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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 66 |. This is test number | 223 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (66 ) | 0.00 (0)
Mathematica | 100.00 ( 66 ) | 0.00 (0)
Maxima, 9242 (61) | 758 (5)
Fricas 72.73 (48) | 27.27 (18)
Mupad 57.58 (138 ) | 42.42 (28)
Maple 54.55 (36 ) | 45.45 (30)
Giac 54.55 (36 ) | 45.45 (30)
Reduce 54.55 (36 ) | 45.45(30)
Sympy | 54.55 (36) | 45.45 (30)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 51.515 0.000 0.000 48.485
Mathematica 42.424 4.545 4.545 48.485
Fricas 10.606 13.636 0.000 75.758
Maple 6.061 0.000 0.000 93.939
Giac 6.061 0.000 0.000 93.939
Sympy 3.030 0.000 3.030 93.939
Maxima 1.515 43.939 0.000 54.545
Mupad 0.000 9.091 0.000 90.909
Reduce 0.000 6.061 0.000 93.939

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

)
O

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maxima, 5 80.00 0.00 20.00

Fricas 18 100.00 0.00 0.00

Mupad 28 0.00 100.00 0.00

Maple 30 100.00 0.00 0.00

Giac 30 100.00 0.00 0.00

Reduce 30 100.00 0.00 0.00

Sympy 30 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.09

Reduce 0.16

Giac 0.50

Maple 0.54

Rubi 0.58

Maxima 0.85

Sympy 1.95

Mupad 9.18
Mathematica 13.88

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maple 21.64 0.95 18.00 0.97
Giac 25.94 1.09 20.00 1.09
Mupad 32.34 1.14 20.00 1.11
Reduce 39.39 1.76 35.00 1.50
Sympy 71.61 1.54 17.00 0.94
Fricas 148.69 1.89 36.00 1.80
Mathematica | 187.00 1.14 46.00 1.10
Rubi 194.20 1.01 37.50 1.00
Maxima 1153.36 24.61 497.00 4.87

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

Number of integrals Number of integrals

Number of integrals

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

%
60 66}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica
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Maple {9}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e 27
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade { [T B} 0VT3) 15,0} 21} 25} 26,27} 251} 52 3, 55,57} 55 B A2 3 A )
9,152,531 5% 7,581 69} 62,6364 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,B)[7)[[3,25)/26,27) 25,51} 52,56, 5755 59, 2 43,7} 45 ) 52 53 G 67 3
50626361

B grade { }

C grade {[9[15221 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {1521}
B grade { }

C grade {}

F normal fail {|1))[[3,10)(25,[26) 27) 25, BT 52,55 56,57} 55 B, 2 43, 7 ) A9} 2
53,5457, 58 59,62, 63,64 }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[3}[7[0l[15,21[33][64 }

B grade {[1([31925 59 5961 )

C grade { }

F normal fail { 23,26) 27,5162 56,7 B8 12,3 (7 (S B2 53, 67 B8 6269}
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima
A grade {[3|}

B grade { 70)(03,15) 13, 21) 25, 26) 27 BT 52 53,56, 57 55 59, 43, 7 5 52 53
57)58,69,62.63,64 }

C grade { }

F normal fail {[1[28/[49[p4 }
F(-1) timedout fail { }
F(-2) exception fail {[46 }
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Giac

A grade {[3[}[1521] }
B grade { }

C grade { }

F normal fail {|1))[[3,10)(25,[26) 27) 25, BT 52,55 56,57} 55 B, 2 43, 7 ) A9} 2
53,5457, 58 59,62, 63,64 }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade {[JBBIBELE )
C grade { }

F normal fail { }

F(-1) timedout fail { 7,[3)[T5,25) 26,27} 51)[52,53) 56,57, 55,50} 42 3, i 7 ) )
52 53,5457, 58,69 62,6364 )

F(-2) exception fail { }

Sympy

A grade {9}
B grade { }

C grade { }

F normal fail {|1))[[3,10}(25,[26) 27) 25, BT 52,55, 56,57} 55 B0, 2 43, 7 ) 49} 2
53,5457, 58 59,62,63,64 }

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade { }

B grade { [3[0l[15,21] }
C grade { }

F normal fail {|1))[[3,10)(25,[26) 27) 25, BT 52,55 56,57} 55 B, 2 43, 7 ) A9} 2
53,5457, 58 59,62, 63,64 }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F B F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 73 73 73 0 0 155 0 0 23 155
N.S. 1 1.00 1.00 0.00 0.00 2.12 0.00 0.00 0.32 2.12
time (sec) N/A 0.306 0.028 0.000 0.000 0.076  0.000 0.000 0.159 0.488

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 70 21 15 18 23 18

N.S. 1 1.00 112 100 438 131 094 112 144 112
time (sec) N/A 0.178 2.145 0.100 0.087 0.063 0469 0227 0.159  9.104

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 23 22 31 36 28 28 26
N.S. 1 1.00 1.00 0.88 0.85 1.19 1.38 1.08 1.08 1.00

time (sec) N/A 0.183 0.010 0.072 0.035 0.079 0.074 0.18 0.171 9.167
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 64 14 12 14 16 14
N.S. 1 1.00 1.17 1.00 5.33 1.17 1.00 1.17 1.33 1.17
time (sec) N/A 0.154 0.855 0.087 0.081 0.066 0.194 0.134 0.160 9.163
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 70 18 14 18 21 18
N.S. 1 1.00 1.12 1.00 4.38 1.12 0.88 1.12 1.31 1.12
time (sec) N/A 0.178 1.654 0.092 0.082 0.088 0.571 0.212 0.163 9.315
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 80 18 15 18 25 18
N.S. 1 1.00 1.12 1.00 5.00 1.12 0.94 1.12 1.56 1.12
time (sec) N/A 0.181 1.619 0.090 0.082 0.064 0.350 0.256 0.153 9.346
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 126 120 236 0 398 199 0 0 83 0
N.S. 1 095 1.87 0.00 3.16 1.58 0.00 0.00 0.66 0.00
time (sec) N/A 0.442 4.726  0.000 0.123  0.104 0.000 0.000 0.174 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 271 42 17 20 72 20
N.S. 1 1.00 1.11 1.00 15.06 2.33 0.94 1.11 4.00 1.11
time (sec) N/A 0.182 4.258 0.280 0.158  0.114 0.711 0.402 0.154 9.459
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A A A B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 51 49 75 52 149 51 65 53 51 52
N.S. 1 096 147 1.02 2.92 1.00 1.27 1.04 1.00 1.02
time (sec) N/A 0.309 0.163 0.098 0.040 0.113 0.108 0.196 0.155 9.013
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 288 32 14 16 36 16
N.S. 1 1.00 1.14 1.00 20.57 2.29 1.00 1.14 2.57 1.14
time (sec) N/A 0.166 1.435 0.313 0.146 0.086 0.484 0.341 0.154 9.746
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 314 36 15 20 45 20
N.S. 1 1.00 1.11 1.00 17.44 2.00 0.83 1.11 2.50 1.11
time (sec) N/A 0.181 10.912 0.295 0.154  0.077 1.922 0.216 0.157  10.592
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 306 36 17 20 50 20
N.S. 1 1.00 1.11 1.00 17.00 2.00 0.94 1.11 2.78 1.11
time (sec) N/A 0.181 4.663 0.342 0.168  0.102 0.555 0.355 0.171 9.334
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 122 130 110 0 267 536 0 0 20 0
N.S. 1 1.07  0.90 0.00 2.19 4.39 0.00 0.00 0.16 0.00
time (sec) N/A 0.536 1.055 0.000 0.073 0.126 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 196 20 15 20 20 20
N.S. 1 1.00 1.11 1.00 10.89 1.11 0.83 1.11 1.11 1.11
time (sec) N/A 0.185 2939 0.164 0.405 0.082 0.311 0.259 0.171 9.567
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 55 82 54 143 70 359 86 54 65
N.S. 1 0.96 1.44 0.95 2.51 1.23 6.30 1.51 0.95 1.14
time (sec) N/A 0.361 0.135 0.115 0.086  0.091 0.437 0.175 0.175 9.056
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 187 16 14 16 16 16
N.S. 1 1.00 1.14 1.00 13.36 1.14 1.00 1.14 1.14 1.14
time (sec) N/A 0.164 1.244 0.315 0.231 0.081 0.231 0.198 0.190 8.514
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 510 19 15 20 19 20
N.S. 1 1.00 1.11 1.00 28.33 1.06 0.83 1.11 1.06 1.11
time (sec) N/A 0.185 1.256 0.281 0.303  0.077 0.679 0.190 0.156 8.809
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 534 23 17 20 23 20
N.S. 1 1.00 1.11 1.00 29.67 1.28 0.94 1.11 1.28 1.11
time (sec) N/A 0.186 2.597 0.286 0.330 0.079 0.565 0.261 0.168 9.604
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 202 213 460 0 1001 800 0 0 38 0
N.S. 1 1.05  2.28 0.00 4.96 3.96 0.00 0.00 0.19 0.00
time (sec) N/A 0.765 5.099 0.000 0.165  0.107 0.000 0.000 0.152 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 764 38 17 20 38 20
N.S. 1 1.00 1.11 1.00 42.44 2.11 0.94 1.11 2.11 1.11
time (sec) N/A 0.184 7.832 0.444 8243 0.099 0.869 0449 0.171 8.940
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 105 114 106 556 169 1584 159 247 173
N.S. 1 112 1.21 1.13 5.91 1.80 16.85 1.69 2.63 1.84
time (sec) N/A 0.518 0.919 0.263 0.160 0.090 0.726 0.212 0.148 9.177
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 2550 34 15 16 34 16
N.S. 1 1.00 1.14 1.00 182.14 243 1.07 1.14 2.43 1.14
time (sec) N/A 0.164 6.100 0.619 1.133  0.081 0.546 0.301 0.148 9.164
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 3616 38 17 20 38 20
N.S. 1 1.00 1.11 1.00 200.89  2.11 0.94 1.11 2.11 1.11
time (sec) N/A 0.190 11.151 0.473 1.005  0.075 1.051 0.283 0.158 9.624
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 2599 44 19 20 44 20
N.S. 1 1.00 1.11 1.00 144.39  2.44 1.06 1.11 2.44 1.11
time (sec) N/A 0.187 8.894 0.533 1.126  0.073 0.840 0.380 0.172 9.648
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 261 261 261 0 937 0 0 0 22 0
N.S. 1 1.00 1.00 0.00 3.59 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.597 0.058  0.000 0.204  0.000 0.000 0.000 0.159 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 195 195 195 0 618 0 0 0 22 0
N.S. 1 1.00 1.00 0.00 3.17 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.500 0.031 0.000 0.186  0.000 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 135 135 135 0 359 0 0 0 20 0
N.S. 1 1.00 1.00 0.00 2.66 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.396 0.025 0.000 0.170  0.000 0.000 0.000 0.184 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 66 66 66 0 0 153 0 0 15 150
N.S. 1 1.00 1.00 0.00 0.00 2.32 0.00 0.00 0.23 2.27
time (sec) N/A 0.264 0.018 0.000 0.000  0.087 0.000 0.000 0.167 9.484
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 68 18 15 18 20 18
N.S. 1 1.00 1.11 0.89 3.78 1.00 0.83 1.00 1.11 1.00
time (sec) N/A 0.179 4.513 0.584 0.272  0.071 1.417 0.298 0.183 9.407
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 72 18 17 18 24 18
N.S. 1 1.00 1.11 0.89 4.00 1.00 0.94 1.00 1.33 1.00
time (sec) N/A 0.183 11.175 0.617 0.312 0.086 0.720 0.304 0.156 9.322
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 402 407 567 0 2421 0 0 0 76 0
N.S. 1 1.01 141 0.00 6.02 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.824 3.397 0.000 0.308  0.000 0.000 0.000 0.186 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 274 281 365 0 1290 0 0 0 71 0
N.S. 1 1.03 1.33 0.00 4.71 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.713 1.533  0.000 0.219  0.000 0.000 0.000 0.165 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B A F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 119 124 253 0 497 196 0 0 70 0
N.S. 1 1.04 213 0.00 4.18 1.65 0.00 0.00 0.59 0.00
time (sec) N/A 0.410 4.442 0.000 0.299  0.108 0.000 0.000 0.163 0.000
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 298 36 17 20 43 20
N.S. 1 1.00 1.10 0.90 14.90 1.80 0.85 1.00 2.15 1.00
time (sec) N/A 0.192 124.530 1.675 0448 0.103 7.560 0.759 0.181 9.387
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 300 36 19 20 48 20
N.S. 1 1.00 1.10 0.90 15.00 1.80 0.95 1.00 2.40 1.00
time (sec) N/A 0.185 18.148 1.995 0.572  0.072 1.625 0.767 0.168 9.473
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 460 474 401 0 1133 0 0 0 19 0
N.S. 1 1.03 0.87  0.00 2.46 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.981 1.421 0.000 0.335  0.000 0.000 0.000 0.167  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 344 360 308 0 813 0 0 0 19 0
N.S. 1 1.05  0.90 0.00 2.36 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.408 1.100 0.000 0.275  0.000 0.000 0.000 0.197  0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 234 246 213 0 555 0 0 0 17 0
N.S. 1 1.05 091 0.00 2.37 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.944 0.941 0.000 0.260  0.000 0.000 0.000 0.161 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 119 132 111 0 264 534 0 0 15 0
N.S. 1 1.11  0.93 0.00 2.22 4.49 0.00 0.00 0.13 0.00
time (sec) N/A 0.499 0.192  0.000 0.228  0.098 0.000 0.000 0.157  0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 496 19 17 20 18 20
N.S. 1 1.00 1.10 0.90 24.80 0.95 0.85 1.00 0.90 1.00
time (sec) N/A 0.186 4.112 0.812 0.728  0.078 1.879 0.515 0.181 9.473
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 496 23 19 20 22 20
N.S. 1 1.00 1.10 0.90 24.80 1.15 0.95 1.00 1.10 1.00
time (sec) N/A 0.194 4.757 0.744 0.839 0.073 1.994 0.642 0.151 9.624
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1147 1209 848 0 4345 0 0 0 36 0
N.S. 1 1.05 0.74 0.00 3.79 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2.518 2.967 0.000 1.040  0.000 0.000 0.000 0.153 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 787 830 662 0 2477 0 0 0 34 0
N.S. 1 1.06 0.84 0.00 3.15 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.935 2.458 0.000 0.572  0.000 0.000 0.000 0.154 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 204 221 517 0 994 828 0 0 32 0
N.S. 1 1.08  2.53 0.00 4.87 4.06 0.00 0.00 0.16 0.00
time (sec) N/A 0.780 5.310 0.000 0.336  0.109 0.000 0.000 0.171 0.000
Problem 45 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 3514 38 19 20 36 20
N.S. 1 1.00 1.10 0.90 175.70 1.90 0.95 1.00 1.80 1.00
time (sec) N/A 0.185 163.202 1.316 2.884 0.078 3.335 1.155 0.155  11.097
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 0 44 20 20 42 20
N.S. 1 1.00 1.10 0.90 0.00 2.20 1.00 1.00 2.10 1.00
time (sec) N/A 0.188 31.046 1.270 0.000 0.089 3.481 1397 0.155 9.729
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 287 287 287 0 1119 0 0 0 23 0
N.S. 1 1.00 1.00 0.00 3.90 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.647 0.094 0.000 0.212  0.000 0.000 0.000 0.190 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 203 203 203 0 618 0 0 0 21 0
N.S. 1 1.00  1.00 0.00 3.04 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.485 0.033  0.000 0.198  0.000 0.000 0.000 0.181 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 98 98 98 0 0 249 0 0 16 0
N.S. 1 1.00 1.00 0.00 0.00 2.54 0.00 0.00 0.16 0.00
time (sec) N/A 0.326 0.021  0.000 0.000  0.090 0.000 0.000 0.168 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 68 18 15 18 21 18
N.S. 1 1.00 1.11 0.89 3.78 1.00 0.83 1.00 1.17 1.00
time (sec) N/A 0.173 4.632 0.549 0.277  0.066 1.679 0.593 0.184 8.724
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 72 18 17 18 25 18
N.S. 1 1.00 1.11 0.89 4.00 1.00 0.94 1.00 1.39 1.00
time (sec) N/A 0.180 2.125 0.582 0.334 0.080 1.828 0.629 0.179 8.798
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 597 598 828 0 4725 0 0 0 7 0
N.S. 1 1.00 1.39 0.00 7.91 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 1.057 3.843  0.000 0.659  0.000 0.000 0.000 0.183 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 408 411 571 0 2421 0 0 0 75 0
N.S. 1 1.01  1.40 0.00 5.93 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 0.848 2.904 0.000 0.351 0.000 0.000 0.000 0.193 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 206 214 185 0 0 320 0 0 68 0
N.S. 1 1.04 0.90 0.00 0.00 1.55 0.00 0.00 0.33 0.00
time (sec) N/A 0.587 1.514  0.000 0.000  0.106 0.000 0.000 0.168 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 298 36 17 20 45 20
N.S. 1 1.00 1.10 0.90 14.90 1.80 0.85 1.00 2.25 1.00
time (sec) N/A 0.180 118.189 0.862 0.456  0.068 8.238 1.147 0.162 9.200
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 299 36 19 20 50 20
N.S. 1 1.00 1.10 0.90 14.95 1.80 0.95 1.00 2.50 1.00
time (sec) N/A 0.186 17.857 1.011 0.792  0.071 3.453 1.149 0.170 9.647
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 511 533 451 0 1315 0 0 0 20 0
N.S. 1 1.04 0.88 0.00 2.57 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 2.279 1.469 0.000 0.381  0.000 0.000 0.000 0.175 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 352 362 310 0 813 0 0 0 18 0
N.S. 1 1.03  0.88 0.00 2.31 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 1.410 1.045 0.000 0.358  0.000 0.000 0.000 0.163 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 176 189 165 0 446 746 0 0 16 0
N.S. 1 1.07 094 0.00 2.53 4.24 0.00 0.00 0.09 0.00
time (sec) N/A 0.744 0.843 0.000 0.222  0.104 0.000 0.000 0.157  0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 496 19 17 20 19 20
N.S. 1 1.00 1.10 0.90 24.80 0.95 0.85 1.00 0.95 1.00
time (sec) N/A 0.183 4.142 0.418 0.754  0.087 2.674 0.576 0.152 8.931
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 496 23 19 20 23 20
N.S. 1 1.00 1.10 0.90 24.80 1.15 0.95 1.00 1.15 1.00
time (sec) N/A 0.187 4.932 0.446 1.079  0.069 3.285 0.896 0.158 9.305
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1691 1774 1136 0 8152 0 0 0 38 0
N.S. 1 1.05 0.67  0.00 4.82 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 3.104 3.881 0.000 2379  0.000 0.000 0.000 0.182 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1155 1215 852 0 4345 0 0 0 36 0
N.S. 1 1.06 0.74 0.00 3.76 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2.275 2.992  0.000 0.991  0.000 0.000 0.000 0.157  0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 610 645 538 0 1732 1187 0 0 34 0
N.S. 1 1.06  0.88 0.00 2.84 1.95 0.00 0.00 0.06 0.00
time (sec) N/A 1.673 2.800 0.000 0.456  0.119 0.000 0.000 0.164 0.000
Problem 65 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 3514 38 19 20 38 20
N.S. 1 1.00 1.10 0.90 175.70  1.90 0.95 1.00 1.90 1.00
time (sec) N/A 0.189 159.334 0.717  2.891 0.075 3.332 0.957 0.149 10.241
Problem 66 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 2524 44 20 20 44 20
N.S. 1 1.00 1.10 0.90 126.20 2.20 1.00 1.00 2.20 1.00
time (sec) N/A 0.188 116.179 0.724 14.271 0.080 12.060 0.934 0.159  10.253
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

. . . . number of rules
leaf size of the integrand. Finally the ratio integrand size

this ratio is, the harder the integral is to solve. In this test file, problem number [57]
had the largest ratio of [.650000000000000022]

is also given. The larger

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade i::j’; uzi;z:e antlf;r;\;:zlve leaf size integrand leaf size
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 14 0.143
N/A 1 0 1.00 12 0.000
N/A 2 0 1.00 16 0.000
6 | N/A 2 0 1.00 16 0.000
A 5 4 0.95 18 0.222
N/A 1 0 1.00 18 0.000
9 | A 6 5 0.96 16 0.312
N/A 1 0 1.00 14 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
A 7 6 1.07 18 0.333
N/A 1 0 1.00 18 0.000
A 6 5 0.96 16 0.312
N/A 1 0 1.00 14 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
A 9 8 1.05 18 0.444
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrlsvi:(:we leaf size | tegrand leaf size
N/A 1 0 1.00 18 0.000
A 8 7 1.12 16 0.438
N/A 1 0 1.00 14 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
25| A 2 2 1.00 18 0.111
26| A 2 2 1.00 18 0.111
27| A 2 2 1.00 16 0.125
28| A 1 1 1.00 14 0.071
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
31| A 5 4 1.01 20 0.200
32| A 5 4 1.03 18 0.222
33| A 5 4 1.04 16 0.250
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
36| A 13 12 1.03 20 0.600
37| A 11 10 1.05 20 0.500
38| A 9 8 1.05 18 0.444
39| A 7 6 1.11 16 0.375
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
42/ A 5 4 1.05 20 0.200
43| A 5 4 1.05 18 0.222
44| A 9 8 1.08 16 0.500
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
47 A 2 2 1.00 18 0.111
48 | A 2 2 1.00 16 0.125
4[| A 1 1 1.00 14 0.071
N/A 2 0 1.00 18 0.000

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade 51::5; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
N/A 2 0 1.00 18 0.000
52 | A 5 4 1.00 20 0.200
53 | A 5 4 1.01 18 0.222
B4 A 5 4 1.04 16 0.250
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
57| A 14 13 1.04 20 0.650
58 | A 11 10 1.03 18 0.556
59| A 8 7 1.07 16 0.438
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
62| A 5 4 1.05 20 0.200
63| A 5 4 1.05 18 0.222
64 A 5 4 1.06 16 0.250
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
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3.1 [ z°(a+ btan (c + dz?)) dz

Optimal result . . . . . . . . . . . . e H2]
Mathematica [A] (verified) . . . . . . . . . ... o 52
Rubi [A] (verified) . . . .. . . ... .. 53
Maple [F] . . . . Y!
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... !
Sympy [F] . . o o 55
Maxima [F] . . . . . . k%)
Giac [F] . . . . o o 5%
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 56
Reduce [F] . . . . . H0

Optimal result

Integrand size = 16, antiderivative size = 73

" b2 log (1+ 2i(c+da?)
/x?’(a+btan (c+dz?)) dx=%+%ibx4— ( g )
ib PolyLog (2, —e2i(c+dﬂﬂ2))

4d?

+

‘ 1/4*%axx~4+1/4*Ixb*xx"4-1/2xb*x~2*1n(1+exp (2*%I* (d*x"2+c))) /d+1/4*Ixb*polylog \
(2,-exp(2%I*(d*x~2+c)))/d"2

N J

output

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00

4 bx? log (1 + eQi(C+d’”2)>
3 2 _axt 1. 4
/x (a+btan (¢ +dz?)) do = 1 +4sz 53
ib PolyLog (2, —eZi(C+d$2)>
+ A2
input LIntegrate [x~3*%(a + b*Tan[c + d*x~2]),x] J
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¢ (@¥x°4)/4 + (I/4)¥bxx™4 - (bkx"2+Logll + E"((2*xD)*(c + d*x"2))1)/(2xd) + (

outpu ‘
L(I/4)*b*PolyLog[2, —E~((2+¢I)*(c + d*x~2))1)/d"2 J

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x3(a+ btan (c+ dz?)) dz
l 2010

/ (ac® + ba® tan (c + da?)) da
l 2009

axt ib PolyLog (2, —e2i(d$2+c)) bx2 log (1 + 2 (c+dw2)>

PR — J— y 4
4" A2 2d + e

input ‘ Int[x"3*(a + b*Tan[c + d*x~2]),x] ‘

‘(a*x"4)/4 + (I/4)*bxx"4 - (b*x"2xLog[l + E~((2*I)*(c + d*x"2))]1)/(2%d) + ( \

output
| (1/4)*b*PolyLog[2, -E~((2*I)*(c + d*x72))1)/d"2 |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

rule 2010

Maple [F]

/m3(a+btan (d:v2 +c)) dx

input Lint (x~3% (a+b*tan (d*x~2+c)) ,x) J

-

Lint (x~3*(a+bxtan(d*x~2+c)) ,x)

-/

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 155 vs. 2(56) = 112.

Time = 0.08 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.12

/x3(a+ btan (c + dz?)) dz

2.4 2 _ 2(itan(da?4c)-1)\ 2 _ 2(—itan(de®+c)—1)\  .gy. (2(i tan(dz®+c)-1)
B 2ad*x* — 2bdz*log ( tan(do? 107 11 ) 2bdz*log ( tan(da? 1o 41 ) 1 bL12( tan(do? fo)7 11 +1

8d?

/

~—

inputtintegrate(XA3*(a+b*tan(d*XA2+C)),x, algorithm="fricas")

output 1/8*(2%a*d"2%x"4 - 24brdxx"2+log(-2+ (Ixtan(d*x™2 + c) - 1)/(tan(d*x™2 + &)
72 + 1)) - 2¥bxd*x"2xlog(-2%(-I*tan(d*x"2 + ¢) - 1)/(tan(d*x"2 + ¢)"2 + 1) |
) - Isbxdilog(2*(I*tan(d*x™2 + c) - 1)/(tan(d*x™2 + c)72 + 1) + 1) + I¥bkd

‘ilog(2*(—1*tan(d*x‘2 +c) - 1)/(tan(d*x"2 + )72 + 1) + 1))/d"2
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Sympy [F]

/:v3(a—|—btan (c+dx2)) dr = /m3(a—|—btan (c—l—dm2)) dz

input‘integrate(x**3*(a+b*tan(d*x**2+c)),x)

output tIntegral(x**S*(a + bxtan(c + d*x**2)), x) J
Maxima [F]
/x3(a +btan (c+dz?)) dz = / (btan (dz* +¢) + a)z® dx
input Lintegrate (x"3* (a+b*tan(d*x"2+c)) ,x, algorithm="maxima") J

‘1/4*a*x"4 + 2xbxintegrate(x~3*sin(2xd*x~2 + 2xc)/(cos(2xd*x"2 + 2%c)"2 + s \

output
‘in(2*d*x"2 + 2%Cc)"2 + 2%cos(2xd*x~2 + 2%c) + 1), x) \

Giac [F]

/x3(a+btan (c+dz?)) dxz/(btan (dz? +¢) + a)z’ dz

input Lintegrate (x~3*(at+b*tan(d*x~2+c)) ,x, algorithm="giac") J

output Lintegrate((b*tan(d*x? + c) + a)*x”3, x) J
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Mupad [B] (verification not implemented)

Time = 0.49 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.12

4
/x3(a+btan (c+dz?)) dz = %

b <7r In (cos (dz?)) +2c In <e_d””2 Aegmel 4 1) — 7 In (e_d””2 Agmel 4 1) —In(cos(dz?+c¢)) (2c—

inputtint(x“S*(a + b*tan(c + d*x~2)),x) J

(a*x74) /4 - (b*(2*c*log(exp(-d*x~2*2i)*exp(-c*2i) + 1) - pi*log(exp(-d*x~2

*x2i)*exp(-c*2i) + 1) + pi*log(cos(d*x~2)) - log(cos(c + d*x~2))*(2%c - pi)
- pi*log(exp(d*x~2%2i) + 1) + polylog(2, -exp(-d*x~2x2i)*exp(-c*2i))*1i +
d"2*x"4*x1i + 2*d*x"2*log(exp(-d*x~2*2i)*exp(-c*2i) + 1) + c*d*x"2x%2i))/(4
*d~2)

output

Reduce [F]

azxt

/933(a—|—btan (c+d:v2)) dr = (/tan (d:v2+c) x3d:v) b+T

-

Lint(x‘S*(a+b*tan(d*x‘2+c)),X)

-/

input

Outputt(4*int(tan(c + d¥x**2) *kx**3,x)*b + a*rx**4)/4
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3.2 [ z%(a+ btan (c + dz?)) dz

Optimal result . . . . . . . . . . . . e ¥
Mathematica [N/A] . . . . . . . . bYi
Rubi [N/A] . . o bY
Maple [N/A] . . . . bY¢)
Fricas [N/A] . . . o o 59
Sympy [N/A] . . e 59
Maxima [N/A] . . . . . 601
Giac [N/A] . . . e 60
Mupad [N/A] . . . o 60
Reduce [N/A] . . . o o 611

Optimal result

Integrand size = 16, antiderivative size = 16

3
/x2 (a + btan (c + da:Q)) dr = % + bInt(x2 tan (c + dxz) ,m)

output L

1/3*a*x”~3+b*Defer (Int) (x~2*tan(d*x~2+c) ,x)

Mathematica [N/A]
Not integrable

Time = 2.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/wQ(a+btan (c+dz?)) dm=/m2(a—|—btan (c+dz?)) dz

input L

Integrate[x~2*(a + b*Tan[c + d*x~2]),x]

e

output L

Integrate[x~2*(a + b*Tan[c + d*x~2]), x]

~—
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w2 (a+btan (c+ d:cQ)) dz
l 2010
/ (ax2 + bz? tan (c + d:z:?)) dx
l 2009
azd
b/w2tan (da:2+c) dr + 5
input {Int [x~2%(a + b*Tan[c + d*x~2]),x] \J
output L$Aborted J

Defintions of rubi rules used

-

rule 2009 L

rule 2010 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x] ‘
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
+ (b_.)*(v_) /; FreeQl[{a, b}, x] && InverseFunctionQ[v]] ‘




CHAPTER 3. LISTING OF INTEGRALS 59

Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/z2(a+btan (dz*+c¢))dz

input‘

int (x~2* (a+bxtan (d*x~2+c) ) ,x)

outputt

int (x~2* (a+b*tan(d*x~2+c)) ,x)

-

inputt

Fricas [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/wQ(a+btan (c+dz?)) dxz/(btan (dz? +¢) + a)z’ dz

integrate (x~2*(atb*tan(d*x~2+c)),x, algorithm="fricas")

e—

outputt

inputt

integral (b*x~2*tan(d*x"2 + c) + a*x"2, x)

Sympy [N/A]
Not integrable

Time = 0.47 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/x2(a—|—btan (c+dx2)) dr = /a:Q(a—I—btan (c+dz2)) dx

integrate (x**2* (at+b*tan (d*x**2+c)) ,x)

outputt

Integral (x**2%(a + bxtan(c + d*x**2)), x)
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Maxima [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 70, normalized size of antiderivative = 4.38

/x2(a+btan (c+dx2)) dx=/(btan (dx2+c) +a)x2dx

input Lintegrate (x~2* (atb*tan(d*x"2+c)) ,x, algorithm="maxima") J

‘1/3*a*x"3 + 2xb*integrate(x~2*sin(2*d*x~2 + 2*c)/(cos(2*d*x"2 + 2*c)~2 + s ‘

output
(in(2+d*x"2 + 2%C)"2 + 2%cos(2dFX"2 + 2%C) + 1), X) |

Giac [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x2(a+btan (c+dz?)) dx=/(btan (dz® +¢) + a)z’ dz

integrate (x~2*(a+b*tan(d*x~2+c)),x, algorithm="giac")

input ‘\

output‘ integrate((b*tan(d*x~2 + c) + a)*x"2, x) ‘

Mupad [N/A]
Not integrable

Time = 9.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/xQ(a+btan (c+dz?)) dx=/x2 (a+btan(dz® +¢)) dz

input Lint(x 2x(a + bxtan(c + d*x~2)),x) J




output

input

output
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Lint(x"2*(a + bxtan(c + d*x"2)), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

3

/x2(a+btan (c+dz?)) dz = (/tan (dz* +¢) a:2da:) b-l—%

Lint (x~2* (at+b*tan(d*x~2+c)),x)

L(3*int(tan(c + d¥x*kk2) kx*%2,x)*b + akxkx3)/3
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Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

3.3

Optimal result

Integrand size = 14, antiderivative size = 26

/x(a—l—btan (c+dw2)) der = —

[ z(a + btan (c + dz?)) dx

_ blog (cos (c + dz?))

2d

outputt

1/2%a*x~2-1/2xb*1n(cos (d*x~2+c))/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/x(a—l—btan (c+dz?)) dz = —

az®  blog (cos (c + dz?))

2

2d

inputt

Integrate[x*(a + bxTan[c + d*x~2]),x]

-

output L

(a*x~2)/2 - (b*Logl[Cos[c + d*x~2]])/(2*d)

-/




input

output

rule 2009

rule 2010
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.143, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x(a+btan (c+dx2)) dx
l 2010
/(am—l—bwtan (c+dw2))dac

l 2009

ax?  blog (cos (¢ + dz?))
2 2d

‘Int [x*(a + b*Tan[c + d*x~2]),x]

‘ (a*x~2)/2 - (b*Log[Cos[c + d*x~2]])/(2%d)

Defintions of rubi rules used

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

\ J



input

output

input

output
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.88

method result size
parts % _ bln(coséjﬁ—i—c)) 23
bln(1+tan(dz2+c 2
norman % + ( 4((1 ) ) 27
derivativedivides | {4z telazbinlcos(daTic)) 28
default (d:c2+c)a—bl2nd(cos(dw2+c)) 28
2ad z2+bln( 1+tan(d z2+c 2
parallelrisch ( yF ( ) ) 29
bln 1+e“(d’2+°)>
: ibx? az? 1bc (
risch t e+ 5 43

-

Lint (x*(atb*tan(d*x~2+c) ) ,x,method=_RETURNVERBOSE)

-/

L1/2*a*x‘2—1/2*b*1n(cos(d*x‘2+c))/d

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.19

/m(a—l— btan (c+dx2)) dr =

2 adz? — blog (

1
— 1
tan(dz2+c)“+1 >

4d

‘ integrate (x*(atb*tan(d*x~2+c)) ,x, algorithm="fricas")

L1/4*(2*a*d*x‘2 - b*log(1/(tan(d*x"2 + c)~2 + 1)))/d
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Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.38

az? blog (tan? (c+dx?)+1)

o T ford #£0
/z’(a—l—btan (c+dz?)) dz=1 2 1d #
w otherwise

input‘integrate(x*(a+b*tan(d*x**2+c)),x)

output‘PieceWise((a*x**2/2 + bxlog(tan(c + d¥x**2)**2 + 1)/(4*d), Ne(d, 0)), (x*x \
\2*(a + bxtan(c))/2, True)) \

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

1 bl dz?
/z(a—l—btan (c+dz?)) dz = - az® + og (sec (dz* + c))
2 2d
input Lintegrate (x* (a+bxtan(d*x~2+c)) ,x, algorithm="maxima") J
ou‘cpu‘ctl/m‘a*xﬁ2 + 1/2xbxlog(sec(d*x"2 + c))/d J

Giac [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

(dz? + c)a — blog (|cos (dz? + ¢)|)
2d

/x(a—i— btan (c+ dz?)) dz =

input Lintegrate (x* (a+bxtan(d*x~2+c)) ,x, algorithm="giac ") J

output L1/2*((d*x“2 + c)*a - bxlog(abs(cos(d*x~2 + c))))/d J
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Mupad [B] (verification not implemented)
Time = 9.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

oz O0In (tan(d 22 +¢)’ + 1>

2 _
/x(a+btan(c+dx)) dx = 5 + 14

inputtint(x*(a + bxtan(c + d*x~2)),x)

Outputt(a*xu)/z + (b*log(tan(c + d*x~2)"2 + 1))/ (4*d)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

log (tan (dz?+c)® + 1) b+ 2ad z*
4d

/x(a+ btan (c + dz?)) dz =

input ‘\int (x* (a+b*tan(d*x~2+c)) ,x)

output“hg(tan(c + dxx*kx2)**2 + 1)*b + 2*akdxxx*2)/(4*d)
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3.4 [ (a+ btan (c+ dz?)) dz

Optimal result . . . . . . . . . . . . e 671
Mathematica [N/A] . . . . . . . . 67
Rubi [N/A] . . o 63
Maple [N/A] . . . . 68
Fricas [N/A] . . . o o 69
Sympy [N/A] . . e 69
Maxima [N/A] . . . . . 70}
Giac [N/A] . . . e 0]
Mupad [N/A] . . . o V)
Reduce [N/A] . . . o o [71]

Optimal result

Integrand size = 12, antiderivative size = 12

/ (a+btan (c+ dz?®)) dr = az + bInt(tan (c + dz°) , z)

-

output La*x+b*Def er (Int) (tan(d*x~2+c) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.85 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a—i—btan (c+dz?)) d:c=/(a+btan (c+dz?)) dz

input ‘\Integrate [a + bxTan[c + d*x~2],x]

output‘ Integrate[a + b*Tan[c + d*x~2], x]




input

output

rule 2009

input
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Rubi [N/A]
Not integrable
Time = 0.15 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+btan (c + dz?)) dz

l 2009
b/tan (dz® + ) dz + ax
‘Int[a + b*Tan[c + d*xx~2],x]
L$Aborted
Defintions of rubi rules used
LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (a+btan (dz® +c)) dx

Lint (atb*tan(d*x~2+c),x) J
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outputt

int (a+b*tan(d*x~2+c) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a+btan (c+dz?)) dx=/btan (dz? +¢) + adz

inputt

integrate(atb*tan(d*x~2+c) ,x, algorithm="fricas")

output

Lintegral(b*tan(d*x‘Q + c) + a, x)

Sympy [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/(a+btan(c+dx2)) dxz/(a—l-btan (c+dz?)) dz

input L

integrate (a+bxtan (d*x**2+c) ,x)

output L

Integral(a + b*tan(c + d*x**2), x)




CHAPTER 3. LISTING OF INTEGRALS 70

Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 5.33

/(a-l—btan (c+dx2)) d:v=/btan (dx2+c) +adzx

inputLintegrate(a+b*tan(d*x“2+c),x, algorithm="maxima") J

‘a*x + 2xbkintegrate(sin(2*d*x~2 + 2%c)/(cos(2*%d*x~2 + 2%c)~2 + sin(2%d*x~2 ‘

output
|+ 2%C)72 + 2#cos(2xd*x"2 + 2%C) + 1), X) |

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a—|—btan (c+dz?)) dx=/btan (dz? +¢) + adz

i - i =14 n
inputLlntegrate(a+b*tan(d*x 2+c) ,x, algorithm="giac")

Output‘integrate(b*tan(d*x"Q +c) +a, x)

Mupad [N/A]
Not integrable

Time = 9.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/(a+btan (c+dz?)) dx=/a+btan(dx2+c) dx

input Lint(a + bxtan(c + d*x~2),x) J




output

input

output
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Lint(a + bxtan(c + d*x"2), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/(a—i—btan (c+dz?)) dz = (/tan (dz* +¢) dac) b+az

Lint (atb*tan(d*x~2+c) ,x)

tint(tan(c + dxx*%2) ,x)*b + a*x




output

input

output
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2
35 f a-+btan (c+dz”) da
T

Optimal result . . . . . . . . . . . . .. e 72
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o 73
Maple [N/A] . . . . . (74
Fricas [N/A] . . . . o o re!
Sympy [N/A] . . . 74
Maxima [N/A] . . . .
Giac [N/A] . . o o 751
Mupad [N/A] . . . .o 75
Reduce [N/A] . . . o o 76

Optimal result

Integrand size = 16, antiderivative size = 16

/ a + btan (c + dz?)

T

dz = alog(z) + bInt(

T

tan (c + dz?)

)

-

La*ln(x)+b*Defer(Int)(tan(d*x“2+c)/x,x)

| —

Mathematica [N/A]

Not integrable

Time = 1.65 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2
/a+btanz(c+dm )d:cz/

a + btan (c + dz?)

T

dz

LIntegrate[(a + b*Tan[c + d*x~2])/x,x]

‘Integrate[(a + bxTan[c + d*x~2])/x, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a+ btan (c+d:c2)
T

l 2010

/ (a N btan (c+da:2)> e
x x

l 2009

tan (daz?
b [ s atogta)

-

Int[(a + b*Tan[c + d*x~2])/x,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a+btan (dz? +¢)
T

dx

input tint ((at+b*tan (d*x~2+c)) /x,x)

output Lint ((a+b*tan(d*x~2+c))/x,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+btan(c+dx2) dw_/btan(dx2+c)+a
T T

input Lintegrate ((at+b*tan(d*x~2+c))/x,x, algorithm="fricas")

output kintegral((b*tan(d*x’? + c) + a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

dz

T T

/a+btan(c—|—da:2) dw_/a—I—btan(c-l—dmz)

input Lintegrate ((atbxtan (d*x**2+c) ) /x ,x)

output Tntegral((a + brtan(c + dxxxx2))/x, x)
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Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 70, normalized size of antiderivative = 4.38

/ a + btan (c + dz?) dr = / btan (dz? +c) +a .
z T
input Lintegrate ((a+b*tan(d*x~2+c))/x,x, algorithm="maxima") J

‘2*b*integrate(sin(2*d*x“2 + 2xc)/(x*cos(2*%d*x~2 + 2%c) "2 + x*sin(2xd*x"2 +

output
‘ 2xc) "2 + 2*x*xcos(2*%d*x"2 + 2%c) + x), x) + a*xlog(x)

Giac [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+btan(c+dm)dx:/btan(dx +C)+adm
z z
input Lintegrate ((atb*tan(d*x~2+c))/x,x, algorithm="giac") J
output Lintegrate((b*tan(d*x*g +c) + a)/x, x) J

Mupad [N/A]
Not integrable

Time = 9.31 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+btan(c—|—dx2) dw_/a—l—btan(d:ﬁ-l—c)
T T

input Lin‘t((a + b*tan(c + d*x"2))/x,x) J




output

input

output
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Lint((a + bxtan(c + d*x~2))/x, x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

9 2
l/a+bmn@+dz)®h:(/EEE@;iQm9b+bd@a

T T

Lint ((at+b*tan(d*x~2+c))/x,x)

Lint(tan(c + d*x**2) /x,x)*b + log(x)*a




output

input

output
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7T

3.6 f a+btan (c+dz?) da

Optimal result . . . . . . . . . . . .
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . . o
Maxima [N/A] . . . .
Giac [N/A] . . o o
Mupad [N/A] . . . .o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 16, antiderivative size = 16

/ a + btan (c + dz?)

xr2

dz = _g —I—bInt(
T

xr2

tan (c + dz?) x)

-

L-a/x+b*Defer(Int)(tan(d*x“2+c)/x“2,x)

| —

Mathematica [N/A]

Not integrable

Time = 1.62 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2
/a+btangc+dm )d:cz/
x

a + btan (c + dz?)

xr2

dz

LIntegrate[(a + b*Tan[c + d*x~2])/x"2,x]

‘Integrate[(a + bxTan[c + d*x~2])/x"2, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/a+btan gc—i-d:c ) iz
T
l 2010
/ ((12 + btan (cz—i-dx2)> i
T T
l 2009
b/tan(d:c;—i-c)dz_ a
T T

-

Int[(a + b*Tan[c + d*x~2])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a+btan (dz? +¢)

2

dx

input tint ((a+b*tan(d*x~2+c))/x"2,x)

output Lint ((a+b*tan(d*x~2+c))/x72,x)

Fricas [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+btan(c+dx2) /btan(dx2+c)+a
2 dz = 2
T T

inputLintegrate((a+b*tan(d*x"2+c))/x"2,x, algorithm="fricas")

outputLintegral((b*tan(d*x’? +c) +a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

dz

2 2

/a+btan(c—|—da:2) dw_/a—I—btan(c-l—dmz)

inputLintegrate((a+b*tan(d*x**2+c))/x**2,x)

OutputLIntegral((a + b¥tan(c + d*x**2))/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 80, normalized size of antiderivative = 5.00

/ a+ btan gc + dz?) dp — / btan (dx22+ c)+a i
T T
input Lintegrate ((atb*tan(d*x~2+c))/x"2,x, algorithm="maxima") J

( N
‘2*b*integrate(sin(2*d*x“2 + 2xc) /(x"2xcos (2*d*x"2 + 2%c)”2 + x"2*sin(2*d*x

output
“2 + 2%c) "2 + 2%x"2*cos(2*d*x"2 + 2*%c) + x~2), x) - a/x

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+btangc—|-dx)dx=/btan(dx2+c)+ad$
z x
inputLintegrate((a+b*tan(d*x“2+c))/x“2,x, algorithm="giac") J
outputLillt(agrate((b’"tan(d*xﬁ2 +c) +a)/x"2, x) J

Mupad [N/A]
Not integrable

Time = 9.35 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+btan(c—|—dx2) dw_/a—l—btan(d:ﬁ-l—c)

T2 2

inputtint((a + bxtan(c + d*x72))/x72,x) J




output

input

output
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Lint((a + bxtan(c + d*x~2))/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.56

tan (d ar:2+c) d

/a+btan(c+dx2) e — (f 22 z) br —a

2 T

Lint ((a+b¥tan (d*x~2+c))/x"2,x)

L(int(tan(c + dxx*k*2) /x**2,x)*b*x - a)/x
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3.7 [ z*(a+ btan (c + dz?))? dz

Optimal result . . . . . . . . . . . .. 82
Mathematica [A] (verified) . . . . . . . . . ... 82
Rubi [A] (verified) . . . . . . .. . . ]R3
Maple [F] . . . . Rl
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... )
Sympy [F] . . . o 85
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 85
Giac [F] . . . o o
Mupad [F(-1)] . . . . . e 87
Reduce [F] . . . . . . 87

Optimal result

Integrand size = 18, antiderivative size = 126

2,4 2,4 abz’log 1+ eZi(CJ”d“”Q))
3 2\ 2 _ar 1 4 bz . (
/x (a+btan (c+dz?))” dz = 4+ glabe 1 y
b?log (cos (c + dz?))
2d?
iab PolyLog (2, —eQi(c+d””2)) b22? tan (c + dz?)
* 2 * 2

‘ 1/4%a~2*x"4+1/2+I*a*xbxx"~4-1/4%b~2*x"4-a*b*x~2*1n(1+exp (2*I* (d*x"~2+c))) /d+1 \
‘ /2%b~2x1n(cos (d*x~2+c) ) /d~2+1/2*I*a*b*polylog(2,-exp (2*I* (d*x~2+c)))/d"2+1 ‘
L/Q*b"2*x"2*tan(d*x“2+c) /d J

output

Mathematica [A] (verified)

Time = 4.73 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.87

/m3(a+ btan (c—l— dm2))2 dzx

_ sec(c) (—Zab cos(c) (ide(w + 2arctan(cot(c))) + 7 log (1 + 6_2"‘“"2) + 2(dz?* — arctan(cot(c))) log <1
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input ‘ Integrate[x~3*(a + b*Tan[c + d*x~2])"2,x]

(Sec[c]*(-2*a*bxCos [c]* (I*d*x~2*(Pi + 2*ArcTan[Cot[c]]) + PixLogl[1 + E~((-
2xI)*d*x~2)] + 2x(d*x~2 - ArcTan[Cot[c]])*Log[l - E~((2*I)*(d*x~2 - ArcTan
[Cot[c]]))] - Pi*Logl[Cos[d*x~2]] + 2*ArcTan[Cot[c]]*Log[Sin[d*x~2 - ArcTan
[Cot[c]1]] - I*PolyLogl[2, E~((2*I)*(d*x~2 - ArcTan[Cot[c]]))]) - (2*axb*xd~
2*x~4xSqrt [Csc[c]~2]*Sin[c])/E~(I*ArcTan[Cot[c]]) + d~2*x~4*((a"2 - b~2)*C
os[c] + 2*a*b*Sin[c]) + 2¥b~2*(Cos[c]*Log[Cos[c + d*x~2]] + d*x~2#Sin[c])
+ 2%b~2*d*x"2+Sec[c + d*x~2]*Sin[d*x~2]))/(4*d"2)

output

N\

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.95,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/wg(a + btan (c + da:z))2 dz
l'4234

;/x2(a+btan (d:l:2 +c))2dac2

| 3042
% /w2 (a + btan (dz® + c))2 da?
l 4205
: / (®2® + b tan? (da” + ¢) 2 + 2abtan (da® + ¢) ¢?) da?
l 2009

T B .4 b?log (cos (c + da:2)) b2x?t
9 + 7 1 + tabx”™ + 2 +

N | =

(az 4 iabPolyLog (2, —e%(dwzﬂ)) 2aba? log (1 T e2i(c+d:c2)>
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inputLInt[x"B*(a + bxTan[c + d*xx~2])"2,x] J

| ((a"2%x74)/2 + Ixaxbkx™4 - (b™2%x74)/2 - (2*axbx~2%Log[l + E~((2¥D)*(c +
'd%x72))1)/d + (b~2%LoglCoslc + d*x~2]11)/d"2 + (IxaxbxPolyLogl[2, -E~((2*¥D)*
(¢ + da*x72))1)/d72 + (b™2%x"2%Tan[c + d*x~2])/d)/2 |

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk33042‘1nt[u—’ x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \

rule 4205‘Int[((c_.) + (d_)*(x)) " (m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
\ x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O] \

rule 4234 106G @_)* (@) + (b_)xTan[(c_.) + (@ )*(x)"@ID(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxTan[c + d*x])~
\P, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p]

Maple [F|

/x3(a +btan (dz® + c))de

input Lint (x~3% (a+b*tan (d*x~2+c)) ~2,x) J

OutputLint(x”3*(a+b*tan(d*x‘2+c))“2,x) J
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.58

/w3(a+ btan (c—l— dm2))2 dzx

. . (2 (i tan(dz2+c)—1 . . (2 (—itan(dz?4c)—1
(a® — b?)d2z* + 2b%dz? tan (dz® +c) — i abL12< (tan(di2+:)_2i-1 )4 1> + zabL12< (tan(dx(2+c;2421 ) 4 1) -

4d?

input integrate(x~3*(at+b*tan(d*x~2+c))~2,x, algorithm="fricas") ‘

1/4%((a”2 - b~2)*d"2*x"4 + 2¥b~2xd*x"2*tan(d*x"2 + c) - I*a*b*dilog(2*(I*t
an(d*x~2 + c) - 1)/(tan(d*x"2 + ¢c)~2 + 1) + 1) + Ixaxb*dilog(2*(-I*tan(d+*x
"2 + ¢c) - 1)/(tan(d*x"2 + c)"2 + 1) + 1) - (2*%axb*d*x"2 - b~2)*log(-2*(I*t
an(d*x"2 + c) - 1)/(tan(d*x"2 + ¢c)"2 + 1)) - (2*a*b*d*x"2 - b~2)*log(-2*(-
Ixtan(d*x"2 + c) - 1)/(tan(d*x"2 + ¢c)"2 + 1)))/d"2

output

Sympy [F]

/w3(a+btan (c+dav2))2 dx = /x3(a+btan (c-l—davZ))2 dz

-

~—

input tintegrate (x**3* (a+bxtan (d*x**2+c) ) x*2, x)

output LIntegral(x**S*(a + bxtan(c + dxx**2))**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 398 vs. 2(105) = 210.
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Time = 0.12 (sec) , antiderivative size = 398, normalized size of antiderivative = 3.16

/z3(a+btan (c—i—dz2))2 dr = }la%‘l

(2ab + i b?)d?x* — 2 (2 abdz?® — b% + (2 abdz? — b?) cos (2dx? + 2 c) — (—2i abdz? + i b%) sin (2 dz? +

+

p
Lintegrate(x“3*(a+b*tan(d*x“2+c))“2,x, algorithm="maxima"

| —

input

1/4xa”~2*x"4 + ((2%a*b + I*b~2)*d"2*x"4 - 2% (2*a*b*d*x"2 - b~2 + (2*kaxbkd*x
"2 - b72)*cos(2*d*x"2 + 2%c) - (—2xI*xaxbxd*x"2 + I*b~2)*sin(2*xd*x~2 + 2%*c)
Y*xarctan2(sin(2*d*x~2 + 2*c), cos(2*d*x"2 + 2*c) + 1) + ((2%a*xb + I*b~2)*d
“2xx74 - 4*xb72xd*x"2)*cos (2*xd*x"2 + 2%c) + 2+ (axb*cos(2*d*x"2 + 2xc) + I*a
*b*sin (2xd*x~2 + 2xc) + axb)*dilog(-e” (2xI*d*x~2 + 2*%I*c)) - (-2*I*axbxd*x
"2 + I*b~2 + (-2xIxa*b*d*x~2 + I*b~2)*cos(2*d*x~2 + 2%c) + (2*kaxbxd*x"2 -
b~2) *sin(2*d*x~2 + 2%c))*log(cos(2*d*x"2 + 2%c)"2 + sin(2*d*x"2 + 2%c)"2 +

2xcos (2%d*x"2 + 2%c) + 1) - ((-2%Ixa*b + b~2)*d"2*x~4 + 4*I*xb~2xd*x"~2)*si
n(2*%d*x~2 + 2*c))/(-4*I*d"2*cos(2*xd*x"2 + 2*c) + 4*d"2*sin(2*d*x~2 + 2*c)
- 4%I%d72)

output

Giac [F]

/m3(a+btan (c+dm2))2 dx = / (btan (dz* + c) +a)2x3dx

input Lintegrate (x~3*%(a+bxtan(d*x~2+c)) "2 ,X, algorithm="giac " J

s

~—

Ou_tputLintegrate((b*tan(d*x"2 + c) + a)”2*x"3, x)
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Mupad [F(-1)]

Timed out.

/x3(a+btan (c—l—dar:Q))2 dx = /a:3 (a+btan(da:2+c))2dx

inputtint(x*:a*(a + bxtan(c + d*x~2))"2,x) J
output Lint(x‘S*(a + bxtan(c + d*x~2))"2, x) J
Reduce [F]

/z3(a+ btan (c+ dac2))2 dx

8( [ tan (dz? + ¢) z3dz) abd® — log (tan (da?+c)’ + 1) b’ + 2tan (d 22 + c) b*d 2 + a’d*z* — b d%z*
B Ad?

inputLint(x‘3*(a+b*tan(d*x‘2+c))“2,x) J

‘ (8xint (tan(c + dxx**2)*x**3,x)*axb*xd**2 - log(tan(c + d*x**2)**2 + 1)*xbx*2 \
‘ + 2%tan(c + dkx**2)*bkk2kdkx**2 + akk2kdk*x2kx*k*k4 — bkk2kd*kk2*xx*k*4) / (4*d** ‘

2 |

output
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3.8 [ z%(a + btan (¢ + dz?))’ dx

Optimal result . . . . . . . . . . . .. 8]
Mathematica [N/A] . . . . . ... 88
Rubi [N/A] . . o 89
Maple [N/A] . . . 89
Fricas [N/A] . . . . . o 90
Sympy [N/A] . . 90
Maxima [N/A] . . . . e 1]
Giac [N/A] .« . o OT]
Mupad [N/A] . . . . 92i
Reduce [N/A] . . . . o 92

Optimal result

Integrand size = 18, antiderivative size = 18

/xz(a + btan (c+ dasz))2 dr = Int(mQ(a+ btan (c—l— dCIJ2))2 ,m)

r

output LDe:Eer(Int) (x~2* (a+b*tan(d*x~2+c)) ~2,x) J
Mathematica [N/A]
Not integrable
Time = 4.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
[ (o btan e+ ) do = [ a2(a btan -+ )
inputLIntegrate[x“2*(a + b*Tan[c + d*x~2])"2,x] J
output LIntegrate [x"2%(a + b*Tan[c + d*x~2])"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/az2(a+ btan (c+dacz))2 dz
l 4238

/wQ(a+btan (c+d:c2))2dx

input‘ Int[x"2*(a + b*Tan[c + d*x~2])"2,x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 4938 TRELGED) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x))" (@)D (p_.), x_Symbol
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/xz(a + btan (dz® + c))de

input \int(x 2% (a+b*tan (d*x~2+c))~2,x)
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output Lint (x~2* (a+b*tan(d*x~2+c))~2,x) J

Fricas [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/x2(a+btan (c+dx2))2 dx = / (btan (dz* + c) +a)2x2dx

input Lintegrate (x~2* (a+b*tan(d*x"2+c)) "2,x, algorithm="fricas") J

output Lintegral(bAQ*XA2*tan(d*x‘2 + C)72 + 2%axb*x"2*tan(d*x"2 + c) + a~2*x"2, x) J

Sympy [N/A]
Not integrable

Time = 0.71 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/x2(a+btan (c—l—dacQ))2 da::/:c2(a+btan (c—l—dacz))2 dx

input Lintegrate (x**2% (a+b*tan (d*x**2+c) ) **2,x) J

Outputtlntegral(x**Q*(a + bxtan(c + dkxk*2))**2, x) J
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Maxima [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 271, normalized size of antiderivative = 15.06

/xz(a+btan (c+d31:2))2 dx = / (btan (dz* + c) +a)2x2dx

-

inputtintegrate(x*2*(a+b*tan(d*x‘2+c))*2,x, algorithm="maxima")

1/3*a”"2*%x"3 - 1/3%(b"2*%d*x"3*cos(2*d*x"2 + 2%c) "2 + b 2*xd*x"3*sin(2xd*x"2
+ 2%c) "2 + 2%b"2*d*x"3*cos(2*d*x"2 + 2%c) + b 2*d*x"3 - 3*b"2kx*ksin(2%d*x”
2 + 2%c) - 3*k(d*cos(2+d*x"2 + 2%c) "2 + d*sin(2*d*x~2 + 2*c) "2 + 2*d*cos(2*
d*x~2 + 2xc) + d)*integrate((4*axb*d*x~2 - b~2)*sin(2*d*x~2 + 2xc)/(d*cos(
2xd*x"2 + 2%c)”2 + d*ksin(2+d*x”2 + 2%c) "2 + 2xdxcos(2xd*x"2 + 2*c) + d), x
))/(d*cos(2*d*x"2 + 2%c) "2 + d*sin(2*d*x"2 + 2%c) "2 + 2*d*cos(2xd*x"2 + 2%
c) +d)

output

Giac [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/xz(a+btan (c—i—dacz))2 dx = / (btan (dz* + c) +a)2x2dx

-

inputLintegrate(x’?*(a+b*tan(d*x‘2+c))"2,x, algorithm="giac")

OutputLintegrate((b*tan(d*x‘2 + c) + a)"2*x"2, x)

~—

-
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Mupad [N/A]
Not integrable

Time = 9.46 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/xz(a+btan (c+dav2))2 dx = /x2 (a+btan(dx2+c))2dx

-

Lint(x“2*(a + bxtan(c + d*x~2))"2,x)

e—

input

output Lint(x‘Z*(a + bxtan(c + d*x~2))"2, x) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 72, normalized size of antiderivative = 4.00

/zz(a—i- btan (c—l— dz2))2 dx

_ —3([tan (da® 4 ¢) dz) b* + 12( [ tan (d2® 4 c) #°dz) abd + 3tan (d 2 + ¢) b’z + 2a°d &® — 20°d o
B 6d

input Lint (x~2*(a+bxtan(d*x~2+c))~2,x) J

‘ ( - 3*int(tan(c + d*x**2),x)*b*x*2 + 12xint(tan(c + d*x**2)*x**2,x)*a*xb*xd + \

output
‘ 3xtan(c + dxx**2)*xbk*2%x + 2ka*x*k2kd*x**3 — 2kb*kx2kd*x**3)/(6%d) ‘
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3.9 [ z(a+ btan (c + dz?))’ dx

Optimal result . . . . . . . . . . . .. 93]
Mathematica [C] (verified) . . . . . . . . . ... . L 93
Rubi [A] (verified) . . . . . . .. . . 94
Maple [A] (warning: unable to verify) . . . . . . . .. ... L. 951
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 96
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 96
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 97
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 9T
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 16, antiderivative size = 51

ablog (cos (c + dz?))  b*tan (c + dz?)
- d - 2d

/x(a+btan (C+d1’2))2 dx = %(a? —b?) z?

output| 1/2*(272-b72) *x"2-axbx1n(cos (d*x"2+c)) /d+1/2+b"2+tan (d*x"2+c) /d |

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.47

/m(a + btan (c+ de))2 dz

_ —i((a+ib)*log (i — tan (c + dz?)) — (a — ib)?log (i + tan (c + dz?))) + 2b* tan (c + dz?)
B 4d

input LIntegrate [x*(a + b*Tan[c + d*x~2])"2,x] J

output‘ ((-I)*((a + I*b)~2xLog[I - Tan[c + d*x~2]] - (a - I*b) 2+Log[I + Tan[c + d ‘
‘*x“2]]) + 2%b~2*Tan[c + d*x~2])/(4*d) ‘
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.96,

number of rules _ 0.312, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {4234, 3042, 3958, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(a + btan (c+ dx2))2 dr
| 4234
% / (a+ btan (dz? + c))” da?
| 3042
% / (a+ btan (da® + ¢))* da?
| 3958
% (2ab/tan (da? + c) dz? + &2 (a® — b?) + b? tan (Z+ dx2)>
| 3042
% (2ab/tan (da? + c) dz? + &2 (a® — b?) + b? tan (Z+ dx2)>
| 3956
% (“’2 (a2 — p2) — 20018 (COZ(C +da%))  btan ((cz+ da?) )
input Llnt [x*(a + bxTan[c + d*x"2])"2,x] J

p
output‘ ((a™2 - b™2)*x"2 - (2*a*bxLogl[Cos[c + d*x~2]1)/d + (b~2*Tan[c + d*x~2])/d)
/2




rule 3042

rule 3956

rule 3958

rule 4234
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"2, x_Symbol] :> Simp[(a~2 - b~2)
*x, x] + (Simp[b~2*(Tan[c + d*x]/d), x] + Simp[2*a*b Int[Tan[c + d*x], x]
,» x1) /; FreeQ[{a, b, c, d}, x]

Int[(x_)"(m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [A] (warning: unable to verify)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02

method result size
. a?dz?—b%dz%+abln (1—|—tan (dz2+c) 2) +b2 tan(d z2+c)
parallelrisch 5 52
2 2
a? B 9 b2 tan (d z2+-c) abln(l-{—tan(dm +c) )
norman ( 5 — 5 > ¢+ 5 + 5d 53
. . L. b% tan(dz2+c)+ab ln(1+tan(dw2+c)2)+(a2—b2) arctan (tan(dz2+c))
derivativedivides 53 54
b2 tan (d 2 +c) +abln (l-l-tan (d z2+c) 2) + (a,2 —b2) arctan (tan (d m2+c) )
default 53 54
parts a22m2 + b2 (tan(d x2+c) —a;(;tan(tan(d :1:2+c))) _ ab ln(cos((id :1:2+c)) 54
(22
2,2 232 . - abln (1+621(dz +C))
risch iabg? + & — £b- 4 Zabe 4 P — y 80
d(1+e z( x +c))
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input‘int(x*(a+b*tan(d*x“2+C))“2,x,method=_RETURNVERBOSE)

output L1/2* (a~2xd*xx~2-b~2*d*x~2+a*b*1n(1+tan(d*x~2+c) ~2) +b~2*tan (d*x"2+c))/d J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00

(a? — b%)dz? — ablog (ﬁ) + b%tan (dz? + c)
/x(a +btan (c+dz?))’ dz = ta (;?c) +1
input Lintegrate (x*(atb*tan(d*x"2+c))"2,x, algorithm="fricas") J

t‘1/2*((a‘2 - b"2)*d*x"2 - axbxlog(l/(tan(d*x"2 + c)”2 + 1)) + b~ 2*tan(d*x"2
L +c))/d J

outpu

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.27

/x(a-l— btan (c+ davz))2 dx

a2z2 ablog (tan2 (c+dx2)+1) b222 b2 tan (c+dz2)
_ )5t 2d —g g ford#0
2 2
M otherwise
input Lintegrate (x* (a+b¥tan (d*x**2+c) ) **2,x) J

‘Piecewise((a**Q*x**2/2 + axb*log(tan(c + d*x**2)**2 + 1)/(2%d) — b**2kx**2 \
/2 + bxx2+tan(c + d¥x**2)/(2xd), Ne(d, 0)), (x**2x(a + b¥tan(c))**2/2, Tru |
&) |

output
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 149 vs. 2(47) = 94.

Time = 0.04 (sec) , antiderivative size = 149, normalized size of antiderivative = 2.92

1
/x(a-l—btan (c+da?))? do = §a2x2
(dav2 cos (2dz? + 2¢)’ + da?sin (2dz? 4 2¢)® + 2da? cos (2dz? + 2¢) + da? — 2 sin (2dz® + 20)>b2

2 (dcos (2dz? + 2¢)” + dsin (2dz? + 2¢)* + 2d cos (2dz? + 2¢) + d)
ablog (sec (dz? + c))
+ d

input Lintegrate (x* (at+b*tan(d*x~2+c)) ~2,x, algorithm="maxima") J

(1/2*a‘2*x‘2 - 1/2%(d*x"2*cos (2*d*x"2 + 2%c)"2 + d*x"2*sin(2*d*x"2 + 2%c)”2
\ + 2%d*x"2%cos (2*%d*x"2 + 2*c) + d*x"2 - 2*sin(2*xd*x"2 + 2%c))*b~2/(d*cos(2
\*d*x*z + 2%c) 72 + d*sin(2*d*x"2 + 2%c) "2 + 2xd*kcos(2*d*x"2 + 2*c) + d) + a
*b*log(sec(d*x™2 + c))/d

N\ J

output

\‘

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.04

/x(a + btan (c+ da:2))2 dx

(dz? + c)a? — (dz® + ¢ — tan (dz? + ¢))b? — 2 ablog (|cos (dz? + ¢)))
2d

-

Lintegrate (x* (atb*tan(d*x~2+c))~2,x, algorithm="giac")

~—

input

.
‘1/2*((d*x‘2 + c)*a”2 - (d*x"2 + ¢ - tan(d*x”2 + c))*b~2 - 2xaxb*log(abs(co

output
‘s(d*x‘2 +c))))/d

\‘
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Mupad [B] (verification not implemented)

Time = 9.01 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02

2 a’> b b?tan(dz? + c)
/x(a+btan (c+dx2)) dr = z2 (5_5) 5
ab ln (tan(dw2 +0) + 1>

2d

_|_

-

input Lint(x*(a + bxtan(c + d*x~2))"2,x%)

~—

N

;
\x‘2*(a‘2/2 - b72/2) + (b"2*tan(c + d*x~2))/(2%d) + (a*b*log(tan(c + d*x~2) \

Output\ ~2 + 1))/(2%d) \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00

/x(a—l— btan (c—l— davz))2 dx

log <tan (da? +c)’ + 1) ab+ tan (dz? + ¢) b* + a’d 22 — b?d z*
B 2d

input Lint (x* (a+b*tan (d*x~2+c)) ~2,x) J

‘ (log(tan(c + d*x**2)**2 + 1)*axb + tan(c + dkx**2)*b**2 + a*kx2xd*x**2 — b* \

output
‘*2*d*x**2)/(2*d) ‘
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3.10 [ (a+btan (c+ dz?))’ dz

Optimal result . . . . . . . . . . . .. 99]
Mathematica [N/A] . . . . . ... 99
Rubi [N/A] . o oo e 00
Maple [N/A] . . . 100!
Fricas [N/A] . . . . . o 101
Sympy [N/A] . . 101
Maxima [N/A] . . . . e 102
Giac [N/A] .« . o 102
Mupad [N/A] . . . . 103l
Reduce [N/A] . . . . o 103

Optimal result

Integrand size = 14, antiderivative size = 14

/ (a + btan (c+ dasz))2 dr = Int((a+ btan (c+ d(L‘z))Z ,:c)

r

output LDefer (Int) ((a+bxtan(d*x~2+c))~2,x) J
Mathematica [N/A]
Not integrable
Time = 1.43 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14
/ (a+btan (c+ dx2))2 dr = / (a+ btan (c+ dwz))2 dx
input[lntegrate[(a + bxTan[c + d*x~2])"2,x] }
output LIntegrate[(a + bxTan[c + d*x~2])"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4228}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+btan (c+dx2))2 dz
l 4228

/ (a + btan (c+ dm2))2 dx

input‘ Int[(a + b*xTan[c + d*x~2])"2,x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 4208 Tnt[((a_) + (b_)*Tan[(c_.) + (d_.)*(x)"(n )1 (p_.), x_Symboll :> Uninte
‘grable[(a + b*Tan[c + d*x"n])"p, x] /; FreeQl{a, b, c, d, 0, p}, x]

J

Maple [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ (a+btan (dz* + c))2dac

input 10t ((atbrtan(dxx"2+¢))2,%) )
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output Lint ((a+b*tan (d*x~2+c))"~2,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 32, normalized size of antiderivative = 2.29

/(a—i—btan (c+dx2))2 dx=/(btan (dx2+c)+a)2dx

input Lintegrate ((at+b*tan(d*x~2+c))"2,x, algorithm="fricas")

output Lintegral(b‘Q*ta_n(d*xQ + ¢c)”"2 + 2*axbxtan(d*x"2 + c) + a”2, x)

Sympy [N/A]
Not integrable

Time = 0.48 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/(a+btan (c—l—dacQ))2 dxz/(a—l-btan (c+da72))2 dz

input Lintegrate ((a+bxtan (d*x**2+c) ) **2,x)

output LIntegral((a + bxtan(c + dxx**2))**2, x)
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Maxima [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 288, normalized size of antiderivative = 20.57

/(a+btan (c+d31:2))2 dx:/(btan (dw2+c)+a)2dx

-

integrate((atb*tan(d*x~2+c)) ~"2,x, algorithm="maxima")

~—

input t

a~2*x - (b72*xd*x"2*cos(2*d*x"2 + 2%c) "2 + b7 2xd*x"2*sin(2*%d*x"2 + 2*c)"2 +

2%b"2%d*x"2*cos (2*d*x"2 + 2%c) + b 2*d*x"2 - b 2*sin(2%d*x"2 + 2*c) - (d*
x*cos (2xd*x"2 + 2%c) "2 + dixksin(2*d*x"2 + 2%c) "2 + 2xd*x*cos(2xd*x"2 + 2%
c) + d*x)*integrate((4*axb*d*x~2 + b~2)*sin(2*d*x"2 + 2%c)/(d*x~2%cos(2*d*
X"2 + 2%c)72 + d*x"2*sin(2*xd*xT2 + 2%kc) T2 + 2%d*kx"2*cos(2kd*x"2 + 2*c) + d
*x72), x))/(d*x*cos(2*d*x"2 + 2*c) "2 + dxx*sin(2*%d*x~2 + 2%c) "2 + 2*d*x*co
s(2*%d*x"2 + 2%c) + d*x)

output

Giac [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/(a+btan (c—i—dacz))2 dx:/(btan (da:2+c)+a)2dx

-

inputLintegrate((a+b*tan(d*x‘2+c))‘2,x, algorithm="giac")

-

OutputLintegrate((b*tan(d*x‘2 +c) +a)’2, x) J
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Mupad [N/A]
Not integrable

Time = 9.75 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/(a+btan (c—l—da:z))2 dx=/(a+btan(dx2+c))2dx

-

input t

int((a + b*tan(c + d*x"2))"2,x)

e—

output L

input

int((a + bxtan(c + d*x~2))"2, x) J

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.57

a+btan (c+dx dr = tan (dz“+c) dx | b°+2 tan (dz“+c) dzr ) ab+a°x
2\ 2 2 2 2 2 2

Lint((a+b*tan(d*x‘2+c))‘2,x) J

outputt

int(tan(c + dxx#*2)*%2,x)*b**2 + 2%int (tan(c + dkx**2),x)*axb + ak*2*x J




output

LDefer(Int)((a+b*tan(d*x‘2+c))“2/x,x)
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3.11 f (a—i—b tan(c+d:1:2))2 dz

x

Optimal result . . . . .. . . . . . . . . . . e 104
Mathematica [N/A] . . . . . . . . 104
Rubi [N/A] . . . 105
Maple [N/A] . . . . e 105
Fricas [N/A] . . . . o o 106
Sympy [N/A] . . e 106
Maxima [N/A] . . . . . 107
Giac [N/A] . . . e 107
Mupad [N/A] . . oo 108

Reduce [N/A] . . . o 108

Optimal result

Integrand size = 18, antiderivative size = 18

T T

/ (a + btan (c + dz?))? ot ((a + btan (c + dz?))> | z)

Mathematica [N/A]
Not integrable

Time = 10.91 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/(a+btan (c+ dz?))’ gy — / (a + btan (c + dz?))’

inputt

Integrate[(a + bxTan[c + d*x~2])"2/x,x] J

outputt

Integrate[(a + b*Tan[c + d*x~2])~2/x, x] J




CHAPTER 3. LISTING OF INTEGRALS 105

Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2\ 2
/ (a+btan (c + dz?)) s
z
l 4238
2112
/ (a—i— btan (c+ dx )) e
x
inputtlm"[(a + b*Tan[c + d*x"2])72/x,x] J
( R
output L$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x~n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+ btan (dz? + ¢))’

dzx

T
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input Lint ((a+b*tan(d*x~2+c)) ~2/x,x)

output Lint ((atb*tan(d*x~2+c)) "2/x,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

2Y)2 2 2
/(a+btana(cc+dx ) dwz/(btan(dxx+c)+a) i

inputLintegrate((a+b*tan(d*x"2+c))"2/x,x, algorithm="fricas")

outputtintegral((b*2*tan(d*x‘2 + ¢c)~2 + 2%axbxtan(d*x”2 + c) + a~2)/x, x)

Sympy [N/A]
Not integrable

Time = 1.92 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

2Y)2 2))2
/(a—l—btana(cc—i-d:c ) dxz/(a+btang(vc+dx ) i

inputtintegrate((a+b*tan(d*x**2+c))**2/x,x)

output LIntegral((a + b¥tan(c + d¥x**2))**2/x, x)
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Maxima [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 314, normalized size of antiderivative = 17.44

/ (a+ btan (c+ dz?))* e / (btan (d2? + ) + a)’ N

T T

input integrate((a+b*tan(d*x“2+c))*Q/X,x, algorithm="maxima")

a~2*log(x) - (b~2*d*x"2*cos(2*%d*x~2 + 2%c) " 2+log(x) + b ~2*d*x"2xlog(x)*sin
(2%d*x~2 + 2%c) "2 + 2xb~2*d*x"2*cos(2*d*x"2 + 2*c)*log(x) + b ~2*d*x"2%log(
X) - b"2#sin(2*d*x"2 + 2xc) - (d*x"2*cos(2*d*x"2 + 2%c) "2 + d*x"2*sin(2*d*
X72 + 2%c)72 + 2%d*kx"2*cos(2*d*x"2 + 2%c) + d*x"2)*integrate (2% (2*axbxd*x”
2 + b"2)*sin(2*d*x"2 + 2*c)/(d*x"3*cos(2*d*x"2 + 2%c) "2 + d*x"3*sin(2*d*x”
2 + 2xc)72 + 2xd*x"3%cos(2*d*x"2 + 2%c) + d*x"3), x))/(d*x"2*cos(2*d*x"2 +
2%Cc) "2 + d*x"2*sin(2xd*x"2 + 2%c)"2 + 2xd*x"2%cos(2%d*x"2 + 2%c) + d*x"2)

output

N\

Giac [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (a + btan (c + dz?))” e — / (btan (dz? + ¢) + a)? .

T T

inputLintegrate((a+b*tan(d*x‘2+c))‘2/x,x, algorithm="giac")

output integrate((brtan(dsx"2 + ¢) + a)"2/x, x)
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Mupad [N/A]
Not integrable

Time = 10.59 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2Y)2 2 2
/(a+btanic+dx ) dwz/(a+btan;dx +¢)) i

input Lint((a + bxtan(c + d*x~2))"2/x,x) J

output Lint((a + bxtan(c + d*x72))"2/x, x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.50

/(a—l—btan (c+ dz?))’ i — (/ tan (dx2+c)2dm> 2

z T
tan (d z*
4 2( / de) ab + log(z) @
T
inputLint((a+b*tan(d*xﬁ2+c))“2/x,x) J
Output‘ int(tan(c + d#x*x2)*%2/x,x)*b**2 + 2xint(tan(c + d*x**2)/x,x)*a*b + log(x) |

‘*a**z ‘
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3.12 f (a+btan(c+d:1:2))2 dz

2
Optimal result . . . . . . . . . . . e 109
Mathematica [N/A] . . . . . . . . 109
Rubi [N/A] . . 110
Maple [N/A] . . . . e 110
Fricas [N/A] . . . . o o 11
Sympy [N/A] . . e 111
Maxima [N/A] . . . . . 1121
Giac [N/A] . . . e
Mupad [N/A] . . oo 113
Reduce [N/A] . . . o 113

Optimal result

Integrand size = 18, antiderivative size = 18

z2 z2

21)2 2112
(a + btan (c + dz?)) dx:Int<(a—|—btan(c+dm ) ,z)

output LDefer (Int) ((atb*tan(d*x~2+c))"2/x72,x%) J

Mathematica [N/A]

Not integrable

Time = 4.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(a + btan (c +da?))” (a+ btan (c + da?))’
2 dz = 5 dz
z x
input LIntegrate [(a + b*Tan[c + d*x~2]1)~2/x~2,x] J

output tIntegrate [(a + b*Tan[c + d*x72])72/x72, x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2\ 2
/ (a+btan(2c+dg; )) s
T
l 4238
2112
/ (a+btan (20—+— dz?)) e
z
inputtlm"[(a + bxTan[c + d*x72])72/x72,x] J
( N
output L$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x~n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable
Time = 0.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+ btan (dz? + ¢))’

dzx

2



CHAPTER 3. LISTING OF INTEGRALS 111

inputLint((a+b*tan(d*xh2+c)) 2/x72,%)

output Lint ((a+b*tan(d*x~2+c))"2/x72,x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

/ (a+ btan (c+ dz?))” e / (btan (d2? + ) + a)’ N

.'13'2 .’1,'2

input Lintegrate ((at+bxtan(d*x~2+c))~2/x"2,x, algorithm="fricas")

outputlintegral((b“2*tan(d*x‘2 + ¢c)"2 + 2%a*bxtan(d*x”~2 + c) + a~2)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(a—l—btan (c+ da?))? dxz/(a+btan(c+dx2))2 e

.Tz .’L'2

input tintegrate ((a+b*tan (d*x**2+c) ) **2/x**2,x)

output Llntegral((a + bxtan(c + dkxk*2))**2/x%*2, X)
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Maxima [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 306, normalized size of antiderivative = 17.00

/ (a+ btan (c+ dz?))* e / (btan (d2? + ) + a)’ N

.T2 .’172

input ‘ integrate ((a+bxtan(d*x~2+c))~2/x"2,x, algorithm="maxima")

-a”2/x + (b72xd*x"2*cos(2*d*x"2 + 2%c) "2 + b 2xd*x"2*sin(2*d*x"2 + 2%c)"2
+ 2*%b"2*d*x"2%cos (2*%d*x"2 + 2%c) + b72*d*x"2 + b 2*sin(2xd*x”"2 + 2%c) + (d
*x"3*cos (2xd*x"2 + 2%c) "2 + d*x"3*sin(2xd*x"2 + 2%c) "2 + 2*d*x"3*cos (2xd*x
~2 + 2%c) + d*x"3)*integrate((4*axb*d*x~2 + 3*%b~2)*sin(2*d*x"2 + 2%c)/(d*x
“4xcos (2xd*x"2 + 2%c) "2 + d*x"4*sin(2*xd*x"2 + 2%c) "2 + 2*d*x"4*cos (2xd*xx"2
+ 2%c) + d*x74), x))/(d*x"3*cos(2*d*x"2 + 2%c) "2 + d*x"3ksin(2xd*x"2 + 2%
€) "2 + 2xd*x"3*cos(2*d*x"2 + 2%c) + d*x"3)

output

N\

Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (a + btan (c + dz?))” e — / (btan (dz? + ¢) + a)? .

.’1:2 z2

input Lintegrate ((atb*tan(d*x~2+c))"2/x"2,x, algorithm="giac")

output‘ integrate((b*tan(d*x~2 + c) + a)~2/x"2, x)
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Mupad [N/A]
Not integrable

Time = 9.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (a+ btan (c + de))2 do— / (a+ btan(dz® + C))2 dr

2 2

inputLim:((a + bxtan(c + d*x~2))"2/x"2,x) J

output Lint((a + bxtan(c + d*x~2))7°2/x72, x) J

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 50, normalized size of antiderivative = 2.78

( Ik de) b’r + 2 < i —tan(ifH) dw) abx — a?

x2

2 T

/ (a + btan (c + dz?))” i —

input Lint ((a+b¥tan (d*x~2+c))~2/x~2,%) J

‘ (int (tan(c + d*x**2)**2/x**2,x)*b*x*2%x + 2*int(tan(c + d*x**2)/x**2,x)*a*b \

output
‘*x - a*x2)/x
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313 [— = dg

a+btan(c+dz?)
Optimal result . . . . . . . . . . .. 114
Mathematica [A] (verified) . . . . . . . . ... . Lo 114
Rubi [A] (verified) . . . . . . ... .. 115
Maple [F] . . . . 117
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 117
Sympy [F] . . . 118
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... INEY
Giac [F] . . . . o o 119
Mupad [F(-1)] . . . o 120
Reduce [F] . . . o . 0 o 120

Optimal result

Integrand size = 18, antiderivative size = 122

a2 b2 e2i(c+dz2>
b.’IJ2 log <1 + (+(a)~|——ib)2

x3 z?
/ dr = -+
a + btan (c + dz?) 4(a + ib) 2(a®+0b%)d
21 c+d:v2
ib PolyLog (2, —M>

(a+1b)?

1212

‘ X~4/ (4*%a+4*I%b)+1/2xbxx"2*1n(1+(a~2+b~2) *exp (2*I* (d*x~2+c) )/ (a+I*b)~2)/(a" \
|2+b72) /d-1/4*I¥bxpolylog(2,-(a~2+b"2) xexp(2xI*(d*x~2+c))/(a+I¥b)"2)/(a"2+b |
~2)/d"2

N\ J

output

Mathematica [A] (verified)

Time = 1.05 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.90

23
dz
/ a + btan (¢ + dz?)

. —2i(c d:b2 . —2i(c dm2
dz? <(a + ib)dx? + 2blog (1 + M)) + ib PolyLog (2, (caziv)e *(** )>

a—1ib a—1ib

1@+ d
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input‘ Integrate[x~3/(a + b*Tan[c + d*x~2]),x] ‘

output‘ (d*x~2*((a + Ixb)*d*x~2 + 2xb*Log[l + (a + I*b)/((a - I*b)*E~((2*I)*(c + d ‘
'¥x72)))1) + I*b*PolyLogl[2, (-a - I¥b)/((a - I¥b)*E~((2¢D)*(c + d*x"2)))1)/
L(4*(a‘2 + b~2)*d"2) J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.07,
number of steps used = 7, number of rules used = 6, Lumber of rules _ () 333 pj0

integrand size
used = {4234, 3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

23
dz
/ a + btan (c + dz?)
| 4234

1./( z? 9
= dz
2 ) a+btan(dz?+c)

| 3042

1L/‘ z? 9
- dx
2 ) a+btan(dz? + c)
| 4215
2i(dz?+c) .2 4
E %@/ __° S —de?
2 (a+ib)? + (a? + b?) e%ildz®+c) 2(a + ib)

l 2620

2i(dm2+c) 2 2 2 o 2i(c+dm2)
’LflOg (W + 1) diL'2 ’iﬂ?2 IOg <1 + (a—{—b(a)i—ib)z
2ib

rt

2 2d (a? + 1?) 2d (a? + 1?) t o+ i)

l 2715



CHAPTER 3. LISTING OF INTEGRALS 116

e2i (da:2+c) a2 2 )
log (Mib)(z"'b)_H) iz2lo 1+ (a2+b2)e2z(c+dm2)
il | : geritasieg 0 08 | 1 TG .
—| 2ib z -
2| 4d? (a2 + b2) 2d (a2 + b2) HETCET)
l'2838
. 2 . 2
(a2+b2)e2z(dm +c) . (a2+b2)621(c+dz )
1 PO].yLOg (2, —W 1 lOg 1 + W $4
2| 2| - Ad2 (a2 + b2) - 2d (a2 + b?) t o+ i)
e R
input LInt [x~3/(a + bxTan[c + d*x~2]),x] J

output
(¢ + d*x72)))/(a + Ixb)"21)/((a”2 + b"2)*d) - PolyLog[2, -(((a"2 + b2)*E"

((°4/(2%(a + T¥b)) + (D*br(((-1/2¢T)#x"24Logll + ((a"2 + B DAE((2+Dx
(@*Dx(c + d*x72)))/(a + I#b)"2)]/ (4% (a™2 + b"2)%d"2))) /2

Defintions of rubi rules used

rule 2620 Int [(((F)~((g_)*((e_.) + (£_)*(x D))" (a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Intllogl(al) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

N

rule 2838‘In’c[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2 ‘
L, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E"Simp[2*I*(e + fx*x), x]/((a + I*b)"2 + (2”2 + b~2)*E~Simp[2
*Ix(e + f*x), x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

rule 4215

rule 4234 IntLGED"@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(@)1)~(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
‘p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
‘ 1)/n], 0] && IntegerQ[p]

Maple [F]

23
dz
/ a+ btan (dz2? + ¢)

inputLint(x‘3/(a+b*tan(d*x‘2+c)),x) J

-

Lint (x~3/ (atb*tan(d*x~2+c)) ,x)

| —

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 536 vs. 2(103) = 206.

Time = 0.13 (sec) , antiderivative size = 536, normalized size of antiderivative = 4.39

73
dz
/ a + btan (c + dz?)

2,4 (4 ab+b?) tan(daz?+c) ?_a2+iab+ (1a2+ib?) tan(dz?+c) _ (i ab—b?) tan(da?+c) 24 a2+iab+ (ia?
2ad 2bc log ( tan(dz2+c)?+1 2be log tan(dz2+c)%+1
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input‘integrate(x“3/(a+b*tan(d*x"2+c)),x, algorithm="fricas")

1/8x(2*a*d~2*x~4 - 2%bxc*log(((I*a*b + b~2)*tan(d*x"2 + c)~2 - a”2 + I*xax*b
+ (I*a"2 + I*b"2)*tan(d*x"2 + c))/(tan(d*x"2 + c)~2 + 1)) - 2xb*c*log(((I
xa*xb - b~2)*tan(d*x"2 + ¢c)72 + a2 + I*axb + (I*a"2 + Ix*b"2)*tan(d*x"2 + ¢
))/(tan(d*x"2 + c)~2 + 1)) + I*b*dilog(2*((I*axb - b~2)*tan(d*x"2 + c)~2 -
a”2 - Ixa*xb + (I*a™2 - 2*a*b - I*b~2)*tan(d*x~2 + c¢))/((a”2 + b~2)*tan(d*
X"2 + ¢)"2 + a”2 + b"2) + 1) - Ixb*dilog(2*((-I*axb - b~2)*tan(d*x~2 + c)~
2 - a”2 + I*a*xb + (-I*a"2 - 2*xa*b + Ixb~2)*tan(d*x"2 + c))/((a”2 + b"2)*ta
n(d*x"2 + ¢c)72 + a”2 + b72) + 1) + 2x(b*d*x"2 + b*c)*log(-2*((I*xa*xb - b~2)
*tan(d*x~2 + ¢c)"2 - a”2 - I*a*b + (I*a™2 - 2*a*b - I*b~2)*tan(d*x"2 + c))/
((a”2 + b™2)*tan(d*x"2 + c)”"2 + a2 + b~2)) + 2x(b*d*x"2 + bxc)*Llog(-2*((-
I*a*xb - b"2)*tan(d*x"2 + c)~2 - a”2 + I*axb + (-I*a”2 - 2%axb + I*b~2)*tan
(@*x"2 + ¢))/((a”2 + b™2)*tan(d*x"2 + ¢c)"2 + a™2 + b72)))/((a"2 + b~2)*d"2
)

output

Sympy [F]

z3 z3
/ dr = / dz
a + btan (c + dz?) a + btan (c + dz?)

p

Lintegrate(x**S/(a+b*tan(d*x**2+c)),X)

-/

input

‘Integral(x**S/(a + bxtan(c + d*x**2)), x)

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 267 vs. 2(103) = 206.
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Time = 0.07 (sec) , antiderivative size = 267, normalized size of antiderivative = 2.19

73
dz
/ a + btan (c + dz?)

i ; 2 2dz2+2¢)—(a2—b2) sin(2dx2+2¢) 2absin(2 dz2+2 24320 (12_p2 2 da2+2c
@—ZWF4—mMﬁwdw<dw“m+dékbMMm+@,@m(w+dﬂgﬂy b?) cos(2da®+2¢
inputLintegrate(x“3/(a+b*tan(d*x~2+c)),x, algorithm="maxima" J
output 1/4%((a - I*b)*d"2*x"4 - 2xIxbxd*x~2*arctan2((2*a*b*cos(2*d*x~2 + 2*c) - (

a"2 - b™2)*sin(2*%d*x"2 + 2*c))/(a"2 + b~2), (2*xa*b*sin(2*d*x~2 + 2*c) + a~
2 + b2 + (2”2 - b™2)*cos(2xd*x"2 + 2xc))/(a"2 + b72)) + b*d*x"2*log(((a~2
+ b72)*cos(2*d*x"2 + 2%c) "2 + 4d*xaxbxsin(2*d*x"2 + 2*c) + (a2 + b"2)*sin(
2xd*x"2 + 2%c)"2 + a”2 + b2 + 2x(a”2 - b"2)*cos(2*d*x"2 + 2%c))/(a”2 + b~
2)) - Ixb*dilog((I*a + b)*e”(2xI*d*x~2 + 2*I*c)/(-I*a + b)))/((a”2 + b~2)*

d°2)
Giac [F]
/ a+ btanzzc + dz?) de = / btan (dxa;3+ c)+a dz
inputLintegrate(x*3/(a+b*tan(d*x*2+c)),x, algorithm="giac") J

outputLintegrate(x"3/(b*tan(d*x"2 +c) +a), x) J
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Mupad [F(-1)]

Timed out.

z3 z3
/ dz =/ dx
a+ btan (¢ + dz?) a+ btan (dx? + )

inputtint(x”B/(a + bxtan(c + d¥x~2)),x)

output Lint(x"S/(a + b*tan(c + d*x~2)), x)

Reduce [F]

z3 z3
/ dz =/ dz
a + btan (c + dz?) tan (dz?2+c)b+a

input Lint (x~3/ (atb*tan(d*x~2+c)) ,x)

Outputtint(x**B/(tan(c + d*x**2)%b + a),x)




output

input L

output L
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3.14 [— X ___dz

Optimal result . . . . . . . . . . ..
Mathematica [N/A] . . . . . ...
Rubi [N/A] . .
Maple [N/A] . . . o
Fricas [N/A] . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . o
Giac [N/A] . . . e
Mupad [N/A] . . . o
Reduce [N/A] . . . o o e

Optimal result

Integrand size = 18, antiderivative size = 18

/ i dz = Int
a+btan(c+dz?)

.’IJ2

a+ btan (c+ dx2)’x)

-

LDefer(Int) (x~2/ (a+bxtan(d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 2.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

72
dx =
/a+btan(c+dx2) /

.’IJ2

a + btan (c + dz?)

dz

Integrate[x~2/(a + b*Tan[c + d*x~2]),x]

Integrate[x~2/(a + b*Tan[c + d*x~2]), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
22
dx
/ a + btan (c + dz?)
l 4238
2
U/i z dzr
a + btan (c + dz?)
inputLInt[xA2/(a + b*Tan[c + d*x~2]),x] J
ou_tput“;Aborted J

Defintions of rubi rules used

rule 4938 IELG) " (@_)*((a_.) + (b_.)*Tanl(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

22
dz
/ a+ btan (dz2? + ¢)

inputLint(x‘2/(a+b*tan(d*x‘2+c)),x) J
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OutputLint(x"2/(a+b*tan(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dz = / dz
a + btan (¢ + dz?) btan (dz2 +c) +a

inputtintegrate(XAQ/(a+b*tan(d*XA2+C)),x, algorithm="fricas")

output Lintegral(x"2/(b*tan(d*x"2 +c) +a), x)

Sympy [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

z? z?
/ dz =/ dz
a + btan (c + dz?) a + btan (c + dz?)

inputLintegrate(x**2/(a+b*tan(d*x**2+c)),x)

outputtlntegral(x**2/(a + b¥tan(c + d*x**2)), x)




CHAPTER 3. LISTING OF INTEGRALS 124

Maxima [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 196, normalized size of antiderivative = 10.89

z? z?
/ dr = / dz
a + btan (c + dz?) btan (dz? +c) + a

p
input Lintegrate (x~2/ (atb*tan(d*x"2+c)) ,x, algorithm="maxima")

1/3*(a*x"3 + 6*%(a”2%b + b~3)*integrate((2*a*b*x~2*cos(2*d*x"2 + 2%c) - (a~
2 - b72)*x"2xsin(2*%d*x"2 + 2*c))/(a"4 + 2*¥a"2xb"2 + b"4 + (a"4 + 2¥a”2xb"2
+ b"4)*cos(2xd*x"2 + 2*c)”2 + (a”4 + 2*a"24%b"2 + b~4)*sin(2*d*x"2 + 2%c)”
2 + 2%(a”4 - b"4)*cos(2%d*x"2 + 2%c) + 4*(a"3*b + a*b”~3)*sin(2*d*x"2 + 2%*c
), x))/(@2 + b72)

output

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z2
/ dr = / dz
a + btan (c + dz?) btan (dz? +c¢) + a

-

input Lintegrate (x~2/ (at+b*tan(d*x~2+c)) ,x, algorithm="giac")

OutputLintegrate(x“2/(b*tan(d*x‘2 +c) +a), x)

-/

-/
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Mupad [N/A]
Not integrable

Time = 9.57 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dz :/ dx
a + btan (¢ + dz?) a+ btan (dx? + )

input Lint(x‘2/(a + b*tan(c + d*x72)),x)

output Lint(x‘2/(a + bxtan(c + d*x~2)), x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dz =/ dz
a + btan (c + dz?) tan (dz?2+c)b+a

input Lint (x~2/ (atb*tan(d*x~2+c)),x)

outputtint(x**z/(tan(c + dxx*%2)%b + a),x)
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3.15 | Z dx

a+btan (c+dw2)
Optimalresult . . . . . . . . .. . . 126
Mathematica [C] (verified) . . . . . . . .. .. ... L o 126
Rubi [A] (verified) . . . . . . . . . . 1271

Maple [A] (verified) . . . . . . . . . . 128]

Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 129
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 129]
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... 1301
Giac [A] (verification not implemented) . . . . . . ... ... ... 131
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 131l
Reduce [B] (verification not implemented) . . . . ... ... ... ... ..... 131

Optimal result

Integrand size = 16, antiderivative size = 57

a+ btan (c + dz?) dx=2(a2—|—b2)+ 2(a2+v?)d

/ T ax? blog (acos (c + dz?) + bsin (c + dz?))

-

output La*x*Q/ (2*xa~2+2*b~2) +1/2%b*1n(a*cos (d*x~2+c) +b*sin(d*x~2+c))/(a~2+b"2) /d

-/

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.14 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.44

: d
/ a + btan (c + dz?) v
(—ia — b) log (i — tan (c + dz?)) + i(a + ib) log (i + tan (c + dz?)) + 2blog (a + btan (c + dz?))
4(a®+0%)d

input LIntegrate [x/(a + b*Tan[c + d*x~2]),x] J

N

‘(((—I)*a - D)*LoglI - Tanlc + d*x"2]] + Ix(a + I*b)*Log[I + Tan[c + d*x~2]

output
1 + 2+bslogla + bsTan[c + d+x"2]1)/(4%(a™2 + b"2)*d)
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.96,

=5, number of rules _ 312, Rules
integrand size

number of steps used = 6, number of rules used =
used = {4234, 3042, 3965, 3042, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ d dz
a + btan (c + dz?)
| 4234

2/ L da?
2 ) a+btan(dz?+c¢)
| 3042

2/ ! da?
2 ) a+btan(dz?+c¢)

| 3965
b—atan dx2+c
bf a+btan(dm2+c; da? ax?
2 a? 4+ b? a? 4 b?
| 3042
b—atan d:v2+c
bf a+btan(dm2+cg da? ax?
2 a? 4+ b? a? 4+ b?
l 4013
blog (acos (¢ + dz?) + bsin (c + dz?)) N az?
2 d(a? + b2) a2+ b2

[Int [x/(a + bxTan[c + d*x~2]),x]

~—

t‘ ((a*xx~2)/(a"2 + b"2) + (bxLogl[a*Cos[c + d*x~2] + bxSin[c + d*x~2]]1)/((a"2
L+ b~2)*d)) /2




rule 3042

rule 3965

rule 4013

rule 4234
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(-1), x_Symboll
2 + b72)), x] + Simp[b/(a”2 + b~2)

+ d*x]1), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

:> Simp[ax(x/(a”
Int[(b - a*Tan[c + d*x])/(a + b*Tan[c

Int[((c_) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (f_.)*
(x_)1), x_Symbol]l :> Simp[(c/(b*f))=*Log[RemoveContent [a*xCos[e + f*x] + b*Si
nle + £*x], x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
NeQ[a"2 + b~2, 0] && EqQ[a*c + bxd, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_)*(x_)"(n_)]1)"(p_.), x_Symbol

1 :> Simp[i/n

Subst [Int [x~ (Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~

P> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

method result size
llelrisch —2adz?+bln (l+tan (dz2+c) 2) —2bIn(a+btan(dz?+c))
parallelrisc — (@157 54
bIn(14tan(do2+c)>
bln(a+btan(dz2+c)) n — n< ang i C) > “+a arctan(tan(d w2+c))
derivativedivides a® 45 5 a®+5 69
bin( 1+tan(dz2+c)>
bln(a+b tan (d z2+c)) — ( * g N C) ) +a arctan (tan(d z2+c))
default aZ$0? - a® 402 69
2d
2 bln <1+tan (dz?+c) 2) bln(a+btan(dz2+c))
azx
norman 224267 1d(a2157) 2d(a2+57) 73
pin( o2 (457 +e) _ibta
risch I A Y A ibc + b—a 96
2(ib—a) a?+b? d(a2+b2) 2d(a?+b2)
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input ‘ int (x/ (a+b*tan(d*x~2+c)) ,x,method=_RETURNVERBOSE) ‘

| -1/4% (-2*a*d*x"2+b*1n(1+tan(d*x"2+c) "2) ~2+bx1n(a+tbrtan(d*x"2+c))) /d/(a2+b

output ‘ % ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.23

2 adx2 + blog (b2 tan(d$2+c)2+2 abtan(d$2+0)+a2>

/ z dr = tan(dz2+c)?+1
a+btan (c+dz?) 4(a? +b?)d
input tintegrate (x/ (atb*tan(d*x~2+c)) ,x, algorithm="fricas") J

|1/4%(2%axd*x"2 + bxlog((b™2+tan(d*x"2 + c)"2 + 2xakbktan(d*x"2 + c) + a™2)

output
L/(tan(d*x"Z + )72 + 1)))/((a~2 + b 2)*d) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.44 (sec) , antiderivative size = 359, normalized size of antiderivative = 6.30

/ ° dz
a + btan (c + dz?)

(-
2
ooz —
tan (c) fora =0,
2
% forb=10
a
2_ 7 2_ 7
i((atan (san (e o))+ “27E | Y tan (crda?)  atan (tan (c4da?)) 4| SHEE |
? —_—
4bd tan (c+dx?)—4ibd + 4bd tan (c+dz?)—4ibd + Todtan (crde?)—diba fora = —
= 2_ 1 2
i(ata,n (tan (c+dz?))+n Y-de” 2 J ) tan (c+dz?) atan (tan (c+dz?))+m Y-Fdn; 2 J )
i .
4bd tan (c+dz?)+4ibd + 4bd tan (c-+da?)+4ibd " 4dbdtan (ct+dz?)+4ibd for a = ib
2
z —_—
2(a+btan (c)) ford=0
2adz? 2blog (% +tan (c+dz?)) blog (tan? (c+dx?)+1) .
L 4a2d+4b2%d + 4a2d+4b%d - 4a2d+4b2d otherwise
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input integrate (x/ (a+b*tan(d*x**2+c)) ,x)

Piecewise((zoo*x**2/tan(c), Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), (x*x2/(2*a),

Eq(b, 0)), (I*(atan(tan(c + d*x*x2)) + pixfloor((c + dxx**2 - pi/2)/pi))*t
an(c + d*x**2)/(4xbxd*tan(c + d*x**2) - 4xIxbxd) + (atan(tan(c + d*x**2))

+ pi*floor((c + d*x**2 - pi/2)/pi))/(4xb*d*tan(c + d*x**2) - 4*Ixb*d) + I/
(4xbxd*tan(c + dkx**2) - 4xI*bxd), Eq(a, -I*b)), (-I*(atan(tan(c + d*x**2)
) + pi*xfloor((c + d*x**2 - pi/2)/pi))*tan(c + d*x**2)/(4*b*d*tan(c + dkx*x*
2) + 4xIxb*d) + (atan(tan(c + d*x*%x2)) + pik*floor((c + d*x**2 - pi/2)/pi))
/ (4xb*d*tan(c + dkx**2) + 4xIxb*xd) - I/(4*b*dxtan(c + d*x**2) + 4xI*b*d),

Eq(a, I*b)), (x**2/(2*%(a + b*tan(c))), Eq(d, 0)), (2*akdxx**2/(4*xax*2xd +

4xb*x2xd) + 2+b*log(a/b + tan(c + dxx**2))/(4xa*xx2xd + 4xbx*2xd) - bxlog(t
an(c + d*xx*x2)**x2 + 1)/(4*a*x*x2*xd + 4*xb**2xd), True))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(53) = 106.

Time = 0.09 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.51

u/“ ad dx
a + btan (c + dz?)

2 (a2—|—b2) cos (2 dz2+42 c) 2 +4 ab sin(2 dz2+42 c) + (a2-|—b2) sin (2 dz2+42 c) 2 +a2+b242 (a2 —bz) cos (2 dz?+2 c)
i 2adz® +b lOg ( (a2+b2) cos(2 c)%+(a2+b2) sin(2 c)? >

4(a2 + 02)d

inputLintegrate(x/(a+b*tan(d*x‘2+c)),x, algorithm="maxima") J

e B

1/4% (2%a*d*x~2 + bxlog(((a”2 + b72)*cos(2*d*x"2 + 2%c) "2 + 4*axb*xsin(2*d*x
"2 + 2%c) + (2”2 + b"2)*sin(2xd*x"2 + 2%c)72 + a”2 + b2 + 2%(a”2 - b 2)*c

‘os(2*d*x‘2 + 2xc))/((a”2 + b"2)*cos(2*c)"2 + (2”2 + b"2)*sin(2xc)~2)))/((a ‘
L*z + b"2)*d)

output
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Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.51

/ x dr — b?log (|btan (dz? + ¢) + al) (dz? + c)a
a+btan(c+ds?) 2 (a?bd + bd) 2 (a?d + b2d)
blog (tan (dz? + ¢)® + 1)
B 4 (a2d + b2d)
input Lintegrate (x/ (a+b*tan(d*x~2+c)),x, algorithm="giac") J
Output‘ 1/2*%b~2*1log(abs (bxtan(d*x~2 + c) + a))/(a~2*b*d + b~3*d) + 1/2*(d*x"2 + c) ‘

(*a/(a~2xd + b"2%d) - 1/4¥bxlog(tan(d*x™2 + c)"2 + 1)/(a”2%d + b~2%d) |

Mupad [B] (verification not implemented)

Time = 9.06 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.14

b In(a+btan(dz?+c)) . b ln(tan(dz2+c)2+1) 2

/ x do — 5 1 n azr
a+btan (c+dz?) d (a? +b?) 2 (a? +b?)

-

Lint(x/(a + b*tan(c + d*x~2)),x)

| —

input

| ((b*log(a + bxtan(c + d*x"2)))/2 - (bxlog(tan(c + d*x"2)°2 + 1))/4)/(dx(a~

output
\2 + b72)) + (a*x~2)/(2%(a"2 + b~2)) \

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

/ ad dz
a+ btan (¢ + dz?)
—log (tan da?+¢)’ + 1) b+ 2log(tan (dz* + ¢) b+ a) b + 2ad z*
4d (@ + )
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inputLint(x/(a+b*tan(d*x“2+c)),x)

output‘ ( - log(tan(c + d*x**2)**2 + 1)*b + 2xlog(tan(c + d*x**2)*b + a)*b + 2*a*d
‘*X**2)/(4*d*(a**2 + b*%x2))
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1 dx

3.16 f a-+btan(c+dz?)

Optimalresult . . . . . . . . .. . . 133l
Mathematica [N/A] . . . . . ... 133
Rubi [N/A] .« . o 134
Maple [N/A] . . . . e 134
Fricas [N/A] . . . . o
Sympy [N/A] . . o 1351
Maxima [N/A] . . . . o 136
Giac [N/A] . . . e 136
Mupad [N/A] . . . o 137
Reduce [N/A] . . . o o 137

Optimal result

Integrand size = 14, antiderivative size = 14

1 1
dr = Int
/a+btan(c+dx2) v= <a+btan(c+dx2)’x)

-

output LDefer(Int) (1/ (a+b*tan (d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 1.24 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ L dz —/ ! dz
a+btan(c+dz2) J a+btan(c+ dz?)

-

LIntegrate[(a + b*Tan[c + d*x~2])~(-1),x]

-/

input

output LIntegrate[(a + b*Tan[c + d*x~2])~(-1), x] J




input

output

rule4228\1nt[((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(_)1)~(p_.), x_Symbol]l :> Uninte

input

CHAPTER 3. LISTING OF INTEGRALS 134

Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4228}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
a+ btan (¢ + dz?)

l 4228

| arvmer @
a+ btan (c + dz?) v

-

N\

Int[(a + b*Tan[c + d*x~2])~(-1),x]

t

$Aborted ‘

Defintions of rubi rules used

N

grable[(a + b*Tan[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d, n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ = dz
a+ btan (dx? + )

int (1/ (a+b*tan (d*x~2+c)) ,x) J
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OutputLint(l/(a+b*tan(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ ! dx—/ ! dz
a+btan(c+dz?) ~ ) btan(dz?+c)+a

inputLintegrate(1/(a+b*tan(d*x”2+C)),x, algorithm="fricas")

OutputLintegral(l/(b*tan(d*x’? +c) +a), x)

Sympy [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ ! dac—/ ! dz
a+btan(c+dz2) | a+ btan(c+ dz?)

inputLintegrate(1/(a+b*tan(d*x**2+c)),x)

OutputLIntegral(l/(a + bxtan(c + d*x**x2)), x)
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Maxima [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 187, normalized size of antiderivative = 13.36

/ L dx—/ ! dz
a+btan(c+dz?) ~ ) btan(dz?+c)+a

input Lintegrate (1/ (a+b*tan(d*x~2+c)) ,x, algorithm="maxima"

(a*x + 2x(a"2%b + b~3)*integrate((2*a*bxcos(2*d*x~2 + 2*c) - (a”2 - b™2)*s
in(2*%d*x"2 + 2xc))/(a"4 + 2*xa”2+%b"2 + b~4 + (a”4 + 2*xa”"2*%b"2 + b~4)*cos(2*
d*x"2 + 2xc)"2 + (2”4 + 2*a"2*%b"2 + b74)*sin(2*d*x"2 + 2%c)"2 + 2x(a”4 - b
“4)*cos(2*xd*x"2 + 2xc) + 4*(a~3*%b + axb~3)*sin(2xd*x"2 + 2*c)), x))/(a”2 +
b~2)

output

Giac [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ ! dz —/ ! dz
a+btan(c+dz?) ~ ) btan(drx?+c)+a

input Lintegrate (1/ (a+b*xtan(d*x~2+c)) ,X, algOI'ith.ID:"giaC D)

output Lintegrate(l/(b*tan(d*x‘? +c) + a), x)
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Mupad [N/A]
Not integrable

Time = 8.51 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ L dx—/ ! dx
a+btan (c+dz?) ~ ) a+btan(dz?+c)

inputLint(l/(a + b*tan(c + d*x~2)),x)

outputtint(l/(a + bxtan(c + d*x~2)), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ L da:—/ ! dz
a+btan(c+dz?) ~ ) tan(dz2+c)b+a

inputtint(l/(a+b*tan(d*x‘2+c)),x)

Outputtint(l/(tan(c + d*x**2)*b + a),x)




output

input

output
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1

3.17 f z(a+btan(c+dz?)) dz

Optimalresult . . . . . . . . .. . . 138]
Mathematica [N/A] . . . . . ... 138
Rubi [N/A] . . . 139
Maple [N/A] . . . . e 139
Fricas [N/A] . . . . o 140
Sympy [N/A] . . o 1401
Maxima [N/A] . . . . o 141
Giac [N/A] . . . e 141
Mupad [N/A] . . . o 142
Reduce [N/A] . . . o o 142

Optimal result

Integrand size = 18, antiderivative size = 18

/ L dr = Int L
r(a+btan (c +dz?) ~

z (a + btan (c + dz?))’

/)

-

LDefer (Int) (1/x/ (atb*tan(d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 1.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/w(a+btai(c+dx2)) do :/

1

z (a + btan (c + dz?))

dz

LIntegrate[l/ (x*(a + bxTan[c + d*x2])),x]

-/

LIntegrate [1/(xx(a + b*Tan[c + d*x"2])), xI]




CHAPTER 3. LISTING OF INTEGRALS 139

Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
]/ 1 dz
z (a + btan (c + dz?))
l 4238
[ sarsmer @’
z (a + btan (c + dz?)) v
input LInt [1/(x*(a + b*Tan[c + d*x~2])),x] J
Output‘$Aborted J

Defintions of rubi rules used

rule 4238 Tot LG~ (@_)*((a_.) + (b_)*Tan[(c_.) + (d_.)*(x)"(a )1 (p_.), x_Symbol
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
d
/:c(a+btan (dz? +¢)) v

inputLint(1/x/(a+b*tan(d*x‘2+c)),x) J
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output Lint (1/x/ (atb*tan(d*x~2+c)) ,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
/x(a+btan(c+dx2)) dx_/(btan(dﬁ-i—c)-l—a)xdx

input Lintegrate (1/x/ (a+b*tan(d*x~2+c)),x, algorithm="fricas")

output Lintegral(l/(b*x*tan(d*x"2 + c) + a*x), x)

Sympy [N/A]
Not integrable

Time = 0.68 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

1 1
/x(a+btan(c+da:2)) dx_/z(a+btan(c+dx2)) dz

input Lintegrate (1/x/ (a+b*tan (d*x**2+c)) ,x)

OutputLIntegral(l/(x*(a + bxtan(c + d*x**2))), x)
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Maxima [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 510, normalized size of antiderivative = 28.33

1 1
/x(a—i—btan(c—i—dﬁ)) dx_/(btan(dzﬁ-i—c)-l—a)x dz

p
Lintegrate(1/x/(a+b*tan(d*x”2+c)),x, algorithm="maxima")

| —

input

-(2x(a"2%b + b~3)*integrate((a"2*sin(2*d*x~2 + 2*c) - (2*axb*cos(2*c) + b~
2%sin(2*c))*cos(2xd*x"2) - (b"2%cos(2*c) - 2*axbxsin(2*c))*sin(2*d*x"2))/(
a~4xx*kcos(2xd*x"2 + 2%c) 2 + a"4*x*sin(2*d*x”2 + 2*c)"2 + ((4*xa”2%b"2 + b~
4)*cos(2%c) "2 + (4*a”2%b”"2 + b~4)*sin(2*c) "2) *x*cos(2*%d*x"2) "2 + ((4*a”2+*b
~2 + b74)*cos(2%c) "2 + (4*%a”2*b"2 + b~4)*sin(2+%c) "2) *x*sin(2*d*x"2) "2 - 2%
((a™2%b~2 + b~4)*cos(2*c) - 2*x(a"3*b + a*b~3)*sin(2%c))*x*cos(2xd*x~2) + 2
*(2x(a~3*b + a*b~3)*cos(2%c) + (a~2%b~2 + b~4)*sin(2*c))*x*sin(2*d*x~2) +

(a”4 + 2*xa~2xb~2 + b~4)*x - 2% ((a"2*b~2*cos(2*c) - 2%a~3*b*sin(2*c))*x*cos
(2xd*x~2) - (2*a”3*b*cos(2*c) + a~2*b"2*sin(2*c))*x*sin(2*%d*x~2) - (a"4 +

a~2xb"2) *x) kcos (2*xd*x"2 + 2*c) - 2*x((2*a~3*xb*cos(2*c) + a~2*b"2*sin(2*c))x*
x*kcos (2*%d*x72) + (a"2*xb~2xcos(2*c) - 2*a”3*b*sin(2*c))*x*sin(2*d*x~2))*sin
(2%d*x~2 + 2%c)), x) - axlog(x))/(a"2 + b~2)

output

Giac [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/x(a+btan(c+dx2)) dx_/(btan(dﬁ—i—c)—}-a)x dz

s

integrate(1/x/(a+b*tan(d*x~2+c)),x, algorithm="giac")

~—

inputL

-

integrate(1/((b*tan(d*x~2 + c) + a)*x), x)

~—

outputt
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Mupad [N/A]
Not integrable

Time = 8.81 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/x(a—i—btan(c-l—dmz)) dx_/x(a+btan(dx2+c)) de

input Lint(l/(x*(a + bxtan(c + d*x"2))),x)

output tint(1/(x*(a + bxtan(c + d*x~2))), x)

Reduce [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1

1
/x(a-l—btan(c—l—dﬁ)) akc_/tan(dac2—I—c)ba:—i—cmcdaC

input tint (1/x/ (a+bxtan (d*x~2+c)) ,x)

output Lint(l/(tan(c + dxx**2)*b*x + a*x),x)
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318 [ onmm dx

a+btan(c+dz?))
Optimalresult . . . . . . . . .. . . 143]
Mathematica [N/A] . . . . . ... 143
Rubi [N/A] . . o 144
Maple [N/A] . . . . e 144
Fricas [N/A] . . . . o 145
Sympy [N/A] . . o 1451
Maxima [N/A] . . . . o 146
Giac [N/A] . . . e 146
Mupad [N/A] . . o 147
Reduce [N/A] . . . o o 147

Optimal result

Integrand size = 18, antiderivative size = 18

1 1
dr = Int
/x2 (a + btan (c + dz?)) r= <x2 (a+btan(c+dm2))’x>

-

output LDefer(Int) (1/x~2/ (a+b*tan (d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 2.60 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ z? (a + btan (c + dz?)) de = / z2? (a + btan (c + dz?)) dz

-

LIntegrate[l/(x‘Q*(a + bxTan[c + d*x~2])),x]

-/

input

output LIntegrate [1/(x"2*(a + b*Tan[c + d*x~2])), x] J
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
j/ 1 dz
z? (a + btan (c + dz?))
l 4238
j/ 1 dz
z2 (a + btan (c + dz?))
input LInt [1/(x~2*(a + b*Tan[c + d*x~2])),x] J
Output‘$Aborted J

Defintions of rubi rules used

rule 4238 Tot LG~ (@_)*((a_.) + (b_)*Tan[(c_.) + (d_.)*(x)"(a )1 (p_.), x_Symbol
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
d
/x2 (a+btan (dx? +¢)) o

inputLint(1/x”2/(a+b*tan(d*x“2+c)),x) J
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OutputLint(1/x"2/(a+b*tan(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.28

1 1
/ z2 (a + btan (c + dz?)) do = / (btan (dz? + ¢) + a)z? dz

inputLintegrate(1/x”2/(a+b*tan(d*x”2+C)),x, algorithm="fricas")

OutputLintegral(l/(b*x"2*tan(d*x"2 + c) + a*x"2), x)

Sympy [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1
/a;? (a + btan (c + dz?)) de = / z2 (a + btan (c + dz?)) dz

inputLintegrate(1/x**2/(a+b*tan(d*x**2+c)),x)

OutputLIntegral(l/(x**2*(a + bxtan(c + d*x**2))), x)
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Maxima [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 534, normalized size of antiderivative = 29.67

1 1
/ z2 (a + btan (c + dz?)) do = / (btan (dz? + ¢) + a)z? dz

integrate(1/x~2/(a+b*tan(d*x~2+c)),x, algorithm="maxima"

| —

p
inputt

-(2x(a”2%b + b~3)*x*integrate((a~2*sin(2*d*x~2 + 2*c) - (2*axb*cos(2*c) +
b~ 2xsin(2*c)) *cos (2*%d*x"2) - (b~2*cos(2*c) - 2*a*b*sin(2*c))*sin(2*d*x"2))
/(a"4*x"2xcos (2*xd*x™2 + 2%c) "2 + a~4*x"2*sin(2*d*x"2 + 2*c)"2 + ((4*xa”2*b”
2 + b74)*cos(2*c) "2 + (4*a"2%b"2 + b~4)*sin(2*c) "2) *x"2*cos (2*%d*x"2) "2 + (
(4*a~2+%b~2 + b~4)*cos(2*c) "2 + (4*a”2*xb"2 + b~4)*sin(2%c) ~2)*x " 2*sin (2*d*x
72)72 = 2%((a”2*%b"2 + b"4)*cos(2xc) - 2*(a"3*b + axb~3)*sin(2*c))*x"2*cos(
2xd*x"2) + 2% (2*(a"3%b + a*b~3)*cos(2*c) + (a”2*b~2 + b~4)*sin(2*c))*x"2*s
in(2*%d*x~2) + (a"4 + 2*%a"2*b"2 + b"4)*x"2 - 2% ((a~2%b"2*cos(2*c) - 2*a~3*b
*3in(2*c) ) *x"2*cos (2*xd*x"2) - (2*a”~3*b*cos(2*c) + a~2*xb"2*sin(2+*c))*x"2*si
n(2xd*x~2) - (a4 + a"2*%b"2)*x"2)*cos(2*d*x"2 + 2*c) - 2x((2*xa”~3*b*cos(2*c
) + a"2*b"2*sin(2#*c))*x"2*cos (2xd*x"2) + (a"2%b"2*cos(2*c) - 2*a”~3*b*sin(2
*C) ) *x"2*sin (2*xd*x"2) ) *ksin(2*xd*x"2 + 2*c)), x) + a)/((a"2 + b~2)*x)

output

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ z2 (a + btan (c + dz?)) do = / (btan (dz? + ¢) + a)z? de

s

Lintegrate(1/x‘2/(a+b*tan(d*x‘2+c)),x, algorithm="giac")

~—

input

-

Lintegrate(l/((b*tan(d*x‘2 + ¢c) + a)*x~2), x)

~—

output
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Mupad [N/A]
Not integrable

Time = 9.60 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/x2(a+btan(c+dx2)) dx_/aﬁ (a+btan (dz? + ¢)) dz

input Lint(l/(x“2*(a + b*tan(c + d*x~2))),x)

Outputtint(l/(x‘2*(a + bxtan(c + d*x~2))), x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.28

1 1
/x2(a+btan(c+dx2)) dx_/tan(dxz-l-c)bx?—i—az?dw

inputLint(1/x‘2/(a+b*tan(d*x“2+c)),x)

output Lint(l/(tan(c + dxx**2) *bkxk*2 + a*x*k*2),x)
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3
3.19 | z sdz
(a+btan(c+dz?))

Optimal result . . . . . . . . . . . . e 148
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ... .. 149
Rubi [A] (verified) . . . . . . . .. .. 149
Maple [F] . . . . o 153l
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 153
Sympy [F] . . . o 154!
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 1551
Giac [F] . o o o e 156
Mupad [F(-1)] . . . o 156
Reduce [F] . . . . . o 1561

Optimal result

Integrand size = 18, antiderivative size = 202

/ z3 dp — — zt (b + 2adz?)?
(a+btan(c+dz?)® ~ 4(a®+b%)  8a(a+1b)(a®+ b%) d?
2242 e2i(c+dz2)
b(b + 2adz?) log (1 + %)
_|_
2 (a2 + b2)* d2
] 2242 eQi(c+dz2)
tab PolyLog (2, —(+b(a)+—zb)2)
- 2 (a2 + b2)% 2

B bx?
2(a®2 +b%)d(a+ btan (c+ dz?))

output \ -1/4*x74/(a”2+b"2)+1/8* (2xa*d*x"2+b) "2/a/ (a+I*b) /(a"2+b"2) /d"2+1/2*bx (2%ax \
d*x"2+b) ¥1n(1+(a~2+b"2) *exp (2+I* (d*x"2+c) )/ (a+I¥b) "2) / (a~2+b~2)"2/d"2-1/2% |
‘ Ixaxb*polylog(2,-(a~2+b~2)*xexp(2*I*(d*x~2+c))/(a+I*b)~2)/(a~2+b"2)"2/d"2-1 ‘
‘ /2¥b*x~2/(a"2+b~2) /d/ (atb*tan(d*x~2+c)) ‘




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 460 vs. 2(202) = 404.

Time = 5.10 (sec) , antiderivative size = 460, normalized size of antiderivative = 2.28

73
/ 5 dT
(a + btan (c + dx?))

sec? (¢ + dz?) (acos (¢ + dz?) + bsin (c + dz?)) (2b2(a2 + b?) dz? sin (¢ + dz?) — a(a® + b?) (c — dz?) (c

p
Integrate[x~3/(a + b*Tan[c + d*x~2])"2,x]

N J

(Seclc + d*x~2]"2x(axCos[c + d*x72] + b*Sin[c + d*x"2])*(2%b"2x(a"2 + b~2)
*d*x~2*Sin[c + d*x"2] - a*x(a”2 + b"2)*(c - d*x"2)*(c + d*x"2)*(a*Cos[c + d
*x"2] + b*Sin[c + d*x~2]) - 2*b~2*(bx(c + d*x"2) - axLogl[a*Cos[c + d*x~2]
+ b*Sin[c + d*x~2]])*(a*Cos[c + d*x~2] + b*Sin[c + d*x~2]) + 4*axbxc*(b*(c
+ d*x~2) - axLogla*Cos[c + d*x~2] + b*Sin[c + d*x~2]])*(a*Cos[c + d*x~2]
+ b*Sinf[c + d*x~2]) - 2*a*bx(Sqrt[1l + a~2/b~2]*b*E~(I*ArcTan[a/b])*(c + d*
x72)72 + ax((-I)*(c + d*x~2)*(Pi - 2*ArcTan[a/b]) - PixLog[l + E~((-2*I)*(
c + d*x"2))] - 2x(c + d*x"2 + ArcTan[a/b])*Log[l - E"((2*I)*(c + d*x"2 + A
rcTan[a/b]l))] + PixLogl[Cos[c + d*x~2]] + 2xArcTan[a/bl*Log[Sin[c + d*x~2 +
ArcTan[a/b]]] + IxPolyLog[2, E~((2*I)*(c + d*x~2 + ArcTan[a/b]))]))*(a*Co
s[c + d*x~2] + b*Sin[c + d*x~2])))/(4*a*x(a"2 + b~2)"2xd"2*(a + b*Tan[c + d
*x72])72)

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.05,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 4 444 Ryjes
integrand size

used = {4234, 3042, 4216, 3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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3
d 5 dz
(a+ btan (c + dz?))
| 4234
2
1/ i 2dx2
2 ) (a+btan(dz? +c))
| 3042
2
1/ ad 2dac2
2/ (a+btan(dz? +¢))
| 4216
2
1 f a+b21;(f1z(dl_£+c) de _ b332 _ .'L‘4
2 d(a? +b2) d(a?+b%) (a+btan (c+ dz?)) 2(a?+ b?)
| 3042
a :E2
1 () @9 ba? ot
2 d (a® + b?) d(a®+b%) (a+btan (c+dz?)) 2(a?+ b?)
| 4215
2i(de?+c) (2ada?-+b) (2ada?+b)?
2b e adx dz? + adx )
1 i (@tity (@ ey (@re) ¢ dad@tiD) B ba? s
2 d (a? + b?) d(a? +b%) (a+btan (c+ dz?)) 2(a? +b?)
| 2620
2i(da?+c 2i(ctda?
ia [log | © ( ) (49%) 1) e i(2adz?+b) log | 1+ (22+6%)e (2 )
(atib) (atib) 2adz+b)°
2ib - 1 (Gado’ !
a?+b? 2d(a?+b2) 4ad(a+ib)
1 _ bx?
2 d (a? + b?) d(a?+ ) (a+ bt

l 2715
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2 (de +c) (a2+b2)

. 2
o i(do2+e +b)log| I+ -—— g
%b af —~ de> (da?+c) ( ) (a+ib) (2adz2+b)2
¢ 2d(a?+52) - 2d(a?+52) Zad(a+ib)
1
2 d (a2 + b?) d(a?+b?)(a
l 2838
. e?i(dw2+c) . e2i(c+d:c2)
a PolyLog 2,—( *+) 7 i(2adz?+b) log 1+( 240?) -
%b (i) (a+eb) (2adz+b)?
Wl - 2d(a2+b2) - 2d(aZ+b2) + Zad(ariv)
1 _ bx
2 d (a? + b2) d(a?+ %) (a+1

inputtlnt [x~3/(a + b*Tan[c + d*x~2])"2,x]

output (-1/2*%x~4/(a"2 + b~2) + ((b + 2*a*xd*x~2)~2/(4*a*x(a

"2)*d*(a + b*Tan[c + d*x72])))/2

-1/2%I)*(b + 2*axd*x~2)*Log[1l + ((a”2 + b"2)*E~((2*I)*(c + d*x~2)))/(a + I
*b)~2])/((a”2 + b~2)*d) - (axPolyLog[2, -(((a”2 + b"2)*E~((2*I)*(c + d*x~2
)))/(a + I¥b)~2)]1)/(2%x(a"2 + b~2)*d)))/((a”2 + b™2)*d) - (b*x~2)/((a"2 + b

+ I*xb)*d) + (2*I)*b*(((
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_D)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2620

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

rule 2838

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4915 IatLC(c_) + (A_)*x )~ @_.)/((a)) + (b_.)*tanl(e_.) + (£_.)*(x))1), x_Sy
mbol] :> Simp[(c + d*x)~"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp[2*%I*b In
t[(c + d*x) “m*x(E~Simp[2+I*(e + f*x), x1/((a + I*b)"2 + (a”2 + b~2)*E~Simp[2
xIx(e + f*x), x])), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 + b~2
, 0] && IGtQ[m, O]

rule 4216 Totl(Cc_) + (d_D*(x))/((al) + (b_.)*tanl(e_.) + (£_.)*(x.)]1)72, x_Symbol
] :> Simp[-(c + d*x)~2/(2*d*(a"2 + b~2)), x] + (Simp[1/(f*(a"2 + b"2)) 1In
t[(b*d + 2xaxc*f + 2xa*xdxf*x)/(a + b*Tan[e + f*x]), x], x] - Simp[b*((c + d
*x)/(fx(a"2 + b~2)*(a + b*Tan[e + f*x]1))), x]) /; FreeQ[{a, b, c, 4, e, £},
x] && NeQ[a"2 + b~2, 0]

N

rule 4234 TRt LG "m_)*((a_.) + (b_.)*Tan[(c_.) + (d_)*(x)" (@ )1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]




CHAPTER 3. LISTING OF INTEGRALS 153

Maple [F]

73
/ 5dx
(a +btan (dz? +¢))

input Lint (x~3/ (a+b*tan (d*x~2+c)) ~2,x) J

output Lint (x~3/ (at+bxtan(d*x~2+c))"2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 800 vs. 2(179) = 358.

Time = 0.11 (sec) , antiderivative size = 800, normalized size of antiderivative = 3.96

CL’3

(a + btan (c + dz?))

5 dr = Too large to display

input Lintegrate (x~3/(at+bxtan(d*x~2+c))"2,x, algorithm="fricas "




output

input

output
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1/4%((a"3 - a*b™2)*d"2*%x"4 - 2*b~3*d*x"2 + (I*a*b~2*xtan(d*x"2 + c) + I*xa”2
*b)*dilog (2% ((I*a*b - b~2)*tan(d*x"2 + c)~2 - a”2 - I*a*b + (I*a”2 - 2*axb
- I*b"2)*tan(d*x"2 + c))/((a"2 + b™2)*tan(d*x"2 + ¢c)”"2 + a”2 + b~2) + 1)
+ (-Ixa*b~2*tan(d*x"2 + c) - I*a~2#b)*dilog(2*((-I*a*b - b~2)*tan(d*x"2 +

c)"2 - a~2 + I*axb + (-I*a"2 - 2*a*b + I*b~2)*tan(d*x~2 + ¢))/((a"2 + b~2)
*tan(d*x"2 + c)72 + a”2 + b72) + 1) + 2x(a”2¥bxd*x"2 + a"2xbxc + (axb 2xd*
X"2 + a*b”2xc)*tan(d*x~2 + c))*log(-2*x((I*a*xb - b"2)*tan(d*x"2 + c)~2 - a~
2 - Ixa*b + (I*a~2 - 2%a*xb - I*b"2)*tan(d*x"2 + c))/((a”2 + b~2)*tan(d*x"2
+ c)72 + a”2 + b™2)) + 2%(a”2%b*d*x~2 + a"2%b*xc + (a*b"2xd*x"2 + axb~2%c)
*tan(d*x~2 + c))*log(-2*x((-I*a*xb - b~2)*tan(d*x"2 + c)~2 - a”2 + I*axb + (
-I*a"2 - 2%a*b + I*b"2)*tan(d*x"2 + c))/((a"2 + b"2)*tan(d*x"2 + c)~2 + a~
2 + b72)) - (2*a"2%b*c - a*b”2 + (2*axb~2*c - b~ 3)*tan(d*x"2 + c))*Llog(((I
*axb + b"2)*xtan(d*x"2 + ¢c)72 - a”2 + Ixaxb + (I*a"2 + I*b"2)*tan(d*x"2 + c
))/(tan(d*x"2 + ¢)72 + 1)) - (2*xa"2*b*c - a*b”2 + (2*xaxb~2xc - b~ 3)*tan(d*
x"2 + c))*1log(((I*xa*xb - b~2)*tan(d*x"2 + c)~2 + a~2 + I*a*b + (I*a~2 + I*b
~2)*tan(d*x"2 + c))/(tan(d*x"2 + c)"2 + 1)) + ((a"2*b - b~3)*d"2*x"4 + 2%a
*b~2*d*x"2) ¥tan(d*x"2 + c))/((a"4*xb + 2*xa”~2%b~3 + b~5)*d"2*xtan(d*x"2 + c)
+ (a7 + 2%a”3%b"2 + a*b~4)*d"2)

N

Sympy [F]

z3 3
L/1 2dx::L/1 5 dT
(a + btan (c + dz?)) (a + btan (c + dz?))

integrate (x**3/ (at+b*tan (d*x**2+c) ) ¥*2,x)

N

{Integral(x**S/(a + bxtan(c + d*x**2))*%2, x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1001 vs. 2(179) = 358.

Time = 0.17 (sec) , antiderivative size = 1001, normalized size of antiderivative = 4.96

3
/ ad 5 dz = Too large to display
(a + btan (c + dz?))

-

input integrate (XAS/ (a+b*tan(d*xA2+c) ) ~92 ,X, algorithm="maxima")

1/4%((a~3 - I*a~2%b + a*xb™2 - I*b~3)*d"2*x"4 - 2*(-I*axb”2 + b~3 + (-I*a*xb
"2 - b"3)*cos(2*d*x"2 + 2%c) + (a*b”2 - I*b"3)*sin(2*d*x"2 + 2%c))*arctan?
(-b*cos(2*%d*x"2 + 2%c) + a*sin(2*d*x"2 + 2*c) + b, axcos(2*%d*x~2 + 2%c) +

bxsin(2*d*x~2 + 2%c) + a) - 4x((I*a"2*b + a*b™2)*d*x"2*xcos(2xd*x~2 + 2%*c)

- (a™2%b - I*axb~2)*d*x"2*sin(2*d*x"2 + 2xc) + (I*a"2*b - a*b~2)*d*x"2)*ar
ctan2((2*xa*b*cos(2xd*x"2 + 2*c) - (a"2 - b~2)*sin(2*xd*x"2 + 2*c))/(a"2 + b
~2), (2*xaxbxsin(2*d*x"2 + 2%c) + a”2 + b72 + (2”2 - b"2)*cos(2*d*x"2 + 2*c
)/(@2 + b72)) + ((a”3 - 3*I*a~2xb - 3*a*xb™2 + I*b~3)*d"2%x"4 - 4*(I*a*b”
2 + b73)*d*x"2)*cos(2*d*x"2 + 2%c) - 2% (I*a"2xb - a*xb”2 + (I*a"2%b + a*xb~2
)*xcos (2*d*x"2 + 2*c) - (a”2*%b - I*axb~2)*sin(2*d*x"2 + 2%c))*dilog((I*a +

b)*e~ (2*I*d*x~2 + 2%Ixc)/(-I*a + b)) + (axb™2 + I*b~3 + (a*xb”2 - I*b~3)*co
s(2*d*x~2 + 2*c) + (I*a*b~2 + b~3)*sin(2*d*x~2 + 2*c))*log((a~2 + b~2)*cos
(2%d*x™2 + 2%c)”2 + 4*xa*xb*sin(2*%d*x”2 + 2*c) + (2”2 + b"2)*sin(2*d*x"2 + 2
*C)"2 + a”2 + b72 + 2%(a”2 - b"2)*cos(2xd*x"2 + 2%c)) + 2*((a"2xb - Ixaxb”
2) *¥d*x"2*cos (2xd*x"2 + 2*c) - (-I*a"2%b - a*b”2)*d*x"2*sin(2*d*x"2 + 2*c)

+ (a”2%b + I*axb~2)*d*x"2)*log(((a"2 + b~2)*cos(2*d*x~2 + 2%c) 2 + 4*a*b*s
in(2%d*x~2 + 2%c) + (a”2 + b™2)*sin(2%d*x"2 + 2*%c)"2 + a”2 + b~2 + 2*x(a”~2

- b"2)*cos(2*d*x~2 + 2%c))/(a"2 + b~2)) + ((I*a"3 + 3*a~2*b - 3*xI*axb™2 -

b~3)*d"2*x"4 + 4*(a*xb”2 - I*b~3)*d*x"2)*sin(2*%d*x"2 + 2*c))/((a”"5 - I*a~4*
b + 2*%a~3%b”"2 - 2%xI*a~2*b~3 + a*b~4 - I*b~5)*d"2*cos(2*d*x~2 + 2%c) - (...

output

\
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Giac [F]

z3 z3
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (btan (dz? +c¢) + a)

inputLintegrate(x“3/(a+b*tan(d*x*2+c))*Q’X, algorithm="giac")

ou_tputtintegrate(x"B/(b*tan(d*x"Q +c) +a)’2, x)

Mupad [F(-1)]

Timed out.

z3 z3
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (a+btan (dz? + ¢))

inputtint(x 3/(a + bxtan(c + d*x~2))"2,x)

Outputtint(x"S/(a + bxtan(c + d*x~2))"2, x)

Reduce [F]

z3 z3
dr =
/ (a + btan (c + dz2))? / tan (d 22 + ¢)* b2 + 2tan (d 22 + ¢) ab + a2

dz

inputLint(x"3/(a+b*tan(d*x"2+c))"2,x)

output

Lint(x**B/(tan(c + dkx*k*2) #*2xb*x2 + 2xtan(c + d*xx**2)*axb + ax*x2),x)




outputt

input

output
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2
3.20 | z sdz
(a-l—b tan (c+dm2) )

Optimal result . . . . . . . . .. . . 1571
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . . 158
Maple [N/A] . . . o 158
Fricas [N/A] . . . . . 1591
Sympy [N/A] . . o 159
Maxima [N/A] . . . . o e 160
Giac [N/A] .« . . 160
Mupad [N/A] . . . o 161
Reduce [N/A] . . . o e 161l

Optimal result

Integrand size = 18, antiderivative size = 18

$2

2
/ :c 5 dT = Int( 7
(a + btan (c + dz?)) (a + btan (c + dz?))

‘)

Defer (Int) (x~2/ (a+b*tan(d*x~2+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 7.83 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1.2

2
/ ° 2dac=/
(a + btan (c + dz?)) (a+bta

n (c + dz?))?

dz

LIntegrate [x2/(a + b*Tan[c + d*x~2])~2,x]

-

LIntegrate [x~2/(a + b*Tan[c + d*x~2])~2, x]

-/
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
° 5 dz
(a + btan (c + dz?))
l 4238
2
L/ﬁ ? Zdw
(a+ btan (c + dz?))
( R
input LInt [x~2/(a + b*¥Tan[c + d*x"2] )A2,X] J

e hY

$Aborted

N J

output

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
/ 5dx
(a+ btan (dz? + ¢))
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inputLint(x"2/(a+b*tan(d*x"2+c))"2,x)

OutputLint(x"2/(a+b*tan(d*x"2+c))"2,x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

z? z?
/ 5 dr = / 5 dT
(a + btan (c + dz?)) (btan (dz?2 + ¢) + a)

input Lintegrate (x~2/ (a+b*xtan(d*x~2+c)) "2 ,X, algOrithm="fricas ")

OutputLintegral(x‘Q/(b"2*tan(d*x‘2 + c)~2 + 2%a*bktan(d*x”2 + c) + a~2), x)

Sympy [N/A]
Not integrable

Time = 0.87 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

z? z?
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (a + btan (c + dz?))

input Liﬂtegrate (x**2/ (a+bxtan (d*x**2+c) ) **2,x)

ou_tputtIntegral(x**2/(a + bxtan(c + d¥x**2))**2, x)
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Maxima [N/A]
Not integrable
Time = 8.24 (sec) , antiderivative size = 764, normalized size of antiderivative = 42.44

2 2

x x
L/1 2d$::t/* 5 dT
(a + btan (c + dz?)) (btan (dz? +c¢) + a)

input integrate(x~2/(atbxtan(d*x~2+c))~2,x, algorithm="maxima")

1/3%((a"4 - b~4)*d*x"3*cos(2*%d*x"2 + 2*c)"2 + (2”4 - b"4)*d*x"3*sin(2*d*x"
2 + 2%c)"2 + (2”4 - b74)*d*x"3 - 2*(3*axb"3*x - (a"4 - 2*a"2%b"2 + b~4)*dx*
x"3)*cos(2*d*x"2 + 2xc) + 3*((a”"6 + 3*a"4%b"2 + 3*a"2*b"4 + b~6)*d*cos(2*d
*x"2 + 2%c)"2 + (a”6 + 3*%a"4*xb"2 + 3*%a"2*%b"4 + b”"6)*d*sin(2kxd*xx"2 + 2%c) 2
+ 2%x(a”"6 + a"4%b~2 - a"2*xb"4 - b76)*d*cos(2*xd*x"2 + 2*c) + 4*(a”"5*b + 2%*a
“3*xb"3 + a*b”5)*d*sin(2*d*x"2 + 2xc) + (2”6 + 3*a"4xb”"2 + 3*a”"2*%b"4 + b”6)
*d) *integrate ((2*(4*a"2xb~2*d*x"2 + a*b~3)*cos(2*d*x"2 + 2%c) - (a"2*b"2 -
b~4 + 4x(a”3*b - a*b~3)*d*x~2)*sin(2xd*x~2 + 2*c))/((a”6 + 3*a~4*b~2 + 3%
a”2xb~4 + b~6)*d*cos(2xd*x"2 + 2*c)”2 + (a”6 + 3*a~4xb"2 + 3*xa”2*%b”"4 + b"6
)*dxsin(2+d*x”2 + 2%c) "2 + 2x(a”6 + a~4*b~2 - a"2*b~4 - b~6)*d*cos (2xd*x"2
+ 2%c) + 4x(a”5*b + 2%a~3*b"3 + a*b~5)*d*sin(2*d*x"2 + 2*c) + (a”6 + 3*a”
4xb~2 + 3*a"2*b"4 + b"6)*d), x) + (4*x(a"3*b - a*b”3)*d*x"3 + 3*(a"2*xb"2 -
b~4)*x) *sin(2*%d*x"2 + 2%c))/((a"6 + 3*a"4*b"2 + 3*a"2%b~4 + b~6)*d*cos(2*d
*X72 + 2%c)”"2 + (a6 + 3*%a"4%b"2 + 3*a"2*b"4 + b76)*d*sin(2*d*x"2 + 2*c) 2
+ 2%(a”"6 + a"4%b~2 - a"2*xb"4 - b”6)*d*cos(2*xd*x"2 + 2*c) + 4*(a”"5*b + 2*a
~3*b"3 + a*b”5)*d*sin(2*d*x"2 + 2xc) + (2”6 + 3*a"4*xb"2 + 3*a”"2*%b"4 + b”6)
*d)

output

N

Giac [N/A]
Not integrable
Time = 0.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 2

x x
L/1 de::L/‘ 5 dT
(a + btan (c + dz?)) (btan (dz? +¢) + a)

input integrate(x~2/(at+b*tan(d*x~2+c))~2,x, algorithm="giac")
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OutputLintegrate(x“2/(b*tan(d*x"2 +c) +a)”2, x)

Mupad [N/A]
Not integrable

Time = 8.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (a+btan (dz? + ¢))

inputtint(x“2/(a + bxtan(c + d*x~2))"2,x)

Outputtint(x‘2/(a + bxtan(c + d*x~2))"2, x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

2 2

/ ° 2dx=/ 5 ° dz
(a + btan (c + dz?)) tan (dz2 + ¢)” b? + 2tan (d 22 + ¢) ab + a?

input Lint (x~2/ (a+b*tan (d*x~2+c)) ~2,x)

output Lint(x**Q/(tan(c + dxx**2) *x*¥2+b**x2 + 2xtan(c + dxx**2)*axb + ax*2),x)




output
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3.21 | z do

(a-l—b tan (c-l—da:2) ) 2
Optimalresult . . . . . . . . .. . .. 162
Mathematica [C] (verified) . . . . . . . . ... .. L 162
Rubi [A] (verified) . . . . . . . .. . 163
Maple [A] (verified) . . . . . . . . . . 165
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 166
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 166
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 167l
Giac [A] (verification not implemented) . . . . . . . ... ... ... 168
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 169
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 1691
Optimal result
Integrand size = 16, antiderivative size = 94

/ T dp — (a®> —b*)z?  ablog(acos(c+ dz?) + bsin (c + dz?))
(a + btan (c + dz2))? 2 (a2 + b2)° (a2 +b2)°d

2 (a? + b%) d (a + btan (c + da?))

‘1/2*(a‘2—b‘2)*x‘2/(a“2+b‘2)“2+a*b*ln(a*cos(d*x‘2+c)+b*sin(d*x‘2+c))/(a“2+b

‘ ~2)~2/d-1/2xb/(a~2+b"2) /d/ (a+b*tan (d*x"2+c))

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.92 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.21

x
/ 5 dx
(a + btan (c + dz?))

3 log (i—tan (c+dm2)) ilog (i+tan (c+dx2

a2+b2

a+btan (c+dm2)

)

(a+ib)? + (a—ib)2

2b <2a log (a+b tan (c+dz2) ) _
D,

(a2+b2)°

4d
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input ‘ Integrate[x/(a + b*Tan[c + d*x~2])~2,x] ‘

output‘ (((-I)*LoglI - Tan[c + d*x~2]1)/(a + I*b)~2 + (I*LoglI + Tan[c + d*x~2]11)/ ‘
(a - I*b)"2 + (2xb*(2*axlogla + b¥Tan[c + d*x"2]] - (a™2 + b™2)/(a + b*Tan |
“C + d*x2]1))) /(a2 + b~2)"2)/(4*d) J

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.12,

number of rules _ 0.438, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {4234, 3042, 3964, 3042, 4014, 3042, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T
(a + btan (c + dz2))?

l 4234

1J/ 1 )
= 5dx
2 ) (a+btan(dz?+c))

l 3042

dz

1 /r 1 )
- 5dx
2/ (a+btan(dz? +c))

l 3964
a—b tan(dz2+c)
1 f a+btan(dz2+c) diL‘2 _ b
2 a? + b? d(a? + b?) (a + btan (c + dz?))
l 3042
a—btan(dzz—i-c)
1 f a+btan(dz2+c) da? _ b
2 a? + b2 d(a? +b?) (a + btan (c + dz?))

l 4014
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b—a tan (d12+c)

2] (i) ™ (1)
1 a2+b2 a2+b2 _ b
2 a? + b2 d (a? 4+ b?) (a + btan (c + dz?))
| 3042
b—atan(d:c2+c)
200 (@) | 2 (2=i?)
1 PR E b
2 a? + b? d(a? + b?) (a + btan (c + dz?))
| 4013

2

2ablog (a cos (c+dm2) +bsin (c+dm2)) x? (0,2—b2)
( a? + b2 "~ d(a?+b?) (a + btan (c + dz?))

d(a2+b2) T e b )

input‘ Int[x/(a + b*Tan[c + d*x~2])~2,x] ‘

output‘ ((((@™2 - b~2)*x"2)/(a"2 + b~2) + (2*axb*Logl[axCos[c + d*x~2] + b*Sin[c + ‘
(d¥x72]1)/((2"2 + b™2)*d))/(a™2 + b™2) - b/((a”2 + b~2)*d*(a + b*Tan[c + dx

Lx*zl)))/z J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((a +
b*Tan[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 + b~2))), x] + Simp[1/(a”2 + b~2)
Int[(a - b*Tan[c + d*x])*(a + b*Tan[c + d*x])~(n + 1), x], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a"2 + b2, 0] && LtQ[n, -1]

rule 3964




rule 4013

rule 4014

rule 4234

input
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Int[((c_) + (d_.)*tan[(e_.) + (£f_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (f_.)*
(x_)1), x_Symbol] :> Simp[(c/(b*f))*Log[RemoveContent[a*xCos[e + f*x] + b*Si
nle + £*x], x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - axd, 0] &&
NeQ[a~2 + b2, 0] && EqQ[a*c + bxd, 0]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (£f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b"2) Int[(b - a*Tan[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

Int[(x_)"(m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x°nl], x] /; FreeQl{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.13

method result
b 2baln(a+btan(dz2+c)) —abln(1+tan(dz2+c)2>+(a2—b2) arctan(tan(da:2+c))
- + + 2
. . L. (a2+b2) (a+btan(dw2+c)) (a2+b2)2 (a2+b2)
derivativedivides 5d
b 2baln(a+btan(dm2+c)) —abln<1+tan dz +c 2)+ a —b2 arctan tan(dw2+c))
- + +
a2+b2 a+btan dz2+c 2,2 2 2.2
default (247) et eon( ) (=2427) 5 (#2)”
(az—b2)az2 b(az—b2)22 tan(dz2+c) b2 tan(d 12+c)
2aitaaZp21268 T 205+ 402621264 + 2a(a2+b2)d abln(a+btan(dz2+c)) abln(1+tan(dz2+c)2>
norman a+btan(dz2+c) d(a*+2a2b2+b%) T T 2d(a%42a2b2+b%)
risch _ z? _ 2iabz? - . 2ia21702 = ib?
iab—a2 b2 1 2p2 - -
2(2iab—a?+b?) a*+2a2b2+b d(a*+2a2b2+b%) (—ia-+b)d(ia+b)2 (be2z(dz2+c) +ia e2z(dz2+c) i
. —22 tan(d 2 +c)a?b?d+2? tan(d 22 +c) btd—z2a®bd+x2a b3d+In <1+tan (dz2+c) 2) tan(dz2+c)ab3—21n(a+bte
parallelrisch — S(atbian(dz2T o) (@2

Lint (x/ (a+b*tan(d*x~2+c))~2,x,method= RETURNVERBOSE) J
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" ‘ 1/2/d*(-b/(a"2+b~2) / (a+b*tan(d*x~2+c) ) +2*b*a/(a"2+b~2) "2*1n(at+b*tan (d*x~2+ ‘
|©))+1/(a”2+b"2) 2% (-axb*1n(1+tan(d*x~2+c) "2)+(a~2-b~2) *arctan (tan(d*x"2+c) |
N |

outpu

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.80

x
5 dT
(a + btan (c + dz?))

(a® — ab?)dz? — b® + (ab? tan (dz? + ¢) + a?b) log <b2 tan(dﬁ:z(;iigzi(f w2+c)+a2> + ((a®b — b3)dz? + ab

2 ((a*b + 2 a?b® + b%)d tan (dz? + c) + (a® + 2 a3b? + ab*)d)

integrate(x/(atb*tan(d*x~2+c))~2,x, algorithm="fricas")

input ‘\

output 1/2*((273 = axb™2)*d*x"2 - 573 + (axb"2+tan(dxx"2 + c) + a"24b)*log((b™24t
‘an(d*x™2 + c)"2 + 2%axb¥tan(d*x"2 + ¢) + a”2)/(tan(d*x"2 + ¢)"2 + 1)) + (( |
\a‘2*b - b73)*d*x"2 + axb"2)*tan(d*x"2 + c))/((a"4*b + 2*xa~2*xb"3 + b~5) *d*t \
‘an(d*x‘Q + c) + (2”5 + 2*%a~3%b™2 + a*b™4)*d) \

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 0.73 (sec) , antiderivative size = 1584, normalized size of antiderivative = 16.85

T
(a + btan (c + dz?))

5 dr = Too large to display

input tintegrate (x/ (a+b*tan (d*x**2+c) ) *%2,%) J




output

input
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Piecewise((zoo*x**2/tan(c)**2, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), (x*x2/(2*a

**2) , Eq(b, 0)), (-(atan(tan(c + d*x**2)) + pi*floor((c + d*x**2 - pi/2)/p
i))*tan(c + dxx*k*2)**2/(8*b**2*d*¥tan(c + dxx*k*2)**2 — 16*I*b**2*xd*tan(c +
d*x**2) — 8%b*x2%d) + 2*xI*(atan(tan(c + d*x**2)) + pixfloor((c + d*x**2 -
pi/2)/pi))*tan(c + d*x**2)/(8*b**2*kd*tan(c + d*x**2)**2 — 16*I*b**2*d*tan(
Cc + dxx*%2) - 8%b*x2+d) + (atan(tan(c + d*x**2)) + pik*floor((c + dkx**2 -
pi/2) /pi))/ (8*b**2xd*tan(c + dkxx**2)**2 — 16*I*b**2xd*tan(c + d*x**2) - 8%
b**2+d) - tan(c + d*xx**2)/(8*b**2xd*tan(c + d*x**2)**2 — 16*I*b*x*x2*kd*tan(c
+ d*x*%2) - 8xb**2%d) + 2%xI/(8xb¥*2xd*tan(c + d*x**2)**2 — 16xI*b**x2*d*ta
n(c + d*x**2) - 8*b¥*2xd), Eq(a, -I*b)), (-(atan(tan(c + d*x**2)) + pixflo
or((c + dxxx*2 - pi/2)/pi))*tan(c + dxx**2)**2/(8*bk*2*xd*tan(c + dxx**2)**
2 + 16*%Ixbx*2+d*xtan(c + d*x**2) - 8*xb**2xd) - 2*xI*(atan(tan(c + d*x**2)) +
pi*floor((c + d*x**2 - pi/2)/pi))*tan(c + d*x**2)/(8*bx*2*d*tan(c + d*xx**
2)*#%2 + 16*Ixbx*x2xdxtan(c + d*x**2) - 8*b*x*2xd) + (atan(tan(c + d*x**2)) +
pi*floor((c + d*x**2 - pi/2)/pi))/(8*bx*2xd*xtan(c + d*x**2)**2 + 16*Ixb**
2*xdxtan(c + d*x**2) - 8*b**2xd) - tan(c + d*x**x2)/(8*bx*2*d*xtan(c + d*x**2
Y**2 + 16*%I*bx*k2*d*xtan(c + d*x**2) — 8xb*k*2+d) - 2*I/(8*b*x*2*kd*tan(c + d*x
**k2) *x2 + 16*%I*bx*2kd*tan(c + d*x**2) - 8xb*x2xd), Eq(a, I*b)), (x*x2/(2x(
a + bxtan(c))**2), Eq(d, 0)), (a*x3kd*x**2/(2*a**5xd + 2xa*x4*xbxd*tan(c +
d*x*%2) + 4kxa*x*x3xb**2kd + 4kakx*2xb*x*k3kdktan(c + dkxx**2) + 2kxaxbkx*kdkd + ...

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 556 vs. 2(90) = 180.

Time = 0.16 (sec) , antiderivative size = 556, normalized size of antiderivative = 5.91

x
]/ 5 dx
(a + btan (c + dz?))

(a* — bY)dz? cos (2dz? + 2¢)” + (a* — b*)dz?sin (2dz? + 2¢)° + (a* — bY)dz® — 2 (2ab® — (a* — 2a2b?-

s

N

integrate(x/(atb*tan(d*x~2+c))~2,x, algorithm="maxima")

2 ((a®+3
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1/2%((a™4 - b~4)*d*x"2%cos(2*d*x"2 + 2%c)~2 + (2”4 - b~4)*d*x"2*sin(2*d*x"
2 + 2%c)"2 + (a”4 - bT4)*d*x"2 - 2% (2*%a*b~3 - (a”4 - 2*a”~2%b"2 + b~4)*d*x~
2)*cos (2*%d*x"2 + 2xc) + (4*a”2%b"2*sin(2*xd*x"2 + 2*c) + a~3%b + a*b~3 + (a
~3%b + a*b~3)*cos(2*d*x"2 + 2%c)"2 + (a"3*b + a*b”3)*sin(2*d*x"2 + 2*xc) "2
+ 2x(a”3%b - a*b~3)*cos(2xd*x"2 + 2xc))*log(((a”2 + b~2)*cos(2*d*x"2 + 2*c
)72 + 4d*xaxb*sin(2*d*x”2 + 2*c) + (2”2 + b"2)*sin(2*d*x"2 + 2*¢c)”"2 + a2 +
b"2 + 2*x(a”2 - b"2)*cos(2*xd*x"2 + 2%c))/((a”2 + b"2)*cos(2*c)"2 + (2”2 + b
~2)*sin(2xc)"2)) + 2%(a”2%b"2 - b~4 + 2*x(a"3*b - a*b”3)*d*x"2)*sin(2*xd*x"2
+ 2%c))/((a”6 + 3*a~4*b~2 + 3*a~2*%b~4 + b~6)*d*cos(2*d*x"2 + 2%c)”2 + (a~
6 + 3*a~4*b"2 + 3*%a~2*%b~4 + b"6)*d*sin(2*d*x"2 + 2%c)”2 + 2x(a”6 + a~4xb"2

- a”2%b"4 - b76)*d*cos(2xd*x"2 + 2%c) + 4*(a”b*b + 2%a”3*b~3 + a*b”~5)*d*s
in(2*%d*x~2 + 2*c) + (2”6 + 3*a"4*b”2 + 3*a"2%b"4 + b~6)*d)

output

Giac [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.69

dx

/ x _ab’log (|btan (dz? + c) + al)
(a+btan (c+dz2)®> abd+2a?b3d + b3d

ablog (tan (dz? + ¢)* + 1) (dz? + ¢)(a® — B?)
T 2(afd+2a22d + b'd) ' 2(atd + 2a2b%d + bid)
a’b+bv?
2 (a2 + b2)*(btan (dz2 + ¢) + a)d

-

Lintegrate(x/(a+b*tan(d*x‘2+c))‘2,x, algorithm="giac")

~—

input

Output‘a*b‘2*log(abs(b*tan(d*x‘z + c) + a))/(a"4xbxd + 2%a”2%b"3*d + b~5*d) - 1/2
| xaxbxlog(tan(d*x™2 + ¢)72 + 1)/(a”4*d + 2%a~2%b"2%d + b~4xd) + 1/2%(d*x"2
+ ©)x(a™2 - b72)/(a”4%d + 2%a"2%b"2%d + b"4xd) - 1/2%(a2¥%b + b"3)/((a™2 +

| p72)"2*(bxtan(d*x™2 + c) + a)*d)
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Mupad [B] (verification not implemented)

Time = 9.18 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.84

z2 tan(dz?+c) <#—§> z? (%‘%) b2 tan(d z2+c)
T (a2+b2)2 T (a2+b2)? + 2ad(a2+b?)
g dr = 2
(a + btan (c + dz?)) a+btan (dx? + c)

abln <tan(dac2 +0) + 1)

2 (da*+2da?b? + db?)

ab In(a + btan(dz? + c))
d (a2 + b2)°

input‘ int(x/(a + b¥tan(c + d*x~2))"2,x)

output‘ ((x~2*%tan(c + d*x~2)*((a~2%b)/2 - b~3/2))/(a"2 + b~2)"2 - (x~2*((a*b~2)/2 \
- a"3/2))/(a™2 + b™2)"2 + (b™2%tan(c + d*x"2))/(2*a*d*(a"2 + b™2)))/(a + b
(¥tan(c + d*x"2)) - (a¥bxlog(tan(c + d*x"2)72 + 1))/(2*(a™4%d + b™4*d + 2%a

|“2#b"2%d)) + (atb*log(a + b¥tan(c + d*x"2)))/(d*(a"2 + b~2)"2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 247, normalized size of antiderivative = 2.63

T

(a + btan (c + dz?)
—log (tan (da?+c¢)’ + 1) tan (dz? + ¢) a®b? — log (tan (da? +c¢)’ + 1) a®b+ 2log(tan (dz? +c)b+a

- 2ad (tan (d 2

5 dx

e

~—

inputLint(x/(a+b*tan(d*x“2+c))‘2,x)




output
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( - log(tan(c + dxx**2)*x2 + 1)*tan(c + d*x**2)*a*x2*b**2 - log(tan(c + dx
x*k2)*%x2 + 1)*ax*3*%b + 2xlog(tan(c + dxx**2)*b + a)*tan(c + dxx**2)*ax*2*b
**2 + 2xlog(tan(c + d*x**2)*b + a)*a*x*3*b + tan(c + d*x**2)*a*x3¥bxd*x**2
+ tan(c + d*x**2)*a*x*2xb**2 - tan(c + d*x**2)*a*b*x*x3kdxx**2 + tan(c + d*x*
*2) xbkkd + axkdkdrxk*k2 — akx*kkb*xk2xd*x*k*2)/(2*axd* (tan(c + d*kx**2)*a*x*xd*b
+ 2xtan(c + d*xx**2)*a*x*x2*xb**x3 + tan(c + d*x**2)*b*x*x5 + a**5 + 2ka*x*k3xb**2
+ axbx*4))




output

input

output
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1 5 dx

3.22 f (a-l—b tan(c-l-da?z))

Optimalresult . . . . . . . . .. . ..
Mathematica [N/A] . . . . . ... .
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . o e
Giac [N/A] . . o o
Mupad [N/A] . . . o
Reduce [N/A] . . . o

Optimal result

Integrand size = 14, antiderivative size = 14

1

1
/ 5 dr = Int(
(a + btan (c + dz?))

(a+ btan (c+ dacz))2 ’ x)

LDefer(Int)(1/(a+b*tan(d*x“2+c))“2,x)

Mathematica [N/A]
Not integrable

Time = 6.10 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

1

1
/ o= |
(a + btan (c + dz?)) (a+ btan

(c + dz2))?

dz

LIntegrate[(a + b*Tan[c + d*x~2])~(-2),x]

LIntegrate[(a + bxTan[c + d*x~2])"(-2), x]
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4228}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
(a + btan (c + dz2))?

l 4228

dz

1
/ 5dT
(a + btan (c + dz?))

input‘ Int[(a + b*Tan[c + d*x~2])"(-2),x] ‘

output L$Aborted J

Defintions of rubi rules used

‘Int[((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x.)~(a_)1)"(p_.), x_Symboll :> Uninte
grable[(a + bxTan[c + d*x"n])”p, x] /; FreeQ[{a, b, c, d, n, p}, x]

N J

rule 4228

Maple [N/A]
Not integrable

Time = 0.62 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

1
/ 5dx
(a+ btan (dz? + ¢))

input Lint(l/(a+b*tan(d*x*2+c))AZ,X) J
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outputt

int (1/ (a+b*tan(d*x~2+c)) ~2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 34, normalized size of antiderivative = 2.43

/ 1 do — / 1
(a + btan (c + dz2))? (btan (dz? +c¢) + a)

5 dx

inputt

integrate(1/(atb*tan(d*x~2+c))~2,x, algorithm="fricas")

outputt

integral(1/(b"2*tan(d*x~2 + c)~2 + 2#a*bxtan(d*x~2 + c) + a~2), x)

Sympy [N/A]
Not integrable

Time = 0.55 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07

1 1
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (a + btan (c + dz?))

inputt

integrate(1/ (atbxtan (d*x**2+c))**2,x)

-

outputt

Integral((a + bxtan(c + dxx*x2))*x(-2), x)

e—
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Maxima [N/A]
Not integrable

Time = 1.13 (sec) , antiderivative size = 2550, normalized size of antiderivative =
182.14
1

L/“ ! 2d¢==£/1 5 dx
(a + btan (c + dz?)) (btan (dz? +c) + a)

input‘integrate(1/(a+b*tan(d*x"2+c))’"2,x, algorithm="maxima")

((a”6 + a~4*xb~2)*d*x"2*cos(2*%d*x"2 + 2*c)”"2 + (a6 + a~4%b"2)*d*x"2*xsin (2%
d*xx~2 + 2*%c)"2 + (a6 + a~4*%b"2 - a~2*%b"4 - b"6)*d*x"2 - (b~ 6*sin(2*c) + (
(4*%a~4*xb”~2 + 5*a”"2*%b"4 - b"6)*cos(2*c) - 2*x(a"b*b - 2*a*b~5)*sin(2*c))*d*x
~2 + 2% (a~3*%b~3 + a*xb~5)*cos(2*c))*cos(2xd*x~2) - (((a~2%b"4 + b~6)*cos (2%
c) - 2%(a”b*b + 2*a~3*b"3 + a*b”5)*sin(2*c))*d*x"2*cos(2*d*x"2) - (2*(a~5b*
b + 2*%a~3%b"3 + a*b~5)*cos(2*c) + (a~2%b"4 + b~6)*sin(2*c))*d*x"2*sin (2*dx*
X"2) - (2%a”6 + 2*xa”4*b"2 + 3*%a~2*%b~4 + b~6)*d*x"2)*cos(2*d*x"2 + 2%c) - (
a~8*d*x*kcos (2xd*x~2 + 2%c) "2 + a 8*d*x*sin(2*d*x”2 + 2%c) "2 + ((4*a~6%b~2

+ 8%a”~4%b~4 + 4*a~2*xb~6 + b~8)*cos(2%c)"2 + (4*a~6xb"2 + 8*a~4*b~4 + 4xa~2
*b~6 + b~8)*sin(2*c) ~2) *d*x*cos (2*xd*x"2) "2 + ((4*a~6*b~2 + 8*a~4*xb~4 + 4x*a
~2x¥b76 + b"8)*cos(2*c) "2 + (4*a"6*b"2 + 8*a"4*b"4 + 4*a"2%b"6 + b~8)*sin(2
*C) "2) *d*xx*sin (2xd*x"2) "2 - 2*x((a"4*b"4 + 2*a”"2*%b"6 + b~8)*cos(2xc) - 2*(a
“T*b + 3*a~5*%b”"3 + 3*%a"3%b”5 + a*xb”~7)*sin(2*c))*d*x*cos(2*xd*x"2) + 2*x(2*(a
“Txb + 3*a”"5%b~3 + 3*a”"3*b~5 + a*b”7)*cos(2*c) + (a"4*xb”"4 + 2*a”~2*xb”"6 + b~
8) *sin(2*c) ) *d*x*sin(2*d*x~2) + (a”8 + 4*a~6*xb~2 + 6*a”~4*b”4 + 4*a~2%b"6 +
b~8)*d*x - 2x((a~4*b~4*cos(2xc) - 2x(a”7*b + a~5xb"3)*sin(2*c))*d*x*cos(2
*d*x"2) - (a~4*b~4xsin(2*c) + 2x(a~7*b + a~5*b~3)*cos(2*c))*d*x*sin (2%d*x~
2) - (a™8 + 2¥a"6*b"2 + a”4xb~4)*d*x)*cos(2xd*x"2 + 2xc) - 2x((a"4*b~4*sin
(2xc) + 2x(a”7*b + a~5*b~3)*cos(2*c)) *d*x*cos (2*xd*x~2) + (a~4*b~4*cos(2*c)
- 2x(a"7*b + a~5xb~3)*sin(2*c))*d*x*sin (2*d*x"2) ) *sin(2*xd*x"2 + 2%c))*...

output
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Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

1 1
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (btan (dz? +c) + a)

input Lintegrate (1/ (a+bxtan(d*x~2+c))~2,x, algorithm="giac")

output integrate(bxtan(@*x"2 + ¢) + a)7(-2), )

Mupad [N/A]
Not integrable

Time = 9.16 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

1 1
/ 5 dr = / 5 dx
(a + btan (c + dz?)) (a+btan (dz? + ¢))

inputtint(i/(a + bxtan(c + d¥x~2))"2,x)

Outputtint(l/(a + bxtan(c + d*x~2))"2, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 2.43

/ ! 2dx=/ 5 ! dz
(a + btan (c + dz?)) tan (dz2 + ¢)” b? + 2tan (d 22 + ¢) ab + a?

inputtint(l/(a+b*tan(d*x 2+c))"2,x)
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output Lint(l/(tan(c + d*x**2) %x2xbxx2 + 2xtan(c + d*x**2)*axb + ax*x2),x)
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1

3.23 f a:(a-l—b tan(c+dw2))2 dz

Optimalresult . . . . . . . . .. . .. 177
Mathematica [N/A] . . . . . ... . I
Rubi [N/A] . . o 178
Maple [N/A] . . . o 178
Fricas [N/A] . . . . o 179
Sympy [N/A] . . o 179
Maxima [N/A] . . . . o e 180
Giac [N/A] . . o o 187
Mupad [N/A] . . . o 181
Reduce [N/A] . . . o 1811

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
/ 5 dr = Int(
z (a + btan (c + dz?))

z (a + btan (c + dz?))*’

‘)

output

LDefer(Int)(1/x/(a+b*tan(d*x‘2+c))A2,x)

Mathematica [N/A]

Not integrable

Time = 11.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

/ : g dz = / 2
z (a + btan (c + dz?)) z (a + btan (c + dz?))

dx

input L

Integrate[1/(x*(a + b*Tan[c + d*x~2])"2),x]

output L

Integrate[1/(x*(a + bxTan[c + d*x~2])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 5 dz
z (a + btan (c + dz?))
l 4238
/ ! 5dx
z (a+ btan (c + dz?))
input LInt [1/(x*(a + b*Tanlc + d*x~2])"2),x] J
‘$Aborted ‘

output

Defintions of rubi rules used

rule 4938 TRELGED) " @_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x))"(@)D~(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.47 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1

/ 5dx
z(a+ btan (dz2 + ¢))

tnput Lin‘t(1/X/(a+b*tan(d*x‘2+c))’“2,x) J
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outputt

int (1/x/ (a+b*tan(d*x~2+c))~2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

1 1
/ 2d3:=/ 5— dT
z (a + btan (c + dz?)) (btan (dz? +c) +a)’z

inputt

integrate(1/x/(a+bxtan(d*x~2+c))~2,x, algorithm="fricas")

outputt

integral (1/(b~2*x*tan(d*x~2 + c)~2 + 2*%axb*x*tan(d*x~2 + c) + a"2%x), x)

inputt

Sympy [N/A]
Not integrable

Time = 1.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/ ! 5 dr = / ! 5 dx
z (a + btan (c + dz?)) z (a + btan (c + dz?))

integrate (1/x/ (at+bxtan (d*kx**2+c))**2,x)

-

outputt

Integral(1/(xx(a + b¥tan(c + d*x**2))**2), x)

e—
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Maxima [N/A]
Not integrable

Time = 1.00 (sec) , antiderivative size = 3616, normalized size of antiderivative =
200.89

1 1
L/“ 2d¢:=u/m 5— dT
z (a + btan (c + dz?)) (btan (dz? +c) +a)’z

input‘integrate(1/x/(a+b*tan(d*x"2+c))“2,x, algorithm="maxima")

(((4*%a~8*xb~2 + 4*a~6xb"4 - 4*a~4xb"6 - 3*a”2%b"8 - b~10)*cos(2*c)”~2 + (4x*a
“8*b"2 + 4*a”6xb"4 - 4*a"4xb"6 - 3*a”"2%b"8 - b~10)*sin(2*c) ~2) *d*x"2*cos (2
*d*x~2) "2*log(x) + (a”10 - a”8xb~2)*d*x~2*cos(2*d*x~2 + 2%c) “2*log(x) + ((
4%a"8%b"2 + 4*%a~6%b~4 - 4*a~4*b”6 - 3*¥a"2*%b"8 - b~10)*cos(2*c) 2 + (4*a~8x
b~2 + 4*a”6%b"4 - 4*a"4*b"6 - 3*a"2%b”"8 - b~10)*sin(2*c) "2) *d*x"2*1log(x) *s
in(2*%d*x~2)"2 + (2”10 - a"8*b"2)*d*x"2xlog(x)*sin(2*d*x~2 + 2*c)~2 + (a~10
+ 3*%a"8xb~2 + 2%a"6xb~4 - 2%a~4*b”~6 - 3*xa~2*b"8 - b~10)*d*x"2xlog(x) - (2
*((a"6%b~4 + a"4%b~6 - a"2%b~8 - b~10)*cos(2*c) - 2*(a"9%b + 2*a”~7*b"3 - 2
*a"3*b~7 - axb~9)*sin(2*c))*d*x"2*log(x) + 2*(a”~7*b~3 + 3*a"5xb"5 + 3*a~3%
b~7 + axb~9)*cos(2xc) + (a"4*b"6 + 2*a~2+%b”"8 + b~10)*sin(2+*c))*cos (2*d*x"2
) - 2x(((a"6*b"4 - a~4#b~6)*cos(2*c) - 2*(a”9*b - a~5*b~5)*sin(2*c))*d*x"2
*xcos (2xd*x~2) *log(x) - (2%(a”9%b - a~5*b~5)*cos(2*c) + (a”6*b~4 - a~4*b~6)
*sin(2*c))*d*x"2*1log(x)*sin(2*d*x~2) - (a”10 + a™8%b"2 - a"6*b”4 - a~4*b~6
) *d*x~2x1og(x))*cos (2*d*x~2 + 2xc) - (((4*a~10%¥b"2 + 16*%a~8xb~4 + 24*a”~6xb
6 + 17*¥a"4xb”8 + 6*a”"2*b~10 + b~12)*cos(2*c) 2 + (4*a~10*%b"2 + 16*a"8*b~4
+ 24*a”~6*%b"6 + 17*a"4*b”8 + 6xa~2*b~10 + b~12)*sin(2%c) ~2)*d*x"2*cos (2*d*
Xx72)72 + (2”12 + 2*%a”10%b"2 + a”"8*b~4)*d*x"2*cos(2*d*x"2 + 2%c)”2 + ((4*a”
10%b~2 + 16*a”8*b~4 + 24%a”6%b”6 + 17*a~4*b~8 + 6*%a~2%b~10 + b~12)*cos(2*c
)72 + (4*a~10%b"2 + 16*a~8*b~4 + 24%a”6%b”6 + 17*a~4*b~8 + 6%a~2%b"10 + b~
12) *sin(2%c) "2) *d*x"2*sin (2%d*x"2) "2 + (a~12 + 2%a”10%b"2 + a~8%b"4)*dx*. ..

output
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Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 da:=/ 5— dT
z (a + btan (c + dz?)) (btan (dz? +c) +a)’x

input Lintegrate (1/x/ (a+bxtan(d*x~2+c))~2,x, algorithm="giac")

output‘ integrate(1/((b*tan(d*x~2 + c) + a)~2*x), x)

Mupad [N/A]
Not integrable

Time = 9.62 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 2dx=/ 5 dx
z (a + btan (c + dz?)) z (a+ btan (dx? + ¢))

input Lint(l/(x*(a + bxtan(c + d*x~2))~2),x)

output Lint(l/(x*(a + b*tan(c + d*x~2))"2), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

/ ! 5 dr = / 5 ! dx
z (a + btan (c + dz?)) tan (d 22 + ¢)” bz + 2tan (d 22 + ¢) abz + a’x

input Lint(l/x/(a+b*tan(d*x 2+¢c))"2,x)




CHAPTER 3. LISTING OF INTEGRALS 182

output Lint(l/(tan(c + d*x**2) *x2xbxx2xx + ktan(c + d*x**2)*axbxx + a*k*k2*x),x)




output

input

output
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1

3.24 f z2(a+btan (c+d:z:2))2 dz

Optimalresult . . . . . . . . .. . .. 183l
Mathematica [N/A] . . . . . ... . 183
Rubi [N/A] . . o 184
Maple [N/A] . . . o 184
Fricas [N/A] . . . . o 185
Sympy [N/A] . . o 185
Maxima [N/A] . . . . o e 186
Giac [N/A] . . o o 187
Mupad [N/A] . . . o 187
Reduce [N/A] . . . o 187

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
/ 5 dr = Int(
z2 (a + btan (c + dz?)) z? (a + btan

(c+ da?))?’ x)

LDefer(Int)(1/x“2/(a+b*tan(d*x”2+c))‘2,x)

Mathematica [N/A]

Not integrable

Time = 8.89 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

dxr

1
dz =/
/ 22 (a + btan (c + dz?))? 22 (a + btan (c + dz?))?

LIntegrate[l/(x“2*(a + b*Tan[c + d*x~2])"2),x]

LIntegrate [1/(x"2x(a + bxTan[c + d*x~2])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 5 dxr
z2 (a + btan (c + dz?))
l 4238
/ 1 2dw
z2 (a + btan (c + dz?))
input LInt [1/(x~2%(a + b*Tan[c + d*x~2])"2),x] J
‘$Aborted ‘

output

Defintions of rubi rules used

rule 4938 TRELGED) " @_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x))"(@)D~(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.53 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ L sdx
z%(a + btan (dz2 + ¢))

input Lint(l/x“2/ (atb*tan(d*x~2+c))~2,x) J
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output Lint (1/x72/ (at+b*tan(d*x~2+c)) ~2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

1 1
/ 5 da:=/ 5 dT
z2 (a + btan (c + dz?)) (btan (dz2 + c) + a) x2

input Lintegrate (1/x~2/ (atbxtan(d*x~2+c))"2,x, algorithm="fricas")

t‘ integral (1/(b~2*x"2*tan(d*x"2 + c)~2 + 2xa*bxx~2*tan(d*x"2 + c) + a~2*x"2)

outpu
> X)

Sympy [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dr
z2 (a + btan (c + dz?)) z2 (a + btan (c + dz?))

input Lintegrate (1/x**2/ (a+bxtan (d*xx**2+c) ) **2, x)

output LIntegral(i/(x**2*(a + bxtan(c + d¥x**2))*%2), x)
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Maxima [N/A]
Not integrable

Time = 1.13 (sec) , antiderivative size = 2599, normalized size of antiderivative =
144.39

1 1
L/“ 5 dx==u/m 5 dT
z2 (a + btan (c + dz?)) (btan (dz2 + c) + a) x?

input‘integrate(1/X”2/(a+b*tan(d*x”2+C))”2,x, algorithm="maxima")

-((a”6 + a~4xb"2)*d*xx"2*cos(2*d*x"2 + 2%c)"2 + (a"6 + a"4*b~2)*d*x"2*sin(2
*d*x"2 + 2%c)"2 + (a”6 + a"4*xb"2 - a"2*b"4 - b"6)*d*x"2 + (b"6*sin(2%c) -

((4*a~4*xb~2 + 5*a”2+%b"4 - b~ 6)*cos(2*c) — 2*(a"b*b - 2*a*b~5)*sin(2*c))*dx*
x~2 + 2% (a~3%b~3 + axb~5)*cos(2%c))*cos(2xd*x~2) - (((a~2%b"4 + b~6)*cos(2
*c) - 2x(a”b*b + 2*%a”3%b"3 + a*b~5)*sin(2*c))*d*x"2*cos(2*d*x"2) - (2*x(a”5
*b + 2*%a~3%b”~3 + ax*b”5)*cos(2*c) + (a~2*%b"4 + b~6)*sin(2*c))*d*x"2*sin(2*d
*x72) - (2%a”6 + 2%xa~4%b”2 + 3*a"2*b~4 + b~6)*d*x"2)*cos(2*d*x"2 + 2%c) +

(a~8*d*x~3*cos (2*xd*x"2 + 2%c)~2 + a~8xd*x"3*sin(2*d*x~2 + 2%c)"2 + ((4*a"6
*b"2 + 8*a~4*b”4 + 4%a”2*b"6 + b"8)*cos(2*c) "2 + (4%a”6*b"2 + 8*a~4xb"4 +

4%a~2*b"6 + b~8)*sin(2*c) ~2) *d*x"3*cos (2*%d*x"2) "2 + ((4*a”6%b~2 + 8*xa~4*b~
4 + 4%a"2%b"6 + b"8)*cos(2*c)”2 + (4*%a"6%b"2 + 8*xa~4*xb"4 + 4*a”2%b"6 + b8
)*sin(2*c) "2) *d*x"3*sin (2*xd*x"2) "2 - 2*((a"4%b~4 + 2*xa~2*xb"6 + b~8)*cos(2*
c) - 2x(a"7xb + 3*a”"5*%b"3 + 3*a~3*b~5 + a*xb”7)*sin(2%*c))*d*x"3*cos (2xd*x"2
) + 2x(2%(a”7*b + 3*a”5*b~3 + 3*a”"3*b~5 + axb”~7)*cos(2*c) + (a"4*xb"4 + 2%*a
~2%b76 + b"8)*sin(2%c))*d*x"3*sin(2*d*x"2) + (2”8 + 4*a"6*%b"2 + 6*a~4*xb~4

+ 4xa~2xb~6 + b~8)*d*x~3 - 2% ((a~4*b~4*cos(2*c) - 2%(a~7*b + a~5xb~3)*sin(
2%c) ) *d*x~3*cos (2*d*x~2) - (a~4*b~4*sin(2%c) + 2%(a"7*b + a~5*b~3)*cos(2*c
)) *d*x~3*sin(2*d*x~2) - (a~8 + 2*%a”~6%b"2 + a~4%b~4)*d*x"3)*cos(2*d*x"2 + 2
*c) - 2x((a"4*b"4*sin(2*c) + 2*%(a~7*b + a~5*b~3)*cos(2*c))*d*x"3*cos (2*d*x
~2) + (a~4*b~4*cos(2*c) - 2*x(a"7*b + a~5xb~3)*sin(2+*c))*d*x"3*sin(2*xd*x. ..

output
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Giac [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dT
z2 (a + btan (c + dz?)) (btan (dz2 + c) + a) x?

input Lintegrate (1/x~2/ (a+bxtan(d*x~2+c))~2,x, algorithm="giac") J

output‘ integrate(1/((b*tan(d*x~2 + c) + a)~2*x"2), x)

Mupad [N/A]
Not integrable

Time = 9.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dx
z2 (a + btan (c + dz?)) z2 (a + btan (dx2 + ¢))

input Lint(i/(x‘2*(a + bxtan(c + d*x~2))"2),x) J

output 161/ G725 (@ + brtan(e + arx72))72), ) ]

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

/ ! 5 dx=/ 5 ! dz
z2 (a + btan (c + dz?)) tan (dz? + ¢)” b?z? + 2tan (d 22 + ¢) abz? + a?z?

inputtint(i/x 2/ (a+b*tan (d*x~2+c))~2,x)
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‘int(l/(tan(c + dxx**2) k% 2kbx*x2kxx**2 + 2xtan(c + dxx**2)kaxbkx**x2 + axkxQkx*

output
\*2),X)
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3.25 [z*(a+btan (c+dy/z)) dz

Optimal result . . . . . . . . . . . . e 189
Mathematica [A] (verified) . . . . . . . . . ... o 1901
Rubi [A] (verified) . . . .. . . ... .. 191
Maple [F] . . . . 192
Fricas [F] . . . . . . o 192
Sympy [F] . . o o 193l
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 193]
Giac [F] . . . . o o 194
Mupad [F(-1)] . . . o o 195
Reduce [F] . . . . . 195

Optimal result

Integrand size = 18, antiderivative size = 261

/2 2i(ctdy/z
/z3(a+btan (c+dvT)) do = CLT.’IC4 N iibx‘l ~ 2bx7/2 log (1;_@ ( f))
7ibx® PolyLog (2, % (c+d\/5)>
+ -
21b2%/2 PolyLog (3, _ e2i(c+d\/i)>
3
105ibx2 PolyLog (4’ _ 62i(0+d\/5))
2d*
105b23/2 PolyLog (5, _ eQi(c+dﬁ)>
+ y
315ibz PolyLog (6, _ezi(c+dﬁ)>
" 2d5
315by/Z PolyLog (7, _eZi(cMﬁ))
2d7

315ib PolyLog <8, —e2i<c+dﬁ>)
B 448
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1/4%axx"4+1/4*Ixbxx~4-2*%b*x~ (7/2) *1n(1+exp (2*xI* (c+d*x~(1/2)))) /d+T*I*b*x"3
*polylog(2,-exp (2*%I* (c+d*x~(1/2))))/d"2-21xb*x~ (5/2) *polylog(3,-exp (2*I*(c
+d*x~(1/2))))/d"3-105/2*I*b*x~2*polylog(4,-exp(2*I*(c+d*x~(1/2))))/d~4+105
*b*x~(3/2) *polylog(5,-exp(2*I*(c+d*x~(1/2))))/d~5+315/2*I*b*x*polylog(6,-e
xp(2%xI*(c+d*x~(1/2))))/d"6-315/2*b*x~ (1/2) *polylog(7,-exp(2*I*(c+d*x~(1/2)
)))/d"7-315/4%I*b*polylog(8,-exp (2*I*(c+d*x~(1/2))))/d"8

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.00

4 2bx"/? log (1 + e2i(c+d\/5)>

/w3(a+btan(c+d\/5)) dx:%_,_iibﬁ_ .
7ibx® PolyLog (2’ _ ezi(c+dﬁ)>
+ >
21b2%/2 PolyLog (3, _ 62i(c+d\/5))
d3
105ibx2 PolyLog (4’ _ e2i(c+dﬁ))
2d*
105b23/2 PolyLog <5, _eQi(CMﬁ))
+ —
315ibz PolyLog (6, _ezi(c+dﬁ)>
" 2d6
315b+/z PolyLog <7, _ezi(c+dﬁ)>
2d7
315ib PolyLog (8, —e(c+4v2) )
48

input | [Rtegrate[x"3%(a + b*Tan[c + d*Sqrt[x]1),x]
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(a*xx"4) /4 + (I/4)*b*xx~4 - (2%b*x~(7/2)*Logl[1 + E~((2*I)*(c + d*Sqrt[x]))])
/d + ((7*I)*b*xx~3*PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]))])/d"2 - (21*b*x~ (5
/2)*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d"3 - (((105%I)/2)*b*x"~2xPolyL
ogl4, -E~((2*I)*(c + d*Sqrt[x]1))]1)/d~4 + (105xbxx~(3/2)*PolyLogl[5, -E~((2*
D *(c + d*Sqrt[x]))]1)/d"5 + (((315%I)/2)*b*x*PolyLogl[6, -E~((2*I)*(c + d*S
qrt[x1))1)/d"6 - (315*b*Sqrt [x]*PolyLogl[7, -E~((2*I)*(c + d*Sqrt[x]1))1)/(2
*d~7) - (((315%I)/4)*b*PolyLogl[8, -E~((2*I)*(c + d*Sqrt([x]))]1)/d"8

output

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.111, Rules

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:v?’(a—i-btan (c+dva)) da
| 2010
/ (az® + bz tan (c + dv/z)) dz
| 2009
azt  315ibPolyLog (8, —e2i(c+dx/5)) 315by/z PolyLog (7’ _ezi(c+dﬁ)>
4 48 N 2d7 +
315ibx PolyLog (6, —eZi(Cerx/ﬂ?)) 105b23/2 PolyLog (5’ _ ezi(c+d¢5))
245 * p —
105ibz2 PolyLog (4, —eZi(C+dx/5)> 21b25/2 PolyLog <3’ g2 (c+dﬁ))
244 - = +
7ibx3 PolyLog <2, —e2i(c+d\/5)> 2b27/2 log (1 + e2i(c+d\/5)) )
d2 - d + 17/ T
input LInt [x~3*(a + b*Tan[c + d*Sqrt[x]]),x] J




output

rule 2009

rule 2010

input

output

input

output
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(a*xx"4) /4 + (I/4)*b*xx~4 - (2%b*x~(7/2)*Logl[1 + E~((2*I)*(c + d*Sqrt[x]))])
/d + ((7*I)*b*xx~3*PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]))])/d"2 - (21*b*x~ (5
/2)*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d"3 - (((105%I)/2)*b*x"~2xPolyL
ogl4, -E~((2*I)*(c + d*Sqrt[x]1))]1)/d~4 + (105xbxx~(3/2)*PolyLogl[5, -E~((2*
D *(c + d*Sqrt[x]))]1)/d"5 + (((315%I)/2)*b*x*PolyLogl[6, -E~((2*I)*(c + d*S
qrt[x1))1)/d"6 - (315*b*Sqrt [x]*PolyLogl[7, -E~((2*I)*(c + d*Sqrt[x]1))1)/(2
*d~7) - (((315%I)/4)*b*PolyLogl[8, -E~((2*I)*(c + d*Sqrt([x]))]1)/d"8

Defintions of rubi rules used

‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]

, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

|
J

Maple [F]

/w3(a+btan (c+dva)) d

‘int(x‘3*(a+b*tan(c+d*x“(1/2))),x)

Lint(x”3*(a+b*tan(c+d*x“(1/2))),X)

Fricas [F]

/x3(a+btan (c+dvr)) dx=/(btan (dvVz +c)+a)s’ds

Lintegrate(x“S*(a+b*tan(c+d*x‘(1/2))),x, algorithm="fricas")

Lintegral(b*x‘s*tan(d*sqrt(x) + ¢c) + a*x"3, x)
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Sympy [F]

/x3(a+btan (c+d\/5)) dx=/x3(a—|—btan (c—l—dﬁ)) dx

input ‘ integrate (x**3* (a+b*tan (c+d*x**(1/2))) ,x)

outputtlntegral(x**3*(a + bxtan(c + d*sqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 937 vs. 2(198) = 396.

Time = 0.20 (sec) , antiderivative size = 937, normalized size of antiderivative = 3.59

/ z?(a+ btan (c + dy/z)) dz = Too large to display

input Lintegrate (x~3% (atb*tan(c+d*x~(1/2))),x, algorithm="maxima")




output

input

output
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1/420*%(105* (d*sqrt(x) + c)"8xa + 105*Ix(d*sqrt(x) + c) 8%b - 840*(d*sqrt(x
) + c) Txaxc - 840*Ix(d*sqrt(x) + c) 7xb*c + 2940*(d*sqrt(x) + c) 6xaxc™2
+ 2940*I*(d*sqrt(x) + c)~6%bxc”™2 - 5880*(d*sqrt(x) + c) 5xa*c™3 - 5880*I*(
d*sqrt(x) + c) 5%b*c™3 + 7350%(d*sqrt(x) + c) “4*a*xc”4 + 7350%I*(d*sqrt(x)
+ c)"4xb*c”4 - 5880*(d*sqrt(x) + c)~3%a*c”5 - 5880*I*(d*sqrt(x) + c) 3%b*c
5 + 2940*(d*sqrt(x) + c) 2*axc™6 + 2940*I*(d*sqrt(x) + c) 2*bxc™6 - 840%*(
d*xsqrt(x) + c)*a*c”7 - 840%b*c”T*log(sec(d*sqrt(x) + c)) + 8%(-960*I*(d*sq
rt(x) + c)"7*b + 3920*I*(d*sqrt(x) + c) 6xbkc - 7056*Ix(d*sqrt(x) + c) 5*b
*Cc"2 + 7350%Ix(d*sqrt(x) + c) 4*bxc™3 - 4900*I*(d*sqrt(x) + c) 3*b*c™4 + 2
205*I*(d*sqrt(x) + c) 2%bxc”5 - 735*I*(d*sqrt(x) + c)*b*c~6)*arctan2(sin(2
*d*sqrt(x) + 2%c), cos(2*kd*sqrt(x) + 2%c) + 1) + 420%(64*I*(d*sqrt(x) + c)
“6%b - 224xI*(d*sqrt(x) + c) b¥bkc + 336*%I*(d*ksqrt(x) + c) 4xbxc™2 - 280*I
*(d*sqrt(x) + c) 3xb*c”3 + 140*%I*(d*sqrt(x) + c) 2%b*c”4 - 42*I*(d*sqrt(x)
+ c)*bxc”5 + TxI*b*c~6)*dilog(-e~(2*xI*d*sqrt(x) + 2*Ixc)) - 4x(960*(d*sqr
t(x) + c)77*b - 3920*(d*sqrt(x) + c) 6*bxc + 7056%(d*sqrt(x) + c) 5*xbxc~2
- 7350*%(d*sqrt(x) + c) 4xb*c”™3 + 4900+*(d*sqrt(x) + c) 3*bxc™4 - 2205*(d*sq
rt(x) + c)"2xbxc”5 + 735*(d*sqrt(x) + c)*b*c”6)*log(cos(2*d*sqrt(x) + 2xc)
~2 + sin(2xd*sqrt(x) + 2*c)~2 + 2xcos(2xd*sqrt(x) + 2*c) + 1) - 302400*Ixb
*polylog(8, -e”(2xI*d*sqrt(x) + 2xI*c)) - 50400%(12*(d*sqrt(x) + c)*b - 7%

bxc)*polylog(7, -e” (2xI*dxsqrt(x) + 2*I*c)) + 10080*(60*I*(d*sqrt(x) + ...

Giac [F]

/z?’(a—i—btan (c+dvz)) dz = / (btan (dv/z +¢) + a)z’ do

integrate (x~3*(atb*tan(c+d*x~(1/2))),x, algorithm="giac")

N

-

Lintegrate((b*tan(d*sqrt(x) + ¢c) + a)*x"3, x)

| —
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Mupad [F(-1)]

Timed out.

/x3(a+btan (c+dvz)) dx:/x?’ (a+btan(c+d+/z)) dz

input Lint(x‘S*(a + bxtan(c + d*x~(1/2))),x)

output Lint(f?’*(a + brtan(c + d*x~(1/2))), %)

Reduce [F]

4

/x?’(a—i—btan (c+dvz)) dz = (/tan (Vzd+c) :v3dm> b+%

input Lint (x~3* (a+bxtan (c+d*x"(1/2))) ,x)

outputL(‘L*int(tan(sqrt(x)*d + c)*x**x3,x)*b + akxx*x4)/4




output
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3.26 [z*(a+btan (c+dy/z)) dz

Optimal result . . . . . . . . . . . . e 196
Mathematica [A] (verified) . . . . . . . . . ... o 197
Rubi [A] (verified) . . . .. . . ... .. 197
Maple [F] . . . . 199
Fricas [F] . . . . . . o 199
Sympy [F] . . o o 199
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2001
Giac [F] . . . . o o 201]
Mupad [F(-1)] . . . o o 201]
Reduce [F] . . . o . o o 201]

Optimal result

Integrand size = 18, antiderivative size = 195

2 az® 1. 2b2°/2 log (1 + e2i(C+dﬁ)>
/z (a+btan (c+ dv/z)) dx=?+§sz3_ .
5ibz? PolyLog (2, _ eQi(c—}—dﬁ))
+ >
10bz3/2 PolyLog (3, _eQi(c+dﬁ)>
B
15ibz PolyLog (4, _ezi(cﬂw))
a4
15b/z PolyLog (5, _ ezi(c+d¢5)>
+ e
15ib PolyLog <6, —e2i (c+dﬁ)>
" 2d°

1/3*a*x~3+1/3*I*b*x~3-2*b*x~ (5/2) *1n (1+exp (2*I* (c+d*x~(1/2))) ) /d+5*I*b*x~2
*polylog(2,-exp(2*I*(c+d*x~(1/2))))/d"2-10%b*x~(3/2) *polylog(3,-exp (2*xI*(c
+d*x~(1/2))))/d"3-15%I*b*x*polylog(4,-exp (2*I* (c+d*x~(1/2))))/d~4+15xb*x~ (
1/2)*polylog(5,-exp (2*I*(c+d*x~(1/2))))/d~5+15/2*I*b*polylog(6,-exp(2*I*(c
+d*x~(1/2))))/d"6




CHAPTER 3. LISTING OF INTEGRALS 197

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.00

2b2%/2 log (1 + e2i(c+d‘/5)>

/””2(““”&“(0”\/5)) dw=a?x3+%z'bx3— d
5ibz? PolyLog (2, _ eQi(c—Fdﬁ))
+ 7
10bz3/2 PolyLog (3, _62i(c+dﬁ)>
B
15ibz PolyLog (4, _e2i(c+d\/5)>
d4
15b+/z PolyLog (5, _ezz'<c+dﬁ>>
+ T
15ib PolyLog (6, _ezi(c+dﬁ))
" 2d6
tnput Integrate[x~2x(a + b*Tan[c + d*Sqrt[x]]),x] J

(a*x73)/3 + (I/3)*b*x~3 - (2%b*x~(5/2)*Log[1 + E~((2*I)*(c + d*Sqrt[x]))])
/d + ((5%I)*b*xx~2*PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]))]1)/d"2 - (10*b*x~(3
/2)*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d~3 - ((15*I)=*b*x*PolylLog[4, -
E~((2*I)*(c + d*Sqrt[x]))])/d~4 + (15xbxSqrt[x]*PolyLogl[5, -E~((2*I)*(c +
d*Sqrt[x]))]1)/d"5 + (((15*I)/2)*b*PolyLogl[6, -E~((2*I)*(c + d*Sqrt[x]1))]1)/
d~6

output

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.111, Rules

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/wQ(a+btan (c+dvz)) dz

l 2010
/ (az® + bz* tan (c + dv/z)) dz
l 2009
az® 19ibPolyLog (6, —62i(c+dﬁ)) 15b+/z PolyLog <5, —eZi(C+d\/5)>
E 246 + P -
15ibz PolyLog (4, —e2i<c+dﬁ>) 10b23/2 PolyLog (3, —e2i(c+dﬁ))
d4 o 3 +
5iba? PolyLog (2, _e2i(c+dﬁ)) 225/ log (1 n e2i(c+dﬁ))
- + iba®
d2 d 3
input LInt [x"2x(a + b*Tan[c + d*Sqrt[x]]),x] J
output (B¥X73)/3 + (I/3)¥bxx"3 - (2bxx"(5/2)*Loglt + E"((2+D*(c + d*Sqrt [x1))])

/d + ((5%I)*b*x"~2%PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]1))])/d"2 - (10%b*x~(3
/2)*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))1)/d~3 - ((15%I)+*b*x*PolyLogl4, -
E~((2+I)*(c + d*Sqrt[x]))]1)/d"~4 + (15%b*Sqrt [x]*PolyLogl[5, -E~((2xI)*(c +
d*Sqrt[x]1))1)/d"5 + (((15%I)/2)*b*PolyLogl[6, -E~((2*I)*(c + d*Sqrt[x]1))1)/
d~6

Defintions of rubi rules used

rule 2009“111: [u_, x_Symbol]l :> Simp[IntSum[u, x1, x] /; SumQ[u] J

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
“" (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

rule 2010
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Maple [F|

/x2(a+btan (c+dvz)) dz

input Lint (x~2* (a+bxtan (c+d*x"(1/2))) ,x)

output Lint (x~2* (a+b¥tan (c+d*x™~ (1/2))) ,x)

Fricas [F]

/zz(a—l-btan (c+dvz)) dxz/(btan (dvz +c) +a)z’ dz

input Lintegrate (x~2*(atb*tan(c+d*x~(1/2))) ,x, algorithm="fricas")

outputLintegral(b*xh2*tan(d*sqrt(X) + c) + a*x"2, x)

Sympy [F]

/xz(a+btan (c+d\/3_v)) d:v=/x2(a—|—btan (c—l—dﬁ)) dx

inputLintegrate(x**2*(a+b*tan(c+d*x**(1/2)))’X)

outputtlntegral(x**Q*(a + bxtan(c + d*sqrt(x))), x)




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 618 vs. 2(150) = 300.

Time = 0.19 (sec) , antiderivative size = 618, normalized size of antiderivative = 3.17

/ z*(a+ btan (¢ + dy/z)) dz = Too large to display

-

Lintegrate(x‘Q*(a+b*tan(c+d*x‘(1/2))),x, algorithm="maxima")

-/

1/16* (5% (d*sqrt(x) + c)"6*a + 5xIx(d*sqrt(x) + c) 6xb - 30x(d*sqrt(x) + c)
“Bkaxc — 30%Ix(d*sqrt(x) + c) B*bxc + T5x(d*sqrt(x) + c) 4*axc™2 + 75xI*(d
*sqrt(x) + c)"4xb*c”™2 - 100*(d*sqrt(x) + c) 3xaxc™3 - 100*I*(d*sqrt(x) + c
)"3*%bxc~3 + 75+ (d*sqrt(x) + c) 2*axc”4 + 75xI*(d*sqrt(x) + c) 2*b*c~4 - 30
*(d*sqrt(x) + c)*axc™5 - 30*bxc”5xlog(sec(d*sqrt(x) + c)) + 2%(-48xI*(d*sq
rt(x) + c)”5*b + 150*I*(d*sqrt(x) + c) 4xb*c - 200%I*(d*sqrt(x) + c) ~3*b*c
~2 + 150%I*(d*sqrt(x) + c)"2%b*c”3 - 75xI*(d*sqrt(x) + c)*b*c~4)*arctan2(s
in(2*d*sqrt(x) + 2*c), cos(2*dxsqrt(x) + 2*c) + 1) + 15x(16xI*(d*sqrt(x) +

c)"4xb - 40xI*(d*sqrt(x) + c) 3*bxc + 40*I*(d*sqrt(x) + c) 2*b*xc™2 - 20%I
*(d*sqrt(x) + c)*bxc™3 + 5xIxb*c”4)*dilog(-e”~ (2xIxd*sqrt(x) + 2*I*xc)) - (4
8% (d*sqrt(x) + c)~5*%b - 150*(d*sqrt(x) + c) 4*bxc + 200*(d*sqrt(x) + c) 3%
bxc™2 - 150*(d*sqrt(x) + c) 2%bxc~3 + 75x(d*sqrt(x) + c)*bxc~4)*log(cos(2*
dksqrt(x) + 2%c)~2 + sin(2*d*sqrt(x) + 2%c)~2 + 2*cos(2xd*sqrt(x) + 2%c) +

1) + 360*Ixbxpolylog(6, —-e” (2*Ixd*sqrt(x) + 2*I*c)) + 90*(8x(d*sqrt(x) +

c)*b - bxb*c)*polylog(5, -e” (2xIxd*sqrt(x) + 2*Ixc)) + 60*(-12xI*(d*sqrt(x
) + c)”2%b + 15xI*(d*sqrt(x) + c)*b*c - 5xIxb*c”2)*polylog(4, -e~(2xI*d*sq
rt(x) + 2xIxc)) - 30*%(16*(d*sqrt(x) + c)~3*b - 30*(d*sqrt(x) + c) 2%b*c +
20*(d*sqrt(x) + c)*b*c™2 - 5*b*c~3)*polylog(3, -e~(2xI*d*sqrt(x) + 2xIxc))
)/d"6
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Giac [F]

/z2(a+btan (c—l—d\/})) dx=/(btan (d\/E+c) +a,)ac2dx

input ‘ integrate (x~2*(at+bxtan(c+d*x~(1/2))),x, algorithm="giac")

outputtintegrate((b*tan(d*sqrt(x) + c) + a)*x"2, x)

Mupad [F(-1)]

Timed out.

/x2(a+btan (c+dva)) do = /z2 (a+btan(c+ dv/z)) de

input Lint(x‘z*(a + bxtan(c + d*x~(1/2))),x)

output IE(X2%(a + brtan(c + arx(1/2)), )

Reduce [F]

3

/xQ(“”tan (c+dvz)) dz = (/tan (Vzd+c) x2dx) b+ 2

inputLint(x‘2*(a+b*tan(c+d*x*(1/2))),x)

outputL(s*int(tan(sqrt(x)*d + C)*xx*¥*2,X)*b + axx**3)/3




CHAPTER 3. LISTING OF INTEGRALS 202

3.27 [z(a+btan (c+ dy/z)) dz

Optimal result . . . . . . . . . . . . e 202
Mathematica [A] (verified) . . . . . . . . . ... o 2031
Rubi [A] (verified) . . . .. . . ... .. 203
Maple [F] . . . . 204
Fricas [F] . . . . . . o 205
Sympy [F] . . o o 205
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2051
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 200
Reduce [F] . . . o . o o 207

Optimal result

Integrand size = 16, antiderivative size = 135

3/2 2% (c+dv/z
/’”(“”m (c+dv/z)) do = %ﬁ + siba b log <1; M)
3ibz PolyLog (2, _62i(c+dﬁ)>
+ s
3b+/z PolyLog <3, _eQi(c-i—dﬁ))
3
3ib PolyLog (4, _ e2i(c+dﬁ))
2d4

| 1/2%akx"2+1/2+T¥bxx"2-2+bkx" (3/2) *1n(1+exp (24 T+ (c+d*x"~(1/2)))) /d+3+T¥brxhp
|olylog(2,-exp(2+Ix(c+d*x™(1/2))))/d"2-3%b*x" (1/2) *polylog(3,-exp(2+ I (c+d* |
| x7(1/2))))/d"3-3/2*T*b*polylog (4, -exp(2+I* (c+d*x~(1/2))))/d"4 |

output
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00

3/2 2 (c+dy/z
/x(a+btan (C+d\/5)) dxz%ﬂ+%ibx2— 2 loe <1d—|—e | )>
3ibz PolyLog (2, —e2i(°+dﬁ))
d2
3b,/7 PolyLog (3, —e2i<c+dﬁ>)
d3
3ib PolyLog (4, —e2i<c+dﬁ>)

2d4

+

-

input LIntegrate [xx(a + bxTan[c + d*Sqrt[x]]),x]

-/

t‘ (axx~2)/2 + (I/2)*b*x"2 - (2%b*x~(3/2)*Logl[l + E~((2*I)*(c + d*Sqrt[x]))]) ‘
|/d + ((3%I)*b*x*PolyLogl[2, -E~((2*I)*(c + d*Sqrt[x1))1)/d"2 - (3*b*Sqrtlx] |
‘*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))1)/d"3 - (((3%I)/2)*b*PolyLogl4, -E~ ‘
((2+D)*(c + d*Sqrt[x1))1)/d 4

outpu

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x(a+btan (c+dvz)) dz
l 2010

/ (az + betan (c + dva)) do

l 2009
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az? 3ibPolyLog (4, —€2i(c+dﬁ)> 3by/z PolyLog (3, —ezi(chd\/i))

2 2d4 43 +
3ibx PolyLog (2, —e2i(°+d\/5)> 2bz3/2 log <1 n e2z’(c+dﬁ)) 2
input LInt [x*(a + b*Tan[c + d*Sqrt[x]]),x] J

(a*x72)/2 + (I/2)%b*x™2 - (2%b*x~(3/2)*Logl1 + E~((2*I)*(c + d*Sqrt[x1))1)

tput ‘

onpl ‘/d + ((3%I)*b*x*PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]1))]1)/d~2 - (3*b*Sqrt [x] ‘

\*PolyLog[3, -E7((2%I)*(c + d*Sqrt[x]))]1)/d~3 - (((3*I)/2)*b*PolyLogl[4, -E~ ‘
((*D)*(c + dSqrt[x]1))1)/d
Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x] ‘
‘ , x]1 /; FreeQ[{c, m}, x] &% SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘

Maple [F]

/x(a +btan (c+ dv/z)) dz

-

input Lint (x* (a+b*tan(c+d*x~(1/2))) ,x)

- )

output Lint (x* (at+b*tan(c+d*x~(1/2))) ,x) J
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Fricas [F]

/m(a+btan (c—l—dﬁ)) dx=/(btan (d\/E+C) +a)acd93

input‘integrate(x*(a+b*tan(c+d*x"(1/2))),x, algorithm="fricas")

outputtintegral(b*x*tan(d*sqrt(x) + c) + a*x, x) J
Sympy [F]
/x(a+ btan (c+dv/z)) dz = /m(a + btan (c+ dv/z)) dz
inputLintegrate(x*(a+b*tan(c+d*x**(1/2))),x) J
output LIntegral(x*(a + b¥tan(c + d*sqrt(x))), x) J
Maxima [B] (verification not implemented)
Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 359 vs. 2(102) = 204.
Time = 0.17 (sec) , antiderivative size = 359, normalized size of antiderivative = 2.66
/x(a + btan (c + dﬁ)) dx
3 (dy/z +¢)'a+3i (dyT + )b — 12 (dv/T + ) ac — 12i (dy/T + ¢)°be + 18 (dv/T + ¢) ac® + 18i (dv/
inputLintegrate(x*(a+b*tan(c+d*x“(1/2))),x, algorithm="maxima") J
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1/6%(3x(d*sqrt(x) + c) 4*a + 3*I*(d*sqrt(x) + c)~4*b - 12*(d*sqrt(x) + c)~
3xaxc - 12+I*(d*sqrt(x) + c) 3*bxc + 18*(d*sqrt(x) + c) 2%a*xc™2 + 18xI*(d*
sqrt(x) + c)”2xb*c”2 - 12x(d*sqrt(x) + c)*a*c”3 - 12*b*c”3*log(sec(d*sqrt(
x) + c)) + 4x(-4*Ix(d*sqrt(x) + c)~3*%b + 9*I*x(d*sqrt(x) + c) 2%bxc — 9*I*(
d*sqrt(x) + c)*bxc”2)*arctan2(sin(2*d*sqrt(x) + 2*c), cos(2*d*sqrt(x) + 2%
c) + 1) + 6x(4*I*(d*sqrt(x) + c) 2xb - 6xI*(d*sqrt(x) + c)*b*c + 3*xI*bxc™2
)*dilog(-e~ (2*Ixd*sqrt(x) + 2*I*c)) - 2k(4*(d*sqrt(x) + c) 3*b - 9*(d*sqrt
(x) + c)"2xb*c + 9x(d*sqrt(x) + c)*bxc”2)*log(cos(2*d*sqrt(x) + 2%c)”"2 + s
in(2*d*sqrt (x) + 2xc)~2 + 2*cos(2xd*sqrt(x) + 2*c) + 1) - 12xIxb*polylog(4
, —e”(2xI*dxsqrt(x) + 2*%Ixc)) - 6%(4*(d*sqrt(x) + c)*b - 3xbxc)*polylog(3,
-e” (2*Ixd*sqrt(x) + 2*Ixc)))/d~4

output

Giac [F]

/x(a+btan (c—l—dﬁ)) dxz/(btan (d\/E+C) -I—a)acdx

input‘integrate(x*(a+b*tan(c+d*x’“(1/2))),x, algorithm="giac")

outputLintegrate((b*tan(d*sqrt(x) + c) + a)*x, x)

Mupad [F(-1)]

Timed out.

/z(a—i—btan (c+dva)) do = /w (a+btan(c+dv/a)) de

input Lint(x*(a + brtan(c + d*x~(1/2))),x)

output 1BECX(a + brtan(c + dxx"(1/2))), x)
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Reduce [F]

/x(a+btan (c+dvx)) de = (/tan (Vzd+c) xdx) b+a7z2

inputLint(x*(a+b*tan(c+d*x~(1/2))),X)

OutputL(2*int(tan(sqrt(x)*d + C)*x,x)*b + a*x**2)/2
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3.28 [ (a+btan (c+dy/z)) dzx

Optimal result . . . . . . . . . . . . e 208
Mathematica [A] (verified) . . . . . . . . . ... o 208}
Rubi [A] (verified) . . . .. . . ... .. 209
Maple [F] . . . . 210
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 210
Sympy [F] . . o o 211
Maxima [F] . . . . . . 2111
Giac [F] . . . . o o 211
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 212
Reduce [F] . . . . . 212

Optimal result

Integrand size = 14, antiderivative size = 66

2b,/z log (1 + e%i(ctdva)
/(a—l-btan(c-l—d\/;?)) dr = ax + ibx — ( y )

ib PolyLog (2, —e2i(c+d\/5))
§7

+

Output‘a*x+I*b*x—2*b*x‘(1/2)*1n(1+exp(2*I*(c+d*xA(1/2))))/d+I*b*poly10g(2,—exp(g*
Ix(c+d*x~(1/2))))/d"2

N

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00

2by/z log (1 + e%i(ctdva)
/(a—l—btan(c—kdﬁ)) dr = ax + ibx — < y )

ib PolyLog (2, —eQi(CJFd\/-’E))
§7

+

input LIntegrate [a + bxTan[c + d*Sqrt [x]1],x] J
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output‘a*x + Ixbkx - (2%b*Sqrt[x]*Logll + E"((2#I)*(c + d*Sqrt[x1))1)/d + (I*b*Po

LlyLog[Q, -E~((2#I)*(c + d*Sqrt[x1))1)/d~2 J
Rubi [A] (verified)
Time = 0.26 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00,
number of steps used = 1, number of rules used = 1, Bumber of rules _ 4 79 Ryjes
integrand size
used = {2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (a+btan (c+ dvz)) dz
| 2009
meﬂ@g@,f%@Wﬁﬂ %ngg0+em”%@)
ar + - + bz
d? d
input LInt [a + b*Tan[c + d*Sqrt[x]],x] J
output ‘ a*x + Ixbxx - (2xb*Sqrt[x]*Log[l + E~((2*I)*(c + d*Sqrt[x]))]1)/d + (I*b*Po ‘

LlyLog[Q, -E~((2*I)*(c + d*Sqrt[x1))])/d"2 J
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]

/ (a+btan (c+dv/z)) dz

inputLint(a+b*tan(c+d*x"(1/2)),x) J

-

Lint(a+b*tan(c+d*x“(1/2)),x)

—

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 153 vs. 2(51) = 102.

Time = 0.09 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.32

/ (a+btan (c+ dvz)) dx

2 ad?z — 2bdy/z log (—2 ( tan(dﬁ“)‘l)) — 2bdv/Z log <_2 (= tan(dﬁ+c>—1>> i bLiy (2 (i tan(dy/a+e)—1)

tan(dﬁ+c)2+1 tan(dﬁ+c)2+1 tan(dﬁ+c)2+1
B 2 d2
inputLintegrate(a+b*tan(c+d*x‘(1/2)),x, algorithm="fricas") J
1/2% (2xaxd~2*x - 2xb*d*sqrt(x)*log(-2*(I*tan(d*sqrt(x) + c) - 1)/(tan(d*sq

output
rt(x) + c)72 + 1)) - 2xb*d*sqrt(x)*log(-2*(-I*tan(d*sqrt(x) + c) - 1)/(tan

(d*sqrt(x) + c)”2 + 1)) - I*bxdilog(2*(I*tan(d*sqrt(x) + c) - 1)/(tan(d*sq
rt(x) + c)72 + 1) + 1) + I*¥b*dilog(2*(-Ixtan(d*sqrt(x) + c) - 1)/(tan(d*sq
rt(x) + c)”2 + 1) + 1))/d"2
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Sympy [F]

/(a+btan (c+d\/5)) d:v=/(a+btan (c+d\/5)) dx

‘integrate(a+b*tan(c+d*x**(1/2)),X)

input
outputtlntegral(a + bxtan(c + d*sqrt(x)), x) J
Maxima [F]
/ (a+btan (c+ dvz)) dz = /btan (dVz +c)+ads
input Lintegrate (at+bxtan(c+d*x~(1/2)),x, algorithm="maxima") J
output‘ a*x + 2xbxintegrate(sin(2*d*sqrt(x) + 2*c)/(cos(2*d*sqrt(x) + 2xc)~2 + sin ‘

‘(2*d*sqrt(x) + 2%c)”2 + 2xcos(2*d*sqrt(x) + 2*c) + 1), x)

Giac [F]
/ (a+btan (c+dvz)) do = /btan (dvz+c) +ade
input Lintegrate (a+b¥tan(c+d*x~(1/2)) ,x, algorithm="giac") J
output Lintegrate(b*tan(d*sqrt(x) +c) +a, %) J
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Mupad [B] (verification not implemented)

Time = 9.48 (sec) , antiderivative size = 150, normalized size of antiderivative = 2.27

/(a+btan (c+d\/§)) dr=azx
b(mIn (cos (d+/z)) +2cIn (e @VeHe % + 1) — 7 In (e4V®%e % + 1) —In (cos (c+d /7)) (2¢

-

Lint(a + bxtan(c + d*x~(1/2)),x)

-/

input

a*x - (bx(2*c*log(exp(-d*x~(1/2)*2i)*exp(-c*2i) + 1) - pixlog(exp(-d*x~(1/
2)*2i)*exp(-c*2i) + 1) + pixlog(cos(d*x~(1/2))) - log(cos(c + d*x~(1/2)))*
(2%c - pi) - pi*log(exp(d*x~(1/2)*2i) + 1) + d"2*x*1i + polylog(2, -exp(-d
*x~(1/2)*2i) *exp(-c*2i) )*1i + 2xd*x~(1/2)*1log(exp (-d*x~(1/2)*2i)*exp(-c*2i
) + 1) + ckd*x”(1/2)*2i))/d"2

output

Reduce [F]

/(a+btan(c+d\/5)) dr = (/tan(ﬁd-ﬁ-c) dm)b—i—ax

input‘int(a+b*tan(c+d*x“(1/2)),x)

outputtint(tan(sqrt(x)*d + c),x)*b + axx J




output L

input

output
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3.29 f a+b tanic+d\/5) dr

Optimal result . . . . . . . . . . . .. 213}
Mathematica [N/A] . . . . . ... 213
Rubi [N/A] .« . 214
Maple [N/A] . . . 2151
Fricas [N/A] . . . . . o
Sympy [N/A] . . e
Maxima [N/A] . . . . o 210
Giac [N/A] .« . o 216
Mupad [N/A] . . . . 217
Reduce [N/A] . . . o 217

Optimal result

Integrand size = 18, antiderivative size = 18

/a+btan (c+dyz)

T

dx = alog(z) + bInt(

tan (¢ + dy/z)

T

ax1ln(x)+b*Defer (Int) (tan(c+d*x~(1/2))/x,x)

Mathematica [N/A]

Not integrable

Time = 4.51 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+btan(c+d\/5) dx—/

T

a+ btan (c+ dy/z) p
X

T

LIntegrate [(a + b*Tan[c + d*Sqrt[x]11)/x,x]

LIntegrate[(a + b*Tan[c + d*Sqrt[x]1)/x, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a+btan (c+ dv/x) p
x

x

l 2010

/ (z N btan (cx-l— dﬁ)) e

l 2009
b/ tan (cl—d\/i)

dx + alog(z)

-

Int[(a + bxTan[c + d*Sqrt[x]])/x,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+btan(c+d\/§)d
Xz

X

input 128 ((abrtan(crdsx™(1/2)) /x,%)

output | 18t ((arbrtan(crdxx™(1/2)))/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(c+d\/§) x=/btan(dﬁ+c)+adx

Z T

input tintegrate ((atb*tan(c+d*x~(1/2)))/x,x, algorithm="fricas")

output Lintegral((b*ta_n(d*sqrt(x) +c) + a)/x, x)

Sympy [N/A]
Not integrable

Time = 1.42 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

Z T

/a+btan(c+d\/5)d /a+btan(c+d\/§)d
T = T

input Lintegrate ((at+b*tan(c+d*x**(1/2)))/x,x)
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OutputLIntegral((a + bxtan(c + d*sqrt(x)))/x, x) J

Maxima [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 68, normalized size of antiderivative = 3.78

T

/a+btan(c+d\/i) dx_/btan(d\/i+c)+ad

T T

inputLintegrate((a+b*tan(c+d*x‘(1/2)))/x,x, algorithm="maxima") J

‘2*b*integrate(sin(2*d*sqrt(x) + 2xc)/((cos(2*d*sqrt(x) + 2%c)~2 + sin(2*d* ‘

output
‘sqrt(x) + 2%c)72 + 2%kcos(2xd*sqrt(x) + 2%c) + 1)*x), x) + a*xlog(x) ‘

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(c+d\/5) dx:/btan(d\/i+c)+adx

T T

inputLintegrate((a+b*tan(c+d*x‘(1/2)))/x,x, algorithm="giac") J

OutputLintegrate((b*tan(d*sqrt(x) +¢) +a)/x, x) J




CHAPTER 3. LISTING OF INTEGRALS 217

Mupad [N/A]
Not integrable

Time = 9.41 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—btan(c—l—d\/i)d /a—l—btan(c-l—dﬁ)d
T = T

T T

inputlint((a + bxtan(c + d*x~(1/2)))/x,x)

output 18E((a + brtan(c + dxx(1/2)))/x, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+btan(c+dﬁ) i </tan(\/5d+c)

T T

da:) b+ log(z)a

input‘int((a+b*tan(c+d*xﬁ(1/2)))/x,x)

output Lint(tan(sqrt(X)*d + ¢c)/x,x)*b + log(x)*a




output L

input

output
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3.30 f a+b tangg§+d\/5) dr

Optimal result . . . . . . . . . . . .. 218}
Mathematica [N/A] . . . . . ... 218
Rubi [N/A] .« . 219
Maple [N/A] . . . 2201
Fricas [N/A] . . . . . o 220
Sympy [N/A] . . e 220
Maxima [N/A] . . . . o 221]
Giac [N/A] .« . o 221]
Mupad [N/A] . . . . 2221
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

/a+btan (c+dy/z)

. dx=—9+b1nt<
T T

2

tan (c + dy/z) x)

-a/x+b*Defer (Int) (tan(c+d*x~(1/2))/x"2,x)

Mathematica [N/A]
Not integrable

Time = 11.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+btan(c+d\/5) dx:/a+btan(c+d\/5)

xr2

xr2

dzx

LIntegrate [(a + b*Tan[c + d*Sqrt[x]11)/x"2,x]

LIntegrate[(a + b*Tan[c + d*Sqrt[x]])/x"2, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+btan (c+ dy/x)
/ 2 dx
| 2010
/ ((12 N btan(c;—dﬁ)) e
x x
| 2009
b/tan(c—;dﬁ)dm_ a
z z

-

Int[(a + b*Tan[c + d*Sqrtl[x]])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.62 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+btan (c+dyz)

dx
2

input Lint ((a+bxtan(c+d*x~(1/2)))/x72,x)

output Lint ((atbxtan(c+d*x~(1/2)))/x72,x%)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(c+d\/§) x=/btan(dﬁ+c)+adx

2 z2

input tintegrate ((atb*tan(c+d*x~(1/2)))/x"2,x, algorithm="fricas")

output Lintegral((b*ta_n(d*sqrt(x) +c) + a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dx
2 2

/a+btan(c+d\/5) dxz/a+btan(c+d\/§)

input Liﬂtegrate(<a+b*tan<c+d*x**(1/2)))/x**z,x>
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output LIntegral((a + bxtan(c + d¥sqrt(x)))/x**2, x) J

Maxima [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 72, normalized size of antiderivative = 4.00

T

/a+btan(c+d\/i) dx:/btan(d\/i+c)+ad

2 2

input Lintegrate ((a+bxtan(c+d*x~(1/2)))/x"2,x, algorithm="maxima") J

‘ (2*bxx*integrate(sin(2*d*sqrt(x) + 2*c)/((cos(2*d*sqrt(x) + 2*c)~2 + sin(2 ‘

output
‘*d*sqrt(x) + 2%c) 72 + 2%cos(2kd*sqrt(x) + 2%c) + 1)*x72), x) - a)/x ‘

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan(c+d\/5) dx:/btan(d\/i+c)+adx

2 2

input Lintegrate ((atbxtan(c+d*x~(1/2)))/x"2,x, algorithm="giac") J

output| 1rtegrate((brtan(drsqre(x) + c) + a)/x"2, x) ]
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Mupad [N/A]
Not integrable

Time = 9.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a-l—btan (c+dvx) dw:/a+btan(c+d\/a‘c)

2 22

input Lint((a + bxtan(c + d*x~(1/2)))/x"2,x)

output Lint((a + bxtan(c + d*x~(1/2)))/x72, x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/a—i—btan(c—l—d\/i)d <ftan(\{—§d+c)dx>bx—a
T =

2 "

input Lint ((a+bxtan(c+d*x~(1/2)))/x72,x)

OutputL(int(tan(sqrt(x)*d + C)/x**2,x)*b*x - a)/x
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3.31 [ z*(a+ btan (c—l—d\/E))2 dx

Optimal result . . . . . . . . .. . . . . . e 224
Mathematica [A] (verified) . . . . . . . . . ... 225
Rubi [A] (verified) . . . . . . . . . . 2261
Maple [F] . . . . 228
Fricas [F] . . . . . o e 228
Sympy [F] . . o o 228
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 229
Giac [F] . . . . o o e 230
Mupad [F(-1)] . . . oo 230
Reduce [F] . . . . o o e 230
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Optimal result

Integrand size = 20, antiderivative size = 402

/$2(a+btan (c+d\/a_3))2 dr — _2zbzx5/2 N a2z3 N giabmﬁ’: ~ @
3 3 3
106%z2 log <1 + e2i(c+dﬁ))
+ 7
Aabrd/? log (1 + €2i(c+dﬁ)>
- d
20ib%z3/2 PolyLog (2, _ezi<c+dﬁ)>
43
10iabx? PolyLog <2, _e2i(c+d¢5)>
+ =
306z PolyLog (3, _ eQi(c+dﬁ)>
+ 7
20abz>/2 PolyLog (3, _ e2i(c+dﬁ)>
d3
30ib?\/z PolyLog (4, _e2i(c+dﬁ)>
+ F
30iabx PolyLog (4, _e2i(c+dﬁ)>
da
1562 PolyLog (5, —e2(c+4v%) )
6
30aby/z PolyLog (5, — e2i(c+dﬁ))
+ =
15iab PolyLog (6, _e2i(0+d\/5)>
+ s

2b%z%% tan (c + dv/z)
+ d
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15*I*a*bxpolylog(6,-exp(2*I*(c+d*x~(1/2))))/d"6+1/3*a"2*x"3+10*I*a*b*xx"~2*p
olylog(2,-exp(2*I*(c+d*x~(1/2))))/d"2-1/3*%b"2xx~3+10%b"2*x~2*1n (1+exp (2*I*
(c+d*x~(1/2))))/d"2-4*axb*x~ (5/2) *1n (1+exp (2*I* (c+d*x~(1/2)))) /d-20*I*b~2*
x~(3/2)*polylog(2,-exp(2*I*(c+d*x~(1/2))))/d~3-30*I*a*xb*x*polylog(4,-exp(2
*I*(c+d*x~(1/2))))/d"4+30%b~2*x*polylog(3,—exp (2*I* (c+d*x~(1/2))))/d~4-20%
axb*xx~ (3/2)*polylog(3,-exp (2*I*(c+d*x~(1/2))))/d~3+30*I*b~2*x" (1/2)*polylo
g(4,-exp(2*I*(c+d*x~(1/2))))/d"5+2/3*I*a*b*x~3-15*%b~2*polylog(5,-exp (2*I*(
c+d*x~(1/2))))/d"6+30%a*xbxx~ (1/2) *polylog(5,-exp (2*I*(c+d*x~(1/2))))/d"5-2
*Ixb~2%x"(5/2) /d+2*b~2%x~ (5/2) *tan(c+d*x~(1/2)) /d

output

N

Mathematica [A] (verified)

Time = 3.40 (sec) , antiderivative size = 567, normalized size of antiderivative = 1.41

/z2(a+btan (c+dva))® do

1 ibezic(—12bd5e‘2icx5/ 2 + dadPe=%°z® + 30ibd*e=2(1 + %°) 22 log (1 + e‘%(c"'dﬁ)) — 12iad’e™2

N 6b22%/% sec(c) sec (c + dy/z) sin (dv/z)

g + z*(a® — b* + 2abtan(c))

inputtlntegrate[x‘2*(a + bxTan[c + d*Sqrt[x]])*Q,x] J
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(C(-I)*b*E~ ((2*%I)*c) * ((-12%b*d~5*x~(5/2) ) /E~((2*I)*c) + (4*a*d~6*x"3)/E~((

2xI)*c) + ((30*I)*bxd~4*(1 + E~((2*I)*c))*x"2xLog[l + E~((-2*xI)*(c + d*Sqr
t[x]1))1)/E"((2%I)*c) - ((12%I)*a*d~5*(1 + E~((2*I)*c))*x~(5/2)*Logl[1 + E~(
(-2%I)*(c + d*Sqrt[x]))]1)/E~((2*I)*c) - 60*bxd~3*(1 + E~((-2*I)*c))*x~(3/2
)*PolyLog[2, -E~((-2*I)*(c + d*Sqrt[x]))] + 30*a*xd~4*(1 + E~((-2*I)*c))*x"
2xPolyLog[2, -E~((-2*I)*(c + d*Sqrt[x]))] + ((90*I)*bxd~2*(1 + E~((2*I)*c)
)*x*xPolyLog[3, -E~((-2*I)*(c + d*Sqrt[x]1))]1)/E~((2*I)*c) - ((60*I)*a*xd”3x(
1 + E~((2%I)*c))*x”(3/2)*PolyLog[3, -E~((-2*I)*(c + d*Sqrt[x]))])/E~((2*I)
*c) + 90%bxd*(1 + E~((-2%I)*c))*Sqrt[x]*PolyLogl[4, -E~((-2*I)*(c + d*Sqrt[
x]))] - 90%axd~2x(1 + E~((-2*I)*c))*x*PolyLog[4, -E~((-2*I)*(c + d*Sqrt[x]
D)1 - ((45*%I)*b*x(1 + E~((2%I)*c))*PolyLog[5, -E~((-2*I)*(c + d*Sqrt[x]))])
JET((2xI)*c) + ((90*I)*axd*(1 + E~((2xI)*c))*Sqrt[x]*PolyLog[5, -E~((-2*I)
*(c + d*Sqrt[x]))]1)/E~((2%I)*c) + 45xa*x(1 + E~((-2*I)*c))*PolyLogl[6, -E~((
-2xI)*(c + d*Sqrt[x]))]1))/(d"6x(1 + E~((2*I)*c))) + (6*b~2*x~(5/2)*Sec[c]*
Sec[c + d*Sqrt[x]]1*Sin[d*Sqrt[x]])/d + x"3*(a”2 - b~2 + 2*a*b*Tan[c]))/3

output

Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 407, normalized size of antiderivative = 1.01,

number of rules _
integrand size 0.200, Rules

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w2(a+btan (c+dva))® do
l 4234
2/w5/2(a+btan (c+dvE)) 2 dva
| 3042
2/x5/2(a+btan (c+dva))’ dvz
l 4205

2/ (a2w5/2 + b?tan? (¢ + dv/z) 2%/? 4 2abtan (c+dvx) w5/2) dv/x




CHAPTER 3. LISTING OF INTEGRALS 227

l 2009

- - -

o243  15iabPolyLog (6, —e2i(c+d\/5)> 15ab+/z PolyLog <5, —e2i(c+dﬁ)> 15%abz PolyLog (4, —e2i(ctd
2 6 2d6 dd d*

input LInt [x~2%(a + b*Tan[c + d*Sqrt[x]])~2,x] J

2x(((-I)*b"2*x~(5/2))/d + (a~2*x"3)/6 + (I/3)*a*bxx~3 - (b"2*x"3)/6 + (5*b
~2xx72xLog[1 + E7((2xD)*(c + d*Sqrt[x]))]1)/d"2 - (2*a*bxx~(5/2)*Logl[1 + E~
((2*%I)*(c + d*Sqrt[x]1))1)/d - ((10*I)*b~2xx~(3/2)*PolyLog[2, -E~((2*I)*(c
+ d*Sqrt[x1))1)/d"3 + ((5*I)*a*b*x~2%PolyLog[2, -E~((2*I)*(c + d*Sqrt[x]))
1)/d72 + (156%b~2*x*PolyLogl[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d"4 - (10*a*b*x
~(3/2)*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))1)/d"3 + ((15%I)*b~2xSqrt [x]*P
olyLog[4, -E~((2*I)*(c + d*Sqrt[x]1))1)/d"5 - ((15xI)*axb*x*PolyLogl[4, -E~(
(2%I)*(c + d*Sqrt[x]))]1)/d"4 - (15%b~2%PolyLog[5, -E~((2*I)*(c + d*Sqrt [x]
))1)/(2%d"6) + (15*a*b*Sqrt[x]*PolyLogl[5, -E~((2*I)*(c + d*Sqrt[x]))])/d"5
+ (((15%I)/2)*axb*PolyLogl[6, -E~((2*I)*(c + d*Sqrt[x]))])/d"6 + (b~2*x~ (5
/2)*Tan[c + d*Sqrt([x]]1)/d)

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (@_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N J

rule 4205
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rule 4234 P0G @_D*((a ) + (b_)*Tanl(c_.) + (d_.)*(x1)"@)1)"(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p]

Maple [F]
/:r2(a + btan (c + d\/E))2 dr
inputtint(XA2*(a+b*tan(C+d*xA(1/2)))A2,X) J
OutputLint(x‘2*(a+b*tan(c+d*x*(1/2)))AQ,X) J
Fricas [F|
/x2(a +btan (c +dv/z))” do = / (btan (dvz + c) +a)’z? do
inputLintegrate(x‘2*(a+b*tan(c+d*x‘(1/2)))*Q’X, algorithm="fricas") J

output‘ integral (b™2+x"2+tan(d*sqrt (x) + ¢)72 + 2+axbxx"2xtan(d*sqrt(x) + c) + a"2

‘*x‘2, x) ‘
Sympy [F]
/362(@ +btan (c+dv/z))” dz = /x2(a +btan (c+dv/z))” dz
input Lintegrate (x**2% (a+bxtan (c+d*x**(1/2)))**2,x) J

output LIntegral(x**Q*(a + bxtan(c + d*sqrt(x)))**2, x) J




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2421 vs. 2(320) = 640.

Time = 0.31 (sec) , antiderivative size = 2421, normalized size of antiderivative = 6.02

/ z*(a+ btan (c+ d\/i))2 dz = Too large to display

e

Lintegrate(x‘Q*(a+b*tan(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

\

-/

1/3*((d*sqrt(x) + c)76xa”2 - 6*%(d*sqrt(x) + c)~5*a"2%c + 16*%(d*sqrt(x) + c
) "4xa”~2%c”2 - 20x(d*sqrt(x) + c) 3%a”2xc”3 + 15k (d*sqrt(x) + c) 2*a"2%c"4
- 6x(d*sqrt(x) + c)*a~2xc~5 - 12*axbxc~5xlog(sec(d*sqrt(x) + c)) - 6*(30*I
*(d*sqrt(x) + c)*b~2+c”5 - 5%(2xaxb + Ixb~2)*(d*sqrt(x) + c)”~6 + 30*(2*xaxb
+ I*b~2)*(d*sqrt(x) + c)~b*c - 75*%(2*%axb + I*b~2)*(d*sqrt(x) + c) 4*c”2 +
100* (2*%a*b + I*b~2)*(d*sqrt(x) + c)~3*%c™3 - 75x(2*axb + I*b~2)*(d*sqrt(x)
+ c)72xc”4 + 60*%b"2%c”5 + 2x(96x(d*sqrt(x) + c) bxa*xb - 75*b~2*%c~4 - 150%
(2*axb*c + b~2)*(d*sqrt(x) + c)~4 + 400*(a*bxc™2 + b~ 2*c)*(d*sqrt(x) + c)~
3 - 150%(2*axb*c”3 + 3*b"2*c”2)*(d*sqrt(x) + c)~2 + 150*(a*b*xc™4 + 2*b~2*c
~3)*x(d*sqrt(x) + c) + (96x(d*sqrt(x) + c) b*axb - 75xb~2%c~4 - 150*(2*xa*b*
c + b™2)*(d*sqrt(x) + c)”4 + 400*(axb*c™2 + b~2xc)*(d*sqrt(x) + c)~3 - 150
*(2%axbxc”™3 + 3*b~2%c"2)*(d*sqrt(x) + c)~2 + 150%(a*xbxc™4 + 2%b~2%c~3)*(d*
sqrt(x) + c))*cos(2*d*sqrt(x) + 2%c) - (-96xI*(d*sqrt(x) + c) 5xa*b + 75*I
*b"2%c”™4 + 150% (2*I*axbxc + I*b~2)*(d*sqrt(x) + c)~4 + 400*(-Ixa*b*c™2 - I
*b~2xc) * (d*sqrt(x) + c)~3 + 150*%(2xI*a*b*c™3 + 3*xI*b~2*c”~2)*(d*sqrt(x) + c
)72 + 150*(-I*axb*c™4 - 2xI*b~2*c~3)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2%
c))*arctan2(sin(2*d*sqrt(x) + 2*c), cos(2*d*sqrt(x) + 2*c) + 1) - 5x((2*ax
b + I*b~2)*(d*sqrt(x) + c)~6 - 6%(2*b~2 + (2%axb + I*b~2)*c)*(d*sqrt(x) +
c)”5 + 15%(4xb~2kc + (2*axb + I*b~2)*c”2)*(d*sqrt(x) + c)~4 - 20*%(6*b~2*c”
2 + (2xaxb + I*b~2)*c~3)*(d*sqrt(x) + c)”~3 + 15x(8*b~2%c”3 + (2*axb + I...
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Giac [F]

/xz(a—i-btan (c+d\/5))2 dr = / (btan (dvz + c) +a)2x2dz

inputLintegrate(x"2*(a+b*tan(c+d*x"(1/2)))"2,x, algorithm="giac") J

output Lintegrate((b*tan(d*sqrt (x) + c) + a)~2*x"2, x) J

Mupad [F(-1)]

Timed out.

/z2(a—|—btan (c+d\/5))2 dal:z/sc2 (a+btan(c+d\/5))2da:

input Lint(x"2*(a + b*tan(c + d*x~(1/2)))°2,x) J
output Lint(’m*(a + bxtan(c + d*x~(1/2)))°2, x) J
Reduce [F]

/mQ(cH— btan (c—l— d\/E))2 dx

6y tan (yzd + c) b®2® — 15([ /z tan (T d + ¢) zdx) b* + 6( [ tan (v/z d + c) 2°dz) abd + a’d z° -
B 3d

input Lint (x~2*(at+bxtan(c+d*x~(1/2)))"2,x) J

‘(6*sqrt(x)*tan(sqrt(x)*d + c)*b*x2xx*x2 — 165xint (sqrt(x)*tan(sqrt(x)*d + c ‘
\)*x,x)*b**2 + 6*int (tan(sqrt(x)*d + c)*x**2,x)*a*b*xd + a**2xdxx**3 — b**2x*
| Qrx*%3) / (3%d) |

output
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3.32 [ z(a+ btan (c—l—d\/i))z dz

Optimalresult . . . . . .. . . . . .. . . .
Mathematica [A] (verified) . . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . ..

Giac [F] . . . . . o e
Mupad [F(-1)] . . . o
Reduce [F] . . . . o o e

Optimal result

Integrand size = 18, antiderivative size = 274

2232 2x? b2x2

/x(a+btan (c+d\/5))2 de = — + +jabz? — =

d 2 2
6b%z log <1 + ezi(”dﬁ))
2
4abz®? log (1 + e%(c"'dﬁ))
- d
6ib%\/z PolyLog (2, —e2i(c+dﬁ>)

+

3
6tabz PolyLog <2, _e2i(c+dﬁ))
d2
3v? PolyLog (3, _e2i(c+dﬁ)>
d
6ab\/5 PolyLog (3, _ e2i(c+dﬁ)>
3
3iab PolyLog (4, _ezi(c+m)>
p7
2b?z%% tan (c + d\/z)
" d

+

+
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-2%I*b~2%x~(3/2) /d+1/2*%a~2%x"2+I*a*xb*x"2-1/2+%b"2*x~2+6%b~2*x*1n (1+exp (2*I*
(c+d*x~(1/2))))/d"2-4*a*b*x~ (3/2) *1n(1+exp (2*I* (c+d*x~ (1/2)))) /d-6*Ixb~2*x
~(1/2) #*polylog(2,-exp(2*I*(c+d*x~(1/2))))/d"3+6*I*a*xb*x*polylog(2,-exp(2*I
*(c+d*x~(1/2))))/d"2+3*xb"2*polylog(3,-exp (2*I* (c+d*x~(1/2)))) /d~4-6*a*xb*x™
(1/2) *polylog(3,-exp(2*I*(c+d*x~(1/2))))/d"3-3*I*a*b*xpolylog(4,—exp(2*I*(c
+d*x~(1/2))))/d"4+2xb~2*x"~ (3/2) *tan(c+d*x~(1/2))/d

output

Mathematica [A] (verified)

Time = 1.53 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.33

/x(a + btan (c+ d\/a?))2 dx
b<4ibd3:p3/ 2 — 2iad*z? + 6bd%z log (1 + e_zi(”d\/";)) + 6bd2e%*z log <1 + e‘zi(chdﬁ)) — 4ad’z3/? log (Z

N 2b22%/? sec(c) sec (c + dy/z) sin (dv/z)
d

+ %x2 (a® — b* + 2abtan(c))

-

LIntegrate[x*(a + b*Tan[c + d*Sqrt[x]]1)"2,x]

| —

input

(b* ((4*I)*b*d~3*x~(3/2) - (2*I)*a*d~4*x"2 + 6*%bxd~2*x*Log[l + E~((-2*I)*(c
+ d*Sqrt[x]))] + 6%b*d~2+E~((2*I)*c)*x*Log[l + E~((-2*xI)*(c + d*Sqrt([x]))
] - 4%axd~3*x"(3/2)*Log[l + E~((-2*%I)*(c + d*Sqrt[x]))] - 4*axd~3+E~ ((2*I)
*c)*x”(3/2)*Log[1 + E~((-2*I)*(c + d*Sqrt[x]))] - (6*I)*d*(1 + E~((2*I)*c)
)*(-b + a*dxSqrt[x])*Sqrt [x]*PolyLog[2, -E~((-2*I)*(c + d*Sqrt[x]))] + 3*(
1 + ET((2%I)*c))*(b - 2xaxd*Sqrt[x])*PolyLogl[3, -E~((-2*I)*(c + d*Sqrt[x])
)] + (3*I)*axPolyLogl[4, -E~((-2*I)*(c + d*Sqrt[x]))] + (3*I)*a*E~((2+I)*c)
*PolyLog[4, -E~((-2*I)*(c + d*Sqrt[x]1))]1))/(d"4*(1 + E~((2%I)*c))) + (2*b~
2xx~(3/2)*Sec[c]*Sec[c + d*Sqrt([x]]1*Sin[d*Sqrt[x]]1)/d + (x"2x(a"2 - b"2 +
2xa*bxTan[c]))/2

output




input L

output

CHAPTER 3. LISTING OF INTEGRALS 233

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.03,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w(a + btan (c+ d\/E))2 dx
l 4234
2/w3/2(a+btan (c+dva))’ dvz
| 3042
2/:1:3/2(a + btan (c+ d\/E))2 dvz
l 4205
2/ <x3/2a2 + 2bz%/% tan (c+dvz)a+ b2z%/2 tan? (c+ dx/E)) dvz

l 2009

3iabzx PolyLog (2, —e2i(ctdVm)

+

a2g?  3iabPolyLog (4, —e%(c*dﬁ)) 3aby/z PolyLog (3, —e2i<c+dﬁ))
S 24 - B

Int[x*(a + b*Tan[c + d*Sqrt[x]])~2,x]

/2*(((—I)*b‘2*x"(3/2))/d + (a"2*%x"2)/4 + (I/2)*axb*x~2 - (b~2*x"2)/4 + (3%b

~2*xxLog[1 + E"((2*I)*(c + d*Sqrt[x]))])/d"2 - (2%a*bxx~(3/2)*Logl[1 + E~((
2xI)*(c + d*Sqrt[x]1))]1)/d - ((3*I)*b~2*Sqrt[x]*PolylLogl[2, -E~((2*I)*(c + 4
*Sqrt [x]1))1)/d"3 + ((3*I)*axb*x*PolyLogl[2, -E~((2*I)*(c + d*Sqrt[x]))]1)/da"
2 + (3*b~2xPolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))])/(2+¥d"4) - (3xaxb*Sqrtl[x
1*PolyLog[3, -E~((2*I)*(c + d*Sqrt[x]))]1)/d~3 - (((3*I)/2)*a*b*PolyLog[4,
-E~((2*I)*(c + d*Sqrt[x]))]1)/d"4 + (b~2*x~(3/2)*Tan[c + d*Sqrt[x]]1)/d)

d2
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 Int[((c_-) + (d_-)*(x_))A(m_-)*((a_) + (b_.)*tan[(e_.) + (f_,)*(x_)])“(n__)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4234 TRt LG "m_)*((a_.) + (b_.)*Tan[(c_.) + (d_)*(x)"()1)"(p_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~

p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Maple [F]

/x(a—l—btan (c+dva)) de

inputLint(x*(a+b*tan(c+d*XA(1/2)))“2,x)

outputLint(x*(a+b*tan(c+d*xh(1/2)))”2,x)

Fricas [F]

/m(a—l—btan (c+d\/5))2 dx = / (btan (d\/E+c) +a,)2zdx

input integrate (x*(atbxtan(c+d*x~(1/2)))~2,x, algorithm="fricas")
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‘integral(b“2*x*tan(d*sqrt(x) + c)72 + 2%axbxxxtan(d*sqrt(x) + c) + a”2xx,

® J

output

Sympy [F]

/x(a+btan (c—l—d\/i))2 dx=/ac(a—|—btan (c+d\/§))2 dx

input Lintegrate (x* (atbkxtan (c+d*x**(1/2)) ) **2,x) J

outputL:[m"egr"ﬂ‘(X*(a + bxtan(c + d*sqrt(x)))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1290 vs. 2(218) = 436.

Time = 0.22 (sec) , antiderivative size = 1290, normalized size of antiderivative = 4.71

/x(a + btan (c+ d\/o_c))2 dz = Too large to display

input Lintegrate (x* (atb*tan(c+d*x~(1/2)))"2,x, algorithm="maxima")




output
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1/2%((d*sqrt (x) + c)~4%a”2 - 4*(d*sqrt(x) + c)~3%a"2*c + 6*(d*sqrt(x) + c)
"2%a”2%c”2 - 4*x(d*sqrt(x) + c)*a"2xc”3 - 8*axbxc”3*log(sec(d*sqrt(x) + c))
- 4% (12+Ix(d*sqrt(x) + c)*b~2#c”~3 - 3x(2*a*b + Ixb~2)*(d*sqrt(x) + c)~4 +
12x(2*axb + I*b~2)*(d*sqrt(x) + c)~3*c - 18*(2xa*xb + I*b~2)*(d*sqrt(x) +
C)7"2%c”2 + 24xb72%c”3 + 4*(8*(d*sqrt(x) + c)"3%a*xb - 9*%b"2%kc"2 - 9k (2*axb*
c + b"2)x(d*sqrt(x) + c)~2 + 18*(a*b*c™2 + b~2*c)*(d*sqrt(x) + c) + (8x(d*
sqrt(x) + c) " 3*a*b — 9xb"2xc”2 - 9*(2xa*bxc + b~2)*(d*sqrt(x) + c)~2 + 18%
(a*xb*c™2 + b~2*c)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2xc) - (-8*Ix(d*sqrt(
X) + c)73xa*xb + 9*Ixb~2%c”2 + 9k (2*Ixaxb*c + Ixb~2)*(d*sqrt(x) + c)~2 + 18
*(-Ixa*b*xc™2 - I*b~2xc)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2xc))*arctan2(s
in(2xd*sqrt(x) + 2%c), cos(2*d*sqrt(x) + 2%c) + 1) - 3*((2%axb + I*b~2)*(d
*sqrt(x) + c)"4 - 4*%(2%b"2 + (2xaxb + Ixb~2)*c)*(d*sqrt(x) + c)~3 + 6%(4xb
“2%c + (2*%axb + I*b"2)*c”2)*(d*sqrt(x) + c)~2 + 4*(-I*b~2%c"3 - 6*xb~2xc”2)
*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2*c) - 12k (4*(d*sqrt(x) + c) 2*axb + 3
*xaxb*c™2 + 3*%b”2xc - 3% (2%axbxc + b"2)*(d*sqrt(x) + c) + (4*(d*sqrt(x) + c
) "2%axb + 3%axb*c”2 + 3*%b~2%c - 3*(2*axbxc + b~2)*(d*sqrt(x) + c))*cos(2xd
*sqrt(x) + 2xc) + (4*xIx(d*sqrt(x) + c) 2xa*b + 3xI*axb*c™2 + 3*I*b~2*c + 3
* (-2*I*axbxc — I*b~2)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*dilog(-e~(2
*I*xd*sqrt(x) + 2*Ixc)) - 2% (8*Ix(d*sqrt(x) + c) 3*axb - 9*xI*b~2*c~2 + 9% (-
2%I*kaxbkxc - I*b~2)*(d*sqrt(x) + c)~2 + 18%(Ixa*bxc~2 + I*b~2%c)*(d*sqrt...

Giac [F]

/w(a-l—btan (c+d\/3_:))2 dr = / (btan (d\/E-f—c) +a)2zda:

inputt

integrate (x*(atb*tan(c+d*x~(1/2)))~2,x, algorithm="giac")

-

outputt

integrate((b*tan(d*sqrt(x) + c) + a)~2*x, x)

| —
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Mupad [F(-1)]

Timed out.
[0+ ban e+ ava))* do = [ (ot branie + dva) e
inputtint(x*(a + bxtan(c + dxx~(1/2)))2,%) J
outputtint(x*(a + bxtan(c + d*x~(1/2)))"2, x) J
Reduce [F]
/z(a-l—btan (c+d\/5))2 dx
_ 4y tan (yzd+c) bz — 6( [ v/z tan (o d + c) dz) b® + 4( [ tan (vz d + ¢) zdx) abd 4 a’d2* — b*d
- 2d
inputLint(x*(a+b*tan(c+d*x*(1/2)))A2,x) J

t‘ (4*xsqrt (x)*tan(sqrt(x)*d + c)*b**2*x - 6xint(sqrt(x)*tan(sqrt(x)*d + c),x) ‘
\*b**2 + 4xint (tan(sqrt(x)*d + c)*x,x)*axb*xd + a**x2kdxx**2 — b¥*2xd*x**2) /( \
| 2%d) |

outpu




output

CHAPTER 3. LISTING OF INTEGRALS

238

3.33 [ (a+ btan (c—l—d\/i))2 dz

Optimal result . . . . . . . . .. . . . . . e
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . . . .
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .....

Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...

Giac [F] . . . . o o e
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o e

Optimal result

Integrand size = 16, antiderivative size = 119

4aby/z log (1 + e2i(0+d\/5)>

/ (a+btan (c+ d\/E))2 dz = o’z + 2iabr — b’z —
N 2b log (cos (¢ + dv/z))

a2
2iab PolyLog <2, —ezi(c+dﬁ)>
+ -
N 2b%\/z tan (c + d\/x)
d

d

29)
2391
239
241]
241]
2411
242
243
249
243!

‘a“2*x+2*I*a*b*x-b“2*x-4*a*b*x“(1/2)*1n(1+exp(2*I*(c+d*x“(1/2))))/d+2*b“2*1
‘n(cos(c+d*x“(1/2)))/d”2+2*I*a*b*polylog(2,-exp(2*I*(c+d*x“(1/2))))/d“2+2*b

"2*x“(1/2)*tan(c+d*x“(1/2))/d




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 253 vs. 2(119) = 238.

Time = 4.44 (sec) , antiderivative size = 253, normalized size of antiderivative = 2.13

/ (a+btan (c+ dva))® da

sec(c) (—2ab cos(c) (id\/i(w + 2arctan(cot(c))) + mlog (1 + e~%4V®) + 2(dy/z — arctan(cot(c))) log (

t

Integrate[(a + b*Tan[c + d*Sqrt([x]])~2,x] J

~

(Sec[c]*(-2*axb*Cos [c]*(I*d*Sqrt [x]*(Pi + 2*ArcTan[Cot[c]]) + PixLog[l + E
~((-2*I)*d*Sqrt[x])] + 2*(d*Sqrt[x] - ArcTan[Cot[c]l])*Logl[l - E~((2*I)*(d*
Sqrt[x] - ArcTan[Cot[c]]))] - Pi*Logl[Cos[d*Sqrt([x]]] + 2*ArcTan[Cot[c]]*Lo
gl[Sin[d*Sqrt[x] - ArcTan[Cot[c]]]] - I*PolyLogl[2, E~((2*I)*(d*Sqrt[x] - Ar
cTan[Cot[c]]1))]) - (2*a*b*xd~2*x*Sqrt[Csc[c]~2]*Sin[c])/E~ (I*ArcTan[Cot[c]]
) + d”2*x*x((a”2 - b"2)*Cos[c] + 2*a*b*Sin[c]) + 2*b~2*(Cos[c]*Log[Cos[c +
d*Sqrt[x]]] + d*Sqrt[x]*Sin[c]) + 2¥b~2*d*Sqrt[x]*Sec[c + d*Sqrt[x]]*Sin[d
*Sqrt [x]]1))/d"2

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.04,

number of rules _ 950, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4226, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ btan (c+d\/5))2 dx

l 4226

2/\/E(a—|—btan (c+d\/5))2d\/5
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l 3042
Z/ﬁ(a + btan (c—l— d\/E))2 dvz
l 4205
2/ (Vza® + 2by/ztan (c + dv/z) a + b2z tan? (c + dy/z)) dv/z
l 2009
2, iabPolyLog (2, —e2(c+dva) 2aby/z log (1 + eictdva) 2 2
o & 4 ( )_ ( )+iabx+blog(cos(c+d\/5))+b\/5
2 d? d d2
input LInt [(a + b*Tan[c + d*Sqrt[x]]1)~2,x] J

t‘2*((a‘2*x)/2 + Ixaxbxx - (b"2*x)/2 - (2*a*bxSqrt[x]*Log[l + E~((2*I)*(c + \
‘d*Sqrt [x]1))1)/d + (b~2xLog[Cos[c + d*Sqrt[x]]1]1)/d~2 + (I*axb*PolyLogl[2, -E ‘
“((2%I)*(c + d*Sqrt[x1))1)/d~2 + (b 2xSqrt[x]*Tan[c + d*Sqrt[x11)/d) |

outpu

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

. ]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x]

N\ J

rule 4205 TELCCe_) + (A )*G) @ )*((a) + (b_)wtanl(e ) + (E_)*GIOD @_)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x], ‘
\ x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O] \

rule 4226‘Int[((a_.) + (b_.)*Tan[(c_.) + (d_)*(x_)"(_)1)"(p_.), x_Symbol] :> Simp[1 ‘
‘/n Subst[Int[x"(1/n - 1)*(a + b*Tan[c + d*x])~p, x], x, x"n], x] /; FreeQ ‘
L[{a, b, c, d, p}, x] && IGtQ[1/n, 0] && IntegerQ[p] J
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Maple [F|
/ (a+btan (c+ d\/E))2 dz
inputLint((a+b*tan(c+d*xA(1/2)))AQ,X) J
output 186 ((a+brtan(crdex”(1/2)))72,%) |

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.65

/ (a+btan (c+ dva))® da
2 2 goNg2,. - . (2 (i tan(dv/z+c)—1) . . (2(—itan(dy/z+c)—1) °
~ 2b%d/z tan (dy/z + c) + (a® — b*)d*x zabL12< wm(avatatin T 1) + zabL12< wnavargta T 1
= 7
inputtintegrate((a+b*tan(c+d*x"(1/2)))"2,x, algorithm="fricas") J

(2#%b~2*d*sqrt (x) *tan(d*sqrt(x) + c) + (2”2 - b"2)*d"2*x - I*a*b*dilog(2*(I

*xtan(d*sqrt(x) + c) - 1)/(tan(d*sqrt(x) + c)~2 + 1) + 1) + Ixaxb*dilog(2*(

-Ixtan(d*sqrt(x) + c) - 1)/(tan(d*sqrt(x) + c)72 + 1) + 1) - (2xa*bxd*sqrt

(x) - b™2)*log(-2*(Ixtan(d*sqrt(x) + c) - 1)/(tan(d*sqrt(x) + c)~2 + 1)) -
(2*axb*d*sqrt(x) - b~2)*log(-2x(-Ixtan(d*sqrt(x) + c) - 1)/(tan(d*sqrt(x)
+c)”2 + 1)))/d"2

output

Sympy [F]

/(a+btan (c—l—d\/i))2 d:c=/(a+btan (c+d\/5))2 dx

input integrate ((a+b¥tan (c+d*x**(1/2)))*%*2,x)
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Output‘Integral((a + bxtan(c + d¥sqrt(x)))**2, x)

input

output

t

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 497 vs. 2(98) = 196.

Time = 0.30 (sec) , antiderivative size = 497, normalized size of antiderivative = 4.18

/ (a+btan (c+ d\/E))2 dr = a’z

4b*d\/z + 4 (abcos (2dv/z + 2¢) + iabsin (2dy/z + 2¢) + ab) arctan (sin (2dy/z — 2¢) , cos (2dy/:

_|_

integrate((atb*tan(c+d*x~(1/2)))~2,x, algorithm="maxima")

-

N

a~2*x + (4*b~2*d*sqrt(x) + 4*(axb*cos(2*d*sqrt(x) + 2xc) + Ixa*bxsin(2*d*s
qrt(x) + 2*c) + axb)*arctan2(sin(2*d*sqrt(x) - 2*c), cos(2xd*sqrt(x) - 2*c
) + 1)*arctan2(sin(d*sqrt(x)), cos(d*sqrt(x))) - 2*(I*axb*cos(2*d*sqrt(x)
+ 2xc) - axbxsin(2*xd*sqrt(x) + 2xc) + Ixa*b)*arctan2(sin(d*sqrt(x)), cos(d
*sqrt (x)))*log(cos (2xd*sqrt(x) - 2%c)~2 + sin(2xd*sqrt(x) - 2%c)~2 + 2xcos
(2%d*sqrt(x) - 2%c) + 1) - ((2xa*b - I*b~2)*d"2*cos(2*d*sqrt(x) + 2*c) - (
-2%I*axb - b72)*d"2*sin(2*d*sqrt(x) + 2%c) + (2xa*b - Ixb~2)*d"2)*x + 2x(b
~2%cos (2xd*sqrt(x) + 2xc) + Ix*b"2xsin(2*d*sqrt(x) + 2*c) + b~2)*arctan2(si
n(2xd*sqrt(x)) + sin(2*c), cos(2xd*sqrt(x)) + cos(2*xc)) - 2*(axb*cos(2*d*s
qrt(x) + 2%c) + Ixaxb*sin(2*d*sqrt(x) + 2*c) + axb)*dilog(-e~ (2*I*d*sqrt(x
) - 2%Ixc)) + (-I*b"2xcos(2*d*sqrt(x) + 2%c) + b~2*sin(2*d*sqrt(x) + 2%*c)
- Ixb~2)*1log(cos(2*d*sqrt(x))~2 + 2*cos(2*d*sqrt(x))*cos(2*c) + cos(2*c) "2
+ sin(2*d*sqrt(x))~2 + 2*sin(2*d*sqrt(x))*sin(2*c) + sin(2*c)~2))/(-I*d"2
*xcos (2+¢d*sqrt (x) + 2xc) + d"2*sin(2xd*sqrt(x) + 2*c) - I*d~2)
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Giac [F]

/(a—l—btan (c+dvz))” dxz/(btan (dvT +c) +a)’do

inputLintegrate((a+b*tan(c+d*x’"(1/2)))"2,x, algorithm="giac") J

OutputLintegrate((b*tan(d*sqrt(x) +c) +a)"2, x) J

Mupad [F(-1)]

Timed out.
/ (a+btan (c+dvz))* de = / (a+btan(c+d /7))’ do
inputtint((a + bxtan(c + d*x~(1/2)))72,x) J
OutputLint((a + bxtan(c + d*x~(1/2)))"2, x) J
Reduce [F]
/ (a+btan (c+ d\/E))z dx
2v/z tan (vzd + c) b?d +2([ tan (vz d + c) dz) abd® — log(tan (Vzd+ 0)2 + 1) B 4 a2dPz — bRdPa
input Lint ((atb¥tan(c+d*x(1/2)))72,x) J
Output‘ (2*sqrt (x) *tan(sqrt (x)*d + c)*b**2%d + 2kint(tan(sqrt(x)*d + c),x)*axbkd** ‘

12 - log(tan(sqrt(x)*d + C)*42 + 1)*b*2 + ak#2kd+2kx — DRA2KAHA24X)/d¥42
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3.34 f (a—l—btan(c—l—d\/a_:))2 dr

T
Optimal result . . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . 247
Rubi [N/A] .« . o 245
Maple [N/A] . . .
Fricas [N/A] . . . . . o 246
Sympy [N/A] . . o 2461
Maxima [N/A] . . . 247
Giac [N/A] . . . o 247l
Mupad [N/A] . . . o o 248]
Reduce [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

T T

/ (a + btan (c + dy/z)) dr = I:ut((a-l_btan (C"‘dﬁ))z,w)

output Defer (Int) ((a+brtan(ctdrx™(1/2)))"2/x,x) ]

Mathematica [N/A]
Not integrable

Time = 124.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/(a+btan (c+d\/§))2dx=/ (a+ btan (c+ dy/z))

4 T

input LIntegrate [(a + b*Tan[c + d*Sqrt[x]])"2/x,x] J

e

Integrate[(a + b*Tan[c + d*Sqrt[x]])~2/x, x]

~—

output t
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+btan (c+ d\/;E))2
dx
x
| 4238
/ (a+btan (c+ d\/E))2
dx
x
input LInt [(a + b*Tan[c + d*Sqrt[x]])~2/x,x] J
output L$Aborted J

rule 4238 ‘

Defintions of rubi rules used

Int[(x_ )" (m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol ‘
] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n]l)"p, x] /; FreeQ[{a, b, c, 4, m, ‘
n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 1.68 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a + btan (c + d\/i))de

T
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input Lint((a+b*tan(c+d*x“(1/2) ))"2/x,%) J

output Lint ((atb*tan(c+d*x~(1/2)))"2/x,x) J

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

dz

/(a+btan (c+d\/§))2 dac:/ (btan (d\/§+c)+a)2

z T

inputLintegrate((a+b*tan(c+d*x‘(1/2)))‘2/x,x, algorithm="fricas") J

output tintegral((bﬁ2*tan(d*sqrt(x) + ¢)~2 + 2*axbxtan(d*sqrt(x) + c) + a~2)/x, x) J

Sympy [N/A]
Not integrable

Time = 7.56 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/(a+btan(c+d\/5))2 dx:/ (a + btan (c—i—d\/i))zd

x
z T

input tintegrate ((a+bxtan(c+d*x**(1/2)))**2/x,x) J

output LIntegral((a + bxtan(c + d*sqrt(x)))**2/x, x) J
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Maxima [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 298, normalized size of antiderivative = 14.90

/(a—l—btan (c+d\/§))2 dxz/ (btan (d\/i+c)+a)2 i

T T

input‘integrate((a+b*tan(c+d*x“(1/2)))"2/x,x, algorithm="maxima")

(4%b~2*sqrt (x) *sin(2*d*sqrt(x) + 2*c) + (d*cos(2xd*sqrt(x) + 2xc)~2 + d*si
n(2*xd*sqrt(x) + 2%c)~2 + 2*kd*cos(2*d*sqrt(x) + 2%c) + d)*x*integrate (2% (2
axb*d*x*sin (2*d*sqrt(x) + 2*c) + b~ 2*sqrt(x)*sin(2*d*sqrt(x) + 2*c))/((d*c
os(2*d*sqrt(x) + 2%c)”2 + dxsin(2*d*sqrt(x) + 2*c)”2 + 2xd*cos(2xd*sqrt(x)
+ 2%c) + d)*x72), x) + ((a"2 - b~2)*d*cos(2xd*sqrt(x) + 2*c)"2 + (3”2 - b
~2) *d*sin(2xd*sqrt (x) + 2%c)”2 + 2x(a”2 - b~2)*d*cos(2xd*sqrt(x) + 2%c) +

(a™2 - b~2)*d)*x*log(x))/((d*cos(2+d*sqrt(x) + 2%c)”2 + d*sin(2xd*sqrt(x)

+ 2%c)”2 + 2xdxcos(2*d*sqrt(x) + 2xc) + d)*x)

output

Giac [N/A]
Not integrable

Time = 0.76 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/(a—l—btan (c—l—d\/f))2 dx=/ (btan (d\/i—l—c)—l—a)2 i

T T

input‘integrate((a+b*tan(c+d*x“(1/2)))“2/x,x, algorithm="giac")

-

outputLintegrate((b*tan(d*sqrt(x) + c) + a)~2/x, x)

| —
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Mupad [N/A]
Not integrable

Time = 9.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/(a—l—btan (c+d\/§))2 dxz/ (a+btan(c—|—d\/5))2 i

T T

input‘int((a + bxtan(c + d*x~(1/2)))"2/x,x)

outpudint“a + bxtan(c + d*x~(1/2)))"2/x, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.15

Z T

+2</ ten (vzd+c) d:c) ab + log(x) a?

/ (a + btan (c+dyz))* o (/ tan (\/Ed+c)2dx> 2

X

inputLint((a+b*tan(c+d*XA(1/2)))“2/x,x)

Output‘int(tan(sqrt(x)*d + c)**2/x,x)*b**2 + 2xint(tan(sqrt(x)*d + c)/x,x)*a*b +
‘log(x)*a**2
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3.35 f (a+b tan(c—l—d\/a_:))2 dr

2
Optimal result . . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . 249
Rubi [N/A] . . . 2501
Maple [N/A] . . . 2501
Fricas [N/A] . . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . 252
Giac [N/A] . . . o 2521
Mupad [N/A] . . . o o 2531
Reduce [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

2 2

/ (a + btan (c + dy/z)) dr = I:ut((a-l_btan (C"‘dﬁ))z,w)

output Defer (Int) ((a+bxtan(ctdrx™(1/2)))"2/x"2,%) ]

Mathematica [N/A]
Not integrable

Time = 18.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/(a+btan (c+d\/§))2dx=/ (a+ btan (c+ dy/z))

x2 2

mmdm“y“d@+b”mk+d%qﬂﬂh7&vm] J

e

Integrate[(a + bxTan[c + d*Sqrt[x]])~2/x"2, x]

~—

output t
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+btan (c+ d\/;E))2
/ 3 dz
x
| 4238
(a+btan (c+ d\/E))2
/ 3 dz
x
inputtlnt[(a + b*Tan[c + d*Sqrt[x]1]1)~2/x"2,x] J
output L$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x~n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 2.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a+btan (c+ dy/x))

2

2
dz
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inputLint((a+b*tan(c+d*x*(1/2)))*2/x~2’x)

output Lint ((a+b*tan(c+d*x~(1/2)))72/x72,%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

dz

/(a+btan (c+d\/§))2 dx:/ (btan (d\/i+c)+a)2

x2 72

input Lintegrate ((a+b*tan(c+d*x~(1/2)))"2/x"2,x, algorithm="fricas")

p
Output‘ integral ((b~2*tan(d*sqrt(x) + c)~2 + 2*axbxtan(d*sqrt(x) + c) + a”2)/x"2,
©

Sympy [N/A]
Not integrable

Time = 1.63 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dz

/(a"'btan(C'i‘d\/E))Q dx:/ (a+btan (c+d\/§))2

x2 72

input tintegrate ((a+b*tan (c+d*x**(1/2))) **2/x**2,x)

output LIntegral((a + b¥tan(c + d*sqrt(x)))**2/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 300, normalized size of antiderivative = 15.00

/(a—l—btan (c+d\/§))2 dxz/ (btan (d\/i+c)+a)2 i

x2 2

‘integrate((a+b*tan(c+d*x“(1/2)))“2/x“2,x, algorithm="maxima")

input
output ((d*cos(2*d*sqrt(x) + 2*c)~2 + d*sin(2*d*sqrt(x) + 2*c)~2 + 2*d*cos(2*d*sq
rt(x) + 2xc) + d)*x"2*xintegrate(2*(2*a*b*d*x*sin(2*d*sqrt(x) + 2%c) + 3%b~
2xsqrt (x) *sin(2*d*sqrt (x) + 2*c))/((d*cos(2*d*sqrt(x) + 2*c)~2 + d*sin(2*d
*sqrt(x) + 2*c)~2 + 2+d*cos(2xd*sqrt(x) + 2*c) + d)*x"3), x) + 4*b~2*sqrt(
x)*sin(2+d*sqrt(x) + 2xc) - ((a"2 - b~2)*d*cos(2xd*sqrt(x) + 2*c)~2 + (a~2
- b72)*d*sin(2*d*sqrt(x) + 2%c)”2 + 2x(a”2 - b"2)*d*cos(2xd*sqrt(x) + 2*c
) + (272 - b"2)*d)*x)/((d*cos(2xd*sqrt(x) + 2%c)"2 + d*sin(2xd*sqrt(x) + 2
*C) "2 + 2*d*cos(2xd*sqrt(x) + 2%c) + d)*x"2)
Giac [N/A]
Not integrable
Time = 0.77 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
(a+ btan (c—l—d\/f))2 (btan (dy/z + c) —I—a)2
5 dr = 5 dz
x x
input‘integrate((a+b*tan(c+d*x“(1/2)))“2/x”2,x, algorithm="giac")

-

outputLintegrate((b*tan(d*sqrt(x) + ¢c) + a)~2/x72, x)

| —
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Mupad [N/A]
Not integrable

Time = 9.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

x2 72

/(a—l—btan(c+d\/§))2 dx:/ (a+btan(c—|—d\/5))2

input 10t((a + brtan(c + dxx™(1/2)))72/x2,%)

output 1Bt((a + brtan(c + dx™(1/2)))72/x"2, x) J
Reduce [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.40
tan (v/z d+c)> tan(v/z d+c
(a+btan (c+d\/5))2 <f %dx) b2x+2<f—( - )dx> abr — a?
/ z? dz = -
input Lint ((a+b*tan(c+d*x~(1/2)))"2/x"2,x) J

Output‘ (int (tan(sqrt(x)*d + c)**2/x**2,x)*b**2%x + 2xint(tan(sqrt(x)*d + c)/x**2, ‘
‘X)*a*b*x - a*x2)/x ‘
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3
T

3.36 f a+btan(c+dy/z) dz

Optimal result . . . . . . . . . . .. 254
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 256
Maple [F] . . . o o 269
Fricas [F] . . . . . . 270
Sympy [F] . . . 2701
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... 2701
Giac [F] . . . o o
Mupad [F(-1)] . . . o 272
Reduce [F] . . . . . 2721

Optimal result

Integrand size = 20, antiderivative size = 460

2%z7/2 log (1 +

(a2+62) e2i(ct+dva)
(a+1b)?

)

/ 3 i — zt N
a+btan (c+ dy/z) x_4(a+ib)

7ibz? PolyLog (2, _

(a2 + b%)d

(a2+b2) e2i(ctdva)

(a+1b)?

)

+

21b2°/2 PolyLog <3, -

(a2 + b%) 2

(a+ib)?

(a2 +b2)62i(c+dﬁ)

)

_|_

105ibz2 PolyLog (4, —

(a2 + 02) d®

(a+1ib)2?

(a2+b2)e2i(c+d\/5)

)

105b23/2 PolyLog <5, -

2(a® + 2) d*

(a+ib)?

(a2+b2)e2i(c+dﬁ) )

315ibz PolyLog (6, .

(a2 + b%) d°

(a+ib)?

(a2+b2) e2i(ctdva)

)

315by/z PolyLog (7, _

2 (a2 + b?) d°

(a+ib)?

(a2+b2)e2i(c+d\/5)

)

+

+

2(a2+ 00 d"

315ib PolyLog (8, _(a24hR)eRilerave)

(a+ib)?

)

4(a® + b2) 8



output

N

input |

output
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x4/ (4*%a+4*I%b) +2xbxx~ (7/2) *1n(1+(a~2+b~2) *exp (2*I* (c+d*x~(1/2)) )/ (a+I*b) "~
2)/(a~2+b"2) /d-7T*I*b*x"3*polylog(2,-(a~2+b~2) xexp (2*I* (c+d*x~(1/2))) / (a+I*
b)~2)/(a"2+b"2) /d"2+21*xb*x~ (5/2) *polylog(3,-(a~2+b~2) *exp (2*I* (c+d*x~ (1/2)
))/(a+I*b)~2)/(a"2+b"2)/d~3+105/2*I*b*x~2*polylog(4,-(a~2+b~2) *exp (2*I* (c+
d*x~(1/2)))/(a+I*b)~2)/(a"2+b"2) /d"4-105*b*x~ (3/2) *polylog(5,-(a~2+b~2) *ex
p(2*Ix(c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b~2) /d"5-315/2*I*b*x*polylog(6,-(a~2+
b~2) *exp (2*I*(c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b~2) /d"6+315/2*b*x~ (1/2) *polyl
0g(7,-(a~2+b~2) *exp (2*I* (c+d*x~(1/2)) )/ (a+I*b)~2) /(a"2+b"2) /d"7+315/4*I*b*
polylog(8,-(a~2+b~2) *exp(2*I* (c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b~2)/d"8

Mathematica [A] (verified)

Time = 1.42 (sec) , antiderivative size = 401, normalized size of antiderivative = 0.87

3 p
/a—l—btan(c—l—d\/f) ’

Ye—2i(c+dva)

ad®z* + ibd®z* + 8bd"z7/? log (1 + M) + 28ibd% 23 PolyLog <2, (Ca—ib —

a—1ib

) + 84bdSz:

Integrate[x~3/(a + b*Tan[c + d*Sqrt[x]]),x]

(axd~8%x~4 + I*b*d"8xx"4 + 8xbxd~T7*x~(7/2)*Logl[l + (a + I*b)/((a - I*b)*E”
((2xI)*(c + d*Sqrt[x])))] + (28*I)*bxd~6*x"3*PolyLog[2, (-a - I*b)/((a - I
*b)*E~((2*I)*(c + d*Sqrt[x])))] + 84xb*d~5*x~(5/2)*PolyLog[3, (-a - Ix*b)/(
(a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] - (210%I)*b*d~4*x~2*PolyLogl[4, (-a -
Ixb)/((a - Ixb)*E~((2*I)*(c + d*Sqrt[x])))] - 420%b*d~3*x~(3/2)*PolyLogl[5
, (ma - I*b)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] + (630*I)*b*d~2*x*Poly
Logl6, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] + 630*b*d*Sqrt [x]
*PolyLog[7, (-a - I*b)/((a - Ixb)*E~((2%I)*(c + d*Sqrt[x])))] - (315%I)*bx
PolyLog[8, (-a - I*b)/((a - Ixb)*E~((2*I)*(c + d*Sqrt[x]1)))]1)/(4*(a"2 + b~

2)*d"8)
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Rubi [A] (verified)

Time = 1.98 (sec) , antiderivative size = 474, normalized size of antiderivative = 1.03,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 555 Ryles
integrand size

used = {4234, 3042, 4215, 2620, 3011, 7163, 7163, 7163, 7163, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
[ asemt
dz
a+ btan (c+ dy/x)
l 4234
£7/2
2 d
/a—i—btan (c+d\/5) Ve
l 3042
£7/2
2 d
/a+btan (¢ +dy/x) Ve
l 4215
e2i(ct+dy/T) 5,7/2 i
2( 2ib ge T
( ' / (a +1b)? + (a2 + b2) e2i(ct+dv) vz + 8(a + ib)
l 2620
) 2i(etdva) (o2 b? . 24 p2 2i(c+d/x)
, 7Zf:1;3 log (w + 1> dvz iz?/2 log <1 + %) y
21 24 _
Z 2d (a* + %) 2d (a? + 1?) T8+ iv)
l 3011
iz? PolyLog <2’_W> 3ifx5/2 PolyLog <2’_W>dﬁ
73 _
2d d iz7/? log <1 4 (a2+b2
21| 2ib -
i 2d (a2 + b2) TR

l 7163
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- (a2+b2)e2i(c+dﬁ) ' (a2+b2)e2i(c+d

5i [ 22 PolyLog (3,— ez dyz  izd/2 PolyLog SY_W
) 3 -
a24b2) 2t (ctdvT) 2d 2d
. iz PolyLog <2’_((2+ib)2
7 2d - d
2| 2ib
2d (a? + b?)

l 7163
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a2 +p2)e2i(ctdva) a2 +52) 2
2i [ 23/2 PolyLog (4,— ((24——%)2 dyZ 2 PolyLog | 4,— (7@)&“’)
51 d - 2d
3i 5d
) a24p2) 2t (ctdvT)
) Z(L‘3 PolyLog <2,— %
7 2d - d
2| 2ib
2d (a? + b2)

l 7163



CHAPTER 3.

LISTING OF INTEGRALS

259

2| 23

7

31

2,32) 2i(ct+dvz)
a“+b“ )e
iz3 PolyLog <2,— H)

(a+ib)2

5%

(a2+b2)62i(c+dﬁ) 8/
3i [z PolyLog| 5,— (atib)? dy/z iz PolyLog| 5,—

2 2d - 2d

(a2+b2) e
(at

2d

2d

2d (a? + b?)
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l 7163
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7

i3 PolyLog <2,—

(a2+b2) o2i(c+dv)
(a+ib)2

)

31

54

21

i [ v/z PolyLog (6,—

(a2+b2) o2i(c+d/x)

(o2 +2)

) dy/z iz PolyLog (6,— (
a

(a+ib)2

3% a

2d

2d

2d
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l 7163
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(a2+b2
(

(a2+b2)e2i(c+d\/5)
i [ PolyLog| 7,— —o dv/z iy/x PolyLog| 7,—
‘ (a+1ib)

@ 2d 2d

3% a

21

2d

5%

31
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l 92720
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(a2+b2) o2i(ct+d/x)

(a+ib)2 ) /& PolyL, (7 -
2i(c+d T yLog| 7,
i / Ve acto+dve) _

4d?

PolyLog (7,—

31

21

2d

5%

31
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l 7143
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31

5%

21

3%

i

PolyLog (8, -

(a2+b2)82i(c+dﬁ)) P g(7 (a2+52) 2(c
— iy/z PolyLo; y—_——— ——

(a+ib)2 (a+ib)2

4d? 2d

2d
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input\lnt[x”B/(a + bxTan[c + d*Sqrt[x]]),x]

2x(x~4/(8x(a + Ixb)) + (2*%I)*bx(((-1/2*xI)*x~(7/2)*Logl[l + ((a"2 + b~2)*E"(
(2+¢I)*(c + d*Sqrt[x])))/(a + I*¥b)~2])/((a"2 + b™2)*xd) + (((7*I)/2)*(((1/2)
*x~3*%PolyLog[2, -(((a”2 + b"2)*E~((2*I)*(c + d*Sqrt[x])))/(a + I*b)~2)])/d
- ((3*I)*(((-1/2*I)*x~(5/2)*PolyLog[3, -(((a"2 + b~2)*E~((2*I)*(c + d*Sqr
tlx])))/(a + I*b)~2)1)/d + (((5%I)/2)*(((-1/2%I)*x"2*PolyLog[4, -(((a"2 +
b~2)*E~((2*I)*(c + d*Sqrt[x]1)))/(a + I*b)~2)1)/d + ((2*I)*(((-1/2*I)*x"(3/
2)*PolyLog[5, -(((a”2 + b~2)*E~((2*I)*(c + d*Sqrt[x])))/(a + I*b)~2)]1)/d +

(((3%I)/2)*(((-1/2%I)*x*PolyLog[6, -(((a”2 + b"2)*E~((2*I)*(c + d*Sqrt[x]
)))/(a + I¥b)~2)1)/d + (I*(((-1/2*I)*Sqrt[x]*PolyLog[7, -(((a”2 + b~2)*E~(
(2+%I)*(c + d*Sqrt[x])))/(a + I*b)"2)]1)/d + PolyLogl[8, -(((a"2 + b~2)*E~((2
*D)*(c + d*xSqrt[x])))/(a + I*b)~2)]1/(4*d~2)))/d))/d))/d))/d))/d))/((a~2 +
b~2)*d)))

output

Defintions of rubi rules used

rule 2620 IntLCCEF ) ((g_ ) *x((e_) + (£_)*(x2)))) " (_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))~n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]
Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 IntLogll + (e_)*((F)"((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x)))"n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]
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rule 3042 Int [u_, x_Symbol] :> Int[DeactivateTrig[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(xx_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E~Simp[2*I*(e + f*x), x]/((a + I*b)"2 + (a2 + b~2)*E~Simp[2
*Ix(e + f*x), x1)), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 + b"2
» 0] && IGtQ[m, O]

rule 4215

Int[(x_ )" (m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

rule 4234

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7143

Int[(Ce_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_)))) "~ (p_.)], x_Symbol]l :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Logl[F])) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

rule 7163

Maple [F]

3 q
/a—l—btan(c—l—d\/i) *

input Lint (x~3/ (atb*tan(c+d*x~(1/2))) ,x)

output ‘ int (x~3/ (a+b*tan(c+d*x~(1/2))),x)
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Fricas [F]

3

/ v dx—/ i dz
a+btan (c+dyz)  J btan(dyz+c) +a

input Lintegrate (x~3/(atb*tan(c+d*x~(1/2))) ,x, algorithm="fricas")

Output\integral(x“s/ (bxtan(d*sqrt(x) + c) + a), x)

Sympy [F]

3

/ v dx—/ i dz
a+btan (c+dyz) ) a+btan(c+dya)

input Lintegrate (x**3/ (a+bxtan (c+d*x**(1/2))) ,x)

Output‘ Integral (x**3/(a + bxtan(c + d*sqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1133 vs. 2(383) = 766.

Time = 0.34 (sec) , antiderivative size = 1133, normalized size of antiderivative = 2.46

dxz = Too large to display

$3
/ a + btan (c+ d\/z)

input tintegrate (x~3/(atb*tan(c+d*x~(1/2))) ,x, algorithm="maxima")
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output

-1/420% (420* (2% (d*sqrt(x) + c)*a/(a”2 + b"2) + 2*bxlog(b*tan(d*sqrt(x) + c
) + a)/(a”2 + b™2) - bxlog(tan(d*sqrt(x) + c)”2 + 1)/(a"2 + b72))*c"7 - (1
05* (d*sqrt(x) + c)~8x(a - Ixb) - 840*(d*sqrt(x) + c)~7*x(a - I*b)*c + 2940%
(d*sqrt(x) + c)~6*x(a - I*b)*c~2 - 5880*(d*sqrt(x) + c)~5*%(a - I*b)*c"3 + 7
350*(d*sqrt(x) + c)~4x(a - I*b)*c”™4 - 5880*(d*sqrt(x) + c)~3x(a - I*b)*c”5
+ 2940 (d*sqrt(x) + c)"2x(a — I*b)*c”6 - 8*(960*I*(d*sqrt(x) + c)~7*b - 3
920*I*(d*sqrt(x) + c) 6%bkc + 7056*I*(d*sqrt(x) + c) 5*b*c~2 - 7350%I*(d*s
grt(x) + c)"4xbxc”3 + 4900*I*(d*sqrt(x) + c) 3*b*c™4 - 2205*I*(d*sqrt(x) +
c)"2%b*c”5 + 735*Ix(d*sqrt(x) + c)*b*c”6)*arctan2((2*a*b*cos(2*xd*sqrt (x)
+ 2%c) - (272 - b"2)*sin(2*d*sqrt(x) + 2xc))/(a"2 + b~2), (2*a*b*sin(2*d*s
grt(x) + 2%c) + a”2 + b™2 + (a2 - b~2)*cos(2*d*sqrt(x) + 2%c))/(a”2 + b~2
)) - 420*%(64*I*(d*sqrt(x) + c) 6%b - 224*I*(d*sqrt(x) + c) Bkbxc + 336xI*(
d*sqrt(x) + c) 4xb*c”2 - 280*I*(d*sqrt(x) + c) 3*bxc™3 + 140*I*(d*sqrt(x)
+ c)"2xb*c”4 - 42xIx(d*sqrt(x) + c)*b*c”5 + 7*I*b*c~6)*dilog((I*a + b)*e~(
2xIxd*sqrt(x) + 2*Ixc)/(-I*a + b)) + 4*x(960*(d*sqrt(x) + c)~7*b - 3920*(d*
sqrt(x) + c) 6*bxc + 7056+*(d*sqrt(x) + c) 5*b*c”2 - 7350*(d*sqrt(x) + c)~4
*b*c~3 + 4900* (d*sqrt(x) + c) 3*bxc™4 - 2205*(d*sqrt(x) + c) " 2*b*c~5 + 735
*(d*sqrt(x) + c)*bxc”6)*log(((a~2 + b~2)*cos(2*d*sqrt(x) + 2%c)~2 + 4*a*bx
sin(2*d*sqrt(x) + 2*c) + (a”2 + b~2)*sin(2*d*sqrt(x) + 2*c)”2 + a™2 + b~2
+ 2%(a”2 - b"2)*cos(2*d*sqrt(x) + 2*c))/(a”2 + b~2)) + 302400*I*b*polyl...

-

inputt

Giac [F]
/ v dr = / z dz
a+btan (c+ dy/z) B btan (dyz +¢c) +a
integrate(x~3/(at+b*tan(c+d*x~(1/2))) ,x, algorithm="giac")

~—

outputt

integrate(x~3/(b*tan(d*sqrt(x) + c) + a), x)
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Mupad [F(-1)]
Timed out.

3

/ v dz / d dz
a+btan(c+dyz)  J a+btan(c+dy/7)

input tint (x~3/(a + bxtan(c + d*x~(1/2))),x)

output Lint(x‘s/(a + bxtan(c + d*x~(1/2))), x)

Reduce [F]

z3 p 3 p
/a—i—btan(c—l—d\/i) x_/tan(\/id+c)b+a v

input Lint (x~3/ (at+b*tan(c+d*x~(1/2))),x)

output Lint (x**3/(tan(sqrt(x)*d + c)*b + a),x)
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2
T

3.37 f a+btan(c+dy/z) dz

Optimal result . . . . . . . . . . .. 273
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 274
Maple [F] . . . o o 284
Fricas [F] . . . . . .
Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ...
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . 287l

Optimal result

Integrand size = 20, antiderivative size = 344

/ = do= >
a+btan (c+ dy/z) x_3(a+ib)

(a2 + b%)d

5ibz? PolyLog (2, _
B (a2 + b2) 42
a24b2) 2 (c+dva)
1062/ PolyLog <3, —%)
(a® +b%) &3
. a2+-b2)e2i(ctdva)
15z PolyLog (4, —%)
(a® +b?) d*
a24b2) e2i(c+dva)
~ 15b4/z PolyLog <5, —%)
(a2 +b?) d°
X a2+b2)e2i(ctdva)
~ 15¢b PolyLog (6, —%)
2 (a2 + b?) d°

(a2+b2) e2i(ctdva)
(a+1b)? )

+

_|_




CHAPTER 3. LISTING OF INTEGRALS 274

x73/ (3*a+3*I*b) +2%bxx~ (5/2) *1n(1+(a~2+b~2) *exp (2*I* (c+d*x~(1/2)) )/ (a+I*b) "
2)/(a~2+b"2) /d-5*I*b*x~2*polylog(2,-(a~2+b~2) xexp (2*I* (c+d*x~(1/2))) / (a+I*
b)~2)/(a"2+b~2) /d"2+10*b*x~ (3/2) *polylog(3,-(a~2+b~2) *exp (2*I* (c+d*x~ (1/2)
))/(a+I*b)~2)/(a"2+b"2)/d~3+15*I*b*x*polylog(4,-(a~2+b~2) *exp (2*I* (c+d*x" (
1/2)))/(a+I*b)~2)/(a~2+b"2)/d"4-15%b*x~(1/2)*polylog(5,-(a~2+b~2) *exp (2*Ix*
(c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b~2) /d~5-15/2*I*b*polylog(6,-(a~2+b~2) *exp(
2%k (c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b~2)/d"6

output

Mathematica [A] (verified)

Time = 1.10 (sec) , antiderivative size = 308, normalized size of antiderivative = 0.90

de‘
a + btan (C + dﬁ)
—2i(c+dv/x)

2ad8z? + 2ibd®z? + 12bd525/? log (1 | (atib)e Jo—2il(c+aya)

a—1ib

) + 30ibd*a? PolyLog (2, (a—ib ) + 60b

a—1ib

e

LIntegrate [x~2/(a + b*Tan[c + d*Sqrt([x]]),x]

|

input

(2xa*d~6*x~3 + (2*I)*bxd~6*x~3 + 12xbxd~5*x~(5/2)*Log[l + (a + I*b)/((a -
Ixb)*E~((2*xI)*(c + d*Sqrt[x]1)))] + (30+I)*b*d~4*x"2%PolyLog[2, (-a - I*b)/
((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] + 60%bxd~3*x~(3/2)*PolyLogl[3, (-a -
Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] - (90%I)*bxd~2*x*PolyLogl[4, (
-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] - 90*bxd*Sqrt [x]*PolyLogl[
5, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] + (45%I)*b*PolyLogl6,
(-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))])/(6%x(a"2 + b~2)*d"6)

output

Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 360, normalized size of antiderivative = 1.05,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size — 0.500, Rules

used = {4234, 3042, 4215, 2620, 3011, 7163, 7163, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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[ vt
dx
a+btan (c+ dy/x)
| 4234
5/2
2 d
/a—l-btan (c+dy/z) Ve
| 3042
£5/2
2 d
/a+btan (c+dy/z) Ve
l 4215
e2i(ctdv/z) 15/2 23
2| 2¢b d A
( z / (a+ib)? + (a2 + b2) €% (c+dva) Vet 6(a + ib)
| 2620
. 2i(c+dvT) (42 1 p2 . 2 42\ 28(edyE)
5i [ z%log (e(a+ib()z+b) + 1> dvz  ia®?log <1 n %) B
2| 2¢b _
i 2d (a2 + b?) 2d (a® + b?) + 6(a+ )
| 3011
02442 ) e2i(c+dv/a) 22 (e 4dvE)
i Polytos <2,_ : 2+b2+2z‘b)2+ ) 2i [ x3/2 PolyLog (2,— ( 2+bjl)l+2ib)2+ )dﬁ
5% 2d - d ix5/2 log <1 n (a2+b(2)
a
i 2d (a® + b?) a 2d (a2 + b2

l 7163
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a2 402) e2i(c+dva) a24b2) 26 (c+d
3i [ z PolyLog (3,— %27) dv/z iz3/2 PolyLog (3,— %27\/
) 29 —
a24b2) 2t (ctdvT) 2d 2d
) Z’Zz POlyLOg <2’_((2+’Lb)2
o 2d - d
2| 2ib
2d (a2 + b?)

l 7163
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(a2+b2)ezz(c+d\/5) a2+b2)e2i(c+d
i [ v/ PolyLog 4,—W dv/z iz PolyLog AL_W
31 d - 2d
2 5d
) a24p2) 2t (ctdvT)
) Z(L‘2 PolyLog <2,— %
5/L 2d - d
2| 2ib
2d (a? + b2)

l 7163



CHAPTER 3. LISTING OF INTEGRALS 278

(a2+b2)e2i(c+

(a2+b2)62i(c+dﬁ)
dv/xz iy/z PolyLog| 5,— (atib)2

i [ PolyLog (5,— (a+ib)2

g 2d 2d

3i 4

2

2d

2,32) 2i(ct+dvz)
. _ (a +b )e
iz“ PolyLog <2, BT a—

51 5d —

2| 2i
ib 2d (a2 + b2)
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l 92720
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() ierava) oy
PolyLog 5,——.2 a”+b’
i (o) go2i(c+aya) /e Polylog 5’_( (
. /z ‘

2 142 - 2d

3i

2

2d

2,32) 2i(ct+dvz)
.9 _ (a +b )e
T PolyLog(Z, T

51 5d —

2| 2 2d (a? + b?)
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l 7143
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1 (a2+b2)62i(c+dﬁ) ‘ 1 (a2+b2)e2i(c+dﬁ)
PolyLog 6,—W i/ PolyLog 5,—W

i 142 - 2d

3i a

2

2d

2,32) 2i(ct+dvz)
.o _ (a +b )e
iz“ PolyLog <2, T

51 5d —

2| 2
i 2d (a2 + b2)
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input\lnt[x”2/(a + bxTan[c + d*Sqrt[x]]),x]

2% (x73/(6%(a + Ixb)) + (2xI)*b*(((-1/2*I)*x~(5/2)*Logl[1 + ((a~2 + b~2)*E~(
(2%I)*(c + d*Sqrt[x])))/(a + Ixb)"2])/((a"2 + b~2)*xd) + (((5xI)/2)*(((1/2)
*x~2%PolyLog[2, -(((a”2 + b™2)*E~((2*I)*(c + d*Sqrt[x])))/(a + I*b)~2)])/d
- ((2*I)*(((-1/2*I)*x~(3/2)*PolyLog[3, -(((a”2 + b~2)*E~((2*xI)*(c + d*Sqr
tx1)))/(a + I*b)~2)])/d + (((3*I)/2)*(((-1/2%I)*x*PolyLogl[4, -(((a"2 + b~
2)*E~((2*¢I)*(c + d*Sqrt[x])))/(a + I*b)~2)1)/d + (I*(((-1/2*%I)*Sqrt[x]*Pol
yLog[5, -(((a~2 + b™2)*E~((2*I)*(c + d*Sqrt[x])))/(a + Ixb)~2)]1)/d + PolyL
ogl6, -(((a~2 + b~2)*E~((2*I)*(c + d*Sqrt[x])))/(a + I*b)~2)]1/(4*d"2)))/d)
)/d))/d))/((a~2 + b~2)*d)))

output

Defintions of rubi rules used

rule 2620 TRtLCCED~((g_ ) *((e ) + (£_)*(x))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQm*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 IntlLogll + (e_)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_)1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4215

rule 4234

rule 7143

rule 7163

input

output
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Int[((c_.) + (A_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) "m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

Int[(x_)~(m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p> x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +

1)/n], 0] && IntegerQ[p]

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol]l :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]

Maple [F]

x? p
/a—l—btan(c-l—d\/i) v

Lint (x~2/ (at+b*tan(c+d*x~(1/2))),x)

-

Lint (x~2/ (at+b*tan(c+d*x~(1/2))),x)

-/
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Fricas [F]

2

/ i dx—/ i dz
a+btan (c+dyz)  J btan(dyz+c) +a

input Lintegrate (x~2/ (atb*tan(c+d*x~(1/2))) ,x, algorithm="fricas")

Output\integral(x“z/ (bxtan(d*sqrt(x) + c) + a), x)

Sympy [F]

2

/ i dx—/ i dz
a+btan (c+dyz) ) a+btan(c+dya)

input Lintegrate (x**2/ (a+bxtan (c+d*x**(1/2))) ,x)

Output‘ Integral (x**2/(a + bxtan(c + d*sqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 813 vs. 2(289) = 578.

Time = 0.27 (sec) , antiderivative size = 813, normalized size of antiderivative = 2.36

dxz = Too large to display

$2
/ a + btan (c+ d\/z)

input tintegrate (x~2/ (a+b*tan(c+d*x~(1/2))) ,x, algorithm="maxima")




output

input

output
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-1/15%(156%(2x (d*sqrt (x) + c)*a/(a”2 + b~2) + 2*b*log(b*tan(d*sqrt(x) + c)
+ a)/(a”2 + b™2) - bxlog(tan(d*sqrt(x) + c)"2 + 1)/(a"2 + b~2))*c™5 - (5*(
d*sqrt(x) + c)~6x(a - I*b) - 30*(d*sqrt(x) + c)~5x(a - Ixb)*c + 75*(d*sqrt
(x) + c)"4x(a - I*b)*c”2 - 100*(d*sqrt(x) + c)~3*(a - I*b)*c~3 + 75%(d*sqr
t(x) + c)"2x(a - I*b)*c™4 - 2%(48*%Ix(d*sqrt(x) + c)~5xb - 150*Ix*(d*sqrt(x)
+ c)"4xb*c + 200*I*(d*sqrt(x) + c) 3*b*c”2 - 150*I*(d*sqrt(x) + c) " 2xb*c”
3 + 75*Ix(d*sqrt(x) + c)*bxc~4)*arctan2((2*a*b*cos(2*d*sqrt(x) + 2*c) - (a
"2 - b"2)*sin(2*d*sqrt(x) + 2*c))/(a”2 + b~2), (2*a*b*sin(2*d*sqrt(x) + 2%
c) +a”2 + b™2 + (2”2 - b"2)*cos(2xd*sqrt(x) + 2xc))/(a”2 + b~2)) - 15%(16
*I*(d*sqrt(x) + c)~4xb - 40*I*(d*sqrt(x) + c) 3*b*c + 40*I*(d*sqrt(x) + c)
“2*%b*c”2 - 20%Ix(d*sqrt(x) + c)*bxc”3 + b*xIxbxc~4)*dilog((I*a + b)*e” (2*Ix
d*sqrt(x) + 2%Ixc)/(-I*a + b)) + (48x(d*sqrt(x) + c) 5*b - 150*(d*sqrt(x)
+ c)"4xb*c + 200*(d*sqrt(x) + c) " 3*b*c”2 - 150*(d*sqrt(x) + c) 2xb*c”3 + 7
B5x(d*sqrt(x) + c)*bxc~4)*log(((a”2 + b~2)*cos(2*d*sqrt(x) + 2%c)~2 + 4xa*b
*sin(2*%d*sqrt(x) + 2*c) + (272 + b"2)*sin(2*d*sqrt(x) + 2*c)”2 + a2 + b™2
+ 2%(a”2 - b72)*cos(2*d*sqrt(x) + 2*c))/(a”2 + b~2)) - 360*I*b*polylog(6,
(I*a + b)*e~(2*I*d*sqrt(x) + 2xI*c)/(-I*a + b)) - 90*(8x(d*sqrt(x) + c)*b
- bxb*c)*polylog(5, (I*a + b)*e”(2*I*d*sqrt(x) + 2xI*xc)/(-I*a + b)) - 60%
(-12%I*(d*sqrt(x) + c)”2%b + 15*Ix(d*sqrt(x) + c)*b*c - 5xI*b*c~2)*polylog
(4, (I*a + b)*e~(2*Ixd*sqrt(x) + 2xIxc)/(-I*a + b)) + 30*(16x(d*sqrt(x)...

Giac [F]

2

/ i dr = / i dz
a+btan (c+ dy/z) B btan (dyz +¢c) +a

-

Lintegrate(x“2/(a+b*tan(c+d*x“(1/2))),x, algorithm="giac")

~—

integrate(x~2/(b*tan(d*sqrt(x) + c) + a), x)

N
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Mupad [F(-1)]
Timed out.

2

/ 2 dz / d dz
a+btan(c+dyz)  J a+btan(c+dy/7)

input tint (x~2/(a + b*tan(c + d*x~(1/2))),x)

output Lint(x‘z/(a + bxtan(c + d*x~(1/2))), x)

Reduce [F]

z? p z? p
/a—i—btan(c—l—d\/i) x_/tan(\/id+c)b+a v

input Lint (x~2/ (at+b*tan(c+d*x~(1/2))) ,x)

output Lint (x**2/ (tan(sqrt(x)*d + c)*b + a),x)




output

CHAPTER 3. LISTING OF INTEGRALS

288

L dx

3.38 f a+btan(c+dy/z)

Optimalresult . . ... ... ... ... ... ... .....
Mathematica [A] (verified) . . . . . . . ... ... ...
Rubi [A] (verified) . . . .. ... .. ... ..o L
Maple [F] . . . . . o
Fricas [F] . . . . . . . .
Sympy [F] . . . ..
Maxima [B] (verification not implemented) . . . . . . . ... ..
Giac [F] . . . . . o
Mupad [F(-1)] . . . . o o
Reduce [F] . . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 234

2

/ ¢ dz = -~ +
a+btan(c+dyz)  2(a+ib)
3ibz PolyLog (2, —

(a2 +b?)d
(a2+b2)e2i(c+d\/5)

+

(a2 + b%) &2

3b+/z PolyLog (3, _(a2gpr)eicrive)

_|_

(a2 + b2) &8
3ib PolyLog (4, _ (a2p?)erilerave)

2 (a® 1 ?) d*

283
2891
2891
291
2941
2941
2941
299)
2901
296

x"2/ (2*a+2*Ixb) +2xbxx~ (3/2) *1n(1+(a"2+b~2) xexp (2*I* (c+d*x~(1/2)) )/ (a+I*b)~
2)/(a”~2+b~2) /d-3*I*b*x*polylog(2,-(a~2+b~2) xexp (2*I* (c+d*x~(1/2)) )/ (a+I*Db)
~2)/(a"2+b~2) /d"2+3*bxx~ (1/2) *polylog(3,-(a~2+b~2) xexp (2*I* (c+d*x~(1/2)))/
(a+I*b)"2)/(a~2+b"2)/d"3+3/2*I*b*polylog(4,-(a~2+b~2) *exp (2*I* (c+d*x~ (1/2)

))/(a+I*b)~2)/(a"2+b"2)/d~4
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Mathematica [A] (verified)

Time = 0.94 (sec) , antiderivative size = 213, normalized size of antiderivative = 0.91

x
dx
/ a+ btan (c+ dy/z)
ad*z? + ibdie? + 4bd®z3/ log (1 n (a+ib)ea__2;()c+d\/5)> + 6ibd2z PolyLog <2, (—a_ib)s::;(c+d\/5)> + 6bd\/Z P
- 2 (a2 + b?) d*
input LIntegrate [x/(a + b*Tan[c + d*Sqrt[x]1),x] J
output | (FFATX2 + Ixbrd™44x"2 + 4xbrd”34x"(3/2)*Log1 + (a + I¥b)/((a - Ixb)+E"

((2*¢I)*(c + d*Sqrt([x])))] + (6xI)*bxd~2*x*PolyLogl[2, (-a - I*b)/((a - I*b)
*E~((2*I)*(c + d*Sqrt[x])))] + 6*bxd*Sqrt[x]*PolyLogl[3, (-a - I*b)/((a - I
*b)*E~((2*I)*(c + d*Sqrt[x])))] - (3*I)*bxPolyLogl[4, (-a - I*b)/((a - I*b)
*E~((2%I)*(c + d*Sqrt[x])))]1)/(2%(a”2 + b~2)*d"4)

Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.05,

number of steps used = 9, number of rules used = 8, number of rules _ 0.444, Rules
integrand size

used = {4234, 3042, 4215, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ d dx
a+btan (c+ dy/x)
l 4234

£3/2
2 d
/a+btan(c+d\/5) vz

l 3042

232
2 d
/a—l—btan(c-i—d\/i) vz
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| 4215
2i(c+dy/z) ,3/2 72
2( 24 : AT+ ——
< Z / (a + )2 + (a? + b2) e?(c+dva) ve 4(a + ib)
| 2620
. 2i(ct+dvE) (424 p2 . 24 p2) p2i(ct+dvz)
3i [zlog (W + 1> dyz iz3/?log (1 + %) 22
21 2tb —
' 24 (a% + 1?) 24 (a® + 1?) * iat )
| 3011
02452 g2 (c+dvT) 02452 e2¢(c+dv)
N iz PolyLog <2,—(+b(2+ib)2> i [ +/z PolyLog <2,—(+b(2+ib)2>d\/i
] - 2 p2) 2%
2 I iz®/%log (1 + +b(a)iib
2| 2ib -
! 2d (a2 + b?) 2d (a? + b?)
7163
(a2+b2)62i(c+d\/5) (a2+b2)e2i(c+d\/5)
i [ PolyLog 3,—W dy/xz iy/z PolyLog 3,—W
(a2+b2)e2i(c+dﬁ) g 2d - 2d
' iz PolyLog <2’_(a+ib)2>
3 2d - d
2| 2ib
! 2d (a2 + b?%)

l 2720
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(a2+b2)e2i(c+d\/5) .
PolyLog| 3,— (a+ib)2 ] a2+b2)e2z(c+n
17 e ge2i(ctdyE) i+/z PolyLog 3,—W
¢ 442 - 2d
) (a2+b2)ezi(c+dﬁ)
. iz PolyLog 2,—W
3t od — p
21 2ib
2d (a? + b?)
l 7143
(a2+b2)e2i(c+d\/5) . (a2+b2)82i(c+d\/a?)
PolyLog 4,_W i+/z PolyLog 3,—W
a2+b2)e2i(c+dﬁ) ¢ 242 - 2d
. iz PolyLog <2,— W)
31 5d — -
2| 2:b N

2d (a? + b?)

-

LInt [x/(a + b*Tan[c + d*Sqrt[x]]),x]

~—

input
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2x(x"2/(4x(a + Ixb)) + (2*I)*bkx(((-1/2*I)*x~(3/2)*Log[1l + ((a"2 + b"2)*E~(
(2%I)*(c + d*Sqrt[x])))/(a + Ixb)~2])/((a"2 + b™2)*d) + (((3*I)/2)*(((1/2)
*x*¥PolyLog[2, -(((a"2 + b"2)*E~((2*I)*(c + d*Sqrt[x])))/(a + I*xb)~2)]1)/d -

(I*(((-1/2*I)*Sqrt[x]*PolyLogl[3, -(((a"2 + b~2)*E~((2*I)*(c + d*Sqrt[x]))
)/(a + I*b)~2)]1)/d + PolyLogl[4, -(((a"2 + b~2)*E~((2*I)*(c + d*Sqrt[x])))/
(a + I¥b)~2)]/(4%d~2)))/d))/((a”2 + b~2)*d)))

output

Defintions of rubi rules used

rule 2620 Int[(C(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, vl], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F_)~((c_)*((a_.) + (b_.)*(x_))))~(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x))) “nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 4215 IRELC(C ) + (d_)*(x))"(m_.)/((a)) + (b_.)#tanl(e_.) + (£_.)*(x)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) "m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 + b~2
, 0] && IGtQ[m, O]

rule 4934 It L)~ @_D*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(a_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +

1)/n], 0] && IntegerQl[p]

rule 7143 Int[POIYLOg[n_’ (C_-)*((a_-) + (b_-)*(X_))A(p_-)]/((d_.) + (e_.)*(X_))s X_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.

rule 7163

)*(X_))))A(p_-)], X_Symbol] > Slmp[(e + f*x)"m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x))) ~pl/(bxc*p*Log[F])), x] - Simp[f*(m/(b*c*p*Log[F]1)) Int[(e + f*x)
“(m - 1)*Polylogln + 1, dx(F~(cx(a + b*x)))7pl, x], x] /; FreeQI{F, a, b, ¢
, d, e, f, n, p}, x] & GtQ[m, 0]

Maple [F]

/ 7 dz
a + btan (c+d\/5)
inputLint(x/(a+b*tan(c+d*x*(1/2))),X)

outputLint(x/(a+b*tan(c+d*xﬁ(1/2))),x)
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Fricas [F]

dz

T T
/a—l—btan(c—l—d\/i) dx_/btan(d\/f—l—c)—i—a

inputLintegrate(x/(a+b*tan(c+d*x“(1/2))),x, algorithm="fricas")

output 1RteETal(x/ (brtan(drsqrt (x) + ¢) + a), ¥)

Sympy [F]

/ d da:z/ ? dz
a+btan (c+ dy/z) a+ btan (c+ dy/z)

input ‘ integrate (x/ (at+b*tan(c+d*x**(1/2))),x)

output LIntegral(x/(a + bxtan(c + d*sqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 555 vs. 2(195) = 390.

Time = 0.26 (sec) , antiderivative size = 555, normalized size of antiderivative = 2.37

xr
dx = Too 1 to displ
/a+btan (c+dyz) = 100 Targe 1o ispiay

input Lintegrate (x/ (a+b*tan(c+d*x~(1/2))) ,x, algorithm="maxima"




output

input

output

input

output
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-1/6% (6% (2x(d*sqrt(x) + c)*a/(a”2 + b~2) + 2+bxlog(b*tan(d*sqrt(x) + c) +
a)/(a”2 + b~2) - bxlog(tan(d*sqrt(x) + c)~2 + 1)/(a"2 + b~2))*c~3 - (3*(d*
sqrt(x) + c)~4x(a - I*b) - 12x(d*sqrt(x) + c)~3x(a - I*b)*c + 18*(d*sqrt(x
) + c)”2x(a - Ixb)*c”2 - 4*x(4*I*(d*sqrt(x) + c)~3*b - 9*I*(d*sqrt(x) + c)~
2xbxc + 9*Ix(d*sqrt(x) + c)*bxc~2)*arctan2((2*axb*cos(2xd*sqrt(x) + 2%c) -

(2”2 - b"2)*sin(2*d*sqrt(x) + 2xc))/(a"2 + b~2), (2%a*b*sin(2*d*sqrt(x) +
2%c) + a”2 + b”2 + (a”2 - b"2)*cos(2*d*sqrt(x) + 2*c))/(a”2 + b~2)) - 6%(
4xT*(d*sqrt(x) + c)~2%b - 6xI*(d*sqrt(x) + c)*b*c + 3*xI*b*c~2)*dilog((Ix*a
+ b)*e” (2xI*xd*sqrt(x) + 2xI*xc)/(-I*a + b)) + 2% (4x(d*sqrt(x) + c)~3*b - 9%
(d*sqrt(x) + c)72xbkc + 9*(d*sqrt(x) + c)*bxc~2)*log(((a”2 + b~2)*cos(2*d*
sqrt(x) + 2%c)~2 + 4*xa*xb*sin(2xd*sqrt(x) + 2*c) + (a”2 + b~2)*sin(2*d*sqrt
(x) + 2%c)72 + a”2 + b™2 + 2%(a”2 - b"2)*cos(2*d*sqrt(x) + 2xc))/(a”2 + b~
2)) + 12xIxbxpolylog(4, (I*a + b)*e” (2xI*d*sqrt(x) + 2*Ixc)/(-Ixa + b)) +
6% (4*(d*sqrt(x) + c)*b - 3x*b*c)*polylog(3, (I*a + b)*e” (2*I*d*sqrt(x) + 2%
Ixc)/(-I*a + b)))/(a"2 + b72))/d"4

Giac [F]

“/1 ? dh:zzjf i dz
a+ btan (c+ dy/z) btan (dv/z +c) +a

Lintegrate(x/(a+b*tan(c+d*x“(1/2))),x, algorithm="giac")

p

Lintegrate(x/(b*tan(d*sqrt(x) +c) +a), x)

~—

Mupad [F(-1)]
Timed out.

T

T
/a—l—btan(c—}—dﬁ) dx_/a+btan(c+d\/5

) dx

Lint(x/(a + b¥tan(c + d*x~(1/2))),x)

\int(x/(a + bxtan(c + d*x~(1/2))), x)
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Reduce [F]

L/Q ° dx==t/n ° dx
a+ btan (c+ d\/z) tan (yzd+c)b+a

inputLint(x/(a+b*tan(C+d*XA(1/2))),x)

output Lint(x/(tan(sqrt(x)*d + c)*b + a),x)
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1

3.39 f a+btan(c+dy/z) dz

Optimalresult . . . . . . . . .. . . 297
Mathematica [A] (verified) . . . . . . . .. ... Lo 297
Rubi [A] (verified) . . . . . . . . . . 298]
Maple [F] . . . . 300
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 300
Sympy [F] . . . 3011
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ...
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 16, antiderivative size = 119

a2+b2)e2i(ctdva)
/ 1 e — T N 2b\/510g (1 + ((a)—i——zb)2>
a+ btan (c+ d\/z) ~a+ib (a® 4+ b?)d
. a2+-b2)e2i(c+dva)
B b POlyLOg (2, —%>
(a2 + 02) &2

‘ x/ (a+I*b)+2%b*x~ (1/2)*1n(1+(a~2+b~2) *exp (2*I* (c+d*x~(1/2)))/(a+Ixb)~2)/(a~ \
‘ 2+b~2) /d-I*b*polylog(2,-(a~2+b"2) *exp (2*I* (c+d*x~(1/2)))/(a+I*b)~2)/(a~2+b ‘
72)/d"2 |

output

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.93

1
d
/a—l—btan (c+dy/z) ’
B (a + ib)d%z + 2bd+\/z log (1 n (a+ib)e(;_2;()c+d\/5)> + ibPolyLog (27 (—a—ib

(a2 + b%) &2

a—1ib

)e—zi(c+d\/5) )
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input‘ Integrate[(a + bxTan[c + d*Sqrt[x]])~(-1),x] ‘

output‘ ((a + I¥b)*d~2*x + 2¥b*d*Sqrt[x]*Logll + (a + Ixb)/((a - I*b)*E~((2*I)*(c ‘
'+ d*Sqrt[x]1)))] + Ixb*Polylogl[2, (-a - I¥b)/((a - I*b)*E~((2#I)*(c + d*Sqr |
Lt[X])))])/((a’? + b~2)*d"2) J

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.11,

number of rules _ 0.375, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {4226, 3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
a+btan (c+ dy/x)
l 4226
\/E
2 d
/a—l—btan (c+d\/5) Ve
| 3042
Jz
2 d
/a+btan (c+dvz) Ve
l 4215
2i(c+d/x)
2( 2ib / ¢ vz AT+ ——
(a +1b)2 + (a2 + b2) e?(c+dva) 2(a + 1b)
l 2620
. 2i(c+dvz) (4241 p2 . 2 32) o2i(c+dv/z)
i [log <ew_ib()°;+b)+1> dv/z zﬁlog(l-l—%) -
2| 20 2d (% + 1) - 2d (% + 57 e+ )

l 92715
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1 <e2z‘(c+d\/5) (a2+02) 1) ( )
. —'274_ 2 12) 2i(ct+dv/z
| g (a:ﬁ) de2i(ctdyz)  iy/zlog (1 + %) z
. xr
9| 2 1B @ TR - 2d (a? + b?) + 2(a + ib)
l 2838
i(ctrdyE i(c dﬁ)
PolyLog <2, —W) iv/zlog <1 + %) z
2| 2| — 1 (@ 1 1) - 2d (a2 + b?) Tt

input‘Int[(a + bxTan[c + d*Sqrt[x]])~(-1),x]

Output}z*(x/(z*(a + I*b)) + (2+I)*b*(((-1/2*I)*Sqrt[x]*Logll + ((a™2 + b2)*E~((2
*I)*(c + dxSqrt[x]1)))/(a + Ixb)~21)/((a™2 + b~2)*d) - PolyLogl[2, -(((a™2 +
| b 2)#E"((2+D)*(c + d*Sqrt[x1)))/(a + Ixb)"2)1/(4*(a™2 + b2)*d"2))) |

Defintions of rubi rules used

rule 2620 TR LCCF)~((go)*((e_) + (F_)*(x2)))) " (_)*((c_) + (d_)*(x))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symboll :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntlLogl(al) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Logllc_.)*((d) + (e_.)*(x.)"(n_.))]1/(x), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

N\ J




CHAPTER 3. LISTING OF INTEGRALS 300

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E"Simp[2*I*(e + fx*x), x]/((a + I*b)"2 + (2”2 + b~2)*E~Simp[2
*Ix(e + f*x), x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 + b~2
» 0] && IGtQ[m, O]

rule 4215

e 4926 ImELC(a_.) + (b_)#Tan[(c_.) + (d_.)*(x))"(@)1)"(p_.), x_Symboll :> Simp[1
‘/n Subst [Int[x~(1/n - 1)*(a + b*Tan[c + d*x])~p, x], x, x"n], x] /; FreeQ ‘
'[{a, b, c, 4, p}, x] & IGtQ[1/n, 0] && Integerd[p] |

Maple [F|
/ ! dz
a + btan (c + d\/i)
input Lint(l/(ai'b*tan(c*'d*x”(1/2))) ,X) J
output 188 (1/ (avbrtan(crdrx™ (1/2))),0) )

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 534 vs. 2(100) = 200.

Time = 0.10 (sec) , antiderivative size = 534, normalized size of antiderivative = 4.49

1
/a+btan (c+dyz) d

(i ab+b?) tan(dv/z+c) 2_@2+iab+ (ia2+ib?) tan(dy/z+c) ) —9bclo < (i ab—b?) tan(dv/z+c) *+a?+iabt (ia
tan (dﬁ+c)2+1 8 tan (dﬁ+c)2+1

2 ad*z — 2bclog (
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input‘integrate(1/(a+b*tan(c+d*x"(1/2))),x, algorithm="fricas")

1/2x(2*a*d~2*x - 2xb*c*log(((I*axb + b~2)*tan(d*sqrt(x) + c)”2 - a”2 + I*xa
*b + (I*a"2 + I*b"2)*tan(d*sqrt(x) + c))/(tan(d*sqrt(x) + c)~2 + 1)) - 2%b
xc*log(((I*xa*b - b~2)*tan(d*sqrt(x) + c)”2 + a”2 + I*axb + (I*a"2 + I*b~2)
*tan(d*sqrt(x) + c))/(tan(d*sqrt(x) + c)"2 + 1)) + I*b*dilog(2*((I*axb - b
~2)*tan(d*sqrt(x) + c)~2 - a™2 - I*axb + (I*a"2 - 2xa*b - I*b~2)*tan(d*sqr
t(x) + ¢))/((a”"2 + b™2)*tan(d*sqrt(x) + c)72 + a2 + b™2) + 1) - Ixb*dilog
(2% ((-I*a*b - b~"2)*tan(d*sqrt(x) + c)"2 - a”2 + Ixa*b + (-I*a"2 - 2%a*b +
Ixb~2)*tan(d*sqrt(x) + c))/((a”2 + b~2)*tan(d*sqrt(x) + c)”2 + a”2 + b~2)
+ 1) + 2% (bxd*sqrt(x) + bxc)*log(-2x((I*a*b - b~2)*tan(d*sqrt(x) + c)"2 -
a”2 - I*axb + (I*a"2 - 2xaxb - Ixb~2)*tan(d*sqrt(x) + c))/((a"2 + b~2)*tan
(d*sqrt(x) + c)72 + a2 + b72)) + 2*k(b*d*sqrt(x) + bxc)*log(-2*((-Ixa*b -
b~2)*tan(d*sqrt(x) + c)”2 - a”2 + Ixa*b + (-I*a"2 - 2%a*b + Ix*b~2)*tan(d*s
qrt(x) + c))/((a”2 + b"2)*tan(d*sqrt(x) + c)”"2 + a”2 + b™2)))/((a"2 + b~2)
*d~2)

output

Sympy [F]

1 1
t/a+%ﬁmﬂc+d¢@(m_i/a+immﬂc+d¢5

) dx

input‘integrate(1/(a+b*tan(c+d*x**(1/2))),x)

-

outputt:[ntegral(l/(a + bxtan(c + dxsqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 264 vs. 2(100) = 200.

| —
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Time = 0.23 (sec) , antiderivative size = 264, normalized size of antiderivative = 2.22

1
/a—i—btan (c+dyz) d

—(a2—b?) si - 2121 (a2 b2
(a i b)d2$ _9 bdﬁ arctan <2abcos(2 dv/z+2 c)a2(—:_1b2 b?) sin(2dv/z+2c) , 2absin(2dy/z+2c)+a :—2b+-ll)—2(a b2) cos(2dy/z+
inputtintegrate(1/(a+b*tan(c+d*x"(1/2))),x, algorithm="maxima") J
output ((a - I*b)*d~2#x - 2*Ixb*d*sqrt(x)*arctan2((2xa*b*cos(2*d*sqrt(x) + 2%c) -
(2”2 - b"2)*sin(2*d*sqrt(x) + 2*c))/(a"2 + b~2), (2*a*b*sin(2*d*sqrt(x) +
2%c) + a”2 + b™2 + (a”2 - b™2)*cos(2*d*sqrt(x) + 2xc))/(a”2 + b~2)) + b*d
*sqrt (x) *log(((a™2 + b~2)*cos(2xd*sqrt(x) + 2%c)~2 + 4xa*b*sin(2xd*sqrt(x)
+ 2xc) + (2”2 + b72)*sin(2*d*sqrt(x) + 2%c)72 + a2 + b™2 + 2%(a"2 - b~2)
xcos (2xd*sqrt(x) + 2%c))/(a"2 + b~2)) - Ixb*dilog((I*a + b)*e” (2*I*d*sqrt(
x) + 2xI*xc)/(-I*a + b)))/((a"2 + b~2)*d"2)
Giac [F]
1 1
L/1 dx==t/1 dz
a+ btan (c+ dy/z) btan (dyz +c¢) +a
inputLintegrate(1/(a+b*tan(c+d*x"(1/2))),x, algorithm="giac") J
OutputLintegrate(1/(b*tan(d*sqrt(x) +c) +a), x) J
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Mupad [F(-1)]

Timed out.

1 1
dr = d
/a+btan(c—|—d\/5) v /a-l—btan(c—i—d\/:?) *

input Lint(l/(a + bxtan(c + d*XA(1/2))),x)

output 186(1/(a + brtan(e + axx"(1/2))), ®)

Reduce [F]

1 1
/a+btan(c+d\/a_v) dm_/tan(ﬁd—kc)b—kadx

input Lint (1/ (at+b*tan(c+d*x~(1/2))) ,x)

output Lint(l/(tan(sqrt(X)*d + c)*b + a),x)




output L

input

output
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1

340 | ohmeaa @

Optimalresult . . . . . . . . .. . . 304
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . o 305]
Maple [N/A] . . . . e
Fricas [N/A] . . . . o 300
Sympy [N/A] . . o 3061
Maxima [N/A] . . . . o
Giac [N/A] . . . e
Mupad [N/A] . . o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/a: (a+btan (c+ dy/x)) dw = Int(z (a+ btan (c+ dy/x)) '

e

)

Defer (Int) (1/x/ (a+b*tan(c+d*x~(1/2))),x)

~—

Mathematica [N/A]

Not integrable

Time = 4.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/m (a+btan (c+dy/z)) de :/x (a+btan (c+dyz))

dz

LIntegrate[l/(x*(a + bxTan[c + d*Sqrt[x]]1)),x]

tIntegrate[l/(x*(a + b*Tan[c + d*Sqrt[x]])), xI]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! dx
x (a + btan (c + dﬁ))
l 4238
/ ! dr
x (a + btan (c + d\/i))
input LInt [1/(x*(a + b*Tan[c + d*Sqrt[x]1)),x] J
OutputL$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.81 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

L d
/m(a+btan(c+d\/5)) !

tnput Lint(1/x/(a+b*tan(c+d*x*(1/2))) ,x) J
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output | 1% (1/x/ (a+brtan (c+dxx”(1/2))) %)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/m(a—l—btan(c—l—d\/i)) dx:/(btan(d\/af—l—c)—|—a)mdﬂc

inputLintegrate(1/X/(a+b*tan(0+d*XA(1/2))),x, algorithm="fricas")

output Lintegral(i/(b*x*tan(d*sqrt(X) + ¢) + axx), x)

Sympy [N/A]
Not integrable

Time = 1.88 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1

1
/z(a—l—btan (c+dyz)) & z/z‘ (a+btan (c+ dy/x)) de

input Lintegrate (1/x/ (a+b*tan (c+d*x**(1/2))) ,x)

output LIntegral(i/(x*(a + bxtan(c + d*sqrt(x)))), x)
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Maxima [N/A]
Not integrable

Time = 0.73 (sec) , antiderivative size = 496, normalized size of antiderivative = 24.80

1 1
/x(a+btan(c+d\/5)) dx:/(btan(d\/i+c)+a)xdx

-

input integrate(1/x/(atbxtan(c+d*x~(1/2))) ,x, algorithm="maxima")

-(2x(a"2%b + b~3)*integrate((a"2*sin(2*d*sqrt(x) + 2*c) - (2xa*b*cos(2x*c)
+ b"2*sin(2%c) ) *cos (2*¢d*sqrt(x)) - (b"2*cos(2*c) - 2*axbxsin(2*c))*sin(2*xd
xsqrt(x)))/((a~4*cos(2xd*sqrt(x) + 2%c)~2 + a~4xsin(2*d*sqrt(x) + 2*c)~2 +
a4 + 2%a"2*%b"2 + b74 + ((4*%a”2*%b"2 + b~4)*cos(2*c)"2 + (4*¥a~2*%b"2 + b~4)
*sin(2%c) "2) *cos(2xd*sqrt(x)) "2 + ((4*a~2xb"2 + b~4)*cos(2*c)~2 + (4*a~2xb
2 + b74)*sin(2*c) "2) *sin(2*d*sqrt(x)) "2 - 2*x((a”2*%b"2 + b~4)*cos(2xc) - 2
*(a"3xb + a*b~3)*sin(2*c))*cos(2kd*sqrt(x)) + 2x(a"4 + a~2*b"2 - (a"2%b"2x%
cos(2%c) - 2*a~3*b*sin(2xc))*cos(2xd*sqrt(x)) + (2xa”~3xbxcos(2*c) + a~2%b~
2+sin(2xc))*sin(2*d*sqrt (x)))*cos (2*d*sqrt(x) + 2xc) + 2x(2x(a~3*b + axb~3
)*xcos(2%c) + (a”2%b~2 + b~4)*sin(2%c))*sin(2xd*sqrt(x)) - 2*((2*a~3*b*cos(
2%c) + a”2xb"2*sin(2%c))*cos(2*d*sqrt(x)) + (a"2*%b~2*cos(2*c) - 2*a~3xbx*si
n(2*c))*sin(2xd*sqrt (x))) *sin(2xd*sqrt(x) + 2*c))*x), x) - a*log(x))/(a"2

+ b~2)

output

Giac [N/A]
Not integrable

Time = 0.52 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

1
/m(a—l—btan(c—l—d\/i)) dx:/(btan(d\/gf—l—c)—|—a)xdﬂc

inputLintegrate(l/X/(a+b*tan(c+d*x‘(1/2))),x, algorithm="giac")

Output‘integrate(l/((b*tan(d*sqrt(x) + ¢c) + a)*x), x)
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Mupad [N/A]
Not integrable

Time = 9.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/x(a—l—btan(c-{-d\/i)) dx_/x (a+btan (c+d/z)) d

input Lint(i/(x*(a + bxtan(c + d*x~(1/2)))),x)

output | 181/ Gex(a + brtan(c + dxx"(1/2)))), %)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1 1
/m (a—l—btan (c—l—d\/i)) de =/tan (\/Ed+c) bx—l—awdﬂc

input Lint (1/x/ (a+b*tan(c+d*x~(1/2))) ,x)

OutputLint(i/(tan(sqrt(x)*d + c)*b*x + a*x),x)




output

input

output
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1

3.41 f z?(a+btan(c+dy/z)) dz

Optimalresult . . . . . . . . .. . . 309
Mathematica [N/A] . . . . . ... 309
Rubi [N/A] . . o BI0)
Maple [N/A] . . . . e 310
Fricas [N/A] . . . . o B11]
Sympy [N/A] . . o B111
Maxima [N/A] . . . . o
Giac [N/A] . . . e
Mupad [N/A] . . . o 313
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/x2 (a+btan(c—|—d\/§)) dx=Int<z2 (a-l-btan (C—I—d\/i))’m

)

-

LDefer (Int) (1/x"2/ (a+b*tan(c+d*x~(1/2))),x)

e—

Mathematica [N/A]
Not integrable

Time = 4.76 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/x2 (a+btan (c+dy/x)) do = / z? (a+btan (c+ dy/x))

dz

LIntegrate [1/(x"2x(a + bxTan[c + d*Sqrt([x]])),x]

tIntegrate [1/(x"2*(a + b*Tan[c + d*Sqrt(x]])), xI]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1
dx
z? (a+ btan (c+ dy/z))
l 4238
/ 1
dx
z? (a+ btan (c+ dy/z))
input LInt [1/(x"2%(a + b*Tan[c + d*Sqrt[x]])),x] J
OutputL$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.74 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

L d
/x2 (a+btan (c+ dy/x)) v

input Lint(1/x"2/(a+b*tan(c+d*x"(1/2))) ) J
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output Lint(l/ x"2/ (a+bxtan(c+d*x~(1/2))) ,%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1 1
/:v2 (a+btan (c+dy/x)) dx_/(btan(dﬁ+c)+a)x2d$

input Lintegrate (1/x72/ (at+b*tan(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(i/(b*x‘2*tan(d*sqrt (x) + c) + a*x"2), x)

Sympy [N/A]
Not integrable

Time = 1.99 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/mQ (a—l—btan(c—l—d\/i)) dx_/x2 (a+btan(c+d\/5)) dx

input Lintegrate (1/x*x2/ (a+b*tan (c+d*x**(1/2))) ,x)

output Llntegral(i/(x**%(a + bxtan(c + d*sqrt(x)))), x)
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Maxima [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 496, normalized size of antiderivative = 24.80

/f 1 dx::%/“ 1
22 (a+ btan (c+ dy/z)) (btan (dyz +c) + a)z?

dz

)
integrate(1/x"2/ (a+bxtan(c+d*x~(1/2))),x, algorithm="maxima")

N\

input

-(2x(a"2%b + b~3)*x*integrate((a~2*sin(2xd*sqrt(x) + 2%c) - (2¥a*b*cos(2+*c
) + b"2xsin(2*c))*cos(2xd*sqrt(x)) - (b"2xcos(2*c) - 2xaxb*sin(2%c))*sin(2
xd*sqrt(x)))/((a"4*cos(2*d*sqrt(x) + 2*%c)~2 + a~4*sin(2*d*sqrt(x) + 2%c)”2
+ a”4 + 2¥a"2*%b"2 + b74 + ((4*xa”2*%b"2 + b~4)*cos(2*c) "2 + (4*¥a~2*b"2 + b~
4)*sin(2%c) "2) *cos (2*d*sqrt(x)) "2 + ((4*%a"2*b~2 + b~4)*cos(2*c)~2 + (4*a~2
*b”"2 + b~4)*sin(2%c) "2)*sin(2*d*sqrt(x)) "2 - 2*x((a"2*xb"2 + b~4)*cos(2*c) -
2%(a"3%b + axb~3)*sin(2*c))*cos(2xd*sqrt(x)) + 2*(a”4 + a~2*xb"2 - (a~2*b~
2%cos(2xc) - 2¥a~3*bxsin(2*c))*cos(2xd*sqrt(x)) + (2*a~3*b*cos(2*c) + a~2x
b~2*sin(2*c))*sin(2*d*sqrt (x))) *cos (2*d*sqrt (x) + 2xc) + 2x(2x(a"3*b + axb
~3)*cos(2*c) + (a”2*%b"2 + b~4)*sin(2*c))*sin(2*d*sqrt(x)) - 2*((2*a~3*b*co
s(2xc) + a~2+%b"2*xsin(2*c))*cos(2kd*sqrt(x)) + (a"2*b~2xcos(2xc) - 2¥a”3*bx
8in(2%c) ) *sin(2*d*sqrt (x)) ) *sin(2*d*sqrt(x) + 2*c))*x"2), x) + a)/((a"2 +
b~2) *x)

output

Giac [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 o 1
/x2 (a—l—btan(c—l—d\/i)) x_/(btan(dﬁ—l—c)—l—a)x?

dz

input Lintegrate (1/x~2/ (atb*tan(c+d*x~(1/2))),x, algorithm="giac "

output‘integrate(l/((b*tan(d*sqrt(X) + c) + a)*x"2), x)
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Mupad [N/A]
Not integrable

Time = 9.62 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/mz(a—i—btan(c-i-d\/i)) dx:/ﬂ (a+btan (c+d+/z)) dz

inputtint(i/(x‘Q*(a + bxtan(c + d*x~(1/2)))),x)

output Lint(l/(x“2*(a + bxtan(c + d*x~(1/2)))), x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/m2 (a—l—btan (c—l—d\/E)) do = / tan (\/Ed—kc) b2 —l—axde

input Lint (1/x~2/ (a+b*tan (c+d*x~(1/2))) ,x)

output Lint(i/(tan(sqrt(}i)*d + C)*bkx*%2 + akx*%2),x)
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314

2

z s dx

3.42 f (a+btan(c+dy/T))

Optimalresult . . . .. .. ... ... ... . ... .. ....
Mathematica [A] (warning: unable to verify) . . . . ... ... ..
Rubi [A] (verified) . . . ... ... . ... ...
Maple [F] . . . . . o o
Fricas [F] . . . . . . . . .

Sympy [F] . . . .o
Maxima [B] (verification not implemented) . . . . . . .. ... ..

Giac [F] . . . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . . . .

Optimal result

Integrand size = 20, antiderivative size = 1147

/ (a+btan (c+ dy/x))

5 dr = Too large to display

216
01
319
319
319
220
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30*I*b~2*x~(1/2) *polylog(4,-(a-I*b)*exp (2*I*(c+d*x~(1/2)))/(a+I*b))/(a~2+b
~2)72/d"5+4%b"2%x"(56/2) / (a+I*b) /(I*a+b) ~2/d/ (I*a-b+(I*a+b)*exp (2*I* (c+d*x~
(1/2))))+1/3*x~3/(a-I*b) "2+4/3*%b*x"~3/(I*a-b) /(a-I*b) ~2-4/3*b"2*x~3/(a"2+b"
2) "2+10%b~2*x~2*1n (1+(a-I*b)*exp (2*xI* (c+d*x~(1/2)))/(a+Ix*b))/(a~2+b~2)"2/4
~2+4xbxx” (5/2) *1n (1+(a-I*b)*exp (2*I* (c+d*x~(1/2)))/(a+I*b))/(a-I*b) "2/ (a+I
*b) /d-20*I*b~2*x~ (3/2) *polylog(3,-(a-I*b)*exp (2*xI* (c+d*x~(1/2)))/(a+I*b))/
(2"2+b72)"2/d"3-4*I*b~2*x~(5/2) / (a~2+b"2) "2/d+10%b*x~2*polylog(2,-(a-I*b)*
exp (2xI*(c+d*x~(1/2)))/(a+I*b))/(I*a-b)/(a-I*b) ~2/d"2-10%b~2*x"2*polylog(2
,—(a-Ix*b)*exp(2*I*(ct+d*x~(1/2)))/(a+I*b))/(a”2+b"2)~2/d"2+30*b"2*x*polylog
(3,-(a-I*b)*exp(2*xI*(c+d*x~(1/2)))/(a+I*b))/(a~2+b~2) "2/d~4+20%b*x" (3/2) *p
olylog(3,-(a-I*b)*exp(2*xI*(c+d*x~(1/2)))/(a+I*b))/(a-I*b) "2/ (a+I*b)/d~3-4*
I*b~2%x~(5/2) *1n(1+(a-I*b) *exp (2*I* (c+d*x~(1/2)))/(a+I*b))/(a"2+b~2)~2/d+3
0xI*b~2+x~ (1/2) *polylog(5,-(a-I*b)*exp(2*I*(c+d*x~(1/2)))/(a+I*b))/(a~2+b"
2)~2/d"5-30*b*x*polylog(4,-(a-I*b)*exp(2*I*(c+d*x~(1/2)))/(a+I*b))/(I*a-b)
/ (a-I%b)~2/d~4+30%b~2*x*polylog(4,-(a-I*b)*exp(2*I*(c+d*x~(1/2)))/(a+I*b))
/(a”2+b"2)"2/d"4-15%b~2*polylog(5,-(a-I*b) *exp(2*I*(c+d*x~(1/2)))/(a+I*b))
/(a~2+b~2)~2/d"6-30*b*x~ (1/2) *polylog(5,-(a-I*b)*exp (2*I* (c+d*x~(1/2)))/(a
+I%b))/(a-Ixb) "2/ (a+I*b)/d"5-20*%Ixb~2*x~(3/2)*polylog(2,-(a-I*b)*exp (2*I*(
c+d*x~(1/2)))/(a+I*b))/(a~2+b~2)~2/d~3+15*b*polylog(6,-(a-I*Db)*exp(2*I* (c+
d*x~(1/2)))/(a+I*b))/(I*a-b)/(a-I*b)"2/d"6-156*¥b~2*polylog(6,-(a-I*b)*ex. ..

output

Mathematica [A] (warning: unable to verify)

Time = 2.97 (sec) , antiderivative size = 848, normalized size of antiderivative = 0.74

72
0/1 5 dx
(a+btan (c+dy/x))
72i'(c+d\/5)

ib (12(a+ib)b(ia+b)d5x5/ 2t 4a(a+ib) (ia+b)dS 3 +30(a—ib)bd* (—ib(—1+e2i¢) +-a(1+€2i¢) )22 log (1+ (atible ) +12a(a—ib)dS

a—tb

-

LIntegrate[x“Q/(a + bxTan[c + d*Sqrt[x]]1)"2,x]

| —

input
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(((-D)*b*(12*(a + I*b)*b*x(Ixa + b)*d"5*x~(5/2) + 4xa*x(a + I*b)*(I*a + b)*d
“6xx~3 + 30%(a - Ixb)*b*d~4*((-I)*b*x(-1 + E~((2%I)*c)) + a*(1 + E~((2xI)*c
)))*x"2xLog[1 + (a + I*b)/((a - Ixb)*E~((2*I)*(c + d*Sqrt[x])))] + 12xax(a

- Ixb)*d"5x ((-I)*b* (-1 + E~((2%I)*c)) + a*x(1 + E~((2*I)*c)))*x"(5/2)*Logl
1 + (a + Ixb)/((a - I*xb)*E~((2*I)*(c + d*Sqrtl[x])))] + 16x(a - I*b)*bx((-I
)x¥bx (-1 + E~((2%I)*c)) + ax(1 + E~((2*I)*c)))*((4*I)*d"3*x"(3/2)*PolyLogl[2
, (ma - I*b)/((a - I*¥b)*E~((2*I)*(c + d*Sqrt[x])))] + 6xd"2*x*PolyLog[3, (
-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] - (6xI)*d*Sqrt[x]*PolyLog
[4, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*Sqrt([x])))] - 3*PolyLog[5, (-a -

I¥b)/((a - Ixb)*E~((2*I)*(c + d*Sqrt[x])))]) + 15*xax(a - I*b)*((-I)*bx(-1

+ E7((2%I)*c)) + a*x(1 + E~((2xI)*c)))*((2*I)*d"4*x"2*xPolyLog[2, (-a - I*b
)/ ((a = I*b)*E~((2*I)*(c + d*Sqrt[x])))] + 4*d~3*x~(3/2)*PolyLog[3, (-a -
I*b)/((a - I*b)*E~((2*xI)*(c + d*Sqrt[x])))] - (6*I)*d"2*x*PolyLogl[4, (-a -

Ixb)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] - 6xd*Sqrt[x]*PolyLogl5, (-a
- Ixb)/((a - I*b)*E~((2*%I)*(c + d*Sqrt[x])))] + (3*I)*PolyLogl[6, (-a - I*b
)/ ((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))]1)))/(d"6x(b - b*E~((2*I)*c) - Ixax
(1 + ET((2%¥I)*c)))) + ((a - I*b)~2+(a + I*b)*x~3*(a*Cosl[c] - b*Sin[c]))/(a
*Cos[c] + bxSin[c]) + (6x(a - Ixb)~2*(a + I*b)*b~2*x~(5/2)*Sin[d*Sqrt[x]1])
/(d*(axCos[c] + b*Sin[c])*(a*Cos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]1])))/
(3x(a - I*b)~3*(a + I*b)~2)

output

Rubi [A] (verified)

Time = 2.52 (sec) , antiderivative size = 1209, normalized size of antiderivative = 1.05,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a+btan (crava)’ ™
| 4234

£5/2
2/ (a+btan (c-l—d\/,’?))zol\/gE
| 3042
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£5/2
2/ (a+btan (c-l—d\/i))zd\/E
l 4217

2/ 4b.’L‘5/2 .1'5/2 4b2$5/2
— - - + ; - - -
(@ P et/ (1= 2) ia (2 +1)) T @B (ia-+ 0 (a5 (1 2) 410 (2 +1)

| 2009
Qict+2idvT (,_; . Qic+2id/T (_;
b3 . 3 b3 . 2blog (9444451a§9452-+—1) z%/2  2ib%log <9444451a}9452
3(ia —b)(a —ib)2 ~ 6(a —ib)?2 3 (a2 + b2)? (a — ib)2(a + ib)d (a2 +b2)%d

e

Int[x~2/(a + b*Tan[c + d*Sqrt[x]])~2,x]

A >

input L

2% (((-2%I)*b~2%x~(5/2))/((a~2 + b~2)"2*d) + (2*b~2xx~(5/2))/((a + I*b)*(I*
a + b)"2%d*(I*a - b + (I*a + b)*E~((2%xI)*c + (2%I)*d*Sqrt[x]))) + x~3/(6x(
a - I*b)72) + (2%b*x"3)/(3*(I*a - b)*(a - Ixb)~2) - (2*%b~2*x"3)/(3*(a"2 +
b~2)"2) + (5xb~2*x"2*Logl[l + ((a - I*b)*E~((2%I)*c + (2+I)*d*Sqrt[x]))/(a
+ Ixb)])/((a”2 + b~2)"2%d"2) + (2*b*x~(5/2)*Logl[l + ((a - I*b)*E~((2*I)*c
+ (2xI)*d*Sqrt[x]))/(a + I*b)])/((a - I*b)"2*(a + Ixb)*d) - ((2*I)*b~2*x"(
5/2)*Log[1 + ((a - I*b)*E~((2*I)*c + (2%I)*d*Sqrt([x]))/(a + I*b)])/((a"2 +
b~2)~"2xd) - ((10#I)*b~2*x~(3/2)*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*I
Y*d*Sqrt[x]))/(a + Ixb))])/((a”2 + b~2)"2%d"3) + (5xb*x~2*PolyLogl[2, -(((a
- I*b)*E~((2*I)*c + (2*I)*d*Sqrt[x]))/(a + I*b))])/((I*a - b)*x(a - I*b)~2
*d"2) - (5*b"2xx"2%PolyLogl[2, -(((a - I*b)*E~((2*I)*c + (2+I)*d*Sqrt[x]))/
(a + I*¥b))])/((a”2 + b~2)"2*d"2) + (15%b~2*x*PolyLogl[3, -(((a - I*b)*E~((2
*I)*c + (2xI)*d*Sqrt[x]))/(a + I*b))])/((a”"2 + b~2)"2%d"4) + (10*b*x~(3/2)
*PolyLog[3, -(((a - Ixb)*E~((2*I)*c + (2xI)*d*Sqrt[x]))/(a + I*b))]1)/((a -
Ixb)"2x(a + Ixb)*d~3) - ((10*I)*b~2*x~(3/2)*PolyLog[3, -(((a - I*b)*E~((2
*I)xc + (2%I)*d*Sqrt[x]))/(a + I*b))]1)/((a"2 + b"2)"2*d"3) + ((15%I)*b~2*S
grt [x]*PolyLog[4, -(((a - I*b)*E~((2*I)*c + (2*I)*d*Sqrtl[x]))/(a + I*b))]1)
/((a"2 + b72)7"2%d"5) - (15*b*x*PolyLogl[4, -(((a - I*#b)*E~((2*xI)*c + (2*I)=*
d*xSqrt[x]))/(a + I*b))])/((I*a - b)*(a - I*b)~2%d~4) + (15%b~2*x*PolyLogl[4
, —(((a - Ixb)*E~((2%I)*c + (2%I)*d*Sqrt[x]))/(a + I*b))])/((a"2 + b~2)...

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b"2 + (a - Ixb) 2*%E~(2xI*(e + £*x)))))~(-n), x], x] /; FreeQl{a, b, c, d,

e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

rule 4234 L) ~@_)*((@_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(@)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

/ (a+btan (c+ dﬁ))zdm

inputLint(xh2/(a+b*tan(C+d*X“(1/2)))“2,x)

outputLint(XA2/(a+b*tan(C+d*XA(1/2)))“2,x)
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Fricas [F]

/ z” 5 dr = / i 5 dx
(a+btan (c+ dy/x)) (btan (dy/z +c) + a)

inputLintegrate(x"2/(a+b*tan(c+d*x"(1/2)))"2,x, algorithm="fricas")

Output‘integral(x"2/(b"2*tan(d*sqrt(x) + ¢c)72 + 2*axb*tan(d*sqrt(x) + c) + a~2),
»

Sympy [F]

1.2

/ o]
(a+ btan (c—I—d\/E))2 (a+btan (c+d\/5))2

2
T
dz

-

input Lintegrate (x**2/ (at+b*tan (c+d*x**(1/2))) **2,x)

e—

output LIntegral(x**g/(a + bxtan(c + d*sqrt(x)))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4345 vs. 2(928) = 1856.

Time = 1.04 (sec) , antiderivative size = 4345, normalized size of antiderivative = 3.79

2

T
dx = Too large to displa;
/(a+btan(c+d\/5))2 & Py

inputLintegrate(x"2/(a+b*tan(c+d*x"(1/2)))"2,x, algorithm="maxima"




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 320

-1/15%(30% (2*a*b*log(b*tan(d*sqrt(x) + c) + a)/(a"4 + 2*%a™2*b"2 + b™4) - a
*b*xlog(tan(d*sqrt(x) + c)72 + 1)/(a”4 + 2%a”2*%b"2 + b™4) + (a”2 - b~2)*(d*
sqrt(x) + c)/(a"4 + 2*¥a"2%b”"2 + b™4) - b/(a"3 + a*b”2 + (a"2*b + b~3)*tan(
d*sqrt(x) + c)))*c”5 - (5%x(a”3 - I*a"2*b + a*b”™2 - I*b~3)*(d*sqrt(x) + c)~
6 - 30%x(a”3 - I*a"2*b + a*b”2 - I*b~3)*(d*sqrt(x) + c) b*c + 75%x(a”3 - I*a
~2%b + axb”™2 - I*b~3)*(d*sqrt(x) + c)~4*c”2 - 100*(a~3 - I*a"2*b + a*b~2 -
I*¥b~3)*(d*sqrt(x) + c)~3*%c”3 + 75%(a”3 - I*a~2*b + a*xb™2 - I*b~3)*(d*sqrt
(x) + c)"2%c™4 - 150*%((-I*a*b~2 - b~3)*c 4*cos(2*d*sqrt(x) + 2*c) + (axb~2
- I*b~3)*c 4*sin(2%d*sqrt(x) + 2%c) + (-I*axb~2 + b~3)*c~4)*arctan2(-b*co
s(2xd*sqrt(x) + 2%c) + a*sin(2xd*sqrt(x) + 2%c) + b, a*xcos(2xd*sqrt(x) + 2
*C) + bxsin(2*d*sqrt(x) + 2xc) + a) - 4*(48%(I*a~2*b - a*b~2)*(d*sqrt(x) +
c)"5 + T5x(I*a*b™2 - b3 + 2% (-I*a"2xb + axb~2)*c)*(d*sqrt(x) + c)"4 + 20
0x((I*a~2*b - a*xb”2)*c”2 + (-Ixa*b~2 + b~3)*c)*(d*sqrt(x) + c)~3 + 75*%(2*(
-I*a"2%b + a*b~2)*c”3 + 3% (I*a*b~2 — b~3)*c~2)*(d*sqrt(x) + c)~2 + 75x((I*
a"2xb - a*b~2)*c”4 + 2% (-I*a*b"2 + b~3)*c”3)*(d*sqrt(x) + c) + (48x(I*a~2*
b + axb~2)*(d*sqrt(x) + c)°5 + 75*x(I*axb~2 + b~3 + 2x(-I*a~2xb - axb~2)x*c)
*(d*xsqrt(x) + c)~4 + 200*%((I*a~2*b + a*xb~2)*c”2 + (-I*axb~2 - b~3)*c)*(d*s
qrt(x) + c)~3 + 75%(2%(-I*a~2*b - a*b~2)*c~3 + 3*(I*a*xb™2 + b~3)*c~2)*(d*s
qrt(x) + c)72 + 75%x((I*a"2xb + a*xb”2)*c”4 + 2x(-I*a*b™2 - b~3)*c”3)*(d*sqr
t(x) + c))*cos(2xd*sqrt(x) + 2%c) - (48x(a”2xb - I*axb~2)*(d*sqrt(x) + ...

Giac [F]

/ z* 2dm=/ 7’ 5 dx
(a+btan (c+ dy/x)) (btan (dy/z +¢) + a)

‘integrate(x‘2/(a+b*tan(c+d*x‘(1/2)))”2,x, algorithm="giac")

-

Lintegrate(x“2/(b*tan(d*sqrt(x) +c) +a)’2, x)

| —
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Mupad [F(-1)]

Timed out.
2 2
/ . 5 da = / u 5 dz
(a—l—btan (c—l—d\/:?)) (a—l—btan (c—l—d\/E))
input| 88 (72/(a + betan(c + dxx™(1/2))72,1) J
output Lint (x~2/(a + b¥tan(c + d*x~(1/2)))"2, x) J
Reduce [F]
2 2
/ . 7 do = / 2 - dz
(a+btan (c+ dy/x)) tan (vzd+c)’ b2 + 2tan (vz d + c) ab + a2
tnput Lint (x~2/ (a+b*tan(c+d*x~(1/2)))"2,x) J
output Lint (x*x*2/ (tan(sqrt(x)*d + c)**2xb**2 + 2xtan(sqrt(x)*d + c)*a*b + a**2),x) J
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3.43 | z sdz
(a+btan(c+dy/T))

Optimalresult . . . . . . . . .. . ..
Mathematica [A] (warning: unable to verify) . . . . .. ... ... ... ...
Rubi [A] (verified) . . . . . . . .. .
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [F] . . . . o o 329
Mupad [F(-1)] . . . 330

Reduce [F] . . . . . o 3301
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Optimal result

Integrand size = 18, antiderivative size = 787

x 45b%3/?
/ 5 do = — 2
(a+btan (c+dy/x)) (a2 +b%)°d

4b?z3/?
+ .
(a + ib)(ia + b)2d (ia — b+ (ia + b)e?(c+dva))
z’ 2bz?

_|_

2a—b)? " (ia—b)(a—ib)?

22 6b%z log ( + %)
+

(@ + (@ + )

2z c+df )

(a—ib)e
4602 10g (1 + (=W

(a —ib)%(a + ib)d
(a ibe 2i(c+d/x)
4ib%23/2 log (1 + —)a 5 )
(a2 4+ b2)°d
6ib*y/z PolyLog (2, J‘%#)
(a2 + b2)* &3
(a—ib)e%(c‘*dﬁ)
(ta — b)(a — b)2d?
662z PolyLog (2, —M)

+

+

a+1ib
(a2 + 22 2
(a—ib)e2i(c+dve)
3b2 POIYLOg (3, —T)

+

(a? + b2)% d*
(a—ib)e2i(c+dve)
Gbﬁ POl}’LOg (3, —T>
(a —ib)%(a + ib)d®
. (a—ib)eZi(c+d‘/5)
- 6ib%/z PolyLog (3, _T>
(a2 + b2)2 d3

3b PolyLog (4, _ M)

+

a+1ib
(ia — b)(a — ib)2d*

(a—ib)e2i(c+dva)
3b2 POlyLOg (4, — T)

(a2 + b?)% d*

+
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-6*I*xb~2*x"~ (1/2) *polylog(3,-(a-I*b)*exp (2*I*(c+d*x~(1/2)))/(a+I*b))/(a~2+b
~2)72/d4"3+4*xb~2%x" (3/2) / (a+Ix*b) / (I*a+b) ~2/d/ (I*a-b+(I*a+b)*exp (2*I* (c+d*x~
(1/2))))+1/2%x~2/ (a-Ixb) "2+2xb*x~2/ (I*a-b)/(a-I*b) "2-2*xb~2*x~2/(a~2+b"2) "2
+6xb~2xx*1n (1+(a-I*b)*exp (2*I* (c+d*x~(1/2)))/(a+I*b))/(a~2+b~2) ~2/d~2+4*b*
x~(3/2)*1n(1+(a-I*b)*exp(2*I* (c+d*x~(1/2)))/(a+I*b))/(a-I*b) "2/ (a+I*b)/d-4
*I*b~2%x"~ (3/2) *1n(1+(a-I*b)*exp (2*I*(c+d*x~(1/2)))/(a+Ix*b))/(a~2+b"2)"2/d-
4*xIxb~24x~(3/2) / (a~2+b~2) “2/d+6*b*x*polylog(2,-(a-I*b)*exp (2*I* (c+d*x~(1/2
)))/(a+I*b))/(I*a-b)/(a-I*b)~2/d"2-6%b~2*x*polylog(2,-(a-I*b)*exp(2*xI*(c+d
*x~(1/2)))/ (a+I*b))/(a~2+b"2)"2/d"2+3*b~2*polylog(3,-(a-I*b) *exp (2*I* (c+d*
x7(1/2)))/(a+I*b))/(a~2+b~2) "2/d"4+6xb*x~ (1/2) *polylog(3,-(a-I*b)*exp (2*I*
(c+d*x~(1/2)))/(a+I*b))/(a-I*b) "2/ (a+I*b)/d~3-6xI*b~2xx~(1/2)*polylog(2,-(
a-Ixb)*exp(2*I*(c+d*x~(1/2)))/(a+I*b))/(a~2+b~2)"2/d"3-3*b*polylog(4,-(a-I
*b) *exp (2*I* (c+d*x~(1/2)))/(a+I*b))/(I*a-b)/(a-I*b) ~2/d~4+3*b~2*polylog(4,
-(a-Ixb)*exp(2*I*(c+d*x~(1/2)))/(a+I*b))/(a"2+b"2)"2/d"4

output

Mathematica [A] (warning: unable to verify)

Time = 2.46 (sec) , antiderivative size = 662, normalized size of antiderivative = 0.84

/ (a+btan (c+ d\/E))2 &

X . . —2i(ct+dy/x
2ib (4(a+ib)b(ia+b) d323/2+2a(a+ib)(ia+b)d*z? +6(a—ib)bd? (—ib(—1+€?°) +a(1+e?¥) )z log <1-|— w

) +4a(a—ib)d? (—il

-

LIntegrate[x/(a + b*Tan[c + d*Sqrt[x]]1)"2,x]

| —

input




CHAPTER 3. LISTING OF INTEGRALS 325

(((-2*I)*bx (4x(a + Ixb)*b*(I*a + b)*d"3*x~(3/2) + 2%ax(a + Ixb)*(I*a + b)*
d~4*x"2 + 6%(a - I*b)*b*d~2x((-I)*bx(-1 + E~((2*I)*c)) + ax(1l + E~((2xI)*c
)))*xxLog[l + (a + Ixb)/((a - Ixb)*E~((2*I)*(c + d*Sqrt[x])))] + 4*a*x(a -
I*b)*d~3*x((-I)*b*x (-1 + E~((2*I)*c)) + ax(1 + E~((2*I)*c)))*x~(3/2)*Log[1 +

(a + I*#b)/((a - I*b)*E~((2*xI)*(c + d*Sqrt[x])))] + 3*(a — Ixb)*b*((-I)*b*
(-1 + ET((2%I)*c)) + ax(1 + E~((2*%I)*c)))*((2*I)*d*Sqrt [x]*PolyLog[2, (-a
- I*b)/((a - I*b)*E~((2*I)*(c + d*Sqrt[x])))] + PolyLogl[3, (-a - I*b)/((a
- Ixb)*E~((2*I)*(c + d*Sqrt[x])))]) + 3xa*(a - I*b)*((-I)*b*(-1 + E~((2*I)
xc)) + ax(1 + E~((2*%I)*c)))*((2+I)*d~2*x*PolyLog[2, (-a - I*b)/((a - Ixb)*
E~((2*#I)*(c + d*Sqrt[x])))] + 2xd*Sqrt[x]*PolyLogl[3, (-a - I*b)/((a - I*b)
*E~((2*%I)*(c + d*Sqrt[x])))] - I*PolyLogl[4, (-a - I*b)/((a - Ixb)*E~((2*I)
*(c + d*Sqrt([x])))1)))/(d"4*(b - b*E~((2xI)*c) - Ixa*x(1 + E~((2%I)*c)))) +

((a - I*b)"2x(a + Ix*b)*x"2x(a*Cos[c] - b*Sin[c]))/(a*xCos[c] + b*Sin[c]) +

(4*(a - I¥b)~2*x(a + I*b)*b~2%x~(3/2)*Sin[d*Sqrt[x]])/(d*(a*Cos[c] + b*Sin
[c])*(a*Cos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]]1)))/(2*%(a - I*b)~3x(a + I
*b) ~2)

output

Rubi [A] (verified)

Time = 1.93 (sec) , antiderivative size = 830, normalized size of antiderivative = 1.05,

number of rules __
integrand size 0.222, Rules

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+btan (c+d\/5))2 &
l 4234

Y
2 dvz
/(0L+btaun(c+d\/5))2 Ve
| 3042

£3/2
2 (ot btan (c+ dva))2 V"
| 4217
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9 423/2p? 423/p 3/
/ - (ia + b)? (iqe2ict2idve (1 — ) 4 4q (£ 4 1))2 * (a — ib)? (iqe2ict2idva (1 — ) 4 4q (£ 4 1)) + (@ —

l 2009
. ic+2idy/T —i
) 222 23282 003/2p2 2iz%/2 log (Ei;fi;¥ﬂ§2412_+
(@2 +b2)? (a2 +b2)2d  (a+1b)(ia+ b)2d (ia + (ia + b)e2ict2idVz — p) (a2 +b2)%d

input!/\Int[x/(a + bxTan[c + d*Sqrt[x]])"2,x] :

2x (((-2¢I)*b"2xx~(3/2))/((a"2 + b"2)"2*%d) + (2*b"2xx~(3/2))/((a + I*b)*(I*
a + b)"2xd*(I*a - b + (I*xa + b)*E~((2%I)*c + (2*I)*d*Sqrt[x]))) + x~2/(4*(
a - Ixb)~2) + (b*x"2)/((Ixa - b)*(a - I*b)"2) - (b"2*%x"2)/(a”2 + b2)"2 +

(3*b~2*xx*xLog[1 + ((a - I*b)*E~((2*I)*c + (2*I)*d*Sqrt[x]))/(a + I*b)]1)/((a
"2 + b72)72%d72) + (2%b*x"(3/2)*Logll + ((a - I*b)*E~((2*I)*c + (2*I)*dxSq
rt[x]))/(a + Ixb)]1)/((a - I*b)~2%(a + I*b)*d) - ((2%I)*b~2xx~(3/2)*Logll +

((a - I*¥b)*E~((2*I)*c + (2*I)*d*Sqrt[x]))/(a + I*b)])/((a”2 + b72)"2%d) -

((3*I)*b~2xSqrt [x]*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*I)*d*Sqrt[x]))
/(a + Ixb))])/((a”2 + b~2)"2%d"3) + (3*b*x*PolyLog[2, -(((a - I*b)*E~((2+I
)kc + (2%I)*d*Sqrt[x]))/(a + I*b))])/((I*xa - b)*(a - I*b)~2%d"2) - (3xb~2x
x*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*I)*d*Sqrt[x]))/(a + I*b))]1)/((a"~
2 + b72)72+%d"2) + (3*%b"2xPolyLogl[3, -(((a - Ixb)*E~((2*I)*c + (2*I)*d*Sqrt
[x]1))/(a + I*b))]1)/(2%(a"2 + b~2)"2xd"4) + (3xb*Sqrt[x]*PolyLog[3, -(((a -
Ixb)*E~((2*I)*c + (2xI)*d*Sqrt[x]))/(a + I*b))]1)/((a - Ixb)~2x(a + I*b)*d
~3) - ((3*I)*b~2xSqrt[x]*PolyLogl[3, -(((a - I*b)*E~((2*I)*c + (2*I)*d*Sqrt
[x]))/(a + I¥b))])/((a”2 + b~2)"2%d"3) - (3*b*PolyLog[4, -(((a - Ixb)*E~((
2%I)*c + (2*%I)*d*Sart[x]))/(a + I*b))]1)/(2x(I*xa - b)*(a - I*b)~2*xd"4) + (3
*b~2*%PolyLog[4, -(((a - I*b)*E~((2*xI)*c + (2*xI)*d*Sqrt[x]))/(a + I*b))]1)/(
2x(a”2 + b~2)72xd"4))

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b"2 + (a - Ixb) 2*%E~(2xI*(e + £*x)))))~(-n), x], x] /; FreeQl{a, b, c, d,
e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

rule 4234 L) ~@_)*((@_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(@)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

/ (a—l— btan (c—l— dﬁ))2dm

input Lint (x/ (at+b*tan(c+d*x~(1/2)))"2,%)

output int (x/ (a+b*tan(c+d*x”(1/2)))"2,%)




CHAPTER 3. LISTING OF INTEGRALS 328

Fricas [F]

/ ad 2dx=/ d 5 dz
(a+btan (c+ dy/x)) (btan (dy/z +c) + a)

inputLintegrate(x/(a+b*tan(c+d*x‘(1/2)))‘2,x, algorithm="fricas") J

output Lintegral(x/(b”2*tan(d*sqrt(x) + ¢)72 + 2%axbxtan(d*sqrt(x) + c) + a~2), x) J

Sympy [F]

/ i 2dx=/ ad 5 dz
(a+btan (c+ dy/x)) (a+btan (c+dy/x))

input Lintegrate (x/ (a+bktan (c+dkx*x (1/2)) ) **2,x) J

output LIntegral(x/(a + bxtan(c + dxsqrt(x)))**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2477 vs. 2(638) = 1276.

Time = 0.57 (sec) , antiderivative size = 2477, normalized size of antiderivative = 3.15

z
dx = Too large to displa;
/(a+btan(c+d\/5))2 & i

input Lintegrate (x/ (atb*tan(c+d*x~(1/2)))"2,x, algorithm="maxima") J




output

input

output
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-1/6%(12% (2*axb*log(b*tan(d*sqrt(x) + c) + a)/(a"4 + 2*a"2*%b"2 + b™4) - ax
bxlog(tan(d*sqrt(x) + c)"2 + 1)/(a”4 + 2*xa"2*b"2 + b™4) + (2”2 - b~2)*(d*s
gqrt(x) + c)/(a"4 + 2*¥a"2*xb”"2 + b"4) - b/(a”3 + a*b”2 + (a"2*b + b~3)*tan(d
*sqrt(x) + c)))*c”™3 - (3*(a™3 - I*a"2%b + a*b”™2 - I*b~3)*(d*sqrt(x) + c)~4
- 12%(a”™3 - I*a"2%b + a*b”™2 - I*b~3)*(d*sqrt(x) + c) 3*c + 18%(a"3 - I*a~
2%b + a*b”2 - I*b~3)*(d*sqrt(x) + c) 2*c”2 - 36x((-I*a*b”™2 - b~3)*c~2xcos(
2xd*sqrt(x) + 2*c) + (axb™2 - Ixb"3)*c"2*sin(2xd*sqrt(x) + 2xc) + (-I*axb”
2 + b~3)*c"2)*arctan2(-bxcos (2*d*sqrt(x) + 2%c) + a*sin(2xd*sqrt(x) + 2%c)
+ b, akxcos(2xd*sqrt(x) + 2*%c) + b*sin(2xd*sqrt(x) + 2*c) + a) - 4*(8*(I*a
“2%b - a*b~2)*(d*ksqrt(x) + c)73 + 9*%(I*axb”™2 - b3 + 2*(-I*a"2%b + a*b~2)*
c)*(d*sqrt(x) + c)~2 + 18*%((I*a~2*b - a*b~2)*c™2 + (-I*a*xb~2 + b~3)*c)*(d*
sqrt(x) + c) + (8*%(I*a~2*b + a*b~2)*(d*sqrt(x) + c)~3 + 9x(I*axb™2 + b~3 +
2x(-I*a~2xb - axb”2)*c)*(d*sqrt(x) + c)~2 + 18*((I*a~2*b + a*xb™2)*c"2 + (
-I*a*b~2 - b~3)*c)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2*c) - (8x(a"2xb - I
*a*xb~2) *(d*sqrt(x) + c)~3 + 9*(a*b”2 - I*b~3 - 2%(a"2%b - I*a*b~2)*c)*(d*s
grt(x) + c)~2 + 18%((a"2xb - I*a*b~2)*c"2 - (axb™2 - I*b~3)*c)*(d*sqrt(x)
+ c))*sin(2*d*sqrt(x) + 2%*c))*arctan2((2*axb*cos(2xd*sqrt(x) + 2xc) - (a”2
- b"2)*sin(2*d*sqrt(x) + 2xc))/(a"2 + b~2), (2*a*bxsin(2*d*sqrt(x) + 2xc)
+ 2”2 + b™2 + (2”2 - b™2)*cos(2*d*sqrt(x) + 2*c))/(a”2 + b~2)) + 3*((a"3
- 3%Ixa”2*%b - 3xaxb”2 + Ixb~3)*(d*sqrt(x) + c)"4 - 4x(2*Ixaxb”2 + 2xb~3...

Giac [F]

L/“ i 2dx::L/§ ° 5 dz
(a+btan (c+ dy/x)) (btan (dyz +c) + a)

e

L

-

N

integrate(x/(atb*tan(c+d*x~(1/2)))~2,x, algorithm="giac")

-/

integrate(x/(b*tan(d*sqrt(x) + c) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/ d 2dzz/ i 5 dx
(a+ btan (c+ dy/x)) (a+btan (c+d+/z))

inpu‘ctim"(x/(a + bxtan(c + d*x~(1/2)))"2,x)

output 1BE(/ (a + brtan(c + dxx"(1/2)))72, x)

Reduce [F]

x

/(a+btan(c+d\/5))2dx /tan(\/s?d+c)2b2+2tan(\/Ed+c)ab+a2

dz

inputLint(x/(a+b*tan(c+d*xﬁ(1/2)))”2,x)

outputkint(x/(tan(sqrt(x)*d + c)**k2xb**2 + 2xtan(sqrt(x)*d + c)*a*b + ax*2),x)




CHAPTER 3. LISTING OF INTEGRALS 331

1

3.44 f (a+b tan(c-l—d\/i))2 dz

Optimalresult . . . . . . . . .. . .. 3311
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... .. ...
Rubi [A] (verified) . . . . . . . .. .
Maple [F] . . . . o
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 336
Sympy [F] . . . o 337
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 337
Giac [F] . . . . o o
Mupad [F(-1)] . . . 339
Reduce [F] . . . . . o 3391

Optimal result

Integrand size = 16, antiderivative size = 204

(a+ btan (c+ dy/z))” T 2a(atib) (@) P @+ b

Zb(b + 2ad\/5) log (1 + %>

(a2 + b2)2 d2

X a2+b2)e2i(ctdva)
2tab PolyLog (2, —%)

(a2 + b2)* d2
2b\/z
(a®+b%)d (a+ btan (c + dy/z))

output \ 1/2%(b+2*a*xd*x~(1/2)) ~2/a/(a+I*b)/(a~2+b"2) /d"2-x/(a"2+b"2) +2*b* (b+2*axd*x \
‘ ~(1/2)) *1n(1+(a”2+b~2) *exp (2*I* (c+d*x~(1/2)) )/ (a+I*b)~2) /(a~2+b~2) "2/d"2-2 ‘
‘ *I*xa*xb*polylog(2,-(a~2+b~2) xexp (2*I* (c+d*x"(1/2)))/(a+Ixb)~2)/(a~2+b~2) "2/ ‘
|d72-2#b¥x"(1/2)/ (a"2+b"2) /d/ (a+b¥tan (c+d*x~ (1/2))) |




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 517 vs. 2(204) = 408.

Time = 5.31 (sec) , antiderivative size = 517, normalized size of antiderivative = 2.53

/ ! dz
(a+btan (c+ dyz))?

sec® (c + dy/z) (acos (¢ + dy/z) + bsin (c + dy/z)) <2b2(a2 +b%) dy/zsin (¢ + dy/z) — a(a® + b?) (c —

LIntegrate[(a + b*Tan[c + d*Sqrt[x]])~(-2),x] J

(Sec[c + dxSqrt([x]]~2*(a*Cos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt([x]])=*(2*b~2
*(a"2 + b"2)*d*Sqrt [x]*Sin[c + d*Sqrt[x]] - a*x(a”2 + b™2)*(c - d*Sqrt([x])=*
(c + dxSqrt[x])*(axCos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]]) - 2xb~2x(b*(
c + d*Sqrt[x]) - a*Logla*Cos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]11])*(a*xCo
s[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]]) + 4xaxb*cx(bx(c + d*Sqrt[x]) - ax
Logla*Cos[c + d*Sqrt[x]] + b*Sin[c + d*Sqrt[x]]])*(a*Cos[c + d*Sqrt[x]] +

b*Sin[c + d*Sqrt[x]]) - 2xa*b*(Sqrt[l + a~2/b~2]*b*E~ (I*ArcTan[a/b])*(c +

d*Sqrt[x])"2 + a*((-I)*(c + d*Sqrt[x])*(Pi - 2*ArcTan[a/b]) - PixLog[l + E
“((-2*I)*(c + d*Sqrt[x]))] - 2*(c + d*Sqrt[x] + ArcTan[a/bl)*Logl[l - E~((2
*I)*(c + d*Sqrt[x] + ArcTan[a/b]))] + Pix*Logl[Cos[c + d*Sqrt[x]]] + 2*ArcTa
n[a/bl*Log[Sin[c + d*Sqrt[x] + ArcTan[a/b]]] + I*PolyLogl[2, E~((2*I)*(c +

d*Sqrt [x] + ArcTan[a/bl))]1))*(axCos[c + d*Sqrt[x]] + bxSin[c + d*Sqrt([x]])
))/(ax(a”2 + b~2)"2*%d"2*(a + b*Tan[c + d*Sqrt[x]])~2)

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.08,

number of steps used = 9, number of rules used = 8, number of rules _ 0.500, Rules
integrand size

used = {4226, 3042, 4216, 3042, 4215, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.




CHAPTER 3. LISTING OF INTEGRALS 333

/ ! 5 d
(a+btan (c+dy/x))
4226

—

—

D

dv'z

2/ (a+btan c—i—d\/a_:))2

3042

—

—

2 [ ve N
(a+btan (c+ d\/_))

| 4216

b+2ad\/T

9 f a+b tanac—}-df d\/_ b\/g _ x

d (a2 + b?) " d(a? +b?) (a+btan (c+dyz)) 2(a?+b2)
| 3042

b+2ady/z

9 f a+btan(c+dy/z) d\/_ bﬁ _ x

d(a? + b2) " d(a? +b?) (a+btan (c+dyz)) 2(a®+b?)

| 4215
. e?(c+dV7) (p4-2ad/7) (2ady/@+b)*
2 26 ] (a+ib)2+(a2+b2)e? (c+dve) Rakhs ~4ad(a+ib) vz z
d (a2 + b?) d(a?+b?) (a+btan (c+dyz)) 2(a+1?)
l 2620
G2i(ctdvaE) (L2 42 a2 4p2) 26 (c+dva)
N (WH) dvz  i(2ad\/z+b) log <1+ (+b(2+b)2> (GadyE1t)?
2ib a’+b? - 2d(a2+b2) + 4ad(a+ib)
2 _ bV
d (a? + b?) d(a?+b?) (a+b

l 2715
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og ( e2z‘(c+t(1£)b)(;2+b2) +1) . (a2+b2)e2i(c+dﬁ)
¢ 2d(a21b2) - 2d(aZ+52) + “Zadat®)
92 _
d(a® +b?) d (a? + b?) (c
l 2838
a24p2) 2t (ctdva) ) o242 2i(ctdva)
. aPolyLog| 2,— #) i(2ad\/z+b) log 1+(—@2+ib)27> (ady/545) )
2ib| - 242157 - 2d(a?157) + “Zad(ati®)
2 by
d (a2 + b?) d(a?+b?) (a +1

-

Int[(a + bxTan[c + d*Sqrt[x]]1)~(-2),x]

| —

input L

2x(-1/2*%x/(a"2 + b™2) + ((b + 2%a*d*Sqrt[x])~2/(4*a*x(a + I*b)*d) + (2*I)*Db
*(((-1/2xI)*(b + 2xa*d*Sqrt[x])*Log[l + ((a"2 + b~2)*E~((2*I)*(c + d*Sqrt[
x]1)))/(a + Ixb)~2])/((a~2 + b~2)*d) - (a*PolyLogl[2, -(((a™2 + b~2)*E~((2*I
)*x(c + dxSqrt[x])))/(a + I*b)~2)])/(2%(a"2 + b72)*d)))/((a”2 + b™2)*d) - (
bxSqrt [x])/((a”2 + b"2)*d*(a + b*Tan[c + d*Sqrt[x]])))

output

Defintions of rubi rules used

rule 2620 It LCCCF I~ ((g_)*((e ) + (£_)*(x I (@_)*((c_.) + (d_)*(x))"(@_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Log[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))~n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]




rule 2715

rule 2838

rule 3042

rule 4215

rule 4216

rule 4226

input
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N\

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E"Simp[2*I*(e + f*x), x]/((a + I*b)"2 + (2”2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && NeQ[a"2 + b~2
, 0] && IGtQ[m, O]

Int[((c_.) + (d_.)*(x_))/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"2, x_Symbol
1 :> Simp[-(c + d*x)"2/(2xd*(a"2 + b72)), x] + (Simp[1/(f*(a"2 + b72)) 1In
t[(b*d + 2%a*c*f + 2*a*d*f*x)/(a + b*Tan[e + f*x]), x], x] - Simp[b*((c + d
*x)/(f*(a"2 + b~2)*(a + b*Tanl[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, £},
x] && NeQ[a~2 + b~2, 0]

‘Int[((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol] :> Simp[1
‘/n Subst [Int [x"(1/n - 1)*(a + b*Tan[c + d*x])"p, x], x, x"n], x] /; FreeQ
'[{a, b, c, d, p}, x] & IGtQ[1/n, 0] && IntegerQ[p]

Maple [F]

/ ! dz
(a+btan (c+ d\/i))2

Lint(i/(a+b*tan(c+d*x‘(1/2)))‘2,x)
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output(int(l/(a+b*tan(C+d*X”(1/2)))”2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 828 vs. 2(177) = 354.

Time = 0.11 (sec) , antiderivative size = 828, normalized size of antiderivative = 4.06

1
dx = Too large to displa;
/(a+btan(c+d\/5))2 & Py

-

inputLintegrate(1/(a+b*tan(c+d*x"(1/2)))"2,}{, algorithm="fricas")

p

-(2xb~3*d*sqrt(x) - (a”3 - a*b"2)*d"2*x + (a3 - a*b”2)*d"2 - (I*a*b~2*tan
(d*sqrt(x) + c) + I*a"2xb)*dilog(2*((I*a*b - b~2)*tan(d*sqrt(x) + c)"2 - a
~2 - Ixaxb + (I*a”2 - 2*a*b - I*b~2)*tan(d*sqrt(x) + c))/((a”2 + b~2)*tan(
dxsqrt(x) + c)72 + a”2 + b72) + 1) - (-I*a*b"2*tan(d*sqrt(x) + c) - Ixa~2*
b)*dilog(2*((-I*a*b - b~2)*tan(d*sqrt(x) + c)”2 - a”2 + I*axb + (-I*a"2 -
2%axb + I*b~2)*tan(d*sqrt(x) + c))/((a"2 + b~2)*tan(d*sqrt(x) + c)~2 + a”2
+ b72) + 1) - 2+(a”2%bxd*sqrt(x) + a~2*b*c + (axb™2*xd*sqrt(x) + a*b~2xc)*
tan(d*sqrt(x) + c))*log(-2*%((I*a*b - b~2)*tan(d*sqrt(x) + c)"2 - a”2 - I*a
*b + (I*a”2 - 2*xa*b - I*b~2)*tan(d*sqrt(x) + c))/((a"2 + b~2)*tan(d*sqrt(x
) + c)72 + a”2 + b72)) - 2x(a"2#bxd*sqrt(x) + a"2*bxc + (axb"2xd*sqrt(x) +
a*b~2*c)*tan(d*sqrt(x) + c))*log(-2*((-I*axb - b~2)*tan(d*sqrt(x) + c)~2
- a”2 + Ikxaxb + (-I*a”2 - 2*axb + I*b~2)*tan(d*sqrt(x) + c))/((a"2 + b~2)*
tan(d*sqrt(x) + c)72 + a™2 + b72)) + (2xa”2xbxc - axb~2 + (2*a*xb"2*c - b~3
)*tan(d*sqrt(x) + c))*log(((I*axb + b~2)*tan(d*sqrt(x) + c)~2 - a~2 + I*ax
b + (I*a"2 + Ixb~2)*tan(d*sqrt(x) + c))/(tan(d*sqrt(x) + c)~2 + 1)) + (2*a
“2%bxc - a*b”2 + (2*%axb~2*c - b~3)*tan(d*sqrt(x) + c))*log(((I*a*xb - b~2)*
tan(d*sqrt(x) + c)”2 + a2 + I*axb + (I*a”2 + I*b~2)*tan(d*sqrt(x) + c))/(
tan(d*sqrt(x) + c)72 + 1)) - (2*a*b™2xd*sqrt(x) + (a”2xb - b"3)*d"2*x - (a
~“2%b - b~3)*d"2)*tan(d*sqrt(x) + c))/((a~4*b + 2*xa~2*xb~3 + b~5)*d"2*tan(d*
sqrt(x) + c) + (a5 + 2%a”3*%b"2 + a*b~4)*d"2)

output

| —




CHAPTER 3. LISTING OF INTEGRALS 337

Sympy [F]

/ ! 2dx=/ ! 5 dz
(a+btan (c+ dy/x)) (a+btan (c+ dy/x))

input Lintegrate (1/ (atb*tan(c+d*x**(1/2)) ) **2,x) J

output LIntegral((a + bxtan(c + d*sqrt(x)))**(-2), x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 994 vs. 2(177) = 354.

Time = 0.34 (sec) , antiderivative size = 994, normalized size of antiderivative = 4.87

1
dx = Too large to displa
/(a+bta,n(c+d\/:?))2 & Py

fnput Lintegrate (1/(at+b*tan(c+d*x~(1/2)))"2,x, algorithm="maxima")




output

input

output
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((@™3 - I*a™2%b + a*b™2 - I*b~3)*d"2*x - 2*%(-I*a*xb”2 + b"3 + (-Ixa*b™2 - b
~3)*cos (2*d*sqrt(x) + 2xc) + (axb™2 - Ixb~3)*sin(2*d*sqrt(x) + 2#*c))*arcta
n2(-b*cos(2xd*sqrt(x) + 2*c) + a*sin(2*d*sqrt(x) + 2%c) + b, axcos(2*d*sqr
t(x) + 2%c) + b*sin(2xd*sqrt(x) + 2xc) + a) - 4x((I*a~2*b + axb™2)*d*sqrt(
x)*cos(2*d*sqrt(x) + 2*c) - (a"2xb - I*a*b~2)*d*sqrt(x)*sin(2xd*sqrt(x) +
2xc) + (I*a"2*b - axb”2)*d*sqrt(x))*arctan2((2*a*b*cos(2*d*sqrt(x) + 2#*c)
- (272 - b"2)*sin(2*d*sqrt(x) + 2*c))/(a"2 + b~2), (2*a*bxsin(2*d*sqrt(x)
+ 2%c) + a”2 + b™2 + (a”2 - b"2)*cos(2*xd*sqrt(x) + 2*c))/(a”2 + b72)) + ((
a™3 - 3xI*a"2%b - 3*a*b”2 + I*b~3)*d"2*x - 4*(I*a*b”™2 + b~3)*d*sqrt(x))*co
s(2xd*sqrt(x) + 2*c) - 2%(I*a~2%b - a*b”™2 + (I*a"2xb + a*b~2)*cos(2xd*sqrt
(x) + 2xc) - (a”2*b - I*axb~2)*sin(2*d*sqrt(x) + 2*c))*dilog((I*a + b)*e"(
2xIxd*sqrt(x) + 2*Ixc)/(-I*a + b)) + (a*xb”2 + Ixb~3 + (a*b”2 - I*b~3)*cos(
2xd*sqrt(x) + 2*c) + (I*a*b~2 + b~3)*sin(2*d*sqrt(x) + 2xc))*log((a”2 + b~
2)*cos(2xd*sqrt(x) + 2%c)”2 + 4xa*b*sin(2xd*sqrt(x) + 2*c) + (a2 + b7™2)*s
in(2xd*sqrt(x) + 2%c)”2 + a”2 + b™2 + 2+%(a”2 - b~2)*cos(2*d*sqrt(x) + 2%c)
) + 2%((a"2*b - Ixa*b~2)*d*sqrt(x)*cos(2xd*sqrt(x) + 2xc) - (-I*a~2%b - ax
b~2) *d*sqrt (x) *sin(2xd*sqrt(x) + 2*c) + (a"2*%b + I*a*b~2)*d*sqrt(x))*log((
(2”2 + b~2)*cos(2*d*sqrt(x) + 2%c)”~2 + 4*axbxsin(2*d*sqrt(x) + 2*c) + (a~2
+ b72)*sin(2xd*sqrt(x) + 2*c)"2 + a2 + b"2 + 2x(a”2 - b~2)*cos(2*d*sqrt (

x) + 2xc))/(a”2 + b™2)) + ((I*a~3 + 3%a~2%b - 3*%I*a*b™2 - b~3)*d"2*x + ...

Giac [F]

b/“ ! 5 dx ==U/§ ! 5 dz
(a+btan (c+ dy/x)) (btan (dyz +c) + a)

e

Lintegrate(1/(a+b*tan(c+d*x‘(1/2)))‘2,x, algorithm="giac")

-/

-

integrate((b*tan(d*sqrt(x) + c) + a)~(-2), x)

N
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Mupad [F(-1)]

Timed out.

/ ! 2dzz/ ! 5 dx
(a+ btan (c+ dy/x)) (a+btan (c+d+/z))

inpu‘ctim"(l/(a + bxtan(c + d*x~(1/2)))"2,x)

output| 18E(1/(a + brtan(c + dxx"(1/2)))72, x)

Reduce [F]

1

1
/(a+btan(c+d\/5))2dx /tan(\/s?d+c)2b2+2tan(\/Ed+c)ab+a2

dz

inputLint(l/(a+b*tan(c+d*xﬁ(1/2)))”2,x)

output

tint(l/(tan(sqrt(x)*d + c)**k2xb**2 + 2xtan(sqrt(x)*d + c)*a*b + ax*2),x)




output

input

output ‘ Integrate[1/(x*(a + b*Tan[c + d*Sqrt[x]])~2), x]
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1

3.45 f z(a+btan (c-l—d\/i))2 dz

Optimalresult . . . . . . . . .. . .. 340
Mathematica [N/A] . . . . . ... . B340
Rubi [N/A] . . o B41]
Maple [N/A] . . . o 341]
Fricas [N/A] . . . . o
Sympy [N/A] . . o 342
Maxima [N/A] . . . . o e
Giac [N/A] . . o e 344
Mupad [N/A] . . . o 344
Reduce [N/A] . . . o 3441

Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/ 5 dz = Int
z (a+btan (c +dy/z)) z (a + btan

(c+dvz))’

LDefer(Int)(1/x/(a+b*tan(c+d*x‘(1/2)))AQ,X)

Mathematica [N/A]

Not integrable

Time = 163.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

/ z (a+ btanl(c+ d\/E))2 = / z (a+ btan

(c+dyz))’

dz

LIntegrate[l/(x*(a + b*Tan[c + d*Sqrt[x]11)"2),x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ . 5 dz
z (a+btan (c +dy/z))
| 4238
j/ L 5dx
z (a+ btan (c+ dy/z))
input LInt [1/(x*(a + b*Tan[c + d*Sqrt[x]]1)"2),x] J
Output L$Ab0rted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x~n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 1.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90
1

/ 5dx

z (a+btan (c + dy/z))
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input Lint(l/x/(a+b*tan(c+d*x*(1/2)))~2’x) J

output Lint(l/x/(a+b*tan(c+d*x*(1/2)))AQ,X) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.90

/ ! de:/ ! 5—dT
z (a+btan (c+dy/z)) (btan (dy/z +c) +a)'z

inputLintegrate(1/x/(a+b*tan(c+d*x"(1/2)))"2,x, algorithm="fricas") J

N

p
Ou_tput‘integral(l/(b"2*x*tan(d*sqr1:(x) + ¢c)72 + 2*axb*xxtan(d*sqrt(x) + c) + a”2x
‘x), x) ‘

Sympy [N/A]
Not integrable

Time = 3.34 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1
/ : 5 de = / 5 dx
z (a+btan (c+dy/z)) z (a+btan (c+ dyT))
inputtintegrate(1/X/(a+b*tan(c+d*x**(1/2)))**Q,X) J
output LIntegral(l/(x*(a + bxtan(c + d*sqrt(x)))**2), x) J




input

output
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Maxima [N/A]
Not integrable

Time = 2.88 (sec) , antiderivative size = 3514, normalized size of antiderivative =
175.70

/f L 2dxr=£/m L 5— dr
z (a+ btan (c + dy/z)) (btan (dy/z +c) +a)'z

{integrate(1/x/(a+b*tan(c+d*x”(1/2)))“2,x, algorithm="maxima") \

((((4*%a~10*b~2 + 16*a"8%b~4 + 24*xa~6xb"6 + 17*a"4%b~8 + 6*a~2*xb~10 + b~12)
*cos(2xc) "2 + (4*a”10%b"2 + 16*a~8*b~4 + 24*a”~6*b~6 + 17*a"4%b~8 + 6*a~2*b
~10 + b~12)*sin(2%c) "2) *d*cos(2*d*sqrt(x))~2 + (a~12 + 2%a~10%b~2 + a~8*b~
4)*d*cos (2xd*sqrt(x) + 2xc)~2 + ((4*xa~10*%b~2 + 16*¥a"8xb~4 + 24*a~6+b"6 + 1
T*a~4xb~8 + 6*a~2*b~10 + b~ 12)*cos(2*c) 2 + (4*a~10%b"2 + 16*a”8xb~4 + 24%
a"6*%b"6 + 17*a"4%b~8 + 6%a”2%b~10 + b~12)*sin(2%c) ~2)*d*sin(2*d*sqrt(x)) "2
+ (2”12 + 2*%a”10*b”2 + a"8xb~4)*d*sin(2xd*sqrt(x) + 2%c)"2 - 2x((a"8*b~4
+ 4xa"6xb~6 + 6*xa~4xb~8 + 4*xa~2xb~10 + b~12)*cos(2*c) - 2x(a"11xb + 5*xa”9*
b~3 + 10*a"7*b~5 + 10*a~5*b~7 + 5*a~3*b~9 + a*b~11)*sin(2*c))*d*cos(2*d*sq
rt(x)) + 2x(2x(a~11%b + 5*a~9*b~3 + 10%a”~7*b~5 + 10*a~5*b~7 + 5*a~3%b~9 +
a*b~11)*cos(2*c) + (a"8*b~4 + 4*a~6xb"6 + 6%a~4xb"8 + 4*xa”2%b"10 + b~12)*s
in(2%c))*d*sin(2*d*sqrt(x)) + (a”12 + 6*xa~10*¥b~2 + 15%a~8*b~4 + 20*a~6*b~6
+ 15%a”4%b"8 + 6*a"2*b~10 + b"12)*d - 2*%(((a"8*b~4 + 2*a"6*b"6 + a~4%b"8)
xcos(2*c) - 2*%(a"11xb + 3*a"9*b~3 + 3*a”7*b~5 + a~5*b~7)*sin(2*c))*d*cos(2
*d*sqrt(x)) - (2*(a”11xb + 3*%a~9%b~3 + 3*a”7*b~5 + a~5*b~7)*cos(2*c) + (a~
8*b~4 + 2*a~6xb”6 + a~4%b”8)*sin(2xc))*d*sin(2*d*sqrt(x)) - (212 + 4*a~10
*b"2 + 6%a"8%b"4 + 4*a"6%b”6 + a~4*b~8)*d)*cos(2*d*sqrt(x) + 2%c) - 2x((2*
(a”11%b + 3*a”9*%b~3 + 3*a”7*b"5 + a~5*b~7)*cos(2*c) + (a”~8%b"4 + 2*a"6*b"6
+ a”4%b~8) *sin(2%c) ) *d*cos(2*d*sqrt(x)) + ((a"8%b~4 + 2*%a~6xb~6 + a~4%b~8
Y*cos(2xc) - 2x(a”11%b + 3*a~9*b~3 + 3*a”~7*b”"5 + a~5*b~7)*sin(2*c))*d*s. ..
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Giac [N/A]
Not integrable

Time = 1.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! de:/ ! 5— dT
z (a+btan (c+ dy/z)) (btan (dy/z +c) +a)'z

inputt

integrate(1/x/(at+b*tan(c+d*x~(1/2)))~2,x, algorithm="giac")

-

outputt

integrate(1/((b*tan(d*sqrt(x) + c) + a)~2*x), x)

-/

Mupad [N/A]

Not integrable

Time = 11.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ L 2dx=/ ! 5 dx
z (a+ btan (c+ dy/z)) z (a+btan (c+d+/x))

inputt

int(1/(x*(a + b*tan(c + d*x~(1/2)))"2),x)

outputt

int(1/(xx(a + b*tan(c + d*x~(1/2)))"2), x)

Reduce [N/A]

Not integrable

Time = 0.15 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

1 1

o
/x (a+ btan (c+ dy/z)) ’ tan (vZd + ¢)’ b2z + 2tan (/2 d + ¢) abz + a2z

dz

inputt

int (1/x/ (a+bxtan(c+d*x~(1/2)))"2,x)
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‘int(l/(tan(sqrt(x)*d + c)**2xbx*2*x + 2*tan(sqrt(x)*d + c)*axb*xx + ax*2%x)

output
»X)
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3.46 : dz
f z?(a+btan(c+dy/z)) 2

Optimalresult . . . . . . . . .. . .. 346]
Mathematica [N/A] . . . . . ... . 346
Rubi [N/A] . . o 347
Maple [N/A] . . . o 347
Fricas [N/A] . . . . o
Sympy [N/A] . . o 348
Maxima [F(-2)] . . . . . . . o 349
Giac [N/A] . . . o 349
Mupad [N/A] . . . o 349
Reduce [N/A] . . . o 3501

Optimal result

Integrand size = 20, antiderivative size = 20

/ L 2d:c=In1:< L 2,m>
22 (a + btan (c+ dy/z)) 22 (a + btan (c+ dy/x))

output LDefef(Int) (1/x~2/ (a+b*tan(c+d*x~(1/2)))"2,x) J

Mathematica [N/A]

Not integrable

Time = 31.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ L 2dx=/ L 5 dT
z? (a+btan (c+ dy/x)) 22 (a + btan (c+ dy/x))

inputLIntegrate[l/(x‘2*(a + b*Tan[c + d*Sqrt[x]11)~2),x] J

Output‘Integrate[l/(x‘?*(a + b*Tan[c + d*Sqrt[x]])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 5 dz
22 (a+btan (c+ dy/z))
| 4238
/P L 5dx
z? (a+ btan (c+ dy/z))
inputtlnt[l/(x‘2*(a + b*Tan[c + d*Sqrt[x]1])"2),x] J
output L$Aborted J

Defintions of rubi rules used

e 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x)"(n)1)"(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x~n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 1.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ ! dz
z? (a+btan (c+ d\/:f))2
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inputLint(1/x“2/(a+b*tan(c+d*x~(1/2)))~2,X)

output Lint (1/x72/ (atbxtan(c+d*x™(1/2)))"2,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/ ! de:/ ! 5— dT
22 (a+btan (c+ dy/x)) (btan (dv/z +c) + a)"z?

input Lintegrate (1/x~2/ (a+b*tan(c+d*x~(1/2)))"2,x, algorithm="fricas")

p
ou_tput‘integral(l/(b"2*x"2*tan(d*sqrt(x) + ¢c)72 + 2*axb*x"2*tan(d*sqrt(x) + c) +
‘a‘2*x‘2), x)

Sympy [N/A]
Not integrable

Time = 3.48 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2d:c=/ ! 5 dx
z? (a + btan (c+ dy/x)) 2 (a + btan (c+ dy/z))

inputtintegrate(1/X**2/(a+b*tan(c+d*x**(1/2)))**Q’X)

output LIntegra1(1/(x**2*(a + bxtan(c + d*sqrt(x)))**2), x)
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Maxima [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: RuntimeError
22 (a + btan (c+ dy/7))

input Lintegrate (1/x~2/(atb*tan(c+d*x~(1/2)))"2,x, algorithm="maxima") J

‘Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un

output
‘defined. ‘

Giac [N/A]
Not integrable

Time = 1.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2da:=/ ! 5— dT
z? (a + btan (c+ dy/z)) (btan (dyz + c) + a) 22

inputLintegrate(1/x‘2/(a+b*tan(c+d*x‘(1/2)))’"2,x, algorithm="giac") J

output Lintegrate(i/((b*tan(d*sqrt(x) + ¢) + a)"2%x"2), x) J

Mupad [N/A]
Not integrable

Time = 9.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2dx=/ ! 5 dx
22 (a+ btan (c+ dy/x)) 22 (a+btan (c+d/z))

inputtint(l/(x“2*(a + brtan(c + d*x~(1/2)))"2),x) J
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output Lint(l/(x“2*(a + bxtan(c + d*x~(1/2)))"2), x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.10

/ ! dz
22 (a+btan (c+ d\/E))2
1

/tan (VZd+c)? b2a? + 2tan (v d + ¢) aba? + aa?

dz

input Lint (1/x~2/ (a+b*tan(c+d*x~(1/2)))"2,x) J

‘int(l/(tan(sqrt(x)*d + C)**2xbx*2xx**2 + 2xtan(sqrt(x)*d + c)*axbxx**2 + a \

output ‘ 424942 2 ‘
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3.47 [z*(a+btan (c+ d¥/x)) dx

Optimal result . . . . . . . . . . .. . . . e 351
Mathematica [A] (verified) . . . . . . . . . ... o 3521
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o 3541
Fricas [F] . . . . . . o
Sympy [F] . . . o 3551
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F] . . o o 3561
Mupad [F(-1)] . . .«
Reduce [F] . . . . .

Optimal result

Integrand size = 18, antiderivative size = 287

/x2(a+btan (c+d¥a)) do

ax® 1 3bz%/3 log (1 + g2i(ctd %))
= — + ~ibz® —
3 3 d

12ibz"/3 PolyLog <2, _ g2i(etd %)>
+ ~

42bx? POlyLog (3’ —e% (c+d %))
_ >

126162/ PolyLog (4, —e¥(c+4¥%) )
_ -

315bz%/3 PolyLog <5, _e2i(c+d%)>
+ —

630ibz PolyLog (6, _g2i(c+d %)>
+ p

945bz:2/3 PolyLog <7, _e2i(ctd %))
_ -

945ib-/z PolyLog (8, —e(c+1¥%) )
_ -

945b PolyLog <9, —g2i(c+dV/z) >

+ 200
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1/3%axx"3+1/3*I*b*x~3-3*b*x~ (8/3) *1n (1+exp (2*I*(c+d*x~(1/3))))/d+12*I*b*x"
(7/3)*polylog(2,-exp(2*I* (c+d*x~(1/3))))/d"2-42xb*x~2*polylog(3,-exp (2*I*(
c+d*x~(1/3))))/d"3-126%Ixb*x~(5/3) *polylog(4,-exp(2*I* (c+d*x~(1/3))))/d 4+
315%b*x~ (4/3) *polylog(5,-exp (2*I* (c+d*x~(1/3))))/d"5+630*I*b*x*polylog(6, -
exp (2*I* (c+d*x~(1/3))))/d"6-945%b*xx~ (2/3) *polylog(7,-exp(2*I* (c+d*x~(1/3))
))/a"7-945*I*b*x"~ (1/3) *polylog(8,-exp(2*I*(c+d*x~(1/3))))/d~8+945/2*b*poly
log(9,-exp(2*I*(c+d*x~(1/3))))/d"9

output

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.00

8/3 2i(c+d Yz
/&%a+hmﬂmﬂﬁ5»dx:%?+%%ﬁ_3M/kgo;f( Vj)
12ibz"/3 PolyLog (2, _ g2i(ctd 3@)
- >
42bx? PolyLog (3’ _g2ilctd %)>
ds3
126362/ PolyLog (4, —e¥(c+4¥%) )
d4
315bz*/® PolyLog <5, _eai(c+d%)>
+ ~
630ibz PolyLog (6, _g2ile+d %)>
- .
945bz:2/3 PolyLog (7, _e2i(ctd 3/5))
d7
945ib-/z PolyLog (8, —e(c+4¥%) )
ds
945b PolyLog (9, —e*(c+1¥%) )
" 2d°

-

inputLIntegrate[x‘Q*(a + b*Tan[c + d*x~(1/3)]),x]

~—




output
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/(a*x“3)/3 + (I/3)*b*x~3 - (3*b*x~(8/3)*Logl[l + E~((2*I)*(c + d*x~(1/3)))]1)

/d + ((12%I)*bxx~(7/3)*PolyLogl[2, -E~((2*I)*(c + d*x~(1/3)))]1)/d"2 - (42%b
*x~2%PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d4"3 - ((126%*I)*b*x~(5/3)*Poly
Logl[4, -E~((2*I)*(c + d*x~(1/3)))]1)/d"4 + (315%b*x~(4/3)*PolyLogl[5, -E~((2
*I)*(c + d*x~(1/3)))]1)/d75 + ((630*I)*b*x*PolyLog[6, -E~((2*I)*(c + d*x~(1
/3)))1)/d"6 - (945%b*x~(2/3)*PolyLogl[7, -E~((2xI)*(c + d*x~(1/3)))1)/d"7 -

((945*I)*bxx~(1/3)*PolyLog[8, -E~((2*I)*(c + d*x~(1/3)))]1)/d"8 + (945*b*P

olyLogl[9, -E~((2*I)*(c + d*x~(1/3)))1)/(2%d~9)

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:2(a+btan (c+d¥)) do

l 2010
/ (az® + bz? tan (c + d¥/z)) dx
l 2009
az3 9450 PolyLog (9, —ei(c+d¥a) ) 945ib+/z PolyLog (8, _e2ictd¥a) )
3 + 2d9 B 48 -
945b2%/3 PolyLog (7, _ePiletd %)) 630ibz: PolyLog (6, _e2i(c+d %))
dr + 70 +
815b*/% PolyLog (5, —¢®(ct4¥%) ) 126iba%/% PolyLog (4, —e%(~+4¥7) )
d5 - 7 _
42bz? PolyLog (3, _e2i(ctd %)) 12ibz7/3 PolyLog (2, _e2i(ctd %))
d3 + d2

3b0%/3 log (1 + e2(c+a¥7))
y + 5z‘baci”
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input‘ Int[x"2*(a + bxTan[c + d*x~(1/3)]1),x]

(a*x~3)/3 + (I/3)*b*x~3 - (3*b*x~(8/3)*Logl[l + E~((2*I)*(c + d*x~(1/3)))]1)
/d + ((12%I)*b*x"(7/3)*PolyLog[2, -E~((2*I)*(c + d*x~(1/3)))1)/d"2 - (42*b
*x~2*xPolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d"3 - ((126%*I)*b*x~(5/3)*Poly
Logl[4, -E~((2*I)*(c + d*x~(1/3)))]1)/d"4 + (315*%b*x~(4/3)*PolyLog[5, -E~((2
*I)*(c + d*x~(1/3)))1)/d"5 + ((630%I)*b*x*PolyLogl6, -E~((2*I)*(c + d*x~(1
/3)))1)/d76 - (945%bxx~(2/3)*PolyLogl[7, -E~((2xI)*(c + d*x~(1/3)))]1)/d"7 -

((945%1) *bxx~(1/3)*PolyLog[8, -E~((2*I)*(c + d*x~(1/3)))1)/d"8 + (945*b*P
olyLogl[9, -E~((2*I)*(c + d*x~(1/3)))1)/(2%d"9)

output

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ru162010‘Int[(u_)*((c_.)*(x_))“(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

N\

Maple [F]

/m2<a+btan (c—l—dmé» dx

int (x~2* (a+b*tan(c+d*x~(1/3))),x)

e

inputt

-

Lint(x‘2*(a+b*tan(c+d*x‘(1/3))),X)

~—

output

~—

~—



input

output

input

output

input
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Fricas [F]

/aﬂ(a—l—btan (c+d%)) dr = / (btan (d:c% —|—c> —|—a)g;2dx

‘integrate(x“2*(a+b*tan(c+d*x”(1/3))),x, algorithm="fricas")

Lintegral(b*x“2*tan(d*x‘(1/3) + c) + a*x”2, x)

Sympy [F]

/m2(a+btan (c+dV/z)) dx=/m2(a+btan (c+dv/x)) dz

Lintegrate(x**2*(a+b*tan(c+d*x**(1/3))),X)

LIntegral(x**2*(a + bxtan(c + d*x**(1/3))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1119 vs. 2(222) = 444.

Time = 0.21 (sec) , antiderivative size = 1119, normalized size of antiderivative = 3.90

/x2 (a + btan (c + d\%_v)) dxr = Too large to display

Lintegrate (x~2* (a+b*tan(c+d*x~(1/3))) ,x, algorithm="maxima")




output

input

output
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1/105% (35% (d*x~(1/3) + c)~9%a + 35xIx(d*x~(1/3) + c)~9*b - 315x(d*x~(1/3)

+ c)"8*a*c - 315xIx(d*x~(1/3) + c) 8xb*c + 1260*(d*x~(1/3) + c) T*axc™2 +

1260*I* (d*x~(1/3) + ¢) " 7x*bxc™2 — 2940*(d*x~(1/3) + c) 6xaxc™3 — 2940*I*(d*
x~(1/3) + c)~"6xb*c”3 + 4410*%(d*x”~(1/3) + c) " 5*xaxc”4 + 4410*I*(d*x~(1/3) +

c) "b*xbxc~4 - 4410x(d*x~(1/3) + c) 4*a*xc™5 - 4410%Ix(d*x~(1/3) + c) 4*b*xc”5
+ 2940%(d*x~(1/3) + c)~3*axc™6 + 2940*I*(d*x~(1/3) + c) 3*bxc™6 - 1260*(d
*x~(1/3) + c) " 2xa*c”7 - 1260*%Ix(d*x~(1/3) + c) 2xb*c”™7 + 315x(d*x~(1/3) +

c)*axc~8 + 316xbxc~8xlog(sec(d*x~(1/3) + c)) + 12%(-420*I*(d*x~(1/3) + c)~
8*b + 1920*I*(d*x~(1/3) + c) " T7*b*c - 3920*Ix(d*x~(1/3) + c) "6*b*xc~2 + 4704
*I*(d*x~(1/3) + c)"b*b*c™3 - 3675*I*(d*x~(1/3) + c) 4*bxc™4 + 1960*I*(d*x"
(1/3) + c)"3*b*c™5 - 735%Ix(d*x~(1/3) + c) 2xb*c~6 + 210*I*(d*x~(1/3) + c)
*b*c”7)*arctan2(sin(2*d*x~(1/3) + 2%c), cos(2*d*x~(1/3) + 2*%c) + 1) + 1260
*(16*xIx(d*x~(1/3) + c)~7+b - 64xIx(d*x~(1/3) + c) 6%b*c + 112xI*(d*x~(1/3)
+ c)"5%b*c”2 - 112xIx(d*x~(1/3) + c) 4*b*c™3 + 7O0xIx(d*x~(1/3) + c) 3*b*c
~4 - 28xIx(d*x”~(1/3) + c) 2%b*c”5 + TxI*x(d*x"(1/3) + c)*b*c”6 — Ixb*c~7)*d
ilog(-e~ (2*I*d*x~(1/3) + 2xIxc)) - 6x(420%(d*x~(1/3) + c)~8%b - 1920*(d*x~
(1/3) + c) " 7*xbxc + 3920%(d*x~(1/3) + c) 6xbxc™2 - 4704*(d*x~(1/3) + c) 5*b
*c~3 + 3675%(d*x”(1/3) + c)~4xbxc™4 - 1960*(d*x~(1/3) + c)~3*bxc™5 + 735%(
d*x~(1/3) + c)"2%b*c”6 - 210*%(d*x~(1/3) + c)*b*c~7)*log(cos(2*d*x~(1/3) +

2%c) 2 + sin(2xd*x~(1/3) + 2%c) "2 + 2xcos(2xd*x~(1/3) + 2%c) + 1) + 793...

Giac [F]

/x2(a+btan (c+dv¥/z)) dz = / (btan (dx% +c> +a)x2dx

integrate (x~2*(atb*tan(c+d*x~(1/3))),x, algorithm="giac")

N

-

Lintegrate((b*tan(d*x”(l/B) + c) + a)*x"2, x)

| —
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Mupad [F(-1)]

Timed out.

/x2(a+btan (c+d¥/z)) dacz/a:2 (a+btan(c+dz'?)) dx

input Lint(x"2*(a + bxtan(c + d*x~(1/3))),x)

output Lint(“*(a + b¥tan(c + d*x~(1/3))), x)

Reduce [F]

3

/m2(a+btan (c+dVy/z)) dz = (/tan <x5d+c) :c2d33) b-l—%

input Lint (x~2*(a+bxtan(c+d*x~(1/3))) ,x)

outputL(S*int(tan(x**(l/B)*d + C)*x**2,X)*b + axx**3)/3
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3.48 [z(a+btan (c+ d¥/z)) dz

Optimal result . . . . . . . . . . . . e 358
Mathematica [A] (verified) . . . . . . . . . ... o 3591
Rubi [A] (verified) . . . .. . . ... .. 359
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o o 3611
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 362
Giac [F] . . . . o o 363
Mupad [F(-1)] . . . o o 363
Reduce [F] . . . . .

Optimal result

Integrand size = 16, antiderivative size = 203

5/3 2i(ct+d ¥z
/x(a+btan (C+d\3/§)) dx = %362 n %ibﬁ _ 3bz%/3 log (1;—3 ( f))
153bz*/3 PolyLog (2, _e2i(ctd %))
i 2d?
15bz PolyLog (3, _2i(c+d \3/5)>
d3
45ibz?/3 PolyLog <47 _2i(c+d :@)
2d4
45b+/z PolyLog (5, _g2ilctd %)>
" 2d5
45ib PolyLog (6, _g2i(c+d %))
" 4dS

1/2*a*x”~2+1/2*I*b*x~2-3%b*x~ (5/3) *1n (1+exp (2*I* (c+d*x~(1/3))) ) /d+15/2xI*bx*
x~(4/3)*polylog(2,-exp(2*I*(c+d*x~(1/3))))/d"2-15*b*x*polylog(3,-exp (2*I*(
c+d*x~(1/3))))/d"3-45/2xIxb*x~ (2/3) *polylog(4,-exp (2*I* (c+d*x~(1/3))))/d"4
+45/2*b*x~ (1/3) *polylog(5,-exp (2*I* (c+d*x~(1/3))))/d"5+45/4*Ixb*polylog(6,
-exp(2*I*(c+d*x~(1/3))))/d"6

output




input

output
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.00

/x(a+ btan (c+ dv/z)) dz

az? 1 3bx°/3 log (1 + e2i(ctd ?/5))
= — + ~ibz® —
2 2 d

15ibz*/3 PolyLog <2, _2i(c+d %)>
" 2d2

15bx PolyLog (3, _g2i(c+d 9/5))
_ >

45ibz?/3 PolyLog <4, _2i(e+d sﬁ)>
- 24

45b% PolyLog (5’ —e2 (c+d %))
" 2d°

451b PolyLog (6, _p2i(c+d %))
" 46

Integrate[x*(a + b*Tan[c + d*x~(1/3)]),x]

(a*x72)/2 + (I/2)*b*x"2 - (3*bxx~(5/3)*Logl[1 + E~((2*I)*(c + d*x~(1/3)))])
/d + (((15%I)/2)*bxx~(4/3)*PolyLogl[2, -E~((2*I)*(c + d*x~(1/3)))1)/d"2 - (
15xb*x*PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d"3 - (((45%I)/2)*b*x"(2/3)
*PolyLog[4, -E~((2*I)*(c + d*x~(1/3)))]1)/d"4 + (45xb*x~(1/3)*PolyLog[5, -E

~((2%I)*(c + d*x~(1/3)))1)/(2%d~

+ d*x~(1/3)))1)/4d76

5) + (((45I)/4)*b*PolyLogl6, -E~((2+I)*(c

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,

used = {2010, 2009}

number of rules
integrand size

= 0.125, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next
below.

to the arrow. The rules definitions used are listed
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/x(a + btan (c+ d¥/z)) dz
l 2010
/ (az + betan (c + d¥/z)) do
l 2009
az?  A5ibPolyLog (6,—e(+4¥2))  45b3/zPolyLog (5, —¢(+4¥%))
2 7 445 + 245 -
45ibs?/® PolyLog (4, —¢®(+4¥%) ) 15bz PolyLog (3, —e¥(c+4¥2))
244 - 7 +
15ibz*/3 PolyLog (2, —e2i(etd %)) 3b25/3 log (1 + e2ilctd %)) L,
242 - d +—§zbw
inputLInt[x*(a + bxTan[c + d*x~(1/3)]),x] J
output| (B¥X"2/2 + (I/2)%bxx"2 - (3¥bxx"(5/3)*Loglt + E"((2¥D*(c + dxx"(1/3)))])

/d + (((15%I)/2)*b*x~(4/3)*PolyLogl[2, -E~((2*I)*(c + d*x~(1/3)))1)/d™2 - (
15%b*x*PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d"3 - (((45%I)/2)*b*x~(2/3)
*PolyLog[4, -E~((2*I)*(c + d*x~(1/3)))]1)/d"4 + (45*b*x~(1/3)*PolyLog[5, -E
~((2%I)*(c + d*x~(1/3)))1)/(2%d"5) + (((45%I)/4)*b*PolyLogl[6, -E~((2*I)*(c
+ d*x~(1/3)))1)/d"6

Defintions of rubi rules used

rule 2009“111: [u_, x_Symbol]l :> Simp[IntSum[u, x1, x] /; SumQ[u] J

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘
, Xx] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [F|

/x(a—i—btan (c+dx%)> dr

input Lint (x* (a+b*tan(c+d*x~(1/3))) ,x)

output Lint (x* (a+b*tan(c+d*x~(1/3))) ,x)

Fricas [F]

/x(a—l—btan (c+dv¥z)) dz = / (btan (dx% -I-c) —i—a)xdz

input Lintegrate (x*(at+b*tan(c+d*x~(1/3))) ,x, algorithm="fricas")

output Lintegral(b*x*tan(d*x“(1/3) + ) + axx, x)

Sympy [F]

/z(a—l—btan (c—l—d\%—v)) d:v=/x(a—|—btan (c+d{’/5)) dz

input Lintegrate (x* (a+b*tan (c+d*x**(1/3))) ,x)

output LIntegral(x*(a + bxtan(c + d*x**(1/3))), x)




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 618 vs. 2(150) = 300.

Time = 0.20 (sec) , antiderivative size = 618, normalized size of antiderivative = 3.04

/x(a + btan (c+ dv/z)) dz = Too large to display

-

Lintegrate (x*(a+b*tan(c+d*x~(1/3))),x, algorithm="maxima")

-/

1/10%(5x(d*x~(1/3) + c)~6%a + 5xIx(d*x~(1/3) + c)~6%b - 30%(d*x~(1/3) + c)
~B¥axc - 30*Ix(d*x~(1/3) + c) 5xbxc + 75%(d*x~(1/3) + c) 4*a*xc™2 + 75*I*(d
*x~(1/3) + c)"4*b*c™2 - 100*%(d*x~(1/3) + c)"3*axc™3 - 100*xI*(d*x~(1/3) + c
)" 3%b*xc”™3 + 75k (d*x~(1/3) + c) 2*xa*xc”4 + TH5xIx(d*x~(1/3) + c) 2xb*c”4 - 30
*(d*x~(1/3) + c)*axc™5 - 30*bxc”~5xlog(sec(d*x~(1/3) + c)) + 2% (-48xI*(d*x~
(1/3) + c)~5*%b + 150*%I*(d*x~(1/3) + c) 4xbxc - 200*%I*(d*x~(1/3) + c) 3*xb*c
2 + 150*I*x(d*x~(1/3) + c) 2%b*xc~3 - 75xI*(d*x~(1/3) + c)*b*xc~4)*arctan2(s
in(2%d*xx~(1/3) + 2*xc), cos(2xd*x~(1/3) + 2*c) + 1) + 15%(16*xIx(d*x~(1/3) +
c)"4xb - 40*Ix(d*x~(1/3) + c) 3*bxc + 40*xI*(d*x~(1/3) + c) 2*b*c~2 - 20*I
*(d*x~(1/3) + c)*bxc™3 + 5xIxb*c~4)*dilog(-e~(2xIxd*x~(1/3) + 2*I*xc)) - (4
8% (d*x~(1/3) + c)~bxb - 150*(d*x~(1/3) + c) 4xbxc + 200*(d*x~(1/3) + c)~3*
bxc™2 - 150%(d*x~(1/3) + c) 2%bxc~3 + 75x(d*x~(1/3) + c)*bxc~4)*log(cos (2%
d*x~(1/3) + 2%c)"2 + sin(2*d*x~(1/3) + 2xc)~2 + 2*cos(2*d*x~(1/3) + 2*c) +
1) + 360*Ixbxpolylog(6, —-e” (2*Ixd*x~(1/3) + 2*I*c)) + 90*(8x(d*x~(1/3) +
c)*b - bxb*c)*polylog(5, -e~ (2xI*d*x~(1/3) + 2%Ixc)) + 60*(-12*I*(d*x~(1/3
) + c)”2%b + 15xI*(d*x~(1/3) + c)*b*c - 5xIxb*c”2)*polylog(4, -—e” (2*xIxd*x"
(1/3) + 2*I*c)) - 30*(16*(d*x~(1/3) + c)~3*b - 30*%(d*x~(1/3) + c) 2*b*c +
20%(d*x~(1/3) + c)*b*c™2 - 5*b*c~3)*polylog(3, -e~(2xI*d*x~(1/3) + 2xIx*c))
)/d"6




CHAPTER 3. LISTING OF INTEGRALS

363

Giac [F]

/m(a—l—btan (c+d{'/§)) dx = / (btan (dx% —|—c) —|—a)a:dz‘

input Lintegrate (x* (a+b*tan(c+d*x~(1/3))),x, algorithm="giac")

output tintegrate((b*tan(d*x—~(1/3) + c) + a)*x, x)

Mupad [F(-1)]

Timed out.

/x(a+btan (c+d¥/z)) dz:/x(a+btan(c+dx1/3)) dx

input Lint(x*(a + bxtan(c + d*x~(1/3))),x)

output Lint(x*(a + bxtan(c + d*x~(1/3))), x)

Reduce [F]

/x(a-l-btan (c+dvy/z)) dz = (/tan (x%d+c> xdx) b+ 22

input Lint (x* (a+b*tan(c+d*x~(1/3))) ,x)

outputL(2*int(tan(x**(1/3)*d + C)*xX,X)*b + akxx*2)/2
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3.49 [ (a+btan (c+dyz)) dx

Optimal result . . . . . . . . . . . . e 364
Mathematica [A] (verified) . . . . . . . . . ... o 3651
Rubi [A] (verified) . . . .. . . ... .. 365
Maple [F] . . . . 366
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 360
Sympy [F] . . o o 367
Maxima [F] . . . . . . 367l
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 98

362%/3 log (1 4 g2ilerd %))
d
3ib/z PolyLog (2, _e2ilc+d 5/5))
d2
3bPolyLog (3, —e2i(ctd %))
2d3

/(a—l—btan (c+d¥/z)) dz = az + ibz —

_|_

 axx+I*brx-3xbkx" (2/3) ¥1n(1+exp(2+I* (c+d*x"(1/3)))) /d+3+Ixb*x~(1/3)*polylog
‘ (2,-exp(2*I*(c+d*x~(1/3))))/d"2-3/2*b*polylog(3,-exp(2*I* (c+d*x~(1/3))))/d ‘
3 |

output
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00

. 3bz?/3 log <1 + eZi(”d%))
/(a+btan(c+d\3/§)) dzr = ax + ibx — y
3ib</z PolyLog (2, —eQi(chd%))
2
3b PolyLog (3, —e2i(ctd \3/5)>
2d°3

+

-

LIntegrate [a + b*Tan[c + d*x~(1/3)],x]

-/

input

‘akx + I#bkx - (3xbex~(2/3)*Logll + E~((2¢D)*(c + d*x~(1/3)))1)/d + ((3+D)*

output
P bax~ (1/3) #PolyLog[2, -E~((2+D)*(c + dxx™(1/3)))1)/d"2 - (3+b+PolyLogl3, -E
T((2*D*(c + axx™(1/3)))1)/(2+d"3)
Rubi [A] (verified)
Time = 0.33 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00,
_ _ 1 humber of rules _
number of steps used = 1, number of rules used = 1, integrand size. 0.071, Rules
used = {2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/(a+bmn¢+daa)dx
| 2009
3b PolyLog (3, —e2i(etd %)) 3ib¢/z PolyLog (2, _e2i(etd %))
= 23 + & B
3bx?/3 log (1 + e2i(c+d %)>
+ ibx
d
input LInt [a + bxTan[c + d*x~(1/3)],x] J
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t‘a*x + Ikbxx - (3*bxx~(2/3)*Logl[1 + E~((2*I)*(c + d*x~(1/3)))]1)/d + ((3*I)* ‘
‘b*x"(i/B)*PolyLog[2, -E~((2*I)*(c + d*x~(1/3)))]1)/d"2 - (3*bxPolyLog[3, -E ‘
(@ D*(c + a¥x"(1/3)))1)/(2%d73)

outpu

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [F]

/ <a+btan (c+dz%>> dx

int (a+b*tan(c+d*x~(1/3)) ,x) J

input L

output Lint (a+b*tan(c+d*x~(1/3)),x) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 249 vs. 2(75) = 150.

Time = 0.09 (sec) , antiderivative size = 249, normalized size of antiderivative = 2.54

/ (a—l— btan (c-|- d%)) dx

4ad3z — 6bd222 log (_2 (z tan(dm3+c>—1)>  6bdzl log (_2 (-i tan(dm§+c>—1>) 6 bdx%Lig (2 (z tan(¢

tan (dac%—i—c)z—i—l tan (dx%—i—c)z—i-l tan(dw

-

Lintegrate (a+b*tan(c+d*x~(1/3)),x, algorithm="fricas")

e—

input
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output 1/4*(4%a*d”3*x - 6%b*d~2+x~(2/3)*Llog(-2*(I*tan(d*x~(1/3) + c) - 1)/(tan(d*
x~(1/3) + ¢c)"2 + 1)) - 6%b*d"2*x~(2/3)*Llog(-2*(-I*tan(d*x~(1/3) + c) - 1)/
(tan(d*x~(1/3) + c)"2 + 1)) - 6*Ixb*d*x~(1/3)*dilog(2*(I*tan(d*x~(1/3) + c
) - 1)/(tan(d*x~(1/3) + c)"2 + 1) + 1) + 6+Ixb*d*x~(1/3)*dilog(2*(-I*tan(d
*x7(1/3) + c) - 1)/(tan(d*x~(1/3) + c)72 + 1) + 1) - 3%bxpolylog(3, (tan(d
*x~(1/3) + ¢)”2 + 2*Ixtan(d*x~(1/3) + c) - 1)/(tan(d*x~(1/3) + ¢c)"2 + 1))
- 3xb*polylog(3, (tan(d*x~(1/3) + c)~2 - 2xIxtan(d*x~(1/3) + c) - 1)/(tan(
d*x~(1/3) + c)72 + 1)))/d"3
Sympy [F]
/(a+btan (c+dVa)) dxz/(a—l—btan (c+d¥a)) do
inputLintegrate(a+b*tan(c+d*x**(1/3)),x) J
Outputtlntegral(a + bxtan(c + dxx**(1/3)), x) J
Maxima [F]
/(a—l—btan (c+dVz)) dx=/btan (dx% +c> +adzx
input‘integrate(a+b*tan(c+d*x“(1/3)),x, algorithm="maxima")
output‘a*x + 2xb*integrate(sin(2*d*x~(1/3) + 2*c)/(cos(2*d*x~(1/3) + 2*c)~2 + sin

\(2*d*x*(1/3) + 2%C)~2 + 2%cos(2%d*x~(1/3) + 2%c) + 1), x)
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Giac [F]

/(a—l—btan (c+d\‘°’/5)) d:c=/btan (dx% —|—c) +adzx

input Lintegrate (a+bk*tan(c+d*x~(1/3)),x, algorithm="giac")

outputtintegrate(b*tan(d*x“(1/3) +c) + a, x)

Mupad [F(-1)]

Timed out.

/(a—l—btan (c+d¥/z)) de = /a+btan(c+dx1/3) dz

input Lint(a + bxtan(c + dxx~(1/3)),x)

Outputtint(a + brtan(c + d*x~(1/3)), x)

Reduce [F|

/(a—l—btan (c+dv/z)) dz = (/tan (x%d+c> dac> b+ ax

input Lint (atb*tan(c+d*x~(1/3)),x)

output Lint(tan(x**(i/s)*d + C),x)*b + akx




output

input

output
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a+btan (c+d % )
3.50 | dz
T

Optimal result . . . . . . . . .. . .. 369
Mathematica [N/A] . . . . . ... . 369
Rubi [N/A] . . o 370
Maple [N/A] . . . o B71]
Fricas [N/A] . . . . . 371l
Sympy [N/A] . . o B7T]
Maxima [N/A] . . . . o e
Giac [N/A] .« . .
Mupad [N/A] . . . o
Reduce [N/A] . . . o 373l

Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—btan (c+dv/x)

T

dz = alog(z) + bInt(

tan (c + dv/z)

T

La*ln(x)+b*Defer(Int) (tan(c+d*x~(1/3))/x,x)

Mathematica [N/A]

Not integrable

Time = 4.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

X

/a+btan(c+d\3/§) dx=/

a+btan (c+ dy/z) p
x

i

LIntegrate[(a + b*Tan[c + d*x~(1/3)1)/x,x]

LIntegrate[(a + b*Tan[c + d*x~(1/3)1)/x, x]
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a—i—btan(c—l—d%) p
x

X

l 2010

/ <a | btan (c+d€/5)) i

T T

l 2009

/ tan (c + dv/z)

b dx + alog(z)

-

LInt[(a + bxTan[c + d*x~(1/3)]1)/x,x]

-/

input

output L7$Aborted ‘

Defintions of rubi rules used

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 2010 Tnt[()*((c_)*(x))~(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
', x] /; FreeQl{c, m}, x] && SumQ[u] & !LinearQ[u, x] && !MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] J
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Maple [N/A]
Not integrable

Time = 0.55 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+btan £c+dx§>dw

input | 186 ((a¥brtan (crdrx™ (1/3)))/%,0)

output | 18t ((arbrtan(crdxx™(1/3)))/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a-I—btan (c+dv/x) p /btan <d$%+c> +a
€Tr =

T T

input Lintegrate ((at+b*tan(c+d*x~(1/3)))/x,x, algorithm="fricas")

output Lintegral((b*tan(d*x*(l/;;) +c) + a)/x, x)

Sympy [N/A]
Not integrable

Time = 1.68 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

i
T T

/a—}-btan(c-l—d\%—v) i _/a—I—btan(c—i—d\%_v) p

input Lintegrate ((a+b*tan(c+d*x**(1/3))) /x,x)
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output LIntegral((a + b*tan(c + d*xx**x(1/3)))/x, x) J

Maxima [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 68, normalized size of antiderivative = 3.78

dz

/a+btan (c+ dV/x) p /btan <dz%+c> +a
T =

T T

inputLintegrate((a+b*tan(c+d*x’"(1/3)))/x,x, algorithm="maxima") J

2+bxintegrate(sin(2+dxx”(1/3) + 2%c)/((cos(2kdxx™(1/3) + 2%c)"2 + sin(2xdx

output
‘x“(1/3) + 2%c) 72 + 2%cos(2*d*x~(1/3) + 2%c) + 1)*x), x) + axlog(x) ‘

Giac [N/A]
Not integrable

Time = 0.59 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+btan (c+ dV/x) p /btan (dw%+c> +a
T =

T T

input Lintegrate ((atb*tan(c+d*x~(1/3)))/x,x, algorithm="giac") J

output Lintegrate((b*ta.n(d*x“(l/3) +c) +a)/x, x) J




CHAPTER 3. LISTING OF INTEGRALS 373

Mupad [N/A]
Not integrable

Time = 8.72 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+btan (c+dv/z) dx:/a+btan(c+d$1/3) .
z T

input Lint((a + bxtan(c + d*x~(1/3)))/x,x) J

output Lint((a + bxtan(c + d*x~(1/3)))/x, x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17

Z T

/a+btan (c+dVa) (/ an et o d:c) b+ log(z) a

-

input L

-/

int ((a+b*tan(c+d*x~(1/3)))/x,x)

output Lint(tan(x**(l/s)*d + ¢c)/x,x)*b + log(x)*a J




CHAPTER 3. LISTING OF INTEGRALS 374

a+btan (c+d % )
2 d

3.51 | T

Optimal result . . . . . . . . .. . .. 374
Mathematica [N/A] . . . . . ... . 374
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . . 376l
Sympy [N/A] . . o 376
Maxima [N/A] . . . . o e 877
Giac [N/A] .« . . B77
Mupad [N/A] . . . o
Reduce [N/A] . . . o 378l

Optimal result

Integrand size = 18, antiderivative size = 18

bt d< t de
/a+ an (c+ \/E)dwz—g—l—blnt an (c+ \/E),x
x2 T 22
output L—a/x+b*Defer(Int) (tan(c+d*x~(1/3))/x"2,x) J
Mathematica [N/A]
Not integrable
Time = 2.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
/“+btan (20+d\3/5) e / a + btan (2c-|—d\3/5) .
z x
input LIntegrate [(a + b*Tan[c + d*x~(1/3)1)/x"2,x] J

output LIntegrate[(a + bxTan[c + d*x~(1/3)]1)/x"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
bt d
/a+ an(2c+ V) e
X
l 2010
/ ((12+ btan(c;i—d%)) i
z T
l 2009
s [ tan [+ dVa) ), _a
T x
( R
input LInt[(a + b*Tan[c + d*x~(1/3)]1)/x"2,x] J
Outputk$Aborted J
Defintions of rubi rules used
ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 2010 Tnt[()*((c_)*(x))~(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
', x] /; FreeQl{c, m}, x] && SumQ[u] & !LinearQ[u, x] && !MatchQ[u, (a_)
L+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] J
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Maple [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+btan <c+dx§>d
z

x2

input tint ((atb*tan(c+d*x~(1/3)))/x72,%)

output Lint ((atbxtan(c+d*x~(1/3)))/x72,x%)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a-I—btan (c+dv/x) p /btan <d$%+c> +a
€Tr =

x2 2

input Lintegrate ((at+b*tan(c+d*x~(1/3)))/x"2,x, algorithm="fricas")

outputLintegralﬂb*tan(d*x*(1/3) +c) + a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 1.83 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

z2 2

/a-i-btan(c-l—d\%_v) p :/a+btan(c+d\%_v)

input Lintegrate ((a+bxtan (c+d*x**(1/3))) /x**2,%)
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output ntegral((a + brtan(c + dxxxx(1/3)))/x4x2, x) J

Maxima [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 72, normalized size of antiderivative = 4.00

dz

/a+btan (c+ dV/x) p /btan <dz%+c> +a
T =

x2 2

inputLintegrate((a+b*tan(c+d*x’"(1/3)))/x"2,x, algorithm="maxima") J

(2#bxx*integrate (sin(2+d*x~(1/3) + 2%c)/((cos(2xdx~(1/3) + 2%c)~2 + sin(2

output
‘*d*x‘(l/s) + 2%c) "2 + 2kcos(2xd*x~(1/3) + 2%c) + 1)*x72), x) - a)/x ‘

Giac [N/A]
Not integrable

Time = 0.63 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+btan (c+ dV/x) p /btan (dw%+c> +a
T =

x2 2

input Lintegrate ((atb*tan(c+d*x~(1/3)))/x"2,x, algorithm="giac") J

output Lintegrate((b*ta.n(d*x“(l/3) +c) +a)/x"2, x) J
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Mupad [N/A]
Not integrable

Time = 8.80 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

dz

/a+btan(c+d\%—v)d /a+btan(c+dx1/3)
T =

x2 72

input Lint((a + bxtan(c + d*x~(1/3)))/x72,x)

output Lint((a + bxtan(c + d*x~(1/3)))/x72, x)

Reduce [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.39
tan (zilfd+c)

/a—l—btan(c—l—d\%_p) o (fz—z

2 7

dx) bxr —a

input Lint ((atbxtan(c+d*x~(1/3)))/x72,x)

outputL(int(tan(x**(l/@*d o @) s = ek
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3.52 [ z*(a+ btan (c—l—d{”/i))2 dz

Optimal result . . . . . . . . .. . . . . . e 380
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [F] . . . . 384
Fricas [F] . . . . . o e 384
Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...
Giac [F] . . . . o o e
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o e 387
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Optimal result

Integrand size = 20, antiderivative size = 597

/%2 (a+btan (c+ d%))z - _3zb2$8/3 + a’a’ + gzab:c _ e
3 3 3
24b22"7/3 log <1 + e2i(ctd %))
+ .
6aba®/*log (1 + e%(c+1¥) )
- d
84zb2 2 PolyLog ( p2i(c+d f))
d3
24iabz™/? PolyLog <2, —g2i(ctd %))
+ ~
252022/ PolyLog (3, —¢%(c+4¥%) )
+ —
84aba? PolyLog (3, —e¥(c+4¥%) )
d3
630ib2*/3 PolyLog (4, _2iletd %))
+ —
952iabz®/3 PolyLog (4, _ilerd %))
d4
1260b%z PolyLog ( 5, —e2i(c+d sﬁ)>
d6
630&()1’4/3 PolyLog (5 2i(c+d f))
+ .
18904b%2%/3 PolyLog <6, _p2i(c+d %))
d7
1260z¢abz PolyLog (6 2i(c+d ¥z ))
+ ~
189062 /z PolyLog ( Q2i(cHd f))
+ —
1890abz?/3 PolyLog (7, _p2i(c+d %))
d7
945ib% PolyLog (8, _p2i(c+d %))
+ ~
1890mb\/_ PolyLog <8, 2i(ctd f))
dS

945ab PolyLog <9, —g2i(c+d/z) )
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945xI*b~2*polylog(8,-exp (2*xI*(c+d*x~(1/3))))/d~9+1/3%a"2xx"3+1260% I *axb*x*
polylog(6,-exp(2*I*(c+d*x~(1/3))))/d"6-1/3*%b~2xx"3+24*b~2*x"~ (7/3) *1n(1+exp
(2%Ix(c+d*x~(1/3))))/d"2-6*a*bxx~(8/3) *1n(1+exp (2*I* (c+d*x~(1/3))))/d-252*
I*a*b*x~(5/3)*polylog(4,-exp (2*I*(c+d*x~(1/3))))/d"4+2/3*I*a*b*x~3+252%b"2
*x~ (5/3) *polylog(3,-exp(2*I*(c+d*x~(1/3))))/d"4-84*a*xb*x~2*polylog(3,-exp(
2xI* (c+d*x~(1/3))))/d"3+630*I*b~2*x~ (4/3) *polylog(4,-exp(2*I* (c+d*x~(1/3))
))/d"5-3*I*b~2*x~(8/3) /d-1260%b~2*x*polylog(5,-exp (2*I* (c+d*x~(1/3))))/d"6
+630*a*b*x~(4/3) *polylog(5,-exp (2*I*(c+d*x~(1/3))))/d"5-1890*I*b~2xx~ (2/3)
*polylog(6,-exp (2*xI*(c+d*x~(1/3))))/d"7-84*Ixb~2*x"~2*polylog(2,-exp(2*I*(c
+d*x~(1/3))))/d"~3+1890%b~2*x~ (1/3) *polylog(7,-exp (2*xI* (c+d*x~(1/3))))/d"8-
1890%axb*x~ (2/3) *polylog(7,-exp (2%I* (c+d*x~(1/3))))/d"7+24*I*axbxx~(7/3) *p
olylog(2,-exp(2*I*(c+d*x~(1/3))))/d"2-1890*I*a*b*xx~(1/3)*polylog(8,-exp(2*
Ix(c+d*x~(1/3))))/d~8+945*a*b*polylog(9,-exp (2*I*(c+d*x~(1/3))))/d~9+3*b"2
*x~(8/3)*tan(c+d*x~(1/3))/d

output

Mathematica [A] (verified)

Time = 3.84 (sec) , antiderivative size = 828, normalized size of antiderivative = 1.39

/:v2 (a + btan (c + d\?’/i))2 dx = Too large to display

input Integrate[x~2*(a + b*Tan[c + d*x~(1/3)])"2,x]
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(((-I)*b*xE~ ((2*I)*c) * ((-18%b*d"8%x~(8/3)) /E~ ((2*I)*c) + (4*a*d~9*x~3)/E~((
2xI)*c) + ((72xI)*bxd~7*(1 + E~((2*I)*c))*x~(7/3)*Logll + E~((-2*I)*(c + d
*x~(1/3)))1)/E~((2%I)*c) - ((18*I)*a*d~8*(1 + E~((2*I)*c))*x"(8/3)*Logl[1 +
E~((-2*I)*(c + d*x~(1/3)))]1)/E~((2*I)*c) - 252*b*xd"6*(1 + E~((-2*I)*c))*x
~2%PolyLog[2, -E~((-2*I)*(c + d*x~(1/3)))] + 72*axd"7*(1 + E~((-2*I)*c))*x
~(7/3)*PolyLog[2, -E~((-2*I)*(c + d*x~(1/3)))] + ((756*I)*b*d~5*(1 + E~((2
*I)*c))*x~(5/3)*PolyLog[3, -E~((-2*I)*(c + d*x~(1/3)))1)/E~((2*xI)*c) - ((2
52xI)*axd~6*(1 + E~((2*xI)*c))*x"2*PolyLog[3, -E~((-2*I)*(c + d*x~(1/3)))1)
/E~((2*%I)*c) + 1890*b*d~4*(1 + E~((-2xI)*c))*x~(4/3)*PolyLog[4, -E~((-2*I)
*(c + d*x~(1/3)))] - 756xa*xd”5x(1 + E~((-2*I)*c))*x~(5/3)*PolyLogl4, -E~((
-2xI)*(c + d*x~(1/3)))] - ((3780*I)*b*d~3*(1 + E~((2*I)*c))*x*PolyLog[5, -
E~((-2xI)*(c + d*x~(1/3)))1)/E~((2*I)*c) + ((1890%I)*a*xd~4*(1 + E~((2*I)*c
))*x~(4/3)*PolyLog[5, -E~((-2*I)*(c + d*x~(1/3)))]1)/E~((2*I)*c) - 5670%*bxd
“2%(1 + E7((-2%I)*c))#*x"~(2/3)*PolylLogl[6, -E~((-2*xI)*(c + d*x~(1/3)))] + 37
80*a*xd~3%(1 + E~((-2%I)*c))*x*PolyLogl[6, -E~((-2*I)*(c + d*x~(1/3)))] + ((
5670%I)*bxd*x(1 + E~((2*I)*c))*x~(1/3)*PolyLogl7, -E~((-2*I)*(c + d*x~(1/3)
)1)/ET((2%I)*c) - ((5670%I)*axd~2x(1 + E~((2*I)*c))*x~(2/3)*PolyLogl(7, -E
“((-2%xI)*(c + d*x~(1/3)))]1)/E~((2%I)*c) + 2835%b*(1 + E~((-2*I)*c))*PolyLo
g[8, -E~((-2*I)*(c + d*x~(1/3)))] - 5670%a*xd*(1 + E~((-2*I)*c))*x~(1/3)*Po
lyLog[8, -E~((-2*xI)*(c + d*x~(1/3)))] + ((2835*I)*a*(1 + E~((2*I)*c))*P...

output

Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 598, normalized size of antiderivative = 1.00,

number of rules _ 900, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/xQ(a+btan (c+d¥/m))? do
l 4234
3/x8/3(a+btan (c+d¥a))’ dia
| 3042

3/x8/3(a+btan (c+d\?’/a_3))2d{”/5
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l 4205
3/ (a2x8/3 + b2 tan? (c + d%) z8/3 + 2abtan (c + d%) m8/3> d¥/x

l 2009

+ —

243  315abPolyLog (9, —e2i<c+d%>) 630iab/z PolyLog (8, —e2i<c+d%>) 630abz2/3 PolyLog (7, -
3| 9 d° B d8 d7

input!lnt[x 2%(a + b*Tan[c + d*x~(1/3)]1)"2,x]

3*x(((-I)*b~2*x~(8/3))/d + (a"2*x~3)/9 + ((2*I)/9)*a*b*x~3 - (b~2*x"3)/9 +

(8*b~2+x~(7/3)*Log[1 + E~((2*I)*(c + d*x~(1/3)))1)/d"2 - (2*a*b*x~(8/3)*Lo
gll + ET((2*ID)*(c + d*x~(1/3)))]1)/d - ((28*I)*b~2*x"2xPolyLog[2, -E~((2*I)
*x(c + d*x~(1/3)))]1)/d"3 + ((8*I)*a*b*x~(7/3)*PolyLogl[2, -E~((2*I)*(c + d*x
~(1/3)))1)/d"2 + (84*b~2xx~(5/3)*PolyLogl[3, -E~((2*I)*(c + d*x~(1/3)))1)/d
~4 - (28%axb*x~2*PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))1)/d"3 + ((210%I)*b~
2%x~ (4/3)*PolyLog[4, -E~((2*I)*(c + d*x~(1/3)))1)/d"5 - ((84*I)*a*b*x"~(5/3
)*PolyLog[4, -E~((2*I)*(c + d*x~(1/3)))])/d"4 - (420%b~2*x*PolyLog[5, -E~(
(2*%I)*(c + d*x~(1/3)))]1)/d"6 + (210%axb*x~(4/3)*PolyLog[5, -E~((2*I)*(c +

d*x~(1/3)))1)/d"5 - ((630*I)*b~2*x~(2/3)*PolyLogl[6, -E~((2*I)*(c + d*x~(1/
3)))1)/a°7 + ((420%I)=*a*b*x*PolyLogl[6, -E~((2*I)*(c + d*x~(1/3)))]1)/d"6 +

(630*xb~2xx~ (1/3) *PolyLog[7, -E~((2*I)*(c + d*x~(1/3)))]1)/d"8 - (630*a*xb*x~
(2/3)*PolyLogl7, -E~((2xI)*(c + d*x~(1/3)))]1)/d~7 + ((315%I)*b~2*PolyLogl[8
, "ET((2%I)*(c + d*x~(1/3)))1)/d"9 - ((630%I)*a*xb*x~(1/3)*PolyLogl[8, -E~((
2%I)*(c + d*x~(1/3)))])/d"8 + (315*a*b*PolyLogl[9, -E~((2*I)*(c + d*x~(1/3)
))1)/d79 + (b™2*x~(8/3)*Tan[c + d*x~(1/3)]1)/d)

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u] J

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042
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rule 4205 Int[((c_.) + (d_)*(x))"(m_.)*((al) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4234 L)~ @_)*((a_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(@)1)"(p_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~

ps x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

/x2<a—|—btan (c+dm§>>2dﬂs

inputLint(XAQ*(a+b*tan(c+d*xﬁ(1/3)))“2,x)

output Lint (x~2* (a+b*tan(c+d*x~(1/3)))"2,x)

Fricas [F]

/xQ(a—i—btan (c+d{*/5))2 dr = / (btan (dx% +c> +a)2x2 dz

inputLintegrate(XA2*(a+b*tan(0+d*XA(1/3)))‘2,x, algorithm="fricas")

‘integral(b‘2*x‘2*tan(d*x‘(1/3) + ¢)72 + 2¥a*b*x"2*tan(d*x”~(1/3) + c) + a”2

output
‘*x‘2, X)
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Sympy [F]

/12(a—|—btan (c+d\3/5))2 dx=/x2(a—|—btan (c—l—d\%?))2 dzx

input ‘ integrate (x**2* (a+b*tan (c+dkx** (1/3)) ) **2,x)

outputtlntegral(x**2*(a + bxtan(c + dkx**(1/3)))**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4725 vs. 2(473) = 946.

Time = 0.66 (sec) , antiderivative size = 4725, normalized size of antiderivative = 7.91

/x2 (a+btan (c+ d\‘%_c))z dz = Too large to display

input Lintegrate (x~2* (atb*tan(c+d*x~(1/3)))"2,x, algorithm="maxima")




output

input

output
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1/3%((d*x~(1/3) + c)"9*a"2 - 9k (d*x~(1/3) + c) 8*a~2*c + 36*(d*x~(1/3) + ¢
) T*a~2xc”2 - 84%(d*x~(1/3) + c)"6*%a"2xc”3 + 126*%(d*x~(1/3) + c) 5*a"2xc”4
- 126%(d*x~(1/3) + c)~4*a"2%c”5 + 84*(d*x~(1/3) + c)~3*a"2*c”6 - 36*(d*x~
(1/3) + c)"2%a~2xc”7 + 9x(d*x~(1/3) + c)*a~2xc”8 + 18*a*bxc~8*log(sec(d*x™
(1/3) + c)) - 9% (-315*%I*%(d*x~(1/3) + c)*b"2*c”™8 - 35%(2*axb + I*b~2)*(d*x~
(1/3) + c)”9 + 315%(2*a*b + I*b~2)*(d*x~(1/3) + c)~8xc - 1260*(2*xa*b + I*b
~2)*(d*x~(1/3) + c)7T*c”2 + 2940*(2*a*b + I*b~2)*(d*x~(1/3) + c)"6*c”3 - 4
410%(2%a*b + I*b~2)*(d*x~(1/3) + c)~5*%c”4 + 4410*(2*axb + I*b~2)*(d*x~(1/3
) + c)74*xc”5 - 2940%(2%a*b + I*b~2)*(d*x~(1/3) + c)~3%c”6 + 1260%(2xaxb +
Ixb~2)*(d*x~(1/3) + c)~2%c™7 - 630*b~2%c~8 + 24*(420*(d*x~(1/3) + c) 8*a*xb
+ 105%b~2%c”7 - 960%* (2xaxb*c + b~2)*(d*x~(1/3) + c)~7 + 3920*(axb*c™2 + b
~2xc)*(d*x~(1/3) + c)~6 - 2352%(2*a*b*c~3 + 3*b"2*c"2)*(d*x~(1/3) + ¢c)75 +
3675% (a*b*c™4 + 2xb"2xc”3)*(d*x~(1/3) + c)~4 - 980*(2*xaxb*c”™5 + 5*%b~2*c~4
Y*x(d*x~(1/3) + ¢c)~3 + 735*(a*b*c”6 + 3*b"2xc~5)*(d*x~(1/3) + c)~2 - 105%(2
*axbxc”7 + Txb"2xc”6)*(d*x~(1/3) + c) + (420%(d*x~(1/3) + c) 8*axb + 105%b
“2xc”7 - 960%* (2*a*b*xc + b~2)*x(d*x~(1/3) + ¢)77 + 3920*(a*b*xc”2 + b"2*c)*(d
*x~(1/3) + c)~6 - 2352%(2*a*b*c™3 + 3*b~2%c”2)*(d*x~(1/3) + c)~5 + 3675%(a
*bxc”™4 + 2xb"2xc”3)*(d*x~(1/3) + c)”4 - 980*(2*xa*b*c”5 + 5xb"2*c~4)* (d*x" (
1/3) + c)~3 + 735*(a*b*c”6 + 3*b~2*%c~5)*(d*x~(1/3) + c)~2 - 105*(2*xa*xb*xc”~7
+ T*b~2%c~6)*(d*x~(1/3) + c))*cos(2xd*x~(1/3) + 2xc) - (-420*I*(d*x~(1...

Giac [F]

2 1 2
/wz(a—l—btan (c+dv/x)) dx=/<btan (dac§ +c> -l-a) z? dz

integrate(x~2*(atb*tan(c+d*x~(1/3)))~2,x, algorithm="giac")

N

-

Lintegrate((b*tan(d*x”(l/B) + ¢c) + a)"2xx"2, x)

| —
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Mupad [F(-1)]

Timed out.

/xz(a+btan (c—i—d@/s?))2 da:z/a:2 (a—i—btan(c—l—da:l/?’))zda:

input Lint(x‘2*(a + bxtan(c + d*x~(1/3)))"2,%) J
outputtint(x‘Q“a + b¥tan(c + d*x~(1/3)))"2, x) J
Reduce [F]

/z2(a+btan (c+d¥a))’ do
923 tan (x%d+ c) b’ — 24<f 3 tan (xéd-l— c) dx) b+ 6<ftan (x%d+ c) x2dx> abd + a*dz® — b?da
N 3d

input Lint (x~2*(a+bxtan(c+d*x~(1/3)))"2,x) J

‘(9*x**(2/3)*tan(x**(1/3)*d + C)*b**2xxk*k2 — 24*int (x*k*(2/3)*tan(x**(1/3)*d \
|+ C)¥x,X)*b**2 + Gxint(tan(xxk(1/3)*d + C)*x**2,X)*axbkd + arkxd¥xk*3 - |
‘b**2*d*x**3)/(3*d) ‘

output
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3.53 [ z(a+ btan (c—l—d{’/@))2 dz

Optimal result . . . . . . . . .. . . . . . e 389
Mathematica [A] (verified) . . . . . . . . . ... 390
Rubi [A] (verified) . . . . . . . . . .
Maple [F] . . . .
Fricas [F] . . . . . o e
Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 394
Giac [F] . . . . o o e
Mupad [F(-1)] . . . oo

Reduce [F] . . . . o o e 395
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Optimal result

Integrand size = 18, antiderivative size = 408

[ (ot bion e+ a9 o = -0 L EE e B
156°2*/% log (1 + e2iletd %))
+ .
6abz®/? log (1 + eliletd %))
d
30ib%z PolyLog (2, _i(e+d %))
d3
15iabz*/3 PolyLog (2, _2i(c+d %))
+ =
4563?13 PolyLog <3’ _e2i(ctd 3/5))
+ ~
30abz PolyLog (3, _ i+ %))
d3
45ib2 /7 PolyLog <4’ _ezi(c+d%)>
+ —~
45iaba®/? PolyLog (4, —e(c+4¥%) )
d4
45b% PolyLog (5, _e2i(ctd 3/5))
26
45ab+/x PolyLog (5, _e2i(ctd %))
+ -
45tab PolyLog (6, _g2i(ctd %))
i 25

3b2z%3 tan (c + d¥/z)
+ d
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45/2xI*a*b*polylog(6,-exp(2*I*(c+d*x~(1/3))))/d~6+1/2%a"~2*x"2+15*I*axb*x" (
4/3)*polylog(2,-exp (2*I* (c+d*x~(1/3))))/d"2-1/2%b"2*x~2+15%b"2*x~ (4/3) *1n(
1+exp (2*I* (c+d*x~(1/3))))/d"2-6*a*xb*x~ (5/3) *1n (1+exp (2*xI* (c+d*x~(1/3))))/d
-45%Ixaxb*x~ (2/3) *polylog(4,-exp (2*I* (c+d*x~(1/3))))/d~4-3*I*b~2*x~(5/3)/d
+45%b~2+x~ (2/3) *polylog(3,-exp (2*I* (c+d*x~(1/3))))/d~4-30*a*xb*x*polylog(3,
—exp (2*I*(c+d*x~(1/3))))/d"3+45xIxb~2*x" (1/3) *polylog(4,-exp(2*I* (c+d*x~ (1
/3))))/d"5-30*I*b~2*x*polylog(2,-exp(2*I*(c+d*x~(1/3))))/d~3-45/2*b"2*poly
log(5,-exp(2*I*(c+d*x~(1/3))))/d~6+45*axb*x"~ (1/3)*polylog(5,-exp(2*I* (c+d*
x~(1/3))))/d"5+Ixa*b*x~2+3xb~2+x~ (5/3) *tan(c+d*x~(1/3))/d

output

Mathematica [A] (verified)

Time = 2.90 (sec) , antiderivative size = 571, normalized size of antiderivative = 1.40

/z(a-l—btan (c+d¥a))’ do

1 ibezic(—12bd5e‘2icx5/ 3 + 4ad®e~%x? + 30ibd*e~%¢(1 + e%°) 2*/3 log (1 4 g~ %(cHd %)) — 12iad%e

N 6b2z°/% sec(c) sec (c + d+/z) sin (d+/z)

g + z%(a® — b* + 2abtan(c))

inputtlntegrate[x*(a + bxTan[c + d*x~(1/3)])"2,x] J
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(C(-I)*b*E~ ((2*%I)*c) * ((-12%b*d~5*x~(5/3) ) /E~((2*I)*c) + (4*a*d~6*x"2)/E~((
2xI)*c) + ((30*I)*bxd~4*(1 + E~((2*I)*c))*x~(4/3)*Logl[l + E~((-2*I)*(c + d
*x7(1/3)))1)/E~((2%I)*c) - ((12%I)*a*d~5x(1 + E~((2*I)*c))*x~(5/3)*Log[1 +
ET((-2%D)*(c + d*x~(1/3)))1)/E~((2*I)*c) - 60%b*d~3*(1 + E~((-2*I)*c))*x*
PolyLog[2, -E~((-2*D)*(c + d*x~(1/3)))] + 30%a*d~4*(1 + E~((-2*I)*c))*x" (4
/3)*PolyLog[2, -E~((-2*#I)*(c + d*x~(1/3)))] + ((90*I)*bxd~2*(1 + E~((2*I)*
c))*x~(2/3)*PolyLog[3, -E~((-2*xI)*(c + d*x~(1/3)))1)/E~((2*%I)*c) - ((60%I)
*xa*d~3* (1 + E~((2*I)*c))*x*PolyLog[3, -E~((-2*I)*(c + d*x~(1/3)))]1)/E~((2*
I)*c) + 90xb*d*(1 + E~((-2*I)*c))*x~(1/3)*PolyLog[4, -E~((-2*I)*(c + d*x"(
1/3)))]1 - 90%a*d~2x(1 + E~((-2*I)*c))*x~(2/3)*PolyLog[4, -E~((-2*xI)*(c + d
*x~(1/3)))] - ((45%I)*bx(1 + E~((2%I)*c))*PolyLogl[5, -E~((-2*I)*(c + d*x"(
1/3)))1)/E~((2%I)*c) + ((90*I)*a*d*(1 + E~((2*I)*c))*x~(1/3)*PolyLog[5, -E
“((-2%I)x(c + d*x~(1/3)))]1)/E~((2%I)*c) + 45xa*x(1 + E~((-2*I)*c))*PolyLogl[
6, -E7((-2xI)*(c + d*x~(1/3)))]1))/(d"6%(1 + E~((2xI)*c))) + (6xb~2xx~(5/3)
xSec[c]*Sec[c + d*x~(1/3)]1*Sin[d*x~(1/3)])/d + x~2*%(a"2 - b~2 + 2*axb*Tan|[
cl))/2

output

Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 411, normalized size of antiderivative = 1.01,

number of rules _ 0.222, Rules

number of steps used = 5, number of rules used = 4, integrand size

used = {4234, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w(a+btan (c+d¥a))? du
l 4234
3/x5/3(a+btan (c+d¥/m))?d¥z
| 3042
3/m5/3(a+btan (c+d¥a))d¥z
l 4205

3/ (x5/3a2 + 2b2%/3 tan (c+dVz)a+ b225/3 tan? (c+ d%)) d/z
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l 2009

6 26 + & - i

(a2 r2  15iabPolyLog (6, —e2i(c+d %)> 15ab+/x PolyLog <5, —e2i(ctd %)> 15iabz?/3 PolyLog (4, —e2
3

input LInt [xx(a + b*Tan[c + d*x~(1/3)])"2,x] J

3*x(((-D)*b"2*x~(5/3))/d + (a~2*x~2)/6 + (I/3)*axb*x"2 - (b~2*x"2)/6 + (5%b
~2*%x~(4/3)*Log[1 + ET((2*I)*(c + d*x~(1/3)))]1)/d"2 - (2xaxb*x~(5/3)*Log[1

+ ET((2%I)*(c + d*x~(1/3)))1)/d - ((10*I)*b~2*x*PolyLog[2, -E~((2*I)*(c +

d*x~(1/3)))1)/d"3 + ((5*I)*a*b*x~(4/3)*PolylLogl[2, -E~((2*I)*(c + d*x~(1/3)
))1)/d"2 + (156%b~2xx~(2/3)*PolyLogl[3, -E~((2*xI)*(c + d*x~(1/3)))1)/d 4 - (
10*a*b*x*PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d"3 + ((15*I)*b~2*x~(1/3)
*PolyLog[4, -E~((2*I)*(c + d*x~(1/3)))1)/d"5 - ((156%I)*axb*x~(2/3)*PolyLog
[4, -E~((2*D)*(c + d*x~(1/3)))]1)/d"~4 - (15%b~2*PolyLog[5, -E~((2*I)*(c + d
*x~(1/3)))1)/(2xd"6) + (15*axbxx~(1/3)*PolyLog[5, -E~((2*I)*(c + d*x~(1/3)
))1)/d"5 + (((15%I)/2)*a*b*PolyLogl[6, -E~((2*xI)*(c + d*x~(1/3)))]1)/d"6 + (
b~2+x~(5/3)*Tan[c + d*x~(1/3)1)/d)

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4205 Int[((c_-) + (d_-)*(X_))A(m_-)*((a_) + (b_.)*tan[(e_.) + (f_,)*(x_)])“(n__)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N J
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rule 4234 P0G @_D*((a ) + (b_)*Tanl(c_.) + (d_.)*(x1)"@)1)"(p_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~ ‘
'p, x1, x, xn], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IGtQ[Simplify[(m +
‘ 1)/n], 0] && IntegerQ[p]

Maple [F]
/m(a—l— btan (c—l— dmé))zdm

input 12t (ex (avbxtan (crdxx™(1/3)))~2,%) J

OutputLint(x*(a+b*tan(c+d*x*(1/3)))*2’X) J
Fricas [F]

2 1 2
/x(a—l— btan (c—|— d%)) dr = / (btan (de + c) + a) rdr
input Lintegrate (x*(at+b*tan(c+d*x~(1/3)))"2,x, algorithm="fricas") J

output‘ integral (b™2*x*tan(d*x~(1/3) + c)~2 + 2*a*b*xxtan(d*x~(1/3) + c) + a™2xx, ‘

E \
Sympy [F]
/x(a+bta,n (c+d¥/z))’ dx:/x(a+btan (c+d¥/z))’ do
inputLintegrate(x*(a+b*tan(c+d*x**(1/3)))**2’x) J

OutputLIntegral(x*(a + bxtan(c + d¥x*x(1/3)))**2, x) J




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2421 vs. 2(320) = 640.

Time = 0.35 (sec) , antiderivative size = 2421, normalized size of antiderivative = 5.93

/x(a + btan (c+ d{*‘/a_:))2 dz = Too large to display

e

Lintegrate(x*(a+b*tan(c+d*x‘(1/3)))‘2,x, algorithm="maxima")

\

-/

1/2x((d*x~(1/3) + c)"6*a”2 - 6x(d*x~(1/3) + c) 5*a~2*c + 15%(d*x~(1/3) + ¢
) "4*a~2xc”2 - 20%(d*x~(1/3) + c)"3*a"2*xc”3 + 156%(d*x~(1/3) + c)"2*a"2xc”4
- 6%(d*x~(1/3) + c)*a"2+c”5 - 12xaxb*c”5xlog(sec(d*x~(1/3) + c)) - 6%(30%I
*(d*x~(1/3) + c)*b™2*xc”™5 - 5k (2*axb + I*xb~2)*(d*x~(1/3) + c)~6 + 30*(2*a*b
+ I*b"2)*(d*x~(1/3) + c)~5*c - 75*%(2*a*b + I*b~2)*x(d*x~(1/3) + c)~4*c™2 +
100* (2*a*xb + I*b~2)*(d*x~(1/3) + c)~3*c”™3 - 75%(2*a*b + I*b~2)*(d*x~(1/3)
+ ¢c)"2*%c”4 + 60*%b"2%c”5 + 2% (96*%(d*x~(1/3) + c) 5xa*b - 75xb"2*%c"4 - 150%
(2xa*b*c + b~2)*(d*x~(1/3) + c)~4 + 400*(a*b*c”2 + b~ 2*kc)*(d*x~(1/3) + c)~
3 - 150*(2*a*b*xc”3 + 3*b"2*c~2) *(d*x~(1/3) + c)~2 + 150*(a*b*xc”4 + 2*b~2*c
~3)*(d*x~(1/3) + c) + (96%(d*x~(1/3) + c)~5*axb — 75%xb~2%c~4 - 150*(2*a*xb*
c + b™2)x(d*x~(1/3) + c)~4 + 400*(a*b*xc™2 + b~ 2*c)*(d*x~(1/3) + ¢c)~3 - 150
*(2xaxb*c™3 + 3*%b"2xc"2)*(d*x~(1/3) + c)”2 + 150*(a*b*c™4 + 2*%b~2xc~3) *(d*
x~(1/3) + c))*cos(2%d*x~(1/3) + 2%c) - (-96*I*(d*x~(1/3) + c) 5*a*xb + 75%I
*b~2%c”4 + 150*(2*I*axbkxc + I*b~2)*(d*x~(1/3) + c)~4 + 400*(-I*a*xbxc™2 - I
*b"2xc) *(d*x~(1/3) + c)~3 + 150%(2*xI*xaxbxc™3 + 3*I*b~2*c”2)*(d*x~(1/3) + c
)72 + 150*%(-I*a*b*c™4 - 2xI*b~2xc~3)*(d*x~(1/3) + c))*sin(2xd*x~(1/3) + 2%
c))*arctan2(sin(2xd*x~(1/3) + 2*c), cos(2xd*x~(1/3) + 2*c) + 1) - 5x((2*ax
b + I*b~2)*x(d*x~(1/3) + c)~6 - 6%x(2%b~2 + (2*%axb + I*b~2)*c)*(d*x~(1/3) +
c)75 + 15x(4xb~2%c + (2%a*b + I*b~2)*c”2)*(d*x~(1/3) + c)~4 - 20*(6*xb~2*xc™
2 + (2%axb + I*b~2)*c~3)*(d*x~(1/3) + c)~3 + 15x(8*%b~2*xc"3 + (2*axb + I...




CHAPTER 3. LISTING OF INTEGRALS 395

Giac [F]

/x(a+btan (c+d\‘°’/a_s))2 dx = / (btan (dx% —|—c> +a)2xdx

input Lintegrate (x*(at+b*tan(c+d*x~(1/3)))~2,x, algorithm="giac") J

output Lintegrate((b*tan(d*x*(1/3) + c) + a)”"2%x, x) J

Mupad [F(-1)]

Timed out.

/a:(a,+btan (c—i—d{"/i))2 dx:/x(a+btan(c+dx1/3))2dx

input Lint(x*(a + bxtan(c + d*x~(1/3)))"2,x) J
output Lint(x*(a + bxtan(c + d*x~(1/3)))"2, x) J
Reduce [F]

/z(a + btan (c—l— d{"/E))2 dx

623 tan (ac%d-l— c) v’ — 10<f % tan (x%d-l— c) dw) b’ + 4<ftan (a:%d+ c) xdx) abd + a*d z* — b?d 2
- 2d

inputLint(x*(a+b*tan(c+d*XA(1/3)))A2,X) J

‘(6*x**(2/3)*tan(x**(1/3)*d + c)*b**2xx - 10*int (x**(2/3)*tan(x**(1/3)*d +
1), X)*D¥*2 + Akint(tan(xx*(1/3)*d + c)*x,X)*axbkd + axk2xdxx**2 - brk2xd¥x
‘**2)/(2*d) ‘

output
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3.54 [ (a+ btan (c—l—d{’/f))2 dx

Optimal result . . . . . .. . . . . . ...
Mathematica [A] (verified) . . . . . . . . . ... .
Rubi [A] (verified) . . . . . . . . . . ..
Maple [F] . . . . . 399
Fricas [A] (verification not implemented) . . . . . ... ... ... .... 399
Sympy [F] . . . o 400
Maxima [F] . . . . . . . 400
Giac [F] . . . . . o 40T
Mupad [F(-1)] . . . .o 4a1]
Reduce [F] . . . . o o e 402

Optimal result

Integrand size = 16, antiderivative size = 206

3ib%z?/3

d
6b%/z log (1 + 62i(0+d%)>

§7

6abz?/® log (1 + e?i(c-]—d%))
- d

3ib? PolyLog (2, _¢2i(ctd g@)

3

63ab/x PolyLog (2, —e2i(ctd %))

/(a+btan (c—i—d@/E))2 dr = —

+ a’z + 2iabz — b’z

+

+ 2

3ab PolyLog (3, _2ile+d \3/@)
_ =
3b2z%3 tan (c + dv/z)
d
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=-3*%I*b~2%x~(2/3) /d+a”2kx+2*I*a*bxx-b~2*x+6x¥b~2*x~ (1/3) *1n (1+exp (2*I* (c+d*x
~(1/3))))/d"2-6*a*b*x” (2/3) *1n(1+exp (2*I* (c+d*x~(1/3))) ) /d-3*I*xb~2*polylog
(2,-exp(2*I*(c+d*x~(1/3))))/d"3+6xI*axb*x~ (1/3) *polylog(2,-exp (2*I* (c+d*x~
(1/3))))/d"2-3*axbxpolylog(3,-exp(2*xI* (c+d*x~(1/3))))/d~3+3*b~2*x~ (2/3) *ta
n(c+d*x~(1/3))/d

output

Mathematica [A] (verified)

Time = 1.51 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.90

/ (a+btan (c+ d\3/5))2 dz

b(‘w‘ff#fim + 6d(b — adv/z) v/ log (1 + e_Zi(chd%)) + 3i(b — 2ad+/z) PolyLog (2, —e2i(c+d V)
B

+ z(a® — b* + 2abtan(c))

N 3b2z%/3 sec(c) sec (¢ + d+/z) sin (d¥/z)
d

-

input LIntegrate[(a + b*Tan[c + d*x~(1/3)]1)"2,x]

-/

(b* (((6*I)*b*d~2*x~(2/3) - (4*I)*a*xd~3*x)/(1 + E~((2*I)*c)) + 6xd*(b - a*d
*x~(1/3))*x~(1/3)*Log[1 + E~((-2*I)*(c + d*x~(1/3)))] + (3*I)*(b - 2*axd*x
~(1/3))*PolyLogl[2, -E~((-2*I)*(c + d*x~(1/3)))] - 3%axPolyLog[3, -E~((-2*I
Yx(c + d*x~(1/3)))]1))/d"3 + (3*b~2*x~(2/3)*Sec[c]*Sec[c + d*x~(1/3)]1*Sin[d
*x~(1/3)]1)/d + xx(a”2 - b"2 + 2*a*b*Tan[c])

output

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.04,

number of rules _ 0.250, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4226, 3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+btan (c—i—d\%?))2 dx
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l 4226
2/3 3 2,3

3/I (a—l—btan (c—l—dﬁ)) d¥/x
| 3042

3/x2/3(a + btan (c+ d%))Qd{”/E
l 4205

3/ (x2/3a2 + 2bz%/% tan (c+d¥z)a+ b2z?/3 tan? (c+ d%)) d¥z

l 2009

3 e * iz - d *

<a2 r abPolyLog (3, —e2i(ctd %)) 2iab+/x PolyLog (2, —e2i(ctd %)) 2abz?/3 log (1 + g2i(ctd %)>
3

input LInt[(a + b*Tan[c + d*x~(1/3)])"2,x] J

~

3*x(((-I)*b~2%x~(2/3))/d + (a"2%x)/3 + ((2%I)/3)*axbxx - (b"2*x)/3 + (2*%b"2
*x~(1/3)*Log[1 + E~((2*ID)*(c + d*x~(1/3)))]1)/d"2 - (2%axbxx~(2/3)*Logl[l +
E~((2*xD)*(c + d*x~(1/3)))1)/d - (I*b~2*PolyLog[2, -E~((2*I)*(c + d*x~(1/3)
))1)/d"3 + ((2xI)*a*bxx~(1/3)*PolyLogl[2, -E~((2*xI)*(c + d*x~(1/3)))])/d"2
- (axb*PolyLog[3, -E~((2*I)*(c + d*x~(1/3)))]1)/d"3 + (b~2*x~(2/3)*Tan[c +
d*x~(1/3)1)/d)

output

Defintions of rubi rules used

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, xI1, x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |
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rule 4205 Iotl(Cc_.) + (d_)*(x))"(m_.)*((a)) + (b_.)*tanl(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])~n, x],
X] /; FreeQ[{a, b, C, d, e, f, m}, X] && IGtQ[m, O] && IGtQ[n’ o]
e 4926 TBIC(a_) + (b_)*Tanl(c_.) + (d_)*(x)"(@_)1)"(p_.), x_Symbol] :> Simp[1
/n Subst[Int[x~(1/n - 1)*(a + b¥Tan[c + d*x])"p, x]1, x, x™n], x] /; FreeQ
[{a, b, c, d, p}, x] && IGtQ[1/n, 0] && IntegerQ[p]
Maple [F]
1\ 2
/(a-l—btan <c+dx§>> dr
input Lint ((atb*tan(c+d*x~(1/3)))"2,x) J
output [int ((a+b*tan(c+d*x~(1/3)))"2,x) \J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.55

/ (a+btan (c+ d\3/§))2 dz

L N\2 L. 1
6 b2d%z3 tan (dx% + c) + 2 (a? — b?)d3z — 3 abpolylog (3, tan(do3 +o) +211 tan2(d$3+°>_1) — 3abpolylog <
_ tan (dm3 +c) +1

input Lintegrate ((atbxtan(c+d*x~(1/3)))"2,x, algorithm="fricas") J




output

input‘

output

input
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1/2%(6xb~2*d~2%x~(2/3) *tan(d*x~(1/3) + c) + 2*(a”2 - b~2)*d"3*x - 3*a*b*po
lylog(3, (tan(d*x~(1/3) + c)~2 + 2xIstan(d*x~(1/3) + c) - 1)/(tan(d*x~(1/3
) + )72 + 1)) - 3*a*bxpolylog(3, (tan(d*x~(1/3) + c)~2 - 2*Ixtan(d*x~(1/3
) + ¢c) - 1)/(tan(d*x"(1/3) + c)72 + 1)) - 3*(2xI*xaxb*d*x~(1/3) - I*b~2)*di
log(2*(I*tan(d*x~(1/3) + c) - 1)/(tan(d*x~(1/3) + c)~2 + 1) + 1) - 3*(-2*I
*xaxbxd*x~(1/3) + Ixb~2)*dilog(2*(-I*tan(d*x~(1/3) + c) - 1)/(tan(d*x~(1/3)
+c)”2 + 1) + 1) - 6x(a*bxd™2*x"(2/3) - b~2*d*x~(1/3))*log(-2*(I*tan(d*x"
(1/3) + c) - 1)/(tan(d*x"(1/3) + c)72 + 1)) - 6*(axbkd™2*x~(2/3) - b~2*d*x
~(1/3))*log(-2*(-I*tan(d*x~(1/3) + c) - 1)/(tan(d*x~(1/3) + c)~2 + 1)))/d~
3

Sympy [F]

/(a+btan(c+d%))2 dxz/(a—l—btan (c—f-d\?’/E))z dz

integrate ((at+bxtan (c+d*x**(1/3)))**2,x)

LIntegral((a + bxtan(c + d*x**(1/3)))**2, x)

Maxima [F|

/(a+btan (c+d\3/5))2 dx=/(btan (d:c% —|—c) +a)2dm

integrate((atb*tan(c+d*x~(1/3)))~2,x, algorithm="maxima"
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a~2%x + (6%b~2*xx~(2/3)*sin(2*d*x~(1/3) + 2%c) - (b~ 2*d*cos(2xd*x~(1/3) + 2
*C)~2 + b 2xd*sin(2%d*x~(1/3) + 2%c)~2 + 2xb~2kd*cos (2*d*x~(1/3) + 2%c) +
b 2xd)*x - (d¥cos(2xd*x~(1/3) + 2%c)~2 + d*sin(2%d*x~(1/3) + 2%c)~2 + 2*d*
cos(2*xd*x~(1/3) + 2*c) + d)*integrate(-4*(a*bxd*x*sin(2*d*x~(1/3) + 2*c) -
b 2%x~ (2/3) *sin (2*d*x~ (1/3) + 2%c))/((d*cos(2*d*x~(1/3) + 2*c)~2 + d*sin(
2kd*x~(1/3) + 2%c) "2 + 2*d*cos(2*d*x~(1/3) + 2%c) + d)*x), x))/(d*cos(2*d*
x™(1/3) + 2¢c)"2 + drsin(2xdxx"(1/3) + 2%c)"2 + 2¢d*cos(2kdxx"(1/3) + 2xc)
+ d)

output

Giac [F]

/(a—l—btan (c—i—d\%?))2 dxz/(btan (da;% +c> +a>2dz

inputLintegrate((a+b*tan(c+d*x*(1/3)))*Q,X, algorithm="giac")

outputLintegrate((b*tan(d*x‘(1/3) +c) +a)72, x)

Mupad [F(-1)]

Timed out.

/(a+btan (c+d\3/5))2 da::/(a+btan(c+dx1/3))2dx

e

inputlint((a + bxtan(c + d*x~(1/3)))"2,%)

~—

output Lint((a + bxtan(c + d*x"(1/3)))72, x)
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Reduce [F]
/ (a + btan (c + d\‘”/.%))2 dz
327 tan (x%d + c) b —2 (f mm& b’ + 2<f tan <x%d + c) dx) abd + a’dz — b*dx
N d
input Lint ((atbxtan(c+d*x~(1/3)))"2,%) J

‘(3*x**(2/3)*tan(x**(1/3)*d + c)*bxx2 - 2*int (tan(x**(1/3)*d + c)/x**x(1/3), \

output
Lx)*b**z + 2xint(tan(x**(1/3)*d + c),x)*axbkd + a**2xdxx - b**2%d*x)/d J




outputt

input

output
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3 2
(a+b tan <c+d \/5 ) >

3.55 [ _ dz

Optimal result . . . . . . . . . . . . . 403}
Mathematica [N/A] . . . . . ... 403
Rubi [N/A] .« . o 404
Maple [N/A] . . . o o 404
Fricas [N/A] . . . . o 4051
Sympy [N/A] . . 405
Maxima [N/A] . . . . o e 406
Giac [N/A] .« . o 400
Mupad [N/A] . . . o 407
Reduce [N/A] . . . o 407

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+btan (c+ d\e/ﬂ_v))2 dp — Int<(a+ btan (c+ d\E/E))2

T

T

Defer (Int) ((a+b*tan(c+d*x~(1/3)))"2/x,x%)

Mathematica [N/A]
Not integrable

Time = 118.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

X

/(a+btan(c+d\3/5))2dx=/(a+btan(c+d€/5))2

X

dz

LIntegrate[(a + bxTan[c + d*x~(1/3)])"2/x,x]

LIntegrate[(a + b*Tan[c + d*x~(1/3)1)"2/x, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+btan (c+ d{’/}))2
dxr
x
l 4238
3/=\\2
/wa+bmn@+d¢a)dx
x
input‘ Int[(a + b*Tan[c + d*x~(1/3)1)~2/x,x] |
outputL$Aborted J

Defintions of rubi rules used

rule 4238‘Int[(x_)“(m_-)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol ‘
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.86 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1\ 2
/(a+btan <c+dx3>) s

X
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input Lint((a+b*tan(c+d*x“(1/3) ))"2/x,%) J

output Lint ((atb*tan(c+d*x~(1/3)))"2/x,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/ (a+btan (c+d\3/3_3))2 g :/ (btan (dx% +c) +a)2 N

x T

input ‘ integrate((a+b*tan(c+d*x~(1/3)))"2/x,x, algorithm="fricas") ‘

output{integral(<b‘2*tan<d*x‘(1/3> + c)72 + 2%a*bxtan(d*x~(1/3) + c) + a"2)/x, x) J

Sympy [N/A]
Not integrable

Time = 8.24 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

dzx

[loxbinlet V), _ [ (otbianlerdiE))

z T

input Lintegrate ((at+b*tan(c+d*x**(1/3)))**2/x,x) J

output [ntegral((a + brtan(c + dxxxx(1/3)))x2/x, x) J
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Maxima [N/A]
Not integrable

Time = 0.46 (sec) , antiderivative size = 298, normalized size of antiderivative = 14.90

T T

/(a—l—btan (c+d%>)2 dx:/ (btan <d1'% +C) +a>2 N

inputLintegrate((a+b*tan(c+d*x“(1/3)))*Q/X,x, algorithm="maxima")

(6xb~2%x~(2/3) *sin(2*xd*x~ (1/3) + 2*c) + (d*cos(2*d*x~(1/3) + 2%c)~2 + d*si
n(2*xd*x~(1/3) + 2%c)~2 + 2*d*cos(2*d*x~(1/3) + 2%c) + d)*x*integrate (2% (2x*
axbkxd*x*sin(2xd*x~(1/3) + 2%c) + b~2*x"(2/3)*sin(2*d*x~(1/3) + 2*c))/((d*c
0s(2%d*x~(1/3) + 2*c)~2 + d*sin(2*d*x~(1/3) + 2*c)~2 + 2*d*cos(2*d*x~(1/3)
+ 2xc) + d)*x72), x) + ((a”2 - b"2)*d*cos(2xd*xx~(1/3) + 2*%c)"2 + (a2 - b
~2)*d*sin(2xd*x”~(1/3) + 2%c)"2 + 2x(a”2 - b~2)*d*cos(2*d*x~(1/3) + 2*c) +

(2”2 - b~2)*d)*x*log(x))/((d*cos(2*d*x~(1/3) + 2%c)~2 + d*sin(2*d*x~(1/3)

+ 2%c) "2 + 2%d*cos(2*d*x~(1/3) + 2%c) + d)*x)

output

N

Giac [N/A]
Not integrable

Time = 1.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+btan (c+d\3/5))2 e — / <btan (dz% +c) —I—a)2 N

T T

inputLintegrate((a+b*tan(c+d*x*(1/3)))*Q/X,X, algorithm="giac")

output‘ integrate((bxtan(d*x~(1/3) + c) + a)~2/x, x)
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Mupad [N/A]
Not integrable

Time = 9.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

i
T T

/wa+bmn@+d@%»2mﬁ:/(a+bmn@+dxvﬂfd

input Lint((a + bxtan(c + d*x~(1/3)))"2/x,x)

Lint((a + bxtan(c + d*x~(1/3)))"2/x, x)

output

Reduce [N/A]

Not integrable

Time = 0.16 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.25

(a+ btan (c+d\?’/5))2 tan (zéd—l—c)z
/ dz = / dz | b
z x
tan (.’E%d —+ c)
+2 / . dz | ab+ log(z) a®
inputLint((a+b*tan(c+d*XA(1/3)))‘2/x,x)

output‘int(tan(x**(l/B)*d + C)**2/x,x)*¥b**2 + 2xint (tan(x**(1/3)*d + c)/x,x)*a*b
‘+ log(x)*xa**2




outputt

input L

output
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3 2
(a+b tan <c+d \/5 ) >

3.56 | S dx

Optimal result . . . . . . . . . . . . . 408}
Mathematica [N/A] . . . . . ... 408
Rubi [N/A] .« . o 409
Maple [N/A] . . . o o 409
Fricas [N/A] . . . . o 410
Sympy [N/A] . . 410
Maxima [N/A] . . . . o e 41T
Giac [N/A] .« . o 411
Mupad [N/A] . . . o 412
Reduce [N/A] . . . o 412

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a—l— btan (c—l— d\%—v))2 dp — Int((a—l— btan (c—l— d\s/i))2

x2

x2

Defer (Int) ((a+b*tan(c+d*x~(1/3)))"2/x"2,x%)

Mathematica [N/A]

Not integrable

Time = 17.86 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

xr2

/(a+btan(c+d\3/5))2dx=/(a+btan(c+d€/5))2

xr2

dz

Integrate[(a + b*Tan[c + d*x~(1/3)]1)°2/x72,x]

LIntegrate[(a + b*Tan[c + d*x~(1/3)]1)"2/x"2, x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+btan (c+ d\?’/E))2
/ 3 dz
x
| 4238
(a+btan (c+ d{*/E))2
/ 3 dz
x
input‘ Int[(a + b*Tan[c + d*x~(1/3)1)"2/x~2,x] |
outputL$Aborted J

Defintions of rubi rules used

rule 4238‘Int[(x_)“(m_-)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol ‘
] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, ¢, 4, m, ‘
‘ n, p}, x]

Maple [N/A]
Not integrable

Time = 1.01 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1\ 2
/(a+btan <c+dx3>) s

x2
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input Lint ((atb*tan(c+d*x~(1/3)))"2/x"2,x%)

output Lint ((a+b*tan(c+d*x~(1/3)))"2/x72,%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/ (o +btan (c +d¥2)" y (vian (4} +¢) +a)”

2 22

input ‘ integrate ((a+bxtan(c+d*x~(1/3)))"2/x"2,x, algorithm="fricas")

‘integral((b"2*tan(d*x"(1/3) + ¢c)72 + 2*axb*tan(d*x~(1/3) + c) + a~2)/x72,

output ‘ 0

Sympy [N/A]
Not integrable

Time = 3.45 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dzx

2 22

/(a+btan (C+d%))2da::/ (a+btan (c+d¢/x))”

input Lintegrate ((a+b*tan(c+d*x**(1/3)))**2/x**2,x)

output Btegral((a + brtan(c + dxxxx(1/3)))xx2/xxx2, x)
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Maxima [N/A]
Not integrable

Time = 0.79 (sec) , antiderivative size = 299, normalized size of antiderivative = 14.95

/(a—l—btan (c+d%>)2 dx:/ (btan <d1'% +C) +a>2 N

2 T2

inputLintegrate((a+b*tan(c+d*x“(1/3)))“Q/X*Q,x, algorithm="maxima")

((d*cos(2xd*x~(1/3) + 2%c)~2 + d*sin(2*d*x~(1/3) + 2*c)~2 + 2*d*cos(2*d*x~
(1/3) + 2%c) + d)*x"2*integrate(4*(axb*d*x*sin(2*d*x~(1/3) + 2%c) + 2%b~2x%
x7(2/3) *sin(2*d*x~(1/3) + 2*c))/((d*cos(2*d*x~(1/3) + 2*c)~2 + d*sin(2*d*x
~(1/3) + 2*¢c)”2 + 2*d*cos(2*d*x~(1/3) + 2*c) + d)*x"3), x) + 6*xb"2*xx"(2/3)
*3in (2*%d*x~(1/3) + 2xc) - ((2"2 - b"2)*d*cos(2*xd*x~(1/3) + 2*c)"2 + (a"2 -
b~2) *d*sin(2*%d*x~(1/3) + 2*c)~2 + 2*(a"2 - b~2)*d*cos(2xd*x~(1/3) + 2%*c)
+ (2”2 - b72)*d)*x) /((d*cos(2*d*x~(1/3) + 2%c)~2 + d*sin(2xd*x~(1/3) + 2*c
)72 + 2xd*cos(2%d*x~(1/3) + 2%c) + d)*x"2)

output

N

Giac [N/A]
Not integrable

Time = 1.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+btan (c+d\3/5))2 e — / <btan (dz% +c) —I—a)2 N

2 2

input Lintegrate ((atb*tan(c+d*x~(1/3)))~"2/x72,x, algorithm="giac")

output‘ integrate ((b*tan(d*x~(1/3) + c) + a)~2/x"2, x)
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Mupad [N/A]
Not integrable

Time = 9.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

T
2 2

/ (a+btan (c+d¥/z))’ o / (a+ btan(c + dz'/3))? ]

input Lint((a + b*tan(c + d*x~(1/3)))"2/x"2,x) J
output Lint((a + bxtan(c + d*x~(1/3)))"2/x"2, %) J
Reduce [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 50, normalized size of antiderivative = 2.50
an wld c2 an wld c
i frnltare) o) b2x+2(ft(++>dw) b — o
/ (a+btan (c+ dy/z))
2 dr =
T x
input Lint((a+b*tan(c+d*x*(1/3) ))"2/x72,%) J
output‘ (int (tan(x**(1/3)%d + c)*¥2/x**2,x)*b**2%x + 2xint (tan(x**(1/3)*d + c)/x** ‘

‘2,x)*a*b*x - ax*x2)/x
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Optimal result

Integrand size = 20, antiderivative size = 511

Q242 e2i(c+d Vz)
z2 3 3bz°/* log (1 - +b(l+z~b)2 )
dr =
/a—l—btan (c+dv/x) N 3(a +1ib) + (a2 +b%)d
(a2+b2)e2i(c+d %) )

7 7/3
12ibz™/3 PolyLog (2, - (atib)?

(a2 + b2) d?
imeet9)

42bx? PolyLog (3, — (atib)?

+ (az —|—b2) d3

126ibx°/% PolyLog (4, -G

(@ +02) d
a2 4b2 62"(6+d %)
315b2*/3 PolyLog (5a — (?z+z‘b)2 )
(a2 + b2) d5

(a2 42)e* (41 ¥5)
(a+ib)?

sy (o485
(a+ib)?

+

630¢bx PolyLog (6, —

(a2 + b2) d6
(a2+b2)e2i(°+d Vz) )

945bx%/3 PolyLog <7, - (a+ib)?

(CL2 + b2) d7
2, 292\ 2% c+d%
945ib+/z PolyLog (8, -t +b(2;1i1§)2 ))
(a2 + b2) d8

(a2+02) e (C+d %)
- (a+ib)?

+

+

9456 PolyLog (9,

2(a® + 00 d°



output

input

output
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x"3/ (3*a+3*I*b)+3*bxx~(8/3) *1n(1+(a~2+b~2) *exp (2*I* (c+d*x~(1/3)))/(a+I*b)"
2)/(a~2+b"2) /d-12*Ixb*x~ (7/3) *polylog(2,-(a~2+b~2) xexp (2*I* (c+d*x~(1/3)))/
(a+I*b)~2)/(a"2+b"2)/d~2+42*b*x"2*polylog(3,-(a~2+b~2) *exp (2*I* (c+d*x~(1/3
)))/(a+I*b)~2)/(a~2+b~2) /d"3+126*I*b*x~(5/3)*polylog(4,-(a~2+b~2) xexp (2*I*
(c+d*x~(1/3)))/(a+I*b)~2)/(a"2+b~2)/d"4-315%b*x"~(4/3) *polylog(5,-(a~2+b~2)
*xexp (2*I*(c+d*x~(1/3)))/(a+I*b)~2)/(a~2+b~2)/d"5-630*I*b*x*polylog(6,-(a~2
+b~2) *exp (2*I* (c+d*x~(1/3)))/ (a+I*b)~2)/(a~2+b~2) /d~6+945*b*x~ (2/3) *polylo
g(7,-(a"2+b"2) *exp (2*I* (c+d*x~ (1/3)))/(a+I*b)~2) /(a~2+b~2) /d~7+945*I*b*x~ (
1/3)*polylog(8,-(a~2+b~2) *exp (2*I* (c+d*x~(1/3)))/(a+I*b)~2)/(a"~2+b~2)/d"8-
945/2%b*polylog(9,-(a~2+b~2) *exp (2*I* (c+d*x~(1/3)))/(a+I*b)~2)/(a"2+b~2)/d
-9

Mathematica [A] (verified)

Time = 1.47 (sec) , antiderivative size = 451, normalized size of antiderivative = 0.88

$2
%/1 dz
a+btan (c+ dy/z)
o —2i(c+d¥/T o —2i(ctd T
2ad°x® + 2ibd°z® + 18bd®z%/3 log (1 + (a“b)ea:(; )) + 72ibd" /3 PolyLog (2, (_“_"b)z_ib( V)

)_

LIntegrate[x“2/(a + bxTan[c + d*x~(1/3)1),x]

(2*%a*xd~9%x~3 + (2+I)*b*d~9*x~3 + 18*b*xd~8+x"~(8/3)*Log[1l + (a + I*b)/((a -

I*b)*E~ ((2+I)*(c + d*x~(1/3))))] + (72xI)*b*d"7*x"(7/3)*PolyLogl[2, (-a - I
*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 252%bxd~6*x~2+PolyLog[3, (-a

- Ixb)/((a - I*¥b)*E~((2*I)*(c + d*x~(1/3))))] - (756%I)*b*d~5*x~(5/3)*Poly
Log[4, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] - 1890*b*d~4*x~ (4
/3)*PolyLog[5, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + (3780%I
) ¥b*d~3*x*PolyLog[6, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 5
670xb*xd~2*x~(2/3) *PolyLog[7, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3)
)))] - (5670%I)*b*d*x~(1/3)*PolyLog[8, (-a - I*b)/((a - I*b)*E~((2*I)*(c +
d*x~(1/3))))] - 2835%b*PolyLog[9, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x
~(1/3))))1)/(6%(a”2 + b"2)*d"9)
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Rubi [A] (verified)

Time = 2.28 (sec) , antiderivative size = 533, normalized size of antiderivative = 1.04,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 g5 Ryyjes
integrand size

used = {4234, 3042, 4215, 2620, 3011, 7163, 7163, 7163, 7163, 7163, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 2’ dx
a + btan (c + d\B/E)
| 4234

£8/3 .
3 d
/a—l—btan(c—i—d{”/E) Ve

l 3042

£8/3
3 d<
/a+btan(c+d\3/5) Va

l 4215

e2i(c+d¥z) ,8/3 , 3
3| 23 d —
' /(a+ib)2+(a2+b2)e2i(c+d\%) Vet 9(a + ib)

l 2620

2i(c+d YT 2i(c+d ¥z
4z'fm7/3 log <e ( (a+i2,)(;2+b2) + 1) d¥z  iz%/31og (1 + (a2+b2(21j_2~£)2 )> 3

3| 2ib _ L@
! d(a® + %) 2d (a2 + b2) 9(a + ib)

l 3011
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3| 23

3| 23

W2ap2 ezi (c+d %) a21p2 521‘ (c+d %)
iz7/3 PolyLog <2,— s ()a+ib)2 ) 7i [ 2? PolyLog (27— Cas ()a+ib>2 )d%
43 -
5d 2d ’
iz8/3 log (1 + (@
d(a® + 1) B 2d (a?
| 7163
2. 9 2i(c+d %) 2,,2
3i [ ©5/3 PolyLog (3)_ (240 ():+ib)2 )d YT ix?PolyLog (3,— (o240 2‘
22 e2i(c+d %) 71 4 - 2d
iz7/3 PolyLog <2,— (240 ()a Fin)2 )
43 2d - 2d
d(a? + b?)

l 7163
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02452 e2i(°+d %) o
5ifw4/3 PolyLog | 4,— ( o ()a+ib)2 d % i25/3 PolyLog 4,—(—
3 2d - P}

7i v

. 3
a2+b2 621 (c+d ﬁ)
iz7/3 PolyLog (2,— ( ()a+ib)2
4i 2d - 2d
31 2tb
d (a? + b?)

l 7163
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3| 23

43

iz7/3 PolyLog (2,—

(a2+b2

)621' (c+a¥/z)

(a+1ib)2

)

7i

3i

54

2i [ PolyLog| 5,—

2i(ct+d ¥z
(a2+b2)e ( ))d% m4/3polyLog(5’_(“

(a+ib)2

d 2

2d

2d

d(a?+b?)
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l 7163
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2i(c+d ¥z
2 2/3 (a2+b2)e Z(C \/>) ;{/_ .
if @ PolyLog| 6,— (a+ib)2 d\/X izPolyLog]| 6,

24

2d

54 a

3i oY

7i

(a+ib)2

W22 2i(c+d /)
/3 PolyLog <2,— ( B )e )

43 5d -
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l 7163
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. 3
o (a2+b2) 821 (c+d \/E)
if \/EPolyLog 7,— (ati)2

7i

54

24

34

3
dR/T  ic2/3 Py

2d
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l 7163
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3i

21

31

i

a2+62) eQi (C+d %)

i [ PolyLog (8,— (

(a+ib)2

) d % i %PolyLm

2d
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l 92720
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51

2%

3i

(a2432) 2 (44 ¥2)
PolyLog| 8,— (a+ib)2
I

ilc 3z .3
% de2(+df) "\/E

(3 [

4d?
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l 7143
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3i

21

31

(a2 +b2> e% (C+d %)

3 (o
PolyLog | 9,— (a+ib)2 ) i \/EPolyLog (8,—

4d2 2
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input ‘ Int[x"2/(a + b*Tan[c + d*x~(1/3)]1),x]

3x(x"3/(9%(a + Ixb)) + (2*%I)*bx(((-1/2*xI)*x~(8/3)*Logl[l + ((a"2 + b~2)*E"(
(2*I)*(c + d*x"(1/3))))/(a + I*b)~2])/((a”2 + b™2)*d) + ((4*I)*(((I/2)*x"(
7/3)*PolyLog[2, -(((a™2 + b 2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)]1)/d
= (((7*I)/2)*(((-1/2*I)*x"2*PolyLog[3, -(((a"2 + b"2)*E~((2*I)*(c + d*x"(
1/3))))/(a + I*xb)~2)1)/d + ((3*I)*(((-1/2*I)*x~(5/3)*PolyLogl[4, -(((a"2 +
b~2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)]1)/d + (((5*I)/2)*(((-1/2*I)*x
~(4/3)*PolyLog[5, -(((a"2 + b"2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)])
/d + ((2%I)*(((-1/2*I)*x*PolyLogl[6, -(((a"2 + b~2)*E~((2*I)*(c + d*x~(1/3)
)))/(a + I¥b)~2)1)/d + (((3*I)/2)*(((-1/2%I)*x~(2/3)*PolyLogl7, -(((a~2 +
b™2)*E~ ((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)1)/d + (I*(((-1/2*I)*x~(1/3)*P
olyLog[8, -(((a”2 + b™2)*E~((2*xI)*(c + d*x~(1/3))))/(a + I*¥b)~2)]1)/d + Pol
yLog[9, -(((a™2 + b 2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)]1/(4*d~2)))/
d))/d))/d))/d))/d))/d))/((a”2 + b~2)*d)))

output

Defintions of rubi rules used

rule 2620 Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

-

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0OfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Imt[Logll + (e_)*x((FI)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"nl/ (bxc*nxLog[F1)), x] + Simplg*(n/ (brc*nxLoglF]))  Int[(f + gxx)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]




rule 3042

rule 4215

rule 4234

rule 7143

rule 7163

input

output
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) “m*(E"Simp[2*I*(e + fx*x), x]/((a + I*b)"2 + (2”2 + b~2)*E~Simp[2
*Ix(e + f*x), x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 + b~2

» 0] && IGtQ[m, O]

Int[(x_ )" (m_.)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)]1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

Int[(Ce_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_)))) "~ (p_.)], x_Symbol]l :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Logl[F])) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

Maple [F]

22
/a—l- btan (c—i—dw;)dm

-

Lint(x‘2/(a+b*tan(c+d*x‘(1/3))),X)

-/

Lint(x‘2/(a+b*tan(c+d*x‘(1/3))),x)
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Fricas [F]

2

/ z dz —/ ad dz
a+btan (c + dV/z) btan <dm§+c> +a

input Lintegrate (x~2/ (at+b*tan(c+d*x~(1/3))) ,x, algorithm="fricas") J
OutputLintegral(x“Q/(b*tan(d*x“(l/S) +c) +a), x) J
Sympy [F]
z? 72
a+btan (c + dv/z) a + btan (c + d{/z)
input Lintegrate (x**2/ (a+b¥tan (c+d*x**(1/3))) ,x)

output tIntegral(x**g/(a + bxtan(c + d*x**(1/3))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1315 vs. 2(430) = 860.

Time = 0.38 (sec) , antiderivative size = 1315, normalized size of antiderivative = 2.57

2
x
dz = Too 1 to displ
/a+btan (c+ dV/x) 7T 00 TaTee 1o APy

input Lintegrate (x~2/ (at+b*tan(c+d*x~(1/3))) ,x, algorithm="maxima")
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output

1/210%(315*%(2x (d*x~(1/3) + c)*a/(a”2 + b~2) + 2*b*log(b*tan(d*x~(1/3) + c)
+ a)/(a”2 + b™2) - bxlog(tan(d*x~(1/3) + c)"2 + 1)/(a”2 + b72))*c™8 + 2x(
35%(d*x~(1/3) + c)~9*(a - I*b) - 315*%(d*x~(1/3) + c)~8*(a - I*b)*c + 1260%*
(d*x~(1/3) + c)"7x(a - I*b)*c™2 - 2940*(d*x~(1/3) + c)"6%(a — I*b)*c”"3 + 4
410*%(d*x~(1/3) + c)~5*%(a - I*b)*c™4 - 4410%x(d*x~(1/3) + c)~4*(a - I*b)*c”5
+ 2940*(d*x~(1/3) + c)"3x(a - I*b)*c”6 - 1260*(d*x~(1/3) + c)~2*(a - I*b)
*Cc77 - 12%(420%T*(d*x~(1/3) + c)~8*b - 1920*I*(d*x~(1/3) + c) T*bxc + 3920
*I*(d*x~(1/3) + c) 6%b*c™2 - 4704%I*(d*x~(1/3) + c) 5*b*xc™3 + 3675*I*(d*x™
(1/3) + c)~4xb*c”™4 - 1960*I*(d*x~(1/3) + c) 3*xb*c™5 + 735*Ix(d*x~(1/3) + ¢
)"2xb*c~6 - 210%I*(d*x~(1/3) + c)*b*c~7)*arctan2((2*a*b*cos(2*xd*x~(1/3) +
2xc) - (a”2 - b™2)*sin(2xd*x~(1/3) + 2xc))/(a”2 + b~2), (2*axb*sin(2xd*x~(
1/3) + 2%c) + a”2 + b™2 + (a2 - b"2)*cos(2*%d*x~(1/3) + 2xc))/(a"2 + b~2))
- 1260* (16*I*x(d*x~(1/3) + c)~7+b - 64*Ix(d*x~(1/3) + c) 6%b*c + 112*Ix(d*
x~(1/3) + c)"bxb*c”2 - 112*%I*(d*x~(1/3) + c) " 4xb*c”3 + 70*xI*(d*x~(1/3) + ¢
) "3xbxc™4 - 28%I*(d*x~(1/3) + c) " 2xbxc”™5 + 7*I*(d*x~(1/3) + c)*bxc”6 - I*b
*c"7)*dilog((I*a + b)*e” (2xIxd*x~(1/3) + 2xIxc)/(-I*a + b)) + 6*(420*(d*x~
(1/3) + c)~8*b — 1920%(d*x~(1/3) + c) 7xbxc + 3920*%(d*x~(1/3) + c) 6xbxc~2
- 4704*(d*x~(1/3) + c) 5*b*xc~3 + 3675*(d*x"(1/3) + c) "4*b*c™4 - 1960*(d*x
~(1/3) + c)"3xb*c”5 + 735%(d*x~(1/3) + c)~2%b*c"6 - 210*(d*x~(1/3) + c)*bx
c7)*log(((a™2 + b~2)*cos(2xd*x~(1/3) + 2%c)~2 + 4xaxb*sin(2xd*x~(1/3)

Giac [F]
2 2
a+btan (¢ + dv/z) btan (dm§+c> ta
input [integrate (XAQ/ (a+b*ta_n(c+d*x’" (1/3) ) ) ,X, algorithm="giac ||)

-/

outputL

integrate(x~2/(b*tan(d*x~(1/3) + c) + a), x)
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Mupad [F(-1)]
Timed out.

2

/ 2 dz—/ i dx
a+btan(c+d¥z)  J a+btan(c+dzl/3)

input Lint(x‘Q/(a + bxtan(c + d*x~(1/3))),x)

output 1BE(X"2/ (@ + bxtan(c + dxx"(1/3))), x)

Reduce [F]

2

/ z” dx —/ r dz
a + btan (C-I-d%) tan (m%d—kc)b-{-a

input Lint (x~2/ (a+b*tan(c+d*x~(1/3))) ,x)

outputLint(x**y(tan(x**(l/g’)*d + c)*b + a),x)
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3.58 | T ___dy
a+btan (c+d \/5 )

Optimalresult . . ... ... ... ... ... .. 435
Mathematica [A] (verified) . . . . . . . . . . ... 436
Rubi [A] (verified) . . . .. . . ... .. 437
Maple [F] . . . . e 146
Fricas [F] . . . . o . o o e 41
Sympy [F] . . o o 447
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... . ... 447
Giac [F] . . . . o o 443
Mupad [F(-1)] . . . o o 449
Reduce [F] . . . . . o 119

Optimal result

Integrand size = 18, antiderivative size = 352

(a2+b2) e2i (c+d %)

3b2°/% log (1 + ey

)

/ i dxr = 2 +
a+btan (c+d¥/z)  2(a+ib)

(a2 +b?)d

. T eQi(c+d ¥z)
15iba*/3 PolyLog (2, i )
B 2 (a? + b?) d?
Q242 eZi(c+d ¥z)
15bz PolyLog (3, G (21 )2 )
* (a® + 07 @
2i(c+d Yz
45ibx?/3 PolyLog (4, - (a2+b2;£)z ) )
+ 2+ d
a2b2 e2i(c+d ¥z)
45b+/x PolyLog (5, G (l D )
B 2(a? 4 b?)d?
(a24b?) e (C+d %)

45¢b PolyLog (6, —

(a+1b)?

)

4(a + 1) df
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output

x72/ (2*a+2%I*b) +3*bxx~ (5/3) *1n(1+(a~2+b~2) *exp (2*I* (c+d*x~(1/3)) )/ (a+I*b) "

2)/(a~2+b"2) /d-15/2xIxb*x~ (4/3) *polylog(2,-(a~2+b"2) *exp (2*I* (c+d*x~(1/3))
)/ (a+Ixb)~2)/(a"2+b"2)/d"2+15xb*x*polylog(3,-(a~2+b~2) *exp (2*I* (c+d*x~(1/3
)))/(a+I*b)~2)/(a~2+b~2) /d~3+45/2xI*b*x~(2/3) *polylog(4,-(a~2+b~2) *xexp (2*I
*(c+d*x~(1/3)))/(a+I*b)~2)/(a"2+b"2) /d~4-45/2*%b*x~(1/3) *polylog(5,-(a~2+b~
2) xexp (2*I*(c+d*x~(1/3)))/(a+I*b)~2)/(a"2+b"2)/d"5-45/4*I*b*polylog(6,-(a”
2+b~2) *xexp (2*I*(c+d*x~(1/3)))/(at+I*b)~2)/(a~2+b"2)/d"6

Mathematica [A] (verified)

Time = 1.04 (sec) , antiderivative size = 310, normalized size of antiderivative = 0.88

e

inputL

A
d
/a+btan (c+dv/x) !
. —2i(c d%
2ad6x2 + 21,bd6£1,'2 + 12bd5$5/3 10g <1 + (a-{-zb)eaz_i(b*' )) + 307,bd4x4/3 PolyLog (2,

(—aib)e 2 (+4¥7)

a—1ib

)_

Integrate[x/(a + b*Tan[c + d*x~(1/3)1),x]

output

(2xa*d~6*x"2 + (2*I)*bxd~6*x"2 + 12xbxd~5*x~(5/3)*Log[l + (a + I*b)/((a -

I*xb)*E~((2*I)*(c + d*x~(1/3))))] + (30%I)*b*d~4*x~(4/3)*PolyLog[2, (-a - I
*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 60*b*d~3*x*PolyLogl[3, (-a - I
*b)/((a - Ixb)*E~((2*xI)*(c + d*x~(1/3))))] - (90*I)*b*d~2*x~(2/3)*PolyLogl
4, (-a - I*b)/((a - I*xb)*E~((2*I)*(c + d*x~(1/3))))] - 90%b*d*x~(1/3)*Poly
Log[5, (-a - Ix*b)/((a - Ixb)*E~((2*I)*(c + d*x~(1/3))))] + (45*I)*b*PolyLo
glé, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))]1)/(4*(a"2 + b~2)*d"6
)
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Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.03,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 556 Ryjjeq
integrand size

used = {4234, 3042, 4215, 2620, 3011, 7163, 7163, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ac dzx
a+btan (c+ d¥/x)
l_4234

£5/3
3 d
/a—l—btan(c—l—d%) Ve

l 3042

£5/3
3 d<
/a—l—btan(c—i—d{”/i) Ve

l 4215

e2i(c+d¥/z) ,,5/3 , 72
3| 2 d ——
‘ / (a + )2 + (a? + b2) e?(c+dV7) et 6(a + ib)

l 2620

. 2i(c+d¥/T) o b2 ‘ 252 2i(c+d /)
5i [ 243 log <e (a—l—ib)(; ) 4 1) d¥/x  iz5/3log (1 4 (o (liib)Q )

3| 2ib - + i
2d (a? + b2) 2d (a® + v?) 6(a + ib)

l 3011
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3| 23

3| 23

2,2\ 2i(c+d V) 2,2\ 2i(c+d V)
iz4/3 PolyLog <2,— (a o )e ) 2i [ = PolyLog (2,— (a + )e ) d%

L (atib)2
5i -
2d I -
iz5/31og (1-+“‘
S - 2d (a? -
l 7163
2i(c+d %
si ] 22/3 PolyLog (3’_ (a2 +b2():+i§)2 ) ) d % iz PolyLog (3,_ (a2+b2()ae_
iz4/3 PolyLog <2,_ ( " ()a+ib)2 )
51 2d - '
2d (a2 + v?)

l 7163
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3| 23

2.2\ 2i(c+d V) 2
if %PolyLog 4,— (a o (>ae+ib)2 )d % iz2/3 PolyLog (47_(11
3 a - 2
21 5d
2,2\ 2i(c+d V)
iz*/3 PolyLog (2»— (40 ():+ib>2 )
5t 2d - d
2d (a? + b?)

l 7163
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3| 23

51

iz%/3 PolyLog (2,—

(a2+b2)e

2i(c+d /)

(a+1ib)2

)

2

3i

(a2+b2) e2i(c+d %)

(a+ib)2

i [ PolyLog| 5,—

)d % i%PolyLog (“3,—(&2_H

2d

2d

2d

2d

2d (a? + b?)
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l 92720
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(a2 +b2) 521: (C+d %)
PolyLog| 5,— (a+ib)2
/ % deQi (C+d %) % %PolyLog 5,
' 442 -

3i

2

2d

(a+ib)2

ixd/3 PolyLog <2,_
5 2d -

(a24s2) 2 (44 ¥2) )

3| 2:b

2d (a? + v?)
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l 7143
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J2042) 2 (c+a V) W22 Em(w
PolyLog 6,—( i ()a+ib)2 i%PolyLog 5,—%
4d? - 2d
3i a

3| 23

51

iz%/3 PolyLog <2,—

(a2+b2

)621' (c+a¥/z)

(a+1ib)2

)

2

2d

2d

2d (a2 + b?)
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input‘ Int[x/(a + b*Tan[c + d*x~(1/3)]1),x]

3*(x"2/(6%(a + Ixb)) + (2xI)*b*(((-1/2*I)*x~(5/3)*Logl[1 + ((a”2 + b~2)*E"(
(2xI)*(c + d*x~(1/3))))/(a + Ixb)~2])/((a"2 + b~2)*d) + (((5*I)/2)*(((I/2)
*x~(4/3)*PolyLog[2, -(((a”2 + D"2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)"2)
1)/d - ((2*I)*(((-1/2*I)*x*PolyLog[3, -(((a~2 + b~2)*E~((2*I)*(c + d*x~(1/
3))))/(a + Ixb)~2)]1)/d + (((3*I)/2)*(((-1/2*I)*x~(2/3)*PolyLogl[4, -(((a~2

+ b72)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)1)/d + (I*(((-1/2*%I)*x"(1/3)
*PolyLog[5, -(((a"2 + b"2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*xb)~"2)])/d + P
olyLogl[6, -(((a"2 + b"2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)]1/(4*d"2))
)/d))/d))/d))/((a™2 + b~2)*d)))

output

Defintions of rubi rules used

rule 2620 TRtLCCED~((g_ ) *((e ) + (£_)*(x))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQm*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 IntlLogll + (e_)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_)1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 4215 IRELC(C ) + (d_)*(x))"(m_.)/((a)) + (b_.)#tanl(e_.) + (£_.)*(x)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp[2*I*b In
t[(c + d*x) "m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*xx), x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 + b~2
, 0] && IGtQ[m, O]

rule 4934 It L)~ @_D*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(a_)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +

1)/n], 0] && IntegerQl[p]

rule 7143 Int[POIYLOg[n_’ (C_-)*((a_-) + (b_-)*(X_))A(p_-)]/((d_.) + (e_.)*(X_))s X_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.

rule 7163

)*(X_))))A(p_-)], X_Symbol] > Slmp[(e + f*x)"m*(PolyLog[n +1, a% (F~ (c*(a
+ b*x)))~pl/(bxcxp*Log[F1)), x] - Simp[f*(m/(b*c*p*Log[F]1)) Int[(e + f£*x)
“(m - 1)*PolyLogln + 1, dx(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c
, d, e, f, n, p}, x] & GtQ[m, 0]

Maple [F]

/ 2 ~dz
a+ btan (c—l—de)
input (int (x/ (a+b*tan(c+d*x~(1/3))),x)

output | 2 ¢/ (a+brtan(crarc™(1/3))) %)
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Fricas [F]

/ ad dz —/ o dz
a+btan (c+dV/z) btan (dz%—i-c) +a

inputtintegrate(x/(a+b*tan(c+d*x‘(1/3))),x, algorithm="fricas")

output Lintegral(x/ (b*tan(d*x~(1/3) + c) + a), x) J
Sympy [F]
/ . dr = / u dx
a+btan (c+dv¥z) ) a+btan(c+dvz)
input Lintegrate (x/ (a+bxtan(c+d*x**(1/3))) ,x)

output LIntegral(x/(a + bxtan(c + d*x**(1/3))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 813 vs. 2(289) = 578.

Time = 0.36 (sec) , antiderivative size = 813, normalized size of antiderivative = 2.31

T
dx = Too 1 to displ
/a+btan (c+ d/z) = 100 Tatge to display

input Lintegrate (x/ (atb*tan(c+d*x~(1/3))),x, algorithm="maxima")




output
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-1/10%(15%(2x(d*x~(1/3) + c)*a/(a"2 + b~2) + 2*b*log(b*tan(d*x~(1/3) + c)
+ a)/(a"2 + b™2) - bxlog(tan(d*x~(1/3) + c)"2 + 1)/(a"2 + b"2))*c”5 - (5x(
d*x~(1/3) + c)"6x(a - Ixb) - 30*(d*x~(1/3) + c)~5x(a - Ixb)*c + 75%(d*x~ (1
/3) + c)74x(a - I*b)*c”2 - 100*(d*x~(1/3) + c)~3x(a - Ix*b)*c~3 + 75x(d*x"(
1/3) + c)"2x(a - I*b)*c™4 - 2% (48*%I*(d*x~(1/3) + c)~5xb - 150*I*x(d*x~(1/3)
+ c)"4xb*c + 200%I*(d*x~(1/3) + c) 3*b*xc™2 — 150*%I*(d*x~(1/3) + c) 2xb*c~
3 + 75*%Ix(d*x~(1/3) + c)*b*c~4)*arctan2((2*a*b*cos(2*d*x~(1/3) + 2xc) - (a
"2 - b72)*sin(2xd*x~(1/3) + 2*c))/(a”2 + b"2), (2%a*b*sin(2*d*x~(1/3) + 2%
c) +a"2+ b"2 + (a”2 - b™2)*cos(2xd*x~(1/3) + 2*c))/(a”2 + b~2)) - 15%(16
*I*x(d*x~(1/3) + c)~4xb - 40*I*x(d*x~(1/3) + c) " 3*b*c + 40*I*(d*x~(1/3) + c)
“2*%b*c”2 - 20%Ix(d*x~(1/3) + c)*bxc”3 + b*Ixbxc~4)*dilog((I*a + b)*e” (2*Ix
d*x~(1/3) + 2xI*c)/(-I*a + b)) + (48*(d*x~(1/3) + c)~5*b - 150*(d*x~(1/3)
+ c) 4xb*c + 200*(d*x~(1/3) + c) " 3*b*c”2 - 150*(d*x~(1/3) + c) 2%b*c”3 + 7
5x(d*x~(1/3) + c)*bxc~4)*1log(((a”2 + b~2)*cos(2*d*x~(1/3) + 2%c)~2 + 4xa*b
*sin (2xd*x~(1/3) + 2*c) + (2”2 + b"2)*sin(2*d*x~(1/3) + 2%c)”2 + a~2 + b2
+ 2%(a”2 - b72)*cos(2*d*x~(1/3) + 2%c))/(a”2 + b~2)) - 360*I*b*polylog(6,
(I*a + b)*e” (2xIxd*x~(1/3) + 2*I*xc)/(-Ixa + b)) - 90*(8x(d*x~(1/3) + c)*b
- Bxb*c)*polylog(5, (I*a + b)*e” (2%I*d*x~(1/3) + 2*I*c)/(-I*a + b)) - 60%
(-12%I*(d*x~(1/3) + c)~2%b + 15%Ix(d*x~(1/3) + c)*b*c - 5xI*b*c~2)*polylog
(4, (I*xa + b)*e”(2%Ixd*x~(1/3) + 2*I*c)/(-I*a + b)) + 30*%(16x(d*x~(1/3)...

Giac [F]
z T
3 d$:/ T dm
/a+btan(c+d\/5) btan <d$§+c>+a
inputLintegrate(X/(a+b*tan(c+d*x‘(1/3))),x, algorithm="giac")

| —

e

outputL

integrate(x/(b*tan(d*x~(1/3) + ¢c) + a), x)

~—
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Mupad [F(-1)]

Timed out.

/ > dw—/ ad dx
a+btan(c+dv/z)  J a+btan(c+dzl/3)

inputkint(x/(a + bxtan(c + d*x~(1/3))),x)

output Lint(x/(a + b*tan(c + d*x~(1/3))), x)

Reduce [F]

/ - dx _/ i dx
o+ btan (C+d%) tan (x%d+c>b+a

input Lint (x/ (at+b*tan(c+d*x~(1/3))),x)

output Lint(x/(tan(x**(l/@*d + c)*b + a),x)




output
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3.59 | L dx
a+btan (c+d \/5 )

Optimal result . . . . . . . . . . . . 450
Mathematica [A] (verified) . . . . . . . . . . ... 451
Rubi [A] (verified) . . . .. . . ... .. 45T]
Maple [F] . . . . e 457
Fricas [B] (verification not implemented) . . . . ... ... ... ... ...... 450
Sympy [F] . . . o 450
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... . ... 1561
Giac [F] . . . . o o 457
Mupad [F(-1)] . . . o o 457
Reduce [F] . . . . . o o A58

Optimal result

Integrand size = 16, antiderivative size = 176

3bz%/3 log (1 +

(a2+b?%) e (c+d %)

(a+ib)?

)

1
de =
/a—l—btan(c+d{’/§) v a+ib+

(a2 +b?)d

a2+b2)62i(c+d V)

3iby/x PolyLog (2, - (a+ib)2

)

+

3b PolyLog (3, —

(a2 +12) &2
(a2+b2) e (C+d %)

(a+ib)?

)

2 (a2 + 02

‘x/(a+I*b)+3*b*x‘(2/3)*1n(1+(a‘2+b‘2)*exp(2*I*(c+d*x‘(1/3)))/(a+I*b)‘2)/(a‘
‘2+b‘2)/d—3*I*b*x‘(1/3)*polylog(2,-(a‘2+b‘2)*exp(2*I*(c+d*x‘(1/3)))/(a+I*b)
~2)/(a~2+b2) /d~2+3/2%bxpolylog (3, (a"2+b2) *exp (2+I* (c+d*x"(1/3)))/ (a+I*b

)72)/(a"2+b72)/d"3
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Mathematica [A] (verified)

Time = 0.84 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.94

1

/a+btan

2ad3z + 2ibd®z + 6bd%z?/3 log (1 + (“+ib)ea_ib > + 6ibd ¥z PolyLog (2, (—a—ib)

(c+dv/z

)dx

—2i(ctd ¥/z)

e—2i(c+d ¥z)

a—1ib

) +3bP

2(a® + 02) P

input‘ Integrate[(a + b*Tan[c + d*x~(1/3)]1)~(-1),x]

outpu

t\/(2='<a>o<d“3='<x + (2%I)*bxd"3%x + 6xb*xd~2*x~(2/3)*Log[1 + (a + Ixb)/((a - I*b)*
‘E‘((2*I)*(c + d*x~(1/3))))] + (6+I)*bxd*x~(1/3)*PolyLogl[2, (-a - I*b)/((a
(= I¥b)*E~((2¢D)*(c + d*x~(1/3))))] + 3*b*PolyLogl3, (-a - I¥b)/((a - I¥b)*

‘E’"((Q*I)*(c + d*x7(1/3))))1)/(2%(a™2 + b~2)*d"3)

\‘

Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.07,

number of steps used = 8, number of rules used = 7,

number of rules

used = {4226, 3042, 4215, 2620, 3011, 2720, 7143}

integrand size

= 0.438, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

1
/ a+btan (c+ di/z) de
l 4226

£2/3
3 / iz

a+btan (c+ d/x)
| 3042

22/3
3 / 4z

a+ btan (c + d{"’/:;)
| 4215
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3| 2:b

3| 2:b

3| 2:b

- e2i(ct+d¥z) ,2/3 e T
1 / (a + ,L-b)2 + (a2 + b2) e2i(c+d\3/§) T+ 73((1 I ib)

l 2620
2i(c+d Yz 2i(ct+d ¥z
i ] Valog (e ( (a+i27)(:2+b2) + 1) d¥z  iz*log (1 + (“2+b2‘1i£)2 )>
T
e i 24 (@ ) * Sa+)

?

l 3011

2042 eQi(c+d ¥z) W22 e2i(c+d ¥z)
i}/ PolyLog (Z_ (0 ()a+ib)2 ) i [ PolyLog (2:— (A ()a+'ib)2 )d%

2 2d im2/3 log <1 4 (a2+b2()
d (a2 + b?) B 2d (a2 + b2
l 2720
2i(c+d ¥z
2,2 2 (c+d %) PolyLog (2,_ (a2+b2()ae+i§)2 ) )
i3/ PolyLog (2,— G ()ae+ib)2 ) J Vs ge2i(c+a¥a)
; x

t 2d - 442
ix2/3 log (1 + (a?
d (a? + b2) N 2d (a?

l 7143



input

output

rule 2620

rule 2720
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2,2 2i(c+d V) 2,2\ 2i(c+d V)
i%PolyLog (2,— (a +h )e ) PolyLog (3,— (a + )e )

(a+1ib)2 (a+ib)2

1 2d - 4d?

iz?/3 log (1 + (@24+b%)e

2 .
3| 20 d(a® 1 b02)

2d (a? + b?)

-

Int[(a + b*Tan[c + d*x~(1/3)]1)"(-1),x]

\

3%(x/(3%(a + I*b)) + (2xI)*bx(((-1/2%I)*x~(2/3)*Log[l + ((a~2 + b~2)*E~((2
*I)x(c + d*x~(1/3))))/(a + I*xb)"2])/((a”2 + b~2)*d) + (I*x(((I/2)*x~(1/3)*P
olyLog[2, -(((a”2 + b~2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)])/d - Pol
yLog[3, -(((a~2 + b™2)*E~((2*I)*(c + d*x~(1/3))))/(a + I*b)~2)]1/(4%d"2)))/
((a~2 + b~2)*d)))

Defintions of rubi rules used

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x))))"(@_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~n], x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3011

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]
rule 4215 Int[((c_.) + (@_)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp[2*Ixb 1In
t[(c + d*x) “m*(E"Simp[2*I*(e + f*x), x]/((a + I*¥b)"2 + (a"2 + b~2)*E~Simp[2
*Ix(e + f*x), x1)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a™2 + b~2
, 0] && IGtQ[m, O]
rule 4996 Int[((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol]l :> Simp[1
/n Subst[Int[x~(1/n - 1)*(a + b*Tan[c + d*x])~p, x], x, x"n], x] /; FreeQ
[{a, b, c, 4, p}, x] && IGtQ[1/n, 0] && IntegerQ[p]
rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]
Maple [F]
/ 1 ~dz
a + btan <c+dac§>
input‘int(l/(a+b*tan(c+d*x"(1/3))),x)

output 188 (1/ (arbrtan(crdsx™(1/3))) 1)




input

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 746 vs. 2(147) = 294.

Time = 0.10 (sec) , antiderivative size = 746, normalized size of antiderivative = 4.24

1
dz = Too large to displ
/a+btan (c+ d¥/z) ¢ 100 TaIge 1o Gispiay

e

Lintegrate(1/(a+b*tan(c+d*x‘(1/3))),x, algorithm="fricas")

~—

1/4% (4*%a*d"3*x + 6%bxc”2*log(((I*a*b + b"2)*tan(d*x~(1/3) + c)"2 - a"2 + I
*a*xb + (I*a”2 + Ixb~2)*tan(d*x~(1/3) + c))/(tan(d*x~(1/3) + c)"2 + 1)) + 6
*b*xc~2%log (((I*xa*b - b"2)*tan(d*x~(1/3) + c)72 + a”2 + I*xa*b + (I*a"2 + Ix
b~2)*tan(d*x~(1/3) + c))/(tan(d*x~(1/3) + c)~2 + 1)) + 6*Ixb*d*x~(1/3)*dil
og(2x((I*axb - b"2)*tan(d*x~(1/3) + c)"2 - a”2 - Ixaxb + (I*a"2 - 2xaxb -

I*b~2)*tan(d*x~(1/3) + c))/((a"2 + b~2)*tan(d*x~(1/3) + c)"2 + a”2 + b~2)
+ 1) - 6*Ixb*xd*x~(1/3)*dilog(2*((-I*a*b - b~2)*tan(d*x~(1/3) + c)~2 - a™2
+ Ixaxb + (-I*a”2 - 2%axb + I*xb"2)*tan(d*x~(1/3) + ¢))/((a"2 + b~2)*tan(d*
x7(1/3) + c)72 + a”2 + b72) + 1) + 6*%(b*d"2*x"(2/3) - b*c”2)*1log(-2*((I*ax
b - b™2)*tan(d*x~(1/3) + c)~2 - a”2 - Ixa*b + (I*a~2 - 2%axb - I*b~2)*tan(
d*x~(1/3) + ¢))/((a~2 + b~2)*tan(d*x~(1/3) + c)"2 + a~2 + b~2)) + 6*x(b*d™2
*x~(2/3) - b*c"2)*log(-2*((-I*axb - b~2)*tan(d*x~(1/3) + c)~2 - a”2 + I*ax
b + (-I*a”2 - 2*a*b + I*b~2)*tan(d*x~(1/3) + c))/((a"2 + b~2)*tan(d*x~(1/3
) + ¢c)72 + a2 + b72)) + 3*bxpolylog(3, ((a”2 + 2xIxa*b - b~2)*tan(d*x”(1/
3) + ¢c)72 - a”2 - 2xI*xaxb + b"2 - 2x(-I*a"2 + 2*xaxb + I*b~2)*tan(d*x~(1/3)

+ ¢))/((a”2 + b™2)*tan(d*x~(1/3) + c)~2 + a”2 + b~2)) + 3*b*polylog(3, ((
a~2 - 2*Ixa*b - b"2)*tan(d*x~(1/3) + ¢c)72 - a”2 + 2*Ixa*b + b"2 - 2x(I*a~2

+ 2xaxb - I*b~2)*tan(d*x~(1/3) + c¢))/((a”2 + b~2)*tan(d*x~(1/3) + c)~2 +

a”2 + b72)))/((a”2 + b"2)*d"3)
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Sympy [F]
/ 1 dx = / 1 dx
a+btan (c+ dy/z) a+btan (c+ dy/z)
inpus 1ntegrate(1/ (avbrtan (crdrres (1/3)) %) J
output [ntegral(1/(a + brtan(c + drxxx(1/3))), ) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 446 vs. 2(147) = 294.

Time = 0.22 (sec) , antiderivative size = 446, normalized size of antiderivative = 2.53

1
/a+btan (c+dv/x) &

2 (dw%—i—c)g(a—i b)—6 (dw%+c>2(a—i b)c—6 (z (dx

a2+b2 + a2+b2 a2+b2

3 (2 (dx%+c)a 2blog(btan(dx%+c)+a) _ blog(tan(dx%—i-c)z—i-l) ) 02 n

input Lintegrate (1/(at+b*tan(c+d*x~(1/3))),x, algorithm="maxima") J
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1/2% (3% (2+(d*x~(1/3) + c)*a/(a"2 + b~2) + 2*bxlog(b*tan(d*x~(1/3) + c) + a
)/(a”2 + b~2) - bxlog(tan(d*x~(1/3) + ¢c)~2 + 1)/(a"2 + b™2))*c™2 + (2*(d*x
~(1/3) + c)~"3*(a - I*b) - 6%(d*x~(1/3) + c)"2*(a - I*b)*c - 6*(I*(d*x~(1/3
) + ¢c)"2%b - 2*%I*(d*x~(1/3) + c)x*b*c)*arctan2((2*a*b*cos(2*d*x~(1/3) + 2*c
) - (2”2 - b™2)*sin(2*xd*x~(1/3) + 2*c))/(a"2 + b~2), (2*xa*b*sin(2xd*x~(1/3
) + 2%c) + a”2 + b"2 + (a”2 - b"2)*cos(2*d*x~(1/3) + 2xc))/(a"2 + b"2)) -

6% (I*(d*x~(1/3) + c)*b - Ixb*c)*dilog((I*a + b)*e” (2xI*d*x~(1/3) + 2xIxc)/
(-Ixa + b)) + 3*x((d*x~(1/3) + c)~2*%b - 2x(d*x~(1/3) + c)*b*c)*log(((a~2 +

b~2)*cos(2*d*x~(1/3) + 2%c)~2 + 4xaxbxsin(2*d*x~(1/3) + 2%c) + (a”2 + b~2)
*sin(2*%d*x~(1/3) + 2*%c)”"2 + a”2 + b™2 + 2x(a”2 - b"2)*cos(2*xd*x~(1/3) + 2%
c))/(a”2 + b72)) + 3*b*polylog(3, (Ixa + b)*e” (2xIxd*x~(1/3) + 2xIxc)/(-Ix
a+b)))/(a"2 + b72))/d"3

output

Giac [F]

1

1
/a+btan(c+d€/§) btan (dz%+c>+a

e

inputtintegrate(1/(a+b*tan(c+d*x‘(1/3))),x’ algorithm="giac")

e—

-

output, 1REegrate(1/ (bxtan(axx™(1/3) + o) + 2), 1)

~—

Mupad [F(-1)]
Timed out.

1

1
dx = d
/a+btan (c+dv/x) v /a+btan(c+dm1/3) 7

inputtint(l/(a + b¥tan(c + d*x~(1/3))),x)

output 1261/ (2 + brtan(c + dxx"(1/3))), 1)
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Reduce [F]

1

1
dx==t/1 dz
t/a+4mm%c+d&5) anﬁd+c>b+a

inputtint(l/(a+b*tan(c+d*x“(1/3))),X)

outputLint(l/(tan(x**(1/3)*d + c)*b + a),x)




output L

input

output
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3.60 | L dr
T <a+b tan (c+d \/E ) )

Optimal result . . . . . . . . . . . . 459
Mathematica [N/A] . . . . . . . . . 459
Rubi [N/A] . . . 460
Maple [N/A] . . . . o 460
Fricas [N/A] . . . o o 46T
Sympy [N/A] . . 461
Maxima [N/A] . . . . . 1621
Giac [N/A] . . . 162
Mupad [N/A] . . . o 163
Reduce [N/A] . . . o 163

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/z (a-l—btan (c-l—d%)) dz = Int(z (a—|—btan (c—i—d%)) v

)

Defer (Int) (1/x/(a+b*tan(c+d*x~(1/3))),x)

Mathematica [N/A]
Not integrable

Time = 4.14 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

| serrmpramy ®= ) srem
z (a+btan (c+ dv/z)) v z (a+ btan (c + dv/z))

dz

LIntegrate [1/(x*(a + bxTan[c + d*x~(1/3)])),x]

LIntegrate[l/(x*(a + b*Tan[c + d*x~(1/3)1)), x]




output L
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 d
,/x@+bmn@+d%a)m
| 4238

| s rim v
T (a—l—btan (c—l—d\?’/i)) v

-

LInt [1/(x*(a + b*Tan[c + d*x~(1/3)]1)),x]

-/

$Aborted

Defintions of rubi rules used

rule 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x))"(n)1)~(p_.), x_Symbol

‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
L n, p}, x] J

Maple [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1

/x (a-l— btan <c+dx%>)

dz
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inputLint(1/x/(a+b*tan(c+d*X*(1/3)))’X)

output 186 (1/%/ (abrtan(crdsx™(1/3))) %)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1

1
/x(a—i—btan(c-l—d\?'/:?)) dx:/<btan<dx§+c>+a>xdx

input Lintegrate (1/x/ (at+b*tan(c+d*x~(1/3))) ,x, algorithm="fricas")

output 1RteETal (1/ (bxxxtan(@x™(1/3) + ¢) + axx), ¥)

Sympy [N/A]
Not integrable

Time = 2.67 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/cc(a—l—btan(c+d€/§)) dx:/x(a-l—btan(c—i—d\%?)

)dx

input Lintegrate (1/x/ (a+b*tan (c+d*x**(1/3))) ,x)

outputklntegral(l/(x*(a + bxtan(c + dxx*x(1/3)))), x)




CHAPTER 3. LISTING OF INTEGRALS 462

Maxima [N/A]
Not integrable

Time = 0.75 (sec) , antiderivative size = 496, normalized size of antiderivative = 24.80

1 1
/x(a+btan(c+d{’/§)) dxz/(btan<dz:1«+c>+a>x

dz

input integrate(1/x/(a+bxtan(c+d*x~(1/3))),x, algorithm="maxima")

-(2x(a"2%b + b~3)*integrate((a"2*sin(2*d*x~(1/3) + 2%c) - (2xa*b*cos(2*c)
+ b"2*sin(2#*c))*cos(2*xd*x~(1/3)) - (b"2*cos(2*c) - 2*xaxbxsin(2*c))*sin(2*d
*x~(1/3)))/((a~4*cos (2*d*x~(1/3) + 2%c)~2 + a~4*sin(2xd*x~(1/3) + 2%c)~2 +
a"4 + 2*xa~2+%b"2 + b4 + ((4*a~2*%b"2 + b~4)*cos(2xc)"2 + (4*xa~2*%b"2 + b~4)
*5in(2%c) "2) *cos (2*%d*x~(1/3)) "2 + ((4*a~2*b"2 + b~4)*cos(2*c) 2 + (4*a~2*b
2 + b74)*sin(2*c) "2)*sin(2xd*x~(1/3)) "2 - 2*%((a"2*xb~2 + b~4)*cos(2*c) - 2
*(a"3%b + a*b”3)*sin(2xc))*cos(2xd*x~(1/3)) + 2*x(a"4 + a~2%b"2 - (a~2xb~2x%
cos(2xc) - 2%a~3*bxsin(2*c))*cos(2xd*x~(1/3)) + (2*a~3*b*cos(2%c) + a~2*b~
2%sin(2%c))*sin(2xd*x~(1/3)))*cos(2xd*x~(1/3) + 2xc) + 2*%(2x(a~3%b + a*b~3
)xcos(2%c) + (a"2*%b72 + b~4)*sin(2%c))*sin(2*d*x~(1/3)) - 2*((2*a~3*b*cos(
2%c) + a~2xb"2*sin(2+*c))*cos(2xd*x~(1/3)) + (a"2*b"2*cos(2%c) - 2*a~3*b*si
n(2xc))*sin(2*d*x~(1/3)))*sin(2+%d*x~(1/3) + 2*c))*x), x) - a*xlog(x))/(a"2

+ b~2)

output

Giac [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

1
/x(a+btan(c+d%)) dx=/<btan<dx§+c>+a>wdx

input Lintegrate (1/x/ (at+b*tan(c+d*x~(1/3))),x, algorithm="giac )

Output‘integrate(l/((b*tan(d*x*(1/3) + c) + a)xx), x)




input

output

input

output
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Mupad [N/A]
Not integrable

Time = 8.93 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/x(a-l—btan(c—i—d%))dx:/x(a—i—btan(c-l—dxl/?’)) dz

Lint(l/(x*(a + b*tan(c + d*x~(1/3)))),x)

-

Lint(l/(x*(a + bxtan(c + d*x~(1/3)))), x)

—

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1

1
S da:z/ - dz
/x(a+btan (C+d\/5)) tan <x§d+c> bx + ax

Lint(1/x/(a+b*tan(c+d*x“(1/3))),x)

Lint(l/(tan(x**(l/S)*d + C)*b¥x + a¥x),x)




output L

input L

output
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3.61 [ L~ dx
T2 (a—l—b tan (c+d \/5) )

Optimalresult . . ... ... ... ... ... .. 464
Mathematica [N/A] . . . . . . . . . 464
Rubi [N/A] . . o 1651
Maple [N/A] . . . o o 4651
Fricas [N/A] . . . o o 160
Sympy [N/A] . . o 4661
Maxima [N/A] . . . . . 167l
Giac [N/A] .« . o 467l
Mupad [N/A] . . . o o 168]
Reduce [N/A] . . . o 168

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/352 (a+btan (c+ dV/z)) dz = Int(gy? (a+btan (c+ d¥/z)) 't

)

Defer (Int) (1/x~2/ (atb*tan(c+d*x~(1/3))),x)

Mathematica [N/A]
Not integrable

Time = 4.93 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

| warvim - | evoim
22 (a + btan (c+ dV/z)) R (a+btan (c+ d¥/z))

dz

Integrate[1/(x"2*(a + b*Tan[c + d*x~(1/3)]1)),x]

LIntegrate[l/(x’Q*(a + b*Tan[c + d*x~(1/3)1)), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 d
/m2@+bmn@+dva)w
| 4238

/ 1 dx
z? (a + btan (c+ dv/x))

-

LInt[l/(x‘2*(a + bxTan[c + d*x~(1/3)1)),x]

-/

input

output L$Aborted |

Defintions of rubi rules used

rule 4938 IELG) " (@_)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x))"(n)1)~(p_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘

B |

Maple [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ L dx
x? <a+ btan (c-l- dw%))
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input Lint (1/x~2/ (a+b*tan(c+d*x~(1/3))) ,x)

output 108 (1/x"2/ (a+brtan(crdxx™(1/3))) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1

1
/z2 (a +btan (c+dvz)) dx:/ (btan (dxé—l-c) +a>x2 &

input Lintegrate (1/x72/ (at+b*tan(c+d*x~(1/3))) ,x, algorithm="fricas")

output Lintegral(l/(b*X”2*tan(d*x"(1/3) +c) + a*x~2), x)

Sympy [N/A]
Not integrable

Time = 3.28 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 B 1 ]
/x2(a+btan(c+d€/§)) x_/$2(a+btan(c+d\3/5)) x

input Lintegrate (1/x**2/ (a+bxtan (c+d*x**(1/3))) ,x)

output tIntegral(l/(x**Q*(a + bxtan(c + d*x**(1/3)))), x)
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Maxima [N/A]
Not integrable

Time = 1.08 (sec) , antiderivative size = 496, normalized size of antiderivative = 24.80

1

1
/zz (a+btan (c+dv/z)) d$=/ (btan <dz§+c>+a>x2 w

input integrate(1/x"2/ (a+bxtan(c+d*x~(1/3))),x, algorithm="maxima")

-(2x(a"2%b + b~3)*x*integrate((a~2*sin(2xd*x~(1/3) + 2%c) - (2%a*b*cos(2+*c
) + b"2*sin(2%*c))*cos(2*%d*x~(1/3)) - (b"2*cos(2*c) - 2*axbxsin(2*c))*sin(2
*d*x~(1/3)))/((a"4*cos(2*d*x~(1/3) + 2*c)~2 + a~4*sin(2*d*x~(1/3) + 2%c)"2
+ a~4 + 2%a”"2*xb"2 + b"4 + ((4*%a"2*b"2 + b"4)*cos(2*c)"2 + (4*%a~2%b"2 + b~
4)*sin(2%c) "2)*cos (2*xd*x~(1/3)) "2 + ((4*a~2%b"2 + b~4)*cos(2*c) "2 + (4*a”~2
*b"2 + b74)*sin(2*c)"2) *sin(2*d*x~(1/3))72 - 2*x((a"2*b”"2 + b~4)*cos(2*c) -

2*%(a~3*b + a*b~3)*sin(2*c))*cos(2xd*x~(1/3)) + 2*(a”4 + a~2*xb~2 - (a~2*b”
2xcos (2%c) - 2*a~3%bxsin(2+*c))*cos(2%d*x~(1/3)) + (2%a~3*bxcos(2*c) + a~2%
b~2*sin(2*c) ) *sin(2*d*x~(1/3)) ) *cos (2*%d*x~(1/3) + 2%c) + 2x(2*(a~3*b + a*b
~3)*cos(2*c) + (a"2%b~2 + b~4)*sin(2*c))*sin(2*d*x~(1/3)) - 2% ((2*a~3%b*co
s(2*%c) + a”2+%b~2*sin(2*c))*cos(2*xd*x~(1/3)) + (a~2%b~2*kcos(2*c) - 2*a"3*bx*
sin(2*c) ) *sin(2*d*x~(1/3)))*sin(2*d*x~(1/3) + 2*xc))*x"2), x) + a)/((a"2 +
b~2) *x)

output

Giac [N/A]
Not integrable

Time = 0.90 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

1
/12 (a +btan (c +dv/z)) dx:/ (btan <dx%+c> +a>x2 &

input Lintegrate (1/x~2/ (atb*tan(c+d*x~(1/3))),x, algorithm="giac "

Output‘integrate(l/((b*tan(d*x“(1/3) +¢) + a)*x~2), x)
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Mupad [N/A]
Not integrable

Time = 9.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

1
dx = d
/332 (a+btan (c+dv/z)) o /x2 (a + btan (c + d z'/3)) x

input | 10E(1/(x72%(a + brtan(c + d*x"(1/3)))),%)

-

output 1IE(1/ ("2%(a + bitan(c + dxx~(1/3)))), x)

—

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1

1
3 dw::b/a 1 dx
/z2 (a+btan (c+dV/z)) tan <x§d+c> ba? 4 az?

inputLint(1/X“2/(a+b*tan(c+d*x*(1/3)))’x)

output Lint(l/(tan(x**(l/@*d + C)*bxx*%x2 + akx**2),x)
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469

3.62

a 5 dx
f (a-l—b tan (c+d %) )

Optimalresult . . . . ... . ... .. . .
Mathematica [A] (warning: unable to verify) . . . . .. ... .. ... ...
Rubi [A] (verified) . . . .. . .. . ..
Maple [F] . . . . e

Optimal result

Integrand size = 20, antiderivative size = 1691

2

z
dx = Too large to displa;
/(a+btan(c+d€/5))2 & Py

Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . ... ... ... ...
Giac [F] . . . o o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

469
4701

473

475
476
476



output

input
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945*I*b~2*polylog(9,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(a~2+b~2)"2/d
~9+1/3%x"3/ (a-I*b) ~"2+4/3%b*x~3/ (I*a-b)/(a-I*b) "2+6%b~2*x~(8/3)/(a+I*b)/(I*
at+b)~2/d/ (I*xa-b+(I*a+b)*exp (2*I*(c+d*x~(1/3))))-1890*b*x~ (1/3) *polylog(8,-
(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(I*a-b)/(a-I*b) 2/d"8+1890*b*x~(2/
3)*polylog(7,-(a-I*b)*exp(2xI*(c+d*x~(1/3)))/(a+I*b))/(a-I*b)~2/(atI*b)/d"
7+1260*b*x*polylog(6,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(I*a-b)/(a-I
*b) ~2/d~6-630*b*x" (4/3) *polylog(5,-(a-I*b)*exp (2*I* (c+d*x~(1/3)))/(a+I*b))
/(a-Ixb)~2/(a+I*b)/d"5-252xbxx" (5/3) *polylog(4,-(a-I*b)*exp(2*I* (c+d*x"(1/
3)))/(a+I*b))/(I*a-b)/(a-I*b) ~2/d"4+84*b*x"~2*polylog(3,-(a-I*b)*exp(2*xI*(c
+d*x~(1/3)))/(a+I*b))/(a-Ixb) "2/ (a+Ixb)/d~3+24xb*x~(7/3)*polylog(2,-(a-I*b
)*xexp (2*%I*(c+d*x~(1/3)))/(a+I*b))/(I*a-b)/(a-I*b)~2/d"2+6*b*x~(8/3)*1n(1+(
a-Ixb)*exp(2*I*(c+d*x~(1/3)))/(a+Ixb))/(a-I*b) "2/ (a+I*b)/d-1890*I*b~2*x" (2
/3)*polylog(7,-(a-I*b)*exp (2*I*(c+d*x~(1/3)))/(a+I*b))/(a"2+b"2)"2/d"7-189
0*I*b~2xx~(2/3)*polylog(6,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+Ixb))/(a~2+b"~
2)"2/d"T7-84*Ixb~2*x"2*polylog(3,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(
a”2+b"2)"2/d"3-84*I*b"2*x"2*polylog(2,-(a-I*b)*exp (2*I*(c+d*x~(1/3)))/(a+I
*b))/(a~2+b"2) "2/d"3-6*I*b~2*x" (8/3) *1n(1+(a-I*b)*exp (2*I* (c+d*x~(1/3)))/(
a+I*b))/(a~2+b~2)"2/d+945*I*b~2*polylog(8,-(a-I*b)*exp (2*I*(c+d*x~(1/3)))/
(a+Ixb))/(a~2+b~2)"2/d~9+630*%I*b~2*x" (4/3)*polylog(5,-(a-I*b)*exp(2*I*(c+d
*x~(1/3)))/(a+I*b))/(a~2+b"~2) "2/d"5+630*I*b~2*x"~ (4/3) *polylog(4,-(a-I*b...

Mathematica [A] (warning: unable to verify)

Time = 3.88 (sec) , antiderivative size = 1136, normalized size of antiderivative = 0.67

2

z
dxr = Too large to displa;
/(a+btan(c+d€/5))2 ¢ P

LIntegrate[x‘2/(a + b*Tan[c + d*x~(1/3)])"2,x]
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(((-I)*b*(18*(a + I*b)*b*(Ixa + b)*d~8%x~(8/3) + 4xa*x(a + I*b)*(I*a + b)*d
~9%x73 + 72x(a - Ixb)*b*xd~7*x((-I)*b*(-1 + E~((2xI)*c)) + a*(1 + E~((2*I)*c
)))*x~(7/3)*Log[1 + (a + Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 18%
ax(a - I*b)*d"8*((-I)*bx(-1 + E~((2*%I)*c)) + ax(1 + E~((2*I)*c)))*x~(8/3)*
Logll + (a + Ixb)/((a - I*b)*E~((2*xI)*(c + d*x~(1/3))))] + 63*b*(I*a + b)*
(b*(-1 + E7((2%I)*c)) + I*xax(1 + E~((2*I)*c)))*((-4*I)*d"6*x"2*PolyLog[2,
(-a - I*b)/((a - I*xb)*E~((2*I)*(c + d*x~(1/3))))] - 12*d~5*x"~(5/3)*PolyLog
[3, (-a - I*b)/((a - I*¥b)*E~((2*I)*(c + d*x~(1/3))))] + (15%xI)*(2xd~4*x" (4
/3)*PolyLog[4, (-a - I*b)/((a - I*b)*E~((2*xI)*(c + d*x~(1/3))))] - (4xI)xd
~3*x*PolyLog[5, (-a - I*b)/((a - Ixb)*E~((2*I)*(c + d*x~(1/3))))] - 6*d™2%
x~(2/3)*PolyLogl[6, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + (6%
I)*d*x~ (1/3)*PolyLogl[7, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))]
+ 3%PolyLog[8, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))1)) + 9*ax(
a - Ixb)*((-I)*bx(-1 + E~((2*I)*c)) + a*x(1l + E~((2*%I)*c)))*((8*I)*d " 7*x" (7
/3)*PolyLog[2, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 28%d"6*
x"2%PolyLog[3, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] - (84*I)*
d~5*x~(5/3)*PolyLog[4, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] -
105% (2xd~4*x~(4/3) *PolyLog[5, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/
3))))] - (4*I)*d~3*x*PolyLogl[6, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1
/3))))]1 - 6xd~2*x~(2/3)*PolyLogl[7, (-a - I*b)/((a - Ixb)*E~((2*I)*(c + ...

output

Rubi [A] (verified)

Time = 3.10 (sec) , antiderivative size = 1774, normalized size of antiderivative = 1.05,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a—i—btan(c-l—d{‘/i))de
l 4234
£8/3 \
3/(a—|—btan(c+d\3/a_:))2dﬁ
l 3042
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£8/3 ,
J (ot btan (o a0m)2 V"

l 4217

3 4b$8/3 x8/3 4b2I8/3
/ (a— ib)? (iac®e+ 2% (1~ 2) +ia (2 +1))  @= )  (ja 4 b)2 (iacke %5 (1 2) 4 ia (2 4+ 1)

l 2009
e2ict2id ¥/T (0 _sp . e2ict+2id VT (4,
by 3 AB2d 2blog <a+ﬂf)+-1> z8/3  2ib?log <a+ﬂf
3 9(ia — b)(a — ib)? + 9(a—ib)2 9 (a2 + b2)? + (a —1b)?(a + ib)d B (a2 + b2)2 ¢

input!Int[x”2/(a + b*Tan[c + d*x~(1/3)]1)"2,x] \

3% (((-2*I)*b"2%x~(8/3))/((a"2 + b~2)"2%d) + (2*%b~2*x~(8/3))/((a + Ixb)*(I*
a + b)"2%d*(I*a - b + (I*a + b)*E~((2%I)*c + (2*I)*d*x~(1/3)))) + x~3/(9%(
a - Ixb)"2) + (4*b*x~3)/(9*(I*a - b)*(a - I*b)~2) - (4*xb~2*x~3)/(9*(a"2 +
b~2)72) + (8xb~2*x~(7/3)*Logll + ((a - I*b)*E~((2*I)*c + (2*I)*d*x~(1/3)))
/(a + Ixb)])/((a"2 + b~2)72%xd"2) + (2xb*x~(8/3)*Logl[l + ((a - I*b)*E~((2xI
dxc + (2xI)*d*x~(1/3)))/(a + I*b)])/((a - I*b)~2x(a + I*b)*d) - ((2%xI)*b~2
*x~(8/3)*Log[1 + ((a - Ixb)*E~((2*xI)*c + (2*xI)*d*x~(1/3)))/(a + I*b)]1)/((a
"2 + b"2)72%d) - ((28+I)*b~2*x"2*PolyLogl[2, -(((a - I*b)*E~((2*I)*c + (2*I
)*d*x~(1/3)))/(a + I*b))]1)/((a"2 + b~2)"2%d"3) + (8*bxx~(7/3)*PolyLog[2, -
(((a - I*b)*E~((2*I)*c + (2*%I)*d*x~(1/3)))/(a + Ixb))]1)/((I*a - b)*(a - Ix
b) "2*d~2) - (8*xb~2xx~(7/3)*PolyLogl[2, -(((a - I*b)*E~((2*%I)*c + (2*I)*d*x~
(1/3)))/(a + I*b))]1)/((a”2 + b~2)"2xd"2) + (84*b~2*x~(5/3)*PolyLogl3, -(((
a - I*b)*E~((2*%I)*c + (2*I)*d*x~(1/3)))/(a + I*b))])/((a”2 + b~2)7"2%d"4) +
(28*b*x~2*%PolyLog[3, -(((a - I*b)*E~((2%I)*c + (2%I)*d*x~(1/3)))/(a + I*b
))1)/((a - Ixb)~2x(a + Ixb)*d~3) - ((28+I)*b~2*x~2*PolyLog[3, -(((a - Ixb)
*E~((2xD)*c + (2xI)*d*x~(1/3)))/(a + I*b))])/((a"2 + b72)72xd"3) + ((210%*I
)*¥b~2xx" (4/3)*PolyLog[4, -(((a - I*b)*E~((2*%I)*c + (2*%I)*d*x~(1/3)))/(a +
Ixb))1)/((a”2 + b~2)"2*d"5) - (84xbxx~(5/3)*PolyLogl[4, -(((a - I*b)*E~((2*
I*c + (2*%I)*d*x~(1/3)))/(a + I*b))]1)/((I*a - b)*(a - I*b)~2xd"4) + (84*b~
2xx~(5/3)*PolyLog[4, -(((a - I*b)*E~((2*I)*c + (2*I)*d*x~(1/3)))/(a + I...

output




CHAPTER 3. LISTING OF INTEGRALS 473

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b"2 + (a - Ixb) 2*%E~(2xI*(e + £*x)))))~(-n), x], x] /; FreeQl{a, b, c, d,

e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

rule 4234 L) ~@_)*((@_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(@)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

2

/ (a+btan <c+dxé>>2

dz

inputLint(xaz/(a+b*tan(0+d*xﬁ(1/3)))‘2,x)

outputLint(xh2/(a+b*tan(C+d*X“(1/3)))“2,x)
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Fricas [F]

x> 72
/ (a+btan (C"—d%))Q dx:/ btan (dzs +c) +a 2
(btan (do +¢) +a)

input Lintegrate (x~2/ (atb*tan(c+d*x~(1/3)))"2,x, algorithm="fricas")

‘integral(x“2/(b‘2*tan(d*x“(1/3) + ¢)72 + 2*axb*tan(d*x~(1/3) + c) + a~2),

output o
Sympy [F]
/ (a+ btang(c; /7))’ d = / (a+ btang(i+ N d
input Lintegrate (xxx2/ (a+bxtan (c+d*x** (1/3)))**2,x)

OutputLIntegral(X**Q/(a + bxtan(c + d¥x**(1/3)))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 8152 vs. 2(1362) = 2724.

Time = 2.38 (sec) , antiderivative size = 8152, normalized size of antiderivative = 4.82

2

T
dx = Too large to displa;
/(a+btan(c+d\‘°’/5))2 & i

input Lintegrate (x~2/ (atb*tan(c+d*x~(1/3)))"2,x, algorithm="maxima")
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1/105% (315% (2xa*b*log(bxtan(d*x~(1/3) + c) + a)/(a"4 + 2¥a~2*xb"2 + b~4) -
a*b*xlog(tan(d*x~(1/3) + c)”2 + 1)/(a"4 + 2%xa"2%b”2 + b™4) + (a”2 - b"2)*(d
*x~(1/3) + c)/(a"4 + 2%a™2%b"2 + b™4) - b/(a"3 + a*b”2 + (a"2*b + b~3)*tan
(d*x~(1/3) + ¢)))*c”8 + (35%(a~3 - I*a"2xb + a*b™2 - I*b~3)*(d*x~(1/3) + c
)79 - 315%(a~3 - I*a"2*b + a*b™2 - I*b~3)*x(d*x~(1/3) + c) 8*c + 1260*(a"3
- I*a”™2%b + a*b~2 - I*xb~3)*(d*x~(1/3) + c) ~7*c”2 - 2940*(a"3 - I*a"2*b + a
*b"2 - Ixb~3)*(d*x~(1/3) + c)”6%c”3 + 4410%(a”3 - I*a”"2*b + a*b™2 - I*b~3)
*(d*x~(1/3) + c)75*%c™4 - 4410%(a”3 - I*a"2*b + a*b™2 - I*b~3)*(d*x~(1/3) +
c)~4%c”5 + 2940%(a~3 - I*a~2%b + a*b™2 - I*b~3)*(d*x~(1/3) + c)~3*c™6 - 1
260%(a”3 - I*a"2xb + a*b~2 - I*b~3)*(d*x~(1/3) + c)~2*c~7 - 2520%((I*axb~2
+ b"3)*c”T*xcos(2*d*x~(1/3) + 2%c) - (a*b”2 - I*b"3)*c 7*sin(2xd*x~(1/3) +
2%c) + (I*a*xb~2 - b~3)*c”7)*arctan2(-bxcos(2xd*xx~(1/3) + 2%c) + a*sin(2*xd
*x~(1/3) + 2*c) + b, a*cos(2*d*x~(1/3) + 2%c) + b*sin(2*d*x~(1/3) + 2%c) +
a) - 24x(420%(I*xa~2*xb - a*xb~2)*(d*x~(1/3) + c)~8 + 960*(I*a*xb”2 - b"3 + 2
*(-I*a~2xb + a*b”~2)*c)*(d*x~(1/3) + c)~7 + 3920%((I*a~2%b - a*b~2)*c"2 + (
-Ixa*xb”2 + b"3)*c)*(d*x~(1/3) + c)76 + 2352%(2*(-I*a"2xb + a*xb~2)*c~3 + 3%
(I*a*b™2 - b~3)*c"2)*(d*x~(1/3) + c)~5 + 3675x((I*a~2*xb - a*xb™2)*c"4 + 2x*(
-Ixa*xb”2 + b"3)*c”3)*(d*x~(1/3) + c)~4 + 980*(2*x(-I*a~2*b + a*b”2)*c"5 + 5
*(I*xaxb™2 - b~3)*c"4)*(d*x~(1/3) + c)~3 + 735x((I*a~2%b - axb™2)*c”6 + 3*(
-I*a*xb”™2 + b~3)*c”"5)*x(d*x~(1/3) + c)~2 + 105%(2*(-I*a"2%b + a*b~2)*c”7 ...

output

Giac [F]

dz

/(a—l—btan(c-l—d{’/})f =/<btan<dx§+c)+a>

5 dx

.
input‘integrate(x‘2/(a+b*tan(c+d*x‘(1/3)))“2,x, algorithm="giac")

Output‘integrate(X”2/(b*tan(d*x“(1/3) +c) +a)72, x)
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Mupad [F(-1)]
Timed out.

2

z? T
/ 2dx=/ 5 dT
(a+btan (c+dv/z)) (a+ btan (c + d x1/3))

inpu‘ctint(xv/(a + bxtan(c + d*x~(1/3)))"2,x)

outputtim_’(x‘?/(a + b*tan(c + d*x”(1/3)))72, x)

Reduce [F]

z? z’
/ 3 2 dz :/ 2 dz
(a + btan (C+ d\/E)) tan (a:%d—i- c) b% 4+ 2tan (a;%d+ c) ab + a?

inputLint(XAQ/(a+b*tan(C+d*XA(1/3)))”2,x)

t‘ int (x**2/ (tan(x** (1/3)*d + c)**2*%b**2 + 2xtan(x**(1/3)*d + c)*a*b + a*x2),
®

outpu
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3.63 5 dx

/ (a+btan (cx+d Vz))

Optimal result . . . . . . . . . . . .. ..
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ...
Rubi [A] (verified) . . . ... . ... ..
Maple [F] . . . . e
Fricas [F] . . . . . . o
Sympy [F] . . . o
Maxima [B] (verification not implemented) . . . . . . ... ... ... ...
Giac [F] . . . . o o e
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 1155

T
dxr = Too large to displa;
/(a+btan(c+d%))2 ’ e PR



CHAPTER 3. LISTING OF INTEGRALS 478

-6*%I*b~2*x"~(5/3)/(a~2+b~2) ~2/d+6*b~2+x" (5/3) / (a+Ixb)/(I*a+b) ~2/d/(I*a-b+(I
*xa+b) *exp (2%I* (c+d*x~(1/3))))+1/2*x"2/ (a-I*b) “2+2xb*x~2/ (I*a-b) / (a-I*Db) ~2-
2xb~2%x72/(a”2+b"2) “2+15%xb~2%x~ (4/3) ¥1n (1+(a-I*b) *exp (2*xI* (c+d*x~(1/3)))/(
a+I*b))/(a~2+b"2)"2/d"2+6%b*x~ (5/3) *1n(1+(a-I*b) *exp (2*I* (c+d*x~(1/3)))/(a
+I%b))/(a-I*b)~2/(at+I*b)/d+45*xI*xb~2*x~(1/3)*polylog(4,-(a-I*b)*exp(2*xI*(c+
d*x~(1/3)))/(a+Ixb))/(a~2+b"2)"2/d~5-30*I*b~2*x*polylog(2,-(a-I*b)*exp (2*I
*(c+d*x~(1/3)))/(a+I*b))/(a~2+b~2) ~2/d"3+15*b*x" (4/3) *polylog(2,-(a-I*b) *e
xp(2xI*(c+d*x~(1/3)))/(a+I*b))/(I*a-b)/(a-I*b)~2/d"2-15%b~2*x" (4/3)*polylo
g(2,-(a-Ixb)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(a~2+b~2)"2/d"2+45%b"2*x~(2/3
)*polylog(3,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(a~2+b~2)~2/d~4+30*bx*
x*polylog(3,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+I*b))/(a-I*b)~2/(a+I*b)/d"3
+45%I*b~2xx~ (1/3) *polylog(5,-(a-I*b)*exp (2*I* (c+d*x~(1/3)))/(a+Ix*b))/(a~2+
b~2)~"2/d"5-30*I*b~2*x*polylog(3,-(a-I*b)*exp(2*I*(c+d*x~(1/3)))/(a+Ix*b))/(
a”~2+b~2)"2/d"3-45*b*x~ (2/3) *polylog(4,-(a-I*b)*exp (2*I*(c+d*x~(1/3)))/(a+I
*b) )/ (I*a-b)/(a-I%b) ~2/d"4+45%b~2*x~(2/3) *polylog(4,-(a-I*b)*exp (2*I* (c+d*
x~(1/3)))/(atIxb))/(a~2+b"2)~"2/d"4-45/2%b"2*polylog(5,- (a-I*b)*exp (2*I*(c+
d*x~(1/3)))/(a+I*b))/(a"2+b~2)~2/d"6-45%b*x" (1/3) *polylog(5,-(a-I*b)*exp(2
*I*(c+d*x~(1/3)))/(a+I*b))/(a-Ixb) "2/ (a+I*b)/d"~5-6xI*b~2+x"(5/3)*1n(1+(a-I
*b) *xexp (2%I* (c+d*x~(1/3)))/(a+I*b))/(a~2+b"2) "2/d+45/2*b*polylog(6,-(a-I*b
)*xexp (2*I*(c+d*x~(1/3)))/(a+I*b))/(I*a-b)/(a-I*b)~2/d"6-45/2*b"2*polylo. ..

output

Mathematica [A] (warning: unable to verify)

Time = 2.99 (sec) , antiderivative size = 852, normalized size of antiderivative = 0.74

T
U/’ 5 dT
(a+btan (c+dvy/z))
—2i(c+d ¥/z)

ib <12(a+z‘b)b(ia+b)d5z5/3+4a(a+ib) (ia+b)d®z2+30(a—ib)bd* (—ib(—1+€2i) +a(1+€2i¢))z/3 log <1+ (atible ) +12a(a—il

( N

input\Integrate[x/(a + bxTan[c + d*x~(1/3)]1)"2,x]
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(((-I)*bx(12x(a + I*b)*bx(I*a + b)*d"5*x~(5/3) + 4*ax(a + I*b)*(I*a + b)*d
“6*x"2 + 30%(a - I*b)*bxd~4*x((-I)*b*x(-1 + E~((2*I)*c)) + a*(1 + E~((2*I)*c
)))*x~(4/3)*Log[1 + (a + Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 12%
ax(a - I*b)*d~5x((-I)*bx(-1 + E~((2*xI)*c)) + a*(1 + E~((2*I)*c)))*x~(5/3)*
Log[l + (a + Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + 15x(a - I*b)*b*
((-D)*bx(-1 + E~((2*%I)*c)) + ax(1 + E~((2*I)*c)))*((4+I)*d"3*x*PolyLogl2,
(-a - I*b)/((a - I*b)*E~((2*xI)*(c + d*x~(1/3))))] + 6+d~2xx"(2/3)*PolyLogl
3, (-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] - (6*I)*d*x~(1/3)*Pol
yLogl[4, (-a - I*b)/((a - Ixb)*E~((2*I)*(c + d*x~(1/3))))] - 3*PolyLog[5, (
-a - Ixb)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))]) + 15*a*x(a - Ixb)*((-I)*b
*(-1 + ET((2%¥ID)*c)) + a*(1 + E~((2%I)*c)))*((2*I)*d~4*x"(4/3)*PolyLog[2, (
-a - Ixb)/((a - I*¥b)*E~((2*I)*(c + d*x~(1/3))))] + 4xd~3*x*PolyLog[3, (-a
- Ixb)/((a - I¥b)*E~((2*I)*(c + d*x~(1/3))))] - (6*I)*d~2*x"(2/3)*PolyLogl
4, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] - 6*d*x~(1/3)*PolyLog
[6, (-a - I*b)/((a - I*b)*E~((2*I)*(c + d*x~(1/3))))] + (3*I)*PolyLogl6, (
-a - I*xb)/((a - I*b)*E~((2*ID)*(c + d*x~(1/3))))1)))/(d"6*(b - b*xE~((2*I)*c
) - I*xa*x(1 + E~((2%I)*c)))) + ((a - I*b)~2x(a + I*b)*x"2x(a*Cos[c] - bxSin
[c]))/(a*Cos[c] + bxSin[c]) + (6%(a - I*b)~2%(a + I*b)*b~2*x~(5/3)*Sin[d*x
~(1/3)1)/(d*(a*Cos[c] + b*Sin[c])*(a*Cos[c + d*x~(1/3)] + b*Sinl[c + d*x~(1
/3)1)))/(2x(a - I*b)~3*(a + I*b)"2)

output

Rubi [A] (verified)

Time = 2.28 (sec) , antiderivative size = 1215, normalized size of antiderivative = 1.05,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4234, 3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x

/ (a+btan (c+ d\S/E))2
l 4234

dz

£5/3
3 / 4z
(a+btan (c+ dV/x))
| 3042
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.’E5/3
3 dJ/z
( 2

a+btan (c+ d/z))

| 4217
3/ _ 45/3p2 N 425/3p n x5
(ia + b)? (iae2ict2idVz (1 — ©) 4 jq (£ 4 1))2 (a — ib)? (iaeie+2idV= (1 - 2) +ia ( +1))  (a—

| 2009
. e2ict+2id VT (q_sp
20212 2iz%/3p? 205/3p2 2"/ log <“+“})

" 3(a?+ b2)? - (a2 +02)%d  (a+1b)(ia + b)2d (ia + (ia + b)e2ict2idVz _ p) - (a2 + b2)*d

input!’Int[x/(a + b*Tan[c + d*x~(1/3)])"2,x]

output

3% (((-2*I)*b"2%x~(5/3))/((a"2 + b~2)"2*%d) + (2*%b~2*x~(5/3))/((a + Ixb)*(I*
a + b)"2+dx(I*a - b + (I*a + b)*E~((2*I)*c + (2*xI)*d*x~(1/3)))) + x~2/(6%(
a - I*b)~2) + (2xb*x"2)/(3*%(I*a - b)*(a - I*b)"2) - (2*b"2*x72)/(3*(a"2 +

b~2)72) + (5xb~2%x~(4/3)*Logl[l + ((a - I*b)*E~((2*I)*c + (2*I)*d*x~(1/3)))
/(a + Ixb)])/((a”2 + b72)"2%d"2) + (2¥b*x~(5/3)*Logl[1 + ((a - Ixb)*E~((2%I
)xc + (2xI)*d*x~(1/3)))/(a + I*b)])/((a - I*b)~2*(a + I*b)*d) - ((2%xI)*b~2
*x~(5/3)*Log[1 + ((a - Ixb)*E~((2*I)*c + (2*xI)*d*x~(1/3)))/(a + I*b)]1)/((a
"2 + b72)72+d) - ((10*I)*b~2*x*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2xI)*
d*x~(1/3)))/(a + I*b))1)/((a”2 + b~2)"2xd"~3) + (5xb*x~(4/3)*PolyLog[2, -((
(a - Ixb)*E~((2xI)*c + (2xI)*d*x~(1/3)))/(a + I*b))])/((I*a - b)*(a - I*b)
~2%d~2) - (5%b~2*x~(4/3)*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*I)*d*x"(1
/3)))/(a + I*b))]1)/((a”2 + b~2)"2xd"2) + (15%b~2*x~(2/3)*PolyLog[3, -(((a

- Ixb)*E~((2%I)*c + (2%xI)*d*x~(1/3)))/(a + I*b))])/((a"2 + b72)"2%d"4) + (
10*b*x*PolyLog[3, -(((a - I*b)*E~((2*I)*c + (2%I)*d*x~(1/3)))/(a + I*b))])
/((a - I*xb)"2+(a + Ixb)*d~3) - ((10*I)*b~2xx*PolyLogl[3, -(((a - Ixb)*E~((2
*I)kc + (2xI)*d*x~(1/3)))/(a + I*b))]1)/((a"2 + b72)72%d"3) + ((15%I)*b~2*x
~(1/3)*PolyLogl[4, -(((a - I*b)*E~((2*I)*c + (2*I)*d*x~(1/3)))/(a + I*b))])
/((a”2 + b~2)"2*%d"5) - (15xb*x~(2/3)*PolyLogl[4, -(((a - I*b)*E~((2*I)*c +

(2+¢I)*d*x~(1/3)))/(a + I*b))])/((I*xa - b)*(a - I*b)~2%d~4) + (15xb~2xx~(2/
3)*PolyLogl[4, -(((a - I*b)*E~((2*I)*c + (2%I)*d*x~(1/3)))/(a + I*b))1)/...
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217 Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b"2 + (a - Ixb) 2*%E~(2xI*(e + £*x)))))~(-n), x], x] /; FreeQl{a, b, c, d,

e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

rule 4234 L) ~@_)*((@_.) + (b_.)*Tanl(c_.) + (d_.)*(x.)"(@)1)"(p_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Tan[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

T

/ <a+btan <c+dxé>)2

dz

input 18% (x/ (avbrtan (crdex™(1/3)))°2,%)

outputLint(x/(a+b*tan(c+d*x‘(1/3)))‘2,x)
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Fricas [F]

/ ad 2dx=/ x 5 dT
(a +btan (c +dv/z)) (btan <dz% + c) + a)

input Lintegrate (x/ (atb*tan(c+d*x~(1/3)))"2,x, algorithm="fricas") J

output Lintegral(x/(b‘2*tan(d*x‘(1/3) + ¢)~2 + 2%axbxtan(d*x~(1/3) + c) + a~2), x) J

Sympy [F]

/ d 2d:c=/ d 5 dr
(a+btan (c+ d¥/z)) (a+btan (c+dv/z))

tnput Lintegrate (x/ (a+b*tan (c+d*x** (1/3))) **2,x) J

outpudlntegraﬂx/ (a + bxtan(c + dxx**(1/3)))**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4345 vs. 2(928) = 1856.

Time = 0.99 (sec) , antiderivative size = 4345, normalized size of antiderivative = 3.76

/ e 5 dr = Too large to display
(a + btan (c + d%))
input Lintegrate (x/ (atb*tan(c+d*x~(1/3)))"2,x, algorithm="maxima") J
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-1/10%(30% (2*a*b*log(b*tan(d*x~(1/3) + c) + a)/(a"4 + 2*%a™2*b"2 + b™4) - a
*b*xlog(tan(d*x~(1/3) + c)72 + 1)/(a”4 + 2%a"2*%b"2 + b™4) + (a”2 - b~2)*(d*
x~(1/3) + ¢c)/(a”4 + 2*xa"2*xb"2 + b"4) - b/(a”3 + a*b”2 + (a"2*b + b~3)*tan(
d*xx~(1/3) + c)))*c”5 - (5x(a”3 - I*a~2*b + a*xb”2 - I*b~3)*(d*x~(1/3) + ¢c)~
6 - 30x(a”3 - I*a~2*b + a*xb”2 - I*b~3)*(d*x~(1/3) + c)~b*c + 75%(a"3 - I*a
~2xb + axb”2 - I*b"3)*(d*x~(1/3) + c)~4*c”2 - 100%(a"3 - I*a~2*b + a*xb~2 -

Ixb~3)*(d*x~(1/3) + c)~3*c”3 + 75%(a"3 - I*a~2*b + a*xb”™2 - I*b~3)*(d*x~(1
/3) + c)72xc”4 - 150*%((-I*a*b”"2 - b~3)*c 4*cos(2xd*x~(1/3) + 2*c) + (a*b~2
- Ixb~3)*c"4*sin(2*d*x~(1/3) + 2xc) + (-I*a*b”~2 + b~3)*c”4)*arctan2(-bxco
s(2*d*x~(1/3) + 2%c) + a*sin(2*d*x~(1/3) + 2%c) + b, a*cos(2xd*x~(1/3) + 2
*C) + b*sin(2xd*x~(1/3) + 2*c) + a) - 4x(48*%(I*a~2*b - a*b”~2)*(d*x~(1/3) +

c)”5 + 75%(I*a*xb”™2 - b~3 + 2% (-I*a”~2%b + a*b~2)*c)*(d*x~(1/3) + c)~"4 + 20
0% ((I*a~2%b - a*xb"2)*c”2 + (-I*a*b”2 + b~3)*c)*(d*x~(1/3) + c)~3 + 75x(2*(
-I*a"2%b + a*b~2)*c”3 + 3k (I*a*b”2 - b~3)*c"2)*(d*x~(1/3) + c)~2 + 75x((I*
a~2%b - a*b"2)*c”4 + 2k (-I*a*b”2 + b~ 3)*c"3)*(d*x"(1/3) + c) + (48*(I*xa~2x*
b + a*b™2)*(d*x~(1/3) + c)~5 + 75x(I*a*b”2 + b~3 + 2*x(-I*a"~2*b - a*b~2)*c)
*(d*x~(1/3) + c)”4 + 200%((I*a"2*b + a*b~2)*c”2 + (-I*a*b”2 - b~3)*c)*(d*x
~(1/3) + c)73 + 75 (2*x(~I*a”~2*b - a*b~2)*c"3 + 3*(I*a*xb”2 + b~3)*c”2)*(d*x
~(1/3) + )72 + 75%((I*a"2*b + a*b~2)*c~4 + 2x(-I*a*b"2 - b~3)*c~3)*(d*x"(
1/3) + c))*cos(2*d*x~(1/3) + 2*c) - (48*(a"2*b - Ixaxb~2)*(d*x~(1/3) + ...

output

Giac [F]
j[ - 3/ 2 dz ::j[ : 5 da
(a+btan (c+dv/z)) (btan (dz% + c) + a>
input[integrate(X/(a+b*tan(0+d*X“(1/3)))‘2,x, algorithm="giac")

-

outputLintegrate(x/(b*tan(d*x*(l/s) +c) +a)’2, x)

~—




inputt
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Mupad [F(-1)]

Timed out.

/ ad 5 dr = / l 5 dx
(a+btan (c+ dV/z)) (a + btan (c + d z'/3))

int(x/(a + b*xtan(c + d*x~(1/3)))"2,x)

outputt

int(x/(a + bxtan(c + d*x~(1/3)))"2, x)

Reduce [F]

z / z
X
/ (a +btan (c+ d¥/z))’ tan (x%d+ c)2b2 + 2tan (x%d+c) ab + a2

dz

inputt

int (x/ (a+b*tan(c+d*x~(1/3)))"2,x)

outputt

int (x/ (tan(x**(1/3)*d + c)**2xb**2 + 2xtan(x**(1/3)*d + c)*axb + a**2),x)

J
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3.64 | L d
(a—l—b tan (c+d \/E ) )

Optimal result . . . . . . . . . . . . e 486
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 487
Rubi [A] (verified) . . . .. . . ... .. 488
Maple [F] . . . . e 90
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 490
Sympy [F] . . . o A9T]
Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... .. 192
Giac [F] . . . . o o 193
Mupad [F(-1)] . . . o o 493
Reduce [F] . . . . . o 493
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Optimal result

Integrand size = 16, antiderivative size = 610

/ 1 dr — — 630223
(a+btan (c+ d¥/z))’ (a2 + b2)°d
n 6b222/3
(a +4b)(ia + b)2d (ia — b + (ia + b)e?(c+d¥a))
z 4bz | A
(a—ib)? ~ (ia—b)(a—ib)2 (a2 + b2)?
a—1ib ezi(c+d %)
66>/ log <1 + %)
(a2 + b2)* d2

ilc 3 T
6bx2/3 log (1 | (azib)e” TV —_— )

+

+

a+ib
+

(a — ibY2(a + ib)d

. (a—ib)e% (C+d %)
6'1,52:172/3 lOg (1 + T

(a2 +b2)2d

. (a—ib)eZi (C+d %)
3ib? PolyLog (2, e

(a2 + 02) P
(a—ib e2i(c+d %)

(ia — b)(a — 1b)2d?
a—ib e2i(c+d %)
6b2\3/5PO].yLOg (2, —%
(a2 + )
30 PolyLog (3,07 )

_|_

a+ib
_|_

(a — ib)2(a + ib)d3

) a—ib e2i(c+d %)
3ib? PolyLog (3, —%

(a2 + b?)2
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-6xIxb~2%x~(2/3)/(a~2+b"2) ~2/d+6xb~2*x~(2/3) / (a+I*b) /(I*a+b) ~2/d/ (I*a-b+(I
*xa+b) *exp (2*I* (c+d*x~(1/3))))+x/ (a-I*b) "2+4*b*xx/ (I*a-b) / (a-I*b) "2-4xb~2xx/
(a™2+b"2) "2+6%b~2*x~ (1/3) *1n (1+(a-I*b) *exp(2*xI* (c+d*x~(1/3)))/(a+Ix*b))/(a~
2+b~2)"2/d"2+6%b*x~ (2/3) *1n (1+(a-I*b) *exp (2*I* (c+d*x~(1/3)))/(a+I*b))/(a-I
*b) "2/ (a+I*b)/d-6*I*b~2*x~ (2/3) *1n(1+(a-I*b)*exp (2*I* (c+d*x~(1/3)))/(a+I*b
))/(a~2+b~2)~2/d-3*I*b~2*polylog(2,-(a-I*b)*exp (2*I* (c+d*x~(1/3)))/(a+I*b)
)/ (a~2+b~2)~2/d"3+6%b*x~(1/3) *polylog(2,-(a-I*b)*exp (2*I*(c+d*x~(1/3)))/(a
+Ixb))/(I*a-b)/(a-I*b)"2/d"2-6%b~2*x"(1/3)*polylog(2,-(a-I*b)*exp(2*I*(c+d
*x~(1/3)))/(a+I*b))/(a~2+b"2)"2/d"2+3*b*polylog(3,-(a-I*b)*exp (2*I* (c+d*x"
(1/3)))/(a+I*b))/(a-I*b)~2/(a+I*b)/d"3-3*xI*b~2*polylog(3,-(a-I*b)*exp(2*I*
(c+d*x~(1/3)))/(a+I*b))/(a"2+b~2)~2/d"3

output

Mathematica [A] (warning: unable to verify)

Time = 2.80 (sec) , antiderivative size = 538, normalized size of antiderivative = 0.88

/ 1 dz
(a+btan (c+ d%))2

—2i(c 3 . —2i(c di
6b(—ib(—1+52ic)+a(1+62ic)) %log 14 (atib)e a2_5b+d \/5) ) Ga(_ib(_1+e2ic>+a(1+e2ic))x2/3 log | 14+ (atible a2_£b+
.'E2/3 aadxr
b| a2+ (a¥ib)(Gatb)d + (a¥ib)(GatB)
. Integrate[(a + b*Tan[c + d*x~(1/3)]1)~(-2),x]
input g




output
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/((b*((6*b*x“(2/3))/(a - Ixb) + (4*axd*x)/(a - I*b) + (6%b*x((-I)*b*x(-1 + E~

((2%I)*c)) + ax(1 + E~((2%I)*c)))*x"(1/3)*Log[1 + (a + Ixb)/((a - I*b)*E~(
(2*I)*(c + d*x~(1/3))))1)/((a + I*b)*(I*a + b)*d) + (6xa*((-I)*bx(-1 + E~(
(2%I)*c)) + ax(1 + E~((2*I)*c)))*x"(2/3)*Logll + (a + Ixb)/((a - I*b)*E~((
2xI)*(c + d*x~(1/3))))1)/((a + I*b)*(I*a + b)) + (3*bx((-I)*bx(-1 + E~((2%
D*c)) + ax(1 + E"((2*I)*c)))*PolyLog[2, (-a - I*b)/((a - I*¥b)*E~((2*I)*(c
+ d*x~(1/3))))1)/((a"2 + b™2)*d"2) + (3*a*x((-I)*b*(-1 + E~((2%I)*c)) + ax
(1 + E~((2%I)*c)))*(2*d*x~(1/3)*PolyLog[2, (-a - Ixb)/((a - I*b)*E~((2*I)*
(c + d*x~(1/3))))]1 - I*PolyLogl3, (-a - I¥b)/((a - I¥b)+E~((2*I)*(c + d*x~
(1/3))D)/((a”2 + b72)*d"2)))/(d*(b - P+E~((2*I)*c) - Ixa*x(1 + E~((2xI)*
c)))) + (xx(axCos[c] - b*Sin[c]))/(axCos[c] + bxSin[c]) + (3*xb~2*x~(2/3)*S
in[d*x~(1/3)]1)/(d*(a*Cos[c] + b*Sin[c])*(a*xCos[c + d*x~(1/3)] + b*Sin[c +
d*x~(1/3)1)))/(a"2 + b~2)

Rubi [A] (verified)

Time = 1.67 (sec) , antiderivative size = 645, normalized size of antiderivative = 1.06,
number of rules _ 0.250, Rules

number of steps used = 5, number of rules used = 4,
used = {4226, 3042, 4217, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

1
/ (a+btan (c+ d¥/z))*

l 4226

dr

223 ]
J (ot btan (o aVa)2 V"

| 302
3/ £2/3 v
(a+btan (c+ d/x))
l 4217
3/<_ 4z2/3p2 N | .4332/3(, | ‘ 4 2
(a0 (e 035 (1~ 2) (B +1))7 | @0 (acer ¥ (1= 0] 4ia (T 1)) * (o
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l 2009

. ict2id O . ic+2id ¥ ) ic
ib? PolyLog (2, —W) ib? PolyLog <3, —W) 2b%/z PolyLog (2, _ (azibjen®

3| - 2 - 2 - 2
d3 (a? + b?) d? (a? + b?) d? (a? + b?)

Int[(a + b*Tan[c + d*x~(1/3)])"(-2),x]

input |

3x(((-2+I)*b~2*%x~(2/3))/((a”2 + b~2)"2xd) + (2*xb~2*x~(2/3))/((a + Ixb)*(I*
a + b)"2xdx(I*a - b + (I*a + b)*E~((2*I)*c + (2*xI)*d*x~(1/3)))) + x/(3*(a
- I*¥b)"2) + (4xbxx)/(3*(I*a - b)*(a - I*b)~2) - (4*xb"2*x)/(3*(a"2 + b~2)"2
) + (2xb~2*x~(1/3)*Log[1 + ((a - I*b)*E~((2*I)*c + (2xI)*d*x~(1/3)))/(a +
Ixb)1)/((a”2 + b~2)72%d"2) + (2%b*x~(2/3)*Logl[l + ((a - I*b)*E~((2*I)*c +
(2xI)*d*x~(1/3)))/(a + Ixb)]1)/((a - I*b)~2+(a + Ixb)*d) - ((2*I)*b~2*x~(2/
3)*Logll + ((a - I*b)*E~((2%xI)*c + (2%xI)*d*x~(1/3)))/(a + I*b)])/((a"2 + b
~2)72xd) - (I*b~2%PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*xI)*d*x~(1/3)))/(
a + I*b))])/((a"2 + b2)"2xd"3) + (2*b*x~(1/3)*PolyLog[2, -(((a - I*b)*E~(
(2xI)*c + (2xI)*d*x~(1/3)))/(a + I*b))]1)/((I*a - b)*(a - I*b)~2%d~2) - (2%
b~2*x~ (1/3)*PolyLog[2, -(((a - I*b)*E~((2*I)*c + (2*I)*d*x~(1/3)))/(a + Ix*
b))1)/((a"2 + b~2)"2%d"2) + (b*PolyLogl[3, -(((a - Ixb)*E~((2*I)*c + (2*I)*
d*x~(1/3)))/(a + I*b))])/((a - I*b)~2+«(a + I*b)*d~3) - (I*b~2xPolyLogl[3, -
(((a - I*b)*E~((2*xI)*c + (2*xI)*d*x~(1/3)))/(a + I*b))])/((a"2 + b~2)"2%d"3
))

output

Defintions of rubi rules used

rule 2009\'1111: [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] \

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]
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Int[((c_.) + (d_D*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*I*(b/(a"2 +
b2 + (a - I*xb) 2*E~(2*Ix(e + £*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[2a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

rule 4217

Int[((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol] :> Simp[1
/n Subst[Int[x~(1/n - 1)*(a + b*Tan[c + d*x])7p, x], x, x"nl, x] /; FreeQ
[{a, b, c, d, p}, x] && IGtQ[1/n, 0] && IntegerQ[p]

rule 4226

Maple [F]

/ L dx
(a—l—btan <c—|—dwé>>2

input ‘ int (1/ (a+b*tan(c+d*x~(1/3)))"2,x)

Output‘ int (1/ (a+bxtan(c+d*x~(1/3)))"2,x) ‘

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1187 vs. 2(491) = 982.

Time = 0.12 (sec) , antiderivative size = 1187, normalized size of antiderivative = 1.95

1
/ 5 dr = Too large to display
(a + btan (c + d%))
input Lintegrate (1/(atb*tan(c+d*x~(1/3)))"2,x, algorithm="fricas") J




output

input

output
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-1/2%(6%b~3*%d"2%x~(2/3) - 2*x(a"3 - a*b~2)*d"3*x + 2%(a~3 - a*b~2)*d~3 + 3%
(-2%I*a~2*b*d*x~(1/3) - I*a*xb”2 + (-2*I*a*xb”~2*xd*x~(1/3) - I*b~3)*tan(d*x"(
1/3) + c))*dilog(2*x((I*a*b - b~2)*tan(d*x~(1/3) + c)~2 - a”2 - Ixa*b + (Ix*
a~2 - 2%axb - I*b~2)*tan(d*x~(1/3) + c))/((a~2 + b~2)*tan(d*x~(1/3) + c)~2
+ a™2 + b72) + 1) + 3*(2xI*a”"2*%b*d*x~(1/3) + I*xaxb~2 + (2kxI*a*b~2*d*x~(1/
3) + I*b~3)*tan(d*x~(1/3) + c))*dilog(2*((-I*a*b - b~2)*tan(d*x~(1/3) + c)
~2 - a”2 + Ikaxb + (-I*a~2 - 2%a*b + I*b~2)*tan(d*x~(1/3) + c))/((a"2 + b~
2)*tan(d*x~(1/3) + c)”2 + a”2 + b™2) + 1) - 6x(a~2%bxd"2*x~(2/3) - a~2*bx*c
"2 + axb”2*d*x”(1/3) + a*b~2*c + (a*b~2xd"2*x"(2/3) - a*b~2*c”2 + b~ 3kd*kx~
(1/3) + b~3*c)*tan(d*x~(1/3) + c))*log(-2*((I*axb - b~2)*tan(d*x~(1/3) + c
)72 - a”2 - Ixa*xb + (I*a”2 - 2*%axb - I*b~2)*tan(d*x~(1/3) + c))/((a"2 + b~
2)*tan(d*x~(1/3) + ¢c)72 + a”2 + b72)) - 6x(a"2*%bxd"2*x~(2/3) - a"2*b*c"2 +
a*b”2*d*x~(1/3) + a*xb"2*c + (a*b”2*d"2%x~(2/3) - a*b"2*c”2 + b~ 3*d*x~(1/3
) + b~3xc)*tan(d*x~(1/3) + c))*log(-2*((-I*a*b - b~2)*tan(d*x~(1/3) + c)~2
- a”2 + I*axb + (-I*a"2 - 2xaxb + I*b~2)*tan(d*x~(1/3) + c))/((a"2 + b~2)
*tan(d*x~(1/3) + ¢c)”2 + a”2 + b72)) - 6x(a"2*b*c™2 - a*b"2*c + (axb~2xc”2

- b73*c)*tan(d*x~(1/3) + c))*log(((I*a*b + b~2)*tan(d*x~(1/3) + c)”2 - a™2
+ Ikaxb + (I*a~2 + I*b~2)*tan(d*x~(1/3) + c))/(tan(d*x~(1/3) + ¢c)~2 + 1))
- 6x(a”2*bxc™2 - a*b~2*c + (a*b~2xc”2 - b~3*c)*tan(d*x~(1/3) + c))*Llog(((
Ixaxb — b™2)*tan(d*x~(1/3) + c)~2 + a2 + I*a*xb + (I*a"2 + I*b~2)*tan(d...

Sympy [F]

u/“ L 2ah:==d/§ 1 5 dT
(a+btan (c+ d¥/z)) (a+btan (c+dvy/x))

{integrate(1/(a+b*tan(c+d*x**(1/3)))**2,x)

-

LIntegral((a + btan(c + dxx**(1/3)))**(-2), x)

| —




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1732 vs. 2(491) = 982.

Time = 0.46 (sec) , antiderivative size = 1732, normalized size of antiderivative = 2.84

1
dx = Too large to displa;
/(a+btan(c+d%))2 v e PRy

-

integrate(1/(atb*tan(c+d*x~(1/3)))~2,x, algorithm="maxima")

N

(3% (2*axb*log(b*tan(d*x~(1/3) + c) + a)/(a™4 + 2*a”2*%b"2 + b~4) - axb*log(
tan(d*x~(1/3) + c)~2 + 1)/(a”4 + 2%a~2%b"2 + b™4) + (a~2 - b~2)*(d*x~(1/3)
+ c)/(a"4 + 2%¥a”2*xb”"2 + b™4) - b/(a”3 + a*b”2 + (a”2*b + b~3)*tan(d*x~(1/
3) + ¢)))*xc”2 + ((a”3 - I*a"2%b + a*b™2 - I*b~3)*x(d*x~(1/3) + ¢c)~3 - 3*(a”
3 - I*a™2%b + axb”2 - I*b~3)*(d*x~(1/3) + c)~2xc - 6x((I*a*b”™2 + b~3)*c*co
s(2*xd*x~(1/3) + 2*c) - (a*b™2 - I*b~3)*c*xsin(2xd*x~(1/3) + 2*c) + (I*xaxb~2
- b"3)*c)*arctan2(-b*cos(2xd*x~(1/3) + 2*c) + axsin(2*d*x~(1/3) + 2%c) +
b, a*xcos(2*d*x~(1/3) + 2*c) + b*sin(2*d*x~(1/3) + 2*c) + a) - 6x((I*a"2*b
- axb"2)*(d*x~(1/3) + c)”2 + (I*a*b”2 - b~3 + 2x(-I*a~2*b + ax*xb™2)*c)*(d*x
~(1/3) + c) + ((I*a"2xb + a*b~2)*(d*x~(1/3) + c)~2 + (I*axb~™2 + b~3 + 2% (-
I*a~2+b - axb~2)*c)*(d*x~(1/3) + c))*cos(2xd*x~(1/3) + 2*c) - ((a~2%b - Ix
a*b~2) *(d*x~(1/3) + c)~2 + (a*xb™2 - I*b~3 - 2*(a~2*b - I*a*b~2)*c)*(d*x~ (1
/3) + ¢))*sin(2xd*xx~(1/3) + 2%*c))*arctan2((2*xaxbxcos(2xd*x~(1/3) + 2*c) -
(a”2 - b™2)*sin(2*xd*x~(1/3) + 2*c))/(a"2 + b~2), (2*axb*sin(2xd*x~(1/3) +
2%c) + a2 + b2 + (a”2 - b"2)*cos(2*d*x~(1/3) + 2*c))/(a"2 + b"2)) + ((a~
3 - 3*I*a"2xb - 3*axb”2 + I*b~3)*(d*x~(1/3) + c)~3 - 3*(2*I*a*b”2 + 2%b"~3
+ (a"3 - 3*I*a"2%b - 3*axb”2 + I*b~3)*c)*(d*x~(1/3) + c)~2 - 12*%(-I*a*xb~2
- b™3)*(d*x~(1/3) + c)*c)*cos(2xd*x~(1/3) + 2xc) - 3*(I*a*xb™2 - b~3 + 2x(I
*a"2xb - a*b~2)*x(d*x”~(1/3) + c) + 2*%(-I*a"2%b + a*b~2)*c + (I*a*xb~2 + b~3
+ 2% (I*a"2xb + a*b~2)*(d*x~(1/3) + c) + 2+ (-I*a"2*xb - a*b”~2)*c)*cos(2*d...
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Giac [F]

1
dzr =

vt /
(a+vtan(c+a¥) "/ (bran (et +c) +a)’

dz

input Lintegrate (1/ (a+b*tan(c+d*x~(1/3)))"2,x, algorithm="giac")

output Lintegrate(<b*tan<d*x*(1/3) +¢) + a)~(-2), x)

Mupad [F(-1)]

Timed out.

/ 1 2dav—/ 1 5 dx
(a+btan (c+ d¥/z)) (a + btan (c + d x1/3))

input Llnt(l/(a + b*tan(c + d*XA(l/a)))AQ,X)

output Lint(l/(a + bxtan(c + d*x~(1/3)))72, x)

Reduce [F]

e e e
(a+btan(c+d\/5)) tan (a:%d—i-c) b%2 4+ 2tan (a:%d+c> ab + a?

input Lint (1/ (a+b*tan(c+d*x~(1/3)))72,x)

output tint(l/(tan(x**(l/S)*d + c)**2%b*x2 + 2xtan(x**(1/3)*d + c)*a*xb + a*x*x2),x)




output L

input

output
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1
3.65 | ; do
x (a+b tan (c+d %) )

Optimalresult . . . .. ... ... ... ... . . 494
Mathematica [N/A] . . . . . . . . . 494
Rubi [N/A] . . 295)
Maple [N/A] . . . . e 495
Fricas [N/A] . . . o o 190
Sympy [N/A] . . 496
Maxima [N/A] . . . . . 497
Giac [N/A] . . . e 198
Mupad [N/A] . . . o e 498
Reduce [N/A] . . . o o e 198

Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/ 5 dz = Int
z (a+btan (c+ dv/z)) z (a + btan

(c+ dv/z))?

d

Defer (Int) (1/x/(at+b*tan(c+d*x~(1/3)))"2,x)

Mathematica [N/A]
Not integrable

Time = 159.33 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/m(a—l—btan (c+d¥/a))’ & :/m (a+ btan

(c + d%))

5 dr

LIntegrate [1/(x*(a + b*Tan[c + d*x~(1/3)]1)"2),x]

LIntegrate[l/(x*(a + b*Tan[c + d*x~(1/3)1)72), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
z (a+btan (c+ d¥/z))’
l 4238

/ L dx
z (a+btan (c+ d\3/5))2

input‘ Int[1/(x*(a + bxTan[c + d*x~(1/3)])"2),x] ‘

output L$Aborted J

Defintions of rubi rules used

rule 4238‘Int[(x_)“(m_-)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol ‘
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1

/x(a—i— btan (c+dwé>>2

dz
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input Lint(l/x/(a+b*tan(c+d*x*(1/3)))~2’x) J

output Lint(l/x/(a+b*tan(c+d*x*(1/3)))AQ,X) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.90

/ L 2clxz/ L 5— dz
z (a+btan (c + dV/z)) (btan <dac% + c> +a> z

input‘integrate(1/x/(a+b*tan(c+d*x"(1/3)))"2,x, algorithm="fricas")

integral(1/(b~2+xxtan(d*x"(1/3) + c)"2 + 2kasbkxstan(d*x~(1/3) + c) + a"2x

output‘x), 0 ‘

Sympy [N/A]
Not integrable

Time = 3.33 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/ 1 da::/ 1
x(a—|—btan (c+d\3/§))2 m(a+btan (c+d\3/5))

5 dr

input Lintegrate (1/x/ (a+b*tan (c+d*x** (1/3))) **2,x) J

OutputLIntegral(l/(x*(a + btan(c + dxx*k(1/3)))*%2), x) J
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Maxima [N/A]
Not integrable

Time = 2.89 (sec) , antiderivative size = 3514, normalized size of antiderivative =
175.70

]/ 1 ; 2dxr=£/m 1 5— dT
z (a + btan (c—l— d\/:;)) (btan (dxé + c) +a> z

;
integrate(1/x/(a+bxtan(c+d*x~(1/3)))"2,x, algorithm="maxima")

N

input

((((4*a~10*b~2 + 16%a"8%b~4 + 24*a~6%b~6 + 17*a~4*b~8 + 6*a~2*%b~10 + b~12)
*cos(2xc) "2 + (4*a”10%b"2 + 16*a~8*b"4 + 24*a”~6*b~6 + 17*a"4%b~8 + 6*xa~2*b
~10 + b~12)*sin(2*c) "2) *d*cos(2*xd*x~(1/3))"2 + (a"12 + 2*%a~10*b"2 + a~8*b~
4)*xd*cos (2xd*xx~(1/3) + 2xc)~2 + ((4*a~10*%b"2 + 16*a”8*b~4 + 24*a”6*xb~6 + 1
T*a~4*b~8 + 6*a~2*b~10 + b~12)*cos(2*c) "2 + (4*a~10%b~2 + 16*a”~8%b~4 + 24x
a”~6*%b"6 + 17*a~4*b"8 + 6*%a”"2*%b"10 + b~ 12)*sin(2*c) ~2) *d*sin(2*d*x~(1/3))"2
+ (2”712 + 2*%a~10*%b"2 + a~8*b"4)*d*sin(2*d*x~(1/3) + 2*c)~2 - 2%((a"8%b~4
+ 4*a"6*b~6 + 6%a~4*%b"8 + 4*a”~2*xb”~10 + b~12)*cos(2*c) - 2x(a~11xb + 5*xa~9*
b3 + 10*%a~7*b~5 + 10*%a~5*b~7 + 5*xa~3%b~9 + a*b~11)*sin(2*c))*d*cos(2*d*x"
(1/3)) + 2%(2%(a~11*b + 5%a~9*%b~3 + 10*a~7*b~5 + 10*%a~5*xb~7 + 5*a~3*b~9 +
a*b~11)*cos(2*c) + (a”8*b"4 + 4*a~6*b”~6 + 6*a”4*b"8 + 4*a”2%b~10 + b~12)*s
in(2*c))*d*sin(2*d*x~(1/3)) + (a~12 + 6*a~10*b~2 + 15%a”8%b~4 + 20*a~6*b~6
+ 15%a~4%b"8 + 6*a”2*b"10 + b~12)*d - 2*%(((a"8*b~4 + 2*xa~6*%b"6 + a~4*b"8)
*cos(2xc) - 2*%(a”11xb + 3*%a~9*b~3 + 3*a”~7*b~5 + a~5xb~7)*sin(2*c))*d*cos(2
*d*x~(1/3)) - (2*(a"11*b + 3*%a~9%b~3 + 3*a”~7*b~5 + a~5%b~7)*cos(2*c) + (a~
8*b~4 + 2*a~6*b"6 + a~4*xb"8)*sin(2*c))*d*sin(2xd*x~(1/3)) - (2”12 + 4%a~10
*b"2 + 6*a”"8%b~4 + 4*a”~6%b~6 + a~4*xb"8)*d)*cos(2xd*x~(1/3) + 2%c) - 2% ((2*
(2”11%b + 3*a~9%b"3 + 3*a"7*b~5 + a~5xb~7)*cos(2*c) + (a"8*b~4 + 2*a~6+b"6
+ a”4*b”8)*sin(2+*c) ) *d*cos (2xd*x~(1/3)) + ((a~8%b~4 + 24a”6*b~6 + a~4*b~8
Y*cos(2%c) - 2%x(a~11x%b + 3%a~9%b~3 + 3*a~7*b~5 + a~5xb~7)*sin(2%c))*dx*s. ..

output




CHAPTER 3. LISTING OF INTEGRALS 498

Giac [N/A]
Not integrable

Time = 0.96 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

/ (btan (dx% + c) + a>2x

1

/z(a—l—btam(c—l—d{\V:E))2 &

dr =

input Lintegrate (1/x/ (atb*tan(c+d*x~(1/3)))~2,x, algorithm="giac")

output Lintegrate(l/((b*tan(d*x“(1/3) + ¢c) + a)~2*x), x)

Mupad [N/A]
Not integrable

Time = 10.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ L 2dx:/ ! 5 dx
z (a+ btan (c + dv/z)) z (a + btan (c + dz'/3))

input Lint(l/(x*(a + bxtan(c + d*x~(1/3)))"2),x) J

output Lint(l/(x*(a + b¥tan(c + d*x~(1/3)))"2), x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.90

/ 1 3 2 dx:/ 2 1 dz
z (a+ btan (c+ dv/z)) tan (x%d+ c) b2z + 2tan (w%d—k c) abzr + a’x
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inputLint(1/x/(a+b*tan(c+d*X“(1/3)))“2,x)

t‘int(l/(tan(x**(l/S)*d + C)**2kb¥r2%x + 2%tan (xk*(1/3)*d + C)*akbkx + akk2*

outpu
‘X),X)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS

500

1
3.66 f 2 (a+btan(c+d %))2 d

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . e
Fricas [N/A] . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . . e
Mupad [N/A] . . . o e
Reduce [N/A] . . . o o e

Optimal result

Integrand size = 20, antiderivative size = 20

/ 1 2d:c=Int< L 2,x>
z? (a+btan (c+ dV/z)) z? (a+btan (c+ dV/z))

500!
000
00]1]
00]1]
002!
502!
003
004
004
004

LDefer (Int) (1/x"2/ (atb*tan(c+d*x~(1/3)))"2,x)

Mathematica [N/A]
Not integrable

Time = 116.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

[ ——
x2 (a—l—btan (c—I—d\%—c)) x2 (a—l—btan (c+d{’/§))

5 dx

LIntegrate [1/(x"2*(a + b*Tan[c + d*x~(1/3)]1)"2),x]

LIntegrate[l/(x’Q*(a + b*Tan[c + d*x~(1/3)]1)"2), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4238}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 5 dx
z? (a+ btan (c+ dv/z))
l 4238

/ 1 dx
z? (a+btan (c+ d\g‘/E))2

input\ Int[1/(x"2%(a + b*Tan[c + d*x~(1/3)1)72),x] |

output L$Aborted J

Defintions of rubi rules used

rule 4238‘Int[(x_)“(m_-)*((a_.) + (b_.)*Tan[(c_.) + (d_.)*(x_)"(n_)1)"(p_.), x_Symbol ‘
‘] :> Unintegrable[x m*(a + b*Tan[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1

/x2<a+btan <c+dz§>>2

dz
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inputLint(1/x“2/(a+b*tan(c+d*x~(1/3)))~2,X)

output Lint (1/x~2/ (atbxtan(c+d*x™(1/3)))"2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/ 1 3 2 dr = / = 5 dz
x2 (a + btan (c + d\/ﬂj”)) (btan <dac% + c> n a) 72

input ‘ integrate(1/x~2/ (a+b*tan(c+d*x~(1/3)))"2,x, algorithm="fricas")

‘integral(l/(b‘2*x‘2*tan(d*x*(1/3) + c)~2 + 2%axbkx~2+tan(d*x~(1/3) + c) +

output
‘a“2*x“2), x)

Sympy [N/A]
Not integrable

Time = 12.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2da:=/ ! 5 dx
x? (a+btan (c—|—d\3/§)) x? (a+btan (c—|—d\3/5))

inputLintegrate(1/X**2/(a+b*tan(0+d*x**(1/3)))**2,x)

OutputLIntegral(l/(X**2*(a + bxtan(c + d*x**(1/3)))**2), x)
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Maxima [N/A]
Not integrable

Time = 14.27 (sec) , antiderivative size = 2524, normalized size of antiderivative =
126.20

d/. 1 ; 2d¢:=t/n 1 5— dx
z? (a +btan (c+dv/z)) <btan (d:r% + c> + a) x?

>

input integrate(1/x~2/(atb*tan(c+d*x~(1/3)))"2,x, algorithm="maxima")

((a~8*d*cos(2xd*x~(1/3) + 2%c)~2 + a~8*kd*sin(2*xd*x~(1/3) + 2%c)~2 + ((4*a”
6*¥b~2 + 8*a~4*b~4 + 4*a~2%b"6 + b~8)*cos(2*c)"2 + (4*xa”6*xb”2 + 8*a~4*b~4 +
4%a~2*b"6 + b~8)*sin(2*c) ~2)*d*cos (2*xd*x~(1/3))"2 + ((4*a"6%b~2 + 8*a~4#*b
4 + 4xa~2xb”"6 + b~8)*cos(2*c)"2 + (4*a"6*b"2 + 8*a~4%b"4 + 4*xa~2xb"6 + b~
8) *sin(2*c) ~2) *d*sin (2*d*x~(1/3)) "2 - 2*x((a"4*b~4 + 2*%a”~2*b~6 + b~8)*cos(2
*c) — 2x(a”"7*xb + 3*a”"5%b"3 + 3*a~3*b~5 + a*xb”7)*sin(2+*c))*d*cos(2*xd*x~(1/3
)) + 2x(2*%(a~7*b + 3*a"5xb"3 + 3*a”"3*b"5 + axb”7)*cos(2*c) + (a~4*b"4 + 2%
a~2*xb”"6 + b7"8)*sin(2*c))*d*sin(2*d*x~(1/3)) + (a"8 + 4*a”6*b~2 + 6*xa”4*b~4
+ 4%a”~2+%b"6 + b"8)*d - 2x((a~4xb"4*cos(2*c) - 2*%(a~7*b + a“5*¥b~3)*sin(2*c
))*d*cos(2*xd*x~(1/3)) - (a"4*b"4xsin(2*c) + 2*(a”~7*b + a~5xb~3)*cos(2xc))*
d*sin(2*d*x~(1/3)) - (a”8 + 2%a~6*b~2 + a~4xb~4)*d)*cos(2*xd*x~(1/3) + 2%c)
- 2x((a~4*b~4*sin(2*c) + 2%(a~7*b + a~5%b~3)*cos(2*c))*d*cos(2*d*x~(1/3))
+ (a~4*b~4*cos(2*c) - 2*x(a”7*b + a~5*xb~3)*sin(2+*c))*d*sin(2*d*x~(1/3)))*s
in(2*d*x~(1/3) + 2xc))*x"2xintegrate(-4*((a~5*b*d*sin(2*d*x~(1/3) + 2%c) -
(a*xb~b*xsin(2*c) + 2%(a”4%b"2 + a~2xb~4)*cos(2*c))*d*cos(2*xd*x~(1/3)) - (a
*b~5xcos(2xc) - 2*(a"4%b"2 + a"2*b~4)*sin(2*c))*d*sin(2*d*x~(1/3)))*x — 2%
(a~4xb"2*sin(2*d*x~(1/3) + 2%c) - (b~ 6*sin(2*c) + 2*x(a~3*b~3 + a*b~5)*cos(
2%c))*cos (2xd*x~(1/3)) - (b~ 6*xcos(2xc) - 2*x(a~3*b~3 + a*xb~5)*sin(2*c))*sin
(2*d*x~(1/3)))*x~(2/3)) / ((a"8*d*cos (2*xd*x~(1/3) + 2%c) "2 + a~8*d*sin(2xd*x
~(1/3) + 2%c)”2 + ((4*a~6%b~2 + 8*a~4*b~4 + 4*a~2%b~6 + b~8)*cos(2*c)"2...

output

\
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Giac [N/A]
Not integrable

Time = 0.93 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 ; 5 dT =/ - 1 5— dz
z? (a + btan (C"‘ d\/‘E)) (btan (daﬁ + c) + a) x?

input Lintegrate (1/x72/ (a+b*tan(c+d*x~(1/3)))"2,x, algorithm="giac") J

output Lintegrate(l/((b*tan(d*x*(1/3) + c) + a)"2*x"2), x) J

Mupad [N/A]
Not integrable

Time = 10.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2dx:/ ! 5 dx
z? (a + btan (c+ dV/z)) z2 (a + btan (c + d z'/3))

input Lint(l/(x"z*(a + bxtan(c + d*x~(1/3)))"2),x) J

output Lint(l/(x‘Q*(a + brtan(c + d*x~(1/3)))"2), x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/ 1 ; 5 dm=/ 5 1 dz
z? (a + btan (C + d\/E)) tan (m%d + c> b2x2 4 2tan (:c%d + c) abx? + a2z?
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inputLint(1/x“2/(a+b*tan(c+d*x~(1/3)))~2,X)

t‘int(l/(tan(x**(l/S)*d + C)RADADRRDAXAAD + 2%tan (xk* (1/3)*d + C)*arbrxk*2 +

outpu
‘ axk2*xx*x*2) ,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 500
4.2 Links to plain text integration problems used in this report for each CAS . (24

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

506

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);




CHAPTER 4. APPENDIX 511

# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",




CHAPTER 4. APPENDIX 513

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False




CHAPTER 4. APPENDIX 521

if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 a+b (c+d x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))^2  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))^2  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [F(-2)] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 (a+b (c+d [3]x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d [3]x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d [3]x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b (c+d [3]x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d [3]x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d [3]x))^2  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d [3]x))^2  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2  a+b (c+d [3]x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  a+b (c+d [3]x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  a+b (c+d [3]x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d [3]x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d [3]x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2  (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d [3]x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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