4*axe”™2 - x~2), x], x, (
2*axe - bkd - (2%c*d - b*e)*x)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQl{a, b, c
’ d, e}a X]

rule 1231 Int[((d_.) + (e_.)*(x_)) " (m )*((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Simp[(d + exx)”(m + 1)*(cxexfx(m + 2*p + 2)

- gk(c*d + 2%cxd*p - bkexp) + gkckex(m + 2*%p + 1)*x)*((a + b*x + c*x~2)"p/
(cxe™2+(m + 2%p + 1)*x(m + 2*p + 2))), x] - Simp[p/(c*xe”2*(m + 2%p + 1)*(m +

2xp + 2)) Int[(d + exx) m*x(a + b*¥x + c*xx~2)"(p - 1)*Simp[c*e*f*(b*d - 2%
axe)*(m + 2xp + 2) + gx(axex(bke — 2%ckd*m + bkexm) + b*d*(b*e*p - c*xd - 2%
ckd*p)) + (ckexfx(2kcxd — b*e)*(m + 2%p + 2) + gx(b™2*%e™2x(p + m + 1) - 2%c
“2%d"2% (1 + 2%p) - ckex(b*d*x(m - 2*p) + 2*xa*ex(m + 2xp + 1))))*x, x], x], x
1 /; FreeQ[{a, b, c, d, e, £, g, m}, x] && GtQ[p, 0] && (IntegerQlpl || IR
ationalQ[m] || (GeQ[m, -1] && LtQ[m, 0])) && !ILtQ[m + 2*p, 0] && (Integer
Q[m] || IntegerQlp] || IntegersQ[2*m, 2*p]l)




rule 1267

rule 1269

rule 1578

rule 3042

rule 4183
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Int[((d_.) + (e_.)*(x_)) " (m_D)*((£f_.) + (g_.)*(x))"(m)*((a_.) + (b_.)*(x_
) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[g n*(d + e*x)"(m + n - 1)*x((a + b
*x + c*x"2)"(p + 1)/(c*e"(n - 1)*(m + n + 2%p + 1))), x] + Simp[1/(c*e"n*(m
+n+ 2%p + 1)) Int[(d + e*x)"m*x(a + b*x + c*x~2) “p*ExpandToSum[c*e"n*(m
+n+ 2%p + D*(f + g¥x)"n - cxg'n*(m + n + 2%p + 1)*(d + e*x)"n - g'n*x(d
+ exx)"(n - 2)*(bxd*ex(p + 1) + a*e™2*%(m + n - 1) - cxd™2*x(m + n + 2%xp + 1)
- ex(2xc*d - b*e)*(m + n + p)*x), x], x], x] /; FreeQ[{a, b, c, d, e, £, g
, m, p}, x] && IGtQ[n, 1] &% IntegerQ[m] && NeQ[m + n + 2*p + 1, 0]

Int[((d_.) + (e_.)*(x_))"(m )*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x)"2)"(p_.), x_Symbol] :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*(a + b¥x + c*xx~2)"

p, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] & !IGtQ[m, O]

Int [(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)~gx*(a
+ b*x + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )D7(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xa*c, 0]




input

output

input

N
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Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 455, normalized size of antiderivative = 1.69

method result

g+c tan(ez+d)2 n

ve

4c
3
(a+btan(ez+d)2+ctan(ez+d)4) 2 (

2
(b+2c tan(ez+d)2) \/a+b tan(ex+d)2+c tan(ez+d)4 (4ac—b ) In (
b +

8¢

6¢c -

derivativedivides

2
b (b+2c tan(ea:+d)2) \/a+b tan(ez+d)2+c tan(ea:+d)4 (4ac—b ) In (
+

%+c tan(ez+d)2 n

ve

4c
3
(a+b tan(ez+d)2+ctan(ez+d)4) 2 (

8¢

6c

4c

default

int (tan(e*x+d) “5* (a+b*tan (exx+d) “2+c*tan(e*x+d) ~4) ~(1/2) ,x,method=_RETURNV
ERBOSE)

1/ex(1/6* (a+b*tan (e*x+d) “2+c*xtan(exx+d) ~4) ~(3/2) /c-1/4*b/c*(1/4* (b+2*c*tan
(exx+d) ~2) /c* (a+b*tan (e*x+d) “2+c*tan(e*x+d) ~4) ~(1/2)+1/8* (4*xa*c-b~2) /c~(3/
2)*1n((1/2*b+cxtan(e*xx+d) ~2)/c~(1/2)+(atb*tan(exx+d) ~"2+c*tan(e*x+d) ~4) ~(1/
2)))+1/2*(c*(1+tan(exx+d) ~2) "2+ (b-2*c) * (1+tan(e*x+d) ~2) +a-b+c) ~(1/2) +1/4%(
b-2*xc)*1n((1/2%b-c+(1+tan(exx+d) “2) *c) /c~(1/2)+(c* (1+tan (exx+d) ~2) ~2+(b-2*
c)*(1+tan(e*x+d) ~2)+a-b+c) ~(1/2))/c~(1/2)-1/2*(a-b+c) ~(1/2) *1n ((2*a-2*b+2x*
c+(b-2*c) * (1+tan(exx+d) ~2) +2*x (a-b+c) ~(1/2) * (c* (1+tan (e*x+d) ~2) ~2+(b-2%c) * (
1+tan(e*xx+d) “2)+a-b+c) ~(1/2) )/ (1+tan(exx+d) ~2) ) -1/8* (b+2*c*xtan (exx+d) ~2) /c
* (a+bxtan (exx+d) “2+c*tan(e*x+d) ~4) ~(1/2)-1/16*(4*a*c-b"2) /c~(3/2)*1n((1/2*
b+c*tan(exx+d) ~2) /c~(1/2)+(a+b*tan (e*x+d) ~2+c*tan(e*xx+d) ~4) ~(1/2)))

Fricas [A] (verification not implemented)

Time = 2.90 (sec) , antiderivative size = 1405, normalized size of antiderivative = 5.20

/ tan®(d + ex) \/ a + btan®(d + ex) + ctan*(d + ex) dz = Too large to display

‘integrate(tan(e*x+d)“5*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith

m="fricas")

J
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[1/192%(48*sqrt(a - b + c)*c™3*1log(((b"2 + 4*(a - 2*b)*c + 8*c~2)*tan(e*x
+ d)"4 + 2x(4*a*xb - 3%b"2 - 4%(a - b)*c)*tan(exx + d)~2 - 4xsqrt(cxtan(e*xx
+ d)~4 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*xa - b)*sqrt(
a-b+c) + 8ka"2 - 8+axb + b2 + 4*axc)/(tan(exx + d)~4 + 2*tan(exx + d)
"2 + 1)) - 3%(b"3 - 8x(a - b)*c"2 - 16%c”3 - 2*(2%a*b - b~2)*c)*sqrt(c)*lo
g(8*c"2xtan(e*x + d)~4 + 8*bkcxtan(e*x + d)~2 + b"2 - 4*sqrt(c*xtan(e*x + d
)"4 + bxtan(exx + d)~2 + a)*(2xc*tan(exx + d)~2 + b)*sqrt(c) + 4xaxc) + 4%
(8xc~3*tan(exx + d)~4 - 3*%b~2%c + 2%(4*a - 3*b)*c”2 + 24%c”3 + 2*(b*c"2 -
6*c~3)*tan(exx + d)~2)*sqrt(cxtan(e*x + d)~4 + bxtan(exx + d)"2 + a))/(c”3
*e), 1/96%(24*sqrt(a - b + c)*c™3*log(((b~2 + 4x(a - 2xb)*c + 8*c~2)*tan(e
*x + d)~4 + 2% (4*axb - 3xb~2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan(
exx + d)"4 + bxtan(e*x + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*%a - b)*sq
rt(a - b + c) + 8%xa”2 - 8xaxb + b~2 + 4xaxc)/(tan(e*x + d)~4 + 2*tan(e*x +
d)"2 + 1)) - 3*x(b"3 - 8%(a - b)*c™2 - 16%c”3 - 2x(2*axb - b~2)*c)*sqrt(-c
)*arctan(1/2*sqrt(c*tan(exx + d)~4 + b*tan(e*x + d)~2 + a)*(2xc*tan(exx +
d)"2 + b)*sqrt(-c)/(c"2xtan(exx + d)~4 + bkcktan(e*xx + d)~2 + a*xc)) + 2%(8
*xc"3xtan(exx + d)74 - 3*%b”2%c + 2%(4%a - 3*b)*c”2 + 24%c”3 + 2*(b*c”2 - 6%
c~3)*tan(exx + d)~2)*sqrt(cxtan(e*x + d)~4 + bktan(e*x + d)~2 + a))/(c"3*e
), —1/192%(96*sqrt(-a + b - c)*c"3*arctan(-1/2*sqrt(c*tan(e*x + d)~4 + b+t
an(exx + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(-a + b - c...

output

Sympy [F]

/tan5(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

=/\/a+btan2 (d + ex) + ctan* (d + ex) tan® (d + ex) dx

input‘integrate(tan(e*x+d)**5*(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

t‘Integral(sqrt(a + bxtan(d + e*x)**2 + c*tan(d + e*x)*x4)*tan(d + e*xx)**5,

»

outpu
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Maxima [F|

/tan5(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

=/\/ctan(ex+d)4+btan(ex+d)2+atan(ex+d)5 dz

input ‘ integrate (tan(exx+d) “5* (a+b*tan (e*x+d) “2+c*tan(exx+d) ~4)~(1/2) ,x, algorith
‘m=“maxima“)

output Lintegrate(sqrt(c*tan(e*x + d)~4 + bxtan(exx + d)~2 + a)*tan(e*x + d)~5, x)

Giac [F]

/tan5(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(ez+d)4+btan(ex—l—d)2+atan(ex—|—d)5 dx

‘ integrate(tan(e*x+d) “5* (atb*tan(e*x+d) ~"2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

input
‘ m="giac")

outputLiﬂtegrate(sqrt(C*tan(e*x + d)"4 + bxtan(e*x + d)72 + a)*tan(e*x + d)75, x)

Mupad [F(-1)]

Timed out.

/tanS(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= /tan(d+ez)5 \/ctan(d+ez)4+btan(d+ez)2—|—ad:c

input Lint(tan(d + exx)"5%(a + b*tan(d + e*x)~2 + cxtan(d + e*x)~4)~(1/2),x)
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output\ int(tan(d + e*x)"5x(a + bxtan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2), x)

Reduce [F]

/ tan®(d + ex) \/ a + btan?(d + ex) + ctan*(d + ex) dz = too large to display

input{int(tan(e*X+d)”5*(a+b*tan(e*x+d)“2+c*tan(e*x+d)*4)*(1/2),x)

(4*xsqrt(tan(d + e*x)**4*xc + tan(d + exx)**2+b + a)*tan(d + e*x)**4xb*c + 8
xsqrt(tan(d + exx)**x4*c + tan(d + e*x)**2xb + a)*tan(d + e*x)*x*4*cx*2 + sq
rt(tan(d + e*x)#*x4*c + tan(d + exx)**2xb + a)*tan(d + e*x)**2xb*x2 - 4*sqr
t(tan(d + e*x)**4xc + tan(d + exx)**2%b + a)*tan(d + e*x)**2xb*c - 12*sqrt
(tan(d + e*x)**4xc + tan(d + e*x)**2xb + a)*tan(d + e*x)**2*c*x2 — 2ksqrt(
tan(d + exx)*x4xc + tan(d + exx)*x2xb + a)*a*b - 4*sqrt(tan(d + exx)*x4dxc
+ tan(d + e*xx)**2xb + a)*axc - 3xsqrt(tan(d + exx)**4*c + tan(d + e*x)**2x*
b + a)*b*x2 + 18xsqrt(tan(d + exx)**4*c + tan(d + exx)**2*b + a)*bxc + 12%
int((sqrt(tan(d + e*x)**4*c + tan(d + e*x)**2*b + a)*tan(d + e*x)**5)/(tan
(d + exx)**4*bxc + 2xtan(d + e*x)**x4*c**x2 + tan(d + ex*xx)**2xb**2 + 2*tan(d
+ e*xx)**2xbkc + axb + 2%a*c),x)*a*bx*2xcke + 48*int((sqrt(tan(d + e*x)**4
*c + tan(d + e*x)**2%b + a)*tan(d + exx)**5)/(tan(d + e*x)**x4dxbxc + 2*tan(
d + exx)**4kxc*x*2 + tan(d + e*x)**2%b**x2 + 2xtan(d + e*xx)**x2xbxc + axb + 2%
axc) ,x)*axb*cx*2xe + 48xint((sqrt(tan(d + e*x)**4xc + tan(d + exx)**2*b +
a)*tan(d + exx)**5)/(tan(d + e*x)**4d*xbxc + 2%tan(d + e*x)**4dxc**x2 + tan(d
+ exx)**2*xb*x*x2 + 2*%tan(d + e*x)**2xbxc + axb + 2%a*c),x)*axc**3*ke — 3*int(
(sqrt(tan(d + exx)**4*c + tan(d + exx)**2*b + a)*tan(d + e*x)**5)/(tan(d +
exx)**4xbkc + 2%tan(d + e*xx)**x4*xc**2 + tan(d + e*xx)**x2%b*x2 + 2xtan(d + e
*x)**¥2%¥bxc + a*b + 2xa*c),x)*bx*dxe - 12xint((sqrt(tan(d + exx)**4*c + tan
(d + exx)**2%b + a)*tan(d + e*x)**x5)/(tan(d + exx)**4dxbxc + 2*xtan(d + e...

output
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3.26 [ tan3(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) a

Optimal result . . . . . . . . . . . . . . . e 2501
Mathematica [A] (verified) . . . . . . . . . ... 251]
Rubi [A] (verified) . . . . . . . . . . 2511
Maple [A] (verified) . . . . . . ... L 255
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 255
Sympy [F] . . o 250
Maxima [F] . . . . . . 257
Giac [F] . . . o o 257l
Mupad [F(-1)] . . . . o 257
Reduce [F] . . . . o e 258

Optimal result

Integrand size = 35, antiderivative size = 209

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
— 2a—b+(b—2c) tan?(d+ex)
va — b+ carctanh ( N )

—b+cy/a+btan2(d+ex)+ctan?(d+ex)

2e
2 _ b+2ctan?(d+ex)
. (b + 4be 40(0, + 20)) arCtanh<2\/E\/a+btan2 (d+ew)+ctan4(d+ez)>
16¢3/2e
N (b—4c+ 2ctan®(d + ex)) /a + btan®(d + ex) + ctan?(d + ex)
8ce

1/2*(a-b+c) ~(1/2) *arctanh (1/2* (2*a-b+(b-2*c) *tan (e*x+d) ~2) / (a-b+c) ~(1/2) / (
at+bxtan (e*xx+d) “2+c*tan(e*x+d) ~4) ~(1/2))/e-1/16* (b~ 2+4xbxc-4*xc* (a+2*c) ) *arc
tanh (1/2#* (b+2*c*tan(e*x+d) ~2) /c~(1/2) / (a+b*tan(exx+d) “2+c*tan(exx+d) ~4) ~ (1
/2))/c~(3/2)/e+1/8% (b-4*c+2xc*tan (exx+d) ~2) * (a+b*tan (e*x+d) “2+c*tan (e*xx+d)
~4)~(1/2)/c/e

output
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Mathematica [A] (verified)

Time = 1.22 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.00

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

3/2 — 2a—b+(b—2c) tan?(d+ex) (12 _ b
B 8c3/2\/a — b+ carctanh( Ve TreJatbtad (Eren) Tetanid +ez)> (b 4 4bc — 4c(a + 2c¢)) arctanh(—2 W
- 16¢3/2e

;
Integrate[Tan[d + e*x] 3xSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4],x]

N J

input

(8%c~(3/2)*Sqrt[a - b + c]l*ArcTanh[(2*a - b + (b - 2xc)*Tan[d + exx]~2)/(2
*Sqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4])] - (b"2 +
4xb*c - 4xcx(a + 2*c))*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2+Sqrt[c]*Sqrt[a
+ b*Tan[d + e*x]~2 + cxTan[d + e*x]~4])] + 2*Sqrtl[cl*(b - 4*c + 2*c*Tan[d
+ e*x]"2)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])/(16%c~(3/2)*e)

output

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.01,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size 0.286, Rules

used = {3042, 4183, 1578, 1231, 27, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

l 3042

/tan(d + ex)3\/a + btan(d + ex)? + ctan(d + ex)4dz

l 4183

tan3(d+ex)+/ctan*(d+ex)+btan2(d+ex)+a
f tan?(d+ex)+1 dtan(d + 6.%')

e
l'1578
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tan?(d+ex)+/ctan?(d+ex)+btan?(d+ezx)+a

J

tan?(d+ez)+1

dtan?(d + ex)

(b+2ctan?(d+ex)—4c) /a+btan?(d+ex)+ctan?(d+ex) .

2e

l 1231

b2—4cb+ b2+4cb—4c(a+2c) tan2(d+ez)+4ac
( ) dtan?(d+ex)

2 (tanz(d+ez)+1) \/c tan4(d+ex)+btan2(d+ex)+a

4c

4c

(b+2ctan?(d+ex)—4c) /a+btan?(d+ex)+ctan?(d+ex) .

2e
l 27

2 2 2
b“ —4cb+( b“+4cb—4c(a+2c) ) tan“(d+ex)+4ac
( ) dtan?(d+ex)

(tan2 (d+ez)+1) \/c tan4 (d+ex)+btan2(d4ex)+a

4c

8c

(b+2ctan?(d+ex)—4c) /a+btan?(d+ex)+ctan?(d+ex) .

2e
l 1269

—4c(a+2c)+b%+4be
( ( ) ) f \/ctan4(d+ez)+btan2(d+ez)+a

1 dtan?(d+ezx)+8c(a—b+c)

4c

8c

(b+2ctan?(d+-ex)—4c) \/atbtan? (d+ex)+ctant(dtex)

2e
l 1092

2c tan2 (d+ex)+b

2(—4c(a+2c)+b%+4bc) [

: d
4c—tan? (d+ex) \/c tan4 (d+ex)+b tan2 (d+ezx)+a

+8c(a—bH

4c

8c

(b+2ctan?(d+ex)—4c) \/atbtan? (d+ex)+ctant(dtex)

2e
l 219

8c(a—b+c 1
( ) f (tan2 (d+em)+1) \/c tand (d+ex)+b tan2 (d+ezx)+a

dtan?(d+ex)+

(—4c(a+

4c

8c

(b+2ctan?(d+-ex)—4c) \/atbtan? (d+ex)+ctant(dtex)

2e
l 1154

b+2c tan2 (d+ex)

(74c(a+2c)+b2 +4bc) arctanh
2\/5\/a+b tan2(d4ex)+ctan (d+ex)

)

ve

—16¢c(a—b+c)

4c

8c

2e
l 219
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b+2c tan? (d+ex)
2\/5\/a+b tan2(d+ez)+ctan (d+ex) —SCx/ma

(b+2ctan?(d+ex)—4c) /a+btan?(d+ex)+ctan?(d+ex) Ve
4c — 8c
2e

(~4e(a+2c)+b2 +4bc)arctanh (

input‘ Int[Tan[d + exx]~3*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4],x] ‘

(-1/8%(-8*cxSqrt[a - b + c]l*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(
2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4])] + ((b~2
+ 4xb*c - 4xc*(a + 2*c))*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[
a + bxTan[d + exx]"2 + c*Tan[d + exx]~4]1)])/Sqrtlcl)/c + ((b - 4*xc + 2%cxT
an[d + e*x]"2)*Sqrt[a + bxTan[d + e*x]"2 + c*Tan[d + exx]~4])/(4*c))/(2*e)

output

Defintions of rubi rules used

p
‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4%c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQl[{a
, b, c}, xl]

rule 1092

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4+bxd*e + 4*axe”™2 - x72), x], x, (
2%a*xe - bkd - (2*c*d - b*e)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
’ d, e}a X]

rule 1154
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rule 1231 T0ELCE_D + (e )* )T @I*((E_) + (g )*(x)*((a) + (b_)*(x) + (e
_I)*(x )"2)"(p_.), x_Symbol] :> Simp[(d + e*x)~"(m + 1)*(c*e*f*(m + 2xp + 2)
- gx(c*d + 2xc*d*p - b*exp) + gxckex(m + 2*xp + 1)*x)*((a + b*x + c*x~2) p/
(c¥e™2%(m + 2%p + 1)*(m + 2%p + 2))), x] - Simp[p/(c*e”2*(m + 2*p + 1)*(m +
2xp + 2)) Int[(d + e*x)"m*(a + b*x + c*x"2)"(p - 1)*Simp[c*e*f*(b*d - 2%
axe)*x(m + 2*p + 2) + gx(axex(b*e - 2%c*d*m + b*e*m) + bxdx(b*e*p - c*d - 2%
cxd*p)) + (ckexf*(2xckxd - bxe)*(m + 2%p + 2) + gx(b™2*xe”™2%(p + m + 1) - 2xc
~2%d"2% (1 + 2xp) - cxe*x(b*d*(m - 2*%p) + 2xa*e*x(m + 2%p + 1))))*x, x], x], X
1 /; FreeQl[{a, b, c, d, e, f, g, m}, x] && GtQ[p, 0] && (IntegerQ[p] || 'R
ationalQ[m] || (GeQ[m, -1] && LtQ[m, 0])) && !ILtQ[m + 2*p, 0] && (Integer
Qm] || IntegerQlp] || IntegersQ[2*m, 2+%p])

rule 1269 Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Simplg/e Int[(d + e*xx)"(m + 1)*(a + b*x +

c*x~2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) " m*(a + b*x + c*x~2)"
p, x1, x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] & 'IGtQ[m, 0]

rule 1578 TRl Tm_D*((d) + (e )*(x)72)7(qu)*((a) + (b_.)*(x2)72 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQL(m - 1)/2]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x™n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183




input

output

input
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.52

method result
4 b2 1 %+ctan(ez+d)2 \/ b 2 Py
(b+2ctan(ea+d)?)/a+btan(ea+d)2+e tan(ea+d)* N (4ac=4%)1n 45— +Vatbtan(es+d)2+ctan(ea+d) \/:(
8c 3 -
derivativedivides 16c2
2 %+ctan(ex+d)2 \/ ) 2
(b+2c tan(e:c+d)2) \/a+b tan(ex+d)2+ctan(ez+d)? n (4ac—b ) In TJ’_ atbtan(ez+d)®+ctan(ez+d) \/:(
8c 3 —
default 162

int (tan(e*x+d) ~3*(at+b*tan (e*xx+d) ~2+c*tan(e*xx+d) ~4) ~(1/2) ,x,method=_RETURNV
ERBOSE)

‘integrate(tan(e*x+d)“3*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith
‘m="fricas") ‘

1/e*(1/8* (b+2*c*tan (e*xx+d) ~2) /cx (a+b*tan (e*x+d) “2+c*tan(exx+d) ~4) " (1/2)+1/
16 (4*axc-b~2) /c~(3/2)*1n((1/2*b+c*tan(e*x+d) ~2) /c~ (1/2)+(a+b*tan(e*x+d) "2
+cxtan (e*xx+d) ~4)~(1/2))-1/2*(c*x (1+tan(e*x+d) ~2) ~2+(b-2*c) * (1+tan (exx+d) ~2)
+a-b+c) ~(1/2)-1/4* (b-2*c) *1n((1/2*xb-c+(1+tan(exx+d) "2) *c) /c~(1/2) +(c*x(1+ta
n(exx+d) ~2) "2+ (b-2*c) * (1+tan(e*x+d) ~2)+a-b+c) ~(1/2))/c~(1/2)+1/2* (a-b+c) ~(
1/2) *1n((2*a-2*b+2*c+(b-2*c) * (1+tan (exx+d) ~2) +2* (a-b+c) ~(1/2) * (cx(1+tan(e*
x+d) ~2) "2+ (b-2*c) * (1+tan (e*x+d) "2)+a-b+c) ~(1/2)) /(1+tan(e*x+d) ~2)))

Fricas [A] (verification not implemented)

Time = 2.16 (sec) , antiderivative size = 1199, normalized size of antiderivative = 5.74

/ tan®(d + ex) \/ a+ btan®(d + ex) + ctan*(d + ex) dz = Too large to display
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[1/32%(8xsqrt(a - b + c)*c™2xlog(((b~2 + 4x(a - 2%b)*c + 8xc~2)*tan(e*x +
d)~4 + 2% (4xa*b - 3*¥b"2 - 4x(a - b)*c)*tan(e*x + d)~2 + 4*sqrt(cxtan(e*x +
d)~4 + b*tan(e*x + d)~"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a - b)*sqrt(a
- b + c) + 8%xa"2 - 8*xaxb + b"2 + 4xa*c)/(tan(e*x + d)~4 + 2xtan(e*x + d)~2
+ 1)) - (b”2 - 4%(a - b)*c - 8*%c”2)*sqrt(c)*log(8*c~2*tan(e*x + d)~4 + 8%
b*cxtan(e*x + d)"2 + b~2 + 4xsqrt(c*tan(exx + d)~4 + bxtan(e*xx + d)~2 + a)
*(2xcxtan(exx + d)~2 + b)*sqrt(c) + 4*axc) + 4*sqrt(ckxtan(e*x + d)~4 + bxt
an(exx + d)72 + a)*(2*c"2xtan(e*x + d)72 + bxc - 4%c~2))/(c"2*e), 1/16%(4x*
sqrt(a - b + c)*c™2*x1log(((b~2 + 4x(a - 2xb)*c + 8*c~2)*tan(exx + d)"4 + 2%
(4*%axb - 3*b~2 - 4*(a - b)*c)*tan(e*x + d)~2 + 4*sqrt(c*tan(e*x + d)"4 + b
*tan(e*x + d)"2 + a)*((b - 2*c)*tan(exx + d)~2 + 2*a - b)*sqrt(a - b + c)
+ 8%a”2 - 8*a*b + b~2 + 4*axc)/(tan(exx + d)"4 + 2%tan(exx + d)~2 + 1)) +
(b™2 - 4x(a - b)*c - 8xc~2)*sqrt(-c)*arctan(l/2*sqrt(c*tan(e*x + d)~4 + b*
tan(exx + d)~2 + a)*(2*cxtan(e*x + d)~2 + b)*sqrt(-c)/(c"2*tan(exx + d)~4
+ bxcxtan(e*x + d)~2 + axc)) + 2xsqrt(cxtan(e*x + d)~4 + b*tan(exx + d)~2
+ a)*(2*c”2*tan(e*x + d)72 + b*c - 4%c”2))/(c"2%e), 1/32%(16*sqrt(-a + b -
c)*c~2+arctan(-1/2*sqrt(c*xtan(e*x + d)~"4 + bxtan(e*x + d)~2 + a)*((b - 2%
c)*tan(exx + d)~2 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*x +
d)"4 + (axb - b2 + b*c)*tan(e*x + d)72 + a”2 - a*b + a*xc)) - (b72 - 4*(a
- b)*c - 8xc~2)*sqrt(c)*log(8*c~2*tan(e*x + d)~4 + 8xb*cktan(exx + d)~...

output

Sympy [F]

/tan3(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

=/\/a+btan2 (d+ ex) + ctan* (d + ex) tan® (d + ex) dz

input‘integrate(tan(e*x+d)**3*(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

t‘Integral(sqrt(a + bxtan(d + e*x)**2 + c*xtan(d + e*x)*x4)*tan(d + e*xx)**3,

»

outpu
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Maxima [F|

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

=/\/ctan(ex+d)4+btan(ex+d)2+atan(ex+d)3 dz

input ‘ integrate (tan(exx+d) ~3+* (a+b*tan (e*x+d) “2+c*tan(exx+d) “4)~(1/2) ,x, algorith
‘m=“maxima“)

output Lintegrate(sqrt(c*tan(e*x + d)74 + bxtan(e*x + d)72 + a)*tan(e*x + d)~3, x)

Giac [F]

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(ez+d)4+btan(ex—l—d)2+atan(ex—|—d)3 dx

‘ integrate(tan(e*x+d) ~3* (atb*tan(e*x+d) ~"2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

input
‘ m="giac")

outputLiﬂtegrate(sqrt(C*tan(e*x + d)"4 + bxtan(e*x + d)72 + a)*tan(e*x + d)~3, x)

Mupad [F(-1)]

Timed out.

/tan3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= /tan(d+ez)3 \/ctan(d+ez)4+btan(d+ez)2—|—ad:c

input Lint(tan(d + exx)"3%(a + bx*tan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2),x)




CHAPTER 3. LISTING OF INTEGRALS 258

output\ int(tan(d + e*x)~3x(a + bxtan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2), x)

Reduce [F]

/tan3 (d+ ex) \/a + btan?(d + ex) + ctan*(d + ex) dz = Too large to display

input ‘ int (tan(e*x+d) ~3* (a+b*tan (exx+d) “2+c*tan (exx+d) ~4) ~(1/2) ,x)

output

(sqrt(tan(d + exx)**4*c + tan(d + e*x)**2xb + a)xtan(d + e*x)**2*b + 2x*sqr
t(tan(d + e*x)**4xc + tan(d + exx)**x2*b + a)*tan(d + exx)**2*c + 2*sqrt(ta
n(d + exx)**4d*c + tan(d + e*x)**2xb + a)*a - 3*sqrt(tan(d + exx)**4d*c + ta
n(d + exx)**2%b + a)*b - 4*xint((sqrt(tan(d + e*x)**4*c + tan(d + exx)**2x*b
+ a)*tan(d + e*xx)**5)/(tan(d + e*xx)**k4dxbkxc + 2xtan(d + e*x)*x4*c*x*2 + tan
(d + e*x)**2xb*x2 + 2+tan(d + e*x)**2xb*c + a*b + 2*%a*c),x)*a*bxc*e - 8*in
t((sqrt(tan(d + exx)**4*c + tan(d + exx)**2*b + a)*tan(d + e*x)**5)/(tan(d
+ exx)xkdxbkc + 2xtan(d + exx)*xdkxcx*2 + tan(d + exx)**2*b**2 + 2xtan(d +
e*x) *x2xbkc + axb + 2¥axc),x)*akxc**2*¥e + int((sqrt(tan(d + exx)**4*c + ta
n(d + e*xx)**2xb + a)*tan(d + e*x)**5)/(tan(d + e*x)**4*b*c + 2+tan(d + ex*x
Ykkdxck*k2 + tan(d + e*xx)**k2xb**x2 + 2xtan(d + e*x)**2*xb*c + axb + 2*a*c),x)
*b**3*%e + 6xint((sqrt(tan(d + e*x)**4xc + tan(d + exx)*x2*b + a)*tan(d + e
*x)*x5) /(tan(d + e*x)**4*b*c + 2xtan(d + e*xx)*k*kdkc**2 + tan(d + e*xx)**x2*xbx*
*2 + 2+tan(d + e*x)**2xb*c + axb + 2¥a*c),x)*b**2kcxe - 16*int((sqrt(tan(d
+ exx)xkdxc + tan(d + e*x)**x2*b + a)*tan(d + exx)**5)/(tan(d + exx)*x4*bx
c + 2xtan(d + exx)**x4*xck*2 + tan(d + e*x)**2xb*x2 + 2xtan(d + e*x)**2xb*c
+ axb + 2xaxc),x)*cx*3%e - 4*xint((sqrt(tan(d + e*xx)**4*c + tan(d + exx)**2
*b + a)*xtan(d + e*x))/(tan(d + e*x)**4xbxc + 2xtan(d + e*x)**4*c*x*x2 + tan(
d + e*xx)**x2xb*x2 + 2xtan(d + exx)**2kbkc + akb + 2%a*c),X)*axb*x2%e - 12*i
nt((sqrt(tan(d + exx)**4d*c + tan(d + exx)**2*b + a)*tan(d + e*x))/(tan(...
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3.27 [ tan(d+ezx)\/a + btan®(d + ex) + ctan*(d + ex) d:

Optimal result . . . . . . . . . . . . . . . e 259
Mathematica [A] (verified) . . . . . . . . . ... 260
Rubi [A] (verified) . . . . . . . . . . 2601
Maple [A] (verified) . . . . . . ... L 264
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 264
Sympy [F] . . o 265
Maxima [F] . . . . . .
Giac [F] . . . o o 2661
Mupad [F(-1)] . . . . o 260
Reduce [F] . . . . o e 267

Optimal result

Integrand size = 33, antiderivative size = 179

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx
va—b+ carctanh( 2a—b+(b—2c) tan?(d+ez) )

2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2e
_ b+2ctan?(d+ex)
+ (b 26) arctanh <2\/E\/a+b tan2(d+ex)+ctan?(d+ex) >
4+/ce
N Va+ btan?(d + ex) + ctan*(d + ex)

2e

‘—1/2*(a—b+c)‘(1/2)*arctanh(1/2*(2*a—b+(b-2*c)*tan(e*x+d)‘2)/(a—b+c)‘(1/2)/
‘(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2))/e+1/4*(b—2*c)*arctanh(1/2*(b+2*c*
‘tan(e*x+d)‘2)/c‘(1/2)/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2))/0‘(1/2)/e+1

output
L/z* (a+bxtan(e*x+d) “2+c*tan(e*xx+d) ~4)~(1/2) /e J
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Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.01

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

_ P 2a—b+(b—2c) tan?(d+ex) _ b+2ctan?(d+ex)
_ 2\/5 @ — b+ carctanh < 2v/a—b+c+/a+btan?(d+ex)+ctant(d+ex) > + (b 26) arctanh < 2y/cy/a+btan?(d+ex)+ctand(
44/ce

e

L

input tIntegrate [Tan[d + e*x]*Sqrtl[a + bxTan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

(-2%Sqrt[c]*Sqrt[a - b + cl*ArcTanh[(2*a - b + (b - 2%c)*Tan[d + e*x]~2)/(
2+Sqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]1~4]1)] + (b - 2
*c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + bxTan[d + e*x]~2
+ cxTan[d + e*x]~4])] + 2xSqrt[c]l*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*
x]741)/ (4xSqrt [c] *e)

output

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.97,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 353 Ryjeg
integrand size

used = {3042, 4183, 1576, 1162, 25, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

l 3042

/tan(d + ex)\/a + btan(d + ex)? + ctan(d + ex)4dx

l 4183

tan(d+ex)+/ctan?(d+ex)+btan2(d+ex)+a
f tan?(d+ex)+1 d tan(d + CI)

e

l 1576
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f \/ctan?(d+ex)+btan?(d+ex)+a
tan?(d+ez)+1

2e
l 1162

dtan?(d + ex)

b—2c) tan?(d 2a—b
\/a +btan’ (d + 6I) + Ctan4(d + EZE) o % f B (tan2 (d+em)(+1)\c}c:an‘i(;j:i_)::tanz(d+ez)+adtan2 (d + 6.’13)

2e

l 25

1 (b—2c) tan?(d+ex)+2a—b 2 2 P!
5/ (tan2(d+em)+1)\/Ctan4(d+ew)+btanQ(d+ez)+adtan (d+ ex) + \/a + btan®(d + ex) + ctan®(d + ex)
2e

| 1269
1((n_ 1 2 _ 1
2 ((b 2c) f \/ctan?(d+ez)+btan? (d+em)+adtan (d+ez) +2(a—b+c) f (tan?(d+ex)+1)\/ctan® (d+ez)+b tanz(d+ew)+a(

2e

| 1092
1 _ 1 2ctan?(d+ex)+b _ 1
2 (2(b 26) f 4c—tan?(d+ex) d \/ctant(d+ex)+btan2(d+ex)+a + 2(a b+ C) f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2(d+ex)+a

2e
| 219
(b—z@arctanh( 7 ”“g(tan?(‘j*“) v
l _ 1 2 2+/cy\/a+btan“(d+ex)+ctan*(c
2 2(a b+ C) f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2 (d+em)+adtan (d + 6.’1,‘) + Ve
2e
| 1154
(b—2c)arctanh < bt2c tan? (d-+ex) )

1 2\/2\/a+b tan2(d4ez)+ctan (d+ex) . 4(0, _b + C) f 1 d (b—2c¢) tanz(d+ex)+2a—b
2 Ve 4(a—b+c)—tan*(d+ex) | /ctan? (d+ex)+btan2(d+ex)+a

2e
l 219
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<b‘2c)amtanh< ke e >> — (b=2¢) tan? (d-ez) b

l 2+/cy\/a+btan +ex)+ctan +ex _ — 2a+(b—2c¢) tan +ex)—

2 Ve 2via — b+ carctanh ( 2v/a—b+c+/a+btan?(d+ex)+ctant(d+ex) ) T
2e

input LInt [Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

((-2xSqrt[a - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[
a - b + c]xSqrt[a + b*Tan[d + e*x]~"2 + cxTan[d + e*x]"4])] + ((b - 2%c)*Ar
cTanh[(b + 2*c*Tan[d + exx]~2)/(2*Sqrt[c]l*Sqrt[a + b*Tan[d + e*x]~2 + c*Ta
nld + e*x]~4]1)])/Sqrtlcl)/2 + Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]"4
1D/ (2x%e)

output

Defintions of rubi rules used

e

Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 25

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2*c*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
» b, c}, xl

rule 1092

‘bol] :> Simp[-2 Subst [Int [1/(4*c*d~2 - 4xbxd*e + 4*axe”2 - x°2), x], x, (
‘2*a*e - b*d - (2%cxd - b*e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQl[{a, b, c

rule 1154 T0EIL/CCCA_) + (e_)*(x_))#*Sqrtl(a_.) + (b_)*(x.) + (c_)*(x)2D), x_Sym
, d, e}, x] \
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Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)"(m + 1)*((a + bxx + c*xx~2)"p/(ex(m + 2%p + 1))), x
] - Simplp/(e*(m + 2*p + 1)) Int[(d + e*x) m*Simp[bxd - 2*axe + (2%c*d -
bxe)*x, x]*(a + b*x + c*xx"2)~(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x
] && GtQlp, 0] && NeQ[m + 2*p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &&
ITLtQ[m + 2*p, 0] && IntQuadraticQ[a, b, c, d, e, m, p, x]

rule 1162

rule 1269 IntLC(d_.) + (e_)*(x_))"(m )*((£_.) + (g_.)*(x_))*((a_.) + (b_)*(x_) + (c
_)*(x_)72)"(p_.), x_Symbol] :> Simp[g/e Int[(d + exx)"(m + 1)*(a + b*x +

c*xx"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + exx) m*(a + b*x + c*x~2)~
p> xJ, x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] & !'IGtQ[m, O]

rule 1576 TRELGI*((A) + (e_)*(x)72)7(q_)* (@) + (b_)*(x)72 + (c_.)*(x)"4)(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)~"g*(a + b*x + c*x~2)7p, x]
, X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

rule 4183
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.21

method result
b 2
j—c+(1+tan(ez+d) )c 2
\/c(1+tan(ez+d)2)2+(b—2c)(1+tan(em+d)2)+a—b+c (6—2¢) 1n< Ve +\/c(1+tan(ew+d) ) +(b_2c)(1+
. . .. +
derivativedivides 2 4/
b 2
j—c+(l+tan(em+d) )c o2
Jc@awan@w+dﬁ)2+«b—2@(1+tmmep+@2)+a_b+c ‘b‘2@1“< NG <+Jc044anwz+d)) +(b—20) (14
+
default 2 /e

int (tan(e*x+d) * (a+b*tan (e*x+d) ~2+c*tan(exx+d) ~4) ~(1/2) ,x,method=_RETURNVER
BOSE)

N\ J

input

1/ex(1/2*%(cx (1+tan(e*x+d) ~2) ~2+(b-2*c) * (1+tan(e*xx+d) ~2)+a-b+c) ~(1/2)+1/4%(
b-2*c)*1n((1/2*b-c+(1+tan(e*xx+d) ~2) *c) /c~ (1/2)+(c* (1+tan(e*x+d) ~2) ~2+(b-2%
c)*(1+tan(exx+d) "2)+a-b+c)~(1/2))/c~(1/2)-1/2*(a-b+c) " (1/2) *1n ((2*xa—2xb+2*
c+(b-2*c) * (1+tan(exx+d) ~2) +2*x (a-b+c) ~(1/2) * (c* (1+tan (e*xx+d) ~2) ~2+(b-2%*c) * (
1+tan(e*x+d) "2)+a-b+c) " (1/2))/(1+tan(exx+d)~2)))

output

Fricas [A] (verification not implemented)

Time = 1.55 (sec) , antiderivative size = 1057, normalized size of antiderivative = 5.91

/ tan(d + ex) \/ a + btan?(d + ex) + ctan*(d + ex) dz = Too large to display

e B

integrate(tan(e*x+d) * (at+b*tan(e*x+d) “2+c*tan(e*x+d) "4) ~(1/2) ,x, algorithm=
"fricas") ‘

input
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[-1/8%((b - 2*c)*sqrt(c)*log(8*c~2xtan(e*x + d)~4 + 8*bkcxtan(e*x + d)~2 +
b~2 - 4xsqrt(c*tan(exx + d)~4 + bxtan(e*x + d)~2 + a)*(2xc*tan(exx + d)~2
+ b)*sqrt(c) + 4xa*xc) - 2*sqrt(a - b + c)*c*xlog(((b"2 + 4x(a - 2xb)*c + 8
xc~2)*tan(e*x + d)~4 + 2x(4*a*xb - 3*%b"2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4x
sqrt(c*tan(exx + d)"4 + bxtan(e*x + d)~2 + a)*((b - 2*c)*tan(exx + d)~2 +

2%a - b)*sqrt(a - b + c) + 8%a"2 - 8%a*b + b~2 + 4xaxc)/(tan(e*x + d)"4 +

2xtan(e*x + d)72 + 1)) - 4xsqrt(c*tan(e*x + d)"4 + bxtan(exx + d)~2 + a)*c
)/(cxe), -1/4x((b - 2xc)*sqrt(-c)*arctan(1/2*sqrt(cxtan(e*x + d)~4 + b*tan
(e*x + d)~2 + a)*(2*xcxtan(exx + d)"2 + b)*sqrt(-c)/(c”2*tan(e*x + d)"4 + b
xcxtan(e*xx + d)72 + axc)) - sqrt(a - b + c)*c*xlog(((b™2 + 4*x(a - 2*b)*c +

8xc”2)xtan(e*x + d)"4 + 2x(4*axb - 3%b~2 - 4x(a - b)*c)*tan(e*x + d)"2 - 4
x*sqrt (c¥tan(exx + d)~4 + bxtan(e*x + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 +
2xa - b)*sqrt(a - b + c) + 8*a”2 - 8%axb + b™2 + 4*axc)/(tan(e*x + d)"4 +
2xtan(e*x + d)~2 + 1)) - 2xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*
c)/(cxe), -1/8*%(4*sqrt(-a + b - c)*cxarctan(-1/2*sqrt(c*tan(e*x + d)"4 + b
*tan(exx + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*a - b)*sqrt(-a + b - ¢)
/(((a - b)*c + c"2)*tan(e*x + d)"4 + (a*b - b™2 + bxc)xtan(exx + d)"2 + a~
2 - axb + a*c)) + (b - 2xc)*sqrt(c)*log(8*c”2xtan(exx + d)~4 + 8*b*c*tan(e
*x + d)72 + b™2 - 4*sqrt(cxtan(exx + d)~4 + bxtan(e*x + d)~2 + a)*(2*cxtan
(e*x + d)~2 + b)*sqrt(c) + 4*axc) - 4xsqrt(cxtan(exx + d)"4 + bxtan(exx...

output

Sympy [F]

/tan(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

= / \/a—l— btan? (d + ex) + ctan* (d + ex) tan (d + ex) dx

input‘integrate(tan(e*x+d)*(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

outputllntegral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + e*xx)**4)*xtan(d + e*x), x)
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Maxima [F|

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

z/\/ctan(ex+d)4+btan(ex+d)2+atan(ex+d) dz

‘integrate(tan(e*x+d)*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)“(1/2),x, algorithm=

input
‘ "maxima")

output Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)"2 + a)*tan(e*x + d), x)

Giac [F]

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(ex+d)4+btan(ew+d)2+atan(ex+d) dz

input ‘ integrate(tan(exx+d) * (a+bxtan(e*x+d) "2+c*tan(e*x+d) ~4)~(1/2) ,x, algorithm=
n 3 n
‘ giac")

output Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)"2 + a)*tan(e*x + d), x)

Mupad [F(-1)]

Timed out.

/tan(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/tan(d+ez) \/ctan(d+ex)4+btan(d+ex)2+adz

input Lint(tan(d + exx)*(a + bxtan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x)
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Output\int(tan(d + exx)*(a + bxtan(d + exx)"2 + c*tan(d + e*x)~4)~(1/2), x)

Reduce [F]

/ tan(d + ex) \/ a + btan?(d + ex) + ctan*(d + ex) dz = Too large to display

input{int(tan(e*x+d)*(a+b*tan(e*x+d)“2+c*tan(e*x+d)*4)*(1/2),x) \

(sqrt(tan(d + exx)**x4*c + tan(d + e*x)**2xb + a)*b - int((sqrt(tan(d + e*x
Yxxdxc + tan(d + e*x)**2xb + a)*xtan(d + e*x)*+*5)/(tan(d + exx)**4d*bkc + 2%
tan(d + e*x)**4xcx*x2 + tan(d + e*xx)**2%b**2 + 2xtan(d + e*x)**2xb*c + axb
+ 2%axc) ,x)*bx*2xcke + 4xint((sqrt(tan(d + e*x)**4*xc + tan(d + exx)**2%b +
a)*tan(d + exx)**5)/(tan(d + e*x)**4*xbxc + 2+tan(d + e*x)**4dxc**x2 + tan(d
+ exx)*¥*2xb**2 + 2*tan(d + e*x)*x2%b*c + axb + 2%axc),x)*cx*3*e + int((sq
rt(tan(d + exx)*x4d*xc + tan(d + e*x)**2xb + a)*tan(d + e*x))/(tan(d + e*x)*
*4xbxc + 2%tan(d + e*xx)*k4dxc*k*x2 + tan(d + e*x)**2xb*x2 + 2*tan(d + e*xx)**2
*¥bkc + axb + 2¥axc),x)*a*b**2*e + 4xint((sqrt(tan(d + exx)**4*c + tan(d +
e*xx)**2%b + a)*tan(d + e*x))/(tan(d + e*x)**4*bxc + 2xtan(d + e*x)**x4dkc**2
+ tan(d + e*x)**2*xb**2 + 2*%tan(d + e*xx)**2xbkc + axb + 2*ax*xc),x)*akbxcke
+ 4xint ((sqrt(tan(d + e*x)*x4*c + tan(d + exx)**2xb + a)*tan(d + e*x))/(ta
n(d + ex*xx)**4dxb*c + 2¥tan(d + exx)**xdkck*2 + tan(d + e*x)**2xbx*2 + 2ktan(
d + exx)*x2*%bxc + a*b + 2%axc),x)*axc**2*e — int((sqrt(tan(d + exx)*x4d*c +
tan(d + exx)**2%b + a)*tan(d + exx))/(tan(d + exx)**dxbkxc + 2*xtan(d + e*x
Yxxdxck*k2 + tan(d + e*x)**2xbx*x2 + 2xtan(d + e*x)**2%b*xc + axb + 2%a*xc),x)
*b*x3xe - 2*int((sqrt(tan(d + e*x)**x4*c + tan(d + e*x)*x2xb + a)*tan(d + e
*x))/(tan(d + e*x)**4*xbkxc + 2xtan(d + e*x)**k4kck*x2 + tan(d + e*x)**2*xb**2
+ 2xtan(d + exx)*x2xbxc + axb + 2%axc),x)*b¥*2kcke)/(ex(b + 2%c))

output
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3.28 [ cot(d+ex)\/a + btan®(d + ex) + ctan?(d + ex) da

Optimal result . . . . . . . . . . . . . . . e 268}
Mathematica [A] (verified) . . . . . . . . . ... 269
Rubi [A] (verified) . . . . . . . . . . 2691
Maple [F] . . . . 272
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 273
Sympy [F] . . o 273
Maxima [F] . . . . . . 274
Giac [F] . . . o o 274
Mupad [F(-1)] . . . . o 275
Reduce [F] . . . . o e 275

Optimal result

Integrand size = 33, antiderivative size = 203

/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

2a+btan?(d+ex)
_ \/Earctanh ( 2v/a+/a+btan2(d+ez)+ctan?(d+ex) )
2e
— 2a—b+(b—2c) tan?(d+ex)
+ Va — b+ carctanh ( 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ez) >
2e
b+2ctan?(d+ex)
+ \/EarCta‘nh < 2y/cy/a+btan2(d+ex)+ctant(d+ez) >
2e

-1/2*a”~(1/2)*arctanh (1/2* (2*a+b*tan(e*x+d) "2) /a~(1/2) / (a+b*tan (e*x+d) ~2+c*
tan(e*x+d) ~4)~(1/2))/e+1/2*(a-b+c) ~(1/2) *arctanh (1/2* (2*xa-b+(b-2*c) *tan (e*
x+d) ~2) /(a-b+c) ~(1/2) / (a+b*tan(e*x+d) “2+cxtan(exx+d) ~4) ~(1/2)) /e+1/2xc~ (1/
2)*arctanh (1/2* (b+2*c*tan(exx+d) ~2)/c~(1/2)/ (a+b*tan (e*x+d) ~2+c*tan (e*xx+d)
~4)~(1/2)) /e

output
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Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.95

/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx =

2a+btan?(d+ex) S —2a+b—(b—2c) tan?(d+ex) _
_ \/aarCtanh ( 2v/a+/a+btan2(d+ex)+ctant(d+ex) > +Va —b+ carctanh ( 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex) >

2e

;
Integrate[Cot[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

N J

input

-1/2%(Sqrt[a]l *ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d

+ e*xx]"2 + cxTan[d + exx]~4])] + Sqrt[a - b + cl*ArcTanh[(-2%¥a + b - (b -
2xc)*Tan[d + exx]~2)/(2+Sqrt[a - b + c]*Sqrt[a + bxTan[d + e*x]~2 + c*Tan
[d + exx]~4])] - Sqrtlcl*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2+Sqrt[c]*Sqrt[
a + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4])])/e

output

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.95,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.333, Rules

used = {3042, 4183, 1578, 1270, 1154, 219, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dz

l 3042

/ Va+ btan(d + ex)? + ctan(d + ex)* s
tan(d + ex)

l 4183

cot(d+ex)+/ctan?(d+ex)+btan2(d+ex)+a
f tan?(d+ex)+1 dta’n(d + ez)

e

l 1578
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[ otldten)/etan’(dten)tbtan®(dten)ta g ean2(g 4 eg)

tan?(d+ez)+1
2e
| 1270
cot(d+ex) 2 _ —ctan?(d+ex)+a—b 2
a f \/ctan?(d+ezx)+btan?(d+ex)+a dtan (d + 6.’17) f (tan2(d+ex)+1)+/ctan?(d+ex)+btan?(d+ex)+a dtan (d + 6.’E)
2e
| 1154
i 1 btan?(d+ex)+2a _ —ctan?(d+ex)+a—b 2
2a f 4a—tan*(d+ex) " /ctan?(d+ex)+btan2(d+ex)+a f (tan2(d+ex)+1)+/ctan?(d+ex)+btanZ(d+ex)+a dtan (d + 6$)
2e
| 219
_ —ctan?(d+ex)+a—b 2 _ ( 2a+btan?(d+ex) )
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2(d+ex)+a dtan (d + 6]7) \/aarCtanh 2v/a\/a+btan2(d+ezx)+ctant(d+ex)
2e
| 1269
1 2 . 1 2
¢ f V/ctant(d+ex)+btan2(d+ex)+a dtan (d + CLIJ) (a b+ C) f (tan2(d+ex)+1)/ctan(d+ex)+btan2(d+ex)+a dtan (d T
2e
| 1092
1 2ctan?(d+ex)+b _ _ 1 2
2] 4c—tan’(d+ez) d Vctan® (d+ex)+btan? (d+ex)+a (a—btc)f (tan?(d+-ex)+1)+/ctan? (d+ex)+btan?(d+ez)+a dtan®(d +
2e
| 219
—(a — 1 2 _ 2a+btan?(d+ex)
(a b+ C) f (tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a dtan (d + 6.’L‘) \/aarCtanh ( 2v/a+/a+btan2(d+ex)+ctan?(d+
2e
| 1154
_ 1 (b—2c) tan?(d+ex)+2a—b _ ( 2a+btan?(d+ex) )
2(0, b+ C) f 4(a—b+c)—tan*(d+ex) d \/ctan?(d+ex)+btan?(d+ezx)+a \/aarCtanh 2y/a+/a+btan2(d+ex)+ctant(d+ex) T

2e
l 219
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_ 2a+btan?(d+ex) ) [~ ( 2a+(b—2c) tan? (d+ex)—b )
\/EarCtanh(2\/5\/a+btan2(d+ex)+ctan4(d+ex) +va — b+ carctanh 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex) + \/Ea

2e

-

input LInt [Cot[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4],x] J

(-(Sqrt[al*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2+Sqrt[al*Sqrt[a + bxTan[d +
e*x] "2 + cxTan[d + exx]"4])]) + Sqrt[a - b + cl*ArcTanh[(2*a - b + (b - 2%
c)*Tan[d + e*x]~2)/(2+Sqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + cxTanl[d
+ e*xx]~4])] + Sqrtlcl*ArcTanh[(b + 2*c*Tan[d + e*xx]~2)/(2#Sqrt[cl*Sqrt[a +
bxTan[d + e*x]~2 + c*Tan[d + e*x]"4]1)])/(2%e)

output

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
, b, c}, xl]

rule 1092

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst [Int [1/(4*c*d~2 - 4xbxd*e + 4*axe”2 - x72), x], x, (
2kaxe — bkd - (2%c*d - b*e)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQl[{a, b, c
, d, e}, xl

rule 1154

Int[((d_.) + (e_.)*(x_))"(m )*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_I)*(x)"2)"(p_.), x_Symbol] :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*(a + b¥x + c*xx~2)"
p, x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && !'IGtQ[m, O]

rule 1269




rule 1270

rule 1578

rule 3042

rule 4183

input

output
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)/(((d_.) + (e_.)*(x_))*((f_.) +

(g_.)*(x_))), x_Symbol] :> Simp[(c*d"2 - bxdxe + axe~2)/(ex(exf - dx*g))
Int[(a + b*x + c*xx"2)"(p - 1)/(d + exx), x], x] - Simp[1/(ex(exf - d*g))
Int [Simp[c*d*f - bxexf + axexg — cx(exf - d*g)*x, x]*((a + b*x + c*x"2)"(p
- 1)/ + g*xx)), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && FractionQ[p]
&& GtQ[p, 0]

Int[(x_) " (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ b*x + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] & Int
egerQ[(m - 1)/2]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x"n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]

Maple [F]

/cot (ex +d) \/a + btan (ez + d)? + ctan (ex + d)*dz

int (cot (e*xx+d) * (a+b*tan (e*x+d) ~2+cxtan (e*xx+d) ~4) ~(1/2) ,x)

‘int(cot(e*x+d)*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)”(1/2),x)
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Fricas [A] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 2517, normalized size of antiderivative = 12.40

/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dr = Too large to display

p
input‘integrate(cot(e*x+d)*(a+b*tan(e*x+d)*2+c*tan(e*x+d)*4)*(1/2)’X, algorithm=
‘"fricas")

[1/4*(sqrt(c)*log(8*c~2*tan(e*x + d)~4 + 8xb*c*tan(e*x + d)~"2 + b™2 + 4xsq
rt(c*tan(exx + d)"4 + b*tan(e*x + d)~2 + a)*(2xc*tan(exx + d)~2 + b)*sqrt(
c) + 4xaxc) + sqrt(a - b + c)*log(((b™2 + 4x(a - 2xb)*c + 8*c~2)*tan(e*x +
d)~4 + 2%(4xa*b - 3*¥b”2 - 4x(a - b)*c)*tan(e*x + d)~2 + 4*sqrt(cxtan(e*x
+ d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2%a - b)*sqrt(a
- b+ c) + 8*%a”2 - 8xa*xb + b"2 + 4xaxc)/(tan(e*x + d)74 + 2xtan(e*x + d)~
2 + 1)) + sqrt(a)*log(((b"2 + 4*axc)*tan(e*x + d)~4 + 8*xaxbxtan(exx + d)~2
- 4xsqrt(c*tan(exx + d)~4 + bxtan(e*x + d)~2 + a)*(bxtan(exx + d)~2 + 2*a
)*sqrt(a) + 8+a~2)/tan(e*x + d)~4))/e, -1/4*(2*sqrt(-c)*arctan(1/2*sqrt(c*
tan(exx + d)~4 + b*tan(exx + d)72 + a)*(2*cxtan(e*x + d)~2 + b)*sqrt(-c)/(
c"2xtan(e*x + d)"4 + b*cxtan(e*x + d)~2 + a*c)) - sqrt(a - b + c)*xlog(((b~
2 + 4x(a - 2xb)*c + 8*%c"2)*tan(exx + d)~4 + 2x(4*axb - 3*%b”2 - 4*x(a - b)*c
)*tan(e*x + d)~2 + 4*sqrt(cxtan(exx + d)~4 + bxtan(e*x + d)"2 + a)*((b - 2
xc)*tan(e*x + d)"2 + 2%a - b)*sqrt(a - b + c) + 8%¥a”"2 - 8xa*xb + b~2 + 4*ax
c)/(tan(e*x + d)~4 + 2*tan(e*x + d)72 + 1)) - sqrt(a)*log(((b~2 + 4xa*xc)*t
an(exx + d)~4 + 8xaxb*tan(exx + d)~2 - 4xsqrt(cxtan(e*x + d)~4 + b*tan(exx
+ d)"2 + a)*(bxtan(e*x + d)~2 + 2*a)*sqrt(a) + 8*a~2)/tan(e*x + d)~4))/e,
1/4%(2*sqrt (-a)*arctan(1/2*sqrt(cxtan(e*xx + d)~4 + b*xtan(e*x + d)~2 + a)*
(bxtan(exx + d)~2 + 2#a)*sqrt(-a)/(a*c*tan(exx + d)~4 + a*bxtan(e*x + d)~2
+ a”2)) + sqrt(c)*log(8*xc~2xtan(e*x + d)~4 + 8*bxcxtan(exx + d)72 + b~...

output

Sympy [F]

/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

::j[\/a—kbtan2(d4—ex)4—ctan4(d4-ex)cot(d4—ex)dx
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input Lintegrate (cot (e*x+d) * (a+b*tan (exx+d) **2+cxtan (e*xx+d) **4) x* (1/2) ,x)

output LIntegral(sqrt(a + b*tan(d + exx)**2 + cxtan(d + e*x)**4)*cot(d + e*x), Xx)

Maxima [F]

/cot(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

=/\/ctan(ex+d)4+btan(ex+d)2+acot(eac+d) dz

‘ integrate(cot (e*x+d) * (a+b*tan (e*x+d) “2+cxtan(exx+d) ~4) ~(1/2) ,x, algorithm=

input
‘ "maxima")

Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(exx + d)"2 + a)*cot(exx + d), x)

output
Giac [F]
/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx
= / \/ctan (ex + d)* + btan (ex + d)* + acot (ex + d) dx
input ‘ integrate(cot (e*x+d) * (at+b*tan(e*x+d) “2+c*tan(e*x+d) "4) ~(1/2) ,x, algorithm=

‘ “giac")

output Lintegrate(sqrt(c*tan(e*x + d)~4 + bxtan(e*x + d)"2 + a)*cot(e*x + d), x)
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Mupad [F(-1)]

Timed out.

/cot(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/cot(d+em) \/ctan(d+ex)4+btan(d—|-ex)2+adx

input‘int(cot(d + exx)*(a + bxtan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x)

outputtint(cot(d + e*xx)*(a + bxtan(d + e*x)"2 + cxtan(d + e*x)"4)~(1/2), x)

Reduce [F]

/cot(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

z/\/tan(ez+d)4c+tan(eac+d)2b+acot(ex+d)dx

input Lint (cot (exx+d) * (a+bxtan (e*xx+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x)

output Lint(sqrt(tan(d + e*x)*x4xc + tan(d + e*x)*x2xb + a)*cot(d + e*x),x)
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3.29 [ cot3(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) d

Optimal result . . . . . . . . . . . . . . e 276
Mathematica [A] (verified) . . . . . . . . . ... 27T
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ... 277
Maple [F] . . . o o o 2791
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .... 230
Sympy [F] . . o 230
Maxima [F] . . . . . . 28]
Giac [F] . . . o o 28]
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 35, antiderivative size = 435

/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
2a+btan?(d+ex)
_ \/aarCtanh <2\/E\/a+b tan?(d+ex)+ctan?(d+ex) )
2e

2a+btan?(d+ex)
barctanh < 2y/a+/a+btan2(d+ex)+ctan?(d+ex)

4+/ae
va—b+ carctanh< 2a—b+(b—2c) tan®(d+ea) )

2v/a—b+cy/a+btan(d+ex)+ctant(d+ex)
2e

b+2ctan?(d+ex)
barctanh < 24/cy/a+btan2(d+ex)+ctant(d+ex)

4./ce

_ b+2c tan?(d+ex)
(b 26) arctanh ( 2y/c\/a+btan2(d+ex)+ctant(d+ex) )

4./ce

b+2ctan?(d+ex)
\/EarCtanh ( 2,/c\/a+btan2(d+ex)+ctan?(d+ex)

2e
_ cot’(d + ex)/a + btan®(d + ex) + ctan’(d + ex)
2e

+

+
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1/2%a~(1/2)*arctanh (1/2*(2*a+b*tan(exx+d) ~2) /a~(1/2) / (a+b*tan (e*x+d) ~2+c*t
an(e*xx+d) ~4)~(1/2))/e-1/4xbxarctanh (1/2* (2*a+b*tan (e*x+d) ~2)/a~(1/2)/ (a+b*
tan (e*x+d) "2+c*tan(exx+d) ~4)~(1/2))/a~(1/2) /e-1/2*x(a-b+c) ~(1/2) *arctanh(1/
2% (2*a-b+(b-2*c) *tan (e*x+d) ~2) / (a-b+c) ~(1/2) / (a+b*tan (e*x+d) "2+c*tan (exx+d
)~4)~(1/2))/e-1/4%b*arctanh (1/2* (b+2*c*tan(e*x+d) ~2) /c~(1/2) / (a+b*tan (e*xx+
d) “2+c*tan(e*x+d)~4)~(1/2))/c”(1/2) /e+1/4* (b-2*c) *arctanh (1/2* (b+2*c*tan (e
*x+d) ~2) /¢~ (1/2) / (a+b*tan (e*x+d) “2+c*tan(exx+d) ~4) ~(1/2)) /c~(1/2) /e+1/2%c"
(1/2) *arctanh(1/2* (b+2*c*tan(e*x+d) ~2) /c~(1/2) / (a+b*tan (e*x+d) ~2+c*tan (e*x
+d)~4)~(1/2))/e-1/2*cot (exx+d) ~2* (a+b*tan (exx+d) “2+c*tan(exx+d) ~4) ~(1/2) /e

output

Mathematica [A] (verified)

Time = 0.88 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.43

/cot3(d + ea:)\/a + btan®(d + ex) + ctan*(d + ex) dz

_ 2a+btan?(d+ex) _ P 2a—b+(b—2c) tan?(d+ex)
(2CL b)arCtanh (2\/5\/a+btan2(d+ex)+ctan4(d+ex)) 2\/6( a — b+ carctanh (2\/a—b+c\/a+btanz(d—i-ex)—}-ctan“(

4+/ae

>

r

input LIntegrate [Cot[d + e*x]~3*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

((2%a - b)*ArcTanh[(2%a + b*Tan[d + exx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d +
exx] "2 + c*Tan[d + e*x]~4])] - 2xSqrt[al*(Sqrt[a - b + c]*ArcTanh[(2*a - b
+ (b - 2#c)*Tan[d + exx]~2)/(2+#Sqrt[a - b + c]l*Sqrt[a + bxTan[d + e*x]"2
+ c*Tan[d + e*x]~4])] + Cot[d + e*x]"2*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d

+ e*x]~4]))/(4*Sqrt [al*e)

output

Rubi [A] (warning: unable to verify)

Time = 0.66 (sec) , antiderivative size = 409, normalized size of antiderivative = 0.94,

number of rules _ 1 43, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1578, 1289, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

l 3042

/ Vva+ btan(d + ex)? + ctan(d + ex)* i
tan(d + ex)3

l 4183

f cot3 (d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ex)+1

e
l 1578

dtan(d + ex)

f cot?(d+ex)+/ctan(d+ex)+btan?(d+ex)+a
tan2(d+ex)+1

2e
l 1289

dtan?(d + ex)

i <\/ctan4(d + ex) + btan?(d + ex) + acot?(d + ex) — \/ctan?(d + ex) + btan?(d + ex) + acot(d + ex) + Y

2e
| 2009
varctanh ( 2a-+b tan? (d+ex)
2vay/atb tan? (d+ew) o tand (d+ea) ( 2a+btan?(d+ex)
_ rctanh
2v/a + \/aa cta 2/a\/atbtan?(d-tex)+ctant(d+ex)

) - \/a—ib—i-carctanh(i

e

input L

Int[Cot[d + e*x] " 3*Sqrt[a + bxTan[d + e*x]~2 + cxTan[d + e*x]~4],x]

-/

output

(Sqrt[a]l*ArcTanh[(2*%a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + ex
x]72 + c*Tan[d + e*x]~4])] - (b*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[a
1*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])])/(2*Sqrt[a]) - Sqrt([a -
b + cl*ArcTanh[(2%¥a - b + (b - 2*c)*Tan[d + e*x]~2)/(2xSqrt[a - b + cl*Sqr
t[a + bxTan[d + e*x]"2 + c*Tan[d + e*x]~4])] - (bxArcTanh[(b + 2*c*Tan[d +
exx] ~2)/(2%Sqrt [c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])])/(2%Sq
rtlc]) + ((b - 2*c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + b
*Tan[d + e*x]~2 + cxTan[d + exx]~4]1)])/(2*Sqrtlc]) + Sqrtlc]l*ArcTanh[(b +
2xc*Tan[d + e*x]~2)/(2+#Sqrt[c]*Sqrt[a + bxTan[d + e*x]~2 + cxTan[d + e*x]~
4]1)] - Cot[d + exx]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])/(2xe)




rule 1289

rule 1578

rule 2009

rule 3042

rule 4183

input

output
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Defintions of rubi rules used

Int[((d_.) + (e_)*(x_))"(m_D)*((f_.) + (g_.)*x(x_))"(n_.)*x((a_.) + (b_.)*(x
)+ (e )*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
gxx) "n*(a + bxx + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 0]))

Int[(x_)"(m_.)*((d)) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)*(d + e*x)~gx*(a
+ b*x + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] & Int
egerQ[(m - 1)/2]

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

Int[tan[(d_.) + (e_.)*(x_)1 " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x_)1)"(a_.) + (c_)*((f_D*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x™n + c*x~(2*n))"p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*xn] && NeQ[b~2 - 4*ax*c, O]

Maple [F]

/cot (ex + d)° \/a + btan (ex + d)* + ctan (ex + d)*dzx

‘int(cot(e*x+d)“3*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)‘(1/2),x)

Lint (cot (e*xx+d) ~3* (a+b*tan (e*x+d) ~2+c*tan(exx+d) ~4) ~(1/2) ,x)
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Fricas [A] (verification not implemented)

Time = 1.63 (sec) , antiderivative size = 1186, normalized size of antiderivative = 2.73

/cot3 (d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz = Too large to display

p
input‘integrate(cot(e*x+d)”3*(a+b*tan(e*x+d)“2+c*tan(e*x+d)~4)~(1/2),x’ algorith
‘m="fricas“)

[1/8%(2*sqrt(a - b + c)*axlog(((b~2 + 4x(a - 2*b)*c + 8*c~2)*tan(e*x + d)~
4 + 2x(4*axb - 3*%b”2 - 4x(a - b)*c)*tan(e*x + d)~2 - 4xsqrt(cxtan(e*x + d)
~4 + bxtan(e*x + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b
+ c) + 8%a”2 - 8xa*xb + b2 + 4*axc)/(tan(exx + d)74 + 2*xtan(e*x + d)72 +
1))*tan(e*x + d)~"2 - (2%a - b)*sqrt(a)*log(((b~2 + 4xaxc)*tan(e*x + d)~4 +
8*a*xbxtan(exx + d)~2 - 4xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)"2 + a)*(b
*xtan(e*x + d)~2 + 2*a)*sqrt(a) + 8*a"2)/tan(exx + d)~"4)*tan(e*x + d)"2 - 4
*xsqrt (c*tan(e*x + d)~4 + bxtan(exx + d)~2 + a)*a)/(axextan(exx + d)~2), -1
/8% (4xa*sqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(exx + d)~4 + b*tan(exx + d
)72 + a)*((b - 2*c)*tan(exx + d)"2 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c
+ c"2)*tan(e*x + d)74 + (a*b - b"2 + bxc)*tan(e*x + d)"2 + a”2 - a*b + ax
c))xtan(e*x + d)~2 + (2%a - b)*sqrt(a)*log(((b"2 + 4*xaxc)*tan(e*x + d)"4 +
8xaxb*tan(e*x + d)"2 - 4xsqrt(c*tan(e*x + d)"4 + bxtan(exx + d)~2 + a)*(b
xtan(exx + d)72 + 2*a)*sqrt(a) + 8xa~2)/tan(e*x + d) 4)*tan(exx + d)~2 + 4
*xsqrt (cxtan(exx + d)~4 + bxtan(exx + d)~2 + a)*a)/(axextan(exx + d)~2), -1
/4% (sqrt(-a)*(2*a - b)*arctan(1/2*sqrt(cxtan(e*x + d)"4 + b*tan(exx + d)~2
+ a)*(bxtan(e*x + d)~2 + 2*a)*sqrt(-a)/(a*c*tan(exx + d)~4 + axbxtan(e*x
+ d)"2 + a"2))*tan(exx + d)"2 - sqrt(a - b + c)*a*log(((b"2 + 4x(a - 2%b)*
c + 8%c”2)*tan(exx + d)~4 + 2%(4*axb - 3%b~2 - 4x(a - b)*c)*tan(exx + d)~2
- 4*sqrt(c*tan(exx + d)~4 + b*tan(e*x + d)~"2 + a)*((b - 2*kc)*tan(e*x +...

output

Sympy [F]

/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= / \/a+ btan? (d + ex) + ctan? (d + ex) cot® (d + ex) dx



CHAPTER 3. LISTING OF INTEGRALS 281

inputLintegrate(COt(e*X+d)**3*(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

‘Integral(sqrt(a + b*tan(d + exx)**2 + cxtan(d + e*x)**4)*cot(d + e*x)**3,

output‘x)

Maxima [F]

/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

z/\/ctan(ex+d)4+btan(ex+d)2+acot(ex+d)3 dz

‘integrate(cot(e*x+d)‘3*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith

input
‘m="maxima")

Output‘integrate(sqrt(c*tan(e*x + d)"4 + bxtan(exx + d)"2 + a)*cot(e*x + d)73, x)

Giac [F]

/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

:/\/ctan(ex+d)4+btan(eac+d)2+acot(ex+d)3 dz

‘integrate(cot(e*x+d)‘3*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith

input
‘m=“giac")

output Lintegrate(sqrt(c*tan(e*x + d)~4 + bxtan(exx + d)~2 + a)*cot(e*xx + d)~3, x)
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Mupad [F(-1)]

Timed out.

/ cot®(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= /cot(d+em)3 \/ctan(d—l—ex)4 +btan (d+ ex)’ + adz

input‘ int(cot(d + e*x)~3*(a + bxtan(d + e*x)~2 + cxtan(d + e*x)"4)~(1/2),x)

outputtint(COt(d + exx)"3*%(a + bxtan(d + exx)"2 + cxtan(d + e*x)~4)~(1/2), x)

Reduce [F]

/cot3(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= /cot (ex + d)° \/tan (ex + d)* ¢+ tan (ez + d)* b + adx

input Lint (cot (exx+d) ~3* (a+b*tan (exx+d) “2+c*tan (exx+d) ~4) ~(1/2) ,x)

output Lint (cot (e*xx+d) ~"3*(atbxtan(e*xx+d) “2+c*tan(exx+d) ~4)~(1/2) ,x)
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3.30 [ tan?(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) a

Optimal result . . . . . . . . . . . . . . e 283]
Mathematica [C] (verified) . . . . . . . . . ... . L 284
Rubi [A] (verified) . . . ... . . . . . .o 285
Maple [B] (verified) . . . . . . . . . .. 2901
Fricas [F(-1)] . . . . . o e
Sympy [F] . . . o 292
Maxima [F] . . . . . . 292
Giac [F] . . . o o 292
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 35, antiderivative size = 743

/tanQ(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
/—a —b ¥ carctan < va—b+ctan(d+ex) )

Va+btan2(d+ex)+ctant(d+ex)
2e
+ tan(d + ez)\/a + btan?(d + ex) + ctan*(d + ex)
3e
+ (b— 3c)tan(d + ex)\/a + btan®(d + ex) + ctan?(d + ex)

3y/ce (va+ \/ctan®(d + ex))
4 A/ ctan(d+ex a+btan?(d+ex)+ctant
va(b—3c)E (2 arctan (—\/Et{/%#r )) |3 <2 - ﬁb\/a>) (Va+ y/ctan®(d + ex)) \/ +b(t\/&f\i;%tag(;+m§
3c3/4e\/a + btan®(d + ex) + ctan?(d + ex)
4
Ya(v/a(b — 2¢) + 2ay/¢ — 2(2b — 3¢)/c) EllipticF (2 arctan (%) , i(z _ ﬁLf)) (Va+
6 (va — \/c) c3/*e\/a + btan’(d + ex) + ctan’(d + ex)
(va+ /) (a — b+ c) EllipticPi (—%, 2 arctan (%) , ;11(2 — ﬁ)) (vVa+ /ctar
4+/a (v/a — \/c) V/cer/a + btan?(d + ex) + ctan*(d + ex)

_|_




output

input
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-1/2*(a-b+c) ~(1/2) *arctan((a-b+c) ~(1/2) *tan(exx+d) / (a+b*tan (exx+d) ~2+c*tan
(exx+d)~4)~(1/2))/e+1/3*tan(e*x+d) * (a+b*tan (exx+d) ~2+c*tan(e*xx+d) ~4) ~(1/2)
/e+1/3%(b-3*c) *tan (e*xx+d) * (a+b*tan (e*x+d) “2+c*tan(e*x+d) "4)~(1/2)/c~(1/2)/
e/(a~(1/2)+c”(1/2) *tan(e*x+d) “2)-1/3%a~ (1/4) * (b-3*c) *E1llipticE(sin(2*arcta
n(c~(1/4)*tan(e*x+d)/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c
~(1/2) *tan(exx+d) ~2) * ((a+b*tan (e*x+d) “2+c*tan(exx+d) ~4) /(a~(1/2)+c~(1/2) *t
an(e*xx+d)~2)"2)~(1/2)/c”~(3/4)/e/ (a+b*tan(e*xx+d) “2+c*tan(e*x+d) ~4)~(1/2)+1/
6*a~ (1/4)*(a~(1/2) *(b-2*c)+2*a*c”™ (1/2)-2* (2xb-3*c) *c~ (1/2) ) *InverseJacobilA
M(2xarctan(c”(1/4)*tan(e*xx+d)/a~(1/4)),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a
~(1/2)+c~(1/2) *tan(exx+d) “2) * ((atb*tan (exx+d) “2+c*tan (exx+d) ~4)/(a~(1/2) +c
~(1/2)*tan(e*x+d) ~2)~2)~(1/2)/(a~(1/2)-c~(1/2))/c~(3/4) /e/ (a+b*tan (exx+d) ~
2+cxtan(exx+d)~4)~(1/2)-1/4x(a”~ (1/2)+c~(1/2) )*(a-b+c)*E1lipticPi(sin(2*arc
tan(c”~(1/4)*tan(exx+d)/a~(1/4))),-1/4*(a~(1/2)-c~(1/2))"2/a~(1/2)/c~(1/2),
1/2%(2-b/a~(1/2)/c~(1/2))"(1/2))*(a~(1/2)+c~(1/2) *tan (e*x+d) ~2) * ((a+b*tan(
exx+d) "2+cxtan (exx+d) ~4)/(a~(1/2)+c~ (1/2) *tan(e*x+d) ~2) ~2) ~(1/2) /a~(1/4) /(
a~(1/2)-¢c~(1/2))/c~(1/4) /e/ (a+b*tan(exx+d) ~2+c*tan(e*x+d) ~4) ~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 15.81 (sec) , antiderivative size = 595, normalized size of antiderivative = 0.80

/[tan2014-ez)\/a—kbtan20i4-ex)4—ctan4@i4—ex)dx

v/ (38a+b+3c+4(a—c) cos(2(d+ex))+(a—b+c) cos(4(d+ex))) sect (d+ex)((b—3c) sin(2(d+ex))+2c tan(d+ex)) +

iﬁ((b—sc) (—b+\/b2 —4(16) E

V2e

-

LIntegrate[Tan[d + exx]"2#Sqrt[a + bxTan[d + e*x]"2 + cx*Tan[d + e*xx]~4],x]

J

J
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((Sqrt[(3*a + b + 3*c + 4*x(a - c)*Cos[2*(d + e*x)] + (a - b + c)*Cos[4*(d
+ e*x)])*Sec[d + e*x]~4]*((b - 3*c)*Sin[2*(d + e*x)] + 2xc*Tan[d + e*x]))/
(Sqrt[2]*c) + ((I*Sqrt[2]1*((b - 3*c)*(-b + Sqrt[b~2 - 4xaxc])*EllipticE[I*
ArcSinh[Sqrt [2] *Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*Tanl[d + e*x]], (b + Sqrt[b
~2 - 4xaxc])/(b - Sqrt[b”2 - 4*a*xc])] + (b"2 - b*(-3*c + Sqrt[b~2 - 4*ax*c]
) + ck(-4%a - 6%c + 3xSqrt[b~2 - 4*axc]))*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt
[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sq
rt[b™2 - 4xaxc])] + 6*%cx(a - b + c)*EllipticPi[(b + Sqrt[b~2 - 4*axc])/(2#
c), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*Tanl[d + e*x]], (b +

Sart[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*c])])*Sqrt[(b + Sqrt[b~2 - 4*axc] +
2xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*Tan[d + exx]~2
)/ (b - Sqrt[b~2 - 4*a*c])])/Sqrtlc/(b + Sqrt[b~2 - 4*axc])] - 4*(b - 3*c)*
Cos[d + exx]*Sin[d + exx]*(a + bxTan[d + e*x]"2 + c*Tan[d + exx]~4))/(c*Sq
rt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4]))/(12xe)

output

Rubi [A] (verified)

Time = 1.27 (sec) , antiderivative size = 760, normalized size of antiderivative = 1.02,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.343, Rules

used = {3042, 4183, 1630, 25, 27, 2207, 27, 1511, 27, 1416, 1509, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/tanz(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
3042
/tan(d + ex)?\/a + btan(d + ex)? + ctan(d + ex)4dx
| 4183
f tanQ(d+e$)\/c::Ir11;1((j——::;))i-§ztanz(d—f-ew)-i-a dtan(d + ex)
e
| 1630
e e W e s
a—c a—c
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l 25

a—c)c n4 ex a—c —C I]2 exr a a c)la— C ﬁ+ﬁ ‘\/Et n2(d+ez>+\/a
[ (amQetant (dten) H(a=0) b= tand (den) VAWV @bt g oo (ambere) | (vVartve)(vete ) dtan(d
\/c tan4(d+ez)+b tan2 (d+ez)+a (tan2 (d+ez)+1) \/c tan4 (d+ex)+b tan2(d+ez)+a
a—cC - a—cCc
€
| 27
2
f (a—c)ctan4(d+ez)+(a—c)(b—c) tan2(d+ez)+\/5(\/a+\/6) (a_b+c)dta,n(d+e:c) (\/E+\/E) (a—b+c) f ctan®(d+ex)++v/a
\/c tan4 (d+ex)+btan2(d+ex)+a (tan2(d+ew)+1) \/c tan4(d+ez)+btan2(d+ex)
a—C B a—cC
e
| 2207
. c((b—SC)(a—c) tan2(d+ea:)+\/5(\/5+\/€) (2a+\/5\/5—3b+30))
J \/ 7 3 dtan(d+ex) (\/E-i-ﬁ) (a—b
cten (d+ex)+btagc (dtea)ta +%(a—c) tan(d+ex)/a+btan2(d+ex)+ctant(d+ex)

e

l 27

dtan(d+ez)+ 3 (a—c) tan(d+ex)\/a+btan?(d+ex)+ctan? (d+ex) (Va++/c) (a—b

1y (b—3c)(a—c) tan? (d+ex)++/a(y/a++/c) (2a++/cv/a—3b+3c)
3 \/ctan4(d+ez)+b tan2(d+em)+a

a—c
€
| 1511
\/E(2a3/2f—\/a\/é(3b—4c)+ab—4bc+662) I 1 dtan(d+exz) +a(a—c)(b—3c) [ va—/ctan® (d+ez) d tan(
1 \/ctan4(d+ex)+btan2(d+ex)+a \/E\/ctan4(d+ez)+btan2(d+ew)+a
3 Ve B Ve
a—c
| 27
Va(2a3/2 /e /a/e(3b—4c) +ab—abet6c?) [ 1 dtan(dter) (a—c)(b—3c) [ Va—/ctan® (d+ex) dtan(dt-ex)
1 \/c tan4 (d+ez)+btan2(d+ex)+a \/ctan4(d+ez)+b tan2(d+ez)+a
3 Ve - Ve
a—c

l_1416
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4
3 i Y
%(%3/2ﬁ—ﬁﬁ(sb—4c)+ab—4bc+6c2) (Va+vetan?(d+tex)) atbtan®(dtez)+etan®(dier) pipyicr 2 arctan Ctzn(d+em) 4 (%ﬁ\
(ﬁ+¢5nan2(d+ez)) ave,

Va

1
3 2c3/4 \/a+b tan2 (d+ex)+c tan4(d+ez)
a—c
| 1509
4 N
%(2(13/2\/5— \/E\/E(3b—4c)+ab—4bc+6c2) (\/E-‘—\/Etanz (d+ez)) a+btan?(d+tex)+c tan4(d-2|»ez) EllipticF (2 arctan <w) ,% (Q—ﬁ
1 (\/E+\/Etan2(d+ez)) \/E ave,
3 2c3/4 \/aer tan2 (d+ex)+c tan4(d+ez)
| 2220
4
4 a+btan?(d+ex)+ctand(dtex s \/Etan(d+ex) A
Q(2a3/2 /o /ay/c(3b—4c)+ab—abet-6c2 ) (V/at~/ctan? (d+ex) +btan®(dtex)tetan®(dter) gy opiop 2 arctan | Y Ct20ATER) ) 1 (5 b
1 \/_( a c—+v/a\/c c)+a c+6¢ )( a++/ctan ea:) (ﬁ+ﬁtan2(d+em))2 iptic arctan % Z( Vave,
3

2c3/4 \/a+b tan2(d+ex)+ctand(d+ex)

input‘ Int[Tan[d + exx] 2xSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4],x]




output

rule 25
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(-(((Sqrt[a] + Sqrtlcl)*(a - b + c)*(((Sqgrt[a] - Sqrtlc]l)*ArcTan[(Sqrt[a -
b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]]1)/(24S
grtla - b + c]) + ((Sqrtla] + Sqrtlc])*EllipticPil[-1/4*(Sqrt[a] - Sqrtlcl)
~2/(Sqrt [a]l*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sq
rt[al*Sqrt[c]l))/4]1*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d +

exx] "2 + cxTan[d + e*x]~4)/(Sqrt[a]l + Sqrt[cl*Tan[d + exx]~2)~2])/(4*a~(1/
4)xc~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])))/(a - c)) + (((
a - c)*Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4]1)/3 + ((a
~(1/4)*(a*b + 2xa~(3/2)*Sqrtc] - Sqrt[al*(3*b - 4xc)*Sqrtlc] - 4xbxc + 6%
c~2)*EllipticF[2*ArcTan[(c”~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrt[al*S
qrt[c]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + exx]"2

+ c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)"2])/(2xc~(3/4)*Sqrt
[a + b*Tan[d + e*x]~2 + cxTan[d + exx]"4]) - ((b - 3*c)*(a - c)*(-((Tan[d

+ exx]*Sqrt[a + bxTan[d + exx]"2 + c*Tan[d + e*xx]~4])/(Sqrt[al + Sqrt[c]*T
an[d + exx]~2)) + (a~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/
4)], (2 - b/(Sqrt[al*Sqrtlcl))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[
(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrtl[a] + Sqrtlc]*Tan[d + exx]~
2)72]1)/(c"(1/4)*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4])))/Sqrtlcl)/
3)/(a - c))/e

Defintions of rubi rules used

]Int [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x]

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘

rule 1416‘/Int [1/Sqrt[(a_) + (b_.)*(x_)A2 + (C_-)*(X_)A4] , x_Symbol] > With[{q = Rt [C
‘/a, 41}, Simp[(1 + g 2*x"2)*(Sqrt[(a + b*x~2 + c*x~4)/(a*x(1 + q~2*x~2)"2)]1/

\tchatpx, (b_)*(Gx_) /; FreeQ[b, x1]

‘(2*q*Sqrt[a + b*x"2 + c*x"4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*(q~2/(4*c))
L], x]]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*a*c, 0] && PosQ[c/a]

| —
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rule 1509 Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrt[a + b*x"2 + cxx~4]/(ax(1 + q
~2%x72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q 2%
x72)72)]1/(g*Sqrt[a + b*x"2 + c*x~4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2

- 4xaxc, 0] && PosQ[c/al

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Simp[(e + d*q)/q Int[1/Sqrtla + b*x"2 + c*x~
4], x], x] - Simple/q Int[(1 - g*x~2)/Sqrtla + b*x~2 + c*x~4], x1, x] /;
NeQl[e + dxq, 0]] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4x*a*c, 0] && Pos
Qlc/al

rule 1511

Int[((x_)"(m_)*((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_))/((d.) + (e_.)*(x
_)"2), x_Symbol] :> Simp[(-(-d/e)”(m/2))*((c*d"2 - bxd*e + axe”2)"(p + 1/2)
/(e (2xp)*(cxd™2 - axe™2))) Int[(a*d*Rt[c/a, 2] + a*e + (cxd + a*e*xRt[c/a
» 2])*x72)/((d + exx~2)*Sqrt[a + b*x"2 + c*x"4]), x], x] + Simp[1/(e”(2%p)=*
(c*d™2 - a*xe”2)) Int[(1/Sgrt[a + b*x"2 + c*x~4])*ExpandToSum[ (e~ (2*p)*(c*
d"2 - axe”2)*x"m*(a + b*x"2 + c*xx"4)"(p + 1/2) + (-d/e)"(m/2)*(c*d"2 - b*d*
e + axe”2)"(p + 1/2)x(axd*Rt[c/a, 2] + a*xe + (cxd + axe*Rt[c/a, 2])*x"2))/(
d + exx~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0]

&& IGtQ[p + 1/2, 0] && IGtQ[m/2, O] && NeQ[c*d™2 - a*e”2, 0] && PosQ[c/al

rule 1630

Int[(Px_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{n =

Expon[Px, x~2], e = Coeff[Px, x~2, Expon[Px, x~2]]1}, Simp[e*x~(2*n - 3)*((
a+ bxx™2 + c*xx"4)"(p + 1)/(c*(2*n + 4xp + 1))), x] + Simp[1/(c*x(2*n + 4*p
+ 1)) Int[(a + b*x"2 + c*x"4) p*ExpandToSum[c*(2*n + 4*p + 1)*Px - a*e*(2
*n — 3)*x”(2%n - 4) - bxe*(2*n + 2%p — 1)*x~(2%n - 2) - cxex(2*n + 4*p + 1)
*x~(2%n), x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Px, x~2] && Expon[
Px, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && !'LtQ[p, -1]

rule 2207
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Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol]l :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + c*x(d/e) + ax(e/d), 2])), x] + Simp[(B*d + Axe)*(1 + q~2*xx"2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q~2*x"2)"2)]/(4*d*e*qg*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

rule 2220

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1944 vs. 2(617) = 1234.

Time = 0.94 (sec) , antiderivative size = 1945, normalized size of antiderivative = 2.62

method result size

derivativedivides | Expression too large to display | 1945

default Expression too large to display | 1945

int (tan(e*x+d) “2* (atbxtan(exx+d) “2+c*tan(e*x+d) "4)~(1/2) ,x,method=_RETURNV

input
LERBUSE) J




output

input

output
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1/ex(1/3*tan (exx+d) * (a+b*tan (e*xx+d) “2+c*tan(e*xx+d) ~4) ~(1/2)+1/6*ax2~(1/2)/
((~b+(-4*axc+b™2) "~ (1/2))/a) " (1/2) * (4-2* (-b+(-4*a*xc+b~2) ~(1/2)) /a*tan (exx+d
)"2) 7 (1/2) * (442% (b+ (—4*a*xc+b~2) ~(1/2) ) /a*tan(e*x+d) ~2) ~(1/2) / (a+b*tan (e*x+
d) “2+cxtan(e*x+d) ~4) ~(1/2) *EllipticF (1/2*tan(exx+d) *2~(1/2) * ((-b+(-4*a*c+b
~2)°(1/2))/a)~(1/2) ,1/2%(-4+2xb* (b+ (-4*xa*xc+b~2) ~(1/2)) /a/c) ~(1/2))-1/6*b*a
*27(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) * (4-2*% (-b+(-4*a*c+b~2) ~(1/2)) /a*
tan(exx+d) ~2) = (1/2) * (4+2% (b+(-4*a*xc+b~2) " (1/2) ) /a*xtan(e*x+d) “2) ~(1/2)/ (atb
*xtan (e*x+d) “2+cxtan (e*x+d) ~4) ~(1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) * (E1lipticF (1/2*
tan (e*xx+d) *27 (1/2) * ((~b+(-4*a*xc+b~2) " (1/2))/a) " (1/2) ,1/2* (—4+2*b* (b+ (-4*a*
c+b~2)"(1/2))/a/c)~(1/2))-EllipticE(1/2*tan(exx+d)*2~ (1/2) * ((-b+(-4*a*xc+b™
2)7(1/2))/a) " (1/2) ,1/2% (—4+24b* (b+ (—4*a*xc+b~2) ~(1/2)) /a/c)~(1/2)))-1/4%2~(
1/2)/(-1/a*b+1/a*(-4d*xa*c+b~2) ~(1/2)) ~(1/2) * (4+2/a*b*tan (exx+d) ~2-2/a*tan(e
*x+d) “2% (—4*xaxc+b~2) " (1/2)) " (1/2) *(4+2/a*xb*tan (e*x+d) ~2+2/a*tan (exx+d) ~2%*(
-4xaxc+b~2)~(1/2))~(1/2)/(at+b*tan(e*x+d) "2+c*tan(e*x+d) “4) ~(1/2)*EllipticF
(1/2*%tan(e*x+d) *2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a) ~(1/2) ,1/2* (-4+2*b* (b+(
—-4xaxc+b~2) ~(1/2))/a/c)~(1/2) ) *b+1/4%2~(1/2) / (-1/axb+1/a* (-4*a*xc+b~2) ~(1/2
)) " (1/2) *(4+2/a*b*tan (e*x+d) "2-2/a*tan (e*xx+d) ~2* (—4*xa*xc+b~2) ~(1/2)) ~(1/2) *
(4+2/a*bxtan (e*x+d) ~2+2/a*tan (e*xx+d) ~2* (—4*xa*xc+b~2)~(1/2))~(1/2)/ (at+b*tan(
e*x+d) “2+cxtan(exx+d) ~4) ~(1/2)*E1llipticF (1/2*tan (e*x+d) *2~(1/2) * ((-b+(-4*a

*c+b~2)~(1/2))/a) " (1/2) ,1/2*% (—4+2xb* (b+(-4*axc+b~2) ~(1/2)) /a/c)~(1/2))*. ..

Fricas [F(-1)]

Timed out.

/tan2 (d+ ew)\/a + btan?(d + ex) + ctan*(d + ex) dr = Timed out

‘integrate(tan(e*x+d)‘2*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith
Lm="fricas“)

*\1
J

p
Timed out

N
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Sympy [F]

/tanz(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

=/\/a+btan2 (d+ ex) + ctan* (d + ex) tan® (d + ex) dz

jnputLintegrate(tan(e*X+d)**2*(a+b*tan(e*X+d)**2+c*tan(e*x+d)**4)**(1/2),x)

t‘ Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)*x4)*tan(d + e*x)**2,

»

outpu

Maxima [F]

/tan2(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

:/\/ctam(eav—l—d)4+btabn(ex—l-d)z+atabn(eac-|—d)2 dz

input ‘ integrate (tan(e*x+d) “2+* (a+b*tan (e*x+d) ~2+c*tan(e*x+d)~4)~(1/2),x, algorith
‘m=“maxima“)

output Lintegrate(sqrt(C*tan(e*x + d)~4 + bxtan(e*x + d)"2 + a)*tan(e*x + d)~2, x)

Giac [F]

/tan2(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(ex+d)4+btan(ew+d)2+atan(em—|—d)2 dx

¢ ‘ integrate(tan(e*x+d) ~2* (atb*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

inpu
‘m="giac")
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output Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)"2 + a)*tan(e*x + d)~2, x) J

Mupad [F(-1)]

Timed out.
/tanz(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
= /tan(d+ ex)’ \/ctan (d+ex) +btan (d +ex)’ +adz
input Lint (tan(d + exx)"2%(a + bxtan(d + e*x)~2 + cxtan(d + e*xx)~4)~(1/2),x) J
outputtint(tan(d + e*xx)"2%(a + bxtan(d + e*x)"2 + cxtan(d + exx)~4)~(1/2), x) J
Reduce [F|
/tan2(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx
= / \/tan(ex+d)4c+tan(ex+d)2b+a tan (ez + d)* dz
input Lint (tan(e*x+d) ~2* (a+b*tan (e*x+d) ~2+c*tan (exx+d) ~4) ~(1/2),x) J

output Lint(sqrt(tan(d + e*xx)*xd*c + tan(d + e*x)**2*b + a)*tan(d + e*x)**2,x) J




CHAPTER 3. LISTING OF INTEGRALS 294

3.31 [ \/a+btan®(d + ex) + ctan’(d + ex) dx

Optimal result . . . . . . . . . . . . . . e 294
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . ... . . . . . .o 296
Maple [B] (verified) . . . . . . . . . .. 3001
Fricas [F(-1)] . . . . . o e
Sympy [F] . . . o 302
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 26, antiderivative size = 660

/ \/a + btan?(d + ex) + ctan*(d + ex) dz
/—a —b ¥ carctan ( va—b+ctan(d+ex) >

Va+btan2(d+ex)+ctant(d+ex)
2e
Vctan(d + ex)+/a + btan?(d + ex) + ctan?(d + ex)

e (va+ y/ctan?(d + ex))
\/Etan(d—i—ex) _ a+btan?(d+ex)+ctan(d+ex)
\/_\/_E <2 arctan (—\/E |3 <2 —) (vVa+ y/ctan®(d + ex)) Vot et (den))’?
ev/a+ btan?(d + ex) + ctan*(d + ex)

4 . L %tan(d-ﬁ-ex) . a+btan?(d+e
v/a(b — 2¢) EllipticF (2arctan (—% (2 —) (vVa+ y/ctan®(d + ex)) et

2 (v/a — \/c) V/cey/a + btan?(d + ex) + ctan’(d + ex)

(vVa+ /) (a — b+ c) EllipticPi (— (‘f/_aﬁyﬂarctan (%) ( )> (Va+ /ctar

4+/a (v/a — \/c) V/cer/a + btan?(d + ex) + ctan’(d + ex)

_|_

+
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1/2*(a-b+c) ~(1/2) *arctan((a-b+c) ~(1/2) *tan(e*x+d) / (at+tb*tan (exx+d) “2+c*tan(
exx+d) "4)~(1/2))/e+c”(1/2) ¥tan(e*x+d) * (a+b*tan (exx+d) ~2+c*tan (e*x+d) ~4) ~ (1
/2)/e/(a~(1/2)+c~(1/2) #tan(e*x+d) "2)-a~(1/4) *c~(1/4)*E1llipticE(sin(2*arcta
n(c~(1/4)*tan(e*x+d)/a~(1/4))),1/2*x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c
~(1/2)*tan(e*xx+d) ~2) * ((a+b*tan (exx+d) “2+c*tan(e*xx+d) ~4) /(a~ (1/2)+c~(1/2) *t
an(e*x+d)~2)~2)~(1/2) /e/ (a+b*tan(e*x+d) “2+c*tan(exx+d) ~4) ~(1/2)+1/2*a~(1/4
)*(b-2*c) *InverseJacobiAM(2*arctan(c™(1/4) *tan(e*x+d)/a~(1/4)),1/2*%(2-b/a"
(1/2)/c=(1/2))~(1/2))*(a~ (1/2)+c~ (1/2) ¥tan(exx+d) “2) * ((a+b*tan (e*x+d) ~2+c*
tan(exx+d) ~4)/(a~(1/2)+c” (1/2) *tan(exx+d) ~2)"2)~(1/2)/(a~(1/2)-c~(1/2)) /c~
(1/4) /e/ (atbxtan(exx+d) “2+c*tan(exx+d) ~4) ~(1/2)+1/4x(a~(1/2)+c~(1/2))*(a-b
+c)*EllipticPi(sin(2*arctan(c”(1/4)*tan(e*x+d)/a~(1/4))),-1/4*(a"~(1/2)-c"(
1/2))72/a~(1/2)/c~(1/2) ,1/2%(2-b/a~(1/2) /c~(1/2))~(1/2))*(a~(1/2)+c~ (1/2) *
tan(e*x+d) ~2) * ((a+b*tan (exx+d) “2+c*tan(e*x+d)~4)/(a~(1/2)+c~ (1/2) ¥tan (e*x+
d)"2)"2)"(1/2)/a~(1/4)/(a~(1/2)-c~(1/2)) /c~(1/4) /e/ (a+b*tan (e*x+d) "2+c*tan
(exx+d)~4)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 11.37 (sec) , antiderivative size = 428, normalized size of antiderivative = 0.65

/ \/a + btan®(d + ex) + ctan*(d + ex) dz

z'<(—b + Vb —dac) E <z’arcsinh (\/§ Yy tan(d + ex)) I;J_’\/—i Vg:igg — (b—2c+ V% — dac) El

inputLIn.tegrate[Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J
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((T/2)*((-b + Sqrt[b~2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + S
qrt[b”"2 - 4xa*c])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4xaxc])] - (b - 2xc + Sqrt[b™2 - 4*a*c])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[
c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xa*c])/(b - Sqr
t[b~2 - 4xaxc])] - 2*x(a - b + c)*EllipticPi[(b + Sqrt[b~2 - 4xaxc])/(2*c),
I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*Tanl[d + exx]], (b + Sqr
t[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*xaxc])])*Sqrt[(b + Sqrt[b~2 - 4*a*xc] + 2*
c¥Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4*a*c])]*Sqrt[1 - (2*c*Tan[d + e*x]~2)/(
-b + Sqrt[b~2 - 4*axc])])/(Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*e*Sqrt[
a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4])

output

Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 694, normalized size of antiderivative = 1.05,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 0.385, Rules
integrand size

used = {3042, 4853, 1523, 25, 27, 1511, 27, 1416, 1509, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/a + btan?(d + ex) + ctan*(d + ex) dz
l_3042
/ V/a+ btan(d + ex)? + ctan(d + ex)idz
l 4853
\/ctant(d+ex)+btan2(d+ex)+a
i tanZ(dten) 11 dtan(d + ex)
e
l 1523
_e ctanz(d+ez)+b—c—\/a\/5
b \/Etanz(d+ex)+\/5 d d _ (1 \/E)
(a +C) f \/E(tanQ(d+em)+1) \/ctan4(d+ea:)+btanz(d+ea:)+a tan( +ex) f \/ctan4(d+em)+btan2(d+ez)+a dtan(d+€$)
— - —a
Va Va

e

l 25
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Ve 2
2 1- tan®(d+ex)+b—c—+/ay/c
(a—b+c) [ Vctan?(d+ex)++/a dtan(d+ex) [ ( ﬁ)c o - Ve Cdtan(d-i—ew)
\/E(tanz(d+em)+l) \/ctan4(d+ea:)+btanz(d+ea:)+a \/ctan4(d+ew)+btan2(d+ew)+a
1-< + 1— Ve
Va Va
e
| 27
tan2(d <l—ﬁ)ctan2(d+e:v)+b—c—\/5\/5
(a=b+c) [ Vetan®(dier)tya dtan(d+ex) f Vo dtan(d+ex)
(tanz(d+ew)+1) \/c tan4 (d+ex)+btan2 (d+ex)+a + \/c tan4 (d+ex)+btan2 (d+ex)+a
(%) =
e
| 1511
2
b—2 1 dtan(d+ez)— - Va—y/ctan®(dtez) dtan(d+ (a=b+c) [ ——
( C)f \/ctan4(d+ez)+btan2(d+ez)+a Il( 6-’5) ﬁ(\[ \/E) f \/E\/ctan4(d+ez)+btan2(d+ew)+a n( em) + f (tanz(d+ez)+1
Ve
e
| 27
VEEVE) S fa—/Sten’(en) _gian(aten)
ctan?(d+ez)+btan?(d+ex)+a \/ctan
b—2 1 dtan(d+ex)— a—btc) [ —— 2
( C)f \/ctan4(d+em)+btan2(d+ea:)+a an( el‘) Va + ( )f (tanz(d+ez)+l)\/;
1—% Ve
€
| 1416

(b—2¢) (Va+vectan?(d+ez))

4
a+btan?(d+tex)+c tan4(d;»ez) EllipticF | 2 arctan \/Etan(d-ﬁ-e:c)
(\/E+\/Etan2(d+ez)>

Ya ),%(2—¢£¢5)> VAV T

Va—/ctan? (d+
ctand (d+ex)+b tan2

2 %%\/a-Q—btan2(d+ez)+ctan4(d+ez) Va
v
Va
€
| 1509
(b—2c¢) (\/E-ﬁ-\/E tan? (d+ez)) a+btan?(d+ex)+ctant (d;»ez) EllipticF (2 arc
2 Va++/ctan2(d+ex)
(a—b+ec) [ vetan (d+ez)+va dtan(d+ex) ( =1 )
(tanQ(dJrem)Jrl) \/ctan4(d+ea:)+b tan2(d+ex)+a i 2 \/E \/E\/a+b tan2 (d+ex)+ctant (d+

va(i-%)
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| 2220
Ja=BTe tan(d-ex) 2 atbtan?(d+ea) +etand (d+ea) gy . o [ _ (Va—ve)?
Va—+/c) arctan (Va++/c) (Va++/ctan®(d+ex) EllipticPi -7
(a—b+c) (va ¢) arcta <\/a+btan2(d+ez)+ctan4(d+ez)> ( ) (\/E+\/Etan2(d+ez))2 4ave
2va—bte 4 % %\/a+b tanz(d+ex)+c tan4(d+e:c)

va(-v)

input‘

Int[Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4],x]

output

N\

(((a - b + c)*(((Sqgrt[al] - Sqrtlc]l)*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/
Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]]1)/(2#Sqrtla - b + c]) + ((Sq
rt[a] + Sqrtlc])*EllipticPi[-1/4*(Sqrt[a]l - Sqrt[c]l)~2/(Sqrt[al*Sqrt(cl),

2xArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlc]l))/41*(Sq
rt[a] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + exx]~2 + c*Tan[d + e*x
174)/(Sart[a]l + Sqrtlcl*Tan[d + exx]~2)~2])/(4*a”~(1/4)*c~(1/4)*Sqrt[a + b*
Tan[d + exx]~2 + c*Tan[d + e*x]~4])))/(Sqrt[al*(1 - Sqrtlcl/Sqrt[al)) + ((
(b - 2*%c)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)]1, (2 - b/(Sqrt
[al*Sqrt[c]))/4]1*(Sqrt[a] + Sqrt[cl*Tan[d + exx]~2)*Sqrt[(a + bxTan[d + ex
x]72 + c*Tan[d + e*x]~4)/(Sqrtl[a] + Sqrt[cl*Tan[d + exx]~2)"2])/(2*a~(1/4)
*xc~(1/4)*Sqrt[a + b*Tan[d + e*x]”2 + cxTan[d + exx]~4]) - ((Sgrt[a] - Sqrt
[c])*Sqrt [c]*(-((Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]"4
1)/(Sqrt[al + Sqrtl[c]*Tan[d + e*x]~2)) + (a~(1/4)*EllipticE[2*ArcTan[(c~(1
/4)*Tan[d + e*x])/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlc]l))/41*(Sqrtl[a]l + Sqrtlc
1*Tan[d + e*x]"2)*Sqrt[(a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4)/(Sqrt[al

+ Sqrt[c]*Tan[d + exx]~2)72])/(c”(1/4)*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d
+ e*x]74])))/Sqrt[al)/(1 - Sqrtlcl/Sqrt[al))/e

Defintions of rubi rules used

rule 25 L

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

e

L

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N

J




CHAPTER 3. LISTING OF INTEGRALS 299

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + cxx~4)/(ax(1 + q~2%x"2)"2)]1/
(2%q*Sqrt[a + b*x"2 + c*x74]))*EllipticF[2xArcTan[q*x], 1/2 - bx(q~2/(4*c))
1, x]1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/al

rule 1416

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrt[a + b*x"2 + c*x~4]/(a*x(1 + q
~2%x72))), x] + Simp[d*(1 + q72*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*(1 + q~2*
x72)72)1/(g*Sqrt[a + b*x~2 + c*x"4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + dxq~2, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[c/al

rule 1509

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Simp[(e + d*q)/q Int[1/Sqrt[a + b*x~2 + c*x~
4], x], x] - Simple/q Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx~4], x], x] /;
NeQ[e + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*c, 0] && Pos
QLc/al

rule 1511

Int[Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"41/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> With[{q = Rtlc/a, 21}, Simp[(c*d~2 - bxd*e + axe~2)/(ex(e - dxq)) I
nt[(1 + g*x72)/((d + e*x"2)*Sqrt[a + b*x"2 + c*xx~4]), x], x] - Simp[1/(ex(e

- d*q)) Int[(cxd - bkxe + akexq - (cxe - a*dxq~3)*x"2)/Sqrt[a + b*x"2 + ¢
*x~4], x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c
*d"2 - bxd*e + a*xe”2, 0] && NeQ[c*d"2 - a*xe”2, 0] && PosQ[c/al

rule 1523

rule 2220 Int[(CA_) + (B_.)*(x_)"2)/(((d.)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 21}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x~4])]/(2*d*e*Rt [
-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(B*d + A*xe)*(1 + q~2*x~2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q72%x72)"2)]/(4*d*e*q*Sqrt[a + b*x~2 + c*x~4]))*El
lipticPi[-(e - d*q~2)"2/(4*d*e*xq~2), 2*ArcTan[q*x], 1/2 - b/(4*a*q~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + c*(d/e) + ax(e/d)]
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2#*x
~2), Tan[vl/d, u, x], x], x, Tan[vl/dl]l, x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

rule 4853

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1496 vs. 2(548) = 1096.

Time = 0.55 (sec) , antiderivative size = 1497, normalized size of antiderivative = 2.27

method result size
derivativedivides | Expression too large to display | 1497

default Expression too large to display | 1497

input Lint ((atb¥tan(exx+d) “2+c¥tan(e*x+d)~4)~(1/2) ,x,method=_RETURNVERBOSE) J




output

input

output
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1/ex(1/4%27(1/2) / (-1/axb+1/a* (-4*axc+b~2) ~(1/2)) ~(1/2) * (4+2/a*b*tan (e*x+d)
~2-2/a*tan(e*x+d) “2* (-4*a*xc+b~2) ~(1/2))~(1/2) * (4+2/a*b*tan (exx+d) ~2+2/a*ta
n(exx+d) 2% (-4*a*c+b~2)~(1/2))~(1/2) / (a+b*tan (e*x+d) "2+c*tan (exx+d) ~4) ~(1/
2)*EllipticF (1/2*tan(e*x+d)*2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2),1/2*
(-4+2%b* (b+ (-4*a*xc+b~2)~(1/2))/a/c) ~(1/2))*b-1/4x2~(1/2) / (-1/a*b+1/a*x (-4*a
*c+b~2) " (1/2)) " (1/2) ¥ (4+2/a*bxtan (exx+d) “2-2/a*tan (e*x+d) ~2* (—4*a*xc+b~2) ~ (
1/2))7(1/2) * (4+2/a*b*tan (exx+d) “2+2/a*tan (e*xx+d) ~2* (-4*a*xc+b~2)~(1/2))~(1/
2) / (a+bxtan (e*x+d) ~2+cxtan(e*x+d) ~4) ~(1/2)*EllipticF (1/2*tan(exx+d)*2~ (1/2
)* ((-b+(-4*xaxc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*axc+b~2)~(1/2))/a/c
)7 (1/2) ) kc-1/2%c*ax2~(1/2) / (-1/a*b+1/ax (—4*axc+b~2) ~(1/2) ) ~(1/2) * (4+2/a*b*
tan (e*xx+d) “2-2/a*tan (exx+d) ~2% (-4*a*xc+b~2) ~(1/2) )~ (1/2) * (4+2/a*b*tan (e*x+d
) "2+2/a*tan (exx+d) “2* (-4*axc+b~2) ~(1/2)) "~ (1/2)/ (atb*tan(e*x+d) “2+c*tan(e*x
+d)~4)~(1/2) / (b+(—4*a*c+b~2)~(1/2) ) *EllipticF (1/2*tan(e*x+d) *2~ (1/2) * ((-b+
(-4xa*xc+b~2)"(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2)
)+1/2*xc*xa*x2”(1/2) / (-1/a*b+1/a*x (-4d*axc+b~2) ~(1/2)) "~ (1/2) * (4+2/a*xbxtan (e*x+d
) "2-2/a*xtan (e*x+d) “2* (—4*axc+b~2) " (1/2)) " (1/2) * (4+2/a*xb*tan (exx+d) ~2+2/a*t
an (exx+d) ~2* (—4*a*xc+b~2) " (1/2)) " (1/2) / (a+b*tan (exx+d) “2+c*tan (e*xx+d) ~4) ~ (1
/2) / (b+(-4xaxc+b~2)~(1/2) ) *E11lipticE(1/2*tan (e*x+d)*2~ (1/2) * ((~b+(-4*a*c+b
~2)7(1/2))/a) " (1/2) ,1/2x (—4+2xb* (b+(-4*a*xc+b~2) ~(1/2)) /a/c)~(1/2))+a*x2~(1/

2)/(-1/a*b+1/a*x(-4*axc+b~2)~(1/2))~(1/2) *(1+1/2/axb*tan (exx+d) "2-1/2/a*. ..

Fricas [F(-1)]

Timed out.

/ \/a + btan?(d + ex) + ctan*(d + ex) dz = Timed out

~

Lintegrate((a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorithm="fricas")

p
LTimed out

~—
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Sympy [F]
/ \/a + btan®(d + ex) + ctan*(d + ex) dz
= / \/a + btan? (d + ex) + ctan (d + ex) dz
input Lintegrate ((a+b*tan (e*x+d) **2+cxtan (exx+d) **4) ** (1/2) ,x)

output LIntegral(sqrt(a + bxtan(d + e*x)**2 + cxtan(d + e*x)**4), x)

Maxima [F]

/ \/a + btan?(d + ex) + ctan*(d + ex) dx

= / \/ctan (ex + d)4 + btan (ex + d)2 + adx

input Lintegrate ((at+bxtan(e*x+d) “2+c*tan(e*x+d) ~4)~(1/2),x, algorithm="maxima")

output Lintegrate(sqrt(C*tan(e*x + d)~4 + bxtan(e*x + d)"2 + a), x)

Giac [F]

/ \/a + btan?(d + ex) + ctan*(d + ex) dx

= / \/ctan (ez + d)* + btan (ex + d)* + adz

input Lintegrate ((atb*tan(e*x+d) “2+cxtan(exx+d)~4)~(1/2) ,x, algorithm="giac")

output 1RteETate(sart(cxtan(exx + d)74 + brtan(exx + d)72 + ), 1)
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Mupad [F(-1)]

Timed out.
/\/a+btan2(d+ez) + ctan*(d + ex) dz
=/\/ctan(d—|-ex)4+btan(d+em)2+adx
inputtint((a + bxtan(d + e*x)"2 + cxtan(d + exx)~4)~(1/2),x)

outpudint“a + brtan(d + e*x)"2 + c*tan(d + e*x)~4)~(1/2), x)

Reduce [F]

/ \/a + btan?(d + ex) + ctan*(d + ex) dz

:/\/tan(ew+d)4c+tan(ez+d)2b+adx

input Llnt ( (a+b*tan (e*x+d) ~2+c*tan (e*x+d) “4) -~ (1/2) , X)

output Lint(sqrt(tan(d + exx)**kdxc + tan(d + e*x)**2xb + a),x)
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3.32 [ cot?(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) d

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . . .
Maple [F] . . . . 311
Fricas [F(-1)] . . . . . o e B11]
Sympy [F] . . . o 312
Maxima [F] . . . . . .
Giac [F] . . . o o 313l
Mupad [F(-1)] . . . . o 313
Reduce [F] . . . . o e 313

Optimal result

Integrand size = 35, antiderivative size = 699

/cotQ(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
/—a —b ¥ carctan < va—b+ctan(d+ex) )

Va+btan2(d+ex)+ctant(d+ex)
2e
_ cot(d + ex) va+ btan?(d + ex) + ctan*(d + ex)
e
\/_tan (d + ex)\/a + btan?(d + ex) + ctan*(d + ex)

e (va+ y/ctan?(d + ex))
\/Etan(d—i—ex) _ a+btan?(d+ex)+ctant(d+ex)
\/_\/_E <2 arctan (—\/E |3 <2 —) (Va+ y/ctan®(d + ex)) (Vatvetan(dhen))’?
ev/a+ btan?(d + ex) + ctan*(d + ex)
(2a — b)+v/cEllipticF (2 arctan (M> (2 - —)) (vVa+ y/ctan®(d + ex)) athtan® (d+

Va (Vatve
2v/a (v/a — \/c) ey/a+ btan?(d + ex) + ctan*(d + ex)

(va+ /) (a — b+ c) EllipticPi (— (\f/_aé) , 2arctan (%) , ;11(2 — ﬁ)) (vVa+ /ctar
4+/a (v/a — \/c) V/cer/a + btan?(d + ex) + ctan*(d + ex)

_|_




output
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_1/2%(a-b+c) ~ (1/2)*arctan( (a-b+c)~ (1/2) xtan (exx+d) / (a+brtan (ex+d) ~2+cktan

(exx+d)~4)~(1/2)) /e-cot (e*x+d) * (a+b*tan (exx+d) ~2+c*tan(e*x+d) ~4) ~(1/2) /e+c
~(1/2)*tan (e*xx+d) * (a+b*tan (e*x+d) “2+cxtan(e*xx+d) ~4) ~(1/2) /e/(a~(1/2)+c~(1/
2)*tan(exx+d) ~2)-a~(1/4)*c~(1/4)*EllipticE(sin(2*arctan(c” (1/4) *tan(e*x+d)
/a~(1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2) ) *(a~(1/2)+c~ (1/2) *tan(e*x+d) ~2)
* ((atb*tan (e*x+d) “2+c*tan(e*x+d) ~4) /(a~(1/2)+c~(1/2) *tan(e*x+d) ~2) ~2) ~(1/2
)/e/ (a+b*tan (e*xx+d) “2+c*tan(e*x+d) ~4) ~(1/2)+1/2*(2*xa-b) *c~(1/4) *InverseJac
obiAM(2*arctan(c~(1/4)*tan(e*x+d)/a~(1/4)),1/2%(2-b/a~(1/2)/c~(1/2))~(1/2)
)*x(a~(1/2)+c”(1/2) *tan(e*x+d) ~2) * ((a+b*tan (e*x+d) "2+c*tan(e*x+d) ~4)/(a”~(1/
2)+c”(1/2)*tan(e*x+d) ~2)~2)~(1/2)/a~(1/4)/(a~(1/2)-c~(1/2)) /e/ (atb*tan (e*x
+d) "2+cxtan(e*x+d) "4) " (1/2)-1/4*(a~(1/2)+c~(1/2) ) *(a-b+c) *E11lipticPi(sin(2
xarctan(c~(1/4) *tan(e*x+d)/a~(1/4))) ,-1/4x(a~(1/2)-c~(1/2))"2/a~(1/2)/c~ (1
/2),1/2%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) *tan (e*x+d) ~2) * ((a+b*
tan (e*x+d) "2+c*tan(exx+d) ~4)/(a”~ (1/2)+c~ (1/2) *tan(exx+d) ~2)~2) ~(1/2)/a~(1/
4)/(a~(1/2)-c~(1/2))/c~(1/4) /e/ (a+b*tan (e*x+d) ~2+c*tan (exx+d) ~4) ~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 17.80 (sec) , antiderivative size = 1258, normalized size of antiderivative = 1.80

/ cot?(d + ex) \/ a+ btan®(d + ex) + ctan*(d + ex) dz = Too large to display

p
input‘Integrate[Cot[d + exx]"2#Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4],x]
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(Sqrt[(3*a + b + 3xc + 4*xaxCos[2*(d + exx)] - 4xcxCos[2*x(d + exx)] + axCos
[4+x(d + exx)] - bxCos[4*(d + e*x)] + c*Cos[4*(d + e*xx)])/(3 + 4*Cos[2x(d +
e*x)] + Cos[4*(d + exx)])]*(-Cot[d + e*x] + Sin[2*(d + e*x)]1/2))/e + (I*S
qrt[2]*(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + S
qrt[b”™2 - 4xa*c])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a*c])]*Tan
[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4x*axc])])*(1 + Tanl[d +
e*xx] "2)*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*xc*Tan[d + e*x]~2)/(b + Sqrt[b~2 -
4xaxc])]*Sqrt[1 + (2+c*Tan[d + exx]~2)/(b - Sqrt[b™2 - 4xaxc])] - (2xI)*S
qrt [2] *c*EllipticF [I*ArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4*a*c])]*Tan[d
+ exx]], (b + Sqrt[b~2 - 4xa*c])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[d + ex
x]~2)*Sqrt[(b + Sqrt[b~2 - 4*a*c] + 2*c*Tan[d + exx]~2)/(b + Sqrt[b~2 - 4x
axc])I*Sqrt[1 + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4*axc])] + (2xI)*Sqrt
[2] *a*E1lipticPi[(b + Sqrt[b~2 - 4xa*c])/(2*c), I*ArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b”™2 - 4xa*c])/(b - Sart[b
=2 - 4xaxc])]*(1 + Tan[d + e*x]~2)*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*Tan[d
+ exx]"2)/(b + Sqrt[b~2 - 4xa*c])]*Sqrt[1l + (2*cxTan[d + exx]~2)/(b - Sqr
t[b™2 - 4xaxc])] - (2*I)*Sqrt[2]*bxEllipticPil[(b + Sqrt[b~2 - 4*a*c])/(2*c
), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + S
qrt[b~2 - 4*a*c])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[d + e*x]~2)*Sqrt[(b...

output

Rubi [A] (verified)

Time = 1.03 (sec) , antiderivative size = 724, normalized size of antiderivative = 1.04,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 0.343, Rules
integrand size

used = {3042, 4183, 1634, 27, 1604, 25, 27, 1511, 27, 1416, 1509, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot2(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

l_3042

/ va+btan(d + ex)? + ctan(d + ex)4d
tan(d + ex)? v

l 4183
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f cot?(d+ex)+/ctan?(d+ex)+btan(d+ex)+a
tan?(d+ez)+1

e
l 1634

dtan(d + ex)

cot2(d+ea:) ( (va++/¢c) (a++/cv/a—b) ﬁtan2(d+ez)+a(a—c)) (Va++/c) (\/Etanz (d+ez)+\/E)
\/c tan4(d+em)+b tan2 (d+ez)+a (tan2 (d+ez)+1) \/c tan4 (d+ex)+b tanz(d+ez)+a
a—c a—c

l 27

dtan(d+ex)

J

dtan(d+ex) (a=b+e) [

cot2(d+ex) ( (va++/c) (a++/c/a—b) \/Etanz(d+ez)+a(a—c))

\/Etan2(d+ex)+\/a |
dtan(d a++/c)(a—b+c dt
f \/Ctan4(d+ez)+btan2(d+ew)+a an( +e$) (\[ f)( )f (tanz(d+ex)+1) \/ctan4(d+ez)+btanz(d+ez)+a
a—c - a—c
e
| 1604
a Cc a—c Cc an2 exr a Cc a cy/a—
. ve((a—c)vet : (d+ )+(f2+f)( +veva b))dtan(dm)
- \/Ctan <d+ez)+bw: (@teo)te —<(a—c) cot(d-i—ex)\/a+btan2(d+ex)+ctan4(d+ex)) (Va+ve)(a—b+e).
a—c -
e
l 25
a c a—c Cc an2 exr a Cc a C —_
f \f(( et (@t )+(f+f)( +veve b)> dtan(d+ex)

(Vatva) (a—bie) [ —

\/c tand (d+ex)+b tan2 (d+ezx)+a

- —(a—c) cot(d+ex)+/a+btan2(d+ex)+ctan?(d+ex) (tan
a—c B
e
| 27
2
Ve f (a—c)v/etan”(dtea)+(Vatve)(atvevab) dtan(d+ex)—(a—c) cot(d+ex)/a+btanZ(d+ex)+ctant(d+ex) (Va+v/c)(a—b+c) [
\/c tan4(d+ex)+btan2 (d+ez)+a (tanz(
a—c B
e
| 1511
2
2a—b) (va+ 1 dtan(d+ex)—v/a(a— va—etan (d+ez) dtan(d+ez) | —(a—c) cot(d+
\/E <( * )(\/E \/E) f \/c tan4(d+ex)+b tan2 (d+ex)+a an( €$) \/a(a C) f \/E\/c tan4(d+ex)+btan2 (d+ez)+a an( ex) (a C) «© ( €

a—cC

e

l 27
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\/Ef\/Etan2 (d+ez)

ﬁ@%wmﬁﬂ@f¢ s

ctan4(d+ex)+btan2(d+ez)+a

dtan(d+ez)—(a—c) [ 7 d tan(d—l—em)) —(a—c) cot(d+ex)\/a

ctan(d4ex)+btan2(d+ez)+a

a—cC

(2a-b) (Va+ve) (Va+vetan® (d+ea))

e

J'1416

4
a+b tan2(d+ez)+ctan4(d<2|—ez) EllipticF | 2 arctan \/Etan(d+em) 7% (2_ b )
(\/E+\/Etan2(d+e<v)) A vave

Ve

Va ~ame) | LY
2 % %\/a+btan2(d+ez)+c tan4(d+ez) ctan4(d+e:

(2a-b)(vVa+ve) (va+v/etan? (dtes) )

l 1509

Va(va+ve

4
a+btan2(d+ex)+ctand (d+ex) EllipticF (2 arctan < \/Etan(d+e:c) ) 7% (2_ \/75\/») >
a Cc

(\/E+ﬁtan2(d+ez))2 %

Ve —(a—c)
2 % 4\/2\/a+b tan2 (d+ex)+c tand (d+ex)
| 2220
2 a+btan2(d+ex)+ctand(d+ex) . %tan(d+ez) 1 b %
(2a—b) (v/a++/c) (\/E+\/Etan (d+ez)) 2 3 EllipticF | 2 arctan 1 ¥ (27 \/E\/E) (\/E+\ﬁ
\/E (\/E+\/Etan (d+ez)) \/a _(a_c)

2 % %/E\/cH-b tan2 (d+ex)+c tan4(d+ew)

-

input |

Int[Cot[d + e*x] 2xSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]
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(-(((Sqrt[a] + Sqrtlcl)*(a - b + c)*(((Sqgrt[a] - Sqrtlc]l)*ArcTan[(Sqrt[a -
b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]]1)/(24S
grtla - b + c]) + ((Sqrtla] + Sqrtlc])*EllipticPil[-1/4*(Sqrt[a] - Sqrtlcl)
~2/(Sqrt [a]l*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sq
rt[al*Sqrt[c]l))/4]1*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d +

exx] "2 + cxTan[d + e*x]~4)/(Sqrt[a]l + Sqrt[cl*Tan[d + exx]~2)~2])/(4*a~(1/
4)xc~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])))/(a - c)) + (-(
(a - c)*Cot[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) + Sqrt
[c]1*(((2*%a - b)*(Sqrtl[a]l + Sqrtlc])*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + ex*
x])/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/41*(Sqrtla] + Sqrtlc]*Tan[d + e*x]
~2)xSqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[al + Sqrt[c]l*Tan[
d + exx]~2)72])/(2*xa~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e
*x]"4]) - (a - c)*(-((Tan[d + exx]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e
*x]~4])/(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)) + (a~(1/4)*EllipticE[2*ArcTan[
(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrtl[cl))/4]1*(Sqrt[a]l + S
grt[c]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4)/(Sqr
t[a] + Sqrtlcl*Tan[d + exx]~2)"2])/(c~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*
Tan[d + exx]~"4]))))/(a - c))/e

output

Defintions of rubi rules used

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x~2)"2)]/
(2%g*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - bx(q~2/(4*c))
1, x]1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*a*c, 0] && PosQ[c/al

rule 1416
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rule 1509 TBtLC(A) + (e_)*(x)"2)/Sqrtl(a) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrt[a + b*x"2 + cxx~4]/(ax(1 + q
~2%x72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q 2%
x72)72)]1/(g*Sqrt[a + b*x"2 + c*x~4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[c/al

rule 1517 TRELCA) + (e_)*(x)"2)/Sqrtl(a ) + (b_.)*(x_)72 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Simp[(e + d*q)/q Int[1/Sqrtla + b*x"2 + c*x~
4], x], x] - Simple/q Int[(1 - g*x~2)/Sqrtla + b*x~2 + c*x~4], x1, x] /;
NeQl[e + dxq, 0]] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4x*a*c, 0] && Pos
Qlc/al

rule 1604 Tt LCE_D*(x )7 (m_)*((d) + (e_)*(x_)"2)*((a_) + (b_.)*(x_)72 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[d*(f*x)~(m + 1)*((a + b*x"2 + c*x"4)"(p + 1)
/(axfx(m + 1))), x] + Simp[1/(axf"2*x(m + 1)) Int[(f*x)"(m + 2)*(a + b*x"2

+ c*x74) “p*Simp[axex(m + 1) - b*d*(m + 2%xp + 3) - cxdx(m + 4%p + 5)*x"2, x
1, x1, x1 /; FreeQl[{a, b, c, d, e, £, p}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[
m, -1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[ml)

N\

rule 1634 Int[((x_)"(m_)*((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_))/((d.) + (e_.)*(x
_)"2), x_Symbol] :> Simp[(-(-d/e)”(m/2))*((c*d"2 - bxd*e + axe”2)"(p + 1/2)
/(e~(2xp)*(c*d~2 - a*e”2))) Int[(a*d*Rt[c/a, 2] + a*xe + (c*d + a*exRt[c/a
,» 21)*x72)/((d + exx™2)*Sqrt[a + b*x"2 + c*x74]), x], x] + Simp[(-d/e)~(m/2
)/ (e~ (2*%p)*(c*d~2 - a*e”2)) Int[(x"m/Sqrtla + b*x~2 + c*x~4])*ExpandToSum
[((e~(2*p)*(c*xd"2 - a*e”2)*(a + b*xx"2 + c*xx"4) " (p + 1/2))/(-d/e)”(m/2) + ((
axd*xRt [c/a, 2] + axe + (cxd + a*e*Rt[c/a, 2])*x"2)*(c*d"2 - bxd*e + axe™2)~
(p + 1/2))/x™m)/(d + e*x~2), x], x], x] /; FreeQl[{a, b, c, d, e}, x] && NeQ
[b°2 - 4*a*xc, 0] && IGtQ[p + 1/2, 0] && ILtQ[m/2, 0] && NeQ[cxd~2 - axe~2,
0] && PosQ[c/al




CHAPTER 3. LISTING OF INTEGRALS 311

rule 2220 Int[((AD) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol]l :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + c*x(d/e) + ax(e/d), 2])), x] + Simp[(B*d + Axe)*(1 + q~2*xx"2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q~2*x"2)"2)]/(4*d*e*qg*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183

Maple [F]

/cot (ex + d)? \/a + btan (ex + d)? + ctan (ex + d)*dz

-

inputLint(COt(e*X+d)A2*(a+b*tan(e*x+d)“2+c*tan(e*x+d)*4)‘(1/2),x)

-/

outputLint(COt(e*x+d)A2*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)‘(1/2),x)

Fricas [F(-1)]

Timed out.

/ cot®(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz = Timed out
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‘integrate(cot(e*x+d)”2*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)”(1/2),x, algorith

input
‘m="fricas")

outputkTimed out

Sympy [F]

/cotQ(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= / \/a+ btan? (d + ex) + ctan? (d + ex) cot® (d + ex) dx

inputtintegrate(COt(e*x+d)**2*(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

‘Integral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)*x4)*cot(d + e*x)**2,

output‘x)

Maxima [F]

/cotz(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

:/\/ctan(e:c+d)4+b1:an(ex-}—d)2-{-acot(ex-l—d)2 dx

input‘integrate(cot(e*x+d)“2*(a+b*tan(e*x+d)*2+c*tan(e*x+d)‘4)‘(1/2),x, algorith
‘m=“maxima“)

output

Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)~2 + a)*cot(e*x + d)~2, x) J
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Giac [F]

/cot2(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(eac+d)4+btan(eac—l—d)2—|—acot(eav+d)2 dz

input ‘ integrate (cot (e*x+d) “2+* (a+bxtan (e*x+d) “2+c*tan(e*x+d)~4)~(1/2),x, algorith
‘ m="giac")

output Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)~2 + a)*cot(e*x + d)~2, x)

Mupad [F(-1)]

Timed out.

/ cot?(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

= /cot(cl+eac)2 \/ctan(d+ex)4 +btan (d +ex)’ + adz

input tint(cot(d + exx)"2*(a + bktan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2),x)

output Lint(cot(d + exx) 2+(a + bxtan(d + exx)"2 + c*tan(d + e*x)~4)~(1/2), x)

Reduce [F|

/ cot?(d + ex) \/a + btan®(d + ex) + ctan?(d + ex) dz

=/\/tan(ex+d)4c—|—tan(ez+d)2b+acot(ex+d)2dx

tnput Lint (cot (exx+d) ~2* (a+bxtan (exx+d) “2+c*tan (exx+d) ~4) ~(1/2) ,x)
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output Lint(sqrt(tan(d + exx)xkdxc + tan(d + e*x)**x2*%b + a)*cot(d + exx)**2,x)
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3.33 [ cot*(d+ex)+/a + btan?(d + ex) + ctan*(d + ex) d

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . . . B17
Maple [F] . . . . 323
Fricas [F] . . . . . o o e 324
Sympy [F] . . . o 3241
Maxima [F] . . . . . . 324
Giac [F] . . . o o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . o e

Optimal result

Integrand size = 35, antiderivative size = 804

/cot4(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz
va — b+ carctan ( va—brctan(d+ez) >

Va+btan2(d+ex)+ctant(d+ex)
2e
(3a — b) cot(d + ex)\/a + btan?(d + ex) + ctan*(d + ex)
* 3ae
cot3(d + ex)+/a + btan?(d + ex) + ctan*(d + ex)
3e
(3a — b)y/ctan(d + ex)\/a + btan?(d + ex) + ctan*(d + ex)

3ae (v/a + y/ctan?(d + ex))
(3a — b)V/<E (2 arctan (—%tj\nfsm)) 3(2- —)) (Va+ yetan®(d + ez)) \/ sbten(dren) e ton
3a3/*ev/a + btan?(d + ex) + ctan*(d + ex)
(6a%/2 — /a(4b — 2c) — 2a+/c + by/c) v/cEllipticF (2 arctan (%) <2 — —)) (Va+
6a3/4 (v/a — \/c) ey/a + btan’(d + ex) + ctan’(d + ex)
(vVa+ /) (a — b+ c) EllipticPi ( (‘4[\[&) ,2arctan (%) ( )> (Va+ /ctar
4+/a (v/a — \/c) V/cer/a + btan?(d + ez) + ctan*(d + ex)

_|_

+
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1/2%(a-b+c) = (1/2) *arctan((a-b+c) ~(1/2) *tan (e*x+d) / (a+b*tan (e*x+d) ~2+c*tan(
exx+d) "4)~(1/2))/e+1/3*(3*a-b) *cot (e*x+d) * (a+b*tan (exx+d) “2+c*tan (exx+d) "4
)~ (1/2)/a/e-1/3*cot (e*xx+d) “3* (a+b*tan (e*x+d) "2+c*tan(exx+d) ~4)~(1/2)/e-1/3
* (3*a-b)*c”~(1/2) *tan (e*x+d) * (a+b*tan (exx+d) “2+c*tan(e*x+d) ~4)~(1/2)/a/e/(a
~(1/2)+c~(1/2) *tan(e*x+d) "2) +1/3* (3*%a-b) *c~(1/4) *E1llipticE(sin(2*arctan(c”
(1/4)*tan(exx+d)/a~(1/4))) ,1/2x(2-b/a~(1/2) /c~(1/2))~(1/2))*(a~(1/2)+c~(1/
2) *tan (e*x+d) ~2) * ((a+b*tan (e*x+d) “2+c*tan(e*x+d) ~4)/(a~(1/2)+c~(1/2)*tan(e
*x+d) ~2)"2) " (1/2) /a~(3/4) /e/ (a+bxtan (exx+d) “2+c*tan (e*x+d) ~4)~(1/2)-1/6*(6
*a~(3/2)-a~ (1/2) * (4*b-2xc) -2*a*c™ (1/2)+b*c~ (1/2) ) *c~ (1/4) *InverseJacobiAM(
2xarctan(c” (1/4)*xtan(e*x+d) /a~(1/4)),1/2*%(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(
1/2)+c”(1/2) *tan(exx+d) ~2) * ((a+b*tan (e*x+d) “2+c*tan (e*xx+d) ~4) /(a~(1/2)+c~(
1/2) *tan(exx+d) ~2)~2)~(1/2)/a~(3/4)/(a~(1/2)-c~(1/2)) /e/ (a+b*tan (e*x+d) ~2+
cxtan(exx+d)~4)~(1/2)+1/4*(a~(1/2)+c~(1/2)) *(a-b+c)*EllipticPi(sin(2*arcta
n(c~(1/4) #tan(e*xx+d)/a~(1/4))),-1/4*x(a~(1/2)-c~(1/2))"2/a~(1/2)/c~(1/2) ,1/
2% (2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) *tan (e*x+d) ~2) * ((a+b*tan (e*
x+d) “2+c*tan(e*x+d)~4)/(a”~(1/2)+c~ (1/2) *tan(e*x+d) ~2)~2)~(1/2)/a~(1/4)/(a~
(1/2)-c~(1/2))/c~(1/4) /e/ (atbxtan (e*x+d) “2+c*tan(exx+d) ~4)~(1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.49 (sec) , antiderivative size = 1590, normalized size of antiderivative = 1.98

/cot4(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz = Too large to display

input| Integrate[Cot[d + exx]~4xSqrt[a + bxTan[d + exx]"2 + cxTan[d + exx]"4],x]




output
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(Sqrt[(3*a + b + 3xc + 4*xaxCos[2*(d + exx)] - 4xcxCos[2*x(d + exx)] + axCos

[4+x(d + exx)] - bxCos[4*(d + e*x)] + c*Cos[4*(d + e*xx)])/(3 + 4*Cos[2x(d +
exx)] + Cos[4*(d + e*x)])]*(((4*a*xCos[d + exx] - b*Cos[d + e*x])*Csc[d +
exx])/(3*a) - (Cot[d + exx]*Csc[d + exx]"2)/3 - ((3*a - b)*Sin[2*(d + e*x)
1)/(6*xa))) /e + ((3*I)*Sqrt[2]*a*x(b - Sqrt[b~2 - 4xa*xc])*(EllipticE[I*ArcSi
nh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a*c])]*Tan[d + e*x]], (b + Sqrt[b~2 -
4xa*xc])/(b - Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b +
Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2
- 4xa*c])])*(1 + Tan[d + exx]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*cxTan[d +
exx]"2)/(b + Sqrt[b~2 - 4xa*c])]*Sqrt[1 + (2xc*Tan[d + e*x]~2)/(b - Sqrtl[
b2 - 4xaxc])] + I*Sqrt[2]*bx(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh
[Sqrt[2]*#Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4x
a*c])/(b - Sqrt[b”2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + S
qrt[b”™2 - 4xa*c])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4xa*xc])])*(1 + Tan[d + exx]~2)*Sqrt[(b + Sqrt[b~2 - 4xa*c] + 2*cxTan[d + e
*x]"2) /(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b~
2 - 4xaxc])] + (2*I)*Sqrt[2]*a*c*EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + S
art[b”2 - 4*a*c])]*Tan[d + e*x]], (b + Sqrt[b”™2 - 4xaxc])/(b - Sqrt[b~2 -
4xaxc])]*(1 + Tan[d + exx]~2)*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Tan[d + e*
x]72)/(b + Sqrt[b”2 - 4xaxc])]*Sqrt[1 + (2xc*Tanl[d + e*x]"2)/(b - Sqrtl[...

Rubi [A] (verified)

Time = 1.63 (sec) , antiderivative size = 906, normalized size of antiderivative = 1.13,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 0.457, Rules
integrand size

used = {3042, 4183, 1634, 25, 27, 2199, 1604, 27, 1604, 25, 27, 1511, 27, 1416, 1509,
2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/c0t4(d + ew)\/a + btan?(d + ex) + ctan*(d + ex) dx

l 3042

/ Va+ btan(d + ex)? + ctan(d + ex)*
dz
tan(d + ex)*

l 4183
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f cot*(d+ex)+/ctan?(d+ex)+btan?(d+ex)+a
tan?(d+ez)+1

e
l 1634

dtan(d + ex)

(Va++/c) (\/Etan2 (d+ez)+\/5) cot4(d+em) (— ((\/E+\/E) vec(a—b+c) tan4(d+ea:)) —(a—b)(a—c) tan? (d+e:
(tanz(d+ez)+1) \/c tan4 (d+ex)+b tan?2 (d+ex)+a \/c tand (d+ex)+b tan2 (d+ex)+a
a—c a—c

| 25

(a—b+c) [

dtan(d+ex) J

(va++/c) (\/Etanz (d+em)+\/5) cot? (d+ex) (7 ((\/E+ Ve)Ve(a—b+-c) tan (d+ez)) —(a—b)(a—c) tan? (d+ex)

a—b+c dtan(d+ex
( )f (tanQ(d+ew)+1) \/ctan4(d+ez)+b tan2(d+ez)+a ( ) + f \/C tan4 (d+ez)+btan2(d+ex)+a
a—cC a—cC
e
| 27
(Vatve)(a—bte) | Vet (den)+ /o dtan(@ren) [ e (C((VaHVE) Vetabro antdren) —(ab)a=0)
(tan2 (d+ew)+1) \/c tan4(d+ez)+btan2(d+ex)+a \/c tan4 (d+ex)+btan?(d+ex)+a
a—cC + a—cC
e
| 2199
coth (dpea) <a(ﬁ+¢6) (a+yEva—3b+2c)  (Vatve) (vead/2—(2bte)a—byeva+b(2b—c)) tanz(d+ez))
Ve Ve _ 3
I dtan(ddez) s (VEHVA(e-bre ool @hen) \\5
\/c tan4(d+em)+b tan2(d+ex)+a
a—cC
(&
| 1604
a cot? (d+ex) ((\/E+\/E) Ve (3a++/cy/a—3b+2c) tan2(d+ew)+(3
2
(\/E-i-\ﬁ) (a—b+c) f Vetan®(dtez)+va dtan(d+ez) \/c tan4(d+ez)+btan2(d+ez)+a
(tan2 (d+em)+1) \/c tan4(d+ea:)+b tan2(d+ea:)+a - 3a
a—c +
| 27
(\/E+\/E) (a—b+c) f ﬁtan2(d+ez)+\/6 dtan(d+ex) 1 f cotz(d+em)((ﬁ+\/5) Ve (3a++/cv/a—3b+2c) tan? (d+ex)+(
(tan2 (d+em)+1) \/c tan4(d+ex)+btan2(d+ex)+a + 3 \/c tan(d+ex)+btan2 (d+ez)+a
a—c

l 1604
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I ve((3a—b)(a—c)v/etan? (d+ez)+a(vatve) (3a+veya—3
1 \/c tand (d+ex)+b tan2 (d+ezx)+a

(Va+v/c)(a—b+c) [ yetan® (dtea)+/a dtan(d+ex) : ¢
(tan2 (d+em)+l) \/c tan4(d+ea:)+b tanz(d+em)+a +

a—c
l 25

1| (8a—b)(a—c) cot(d+ex) \/a+b tan2(d+ex)+ctand (d+ex)

(Va++/c) (a—b+c) [ vetan?(dten)tyva dtan(d+ex) ’ ¢
(tan2 (d+em)+1) \/c tand (d+ex)+b tan2 (d+ex)+a

a—c +
| 27
Ve
9 1 (8a—b)(a—c) cot(d+ex) \/a+b tan2 (d+ex)+ctand(d+ex) .
+ —bt Vctan®(d+ex)++/a dt d+ 3 a
(\/a ﬁ) (a C) f (tan2 (d+em)+l) \/c tand (d+ex)+b tan2 (d+ex)+a an( 6-’17)
a—c +
| 1511
Ve ﬁ(4a3/2ﬁ+6a2—ﬁﬁ(sb—zc)—4ab+bc) I 1 dtan(dtex
1| (Ba=b)(a—c) cot(d+ex)\/a+b tan2 (d+ex)+ctan (d+ex) \/c tan4(d+ez)+btan2(d+ex)+a
3 a - a
| 27
Ve ﬁ(4a3/2ﬁ+6a2—ﬁﬁ(sb—zc)—4ab+bc) I 1 dtan(dtex
1| (Ba=b)(a—c) cot(d+ex)\/a+b tan2(d+ex)+ctan (d+ex) \/c tan4(d+ez)+btan2(d+ex)+a
3 a - a

l 1416
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%(4a3/2 Ve+6a? —y/ay/e(3b—2c) —dabtbe) (Va+ e tan? (dtex)) | 2Hotantldten) ot tan? (dtex)tot
/e (\/5+\/Etan2 (d-
2 %\/a-kb tan2 (d+ex)+c tan4
1| (Ba—b)(a—c) cot(d+ex) \/a+b tan2(d+ex)+ctan (d+ex)
3 a -
| 1509
Ve
1| (Ba—b)(a—c) cot(d+ex) \/aer tan2(d+ex)+ctand (d+ex)
3 a T
2
+ —bt Vctan®(d+ex)++/a dt d+
(\/E \/E) (a C) f (tan2 (d+em)+1) \/c tan4(d+ea:)+b tanz(d+em)+a an( 6’-’17)
a—c +
| 2220
- 2 % n exr \
e st ) e (MR e (V) 4 gt)
(Vatve)(a=b+o) N ez

4 % %\/c tan4(d+ez)+b tan?

e

input LInt [Cot[d + e*x] 4*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + e*x]~4],x]

|
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(((Sqrtl[a] + Sqrtlcl)*(a - b + c)*(((Sqrt[a]l - Sqrtlc])*ArcTan[(Sqrt[a - b
+ c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4]])/(2*Sqr
tla - b + c]) + ((Sqrt[a] + Sqrt[c])*EllipticPi[-1/4*(Sqrt[a]l - Sqrt([c])~2
/(8qrt[al*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqgrt
[al*Sqrt[c]))/41*(Sqrt[al + Sqrt[c]l*Tan[d + exx]~2)*Sqrt[(a + bxTan[d + e*
x]72 + c*Tan[d + e*x]~4)/(Sqrt[al + Sqrtl[cl*Tan[d + e*x]~2)"2])/(4*a”~(1/4)
*c~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]1741)))/(a - c) + (((8qr
t[a]l + Sqrtlcl)*(a - b + c)*Cot[d + e*x]"3*Sqrt[a + bxTan[d + e*x]"2 + c*T
an[d + e*x]~4])/Sqrt[c] - ((Sqrtl[a]l + Sqrtlcl)*(3%a - 3*b + Sqrt[al*Sqrtl[c
1 + 2xc)*Cot[d + exx]~3*Sqrtl[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4])/(3*
Sqrtlc]l) + (((3*a - b)*(a - c)*Cot[d + exx]*Sqrt[a + b*Tan[d + e*x]"2 + c*
Tan[d + exx]"4])/a - (Sqrtlcl*((a~(1/4)*(6%¥a"2 - 4xa*b + 4xa~(3/2)*Sqrt[c]
- Sqrt[al*(3*b - 2*c)*Sqrtlc] + b*c)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d +
exx])/a~(1/4)], (2 - b/(Sqrtl[al*Sqrtlc]l))/4]1*(Sqrt[a]l + Sqrtlc]*Tan[d + e*
x]1"2)*Sqrt[(a + b*Tan[d + exx]"2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[c]*Ta
nld + exx]~2)"2])/(2%c~(1/4)*Sqrt[a + bxTan[d + e*x]~2 + cxTan[d + exx]~4]
) - (3*a - b)*(a - c)*(-((Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d
+ exx]~4])/(Sqrt[a] + Sqrtl[cl*Tan[d + exx]"2)) + (a~(1/4)*EllipticE[2*Arc
Tan[(c™(1/4)*Tan[d + e*x])/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlcl))/4]1*(Sqrt[al
+ Sqrt[c]*Tan[d + exx]~2)*Sqrt[(a + bxTan[d + e*x]"2 + c*Tan[d + exx]~...

output

Defintions of rubi rules used

e

rule zs{lnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q 2*x"2)*(Sqrtl[(a + b*x~2 + c*x~4)/(ax(1 + q~2%x~2)"2)]1/
(2%q*Sqrt[a + b*x"2 + c*x74]))*EllipticF[2xArcTan[q*x], 1/2 - bx(q~2/(4*c))
1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/al

rule 1416
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rule 1509 TBtLC(A) + (e_)*(x)"2)/Sqrtl(a) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrt[a + b*x"2 + cxx~4]/(ax(1 + q
~2%x72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q 2%
x72)72)]1/(g*Sqrt[a + b*x"2 + c*x~4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[c/al

rule 1517 TRELCA) + (e_)*(x)"2)/Sqrtl(a ) + (b_.)*(x_)72 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Simp[(e + d*q)/q Int[1/Sqrtla + b*x"2 + c*x~
4], x], x] - Simple/q Int[(1 - g*x~2)/Sqrtla + b*x~2 + c*x~4], x1, x] /;
NeQl[e + dxq, 0]] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4x*a*c, 0] && Pos
Qlc/al

rule 1604 Tt LCE_D*(x )7 (m_)*((d) + (e_)*(x_)"2)*((a_) + (b_.)*(x_)72 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[d*(f*x)~(m + 1)*((a + b*x"2 + c*x"4)"(p + 1)
/(axfx(m + 1))), x] + Simp[1/(axf"2*x(m + 1)) Int[(f*x)"(m + 2)*(a + b*x"2

+ c*x74) “p*Simp[axex(m + 1) - b*d*(m + 2%xp + 3) - cxdx(m + 4%p + 5)*x"2, x
1, x1, x1 /; FreeQl[{a, b, c, d, e, £, p}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[
m, -1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[ml)

N\

rule 1634 Int[((x_)"(m_)*((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_))/((d.) + (e_.)*(x
_)"2), x_Symbol] :> Simp[(-(-d/e)”(m/2))*((c*d"2 - bxd*e + axe”2)"(p + 1/2)
/(e~(2xp)*(c*d~2 - a*e”2))) Int[(a*d*Rt[c/a, 2] + a*xe + (c*d + a*exRt[c/a
,» 21)*x72)/((d + exx™2)*Sqrt[a + b*x"2 + c*x74]), x], x] + Simp[(-d/e)~(m/2
)/ (e~ (2*%p)*(c*d~2 - a*e”2)) Int[(x"m/Sqrtla + b*x~2 + c*x~4])*ExpandToSum
[((e~(2*p)*(c*xd"2 - a*e”2)*(a + b*xx"2 + c*xx"4) " (p + 1/2))/(-d/e)”(m/2) + ((
axd*xRt [c/a, 2] + axe + (cxd + a*e*Rt[c/a, 2])*x"2)*(c*d"2 - bxd*e + axe™2)~
(p + 1/2))/x™m)/(d + e*x~2), x], x], x] /; FreeQl[{a, b, c, d, e}, x] && NeQ
[b°2 - 4*a*xc, 0] && IGtQ[p + 1/2, 0] && ILtQ[m/2, 0] && NeQ[cxd~2 - axe~2,
0] && PosQ[c/al
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Int [(Px_)*((d_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_S
ymbol] :> With[{q = Expon[Px, x~2]}, Simp[Coeff [Px, x~2, ql*(d*x) (m + 2*q

- 3)*((a + b*x"2 + c*x"4)"(p + 1)/(c*d”(2*%q - 3)*(m + 4xp + 2xq + 1))), x]

+ Int[(d*x) “m*(a + b*x~2 + c*x~4) p*ExpandToSum[Px - Coeff[Px, x~2, ql*x~(2
*q) - Coeff[Px, x72, gql*((a*x(m + 2%xq - 3)*x~(2%(q - 2)) + b*(m + 2*%p + 2%q

- 1)*x~(2%x(q - 1)))/(c*(m + 4xp + 2%q + 1))), x], x] /; GtQlg, 1] && NeQ[m

+ 4%p + 2xq + 1, 0]] /; FreeQ[{a, b, ¢, d, m, p}, x] && PolyQ[Px, x"2] && N
eQ[b~2 - 4xaxc, 0]

rule 2199

Int[(CAL) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 21}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + c*x(d/e) + ax(e/d), 2])), x] + Simp[(B*d + Axe)*(1 + q~2*xx"2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q~2*%x"2)"2)]/(4*d*e*qg*Sqrt[a + b*x~2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + c*(d/e) + a*x(e/d)]

rule 2220

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4183 Int[tan[(d_.) + (e_)*(x_)]1"(m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x ) @_.) + (c_)*((f_)*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) m*x((a + b*x™n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4x*axc, O]
Maple [F]
/cot (ex +d)* \/a + btan (ex + d)* + ctan (ex + d)*dz
input[int(COt(e*X+d)A4*(a+b*tan(e*X+d)A2+C*tan(e*x+d)“4)‘(1/2),x)

~—

output Lint (cot (exx+d) ~4* (a+bxtan (exx+d) “2+c*tan (exx+d) ~4)~(1/2) ,x)




CHAPTER 3. LISTING OF INTEGRALS 324

Fricas [F]

/cot4(d + ex) \/a + btan®(d + ex) + ctan*(d + ex) dz

=/\/ctan(ex+d)4+btan(ex+d)2+acot(em+d)4 dz

‘integrate(cot(e*x+d)”4*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)”(1/2),x, algorith

input
‘m="fricas")

output kintegral(sqrt(c*tan(e*x + d)~4 + bxtan(exx + d)~2 + a)*cot(exx + d)~4, x)

J

Sympy [F]

/cot4(d + ex) \/a + btan®(d + ex) + ctan®(d + ex) dz

= / \/a-l— btan? (d + ex) + ctan? (d + ex) cot* (d + ex) dx

input Lintegrate (cot (exx+d) **4* (a+bxtan (exx+d) **2+c*ktan (exx+d) **4) *x (1/2) ,x)

Output‘Integral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)**4)*cot(d + e*x)**4,

»

Maxima [F]

/cot4(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

=/\/ctan(em—l—d)4—|—btan(em+d)2+acot(em—|—d)4 dx

input‘integrate(cot(e*x+d)A4*(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)*(1/2)’x, algorith
‘m="maxima")
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output

Lintegrate(sqrt(c*tan(e*x + d)~"4 + bxtan(e*x + d)72 + a)*cot(e*x + d)74, x) J

Giac [F]

/cot4(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

:/\/ctan(ex+d)4+btan(ex+d)2+acot(ex+d)4 dz

input ‘ integrate (cot (exx+d) “4* (a+b*tan (e*x+d) “2+c*tan(exx+d) ~4) ~(1/2) ,x, algorith
‘ m="giac")

output Lintegrate(sqrt(c*tan(e*x + d)"4 + bxtan(e*x + d)~2 + a)*cot(e*x + d)~4, x)

Mupad [F(-1)]

Timed out.

/ cot*(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dz

= /co‘c(d—l—ear:)4 \/ctan(d+ea:)4 +btan (d +ex)’ + adz

input Lint(cot(d + exx)~4x(a + bxtan(d + e*x)~2 + cxtan(d + e*x)~4)~(1/2),x)

OutputLin’c(cot(d + e*xx) "4%(a + bx*tan(d + e*x)~2 + cxtan(d + e*x)"4)~(1/2), x)
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Reduce [F]

/cot4(d + ex) \/a + btan?(d + ex) + ctan*(d + ex) dx

= /cot (ex +d)* \/tan (ex + d)* c + tan (ez + d)* b + adz

input Lint (cot (e*xx+d) ~4* (atbxtan (e*xx+d) ~2+c*tan(exx+d) ~4)~(1/2),x)

output Lint (cot (exx+d) ~4* (a+bxtan(e*x+d) “2+c*tan (exx+d) ~4)~(1/2) ,x)




output
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3.34 f tan5 (d"‘ex) dx
Va+btan?(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . .. 327
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... . ...,
Sympy [F] . . . o
Maxima [F(-1)] . . . . . . oo e 334
Giac [F] . . . o o e 1334
Mupad [F(-1)] . . . 334
Reduce [F] . . . . . o 3351

Optimal result

Integrand size = 35, antiderivative size = 182

tan’(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

2a—b+(b—2c) tan?(d+ex)
arctanh ( 2v/a—b+c+/a+btan?(d+ex)+ctan?(d+ex)

2va — b+ ce

(b+ 2c)arctanh< b+2c tan?(d-+ex)

2y/cy/a+btan?(d+ex)+ctant(d+ex)

)

4c3/2e
N va+btan?(d + ex) + ctan*(d + ex)
2ce

‘—1/2*arctanh(1/2*(2*a—b+(b—2*c)*tan(e*x+d)‘2)/(a—b+c)“(1/2)/(a+b*tan(e*X+d
) "2+cxtan(exx+d) "4) " (1/2))/ (a-b+c)~(1/2) /e-1/4% (b+2xc) *arctanh (1/2 (b+2xcx
tan(exx+d)"2)/c~(1/2)/ (a+btan (exx+d) “2+c¥tan(exx+d) ~4) " (1/2))/c™(3/2) /e+1

‘/2*(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)”(1/2)/c/e
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Mathematica [A] (verified)

Time = 1.85 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.95

tan®(d + ex)

dr =
/ va+btan?(d + ex) + ctan*(d + ex)
2arctanh 2a—b+(b—2¢) tan? (d+ez) (b+2c)arctanh b+2c tan2 (d+ex)
2\/m\/a+btan2(d+ez)+ctan4(d+ew) + Zﬁ\/a+btan2(d+ez)+ctan4(d+e:c) _ 2 a—i—btanz(d-l—ew)
Va—b+c 372 -

4e

input LIntegrate [Tan[d + e*x]"5/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

-1/4%((2*xArcTanh[(2*¥a - b + (b - 2xc)*Tan[d + e*x]~2)/(2xSqrt[a - b + cl*S
grt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]1)]1)/Sqrtl[a - b + c] + ((b + 2%
c)*ArcTanh[(b + 2xc*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx]~2 +
cxTan[d + e*x]74])]1)/c~(3/2) - (2xSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e
*x]74])/c)/e

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.99,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 9gg Ryyjes
integrand size

used = {3042, 4183, 1578, 1267, 27, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan®(d + ex)
Va+ btan?(d + ex) + ctan®(d + ex)

l 3042

dz

/ tan(d + ex) d
Va+ btan(d + ex)? + ctan(d + ex)*
| 4183

f tan® (d+ex)
(tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a

e

dtan(d + ex)
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l 1578
tan*(d+ex) 2
n
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2(d+ex)+a dta. (d + em)
2e
| 1267
f _ (b+2¢) tanz(d+em)+b dtan2 (d+ex)
2(tan2(d+ez)+1) /e tan® (d+e) +b tan? (d+ez) +a n /a+btan?(d+ex)+ctan (d+tex)
c c
2e
l 27
f (b+2¢) tan? (d+ex)+b dtan? (d—i—ex)
Vatbtan?(d+ez)tctani(dtex) = (tan?(d+ea)+1)y/ctand(d+ea)+btan? (d+er)+a
c 2c
2e
l 1269
(b+2¢) 1 dtan?(d+ex)—2c 1 C
\/a-l-b tan? (d+em)+ctan4(d+ez) _ f \/c tan4(d+ex)+btan2 (d+ez)+a f (tan2(d+ez)+1) \/ctan4(d+ez)+b tan2(d+ex)+a
c 2c
2e
| 1002
2
2(b+-2 1 d 2ctan”(d+ex)+b ) 1
\/a+b tan2 (d+em)+ctan4(d+em) . ( C) f 4c—tan4(d+em) \/ctan4(d+ea:)+b tan2 (d+ex)+a CI (tanz(d+em)+1) \/ctan4(d+ez)+b tanz(d+ez)
c 2c
2e
l 219
(v+20)arctanh bit2c tan? (d-+ez)
2\/5\/a+btan2(d+ez)+ctan4(d+ez) —2¢ 1
v/ a+btan?(d+ex)+ctant(d+ex) . Ve (tan2(d+ez)+1) \/c tan4(d+ex)+btan2 (d+ex)+a
c 2c
2e
l 1154
(+2c)arctanh ( bt2¢ tan® (d+ea)
4 1 d (b—2c¢) tanz(d+ew)+2a—b 2\/5\/a+b tan2 (d+ex)+ctant(
Cf 4(a—b+c)—tan? (d+ex) Ve
\/a—i—b tan? (d—i—ew)—l—c tan? (d+ew) _ \/c tan? (d+ex)+b tan2 (d+ez)+a
c 2c

2e
l 219
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ZCaI'Ctanh 2a+(b—2c) tanz(d+ew)—b (b+2c)a,rctanh b+20tan2(d+e:v)
2\/a—b+C\/a+b tan2 (d+ex)+c tand (d+ex) 2\/5\/a+b tan?2 (d+ex)+c tand (d+
Va+btan?(d+ex)+ctant(dtex) Va—b+e + Ve
c 2c
2e

-

inputLInt[Tan[d + e*x]"5/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4],x]

-/

(-1/2x((2*c*ArcTanh[(2*xa - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrtl[a - b + ¢
1*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4])])/Sqrtla - b + c] + ((b +
2%c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x]~
2 + c*Tan[d + e*x]~4])]1)/Sqrtlcl)/c + Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d
+ exx]741/c)/(2xe)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 |l LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_) + (c_.)*x(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2*c*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
, b, c}, x]

rule 1092

Int[1/(C(@_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*b*dxe + 4*a*xe”2 - x°2), x], x, (
2%axe - bkd - (2xc*d - b*e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c
, d, e}, x]

rule 1154




rule 1267

rule 1269

rule 1578

rule 3042

rule 4183
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Int[((d_.) + (e_.)*(x_)) " (m_D)*((£f_.) + (g_.)*(x))"(m)*((a_.) + (b_.)*(x_
) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[g n*(d + e*x)"(m + n - 1)*x((a + b
*x + c*x"2)"(p + 1)/(c*e"(n - 1)*(m + n + 2%p + 1))), x] + Simp[1/(c*e"n*(m
+n+ 2%p + 1)) Int[(d + e*x)"m*x(a + b*x + c*x~2) “p*ExpandToSum[c*e"n*(m
+n+ 2%p + D*(f + g¥x)"n - cxg'n*(m + n + 2%p + 1)*(d + e*x)"n - g'n*x(d
+ exx)"(n - 2)*(bxd*ex(p + 1) + a*e™2*%(m + n - 1) - cxd™2*x(m + n + 2%xp + 1)
- ex(2xc*d - b*e)*(m + n + p)*x), x], x], x] /; FreeQ[{a, b, c, d, e, £, g
, m, p}, x] && IGtQ[n, 1] &% IntegerQ[m] && NeQ[m + n + 2*p + 1, 0]

Int[((d_.) + (e_.)*(x_))"(m )*((£_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_)*(x)"2)"(p_.), x_Symbol] :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + b*x +
c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*(a + b¥x + c*xx~2)"

p, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] & !IGtQ[m, O]

Int [(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)~gx*(a
+ b*x + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )D7(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xa*c, 0]
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Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.27

method result
2a—2b+2c+(b—2¢) (1 n(e:
Q+ctan(ez+d)2 1 +2e+( )( +tan(
\/a+b tan(ez+d)2+c tan(ez+d)% bln (27 +\/a+b tan(ez+d)2+c tan(em+d)4>
2c - 3 —
derivativedivides 43
b+Ctan(em+d)2 1 2a—2b+2c+(b—2c) (1+tan(e;
\/a+b tan(ex+d)2+ctan(ex+d)% bln (jT + \/'1+b tan(ex+d)2+c tan(ez+d)4>
2c - 3 —
default 43

int (tan(e*x+d) ~5/ (at+b*tan (e*xx+d) ~2+c*tan(e*xx+d) ~4) ~(1/2) ,x,method=_RETURNV

input
ERBOSE)

1/ex(1/2/c* (a+b*tan(exx+d) “2+c*tan(exx+d) ~4) " (1/2)-1/4%b/c~(3/2) *1n((1/2%Db
+c*xtan(e*x+d) ~2) /c~(1/2)+(a+b*tan (e*x+d) "2+c*tan (exx+d) ~4)~(1/2))-1/2/(a-b
+c) " (1/2) #¥1n ((2*a-2*b+2xc+(b-2*c) * (1+tan (e*x+d) ~2) +2* (a-b+c) ~(1/2) * (c* (1+t
an (e*x+d) ~2) "2+ (b-2*c) * (1+tan (e*x+d) "2)+a-b+c) ~(1/2) )/ (1+tan(e*x+d) ~2))-1/
2*1n((1/2*b+c*tan(e*x+d) ~2) /c” (1/2)+(a+b*tan (exx+d) ~2+c*tan (exx+d) ~4) ~(1/2
))/c~(1/2))

output

Fricas [A] (verification not implemented)

Time = 1.10 (sec) , antiderivative size = 1226, normalized size of antiderivative = 6.74

tan®(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)

dx = Too large to display

N

p
‘ integrate(tan(exx+d) "5/ (atb*tan(exx+d) ~2+c*tan(e*xx+d) ~4)~(1/2) ,x, algorith ‘

input
‘m=“fricas“) ‘




output

input

output
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[1/8x(2*sqrt(a - b + c)*c™2x1log(((b~2 + 4*x(a - 2%b)*c + 8xc~2)*tan(e*x + d
)74 + 2x(4xaxb - 3*b~2 - 4x(a - b)*c)*tan(e*x + d)~2 - 4x*sqrt(c*tan(e*x +
d)~4 + b*tan(e*x + d)"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2%a - b)*sqrt(a -
b + c) + 8%xa™2 - 8*axb + b™2 + 4xa*c)/(tan(e*x + d)~"4 + 2xtan(e*x + d)~2
+ 1)) + (a*b - b™2 + (2%a - b)*c + 2*c”2)*sqrt(c)*log(8*c~2*tan(e*x + d)~4
+ 8*bxc*tan(exx + d)~2 + b™2 - 4xsqrt(cxtan(e*x + d)~4 + b*tan(exx + d)~2
+ a)*x(2xcxtan(exx + d)~2 + b)*sqrt(c) + 4*axc) + 4xsqrt(cxtan(exx + d)"4
+ bxtan(exx + d)"2 + a)*((a - b)xc + c72))/(((a - b)*c™2 + c"3)*e), 1/4*(s
grt(a - b + c)*c™2xlog(((b~2 + 4x(a - 2xb)*c + 8*c~2)*tan(exx + d)"4 + 2x(
4xa*xb - 3*b~2 - 4x(a - b)*c)*tan(exx + d)~2 - 4xsqrt(cxtan(e*x + d)~4 + bx*
tan(exx + d)~2 + a)*((b - 2*c)*tan(exx + d)"2 + 2xa - b)*sqrt(a - b + c) +
8%a”"2 - 8*xaxb + b~2 + 4*axc)/(tan(e*x + d)~4 + 2*tan(exx + d)"2 + 1)) + (
axb - b™2 + (2%a - b)*c + 2xc”2)*sqrt(-c)*arctan(1/2*sqrt(c*tan(e*x + d)~4
+ b*xtan(exx + d)~2 + a)*(2*cxtan(e*x + d)~2 + b)#*sqrt(-c)/(c"2*tan(exx +
d)~4 + b*cxtan(e*x + d)~2 + a*c)) + 2*sqrt(c*tan(exx + d)~4 + b*tan(exx +
d)"2 + a)x((a - b)*c + c72))/(((a - b)*c™2 + c"3)*e), -1/8*(4*sqrt(-a + b
- c)*c"2xarctan(-1/2*sqrt(cxtan(exx + d)~4 + b*tan(e*x + d)~2 + a)*((b - 2
*xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(-a + b - c)/(((a - b)*c + c~2)*tan(e*x
+ d)"4 + (a*b - b™2 + bxc)*tan(e*x + d)72 + a2 - a*b + a*c)) - (axb - b~2
+ (2%a - b)*c + 2+c~2)*sqrt(c)*log(8xc 2+tan(exx + d)~4 + 8xbkxcxtan(ex...

Sympy [F]

tan®(d + ex)

Vva+btan?(d + ex) + ctan*(d + ex)
tan® (d + ex)

:t/mx/a%—btan2(d4—ex)4—ctan4(d4—ex)

dz

dz

integrate(tan(exx+d) **5/ (atb*tan (e*x+d) **2+c*tan (exx+d) **4) **(1/2) ,x)

N

p
‘Integral(tan(d + exx)**5/sqrt(a + bktan(d + exx)**2 + cxtan(d + exx)**4),

»
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Maxima [F(-1)]

Timed out.
tan®(d
an’(d + e2) dr = Timed out
va+ btan?(d + ex) + ctan*(d + ex)

input \ integrate(tan(e*x+d) “5/ (a+b*tan(e*x+d) “2+c*tan(e*xx+d) ~4)~(1/2),x, algorith ‘

‘ m="maxima") ‘

output LTimed out J
Giac [F]

tan®(d
an’(d + ex) i
Vva+btan?(d + ex) + ctan*(d + ex)
t d
/ an (ex + d)° i
\/ctan ex +d)* +btan (ex +d)* +a

input ‘ integrate(tan(exx+d) "5/ (atb*tan(exx+d) ~2+c*tan(e*xx+d) ~4)~(1/2) ,x, algorith ‘

‘ m="giac") ‘

output LsageO*x J

Mupad [F(-1)]

Timed out.

/ tan®(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

/ tan(d + ex)’ d
\/ctan d+ex)' +btan (d+ex)’ +a

dx
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input Lint(tan(d + exx)"5/(a + bxtan(d + exx)"2 + c*tan(d + e*x)~4)~(1/2),x)

outputtint(tan(d + exx)"5/(a + b*xtan(d + e*x)"2 + c*tan(d + e*x)"4)~(1/2), x)

Reduce [F]

/ tan®(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

\/tan (ex + d)* ¢+ tan (ez + d)* b + a tan (ex + d)°
:/ tan (ex 4+ d)* ¢ + tan (ex + d)° b+ a

dz

input Lint (tan(e*x+d) “5/ (atb*tan(e*x+d) “2+c*tan(e*x+d) ~4) ~(1/2),x)

‘int((sqrt(tan(d + exx)*x4xc + tan(d + e*x)**2xb + a)*tan(d + exx)**5)/(tan

output
\ (d + exx)**dxc + tan(d + exx)**2%b + a),x)




output
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f tan3(d+ex) dx
Va+btan?(d+ex)+ctan?(d+ex)

3.35

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... . ...,
Sympy [F] . . . o
Maxima [F] . . . . . . o
Giac [F] . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 35, antiderivative size = 141

/ tan3(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

2a—b+(b—2c) tan?(d+ex)
arctanh < 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2v/a — b+ ce

b+2ctan?(d+ex)
arctanh ( 24/cy/a+btan?(d+ex)+ctant(d+ex)

24/ce

dx

+

340

243
343

e

1/2*arctanh(1/2*(2*xa-b+(b-2*c) *tan (e*x+d) ~2) /(a-b+c) ~(1/2) / (a+b*tan (e*x+d)

| ~2+cxtan(exx+d) "4)~(1/2))/(a-b+c) " (1/2) /e+1/2*arctanh (1/2 (b+2*cxtan (exx+d

‘ )72)/c”(1/2)/ (a+b*tan(e*x+d) “2+c*tan(e*xx+d) "4) ~(1/2))/c™(1/2) /e

A\
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Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.96

tan®(d + ex)

dx
Va+btan?(d + ex) + ctan*(d + ex)
arctanh 2a—b+(b—2¢) tan? (d+ex) arctanh bt2c tan2 (d+ex)
2\/m\/a+b tanz(d+ez)+c tan4(d+ez) + Zﬁ\/a+b tanz(d+ez)+ctan4(d+s:¢:)
_ Va—b+c Ve
2e

input LIntegrate [Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

‘((ArcTan.h[(Z*a - b+ (b - 2xc)*Tan[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[a +
'b¥Tan[d + e*x]"2 + c#Tan[d + e*x]~4]1)]1/Sqrtla - b + c] + ArcTanh[(b + 2xc*
‘Tan[d + exx]~2)/(2*Sqrt[cl*Sqrtla + bxTan[d + e*x]"2 + cxTan[d + e*x]~4])]
/Sqrt[cl)/(2*e)

N J

output

\‘

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.96,

number of rules _ ( 999 Ryles
integrand size

number of steps used = 9, number of rules used = 8,
used = {3042, 4183, 1578, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
tan3(d + ex) i
Va+btan?(d + ex) + ctan?(d + ex)
| 3042
/ tan(d + ex)3 da
Va+ btan(d + ex)? + ctan(d + ex)*
| 4183
f tan3(d+ex) dtan(d + ew)

(tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a
e
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| 1578
tan?(d+ex) 2
f (tan?(d+ez)+1)/ctan (dtex) 1 btanZ(dtez)ta dtan (d + em)
2e
| 1269
1 2 _ 1 2
f V/ctant(d+ex)+btan?(d+ex)+a dtan (d + eac) f (tan2(d+ex)+1)+/ctan?(d+ex)+btan(d+ex)+a dtan (d + 632)
2e
| 1092
1 2ctan?(d+ex)+b . 1 9
2 f 4c—tan?(d+ex) d /ctan®(d+ex)+btan?(d+ez)+a f (tan2(d+ex)+1)+/ctan?(d+ez)+btan?(d+ezx)+a dtan (d + 6.’L')
2e

| 219

arctanh < N b+2c tan® (d+ez) >

2y/c\/a+b tan2 (d+ex)+c tan4(d+ez) _ 1 2
Ve f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2(d+ex)+a dtan (d + EI)
2e
| 1154
arctanh< bt2¢ tan® (dtex) >
2 f 1 d (b—QC) tan? (d+e:1:)+2a—b 2\/5\/a+b tan2(d+ex)+ctan(d+ex)
4(a—b+c)—tan*(d+ex) " | /ctant(d+ez)+btan?(d+ez)+a Ve
2e
| 219
arctanh 2a+(b—2c) tan? (d+ex)—b arctanh b+2¢ tan? (d+-ex)
2m\/a+btan2(d+e$>+9tan4(d+e‘v) + 2\/5\/a+b tan2(d+ex)+ctand(d+ex)
va—b+c VG

2e

-

LInt [Tan[d + e*x]~3/Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4],x]

N >

input

Output‘((ArcTanh[(Z*a - b+ (b - 2xc)*Tan[d + exx]"2)/(2*Sqrt[a - b + cl*Sqrt[a +

\b*Tan[d + exx]"2 + cxTan[d + exx]~4])]/Sqrtl[a - b + c] + ArcTanh[(b + 2%c*
‘Tan[d + exx]~2)/(2*%Sqrt[c]*Sqrt[a + bxTan[d + e*x]~2 + c*Tan[d + exx]~4])]
L/Sqrt[c])/(2*e)

B —
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*

le 219
e ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
rule 1092 Intl1/Sqrtl(a ) + (b_.)*(x_) + (c_.)*(x)"2], x_Symboll :> Simp[2  Substl[I

nt[1/(4*%c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a
) b’ C}: X]

rule 1154 Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bkd*e + 4*axe”2 - x"2), x], x, (
2%axe - bkd - (2*c*d - b*e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, ¢
, d, e}, x]

rule 1269 TRELCA_) + (e_ ) *(x_))~(m)*((£_.) + (g_)*(x))*((a_.) + (b_)*(x) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Simp[g/e Int[(d + e*x)”"(m + 1)*(a + b*x +

c*x"2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) m*(a + bxx + c*xx~2)"
p, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] & !IGtQ[m, O]

rule 1578 oL (m_)*((d) + (e_)*(x_)72)7(q_.)*((a) + (b_.)*(x)72 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)*(d + e*x)"gq*(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (a_.) + (c_)*((f_D*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) " m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
1, x, fxTan[d + e*x]], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183




CHAPTER 3. LISTING OF INTEGRALS 340

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.09

method result

In
1+tan(e:c+d)2

2a—2b+2c+(b—2c¢) <1+tan(ez+d)2) +2va—b+cy/ c(1+tan(ez+d):
bic tan(ez+d)2
In 27+\/a+btan(em+d)2+ctan(em+d)4

v +
derivativedivides 2ve _ 2Ja—btec

2a—2b+2c+(b—2c¢) (1+tan(ea}+d)2) +2va—b+c c(l+tan(ea}+d):

b 2
t d 1
IH(MWHM&H@H@Q totan(en +d)4) n( 1+tan(ea+d)2
+

v
default 2/c 2Ja—btec
[

int (tan(e*x+d) ~3/ (at+b*tan (e*xx+d) ~2+c*tan(e*xx+d) ~4) ~(1/2) ,x,method=_RETURNV

input
ERBOSE)

N\

1/e*(1/2*1n((1/2%b+cxtan(exx+d) ~2) /c~(1/2) +(a+b*tan(e*x+d) “2+c*tan(e*x+d) "
4)~(1/2))/c~(1/2)+1/2/ (a-b+c) ~(1/2) *1n ((2*a-2*b+2*xc+(b-2*c) * (1+tan (exx+d) ~
2)+2* (a-b+c) ~(1/2) *(c*x (1+tan (e*x+d) ~2) “2+(b-2*c) * (1+tan (e*x+d) ~2) +a-b+c) ~(
1/2))/(1+tan(e*x+d)~2)))

output

Fricas [A] (verification not implemented)

Time = 0.87 (sec) , antiderivative size = 993, normalized size of antiderivative = 7.04

tan3(d + ex)

dz = Too large to displa;
va+ btan?(d + ex) + ctan*(d + ex) & Py

‘ integrate(tan(exx+d) "3/ (at+b*tan(exx+d) "2+c*tan(exx+d) "4)~(1/2) ,x, algorith

input
‘ m="fricas") ‘
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[1/4x((a - b + c)*sqrt(c)*log(8*c 2*tan(e*x + d)~4 + 8*bxc*tan(e*x + d)~2
+ b2 + 4xsqrt(c*tan(exx + d)~4 + bxtan(e*x + d)~2 + a)*(2xc*tan(exx + d)~
2 + b)*sqrt(c) + 4*axc) + sqrt(a - b + c)*xc*xlog(((b"2 + 4*x(a - 2xb)*c + 8%
c"2)*tan(exx + d)~4 + 2%(4xaxb - 3%b~2 - 4%(a - b)*c)*tan(e*x + d)"2 + 4*s
grt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*((b - 2*c)*tan(exx + d)"2 + 2
*a — b)*sqrt(a - b + c) + 8*%a~2 - 8*axb + b2 + 4xa*c)/(tan(e*x + d)"4 + 2
*tan(e*x + d)~2 + 1)))/(((a - b)*c + c"2)*e), -1/4x(2*%(a - b + c)*sqrt(-c)
*arctan(1/2*sqrt(cxtan(e*xx + d)~4 + b*tan(e*x + d)~2 + a)*(2xcxtan(exx + d
)"2 + b)*sqrt(-c)/(c"2+tan(exx + d)"4 + bxc*xtan(e*x + d)~2 + axc)) - sqrt(
a - b + c)xcxlog(((b™2 + 4x(a - 2xb)*c + 8*c”2)*tan(exx + d)~4 + 2x(4xa*Db
- 3%b"2 - 4*(a - b)*c)*tan(e*x + d)~2 + 4*sqrt(c*tan(exx + d)~4 + bxtan(ex
x +d)72 + a)*((b - 2*«c)*tan(exx + d)~2 + 2*a - b)*sqrt(a - b + c) + 8*a™2
- 8%axb + b~2 + 4*axc)/(tan(exx + d)"4 + 2*tan(e*x + d)"2 + 1)))/(((a - b
Y*c + c"2)xe), 1/4x(2xsqrt(-a + b - c)*cxarctan(-1/2*sqrt(c*tan(exx + d)~4
+ bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*a - b)*sqrt(-a + b
- ¢c)/(((a - b)xc + c”2)*tan(exx + d)~4 + (axb - b~2 + b*c)*tan(exx + d)~2
+ a2 - axb + a*c)) + (a - b + c)*sqrt(c)*log(8*c™2*xtan(e*x + d)~4 + 8*b*c
xtan(exx + d)72 + b"2 + 4*sqrt(cxtan(e*x + d)"4 + bxtan(exx + d)72 + a)*(2
xcxtan(exx + d)"2 + b)*sqrt(c) + 4*axc))/(((a - b)*c + c™2)*e), 1/2x(sqrt(
-a + b - c)*cxarctan(-1/2*sqrt(c*tan(e*x + d)~4 + b*tan(e*x + d)72 + a)...

output

Sympy [F]

tan3(d + ex)

Vva+btan?(d + ex) + ctan*(d + ex)
tan? (d + ex)

:t/mx/a%—btan2(d4—ex)4—ctan4(d4—ex)

dz

dz

input‘integrate(tan(e*x+d)**3/(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

p
t‘Integral(tan(d + exx)**3/sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)**4),

»

outpu
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Maxima [F]

tan®(d + ex)
v/a + btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)° "
\/ctan (ex + d + btan (ex + d)2 +a

dz

mput‘1ntegrate(tan(e*x+d) 3/ (a+bxtan(e*x+d) “2+c*tan(e*xx+d)~4)~(1/2),x, algorith
‘ m="maxima")

output Lintegrate(tan(e*x + d)"3/sqrt(cxtan(exx + d)"4 + bxtan(e*x + d)"2 + a), x)

Giac [F]

tan®(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)° "
\/ctan (ex + d + btan (ex + d)2 +a

dz

‘ integrate(tan(e*x+d) "3/ (at+b*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

input
‘ m="giac")

output LsageO*x
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Mupad [F(-1)]

Timed out.
/ tan3(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
tan(d
/ an(d + ex)® s
\/ctan d+ex) +btan(d—|—e:c)2 +a
input Lint (tan(d + exx)~3/(a + bk*tan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x) J
output Lint (tan(d + e*x)~3/(a + bxtan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2), x) J
Reduce [F|
tan3(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
\/tan (ex + d)* ¢ + tan (ex + d)* b + a tan (ex + d)3d
= x
/ tan (ex 4+ d)* ¢ + tan (ex + d)° b+ a
input Lint (tan(e*xx+d) "3/ (atb*tan (e*xx+d) ~2+c*tan(exx+d) ~4)~(1/2),x) J

output‘ int((sqrt(tan(d + exx)**4*c + tan(d + e*x)**2%b + a)*tan(d + e*x)**3)/(tan ‘
‘ (d + exx)*xdxc + tan(d + e*x)**2%b + a),x) ‘
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tan(d+ex)

3.36 f v a+btan?(d+ex)+ctant(d+ex) dz

Optimal result . . . . . . . . . . . . e [3441
Mathematica [A] (verified) . . . . . . . . . ... L 3441
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L B4
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 347
Sympy [F] . . . o
Maxima [F] . . . . . o . 348]
Giac [F(-1)] . . o o o o 3491
Mupad [F(-1)] . . . oo 349
Reduce [F] . . . . .

Optimal result

Integrand size = 33, antiderivative size = 79

tan(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

2a—b+(b—2c) tan?(d+ex)
arctanh < 2v/a—b+c+/a+btan?(d+ex)+ctant(d+ex)

2v/a — b+ ce

output ‘ -1/2*arctanh(1/2*(2*a-b+(b-2%c)*tan (e*x+d) ~2) / (a-b+c) ~(1/2) / (a+b*tan (e*x+d ‘

) "2+c*xtan(exx+d) ~4)~(1/2))/(a-b+c)~(1/2) /e

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00

tan(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)

2a—b+(b—2c) tan?(d+ex)
arctanh < 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2v/a — b+ ce

input LIntegrate [Tan[d + e*x]/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"~4],x] J
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|-1/2%ArcTanh[(2%a - b + (b - 2%c)*Tan[d + e*x]~2)/(2#Sqrtla - b + cl*Sqrt[

output
La + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])]1/(Sqrt[a - b + cl*e) J

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00,

number of rules _ 52, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1576, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
tan(d + ex)
Va+ btan?(d + ex) + ctan?(d + ex)

J’3042

tan(d + ex)

dz
/ va+ btan(d + ex)? + ctan(d + ex)*

l 4183

tan(d+ex)
f (tan2(d4-ex)+1)/ctan(d+ex)+btan2(d+ex)+a d tan(d + 6:17)

e

l 1576

1 2
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan?(d+ex)+a dtan (d + 6.’17)

2e
l 1154

f 1 d (b—2c) tan?(d+ex)+2a—b
4(a—b+c)—tant(d+ex) " | /ctan?(d+ez)+btan?(d+ez)+a
(&

l 219

2a+(b—2c) tan?(d+ex)—b )
arctanh ( 2v/a—b+c+/a+btan?(d+ex)+ctant(d+ex)

2ev/a—b+c

input LInt [Tan[d + e*x]/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"~4],x] J




output

rule 219

rule 1154

rule 1576

rule 3042

rule 4183
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‘-1/2*ArcTanh[(2*a - b+ (b - 2%c)*Tan[d + e*x]~2)/(2xSqrt[a - b + cl*Sqrt[
La + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])]1/(Sqrt[a - b + cl*e)

|
J

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bk*d*e + 4*axe”2 - x72), x], x, (
2%a*xe - bkd - (2*c*d - bke)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl

‘Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a ) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(
‘p_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)"g*(a + b*x + c*x~2)7"p, x]
L, x, x~2]1, x] /; FreeQ[{a, b, c, 4, e, p, q}, x]

~

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )D7(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4xax*c, 0]
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Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.29

method result size

n ( 2a—2b+2c+(b—2c) (1+tan(ez+d)2)+2\/m \/c(1+tan(ez+d)2)2+(b72c) (1+tan(ez+d)2)+ab+c)

1+tan(ex+d) 2
derivativedivides | — 2ev/a—brc 102

2a—2b+2c+(b—2c) (1+tan(ez+d)2)+2\/a—b+c \/c(1+tan(ez+d)2)2+(b—2c) (1+tan(ez+d)2)+a—b+c
In 1+tan(ex+d)2

default - 2evaiTe 102

t‘int(tan(e*x+d)/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)"4)“(1/2),x,method=_RETURNVER

topu \ BOSE) \

-1/2/e/ (a-b+c) " (1/2) ¥1n((2xa-2xb+2xc+(b-2%c) * (1+tan (exx+d) "2) +2% (a-b+c) " (1
\/2)*(c*(1+tan(e*x+d)‘2)“2+(b—2*c)*(1+tan(e*x+d)*2)+a—b+c)‘(1/2))/(1+tan(e*
x+d)"2) |

output

Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 299, normalized size of antiderivative = 3.78
/ tan(d + ex)

va+btan?(d + ex) + ctan*(d + ex)

1 ( (b2+4 (a—2b)c+8c?) tan(ex+d)*+2 (4 ab—3b%—4 (a—b)c) tan(ez+d)>—4 ctan(ex+d)*+btan(ez+d)%+a ((b—2 ¢) tan(ex+d)2+2
0g

tan(ex+d)*+2 tan(ez+d)2+1

B 4+/a—b+ce

\/c tan(ez+d)*+btan(ex+d)+a ((b—2 ¢) tan(ex+d)%+2 a—b) v—a+b—c
2 (((a—b)c+02) tan(ex+d)*+(ab—b2+bc) tan(ez+d)+a? —ab+ac)

v/ —a + b — carctan (—

2(a—b+c)e

‘ integrate(tan(e*x+d)/(atb*tan(exx+d) “2+c*tan(e*x+d) ~4) ~(1/2),x, algorithm= ‘

input
‘"fricas")
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[1/4x1log(((b~2 + 4x(a - 2*b)*c + 8*c~2)*tan(e*x + d)~4 + 2*(4*a*xb - 3*b~2

- 4x(a - b)xc)*tan(e*x + d)"2 - 4*sqrt(cxtan(e*x + d)~4 + b*tan(exx + d)"2
+ a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b + c) + 8*%a™2 - 8xa*b
+ b"2 + 4xa*c)/(tan(e*x + d)"4 + 2xtan(e*x + d)~2 + 1))/(sqrt(a - b + c)*
e), -1/2xsqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(e*x + d)"4 + bxtan(e*x +

d)~2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*a - b)*sqrt(-a + b - c)/(((a - b)*
c + c”2)*tan(exx + d)"4 + (axb - b”2 + bxc)*tan(e*x + d)"2 + a2 - a*b + a

xc))/((a - b + c)*e)]

output

Sympy [F]
tan(d + ex) s
Vva+btan?(d + ex) + ctan*(d + ex)
tan (d + ex) e
\/a + btan? (d+ex)+ ctan? (d + ex)
inputLintegrate(tan(e*x+d)/(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),X) J
Output‘ Integral(tan(d + e*x)/sqrt(a + bxtan(d + e*x)**2 + c*tan(d + e*x)**4), x)

Maxima [F]

tan(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d) i
\/ctan (ex + d + btan (ex + d)2 +a

dz

‘1ntegrate(tan(e*x+d)/(a+b*tan(e*x+d) 2+cxtan(e*x+d) ~4)~(1/2) ,x, algorithm= ‘

mPUtL"max1ma") J

Outputtintegrate(tan(e*x + d)/sqrt(c*tan(e*x + d)~4 + bstan(exx + d)~2 + a), x) J
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Giac [F(-1)]
Timed out.

tan(d + ex)

dx = Timed out
va+ btan?(d + ex) + ctan*(d + ex)

lnput‘ integrate (tan(e*x+d)/(a+bxtan(exx+d) ~2+c*tan(exx+d) “4)~(1/2),x, algorithm=
‘ "glaC")

output LTlmed out

Mupad [F(-1)]

Timed out.
tan(d + ex)

\/a-l—btan (d + ex) + ctan*(d + ex)

/ tan(d + ex) i
\/ctan d+ex) +btan(d+ex)2 +a

dx

inputtint(tan(d + exx)/(a + b¥tan(d + e*x)~2 + cktan(d + e*x)~4)~(1/2),x)

output tint(tan(d + e*x)/(a + b¥tan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2), x)

Reduce [F|

tan(d + ex)
va+btan?(d + ex) + ctan*(d + ex)
\/tan(ex+d) ¢+ tan (ez + d)* b+ a tan (ex + d)
/ tan (ex 4+ d)* ¢ + tan (ez + d)° b+ a

dzx

input Lint (tan(exx+d) / (a+b*tan (e*x+d) ~2+c*tan(exx+d) ~4) ~(1/2) ,x)
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output‘ int ((sqrt(tan(d + e*x)**4*c + tan(d + e*x)**2*b + a)*tan(d + e*x))/(tan(d
‘+ ekx)**kd*c + tan(d + e*x)**2xb + a),x)
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cot(d+ex)

3.37 f v a+btan?(d+ex)+ctant(d+ex) dz

Optimal result . . . . . . . . . . . . e 351
Mathematica [A] (verified) . . . . . . . . . ... L 3521
Rubi [A] (verified) . . . .. . ... ..
Maple [F] . . . . o e 354
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 354
Sympy [F] . . . o
Maxima [F] . . . . . .. 350
Giac [F] . . . . o o 350
Mupad [F(-1)] . . . oo 357
Reduce [F] . . . . . 357

Optimal result

Integrand size = 33, antiderivative size = 142

/ cot(d + ex) i
va+ btan?(d + ex) + ctan*(d + ex)

2a+btan?(d+ex)
arctanh ( 2v/a+\/a+btan2(d+ex)+ctant(d+ex)
24/ae
2a—b+(b—2c) tan?(d+ex)
2v/a—b+cy/a+btanZ(d+ex)+ctan®(d+ex)

2vVa — b+ ce

arctanh (

+

Output‘—1/2*arctanh(1/2*(2*a+b*tan(e*x+d)”2)/a"(1/2)/(a+b*tan(e*x+d)"2+c*tan(e*x+
‘d)“4)“(1/2))/a“(1/2)/e+1/2*arctanh(1/2*(2*a—b+(b—2*c)*tan(e*x+d)”2)/(a—b+c
L)“(1/2)/(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)“(1/2))/(a—b+c)‘(1/2)/e J
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Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.98

/ cot(d + ex) p

X
va+btan?(d + ex) + ctan*(d + ex)

arctanh 2a-+b tan? (d+ex) arctanh —2a+b—(b—2c) tan? (d+ex)
2vay/a+btan?(d+ea)+etand(drea) | 2va—bT e\ atbtan? (d+ez)+o tand (d+z)
— _ 2va 2v/a—b+c
e

input LIntegrate [Cot[d + e*x]/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"~4],x] J

| (-1/2*ArcTanh[(2*a + bxTan[d + exx]"2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + exx]~
|2 + c*Tan[d + e*x]"41)1/Sqrt[a] - ArcTanh[(-2*a + b - (b - 2*c)*Tan[d + e*x |
‘X] ~2)/(2+Sqrt[a - b + c]*Sqrt[a + bxTan[d + e*x]"2 + c*Tan[d + exx]~4]1)]1/( ‘
‘2#Sqrtfa - b + c]))/e |

output

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.97,

number of rules __
integrand size 0.152, Rules

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1578, 1289, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot(d + ex) i
Va+btan?(d + ex) + ctan?(d + ex)

| 3042

/ 1 dz

tan(d + ex)+/a + btan(d + ex)? + ctan(d + ex)?

| 4183

i cot(d+ez) dtan(d + ex)

(tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a
e
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| 1578
cot(d+ex) 2
f (tanz(d+ex)+1)\/ctan4(d+ex)+btan2(d+ex)+adtan (d+ eac)

2e

| 1289

cot(d+ex) 1 9
f < \/ctan?(d+ez)+btan2(d+ez)+a + (- tan2(d+ex)—1)+/ctan*(d+ex)+btan? (d+ea:)+a,) dtan (d + EI)

2e

| 2009

arctanh 2a+(b—2c) tan? (d+ez)—b arctanh 2a-+b tan2 (d+ez)
2\/m\/a+btanz(d+ez)+ctan4(d+ew) . 2\/6\/a+btanz(d+e:v)+ctan4(d+ez)
Va—b+c va
2e
inputLInt[Cot[d + exx]/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

Output‘ (-(ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + bxTan[d + e*x]"2 + ‘
‘ cxTan[d + exx]~4])]1/Sqrt[al) + ArcTanh[(2%a - b + (b - 2*c)*Tan[d + e*x]~ ‘
‘2)/(2*Sqrt [a - b + c]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4])]/Sqrt ‘

[a - b+ cl)/(2%e)

Defintions of rubi rules used

Int[((d_.) + (e_)*(x )" (m_)*((£f_.) + (g_)*x_))"(a_)*((a_.) + (b_.)*(x
)+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
g*x) "n*(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 0]))

rule 1289

Int[(x_)~(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) q*(a
+ bxx + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

rule 1578

-

ruka2009tint[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

. ]
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rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4183

Int[tan[(d_.) + (e_.)*(x_)] " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )7 (@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

Maple [F]

/ cot (ex + d) i
\/a + btan (ex + d)* + ctan (ex + d)*

input L

int (cot (e*xx+d) / (a+b*tan (e*x+d) ~2+cxtan (e*xx+d) ~4) ~(1/2) ,x)

output ‘

int (cot (exx+d) / (a+b*tan (e*x+d) “2+c*tan (exx+d) ~4)~(1/2),x)

input ‘

Fricas [A] (verification not implemented)

Time = 0.85 (sec) , antiderivative size = 1015, normalized size of antiderivative = 7.15

cot(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

dx = Too large to display

integrate(cot (exx+d) /(atb*tan(e*x+d) "2+c*tan(e*x+d) ~4)~(1/2) ,x, algorithm=

‘"frlcas")
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[1/4%(sqrt(a - b + c)*axlog(((b~"2 + 4*(a - 2*b)*c + 8+c~2)*tan(e*x + d)~4
+ 2% (4xa*b - 3*¥b~2 - 4x(a - b)*c)*tan(e*x + d)~2 + 4*sqrt(cxtan(e*x + d)"4
+ b*tan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)"2 + 2*¥a - b)*sqrt(a - b +
c) + 8%a"2 - 8xa*b + b~2 + 4#axc)/(tan(exx + d)~4 + 2*tan(exx + d)72 + 1)
) + (a - b + c)*sqrt(a)*log(((b~2 + 4*axc)*tan(e*x + d)~4 + 8*axb*tan(e*x
+ d)"2 - 4xsqrt(cxtan(e*xx + d)"4 + bxtan(e*x + d)~2 + a)*(b*tan(e*x + d)~2
+ 2*a)xsqrt(a) + 8*a~2)/tan(e*x + d)~4))/((a"2 - axb + axc)*e), 1/4*(2*sq
rt(-a)*(a - b + c)*arctan(1/2*sqrt(c*tan(e*x + d)"4 + b*tan(exx + d)"2 + a
)*x(bxtan(e*x + d)~2 + 2*a)*sqrt(-a)/(axcxtan(e*x + d)~4 + a*bxtan(exx + d)
"2 + a”2)) + sqrt(a - b + c)*axlog(((b~2 + 4*(a - 2*b)*c + 8*c~2)*tan(e*x
+ d)"4 + 2%(4xaxb - 3*%b~2 - 4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(e*x
+ d)"4 + bxtan(e*x + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(
a-b+c) + 8%¥a"2 - 8%axb + b2 + 4*axc)/(tan(e*x + d)"4 + 2xtan(exx + d)
"2 + 1)))/((a"2 - axb + axc)*e), 1/4x(2+a*xsqrt(-a + b - c)*arctan(-1/2*sqr
t(cxtan(exx + d)~4 + b*tan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2*a
- b)*sqrt(-a + b - ¢)/(((a - b)*c + c™2)*tan(e*x + d)"4 + (axb - b™2 + bx
c)*tan(exx + d)72 + a™2 - a*b + axc)) + (a - b + c)*sqrt(a)*log(((b~2 + 4%
axc)*tan(e*x + d)~4 + 8*ax*bxtan(e*x + d)~2 - 4*sqrt(cxtan(e*xx + d)"4 + b*t
an(exx + d)~2 + a)*(b*tan(exx + d)~2 + 2¥a)*sqrt(a) + 8+a~2)/tan(exx + d)~
4))/((a~2 - axb + axc)*e), 1/2*(sqrt(-a)*(a - b + c)*arctan(1/2*sqrt(c*...

output

Sympy [F]
/ cot(d + ex) "
va + btan?(d + ex) + ctan*(d + ex)
_ / cot (d + ex) "
¢a+bMﬁOﬁHm%+MMﬁM+ﬁ@
inputLintegrate(cot(e*x+d)/(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(1/2),x)

p
Ou_tpmLIntegral(cot(d + e*x)/sqrt(a + bxtan(d + exx)**2 + cxtan(d + e*x)**4), x)

~—
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Maxima [F]

/ cot(d + ex)
Vva+btan?(d + ex) + ctan*(d + ex)

/ cot (ex + d) i
\/ctan (ex + d + btan (ex + d)2 +a

dz

1nput‘ integrate(cot (exx+d)/(atb*tan(e*x+d) “2+c*tan(exx+d)~4)~(1/2) ,x, algorithm=
‘ "maxima")

output Lintegrate(cot(e*x + d)/sqrt(c*tan(exx + d)"4 + bxtan(e*x + d)"2 + a), x)

Giac [F]

cot(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)

/ cot (ex + d) "
\/ctan (ex +d)* +btan (ex + d)* +a

dz

‘1ntegrate(cot(e*x+d)/(a+b*tan(e*x+d) 2+cxtan(exx+d)~4)~(1/2) ,x, algorithm=

input
n glac n )

output tsageO*x
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Mupad [F(-1)]

Timed out.
/ cot(d + ex)
va + btan?(d + ex) + ctan*(d + ex)

/ cot(d + ex) s
\/ctan d+ex) +btan(d—|—ex)2+a

dz

inputtint(cot(d + exx)/(a + b¥tan(d + e*x)~2 + cktan(d + e*x)~4)~(1/2),x)

output tint(cot(d + exx)/(a + bxtan(d + e*x)"2 + c*tan(d + e*x)~4)~(1/2), x)

Reduce [F]

cot(d + ex)

Va+btan?(d + ex) + ctan*(d + ex)
cot (ex + d)

/\/tan ex +d)* c+tan (ex + d)’b+a

dz

dz

input Lint (cot (exx+d) / (a+bxtan (e*xx+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x)

output Lint (cot (exx+d)/ (atbxtan(exx+d) “2+c*tan(e*xx+d) ~4)~(1/2) ,x)
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3.38 f cot3(d+ex) dx
Va+btan?(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . .. 358}
Mathematica [A] (verified) . . . . . . . . ... . L 359
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ... . ..., 359
Maple [F] . . . . o
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... . ..., 3621
Sympy [F] . . . o 363
Maxima [F(-1)] . . . . . . oo e 363
Giac [F] . . . o o e
Mupad [F(-1)] . . . 364
Reduce [F] . . . . . o 364

Optimal result

Integrand size = 35, antiderivative size = 249

cot®(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

2a+btan?(d+ex) 2a+btan?(d+ex)
arctanh ( 2y/a+/a+btan2(d+ex)+ctan?(d+ex) barctanh 2y/a+/a+btan2(d+ez)+ctan?(d+ex)

- 2y/ae + 4a3/2%e

2a—b+(b—2c) tan?(d+ex)
arctanh < 2v/a—b+c+/a+btan?(d+ex)+ctant(d+ex)

2va—b+ce
_ cot?(d + ex)\/a + btan®(d + ex) + ctan’(d + ex)
2ae

1/2*arctanh (1/2* (2*a+b*tan (exx+d) ~2)/a”~ (1/2) / (a+b*tan (e*x+d) “2+c*tan (e*xx+d
)"4)~(1/2))/a~(1/2) /e+1/4xb*xarctanh (1/2* (2*a+b*tan (exx+d) ~2) /a~(1/2) / (a+bx*
tan(exx+d) “2+c*tan(exx+d) “4)~(1/2))/a~(3/2) /e-1/2*arctanh (1/2* (2xa-b+(b-2*
c) *tan(exx+d) ~2)/(a-b+c)~(1/2)/ (a+b*tan(e*x+d) ~2+c*tan (e*x+d) ~4)~(1/2))/(a
-b+c)~(1/2) /e-1/2%cot (exx+d) ~2* (a+b*tan (exx+d) “2+c*tan(e*x+d) ~4)~(1/2)/a/e

N\ J

output
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Mathematica [A] (verified)

Time = 2.69 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.76

cot?(d + ex)

dz
/ va+btan?(d + ex) + ctan*(d + ex)
aarctanh < 20\‘/—b+(b—2c) tan? (d+ex) >
2a+b tan2 (d+ew) _ 2v/a—b+tcy/a+btan? (d+ex)+c tan4(d+ez) .
(2CL + b) arctanh ( 2y/a+/a+btan2(d+ex)+ctant(d+ex) > + 2\/5 Va—b+c CC
N 4a’/%e

input LIntegrate [Cot[d + e*x]~3/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

((2*a + b)*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[a]l*Sqrt[a + b*Tan[d +
exx] "2 + c*Tan[d + exx]~4])] + 2*Sqrt[al*(-((a*ArcTanh[(2*a - b + (b - 2%*c
)*Tan[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d +

e*xx]~4]1)]1)/Sqrtla - b + c]) - Cot[d + exx] 2+Sqrt[a + b*Tan[d + e*x]"2 +
cxTan[d + exx]~4]))/(4*a”(3/2)*e)

output

Rubi [A] (warning: unable to verify)

Time = 0.51 (sec) , antiderivative size = 235, normalized size of antiderivative = 0.94,

number of rules _ 0.143, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1578, 1289, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot3(d + ex)
Va+btan?(d + ex) + ctan?(d + ex)

l.3042

dz

/ ! dz
tan(d + ez)3+/a + btan(d + ex)? + ctan(d + ex)?
| 4183
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cot3(d+ex)
f (tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a d tan(d + em)
e
| 1578
cot?(d+ex) 2
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan?(d+ex)+a dtan (d + 6.’17)
2e
| 1289
f ( cot?(d+ex) _ cot(d+ex) + 1 ) tan? (0
V/ctant(d+ezx)+btan2(d+ex)+a ctant(d+ezx)+btan2(d+ex)+a = (tan2(d+ex)+1)+/ctan?(d+ex)+btan?(d+ex)+a
2e
| 2009
barctanh 2a+b tanz(dJrea:) arctanh 2a+b tanz(dJrex) arctanh 2a+(b—2c¢) tanz(dJre
2\/5\/414—17 tan2 (d+ex)+ctand(d+ex) + 2\/5\/114—17 tan2(d+ex)+ctand (d+ex) _ 2\/m\/a+b tan2 (d+ex)4
24372 Vva Va—b+c
2e
input LInt [Cot[d + e*x]~3/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] J

(ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2+Sqrt[a]*Sqrt[a + b*Tan[d + e*x]"2 + ¢
*Tan[d + exx]~4])]/Sqrt[a] + (b*ArcTanh[(2*a + bxTan[d + e*x]~2)/(2*Sqrt[a
I]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]1)]1)/(2%¥a~(3/2)) - ArcTanh[(
2%a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + b*Tan[d +
e*xx] "2 + cxTan[d + exx]"4])]/Sqrtl[a - b + c] - (Cot[d + exx]*Sqrt[a + b*Ta
nld + exx]"2 + cxTan[d + e*x]~4])/a)/(2*e)

output

Defintions of rubi rules used

Int[((d_.) + (e_)*(x))"(@_)*((E_.) + (g_)*x))"(m_)*((a_.) + (b_.)*(x
)+ (c_)*(x_)"2)"(p_.), x_Symboll :> Int[ExpandIntegrand[(d + e¥x) mx(f +

‘ g*x) "n*(a + bxx + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && ( ‘
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 0]))

& J

rule 1289
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rule 1578‘Int[(x_)“(m_.)*((d_) + (e_)*(x_)72)7(q_.)*((al) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symboll :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) qx(a
‘+ bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
‘egerQ[(m - 1)/2]

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

\ )

rule 3042 Intlu_, x_Symbol]l :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(

rule 4183

x_)1)"(n_.) + (c_.)*((f_)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) m*x((a + b*x™n + c*x~(2%n)) p/(f72 + x72)), x
1, x, £*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] & EqQ[n
2, 2xn] && NeQ[b~2 - 4xaxc, 0]
Maple [F]

t d)®
/ cot (ex + d) s
\/a + btan (ex + d)2 + ctan (ex + d)4
input Lint(cot(e*x+d) ~3/ (atb*tan(e*x+d) ~2+c*tan(e*x+d) ~4) ~(1/2),x)

output \ int (cot (e*x+d) ~3/ (at+b*tan(e*x+d) ~2+c*tan (e*x+d) ~4)~(1/2),x)
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Fricas [A] (verification not implemented)

Time = 1.13 (sec) , antiderivative size = 1350, normalized size of antiderivative = 5.42

cot?(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

dx = Too large to display

integrate(cot (e*x+d) "3/ (atb*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

input
m="fricas")

[1/8*x(2*sqrt(a - b + c)*a"2xlog(((b~2 + 4%(a - 2*b)*c + 8*c”™2)*tan(exx + d
)74 + 2x(4xaxb - 3*b~2 - 4*x(a - b)*c)*tan(e*x + d)~2 - 4xsqrt(c*xtan(e*x +
d)~4 + bxtan(exx + d)"2 + a)*((b - 2*c)*tan(exx + d)~2 + 2*a - b)*sqrt(a -
b + c) + 8%a”2 - 8*xa*xb + b~2 + 4xa*c)/(tan(e*x + d)74 + 2*tan(e*x + d)~2
+ 1))*tan(exx + d)72 + (2*xa”2 - axb - b~2 + (2*a + b)*c)*sqrt(a)*log(((b~2
+ 4xakxc)*tan(e*x + d)~4 + 8*axbkxtan(e*x + d)~2 + 4*sqrt(c*tan(e*x + d)~4
+ b*tan(exx + d)~2 + a)*(bxtan(exx + d)~2 + 2+a)*sqrt(a) + 8+a~2)/tan(e*x
+ d)"4)*tan(exx + d)72 - 4xsqrt(cxtan(exx + d)~4 + bxtan(e*xx + d)~2 + a)*(
a”2 - a*b + axc))/((a”3 - a"2xb + a"2xc)*extan(e*x + d)~2), 1/4x(sqrt(a -
b + c)*a"2x1log(((b~2 + 4*(a - 2%b)*c + 8xc~2)*tan(exx + d)~4 + 2% (4*axb -
3*b~2 - 4*x(a - b)*c)*tan(e*x + d)~2 - 4xsqrt(c*tan(e*x + d)~4 + bxtan(e*x
+ d)”"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*%a - b)*sqrt(a - b + c) + 8%a™2 -
8%axb + b~2 + 4xaxc)/(tan(e*x + d)~4 + 2*tan(e*x + d)"2 + 1))*tan(exx + d
)72 - (2*a”2 - a*b - b"2 + (2*a + b)*c)*sqrt(-a)*arctan(1/2*sqrt(cxtan(e*x
+ d)"4 + bxtan(exx + d)"2 + a)*(bxtan(exx + d)~2 + 2*a)*sqrt(-a)/(a*cxtan
(e*x + d)~4 + a*bxtan(exx + d)~2 + a”~2))*tan(exx + d)~2 - 2*sqrt(cxtan(e*x
+ d)"4 + bxtan(exx + d)72 + a)*(a”2 - a*b + axc))/((a”3 - a™2%b + a~2%c)*
extan(e*x + d)~2), -1/8%(4xa"2*sqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(e*x
+ d)"4 + bxtan(e*x + d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(
-a+b-c)/(((a- Db)kc + c"2)*tan(e*x + d)"4 + (a*b - b~2 + b*c)*tan(e...

output
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Sympy [F]
cot®(d + ex) s
Va+btan?(d + ex) + ctan*(d + ex)
. / cot? (d + ex) s
Va+btan? (d + ex) + ctan® (d + ex)
inputLintegrate(COt(e*X+d)**3/(a+b*tan(e*X+d)**2+c*tan(e*x+d)**4)**(1/2),x) J

output‘ Integral(cot(d + e*x)**3/sqrt(a + b*tan(d + e*x)**2 + cxtan(d + exx)**4), ‘

) |

Maxima [F(-1)]

Timed out.
t3(d
cot’(d + ez) dz = Timed out
va+btan?(d + ex) + ctan*(d + ex)
input ‘ integrate(cot (e*x+d) "3/ (atb*tan(exx+d) "2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith ‘

‘ m="maxima") ‘

output LTimed out J

Giac [F]

cot®(d + ex)
\/a—i-btan (d + ex) + ctan*(d + ex)

/ cot (ex + d)® i
\/ctan (ex + d + btan (ex + d)2 +a

dz
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‘ integrate(cot (exx+d) “3/ (atb*tan(exx+d) “2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith ‘

input
‘ m="giac") ‘

output tsageO*x J
Mupad [F(-1)]
Timed out.
/ cot®(d + ex) .
v/a+btan®(d + ex) + ctan?(d + ex)
/ cot(d + ex)® s
\/ctan d+ex) +btan(d+ex)2 +a
inputLint(cot(d + exx)"3/(a + b*xtan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x) J
output Lint(cot(d + exx)73/(a + brtan(d + e¥x)"2 + c¥tan(d + e*x)~4)~(1/2), x) J
Reduce [F|
cot(d + ex) s
va + btan?(d + ex) + ctan*(d + ex)
/ cot (ex + d)® -
¢Mnex+d c+mn@z+d)b+a
input Lint (cot (e*xx+d) "3/ (atb*tan (e*xx+d) ~2+c*tan(exx+d) ~4)~(1/2),x) J

output Lint (cot (exx+d) ~3/(a+bxtan(e*x+d) “2+c*tan(e*x+d) “4)~(1/2) ,x) J




CHAPTER 3. LISTING OF INTEGRALS 365
tan™(d+ex
3.39 | (d+ea) dx
Va+btan?(d+ex)+ctan?(d+ex)
Optimal result . . . . . . . . . . . .. 3651
Mathematica [C] (verified) . . . . . . . .. .. ... L 360!
Rubi [A] (verified) . . . . . . . .. .. 367
Maple [A] (verified) . . . . . . . . . . 370
Fricas [F] . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . . o
Giac [F] . o o o 373
Mupad [F(-1)] . . . 374
Reduce [F] . . . . . o 374
Optimal result
Integrand size = 35, antiderivative size = 662
4 arctan ( va—b+ctan(d+ex) )
/ tan (d + 6.’1,') dz = Va+btan2(d+ex)+ctant(d+er)
va+btan?(d + ex) + ctan*(d + ex) 2v/a— b+ ce
tan(d + ex)\/a + btan?(d + ex) + ctan*(d + ex)
Ve (va+ (/ctan®(d + ex))
4 %tan(d+em) _ a+btan2(d+ex)+ctan(d+ex)
vaE <2 arctan (—% |3 (2 —) (vVa+ y/ctan®(d + ex)) (ot yetant(d1e))’

+

_|_

Va(v/a - 2¢/c) EllipticF <2 arctan (%) (2 - —)) (va+ yctan?(d + ex)) , <2

c3/4e\/a + btan?(d + ex) + ctan*(d + ex)

W
2 (va — v/c) c¥ey/a + btan?(d + ex) + ctan’(d + ex)
(v/a + v/c) EllipticPi <— (‘f\/_a‘éf ,2arctan (%) (2 — —)) (va+ y/ctan®(d + ex))

4v/a (v/a — \/c) V/cey/a + btan?(d + ex) + ctan’(d + ex)



output

input
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1/2*arctan((a-b+c) " (1/2) *tan(exx+d) / (atbxtan(exx+d) "2+c*tan(e*xx+d) ~4)~(1/2
))/(a-b+c) " (1/2) /e+tan(e*x+d) * (a+b*tan (e*x+d) “2+c*tan(e*x+d) "4)~(1/2)/c~ (1
/2)/e/(a~(1/2)+c~(1/2) *tan(e*x+d) "2)-a~(1/4) #*EllipticE(sin(2*arctan(c~(1/4
)*tan(e*xx+d)/a~(1/4))),1/2*x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) *t
an (e*x+d) "2) * ((a+b*tan (e*x+d) “2+c*tan(exx+d) ~4) /(a”~ (1/2)+c~ (1/2) *tan (exx+d
)72)°2)°(1/2)/c”(3/4) /e/ (at+b*tan (e*xx+d) ~2+c*tan(e*x+d) ~4) ~(1/2)+1/2*a~(1/4
Yx(a~(1/2)-2*c~(1/2) ) *InverseJacobiAM(2*arctan(c” (1/4) *tan(e*xx+d)/a~(1/4))
,1/2%x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) *tan (e*x+d) ~"2) * ((a+b*tan
(exx+d) ~2+c*tan(e*xx+d) ~4)/(a~(1/2)+c~(1/2) *tan(e*x+d) ~2)~2)~(1/2) /(a~(1/2)
-c~(1/2))/c”(3/4) /e/ (a+b*tan (e*x+d) “2+c*xtan(exx+d) ~4) ~(1/2)+1/4*(a~(1/2)+c
~(1/2))*EllipticPi(sin(2*arctan(c~(1/4)*tan(exx+d)/a~(1/4))),-1/4x(a~(1/2)
-c~(1/2))"2/a~(1/2)/c~(1/2) ,1/2%(2-b/a~(1/2) /c~(1/2))~(1/2))*(a~(1/2)+c~ (1
/2) *tan (exx+d) “2) * ((a+b*tan (e*x+d) ~2+c*tan(exx+d) ~4)/(a~(1/2)+c~ (1/2) *tan(
exx+d) "2)"2)~(1/2)/a~(1/4)/(a~(1/2)-c~(1/2))/c~(1/4) /e/ (at+b*tan (e*xx+d) ~2+c
*tan (exx+d) ~4)~(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.30 (sec) , antiderivative size = 533, normalized size of antiderivative = 0.81

tan*(d + ex)

dz
/ va+btan?(d + ex) + ctan*(d + ex)

i\/§<(—b+\/b2 ~4ac)E <iarcsinh <¢§

c

b+ b2 —4ac

v/ (8a+b+3c+4(a—c) cos(2(d+ex))+(a—b+c) cos(4(d+ex))) sect (d+ex) sin(2(d+ex)) +

V2

-

LIntegrate[Tan[d + exx]~4/Sqrt[a + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4],x]

}




CHAPTER 3. LISTING OF INTEGRALS 367

((Sqrt[(3*a + b + 3*c + 4*(a - c)*Cos[2x(d + e*x)] + (a - b + c)*Cos[4*(d
+ exx)])*Sec[d + exx]~4]1*Sin[2*(d + e*x)])/Sqrt[2] + ((I*Sqrt[2]*((-b + Sq
rt[b~2 - 4*axc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4x*axc]
)1*Tan[d + e*x]], (b + Sqrt[b~2 - 4xa*c])/(b - Sqrt[b~2 - 4*axc])] + (b +
2xc - Sqrt[b”2 - 4xa*c])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2
- 4xaxc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])]
- 2xc*EllipticPi[(b + Sqrt[b~2 - 4xax*c])/(2*c), IxArcSinh[Sqrt[2]*Sqrt([c/
(b + Sqrt[b~2 - 4xa*c])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[
b~2 - 4*axc])])*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Tan[d + e*x]~2)/(b + Sqgr
t[b~2 - 4xa*xc])]*Sqrt[l + (2*c*Tan[d + e*x]"2)/(b - Sqrt[b~2 - 4*a*c])])/S
grtlc/(b + Sqrt[b~2 - 4*axc])] - 4*Cos[d + e*x]*Sin[d + e*x]*(a + b*Tan[d
+ e*x]"2 + cxTan[d + exx]"4))/Sqrt[a + bxTan[d + e*x]"2 + c*Tan[d + exx]"4

1)/ (4*cxe)

output

Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 675, normalized size of antiderivative = 1.02,

number of rules _ 0.200, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4183, 1662, 27, 1416, 1509, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
tan*(d + ex) i
Va+ btan?(d + ex) + ctan®(d + ex)
| 3042
/ tan(d + ex)* p
X
va+btan(d + ex)? + ctan(d + ex)?
| 4183
tan?(d+ex)
f (tan2(d+ex)+1)+/ctan?(d+ex)+btan2 (d+ez)+adtan(d + CI)
e
| 1662
_ 1 \/E—\ﬁtan2 (d+ex) \/Etan2(
\/a(\/a 2\/6) f \/ctan4(d+ez)+btan2(d+em)+adtan(d+ex) _ \/af \/E\/ctan4(d+em)+btanz(d+em)+adtan(d+ex) + f \/E(tanz(d+ez)+1)\/;

Ve(Va—v) Ve

e
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l 27

— 2 2 d+ex)+-
_9 1 dtan(d va—+/ctan®(d+ex) dtan(d+ Vctan®(
\/E(\/a \/E) f \/ctan4(d+ez)+btan2(d+ez)+a an( +ex) _ f \/c tan4(d+ez)+btan2(d+ez)+a an( ex) + f (tanz(d+ez)+1) \/ctan4(d+ez)
Ve(Vae) ve va(1-
e
| 1416
Va—y/ctan®(d+ea) dtan(d+er) J vetan®(dten)t+a dtan(d+ez) %(\/5—2\/5) (Va+y/ctar
\/c tan4(d+ex)+btan2(d+ex)+a + (tanz(d+ez)+1) \/ctan4(d+ez)+b tan2(d+ez)+a +
c _ Ve
ve va(1-7)
e
| 1509
Vetan? (dtex)+v/a dtan(dtes)  Va(/a—2v2) (Vaty/ctan?(dtes)), |otbiand@ren)tetant(dies) gripeiop
(tan2(d+ez)+l) \/ctan4(d+ez)+btan2(d+ez)+a + (\/E+ﬁtan2(d+ez))
ﬁ<1_£> 2¢3/4(\/a—+/c)\/a+btan?(d+ex)+ctan?(
| 2220

%(\/E-Q—\/Etan:

4
4 . 2 a+b tan?(d+ez)+ctan? (d+ex) s \/Etan(d-ﬁ-ea:) 1(o0__ b
Y/a(a—2v2) (Vat/ctan2(d+ez)) \/ TS EllipticF <2arctan< Va >,4(2 » f)>

2¢3/4 (ﬁ— \ﬁ) \/a—}-b tan?(d+ex)+ctan?(d+ex)

e

Int[Tan[d + e*x]~4/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

~—

input t
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((a~(1/4)*(Sqrt[a] - 2*Sqrt[cl)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + e*x])/
a~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)=*
Sqrt[(a + bxTan[d + e*x]~2 + c*Tan[d + exx]~4)/(Sqrt[a] + Sqrt[c]*Tan[d +
exx]~2)72])/(2*(Sqrt[al] - Sqrtlcl)*c~(3/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*T
an[d + exx]"4]) - (-((Tan[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e
*x]~4])/(Sqrt[a] + Sqrt[c]*Tan[d + ex*x]~2)) + (a~(1/4)*EllipticE[2*ArcTan[
(c™(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrt[al*Sqrtl[c]l))/4]1*(Sqrtla]l + S
grt[c]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + exx]~4)/(Sqr
t[a] + Sqrtlcl*Tan[d + e*x]~2)"2])/(c~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*
Tan[d + exx]~4]))/Sqrtlc] + (((Sqrt[a] - Sqrtl[c])*ArcTan[(Sqrt[a - b + c]*
Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]1])/(2*Sqrt([a -
b + c]) + ((Sqrtl[al + Sqrtl[cl)*EllipticPil[-1/4*(Sqrt[a]l - Sqrtl[c])~2/(Sqrt
[al*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrt[al*Sq
rtlcl))/41*(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]~2 +
c¥Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[c]*Tan[d + exx]~2)~2])/(4*a"(1/4)*c”(1/
4)xSqrt[a + bxTan[d + e*x]~2 + c*Tan[d + exx]~4]))/(Sqrt[al*(1 - Sqrtlcl/S
grtlal)))/e

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x~2)"2)]/
(2*g*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - bx(q~2/(4*c))
1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/al

rule 1416

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + b*x~2 + c*x~4]/(a*x(1 + q
~2%x72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q 2%
x72)72)]/(q*Sqrtla + b*x"2 + c*x74]))#*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2

- 4*axc, 0] && PosQ[c/al

rule 1509
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rule 1662 TREL(x)74/((A) + (e_)*(x)"2)*Sqrt[(a)) + (b_.)*(x)72 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[-(2%c*d - axex*q)/(cxex(e - d*q))

Int[1/Sqrt[a + b*x~2 + c*x~4], x], x] + (-Simp[1/(e*q) Int[(1 - g*x~2)
/Sqrtla + b*x"2 + c*x~4], x], x] + Simp[d~2/(e*x(e - d*q)) Int[(1 + g*x~2)
/((d + exx~2)*Sqrt[a + bxx~2 + c*x~4]), x], x])] /; FreeQ[{a, b, c, d, e},
x] && NeQ[b~2 - 4+*axc, 0] && PosQ[c/al] && NeQ[c*d"2 - axe”2, 0]

rule 2220 Int[((AL) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + cx(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x~4])]/(2*d*e*Rt [
-b + c*(d/e) + a*x(e/d), 2])), x] + Simp[(Bxd + A*e)*(1 + q~2*x~2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q2*x"2)"2)]/(4xd*e*q*Sqrt[a + b*x"2 + c*x"4]))*E1l
lipticPi[-(e - d*q~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*xd~2 - a*xe”2, 0] && PosQ[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + c*(d/e) + ax(e/d)]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 4183 Intltanl(d_.) + (e_)* ()17 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

Maple [A] (verified)

Time = 1.07 (sec) , antiderivative size = 646, normalized size of antiderivative = 0.98



input

output
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method result

2
+

2(—b+ V4 —4ac+b2) tan(ew+d)2 (b+\/ —4ac+b2) tan(ex+d)2 tan(e:c+d)\/§ =btV —4dactb? v—a4ac+l72 \/i
av2\/4— = 4 = EllipticF > ,

2\/—17‘5‘7 \/—;400‘*‘172 \/a+b tan(ez+d)2

+ctan(ex

derivativedivides
\/ 2 (—b+ V4 —4ac+b2) tan(em+d)2 \/ 2 (b+ Vv —4ac+b2) tan(ex+d)2 L tan(em+d)\/§ 1/ —bt+v —4actb® \,jﬂcher \/i
av2\/4— a 4+ a EllipticF 5 ,
2 \/*lﬂri v/ —dac+b? \/a+b tan(ez+d)2 +ctan(ex
default 5

-

int (tan(exx+d) "4/ (a+b*tan (e*x+d) “2+c*tan (e*xx+d) “4) ~(1/2) ,x,method=_RETURNV
ERBOSE)

1/ex(-1/2%a*2~(1/2) / ((-b+(-4*a*xc+b~2) ~(1/2))/a) ~(1/2) * (4-2* (-b+(-4*a*xc+b~2
)~ (1/2))/axtan(exx+d) ~2) = (1/2) * (4+2% (b+(-4*a*xc+b~2) ~(1/2)) /axtan(e*x+d) ~2)
~(1/2)/(at+b*tan(e*x+d) "2+cxtan(e*xx+d) ~4)~(1/2) / (b+(-4*axc+b~2) ~(1/2) ) *(E11l
ipticF(1/2*tan(e*xx+d)*2”~ (1/2)* ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2%(-4+2%
b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*tan(e*x+d)*2~ (1/2)*((-b
+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2
)))+27(1/2)/ (-1/a*xb+1/a*x (-4*a*xc+b~2)~(1/2))~(1/2) *(1+1/2/a*b*tan (exx+d) ~2-
1/2/a*tan(exx+d) “2*% (-4*a*c+b~2)~(1/2)) " (1/2)*(1+1/2/a*xb*tan(e*xx+d) ~2+1/2/a
*tan (exx+d) "2* (-4*a*xc+b~2)~(1/2))~(1/2) / (a+b*tan (e*x+d) “2+c*tan (exx+d) ~4) "~
(1/2)*EllipticPi(1/2*tan(e*x+d)*2~(1/2) * ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),
-2/ (-b+(-4*a*xc+b~2) " (1/2))*a, (-1/2*(b+(-4*a*xc+b~2) ~(1/2)) /a)~(1/2)*27(1/2)
/ ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2))-1/4x2"(1/2) / ((-b+(-4*a*c+b~2)~(1/2))/a
)~ (1/2) % (4-2% (=b+(-4*axc+b~2) ~(1/2)) /axtan(exx+d) ~2) ~ (1/2) * (4+2* (b+ (-4*axc
+b~2)~(1/2) ) /axtan(e*x+d) ~2) ~(1/2) / (a+b*tan (e*x+d) "2+c*tan(e*x+d) ~4) ~(1/2)
*E1lipticF (1/2*tan(exx+d)*27 (1/2)* ((~b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2%(-
4+2xbx (b+(-4*a*c+b~2)~(1/2))/a/c)~(1/2)))
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Fricas [F]

tan*(d + ex)
v/a + btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)* "
\/ctan (ex + d + btan (ex + d)2 +a

dz

‘ integrate(tan(e*x+d) ~4/ (at+b*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith ‘

input
‘ m="fricas") ‘

Lintegral(tan(e*x + d)~4/sqrt(cxtan(e*x + d)~4 + b*tan(exx + d)"2 + a), x) J

output
Sympy [F]
tant(d + ex) .
Va+btan?(d + ex) + ctan*(d + ex)
_ / tan* (d + ex) s
\/a + btan? (d + ex) + ctan (d + ex)
input Lintegrate (tan(e*x+d) **4/ (at+b*tan (exx+d) **2+cxtan (e*xx+d) **4) **x(1/2) ,x) J

output‘ Integral(tan(d + e*x)**4/sqrt(a + b¥tan(d + e*x)**2 + cxtan(d + e*x)*x4), ‘
® |
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Maxima [F]

tan*(d + ex)
v/a + btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)* "
\/ctan (ex + d + btan (ex + d)2 +a

dz

mput‘ integrate(tan(exx+d) "4/ (at+b*tan(exx+d) "2+cxtan(e*x+d)~4)~(1/2) ,x, algorith
‘ m="maxima")

output Lintegrate(tan(e*x + d)~4/sqrt(cxtan(exx + d)"4 + bxtan(e*x + d)"2 + a), x)

Giac [F]

tant(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

/ tan (ezx + d)* "
\/ctan (ex + d + btan (ex + d)2 +a

dz

‘ integrate(tan(e*x+d) ~4/ (at+b*tan(e*x+d) "2+c*tan (e*x+d) ~4)~(1/2) ,x, algorith

input
‘ m="giac")

output LsageO*x
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Mupad [F(-1)]

Timed out.
/ tan*(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
tan(d
/ an(d + ex)* s
\/ctan d+ex) +btan(d—|—e:c)2 +a
input Lint (tan(d + exx)~4/(a + bk*tan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x) J
output Lint (tan(d + e*x)~4/(a + bxtan(d + e*x)~2 + cxtan(d + e*x)~4)~(1/2), x) J
Reduce [F|
tan*(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
\/tan (ex + d)* ¢ + tan (ex + d)* b + a tan (ex + d)4d
= x
/ tan (ex 4+ d)* ¢ + tan (ex + d)° b+ a
input Lint (tan(e*xx+d) "4/ (atb*tan (e*xx+d) ~2+c*tan(exx+d) ~4) ~(1/2),x) J

output‘ int((sqrt(tan(d + exx)**4*c + tan(d + e*x)**2%b + a)*tan(d + e*x)**4)/(tan ‘
‘ (d + exx)*xdxc + tan(d + e*x)**2%b + a),x) ‘




CHAPTER 3. LISTING OF INTEGRALS 375

3.40 f tan (d"‘ex) dx
Va+btan?(d+ex)+ctan?(d+ex)

Optimal result . . . . . . . . . . . ..
Mathematica [C] (verified) . . . . . . . .. .. ... L
Rubi [A] (verified) . . . . . . . .. .. 376
Maple [A] (verified) . . . . . . . . . . 379
Fricas [F] . . . . . 3801
Sympy [F] . . . o 380
Maxima [F] . . . . . . o
Giac [F(-1)] . - o o o e
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 35, antiderivative size = 436

va—b+ctan(d+ex)
/ tan? (d + 633) de — _arCtan (\/a-l—b tan? (d+ez)+ctan4(d+ew)>
va+btan?(d + ex) + ctan*(d + ex) 2v/a—b+ce
4 o s %tan(d—l—ex) a+btan?(d+ez)+ctan?|
v/a EllipticF (2 arctan (—% ) ( )) (vVa+ y/ctan*(d + ex)) \/ (ot Jeton? (dten
+

2 (va — \/c) Veer/a+ btanz(d + ex) + ctan*(d + ex)
(v/a + v/c) EllipticPi (— (\f/_aﬁy ,2arctan <%) (2 — —)) (va+ y/ctan®(d + ex))
4+/a (va — y/c) V/cer/a + btan?(d + ex) + ctan*(d + ex)

-1/2*arctan((a-b+c) ~(1/2) *tan(e*x+d) / (a+b*tan(e*x+d) ~2+cxtan(e*x+d) ~4) ~(1/
2))/(a-b+c)~(1/2)/e+1/2*a~ (1/4) *InverseJacobiAM(2*arctan(c~ (1/4) *tan(e*x+d
)/a~(1/4)),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) #tan(e*x+d) ~2)
* ((at+b*tan (exx+d) "2+c*tan(e*xx+d) ~4)/(a~(1/2)+c~ (1/2) *tan(e*x+d) ~2) ~2) ~(1/2
)/ (a~(1/2)-c~(1/2))/c”(1/4) /e/ (a+b*tan (e*x+d) ~2+c*tan (exx+d) ~4) ~(1/2)-1/4x
(a~(1/2)+c~(1/2))*EllipticPi(sin(2*arctan(c~(1/4)*tan(e*x+d)/a~(1/4))),-1/
4x(a~(1/2)-c~(1/2))"2/a~(1/2)/c~(1/2) ,1/2*(2-b/a~(1/2) /c~(1/2))~(1/2)) *(a"
(1/2)+c~(1/2) *tan(e*x+d) ~2) * ((a+b*tan (exx+d) ~2+c*tan(e*x+d) ~4) /(a~(1/2)+c~
(1/2)*tan(e*x+d) ~2)~2)~(1/2)/a~(1/4)/(a~(1/2)-c~(1/2)) /c~(1/4) /e/ (atb*tan(
exx+d) “2+c*tan (e*x+d) ~4)~(1/2)

output




input

output

CHAPTER 3. LISTING OF INTEGRALS 376

Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 2.51 (sec) , antiderivative size = 311, normalized size of antiderivative = 0.71
/ tan?(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)
i (EllipticF (iarcsinh <\/§ Wﬁ tan(d + ex)) H—V”Q—‘lac) — EllipticPi ( H—\/b;’c—élm:, jarcsinh (

? b—v/b2—4ac
\/§1 / Wﬁe\/a + btan2(d + ea

dzr =

Integrate[Tan[d + e*x]~2/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x] ‘

((-I)*(EllipticF [I*ArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4*a*c])]*Tan[d +
exx]], (b + Sqrt[b™2 - 4*axc])/(b - Sqrt[b~2 - 4xa*c])] - EllipticPil[(b +
Sqrt[b~2 - 4x*axc])/(2*c), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc]
)JI1*Tan[d + exx]], (b + Sqrt[b™2 - 4*a*c]l)/(b - Sqrt[b~2 - 4xa*c])])*Sqrt[(
b + Sqrt[b~2 - 4xaxc] + 2*c*Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[
1 + (2*c*Tan[d + exx]~2)/(b - Sqrt[b~2 - 4xaxc])])/(Sqrt[2]*Sqrtlc/(b + Sq

rt[b™2 - 4xaxc])]*exSqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 447, normalized size of antiderivative = 1.03,

number of rules _ 0.171, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4183, 1656, 27, 1416, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan?(d + ex)
Va+ btan?(d + ex) + ctan?(d + ex)

l 3042

dx

/ tan(d + ex)? i
Va+ btan(d + ex)? + ctan(d + ex)*
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l 4183
tan?(d+ex)
n
f (tan2(d+ex)+1)/ctan(d+ex)+btan2(d+ex)+a dta. (d + em)
e
l 1656
2
1 dtan(d a Vetan®(dtez)tva dtan(d+ex
\/af \/ctan4(d+e:v)+btan2(d+€$)+a an( +ez) ff \/E(tanz(d+ex)+1) \/ctan4(d+em)+btanz(d+ez)+a ( )
Va—e - Va—e
e
l 27
2
L dtan(d Vetan®(dtex)tv/a dtan(d+ex
\/af \/ctan4(d+ez)+btan2(d+ez)+a an( +€£ll) f (tan2(d+e:v)+1) \/ctan4(d+ew)+btan2(d+ex)+a ( )
Va— e Va—e
e
l 1416

4
%(\/E+\/Etan2 (d+e:v)) a+btan?(d+ez)+ctand(dtex) EllipticF <2 arctan (W) 7% (2_ \/Eb\/E>> i V< tan? (d+ea
(tan2 (d+ex)+

(\/E+\/Etan2(d+ez))2 % 1) \/ctan4(d+
2 %(f—ﬁ) Va+btan2(d+ex)+ctant(d+ex) Vv
[
| 2220

4 (v/a—+/c) arctan (7(1_(
%(\/E+\/Etan2 (d+ew)) \/a+b tan2(d+ex)+c tan4(d-24—ez) EllipticF <2 arctan ( \/Etan(d+ez) > ’% (2_ b >) \/a+btan2(

(\/E—Q—\/Etanz(d-&-ez)) % Vay/e 2v/a—b+
2 %(\f— vc)v/a+btan2(d+ex)+ctani(d+ex)

e

tInt [Tan[d + e*x]~2/Sqrtl[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4],x]

A >

input
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((a~(1/4)*EllipticF[2#ArcTan[(c~(1/4)*Tan[d + e*xx])/a~(1/4)], (2 - b/(Sqrt
[al*Sqrt[c]))/4]1*(Sqrt[a] + Sqrt[cl*Tan[d + exx]~2)*Sqrt[(a + bxTan[d + ex
x]72 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[cl*Tan[d + exx]~2)"2])/(2*(Sqrt[a
1 - Sqrtlcl)*c~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) - (((S
grt[al - Sqrtl[c])*ArcTan[(Sqrt[a - b + c]*Tan[d + ex*x])/Sqrt[a + b*Tan[d +
e*x] "2 + cxTan[d + e*x]~4]]1)/(2*Sqrt[a - b + c]) + ((Sqrt[a]l + Sqrt[cl)*E
1lipticPi[-1/4*(Sqrt[a]l - Sqrtlc]l)~2/(Sqrt[al*Sqrtlc]l), 2*ArcTan[(c~(1/4)+*
Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1*(Sqrt[a]l + Sqrt[c]*Ta
n[d + exx]~2)*Sqrt[(a + bxTan[d + e*x]~2 + c*Tan[d + exx]~4)/(Sqrt[a] + Sq
rt[c]*Tan[d + e*x]~2)"2])/(4*a~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d + e*x]"2 + c
*Tan[d + exx]~4]))/(Sqrt[al - Sqrtlcl))/e

output

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + g 2*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - b*x(q~2/(4*c))
1, x1]1 /; FreeQl{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

rule 1416

rule 1656 Int[(x_)~2/C((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rtlc/a, 2]}, Simp[(-a)*((e + d*q)/(c*d"2 - axe”2))

Int[1/Sqrt[a + b*x~2 + c*x"4], x], x] + Simp[a*d*((e + d*q)/(cxd"2 - axe
~2)) Int[(1 + g*x"2)/((d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]1] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQl[c/al]l && NeQ[c*d~2 -
axe~2, 0]
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Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol]l :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(B*d + A*e)*(1 + gq~2*x"2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q~2*x"2)"2)]/(4*d*e*qg*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

rule 2220

rule 3049 Intlu_, x_Symbol]l :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1 " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*((f_D*tanl(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4*axc, 0]

rule 4183

Maple [A] (verified)

Time = 0.93 (sec) , antiderivative size = 402, normalized size of antiderivative = 0.92

method result

2
+

2(—b+ V —4ac+62> l:an(e:zc-f—d)2 (b+\/ —4ac+b2) tan(ea:+d)2 tan(ex+d)vV2 —b+V—dact+b? \ ,4+f
Vv2\[4— a 4 = EllipticF > @ s

4\/%7 N—a4ac+l)2 \/a+b tan(ex+d)2+ctan(ex+d)%

derivativedivides

4+

2(—b+ V —4ac+b2) tan(ez+d)2 2(b+ vV —4ac+b2) tan(ez+d)2 tan(ex+d)v2 =b+v —4dactb® V/—4ac+b? \/ —4+j
VZ\a— _ = EllipticF 3 a ,

4\/_17-‘_7 ‘_(140‘04—1’2 \/a+b tan(ez+d)2+c tan(ez+d)4

default

N

.
input‘int(tan(e*x+d)‘2/(a+b*tan(e*x+d)*2+c*tan(e*x+d)*4)*(1/2)’x,method=_RETURNV
| ERBOSE)
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1/ex(1/4x27(1/2) / ((~b+(-4*a*c+b~2) "~ (1/2))/a) " (1/2) * (4-2x (-b+(-4*a*c+b~2) ~ (
1/2)) /a*xtan(e*xx+d) ~2) " (1/2) * (4+2% (b+(-4*a*xc+b~2) ~(1/2) ) /a*tan (e*x+d) ~2) ~ (1
/2)/ (atbxtan(e*x+d) “2+c*tan(e*x+d) “4) ~(1/2) *E1l1lipticF(1/2*tan(exx+d) *2~(1/
2)*((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2) ~(1/2)) /a/
c)~(1/2))-2"(1/2)/(-1/a*b+1/ax (-4*a*c+b~2)~(1/2))~(1/2)*(1+1/2/a*b*tan (e*x
+d) “2-1/2/a*tan (exx+d) “2x (—-4*a*xc+b~2) ~(1/2))~(1/2)*(1+1/2/a*b*tan (e*x+d) "2
+1/2/a*tan (e*xx+d) ~2* (~4*a*xc+b~2) ~(1/2)) ~(1/2)/ (a+b*tan (exx+d) ~2+c*tan (e*xx+
d)~4)~(1/2)*E1llipticPi(1/2*tan(exx+d)*2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)"
(1/2) ,-2/ (-b+(-4*axc+b~2) " (1/2) ) *a, (-1/2* (b+(-4*a*xc+b~2) ~(1/2)) /a) ~(1/2) %2
~(1/2)/ ((-b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2)))

output

Fricas [F]

tan?(d + ex)
Vva+btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)’ i
\/ctan (ez + d)* + btan (ex + d)*> + a

dz

‘integrate(tan(e*x+d)‘2/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(1/2),x, algorith
m="fricas")

N\ J

input

Output‘ integral (tan(e*x + d)~2/sqrt(c*tan(e*x + d)~4 + bxtan(e*x + d)~2 + a), x) ‘

Sympy [F]

tan®(d + ex)

Va+btan?(d + ex) + ctan*(d + ex)
tan? (d + ex)

N / V/a+btan? (d + ex) + ctan? (d + ex)

dz

dz

input integrate(tan(e*x+d)**2/ (a+b*tan (e*x+d) **2+cxtan (exx+d) **4) ** (1/2) ,x)
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‘Integral(tan(d + exx)**2/sqrt(a + bxtan(d + e*x)**2 + cxtan(d + e*x)*x4),

output‘x)

Maxima [F]

tan®(d + ex)
Va+btan?(d + ex) + ctan*(d + ex)

/ tan (ex + d)’ "
\/ctan (ex + d + btan (ex + d)2 +a

dz

mput‘1ntegrate(tan(e*x+d) 2/ (a+bxtan(e*x+d) “2+c*tan(e*xx+d)~4)~(1/2) ,x, algorith
‘ m="maxima")

output Lintegrate(tan(e*x + d)~2/sqrt(cxtan(exx + d)"4 + bxtan(e*x + d)"2 + a), x)

Giac [F(-1)]

Timed out.
tan®(d
an’(d + ex) dz = Timed out
va+btan?(d + ex) + ctan*(d + ex)
input \ integrate(tan(e*x+d) "2/ (atb*tan(exx+d) "2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith

‘ m="giac")

output LTlmed out
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Mupad [F(-1)]

Timed out.
/ tan?(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
tan(d
/ an(d + ex)’ s
\/ctan d+ex) +btan(d—|—e:c)2 +a
input Lint (tan(d + exx)~2/(a + bk*tan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2),x) J
output Lint (tan(d + e*x)~2/(a + bxtan(d + e*x)~2 + cxtan(d + e*x)~4)~(1/2), x) J
Reduce [F|
tan?(d + ex) i
va+btan?(d + ex) + ctan*(d + ex)
\/tan (ex + d)* ¢ + tan (ex + d)* b + a tan (ex + d)zd
= x
/ tan (ex 4+ d)* ¢ + tan (ex + d)° b+ a
input Lint (tan(e*xx+d) "2/ (atb*tan (e*xx+d) ~2+c*tan(exx+d) ~4) ~(1/2),x) J

output‘ int((sqrt(tan(d + exx)**4*c + tan(d + e*x)**2%b + a)*tan(d + e*x)**2)/(tan ‘
‘ (d + exx)*xdxc + tan(d + e*x)**2%b + a),x) ‘
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1

3.41 f Va+btan?(d+ex)+ctan?(d+ex) dz

Optimal result . . . . . . . . .. . ..
Mathematica [C] (verified) . . . . . . . . . ... 384
Rubi [A] (verified) . . . . . . .. . . 384
Maple [A] (verified) . . . . . . . . ...
Fricas [F(-1)] . . . . . o o 388
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . . 3891
Reduce [F] . . . . . . 390

Optimal result

Integrand size = 26, antiderivative size = 436

va—b+ctan(d+ex)
\/a+btan2(d+ex)+ctant(d+ex)

va + btan?(d + ex) + ctan*(d + ex) 2va — b+ ce
cEllipticF (2 arctan (_%tz;%“rer)) ’ % (2 — #)) (\/5 + +/ctan?(d + ex)) \/ “+b(tjr;jf'y;tzz;§;iz(
- 2v/a (v/a — \/c) ey/a + btan?(d + ex) + ctan®(d + ex)
(v/a + y/c) EllipticPi <— (\f\/_aéf ,2arctan <%) , 411(2 — ﬁ)) (vVa+ y/ctan®(d + ex))
4+v/a (v/a — \/c) V/cer/a + btan?(d + ex) + ctan’(d + ex)

1 arctan (

+

1/2*arctan((a-b+c) " (1/2) *tan(exx+d) / (a+b*tan(exx+d) "2+c*tan(e*xx+d) ~4)~(1/2
))/(a-b+c)~(1/2)/e-1/2%c~(1/4)*InverseJacobiAM(2*arctan(c”~ (1/4)*tan (exx+d)
/a~(1/4)),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2)+c~(1/2) #tan (e*xx+d) ~2) *
((at+b*tan(exx+d) “2+c*tan(e*x+d)~4)/(a~(1/2)+c” (1/2) ¥tan(e*x+d) ~2) ~2) ~(1/2)
/a~(1/4)/(a~(1/2)-c~(1/2)) /e/ (a+b*tan (e*xx+d) ~2+c*tan (exx+d) ~4) ~(1/2)+1/4%(
a~(1/2)+c~(1/2))*EllipticPi(sin(2*arctan(c” (1/4)*tan(e*x+d) /a~(1/4))),-1/4
*(a~(1/2)-c~(1/2))"2/a~(1/2)/c~(1/2) ,1/2*(2-b/a~(1/2) /c~(1/2))~(1/2))*(a~ (
1/2)+c~(1/2) *tan(exx+d) ~2) * ((a+b*tan(e*x+d) ~2+c*tan (e*x+d) ~4)/(a~ (1/2) +c"(
1/2)*tan(e*xx+d) ~2)~2)~(1/2)/a~(1/4)/(a~(1/2)-c~(1/2))/c”(1/4) /e/ (atb*tan(e
*xx+d) “2+c*tan (exx+d) ~4)~(1/2)

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.66 (sec) , antiderivative size = 235, normalized size of antiderivative = 0.54

1
va+btan?(d + ex) + ctan*(d + ex)

i EllipticPi (lﬂr—vli—‘ltw ,iarcsinh(\/ﬁ Wﬁtan(d + ex)) b+\/b2_4ac) \/ b+vb2—4ac+2ctan?(d+ex) \/

dr =

? b—v/b2—4ac b+v/b2—4ac

V2 /wﬁe\/a + btan?(d + ex) + ctan*(d + ex)

e

input tIntegrate [1/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

~—

((-I)*EllipticPi[(b + Sqrt[b~2 - 4*axc])/(2%c), IxArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b”2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b™2 - 4*axc])/(b - Sqrt[b
~2 - 4*axc])]*Sqrt[(b + Sqrt[b~2 - 4*a*xc] + 2*c*Tan[d + exx]~2)/(b + Sqrt[
b~2 - 4*axc])]*Sqrt[1 - (2*c*Tan[d + exx]~2)/(-b + Sqrt[b~2 - 4*axc])]1)/(S
qrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*exSqrt[a + bxTan[d + exx]~2 + c*Tan
[d + exx]~4])

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 446, normalized size of antiderivative = 1.02,

number of rules _ 0.231, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4853, 1540, 27, 1416, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
Va+ btan?(d + ex) + ctan®(d + ex)
| 3042

1 dz
Va+ btan(d + ex)? + ctan(d + ex)*

l 4853

dx




input
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1
f (tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a d tan(d + ew)
e
| 1540
\/Etanz (d+ez)++/a 1
a dtan(d+ex dtan(d+
vel ﬁ(tanz(d+ez)+1) \/Ctan4(d+gz)+btan2(d+gz)+a ( : vel \/Ctan4(d+ex)+btan2(d+ex)+a an(d+ez)
Va—/e Va—/e
e
| 27
yetan® (dtes)+/a dtan(d+ex 1 dtan(d
(tanz(d‘Fel'H'l) \/Ctan4(d+ez)+btan2(d+em)+a ( ) vel \/Ctan4(d+e:c)+b tan2(d+ex)+a an(d-+ex)
Voo Voo
e
| 1416
etan?(d+ex)+/a dtan(d+ex) %(\/E-i—\/atanQ (d—i—ex)) a+btan2(d+em)+”an4(d-;m) EllipticF (2 arctan (
(tan2 (d+em)+1) \/c tan4 (d+ez)+btan2(d+ex)+a (\/E+\/5 tan2 (d+e:z:))
Va—ye 2 %/E(f—\/a) Va+btan2(d+ezx)+ctan?(d+ex
e
| 2220
2 4
_ Va—btctan(d+ex) (va++/c) \/E+\/Etan2(d+ez) atbtan®(dtew)+ctand(dter) EllipticPi (7 7(\/5_\/5) 2 arctan (1
c) arctan )
(va=ve) ( \/a+btan2(d+ez)+ctan4(d+ez) ) ( ) (\/E+\/Ztan2(d+e:t))2 4Vaye
2a=bte 4 %%\/tﬂ-btanz(d+ez)+ctan4(d+ew)
Vae

Int[1/Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4],x]
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(-1/2x(c~(1/4)*EllipticF [2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)]1, (2 - b/
(Sqrt[al*Sqrt[c]l))/4]1*(Sqrt[al + Sqrtl[c]l*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d
+ e*xx]"2 + cxTan[d + exx]~4)/(Sqrtl[a] + Sqrtlcl*Tan[d + e*x]~2)"2])/(a"~(1
/4)*(Sqrt[a] - Sqrtlc])#*Sqrt[a + bxTan[d + e*x]~2 + c*Tan[d + e*x]~4]) + (
((Sqrt[a] - Sqrtlc]l)*ArcTan[(Sqrt[a - b + c]l*Tan[d + e*x])/Sqrt[a + bxTan[
d + exx]"2 + c*Tan[d + exx]~4]]1)/(2xSqrt[a - b + c]) + ((Sqrtl[al + Sqrtlc]
)*EllipticPi[-1/4*(Sqrt[a]l - Sqrtlcl)~2/(Sqrtlal*Sqrtlcl), 2*ArcTan[(c~(1/
4)xTan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]))/41*(Sqrt[al + Sqrtlc]
*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[a] +
Sart[c]*Tan[d + exx]~2)~2])/(4xa”~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d + e*x]"2
+ cxTan[d + exx]74]))/(Sqrt[a]l - Sqrtlcl))/e

output

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + g 2*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x~2)"2)]/
(2xg*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - b*x(q~2/(4*c))
1, x1]1 /; FreeQl{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

rule 1416

Int[1/(C(d) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rt[c/a, 2]}, Simp[(c*d + a*exq)/(c*d"2 - a*e”2) Int[1
/Sqrtla + b*x"2 + c*x~4], x], x] - Simp[(a*e*(e + d*q))/(c*d"2 - a*e”2) I
nt[(1 + gq*x~2)/((d + e*x~2)*Sqrt[a + b*x"2 + c*x~4]), x], x]] /; FreeQ[{a,

b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*d*e + a*xe”2, 0] &&

NeQ[c*d~2 - a*xe~2, 0] && PosQ[c/a]

rule 1540

N\
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rule 2220

Int[(CA_) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol]l :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + c*x(d/e) + ax(e/d), 2])), x] + Simp[(B*d + Axe)*(1 + q~2*xx"2)*(Sqrt[(a
+ b*x"2 + c*x74)/(ax(1 + q~2*x"2)"2)]/(4*d*e*qg*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]
/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQ[c*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4853

input k

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d™2#*x
~2), Tan[v]/d, u, x], x], x, Tan[v]/d]l], x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrigl[ul, x

1]

Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 231, normalized size of antiderivative = 0.53

method result
\/§ \/1+ b tan(§§+d)2 _ tan(ea:-ﬁ-d);a\/ —A4ac+b2 \/1+ b tan(;::-ﬁ-d)? + tan(ea:+d)za\/ —A4dac+b2 EllipticPi (tan(em-kd)x/i ;ﬁ
derivativedivides =
e \/— % + % \/a—i-b tan(ez+d)%+ctan(ex+d)*
\/ﬁ \/1_'_ b tan(;:+d)2 _ tan(ex+d);a\/ —4ac+b2? \/1+ b tan(;:+d)2 + tan(ex+d);a\/ —4ac+b? EllipticPi (ta.n(e:v-{—d)\/ﬁ ;ﬁ
default =
e\/— g + # \/a—i-b tan(ez+d)%+ctan(ex+d)*
int (1/ (a+b*tan(e*x+d) ~2+c*tan(e*xx+d) ~4) ~(1/2) ,x,method=_RETURNVERBOSE) J
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. J

output 1/ex27(1/2)/ (-1/a*b+1/a* (-4*a*c+b~2) ~(1/2) )~ (1/2) *(1+1/2/a*bxtan (e*xx+d) ~2-
1/2/a*tan (exx+d) ~2% (~4*axc+b~2) ~(1/2))~(1/2) * (1+1/2/a*b*tan(e*x+d) ~2+1/2/a
*tan (e*xx+d) “2x (—4*a*xc+b~2)~(1/2))~(1/2) /(atb*tan(e*x+d) “2+c*tan(e*x+d) “4)~
(1/2)*E1llipticPi(1/2*tan(e*x+d)*2~(1/2)* ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2),
-2/ (-b+(-4*a*xc+b~2)~(1/2)) *a, (-1/2* (b+(-4*a*c+b~2)~(1/2))/a) ~(1/2)*2~(1/2)
/ ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2))
Fricas [F(-1)]
Timed out.

1 .
dr = Timed out
va+ btan?(d + ex) + ctan*(d + ex)
input[integrate(l/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)*4)*(1/2)’X, algorithm="fricas")

outputLTimed out

Sympy [F]
1
dx
va+ btan?(d + ex) + ctan*(d + ex)
/f 1
= dx
va+btan®(d + ex) + ctan* (d + ex)
input [integrate (1/ (a+bxtan (exx+d) ¥*¥2+c*tan (exx+d) **4) **(1/2) ,x)

-/

OutputLIntegral(i/sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)**4), x)
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Maxima [F]

1

va+ btan?(d + ex) + ctan*(d + ex)
1

/\/ctan ex + d) +btan(ew+d)2+a

dz

dz

input Lintegrate (1/(atb*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(1/2) ,x, algorithm="maxima") J
output tiﬂtegrate(1/Sqrt(0*tan(e*x + d)"4 + bxtan(e*x + d)"2 + a), x) J
Giac [F]
1
dz
Va+btan?(d + ex) + ctan*(d + ex)
1
= / dz
\/ctan (ex +d)* +btan (ex + d)* +a
input Lintegrate (1/ (a+b*tan (e*x+d) ~2+c*tan(e*x+d) ~4)~(1/2) ,x, algorithm="giac") J
output LsageO*x J

Mupad [F(-1)]

Timed out.
1

va+ btan?(d + ex) + ctan*(d + ex)
1

/\/ctan d+ex) +btan(d+ex)2+a

dz

dz

input Lint(i/(a + bxtan(d + e*x)"2 + cxtan(d + e*x)~4)~(1/2),x) J




CHAPTER 3. LISTING OF INTEGRALS 390

output 1BE(1/(a + brtan(d + exx)"2 + cxtan(d + exx)"4)7(1/2), x) J
Reduce [F|
1
dz
\/a + btan?(d + ex) + ctan*(d + ex)
\/tan(ex+d)4c+ta,n(ex+d)2b+a

B / tan (ex 4+ d)* ¢ + tan (ex + d)° b+ a

inputLint(1/(a+b*tan(e*x+d)"2+c*tan(e*x+d)*4)*(1/2)’x) J

Output‘int(sqrt(tan(d + exx)**4xc + tan(d + e*x)**2%b + a)/(tan(d + e*x)**d*c + t
‘an(d + exx)**2%b + a),x)
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3.42

cot?(d+ex) dx

Optimal result . . ... ..
Mathematica [C] (verified) .
Rubi [A] (verified) . . . ..
Maple [F] . ... ... ...
Fricas [F(-1)] ... ... ..
Sympy [F] .. .......
Maxima [F] . .. ... ...
Giac[F] .. .........
Mupad [F(-1)] . ... ...
Reduce [F] ... .. .. ..

Optimal result

f Va+btan?(d+ex)+ctan?(d+ex)

............................. 291
.............................
............................. 299
.............................
.............................
............................. 299
............................. 299
............................. 400
............................. 400)

Integrand size = 35, antiderivative size = 707

cot?(d + ex)

arctan va—b+ctan(d+ex)
Va+btan2(d+ezx)+ctant(d+er)

/ v/a+ btan

d
2(d + ex) + ctan*(d + ex) 2v/a — b+ ce

_ cot(d +ex)y/a + btan®(d + ex) + ctan’(d + ex)
ae
Vctan(d + ex)+/a + btan®(d + ex) + ctan?(d + ex)

ae (va+ y/ctan®(d + ex))
4 %tan(d+ex) _ a+btan?(d+ex)+ctan?(d+ex)
v/cE (2 arctan (—) |3 (2 —>) (Va+ y/ctan®(d + ex)) \/ (Vatyetant(dten))?

+

Va

a’/*e\/a + btan?(d + ex) + ctan?(d + ex)

(2y/a — \/c) v/cEllipticF (2 arctan <%) : i( )) (vVa+ y/ctan®(d + ex)) a+b(tj
2a3/4 (ya—y/c) en/a+ btanQ(d + ex) + ctan*(d + ex)
(va + v/c) EllipticPi (— (‘f/_a‘fj ,2arctan (%) (2 — —)) (va + y/ctan®(d + ex))

4v/a (v/a — \/c) V/cey/a + btan?(d + ex) + ctan’(d + ex)
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-1/2*arctan((a-b+c) " (1/2)*tan(e*xx+d) / (atb*tan(exx+d) “2+c*tan(e*x+d) “4) ~(1/
2))/(a-b+c)~(1/2)/e-cot (e*x+d) * (a+b*tan (exx+d) ~2+c*tan(e*x+d) ~4)~(1/2)/a/e
+c” (1/2) ¥tan (e*xx+d) * (a+b*tan (e*x+d) ~"2+c*tan(exx+d) ~4)~(1/2) /a/e/(a” (1/2)+c
~(1/2) #tan(e*xx+d) "2)-c~(1/4) #*EllipticE(sin(2*arctan(c” (1/4)*tan(e*x+d) /a~(
1/4))),1/2x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~ (1/2)+c~ (1/2) *tan (exx+d) "2) *((a
+bxtan (e*x+d) "2+cxtan(e*x+d) ~4)/(a~(1/2)+c~(1/2) *tan(exx+d) "2)~2) ~(1/2)/a”
(3/4)/e/ (at+bxtan(e*x+d) ~2+c*tan(exx+d) ~4) ~(1/2)+1/2*(2*%a~ (1/2)-c~(1/2) ) *c~
(1/4) *InverseJacobiAM(2*arctan(c” (1/4) *tan(e*x+d) /a~(1/4)),1/2*%(2-b/a~(1/2
)/c™(1/2))~(1/2))*(a~(1/2)+c~ (1/2) *tan (e*x+d) ~2) * ((a+b*tan (e*x+d) ~2+c*tan(
exx+d) ~4)/(a~(1/2)+c~(1/2) *tan(e*x+d) ~2) ~2)~(1/2) /a~(3/4) /(a~(1/2)-c~(1/2)
)/e/ (a+bxtan(e*x+d) "2+cxtan(e*x+d) ~4)~(1/2)-1/4*(a~(1/2)+c~(1/2))*Elliptic
Pi(sin(2*arctan(c”~(1/4)*tan(e*x+d)/a~(1/4))),-1/4x(a~(1/2)-c~(1/2))"2/a~ (1
/2)/c~(1/2),1/2%(2-b/a~(1/2)/c(1/2))~(1/2))*(a~(1/2)+c~ (1/2) *tan(e*x+d) "2
)*((a+b*tan (e*x+d) “2+c*tan(exx+d) ~4)/(a”~ (1/2)+c~ (1/2) *tan(exx+d) ~2) ~2) ~(1/
2)/a~(1/4)/(a~(1/2)-c~(1/2))/c~(1/4) /e/ (a+b*tan (e*xx+d) ~2+c*tan (e*x+d) ~4) ~(
1/2)

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 17.07 (sec) , antiderivative size = 683, normalized size of antiderivative = 0.97

cot?(d + ex)

T
/ va+btan?(d + ex) + ctan*(d + ex)

\/ 3a+b+3c+4a cos(2(d+ex))—4ccos(2(d+ex))+a cos(4(d+ex))—b cos(4(d+ex))+c cos(4(d+ex)) <_ cot(d+ex) + sin(2(d+ex)) )
344 cos(2(d+ex))+cos(4(d+ex)) a 2a

e

tan(d—i—ex)) | b Vb2 —dac ) —EllipticF (iarcsinh (\/i

i _ 2_ ; i ¢ ¢
2\/5( b+vb 4ac) (E(zaI'CSIIlh(\/i PR b Vel —dec b+mtan(d+ex)),

N Vv

input LIntegrate [Cot[d + e*x]~2/Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4],x] J
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(Sqrt[(3*a + b + 3xc + 4*xaxCos[2*(d + exx)] - 4xcxCos[2*x(d + exx)] + axCos
[4+x(d + exx)] - bxCos[4*(d + e*x)] + c*Cos[4*(d + e*xx)])/(3 + 4*Cos[2x(d +
exx)] + Cos[4x(d + e*x)])]*(-(Cot[d + exx]/a) + Sin[2*(d + exx)]/(2%a)))/
e + ((I*Sqrt[2]*(-b + Sqrt[b~2 - 4xa*c])*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt
[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b™2 - 4x*a*c])/(b - Sq
rt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*a
*c])]1*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])])*Sqr
t[(b + Sqrt[b~2 - 4xa*c] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4*axc])]*Sq
rt[1 + (2xc*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4xa*c])])/Sqrtlc/(b + Sqrt[b~2
- 4xaxc])] + ((2*I)*Sqrt[2]*a*EllipticPi[(b + Sqrt[b~2 - 4*axc]l)/(2xc), I
*ArcSinh[Sqrt [2]*#Sqrt[c/(b + Sqrt[b~2 - 4*a*c])]*Tanl[d + e*x]], (b + Sqrtl
b2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])]*Sqrt[(b + Sqrt[b~2 - 4*a*xc] + 2xcxT
an[d + exx]~2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*Tan[d + exx]~2)/(b -
Sqrt[b~2 - 4xaxc])])/Sqrtlc/(b + Sqrt[b~2 - 4xaxc])] - (4xTan[d + exx]*(a
+ b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4))/(1 + Tan[d + e*x]~2))/(4*a*exSqrt
[a + bxTan[d + e*x]~2 + c*Tan[d + e*x]~4])

output

Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 725, normalized size of antiderivative = 1.03,

number of rules __
integrand size 0.314, Rules

used = {3042, 4183, 1668, 25, 2232, 27, 1509, 2226, 27, 1416, 2220}

number of steps used = 12, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
cot?(d + ex)
Va+ btan?(d + ex) + ctan?(d + ex)

| 3042

L/i 1 dz

tan(d + ex)2\/a + btan(d + ex)? + ctan(d + ex)?

| 4183

f cot?(d+ex) dtan(d + ex)

(tan2(d+ex)+1)+/ctan(d+ex)+btan?(d+ex)+a
e

l 1668
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—ctan? (d+ez)—ctan2 (d+ezx)+a

— dtan(d+ex)
(tanz (d+5$)+1) \/C tant(d+ez)+btan? (d+ez)+a __ cot(d+ex)/a+btan?(d+ex)+ctant(d+ex)
a a
e
| 25
—ctan4(d+em)—ctan2(d+em)+a dtan(d—i—ex)
(tanz (d+ex)+1) \/0 tant(d+ex)+btan?(d+ez)+a __ cot(d+ex) V/a+btan?(d+ex)+ctan(d+ex)
a a
e
| 2232

\/Ec(—\/atan2(d+ez)+\/a—\/5)

dtan(d+ex)

2 2(d 1 4(d btan2(d
\/E\/Ef \/Z_\/Etan (d+;a:) dtan(d+e:z:)+ (tan (d+ex)+ )\/ctan ( +eC:1:)+ tan<(d+ex)+a .
B ﬁ\/ctan (d+ex)+btan2(d+ez)+a __ cot(d+ex)+/a+btan?(
a a
e
| 27
a—+/c tan? d+ex) —ﬁtanz(d+em)+f—ﬁ
Ve va—/ectan™( dtan(d+ez)++/a dtan(d+ex)
\/ctan4(d+ez)+btan2(d+ez)+a / (tanQ(d+ez)+1) \/ctan4(d+ez)+btan2(d+61)+a __ cot(d+ex)\/a+btan?(d
a a
e
l 1509
4 btan?2(d 4@d 4\1/2
\/a(\/a+\/5tan2(d+ez)) atbtan=(dtew)+ctant( ;ez)E(Qarctan<—
\/a —ﬁtan2(d+ez)+ﬁ—\/£ dtan(d—i-ex)-i-\/é (\/E+\/Etan2(d+ez))
(tanz(d+ez)+1) \/c tan? (d+ex)+btan?(d+ez)+a %\/a-q—b tan2 (d+ez)+c tand (d+ex)
B a
e
l 2226
2
of veten (dtew)tv/a dtan(dtez) z(2va—ye) [ 1 dtan(d+ex) Va(
ﬁ(tan2 (d+ez)+1) \/c tan4 (d+ex)+btan2(d4ex)+a \/c tan4(d+ex)+btan2(d+ex)+a
va Va—ve - Va—e el ——

| 27



inpu
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2
af veten (dtez)tv/a dtan(dtez) \/e(2va—ye) [ 1 dtan(d+ex) Va(v
(tan2(d+ez)+1) Ve tand (d+ez)+b tan? (d+ex)+a \/c tan4 (d+ex)+btan2(d+ex)+a
va Va— v - Va—ve el ——
_ a
| 1416
I Vetan?(dtez)+v/a dtan(dtez) %(2\/6—%) <\/a+\/5tan2(d+em)) a+btan?(dtea)+e "a"4(d'2"”) EllipticF
f (tan2(d+ez)+1) \/ctan4(d+e:v)+b tan2(d+ex)+a (\/E+ﬁtan2(d+ez))
a —
va—ve 2 %(ﬁ, Vc) \/a+b tan2 (d+ez)4-c tan
| 2220
‘\l/a(\/ﬁ+\/5tan2 (d+ez)) a+btan?(dtex)+c tan4(d-2kea:) E (2 arctan <M> |21[ (27 b ))
\/» (\/EJF\/Etanz(dJrez)) % vave tan(d+ezx) \/a+b tan2 (d+ex)+ctan(d-
c _

%\/tH-b tan2 (d+ex)+c tand (d+ex)

\/E+\/Etan2 (d+ex)

t‘Int[Cot[d + exx]"2/Sqrt[a + bxTan[d + e*x]"2 + c*Tan[d + exx]~4],x]
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(-((Cot[d + exx]*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4])/a) - (Sart
[c]*(-((Tan[d + exx]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4])/(Sqrtl[
a] + Sqrtlcl*Tan[d + e*x]~2)) + (a~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d
+ exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]1*(Sqrt[al + Sqrt[c]*Tan[d +
exx] ~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlc]
*Tan[d + exx]~2)72])/(c”(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4
1)) + Sqrtl[al*(-1/2*((2*Sqrt[a] - Sqrtl[c])*c~(1/4)*EllipticF[2*ArcTan[(c~(
1/4)*Tan[d + e*x])/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlc]l))/41*(Sqrt[a]l + Sqrtl
c]*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[al]
+ Sqrt[c]*Tan[d + exx]~2)"2])/(a~(1/4)*(Sqrt[a]l - Sqrtlc]l)*Sqrt[a + bxTan
[d + exx]"2 + c*Tan[d + e*x]"4]) + (Sqrt[al*(((Sqrtl[a]l - Sqrt[c])*ArcTan[(
Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + exx]”2 + c*Tan[d + e*x]"4
11)/(2+Sqrtla - b + c]) + ((Sqgrt[al + Sqrtlc])*EllipticPi[-1/4*(Sqrt[a] -

Sqrt[c])~2/(Sqrt[a]l*Sqrt[c]l), 2*ArcTan[(c~(1/4)#*Tan[d + e*x])/a~(1/4)]1, (2
- b/ (Sqrt[al*Sqrt[c]))/4]1*(Sqrt[a]l + Sqrtlc]*Tan[d + e*x]~2)*Sqrt[(a + b*
Tan[d + exx]"2 + c*Tan[d + exx]~4)/(Sqrtl[a] + Sqrtl[cl*Tan[d + e*x]~2)"2])/
(4*a~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])))/(Sqrtl[
a] - Sqrtlcl)))/a)/e

output

Defintions of rubi rules used

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x~2)"2)]/
(2%g*Sqrt[a + b*x"2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - bx(q~2/(4*c))
1, x]1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*a*c, 0] && PosQ[c/al

rule 1416
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Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrt[a + b*x"2 + cxx~4]/(ax(1 + q
~2%x72))), x] + Simp[d*(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q 2%
x72)72)]1/(g*Sqrt[a + b*x"2 + c*x~4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[c/al

rule 1509

rule 1668 AL ") /() + (e_)*(x_)7"2)*Sqrtl(a ) + (b_.)*(x)72 + (c_.)*(x)"
4]), x_Symbol] :> Simp[x~(m + 1)*(Sqrtl[a + b*x~2 + c*x"4]/(a*d*(m + 1))), x
1 - Simp[1/(a*xd*(m + 1)) Int[(x"(m + 2)/((d + exx~2)*Sqrt[a + b*x"2 + c*x
~4]))*Simp[a*ex(m + 1) + b*d*(m + 2) + (b*ex(m + 2) + cxd*(m + 3))*x~2 + c*
ex(m + 3)*x~4, x], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc,
0] && ILtQ[m/2, O]

rule 2220 Int [((AD) + (B_.)*(x_)"2)/(((d.) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"41), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*x"4])]/(2*d*exRt [
-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(B*d + A*xe)*(1 + q~2*x~2)*(Sqrt[(a
+ b*xx"2 + c*x74)/(ax(1 + q72*x72)72)]/(4*d*e*q*Sqrt[a + b*x~2 + c*x~4]))*El
lipticPi[-(e - dxq~2)"2/(4*d*e*xq~2), 2*ArcTan[q*x], 1/2 - b/(4*a*q~2)], x]]

/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*xd™2 - a*e”2, 0] && PosQ[c/al &
& EqQlc*A~2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + cx(d/e) + ax(e/d)]

~

rule 2226 Int[(CAL) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtl[c/a, 2]}, Simp[(A*(c*d + axe*q)
- a*Bx(e + dxq))/(cxd"2 - axe”2) Int[1/Sqrtla + b*x~2 + c*x~4], x], x] +
Simp[a*(B*d - Axe)*((e + d*q)/(cxd"2 - a*e”2)) Int[(1 + g*x~2)/((d + exx”
2)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] &&
NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al] && NeQ[c*xA"2 - a*B~2, 0]




rule 2232

rule 3042

rule 4183

input

output
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Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]1)
, X_Symbol] :> With[{q = Rtlc/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, Simp[-C/(e*q) Int[(1 - g*x"2)/Sqrt[a + b*x"2
+ c*x”4], x], x] + Simp[1/(c*e) Int[(A*xc*e + a*xCxd*q + (Bkcxe — Ck(c*d -
axe*q))*x"2)/((d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b
, ¢, d, e}, x] && PolyQ[P4x, x~2, 2] && NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al
& 1GtQ[b~2 - 4xaxc, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )] " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

Maple [F]

/ cot (ex + d) da
\/a + btan (ex + d)* + ctan (ex + d)*

Lint(cot(e*x+d)“2/(a+b*tan(e*x+d)“2+c*tan(e*x+d)“4)‘(1/2),x)

{int (cot (exx+d) ~2/ (a+b*tan (e*xx+d) ~2+c*tan(exx+d) ~4) ~(1/2) ,x)

| —

Fricas [F(-1)]

Timed out.

cot?(d + ex)

dz = Timed out
va+ btan?(d + ex) + ctan*(d + ex)
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¢ ‘ integrate(cot (exx+d) "2/ (at+b*tan(exx+d) “2+c*xtan(e*xx+d) ~4)~(1/2) ,x, algorith ‘

inpu
‘ m="fricas") ‘

output tTimed out J
Sympy [F]
cot?(d + ex) s
Va+ btan?(d + ex) + ctan*(d + ex)
_ / cot? (d + ex) g
\/a + btan? (d + ex) + ctan* (d + ex)
input Lintegrate (cot (e*xx+d) **2/ (at+b*tan (e*xx+d) **2+cxtan (e*xx+d) **4) **x(1/2) ,x) J

‘Integral(cot(d + exx)**2/sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)**4), ‘

output ‘ 0 ‘

Maxima [F]

cot?(d + ex)
va+ btan?(d + ex) + ctan*(d + ex)

/ cot (ex + d)® d
\/ctan (ex + d)* 4 btan (ex + d)* + a

dz

t‘1ntegrate(c:o1:(e*x+d) 2/ (atbxtan(e*xx+d) “2+c*tan(e*x+d) ~4)~(1/2) ,x, algorith ‘

inpu
‘ m="maxima") ‘

Outputtintegrate(cot(e*x + d)"2/sqrt(cxtan(e*x + d)~4 + b¥tan(e*x + d)"2 + a), x) J
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Giac [F]

cot?(d + ex)
v/a + btan?(d + ex) + ctan*(d + ex)

/ cot (ex + d)* "
\/ctan (ex + d + btan (ex + d)2 +a

dz

mput‘ integrate (cot (e*x+d) “2/ (a+b*tan (e*x+d) “2+cxtan(e*xx+d) ~4)~(1/2) ,x, algorith
‘ m—"glac")

output tsageO*x

Mupad [F(-1)]

Timed out.
/ cot?(d + ex) .
v/a + btan®(d + ex) + ctan?(d + ex)

/ cot(d + ex)’ s
\/ctan d+ex) +btan(d+ex)2 +a

input Lint(cot(d + e*x)"2/(a + bxtan(d + e*x)~2 + cxtan(d + e*x)~4)~(1/2),x)

output Lint(cot(d + exx)~2/(a + bktan(d + e*x)~2 + c*tan(d + e*x)~4)~(1/2), x)
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Reduce [F]

cot?(d + ex)
va+btan?(d + ex) + ctan*(d + ex)

/ \/tan(ex-l—d)4c—|—tan(eac+d)2b—|—a cot (ex+d)2d
= x

tan (ex 4+ d)* ¢ + tan (ez + d)° b+ a

input Lint (cot (e*xx+d) "2/ (at+bxtan (e*xx+d) ~2+c*tan(exx+d) ~4)~(1/2) ,x)

output‘ int((sqrt(tan(d + exx)**4*c + tan(d + e*x)**2*b + a)*cot(d + exx)**2)/(tan
‘ (d + exx)*xdxc + tan(d + e*x)**2%b + a),x)
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3.43 f ( tan7(d+ex) - dx

Optimal result . . . . . . . . . . . . e 402
Mathematica [A] (verified) . . . . . . . . .. ... 03]
Rubi [A] (verified) . . . .. . . ... .. 03
Maple [B] (verified) . . . . . . . . . .. 407
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 408
Sympy [F] . . o o 409
Maxima [F(-2)] . . . . . . . o 4091
Giac [F(-1)] . . .« o o e 409
Mupad [F(-1)] . . . oo 410
Reduce [F] . . . o . o o e 410
Optimal result
Integrand size = 35, antiderivative size = 235
2a—b+(b—2c) tan?(d+ex)
/ tan7(d + GCL') = arCtanh(2\/(1—b—|—c\/a-i—bta,n2 (d+ez)+ctan4(d+ex))
(a + btan?(d + ex) + ctan’(d + ez))*” 2(a—b+c)3%

b+2ctan?(d+ex)
i arctanh ( 2v/c\/a+btan2(d+ezx)+ctant(d+ex) )

2c3/2¢

a(®® — a(b+ 2c)) + (b® + 2a%c — ab(b + 3c)) tan?(d + ex)
c(a —b+c) (b2 — 4ac) ey/a + btan®(d + ex) + ctan®(d + ex)

1/2*arctanh(1/2* (2*xa-b+(b-2*c) *tan (e*x+d) ~2) /(a-b+c) ~(1/2) / (a+b*tan (exx+d)
~2+cxtan(exx+d) "4)~(1/2))/(a-b+c)~(3/2) /e+1/2*arctanh (1/2* (b+2*c*tan (e*xx+d
)"2)/c”(1/2) / (at+b*tan(exx+d) “2+c*xtan(e*x+d) ~4)~(1/2))/c~(3/2) /e+(a*x (b~ 2-a*
(b+2*c) )+ (b~ 3+2*%a"2*c—-a*b* (b+3*c) ) *tan (exx+d) “2) /c/ (a-b+c) / (-4*a*xc+b~2) /e/
(a+b*tan(e*x+d) “2+c*xtan (e*x+d) ~4) ~(1/2)

output




input

output
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Mathematica [A] (verified)

Time = 5.23 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.17

arctanh Za—b+(b—2c) tan? (d-+ex) arctanh
. d 2\/m\/a+btan2(d+ew)+ctan4(d+ew) + 2%\/;
tan ex a—b+c)3/2
/(a+btan2(d+ex() :cta)rl4(d+ex))3/2 = e

Integrate[Tan[d + e*x]~7/(a + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4)~(3/2),x
]

(ArcTanh[(2*a - b + (b - 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a +

b*xTan[d + e*x]~2 + c*Tan[d + e*x]~4])]/(a - b + ¢)~(3/2) + ArcTanh[(b + 2%
c*Tan[d + exx]~2)/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + exx] 4]
)1/c~(3/2) + (2*Sqrt[2]*(bx(a~2 - b™2 + 3xaxc) + (b~3 - a*b*(2*b + 3*c) +
a"2%(b + 4xc))*Cos[2%(d + exx)])*Sec[d + e*x]"2)/(cx(a - b + c)*(-b~2 + 4x
axc)*Sqrt[(3*a + b + 3xc + 4%(a - c)*Cos[2x(d + exx)] + (a - b + c)*Cos[4x
(d + exx)])*Sec[d + e*x]~4]))/(2%e)

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 374 Ryjeg
integrand size

used = {3042, 4183, 1578, 1264, 27, 27, 1269, 1092, 219, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan’(d + ex)

dz
/ (a + btan?(d + ex) + ctant(d + ex))

3/2

l 3042

/ tan(d + ex)7 e
(a + btan(d + ex)? 4 ctan(d + ex)4)3/2

l'4183
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tan’ (d+ex) d
tan(d + ex
f (tan2(d+ex)+1)(ctan? (d+ex)+btan? (d+ex)+a)/? ( + )
e
| 1578
tan®(d+ex) d 2
tan“(d + ex
f (tan?(d+ex)+1)(ctant(d+ez)+btan?(d+ex)+a)>/? ( + )
2e
| 1264
(a—b) (b2—4ac)
2 2
_ (b —4ac) tan (d—i—ewH—11_71)4_C d tan2 (d+e;1:)
2((2a%c—ab(b+3c)+b%) tan?(d+ez)+a (b2 —a(b+2c))) _ 2¢ (tan2 (d+ex)+1) \/c tan4(d+ex)+btan2 (d+ex)+a
c(a—b+-c)(b2—4ac)+/a+btan?(d+ex)+ctant(d+ex) b%2—4ac
2e
| 27
2 —b
(b274ac) (tan (d+ez)+({:7b+c) dtan2(d+em)
(tan2 (d+ew)+1) \/c tan?(d+ex)+btan2(d+ez)+a 2((2a2c—ab(b+3c)+b?) tan?(d+ex)+a(b?—a(b+2c)))
c(b%—4ac) c(a—b+c)(b2—4ac)+/a+btan2(d+ex)+ctant(d+ex)
2e
| 27
2 a—b
tan (d+ez)+7a_b+c dtanz(d—i-ex)
(tan2 (d+ez)+l) \/c tan4(d+ex)+b tan2 (d+ez)+a 2((2a2c—ab(b+3c)+b3) tan?(d+ex)+a(b?—a(b+2c)))
c c(a—b+c)(b2—4ac)+/a+btan2(d+ex)+ctan?(d+ex)
2e
| 1269
1 dtan?(d+
1 f (tanz(d+ea:)+l) \/ctan4(d+ez)+btan2(d+ez)+a an(dtea)
dtan?(d+ex)— —
\/c tan4(d+ex)+btan2 (d+ez)+a a=bte 2((2a2c—ab(b+3c)+b3) tan? (d
c c(a—b+c)(b2—4ac)/a+btan?
2e
| 1002
cf 1 dtan2(d+em)
2f 1 d 2ctan2(d+em)+b (tanz(d+em)+1) \/ctan4(d+em)+btan2(d+em)+a
4c—tan? (d+ex) \/c tan4 (d+ez)+btan? (d+ex)+a a=bte + 2((2020_ab(b+3c)+b3) tar
c c(a—b+c)(b2—4ac)/a+b
2e

l 219
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arctanh bi-2¢ tan® (d+ex) cf 1 dtan?(d+ex)
Zﬁ\/a-kb tan2 (d+ex)+ctand (d+ex) (taﬂ2 (d+ez)+1) \/C tan4(d+ex)+btan? (d+ez)+a
77 - a—btec + 2((2a%c—ab(b+3c)+b3) tan?
c c(a—b+-c)(b2—4ac)+/a+bta
2e
| 1154
2 1 d (b—2¢) tan2(d+ex)+2a—b arctanh b+2¢ tan2(d+ez)
cf 4(a—b+c)—tan?(d+ex) \/c tan4 (d+ex)+btan2 (d+ex)+a 2\/7:\/a+b tan2 (d+ez)+ctand (d+ex)
a—btec + NG 2((2a%c—ab(b+3c)+b>) tan?(d+
c c(a—b+c)(b2—4ac)+/a+btan2(
2e
| 219
2
Carctanh 2a+(b—2c) tan“(d+ex)—b ) arctanh ( b+2c tan
< 2\/a—b+C\/a+b tan2 (d+ex)+c tan? (d+ex) 2y/c\/a+b tan2 (d+
2((2a%c—ab(b+3c)+b?) tan?(d+ex)+a(b?—a(b+2c))) + (a—btc)3/2 Ve
c(a—b+c)(b2—4ac)\/a+btan2(d+ex)+ctant(d+ex) c
2e

.
input Int[Tan[d + e*x]"7/(a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4)~(3/2),x]

(((cxArcTanh[(2*%a - b + (b - 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[
a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4])])/(a - b + ¢)~(3/2) + ArcTanh[(b
+ 2+c*Tan[d + e*x]~2)/(2+Sqrt[c]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + ex
x]1741)1/8qrtlcl)/c + (2*%(a*(b"2 - ax(b + 2xc)) + (b"3 + 2*xa"2xc - a*bx(b +
3xc))*Tan[d + e*xx]"2))/(cx(a - b + c)*(b~2 - 4*axc)*Sqrt[a + b*Tan[d + ex*
x]72 + c*Tan[d + e*xx]~4]))/(2xe)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219
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rule 1092 Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[2 Subst[I
nt[1/(4*c - x72), x], x, (b + 2xc*x)/Sqrt[a + b*x + c*x~2]], x] /; FreeQ[{a
, b, c}, x]

rule 1154 Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst [Int [1/(4*c*d"2 - 4xbxd*e + 4*axe”2 - x°2), x], x, (
2kaxe — bkd - (2%c*d - b*e)*x)/Sqrtl[a + bxx + cxx~2]], x] /; FreeQl[{a, b, c
, d, e}, xl]

~

rule 1264 Int[((d_.) + (e_)*(x_))"(m_.)*((£_.) + (g_.)*(x_)) " (n_)*((a_.) + (b_.)*(x_
) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x)
“m*x(f + g*x)"n, a + bxx + c*x”2, x], R = Coeff[PolynomialRemainder[(d + e*x
)"mx(f + g*x)“n, a + b*x + c*x"2, x], x, 0], S = Coeff[PolynomialRemainder[
(d + exx)"m*x(f + g*x)"n, a + b*x + c*x"2, x], x, 11}, Simp[(b*R - 2xa*S + (
2xcxR - b*S)*x)*((a + b*x + c*xx"2)"(p + 1)/((p + 1)*(b"2 - 4*axc))), x] + S
imp[1/((p + 1)*(b"2 - 4xa*c)) Int[(d + e*x) " m*(a + bxx + c*x"2)"(p + 1)*E
xpandToSum[((p + 1)*(b"2 - 4*xa*xc)*Q)/(d + exx)"m - ((2%p + 3)*(2*c*R - bxS)
)/(d + exx)"m, x], x], x]] /; FreeQ[{a, b, c, d, e, £, g}, x] & IGtQ[n, 1]
&& LtQlp, -11 && ILtQ[m, O] && NeQ[c*d™2 - b*d*e + a*e™2, 0]

N\

e 1260 TRELCE_) + (oo 0¥ )~ @I*((E_.) + (g )*xGI*((a) + (b_)*(x1) + (c
_I)*(x)"2)"(p_.), x_Symbol]l :> Simp[g/e Int[(d + e*x)"(m + 1)*(a + b*x +

c*x~2)7p, x], x] + Simp[(exf - d*g)/e Int[(d + e*x) " m*(a + b*x + c*x~2)~
ps x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] & !IGtQ[m, O]

rule 1578 IRELG) " ) *((d) + (e )*(x)72)7(q . )*((al) + (b_.)*(x)72 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)*(d + e*x)~gx*(a
+ b*x + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] & Int
egerQ[(m - 1)/2]

p
rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]
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rule 4183 Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x))DD"(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(m2_.))"(p_), x_Symboll
:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x™n + c*x~(2%n)) p/(f°2 + x72)), x
], x, f*Tan[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n
2, 2*%n] && NeQ[b~2 - 4xaxc, 0]
Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 683 vs. 2(213) = 426.
Time = 0.73 (sec) , antiderivative size = 684, normalized size of antiderivative = 2.91
method result
b| — 1 R
b+20tan(ew+d)2 B tan(e:c+d)2 _ C\/a+b tan(ez+d)2+ctan(ex+d)4 C\/;
\/u+b tan(ez+d)2+ctan(ez+d)4 (4ac—b2) 26\/a+b tan(ez+d)2+ctan(ez+d)4 e
derivativedivides
b| — 1 R
b+2ctan(ez+d)2 _ tan(ex+d)2 _ C\/a+btan(ew+d)2+ctan(ez+d)4 c\/;
\/a+b tan(ez+d)2+ctan(ex+d)4 (4ac—b2) 2(:\/0.+b tan(ez+d)2+ctan(ex+d)4 e
default
input ‘ int (tan(e*x+d) “7/ (a+b*tan (e*x+d) “2+c*tan (e*xx+d) ~4) ~(3/2) ,x,method=_RETURNV ‘

LERBOSE) J
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1/ex(1/ (a+bxtan(e*x+d) ~2+c*tan (e*x+d) ~4) ~(1/2) * (b+2*c*tan (exx+d) ~2) / (4*a*xc
-b~2)-1/2*tan(e*xx+d) ~2/c/ (at+b*tan (exx+d) ~2+c*tan (e*x+d) ~4) ~(1/2)-1/4*b/c*(
-1/c/ (atb*tan(exx+d) ~2+c*tan(e*x+d) ~4) ~(1/2)-b/c/ (a+b*tan(e*xx+d) ~“2+c*tan(e
*x+d) ~4) " (1/2) * (b+2*c*tan (e*x+d) ~2) / (d*xaxc-b~2) )+1/2/c~(3/2) *1n ((1/2*b+c*t
an(exx+d) ~2) /c~(1/2)+(a+bxtan (e*x+d) “2+c*tan(exx+d) ~4) ~(1/2))+1/(a+b*tan(e
*xx+d) “2+c*tan(e*x+d) ~4) ~(1/2) * (2*a+b*tan (exx+d) ~2) / (4*a*xc-b~2) -2*c/ ((-4*a*
c+b~2) " (1/2)-b+2xc) / ((-4*axc+b™2) ~(1/2) +b-2%c) / (a-b+c) ~(1/2) *1n ((2*a-2*b+2
*c+(b-2*c) * (1+tan (e*xx+d) ~2) +2* (a-b+c) ~(1/2) * (cx (1+tan(e*x+d) ~2) ~2+(b-2*c) *
(1+tan(exx+d) ~2)+a-b+c) ~(1/2) )/ (1+tan(e*x+d) ~2) ) +2xc/ ((-4*a*c+b~2) " (1/2)-b
+2%c) / (-4*a*xc+b~2) / (tan(exx+d) “2-1/2% (-b+(-4*a*c+b~2) ~(1/2)) /c) *(c*(tan(e*
x+d) "2-1/2% (-b+(-4*a*c+b~2) ~(1/2)) /c) “2+(-4*axc+b~2) " (1/2) * (tan (e*x+d) "2-1
/2% (=b+(-4*xa*xc+b~2) " (1/2)) /c) )~ (1/2)-2*c/ ((-4*a*xc+b~2) ~(1/2) +b-2*c) / (-4*ax*
c+b~2) / (tan(e*xx+d) ~2+1/2* (b+(-4*a*xc+b~2) ~(1/2)) /c) *(c* (tan(e*x+d) ~2+1/2*x (b
+(-4*axc+b~2) " (1/2))/c) ~2-(-4*a*xc+b~2) ~(1/2) * (tan(exx+d) ~2+1/2% (b+ (-4*a*c+
b~2)7(1/2))/c))~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 925 vs. 2(216) = 432.

Time = 2.25 (sec) , antiderivative size = 3773, normalized size of antiderivative = 16.06

/ tan’(d + ex)

dx = Too large to display
(a + btan?(d + ex) + ctan*(d + ex))*/?

p
input\integrate(tan(e*x+d)“7/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)*4)A(3/2),X, algorith

|
‘m="fricas") ‘
AN

Output‘Too large to include ‘
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Sympy [F]

/ tan’(d + ex) = / tan” (d + ex)
(a + btan?(d + ex) + ctani(d + ex))*” (a + btan? (d + ex) + ctan? (d + ex))

N

input Lintegrate (tan(e*xx+d) **7/ (a+b*tan (e*x+d) **2+c*xtan (e*xx+d) **4) ** (3/2) ,x) J

Integral(tan(d + e*x)*x7/(a + b¥tan(d + e*x)**2 + cxtan(d + exx)**4)*x(3/2

output
D, x

Maxima [F(-2)]

Exception generated.

/ tan’(d + ex)
(a + btan?(d + ez) + ctan*(d + ex))*/?

dr = Exception raised: RuntimeError

integrate(tan(e*x+d) ~7/(at+b*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith

input
m="maxima")

Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un
defined.

output

Giac [F(-1)]

Timed out.

tan’(d
/ an'(d + ex) 372 dx = Timed out
(a + btan%(d + ex) + ctan(d + ex))
input ‘ integrate(tan(exx+d) 7/ (at+b*tan(e*x+d) ~2+c*xtan(e*x+d) ~4)~(3/2) ,x, algorith ‘
Lm="giac") J

OutputLTlmed out J
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Mupad [F(-1)]

Timed out.
/ tan’(d + ex) dp— / tan(d + ex)’ I
(a + btan®(d + ex) + ctan*(d + ex))* (ctan(d4—ex)4+—btan(d4—ez)2+—afy2
input Lint(ta.n(d + e*xx)"7/(a + bxtan(d + e*x)"2 + cxtan(d + e*x)~4)~(3/2),x) J
output Lint(tan(d + exx)"7/(a + bxtan(d + exx)"2 + cxtan(d + e*x)~4)~(3/2), x) J
Reduce [F]

/ tan’(d + ex) do— / \/tan (ex + d)* c + tan (ex + ¢
(a + btan®(d + ex) + ctan(d + ex))3/2 tan (ex + d)° ¢2 4 2tan (ex + d)° bc + 2 tan (ex + d)*

input Lint (tan(e*x+d) “7/ (a+b*tan (e*x+d) ~2+c*xtan (exx+d) ~4) ~(3/2),x%) J

. int((sqrt(tan(d + exx)xrdxc + tan(d + exx)*x2+b + a)¥tan(d + exx)**7)/(tan
| (d + exx)*xBxck¥2 + 2¥tan(d + exx)**6xbxc + 2%tan(d + ekx)**d*axc + tan(d
\+ e*x) **4%xb¥*2 + 2xtan(d + exx)**2kaxb + a*x*2),x)

outpu
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tan®(d+ex)
3.44 f (a+btan?(d+ex)+c tan4(d+ew))3/ 2 dx

Optimal result . . . . . . . . . . . . e 411l
Mathematica [A] (verified) . . . . . . . . .. ... T2l
Rubi [A] (verified) . . . .. . . ... .. A12
Maple [B] (verified) . . . . . . . . . .. AT5
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 4106
Sympy [F] . . o o 417
Maxima [F] . . . . . . . 417
Giac [F(-1)] . . .« o o e 417
Mupad [F(-1)] . . . oo 418
Reduce [F] . . . o . o o e 418

Optimal result

Integrand size = 35, antiderivative size = 159

/ tan®(d + ex) -
(a + btan?(d + ex) + ctan*(d + ex))*/?

2a—b+(b—2c) tan?(d+ex)
arctanh ( 2v/a—b+cy/a+btanZ(d+ex)+ctan®(d+ex)

2(a—b+c)3%
a(2a — b) + ((a — b)b + 2ac) tan?(d + ex)
(a — b+ c) (b2 — 4ac) er/a + btan?(d + ex) + ctan*(d + ex)

\ ) “2+c*tan(exx+d) "4) ~(1/2) )/ (a-b+c) " (3/2) /e+(ax (2*a-b) +((a-b) ¥b+2*a*c) *tan(

Output‘(—1/2*arctanh(1/2*(2*a—b+(b—2*c)*tan(e*x+d)‘2)/(a—b+c)‘(1/2)/(a+b*tan(e*X+d \
|exx+d) "2)/(a-b+c)/ (-4%axc+b™2) /e/ (at+bxtan (exx+d) “2+cktan (exx+d) "4) " (1/2) |




input

output
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Mathematica [A] (verified)

Time = 4.77 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.30

/ tan®(d + ex) i —
(a + btan®(d + ex) + ctan’(d + ex))*”

arctanh ( 2a—b+(b—2c) tan® (d+ex) >
+

2v/2(2a% —b%+2ac+(2a%+b?—2a(b+c)) cos(2(d+ex))) sec? (d+ex)
(a—b+c)(—b2+4ac)+/(3a+b+3c+4(a—c) cos(2(d+ex))+(a—b+c) cos(4(d+ex))) sec’
2e

2\/a—b+0\/a+b tan2(d+ex)+c tan4(d+e:c)
(a—b+c)3/2

Integrate[Tan[d + e*x]~5/(a + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4)~(3/2),x
]

e N

-1/2%(ArcTanh[(2*¥a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt
[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]"4])]/(a - b + ¢c)~(3/2) + (2*Sqrt[2]
*(2%a”2 - b72 + 2%akxc + (2*%a”2 + b72 - 2xax(b + c))*Cos[2*(d + e*x)])*Secl
d + exx]"2)/((a - b + c)*(-b~2 + 4*axc)*Sqrt[(3*a + b + 3*c + 4*(a - c)*Co

s[2*(d + e*x)] + (a - b + c)*Cos[4*(d + e*x)])*Sec[d + e*x]"4]))/e

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4183, 1578, 1264, 27, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan®(d + ex)

dz
/ (a+btan?(d + ex) + ctan?(d + ex))

3/2

l 3042

/ tan(d + ex)? s
(a + btan(d + ex)? + ctan(d + ex)?)*/?

l 4183
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tan® (d+ex) d
tan(d + ex
f (tan?(d+ex)+1)(ctan?(d+ez)+btan? (d-i-em)+a)3/2 ( + )
e
| 1578
tan*(d+ex) d 2
tan®(d + ex
f (tan?(d+ex)+1)(ctant(d+ez)+btan?(d+ex)+a)>/? ( + )
2e
| 1264
2[- b2 —dac dtan?(d+ex)
2((b(a—b)+2ac) tan2(d+ez)+a(2a—b)) . 2(a—b+c) (tan2 (d+e:c)+1) \/c tan4(d+ex)+btan2(d+ez)+a
(a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant(d+ex) b2 —4ac
2e
| 27
1 dtan?(d+ex)
(tan2(d+em)+1) \/ctan4(d+ea:)+b tan2(d+ez)+a + 2((b(a—b)+2ac) tan2(d+ex)+a(2a—b))
a—btc (a—b+c)(b2—4ac)+/a+btan2(d+ex)+ctan?(d+ex)
2e
| 1154
f 1 d (b—2c¢) tan2 (d+ex)+2a—b
2((b(a—b)+2ac) tan?(d+ex)+a(2a—b)) _ 4(a—b+e)—tand(d+ez) \/c tan?(d+ex)+btan2(d+ez)+a
(a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant(d+ex) a—b+c
2e
| 219
arctanh 2a+(b—2c) tan2 (d+ex)—b
2((b(a—b)+2ac) tanz(d+em)+a(2a—b)) _ ZW\/GA—b tan2(d+ex)+ctand (d+ex)
(a—b+c)(b2—4ac)\/a+btan2(d+ex)+ctant(d+ex) (a—b+c)3/2
2e

e

inputLInt[Tan[d + e*x]"5/(a + b*Tan[d + e*x]~2 + c*Tan[d + exx]~4)~(3/2),x]

~—

output‘(_(ArCTanh[(Q*a - b+ (b - 2xc)*Tan[d + e*x]"2)/(2*Sqrt[a - b + c]*Sqrt[a
‘+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4])]/(a - b + ¢)7(3/2)) + (2x(ax(2*a -
| D) + ((a - b)¥b + 2*axc)*Tanld + exx]72))/((a - b + c)*(b™2 - 4dxa*c)*Sqrt
\ [a + b*Tan[d + e*x]~2 + c*Tan[d + exx]74]))/(2%e) \
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

rule 1154 Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*b*dxe + 4*a*xe”2 - x°2), x], x, (
2%axe - bxd - (2%c*d - bxe)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c
, d, e}, xl]

rule 1264 Int[((d_.) + (e_)*(x_))"(m_.)*((£f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_
) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x)
“m*x(f + g*x)"n, a + bxx + c*x”2, x], R = Coeff[PolynomialRemainder[(d + e*x
)"mx(f + g*xx)“n, a + b*x + c*x~2, x], x, 0], S = Coeff[PolynomialRemainder[
(d + exx)"mx(f + gxx)"n, a + b*x + c*x"2, x], x, 11}, Simp[(b*R - 2xa*S + (
2%c*¥R - b*S)*x)*x((a + b*x + c*xx"2)"(p + 1)/((p + 1)*(b"2 - 4*axc))), x] + S
imp[1/((p + D) *(1"2 - 4*a*c)) Int[(d + exx)"m*x(a + b*x + c*x"2)"(p + 1)*E
xpandToSum[((p + 1)*(b"2 - 4xa*xc)*Q)/(d + exx)"m - ((2%p + 3)*(2*c*R - DbxS)
)/(d + exx)"m, x], x], x]] /; FreeQl[{a, b, ¢, d, e, f, g}, x] & IGtQ[n, 1]
&& LtQ[p, -1] && ILtQ[m, 0] && NeQ[c*d™2 - b*dxe + a*e”2, 0]

rule 1578 Tt LG T@_)*((d) + (e_.)*x(x_)72)7(q_.)*((al) + (b_.)*(x_)72 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x)"g*(a
+ b*x + c*xx~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, d, e, p, 9}, x] && Int
egerQ[(m - 1)/2]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

rule 4183

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 508 vs. 2(147) = 294.

Time = 0.23 (sec) , antiderivative size = 509, normalized size of antiderivative = 3.20

method result
2a—2b+2c+(b—2c) (1+tan(ez+d)2) +2va—bFc \/c(1+tan(ea;+d)2)2+(b—:
Zeln 1+tan(ez+d)?2
_ 2a+b tan(ez+d)2 +
\/a+b tan(ez+d)2+c tan(ez+d)* (4ac—b2) (V—tact+b2—b+2c) (V—dac+b2+b—2c)va—bte
derivativedivides
2a—2b+2c+(b—2c) (l+tan(ez+d)2)+2\/m \/c(l+tan(ez+d)2)2+(bff
9 2eln 1+tan(ez+d)2
_ 2a+btan(ex+d) +
\/a+b tan(ex+d)2+ctan(ez+d)? (4ac—b2) ( —4aC+b2—b+26)( —4dc+bz+b—2c)\/m
default

int (tan(exx+d) "5/ (a+b*tan (e*x+d) “2+c*tan (e*xx+d) ~4) " (3/2) ,x,method=_RETURNV
ERBOSE)

N\ J

input

1/ex(-1/(at+b*tan(exx+d) “2+c*tan(e*xx+d) ~4) " (1/2) *(2*xa+bxtan (e*x+d) ~2) / (4*ax*
c-b~2)+2xc/ ((-4*a*c+b~2) ~(1/2) -b+2x*c) / ((-4*a*c+b~2) ~(1/2) +b-2*c) / (a-b+c) ~(
1/2)*1n ((2*a-2*b+2*c+(b-2*c) * (1+tan(e*x+d) ~2) +2* (a-b+c) ~(1/2) *(c* (1+tan(e*
x+d) "2) "2+ (b-2*c) * (1+tan (e*x+d) ~2) +a-b+c) ~(1/2) )/ (1+tan(e*x+d) ~2) ) -2*c/ ((-
4xaxc+b~2) "~ (1/2)-b+2*c) /(-4*xa*c+b~2) / (tan(e*x+d) ~2-1/2* (-b+(-4*a*xc+b~2) ~ (1
/2))/c)*(c*(tan(e*xx+d) ~2-1/2% (-b+(-4*a*xc+b~2) ~(1/2)) /c) ~2+(-4*axc+b~2) ~(1/
2) * (tan (e*xx+d) “2-1/2% (-b+(-4*a*xc+b~2) ~(1/2)) /c) )~ (1/2)+2%c/ ((-4*a*xc+b~2) ~ (
1/2)+b-2%c) / (—4*a*xc+b~2) / (tan (e*x+d) ~2+1/2% (b+ (—4*axc+b~2) ~(1/2) ) /c) *(c*(t
an(exx+d) "2+1/2% (b+(-4*a*c+b~2) " (1/2))/c) "2-(-4*a*xc+b~2) ~(1/2) * (tan(e*x+d)
~2+1/2% (b+(-4*a*xc+b™2)~(1/2))/c)) ~(1/2) -1/ (a+b*tan(exx+d) “2+c*tan(exx+d) ~4
)~ (1/2) * (b+2*c*tan (exx+d) ~2) / (4*a*xc-b~2))

output




input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 529 vs. 2(147) = 294.

Time = 0.47 (sec) , antiderivative size = 1095, normalized size of antiderivative = 6.89

dxz = Too large to display

/ tan®(d + ex)

(a + btan®(d + ex) + ctan(d + ex))*”

-

integrate(tan(e*x+d) “5/(atb*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith
m="fricas")

[-1/4%x(((b"2*c - 4*a*c”2)*tan(e*x + d)"4 + a*b™2 — 4*a~2*c + (b"3 - 4*a*bx
c)*tan(exx + d)"2)*sqrt(a - b + c)*Log(((b~2 + 4*(a - 2*b)*c + 8*c~2)*tan(
e*x + d)"4 + 2x(4xaxb - 3%¥b”2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan
(exx + d)74 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2%a - b)*s
grt(a - b + c) + 8*%a”2 - 8%a*b + b2 + 4xa*c)/(tan(e*x + d)"4 + 2*tan(e*x
+ d)"2 + 1)) + 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(2*a~3 - 3%
a~2xb + axb”2 + (a”2%b - 2*axb”2 + b"3 + 2*xa*kc”2 + (2*¥a"2 - axb - b~2)*c)*
tan(e*x + d)72 + (2*%a”2 - axb)*c))/((4*a*c™4 + (8*a~2 — 8*a*b — b"2)*c"3 +
2x(2*a”3 - 4*a”2xb + a*b”2 + b~3)*c”2 - (a"2%b"2 - 2*a*b~3 + b74)*c)*e*ta
n(exx + d)74 - (a”2*%b~3 - 2*a*xb™4 + b5 - 4xa*xbxc™3 - (8*a~2*b - 8*a*xb”2 -
b7"3)*c”2 - 2% (2*a~3*%b - 4*xa"2*xb"2 + a*b~3 + b~4)*c)*extan(e*xx + d)"2 - (a
“3*b~2 - 2xa"2xb"3 + axb”4 - 4xa”2%c”3 - (8*a"3 - 8*a"2*b - axb~2)*c”2 - 2
*(2%a~4 - 4xa”3xb + a"2*b"2 + a*b~3)*c)*e), 1/2x(((b~2%c - 4*axc”2)*tan(e*
x + d)74 + axb™2 - 4¥a"2xc + (b"3 - 4xaxbxc)*tan(e*x + d)"2)*sqrt(-a + b -
c)*arctan(-1/2*sqrt(cxtan(e*x + d)~4 + b*tan(e*x + d)"2 + a)*((b - 2*c)*t
an(exx + d)~2 + 2*%a - b)*sqrt(-a + b - c)/(((a - b)*c + c"2)*tan(e*x + d)~
4 + (axb - b™2 + b*c)*tan(exx + d)"2 + a”2 - axb + a*c)) - 2xsqrt(cxtan(e*
X + d)74 + bxtan(exx + d)”2 + a)*(2%¥a~3 - 3*a”2%b + a*b~2 + (a~2*b - 2*a*b
"2 + b73 + 2¥axc”2 + (2*%a”2 - a*b - b"2)*c)*tan(e*x + d)"2 + (2%¥a"2 - axb)

xc))/((4xa*xc™4 + (8%a~2 - 8*xaxb - b~2)*c~3 + 2%x(2%a~3 - 4*a~2%b + axb~2...
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Sympy [F]
/ tan®(d + ex) dpe / tan® (d + ex) s
(a+ btan2(d + ex) + ctan*(d + ex))*/? (a+ btan? (d + ex) + ctan® (d + ex))?
input Lintegrate (tan(e*xx+d)**5/ (a+b*tan (e*x+d) **2+c*tan (exx+d) **4) ** (3/2) ,x) J
output ‘ Integral(tan(d + e*x)**5/(a + b*tan(d + exx)**2 + c*tan(d + e*xx)**4)**(3/2 \
‘ ), X) ‘
Maxima [F]
tan®(d + ex) tan (ex + d)° s

3
2

dx:/
/ (a + btan2(d + ex) + ctan’(d + ex))*/* (ctan (ez + d)* + btan (ez + d)* + a)

‘ integrate(tan(e*x+d) "5/ (a+b*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(3/2),x, algorith ‘

input
‘ m="maxima") ‘

‘integrate(tan(e*x + d)"5/(cxtan(e*x + d)74 + b*tan(exx + d)~2 + a)~(3/2), \

output ‘ 0 ‘

Giac [F(-1)]

Timed out.

dz = Timed out

/ tan®(d + ex)

(a+ btan®(d + ex) + ctan*(d + ex))*

input‘integrate(tan(e*x+d)‘5/(a+b*tan(e*x+d)"2+c*tan(e*x+d)"4)*(3/2),X, algorith ‘
‘ m="giac") ‘

output LTlmed out J
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Mupad [F(-1)]

Timed out.
/ tan®(d + ex) dp— / tan(d + ex)° I
(a + btan®(d + ex) + ctan*(d + ex))* (ctan(d+ex)* +btan (d +ex)® + a)3/2
inputLint(tan(d + e*xx)"5/(a + b*tan(d + e*x)"2 + cxtan(d + e*x)~4)~(3/2),x) J

output Lint (tan(d + exx)"5/(a + bxtan(d + e*x)~2 + c*tan(d + e*x)~4)~(3/2), x) J

Reduce [F]

5
/ tan’(d + eo) 3/ dz = Too large to display
(a+ btan?(d + ex) + ctan*(d + ex))

inputLint(tan(e*x+d)‘5/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)*4)*(3/2),X) J
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( - sqrt(tan(d + e*x)**4xc + tan(d + e*x)**2%b + a)*tan(d + e*x)**2xb - 2%
sqrt(tan(d + e*x)*x4*c + tan(d + exx)**2*b + a)*a - 4*xint((sqrt(tan(d + ex
x)**4d*c + tan(d + exx)**2xb + a)*tan(d + e*x)**3)/(tan(d + e*x)**8*c**2 +
2+%tan(d + exx)**6xbxc + 2*%tan(d + e*x)**4xaxc + tan(d + e*x)**4*b**2 + 2%t
an(d + exx)**x2*axb + a**2),x)*tan(d + e*x)x**4xa*cx*2xe + int((sqrt(tan(d +

exx)*x4*c + tan(d + e*x)**2xb + a)*xtan(d + e*x)**3)/(tan(d + e*x)**8kc**2

+ 2xtan(d + e*x)**6*b*c + 2*tan(d + exx)**4xakxc + tan(d + e*x)**x4*xb*x2 +
2xtan(d + exx)**2kaxb + a**2),x)*tan(d + exx)**4xbx*2xcxe — 4*xint((sqrt(ta
n(d + exx)**x4xc + tan(d + e*x)**2xb + a)*tan(d + exx)*x3)/(tan(d + e*x)**x8
xc*kx2 + 2*%tan(d + e*x)*x6*bkc + 2+tan(d + e*x)**4xa*xc + tan(d + exx)**4*bx
*2 + 2ktan(d + e*x)**2kaxb + a**2),x)*tan(d + exx)**2*xaxbxcke + int((sqrt(
tan(d + e*x)**4*c + tan(d + exx)**2xb + a)*tan(d + e*x)**3)/(tan(d + e*x)=*
*8xcx*x2 + 2xtan(d + e*x)**6xbxc + 2xtan(d + e*x)**4*a*c + tan(d + e*xx)**x4dx*
b**2 + 2*tan(d + exx)**2*a*xb + ax*2),x)*tan(d + e*x)**2xb*x*x3*e - 4*int((sq
rt(tan(d + e*x)**x4xc + tan(d + e*x)**2%b + a)*tan(d + exx)**3)/(tan(d + e*
X)**8*kck*2 + 2xtan(d + e*x)**6xbxc + 2*xtan(d + exx)**4*axc + tan(d + e*x)*
*4*xbx*2 + 2xtan(d + e*x)**2*kaxb + a**2),x)*ax*2*c*e + int((sqrt(tan(d + ex
x)**kd*xc + tan(d + e*x)**2*xb + a)*tan(d + exx)**3)/(tan(d + e*x)**8kcx*2 +
2xtan(d + e*x)**6*bxc + 2*xtan(d + e*xx)**kd*akc + tan(d + e*xx)*kdxbk*2 + 2kt
an(d + exx)**2*axb + ax*2),x)*a*b**x2ke)/(ex(4*tan(d + ex*xx)*xdxakrckxx2 — ...

output
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3.45 f ( tan3(d+ex) - dx

Optimal result . . . . . . . . . . . . e 420
Mathematica [A] (verified) . . . . . . . . .. ... 4201
Rubi [A] (verified) . . . .. . . ... .. Z9Al
Maple [B] (verified) . . . . . . . . . .. 427
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 424
Sympy [F] . . o o 425
Maxima [F] . . . . . . . 1261
Giac [F(-1)] . . .« o o e 126
Mupad [F(-1)] . . . oo 426
Reduce [F] . . . . . 427

Optimal result

Integrand size = 35, antiderivative size = 154

dz =
(a + btan?(d + ex) + ctan’(d + ez))*” 2(a—b+c)3%
a(b— 2c) + (2a — b)ctan?(d + ex)
(a —b+c) (b2 — 4ac) ey/a + btan?(d + ex) + ctan*(d + ex)

2a—b+(b—2c) tan?(d+ex)
/ tan3(d + GCL') arctanh ( 2v/a—b+cy/a+btan2 (d+ez)+ctan4(d+ex))

e B

1/2*arctanh(1/2*(2*xa-b+(b-2*c) *tan (e*x+d) ~2) /(a-b+c) ~(1/2) / (a+b*tan (e*x+d)
‘ ~2+cxtan(e*x+d) ~4) ~(1/2))/(a-b+c) ~(3/2) /e-(ax(b-2*c)+(2*a-b) *c*xtan (e*x+d) ~ ‘
‘ 2)/(a-b+c)/ (-4xaxc+b~2) /e/ (a+tb*tan(e*x+d) ~2+c*tan (e*x+d) ~4) ~(1/2) ‘

output

Mathematica [A] (verified)

Time = 1.84 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.01

arctanh 2a—b+(b—2c) tan? (d+ex)
2Jm¢a+b tan2(d+ex)+ctan (d+ex) + 2a(b—2c)
/ tan®(d + ex) dp— (a—b10)3/2 (a—bto)(—b2+4ac)
(a + btan?(d + ex) + ctan*(d + ex))*/* 2e
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Integrate[Tan[d + e*x]~3/(a + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4)~(3/2),x
]

input

(ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a +

b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4])]/(a - b + c)~(3/2) + (2xa*x(b - 2%c)

+ 2*%(2*a - b)*c*Tan[d + e*x]"2)/((a - b + c)*(-b"2 + 4xaxc)*Sqrt[a + b*Tan
[d + e*x]"2 + c*Tan[d + e*x]~4]))/(2%e)

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.200, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 4183, 1578, 1235, 27, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
tan3(d + ex
[ (d+e0) i
(a+btan?(d + ex) + ctan?(d + ex))
| 3042
/ tan(d + ex)3 i
(a + btan(d + ex)? + ctan(d + ex)t)/?
| 4183
tan3(d+ex)
‘[ (tan2?(d+ex)+1)(ctan*(d+ex)+btan? (d-l—ear,')—l—a)s/2 dtan(d + ew)
e
| 1578
tan?(d+ex) 2
f (tan?(d+ex)+1)(ctant(d+ez)+btan?(d+ex)+a)>/? dtan (d + 6$)
2e
| 1235
b2 —4dac n2
2 2 (tan2 (‘H'”)'H) \/c tan(d+ex)+btan? (dtez)+a dian(dter) _ 2(c(2a—b) tan?(d+ex)+a(b—2c))
o (a—b+c)(b>—4ac) (a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant(d+ex)

2e
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| 27

1 dtan?(d+ex)
(tan2 (d+em)+1) \/c tan4 (d+ez)+btan2(d+ex)+a 2 (c(2a—b) tan?2 (d+ez)+a(b—2c))

a—b+c " (a—b+c)(b2—4ac) Va+btan2(d+ex)+ctant(d+er)
2e

l 1154

f 1 d (b—2c¢) tan? (d+ex)+2a—b
4(a—btc)—tan(d+tex) \/ctand (d+ez)+btan? (d+ex)+a _ 2(c(2a—b) tan? (d+ex)+a(b—2c))

a—b+c (a—b+c) (b2 —40,6) \/a+b tan2 (d+€m)+c tand (d+e:1:)
2e
l 219
aI'Ctanh 2a+(b—2c) tan2(d+ez)—b
2va=bFcy/a+btan2 (d+ex)+c tan (d+ex) 2(c(2a—b) tan®(d+ez)+a(b—2c))

(a—b+c)3/2 (a—b+c)(b2—4ac)/a+btan?(d+ex)+ctant (d+ex)
2e

input LInt [Tan[d + e*x]~3/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x] J

Ia N

(ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a + |
‘b*Tan[d + e*xx]”2 + c*Tan[d + e*x]74])]/(a - b + ¢c)~(3/2) - (2*(a*x(b - 2%c) \
‘ + (2%a - b)*cxTan[d + exx]"2))/((a - b + c)*(b"2 - 4*a*xc)*Sqrt[a + b*Tan[ ‘
4+ exx]"2 + cTanld + exx]741))/(2%e) )

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 01)

rule 219
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Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*bk*dxe + 4*axe”2 - x"2), x], x, (
2%a*xe - bkd - (2*c*d - bkxe)*x)/Sqrt[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c
, d, e}, xl

rule 1154

rule 1235 IntLC(d_.) + (e_)*(x_ )~ (m )*((£_.) + (g_.)*(x_))*((a_.) + (b_)*(x_) + (c
_)*(x_)"2)"(p_), x_Symbol] :> Simp[(d + exx)"(m + 1)*(f*(b*ckd - b™2%e + 2
*axcke) — axgk(2kckd - bxe) + c*(f*(2xckd - bke) - gk(bkd - 2*axe))*x)*((a
+ bxx + cxx”2)"(p + 1)/((p + 1)*(b"2 - 4*axc)*(c*d™2 - bxd*e + a*e”2))), x]
+ Simp[1/((p + 1)*(b"2 - 4xa*c)*(c*d™2 - bxd*e + a*e”2)) Int[(d + exx)™m
x(a + b*x + cxx"2)"(p + 1)*Simp[f*(b*c*d*ex(2*p - m + 2) + b™2%e”2%(p + m +
2) - 2xc”2+d"2x(2*p + 3) - 2*akckxe 2+ (m + 2*p + 3)) - gx(axex(bxe - 2kcxd*
m + bkexm) - b*d*(3*c*d - bk*e + 2xckd*p - b*exp)) + ckex(g*(b*d - 2*xaxe) -
fx(2*cxd - bxe))*(m + 2%p + 4)*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, g,
m}, x] && LtQ[p, -1] && (IntegerQ[m] || IntegerQl[p] || IntegersQ[2*m, 2x*p]

)

rule 1578 TRl Tm_D*((d) + (e )*(x)72)7(qu)*((a) + (b_.)*(x2)72 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
egerQL(m - 1)/2]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_ )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) m*((a + b*x™n + c*x~(2*n)) p/(f72 + x72)), x
1, x, £xTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183




input

output
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 455 vs. 2(142) = 284.

Time = 0.19 (sec) , antiderivative size = 456, normalized size of antiderivative = 2.96

method result
2a—2b+2c+(b—2c¢) (1+tan(ez+d)2 ) +2va—b+c \/c(1+tan(ez+d)2 ) 2+(b—2c
Zeln 1+tan(e:1:+d)2
b+2¢ tan(ez+d)2 _
\/a+b tan(ez+d)2+c tan(ez+d)4 (4ac—b2) (\/—4a0+b2 —b+20) ( —4dac+b2 +b—20) Va=b+c
derivativedivides
2a—2b+2c+(b—2c) (1+tan(ex+d)2)+2\/m \/c(1+tan(ez+d)2)2+(b—2¢:‘
Zeln 1+tan(ex+d)?2
b+4-2c tan(ez+d)2 _
\/a+b tan(ex+d)2+ctan(ez+d)? (4ac—b2) ( —4ac+b? —b+2c) ( —4ac+b2+b—2c) Va—btc
default

e

int (tan(exx+d) "3/ (a+b*tan (e*x+d) “2+c*tan (e*xx+d) ~4) " (3/2) ,x,method=_RETURNV
‘ERBDSE)

1/ex(1/ (a+bxtan (e*x+d) “2+c*xtan (e*xx+d) ~4) ~(1/2) * (b+2*c*tan (exx+d) ~2) / (d*a*c
-b~2)-2%c/ ((-4*a*xc+b~2) " (1/2) -b+2*c) / ((-4*a*xc+b~2) ~(1/2) +b-2*c) /(a-b+c) ~(1
/2)*1n ((2*a-2%b+2%c+ (b-2%c) * (1+tan (e*xx+d) ~2) +2* (a-b+c) ~(1/2) *(c* (1+tan(e*x
+d) ~2) ~2+(b-2%c) * (1+tan(exx+d) ~2)+a-b+c) ~(1/2) )/ (1+tan(exx+d) ~2) )+2*xc/((-4
*axc+b~2) " (1/2) -b+2#*c)/ (-4*a*xc+b~2) / (tan(e*x+d) ~2-1/2x (-b+(-4*a*c+b~2) ~(1/
2))/c)*(cx(tan(exx+d) “2-1/2% (~b+(-4*a*c+b~2) ~(1/2))/c) "2+ (-4*a*c+b~2)~(1/2
)*(tan(e*xx+d) ~2-1/2*%(-b+(-4*a*xc+b~2)~(1/2))/c))~(1/2)-2*xc/ ((-4*a*xc+b~2) " (1
/2)+b-2xc) / (-4*xaxc+b~2) / (tan (e*x+d) ~2+1/2* (b+(-4*xa*xc+b~2) ~(1/2)) /c) *(cx(ta
n(exx+d) "2+1/2x (b+(-4*a*c+b™2) " (1/2))/c) ~2-(-4*a*c+b™2) " (1/2) * (tan(e*x+d) "~
2+1/2% (b+(-4*a*xc+b~2)~(1/2))/c))~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 520 vs. 2(142) = 284.

Time = 0.45 (sec) , antiderivative size = 1077, normalized size of antiderivative = 6.99

dx = Too large to display

/ tan3(d + ex)

(a + btan®(d + ex) + ctan’(d + ex))*”
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integrate(tan(e*x+d) "3/ (atb*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith

input
m="fricas")

[-1/4%(((b"2*c - 4*xaxc”2)*tan(e*x + d)~4 + a*xb™2 - 4*a"2*c + (b"3 - 4*axbx*
c)*tan(exx + d)~2)*sqrt(a - b + c)*log(((b~2 + 4x(a - 2*¥b)*c + 8*c~2)*tan(
exx + d)74 + 2%(4*axb - 3*%b"2 - 4*(a - b)*c)*tan(e*x + d)~2 + 4xsqrt(c*tan
(exx + d)~4 + bxtan(e*x + d)"2 + a)*((b - 2*c)*tan(exx + d)~2 + 2%a - b)*s
grt(a - b + ¢) + 8*%a”2 - 8*a*b + b~2 + 4*axc)/(tan(e*x + d)~4 + 2+tan(e*x
+d)72 + 1)) - 4xsqrt(cxtan(exx + d)~4 + bxtan(e*x + d)"2 + a)*x(a"2*b - a*
b"2 - 2xa*xc™2 + ((2*%a - b)*c™2 + (2%a”~2 - 3*a*xb + b~2)*c)*tan(e*x + d)~2 -
(2xa~2 - 3*axb)*c))/((4*a*xc™4 + (8*a"2 - 8*a*xb — b~2)*c"3 + 2%(2*a”~3 - 4x*
a~2xb + a*b”™2 + b"3)*c”2 - (a"2*%b"2 - 2*a*b”3 + b~4)*c)*e*tan(e*x + d)"4 -
(a~2*%b~3 - 2*a*b”™4 + b~5 - 4xaxbxc”3 - (8*a"2*b - 8*a*b”2 - b"3)*c"2 - 2%
(2*%a~3%b - 4*a”"2*b"2 + a*b”3 + b~4)*c)*extan(e*x + d)"2 - (a”3*%b"2 - 2*a”2
*b~3 + axb”4 - 4*a”2%c”3 - (8%a"3 - 8*a"2*b - a*b”2)*c”2 - 2x(2*xa~4 - 4*a”
3*b + a"2*b~2 + a*b~3)*c)*e), -1/2+%(((b"2*c - 4xa*c”2)*tan(e*x + d)"4 + ax
b~2 - 4%a”2xc + (b~3 - 4xaxbxc)*tan(e*x + d)~2)*sqrt(-a + b - c)*arctan(-1
/2*sqrt (cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*((b - 2xc)*tan(e*x + d)~2
+ 2xa - b)*sqrt(-a + b - c)/(((a - b)*c + c"2)*tan(exx + d)"4 + (axb - b~
2 + b*xc)*tan(e*x + d)"2 + a”2 - axb + a*c)) - 2*sqrt(cxtan(exx + d)~4 + bx
tan(e*x + d)"2 + a)*(a"2xb - a*b”2 - 2%a*xc”2 + ((2*xa - b)*c”™2 + (2*a~2 - 3
*axb + b~2)*c)*tan(exx + d)~2 - (2*xa”~2 - 3*a*b)*c))/((4*a*c™4 + (8*xa~2 - 8
*axb — b72)*c”3 + 2*%(2*%a”3 - 4*a"2*b + axb”2 + b"3)*c”2 - (a"2%b"2 - 2x*. ..

output

Sympy [F]

/ tan3(d + ex) dp— / tan3 (d + ex)
(a + btan?(d + ex) + ctan*(d + ex))*” (a + btan? (d + ex) + ctan* (d + ex))

input‘integrate(tan(e*x+d)**3/(a+b*tan(e*x+d)**2+c*tan(e*x+d)**4)**(3/2),x) ‘

N

)
'Integral(tan(d + exx)**3/(a + b¥tan(d + e¥x)**2 + cxtan(d + exx)**4)*x(3/2

output‘), 0 ‘

Nlw
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Maxima [F]

tan3(d + ex) tan (ex + d)°
. 2 3/ dr = 5 dz
(a + btan®(d + ex) + ctan’(d + ex)) (ctan (ez + d)* + btan (ex + d)* +a)®

integrate(tan(e*x+d) "3/ (atb*tan(e*x+d) "2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith

input
m="maxima")

output integrate(tan(e*x + d)~3/(c*tan(e*x + d)~4 + bxtan(e*x + d)~2 + a)~(3/2),

x)
Giac [F(-1)]
Timed out.
3
/ tan’(d + ez) 373 dz = Timed out
(a + btan?(d + ex) + ctan*(d + ex))
input ‘ integrate(tan(e*x+d) "3/ (atb*tan(exx+d) "2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith ‘
‘m="giac")
OutputLTimed out J
Mupad [F(-1)]
Timed out.
/ tan3(d + ex) dpe / tan(d + ex) i
(a + btan?(d + ex) + ctan*(d + ex))*/* (ctan (d+ex)" +btan (d+ex)” + a)3/2
input Lint (tan(d + exx)~3/(a + bk*tan(d + e*x)~2 + c*tan(d + e*x)~4)~(3/2),x) J

OutputLim:(tan(d + e*xx)~3/(a + b*tan(d + e*x)~2 + cxtan(d + e*x)~4)~(3/2), x) J
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Reduce [F|

/ tan®(d + ex) o — / \/tan (ex + d)4 ¢+ tan (ex +
(a + btan?(d + ex) + ctan*(d + ex))*/ tan (ex 4 d)® ¢ 4 2tan (ex + d)® be + 2 tan (ex + d)*

input Lint (tan(e*x+d) ~3/ (a+b*tan (e*x+d) “2+c*tan (e*x+d) ~4) ~(3/2) ,x) J

output‘int((sqrt(tan(d + exx)*xdkc + tan(d + e*x)**2%b + a)*tan(d + e*x)**3)/(tan
| (d + exx)*xBxck¥2 + 2¥tan(d + exx)**6¥bxc + 2+tan(d + exx)**dxaxc + tan(d
‘+ e*xx) *k4dxb**x2 + 2xtan(d + e*x)**2*a*xb + a**x2),x) ‘
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3.46 f ( tan(d+ex) 7 dx

Optimal result . . . . . . . . . . . . . . e 428]
Mathematica [A] (verified) . . . . . . . . . ... 429
Rubi [A] (verified) . . . . . . . . . 4291
Maple [B] (verified) . . . . . . . . . ... 132
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 133
Sympy [F] . . o o 434
Maxima [F] . . . . . . 434
Giac [F(-1)] . . o o o o 434
Mupad [F(-1)] . . . o o 435
Reduce [F] . . . o . o o 435

Optimal result

Integrand size = 33, antiderivative size = 155

/ ( tan(d + ex) dp —

a + btan?(d + ex) + ctan*(d + ex))*” B

2a—b+(b—2c) tan?(d+ex)
arctanh ( 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2(a — b+ c)3/%
N b?> — 2ac — be + (b — 2¢)ctan?(d + ex)
(a —b+c) (b2 — 4ac) ey/a + btan?(d + ex) + ctan*(d + ex)

output ‘ -1/2*arctanh (1/2% (2xa-b+(b-2%c) *tan(e*x+d) ~2) / (a-b+c) ~(1/2) / (a+b*tan (e*x+d
‘)‘2+c*tan(e*x+d)‘4)‘(1/2))/(a—b+c)‘(3/2)/e+(b‘2-2*a*c—b*c+(b—2*c)*c*tan(e*
‘ x+d) ~2)/ (a-b+c) / (-4*a*xc+b~2) /e/ (a+b*tan (e*x+d) “2+c*tan(e*xx+d) ~4) ~(1/2)
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Mathematica [A] (verified)

Time = 1.98 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.01

tan(d + ex)

/ 2 4 3/2 dr =
(a + btan®(d + ex) + ctan*(d + ex))
arctanh 2a—b+(b—2c) tan? (d+ex)
2\/a—b+0\/a+b tan2(d+ex)+ctand (d+ex) + 2 (—b2+2ac+bc— (b—2c)cta,n2 (d-l—@il)))
(a—b+c)3/2 (a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant(d+ezx)
2e

-

Integrate[Tan[d + e*x]/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x]

N J

‘-1/2*(ArcTanh[(2*a - b+ (b - 2%c)*Tan[d + e*x]"2)/(2xSqrt[a - b + c]*Sqrt
\ [a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4])]/(a - b + c)~(3/2) + (2x(-b"2 +
‘ 2xa*c + bxc - (b - 2xc)*c*Tan[d + e*x]~2))/((a - b + c)*(b”"2 - 4*a*c)*Sqr
‘tla + b*Tan[d + e*x]"2 + c*Tan[d + exx]"4]))/e

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.212, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 4183, 1576, 1165, 27, 1154, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ tan(d + ex) e
(a+ btan2(d + ez) + ctani(d + ex))*/?
| 3042
/ tan(d + ex) s
(a + btan(d + ex)? + ctan(d + ex)?)*/?
l 4183
[ tan(d+ez) sdtan(d + ez)

(tan2?(d+ex)+1)(ctan*(d+ex)+btan2(d+ex)+a)
€
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l 1576

1 2
f (tan?(d+ex)+1)(ctant(d+ez)+btan?(d+ex)+a)>/ 2 dtan (d + ea:)

2e
l 1165

) ) 2[- 5 s ;4“ = dtan?(d+ex)
2 (—2ac+b +c(b—2c) tan (d+ea:)—bc) 2 (tan (d+ez)+1) \/c tan®(d+ex)+btan?(d+ex)+a

(a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant (d+ex) o (a—b+c)(b%—4ac)

2e
| 27
1 dtan?(d+ex)
(tan2(d+em)+1) \/ctan4(d+em)+b tan2(d+ez)+a + 2(—2ac+b2+c(b—2c) tan?2 (d-{—ex)—bc)
a—b+c (a—b+c)(b2—4ac)+/a+btan2(d+ex)+ctan?(d+ex)

2e
l 1154

f 1 d (b—2c¢) tan? (d+ex)+2a—b
2(—2ac+b2+c(b—2c) tan?(d+ex)—bc) . 4(a—btc)—tand (dte) \/c tan?(d+ex)+btan2(d+ez)+a
(a—b+c)(b2—4ac)/a+btan2(d+ex)+ctant(d+ex) a—b+c

2e
l 219
arctanh 2a+(b—2c) tan2 (d+ez)—b
2(—2ac+b%+c(b—2c) tan?(d+ex)—bc) 2¢m\/a+b tan2 (d+ez)+c tan (d+ez)

(a—b+c)(b2—4ac)\/a+btan2(d+ex)+ctant(d+ex) - (a—b+c)3/2
2e

input LInt [Tan[d + e*x]/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x] J

‘/(—(ArcTa.nh[(Q*a - b+ (b - 2xc)*Tan[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a
‘+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])]/(a - b + ¢c)~(3/2)) + (2%(b"2 - 2%
\a*c - bxc + (b - 2%c)*c*Tan[d + e*x]~2))/((a - b + c)*(b"2 - 4*axc)*Sqrt[a
+ bxTan[d + e*x]~2 + c*Tan[d + e*x]~4]))/(2xe)

~ J

output

\‘
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

rule 1154 Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Simp[-2 Subst[Int[1/(4*c*d"2 - 4*b*dxe + 4*a*xe”2 - x°2), x], x, (
2%axe - bxd - (2%c*d - bxe)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c
, d, e}, xl]

rule 1165 Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_S
ymbol] :> Simp[(d + e*x)~(m + 1)*(b*c*d - b~2%e + 2*axc*e + cx(2%cxd - b*e)
*x)*((a + bxx + c*x"2)"(p + 1)/((p + 1) *(b"2 - 4xa*c)*(c*d™2 - b*dxe + a*e”
2))), x] + Simp[1/((p + 1)*(b"2 - 4*axc)*(c*d"2 - b*d*e + axe”2)) Int[(d
+ e*x) “m*Simp [bkckd*e*(2%p - m + 2) + b"2*%e"2x(m + p + 2) - 2%xc”2*d"2*(2*p
+ 3) - 2%kakcxe”2x(m + 2%p + 3) - cke*(2xckd - bke)*(m + 2%p + 4)*x, x]*(a +
bxx + c*xx~2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && LtQ[p, -1]
&& IntQuadraticQa, b, c, d, e, m, p, x]

rule 1576 TRELG*((@) + (e )*(x)72)7(q )% (@) + (b_)*(x )72 + (c_.)*(x)"4)"(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)"g*(a + b*x + c*x~2)"p, x]
, X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N




CHAPTER 3. LISTING OF INTEGRALS 432

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x"n + c*x~(2*n)) p/(£72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2xn] && NeQ[b~2 - 4*axc, O]

rule 4183

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 405 vs. 2(143) = 286.

Time = 0.19 (sec) , antiderivative size = 406, normalized size of antiderivative = 2.62

method result

( 2a—2b+2c+(b—2c) (1+tan(ez+d)2)+2\/a—b+c \/c(1+tan(ez+d)2)2+(b—2c) (1+tan(ez+d)2)+a—b+c
2cln

1+tan(ez+d)2 ) 2cw/c<tan(ez+

( —4ac+b2—b+2c) (\/—4ac+b2+b—2c)\/m (\ﬂ

derivativedivides

( 2a—2b+2c+(b—2c) (1+tan(ez+d)2)+2«/7a7b+c \/c(1+tan(ez+d)2) 2L (b—20) (1+tan(ez+d)2)+a7b+c
2cln

1+tan(ez+d)2 ) 2c1/c(tan(ea:+

(\/ —4ac+b2—b+2c) (\/ —4ac+b2+b—2c)\/m (\ﬁ
default

int (tan(e*x+d)/ (a+b*tan(e*x+d) ~2+c*tan(exx+d) ~4) ~(3/2) ,x,method=_RETURNVER
BOSE)

N\ J

input

1/e*(2%c/ ((-4*axc+b~2) ~(1/2)-b+2*c) / ((-4*a*c+b~2) ~(1/2)+b-2%c) /(a-b+c) ~ (1/
2) *1n ((2*a-2*b+2xc+(b-2*c) * (1+tan (exx+d) ~2) +2* (a-b+c) ~(1/2) * (c* (1+tan (e*x+
d) ~2) "2+ (b-2*c) * (1+tan(e*x+d) “2)+a-b+c) ~(1/2) )/ (1+tan(exx+d) ~2) ) -2*c/ ((-4*
axc+b~2) "~ (1/2) -b+2*c) / (-4*xa*xc+b~2) / (tan(e*x+d) “2-1/2* (-b+(-4*a*c+b~2) ~(1/2
))/c)*(c*x(tan(e*x+d) “2-1/2*% (-b+(-4*a*xc+b~2) " (1/2)) /c) "2+ (-4*a*c+b~2) ~(1/2)
* (tan (exx+d) ~2-1/2% (-b+(-4*a*c+b~2)~(1/2))/c))~(1/2)+2*xc/ ((-4*a*c+b~2) ~(1/
2)+b-2xc) / (-4*a*c+b~2) / (tan(exx+d) "2+1/2* (b+(-4*axc+b~2)~(1/2)) /c)*(c*(tan
(exx+d) ~2+1/2% (b+(-4*axc+b~2)~(1/2)) /c) ~2-(-4*a*xc+b~2) ~(1/2) * (tan(exx+d) "2
+1/2% (b+(-4*axc+b~2)~(1/2))/c))~(1/2))

output




input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 531 vs. 2(143) = 286.

Time = 0.44 (sec) , antiderivative size = 1099, normalized size of antiderivative = 7.09

dxz = Too large to display

/ tan(d + ex)

(a + btan®(d + ex) + ctan’(d + ex))*”

integrate(tan(e*x+d)/(a+b*tan(exx+d) “2+c*tan(e*x+d) ~4) ~(3/2) ,x, algorithm=
"fricas")

[-1/4%(((b"2*c - 4*xaxc”2)*tan(e*x + d)~4 + a*b™2 — 4*a"2*c + (b"3 - 4*axbx*
c)*tan(e*x + d)"2)*sqrt(a - b + c)*1log(((b~2 + 4*(a - 2*b)*c + 8*c~2)*tan(
exx + d)74 + 2% (4*axb - 3*%b"2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4xsqrt(c*tan
(exx + d)74 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*%a - b)*s
grt(a - b + ¢) + 8*%a”2 - 8*a*b + b~2 + 4*axc)/(tan(e*x + d)~4 + 2+tan(e*x

+d)72 + 1)) + 4xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)"2 + a)*x(a*xb”™2 - b~
3 - (2%¥a + b)*c™2 - ((2*a - 3*b)*c”2 + 2%c~3 - (a*b - b~2)*c)*tan(exx + d)
~2 - (2%a”2 - axb - 2*¥b"2)*c))/((4*a*c”4 + (8*xa~2 - 8*xa*b - b"2)*c”3 + 2x%(
2%a”3 - 4%a”2xb + axb”2 + b"3)*c”2 - (a"2*b"2 - 2*a*b”~3 + b~4)*c)*extan(ex
x +d)74 - (a”2%b"3 - 2*xa*b”4 + b~5 - 4*axbxc”3 - (8%a"2*%b - 8*axb~2 - b~3
Y*xc”2 — 2% (2*%a”3%b - 4*%a"2*b"2 + a*b”3 + b~4)*c)*extan(exx + d)"2 - (a"3*b
"2 - 2%a”2*%b"3 + a*b”4 - 4xa”2%c”3 - (8*%a"3 - 8*a”2%b - axb"2)*c”2 - 2% (2%
a4 - 4%a”~3*b + a"2*%b"2 + a*xb~3)*c)*xe), 1/2*x(((b~2*c - 4*a*c”2)*tan(e*xx +

d)"4 + a*b™2 - 4*xa”2*c + (b~3 - 4*axbxc)*tan(exx + d)~"2)*sqrt(-a + b - c)*
arctan(-1/2*sqrt(c*tan(e*x + d)~4 + bxtan(exx + d)"2 + a)*((b - 2*c)*tan(e
*x + d)72 + 2%a - b)*sqrt(-a + b - ¢c)/(((a - b)*xc + c"2)*tan(e*x + d)"4 +

(a*b - b2 + bxc)*tan(exx + d)"2 + a”2 - a*b + a*c)) - 2*xsqrt(cxtan(e*xx +

d)"4 + b*tan(e*x + d)"2 + a)*(a*xb™2 - b"3 - (2%a + b)*c™2 - ((2*a - 3*b)*c
"2 + 2xc”3 - (a*b - b"2)*c)*tan(e*x + d)"2 - (2*a”"2 - a*b - 2*¥b~2)*c))/((4

*axc”™4 + (8%a”2 - 8*axb - b"2)*c”3 + 2x(2*%a~3 - 4*%a"2%b + a*xb”2 + b"3)*...
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Sympy [F]
/ tan(d + ex) oy do— / tan (d + ex) dz
(a + btan?(d + ex) + ctan*(d + ex)) (a+ btan? (d + ex) + ctan* (d + ex))?
input Lintegrate (tan(e*xx+d)/(atbxtan (e*xx+d) **2+c*xtan (e*x+d) **4) *x* (3/2) ,x) J
output ‘ Integral(tan(d + exx)/(a + bxtan(d + exx)**2 + cxtan(d + e*x)**4)**(3/2), ‘
® |
Maxima [F]
/ : tan(d + ex) : - dx:/ tan (ez + d) do
(a + btan®(d + ex) + ctan®(d + ex)) (ctan (ex + d)* + btan (ex + d)* + a)’

input ‘ integrate(tan(e*x+d)/(a+b*tan(e*x+d) ~2+c*tan(e*x+d) ~4)~(3/2),x, algorithm= ‘
‘ "maxima") ‘

output Lintegrate(tan(e*x + d)/(cxtan(exx + d)~4 + bxtan(exx + d)~2 + a)~(3/2), x) J

Giac [F(-1)]

Timed out.
tan(d
/ an(d + ex) 3/ dr = Timed out
(a + btan?(d + ex) + ctan(d + ex))
input ‘ integrate(tan(e*x+d)/(at+b*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(3/2) ,x, algorithm= ‘

"giaC") ‘

output LTlmed out J
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Mupad [F(-1)]
Timed out.

tan(d + ex) tan(d + ex)

dz=/ dz
/ (a + btan?(d + ex) + ctan*(d + ex))*” (ctan (d+ex)* +btan (d+ex)’ +a

)3/2

input Lint(tan(d + exx)/(a + b*tan(d + e*x)"2 + cxtan(d + e*x)~4)~(3/2),x) J

-

. )

output Lint(tan(d + e*xx)/(a + bxtan(d + e*x)”2 + cxtan(d + e*x)~4)~(3/2), x)

Reduce [F]

/ tan(d + ex) dp— / \/tan (ex + d)* c + tan (ex +
(a + btan®(d + ex) + ctan®(d + ex))* tan (ez + d)° ¢ + 2 tan (ez + d)° be + 2 tan (ez + d)*

input Lint (tan(e*x+d) / (at+b*tan (e*xx+d) ~2+c*tan(e*x+d) ~4)~(3/2) ,x) J

output‘ int ((sqrt(tan(d + exx)**4xc + tan(d + e*x)**2*b + a)*tan(d + exx))/(tan(d \
+ exx)*kBrcHx2 + 2+tan(d + exx)*xB¥bxc + 2xtan(d + exx)sxdxakc + tan(d + e |
‘*x)**4*b**2 + 2xtan(d + e*x)**2*axb + ax*2),x)




output

CHAPTER 3. LISTING OF INTEGRALS 436
3.47 f cot(d+ex) 7 dx
(a+btan?(d+ex)+ctant(d+ex))

Optimal result . . . . . . .. . . . . . ... .. 436
Mathematica [A] (verified) . . . . . . . . ... ... 437
Rubi [A] (verified) . . . . . . . .. ... 437
Maple [F] . . . . . . e 439
Fricas [B] (verification not implemented) . . . . ... ... ... ... ... 439
Sympy [F] . . o 440
Maxima [F(-2)] . . . . . . . o 440
Giac [F(-1)] . . o o o o 441l
Mupad [F(-1)] . . . . o e 441
Reduce [F] . . . . . o o 441

Optimal result

Integrand size = 33, antiderivative size = 280

cot(d + ex)
372 dx
(a + btan?(d + ex) + ctan*(d + ex))

2a+btan?(d+ex)
arctanh < 2y/a+/a+btan2(d+ex)+ctant(d+ex)

2a3/2e

2a—b+(b—2c) tan?(d+ex)
arctanh ( 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2(a — b+ c)3/%
b — 2ac + betan?(d + ex)
a (b2 — 4ac) ey/a + btan®(d + ex) + ctan?(d + ex)
b2 — 2ac — be + (b — 2c)ctan?(d + ex)

_|_

+

(a — b+ c) (b2 — 4ac) ey/a + btan?(d + ex) + ctan*(d + ex)

-1/2*arctanh (1/2*(2*a+b*tan(exx+d) ~2)/a~(1/2) /(a+b*tan(e*x+d) “2+c*tan (e*x+
d)~4)~(1/2))/a~(3/2) /e+1/2*arctanh (1/2* (2*a-b+(b-2*c)*tan(e*x+d) ~2) / (a-b+c
)~ (1/2)/ (a+b*tan (exx+d) ~2+c*ktan (e*xx+d) ~4) ~(1/2)) /(a-b+c) ~(3/2) /e+ (b~ 2-2*a*
c+bxcxtan (exx+d) ~2) /a/ (—4*a*c+b~2) /e/ (a+b*tan (e*x+d) ~"2+c*tan(exx+d) ~4) ~(1/
2) - (b~2-2*axc-b*c+(b-2*c) *cxtan (e*xx+d) ~2) / (a-b+c) / (-4*axc+b~2) /e/ (a+b*tan (

e*xx+d) "2+cxtan (exx+d) ~4) " (1/2)
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Mathematica [A] (verified)

Time = 2.34 (sec) , antiderivative size = 278, normalized size of antiderivative = 0.99

2
(— §+2ac> arctanh 2atbtan (dtes) (b2 —4ac)ar
2\/5\/a+b tan2 (d+ex)+c tan4 (d+ex)

/ cot(d + ex) i 372

(a + btan®(d + ex) + ctan’(d + ex))*” B

>

-

input LIntegrate [Cot[d + e*x]/(a + b*Tan[d + exx]”2 + c*Tan[d + e*x]~4)~(3/2),x] J

(((-1/2%b"2 + 2%a*c)*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])])/a~(3/2) - ((b™2 - 4*axc)*ArcTanh[(
-2*xa + b - (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bxTan[d +
e*xx] "2 + cxTan[d + e*x]"4]1)]1)/(2%(a - b + c)~(3/2)) + (b2 - 2%a*c + b*cx
Tan[d + exx]~2)/(a*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + exx]"4]) - (b"2 -
2%¥axc - bxc + (b - 2xc)*c*Tan[d + e*x]"2)/((a - b + c)*Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]74]))/((b”2 - 4*axc)*e)

output

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 271, normalized size of antiderivative = 0.97,

number of rules _ 1 52, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1578, 1289, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot(d + ex)

dx
/ (a + btan?(d + ex) + ctan*(d + ex))

3/2

l 3042

1
/ 3/ dx
tan(d + ex) (a + btan(d + ex)? + ctan(d + ex)?)
| 4188

cot(d+ex)
f (tanZ(d+ex)+1)(ctant(d+ez)+btan?(d+ex)+a)>/ 2 dtan(d T ex)

e
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l 1578
cot(d+ex) dtan2
an“(d + ex
f (tan2(d+ex)+1)(ctan? (d+ex)+btan? (d+ex)+a)/? (d + ex)
2e
l 1289
cot(d+ex) 1 dtan?
an“(d + ex
f <(ctan4(d+ex)+btan2(d+ex)+a)3/2 + (_tan2(d+em)—1)(ctan4(d+ew)+btan2(d+ex)+a)3/2> ( + )
2e
l 2009
arctanh 2a-+b tan® (d+ex) arctanh 2a-+(b—2¢) tan® (d+ez)—b
. 2ﬁ\/a+btan2(d+ez)+c tan4(d+ez) 2\/a—b+C\/a+b tan2 (d+ez)+ctan4(d+ez) + 2(—2ac+b2+bctan2(d+

a3/2 (a—b+c)3/2 a(b?2—4ac)\/a+btan2(d+ex)+c

2e

input" Int[Cot[d + exx]/(a + bxTan[d + e*x]"2 + c*Tan[d + exx]~4)~(3/2),x]

(-(ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]"2 +
cxTan[d + exx]~4])]1/2a"(3/2)) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~
2)/(2xSqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])]/(a -
b + ¢)7(3/2) + (2%(b"2 - 2xa*c + bxcxTan[d + exx]~2))/(ax(b~2 - 4*a*c)*Sq
rt[a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4]) - (2%(b"2 - 2*a*c - b*c + (b

- 2xc)*cxTan[d + e*x]~2))/((a - b + c)*(b~2 - 4xaxc)*Sqrt[a + bxTan[d + ex
x]72 + cxTan[d + exx]~4]))/(2xe)

output

Defintions of rubi rules used

‘_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
‘ g*x) "nx(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && (

rule 1289‘Int[((d_-) + (e_)*(x)) " (m_)*((£_.) + (g_)*(x_))"(_)*((a_.) + (b_.)*(x ‘
LIntegerQ[p] [l (ILtQ[m, 0] && ILtQ[n, 01))
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rule 1578 IRt T@_D* (@) + (e_)*(x)"2)7(q_)*((al) + (b_)*(x)"2 + (c_)*(x_ |
)"4)~(p_.), x_Symboll :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(d + exx)"qx(a |
‘+ bxx + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Int
‘egerQL(m - 1)/2] |

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4183 Intltanl(d_.) + (e_)*x )] " (m_)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2*n)) p/(£f72 + x72)), x
], x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

Maple [F]
/ cot (ex + d) i
(a+ btan (ex + d)? + ctan (ex + d)4) 2
input Lint (cot (exx+d)/ (atb*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(3/2) ,x) J
output Lint (cot (exx+d) / (a+b*tan (e*x+d) “2+c*tan(e*x+d) "4)~(3/2) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 963 vs. 2(256) = 512.

Time = 2.35 (sec) , antiderivative size = 3951, normalized size of antiderivative = 14.11

dz = Too large to display

/ cot(d + ex)

(a + btan?(d + ex) + ctan*(d + ex))*/?
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input ‘ integrate(cot (exx+d) / (a+bxtan(e*x+d) "2+c*tan(e*x+d) ~4)~(3/2) ,x, algorithm= ‘

‘"fricas") |
OutputtToo large to include J
Sympy [F]
/ cot(d + ex) dp— / cot (d + ex)
(a + btan?(d + ex) + ctan*(d + ex))*/” (a + btan? (d + ex) + ctan? (d + em))%
- Lintegrate (cot (exx+d) / (a+bxtan (exx+d) **2+cxtan (exx+d) *x4) % (3/2) ,x) J

output‘ Integral(cot(d + e*x)/(a + bxtan(d + e*x)**2 + cxtan(d + e*x)**4)**(3/2), ‘
® |

Maxima [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ cot(d + ex)

(a + btan?(d + ex) + ctan’(d + ex))*”

input ‘ integrate(cot (exx+d) / (a+bxtan(e*x+d) "2+c*tan(e*x+d) ~4)~(3/2) ,x, algorithm= ‘
‘"maxima") ‘

Output‘Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un
‘defined. ‘
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Giac [F(-1)]
Timed out.

cot(d + ex)

dz = Timed out
/ (a + btan?(d + ez) + ctan*(d + ex))*/?

p
¢ \ integrate(cot (e*x+d) / (a+b*tan(e*x+d) “2+cxtan(exx+d) ~4) ~(3/2) ,x, algorithm= \

inpu ‘ "giac") ‘

OutputLTlmed out J

Mupad [F(-1)]

Timed out.
/ cot(d + ex) dp— / cot(d + ex) "
(a + btan?(d + ex) + ctan*(d + ex))*” (ctan (d + ex)* + btan (d +ex)” + a)3/2
inputtint(cot(d + exx)/(a + b*tan(d + e*x)"2 + cxtan(d + e*x)~4)~(3/2),x) J
output Lint(cot (@ + exx)/(a + bxtan(d + e*x)”2 + c*tan(d + e*x)~4)~(3/2), x) J
Reduce [F]

/ cot(d + ex) dp— / \/tan (ex + d)* ¢+ tan (ex +
(a + btan2(d + ex) + ctan*(d + ex))*/? tan (ez + d)° ¢ + 2tan (ez + d)° be + 2 tan (ez + d)*

input Lint (cot (e*xx+d)/ (a+bxtan (e*xx+d) “2+c*tan (e*xx+d) ~4)~(3/2) ,x) J

output‘ int((sqrt(tan(d + e*x)**4xc + tan(d + exx)**2*b + a)*cot(d + e*x))/(tan(d ‘
+ exx)*kBrcH*2 + 2¥tan(d + exx)*xBkbxc + 2xtan(d + exx)xxdxakc + tan(d + e |
‘*x)**4*b**2 + 2xtan(d + e*xx)**2*axb + ax*x2),x)
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3
3.48 f cot®(d+ex) - dx
(a+btan?(d+ex)+ctant(d+ex))

Optimal result . . . . . . . . . . . . e 447
Mathematica [A] (verified) . . . . . . . . .. ... 143]
Rubi [A] (warning: unable to verify) . . . . ... ... ... .. ... .. .. 444
Maple [F] . . . . 446
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 446
Sympy [F] . . o o 446
Maxima [F(-1)] . . . . . . o o 447
Giac [F(-1)] . . .« o o e 447
Mupad [F(-1)] . . . oo 447

Reduce [F]

Optimal result

Integrand size = 35, antiderivative size = 477

/ cot?(d + ex)

+

+

2a+btan?(d+ex)

443

arctanh (
dz =

2v/a+\/a+btan2(d+ex)+ctant(d+ex) )

(a + btan®(d + ez) + ctan®(d + ex))*?

2a+btan?(d+ex)
3barctanh ( 2v/a+/a+btan?(d+ezx)+ctan?(d+ex) >

4a5/2e

2a—b+(b—2c) tan?(d+ex)
arctanh ( 2v/a—b+cy/a+btan?(d+ex)+ctant(d+ex)

2(a — b+ c)3/%
b2 — 2ac + betan?(d + ex)
a (b2 — 4ac) er/a + btan?(d + ex) + ctan*(d + ex)
cot?(d + ex) (b* — 2ac + bctan?(d + ex))

a (b2 — 4ac) ey/a + btan?(d + ex) + ctan*(d + ex)
b?> — 2ac — be + (b — 2¢)ctan?(d + ex)

(a —b+c) (b — 4ac) ey/a + btan?(d + ex) + ctan*(d + ex)

(36% — 8ac) cot?(d + ex)/a + btan?(d + ex) + ctan*(d + ex)

2a% (b2 — dac) e

2a3/2¢
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1/2*%arctanh (1/2*(2*a+b*tan(exx+d) ~2) /a~(1/2)/(a+b*tan (e*x+d) “2+c*tan (e*xx+d
)"4)~(1/2))/a"(3/2)/e+3/4xb*arctanh (1/2* (2*a+b*tan(e*xx+d) ~2) /a~(1/2) / (a+b*
tan (e*x+d) "2+c*tan(exx+d) ~4)~(1/2))/a"~(5/2) /e-1/2*arctanh (1/2* (2*a-b+(b-2*
c)*tan(exx+d) ~2) /(a-b+c) " (1/2)/ (a+b*tan(e*x+d) “2+c*tan(e*xx+d) ~4)~(1/2))/(a
-b+c) " (3/2) /e-(b~2-2*a*xc+b*c*tan (e*x+d) ~2) /a/ (-4*a*xc+b~2) /e/ (a+b*tan (exx+d
) "2+c*tan(exx+d) "4) " (1/2) +cot (e*x+d) “2* (b~2-2*a*c+b*c*tan (exx+d) ~2) /a/ (-4x*
a*c+b”2) /e/ (a+bxtan (exx+d) “2+cktan(exx+d) ~4) ~ (1/2) +(b~2-2*a*c—b*c+(b-2*c) *
cxtan(e*x+d) ~2) / (a-b+c) / (-4*a*c+b~2) /e/ (a+b*tan (e*xx+d) ~2+c*tan (e*x+d) ~4) ~(
1/2)-1/2%(-8*a*c+3*b~2) *cot (e*x+d) "2 (a+b*tan (e*x+d) “2+cxtan(exx+d) ~4) ~(1/
2)/a"2/(-4*a*xc+b~2) /e

output

Mathematica [A] (verified)

Time = 6.06 (sec) , antiderivative size = 555, normalized size of antiderivative = 1.16

_ﬁ ac 2a+b tan2(d+em) _

2( 2 +2 ) arCtanh ( 2\/5\/a+b tan2 (d+ex)+c tand (d+ex) > 8 <

/ cot3 (d + e.’Ij) do — - @372 (b2 —4ac) +
(a4—btan2@i4-ex)4—ctan4ﬁi%—ex)fvz

Integrate[Cot[d + e*x]~3/(a + b*Tan[d + e*x]~2 + cxTan[d + e*x]~4)~(3/2),x
]

input

((-2%(-1/2%b"2 + 2xa*c)*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2+Sqrt[a]l*Sqrt[a
+ b*Tan[d + e*xx]~2 + c*Tan[d + exx]~4]1)]1)/(a~(3/2)*(b~2 - 4*axc)) + (8*(-
1/2%b~2 + 2*a*xc)*ArcTanh[(2*%a - b - (-b + 2xc)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])])/(Sqrtl[a - b + cl*
(4*a - 4xb + 4xc)*(b~2 - 4xaxc)) + (2%x(-b~2 + 2*xaxc - bxcxTan[d + e*x]~2))
/(ax(b~2 - 4*axc)*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4]) - (2xCot[
d + exx]"2%(-b"2 + 2%axc - bk*cxTan[d + e*x]72))/(a*(b"2 - 4xa*c)*Sqrt[a +

b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) - (2%(-b"2 + 2¥a*c + b*c + cx(-b + 2
xc)*Tan[d + exx]~2))/((a - b + c)*(b"2 - 4xaxc)*Sqrt[a + b*Tan[d + exx]~2

+ c*xTan[d + e*x]~4]) - (2%(((2*axbxc + (b*x(-3*%b~2 + 8*a*c))/2)*ArcTanh[(2x*
a + bxTan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x
1741)1)/(2%xa~(3/2)) + ((3*b~2 - 8*axc)*Cot[d + e*x] 2xSqrt[a + bxTan[d + e
*x] "2 + c*Tan[d + exx]~4])/(2%a)))/(ax(b~2 - 4*axc)))/(2xe)

output
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Rubi [A] (warning: unable to verify)

Time = 0.68 (sec) , antiderivative size = 454, normalized size of antiderivative = 0.95,

number of rules _ 43, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4183, 1578, 1289, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot3(d + ex) iz
(a + btan?(d + ex) + ctan*(d + 6117))3/2
| 3042
/ i :
X
tan(d + ez)3 (a + btan(d + ex)? + ctan(d + ex)4)/?
| 4188
cot3(d+ex)
f (tanZ(d+ex)+1)(ctant(d+ex)+btan?(d+ez)+a)>/ 2 dtan(d t 637)
e
| 1578
cot?(d+ex) 2
f (tan?(d+ex)+1)(ctant(d+ex)+btan?(d+ex)+a)>/? dtan (d + ex)
2e
| 1289
f cot?(d+ex) _ cot(d+ex) + 1 p
(ctan?(d+ex)+btan2(d+ex)+a)’/? (ctant(d+ex)+btan?(d+ex)+a)>/? (tanZ(d+ex)+1)(ctant(d+ez)+btan(d+ez)+a)>/ 2
2e
| 2009
t h 2a-+b tan2(d+ez) t h 2a-+b tan2 (d+ex)
sparctan < 2\/5\/&+b tan2 (d+ex)+c tan4 (d+ex) > arctan < 2\/5\/a+b tanz(d+ez)+c tan4 (d+ex) ) (3b2—8ac) COt(d+6$) v/ a+b tan2 (d+1
2a5/2 + a3/2 - a?(b%—4ac)

input Int[Cot[d + e*x]~3/(a + bxTan[d + exx]"2 + c*Tan[d + e*x]~4)~(3/2),x]
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(ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2+Sqrt[a]*Sqrt[a + bxTan[d + exx]"2 + ¢
*Tan[d + exx]~4]1)]1/a~(3/2) + (3xb*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt
[a]*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4]1)])/(2%¥a~(5/2)) - ArcTanh
[(2¥a - b + (b - 2%c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt[a + b*Tan[d

+ e*x]"2 + cxTan[d + exx]"4])]/(a - b + c)~(3/2) - (2%(b~2 - 2%a*c + b*c*T
an[d + e*xx]~2))/(a*x(b~2 - 4xaxc)*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x
174]1) + (2+Cot[d + e*x]*(b"2 - 2*xaxc + b*cxTan[d + exx]"2))/(ax(b"2 - 4xa*
c)*Sqrt[a + bxTan[d + ex*x]~2 + c*Tan[d + e*x]~4]) + (2%(b~2 - 2*axc — b*c

+ (b - 2*c)*cxTan[d + exx]"2))/((a - b + c)*(b"2 - 4xa*xc)*Sqrt[a + bxTan[d
+ exx]"2 + c*Tan[d + exx]~4]) - ((3*b™2 - 8xaxc)*Cot[d + exx]*Sqrt[a + bx
Tan[d + exx]”2 + cxTan[d + exx]"4])/(a~2*(b~2 - 4xax*c)))/(2xe)

output

Defintions of rubi rules used

rule 1289 TotLC(d_.) + (e_)*(x )" (m_)*((f_.) + (g_)*(x))"(n_)*((a_.) + (b_)*(x

)+ (e_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(f +
gxx) “nx(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && (
IntegerQ[p]l || (ILtQ[m, 0] && ILtQ[n, 01))

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Simp[1/2 Subst[Int[x"((m - 1)/2)*(d + e*x)"gq*(a
+ bxx + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Int
egerQ[(m - 1)/2]

rule 1578

s

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)]1"(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x)1)"(m_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symboll

:> Simp[f/e  Subst[Int[(x/f) "m*((a + b*x™n + c*x~(2*n)) p/(£f72 + x72)), x
], x, f*Tan[d + ex*x]], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*axc, 0]

rule 4183
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Maple [F|
3
/ cot (ex + d) i
(a+btan (ex + d)* + ctan (ex + d)4) 2
input tint (cot (exx+d) ~3/ (at+bxtan(e*x+d) “2+c*tan (e*xx+d) ~4) ~(3/2) ,x) J

-

Lint(cot(e*x+d)"3/(a+b*tan(e*x+d) ~2+cxtan(exx+d) ~4) ~(3/2) ,x)

N )

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1273 vs. 2(437) = 874.

Time = 3.24 (sec) , antiderivative size = 5189, normalized size of antiderivative = 10.88

dx = Too large to display

/ cot®(d + ex)

(a + btan®(d + ex) + ctan’(d + ex))*”

input‘ integrate(cot (e*x+d) "3/ (atb*tan(exx+d) "2+c*tan(e*x+d) ~"4)~(3/2) ,x, algorith ‘
‘ m="fricas") ‘

output LToo large to include J
Sympy [F]
/ cot?(d + ex) dp— / cot?® (d + ex)
(a + btan?(d + ex) + ctan*(d + ex))*/” (a + btan? (d + ex) + ctan* (d + em))g
input Lintegrate (cot (e*xx+d) **3/ (a+b*tan (e*x+d) **2+c*xtan (e*xx+d) **4) ** (3/2) ,x) J

‘Integral(cot(d + e*x)*x3/(a + bxtan(d + exx)**2 + cxtan(d + exx)**4)*x(3/2 \

output‘ ). ) ‘
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Maxima [F(-1)]
Timed out.

cot®(d + ex)

dz = Timed out
/ (a + btan®(d + ex) + ctan’(d + ex))*”

input ‘ integrate(cot (e*x+d) "3/ (at+bxtan(exx+d) ~2+c*tan(e*x+d)~4)~(3/2) ,x, algorith ‘
‘ m="maxima") ‘

output LTimed out J

Giac [F(-1)]

Timed out.

372 dz = Timed out

/ cot®(d + ex)

(a+ btan®(d + ex) + ctan*(d + ex))

input ‘ integrate(cot (exx+d) ~3/ (at+b*tan(e*x+d) ~2+c*xtan(e*x+d) ~4)~(3/2) ,x, algorith ‘
‘ m=||giacll) ‘

output LTlmed out J

Mupad [F(-1)]

Timed out.
3
/ cot®(d + ex) - dz = Hanged
(a+ btan?(d + ex) + ctan*(d + ex))
input Lint(cot(d + e*xx)”3/(a + bxtan(d + e*x)”2 + cxtan(d + e*x)~4)~(3/2),x) J

output L\text{Hanged} J
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Reduce [F|

/ cot*(d + ex) o — / \/tan (ex + d)* ¢ + tan (ex +
(a + btan?(d + ex) + ctan*(d + ex))*/ tan (ex 4 d)® ¢ 4 2tan (ex + d)® be + 2 tan (ex + d)*

inputLint(cot(e*X+d)A3/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(3/2),x) J

Output‘ int ((sqrt(tan(d + e*x)**4*c + tan(d + e*x)**2*%b + a)*cot(d + e*x)**3)/(tan ‘
| (d + exx)*xBxck¥2 + 2¥tan(d + exx)**6¥bxc + 2+tan(d + exx)**dxaxc + tan(d |
‘+ e*xx) *k4dxb**x2 + 2xtan(d + e*x)**2*a*xb + a**x2),x) ‘
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2
tan“(d+ex
(a+btan?(d+ex)+ctant(d+ex))
Optimal result . . . . . . . . . . . . e 449
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 501
Rubi [A] (verified) . . . .. . . ... .. 451
Maple [B] (verified) . . . . . . . . . .. 150
Fricas [F(-1)] . . . . o o 457
Sympy [F] . . o o 458
Maxima [F] . . . . . . . 58]
Giac [F(-1)] . . .« o o e 158
Mupad [F(-1)] . . . oo 459
Reduce [F] . . . o . o o e 459
Optimal result
Integrand size = 35, antiderivative size = 803
9 arctan ( va—b+ctan(d+ex) )
/ tan (d + GIL') = — Va+btan2(d+ex)+ctant(d+ex)
(a + btan®(d + ex) + ctan(d + ex))*” 2(a —b+c)3%

tan(d + ex) (b*> — 2ac — be + (b — 2¢)ctan®(d + ex))
(a —b+c) (b2 — 4ac) ey/a + btan(d + ex) + ctan*(d + ex)
(b—2c)y/ctan(d + ex)\/a + btan?(d + ex) + ctan*(d + ex)
a (a—b+c) (b — 4ac) e (va+ y/ctan®(d + ex))

{a

va(b— 2c)v/cE (2 arctan <—%tan(d+ez)) F (2 by )) (va+ y/ctan®(d + ex)) \/ atbtan?(d+ez)+ctan’(

(vVa++/ctan?(d+ex)

_|_

(a — b+ c) (b2 — 4ac) er/a + btan?(d + ex) + ctan*(d + ex)
v/cEllipticF (2 arctan (—%tan(dﬂm)) (2 - —>) (Va+ y/ctan®(d + ex)) \/ atbion (dhea) fotanldy

Va

(Va+y/ctan?(d+ex)) 2

2v/a (v/ab — 2a\/c — by/c + 2v/ac) ey/a + btan?(d + ex) + ctan’(d + ex)

(v + /c) EllipticPi (— (\f\/_a\fa) ,2arctan (—\/Et;;%ﬂex)) (

)) (\/_+\/_tan2(d+ez))\/

4v/a (va— \/c) Vc(a— b+ c)ey/a+ btanQ(d—i- ex) + ctan®(d + ex)
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-1/2*arctan((a-b+c) " (1/2)*tan(e*xx+d) / (atb*tan(exx+d) “2+c*tan(e*x+d) “4) ~(1/
2))/(a-b+c)~(3/2) /e+tan(e*x+d) * (b~2-2*a*c-b*c+(b-2*c) *cxtan (exx+d) ~2) / (a-b
+c) /(-4*a*c+b~2) /e/ (a+bxtan(e*xx+d) ~2+c*tan(e*x+d) ~4) ~(1/2)-(b-2*c) *c~(1/2)
*tan (exx+d) * (a+b*tan (e*x+d) “2+c*tan (exx+d) “4) ~(1/2) /(a-b+c) / (-4*axc+b~2) /e
/(@ (1/2)+c™(1/2) *tan(exx+d) "2)+a~ (1/4) * (b-2*c) *c~ (1/4) *E1llipticE(sin(2*ar
ctan(c”~(1/4)*tan(e*x+d)/a~(1/4))),1/2*x(2-b/a~(1/2)/c~(1/2))~(1/2))*(a~(1/2
)+c~(1/2) ¥tan (e*xx+d) ~2) * ((a+b*tan (e*x+d) “2+c*xtan(exx+d) ~4) /(a~(1/2)+c~(1/2
Y*tan (exx+d) ~2)~2)~(1/2) /(a-b+c) / (-4*a*c+b~2) /e/ (a+b*tan (exx+d) "2+c*tan (ex*
x+d) "4) " (1/2)-1/2*c~(1/4)*InverseJacobiAM(2*arctan(c~(1/4)*tan(e*x+d) /a”~ (1
/4)),1/2%(2-b/a~(1/2) /c~(1/2))~(1/2))*(a~ (1/2)+c~ (1/2) *tan(exx+d) ~2) *((a+b
*tan (exx+d) “2+c*tan(exx+d) ~4) /(a~ (1/2)+c~ (1/2) *tan(exx+d) ~2)~2)~(1/2)/a~ (1
/4)/(@” (1/2) *¥b-2*xa*xc™ (1/2)-bxc~ (1/2)+2*a~(1/2) *c) /e/ (a+b*tan (exx+d) ~2+c*ta
n(exx+d)"4)~(1/2)-1/4*(a~(1/2)+c~(1/2))*EllipticPi(sin(2*arctan(c”~(1/4) *ta
n(e*x+d)/a~(1/4))),-1/4*%(a~(1/2)-c~(1/2))"2/a~(1/2)/c~(1/2),1/2*x(2-b/a"~(1/
2)/c”(1/2))"(1/2))*(a" (1/2)+c~ (1/2) *tan (exx+d) ~2) * ((a+b*tan (e*x+d) "2+c*tan
(exx+d)~4)/(a~(1/2)+c”(1/2) *tan(e*x+d) ~2)~2)~(1/2)/a~(1/4)/(a~(1/2)-c~(1/2
))/c~(1/4)/(a-b+c) /e/ (a+b*tan (e*x+d) ~2+c*tan(exx+d) ~4) ~(1/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 15.57 (sec) , antiderivative size = 825, normalized size of antiderivative = 1.03

\/ 3a+b+3c+4a cos(2(d+ex))—4ccos(2(d+ex))+a cos(4(d+ex))—b cos(4(d+
344 cos(2(d+ex))+cos(4(d+ex))

/ tan?(d + ex) _

r =
(a + btan®(d + ex) + ctan’(d + ex))*”

. _ _ D ; i c b+vb2—dac 2_p/B2— _ Vb2— ipti ;
'Lﬁ((b 20)( b+vb 4ac)E(zaI'CSIIlh (ﬁ / PRy tan(d—i—ex)) | b—M) +(b bV'b 4ac+2c< 2a+V'b 4ac)) EllipticF (z

_|_

p
input‘ Integrate[Tan[d + e*x]~2/(a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4)~(3/2),x

W
J
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(Sqrt[(3*a + b + 3xc + 4*xaxCos[2*(d + exx)] - 4xcxCos[2*x(d + exx)] + axCos
[4%(d + exx)] - b*Cos[4*(d + e*x)] + c*Cos[4*(d + exx)])/(3 + 4xCos[2*(d +
exx)] + Cos[4*(d + exx)])]1*(((b - 2*c)*Sin[2*(d + exx)])/(2*x(-a + b - c)*
(b™2 - 4xa*c)) + (2xb~2*Sin[2*(d + e*x)] - 4*xa*cxSin[2+(d + e*x)] - 4*c™2*
Sin[2x(d + exx)] + b"2+Sin[4*(d + e*x)] - 2*axc*Sin[4*(d + e*xx)] - 2%bxc*S
in[4*%(d + exx)] + 2*c”2xSin[4*(d + exx)])/((a - b + c)*(-b~2 + 4*a*c)*(-3%
a - b - 3xc - 4xa*Cos[2x(d + exx)] + 4xc*Cos[2*(d + e*x)] - a*Cos[4x(d + e
*x)] + bxCos[4*(d + e*x)] - c*Cos[4*(d + e*x)]))))/e + ((I*Sqrt[2]*((b - 2
*xc)*(-b + Sqrt[b~2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrtl[
b~2 - 4xaxc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xax
cl)] + (b2 - b*Sqrt[b~2 - 4xaxc] + 2kc*x(-2*%a + Sqrt[b~2 - 4*axc]))*Ellipt
icF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*Tan[d + e*x]], (b +

Sqrt[b~2 - 4*axc])/(b - Sqrt[b™2 - 4*a*xc])] - 2%(b~2 - 4*axc)*EllipticPi[(
b + Sqrt[b~2 - 4*axc])/(2xc), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a
*xc])]*Tan[d + exx]], (b + Sqrt[b™2 - 4*a*c])/(b - Sqrt[b~2 - 4xaxc])])*Sqr
t[(b + Sqrt[b~2 - 4xa*xc] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4*a*c])]*Sq
rt[1 + (2xcxTan[d + e*x]~2)/(b - Sqrt[b~2 - 4xaxc])])/Sqrtlc/(b + Sqrt[b~2
- 4xaxc])] - 4*%(b - 2*c)*Cos[d + exx]*Sin[d + e*x]*(a + b*Tan[d + exx]"2

+ cxTan[d + exx]74))/(4x(a - b + c)*(-b~2 + 4xa*c)*exSqrt[a + b*Tan[d + e*
x]72 + c*Tan[d + e*x]~4])

output

Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 824, normalized size of antiderivative = 1.03,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 0.371, Rules
integrand size

used = {3042, 4183, 1638, 25, 27, 2206, 25, 27, 1511, 27, 1416, 1509, 2220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

tan?(d + ex)

dx
/ (a+btan?(d + ex) + ctan?(d + ex))

3/2

l,3042

/ tan(d + ex)? de
(a+ btan(d + ex)? + ctan(d + ex)?)>/2

l 4183
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f tan?(d+ex)
(tan2?(d+ex)+1)(ctan*(d+ex)+btan?(d+ez)+a)

szd tan(d + ex)

¢3/2 tant (dtea) | (b=ctv/aye)yetan®(dtes)
va a

f —
(c tan4(d+ex)+b tan2 (d+ez)+a) 8/2

dtan(d+ex) f

e

l 1638

\/Etanz (d+ez)++a
\/E(tanz (d+ez)+1) \/c tan4 (d+ex)+btan2(d+ex)+a

dtan(d+ex)

(1— %) (a—b+c)

(1—%) (a—b+c)

c3/2 tan4(d+em) + (b—c++/a/c) \/Etan2(d+ew) ta

€

| 25

va dtan(d+ex Vetan®(dtez)+v/a dtan(d+
! (Ctan4(d+%>+btanz(d+eac)+“)3/2 ( ) va(tan2(d+ez)+1) \/ctant(d+ea)+btan2(d+ez)+a an(d-+ex)
(1—%) (a—b+c) (1—%) (a—b+c)
e
| 27
c3/2 tan4(d+ez) 4 (b—c++/a/<) \/Etan2(d+ea:) ta
S Va e dtan(d+ex) Vetan®(dtez)+va dtan(d+ex)
(c tan4(d+ea:)+b tanz(d+ea:)+a>3/2 (tanz (d+em)+1) \/c tan4(d+ea:)+b tanz(d+ex)+a
(1—%)(a—b+c) ﬁ(l—%)(a—b—l—c)
e
| 2206

(V/a—+/c) tan(d+ex) (72ac+b2+c(b72c) tan? (d+ex) 7bc>

ﬁﬁ(bQ —cb++/av/eb— (va—+/c) (b—2¢)v/c tan? (d+ez)—2ac—2a3/2 \/5)

dtan(d+ex)
\/c tand (d+ex)+b tan2 (d+ex)+a

\/E(b2 —4ac> \/a+b tan2(d+ex)+ctand(d+ex)

—
/‘\‘
o+
e

a (b2 —4ac)

(1-%) (a—b+c)

\/E\/E(b2 —cb++/a/cb—(v/a—+/c) (b—2c)\/5tan2 (d+em)—2ac—2a3/2\/5)

| 25

dtan(d+ex
/ \/ctan4(d+ez)+btanz(d+ez)+a ( ) (vVa—+/c) tan(d+ex)(—2ac+b2+c(b—2c) tan2(d+ez)—bc)
a(b2—4ac) \/E(bz—4ac) \/a+b tan2(d+ez)+ctan (d+ex) (tan
<1—%) (a—b+c)
e

l 27
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b2—cb+\/a\/5b— (va—+/c) (I)—2¢:)\/E'can2 (d+ez)—2ac—2a3/2\/5

Ve dtan(d+
ol \/c tan4(d+ex)+btan? (d+ez)+a an(dtes) (Va—+/c) tan(d+ez)(72ac+b2+c(b72c) tan? (d+em)7bc)
\/E(bz —4QC> \/E(bQ —4ac) \/a+b tanz(d+ez)+c tan4 (d+ex) (tan2 (d+
(1—%)((1—64-0)
e
| 1511
Va—y/ctan?(d+ex) : 1
Vel va(va—ve) (-2 dtan(d+ex)— (2+/av/c+b) (a—b+ dtan(d+
C< alva 9 o) \/E\/ctan4(d+ex)+btan2(d+em)+a anldten)=(2/avett)(a ) \/ctan4(d+em)+btan2(d+em)+a and ez)) +(\/E—\/E)
\/E(b2—4ac) \/E(
(1—%) (a—b+c)

| 27

. \/E—\ﬁtan2(d+em) . 1
—+c)(b—2 dt d+ —(2v/a+y/c+b) (a—b+ dt d+ex
\/E<(\/E f)( o \/ctan4(d+ez)+b tan2(d+ez)+a an(dten) ( ve )( ) \/c tan4(d+ez)+b tan2(d+ez)+a anlde )> " (\/E—\/E) tan(d-

\/E(bz —4ac) \/E(b2 —4c
(1_%) (a—b+0)

e
l_1416
(2v/@y/c+b) (a—b+-c) (\/E+\/Ztan2 (d+em)) a+btan?(d+ez)+c tan4(d‘2*‘”) EllipticF <2
Vel (Va—ye)(b=2¢) [ \/E—\/Etan2(d+ez) dtan(d+ex)— (\/E+\/Etan2(d+ea:))
\/c tan4(d+ex)+btan2(d+ex)+a 2 % %\/04-17 tan2(d+ez)+ctand(d+ex)
\/E(bz —4ac)
(1— %) (a—b+c)
l 1509

4
4 2 a-+b tan2(d+ez)+c tan4(d+ez) \/Etan(d+ez) 1 b
\/a(\/mﬁmn (d+ea)) (\/E+\/Etan2(d+ez))2 o Gl Ya 1 (2 ﬁﬁ)

%\/a+b tan2 (d+ex)+c tan4 (d+ex)

tan(d+ez)\/a+b tan? (d-
- Va++/ctan?

Ve | (Va—v/e)(b—2¢)

\/E(b2.

l 9220
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4
%E (2 arctan ( \/Et%;(_d-ﬁ-e:v)) \% (2— \/Eb\/E>> (\/Etan2(d+ew)+\/a) J
a )

Ve | (Va—ve)(b—2c) .
\/E\/c tan? (d+ex)+b tan2 (d+ex)+a

(Va—+/c) tan(d+ex) (b2 —cb+(b—2c)c tan? (d+ex) 72ac)
\/E(bz —4ac) \/c tan4 (d+ex)+btan2(d+ex)+a

e

LInt[Tan[d + exx]"2/(a + bxTan[d + exx] "2 + cxTan[d + e*x]~4)~(3/2),x]

L

input

(-((((Sqgrt[a] - Sqrtlc]l)*ArcTan[(Sqrt[a - b + cl*Tan[d + e*x])/Sqrtl[a + b*
Tan[d + exx]~2 + c*Tan[d + e*x]~4]1])/(2*Sqrt[a - b + c]) + ((Sqrt[al + Sqr
t[c])*EllipticPi[-1/4*(Sqrt[a]l - Sqrtlcl)~2/(Sqrt[al*Sqrtlcl), 2*ArcTan[(c
~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[cl))/4]1*(Sqrt[a] + Sqr
t[c]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4)/(Sqrtl[
a] + Sqrtlc]l*Tan[d + e*x]~2)"2])/(4*a~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d + e*x
172 + c*Tan[d + exx]~4]))/(Sqrtlal*(1 - Sqrtlc]l/Sqrtlal)*(a - b + c))) + (
((Sqrt[a] - Sqrtlc]l)#*Tan[d + e*x]*(b~2 - 2*axc - b*c + (b - 2%c)*c*Tan[d +
e*x]~2))/(Sqrt[al*(b~2 - 4xaxc)*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + e*x
1741) + (Sqrtlcl*(-1/2*((b + 2+#Sqrt[a]l*Sqrtlcl)*(a - b + c)*EllipticF[2*Ar
cTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlc]l))/4]1*(Sqrtl[a
] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]"4)
/(Sqrt[a]l + Sqrt[c]*Tan[d + e*x]~2)"2])/(a”~(1/4)*c~(1/4)*Sqrt[a + b*Tan[d

+ e*xx]"2 + cxTan[d + e*x]~4]) + (Sqrt[a]l - Sqrtlcl)*(b - 2*c)*(-((Tan[d +

e*xx]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])/(Sqrt[a]l + Sqrt([c]*Tan
[d + exx]~2)) + (a~(1/4)*EllipticE[2*ArcTan[(c”(1/4)*Tan[d + e*x])/a~(1/4)
], (2 - b/(Sqrtlal*Sqrtlcl))/4]1*(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a
+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[c]*Tan[d + e*x]~2)
~2]1)/(c~(1/4)*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]))))/(Sqrt[al*(
b~2 - 4xaxc)))/((1 - Sqrtlcl/Sqrtlal)*(a - b + c)))/e

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x"4)/(ax(1 + q~2*%x~2)"2)]/
(2%g*Sgrt[a + b*x™2 + c*x~4]))*EllipticF[2*ArcTan[qg*x], 1/2 - bx(q~2/(4*c))
1, x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/al]

rule 1416

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, Simp[(-d)*x*(Sqrtl[a + b*x"2 + cxx~4]/(ax(1 + q
~2%x72))), x] + Simp[d*(1 + g~2*x"2)*(Sqrt[(a + b*x"2 + c*xx"4)/(ax(1 + q~2%
x72)"2)]1/(g*Sqrt[a + b*x"2 + c*x~4]))*EllipticE[2*ArcTan[q*x], 1/2 - b*(q~2
/(4xc))], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2
- 4xa*xc, 0] && PosQ[c/al

rule 1509

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Simp[(e + d*q)/q Int[1/Sqrtla + b*x~2 + c*x~
4], x], x] - Simpl[e/q Int[(1 - gq*x72)/Sqrtla + b*x"2 + c*xx~4], x], x] /;

NeQle + dxq, 0]] /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4x*a*c, 0] && Pos
Qlc/al

rule 1511

rule 1638 Int[((x_ )~ (m_)*((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)~(p_))/((d) + (e_.)*(x
_)"2), x_Symbol] :> Simp[(-(-d/e)”~(m/2))*((c*d"2 - b*d*e + a*e™2) " (p + 1/2)
/(e~(2*xp)*(Rt[c/a, 2]*d - e))) Int[(1 + Rtlc/a, 21*x72)/((d + exx~2)*Sqrt
[a + b*x™2 + c*xx74]), x], x] + Simp[(c*d™2 - bxd*e + a*xe”2)~(p + 1/2)/(Rtlc
/a, 2]1*d - e) Int[(a + b*x"2 + c*x~4) p*ExpandToSum[((Rt[c/a, 2]*d - e)*(
c*d”2 - bxd¥e + a*e”2)"(-p - 1/2)*x™m + ((-d/e)”~(m/2)*(1 + Rtlc/a, 2]*x"2)*
(a + b*x"2 + c*x"4)"(-p - 1/2))/e”~(2*p))/(d + exx"2), x], x], x] /; FreeQ[{
a, b, c, d, e}, x] & NeQ[b~2 - 4*a*xc, 0] &% ILtQ[p + 1/2, 0] && IGtQ[m/2,
0] && NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al
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Int[(Px_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder [Px, a + b*x~2 + c*x~4, x], x, 0], e = Coeff[Poly
nomialRemainder [Px, a + b*x"2 + c*x~4, x], x, 2]}, Simp[x*(a + b*x"2 + c*x~
4)~(p + 1)*((a*bxe - d*(b"2 - 2*xa*c) - c*(bkd - 2xa*xe)*x"2)/(2*ax(p + 1)*(b
~2 - 4xaxc))), x] + Simp[1/(2*ax(p + 1)*(b"2 - 4*a*c)) Int[(a + b*x"2 + c
*x~4)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b"2 - 4xa*c)*PolynomialQuotient [Px,
a + bxx"2 + c*x"4, x] + b72xd*(2*p + 3) - 2*axckdx(4xp + 5) - axbkxe + cx(4x
p + 7T)*x(bxd - 2xaxe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Px, x
~2] && Expon[Px, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

rule 2206

Int[(CAL) + (B_.)*(x_)"2)/(((d)) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol]l :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*(d/e) + a*x(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx~4])]/(2*d*exRt [
-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(B*d + A*e)*(1 + gq~2*x"2)*(Sqrt[(a
+ b*x”2 + c*x74)/(ax(1 + q"2*%x"2)"2)]/(4*d*e*g*Sqrt[a + b*x"2 + c*x"4]))*El
lipticPi[-(e - dxq~2)~2/(4*d*exq~2), 2xArcTan[q*x], 1/2 - b/(4*axq~2)], x]]
/; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[c*d"2 - a*e~2, 0] && PosQl[c/al &
& EqQlc*A™2 - a*B~2, 0] && PosQ[B/A] && PosQ[-b + c*(d/e) + ax(e/d)]

rule 2220

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[tan[(d_.) + (e_.)*(x_)] " (m_.)*((a_.) + (b_.)*((£_.)*tan[(d_.) + (e_.)*(
x )D7(@_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Simp[f/e  Subst[Int[(x/f)"m*((a + b*x™n + c*x~(2%n)) p/(£72 + x72)), x
1, x, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n
2, 2*n] && NeQ[b~2 - 4x*a*c, O]

rule 4183

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3597 vs. 2(685) = 1370.

Time = 0.96 (sec) , antiderivative size = 3598, normalized size of antiderivative = 4.48

method result size

derivativedivides | Expression too large to display | 3598
default Expression too large to display | 3598




input

output

input

output
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int (tan(e*x+d) ~2/ (at+b*tan (e*xx+d) ~“2+c*tan(e*xx+d) ~4) ~(3/2) ,x,method=_RETURNV
ERBOSE)

1/ex(-2*c*(1/2/a*b/ (4*a*xc-b~2) *tan (e*x+d) “3-1/2* (2*a*c-b~2) /a/ (4*a*xc-b~2)/
c*tan(exx+d) )/ ((tan(e*x+d) ~4+b/c*tan(e*xx+d) ~2+a/c)*c) ~(1/2)+1/4*(1/a-(2*xax*
c-b"2)/a/(4*a*c-b"2))*27(1/2) / ((-b+(-4*a*xc+b~2)~(1/2)) /a) = (1/2) * (4-2* (-b+(
—-4xaxc+b~2) ~(1/2)) /axtan(e*x+d) ~2) ~(1/2) * (4+2* (b+(-4*a*c+b~2) ~(1/2)) /a*tan
(e*x+d)~2)~(1/2)/ (at+b*tan(exx+d) “2+c*tan (e*x+d) ~4)~(1/2)*EllipticF (1/2*tan
(exx+d)*27 (1/2) * ((~b+(-4*axc+b~2)~(1/2))/a)~(1/2) ,1/2x (-4+2xbx (b+(-4*a*c+b
~2)~(1/2))/a/c)~(1/2))-1/2xb/ (4*a*xc-b~2) *c*2~(1/2) / ((-b+(-4*a*c+b~2)~(1/2)
) /)~ (1/2) % (4-2% (~b+(—4*a*c+b~2) " (1/2) ) /a*tan(e*x+d) "2) 7 (1/2) * (4+2* (b+ (-4*
axc+b~2)~(1/2)) /axtan(e*xx+d) ~2) ~(1/2) / (atb*tan (exx+d) ~2+c*tan(e*x+d) ~4)~ (1
/2)/ (b+(-4*axc+b~2)~(1/2))* (E1llipticF (1/2*tan(e*x+d) *2~ (1/2) * ((-b+(-4*a*xc+
b~2)~(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-Ellipt
icE(1/2*tan(exx+d)*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) ,1/2% (-4+2xb*(
b+ (-4*axc+b~2) ~(1/2))/a/c)~(1/2)) ) +2*xc*x(1/2% (2*a*xc-b~2+b*c) /a/ (4*a*xc-b~2)/
(a-b+c) *tan (e*x+d) ~3+1/2* (3*axb*xc-2*a*c~2-b~3+b~2*c) /a/ (4*a*c-b~2) / (a-b+c)
/cxtan(e*x+d) )/ ((tan(exx+d) “4+b/c*tan(e*x+d) ~2+a/c)*c) ~(1/2)+1/4*2~(1/2) /(
-1/axb+1/a*(-4*a*xc+b~2) " (1/2))~(1/2) *(4+2/a*b*tan(exx+d) "2-2/a*tan (e*xx+d) ~
2% (—4*a*xc+b~2) " (1/2)) ~(1/2) * (4+2/a*b*tan (exx+d) ~2+2/a*tan (e*x+d) ~2% (—4*a*c
+b72)7(1/2))~(1/2) / (a+bxtan(exx+d) "2+c*tan(e*x+d) ~4) ~(1/2)*E1llipticF(1/2*t
an(exx+d) *2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) ,1/2*% (-4+2xb* (b+(-4*a*c

+b~2)~(1/2))/a/c)~(1/2))/a/(a-b+c) *b-1/4*x2"(1/2) / (-1/a*xb+1/a*(-4*a*xc+b”. ..

Fricas [F(-1)]

Timed out.

tan?(d + ex)

dr = Timed out
/ (a + btan?(d + ex) + ctan*(d + ex))

3/2

‘integrate(tan(e*x+d)‘2/(a+b*tan(e*x+d)‘2+c*tan(e*x+d)‘4)‘(3/2),x, algorith
‘m="fricas")

N

J

r

LTimed out
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Sympy [F]
/ tan?(d + ex) dpe / tan® (d + ex) s
(a+ btan2(d + ex) + ctan*(d + ex))*/? (a+ btan? (d + ex) + ctan® (d + ex))?
input Lintegrate (tan(e*xx+d)**2/ (a+b*tan (e*x+d) **2+c*tan (e*xx+d) **4) ** (3/2) ,x) J
output ‘ Integral(tan(d + e*x)**2/(a + b*tan(d + exx)**2 + c*tan(d + e*xx)**4)**(3/2 \
‘ ), X) ‘
Maxima [F]
tan®(d + ex) tan (ex + d)’ s

3
2

dx:/
/ (a + btan2(d + ex) + ctan’(d + ex))*/* (ctan (ez + d)* + btan (ez + d)* + a)

‘ integrate(tan(e*x+d) “2/(atb*tan(e*x+d) “2+c*tan(e*x+d) ~4)~(3/2) ,x, algorith ‘

input
‘ m="maxima") ‘

‘integrate(tan(e*x + d)"2/(cxtan(e*x + d)74 + b*tan(exx + d)~2 + a)~(3/2), \

output ‘ 0 ‘

Giac [F(-1)]

Timed out.

dz = Timed out

/ tan®(d + ex)

(a+ btan®(d + ex) + ctan*(d + ex))*

input‘integrate(tan(e*x+d)‘2/(a+b*tan(e*x+d)"2+c*tan(e*x+d)"4)*(3/2),X, algorith ‘
‘ m="giac") ‘

output LTlmed out J
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Mupad [F(-1)]

Timed out.
/ tan?(d + ex) dp— / tan(d + ex)’ I
(a + btan®(d + ex) + ctan*(d + ex))* (ctan(d4—ex)4+—btan(d4—ez)2+—afy2
input Lint(ta.n(d + e*xx)"2/(a + b*tan(d + e*x)"2 + cxtan(d + e*x)~4)~(3/2),x) J
output Lint(tan(d + exx)"2/(a + bxtan(d + exx)"2 + cxtan(d + e*x)~4)~(3/2), x) J
Reduce [F]

/ tan®(d + ex) do— / \/tan (ex + d)* c + tan (ex + ¢
(a + btan®(d + ex) + ctan(d + ex))3/2 tan (ex + d)° ¢2 4 2tan (ex + d)° bc + 2 tan (ex + d)*

input Lint (tan(e*x+d) ~2/ (a+b*tan (e*x+d) ~2+c*tan (exx+d) ~4) ~(3/2),x) J

. int((sqrt(tan(d + exx)xsdxc + tan(d + exx)*x2+b + a)¥tan(d + exx)**2)/(tan
| (d + exx)*xBxck¥2 + 2¥tan(d + exx)**6xbxc + 2%tan(d + ekx)**d*axc + tan(d
\+ e*x) **4%xb¥*2 + 2xtan(d + exx)**2kaxb + a*x*2),x)

outpu
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4.2 Links to plain text integration problems used in this report for each CAS . HT8]

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

460
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],




CHAPTER 4. APPENDIX 463

Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy

return max(7,ml)
elif str(expn).find("Integral") 1= —1:

ml = max(map(expnType, 1list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	 ^2(d+e x)  (a+b (d+e x)+c ^2(d+e x))^3/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F(-1)] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x)  (a+b (d+e x)+c ^2(d+e x))^3/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F(-1)] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^5(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^4(d+e x) a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^5(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^4(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(d+e x)  a+b ^2(d+e x)+c ^4(d+e x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^7(d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^5(d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(d+e x)  (a+b ^2(d+e x)+c ^4(d+e x))^3/2  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-1)] 
	Mupad [F(-1)] 
	Reduce [F] 
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