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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 63 |. This is test number [ 222 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 63 ) | 0.00 (0)
Fricas | 100.00 (63) | 0.00 (0)
Rubi 98.41 (62) | 1.59 (1)
Maple 92.06 (58 ) | 7.94 (5)
Maxima | 77.78 (49) | 22.22 (14)
Giac 55.56 (35 ) | 44.44 (28 )
Mupad | 50.79 (32) | 49.21 (31)
Sympy 44.44 (28 ) | 55.56 ( 35)
Reduce 33.33(21) |66.67(42)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 69.841 0.000 0.000 30.159
Mathematica 58.730 12.698 0.000 28.571
Maple 42.857 20.635 0.000 36.508
Fricas 39.683 31.746 0.000 28.571
Giac 19.048 7.937 0.000 73.016
Sympy 15.873 0.000 0.000 84.127
Maxima 12.698 36.508 0.000 50.794
Mupad 0.000 22.222 0.000 77.778
Reduce 0.000 4.762 0.000 95.238

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Rubi 1 100.00 0.00 0.00

Maple 5 100.00 0.00 0.00

Maxima, 14 35.71 0.00 64.29

Giac 28 92.86 0.00 7.14

Mupad 31 0.00 100.00 0.00

Sympy 35 100.00 0.00 0.00

Reduce 42 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.08
Reduce 0.16
Maple 0.54
Rubi 0.64
Sympy 0.96
Maxima 1.64
Giac 3.48
Mathematica 4.68
Mupad 8.56

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Reduce 66.86 3.41 37.00 1.78
Mupad 91.44 1.30 22.00 1.11
Sympy 143.93 1.25 19.00 1.00
Rubi 175.84 1.03 134.00 1.00
Fricas 275.24 1.77 130.00 1.61
Giac 295.46 1.58 23.00 1.10
Mathematica | 300.63 1.46 171.00 1.17
Maple 433.60 1.73 118.00 1.00
Maxima 910.49 15.56 424.00 4.80

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
100f ¢ ¢ o o o o oo . 100b o ¢ o o o o oo . 100f e e o 00 00 . «
80} 80} sof °
e} el el
£ 60 £ 60 £ 60
[=} o o
S 40} 2 40 o 40
ES ES ES
20 20F 20t
0 of ot
5 10 15 5 10 15 5 10 15
Rubi number of steps Rubi number of steps Rubi number of steps
Fricas Giac Maxima
100p o o © o 0 0 0 o . 100 . 100F o . . . . «
80F 80F 80f .
el el ° ° .
£ e60f £ e60f . £ e0f °
[} [} S .
% 40t © 40f e o 40}
ES ES ES
20t 20t 20t
0 o o o o . o
5 10 15 5 10 15 5 10 15
Rubi number of steps Rubi number of steps Rubi number of steps
Sympy Mupad Reduce
100F ° 3 1004 o 3 1004
80t 80r 80r
el kel el
£ 60t £ 60t £ 60t
o o . (e} [
S 40! 2 40 o 40
S i ES b . ES
20f ¢ . 20f . 20f
[)]3 e o o . ofF e o . of o o o 0 oo . «
5 10 15 5 10 15 5 10 15
Rubi number of steps Rubi number of steps Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

leaf size of result

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{45, BI[10}[14} 1534} 85} |42} |43} |47, |48, [52} 53, [57] [58, 62, 63}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree



CHAPTER 1. INTRODUCTION

23

1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[1)2)5)5,138 11 2 [3,16) 15,0 20,21 22, 23,20 25,26 2725 29, B0} 2
53) 35,37, 35,30} 40, 1 14 45,6, 49,50, 51,4, 55 6, 59, B0, 61

B grade { }

C grade { }

F normal fail {[17]}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [133,6,8,11) (2,316,715} 13 20} 21,22 23,24 25,26, 27 28,20, B0 B
52)53,36) 37,58, 10} 11, 46) 51, 55,5660 }

B grade { 759,245} 19, 50,59.61}
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[,[2}/3,[61[7}/8) [L1}[12}[3} 18} 19} 20} 21} [22} 23} 24} [25, 26} 27} [28} [29}30} 31} 32} 33,
A1}f6) }

B grade { [9){I0,f4 519,505} 54,53,50 59,6061}
C grade { }

F normal fail {[16,[17[36}[37,[38| }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[5)T6)[T7TS) 19} 20} 21 22 23,2 25,2} 27 25 290 1 52 53,56, 57 B8, 4
50,51 }

B grade {[1}[2}[3}/6,[7,[L1} [12}[13} 39} 40} (41} (44} 45} 49} 54 55,56} 5% [60} 61 }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { Z1E2E3ETE36AB3A] )

B grade { (1250755 23,55 )05, 6, 19, 50, 51} 5, 55,56) 59, 60,61}
C grade { }

F normal fail {[16}[17}[36}[37,[38| }

F(-1) timedout fail { }

F(-2) exception fail {[18)[19}[20][24, 25}[26][29,[30}[31] }
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Giac

A grade {[T819,2021 24 25,26,27 29, 50,5162 }
B grade {[§[22[23,28,33 }

C grade { }

F nm:allfa-il {121 31/6} 7 [L1} 12313} 36}[37) 38} 39} 40} 41 |44} 45,46} 49, [50} BT} 54 55 56,
60561] }

F(-1) timedout fail { }
F(-2) exception fail {[16}[17]}

Mupad

A grade { }

B grade { (5 (16)[7 1515 20 28,25, 202930, BT }
C grade { }

F normal fail { }

F(-1) timedout fail {[I}[2[6,7[L1}[12[I3,[21}[22}[23}[27} [28,[32} 33}[36}[37} [38} [3%} 40} 44}
[45} 46149} 50} 51} 54} 55156, 5% (60, 61] }

F(-2) exception fail { }

Sympy

A grade { §)[T819 20,2125, 26,29,60,51 )
B grade {}

C grade { }

F normal fail {[1}23,6}[7}[L1}[12}[L3, 16} 17} 21} 22} 23} 27} 28} [32} 33} 36} 37} ]38} [3% 0} 41}
44} 45} 46, 149}, B0} 51} 54} 5156} 5% (60, 61] }

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[8[16/[17}
C grade { }

F normal fail {1)2)B)6)7) ) 12 [3, 15 19,20} 21) 22, 25) 24,25 26,27} 25,29, B0} 1, 52
53)55,[57, 35} 39,0} 41} 2 5} 46,19, 50} 51,54, 55 56,59, 60,61}

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 106 133 106 125 243 286 0 0 12 0

N.S. 1 1.25  1.00 1.18 2.29 2.70 0.00 0.00 0.11 0.00
time (sec) N/A 0.601 0.009 0.284 0.152 0.088 0.000 0.000 0.147  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 96 7 103 163 200 0 0 12 0

N.S. 1 1.25 1.00 1.34 2.12 2.60 0.00 0.00 0.16 0.00
time (sec) N/A 0.466 0.007  0.250 0.160 0.089  0.000 0.000 0.150 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 61 54 78 92 122 0 0 10 129
N.S. 1 1.13  1.00 1.44 1.70 2.26 0.00  0.00 0.19 2.39

time (sec) N/A 0.337 0.0056 0.281 0.161 0.080 0.000 0.000 0.149 8.481
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20 1.20
time (sec) N/A 0.183 1.357 0.121 0.284 0.070 0.263 0.189 0.167 8.055
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.20 1.20
time (sec) N/A 0.184 2.245 0.130 0.280  0.067 0.225 0.354 0.149 7.781
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 122 115 133 639 225 0 0 37 0
N.S. 1 1.24 117 1.36 6.52 2.30 0.00 0.00 0.38 0.00
time (sec) N/A 0.596 0.562 0.330 0.240  0.084 0.000 0.000 0.155 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 73 87 160 108 257 144 0 0 35 0
N.S. 1 1.19 219 1.48 3.52 1.97 0.00 0.00 0.48 0.00
time (sec) N/A 0.431 4.548 0.307 0.236  0.078 0.000 0.000 0.148 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 43 34 214 38 41 162 37 35
N.S. 1 1.00 1.43 1.13 7.13 1.27 1.37 5.40 1.23 1.17
time (sec) N/A 0.259 0.141 0.262 0.146 0.074 0.168 0.397 0.150 0.118
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 243 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 20.25 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.197 2.884 0.204 0.304 0.068 0.289 0.563 0.165 8.716
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 250 14 12 14 14 14
N.S. 1 1.00 1.17 1.00 20.83 1.17 1.00 1.17 1.17 1.17
time (sec) N/A 0.190 2.106 0.215 0325 0.079 0.221 0.362 0.150 8.336
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 205 245 370 251 1205 344 0 0 14 0
N.S. 1 1.20 1.80 1.22 5.88 1.68 0.00 0.00 0.07 0.00
time (sec) N/A 1.353 6.482 0.241 0.341 0.086 0.000 0.000 0.148 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 128 149 172 180 736 240 0 0 14 0
N.S. 1 1.16 1.34 1.41 5.75 1.88 0.00 0.00 0.11 0.00
time (sec) N/A 0.850 2.079 0.234 0.285  0.090 0.000 0.000 0.152 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 90 98 171 122 386 146 0 0 12 0
N.S. 1 1.09 1.90 1.36 4.29 1.62 0.00 0.00 0.13 0.00
time (sec) N/A 0.483 4.333 0.208 0.253  0.077 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 534 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 44.50 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.200 4.396 0.133 0.518 0.070 0.286 0.373 0.154 8.502
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 536 14 12 14 14 14
N.S. 1 1.00 1.17 1.00 44.67 1.17 1.00 1.17 1.17 1.17
time (sec) N/A 0.201 2.313 0.139 0.638 0.064 0.244 0.305 0.159 8.302
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F(-2) B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 18 18 18 0 0 16 0 0 23 50
N.S. 1 1.00 1.00 0.00 0.00 0.89 0.00 0.00 1.28 2.78
time (sec) N/A 3.012 1.564 0.000 0.000  0.076 0.000 0.000 0.155 9.191
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A F F A F F(-2) B B
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD TBD
size 17 0 17 0 0 15 0 0 14 45
N.S. 1 0.00 1.00 0.00 0.00 0.88 0.00 0.00 0.82 2.65
time (sec) N/A 0.000 0.806 0.000 0.000  0.072 0.000 0.000 0.155 9.659
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 189 206 278 170 0 164 258 188 91 423
N.S. 1 1.09  1.47 0.90 0.00 0.87 1.37 0.99 0.48 2.24
time (sec) N/A 0.717 0.714 0.634 0.000 0.074 0.199 0.163 0.171 8.924
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 137 147 178 108 0 105 165 119 65 241
N.S. 1 1.07  1.30 0.79 0.00 0.77 1.20 0.87 0.47 1.76
time (sec) N/A 0.503 0.433 0.608 0.000 0.072 0.170 0.216 0.154 8.731
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 90 96 50 0 55 92 62 39 105
N.S. 1 1.07 1.14 0.60 0.00 0.65 1.10 0.74 0.46 1.25
time (sec) N/A 0.328 0.636 0.519 0.000 0.069 0.142 0.162 0.158 8.735
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 161 152 166 65 112 51 0 138 32 0
N.S. 1 094 1.03 0.40 0.70 0.32 0.00 0.86 0.20 0.00
time (sec) N/A 0.757 0.540  0.542 0.112  0.069 0.000 0.164 0.152 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 167 224 96 119 83 0 1013 61 0
N.S. 1 099 1.33 0.57 0.71 0.49 0.00 6.03 0.36 0.00
time (sec) N/A 0.757 0.686  0.560 0.132  0.071 0.000 2.127 0.177  0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 225 285 216 158 130 0 532 90 0
N.S. 1 099 1.26 0.95 0.70 0.57 0.00 2.34 0.40 0.00
time (sec) N/A 0.982 0.914 0.612 0.229  0.088 0.000 0.241 0.155 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 270 473 283 0 267 665 368 129 289
N.S. 1 1.00 1.75 1.05 0.00 0.99 2.46 1.36 0.48 1.07
time (sec) N/A 0.545 2.277 0.968 0.000 0.073 0.356 0.247 0.160 9.131
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 202 202 282 173 0 163 418 217 94 183
N.S. 1 1.00  1.40 0.86 0.00 0.81 2.07 1.07 0.47 0.91
time (sec) N/A 0.445 1.451 0.943 0.000 0.076 0.274 0.241 0.154 8.262
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 151 151 130 82 0 79 226 101 59 103
N.S. 1 1.00 0.86 0.54 0.00 0.52 1.50 0.67 0.39 0.68
time (sec) N/A 0.392 0.964 0.698 0.000 0.074 0.224 0.194 0.165 8.069
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 305 305 211 114 194 84 0 404 59 0
N.S. 1 1.00 0.69 0.37 0.64 0.28 0.00 1.32 0.19 0.00
time (sec) N/A 1.061 0.763 0.837 0.144 0.076 0.000 0.271 0.155 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 436 436 467 175 211 142 0 1967 107 0
N.S. 1 1.00 1.07 0.40 0.48 0.33 0.00 4.51 0.25 0.00
time (sec) N/A 1.074 1.550 0.836 0.196  0.077 0.000 11.118 0.153 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 396 396 667 396 0 370 945 548 177 411
N.S. 1 1.00 1.68 1.00 0.00 0.93 2.39 1.38 0.45 1.04
time (sec) N/A 0.691 3.378 1.106 0.000 0.086 0.525 0.337 0.165 9.271
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 294 294 405 238 0 221 588 315 130 263
N.S. 1 1.00 1.38 0.81 0.00 0.75 2.00 1.07 0.44 0.89
time (sec) N/A 0.536 2.227 1.070 0.000 0.100 0.403 0.292 0.174 8.965
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 209 208 205 114 0 105 311 142 83 146
N.S. 1 1.00 0.98 0.55 0.00 0.50 1.49 0.68 0.40 0.70
time (sec) N/A 0.480 1.343 0.832 0.000 0.070 0.313 0.274 0.158 9.147
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 449 449 336 163 276 117 0 810 84 0
N.S. 1 1.00 0.75 0.36 0.61 0.26 0.00 1.80 0.19 0.00
time (sec) N/A 1.938 1.034 0.905 0.158  0.082 0.000 0.295 0.164 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 712 712 833 254 297 197 0 2915 152 0
N.S. 1 1.00 1.17 0.36 0.42 0.28 0.00 4.09 0.21 0.00
time (sec) N/A 2.051 2.551 1.046 0.278  0.072 0.000 28.907 0.177 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 23 25 21 520 115 51 23 252 24
N.S. 1 1.00  1.09 0.91 22.61 5.00 2.22 1.00  10.96 1.04
time (sec) N/A 0.226 40.379 0.263 0.844  0.072 3.417 0.410 0.171 8.611
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 21 23 19 79 34 29 21 69 22
N.S. 1 1.00 1.10 0.90 3.76 1.62 1.38 1.00 3.29 1.05
time (sec) N/A 0.208 8.801 0.180 0.237  0.077 2.252 0.224 0.152 8.561
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 133 0 0 85 0 0 26 0
N.S. 1 1.00 1.36 0.00 0.00 0.87 0.00 0.00 0.27 0.00
time (sec) N/A 0.333 1.589  0.000 0.000 0.074 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 171 171 192 0 0 144 0 0 36 0
N.S. 1 1.00 1.12 0.00 0.00 0.84 0.00 0.00 0.21 0.00
time (sec) N/A 0.427 3.637  0.000 0.000  0.080 0.000 0.000 0.150 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 251 251 269 0 0 198 0 0 48 0
N.S. 1 1.00 1.07 0.00 0.00 0.79 0.00 0.00 0.19 0.00
time (sec) N/A 0.496 12.416 0.000 0.000  0.088 0.000 0.000 0.202 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 152 342 500 672 500 0 0 119 0
N.S. 1 1.00 2.25 3.29 4.42 3.29 0.00 0.00 0.78 0.00
time (sec) N/A 0.476 0.124 0.528 0.219  0.090 0.000 0.000 0.151 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 191 314 373 317 0 0 85 0
N.S. 1 1.00 1.66 2.73 3.24 2.76 0.00 0.00 0.74 0.00
time (sec) N/A 0.417 0.070  0.497 0.199 0.084 0.000 0.000 0.154 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 87 143 130 160 0 0 48 161
N.S. 1 1.00 1.04 1.70 1.55 1.90 0.00 0.00 0.57 1.92
time (sec) N/A 0.323 0.009 0.450 0.154  0.085 0.000 0.000 0.147 8.501
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 86 20 15 20 32 20
N.S. 1 1.00 1.11 1.00 4.78 1.11 0.83 1.11 1.78 1.11
time (sec) N/A 0.214 1.733 0.187 0.230 0.063 0.603 0.221 0.151 8.265
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 142 31 17 20 79 20
N.S. 1 1.00 1.11 1.00 7.89 1.72 0.94 1.11 4.39 1.11
time (sec) N/A 0.202 4.581 0.181 0.292  0.067 2372 3.925 0.160 8.233
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 300 300 1337 952 2525 759 0 0 332 0
N.S. 1 1.00 4.46 3.17 8.42 2.53 0.00 0.00 1.11 0.00
time (sec) N/A 0.768 7.171  0.895 0.781 0.096 0.000 0.000 0.159 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 229 229 649 575 1263 450 0 0 228 0
N.S. 1 1.00 2.83 2.51 5.52 1.97 0.00 0.00 1.00 0.00
time (sec) N/A 0.612 6.718 0.856 0.317  0.092 0.000 0.000 0.154 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 135 200 238 527 219 0 0 128 0
N.S. 1 1.00 1.48 1.76 3.90 1.62 0.00 0.00 0.95 0.00
time (sec) N/A 0.401 7.169 0.865 0.184 0.086 0.000 0.000 0.169 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 491 36 17 22 59 22
N.S. 1 1.00 1.10 1.00 24.55 1.80 0.85 1.10 2.95 1.10
time (sec) N/A 0.234 19.012 0.473 0.579  0.080 0.928 0.365 0.152 8.897
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 609 47 19 22 157 22
N.S. 1 1.00 1.10 1.00 30.45 2.35 0.95 1.10 7.85 1.10
time (sec) N/A 0.224 12.250 0.386 1.036  0.096 2.020 15.150 0.155  10.233
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 612 612 2594 1930 6861 1177 0 0 463 0
N.S. 1 1.00 4.24 3.15 11.21 1.92 0.00 0.00 0.76 0.00
time (sec) N/A 1.289 7.323  0.995 8.171 0.109 0.000 0.000 0.162 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B A F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 427 427 1846 1138 3407 688 0 0 327 0
N.S. 1 1.00 4.32 2.67 7.98 1.61 0.00 0.00 0.77 0.00
time (sec) N/A 0.942 7.051 0.855 1.591 0.124 0.000 0.000 0.174 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 275 275 277 493 1319 327 0 0 190 0
N.S. 1 1.00 1.01 1.79 4.80 1.19 0.00 0.00 0.69 0.00
time (sec) N/A 0.590 8.102 0.767 0.430 0.084 0.000 0.000 0.159 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 1935 52 17 22 86 22
N.S. 1 1.00 1.10 1.00 96.75 2.60 0.85 1.10 4.30 1.10
time (sec) N/A 0.222 13.634 0.497 2797 0.073 1.277 0431 0.154 9.016
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 2194 63 19 22 237 22
N.S. 1 1.00 1.10 1.00 109.70  3.15 0.95 1.10 11.85 1.10
time (sec) N/A 0.225 16.869 0.605 9.601 0.078 2.382 25.522 0.166 9.214
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 243 246 297 1468 983 1183 0 0 219 0
N.S. 1 1.01  1.22 6.04 4.05 4.87 0.00 0.00 0.90 0.00
time (sec) N/A 0.978 1.446 0.612 0.481 0.107 0.000 0.000 0.159 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 181 188 236 940 715 834 0 0 159 0
N.S. 1 1.04  1.30 5.19 3.95 4.61 0.00 0.00 0.88 0.00
time (sec) N/A 0.738 1.297 0.548 0.401 0.119  0.000 0.000 0.160 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 132 177 462 399 527 0 0 97 0
N.S. 1 1.06  1.42 3.70 3.19 4.22 0.00 0.00 0.78 0.00
time (sec) N/A 0.494 1.405 0.493 0.295 0.089 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 279 27 17 22 31 22
N.S. 1 1.00 1.10 1.00 13.95 1.35 0.85 1.10 1.55 1.10
time (sec) N/A 0.236 2.145 0.368 0.771 0.068 0.947 0.296 0.172 9.312
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 424 51 19 22 61 22
N.S. 1 1.00 1.10 1.00 21.20 2.55 0.95 1.10 3.05 1.10
time (sec) N/A 0.237 4.074 0.355 1.791 0.068 1.745 4.191 0.158 9.511
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 848 848 1724 5959 4631 2537 0 0 1099 0
N.S. 1 1.00 2.03 7.03 5.46 2.99 0.00 0.00 1.30 0.00
time (sec) N/A 2279 9.244 0.944 2.833 0.139 0.000 0.000 0.162 0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 654 654 761 3901 2530 1576 0 0 794 0
N.S. 1 1.00 1.16 5.96 3.87 241 0.00 0.00 1.21 0.00
time (sec) N/A 1.791 6.111 0.789 0919 0.115 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 214 228 745 2001 1156 843 0 0 481 0
N.S. 1 1.07  3.48 9.35 5.40 3.94 0.00 0.00 2.25 0.00
time (sec) N/A 0.784 7.467 0.699 0.534 0.121 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 1498 55 19 22 66 22
N.S. 1 1.00 1.10 1.00 74.90 2.75 0.95 1.10 3.30 1.10
time (sec) N/A 0.234 12.128 0.562  10.948 0.077 1.617 0.445 0.156 9.798
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 1977 96 20 22 121 22
N.S. 1 1.00 1.10 1.00 98.85 4.80 1.00 1.10 6.05 1.10
time (sec) N/A 0.235 13.832 0.454 28357 0.082 3.107 22.715 0.174 9.501
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [11]
had the largest ratio of [1.33332999999999990]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade S:Se 5 ; uziﬁe 1;e antlti;ris\;:;cive leaf size iri}clég;‘afﬁiole;?siie
1 | A 8 7 1.25 10 0.700
2l | A 7 6 1.25 10 0.600
3| A 6 5 1.13 8 0.625
N/A 2 0 1.00 10 0.000
N/A 2 0 1.00 10 0.000
6 | A 10 9 1.24 12 0.750
7] A 9 8 1.19 12 0.667
8 | A 5 5 1.00 10 0.500
9 | N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 12 0.000
11| A 17 16 1.20 12 1.333
12| A 13 12 1.16 12 1.000
3| A 10 9 1.09 10 0.900
N/A 2 0 1.00 12 0.000
N/A 2 0 1.00 12 0.000
A 1 1 1.00 45 0.022
F 0 0 N/A 0.000 N/A
18| A 9 9 1.09 23 0.391
19| A 7 7 1.07 23 0.304
20| A 5 5 1.07 21 0.238
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrlsvi:(:we leaf size | tegrand leaf size
21| A 7 7 0.94 23 0.304
22| A 7 7 0.99 23 0.304
23| A 9 9 0.99 23 0.391
24| A 3 3 1.00 23 0.130
25| A 3 3 1.00 23 0.130
26| A 3 3 1.00 21 0.143
27| A 3 3 1.00 23 0.130
28| A 3 3 1.00 23 0.130
29| A 3 3 1.00 23 0.130
30| A 3 3 1.00 23 0.130
31| A 3 3 1.00 21 0.143
32| A 3 3 1.00 23 0.130
33| A 3 3 1.00 23 0.130
N/A 2 0 1.00 23 0.000
N/A 2 0 1.00 21 0.000
36/ A 3 3 1.00 23 0.130
37| A 3 3 1.00 23 0.130
38| A 3 3 1.00 23 0.130
39| A 3 3 1.00 18 0.167
40/ | A 3 3 1.00 18 0.167
41| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
44| A 3 3 1.00 20 0.150
45| A 3 3 1.00 20 0.150
46l | A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
49 | A 3 3 1.00 20 0.150
50| A 3 3 1.00 20 0.150
51| A 3 3 1.00 18 0.167

Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul

#gade| s | wiae | swiderative | ECT | GRS
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
54| A 8 7 1.01 20 0.350
55| A 7 6 1.04 20 0.300
56| A 6 5 1.06 18 0.278
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
59| A 3 3 1.00 20 0.150
60| A 3 3 1.00 20 0.150
61| A 8 7 1.07 18 0.389
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
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3.1 [ z*tan(a + bz) dx

Optimal result . . . . . . . . . . . . e 61
Mathematica [A] (verified) . . . . . . . . . ... o b1l
Rubi [A] (verified) . . . .. . . ... .. 52
Maple [A] (verified) . . . . . . ... L 5%
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 55
Sympy [F] . . o o 56
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 561
Giac [F] . . . . o o BT
Mupad [F(-1)] . . . o o BT
Reduce [F] . . . o . o o bY

Optimal result

Integrand size = 10, antiderivative size = 106

izt 2Plog (1+ giltha))

/z3 tan(a + bz) dz = <~ 3

N 3iz? PolyLog (2, —e%(a+b7))

2b?

_ 3z PolyLog (3, —e*(*+*))  3; PolyLog (4, —e*(*+t=))

2b3

4b*

*x+a)))/b"4

t‘1/4*I*x‘4—x“3*ln(1+exp(2*I*(b*x+a)))/b+3/2*I*x‘2*polylog(2,—exp(2*I*(b*x+a
‘)))/b‘2—3/2*x*polylog(3,—exp(2*I*(b*x+a)))/b‘3—3/4*I*polylog(4,—exp(2*I*(b

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00

3iz? PolyLog (2, —e%(a+t0))

/ izt 3 log (1 + 62z’(a-+—bac))

r3tan(a + bz) dz = vy 2

2b2

3z PolyLog (3, _ e2i(a+bm)) 3i PolyLog ( 4,— e2i(a+bx) )

263

4b*

inputt

Integrate[x~3*Tan[a + b*x],x]
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t‘ (I/4)*x~4 - (x"3xLogl[1 + E~((2*I)*(a + b*x))]1)/b + (((3*I)/2)*x~2*xPolyLogl
\2, -E"((2xI)*(a + b*x))])/b"2 - (3*x*PolyLog[3, -E~((2*I)*(a + b*x))])/(2*
\b*s) - (((3*I)/4)*PolyLog[4, -E~((2*I)*(a + b*x))])/v"4

outpu

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.25,

number of rules _ 0.700, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4202, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w3 tan(a + bx) dz
l 3042
/a:3 tan(a + bx)dx
l 4202
iz ] eZi(a+bx) 3
— = — _dx
4 / 1+ e2i(a+bz)
l 2620
ix4 0; 3 fx2 log (1 + e?z’(a—i—bz)) dx iilt3 log (1 + e2i(a+bm))
e % - %
l 3011
; __p2i(a+bz) : _p2i(a+bz)
izt N 32’(”2 PolyLog(22b, e2i(atba)) _ zszolyLog(2l; e2i(atb )dw) ix3 log (1 +e2i(a+bm))
g 2 2% 2%

l 7163
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izt
S POlyL0€(3s—€2i(a+bw))d£I: iz PolyLog(S,—eQi(a"'bz))
. (2 —
3 iz? PolyLog (2,—e?!(a+52)) 2b 2b
t 2 - 5
% i3 log (1 + e2z(a+bw))
Z p—
2b 2b
l 2720
izt
e e—2i(a+b2) polyTog (3,_e2i(a+bz) ) de28(a+dz) 4 polyLog (3,_e2i(a+bz))
. 7 —
3 iz? PolyLog (2,—e?(1b2)) 42 %5
¢ 2b - -
2i izdlog (1+ €
Z —
2b 2%
l 7143
izt
4
. [ PolyLog (4’_82’i(a+ba:)) iz PolyLog (3’_82i(a+bm))
. 7 —
3 iz? PolyLog (2,—e?!(a+b2)) b2 26
t 2b - b
2% iz3 log (1 + e%(a+to))
Z —_—
2b 2

e

inpudlnt[x*s*'ran[a + b*x],x]

~—

-

output ‘
‘/2)*(((I/2)*x‘2*PolyLog[2, -E~((2*I)*(a + b*x))]1)/b - (I*x(((-1/2*I)*x*Poly
'Log[3, -E~((2*I)*(a + b*x))1)/b + PolyLogl[4, -E~((2*I)*(a + b*x))1/(4xb"2)

(I/4)*x~4 - (2*%I)*(((-1/2%I)*x~3%Log[1 + E~((2*I)*(a + b*x))]1)/b + (((3xI) \‘
12)/b))/b) |




rule 2620

rule 2720

rule 3011

rule 3042

rule 4202

rule 7143
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_D)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(a_)I*((f_.) + (g_.)
*(X_))A(m_.), X_Symbol] > Slmp[(—(f + g*X)Am)*(PolyLog[2, (~e)*(F~ (cx(a +
b*x)))"n]/ (b*csn*Log[F1)), x] + Simp[g*(m/(bxcrnsLog[F1))  Int[(£ + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))~nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tanl[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + fxx))/(1 + E-(2xI*(e + f*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]




CHAPTER 3. LISTING OF INTEGRALS 55

Int[((e_.) + (£_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F))~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))~pl/(bkcxpxLog[F])), x] - Simp[f*(m/(b*ckp*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

rule 7163

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.18

method | result
. .4 3iz2 polyl 2,— 2i(bz+a) 35 polyl 4,— 2i(bz+a) 2a3 In (ei(bz+a) .4 . 3 3 1yl 3,— 2i(b
risch it | z poyog2(b2 e ) poyog(4b4e ) _ 2a (24 ) 321% n 21;,13% _ wpoyog(2b3e
. Lint (x~3*tan(b*x+a) ,x,method=_RETURNVERBOSE) J
input
output |1/4%T*x~4+3/2%I*x~2%polylog (2, -exp(2+I* (b*x+a))) /b~2-3/4*I*polylog(4,-exp( |
\ 2xI* (b*x+a))) /b~4-2/b~4*a"3*1n (exp (I* (b*x+a)) )+3/2*xI/b"4*a~4+2+I/b~3*a"3*x \
‘ -3/2*x*polylog(3,-exp (2*I*(b*x+a)))/b~3-x"3*1ln(1+exp (2*I*(b*x+a)))/b
Fricas [B] (verification not implemented)
Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 286 vs. 2(83) = 166.
Time = 0.09 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.70
/m3 tan(a + bx) dx =
3 3 __2(i tan(bz+a)—1) 3 3 __2(—1 tan(bz+a)—1) .19 271 : [ 2(i tan(bz+a)—1) s
_4b z°log < tan(bz+a)®+1 > +4b°z°log < tan(bz+a)+1 ) t6ib°z L12< tan(bz+a)®+1 + 1) 61

-

: -~ : =n : "
input \1ntegrate(x 3*tan(b*x+a) ,x, algorithm="fricas") |




output

input
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-1/8%(4xb~3*x"3*1log(-2* (I*xtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 4xb~3x
x"3%log(-2*(-Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 6+I*b"2*x"2*dilog
(2% (Ixtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) + 1) - 6*I*xb"2*xx"2*xdilog(2* (-
Ixtan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) + 6xb*x*polylog(3, (tan(b*x

+ a)”2 + 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)”2 + 1)) + 6*b*x*polylog(3, (t
an(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) - 3*I*polylog(
4, (tan(b*x + a)”2 + 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 3*I*pol
ylog(4, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1)))/b"4

Sympy [F]

/ z’ tan(a + bz) dz = /x3 tan (a + bx) dx

Lintegrate(x**S*tan(b*x+a),x) J

output‘ Integral (xx*3*tan(a + b*x), x) ‘

-

input L

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 243 vs. 2(83) = 166.

Time = 0.15 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.29

/x3 tan(a + bz) dz =
—3i (bx + a)* + 12i (bz + a)’a — 18i (bz + a)’a® + 12 a®log (sec (bz + a)) — 4 (—4i (bz + a)® + 9 (ba

-/

integrate(x~3*tan(b*x+a),x, algorithm="maxima")
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-1/12%(-3*I*(b*x + a)~4 + 12+%Ix(b*x + a) 3xa - 18xI*(bxx + a)~2*%a"2 + 12xa
~3xlog(sec(b*x + a)) - 4*x(-4xI*(b*x + a)~3 + 9*I*(b*x + a) " 2*%a - 9*I*(b*x

+ a)*a~2)*arctan2(sin(2xb*x + 2*a), cos(2xb*x + 2*a) + 1) - 6%x(4*I*x(b*x +

a)~2 - 6xIx(b*x + a)*a + 3xI*a~2)*dilog(-e~(2*Ixb*x + 2xIxa)) + 2% (4*x(b*x

+ a)”3 - 9%(b*x + a)”2%a + 9*(b*x + a)*a~2)*log(cos(2*b*x + 2%a)~2 + sin(2
*b*x + 2%a)”~2 + 2%cos(2xb*x + 2*a) + 1) + 6%(4*b*x + a)*polylog(3, -e~(2*I
*b*x + 2xIxa)) + 12%Ixpolylog(4, -e” (2*I*b*x + 2*I*a)))/b~4

output

Giac [F]

/x3 tan(a + bx) dr = /z3 tan (bx + a) dz

input Lintegrate (x~3*tan(b*x+a) ,X, algOIithm=“giac")

output Lintegrate (x~3*tan(b*x + a), x)

Mupad [F(-1)]
Timed out.

/x3 tan(a + bz) dz = /x3 tan(a + bx) dz

input Lint (x~3*tan(a + b*x),x) J

output Lint(x‘B*tan(a + b*x), x)




input

output
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Reduce [F]

/ z3tan(a + bx) dz = /tan (bx + a) z3dx

Lint (x~3*tan(b*x+a) ,x)

Lint(tan(a + b¥x)*x*%3,%)
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3.2 [ z*tan(a + bz) dx

Optimal result . . . . . . . . . . . . e Hl
Mathematica [A] (verified) . . . . . . . . . ... o by
Rubi [A] (verified) . . . .. . . ... .. 60
Maple [A] (verified) . . . . . . ... L 62
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 62
Sympy [F] . . o o 63
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 63
Giac [F] . . . . o o 64
Mupad [F(-1)] . . . o o 64
Reduce [F] . . . . . 64

Optimal result

Integrand size = 10, antiderivative size = 77

.3 21o0g (1 + e2ilatba)
/acQtan(a—|—bac)dgy;:%_5C g( be )
, iz PolyLog (2, —e2(e+t2)  PolyLog (3, —e%(atbe))
b2 253

output |1/3%T*x"3-x"2+1n (1 +exp (2xI* (b*x+a))) /b+Txxxpolylog (2, -exp (2T (bxx+a))) /b~
| 2-1/2%polylog(3,-exp(2+I*(b*x+a))) /b"3 |

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00

i3 2] 1+ 2i(a+bx)
/$2tan(a—|—bm)d1’=%_w og( be )
iz PolyLog (2, —e®(@ %)) PolyLog (3, —e%(@*t2))
* b2 N 2b3
input LIntegrate [x~2*Tan[a + b*x],x] J
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‘ (I/3)*x"3 - (x"2xLog[1l + E~((2*I)*(a + b*x))])/b + (I*x*PolyLogl[2, -E~((2%

output
LI)*(a + b*x))1)/b~2 - PolyLogl3, -E~((2*I)*(a + b*x))1/(2%b"3) J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.25,

number of rules _ 0.600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:1/:2 tan(a + bx) dz
| 3042
/a:z tan(a + bx)dx

| 4202
i3 ] e2i(a+bx) 1.2
3 % / 1 + e2i(atba) .
| 2620
izd N (z [zlog (1 + e2i(a+bx)) de  iz?log (1+ e2i(a+bz))>
—_—— Z —_—
b 2b

3

l 3011

(i PolyLog(2,—c?(+09) i [ PolyLog(2,—e2(*+42))ds |
3 Z( 2b - 25 iz log (1 + 621(a+bw))

3 b 2b

l 2720

iz

3
. ( iz PolyLog (2,—e2i(a+02)) [ e=2(a+b2) PolyLog(2,—e2i(a+b2)) ge2ilatbe) . )
0 Z( b3 - 42 iz? log (1 + eZilatto))
Z —

b 2b

l 7143



input

output

rule 2620

rule 2720

rule 3011

rule 3042

CHAPTER 3. LISTING OF INTEGRALS 61

. ( iz PolyLog (2,—2!(*+%2))  PolyLog(3,—e2!(*+b2)) ' .
iz . 7/( 2b - 452 ix? log (1 + e2z(a+bx))
3 b 2b

‘ Int[x"2*Tan[a + b*x],x]

‘{(1/3)*1{”3 - (2+¢D)*(((-1/2*%I)*x"2*Log[1 + E~((2*D)*(a + b*x))])/b + (I*(((I
‘/2)*x*PolyLog[2, -E~((2*xI)*(a + b*x))])/b - PolyLog[3, -E~((2*I)*(a + b*x)
)1/(4%52))) /b)

\‘

Defintions of rubi rules used

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

N\

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*x(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) “nl/(b*c*nxLog[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~"n], x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4202

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7143

Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.34

method | result :
i i3 _ 2ia?z _ 4ia® _ @’In(14+e*(F)) | izpolylog(2,—e*(*=Fe))  polylog(3,—e* ) | 24%In(eibete))
i B il el e S— G - o5 + 1
input| 108 (x"2+tan(bxx+a) ,x,method=_RETURNVERBOSE) ]

output | 1/3%T#x"3-2+1/b"2%a"2%x-4/3+1/b"3*a"3-x"2*1n(1+exp(2+I* (bkx+a))) /b+I*x*pol
\ ylog(2,-exp(2*I*(b*x+a)))/b~2-1/2*polylog(3,-exp(2*I*(b*x+a)))/b~3+2/b"3*a \
‘ ~2%1n(exp (I* (b*x+a))) ‘

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 200 vs. 2(62) = 124.

Time = 0.09 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.60

/z2 tan(a + bx) dx =
2,.2 2 (i tan(bz+a)—1) 2,.2 2 (—i tan(bz+a)—1) . . (2(i tan(bz+a)—1) .
| 20%log (—2{ROSAD ) 12072 log (2R ) + 2ibaLip(2R0HAD +1) — 2ibal
4]
input Lintegrate (x~2*tan(b*x+a) ,x, algorithm="fricas") J
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-1/4%(2xb~2*x"2%1log(-2* (I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2xb~2x
x"2%1log(-2*% (-Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2*I*bkx*xdilog(2*(
Ixtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) + 1) - 2*Ixb*x*dilog(2*(-I*tan(b*
x +a) - 1)/(tan(b*x + a)"2 + 1) + 1) + polylog(3, (tan(b*x + a)~2 + 2*Ix*t
an(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2%I*
tan(b*x + a) - 1)/(tan(b*x + a)"2 + 1)))/b"3

output

Sympy [F]

/ z’tan(a + bz) dz = /xz tan (a + bx) dx

p
Lintegrate(x**2*tan(b*x+a),x)

-/

input

OutputLIntegral(x**Q*tan(a + b*x), x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 163 vs. 2(62) = 124.

Time = 0.16 (sec) , antiderivative size = 163, normalized size of antiderivative = 2.12

/x2 tan(a + bz) dz =
—2i (bx + a)® + 66 (bx + a)’a — 6i brLiy (—e?i¥*+29)) — 642 log (sec (bx + a)) — 6 (—i (bz + a)® + 2

i - 1 =" 3 n
inputtlntegrate(x 2+tan(b*x+a) ,x, algorithm="maxima") J

-1/6%(-2xI*(b*x + a)~3 + 6xI*(b*x + a) 2*%a — 6*I*b*xxdilog(-e~ (2*I*b*x + 2
*I*a)) - 6*xa~2*log(sec(b*x + a)) - 6*%(-Ix(b*xx + a)~2 + 2*Ix(b*x + a)*a)*ar
ctan2(sin(2*b*x + 2%a), cos(2*b*x + 2*a) + 1) + 3*((b*x + a)~2 - 2*(b*x +
a)*a)*log(cos(2xbxx + 2%a)”2 + sin(2*%b*x + 2*a)~2 + 2*cos(2xb*x + 2¥a) + 1
) + 3xpolylog(3, —e~(2%I*b*x + 2xI*a)))/b"~3

output
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Giac [F]

/:v2 tan(a + bx) dr = /m2 tan (bz + a) dz

i - i ="q n
inputtlntegrate(x 2+tan (b*x+a) ,x, algorithm="giac")

Outputtintegrate(x’?*tan(b*x + a), x)

Mupad [F(-1)]
Timed out.

/x2 tan(a + bx) dz = /z2 tan(a + bz) dzx

input Llnt(x 2xtan(a + b*x),x)

Outputtint(x’?*tan(a + b*x), %)

Reduce [F]

/3:2 tan(a + bx) dr = /tan (bz + a) zdx

inputtint(x’?*tan(b*zﬁa),x)

output Lint (tan(a + b*x)*x**2,x)




output

input

output
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3.3 [ ztan(a + bx) dz

Optimal result . . . . . . . . . . . . e 651
Mathematica [A] (verified) . . . . . . . . . ... o 651
Rubi [A] (verified) . . . .. . . ... .. 66
Maple [A] (verified) . . . . . . ... L 67
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 68
Sympy [F] . . o o 68
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 69
Giac [F] . . . . o o 69
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... (V)
Reduce [F] . . . o . o o 70

Optimal result

Integrand size = 8, antiderivative size = 54

iz®>  zlog (1 + e*(atta)

i PolyLog (2, —e%(atto))

/xtan(a-l—ba:)dac:?— 5

2b?

‘1/2*I*x‘2—x*ln(1+exp(2*I*(b*x+a)))/b+1/2*I*polylog(2,—exp(2*I*(b*x+a)))/b‘

Lz

|
J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00

iz?  zlog (1 + e*(etto)

i PolyLog (2, —e%(@tt2))

/xtan(a-i—ba:)dx:?— 5

2b?

LIntegrate[x*Tan[a + b*x] ,x]

‘(I/2)*x”2 - (x*Log[1 + E~((2*I)*(a + b*x))1)/b + ((I/2)*PolyLog[2, -E~((2*

Dx(a + b*x))1) /b2




input

output
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13,

number of rules _ 0.625, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ztan(a + bx) dx
l 3042
/ ztan(a + bx)dx
l 4202
ixz? . e2ilatbz)
9 = 2 / 1 + e2i(atba) dz
l 2620
ix2 o iflog (1 + e22’(¢z—i-b.'zc)) dz iz log (1 + e2i(a+bz))
o % - %
l 2715
iz? [ e~2i(atbo) 1og (1+ e2i(a+b:c)) de2iethe)  iplog (1+ e2i(a+ba:))
=9 —
2 42 2b
l 2838
iz? ”; PolyLog (2, _eZi(a-i-bw)) izlog (1+ e2i(a+bm))
9 AT 42 - %
LInt [x*Tan[a + b*x],x] J

‘/(I/2)*x‘2 - (2+I)*(((-1/2*I)*x*Log[1 + E~((2*I)*(a + b*x))])/b - PolyLogl[2
» “ET((2%I)*(a + b*x))]1/(4*b"2))

N
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2620

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logllc_.)*((d) + (e_.)*(x_)"(n_.))]/(x)), x_Symbol] :> Simp[-PolyLog[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*xI*(
e + f*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGt
Q[m, 0]

rule 4202

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.44

method | result
. iz? %%azr . ia2 zIn(14e2i(bz+a)) i polylog (2,—e?i(bz+a)) 2a In(ef(b=+a))
risch 2t e b + 262 - b2
i <1n(tan(bz+a)—i) In (1+tan(bz+a)2) — Méﬂ —dilog (— MZQM) —In(tan(bz+a)—1) In (— it
In <1+tan(bx+a)2) T —
parts 55 — 2

input | 10t (x¥tan(b¥x+a) .x, method=_RETURNVERBOSE) ]
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‘ 1/2%Ixx"2+2xI/b¥a*x+I1/b~2%a~2-x*1n(1+exp (2*I* (bxx+a))) /b+1/2xI*polylog(2,- \

output
|exp(2+I*(b*x+a)))/b"2-2/b"2+a*1n(exp (I* (b*x+a))) |

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 122 vs. 2(41) = 82.

Time = 0.08 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.26

/xtan(a+ bx) dx =
2 (¢ tan(bz+a)—1) 2 (—i tan(bz+a)—1) .1 . [ 2(i tan(bz+a)—1) .. (2(—itan
_2b$ log (_ tan(bm+a)§+1 ) + 2bx log <_ tan(bz+a)2+1 ) +ZLI2< tan(bm+a)2+1 + 1> - ZLIQ( tan(ba
42
inputtintegrate(x*tan(b*}ﬁa),x, algorithm="fricas") J
e B
Output\ -1/4% (2¥b¥x*log(-2* (I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2%b¥x*log( |
‘—2*(—I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + Ixdilog(2*(I*tan(b*x + a)
- 1)/(tan(b*x + a)~2 + 1) + 1) - Ixdilog(2x(-I*xtan(b*x + a) - 1)/(tan(b*x
+a)’2+ 1) +1))/b"2
Sympy [F]
/xtan(a+bz) dr = /xtan (a + bx)dx
inputLintegrate(x*tan(b*x+a),x) J

output‘ Integral (xxtan(a + b*x), x) ‘
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 92 vs. 2(41) = 82.

Time = 0.16 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.70

/x tan(a + bx) dr =
—i b?2? + 2i by arctan (sin (2bz + 2a) , cos (2bx + 2a) + 1) + bz log (cos (2bz + 2a)” + sin (2 bz + 2
2 b2
input Lintegrate (x*tan(b*x+a) ,x, algorithm="maxima") J

‘—1/2*(-I*b“2*x“2 + 2*Ixbxx*arctan2(sin(2*b*x + 2*a), cos(2*b*x + 2*xa) + 1)
|+ bxx*log(cos(2xb¥x + 2%a)"2 + sin(2xb*x + 2%a)~2 + 2kcos(2¥bxx + 2%a) +
1) - Ixdilog(-e”(2+I*bxx + 2+I*a)))/b"2 |

output

Giac [F]
/mtan(a +bx)dr = /mtan (bx + a) dz
input Lintegrate (x*tan(b*x+a) ,x, algorithm="giac") J
output tintegrate (x*tan(b*x + a), x) J
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Mupad [B] (verification not implemented)

Time = 8.48 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.39

/m tan(a + bx) dr =
7 In (cos (bx)) + polylog (2, —e™*%e7%) 1i — 1 In (e™*% e **% + 1) + 2a In (e™*H e "% 4+ 1) —;
202
input Lint(x*tan(a + b*x),x) J
output‘ -(polylog(2, -exp(-a*2i)*exp(-b*x*2i))*1i - pi*log(exp(b*x*2i) + 1) - pixl

‘og(exp(—a*2i)*exp(-b*x*2i) + 1) + 2xa*xlog(exp(-a*2i)*exp(-b*x*2i) + 1) + p
‘i*log(cos(b*x)) + b72xx72x1i - log(cos(a + b*x))*(2*xa - pi) + 2*bxx*log(ex
Lp(-a*2i)*exp(—b*x*21) + 1) + axb*x*2i)/(2%b"2)

|

Reduce [F]

/x tan(a + bx) de = /tan (bx + a) zdx

/

tint (x*tan (b*x+a) ,x)

~—

input

Ou_,Gputtint(‘t:an(a + b*x)*x,x) J




output L

input

output
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3.4 f tan(a+bx) dx

Optimal result . . . . . . . . . . . . .
Mathematica [N/A] . . . . . ...
Rubi [N/A] .« . o e
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . .
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bz) dp — Int(

T

tan(a + bz)

T

)

Defer (Int) (tan(b*x+a)/x,x)

Mathematica [N/A]

Not integrable

Time = 1.36 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(ax—l- bx) dp — /

tan(a + bz)
T

dx

-

LIntegrate [Tan[a + b*x]/x,x]

-/

LIntegrate [Tan[a + b*x]/x, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X

/ tan(a + bx) dz

J,3042

/ tan(ax+ bx) i

l 4222

/ tan(a + bx) iz

x

-

input L

-/

Int[Tan[a + b*x]/x,x]

output ‘ $Aborted
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

rule 4222

Maple [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan (bz + a) s

T

input Lint (tan(b*x+a)/x,x)

p

output tint (tan(b*x+a) /x,x)

~—

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr = / tan (bz + a) i

T T

i i =" 1 "
input Llntegrate (tan(b*x+a)/x,x, algorithm="fricas")




output

input

output

input

output
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Lintegral(tan(b*x + a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ tan(a + bz) dp — / tan (a + bx) i

T T

-

Lintegrate(tan(b*x+a)/x,x)

-/

LIntegral(tan(a + b*x)/x, x)

Maxima [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

Z T

tintegrate(tan(b*x+a)/x,x, algorithm="maxima")

Lintegrate(tan(b*x + a)/x, x)
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Giac [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bz) dp — / tan (bz + a) s

T T

-/

p
input Llntegrate (tan(b*x+a)/x,x, algorithm="giac")

output Lintegrate(tan(b*x + a)/x, x) J

Mupad [N/A]
Not integrable

Time = 8.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan(a + bx) i

T T

input Lint (tan(a + b*x)/x,x) J

Outputtint(tan(a + b*x)/x, X) J

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dp = / tan (bz + a) i

T T

input Lint (tan(b*x+a) /x,x) J




output
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Lint(tan(a + b*x)/x,%)




output L

input L

output
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35 f tan(a+bx) dx

72
Optimal result . . . . . . . . . . . . . e rdr
Mathematica [N/A] . . . . . . . . e
Rubi [N/A] .« . o e 78
Maple [N/A] . . . 79
Fricas [N/A] . . . . . o 79
Sympy [N/A] . . (=10)
Maxima [N/A] . . . . R0
Giac [N/A] .« . o 1]
Mupad [N/A] . . . . 8Tl
Reduce [N/A] . . . o BT

Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bz) dr — Tnt (tan(a + bx) a:)

x2 x2

Defer (Int) (tan(b*x+a)/x"2,x) J

Mathematica [N/A]
Not integrable

Time = 2.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan(a + bz) s

2 x2

-

Integrate[Tan[a + b*x]/x"2,x]

-/

L

Integrate[Tan[a + b*x]/x"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T2

/ tan(a + bx) dz

| 3042
/ tan(a + bx) i

x2
l 4222
/ tan(a + bx) iz

T2

-

input L

-/

Int[Tan[a + b*x]/x"2,x]

output ‘ $Aborted
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Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4222

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

Maple [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan (bz + a) s

x2

input L

int (tan(b*x+a) /x"2,x)

e

output t

int (tan(b*x+a)/x"2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr = / tan (bz + a) i

T2 z2

input L

integrate(tan(b*x+a)/x"2,x, algorithm="fricas")

~—



output

input

output

input

output
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Lintegral (tan(b*x + a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan(a + bz) dp — / tan (a + bx) i

2 x2

-

Lintegrate (tan(b*x+a) /x**2,x)

-/

LIntegral(tan(a + b*x)/x**2, Xx)

Maxima [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

2 x2

tintegrate (tan(b*x+a) /x"2,x, algorithm="maxima")

Lintegrate(tan(b*x + a)/x"2, x)




CHAPTER 3. LISTING OF INTEGRALS 81

Giac [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bz) dp — / tan (bz + a) s

2 x2

-

Lintegrate (tan(b*x+a)/x"2,x, algorithm="giac")

-/

input

output Lintegrate(tan(b*x + a)/x"2, x) J

Mupad [N/A]
Not integrable

Time = 7.78 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan(a + bx) i

2 x2

inputtint(tan(a + b*x)/x"2,%) J

Outputtint(tan(a + b*x)/x"2, x) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dp = / tan (bz + a) i

2 z2

input Lint (tan(b*x+a) /x~2,x%) J




output

CHAPTER 3. LISTING OF INTEGRALS

82

Lint(tan(a + b*x) /x**2,%)
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3.6 [ z* tan*(a + bx) dz

Optimal result . . . . . . . . . . . . e 83|
Mathematica [A] (verified) . . . . . . . . . ... o ]3]
Rubi [A] (verified) . . . .. . . ... .. (!
Maple [A] (verified) . . . . . . ... L 87
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 87
Sympy [F] . . o o ’Y
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 88
Giac [F] . . . . o o 89
Mupad [F(-1)] . . . o o 89
Reduce [F] . . . o . o o 90

Optimal result

Integrand size = 12, antiderivative size = 98

23 2t 3z2log (1 + e¥(@tt2)) 34z PolyLog (2, —e2!(atb2)
/m3tan2(a+bx)dx=—%—xz+ 8 ( ® )— Y gb(3 )
3 PolyLog (3, —e%(a+to)) N 2 tan(a + bz)
2b* b
‘{—I*x“S/b—1/4*x‘4+3*x‘2*1n(1+exp(2*I* (b*x+a))) /b~ 2-3*I*x*polylog(2,-exp(2*I \‘
output
L* (bxx+a)))/b~3+3/2*polylog(3,-exp (2*I*(b*x+a))) /b 4+x"3*tan(b*x+a) /b J
Mathematica [A] (verified)
Time = 0.56 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.17
7
/x?’ tan®(a + br) dr = -7
N 2b% 2 (1_2:% + 3log (1 + e~2(@*))) 4 6bz PolyLog (2, —e~2(**%2)) 4+ 3 PolyLog (3, —e~2(@+t2))
2b*
z3 sec(a) sec(a + bx) sin(bx)
b
input LIntegrate [x~3*Tan[a + b*x]~2,x] J
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‘-1/4*x”4 + (2xb~2+x" 2% (((2*I)*b*x) /(1 + E~((2*I)*a)) + 3*Logl[l + E~((-2*I)
\*(a + b*x))]) + (6xI)*bxx*PolyLog[2, -E~((-2*I)*(a + b*x))] + 3*PolyLogl[3,
‘ -E~((-2*I)*(a + b*x))])/(2%b~4) + (x"3*Sec[a]l*Sec[a + b*x]*Sin[b*x])/b

output

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.24,

number of steps used = 10, number of rules used = 9, Bumber of rules _ 754 Ry
integrand size

used = {3042, 4203, 15, 3042, 4202, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z3tan?(a + bx) dx
| 3042

/z?’ tan(a + bx)%dzx
| 4203

2 3
3 [z’ tan(a + bz)dr /w3dm L2 tan(a + bz)
b b
| 15

3 [ tan(a + bx)dx N r3tan(a +bx) xt

b b 4

| 3042
3 [z?tan(a + br)dz z3tan(a+bx) z*
— _+_ -
b b 4

| 4202

b b 4
l 2620

i3 . (i [ zlog(1+e2@+02))dy  jz? log(1+e2i(atb2))
3(7 - 27’( 5 - 2 N g3 tan(a +br) z*

b b 4

e2i(atbz)
( —2i 1+621(a+1ﬁ5) dw) + r3tan(a +bz) a*
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| 3011
(w PolyLog(2,—e2!(aFb2)) 4 | PolyLog(z,_e2i(a+bm))dz>
’ 2b a 2b 2 2i(a+bz
jz3 ; iz? log (1+e?H(a+b2))
3|5 —2 . _ a
- +
3tan(a +bz) z*
b 4
| 2720
. <W POlyLDg(Qa—GQi(a+bm)) [ e 2i(atbz) PolyLog(2,—52i(a+bz))deQi(a+bm) )
’ 2 - 4b2 : 2 2i(a+bx
iz’ ; iz? log (1+e2i(a+ba))
3|5 —21 ; _ e
- b
z3tan(a +bz) z*
b 4
| 7143
. <“‘ PO]yLOg(Q,—eQi(aerz)) PolyLog (3,_e2i(a+bz)) )
3 ’ 2b B 42 2 2i(a+bx
8 ; iz? log (1+e2H(a+b2))
3|5 —2 . _ a
B +
z3tan(a + bx) 2*
b 4
input LInt [x"3*Tan[a + b*x]~2,x] J
output‘ -1/4*x~4 - (3%((I/3)*x"3 - (2*I)*(((-1/2*1)*x“2*Log[1 + E~((2*%I)*x(a + b*x) ‘

‘)])/b + (I*(((I/2)*x*PolyLogl[2, -E~((2*I)*(a + b*x))])/b - PolyLogl[3, -E~(
\<2*I)*(a + b*x))1/(4%¥b72)))/b))) /b + (x"3+Tan[a + b*x])/b




rule 15

rule 2620

rule 2720

rule 3011

rule 3042

rule 4202
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Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x

)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “nl/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) m*(E~(2%I*(
e + £*x))/(1 + E~(2xI*x(e + f*x)))), x], x] /; FreeQ[{c, 4, e, f}, x] && IGt
Q[m, 0]
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Int[((c_.) + (@_)*&x_))"(@m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + £*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

rule 4203

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7143

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.36

method | result

i . 24z 2iz3 | Gia?z | 4ia® | 322In(14+e¥(®oF))  3izpolylog(2,—e*(*=t®) | 3polylog(3,—e
risch —at W — T T 2 - 5 + 267
input Lint (x~3*tan(b*x+a) ~2,x,method=_RETURNVERBOSE) J
output | -1/4%x~4+2%T*x"3/b/ (1+exp (2+T* (bkx+a) ) ) ~2#I/brx"3+6+1/b~3ka"2xx+4+1/b"4%a"

| 3+3%x"2%1n(1+exp (2+I* (b*x+a))) /b~ 2-3*I*x*polylog(2,—exp(2*I* (b*x+a))) /b~3+ |
‘ 3/2xpolylog(3,-exp(2*I*(b*x+a)))/b~4-6/b"4*a~2*1n(exp(I*(b*x+a))) ‘

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 225 vs. 2(83) = 166.

Time = 0.08 (sec) , antiderivative size = 225, normalized size of antiderivative = 2.30

/z3 tan®(a + bz) dr =

i tan(bz+a)— —1i tan(bx+a)— . .
bzt — 46323 tan (bx + a) — 6 b%z? log (—%) — 6b%2? log (—2(tant(bx€ra;§£1 1)> — 64 bzLis |
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input‘integrate(x“3*tan(b*X+a)“2,X, algorithm="fricas")

output -1/4%(b~4*x"4 - 4*b~3*x"3*tan(b*x + a) - 6xb~2xx"2*1log(-2*(Ixtan(b*x + a)

- 1)/(tan(b*x + a)”2 + 1)) - 6%b~2*xx"2*log(-2*(-I*tan(b*x + a) - 1)/(tan(b
*x + a)”2 + 1)) - 6*%I*b*x*dilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1
) + 1) + 6xIxb*x*dilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) -

3*polylog(3, (tan(b*x + a)”~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)
) - 3*polylog(3, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 +

1)))/b"4

Sympy [F]

3402 _ 31002
/x tan (a—%—bz)da:—/:c tan® (a + bx) dz
p
input \integrate (x**3*tan (b*x+a)**2,x)

output‘Integral(x**3*tan(a + bkx)**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 639 vs. 2(83) = 166.

Time = 0.24 (sec) , antiderivative size = 639, normalized size of antiderivative = 6.52

/ z%tan®(a + br) dr = Too large to display

-/

p
input Lintegrate (x~3*tan(b*x+a) "2,x, algorithm="maxima")




output

inputt

output

input
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1/2% (2% (b*x + a - tan(b*x + a))*a~3 - 3*%((b*x + a) 2xcos(2*bxx + 2%a)~2 +
(bxx + a) " 2*sin(2*b*x + 2*a)~2 + 2x(b*x + a) 2*xcos(2*xb*x + 2*a) + (b*x + a
)72 - (cos(2%b*x + 2%a)”~2 + sin(2*xb*x + 2%a)~2 + 2*cos(2xbxx + 2*a) + 1)*1
og(cos(2xb*x + 2*a)~2 + sin(2%b*x + 2%a) 2 + 2*xcos(2xb*x + 2xa) + 1) - 4x*(
b*x + a)*sin(2*b*x + 2*a))*a”2/(cos(2*b*x + 2*a)”2 + sin(2*b*x + 2*a)~2 +
2%cos (2*¥bxx + 2*a) + 1) + 2% (I*(b*x + a)~4 - 4xIx(b*x + a)“ 3*a + 12x((b*x
+ a)”2 - 2x(b*x + a)*a + ((b*x + a)~2 - 2*(b*x + a)*a)*cos(2*bxx + 2*a) -
(-Ix(b*x + a)~2 + 2xIx(b*x + a)*a)*sin(2xb*x + 2%a))*arctan2(sin(2*b*x + 2
*a), cos(2%b*x + 2%a) + 1) + (Ix(b*x + a)~4 - 4x(b*x + a)~3*x(I*xa + 2) + 24
*(b*x + a)”~2*xa)*cos(2xb*x + 2*a) - 12*%(b*x*cos(2*b*x + 2%a) + I*b*x*sin(2*
b*x + 2*a) + bk*x)*dilog(-e~ (2*Ixb*x + 2*I*a)) - 6*%(I*(b*x + a)~2 - 2*I*x(b*
x + a)*a + (Ix(b*x + a)~2 - 2xIx(b*x + a)*a)*cos(2xb*x + 2*a) - ((b*x + a)
2 - 2%(b*x + a)*a)*sin(2xb*x + 2*a))*log(cos(2*b*x + 2*a)~2 + sin(2%b*x +
2%a) "2 + 2xcos(2xbxx + 2%a) + 1) - 6% (I*cos(2xbxx + 2*a) - sin(2¥b*x + 2%
a) + I)*polylog(3, -e~(2*I*b*x + 2*I*a)) - ((b*x + a)~4 - 4x(b*x + a)~3*(a
- 2%I) - 24xIx(b*x + a)“~2*a)*sin(2*b*xx + 2*a))/(-4*I*cos(2*b*x + 2*a) + 4

*sin (2%bxx + 2%a) - 4%I))/b"4

Giac [F]

/x3 tan®(a + br) dr = /x3 tan (bz + a)® dz

B
integrate(x~3*tan(b*x+a)~2,x, algorithm="giac")

~—

-

integrate(x~3xtan(b*x + a)~2, x)

N\

Mupad [F(-1)]
Timed out.

/x3 tan®(a + br) dr = /x3 tan(a + bz)’ dz

-

Lint(x‘S*tan(a + b*x)"2,x%)

-/
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output

Lint(x‘B*tan(a + b*x)~2, x)

Reduce [F]

/x3 tan®(a + bz) dr =

—12( [ tan (bz + a) z*dz) + 4 tan (bz + a) 2 — ba*

4b

input

Lint(x‘B*tan(b*x+a)‘2,x)

output L

( - 12xint(tan(a + b*x)*x**2,x) + 4*tan(a + b*x)*x**3 - b*x*k*4)/(4%*b)
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3.7 [ z*tan*(a + bx) dz

Optimal result . . . . . . . . . . . . e OT]
Mathematica [B] (verified) . . . . . . . . .. ... o oL OT]
Rubi [A] (verified) . . . .. . . ... .. 92
Maple [A] (verified) . . . . . . ... L 94
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 95
Sympy [F] . . o o 95
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 96!
Giac [F] . . . . o o 96
Mupad [F(-1)] . . . o o 97
Reduce [F] . . . . . 97

Optimal result

Integrand size = 12, antiderivative size = 73

2 23 2zlog (1 4 e?(etbe)
/x2tan2(a+bx)dx=_%_%+ zlog ( b2e )
i PolyLog (2, —€*@**)) 2 tan(a + bx)
_ - + ¢

‘ -I*x"2/b-1/3*x"3+2*x*1n (1+exp (2*I* (b*x+a))) /b~2-I*polylog(2,-exp (2*I* (bkxx+ ‘

output
La) )) /b~3+x~2xtan (b*x+a) /b J

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 160 vs. 2(73) = 146.

Time = 4.55 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.19

/wQ tan®(a + bz) dz — _$_3 + z? sec(a) sec(a + bx) sin(bx)
3 b

N ibz(m + 2arctan(cot(a))) + 7 log (1 + e~%**) + 2(bz — arctan(cot(a))) log (1 — eZ(be—arctan(cot(@)))) _

input LIntegrate [x~2*Tan[a + b*x]~2,x] J




output
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-1/3*x"3 + (x"2xSec[a]*Sec[a + b*x]*Sin[b*x])/b + (I*b*x*(Pi + 2*ArcTan[Co

t[al]l) + PixLogl[l + E~((-2*I)#*b*x)] + 2*(b*x - ArcTan[Cot[al])*Log[1l - E~(

(2+I)*(bxx - ArcTan[Cot[a]l]))] - Pi*Log[Cos[b*x]] + 2*ArcTan[Cot[a]l]l*Log[S

in[b*x - ArcTan[Cot[al]]l] - I*PolyLogl[2, E~((2*I)*(b*x - ArcTan[Cot[al]l))]
+ (b~2xx"2*Sqrt[Csc[a] “2]*Tan[a] ) /E~ (I*ArcTan[Cot[al]))/b~3

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.19,

_ o humber of rules
8, integrand size = 0.667, Rules

number of steps used = 9, number of rules used =
used = {3042, 4203, 15, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x2 tan®(a + bz) dz
| 3042

/x2 tan(a + bx)%dz
| 4208

2 2
2 [ztan(a+bz)dz /a:Qdm L F tan(a + bzx)
b b

| 15

_ 2 [ztan(a + bz)dz N r*tan(a + bz) 23

b b 3

| 3042
2 [ztan(a + br)dz z’tan(a+bz) 2°
— + —_
b b 3

| 4202

e2i(a+bz)
< -2 [ Treaiathe) dw) + z? tan(a + bx) B z?
b b 3
| 2620
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. 2 . iflog(1+e2i(a+bm))dx iz 10g(1+e2i(a+bm))
2<%_2Z( 2b - 2b )) +x2tan(a+ba:) xj’
l 2715
;2 . fe—zi(a+bm) log(1+62i(a+bx))de2i(a+bm) iz 10g(1+62i(a+bz))
l 2838
iz . POlyLOg(Z’—e%(‘H'bz)) i log(1+e2i(a+bz))
2(% B Z(_ 4° B 2b >> 4 z*tan(a +bx) 2°
b b 3
inputtlnt[x‘2*Tan[a + b*x]~2,x] J

output“1/3*x”3 - (2% ((I/2)*x72 - (2xI)*(((-1/2*I)*x*Log[1 + E~((2*I)*(a + b*x))] ‘
)/b - PolyLogl2, -E"((2*I)*(a + b*x))1/(4%b72))))/b + (x"24Tan[a + b*x])/b

Defintions of rubi rules used

rule 15 Imtl(a_)*(x )~ (m_.), x_Symbol]l :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQl
{a, m}, x] && NeQ[m, -1]

rule 2620 Int[(((F_)“((g_.)*((e_.) + (F_D)*GE DN (@_)*((c_.) + @_D)*)D))"m_.))/
(@) + (b_)*((FL)~((g_.)*((e_.) + (£_)*x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logllc_.)*((d) + (e_.)*(x_)"(n_.))]/(x)), x_Symbol] :> Simp[-PolyLog[2
» (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]




rule 3042

rule 4202

rule 4203

input L

output
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-8i
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] = Simp[b”2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.48

method | result

N

3 2iz? 2iz2  diax _ 2ia? | 2xIn(14e%(+a))  jpolylog(2,—e?i(bzta))

4qIn(e(ba+a)
. faln(e0et)

: T
risch 3 + b(l-l-e%(b“‘“)) b b2 b3 + b2 b3

b3

int (x~2*tan(b*x+a) “2,x,method=_RETURNVERBOSE)

‘—1/3*x‘3+2*I*x‘2/b/(1+exp(2*I*(b*x+a)))—2*I/b*x“2—4*I/b“2*a*x—2*I/b‘3*a‘2+
‘2*x*1n(1+exp(2*I*(b*x+a)))/b“2—I*polylog(2,—exp(2*I*(b*x+a)))/b‘3+4/b‘3*a*
‘1n(exp(I*(b*x+a)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 144 vs. 2(62) = 124.

Time = 0.08 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.97

/x2 tan®(a + br) dr =
2 (7 tan(bz+a)—1 2 (—1 tan(bz+a)—1 ST s 2(7t
_2 b3z3 — 6 b%z? tan (bx + a) — 6 bx log (—W) — 6bzxlog (_ (tan(bz:_a)2:1 )> —3i L12< (tar
6 b3
inputLintegrate(x"2*tan(b*x+a)"2,x, algorithm="fricas") J
output‘ -1/6%(2¥b"3*x"3 - 6*b~2*x"2*tan(b*x + a) - 6*b*x*log(-2*(I*tan(b*x + a) -

\1)/(tan(b*x +a)”2 + 1)) - 6%b*xxlog(-2x(-I*tan(b*x + a) - 1)/(tan(b*x + a
\)‘2 + 1)) - 3xI*dilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) + 1) + 3
*I*dilog (2% (-Ixtan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1))/b73

N\ J

( \‘

Sympy [F]

/x2 tan®(a + br) dr = /:c2 tan’ (a + bz) dx

integrate (x**2*tan (b*x+a) **2,x)

input ‘\

output‘ Integral (x*x*2xtan(a + b*x)**2, x) ‘
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 257 vs. 2(62) = 124.

Time = 0.24 (sec) , antiderivative size = 257, normalized size of antiderivative = 3.52

/ z?tan®(a + bx) dx
_ i6%2% + 6 (bx cos (2bx + 2a) 4 ibrsin (2bx + 2 a) + bx) arctan (sin (2bz + 2a) , cos (2bx +2a) + 1) +

-

| —

i - - i =n q "
inputtlntegrate(x 2*xtan(b*x+a)~2,x, algorithm="maxima

e N

(I*b~3*x"3 + 6*x(b*x*cos(2¥b*x + 2*a) + I*b*x*ksin(2*b*x + 2*a) + b*x)*arcta
n2(sin(2*xb*x + 2*a), cos(2*b*x + 2*a) + 1) + (I*b"3*x"3 - 6*%b~2*x"2)*cos(2
*b*x + 2%a) - 3*(cos(2%b*x + 2%a) + I*sin(2%b*x + 2%a) + 1)*dilog(-e~ (2*Ix*
b*x + 2*I*a)) - 3*(I*b*x*cos(2*b*x + 2*a) - b*x*sin(2*b*x + 2+¥a) + I*b*x)*
log(cos(2*b*x + 2*a)~2 + sin(2%bxx + 2%a)~2 + 2xcos(2*b*x + 2*a) + 1) - (b
~3%x"3 + 6*%I*%b~2*x"2)*sin(2*b*x + 2%a))/(-3*%I*b~3*cos(2*b*x + 2*a) + 3*b~3
*sin (2*bxx + 2*a) - 3*Ixb~3)

output

Giac [F]

/xz tan®(a + bz) dx = /x2 tan (bz + a)® dz

input Lintegrate (x~2*tan(b*x+a) ~2,x, algorithm="giac") J

output Lintegrate(x"2>i<1;an(b,,(x + )2, x) J
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Mupad [F(-1)]
Timed out.

/x2 tan®(a + br) dr = /:c2 tan(a + bz)’ dz

input Lint(x‘2*tan(a + b*x)~2,x)

Outputtint(x?*tan(a + b*x)"2, %)

Reduce [F]

—6( [ tan (bz + a) zdz) + 3tan (bz + a) 2 — ba?

2.2 _
/x tan®(a + bx) dr = o

inputtint(x 2xtan (b*x+a) ~2,x)

output L( - 6*int(tan(a + b*x)*x,x) + 3*tan(a + b¥x)*x**2 — b¥x*%3)/(3%b)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 98
3.8 [ ztan®*(a + bz) dx

Optimal result . . . . . . . . . . . . e 98]
Mathematica [A] (verified) . . . . . . . . . ... o 98]
Rubi [A] (verified) . . . .. . . ... .. 99
Maple [A] (verified) . . . . . . ... L 100
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [101]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 101
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 101
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 102
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 103
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 103

Optimal result

Integrand size = 10, antiderivative size = 30

/ z?  log(cos(a + bx)) N ztan(a + br)

rtan®(a + bx) dzx = —5 +

b2 b

L—1/2*x‘2+1n(cos(b*x+a))/b“2+x*tan(b*x+a)/b

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.43

z?  log(cos(a + bx))

z sec(a) sec(a + br) sin(bx)

z tan(a)

2 [
/xtan (a+bx)dx = 2 + ®

b

b

LIntegrate [x*xTan[a + b*x]~2,x]

p
‘—1/2*}(’"2 + Log[Cos[a + b*x]]/b"2 + (x*Sec[a]l*Sec[a + b*x]*Sin[b*x])/b + (x

‘*Tan[a])/b

N




CHAPTER 3. LISTING OF INTEGRALS 99

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.500, Rules

number of steps used = 5, number of rules used = 5, integrand size

used = {3042, 4203, 15, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:1: tan?(a + bx) dz
| 3042
/a: tan(a + br)2dz
| 4203
_ [tan(a +bz)dz /xd:c 4 z tan(a + bx)
b b
| 15
[tan(a+bz)dz ztan(a+bz) 22
- + _
b b 2
| 302
[tan(a + bz)dz xtan(a+bz) =2
— + -
b b 2
| 3956
log(cos(a + bx)) L F tan(a +bz) 31:72
b2 b 2
input LInt [x*Tan[a + b*x]~2,x] J

output L'1/2*XA2 + Log[Cos[a + b*x]]1/b~2 + (x*Tan[a + b*x])/b J
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Defintions of rubi rules used

rule 15

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/4, x] /; FreeQ[{c, d}, x]

rule 4203

Int[((c_.) + (@_)*&))"(@m_.)*((b_.)*tanl[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((bxTan[e + £*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{v, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

method result size
In( 1+tan(bz+a)?
ztan(bz+a) 2 (
norman -5 B) 262 34
. x2b2—2 tan(bz+a)bz+1n ( 1+tan(br+a)?
parallelrisch | — T ( ) 35
2 b tan(b. 1 b —a tan(b:
default _% + (bz+a) tan(bz+a)+ n(z(z)s( z+a))—a tan(bz+a) 40
: 22 _ 2z _ 2ia 2iz In(14e%(bx+e))
risch —T 7% T ® Tigeea) T B 57

L

input

int (x*tan(b*x+a) ~2,x,method=_RETURNVERBOSE)

output L

x*xtan(b*x+a) /b-1/2*xx"2-1/2/b"2*1n(1+tan (b*x+a) ~2)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.27

b%*z? — 2bx tan (br + a) — log (
2 b2

1
tan(bz+a)?+1 )

/xtanz(a +br)dr = —

q -~ q =N 9 n ‘
inputt1ntegrate(x*tan(b*x+a) 2,x, algorithm="fricas") J

-

L—1/2*(b‘2*x*2 - 2+bxxxtan(b*x + a) - log(1/(tan(b*x + a)~2 + 1)))/b"2

-/

output

Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

2 z tan (a+bzx) log (tan2 (a+bm)+1)
-5+ — forb#£0
/ rtan®(a + bx) dz = 2 b 22 7

2 ton2 .
%’1(‘1) otherwise

integrate (x*tan(bxx+a)**2,x)

inputt

‘Piecewise((-x**2/2 + xxtan(a + b*x)/b - log(tan(a + b*x)**2 + 1)/(2%b**2), ‘

output
‘ Ne(b, 0)), (xx*2xtan(a)**2/2, True))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 214 vs. 2(28) = 56.

Time = 0.15 (sec) , antiderivative size = 214, normalized size of antiderivative = 7.13

/x tan®(a + bzx) dz

(bz+a)? cos(2bz+2 a)?+(bz+a)? sin(2 bz+2 a) 242 (bz+a)? cos(2 bx+2 a)+(br+a)?— (cos(2 bz+2a)’
cos(2 bz+2a)?+
252

2(bx + a — tan (bx + a))a —
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input ‘ integrate(x*tan(b*x+a)~2,x, algorithm="maxima") ‘

1/2x(2*(b*x + a - tan(b*x + a))*a — ((b*x + a) 2*cos(2*b*xx + 2*a)~2 + (b*x
+ a)"2*sin(2¥b*x + 2*a)~2 + 2k (b*x + a) 2*xcos(2xbxx + 2*a) + (b*x + a)~2
- (cos(2xb*x + 2*a)~2 + sin(2xb*x + 2*%a)~2 + 2%cos(2xb*x + 2*a) + 1)*log(c
0s(2*b*x + 2*a)”~2 + sin(2*b*x + 2+%a)”2 + 2*xcos(2xb*x + 2*a) + 1) - 4x(b*x
+ a)*sin(2xb*x + 2*a))/(cos(2*b*x + 2*a) 2 + sin(2*b*x + 2%a)”~2 + 2xcos(2*

bxx + 2xa) + 1))/b"2

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(28) = 56.

Time = 0.40 (sec) , antiderivative size = 162, normalized size of antiderivative = 5.40

/wtanQ(a + bx) dx =

4 (tan(bx)? tan(a)?—2 tan(bx) tan(a)+1
b%%an(bw)tan(a)—b2:c2+2bxtan(bx)+2bxtan(a)—log( (ten(oa)” tan(a)" 2 ten() ()+)>t I

tan(bx)? tan(a)?+tan(bz)?+tan(a)+1

2 (b? tan (bx) tan (a) — b?)

input ‘ integrate(x*tan(b*x+a)~2,x, algorithm="giac") ‘

-1/2%(b™2*x"2*xtan(b*x) *tan(a) - b~2*x"2 + 2xbxx*tan(b*x) + 2*b*x*tan(a) -
log(4*(tan(b*x) "2*tan(a) "2 - 2*tan(b*x)*tan(a) + 1)/(tan(b*x) 2*tan(a)”~2 +
tan(b*x) "2 + tan(a)~2 + 1))*tan(b*x)*tan(a) + log(4*(tan(b*x) 2*tan(a)"2
- 2xtan(b*x)*tan(a) + 1)/(tan(b*x) 2*tan(a)~2 + tan(b*x)~2 + tan(a)~2 + 1)

))/(b~2*tan(b*x)*tan(a) - b~2)

output
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Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.17

In <tan(a+bz)2+1)
/mtanQ(a—l—bx)dz'=— 2

—bztan(a+bx)
b2

_z
2

inputLint(x*tan(a + b*xx)~2,x)

output l' (log(tan(a + b*x)~"2 + 1)/2 - b*x*tan(a + b*x))/b"2 - x72/2

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.23

—log(tan (bz + a)® + 1) + 2tan (bz + a) bz — b?a?
2b?

/xtan2(a + bx)dx =

input Llnt (x*tan(b*x+a) ~2,x)

outputt( - log(tan(a + b*x)**2 + 1) + 2xtan(a + b*x)*b*x — b**2*x**2)/(2%xb**2)
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3.9 f tan?(a-+bz) dz

z
Optimal result . . . . . . . . . . . . . . e 104
Mathematica [N/A] . . . . . . . . . 104
Rubi [N/A] . . o 105
Maple [N/A] . . . o o 106!
Fricas [N/A] . . . . o o 106
Sympy [N/A] . . . 107
Maxima [N/A] . . . . . 107
Giac [N/A] . . . K
Mupad [N/A] . . . o o 108}
Reduce [N/A] . . . o 108

Optimal result

Integrand size = 12, antiderivative size = 12

/ tan?(a + bx) e — Tnt (tan2 (a + bx) a:)

T T

output LDefer(Iﬂt) (tan(b*x+a) ~2/x,x) J
Mathematica [N/A]
Not integrable
Time = 2.88 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
[rtlarte) ), [taniartn) ,
z x
inputtlntegrate[Tan[a + b*xx]~2/x,x] J

output tIntegrate [Tan[a + b*x]"2/x, x]




input

output
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/tan ((;—i— bx) i

l 3042

/ tan(a + bx)? iz

x

l 4222

2
/tan (c;+ bx) i

‘ Int[Tan[a + b*x]~2/x,x]

L$Aborted
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

rule 4222

Maple [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan (bx + a)2d$

X

e

inputLint(tan(b*x+a)‘2/x,x)

~—

OutputLint(tan(b*x+a)‘2/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tanQ(a + bzx) dp — / tan (bz + a)’ e

T T

q -~ q =N 9 "
inputLlntegrate(tan(b*x+a) 2/x,x, algorithm="fricas")
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output integral (tan(dxx + 2)"2/x, ©)

Sympy [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ tan?(a + bx) dp — / tan? (a + bx) i

T T

-

integrate (tan(b*x+a)**2/x,x)

N\

input

output‘Integral(tan(a + b*x)**2/x, X)

Maxima [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 243, normalized size of antiderivative = 20.25

/ tan?(a + bx) dp — / tan (bz + a)’ i

T T

-

: -~ : =n : "
input \1ntegrate(tan(b*x+a) 2/x,x, algorithm="maxima")

- (bxx*cos(2xb*x + 2*xa) 2xlog(x) + bkx*xlog(x)*sin(2xbxx + 2%a)~2 + 2¥b*x*co
s(2xbxx + 2*a)*log(x) + b¥x*log(x) - 2% (b~ 2*x*cos(2¥b*x + 2¥a)~2 + b~2xx*s
in(2xb*x + 2*%a)~2 + 2%b”2*x*cos(2xb*x + 2*a) + b~2#x)*integrate(sin(2*b*x
+ 2xa)/(b~2*x"2*cos(2%b*x + 2*%a)~2 + b~2*x"2*sin(2%b*x + 2%a)”2 + 2%b"2*x”
2xcos (2xb*xx + 2*a) + b"2*xx"2), x) - 2*xsin(2*b*x + 2*a))/(b*x*cos(2*b*xx + 2
*a) "2 + b*x*sin(2%b*x + 2%a)”~2 + 2%b*x*cos(2*b*x + 2¥a) + b*x)

output
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Giac [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + br) dp — / tan (bz + a) i

T T

i - i ="qq n
inputLlntegrate(tan(b*x+a) 2/x,x, algorithm="giac")

Outputtintegrate(tan(b*x + a)~2/x, x)

Mupad [N/A]
Not integrable

Time = 8.72 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tanz(a + bx) dp — / tan(a + bz)? i

T T

input Lint(tan(a + b*x)~2/x,%)

outputLint(tan(a + b*x)"2/x, %)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + br) dp — / tan (br + a)2d$

T T

input Lint (tan(b*x+a)~2/x,%)
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output Lint(tan(a + b*x)**2/x,%)




output

input

output
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2
3.10 [ lfawlethn) gy
T

Optimal result . . . . . . . . . . . . . . e 110
Mathematica [N/A] . . . . . . . . . 110
Rubi [N/A] . . o 11T
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . . o 113
Maxima [N/A] . . . . . 113

Giac [N/A] . . o o 114
Mupad [N/A] . . .o 114
Reduce [N/A] . . . o 114

Optimal result

Integrand size = 12, antiderivative size = 12

x2

/ tan?(a + bx) e — Tnt (tan2 (a + bx)

2

)

LDefer(Int)(tan(b*x+a)‘2/x‘2,x)

Mathematica [N/A]
Not integrable

Time = 2.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2
/ tan (a2+ bx) dp — /
T

tan?(a + bx)
72

dz

LIntegrate [Tan[a + b*x]~2/x"2,x]

tIntegrate [Tan[a + b*x]~2/x"2, x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/ tan (a2+ bx) i
x

l 3042
2
/ tan(a + bx) iz

IZ
l 4222

2
/ tan (a2+ bx) i
z

input‘ Int[Tan[a + b*x]"2/x"2,x]

output L$Aborted
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

rule 4222

Maple [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan (bx + a)2d$

2

e

Lint(tan(b*x+a)‘2/x‘2,x)

~—

input

OutputLint(tan(b*x+a)‘2/x‘2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tanQ(a + bzx) dp — / tan (bz + a)’ e

2 x2

input Lintegrate (tan(b*x+a)~2/x"2,x, algorithm="fricas") J
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output| integral (tan(bxx + 2)°2/x°2, %)

Sympy [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan?(a + bx) dp — / tan? (a + bx) i

T2 2

;
integrate (tan(b*x+a) **2/x**2,x)

input

N\

Output‘lntegral(tan(a + b*x)**2/x%%2, X)

Maxima [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 250, normalized size of antiderivative = 20.83

/ tan?(a + bx) dp — / tan (bz + a)’ i

T2 2

-

input integrate(tan(b*x+a)~2/x"2,x, algorithm="maxima")

(bxx*cos(2*b*x + 2+%a)”~2 + b*x*sin(2*b*x + 2+%a)”~2 + 2xb*x*cos(2*b*x + 2*a)

+ b*x + 4% (b~2*%x"2*cos(2xb*x + 2*a) "2 + b 2*xx"2*sin(2%b*x + 2*a)”2 + 2*b"2
*x"2%cos(2%b*x + 2%a) + b~2*x~2)*integrate(sin(2*b*x + 2*a)/(b~2*x"3*cos(2
*b*xx + 2*%a) "2 + b72*x"3*sin(2¥b*x + 2*a) "2 + 2*b"2*x"3*cos(2*b*x + 2*a) +

b~2%x"3), x) + 2*sin(2*b*x + 2*a))/(b*x"2*cos(2*b*x + 2*a)”2 + b*xx"2*sin(2
*bxx + 2*a) "2 + 2¥b*x”"2*cos(2*b*x + 2*a) + b*x"2)

output
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Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + br) dp — / tan (bz + a) i

T2 z2

i - - i =14 n
inputLlntegrate(tan(b*x+a) 2/x"2,x, algorithm="giac")

output Lintegrate(tan(b*x + a)~2/x"2, x)

Mupad [N/A]
Not integrable

Time = 8.34 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tanz(a + bx) dp — / tan(a + bz)? i

T2 z2

inputtint(tan(a + b*x)"2/x"2,%)

output Lint(tan(a + b*x)"2/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + br) dp — / tan (br + a)2d$

z2 z2

inputtint(tan(b*x+a) 2/x°2,%)
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output Lint(tan(a + bxx)**2/x%*2,x)




output

CHAPTER 3. LISTING OF INTEGRALS 116
3.11 [ 2’ tan’(a + bz) dx

Optimal result . . . . . . . . . . . . e 116
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... 117
Rubi [A] (verified) . . . .. . . ... .. 117
Maple [A] (verified) . . . . . . ... L 123
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 124
Sympy [F] . . o o 125
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1251
Giac [F] . . . . o o 126
Mupad [F(-1)] . . . o o 127
Reduce [F] . . . . . 127

Optimal result

Integrand size = 12, antiderivative size = 205

3iz2  z3 izt 3zlog (14 e?iletde))

N z3log (1 + e(a+b2))

3,..3 _ izt at axt
/:v tan®(a + bx) dx = o2 +2b 1

. 3iPolyLog (2, —e2e+tm)) 3z PolyLog (2, —e2(e+2))

2b*

i 3z PolyLog (3, —e(**7)) N 3i PolyLog (4, —e%(atto))

2b3

_ 3z°tan(a +bx)  2°tan’(a + bx)

2b2

3/2*%I*x"2/b"2+1/2*x~3/b-1/4*T*x"4-3*x*1n (1+exp (2*I* (b*x+a))) /b~3+x"3*1n(1+
exp (2+I*(b*x+a))) /b+3/2*I*polylog (2, -exp(2*I* (b*x+a))) /b~4-3/2xI*x"2*+polyl
0g (2, -exp(2*I*(bxx+a)))/b~2+3/2*x*polylog(3,-exp (2*I* (b*x+a))) /b~ 3+3/4xI*p
olylog(4,-exp (2*I*(b*x+a)))/b~4-3/2%x"2*tan (b*x+a) /b~2+1/2%x"3*tan (b*x+a) "

2/v
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Mathematica [A] (warning: unable to verify)

Time = 6.48 (sec) , antiderivative size = 370, normalized size of antiderivative = 1.80

/ z® tan®(a + bz) dz

e (2bte gt — 4ib®(1 4 e7%*) 23 log (1 + e~ 2(@+2)) + 65%(1 4 e~%*) 2® PolyLog (2, —e~2(*)) — 6;
a 8b*

z3 sec?(a + br)
2b

(a) (bge_i arctan(cot(a))zQ __ cot(a) (ibz(—m—2arctan(cot(a)))— log (1+e 2% ) —2(bz—arctan(cot(a))) log (1—e?(bz—arctan(

3 csc

2b%+/csc2(a) (cos?(a) +

3z%sec(a)sec(a + br)sin(bz) 1 ,
- op? —4° tan(a)

-

input L

-/

Integrate[x~3*Tan[a + b*x]"3,x]

((I/8)*E~(I*a)*((2%b~4*x~4) /E~((2*I)*a) - (4*I)*b~3*(1 + E~((-2*I)*a))*x"3
*Log[1 + E~((-2+I)*(a + b*x))] + 6xb~2+(1 + E~((-2xI)*a))*x"2*PolyLog[2, -
ET((-2*I)*(a + b*x))] - (6*%I)*b*(1 + E~((-2xI)*a))*x*PolyLog[3, -E~((-2%I)
x(a + b*x))] - 3*x(1 + E~((-2%I)*a))*PolyLogl[4, -E~((-2*I)*(a + b*x))])*Sec
[al)/b~4 + (x"3*Sec[a + b*x]~2)/(2%b) - (3*Cscl[al*((b~2%x"2)/E~ (I*ArcTan[C
ot[al]l) - (Cot[al*(I*b*x*(-Pi - 2xArcTan[Cot[a]l]) - Pi*Log[l + E~((-2xI)*Db
*x)] - 2x(b*x - ArcTan[Cot[al])*Logl[l - E~((2*I)*(b*x - ArcTan[Cot[a]]l))]
+ PixLog[Cos[b*x]] - 2*ArcTan[Cot[a]]*Log[Sin[b*x - ArcTan[Cot[al]]] + I*P
olyLog[2, E~((2*I)*(b*x - ArcTan[Cot[all))]))/Sqrt[1 + Cot[a]~2])*Sec[al)/
(2*b~4#Sqrt [Csc[a]l "2x(Cos[al "2 + Sin[al~2)]) - (3*x"2*Sec[a]l*Sec[a + bxx]*
Sin[b*x])/(2%b~2) - (x"4%*Tan[a])/4

output

Rubi [A] (verified)

Time = 1.35 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.20,

_ _ number of rules _
number of steps used = 17, number of rules used = 16, integrand size 1.333, Rules

used = {3042, 4203, 3042, 4202, 2620, 3011, 4203, 15, 3042, 4202, 2620, 2715, 2838,
7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ z3tan®(a + bz) dz
| 3042
/a:3 tan(a + br)3dz
| 4203
24,2 31012
—/w3tan(a+bm)dx— 3 [ z*tan?(a + bz)dz L2 tan?(a + bx)
2b 2b
| 3042
24 bz)?d 3 tan?
_/m3tan(a—|—bm)dx— 3 «” tan(a + bo)de 4 o tan’(a + bo)
2b 2b
| 4202
2_/ e2ilatbe) 3 3 [x?tan(a + bz)2dz N 2’ tan®(a + bz)  ia?
1+ e2ilatbn) 2 2 1
| 2620
3 [ z? tan(a + bz)?dz [ 3i[z?log (1+ eQi(a+bw)) dr  iz*log (1+ e%(a-ﬁ-bx))
- + 2 — +
2b 2b 2b
z3 tan?(a + br) 3 @
2b 4
| 3011
. ( iz? PolyLog(2,—e?!(a+bz) i [z PolyLog(2,—e2i(atb2))q .
9% 3Z(m = Og(2b : e og(b - ) x) iz3 log (1+e2z(a+bw))
' 2 2b
3 [ z? tan(a + bz)?dz 4 23 tan®(a + bx)  ia?
2b 2b 4
| 4203

. (iz? PolyLog (2,—62i(a+bw)) i [ = PolyLog (2’_€2i(a+bz))dz ‘
32( 2b - A ) i3 log (1 + e?z(a—}-bz))

2t 55 %

2 [ ztan(a+bz)dz 2 z2 tan(a+bx)
3<_ b — [2dz + =5 ) z3 tan?(a + bx) @

2b 2b 4

| 15
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. (iz? PolyLog (2,—e2i(a+bz) i [ z PolyLog(2,—e2i(a+b2)) dg .
o; 3’( (2b L4 (b ) ) iz®log (1 + 621(““””))
’ 2 2

3
%) 23 tan®(a + br)  ia!

3<_2fztan§)a+ba:)dm + x2? tanl()a+ba:) .

% 2 1
l 3042

. (iz® PolyLog(2,—e? (%)) i [ x PolyLog(2,~e*(*%*))dx .
% 37’( 2 B b ) iz3 log (1 + eZ(atba))
(2 —

2b 2b

2 [ ztan(atbz)dz | z2tan(a+bzx) 3
3(‘ b + b - %) z3tan?(a + bx) @

2b 2b 4
l 4202
. ( iz PolyLog (2,—e?!(+b) i [ z PolyLog(2,—e?!(¢+02)) dg )
o; 3Z( (2b il (b ) ) iz3 log (1 + e(atba))
’ 2 2b
+estlaToT z° tan(a+bx) 3
3| - b + b - %
z3tan?(a + br) @
2b 2b 4
l 2620
. (iz? PolyLog (2,—e?!(a1+52)) [z PolyLog(2,—e2/(21b2))dy .
o; 37’( (2b ) - (b ) ) iz3 log (1 + e2(a+ba))
’ 2 %
i [lo e21(a+b2) ) g0 iz 1o (2i(a+bx)
2<i€2_2i< S )>> 2 tan(atbs) _ 43
x* tan(a+bx
3| - - 4 _2

r3tan?(a + bx) iz?

2 4
l 2715
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) (m;_% <fe2i(a+bm) log(lziz(wbx))dezZ'(aHm) i log(1+;:i(a+bz)) )) 2 . 3
z“ tan(a+bx
3|~ b + b -3
B +
2 ( 2i(a+ba)) 2(b 2i(a+ba))
. (iz? PolyLog (2,—e?i(atbz i [ x PolyLog(2,—e%H(a+b2)) 4 '
9 32( 2b B b ) iz3 log (1 + eZila+to)) N
1 —
2b 2b
r3tan?(a +bx) izt
2b 4
| 2838
((ia? PolyLog(2,~e¥(®+02)) i [ 2 PolyLog(2,~c*(w+2))da |
5 3Z< 2b - b ) i3 log (1 + e2z(a+bm))
7 — —
2b 2b
w2 .. PolyLog(2,—e2i(eb2))  izlog(14e2i(atte))
2| 5—2i| — 452 - 2b 2 tan(atb) 28
3|~ b T—% — 3
+
r3tan?(a + bx) izt
2b 4
| 7163
NEr) PD]yLOg(3,—62i(a’+bm)>dz iz PolyLog(3,—52i(a’+bz))
(2 —
3 iz? PolyLog (2,—e?(a+t=)) 2b 2b
2b b
% 43 1og (1 + eZi(a—l—bx))
Z p—
2b 2b
w2 . PolyLog(2,752i(a’+bz)> i log(l+e2i<a+bz))
2| 5—2i| — 452 - 2b 2 tan(atbs) 28
3|~ b + b — 3
+
2b
r3tan®(a + bz) izt
2b 4

l 2720
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) %
iz? PolyLog (2,—e2!(a+b2)) < 4p2

I e—2i(a+bz) PolyLog(s,_CQi(aerx))de2i(a+bz) iz PolyLog(3,—e2i(a+bz)) )
2b

3 % - .

izdlog (1+ €

9%
Z 2b

9 ﬁ_% _PolyLog(2,—;2i(a+bz))_izlog(1+a2i(a+bm))
2 4b 2b n o?tan(a+bz) g3

2b

5 b b 3
2b +
23 tan®(a + bz)  ixt
2b 4
l 7143
_( PolyLog(4,—e?i(a+b2)) iz PolyLog (3,—e2i(atbn))
g; | i?PolyLog(2,—(=+t=) ’ 7 %
t % - . |
9% i.’I;3 log (1 + e2z(a+bx))
’ 2b %

2 4b2 25

) <”2—2i (_ PolyLog(2,—c2i(a+b2)) i log (1-+¢2i(a+b2) ) >>
+

z2 tan(a+bzx) _

3| — . (

z?
3

z3tan?(a + bz) iz
2b 4

input\Int[X 3*Tan[a + b*x]"3,x]

output

*(a + b*x))]1/(4%¥b72))))/b + (x"2*Tan[a + b*x])/b))/(2%b)

(-1/4%I)*x~4 + (2*xI)*(((-1/2%I)*x"3xLog[1 + E~((2*I)*(a + b*x))]1)/b + (((3
*I)/2)*(((I/2)*x"2*PolyLogl[2, -E~((2*¥I)*(a + b*x))1)/b — (I*(((-1/2%I)*x*P
olyLogl[3, -E~((2*I)*(a + b*x))1)/b + PolyLogl4, -E~((2+I)*(a + b*x))1/(4*b
~2)))/b))/b) + (x~3*Tan[a + b*x]~2)/(2%b) - (3%(-1/3%x"3 - (2%((I/2)*x~2 -

(241D (((-1/2+T)*x*Log[1 + E"((2*1)*(a + b*x))1)/b - PolyLogl2, -E~((2%I)
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Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 15

rule 2620 Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntLogl(a) + (b_.)*((F)~(Ce_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

-

rule 2838 Int[Log[(C_.)*((d_) + (e_.)*(x_)‘(n__))]/(x_)’ x_Symbol] > Slmp[_PolyLog[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3011 Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x))))~(a_.)1*((_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) "n]/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*xLog[F])) Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

N

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4202

rule 4203

rule 7143

rule 7163
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) “m*((b*Tan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd*(m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol]l :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.22

method | result

3ipolylog(4,—e?!(boFa)) g2 (2pg e2i(ba+a) _gje2i(bata) _3;) + 6zax n 3za _ 3ia n
2b4

z3 ln(1+e2i(bz+a))

21a$+

risch a1 b2 (14o2ilbara))

b

input int (x"3*tan(b*x+a)"3,x,method=_RETURNVERBOSE)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 124

3/4xI*polylog(4,-exp (2*I*(b*x+a)))/b~4+x~2% (2*b*x*exp (2*I* (b*x+a) ) -3*I*exp
(2%I*(b*x+a))-3*I)/b~2/(1+exp(2*I* (b*x+a))) "2+6*I1/b"3*axx+3*I/b"4*a~2-3/2%
I/b~4*a~4+x"3*1n(1+exp(2*%I*(b*x+a))) /b-2*I/b~3*a”~3*x+3/2*x*polylog(3,-exp(
2xI* (b*x+a))) /b~3-3*x*1n(1+exp (2*I* (b*x+a)))/b~3+3/2*I*polylog(2,-exp (2*I*
(b*x+a)))/b~4-6/b"4*ax1ln(exp (I*(b*x+a)))+2/b~4*a"3*1n(exp (I*(b*x+a)))-1/4%
I*x~4-3/2%I*x"2%polylog(2,-exp(2*I*(b*x+a))) /b~ 2+3*I/b~2%x~2

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 344 vs. 2(163) = 326.

Time = 0.09 (sec) , antiderivative size = 344, normalized size of antiderivative = 1.68

/w?’ tan®(a + bz) dz

46323 tan (bx + a)® + 46323 — 126222 tan (bx + a) + 6 bzpolylog (3, tan(b‘”t Zli:ji;?;ibfﬂ)—l

> + 6 bzpoly

integrate(x~3*tan(b*x+a)~3,x, algorithm="fricas")

N

1/8%(4%b~3*x"3*tan(b*x + a)~2 + 4*b~3*x"3 - 12*%b~2*x"2*tan(b*x + a) + 6xbx*
x*polylog(3, (tan(b*x + a)~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1))
+ 6*b*x*polylog(3, (tan(b*x + a)~2 - 2kIxtan(b*x + a) - 1)/(tan(b*x + a)~
2 + 1)) - 6%(-I*xb"2%x"2 + I)*dilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2

+ 1) + 1) - 6%(I*b”"2*x"2 - I)*dilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~
2+ 1) + 1) + 4x(b"3%x"3 - 3*b*x)*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a
)72 + 1)) + 4x(b~3*x"3 - 3xbxx)*log(-2x(-I*tan(b*x + a) - 1)/(tan(b*x + a)
"2 + 1)) - 3*Ixpolylog(4, (tan(b*x + a)~2 + 2*Ixtan(b*x + a) - 1)/(tan(b*x
+ a)”2 + 1)) + 3xI*polylog(4, (tan(b*x + a)~2 - 2xI*xtan(b*x + a) - 1)/(ta
n(bxx + a)"2 + 1)))/b"4
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Sympy [F]

/x3 tan®(a + bz) dx = /wB tan® (a + bzx) dzx

input ‘ integrate (x**3*tan (b*x+a)**3,x)

outputLIntegral(x**S*tan(a + b*x)**3, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1205 vs. 2(163) = 326.

Time = 0.34 (sec) , antiderivative size = 1205, normalized size of antiderivative = 5.88

/ z®tan®(a + bx) dr = Too large to display

inputLintegrate(x‘S*tan(b*x+a)“3,x, algorithm="maxima")




output

input

output
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1/2%(a~3*(1/(sin(b*x + a)~2 - 1) - log(sin(b*x + a)~2 - 1)) - 2x(3*(b*x +
a)~4 - 12x(b*x + a)“ 3*a + 18x(b*x + a) 2*a”~2 + 36*a”2 - 4*%(4x(b*x + a)~3 -
9% (b*x + a)"2xa + 9*(a"2 - 1)*(b*x + a) + (4x(bxx + a)~3 - 9*(b*x + a)~2x%
a + 9*%(a”2 - 1)*(b*xx + a) + 9%a)*cos(4*bxx + 4*xa) + 2x(4*x(b*x + a)~3 - 9%(
bxx + a)”"2*a + 9%(a”2 - 1)*(b*x + a) + 9*a)*cos(2¥b*x + 2*a) - (-4*xI*x(b*x
+ a)”3 + 9xIx(b*x + a) 2*xa + 9x(-I*a~2 + I)*(b*x + a) - 9*I*a)*sin(4xb*x +
4xa) - 2%(-4xI*(b*x + a)~3 + 9xIx(b*x + a) 2%a + 9*x(-I*xa~2 + I)*x(b*x + a)
- OxIxa)*sin(2*bxx + 2%a) + 9*a)*arctan2(sin(2xbxx + 2%a), cos(2*b*x + 2%
a) + 1) + 3x((b*x + a)"4 - 4*(b*x + a)~3*a + 6*%(a"2 - 2)*(b*x + a)~2 + 24x
(b*x + a)*a)*cos(4xb*x + 4*a) + 6x((b*x + a)~4 - 4*x(b*x + a)"3x(a - I) + 6
x(a”2 - 2%I*a - 1)*x(bxx + a)~2 + 12%(I*a"2 + a)*(b*x + a) + 6%a~2)*cos(2*b
*x + 2%a) + 6%x(4x(b*x + a)~2 - 6x(b*x + a)*a + 3*a”2 + (4*(b*x + a)~2 - 6%
(b*xx + a)*a + 3*a”™2 - 3)*cos(4*bxx + 4xa) + 2x(4*(b*x + a)~2 - 6x(bxx + a)
*a + 3*%a”2 — 3)*cos(2%b*x + 2%a) + (4xIx(b*x + a)~2 - 6*I*x(b*x + a)*a + 3%
I*a~2 - 3*I)*sin(4*b*x + 4%a) + 2*x(4xIx(b*x + a)”2 - 6*I*(b*x + a)*a + 3*I
*a"2 - 3xI)*sin(2%b*x + 2%a) - 3)*dilog(-e~ (2%Ix*bxx + 2*I*a)) + 2x(4*xIx(b*
X + a)”3 - 9xI*(bxx + a) 2*a + 9k (I*a~2 - I)*(b*x + a) + (4*I*(b*x + a)~3
- 9xI*(b*x + a)~2*a + 9*(I*a~2 - I)*(b*x + a) + 9*xI*a)*cos(4*bxx + 4*a) +
2% (AxIx(bxx + a)~3 - 9xIx(b*x + a) 2%a + 9*x(I*xa~2 - I)*(b*x + a) + 9xI*a)*
cos(2xb*x + 2xa) - (4x(b*x + a)~3 - 9*x(b*x + a)~2%a + 9*(a”2 - L) *x(b*x ...

Giac [F]

/x3 tan®(a + br) dr = /m?’ tan (bz + a)® dz

N

integrate(x~3*tan(b*x+a) ~3,x, algorithm="giac")

|

integrate(x~3*tan(b*x + a)~3, x)

| —
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Mupad [F(-1)]
Timed out.

/x3 tan®(a + br) dr = /:c3 tan(a + bz)’ dzx

input Lint(x‘s*tan(a + b*x)~3,x)

Outputtint(x”B*tan(a + b*x)"3, x)

Reduce [F]

/z3 tan®(a + bz) dz = /tan (bz + a)® 23dzx

input Llnt(x 3xtan(b*x+a)~3,x)

output tint (tan(a + b*x)**3xx**3,x)
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3.12 [ z*tan®(a + bx) dz

Optimal result . . . . . . . . . . . . e 128
Mathematica [A] (verified) . . . . . . . . . ... o 128]
Rubi [A] (verified) . . . .. . . ... .. 129
Maple [A] (verified) . . . . . . ... L 133
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 133
Sympy [F] . . o o 134
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 134
Giac [F] . . . . o o 135
Mupad [F(-1)] . . . o o 136
Reduce [F] . . . . . 136

Optimal result

Integrand size = 12, antiderivative size = 128

2 tan® z? _ig®  2%log(1+e*H) log(cos(a + ba))
/l‘ tan(a-l-bx)da::%—?_k ; _ !
iz PolyLog (2, —e*(**)) . PolyLog (3, —e2ilartbo))
b2 2b3
_ ztan(a + bz) N z? tan?(a + bzx)
b? 2b

‘ 1/2%x72/b-1/3%I*x~3+x~2%1n(1+exp (2*I* (b*x+a))) /b-1n(cos (b*x+a)) /b~3-I*x*po ‘
‘ lylog(2,-exp(2*xIx(bxx+a)))/b~2+1/2*polylog(3,-exp (2*I* (b*x+a))) /b~ 3-x*tan ( ‘
 bxx+a) /b"2+1/2+x"2*tan (bxx+a) “2/b |

output

Mathematica [A] (verified)

Time = 2.08 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.34

/ r?tan®(a + br) dzx
e—ia <2b2$2 (2sz + 3(1 + e2ia) IOg (1 4 e—2i(a+bz))) + 62b(1 4 62ia) xPolyLog (2’ _e—2z‘(a+bx)) + 3(1 4 621’
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input‘ Integrate[x~2xTan[a + b*x]~3,x]

(((2%xb~2xx" 2% ((2*I)*b*x + 3*(1 + E~((2*I)*a))*Log[l + E~((-2*I)*(a + b*x))
1) + (6xI)*b*x(1 + E~((2*I)#*a))*x*PolyLog[2, -E~((-2*I)*(a + b*x))] + 3*(1
+ E~((2xI)*a))*PolyLog[3, -E~((-2*I)*(a + b*x))])*Sec[a])/E~(I*a) + 6%b~2*
x"2+Sec[a + b*x]~2 - 12*b*x*Sec[al*Sec[a + b*x]*Sin[b*x] - 4%b~3*x~3%Tan[a
] - 12x(Log[Cos[a + b*x]] + bxx*Tan[a]))/(12*b~3)

output

Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.16,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.000, Rules

used = {3042, 4203, 3042, 4202, 2620, 3011, 2720, 4203, 15, 3042, 3956, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:cz tan®(a + bz) dz
| 3042
/m2 tan(a + bx)3dzx
| 4208
2 _ Jatan®(a+bx)dz  a®tan®(a + bx)
/:c tan(a + bz)dz 5 + %
| 3042
2 _ Jatan(a+bx)’dz  2®tan®(a + bx)
/.’L‘ tan(a + bzx)dz 2 + 2%
| 4202
9 e2i(atbz) 52 i — [ ztan(a + bz)dz + z? tan?(a + bx) B iz
'] 15 ezilarbn) T b % 3

l 2620
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o; (z [zlog (1+ ezi(‘”bx)) dz iz?log (1+ e2i(a+bx)) [ ztan(a + bz)3dz L
i _ _

b 2b b
z? tan?(a + br) @
2b 3
| 3011
. ( iz PolyLog (2,—e2i(a+bz) i [ PolyLog(2,—e?(¢1b2)) dg .
N z( (2b ) _ ( - ) ) ) iz? log (1 + e2ilertte) B
b 2b
[ ztan(a + bz)dz N z’tan’(a + bx) iz
b 2b 3
l 2720
. ( iz PolyLog(2,— 2i(a+bx) —2i(at+bz) pel Log(2,— 2i(a+bx)) Je2i(atbz) )
) Z(m: y (2b e ) _ Je y gb2 e )de ) iz log (1 + e2z(a+bz))
Z —
b 2b
[ ztan(a + bz)dz N z’tan’(a + bx) iz
b 2b 3
l 4203

. ( iz PolyLog (2,—e2i(a+b2)) [ e=2H(a+b2) PolyL og(2,—e2i(atb2)) ge2ilatbe) ) .
0 Z( 2b - 452 ix2 log (1 + e2z(a+b:c))
Z —

b 2b

_ftan(al;i—bac)d:c _ f zdz + xtan(gz—l—bx)

b 2b 3

| 15

n z?tan?(a + bx) izd

. ( iz PolyLog (2,—e2i(a+b2)) [ e=2(a+b2) PolyLog(2,—e2i(a+b2)) ge2ilatbe) ) .
o; Z( 2b - 452 ix? log (1 + 621(a+bx))
Z —
b 2b
t —+bzx)d: t b 2 .
- an(ab AL an(er 2) _ L z?tan%(a+bz) i2d

b 2 3
l 3042



out

input

put
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. ( iz PolyLog (2’_62i(a+ba:)) f e—2i(a+bx) PolyLog (27_e2i(a+bz) ) de2i(a+bz)
1 —

) 1:$2 log (1 + e?i(a+bx))

. 2b 4b2
2 b 2
_ftan(ab—i-bx)dx + ztan(atbr) L; 22 tanz(a + b.’L’) ~ @
b 2b 3
| 3956

iz PolyLog(?,—eZi(“"‘bx)) f e—2i(a+bx) PolyLog(27_e2i(a+bz))de2i(a+bz)
¢ ( 2 - 42
21

) iz?log (1 + eQi(aerx))

b 2b

log(cosb(2a+bx)) + xtan(:—i—bx) _ % N 22 tan? (a n bx) iz

b % 3
l 7143

. ( iz PolyLog (2,—e?i(a+b2)) PolyLog(3,—e2i(a+ba)) ' .
9 Z( 2 B i iz? log (1 + eZ(atba))
1

b 2b

log(cosi,(; the)) | xtan(; tbe) _ %2 4 r?tan?(a + br) ix®

b 2b 3

e

tlnt [x~2%Tan[a + b*x]~3,x]

A >

(-1/3%1)*x73 + (2%D)*(((-1/2%D)*x~2+Log[1 + E~((2*xI)*(a + b*x))1)/b + (I*(
‘ ((1/2)*x*PolyLog[2, -E~((2*I)*(a + b*x))])/b - PolyLogl[3, -E~((2*xI)*(a + b
*x))1/(4%072)))/b) + (x"2#Tan[a + b*x]"2)/(2#b) - (-1/2#x"2 + Log[Cos[a +
'b*x]1/b"2 + (x*Tan[a + b*x])/b)/b
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Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 15

rule 2620 Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

rule 3011 IntlLogll + (e_)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(a_)1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “nl/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]

rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+%I Int[(c + d*x) “m*(E~(2%I*(
e + f*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGt
Q[m, 0]
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Int[((c_.) + (@_)*&x_))"(@m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + £*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

rule 4203

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7143

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.41

method | result
isch i + 2z (bz e2i(bo+a) _je2i(bata) ) . 2a2 ln(ei(bz"'“)) 4 %iar T 4ia3 4 22 In(14e2i(bz+a)) . iz polylog (2,—e?!(
T1SC 3 b2(1—+e2“bw+“>)2 b3 b2 33 b b2

input Lint (x~2*tan(b*x+a) ~3,x,method=_RETURNVERBOSE) J

-1/3*%Ixx~3+2%x* (bkx*exp (2% I* (bkx+a) ) -I*kexp (2+I* (b*x+a))-I) /b~2/ (1+exp (2*I*
(b*x+a))) ~2-2/b"3*a"~2*1n(exp (I* (bxx+a)) ) +2*I/b~2%a~2%x+4/3*I/b~3%a~3+x"2*1
n(1+exp(2*I*(b*x+a)))/b-I*x*polylog(2,-exp (2*I*(b*x+a)))/b~2+1/2*polylog(3
,—exp(2*I*(b*x+a)))/b~3+2/b"3*1n(exp (I*(b*x+a)))-1/b"3*1n(1+exp (2*xI* (bxx+a
)

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 240 vs. 2(109) = 218.

Time = 0.09 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.88

/ r?tan®(a + br) dzx

20222 tan (bz + a)® + 2b%2? + 24 brLi, (% + 1) — 2i bzLi, (2 (;;ntgﬁz;;?l_l) + 1) — 4 bz tan
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input ‘ integrate(x~2*tan(b*x+a)~3,x, algorithm="fricas")

1/4%(2xb~2xx"2xtan(b*x + a)~2 + 2*b~2*x"2 + 2*I*b*x*dilog(2*(I*tan(b*x + a
) - 1)/(tan(b*x + a)~2 + 1) + 1) - 2xIxb*x*dilog(2*(-Ixtan(b*x + a) - 1)/(
tan(b*x + a)"2 + 1) + 1) - 4xbxxxtan(b*x + a) + 2% (b"2*x"2 - 1)*1log(-2*(I*
tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2x(b™2*x"2 - 1)*log(-2*(-I*tan(b
*x + a) - 1)/(tan(b*x + a)~2 + 1)) + polylog(3, (tan(b*x + a)~2 + 2*xIxtan(
bxx + a) - 1)/(tan(b*x + a)"2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2xI*tan
(b*x + a) - 1)/(tan(b*x + a)~2 + 1)))/b"3

output

Sympy [F]

/x2 tan®(a + br) dr = /x2 tan® (a + bz) dx

.
integrate (x**2*tan (b*x+a) **3,x)

input

N

output‘Integral(x**Q*tan(a + b*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 736 vs. 2(109) = 218.

Time = 0.28 (sec) , antiderivative size = 736, normalized size of antiderivative = 5.75

/ z?tan®(a + br) dr = Too large to display

p
inputLintegrate(x‘2*tan(b*x+a)"3,x, algorithm="maxima")

-/



output

input

output
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-1/2%(a~2*(1/(sin(b*x + a)~2 - 1) - log(sin(b*x + a)~2 - 1)) + 2% (2*(b*x +
a)~3 - 6x(b*x + a)~2%a - 6%((b*x + a)~2 - 2x(b*x + a)*a + ((b*x + a)~2 -
2% (b*x + a)*a — 1)*cos(4*b*x + 4%a) + 2*x((b*x + a)~2 - 2*(b*x + a)*a - 1)x*
cos(2xbxx + 2*a) - (-I*(b*x + a)~2 + 2xIx(b*x + a)*a + I)*sin(4xbxx + 4x*a)
- 2% (-I*(b*x + a)~2 + 2xI*(b*x + a)*a + I)*sin(2*b*x + 2%a) - 1)*arctan2(
sin(2xbxx + 2*a), cos(2%b*x + 2*a) + 1) + 2x((b*x + a)~3 - 3*(b*x + a) " 2x*a
- 6xb*x - 6%a)*cos(4*bxx + 4*xa) + 4x((b*x + a)~3 - 3x(b*x + a)"2x(a - I)
+ 3% (b*x + a)*(-2xI*a - 1) - 3*a)*cos(2*b*x + 2*a) + 6*(b*x*cos(4*bxx + 4%
a) + 2xbxx*cos(2xb*x + 2%a) + Ixb*x*sin(4*b*x + 4%a) + 2%I*bxx*sin(2xb*x +
2%a) + b*x)*dilog(-e” (2xI*bxx + 2xI*a)) + 3*x(Ix(b*x + a)~2 - 2xI*x(b*x + a
Y¥a + (I*x(b*x + a)~2 - 2%Ix(b*x + a)*a - I)*cos(4xb*x + 4*a) + 2% (Ix(b*x +
a)~2 - 2xIx(b*x + a)*a — I)*cos(2*b*x + 2*a) - ((b*x + a)~2 - 2*(b*x + a)
*a - 1)*sin(4*xb*x + 4%a) - 2*%((b*x + a)~2 - 2*k(b*x + a)*a - 1)*sin(2xbxx +
2xa) - I)*log(cos(2xb*x + 2*a)~2 + sin(2*b*x + 2%a)”2 + 2*cos(2xb*x + 2*a
) + 1) + 3*(I*cos(4*b*x + 4*a) + 2*xI*kcos(2*b*x + 2*a) - sin(4xb*xx + 4*a) -
2xsin(2%b*x + 2%a) + I)#*polylog(3, —e~(2*Ixb*x + 2xIxa)) + 2x(I*(b*x + a)
~3 - 3*Ix(b*x + a)“ 2%a - 6*Ixb*x — 6xI*a)*sin(4*b*x + 4*a) + 4x(Ix(b*x + a
)73 + 3*x(b*x + a) 2x(-I*a - 1) + 3*(b*x + a)*(2*a - I) - 3*I*a)*sin(2*b*x
+ 2%a) - 12x%a)/(-6*I*cos(4*b*x + 4%a) - 12xI*cos(2xb*x + 2%a) + 6*sin(4xb*

X + 4xa) + 12xsin(2xbxx + 2%a) - 6%I))/b”3

Giac [F]

/x2 tan®(a + br) dr = /mz tan (bz + a)® dz

N

integrate(x~2*tan(b*x+a) ~3,x, algorithm="giac")

|

integrate(x~2xtan(b*x + a)~3, x)

| —
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Mupad [F(-1)]
Timed out.

/x2 tan®(a + br) dr = /:c2 tan(a + bz)’ dzx

input Lint(x‘2*tan(a + b*x)~3,x)

Outputtint(x?*tan(a + b*x)"3, x)

Reduce [F]

/z2 tan®(a + bz) dz = /tan (bz + a)® 2%dzx

input Llnt(x 2xtan (b*x+a) ~3,x)

output tint (tan(a + b*x)**3xx**2,x)
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3.13 [ ztan*(a + bz) dz

Optimal result . . . . . . . . . . . . e 137
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... 137
Rubi [A] (verified) . . . .. . . ... .. 138
Maple [A] (verified) . . . . . . ... L 140
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 141
Sympy [F] . . o o 141]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1421
Giac [F] . . . . o o 142
Mupad [F(-1)] . . . o o 143
Reduce [F] . . . . . 143

Optimal result

Integrand size = 10, antiderivative size = 90

2 2i(a+bx) ; _ 2i(a+bz)
3 oz dz?  zlog(l+e ) iPolyLog (2, —e )
/xtan (a—l—bx)dx—%—?—l— 5 — o2
_ tan(a + bz) N z tan?(a + bx)
2b? 2b

N

.
¢ | 1/2%x/b=1/2%T#x"2+x*1n (1+exp (2+I* (b*x+a))) /b-1/2+T*polylog (2, ~exp (2+I (b*x |

outpu
L+a) ))/b~2-1/2%tan (b*x+a) /b~2+1/2*x*tan (bxx+a) ~2/b J

Mathematica [A] (warning: unable to verify)

Time = 4.33 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.90

/w tan®(a + bx) dz
__ibz(m 4 2arctan(cot(a))) 4 7 log (1 4 e72*7) + 2(bx — arctan(cot(a))) log (1 — e(br—arctan(cot(@))) _ 7

input LIntegrate [x*Tan[a + b*x]~3,x] J




output
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(I*b*x*(Pi + 2*ArcTan[Cot[al]l) + Pi*Log[l + E~((-2*I)*b*x)] + 2x(b*x - Arc
Tan[Cot [a]])*Log[1 - E~((2*I)*(b*x - ArcTan[Cot[al]))] - PixLog[Cos[b*x]]
+ 2%ArcTan[Cot[a]]*Log[Sin[b*x - ArcTan[Cot[a]]]] - IxPolyLogl[2, E~((2*I)=*
(b*x - ArcTan[Cot[al]l))] + b*x*Sec[a + b*x]~2 - Sec[a]*Sec[a + b*x]*Sin[b*
x] - b™2#x"2*Tan[a] + (b~2*x~2*Sqrt[Csc[a]l~2]*Tan[al)/E~ (I*ArcTan[Cot[al])
)/ (2¥b~2)

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.09,

_ _ q humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.900, Rules

used = {3042, 4203, 3042, 3954, 24, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ac tan3(a + bz) dz
l 3042
/x tan(a + bz)3dzx
l 4203
tan?(a + bz)d 2
_f an®(a + bx)dx _/wtan(a+ba:)dm+ M
2b %
l 3042
2 2
- / z tan(a + bx)dz — J tan(a + bx)*dx 4 ztan (a + bz)
2b 2%
l 3054
tan(atbe) _ [ 1ldz ztan?(a + bx)
_ b .
2% / ztan(a + bx)dx + o
l 24
x tan?(a + bx) M =z
- /wtan(a + bx)dx + o0 _ =

l 4202




CHAPTER 3. LISTING OF INTEGRALS 139

N e2i(a+bz) 4, N z tan®(a + bz) - M -z ﬁ
'] 1 edilartn) ™ % % 2
l'2620
0; i [log (1 + e%(a+%2)) dg _izlog (1+ e2i(a+ba)) N ztan®(a +bx) w -z i?
2b 2b 2b 2b 2
l 2715
0 f e—2i(a+bx) log (1 + e2i(a+bz)) de2i(a+bz) iz log (1 + e2z’(a+bm)) actanQ(a + bI)
‘ 402 % 2
tan(al;+bm) . ~ @
2b 2
l 2838

4b2 2b

0; (_ PolyLog (2, —e?(a+52))  jzlog (1 + e¥(a+to)) ) L2 tan?(a + bx) w -z iz’
2b 2b 2

Int [x*Tan[a + b*x]~3,x]

| —

input L

e B

(-1/2*I)*x"2 + (2*I)*(((-1/2*I)*x*Logl[l + E~((2*xI)*(a + b*x))])/b - PolyLo
‘gl2, -E"((2*xD)*(a + b*x))1/(4%b™2)) + (x*Tan[a + b*x]~2)/(2%b) - (-x + Tan
' [a + b*x]/b)/(2+b) |

output

Defintions of rubi rules used

ruk324‘1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 2620 Tt LCCEF) T ((g_)*x((e_.) + (£_)*(x_)))) " (_)*((c_.) + (d_)*(x_))"(@m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]




rule 2715

rule 2838

rule 3042

rule 3954

rule 4202

rule 4203
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/

N\

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x]1)"(n - 1)/(d*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

N\

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + f*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

Int[((c_.) + (@_)*&))"(@m_.)*((b_.)*tanl[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + £*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/(fx(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.36

method | result

iz? 2bg e2i(bata) _je2i(bzta) 4 2iax

z In(14e2i(bz+a)) i polylog (2,—e2i(bz+a))

2a ln(ei(b’”"'a))

risch | —& 4 _ Ziaz _ ie? | -
2 b2 (1+e2i(bz+a))2 b b2 b 2b2

b2
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input ' int (x*tan(b*x+a)~3,x,method=_RETURNVERBOSE)

output"1/2*I*X‘2+<2*b*X*exp<2*I*(b*x+a>>-I*exp(2*I*(b*x+a))-I)/b*2/(1+exp(2*1*(b
‘*x+a)))‘2-2*I/b*a*x-I/b‘2*a‘2+x*ln(1+exp(2*I*(b*x+a)))/b—1/2*I*polylog(2,—
‘exp(2*I*(b*x+a)))/b‘2+2/b“2*a*1n(exp(I*(b*x+a)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 146 vs. 2(71) = 142.

Time = 0.08 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.62

/x tan®(a + bx) dz

2 bz tan (bx + a)® + 2 bz log (—MM) + 2bzlog <—2(_i tan(bx+a)_1)> +2bx + iLig(

tan(bz+a)“+1 tan(bm+a)2+1

2 (¢ tan(bz+a
T (Pl N2,

tan(bz+a)”:

42

-

q -~ q =N q "
inputLlntegrate(x*tan(b*)&a) 3,x, algorithm="fricas")

e—

‘1/4*(2*b*x*tan(b*x + a)”~2 + 2xbxx*xlog(-2*%(I*tan(b*x + a) - 1)/(tan(b*x + a
\)‘2 + 1)) + 2xb*xxlog(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2*b
(*¥x + Ixdilog(2*(Ixtan(bxx + a) - 1)/(tan(b*x + a)~2 + 1) + 1) - Ixdilog(2x
| (-Ixtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) + 1) - 2+tan(b*x + a))/b™2

output

Sympy [F]

/aztan3(a + bzx) dz = /x tan® (a + bz) dz

inputLintegrate(x*tan(b*x+a)**3,x)

outputtlntegral(x*tan(a + b*x)**3, x)




CHAPTER 3. LISTING OF INTEGRALS 142

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 386 vs. 2(71) = 142.

Time = 0.25 (sec) , antiderivative size = 386, normalized size of antiderivative = 4.29

/xtan?’(a + bz) dz =
b?z% cos (4bx + 4a) + i b*x?sin (4bx + 4a) + b?z® — 2 (br cos (4bx + 4a) + 2bz cos (2bx +2a) + i b

p
Lintegrate(x*tan(b*x+a)”3,x, algorithm="maxima")

| —

input

e N

- (b"2*x"2*cos (4*bxx + 4*a) + I*b"2*x"2*xsin(4*xb*xx + 4*a) + b 2*x"2 - 2x(b*x
*cos (4xbxx + 4*a) + 2%b*x*cos(2*b*x + 2*a) + I*b*x*sin(4*b*x + 4*a) + 2xIx*
b*x*sin(2xb*x + 2%a) + b*x)*arctan2(sin(2xb*x + 2%a), cos(2*b*xx + 2*a) + 1
) + 2% (b™2xx"2 + 2%I*xbxx + 1)*cos(2*b*x + 2*a) + (cos(4xbxx + 4*a) + 2*cos
(2%b*x + 2*a) + Ixsin(4xb*x + 4%a) + 2*Ixsin(2xb*x + 2%a) + 1)*dilog(-e~(2
*I*b*x + 2%I%a)) - (-Ixbkx*cos(4*b*x + 4%a) - 2xIxb*x*cos(2%b*x + 2%a) + b
*xx*sin(4xbxx + 4%a) + 2xbxx*sin(2xbxx + 2%a) - Ixbxx)*log(cos(2*bxx + 2*a)
2 + sin(2*b*x + 2%a)”2 + 2*xcos(2xb*x + 2%a) + 1) + 2% (I*b~2*x"2 — 2%b*x +
I)*sin(2xb*x + 2*a) + 2)/(-2*xI*b~2*cos(4*b*x + 4*a) - 4*I*b~2*cos(2*b*x +
2%a) + 2¥b"2xsin(4xb*x + 4*a) + 4%b"2*sin(2xbxx + 2%a) - 2*I*b~2)

output

Giac [F]
/xtan3(a +bx)dr = /xtan (bx + a)® da
input Lintegrate (x*tan(b*x+a) "3,x, algorithm="giac") J
Ou_tputLintegrate(x*tan(b*x + a)73, x) J
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Mupad [F(-1)]
Timed out.

/xtan3(a+bz) dr = /:ctan(a—l—bx)?’dx

input Lint(x*ta.n(a + b*x)~3,x)

OutputLint(x*tan(a + b*x) "3, %)

Reduce [F]

/xtan3(a + bx) dz = /tan (bz + a)® zdzx

input Llnt (x*tan(b*x+a) ~3,x)

output tint(tan(a + b*x)**3*x,Xx)
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3.14 [ lfarby) gy

T
Optimal result . . . . . . . . . . . . . . e 144
Mathematica [N/A] . . . . . . . . . 144
Rubi [N/A] . . o 1451
Maple [N/A] . . . o o 1461
Fricas [N/A] . . . . o o 146
Sympy [N/A] . . . 147
Maxima [N/A] . . . . . 147
Giac [N/A] . . . 148
Mupad [N/A] . . . o o T48]
Reduce [N/A] . . . o 149

Optimal result

Integrand size = 12, antiderivative size = 12

/ tan®(a + bx) e — Tnt (tan3 (a + bx) a:)

T T

output LDefer(Int) (tan(b*x+a) ~3/x,x) J
Mathematica [N/A]
Not integrable
Time = 4.40 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
[rtlerte) ), [tenlertn) ,
z z
inputtlntegrate[Tan[a + b*x]~3/x,x] J

output tIntegrate [Tan[a + b*x]~3/x, x]




input

output
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3
/tan ((;—i— bx) i

l 3042

/ tan(a + bx)3 iz

x

l 4222

3
/tan (c;+ bx) i

‘ Int[Tan[a + b*x]~3/x,x]

L$Aborted
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

rule 4222

Maple [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan (bx + a)3d$

X

e

input Lint (tan(b*x+a) ~3/x,x)

~—

output Lint (tan(b*x+a) ~3/x,x%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (a+ bzx) dx:/tan(bx—i-a) i

T T

. -~ . =N : "
inputLlntegrate(tan(b*x+a) 3/x,x, algorithm="fricas")
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output Lintegral(tan(b*x + a)~3/x, x)

Sympy [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ tan®(a + bz) dr — / tan? (a + bx) i

x x

input Lintegrate (tan(b*x+a)**3/x,x)

output‘Integral(tan(a + b*x)**3/x, X)

Maxima [N/A]
Not integrable

Time = 0.52 (sec) , antiderivative size = 534, normalized size of antiderivative = 44.50

/ tan®(a + bx) dp — / tan (bz + a)® i

x x

inputLintegrate(tan(b*x+a)‘3/x,x, algorithm="maxima")
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(4xb*x*kcos (2*%b*x + 2%a) 2 + 4xbxx*sin(2xb*x + 2%a)”~2 + 2¥bkx*cos(2*bxx + 2
*a) + (2xb*x*cos(2%b*x + 2*a) - sin(2%b*x + 2*a))*cos(4*b*x + 4*a) - (b~2x*
x"2*%cos (4%b*x + 4%a)”2 + 4xb"2*x"2%cos(2¥b*x + 2*a) "2 + b"2*x"2*sin(4*b*x

+ 4%a) "2 + 4%b"2xx"2xsin(4xb*x + 4*a)*sin(2¥b*xx + 2*a) + 4*xb”"2*x"2*sin(2%*b
*xX + 2*%a) "2 + 4*xb"2*x"2%cos(2¥b*xx + 2*a) + bT2*x"2 + 2% (2¥b"2*x"2*cos (2*b*
X + 2%a) + b"2xx"2)*cos(4*xbxx + 4*a))*integrate(2*(b"2*x"2 - 1)*sin(2*bx*x

+ 2%a)/(b"2%x"3*cos (2*b*x + 2*a) "2 + b "2*x"3*sin(2*b*x + 2*a) "2 + 2%b"2*x"
3kcos(2xb*x + 2*%a) + b~2*x"3), x) + (2xb*xx*sin(2xb*x + 2%a) + cos(2*bxx +

2%a) + 1)*sin(4*b*xx + 4*a) + sin(2xb*x + 2%a))/(b~2*x"2%cos(4*b*x + 4%a) 2
+ 4*xb~2*x"2%cos (2xb*x + 2%a)”~2 + b 2kx"2*sin(4xb*x + 4*a) "2 + 4%b"2%x"2*s
in(4*b*x + 4%a)*sin(2xb*x + 2*a) + 4xb~2*x"2*sin(2*xb*x + 2%a) "2 + 4xb"2*x”
2%cos (2%bxx + 2*a) + b~2*x"2 + 2% (2*xb"2*x"2*cos(2*b*x + 2*a) + b~2*x"2)*co
s(4xbxx + 4xa))

output

Giac [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tan3(a + bx) dp — / tan (bz + a)° i

Z T

input‘integrate(tan(b*x+a)‘3/x,x, algorithm="giac")

outputtintegrate(tan(b*x + a)~3/x, x)

Mupad [N/A]
Not integrable

Time = 8.50 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (c;—i— bx) s =/tan(a;—bac) s

input‘int(tan(a + b*x)~3/x,x)
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output Lint(tan(a + b*x)~3/x, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan®(a + bx) dp — / tan (bz + a)3da:

T T

input 10t (an(bx+a)"3/x,x)

output Lint(tan(a + b*x)**3/x,X)
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3.15 [ et gy

2
Optimal result . . . . . . . . . . . . . . e 150
Mathematica [N/A] . . . . . . . . . 150
Rubi [N/A] . . o 151
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . . o 153
Maxima [N/A] . . . . . 153
Giac [N/A] . . o o 154
Mupad [N/A] . . .o 154
Reduce [N/A] . . . o o

Optimal result

Integrand size = 12, antiderivative size = 12

/ tan®(a + bx) e — Tnt (tan3 (a + bx) a:)

z2 2

output LDefer(Int) (tan(b*x+a) ~3/x"2,x%) J
Mathematica [N/A]
Not integrable
Time = 2.31 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
[rmterte y, _ [alarie,
z x
input LIntegrate [Tan[a + b*x]~3/x"2,x] J

output tIntegrate [Tan[a + b*x]~3/x72, xI] J
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3
/ tan (a2+ bx) i
x

l 3042
3
/ tan(a + bx) iz

IZ
l 4222

3
/ tan (a2+ bx) i
z

input‘ Int[Tan[a + b*x]~3/x"2,x]

output L$Aborted
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)1"(n_.), x_Symbol] :>
Simp [If [MatchQ[f, (f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I™
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - I*f*x]"n, x], I"n*Uninteg
rable[(c + d*x) “m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1)"n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQ[{c, d, e, f, m, n}, x] && Integ
erQ[n]

rule 4222

Maple [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan (bx + a)3d$

2

e

Lint(tan(b*x+a)‘3/x‘2,x)

~—

input

output Lint (tan(b*x+a) ~3/x"2,x) J

Fricas [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (a+ bzx) dx:/tan(bx—i-a) i

2 x2

input Lintegrate (tan(b*x+a)~3/x"2,x, algorithm="fricas") J
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output Lintegral(tan(b*x + a)~3/x72, x)

Sympy [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan3(a + bx) dp — / tan? (a + bx) i

2 x2

input Lintegrate (tan (b*x+a) **3/x**2,x) J

Output‘ Integral(tan(a + b*x)**3/x%*%2, X)

Maxima [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 536, normalized size of antiderivative = 44.67

T2 z2

/ tan3(a + bx) dp — / tan (bz + a)® i

input Lintegrate (tan(b*x+a)~3/x"2,x, algorithm="maxima")
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(4xb*x*kcos (2*%b*x + 2%a) 2 + 4xbxx*sin(2xb*x + 2%a)”~2 + 2¥bkx*cos(2*bxx + 2
*a) + 2x(b*x*cos(2%b*x + 2*a) - sin(2%b*x + 2*a))*cos(4*b*x + 4%a) - (b~2x*
x"3*%cos (4%b*x + 4*a)”~2 + 4xb"2*x"3*cos(2¥b*x + 2*a) "2 + b"2*x"3*sin(4*b*x
+ 4%a) "2 + 4%b"2xx"3*sin(4xb*x + 4*a)*sin(2¥b*x + 2*a) + 4*xb”"2*x"3*sin(2%*b
*xX + 2*%a) "2 + 4*xb"2*x"3*cos(2¥b*xx + 2*a) + b72*x"3 + 2% (2¥b"2*x"3*cos (2*b*
X + 2%a) + b"2xx"3)*cos(4*xbxx + 4*a))*integrate(2*(b"2*x"2 - 3)*sin(2*bx*x
+ 2%a)/(b"2*%x"4*cos (2*xbxx + 2%a) "2 + b 2*x"4*sin(2*b*x + 2*a) "2 + 2%b"2*x"
4xcos (2*%b*x + 2*a) + b™2xx"4), x) + 2% (b*x*sin(2*b*x + 2*a) + cos(2xb*x +
2%a) + 1)*sin(4%b*x + 4%a) + 2*sin(2%b*x + 2+%a))/(b~2*x"3*cos(4*b*x + 4*a)
~2 + 4%b”2%x"3*cos(2*b*x + 2%a)”2 + b~ 2*x"3*sin(4*b*x + 4*a)”2 + 4%b"2*x"3
*sin (4*xbxx + 4*a)*sin(2%b*x + 2*a) + 44%b"2*x"3*sin(2xb*x + 2*a) 2 + 4*b"2x%
X" 3*cos (2%b*x + 2*a) + b~2*x"3 + 2% (2*b"2*x"3*cos(2*b*x + 2%a) + b"2*xx"3)*
cos (4*xbxx + 4%*a))

output

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tan3(a + bx) dp — / tan (bz + a)° i

2 2

input‘integrate(tan(b*x+a)‘3/x*2,x, algorithm="giac")

outputtintegrate(tan(b*X + a)~3/x72, x)

Mupad [N/A]
Not integrable

Time = 8.30 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tan3(a + bx) dp — / tan(a + bz)® i

2 2

input| 1nt(tan(a + bxx)"3/x°2,x)
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output Lint(tan(a + b*x)~3/x72, x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan®(a + bx) dp — / tan (bz + a)3da:

x2 x2

input | 10t (tan(bx+a)"3/x"2,%)

output Lint(tan(a + bxx)**3/x%*2,x)
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2

3.16 | 7 — 22 ___ 4 22, /tan(a + bx) | dz
tan2 (a+bx) by/tan(a-+bz)
Optimal result . . . . . . . . . . . .. 156]
Mathematica [A] (verified) . . . . . . . . ... .. L 156
Rubi [A] (verified) . . . . . . . . . . 157
Maple [F] . . . . o 157
Fricas [A] (verification not implemented) . . . . . ... ... ... ... .. ... 158
Sympy [F] . . o o 158
Maxima [F] . . . . . .o 159
Giac [F(-2)] . . . o o o 159
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1601
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 160

Optimal result

Integrand size = 45, antiderivative size = 18

z? Az 0 272
- +z°y/tan(a + br) | dov = —
/ (tang (a+bzx) by/tan(a+ bx) ( )> b\/tan(a + bx)

~2/b/tan(b*xx+a)~(1/2)

output ‘\_2*}{

Mathematica [A] (verified)

Time = 1.56 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

z? 4z N 22
3 — +z°y/tan(a + bz) | dz = —
/ (tanz (a+bzx) by/tan(a+ bx) ( )> by/tan(a + bx)

Integrate[x~2/Tan[a + b*x]1"(3/2) - (4*x)/(b*Sqrt[Tan[a + b*x]]) + x"2#Sqrt

i t
e L[Tan[a + b*x1],x] J

OutputL(—2*x‘2)/(b*Sqrt[Tan[a + b*x]1) J
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Rubi [A] (verified)

Time = 3.01 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.022, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
x 9 4z
— 4+ z%/tan(a+ b)) - ————— | dx
/ (tang(a+bx) ( ) b\/tan(a-l—ba:))
l 2009

272
by/tan(a + bx)

input ‘

Int[x"2/Tan[a + b*x]~(3/2) - (4*x)/(b*Sqrt[Tan[a + b*x]]) + x~2*Sqrt([Tan[a ‘
+ b*x]]1,x] ‘

-

output t

(-2%x~2) / (bxSqrt [Tan[a + b*x]])

e—

Defintions of rubi rules used

rule 2009 ‘\

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Maple [F]
z? 4z 9
7 — + z*y/tan (bz + a) | dz
tan (bx +a)2  by/tan (br + a)
input Lint (x~2/tan(b*x+a) ~(3/2) -4*x/b/tan (bxx+a) ~(1/2) +x~2%tan (b*x+a) ~(1/2) ,x) J

output t

int (x"2/tan(b*x+a) ~(3/2) -4*x/b/tan(b*x+a) ~ (1/2) +x~2*tan (b*x+a) ~(1/2) ,x) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

z2 Az 0 2 x?
3 - +2°y/tan(a + bx) | do = —
tan2(a + bx) by/tan(a + bx) b\/tan (bx + a)

lnput‘1ntegrate(x‘2/tan(b*x+a) (8/2)-4*x/b/tan(bxx+a) ~(1/2)+x~2*tan (b*x+a) ~(1/2)
,X, algorithm="fricas")

OutputL-2*x"2/(b*sqrt(tan(b*x + a))) J

Sympy [F]

/ 7 - do + z%y/tan(a + bz) | dz
tans(a+ bz) by/tan(a + bz)

I (-Tmtm) do+ | o o+ [ b i la A By ds
b

input integrate (x**2/tan (b*x+a) **(3/2) -4*x/b/tan (bxx+a) ** (1/2) +x**2*tan (b*x+a) **
(1/2) ,x)

output (Integral (-4*x/sqrt(tan(a + b*x)), x) + Integral(bxx**2/tan(a + b*x)**(3/2
), x) + Integral (b*x**2*sqrt(tan(a + b*x)), x))/b
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Maxima [F|

2
/(t gx - de +x2\/tan(a+bx)) dzx
an?

(a+bx) by/tan(a + bx)

x? 4x

=/x2 tan (bx + a) + 5 — dx
tan (bx +a)2  by/tan (br +a)

input integrate(x~2/tan(b*x+a)~(3/2)-4*x/b/tan(b*x+a) ~(1/2)+x"2*tan(b*x+a)~(1/2)
»X, algorithm="maxima")
output integrate (x~2*sqrt (tan(b*x + a)) + x"2/tan(b*x + a)~(3/2) - 4x*x/(b*sqrt(ta
n(b*x + a))), x)
Giac [F(-2)]
Exception generated.
2
z 4z
/ 3 - + z*y/tan(a + bz) | dz
tan2(a + bx) by/tan(a + bx)
= Exception raised: RuntimeError
input integrate(x~2/tan(b*x+a) ~(3/2) -4*x/b/tan(b*x+a) ~ (1/2) +x~2*tan(b*x+a) ~(1/2)
,X, algorithm="giac")
output Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value
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Mupad [B] (verification not implemented)

Time = 9.19 (sec) , antiderivative size = 50, normalized size of antiderivative = 2.78

2 4
/ @ _ * + z*/tan(a + bz) | dz
z? sin(2a +2b2) %

bsin (a + bz)?

int(x"2*tan(a + b*x)~(1/2) + x"2/tan(a + b*x)~(3/2) - (4*x)/(b*tan(a + b*x
)~ (1/2)) ,x)

input

-(x"2*sin(2*a + 2*bx*x)*(sin(2*a + 2*b*x)/(cos(2*a + 2*bxx) + 1))~(1/2))/(b

output
*sin(a + b*x)~2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.28

/( z? 4z +x2\/m> dw:_2\/tan(bx+a)x2

tanz (a + bz) b tan(a + bx) tan (bz + a) b

input Lint (x~2/tan(b*x+a) ~(3/2) -4*x/b/tan(b*x+a) ~ (1/2) +x~2*tan (b*x+a) ~(1/2) ,x)

outputt( - 2xsqrt(tan(a + b*x))*x**2)/(tan(a + b*x)*b)




output

input

output
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22 3
3.17 | N + 7 + x?tan? (a + bx?) | da

Optimal result . . . . . . . . . . .. 161
Mathematica [A] (verified) . . . . . . ... ... L o 161
Rubi [F] . o oot 62
Maple [F] . . . . 162
Fricas [A] (verification not implemented) . . . . . . . ... .. ... .. ..... 163l
Sympy [F] . . . 163
Maxima [F] . . . . . .. 163
Giac [F(-2)] . . . o o 164
Mupad [B] (verification not implemented) . . . . ... ... ... ... ..... 164
Reduce [B] (verification not implemented) . . . ... ... ... . ... ..... 165

Optimal result

Integrand size = 49, antiderivative size = 17

2 V1t bx? VA bx?
/( - a + an (0 + m)+z2tan% (a+bx2)> dz =~ an (a + ba’)
an

(a + bz?) b b
Lx*tan(b*x‘2+a)‘(1/2)/b J
Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00
2 Var bx? Va bx?
/ a + an (0 + $)+w2ta,n% (a + bz?) dz =2 an(a + b’)
tan (a + bz?) b b
‘Integrate [x~2/8qrt[Tan[a + b*x~2]] + Sqrt[Tan[a + b*x~"2]]1/b + x"2*Tan[a + ‘
Lb*x"Q] ~(3/2) ,x] J
(xxSqre[Tan(a + bx"2]1)/b J
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Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2 2
/ 2 tan2 (a + be) + z n tan (a + bz?) e
Vtan (@ + ba?) b
l 2009
2 \/72
/a:2tan§ (bx2+a) da:—i—/ T dz + | /tan (bz? + a)dz
Jtan (622 1 a) b

. Int[x"2/Sqrt(Tan[a + bxx"2]] + Sqrt[Tanla + b*x"2]1/b + x"2xTan[a + b¥x"2]
~(3/2) ,x]

inpu

output L$Aborted

Defintions of rubi rules used

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]
2 t b x2 3
/ d + an (b —i_a)+3ﬂ2tan(bav2+a)g dx
tan (bz? + a) b
input Lint (x~2/tan(b*x~2+a) " (1/2)+tan(b*x~2+a) ~ (1/2) /b+x~2*tan (b*x~2+a) ~ (3/2) ,x)

output Lint (x~2/tan(b*x~2+a) " (1/2)+tan (b*x~2+a) ~(1/2) /b+x~2*tan(bxx"2+a) " (3/2) ,x)
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

2 \/—2 3 \/—2
/( t z tan (a + bz?) + 22 tan’ (a+bx2)> PR tan (bz? + a)
an

+
(a+ bz?) b b

‘integrate(x‘2/tan(b*x‘2+a)‘(1/2)+tan(b*x‘2+a)‘(1/2)/b+x‘2*tan(b*x“2+a)‘(3/

input
‘2),x, algorithm="fricas")

outputtx*sqrt(tan(b*x‘ﬁ + a))/p
Sympy [F]
2 : b2 .
/ T N an (a + bz?) 1 22tand (a+bx2) dr
tan (a + bz?) b
_ J \/mb(x;mdx‘kszztaﬁ (a+bz?)dz + [ \/tan (a + bz?) dz
B b

input‘integrate(x**2/tan(b*x**2+a)**(1/2)+tan(b*x**2+a)**(1/2)/b+x**2*tan(b*x**2
+a)#%(3/2) %)

‘(Integral(b*x**2/sqrt(tan(a + b*x*x2)), x) + Integral (b*x**2xtan(a + bxxkx

output
‘2)**(3/2), x) + Integral(sqrt(tan(a + b*x**2)), x))/b

Maxima [F]

2 /t b 2
/ ad + an (a + b?) + 22tan? (a+bz?) | dz
V/tan (a + bz?) b

3 2 tan (bx? +
:/xztan(bw2+a)2+ > n(ba? +a)

+ dz
tan (bz2 + a) b
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input integrate (x~2/tan(b*x~2+a) ~(1/2)+tan(b*x~2+a) ~(1/2) /b+x~2*tan (b*x~2+a) ~(3/
2) ,x, algorithm="maxima")
output integrate(x‘2*tan(b*x‘2 + a)~(3/2) + x~2/sqrt(tan(b*x~2 + a)) + sqrt(tan(b
*x~2 + a))/b, x)

Giac [F(-2)]
Exception generated.
2 V/tan (a + bx?)
/ ° + an (a + ba?) + z?tan? (a+b2?) | dz
V/tan (a + bz?) b

= Exception raised: TypeError

input‘integrate(x"2/tan(b*x"2+a)"(1/2)+tan(b*x"2+a)"(1/2)/b+x"2*tan(b*x"2+a)"(3/
‘2),x, algorithm="giac")

P
Ou_tput‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
‘unding errorh{-1,[0,2,1,01%%%} / Whk{1,[0,0,0,11%%%} Error: Bad Argument

N
|
|
|

L Value J

Mupad [B] (verification not implemented)

Time = 9.66 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.65

z? tan (a + bx?) Z e 2 i
2ibx a 2i
/ ( - + 22 tan? (a+ba:2)> dx = i
an

+
(a+ b2?) b b

input‘int(tan(a + b*x"2)"(1/2)/b + x~2/tan(a + b*x~2)~(1/2) + x"2*tan(a + b*x~2)
~@/2),% J

outputt(x*(_(eXp(a*2i + bkx"2%2i)*1i - 1i)/(exp(a*2i + b*x"2%2i) + 1))7(1/2))/b J
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

2 2 5 \/______7____
/( t x tan (a + bx?) + 22 tan’ (a+bx2)> dp — tan (bz? +a) x
an

+
(a+ bz?) b b

fnput 10t (x72/tan (bex"2+2) *(1/2)+tan (bax"2+2) "(1/2) /brx"2+tan (brx"2+)"(3/2) 1)

output‘ (sqrt(tan(a + b*x**2))*x)/b ‘
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3.18 [ lrd gy

a+iatan(e+fx)
Optimal result . . . . . . . . .. .. 166]
Mathematica [A] (verified) . . . . . . ... ... L o 167
Rubi [A] (verified) . . . . . . . .. .. 167
Maple [A] (verified) . . . . . . . . .. 170
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ...... 1701
Sympy [A] (verification not implemented) . . ... ... .. ... ... ..... Il
Maxima [F(-2)] . . . . . . . o Ival
Giac [A] (verification not implemented) . . . . . . ... ... ..o ... 172
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 172
Reduce [F] . . . . 0 o 173l

Optimal result

Integrand size = 23, antiderivative size = 189

/ (c+dzx)3 dp — 3idz  3d(c+dz)? i(c+dz)? N (c+ dz)?

a+ iatan(e + fz) T= 8af?  8af2  daf 8ad
3d3 3id?*(c + dx)
"~ 8f%(a+iatan(e+ fz)) 4f3(a+ iatan(e + fz))
3d(c + dx)? i(c + dz)3

4f%(a +iatan(e+ fx)) 2f(a+ iatan(e + fz))

output‘3/8*I*d‘3*x/a/fA3-3/8*d*(d*x+c)“2/a/f“2-1/4*I*(d*x+c)‘3/a/f+1/8*(d*x+c)*4/
‘a/d-3/8*d‘3/f‘4/(a+I*a*tan(f*x+e))-3/4*I*d‘2*(d*x+c)/f‘3/(a+I*a*tan(f*x+e)
| )+3/4xd* (dxx+c) ~2/£72/ (a+I*axtan (f¥x+e) ) +1/2xI* (d¥x+c) “3/f/ (a+Ixaxtan (fxx+

|
|
|
Le)) J
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Mathematica [A] (verified)

Time = 0.71 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.47

/ (c+ dzx)? i

a + iatan(e + fz)
_ sec(e + fx)(cos(fz) + isin(fz)) ((4ic® f3 + 6c2df2(1 + 2ifx) + 6cd® f(—i + 2fx + 20 f2x?) + d3(—3 — ¢

e

LIntegrate[(c + d*x)~3/(a + I*axTan[e + f*x]),x]

~—

input

(Sec[e + fxx]*(Cos[f*x] + I*Sin[f*x])*(((4*I)*c " 3*f"3 + 6*xc™2xd*xf~2x(1 + (
2+I)*f*x) + 6kckd"2*fx (-1 + 2xf*x + (2*%I)*f"2%x72) + d"3*%(-3 - (6%I)*f*x +
6xf~2%x"2 + (4*I)*f~3*x"3))*Cos[2*f*x]*(Cos[e] - I*Sin[e]) + 2%f 4*xx*(4*c
“3 + 6%c”2*d*x + 4*cxd"2*x"2 + d"3*x"3)*(Cos[e] + I*Sin[e]) + (4*c™3*f"3 +
6*c™2xd*f 2% (-1 + 2%f*x) + 6xckd™2xfk (-1 — (2*I)*f*x + 2%£72%xx"2) + 4" 3*(
3*%I - 6*fxx - (6*I)*f~2%x"2 + 4*f~3*x"3))*(Cos[e] - I*Sin[e])*Sin[2*xf*x]))
/(16*%f~4x(a + I*axTan[e + f*x]))

output

Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.09,

number of steps used = 9, number of rules used = 9, number of rules _ 0.391, Rules
integrand size

used = {3042, 4206, 3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dz)3
/ a +iatan(e + fx) dz

| 3042
3
/ '(c + dz) iz
a +iatan(e + fx)
| 4206
. +d)?
3l [ o fharade i(c + do)? (c + da)*

2f 2f(a +iatan(e + fx)) + 8ad



CHAPTER 3. LISTING OF INTEGRALS 168

| 3042
. +dx)?
3id[ %dw i(c+ dz)3 (c+ dz)*
2f 2f(a +iatan(e + fx)) 8ad
l 4206
. id [ %dm i(ctdzx)? (c+dz)3
_3Zd <_ f + 2f(a+iatan(e+fz)) + 6ad i(c + d:v)3 (c + d.'L')4
2f 2f(a +iatan(e + fx)) 8ad
| 3042
. id [ et foyatad® i(c+dx)? (c+dz)3
_3Zd <_ f + 2f(a+iatan(e+fz)) + 6ad i(c + d:v)3 (c + d.'L‘)4
2f 2f(a +iatan(e + fx)) 8ad
l 4206
(4] Tantet Fayatad i(ctdz ctda)?
3id “ <_ i e ) i(ct-dz)? (ctdz)3
(8 f + 2f(a+iatan(e+fz)) + 6ad
i(c+ dz)? (c+ dx)*
2f(a+iatan(e + fz)) 8ad
| 3042
P —— ) 2
. a-+1a tan(e x Q. . +d )2 ( +d )3
3id | — f + 2f(a-:z(; tanz(e-i-fm)) + c(iajiE
i(c + dz)3 (c+ dz)*
2f(a+iatan(e+ fx)) 8ad
| 3960
. _id<%+m) i(c+da) (ctda)?
v 2f +2f(a+z'a tan(e+fx)) + 4ad
3id| — + i(ct+dzx)? + (ct+dx)?
f 2f(a+iatan(e+ fz)) 6ad
_ 77
i(c + dz)3 N (c+ dz)*

2f(a+iatan(e + fx)) 8ad

| 24
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i(c+ dz)?
2f(a+iatan(e + fz))
id i(ctdx) (c+dx)? id<%+ 2f(a+tia t:m(e+fm)) ) )
2f

. +
2f(atiat +f 4ad
3 d i(c+da;)2 B (a+ia tan(e+fx)) a + (C+dm)3
¢ 2f(at+iatan(e+fx)) f 6ad

2f
(c+ dx)*

8ad

inputtlnt[(c + d*x)~3/(a + I*axTan[e + f*x]),x]

output((c + d¥x)74/(8*axd) + ((I/2)*(c + d*x)73)/(f*(a + I*axTan[e + £*x])) - (((
|3%I)/2)*d*((c + dxx)"3/(6%a*xd) + ((I/2)*(c + d*x)~2)/(f*(a + IxasTan[e + f
*x])) - (Ixd*((c + d¥x)"2/(4xaxd) + ((I/2)*(c + d*x))/(f*(a + I*a*Tan[e +
fxx1)) - ((I/2)*d*(x/(2*%a) + (I/2)/(f*(a + I*a*Tanl[e + £*x1))))/£))/£))/f

N

]

Defintions of rubi rules used

rule 24“11t [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

p
rule 3042‘111t [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3960‘Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
'bTan[c + d*x])"n/(2%b*d*n)), x] + Simp[1/(2*a) Intl(a + b¥Tan[c + dxx])"
‘(@ + 1), x]1, x] /; FreeQ{a, b, c, d}, x] && EqQ[a™2 + b~2, 0] & LtQ[n, 0]

rule 4206 Int[((c_.) + (d_D)*(xx_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Simp[a*d*(m/(2%b*f))

Int[(c + d*x)"(m - 1)/(a + bxTan[e + £*x]), x], x] - Simp[a*x((c + d*x)"m
/(2xb*f*(a + b*Tan[e + f*x]))), x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && EqQ[
a~2 + b"2, 0] & GtQ[m, 0]
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Maple [A] (verified)

Time = 0.63 (sec) , antiderivative size = 170, normalized size of antiderivative = 0.90

method | result

. Bzt d2exd 3d c2a2 B oA i(4d323 f3+12¢ d? 322 —6id3 222 +12c2d f3z—12icd? f2z+4c3 f3—6ic?d f2—6c
risch 8 T 20 T 40 T2 Tsa ™ 16a /7
. int ((d*x+c) "3/ (a+I*a*tan(f*x+e)) ,x,method=_RETURNVERBOSE)
input

p
\1/8/a*d‘3*x‘4+1/2/a*d‘2*c*x‘3+3/4/a*d*c‘2*x‘2+1/2/a*c‘3*x+1/8/a/d*c‘4+1/16
‘ * Ik (4*%d~3*%x"3*f " 3-6+I*d"3*f ~2kx"2+12%Cckd "2k f "3*x"2-12*x Ik ckd ™2k f " 2*x+12%c”"2
\*d*f‘3*x—6*I*c‘2*d*f‘2+4*c‘3*f‘3—6*d‘3*f*x+3*I*d‘3—6*c*d‘2*f)/a/f‘4*exp(—2

N
output

|
L*I*(f*x+e)) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.87

/ (c+dz)? i

a +iatan(e + fx)
(M4 6df? —6icd’ f —3dP —6(—2icd’ f — & f?)a® — 6 (-2 Pdf* — 2cd’f* + i d?
- 16 af4
input Lintegrate ((d*x+c) "3/ (at+I*a*tan(f*x+e)),x, algorithm="fricas") J

‘1/16*(4*I*d"3*f"3*x"3 + 4%xI*c"3*%f"3 + 6kc™2kd*xf"2 - 6kxI*xckd"2xf - 3*xd"3 -
\6*(—2*I*c*d*2*f‘3 - d73*%f72)*x"2 — 6k (-2*%I*c"2%d*f~3 - 2xckxd"2*xf"2 + I*d"3
‘*f)*x + 2% (d"3*f"4*x"4 + 4*ckd"2xf"4*x"3 + 6xcT2*d*fT4xx"2 + 4kcT3xfT4*x) *
‘e‘(Z*I*f*x + 2%I*e))*e” (—2xIxfxx — 2xI*xe)/(a*xf~4)

output
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Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.37

/ (c+ dzx)? i

a + iatan(e + fz)

(4ic3 f3+12ic?df 3z+6c2df2+12icd? f3x2+12cd? f2z—6icd? f+4id> f323+6d° f222 —6id> fo—3d3) e~ 2ice—2i/= f 4,2 £ ()
B T6aft or af*e®c #£
- 3 —2ie 2 2 ,—2ie 2.3 ,—2ie 3,.4,—2ie .

c x;a + 3c daiae cd x22 + d xsi 0therw1se

cx 3c2dm2+cd2w3_+ A3zt

2a 4a 2a 8a

input integrate ((d*x+c)**3/ (a+I*a*xtan(f*x+e)) ,x)

Piecewise (((4*I*cx*3*xf**3 + 12+Ikc*k*2*kd*f**x3*x + Bkck*x2*kd*xf*x2 + 12xI*kckd*
k2 kk3kxk*2 + 12k Ckdrk2kExk2kx — Gk Dkckd*x*2xf + AkIxd**x3xL*¥x3xx**3 + Gkd*
*3*f*x2kx*k*2 — B*Ixd**3*xf*x — 3*xd**3)*exp(-2xI*e)*xexp (-2*I*f*x)/ (16*xa*xf*x4
), Ne(axf*xdxexp(2xIxe), 0)), (c*k*3*x*kexp(-2xIxe)/(2*a) + 3Bkck*2*xd*x*k*2*ex
p(-2*%Ixe)/(4*a) + ckd**2*x**3xexp(-2xI*e)/(2*a) + dx*3xx**4*xexp(-2xIx*e)/ (8
*xa), True)) + cx*3%x/(2%a) + 3kc*k*xkd*x**2/(4%*a) + cxd**x2xx**3/(2%a) + d**
3*x**4/(8*a)

output

Maxima [F(-2)]

Exception generated.

d 3
/ .(C + dz) dx = Exception raised: RuntimeError
a+iatan(e + fz)

integrate ((d*x+c) "3/ (at+Ixa*tan(f*x+e)),x, algorithm="maxima"

| —

p
input L

output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

~

Lve exponent.




input

output

input
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Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.99

/ (c+ dzx)? i

a + iatan(e + fz)

(2 BB fhateifrt2ie) | g og? fiade(2i futie) 1 19 2dfia2ei frt2ie) | 4; 3 343 4 8 (B fAge(®ifotie) 4 194
B 16
Lintegrate ((d*x+c) "3/ (atI*axtan(f*x+e)),x, algorithm="giac") J

1/16% (2xd"3*f~4*x"4*e” (2*xI*xfxx + 2%xI*ke) + 8*c*kd 2*f ~4*xx"3xe”™ (2xI*f*x + 2%*I
*x@) + 12%c™2xd*f"4*kx"2%e” (2*%I*f*x + 2xIxe) + 4*xI*d"3*f " 3*x"3 + 8*c~3*f " 4x*x
*e” (2*%I*f*kx + 2kI*e) + 12+I*ckd™2*xf " 3*x72 + 12*xI*kc 2xd*f ~3*x + 6xd”~3*f 2*x
T2 + 4xIxc”3*f73 + 12%ckdT2*xfT2%x + 6*%cT2xdA*f72 — 64%Ixd"3*fxx — 6xIkckd 2%
f - 3*d"3)*xe” (-2*I*f*x - 2xIxe)/(a*xf~4)

Mupad [B] (verification not implemented)
Time = 8.92 (sec) , antiderivative size = 423, normalized size of antiderivative = 2.24

/ (c+dz)? de

a + iatan(e + fz)
8 flr—3d*cos(2e+2fx)+4A fPsin(Qe+2fx)+2d3 frat +62d f? cos(2e+2fx)+12¢

-/

[int((c + d*x)~3/(a + a*tan(e + f*x)*1i),x)




output

input

output
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(d"3*sin(2%e + 2xf*x)*3i - 3*%d"3*cos(2*e + 2xf*x) + 8kc 3£ 4*x + ¢ 3*f 3%
cos(2%e + 2*f*x)*4i + 4*xc”3*f"3*sin(2%e + 2*f*xx) + 2xd"3*f"4*x"4 + 6%c”2*d
*f"2xcos(2xe + 2xf*x) - c”2*d*f"2*sin(2xe + 2kf*x)*6i + 12*c™2*d*f"4*xx"2 +
8kckd"2+¢f74%x"3 + 6xd"3*f"2*x"2*%cos(2%e + 2*xfxx) + d"3*f"3*x"3*cos(2*e +

2%f*x)*4i - d73*f"2xx"2ksin(2%e + 2*f*x)*6i + 4*xd"3*f"3*kx"3*sin(2*e + 2xfx*
X) - c*d"2*f*cos(2xe + 2xf*x)*6i — 6*c*d"2*xfxsin(2xe + 2xf*x) - d"3*f*x*co
s(2xe + 2xf*xx)*6i — 6%d"3*f*x*sin(2*e + 2xf*xx) + 12%c*d"2*f " 2*x*cos(2*e +

2%f*x) + cT2xd*f"3*xx*kcos(2%e + 2*Ff*x)*12i - cxd"2xf"2kx*ksin(2%e + 2*f*x)*1
2i + 12%c”2xd*f"3*kx*sin(2*ke + 2*f*x) + cxd"2+f"3*x"2*cos(2xe + 2kf*xx)*12i

+ 12%c*d"2*f"3*x"2*sin(2*e + 2*xf*x))/(16*a*xf~4)

Reduce [F]

/ (c+dz)? de

a + iatan(e + fz)
z3 3 z2 2 T 2 1 3
. <f tan(fw+e)i+1dx) d° + 3<f tan(fx—l—e)i—i—ldx) cd” + 3<f ta,n(fx+e)i+1dx> cd + (f tan(fx—i—e)i—l—ldx) ¢
N a
Lint((d*x+c)‘3/(a+I*a*ta.n(f*x+e)) »X) J

‘(int(x**S/(tan(e + fxx)*i + 1),x)*d**3 + 3*xint(x**2/(tan(e + f*x)*i + 1),x
|kcxkd**2 + 3xint(x/(tan(e + fxx)*i + 1),X)*cx*2+%d + int(1/(tan(e + fxx)*i
L+ 1),x)*c**3) /a J
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3.19 [ lrdt gy

a+iatan(e+fx)
Optimal result . . . . . . . . .. .. 174
Mathematica [A] (verified) . . . . . . ... ... L o 174
Rubi [A] (verified) . . . . . . . .. .. 175
Maple [A] (verified) . . . . . . . . .. v
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ...... 177
Sympy [A] (verification not implemented) . . ... ... .. ... ... ..... 178l
Maxima [F(-2)] . . . . . . . o 178
Giac [A] (verification not implemented) . . . . . . ... ... ..o ... 179
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 179
Reduce [F] . . . . 0 o 180

Optimal result

Integrand size = 23, antiderivative size = 137

/ (c+dz)? dp = — d*z  i(c+dz)® N (c+dz)® id?
a+iatan(e + fx) ~  4daf? daf 6ad 4f3(a + iatan(e + fx))
d(c+ dzx) i(c + dx)?

2f?(a +tatan(e + fz)) 2f(a+iatan(e+ fz))

‘ -1/4*d"2*x/a/£72-1/4%I*(d*x+c) "2/a/f+1/6%(d*x+c) "3/a/d-1/4*I*d"2/£73/ (a+I* \
‘axtan(f*x+e))+1/2xd* (d*x+c) /£72/ (atIxaxtan(f¥x+e) ) +1/2¢Ix (d*x+c) "2/f/(a+Ix |
La*tan(f*x+e)) J

output

Mathematica [A] (verified)

Time = 0.43 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.30

(c+dz)?
/ a +iatan(e + fx) do

_ sec(e + fz)(cos(fz) + isin(fz)) ((d+ (1 +i)cf + (1 +4)dfz)((1 +3)cf +d(—i + (1 + i) fz)) cos(2fz

inputtlntegrate[(c + d*x)~2/(a + I*a*Tan[e + £*x]),x] J




output
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(Secl[e + f*x]*(Cos[f*x] + I*Sin[f*x])*((d + (1 + I)*cxf + (1 + I)*d*f*x)x*(
(1 + D*cxf + d*x(-I + (1 + I)*f#*x))*Cos[2*xf*x]*(Cos[e]l - I*Sin[e]) + (4*f~
3*x* (3*%c™2 + 3*ckxd*x + d"2*%x"2)*(Cos[e] + I*Sin[e]))/3 - I*(d + (1 + I)*cx*
f+ (1 + I)*d*fxx)*((1 + I)*c*f + d*(-I + (1 + I)*f*x))*(Cos[e] - I*Sin[e]
)*xSin[2*f*x]))/(8*%f"3*(a + I*axTan[e + f*x]))

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.07,
number of rules _
integrand size 0.304, Rules

number of steps used = 7, number of rules used = 7,
used = {3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ .(c + dz) da
a +iatan(e + fx)
| 3042
2
/ .(c + dz) di
a +iatan(e + fx)
l 4206
. ctdz .
_ id f itan(e-l—i:fx)a—l—a dzx n i(c+ dI)2 (c+ d.’L‘)3
f 2f(a+iatan(e + fx)) 6ad
| 3042
_ i | itan(ii?”fc)wa dz i(c+dz)? (c+dz)3
f 2f(a +iatan(e + fx)) 6ad
l 4206
. id [ m‘h i(c+dx) (ct+dz)?
_Zd(_ 2f + 2f(a+iatan(e+fz)) + 4ad i(c + dm)2 (C + d.%')3
f 2f(a+iatan(e + fz)) 6ad
| 302
. id [ m‘h i(c+dx) (ct+dz)?
Zd(_ 2f + 2f(a+iatan(e+fz)) + 4ad i(c + dm)2 (C + d$)3

f 2f(a+iatan(e + fx)) 6ad
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| 3960
al - (13" + syteraventerre) n i(c+dz) 4 (cday?
2f 2f(a+iatan(e+fz)) 4ad i(c " d.’L’)2
B f 2f(a +iatan(e + fx)) +
(c+ dzx)3
ad

| 24

id i(ct+dz) + (C+d:1))2 Zd(%-‘r 2f(a+ia t;n(e+fz))>
2f(a

’i(C + dx)Q +ia tan(e+fz)) 4ad 2f
2f(a + iatan(e + fz)) f +
(c+dz)?
6ad

-

input L

-/

Int[(c + d*x)~2/(a + I*a*Tan[e + f*x]),x]

‘(c + dxx) "3/ (6%axd) + ((I/2)*(c + d*x)~2)/(fx(a + I*axTanle + f*x])) - (I* \
(dx((c + dxx)"2/(4xaxd) + ((I/2)*(c + d*x))/(f*(a + I*xaxTanle + £*x1)) - ((
|I/2)*dx(x/(2%a) + (I/2)/(f*(a + Ixa*Tan[e + £¥x1))))/£))/f |

output

Defintions of rubi rules used

rule 24LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) n/(2*%bxd*n)), x] + Simp[1/(2*a) Int[(a + b*Tan[c + d*x])~
(n + 1), x], x] /; FreeQ[{a, b, c, 4}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

rule 3960
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rule 4206 TRELC(C ) + (d_)*(x))"(m_.)/((a)) + (b_.)#tanl(e_.) + (£_.)*(x)1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*a*d*(m + 1)), x] + (Simp[axd*(m/(2*b*f))
Int[(c + d*x)"(m - 1)/(a + bxTan[e + f*x]), x], x] - Simp[a*x((c + d*x)"m
/ (2xb*f*(a + b*Tan[e + £*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a~2 + b2, 0] && GtQ[m, O]
Maple [A] (verified)
Time = 0.61 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.79
method | result size
. (6122 £2 20 9id2 2£2_o: e 12\ ,—2i(fzte)
risch dzz3 n dgzz n % + % + i(2d%2? f2+4cd f2x—2id f;:;—;; f2—2icdf—d?)e 108
input Lint ((d*x+c) "2/ (a+I*a*tan(f*x+e)) ,x,method=_RETURNVERBOSE) J
Output‘1/6/a*d‘2*x‘3+1/2/a*d*c*x‘2+1/2/a*c‘2*x+1/6/a/d*c‘3+1/8*I*(2*d‘2*x‘2*f‘2—2
‘*I*d“2*f*x+4*c*d*f“2*x—2*1*c*d*f+2*c”2*f“2—d“2)/a/f“3*exp(-2*1*(f*x+e))
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.77
d 2
/ '(c-l— x) d
a + iatan(e + fz)
_ (6id?f?2? 4+ 6i P f? + 6cdf — 3id® — 6 (—2icdf? — d*f)z + 4 (P f32® + B edf*a? 4 32 f3x) e fot2ie))
N 24 af3
input Lintegrate((d*x+c) ~2/(a+I*axtan(f*x+e)),x, algorithm="fricas") J
p
Ou_tput‘1/24*(6=|=I>|=d*2=t<f"2>|=x‘2 + 6%I*kc™2%xf72 + 6xckxd*f — 3*xI*d"2 - 6% (-2*Ixc*d*f~2

\— d~2%f)*x + 4% (d"2*%f"3%x"3 + 3*kckd*f " 3*%x"2 + 3xc"2xf"3*kx) ke~ (2kI*fkx + 2%
‘I*e))*e‘(—2*I*f*x - 2%Ixe)/(axf~3)

\‘




input

output

input

output
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Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.20

/ (c+ dz)? i

a + iatan(e + fz)
(2ic? f2+-dicdf?z+2cdf +2id? f2x2 +2d? fo—id?) e~ 2ice 2/ = 3 92
8af? for af%e** # 0 N Az N cdz? N d?z?
N c2re—2te cdx?e— 2t d?g3e—2te : 2a 2a 6a
e T o T 6 otherwise

Lintegrate((d*x+c)**2/(a+I*a*tan(f*x+e)),x)

-

Piecewise (((2*I*c*x*2xfx*x2 + AkIkckd*f**2*x + 2kckd*f + kTkdkk2kf**k2kx**2

+ 2kd**2*fxx — I*d**2)*exp(-2*Ixe)*exp (—2*I*f+*x)/(8*axf**3), Ne(axf**x3*exp
(2xIxe), 0)), (ckx*2xx*exp(-2*Ixe)/(2*a) + ckdxx**2*exp(-2*Ixe)/(2*a) + d**
2xxx*3xexp (—2*I*e) /(6%a), True)) + c**x2xx/(2%a) + ckd*x**2/(2%a) + d**2xx*
*3/ (6%a)

N

Maxima [F(-2)]

Exception generated.

d 2
/ .(C + dr) dx = Exception raised: RuntimeError
a+iatan(e + fz)

Lintegrate((d*x+c)“2/(a+I*a*tan(f*x+e)),x, algorithm="maxima"

‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
Lve exponent.
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Giac [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.87

/ (c+ dz)? i

a +iatan(e + fx)
(4d> foaeBi /o200 4 12 cdfa?e® fo+2ie) 412 ¢2 fPael®/oH20e) + 6 d? 20 + 12i cdf*m + 6i *f* + 6 d°
- 24 af3
input Lintegrate ((d*x+c) ~2/ (a+I*a*tan(f*x+e)),x, algorithm="giac") J

p
t\1/24*(4*d‘2*f‘3*x‘3*e‘(2*I*f*x + 2%Ixe) + 12kckd*xf~3*x"2%e”~ (2%I*xf*xx + 2*I*
‘e) + 12%c"2%f " 3kx*xe” (2*xI*f*xx + 2%I*e) + 6%I*kd~2*%f " 2%x~2 + 12*%xI*ckd*f " 2xx +

N
outpu
L 6*%I*c™2%f"2 + 6xd"2%xf*x + 6kckd*f - 3*I*d~2)*e”~ (-2xI*xfxx — 2%I*e)/(a*xf~3) J

Mupad [B] (verification not implemented)
Time = 8.73 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.76

/ (c+dz)? i

a + iatan(e + fz)
122 Pz —-3d?sin(2e+2fx)+ 6 fPsin(2e+2fx)+4d® fPaP+6cdf cos(2e+2fx)+6d

inputtint((c + d*x)~2/(a + a*tan(e + f*x)*1i),x) J

(12%c™2*f~3*xx — 3*d"2*sin(2*e + 2*xf*x) — d"2*cos(2%e + 2*f*x)*3i + c~2*xf~2
*cos(2xe + 2xf*x)*6i + 6*%c™2*xf"2xsin(2xe + 2kf*x) + 4*d"2*%f 3*x"3 + 6*xckxdx*

fxcos(2%e + 2xf*x) - ckxd*xf*xsin(2ke + 2xf*x)*6i + d~2*xf 2xx"2%cos(2*e + 2*f
*X)*61 + 6+%d"2*f"24x"2*sin(2%e + 2xf*x) + 124xckd*f~3*xx"2 + 6xd"2*f*x*cos(2
xe + 2kfxx) - d"2*f*x*sin(2*ke + 2*f*x)*6i + ckd*xf~2*x*kcos(2%e + 2xf*x)*12i
+ 12xcxd*f~2xx*sin(2xe + 2%f*x))/(24%a*xf~3)

output
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Reduce [F]

/ (c+ dz)? i

a+ iatan(e + fz)
z2 T 1
_ (f tan(fz-te)itl dx) d® + 2<f tan(fx+e)i+1d”3) cd + (f tan( fx+e)i+1dx> c?
N a
input Lint ((d*x+c)~2/ (a+I*a*tan(f*x+e)),x) J

‘(int(x**Q/(tan(e + fxx)*i + 1),x)*d**2 + 2xint(x/(tan(e + f*x)*i + 1),x)*c \

output
‘*d + int(1/(tan(e + £*x)*i + 1),x)*c**2)/a ‘
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3.20 [-o@ gy

a+iatan(e+fx)
Optimal result . . . . . . . . . . . . . 181l
Mathematica [A] (verified) . . . . . . . . ... L 18T
Rubi [A] (verified) . . . . . . . . . . 182
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Giac [A] (verification not implemented) . . . . . . . . ... ... .. ... 185
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Reduce [F] . . . . . o

Optimal result

Integrand size = 21, antiderivative size = 84

c+dzx idr  (c+ dz)? d
/a+iatan(e+fx) v daf * 4ad + 4f%(a + iatan(e + fz))
i(c+dx)
2f(a+ iatan(e + fz))

output |-1/4%Txd*x/a/T+1/4*% (d*x+c) “2/a/d+1/4+d/£°2/ (a+T*axtan (fxx+e) ) +1/2+Ix (d*x+c
‘)/f/(a+I*a*tan(f*x+e))

Mathematica [A] (verified)

Time = 0.64 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.14

/ c+dz
. dz
a +iatan(e + fx)
_ —i(2cf(i +2fx) + d(1 4 2ifx + 2f%2%)) + 2cf(—i + 2fz) + d(—1 — 2ifz + 2f?z?)) tan(e + fx)
B 8af?(—i+ tan(e + fx))

input LIntegrate[(c + d*x)/(a + I*axTan[e + f*x]),x] J
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t‘ (D) *(2kc*Ex (I + 2xf*x) + d*(1 + (2¥D)*fhx + 2+f72%x72)) + (kc*fx(-I + 2 \

outpu
P (*kf¥x) + d¥(-1 - (2*D)*f*x + 2%£"2%x"2))*Tanle + fxx])/(8*axf~2%(-I + Tan[e |
o+ £4x1)) |
Rubi [A] (verified)
Time = 0.33 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.07,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 938 Ry
integrand size
used = {3042, 4206, 3042, 3960, 24}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ c+dx i
a +iatan(e + fx) v
| 3042
/ c+dx iz
a+iatan(e + fx)
| 4206
_idf P (o N i(c+ dz) N (¢ + dz)?
2f 2f(a+iatan(e + fx)) 4ad
| 3042
_id f itan(e-i—lfz)a—i—adm ’i(C + dI) (C + d-'L')2
2f 2f(a+iatan(e + fx)) 4ad
| 3960
.o [ldx i
_1,d< 2a T 2f(a+iatan(e+fz))> i(c + d.’L‘) n (C + dl‘)2
2f 2f(a +iatan(e + fx)) 4ad
| 24
i(C + de') n (C + d$)2 _ Zd(?% + 2f(a+iat;n(e+fz))>
2f(a+iatan(e + fx)) 4ad 2f
input {Int[(c + d*xx)/(a + I*a*xTan[e + f*x]),x] J
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output‘ (c + d*x)"2/(4%a*xd) + ((I/2)*(c + d*x))/(fx(a + I*a*Tan[e + f*x])) - ((I/2 ‘
\)*d*(x/@*a) + (I/2)/(f*(a + I*a*Tan[e + £*x1))))/f \

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[a*x((a +
bxTan[c + d*x]) n/(2*%b*d*n)), x] + Simp[1/(2%¥a) Int[(a + b*Tan[c + d*x])~
(n+ 1), x1, x] /; FreeQl[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] &% LtQ[n, O]

rule 3960

rule 4206 TntLCCc_.) + (d_)*(x_))"(m_.)/((a)) + (b_.)*tanl(e_.) + (£_.)*(x))]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Simp[a*d*(m/(2%b*f))

Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[a*((c + d*x)"m
/(2xb*f*(a + b*Tan[e + £*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a”2 + b"2, 0] && GtQ[m, 0]

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.60

method | result size
: dz? | cx | i(Q2dfz+2cf—id)e”2i(fzte)
risch 1 T 5. T 8a 12 50
2 ic z2 tan(fz+e)? cf—i an(fz+e cf+id)x x tan(fx+te cf —id)z tan(fz+e)?
— a2 piefvd  do’wenifore)? | (/i an(fzte) | (eftidls | dotan(fzte) | (ef id)e ten(fore) 139
1+tan(fz+e)?
input Lint ((d*x+c)/ (a+I*axtan(f*x+e)) ,x,method=_RETURNVERBOSE) J

output L1/4/a*d*x"2+1/2/a*c*x+1/8*I* (2xd*frx-T*d+2%c*f) /a/f~2xexp (~2+I* (f*x+e)) J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.65

/ c+dz
- dx
a + iatan(e + fz)
(22 df.’E + 9 Cf ) (df2$2 42 cf2x)e(2ifw+2i e) + d) e(—2i fx—2ie)
8af?

/

input Lintegrate ((d*x+c)/(a+I*a*xtan(f*x+e)) ,x, algorithm="fricas")

~—

t‘1/8*(2*I*d*f*x + 2%Ixckf + 2% (d*f~2%x"2 + 2%xckxf~2%x)*e” (2*%I*xf*x + 2%I*xe) +

outpu
\ d)xe~ (-2%I*f*x - 2xIxe)/(a*f~2)

Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.10

/ c+dx (2i6f+2idfzgt?;_2iee_Qifw foraf?e? 40 cp  dz?
T = —+ —
a +iatan(e + fx) cze~%ic | da%e?e 20 4a

o " otherwise

input Lintegrate ((d*x+c)/(a+I*axtan(f*x+e)) ,x)

p
‘Piecewise(((2*1*c*f + 2xI*d*f*x + d)*exp(-2*I*e)*exp(-2*xI*f*x)/(8xaxf**2),
\ Ne (a*f**2xexp(2*%Ixe), 0)), (ckxxexp(-2*I*e)/(2xa) + dxx**2xexp(-2xIxe)/(4
L*a), True)) + c*xx/(2*a) + dxx**2/(4*a)

output

~
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Maxima [F(-2)]

Exception generated.

d
/ - ctdz dx = Exception raised: RuntimeError
a+iatan(e + fx)

p
Lintegrate ((d*x+c)/(a+I*axtan(f*x+e)),x, algorithm="maxima")

-/

input

Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati ‘

ve exponent.

N\ J

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.74

/ c+dzx
; dx
a+ iatan(e + fz)
(2 d 2x26(2i fz+2ie) +4 cf2xe(2i fz+2ie) + 2 dfl' + 24 Cf + d) e(—2i fz—2ie)
8af?

input Lintegrate ((d*x+c)/(a+I*axtan(f*x+e)),x, algorithm="giac") J

e B

1/8% (2*%d*xf~2*xx"2%e”~ (2xI*f*xx + 2xIke) + 4xckf 2kx*xe” (2xI*f*xx + 2%I*e) + 2*I
‘*d*f*x + 2%Ixckf + d)*e” (-2*%I*xf*xx — 2*%Ixe)/(a*xf~2)

output

Mupad [B] (verification not implemented)

Time = 8.73 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25

/ c+dr

. dz
a +iatan(e + fx)
_dcos(2e+2fx)+2dfPa?+2cfsin(2e+2fx)+4cffr+2dfrsin(2e+2fx) —dsin(2e+:
N 8a f?
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inputLint((c + d*x)/(a + axtan(e + fxx)*1i),x)

t‘(d*cos(2*e + 2%fxx) - d*sin(2*e + 2xf*x)*1i + 2xd*f"2*%x"2 + cxf*cos(2*e +
\2*f*x)*2i + 2%cxf*xsin(2%e + 2xf*xx) + 4xckf~2*x + d*fxxkcos(2xe + 2*f*x)*2i
‘ + 2kdkfrx*sin(2ke + 2%f*x))/ (8kaxf~2)

outpu

Reduce [F]

dr =
a + iatan(e + fz) v a

T 1
l/' c+dx (ftmmm+ﬂﬂddz)d_F(ftmmm+@H4dx>c

input tint ((d*x+c)/ (a+I*axtan (f*x+e)) ,x)

outputt(int(X/(tan(e + fxx)*i + 1),x)*d + int(1/(tan(e + f*x)*i + 1),x)*c)/a
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1
3.21 f (c+dz)(a+iatan(e+fz)) dz

Optimal result . . . . . . . . . . . . . 187
Mathematica [A] (verified) . . . . . . . . ... L 188
Rubi [A] (verified) . . . . . . . . . . 188
Maple [A] (verified) . . . . . . . . . . 191]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1911
Sympy [F] . . . o 197
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... 1921
Giac [A] (verification not implemented) . . . . . . . . ... ... .. ... 192
Mupad [F(-1)] . . . 193l
Reduce [F] . . . . . o 193]

Optimal result

Integrand size = 23, antiderivative size = 161

1 gy = &8 (2e — Q—ZI) Coslntegral (2—2[ +2fz)
(c+dz)(a +iatan(e + fx)) 2%d
log(c + dx)
2ad
i CosIntegral (% + 2fz) sin (2e — %)
B 2ad
i cos (26 — 2%0) Si(% + 2f:c)
- 2ad
sin (26 — 27) Si(%/ +2f2)
a 2ad

¢ 1/2%cos (-2xe+2xc*f/d) ¥C1(2+ckE/d+2xf*x) /a/d+1/2+1n(d¥x+c) /a/d+1/2¥T*Ci(2xc
| *£/d+2xf+x) ¥sin(-2xe+2%c*f/d) /a/d-1/2%Txcos (~2ke+2xcHf/d) ¥51 (2+cHE/d+2xfxx |
)/a/d+1/2*sin(~2%e+2%ckE/d) ¥Si (2kcHE/d+24E4x) /a/d |

outpu
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Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.03

1
(c+dz)(a +iatan(e + fx))

sec(e + fz) (—icos (f(5+x)) +sin (f(§ +2))) (CosIntegral <Mj{dz)> (cos (e — ) —isin (e — ¥)
B 2ad(—i + tan

dz

input‘ Integrate[1/((c + d*x)*(a + I*a*xTan[e + f*x])),x] ‘

output‘ (Secle + fxx]*((-I)*Cos[f*(c/d + x)] + Sin[f*(c/d + x)])*(CosIntegral [(2xf ‘
\*(c + d*x))/d]*(Cos[e - (c*f)/d] - I*Sinl[e - (cxf)/d]) + Loglf*(c + d*x)]x
\(COS[e - (c*f)/d] + I*Sin[e - (cxf)/d]) + ((-I)*Cos[e - (c*f)/d] - Sinl[e -

‘ (c*f)/d])*SinIntegral [(2xf*(c + d*x))/d]))/(2*axd*(-I + Tanl[e + £*x]))

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.94,

number of rules _ 0.304, Rules

number of steps used = 7, number of rules used = 7, integrand size

used = {3042, 4209, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+dz)(a +iatan(e + fx))
| 3042

/ L dz
(c+dz)(a +iatan(e + fz))

l'4209
iR e | [ ERde | log(c+ do)
2a 2a 2ad

l.3042
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. sin(2e+2 in(2e+2fz+5
i R [P dn og(c + da)
2a 2a 2ad
l 3784
2z f+2¢f in(2zf+2f
’i<SiIl (26 — %) f m(ci#d)dx + cos (2@ — %) f Sm<:fdzd)dw>
_ r), (s )
2 cos( 2z f+=5- . 9 sin( 2z f+ ="
cos (26 — %f) | —s5g—"dz —sin (26 - %) | s log(c + dz)
2a 2ad
l 3042
in(2cf+25L 47 in(22f+25
cos (26 — %) i Sm(xc_i_—d;»dx — sin (26 — %) f 75111(;_“ d )d:c
2a
N sin(2zf+24+2 sin(2zf+2¢f
i (sm (26 - %) J %dm + cos (26 - %) 1l %dm logc + do)
2a + 2ad
l 3780
9 sin(2zf+¥+%) sin<26—%)8i(2zf+¥>
cos (26 - %) f ctdz dz — d
2a
in(2zf+2f 41 2e—2¢0)Si (22 £ 421
’]: Sin(26_2;f>dex+cos<e d>d(zf d)
+ log(c + dx)
2a 2ad
l 3783
. <CosIntegral <2zf+%> sin (26—%) cos (26—¥>Si (2mf+%) >
? d + d
. 2¢f 2¢f 2a 2¢/\Q 2¢f "
CosIntegral ( 2z f+ =L ) cos( 2e— =5, sin(2e—2¢L)Si(2zf+2¢L
(oo 8) oo ASCE)
2a 2ad

input! Int[1/((c + d*x)*(a + I*a*Tan[e + f*x])),x]




output

rule 3042

rule 3780

rule 3783

rule 3784

rule 4209
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‘Log[c + dxx]/(2xa*d) - ((I/2)*((CosIntegral[(2*cxf)/d + 2*f*x]*Sin[2xe - (
‘2*c*f)/d])/d + (Cos[2xe - (2*c*f)/d]*SinIntegral [(2*cxf)/d + 2*f*x])/d))/a
‘ + ((Cos[2xe - (2%c*f)/d]*CosIntegral [(2*c*f)/d + 2*f*x])/d - (Sin[2*e - (
‘2*c*f)/d] *SinIntegral [(2*c*f)/d + 2xf*x])/d)/(2*a)

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + fxx]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

/

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol]l :> Simp[Cos[(dx*
e - c*¥f)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d]  Int[Cos[c*(£f/d) + £*x]1/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x]
&& NeQ[dxe - c*f, 0]

Int[1/(((c_.) + (d_.)*(x_))*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])), x_Symb
ol] :> Simp[Loglc + d*x]/(2*axd), x] + (Simp[1/(2*a) Int[Cos[2%e + 2xf#*x]
/(c + d*x), x], x] + Simp[1/(2*b) Int[Sin[2*e + 2*fxx]/(c + d*x), x], x])
/; FreeQ[{a, b, ¢, d, e, f}, x] && EqQ[a~2 + b~2, 0]

~
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Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.40

method | result size
e2i(Cfd_de) explntegral; (2ifz+2ie+M)
risch 1n(<21x+c) — e 65
ad 2ad
input Lint (1/ (d*x+c) / (a+I*axtan(f*x+e)) ,x,method=_RETURNVERBOSE) J

|1/2+1n(d*x+c)/a/d-1/2/a/dxexp (2+T* (ckE-de) /d) #Ei (1,24 T*f #x+24Txe+24 T4 (ckE

output‘_d*e)/d) ‘

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.32

(c+dz)(a + iatan(e + fx)) = 2ad
input tintegrate (1/(d*x+c) /(a+I*a*tan(f*x+e)) ,x, algorithm="fricas") J
output‘ 1/2%(Ei (-2% (I*dxf*x + Ixc*f)/d)*e”(-2x(I*d*e - Ixcxf)/d) + log((d*x + c)/d ‘
1))/ (a*d) |
Sympy [F]
/ 1 d Zf ctan (e+fm)—ic+(1imtan (e+fz)—idx dz
. xTr = —
(c+dz)(a+iatan(e + fz)) a
inputLintegrate(1/(d*x+c)/(a+I*a*tan(f*X+e))’x) J

output L—I*Integral(i/(c*tan(e + fxx) - I*xc + dxx*tan(e + f*x) - I*d*x), x)/a J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.70

1
(c+dz)(a +iatan(e + fx))
£ cos (_Q(ded—cf)> El(_2(—i(fac+e);+ide—icf)) YifE <_2(—i(fac+e)dd+ide—icf)> sin (_Q(ded—cf)> — flog
B 2 adf

dr =

inputLintegrate(1/(d*X+C)/(a+I*a*tan(f*x+e)),x, algorithm="maxima") J

e B

-1/2*%(f*cos(-2*(d*e - c*f)/d)*exp_integral_e(1l, -2*(-I*(f*x + e)*d + Ixd*e
| - Ixcxf)/d) + Ixfrexp_integral e(l, -2%(-Ix(f*x + e)*d + Ixdke - Ikcxf)/d |
‘)*sin(—2*(d*e - c*f)/d) - f*xlog((f*x + e)*d - d¥e + cxf))/(a*xd*f)

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.86

1
(c+dz)(a+iatan(e + fz))
cos (%) Ci <—2(df++cf)> +cos (2¢€)log (dz + c) + i log (dx + ¢)sin (2€) + ¢ Ci (—%ﬁ) sin (2—dcf)
- 2(adcos(2€) +iadsin (2€))

dz

-

Lintegrate (1/(d*x+c) /(a+I*a*tan(f*x+e)) ,x, algorithm="giac")

-/

input

‘1/2*(cos(2*c*f/d)*cos_integral(—2*(d*f*x + cxf)/d) + cos(2*e)*log(d*x + c)
‘ + Ixlog(d*x + c)*sin(2%e) + Ixcos_integral (-2*(d*xf*x + cxf)/d)*sin(2xc*f/ ‘
‘d) - I*cos(2*c*f/d)*sin_integral (2x(d*f*x + c*f)/d) + sin(2*c*f/d)*sin_int
‘egra1(2*(d*f*x + cxf)/d))/(axd*cos(2*e) + Ixa*d*sin(2xe)) ‘

output
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Mupad [F(-1)]
Timed out.

1

1
/(c+dx)(a+iatan(e+f:c)) do = / (a+atan(e+ fz) 1i) (c+dx) dz

inputLint(l/((a + axtan(e + f*x)*1i)*(c + d*x)),x)

output Lint(l/((a + a*tan(e + fxx)*1i)*(c + d*x)), x)
Reduce [F]
1
/ 1 dr = f tan(fz+e)ci+tan(fz+e)diz+ct+dz dz
. T =
(c+ dz)(a + iatan(e + fz)) a
iIlI)Ut Lint (1/ (d*X+C) / (a+I*a*tan(f*X+e) ) ,X)

output Lint(l/(tan(e + f*x)*cki + tan(e + f*x)*d*i*x + c + d*x),x)/a
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1
3.22 f (C_|_dx)2(a—{—ia tan(6+f$)) da:

Optimal result . . . . . . . . . . e 194
Mathematica [A] (verified) . . . . . . . . . ... oo 1951
Rubi [A] (verified) . . . .. . . ... .. 195
Maple [A] (verified) . . . . . . ... L 198
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 198
Sympy [F] . . o o 199
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 1991
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 200
Mupad [F(-1)] . . . oo 201]
Reduce [F] . . . . o o 201]

Optimal result

Integrand size = 23, antiderivative size = 168

/ 1 o — _if cos (2e — 2 CoslIntegral (% + 2fz)
(c+ dz)?(a + iatan(e + fz)) ad?
B f Coslntegral (% + Qfx) sin (2e — %)
ad?
_ feos (2e — L) Si(%L + 2f2)
ad?
N ifsin (2e — 2L) Si(%L + 2fz)
ald2

d(c+dz)(a + iatan(e + fz))

\ -Ixfxcos (—2%e+2xc*xf/d) *Ci (2%cxf/d+2xf*x) /a/d~2+f*Ci (2%cxf/d+2*f*x) *sin (-2* \
\ e+2xcxf/d) /a/d"2-f*xcos (-2%e+2xc*f/d) *Si (2xcxf/d+2*xf*x) /a/d"2-I*f*sin(-2*e+ \
\ 2%cxf/d) *Si (2%cxf/d+2*f*xx) /a/d~2-1/d/ (d*x+c) / (a+I*axtan (f*x+e)) \

output




output
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Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 224, normalized size of antiderivative = 1.33

1
(c+dz)?(a +iatan(e + fx))

sec(e + fz) (cos (<) +isin (<)) (d(icos (e+ f(—=5+x)) +icos(e+ f(5+x)) —sin(e+ f(—5+

dz

input! Integrate[1/((c + d*x)~2%(a + I*a*Tan[e + f*x])),x] ‘

(Secl[e + f*x]*(Cos[(c*f)/d] + I*Sin[(c*f)/d])*(d*(I*Cos[e + f*(-(c/d) + x)
] + I*Cos[e + f*(c/d + x)] - Sin[e + f*(-(c/d) + x)] + Sin[e + f*(c/d + x)
1) - 2#f*(c + d*x)*CosIntegral [(2*xf*(c + d*x))/d]*(Cos[e - (fx(c + d*x))/d
1 - I*Sinle - (f*(c + d*x))/d]) + 2xfx(c + d*x)*(I*Cos[e - (fx(c + d*x))/d
] + Sin[e - (£f*(c + d*x))/d])*SinIntegral [(2*f*(c + d*x))/d]))/(2*a*d~2*(c
+ d*x)*(-I + Tan[e + f*x]))

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.99,

=7, number of rules _ g 4, Rules
integrand size

number of steps used = 7, number of rules used =
used = {3042, 4207, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
(c+ da)P(a+ iatan(e + f2))

l 3042

/ 1 d
(c+ dz)2(a + iatan(e + fx)) v
l 4207

g g s, 1

ad ad  d(c+ dz)(a +iatan(e + fx))
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| 3042
ff sin(2j_—£2fx) de fo sm(2e-:_72dfz+%)dw 1
B ad B ad "~ d(c+dz)(a +iatan(e + fz))
| 3784
cos( 2z f+ 2t sin( 2z f+ 2¢f
f (sin (26 - %) / (20+7J:;2d>dx + cos (26 — %) [ (if;zd)dw>
_ — _
; 2cf COS(Q:Ef—{-%) . 2cf sin(2xf+¥)
if | cos (26 - 7) | —sr@——dz —sin (26 - 7) [ — g da
ad1 -
d(c+dz)(a + iatan(e + fz))
| 3042
in 2cf in 2cf
if (cos (26 — %) i s<2xfi—d;+2>dag —sin (26 — %) i S(ch;d)dx>
_ — _
. % f sin(2zf+¥+%) 9cf sin(2xf+%)
f sin (26 — %) f de 4+ cos <26 — %) f le‘
ad, B
1
d(c+dz)(a + iatan(e + fx))
| 3780
in(2cf+2¢f 42 in(2e—2¢L\Si( 24 £+ 2¢f
i oo o 2 2Ol g R
B ad B
. 2¢cf sin(2xf+%+%> cos<2e—¥)8i(2xf+%)
f| sin (26 - T) f ctdx dz + d
ad -
1

d(c+ dx)(a + iatan(e + fz))
| 3783



rule 3780
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f <CosIntegra,l<2:cf+22f> sin<25—¥> " cos(2e—¥)8i <2zf+%> )
d d

d
7,f ( Coslntegral (2xf+ %) cos (26— %) sin (26— 4) Si (Qxf-l— %) )

d d 1

ad "~ d(c+ dz)(a+ iatan(e + fx))

input‘ Int[1/((c + d*x)"2x(a + I*a*Tan[e + f*x])),x] ‘

-((£*((CosIntegral [(2*c*f)/d + 2xf*x]*Sin[2*%e - (2*cxf)/d])/d + (Cos[2x*e -
(2xcxf)/d]*SinIntegral [(2*%c*f)/d + 2*f*x])/d))/(a*d)) - (I*f*((Cos[2*e -
(2xcxf) /d]*CosIntegral [(2*%c*f) /d + 2%fx*x])/d - (Sin[2*e - (2%c*f)/d]*SinlIn
tegral [(2xc*f)/d + 2*f*x])/d))/(a*xd) - 1/(d*(c + d*x)*(a + I*axTan[e + f*x

1

output

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQldxe - c*f, 0]

rule 3783 Intlsinl(e_.) + (£_.)*(x)1/((c_.) + (d_.)*(x_)), x_Symbol]l :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, 4, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

rule 3784\1nt[sin[(e_.) + (£_)*%(x)1/(Cc_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*

‘e - c*f)/d]  Int[Sin[c*(£/d) + £*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c* |
‘f)/d] Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x] ‘
&% NeQld¥e - c*f, 0] |
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Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + £*x]))~(-1), x] + (-Simp[f/(a*xd)

Int[Sin[2%e + 2*f*x]/(c + d*x), x], x] + Simp[f/(b*d) Int[Cos[2*e + 2%
f*x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a”2 + b™2, 0
]

rule 4207

Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.57

method | result gize
. 1 fe—2i(fate) if e% expIntegral; <2i fx+2ie+%;d<f)>
risch " 2da(dz+c)  2a(dfztcf)d ad2 96
input Lint (1/(d*x+c) "2/ (a+I*a*tan(f*x+e)) ,x,method=_RETURNVERBOSE) J
output ‘ -1/2/d/a/ (d*x+c)-1/2/a*f*exp (-2%I* (fxx+e)) / (d*f*x+ckf) /d+I/a*xf/d~2%exp (2+1 ‘

‘ * (cxf-d*e) /d) *Ei (1, 2%I*f*x+2%I*xe+2%I* (c*f-d*e) /d) ‘

Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.49
1
(c+ dz)?(a + iatan(e + fx))
(<2 (i dfz +Z.Cf)Ei<_2(idfa:l+icf)> 6(-@) n d> e(2i fot2ie) 4 d) e(—2i fe—2ie)

2 (ad3x + acd?)

dz

-

Lintegrate (1/(d*x+c) "2/ (a+I*a*tan(f*x+e)),x, algorithm="fricas")

-/

input

output"i/z*(e*(l*d*f*x + Ixc*f)*Ei(-2* (I*d*xfxx + Ikxcxf)/d)*e” (-2*x(I*d*xe — I*cxf \
\)/d) + d) ke~ (2xI*fxx + 2%Ike) + d)*e~ (-2xI*fxx — 2%I*e)/(a*d~3*x + a*c*d™2 \
) |
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Sympy [F]

/ ! dz
(c+dz)?(a +iatan(e + fx))

: 1
. _7’ f c? tan (e+ fx)—ic2+2cdzx tan (e+ fx)—2icdz+d2x? tan (e+ fz)—id2 x> dx
a
inputtintegrate(1/(d*x+c)**2/(a+I*a*tan(f*x+e)),x) J
output‘ -IxIntegral (1/(c**2xtan(e + f*x) - Ixc**2 + 2xckd*x*tan(e + fix) - 2*I*kcxd \

‘*x + dex2kx**2%tan(e + £*x) — Ixd**2xx**x2), x)/a ‘

Maxima [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.71
1
(c+dz)*(a +iatan(e + fz))
f2 cos <_2(d+l—cf)> E, <_2(—i (f€6+6)dd+ide—icf)) +i f2F, (_2(—i (fz+eLd+z'de—z'cf)> sin (_@> + £
2((fz + e)ad? — ad?e + acdf) f

dzr =

p
Lintegrate (1/(d*x+c) "2/ (atI*a*tan(f*x+e)),x, algorithm="maxima")

-/

input

output‘ -1/2%(£"2*cos (-2*%(d*e - cxf)/d)*exp_integral_e(2, -2x(-I*(f*x + e)*d + Ixd ‘
‘*e - I*xc*xf)/d) + Ixf"2*exp_integral_e(2, -2*(-I*(f*x + e)*d + I*d*e - I*cx ‘
(£)/d)*sin(-2%(dxe - c*£)/d) + £72)/(((£*x + e)*axd™2 - axd™2%e + axckdxf)* |
£ |




input

output
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Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1013 vs. 2(161) = 322.

Time = 2.13 (sec) , antiderivative size = 1013, normalized size of antiderivative = 6.03

1

dz = Too large to displ
/ (c+ dz)2(a + datan(e + fz)) 0 o0 TEC O ISPy

‘integrate(l/(d*x+c)“2/(a+I*a*tan(f*x+e)),x, algorithm="giac")

1/2%(-2%I*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f"2%cos(-2*%(d*e -
c*xf)/d) *cos_integral (2% ((d*x + c)*(dxe/(d*x + c) - cxf/(d*x + c) + f) - dx
e + c*f)/d) + 2*Ixd*exf 2*cos(-2*(d*e - c*f)/d)*cos_integral (2*x((d*x + c)*
(dxe/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf)/d) - 2xI*c*f~3xcos(-2*(d*
e - cxf)/d)*cos_integral (2x((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)
- d*e + cxf)/d) + 2x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f 2%cos_
integral (2*((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - d*e + c*f)/d)*
sin(-2*%(d*e - c*xf)/d) - 2xd*exf ~2xcos_integral (2*x((d*x + c)*(dxe/(d*x + c)
- cxf/(d*x + ¢c) + f) - d*e + c*f)/d)*sin(-2*(d*e - c*f)/d) + 2*c*f~3*cos_
integral (2*((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - d*e + cxf)/d)*
sin(-2*(d*e - cxf)/d) - 2x(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)*f~
2xcos (-2x(dxe - c*f)/d)*sin_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*
X +c) + f) - dxe + c*f)/d) + 2*kd*exf~2xcos(-2*(d*e - c*f)/d)*sin_integral
(2% ((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dxe + cxf)/d) - 2%c*f~
3*cos(-2*(d*e - cxf)/d)*sin_integral (2*((d*x + c)*(dxe/(d*x + c) - c*f/(dx*
x + c) + f) - d¥e + c*f)/d) - 2xIx(d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c)
+ £)*f"2+sin(-2*(d*e - c*f)/d)*sin_integral (2x((d*x + c)*(d*e/(d*x + c) -
cxf/(d*x + c) + £f) - dxe + cxf)/d) + 2xIxdxexf 2*sin(-2%(d*e - c*f)/d)*si
n_integral (2x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + £f) - d*e + cxf)/d
) - 2%Ixc*f~3*sin(-2*(d*e - c*f)/d)*sin_integral (2x((d*x + c)*(d*e/(d*x...
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Mupad [F(-1)]

Timed out.

dz

1 1
/(c+dz)2(a+iatan(e+fw))d :/(a+atan(e+fa:) 1i) (c+dz)’

input Lint(l/((a + axtan(e + f*x)*1i)*(c + d*x)"2),x)

output Lint(l/((a + axtan(e + f£xx)*1i)*(c + d*x)"2), x)

Reduce [F]

1
/ (c+dz)*(a +iatan(e + fx))

1
. f tan(fz+e)c?i+2 tan(fz+e)cdiz+tan(fz+e)d?i z2+c2+2cdz+d2z2?
a

dx

dz

input Lint (1/ (d*x+c) "2/ (a+I*a*xtan(f*x+e)),x)

output‘ int(1/(tan(e + f*xx)*c*x*2%i + 2xtan(e + fxx)*ckd*i*x + tan(e + Ffxx)*d**x2*xix
‘x**Q + cxx2 + 2kckdxx + d**2%xx**2),x)/a
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1 dx

3.23 f (c+dz)3(a+iatan(e+fx))

Optimal result . . . . . . . . . . e 202
Mathematica [A] (verified) . . . . . . . . . ... oo 2031
Rubi [A] (verified) . . . .. . . ... .. 203
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 207
Sympy [F] . . o o 207
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 208}
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 208
Mupad [F(-1)] . . . oo 209
Reduce [F] . . . . o o 209

Optimal result

Integrand size = 23, antiderivative size = 227

1 if
/ (c+dz)3(a +iatan(e + fx)) do = - 2ad?(c + dz)
2 cos (2 — %) Coslntegral (2L + 2fz)

ad?
N if? CosIntegral (% + 2fz) sin (2e — %)
ad3
| if?cos (2e — 2L) Si(%L + 2fz)
ad?
N f?sin (2e — %) Si(% +2fz)
ad3
_ 1
2d(c+ dx)?(a + iatan(e + fz))
if

T Blc+ do)(a+ iatan(e 1 f2))

output \ -1/2*xI*f/a/d"2/ (d*x+c) —f~2*cos (-2*e+2*c*f/d) *Ci (2kc*f/d+2*f*x) /a/d~3-I*f~2 \
| *Ci(2xcxf/d+2+f*x) *sin(-2ke+2xc*f/d) /a/d"3+I*f 2xcos (-2e+2xcxf/d) ¥Si(2xck |
\ f/d+2*f*x) /a/d"3-f"2*sin (-2*e+2*c*f/d) *Si (2xcxf/d+2*f*x) /a/d"3-1/2/d/ (d*x+ \
\ c) "2/ (a+I*axtan(f*x+e))+I*f/d~2/ (d*x+c)/ (a+I*a*tan(f*x+e)) \




inpu

output
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Mathematica [A] (verified)

Time = 0.91 (sec) , antiderivative size = 285, normalized size of antiderivative = 1.26

1

(c+ dz)3(a + iatan(e + fx)) @

sec(e + fz) (cos (<) +isin (<)) (d(idcos (e+ f(=5+x)) + (id+ 2cf + 2dfz) cos (e + (5 + z)) -

t" Integrate[1/((c + d*x)~3x(a + Ixa*Tan[e + f*x])),x] ‘

(Secl[e + f*x]*(Cos[(c*f)/d] + I*Sin[(c*f)/d])*(d*(I*d*Cos[e + f*(-(c/d) +
x)] + (I*d + 2*cxf + 2xdxf*x)*Cos[e + f*(c/d + x)] - d*Sin[e + f*(-(c/d) +
x)] + d*Sin[e + fx(c/d + x)] - (2*I)*c*f*Sin[e + f*x(c/d + x)] - (2%I)*d*f
*x*Sinfe + fx(c/d + x)]) + 4*xf~2x(c + d*x) 2*CosIntegral [(2*f*(c + d*x))/d
]*(I*Cos[e - (f*(c + d*x))/d] + Sin[e - (f*(c + d*x))/d]) + 4*xf~2%(c + d*x
)"2x(Cos[e - (fx(c + d*x))/d] - I*Sin[e - (f*(c + d*x))/d])*SinIntegral[(2

*fx(c + d*x))/d]))/(4*axd~3*%(c + d*x)~2*%(-I + Tan[e + f*x]))

N J

Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 225, normalized size of antiderivative = 0.99,

number of steps used = 9, number of rules used = 9, number of rules _ 0.391, Rules
integrand size

used = {3042, 4208, 3042, 4207, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(c+dz)3(a +iatan(e + fz))
| 302

1
/ (c+dz)3(a + iatan(e + fx))

l 4208

dz
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. 1 .
_ if f (c+dz)? (i tan(e+ fr)a+a) dx _ if _ 1
d 2ad?(c+dz) 2d(c+ dx)%(a+iatan(e+ fz))
| 3042
. 1 .
. if f (c+dz)2(itan(e+ fr)a+a) dx _ if _ 1
d 2ad?(c+dz) 2d(c+ dz)%(a+ iatan(e + fz))
| 4207
. ff sm(2jjd-2fz) dz fo cos(24e_ji—2f:v) dzx 1
if < ad - ad " d(ct+dx)(a+iatan(e+fz)) ) if
d 2ad?(c + dx)
1
2d(c + dz)?(a + iatan(e + fr))
| 3042
. ff sm(2i-§2fz) da lff Sin(2e-:_2dfz+%) da 1
Zf ad - ad " d(c+dx)(atiatan(e+fx)) Zf
B d  2ad?(c+dz)
1
2d(c + dz)?(a + iatan(e + fz))
| 3784
cos T 2Cf sin T 2Cf cos X 2Cf S
' f<sin(2e—22f) fi(ch; )dx+cos<26—%) fi(zcj; )dx> if (cos(26—2§f) fi(i_{; )dx—sin(2e—%) J-
Zf - ad - ad
— . :
if B 1
2ad?(c+dz) 2d(c+ dz)%(a+ iatan(e + fz))
| 3042
sin T QCf sin xr 2Cf sin T 2Cf
. if <cos(26—2§lf> f%dw—sin(%—%) f(zcj;)dx> f(sin<2e—2§f) f%dw—l—cos(%—%
Zf - ad - ad
— . .
if 1

2ad2(c +dz)  2d(c+ dz)%(a + iatan(e + fz))
| 3780
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2cf 2cf 2cf 2cf

ct+dx c+dx

Zf <COS<26—22f> f sin(2zf+T+%) do— sin(2efT)§1(2zf+T) > f <sin(2e—2;f) f sin(2zf+T+%) dat

Zf - ad - ad

if 1
2ad%(c+dz)  2d(c+ dz)%(a + iatan(e + fz))

J,3783

d d d

<Coslntegral(2zf+ 23f) sin(2ef¥) n cos (267%) Si(2zf+%) > zf ( CosIntegral(2zf+%> cos<267 %) _ sin(2ef¥)si(2zf+

Zf - ad - ad

if 1
2ad2(c+dz)  2d(c+ dz)%(a + iatan(e + fz))

inputtlnt[l/((c + d*x)~3%(a + I*a*Tan[e + f*x])),x] J

((-1/2%I)*f)/(a*d™2*(c + d*x)) - 1/(2xd*(c + d*x)~2*(a + I*a*Tan[e + f*x])
) = (Ixfx(-((£*((CosIntegral [(2xc*xf)/d + 2*f*x]*Sin[2xe - (2*xc*f)/d])/d +
(Cos[2*e - (2xc*f)/d]l*SinIntegral [(2xc*f)/d + 2xf*x])/d))/(axd)) - (I*xfx*((
Cos[2*e - (2xc*f)/d]*CosIntegral [(2xc*f)/d + 2xf*x])/d - (Sin[2%e - (2*c*f
)/d]*SinIntegral [(2*c*xf)/d + 2*xfx*x])/d))/(a*d) - 1/(d*(c + d*x)*(a + I*axT
anle + f*x]))))/d

output

Defintions of rubi rules used

e N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte

rule 3780
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQl[d*e - c*f, 0]




rule 3783

rule 3784

rule 4207

rule 4208

input
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Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[dx(e - Pi/2) -
cxf, 0]

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(dx
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d]  Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x]
&& NeQ[d*e - c*f, 0]

Int[1/(((c_.) + (A_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + £*x]))~(-1), x] + (-Simp[£f/(a*xd)

Int[Sin[2%e + 2%f*x]/(c + d*x), x], x] + Simp[£f/(b*d) Int[Cos[2*e + 2%
fxx]/(c + d*x), x], x]) /; FreeQ[{a, b, c, 4, e, £}, x] && EqQ[2a"2 + b~2, 0
]

Int[((c_.) + (d_D)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sym
bol] :> Simp[f*((c + d*x)"(m + 2)/(b*d"2*(m + *(m + 2))), x] + (Simp[2*b*
(f/(a*d*(m + 1))) Int[(c + d*x)"(m + 1)/(a + b*Tan[e + f*x]), x], x] + Si
mp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + bxTan[e + f*x])), x]) /; FreeQ[{a, b,
c, d, e, f}, x] && EqQ[a~2 + b~2, 0] && LtQ[m, -1] && NeQ[m, -2]

Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.95

method | result

if36—2i(fz+e)m f2e—2i(fz+e) if3e—2i(fz+e)c

: 1
risch 4ad(dz+c)? +

2ad(d?2? f242cd f2x+c2f2) ~ 4ad(d?z2f2+2cd f2z+C2f2) + 2a.d?(d2z2 f24+2cd f2z+c2 f2) +

Lint (1/ (d*x+c) 3/ (a+I*axtan(f*x+e)) ,x,method=_RETURNVERBOSE) J
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‘-1/4/a/d/(d*x+c)“2+1/2*I/a*f”3*exp(—2*I*(f*x+e))/d/(d“2*f”2*x“2+2*c*d*f”2*
\x+c‘2*f“2)*x-1/4/a*f”2*exp(-2*I*(f*x+e))/d/(d“2*f”2*x‘2+2*c*d*f‘2*x+c‘2*f“
\2)+1/2*I/a*f‘3*exp(—2*I*(f*x+e))/d‘2/(d‘2*f‘2*x‘2+2*c*d*f‘2*x+c‘2*f‘2)*c+1
‘/a*f“2/d‘3*exp(2*I*(c*f—d*e)/d)*Ei(l,2*I*f*x+2*I*e+2*I*(c*f—d*e)/d)

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.57

1
(c+dz)3(a +iatan(e + fx))

(% @ fz + Zicdf — d* — (4 (20 + 2cdfe + ¢ )i~ 26ztie ) o

dz

_2(ided—icf))

\
+ d2) (2 fo+2ie)

/

4 (ad®z? + 2 acd*x + ac?d?)

input‘integrate(l/(d*x+c)‘3/(a+I*a*tan(f*x+e)),x, algorithm="fricas")

‘1/4*(2*I*d‘2*f*x + 2%Ixckdxf - d72 - (4*x(d"2*xf"2*x"2 + 2kckxd*f~2*x + c~2xf
\‘2)*Ei(—2*(I*d*f*x + I*cxf)/d)*e” (-2%(I*d*e - Ixc*f)/d) + d"2)*e” (2*kI*fx*x
‘+ 2xTxe) ) ke~ (-2*xI*fxx — 2%Ixe)/(a*d~5*x"2 + 2kakckd 4d*x + axc 2%d"3)

output

Sympy [F]

u/~ = dz
(c+dz)3(a + iatan(e + fx))

. 1
t f c3 tan (e+ fz)—ic3+3c2dx tan (e+ fr) —3ic2dz+3cd?z? tan (e+ fz)—3icd?z2+d3z3 tan (e+ fz)—id3z3

dz

a

inputLintegrate(l/(d*X+c)**3/(a+I*a*tan(f*X+e)),X)

Output‘—I*Integral(1/(c**3*tan(e + fxx) — I*c**3 + 3kck*2*d*x*tan(e + f*x) - 3*I*
‘c**2*d*x + 3xckd**2kx**2*ktan(e + £*x) - 3kIkckd**2kx**x2 + d**3*x*x*3*xtan(e
‘+ fxx) - I*d**3xx**3), x)/a
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Maxima [A] (verification not implemented)
Time = 0.23 (sec) , antiderivative size = 158, normalized size of antiderivative = 0.70
1

(c+dz)3(a +iatan(e + fz))
2 13 cos (_2 (ded—cf)> E; (_ 2(—i (fx~|—e)dd+ide—icf)> +2i f3E; (_2 (—i (fac+e)dd+ide—icf)> sin (_ 2 (ded—cf)) +

dz =

4 ((fz + e)’ad3 + ad3e? — 2acd?ef + ac?df? — 2 (ad3e — acd?f)(fz +e)) f

input Lintegrate (1/(d*x+c) "3/ (a+I*a*tan(f*x+e)),x, algorithm="maxima") J
e DY

Output‘-1/4*(2*f“3*cos(-2*(d*e - cxf)/d)*exp_integral _e(3, -2%(-Ix(f*x + e)*d + I
(*dxe - Ikcxf)/d) + 2+I*f"3*exp_integral_e(3, -2¢(-I*(f*x + e)*d + Ixdxe -
|Ikcxf)/d)*sin(-2x(d*e - cx£)/d) + £73)/(((f*x + e)"2%a*d™3 + axd"3%e™2 - 2 |
L*a*c*d"Q*e*f + axc 2*d*f"2 - 2x(axd"3%e - axcxd 2*f)*(f*x + e))*f) J

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 532 vs. 2(212) = 424.

Time = 0.24 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.34

1
/ (c+ dx)3(a +iatan(e + fz))

dx = Too large to display

input Lintegrate (1/(d*x+c) "3/ (a+I*axtan(f*x+e)),x, algorithm="giac") J
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-1/4x%(4*d~2*f~2*x"2*cos (2xc*f/d) *cos_integral (-2* (d*f*x + cxf)/d) + 4xIxd"
2xf"2+x"2*cos_integral (-2 (d*f*x + c*f)/d)*sin(2xcxf/d) - 4*Ixd~2+f " 2*x~2*
cos(2xcxf/d)*sin_integral (2x(d*f*x + c*f)/d) + 4xd~2*f~2xx"2*sin(2xc*f/d)*
sin_integral (2% (d*f*x + c*f)/d) + 8%c*xd*f 2*x*cos(2*c*f/d)*cos_integral (-2
*x(d*f*x + c*f)/d) + 8*I*kckd*f~2*x*cos_integral (-2*(d*f*x + c*f)/d)*sin(2*c
*f/d) - 8*Ixcxd*f 2*x*cos(2*xc*f/d)*sin_integral (2*x(d*f*x + c*f)/d) + 8cxd
*f " 2xx*sin(2xcxf/d) *sin_integral (2 (d*f*x + c*f)/d) + 4*xc™2xf 2xcos(2xcxf/
d) *cos_integral (-2*(d*f*x + c*f)/d) + 4xIxc~2xf"2xcos_integral (-2*(d*f*x +
cxf)/d)*sin(2xcxf/d) - 4*Ixc~2xf"2*cos(2xc*f/d)*sin_integral (2x(d*f*x + c
*f)/d) + 4xc”2xf"2+sin(2xc*f/d)*sin_integral (2x(d*f*x + cxf)/d) - 2%I*d~2x
frxkcos (2xf*x) - 2%d"2kf*x*sin(2xf*x) - 2*Ixckd*fxcos(2xf*x) - 2*cxd*fxsin
(2xfxx) + d"2*cos(2xf*x) + d"2xcos(2%e) - I*d"2*sin(2xf*x) + I*d"2*sin(2*e
))/(a*xd~5*x"2*cos(2%e) + I*axd~5*x~2*sin(2%e) + 2*axc*d”~4*x*cos(2*e) + 2xI
xaxckd~4xx*sin(2*e) + a*c”2xd"3*cos(2*e) + Ixaxc”™2*d"3*sin(2*e))

output

Mupad [F(-1)]

-/

Timed out.
1 1
3 . dx = - 5 dx
(c+ dx)3(a +iatan(e + fx)) (a +atan (e + fz) 1i) (c+dz)
inputtint(l/((a + avtan(e + fxx)*1i)*(c + d*x)~3),x)
Outputtint(l/((a + axtan(e + fxx)*1i)x(c + d*x)73), x)
Reduce [F]
1
- dx
(c+ dz)3(a+iatan(e + fz))
1
— f tan(fz+e)c3i+3 tan(fz+e)c2diz+3 tan(fz+e)c d?i z2+tan(fz+e)d3i z3+c3+3c2dr+3c d2z2+d323 dx

a

input| 10t (1/ (d¥x+e) "3/ (a+T*axtan (fxx+e)) ,x)
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output‘int(l/(tan(e + fxx)*c**3*%i + 3xtan(e + f*x)*ckk2xd*i*x + 3xtan(e + f*xx)*c*
‘d**2*i*x**2 + tan(e + f*x)*d**S*i*x**B + c*k*3 + 3kckk2kd*xx + 3kckdkk2Qkxk*k2
‘ + d**3%x*%3) ,x)/a




output
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(c+dz)3

3.24 f (a+iatan(e+fz))? dx

Optimal result . . . . . . . . . . . . e 211

Mathematica [A] (verified) . . . . . . . . . ... 212

Rubi [A] (verified) . . . . . . . . . .. 2121

Maple [A] (verified) . . . . . . ... L 214

Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 214

Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 215

Maxima [F(-2)] . . . . . . o 216

Giac [A] (verification not implemented) . . . . . . . .. ... ... 276l

Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 217

Reduce [F] . . . . o e 217

Optimal result

Integrand size = 23, antiderivative size = 270

/ (C + d.’,C)3 I = _3d3e—2ie—2ifw B 3d3e—4ie—4ifz B 3id26—2ie—2ifx(c + d.CC)
(a+iatan(e + fx))2 16a2 f4

_ Bid?e *em 4% (¢ + dx)

3de—2ie—2ifm (C + d$)2

128a2 f3

3de—4ie—4ifac (C + d.’l?)2

- —2ie—2ifx

64a? f?

,L'e—4ie—4ifx (C + d.’l,')3

+ 16a2 f

-3/16*d"3*xexp (-2xI*e-2*Ixf*x) /a~2/f"4-3/512*d"3*exp (-4*I*xe-4xI*f*x) /a~2/f"
4-3/8*I*d"2%exp (-2*I*xe-2xI*f*x) * (d*x+c)/a~2/£"3-3/128*I*d"2*exp (—4*I*xe-4*I
*xf*x) * (d*x+c) /a~2/£"3+3/8*d*exp (-2xIxe-2%I*f*x) *x (d*x+c) “2/a~2/£"2+3/64x*d*e
xp (-4*Ixe-4*I*f*x)* (d*x+c) "2/a"2/f~2+1/4*Ixexp (-2xI*e-2*I*f*x) * (d*x+c) "3/a

~2/f+1/16%I*exp (-4*I*e-4*I*f*x)*(d*x+c) ~3/a~2/f+1/16* (d*x+c)~4/a~2/d
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Mathematica [A] (verified)
Time = 2.28 (sec) , antiderivative size = 473, normalized size of antiderivative = 1.75
(c+ dz)?

(a +iatan(e + fx))
_sec®(e+ fxz)(cos(fz) + isin(fx))? ((4ic® f2 + 6c2df*(1 + 2ifx) + 6cd® f(—i + 2fx + 2if*x?) + d*(—3 -

2dm

( h

Integrate[(c + d*x)~3/(a + I*axTan[e + f*x])~2,x]

input L

(Sec[e + f*xx]"2*(Cos[f*x] + I*Sin[f*x]) " 2x(((4*I)*c"3*f"3 + 6*xc™2xd*f 2% (1
+ (2%I)*fxx) + 6*ckd™2xf* (-1 + 2%f*x + (kL) *f"2%xx"2) + d"3*(-3 - (6+I)*f
*x + 6*f72%x72 + (4*I)*£73%x73))*Cos[2+f*x] + (((32+I)*c~3*f"3 + 24*c™2%d*
£72x(1 + (4xI)*fxx) + 12xc*xd"2kfx (-1 + 4xfxx + (8+I)*f~2*x"2) + d~3*(-3 -

(12*%I) *fxx + 24*f~2%x"2 + (32*%I)*f~3*x"3))*Cos [4*f*x]*(Cos[2*e] - I*Sin[2*
e]))/32 + £ 4*x*x(4*c™3 + 6*c™2kd*x + 4kc*xd~2*%x"2 + d"3*x73)*(Cos[2*e] + Ix
Sin[2*e]) + (4*c™3*f"3 + 6*xc™2*d*f7 2% (-1 + 2xf*xx) + 6kckd™2*f*(-1 - (2*I)*
fx + 2%f72%x72) + d73*%(3*I - 6*f*x — (6*I)*f"2%xx"2 + 4*f~3%x"3))*Sin[2*f*
x] + ((32%c™3*f73 + 24xc™2xd*f" 2% (-1 + 4*f*x) + 12xckxd"2xf*x (-1 — (4*I)*f*x
+ 8*%f"2%x72) + d73*(3*I — 12%f*kx - (24*I)*f~2%x"2 + 32*f~3*x"3))*(Cos[2*e
] - I*Sin[2*e])*Sin[4*f*x])/32))/(16*%f"4*(a + I*axTan[e + f*x])~2)

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+ dzx)3 -
(a +iatan(e + fx))?
| 3042

/ (c+ dz)? i
(a +iatan(e + fx))?




input

output

rule 2009

rule 3042

rule 4212
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l 4212

3,—2ie—2ifx 3, —die—4ifx 3

/ (c+dx)’e +(c+dx)e +(c+da:) i

2a2 402 402

l 2009
B 3id?(c + dx)e%ie~2ifz B 3id?(c + dx)e 412 3d(c + dx)2e~2ie2%if> +
8052f3_ 1_28Q2f3 . 8q2f2
3d(c + dx)2e~4e4ifz (e 4 dx)de2e"2%fr  j(c 4 dx)deYie—4ifz N (c+dx)!
64a2 f2 402 f 16a2 f 16a2d
3d36—2ie—2ifm 3d3e—4ie—4if:v
16a2f4  512a2f4

r

LInt[(c + d*x)~3/(a + I*a*Tan[e + f*x])~2,x]

| —

(=3*%d"3*E~((-2*I)*e - (2*I)*f*x))/(16*a~2*xf~4) - (3*d"3*E~((-4*I)*e — (4x*I
)*xf*x))/(512%xa~2x£74) - (((3*I)/8)*d"2*E~((-2*I)*e - (2*I)*f*x)*(c + d*x))
/(@ 2x£f~3) - (((3%I)/128)*d"2*E~ ((-4*I)*e - (4*I)*fxx)*(c + d*x))/(a"2%f"3
) + (B3*A*E”~((-2%I)*e - (2*xI)*fxx)*(c + d*x)~2)/(8*a~2*xf~2) + (3*d*E~((-4*I
Yxe — (A*xI)*f*x)*(c + d*x)"2)/(64*xa"~2xf~2) + ((I/4)*E~((-2xI)*e — (2%I)*f*
x)*(c + d*x)~3)/(a"2%f) + ((I/16)*E~((-4*I)*e - (4*I)*f*x)*(c + d*x)~3)/(a
~2+f) + (c + d*x)~4/(16%a"~2*d)

Defintions of rubi rules used

e

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D*(x_))"(m)*((a ) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~(2*(a/b)*(e + fx*
x))/(2*a))~(-n), x]1, x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, O]
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Maple [A] (verified)

Time = 0.97 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.05

method | result

; d3z* | dPcx® | 3dcPz? | Az ot i (4d3a3 f34+12c d2 f322 —6id® 202 +12¢2d f3x—12ic d? f2a+4c3 f3—6ic2d f2 -
risch 62 Va2 T 782 T 42t Tea2a T 16a2f%
jnputLint((d*X+C)As/(a+I*a*tan(f*X+e))A2:x:meth0d=_RETURNVERBDSE) J

1/16/a~2*d"3*x"4+1/4/a"2+d"2*c*x~3+3/8/a"~2*d*c~2*x"2+1/4/a"2*c"3*x+1/16/a"
2/d*c”4+1/16%I* (4*d"3*x"3*f " 3-6+I*d"3*f "2%x"2+12%cxd~2*f "3*x"2-12*I*c*xd~2*
£72xx+12%c™2%d*f "3*kx—-6*IkCc™2%d*f "2+4%c ™ 3*f "3-6%d "3k f*x+3*I*d"3-6*c*xd"2%f) /
a”2/f 4xexp (-2*I* (f*xx+e) ) +1/512%I* (32+d~3*x " 3*f ~3-24*I*d~3*f ~2*x~2+96*c*d"~
2%f73%x"2-48*%Ikckd ™~ 2*f " 2%x+96%c”2%kd*f " 3%x-24*I*xc"2*d*f "2+32%c"3*£"3-12%d"3
*f*x+3%I*xd"3-12%c*d"2xf) /a~2/f " 4*xexp (—4*I* (fxx+e))

output

Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 267, normalized size of antiderivative = 0.99
(c+ dz)?

(a +iatan(e + fx))
(320 d3 32 + 32 3 f3 + 24 APdf? — 12i cd?f — 3d® — 24 (—di cd? 2 — &P f?)2? — 12 (—8i Pdf? — 4 cd®f

2dx

inputLintegrate((d*X+C)A3/(a+I*a*tan(f*x+e))‘2,x, algorithm="fricas") J

1/512% (32*xI*d~3*f"3*x~3 + 32*%I*c~3*%f"3 + 24*c~2*d*f~2 — 12*%I*xcxd~2*%f - 3*d
3 - 24x(-4xTxckd"2*%f"3 - d"3*f"2)*x"2 — 12%(-8*%I*c 2%d*f~3 - 4*cxd~2*xf~2
+ I*d"3*f)*x + 32%(d"3*f"4*x"4 + 4*c*d"2*%f 4*x"3 + 6xc™2kd*f"4*x"2 + 4%c”3
*f~4xx) *e” (A*xI*f*x + 4xIke) - 32+ (-4*I*kd"3*f 3*%x"3 - 4*I*c 3*f~3 - 6%c™2*d
*f~2 + 6xI*xckd " 2%f + 3*%d"3 + 6x(—2%xI*ckd~2*f~3 - A"3*f"2)*x"2 + 6% (-2%I*c”
2xd*xf~3 - 2xckd"2*f72 + I*kd"3*f)*x)*ke” (2xI*f*x + 2xI*e))ke” (—4*Ikfxx — 4*I
xe) /(a~2xf~4)

output
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Sympy [A] (verification not implemented)
Time = 0.36 (sec) , antiderivative size = 665, normalized size of antiderivative = 2.46
(c+ dz)?

(a +iatan(e + fx))
((512ia2c® f7e?¢+1536iac2df " we?*c+384a2c2dfe?i+1536ia2cd? f " x2e?'¢ 4 768a%cd? fOxe?i® —192iacd? fP e +512ia%d® f 7 x5 %1€ 4 38

2dm

924~ (2d362ie+d3) e—4ie (1:3~ (20d262ie+cd2) e—4ie m2, (662de2ie+3c2d) e—4ie T (zc3e2ie+63) e—4’i€
16a2 + 4a? + 8a2 4q?
Az 3ckdz®  cd’x®  d32*

4a2+ 8a? + 4a2 + 16a2

inputLintegrate((d*x+c)**3/(a+I*a*tan(f*X+e))**Q,X) J

Piecewise ((((512*I*xa**2*cx*3*f**T*exp(2*xI*e) + 1536*I*ax*2kck*2kdxf**T*x*e
xp(2*Ixe) + 384*xax*k2kcx*2xd*fx*6xexp (2xI*e) + 1536*Ikakkkckdrxkf +kT+x**2
*xexp (2%Ixe) + 768*ka*x2kckd**2*xf**xG*kx*kexp(2xI*ke) - 192*Ixax*2xckd**x2xf**x5xe
xp(2%Ixe) + 512*Ixa**x2kd**3*xf**Txx**x3*kexp(2*xI*e) + 384*xax*2*kd**3*f**Bkx**2
*xexp (2%Ixe) — 192*Ikax*2kd**3*xfx*kExx*xexp(2*xI*e) - 48ka**2xd**3*f**x4*xexp (2%
Ixe))*exp(—4*I*xf*x) + (2048*I*ax*2xcx*3xf*x*xTxexp(4*Ixe) + 6144*I*ak*2kck*2
*xQ*f*xT*x*kexp(4*I*e) + 3072kax*2kcx*22kd*xf**6xexp(4*Ixe) + 6144xI*a**2*ckd*
*2*f kxkTHx*k*x2%exp (4*xI*e) + 6144*ax*2kckd*x*2xfx*k6xx*xexp(4*xIxe) — 3072*I*a*x*2
kckdx*#2*f*x5xexp (4*xIxe) + 2048*Ixax*2kd**3*f**T*xx**3*exp (4*I*e) + 3072*a**
2%d**3* ¥k Gk x*k*k2kexp (4xI*e) — 3072xIka**2kd**3*f**xEkx*kexp (4xI*e) - 1536%ax
*2%d**3xf*x4*exp (4*I*e) ) xexp (-2*I*f*x) ) *exp (-6*I*e) / (8192*a*xx4*xf**8) , Ne(a
*x4xfxx8%exp (6xI*e), 0)), (x**4x(2xd**3*exp(2*Ixe) + dx*3)*exp(-4*Ixe)/(16
*¥a¥xx2) + x¥*k3x(2kcxd**2xexp(2xIxe) + c*d**2)xexp(-4*I*e)/(4*a*x2) + x*x2x(
6xc*k*x2kdxexp(2+%Ixe) + 3xc**2*d)*exp(-4*xI*e)/(8*ax*2) + x*x(2xc**3*xexp(2xI*e
) + c*x3)*exp(-4*Ixe)/(4*ax*2), True)) + c**x3*x/(4*a*x*2) + Jkcx*x2xd*kx**2/ (
8*a**2) + ckd**x2xx*x*3/(4*xa*x*2) + d**3*kx*x*4/(16*a**2)

output
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Maxima [F(-2)]

Exception generated.

d 3
/ (@t (Ct: (xz_ 7)) dx = Exception raised: RuntimeError
a + iatan(e x

-

Lintegrate((d*x+c)‘3/(a+I*a*tan(f*x+e))‘2,x, algorithm="maxima")

~—

input

Output‘Excep‘cion raised: RuntimeError >> ECL says: expt: undefined: O to a negati ‘

Lve exponent.

Giac [A] (verification not implemented)
Time = 0.25 (sec) , antiderivative size = 368, normalized size of antiderivative = 1.36
(c+dz)3

(a +iatan(e + fx))?2
(32 d3f4$46(4i fzt+die) + 128 Cd2f4x3e(4i fz+die) + 192 C2df41726(4i fz+die) + 1283 d3f3m3e(2i fz+2ie) + 32; d3.

input ‘ integrate ((d*x+c)~3/(atI*a*tan(f*x+e))~2,x, algorithm="giac")

1/512*%(32*d"3*f~4*x"4*e” (4*xI*xf*xx + 4*xIke) + 128*c*d™2%f 4xx"3xe” (4*xI*f*x +

4xT*e) + 192%c™2xd*f 4xx"2xe” (4*xI*f*x + 4*I*e) + 128*Ixd~3*f " 3*kx"3*e” (2*1
*fxx + 2xIxe) + 32kI*A"3*f73*x"3 + 128*c”3*f 4dkxke” (4*I*f*x + 4xIxe) + 384
*Ikckd"2xf " 3*xx"2ke” (2xI*f*x + 2%Ixe) + 96*I*ckd~2*%f ~3*x"2 + 384*I*c”2*d*f~
3*kx*e” (2*xIxfxx + 2xI*ke) + 19247 3*f "2*x"2xe” (2xI*f*xx + 2%I*e) + 96*I*c~2*xd
*f73%kx + 24%d"3kf"2xx"2 + 128%I*c”3*%f " 3xe” (2*%I*f*kx + 2%I*e) + 384*c*d”~2%f~
2xx*ke” (2xIkfxx + 2%I*xe) + 32kI*c™3*f"3 + 48*kckxd"2*xf "2xx + 192%c~2kd*f " 2xe”
(2+I*f*xx + 2%Ike) - 192+I*d"3xfxx*e” (2¢I*kf*xx + 2*kIke) + 24*kc™24d*f"2 - 12%
I*d~3kf*x - 192%xI*cxd"2xfxe” (2xI*f*xx + 2%I*ke) - 12%Ixc*d~2*f - 96%d~3*e” (2
*Ixfxx + 2%I*e) - 3*%d~3)*e” (-4*Ixf*xx - 4*xI*e)/(a"2+xf~4)

output




input

output
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Mupad [B] (verification not implemented)

Time = 9.13 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.07

(c+dz)? dp — —¢?i—fa2i ((403 fP—cdf?6i—6c¢d® f+d*3i) 1
(a + iatan(e + fx))? 16 a2 f4
ezl dz(-22f*+cdf2i+d?) 3i
402 f 8a? f3
d?>z? (=2cf +d1i) 3i
- 8a? f2 )
L eediefudi ((32 ¢ fP—cFdf?24i—12¢cd’ f +d*3) 1i
512a2 f4
B3l dr(—8c f2+cdfdi+d?) 3i
1602 f 128 a2 f3
d? 2% (—4cf +d1i) 3i
- 64 a? f2 )

3

Ar d¥z* 332dz® cd?zd

4a2+16a2+ 8 a? + 4 a?

-

Lint((c + d*x)~3/(a + axtan(e + f*x)*1i)~2,x)

-/

exp(- ex2i - fxx*2i)*(((d"3*3i + 4*c™3*f73 - c"2*d*f"2%6i - 6*kc*d~2xf)*1i)
/(16*%a~2+f~4) + (d"3*x"3*1i)/(4*a~2*f) - (dkx*x(d"2 - 2*%c™2*f~2 + ckd*f*2i)
*31)/(8*a~2+f~3) - (d"2*x"2x(d*1i - 2xc*f)*3i)/(8*a~2*f"2)) + exp(- e*di -
Frx*4i)*(((d73%31i + 32%c™3*f"3 - c"2*%d*f"2%24i - 12xc*xd”~2*f)*1i)/(512*a~2
*f~4) + (d"3*x73*%1i)/(16%a~2*%f) - (d*x*(d"2 - 8*c™2*xf~2 + cxd*f*4i)*3i)/(1
28%a"2*f73) - (d"2xx"2*(d*1i - 4*c*f)*31i)/(64*xa~2xf~2)) + (c"3#*x)/(4*a"~2)
+ (d73*x74)/(16%a~2) + (3*c™2xd*x"2)/(8*a~2) + (cxd"2*x"3)/(4*xa"2)

Reduce [F]

/

(c + dx)3

dz

(a +iatan(e + fx))?

3

- (f tan(fz+e)

2_2tan(fz+e)i—1

dz) d* - 3(

2

2 z ,
tan(fz+e)?—2tan(fz+e)i—1 d$) cd 3 (f tan(fz+e)?—2 tan(fz+e)i—1 d

a
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input  int ((d*x+c) "3/ (a+I*a*tan(f*x+e))"2,x)

‘( - int(x**3/(tan(e + f*x)**2 - 2+tan(e + f*x)*i - 1),x)*d**3 - 3*xint (x**2
‘/(tan(e + fxx)**2 - 2xtan(e + fxx)*i - 1),x)*cxd**2 - 3xint(x/(tan(e + f*x
‘)**2 - 2xtan(e + f*xx)*i - 1),x)*c**2xd - int(1/(tan(e + f*x)**2 - 2*tan(e

‘+ fxx)*i - 1),X)*C**3)/a**2

output




output
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(c+dzx)?
3.25 f (a+iatan(e+fx))? dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F(-2)] . . . . . . o
Giac [A] (verification not implemented) . . . . . . . .. ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . o e

Optimal result

Integrand size = 23, antiderivative size = 202

de—2ie—2ifa: (C + dx)

/ (C + diE)Q o = _,id26—2ie—2if:1: B id2e—4ie—4ifx
(a+iatan(e + fz))2 ~ 8a? f3 128a2 f3

4a? f?

de—4ie—4if:1:(c+ d.’L’) i€_2i6_2ifm(c+ d.’E)2

+ 32a2 f2

402 f

ie~ 44T (c 4 dx)?  (c+dzx)?

16a2f 12a2d

e

-1/8*%I*d"2%exp(-2*I*e-2*I*f*x)/a~2/f"3-1/128*I*d"2*exp (-4*I*e—-4*I*f*x)/a~2

‘/f‘3+1/4*d*exp(—2*I*e—2*I*f*x)*(d*x+c)/a“2/f‘2+1/32*d*exp(—4*I*e—4*I*f*x)*
‘(d*x+c)/a“2/f‘2+1/4*I*exp(—2*I*e—2*I*f*x)*(d*x+c)“2/a‘2/f+1/16*I*exp(—4*I*

Le—4*I*f*x)*(d*x+c)“2/a‘2/f+1/12*(d*x+c)“3/a‘2/d

~
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Mathematica [A] (verified)

Time = 1.45 (sec) , antiderivative size = 282, normalized size of antiderivative = 1.40

(c+ dz)?
(a +iatan(e + fx))
_ sec’(e + fx)(cos(fz) + isin(fz))* ((d+ (1 + i)cf + (1 +3)dfz)((1 +3)cf +d(—i+ (1 + i) fz)) cos(2f

2dm

e

~—

inputLIntegrate[(c + d*x)~2/(a + I*a*Tan[e + f*x])~2,x]

(Sec[e + f*x]~2*(Cos[f*x] + I*Sin[f*x]) " 2*((d + (1 + I)*c*f + (1 + I)*d*fx*
x)*((1 + I)*cxf + d*x(-I + (1 + I)*fxx))*Cos[2*f*x] + ((d + (2 + 2%I)*c*f +
(2 + 2%I)*d*f*x)*((2 + 2%I)xc*xf + d*x(-I + (2 + 2%I)*f*x))*Cos[4*f*x]*(Cos
[2%xe] - I*Sin[2%e]))/16 + (2*%f " 3*x*(3*c™2 + 3*c*xd*x + d~2%x"2)*(Cos[2*xe] +
I*Sin[2*e]))/3 - I*x(d + (1 + I)*c*xf + (1 + I)*d*xf*x)*((1 + I)*c*xf + d*(-I
+ (1 + I)*f*xx))*Sin[2+f*x] - (I/16)*(d + (2 + 2*I)*kc*f + (2 + 2%I)*d*f*x)
*((2 + 2xI)*xcxf + d*(-I + (2 + 2xI)*f*xx))*(Cos[2*e] - I*Sin[2*e])*Sin[4*fx*
x]1))/(8x£"3x(a + I*a*Tan[e + f*x])~2)

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.130, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dz)?
(a +iatan(e + fz))?

l 3042
/ : (c+ dz)? di

a +iatan(e + fz))?2

dzr

l 4212
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2 —2ie—2ifx 2 —die—4ifx 2
/<(c+dw)e +(c+d:v)e +(c—|-dx) )dw

2(12 4a2 4a2
| 2009
d(c + dz)e=2e=2f2  d(c + dx)etie—4ifz N i(c+ dz)2e~2e2f (e 4 dy)2e—die—tifz .
4a? f? 3242 f2 12 f l6a2]
(c+dx)® id2e2ie-2ife  jq2e—die—dife
12a2d 8a2 f3 - 128423
inputtlnt[(c + d*x)"2/(a + I*axTan[e + f*x])~2,x] J

((-1/8*I)*d"2+E~ ((-2*xI)*e - (2*I)*f*x))/(a"2+%f~3) - ((I/128)*d"2*E~ ((-4*I)
xe — (4xI)xf*xx))/(a"2*%f73) + (d*E~((-2xI)*e — (2*I)*f*x)*(c + d*x))/(4*xa"2
*f~2) + (A*E~((-4*I)*e - (4*xI)*f*x)*(c + d*x))/(32%a~2%f~2) + ((I/4)*E~((-
2%I)*e - (2*xI)*f*xx)*(c + d*x)"2)/(a"2*f) + ((I/16)*E~((-4*I)*e - (4*I)*fx*xx
Yx(c + d*x)~2)/(a~2*xf) + (c + d*x)~3/(12*a"~2%d)

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 4212‘Int[((0_-) + (d_D)*(x))"(m )*((a ) + (b_.)*tanl(e_.) + (£_)*(x_D1)"(n)),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + f*
‘X))/(2*a))“(-n), x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[a"2 + b"2
, 0] && ILtQ[n, 0]

N\ J

/|
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Maple [A] (verified)

Time = 0.94 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.86

method | result

. 2,3 2 2 3 i(2d2 2f2+4 df2 _2-d2f +2 2f2_2‘ df—d2 e—2i(fzte) i (82 2f2+16 df2 4442
risch % + dsz-’g + % 4 120112,1 + i(2d%x cd flx—2i 8:6(12f§ ic ) + i(8d2%z cd flx—4i :
jnputLint((d*X+c)A2/(a+I*a*tan(f*X+e))A2:X,meth0d=_RETURNVERBDSE) J

output ‘{1/12/a"2*d‘2*x’"3+1/4/a’"2*d*c*x"2+1/4/a’"2*c"2*x+1/12/a’"2/d*c"3+1/8*I* (2xd"2
‘*x‘2*f“2—2*I*d‘2*f*x+4*c*d*f“2*x—2*I*c*d*f+2*c‘2*f“2—d“2)/a‘2/f‘3*exp(—2*I
\*(f*x+e))+1/128*1*(8*d‘2*x‘2*f‘2—4*I*d‘2*f*x+16*c*d*f‘2*x—4*I*c*d*f+8*c‘2*
£72-d72) /a~2/f"3%exp (-4*I* (f*x+e))

N\ J

\‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.81

(c+ dz)?
- dx
(a+iatan(e + fz))?
B (240 d? f22% 4+ 24i 2 f? + 12 cdf — 3id? — 12 (—di cdf? — & f)z + 32 (d* f32® + B cdf3z% + 3 2 f3z)elti /e
- 384 a2f3
inputLintegrate((d*x+c)“2/(a+I*a*tan(f*x+e))“2,x, algorithm="fricas") J

Output‘1/384*(24*I*d"2*f"2*x‘2 + 24%T*c™2+f72 + 12xckxdxf — 3*kI*d"2 - 12%(-4xIxc*xd
\*f‘z - d72%f)*x + 32%(d72*xf"3*%x"3 + 33kckd*f73*x72 + 3kcT2xf"3kx) ke  (A*I*f*
‘x + 4xT*e) - 48*(—2*I*d~2*xf"2%x"2 — 2%I*c 2*%f"2 — 2xckxd*xf + I*d"2 + 2% (-2%
‘I*c*d*f‘Q - d72%f)*x) *e” (2*xI*f*kx + 2%I*e))*e” (—4*xIxfxx — 4*xI*xe)/(a"~2%f"3)
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Sympy [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 418, normalized size of antiderivative = 2.07
(c+ dz)?

(a +iatan(e + fx))?2
((64ia202f562i5+128ia2cdf5me%e+32azcdf4e2ie+64ia2d2f5z2ezie+32a2d2f4ze2i5—8ia2d2f362ie) e~ difry (256ia2c2f5e4ie+512ia,2cdf5:

dz

1024a4 6
m3_(2d262ie+d2)e—4ie m2.(26d62ie+cd)e—4ie :E(2C262ie+62)6_4ie
12a2 + 4a? + 4a?
cr  cdr?  d’2?

4q2 4q2 12a2

-

kintegrate((d*x+c)**2/(a+I*a*tan(f*x+e))**2,x)

~—

input

Piecewise ((((64*Ixax*2xc*x*2xf*x5xexp(2*xIxe) + 128*Ikax*2xckd*f**x5*x*kexp (2%
Ixe) + 32ka*x2xckdxfx*4*xexp(2xI*ke) + 64*xIkax*2*d**2xfx*5*xx**2kexp(2xI*e) +
32xax*2xdx*2xfxx4xx*exp (2%Ixe) - 8xIka*x2xd*x2xf*x3xexp(2*Ixe))*exp (-4*I*
fxx) + (256xIxa*x2*c*k*x2*f**x5*xexp(4*xI*e) + B12xIxa*x2xckd*xf**5kxxexp (4*I*e)
+ 2b66*ax*2*ckd*f**xdxexp(4xIxe) + 266*Ika*x2xdx*2*f*x5xx*x*2kexp(4*I*xe) + 2
B6*ax*2kdrk 2k x*k4kxxexp (4*Ixe) - 128*Dkax*2kdx*2xfx*k3xexp(4*Ixe))*exp(-2*I
*xf*x)) *exp (-6%I*xe) /(1024*ax*4xf**6) , Ne(ax*4xf*x6*kexp(6xI*e), 0)), (x**3*(
2xd**2kexp (2xI*e) + d**2)*exp(-4*Ixe)/(12xa**2) + x**x2*(2kcxd*exp(2xI*e) +
cxd) xexp (-4xI*e)/(4xa*x2) + xx(2*cx*2xexp(2+I*xe) + cx*2)*exp(-4xI*e)/(4*a
*x2) , True)) + c*x*2xx/(4*a*x*x2) + cxdkx**x2/(4*ax*x2) + dk*k2kx*x*x3/(12%a*x*2)

output

Maxima [F(-2)]

Exception generated.

d 2
/ .(c + dz) dr = Exception raised: RuntimeError
(a+iatan(e + fz))?
input Lintegrate ((d*x+c) "2/ (at+Ixa*tan(f*x+e))"~2,x, algorithm="maxima") J

N

p
Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

‘ ve exponent. ‘




input

output

input L
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Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.07

/ (c+ dz)?
(a +iatan(e + fx))?

(32 d2 f3g3eltifottic) 4 96 cdf3g2eltifotiic) 4 96 ¢? f3geldifotiic) 4 96; g2 f2r2e(®ifo+2ie) 4 244 2 f2% +

dz

tintegrate((d*x+c)‘2/(a+I*a*tan(f*x+e))‘2,x, algorithm="giac")

1/384* (32xd"2%f " 3*x"3*e” (4*xI*f*xx + 4*xI*e) + 96*ckxd*f ~3*xx"2xe” (4d*xI*xf*x + 4%
Ixe) + 96xc”™2xf " 3kx*e” (4*I*f*x + 4xIxe) + 96kxI*kd"2*f " 2*x"2%e~ (2*xI*f*xx + 2%
Ike) + 24xI*d"2*xf"2%x"2 + 192%Ikckd*f~2%x*ke” (2*I*f*x + 2%Ixe) + 48*xI*cxd*f
"2%x + 96*%IkCcT2+f"2ke” (2xIxf*x + 2xIxe) + 96xd"~2*kfrxke” (2+xI*f*x + 2%I*e) +
24xT*c”2%f72 + 12*d"2*f*xx + 96xckdxf*e” (2xI*fxx + 2+I*e) + 12*cxd*f - 48+
I*d~2xe” (2*xI*xf*x + 2%xIke) - 3*%I*d"2)*e” (-4*xI*xf*x - 4xIxe)/(a~2xf"3)

Mupad [B] (verification not implemented)

Time = 8.26 (sec) , antiderivative size = 183, normalized size of antiderivative = 0.91

/ (c+ dz)?
(a +iatan(e + fx))?

4a? 128 a2 f3 © 16a?f
dr(—4cf+dli) li
32a? f? )
_ o—edi-faii <(_202 fPHcdf2i+d) 1l &z

A _ omedi—fau <(—802f2+cdf4i+d2) i d?z?1i

8a? f3 42§
dz(—2cf+dli) li d2x3+cd:c2
4 a2 f? 12a?> 4a?

int((c + d*x)"2/(a + a*tan(e + f*x)*1i)~2,x)
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(c™2xx)/(4xa"2) - exp(- e*4i - f*xx*4i)*(((d72 - 8*c™2xf72 + ckdxf*4i)*1i)/
(128*%a~2*xf~3) - (d"2*x"2%1i)/(16%a~2*f) + (d*x*x(d*1i - 4*cxf)*1i)/(32*a~2x*
£72)) - exp(- e*2i - f*x*x2i)*(((d"2 - 2*xc™2*f"2 + c*kd*xf*2i)#*1i)/(8*a~2*£"3
) - (d72*x72%1i)/(4*a~2%f) + (dxxx(d*1i - 2*c*f)*1i)/(4*a~2xf~2)) + (d"2*x
~3)/(12%a"2) + (c*d*x~2)/(4%a"2)

output

Reduce [F]
d 2
‘(04— ) "
(a +iatan(e + fz))?
1‘2 2 z 1
. <f tan(f ”+6>2-2tan(fw+e)i—1dx) ¢ - 2<f tan(f56+€)2—2tan(fa:+e)i—ldm) ed - (f tan(fz+e)2—2tan(fz+e)i—1dm)
- -
inputLint((d*X+c)A2/(a+I*a*tan(f*X+e))A2,X) J

p
\( - int(x**2/(tan(e + f*x)**2 - 2%tan(e + f*xx)*i - 1),x)*d**2 - 2*xint(x/(t
\an(e + fxx)**2 — 2xtan(e + f*xx)*i - 1),x)*c*d - int(1/(tan(e + f*x)**2 - 2
‘*tan(e + fxx)*i - 1),x)*c**2)/ax*x2

output

\‘
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ctdx
3.26 f (a+iatan(e+fx))? dz

Optimal result . . . . . . . . . . e 226
Mathematica [A] (verified) . . . . . . . . . ... oo 2261
Rubi [A] (verified) . . . .. . . ... .. 227
Maple [A] (verified) . . . . . . ... L 228
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 229
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 229
Maxima [F(-2)] . . . . . . e 2301
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 230
Reduce [F] . . . . . 231
Optimal result
Integrand size = 21, antiderivative size = 151
c+dz dz:_%_d_x?+m(c+dm)+ d
(a +iatan(e + fx))? 16a%f  8a? 4a? 16f2(a + iatan(e + fz))?
i(c+dzx) 3d
4f(a +iatan(e + fx))? + 16f2 (a2 + ia? tan(e + fz))
i(c+dzx)

4f (a? + ia? tan(e + fz))

‘ -3/16%I*d*x/a~2/f-1/8*d*x~2/a"~2+1/4*x* (d*x+c) /a~2+1/16*%d/f "2/ (a+I*a*tan (f* \
| x+e))"2+1/4%I* (dxx+c) /£/ (a+Ixaxtan(fxx+e)) 2+3/16%d/£°2/ (a"2+Ixa"2*tan(f*x |
L"'e) )+1/4*%Ix(d*x+c) /f/(a~2+I*a~2*tan(f*x+e)) J

output

Mathematica [A] (verified)

Time = 0.96 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.86

c+dz
(a +iatan(e + fx))
sec’(e + fxz) (8(d + 2icf + 2idfz) + (4def (i + 4fz) + d(1 + 4ifz + 8f%x?)) cos(2(e + fz)) + (4ef(1-
B 64a?f2(—i + tan(e + fz))?

2dav:




inpu

output ‘

input
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t‘ Integrate[(c + d*x)/(a + I*axTan[e + fx*x])~2,x] ‘

-1/64*(Sec[e + f*xx] 2%(8*x(d + (2*I)*cxf + (2%xI)*d*f*x) + (4d*c*f*(I + 4*f*x \
)+ dx(1 + (4¥D)xf¥x + 8x£72%x72))*#Cos[2(e + £xx)] + (dxckfx(1 + (4xI)*f*x
x) + (-1 + 4kfxx + (8xI)*£ 2%x"2))*Sin[2x(e + £*x)1))/(a2%f"2%(-I + Tan |
e + £4x1)72) |

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.143, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ c+dz d
(a +iatan(e + fx))?2 v
| 3042

c+dx i
/ (a +iatan(e + fz))? v

l 4213

p T i i p
B /<ém2+4f(itan(e+fw)a2+a2) +4f(itan(e+fac)a+a)2) v

i(c+ dx) z(c+dzx) i(c+ dx)
4f (a? + ia? tan(e + fx)) R 4f(a +iatan(e + fx))?2
| 2009
i(c+ dx) z(c+ dz)
4f (a? + ia? tan(e + fz)) T T
%_ 3 ECRNE 1 )+
1612 (a? + ia?tan(e + fz)) 16a2f 8a? 16f2%(a +iatan(e + fz))?2
i(c+dx)
4f(a+ itatan(e + fz))?2

Int[(c + d*x)/(a + I*a*Tan[e + £*x])~2,x] J




output

rule 2009

rule 3042

rule 4213

input

output
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(xx(c + d*x))/(4xa”2) + ((I/4)*(c + d*x))/(fx(a + I*axTan[e + £xx])"2) + (
\(I/4)*(c + d*x))/(fx(a"2 + I*a"2*xTan[e + f*x])) - d*x((((3*I)/16)*x)/(a~2*f
\) + x72/(8%a"2) - 1/(16*%f~2*%(a + I*a*Tan[e + f*x])~2) - 3/(16*%f~2%x(a"2 + I
‘*a"2*Tan[e + £*x])))

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])"n, x]}, Simp[(c + d*x)
m u, x] - Simp[d*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, £}, x] && EqQ[2"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

-~

Maple [A] (verified)

Time = 0.70 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.54

method | result size

i(2dfz+2cf—id)e—2Ffzte)  (4dfx+dacf—id)e 4 (fzte) 89
8a? f2 + 64a2 2

: dxz? cx
I'lSCh RaZ + a2 +

-

Lint ((d*x+c)/(atI*axtan(f*x+e)) ~2,x,method=_RETURNVERBOSE)

-/

‘1/8*d*x“2/a“2+1/4/a‘2*c*x+1/8*I*(2*d*f*x—I*d+2*c*f)/a‘2/f‘2*exp(-2*I*(f*x+ \
Le) )+1/64%I* (4xd*f*x-I*d+4*c*f) /a~2/f"2%exp (—4*I* (f*x+e)) J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.52

c+dzx
(a +iatan(e + fx))?
(4idfz + dicf + 8 (df?z? + 2 cf?z)elifet4ie) — 8 (—2idfr — 2icf — d)el? fat2e) 4 d)e(~4ife—dic)
64 a2 f?

dz

/

integrate((d*x+c)/(at+I*a*tan(f*x+e))~2,x, algorithm="fricas")

~—

input L

‘1/64*(4*I*d*f*x + AxTxckf + 8x(d*f~2%x"2 + 2*ckxf~2xx)*e” (4xIxfxx + 4*xIxe)
‘— 8% (—2%I*d*xf*xx — 2%I*kc*xf — d)*e” (2xI*xfxx + 2%xIxe) + d)*xe~ (-4xIxfxx - 4*Ix*
e)/(a~2%f"2)

output

N

Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.50

c+dx
. 5 dz
(a +iatan(e + fx))
( (32ia2 cf3e?i€4+32ia2df3xe?ic4-8a2 df2ezie) e~ difry (1281'(12 cf3 e4i5+128ia2df3me4ie+64a2df264ie) e~ 2ifx ) e~6ie for a4 f466ie 7£ Q

— 51244 f4
T ) 22 (2de?erd)e—te  g(2ceietc)e—tie .
( 8aZ ) + 2 4a2) otherwise
L cT +_dx2
4a? = 8a?

-/

P
inputLlntegrate((d*x+c)/(a+I*a*tan(f*x+e))**2’X)

Piecewise ((((32xI*ax*2xc*xf**3xexp(2xI*e) + 32xIkax*2xd*f**3*xxkexp(2xIxe) +
8ka*x*x2kd*f**2kexp (2xI*e) ) ¥exp (—4*Ixf*xx) + (128xIka**2kc*f**3*kexp(4xI*xe) +
128*I*ka**2kd*f**3*x*exp (4*I*e) + B4*a*x2kxd*f**2*exp (4xI*e))*exp (-2*I*f*x)

Yxexp (-6xI*e)/(512*a**4*xfx*4), Ne(ax*4dxfrxdxexp(6%Ixe), 0)), (x**2*(2*d*ex

p(2*xIxe) + d)*exp(-4xIxe)/(8xa*x*2) + x*(2xcxexp(2xIxe) + c)*exp(-4*I*e)/(4

*a**2), True)) + cxx/(4*a**2) + d*x**2/(8xa**2)

output
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Maxima [F(-2)]

Exception generated.

d
/ . ctdz dx = Exception raised: RuntimeError
(a +iatan(e + fx))2

integrate ((d*x+c)/(at+I*axtan(f*x+e)) 2,x, algorithm="maxima")

-/

E
input L

Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

N\ J

Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.67

c+dzx

dx
(a+iatan(e + fz))?
(8 d 2x26(4i fz+die) +16 cf2xe(4i fzt+die) + 164 dfxe(Qi fz+2ie) + 44 df.’L' + 16i cfe(zi fx+2ie) + 45 Cf + 8d€(2i
- 64 a? f?
input Lintegrate ((d*x+c)/(atI*axtan(f*x+e))~2,x, algorithm="giac") J
output‘ 1/64% (8xd*f~2%x~2ke~ (AxI*f*x + AxIxe) + 16%kckf~2kxxe” (AxI*f*x + 4xIxe) + 1 |

‘6*1*d*f*x*e‘(2*1*f*x + 2%Ixe) + 4*xIxd*xfxx + 16%Ixckfxe” (2xI*fxx + 2%I*e) + \
‘ AxTxckf + 8xdke~ (2xI*f*x + 2%Ixe) + d)xe” (-A*xI*f*x — 4xIxe)/(a~2%f"2) ‘

Mupad [B] (verification not implemented)

Time = 8.07 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.68

/ c+dz dx:dxz_e—€4i—fm4i<(_4cf+d1i) li dmli)
(a +iatan(e + fx))? 8a? 64 a? f? 16a? f

_e—e2i—fa:2i((_26f+d1i) i dxli) cx

8a? f? 4a? f 4qa?
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input Lint((c + d*x)/(a + a*tan(e + f*x)*1i)~2,x) J

o (@xx°2)/(8%a"2) - exp(- exdi - fxxxdi)*(((dxli - dxckf)*1i)/(64*a"2%f72) -
| (Axx¥1i)/(16%a~2%f)) - exp(- e¥2i - f¥x*2i)*(((d*1i - 2xckf)*1i)/(8%a~2%f |
72) - (d*x*1i)/(4%a"2%£)) + (c*x)/(4%a~2)

outpu

Reduce [F]

c+dr 4
/ (a +iatan(e + fx))? v

T 1
_(f tan(fm+e)2—2tan(fm+e)i—1dx) d— (f tan(fa:—l—e)2—2tan(fm+e)i—1dx) ¢
a?

input tint((d*x+c)/(a+I*a*tan(f*x+e))"2,x) J

(- (int(x/(tan(e + f*x)**2 - 2«tan(e + f*x)*i - 1),x)*d + int(1/(tan(e +

output
‘f*x)**Z - 2xtan(e + f*x)*i - 1),x)%c))/a**2 ‘
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1

3.27 f (c+dz)(a+iatan(e+fx))? dx

Optimal result . . . . . . . . . . e 232
Mathematica [A] (verified) . . . . . . . . . ... oo 2331
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F] . . o o 230
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2361
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 231
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o 238

Optimal result

Integrand size = 23, antiderivative size = 305

1 _ cos (2e — %f) Coslntegral (%, + 2fz)

dzr =

(c+dz)(a+iatan(e + fx))?

2a2%d

. cos (4e — &) Coslntegral (%< + 4fz)

log(c + dz)
4a2d

i CosIntegral (%< + 4fz) sin (4e —

4a2d

4cf
d

)

B 1 CosIntegral (Q%f + 2f:c) sin (26 —

4a2d

2cf
d

)

icos (2e — 2¢L) Si(%L + 2fx)

2a%d

2a2d

sin (26 — 2—?) Si(2—fl£ + 2f:c)

2a2d

icos (4e — %L) Si(%L + 4fx)

4a2d

sin (46 — %) Si(‘%f + 4fx)

4a2d
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1/2%cos (-2xe+2*c*xf/d) *Ci (2xcxf/d+2*xf*x) /a~2/d+1/4*cos (—4*e+d*xcxf/d) *Ci (4*c
*f /d+4*f*xx) /a~2/d+1/4*1n(d*x+c) /a~2/d+1/4*T*Ci (dxc*f/d+4*f+x) *sin(—-4*e+d*c
*f/d)/a~2/d+1/2*I*Ci (2*c*f/d+2*f*x) *sin (-2xe+2*c*f/d) /a~2/d-1/2*I*cos (-2*e
+2xc*f/d) *Si (2*c*xf/d+2xf*x) /a~2/d+1/2*sin (-2*e+2xc*f/d) *Si (2*kc*f/d+2*f*x) /
a~2/d-1/4*Ixcos (—4xe+d*xc*xf/d) *Si (d*c*f/d+4*f*xx)/a~2/d+1/4*sin(-4*e+d*cxf/d
)*Si(4xckxf/d+4*f*x) /a~2/d

output

Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.69

1
(c+dz)(a+iatan(e + fz))
(cos (2e — L) — sin (2e — %)) (2 CosIntegral (Lﬁdw)) + cos (2e — 2Z) log(f(c + dz)) + Coslnte;

2dx

d

input Integrate[1/((c + d*x)*(a + I*a*Tan[e + f*x])"2),x]

((Cos[2%e - (2*cxf)/d] - IxSin[2*e - (2xc*f)/d])*(2*CosIntegral [(2xfx(c +
d*x))/d] + Cos[2xe - (2%c*f)/d]*Logl[f*(c + d*x)] + CosIntegral[(4xf*(c + d
*xx))/d]*(Cos[2*xe - (2%c*f)/d] - I*Sin[2*e - (2%c*f)/d]) + I*Logl[f*(c + d*x
)1*Sin[2*e - (2%c*f)/d] - (2*I)*SinIntegral [(2*f*(c + d*x))/d] - I*Cos[2%*e
- (2*%cxf)/d]*SinIntegral [(4xf*(c + d*x))/d] - Sin[2*e - (2%cx*f)/d]*SinInt
egral [(4xfx(c + dx*x))/d]))/(4xa~2xd)

output

Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.130, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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1
(c+ dz)(a + iatan(e + fz))2

l 3042

dz

1 d
/(c+dm)(a+iatan(e+fa:))2 v

| 421
/ _sin2(2e +2fz) isin(2e+2fz) isin(4e +4f2) cos?(2e +2fx)  cos(2e + 2fx) 1
4a?(c + dx) 2a%(c + dx) 4a?(c + dx) 4a?(c + dx) 2a%(c+dz) = 4a?(c+dx) (
| 2009
i CosIntegral (2x f+ %) sin (26 — %) 1 CosIntegral (4x f+ %) sin (46 — %)
- - +
2a2d 2
Coslntegral <2m f+ %) cos (26 — %) Coslntegral (437 f+ %) cos (46 - %)
2 + 4q2 -
sin (26 — %) Si(2xf + %) sin (46 — %) Si(4a:f + %)
a2d 4a2d
i cos (26 — %) Si<2xf + %) i cos (46 — %) Si(4xf + %) log(c + dz)
2a2d B 4a2d + 4a2d

-

input L

-/

Int[1/((c + d*x)*(a + I*a*Tan[e + f*x])~2),x]

(Cos[2*e - (2xc*f)/d]*CosIntegral [(2*c*f)/d + 2xfxx])/(2*a"2xd) + (Cos[4*e
- (4xcxf)/d]*CosIntegral [(4xc*f)/d + 4*fxx])/(4xa~2+d) + Loglc + dxx]/(4x*
a"2xd) - ((I/4)*CosIntegral[(4xc*f)/d + 4*fxx]*Sin[4*e - (4xcxf)/d]l)/(a"2%
d) - ((I/2)*CosIntegral [(2*c*f)/d + 2*f*x]*Sin[2*e - (2xc*f)/d])/(a~2+d) -
((I/2)*Cos[2*%e - (2*cxf)/d]*SinIntegral [(2xcxf)/d + 2*xf*x])/(a~2+d) - (Si
n[2xe - (2xc*f)/d]*SinIntegral [(2xc*f)/d + 2xf*x])/(2*%a~2+d) - ((I/4)*Cosl[
4xe - (4*cxf)/d]*SinIntegral [(4*c*f)/d + 4xf*x])/(a"2xd) - (Sin[4*e - (4*c
*xf)/d]*SinIntegral [(4*c*f)/d + 4xfxx])/(4*a”2%d)

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4211

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear

Qlu, x]

Int[((c_.) + (A_D*(x_))"(m)*((a_) + (b_.)*tanl[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2*a) + Sin[2xe + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]

&& EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Maple [A] (verified)

Time = 0.84 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.37

method | result size
4i(cf—de) . 2i(cf—de) .
. In(da+c) e d explntegral; (4i fm+4ie+%‘_de)) e d explntegral; (2i f x+2ie+%d_de)>
risch —t — 5 5 114
4a2d 4a2d 2a2d

Lint (1/(d*x+c) / (atI*a*tan(f*x+e)) ~2,x,method=_RETURNVERBOSE)

‘ 1/4x1n(d*x+c)/a~2/d-1/4/a"~2/d*exp (4*I* (cxf-d*e)/d) *Ei (1,4*I*f*x+4*Ike+4*xI* \
(cxf-dxe)/d)-1/2/a"2/dxexp(2%Ix (cxf-dxe) /A) *Ei (1, 2% I*fxx+2%Ike+2+I* (cxf-d* |
‘e)/d)

Fricas [A] (verification not implemented)

1

/ (c+dz)(
2Ej(-204ztien) o

a +iatan(e + fz))

__2(ide—icf)

> )+Ei<_4(idfa;+icf)>e(

2dm

4(ide—icf)
—=reemel)

Time = 0.08 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.28

) +10g (1)

4 a%d
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inputLintegrate(1/(d*X+C)/(a+I*a*tan(f*x+e))“2,x, algorithm="fricas") J

t} 1/4% (24Ei (-2# (I*d#f4x + Tkckf)/d)*e” (-2 (I*dke - Ikc*f)/d) + Ei(-4x(I*dxf* |

outpu
'x + Ikckf)/d)*e” (-4*(I*dxe - Ixckf)/d) + log((d*x + c)/d))/(a~2+d) |

Sympy [F]

/ 1 d
(c+dz)(a +iatan(e + fz))2

1
. f ctan? (e+fz)—2ictan (et fx)—c+dx tan? (e+fz)—2idz tan (e+fz)—dx dx
= — a
inputLintegrate(1/(d*x+c)/(a+I*a*tan(f*X+e))**Q,X) J
Output‘ -Integral(1/(c*tan(e + f*x)*x2 — 2xIxcxtan(e + f*x) - c + d*x*tan(e + f*x) ‘

‘**2 - 2xIxd*x*tan(e + f£*x) - d*x), x)/a**2 ‘

Maxima [A] (verification not implemented)
Time = 0.14 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.64
1

(c+dz)(a+iatan(e + fx))
2 f cos (_ﬂdef;cf)) E, <_2(—i(fa:+e)dd+ide—icf)) + fcos (_@) B <_4(—i(fa:+e)dd+ide—icf)) 42 f

2dz=

input Lintegrate (1/ (d*x+c) / (a+I*axtan(f*x+e))~2,x, algorithm="maxima") J
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-1/4*x(2xf*cos(-2*%(d*e - cxf)/d)*exp_integral_e(l, -2x(-I*(f*x + e)*d + Ixd
xe — Ikcxf)/d) + fxcos(-4*(d*e - cxf)/d)*exp_integral e(1l, -4*x(-Ix(f*xx + e
)*d + Ixd*e - Ikcxf)/d) + 2*Ixf*exp_integral_e(l, -2*%(-I*(f*x + e)*d + Ixd
xe — I*cxf)/d)*sin(-2*(d*e - cxf)/d) + Ixf*exp_integral_e(l, -4x(-Ix(fxx +
e)*d + Ixd*e - Ixcx*f)/d)*sin(-4*(dxe - c*f)/d) - fxlog((f*x + e)*d - dxe
+ cxf))/(a"2*d*f)

output

Giac [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.32
1

(c+dz)(a+iatan(e + fz))
2 cos (2¢e) cos (2) Ci <—w> + cos (2¢)*log (dz + ¢) + 2i cos (24L) Ci (—W) sin (2€) + 2

2dx

inputLintegrate(1/(d*x+c)/(a+I*a*tan(f*x+e))"2,x, algorithm="giac") J

1/4% (2%cos(2xe) *cos (2xcxf/d) *cos_integral (-2x (d*f*x + c*f)/d) + cos(2xe)~2
xlog(d*x + c) + 2*I*cos(2*c*f/d)*cos_integral (-2*(d*f*x + cx*f)/d)*sin(2*e)
+ 2*I*cos(2*e)*log(d*x + c)*sin(2*e) - log(d*x + c)*sin(2%e)~2 + 2*I*cos(
2%e)*cos_integral (-2x(dxf*x + c*f)/d)*sin(2xc*f/d) - 2*cos_integral (-2*(d*
f*x + cxf)/d)*sin(2*e)*sin(2%cxf/d) - 2xI*cos(2*e)*cos(2xc*f/d)*sin_integr
al(2x(d*xf*xx + c*f)/d) + 2*cos(2*c*f/d)*sin(2%e)*sin_integral (2% (d*f*x + c*
f)/d) + 2*cos(2*e)*sin(2xc*f/d)*sin_integral (2*(d*f*x + c*f)/d) + 2*I*sin(
2xe)*sin(2*cxf/d) *sin_integral (2% (d*f*x + c*f)/d) + cos(4*cxf/d)*cos_integ
ral(-4*(d*f*x + cxf)/d) + Ixcos_integral(-4*(d*f*x + c*f)/d)*sin(4x*c*f/d)
- Ixcos(4*cxf/d)*sin_integral (4*(d*f*x + c*f)/d) + sin(4*c*f/d)*sin_integr
al(4x(dxf*x + c*f)/d))/(a"2xd*cos(2*e) 2 + 2+I*a"2xd*cos(2*e)*sin(2xe) - a
~2*d*sin(2%e) ~2)

output
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Mupad [F(-1)]
Timed out.

1 1
/(c—l—dac)(a—I—z'a,tan(e—i—fac))2 do = / (a+atan (e + fz) 1i)® (c+d=) de

input tint(l/((a + axtan(e + f£*x)*1i)~2*%(c + d*x)),x)

output Lint(l/((a + axtan(e + fxx)*1i)"2%(c + d*x)), x)

Reduce [F]

1
(c+dz)(a+iatan(e + fz))

2dm

1
f tan(fz+e)c+tan(fz+e)2dz—2 tan(fz+e)ci—2 tan(fr+e)diz—c—de dx
2
a

tnput Lint (1/(d*x+c)/ (a+I*axtan(fxx+e))"2,x)

‘( - int(1/(tan(e + f*x)**2%c + tan(e + f*xx)**2*xd*x - 2*%tan(e + f*x)*c*xi -

output
‘2*tan(e + frx)kdkikx - c - d*x),x))/axx2
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1

3.28 f (c+dz)?(a+iatan(e+fx))? dx

Optimal result . . . . . . . . . . e 240
Mathematica [A] (verified) . . . . . . . . . ... oo 24T]
Rubi [A] (verified) . . . .. . . ... .. 247]
Maple [A] (verified) . . . . . . ... L 243
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 244
Sympy [F] . . o o 247
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 2451
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 245
Mupad [F(-1)] . . . oo 246
Reduce [F] . . . . . 247



output
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Optimal result

Integrand size = 23, antiderivative size = 436

1 1 cos(2e + 2fx)

(c+dz)*(a +iatan(e + fx))? do = " 4a2d(c+dz)  2a2d(c + dx)
_ cos’(2e +2fx)
4a2d(c + dz)
if cos (2e — %) CosIntegral (%L + 2fz)
B a?d?
if cos (46 — 4%0) CoslIntegral (4%0 +4 fx)
B a?d?
f CosIntegral (%L + 4fz) sin (4e — &)
B a?d?
f Coslntegral (% + Qfm) sin (26 — %)
B a?d?
isin(2e + 2fx)
2a%d(c + dz)
sin?(2e + 2fz)  isin(4e + 4fx)
4a%d(c + dx) 4a%d(c + dx)
f cos (26 — %) Si(% + Qfm)

a2d?

N if sin (2e — 2¢L) Si(%L + 2fx)
a?d?

B f cos (46 — 4—?) Si(‘l—;I + 4fm)
a?d?

N ifsin (4e — %) Si(% + 4fz)
a?d?

-1/4/a~2/d/ (d*x+c)-1/2*cos (2%f*x+2*e) /a~2/d/ (d*x+c) —-1/4*cos (2*%f*x+2*e) “2/a
~2/d/ (d*x+c) -Ixf*cos (—2*e+2xc*f/d) *Ci (2xc*xf/d+2*f*x) /a~2/d"2-I*f*cos (—4*e+
4xc*f/d) *Ci (dxcxf/d+4xf*xx) /a~2/d"2+f*Ci (d*cxf/d+4*f*x) *sin (-4*e+d*xcxf/d) /a
~2/d72+f*Ci (2% c*f/d+2%f*x) *sin (-2ke+2kc*xf/d) /a~2/d"~2+1/2%I*sin (2*f*x+2%e) /
a~2/d/ (d*x+c)+1/4*sin (2xf*x+2*%e) "2/a"~2/d/ (d*x+c)+1/4*I*sin (4xf*xx+4*e) /a~2/
d/ (d*x+c) -f*xcos (—2xe+2*cxf/d) *Si (2*c*f/d+2*f*x) /a~2/d"2-I*f*sin (-2*e+2xc*f
/d) #S1i (2*c*f /d+2xf*xx) /a~2/d"2-f*cos (—4*e+4*cxf/d) *Si (4d*xc*xf/d+4*f+*x) /a~2/d"
2-I*f*sin(-4*e+4d*xcxf/d) *Si(4d*c*f/d+4*f*x)/a~2/d"2
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Mathematica [A] (verified)

Time = 1.55 (sec) , antiderivative size = 467, normalized size of antiderivative = 1.07

1
/(c+dx)2(a+iatan(e+fx))
(cos (2(e+ f(—=5+x))) —isin(2(e+ f(-<+2)))) <2dcos (%) +dcos (2(e+ f(—S +1z))) +d

2dx=

input" Integrate[1/((c + d*x)~2%(a + I*a*Tan[e + f*x])~2),x]

-1/4*((Cos[2*(e + fx(-(c/d) + x))] - I*Sin[2*(e + f*(-(c/d) + x))])*(2%d*C
os[(2*c*f)/d] + d*Cos[2*x(e + f*x(-(c/d) + x))] + d*Cos[2x(e + f*x(c/d + x))]
- (2%I)*d*Sin[(2*c*f)/d] + (4*I)*fx(c + d*x)*CosIntegral [(2*f*(c + d*x))/
d]*(Cos [2*xf*x] + I*Sin[2*f*x]) + I*d*Sin[2*(e + f*(-(c/d) + x))] - I*d*Sin
[2x(e + fx(c/d + x))] + 4*fx(c + d*x)*CosIntegral [(4*fx(c + d*x))/d]*(I*Co
s[2xe - (2xf*x(c + d*x))/d] + Sin[2%e - (2*fx(c + d*x))/d]) + 4xc*xf*Cos[2*f
*x]*SinIntegral [(2xf*(c + d*x))/d] + 4*d*f*xx*Cos[2*f*x]*SinIntegral [(2*fx*(
c + d*x))/d] + (4xI)*c*fxSin[2*f*x]*SinIntegral [(2*f*(c + d*x))/d] + (4%I)
*d*f*x*Sin [2*f*x] *SinIntegral [(2xf*(c + d*x))/d] + 4xcxf*Cos[2xe - (2xf*(c
+ d*x))/d]*SinIntegral [(4xf*(c + d*x))/d] + 4xd*f*x*Cos[2*e - (2xfx(c + d
*x))/d] *SinIntegral [(4*f*(c + d*x))/d] - (4*I)*c*f*Sin[2%e - (2xf*x(c + d*x
))/d]*SinIntegral [(4*f*(c + d*x))/d] - (4*I)*d*f*x*Sin[2%e - (2*xf*(c + d*x
))/d]*SinIntegral [(4xf*(c + d*x))/d]))/(a"2*%d"2*(c + d*x))

output

Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.130, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(c +dz)%(a + iatan(e + fz))?

l 3042
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1 d
/(c+dm)2(a+iatan(e+fw))2 v

| 4211
/ B sin?(2e + 2fzx) _isin(2e +2fz)  isin(4e +4fz) cos?(2e +2fz)  cos(2e + 2fx) 1
4a?(c + dx)? 2a2%(c + dx)? 4a?(c + dx)? 4a?(c + dz)? 2a%(c+dz)?  4a?(c+ dz)?

| 2009
f CoslIntegral (4:6 f+ %) sin (46 — %) f CoslIntegral (21‘ f+ %) sin (26 — %)
B a2d? B a2d? B
if CosIntegral <2w f+ %) cos <2e — %) if Coslntegral (41: f+ %) cos (46 - %)
a2d? B a2d? +
if sin (26—%) Si<2xf+ %) if sin (46—%) Si<4xf+%)
a2d? + a2d? B
f cos (26 — %) Si<2xf + %) ~ f cos (46 — %) Si<4:cf + %) sin2(2e + 2fz)
a?d? a?d? 4a?d(c + dx)
isin(2e +2fz)  isin(de +4fz) cos?(2e + 2fx) _cos(2e +2fx) 1

2a%d(c + dx) 4a2d(c + dzx) 4a?d(c + dzx) 202d(c +dz)  4a2d(c+ dx)

-

LInt[l/((c + dxx)"2%(a + I*axTan[e + f*x])~2),x]

| —

input

e N

-1/4%1/(a"2*d*(c + d*x)) - Cos[2*e + 2*f*x]/(2*a"2*d*(c + d*x)) - Cos[2xe
+ 2%f*x] "2/ (4*%a"2xd*(c + d*x)) - (I*fxCos[2*e - (2*c*f)/d]*CosIntegral [(2*
cxf)/d + 2xf*x])/(a"2+¥d"2) - (Ixf*Cos[4*e - (4*cxf)/d]l*CosIntegral [(4*c*f)
/d + 4xfxx])/(a"2*d"2) - (f*CosIntegral[(4xc*f)/d + 4xfxx]*Sin[4*e - (4xc*
£)/d]1)/(a~2%d"2) - (f*CosIntegral[(2xc*f)/d + 2*f*x]*Sin[2*e - (2*c*f)/d])
/(a”2xd~2) + ((I/2)*Sin[2%e + 2*f*x])/(a"2*d*(c + d*x)) + Sin[2%e + 2*fx*x]
~2/(4%a”2*xdx(c + d*x)) + ((I/4)*Sin[4*e + 4*f*x])/(a~2xdx(c + d*x)) - (£*C
os[2*e - (2xcxf)/d]*SinIntegral [(2xc*f)/d + 2xfxx])/(a"2*%d"2) + (I*fxSin[2
xe — (2%c*f)/d]*SinIntegral [(2*c*f)/d + 2*f*x])/(a"2xd"2) - (£fxCos[4*e - (
4xcx*f) /d]*SinIntegral [(4*c*f)/d + 4xfxx])/(a"2*d"2) + (I*fxSin[4*e - (4*c*
f)/d]*SinIntegral [(4*c*f)/d + 4*xf*xx])/(a~2%d~2)

output

)
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4911 TotlCCe ) + (d_D*(x_)) @ )*((a ) + (b_.)*tanl(e_.) + (£_)*(x_)1)"(n)),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2%a) + Sin[2xe + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
&& EqQ[a”2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Maple [A] (verified)

Time = 0.84 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.40

method | result

. 4di(cf—de) . . 4i(cf—de) . 2i(cf—de)
. h 1 £ e—di(fzte) ife d explntegral; (4zfm+4ze+#) f e—2i(fzte) ife d exf
IS¢ T 1a2d(datec)  da%(dfatef)d & = 2a2(dfztef)d
input Lint (1/ (d*x+c) 2/ (a+I*axtan (f*x+e)) ~2,x,method=_RETURNVERBOSE) J
output ‘ -1/4/a~2/d/ (d*x+c)-1/4/a"2*fxexp (-4xI* (f*x+e) )/ (d*f*x+cxf) /d+I/a~2*f/d"2*e

 xp(4*I* (cxf-d*e) /d) ¥Ei (1, 4% Ixfxx+a*Ixe+a*Ix (cxf-dxe) /d)-1/2/a 2xfxexp(-2¢1 |
ok (fxx+e))/ (dxfrx+ckE) /d+I/a~2xf/d"2xexp (2% Ix (cxf-dxe) /d) *Ei (1, 2+ I*fx+2% 1% |
‘e+2*I*(c*f-d*e)/d) ‘
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.33

1
(c+ dz)2?(a + iatan(e + fx))?

dz =

. . _2(ide—icf) . . . . . _4(ide—icf)
((4(idfx+icf)Ei<—2(“1f+d+wf)> (71 >+4(zdfx+ch)E1<—w> ) 4
a 4 (a%d?z + a%cd?)
input Lintegrate (1/(d*x+c) "2/ (a+I*a*tan(f*x+e))"2,x, algorithm="fricas") J
output ‘ -1/4%((4% (Ixdxf*x + Dkc*f)*Ei(-2%(I*kd*f*x + Ixckf)/d)*e” (-2+(I*d*e - Ixcxf ‘
1)/d) + 4x(Ixd*fxx + Dkcxf)*Ei(-4*(Ixdxf*x + Ixckf)/d)*e” (-4%(Ixd¥e - Ixcxf
)/d) + d)xe”(4%Ixf¥x + 4xIxe) + 2kdve™ (2#Ixfxx + 2xIxe) + d)*e” (-4*Ixfxx -
\ 4xIxe)/(a~2%d~3*x + a~2*c*d"~2)
Sympy [F]
1
- dx =
(c+dz)*(a +iatan(e + fx))?
1
f c? tan? (e+fz)—2ic? tan (e+ fz)—c2+2cdz tan? (e+ fx)—4icdz tan (e+fr)—2cdz+d2x? tan? (e+ fx)—2id2z2 tan (e+ fx)—d2z2 dzx
a2
inputLintegrate(1/(d*x+c)**2/(a+I*a*tan(f*x+e))**2,x) J
Output‘—Integral(l/(c**Q*tan(e + fxx)**2 - 2xDkck*2*tan(e + f*x) - c**2 + 2kcxd*x

\*tan(e + f*x)**2 - 4xI*ckxdkx*tan(e + f*xx) - 2kckd*x + d**x2kx**2xtan(e + f*
(X)#x2 - 2xIkdek2xxk*2ktan(e + £¥x) - dk2kx**2), X) /a2
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Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.48

1
(c+ dz)?(a +iatan(e + fx))?2
2 2 cos (_M> E, (_2(—z‘ (fw+e)dd+ide—icf)> + 2 cos (_M ) E2<_4(—i (fx+e§l+ide—icf)) npy
B 4((fx+ e)ad? —

dz =

input ‘ integrate (1/(d*x+c) 2/ (a+I*a*tan(f*x+e))"2,x, algorithm="maxima") ‘

-1/4%(2+%f"2*cos(-2*(d*e - c*f)/d)*exp_integral_e(2, -2*(-I*(f*x + e)*d + I
xd*e — Ixc*f)/d) + f"2xcos(-4x(d*e - c*f)/d)*exp_integral_e(2, -4x(-Ix(f*x
+ e)*d + Ikd*e — Ikc*f)/d) + 2xIxf 2%exp_integral_e(2, -2*%(-Ix(f*x + e)*d
+ Ixd*e - Ixc*f)/d)*sin(-2*(d*e - cxf)/d) + Ixf"2%exp_integral_e(2, -4*(-
Ix(f*x + e)*d + I*d*e — I*c*f)/d)*sin(-4*(d*e - cxf)/d) + £72)/(((f*x + e)
*¥a"2xd"2 - a"2*d"2xe + a”2xc*dxf)x*f)

output

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1967 vs. 2(410) = 820.

Time = 11.12 (sec) , antiderivative size = 1967, normalized size of antiderivative = 4.51

1
dz = Too 1 to displ
/(c+dw)2(a+iatan(e+fx))2 x = Too large to display

input integrate (1/(d*x+c) ~2/ (a+I*axtan(f*x+e))"2,x, algorithm="giac") J
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output

1/4%(-4xI*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~"2*cos(-4x(d*e -
c*f)/d)*cos_integral (4*x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - dx
e + cxf)/d) + 4xIkdxe*xf~2*cos(-4*(d*e - cxf)/d)*cos_integral (4*((d*x + c)*
(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dxe + c*f)/d) - 4*xIxc*f~3*cos(-4*(d*
e - c*f)/d)*cos_integral (4*((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f)
- d*e + c*f)/d) - 4*xI*(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f)*xf"2*co
s(-2%(d*e - cxf)/d)*cos_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x +
c) + £) - dxe + c*f)/d) + 4*xIxdxe*f~2*xcos(-2x(dxe — c*f)/d)*cos_integral(2
*((d*x + c)*(dxe/(d*x + c) - cxf/(d*x + c) + f) - d*e + cxf)/d) - 4*xIxcxf~
3*cos(-2*(d*e - cxf)/d)*cos_integral (2*((d*x + c)*(dxe/(d*x + c) - c*f/(dx*
x + ¢c) + f) - dxe + c*f)/d) + 4*x(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) +
f)*f~2*cos_integral (2x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - dx
e + cxf)/d)*sin(-2*%(d*e - c*f)/d) - 4xd*exf~2xcos_integral (2*x((d*x + c)*(d
xe/(d*x + c) - cxf/(d*x + c) + f) - dxe + c*f)/d)*sin(-2*x(d*xe - c*f)/d) +
4xcxf~3xcos_integral (2% ((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f) - d*
e + cxf)/d)*sin(-2*(d*e - c*f)/d) + 4x(d*x + c)*(d*e/(d*x + c) - c*f/(d*x
+ ¢c) + f)*f"2%cos_integral (4*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + £
) - dxe + c*f)/d)*sin(-4*(d*e - cxf)/d) - 4xd*e*xf~2xcos_integral (4*((d*x +
c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d¥e + c*f)/d)*sin(-4*(d*e - cxf)
/d) + 4*cxf~3*cos_integral (4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) ...

Mupad [F(-1)]

Timed out.

! dz j[ ! dr
(c+dz)*(a+iatan(e+ fz))2 ) (a+atan(e+ fz) 1i)? (c+dz)?

-

inputt

int(1/((a + a*tan(e + f*x)*1i)~2*x(c + d*x)~2),x)

| —

p

outputt

int(1/((a + a*xtan(e + f*x)*1i) 2*%(c + d*x)~2), x)

—
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Reduce [F]

t/‘ 1 dr —
(c+dz)%(a +iatan(e + fz))2

1
_ f tan(fz+e)2c2+2 tan(fz+e) cdz+tan(fr+e)2d2x2—2 tan(fz+e)c2i—4 tan(fo+e)cdiz—2 tan(fr+e)d2i 22 —c2 —2cdz—d2x2 dx
a2
inputtlnt(l/(d*xﬂ:) 2/ (a+I*axtan(f*x+e))~2,x) J

‘ ( - int(1/(tan(e + f*x)**2*kc*x*x2 + 2*xtan(e + f*x)**2xckd*x + tan(e + f*x)*x* \
| 2kdxx2%xkx2 - 2¥tan(e + £¥x)kcx*2*i - 4xtan(e + fxx)*ckdxi*x - 2+tan(e + £ |
‘*x)*d**2*i*x**2 - Ck*2 — 2kckdkx — d¥kKkkx*%2),x))/a**2 ‘

output
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(c+dz)3

3.29 f (a+iatan(e+fz))3 dx

Optimal result . . . . . . . . . . .. . . e 248}
Mathematica [A] (verified) . . . . . . . . . ... 249
Rubi [A] (verified) . . . . . . . . . .. 2501
Maple [A] (verified) . . . . . . ... L 251]
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 252
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 253
Maxima [F(-2)] . . . . . . o 253
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2541
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 255
Reduce [F] . . . . o e 250

Optimal result

Integrand size = 23, antiderivative size = 396

(c+ dz)?

/7

a+ iatan(e + fz))

s dr = —

+

+

64a3f4  1024a3f* 172843 f4
9id?e2e-2%/e(c 4+ dx)  Qid?e~*e~*/(c + dx)
B 3203 f3 B 25643 f3
id*e~61e=6ifz(c 4 dg)  9de~%e~%/T(c 4 d)?
288a3 f3 32a3 f?
9d6—4ie—4ifx(c+ dl‘)2 de—6ie—6ifx(c+ d.’,C)2
128a3 f2 96a3 f2
3ie—2ie—2ifx(c+ dCI?)B 3ie—4ie—4ifx(c+ d$)3
16a3 f 32a3 f
ie~8ie6ifz(c 4 dz)3  (c+ dx)t
48a3 f 32a3d

9d3e—2ie—2ifw 9d3e—4ie—4ifw d3e—6ie—6ifx
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-9/64xd"3*exp (-2*I*e-2xI*f*x) /a~3/f"4-9/1024*d " 3*exp (-4*Ixe-4*I*f*x)/a~3/f
~4-1/1728%d"3xexp (-6*I*e-6xI*f*x) /a~3/f"4-9/32+I*d " 2xexp (—2*I*e-2xI*f*x) * (
d*x+c)/a~3/£73-9/266*I*d"2*exp (—4*I*xe—-4*I*f*x)*(d*x+c)/a~3/£73-1/288*I*d"2
*xexp (—6*I*e—6xI*f*x)* (d*x+c) /a~3/£73+9/32*d*exp (-2*I*xe—-2*I*f*x)* (d*x+c) "2/
a~3/£72+9/128*d*exp (-4*Ixe—-4*I*f*x)* (d*x+c) ~2/a~3/£72+1/96*d*exp (-6*I*e-6%
Ixf*x)* (d*x+c) "2/a~3/£72+3/16*I*xexp (-2*I*xe-2xI*f*x) * (d*x+c) ~3/a~3/£+3/32*I
xexp (—4*I*e—-4*I*f*x)* (d*x+c) ~3/a~3/f+1/48*I*exp (-6*I*e—-6*I*f*x)* (d*x+c) ~3/
a~3/f+1/32*(d*x+c)~4/a~3/4d

& J

output

Mathematica [A] (verified)

Time = 3.38 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.68

(c+ dz)?
(a +iatan(e + fz))
_isec®(e+ fx) (243(32ic® f2 4 8c2df?(5 + 12ifx) + 4ed® f(—9i + 20 fx + 243 f22®) + d°(—17 — 36ifz +

3dx

input!lntegrate[(c + d*x)~3/(a + I*a*Tan[e + f*x])"3,x]

((1/27648)*Sec[e + £*x] "3*(243*((32*I)*c~3*f~3 + 8*c 2*d*f~2x(5 + (12*I)*f
*x) + Axcxd"2xfk (=9I + 20%f*x + (24*I)*f~2*x"2) + d"3*(-17 - (36*I)*f*xx +
40*f"2%x"2 + (32*xI)*f~3*x73))*Cos[e + f*x] + 16%(36*c™3*f"3*%(I + 6*f*x) +
18*c™2xd*f"2% (1 + (6*I)*fxx + 18*f~2%x"2) + 6*c*xd™2*xf*(-I + 6xf*kx + (18+*I
Y*fT2%x"2 + 36*%f73*%x73) + d73*(-1 — (B6*kI)*f*x + 18+%f~2%xx"2 + (36%I)*f " 3*x"
3 + b54xf~4%x74))*Cos[3*(e + £xx)] - (3645+%I)*d"3*Sin[e + f*x] + 6804*cxd~2
*f*xSin[e + f*x] + (5832%I)*c~2%d*f~2*Sin[e + f*x] - 2592%c~3*f~3*Sin[e + f
*x] + 6804*d"3*f*x*Sin[e + f*x] + (11664*I)*ckd~2+f " 2*kx*Sinl[e + fxx] - 777
6*c”2xd*f " 3*x*Sin[e + f*xx] + (5832*I)*d"3*f " 2+x"2*Sin[e + f*x] - 7776%c*d”
2+%f~3*%x"2xSin[e + f*x] - 2592*d"3*f~3*x"3*Sin[e + f*x] + (16*I)*d~3*Sin[3*
(e + fxx)] — 96*%c*d"2*f*Sin[3*(e + f*xx)] — (288*I)*c 2*d*f~2xSin[3*(e + f*
x)] + 576%c”3*f"3*Sin[3*(e + f*x)] - 96*%d"3*f*x*Sin[3*(e + f*x)] - (576%*I)
*cxd " 2xf "2xx*Sin[3* (e + f*x)] + 1728*c”2xd*f " 3*x*Sin[3*(e + f*x)] + (3456%*
I)*c™3*f " 4xx*Sin[3* (e + f*x)] - (288*I)*d"3*f"2*x~2*Sin[3*(e + f*x)] + 172
8*c*d " 2+f " 3xx"2*Sin[3* (e + f*x)] + (5184*I)*c~2xd*f 4*xx"2*Sin[3*(e + f*x)]
+ 576%d"3*f"3*%x"3*Sin[3*(e + f*x)] + (3456%*I)*c*xd”~2*f 4*x"3*Sin[3*(e + fx*
x)] + (864*I)*d"3*f~4*x~4*Sin[3*(e + f*x)]))/(a~3*f~4x(-I + Tan[e + f*xx])~
3)

output
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Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(c+dz)3
(a +iatan(e + fx))3
| 3042
/ '(c +dx)3 i
(a +iatan(e + fx))3
l 4212
3 ,—2ie—2ifzx 3 ,—4die—4ifx 3 ,—6ie—6ifz 3
/ 3(c+dx)’e +3(c+dm) e 4 (c+dx)’e + (c+dx) i
8a3 8a3 8a3 8a3
l 2009
B 9id?(c 4 dx)e2e~2if= B 9id?(c + dx)e 4e—4ifz B id?(c + dx)e~Sie—6ife +
32a3f3 256a3f3 288a3f3
9d(c + d$)26_2w_27’fx gd(c + dw)26—4ze—4zfx d(c + dw)Qe—Gze—sza: N
32a3 f2 128a3 f2 96a3 f2
3i(c+ dx)3e~%e2ifz  3j(c+ dx)de4e—4ifz 4 i(c + dx)3eGie—6ifz + (c+ dz)* B
16a3f 3243 f 4843 f 32a3d
9d36—2ie—2ifar: 9d36—4ie—4ifx d3e—6ie—6ifx
64a3f4  1024a3f*  1728a3f%

-

LInt[(c + d*x)~3/(a + I*axTan[e + f*x])~3,x]

~—
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(-9*%d"3*E~ ((-2*xI)*e - (2*I)*f*x))/(64*%a~3*f"4) — (9*%d"3*+E~((-4*I)*e - (4*I
Yxf*x))/(1024*%a~3*%f~4) - (d"3*#E~((-6*I)*e - (6*%I)*f*xx))/(1728*%a~3*f~4) - (
((9%I)/32)*d"2*E~ ((-2*%I)*e - (2*I)*f*xx)*(c + d*x))/(a"3*£73) - (((9*I)/256
Y*d"2*E” ((-4*I)*e - (4xI)*fxx)*(c + d*x))/(a"3*£73) - ((I/288)*d~2*E~ ((-6*
Ixe — (6xI)*fxx)*(c + d*x))/(a~3*%f73) + (9*d*E~((-2*I)*e - (2*I)*f*x)*(c

+ d*x)"2)/(32%a~3*%f"2) + (9*d*E~((-4*I)*e - (4*I)*f*xx)*(c + d*x)~2)/(128*a
“3x£72) + (d*E"((-6*%I)*e - (6*I)*f*x)*(c + d*x)~2)/(96%a~3*%f~2) + (((3%I)/
16)*E~ ((-2xI)*e - (2xI)*fxx)*(c + d*x)~3)/(a"3*f) + (((3*I)/32)*E~ ((-4*I)*
e - (4xD)*xfxx)*(c + d*x)~3)/(a~3*f) + ((I/48)*E~((-6xI)*e — (6+I)*f*x)*(c

+ dxx)"3)/(a”3*f) + (c + d*x)~4/(32%a~3xd)

output

Defintions of rubi rules used

e

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

rule 2009

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (d_D*(x_))"(m )*((a ) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*a))~(-n), x]1, x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, O]

rule 4212

Maple [A] (verified)

Time = 1.11 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00

method | result

. Bzt | d2ezd 3d c2x2 Bz ot 3i(4d32® f3+12c d? f322—6id® f2a2+12c%d f3x—12ic d? f2z+4c3 3 —6ic2d f2
risch 3243 T 843 163 T 8035 T 32030 T 64a3 2

input Lint ((d*x+c) 3/ (a+I*a*tan(f*x+e))~3,x,method=_RETURNVERBOSE) J
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1/32/a"3*d"3*x"4+1/8/a"3*d"2*c*x"3+3/16/a"3*d*c"2%x"2+1/8/a"3*%c"3*x+1/32/a
~3/d*c”4+3/64*%I* (4%d"3*x"3*f " 3-6+%I*A " 3*f " 2*x"2+12%Cc*d "2+ f " 3*x"2-12%I*kc*xd "2
*f "2k x+12kC T2k Ak f " 3*kx—6*[*C”2kA*f " 2+4*c " 3*kf "3-6*d "3k f*kx+3*%I*xd"3-6*ckd"2*f)
/a~3/f 4xexp(-2*I* (f*x+e))+3/1024*I* (32%d~3*x"3*f "3-24*I*d~3*f ~"2%x~2+96*C*
d72%f73%x"2-48*%I*kcxd ™~ 2%xf " 2%x+96%c ™ 2kd*f " 3*%x—-24*Ikc™2*kd*f "2+32*%c"3*f"3-12*%d
“3*fxx+3*xIT*d"3-12*%cxd"2*f) /a~3/f "4xexp (—4*I* (f*x+e) )+1/1728*I* (36*d " 3*x"3*
£73-18%I*d"3*f "2%x"2+108*c*d~2%f " 3*%x"2-36*%I*c*xd~2*f " 2%x+108*c~2*d*f " 3*x-18
*xIxc™2xd*f~2+36%c”3*f ~3-6%d " 3*f*x+I*d"3-6*c*xd~2*xf) /a~3/f ~4*exp (-6*I*(f*x+e
)

output

Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 370, normalized size of antiderivative = 0.93
(c+dz)?

(a +iatan(e + fx))3
(5760 d® f32° + 5761 ¢* 3 + 288 c2df? — 96i cd® f — 16 d® — 288 (—6i cd? 3 — d® f2)z2 — 96 (—18i cdf®

dz

input‘integrate((d*x+c)“3/(a+I*a*tan(f*x+e))“3,x, algorithm="fricas")

1/27648% (576*%I*d"3*f"3*x~3 + B576xI*c”3*f"3 + 288*c”~2kd*xf~2 - 96*xIxcxd 2*f
- 16%d"3 - 288*(-6xI*ckxd"2*f"3 — d"3*f72)*x"2 — 96*%(-18*%I*c~2*d*f~3 - 6*cx*
d~2xf"2 + Ixd~3*f)*x + 864*(d"3*f"4*x"4 + 4dxcxd~2*f "4*x"3 + 6*c”2xd*xf "4*x~
2 + 4xc”3xf"4xx)*e” (6*Ikfxx + 6%I*e) - 1296% (—4*xI*xd"3*f"3*x"3 — 4*I*c~3*f~
3 - 6%c”2%d*f"2 + 6*I*kckd™2xf + 3%d"3 + 6% (-2kxIxckd"2*f~3 - d"3*f"2)*x"2 +
6% (—2xI*c™2+d*f~3 — 2kckxd"2*xf"2 + I*kd"3*f)*x)*e” (d*xI*f*x + 4xI*xe) - 81x(-
32*%I*d"3*f73%x"3 — 32%Ixc"3*%f"3 - 24kc™2*d*f"2 + 12*%Ixckd"2*xf + 3%d"3 + 24
*(—4xT*cxd"2xf"3 - d"3*%f72)*x"2 + 12+ (-8+I*kc 2*d*f~3 - 4xc*d"2+f~2 + I*d"3
*xf)*x) *e~ (2% I*f*x + 2%kI*e))*e” (-6*%I*xf*x — 6%xI*xe)/(a~3*f~4)

output
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Sympy [A] (verification not implemented)

Time = 0.53 (sec) , antiderivative size = 945, normalized size of antiderivative = 2.39

¢+ dz)3 )
/ o+ ic(z tan(e :_ )8 dx = Too large to display

s

input \rintegrate ((dxx+c) **3/ (a+Ixa*xtan (f*x+e))**3,x)

Piecewise ((((2359296*Ixax*6xcx*3*xfx*11*exp(6xI*e) + TOT7888xI*ka**Ekck*2xdx*
fx*x11*x*kexp(6%I*e) + 1179648*a**B*ck*2xd*fx*10*exp(6xI*e) + 7077888*I*a*x*6
kckdxk2xfk*k11kx**k2xexp (6*Ixe) + 2359296*ax*6xckd**2*f**10*x*xexp(6%Ixe) — 3
93216*I*a*x*Bkckxd*x*2xf*x*9kexp (6*I*e) + 2359296 I*a*x*6xd**3*f**11*x**3*xexp (6
xIxe) + 1179648*a**6*xd**3*f**x10*xx**2*xexp(6*I*e) — 393216*Ikax*Bkd**3*f**9*
x*exp (6*Ixe) — 65536*a**Bkd*x*3*f**8xexp(6*I*e))*exp(-6*I*xf*x) + (10616832%
Tkax*Bkck*k3xfx*k11kexp(8*I*e) + 31850496*I*a*x6G*ck*x2kd*xf*x*11*x*kexp(8*I*e) +
7962624*%ax*6xcx*k2xd*xf*x10%exp (8*I*e) + 31850496*I*ak*B*ckdr*k2xfxk11kxk*2*
exp(8xIxe) + 15925248*a**6*xckd**2*xf**x10*x*kexp (8+xIxe) - 3981312+I*a*x*6xckdx*
*2xf*xOkexp (8xI*e) + 10616832 I*ax*B*d**3*f**11xx**x3kexp(8*xIxe) + 7962624%
a*x6xd*x*x3kf**x10xx**2xexp (8*I*e) - 3981312k I*ax*E*d**3*f**9*x*exp(8kI*e) -

995328 ax*6xd**x3xf*x8xexp (8xIxe) ) kexp (~4xI*f*x) + (21233664*I*ax*k6xcx*k3xf*
*x11*xexp (10*I*xe) + 63700992*I*ax*6xc**2kd*f**11*x*xexp(10*xI*e) + 31850496*a*
*x6*ck*x2*%d*f**10%exp (10*I*e) + 63700992*I*ka**Bkckd**2xf*x11*kx**2xexp (10*xI*e
) + 63700992*ax*6xckd**2*f**10*x*xexp(10*I*e) - 31850496*I*a**6xckdr*2xf**9
*xexp (10*I*e) + 21233664*I*a**B*d**3*xf*x*11*x**x3*%exp(10*I*e) + 31850496*a**6
*d*k*x3kfxx10xx**2kexp (10*xI*xe) - 31850496*[xa**B*xdx*3*xf**Ixx*exp(10*I*xe) - 1
5925248*a**6*xd**3*xf**8*kexp (10*xI*e) ) xexp (-2*xI*f*x) ) *exp (-12*Ixe) /(113246208
*xax*9*xf*x12) , Ne(ax*9*xf*x12xexp(12+Ixe), 0)), (x**4*(3*d**3xexp(4xIxe) + 3
*d**k3kexp (2*¥I*e) + d**3)*exp(-6+I*e)/(32%a**3) + x**3*(3kckd**2xexp(4*I...

output

Maxima [F(-2)]

Exception generated.

d 3
/ (ot z'((zct; (Zl_ ) dx = Exception raised: RuntimeError

input integrate((d*x+c) "3/ (at+I*axtan(f*x+e)) 3,x, algorithm="maxima")




CHAPTER 3. LISTING OF INTEGRALS 254

Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

Lve exponent. J

Giac [A] (verification not implemented)
Time = 0.34 (sec) , antiderivative size = 548, normalized size of antiderivative = 1.38
(c+ dz)?

(a +iatan(e + fx))3
(864 d3f4$4€(6i fx+6ie) + 3456 Cd2f4$3€(6i fx+6ie) + 5184 C2df4.’1}26(6i fz+6ie) + 51843 d3f3x3e(4i fx+4die) +2

dz

inputLintegrate((d*x+c)"3/(a+I*a*tan(f*x+e))"3,x, algorithm="giac") J

1/27648% (864*d"3*f~4*x"4*e” (6*xI*xf*x + 6kIke) + 3456%c*d~2*f ~4dxx"3*e” (6*I*f
*xX + 6xIxe) + 5184%c™2*d*f 4*x"2xe” (6*xI*f*xx + 6%I*e) + 5184*I*d~3*f " 3*xx”3*
e~ (4xIxfxx + 4xIxe) + 2592%I*d~3*f 3*x"3*e~ (2xI*f*x + 2xI*e) + 576*I*d"3*f
~3%x"3 + 3456%c"3*f 4xxxe” (6%I*f*kx + 6%Ike) + 15552%I*kckxd~2%f " 3*x~2%e” (4*I
*f*x + 4xIxe) + TTT6*Ixckd™2+f " 3*x"2%e” (2xI*f*x + 2%I*e) + 1728*I*cxd~2*f~
3*%x72 + 15552%I*c”2*d*f " 3*kx*e” (4*I*f*xx + 4xIke) + 7776xd"3*f " 2xx"2*e” (4*I*
fxx + 4xIxe) + TT76xIkc™2kd*f " 3*kx*ke™ (2*xI*fxx + 2xI*ke) + 1944%d"3*f " 2*x"2*e
T(2*%Ixfxx + 2%I*e) + 1728*%I*xc”2*d*f " 3*kx + 288*%d"3*f 2*%x"2 + 5184*I*c”3*f"3
*e” (4xIxfxx + 4*xI*e) + 15552%c*d~2*f "2xx*e” (4d*xI*f*x + 4*Ixe) + 2592%xI*xc” 3%
£73%e” (2%I*f*x + 2xIxe) + 3888kc*d " 2+f "2*x*e” (2xI*f*xx + 2%kI*e) + 576*I*c”3
*f73 + B76xckxd"2%xf"2%x + TT7T76*xc™2xd*f " 2xe” (4*xI*f*x + 4*Ixe) — T776xI*xd”3*f
*xke” (AxIxfxx + 4kI*xe) + 1944%c™2xd*xf " 2xe” (2kI*f*xx + 2%I*e) — 972xI*d~3*fx*
x*e” (2xI*fxx + 2%Ike) + 288*c™2xd*f~2 - 96*I*d~3*fxx — 7776*%Ixc*d " 2*f*xe” (4
*Ixfxx + 4*Ikxe) — O72*Ikc*xd 2xfke” (2+¢Ikf*x + 2%Ixe) — 96*I*ckd~2xf - 3888*
d"3*xe” (4*%I*f*x + 4*I*e) - 243xd"3xe” (2*I*f*x + 2%I*e) - 16%d~3)*e” (-6*I*f*
X - 6xI*e)/(a"3*xf~4)

output




input

output
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Mupad [B] (verification not implemented)

Time = 9.27 (sec) , antiderivative size = 411, normalized size of antiderivative = 1.04

(c+dz)? dp — —¢?i—fa2i ((1203 fP—cdf?18i— 18cd? f + d*9i) 1i

(a + iatan(e + fx))? 64 a3 f4
@33 dx(-22f*+cdf2i+d?) 9
16a3 f 3243 f3

d?>z? (=2cf +d1i) 9
- 3243 f2 )
L eediefudi ((96 ASf3—cAdf272i—36cd® f+d39i) 1i
1024 a3 f*
B33 dr(—8c f2+cdfdi+d?) 9
N 256 a® f3
d? 2% (—4cf+d1i) 9
- 128 a3 f2 )
L+ gmebi-fati ((36c3 fP—df 18— 6ed® f +d 1) 1i
1728 a3 f4
B3l dz(—18c® f2+cd f6i+d?) 1i
o 288 a? f3
d?>z? (—6cf+d1i) li
- 96 a3 f2 )

Az N d® z* N 3c%dx? L cd? x3
8a® 32a3 16 a3 8a3

int((c + d*x)~3/(a + a*tan(e + f*x)*1i)~3,x)

exp(- e*2i - fxxx2i)*(((d"3*9i + 12%c~3*f"3 - c™2*d*f~2%18i - 18*cxd~2*f)*
1i)/(64*a~3*f~4) + (d"3*x"3%3i)/(16*%a”~3*f) - (d*x*(d"2 - 2*%c™2*xf"2 + c*dx*f
*2i)*91) /(32*a~3%£73) - (d"2*x"2*x(d*1i - 2*c*f)*9i)/(32*a~3*f"2)) + exp(-

e*xdi - f*x*4i)*(((d"3*9i + 96%c™3*f73 - c™2xd*f~2*72i - 36*c*d"2*f)*1i)/(1
024*a~3*f~4) + (d"3*x73*3i)/(32*a~3*f) - (d*x*(d"2 - 8*c™2*f~2 + cxd*xf*4i)
*9i) /(2656%a~3*%f~3) - (d~2*x~2*(d*1i - 4*c*xf)*9i)/(128*a~3*£f72)) + exp(- ex
6i - fxx*x6i)*(((d"3*1i + 36*%c™3*%f~3 - c™2%d*f~2%x18i - 6xc*xd~2*f)*1i) /(1728
*a~3xf74) + (d73*x73%11i)/(48*a~3*f) - (d*x*(d"2 - 18%c™2*f"2 + c*d*f*61i)*1
i)/(288*a~3*f~3) - (d"2*x"2*(d*1i - 6xcxf)*1i)/(96*%a~3*%f"2)) + (c~3*x)/(8%
a~3) + (d~3%x"4)/(32%a"3) + (3*%c~2*d*x"2)/(16*a~3) + (c*d~2*x~3)/(8*a"3)
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Reduce [F]

/ (c+ dz)? i

(a +iatan(e + fx))3

_ z3 3 _ z? 2 _ |
(f tan(fm+e)3i+3ta,n(fm+e)2—3ta,n(fz+e)i—1dx) d 3<f tan(fa:+e)3z'+3tan(fa:+e)2—3tan(f:c+e)i—1dx) cd 3<f |
a3

tnput Lint ((d*x+c) "3/ (a+I*a*tan(f*x+e))"3,x) J

( - int(x**3/(tan(e + f*x)**3*i + 3*tan(e + f*x)**2 - 3*tan(e + fxx)*i - 1
),x)*d**3 - 3xint(x**2/(tan(e + f*x)**3*xi + 3*tan(e + f*x)**2 - 3*xtan(e +
fxx)*i - 1),x)*c*d**2 - 3*int(x/(tan(e + f*x)**3*i + 3xtan(e + f*xx)**2 - 3
*tan(e + f*x)*i - 1),x)*c**2xd - int(1/(tan(e + f*x)**3*i + 3*xtan(e + f*x)
**x2 - 3xtan(e + f*xx)*i - 1),x)*c**3)/a*x*3

output




output
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3.30 [ (ctdo)® o

a+iatan(e+fx))
Optimal result . . . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . ... 258
Rubi [A] (verified) . . . . . . . . . .. 258]
Maple [A] (verified) . . . . . . ... L 260
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 260
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 2611
Maxima [F(-2)] . . . . . . o 261]
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2621
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 263
Reduce [F] . . . . o e 263

Optimal result

Integrand size = 23, antiderivative size = 294

(c + dz)? o | BidPeteRlr  3ie—tie—tifr jo-Gieifs
(a +iatan(e + fx))3 32a3f3 25643 f3 864a3 f3
3de%e=2f%(c 4 dx)  3de e 4/%(c + dx)
16a3 f2 64a3 f2
N de=61e=6ifz(c 4 dg)  Zie 222 (c 4 dr)?
14403 f2 1643 f
Sie~4ie4ifz(c 4 dx)?  je~Ge 6T (c 4 dx)?  (c+ dx)?
+ 32a3 f 48a3 f 24a03d

-3/32%I*d"2xexp (—-2*I*e-2xI*f*x)/a~3/£73-3/256%I*d " 2*exp (—4*xI*e—-4*I*f*x)/a"
3/£73-1/864*I*d"2*exp (—6*xI*xe—-6*I*f*x) /a~3/f"3+3/16*d*exp (-2*I*e-2*I*f*x) * (
d*x+c)/a~3/£f"2+3/64*d*exp (-4*I*e-4*I*f*x)* (d*x+c) /a~3/f"2+1/144*d*exp (-6*I
*xe-B*I*f*x)* (d*x+c)/a~3/£72+3/16*I*exp (-2*I*e-2xI*f*x)* (d*x+c) “2/a~3/f+3/3
2% I*exp (-4*I*e-4*I*f*x)*(d*x+c) ~2/a~3/f+1/48*I*exp (~6*I*e—-6*I*f*x)* (d*x+c)
~2/a"3/f+1/24*(d*x+c)~3/a"3/d
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Mathematica [A] (verified)
Time = 2.23 (sec) , antiderivative size = 405, normalized size of antiderivative = 1.38
(c+ dz)?

(a +iatan(e + fx))
_ isec®(e + fx) (81(24ic? f2 + dedf (5 + 12ifx) + d?(—9i + 20 fz + 24i f2x?)) cos(e + fx) + 8(18c% f2(i +

3dx

-

inputLIntegrate[(c + d*x)~2/(a + I*a*Tan[e + f*x])~3,x] J

((1/6912)*Secle + £*x] 3% (81*((24*I)*c 2*xf~2 + 4dkckd*xf*(5 + (12*I)*f*x) +
d"2%(-9*I + 20*f*x + (24*I)*f"2*x"2))*Cos[e + f*x] + 8% (18xc~2*f~2x(I + 6%
fxx) + 6xckd*f*x(1 + (6*I)*f*xx + 18%f 2%x”2) + d™2%(-I + 6xf*x + (18*I)*f~2
*x"2 + 36*f"3%x73))*Cos[3*(e + f*x)] + 567*d"2*Sin[e + f*x] + (972*I)*c*dx*
f*xSin[e + f*x] - 648*c™2*f"2*Sin[e + f*x] + (972*I)*d~2*f*x*Sin[e + f*x] -
1296*cxd*f~2*xx*Sin[e + f*x] - 648*d"2*f~2*x"2*Sin[e + f*x] - 8+*d~2*Sin[3*
(e + fxx)] - (48*I)*c*d*f*Sin[3*(e + f*xx)] + 144*c™2*%f"2+Sin[3*(e + f*x)]
- (48*I)*d"2xf*x*Sin[3*(e + f*x)] + 288*c*d*f~2xx*Sin[3*(e + f*x)] + (864x*
I)*c™2*xf " 3*x*Sin[3* (e + f*x)] + 144*d~2*f"2*x"2*Sin[3*(e + f*x)] + (864x*I)
*cxd*xf~3xx"2*Sin[3* (e + f*x)] + (288*I)*d"2*xf " 3*x~3*Sin[3*(e + f*x)]))/(a”
3xf~3x(-I + Tan[e + f*x])"3)

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.130, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dzx)?
(a +iatan(e + fz))3

| 3042
/ ( (c+ dz)? i

a+iatan(e + fz))3
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l 4212
3(c+d 2 —2ie—2ifx 3(c+d 2 —die—4ifz +d 2 _—6ie—6ifx +d 2
/ (c+ dzx) 63 + (c+ dx) 63 4 (c+ dx) 63 + (c 3$) da
8a 8a 8a 8a
l 2009
3d(c + dx)e % 2ifz + 3d(c+ dx)e 412 d(c + dx)e 86T 3i(c 4 dx)le e 2ifx 4
16a3 f2 . 64a3f? - l44a3f? 16a3 f
3i(c+dm)2e—4ze—4zfz i(C+ dw)Qe—Gze—Bzfx (c+dx)3 B 3id26—2ze—21fx B
32a3 f 48a3 f 24a3d 32a3 f3
3,id26—4ie—4ifa: id2e—6ie—6if:c
256a3f3  864a3f3

r

LInt[(c + d*x)~2/(a + I*a*Tan[e + f*x])~3,x]

| —

input

(((-3%I)/32)*d"2*xE~((-2%I)*e — (2*I)*f*x))/(a~3*f~3) - (((3*I)/256)*d"~2*E™
((-4xI)*e — (A*I)*f*x))/(a~3*%£73) - ((1/864)*d"2+E~((-6*I)*e — (6*I)*fx*x))
/(a"3*£73) + (3*d*E~((-2*I)*e - (2*I)*f*x)*(c + d*x))/(16*xa~3*xf72) + (3*d*
E~((-4%I)*e - (4*I)*fxx)*(c + d*x))/(64*%a~3*%f"2) + (d*E~((-6*I)*e — (6*I)+*
fxx)*(c + d*x))/(144*a~3*xf~2) + (((3*I)/16)*E~((-2*xI)*e — (2*I)*f*x)*(c +
d*x)~2)/(a"~3*f) + (((3*I)/32)*E~((-4*I)*e - (4*xI)*f*xx)*(c + d*x)~2)/(a"3*f
) + ((I/48)*E~((-6xI)*e - (6xI)*fxx)*(c + d*x)~2)/(a"3*f) + (c + d*x)~3/(2
4xa~3%d)

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\ J

rule 3042

rule 4212‘Int[((c_.) + (A_)*)) @ )*((a)) + (b_D*tan[(e_.) + (£_)*x)D1)"(n), ‘
‘X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~(2x(a/b)*(e + f* ‘
‘x))/(2*a))"(—n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2 ‘
, 0] && ILtQ[n, 0] |
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Maple [A] (verified)

Time = 1.07 (sec) , antiderivative size = 238, normalized size of antiderivative = 0.81

method | result

. 223 | dez? | 2z 3 3i(2d%a? f2+4cd f2x—2id? fx+2c? f2—2icdf —d?)e—2{(fo+e) 3i(8d2x2 f2+16cd fla—4i
risch 22 T 8% T 85 T 22030 T 32f3a° +

input tint ((d*x+c) "2/ (a+I*a*tan(f*x+e)) 3,x,method=_RETURNVERBOSE) J

1/24/a"3*d"2*x"3+1/8/a"3*d*c*x"2+1/8/a"3*c”2*x+1/24/a"3/d*c~3+3/32*I* (2%d"~
2%x~2%f " 2-2%I*d " 2% fxx+4*xcxd*f " 2xx-2xI*xckd*xf+2xc~2xf~2-d72) /£73/a"3*exp (-2*
Ix(f*x+e))+3/266%I* (8%d~2xx"2*f ~2-4*I*d " 2*f*x+16%Ccxd*f ~2*%x—-4*I*cxd*f+8%c”2
*£72-d"2) /£73/a"3*%exp (-4*I* (f*x+e) ) +1/864*I* (18*d " 2%x~2*f " 2-6%I*d~2*f*x+36
*xCkd*f " 2xx-6*[*ckd*xf+18xc™2*xf"2-d"2) /£73/a " 3*exp (-6*Ix (f*x+e))

output

Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 221, normalized size of antiderivative = 0.75
(c+ dz)?

(a +iatan(e + fx))3
(1445 d® f22? + 144i A f? + 48 cdf — 8i d? — 48 (—6icdf? — d*f)x + 288 (d* 32 + 3 cdf3z® + 3 2 f3x)e!

dz

input Lintegrate ((d*x+c) "2/ (a+I*a*tan(f*x+e))"3,x, algorithm="fricas") J

1/6912% (144xT+d"2*%f"2xx~2 + 144*%I*c™2*%f"2 + 48*c*d*f - 8*xI*d"2 - 48*(-6*I*
cxd*f"2 — d72%f)*kx + 288%(d"2*f "3*x"3 + 3kckd*f"3*x"2 + 3*c"2kf"3*xx) *e” (6%
Ixfxx + 6xIxe) — 648%(—2*%I*d"2*f 2%x"2 — 2%xTkc"2%f"2 — 2*c*d*f + I*d"2 + 2
*(—2xIxckd*xf~2 — d72%f)*x)*e” (4*xI*xfxx + 4*xT*ke) — 81%(-8*I*d~2*xf 2*xx~2 — 8%
Ikc™2%f"2 — 4dkcxd*f + I*d"2 + 4k (-4*xIxckd*f~2 - d™2%f)*x)*e~ (2 I*kfxx + 2*I
xe))*xe” (-6xIxfxx - 6xIxe)/(a~3%f"3)

output
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Sympy [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 588, normalized size of antiderivative = 2.00

/ (c+ dz)? do

(a +iatan(e + fx))
((1474565a5c? f8e57°4-294912iaC cdf B xeb?e+49152a0 cdf 7 €67 +147456ia8d? fB 22 €5 +49152a8d? f7 rebi® —8192ia8d? fOebi®) e ~61/= 1 (6635!

23'(3d264ie+3d262ie+d2)G_Gie (E2'(3Cd64ie+3cd62ie+cd)e_6ie m(3C2e4ie+36262ie+c2)6—6126
2443 + 8a3 + 8ad
r  cdr?  d’2?

T
8a3 8a3 24a3

input Lintegrate ((d*x+c) **2/ (a+I*axtan (f*x+e) ) **3,x) J

Piecewise ((((147456*Ixa*x6*cx*2xf**8kexp(6*xI*e) + 294912+ Tka**6*cxd*f**8xx
xexp(6*%Ixe) + 49152xa*xBkcxd*fx*Txexp(6*%Ixe) + 147456 Ixa**Bkd**2*f**8xx**
2%exp (6xI*e) + 49152xax*6xdx*2xf**T7xx*exp(6+%Ixe) — 8192xI*a**x6xd**x2xf**x6xe
xp(6xI*e) ) *exp (-6xIxf*x) + (663552xI*a**x6xck*x2xf**x8xexp(8+xIxe) + 1327104xI
*xaxxGxckd*f**8*x*exp (8kI*e) + 331776*ax*B*cxd*xf**xTxexp(8*Ixe) + 663552xI*a
*kGxdrk2xf*x8xx**2xexp (8*%I*e) + 3317T76xax*6xdx*2xf**7xx*exp(8*xIxe) - 82944
*T*xa*x6xd**x2+f**x6*exp (8xI*e) ) kexp (—4*xI*f*x) + (1327104*I*a**E6*ck*2*f**8*ex
p(10*Ixe) + 2654208*Ixa**B*kckxd*f**8*x*kexp(10*I*xe) + 1327104*ax*6*ckd*f**7x*
exp(10*Ixe) + 1327104*I*a*x*B*d**2*xf**8*kx**2kexp (10*xI*e) + 1327104*a**6*d**
2xfx*Txx*xexp(10*%I*ke) — 663552xI*a**6*d**2*f**B*exp(10*I*e))*exp (-2*I*f*x))
xexp(-12xI*e) / (7077888*a**9xf*x9) , Ne (a**9kxfx*x9*xexp(12*I*xe), 0)), (x**3*(3
*xd*x2xexp (4xIxe) + 3*d*x2%exp(2xIxe) + d**2)*exp(-6*I*e)/(24*ax*3) + xX**k2x
(3*cxd*exp(4*Ixe) + 3*ckdkexp(2*I*e) + cxd)*exp(-6xI*e)/(8*ax*3) + x*(3*c*
*x2%exp (4*xI*xe) + 3xck*2¥exp(2%Ixe) + cx*2)xexp(-6%Ixe)/(8*a**3), True)) + c
*x*%2%x/ (8*ax*3) + cxdxx**2/(8*ax*3) + d**2xx**3/(24%a**3)

output

Maxima [F(-2)]

Exception generated.

d 2
/ (ot ic(zct;l (:Z_ ) dx = Exception raised: RuntimeError

input integrate((d*x+c) "2/ (a+I*axtan(f*x+e)) 3,x, algorithm="maxima")
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Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

Lve exponent. J

Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 315, normalized size of antiderivative = 1.07
(c+ dz)?

d
(a +iatan(e + fx))3 v
(288 d2f3$3€(6i fz+6ie) + 864 Cdf3.’IJ2€(6i fz+6ie) + 864 sz3$6(6i fz+6ie) + 12963 d2f21'2€(4i fzt+4ie) 1 648i d?

inputLintegrate((d*x+c)"2/(a+I*a*tan(f*x+e))"3,x, algorithm="giac") J

1/6912* (288" 2*f " 3*x"3*e~ (6*xI*f*x + 6kI*e) + 864*ckxd*f ~3xx"2xe” (6kxI*f*x +
6*%I*e) + 864xc™2xf " 3kxke” (6*I*f*x + 6%Ixe) + 1296%I*kd"2%f " 2%x"2%e” (4*xI*fx*
X + 4xIke) + 648*Ixd~2*%f 2%x"2%e” (2xI*f*xx + 2%Ike) + 144*IT*kd"2%f 2*x"2 + 2
592 Ixckdxf ~2kx*e” (4*xI*f*x + 4xIxe) + 1296*%I*ckd*f " 2xx*ke” (2*xI*fxx + 2%I*e)
+ 288*Ikcxd*f~2%x + 1296%I*c”~2+f " 2%e” (4xI*f*x + 4xIxe) + 1296*d~2*xfxx*e” (
4*xIxfxx + 4xI*e) + 648+xIxc 2+f " 2ke” (2kxI*f*x + 2%I*xe) + 324*d~2*xf*x*e” (2*I*
fxx + 2%Ixe) + 144xTxc ™ 2*%f"2 + 48+%d"2*fxx + 1296*%ckd*xf*xe” (4*I*f*x + 4xIxe)
+ 324%c*d*fxe” (2xIxfxx + 2xI*ke) + 48*c*d*f - 648*xIxd"2ke” (4*I*f*x + 4xIxe
) — 81xI*xd"2%e” (2*I*f*x + 2xIxe) — 8*xI*kd"2)*e” (—6*I*f*x - 6xIxe)/(a"3*f"3)

output
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263

Mupad [B] (verification not implemented)

Time = 8.96 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.89

2

(C + dx)Q cr _ e—eQi—fa:2i

(a + iatan(e + fx))3

~ 8a3

(=6 f2+cd f6i+3d?) 1i

(

_ e—e4i—fz4i (

_ e—eﬁl—fzﬁl (

32a3 f3

2?31  dz(—2cf+dli) 3i
1643 f 16 a3 f2 )
(=24 f2+cdf12i+3d?) 1i  d?z%3i
256 a3 f3 C 32a3f

dz(—4cf+dli) 3i
64 a3 f? )

(18 f2+cdf6i+d?) 1i d*z%1i

864 a3 f3 4843 f
dz(—6c¢f+dli) 1i> N &z’ cda?
144 a3 f2? 240>  8a?

input L

int((c + d*x)"2/(a + a*tan(e + f*x)*1i)~3,x)

output
)/ (32%a~3%£73) - (d"2%x"2%3i)/(16*a~3*f) +

a"3*xf~3) - (d72*xx72%31i)/(32*%a"3*f) + (d*x*

- (@"2*x"2*%11)/(48*%a~3*%f) + (d*x*x(d*1i - 6
x73)/(24%a~3) + (c*xd*x~2)/(8*a"3)

(c™2xx)/(8*a~3) - exp(- e*2i - f*x*2i)*(((3*d~2 - 6%c™2*%f"2 + cxd*f*6i)*1i

(d*x*(d*1i - 2%c*f)*3i)/(16*a~3

*f72)) - exp(- e*x4i - fxx*4i)*(((3*%d"2 - 24*c™2+f72 + cxd*f*x12i)*1i)/(256*

(d*1i - 4xcxf)*3i)/(64*a~3*%f"2))

- exp(- ex6i - fxx*6i)*(((d"2 - 18*c™2*f~2 + c*d*f*61i)*1i)/(864*a~3*f"3)

*cxf)*1i)/(144%a~3*%f~2)) + (d"2%

Reduce [F]

(c+ dz)?
(a + iatan(e + fx))3

o (f tan(fz+e)

dz

z2

3i+3tan(fz+e)?—3tan(fo+e)i—1

dx) & —

a3

inputtint((d*xw) 2/ (a+I*a*tan(f*x+e))"3,x)

2 (f tan(fz+e)’i+3 tan(f;+e)2—3tan(fw+e)i—1dx) cd — (



output
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‘( - int(x**2/(tan(e + f*x)**3*i + 3*tan(e + f*x)**2 - 3xtan(e + f*x)*i - 1
\),x)*d**2 - 2xint(x/(tan(e + f*x)**3*%i + 3*tan(e + f*x)**2 - 3xtan(e + f*x
\)*i - 1),x)*c*d - int(1/(tan(e + f*x)**3*%i + 3xtan(e + f*x)**2 - 3*tan(e +
‘ fxx)*i — 1),x)*c**2)/a**3




output

CHAPTER 3. LISTING OF INTEGRALS 265
ct+dz
3.31 f (a+iatan(e+fx))3 dz
Optimal result . . . . . . . . . . e 265
Mathematica [A] (verified) . . . . . . . . . ... oo 2661
Rubi [A] (verified) . . . .. . . ... .. 260
Maple [A] (verified) . . . . . . ... L 268
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 268
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 269
Maxima [F(-2)] . . . . . . e 2691
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 270
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 270
Reduce [F] . . . . . 271]
Optimal result
Integrand size = 21, antiderivative size = 209
c+dz e 1lidy  da*  z(c+dx)
(a+iatan(e+ fx))3 ~  96a3f 16a3 36f%(a + tatan(e + fz))3

i(c+dx)

+ 6f(a+iatan(e + fz))3 "
i(c+dx)

8af(a+iatan(e + fx))?

11d

+ 96 f2 (a3 + ia3 tan(e + fx))
i(c+ dz)

8f (a3 + ia3 tan(e + fx))

96af?(a + iatan(e + fx))?

e

-11/96+T*d*x/a"3/f-1/16%d*x~2/a~3+1/8%x* (d*x+c) /a~3+1/36%d/f "2/ (a+T*a*tan(
‘f*x+e))‘3+1/6*I*(d*x+c)/f/(a+I*a*tan(f*x+e))‘3+5/96*d/a/f‘2/(a+I*a*tan(f*X
| +€))"2+1/8xI*(d¥x+c) /a/f/ (at+Ixaxtan(fxx+e)) "2+11/96%d/f~2/ (a~3+I*a"3+tan (f
L*x+e))+1/8*I*(d*x+c)/f/(a“3+I*aA3*tan(f*x+e))

A\

|
|
J
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Mathematica [A] (verified)

Time = 1.34 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.98
c+dz

(a +iatan(e + fx))3
_ isec®(e + fx) (27(12icf + d(5 + 12ifx)) cos(e + fx) + 4(6¢cf (i + 6fz) + d(1 + 6ifz + 18 f2x?)) cos(3(

dz

-

LIntegrate[(c + d*x)/(a + I*a*xTan[e + f*x])~3,x]

-/

input

((1/1152)*Sec[e + £xx] 3% (27*((12*I)*c*f + d*(5 + (12*I)*f*x))*Cos[e + f*x
1 + 4x(6*cxf*x(I + 6%f*x) + d*x(1 + (6*%I)*f*x + 18*xf~2%x"2))*Cos[3*(e + f*x)
] + (81*%I)*d*Sin[e + f*x] - 108*c*f*Sin[e + f*x] - 108*d*f*x*Sin[e + fx*x]
- (4*I)*d*Sin[3*(e + f*x)] + 24*c*xf*Sin[3*(e + f*x)] + 24*d*f*x*Sin[3*(e +
f4x)] + (144*I)*c*xf~2+x*Sin[3*x(e + fxx)] + (72*I)*d*f ~2*x~2*%Sin[3*(e + f*
x)1))/(a"3*%f72x(-I + Tan[e + f*x])~3)

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.00,

number of rules _ 143 Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

c+dzx
(a +iatan(e + fz))3

l 3042

dz

c+dx i
/ (a +iatan(e + fz))3 v

l 4213
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_d/ <8a3 + 8f (itan(e + fz)a® + a3) + 8af(itan(e + fr)a + a)? + 6f(itan(e + fz)a + a)3> de+
i(c+ dx) z(c+ dz) i(c+dx) i(c+dzx)
8f (a® + iad tan(e + fr)) 8a3 8af(a+tatan(e + fz))?2  6f(a+ iatan(e + fz))3
| 2009
i(c+ dx) z(c+ dz)
8f (a® + ia® tan(e + fz)) + 8a3
d<— 11 n 1liz n z? _ 5 _ 1 )
9612 (a® +iad tan(e + fz)) 96a3f = 16a® 96af2(a +iatan(e+ fz))?2 36f2(a+ iatan(e + fz))3
i(c+dx) i(c+dx)

8af(a+iatan(e+ fz))? = 6f(a+ iatan(e + fz))3

input \VInt[(c + dxx)/(a + I*axTan[e + £*x])"3,x]

(x*¢(c + d*x))/(8%a~3) + ((I/6)*(c + d*x))/(f*x(a + I*a*Tan[e + f*x])~3) + (
(I/8)*(c + d*x))/(a*xfx(a + I*a*Tan[e + f*x])~2) + ((I/8)*(c + d*x))/(fx(a~
3 + I*a~3*Tan[e + f*x])) - d*x((((11*I)/96)*x)/(a~3*f) + x~2/(16*a~3) - 1/(
36%f~2x(a + I*a*Tan[e + f*x])~3) - 5/(96*%axf~2%(a + I*a*Tan[e + f*x])"2) -
11/(96*%f"2x(a~3 + I*a~3*Tan[e + f*x])))

output

Defintions of rubi rules used

rule 2009 T2t [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

~

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_ ),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])“n, x]}, Simp[(c + d*x)
“m  u, x] - Simpld*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, f}, x] && EqQ[a"2 + b2, 0] && ILtQ[n, -1] && GtQ[m, O]

rule 4213
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Maple [A] (verified)

Time = 0.83 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.55

method | result size
. T cr i z+2cf —id)e—2(fz+e) i z+4cf—id)e—4i(fote) i z+6¢f—id)e—6i(fz+e)
risch 1d6a23 Tt ey +23€a3?)2€ + HO4 +41;3a3(?§ + 1 +62,;8ag}e2 114
. int ((d*x+c) / (a+I*a*tan(f*x+e)) ~3,x,method=_RETURNVERBOSE)
input
‘1/16*d*x‘2/a“3+1/8/a“3*c*x+3/32*I*(2*d*f*x—I*d+2*c*f)/a“3/f‘2*exp(—2*I*(f*
output
\ x+e) ) +3/128*I* (4*d*xf*x-I*d+4*cxf)/a~3/f " 2%exp (—4*I* (f*x+e))+1/288*I* (6*xd*f \
 *x-Td+6%CE) /a~8/ 2% exp (-6 I* (frx+e)) |
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.50
c+dz
; dx
(a + iatan(e + fx))3
(24i dfz + 24i cf + 72 (df*x® + 2 cf?z)e1/o+6ie) — 108 (—2i df z — 2i cf — d)el*/24e) — 27 (—didf z -

1152 a3 f2

input L

integrate((d*x+c)/(a+I*axtan(f*x+e)) 3,x, algorithm="fricas")

output 1/1152%(24XT*dxExx + 24xThoxf + 724 (dHE724X"2 + DkckE™2wx)*e” (BRIXEAX + 6%
|Ixe) - 108%(-2¢Ixdxf*x - 2%Ixckf - d)xe” (4xI*f*x + 4¥Ixe) - 27*(-4*Ixdxfxx |
‘ - AxTkckf - d)*e” (2xI*f*x + 2%Ike) + 4*d)*e” (-6*I*f*x - 6%I*e)/(a~3*f~2) ‘
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Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.49

c+dx
(a +iatan(e + fx))3

((24576ia8cfoeb+24576ia8df S webt®+4096addfebi¢) e ~6: 1 (110592ia8c foe4¢+110592ia8df S wedi®+27648a8 df *ei¢ ) e ~41/2 + (221184
117964849 f6

dz

x?,(3de4ie+3d62ie+d)e—6ie w(3ce4ie+3ce2ie+c)e—6ie
16a3 + 8a3

LZ | b
8a3 = 16a3

input Lintegrate ((d*x+c) / (a+I*a*tan (f*x+e))**3,x)

Piecewise ((((24576*I*a**x6xc*xfx*5xexp (6*I*e) + 24576*I*ax*x6xd*f**5xx*kexp (6%
Ixe) + 4096*ax*6xdxf*xdxexp(6xIxe))*exp(-6*xIxf*x) + (110592*I*ak*Ekckxfx*k5x
exp(8xI*e) + 110592*I*ax*6xd*f**x5*xx*kexp(8*xI*ke) + 27648*ax*6*d*f**4*exp (8*I
xe) ) exp (-4*Ixf*x) + (221184*I*a*x*B*ckf**5kxexp(10*xI*e) + 221184*I*ax*6xd*f
*x*k5xx*xexp (10*%I*e) + 110592*a**6xd*f**4*exp(10*I*xe))*exp(-2*I*f*x))*exp(-12
xI*xe)/(1179648*a*x*9xf*x6) , Ne(a**9xf*x6+xexp(12*%I*xe), 0)), (x**2*x(3*d*exp(4
xI*xe) + 3kdxexp(2*Ixe) + d)*exp(-6*xIxe)/(16*a**3) + x*(3*crxexp(4*xIxe) + 3*
cxexp(2xI*xe) + c)*exp(-6*Ixe)/(8xa*x3), True)) + cxx/(8xax*3) + dxxx*2/(16
*a*%3)

output

Maxima [F(-2)]

Exception generated.

c+dz
/ - dx = Exception raised: RuntimeError
(a + iatan(e + fz))3
inputLintegrate((d*x+c)/(a+I*a*tan(f*x+e))*3,x, algorithm="maxima") J

Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

output
‘Ve exponent. ‘
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Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.68

c+dx
(a +iatan(e + fx))3
(72 df?z2e(6ife+6ie) 4 144 ¢ f2pe(6ifor6ie) 4 2167 df re*i frH4ie) 4 108¢ df re® fo+2€) + 244 df x + 2161 cf
1152 a3 f?

dz

s

~—

input Lintegrate ((d*x+c)/(atI*a*xtan(f*x+e))~3,x, algorithm="giac")

1/1152% (72%d*f~2%x"2%e”~ (6*%I*f*x + 6*I*ke) + 144*c*f 2*x*e” (6*xI*xfxx + 6xI*e)

+ 216*Ikd*frxke” (A*xI*f*x + 4xI*e) + 108*xI*dkfrxke™ (2+¢I*fxx + 2%Ike) + 24x%
Ikdxfxx + 216xI*ckfre” (A*xIxf+x + 4xIxe) + 108*Ikckfre” (2+¢I*f*rx + 2%I*e) +
24*Tkcxf + 108*dxe” (4*xI*f*x + 4*Ike) + 27*d*e” (2xIxf*x + 2xIxe) + 4*d)*e”(
-6xIxf*x - 6xIxe)/(a~3*f~2)

output

Mupad [B] (verification not implemented)

Time = 9.15 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.70

/ ctdz dx:d_ﬁ_e—eéli—fxéli((_120f+d3i) i dz3i )
(a +iatan(e + fx))3 16 a3 128 a3 f2 3243 f
_ oebi—fubi ((_6Cf+dli) i dzli )
288a® f? 48 a3 f
_ e—cli—foli ((_6Cf+d3i) i dzdi ) cx
32a3 f? 16 a3 f ] g3

int((c + d*x)/(a + a*tan(e + f*x)*1i)~3,x)

input ‘\

output‘(d*x‘z)/(ls*a”s) - exp(- e*4i - f*x*4i)*(((d*3i - 12xc*xf)*1i)/(128*a~3*f"2
) - (d*x*31)/(32%a"3%£)) - exp(- ex6i - £xx*6i)*(((d*1i - G*c*f)*1i)/(288%
|a"3%£72) - (d*x*1i)/(48%a~3%f)) - exp(- e*2i - £xx*2i)*(((d*3i - G*c*f)*1i

\)/(32*a*3*f*2) - (d*x*3i)/(16%a~3%f)) + (c*x)/(8%a"3)
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Reduce [F]
c+dx
; dx
(a +iatan(e + fx))3
= 1
_ (f tan(fz+e)3i+3tan(fr+e)’—3tan(fzte)i—1 d.’L‘) d— <f ta‘n(fw+e)3i+3tan(fw+e)2—3tan(fw—i—e)i—]_dx) c
= .
input Lint((d*X+C)/(a+I*a*tan(f*x+e))*3,x) J

OUtPUt‘( - (int(x/(tan(e + f*x)**3*i + 3*tan(e + f*x)**2 - 3xtan(e + f*x)*i - 1), ‘

\x)*d + int(1/(tan(e + fxx)**3%i + 3%tan(e + f*x)**2 — 3xtan(e + f*x)*i - 1 \
), x)%c)) /%3 |
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Optimal result

Integrand size = 23, antiderivative size = 449

1 _ 3cos (2e — 2} Coslntegral (2L + 2fz)
/ (c+dz)(a+iatan(e + fx))3 v 8ad
N 3 cos (46 - 4%0) CoslIntegral (‘%f +4 fx)
8a3d
., o8 (6e — L) Coslntegral (% + 6fz)
8a3d
log(c + dz)
8a3d
i CosIntegral (% +6 fx) sin (66 — %)
B 8a3d
_ 3i Coslntegral (%L + 4fz) sin (4e — %)
8a3d
_ 3i CosIntegral (%L +2fz) sin (2e — ZL)
8a3d
3 3i cos (2e - Z%f) Si(% + 2fx)
8a3d
B 3 sin (26 - %) Si(% + 2fz)
8ald
B 3i cos (46 — 4%0) Si(% + 4f:L')
8a3d
_ 3sin (4e — %) Si(% +4fz)
8a3d
B i cos (66 — G—Zi) Si(%ﬁ + Gfx)
8add
_ sin (6e — L) Si(%L + 6fx)
8a3d

3/8*cos (-2*e+2xcxf/d) *Ci (2xc*f/d+2*f*x) /a~3/d+3/8*cos (-4*xe+d*c*f/d) *Ci (4*c
*xf/d+4*xf*x) /a~3/d+1/8*cos (—6xe+6*xcxf/d) *Ci(6*c*f/d+6*f*x) /a~3/d+1/8*1n(d*x
+c)/a~3/d+1/8*I*Ci(6*c*f/d+6*f*x)*sin(-6*e+6*xcxf/d)/a~3/d+3/8*xI*Ci(4*c*f/d
+4xf*x)*ksin(—4*e+d*xcxf/d)/a~3/d+3/8*I1*Ci (2*c*f/d+2xf*x) *sin (-2xe+2*xcxf/d)/
a~3/d-3/8*I*xcos (—2*xe+2xc*f/d) *Si (2*cxf/d+2xf*x) /a~3/d+3/8*sin(-2*e+2xc*f/d
)*Si (2xcxf/d+2*xf*x) /a~3/d-3/8*I*cos (—4*e+d*cxf/d) *Si (4d*xc*f/d+4*f*x) /a~3/d+
3/8*sin(-4*e+4xcxf/d) *Si(4d*xc*f/d+4*f+*x)/a~3/d-1/8*I*cos(-6*e+6*c*f/d)*Si(6
*cxf /d+6xf*xx) /a~3/d+1/8*sin(-6*e+6xcxf/d)*Si(6*xc*f/d+6*f*x)/a~3/d

output




inpu

output
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Mathematica [A] (verified)

Time = 1.03 (sec) , antiderivative size = 336, normalized size of antiderivative = 0.75

1
(c+dz)(a +iatan(e + fx))

sec3(e + fx)(cos(fx) + isin(fz))3 (cos(3e) log(f(c+ dz)) + ilog(f(c + dz)) sin(3e) + (cos (e —

3dm

t" Integrate[1/((c + d*x)*(a + I*axTan[e + fx*x])~3),x]

(Secle + f*x]"3%(Cos[f*x] + IxSin[f*x]) 3*(Cos[3*e]l*Log[f*(c + d*x)] + I*L
oglf*(c + d*x)]*Sin[3*e] + (Cos[e - (4xc*f)/d] - I*Sin[e - (4*cxf)/d])=*(3*
CosIntegral [(4*f*(c + d*x))/d] + Cos[2*e - (2xc*f)/d]*CosIntegral [(6*f*(c
+ d*x))/d] + 3*CosIntegral[(2xf*(c + d*x))/d]l*(Cos[2%e - (2xcxf)/d] + I*Si
n[2*e - (2xcxf)/d]) - I*CosIntegral[(6xfx(c + d*x))/d]*Sin[2*e - (2*xcxf)/d
] - (3*I)*Cos[2*e - (2xcx*f)/d]l*SinIntegral [(2xf*(c + d*x))/d] + 3*Sin[2xe

- (2%c*f)/d]*SinIntegral [(2*f*(c + d*x))/d] - (3*I)*SinIntegral[(4*f*(c +
d*x))/d] - I*Cos[2*e - (2xc*f)/d]l*SinIntegral[(6xf*(c + d*x))/d] - Sin[2xe
- (2%cxf)/d]*SinIntegral [(6xf*(c + d*x))/d])))/(8xd*(a + I*axTan[e + f*x]
)~"3)

Rubi [A] (verified)

Time = 1.94 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
(c+ dz)(a +iatan(e + fx))3

l 3042

dz

1 d
/(c+dx)(a+iatan(e+fa:))3 v
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l 4211

/ (z sin3(2e + 2fz) 3sin?(2e +2fx) 3isin(2e+2fz) 3sin(2e + 2fx)sin(de +4fx) 3isin(de +4fz

8a3(c+dx) 8a3(c+dzx) 8d3(c+dx) 16a3(c + dzx) ~ 8a3(c+dx)
| 2009

3i CosIntegral (2:17 f+ %) sin (26 — %) i CosIntegral <6x f+ %) sin (66 Tf>
8a3d 8a3d

3i CosIntegral (430 f+ def ) sin (46 ) 3 CosIntegral (230 f+ ﬁ) cos (26 Tf)
8a3d 8a3d

3 CosIntegral (43: f+ % ) cos ( ) CoslIntegral (6m f+ 8 ) cos (66 Tf>
8a3d 8a3d

()8 20) (o)l )
in e 55 ) im0 7 )
8a3d 8a3d
st ) o + ) _n (50 ) ST+ %) g
8a3d B 8a3d Ra3d

input \Int[l/((c + d*x)*(a + I*a*Tan[e + f*x])~3),x]

(3%Cos[2xe - (2%c*f)/d]*CosIntegral [(2*c*f)/d + 2xf*x])/(8*a~3*d) + (3*Cos
[4xe - (4xcxf)/d]*CosIntegral[(4xc*f)/d + 4*xfxx])/(8%a"3*d) + (Cos[6xe - (
6*c*f)/d]*CosIntegral [(6*c*f)/d + 6xfxx])/(8*a~3*d) + Loglc + d*x]/(8*a”3x
d) - ((I/8)*CosIntegral [(6*c*f)/d + 6xf*x]*Sin[6*%e - (6*c*f)/d]l)/(a~3*d) -
(((3%1)/8)*CosIntegral [(4*c*f)/d + 4*f*x]*Sin[4xe - (4*c*f)/d])/(a~3*d) -
(((3%1)/8)*CosIntegral [(2*c*f)/d + 2*f*x]*Sin[2xe - (2%c*f)/d])/(a~3*d) -
(((3*I)/8)*Cos[2%e - (2*cxf)/d]*SinIntegral [(2%c*f)/d + 2*fxx])/(a~3*d) -
(3*Sin[2%e - (2xc*f)/d]l*SinIntegral [(2*cxf)/d + 2*xf*x])/(8*a~3*d) - (((3*
I)/8)*Cos[4*e - (4xcxf)/d]*SinIntegral [(4*c*f)/d + 4xf*x])/(a~3*d) - (3*Si
n[4xe - (4*cxf)/d]*SinIntegral [(4*cxf)/d + 4*f*x])/(8*a~3*d) - ((I/8)*Cosl[
6xe - (6xc*f)/d]*SinIntegral [(6*c*f)/d + 6xf*x])/(a"3*d) - (Sin[6xe - (6%*c
*xf) /d]*SinIntegral [(6*c*f)/d + 6*f*xx])/(8*a~3*d)

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4911 TotlCCe ) + (d_D*(x_)) @ )*((a ) + (b_.)*tanl(e_.) + (£_)*(x_)1)"(n)),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2%a) + Sin[2xe + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
&& EqQ[a”2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Maple [A] (verified)

Time = 0.90 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.36

method | result

. In(da+c) eﬁi(c{i_dE) explntegral; (6ifm+6ie+%‘_de)) 3 e%d_de) explntegral; (4ifw+4ie+%;m> 3 eLCfd_
risch sa3d . — ; — 5 —
a 8a3d 8a3d
input Lint (1/(d*x+c) / (a+I*a*tan(f*x+e)) ~3,x,method=_RETURNVERBOSE) J
output \ 1/8*1n(d*x+c)/a~3/d-1/8/a"~3/d*exp (6*I* (cxf-d*e)/d) *Ei(1,6*I*f*x+6*I*e+6+I* \

\ (c*f-d*e)/d)-3/8/a~3/d*exp (4*I* (cxf-dxe) /d) *Ei (1,4*I*f*x+4*Ixe+4*I* (cxf-d* \
'e)/d)-3/8/a"3/dxexp (2+Ix (cxf-dxe) /d) *Ei (1, 2xI*E*x+2xI*xe+2xI* (cxf-dxe) /d) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.26

1
(¢ +dz)(a +iatan(e + fz))

_2(ide—icf) __4(ide—icf)

3Ei<_2(idfz+icf)>e< 20iderich)) +3Ei(_4(z’dfa;+z'cf)>e< Llidericf)) +Ei<_6(idfa:l+icf))e(_6(id€d—“ﬁ> N
- 8a3d

3dz'
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inputLintegrate(1/(d*x+c)/(a+I*a*tan(f*x+e))*3,x’ algorithm="fricas") J

output‘1/8*(3*Ei('2*(l*d*f*x + Ixc*xf)/d)*e” (-2x(I*d*xe — Ikcxf)/d) + 3*Ei(-4*(I*d*
\f*x + Ixc*f)/d)*e~ (-4x(I*d*e - I*c*f)/d) + Ei(-6%(I*d*fxx + Ikckf)/d)*e” (- \
‘6*(I*d*e - Ikc*f)/d) + log((d*x + c)/d))/(a~3*d) ‘

Sympy [F]
1
. dz
(c+dz)(a +iatan(e + fz))3
) 1
= ) o (et oSt (e ) —Betan (¥ Fa) i d o (eF o) —3id o (e )3 vam ey %
= 2
input Lintegrate (1/(d*x+c)/ (a+I*axtan (fxx+e))**3,x) J
Output‘I*Integral(i/(c*tan(e + f*x)*x3 - 3*I*cxtan(e + f*x)**2 - 3xcxtan(e + f*x)

|+ Ixc + dxxxtan(e + fxx)**3 - 3xIxdxx+tan(e + f*x)**2 - 3xdxxtan(e + f*x |
‘) + Txd*x), x)/ax*3 ‘

Maxima [A] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 276, normalized size of antiderivative = 0.61
1

(c+dz)(a +iatan(e + fx))3
3 f cos <_Lﬂ) E, <_2(—z‘ (fz-i—e)dd+ide—i0f)> +3 fcos (‘M) E, (_4(—i (fx+e)dd+ide—icf)> 4 f

dz =

input Lintegrate (1/ (d*x+c)/ (a+I*a*tan(f*x+e))~3,x, algorithm="maxima") J
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-1/8*%(3xf*cos(-2*%(d*e - c*f)/d)*exp_integral_e(l, -2+x(-Ix(f*x + e)*d + Ixd
xe — Ikcxf)/d) + 3xf*cos(-4*(d*e - cxf)/d)*exp_integral_e(1l, -4x(-I*(f*x +
e)*d + Ixd*e — Ixc*f)/d) + f*xcos(-6*(dxe - c*f)/d)*exp_integral_e(1l, -6*(
-Ix(f*x + e)*d + Ixd*e - Ixc*f)/d) + 3*xIxfxexp_integral_e(l, —-2x(-I*(f*x +
e)*d + Ixd*e - Ixcx*f)/d)*sin(-2*(d*e - c*f)/d) + 3*Ixf*exp_integral_e(1,
-4x(~I*(f*xx + e)*d + I*d*e — Ixc*f)/d)*sin(-4x(d*e - c*f)/d) + Ixf*exp_int
egral_e(1, -6x(-I*(f*x + e)*d + I*d*ke — I*c*f)/d)*sin(-6*(d*e - cxf)/d) -

f*log((f*x + e)*d - d¥e + cxf))/(a"3*d*f)

output

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 810, normalized size of antiderivative = 1.80

1
dz = Too large to displ
/kc+dﬂ@+%wmme+fﬂp z oo large to display

input‘integrate(1/(d*x+c)/(a+I*a*tan(f*x+e))‘3,x, algorithm="giac")

1/8% (3xcos(2*e) "2*cos (2xc*xf/d) *cos_integral (-2*(d*f*x + c*f)/d) + cos(2xe)
~3%log(d*x + c) + 6*Ixcos(2*e)*cos(2xc*f/d)*cos_integral (-2*(d*f*x + cxf)/
d)*sin(2+e) + 3*Ixcos(2+*e) 2xlog(d*x + c)*sin(2*e) - 3*cos(2*c*f/d)*cos_in
tegral (-2x(d*f*x + c*f)/d)*sin(2%e)~2 - 3*cos(2*e)*log(d*x + c)*sin(2%e)~2
- Ixlog(d*x + c)*sin(2%e)~3 + 3*I*cos(2*e) 2*cos_integral (-2*(d*f*x + c*f
)/d)*sin(2xcxf/d) - 6%cos(2*e)*cos_integral (-2x(d*f*x + c*f)/d)*sin(2xe)*s
in(2*c*f/d) - 3*I*cos_integral(-2*(d*f*x + c*f)/d)*sin(2%e) "2*sin(2xc*f/d)
- 3%Ixcos(2*e) "2*cos(2xcxf/d)*sin_integral (2x(d*f*x + c*f)/d) + 6*cos(2*e
)*xcos (2kc*f/d) *sin(2%e)*sin_integral (2 (dxf*x + c*f)/d) + 3*Ixcos(2xc*f/d)
*sin(2%e) "2*sin_integral (2*(d*f*x + c*f)/d) + 3*cos(2xe) "2*sin(2*c*f/d)*si
n_integral (2x(d*f*x + c*f)/d) + 6*I*cos(2*e)*sin(2xe)*sin(2*c*f/d)*sin_int
egral (2% (d*f*x + c*f)/d) - 3*sin(2xe) "2*sin(2xcxf/d)*sin_integral (2% (d*f*x
+ c*xf)/d) + 3*cos(2%e)*cos(4xc*f/d)*cos_integral (-4*(d*f*x + c*f)/d) + 3%
Ixcos(4*c*xf/d)*cos_integral (-4*(d*f*x + c*f)/d)*sin(2*%e) + 3*I*cos(2*e)*co
s_integral (-4*(d*f*x + cx*f)/d)*sin(4*c*f/d) - 3*cos_integral(-4*x(d*f*x + c
*f)/d)*sin(2%e) *sin(4*cxf/d) - 3*I*cos(2*e)*cos(4*c*f/d)*sin_integral (4*(d
xf*xx + cxf)/d) + 3xcos(4*xcxf/d)*sin(2*e)*sin_integral (4x(d*f*x + c*f)/d) +
3%cos(2*e) *sin(4xc*f/d)*sin_integral (4*(d*f*x + cxf)/d) + 3xI*sin(2%e)*si
n(4*c*f/d)*sin_integral (4*(d*f*x + cxf)/d) + cos(6*c*f/d)*cos_integral (-6%
(d*fxx + cxf)/d) + Ixcos_integral(-6*(d*f*x + cxf)/d)*sin(6*c*f/d) - Ix...

output
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Mupad [F(-1)]

Timed out.

1 1
/(c+dz)(a+iatan(e+fx))3 do = / (a+atan(e+ fz) 1i)® (c+d=) de

input Lint(l/((a + axtan(e + £*x)*11)73*(c + d*x)),x) J
output Lint(l/((a + axtan(e + f*x)*1i)~3*(c + d*x)), x) J
Reduce [F]
1
- dz
(c+dz)(a+iatan(e + fx))3
1
f tan(fz+e)>ci+tan(fz+e)3diz+3 tan(fz+e)?c+3 tan(fr+e)?dz—3 tan(fz+e)ci—3 tan(fz+e)dic—c—dz dzx
=— .
input Lint (1/(d*x+c) / (a+I*axtan(f*x+e))~3,x) J
output‘ ( - int(1/(tan(e + f*x)**3*c*i + tan(e + f*x)**Bkd*ixx + 3*tan(e + fix)**2 ‘

‘*c + 3%tan(e + f*x)**x2kd*x — 3*tan(e + f*x)*c*i - 3xtan(e + f*x)*dxixx -
‘ - d*x),x))/ax*3 ‘
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3.33

1
f (c+d:1:)2(a+z'a tan(e_|_fx))3 dx

Optimal result . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... oo
Rubi [A] (verified) . . . .. . . ... ..

Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....

Sympy [F]

Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Mupad [F(-1)] . . . oo

Reduce [F]

2311
282
28]
286
237}
287
289
289
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Optimal result

Integrand size = 23, antiderivative size = 712

1

/ (c+ dz)¥(

a +iatan(e + fz))3 de

1 9cos(2e + 2fx)

T 8a¥d(c+dx)  32d3d(c+ dx)

3cos®(2e + 2fx)
~ 8a¥d(c+ dx)

cos®(2e + 2fx)  3cos(6e + 6fx)
~ 8add(c+dz)  32a3d(c+ dx)

4a3d?

B 3if cos (2 — Z—ZI) Coslntegral (2—flf + 2fx)
)

e
_ 3if cos (4e — %) CosIntegral (%4 + 4fz)

2a3d?

B 3if cos (66 — S—ZI) Coslntegral (ﬁ—zf + 6fx)

4a3d?

3f Coslntegral (%< + 6fz) sin (6e —

)

)

4a3d?
3 f CoslIntegral (% + 4fz) sin (43 _ 4ef
2a3d?
B 3f CosIntegral (% + 2fz) sin (2e — %)
4a3d?
15isin(2e 4+ 2fx)

32a3d(c + dz)

3sin®(2e +2fz) isin®(2e +2fx)

8a?d(c + dx) 8ad(c + dx)

3isin(4e +4fzx) 3isin(6e + 6fx)

8add(c + dzx) 32a3d(c + dz)

_ 3fcos (2e — 2L) Si (%L + 2fx)
4a3d?

N 3if sin (26 — %) Si(% + 2fw)
4a3d?

_ 3fcos (4e — %) Si(%L + 4fx)
2a3d?

L 3if sin (4e — %) Si(% +4fz)
2a3d?

B 3f cos (66 — %) Si(% + 6fm)
4a3d?

N 3if sin (6e — %) Si(% + 6fx)
4a3d?
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-1/8/a"3/d/ (d*x+c)-9/32*cos (2*fxx+2*e) /a~3/d/ (d*x+c)-3/8*cos (2*f*xx+2*e) "2/
a~3/d/ (d*x+c)-1/8*cos (2xf*x+2*e) ~3/a~3/d/ (d*x+c)-3/32*cos (6*f*x+6%*e) /a~3/d
/ (d*x+c)-3/2xIxf*xcos (—4*xe+d*c*f/d) #Ci (4*cxf/d+4xf*xx) /a~3/d"2-3/4*I*f*sin (-
2%e+2*c*f/d) *Si (2xcxf/d+2*f*x) /a~3/d"2+15/32*xI*xsin (2*xf*x+2*e) /a~3/d/ (d*x+c
)+3/4xf*Ci (6*%c*f/d+6*f*x) *sin(-6*xe+6*xcxf/d) /a~3/d"2+3/2*f*Ci (dxcxf/d+4*f*x
Yxsin(—4x*e+4*c*f/d) /a~3/d"2+3/4xf*Ci (2kc*f/d+2*f*x) *sin (-2*xe+2*xc*xf/d) /a~3/
d~2+3/8*I*sin(4*xf*xx+4*e)/a~3/d/ (d*x+c)+3/8*sin (2*xf*x+2*e) ~“2/a"~3/d/ (d*x+c) -
3/4*I*f*sin(-6xe+6xcxf/d) *Si(6*c*f/d+6*f*x)/a~3/d"2+3/32*I*sin (6*f*x+6%*e)/
a~3/d/ (d*x+c)-1/8*I*sin(2xf*x+2*xe) ~3/a~3/d/ (d*x+c)-3/4*f*cos (-2xe+2xcxf/d)
*Si(2xc*f/d+2xf+*x) /a~3/d"2-3/4*I*fxcos (—6*e+6*xcxf/d) *Ci (6*c*f/d+6xf*x) /a~3
/d"2-3/2xf*xcos (—4*xe+4*cxf/d) *Si (4*cxf/d+4*f*x) /a~3/d"2-3/2*%I*xf*xsin(-4*xe+4x*
cxf/d) *Si (4*cxf/d+4*f*xx) /a~3/d"2-3/4*f*cos (-6xe+6*c*f/d) *Si (6*xc*f/d+6*f*x)
/a~3/d"2-3/4xIxfxcos (-2*e+2*c*f/d) *Ci (2*xc*f/d+2xf*x) /a~3/d"2

output

Mathematica [A] (verified)

Time = 2.55 (sec) , antiderivative size = 833, normalized size of antiderivative = 1.17

1
/ (c + dz)%(a + iatan(e + fz))3

dz = Too large to display

input Integrate[1/((c + d*x)~2%(a + I*a*Tan[e + f*x])~3),x]
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(Sec[e + f*x]~3*%((-I)*Cos[(3*c*f)/d] + Sin[(3*cxf)/d])*(3*d*Cos[e + £x((-3
*xc)/d + x)] + d*Cos[3*(e + fx(-(c/d) + x))] + d*Cos[3*(e + f*(c/d + x))] +
3xd*Cos[e + £x((3*c)/d + x)] + (6xI)*c*f*Cos[3*e - (3*xf*(c + d*x))/d]*Cos
Integral [(6xfx(c + d*x))/d] + (6%I)*d*f*x*Cos[3*e — (3*f*(c + d*x))/d]*Cos
Integral [(6*f*(c + d*x))/d] + (6*I)*f*(c + d*x)*CosIntegral [(2*f*(c + d*x)
)/dl*(Cos[e - (c*f)/d + 3*f*x] + I*Sin[e - (c*f)/d + 3xf*xx]) + (3%I)*d*Sin
[e + £x((-3*c)/d + x)] + I*d*Sin[3*(e + f*(-(c/d) + x))] - I*d*Sin[3*(e +
fx(c/d + x))] - (3*I)*d*Sin[e + £x((3*c)/d + x)] + 6*c*f*CosIntegral [(6*f*
(c + d*x))/d]*Sin[3*e - (3*f*(c + d*x))/d] + 6xd*fxx*CosIntegral [(6*f*(c +
d*x))/d]*Sin[3%e - (3*fx(c + d*x))/d] + 12xf*(c + d*x)*CosIntegral [(4*fx*(
c + d*x))/d]*(I*Cos[e - (£x(c + 3*d*x))/d] + Sinle - (f*x(c + 3*dxx))/d]) +
6xcxf*Cos[e - (cxf)/d + 3*f*x]*SinIntegral [(2xfx(c + d*x))/d] + 6xd*Lf*x*C
osle - (cxf)/d + 3*f*x]*SinIntegral [(2*f*(c + d*x))/d] + (6+I)*c*f*Sin[e -
(cxf)/d + 3xfxx]*SinIntegral [(2*xf*(c + d*x))/d] + (6%I)*d*f*x*Sin[e - (c*
f)/d + 3*f*x]*SinIntegral [(2*%f*(c + d*x))/d] + 12xcxfxCos[e - (f*(c + 3x*d*
x))/d]l*#SinIntegral [(4xf*(c + d*x))/d] + 12*d*f*x*Cos[e - (fx(c + 3*d*x))/d
I*SinIntegral [(4*f*(c + d*x))/d] - (12%I)*cxfxSin[e - (f*(c + 3*d#*x))/d]*S
inIntegral [(4*f*(c + d*x))/d] - (12*I)*d*f*x*Sin[e - (£f*(c + 3*d#*x))/d]*Si
nIntegral [(4xf*(c + d*x))/d] + 6*cxf*Cos[3*e - (3*f*(c + d*x))/d]*SinInteg
ral[(6xf*x(c + d*x))/d] + 6xd*f*x*Cos[3*e - (3*f*(c + d*x))/d]*SinIntegr...

output

Rubi [A] (verified)

Time = 2.05 (sec) , antiderivative size = 712, normalized size of antiderivative = 1.00,

number of rules _ 130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (c+ dz)2(a + iatan(e + fz))3

l 3042

dx

1
/ (c+ dz)2(a + iatan(e + fac))3dx
| 211
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‘/<imﬁ@e+2ﬁm 3sin?(2e +2fz) 3isin(2e +2fx) 3sin(2e + 2fz)sin(4e +4fz) 3isin(4e +4fx

8a3(c+dz)2  8a3(c+dz)2  8d3(c+dx)? 16a3(c + dz)? ~ 8d3(c+ dx)?
| 2009
3 f CoslIntegral (6:17 f+ 8 ) sin (66 bef ) 3f Coslntegral (4:1: [+ %l ) sin ( Tf)
4a3d? 2a3d?
3f CosIntegral (21' f+ Zef ) sin <2e — %) 3if CosIntegral (29: f+ %) cos ( 7f>
4a3d? B 4a3d?
3if CosIntegral <4x f+ %) oS <4e — %) 3i f CosIntegral (63: f+ %) cos (66 — %) N
2a3d? 4a3d?
3ifsin( e—M)Si<2xf+%> 3ifsin< e—ﬂ>8i(4wf+%)
4a3d2 + 342 +
3if sin <6C—M) Si(ﬁxf+%) 3f cos (2e—ﬁ) Si<2xf+%>
4a3d? B 4a3d? B
3f cos <4e—ﬂ) Si(4:rf+%) 3f cos <66—M> Si<6xf+%) isin®(2e + 2fz)
2a3d? B 4a3d? ~ 8a3d(c+ dz)
3sin?(2e +2fz) 15isin(2e +2fz) 3isin(4e+4fx) 3isin(6e + 6fx) B
8a3d(c + dx) 32a3d(c + dz) 8a3d(c+ dx) 32a3d(c + dx)
cos®(2e + 2fx) 3 cos?(2e + 2fx) _ 9cos(2e +2fx) 3cos(be +6fz) 1
8a3d(c + dx) 8a3d(c + dx) 32a3d(c + dx) 32a3d(c+dz)  8a3d(c + dx)
input LInt [1/((c + dx*x)~2x(a + I*axTan[e + f*x])~3),x] J
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-1/8*1/(a~3*d*(c + d*x)) - (9*Cos[2*e + 2*xf*x])/(32*%a~3*d*(c + d*x)) - (3%
Cos[2xe + 2xfxx]~2)/(8*%a"3*d*(c + d*x)) - Cos[2xe + 2xf*x]~3/(8*a~3*d*(c +
d*x)) - (3%Cos[6*e + 6*f*x])/(32*a"3*d*(c + d*x)) - (((3%I)/4)*f*Cos[2%e
- (2*c*f)/d]*CosIntegral [(2xc*f)/d + 2*f*x])/(a~3*d"2) - (((3*I)/2)*f*Cos[
4xe - (4*cxf)/d]*CosIntegral [(4*xc*f)/d + 4xfxx])/(a~3*d"2) - (((3*I)/4)*fx*
Cos[6%e - (6xcxf)/d]*CosIntegral [(6*c*f)/d + 6xf*x])/(a~3%d"2) - (3*f*CosI
ntegral [(6*cxf)/d + 6xfxx]*Sin[6xe - (6%cxf)/d]l)/(4*xa~3*d~2) - (3*f*CosInt
egral [(4*cxf)/d + 4xf*x]+*Sin[4xe - (4xcxf)/d])/(2*a~3*d"2) - (3xf*CosInteg
ral [(2xc*f)/d + 2*fxx]*Sin[2%e - (2%c*f)/d])/(4*a~3*d"2) + (((15%I)/32)*Si
n[2xe + 2xf*xx])/(a"3*d*(c + d*x)) + (3*Sin[2%e + 2*f*x]~2)/(8xa"3*d*(c + d
*x)) - ((I/8)*Sin[2*e + 2xf*x]~3)/(a~3*d*(c + d*x)) + (((3*I)/8)*Sin[4*e +
4xfxx])/(a~3*d*(c + d*x)) + (((3%I)/32)*Sin[6xe + 6xfxx])/(a"3*d*(c + d*x
)) - (3xf*Cos[2xe - (2%c*f)/d]*SinIntegral [(2*c*f)/d + 2*f*x])/(4*a~3%d"2)
+ (((3*I)/4)*fxSin[2%e - (2%cxf)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/(a"3*
d~2) - (3*fxCos[4*e - (4*c*f)/d]*SinIntegral [(4*c*f)/d + 4*xf*x])/(2¥a~3*d"~
2) + (((3*I)/2)*f*Sin[4%e - (4*cxf)/d]*SinIntegral [(4*c*f)/d + 4xf*xx])/(a”
3%d"2) - (3*f*Cos[6*e - (6%c*f)/d]*SinIntegral [(6xc*f)/d + 6*fxx])/(4*a”3x*
d~2) + (((3*I)/4)*fxSin[6%e - (6*cxf)/d]*SinIntegral [(6*c*f)/d + 6xf*xx])/(

a~3*d"2)

N\ J

output

Defintions of rubi rules used

ruk32009llnt[u—’ x_Symbol] :> Simp[IntSum[u, x]1, x] /; SumQ[u] ‘

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

e 4217 TEELCCe_) + (D)%)~ @)*((a) + (b_d*tanl(e_.) + (F_)*GIOD @),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2%e + 2xf*x]/(
\2*a) + Sin[2*e + 2*f*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
L %& EqQ[a~2 + b~2, 0] &% ILtQ[m, 0] && ILtQ[n, O] J
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Maple [A] (verified)

Time = 1.05 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.36

method | result
risch _ 1 _ fe6ilfate) 3ife6i(Cfd_dE) explntegral; (6ifz+6ie+%;de)> _3f e—4i(fzte) 3if ew €
8a3d(dz+c) 8a3(dfz+cf)d 4a3d? 8ad(dfz+cf)d
input Lint (1/(d*x+c)~2/ (a+I*a*tan(f*x+e))"3,x,method=_RETURNVERBOSE) J
output -1/8/a~3/d/ (d*x+c)-1/8/a"3*f*exp (-6*I*(f*x+e) )/ (d*f*x+cxf)/d+3/4*I/a~3*f/d
~2%exp (6xI*(cxf-d*e) /d)*Ei (1,6+%I*f*x+6+I*e+6xI* (cxf-d*e)/d)-3/8/a~3*f*exp(
-4xT* (f*x+e) )/ (dxf*x+c*f)/d+3/2xI/a"3*f/d"2*exp (4*xI* (cxf-d*e)/d)*Ei(1,4*I*
frx+4xI*xe+4*I* (cxf-d*e) /d)-3/8/a~3*f*xexp (-2*I* (fxx+e) )/ (d*f*x+c*f) /d+3/4*I
/a~3*f/d"~2xexp (2*I* (cxf-d*e) /d) *Ei (1, 2% I*f*xx+2*I*e+2xI* (cxf-d*e) /d)
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.28
1
- dr =
(c+ dz)?*(a + iatan(e + fx))3
. . _2(ide—icf) . . _4(ide—icf)
((6 (idfo+icf)Bi( - 204540 T ) L 12 (idfe + i of Bi -0zl o)
a 8 (a

-

input L

-/

integrate(1/(d*x+c) "2/ (atI*axtan(f*x+e)) 3,x, algorithm="fricas")

-1/8% ((6* (I*d*fxx + Ikckf)*Ei(-2%(I*d*xfxx + Ixcxf)/d)*e” (-2x(I*d*e — I*ckf
)/d) + 12%(Ixd*fxx + Ikckxf)*Ei(-4*(Ixd*xfxx + Ixcxf)/d)*e” (—4x(I*xd*e - I*c*
£)/d) + 6% (I*xd*f*x + I*c*f)*Ei(-6%(I*d*f*x + I*xc*xf)/d)*e” (-6*%(I*xd*xe - Ixc*
£f)/d) + d)*e” (6*Ixf*xx + 6%xIke) + 3xdke” (4*xI*f*x + 4*Ixe) + 3*kd*e” (2*Ixf*x
+ 2xIxe) + d)*e” (-6xI*fxx — 6xIxe)/(a~3*d"3*x + a~3*c*d~2)

output
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Sympy [F]

/ 1 dx
(c+ dz)?(a + iatan(e + fz))3

: 1
_ ¢ f c? tan3 (e+fz)—3ic? tan? (e+fz)—3c? tan (e+fx)+ic?+2cdz tan3 (e+ fz)—6icdz tan? (e+fx)—6cdz tan (e+ fz)+2icdz+d2x2 tand (e+f
B 3
a

jnputtintegrate(1/(d*X+C)**2/(a+I*a*tan(f*x+e))**3,X) J

(I*Integral(1/(c**2*tan(e + fxx)**3 — 3*I*kck*2ktan(e + f*x)**2 — 3xcx*2xtan
\(e + f£*x) + I*xc*x*x2 + 2xcxdxx*ktan(e + f*x)**x3 - 6xIxckxdxxktan(e + f*x)**x2 -
\ 6xckdxx*tan(e + f*x) + 2kIxckd*x + d**x2kx**x2+tan(e + F*x)*k*3 — IkIkdk*2*xx
*x2%tan(e + fxx)**2 — 3kd**x2kx**2xtan(e + f*x) + I*d*x*x2xx**2), x)/a*x*3

N\ J

output

\‘

Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.42

1
dr —
/(c+dw)2(a+iatan(e+fx))3 v
3f2aﬁ<_%ﬂ%ﬁﬁ>E&(_2&uﬂﬁ%f4@—nﬁ>_F3f%ms<_1Q%£Q>Eé<_4euﬂﬁ?fww—nﬁ>4ﬂ

inputLintegrate(1/(d*x+c)A2/(a+I*a*tan(f*x+e))*3,x, algorithm="maxima") J

-1/8%(3*xf"2*cos(-2*(d*e - cxf)/d)*exp_integral_e(2, -2%(-I*(f*x + e)*d + I
xd*e - Ixcxf)/d) + 3*f~2*kcos(-4x(d*e - c*f)/d)*exp_integral_e(2, —4x(-I*(f
*x + e)*d + Ixd*e - Ixcxf)/d) + f~2*cos(-6x(d*e - c*f)/d)*exp_integral_e(2
, —6x(-Ix(f*xx + e)*d + Ixd*e — Ixc*f)/d) + 3*I*f " 2xexp_integral_e(2, -2*(-
Ix(f*x + e)*d + Ikd*e — I*c*f)/d)*sin(-2*%(d*e - cxf)/d) + 3*I*f 2*exp_inte
gral_e(2, -4x(-I*(f*x + e)*d + Ixd*e - Ixcxf)/d)*sin(-4x(dxe - c*f)/d) + I
*xf~2%exp_integral_e(2, -6*%(-Ix(f*x + e)*d + I*kdxe — I*cxf)/d)*sin(-6*(d*e
- cxf)/d) + £72)/(((f*x + e)*a~3%d"2 - a~3*d"2%e + a~3*ckd*f)x*f)

output




input

output
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Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2915 vs. 2(648) = 1296.

Time = 28.91 (sec) , antiderivative size = 2915, normalized size of antiderivative = 4.09

1
/ (c+dz)*(a +iatan(e + fx))

5 dz = Too large to display

‘integrate(l/(d*x+c)“2/(a+I*a*tan(f*x+e))‘3,x, algorithm="giac")

1/8%(-6*I*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f 2%cos(-6*(d*e -
c*xf)/d) *cos_integral (6% ((d*x + c)*(dxe/(d*x + c) - cxf/(d*x + c) + f) - dx
e + c*f)/d) + 6*Ixdxexf 2*cos(-6*(d*e - c*f)/d)*cos_integral (6*((d*x + c)*
(dxe/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf)/d) - 6xI*c*f~3xcos(-6%(d*
e - cxf)/d)*cos_integral (6% ((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)
- d¥e + cxf)/d) - 12+I*x(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)*f"2xc
os(-4x(dxe - cxf)/d)*cos_integral (4*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x +
c) + £) - dxe + c*f)/d) + 12+Ixd*e*xf~2*cos(-4*(d*e - cx*f)/d)*cos_integral
(4x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - d*e + cxf)/d) - 12*I*c
*f~3xcos(-4*(d*e - cx*f)/d)*cos_integral (4*((d*x + c)*(d*e/(d*x + c) - cxf/
(d*x + c) + f) - d¥e + c*f)/d) - 6*%I*(d*x + c)*(d*e/(d*x + c) - c*f/(d*x +
c) + £)*f~2xcos(-2x(d*e - c*f)/d)*cos_integral (2% ((d*x + c)*(dxe/(d*x + c
) - cxf/(d*x + c) + f) - d¥e + c*f)/d) + 6*Ixd*exf 2*cos(-2*(d*e - cx*f)/d)
*xcos_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf
)/d) - 6xI*xc*f~3xcos(-2x(dxe - c*f)/d)*cos_integral (2x((d*x + c)*(d*e/(d*x
+ c) - cxf/(d*x + c) + f) - dxe + c*f)/d) + 6%(d*x + c)*(d*e/(d*x + c) -
cxf/(d*x + c) + f)*f"2*cos_integral (2*x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x
+ c) + £f) - dxe + c*f)/d)*sin(-2*(d*xe - c*f)/d) - 6*d*e*f~2+cos_integral(
2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + c*f)/d)*sin(-2*(d
xe - cxf)/d) + 6xcxf~3xcos_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(...
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Mupad [F(-1)]
Timed out.

1 d —/ ! d
(c+dz)*(a + iatan(e + fz))3 v (a+ atan (e + fz) 1i)® (c+ dz)” v

input tint(l/((a + axtan(e + f*x)*1i) 3x(c + d*x)~2),x) J

-

output Lint(l/((a + axtan(e + fxx)*1i)~"3*(c + d*x)~2), x)

-/

Reduce [F]

1

(c+ do)’(a + iatan(e 1 f2))F 2 =

1
f tan(fz+e)3c2i+2 tan(fz+e)3cdiz+tan(fz+e)3d2i 2243 tan(fo+e)?c2+6 tan(fr+e)? cde+3 tan(fo+e) 2 d222 —3 tan(fr+e)c2i—6 tan(

a3

input Lint (1/(d*x+c) "2/ (a+I*axtan(f*x+e))"3,x) J

‘ ( - int(1/(tan(e + f*x)**3*c*kx*2*i + 2*tan(e + f*xx)**3*ckd*ixx + tan(e + fx* \
‘x)**3*d**2*i*x**2 + 3xtan(e + f*xx)**x2kc**x2 + 6xtan(e + F*x)**x2kckd*x + 3*t ‘
‘an(e + £kx)**2kdxx2¥xk*2 - 3¥tan(e + f¥x)kcr*2*i - Gxtan(e + fxx)*ckdri¥x |
‘— 3xtan(e + F£*x)*Akk2¥Pi*x*k*2 — Ck*2 — kckdrx — dr*kx**2),x))/a**3 ‘

output
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3.34 [(c+dz)™(a+ iatan(e + fz))* dz

Optimal result . . . . . . . . . . . . e 290
Mathematica [N/A] . . . . . . . . 2901
Rubi [N/A] . . o 291]
Maple [N/A] . . . . 292
Fricas [N/A] . . . o o 292
Sympy [N/A] . . e 292
Maxima [N/A] . . . . . 293]
Giac [N/A] . . . e 297
Mupad [N/A] . . . o 294
Reduce [N/A] . . . o o 294

Optimal result

Integrand size = 23, antiderivative size = 23

/(c + dz)™(a + iatan(e + fz))* dz = Int((c + dz)™(a + iatan(e + fz))* z)

-

output LDefer (Int) ((d*x+c) “m* (a+I*a*tan(f*x+e)) 2,x)

-/

Mathematica [N/A]

Not integrable

Time = 40.38 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.09

/(c +dz)™(a + iatan(e + fxr))?dx = /(c +dz)™(a + iatan(e + fz))* dx

input ‘\Integrate[(c + d*x) “m*(a + I*a*Tan[e + f*x])~2,x]

Output‘ Integrate[(c + d*x)hm*(a + I*a*Tan[e + f*x])*2’ x]




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(c + dz)™(a + iatan(e + fz))% dz
| 3042
/(c + dz)™(a + iatan(e + fz))%dzx
| 4223
/(c + dz)™(a + iatan(e + fz))dax
LInt [(c + d*x)"m*(a + I*a*Tan[e + £*x])"2,x] J
‘$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]




CHAPTER 3. LISTING OF INTEGRALS 292

Maple [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.91

/ (dz + ¢)™ (a + iatan (fz + €))’ dz

input int ((d*x+c) “m* (a+T*a*tan (f*x+e))~2,x) |

output Lint ((d*x+c) “m* (a+I*axtan (f*x+e))~2,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 115, normalized size of antiderivative = 5.00

/(c +dz)™(a + iatan(e + fr))*dr = / (iatan (fz + e) + a)*(dz + ¢)™ dz

inputtiﬂtegrate((d*X+C)Am*(a+I*a*tan(f*x+e))‘2,x, algorithm="fricas") J

B

Output‘ (-2%Ix(d*x + c) m*a~2 + (fre~(2xI*f*x + 2%I*e) + f)xintegral (-2%(-I*a~2*dx*
‘m - 2% (2" 2*d*xf*xx + a”~2xckf)*e” (2*%I*f*xx + 2%Ixe))*x(d*x + c) "m/(d*f*x + cxf
\+ (d*f*x + cxf)*xe” (2xI*f*x + 2xI*e)), x))/(fxe”(2xIxf*x + 2xI*e) + f)

\‘

Sympy [N/A]
Not integrable

Time = 3.42 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.22
/(c +dz)™(a + iatan(e + fr))* dr = —a? </ (c+ dx)™ tan® (e + fz) dx
+ / (—2i(c+ dz)™ tan (e + fz)) dz

+/(—(c+dw)m) dsc)
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input‘integrate((d*X+C)**m*(a+I*a*tan(f*x+e))**2,x)

‘—a**2*(Integra1((c + d*x)**smxtan(e + f*x)*x2, x) + Integral(-2*Ix(c + d*x)

output
‘**m*tan(e + f*x), x) + Integral(-(c + d*x)**m, x))

Maxima [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 520, normalized size of antiderivative = 22.61

/(c +dz)™(a + iatan(e + fr))*dr = / (iatan (fz + e) + a)*(dz + ¢)™ dz

~—

p
inputLintegrate((d*x+c)"m*(a+I*a*tan(f*x+e))“2,x, algorithm="maxima")

(d*x + c)"(m + 1)*a~2/(d*(m + 1)) + integrate((3*(d*x + c) m*a”2*cos(4*f*x
+ 4%e)”~2 - 4x(d*x + c) "m*xa"~2xcos(2*f*x + 2%e) 2 + 3*k(d*x + c) “m*a~2*sin(4
*f*xx + 4xe) 2 + 4*x(d*x + c) m*a"2*sin(4xfxx + 4xe)*sin(2*f*x + 2%e) - 4*(d
*x + c) m*xa"2*sin(2*xf*x + 2%e)”2 - 4x(d*x + c) m*a"~2*cos(2xfxx + 2xe) - (d
*X + c)"m*xa”2 + 2k (2*%(d*x + c) "m*a"2xcos(2xf*x + 2%e) + (d*x + c) m*a~2)*c
os(4xfxx + 4x*e)) /(2% (2*%cos(2*xf*x + 2%e) + 1)*cos(4xf*x + 4*xe) + cos(4xfxx
+ 4%e) "2 + 4*cos(2xfxx + 2*e) 2 + sin(4*f*x + 4xe)”2 + 4dxsin(4*xf*x + 4*e)*
sin(2*xf*x + 2%e) + 4*sin(2*f*x + 2*e) "2 + 4*xcos(2*f*x + 2%e) + 1), x) + Ix*
integrate(-4*(2*(d*x + c) m*a"2xcos(4*f*x + 4*e)*sin(2*f*x + 2xe) - (2x(d*
X + c) m¥a~2xcos(2kfxx + 2%e) + (d*x + c) m*a~2)*sin(4*xfxx + 4%e))/ (2% (2*c
os(2*f*x + 2xe) + 1)*cos(4*f*x + 4xe) + cos(4xf*x + 4*e)”2 + 4xcos(2xfxx +
2xe) "2 + sin(4xfxx + 4*e) 2 + 4*sin(4xf*x + 4xe)*sin(2*f*x + 2%e) + 4*sin
(2xfxx + 2xe)”2 + 4*xcos(2xf*xx + 2*xe) + 1), x)

output
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Giac [N/A]
Not integrable

Time = 0.41 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

/(c +dz)™(a + iatan(e + fr))*dr = / (iatan (fz + e) + a)*(dz + ¢)™ dz

-

e—

input tintegrate ((d*x+c) “m* (a+I*axtan(f*x+e))~2,x, algorithm="giac")

output Lintegrate((l*a*tan(f*x + e) + a)~2%(d*x + ¢c)"m, Xx) J

Mupad [N/A]
Not integrable

Time = 8.61 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.04

/(c + dz)™(a +iatan(e + fz))? dzr = / (a+atan(e + fz) 1i)* (c + dz)™ dz

input Lint((a + axtan(e + fxx)*1i) " 2*(c + d*x) "m,x) J

output 18E((a + avtan(e + £x0)%11)"2¢(c + dxx)"m, x) ]

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 252, normalized size of antiderivative = 10.96

/(c +dz)™(a + iatan(e + fz))* dzx

a2<—(dz+c)mtan (fr+€)dm — (dz + c)" tan (fz + e)d + 2(dx + )™ cf + 2(d:v—|—c)mdfx+2<f(—d
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input  int ((d*x+c) “m* (a+I*a*tan(f*x+e))"2,x)

(a*x*x2x( - (c + d*x)**m*tan(e + fxx)*d*m — (c + d*x)**m¥tan(e + f*xx)*d + 2%
(c + d*x)**xmkxcxf + 2%(c + d*x)**xmxd*xfxx + 2*int(((c + d*x)**m*xtan(e + f*x)
*x)/(c + d*x),x)*xd**2xfxixm + 2*%int (((c + d*x)**m*tan(e + f*x)*x)/(c + d*x
), x)*d*x*2%f*i + 2%int(((c + d*x)**m*tan(e + f*x))/(c + d*x),x)*cxd*f*i*m +
2%int (((c + d*x)**m*tan(e + f*x))/(c + d*x),x)*cxd*f*i + int(((c + d*xx)**
mxtan(e + f*xx))/(c + d*x),x)*d**x2*m**2 + int(((c + d*x)**m*tan(e + f*x))/(
c + d*x),x)*d*x*2*xm) )/ (d*f*(m + 1))

output

N\
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3.35 [(c+ dx)™(a +iatan(e + fz)) dz

Optimal result . . . . . . . . . . . . e 296
Mathematica [N/A] . . . . . . . . 2961
Rubi [N/A] . . o 297
Maple [N/A] . . . . 298
Fricas [N/A] . . . o o 298
Sympy [N/A] . . e 298
Maxima [N/A] . . . . . 2991
Giac [N/A] . . . e 299
Mupad [N/A] . . . o 300
Reduce [N/A] . . . o o 300

Optimal result

Integrand size = 21, antiderivative size = 21

/(c + dz)™(a + iatan(e + fz)) dx = Int((c + dz)™(a + iatan(e + fz)), x)

-

output LDefer (Int) ((d*x+c) “m* (a+I*a*xtan(f*x+e)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 8.80 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

/(c +dz)™(a + iatan(e + fz))dx = /(c + dz)"(a + iatan(e + fz)) dx

input ‘\Integrate[(c + d*x) m*(a + I*a*Tan[e + f*x]),x]

output‘ Integrate[(c + d*x) "m*(a + I*a*Tan[e + f*x]), x]
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)™(a + iatan(e + fz)) dz
| 3042

/ (c + dz)™(a + ia tan(e + fz))dz
l 4223

/(c + dz)™(a +iatan(e + fx))dz

input LInt[(c + d*x) "m*(a + I*a*Tan[e + f*x]),x] J

output ‘\$Aborted

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4923 Int[((c_.) + (A_D)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

/ (dz +¢)™ (a +iatan (fz + €)) dz

input‘ int ((d*x+c) “m* (a+I*a*xtan(f*x+e)),x) ‘

outputLint((d*x+c)"m*(a+I*a*tan(f*x+e)),x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.62

/(c-l—dz)m(a—l-iatan(e—i-f:c))dz =/(iatan (fr+e)+a)(dz+c)"dz

input‘integrate((d*x+c)"m*(a+I*a*tan(f*x+e)),x, algorithm="fricas")

outputtintegral@*(d*x + c) m¥ake~ (2¥I*f*x + 2%Ike)/ (e~ (kI*fxx + 2xIxe) + 1), x) J

Sympy [N/A]
Not integrable

Time = 2.25 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.38

/(c +dz)™(a + iatan(e + fz)) dz = ia (/ (—i(c+dz)™) dz
+ / (c+dz)™ tan (e + fx) dx)

input Lintegrate ((d*x+c) **m* (a+I*a*tan (f*x+e)),x) J
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t‘ I*xax(Integral (-I*(c + d*x)#**m, x) + Integral((c + d*x)**m*tan(e + f*x), x) ‘

) |

outpu

Maxima [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 3.76

/(c+dx)m(a+'iatan(e+fx))dx =/(iatan (fr+e)+a)(dz+c)" dz

p
tintegrate ((d*x+c) “m* (a+I*axtan(f*x+e)) ,x, algorithm="maxima")

—

input

| 2xI*a*integrate((d*x + c) mksin(2xf*x + 2%e)/(cos(2*f*x + 2%e)~2 + sin(2*f
kX + 2%e)72 + 2kcos(2kfxx + 2xe) + 1), x) + (d*x + c)"(m + )*a/(d*(m + 1)

2 J

Giac [N/A]

Not integrable

output

Time = 0.22 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

/(c + dx)™(a + iatan(e + fx))dr = / (tatan (fz +€) + a)(dz + )" dx

input Lintegrate ((d*x+c) “m* (a+I*a*tan(f*x+e)),x, algorithm="giac") J

output tintegrate((l*a*tan(f*x +e) + a)x(d*x + ¢c)™m, x) J
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Mupad [N/A]
Not integrable

Time = 8.56 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.05

/(c+dx)m(a+iatan(e+fx))dx = /(a+atan(e+fx) 1i) (c+dz)"dx

-

e—

inputtint((a + axtan(e + f*x)*1i)*(c + d*x)~m,x)

Outputtint((a + axtan(e + f*x)*1i)*(c + d*x)°m, X) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 69, normalized size of antiderivative = 3.29

/(c + dz)™(a + iatan(e + fx)) dz

_a((dz+c)" c+ (dz +c)" dx + ([ (dz + c)" tan (fz + e) dz) dim + ([ (dz + ¢)™ tan (fz + e) dx) di)
B d(m+1)

input Lint((d*x+c)"m*(a+I*a*tan(f*x+e)) ,X) J

( DY
t‘ (ax((c + dxx)*kmrkc + (c + d¥x)x+mrdsx + int((c + dxx)**mxtan(e + £*x),x)*d

outpu
\*i*m + int((c + d¥x)**m*tan(e + f*x),x)*d*i))/(d*(m + 1))




CHAPTER 3. LISTING OF INTEGRALS 301

3.36 [ gy

a+iatan(e+fx)
Optimal result . . . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o o
Rubi [A] (verified) . . . . . . . . . .
Maple [F] . . . o o
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 303
Sympy [F] . . . o 304
Maxima [F] . . . . . . 304
Giac [F] . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o o

Optimal result

Integrand size = 23, antiderivative size = 98

/ (c+ dz)™ i

a+ iatan(e + fz)
(e dmyim 12727 ) (o dgym (M) D (1 4 g, 2ilctin))

output‘ 1/2% (d*x+c) "~ (1+4m) /a/d/ (1+m) +I*2~ (-2-m) * (d*x+c) "m*GAMMA (1+m, 2*xI*f* (d*x+c) /d \
‘ )/a/exp(2%Ix(e-c*xf/d))/£/ ((Ixf*(d*x+c)/d) “m) ‘

Mathematica [A] (verified)

Time = 1.59 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.36

/ (c+dz)™ s

a + iatan(e + fz)
e (c+ dz)™ (w +i2me™d (M>_ I‘(l +m, M)) sec(e + fz)(cos(fx) + isin(f

d(1+m)

4f(a +iatan(e + fx))

input LIntegrate[(c + d*x)"m/(a + I*a*Tan[e + f*x]),x] J




outpu

input‘\lnt[(c + d*x)"m/(a + I*axTan[e + f*x]),x]

output
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t‘ ((c + d*x) "m* ((2+¢E~ ((2*I)*e) *f*(c + d*x))/(d*(1 + m)) + (I*E~(((2*I)*c*f)/ \

‘d)*Gammall + m, ((2*D*fx(c + d*x))/d])/(2°mx((Ixf*(c + d*x))/d)"m))*Secle |
‘ + fxx]*(Cos[f*x] + I*Sin[f*x]))/(4*E~(Ixe)*fx(a + I*a*Tan[e + £*x])) ‘

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {3042, 4210, 2612}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+dx)™ .
a +iatan(e + fx)
| 3042
/ (c+dx)™
a+iatan(e + fx)
| 4210
(c+dzx)™tt  [e~ 2t o) (¢ + do)™da
2ad(m +1) 2a
| 2612

or gt 272 ) o daym (He42) T p (i 1, Bt
2ad(m + 1) of

‘(c + d*x)~(1 + m)/(2%axd*(1 + m)) + (I*2~(-2 - m)*(c + d*x) m*Gamma[l + m, ‘
‘ ((2*I)*fx(c + d*x))/d])/(a*E~((2*xI)*(e - (c*£f)/d))*Ex((I*f*(c + d*x))/d)~ ‘
m |
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Defintions of rubi rules used

rule 2612 Int [(F_)"((g_.)*x((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symboll]
:> Simp[(-F~(gx(e - c*(£/d))))*((c + d*x) FracPart[m]/(d*((-£f)*gx(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*g*Logl[F]l*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*g*(Log[F]/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, £, g, m}, x] &&

! IntegerQ[m]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 4210‘Int[((c_.) + (d_)*(x)) " (m_)/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)1), x_Sym
‘bol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + Simp[1/(2*a) Int[(c
|+ dxx) "m*E~ (2% (a/b)*(e + £*x)), x], x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] &
‘& EqQ[a~2 + b2, 0] && !Integer(Q[m]

Maple [F]

(dz+c)™
/a+z’atan (fa:+e)dac

input Lint((d*x+c) m/ (a+I*a*xtan(f*x+e)),x)

outputLint((d*x+c)"m/(a+I*a*tan(f*x+e)),x)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.87

/ (c+ dz)™ d

a + iatan(e + fz)

dmlog(%‘t)+2ide—2i of
- d

_(idm-l—id)e( >F<m+1,—%f_”f)>+2(dfx+cf)(d:c+c)m

4 (adfm + adf)
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inputLintegrate((d*x+c)“m/(a+I*a*tan(f*x+e)),x, algorithm="fricas")

\1/4*((I*d*m + I*d)*e” (-(d*m*log(2*I*f/d) + 2*Ixd*e — 2xI*c*f)/d)*gamma(m +

output
\ , —2%(=Ixd*fxx — I*c*f)/d) + 2x(d*f*xx + c*f)*(d*x + c)"m)/(axd*xf*m + axd

-
Sympy [F]
ctdx
/ (c+dz)™ 1 f tal(l (J;rf)x
- dr =
a + iatan(e + fx) a
input tintegrate ((d*x+c) **m/ (a+I*axtan (f*x+e)),x)

output L‘I*Integral((c + dxx)**m/(tan(e + f*x) - I), x)/a

Maxima [F]

(c+ dz)™ _ (dz +c)™
/a+iatan(e+fr)dz_/iatan(fx—l—e)—l—adx

inputLintegrate((d*x+c)‘m/(a+I*a*tan(f*x+e))’x, algorithm="maxima")

‘1/2*((d*m + d)*integrate((d*x + c) m*cos(2*f*x + 2*e), x) - (I*d*m + I*d)=*
‘integrate((d*x + c)"mksin(2xf*x + 2%e), x) + e (m*xlog(d*x + c) + log(d*x +
| ©)))/(axdm + axd)

output
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Giac [F]

(c+ dzx)™ B (dz 4+ )™
/a—l—iatan(e—l—fx) dm_/iatan(fx-l—e)-i—adx

inputLiﬂtegrate((d*X+C)Am/(a+I*a*tan(f*x+e)),x, algorithm="giac")

output tintegrate((d*x + ¢)"m/(I*xaxtan(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/ (c+ dz)™ dx:/ (c+da)”

a + iatan(e + fz) a+atan(e+ fz) li

inputtint((c + d*x)"m/(a + axtan(e + f*x)*1i),x)

output Lint((c + d*x)"m/(a + axtan(e + f*x)*1i), x)
Reduce [F]
(dz+c
/ (c+ dx)™ p fta,n(fx—i-z)z-i-l T
. I =
a + iatan(e + fx) a

input tint ((d*x+c) “m/ (a+I*a*xtan (f*x+e)),x)

output Lint((c + dxx)**m/(tan(e + £xx)*i + 1),x)/a




output

CHAPTER 3. LISTING OF INTEGRALS 306
m
3.37 [T gy
(a+iatan(e+fz))

Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [F] . . . . . 3091
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 309
Sympy [F] . . o o 309
Maxima [F] . . . . . . o e 310
Giac [F] . . . o o o 310
Mupad [F(-1)] . . . . . e 3101
Reduce [F] . . . . . . B11]

Optimal result

Integrand size = 23, antiderivative size = 171

/ (c+ dz)™ i

(a +iatan(e + fx))?2

—2i(e—<f if(ctdz) ™ i f(c+dx
(c + dz)'*+m i272"™me 2< d>(c+dx)m (—f( ;’d )> F(l—i—m, —2f(d+d )>

- 4a%d(1 + m)

a’f

—4i(e-5f if(c+dz -m if(c+dx
z'4‘2‘me4< d)(c+d:c)m<—f(;rd)> F<1+m,—4f(d+d)>

+ 2f

‘ 1/4* (d*x+c) ~(1+m) /a~2/d/ (1+m) +I*2~ (-2-m) * (d*x+c) "m*GAMMA (1+m, 2% I *f* (d*x+c)
‘ /d) /a~2/exp(2*I*(e-c*f/d)) /£/ ((Ixf*(d*x+c)/d) “m)+I*4~ (-2-m) * (d*x+c) “m*GAMM

‘A(1+m,4*I*f*(d*x+c)/d)/a‘2/exp(4*I*(e-c*f/d))/f/((I*f*(d*x+c)/d)‘m)
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Mathematica [A] (verified)

Time = 3.64 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.12

(c+ dz)™
(a +iatan(e + fx))?2

(c n d:]j)m <4e2ief(c+d$) + i92-me Zi;f <zf(c(—;dx) ) -m r <1 +m, 2if(cd-|—da:)> + i4_me—2ie+% ('Lf(c;—dx) ) -m r <1

dz

d(1+m)

16f(a + tatan(e + fr))?

-

| —

inputtlntegrate[(c + d*x)~m/(a + I*a*Tan[e + £*x])~2,x]

((c + d*x) "m*x((4*E~((2*I)*e)*f*(c + d*x))/(d*(1 + m)) + (I*27(2 - m)*E~(((
2%I)*c*f)/d)*Gamma[1 + m, ((2*I)*f*(c + d*x))/d])/((I*f*(c + d*x))/d)"m +
(I*E~((-2%I)*e + ((4*I)*c*f)/d)*Gammal[l + m, ((4*I)*f*x(c + d*x))/d])/(4"m*
((I*f*(c + d*x))/d)"m))*Secle + f*xx] 2*(Cos[f*x] + I*Sin[f*x])"2)/(16*f*(a
+ IxaxTan[e + f*x])~2)

output

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dx)™
(a + iatan(e + fz))
| 3042

/ (c+dx)™ i
(a +iatan(e + fx))?
l 4212

/ A et dr) e MM e d)" | (e dn)™
2a2 4a? 4q?

2dw
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l 2009
m—m*%‘%@‘%>@4qhom(ﬂﬁgﬁﬂ)ﬂnr(nr+1,%ﬂ%@9)
3 +
a’f
i4_m_2e_4i <6_%> (c+ dx)™ (L(C;dx) ) - F(m +1, 74if(cd+dz)> (c+ d.’z:)m+1
a’f 4a2d(m + 1)

input L

Int[(c + d*x)"m/(a + I*axTan[e + f*xx])~2,x]

p
output ‘

\

(c + d*x)~(1 + m)/(4*xa~2%d*(1 + m)) + (I*2°(-2 - m)*(c + d*x) m*Gamma[l +

‘m, (2D *f*x(c + d*x))/d])/(a"2+E~ ((2*xI)*(e - (c*£)/d))*fx((Ixfx(c + d*x))

/d)"m) + (I*4~(-2 - m)*(c + d*x) m*Gamma[l + m, ((4*I)*fx(c + d*x))/d])/(a
“2%E~((4xI)*x(e - (cxf)/d) ) *£*((I*f*x(c + d*x))/d)"m)

Defintions of rubi rules used

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*a))~(-n), x], x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] & EqQ[a~2 + b~2
, 0] & ILtQ[n, O]
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Maple [F|
/ ‘(d$ +¢) o
(a +iatan (fz +e))
input Lint ((d*x+c) “m/ (a+I*axtan(fxx+e))"2,x) J
output Lint ((d*x+c) “m/ (a+I*axtan(f*x+e))"2,x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.84

(c+ dz)™
(a +iatan(e + fz))

2dm=

dm 1og(ﬂ)+2i de—2icf
d

dm log(ﬂ>+4i de—41 cf>
d
]

4(—z'dm—id)e< >F(m+1,—%f"m> —(idm+z’d)e<_

16 (a?dfm + a2df)

input Lintegrate ((d*x+c) “m/ (a+Ixa*tan(f*x+e))~2,x, algorithm="fricas") J

output ~1/16% (4% (-Isdwm - Ixd)e” (~(dm*log(2#I*£/d) + 2+Isdse - 2+Dxcxf)/d)*ganm
‘a(m + 1, -2+ (-Ixdxf*x - Ixcxf)/d) - (Ixd*m + I*d)xe”(-(d*m¥log(4*I*f/d) + |
(4xIxd¥e - 4xIxcf)/d)*gamma(m + 1, -4x(-Ixdxf*x - I*c*f)/d) - 4x(d*f*x + ¢ |
‘*f)*(d*x + c)"m)/(a~2*d*f*m + a~2*df) ‘

Sympy [F]
c+dx)™
/ (C + d.’I?)m de — f tan? (e—i—fz()j_Zit)an (e+fz)-1 dz
: z=—
(a + iatan(e + fz))? a?

input Lintegrate ((d*x+c) **m/ (a+I*a*xtan(f*x+e)) **2,x) J
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output L-Integral((c + dxx)**m/(tan(e + fxx)**2 - 2xI*xtan(e + f*x) - 1), x)/a**2 J
Maxima [F]
(a+ iflct:ncéz)r fz))? do = / (i atar(lcz:—i):; +a)? dz
input [integrate ((d*x+c) “m/ (a+I*a*tan(f*x+e))~2,x, algorithm="maxima") J

‘1/4*((d*m + d)*integrate((d*x + c) m*cos(4*f*x + 4*e), x) + 2x(d*m + d)*in ‘
‘tegrate((d*x + c)“m*cos(2xf*x + 2%e), x) - (I*d*m + I*d)*integrate((d*x + ‘
‘c)“m*sin(4*f*x + 4xe), x) + 2x(-I*d*m - I*d)*integrate((d*x + c) m*sin(2*f ‘
‘*x + 2%e), x) + e”(m*log(d*x + c) + log(d*x + c)))/(a"2xd*m + a~2xd) ‘

output

Giac [F]
(a+ iict:ncg)r fx))? do = / (i atar(lczc:—i):; + a)? do
input Lintegrate ((d*x+c) “m/ (a+I*axtan(f*x+e))~2,x, algorithm="giac") J
output Lintegrate((d*x + ¢c)"m/(I*xaxtan(f*x + e) + a)~2, x) J

Mupad [F(-1)]

Timed out.

(c+dz)™ B (c+dzx)™ .
/ (a +iatan(e + fz))? do = / (a + atan (e + f z) 1i)? d

input Lint((c + d*x)"m/(a + a*tan(e + f*x)*1i)~2,x) J
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Outputtint((c + d*x)"m/(a + axtan(e + f*x)*1i)72, x)

Reduce [F|

dr = —

(dz+c)™
/ (C + d.’l))m f tan(fw+e)2—2tan(fa:+e)i—1dm
(a + iatan(e + fz))? a?

inputLint((d*x+c) m/ (a+I*axtan(f*xx+e))~2,x)

outputt( - int((c + d*x)**m/(tan(e + f*x)**2 - 2xtan(e + f*xx)*i - 1),x))/a**2




output
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3.38 [t do

a+iatan(e+fx))
Optimal result . . . . . . . . .. . .. 312
Mathematica [A] (verified) . . . . . . . . ... .. L
Rubi [A] (verified) . . . . . . .. . . B13l
Maple [F] . . . . . 3151
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 315
Sympy [F] . . o o
Maxima [F] . . . . . . o e 310
Giac [F] . . . o o 316
Mupad [F(-1)] . . . . . e B17
Reduce [F] . . . . . . BI7

Optimal result

Integrand size = 23, antiderivative size = 251

/ (c+ dz)™ i

(a +iatan(e + fx))3
—2i(e—2f if(cdx) \ if (ct+dz
 (cHdayitm  327Te #(=) (e 4 doym (@) F<1 tm Lﬁ”)
~ 8a3d(1+m) adf
3i2-5-2me (%) (¢ 4 dym (b)) D (14, Sil))
adf
i3 1m0 () (o gy (459) (14, Silctin))
adf

+

+

1/8* (d*x+c) ~(1+m) /a~3/d/ (1+m) +3*xI*2~ (-4-m) * (d*x+c) "m*GAMMA (1+m, 2*x I *f* (d*x+
c)/d)/a~3/exp(2*%I*(e-c*f/d))/£f/ ((I*f*(d*x+c)/d) “m)+3*I*2~ (-5-2%m) * (d*x+c) ™
m*GAMMA (1+m, 4*I*f* (d*x+c)/d) /a~3/exp (4*I*(e-cxf/d))/£/ ((I*f*(d*x+c)/d) "m)+
I%27 (-4-m)*3~ (-1-m) * (d*x+c) "m*GAMMA (1+m, 6*I*f* (d*x+c)/d) /a~3/exp (6*I*(e-c*
£/d))/£/ ((Ixf*(d*x+c)/d) "m)
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Mathematica [A] (verified)
Time = 12.42 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.07
(c+ dz)™
(a +iatan(e + fx))
2—5—2m3—1—me—3ie(c + dCU)m (if(ct‘;dx)>_m (121+m66ief(c + dﬂ?) (if(c(';dx)>m + i21+m32+mde2i<2e+%) (1 1

3dx

-

| —

inputtlntegrate[(c + d*x)~m/(a + I*a*Tan[e + £*x])~3,x]

(27(-5 - 2xm)*3" (-1 - m)*(c + d*x)"m*x(127(1 + m)*E~((6*I)*e)*f*x(c + d*x)*(
(I*f*(c + d*x))/d)"m + I*27(1 + m)*37(2 + m)*d*E~ ((2*xI)*(2*e + (c*f)/d))*(
1 + m)*Gamma[1l + m, ((2*I)*f*(c + d*x))/d] + I*37(2 + m)*d*E~((2*%I)*e + ((
4xT)*c*f)/d)*(1 + m)*Gamma[l + m, ((4*I)*f*x(c + d*x))/d] + I*2°(1 + m)*d*E
“(((6*xI) *c*f) /A)*(1 + m)*Gamma [l + m, ((6+%I)*f*x(c + d*x))/d])*Secle + f*x]
~3*(Cos[f*x] + I*Sin[f*x])~3)/(d*E~((3*I)*e)*f*(1 + m)*((I*f*x(c + d*x))/d)
“m*(a + I*a*Tan[e + f*x])~3)

output

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.00,

number of rules _ 0.130, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+dx)™
(a +iatan(e + fx))3

l,3042
/ (c+dz)™

(a +iatan(e + fx))3
| 4212

dx
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/ (36—2ie—2ifz(c+ diL‘)m N 36—4ie—4if:z(c+ diL‘)m N e—6ie—6ifz(c+ d.’L‘)m N (C+ d.’L')m> "

8a3 8a3 8a3 8a3
l 2009
sig-m=4e~2(=F) (¢ 4 dzym (M) 7 (4 1, 20 ) )
a3f +
siz-2m=5=4(==4) (¢ 4 dgym (M) r (m 41, Yif(ctda) <de"”))
alf +
ig-m-g-m-1,-6(=F) (0 | gpym (M) (g1, B
adf 8a3d(m + 1)

Int[(c + d*x)"m/(a + I*a*Tan[e + f*x])~3,x]

input |

(c + d*x)~(1 + m)/(8%a~3*d*(1 + m)) + ((3*I)*2"(-4 - m)*(c + d*x) “m*Gamma[
1 +m, ((2*%I)*f*(c + d*x))/d])/(a"3*+E~((2*%I)*(e - (c*f)/d))*fx((I*f*(c + d
*x))/d)"m) + ((3*I)*27(-5 - 2*m)*(c + d*x) m*xGamma[l + m, ((4*I)*f*x(c + d*
x))/dl)/(a~3+E~ ((4*%I)*(e - (c*f)/d))*fx((I*f*x(c + d*x))/d)"m) + (I*27(-4 -
m)*3~ (-1 - m)*(c + d*x) m*xGamma[1l + m, ((6*I)*fx(c + d*x))/d])/(a~3*E~((6
*I)*(e - (c*f)/d))*Ex((I*xf*(c + d*x))/d) "m)

output

Defintions of rubi rules used

ruka2009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ru1e3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] ‘

rule4212‘1nt[((0_-) + (d_D)*(x))"(m)*((a ) + (b_.)*tanl(e_.) + (£_.)*(x_D1)"(n)),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~(2x(a/b)*(e + f*
‘X))/(2*a))“(-n), x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[a"2 + b"2
, 0] && ILtQ[n, 0]

N J

\‘
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Maple [F|
/ ‘(d$ +¢) &
(a +iatan (fz +e))
input Lint ((d*x+c) “m/ (a+I*axtan(f*x+e)) ~3,x) J
output Lint ((d*x+c) “m/ (a+I*axtan(f*x+e))"3,x) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 198, normalized size of antiderivative = 0.79

(c+ dz)™
- dr =
(a +iatan(e + fx))3
<_ dmlog( 24] ) +2i de—2i cf> (_ dm 1og( 241 ) +4i de—s
18 (—idm — id)e ‘ D(m 41, - 24250 ) 4 9 (—idm — id)e ’
input Lintegrate ((d*x+c) "m/ (a+I*a*tan(f*x+e))~3,x, algorithm="fricas") J

-1/96%(18*% (-I*d*m - I*d)*e” (-(d*m*xlog(2*I*f/d) + 2xI*d*e - 2xI*c*f)/d)*gam
ma(m + 1, -2%(-I*dxf*x — I*kcxf)/d) + 9x(-I*d*m - I*d)*e” (-(d*m*log(4*I*f/d
) + 4xIxdxe - 4xIxcx*f)/d)*gamma(m + 1, -4*(-I*d*f*x - I*c*f)/d) + 2% (-I*dx*
m - Ixd)*e”(-(d*m*log(6*I*f/d) + 6xIxd*e - 6xI*c*f)/d)*gamma(m + 1, -6x(-I
xd*xfxx — I*cxf)/d) - 12x(d*f*x + cxf)*x(d*x + c)"m)/(a”~3*d*f*m + a~3xd*f)

output

Sympy [F]
. (ct+dz)™
/ (C + dCI?)m de — t f tan3 (e+fx)—3itan? (e+fx)—3 tan (e+fx)+i dzx
(a + iatan(e + fx))? a?

input Lintegl”ate ((d*x+c) **m/ (a+I*a*tan (f*x+e) ) **3,x) J
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‘I*Integral((c + d*x)**m/(tan(e + f*x)**3 - 3*Ixtan(e + f*x)**2 - 3+tan(e +

output
‘ fxx) + I), x)/axx3

Maxima [F|

(c+dz)™ . (dz+c)™ .
(a +iatan(e + fz))3 d /(z’atan (fz+e)+a) d

inputLintegrate((d*x+c)“m/(a+I*a*tan(f*x+e))*3,x’ algorithm="maxima")

/

1/8*((d*m + d)*integrate((d*x + c) m*cos(6*f*x + 6%e), x) + 3*(d*m + d)*in
tegrate ((d*x + c) mxcos(4*f*x + 4*e), x) + 3x(d*m + d)*integrate((d*x + c)
“m*cos (2xf*x + 2%e), x) - (I*d*m + Ixd)*integrate((d*x + c) m*sin(6xf*x +

6xe), x) + 3*%(-Ixd*m - I*d)*integrate((d*x + c) m*sin(4*xfxx + 4*e), x) + 3
*(-Ixd*m - I*d)*integrate((d*x + c) m*sin(2xf*x + 2%e), x) + e~ (m*log(d*x

+ c) + log(d*x + c)))/(a"3*d*m + a~3%d)

output

Giac [F]

(c + dz)™ . (dz+c)™ .
(a +iatan(e + fz))3 d / (iatan (fz +e) +a)® 4

inputLintegrate((d*X+C)“m/(a+I*a*tan(f*x+e))*3,x, algorithm="giac")

outputtintegrate((d*x + ¢)"m/(I*a*tan(f*x + e) + a)~3, x)
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Mupad [F(-1)]

Timed out.

/ (c+ dz)™ . =/ (c+dz)™ i
(a + iatan(e + fz))3 (a +atan (e + f z) 1i)°

input Lint((c + d*x)"m/(a + a*tan(e + f*x)*1i)"~3,x)

Lint((c + d*x)"m/(a + a*tan(e + f£*x)*1i)~3, x)

output
Reduce [F|
/ (c+dz)™ de — — J tan(fz+e)%i+3 tal(l((i;:-ic-z;—'?z tan(fzte)i—1 dz
(a+ iatan(e + fz))? ad
input Lint ((d*x+c) “m/ (a+I*axtan(f*x+e))~3,x)

output
Xk = 1),%))/a%*3

‘( - int((c + d*x)**m/(tan(e + f*x)**3*i + 3*xtan(e + f*x)**2 - 3xtan(e + fx*




output

p
\1/4*a*(d*x+c)‘4/d+1/4*I*b*(d*x+c)‘4/d—b*(d*x+c)‘3*1n(1+exp(2*1*(f*x+e)))/f
‘+3/2*I*b*d*(d*x+c)‘2*polylog(2,—exp(2*I*(f*x+e)))/f‘2—3/2*b*d‘2*(d*x+c)*po
‘lylog(3,—exp(2*I*(f*x+e)))/f‘3—3/4*I*b*d‘3*polylog(4,—exp(2*I*(f*x+e)))/f‘

N
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3.39 [(c+dz)*(a+ btan(e + fz)) dzx
Optimal result . . . . . . .. . ... ... .. . 318

Mathematica [B] (verified) . . . . . . .. ... ... L
Rubi [A] (verified) . . . . ... ... . ...
Maple [B] (verified) . . . . . . ... ...
Fricas [B] (verification not implemented) . . . . . .. ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . . ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 152

a(c + dz)* N ib(c + dz)*

/(c +dz)3(a + btan(e + fz))dr = i 1

b(c + dz)3log (1 4 eZ(e+f2))

f

N 3ibd(c + dz)? PolyLog (2, —e%(ct/2))

2f2

3bd*(c + dz) PolyLog (3, —e%(ct/2))

2f3

3ibd? PolyLog (4, —e%(¢+/))

4f4

219
220

[323]
224
224

4

\‘

J
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Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 342 vs. 2(152) = 304.

Time = 0.12 (sec) , antiderivative size = 342, normalized size of antiderivative = 2.25

/(c + dz)*(a + btan(e + fz)) dz = ac’z + gaCde2 + gibCde2 + acd®z® + ibed?z?

1 1 3b 2d 1 14+ 2i(e+fz)
Loyt 4 Lipgage _ Bcdzlog (14 )

4 4 f
3bed?z? log (1 + e?(e+fo))
f
bd*z? log (1 + e2iletf ”)) bc® log(cos(e + fx))
/ f
3ibc%d PolyLog (2, —e%(¢+f2))
2f2
3ibcd?z PolyLog (2, —e%(ct/2))
72
3ibd>z? PolyLog (2, _eQi(e+fw))
212
3bcd? PolyLog (3, —e2(e+/2))
_ o7
3bd*z PolyLog (3, —eZ(c+/2))
_ o7
3ibd® PolyLog (4, —e2(+/2))
_ e

input LIntegrate[(c + d*x)~3*(a + b*Tan[e + f*x]),x]
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axc”™3xx + (3kaxcT2kd*x72)/2 + ((3*%I)/2)*b*c™2%d*x"2 + akxckd™2%x"3 + I¥bkcx
d"2#x73 + (axd"3%x74)/4 + (I/4)*b*d"3*x"4 - (3*bxc~2*d*x*Log[l + E~((2+I)=*
(e + £*x))])/f - (3*bxc*d"2*x"2xLog[1l + E~((2*I)*(e + £xx))])/f - (bxd"3#*x
~3xLogl[1 + E~((2*I)*(e + f*x))])/f - (bxc~3*Logl[Cos[e + f*x]1]1)/f + (((3*I)
/2)*b*c~2*d*PolyLog[2, -E~((2*I)*(e + £f*x))1)/£72 + ((3*I)*b*c*d 2*x*PolyL
ogl2, -E~((2*I)*(e + £*x))]1)/£72 + (((3*I)/2)*bxd"3*x"2*PolyLog[2, -E~((2x*
I*(e + £*%x))])/£72 - (3*b*c*xd~2*PolyLog[3, -E~((2xI)*(e + £xx))])/(2%£73)
- (3*b*d~3*x*PolyLog[3, -E~((2*I)*(e + £*x))]1)/(2*x£73) - (((3*I)/4)*b*d"3
*PolyLog[4, -E~((2*I)*(e + £*x))]1)/f"4

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)3(a + btan(e + fz)) dz
| 3042

/ (c + dz)®(a + btan(e + fz))dz
l 4205

/ (a(c+ dz)® + b(c + dz)* tan(e + fz)) dz

| 2009
a(c+dz)*  3bd%(c+ dz) PolyLog (3, —e?(*/2))  3ibd(c + dz)? PolyLog (2, —e%(¢+f2))
d 2f3 + 572 -
b(c + d)®log (1 4 eX(c+/7)) N ib(c+dz)*  3ibd® PolyLog (4, —e?(c+/f2))
f 4d 4f4

input! Int[(c + d*x)~3*(a + b*Tan[e + f*x]),x]
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output‘ (ax(c + d*x)~4)/(4*d) + ((I/4)*b*x(c + d*x)~4)/d - (bx(c + d*x)~3xLog[l + E ‘
S((2%I)x(e + £¥x))1)/f + (((3%I)/2)*¥b*dx(c + d¥x) 2%PolyLogl[2, -E-((2¥I)*( |
‘e + £*x))])/£72 - (3*b*d~2x(c + d*x)*PolyLog[3, -E~((2*I)*(e + £*x))])/(2* ‘

‘f‘3) - (((3%I)/4)*b*d~3*PolyLog[4, -E~((2*%I)*(e + f*x))])/f"4

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (@_D)*(x_)) " (m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4205

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 499 vs. 2(131) = 262.

Time = 0.53 (sec) , antiderivative size = 500, normalized size of antiderivative = 3.29

method | result

6b62d2cln(

risch id3b x4 + 2bc? ln(ei(f”e)) bc3 ln(l—i—e%(f“”*e)) 3bd c? ln(1+62i(fz+"‘))z 3b dzcln(1+62i(fz+e))z2
4 f f f f

f3

input Lint ((d*x+c) ~3* (a+bxtan(f*x+e)) ,x,method=_RETURNVERBOSE) J
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d~2*axc*x~3+3/2xd*axc”2xx"2+axc”3*xx-Ixbxc~3*x-1/4*I/d*xbxc~4-2/f 4xb*xe~3*d"
3*1n(exp(I*(fxx+e)))-1/f*bxd~3+1n(1+exp (2*%I* (fxx+e)) ) *x~3-3/2/£"3*b*d"~3*po
lylog(3,-exp(2*Ix(f*x+e)))*x-3/2/£"3*%b*xd~2*c*polylog(3,-exp (2*I* (f*x+e)) )+
3/2%1/f"4xbxd"3%e”4+3/2%I*d*b*xc~2%x"2+1/4*I*d~3*b*x~4+2/f*b*c”~3*1n(exp (I*(
fxx+e)))-1/f*bxc”3*1n(1+exp (2*xI* (f*x+e)) ) +1/4*d"3*a*xx"4+1/4/d*axc”4+I*d"2*
b*cxx~3-3/fxb*d*c”2*1n (1+exp (2*xI* (f*x+e) ) ) *x-3/L*b*d~2*c*1n (1+exp (2*xI* (f*x
+e)))*x"2+6/f " 3*¥bxe " 2xd"2*c*1n (exp (I* (f*x+e)) ) -6/f " 2*bxe*d*c~2*1n (exp (I* (£
xx+e) ) ) +2*%I/f"3*b*d " 3*e " 3*x+3/2*1/f " 2*b*d~3*polylog(2,-exp(2*xI* (f*x+e))) *x
~2-4%1/f"3xb*d"2%cxe~3+3*I/f " 2xbkd*c"2xe~2+3/2+1/f " 2*b*d*c"2*polylog(2,-ex
p(2*Ix (fxx+e)) ) +3*I/f 2%bxd~2*c*polylog(2,-exp (2*xI* (f*x+e))) *x—-6xI1/f ~2xb*d
“2kcke”2xx-3/4%I*bxd"3*polylog(4,-exp(2*I*(f*x+e)))/f~4+6%I/f*b*d*xc™2%e*x

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 500 vs. 2(127) = 254.

Time = 0.09 (sec) , antiderivative size = 500, normalized size of antiderivative = 3.29

/(c +dz)*(a + btan(e + fz)) dzx

2ad? fiz* + 8 acd? fAz3 + 12 ac’df*z? + 8 ac® f*x + 3i bdpolylog (4, tan(f ""::ﬁ;ji:;’i’;“e)_l) — 3i bd3pc

input integrate((d*x+c) "3*(at+b*tan(f*x+e)) ,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 323

1/8x(2%a*d~3*f~4*x"4 + 8¥akckxd 2*xf 4xx"3 + 12%axc 2xd*f"4*x"2 + 8xa*xc 3*f~
4*x + 3*Ixb*d~3*polylog(4, (tan(f*x + e)~2 + 2xIxtan(f*x + e) - 1)/(tan(f*
X +e)”2 + 1)) - 3%Ixb*d~3*polylog(4, (tan(f*x + e)”2 - 2xI*tan(f*x + e) -
1)/(tan(f*x + e)72 + 1)) - 6% (I*b*xd"3*f"2*x"2 + 2%Ixb*cxd"2*xf~2*x + Ixb*c
~2%d*f~2) *dilog(2* (I*¥tan(f*x + e) - 1)/(tan(f*x + e)”2 + 1) + 1) - 6% (-Ix*b
*d"3*xf72%x"2 - 2xIxbkxckxd"2*f"2%x - I*b*c~2*d*f~2)*dilog(2*(-I*tan(f*x + e)
- 1)/(tan(f*x + e)72 + 1) + 1) - 4x(b*xd"3*f73*x"3 + 3*b*cxd"2*f"3*x"2 + 3
*b*xc"2xd*f"3%x + bxc 3*f"3)*log(-2*(I*tan(f*x + e) - 1)/(tan(f*x + e)~2 +
1)) - 4% (b*d"3*f73*x"3 + 3xbkckd"2+f"3*x"2 + 3xbkxcT2*d*f 3*x + b*c 3*f£73)*
log(-2*(-Ixtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 6*%(bxd"3*f*x + bxcxd"~
2*f)*polylog(3, (tan(f*x + e)”~2 + 2*Ixtan(f*x + e) - 1)/(tan(f*x + e)”~2 +
1)) - 6x(bxd"3*f*x + b*c*d~2xf)*polylog(3, (tan(f*x + e)~2 - 2xIxtan(f*xx +
e) - 1)/(tan(f*x + e)"2 + 1)))/f"4

output

Sympy [F]

/(c +dz)*(a + btan(e + fz)) dr = / (a +btan (e + fz)) (c + dx)® dz

inputLintegrate((d*x+c)**3*(a+b*tan(f*x+e)),x)

e

outputLIntegral((a + b*xtan(e + f*x))*(c + d*x)**3, x)

A J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 672 vs. 2(127) = 254.

Time = 0.22 (sec) , antiderivative size = 672, normalized size of antiderivative = 4.42

/(c +dz)*(a + btan(e + fz)) dr = Too large to display

input integrate((d*x+c) ~3*(at+bxtan(f*x+e)) ,x, algorithm="maxima")




output

input

output

input
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1/12%(12% (f*x + e)*axc™3 + 3x(f*x + e) “4*a*d"3/f73 - 12*(f*x + e) " 3xaxd 3x
e/f~3 + 18x(f*x + e) 2*xa*d"3*e”2/f"3 - 12x(f*x + e)*a*d"3*e”3/f"3 + 12*(f*
X + e) 3*a*c*xd"2/f72 - 36x(f*x + e) 2*a*c*xd"2xe/f"2 + 36%(f*x + e)*a*cxd"2
*e"2/f72 + 18x(f*x + e) 2%axc”2+d/f - 36x(f*x + e)*axc”2*dxe/f + 12*%b*c~ 3%
log(sec(f*x + e)) - 12%b*d~3*e~3*log(sec(f*x + e))/f~3 + 36*bxcxd~2*e”2x1lo
g(sec(fxx + e))/f72 - 36%b*c"2*d*exlog(sec(f*x + e))/f - (-3*xIx(f*x + e)”4
*b*d~3 + 12%Ixb*d~3*polylog(4, -e~ (2xI*f*x + 2%I*e)) - 12x(-I*b*d"3*e + I*
bxckd~2*f) % (f*xx + e)~3 - 18%(I*bxd"3*e”2 - 2xI*b*ckxd 2*exf + I*xbxc”~2*d*f~2
Yx(£fxx + e)72 — A*x(—4*xI*(f*x + e) 3*b*d~3 + 9*(Ixbxd"3*e — Ixbxc*xd~2+f)x*(f
*X + e)”2 + 9% (-I*bxd"3*%e”2 + 2kIxbkckxd 2xe*f - Ikbkxc 2xd*f~2)*(f*x + e))*
arctan2(sin(2*f*x + 2%e), cos(2%fxx + 2%e) + 1) - 6% (4xI*(f*x + e) 2%b*d"~3
+ 3%I*b*d"3*e"2 - 6xIxbxcxd~2ke*xf + 3*I*b*c 2xd*f~2 + 6x(-I*b*d"3*e + I*b
xckd"2+f) * (£xx + e))*dilog(-e~ (2*I*xf*xx + 2%Ixe)) + 2x(4x(fxx + e) ~3*bxd"3
- 9% (b*d"3*e — bxcxd"2*f)*(f*x + e)72 + 9*(bxd"3*e”2 — 2*bkc*d"2*e*f + b*c
“2xd*f72) % (f*x + e))*log(cos(2*f*x + 2%e)”2 + sin(2*f*x + 2%e)”2 + 2xcos(2
xf*xx + 2%xe) + 1) + 6%(4x(f*xx + e)*b*d™3 - 3%b*d"3*e + 3*bxc*d~2*f)*polylog
(3, —e~(2xIxfxx + 2xIxe)))/f~3)/f

Giac [F]

/(c +dz)*(a+ btan(e + fz)) dr = / (dz 4 ¢)®(btan (fz + €) + a) d

p

Lintegrate((d*x+c)‘3*(a+b*tan(f*x+e)),x, algorithm="giac")

~—

-

Lintegrate((d*x + c)"3*(bxtan(f*x + e) + a), x)

~—

Mupad [F(-1)]

Timed out.

/(c+dx)3(a,+btan(e+fx))dx = / (a+btan(e + f)) (c+dz)’dx

/int((a + bxtan(e + f*x))*(c + d*x)"3,x)
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output Lint((a + bxtan(e + f*x))*(c + d*x)~3, x) J

Reduce [F]

/(c +dz)*(a+ btan(e + fz)) dz

B A([tan (fz + €) z3dz) bd® f + 12( [ tan (fz + €) #%dz) bed? f + 12( [ tan (fz + €) zdz) b Pdf + 2log(t
= i

input| 108 ((d4x+0) "3¢ (atbrtan (frx+e)) ,x) )

output‘ (4xint (tan(e + f*x)*x**3,x)*b*d**3%xf + 12xint(tan(e + f*x)*x**2,x)*bkckd** \
|2%f + 12¢int(tan(e + £*x)*x,x)*bxckx2xdxf + 2¥log(tan(e + f*x)**2 + 1)*bxc |
‘**3 + 4xakckk3kxfkx + 6kakckk2kdkfxx*k*k2 + 4kakckd*k2%Ffxx*k*k3 + agkd*xkI3kfkxkx4 ‘

)/ (ax£)




output
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3.40 [(c+dz)*(a+ btan(e + fz)) dzx

Optimalresult . . .. ... ... .. ... .. .. . ... . ...
Mathematica [A] (verified) . . . . . . . . . ... L 3271
Rubi [A] (verified) . . . . ... ... . ... 327
Maple [B] (verified) . . . . . . ... ... 329
Fricas [B] (verification not implemented) . . . . . .. ... ... ..... 329
Sympy [F] . . o o 330
Maxima [B] (verification not implemented) . . . . . . . . ... ... ... 3301
Giac [F] . . . . o o 331
Mupad [F(-1)] . . . . o B31]
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 115

a(c + dz)? N ib(c + dz)?

/(c + dz)?(a + btan(e + fz))dr = 34 24

b(c + dz)?log (1 4 e(e+f2)

f

N ibd(c + dz) PolyLog (2, —e(c+/2))

f2

bd? PolyLog (3, —e(c+/2))

2f3

e

1/3%a* (d*x+c) ~3/d+1/3*Ixb* (d*x+c) ~3/d-b* (d*x+c) “2*x1n(1+exp (2*I* (f*x+e))) /f

A

‘ +I*b*d* (d*x+c)*polylog(2,-exp (2*I*(f*x+e)))/f~2-1/2%b*d~2*polylog(3,-exp(2 ‘

*I*x(f*x+e)))/£f"3
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.66

¢+ dz)*(a + btan(e + fz)) dz = ac’z + acdz? + ibedz? + 1acl23v3
3

n libd2x3 _ 2bedzlog (1 4 e2ietra)
3 f
_ bd2z? log (1 + e2z’(e+fm)) B be? log(cos(e + fz))
U | f
ibed PolyLog (2, —e?(¢+/))
+
72
ibd*z PolyLog (2, —eZ(c+/2))
+
Iz
bd? PolyLog (3, —e2i(etf $))
2f3

e hY

input \Integrate[(c + d*x)~2%(a + bxTan[e + f*x]),x]

axcT2*xx + akckdxx~2 + Ixbkxckxd*x~2 + (a*d~2+x73)/3 + (I/3)*bxd"2xx"3 - (2*b
xckxd*x*Log[l + ET((2+I)*(e + f*x))]1)/f - (b*d"2*x"2+Log[1l + E~((2*I)*(e +
fxx))]1)/f - (b*c~2xLogl[Cos[e + f*x]])/f + (I*b*c*d*PolyLogl[2, -E~((2*I)*(e
+ £%x))]1)/£72 + (I*b*d~2*x*PolyLog[2, -E~((2*I)*(e + £*x))])/£f"2 - (b*d~2
*PolyLog[3, -E~((2*xI)*(e + £x*x))])/(2*£73)

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)2(a + btan(e + fz)) dz
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| 302
/ (c + dz)2(a + btan(e + fz))dz
l 4205
/ (a(c+ dz)? + b(c + dz)? tan(e + fz)) dz

l 2009

a(c+ dz)®  ibd(c + dz) PolyLog (2, —e%(+2))  b(c + dz)?log (1 + e(e+f2))
+ —
3d f2 '
ib(c+ dz)®  bd? PolyLog (3, —e2i(e+/2))
3d 2f3

+

input LInt[(c + d*x)~2%(a + b*Tan[e + f*x]),x] J

‘(a*(c + d*x)73)/(3*d) + ((I/3)*b*(c + d*x)~3)/d - (bx(c + d*x)"2*Logl[l + E \
\‘((Z*I)*(e + f*x))1)/f + (I*b*d*(c + d*x)*PolyLog[2, -E~((2*I)*(e + f*x))] \
L)/f‘Q - (b*d~2xPolyLog[3, -E~((2*I)*(e + £*x))]1)/(2*£73) J

output

Defintions of rubi rules used

rule 2009{111t [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
‘Q[u, x] ‘

rule 3042

rule 4205‘Int[((c_.) + (A_)*(x))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x], ‘
- x] /; FreeQl{a, b, c, d, e, £, n}, x] & IGtQ[m, 0] && IGtQ[n, O] |
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 313 vs. 2(101) = 202.

Time = 0.50 (sec) , antiderivative size = 314, normalized size of antiderivative = 2.73

method | result

ibdce2 . ibdcpolylog(2,—e2i(frte) 2 3 23 b d2e3 3 bd?In(14e2i(fote)
sz;lzce + (f2 ) + d %m _ zgg +dCLC.'I32 _ 411;?3@ +CLC2$+ % _ ( ; )

risch

int ((d*x+c) ~2* (a+b*tan (f*x+e)) ,x,method=_RETURNVERBOSE)

input |

2x1 /£~ 2%bxdxc*xe”2+I1/f~2+b*d*cxpolylog(2,—exp (2*I* (f*x+e)))+1/3*%d"2*a*xx"3-1
/3%I/d*b*c~3+d*axc*x"2-4/3*I/f " 3*b*xd~2%e~3+a*xc”2*x+1/3/d*a*c”3-1/f*bxd"2%1
n(1+exp(2*I* (f*x+e)))*x"2-1/2%b*d"2*polylog(3,-exp(2*xI*(f*x+e))) /£~3+2/f*b
*c~2%1n (exp (I*(f*x+e)))-1/f*bxc~2+1n(1+exp (2*I* (f*x+e)) ) +2/£"3*b*d 2%xe~2%1
n(exp(Ix(fxx+e)))-2%I/f"2xb*d"2%e~2*x-2/f*b*d*c*1n(1+exp (2*I* (f*x+e)) ) *x-I
*xb*c”2%x+1/3*%I*d"2xb*x"3+I1/f ~2%b*d~2*polylog(2,—exp (2*I* (f*x+e))) *x+I*d*b*
c*x"2+4*I/fxbxd*cke*xx—4/f"2%bxcxd*e*1n(exp (I*(f*x+e)))

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 317 vs. 2(98) = 196.

Time = 0.08 (sec) , antiderivative size = 317, normalized size of antiderivative = 2.76

/(c +dz)*(a + btan(e + fr)) dz

Lad? f*5* + 12 acdf*s® + 12 ac* f*z — 3bd?polylog 3, “2U=rel t2 plfesal=l)  3p2polylog(3, =nife

-/

p
input Lintegrate ((d*x+c) ~2*¢ (a+bxtan (f*x+e)) ,X, algOrithm="fricas ")
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1/12% (4*a*d"2*£"3%x"3 + 12kaxc*xd*f~3*x"2 + 12%a*xc”2xf 3*x - 3*b*d~2*polylo
g(3, (tan(f*x + e)72 + 2+Ixtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 3*bxd
~2%polylog(3, (tan(f*x + e)”2 - 2xI*tan(f*x + e) - 1)/(tan(f*x + e)”2 + 1)
) — 6x(I*bxd~2*f*x + I*bkckd*f)*dilog(2*(I*tan(f*x + e) - 1)/(tan(f*x + e)
2 + 1) + 1) - 6x(-Ixbxd"2*f*x - Ixb*c*d*f)*dilog(2*(-I*tan(f*x + e) - 1)/
(tan(f*x + €)72 + 1) + 1) - 6% (b*d"2+f"2%x"2 + 2¥bkckd*f~2%x + b*c™2*xf£72) %
log(-2*(I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 6*(b*d"2+#f"2*x"2 + 2xb
xckd*f"2%x + bkc"2xf72)xlog(-2*(-I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1))

output

\)/f‘S )
Sympy [F]
/(c +dz)*(a+ btan(e + fz)) dz = / (a+btan (e + fx)) (c+ dz)* dx
input| integrate ((drx+c) +x2+ (avbxtan(fxx+e)) ,x)

output‘ Integral((a + b*tan(e + f*x))*(c + d*kx)**2, x) ‘

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 373 vs. 2(98) = 196.

Time = 0.20 (sec) , antiderivative size = 373, normalized size of antiderivative = 3.24

/(c +dz)*(a + btan(e + fz)) dx

3 2 2
6 (fl' + 8)@02 + 2(fa:—i];;) ad? _ 6(fz-|—fe2) ad?e + 6(fm—i}e2)a,d2@2 + 6(f:z:—{;ce) acd 12 (fa:—}-e)acde + 6bC2 log (SeC (f:v 1

input Lintegrate ((d*x+c) "2 (a+bxtan(f*x+e)) ,x, algorithm="maxima") J




output

input

output

input

output
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1/6% (6% (f*x + e)*axc™2 + 2x(f*x + e) " 3*a*xd~2/f"2 - 6x(f*x + e) 2%a*xd 2xe/f
2 + 6x(f*xx + e)*a*d"2%e”2/f"2 + 6x(f*x + e) "2xakckd/f - 12x(f*x + e)*axck
d*e/f + 6xb*c”2+log(sec(f*x + e)) + 6+%bxd"2*e"2*log(sec(f*x + e))/f"2 - 12
xb*xckd*exlog(sec(f*x + e))/f - (-2xIx(f*x + e) 3*%b*d~2 + 3*b*xd~2*polylog(3
, —e " (2%xIxfxx + 2%I*xe)) - 6% (-Ixb*d~2%e + I*b*ckd*f)*x(f*x + e)~2 - 6% (-Ix*(
fxx + e) "2%b*d"2 + 2x(Ixbxd"2%e — I*b*c*d*f)*(f*x + e))*arctan2(sin(2*f*x

+ 2xe), cos(2xfxx + 2%e) + 1) - 6x(I*(f*x + e)*b*xd"2 - Ixbxd"2%e + I*b*c*d
*f)xdilog(-e~ (2*I*f*x + 2%I*e)) + 3*((f*xx + e) "2*%b*d~2 - 2% (b*d"2%e — b*cx
d*f)*(f*x + e))*log(cos(2xf*x + 2xe)~2 + sin(2xf*x + 2%e) 2 + 2xcos(2xf*x

+ 2xe) + 1))/£72)/f

Giac [F]

/(c+dx)2(a+btan(e+fa:))dz = /(dm+c)2(btan (fz+e)+a)dz

‘integrate((d*x+c)“2*(a+b*tan(f*x+e)),x, algorithm="giac")

r

Lintegrate((d*x + c)"2x(bxtan(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/(c+dx)2(a—|—btan(e+fa:))da: = /(a+btan(e+fx)) (c+dz)’ dz

Lint((a + bxtan(e + f*x))*(c + d*x)~2,x)

int((a + b*tan(e + f*x))*(c + d*x)~2, x)

N\
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Reduce [F]

/(c+ dz)?(a + btan(e + fz)) dz
B 6( [ tan (fz + €) z%dz) bd*f + 12( [ tan (fz + e) zdz) bedf + 3log(tan (fz + e)’ + 1)bc* +6ac®fz+

6f

input Lint ((d*x+c) ~2% (a+bxtan (fxx+e)) ,x) J

‘ (6*%int (tan(e + f*xx)*x**2,x)*bxd**2*%f + 12xint(tan(e + f*x)*x,x)*b*ckd*xf + \
\3*1og(tan(e + f*x)**2 + 1)*bkc*k*2 + BGkaxck*2kfxx + BGkaxckdxf*xx*2 + 2xa*d* \
RS OVIGEED |

output
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3.41 [(c+ dzx)(a+ btan(e + fz)) dx

Optimal result . . . . . . . . . . . . e 333
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 334
Maple [A] (verified) . . . . . . ... L 335
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o 336
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3361
Giac [F] . . . . o o B37
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 337
Reduce [F] . . . . .

Optimal result

Integrand size = 16, antiderivative size = 84

a(c + dz)? N ib(c + dzx)?
2d 2d
b(c + dz)log (1 + e%(e+/®))
f
ibd PolyLog (2, —e?(+/2))
+ 2

/(c +dz)(a + btan(e + fz))dzx =

‘1/2*a*(d*x+c)”2/d+1/2*I*b*(d*x+c)”2/d—b*(d*x+c)*1n(1+exp(2*I*(f*x+e)))/f+1 \

output
/2% T#bxd*polylog(2,-exp (2T (£*x+e))) /£72

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.04

bdz 1 1 2i(e+fx)
/(c +dz)(a + btan(e + fz)) dx = acx + %ada;2 + %ibda;z _ vazrlog ( ;—e )

belog(cos(e + fx))  ibd PolyLog (2, —eZ(¢+/2))
- f - 22

input LIntegrate[(c + dxx)*(a + bxTan[e + f*x]),x] J
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output‘ axcxx + (axd*x~2)/2 + (I/2)*b*d*x~2 - (b*d*x*Log[l + E~((2%I)*(e + £*x))]) ‘
‘/f - (b*cxLog[Cos[e + f*x]])/f + ((I/2)*b*d*xPolyLogl[2, -E~((2*I)*(e + f*x) ‘
D1)/£72

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00,

number of rules _ 0.188, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(/@+¢wm+bmme+f@ym
| 3042
/ (c + dz)(a + btan(e + fz))dz
l'4205
/ (a(c + dz) + b(c + d) tan(e + fo))dz

l 2009

a(c+dz)®  blc+dz)log (1 +eX(EHf2))  jb(c+ dx)? N ibd PolyLog (2, —e%(c+f2))

2d f T 22

-

LInt[(c + d*x)*(a + bxTan[e + f*x]),x]

| —

input

(ax(c + dxx)"2)/(2¢d) + ((I/2)#bx(c + d*x)"2)/d - (bx(c + dxx)*Logll + E°(

output
| (2*D*(e + £*x))1)/f + ((I/2)*bxd*Polylogl[2, -E~((24D)*(e + £4x))])/£72
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4205

Maple [A] (verified)

Time = 0.45 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.70

method | result

ihdz® 4 ada® 2beln(@/=4)  beln(14e2UeH9) | pibdes | ibde? _ bdn (14 (/o) s
f

risch 5 = — ibex + acx + 7 7 7 7

input ‘ int ((d*x+c) * (a+b*tan(f*x+e) ) ,x,method=_RETURNVERBOSE)

‘ 1/2xT*bxd*x~2+1/2*a*d*x~2-I*b*c*x+a*ckx+2/fxbxcx1n (exp (I* (f*x+e)))-1/f*b*c \
\ *1n (1+exp (2% I* (f*xx+e)) ) +2*I/fxb*d*e*x+I/f~2+b*d*e”2-1/f*xb*d*1n (1+exp (2*I* ( \
fxx+e)))*x+1/2%Ixbxd*polylog(2,—exp(2*I* (fxx+e))) /£~2-2/f 2+bkexd*1ln(exp(I |
‘*(f*x+e))) ‘

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 160 vs. 2(69) = 138.
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Time = 0.09 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.90

/(c + dx)(a + btan(e + fz)) dx

2adf?s + dacf?e — ibdLip (2EEU=ID 4 1) 4 b (251U 1) — 2 (bdfz + bef ) log (

inputLintegrate((d*x+c)*(a+b*tan(f*x+e)),X’ algorithm="fricas") J

1/4% (2%axd*f~2+%x"2 + 4*a*xc*xf~2xx - I*bxd*dilog(2*(Ixtan(f*x + e) - 1)/(tan
(f*x + e)72 + 1) + 1) + I*bxd*dilog(2*(-Ixtan(f*x + e) - 1)/(tan(f*x + e)~
2 + 1) + 1) - 2%(b*d*xf*x + bkcxf)*log(-2*(Ixtan(f*x + e) - 1)/(tan(f*x + e
)72 + 1)) - 2k (b*dxf*x + bkcxf)*log(-2*(-I*xtan(f*x + e) - 1)/(tan(f*x + e)
"2+ 1)))/f72

output

Sympy [F]

/(c+dx)(a+btan(e+fx))dx = / (a+btan (e + fz)) (c+dx) dz

inputLintegrate((d*x+c)*(a+b*tan(f*x+e)),x) J

output LIntegral((a + bxtan(e + fxx))*(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.55

/(c + dz)(a + btan(e + fz)) dx

(a+1b)df?z% + 2 (a +ib)cf?z + 1 bdLix (—e*f7+%9)) 4 2 (—ibdfz — i bef) arctan (sin (2 fz + 2€) , co
2 f?

input Lintegrate ((d*x+c) * (a+b*tan(f*x+e)) ,x, algorithm="maxima") J
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t‘1/2*((a + I*b)*d*f"2%x"2 + 2%(a + Ixb)*c*xf~2*x + Ixbxd*dilog(-e” (2*I*f*x +

outpu ‘
| 2%Ixe)) + 2% (-Ixbxd*f*x - Ixbkcxf)*arctan2(sin(2xf*x + 2%e), cos(2*f¥x +
(2%e) + 1) - (bkdxf*x + bxcxf)*log(cos(2*f*x + 2%e)"2 + sin(2*f*x + 2%e) 2
+ 2kcos(2xfkx + 2%e) + 1))/£72
Giac [F]
/(c +dz)(a + btan(e + fz))dzx = / (dx +c)(btan (fzr +e) +a)dx
inputLintegrate((d*x+c)*(a+b*tan(f*x+e)),x, algorithm="giac") J
Ou_tputLintegrate((d*x + c)*(bxtan(f*x + e) + a), x) J
Mupad [B] (verification not implemented)
Time = 8.50 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.92
2 d
/(c +dz)(a + btan(e + fz)) dz = M
bd (m In(cos (fz)) — m In (e/ % + 1) + polylog (2, —e*% e~/#%) 1i— 7 In (e™*Ze /=% + 1) + 2¢ |
2f
beln (tan(e + fz)* + 1)
2f
input 10t ((a + bxtan(e + £x))*(c + dxx),x)
output (a*x*(2%c + d*x))/2 - (bxd*(polylog(2, -exp(-e*2i)*exp(-f*x*2i))*1i - pi*l

og(exp(f*x*2i) + 1) - log(cos(e + f*x))*(2%xe - pi) - pixlog(exp(-e*2i)*exp
(-f*x*2i) + 1) + 2xe*log(exp(-ex2i)*exp(-f*x*2i) + 1) + pi*log(cos(f*x)) +
£72%x72%1i + 2xf*x*log(exp(-e*2i)*exp(-f*x*2i) + 1) + exf*x*2i))/(2*£72)
+ (b*c*log(tan(e + f*x)~2 + 1))/(2*f)
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Reduce [F]

/(c + dx)(a + btan(e + fz)) dx

_ 2( [ tan (fz + €) zdz) bdf + log(tan (fz + e)’ + 1) be + 2acfz + adf z*
= 2

input Lint ((d*x+c) * (a+bxtan (f*x+e)) ,x)

(2+int(tan(e + f*x)*x,x)*bxd*f + log(tan(e + f*x)**2 + 1)*b*c + 2xa*ckf*x

output ‘
+ akxd*f*x**2)/ (2%f)
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3.42 f a+btan(e+fz) dx

ct+dzx
Optimal result . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . . 339
Rubi [N/A] .« . o 340
Maple [N/A] . . . . 3411
Fricas [N/A] . . . . . o B41]
Sympy [N/A] . . 341]
Maxima [N/A] . . . . .
Giac [N/A] .« . o 342
Mupad [N/A] . . . o e 3421
Reduce [N/A] . . . o B43

Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—btan(e—l—fz) dr — Tnt a—|—btan(e—|—fx)’x
c+dx c+dx

output 'Defer (Int) ((a+bxtan(f*x+e))/(d*x+c) ,x)

Mathematica [N/A]
Not integrable

Time = 1.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/a—i—btan(e—i—fz) /a—l—btan(e—i—fx)
dr =
c+dz c+dx

-

input LIntegrate[(a + b*Tan[e + £*x]1)/(c + d*x),x]

-/

output LIntegrate[(a + b*Tan[e + f*x])/(c + d*x), x] J




input L

-
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a-l—btan(e-l—ffc) da

c+dzx
J,3042

/ a+btan(e + fx)

c+dzx dz

l 4223

/ a+ btan(e + fz)

c+dzx dz

Int[(a + b*Tan[e + f*x])/(c + d*x),x]

-/

output ‘ $Aborted ‘

rule 3042

rule 4223

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(fx+e)dx
dr+c

inputLint((a+b*tan(f*X+e))/(d*x+c),x)

output[int((a+b*tan(f*X+e))/(d*x+c),x)

-/

Fricas [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+btan(e+f:v) dx_/btan(f:c—f—e)—l—adx
c+dx dx +c

inputt

integrate((atbxtan(f*x+e))/(d*x+c),x, algorithm="fricas")

outputt

integral ((b*tan(f*x + e) + a)/(d*x + c), x)

input L

Sympy [N/A]
Not integrable

Time = 0.60 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a-l—btan(e—i—f:c) d /a+btan(e+fx)

= d
c+dx c+dx v

integrate((atbxtan(f*x+e))/(d*x+c) ,x)

outputt

Integral((a + bxtan(e + f*x))/(c + d*x), x)
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Maxima [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 86, normalized size of antiderivative = 4.78

/a+btan(e—|—fx) dz_/btan(fx+e)+adx
c+dx dz +c

input Lintegrate ((atb*tan(f*x+e))/(d*x+c) ,x, algorithm="maxima") J

output‘ (2*%bxd*integrate(sin(2*xf*x + 2xe)/((d*x + c)*cos(2xf*x + 2%e)”2 + (d*x + ¢ ‘
‘)*sin(2*f*x + 2%xe)”"2 + dkx + 2x(d*x + c)*cos(2*f*x + 2xe) + c), x) + axlog ‘
‘ (d*x + c))/d ‘

Giac [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+btan(e+fx) dx:/btan(fx—i-e)—l—adx
c+dx dz +c

input Lintegrate ((a+bxtan(f*x+e))/(d*x+c) ,x, algorithm="giac") J

- N
integrate((b*tan(f*x + e) + a)/(d*x + c), x)

N\ J

output

Mupad [N/A]
Not integrable

Time = 8.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—btan(e—i—fx) dx_/a—l—btan(e-l—fa:) i
c+dx ct+dzx
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inpus 18((a + brtan(e + £21))/(c + d*0),x)

outputtint((a + bxtan(e + f*x))/(c + d*x), x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.78

/ a+ btan(e + fz) p <f %dx) bd + log(dx + c) a
> —

c+dx d

input Lint ((a+b*tan(f*x+e))/(d*x+c),x)

outputt(int(tan(e + £*x)/(c + d*x),x)*b*d + log(c + d*x)*a)/d
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3.43 f a+btan(e+fz) dx

(ct+dz)?
Optimal result . . . . . . . . . . . . . e 344
Mathematica [N/A] . . . . . . .. 344
Rubi [N/A] . . o e
Maple [N/A] . . . 3461
Fricas [N/A] . . . . . o 346
Sympy [N/A] . . 346
Maxima [N/A] . . . . 341
Giac [N/A] .« . o 347
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

a+btan(e+ fz) , a+ btan(e + fx)
/ (c+ dx)? do = Int ( (c+dz)?2 x)

output

LDefer(Int)((a+b*tan(f*x+e))/(d*x+c)”2,x)

Mathematica [N/A]

Not integrable

Time = 4.58 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+btan(e+ fz) , [ a+btan(e+ fx)
/ (c+ dzx)? de = / (c+ dz)? dz

input L

Integrate[(a + bxTan[e + f*x])/(c + d*x)~2,x]

-

output L

Integrate[(a + b*Tan[e + f*x])/(c + d*x)~2, x]

—




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a-l—btan(e-l—ffc) da

(c+ dz)?
l 3042

a+ btan(e + fz)
/ (c+ dz)?

l 4223

a+ btan(e + fz)
/ (c+ dz)?

dxr

dxr

LInt[(a + bxTan[e + f*x])/(c + d*x)"2,x]

‘$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(fx+e)dx
(dz + c)®

input Lint ((a+bxtan (f*x+e))/ (d*x+c)~2,x)

output Lint ((a+b*tan(f*x+e))/(d*x+c)~2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+btan(e+ fz) . [btan(fr+e)+a
/ (c+dx)? dz = / (dx + 0)2 dz

input Lintegrate ((a+b*tan(f*xx+e) )/ (d*x+c) "2 ,X, algorithm="fricas "y

output Lintegral((b*tan(f*x + e) + a)/(d"2%x"2 + 2%c*d*x + c”2), X)

Sympy [N/A]
Not integrable

Time = 2.37 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

a+btan(e+ fz) , [ a+btan(e+ fz)
/ (¢ +dz)? dr= / (c + dz)®

input Lintegrate ((atb*tan(fxx+e) )/ (dkx+c) **2,x)
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output\ Integral((a + bxtan(e + fxx))/(c + dxx)**2, x)

Maxima [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 142, normalized size of antiderivative = 7.89

a+btan(e+ fx) .  [btan(fr+e)+a
/ (c+ dx)? dz = / (dx + 0)2 dz

input Lintegrate ((at+b*tan (f*x+e))/(d*x+c)"2,x, algorithm="maxima") J

output‘ (2% (b*d"2*x + b*c*d)*integrate(sin(2*f*x + 2xe)/(d"2*x"2 + 2xcxd*x + (d~2% \
|X"2 + 2kckd¥x + cT2)%cos(2kfkx + 2%e)"2 + (d72%x"2 + 2kckd¥x + ¢ 2)*sin(2k
‘f*x + 2%e)"2 + ¢c72 + 2% (d72%x"2 + 2%ckdxx + c~2)*cos(2*f*x + 2*e)), x) - a \
)/ (d"2%x + c*d) |

Giac [N/A]
Not integrable

Time = 3.92 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+btan(e+ fz) ,  [btan(fr+e)+a
/ (c+dx)? de = / (dx + c)2 dz

inputLintegrate((a+b*tan(f*x+e))/(d*x+c)‘2,x’ algorithm="giac") J

output Lintegrate((b*tan(f*x +e) + a)/(d*x + c)"2, x) J
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Mupad [N/A]
Not integrable

Time = 8.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+btan(e+ fz) , [ a+btan(e+ fx)
/ (c+ dzx)? de = / (c+ dcc)2 dz

input Lint((a + bxtan(e + f*x))/(c + d*x)~2,x) J

\ >

)
outpus | 10t((a + brtan(e + £40)/(c + A2, )

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 79, normalized size of antiderivative = 4.39

( [ ponlfete) dx) bc? + < i dztanﬂdx) bedz + ax

/ a+ btan(e + fx) 2 2cdnt e
dzr =
(C + dx)z C (dx + C)
input Lint ((a+b¥tan (f¥x+e))/ (d*x+c)~2,x) J

‘ (int(tan(e + f*x)/(c**2 + 2kxcxd*x + d**x2xx**2) ,x)*b*c**2 + int(tan(e + f*xx \

output
‘)/(C**2 + 2kckd*x + d*x2%x**2) ,x)*¥bkckxd*x + a*x)/(cx(c + d*x)) ‘
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3.44 [(c+dz)*(a+ btan(e + fz))* dz

Optimal result . . . . . . . . . . . . e 349
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ... 3501
Rubi [A] (verified) . . . .. . . ... .. B51]
Maple [B] (verified) . . . . . . . . . ... 353
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 354
Sympy [F] . . o o 354
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3551
Giac [F] . . . . o o 350
Mupad [F(-1)] . . . o o 3506
Reduce [F] . . . . .

Optimal result

Integrand size = 20, antiderivative size = 300

b2 3 2 4 : 4
/(C+ dz)®(a + btan(e + fz))’ dr = _ib*(c + dz) L (c + dz) i iab(c + dr)

f 4d 2d
bz(c + d:L')4 + 3b2d(c + d.’lf,‘)2 log (1 + e2i(e+fw))
4d f2
2ab(c + da:)3 log (1 + e2i(e+fZ))
B f
3ib?d?(c + dz) PolyLog (2, —e(¢+/))
_ e
3iabd(c + dz)* PolyLog (2, —eZ(c+/2))
+
72
N 3b2d® PolyLog (3, —e%(et/2))
2f4
3abd?(c + dz) PolyLog (3, —e%(¢+/2))
_ e
3iabd® PolyLog (4, —e%(¢+/®))
2f4

b*(c + dz)®tan(e + fz)
’ 7
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—Ixb~2x(d*x+c) ~3/f+1/4%a~2* (d*x+c) ~4/d+1/2*I*a*b* (d*x+c) ~4/d-1/4%b" 2% (d*x+
c) ~4/d+3xb~2*d* (d*x+c) "2x1n(1+exp (2% I* (f*x+e))) /£~2-2kaxb* (d*x+c) “3*1n(1+e
xp(2*%I*(fxx+e))) /£-3*xI*b~2*d~2* (d*x+c) *polylog(2,-exp (2*I* (f*x+e))) /£~ 3+3*
Ixaxb*d* (d*x+c) ~2*polylog(2,-exp(2*xI* (f*x+e)))/£72+3/2%b~2*d"3*polylog(3,-
exp (2*I* (f*x+e)))/f~4-3%a*xb*d~2* (d*x+c) *polylog(3,-exp(2*I* (f*x+e)))/£~3-3
/2*I*axb*d~3*polylog(4,-exp(2*I* (f*x+e)))/f74+b~ 2% (d*x+c) “3*tan(f*x+e) /£

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1337 vs. 2(300) = 600.

Time = 7.17 (sec) , antiderivative size = 1337, normalized size of antiderivative = 4.46

/(c + dz)3(a + btan(e + fz))? dz = Too large to display

input Integrate[(c + d*x)~3*(a + b*Tan[e + f*x])~2,x]
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((I/4)*b~2%d"3* (2*%£~2xx~2% (2+f*x - (3*I)*(1 + E~((2+I)*e))*Log[l + E~((-2%
Dx*(e + £*x))]) + 6%(1 + E~((2+I)*e))*fxx*xPolyLog[2, -E~((-2*I)*(e + f*x))
] - (B*I)x(1 + E~((2*I)*e))*PolyLogl[3, -E~((-2*I)*(e + f*x))])*Seclel)/(E~
(I*xe)*£74) - ((I/2)*axb*xckd™2* (2%~ 2*x"2% (2*f*x — (3*I)*(1 + E~((2*I)*e))*
Log[l + ET((-2*%I)*(e + f*x))]) + 6%(1 + E~((2%I)*e))*f*x*PolyLogl[2, -E~((-
2xI)x(e + f*xx))] - (3*I)*(1 + E~((2*I)*e))*PolyLog[3, -E~((-2*I)*(e + f*x)
)1)*Sec[e])/(E™(Ixe)*f~3) - ((I/4)*a*b*d~3+E~ (Ixe)*((2xf~4%x~4)/E~((2*I)*e
) — (4*%ID)*(1 + E~((-2*%I)*e))*f"3*+x"3*Log[l + E~((-2*xI)*(e + f*x))] + 6*(1

+ E7((-2*I)*e) ) *f~2xx"2*PolyLog[2, -E~((-2*I)*(e + f*x))] - (6*I)*(1 + E~(
(-2xI)*e) ) *f*x*PolyLog[3, -E~((-2*xI)*(e + fxx))] - 3*(1 + E~((-2%I)*e))*Po
lyLog[4, -E~((-2*I)*(e + f*x))])*Secl[el)/f~4 + (3*b~2*c~2xd*Sec[e]*(Cos[e]
*Log[Cos[e]*Cos[f*x] - Sin[el*Sin[f*x]] + f*x*Sin[e]))/(£72*(Cos[e]"2 + Si
nle]"2)) - (2xaxbxc~3*Sec[e]*(Cos[e]l*Log[Cos[e]l*Cos[f*x] - Sin[e]*Sin[f*x]
] + fxx*Sinf[e]))/(f*(Cos[e]”2 + Sin[e]l~2)) + (3*b~2*c*d~2*Csc[e]l* ((£72*x"2
)/E~(I*ArcTan[Cot[e]]) - (Cot[e]l*(I*f*x*(-Pi - 2*ArcTan[Cot[e]]) - PixLogl
1 + ET((-2%ID)*f*x)] - 2x(fxx - ArcTan[Cot[e]l]l)*Logl[l - E~((2*I)*(f*x - Arc
Tan[Cot[e]l]))] + PixLogl[Cos[f*x]] - 2*ArcTan[Cot[e]]*Log[Sin[f*x - ArcTan[
Cot[e]l]1]] + IxPolyLogl[2, E~((2*I)*(f*x - ArcTan[Cot[el]))]))/Sqrt[1 + Cotl[
e]~2])*Sec[el)/ (£~ 3*Sqrt [Csc[e] "2+ (Cos[e] "2 + Sin[e]~2)]) - (3*a*bxc~2*d*C
sc[e]l*((£72%x~2) /E~ (I*ArcTan[Cot[e]]) - (Cot[e]l*(I*f*x*(-Pi - 2%ArcTanl[...

output

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.00,

number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)3(a + btan(e + fz))? dz
| 3042

/ (c + dz)3(a + btan(e + fz))%dz
l 4205

/ (a®(c+ dz)* + 2ab(c + dz)® tan(e + fz) + b*(c + dz)® tan?(e + fz)) dx
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| 2009
a®(c+dx)*  3abd?(c+ dz) PolyLog (3, —e%(c+/2))
dd e . "
3iabd(c + dz)? PolyLog (2, —e%(+f2))  2ab(c + dz)3log (1 + e¥(+/D))  iab(c + dx)*
— + —
f? _ f _ 2d
3iabd> PolyLog (4, —e*(+f2))  3ib2d?(c + dz) PolyLog (2, —e?(e+/2))
- +
2f* f?
3b%d(c + dz)?log (1 + %(+f2))  p2(c 4 dx)dtan(e + fz) b (c+dz)®  b2(c+ dx)*
+ = - +
f? f f 4d
3b2d® PolyLog (3, —e?(c+/2))
2f4

-

LInt[(c + d*x) "3*(a + bxTan[e + f*x])~2,x]

~—

input

((-D)*b~2*(c + d*x)~3)/f + (a~2*(c + d*x)"4)/(4xd) + ((I/2)*a*xb*(c + d*x)~
4)/d - (b™2%(c + d*x)~4)/(4*d) + (3*xb~2xd*(c + d*x) ~2*Logl[l + E~((2*I)*(e
+ fxx))]1)/£72 - (2%a*bx(c + d*x) 3*Logl[l + E~((2*xI)*(e + f*x))]1)/f - ((3*I
)*¥b~"2xd"2*(c + d*x)*PolyLogl[2, -E~((2*I)*(e + £*x))]1)/£7"3 + ((3%I)*akxbxd*(
c + dxx)~2xPolyLog[2, -E~((2*I)*(e + f*x))]1)/f"2 + (3*b~2%d"3*PolyLog[3, -
E~((2%I)*(e + £*x))])/(2%f74) - (3*a*b*d~2*(c + d*x)*PolyLogl[3, -E~((2*I)=*
(e + £xx))]1)/£73 - (((3*I)/2)*a*b*d~3*PolyLogl[4, -E~((2*I)*(e + £f*x))]1)/f~
4 + (b"2%(c + d*x)~3*Tanl[e + f*x])/f

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4205
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 951 vs. 2(271) = 542.

Time = 0.90 (sec) , antiderivative size = 952, normalized size of antiderivative = 3.17

method | result size
risch Expression too large to display | 952

int ((d*x+c) ~3* (a+b*tan(f*x+e)) ~2,x,method=_RETURNVERBOSE)

N

input

12xT/f*bkd*c™2%akexx+d"2*%a~2xc*x"3+3/2*d*a”~2xc"2+x"2+a"2%c " 3*kx-d"2¥b"2*Cc*x
~3-3/2*%d*b~2%c"2*x"2-12%1/f " 2*bxaxc*d"2xe”2+x+6*1/f ~2*b*axc*xd"2*polylog(2,
—-exp (2*Ix (f*x+e)) ) *x+2*I*b~2% (d~3*x~3+3*kc*xd~2*xx~2+3*c”~2*d*x+c”3) /£/ (1+exp(
2xI* (f*xx+e)))+1/4*d"3*%a~2*%x"4+1/4/d*a~2*c~4-1/4*%d"3*%b~2*x"4-b"2*c"3*x-1/4/
d*xb~2%c”4+1/2%I*d"3*a*b*x~4-2*I*axbxc”3*x—-1/2*I/d*a*bxc~4+4/fxb*a*c~3*1ln(e
xp(I*(f*xx+e)))-2/f*b*axc”3*1n(1+exp (2*I* (f*x+e)))-6/f"2%b~2*c"2*d*1n (exp (I
* (f*x+e)))+3/£ " 2%b~2%c~2*d*1n (1+exp (2*xI* (f*x+e) ) ) -6/f"4xb~2xe~2*d~3*1n (exp
(I*(fxx+e)))+3/£72xb"2*%d"3*x1n(1+exp (2*xI* (f*x+e) ) ) *x~2-2%I1/£*b~2%d " 3*x~3+4*
I/£74xb~2%e~3%d"3+3/2%b~2*d"3*polylog(3,-exp(2*I*(f*x+e)))/f~4-12/f " 2%b*e*
a*xc™2*d*1n(exp (I* (f*x+e)))-6/fxbkd*c™2*ax1ln(1+exp (2*I* (fxx+e)) ) *x—6/f*b*ax
c*xd~2+1n(1+exp (2*I* (fxx+e)) ) *x~2+12/f " 3*bxe~2*axc*d~2*1n (exp (I* (f*x+e)))+6
*I /£ 2%bxd*c”2*%axe”2+3*I/f " 2xb*d*c~2*a*polylog(2,-exp (2xI* (fxx+e)))+3*I/f~
2xb*d~3*a*polylog(2,-exp(2*I* (fxx+e)))*x"2-8+I/f " 3*b*akcxd~2xe~3-12xI/f 2%
b~ 2xd"2xc*exx+4*I1/f"3xb*e~3*%d " 3*a*x+3*I/f 4xb*e~4*d"3*a-6+I/f*xb"2xd"2*c*x~
2-6%I/f"3*%b~2%d"2*kc*xe”2-3*%I/f " 3*%b~2*d"2*c*polylog(2,-exp (2*xI* (f*x+e)) ) +6*I
/£73%b"2%e~2%d"3%x-3*I/f " 3*%b~2*d"3*polylog(2,-exp (2*I* (f*x+e)) ) *x+2%I*d~2*
axbxc*x~3+3*xI*d*axbxc”2+x"2-2/f*b*d"3*a*x1n(1+exp (2*xI* (f*x+e))) *x"3-4/f"4*b
*xe~3*a*xd"3*1n(exp (I* (f*x+e)))-3/f 3*bkaxcxd 2*polylog(3,-exp(2*xI*(f*x+e)))
-3/£73*b*d"3*a*polylog(3,-exp(2*I* (f*x+e)) ) *x+6/f " 2%b~2*%d~2*c*1n(1+exp (2*I
* (fxx+e)) ) *x+12/£"3*%b"2*e*cxd~2+1n (exp (I* (f*xx+e)) ) -3/2*I*a*bxd~3*polylo. ..

output

N




input

output

input
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 759 vs. 2(264) = 528.

Time = 0.10 (sec) , antiderivative size = 759, normalized size of antiderivative = 2.53

/(c +dz)*(a + btan(e + fx))* dz = Too large to display

Lintegrate((d*x+c)“3*(a+b*tan(f*x+e))”2,x, algorithm="fricas")

1/4%((a”2 - b72)*d"3*f"4*x"4 + 4x(a"2 - b"2)*cxd"2*%f74*x"3 + 6*%(a”2 - b~2)
*xC"2*%d*f"4*x"2 + 4x(a”2 - b72)*c"3*f74*x + 3xIxa*b*d"3xpolylog(4, (tan(f*x
+ e)72 + 2+Ixtan(f*x + e) - 1)/(tan(f*x + e)~2 + 1)) - 3xI*a*b*d"3*polylo
g4, (tan(f*x + e)”2 - 2xIxtan(f*x + e) - 1)/(tan(f*x + e)”2 + 1)) - 6*(I*
a*xbxd~3*f72+x"2 + Ikxa*xbxc™2%d*f~2 - I*b~2%cxd"2+f + Ix(2xa*b*xcxd™2*f"2 - b
~2%d"3*f) *x) *dilog (2% (I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1) + 1) - 6%(-
I*a*xbxd~3*f~2*%x"2 - I*axb*c™2*d*f~2 + I*b~2%cxd"2*f — I*(2%axb*cxd~2*xf~2 -
b~2*d"3*f) *x) *dilog (2% (-Ixtan(f*x + e) - 1)/(tan(f*x + e)”2 + 1) + 1) - 2
* (2%a*bxd"3*f£73*x"3 + 2*axbxc”3*f73 - 3xb"2*c"2xd*f72 + 3% (2xax*b*cxd"2+f"3
- b72%d"3*£72)*x"2 + 6% (axbkc”2*d*f"3 - b 2*kc*xd"2*f"2)*x)*1log(-2* (I*tan(f
*x + e) - 1)/(tan(fxx + e)72 + 1)) - 2% (2*a*xb*d~3*f~3*x"3 + 2*axb*c~3*f"3

- 3xb72%c"2xd*f"2 + 3x(2%axb*ckd"2*f"3 - b"2*%d"3*f£72)*x"2 + 6% (akbkc”2*xd*f
"3 - b 2xcxd"2xf72)*x)*log(-2*(-I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1))

- 3%(2*a*xbxd"3*xf*x + 2xaxbkxc*d"2xf - b~2xd"3)*polylog(3, (tan(f*x + e)~2 +
2+¢Ixtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 3%(2xa*b*xd~3*f*xx + 2*xa*bxcx*
d~2*f - b~2*d"3)*polylog(3, (tan(f*x + e)~2 - 2*Ixtan(f*x + e) - 1)/(tan(f
*x + e)72 + 1)) + 4% (b"2*%d"3*f73*%x"3 + 3xb"2*c*kd"2*xf73*x"2 + 3*b"2%c”2xd*f
"3%x + b"2xc"3*f"3)*tan(f*x + e))/f"4

Sympy [F]

/(c + dz)3(a+ btan(e + fz))? dx = / (a +btan (e + fz)) (c+ dz)® de

{integrate((d*x+c)**3*(a+b*tan(f*x+e))**2,x)
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Output"Integral((a + bxtan(e + £*xx))**2*(c + d*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2525 vs. 2(264) = 528.

Time = 0.78 (sec) , antiderivative size = 2525, normalized size of antiderivative = 8.42

/(c +dz)?(a + btan(e + fx))* dz = Too large to display

p

inputLintegrate((d*X+C)A3*(a+b*tan(f*x+e))‘2,x, algorithm="maxima")

1/4x(Ax(f*x + e)*a"2%c™3 + (f*x + e) 4*a"2%d"3/f"3 - 4x(f*x + e) " 3*a"2%d"3
xe/f"3 + 6x(fxx + e) 2*%a"2xd"3%e”2/f"3 - 4x(f*x + e)*a~2+%d"3*e"3/f"3 + 4x(
fxx + @) 3*%a"2xcxd"2/f72 - 12x(fxx + e) "2*%a"2xc*xd"2*e/f"2 + 124 (f*x + e)*a
“2xckd"2xe”2/f72 + 6x(fkx + e) "2%a"2xc”2xd/f - 12%(fxx + e)*a”~2*c 2xd*e/f
+ 8xaxbxc~3xlog(sec(f*x + e)) - 8xaxbxd~3xe"3xlog(sec(f*x + e))/f"3 + 24x*a
xbkcxd~2xe"2xlog(sec(f*x + e))/f"2 - 24*axb*c”2xd*exlog(sec(f*x + e))/f +
4% (3% (2%a*b + I*b"2)*(fxx + e) 4*d"3 - 24%b"2*%d"3*e”3 + 72*b~2kc*d"2%e”2*f
- T2¥b"2%c"2xd*exf"2 + 24*b"2%c”3*f"3 - 12x((2*axb + I*b~2)*d"3*e - (2*ax
b + I*b”"2)*cxd"2+f)*(f*x + e)~3 + 18+ ((2*a*b + I*b~2)*d"3*xe”"2 - 2% (2*axb +
I*b~2) *cxd~2xe*xf + (2%a*xb + I*b~2)*c™2xd*xf~2)*x(f*x + e)72 + 12x(-I*b~2*xd~
3*%e”3 + 3*xI*b " 2xckd"2*e”2*f — 3*kI*b~2kc " 2xdke*f~2 + I*b~2kc 3*f"3)*(f*x +
e) - 4x(8x(fxx + e) " 3*axb*d~3 - 9*%b"2xd"3*e”2 + 18%b~2kckxd"2xexf - 9*kb~2*c
~2%d*f~2 - 9%(2%a*b*d~3xe - 2kaxbkxc*d~2xf + b"2xd"3)*(f*x + e)~2 + 18*(a*b
*d"3*e”2 + axb*c”2xd*f~2 + bT2xd"3*%e - (2*xaxbkcxd"2xe + b T2xc*d"2)*f)*x (f*x
+ e) + (8+x(f*x + e) 3*axb*d"3 - 9*%b~2*xd"3*e"2 + 18*b"2*ckd"2*exf - 9xb”2#
cT2xd*f"2 — 9k (2*ka*b*d"3*e - 2*axbxcxd"2xf + b"2*d"3)*(f*x + e)”2 + 18*(ax*
bxd"3*e”"2 + a*b*c”2*d*f"2 + b~2xd"3*e - (2*a*b*c*d"2xe + b"2xckd"2) *f) * (£*
X + e))*cos(2*f*xx + 2xe) — (-8*I*(f*x + e) 3*a*xb*d~3 + 9*xI*b"2*d"3*e"2 - 1
8xI*b~2%cxd " 2kexf + OkI*xb "2xc 2xd*f~2 + 9% (2*I*axbkd~3*e — 2xI*axb*ckxd 2*f
+ I*xb"2+%d"3)*(f*x + e)72 + 18x(-I*axb*d"3*e”2 - I*a*b*c~2*d*f~2 - I*b~...

output

-/
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Giac [F]

/(c +dz)*(a+ btan(e + fz))? dx = / (dz +c)®(btan (fz + e) +a)’ dz

input ‘ integrate ((d*x+c) "3*(a+b*tan(f*x+e))~2,x, algorithm="giac") ‘

outputkintegrate((d*x + ¢c)"3*(bxtan(f*x + e) + a)~2, x) J

Mupad [F(-1)]

Timed out.

/(c +dz)*(a+ btan(e + fz))’ dr = / (a+btan(e + fz))* (c+dx)’ de

input Lint((a + bxtan(e + f*xx)) 2%(c + d*x)~3,x) J
output Lint((a + bxtan(e + f*x))~2*(c + d*x)~3, x) J
Reduce [F]

/(c +dz)*(a+ btan(e + fz))* dz
_ 8([tan (fx +e) x’dx) abd®f? + 24( [ tan (fz + ) 2’dx) abcd® f* — 12( [ tan (fz + €) z°dz) b*d® f + 2

input 10t ((d*x+) 3% (atbrtan(f+x+e))2,x) )
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(8xint (tan(e + f*x)*x**3,x)*axbkd*x*x3xf**x2 + 24xint(tan(e + f*x)*x**2,x)*axk
bxckxd**x2xfx*x2 - 12*xint(tan(e + f*xx)*x**2,x)*b**2xd**x3*xf + 24*xint(tan(e + f
*X) *X ,X) ¥a*xbkck*x2xd*xf*x2 - 24xint(tan(e + f#*x)*x,x)*b**2kcxd**2xf + 4xlog(
tan(e + f£xx)**2 + 1)*axb*xc**x3*%f - 6xlog(tan(e + f*x)**2 + 1)*b**x2*ck*2%d +

4xtan(e + £*x)*b*x*x2xckx*x3xf + 12*%tan(e + f*x)*b*x*x2kxckx*x2xd*f*x + 12*tan(e +

f*x) *¥b**k2kcxd*k*2kf*xx**2 + 4xtan(e + f*x)*b**x2kd*x*3*kf*kx**x3 + 4*a*x*2kxck*x3*xf
*%k2%kx + Gkakkkckk2kdkFkkkxk*k2 + 4kaxk2xckdk*2kfkk2kx**x3 + akxk2kdrk3kf**x2
*kxX*kk4 — Axbkk2kCkk3kFk*k2kx — BXbkk2kCkk2kd*fkk2kx*k*k2 — 4kxbkk2kckdk*k2*Ff k*kQ*
X**3 = DAk2kQrkkE kK 2kx*%4) / (4kE**2)

output
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3.45 [(c+dz)*(a+ btan(e + fz))* dz

Optimal result . . . . . . . . . . . . e 358
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ... 3591
Rubi [A] (verified) . . . .. . . ... .. 360
Maple [B] (verified) . . . . . . . . . ... 362
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3631
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 365
Reduce [F] . . . . .

Optimal result

Integrand size = 20, antiderivative size = 229

_’I:bz(c-i- dg;)2 N a2(c+ d.’I?)?’ N 2'iab(c+ d:L')3
f 3d 3d
v’(c + dz)? N 2b%d(c + dz) log (1 + e(c+f2))
3d f2
2ab(c + dgr:)2 log (1 4 e2i(e+fm))
f .
ib?d? PolyLog (2, —e?(¢+/))
_ 7
2iabd(c + dx) PolyLog (2, _ eQi(e-i-fw))
+
Iz
abd? PolyLog (3, —eQi(e+fw))
_ =
b*(c + dx)*tan(e + fz)
f

/(c + dz)?(a+ btan(e + fz))* dr =

-I*xb~2x (d*x+c) ~2/f+1/3*%a~2* (d*x+c) ~3/d+2/3*I*a*xb* (d*x+c) ~3/d-1/3*b~ 2 (d*x+
c) ~3/d+2xb~2xd* (d*x+c) *1n (1+exp (2*xI* (f*x+e)) ) /£~2-2xa*bx (d*x+c) “2*1n(1+exp
(2%Ix(fxx+e)))/f-I*b~2*%d"2*polylog(2,-exp (2*I* (f*x+e))) /£~ 3+2*I*a*bxd* (d*x
+c)*polylog(2,-exp (2+I* (f*x+e))) /£ 2-axb*d~2*polylog(3,-exp (2*I* (f*x+e)))/
f73+b~2* (d*x+c) “2*tan(f*x+e) /f

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 649 vs. 2(229) = 458.

Time = 6.72 (sec) , antiderivative size = 649, normalized size of antiderivative = 2.83

/(c +dz)*(a+ btan(e + fz))? dz =

iabd%e~" (2f2:c2 (2f:c — 3i(1 + e*®) log (1 + e_Zi(eJrf’”))) + 6(1 + e%**¢) fz PolyLog (2, —e‘zi(e”””)) —
_ o

+ %x (3¢® + 3cdz + d*z”) sec(e) (a® cos(e) — b* cos(e) + 2absin(e))

2b%cd sec(e)(cos(e) log(cos(e) cos(fx) — sin(e) sin(fz)) + fz sin(e))
+ 12 (cos?(e) + sin?(e))
2abc? sec(e)(cos(e) log(cos(e) cos(fz) — sin(e) sin(fz)) + fxsin(e))
f (cos?(e) + sin?(e))
b2 csc(e) <e_iarctan(cot(e)) g2 _ ) (i fa(—m—2arctan(cot(e))) — log (1+e~21/7) —2(fz—arctan(cot(e))) log (1—e2i(fo=a

+
f3+/csc2(e) (cos?(e)
2abcd CSC(e) <e_i arCtan(COt(e))f2II32 — cot(e) (ifx(—‘/r—Q arctan(cot(e)))—m 105(14—6_2”:0) —2(fz—arctan(cot(e))) log(l—e2i(fz-
) f24/csc2(e) (cos?(e)
n sec(e) sec(e + fx) (b202 sin(fz) + 2b2cdx sin(fz) + b2d2 22 sin(fz))
f
input LIntegrate [(c + d*x)~2*(a + bxTan[e + f*x])"2,x] J
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((-1/6%I)*axbxd 2 (2*x£~2xx"2% (2*xf*x - (3*xI)*(1 + E~((2xI)*e))*Logll + E~((
-2+%I)x(e + £*x))]) + 6%(1 + E~((2*I)*e))*f*x*xPolyLog[2, -E~((-2*I)*(e + f*
x))] - (3*xID)*(1 + E~((2xI)*e))*PolyLogl[3, -E~((-2*I)*(e + f*x))])*Sec[el)/
(E"(I*e)*£73) + (x*(3*%c”™2 + 3*ckd*x + d~2*x"2)*Sec[e]*(a"2*Cos[e] - b~2*Co
s[e] + 2xaxbxSin[e]))/3 + (2¥b~2xc*d*Sec[e]*(Cos[e]*Log[Cos[e]l*Cos[f*x] -
Sin[e]*Sin[f*x]] + fxx*Sin[e]))/(£72*%(Cos[el”2 + Sinl[e]"2)) - (2*a*bxc”2%S
ec[e]l*(Cos[e]l *Log[Cos[e]*Cos[f*x] - Sin[e]*Sin[f*x]] + f*x*Sin[e]))/(£*(Co
s[e]”2 + Sin[e]"2)) + (b~2*d"2*Csc[e]*((£72*x~2)/E~ (I*ArcTan[Cot[e]]) - (C
ot [e]l*(I*fxx*(-Pi - 2%ArcTan[Cot[e]]) - Pi*Logl[l + E~((-2*I)*f*x)] - 2x(f*
x - ArcTan[Cot[e]])*Log[1 - E~((2*I)*(f*x - ArcTan[Cot[e]]))] + Pix*Logl[Cos
[£*x]] - 2*ArcTan[Cot[e]]*Log[Sin[f*x - ArcTan[Cot[e]]]] + I*PolyLog[2, E~
((2*I)*(f*x - ArcTan[Cot[el]))]))/Sqrt[1 + Cot[e]l~2])*Sec[el)/(£3*Sqrt[Cs
clel"2*(Cos[e] "2 + Sin[e]l"2)]) - (2*ax*bxc*d*Cscle]l*((£~2*x"~2)/E~ (I*ArcTan[
Cot[el]) - (Cot[e]l*(Ixf*xx(-Pi - 2*ArcTan[Cot[e]l]) - PixLog[1 + E~((-2*I)=*
fxx)] - 2x(f*x - ArcTan[Cot[el])*Logl[l - E~((2*I)*(f*x - ArcTan[Cot[e]]))]
+ Pi*Log[Cos[f*x]] - 2*ArcTan[Cot[e]]*Log[Sin[f*x - ArcTan[Cot[e]]]] + I*
PolyLog[2, E~((2*I)*(f*x - ArcTan[Cot[el]))]))/Sqrt[1 + Cot[e]~2])*Seclel)
/(£72+Sqrt [Csc[e] "2*x(Cos[e]~2 + Sin[e]~2)]) + (Sec[el*Secl[e + fxx]*(b"2%xc”
2%3in[f*x] + 2¥b~2%kcxd*x*Sin[f*x] + b~2xd"2*x"2*Sin[f*x]))/f

output

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.00,

number of rules _ 1 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)2(a + btan(e + fz))? dz
| 3042

/ (c + dz)2(a + btan(e + fz))2dz
l 4205

/ (a®(c+ dz)? + 2ab(c + dz)? tan(e + fz) + b*(c + dz)® tan?(e + fz)) dx
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| 2009
a®(c+dx)®  2iabd(c + dz) PolyLog (2, —e*©+f2))  2ab(c + dz)?log (1 + e(c+f2))
3d 72 - ! *
2iab(c + dz)®  abd? PolyLog (3, —e?(¢/2))  2b%d(c + dz) log (1 + e2i(e+f2))
3d 73 * 72 *
b*(c+dzx)’tan(e + fz) b*(c+dx)® b (c+dz)® ib2d? PolyLog (2, —eZ(¢+/2))
f f 3d f3

input LInt[(c + d*x)"2%(a + bxTan[e + f*x])~2,x]

((-I)*b"2*(c + d*x)"2)/f + (a"2*(c + d*x)~3)/(3*d) + (((2%I)/3)*axbx(c + d
*x)73)/d - (b™2%(c + d*x)~3)/(3*%d) + (2¥b~2*d*(c + d*x)*Logl[l + E~((2*I)*(
e + £*x))]1)/£72 - (2xa*b*(c + d*x)"2xLog[l + E~((2xI)*(e + £*x))])/f - (I*
b~2*d"2*PolyLog[2, -E~((2*xI)*(e + £*x))]1)/£73 + ((2%I)*axb*d*(c + d*x)*Pol
yLogl[2, -E~((2*I)*(e + £*x))])/f"2 - (axb*d~2*PolyLog[3, -E~((2*I)*(e + f*
x))]1)/£°3 + (b™2*(c + d*x)"2xTan[e + f*x])/f

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (@_)*(x_)) " (m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4205
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 574 vs. 2(209) = 418.

Time = 0.86 (sec) , antiderivative size = 575, normalized size of antiderivative = 2.51

method | result

. 2,.2,.3 2.3 212 ,.3
risch da20x2+a202z—db20z2+d“T”+“c — 4%z

b2 — b2c3 _ 8beacdIn(etlfzte))

4bdca In (1 +

3d 3 3d

J

input |

int ((d*x+c) ~2* (a+b*tan (f*x+e)) ~2,x,method=_RETURNVERBOSE)

output

2xIxb~2% (4" 2%x~2+2*c*kd*kx+c™2) /£/ (1+exp (2*xI* (£xx+e) ) ) +d*a”~2xcxx~2+a”~2xc™2*x
—-d*b~2*%c*xx"2+1/3*d"2*a"~2*x~3+1/3/d*a"2*xc~3-1/3*d"2*b"2*x~3-b"2*c"2*x-1/3/d
*b~2%c”~3+8*I/f*b*d*c*a*xe*x—8/f " 2¥bxexa*ckd*1ln(exp (I*(f*x+e)))-4/fxb*xd*ckax
In(1+exp (2*I* (f*x+e)) ) *x+2%I/f"2xb*xa*d~2*polylog(2,—exp (2*I* (f*x+e)) ) *x—4*
I/£"2%b*a*d™2%e”2%x+4*1/f " 2*¥b*d*c*ka*e~2+2*I/f~2*b*d*c*a*polylog(2,-exp (2*I
*x (f*x+e))) -I*b~2*xd"2*polylog(2,-exp(2*I* (f*x+e))) /£~ 3+2/3*I*d~2*axb*x~3+2/
£72xb~2xd"2*1n(1+exp (2*%I* (f*x+e)) ) *x—-4/f~2%b"2*%c*d*1n (exp (I* (f*x+e)))+2/£f"
2xb~2%ckd*1n (1+exp (2*I* (fxx+e)))+4/fxb*axc~2x1n (exp (I* (f*x+e)))-2/f*bkaxc™
2x1n(1+exp (2*I* (f*xx+e)))+4/f 3%b"2%e*d~2*1n(exp (I* (f*x+e)))-2*I/£"3%b~2%d"
2%e”~2-2x1/f*b~2%d~2%x"2-2*%I*xaxb*c~2%x-2/3*I/d*axb*c”3+4/f ~3*b*e~2*%a*d~2*1n
(exp(I*(f*xx+e)))-2/f*b*axd~2+1n (1+exp (2*xI* (fxx+e)) ) *x"2-4%1/f " 2%b~2%d " 2*ke*
x-8/3*1/f"3%bxa*d~2*e” 3+2*xI*xd*axb*cxx~2-a*b*d~2*polylog(3,—exp(2*I* (f*x+e)
))/£73

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 450 vs. 2(203) = 406.

Time = 0.09 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.97

/(c +dz)*(a + btan(e + fz))*dz

2(a? = ) f32° + 6 (o — ¥)edf*a? + 6 (a? — 12)c* [z — Babdpolylog (3, LUzt 12 oot )

tan(fz+e)?+1




CHAPTER 3. LISTING OF INTEGRALS 363

input‘integrate((d*x+c)“2*(a+b*tan(f*x+e))"2,x, algorithm="fricas")

1/6%(2x (a2 - b™2)*d"2*£73*x"3 + 6*%(a”2 - b"2)*c*kd*f~3*x"2 + 6*%(a”2 - b~2)
*c"2%f"3*x - 3*axbxd~2*polylog(3, (tan(f*x + e)~2 + 2kI*tan(f*x + e) - 1)/
(tan(f*x + e)”2 + 1)) - 3*a*b*d"2*polylog(3, (tan(f*x + e)~2 - 2*I*tan(f*x
+ e) - 1)/(tan(f*x + e)72 + 1)) - 3*(2xI*kaxb*d 2*f*x + 2*I*kaxbkckxd*f - Ix*
b~2%d"2) *dilog(2* (I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1) + 1) - 3% (-2*Ix
a*b*xd"2xf*x - 2xIxaxbkckd*xf + I*b"2xd"2)*dilog(2*(-Ixtan(f*x + e) - 1)/(ta
n(f*x + e)72 + 1) + 1) - 6x(a*xb*d"2+£72%x"2 + a*b*c™2*f"2 - b 2*kckd*f + (2
*xaxbkxckd*xf72 - b72xd"2*f) *x)*log(-2* (Ixtan(f*x + e) - 1)/(tan(f*x + e)”2 +
1)) - 6%(a*b*d™2+f"2*x"2 + axbkc"2+%f"2 - b~2*ckxdxf + (2xaxbkxc*xd*f"2 - b~2
*q"2*f) #x) ¥1log (-2* (-Ixtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) + 6x(b~2%d"2
*f72%xx"2 + 2xb"2kckd*f"2%x + bT2*c"2*f"2)*tan(f*x + e))/f"3

output

Sympy [F]

/(c +dz)*(a+ btan(e + fz))’ dx = / (a + btan (e + fx))* (c + dz)* dz

inputLintegrate((d*x+c)**2*(a+b*tan(f*x+e))**2,x)

Output‘ Integral((a + b¥tan(e + f£*x))*x2%(c + d*x)**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1263 vs. 2(203) = 406.

Time = 0.32 (sec) , antiderivative size = 1263, normalized size of antiderivative = 5.52

/(c +dz)*(a + btan(e + fx))* dr = Too large to display

input integrate ((d*x+c) 2% (at+b*tan(f*x+e))~2,x, algorithm="maxima")
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1/3% (3% (f*x + e)*a™2xc™2 + (f*x + e)~3*%a”2%d"2/f"2 - 3*x(f*x + e) 2*a"~2*d"2
xe/f"2 + 3k (fxx + e)*a”~2%d"2*e”2/f"2 + 3x(f*x + e) "2*xa”~2*cxd/f - 6x(f*x +
e)*a~2kxcxd*e/f + 6*axb*c”2xlog(sec(f*x + e)) + 6xa*bxd"2xe”2*xlog(sec(f*x +
e))/f"2 - 12*axbxcxd*e*xlog(sec(f*x + e))/f + 3*%((2%axb + I*b~2)*(f*x + e)
“3*%d"2 + 6*%b"2%d"2%xe"2 - 12*b"2xckd*e*xf + 6x%b"2xc"2xf"2 - 3k ((2*xaxb + I*b~
2)*d"2%e - (2*axb + I*b~2)*kckd*f)*(f*x + e)72 + 3*x(I*b"2%d"2%e"2 - 2*I*b"2
xckdkexf + I#b"2xc™2+¢f72)*(f*x + e) - 6x((f*x + e) " 2%a*xb*d™2 + b~2*d"2xe -
b~ 2*ckxd*f - (2ka*bxd"2%e — 2*axbxckd*f + b"2xd"2)*(f*x + e) + ((f*x + e)”
2xaxb*d”"2 + b~2*%d"2%e - b"2xcxd*f - (2*kaxbxd"2%e - 2¥a*bkckxd*f + b~2xd"2)*
(f*x + e))*cos(2xf*xx + 2xe) - (-I*(f*x + e) 2*axb*xd"2 - I*b~2%d"2*e + I*b~
2xckd*f + (2kI*axbkxd~2%e - 2%Ikaxbkxckd*f + I*b~2%xd~2)*(f*x + e))*sin(2*f*x
+ 2xe))*arctan2(sin(2*xfxx + 2%e), cos(2*f*xx + 2xe) + 1) + ((2*axb + I*b"2
Yx(fxx + e)7"3*%d"2 - 3*(2*¥b"2*%d"2 + (2*a*b + I*b~2)*d"2%e - (2*xaxb + I*b~2)
*ckd*xf)*x (fxx + )72 + 3*%(I*b"2*%d"2*xe”2 + I*b~2*%c™2*%f72 + 4*xb"2xd"2xe + 2*(
-I*¥b"2%c*xd*xe — 2xb"2xckd) *f)*(f*x + e))*cos(2xf*xx + 2ke) + 3% (2*(f*x + e)x*
axbxd”"2 - 2ka*bxd"2%e + 2*axbxckd*f - b"2xd"2 + (2% (f*x + e)*axb*d”2 - 2xa
*bxd"2%e + 2¥axbkckd*f - b 2*xd"2)*cos(2xf*x + 2xe) + (2*I*(f*x + e)*a*bxd”
2 - 2%I*axbxd~2%e + 2xI*axbxcxd*f - Ixb~2*%d"2)*sin(2*f*x + 2xe))*dilog(-e~
(2%I*fxx + 2%T*e)) + 3k (I*(f*x + e) 2*axb*d~2 + I*b~2%d"2%e - I*b~2%cxd*f
+ (-2%I*axb*xd~2%e + 2%Ikxaxbxckd*f - I*b~2*xd~2)*(f*x + e) + (I*(f*x + e)...

output

Giac [F]

/(c +dz)*(a+ btan(e + fz))? dx = / (dz + c)*(btan (fz + €) + a)’ dz

input‘integrate((d*x+c)“2*(a+b*tan(f*x+e))*2,x, algorithm="giac")

-

outputtintegrate((d*x + ¢c)"2x(bxtan(f*x + e) + a)~2, x)

| —
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Mupad [F(-1)]

Timed out.

/(c +dz)*(a+ btan(e + fz))* dr = / (a+btan(e+ f )’ (c+ dz)* dz

input Lint((a + bxtan(e + f*x))~2%(c + d*x)~2,x) J
output‘ int((a + bxtan(e + f*x))72*(c + d*x)~2, x) J
Reduce [F]

/(c +dz)*(a + btan(e + fz))*dz
_ 6(/[ tan (fz + e) 2°dz) abd® f*> + 12( [ tan (fz + e) zdz) abed f? — 6( [ tan (fz + €) zdx) b*d® f + 3log

input Lint((d*x+c)"2*(a+b*tan(f*x+e))“2,x) J

(6xint (tan(e + f*x)*x**2,x)*axbkd*x*x2xf**x2 + 12xint(tan(e + f*x)*x,x)*a*b*c
*xdxfx*2 - 6*xint(tan(e + f*x)*x,x)*b**2*xd**2xf + 3xlog(tan(e + f*xx)**x2 + 1)
xaxbkxck*2*%f — 3xlog(tan(e + f*x)**2 + 1)*b*x2xcxd + 3xtan(e + £*x)*b**2*c*
*2xf + 6xtan(e + f*x)*b**2xckd*f*x + 3*xtan(e + £*x)*bkk2kd**x2kf*x**2 + 3*a
*kQkCkkDkfkkDkX + Ikakk2kCkdkFkkkxk*k2 + *kkDkd*kk2kf*k*kQkx*k*k3 — 3kb*kk2kC*k*2
*fkk2kx — Ikbk*kkckd*F*k*kQkx**2 — bk*kd**kkf*k*2kx**3) / (3*kL**2)

output
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3.46 [(c+dz)(a+ btan(e + fz))* dzx

Optimal result . . . . . . . . . . . . e 366
Mathematica [A] (verified) . . . . . . . . . ... o 367l
Rubi [A] (verified) . . . .. . . ... .. 367
Maple [A] (verified) . . . . . . ... L 368
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 369
Sympy [F] . . o o 369
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3701
Giac [F] . . . . o o 370
Mupad [F(-1)] . . . o o 371
Reduce [F] . . . . . B71]

Optimal result

Integrand size = 18, antiderivative size = 135

a*(c + dx)? N iab(c + dx)®  b*(c+ dz)?
2d d 2d
2ab(c + dz) log (1 + e*(c+/2))
f
b%dlog(cos(e + fx))
_l’_
72
1abd PolyLog (2, —e2iletf x))
+
IZ
b?(c + dz) tan(e + fx)
" 7

/(c +dz)(a + btan(e + fz))*dr =

‘ 1/2%a~2% (d*x+c) ~2/d+I*a*xb* (d*x+c) ~2/d-1/2*xb~ 2% (d*x+c) ~2/d-2%a*b* (d*x+c) *1n \
(1+exp(2+Ix(f*x+e)))/f+b~2*d*1n(cos (f*x+e)) /£ 2+Ixaxb*d*polylog(2,-exp(2+I |
L*(f*x+e)))/f‘2+b"2* (d*x+c) ¥tan (fxx+e) /£ J

output
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Mathematica [A] (verified)

Time = 7.17 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.48

/(c +dz)(a + btan(e + fz))*dx
_ cos(e + fz) (cos(e + fz) (—((e + fz) (—2iabd(e + fz) + a*(de — 2¢f — df z) + b*(—de + 2¢f + dfz)))

input‘ Integrate[(c + d*x)*(a + b*Tan[e + f*x]) 2,X] ‘

(Cos[e + fxx]*(Cos[e + f*x]*(-((e + fxx)*x((-2*I)*a*b*d*(e + fxx) + a~2x(dx*
e — 2%cxf - dxfxx) + b"2x(-(d*e) + 2%c*xf + dxfxx))) - 4*axb*d*(e + f*x)*Lo
gll + ET((2xI)*(e + f*x))] + 2%b*(b*d + 2%a*d*e - 2%a*c*f)*Logl[Cos[e + f*x
11) + (2#I)*axbxd*Cos[e + f*x]*PolyLogl[2, -E~((2*I)*(e + f*x))] + 2%b~2x*f*
(c + d*x)*Sin[e + f*x])*(a + bxTan[e + f*x])~2)/(2xf"2*%(a*Cos[e + f*x] + b
*Sin[e + f*x])"2)

output

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)(a + btan(e + fz))? dz
| 3042
/ (c + dz)(a + btan(e + fz))2dz
| 4205
/ (a®(c + dz) + 2ab(c + dz) tan(e + fz) + b*(c + dz) tan’(e + fz)) dz

l 2009
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a®(c+dx)®  2ab(c+dz)log (1+ e*(Hf®)  jab(c+dx)?  iabd PolyLog (2, —e%(c+/f2))
- + +
2d f d 72
b%(c+dz)tan(e + fx) b*(c+dx)?>  b?dlog(cos(e + fz))
i A 72

inputtlnt[(c + d*x)*(a + bxTan[e + £*x])~2,x]

(a"2%(c + d*x)"2)/(2%d) + (Ixa*bx(c + d*x)"2)/d - (b"2%(c + d*x)~2)/(2%d)

- (2%axbk(c + d¥x)*Log[l + E"((2¥D)*(e + £*x))1)/f + (b~2%d*Log[Cos[e + £*
'x]11)/£72 + (I*xaxbxd*PolyLogl[2, -E~((2*xD)*(e + £¥x))1)/£72 + (b™2%(c + d¥x)
#Tan[e + f£*x])/f

output

Defintions of rubi rules used

ruka2009\lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

Int[((c_.) + (@_D)*(x_)) " (m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
\ x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4205

/ \‘

Maple [A] (verified)

Time = 0.86 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.76

method | result

. b2d z2 2ibad e? a?d z? 2 2ib2(dx+c) 2 . 2 2b2dln(e”:(fm+e)) b2d1n(1+e2i(fz
risch — 5t TE -t —bcx—i—m—i-acx—l-mbdw 72 + 72

input Lint ((d*x+c)*(a+bxtan(f*x+e)) "2, x,method=_RETURNVERBOSE)
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-1/2%b~2%d*x"2+2%1/f " 2*b*a*xd*e”2+1/2%a"2*%d*x"2-b 2% c*kx+2*I¥b~ 2% (d*x+c) /£/(
1+exp (2*I* (fxx+e)) ) +a~2*c*x+I*a*xb*d*x~2-2/f"2%b~2*d*1n (exp (I* (f*x+e)))+1/f
~2%b~2*d*1n(1+exp (2*I* (f*x+e) ) ) +4/f*b*a*cx1ln(exp (I* (f*x+e)))-2/f*b*a*cx1ln(
1+exp (2xI* (f*x+e)))-4/f " 2xb*exa*d*1n(exp (I* (f*x+e))) -2+ I*kaxb*kcxx+I*a*bxd*p
olylog(2,-exp(2*I* (f*x+e))) /£ 2+4*I/fxb*a*d*exx-2/f*b*a*xd*1n(1+exp (2*I* (f*
x+e)))*x

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 219, normalized size of antiderivative = 1.62

/(c +dz)(a + btan(e + fz))*dx

(a2 — b)df2a2 + 2 (a® — B)cf2z — i abdLi (% + 1) + i abdLi, (2(;:;&1;(12;51)1—1) " 1) —(2¢

inputLintegrate((d*x+c)*(a+b*tan(f*x+e))”2,x, algorithm="fricas") J
output 1/2%((a”2 - b72)*d*f~2%x"2 + 2x(a”2 - b"2)*ckf~2%x - Ixaxb*d*dilog(2*(I*ta
n(f*xx + e) - 1)/(tan(f*x + e)”2 + 1) + 1) + I*axb*d*dilog(2*(-I*tan(f*x +
e) - 1)/(tan(f*x + e)”2 + 1) + 1) - (2*%axbxd*f*x + 2¥a*bkcxf - b~2*d)*log(
-2%(I*xtan(f*x + e) - 1)/(tan(f*x + e)"2 + 1)) - (2%axb*d*f*x + 2%axbxcxf -
b~2%d) *log(-2* (-I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) + 2% (b~ 2*d*f*x
+ b~2%c*f)*tan(f*x + e))/f72
Sympy [F]
/(c +dz)(a + btan(e + fz))*dr = / (a +btan (e + fz))’ (c+ dzx) dz
input Lintegrate ((d*x+c)* (atbxtan(f*x+e)) **2,x) J

output LIntegral((a + bxtan(e + £*xx))**2x(c + d*x), x) J




input

output

input ‘\

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 527 vs. 2(122) = 244.

Time = 0.18 (sec) , antiderivative size = 527, normalized size of antiderivative = 3.90

/(c +dz)(a + btan(e + fz))*dx

(2ab+ib?) (fz+e)?

2
9 (fl' + 6)&20 + (fz+e)2a2d _ 2(fz—}}e)a2de + 4abclog (sec (f.’E + 6)) _ 4abdelog(;ec(fx-l—e)) + <

f

p
Lintegrate((d*x+c)*(a+b*tan(f*x+e))‘2,x, algorithm="maxima")

~—

1/2% (2% (f*x + e)*a~2xc + (f*x + e) 2*a~2xd/f - 2x(f*x + e)*a"2xdxe/f + 4xa
*bkxcxlog(sec(f*xx + e)) - 4*axbxd*exlog(sec(fxx + e))/f + 2%((2%axb + I*b~2
Y¥(f*x + e)"2%d - 4%b~2xd*e + 4xb~2%c*xf + 2% (-I*b~2%d*e + Ixb~2kc*f)*(f*x

+ e) - 2%(2x(f*x + e)*axbkd - b"2+%d + (2% (f*x + e)*a*bxd - b~2*d) *cos(2*f*
X + 2%e) - (-2*Ix(fxx + e)*axbkd + I*b~2+d)*sin(2*f*x + 2*e))*arctan2(sin(
2xf*x + 2%e), cos(2xf*x + 2%e) + 1) + ((2xa*b + I*b~2)*x(f*x + e)~2%d + 2x(
-I*%b"2*d*e + I*b~2xcxf — 2%b~2*d)*(f*x + e))*cos(2xf*x + 2%e) + 2*(axbxd*xc
os(2%f*x + 2%e) + I*axbxd*sin(2xf*x + 2%e) + a*b*d)*dilog(-e~ (2*I*f*x + 2%
Ixe)) — (—2xIx(f*x + e)*a*xb*d + I*b~2xd + (-2*xI*(f*x + e)*axbxd + I*xb~2%d)
xcos (2xfxx + 2%e) + (2% (f*x + e)*axbxd - b~2xd)*sin(2*f*x + 2%e))*Llog(cos(
2xfxx + 2%e) "2 + sin(2*f*x + 2%e) "2 + 2xcos(2xf*xx + 2xe) + 1) - ((-2*I*ax*b
+ b72)*(£xx + e) 2*d - 2*(b"2xd*e - b 2xcxf - 2xIxb~2xd)*(f*x + e))*sin(2
xfxx + 2xe))/(-2xIxfxcos(2xf*x + 2xe) + 2xf*sin(2xf*xx + 2xe) - 2+I*f))/f

Giac [F]

/(c+clac)(a+btam(e+fav))2 dz = /(dx—l—c)(btan (fz +e)+a)de

integrate ((d*x+c)*(atb*tan(f*x+e))~2,x, algorithm="giac")

‘integrate((d*x + c)*(bxtan(f*x + e) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(c-l—dac)(a-l— btan(e + fz))’dz = / (a+btan(e + fx))? (c+ dx) dzx

inputtint((a + bxtan(e + f*x)) 2*(c + d*x),x) J
OutputLin’c((a + btan(e + f*x))~2*(c + d*x), x) J
Reduce [F]

/(c +dz)(a + btan(e + fz))*dx

_4([ tan (fz + e) xdx) abd f* + 2log(tan (fz + e)’ + 1) abcf — log(tan (fz +e)* + 1) b2d + 2 tan (fz -
= 27

input Lint((d*X+C)*(a+b*tan(f*x+e))"2’x) J

t‘ (4xint (tan(e + f*x)*x,x)*axbxd*f**2 + 2xlog(tan(e + f*xx)**2 + 1)*a*xbkc*f - \
| log(tan(e + fx)**2 + 1)*bk#2xd + 2xtan(e + f*x)*b**2kcxf + 2xtan(e + f*xx |
‘)*b**Q*d*f*x + 2kax*k2%kckfk*k2%kx + a*kk2kd*kf*kkQkxk%k2 — 2kbk*k2kckf*k*k2%x — b**2 ‘
‘*d*f**Q*x**Q)/(Q*f**2) ‘

outpu




output

input

output
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(a+btan(e+fx))?

3.47 | g d

Optimal result . . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . .
Rubi [N/A] . . o 373l
Maple [N/A] . . . . 374
Fricas [N/A] . . . . o o B4
Sympy [N/A] . . 374
Maxima [N/A] . . . . .
Giac [N/A] .« . o o e 3751
Mupad [N/A] . . .o 376
Reduce [N/A] . . . o o 376

Optimal result

Integrand size = 20, antiderivative size = 20

(a+ btan(e + fx))?
c+dzx

dr = Int(

(a+ btan(e + fx))? .

c+dx

Y

)

LDefer(Int)((a+b*tan(f*x+e))“2/(d*x+c),X)

Mathematica [N/A]
Not integrable

Time = 19.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ btan(e + fx))?

/%a+bffzjfwfdx:/“

c+dx

dz

' Integrate[(a + b*Tan[e + £*x])72/(c + d*x),x]

LIntegrate[(a + bxTan[e + f*x])~2/(c + d*x), x]




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+btan(e + fx))?
c+dz

l 3042

dxr

(a + btan(e + fx))
c+dx

l 4223

/ (a+ btan(e + fac))zdaC
c+dz

2
dz

LInt[(a + bxTan[e + f*x]1)~2/(c + d*x),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable
Time = 0.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a+btan (fz + e))2
dx +c

dx

input Lint ((a+bxtan (f*x+e)) "2/ (d*x+c) ,x)

output Lint ((atbxtan(f*x+e)) "2/ (d*x+c) ,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/ (a+ btan(e + fx))? dp — (btan (fz + €) +a)’

c+dzx dr +c dz

input Lintegrate ((at+bxtan(f*x+e)) "2/ (d*x+c) ,x, algorithm="fricas")

output Lintegral((b*Q*tan(f*x + e)72 + 2%a*b*tan(f*x + e) + a~2)/(d*x + c), x)

Sympy [N/A]
Not integrable

Time = 0.93 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

dz

/ (a + btan(e + fx))? (a +btan (e + fx))’
dz =
c+dx c+dz

input Lintegrate ((atb*tan (f*x+e)) **2/ (d*x+c) ,x)
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output‘ Integral((a + b*tan(e + f*x))**2/(c + d*x), x)

Maxima [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 491, normalized size of antiderivative = 24.55

dz

/ (a+ btan(e + fx))? (btan (fz + €) + a)’
dz =
c+dz dz +c

-

input integrate((a+b*tan(f*x+e))*2/(d*x+c),X, algorithm="maxima")

(((@”2 - b™2)*d*fxx + (a”2 - b~2)*c*f)*cos(2*f*x + 2%e) "2xlog(d*x + c) + 2
*b"2*d*sin (2%f*x + 2%e) + ((a”2 - b"2)*d*f*x + (a~2 - b~2)*c*xf)*log(d*x +

c)*sin(2xfxx + 2*%e)”2 + 2*%((a”2 - b"2)*xdxf*x + (a"2 - b~2)*c*f)*cos(2xfx*x
+ 2xe)*xlog(d*x + c) + (d72*f*xx + cxd*f + (d"2*f*x + cxd*f)*cos(2xf*x + 2*e
)72 + (A72*f*x + c*d*f)*sin(2xfxx + 2%e) "2 + 2% (d"2*f*x + cxd*f)*cos(2*xf*x
+ 2%e))*integrate (2% (2xaxb*d*f*x + 2*kaxbxc*f + b~2+d)*sin(2xfxx + 2*e)/(d
“2xfxxT2 + 2kckdkfikx + cT2+f + (dT2*xfxxT2 + kckdkfix + cT2%f)*cos(2xfxx +
2xe) "2 + (d72*f*x72 + 2kckdxfxx + cT2xf)*sin(2xf*xx + 2%e) "2 + 2x(d72xf*x”
2 + 2kckdxfxx + cT2xf)*cos(2*f*x + 2%e)), x) + ((272 - b"2)*dxf*x + (a2 -
b~2)*c*f)*log(d*x + c))/(d 2xf*x + c*d*f + (d"2*f*x + cxd*f)*cos(2*f*x +

2%e) "2 + (d72*xf*rx + ckxd*f)*sin(2*f*x + 2%e) "2 + 2x(d"2*xf*x + ckd*f)*cos(2*
f*x + 2%e))

output

Giac [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

T = dz

(a+btan(e+fm))2d _ [ (btan(fz +e) +a)’
/ c+dz dx +c

input integrate ((a+b*tan(f*x+e)) 2/ (d*x+c) ,x, algorithm="giac")
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output Lintegrate((b*tan(f*x + e) + a)~2/(d*x + c), x) J

Mupad [N/A]

Not integrable

Time = 8.90 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2 2
/ (a+ btan(e+ fx)) dr — (a +btan(e + fx)) I
c+dx c+dzx
tnput Lint((a + bxtan(e + £*x))"2/(c + d*x),x) J

output Lint((a + bxtan(e + f*x))~2/(c + d*x), x) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.95

/ (a + btan(e + fx))?
dz
c+dx
(f tanl(ij;ai-l;e d.’E) bzd + 2( %dx) abd + log(dx + C) 0,2
d

{int((a+b*tan(f*x+e))‘2/(d*x+c),X)

e—

input

output‘ (int(tan(e + f*x)**2/(c + d*x),x)*b**2%d + 2*int(tan(e + f*x)/(c + d*x),x) ‘
L*a*b*d + log(c + d*x)*a*x2)/d J
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3.48 f (a+btan(e+f:1:))2 dx

(ct+dz)?
Optimal result . . . . . . . . . . . . e B7T
Mathematica [N/A] . . . . . . . . B77
Rubi [N/A] © o oo e e e 378
Maple [N/A] . . . . . 379
Fricas [N/A] . . . . o o 379
Sympy [N/A] . . o 379
Maxima [N/A] . . . . 380
Giac [N/A] © . oo 3800
Mupad [N/A] . . o oo
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

(a+btan(e+ fz))* , (a+ btan(e + fx))?
/ (c+ dx)? do = Int ( (c+ dz)? ’ x)

-

LDefer (Int) ((at+b*tan(f*x+e)) "2/ (d*x+c)~2,x)

| —

output

Mathematica [N/A]

Not integrable
Time = 12.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ btan(e + fx))? dp — (a+ btan(e + fx))?

(c+ dx)? N (c+ dx)? de

-

input LIntegrate[(a + bxTan[e + £*x])~2/(c + d*x)~2,x]

-/

output LIntegrate[(a + b*Tan[e + f*x])~2/(c + d*x)"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+btan(e + fx))?
(c+dzx)?

l 3042

dxr

(a+btan(e + fz))?
(c+ dz)?

l 4223

dzx

(a + btan(e + fx))?

d
(c+ dz)? v

input L

Int[(a + b*xTan[e + f*x])"2/(c + d*x)~2,x] J

e

output t

$Aborted

~—

Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d#x) m*(a + bxTan[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a+btan (fz + e))de
(dz + ¢)?
input Lint((a+b*tan(f*x+e))‘2/(d*x+c)"2,x) J
output Lint ((a+b*tan(f*x+e)) "2/ (d*x+c)"2,x) J

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

dzx

/ (a+ btan(e + fz))? dp — (btan (fz +e) + a)’
(c+ dx)? (dz + c)®

input ‘ integrate((a+b*tan(f*x+e)) "2/ (d*x+c)~2,x, algorithm="fricas") ‘

output‘ integral ((b~2*tan(f*x + e)~2 + 2+axb*xtan(f*x + e) + a~2)/(d"2*x"2 + 2*c*d* \
‘X + ¢c72), x) ‘

Sympy [N/A]
Not integrable

Time = 2.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+btan(e+ fz))? . [ (a+btan(e+ fz))’ .
/ (c+ dx)? de = / (c+ dx)2 d

input Lintegrate ((a+bxtan(fxx+e)) **2/ (d*x+c)**2,x) J
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output‘ Integral((a + bxtan(e + f*x))**2/(c + d*x)**2, x)

Maxima [N/A]
Not integrable

Time = 1.04 (sec) , antiderivative size = 609, normalized size of antiderivative = 30.45

/ (a+ btan(e + fx))? dp — (btan (fz + €) + a)’

d
(¢ + dx)? (dz + 0)2 v

p

inputLintegrate((a+b*tan(f*x+e))*2/(d*x+c)*2’x, algorithm="maxima")

-

-((a™2 - b™2)*dxfxx — 2*b"2*d*sin(2*f*x + 2*xe) + (a”2 - b"2)*c*xf + ((a~2 -
b 2)*d*xf*x + (2”2 - b~2)*ckxf)*cos(2*f*x + 2%e)”2 + ((a”2 - b~ 2)*d*xf*x + (
a~2 - b 2)kcxf)*sin(2xfxx + 2%e)”2 + 2x((a”2 - b 2)*dxf*x + (2”2 - b~2) *c*
f)kcos(2%f*x + 2xe) — (d™3*f*kx"2 + 2kcxd"2xf*x + c™2%d*f + (d"3*f*kx~2 + 2%
cxd"2*fxx + cT2kd*f)*cos(2xf*xx + 2*%e) 2 + (d73*f*x"2 + 2*ckd"2*fxx + cT2*d
*f)*sin (2xfxx + 2%e) "2 + 2+ (d"3*f*x"2 + 2xckd"2kf*x + cT2*d*f)*cos(2xf*xx +
2xe) ) *integrate (4* (a*b*d*f*x + axbxc*f + b~2*d)*sin(2xf*x + 2%e)/(d~3*f*x
3 + 3kckd"2*f*x"2 + 3*kc”2kdxfxx + c"3kf + (d73kf*kx"3 + 3kckd"2xf*xx"2 + 3%
cT2xd*xfxx + c"3*%f)*kcos(2*f*x + 2%e) "2 + (d"3*f*x"3 + 3*kc*kd"2*xf*x"2 + 3*c”2
*d*xfxx + c”3*f)*ksin(2*f*x + 2%e) "2 + 2x(d"3*f*kx"3 + 33*kc*kd"2*xf*x"2 + 3*c"2*
dxfxx + c~3xf)*cos(2*f*xx + 2%e)), x))/(d"3*f*xx"2 + 2kcxd 2*f*x + c 2*d*f +
(A73*f*x"2 + 2kcxA™2+f*x + c”2*d*f)*cos(2+f*x + 2%e)”2 + (d"3*f*x"2 + 2*c
*d"2xf*x + cT2+d*f)*xsin(2*f*x + 2xe) "2 + 2% (d73*f*x"2 + 2kcxd"2xf*x + 2%
d*f)*cos (2xf*x + 2%e))

output

Giac [N/A]
Not integrable

Time = 15.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+btan(e+ fz))? . [ (btan(fz +e)+a)’ .
/ (¢ + dx)? dz = / (dz + 0)2 d
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input Lintegrate ((at+bxtan(f*x+e)) "2/ (d*x+c)~2,x, algorithm="giac") J

output Lintegrate((b*tan(f*x + e) + a)”2/(d*x + c)72, x) J

Mupad [N/A]
Not integrable

Time = 10.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + btan(e + fx))? g — (a + btan(e + fz))? e
(¢ + dx)? (c+ dav)2

input Lint((a + bxtan(e + f*x))~2/(c + d*x)~2,x) J

-

Lint((a + bxtan(e + £*x))~2/(c + d*x)"2, x)

—

output

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 157, normalized size of antiderivative = 7.85

(a + btan(e + fx))?
dx
(c+ dx)?
n(fz+e)? an(fo+e)? an(fz+e an(fz+e
( dgz‘ziféc;xlc? dx) bch + ( d;xzfl-.’;c;x-)i-cz d.’l?) bZCd.’L' +2 <f d2;2-i££C(Zt-zC2 dx) ab 02 +2 (f dzth-igc;w-KCQ d.’L') ‘
B c(dz +c)

-

Lint((a+b*tan(f*x+e))‘2/(d*x+c)‘2,x)

e—

input

‘ (int(tan(e + f*x)**x2/(c**2 + 2xc*xd*x + d*x*x2*x**2) ,x)*b**2*%c**2 + int(tan(e \
\ + fxx)*k*%2/(ck*2 + 2kckd*x + d¥x*x2kx**2),x)*bxk2kckdkx + 2*int(tan(e + f*x) \
\/(c**2 + 2%xckxd*x + d**2xx**2) ,x)*a*bkck*2 + 2xint(tan(e + f*x)/(c**2 + 2%c \
‘*d*x + dk*k2%kx*%2) ,x) *axbkckd*x + a**2*x)/(cx(c + d*x)) ‘

output
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3.49 [(c+dz)*(a+ btan(e + fz))° dz

Optimal result . . . . . . . . . . . . e
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ... 3841
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ... 38T
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 3901
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o

Reduce [F]
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Optimal result
Integrand size = 20, antiderivative size = 612

3ib*d(c + dz)?>  3iab*(c+dz)® b¥(c+ dx)?

/(c +dz)*(a+ btan(e + fz))* dx =

2f* f LAY

4 a*(c+ dz)* N 3ia’b(c +dz)*  3ab*(c+dzx)*
4d 4d 4d
ib? (c+ d:E)4 3b3d? (c+dz)log (1 + e2z(e+fz))

4d 13
9ab?d(c + dz)?log (1 + €*(c+f2))
f2
3a?b(c + dz)3log (1 + e(c+/2))

f .
b3(c + dz)3log (1 + e2ic+/2))
f

N 3ib>d® PolyLog (2, —e(+/2))

2f4
9iabd*(c + dz) PolyLog (2, —e%(ct/2)

f3

+ 9ia2bd(c + dav)2 PolyLog (2, _e2i(e+fw))

212
3ib3d(c + dz)? PolyLog (2, —e(c+/2))

272

n 9ab?d? PolyLog (3, _62i(e+fx))

2f4
9a2bd? (c + dz) PolyLog ( 3, — p2i(e+ fz))

2f3

+ 3b3d%(c + dz) PolyLog (3, —e?(¢+/®))

2f3
9iabd?® PolyLog (4, —e%(¢+/))
4f4

N 3ib3d> PolyLog (4, —e%(ct/2)

4f4
3b3d(c + dz)? tan(e + fx)

252

N 3ab*(c + dz)? tan(e + fz)

f

+ b*(c + dz)3tan?(e + fz)

2f
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3/4xI*xb~3*d~3*polylog(4,-exp(2*I* (f*x+e))) /£ ~4-3/2%I*b"3xd* (d*x+c) ~2*polyl
0g(2,-exp(2xI* (fxx+e))) /E72+1/2+b"3* (d*kx+c) “3/f+1/4*a”~3* (d*x+c) ~4/d+3/2xI*
b~3*d~3*polylog(2,—exp(2*I* (f*xx+e)))/£~4-3/4*axb”2x (d*x+c) “4/d-3*I*axb™2*(
d*x+c) ~3/£-3*b~3*d"2* (d*x+c) *1n(1+exp (2*I* (f*x+e)) ) /£~ 3+9*a*xb~2*d* (d*x+c) ~
2x1n(1+exp (2*I* (f*x+e))) /£~2-3*%a~2*b* (d*x+c) ~3*1n(1+exp (2*I* (f*x+e)))/f+b~
3x(d*x+c) “3*1n(1+exp (2*I* (fxx+e))) /f-1/4*Ixb"3* (d*x+c) ~4/d+9/2*I*a~2xb*dx* (
d*x+c) "2*polylog(2,-exp (2*xI* (f*x+e))) /£72+3/2*I*b~3*d* (d*x+c) ~2/£72-9/4*I*
a~2%bxd~3*polylog(4,-exp(2*I*(f*x+e)))/f~4+9/2%a*b~2*d"3*polylog(3,-exp (2%
Ix(fxx+e)))/£74-9/2%a~2%b*d"~2* (d*x+c) *polylog(3,-exp (2+xI* (f*x+e))) /£73+3/2
*b~3xd 2% (d*x+c) *polylog(3,-exp (2xI* (f*x+e))) /£~ 3+3/4*I*a”~2*%b* (d*x+c) ~4/d-
9*I*a*xb~2%d~2* (d*x+c) *polylog(2,-exp (2*I* (fxx+e))) /£73-3/2*%b~3*d* (d*x+c) "2
*xtan (f*x+e) /f72+3*%a*b” 2% (d*x+c) “3*tan(f*x+e) /£+1/2%b"3* (d*x+c) “3*tan(f*x+e
)"2/f

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 2594 vs. 2(612) = 1224.

Time = 7.32 (sec) , antiderivative size = 2594, normalized size of antiderivative = 4.24

/(c + dz)?(a + btan(e + fz))? dr = Result too large to show

( 0

input\rIntegrate[(c + d*x)~3%(a + b*Tan[e + f*x])~3,x]
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(((3%I)/4)*a*b™2xd"3* (2*f~2xx"2% (2+f*x - (3*I)*(1 + E~((2xI)*e))*Logl[l + E
“((-2xI)*(e + £*x))]) + 6x(1 + E~((2+I)*e))*fxx*PolylLog[2, -E~((-2*I)*(e +
fxx))] - (3*I)*x(1 + E~((2*I)*e))*PolyLogl[3, -E~((-2*I)*(e + f*x))])*Secle
1)/ (E~(I*e)*£74) — (((3*I)/4)*a~2%bxckd~ 2% (2*f~2*x" 2+ (2xfxx - (3*I)*(1 + E
~((2*I)*e))*Logl[l + ET((-2xI)*(e + £*xx))]) + 6%(1 + E~((2%I)*e))*f*x*PolyL
ogl2, -E~((-2*I)*(e + f*xx))] - (3*I)*(1 + E~((2*I)*e))*PolyLog[3, -E~((-2*
D=*(e + f*x))])*Sec[el)/(E~(I*xe)*£73) + ((I/4)*b~3kcxd™ 2% (2+f "2%x" 2% (2*xf*x
- (B*I)*(1 + E~((2*I)*e))*Log[1l + E((-2*I)*(e + £xx))]) + 6x(1 + E~((2%I
)*e))*fxx*PolyLog[2, -E~((-2*I)*(e + f*x))] - (3*I)*(1 + E~((2*I)*e))*Poly
Log[3, -E~((-2*I)*(e + f*x))])*Secle])/(E~(I*e)*f~3) - (((3%I)/8)*a"2xb*d"~
3*E~ (Ixe) * ((2x£~4%x~4) /E~((2*%I)*e) - (4*xI)*(1 + E~((-2%I)*e))*f 3*x"3*Log[
1 + ET((-2xI)*(e + £xx))] + 6%(1 + E~((-2xI)*e))*f"2*x"2*PolyLog[2, -E~((-
2xI)*(e + £xx))] - (6xI)*(1 + E~((-2%I)*e))*f*xx*xPolyLog[3, -E~((-2*I)*(e +
fxx))] - 3%(1 + E7((-2xI)*e))*PolyLog[4, -E~((-2xI)*(e + f*x))])*Seclel)/
£74 + ((I/8)*b"3*d"3*E~ (I*e)* ((2*xf~4*x~4) /E~((2*I)*e) - (4*I)*(1 + E~((-2%
I)*e) ) *£~3*xx"3*Log[1 + E~((-2*I)*(e + £*xx))] + 6%(1 + E~((-2%I)*e))*f ~2%x"
2xPolyLog[2, -E~((-2*I)*(e + f*x))] - (6*I)*(1 + E~((-2%I)*e))*f*x*PolyLog
[3, -E"((-2*I)*(e + f*x))] - 3*%(1 + E~((-2*I)*e))*PolyLog[4, -E~((-2*I)*(e
+ fxx))])*Seclel)/f74 + ((b"3*c™3 + 3*b~3*c™2xd*x + 3%b~3*c*d"2%x"2 + b~3
*d"3xx"3)*Sec[e + £*x]72)/(2+f) - (3*b~3xc*d~2*Sec[e]*(Cos[e]*Logl[Cosle...

output

Rubi [A] (verified)

Time = 1.29 (sec) , antiderivative size = 612, normalized size of antiderivative = 1.00,

number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3(a + btan(e + fx))3 dzx
| 3042
/ (c + dz)3(a + btan(e + fz))*dz

l 4205
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/ (a®(c + dz)® + 3a®b(c + dz)* tan(e + fz) + 3ab®(c + dz)® tan®(e + fz) + b(c + dz)* tan’(e + fz)) dz

l 2009

a3(c+dz)*  9a%bd?(c + dz) PolyLog (3, —e%(c+f2))
4d B 2f3 +
9ia?bd(c + dz)? PolyLog (2, —e?(¢+f®))  3a2b(c + dz)3 log (1 + %(c+f2))
22 B f T
3iab(c + dz)*  9ia®bd® PolyLog (4, —e?(¢+f2))  9iab?d?(c + dz) PolyLog (2, —e?(e+/2))
4d B 4f4 - 73
9ab?d(c + dz)?log (1 + e2i(e+f”)) + 3ab%(c + dz)3tan(e + fr) 3iab?(c+dzx)3
2 f f
3ab?(c + dz)*  9ab?d® PolyLog (3, —e2i(e+f‘”)) 3b3d?(c + dz) PolyLog (3, —eQi(e"'fz))
77 B 2f4 + 23
3b3d?(c + dx)log (1 + €¥(¢T/2))  3ib3d(c + dx)? PolyLog (2, —e%(c/2))
e - 212
3b3d(c+ dz)?tan(e + fz) = b3(c+ dx)3log (1 + €2(e+/2))  p3(c + dz)3 tan?(e + fx)
+ + +
2f2 f 2f
3ib3d(c+dz)?  B(c+dx)®  ibP(c+dx)t  3ib3d3 PolyLog (2, —e?i(e+f2))
212 2f 4d + 214
3ib3d® PolyLog (4, —eZi(¢+/2))
4f4

+

+

input T0tL(c + dxx)"3%(a + bxTan[e + £+x])"3,x]




output
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(((3*I)/2)*¥b~3*d*(c + d*x)~2)/£72 - ((3xI)*axb~2x(c + d*x)~3)/f + (b~3*(c
+ d*xx)73)/(2%f) + (a~3*(c + d*x)~4)/(4xd) + (((3%I)/4)*a~2xb*x(c + d*x)~4)/
d - (3*a*b”2x(c + d*x)~4)/(4*d) - ((I/4)*b~3*(c + d*x)~4)/d - (3*b~3*d~2%(
c + d*x)*Logl[l + E~((2*%I)*(e + £*x))])/£"3 + (9*axb~2*d*(c + d*x)~2xLog[1
+ ET((2xI)*(e + £*x))])/£f72 - (3*%a~2*%b*(c + d*x) " 3*Log[l + E"((2*xI)*(e + £
*x))]1)/f + (b7™3x(c + d*x)~3*Log[l + E"((2*¥I)*(e + £*x))1)/f + (((3*I)/2)*b
~3%d"3*PolyLog[2, -E~((2*I)*(e + £*x))]1)/£f"4 - ((9%I)*axb~2+%d"2*(c + d*x)*
PolyLog[2, -E~((2*I)*(e + £*x))])/£73 + (((9%I)/2)*a"~2*b*d*(c + d*x) 2*Pol
yLogl[2, -E~((2*I)*(e + £*x))]1)/£72 - (((3*I)/2)*b~3*d*(c + d*x) 2*xPolyLogl
2, “E7((2xID)*(e + f*x))])/£72 + (9%axb~2+d"3*PolyLogl[3, -E~((2*xI)*(e + f*x
N1/ (2%x£74) - (9%a~2*bxd"2+(c + d*x)*PolyLogl[3, -E~((2*I)*(e + £*x))]1)/(2
*£73) + (3*%b”3*d"2x(c + d*x)*PolyLogl[3, -E~((2*I)*(e + £*x))]1)/(2%x£73) - (
((9%I)/4)*a~2xb*d"3*PolyLog[4, -E~((2*xI)*(e + £*x))])/f"4 + (((3%I)/4)*b"3
*d~3*%PolyLog[4, -E~((2*%I)*(e + f*x))])/f"4 - (3*b~3*d*(c + d*x) 2*Tan[e +
f*x])/(2%£72) + (3*axb"2x(c + d*x) "3*Tan[e + fxx])/f + (b~3*(c + d*x) " 3%*Ta
nle + £*x]72)/(2*f)

Defintions of rubi rules used

rule 2009" Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],

x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

~

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1929 vs. 2(544) = 1088.

Time = 1.00 (sec) , antiderivative size = 1930, normalized size of antiderivative = 3.15
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method | result size

risch Expression too large to display | 1930

e

inputLint((d*x+c)"3*(a+b*tan(f*x+e))‘3,x,method=_RETURNVERBOSE)

|

d"2*a~3*kcxx"3+3/2xd*a”3*c”2*x"2+a"3*xCc"3*x-3/4*d" 3*a*b~2*x"4-3*a*b”"2*c”3*x~
3/4/d*axb”~2%c"4+Ixb"3%c~3*x+1/4%1/d*b"3*c"4+3/4*I*d"3*a"2*b*x"4-3/2*I*b" 3%
d*c™2*x"2+9/2%a*b~2xd"3*polylog(3,-exp (2*I* (fxx+e))) /£ 4-I*d"2xb " 3*c*x~3-3
*Q"2%a*b~2%c*x"3-9/2*d*axb”2%cT2kx " 2+b 2% (—6x I ¥bkckd " 2*x+18* Ikakckd " 2*Lf*kx"
2+2%bxd " 3*f*x"3*exp (2% I* (f*x+e) ) -3*xI*bxc~2xd*exp (2*I* (f*x+e) ) -6+ I*b*c*kd 2%
x*xexp (2% Ix (fxx+e) ) +6*I*xa*xc 3kfxexp (2% I* (f*x+e) ) +6*bkckxd~2*xf*x"2*exp (2*xI* (£
*xx+e) ) —3*xI*b*d~3*x"2+18*I*a*xc”™2xd*f*x*exp (2*%I* (f*x+e) ) -3*%I*b*xd~3*x"2*exp (2
*I* (fxx+e) ) +6xb*xc ™ 2kd*fxx*exp (2*xI* (fxx+e) ) —3*xI*b*c~2xd+6*I*a*d~3*f*x"3*exp
(2%Ix (f*x+e) ) +18*I*xakxc 2kd*f*x+2*¥bxc 3*f*xexp (2*xI* (f*x+e) ) +6xI*axd " 3*f*x" 3+
18xIxa*ckd~2*f*x"2%exp (2*%I* (f*x+e) ) +6*%I*kaxc™3*f) /£72/ (1+exp (2*I* (f*x+e)) )~
2+1/4*%d"3*%a"~3*x"4+1/4/d*a"3*c"4-2/f*b"3*c"3*1n(exp (I* (f*x+e)))+1/f*¥b"3%c~3
*1n (1+exp (2*I* (£*x+e)))-1/4*I*b~3*d"~3*x~4-36*I/f ~2*b~2xd 2*c*a*exx+1/f*xb"3
*d"3*1n(1+exp (2*xI* (fxx+e) ) ) *x~3-6/f 4*b~3*exd~3*1n(exp (I* (f*x+e)))+2/f"4*Db
~3%e"3*d"3*1n(exp (I* (f*x+e)))+3/2/£"3*b~3*d"3*polylog(3,-exp(2*xI* (f*x+e)))
*x-3/£"3%b~3*d"3*1n(1+exp (2*I* (f*x+e) ) ) *x+3/2/£ " 3*%b~3*c*xd~2*polylog(3,-exp
(2%I*(f*x+e)))+6/f*b*a~2*c~3*1n(exp (I* (f*x+e)))-3/f*b*a~2*c~3*1ln(1+exp(2*I
* (fxx+e)))+6/£"3*b~3*c*d"2*1n(exp (I* (f*x+e)))-3/£"3*%b"3*c*xd~2*1n(1+exp(2*I
*x (fxx+e)))-3/2*%I/£~4*b"3*d"3%e 4+3*I1/f~2*%b"3*%d"3*x"2+3*I/f 4*b~3*%d"3*e~2+1
8*I1/f*b*d*c~2%a " 2kexx—18*1/f ~2*%b*e~2+d"2*c*a~2*x+9*1/f ~2*b*a~2*c*d " 2*polyl
0g(2,-exp(2xI* (fxx+e)) ) *x-3*I*a~2%b*kc~3*x-3/4*1/d*a"2*bxc~4+3/fxb~3*d*c. . .

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1177 vs. 2(530) = 1060.

Time = 0.11 (sec) , antiderivative size = 1177, normalized size of antiderivative = 1.92

/(c + dz)3(a + btan(e + fx))* dz = Too large to display

inputLintegrate((d*x+c)‘3*(a+b*tan(f*x+e))*3,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 389

output

1/8x(2x(a~3 - 3*a*b”2)*d"3xf"4*x"4 + 3xI*(3*a"2*b - b~3)*d"3*polylog(4, (t
an(f*x + e)”2 + 2xIxtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 3*I*(3*%a"2xb
- b™3)*d"3*polylog(4, (tan(f*x + e)~2 - 2xI*tan(f*x + e) - 1)/(tan(f*x +
e)”2 + 1)) + 4x(b~3*%d"3*f"3 + 2%(a”"3 - 3*a*b”2)*xckxd"2*f"4)*x"3 + 12*%(b~3*c
*d"2*%f~3 + (2”3 - 3*a*b"2)*c"2xd*f"4)*x"2 + 4k (b"3*d"3*f"3*%x"3 + 3*b"3*kc*d
“2xf73%x72 + 3*xb"3*c”2xd*f73*%x + b7 3*c”3*f"3)*xtan(f*x + e)72 + 4% (3*b"3xc”
2%d*xf~3 + 2*(a”3 - 3*axb"2)*c"3*f"4)*x - 6x(I*(3*a”2%b — b"3)*d"3*f 2*x"2
- 6xI*a*xb~2kc*d~2*f + I*b"3*d"3 + I*(3*a~2*b - b~3)*c~2xd*f~2 - 2*I*x(3*a*xb
~2%d"3%f - (3%a"2%b - b~3)*c*xd"2*f~2)*x)*dilog(2*(I*tan(f*x + e) - 1)/(tan
(fxx + )72 + 1) + 1) - 6%(-I*(3*a”~2%b - b~3)*d"3*f"2*x~2 + 6*I[*a*b~2*c*d"
2xf — I*b~3*%d"3 - I*(3*a~2%b - b~ 3)*c™2*d*f~2 + 2*I*k(3*axb~2+%d"3*f - (3*a”
2xb - b73)*ckd"2xf72) *x) *dilog(2x (-I*tan(f*x + e) - 1)/(tan(f*x + e)”2 + 1
) + 1) - 4x((3*%a"2%b - b~3)*d"3*xf"3*x"3 - 9*a*b"2*c"2xd*f"2 + 3*kb"3kckd"2*
f + (3*%¥a™2%b - b"3)*c"3*f"3 - 3*(3*a*xb"2*xd"3*xf"2 - (3*a"2%b - b"3)*c*xd"2*f
~3)*x72 — 3*%(6*axb"2%c*d"2*%f72 - b~3xd"3*f - (3*a"2%b - b"3)*c”2xd*f"3)*x)
*log(-2* (Ixtan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) - 4%((3*a"2%b - b~3)*d~
3*f"3*%x"3 - 9*axb"2xc"2xd*f"2 + 3*b"3*kc*kd"2*f + (3*a"2b - b~3)*c"3*f"3 -
3% (3*a*b~2xd"3*%f"2 - (3*a"2*b — b~ 3)*kc*kd"2*xf"3)*x"2 - 3*k(6*axb”"2*cxd"2*f"2
- b™3*%d"3*f - (3*a~2*b - b~3)*c"2xd*f~3)*x)*log(-2*(-I*tan(f*x + e) - 1)/
(tan(f*x + )72 + 1)) + 6*%(3*a*xb™2+%d"3 - (3*a~2*b - b~3)*d"3*f*x - (3*a...

Sympy [F]

/ (c + dz)(a + btan(e + fz))* dz = / (a+btan (e + f2))° (c + do)® da

inputt

integrate ((d*x+c)**3* (atb*tan (f*x+e) ) **3,x)

-

outputt

Integral((a + b¥tan(e + f*x))**3*(c + d*x)**3, x)

| —




inputt

output

-

\
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 6861 vs. 2(530) = 1060.

Time = 8.17 (sec) , antiderivative size = 6861, normalized size of antiderivative = 11.21

/(c +dz)3(a + btan(e + fx))* drz = Too large to display

integrate ((d*x+c) "3*(a+bxtan(f*x+e)) 3,x, algorithm="maxima")

-/

1/4% (4% (f*x + e)*a~3*c™3 + (f*x + e) 4*xa~3*%d~3/f"3 - 4*x(f*x + e) " 3*%a~3*d"3

xe/f"3 + 6x(f*x + ) 2*a~3*xd"3xe"2/f"3 - 4x(f*x + e)*a~3*%d"3*e”3/f"3 + 4x(
fxx + e) " 3*%a"3xcxd"2/f72 - 12x(£f*x + e) "2*%a"3xc*xd"2*xe/f"2 + 124 (f*x + e)*a
“3xckd"2xe”2/f72 + 6x(f*x + e) "2%a~3*kc”2xd/f - 12%(fxx + e)*a~3*kc " 2xd*e/f
+ 12%a”~2+bxc”3*log(sec(f*x + e)) - 12*%a~2+b*d"3*e"3*log(sec(f*x + e))/f"3
+ 36*%a”2*bkcxd"2*e"2*xlog(sec(f*x + e))/f72 - 36%a”2*bxc~2*d*exlog(sec(f*x
+ e))/f - 4% (72xaxb~2xd"3*e”3 - 72*a*b~2*c"3*%f~3 - 3*(3*a”"2*b + 3*I*a*xb~2
- b73)*(f*xx + e)"4*d"3 + 36%b"3*d"3*e”2 + 12*%((3*a”2*b + 3*I*xa*xb”2 - b"3)*
d"3*e - (3*a”2%b + 3*I*axb”™2 - b~3)*ckxd"2*f)*x(f*x + e)~3 - 18*((3*a~2*b +
3*xI*xa*xb™2 — b"3)*d"3*e”2 - 2*x(3*a"2xb + 3*xI*a*b~2 — b~ 3)*kc*kd " 2*xe*f + (3*a”
2xb + 3*%I*axb™2 - b~ 3)*c™2*d*f"2)* (f*x + e)”2 + 36x(6*axb”~2xc"2xd*e + b~ 3*
c™2xd)*£72 + 12+ ((3*I*a*xb”2 - b~3)*d"3*e”3 + 3*(-3*I*a*xb”2 + b~3)*c*xd"2*e”
2xf + 3% (3*%I*axb™2 — b~3)*c 2xd*e*f~2 + (-3*I*axb~2 + b~3)*kc 3*f"3) *(f*x +
e) — 72+ (3*xa*b~2xc*kd"2*xe”2 + b~ 3*ckd"2*e)*f + 4x(3*b~3*xd"3*e~3 - 3*b”"3*c”
3*%f73 - 27*axb"2xd"3*e”"2 + 4% (3*%a"2%b - b"3)*(fxx + e)"3*d"3 - 9*b~3*d"3*e
- 9% (3*a*xb~2*xd"3 + (3*a"2%b - b"3)*d"3*e - (3*a"2*b - b"3)*c*d"2*f)* (f*x
+ e)72 + 9% (b~ 3*%c"2xd*e — 3*kaxb"2*c”2*d)*f72 + 9*(6xaxb"2*d"3*e + b~3*d"3
+ (3*%a”2%b - b"3)*d"3*e"2 + (3*a”2%b — b"3)*c"2*d*f"2 - 2% (3*axb"2*cxd"2 +
(3*a"2%b - b~ 3)*kc*kd"2*xe) *f)*x(f*x + e) - 9k (b 3*c*kd"2*e”2 - 6ka*b 2kckd 2%
e — b"3*%cxd"2)*f + (3*b"3*d"3*e”3 - 3*b"3*c"3*f"3 - 27*a*b"2*%d"3*%e"2 + ...
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Giac [F]

/(c +dz)*(a+ btan(e + fz))* dx = / (dz +c)®(btan (fz +e) +a)® dz

input ‘ integrate ((d*x+c) ~3*(a+b*tan(f*x+e))~3,x, algorithm="giac") ‘

output tintegrate((d*x + c) 3% (bxtan(f*x + e) + a)~3, x) J

Mupad [F(-1)]

Timed out.

/(c +dz)*(a+ btan(e + fz))* dr = / (a+btan(e + fz))°* (c+dx)’ dx

input Lint((a + bxtan(e + f*x)) 3*(c + d*x)~3,x) J
output Lint((a + bxtan(e + f*x))~3*(c + d*x)~3, x) J
Reduce [F]

/(c +dz)*(a+ btan(e + fz))* dz
_ 4([tan (fz + e)’ z3dz) Bd®f2 + 12( [ tan (fz + )’ 22dz) b3cd® f2 + 12( [ tan (fz + €)’ zdz) b3cd f?

input 10t ((d*x+) "3 (atbrtan(f+x+e))"3,x) )
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(4xint (tan(e + f*x)**3kx**3,x)*¥b**x3kd**3*xf**2 + 12*int(tan(e + f*x)*k*k3*xx**
2,x%) *b*x*x3*kckd*x*k2xf*x*x2 + 12xint(tan(e + f*x)**3%x,x)*b**x3kck*x2*xd*f**x2 + 12%
int(tan(e + f*x)*x**3,x)*a*x*2xbxd*x*x3xf**2 + 36*int(tan(e + f*xx)*x**2,x)*ax
*2*%bkckdx*x2*xf**%2 — 36*int(tan(e + f£*x)*x**2,x)*a*bkx*x2xd**3*f + 36*int (tan(
e + f*xx)*x,x)*ax*x2xbkckk2xd*xf**2 — 72xint (tan(e + f*x)*x,x)*a*xbk*2kckdr*2*
f + 6xlog(tan(e + f*x)**2 + 1)*ax*2kbkxc*x*3xf — 18+log(tan(e + f*x)**2 + 1)
xaxb*x2*c*k*x2+%d - 2xlog(tan(e + f*x)**x2 + 1)*b*k*3kck*3*f + 2+tan(e + f*x)**
2%b**x3kck*3*%f + 12%xtan(e + £*x)*axb*x2xcx*3*xf + 36*tan(e + f*x)*kakxbk*x2kck*
2+dxf*x + 36*tan(e + f*xx)*axbxk2kckdrk2+xfxx*k*2 + 12*%tan(e + f*xx)*axbx*k2*d*
*3%kFkxk%k3 + 4kaxk3kCkkIkTkkDkx + Bkakk3kCkkkdkfkkQkx*k%2 + 4kakk3kckd*xx2*f
*%kkxk*k3 + a*kkIkdkk3IkFkkDkxkk4q — 12%akbk*k2kckk3kf*kQkx — 18%kakbk*k2kckkQxdx*
fxk2kxk*2 — 12ka*b*xkkckdk*2kL*kkx*k*k3 — Ikakbkkkd**3*kf*x*kkx*k*4) / (4*f**2)

output
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393

3.50

Optimal result
Mathematica [B] (warning: unable to verify)
Rubi [A] (verified)

Maple [B] (verified)
Fricas [A] (verification not implemented)

Sympy [F]

Maxima [B] (verification not implemented)
Giac [F] . .
Mupad [F(-1)]

Reduce [F]

[(c+dz)*(a+ btan(e + fz))’ dz

294
299)
296)
298]
299
400!
400!

402
402!
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Optimal result

Integrand size = 20, antiderivative size = 427

_ 3iab?(c + dz)” + b*(c + dz)? + a(c+ dz)?
f 2f 3d
ia®b(c+dx)®  ab’(c+dz)®  ib*(c+ dx)®
d d 3d
6ab?d(c + dz) log (1 + e2(e+/2))
Iz
3a?b(c + dz)? log (1 + e2(c+/2))
f .
b3 (c+ dz)?log (1 + e%(e+/o))
" f
b3d? log(cos(e + fz))
_ .
3iab®d? PolyLog (2, _e2i(e+fw))
_ E
3ia’bd(c + dz) PolyLog (2, —e?(¢+/®))
+
Iz
ib3d(c + dz) PolyLog (2, —eZi(e+fw))
_ =
3a2bd? PolyLog (3, —e2(+/2))
2f3
b3d? PolyLog (3, —e?(¢+/2))
+ 23
b*d(c + dz)tan(e + fx)
_ A
3ab?(c + dx)? tan(e + fz)
f
b3(c + dz)? tan?(e + fx)
+ oF

/(c +dz)*(a+ btan(e + fz))* dz =
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I*a~2%b* (d*x+c) ~3/d+1/2%b~3* (d*x+c) ~2/f+1/3*%a"3* (d*x+c) “3/d-3*I*a*xb~2* (d*x
+c) "2/f-axb~2% (d*x+c) "3/d-Ixb~3*d* (d*x+c)*polylog(2,-exp (2*I* (f*x+e)))/f"2
+6*a*b”~2+d* (d*x+c) *1n(1+exp (2% I* (f*x+e))) /£72-3*%a~2*b* (d*x+c) “2*1n(1+exp(2
*I* (fxx+e))) /f+b~3* (d*x+c) “2*1n(1+exp(2*xI* (f*x+e)))/f-b~3*d"2*1n(cos (f*x+e
)) /£73+3*%I*a”~2*xb*d* (d*x+c) *polylog(2, -exp(2*I* (f*x+e)))/£72-1/3*I*b~3* (d*x
+c) ~3/d-3xI*a*b~2*d"2*polylog(2,-exp (2*I* (f*x+e))) /£~3-3/2*a"~2%b*d~2*polyl
0g(3,-exp(2*%I*(f*x+e)))/£"3+1/2%b"3*d"2*polylog(3,-exp (2*I* (f*x+e))) /£~ 3-b
~3*d* (d*x+c) *tan(f*x+e) /£72+3*%axb~2* (d*x+c) "2*xtan (f*x+e) /£+1/2xb~3* (d*x+c)
~2xtan(f*x+e) ~2/f

output

N

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1846 vs. 2(427) = 854.

Time = 7.05 (sec) , antiderivative size = 1846, normalized size of antiderivative = 4.32

/(c +dz)*(a + btan(e + fz))® dz = Too large to display

inputtlntegrate[(c + d*x)~2*(a + b*Tan[e + f*x])~3,x]




CHAPTER 3. LISTING OF INTEGRALS 396

((=1/4*I)*a~2xb*d~2* (2*f ~2xx 2% (2xf*x - (3*I)*(1 + E~((2xI)*e))*Log[l + E~
((-2*%I)*(e + £*x))]) + 6%x(1 + E~((2*I)*e))*f*x*PolyLog[2, -E~((-2*I)*(e +
fxx))] - (3*I)*(1 + E~((2*I)*e))*PolyLogl[3, -E~((-2*I)*(e + f*x))])*Secl[el
)/ (E™(I*xe)*£73) + ((I/12)*b~3%d~2*(2*f~2xx" 2% (2*xf*x - (3*I)*(1 + E~((2*I)*
e))*Log[l + ET((-2*I)*(e + f*x))]) + 6*%(1 + E~((2%I)*e))*f*x*PolyLog[2, -E
“((-2*%ID)x(e + £*x))] - (3*I)*(1 + E~((2*I)*e))*PolyLog[3, -E~((-2*I)*(e +
f*x))])*Seclel)/(E~(I*e)*£~3) - (b~3xd~2*Sec[e]*(Cos[e]*Log[Cos[e]*Cos [f*x
] - Sin[e]l*Sin[f*x]] + f*x*Sin[e]))/(£73*(Cos[e]”2 + Sin[e]~2)) + (6*a*b~2
xcxd*Sec [e] *(Cos [e] *Log[Cos [e]*Cos [f*x] - Sin[e]l*Sin[f*x]] + f*x*Sin[e]))/
(£72%(Cos[e]l"2 + Sin[e]~2)) - (3*a~2*b*c~2*Sec[e]*(Cos[e]l*Log[Cos[e]*Cos[f
*x] - Sin[e]*Sin[f*x]] + f*x*Sin[e]))/(f*x(Cos[e]~2 + Sin[e]"2)) + (b~3*c~2
*Sec [e] *(Cos [e]*Log[Cos[e]*Cos [f*x] - Sin[e]l*Sin[f*x]] + f*x*Sin[e]))/(£*(
Cos[e]"2 + Sin[e]~2)) + (3*a*b~2xd"2*Cscle]l*((£"2*x"2)/E~ (I*ArcTan[Cot [e]]
) — (Cot[e]l*(I*f*xx*x(-Pi - 2%ArcTan[Cot[e]]) - PixLogl[l + E~((-2*I)*f*x)] -
2% (f*x - ArcTan[Cot[e]])*Logl[l - E~((2*I)*(f*x - ArcTan[Cot[el]))] + PixL
ogl[Cos[f*x]] - 2*ArcTan[Cot[e]l]l*Log[Sin[f*x - ArcTan[Cot[e]]]] + I*PolyLog
[2, E"((2*xI)*(f*x - ArcTan[Cot[el]))]1))/Sqrt[1 + Cot[e]~2])*Secle])/(£73%S
qrt[Cscl[e] "2*(Cos[e] "2 + Sin[e]~2)]) - (3*a~2*b*cxd*Cscle]*((f72*xx~2)/E~ (I
*ArcTan[Cot[e]l]) - (Cot[el*(I*f*x*(-Pi - 2*ArcTan[Cot[e]]) - PixLog[1i + E~
((-2%I)*f*x)] - 2x(f*x - ArcTan[Cot[el])*Log[l - E~((2*I)*(f*x - ArcTan...

output

Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 427, normalized size of antiderivative = 1.00,

number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)%(a + btan(e + fx))3 dx
| 3042
/ (c + dz)2(a + btan(e + fz))*dz

l 4205




CHAPTER 3. LISTING OF INTEGRALS 397

/ (a®(c + dz)? + 3a®b(c + dz)? tan(e + fz) + 3ab®(c + dz)* tan®(e + fz) + b(c + dz)? tan®(e + fz)) dz

| 2009
a3(c+dz)®  3ia®bd(c + dz) PolyLog (2, —%(+f2))  3a2b(c + dz)?log (1 + eZi(e+/2))
3 T z - f *
ia?b(c + dzx)®  3a?bd?PolyLog (3, —¥(¢+f2))  6ab?d(c + dx) log (1 + e%(e+f2))
- + +
d 2f3 2
3ab?(c + dz)? tan(e + fx) B 3iab?(c + dzx)? B ab®(c + dx)3 B
f f d
3iab%d? PolyLog (2, —e%(¢*f2))  ib3d(c + dz) PolyLog (2, —eile+f2))
f3 - f? -
B3d(c+ dz)tan(e + fz) b(c+ dz)?log (1 + *(H®)  p3(c 4+ dx)?tan(e + fz)
7 + ; + T +
W(c+dx)®  ibP(c+dx)® N b3d? PolyLog (3, —e2i(e+/2)) _ b°d*log(cos(e + fx))
2f 3d 23 73

input‘ Int[(c + d*x)"2*(a + bxTan[e + f*x])~3,x] ‘

((-3*I)*a*b~2*(c + d*x)~2)/f + (b~3*(c + d*x)~2)/(2xf) + (a~3*(c + d#*x)~3)
/(3xd) + (Ixa~2*b*(c + d*x)~3)/d - (axb~2*(c + d*x)~3)/d - ((I/3)*b"3*(c +
d*x)~3)/d + (6*a*b~2*d*(c + d*x)*Logl[l + E~((2*I)*(e + £f*x))])/£72 - (3*a
“2xb*x(c + d*x)~2xLogl[l + E"((2xD)*(e + f*x))]1)/f + (b™3*(c + d*x) 2*Logl[1

+ ET((2%I)*(e + £*xx))])/f - (b~3*d"2*Log[Cos[e + £*x]])/£"3 - ((3*I)*a*b~2
*d~2*%PolyLog[2, -E~((2*I)*(e + £*x))])/£73 + ((3*I)*a~2*b*d*(c + d*x)*Poly
Log[2, -E~((2*I)*(e + f*x))])/£f72 - (I*b~3*d*(c + d*x)*PolyLog[2, -E~((2*I
Yx(e + £xx))])/£72 - (3*a~2*b*d"2*PolyLog[3, -E~((2*I)*(e + f*x))])/(2*£f"3
) + (b"3xd"2+PolyLog[3, -E~((2*I)*(e + £*x))]1)/(2%£73) - (b~3xd*(c + d*x)*
Tan[e + £xx])/£72 + (3*axb”2*(c + d*x) " 2xTan[e + f*x])/f + (b"3*(c + d*x)~
2+Tan[e + £*x]~2)/(2*f)

output
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Defintions of rubi rules used

rule

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4205

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

e

input L

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1137 vs. 2(393) = 786.

Time = 0.86 (sec) , antiderivative size = 1138, normalized size of antiderivative = 2.67

method | result size
risch Expression too large to display | 1138

int ((d*x+c) “2* (a+b*tan (f*x+e)) ~3,x,method=_RETURNVERBOSE)

~—
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12+I/fxbxa”~2*c*d*xexx—-3/2%a~2*b*d~2*polylog(3,-exp (2+xI* (f*x+e))) /£ 3+2%b"2%
(3*I*axd~2+f*x"2xexp (2% I* (f*xx+e) ) +6kIxaxckd*rfxxxexp (2xI* (fxx+e) ) +bkd~2*f*x
~2%exp (2%xI* (f*x+e) ) +3*I*kaxc™ 2xf*exp (2xI* (f*x+e) ) +3*I*ka*xd ™ 2xf*x~2-I*b*d " 2+*x
*xexp (2% I* (f*xx+e) ) +2¥bxckxd*f*x*exp (2% I* (f*x+e) ) +6*[*axckxd*f*x—I*b*ckd*exp (2
*I* (fxx+e) ) +tbxc 2% f*exp (2*I* (f*x+e) ) +3*I*kaxc™2+f-I*bxd ~2*x—-I*b*xc*d) /£72/ (1
+exp (2xI* (f*x+e))) "2+d*a~3*cxx"2+a " 3*c 2*x-d"2*a*b~2*x"3-3*a*b”"2*c”"2*x-1/d
*axb~2xc~3+I*b~3*c”2*x+1/3*I/d*b~3*c~3+1/3*%d"2*a~3*x~3+1/3/d*a"3*c~3+6/f*b
*a~2%c”~2x1n (exp (I* (f*x+e)))-3/fxb*a~2*c~2*1n (1+exp (2*xI* (f*x+e)))-2/£"3%b"3
*e”2xd"~2*1n (exp (I* (f*x+e)) ) +1/f*b~3*%d"2*1n (1+exp (2+I* (f*x+e)) ) *x"2+4/3+I/f
“3%b~3%d"2*e"3-2/f*b~3*c~2*%1n(exp (I* (f*x+e)))+1/£¥b"3*c”"2+1n (1+exp (2*I* (f*
x+e)))+2/£73xb~3%d"2*1n (exp (I* (fxx+e)) ) -1/£73*xb~3%d"2*1n (1+exp (2*I* (f*x+e)
))=1/3%I*b~3%d"2*x"3-I*d*b~3*c*x~2-3*d*a*b~2xcxx~2+I*d~2%a"~2*b*x~3-3*I*a~2
*b*c~2+x-1/d*a"~2%b*c~3-12/f"2xb*exd*a~2*c*1n(exp (I* (f*x+e)))-6/f*b*xa~2xc*d
*1n (1+exp (2*I* (f*x+e))) *x+1/2¥b~3*d"2*polylog(3,-exp (2*I* (f*x+e))) /£~ 3-4*1
/E*¥b~3*c*d*e*x-12*%I1/f~2¥b~2*a*d~2*e*x+3*I1/f~2*b*a~2*c*xd*polylog(2,-exp(2*I
*x (fxx+e)))+3*%I/f"2xb*a"2*d"2*polylog(2,-exp (2*I* (f*x+e))) *x+6%I/f~2*b*a~2%
ckd*e”2-6%I/f " 2xb*a~2*d"2%e”2*x-3*I*a*b~2xd~2*polylog(2,-exp(2*xI* (f*x+e)))
/£73+3%I*d*a~2%b*c*x~2+6/f ~2%b~2*a*d~2*1n(1+exp (2*xI* (f*x+e) ) ) *x-2*I/f~2%b"
3*c*xdxe”2-6%I/fxb~2%a*d"2xx"2+2*I/f " 2xb"3*d"2*e " 2*x—-6+1/f "3*b"2*a*xd"2*e"2-
4%I/f~3%bxa"~2+d"2%e~3-I1/f 2*b~3*c*d*polylog(2,-exp (2*I*(f*x+e)))-I/£ 2. ..

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 688, normalized size of antiderivative = 1.61

/(c + dz)?(a + btan(e + fz))® de = Too large to display

’integrate((d*x+c)“2*(a+b*tan(f*x+e))‘3,x, algorithm="fricas")

N

input
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1/12%(4*(a~3 - 3*axb~2)*d"2*f"3xx~3 - 3*(3*a"2xb - b~3)*d"2*polylog(3, (ta
n(f*x + e)”2 + 2*Ixtan(f*x + e) - 1)/(tan(f*x + e)~2 + 1)) - 3*(3*a™2xb -
b~3)*d"2*polylog(3, (tan(f*x + e)~2 - 2xI*tan(f*x + e) - 1)/(tan(f*x + e)”
2+ 1)) + 6%x(b73*%d"2*%f"2 + 2x (a3 - 3*a*xb”2)*kcxd*f~3)*x"2 + 6% (b~ 3kd"2*xf"2
*X72 + 2xb73*kckd*fT2%x + b 3*cT2*xf"2)*xtan(fkx + e) 72 + 12%(b"3kckxd*xf"2 + (
a~3 - 3*axb”2)*c"2*f"3)*x - 6x(-3*I*xa*b"2*xd"2 + I*(3*a~2*b - b~3)*d " 2*f*x
+ I*(3*a”2%b - b~3)*ckd*f)*dilog(2* (Ixtan(f*x + e) - 1)/(tan(f*x + e)~2 +

1) + 1) - 6%(3*I*a*xb”2%d"2 — I*(3*a"2*b — b~3)*d"2*f*x - I*(3*a~2*b - b~3)
*xckd*f)*dilog (2% (-I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1) + 1) - 6%((3*a”
2%b - b"3)*d"2*xf"2%x"2 - 6%a*b~2xcxd*f + b~3*%d"2 + (3*%a~2%b - b~3)*kc 2%f"2

- 2%(3%axb~2xd"2xf - (3%a”2%b - b73)*ckd*f~2)*x)*log(-2*(I*tan(f*x + e) -

1)/ (tan(f*x + e)72 + 1)) - 6%((3*a”2%b - b~3)*d"2*f~2*%x"2 — 6*axb”~2*ckdx*f

+ b"3*%d"2 + (3*%a"2*b - b"3)*kc"2*f"2 - 2% (3*a*xb"2*xd"2xf - (3*a"2*b - b~3)*
cxd*f~2) *xx) *log(-2*x(~I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) + 12x(3*axb
"2 2%fT2%x 72 + 3xaxb”2*%c”2xf"2 - b 3kckd*f + (6kaxb 2*ckdkf"2 - b~3kd"2*
f)*x)*tan(f*x + e))/f"3

output

Sympy [F]

/(c +dz)*(a+ btan(e + fz))* dx = / (a + btan (e + fx))° (c + dz)* dz

p

Lintegrate((d*x+c)**2*(a+b*tan(f*x+e))**3,x)

-/

input

outputtlntegral((a + bxtan(e + £*x))**3x(c + d*x)**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3407 vs. 2(384) = 768.

Time = 1.59 (sec) , antiderivative size = 3407, normalized size of antiderivative = 7.98

/(c + dz)?*(a + btan(e + fx))* dz = Too large to display
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input ‘ integrate ((d*x+c) ~2* (a+bxtan(f*x+e))"3,x, algorithm="maxima")

output

input

output

1/3x (3% (f*x + e)*a”3*c™2 + (f*xx + e) " 3*a"3*d"2/£f72 - 3x(f*x + e) " 2*a"3*d"2
xe/f~2 + 3x(f*x + e)*a”"3*d"2%e"2/f72 + 3x(f*x + e) 2*a"3*c*d/f - 6x(f*xx +
e)*a~3xcxd*e/f + 9*a~2*b*c”2*log(sec(f*x + e)) + 9*a~2*b*d~2*e~2*log(sec(f
*x + e))/f72 - 18%a~2*bkckd*exlog(sec(f*x + e))/f + 3*(36*axb~2xd"2xe"2 +
36*axb”"2xc”2*%f72 + 2% (3*a”2%b + 3*I*xa*b”2 - b 3)*(f*x + e) " 3*xd"2 + 12*b"3*
d"2*e - 6x((3*a"2xb + 3*I*axb"2 - b~3)*d"2xe - (3*a"2xb + 3*I*xa*b"2 - b~3)
xcxd*xf) % (fxx + )2 - 6%((-3*xI*a*xb~2 + b~3)*d"2%e~2 + 2% (3*I*a*b~2 - b~3)x*
ckdxexf + (-3xI*a*b”2 + b7 3)*c”~2*xf"2)*(f*x + e) - 12x(6*axb~2*ckdxe + b~3%
cxd)*f + 6%(b~3*%d"2%e”2 + b ~3*c"2%f"2 - 6*a*b~2xd"2%e - (3*%a"2xb - b~3)*(f
*X + e)72%d"2 - b"3*%d"2 + 2*x(3*a*b"2%d"2 + (3*%a"2*b - b"3)*d"2*e - (3*a~2*
b - b73)kckd*f) *(£*x + e) — 2x(b"3*ckd*e - 3*a*b”2*cxd)*f + (b~3*d"2*e”2 +
b~3*%c”2*f"2 - 6*a*b"2xd"2*e - (3*a"2%b - b~3)*(f*x + e)"2*%d"2 - b~3*%xd"2 +
2% (3*a*xb~2*%d"2 + (3*a"2*%b - b"3)*d"2*e - (3*a"2*b — b"3)*ckd*f)*(f*x + e)
- 2x(b"3*c*xd*e — 3*axb~2*c*d)*f)*cos(4*f*x + 4xe) + 2x(b"3*d"2*e”2 + b"3*
c~2*f"2 - 6*axb"2*d"2xe - (3*a"2*b - b73)*(f*x + e)72*xd"2 - b"3*d"2 + 2x(3
*¥axb"2*d"2 + (3*%a”2*%b - b"3)*d"2*%e - (3*%a”2*b - b"3)kckd*f)*(fxx + e) - 2%
(b~3*c*d*e - 3*axb~2kckd)*f)*cos(2xf*x + 2%e) - (-I*b~3*d"2*e”2 - I*b~3*c”
2xf~2 + 6xI*xaxb~2%d"2%e + (3*I*a~2%b — I*b~3)*(f*x + e)~2%d"~2 + I*b~3%d"2
+ 2% (-3%I*xa*xb~2%d~2 + (-3*I*a~2%b + I*b~3)*d"2%e + (3*I*a~2%b - I*b~3)*c*xd
*f)k(fxx + e) + 2% (I*b~3*ckxd*e - 3*xI*ka*xb~2kc*d)*f)*sin(4*f*x + 4*e) - 2...

Giac [F]

/(c +dz)*(a+ btan(e + fz))* dx = / (dz +c)’(btan (fz +e) + a)® dx

-

Lintegrate((d*x+c)“2*(a+b*tan(f*x+e))”3,x, algorithm="giac")

| —

Lintegrate((d*x + c)"2x(bxtan(f*x + e) + a)~3, x)
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Mupad [F(-1)]

Timed out.

/(c +dz)*(a+ btan(e + fz))* dr = / (a+btan(e+ fx))° (c+ dz)* dz

inputtint((a + bxtan(e + f*x))~3%(c + d¥x)~2,x%) J

output‘ int((a + b*tan(e + £*x))"3*(c + d*x)"2, x)

Reduce [F]

/(c +dz)*(a + btan(e + fx))®dz
_ 6([tan (fz +e)’ z%dz) Bd*f2 + 12( [ tan (fz + €)° zdz) b3ed f2 + 18( [ tan (fz + €) z%dx) a®b d?f? +

-

Lint((d*x+c)‘2*(a+b*tan(f*x+e))‘3,x)

~—

input

(6xint (tan(e + f*x)**x3kx**2,x) *b*x*x3kd**x2xf**2 + 12%int(tan(e + F*x)**3*x,x
) *bx*3xckd*xf**2 + 18+int(tan(e + £*x)*x**2,x)*ax*2xbxd*x*2+xf**2 + 36+int (ta
n(e + f*x)*x,x)*a*x*x2xbxckd*xf**2 — 36*int(tan(e + f*x)*x,x)*axb**x2kxd**2xf +
9xlog(tan(e + f*x)**2 + 1)*a*x2*bkck*2xf - 18xlog(tan(e + f*x)**x2 + 1)*ax*
b**2kcxd - 3*log(tan(e + f*x)**2 + 1)*b**3*c*k*2xf + 3*tan(e + f*x)**2xb*x3
*cxx2xf + 18*tan(e + f*x)*a*xb**2xc*x*x2xf + 36*tan(e + f*x)*a*b**x2xckdxf*xx +

18*tan(e + f*x)*a*b**Q*d**Q*f*x**2 + 6%a*k3kckk2kf*kk2%kx + B6*ka*kk3kckd*f**x2
*Xk%k2 + 2kakxk3kdkkQkfkkQkxk*k3 — 18%ka*kbkk2kCk*k2kf*k*k2%kx — 18kaxbkk2kckdxf*x*2
*x*k*%2 — Bkakbkxkkdx*kkfk*k2xx*k*x3) / (6*f*x*2)

output
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3.51 [(c+dz)(a+ btan(e + fz))° dzx

Optimal result . . . . . . . . . . . . . 403
Mathematica [A] (verified) . . . . . . . .. ... L L 404
Rubi [A] (verified) . . . .. ... .. .. 404
Maple [B] (verified) . . . . . . . . . ... 406
Fricas [A] (verification not implemented) . . . . . . .. ... ... .. .... 407
Sympy [F] . . o o 407
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 08|
Giac [F] . . . . o o 409
Mupad [F(-1)] . . . o o 409
Reduce [F] . . . . oo 409

Optimal result

Integrand size = 18, antiderivative size = 275

b¥dr a*(c+dz)?  3ia’b(c + dx)?

3y —
/(c + dz)(a + btan(e + fz))’ dx = of + o + -
_ 3ab’(c+dx)®  ib’(c+dz)?
2d 2d
3a2b(c + dx) ]_0g (1 + e2i(6+f;1;))
f .
b3(c + dz)log (1 + e%(e+f2)
f
3ab*dlog(cos(e + fz))
+
72
N 3ia’bd PolyLog (2, —e?(¢+/7))
212
ib3d PolyLog (2, —eZ(c+/2))
2f?

_ bdtan(e + fz) N 3ab?*(c + dz) tan(e + fz)

22 f
b3(c + dz) tan?(e + fx)
+ T
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1/2xb"3*d*x/f+1/2%a"3* (d*x+c) "2/d+3/2*I*a~2xb* (d*x+c) ~2/d-3/2*axb”~2* (d*x+c
)72/d-1/2%I*b"3* (d*x+c) ~2/d-3*a”~2xb* (d*x+c) *1n (1+exp (2*xI* (fxx+e)) ) /L+b~3*(
d*x+c)*1n(1+exp (2xI* (f*x+e))) /f+3*axb~2xd*1n(cos (f*x+e)) /£72+3/2*I*a~2*b*xd
*polylog(2,-exp(2*I* (f*x+e)))/£72-1/2%I*b~3*d*polylog(2,-exp(2*xI* (f*x+e)))
/£72-1/2xb"3*d*tan (f*xx+e) /£~ 2+3*a*xb~2* (d*x+c) *tan (f*+x+e) /£+1/2%b"3* (d*x+cC)
xtan (f*x+e) ~2/f

output

Mathematica [A] (verified)

Time = 8.10 (sec) , antiderivative size = 277, normalized size of antiderivative = 1.01

/(c +dz)(a + btan(e + fz))* dx
_ cos(e + fx) (cos®(e + fz) (—((e + fz) (—3ia’bd(e + fz) +ib3d(e + fz) + 3ab*(—de + 2¢f + dfz) + &

e

~—

inputLIntegrate[(c + d*x)*(a + b*Tan[e + f*x])~3,x]

(Cos[e + f*x]*(Cos[e + f*x] 2%(-((e + £*xx)*((-3*I)*a~2*b*d*x(e + f*x) + I*b
“3xdx(e + f*x) + 3xaxb~2x(-(d*e) + 2xcxf + dxfxx) + a~3*(-2xcxf + dx(e - f
*x)))) + 2xb*x(-3*a"2 + b~2)*d*(e + firx)*Log[l + E~((2*xI)*(e + f*x))] + 2*b
*(3xaxbkd + 3*xa~2*x(dxe - c*f) + b 2x(-(dxe) + cxf))*Logl[Cosl[e + f*x]]) - I
*b* (-3*%a~2 + b~2)*d*Cos[e + f*x] 2*PolyLogl[2, -E~((2*I)*(e + f*x))] + (b2
*(2%b*f*(c + d*x) + (-(bxd) + 6*axfx(c + d*x))*Sin[2+(e + £*x)]))/2)*(a +
bxTan[e + f*x])~3)/(2*%f"2x(a*xCos[e + f*x] + b*Sin[e + £f*x])~3)

output

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 275, normalized size of antiderivative = 1.00,

number of rules _ 167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(c + dz)(a + btan(e + fz))3 dx
| 3042
/@+d@m+bmme+ﬂm%x

l 4205

/ (a3(c + dz) + 3a®b(c + dz) tan(e + fz) + 3ab?(c + dz) tan®(e + fz) + b(c + dz) tan®(e + fz)) dz

| 2009
a®(c+dx)®>  3a”b(c+dz)log (1+ e2i(e+f2))  3i02b(c + da)?
2d | 7 2d
3ia%bd PolyLog (2, —e%(¢+f2))  34p2(c + dz) tan(e + fx) _ 3ab*(c+dx)®
22 f 2d
3ab2dlog(cos(e + fx)) = b3(c+dz)log (1 + eXEH2))  p3(c+ dz)tan?(e + fx)
2 + -
f [ 2f
ib3(c+ dz)®  ib®dPolyLog (2, —e*(*+/%))  p3dtan(e+ fz) bdw
2d 2f2 2f2 2f
inputtlnt[(c + d*x)*(a + bxTan[e + £*x])"3,x] J

(b~3*d*x)/(2*f) + (a~3*(c + d*x)~2)/(2%d) + (((3%I)/2)*a"2*b*(c + d*x)~2)/
d - (3xa*b"2*(c + d*x)"2)/(2xd) - ((I/2)*b~3*(c + d*x)~2)/d - (3*a"2xb*(c
+ d*x)*Log[1l + E~((2xI)*(e + £xx))])/f + (b~3*(c + d*x)*Logl[l + E~((2%I)*(
e + £xx))])/f + (3*axb~2*xd*Log[Cos[e + f*x]]1)/f~2 + (((3*I)/2)*a~2*b*d*Pol
yLog[2, -E~((2xI)*(e + £*x))])/£"2 - ((I/2)*b~3*d*PolyLog[2, -E~((2*I)*(e
+ f*x))]1)/£72 - (b"3*d*Tan[e + f*x])/(2%x£72) + (3*a*b~2*(c + d*x)*Tan[e +
fxx])/f + (b~3%(c + d*x)*Tan[e + f*x]~2)/(2*f)

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4205 Int[((c_-) + (d_-)*(x_))A(m_-)*((a_) + (b_.)*tan[(e_.) + (f_,)*(x_)])“(n__)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N J

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 492 vs. 2(245) = 490.

Time = 0.77 (sec) , antiderivative size = 493, normalized size of antiderivative = 1.79

method | result

. 2 2 . .2 2
risch —3abde” _ 3¢ b2cx — 3ia’bex + Habdz 4

b3dln(1+e%(f”3+e))a: 6b2adln(ei(f””+e)) 3b2adln(1+e2i(f””+e)
7 - I + 7

inputLint((d*x+c)*(a+b*tan(f*x+e))"3,x,method=_RETURNVERBOSE) J

—-3/2%axb~2*d*x"2-3%a*b”2xc*x+I*b"3*c*x+1/2%a " 3*kd*x"2+a 3k ckx+b 2% (6 [*axd*
fxx*exp (2xI* (fxx+e) ) +6xI*xa*ckfxexp (2% I* (f*xx+e) ) +2¥bxd*f*x*exp (2*I* (f*x+e))
+6x[kaxd*f*x-I*bxd*exp (2*I* (fxx+e) ) +2*bxckf*exp (2+xI* (f*x+e) ) +6xI*kaxcxf-I*b
*d) /£72/ (1+exp (2%I* (f*x+e))) "2-2/f*b"3*c*1ln (exp (I* (f*x+e)))+1/f*b~3*c*x1n(1
+exp (2*I* (f*x+e)))-1/2*I*b~3kd*x"2-3*I*a ~2xbkc*x+3/2*I*a ~2xb*d*x~2+1/f*b"3
*d*1n (1+exp (2xI* (fxx+e) ) ) *x-6/f"2+b~2*axd*1n (exp (I* (f*x+e)))+3/£ " 2*%b"2xax*d
*1n (1+exp (2*xIx (£xx+e)))+6/f*bka~2*c*1n (exp (I* (£xx+e)))-3/f*b*a~2*c*1n(1+ex
p(2*%Ix(f*xx+e)))+2/f~2%b"3*e*d*1n(exp (I* (f*x+e)))-I/£f"2xb"3*d*e~2-1/2*%I*b"3
*d*polylog(2,-exp(2*Ix (f*xx+e))) /f~2+6*%I/f*b*a~2xd*e*x—6/f "2*b*e*a~2*d*1n(e
xp(Ix(f*xx+e)))-3/f*b*a~2*d*1n(1+exp (2*I* (f*x+e)) ) *x+3*I1/f " 2%b*a~2*d*e~2-2%
I/fxb~3*d*e*xx+3/2*I*a~2xb*d*polylog(2,-exp(2*xI*(f*x+e)))/£"2

output
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 327, normalized size of antiderivative = 1.19

/(c +dz)(a + btan(e + fz))* dz

3 N 762 .9 - 9 3\ . [ 2(i tan(fz+e)—1) . 2 3\ 7 ;. [ 2(=i tan(fz+e)—1)
2(a®> — 3ab*)df*z* —i(3a b—b)dL12<m+1>+z(3a b—b)dL12< ton(fa-te)’ 11 +1>_

~

Lintegrate ((d*x+c)*(atbxtan(f*x+e))~3,x, algorithm="fricas")

-

input

1/4% (2% (a"3 - 3*a*xb™2) *d*f"2xx"2 - I*(3*a”2%b - b~3)*d*dilog(2* (I*tan(f*x
+ e) - 1)/(tan(f*x + e)”2 + 1) + 1) + Ix(3*a"2xb - b~3)*d*dilog(2* (-Ixtan(
fxx + e) - 1)/(tan(f*xx + €)72 + 1) + 1) + 2% (b~ 3*d*f*x + b ~3*c*f)*tan(f*x
+ e)72 + 2% (b~3xdxf + 2x(a”3 - 3*a*b"2)*xc*xf"2)*x + 2x(3*a*xb”2+d - (3*xa~2*b
- b73)*dxf*x - (3*%a"2xb - b~3)*cxf)*log(-2x(Ixtan(f*x + e) - 1)/(tan(f*x
+ e)”2 + 1)) + 2% (3*xaxb”2xd - (3*a"2*b - b"3)*d*f*x - (3*a~2*b - b~3)*c*f)
*log(-2*(-I*tan(f*x + e) - 1)/(tan(f*x + e)72 + 1)) + 2x(6*axb~2*d*f*x + 6
*axb~2xcxf — b~ 3*d)*tan(f*x + e))/f"2

output

Sympy [F]

/(c +dz)(a + btan(e + fz))*dr = / (a+btan (e + fx))* (c + dz) dx

-

~—

input tintegrate ((d*x+c) * (a+bxtan (f*x+e) ) **3,x)

-

LIntegral((a + btan(e + f*x))**3x(c + d*x), x)

~—

output




input L

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1319 vs. 2(239) = 478.

Time = 0.43 (sec) , antiderivative size = 1319, normalized size of antiderivative = 4.80

/(c +dz)(a + btan(e + fz))* dz = Too large to display

-

\

integrate ((d*x+c)*(at+b*tan(f*x+e))~3,x, algorithm="maxima")

-/

1/2% (2% (f*x + e)*a~3*c + (f*x + e) 2*a~3*d/f - 2x(f*x + e)*a~3xdxe/f + 6*a
~2sbxc*log(sec(f*x + e)) - 6%a~2*bxd*exlog(sec(f*x + e))/f - 2% (12*a*b~2*d
xe — 12%axb~2xc*xf - (3%a"2%b + 3*%I*a*xb™2 - b~ 3)*(f*x + e)~2%d + 2%xb~3%d +
2% ((3*I*a*xb™2 - b~3)*d*e + (-3*I*a*xb”2 + b~3)*cxf)*(f*x + e) + 2% (b~ 3*d*e
- b7 3*c*xf - 3*xaxb”2xd + (3*a”"2*b - b"3)*(f*x + e)*d + (b"3*d*e - b 3*cxf -
3*ka*xb”"2+%d + (3*%a"2xb - b"3)*(f*x + e)*d)*cos(4*xfxx + 4*e) + 2% (b~ 3*d*e -
b~ 3*xcxf — 3*a*b”2+%d + (3*%a"2*xb - b"3)*k(f*x + e)*d)*cos(2*xf*x + 2xe) + (I*b
“3xd*e - I*b~3xckf - 3*kI*axb"2*d + (3*I*xa”2+b — I*b~3)*(f*x + e)*d)*sin(4x*
f*x + 4%e) + 2% (Ixb"3*d*xe — I*xb~3*ckxf - 3*xI*a*b~2xd + (3*xI*a~2xb - I*xb~3)*
(f*x + e)*d)*sin(2xfxx + 2%e))*arctan2(sin(2*f*x + 2xe), cos(2xf*x + 2x*e)
+ 1) - ((3*%a”2xb + 3*Ixaxb™2 - b~ 3)*(f*x + e)~2+d - 2x(6*axb~2*d + (3*Ixax
b~2 - b~3)*dke + (-3*I*a*b~2 + b~3)*c*f)*(f*x + e))*cos(4*f*x + 4*e) - 2x(
(3¥a"2*%b + 3*I*axb™2 - b~3)*(f*x + e)"2xd - b~3*d - 2% (3*a*b~2 - I*b~3)*d*
e + 2%(3*xaxb”2 - I*b~3)*kc*f - 2*%((3*I*a*b~2 - b~3)*d*e + (-3*I*a*b~2 + b~3
Yxcxf + (3*a*b”2 + I*b~3)*d)*(fxx + e))*cos(2*f*x + 2xe) - ((3*xa"2*b - b~3
)Yxdxcos (4*xf*x + 4%e) + 2x(3*a"2xb — b~3)*d*cos(2*f*x + 2xe) + (3*xI*a"2*b -
I*b~3) *d*sin(4*xf*x + 4%e) - 2x(-3*xI*a"2*b + I*b~3)*d*sin(2*xf*x + 2*xe) + (
3*a~2%b - b~3)*d)*dilog(-e~ (2xI*f*x + 2xI*e)) - (I*b~3*d*e — I*b~3*kcxf - 3
*Ixa*xb~2xd + (3*xI*a~2*xb - I*xb"3)*(f*x + e)*d + (I*b~3*xd*e - I*b~3xckf - 3%
I*axb~2%d + (3*I*a~2%b - Ixb~3)*(f*x + e)*d)*cos(4*xfxx + 4*e) - 2x(-Ixb...
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Giac [F]

/(c+da:)(a+btan(e—|—fx))3 dz = /(dm+c)(btan (fr+e)+a)’de

inputLintegrate((d*X+C)*(a+b*tan(f*x+e))‘3,x, algorithm="giac") J

output Lintegrate((d*x + c)*(bxtan(f*x + e) + a)~3, x) J

Mupad [F(-1)]

Timed out.

/(c+dm)(a—|— btan(e + fz))3dx = / (a+btan(e + f2))° (c+dz) dz

tnput Lint((a + b*tan(e + f*x))"3*(c + d*x),x) J
output Lint((a + bxtan(e + f*x))"3*%(c + d*x), x) J
Reduce [F]

/(c—i— dz)(a + btan(e + fz))® dx
_ 2([tan (fz + e)’ zdz) b*d f2 + 6( [ tan (fz + €) zdz) abd f? + 3log(tan (fz + €)* + 1) abef — 3 log|

input tint((d*X+C)*(a+b*tan(f*x+e))*3,X) J

(2*%int (tan(e + f*x)**3*x,x)*b*x*x3*xd*f**2 + 6xint(tan(e + f*x)*x,x)*a**2*xb*xd
xf*xx2 + 3xlog(tan(e + fxx)**2 + 1)*ax*2xbxc*f - 3xlog(tan(e + f*x)*x2 + 1)
*xaxb**2*d - log(tan(e + f*x)**2 + 1)*b**3*c*xf + tan(e + f*x)**2*bx*3*cxf +
6xtan(e + f*x)*axb*x2xcxf + 6+tan(e + £*x)*a*xbk*2xd*f*xx + 2¥ak*3xc*f**2xx
+ a*xk3kdkf**k2kxk*kD — BkakxbkkkckLk*kQkx — 3Ikakxbkk2kdkxfx*kkx**x2)/ (2*xf*%2)

output




output

input

output
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(a+btan(e+fz))3

3.52 | g de

Optimal result . . . . . . . . . . . . . . e 410
Mathematica [N/A] . . . . . . . . . 410
Rubi [N/A] . . o 41Tl
Maple [N/A] . . . . A12
Fricas [N/A] . . . . o o 412
Sympy [N/A] . . 412
Maxima [N/A] . . . . . 413
Giac [N/A] .« . o o e 414
Mupad [N/A] . . .o 414
Reduce [N/A] . . . o 414

Optimal result

Integrand size = 20, antiderivative size = 20

(a+btan(e + fz))3

Tz da:zInt(

c+dx

(a+btan(e + fz))3 .

Y

)

LDefer(Int)((a+b*tan(f*x+e))“3/(d*x+c),X)

Mathematica [N/A]

Not integrable

Time = 13.63 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a+ btan(e + fx))3 dp — / (a+btan(e + fz))3

c+dx

c+dx

dz

' Integrate[(a + b*Tan[e + £*x])73/(c + d*x),x]

LIntegrate[(a + bxTan[e + f*x])~3/(c + d*x), x]




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+btan(e + fz))3
c+dz

l 3042

dxr

(a + btan(e + fx))
c+dx

l 4223

/ (a+ btan(e + fx))gdx
c+dz

3
dz

LInt[(a + bxTan[e + f*x]1)~3/(c + d*x),x]

L$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.50 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+btan (fz + e))3

d
dr +c v

input Lint ((a+bxtan (f*x+e)) "3/ (d*x+c) ,x)

output Lint ((atbxtan(f*x+e)) "3/ (d*x+c) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.60

/(a+btan(e+fz))3 dp — (btan (fz +€) +a)® i
c+dz dz +c

input Lintegrate ((a+bxtan(f*x+e)) 3/ (d*x+c),x, algorithm="fricas")

p
t‘ integral ((b~"3*tan(f*x + e)~3 + 3*axb~2*tan(f*x + e)~2 + 3*a"2*xbxtan(f*x +

outpu
'e) + a"3)/(d*x + c), x)

Sympy [N/A]
Not integrable

Time = 1.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(a+btan(e+ fz))® . [ (a+btan(e+ fz))’
/ c+dz do = / c+dz de

tnput Lintegrate ((a+bxtan (fxx+e) ) **3/ (d*x+c) ,x)
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output‘ Integral((a + b*tan(e + f*x))**3/(c + d*x), x)

Maxima [N/A]
Not integrable

Time = 2.80 (sec) , antiderivative size = 1935, normalized size of antiderivative = 96.75

/(a—l—btan(e—l—fm))?’ dp — (btan (fz +€) +a)® i
c+dx dr+c

p
input ‘ integrate ((at+b*tan(f*x+e)) "3/ (d*x+c),x, algorithm="maxima")

(((a™3 - 3*axb~2)*d~2*f~2*x~2 + 2*(a~3 - 3*a*b~2)*cxd*f~2xx + (a~3 - 3*a*b
"2)*c"2+f72) *cos(4xf*x + 4xe) "2xlog(dkx + c) + ((a”3 - 3*a*b~2)*d~2*f " 2*x~
2 + 2x(a”3 - 3*axb”2)*kckxd*f"2+x + (2”3 - 3*a*b"2)*c”2*xf"2)*log(d*x + c)*si
n(4xfxx + 4*e)”2 + 4% (b"3*d"2xf*xx + b~ 3kckd*f + ((a”3 - 3*axb~2)*xd"2xf " 2*x
72 + 2x(a”3 - 3%a*b”2)*cxd*f"2xx + (a”3 - 3*a*b~2)*c”2*f"2)*log(d*x + c))*
cos(2*fxx + 2xe) 2 + 4*x(b"3*d"2*f*x + b 3*xckd*f + ((a”3 - 3*xa*xb™2)*d"2*f"2
*x"2 + 2x(a”3 - 3*a*b~2)*kckd*xf~"2*x + (a”3 - 3*axb~2)*c”2*f"2)*log(d*x + c)
Y*sin(2*f*x + 2%e)”2 + (2% (b~3*d"2*f*x + b 3kckxd*f + 2x((a”3 - 3*axb~2)*d”
2%f"2%x72 + 2%(a”3 - 3xaxb”2)kckd*f"2xx + (a”3 - 3*axb~2)*c 2*f~2)*log(d*x
+ c))*cos(2xfxx + 2xe) + 2%((a”3 - 3*a*xb~2)*d~2%f"2%x"2 + 2%(a~3 - 3*axb”
2)xcxd*f"2xx + (2”3 - 3%axb~2)*xc”2xf72)*log(d*x + c) - (6*axb~2*d"2xf*xx +
6*axb”~2*ckxd*f + b~3*%d"2)*sin(2*f*x + 2%e))*cos(4*xf*x + 4*e) + 2% (b~ 3*d"2*f
*x + b7 3xcxd*f + 2% ((a”3 - 3*axb"2)*d"2xf"2*x"2 + 2%(a”3 - 3*axb”2)*xcxd*xf”
2xx + (2”3 - 3*axb”2)*c”2*f"2)*log(d*x + c))*cos(2xf*x + 2%e) - (d~3*f"2*x
2 4+ 2kckd"2*f72%kx + cT2*d*f72 + (d73kFT2%xx72 + 2kckd"2*f72%x + cT2*d*f”2)
*cos (4xfxx + 4*e) 2 + 4% (d"3*f72%x"2 + 2xckd"2xf"2%x + ¢ 2*d*f~2)*cos (2*xfx*
X + 2%e)”2 + (d73*%f72%x72 + 2kckd"2*f72%x + cT2xd*xf"2)*sin(4xfxx + 4*e) 2
+ 4% (Q73*f72%x72 + 2kckAT24fT2%x + cT2xd*xf"2) *sin(4xfxx + 4ke)*sin(2*f*x +
2xe) + 4x(d73*%f"2%x"2 + 2kckd"2+f"2kx + ¢ 2xd*f"2)*sin (2xfkx + 2%e) "2 + 2
*(d73*f"2%xx"2 + 2kckd"2*%f7T2%x + cT2xd*fT2 + 2% (d73kfT2%x"2 + 2kckd"2xf”. .,

output
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Giac [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(a+btan(e+fm))3 dp — (btan (fz +e) + a)° i
c+dx dr +c

tnput Lintegrate ((a+b*tan(f*x+e))~3/(d*x+c) ,x, algorithm="giac") J

output Lintegrate((b*tan(f*x + e) + a)~3/(d*x + ¢), x) J

Mupad [N/A]
Not integrable

Time = 9.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ btan(e + fx))3 (a+ btan(e + fx))?’
dx = dx
c+dz c+dz
input Lint((a + bxtan(e + f*x))"3/(c + d*x),x) J
output Lint((a + bxtan(e + f*x))~3/(c + d*x), x) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 86, normalized size of antiderivative = 4.30

(a+btan(e + fz))3 e

c+dzx
(f tan((iia_c'_-i;e):} dx) Bd 1+ 3(f %d@ ab?d + 3<f ta‘:g—jﬁje)dx> a?bd + log(dz + c) a®

d
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input Lint ((at+bxtan(f*x+e)) "3/ (d*x+c) ,x)

‘ (int(tan(e + f*x)**3/(c + d*x),x)*b**3*xd + 3*int(tan(e + f*x)**2/(c + d*x)
,X)*axbx*2xd + 3*xint(tan(e + f*x)/(c + d*x),x)*a*x*2xb*d + log(c + d*x)*a*x*
13)/d

output




CHAPTER 3. LISTING OF INTEGRALS 416

3.53 f (a+btan(e+f:1:))3 dx

(ct+dz)?
Optimal result . . . . . . . . . . . . e 4710
Mathematica [N/A] . . . . . . . . 416
Rubi [N/A] . . o 417
Maple [N/A] . . . . . 418
Fricas [N/A] . . . . o o 418
Sympy [N/A] . . o 418
Maxima [N/A] . . . . 419
Giac [N/A] . . o o 4201
Mupad [N/A] . . o oo A20)
Reduce [N/A] . . . o o 420

Optimal result

Integrand size = 20, antiderivative size = 20

(a+btan(e+ fz))® , (a+btan(e + fz))3
/ (c+ dx)? do = Int ( (c+ dz)? ’ x)

-

LDefer (Int) ((at+b*tan(f*x+e)) "3/ (d*x+c)~2,x)

| —

output

Mathematica [N/A]
Not integrable

Time = 16.87 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ btan(e + fz))? (a+btan(e + fz))3
dx = dz
(¢ +dz)? (c + dz)?
input [Integrate [(a + bxTan[e + f*x])~3/(c + d*x)"2,x] J
output LIntegrate[(a + b*Tan[e + f*x])~3/(c + d*x)"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+btan(e + fz))3
(c+dzx)?

l 3042

dxr

(a+btan(e + fz))3
(c+ dz)?

l 4223

dzx

(a + btan(e + fx))3

d
(c+ dz)? v

input L

Int[(a + b*xTan[e + f*x])~3/(c + d*x)~2,x] J

e

output t

$Aborted

~—

Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d#x) m*(a + bxTan[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable
Time = 0.60 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a+btan (fz + e))3
(dz + c)®

dx

input Lint ((atbxtan(f*x+e)) "3/ (d*x+c)~2,x)

output Lint ((a+b*tan(f*x+e)) "3/ (d*x+c)"2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.15

/ (a+btan(e + fz))* i (btan (fz +€) +a)® N
(c+ dx)? (dz + C)2

input ‘ integrate((a+b*tan(f*x+e)) 3/ (d*x+c)~2,x, algorithm="fricas")

‘integral((b“S*tan(f*x + e)”3 + 3*xaxb"2*tan(f*x + e)”2 + 3*a"2*bxtan(f*x +

output
‘e) + a~3)/(d"2%x"2 + 2%c*d*x + c~2), x)

Sympy [N/A]
Not integrable

Time = 2.38 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+btan(e+ fz))® [ (a+btan(e+ fz))’ .
/ (c+ dx)? de = / (c+ dx)2 d

input Lintegrate ((a+bxtan(fxx+e)) **3/ (d*x+c)**2,x)
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output‘ Integral((a + bxtan(e + f*x))**3/(c + d*x)**2, x)

Maxima [N/A]
Not integrable

Time = 9.60 (sec) , antiderivative size = 2194, normalized size of antiderivative =

109.70
/ (a+ btan(e + fx))3 (btan (fz +€) +a)®
2 dx = 5 dz
input[integrate((a+b*tan(f*x+e))*3/(d*x+c)*2,x, algorithm="maxima")

-((a™3 - 3*a*b™2)*d"2*f"2*%x"2 + 2%(a”3 - 3*a*b”2)*kckd*f"2*x + (a3 - 3*axb
“2)*%c”2%f72 + ((a”3 - 3*a*xb”"2)*dA"2xf"2%x"2 + 2% (a”3 - 3*axb~2)kckd*xf"2xx +
(a™3 - 3*xaxb~2)*c"2%f~2)*cos (4*f*x + 4%e)”2 + 4x((a~3 - 3*axb~2)*d 2%f "2
X2 - b™3xckd*f + (a~3 - 3*axb"2)*c"2*%f"2 - (b~ 3*d"2*f - 2*(a~3 - 3*a*xb~2)
*cxd*f~2) *x) *cos (2%f*x + 2*xe) "2 + ((a”3 - 3*a*xb”~2)*d~2*f"2*x"2 + 2*x(a"3 -
3*xaxb~2) xcxd*f"2xx + (2”3 - 3*ka*b"2)*kc"2*xf"2)*sin(4*fxx + 4xe)”2 + 4*x((a”3
- 3*%axb~2)*d"2*xf"2*%x"2 - b~ 3kckd*f + (a~3 - 3*kaxb"2)*c"2xf"2 - (b~ 3kd"2*f
- 2%(a”3 - 3*axb"2)*ckd*f~2)*x)*sin(2*xf*xx + 2xe) "2 + 2*%((a"3 - 3*axb~2)*d
"2xfT2xx72 + 2% (2”3 - 3*a¥xb"2)*xckd*f"2xx + (2”3 - 3*a*b"2)*c”2*xf"2 + (2*(a
3 - 3*%axb"2)*d"2*f"2%x"2 - b~ 3kckd*xf + 2*(a"3 - 3*a*b"2)*c"2*xf"2 - (b"3*d
~2xf - 4x(a”3 - 3*a*b”2)*kckd*f"2)*x)*cos(2xf*x + 2%e) + (3*axb~2xd"2xf*xx +
3xaxb~2xcxd*xf + b~3*xd"2)*sin(2*xf*x + 2%e))*cos(4*xf*x + 4%e) + 2% (2%(a~3 -
3*a*xb~2) *d"2+f"2%x"2 — b7 3*kckd*f + 2% (a”3 - 3¥a*b”2)*c"2*f"2 - (b"3xd"2*f
- 4x(a”3 - 3*axb~2)*ckd*f"2)*x)*cos(2xfxx + 2*xe) + (d"4*f"2%x"3 + 3*c*d”3
*F72xx "2 + 3kcT2kA"2*%f"2%x + cT3*%d*f"2 + (dT4*fT2%x"3 + 3kckd"3xfT2xx"2 +
3*%c72+%d"2%f72xx + c”3kd*f"2) *cos(4*f*x + 4xe) "2 + 4x(d"4*f"2%x"3 + 3*c*d”3
*f72%x72 + 3kcT2xA"2*%f72%x + c”3*d*f"2)*cos(2xf*x + 2%e)”2 + (d74*xf"2xx"3
+ 3kckd"3*¥£72%x72 + 3kcT2xd"2*f"2%x + c”3*d*f72)*sin(4xfxx + 4*e)”2 + 4%(d
“4xfT2%x"3 + 3kckd 3L T2%x"T2 + 3*%cT2%A72xf"2*x + c”3xd*f"2) ksin(4xf*x + 4%
e)*sin(2xfxx + 2xe) + 4k (d"4*f72%x"3 + 3*kckd"3*f"2kx"2 + 3*cT2*xd"2xf 2%, .,

output
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Giac [N/A]
Not integrable

Time = 25.52 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+btan(e+ fz))> . [ (btan(fz+e)+a)’ .
/ (¢ + dx)? de = / (dz + 0)2 d

input Lintegrate ((at+bxtan(f*x+e)) "3/ (d*x+c)~2,x, algorithm="giac") J

output Lintegrate((b*tan(f*x + e) + a)”3/(d*x + ¢)~2, x) J

Mupad [N/A]
Not integrable

Time = 9.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+btan(e+ fz))® , [ (a+btan(e+ fx))° .
/ (c+ dzx)? de = / (c+ dac)2 d

input Lint((a + bxtan(e + £*x))~3/(c + d*x)~2,x) J

-

Lint((a + bxtan(e + £*x))~3/(c + d*x)~2, x)

-/

output

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 237, normalized size of antiderivative = 11.85

(a + btan(e + fx))3
dx
(c+ dz)?
In 3 n 3 In 2 In 2
(f st ode) 03¢ + ([ g5 sde) edn + 3( [ p5Ueidde) ab?e® + 3( [ g do)

c(dz +c)
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input ‘ int ((at+bxtan (f*x+e)) ~3/ (d*x+c) ~2,x)

(int(tan(e + f*x)**3/(c**2 + 2xckd*xx + d**2xx**2) ,x)*b**3*xc**2 + int(tan(e
+ fxx)**3/(cx*2 + 2kckdxx + d¥k2kx**2) ,x)*kb*k*3*xc*kd*x + 3*int(tan(e + f*x)
**2/ (ck*x2 + 2kckdxx + d¥*k2kx*k*2) ,x)*kaxbxx2kxc**2 + 3xint(tan(e + f*x)**2/(c
**2 + 2xckd*x + dxk2kx**2) ,x)*kaxb**k2kckdxx + 3*kint(tan(e + f*xx)/(c**2 + 2%
ckd*x + d*x*2*x*k*2) ,x)*a**k2kbkxck*x2 + 3kxint(tan(e + f*x)/(ck*2 + 2*ckd*x + d
*2kx**2) ,X)kaxkkbkckd*x + a*x3*xx)/(c*x(c + d*x))

output




output
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3.54 [t gy
a+btan(e+fr)

Optimal result . . . . . . . . .. .. 422
Mathematica [A] (warning: unable to verify) . . . . . . ... ... ... ... 423
Rubi [A] (verified) . . . . . . . .. .. 123
Maple [B] (verified) . . . . . . . . . .. 427
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 428
Sympy [F] . . . 429
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 4301
Giac [F] . . . . o o 431]
Mupad [F(-1)] . . . 431
Reduce [F] . . . . 0 o 431

Optimal result

Integrand size = 20, antiderivative size = 243

2+b2)62i(e+fz) >

/ (c+dz)3 _ (c+dx) b(c + dz)*log <1 + 1 (a-tib)2

a+ btan(e + fx) v 4(a + ib)d

(a®+02) f

3ibd(c + dz)? PolyLog (2, — )" )

(a+1b)?

+

2(a + 02 f2

3bd?(c + dz) PolyLog (3, _ (a24b?)eiletS ”))

(a+ib)?

_|_

2 (a2 + ) f3

3ibd’ PolyLog (4, — 005" )

(a+1b)?

1@+ P) [

1/4x (d*x+c) "4/ (a+I*b) /d+b* (d*x+c) “3*1n(1+(a~2+b~2) xexp (2*I* (f*x+e) )/ (a+I*b
)"2)/(a~2+b~2) /£-3/2*Ixbxd* (d*x+c) “2*xpolylog(2,-(a~2+b~2) *exp (2*I* (f*x+e) )
/ (a+I%b)~2)/(a~2+b"2) /£72+3/2xb*d"~2* (d*x+c) *polylog(3,-(a~2+b~2) *exp (2*I*(
fxx+e))/(a+Ixb)~2)/(a"2+b"2) /£~3+3/4*I*b*d~3*polylog(4,-(a~2+b~2) *exp (2*I*

(f*x+e))/(a+I*b)~2)/(a~2+b"2)/f"4




input L

output
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Mathematica [A] (warning: unable to verify)

Time = 1.45 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.22

/ (c+dx)? i

a+ btan(e + fx)

a—+ib)e—2i(et+f=z)
lb 2(c + dz)* 4(c+ dz)3log (1 + %)
4\ (ia+b)d (—ib(—1+ e%e) + a (1 + e%*)) * (a2 +0%) f

3d <2z’f2(c + dzx)? PolyLog (2, M) + d<2f(c + dz) PolyLog (3, (

a—1ib

—a—ib)e2ietfx)
a—ib

) — idPol

" @+8)

z(4c® + 6c2dx + 4cd?x? + d3x3) cos(e)
4(a cos(e) + bsin(e))

Integrate[(c + d*x)~3/(a + b*Tan[e + f*x]),x]

(bx((-2%(c + d*x)~4)/((I*a + b)*d*((-I)*¥b*(-1 + E~((2*I)*e)) + ax(1 + E~((
2xI)*e)))) + (4*%(c + d*x)~3*xLogl[l + (a + Ix*b)/((a - I*b)*E~((2*I)*(e + f*x
)))1)/((@”2 + b™2)*f) + (3*xd*x((2*xI)*f~2*(c + d*x) 2*PolyLogl[2, (-a - Ix*b)/
((a - I*¥b)*E~((2*I)*(e + f*x)))] + d*(2xf*(c + d*x)*PolyLogl[3, (-a - I*b)/
((a - I*b)*E~((2*I)*(e + f*x)))] - I*d*PolyLogl[4, (-a - I*b)/((a - I*b)*E"~
((2xD*(e + £xx)))]1)))/((a”2 + b™2)*f74))) /4 + (x*(4*c™3 + 6*c™2*d*x + 4*c
*d"2%x"2 + d~3*x"3)*Cos[e])/(4*(a*Cos[e] + b*Sin[e]))

N J

Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.01,

number of rules _ 0.350, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4215, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(c+ dx)3
/ a+ btan(e + fx) dz

l 3042
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(c+dz)3
/ a+ btan(e + fz) de

l 4215
27,b/ e2i(etf) (c + dz)3 . (c+ dx)*
a +b)2 + (a2 + b2) e2i(etfz) 4d(a + ib)
l 2620
i e2i(et+fz) (424 p2 . a2+b2)e2i(etfz)
%ib 3id [(c + dz)%log <w + 1) dz  i(c+dz)dlog <1 + %)
’ 27 (a2 + 2) ) 27 (a2 + 52) "
(c+ dz)*
4d(a + ib)
| 3011
a24p2)2i(etfx) a24p2)2i(etfz)
i(c+dz)? PolyLog (2,— %) id [ (c+dz) PolyLog <2,— %) dz
3id - - :
i(c+ dz)3log (1 +
2ib -
2f (a® +b?)
(c + dx)*
4d(a + ib)
l 7163
‘ a2+b2)e2i(e+fz) ‘ (a2+b2)e2i(e+fz)
id [ PolyLog 3,—W dz  i(c+dz) PolyLog 3’_W
a2+b2)e2i(e+fz) id 7 -
Z(C+d{lf)2 POlyLOg <2,_W>
3id o7 - .
2ib
! 2f (a® + b?)
(c+ dx)*

4d(a + ib)



input
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| 2720
a2 2 eQi(e+fz) .
af e—2i(etfx) PolyLog (3,—%27) de2i(et+fz) i(c+dz) PolyLog (3"
22452) 2i(e+f2) id 2 -
i(c+dz)? PolyLog <2,—%7> “
2ib
2f (a® + b?)
(c+ dx)*
4d(a + ib)
l 7143
(a2+b2) e2i(e+fx) 4 (a2+b2)e2i(e+fz)
. d PolyLog <4,— W) i(c+dz) PolyLog (35— W)
a242) e2i(e+fz) % 2 -
i(c+dz)? PolyLog <2,—%7> 4f Y
3id oF - f
2ib
2f (a® + b2)
(c+ dx)*
4d(a + ib)

r

LInt[(c + d*x)~3/(a + b*Tan[e + f*x]),x]
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(c + dxx)"4/(4x(a + I*b)*d) + (2+I)*b*x(((-1/2*I)*(c + d*x) 3*Logl[l + ((a~2
+ b72)*E~((2%I)*(e + f*x)))/(a + I*b)~2])/((a”2 + b~2)*f) + (((3*I)/2)*d*
(((1/2)*(c + d*x)~2*PolyLog[2, -(((a~2 + b"2)*E~((2*I)*(e + f*x)))/(a + Ix
b)~2)1)/f - (I*d*(((-1/2*I)*(c + d*x)*PolyLogl[3, -(((a~2 + b~2)*E~ ((2*I)*(
e + f*x)))/(a + I*b)~2)])/f + (d*PolyLogl[4, -(((a"2 + b~2)*E~((2*I)*(e + £
xx)))/(a + I*b)~2)1)/(4*x£°2)))/£))/((a~2 + b~2)*f))

output

Defintions of rubi rules used

rule 2620 Int[(C(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, vl], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2720

rule 3011 Int[Logll + (e_)*((F_)~((c_)*((a_.) + (b_.)*(x_))))~(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x))) “nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4215

rule 7143

rule 7163

input L
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Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) "m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

Int[(Ce_.) + (£f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x))) “pl/(b*cxp*Log[F])), x] - Simp[f*(m/(b*c*p*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢

’ d, e, f’ n, p}, X] && GtQ[m, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1467 vs. 2(220) = 440.

Time = 0.61 (sec) , antiderivative size = 1468, normalized size of antiderivative = 6.04

method | result size

risch Expression too large to display | 1468

-

int ((d*x+c) 3/ (atb*tan(f*x+e)) ,x,method=_RETURNVERBOSE)

| —




output

inputt
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-3/£72/ (I*a+b) *b/ (-Ixb-a)*d~2*c*polylog(2, (a-I*b)*exp(2*I*(f*x+e))/(-I*b-a

p

))*x+6/£7°2/ (I*a+b) *b/ (-I*b-a) *e~2*c*d~2*x-6/f/ (I*xa+b) *b/ (-I*b-a) *c~2*d*e*x
-3/2*I1/£~3/(I*a+b)*b/(-I*b-a)*d~3*polylog(3, (a-I*b) *exp (2*I* (f*x+e))/(-I*b
-a) ) *x-I1/f"4/(I*a+b)*b*e~3*%d~3/ (a+I*b)*1n(I*b*exp (2*I* (f*x+e))—akxexp (2*I*(
fxx+e))-I*b-a)+2xI/f~4/(I*atb)*bxe~3*%d~3/(at+I*b)*1n(exp(I*(f*x+e)))-I/£/(I
*a+b) *b/ (-Ixb-a)*d~3*1n(1-(a-I*b)*exp (2*I*(f*x+e))/(-I*b-a))*x~3-1/f"4/(I*
a+b) *b/ (-I*b-a) *e~3*d~3*1n(1-(a-I*b)*exp (2*I* (f*x+e))/(-I*b-a))-3/2*xI1/£~3/
(I*a+b)*b/ (-I*b-a)*d~2*xc*polylog(3, (a-I*b)*exp(2*I*(f*x+e))/(-I*b-a))-d~2/
(I*b-a)*c*x~3-3/2*d/ (I*b-a)*c~2%x"2-1/4*d"3/ (I*b-a)*x~4-1/(I*b-a)*c~3*x-1/
4/d/ (Ixb-a)*c~4-1/2/(Ixa+b)*b/ (-I*b-a)*d~3*x~4-3/2/£"2/(I*a+b)*b/ (-Ixb-a) *
c~2*xd*polylog(2, (a-I*b)*exp (2*I*(f*x+e))/(-Ixb-a))+4/£"3/(I*a+b)*b/(-Ixb-a
)*e~3xcxd"2+I/f/(I*a+b)*bxc~3/ (a+I*b)*1n(I*bxexp (2*I* (f*x+e))-akxexp (2+I* (£
xx+e))-Ixb-a)-3/2/£72/(I*a+b)*b/(-I*b-a)*d~3*polylog(2, (a-I*b)*exp (2*I*(f*
x+e) )/ (~Ixb-a))*x~2-2/£73/(I*a+b) *b/ (-I*b-a) *d"3*xe~3*x-3/£"2/ (I*a+b)*b/(-I
*b-a) *c~2*d*e~2-2%I/f/(I*a+b)*bxc~3/(a+I*b)*1n(exp(I*(f*x+e)))-2/(I*a+b)*b
/ (-I*b-a)*d~2*c*x~3-3/2/£~4/(I*a+b)*b/(-I*b-a)*d"3*xe~4+3/4/£~4/ (I*a+b)*b/(
-Ixb-a)*d~3*polylog(4, (a-I*b)*exp(2*xI*(f*x+e))/(-I*b-a))-3/(I*a+b)*b/(-I*b
—a)*c"2*d*x~2-3%I/f/(I*a+b)*b/ (-I*b-a)*d~2*c*1n(1-(a-I*b)*exp(2*xI*(f*x+e))
/(-Ixb-a))*x~2+3*I/£~3/(I*a+b)*bke 2*c*d~2/(a+I*b)*1ln(I*b*exp (2*I*(f*x+e))
—axexp (2*I*(f*x+e))-I*b-a)-6%I/f"3/(I*at+b)*bxe~2*c*d~2/(a+I*b)*1n(exp(I...

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1183 vs. 2(212) = 424.

Time = 0.11 (sec) , antiderivative size = 1183, normalized size of antiderivative = 4.87

(c+ dx)3 B .
/ a + btan(e + f7) dx = Too large to display

integrate ((d*x+c) "3/ (at+b*tan(f*x+e)),x, algorithm="fricas")

-/




output

input

output
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1/8% (2%a*xd"3*f"4*x"4 + 8xaxckxd 2xf~4*x"~3 + 12%a*xc”2xd*xf~4*xx~2 + 8*akxc 3*f”
4xx - 3*Ixb*d~3*polylog(4, ((a”2 + 2*Ixaxb - b~2)*tan(f*x + e)"2 - a2 - 2
*Ixaxb + b"2 - 2k (-I*a"2 + 2*axb + I*b~2)*tan(f*x + e))/((a"2 + b~2)*tan(f
*x + e)”2 + a”2 + b72)) + 3*%Ixb*d~3*polylog(4, ((a"2 - 2*Ixa*b - b~2)*tan(
f*x + )72 - a”2 + 2xI*axb + b"2 - 2% (I*a~2 + 2*axb — I*b~2)*tan(f*x + e))
/((a”2 + b™2)*xtan(f*x + e)”"2 + a2 + b~2)) - 6x(-I*bkxd"3*f"2*x"2 - 2*Ixb*c
*q"2*%f"2xx — I*bxc~2*d*f~2)*dilog(2*((I*a*xb - b~2)*tan(f*x + e)”2 - a~2 -
I*axb + (I*a~2 - 2*a*b — I*b~2)*tan(f*x + e))/((a”2 + b~2)*tan(f*x + e)~2
+a"2 + b72) + 1) - 6*x(Ixb*d~3*f"2%x"2 + 2*xI*bxc*d 2+%f 2%x + Ix*bkxc ™ 2xd*f~2
)*dilog(2*((~I*a*b - b 2)*tan(f*x + e)”2 - a”2 + I*xa*b + (-I*a”2 - 2%a*b +
I*b"2)*xtan(f*x + e))/((a"2 + b™2)*tan(f*x + e)”2 + a”2 + b™2) + 1) + 4x(b
*d"3*%f73%x73 + 3*bkckd"2*xf"3*%x"2 + 3*bkc 2*kd*f " 3*%x + b*kd"3*e”3 - 3*xbxckxd"2
xe"2xf + 3*bxc”2kdxe*xf~2)*log(-2*((I*a*b - b~2)*tan(f*x + e)”2 - a”2 - I*a
*b + (I*a~2 — 2*a*xb - I*b"2)*tan(f*xx + e))/((a"2 + b"2)*tan(f*x + e)"2 + a
"2 + b72)) + 4x(b*d"3*f"3%x"3 + 3kbkxckd"2*xf"3*%x"2 + 3¥b*c”2*d*f"3*x + b*xd”
3%e”3 - 3*bxcxd"2*%e"2xf + 3*bxc 2*d*exf~2)*log(-2*((-I*a*b - b~2)*tan(f*x
+ e)”2 - a”2 + Ixaxb + (-I*a"2 - 2%a*b + I*b~2)*tan(f*x + e))/((a"2 + b~2)
xtan(f*x + €)72 + a”2 + b"2)) - 4*(b*xd"3*e~3 - 3*bkckxd"2*e”"2*f + 3*kbkc"2xd
*xexf~2 - bxc"3xf£73)*log(((I*xa*b + b"2)*tan(f*x + e)”2 - a”2 + Ixa*b + (I*a
~2 + Ixb~2)*tan(f*x + e))/(tan(f*x + e)”2 + 1)) - 4*x(b*d"3%e”3 - 3*b*c*...

Sympy [F]

(c+dz)? B (c + dz)®
/a-l—btan(e—i—fw) de _/a—i-btan(e—i-f:c) dz

p
Lintegrate((d*x+c)**3/(a+b*tan(f*x+e)),x)

| —

e

LIntegral((c + d*x)**3/(a + bxtan(e + f*x)), x)

~—




>

input |
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 983 vs. 2(212) = 424.

Time = 0.48 (sec) , antiderivative size = 983, normalized size of antiderivative = 4.05

(c+ dz)? B .
/ a + btan(e + fz) dz = Too large to display

integrate ((d*x+c) "3/ (at+b*tan(f*x+e)),x, algorithm="maxima")

output

-1/12%(18*c™2xd*ex (2% (f*xx + e)*a/((a”2 + b~2)*f) + 2xb*xlog(b*tan(f*x + e)
+ a)/((a”2 + b"2)*f) - bxlog(tan(f*x + e)”2 + 1)/((a”2 + b™2)*f)) - 6x(2x(
fxx + e)*a/(a”2 + b~2) + 2xb*log(bxtan(f*x + e) + a)/(a”2 + b~2) - bxlog(t
an(f*x + )72 + 1)/(a"2 + b72))*c"3 - (3*(f*x + e)”"4*(a - I*b)*d"3 + 12xIx*
b*d~3*polylog(4, (I*a + b)*e~(2xIxf*x + 2xIxe)/(-I*a + b)) - 12*%((a - I*b)
*d"3%xe — (a — I*b)*c*d"2*f)*(f*x + e)~3 + 18*((a - I*b)*d"3*e”2 - 2x(a - 1
*b)kckd"2ke*f + (a - I*b)*c™2xd*f~2)*(f*x + e)~2 - 12x((a - I*b)*d~3*e”3 -
3*%(a — I*b)*c*kd " 2xe " 2*f)*x(f*x + e) - 12*%(I*b*d"3*e”3 - 3*I*b*cxd"2*e”2*f)
*arctan2(-bxcos (2xf*x + 2%e) + axsin(2xfxx + 2%e) + b, a*cos(2xfxx + 2x*e)
+ b*sin(2xf*x + 2xe) + a) - 4*(4xI*(f*x + e) " 3*b*xd"3 + 9*x(-I*b*d"3*e + I*b
*ckd 2*F)k (Fxx + )72 + 9% (I*bxd"3*%e”2 - 2kIxbkckxd"2xe*xf + Ikbxc 2xd*xf~2)x*
(f*x + e))*arctan2((2*a*bkcos(2%f*x + 2%e) - (a~2 - b~2)*sin(2*f*x + 2%e))
/(@”2 + b"2), (2xaxb*sin(2xf*x + 2%e) + a2 + b™2 + (a2 - b~2)*cos(2xf*x
+ 2%e))/(a"2 + b72)) - 6x(4xI*x(f*x + e) 2%b*d"3 + 3*Ixbxd"3*e”2 — 6*xI*b*c*
d~2%e*xf + 3*I*bkc~2*d*f~2 + 6% (-I*bxd~3%e + Ixb*ckd 2xf)*(f*x + e))*dilog(
(I*a + b)*e” (2xI*xf*x + 2%Ixe)/(-I*a + b)) - 6x(b*d"3*e”3 - 3*bxcxd 2xe”2*f
)*¥log((a™2 + b~2)*cos(2xf*x + 2%e)~2 + 4*a*xb*sin(2*f*x + 2%e) + (2”2 + b~2
Yksin(2xf*x + 2*%e)”2 + a”2 + b"2 + 2%(a”2 - b"2)*cos(2*f*x + 2xe)) + 2x (4%
(f*x + e)~3*b*d~3 - 9x(b*d~3%e - bxc*xd"2*f)*(f*x + e)~2 + 9%(b*d"3*e~2 - 2
*¥bkckd"2%exf + bkcT2xd*f"2)*x(fxx + e))*1log(((a™2 + b~2)*cos(2*f*xx + 2*e...
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Giac [F]
/ a+ I()Ct;?: f o) = / btan(?;;fz; Ta®
input tintegrate ((d*x+c)~3/ (a+b*tan(f*x+e)),x, algorithm="giac") J
output Lintegrate((d*x + c)~3/(b*tan(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.
3 3
/ (c + dx) dm:/ (c+do)®
a+btan(e + fx) a+btan (e + fx)
input Lint((c + d*x)"3/(a + bxtan(e + £*x)),x) J
output Lint((c + d*x)"3/(a + bxtan(e + f*x)), x) J
Reduce [F]

(c+dz)?
/ a+ btan(e + fx) dz

z3 z3 z z
2<f tan(fac+e)b+adx> a2d3f + 2(.[ tan(fa:+e)b+adx> b2d3f + 6<f tan(fx+e)b+adx> (12Cd2f + 6<f tan(fz+e)b+

input Lint ((d*x+c) "3/ (a+bxtan (fxx+e)) ,x) J
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(2xint (x**3/(tan(e + f£*x)*b + a),x)*ax*x2xd**3*f + 2*int (x**3/(tan(e + f*x)
*b + a),x)*b**2xdxx3xf + 6xint (x**2/(tan(e + f£*x)*b + a),x)*kax*x2kxckd**x2%f
+ 6*%int (x*x*2/(tan(e + f*xx)*b + a),x)*xb**2xckd*x*2*xf + 6xint(x/(tan(e + f*x)
*b + a),x)*a**2kcxx2xd*f + 6xint(x/(tan(e + f£*x)*b + a),x)*bkx*x2kc**2*xd*xf -
log(tan(e + f*xx)**2 + 1)*b*c**3 + 2xlog(tan(e + f*x)*b + a)*bxcx*3 + 2kax
cx*3xf*xx) / (2%f*x (a**x2 + b**2))

output




output
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3.55 [t gy
) a+btan(e+fr)

Optimal result . . . . . . . . .. .. 433
Mathematica [A] (verified) . . . . . . ... ... L o 434
Rubi [A] (verified) . . . . . . . .. .. 434
Maple [B] (verified) . . . . . . . . . .. 437
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 438
Sympy [F] . . . 439
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 4401
Giac [F] . . . . o o 440
Mupad [F(-1)] . . . 441
Reduce [F] . . . . 0 o 441

Optimal result

Integrand size = 20, antiderivative size = 181

(c+dz)?
/ a+btan(e+ fz) " 3(a+ib)d

(a2+b2)e2i(e+fz)
_ (c+da)®  ble+d)log (1 T e )
(@+8) f
. a24-b2)e2i(etfx)
ibd(c + dz) PolyLog (2, —%)

+

@+ 9) 2

bd? PolyLog (3, _ () ePiteHo)

(a+1ib)?

)

2(a? +12) 7

‘1/3*(d*x+c)‘3/(a+I*b)/d+b*(d*x+c)‘2*ln(1+(a‘2+b‘2)*exp(2*I*(f*x+e))/(a+I*b

')72)/(a~2+b"2) /£72+1/2¥b*d"2%polylog (3, - (a~2+b"2) xexp (2+Ix (f*x+e) )/ (a+I*b

1)72)/(a”2+b"2) /£-T*b*dx (d*x+c) xpolylog(2,-(a~2+b~2) xexp (2*I* (fxx+e))/(a+I* |

)72)/(a~2+b72)/£73




input

output
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Mathematica [A] (verified)

Time = 1.30 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.30

/ (c+ dzx)? i

a+ btan(e + fx)

1 (_ 4(c+dz)3

=6\ TGat b)d (b (1 + eBe) + a1+ e9))

6(c + dz)?log (1 + —(a+ib)e_2i(e+fm)>

(a24+0%) f =
3d<2if(c + dz) PolyLog (2, M) + d PolyLog <3, W)) )

+

a—1ib

@+ 9)

+

z(3¢® + 3cdz + d*z?) cos(e)
3(acos(e) + bsin(e))

-

LIntegrate[(c + d*x)~2/(a + b*Tan[e + f*x]),x]

| —

(b*((-4x(c + d*x)~3)/((I*a + b)*d*x((-I)*b*(-1 + E7((2xI)*e)) + a*x(1 + E~((
2xI)*e)))) + (6*%(c + d*x)~2xLog[l + (a + I*b)/((a - Ixb)*E~((2*I)*(e + f*x
N1/ (@72 + b™2)*f) + (3*%d*((2*I)*f*(c + d*x)*PolyLog[2, (-a - I*b)/((a
- I*b)*E~((2*I)*(e + f*x)))] + d*PolyLogl[3, (-a - I*b)/((a - Ixb)*E~((2*I)
*x(e + £xx)))]1))/((a"2 + b72)%£73)))/6 + (x*(3*%c™2 + 3*xckd*x + d~2*x"2)*Cos
[e])/(3*(a*Cos[e] + b*Sin[el))

N\

Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.04,

number of rules _ 300, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4215, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ (c+ dz)? i
a+btan(e + fx)
l 3042
/ (c+dz)?
a+ btan(e + fz)
l 4215
2ib/ e?(e+12) (¢ 4 d)? . (c+dz)3
(a+1ib)2 + (a2 + b2) e2i(etf2) 3d(a + ib)
l 2620
. 2i(e+fz) (q24-p2 . a2+4b2)e2i(etfx)
0ib id [(c+ dz)log (% + 1) dz  i(c+dz)?log (1 + %)
¢ f (a2 + b?) B 2f (a2 + b2) +
(c+dz)3
3d(a + ib)
| 3011
a21p2)2i(e+fa) a21p2)2i(et+fx)
. i(c+dzx) PolyLog (2,—%) id [ PolyLog <2’_(+I;a)+ib)2> dx
t 27 - 2f i
0ib i(c + dz)?log <1 + %
’ f(a? +b2) - 2f (a? + b2)
(c+ dzx)3
3d(a + ib)
l'2720
' a2+b2)e2z‘(e+f:c) n a2+b2)e2i(e+f:v) '
i(c+dzx) PolyLog 2’_W d [ e=2i(e+f2) PolyLog 2’_W de2i(et+f=)
i(c+dz)?log
2ib —
’ f @ +2) 2f
(c+ dzx)3
3d(a + ib)

l 7143
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a24p2)2i(etfx) a24p2)2i(etfx)
. i(c+dz) PolyLog (2,— %) dPolyLog (3,— %)
t 2f - 4f2 i(e+fa
i(c+ dz)?log (1 + 7@%5_)‘_6;);
2ib -
’ F@2+02) 2f (a2 + b2)
(c+dz)3
3d(a + ib)

input‘ Int[(c + d*x)"2/(a + bxTan[e + f*x]),x]

(c + d*x)~3/(3*(a + Ixb)*d) + (2*xI)*b*x(((-1/2*I)*(c + d*x)~2xLogl[l + ((a~2
+ b72)*+E7((2xI)*(e + f*x)))/(a + I*b)"2])/((a”2 + b™2)*f) + (I*xd*x(((I/2)*
(c + dxx)*PolyLog[2, -(((a”2 + b"2)*E~((2*I)*(e + f*x)))/(a + I*b)"2)])/f

- (d*PolyLog[3, -(((a”2 + b"2)*E~((2*I)*(e + f*x)))/(a + I*b)~2)])/(4*£"2)
))/((@~2 + b~2)*f))

output

Defintions of rubi rules used

Int [(C(FL)~((g_)*((e_.) + (F_0*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[1l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2620

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2720




rule 3011

rule 3042

rule 4215

rule 7143
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Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp[2*Ixb 1In
t[(c + d*x) “m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 939 vs. 2(166) = 332.

Time = 0.55 (sec) , antiderivative size = 940, normalized size of antiderivative = 5.19

method | result

d?z3 dcz? Az c3 2bcd x> 4bcdex 2bcd e?

bed polylog (2, =

risch T3(ib—a)  ib—a  ib—a _ 3d(ib—a) _ (atb)(—ib—a) _ fliatb)(—ib—a) _ f2(atb)(—ib—a) _

input ‘ int ((d*x+c) "2/ (at+tb*tan(f*x+e)) ,x,method=_RETURNVERBOSE)




output

input
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/-1/3*d”2/(I*b—a)*x“B—d/(I*b—a)*c*x”2-1/(I*b-a)*c”2*x-1/3/d/(I*b—a)*c“3—2/(

I*a+b) *b/ (-Ixb-a)*c*d*x~2-4/f/(I*a+b)*b/ (-I*b-a)*c*xd*xe*xx-2/£~2/(I*a+b)*b/(
-Ixb-a)*cxd*e~2-1/£72/(I*a+b)*b/ (-I*b-a)*c*xd*polylog(2, (a-I*b)*exp (2*xI* (f*
x+e) )/ (-Ixb-a))-2/3/(I*a+b)*b/(-I*b-a)*d~2*x~3+4/3/£~3/(I*a+b)*b/(-I*b-a)*
e"3xd"2-I/f/(I*a+b)*b/(-I*b-a)*d~2*1n(1-(a-I*b)*exp(2*I*(f*x+e))/(-I*b-a))
*x~2+2/£72/ (I*a+b) *b/ (-I*b-a) *e~2*d~2*x-1/£"2/ (I*a+b) *b/ (-I*b-a)*d~2*polyl
0g(2, (a-I*b)*exp (2*I*(f*x+e))/(-I*b-a))*x+I/f/(I*a+b)*bxc~2/(a+I*b)*1n(I*b
*xexp (2xI* (f*x+e) ) —a*exp (2%I* (f*x+e))-Ixb-a)+I/£~3/(I*a+b)*b/(-I*b-a)*e~2*d
~2+1n(1-(a-I*b)*exp (2+I* (f*x+e))/(~I*b-a))+4*xI/f~2/(I*a+b) *bxe*xcxd/ (a+Ixb)
*1n (exp (I*(fxx+e)))-2%I/f/(I*a+b)*b/(-I*b-a)*c*d*1n(1-(a-I*b)*exp(2*I* (f*x
+e))/(-I*b-a))*x-2*I/£~3/ (I*a+b)*b*e~2*d~2/ (a+I*b)*1n(exp (I* (f*x+e)))-2*I/
£°2/(I*a+b)*b/ (-I*b-a)*cxd*1n(1-(a-I*b)*exp(2*I*(f*x+e))/(-I*b-a))*e-1/2+I
/£73/ (I*a+b)*b/(-I*b-a)*d~2*polylog(3, (a-I*b)*exp(2*I* (f*x+e))/(-I*b-a))-2
*I/f/(I*xa+b)*b*c”2/(a+I*b)*1n(exp(I*(f*x+e)))-2+xI/£72/(I*a+b)*b*e*c*xd/ (a+I
*b) *1n (I*xb*exp (2*I* (f*x+e) ) —a*exp (2*I* (f*x+e))-I*b-a)+I/£~3/ (I*a+b) *b*e~2%
d~2/ (a+I*b)*1n(I*b*exp (2*I* (f*x+e))-a*exp(2xI*(f*x+e))-I*b-a)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 834 vs. 2(160) = 320.

Time = 0.12 (sec) , antiderivative size = 834, normalized size of antiderivative = 4.61

(c+ dx)? .
L/a+bmme+f@dx oo large to display

|

integrate ((d*x+c) "2/ (at+bxtan(f*x+e)) ,x, algorithm="fricas")

| —




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 439

1/12% (4xa*d"2*£73%x"3 + 12kaxc*xd*f~3*x"2 + 12%a*xc”2xf"3*x + 3*b*d~2*polylo
g(3, ((a"2 + 2xI*a*b - b~2)*tan(f*x + e)72 - a”2 - 2*I*xaxb + b™2 - 2% (-I*a
2 + 2xaxb + I*b"2)*tan(f*x + e))/((a"2 + b"2)*tan(f*x + e)”2 + a”2 + b”2)
) + 3*bxd"2*polylog(3, ((a”2 - 2*I*a*b — b~2)*tan(f*x + e)”2 - a”2 + 2*I*a
*b + b"2 - 2x(I*a”"2 + 2*a*b - I*b~2)*tan(f*x + e))/((a"2 + b~2)*tan(f*x +
e)”2 + a”2 + b72)) - 6% (-I*b*d~2xfxx — Ixbxc*d*f)*dilog(2*((I*axb - b~2)*t
an(f*x + e)”2 - a”2 - I*a*xb + (I*a~2 - 2%axb - I*b~2)*tan(f*x + e))/((a"2
+ b"2)*tan(f*x + €)72 + a”2 + b"2) + 1) - 6% (I*bxd~2xf*x + Ixb*c*d*f)*dilo
g(2x((-I*a*xb - b~2)*tan(f*x + e)”2 - a”2 + I*axb + (-I*a"2 - 2xa*b + I*b~2
)*xtan(f*x + e))/((a”2 + b™2)*tan(f*x + e)"2 + a™2 + b™2) + 1) + 6x(b*xd~2*f
T2%x72 + 2xbkckd*fT2xx - b*d"2xe”2 + 2xbxckdkexf)*log(-2*((Ixaxb - b~2)*ta
n(f*x + e)”2 - a2 - I*axb + (I*a~2 - 2*xa*b - I*b~2)*tan(f*x + e))/((a"2 +
b~2)*xtan(f*x + )72 + a”2 + b72)) + 6k (b*d"2*f72%x"2 + 2xbxckxd*f~2*x - b*
d"2*e”2 + 2*bxckdxe*f)*log(-2*((-I*a*b — b~2)*tan(f*x + e)~2 - a~2 + I*axb
+ (-I*a~2 - 2*xaxb + I*b~2)*tan(f*x + e))/((a"2 + b~2)*tan(f*x + e)”2 + a~
2 + b72)) + 6%(bxd"2%e”"2 - 2¥bkckxdxe*f + bxc 2*f~2)*log(((I*a*b + b~2)*tan
(f*x + e)”2 - a~2 + I*axb + (I*a~2 + I*xb~2)*tan(f*x + e))/(tan(f*x + e)~2
+ 1)) + 6x(bxd"2%e”2 - 2%b*ckdxexf + bxc 2+f~2)*log(((I*a*b - b~2)*tan(f*x
+ e)72 + a”2 + Ixa*xb + (I*a~2 + Ixb~2)*tan(f*x + e))/(tan(f*x + e)”"2 + 1)

))/((a~2 + b~2)*£73)

Sympy [F]

(c+dz)? B (c + dz)®
/a—i—btan(e-l—fw)dx_/a—l—btan(e—l—f:c)dx

p
Lintegrate((d*x+c)**2/(a+b*tan(f*x+e)),x)

| —

e

LIntegral((c + dxx)**2/(a + bxtan(e + f*x)), x)

~—




>

input |
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 715 vs. 2(160) = 320.

Time = 0.40 (sec) , antiderivative size = 715, normalized size of antiderivative = 3.95

(c+ dz)? :
= 1 to displ
/ o+ btan(e £ f2) dx = Too large to display

integrate ((d*x+c) "2/ (at+b*tan(f*x+e)),x, algorithm="maxima")

output

input |

-1/6%(6xcxd*ex (2x(fxx + e)*a/((a”2 + b~2)*f) + 2*bxlog(b*tan(f*x + e) + a)
/((@a”2 + b~2)*f) - bxlog(tan(f*x + e)”2 + 1)/((a"2 + b™2)*f)) - 3*(2*x(f*x
+ e)xa/(a”2 + b"2) + 2xbxlog(bxtan(f*x + e) + a)/(a"2 + b"2) - bxlog(tan(f
*x + e)”2 + 1)/(a"2 + b72))*c”2 - (2*x(fxx + e)”"3*(a - I*b)*d"2 + 6x(f*xx +
e)x(a - I*b)*d"2*xe"2 + 6xIxbxd~2*e”2*xarctan2(-bxcos(2*f*x + 2*e) + ax*xsin(2
*f*x + 2%e) + b, axcos(2*f*x + 2*e) + bxsin(2*f*x + 2%e) + a) + 3*b*d"2*e”
2xlog((a™2 + b~2)*cos(2*f*x + 2%e) "2 + 4*xaxb*sin(2xfxx + 2*%e) + (a”2 + b™2
Yksin(2xf*x + 2*%e)”2 + a”2 + b72 + 2%(a”2 - b"2)*cos(2*f*x + 2xe)) + 3*xb*d
~2xpolylog(3, (I*a + b)*e” (2xIxfxx + 2xIxe)/(-I*a + b)) - 6x((a - Ixb)*d"2
xe — (a — Ixb)*cxd*xf)*x(fxx + e)72 - 6% (I*(f*x + e) 2xb*d"2 + 2% (-I*bxd"2+*e
+ Ixbxcxd*f)*(£f*xx + e))*arctan2((2*a*bkxcos(2xf*x + 2*e) - (a”2 - b~2)*sin
(2*f*x + 2%e))/(a”2 + b~2), (2*axbxsin(2xf*x + 2*%e) + a2 + b™2 + (a2 - b
“2)*cos(2xf*x + 2%e))/(a"2 + b"2)) - 6*%(I*x(f*x + e)*bxd"2 - I*b*d~2*e + Ix*
b*cxd*f)*dilog((I*a + b)*e” (2xI*f*xx + 2xI*xe)/(-I*a + b)) + 3*((f*x + e) 2%
b*d~2 - 2% (b*d"2%e - bxc*d*f)*(fxx + e))*1log(((a”2 + b~2)*cos(2xf*x + 2%e)
"2 + 4dxaxbxsin(2xf*x + 2%e) + (372 + b72)*sin(2*f*x + 2%e)”2 + a”2 + b"2 +
2%x(a”2 - b"2)*cos(2xf*x + 2xe))/(a”2 + b72)))/((a"2 + b~2)*£72))/f

Giac [F]

(c+ dzx)? B (dz + ¢)®
/a—}—btan(e—l—fx) dz = btan(fx—}—e)—l—adz

integrate ((d*x+c) "2/ (atb*tan(f*x+e)),x, algorithm="giac")
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OutputLintegrate((d*x + c)"2/(bxtan(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.
2 2
/ (c+dzx) dp — / (c+dx) i
a+ btan(e + fx) a+btan (e + fz)
input Lint((c + d*x)~2/(a + bxtan(e + £*x)),x) J
OutputLint((c + d*x)~2/(a + b*tan(e + f*x)), x) J
Reduce [F]

/ (c+ dx)? i

a+ btan(e + fx)

z? z2 b T '
_ 2(f mdfl)) a2d2f + 2<f md{l)) b2d2f + 4(f mdl’) azcdf + 4<f ma
of (a® + b2)

tint((d*x+c)‘2/(a+b*tan(f*x+e)),x)

e—

input

output‘(2*int(x**2/(tan(e + f*x)*b + a),x)*a**x2xd**2*xf + 2*int (x**2/(tan(e + f*x)
b + @) ,x)*kb¥*k2kdx*2+f + 4*int(x/(tan(e + fxx)*b + a),x)*a**2kcxd*f + 4%in
t(x/(tan(e + £¥x)*b + a),x)¥bxx2xckdxf - log(tan(e + f¥x)**2 + 1)¥bkck*2 +

‘ 2+log(tan(e + £*x)*b + a)*b¥xcx*2 + 2xakxckx*2xf*x)/(2xfx(ax*2 + b**2))
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3.56 [ dy

a+btan(e+fx)
Optimal result . . . . . . . . . . . . . 4472
Mathematica [A] (verified) . . . . . . . . ... L 442
Rubi [A] (verified) . . . . . . ... . A3
Maple [B] (verified) . . . . . . . . . .. 445
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 1761
Sympy [F] . . . o 446
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... 447
Giac [F] . . . o o 447
Mupad [F(-1)] . . . 448
Reduce [F] . . . . . o 148]

Optimal result

Integrand size = 18, antiderivative size = 125

(a2+b2)62i(e+f:v)
/ c+dz . (c+dz)?  blc+dz)log <1 T e >
a+btan(e+ fzr) ~  2(a+ib)d (a2 +b%) f
. a2+b2 e2i(e+fm)
~ ibd PolyLog (2, —%)
2(a? 1 82) /2

| 1/2%(d*x+c) "2/ (a+I#b) /d+bx (d*x+c) *1n(1+(a"2+b"2) *exp (2xI* (f*x+e)) / (a+I*b) ~
12)/(a~2+b72) /£-1/2%I*¥b*d*polylog(2,-(a~2+b~2) xexp (2+I* (fxx+e))/(a+I¥b)"2)/ |
\(a*2+b*2)/f*2 ‘

output

Mathematica [A] (verified)

Time = 1.40 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.42

a+ btan(e + fz) T = (a — ib)d (b — be2ie — ja (1 + e2ie))
(a+ib)e—2i(etf)
ble+ do) log (1 + T)
(a>+10) f
ibd PolyLog (2, w>

/ c+dz b(c+ dz)?

_|_

a—1ib

z(2¢ + dz) cos(e)

+ 2 (a? 4+ b?) f? 2(acos(e) + bsin(e))
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input‘ Integrate[(c + d*x)/(a + b*Tan[e + f*x]),x] ‘

output‘ (b*x(c + d*x)~2)/((a - I*¥b)*d*(b - b*E~((2*I)*e) - Ixax(1 + E~((2%I)*e)))) ‘
+ (bx(c + a*x)*Log[l + (a + I¥b)/((a - I#b)+E~((2+D)*(e + £*x)))1)/((a™2 +
| b72)*f) + ((I/2)*b*d*Polylogl2, (-a - I¥b)/((a - I*b)*E~((2*D)*(e + f*x)) |
D1/ ((a™2 + b2)*£72) + (xk(2%c + d*x)*Cos[e])/(2+(a*Cos[e] + b*Sin[e])) |

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.06,

number of rules __
integrand size 0.278, Rules

number of steps used = 6, number of rules used = 5,
used = {3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ c+dx e
a+ btan(e + fx)
| 3042
/ c+dx -
a+ btan(e + fz)
| 4215
2z'b/ e?(e+f2) (¢ 4 dx) . (c+dz)?
(a + ib)2 + (a2 + b?) e2i(etfx) 2d(a + 1b)
| 2620
. 2i(e+fz) (q24p2 X 24 p2)e2i(e+fz)
ot id [ log (% + 1) dz  i(c+dzx)log (1 + %) (c+ dz)?
! 2f (a2 + b?) N 2f (a2 + b2) 2d(a + ib)

l 2715
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(a+1ib)?

—9 2i(e+fz) (242 . A 24 p2) g2i(et+fx)
22b df e 2 (€+fil7) log (w + 1) d622(€+f$) B Z(C + daf;) log <]_ + %)

47 (@ + 57) 2f (@ + ) "
(c+ dx)?
2d(a + ib)
| 2838
. a2+b2 e2i(e+fx) a2+b2 e2i(e+fz)
%ib _Kc+d@kg<1+£—@%@7——)_deﬂmg@;J—jﬁﬁv——) (c + dz)?
2f (a® +b?) 412 (a? + b?) 2d(a + ib)

e

inputtlnt[(c + d*x)/(a + b*Tan[e + f*x]),x]

~—

‘(c + d*x)"2/(2%(a + I*b)*d) + (2%xI)*bx(((-1/2*I)*(c + d*x)*Logl[l + ((a~2 + \
| DT2)HET((2%D)*(e + £*x)))/(a + I¥b)721)/((a™2 + b™2)*f) - (d*PolyLogl2, -
(((@72 + b™2)*E~((2*ID)*(e + f*x)))/(a + I*b)"2)])/(4*x(a"2 + b72)*£72))

N J

output

Defintions of rubi rules used

rule 2620 TatLCCEF) (g ) *x((e.) + (£_)*(x_)))) " (_)*((c_.) + (d_)*(x))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

ruk32838‘Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
L, (-c)*e*x"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1] J




rule 4215
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E"Simp[2*I*(e + fx*x), x]/((a + I*b)"2 + (2”2 + b~2)*E~Simp[2
*Ix(e + f*x), x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 461 vs. 2(113) = 226.

Time = 0.49 (sec) , antiderivative size = 462, normalized size of antiderivative = 3.70

method | result

dz? cx beln(ibe?i(fote) g e2ifzte) _jpq) 2bcIn(et(fz+e)) bdln( —ib—a

1— (7ib+a)e2i(fz+e)

risch

T 2(ib—a)  ib—a f(—ib+a)(ib+a) " f(=ib+a)(ibta) f(=ib+a)(—ib—a)

input‘int((d*x+c)/(a+b*tan(f*x+e)),x,method=_RETURNVERBOSE)

-1/2/(I*¥b-a)*d*x~2-1/(I*b-a)*c*x+1/f*b/(a-I*b)*c/(a+I*b)*1n(I*b*exp (2*I*(£f
xx+e) ) —axexp (2*I* (fxx+e))-I*b-a)-2/f*b/(a-I*b)*c/(a+I*b)*1ln(exp (I*(f*x+e))
)-1/£%b/(a-I*b)/(-I*b-a)*d*1n(1-(a-I*b)*exp (2*xI*(f*x+e))/(-I*b-a))*x+Ixb/ (
a-I*b)/(-I*b-a)*d*x~2-1/f"2xb/(a-I*b)/(-I*b-a)*d*1n(1-(a-I*b)*exp(2*xI* (f*x
+e) )/ (-I*b-a))*e+2*I/f*b/(a-I*b)/(-I*b-a)*d*exx+I1/f~2xb/(a-I*b)/(-Ixb-a)*d
*xe~2+1/2%1/f"2xb/ (a-I*b)/(-I*b-a)*d*polylog(2, (a-I*b)*exp (2*xI*(f*x+e))/(-I
*b-a))-1/£"2%b/ (a-I*b)*d*e/ (a+I*b)*1n(I*b*exp (2+I* (f*x+e))-axexp (2*I* (f*x+
e))-I*b-a)+2/£"2xb/(a-I*b)*d*e/(a+I*b)*1n(exp(I*(f*x+e)))

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 527 vs. 2(108) = 216.

Time = 0.09 (sec) , antiderivative size = 527, normalized size of antiderivative = 4.22

/ c+dx
dz
a+ btan(e + fx)

2ad %z2+-4acf2x-+ided2(2(

(i ab—bz) tan(f93+€)2 —a2—jab+ ('L a?—2ab—i b2) tan(fx+e)> . . 9 ((_,L ab—
(a2+b2) tan(fz+e)?+a2+b2 4+ 1| —ibdLis [ ———

~

~—

inputLiﬂtegrate((d*X+C)/(a+b*tan(f*x+e)),x, algorithm="fricas")

1/4% (2%axd*f~2+%x"2 + 4*a*xcxf~2+x + Ixbxd*dilog(2*((I*axb - b~2)*tan(f*x +
e)”2 - a2 - Ixa*xb + (I*a"2 - 2*a*b - I*b~2)*tan(f*x + e))/((a”2 + b~2)*ta
n(f*x + )72 + a2 + b"2) + 1) - I*b*d*dilog(2*((-I*a*b - b~2)*tan(f*x + e
)72 - a”2 + Ixaxb + (-I*a"2 - 2xaxb + Ixb~2)*tan(f*x + e))/((a”2 + b~2)*ta
n(f*x + e)”2 + a”2 + b™2) + 1) + 2k (b*d*f*x + bkdxe)*log(-2*((I*axb - b~2)
xtan(f*x + e)”2 - a”2 - Ixa*b + (I*a”2 - 2*axb - I*b~2)*tan(f*x + e))/((a”
2 + b"2)*tan(f*x + e)”2 + a”2 + b72)) + 2x(b*d*f*x + b*dxe)*log(-2*((-I*a*
b - b™2)*tan(f*x + e)”2 - a2 + Ixaxb + (-I*a"2 - 2*xa*b + I*b~2)*tan(f*x +

e))/((a"2 + b™2)*tan(f*x + e)72 + a”2 + b”2)) - 2*(b*d*e - bxc*f)*log(((I
*axb + b~2)*tan(f*x + e)”2 - a2 + Ixa*b + (I*a"2 + I*b~2)*tan(f*x + e))/(
tan(f*x + e)”2 + 1)) - 2x(bxd*e - bxcxf)*log(((I*axb - b~2)*tan(f*x + e)~2

+ a”2 + Ixa*xb + (I*a"2 + I*b~2)*tan(f*x + e))/(tan(f*x + e)72 + 1)))/((a"
2 + b"2)*£72)

N J

output

Sympy [F]

/ c+dx dw—/ c+dx de
a+btan(e+ fz) = ) a+btan(e+ fx)

input Lintegrate ((d*x+c)/ (atb*tan(f*x+e)) ,x) J

Output‘lntegral((c + d*x)/(a + bxtan(e + £*x)), x) J
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 399 vs. 2(108) = 216.

Time = 0.30 (sec) , antiderivative size = 399, normalized size of antiderivative = 3.19

/ c+dz
dz
a+ btan(e + fx)

(a _ z'b) df2x2 19 (a g b)c f2x — 2 bdfz arctan <2abcos(2 fz+2 e)(;(—tZ;bz) sin(2 fz+2 e)’ 2absin(2 fo+2 e)+a2:-2bi—l|)—2((

inputLintegrate((d*x+c)/(a+b*tan(f*x+e)),x, algorithm="maxima") J

1/2x((a - I*b)*d*f"2%x"2 + 2x(a — I*b)*c*f~2%x - 2*xIxbxdxfxx*arctan2((2*a*
b*cos(2xf*x + 2*e) - (a2 - b"2)*sin(2*f*x + 2xe))/(a”2 + b~2), (2*axb*sin
(2xf*x + 2%xe) + a”2 + b2 + (2”2 - b"2)*cos(2*f*x + 2%e))/(a"2 + b™2)) + b
*xd*xfxx*log(((a”2 + b~2)*cos(2*f*x + 2xe) "2 + 4*xaxbxsin(2xf*x + 2xe) + (a~2
+ b72)*sin(2*f*x + 2%e)”2 + a”2 + b~2 + 2%x(a”2 - b"2)*cos(2*fxx + 2xe))/(
a"2 + b72)) + 2xIxbxckfrarctan2(-b*cos(2xf*x + 2*e) + a*sin(2*f*x + 2xe) +
b, akcos(2xf*x + 2*xe) + bxsin(2*f*x + 2xe) + a) + bxc*fxlog((a”2 + b™2)*c
0s (2*f*x + 2xe) "2 + 4d*xaxbk*sin(2*f*x + 2%e) + (2”2 + b"2)*sin(2*f*x + 2xe)”
2 +a"2 + b2 + 2%x(a”2 - b"2)*cos(2xf*x + 2%e)) - I*bxdxdilog((I*a + b)*e”
(2xI*xf*x + 2xI*e)/(-I*a + b)))/((a"2 + b~2)*f~2)

output

Giac [F]
/ c+dx dr +c
x = dz
a+ btan(e + fx) btan (fzr +e) +a
inputLintegrate((d*x+c)/(a+b*tan(f*x+e)),x, algorithm="giac") /

Output‘integrate((d*x + c)/(bxtan(f*x + e) + a), x)
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Mupad [F(-1)]

Timed out.
/ c+dz e = / c+dzx s
a+btan(e+ fz) ~ ) a+btan(e+ fx)
input Lint((c + d*x)/(a + bxtan(e + f*x)),x) J
output 18E((c + d*x)/(a + brtan(e + £xx)), x) ]
Reduce [F]

/ c+dzx
dx
a+ btan(e + fx)
2( I mdm) a2df + 2( I mdx) b2df — log(tan (fz + €)® + 1) be + 2log(tan (fz + €) b
2f (a® +b)

inputLint((d*x+c)/(a+b*tan(f*x+e)),x) J

t‘ (2xint (x/(tan(e + f*x)*b + a),x)*a*x*2*d*xf + 2xint(x/(tan(e + f*x)*b + a),x \
) ¥bxx2xd*f - log(tan(e + £*x)*x2 + 1)xbxc + 2xlog(tan(e + £*x)*b + a)*bxc |
‘+ 2kakxckfxx) / (2xf* (ax*2 + b¥x2)) ‘

outpu




output L

input

outpu
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1

3.57 f (c+dx)(a+btan(e+fz)) dz

Optimal result . . . . . . . . . . . . . 479]
Mathematica [N/A] . . . . . ... 449
Rubi [N/A] . . o 450
Maple [N/A] . . . o 451
Fricas [N/A] . . . . . 4511
Sympy [N/A] . . o 4511
Maxima [N/A] . . . . o e 152
Giac [N/A] .« . o 152
Mupad [N/A] . . . o 453
Reduce [N/A] . . . o 53]

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+dz)(a+ btan(e + fz)) do = Int((c-l— dz)(a + btan

(e+fw))’x>

Defer (Int) (1/(d*x+c)/(a+bxtan(f*x+e)),x)

Mathematica [N/A]

Not integrable

Time = 2.14 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c+dx)(a+btan(e+fx)) dx:/(c+dx)(a+

btan(e + fz))

dz

-

LIntegrate [1/((c + d*x)*(a + b*Tan[e + f*x])),x]

t‘ Integrate[1/((c + d*x)*(a + bxTan[e + f*x])), x]




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+dz)(a+btan(e + fz))
| 3042

/ ; d
(c+ dz)(a + btan(e + fz))
l'4223

/ ; :
(c+ dz)(a + btan(e + fz))

‘Int[l/((c + d*x)*(a + b*Tan[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])~n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ Tk
(dz+c)(a+btan (fz +e)) v

input 1Bt (1/(dxx+c)/ (asbrtan(trx+e)) ,x)

outputLint(1/(d*X+C)/(a+b*tan(f*x+e)),x)

Fricas [N/A]
Not integrable
Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1

1
/ (c+dz)(a+ btan(e + fz)) do = / (dzx +c)(btan (fz +€) +a) de

input Lintegrate (1/(d*x+c)/ (at+tb*tan(f*x+e)),x, algorithm="fricas")

output Lintegral(l/ (a*xd*x + axc + (b*d*x + bxc)*tan(f*x + e)), x)

Sympy [N/A]
Not integrable

Time = 0.95 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/ (c+dx)(a+ btan(e + fx)) dz = / (a +btan (e + fz)) (c + dx) dz

input Lintegrate (1/ (d*x+c)/ (atb*tan(f*x+e)) ,x)

output LIntegral(l/((a + bxtan(e + f*x))*(c + d*x)), x)
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Maxima [N/A]
Not integrable

Time = 0.77 (sec) , antiderivative size = 279, normalized size of antiderivative = 13.95

1 1
/ (c+dz)(a+ btan(e + fz)) do = / (dzx +c)(btan (fz +€) +a) de

input Lintegrate (1/(d*x+c) / (a+b*tan(f*x+e)) ,x, algorithm="maxima")

(2x(a™2*%b + b~3)*d*integrate((2*a*b*cos(2xf*x + 2%e) - (a”2 - b~2)*sin(2*f
*x + 2xe))/((a"4 + 2%a"2%b"2 + b~4)*d*x + ((a"4 + 2%a"2%b"2 + b~4)*d*x + (
a4 + 2*a~2*b"2 + b74)*c)*cos(2*xf*x + 2%e)”"2 + ((a”4 + 2*a"2xb”"2 + b74)*d*
x + (a”4 + 2*xa~2%b"2 + b~4)*c)*sin(2xf*x + 2*%e)"2 + (a”4 + 2*a"2*%b"2 + b~4
Yxc + 2x((a”4 - b4)*d*x + (a4 - b"4)*c)*cos(2*f*x + 2%e) + 4x((a"3*b + a
*b~3)*d*x + (a~3%b + a*b~3)*c)*sin(2*f*x + 2*e)), x) + axlog(d*x + c))/((a
2 + b~2)*d)

output

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/ (c+dzx)(a+ btan(e + fz)) de = / (dzx +c)(btan (fz +€) +a) dz

input Lintegrate (1/(d*x+c)/(a+bxtan(f*x+e)) ,x, algorithm="giac")

output Lintegrate(l/((d*x + c)*(b*tan(f*x + e) + a)), x)
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Mupad [N/A]
Not integrable

Time = 9.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/(c+dx)(a+btan(e+fx)) do = / (a+btan(e+ fz)) (c+dzx) de

inpu‘ctint(l/((a + bxtan(e + f*x))*(c + d*x)),x)

outputtint(l/((a + bxtan(e + f*x))*(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.55

1 1
= d
(c+dz)(a+ btan(e + fz)) dz /tan(fcc+e)bc+tan(fz+e)bdx+ac+ad:c v

input tint (1/ (d*x+c)/ (a+bxtan (f*x+e)) ,x)

output Lint(l/(tan(e + fxx)*b*c + tan(e + f*x)*b*d*x + a*c + a*d*x),x)
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1
3.58 f (c+dz)2(a+btan(e+fz)) dz

Optimal result . . . . . . . . . . e 454
Mathematica [N/A] . . . . . . . . 454
Rubi [N/A] . . o A55]
Maple [N/A] . . . . o 450
Fricas [N/A] . . . o o 150
Sympy [N/A] . . e 450
Maxima [N/A] . . . . . 57l
Giac [N/A] . . . 45T
Mupad [N/A] . . o e A58
Reduce [N/A] . . . o o 458

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+dx)%*(a+ btan(e + fx)) de = Int((c +dz)%(a + btan(e + fx))’ x)

e

Defer (Int) (1/(d*x+c) "2/ (atb*tan(f*x+e)),x)

~—

output t

Mathematica [N/A]
Not integrable

Time = 4.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)a btan(e + f2)) == / (c+ dz)(a + btan(e 1 f2))

e

tIntegrate [1/((c + d*x)~2*(a + b*Tan[e + f*x])),x]

input

~—

output LIntegrate [1/((c + d*x)~"2*(a + b*Tan[e + f*x])), x] J




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(¢+dz)?(a+ btan(e + fz))
| 3042

1
/ (¢c+dz)%(a+ btan(e + fz))

l'4223

dx

/ 1 d
(c + dz)2(a + btan(e + fz)) "

‘Int[l/((c + d*x)~2+(a + bxTan[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])~n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz +¢)? (a + btan (fz + €))

input Lint (1/(d*x+c) ~2/ (atb*tan (f*x+e)) ,x) J

output Lint (1/(dxx+c)~2/ (a+b¥tan(f*x+e)) ,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/ (c+dz)*(a+ btan(e + fz)) de = / (dz +c)*(btan (fz + ) + a) de

input tintegrate (1/ (d*x+c) "2/ (a+b*tan(f*x+e)),x, algorithm="fricas") J

( N
output‘ integral(1/(a*xd~2*x"2 + 2%akc*d*x + a*c”2 + (b*d"2*x"2 + 2%bxc*d*x + b*c™2 ‘

\)*tan(f*x +e)), x)

Sympy [N/A]
Not integrable

Time = 1.75 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

! 1
dr = dzx
/ (c+dz)?(a+ btan(e + fz)) / (a + btan (e + 1)) (c + dz)?
input Lintegrate (1/ (d*x+c) **2/ (a+bxtan (f*x+e)) ,x) J
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output‘ Integral(1/((a + bxtan(e + f*x))*(c + d*x)**2), x)

Maxima [N/A]
Not integrable
Time = 1.79 (sec) , antiderivative size = 424, normalized size of antiderivative = 21.20

1 B 1

/ (c+ dz)%(a + btan(e + fz)) do = / (dz + c)*(btan (fz + €) + a) &

;
integrate(1/(d*x+c) "2/ (atbxtan(f*x+e)),x, algorithm="maxima")

input

N

(2x((a™2%b + b"3)*d"2*x + (a”2xb + b"3)*c*d)*integrate((2*a*b*cos(2xf*x +
2%xe) - (a”2 - b™2)*sin(2*xf*x + 2%e))/((a”4 + 2%a~2*b"2 + b"4)*d"2*x"2 + 2%
(a™4 + 2*xa"2*b"2 + b"4)*c*d*x + (a”4 + 2*xa"2*b"2 + b"4)*c"2 + ((a”4 + 2*a”
2%b”"2 + b"4)*d"2*xx"2 + 2*%(a~4 + 2*%a”"2*xb"2 + b "4)*ckxd*x + (a”4 + 2*%a”~2*xb"2
+ b~4)*c"2) *xcos (2*%f*x + 2*xe)”2 + ((a”4 + 2*%a"2*xb"2 + b"4)*d"2*x"2 + 2x(a~4
+ 2*%a"2%b"2 + b74)*ckd*x + (2”4 + 2*%a"2%b"2 + b74)*c"2)*sin(2kf*x + 2%e)”
2 + 2x((a™4 - b 4)*d"2%x"2 + 2%(a"4 - b~4)*ckd*x + (a~4 - b~4)*c~2)*cos (2%
fxx + 2%e) + 4x((a”3*b + a*xb"3)*d"2*%x"2 + 2*x(a~3*b + axb~3)*ckd*x + (a~3*b
+ a*b~3)*c"2)*sin(2*%f*x + 2%e)), x) - a)/((a"2 + b~2)*d"2*x + (a~2 + b~2)
*Cc*d)

output

Giac [N/A]
Not integrable

Time = 4.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)*(a + btan(e + fz)) o = / (dz + c)*(btan (fz + €) + a) &

input Lintegrate (1/(d*x+c) "2/ (a+bxtan(f*x+e)) ,x, algorithm="giac")

output Lintegrate(l/((d*x + c)"2x(bxtan(f*x + e) + a)), x)
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Mupad [N/A]
Not integrable

Time = 9.51 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)?(a+ btan(e + fz)) de = / (a+btan (e + fz)) (c+dz)? e

input Lint(l/((a + bxtan(e + f*x))*(c + d*x)~2),x) J

output tint(l/((a + bxtan(e + f*x))*(c + d*x)~2), x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 3.05

/ 1 dx
(c+dz)?(a+ btan(e + fz)) 1

/tan(fac-l—e)bcz+2tan(fx+e)bcda:+tan(fx+e)bd2w2+ac2+2acda:+ad2ac2

dx

input Lint(l/(d*x‘hc)AQ/(a‘”b*tan(f*He)) ,X) J

p
\int(l/(tan(e + f*x)*bkcx*2 + 2%tan(e + f*x)*bxckd*x + tan(e + f*xx)*kbxd**x2*

output
‘X**z + axckx*x2 + 2kaxckd*x + akdx*x2*x**2),x)

\‘
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459

(c+dzx)3
3.9 f (a+btan(e+fx))? dx

Optimalresult . ... ... ... .. ... ... .........
Mathematica [B] (warning: unable to verify) . . . . . ... ...
Rubi [A] (verified) . . . ... ... ... . ... ...
Maple [B] (verified) . . . . . . ... ... .o oL
Fricas [B] (verification not implemented) . . . . ... ... ...

Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . ... ...

460
46Tl
462
460)
460)
460!
467}
463]
463]
463]
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Optimal result

Integrand size = 20, antiderivative size = 848

(c + dx)® dr — — 2ib*(c + d)®
(a + btan(e + fz))? = (a2 +b2)° f

n 2v%(c + dzx)3
(a +1b)(ia + b)? (ia — b+ (ia 4 b)e%iet2ifz) f
(c+ dz)* bc+dz)!  b(c+dx)

4(a—ibd ' (ia—b)(a—i)2d (a2 +b%)°d
(a—ib)e2iet2ife
3b2d(c + dx)? lOg (1 + T)
(a2 + b2)? f2
(a—ib)e2iet2ifz
2b(c + da)? log (1 n T)
(a—ib)%(a+ib) f
) (a—ib)e2iet2ifx
2it?(c + de)*log (1 -+ =550 )
(a2 +62)° f
3ib%d2(c + dz) PolyLog (2, _%>
(a® + b2)? f3
(a—ib)e2iet2if=
3bd(c + dx)? PolyLog (2, _T>
(ia — b)(a — ib)2 f2
36%d(c + da)? PolyLog (2, — (=
¢+ dz)* PolyLog |( 2, Je?
(a2 + b2)? f2
a—ib)e2iet2ifz
3b2d3 PolyLog (3, _%>
2 (a2 + b2)° f4
3bd2(c + dz) PolyLog (3, _(a—ib)etiet2ife )

+

+

+

+

a+ib
(= ®a+ D) F
3ib%?(c + dz) PolyLog (3, — &= ™" )

+

a+1ib
(a2 +0%)° f°
3 (a_ib)62i5+2ifm
~ 3bd° PolyLog (4, = )

2(ia — b)(a — ib)2 f4
(a_ib)e2ie+2ifz
3b%d3 PolyLog (4, — >

2(a? +67)° f*

+
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-3*xI*b~2+d"2* (d*x+c) *polylog(3,-(a-I*b) *xexp (2*Ixe+2xI*f*x)/(a+I*b))/(a~2+b
~2)"2/£73+2*b~ 2% (d*x+c) “3/ (a+I*b) / (I*xa+b) ~2/ (I*a-b+(I*a+b) *exp (2*I*e+2xI*f
*x) ) /f+1/4* (d*x+c) ~4/ (a-I*b) ~2/d+b* (d*x+c) "4/ (I*a-b)/(a-I*b)~2/d-b~2* (d*x+
c)~4/(a~2+b~2) "2/d+3*b~2*d* (d*x+c) “2*1n(1+(a-I*b) *exp (2*xI*e+2*I*f*x)/(a+Il*
b))/ (a~2+b~2) “2/£"2+2xb* (d*x+c) "3*1n(1+(a-I*b) *exp (2*I*e+2*xI*f*x) /(a+I*b))
/ (a-I%b) "2/ (a+I*b)/f-2*I*b~2%(d*x+c) "3/ (a"2+b"2)"2/£f-3*%I*b~2xd~2* (d*x+c) *p
olylog(2,-(a-I*b)*exp(2*I*e+2*I*f*x)/(a+I*b))/(a~2+b~2) "2/£73+3*b*d* (d*x+c
) "2xpolylog(2,-(a-I*b)*exp(2*I*e+2*Ixf*x)/(a+I*b))/(I*a-b)/(a-I*b)"2/£72-3
*b~2*d* (d*x+c) “2*polylog(2,-(a-I*b)*exp (2*I*e+2xI*f*x)/(a+I*b))/(a~2+b"2)"
2/£72+3/2*b~2%d"3*polylog(3,-(a-I*b)*exp (2xI*e+2*xI*xf*x)/(a+I*b))/(a~2+b"2)
~2/f~4+3xbxd"~2* (d*x+c) *polylog(3,-(a-I*b) *exp (2xI*e+2*xIxf*x)/(a+I*b))/(a-I
*b) "2/ (a+Ixb) /£~3-2%I*b~2* (d*x+c) ~3*1n(1+(a-I*b)*exp (2*xI*e+2xIxf*x) / (a+I*b
))/(a"2+b~2)"2/£-3/2%b*d"3*polylog(4,-(a—-I*b)*exp(2*xI*e+2*xI*f*x)/(a+I*b))/
(I*a-b)/(a-I%b)~2/£4+3/2%b"2*d"3*polylog(4,-(a-I*b)*exp(2*xI*e+2*xI*xf*x)/(a
+Ixb))/(a~2+b"2)"2/f"4

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1724 vs. 2(848) = 1696.

Time = 9.24 (sec) , antiderivative size = 1724, normalized size of antiderivative = 2.03

c+dz)3 .
/ (a+ b( tan(e j_ 1)) dz = Too large to display

input | Integrate[(c + d*x)~3/(a + b*Tan[e + f*x])~2,x]
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(b* ((-4xc™2%((-I)*b* (-1 + E~((2*I)*e)) + a*(1 + E~((2xI)*e)))*(3*bxd + 2*a
*kcxf)*x)/(a”2 + b72) + (4xb*x(c + d*x)~3)/(a - I*b) + (2¥a*xfx(c + d*x)~4)/(
(a - Ixb)*d) + (12%cxd*((-I)*bx(-1 + E~((2*I)*e)) + ax(1 + E~((2%I)*e)))*(
b*d + axc*f)*x*xLog[l + (a + I*b)/((a - I*b)*E~((2*%I)*(e + f*x)))])/((a + I
*b)* (I*xa + b)*f) + (6*xd"2*x((-I)*bx(-1 + E~((2*xI)*e)) + a*(1 + E~((2*I)*e))
)*x(bxd + 2kaxcxf)*x~2xLog[l + (a + I*b)/((a - Ixb)*E~((2%I)*(e + f*x)))])/
((a + Ixb)*(I*a + b)*f) + (4*axd~3*((-I)*bx(-1 + E~((2%xI)*e)) + a*x(1 + E~(
(2xI)*e)))*x"3xLog[1 + (a + I*b)/((a - I*b)*E~((2*I)*(e + £f*x)))])/((a + I
*b)*(I*ka + b)) + (2xc™2x((-I)*b*(-1 + E~((2*xI)*e)) + a*x(1 + E~((2*I)*e)))*
(3*bxd + 2xaxcxf)xLogla + Ixb + (a - I*b)*E~((2+I)*(e + £*x))]1)/((a + I*b)
*(Ixa + b)*f) + (6xcxd*x((-I)*bx(-1 + E~((2*I)*e)) + ax(1 + E~((2*xI)*e)))*(
b*d + axc*f)*PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*xI)*(e + £x*x)))]1)/((a~2
+ b72)*£72) + (3*%d"2x((-I)*bx(-1 + E~((2*I)*e)) + a*x(1l + E~((2xI)*e)))*(b
xd + 2%axc*f)*(2xfxx*PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*xI)*(e + fx*x)))
] - IxPolyLogl[3, (-a - I*b)/((a - Ixb)*E~((2*I)*(e + £*x)))]1))/((a"2 + b~2
)*x£73) + (3xa*d”3x((-I)*b*(-1 + E~((2xI)*e)) + a*x(1 + E~((2%I)*e)))*(2x£~2
*x~2%PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*I)*(e + £*x)))] - (2*I)=*f*x*Po
lyLog[3, (-a - I*b)/((a - I*b)*E~((2*I)*(e + f*x)))] - PolyLogl[4, (-a - Ix
b)/((a - I*b)*E~((2*%I)*(e + £*x)))1))/((a"2 + b~2)*£~3)))/(2%(a - I*b)*(a
+ Ixb)*(b - b*E~((2xI)*e) - Ixa*x(1 + E~((2xI)*e)))*f) + (3*x"2x(axc”2xd...

output

Rubi [A] (verified)

Time = 2.28 (sec) , antiderivative size = 848, normalized size of antiderivative = 1.00,

number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+dz)3
(a + btan(e + fx))
| 3042

(c+ dzx)?
(a+ btan(e + fz))?

l 4217

de

dz
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/ B 4b%(c + dz)? + 4b(c + dz)? (c+ dz)’
(b+ ia)? (ia (1 — ) e2iet2ife 4 jq (14 2))?  (a—ib)? (ia (1 - ) eet?ife 4 ja (14 2)) * (a —ib)?
| 2009
62i8+2ifz a—ib
b(c + dz)* 4 (c+dx)*  b*(c+dx)! 2blog ($ + 1) (c+dz)® B
(ia —b)(a —ib)2d = 4(a—ib)2d (a2 +b2)°d (a —1b)%(a +1b) f
2ie+2ifx(,__ s
2ib? log (% + 1) (c+ dx)3 22(c + dz)?
(@@ +02) f @ rib)(a + )% (ia+ (ia+ b)ereraifs _ by
2ie+2ifx(,__ s
2ib%(c + dz)3 3b%dlog (‘STM + 1) (c+ dz)? N
(a2 +b2)° f (a2 + b2)* f2 o
3bd PolyLog (2, —%> (c+dz)®  3b%dPolyLog (2, —%) (c + dz)?
(ia — b)(a — ib)2f? B (a2 + b2)? #2 B
3ib?d? PolyLog <2, —W) (c+dz) 3bd?PolyLog <3, —W) (c+ dx)

+ (a — ib)2(a + ib) f3 B

) (c+da)  36%dS PolyLog (3, — (et )
+ -
(a2 + b2)2 13 2 (a2 + b2)2 7

a—ib e2ie+2ifz a—ib e2ie+2ifz
3bd3 PolyLog (4’ _%) 3b2d3 PolyLog (4, —%)

2(ia — b)(a — ib) f* - 2 (a2 + b2)* f4

(@+02)2f3
3ib2d2 PolyLog (3, _ (aib)eriet2ifz

>

LInt[(c + d*x)~3/(a + bxTan[e + f*x])~2,x]

N J

input




output

rule
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((-2*%I)*b"2x(c + d*x)~3)/((a"2 + b~2)"2xf) + (2xb~2*(c + d*x)~3)/((a + I*b
)*x(I*a + b)"2x(I*xa - b + (I*a + b)*E~((2%xI)*e + (2%xI)*fxx))*f) + (c + d*x)
~4/(4x(a - I*b)~2*d) + (b*(c + d*x)~4)/((I*a - b)*(a - I*b)~2xd) - (b~2*(c
+ d*x)~4)/((a"2 + b™2)"2xd) + (3*b~2*d*(c + dx*x) "2*Log[1l + ((a - I*b)*E~(
(2xI)*xe + (2xI)*f*x))/(a + I*b)])/((a"2 + b~2)"2*%f"2) + (2%b*(c + d*x) ~3*L
ogll + ((a - I*b)*E~((2*I)*e + (2xI)*f*x))/(a + I*b)])/((a - I*b)"2%(a + I
xb)*f) - ((2*%I)*b"2*%(c + d*x)~3*xLogl[l + ((a - I*b)*E~((2*I)*e + (2%I)*f*x)
)/(a + I¥b)])/((a”2 + b~2)"2xf) - ((3*I)*b~2xd"2x(c + d*x)*PolyLog[2, -(((
a - I*b)*E~((2*xI)*e + (2*xI)*fxx))/(a + I*b))])/((a~2 + b~2)"2*£f~3) + (3*b*
d*(c + d*x)“2xPolyLogl[2, -(((a - I*b)*E~((2*I)*e + (2*I)*f*x))/(a + Ix*b))]
)/((Ixa - b)*(a - Ixb)"2xf~2) - (3*b~2xd*(c + d*x) 2+PolyLogl[2, -(((a - I*
b)*E~((2*I)*e + (2*xI)*f*x))/(a + I*b))]1)/((a~2 + b~2)"2+%f~2) + (3*b~2*xd”3*
PolyLogl[3, -(((a - I*b)*E~((2*I)*e + (2*I)*f*x))/(a + I*b))])/(2*x(a"2 + b~
2)"2xf74) + (3*bxd"2*(c + d*x)*PolyLogl[3, -(((a - I*b)*E~((2*I)*e + (2*I)=*
f*x))/(a + I*b))])/((a - I*b)~2%(a + I*b)*f~3) - ((3*I)*b"2*%d~2*(c + d*x)=*
PolyLog[3, -(((a - I*b)*E~((2*I)*e + (2*I)*f*x))/(a + I*b))1)/((a"2 + b~2)
~2xf~3) - (3*bxd~3*PolyLogl[4, -(((a - I*b)*E~((2*I)*e + (2*I)*f*x))/(a + I
*b))]1) /(2% (I*a - b)*(a - I*b)~2%f~4) + (3*%b~2*d~3*PolyLog[4, -(((a - Ixb)*
ET((2xI)*e + (2xI)*f*x))/(a + I*b))])/(2%(a"2 + b~2)"2*f"4)

Defintions of rubi rules used

2009llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

Qlu, x]

rule 4917 IRELCCe_) + (d_)*(x))~(m_.)*((a)) + (b_.)*tan[(e_.) + (£_.)*(x))1)"(n)),

‘ x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2xIx(b/(a"2 +

\ b"2 + (a - I*b)"2+«E~(2+I*(e + £*x)))))~(-n), x], x] /; FreeQ[{a, b, c, 4,
Le, £}, x] && NeQ[a~2 + b~2, 0] && ILtQ[n, 0] && IGtQ[m, O]

W
|
|
J




CHAPTER 3. LISTING OF INTEGRALS 465

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 5958 vs. 2(763) = 1526.

Time = 0.94 (sec) , antiderivative size = 5959, normalized size of antiderivative = 7.03

method | result size
risch Expression too large to display | 5959

input Lint ((d*x+c) "3/ (a+b*tan(f*x+e))"2,x,method=_RETURNVERBOSE) J

Output‘result too large to display

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2537 vs. 2(695) = 1390.

Time = 0.14 (sec) , antiderivative size = 2537, normalized size of antiderivative = 2.99

3
/ (a+ b( Eai(ixj- fx))? dz = Too large to display

-

input Lintegrate ((d*x+c) "3/ (atbxtan(f*x+e))"2,x, algorithm="fricas")

-/



output

input

output
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1/4x((a”3 - a*b"2)*d"3*f"4*xx~4 - 4xb~3*c"3*f"3 - 4*%(b"3*%d"3*f~3 - (a”3 - a
*b”~2) *kckd"2*%f74) *x"3 - 6% (2*xb"3*%c*xd"2+%f~3 - (a”3 - axb”2)*c”2*d*f~4)*x"2
4% (3*%b"3*c"2%d*f"3 - (2”3 - a*b”2)*c"3*f74)*x — 6x(—I*a"2kb*d"3*f 2*x"2
I*a~2*%bxc~2*d*f~2 - Ixa*b”~2kcxd~2*f - I*x(2*xa~2*bkcxd~2*%f~2 + axb~2*d~3*f)
*x + (I*xa*xb”2%d"3*xf 2*x"2 - I*a*xb~2*%c~2xd*f~2 - I*b~3*c*d"2%f - I*(2*axb”
2xcxd"2*%f72 + b73*d"3xf)*x)*tan(f*x + e))*dilog(2*((I*axb - b~2)*tan(f*x +
e)”2 - a”2 - Ixaxb + (I*a~2 - 2*xaxb - I*b~2)*tan(f*x + e))/((a"2 + b~2)*t
an(f*x + €)72 + a”2 + b72) + 1) - 6% (I*a~2xbxd~3*f"2%x"2 + I*a " 2¥b*xc~2xd*f
~2 + I*axb 2kxc*xd"2%f + I*(2*a~2xbxc*d~2*%f~2 + axb~2%d"3*f)*x + (I*axb~2*d"
3*xf"2xx"2 + I*kaxb~2xc”"2xd*f~2 + I*b~3*ckd~2*f + I*(2*a*b~2%cxd"2*f~2 + b~3
*d"3xf) *xx) *tan(f*x + e))*dilog(2*((-Ixa*b - b"2)*tan(f*x + e)”2 - a™2 + Ix
axb + (-I*a”~2 - 2*a*b + I*b~2)*tan(f*x + e))/((a”2 + b~2)*tan(f*x + e)"2 +
a"2 + b"2) + 1) + 2x(2*a"2*b*d"3*f73%x"3 + 2*xa~2xb*d"3*e”3 + 6*a”2¥b*c”2x*
dxexf~2 — 3*xaxb”2*%d"3*e”2 + 3*%(2*a~2xb*ckd"2xf~3 + axb"2xd"3*f"2)*x"2 - 6%
(a™2xbxcxd"2*e”2 — a*b”2*c*d"2*e)*f + 6x(a~2kbkc 2*xd*f"3 + axb"2xckxd"2xf~2
)xx + (2%axb”"2+%d"3*f"3*%x"3 + 2*axb"2xd"3*e”3 + 6*axb”2xc 2xdxexf~2 - 3*b~3
*d"3%e”2 + 3% (2ka*b”2xc*kd"2*xf"3 + b"3*d"3*f"2)*x"2 - 6k (axb"2*kc*d"2*e”2 -
b~3*cxd"2%e) *f + 6% (a*b"2xc”2*%d*f"3 + b"3*cxd"2*f"2)*x)*tan(f*x + e))*Llog(
-2%((I*a*xb - b~2)*tan(f*x + e)”2 - a2 - Ixa*b + (I*a~2 - 2*axb — I*b~2)*t

an(fxx + e))/((a”2 + b™2)*tan(f*x + e)”2 + a”2 + b~2)) + 2% (2%xa~2xb*xd"3...

Sympy [F]

/ (c + dz)? e — / (c + dx)® i

(a+ btan(e + fz))? (a + btan (e + fz))?

p
Lintegrate((d*x+c)**3/(a+b*tan(f*x+e))**2,x)

| —

LIntegral((c + d*x)**3/(a + bxtan(e + f*x))**2, x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4631 vs. 2(695) = 1390.

Time = 2.83 (sec) , antiderivative size = 4631, normalized size of antiderivative = 5.46

3
/ (a+ b( :a;(imi fz))? dz = Too large to display

>

input integrate ((d*x+c) 3/ (at+bxtan (f*x+e))"2,x, algorithm="maxima")

-1/12%(36*c~2xd*ex* (2xa*b*xlog(bxtan(f*x + e) + a)/((a”4 + 2*%a"2*b™2 + b™4)*
f) - axb*xlog(tan(f*x + e)72 + 1)/((a”4 + 2*a"2*b"2 + b~4)*f) - b/((a"2*b +
b~3)*fxtan(f*x + e) + (a”3 + a*b~2)*f) + (a2 - b™2)*x(f*x + e)/((a"4 + 2%
a~2+%b"2 + b4)*f)) - 12x(2xa*bxlog(b*tan(f*x + e) + a)/(a"4 + 2*xa"2xb"2 +
b~4) - a*bxlog(tan(f*x + e)”2 + 1)/(a"4 + 2*xa"2*xb"2 + b™4) + (a2 - b~2)*(
fxx + e)/(a"4 + 2*xa"2%b"2 + b~4) - b/(a”3 + a*xb”2 + (a”"2*b + b~3)*tan(f*x
+ e)))*c”3 - (3x(a”3 - I*a™2%b + a*b™2 - I*b~3)*x(f*x + e) 4*d~3 - 24*(Ixa*
b"2 - b"3)*d"3*%e"3 - 72*(-I*a*b~2 + b~ 3)*kc*d " 2ke"2xf - 12x((a”3 - I*a~2*b
+ a*b”2 - I*b"3)*d"3*e - (a3 - I*a~2*b + a*xb”™2 - I*b~3)*c*d " 2*f)*(f*x + e
)"3 + 18*((a”3 - I*a"2*b + a*b”2 - I*b~3)*d"3*e”2 - 2*(a~3 - I*a~2%b + axb
2 - I*b~3)*c*kd~2%exf + (a~3 - I*a~2%b + a*b™2 - I*b~3)*c 2xd*f~2)*x(f*x +
e)”2 - 12x((a”3 - I*a"2*b + a*b~2 - I*b~3)*d"3*e”3 - 3*(a~3 - I*a"2*b + a*
b"2 - I*b"3)*ckd"2xe”2*f)*x(f*x + e) - 12%x(2*x(I*a"2*b - a*b~2)*d~3*e”3 + 3*
(-I*a*xb~2 + b"3)*d"3*e"2 + 3*(-I*axb”2 + b~3)*c"2*d*f"2 + 6x((-I*a"2*b + a
*b"2) xcxd"2*xe”"2 + (I*a*b”2 - b~ 3)*cxd"2xe)*f + (2% (I*a”2%b + a*xb~2)*d"3*e”
3 + 3*%(-I*a*b”2 - b"3)*d"3*e”2 + 3*(-I*a*xb”2 - b~3)*c"2xd*f~2 + 6*((-I*a~2
*b — axb”~2)*cxd"2*e”2 + (I*a*xb”2 + b73)*ckd"2xe)*f)*cos(2*f*x + 2xe) - (2%
(a”2*%b - I*a*b~2)*d"3*e”3 - 3*(a*b”2 - I*b"3)*d"3*e”2 - 3*(a*xb”™2 - I*b~3)*
c~2%d*f"2 - 6% ((a"2*b - I*a*b~2)*cxd"2*e~2 - (a*xb~2 - I*b~3)*c*xd"2*e)*f)*s
in(2*f*x + 2%e))*arctan2(-bkxcos(2*f*x + 2%e) + a*sin(2*f*x + 2%e) + b,

output
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Giac [F]

(c + dx)3 B (dz + ¢)® .
/ (a+ btan(e + fo))2 / (btan (fz + €) + a)? d

inputtintegrate((d*x+c)‘3/(a+b*tan(f*x+e))*2,x, algorithm="giac")

output Lintegrate((d*x + c)~3/(bxtan(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

/ (c+dz)® . _ / (ct+da)’®

(a + btan(e + fx))? (a + btan (e + fz))?

inputtint((c + d*x)~3/(a + bxtan(e + £*x))"2,x)

Output tint((c + d*X)AB/(a + b*tan(e + f*x))A2’ X)

Reduce [F]

3
/ (a+ b( Eai(izi fz))? dz = Too large to display

input Lint ((d*x+c) "3/ (at+bxtan(f*x+e))"2,x)
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(int (x**3/(tan(e + f£*x)**2xb**2 + 2*tan(e + f*x)*axb + a**2),x)*tan(e + fx*
X) *a*x*x5xb*xd*x*x3*%f + 2*int (x**3/(tan(e + f*x)**2*b**2 + 2xtan(e + f*x)*a*b +
ax*x2) ,x)*tan(e + f*x)*a*xx3*xbkx*x3kd*x*x3*f + int (x**3/(tan(e + f*xx)**x2*b**x2 +
2%tan(e + f*x)*axb + a**2),x)*tan(e + f*x)*axbxx5xd**3*f + int (x**3/(tan(
e + F*xx)**2*xb**2 + 2*tan(e + f*x)*axb + a**2),x)*a*x*6*xd**x3xf + 2*int (x**3/
(tan(e + f*xx)**x2kb**2 + 2%tan(e + f*xx)*axb + a*x*2),x)*a**4*xb*x*x2xd**x3xf + i
nt (x**3/(tan(e + f*x)**x2*b**2 + 2xtan(e + f*x)*axb + a*x*2),x)*ax*x2*xb**xd*xdx*
*3*%f + 3xint (x**2/(tan(e + f*xx)**2*xb**x2 + 2*tan(e + f*x)*axb + a**2),x)*ta
n(e + fxx)*a*x5xbkxckd*x*2+f + 6*xint (x**2/(tan(e + f£*x)**x2*b**2 + 2xtan(e +
fxx)*a*xb + a**2),x)*tan(e + f*xx)*a*xx3xb**x3xckd**x2xf + 3*xint (x**2/(tan(e +
fxx)**%2xb**2 + 2xtan(e + f*x)*a*xb + a**2),x)*tan(e + f*x)*axbk*5xckd**2xf
+ 3xint (x**2/(tan(e + f*xx)**2%b**x2 + 2*xtan(e + f*x)*axb + a**2),x)*a*x*x6*xc*
d*x*2xf + 6xint(x**2/(tan(e + f*x)**2xb**2 + 2xtan(e + f*x)*a*b + a**x2),x)*
a*x*4xb**x2xckd*x*x2xf + 3kint (x**2/(tan(e + f*xx)**x2xb**2 + 2*tan(e + f*x)*axb
+ ax*2) ,x)kaxkx2xbkkdkckdx*x2*xf + 3xint(x/(tan(e + £*x)**x2xbx*2 + 2*xtan(e +
f*xx)*a*b + a**2),x)*tan(e + f*x)*kax*5xbkc**2*xd*f + 6xint(x/(tan(e + f*x)+*
*2+%b**2 + 2xtan(e + f*x)*axb + a*x*2),x)*tan(e + f*x)*a*x*3xbkk3kck*x2*xd*xf +
3xint (x/(tan(e + f*x)**2xbxx2 + 2%tan(e + f*x)*axb + a**2),x)*tan(e + f*xx)
*xaxbrkSxckk2xd*xf + 3kint (x/(tan(e + £xx)**2*b**2 + 2xtan(e + f*x)*axb + ax
*2) ,X)kaxk6xckk2xdxf + 6xint(x/(tan(e + f£*x)**2xb**2 + 2*tan(e + f*x)*a...

output
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Optimal result

Integrand size = 20, antiderivative size = 654

/ (c+d)* . 2ib(c+dn)’
(a + btan(e + fx))? T= (a2 +b2)° f

n 2b%(c + dzx)?
(a +1ib)(ia + b)? (ia — b+ (ia + b)eiet?fz) f
(c +dz)’ b(c+dz)®  4b(c+dz)’

3(a—ib)%d ~ 3(ia —b)(a —1ib)2d 3 (a2 +b2)*d
(a—ib)e2ie+2ife
2b%d(c + dz) log (1 + T)
(a2 + b2)% f2
2b(c + dz)* log (1 + M)

+

a+ib
(a —1ib)*(a+ib) f

. (a_ib)e2ie+2ifa:
2ib*(c + dz)? log (1 + T)

(a2 +b2)° f
ib*d? PolyLog <2, —M>

+

a+ib
(a2 + )" f?
a—ib e2ie+2ifz
2bd(c + dz) PolyLog (2, —%)

(ia — b)(a — ib)2 f2
2b%d(c + dz) PolyLog (2, _ (a—ib)etict2ife )

_|_

a+ib
(@ + 57 f°
(a_ib)e2ie+2ifw
bd? PolyLog (3, — (== )

+

(a — ib)2(a + ib) f3

. (a_ib)e2ie+2ifz
ib*? PolyLog (3, — (=2 )

(a2 +62)° f?
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-2%I*b~ 2% (d*x+c) "2/ (a~2+b"2) "2/£+2xb~2* (d*x+c) "2/ (a+I*b) / (I*a+b) "2/ (I*a-b+
(I*a+b) *exp (2xI*e+2xIxf*x) ) /f+1/3* (d*x+c) "3/ (a-I*b) ~2/d+4/3*b* (d*x+c) "3/ (I
*a-b)/(a-I*b)~2/d-4/3%b~2*(d*x+c) ~3/(a"2+b"2) ~"2/d+2*b~2*d* (d*x+c) *1n(1+(a-
Ixb)*xexp(2+I*xe+2xIxf*x)/(a+I*b))/(a~2+b"2) ~2/£ " 2+2+b* (d*x+c) "2*x1n(1+(a-I*b
) *exp (2xI*e+2*I*xf*x)/(a+I*b))/(a-I*b) "2/ (a+Ixb) /f-2xI*b~2* (d*x+c) ~2*1n (1+(
a-I*b)*exp(2*I*e+2*xIxf*x)/(a+I*b))/(a~2+b~2) "2/f-I*b~2*d"2*polylog(2,-(a-I
*b) *exp (2%Ixe+2*Ixf*x)/(a+I*b))/(a~2+b~2) ~2/£~3+2*%b*d* (d*x+c) *polylog(2,-(
a-I*b)*exp (2*I*e+2*I*f*x)/(a+I*b))/(I*a-b)/(a-I*b) ~2/f2-2%b~2%d* (d*x+c)*p
olylog(2,-(a-I*b)*exp(2xI*e+2xI*f*xx)/(a+I*b))/(a~2+b~2)2/f"2+b*d"2*polylo
g(3,-(a-Ixb)*exp(2%I*e+2*Ixf*x)/(a+I*b))/(a-I*b) 2/ (a+I*b)/f~3-I*b~2%d 2*p
olylog(3,-(a-I*b)*exp(2*xI*e+2xI*f*x)/(a+I*b))/(a~2+b~2)"2/£f"3

output

Mathematica [A] (warning: unable to verify)

Time = 6.11 (sec) , antiderivative size = 761, normalized size of antiderivative = 1.16

(c+ dx)?
(a+ btan(e + fz))

2dx

(a+1ib)e
[

) ) . 2i 2i
12c(bdtach)e _ 126(=H(-1+€*) +a(1+6%)) bdtacH)z  gaba+aacs)z? | 4ad?fa 0d(—ib(—1+¢%¢) +a(14¢%¢) ) (bd+2ach)w log| 1+
2b a—1ib - a21b2 + a—ib t v T (a+ib)(ia+b) f

inputtlntegrate[(c + d*x)"2/(a + b*Tan[e + f*x])~2,x] J




output
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/((2*b*((12*c*(b*d + axcxf)*x)/(a - I*¥b) - (12*xc*((-I)*b*(-1 + E~((2*I)*e))

+ a*x(1 + E7((2%I)*e)))*x(bxd + a*xcxf)*x)/(a"2 + b~2) + (6xd*(bxd + 2kaxcxf
)*x72)/(a - I*b) + (4*a*xd~2*xfxx"3)/(a - I*b) + (6*d*((-I)*bx(-1 + E~((2*I)
xe)) + ax(1 + E~((2xI)*e)))*(bxd + 2xa*xcxf)*x*Log[l + (a + I*b)/((a - I*b)
*E~((2xI)*(e + £*x)))])/((a + I*b)*(I*a + b)*f) + (6%axd~2*((-I)*b*(-1 + E
“((2*%I)*e)) + ax(1 + E~((2*I)*e)))*x"2xLogl[l + (a + I*b)/((a - I*b)*E~((2*
D=x*(e + £*x)))1)/((a + I*b)*(I*a + b)) + (Bxck((-I)*b*x(-1 + E~((2%xI)*e)) +

ax(1 + E~((2+I)*e)))*(bxd + axcxf)*Logla + I*b + (a - Ixb)*E~((2*I)*(e +
f*x))]1)/((a + I*b)*(I*a + b)*f) + (3%d*((-I)*b*(-1 + E~((2*I)*e)) + ax(1 +

E~((2%I)*e)))*(b*d + 2xaxc*xf)*PolyLog[2, (-a - I*b)/((a - Ixb)*E~((2*I)*(
e + £*x)))]1)/((a”2 + b~2)*£72) + (3*axd~2*x((-I)*bx(-1 + E~((2xI)*e)) + ax*(
1 + E~((2%I)*e)) ) *(2xf*x*PolyLog[2, (-a - I*b)/((a - Ixb)*E~((2*I)*(e + f*
x)))] - IxPolyLog[3, (-a - I*b)/((a - Ixb)*E~((2xI)*(e + f*x)))]))/((a"2 +

b~2)*£72))) /(b - b*E~((2*xI)*e) — I*ax(1 + E~((2xI)*e))) + ((a"2 - b~2)*f*
xk(3*%c™2 + 3*ckd*x + d72xx"2)*Cos[f*x] + (a”2 + b™2)*xf*xx*k(3*kc™2 + 3*c*d*x
+ d72*x72)*Cos [2xe + f*x] + 2xb*(3*b*x(c + d*x) "2 + a*f*x*x(3*%c™2 + 3*xc*xd*x
+ d~2%x~2))*Sin[f*x])/((a*Cos[e] + b*Sin[e])*(a*xCos[e + f*x] + b*Sin[e + f

*x])))/(6%x(a~2 + b~2)*f)

Rubi [A] (verified)

Time = 1.79 (sec) , antiderivative size = 654, normalized size of antiderivative = 1.00,

number of rules _ 1 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+ dzx)? iz
(a+ btan(e + fz))?

l_3042

(c+ dz)?
(a+btan(e + fz))?

l 4217

dz

(c + dz)’

4b%(c + dx)? 4b(c + dzx)?
/ - . . ib Y . b\ \ 2 + 1N\2 (7 b\ o2ie+2ifr 4 ; b
(0 ) (ia (1= 2) ¥t i (14 %)) (a7 (ia (1~ &) Her2 ia (14 2)]

(a —1b)?
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l 2009
20%d(c + dz) PolyLog (2, — =™ ) 912d(c + dr) log (1 + =20 )
72 (a2 4 b2)? £2 (a2 4 b2)?
. —ib 2ie+2ifx
2ib?(c + dx)? log (1 + %) _ 2ib*(c+dz)? 4P (c+dx)®
fl@+v2)® F@+b2)°  3d(a®+0b2)?
’ib2d2 POIYLOg (2, —%> ’ib2d2 PolyLog (3, _%) N
13 (a? + b2)2 13 (a? + b2)2
: 2ie+2ifx
202(c + d)? 2bd(c + dz) PolyLog (2, —%)
Fla+ib)(b+ia)? ((b+ ia)e%e+ifs 1 iq—b) T 72(—b+ia)(a —ib)? +
—ib 2ie+2ifx
2b(c + dz)? log (1 + (=) et do)’ (ot da)
fla—1ib)2(a + ib) 3d(—b+ia)(a —ib)2 ' 3d(a — ib)2

ba® PolyLog (3, — (=250 )

3(a — ib)2(a + b)

Int[(c + d*x)~2/(a + bxTanle + £*x]1)"2,x]

N\ J

input

((-2*I)*b~2*(c + d*x)"2)/((a~2 + b~2)"2*f) + (2*b~2x(c + d*x)~2)/((a + I*b
Yk(I*a + b)"2*x(I*a - b + (I*a + D)*E~((2*I)*e + (2*I)*f*x))*f) + (c + d*x)
~3/(3x(a - I*b)"2%d) + (4*b*(c + d*x)~3)/(3*%(I*a - b)*(a - Ixb)"2xd) - (4x
b™2x(c + d*x)"3)/(3*(a”2 + b~2)"2xd) + (2*b~2*dx(c + d*x)*Logl[l + ((a - I*
b)*E~((2xI)*e + (2*%I)*fxx))/(a + I*b)])/((a"2 + b~2)"2*xf~2) + (2*b*(c + d*
x)"2*Log[1 + ((a - I*b)*E~((2*I)*e + (2xI)*f*x))/(a + Ixb)])/((a - I*b) 2%
(a + Ixb)*f) - ((2*xI)*b~2*(c + d*x) 2*Log[l + ((a - I*b)*E~((2xI)*e + (2*I
)xf*x))/(a + Ixb)]1)/((a"2 + b72)"2xf) - (I*b~2*d~2*PolyLog[2, -(((a - Ixb)
*E~((2%I)*e + (2*I)*f*x))/(a + I*b))])/((a"2 + b~2)72%£f73) + (2%bxd*(c + d
*x)*PolyLog[2, -(((a - Ixb)*E~((2*I)*e + (2*I)*f*x))/(a + I*b))])/((I*a -
b)*(a - Ixb)~2*xf~2) - (2*b~2*d*(c + d*x)*PolyLogl[2, -(((a - I*b)*E~((2*I)*
e + (2xI)xfxx))/(a + I*b))]1)/((a"2 + b~2)"2*f~2) + (b*d"2+PolyLog[3, -(((a
- I*b)*E~((2*xI)*e + (2xI)*f*x))/(a + I*b))])/((a - I*b)~2%(a + I*b)*£"3)
- (I*b~2*d~2*PolyLog[3, -(((a - I*b)*E~((2*I)*e + (2xI)*fx*x))/(a + I*b))])
/((a”2 + b"2)"2%£"3)

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b"2 + (a - Ixb) 2*%E~(2xI*(e + £*x)))))~(-n), x], x] /; FreeQl{a, b, c, d,
e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3900 vs. 2(588) = 1176.

Time = 0.79 (sec) , antiderivative size = 3901, normalized size of antiderivative = 5.96

method | result size

risch Expression too large to display | 3901

-

Lint ((d*x+c) "2/ (a+b*tan (f*x+e)) ~2,x,method=_RETURNVERBOSE)

-/

input




output

input
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-1/3*d"2/ (2xI*a*b-a~2+b"2) *x~3-1/ (2*I*a*b-a~2+b~2) xc~2*x-1/3/d/ (2*I*a*b-a"
2+b~2) *c~3-8/3/ (I*a+b) ~2/£"3/(b-I*a)*b/ (a+I*b)*e~3*a*d~2+4/ (I*a+b) ~2/£"2/(
b-I*a)*b~2/(a+I*b)*d " 2*exx+4/(I*xa+b) "2/ (b-I*a)*b/(a+I*b)*d*axcxx~2+4/3/(I*
a+b) "2/ (b-I*a)*b/(a+I*b)*d"2*a*x"3+2/ (I*a+b) “2/f/(b-I*a)*b~2/ (a+I*b)*d~2*x
~2+2/(I*a+b)~2/f~3/(b-I*a)*b~2/(a+I*b)*d~2*xe~2+1/(I*a+b) ~2/f~3/(b-I*a)*b~2
/ (a+I*b)*d~2*polylog(2, (I*b-a)*exp (2*I* (f*x+e))/(a+I*b))-d/(2*xI*a*b-a~2+b~
2) *c*xx~2-1/(I*a+b) ~2/£~3/ (b-I*a) *b~2*e"~2xa*xd~2/ (a+I*b)/ (I*b-a)*1n(a~2*exp(
4xT* (£xx+e) ) +exp (4*I* (f*x+e)) ¥b~2+2%a~2xexp (2% I* (f*x+e) ) —2%b~2%exp (2* I * (£*
x+e))+a~2+b~2)+2/ (I*a+b) ~2/£~3/(b-I*a)*b~2*e*xd~2/ (a+I*b)/(I*b-a)*arctan(1l/
2/axbxexp (2*%I* (f*x+e))-1/2/a*b+1/2/b*a*exp (2*xI* (fxx+e) ) +1/2/b*a)*a-2/ (I*a+
b) ~2/£73/(b-I*a)*b~2xe*d"~2/(a+I*b)/(I*b-a)*arctan(1/b*a)*a+2/(I*a+b)~2/£~2
/ (b-I*a)*b~2*c*d/(a+I*b)/(I*b-a)*arctan(1/b*a)*a-2/(I*a+b) ~2/f~2/(b-I*a)*b
~2*cxd/ (a+I*b)/(I*¥b-a)*arctan(1/2/a*bxexp(2*I*(f*x+e))-1/2/a*b+1/2/b*a*xexp
(2xIx (fxx+e))+1/2/b*a)*a-2/ (I*xa+b) ~2/£~3/(b-I*a)*b*e~2*a~2*xd~2/ (a+Ixb)/(I*
b-a)*arctan(1/2/axb*xexp (2xI* (f*x+e))-1/2/a*b+1/2/b*xa*xexp (2*xI* (f*x+e))+1/2/
b*a)+2/ (I*a+b) ~2/£~3/ (b-I*a)*b*e~2*%a~2*d~2/ (a+I*b)/(I*b-a)*arctan(1/b*a)+8
/ (Ixa+b)~2/f/(b-I*a)*b/(a+I*b)*d*a*xcke*x-2xI/(I*xa+b) ~2/f~3/(b-I*a)*b”~3*exd
~2/(a+I*b)/(I*b-a)*arctan(1/2/a*b*exp(2*xI*(f*x+e))-1/2/a*b+1/2/b*a*exp (2*I
*x (f*x+e) )+1/2/b*a) +2x1/(I*a+b) “2/£73/(b-I*a)*b~3*e*d~2/ (a+I*b)/(I*b-a)*arc
tan(1/bxa)+2+I/(I*a+b) ~2/f/(b-I*a)*b~2*a*c~2/(a+I*b)/(I*b-a)*arctan(1/2...

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1576 vs. 2(534) = 1068.

Time = 0.12 (sec) , antiderivative size = 1576, normalized size of antiderivative = 2.41

2
/ (a+ b( Ea;(imj- fx))? dz = Too large to display

p

‘integrate((d*x+c)‘2/(a+b*tan(f*x+e))‘2,x, algorithm="fricas")




output

input

output
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1/6x (2% (2”3 - a*b~2)*d"2*%f~3*x~3 - 6*b"3*c"2*%f"2 - 6%(b~3*xd"2*xf"2 - (a3 -
a*b”~2) kcxd*xf~3)*x"2 - 6% (2%b"3kc*kd*f~2 - (2”3 - a*b"2)*c"2*f"3)*x - 3% (-2
*I*a"2xbxd~2*f*x — 2%I*a”2%bkckxd*f - I*axb~2+%d"2 + (-2*I*a*xb~2xd~2*f*x - 2
*I*xa*b~2xc*xd*f - Ixb~3*d"2)*tan(f*x + e))*dilog(2*((I*a*xb — b~2)*tan(f*x +
e)”2 - a”2 - Ixaxb + (I*a"2 - 2%a*b - I*b~2)*tan(f*x + e))/((a"2 + b™2)*t
an(f*x + )72 + a”2 + b72) + 1) - 3*(2*I*a~2xbxd~2xf*x + 2%I*a”2*b*c*d*f +

Ixaxb™2*xd"2 + (2*I*axb”~2+*d~2*f*x + 2*I*axb”~2*cxd*f + I*b~3*d"2)*tan(f*x +
e))*dilog(2*x((-Ixa*b - b~2)*tan(f*x + e)”2 - a2 + Ixa*b + (-I*a"2 - 2*ax
b + I*¥b~2)*tan(f*x + e))/((a”2 + b"2)*tan(f*x + €)"2 + 2”2 + b"2) + 1) + 6
*(a"2xbxd"2*f"2%x"2 - a”2%b*xd"2*e”2 + 2*%a”~2kbkckdke*xf + axb~2xd"2xe + (2*a
“2xbxckxd*xf~2 + axb"2xd"2*f)*x + (axb"2xd"2*xf"2%x"2 - a*b"2*%d"2*e"2 + 2*xaxb
“2xckd*exf + bT3kd"2xe + (2*xaxb 2xckd*f~2 + b~3*d"2#f)*x)*tan(f*x + e))*lo
g(-2%((I*axb - b"2)*tan(f*x + e)"2 - a2 - I*axb + (I*a"2 - 2*a*b - I*b~2)
*tan(fxx + e))/((a”2 + b"2)*xtan(f*x + e)”2 + a2 + b~2)) + 6*x(a~2*b*d"2*xf"~
2*%x"2 - a"2*%bxd"2*xe”2 + 2xa~2xbkckdxexf + axb"2xd"2*e + (2%xa~2*bkckdxf~2 +

axb~2*d"2xf) *x + (a*b”2*xd"2*f"2*x"2 — a*b~2*d"2*e”2 + 2*xa*b 2xckd*exf + b
“3%d"2%e + (2%axb”2kcxd*f~2 + b~3*d"2*f)*x)*tan(f*x + e))*Llog(-2*((-I*a*b
- b"2)*tan(f*x + e)72 - a2 + I*axb + (-I*a"2 - 2*a*b + I*b~2)*tan(f*x + e
))/((@"2 + b~ 2)*tan(f*x + e)”2 + a™2 + b~2)) + 6%x(a~2%b*d"2*e”2 + a~2xb*c”

2%f~2 - axb~2%d"2%e - (2%a~2xbkckdxe - axb~2kcxd)*f + (axb"2xd"2%e"2 + ...

Sympy [F]

/ (c + dz)? e — / (c + dz)® i

(a+ btan(e + fz))? (a + btan (e + fz))?

p
Lintegrate((d*x+c)**2/(a+b*tan(f*x+e))**2,x)

| —

LIntegral((c + d*x)**2/(a + bxtan(e + f*x))**2, x)




input

output

>

N
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2530 vs. 2(534) = 1068.

Time = 0.92 (sec) , antiderivative size = 2530, normalized size of antiderivative = 3.87

2
/ (a+ b( :a;(imi fz))? dz = Too large to display

integrate ((d*x+c) "2/ (at+b*tan(f*x+e))~2,x, algorithm="maxima")

N\

-1/3%(6xcxd*ex (2xa*bxlog(bxtan(f*x + e) + a)/((a™4 + 2%a~2*%b"2 + b~4)*f) -
axbxlog(tan(f*x + e)”2 + 1)/((a”4 + 2¥a~2%b~2 + b~4)*f) - b/((a"2*b + b~3
Yxfxtan(f*x + e) + (2”3 + a*b™2)*f) + (2”2 - b™2)*x(f*x + e)/((a~4 + 2xa~2%
b™2 + b"4)*f)) - 3x(2xa*bxlog(b*tan(f*x + e) + a)/(a"4 + 2*xa"2*xb"2 + b~4)
- a*bxlog(tan(f*x + e)”2 + 1)/(a”4 + 2*xa"™2*b"2 + b™4) + (2”2 - b™2)*(f*x +
e)/(a”4 + 2%a"2xb"2 + b"4) - b/(a”"3 + a*b”2 + (a~2*%b + b~ 3)*tan(f*x + e))
Y*kc™2 - ((a”3 - I*a"2*b + a*b™2 — I*b~3)*(f*x + e)~3*d"2 + 3*(a~3 - I*xa”2#
b + a*b”2 - I*b"3)*(f*x + e)*d"2xe”2 - 6% (-I*a*xb™2 + b"3)*d"2*e"2 - 3*((a”
3 - I*a™2xb + a*b”2 - I*b"3)*d"2%e - (a3 - I*a~2*b + a*xb™2 - I*b~3)x*c*d*f
Yx(fxx + )72 - 6+%((-I*a"2*b + axb~2)*d"2*e”2 + (I*xaxb~2 - b~3)*d"2*e + (-
I*axb~2 + b~3)*cxd*f + ((-I*a~2%b - a*b~2)*d"2%e”2 + (I*a*b~2 + b~3)*d"2%e
+ (-I*axb~2 - b~3)*ckd*f)*cos(2xfxx + 2xe) + ((a"2%b - I*a*xb~2)*d"2%e~2 -
(axb™2 - I*b~3)*d"2*e + (a*b™2 - I*b~3)*ckxd*f)*sin(2*xf*xx + 2*e))*arctan2(
-bxcos (2*%f*xx + 2%e) + a*sin(2xf*x + 2*%e) + b, axcos(2*fxx + 2*e) + b*sin(2
*fxx + 2xe) + a) - 6% ((I*a™2%b - axb™2)*x(f*x + e)~2+%d"2 + (2*x(-I*a"2*b + a
*b"2)*d"2xe + 2% (I*a”2%b - a*b~2)*ckxd*f + (I*a*xb™2 - b~3)*d"2)*(f*x + e) +
((I*a~2xb + a*b”2)*(f*x + e)72*%d"2 + (2*x(-I*a"2%b - a*b~2)*d"2xe + 2x(I*a
~2%b + axb"2)*kckd*f + (I*a*xb™2 + b~3)*d"2)*x(f*x + e))*cos(2xfxx + 2*xe) - (
(a”"2%b - Ixa*b~2)*(f*x + e)"2xd"2 - (2*%(a"2*%b - Ixa*b~2)*d"2xe - 2*(a~2*b
- Ixaxb~2)*cxd*f - (a*b™2 - I*b~3)*d"2)*(f*x + e))*sin(2xf*x + 2%e))*ar...
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Giac [F]

(c + dx)? B (dz + ¢)* .
/ (a+ btan(e + fo))2 / (btan (fz + €) + a)? d

inputtintegrate((d*x+c)‘2/(a+b*tan(f*x+e))*2,x, algorithm="giac")

output Lintegrate((d*x + c)~2/(bxtan(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

/ (c+dz)® . _ / (ct+da)®

(a + btan(e + fx))? (a + btan (e + fz))?

inputtint((c + d*x)"2/(a + bxtan(e + £*x))"2,x)

output tlnt((c + d*x)~2/(a + b*tan(e + jf*x))A2’ x)

Reduce [F]

2
/ (a+ b( Eai(izi fz))? dz = Too large to display

input Lint ((d*x+c) "2/ (at+b*tan(f*x+e)) ~2,x)
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(int (x**2/(tan(e + f£*x)**2xb**2 + 2*tan(e + f*x)*axb + a**2),x)*tan(e + fx*
X) *ax*x5xb*xd*x*x2*%f + 2*int (x**2/(tan(e + f*x)**2*b**2 + 2xtan(e + f*x)*a*b +
ax*x2) ,x)*tan(e + f*x)*axx3*xbkxx3kd*x*x2*f + int (x**2/(tan(e + f*xx)**x2*b**x2 +
2%tan(e + f*x)*axb + a**2),x)*tan(e + f*x)*axbxx5xd**2*f + int (x**2/(tan(
e + F*xx)**2*xb**2 + 2*tan(e + f*x)*axb + a**2),x)*a*x*6xd**x2xf + 2*int (x**2/
(tan(e + f*x)**2xbx*x2 + 2*%tan(e + f*x)*axb + a**2),x)*a*x*dxbkx2xd**2*f + i
nt (x**2/(tan(e + f*x)**x2*b**2 + 2xtan(e + f*x)*axb + a*x*2),x)*ax*x2*xb**xd*xdx*
*2xf + 2xint(x/(tan(e + £*x)**x2xb*x*x2 + 2xtan(e + f*x)*a*b + a*x*2),x)*tan(e
+ f£*x)*a*xbxbkckd*f + 4*xint(x/(tan(e + f£xx)**2xbx*2 + 2+tan(e + f*x)*a*b
+ a*xx2) ,x)*tan(e + f*x)*akx*3*xbx*k3kckdxf + 2xint (x/(tan(e + f*x)**2¥bx*2 +
2xtan(e + fxx)*axb + a**2),x)*tan(e + f*x)*axb*xSxckd*f + 2+int(x/(tan(e +
fxx)**x2%b**2 + 2xtan(e + f*x)*axb + a*x*2),x)*ax*x6*xcxd*f + 4*int(x/(tan(e
+ f*x)**2xb**2 + 2xtan(e + f*x)*axb + a*x*2),x)*akxxdxbkx2*xckxd*f + 2*int (x/(
tan(e + f£xx)**x2+bx*2 + 2xtan(e + f*x)*axb + a**x2),x)*ax*2xb**4d*xcxd*f - log
(tan(e + f*x)**2 + 1)*tan(e + f*x)*a*x*2xb*x2xc**x2 - log(tan(e + f*x)**2 +
1) *a*x*3*b*xcx*2 + 2xlog(tan(e + f*x)*b + a)*tan(e + f*x)*a*xx2xb*kx2kc*kx2 + 2
xlog(tan(e + f*x)*b + a)*ax*3*bkxc**x2 + tan(e + f*x)*a**x3xbxc*x*2xf*x + tan(
e + f*x)*axk2¥bxx2kc**x2 — tan(e + f*xx)*axbkk3*kcx*x2xf*x + tan(e + f*x)*b*x4
KCHk*2 + akkAkCk*2kFhX — a*k2kbkx2kckx2+f*x)/(a*xf*(tan(e + f£*x)*a*xdxb + 2%
tan(e + f*xx)*ax*k2xbx*3 + tan(e + f*x)*b*x5 + ak*b + 2xa*x*3xb*x2 + akxbx*...

output




output
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ct+dz

3.61 f (a+btan(e+fx))? dx

Optimal result . . . . . . . . . . e 481l
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 482
Rubi [A] (verified) . . . .. . . ... .. 483
Maple [B] (verified) . . . . . . . . . ... 130
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 48T
Sympy [F] . . o o 488
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 188]
Giac [F] . . . . o o 489
Mupad [F(-1)] . . . oo 4900
Reduce [F] . . . . o o 90

Optimal result

Integrand size = 18, antiderivative size = 214

(bd + 2acf + 2adfx)?

c+dz _ (c+dx)?
/ (a + btan(e + fz))? o

_|_

T 2@+ b)) d ' 4a(a +1d) (a® + b?) df?
a2+b2)e2i(e+fw)

b(bd + 2acf + 2adf ) log (1 +

(a+ib)2

)

tabd PolyLog (2, _{

(a2 +62)* f2
a2 +b2)e2i(e+f:v)
(a+1b)?

)

(a> + )" 2
b(c + dx)

(a2 +12) f(a + btan(e + fz))

e

L2)/(a“2+b‘2)A2/f‘2—b*(d*x+c)/(a‘2+b‘2)/f/(a+b*tan(f*x+e))

-1/2*(d*x+c) "2/ (a"2+b"2) /d+1/4* (2*axd*f*x+2*axc*f+b*d) “2/a/ (a+I*b)/(a~2+b~
\2)/d/f‘2+b*(2*a*d*f*x+2*a*c*f+b*d)*1n(1+(a‘2+b‘2)*exp(2*1*(f*x+e))/(a+I*b)
"2)/(a‘2+b‘2)“2/f‘2—I*a*b*d*polylog(2,—(a‘2+b‘2)*exp(2*I*(f*x+e))/(a+I*b)‘

A\

|
|
J
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 745 vs. 2(214) = 428.

Time = 7.47 (sec) , antiderivative size = 745, normalized size of antiderivative = 3.48

c+dz
(a + btan(e + fz))?
_ (e+ fz)(—2de + 2cf + d(e + fx))sec?(e + fz)(acos(e + fz) + bsin(e + fx))?
B 2(a —b)(a + ib) f%(a + btan(e + fx))?
b2d(—b(e + fx) + alog(acos(e + fx) + bsin(e + fz))) sec’(e + fz)(acos(e + fxr) + bsin(e + fx))?
+ a(a — ib)(a + ib) (@ + %) f2(a 1 btan(e + f2))?
2bde(—b(e + fz) + alog(acos(e + fz) + bsin(e + fx))) sec?(e + fx)(acos(e + fx) + bsin(e + fz))°
B (a — ib)(a + ib) (a2 + b2) f2(a + btan(e + fx))2
2bc( b(e + fzr) + alog(acos(e + fz) + bsin(e + fz))) sec’(e + fz)(acos(e + fz) + bsin(e + fz))?
(a —ib)(a + ib) (a® + b?) f(a + btan(e + fx))?
(ue+fx)Q—w+2anwan(3))—ﬂdog(L+e—2“€+f@)—-(e+fx+anwan(%))bg(1—em(e+f“+“‘““(%:

d<eiarctan(‘;)(e+fw)2+
\[

dz

(a —ib)(a 4
sec’(e + fx)(acos(e + fz) + bsin(e + fz)) (—b*desin(e + fx) + b’cf sin(e + fz) + b?d(e + fz) sin(
* a(a —ib)(a + ib)/2(a + btan(e 1 f2))?

input LIntegrate[(c + d*x)/(a + b*Tan[e + f*x])~2,x] J
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((e + f*x)*(-2%d*e + 2%cxf + d*(e + f*xx))*Sec[e + f*x] 2% (a*Cos[e + f*x] +
b*Sinf[e + £*x])~2)/(2%(a - I*b)*(a + Ixb)*f~2+(a + b*Tan[e + f*x])~2) + (
b 2*d* (- (bx(e + f*x)) + axLogl[a*Cos[e + f*x] + b*Sin[e + f*x]])*Secl[e + f*
x] "2x(a*Cos[e + f*x] + bx*Sin[e + f*x])~2)/(a*x(a - I*b)*(a + I*b)*(a"2 + b~
2)*f~2%(a + b*Tan[e + f*x])~2) - (2xbxd*ex(-(b*(e + f*x)) + axLogl[a*Cos[e

+ fxx] + b*Sin[e + f*x]])*Sec[e + f*x] 2*(axCos[e + f*x] + b*Sin[e + f*x])
~2)/((a - Ixb)*(a + Ixb)*x(a”2 + b~2)*f"2x(a + bxTan[e + £*x])"2) + (2*b*c*
(-(bx(e + f*x)) + a*Logl[a*Cos[e + f*x] + b*Sin[e + f*x]])*Sec[e + fxx] 2%(
a*Cos[e + f*x] + b*Sin[e + £f*x])72)/((a - I*b)*(a + Ixb)*(a”2 + b~2)*f*(a

+ b*Tan[e + f*x])~2) - (d*(E~(I*ArcTan[a/bl)*(e + f*x)~2 + (ax(Ix(e + f*x)
*(-Pi + 2*ArcTan[a/b]l) - PixLog[l + E~((-2*I)*(e + f*x))] - 2*(e + f*x + A
rcTan[a/b])*Log[1 - E~((2*I)*(e + f*x + ArcTan[a/b]))] + Pix*Log[Cos[e + f*
x]] + 2*ArcTan[a/b]*Log[Sin[e + f*x + ArcTan[a/bl]] + I*PolyLogl[2, E~((2*I
)*x(e + fxx + ArcTan[a/b]))]1))/(Sqrt[1 + a~2/b~2]*b))*Sec[e + f*x] 2*(a*Cos
[e + £xx] + b*Sin[e + f*x])~2)/((a - I*b)*(a + I*b)*Sqrt[(a”2 + b~2)/b~2]*
f72«(a + bxTan[e + £*x])~2) + (Sec[e + f*x] 2*(a*Cos[e + f*x] + b*Sin[e +

fxx])*(-(b"2*d*e*Sin[e + f*x]) + b 2*cxf*Sin[e + f*x] + b"2*kd*(e + f*x)*Si
nle + fxx]))/(ax(a - I*b)*(a + I*b)*f~2+(a + bxTan[e + f*x])~2)

output

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.07,

number of rules _ 0.389, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {3042, 4216, 3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

c+dx
(a+ btan(e + fx))?

l 3042

dr

c+dz
(a+ btan(e + fz))?

l 4216

dz

bd+2afzd+2ac
f a+bta{n(e+fx)f dzx b(C + dac) (C + d(L‘)2

f@@+v)  f(a2+b) (a+btan(e+ fz)) 2d (a2 +b2)
l 3042
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bd+2afrd+2ac
f a-::bt:{n(e-:-f.’v)f dzx _ b(C + d.’E) _ (C + d$)2
f (a? + b?) f(a®+0b%) (a+btan(e+ fz)) 2d(a?+b?)
| 4215
. 2i(e+£2) (bd+2a frd+2acf 2acf+2adf x+bd)?
2ib [ e(a+ib)24_((a2+l‘)12)we2i(effcx)) dz + 22 ac4adf((1a+xib) ) B b(c+ dx) 3
f(a?+b?) f(a?+ %) (a+btan(e + fz))
(c+ dz)?
2d (a? + b?)
| 2620

e2i(etfz) (a2+b2) (a2+b2)62i(e+fa:)
iad [log| ————5—2+1|dz  i(2acf+2adfz+bd)log| 1+ —F—F5——
(a+1b) + (2(1

%b (a+ib)? cf+2adf x+bd)?
t aZ+b2 - 27(a2+52) 4adf (a+ib)
f (a2 + b2) B
b(c+ dz) _ (c+dzx)?
f(a®+b) (a+btan(e + fz)) 2d(a?+b?)
J'2715
e2i(e+fz) (4 a e2i(etfzx)
ad [ e=2(+1%) log - tmg);%Z) H) de*(“+7®) i(2acf+2adfz-+bd) log <1+( 2+i)+‘;)2 - > (2acf+2adf z+bd)*
2ib 2 (@@ +5%) - 2@ T5%) + T iadf(atad)
f(a? +b2)
b(c+ dx) (e dr)?
f(a?+b2) (a+btan(e + fz)) 2d(a? + b?)
l 2838
a e2i(e+fx) a e2i(et+fx)
i(2acf+2adf z+bd) log <1+(2+b:11i2b)2+> ad PolyLog <2,—(2-M(ZZ_:,)2+> (2a0f-+2adf o4 bd)?
. ac adl x
2ib| - 27 (a2+57) - 27(a2+52) + T fadf(atad)
f(a? +b2) B
b(c+dzx) (c+ dz)?

f(@®+0?) (a+btan(e+ fz)) 2d(a2+b2)

input LInt[(c + d*x)/(a + bxTan[e + £*x])~2,x] J
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-1/2%(c + d*x)"2/((a”2 + b™2)*d) + ((b*d + 2%axc*f + 2*axd*fxx)~2/(4*ax(a
+ I*b)*d*f) + (2+I)*b*(((-1/2+I)*(bxd + 2*axcxf + 2kxaxd*f*x)*Logl[l + ((a~2
+ b"2)*E"((2*I)* (e + f£xx)))/(a + I*¥b)"2])/((a"2 + b~2)*f) - (a*d*PolyLogl[
2, -(((@™2 + b™2)*E~((2*xI)*(e + f*x)))/(a + I*b)"2)])/(2%(a"2 + b"2)*£f)))/
((@™2 + b"2)*f) - (b*(c + d*x))/((a"2 + b~2)*f*(a + b*Tan[e + f*x]))

output

Defintions of rubi rules used

rule 2620 TRt LCCCF (gL )% ((e_ ) + (£_.)*(x)))~(m_)*((c ) + (d_)*(x)"@_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) * (x_) - (n_ . ) )] / (X_) s x_Symbol] > Slmp [_PolyLog [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4915 IntLCCc_.) + (d_)*(x_))"(m_.)/((a)) + (b_.)*tanl(e_.) + (£_.)*(x))]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) m*x(E~Simp[2*I*(e + f*x), x]/((a + I*b)"2 + (2”2 + b"2)*E~Simp[2
*Ix(e + f*x), x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a~"2 + b~2
, 0] & IGtQ[m, O]
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rule 4216 Totl(Ce_.) + (d_)*(x))/((al) + (b_.)*tanl[(e_.) + (£_.)*(x.)1)72, x_Symbol
] :> Simp[-(c + d*x)~2/(2xd*(a"2 + b~2)), x] + (Simp[1/(f*(a"2 + b"2)) 1In
t[(bxd + 2*axcxf + 2kaxd*f*x)/(a + b*Tan[e + f*x]), x], x] - Simp[b*((c + d
*xx)/(f¥(a”2 + b"2)*(a + bxTan[e + f*x1))), x]1) /; FreeQ[{a, b, c, 4, e, f},
x] && NeQ[a"2 + b~2, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2000 vs. 2(202) = 404.

Time = 0.70 (sec) , antiderivative size = 2001, normalized size of antiderivative = 9.35

method | result size

risch Expression too large to display | 2001

input‘int((d*x+c)/(a+b*tan(f*x+e))"2,x,method=_RETURNVERBOSE)
N\

-1/2%I/(I*a+b) ~2/£72/(b-I*a)*b~2*d/(a+I*b)/(I*b-a)*1ln(a~2*exp(4*xI*(f*x+e))
+exp (4xI* (f*x+e) ) xb"2+2*a"2xexp (2% I* (fxx+e) ) -2xb~2xexp (2*I* (f*xx+e) ) +a~2+b~
2)*a-1/(I*a+b) ~2/f/(b-I*a)*b*a~2*c/(a+I*b)/(I*b-a)*1n(a~2*exp (4*xI*(f*x+e))
+exp (4xI* (f*x+e) ) ¥xb"2+2*a" 2xexp (2*I* (f*xx+e) ) -2xb"2xexp (2*I* (f*x+e) ) +a~2+b~
2)+2*xI/(I*a+b) ~2/f/(b-I*a)*b/ (a+I*b)*a*d*1n(1-(I*b-a)*exp (2*xI*(f*x+e))/(a+
Ixb))*x+4*I/(I*a+b) ~2/£~2/(b-I*a)*b*exa*d/(a+I*b)*1n(exp(I*(f*x+e)))+2xI/(
Ixa+b)~2/£72/(b-I*a)*b/(a+I*b)*a*d*1ln(1-(I*b-a)*exp(2*I*(f*x+e))/(atI*b))*
e+2xI/(I*a+b)~2/f/(b-I*a)*b~2*a*c/(a+I*b)/(I*b-a)*arctan(1/2/axb*exp(2*I*(
fxx+e))-1/2/a*b+1/2/bxaxexp (2*xI* (f*x+e) )+1/2/b*a) -2xI/ (I*a+b) ~2/f/(b-I*a) *
b~2*a*c/(atI*b)/(I*b-a)*arctan(1l/b*a)+1/(I*xa+b) ~2/£72/(b-I*a)*b~2*e*xaxd/(a
+Ixb) /(I*¥b-a)*1n(a~2*exp (4*I*(fxx+e))+exp (4*I* (f*x+e))*b ~2+2*a"2xexp (2% I*(
fxx+e))-2xb~2kexp (2*xI* (f*x+e))+a~2+b"2)+2/ (I*a+b) “2/£~2/ (b-I*a) *b*exa~2*xd/
(a+I*b)/(I*b-a)*arctan(1l/2/a*xb*exp(2+I*(f*x+e))-1/2/a*b+1/2/b*axexp (2*I* (£
*xx+e))+1/2/b*a) -2/ (I*a+b) ~2/£72/ (b-I*a) *b*xexa”2xd/ (a+I*b)/(Ixb-a)*arctan(l
/b*a)-1/2/(2*I*axb-a~2+b~2) *d*x~2-1/(2*I*axb-a~2+b~2) *c*x+2/ (I*a+b) 2/ (b-I
*a) *b/ (a+I*b)*a*d*x~2-2*%I*b~2% (d*x+c)/(b-I*a)/f/(I*a+b) "2/ (b*exp (2*I* (f*x+
e))+I*xaxexp (2+I*(f*x+e))-b+I*a)+4/(Ixa+b) ~2/f/(b-I*a)*b/(a+I*b)*a*d*exx-1/
(I*a+b)~2/f/(b-I*a)*b~2*a*c/(a+I*b)/(I*b-a)*1n(a"2xexp (4*I*(f*x+e))+exp(4*
I*x(fxx+e))*b~2+2xa~2xexp (2*xI* (f*x+e) ) -2*b~2*kexp (2*xI* (f*x+e) )+a~2+b"2) -2/ (I
*a+b) “2/f/(b-I*a)*b*a~2*c/(a+I*b)/(I*b-a)*arctan(1/2/a*b*exp(2*I* (f*x+e. ..

output




input

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 843 vs. 2(197) = 394.

Time = 0.12 (sec) , antiderivative size = 843, normalized size of antiderivative = 3.94

c+dx
/ (a + btan(e + fx))? z 00 large to display

‘/
N

integrate ((d*x+c)/(at+b*tan(f*x+e))~2,x, algorithm="fricas")

N\

1/2%((a~3 - a*b~2)*d*f "2%x"2 - 2%b~3*cxf — 2% (b~3*d*f - (a~3 - axb~2)*c*f"
2)*x + (I*axb~2*d*tan(f*x + e) + I*a~2*bxd)*dilog(2*((I*xa*xb - b~2)*tan(f*x
+ e)72 - a2 - Ixaxb + (I*a"2 - 2*a*b - I*b"2)*tan(fxx + e))/((a"2 + b~2)
*tan(f*xx + e)"2 + a”2 + b"2) + 1) + (-Ixaxb"2*kd*tan(f*x + e) - I*xa~2xbxd)*
dilog(2*((-I*axb - b~2)*tan(f*x + e€)”2 - a”2 + I*axb + (-I*a"2 - 2%axb + I
xb~2)*tan(f*x + e€))/((a”2 + b™2)*tan(f*x + e)"2 + a”2 + b™2) + 1) + 2*(a™2
xbxd*f*x + a”~2%bxdxe + (a*b~2xdxf*x + axb~2*d*e)*tan(f*x + e))*log(-2*((I*
axb - b™2)*tan(f*x + e)”2 - a”2 - I*a*xb + (I*a~2 - 2%a*xb — I*b~2)*tan(f*x
+ e))/((a”2 + b 2)*tan(f*x + €)”2 + a”2 + b~2)) + 2x(a~2kbkd*f*x + a~2*b*d
*xe + (axb~2xd*f*x + axb~2*dxe)*tan(f*x + e))*log(-2*((-I*a*b - b~2)*tan(f*
X + e)”2 - a”2 + Ikxa*xb + (-I*a"2 - 2%a*b + I*b~2)*tan(f*x + e))/((a"2 + b~
2)*xtan(f*x + )72 + a”2 + b~2)) - (2*a"2xbxd*e - 2*%a~2xbkc*f - a*b~2xd + (
2xa*b~2+d*e - 2%a*b~2*kcxf - b~3*xd)*tan(f*x + e))*log(((Ixa*b + b~2)*tan(f*
X +e)”2 - a”2 + I*axb + (I*a"2 + I*b~2)*tan(f*x + e))/(tan(f*x + e)"2 + 1
)) — (2*%a”2%b*d*e - 2*a"2xbxcxf — axb"2kd + (2*a*b”2*d*e - 2*xaxb"2kckf - b
~3*d)*tan(f*x + e))*log(((I*axb - b"2)*tan(f*x + e)~2 + a~2 + I*axb + (I*a
"2 + I*xb~2)*tan(f*x + e))/(tan(f*x + e)”"2 + 1)) + ((a”2xb - b~3)*d*f ~2%x"2
+ 2xaxb~2xcxf + 2x(a*b”~2*d*f + (a”2%b - b~3)*kckf~2)*x)*tan(f*x + e))/((a”
4%b + 2*a~2*%b~3 + b~B)*f " 2*tan(f*x + e) + (a5 + 2*xa~3*b"2 + a*b~4)*f"2)
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Sympy [F]

c+dz B c+dzx
/ (a + btan(e + fz))? de = / (a + btan (e + fz))? de

inputLintegrate((d*X+C)/(a+b*tan(f*x+e))**Q,X)

outputLIntegral((C + d*x)/(a + bxtan(e + f*xx))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1156 vs. 2(197) = 394.

Time = 0.53 (sec) , antiderivative size = 1156, normalized size of antiderivative = 5.40

c+dz
= Too 1 5ol
/ (a+ btan(e + fx))? dx 0o large to display

inputLintegrate((d*x+c)/(a+b*tan(f*x+e))*Q,X’ algorithm="maxima")
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1/2%((a~3 - I*a~2%b + a*b™2 - I*b~3)*d*f"2*x~2 + 2*(a”~3 - I*a~2*b + a*xb~2
- I*b"3)*c*xf"2%x — 4*(-I*a*b~2 + b~ 3)*kc*kf — 2% (2x(-I*a~2*b + axb”2)*c*xf +
(-I*a*xb~2 + b"3)*d + (2*%(-I*a"2%b - axb~2)*c*f + (-I*a*b”2 - b~3)*d)*cos(2
*fxx + 2xe) + (2% (a"2%b - I*a*xb~2)*cxf + (a*b”2 - I*b~3)*d)*sin(2xf*xx + 2%
e))*arctan2(-b*cos(2xf*x + 2%e) + a*sin(2*f*x + 2%e) + b, a*xcos(2xf*x + 2x*
e) + b*sin(2*f*x + 2%e) + a) — 4*%((I*a"2*b + a*xb”2)*d*f*x*cos(2*f*x + 2%*e)
- (a™2%b - I*axb~2)*d*xf*xx*sin(2*f*x + 2%e) + (I*a"2%b — a*b~2)*d*f*x)*arc
tan2 ((2%a*bxcos (2xf*x + 2%e) - (a™2 - b™2)*sin(2*f*x + 2xe))/(a"2 + b~2),
(2%a*bxsin (2*%f*x + 2%e) + a”2 + b™2 + (a”2 - b"2)*cos(2xf*x + 2*xe))/(a~2 +
b"2)) + ((a”3 - 3*I*a~2*b - 3*a*b”~2 + I*b~3)*d*f~2*x"2 + 2x((a~3 - 3*I*a"
2xb - 3*axb~2 + I*b~3)*kckxf~2 - 2x(I*axb~2 + b~3)*d*f)*x)*cos(2*f*x + 2%e)
- 2x((I*a~2*b + a*b™2)*d*cos(2xf*x + 2%e) - (a"2*b - I*a*xb™2)*d*sin(2*xf*x
+ 2%e) + (I*a~2%b - a*b”2)*d)*dilog((I*a + b)*e” (2xI*f*x + 2+Ixe)/(-I*a +
b)) + (2% (a"2%b + I*axb~2)*cxf + (a*xb”2 + I*b~3)*d + (2*x(a"2xb - I*a*b~2)+*
cxf + (axb”2 - I*b~3)*d)*cos(2*xf*x + 2xe) — (2% (-I*a"2%b - a*xb~2)*cxf - (I
*a*xb”™2 + b~3)*d)*sin(2*xf*x + 2%e))*Llog((a™2 + b~2)*cos(2*f*x + 2%e) "2 + 4%
a*b*sin(2*xf*x + 2xe) + (a2 + b"2)*sin(2*f*x + 2*e)"2 + a”2 + b"2 + 2x(a™2
- b"2)*cos(2*f*x + 2xe)) + 2x((a"2xb - Ixaxb™2)*d*f*x*xcos(2*xf*x + 2*xe) -
(-I*a~2*b - a*b~2)*d*f*x*sin(2xf*x + 2%e) + (a~2*b + I*axb~2)*d*f*x)*log((
(a”2 + b™2)*cos(2kf*x + 2%e) "2 + 4*axb*sin(2*f*x + 2%e) + (a2 + b"2)x*s...

output

Giac [F]

c+dx B dr +c
/ (a + btan(e + fx))? de = / (btan (fz + €) +a)’ e

input‘integrate((d*x+c)/(a+b*tan(f*x+e))“2,x, algorithm="giac")
N

outputl integrate((d*x + c)/(b*tan(f*x + e) + a)~2, x)
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Mupad [F(-1)]

Timed out.

c+dz _ ct+dx
/ (a + btan(e + fx))? dw = / (a + btan (e + fz))* d

e hY

int((c + d*x)/(a + bxtan(e + f*x))~2,x)

N\ J

input

Output‘int((c + d*x)/(a + bxtan(e + £*x))"2, x)

Reduce [F]

c+dz
(a+ btan(e + fz))?

dx

T 5 x
. <f tan(fz+e)?b2+2 tan(fz+e)ab+a? d.’L‘) tan (f.’E + 6) a bdf +2 (f tan(fz+e)?b2+2 tan(fz+e)ab+a? dx) tan ('fx + 6) a

-

Lint((d*x+c)/(a+b*tan(f*x+e))‘2,x)

~—

input

(int (x/(tan(e + f*x)**x2*b**x2 + 2xtan(e + f*x)*axb + ax*2),x)*tan(e + f*x)*
a**5xbxd*xf + 2xint(x/(tan(e + f*x)**x2xb**x2 + 2xtan(e + f*x)*a*b + a*x*2),x)
xtan(e + fxx)*ax*3xb*x*3xd*f + int(x/(tan(e + f*x)**2xbx*2 + 2+tan(e + f*x)
xaxb + ax*2),x)*tan(e + f*x)*axb*xx5xd*f + int(x/(tan(e + f*x)**2xb*x*x2 + 2%
tan(e + fxx)*akxb + ax*2),x)*ax*6xd*xf + 2xint(x/(tan(e + £*xx)**k2xbk*2 + 2kt
an(e + f*x)*axb + a**2),x)*a*x*x4xb*x*x2xd*f + int(x/(tan(e + f*xx)**2%b*xx2 + 2
xtan(e + f*x)*axb + a**x2),x)*ax*2xb*x4*xd*xf - log(tan(e + f*x)**x2 + 1)*tan(
e + f*x)*a*x2xb*x2%c - log(tan(e + f*x)**2 + 1)*a**x3xb*c + 2xlog(tan(e + £
*x)*b + a)*tan(e + f*xx)*a*x*x2xbx*2kc + 2*xlog(tan(e + f*x)*b + a)*ax*3*b*c +
tan(e + f*x)*a**3xbkc*kfxx + tan(e + fxx)*ax*x2kxb**x2xc - tan(e + f*x)*axb**
3kc*kf*x + tan(e + fxx)*xbkkdkc + ak*kdkckxfxx — axx2xbkxxkckf*x)/(a*f*(tan(e
+ fxx)*ax*x4xb + 2*%xtan(e + f*x)*a**x2xb**3 + tan(e + f*x)*b*x*5 + a*x5 + 2xax*
*3%b**x2 + axbx*4))

output
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1

3.62 f (c+dzx)(a+btan(e+fx))? dx

Optimal result . . . . . . . . . . . . .. e [497]
Mathematica [N/A] . . . . . . . . 49T
Rubi [N/A] . . o 4921
Maple [N/A] . . . o o 193]
Fricas [N/A] . . . o o 193
Sympy [N/A] . . o 93]
Maxima [N/A] . . . . . 494
Giac [N/A] . . o o 4951
Mupad [N/A] . . . o 4951
Reduce [N/A] . . . o o 495

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+dz)(a+ btan(e + fz))? de = Int((c + dz)(a + btan(e + fz))?’ x)

e

~—

output LDefer(Int) (1/ (d*x+c) / (a+bxtan (f*x+e)) ~2,x)

Mathematica [N/A]
Not integrable

Time = 12.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ btan(e + fx))? de = / (c+dz)(a+ btan(e + fx))? de

e

LIntegrate[l/((c + d*x)*(a + b*Tan[e + £*x])"2),x]

~—

input

output Llntegratetl/ ((c + d*x)*(a + bxTan[e + f*x])~2), x] J




input

output

rule 3042

rule 4223

CHAPTER 3. LISTING OF INTEGRALS 492

Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(c+dz)(a+ btan(e + fz))?
| 3042

/ 1 d
(c + dz)(a + btan(e + fz))2 "
l'4223

/ 1 d
(c + dz)(a + btan(e + fz))2 "

‘Int[l/((c + d*x)*(a + bxTan[e + £*x])~2),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])~n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 dx
(dz +c) (a+btan (fz + e))2

input Lint (1/(d*x+c)/ (atb*tan(f*x+e))~2,x) J

outputLint(1/(d*X+C)/(a+b*tan(f*x+e))“2,x) J

Fricas [N/A]
Not integrable
Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1

1
/ (c+dz)(a + btan(e + fx))? de = / (dz + ¢)(btan (fz + e) + a)? de

input tintegrate (1/ (d*x+c)/ (a+b*tan(f*x+e))~2,x, algorithm="fricas") J

N

p
output‘ integral(1/(a™2*d*x + a™2*c + (b7™2*d*x + b™2*c)*tan(f*x + e)”2 + 2*(a*bxdx ‘
‘x + axbxc)*tan(f*xx + e)), x) ‘

Sympy [N/A]
Not integrable

Time = 1.62 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+ dz)(a + btan(e + fz))? do = / (a +btan (e + fz))* (c + dz) e

input Lintegrate (1/(d*x+c)/ (a+b*tan (f*x+e) ) **2,x) J
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Output‘Integral(l/((a + bxtan(e + f*x))**2k(c + d*x)), x)

Maxima [N/A]
Not integrable

Time = 10.95 (sec) , antiderivative size = 1498, normalized size of antiderivative =
74.90

1 1
/ (c+dz)(a+ btan(e + fx))? do = / (dz + ¢)(btan (fz + €) + a)? de

input\integrate(1/(d*x+C)/(a+b*tan(f*x+e))*z,x, algorithm="maxima")

(((a"4 - b~4)*d*fxx + (a4 - b~4)*c*f)*cos(2xf*x + 2%e) "2xlog(d*x + c) + (
(a”4 - b~4)*d*f*x + (a4 - b~4)*cxf)*log(d*x + c)*sin(2xf*x + 2xe)”2 - 2%(
2*%axb”~3*%d - ((a”4 - 2*a”~2*%b"2 + b~4)*d*f*x + (a~4 - 2*%a~2*%b"2 + b"4)*c*f)x*
log(d*x + c))*cos(2xfxx + 2*e) + ((a”6 + 3*a~4*b~2 + 3*a~2*xb~4 + b~6)*d~2*
fxx + (a”6 + 3*a~4*%b"2 + 3*a~2*%b"4 + b~6)*ckd*xf + ((a"6 + 3*a~4*%b"2 + 3*a”
2%b"4 + b76)*d"2xfxx + (2”6 + 3*%a~4*b"2 + 3*a"2*xb"4 + b"6)*ckd*f)*cos(2*xfx*
X + 2xe)"2 + ((a”6 + 3*a"4*b"2 + 3*a"2*b"4 + b"6)*d"2*fxx + (a”6 + 3*xa"4+*b
"2 + 3%a"2*b"4 + b76) *kckd*f)*sin(2xfxx + 2*%e) "2 + 2% ((a”6 + a~4*xb"2 - a"2x*
b™4 - b76)*d"2xf*x + (a6 + a~4%b”"2 - a~2*%b~4 - b"6)*kckd*f)*kcos(2xf*x + 2%
e) + 4x((a”b*b + 2%a”3*b~3 + a*b~5)*d"2*f*x + (a~bxb + 2*a~3%b~3 + axb”5)*
ckd*f)*sin(2xf*x + 2%e))*integrate (2% (2% (2*xa~2*%b~2xd*f*x + 2%a~2%b~2*c*xf -
a*b~3*d) *cos (2*xf*x + 2xe) - (2*(a~3*b - a*xb~3)*d*f*x + 2*(a~3*b - axb~3)*
cxf - (a”2*xb"2 - b74)*d)*sin(2*f*x + 2xe))/((a"6 + 3*a~4%b~2 + 3*a~2xb"4 +
b~6) *d"2*xf*x"2 + 2*(a”6 + 3*a~4*xb"2 + 3*a"2%b"4 + b"6)*cxdxfxx + (a”6 + 3
*a"4*xb"2 + 3*%a"2*b~4 + b"6)*xc"2*xf + ((a”6 + 3*a"4*xb"2 + 3*a"2*b"4 + b"6)*d
“2xfxx"2 + 2% (2”6 + 3*%a"4%b"2 + 3*a"2*xb"4 + b76)*ckd*f*x + (a”6 + 3*xa~4x*xb”
2 + 3*%a"2*xb"4 + b7"6)*c”2*f)*cos(2*f*x + 2*xe)”2 + ((a”6 + 3*a~4*b"2 + 3*a~2
*b"4 + D76)*d"2xf*x"2 + 2%(a”6 + 3*a"4*b"2 + 3*a”2%b~4 + b~6)*ckdxf*x + (a
~6 + 3*%a~4%xb"2 + 3%a"2%b"4 + b76)*c”"2*f)*sin(2*f*x + 2%e)”2 + 2*x((a"6 + a”
4¥b"2 - a”2*%b"4 - b76)*d"2*f*x"2 + 2*(a"6 + a~4*b”2 - a"2*¥b"4 - bT6)*c*...

output
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Giac [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ btan(e + fx))? do = / (dz 4 c)(btan (fz +e) + a)® &

input Lintegrate (1/(d*x+c) / (a+b*tan(f*x+e))~2,x, algorithm="giac") J

output tintegrate(1/((d*x + c)*(bxtan(f*x + e) + a)~2), x) J

Mupad [N/A]
Not integrable

Time = 9.80 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
(c+dz)(a+ btan(e + fx))? de = / (a+btan (e + fz))* (c+ dz) e

inputtint(l/((a + bxtan(e + £*x))~2%(c + d*x)),x) J

output Lint(l/((a + bxtan(e + f*x)) 2x(c + d*x)), x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 66, normalized size of antiderivative = 3.30

1
(c+dz)(a+ btan(e + fzx))

2dx

1
dz
/ tan (fz + e)? b2c + tan (fz + €)? b2dz + 2tan (fz + €) abe + 2tan (fz + e) abdz + a2c + adx
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inputLint(1/(d*x+c)/(a+b*tan(f*x+e))*2,x)

‘int(l/(tan(e + f*x)**2%b*x*2%c + tan(e + f*xx)**x2*xb*x*x2kd*xx + 2*tan(e + f*x)=*

output
‘a*b*c + 2%tan(e + f*xx)*axbkd*xx + a*x*2xc + a**2xd*x),x)
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1

3.63 f (ct+dz)?(a+btan(e+fx))? dz

Optimal result . . . . . .. . . . .. . . . . e 497
Mathematica [N/A] . . . . . . . . 497l
Rubi [N/A] . . o 198
Maple [N/A] . . . . o 199
Fricas [N/A] . . . o o 199
Sympy [N/A] . . e 499
Maxima [N/A] . . . . . (00!
Giac [N/A] . . . HOT]
Mupad [N/A] . . o e BTl
Reduce [N/A] . . . o o 50Tl

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+dz)2(a + btan(e + fx))2 de = Int((c + dz)?(a + btan(e + fz))?’ x)

e

Defer (Int) (1/(d*x+c) "2/ (a+b*tan(f*x+e)) ~2,x)

~—

output t

Mathematica [N/A]
Not integrable

Time = 13.83 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dx)?(a + btan(e + fz))? de = / (c+dz)*(a+ btan(e + fx))? dz

e

inputtlntegrate[l/((c + d*x)~2*%(a + bxTan[e + £*x])"2),x]

~—

output Llntegrate[l/((c + d*x)~2%(a + bxTan[e + f*x])~2), x] J




input

output

rule 3042

rule 4223
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(c+ dz)%(a + btan(e + fx))?
l 3042

1
/ (¢+dz)?(a+ btan(e + fz))

l'4223

1
/ (c+dz)%(a+ btan(e + fx)

2dw

)2d$

‘Int[l/((c + d*x)"2%(a + b*Tan[e + f*x])~2),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*x(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])~n, x] /; Free
Ql{a, b, c, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

2 5dx
(dz+c¢)” (a+btan (fz +e))
input Lint (1/ (d*x+c) "2/ (a+b*tan (f*x+e)) ~2,x) J
output Lint (1/(d*x+c) "2/ (a+bxtan(f*x+e))"2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1

(c+ dz)?(a + btan(e + fx))? do = / (dz 4 c¢)*(btan (fz + €) + a)® e

input Lintegrate (1/ (d*x+c) "2/ (a+b*tan(f*x+e))~2,x, algorithm="fricas") J

integral(1/(a2+d™2#Xx"2 + 2ka"2xckdkx + a"2#Cc”2 + (b"2%d"2#Xx"2 + 2¥b"2xckd
‘*x + b™2xc"2) *tan(f*x + e)”2 + 2% (axbxd"2*%x"2 + 2xaxb*ckd*x + axb*c”~2)*tan \
‘(f*x +e)), x) ‘

output

Sympy [N/A]
Not integrable

Time = 3.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/ (c+ dz)%(a + btan(e + fz))? dr = / (a+btan (e + fx))? (c + dz)? d

tnput Lintegrate (1/(d*x+c) **2/ (a+b*tan (fxx+e) ) **2,x) J
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output‘ Integral(1/((a + bxtan(e + f*x))**2x(c + d*x)*¥2), x)

Maxima [N/A]
Not integrable

Time = 28.36 (sec) , antiderivative size = 1977, normalized size of antiderivative =
98.85

1 1
(c+dz)?(a + btan(e + fz))? do = / (dz + c)?(btan (fz +e) +a)? de

input‘integrate(1/(d*x+c)‘2/(a+b*tan(f*x+e))*g,x, algorithm="maxima")

-((a™4 - b 4)*d*f*x + (a4 - b 4)*cxf + ((a”4 - b™4)*d*f*x + (a”4 - b™4)*c
*f)kcos(2xf*x + 2%e)”2 + ((a"4 - b74)*d*f*x + (a™4 - b~4)*c*xf)*sin(2*f*x +
2%e) "2 + 2x(2xaxb~3xd + (a"4 - 2*a"2%b"2 + b74)*xdxf*x + (a"4 - 2*a"2%b"2
+ b~4) *c*f)*cos(2*xfxx + 2xe) — ((a"6 + 3*a~4%b~2 + 3*a~2*xb"4 + b~6)*d"3*f*
x"2 + 2%(a"6 + 3*%a"4*b"2 + 3*%a"2*b"4 + b"6)*xcxd"2*f*x + (a”6 + 3*a~4xb"2 +
3*%a”~2+%b"4 + b76)*c”2xdxf + ((a"6 + 3*a~4*b"2 + 3*a"2*b"4 + b76)*d"3*f*x"2
+ 2%(a"6 + 3*a"4xb”"2 + 3*a”2%b"4 + b"6)*ckxd"2*xf*x + (a6 + 3*a~4*b"2 + 3*
a~2%b~4 + b76)*xc”2xd*f)*kcos(2*f*x + 2*xe)"2 + ((a”6 + 3*a"4%b"2 + 3*xa~2xb"4
+ b76)*A"3*f*x"2 + 2% (2”6 + 3*a~4*b~2 + 3*a~2%b"4 + b"6)*ckd"2xfxx + (a"6
+ 3*%a~4*b~2 + 3*%a~2%b"4 + b76) *c"2*d*f)*sin(2*f*x + 2*xe)"2 + 2% ((a”6 + a”
4¥b~2 - a”2%b”4 - b"6)*d"3*f*x"2 + 2%(a”6 + a”4*b”"2 - a”2%b"4 - b76)*c*d"2
*fxx + (2”6 + a”4*%b~2 - a"2*b”"4 - b76)*c”2kd*f)*cos(2xf*x + 2*e) + 4*x((a”5
*b + 2*%a~3*b"3 + a*b”5)*d"3*f*x"2 + 2x(a"5*b + 2*%a”~3*%b"3 + axb”5)*ckxd"2*xf*
x + (a”5%b + 2%a”3%b”3 + a*b”5)*c"2xd*f)*sin(2xf*x + 2%e))*integrate (4% (2%
(a™2xb~2xdxf*x + a”~2*%b~2*c*f - a*b~3*d)*cos(2xf*x + 2%e) - ((a”3*b - a*xb”3
Yxdxfxx + (a"3%b - a*b~3)*cxf - (a"2*b"2 - b~4)*d)*sin(2*xf*x + 2*e))/((a"6
+ 3*%a"4%b"2 + 3*%a"2*b"4 + b"6)*d"3*%f*x"3 + 3*%(a”6 + 3*a"4*b”2 + 3*a"2%b"4
+ b76)kckd"2xf*x"2 + 3*%(a"6 + 3*a"4xb"2 + 3*a”2%b"4 + b76)*c 2xd*f*x + (a
6 + 3*a"4*xb”"2 + 3*%a"2%b"4 + b"6)*c”3*xf + ((a”6 + 3*a"4*b"2 + 3*%a~2*xb"4 +
b~6)*d"3*f*xx"3 + 3*x(a”6 + 3*a~4*b”"2 + 3*%a"2*%b"4 + bT6)*kckd " 2*fxx"2 + 3*. ..

output

N
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Giac [N/A]
Not integrable
Time = 22.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 do — / 1
(c+ dz)?(a + btan(e + fz))? (dz + c)*(btan (fz + €) + a)

5 dx

inputLintegrate(l/(d*x+c)"2/(a+b*tan(f*x+e))"2,x, algorithm="giac") J

output tintegrate(1/((d*x + c)"2x(bxtan(f*x + e) + a)~2), x) J

Mupad [N/A]
Not integrable

Time = 9.50 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

dr = dx
/(c—i—dac)2(6L+btaun(e—l—fgc))2 /(a+btan(e+fx))2 (c+dz)?

input 18(1/((a + brtan(e + £4)) 24 (c + dxx)"2),%) J
output Lint(l/((a + bxtan(e + f*x)) 2*%(c + d*x)~2), x) J

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 121, normalized size of antiderivative = 6.05

1
/ (c+dz)?(a+ btan(e + fz))

2dcc

1
/ tan (fz + €)’ 022 + 2tan (fz + e)’ b2cdz + tan (fz + e)’ b2d2x? + 2tan (fz + e) abc® + 4tan (fz +
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input\int(1/(d*x+c)“2/(a+b*tan(f*x+e))~2,x)

‘int(l/(tan(e + £xx)**%2xbk*k2*cx*2 + 2xtan(e + f*x)**k2*¥bxx2kc*d*x + tan(e +
‘f*x)**2*b**2*d**2*x**2 + 2%tan(e + f*x)*axbxc**x2 + 4xtan(e + f*x)*axbkxckd*
‘x + 2%tan(e + f*x)*axbkd**x2*xx**2 + a**kkck*2 + kakk2kckd*xx + ax*kkdkkkx*k
*2),%)

output
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 503
4.2 Links to plain text integration problems used in this report for each CAS . [(21l

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

503

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 516

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py

	Introduction
	Listing of CAS systems tested
	Results
	Time and leaf size Performance
	Performance based on number of rules Rubi used
	Performance based on number of steps Rubi used
	Solved integrals histogram based on leaf size of result
	Solved integrals histogram based on CPU time used
	Leaf size vs. CPU time used
	list of integrals with no known antiderivative
	List of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Important note about Maxima results
	Important note about FriCAS result
	Important note about finding leaf size of antiderivative
	Important note about Mupad results

	Current tree layout of integration tests
	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Rubi
	Mma
	Maple
	Fricas
	Maxima
	Giac
	Mupad
	Sympy
	Reduce

	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	 x^3 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 ^2(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 ^2(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x ^2(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^2(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 ^2(a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 ^3(a+b x)  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 ^3(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x ^3(a+b x)  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^3(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 ^3(a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (x^2  ^3  2(a+b x)-4 x  b (a+b x)+x^2 (a+b x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (x^2  (a+b x^2)+(a+b x^2)  b+x^2 ^3  2(a+b x^2))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d x)^3  a+i a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (c+d x)^2  a+i a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 c+d x  a+i a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  (c+d x) (a+i a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x)^2 (a+i a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x)^3 (a+i a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^3  (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (c+d x)^2  (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 c+d x  (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  (c+d x) (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x)^2 (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^3  (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (c+d x)^2  (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 c+d x  (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 1  (c+d x) (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x)^2 (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^m (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^m (a+i a (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^m  a+i a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^m  (a+i a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^m  (a+i a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^3 (a+b (e+f x))  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 a+b (e+f x)  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (e+f x)  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^3 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (e+f x))^2  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (e+f x))^2  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^3 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^2 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x) (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (e+f x))^3  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (e+f x))^3  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^3  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^2  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 c+d x  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^3  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (c+d x)^2  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 c+d x  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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