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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 52 |. This is test number | 224 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (52 ) | 0.00 (0 )

Mathematica | 100.00 ( 52 ) | 0.00 (0)
Maple | 71.15 (37) | 28.85 (15)
Fricas 71.15 (37) | 28.85(15)
Maxima | 71.15 (37) | 28.85 ( 15)
Mupad | 50.00 (26 ) | 50.00 ( 26 )
Giac 32.69 (17) | 67.31 (35)
Reduce | 30.77 (16) | 69.23 (36 )
Sympy 15.38 (8) | 84.62 (44 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 71.154 0.000 28.846 0.000
Maple 71.154 0.000 0.000 28.846
Maxima, 71.154 0.000 0.000 28.846
Giac 25.000 7.692 0.000 67.308
Fricas 13.462 57.692 0.000 28.846
Sympy 9.615 5.769 0.000 84.615
Mupad 0.000 50.000 0.000 50.000
Reduce 0.000 30.769 0.000 69.231

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 15 100.00 0.00 0.00
Maple 15 100.00 0.00 0.00
Maxima, 15 100.00 0.00 0.00
Mupad 26 0.00 100.00 0.00
Giac 35 94.29 0.00 5.71
Reduce 36 100.00 0.00 0.00
Sympy 44 95.45 4.55 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.09
Maxima 0.10
Reduce 0.16
Sympy 0.20
Giac 0.22
Rubi 0.34
Mathematica 0.40
Maple 1.03
Mupad 9.37

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Reduce 43.69 1.33 36.00 1.14
Sympy 45.25 1.42 45.00 1.26
Giac 56.53 1.32 46.00 1.11
Maxima 93.62 0.90 84.00 0.84
Rubi 94.52 0.99 72.00 1.00
Maple 98.92 1.00 90.00 0.97
Mathematica | 107.87 1.28 67.00 0.94
Mupad 112.04 1.40 77.50 1.01
Fricas 240.05 2.30 168.00 2.17

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1:

Rubi number of rules
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.

Rubi number of steps

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Rubi Mma Maple
10 12
w 2] 2] 10
T 8 s 10 E
= =3 > 8
L L 8 2
E 6 £ - =
s 5 6 5 6
g4 £ 5,
£ E 4 €
=3 =] =]
zZ 2 z , z ,
o i Mh . -
0 50 100 150 200 0 100 200 300 400 0 50 100 150 200
Leaf size Leaf size Leaf size
Fricas Giac Maxima
5 6 —
8
8 ( g fo
3 £ =
5 5 3 5
5 o | 5 5 4
o o o
£ E 2 €
5 E 5
z z z 2
I 1l . |
0 0 0
0 100 200 300 400 500 600 0 50 100 150 0 50 100 150 200
Leaf size Leaf size Leaf size
Sympy Mupad Reduce
3.0 6 6
w
225 $5 g?
= < <3
£ 20 L4 L 4
= z E
S 15 53 s 3
o 3 o
€ 10 €2 €2
5 E 5
Z 05 z z
0.0 0 i L s J: 0
0 20 40 60 80 100 0 50 100 150 200 250 300 350 0 20 40 60 80 100
Leaf size Leaf size Leaf size

Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {9}[10} 11} [12 13} 14 15,16} 7 (15,9, 20, 21} 22}

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[1,25)785)B) 75 BT0) T3 2 13,4 15,6, 7 15 19,20, 21,22 23,74 25,26
I%LI}?_SL@@@@@@@@@@@@@@@@@@@@@@@

B grade { }

C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { [1}5)5)7 9} 11) 2 13|14 156, 19,20, 23,24 25,26, 27, 25 29, B0, T 52
55|56, 5738 0,1 42,43, 45,0, 47, 19}

B grade { }

C grade { BfABE I3 ELE2 53516 B 5516}
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {13,555} 75,5 10,112 13,415, 16) 7 15,19} 20, 21, 22 25, 6L 2 28
20}, 31 52, 33,4 55,50, L3, B 3

B grade {}

C grade { }

P normal fail { 23,20, 5755 B0, 1, /2,67, 1819, 60,552}
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas
A grade {[1}[3,[25,33] 43| [44}[45 }

B grade {[R}[45,[6,7, 80} [10,[11}[12}[13; [14,[15}[16}[17}[L8) [19} 20} 21} [22} 2627} 28} 29} 30}
BL1[32,34,35,[36 }

C grade { }

P normal fail { (2525755 B0y O} ) 3 L 619, B0, B2 )
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade ({[12)B)7L5,5 7 800 1) 2 13,4 15,6, 7 15 9, 20} 21 22,25 26,2 2
20,50, 51, 32,53, 54, 5, 50, 13,1 15 }

B grade {}

C grade { }

P normal fail { 23,2157 55 B0 1, /2,67, 1519, 60,5152}
F(-1) timedout fail { }

F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 27

Giac

A grade {13 BGE0E3E0EN 2 F364M8 )
B grade {[2/[4[6,[8 }

C grade { }

F normal fail { [}[0}(TT) 2,3} T4 15,167 8} 21} 22,23} 27 29,50, BT} B2, 57 55,59,
0,7 2 3, 44, 47 45,9} 50} 51,52}

F(-1) timedout fail { }
F(-2) exception fail {[35][36]}

Mupad
A grade { }

B grade {[1}[2,3,[4,5,[6}[7, 819 10 [L 1} [[2,[13} 14} [15}[16, [17, 18} 19} [20} 21} 22} 27} 43} 4, 4
}

C grade { }
F normal fail { }

F(-1) timedout fail {23 242526} 28} [29},30},31} 3233} 34} 35} 36} 37} /38, 3% 40} A1} {42}
146} 47} 48, 149}, 50}, 51} 52| }

F(-2) exception fail { }

Sympy

A grade {2[[6l[7[8}
B grade {[I}3}5}

C grade { }

F normal fail { [0}[10}[L1}[12}[13}[14}[15}[16, 17,18} 19} 20} 21} 22} 23, [24} 25} 26} 27} 28} ]29)
[B0L[31}32}33}[34 35}, 36} 37} [38} [39} 40} 41} 42} [44} 45} 46} |47 48} 49} 50, 52] }

F(-1) timedout fail {[43[p1}
F(-2) exception fail { }
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Reduce

A grade { }

B grade { LEEAH60EEE0 2125361555
C grade { }

F normal fail { 0}[T0)[T1) 12} [3, 4[5, [6) 7 5 19} 20,21, 22,23 27 29, B0, BT, B2
5859, 0} 1 2 43) 44 546,745 19,50} 61,52 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 13 11 17 11 19 29 12 31 24
N.S. 1 1.18  1.00 1.55 1.00 1.73 2.64 1.09 2.82 2.18
time (sec) N/A 0.169 0.004 0.082 0.041 0.076 0.092 0.143 0.146 10.171

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 29 18 18 39 17 35 17 15
N.S. 1 1.00 1.93 1.20 1.20 2.60 1.13 2.33 1.13 1.00
time (sec) N/A 0.172 0.008 0.085 0.109 0.069 0.070 0.213 0.163 0.066

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 30 28 29 23 47 53 27 67 78
N.S. 1 1.07  1.00 1.04 0.82 1.68 1.89 0.96 2.39 2.79

time (sec) N/A 0.233 0.008 0.145 0.035 0.079 0.235 0.190 0.162 12.322
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 33 29 34 84 27 62 28 23
N.S. 1 1.00 1.22 1.07 1.26 3.11 1.00 2.30 1.04 0.85
time (sec) N/A 0.234 0.010 0.115 0.117  0.076 0.091 0.159 0.169 0.070
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 44 39 39 38 83 66 38 79 182
N.S. 1 1.056  0.93 0.93 0.90 1.98 1.57 0.90 1.88 4.33
time (sec) N/A 0.330 0.015 0.164 0.029 0.083 0.322 0.172 0.148 13.761
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 33 39 44 123 39 91 38 36
N.S. 1 1.00 0.73 0.87 0.98 2.73 0.87 2.02 0.84 0.80
time (sec) N/A 0.303 0.022 0.128 0.111 0.114 0.117 0.146 0.158 9.521
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 60 58 49 48 126 80 49 89 340
N.S. 1 1.03  1.00 0.84 0.83 2.17 1.38 0.84 1.53 5.86
time (sec) N/A 0.403 0.012 0.187 0.032  0.097 0471 0.147 0.177  15.646
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 33 49 54 168 51 116 48 43
N.S. 1 1.00 0.58 0.86 0.95 2.95 0.89 2.04 0.84 0.75
time (sec) N/A 0.376 0.009 0.158 0.122  0.087 0.179 0.159 0.146 9.073
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 177 227 175 169 197 426 0 0 58 91
N.S. 1 1.28  0.99 0.95 1.11 241 0.00 0.00 0.33 0.51
time (sec) N/A 0.573 0.307 0.176 0.114  0.099 0.000 0.000 0.150 9.398
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 157 197 101 154 185 380 0 0 24 74
N.S. 1 1.25 0.64 0.98 1.18 2.42 0.00 0.00 0.15 0.47
time (sec) N/A 0.477 0.214 0.145 0.132  0.118 0.000 0.000 0.153 9.030
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 154 201 161 149 179 316 0 0 38 75
N.S. 1 1.31  1.05 0.97 1.16 2.05 0.00 0.00 0.25 0.49
time (sec) N/A 0.479 0.144 0.137 0.114  0.094 0.000 0.000 0.173 8.681
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 136 174 71 136 165 286 0 0 12 50
N.S. 1 1.28  0.52 1.00 1.21 2.10 0.00 0.00 0.09 0.37
time (sec) N/A 0.420 0.067 0.191 0.125  0.110 0.000 0.000 0.157 8.566
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 137 180 131 138 165 268 0 0 24 57
N.S. 1 1.31  0.96 1.01 1.20 1.96 0.00 0.00 0.18 0.42
time (sec) N/A 0.395 0.076 0.168 0.121 0.082 0.000 0.000 0.158 9.654
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 157 197 82 157 187 377 0 0 24 76
N.S. 1 1.25  0.52 1.00 1.19 2.40 0.00 0.00 0.15 0.48
time (sec) N/A 0.456 0.086 0.141 0.121 0.110 0.000 0.000 0.194 9.907
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 158 205 86 157 188 380 0 0 24 7
N.S. 1 1.30 0.54 0.99 1.19 241 0.00 0.00 0.15 0.49
time (sec) N/A 0.475 0.177  0.140 0.128  0.097 0.000 0.000 0.164 9.081
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 178 225 97 171 205 464 0 0 24 91
N.S. 1 1.26  0.54 0.96 1.15 2.61 0.00 0.00 0.13 0.51
time (sec) N/A 0.574 0.234 0.141 0.120  0.088 0.000 0.000 0.163 9.344
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 242 217 205 214 196 431 0 0 31 246
N.S. 1 090 0.85 0.88 0.81 1.78 0.00 0.00 0.13 1.02
time (sec) N/A 0.505 0.236 0.201 0.121 0.101  0.000 0.000 0.187  10.290
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 225 196 185 191 182 416 0 0 14 260
N.S. 1 0.87 0.82 0.85 0.81 1.85 0.00 0.00 0.06 1.16
time (sec) N/A 0.434 0.154 0.240 0.120  0.082 0.000 0.000 0.202 10.530
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 131 112 106 108 102 211 0 145 14 134
N.S. 1 0.85 0.81 0.82 0.78 1.61 0.00 1.11 0.11 1.02
time (sec) N/A 0.313 0.214 0.127 0.117  0.084 0.000 0.856 0.159 9.237
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 131 112 98 108 103 639 0 145 14 128
N.S. 1 0.85 0.75 0.82 0.79 4.88 0.00 1.11 0.11 0.98
time (sec) N/A 0.319 0.100 0.119 0.119 0.091 0.000 0.356 0.154 9.980
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 225 196 189 200 182 384 0 0 14 231
N.S. 1 0.87 0.84 0.89 0.81 1.71 0.00 0.00 0.06 1.03
time (sec) N/A 0.453 0.151 0.223 0.113  0.084 0.000 0.000 0.155 10.988
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 244 219 254 212 204 660 0 0 14 277
N.S. 1 090 1.04 0.87 0.84 2.70 0.00 0.00 0.06 1.14
time (sec) N/A 0.497 0.174 0.191 0.116  0.103 0.000 0.000 0.188 9.558
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 46 46 46 0 0 0 0 0 10 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.201  0.097  0.000 0.000  0.000 0.000 0.000 0.148 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 52 0 0 0 0 0 14 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.216 0.093 0.000 0.000  0.000 0.000 0.000 0.153 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 27 27 29 30 52 0 31 41 0
N.S. 1 0.75  0.75 0.81 0.83 1.44 0.00 0.86 1.14 0.00
time (sec) N/A 0.284 0.017 0.145 0.113 0.088 0.000 0.110 0.178 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 22 20 43 0 20 20 0
N.S. 1 1.00 1.00 1.38 1.25 2.69 0.00 1.25 1.25 0.00
time (sec) N/A 0.229 0.007 0.104 0.120  0.074 0.000 0.115 0.179 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 26 12 45 0 19 34 25
N.S. 1 1.00 1.00 1.53 0.71 2.65 0.00 1.12 2.00 1.47
time (sec) N/A 0.223 0.009 0.102 0.113 0.080 0.000 0.132 0.153 8.776
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 28 30 36 22 74 0 46 92 0
N.S. 1 0.72  0.77 0.92 0.56 1.90 0.00 1.18 2.36 0.00
time (sec) N/A 0.271 0.027 0.100 0.115 0.074 0.000 0.136 0.175 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 149 80 189 113 411 0 0 14 0
N.S. 1 0.96 0.52 1.22 0.73 2.65 0.00 0.00 0.09 0.00
time (sec) N/A 0.531 0.194 0.187 0.121 0.080 0.000 0.000 0.156 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 136 122 166 94 387 0 0 21 0
N.S. 1 1.03  0.92 1.26 0.71 2.93 0.00 0.00 0.16 0.00
time (sec) N/A 0.485 0.090 0.154 0.121 0.081 0.000 0.000 0.159 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 136 60 164 94 382 0 0 16 0
N.S. 1 1.02  0.45 1.23 0.71 2.87 0.00 0.00 0.12 0.00
time (sec) N/A 0.481 0.063 0.152 0.137  0.093 0.000 0.000 0.158 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 166 151 71 184 109 495 0 0 16 0
N.S. 1 091 043 1.11 0.66 2.98 0.00 0.00 0.10 0.00
time (sec) N/A 0.532 0.090 0.136 0.124  0.089 0.000 0.000 0.151 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 40 30 40 37 110 0 57 25 0
N.S. 1 0.57  0.43 0.57 0.53 1.57 0.00 0.81 0.36 0.00
time (sec) N/A 0.338 0.016 0.145 0.111 0.078 0.000 0.118 0.149 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 23 28 27 16 61 0 21 8 0
N.S. 1 0.72  0.88 0.84 0.50 1.91 0.00 0.66 0.25 0.00
time (sec) N/A 0.234 0.012 0.110 0.110  0.073 0.000 0.116 0.152 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 21 23 26 13 80 0 0 17 0
N.S. 1 0.68 0.74 0.84 0.42 2.58 0.00 0.00 0.55 0.00
time (sec) N/A 0.225 0.018 0.108 0.112  0.089 0.000 0.000 0.154 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 40 41 42 29 142 0 0 65 0
N.S. 1 0.52  0.53 0.55 0.38 1.84 0.00 0.00 0.84 0.00
time (sec) N/A 0.345 0.046 0.108 0.121  0.078 0.000 0.000 0.187  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 60 60 60 0 0 0 0 0 16 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.310 0.082 0.000 0.000 0.000 0.000 0.000 0.160 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 62 62 62 0 0 0 0 0 21 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.330 0.075 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 87 87 289 0 0 0 0 0 26 0
N.S. 1 1.00 3.32 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.373 1.805 0.000 0.000  0.000 0.000 0.000 0.168 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 84 84 83 0 0 0 0 0 26 0
N.S. 1 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 0.384 0.597  0.000 0.000  0.000 0.000 0.000 0.161 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 64 64 65 0 0 0 0 0 19 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.279  0.097  0.000 0.000  0.000 0.000 0.000 0.189 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 90 90 83 0 0 0 0 0 26 0
N.S. 1 1.00 0.92 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.492 0.507  0.000 0.000  0.000 0.000 0.000 0.158 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 71 73 90 84 145 0 0 23 123
N.S. 1 0.93 0.96 1.18 1.11 1.91 0.00 0.00 0.30 1.62
time (sec) N/A 0.267 0.412 29.432 0.045 0.111 0.000 0.000 0.154 10.175
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 49 45 60 56 87 0 0 23 84
N.S. 1 0.96 0.88 1.18 1.10 1.71 0.00 0.00 0.45 1.65
time (sec) N/A 0.254 0.281 3.280 0.037 0.081 0.000 0.000 0.154 10.291

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A F B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 26 26 25 41 0 47 23 73
N.S. 1 1.00 1.04 1.04 1.00 1.64 0.00 1.88 0.92 2.92

time (sec) N/A 0.219 0.014 0.454 0.027 0.080 0.000 0.388 0.176 9.444

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 59 0 0 0 0 0 23 0

N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.237 0.316 0.000 0.000 0.000 0.000 0.000 0.160 0.000

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 51 51 59 0 0 0 0 0 23 0

N.S. 1 1.00 1.16  0.00 0.00 0.00 0.00 0.00 045 0.00

time (sec) N/A 0.231 0.352 0.000 0.000 0.000 0.000 0.000 0.162 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 79 79 741 0 0 0 0 0 23 0
N.S. 1 1.00 9.38 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.242 7.808 0.000 0.000  0.000 0.000 0.000 0.154 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 7 7 69 0 0 0 0 0 21 0
N.S. 1 1.00 0.90 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.225 0.224 0.000 0.000  0.000 0.000 0.000 0.165 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 73 73 264 0 0 0 0 0 21 0
N.S. 1 1.00 3.62 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.227 0.894 0.000 0.000  0.000 0.000 0.000 0.187 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F(-1) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 79 79 477 0 0 0 0 0 23 0
N.S. 1 1.00 6.04 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.237 1.981 0.000 0.000  0.000 0.000 0.000 0.157 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 83 83 306 0 0 0 0 0 26 0
N.S. 1 1.00 3.69  0.00 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 0.237 1.937 0.000 0.000 0.000 0.000 0.000 0.155 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[7] had the largest ratio of [1.87500000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 3 3 1.18 6 0.500
% A 3 3 1.00 8 0.375
3| A 7 7 1.07 8 0.875
4 A 5 5 1.00 8 0.625
i A 11 11 1.05 8 1.375
6} A 7 7 1.00 8 0.875
7] A 15 15 1.03 8 1.875
3] A 9 9 1.00 8 1.125
9) A 16 15 1.28 12 1.250
10 A 14 13 1.25 12 1.083
11 A 14 13 1.31 12 1.083
12 A 12 11 1.28 12 0.917
13 A 12 11 1.31 12 0.917
14 A 14 13 1.25 12 1.083
15) A 14 13 1.30 12 1.083
16 A 16 15 1.26 12 1.250
17 A 14 13 0.90 12 1.083
18 A 12 11 0.87 12 0.917
19 A 12 11 0.85 12 0.917
20 A 12 11 0.85 12 0.917
21 A 12 11 0.87 12 0.917
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A 14 13 0.90 12 1.083
23] A 4 3 1.00 8 0.375
24] A 4 3 1.00 10 0.300
25) A 9 9 0.75 10 0.900
26} A ) ) 1.00 10 0.500
ﬂ A 4 4 1.00 10 0.400
28| A 6 6 0.72 10 0.600
29) A 18 17 0.96 10 1.700
@ A 16 15 1.03 10 1.500
3_1 A 16 15 1.02 10 1.500
Q A 18 17 0.91 10 1.700
33] A 9 9 0.57 10 0.900
34 A ) 5 0.72 10 0.500
35| A 5 5 0.68 10 0.500
36} A 9 9 0.52 10 0.900
3_7 A 6 5 1.00 12 0.417
3| A 6 5 1.00 14 0.357
39| A 4 4 1.00 21 0.190
40| A 4 4 1.00 21 0.190
4_1 A 5) 4 1.00 21 0.190
42 A 6 6 1.00 21 0.286
4_3 A ) 4 0.93 19 0.211
ﬁ A ) 4 0.96 19 0.211
45| A 4 3 1.00 19 0.158
46 A 4 3 1.00 19 0.158
47 A 4 3 1.00 19 0.158
@ A 2 2 1.00 19 0.105
4_9 A 2 2 1.00 17 0.118
@ A 2 2 1.00 17 0.118
ﬂ A 2 2 1.00 19 0.105
52] A 2 2 1.00 21 0.095
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32  JeotP(a4br)dz . . ...
33  Jeotdladbr)dr . . ...
34  [eottlatbr)dr . . ...
35  [eotS(adbr)dr . . ...
36  [eotS(a+br)dr . . . ...
37  Jeotl(a4bz)dr . . . ...
38  [eotPlatbr)dr . . ...
39  [(ceot(a+bx))2dx . ...
3.10  [(ccot(a+bz))2dx . . . ...
311  [(ceot(a+bz))>2dx . . . . .
312 [Jfecot(a+br)dr . . ... ...
313 [ ﬁ Ao .
3.14 Coot(arba)r? dr . . ..
3.15 W dr . . ..
316 [ ot AT e
317  [(ceot(a+bz))*3dx . . . . ...
3.18  [(ceot(a+bz))>3dx . . . ...
319 [ ecot(a+bz)dzr . ... ...
1
B[t T
3.21 W dr . . ...
322 [ a7 AT e
323  [eot™a@+br)dr . . ...
324  [(beot(c+dz))"dx . . .. ...
325  [(acot?(@))Pdz .. ... ...

45



CHAPTER 3.

LISTING OF INTEGRALS

46

3.26
3.27

3.28

3.29
3.30
3.31

3.32

3.33
3.34
3.35

3.36

3.37
3.38
3.39
3.40
3.41
3.42
3.43
3.44
3.45
3.46
3.47
3.48
3.49
3.50
3.51
3.52

[ Vacot?(z) dz
fx/acotz(a:

(a cotz(z))3/ 7 dz

f(acot?‘(x))3/2 T

[ Vacot?}(z) dz

f\/ﬁdaﬁ
W dx

[ (acot*())*? dx

[ Vacot*(z) dz

[
aco1 (z)

(a cott(z))3/?

[ (beotP(c+ dz))" dz
[ (a(beot(c + dz))P)" d
(beot(e + fx))"(a sm(e + fz))™dx
(acos(e + fx))™(bcot(e + fx))
(acot(e+ fx))™(beot(e + fx))" dx
(beot(e+ fx))"(asec(e + fx))™ dz
(dcot(e + fz))"csc(e + fz)d
(dcot(e + fz) "csc4(e—|— fz
(dcot(e + fz))"
(dcot(e+ fx))"
(
(
(
(
(
(

8

&
8

dcot(e + fz))"csc(e + fz) d:c
dcot(e + fz))"csc(e+ fr)dx . . .
dcot(e + fz))"sin(e + fz) dz
dcot(e + fz))"sin®(e + fz)dz
beot(e + fz))"(acsc(e+ fx))™ dz

)
( )
( )
( )
( )

dcot(e + fx))" (e + fz)d

( )
( )
( )
( )

)
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3.1 | cot(a + bz) dx

Optimal result . . . . . . . . . . . . e 4T
Mathematica [A] (verified) . . . . . . . . . ... o 47
Rubi [A] (verified) . . . .. . . ... .. 43
Maple [A] (verified) . . . . . . ... L 19
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 19
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 50
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 501
Giac [A] (verification not implemented) . . . . . . ... ... ... 50
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... b1l
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... b1l

Optimal result

Integrand size = 6, antiderivative size = 11

log(sin(a + bz))

/cot(a +bz)dz =

b

-

output

N\

1n(sin(b*x+a))/b

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

log(sin(a + bzx))

/cot(a + bx) dz =

b

input ‘

Integrate[Cot[a + b*x],x]

output L

Log[Sin[a + b*x]]/b
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.18,

number of rules _ 500, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cot(a + bzx) dx
l 3042
T
/—tan <a+bx+ 5) dx
l 25
1
—/tan (2(2(1 +7) + b:z:) dx
l 3956
log(—sin(a + bx))
b
inputLInt[COt[a + b*xx] ,x] J
output LLog [-Sin[a + b*x]]/b J
Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x] J

rule 3042‘In1: [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \
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ru163956‘Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.55

method result size
derivativedivides | — w 17
default —w 17
n(tan n S
parallelrisch e (b$+a))+1b ( ”Sec(bzﬂF) 24
norman ln(tan(;’mﬂ)) _ ln(Hta‘;S’Ha)Q) 29
risch —iT — % —1n(e2i<bz+a>—1) 29

input

Lint(cot(b*x+a),x,method=_RETURNVERBOSE)

outputt

-1/2/b*1n(cot (bxx+a) ~2+1)

-

input

output L

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

log (—3 cos (2bz + 2a) +

2)

/cot(a—l—bx) dx = 5%

Lintegrate (cot(b*x+a) ,x, algorithm="fricas")

-/

1/2%1log(-1/2%cos(2xb*x + 2*a) + 1/2)/b
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(8) = 16.

Time = 0.09 (sec) , antiderivative size = 29, normalized size of antiderivative = 2.64

—log (tan’ (atbe) 1) | log(tan(atbe))  forp £

/ cot(a + bx) dx = 2

x cot (a) otherwise

inputLintegrate(cot(b*}ﬁa),x) J

e B

Piecewise((-log(tan(a + b*x)**2 + 1)/(2%b) + log(tan(a + b*x))/b, Ne(b, 0)
‘), (x*cot(a), True)) ‘

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

/cot(a + ba)do = log (sin E)ba: +a))

p
Lintegrate (cot(b*x+a) ,x, algorithm="maxima")

-/

input

output Llog(sin(b*x +a))/b J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/cot(a, tbg)dz = 28 (Isin g)bw +a)))
input Lintegrate (cot(b*x+a) ,x, algorithm="giac") J
output | 108(abs(sin(bxx + 2)))/b |
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Mupad [B] (verification not implemented)

Time = 10.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.18

In (ea2i ebei _ 1)
b

/cot(a +bx)dxr =—x1i+

inputtint(COt(a + b*x),x) J

output| L0B(exp(ax2) *exp (bxxx21) - 1)/b - xx1i

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 2.82

_log<tan (& + %)2 + 1) + log(tan (% + %))
/cot(a + bx) dz = ;

inputLint(cot(b*x+a),X)

outpud( - log(tan((a + b*x)/2)**2 + 1) + log(tan((a + b*x)/2)))/b
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3.2 [ cot?*(a + bx) dx

Optimal result . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . .. ... L
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 15

/cot2(a +bz)dr = —x

_ cot(a + bz)

b

-

output

N\

-x-cot (b*x+a)/b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.93

-

input L

output L

cot(a + bz) Hypergeometric2F1 (—

1
27

1,3, —tan*(a + bz))

/ cot?(a + bz) dz =

b

Integrate[Cot[a + b*x]~2,x]

-/

-((Cot[a + bx*x]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[a + b*x]~2])/b)
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cot2(a + bx) dx
l 3042
T\ 2
/tan (a+ba:+§) dz
l 3054
_ / ldz — cot(a + bx)
b
l 24
_cotla+br)
b
input LInt [Cot[a + b*x]~2,x] J
outputt-x - Cot[a + b*x]/b J
Defintions of rubi rules used
rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

rule 3042‘In‘c [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \
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e 3954 TmELC(b_)*tan[(c_.) + (d_.)*(x)1)"(n)), x_Symboll :> Simp[b*((b*Tanlc + d

input

output

input

output

*x]1)~(n - 1)/(d*( - 1)), x] - Simp[b~2
» x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Int[(bxTan[c + d*x])~(n - 2), x]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.20

method result size
parallelrisch w 18
I'iSCh —Tr — W 24
—_ l —X tan(or-r+a
norman Wﬁ;) 25
. . o . — cot(bz+a)+Z —arccot(cot(bz+a))
derivativedivides 2 26
default — cot(bz+a)+7 —:rccot(cot(bx-l—a)) 2%

Lint (cot (b*x+a) ~2,x,method=_ RETURNVERBOSE)

Li/b* (-b*x-cot (b*x+a))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(15) = 30.

Time = 0.07 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.60

/cot2 (a+ bz)dz =

_bzsin (2bz +2a) + cos (2bz +2a) +1

bsin (2bz + 2a)

Lintegrate (cot(b*x+a)~2,x, algorithm="fricas")

-

L—(b*x*sin(Z*b*x + 2%a) + cos(2%b*x + 2%a) + 1)/(b*sin(2%bxx + 2%a))

e—
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Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

—x—m,fbm) forb#0

z cot? (a) otherwise

/cot2 (a + bx)dx =

irlputLintegrate(cot(b*x+a)**2,x) J

[Piecewise((-x - cot(a + b*x)/b, Ne(b, 0)), (x*cot(a)**2, True))

-/

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.20

br + a+ 1
/ COt2 (a —+ b.’],‘) dr = — btan(bx+a)

. -~ 3 =n 1 n
input t1ntegrate(cot(b*x+a) 2,x, algorithm="maxima") J

[—(b*x + a + 1/tan(b*x + a))/b

-/

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 35 vs. 2(15) = 30.

Time = 0.21 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.33

2bx+2a+—mi——tan( b.’L‘—i—%a,)
/cotz(a + bz)dx = (30 +2Qb>
input Lintegrate (cot (b*x+a)~2,x, algorithm="giac") J

output L‘1/2*(2*b*x + 2*a + 1/tan(1/2*b*x + 1/2*a) - tan(1/2*bxx + 1/2*a))/b J
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/cotz(a-i- br)dr = —x — le

inputtint(cot(a + b*x)~2,x) J

[— x - cot(a + b*x)/b

-/

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

—cot (b +a) — bz
b

/cotz(a + bz) dz =

input Lint(cot (b*x+a) ~2,x) J

outputt( - (cot(a + b*x) + b*x))/b J
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3.3 [ cot’(a + bx) dx

Optimal result . . . . . . . . . . . . e ¥
Mathematica [A] (verified) . . . . . . . . . ... o bYi
Rubi [A] (verified) . . . .. . . ... .. bY
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 60
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 60
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 611
Giac [A] (verification not implemented) . . . . . . ... ... ... 61
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 61
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 62

Optimal result

Integrand size = 8, antiderivative size = 28

cot’(a+bx) log(sin(a + bx))

3 N
/cot (a + bx)dx = 5

b

output

L-1/2*cot(b*x+a)“2/b-1n(sin(b*x+a))/b

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

_csc’(a+bz) log(sin(a + bz))

3 —
/cot (a+bx)dz = 5

b

e

input L

Integrate[Cot[a + b*x]~3,x]

~—

output L

-1/2+Csc[a + b*x]~2/b - Log[Sin[a + b*x]]1/b
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07,

number of rules _ 0.875, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 25, 3954, 25, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot3(a+bx) dz
| 3042
m\ 3
/—tan<a+ba:+2> dx
| 25
1 3
—/tan <2(2a+7r)+bx) dx

J’3954

cot?(a + bx)

/ — cot(a + bx)dx — 5

| 25

2
- / cot(a + bz)dx — oot™(a + bz)
2b
| 3042
T cot?(a + bx)

| 25

2
/tan (;(2(1-1—71') +bx> dz — COt(;;—lm)

l 3956

cot?(a + bx) _ log(—sin(a + b))
2b b

input Int[Cot[a + b*x]~3,x]
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output L‘1/2*Cot [a + b*x]"2/b - Logl[-Sin[a + b*x]]/b J

Defintions of rubi rules used

ruk>z5tint[‘(FX-)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_,)*(x_)])"(n_)’ x_Symbol] > Simp[b*((b*Tan[c +d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3956 ‘ Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d ‘
*x], x11/d, x] /; FreeQl{c, d}, x]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

method result Size
_ cot(bz+a)? " 1n(cot(bx+a)2+1)
derivativedivides 2 ; 3 99
_ cot(bz+a)? + In (Cot(bz+a)2+1)
default 2 . 5 -
: _COt(biE+a)2—2ln(tan(bm+a))+ln sec(bz—}-a)2
parallelrisch - ( ) 35
norman _ 1 __ In(tan(bz+-a)) i 1n<1+tan(bx+a,)2> 43
2b tan(bz+a)> b %
. . 2ia 2 g2i(bz+a) In (GQi(bw-‘,—a) _1)
risch @+ 5 G . 57

-

int (cot (b*x+a) ~3,x,method=_RETURNVERBOSE)

h J

input t
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output ‘ 1/b*(-1/2*cot (b*x+a) "2+1/2*1n(cot (b*x+a) "2+1))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.68

(cos (2bz +2a) — 1) log (—3 cos (2bz +2a) + 1) — 2
3 bx)dx = — 2 2
/CO (a+bo)do 2(bcos (2bx +2a) —b)
input Lintegrate (cot (b*x+a)~3,x, algorithm="fricas") J
output| ~1/2*((cos(2#bxx + 24a) = 1)xlog(-1/2xcos (2+bkx + 2%a) + 1/2) - 2)/(bkcos(
LQ*b*x + 2%a) - b) J

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 53 vs. 2(22) = 44.

Time = 0.23 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.89

(o fora=0Ab=0
, z cot® (a) forb=0
/COt (a+ba)de = oz fora = —bx
log (tan? ;Z—i-bx)-i-l) __log (tanb(a+bm)) . 2btaan(a—f_Im) otherwise

\

-

| —

input Lintegrate (cot (b*x+a) **3,x)

‘Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (xxcot(a)**3, Eq(b, 0)), (zoo*x, E ‘
‘q(a, -b¥x)), (log(tan(a + b¥x)**2 + 1)/(2%b) - log(tan(a + b*x))/b - 1/(2%
‘b*tan(a + b*xx)**2), True))

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.82

1 . 2
—L_— +log (sin (bz + a)”)
3 ___ sin(bz+a)
/cot (a+bx)dz = T

i - i =" 3 n
input Llntegrate(cot(b*x+a) 3,x, algorithm="maxima") J

output ‘\-1/2*(1/sin(b*x + a)”2 + log(sin(b*x + a)~2))/b

Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.96

[ AU 2%.) N -
b 2bsin (bx + a)

input Lintegrate (cot (b*x+a)~3,x, algorithm="giac") J

output L-log(abs(sin(b*x + a)))/b - 1/2/(bxsin(b*x + a)~2) J

Mupad [B] (verification not implemented)

Time = 12.32 (sec) , antiderivative size = 78, normalized size of antiderivative = 2.79

In (ea2i ebei _ 1) N 2
b b (ea2i+bx2i _ 1)
2
b (1 + ea4i-|—ba:4i _ Qea2i+bx2i)

/cot3(a +bz)dr=x1i—

_l_

input Lint(cot(a + b*x)"3,x) J

. x¥1i - log(exp(ax2i)rexp(b*xx2i) - 1)/b + 2/(bx(exp(ax2i + bxxx2i) - 1)) +

outpu
‘ 2/ (b*(exp(a*4i + b*x*4i) - 2%exp(a*2i + b*x*2i) + 1)) ‘
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 67, normalized size of antiderivative = 2.39

/Cot3(a + bx) dx
4log<tan (% + %)2 + 1) sin (bz + a)? — 4log(tan (& + 2)) sin (bz + a)® + sin (bz + a)* — 2
B 4sin (bz + a)* b
input Lint(cot (b*x+a) ~3,x) J

e B

(4*log(tan((a + b*x)/2)**2 + 1)*sin(a + b*x)**2 - 4*log(tan((a + b*x)/2))*
‘sin(a + b*x)**2 + sin(a + b*x)**2 - 2)/(4*sin(a + b*x)**2%b) ‘

output
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3.4 [ cot*(a + bx) dz

Optimal result . . . . . . . . . . . . e 631
Mathematica [C] (verified) . . . . . . . . .. ... L 63}
Rubi [A] (verified) . . . .. . . ... .. 641
Maple [A] (verified) . . . . . . ... L 65
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 66
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 66
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 67
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 67
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 68

Optimal result

Integrand size = 8, antiderivative size = 27

N cot(a+bzx) cot’(a+bx)

4 —
/cot (a+bzx)dx ==z 2 3

OutputLx+cot(b*x+a)/b-1/3*cot(b*x+a)"3/b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.22

cot?(a + bz) Hypergeometric2F1 (—3,1, —1, — tan?(a + bz))
3b

/cot4(a +bx)dr = —

input LIntegrate [Cot[a + b*xx]"4,x]

output ‘ -1/3*(Cot[a + b*x] ~3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[a + b*x]~2])/b




input

output
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cot4(a + bzx) dx
l 3042
/tan (a—l— br + z)ledm
2
l 3954
3
- / cot®(a + bz)dz — cot™(a + bz)
3b
l 3042
T\ 2 cot?(a + bx)
l 3954
cot3(a+bx) = cot(a+ bx)
/1d:r - 30 + b

l 24

cot3(a+bx) cot(a+ bx)
T » T *°

e

Llnt [Cot[a + b*x]~4,x]

~—  /

Lx + Cot[a + b*x]/b - Cot[a + b¥x]~3/(3%b)
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3954

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.07

method result size
. — cot(bz+a)3+3b t(b
parallelrisch cot(be+a) +§’bx+3 cot(be+a) 29
—M—l—cot(bz—i—a)—E—i-arccot(cot(bac—i-a))
derivativedivides 3 = 32
b 3 T
default _M+cot(bm+a3)—§+arccot(cot(b:c+a)) 39
tan(bm+a)2 3_1
SRt tan(brta)® — 5
b 3b
norman tan(bota)® 38
riSCh . + 4i (3 e4i(bz+a)_3 e2i(bz+a)+2) 46

3b(e2i(beta)_1)3

. Lint (cot (b*x+a) ~4,x,method=_RETURNVERBOSE)
input

output t1/3* (-cot (bkx+a) ~3+3%b*x+3%cot (b*x+a)) /b
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(25) = 50.

Time = 0.08 (sec) , antiderivative size = 84, normalized size of antiderivative = 3.11

/ cot*(a + bz) dz

4 cos (2bz + 2a)” + 3 (bz cos (2bz + 2a) — bx) sin (2bz + 2a) + 2 cos (2bz + 2a) — 2
B 3(bcos(2bx +2a) —b)sin (2bz + 2a)

i - i =" 1 "
inputLlntegrate(cot(b*x+a) 4,x, algorithm="fricas") J

output‘ 1/3%(4xcos (2*xb*x + 2%a) 2 + 3*(b*x*cos(2%b*x + 2+%a) - b*x)*sin(2*b*x + 2%a \
‘) + 2%cos(2%b*x + 2%a) - 2)/((b*cos(2%bkx + 2%a) - b)*sin(2%b*x + 2%a)) ‘

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

cot? (a+bx) cot (a+bx)
- + forb #0
/cot4(a vbr)dr =" 3 b 7

z cot? (a) otherwise

inputLintegrate(cot(b*x+a)**4’x) J

output‘PieceWise((x - cot(a + b*x)**3/(3*b) + cot(a + b*x)/b, Ne(b, 0)), (x*cot(a
‘ )**4, True)) ‘
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26

3br+3a+ 3 tan(bz+a)?—1

3
cot*(a + bz) dx = tan(bz+a)
feotasn 7
inputLintegrate(cot(b*x+a)“4,x, algorithm="maxima") J
output| 1/3*(3¥b¥x + 3xa + (3rtan(brx + 2)72 - 1)/tan(bxx + a)3)/b |

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 62 vs. 2(25) = 50.

Time = 0.16 (sec) , antiderivative size = 62, normalized size of antiderivative = 2.30

/cot4(a + bx) dx
1 1 3 15 tan(lbx+la)2—1 1 1
_tan(ibx+§a) +24bx+24a+ tan(zbz+§a)3 —15tan (1 bz + 1 a)
B 24b
inputLintegrate(cot(b*x+a)"4,x, algorithm="giac") J

OUtPUt‘ 1/24*%(tan(1/2%b*x + 1/2%a)"3 + 24%bxx + 24%a + (15xtan(1/2%b*x + 1/2%a)”2 ‘
‘— 1)/tan(1/2*%b*x + 1/2*%a)~3 - 15*%tan(1/2xb*x + 1/2%a))/b ‘
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.85

cot(a+bx)®

cot(a+bx) — =25
b

/cot4(a +bz)dr =z +

inputtint(cot(a + b*x)~4,x) J

-

Lx + (cot(a + b*x) - cot(a + b*x)~3/3)/b

-/

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.04

— cot (bx + a)® + 3cot (bz + a) + 3bx
t*(a + bz) dx =
/co (a + bx) dx 3

input ‘ int (cot (b*x+a) ~4,x)

outputt( - cot(a + b*x)**3 + 3*cot(a + b*x) + 3*b*x)/(3*b) J
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3.5 [ cot®(a + bx) dx

Optimal result . . . . . . . . . . . . e 69]
Mathematica [A] (verified) . . . . . . . . . ... o 69
Rubi [A] (verified) . . . .. . . ... .. 70
Maple [A] (verified) . . . . . . ... L 72
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 72
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... (73l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 73]
Giac [A] (verification not implemented) . . . . . . ... ... ... (74
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [74]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 75

Optimal result

Integrand size = 8, antiderivative size = 42

5 —
/cot (a+ bx)dx = 5

4b

cot’(a +bx)  cot’(a+bx) N log(sin(a + bx))

b

output

L1/2*cot(b*x+a)“2/b-1/4*cot(b*x+a)“4/b+1n(sin(b*x+a))/b

e

input L

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.93

_csc?*(a + bx)

csct(a + bx)

/ cot’(a + bz) dz = 7 -

4b

4 log(sin(a + bx))

b

Integrate[Cot[a + b*x]~5,x]

~—

output L

Cscla + bxx]"2/b - Cscla + b*x]~4/(4xb) + Logl[Sin[a + b*x]]/b
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.05,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 4 375 Rjeq
integrand size

used = {3042, 25, 3954, 25, 3042, 25, 3954, 25, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot5(a+b:c) dz
l 3042
T\ 5
/—tan(a+bx+) dz

2
l 25

5
—/tan <;(2a+7r)+ba:> dx

l 3954

cot?(a + bx)

pa— 3 pa—
/ cot®(a + bx)dz N

l 25

— / cot?(a + bz)dz — M

1b
l 3042

3 4
—/—tan(a+bx+;r> dac—COt(Zb—i_bx)
l 25

3 4
/tan (;(2&-1—71’) +bx> dx — W

l 3954

cot?(a + bx) + cot?(a + bx)
4b 2b

| 25

- / — cot(a + bx)dz —



input

output

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]
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71

cott(a +bx)  cot?(a + bx)
/cot(a + bx)dx — n + %
| 3042

2

4 2
/—tan (a+b$+z> dr — cot (a—i—bm) +C0t (a+b$)

| 25
—/tan (;(Za—l-w) +bx> dx —

4b 2b

cot(a + bx) n cot?(a + bx)

4b 2b

l 3956

4b 2b

cot?(a + bx) + cot?(a + bx) + log(—sin(a + bx))

b

LInt [Cot[a + b*x]~5,x]

tCot [a + b*x]~2/(2*b) - Cot[a + b*x]~4/(4%b) + Logl[-Sin[a + b*x]]/b

Defintions of rubi rules used

Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

rule 3954

rule 3956

\Q[u, x]

*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d

Int[(b*Tan[c + d*x])~(n - 2), x]

*x], x]11/d, x] /; FreeQ[{c, d}, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.93

method result size
_ cot(bz+a)4 " cot(bz+a)2 _ ln(cot(bz+a)2+1)
derivativedivides 4 " 2 39
_ cot(bata)’ N cot(bota)? in(cot(ba+a)?+1)
default 4 2 2 39
. — cot(bz+a)*+2 cot (bx+a)?+4 In(tan(bz+a))—21n (sec(bz+a)?
parallelrisch o ( ) 47
—L+tan(bz+a)2 In(tan(bz+a)) 1n<1+ta,n(bcc+a)2>
4b 2b —
norman n(brta)” + 5 55 57
. i 2ia 4(e6i(b:t+a) _e4i(bz+a)+e2i(bx+a)) ln(e2i(ba:+a)_1)
risch 1T . (@1t + - 77
. Lint(cot(b*x+a)‘5,x,method=_RETURNVERBOSE) J
input
output L1/b* (-1/4*cot (b*x+a) ~4+1/2xcot (bxx+a) “2-1/2*1n(cot (b*x+a) "2+1)) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(38) = 76.

Time = 0.08 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.98

/ cot’(a + bx) dz

cos (2bz +2a)? — 2 cos (2bz + 2a) + 1 log (—1 cos(2bz +2a) + %) — 4 cos (2bx +2a) + 2
2 2
2(bcos(2bx+2a)2—2bcos(2bx+2a)+b)

i - i =" i "
inputLlntegrate(cot(b*x+a) 5,x, algorithm="fricas") J

output‘ 1/2%((cos(2%bxx + 2%a)~2 - 2kcos(2%b*x + 2%a) + 1)*log(-1/2%cos(2xbxx + 2% ‘
\a) + 1/2) - 4%cos(2%bkx + 2%a) + 2)/(bxcos(2%bxx + 2%a)~2 — 2¥bkcos (2kbkx \
\+ 2%a) + b) ‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(32) = 64.

Time = 0.32 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.57

/ cot’(a + bz) dz
(Goz fora=0Ab=0
z cot® (a) forb=0
~ ) oz fora = —bx
log (tan? (a+bz)+1) log (tan (a+bx)) 1 1 .
- % + log (tan + Sbtan? (@ibz)  Tbtant (aba) otherwise
inputLintegrate(cot(b*x+a)**5,x) J

‘Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**5, Eq(b, 0)), (zoo*x, E
‘q(a, -b*x)), (-log(tan(a + b¥x)**2 + 1)/(2%b) + log(tan(a + b*x))/b + 1/(2
‘*b*tan(a + bxx)*%2) - 1/(4%bkxtan(a + b*x)**4), True)) ‘

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

4 sin(bz+a)?—1 . 2
=P — + 2 log (sin (bz + a)
/ cot’(a + bz) dzx = sin(be+a)” o ( )

i - i =" : "
inputLlntegrate(cot(b*x+a) 5,x, algorithm="maxima") J

outputtl/4*((4*sin(b*x + a)”2 - 1)/sin(b*x + a)~4 + 2*log(sin(b*x + a)~2))/b J
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Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

log (|sin (bx + a)]) N 4 sin (bz 4+ a)® — 1
b 4 bsin (bz + a)*

/ cot’(a + bz) dx =

i - i =5 n
inputLlntegrate(cot(b*x+a) 5,x, algorithm="giac")

-

output Llog(abs(sin(b*x + a)))/b + 1/4%(4xsin(b*x + a)~2 - 1)/(b*sin(b*x + a)~4)

-/

Mupad [B] (verification not implemented)

Time = 13.76 (sec) , antiderivative size = 182, normalized size of antiderivative = 4.33

In (ea2i ebx2i _ 1) 4
5 _ .
/cot (a+bzx)dx =—x1li+ 3 b (eEeE )
8
b (14 erdithzdi _ 9 ea2ithzi)
8

b (3ealitbadi _ Jeaditbedi | gabitba6i _ 1)

4

b (1 + 6ea4i+bx4i _ 4eaﬁi+bx61 + ea8i+bm81 _ 4ea2i+bm2i)

input‘int(cot(a + b*x)"5,x)

log(exp(a*2i)*exp(b*x*2i) - 1)/b - x*1i - 4/(b*(exp(a*2i + b*x*2i) - 1)) -
8/ (bx(exp(a*x4i + b*x*4i) - 2%exp(a*2i + b*x*2i) + 1)) - 8/(b*(3*exp(a*2i

+ b*x*2i) - 3%exp(ax4i + b*x*4i) + exp(ax6i + b*x*6i) - 1)) - 4/(b*x(6*exp(
ax4i + bxx*4i) - 4*exp(a*2i + bxx*2i) - 4xexp(a*6i + b*x*6i) + exp(a*8i +
b*x*81i) + 1))

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.88

/co‘c5 (a + bx) dx
—32log (tan (& + %)2 + 1) sin (bz + a)* + 32log(tan (% + 2)) sin (bz + a)* — 13sin (bz + a)* + 32si
B 32sin (bz + a)*b
inputLint(COt(b*X+a)A5’x) J

s )

(- 32xlog(tan((a + b*x)/2)**2 + 1)*sin(a + b*x)**4 + 32*log(tan((a + b*x)
/2))*sin(a + bkx)**4 - 13*sin(a + bxx)**4 + 32*sin(a + bxx)**2 - 8)/(32%si |
‘n(a + b*x) **4%b) ‘

output
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3.6 [ cotb(a + bx) dx

Optimal result . . . . . . . . . . . . e 7061
Mathematica [C] (verified) . . . . . . . . .. ... L 761
Rubi [A] (verified) . . . .. . . ... .. 7
Maple [A] (verified) . . . . . . ... L 78
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 79
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 79
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... k)
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... R0
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... &1
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 1]

Optimal result

Integrand size = 8, antiderivative size = 45

3 5
/cot6(a +bz)de = —z — cot(ab+ bz) 4 cot (g;— bz)  cot (c;b+ bz)

outputL-X-COt(b*X+a)/b+1/3*cot(b*x+a)”3/b-1/5*cot(b*x+a)”5/b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.73

cot®(a + bz) Hypergeometric2F1 (—35,1, -2, — tan?(a + bz))
5b

/cotﬁ(a +bx)dr = —

input LIntegrate [Cot[a + b*x]"6,x]

output ‘ -1/5%(Cot[a + b*x] “5*Hypergeometric2F1[-5/2, 1, -3/2, -Tan[a + b*x]~2])/b




input
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.875, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 3954, 3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cotﬁ(a + bx) dx
l 3042
/tan (a+ br + E)de
2
l 3954
5
— / cot?(a + bz)dz — cot™(a + bz)
5b
l 3042
m\4 cot®(a + bx)
—/tan <a+bx+§> d:v—T
l'3954
9 B cot®(a+bx)  cot3(a+ bx)
/cot (a+ bzx)dx = + m
l,3042
T\ 2 cot’(a +bx) cot®(a+ bx)
/tan(a+bw+2) dr — 5 + m
l 3954

cot’(@+bz) cotd(a+bzx) cot(a+ bx)
_/hm_ 5 T 3% b

l 24

_cot5(a + bx) + cot®(a + bx) _ cot(a + bz)
5b 3b b

‘ Int[Cot[a + b*x]~6,x]
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output L'X - Cot[a + b*x]/b + Cot[a + b*x]"3/(3*b) - Cot[a + bxx]"5/(5*b)

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3954

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

method result size
5 3
. — t (b —15bz—15 cot(b:
parallelrlsch 3 cot(bz+a)’+5 cot( wl—glz)z) T cot(bz+a) 39
cot(b:v+a)5 cot(ba:+a)3 s
. . .. - + —cot(bz+a)+ 5 —arccot(cot(bz+a
derivativedivides 2 4 ,E AE: (cot(bota)) 46
_ cot(be+a)® —+ cot(beta)® —cot(bx+a)+ 5 —arccot(cot(bz+a))
default 2 3 . 2 46
1 tan(bz+a)2 tan(bz+a)4 5
—=+ — —z tan(bz+a)
55 3 b
norman tan(bata)’ 53
. % (45 e8i(bzt+a) _g( bi(brta) +140 edi(bzta) _7(q 2i(bzta) +23)
risch -z — 70

15b(e2i(bx+a)_1)5

input Lint (cot (b*x+a)~6,x,method=_RETURNVERBOSE)

output L1/15* (-3*cot (b*x+a) “5+5*cot (bxx+a) “3-15xbxx-15*cot (b*x+a) ) /b
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(41) = 82.

Time = 0.11 (sec) , antiderivative size = 123, normalized size of antiderivative = 2.73

/ cot®(a + bz) dz =

23 cos (2bz + 2a)® — cos (2bx + 2a)’ + 15 (baccos(2bx+2a)2 — 2bz cos (2bz + 2a) + bz) sin (2bz
15 (bcos(2bx+2a)2 —2bcos (2bz 4+ 2a) + b) sin (2bz + 2a)

i - i =" 1 "
input‘1ntegrate(cot(b*x+a) 6,x, algorithm="fricas")

p
\-1/15*(23*cos(2*b*x + 2%a)”~3 - cos(2xb*x + 2%a)”~2 + 15x(b*x*cos(2xbxx + 2%
‘a)‘2 - 2%b*x*cos(2*%b*x + 2*a) + b*x)*sin(2*b*x + 2*a) - 11l*cos(2xb*x + 2x*a
\) + 13)/((b*cos(2xb*x + 2*a)”~2 - 2xb*cos(2*b*x + 2%a) + b)*sin(2*b*x + 2*a

“\
|
|
& J

Sympy [A] (verification not implemented)

output

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

cot® (a+bx) cot? (a+bx) cot (a+bx)
—T — + — forb# 0
/ cot®(a + bz) dx = 5 3b b 7
z cot (a) otherwise

input ‘ integrate (cot (b*x+a) **6,x) ‘

output‘Piecewise((-x - cot(a + bxx)**5/(5*%b) + cot(a + b*x)**3/(3%b) - cot(a + bx
'x)/b, Ne(b, 0)), (xkcot(a)**6, True)) |
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

15 bz + 15 ¢ + 13 ten(bzta)’=5 tan(bota)’+3

bz+a)®
cot®(a + bz) dz = — tan(
feottasn =
input Lintegrate (cot (b*x+a)~6,x, algorithm="maxima") J
output‘ -1/15%(15*%b*x + 15*a + (15*tan(b*x + a)”4 - b*tan(b*x + a)”2 + 3)/tan(b*x ‘
'+ a)75)/b |

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(41) = 82.

Time = 0.15 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.02

/ cot®(a + bz) dz
1 1)t an(lbzt+la)?
3tan (1bz + 1a)® — 35 tan (L bz + 1 a)® — 480 bz — 480 — 22 ta“<§"$+j“()l — )22” t29) 15 4 330 ¢
— an(; bz+sa
B 480 b
input Lintegrate (cot (b*x+a)~6,x, algorithm="giac") J

e B

1/480% (3*tan(1/2+b*x + 1/2%a)~5 - 35xtan(1/2¥b*x + 1/2%a)~3 - 480%bxx - 48
(O%a - (330%tan(1/2*b*x + 1/2%a)~4 - 35xtan(1/2¥b*x + 1/2%a)~2 + 3)/tan(1/2
(#bkx + 1/2+%a)”5 + 330%tan(1/2%b*x + 1/2%a))/b

output
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Mupad [B] (verification not implemented)

Time = 9.52 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.80

5 3
cotlatbe)’ _ cotlatba)’ | oot(q 4 bar)

b

/cote(a +br)dr = —1 —

input tint(cot(a + b*x)76,x%) J

[— x - (cot(a + b*x) - cot(a + b*x)~3/3 + cot(a + b*x)~5/5)/b

-/

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.84

—3cot (bz + a)° + 5 cot (b + a)® — 15 cot (bx + a) — 15bx
15b

/cot6 (a+ bx)dx =

input ‘ int (cot (b*x+a) ~6,x) ‘

‘ ( - 3*%cot(a + b*x)**5 + Bxcot(a + b*x)**3 - 15*%cot(a + b*x) - 15*%b*x)/(15% \

» |

output




output

input

output
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3.7 [ cot’(a + bx) dz

Optimal result . . . . . . . . . . . . e 82
Mathematica [A] (verified) . . . . . . . . . ... o 82
Rubi [A] (verified) . . . .. . . ... .. R3
Maple [A] (verified) . . . . . . ... L 85
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 30
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... R0
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 87
Giac [A] (verification not implemented) . . . . . . ... ... ... ¥
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... RY
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... ]88

Optimal result

Integrand size = 8, antiderivative size = 58

cot?(a + bx)

7 N
/cot (a+ bx)dx = 5%

N cot*(a+bx) cot’(a+bx) log(sin(a+ bx))

4b 6b b

L-1/2*cot (bkx+a) ~2/b+1/4*cot (b*x+a) ~4/b-1/6%cot (b*x+a) “6/b-1n(sin (b*x+a)) /b J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00

7 —
/cot (a+bzx)dx = 5%

_ 3csc’(a+ ba) N 3csct(a+bx) csc®(a+bx) log(sin(a + bx))

4b 6b b

e

LIntegrate [Cot[a + b*x]~7,x]

~—

‘ (-3*Csc[a + b*x]~2)/(2%b) + (3*Csc[a + b*x]~4)/(4xb) - Cscl[a + b*x]“6/(6*b

t) - Log[Sin[a + b*x]]1/b

)
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.03,

number of steps used = 15, number of rules used = 15, Bumber of rules _ 4 g75 Ryjeq
integrand size

used = {3042, 25, 3954, 25, 3042, 25, 3954, 25, 3042, 25, 3954, 25, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot7(a+b:c) dz
l 3042
N7
/—tan(a+bx+) dz

2
l 25

7
—/tan <;(2a+7r)+ba:> dx

l 3954

cotb(a + bx)

pa— 5 pa—
/ cot®(a + bx)dz b

l 25

— / cot®(a + bz)dz — M

6b
l 3042

5 6
—/—tan(a+bx+;r> dac—COt(Zb—i_bx)
l 25

5 6
/tan (;(2&-1—71’) +bx> dx — COt(Zb-i_bx)

l 3954

cotb(a + bx) + cot*(a + bx)
6b 4b

| 25

— / —cot?(a + bx)dz —
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84

3 _ cot®(a+bx)  cot’(a+ bx)
/cot (a + bx)dx &b + W
| 3042
m\3 cotb(a+bx) coti(a+ bx)
/—tan(a+bm+2> dz — 6b + 1

| 25

1 3 cotb(a+bx) cott(a+ bx)
- /tan (2(2a +7) + bx) dx — b + 0

l 3954

cot®(a + bx) n cot*(a + bx) B cot?(a + bx)
6b 4b 2b

| 25

cotb(a + bx) N cot*(a+bx)  cot?(a + bx)
6b 4b 2b

l 3042

/ — cot(a + bxr)dx —

- /cot(a + bx)dz —

T cot®(a+bz) coti(a+bz) cot?(a+ bx)
—/—tan(a+bx+2)dx— 6b + 1 - %

| 25

1 cotb(a+bx) coti(a+bzr) cot?(a+ bx)
/tan <2(2a +7) + ba:) dx — &b + b - %

l'3956

B cotb(a + bx) n cot*(a + bz) B cot?(a + bx) _ log(—sin(a + b))
6b 4b 2b b

input k

Int[Cot[a + b*x]~7,x]

p
output ‘

-1/2xCot[a + b*x]~2/b + Cot[a + b*x]~4/(4*b) - Cot[a + b*x]~6/(6%b) - Logl

L—Sin[a + b*xx]]1/b
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3954

rule 3956 1Dt [tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d4, x] /; FreeQl{c, d}, x]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.84

method result size
_ cot(bz+a)® +cot(bz+a)4 _ cot(bz+a)? + 1n(cot(bz+a)2+1)
derivativedivides 6 4 — 2 49
_ cot(bx+a)6 +cot(bm+a)4 _ cot(bx+a)2 + 1n<cot(bz+a)2+1)
default g 1 — 2 49
. —2 cot(bz+a)®+3 cot(bz+a)* —6 cot(bz+a)?—12In(tan(bz+a))+6 In (sec(bw+a)2)
parallelrisch o5 o7
tan(bz+a)?  tan(bz+a)? 2
norman _&_’_ an( - a)® _ tan( - a) _ In(tan(bz+a)) ln<1+tan(bz+a) ) 71
tan(bm+a)6 b 2b
i(bzta i(bzta 6i(bz+a) 4i(bz+a) 2i(bz+a) 2i(b
. . %q , 6el0ibeta)_1geBilbata) 68e T g etil +6e In(e?i(b=+a) _1)
risch i+ 5+ e 5 104
input Lint (cot (b*x+a)~7,x,method=_ RETURNVERBOSE) J

‘ 1/b*(-1/6*cot (b*x+a) “6+1/4*cot (b*x+a) ~4-1/2*cot (b*x+a) “2+1/2*1n(cot (b*x+a) \

output ‘ N ‘
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(52) = 104.

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 2.17

/cot7(a + bx) dx

18 cos (2bz + 2a)” —3(cos(2bx—l—2a)3—3 cos (2bz +2a)” + 3 cos (2bz + 2a) — 1) log (—3 cos (2b:
B 6(bcos(2bx—|—2a)3—3bcos(2bw+2a)2+3bcos(2bx—|—2a) —b

inputLintegrate(cot(b*x+a)”7,x, algorithm="fricas") J

outputli/e*(18*cos(2*b*x + 2%xa)"2 - 3%(cos(2kbkx + 2%a)~3 - 3kcos(2kbkx + 2%a)"2
|+ 3xcos(2%b¥x + 2xa) - 1)*log(-1/2%cos(2+b*x + 2¥a) + 1/2) - 18cos(2xb¥x
\+ 2%a) + 8)/(b*cos(2*b*x + 2%a)~3 - 3*bxcos(2xb*x + 2%a)” 2 + 3*b*cos(2xb*x \
+2¢%a) - b) |

Sympy [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.38

/ cot’ (a + bx) dx
= fora=0Ab=0
z cot” (a) forb=0
~\ oz fora = —bx
log (tan? (a+bz)+1) log (tan (a+bx)) 1 1 1 ;
2b — = anba - 2btan? (a+bx) T Ttamd (atbz) ~ 6btan® (atb) otherwise

\

-

integrate(cot (b*x+a) **7,x)

~—

input L

'Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (xkcot(a)*+7, Eq(b, 0)), (zoo*x, E
‘q(a, -bxx)), (log(tan(a + b*x)**2 + 1)/(2%b) - log(tan(a + b*x))/b - 1/(2x% ‘
‘b¥tan(a + b¥x)*%2) + 1/(4*b¥tan(a + bxx)**4) - 1/(6%bxtan(a + bxx)**6), Tr |
‘ue)) ‘

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.83

18 sin(bz+a)*—9 sin(br+a)Z+2

/ cot’(a + bz) dz = — sin(ba+a)° + 6 log (sin (bx + a)?)

12b

i - i =N : n
inputLlntegrate(cot(b*x+a) 7,x, algorithm="maxima") J

output ~1/12*((18%sin(bxx + a)~4 - 9sin(bsx + a)"2 + 2)/sin(bsx + a)76 + 6xlog(s
in(bx + 2)°2))/b |

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.84

/cot7(a t be) dz = _log (|sin (bx + a)|) _ 18sin (bx + a)4'— 9 sin (baﬁc + a)2 +2

b 12bsin (bz + a)
inputLintegrate(cot(b*x+a)“7,x, algorithm="giac") J
output‘ -log(abs(sin(b*x + a)))/b - 1/12%(18*sin(b*x + a)~4 - 9*sin(b*x + a)~2 + 2 |

‘ )/ (b*sin(b*x + a)~6) ‘
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Mupad [B] (verification not implemented)

Time = 15.65 (sec) , antiderivative size = 340, normalized size of antiderivative = 5.86

In (ea2i ebx2i _ 1)

/cot7(a +br)dr =z1i—

b
32
+ b (5 ea2i+bx2i —10 ea4i-|—bz4i + 10 ea6i+bx6i _ 5ea8i+bx8i + ea10i+bx10i _ ]_)
32
+3b (1 + 15 ea4i+bx4i —920 ea6i+bxGi + 15 ea8i+bac8i — 6eo 10i+b x 10i + ea12i+bx 12i __ Gea2i+bx2i)
+ 6 + 18
b (ea2i+bw2i _ 1) b (1 + ea4i+bx4i _ 2ea2i+b12i)
104
+ 3b (3 ea2i+bw2i _ 3ea4i+bw4i + eaGi-l-bzGi _ 1)
44
+

b (1 + 6ea4i+ba:4i _ 4ea61+ba:6i + ea8i+bm8i _ 4ea2i+bm2i)

inputtint(cot(a + b*x)~7,x) J

x*1i - log(exp(a*2i)*exp(b*x*2i) - 1)/b + 32/(b*(5xexp(a*2i + b*x*2i) - 10
xexp(a*4i + b*x*4i) + 10*exp(ax6i + b*x*6i) - bxexp(a*8i + b*x*8i) + exp(a
*101i + bxx*10i) - 1)) + 32/(3*b*(15*exp(a*4i + bxx*4i) - 6*exp(a*2i + b*x*
2i) - 20xexp(a*6i + b*x*6i) + 15xexp(a*8i + b*x*8i) - 6xexp(a*10i + b*x*10
i) + exp(a*x12i + b*x*12i) + 1)) + 6/(b*(exp(a*2i + b*x*2i) - 1)) + 18/ (b*(
exp(a*4i + bkx*4i) - 2kexp(a*2i + b*x*2i) + 1)) + 104/(3xb*(3*exp(a*2i + b
*xx%2i) - 3xexp(a*4i + bxx*4i) + exp(ax6i + b¥x*6i) - 1)) + 44/(b*(6xexp(ax
4i + bxx*4i) - 4¥exp(ax2i + b*x*2i) - 4*exp(ax6i + b*x*6i) + exp(ax8i + b*
x*x81i) + 1))

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.53

/cot7(a + bx) dx

B 48 log(tan (% + %)2 + 1) sin (bz 4 a)°® — 48 log(tan (% + £)) sin (bz + a)® + 25sin (bz 4 a)® — 72sin |
B 48sin (bz +a)° b




inpu

outpu

CHAPTER 3. LISTING OF INTEGRALS

89

tLint(cot(b*x+a)“7,x)

t‘(48*log(tan((a + b*x)/2)**2 + 1)*sin(a + b*x)*x6 - 48xlog(tan((a + b*x)/2)
\)*sin(a + b*x)**6 + 25xsin(a + b*x)**6 - 72xsin(a + b*x)**4 + 36*xsin(a + b
‘*x)**2 - 8)/(48%sin(a + b*x)**6%b)
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3.8 [ cot®(a + bx) dx

b

3b

5b

7b

Optimal result . . . . . . . . . . . . e 901
Mathematica [C] (verified) . . . . . . . . .. ... L )
Rubi [A] (verified) . . . .. . . ... .. OT]
Maple [A] (verified) . . . . . . ... L 93
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 93
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 94
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 94
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 95
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 95
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 96
Optimal result

Integrand size = 8, antiderivative size = 57

3 5 7
/cots(a ) do = 3+ cot(a +bz) cot’(a+ bx) + cot’(a+bz) cot’(a+ bx)

outputt

x+cot (b*x+a) /b-1/3*cot (bxx+a) “3/b+1/5*cot (b*x+a) ~5/b-1/7*cot (b*x+a) ~7/b

input L

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.58

cot”(a + bz) Hypergeometric2F1 (—2,1, —2, — tan?(a + bz))

/cots(a +bx)dr = —

7b

Integrate[Cot[a + b*x]~8,x]

output ‘ -1/7*(Cot[a + b*x] “7*Hypergeometric2F1[-7/2, 1, -5/2, -Tan[a + b*x]~2])/b
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 195 Ry
integrand size

used = {3042, 3954, 3042, 3954, 3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cots(a + bzx) dx
| 3042
/tan (a—l— bz + z)8dm

2

| 3954
7
— / cot®(a + bx)dz — cot’(a + br)
b
| 3042
T\ 6 cot”(a + bx)
| 3954
4 _cot’(a+bx)  cot®(a+ bx)
/cot (a + bzx)dz b + 5
| 3042
T\ 4 cot’(a+bx) cotd(a+ bx)
/tan(a+bw+2) dx — 7h + 5
| 3954
B 9 _cot’(a+bx)  cot’(a+bx) cotd(a+ bx)
/cot (a + bx)dx 7 + = 3

| 3042

T\ 2 cot’(a+bz) cot’(a+bzr) cotd(a+ bx)
—/tan (a+bx+§) dz — b + 5D - 3D

l 3954
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cot’(a+bx) cotd(a+bx) cotd(a+bzr) cot(a+ bx)
/ S
| 24

cot’(a+bx) cotd(a+bz) cot*(a+br) cot(a+ bx)
- R

input LInt [Cot[a + b*x]"8,x]

‘x + Cot[a + b*x]/b - Cot[a + b*x]~3/(3*b) + Cot[a + b*x]~5/(5%b) - Cotl[a +

output
| b*x]"7/(7*b)

Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; Function0fTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), X_Symbol] > Simp[b*((b*Ta_n[c +d
*x])"(n - 1)/(@@*(n - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.86

method result size
. -1 7421 5_ 541 1
parallelrlsch 5 cot(bz+a) +21 cot(bz+a) f§5clj)t(bx+a) +105bz+105 cot(bxz+a) 49
cot(bz+a)7 cot(b:v+a)5 cot(bz+a)3 T
. . .. — + — +cot(bx+a)— T +arccot(cot(bz+a
derivativedivides z 2 — (bota) =3 (cot(brta)) 52
cot(bz+a)7 cot(bz+a)5 cot(bw+a)3 T
- + - +cot(bx+a)—Z +arccot(cot(bz+a
default T 2 S (bota)=3 (cot(bota) 52
tan(bz+a)6 7 1 tan(bz+a)2 tan(bz+a)4
=222 trtan(brta)’ — =+ -
b 7b 5b 3b
norman tan(ota) 64
. 8i(105 el2i(bz+a) 315 l0i(bz+a) 4 770 e8i(bz+a) 770 bi(bz+ta) 4 gog edi(bzt+a) 903 g2i(bz+a) 4 44
risch T+ i(105¢ ° +re 4 S +O0e ° +44) 90
105b (e2i(bz+a) 1)
input Lint (cot (b*x+a) ~8,x,method=_RETURNVERBOSE) J

‘ 1/105* (-15*cot (b*x+a) “7+21*cot (b*x+a) ~5-35*cot (b*x+a) “3+105*b*x+105*cot (b* \

output x+a)) /b |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(51) = 102.

Time = 0.09 (sec) , antiderivative size = 168, normalized size of antiderivative = 2.95

/Cots(a + bx) dx

176 cos (2bz + 2a)* — 108 cos (2bz + 2a)® + 20 cos (2bz 4+ 2a)® + 105 (bwcos(2bw+2a)3 — 3 bz cos
B 105 (bcos(2bz+2a)3—3bcos(2l)w+2a)2+3bco:

i - i =n : "
input Llntegrate(cot(b*x+a) 8,x, algorithm="fricas") J
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1/105% (176*cos (2*%bxx + 2%a)~4 - 108*cos(2*b*x + 2%a)~3 + 20*cos(2xb*x + 2%
a)~2 + 105 (b*x*cos(2*b*x + 2*a) 3 - 3*b*x*cos(2xb*x + 2%a) 2 + 3*b*x*cos(
2%b*x + 2*%a) - bxx)*sin(2*b*x + 2+%a) + 228*cos(2xb*x + 2*a) - 76)/((b*cos(
2%b*x + 2%a)”~3 - 3xbxcos(2*b*x + 2+%a)”2 + 3xbxcos(2*b*x + 2%a) - b)*sin(2*
bxx + 2%a))

output

Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.89

__ cot” (a+bz) + cot® (a+bx)  cot? (a+bx) + cot (ab+bZ) for b 7£ 0

T
/ cot®(a + bz) dx = 7 50 3
z cot® (a) otherwise

input ‘ integrate (cot (b*x+a) **8,x) ‘

out ut‘Piec:ewise((x - cot(a + b*x)*x7/(7*b) + cot(a + b*x)**5/(5%b) - cot(a + b*x ‘
‘)**3/(3*b) + cot(a + b*x)/b, Ne(b, 0)), (x*cot(a)**8, True))

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

105 tan(bz+a)®—35 tan(bz+a)*+21 tan(bz+a)®—15
105bx + 105 a + tan(bata)”

8 —
/cot (a+ bzx)dx = 1055

i - i =" : "
input Llntegrate(cot(b*x+a) 8,x, algorithm="maxima") J

p
output‘ 1/105%(105%b*x + 105%a + (105%tan(b*x + a)~6 - 35%tan(b*x + a)~4 + 21xtan(
\b*x + a)"2 - 15)/tan(b*x + a)~7)/b

\‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(51) = 102.

Time = 0.16 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.04

/ cot®(a + bzx) dz
1 1 7 1 1 5 1 1 3 9765 tan(%
15 tan (1 bz + 2a)" — 189 tan (2 bz + La)” + 1295 tan (2 bz + L a)” + 13440 bx + 134400 + =22
- 134405
input Lintegrate (cot(b*x+a)~8,x, algorithm="giac") J

‘/1/13440*(15*tan(1/2*b*x + 1/2*%a)”"7 - 189*tan(1/2*b*x + 1/2%a)”5 + 1295%tan
\ (1/2%b*x + 1/2*a)”3 + 13440*b*x + 13440*a + (9765%tan(1/2*bxx + 1/2%a)"6 -
\ 1295%tan (1/2%b*x + 1/2*a)~4 + 189*%tan(1/2%b*x + 1/2*a)”~2 - 15)/tan(1/2*b*
X + 1/2%a)"7 - 9765+tan(1/2*b*x + 1/2*a))/b

N J

output

\‘

Mupad [B] (verification not implemented)

Time = 9.07 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.75

cot(a+bz)” cot(a+bz)® cot(a+bz)®
— + 5 — 3

t b
/Cots(a+bx)dz:x+ 7 - + co (a+ x)

input‘ int(cot(a + b*x)~8,x)

‘x + (cot(a + b*x) - cot(a + b*x)~3/3 + cot(a + b*x)~5/5 - cot(a + b*x)"7/7 ‘

/b |

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.84

/ cot®(a + bx) dx

_ —15cot (bz + a)” + 21 cot (b 4 a)® — 35 cot (bz + a)® + 105 cot (bz + a) + 105bz
B 105b

input ‘ int (cot (b*x+a) ~8,x)

‘( - 15*cot(a + b*x)**7 + 21xcot(a + b*x)**5 - 35xcot(a + b*x)**3 + 105*cot

output
\(a + bxx) + 105%b*x)/(105%b)




output
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3.9 [(ccot(a+ bx))"/? dx

Optimal result . . . . . . . . . . . . e 97,
Mathematica [A] (verified) . . . . . . . . . ... o 98]
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 98
Maple [A] (verified) . . . . . . ... L 104
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 104
Sympy [F] . . o o 105
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1051
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 106
Reduce [F] . . . . . 107

Optimal result

Integrand size = 12, antiderivative size = 177

¢"/? arctan (1 _ V2/ecot(atba) W)
C

/(c cot(a + bx)) " dx =

V2b
C7/2 arctan (1 + @) c7/2arctanh (@

vet+/ccot(a+bx)

)

V/2b

2c%y/ccot(a+bx)  2c(ccot(a+ bx))>/?

b 5b

V/2b

|1/2%c™(7/2)*arctan(1-2" (1/2)* (cxcot (bxx+a) )~ (1/2) /¢~ (1/2)) %27 (1/2) /b-1/2%c
‘“(7/2)*arctan(1+2“(1/2)*(c*cot(b*x+a))“(1/2)/C“(1/2))*2“(1/2)/b—1/2*c*(7/2
‘)*arctanh(2“(1/2)*(c*cot(b*x+a))“(1/2)/(0”(1/2)+c“(1/2)*cot(b*x+a)))*2“(1/
‘2)/b+2*c‘3*(c*cot(b*x+a))“(1/2)/b-2/5*c*(c*cot(b*x+a))“(5/2)/b
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Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.99

/(c cot(a + bz))/? dx =
arctan ( 1—v/2/cot(a+bz arctan ( 1+v/21/cot(a+bx
(ccot(a + bx))7/? (— ( 7 (@) + G+ 7 @) _ 2\/cot(a + bz) + 2 cot? (a + bz) —
- beotz (a + bx)
input [Integrate [(cxCot[a + b*x])~(7/2),x] J

-(((c*Cot[a + b*x])~(7/2)*(-(ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]]/Sqrt[2
1) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + b*x]]]1/Sqrt[2] - 2*Sqrt[Cot[a + b*x]]
+ (2+Cot[a + b*x]17(5/2))/5 - Logll - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cotl[a +
b*x]]/(2*Sqrt[2]) + Logl[l + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cotl[a + b*x]]1/(2
*Sqrt[2])) )/ (b*Cot[a + b*x]~(7/2)))

output

Rubi [A] (warning: unable to verify)

Time = 0.57 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.28,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 4 950 Ryjeq
integrand size

used = {3042, 3954, 3042, 3954, 3042, 3957, 266, 755, 1476, 1082, 217, 1479, 25, 27,
1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c cot(a + bz))"/? d

l,3042

/ (—ctan (a + bx + 72r)>7/2 dx

l 3954

2¢(ccot(a + bx))>/?
5b

—c? /(ccot(a + b)) 2dx —
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| 302
3/2 ) 5/2
—cz/ (—ctan (a +bx + g)) dzr — C(CCOt(Z: bz))
| 3954
2l _/ 1 gz ) — 2cy/ccot(a+bz) |\  2c(ccot(a+ bx))5/2
Vccot(a + bx) b 5b
| 302
2| e _/ 1 i | — 2cy/ccot(a+bz) | 2c(ccot(a+ bx))5/2
\/—ctan (a+bz+7%) b 50
| 3957
3 1
_2 ¢ f \/ccot(a-i-b:c)(cot?(a+bm)c2+02)d(c COt(CL + bx)) _ 2c CCOt(a + b-'L') _
b b
2¢(ccot(a + bx))®/?
5b
| 266
2 2¢% [ mdv ccot(a + bz) _ 2c\/ccot(a+bx) |  2c¢(ccot(a+ bx))*?
b b 5b
| 755
00 %d\/cwt(a—i—bw) n 7;1321?$1?:§ d+/ccot(a+bx)

2 % % _ 2cy/ccot(a+bz) |
b b
2¢(ccot(a + bx))®/?

5b

l 1476
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1 1 [t (ot h Y 1 1
2 f c2 cot2 (a+bz)7\/§c3/2 cot(a+bz)+cd CCOt(a+bx)+ 2 f c2 cotz(a+bz)+\/§c3/2

cot(a X C c* cO a X C
2¢ 5 +
2
—C
b
2¢(ccot(a + bx))>/?
5b
| 1082
1 1
J md(l—ﬁﬁcot(a-}-bw)) _f md(ﬁﬁcot(cﬂ-bw)-{—l) o2 cotz(a+bw) g CCOt(a_'-bx)
263 V2vc V24/c + c cotd(atba)+c2 Y
2c 2c
2
_C _
b
2¢(ccot(a + bx))®/?
5b
| 217
c—c2 cot2(a+bz) \/7 arctan(ﬁﬁcot(a{—bz)-{—l) arctan(l—ﬁﬁcot(a+bz))
9c3 | L eteoritarinyr2 @V ectlatbe) Vive - Vive
2c 2c
2 _ 2cy/ccot(a+bz) |
b b
2¢(ccot(a + bx))®/?
5b
| 1479
_ V/2+/c—2\/ccot(a+bz) — - ﬁ(ﬁ-}—\/im)
2 cot2 (a+bx)—v/2c3/2 cot(a+bz)+cd ccot(a+be) _j 2 cot2(a+bx)+v/2c3/2 cot(a+bm)+cd Vecot(a+tba) arctan(x/i\/E cot(a+t
203 2v2/c 2v2,/c + V2./c
2c
2
—C
b
2¢(ccot(a + bx))>/?

5b

| 25
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V2+/c—2/ccot(a+bz) —————— \/5(\/5+\/§\/ccot(a+bz)) |
2 cot2(a+bz)—\/§c3/2 cot(a+bm)+cd ecot(a+bz) + f c2 cot2(a+bm)+\/§c3/2 cot(a+bm)+cd ccot(a+bz) arctan(\/ﬁ\/acot(a-}-bm)-kl/
203 2v/24/c 2v/24/c + V2y/c
2c
2
—C
b
2¢(ccot(a + bx))®/?
5b
| 27
\/5\/5—2\/ccot(a+bx) e ootlatba) \/E+\/§«/ccot(a+bm) e ootlatba) \
J c2 cot2(a+bz)—\/§c3/2 cot(a+bz)+cd cot{ath )+ J c2 cotz(a+bz)+\/§cs/2 cot(a+bz)+cd cot{a+be) archan(ﬁﬁcot(a-ﬁ—bz){—ll
2c
2
—C
b
2¢(ccot(a + bx))>/?
5b
| 1108
arctan(\/i\/a cot(a+bz)+1) arctan(l—ﬁﬁcot(a-}—bz)) log(ﬁc3/2 cot(a+bz)+02 cot2(a+bz)+c) log(—\/ics/2 cot(a+bz)+62 cot2(1
203 V2 /e B V2/c + 2v2/¢c B 2v2y/c
2c 2c
2
—C
b
2¢(ccot(a + bx))®/?
5b

input LInt [(c*Cot[a + b*x])~(7/2),x] J
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(-2xc*(c*Cot[a + b*x]1)~(5/2))/(5%b) - c~2*((-2*c*Sqrt[c*Cot[a + b*x]])/b +
(2%c™3*((-(ArcTan[1 - Sqrt[2]*Sqrt[c]*Cot[a + b*x]]/(Sqrt[2]*Sqrt[c]l)) +
ArcTan[1 + Sqrt[2]*Sqrt[c]l*Cot[a + b*x]]/(Sqrt[2]*Sqrtlcl))/(2*c) + (-1/2*
Loglc - Sqrt[2]*c~(3/2)*Cot[a + bxx] + c~2xCot[a + b*x]~2]/(Sqrt[2]*Sqrtl[c
1) + Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] + c~2xCot[a + b*x]~2]/(2*Sqrt [2]

*3qrt [c]))/(2%c)))/b)

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27‘11“[(5‘-)*(1”‘-)’ x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 217‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
‘-D)*ArcTan[Rt [-b, 21*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
L& (LtQla, 0] || LtQ[b, 01)

~

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
“p, x], x, (c*xx)"(1/k)]1, x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 211}, Simp[1/(2*r) Int[(r - s*x"2)/(a + b*x~4)
, x], x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl]))

rule 755

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2xc*x(x/b
)1, x] /; RationalQ[q] && (EqQ[gq~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1082
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rule 1103 TotLC(d) + (e_)*(x_))/((a_.) + (b_)*(x)) + (c_.)*(x_)72), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

~

rule 1476 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Simple/(2*xc)  Int[1/Simpl[d/e + gq*x + x~2, x], x], x] + Simpl[
e/(2xc) Int[1/Simpld/e - q*x + x~2, x], x], x]1] /; FreeQl[{a, c, 4, e}, x]
&& EqQ[c*d~2 - axe™2, 0] && PosQ[dxel

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] && EqQ[c*d"2 - a*e”2, 0] && NegQ[d*el

rule 1479

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ (b2 + x~2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
!IntegerQ[n]

rule 3957
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Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.95

method result
1
5 < (Cz) : vz (ln ( CCOt(bz+a)+(cz) 411 Wﬂ+m) +2 arctan ( V2 fec
9 C CO TTa)— 02 Z C CO TTa 62 C:
9| lecotbaran® o /ot ta)+ t(ba+a)—(c2) 4 /ecot(bata) vE+Ve2 i (
derivativedivides | — -
1
2 ccot(bz+a)—(c2) 4 /ccot(bz+a c2 -
9| lecotbaran® o /ot ta)+ t(bata)— (c2) 1 Veoot(bata) v2+Ve? i (
default — -
input Lint ((c*cot (bxx+a))~(7/2) ,x,method=_RETURNVERBOSE) J
output -2/b*ck (1/5% (c*xcot (bxx+a)) ~(5/2) -c~ 2% (ckcot (bxx+a) )~ (1/2)+1/8*c~ 2% (c~2) ~ (1

/4)*2”(1/2)*(In((c*cot (b*x+a)+(c™2) ~(1/4) *(c*cot (b*x+a)) ~(1/2)*2~(1/2)+(c~
2)~(1/2))/ (c*xcot (bxx+a)-(c~2) ~(1/4) *(c*xcot (b*xx+a) )~ (1/2)*2~(1/2)+(c"2)~(1/
2)))+2*arctan(2”(1/2)/(c"2) " (1/4) *(c*cot (b*x+a)) ~(1/2)+1)-2*arctan(-2"(1/2
)/ (c™2)~(1/4) *(c*cot (bxx+a))~(1/2)+1)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 426 vs. 2(140) = 280.

Time = 0.10 (sec) , antiderivative size = 426, normalized size of antiderivative = 2.41

/(c cot(a + bz))"? de =

Qﬁ ccos(2bz+2a)+c

10/2(c? cos (2bx + 2a) — c®)+/carctan (\[ sin(Zbo+2a) +C) +10v/2(c® cos (2bx + 2a) — c®)y/carc

C

inputLintegrate((c*cot(b*x+a))"(7/2),x, algorithm="fricas") J
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-1/20%(10*sqrt (2) *(c"3*cos(2*b*x + 2*a) - c~3)*sqrt(c)*arctan((sqrt(2)*sqr
t(c)*sqrt ((cxcos(2*¥b*x + 2%a) + c)/sin(2xb*x + 2*xa)) + c)/c) + 10*sqrt(2)*
(c™3*cos(2#b*x + 2*a) - c~3)#*sqrt(c)*arctan((sqrt(2)*sqrt(c)*sqrt((c*cos(2
*b*x + 2%a) + c)/sin(2%b*x + 2%a)) - c)/c) + 5*sqrt(2)*(c~3*cos(2xb*x + 2%
a) - c~3)*sqgrt(c)*log((sqrt(2)*sqrt(c)*sqrt((c*cos(2*b*x + 2*a) + c)/sin(2
*bkx + 2%a))*sin(2xbxx + 2%a) + c*cos(2*b*x + 2*a) + c*ksin(2xbxx + 2%a) +

c)/sin(2xbxx + 2*a)) - bksqrt(2)*(c"3*cos(2*b*x + 2%a) - c~3)*sqrt(c)*log(
-(sqrt(2)*sqrt(c)*sqrt((c*kcos(2*b*x + 2%a) + c)/sin(2xbxx + 2*a))*sin(2xb*
X + 2%a) - c*cos(2¥b*x + 2%a) - cxsin(2¥b*x + 2*a) - c)/sin(2*%bxx + 2%a))

- 16%(3*c~3*cos(2¥b*x + 2%a) - 2%c~3)*sqrt((c*kcos(2*bxx + 2*%a) + c)/sin(2*
b*x + 2%a)))/(b*cos(2*b*x + 2*a) - b)

output

Sympy [F]

/(cco1;(a—|—bac))7/2 dx = /(ccot (a—l—bz))% dx

input integrate((ckcot (bkx+a))#+(7/2),%) |

output LIntegral((c*cot(a + bxx))*x(7/2), x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.11

/(c cot(a + bx))"?dx =

V2(V2vetr2, [ rdiray V2(V2ve-2, [ dtray
(10 ﬁc% arctan ( ( ot ))) + 10 ﬁc% arctan (— ( tenbet )>> +5 \/ic% log (

2./¢ 2./

input Lintegrate ((cxcot(b*x+a)) ~(7/2) ,x, algorithm="maxima") J
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-1/20%(10*sqrt (2) *c~ (5/2) *arctan(1/2*sqrt (2) *(sqrt (2) *sqrt(c) + 2xsqrt(c/t
an(b*x + a)))/sqrt(c)) + 10*sqrt(2)*c~(5/2)*arctan(-1/2*sqrt(2)*(sqrt(2)*s
grt(c) - 2*xsqrt(c/tan(b*x + a)))/sqrt(c)) + 5xsqrt(2)*c~(5/2)*log(sqrt(2)*
sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 5*sqrt(2)*c~(5/2)*log
(-sqrt(2)*sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 40*c™2*sqrt
(c/tan(b*x + a)) + 8*(c/tan(b*x + a))~(5/2))*c/b

output

Giac [F]

/(cco’c(a—i—bac))7/2 dz = /(ccot (bz +a))? dz

inputLintegrate((c*cot(b*x+a))'"(7/2),x, algorithm="giac") J

OutputLintegrate((c*cot(b*x +a))~(7/2), x) J

Mupad [B] (verification not implemented)

Time = 9.40 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.51

b 5b

_1\1/4 7/2 (—1)1/4\/ccot(a+b:n) .
(=1)7*c" atan< NG )11
b + b

263 \Jecot (a + bx) 32
/(ccot(a+bx))7/2 dp = 26 VECo (a+bz) 2c(ccot(a+bx))

(_1)1/4 &7/2 atan < (=1)2* \/ccot(a+bx) 1i>
4 Ve

int ((c*cot(a + b*x))~(7/2),x)

inputt

Output‘(2*c"3*(c*cot(a + b*x))~(1/2))/b - (2%cx(c*cot(a + b*x))~(5/2))/(5xb) + ((
‘-1)“(1/4)*6“(7/2)*atan(((-1)”(1/4)*(c*cot(a + b*x))~(1/2))/c”(1/2))*1i) /b
‘+ ((-1)~(1/4)*c~(7/2)*atan(((-1)~(1/4) *(cxcot(a + b*x))~(1/2)*1i)/c~(1/2)) ‘

/b
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Reduce [F]
/(ccot(a
1y Ved(=2y/eot (ba +a) cot (b +a)” +10\/cot (ba + a) + 5( | Legllde) b)
inputLint((c*cot(b*x+a))*(7/2)’x) J

‘ (sqrt(c)*cx*3x( - 2*ksqrt(cot(a + b*x))*cot(a + b*x)**2 + 10*sqrt(cot(a + b ‘

output
‘*x)) + Bxint(sqrt(cot(a + b*x))/cot(a + b*x),x)*b))/(5%b) ‘
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3.10 [(ccot(a + bx))*? dx

Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . . ... o 1091
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 109
Maple [A] (verified) . . . . . . ... L 113
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 114
Sympy [F] . . o o 115
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1151
Giac [F] . . . . o o 116
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 116
Reduce [F] . . . . . 117

Optimal result

Integrand size = 12, antiderivative size = 157

¢®? arctan (1 _ V2/eccot(atbe) W)

ccot(a+ bz))*? dz = —
[(ecotta-+ ) =
c®/? arctan (1 4 V2/ecot(atbe) °°°t(“+bx)>
N Ve
V2b

5/2 v2/ccot(atbz)
b/ arctanh(m) 2c(ccot(a + bx))3/?

V/2b 3b

e B

-1/2%c~(5/2)*arctan(1-2"(1/2) *(c*cot (b*x+a)) ~(1/2)/c~(1/2))*2"(1/2) /b+1/2*
‘c‘(5/2)*arctan(1+2‘(1/2)*(c*cot(b*x+a))“(1/2)/c‘(1/2))*2‘(1/2)/b—1/2*c‘(5/
‘2)*arctanh(2‘(1/2)*(c*cot(b*x+a))“(1/2)/(c‘(1/2)+c‘(1/2)*cot(b*x+a)))*2‘(1
L/Q)/b—2/3*c*(c*cot(b*x+a))“(3/2)/b J

output
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.64

/(c cot(a + bz))*? dx =
c(ccot(a + bz))*? (_3 arctan (</_ cot?(a + ba:)) m + 3arctanh ({‘/— cot?(a + ba:)) v/
) 3bcoti (a + bx)
input [Integrate [(c*Cot[a + b*x])~(5/2),x] J

‘—1/3*(c*(c*Cot [a + b*x])~(3/2)*(-3*ArcTan[(-Cot[a + b*x]~2)~(1/4)]1*(-Cot[a ‘
|+ b*x])"(1/4) + 3%ArcTanh[(-Cot[a + b¥x]~2)~(1/4)1*(-Cot[a + bxx])~(1/4) |
'+ 2+Cot[a + b¥x]"(7/4)))/ (bxCot [a + b¥x]"(7/4)) |

output

Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.25,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 1.083, Rules
integrand size

used = {3042, 3954, 3042, 3957, 266, 826, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c cot(a + bz))*/? d

l.3042

/ <—ctan (a + bx + g))5/2 dx

l 3954

¢ (‘/ JW&) _ Zefecot(a + ba))*

l 3042
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o B ™ B 2¢(ccot(a + bx))3/?
c ( /\/ ctan(a+bm+2)dw> 3

l 3957
\/ t bx)
[ Cotzté,jib(gtﬁcz d(ccot(a + bz)) _ 2¢(ccot(a + bx))*/?
b 3b
l 266
t2(a+bx) SV TS R Y
2¢% f c4ccoig(a$lj;)ic2 dy/c COt(a‘ + biL‘ 20(0 cot(a + bm))3/2
b 3b
l 826
203 (% Ik C(;ottf(;:blf)—)_;_"; d\/ccot(a + bx) — %dvcco’c(a + ba:)) ~
2¢(c cot(a + bx))3/?
3b
l 1476
3(1(1 1 1 1
2 <§ <§ f c2 cot? (a+bz) —v/2¢3/2 CO'G(@"‘bE)"‘Cd CCOt(a + b.TJ) + 2 f c2 cot2 (a+-bx)++/2c3/2 cot(a+b:c)+cd CCOt(a + b.’L‘)) )
b
2¢(ccot(a + bx))3/?
3b
l 1082

| = 1~ V2Vecot(atba) ) [ — 5ot —d(V2vecot(atbr)+1 c—c? cot?(a+bx
2¢3 <%< t2(atba) 1\/5(\/5 ) _ t2(atba) 1\/§<\ﬁ ) —1y < cot4(;7+(b;)-+c)2 d/ccot(

2¢(ccot(a + bx))3/?
3b

l 217

arctan (v/2v/ccot(a+bz)+1 arctan ( 1—v/2+/c cot(a+bz) c—c2 cot2(at-br
2c3<§< ( o ) _ ( e )> 2f—c4cot4 ifbm")'ﬂéd\/ccot(a—i-bm))

b
2¢(ccot(a + bx))3/?
3b

l 1479
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_ \V/24/c—2/c cot(a+bzx) \/7 (f+\f\/ccot(a+bz) \/7
203 | 1 J <2 cot2 (a+bz)—v2c3/2 cot(atbx)+c dyecot(atbr) [ - c2 cot2 (a+bz)+v2c3/2 cot(atba)+c dy/ecot(a+bz) 1 "“Ctan(ﬁ
2 2v2v/c 2v2v/c 2
b
2¢(ccot(a + bx))3/?
3b
l 25
V2+/c—2\/ccot(a+bz) \/7 \/5(\/5+\/§\/ccot(a+bz)) \/7
2C3 11 _ f 2 cot?(a+bz)— V2c3/2 cot(a+bx)+c 4 ccot(a+bx) f c? cot2(a+bm)+\/§63/2 cot(a+bm)+cd ccot(a+bx) 1 a‘rCta‘n(\/iV
2 2v2v/e 22 /e 2 .
b

2¢(ccot(a + bx))3/2

l 27

2¢3( L / 2cotQ(\a[w:;;) 2\; ;O/t z(iz:(g:z+bw)+ dy/ccot(a+ba) f 2 cot2(ﬁ:ﬁ\/gzgt/ga;22+bw)+cd ¢ cotla+ba) +1 amtan<\/§\ﬁ
2 2v/24/c 24/c 2 N
b
2¢(ccot(a + bx))3/?
3b
| 1108
3( 1 arctan(ﬂﬁcot(a+ba:)+l> arctan(l—\/i\ﬁcot(a-l-bm)) 1 10g<—\/§c3/2 cot(a+bx)+c? cotz(a+bz)+c> log(\/ﬁc&
b
2¢(ccot(a + bx))3/2
3b

input!Int[(c*Cot[a + bxx])~(5/2) ,x]

output (-2xcx(cxCot[a + b*x])~(3/2))/(3*b) + (2*c~3*((-(ArcTan[1 - Sqrt[2]*Sqrtl[c

I*Cot[a + b*x]]/(Sqrt[2]*Sqrt[c])) + ArcTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*
x]1/(Sqrt[2]*Sqrt[c]l))/2 + (Loglc - Sqrt[2]1*c~(3/2)*Cot[a + b*x] + c~2*Cot
[a + b*xx]~2]/(2*Sqrt[2]*Sqrt[c]) - Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] +
c"2*Cot [a + b*x]~2]/(2*Sqrt[2]*Sqrt[c]))/2))/b
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

rule 217

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

2]]1, s = Denominator[Rt[a/b, 2]]1}, Simp[1/(2%s) Int[(r + s*x72)/(a + b*x~
4), x], x] - Simp[1/(2*s) Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{
a, b}, x] & (GtQ[a/b, 0] || (PosQl[a/b] && AtomQ[SplitProduct[SumBaseQ, a]]
&% AtomQ[SplitProduct [SumBaseQ, bl]))

rule 826

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b
)1, x] /; RationalQ[q] && (EqQ[q9q~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1082

rule 1103 IntLC(A) + (e_)*(x))/((a_.) + (b_)*(x)) + (c_.)*(x)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]




rule 1476

rule 1479

rule 3042

rule 3954

rule 3957
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Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%*c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/ (2xc) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQl[{a, c, d, e}, x]
&& EqQ[c*d~2 - axe”2, 0] && PosQ[d*el

N\

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Simpl[e/(2xc*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%cxq) Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x1] /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e”2, 0] && NegQ[d*e]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/@*x(@ - 1))), x] - Simp[b~"2 Int[(b*Tan[c + d*x])~(n - 2), x]
, X1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

~

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.98
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method result

1
23 (ln ( ccot(bz+a)— (CZ) ? /c cot(bo+a) vV2+V c? ) 2 arctan (\/5 WH) arctan (_
3 1
2 (ccot(bz+a))2
3

ccot(bz+a)+(cz) \/mﬁ+\/§ (c2> 4
8(,;)%
derivativedivides | — 5
1
02\/§ (ln ( ccot(bz+a)— (c2) 4; /c cot(bz+a) \/§+\/§) +2arctan (\/5—17 /ccot(ba:-&-a)+1) o arctan (
9o | (ceottbaran? ccot(bata)+ (c2) 4 /eeotlbata) vE+Ve? L (@)
3 s(e2)
default — 5
input Lint ((cxcot (b*x+a))~(5/2) ,x,method=_RETURNVERBOSE) J
output ~2/D*e* (1/3% (cxcot (bkx+a) )~ (3/2)-1/8%c2/ (€72) ™ (1/4)¥2™ (1/2) * (In((e*cot (bx

x+a)-(c~2) " (1/4) *(cxcot (b*x+a)) " (1/2)*27(1/2)+(c"2) " (1/2)) / (cxcot (b*x+a) +(
c”2)~(1/4)*(c*cot (b*x+a) ) ~(1/2)*27(1/2)+(c~2)~(1/2)) ) +2*arctan(27(1/2) /(c~
2)~(1/4) *(cxcot (b*x+a)) ~(1/2)+1)-2*arctan(-2~(1/2) / (c~2) " (1/4) * (c*cot (b*x+
a))~(1/2)+1)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 380 vs. 2(122) = 244.

Time = 0.12 (sec) , antiderivative size = 380, normalized size of antiderivative = 2.42

/ (ccot(a

+bx))%? de =

c c

5 Vaye/eeos@batiate | o\ s Ve[ Soeizare
6 v/2c2 arctan < hat2e) sin (2bx + 2a) + 6 1/2c2 arctan (2bs+2a)

input Lintegrate ((c*cot(b*x+a)) ~(5/2) ,x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 115

1/12%(6xsqrt (2) *c~(5/2) *arctan ((sqrt (2) *sqrt (c) *sqrt ((ckcos (2+b*x + 2%a) +
c)/sin(2xbxx + 2*a)) + c)/c)*sin(2xbxx + 2*a) + 6xsqrt(2)*c~(5/2)*arctan(
(sqrt(2)*sqrt(c)*sqrt((c*cos(2xb*x + 2*a) + c)/sin(2xb*x + 2*a)) - c)/c)*s
in(2%b*x + 2%a) - 3*sqrt(2)*c~(5/2)*log((sqrt(2)*sqrt(c)*sqrt((c*cos(2*b*x
+ 2*%a) + c)/sin(2xb*x + 2%a))*sin(2xb*x + 2%a) + cxcos(2*b*x + 2*a) + cxs
in(2xb*x + 2*a) + c)/sin(2xb*x + 2*a))*sin(2xb*x + 2*a) + 3*sqrt(2)*c~(5/2
)*log (- (sqrt(2) *sqrt(c)*sqrt ((cxcos(2*b*x + 2%a) + c)/sin(2xb*x + 2%a))*si
n(2*%b*x + 2%a) - cxcos(2*b*x + 2%a) - c*sin(2%b*x + 2%a) - c)/sin(2xb*x +
2%a))*sin(2*b*x + 2*a) - 8x(c"2*cos(2¥bxx + 2*a) + c~2)*sqrt((cxcos(2xb*x
+ 2%a) + c)/sin(2xb*x + 2*a)))/(b*sin(2*b*x + 2%a))

output

Sympy [F]

/(ccot(a+bx))5/2 dz = /(ccot (a+bav))g dx

input‘ integrate((c*cot (b*x+a))**(5/2) ,x) ‘

r

Outputtlntegral((c*cot(a + b*x))*%(5/2), x) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.18

/ (ccot(a

V2( v2ye [ =T V2(V2yc— [ —FC——~
2+/2arctan ( 2< 2\[4—; \ﬁtan(bz"'a)) > 2+/2arctan (— 2( il iﬁtan(bw+“) ) ) Vilog (\/5\/5\/:
tan(
+ - -

2
3c NG

e

+b2))% 2 dx =

126

input Lintegrate ((c*cot(b*x+a)) ~(5/2) ,x, algorithm="maxima") J
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output 1/12%(3%c™2x (2*sqrt (2) *arctan(1/2*sqrt (2) *(sqrt (2) *sqrt (c) + 2*sqrt(c/tan(
b*x + a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(
c) - 2*sqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c
)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2
)*sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c)) - 8*(c/tan(b
*x + a))~(3/2))*c/b
Giac [F]
/(ccot(a +bz))>? dx = / (ceot (b + a))? dx
inputLintegrate((c*cot(b*x+a))‘(5/2),x, algorithm="giac") J
Outputtintegrate((c*cot(b*x + a))~(5/2), x) J
Mupad [B] (verification not implemented)
Time = 9.03 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.47
(—1)1/ 4652 gtan < (=p' x/\;got(aerm))
/(c cot(a + bz))>? dx = ;
1/4 (-1)/* \/ccot(atbz)
_ 2c(ccot(a+ bz))*? B (=) atanh( Ve )
3b b
input[int((c*cot(a + b*x))~(5/2),x) J

Output‘ ((-1)~(1/4)*c~(5/2)*atan(((-1)~(1/4) *(c*cot(a + b*x))~(1/2))/c~(1/2)))/b - ‘
(2xcx(cxcot(a + bkx))"(3/2))/(3+b) - ((-1)"(1/4)*c™(5/2)*atanh(((-1)~(1/4
Dx(cxcot(a + bxx))"(1/2))/c"(1/2))) /b |
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Reduce [F]

/(ccot(a +bz))%? dz = +/c (/ Vot (bz + a) cot (bz + a)? dx) c

inputLint((c*cot(b*x+a))“(5/2),X)

outputqurt(c)*int(sqrt(cot(a + bxx))*cot(a + bkx)**2,x)*kck*2
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3.11 [(ccot(a+ bx))%? dx

Optimal result . . . . . . . . . . . . e 118
Mathematica [A] (verified) . . . . . . . . . ... o 1191
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 119
Maple [A] (verified) . . . . . . ... L 124
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 124
Sympy [F] . . o o 125
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1251
Giac [F] . . . . o o 126
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 126
Reduce [F] . . . . . 127

Optimal result

Integrand size = 12, antiderivative size = 154

¢/ arctan (1 _ Y2/coot(atbe) Vcc\;fmbz))
V/2b

/(c cot(a + bz))*?dx = —
c3/? arctan (1  Y2Veootlatba) W)

V/2b
03/2 arct anh < \/5— Vccmjw_bz)

Vcrv/ccot(a+bz) > 2¢c4/ccot(a + bx)
V/2b b

_|_

+

output ~1/2*%¢”(3/2)*arctan(1-27 (1/2)* (cheot (bx+a) )~ (1/2)/c”(1/2)) 27 (1/2) /b¥1/2x
|c™(3/2)*arctan (142" (1/2) * (cxcot (bxx+a) )~ (1/2) /¢ (1/2))%27(1/2) /b+1/2xc(3/
‘ 2)*arctanh (27 (1/2)*(c*cot (bxx+a)) ~(1/2) /(c™(1/2)+c~(1/2) *cot (bxx+a)) ) %2~ (1 ‘
L/Q)/b—Z*c*(c*cot(b*}Ha))*(1/2)/b J




CHAPTER 3. LISTING OF INTEGRALS 119

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.05

/(c cot(a + bz))3? dx =
arctan l—ﬂ\/m arctan 1+\/§\/W log l—ﬂ\/m—i—
(ccot(a-+ ba)yo (L0 ) () L ety ) +
beot? (a + bz)
input LIntegrate[(c*Cot [a + b*xx])~(3/2),x] J

-(((c*Cot[a + b*x])~(3/2)*(ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]1]/Sqrt([2]
- ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + b*x]]]1/Sqrt[2] + 2*Sqrt[Cot[a + b*x]] +
Log[1 - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]1/(2%Sqrt[2]) - Logl[l + S
qrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]/(2*Sqrt[2])))/(b*Cot[a + bxx]~ (3
/2)))

output

Rubi [A] (warning: unable to verify)

Time = 0.48 (sec) , antiderivative size = 201, normalized size of antiderivative = 1.31,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 593 Ryjeg
integrand size

used = {3042, 3954, 3042, 3957, 266, 755, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c cot(a + bx))>/? d
| 3042

/ <—ctan (a + bx + g))g/z dx

l'3954

2 _/ 1 gz | — 2¢\/ccot(a + bx)
Vccot(a + bx) b
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l 3042

2 _/ 1 i _2c«/cco‘lﬁ)(a+bw)
\/—ctan(a+bx+%)

| 3957
3 1
¢ f V/ccot(a+bz)(cot2(a+bz)c2+c2) d(ccot(a + bz)) _ 2¢y/ccot(a + bx)
b b
| 266
2¢3 [ P cot4(a1+bw)+02 d/ccot(a+bz) 9../c cot(a + bz)
b b
| 755
ke LGN e DG
2 2 2¢cy/ccot(a + bx)
b b
| 1476

2 .2
ettt | [ et a /e
+ 2c

1
cot2 (a+bm)+\/§cg/2 cot(a+bz)+c

1 1 [t (oY 1
2C3 ( 2 f c2 cot2(a+bm)—\/§c3/2 cot(a+ba:)+cd CCOt(a+bz)+2 f c2
2c

2¢c\/ccot(a + bx)

b
l 1082

1 1
J % cot? (atba) -1 d(l—\/ﬁx/acot(tﬂ—bz)) B J % cot2 (atba)—1 d(\/'z’\/acot(a+bz)+1) f c—c2 cot? (atb) d\/m
2C3 V2+/c V2+/c + c4 cotd (a+bx)+c2
2c 2c

b

2¢\/ccot(a + bx)

b
l 217

c—c2 cot? (a+bz) \/7 arctan(\/i\/acot(a-&-b:v)-i—l) arctan(l—\/ﬁﬁcot(a+bz))
fi—zi—ic cot(aba) e d+/ccot(a+bx) n NN - NN
2c 2c

203

b
2¢y/ccot(a + bx)

b
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| 1479
B V3y/e-2/ceot(atha) e . N ) coot(athe
~ I = C0t2(a+bz)—\/§cs/2 cot(a+bz)+cd\/w_ S 2 cot2(a+bm)+\/§cs/2 COt(a+bz)+cd\/W a,rctan(\/i\/acot(a-ﬁ-b:v)-i—l) _

2c 2

2¢c\/ccot(a + bx)

b
l 25

arctan(\/ﬁ\/é cot(a+bw)+1) arcta

c2 cot? (a+bw)—\/§cs/2 cot(a+bzx)+c cot2(a+bw)+\/§c3/2 cot(a+bz)+c

Vi /eeotaTha) oI [ V2 (ve+vEy/ceot(atba)) W)
+ C

2c 2c

2¢c\/ccot(a + bx)

b
l 27

V/2+/c—2+/c cot(a+bz) d\/ccot(atbs) [ — Vet v2y/ccot(atbz) d+/ccot(atbz)
+ C

c2 cot2 (a+ba:)—\/§c?’/2 cot(a+bx)+c cot2(a+bx)+\/§c?’/2 cot(a+bx)+c arctan(x/ﬁﬁcot(a+bx)+l) arcta
2V

3 2v2y/c v2y/c
2c 2c + 2c
b
2¢\/ccot(a + bx)
b
| 1103
arctan(\/i\/acot(a-ﬁ-b:c)-i—l) arctan(l—\/ﬁﬁcot(a+bz)) log(\/ic?’/2 cot(a+b:c)+c2 cot2(a+b:c)+c) 10g(—\/§c3/2 cot(a+bz)+62 cot? (a+bzx)+c
203 V2/e — V2./c + 2v2/c - 2v2/c
2c 2c
b
2¢y/ccot(a + bx)
b

input \rInt [(c*Cot[a + b*x])~(3/2),x]
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output (-2xc*Sqrt[cxCot[a + b*x]])/b + (2%c”3*((-(ArcTan[1 - Sqrt[2]*Sqrt[c]*Cot[
a + b*x]]1/(Sqrt[2]*Sqrt[c])) + ArcTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*x]]1/(S
qrt [2]*Sqrt[c]))/(2*c) + (-1/2xLoglc - Sqrt[2]*c~(3/2)*Cot[a + b*x] + c~2*
Cot[a + bxx]~2]/(Sqrt[2]*Sqrt[c]) + Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] +
c"2xCot[a + b*x]~2]/(2xSqrt[2]*Sqrtlc]l))/(2%c)))/b
Defintions of rubi rules used
rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(

rule 217
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 266 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De

nominator[m]}, Simp[k/c Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x~(2*k)/c"2))
“p, x1, x, (c*x)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Simp[1/(2*r) Int[(r - s*x"2)/(a + b*x"4)
, xJ, x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))

rule 755

Int[((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[a*(c/b"2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2xc*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

rule 1082
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rule 1103 TotLC(d) + (e_)*(x_))/((a_.) + (b_)*(x)) + (c_.)*(x_)72), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

~

rule 1476 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Simple/(2*xc)  Int[1/Simpl[d/e + gq*x + x~2, x], x], x] + Simpl[
e/(2xc) Int[1/Simpld/e - q*x + x~2, x], x], x]1] /; FreeQl[{a, c, 4, e}, x]
&& EqQ[c*d~2 - axe™2, 0] && PosQ[dxel

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] && EqQ[c*d"2 - a*e”2, 0] && NegQ[d*el

rule 1479

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ (b2 + x~2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
!IntegerQ[n]

rule 3957




input

output

inputt
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.97

method result
1
(02) % V3 (ln (ccot(bz+a)+(c2) i V¢ cot(bz+a) \/§+\/c72) +2arctan (\/5—17 /ccot(bav-i-a)+1) oarcta
9% ccot(bx+a)— ccot(bz+a)— (02) 4 \/ccot(bz+a) VZ+V2 . (c2) 4
derivativedivides | —

b

1
(62) % s (ln (ccot(bw+a)+(c2) 21[ v/ ccot(bz+a) ﬁ+@) +2arctan (ﬁ—li W+l) g arcta
9% c(:ot(b:t+a)— ccot(bz+a)— (02) 4 /ccot(bz+a) V2+Ve2 (62) 4

8

default —

Lint ((c*cot (b*x+a))~(3/2) ,x,method=_RETURNVERBOSE) J

-2/b*c*((c*xcot (b*x+a)) ~(1/2)-1/8%(c~2)~(1/4)*2~(1/2) * (In((c*cot (b*x+a)+(c”
2)~(1/4)*(c*xcot (b*xx+a) )~ (1/2)*27(1/2)+(c~2)~(1/2)) / (c*cot (b*xx+a)-(c~2) ~(1/
4)*(cxcot (bxx+a) )~ (1/2)*27(1/2)+(c"2)~(1/2)))+2*arctan(2°(1/2) /(c"2)~(1/4)
*(cxcot (bxx+a)) " (1/2)+1)-2*arctan(-2"(1/2)/(c"2) " (1/4) *(c*cot (b*x+a)) ~(1/2
)+1)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 316 vs. 2(122) = 244.

Time = 0.09 (sec) , antiderivative size = 316, normalized size of antiderivative = 2.05

/ (ccot(a

+bx))*? de =

ccos(2bz+2a)+c ccos(2 bz+2 a)+c_

2 /ey o T E T e e 5. /c. /ceos@bat2a)te _
24/2¢? arctan (ff E(batre) T ) +2+/2¢? arctan (f\[ sin(2bz+2a) ) + v/2¢2 log

c c

integrate((c*cot (b*x+a))~(3/2) ,x, algorithm="fricas") J
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1/4% (2*sqrt (2) *c~ (3/2) *arctan((sqrt (2) *sqrt (c) *sqrt ((cxcos (2*bxx + 2*a) +
c)/sin(2xb*x + 2*a)) + c)/c) + 2*ksqrt(2)*c”~(3/2)*arctan((sqrt(2)*sqrt(c)*s
gqrt((cxcos(2*b*x + 2*a) + c)/sin(2*b*x + 2*a)) - c)/c) + sqrt(2)*c~(3/2)*1
og((sqrt(2) *sqrt (c) *sqrt ((cxcos(2#b*x + 2*a) + c)/sin(2%b*x + 2%*a))*sin(2*
b*x + 2*a) + cxcos(2*b*x + 2*a) + c*sin(2*b*x + 2%a) + c)/sin(2*b*x + 2*a)
) - sqrt(2)*c~(3/2)*log(-(sqrt(2)*sqrt(c)*sqrt ((c*cos(2*¥b*x + 2%a) + c)/si
n(2%b*x + 2*a))*sin(2xb*x + 2%a) - c*cos(2*b*x + 2%a) - c*ksin(2xb*x + 2%*a)
- c)/sin(2%b*x + 2%a)) - 8xc*sqrt((c*cos(2xb*x + 2*a) + c)/sin(2*%b*xx + 2%

a)))/v

output

Sympy [F]

/(ccot(a-l—bﬂc))‘r“)’/2 dz = /(ccot (a—i—bz))% dx

input‘integrate((c*cot(b*x+a))**(3/2),x)

output| Integral ((cxcot(a + b¥))#(3/2), ®)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.16

/ (ccot(a

+b2))3? de =

V2(V2Ver2 | fondray V2(V2ye-2, [t
(2\/5\/Earctan( ( 57 (b+))>+2\/§\/Earctan<— ( 2W>>+\/

/

~—

inputLintegrate((c*cot(b*x+a))‘(3/2),x, algorithm="maxima")
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1/4* (2xsqrt (2) *sqrt (c) *arctan(1/2xsqrt (2) *(sqrt (2) *sqrt(c) + 2*sqrt(c/tan(
b*x + a)))/sqrt(c)) + 2xsqrt(2)*sqrt(c)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(
c) - 2*sqrt(c/tan(b*x + a)))/sqrt(c)) + sqrt(2)*sqrt(c)*log(sqrt(2)*sqrt(c
)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - sqrt(2)*sqrt(c)*log(-sqrt(2
)*sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 8*sqrt(c/tan(b*x +
a)))*c/b

output

Giac [F]

/(cco’c(a—i—bac)):’/2 dr = /(ccot (bz +a))? dz

inputLintegrate((c*cot(b*x+a))‘(3/2),x, algorithm="giac")

outputLintegrate((c*cot(b*x + a))~(3/2), x)

Mupad [B] (verification not implemented)

Time = 8.68 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.49

2 t b
/(ccot(aJr bz))*? dz = — c ccob (a+bx)
(—1)* 32 afcan<(_1)1/4 V\;gc’t(‘”bx)) 1i

b
(—1)1/4 c3/2 atanh ( (™ W) 1i

b

inputtint((c*cot(a + b*x))~(3/2),x)

(— (2*%c*(c*xcot(a + b*x))~(1/2))/b - ((-1)~(1/4)*c™(3/2)*atan(((-1)~(1/4)*(c
(*xcot(a + bxx))~(1/2))/c™(1/2))*1i) /b - ((-1)~(1/4)*c™(3/2)*atanh (((-1)~(1/
‘4)*(c*cot(a + b*x))~(1/2))/c~(1/2))*1i) /b

output

————
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Reduce [F]
veel —24/cot (br + a) ch‘)t(iwza dr)b
/(ccot(a +bx))*? dx = < 7 <f tbata) ) >

input tint ((c*cot (b*xx+a))~(3/2) ,x)

‘(sqrt(c)*c*( - 2*sqrt(cot(a + b*x)) - int(sqrt(cot(a + b*x))/cot(a + b*x),

tpu
output 'x)*b)) /b
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3.12 [ /ccot(a + bx) dz

Optimal result . . . . . . . . . . . .. 128}
Mathematica [A] (verified) . . . . . . . . . ... 128
Rubi [A] (warning: unable to verify) . . . .. . ... . ... ... ... ..., 129
Maple [A] (verified) . . . . . . . . ... 1321
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 133
Sympy [F] . . o e 133
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 134
Giac [F] . . . o o o 134
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1351
Reduce [F] . . . . . . 135

Optimal result

Integrand size = 12, antiderivative size = 136

y/carctan (1 _ Y2y/ecoH(atba) W)

[ Veeot(a+ o) do =

V/2b
~ \/carctan <1 + @) N ﬁarctanh(‘f+%)>
V2b V2b

¢ 1/2%c™(1/2)xarctan(1-2 (1/2) ¥ (c*cot (bxx+a)) ~(1/2) /™ (1/2))%2° (1/2) /b-1/2%c
| ~(1/2)*arctan (1+27(1/2) % (ccot (bx+a)) = (1/2) /c™(1/2)) %27 (1/2) /b+1/2%c™ (1/2
‘ )*arctanh (27 (1/2) *(ckcot (b*x+a)) ~(1/2)/(c™(1/2)+c™(1/2) *cot (b*x+a)) ) *2~ (1/ ‘
2)/b |

outpu

Mathematica [A] (verified)
Time = 0.07 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.52
/ \/ccot(a + bzx) dz
(— arctan <{‘/— cot?(a + ba:)) + arctanh ({‘/— cot?(a + bx))) v/~ cot(a + bz)+/ccot(a + bx)

beoti (a + bz)
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input ‘ Integrate[Sqrt[c*Cot[a + b*x]],x] ‘

' ((-ArcTan[(-Cot[a + b*x]2)~(1/4)] + ArcTanh[(-Cot[a + b*x]~2)"(1/4)1)*(-C

output
‘ ot[a + bxx])~(1/4)*Sqrt[c*Cot[a + b*x]])/(b*Cot[a + b*x]~(3/4)) ‘

Rubi [A] (warning: unable to verify)

Time = 0.42 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.28,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.917, Rules

used = {3042, 3957, 266, 826, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[ Vecotlatbz)da

l,3042

/\/—ctan (a+bm+ g)da:

l'3957

C | ettt dceot(a + b))
b
l 266
c2 cot? (a+bz
2 %d ccot(a + bx)
- b
l 826
2 2 b 2 9 X
2c<% J %d ccot(a + bz) — 5 %d ccot(a + bx))
b
l 1476

1(1 1 / 1 1 /
20(5 (§ f c2 cot2 (a+bx)—/2c3/2 cot(a—}-bm)—l—cd ¢ COt(a + bx) T3 f 2 cot2 (a+bx)++/2c3/2 cot(a,+bz)+cd ¢ COt(a + bx))

b



input |
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lHBZ

1 1
2 1 f —c2 cot2(a+b2)—1d<1_\/§\/600t(a+bx)) _ f —c2 cot2(a+ba:)—1d(ﬂ\/ECOt(a—i_bx)—i_l) 1 f c—C C0t2(a+b.’1:) dw
2 V24/c V2./c 2 J ctcott(atbz)+c?

b

l 217

1 arctan(ﬁ\/Ecot(a—i-bz)—}-l) arctan(l—ﬁ\/acot(a—f-bw)) 1 [ c—c?cot?(atbz)
2c <2 ( V24/c N V2 -2 f ct cotd(a+bx)+c? d \% CCOt a + b.’L‘

b
| 1479
_ V/2y/c—2/c cot(a+bx) \/7 _ \/E(\/E+\/§\/CCOt(a+bz)) ‘
2c 1 f 2 cot? (a+bz)—v2c3/2 cot(a+bz)+c dv/ccot(a+ba) f 2 cot? (a+ba)+v2c3/2 cot(a+bw)+cd ccot(atbe) + 1 arCtan(\/
2 2v2y/c 2v2y/c 2 —
b
| 25
V24/c—2+/ccot(a+bx) \/7 \/5(\/5+\/§\/ccot(a+bm)) \/7
2c 1 _f 2 cot2(a+bz)—v2c3/2 cot(a+bz)+c dv/ecot(a+ba) f <2 cot? (a+ba)+v/2c3/2 cot(a+bz)+cd ccot(atbr) + 1 a'rCta:n(\/i‘
2 2v2v/c 2V2+/e 2

| 27

(1( [ g o2 ecot(atbe) dvecot(atte) [ b Bt b d Ccot(a+bﬂv)>
2c| 5| — : *
2

c2 cot? (a+bx)— V/2c3/2 cot(a+bz)+c cot2(a+bz)+\/§c3/2 cot(a+bz)+c

2v2v/e 2/c

N[=

A

(arctan (\/ﬁw

l 1103

V2ye V2ye

D=

% (é (arctan(\f?\/acot(a-i-bw)—i—l) arctan(l—\/i\/écot(a—i—bx)) ) + <log(—\/§c3/2 cot(a-+bz)+c2 Cotz(a+bz)+c) log(\/ici

2v/2+/c a
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output (-2%c*((-(ArcTan[1 - Sqrt[2]*Sqrt[cl*Cot[a + b*x]]/(Sqrt[2]*Sqrt[c])) + Ar
cTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*x]]/(Sqrt[2]*Sqrtlc]))/2 + (Loglc - Sqr
t[2]1*xc~(3/2)*Cot[a + bxx] + c 2xCot[a + b*x]~2]/(2*Sqrt[2]*Sqrt[c]) - Logl
c + Sqrt[2]*c~(3/2)*Cot[a + b*x] + c2*Cot[a + b*x]~2]/(2*Sqrt[2]*Sqrt[c])
)/2))/b
Defintions of rubi rules used

ruk>25\Int[_(Fx—)’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma

rule 27

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

rule 266 Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> With[{k = De
nominator[m]}, Simp[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*x(x~(2xk)/c~2))
“p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 826 Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,
2]]1, s = Denominator[Rt[a/b, 211}, Simp[1/(2*s) Int[(r + s*x~2)/(a + b*x~
4), x], x] - Simp[1/(2*s) Int[(r - s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{
a, b}, x] & (GtQ[a/b, 0] || (PosQ[a/b]l && AtomQ[SplitProduct[SumBaseQ, a]l
&% AtomQ[SplitProduct [SumBaseQ, bl]))

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2xc*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]
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rule 1103

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1476

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Simple/(2*xc)  Int[1/Simpl[d/e + gq*x + x~2, x], x], x] + Simpl[
e/(2xc) Int[1/Simpld/e - q*x + x~2, x], x], x]1] /; FreeQl[{a, c, 4, e}, x]
&% EqQlc*d~2 - axe”™2, 0] && PosQ[d*e]

rule 1479

Int[((d.) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] &% EqQlcxd"2 - axe~2, 0] && NegQ[dxe]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3957

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00

method result
1
C\/i <1n (ccot(bz+a)— (62) ? v/ ccot(bz+a) \/54—\/‘:72 +2arctan \/57 W_Fl o arctan | — \/57 W
. . . . t(b:c+a)+(c2) 4 ccot(bz+a) \/5-‘-\/072 (02) 4 (02) 4
derivativedivides | — e
4b(c?)1
1
o3 <ln (ccot(baH—a)—(cQ)ZlI /ccot(bata) VZ+V2 +2arctan | Y2Veoot®ata) Ly | o pctan [ — Y2v/ccotbata
t(bx+a)+(c2) 4 ccot(bz+a) \/§+\/072 (62) 4 (cz) 4
default — e

b(c2) 1

input L

int ((c*cot (b*x+a)) ~(1/2) ,x,method=_RETURNVERBOSE)
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‘-1/4/b*c/(c“2)“(1/4)*2“(1/2)*(ln((c*cot(b*x+a)—(c“2)“(1/4)*(c*cot(b*x+a))“
‘(1/2)*2“(1/2)+(c“2)“(1/2))/(c*cot(b*x+a)+(c”2)“(1/4)*(c*cot(b*x+a))“(1/2)*
‘2‘(1/2)+(c“2)‘(1/2)))+2*arctan(2“(1/2)/(c“2)‘(1/4)*(c*cot(b*x+a))‘(1/2)+1)
| -2*arctan(-27(1/2)/(c"2)~ (1/4)* (ckcot (b*x+a) )~ (1/2)+1)) |

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 286 vs. 2(106) = 212.

Time = 0.11 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.10

/\/ccot(a+bw) dx =
c\/m c c\/m—c c
2\/5\/5&1‘(:}53‘11 (ﬁ\[ smin:c-&—Za) + ) +2\/§\/Earctan (\/i\[ 51ni2bm+2a) )_ﬁ\/alog (\/i\f

inputLintegrate((c*cot(b*x+a))‘(1/2),x, algorithm="fricas") J

-1/4%(2*sqrt (2) *sqrt (c)*arctan((sqrt(2) *sqrt (c) *sqrt ((ckcos(2*b*x + 2*a) +

c)/sin(2xbxx + 2*xa)) + c)/c) + 2xsqrt(2)*sqrt(c)*arctan((sqrt(2)*sqrt(c)=*
sqrt ((c*cos(2xb*x + 2*a) + c)/sin(2¥b*x + 2%a)) - c)/c) - sqrt(2)*sqrt(c)*
log((sqrt(2)*sqrt(c)*sqrt((c*cos(2xb*x + 2*a) + c)/sin(2xb*x + 2%a))*sin(2
*b*x + 2%a) + c*cos(2*bxx + 2*a) + cxsin(2*b*x + 2%a) + c)/sin(2%b*x + 2xa
)) + sqrt(2)*sqrt(c)*log(-(sqrt(2)*sqrt(c)*sqrt((c*cos(2*b*x + 2*a) + c)/s
in(2%b*x + 2%a))*sin(2*%b*x + 2%a) - ckcos(2¥bxx + 2%a) - c*sin(2%b*x + 2*a
) - c)/sin(2*b*x + 2*a)))/b

output

Sympy [F]

| Veeorla+baydo = [ VVeoot (at br) da

-

input Lintegrate ((c*cot (bkxx+a))**x(1/2) ,x)

-/
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output LIntegral(sqrt(c*cot (a + b*x)), x) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.21

[ Vecotta+ o) do =

2 ﬂ arctan ﬁ(ﬁﬁ+2 \/ﬁ) 2 \/iarctan — ﬁ(ﬁﬁ72 \/ﬁ)
2o 2o VEbg(vﬁvaC;LEI;}w+th;+(
" B Ve

¢ Ve Ve

4b

inputtintegrate((c*cot(b*x+a))"(1/2),x, algorithm="maxima") J

-1/4x*c*(2xsqrt (2) *arctan(1/2*sqrt (2) * (sqrt (2) *sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2xsqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) -
2*sqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqr
t(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqr

t(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c))/b

output

Giac [F]
/ vecot(a+ bz)de = / vecot (bx + a) dx
input Lintegrate ((cxcot(b*x+a))~(1/2),x, algorithm="giac") J

output Lintegrate (sqrt(cxcot(b*x + a)), x) J
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Mupad [B] (verification not implemented)

Time = 8.57 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.37

[ Vecotla+ ba) da

(-1)"* /e (atan((‘1)1/4 \2’“(“* ’””)) — atanh(<—1)” ‘ x/;got(wrbx)))
b

input Lint((c*cot(a + bxx))~(1/2),x)

output‘ -((-1)"(1/4)*c”(1/2)*(atan(((-1)~(1/4) *(c*cot (a + b*x))~(1/2))/c~(1/2)) -

atanh (((-1)~(1/4)*(c*xcot(a + b*x))~(1/2))/c~(1/2))))/b
Reduce [F]
/ Vecot(a+bx)dr = /c (/ \/ cot (bx + a)dx)
input tint((c*cot (bxx+a))~(1/2) ,x)

output qurt(c)*int(sqrt(cot (a + b*x)),x)
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313 [—(———dx

ccot(a+bx)
Optimal result . . . . . . . . . . . . . e 136
Mathematica [A] (verified) . . . . . . . . ... L 136
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ... ... 137
Maple [A] (verified) . . . . . . . . ... 1411
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 1411
Sympy [F] . . . o 142
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 142
Giac [F] . . . o o 143
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 143]
Reduce [F] . . . . . o 144

Optimal result

Integrand size = 12, antiderivative size = 137

arctan <1 - M) arctan (1 + @)

1 Ve
dr = B
/ ccot(a + bx) vabye Ve
V2y/ccot(a+bz)
arctanh (m)
V2by/c

output 1/2*arctan(1-2"(1/2)% (cxcot (bxx+a)) ~(1/2) /e~ (1/2))#27(1/2) /b/c™(1/2)-1/2%a
| rctan(1+27(1/2) *(cxcot (bx+a) )~ (1/2) /e~ (1/2))*%27(1/2) /b/c~(1/2)-1/2%arctan |
‘ h(27(1/2)*(c*cot (b*x+a)) ~(1/2) /(c~(1/2)+c~(1/2) *cot (b*x+a) ) ) *27(1/2) /b/c~( ‘
1/2) |

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.96

1
/ Jeoot@rbn) "
\/(:()t(c17+bac)<2 arctan (1 - ﬁ\/m) — 2arctan (1 + ﬁW) + log (1 —V/2y/co
2vV2by/ccot(a + br)




CHAPTER 3. LISTING OF INTEGRALS 137

input ‘ Integrate[1/Sqrt[c*Cot[a + b*x]],x] ‘

output \ (Sqrt[Cot[a + b*x]]*(2*ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]] - 2*ArcTan[1 \
‘ + Sqrt[2]*Sqrt[Cot[a + b*x]]] + Logl[l - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cotl[ ‘
'a + b¥x]] - Logl[l + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cotla + b¥x]1))/(2*Sqrt[2
‘ 1*b*Sqrt [c*xCot[a + b*x]]) ‘

Rubi [A] (warning: unable to verify)

Time = 0.40 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.31,

number of rules __
integrand size 0.917, Rules

used = {3042, 3957, 266, 755, 1476, 1082, 217, 1479, 25, 27, 1103}

number of steps used = 12, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

| Ve

l 3042

dx

1
/ \/—ctan (a+bz+7%)

l'3957

¢ f \/ccot(a+bz) (ccl)t2 (a+bx)c?+c2) d(c cot (a + bx))

b
l 266

_20f Wd ccot(a + bx)
b

| 755
/ Md\/ﬁ mdm
2¢ & cot? (atba)+c? ccot(a+bx n T ootd (atbz) o2 ccot(a+bx

2c 2c

b
J'1476
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1 1 ooty 1 1
2 f c2 cot2 (a+bz)7\/§cs/2 cot(a+bz)+cd ccot(a+bx)+ 2 f c2 cot2(a+bz)+ﬁc3/2

d /ccot(a-l—ba:) f c—c2 cotz(a+bm) d\/g
+

cot(a+bz)+c c% cot (a+bz)+c2
2c 2c 2c
b
| 1082
f éd(l*\/ﬁﬁcot(aﬂ»bz)) f $d(\/§ﬁcot(a+bz)+1) 9
) T cot2 (atbo)—1 - —c2 cot2(a+bz)—1 f c—c2 cot (a+bx) d\/m
%2 V2+/c V2+/c c4 cotd (a+bz)+c2
2c 2c
b
| 217
c—c2 cot (a+bw) \/7 arctan(\/i\/zcot(a+bz)+1) _arctan(lfﬁ\/Ecot(zﬂ»bz))
g¢ | LeFeoriarin sexdVecotetbe) V3ve V3ve
2c 2c
b
| 1479
V2y/c—24/ccot(a+bz) /e cot(atba) - \/ﬁ(\ﬁ+\/§\/ccot(a+bm)) - e
_ f= c2 cot2(a+bx)— V2c3/2 cot(a+bz)+c dy/ecot(atb / 2 cot2(a+bz)+\/§c3/2 cot(a+bz)+cd Vecot(a+br) arctan(ﬁﬁcot(a{—bz)—f—l) |
%2 2v2\/c 2v2\/c + Vv2y/e
2c :
b
| 25
V3r/G—2+/ccot(atba) V2(vetv2y/coot(atha))
c2 cotz(a+bx)—\/§c3/2 cot(a+bz)+cd ecot(a+bx) f 2 cot2(a+bm)+\/§c3/2 cot(a+bm)+cd ecot(atba) arctan(ﬂﬁcot(a-}—bz)-kl) _id
20 2v2y/c 2v2y/c + V2+y/c
2c 2c
b
| 27
V/2y/c—2/c cot(a+bzx) ———— Vc+1v24/c cot(a+bzx) ————
I 2 cotz(a+bw)—\/§c‘3/2 cot(a+bz)+cd ccot(atbe) [ 2 cot2(a+bz)+\/§c3/2 cot(a+bz)+cd ecot(atbe) arctan(ﬁ\/acot(a+bw)+l) _iﬂ

2c 2c

l 1103
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V2./e B V2 /e + 2v2y/¢c 5 2v/2./c
C

arctan(ﬁﬁcot((ﬂ—bw)-ﬁ-l) arctan(l—\/i\/acot(a-i—bz)) log(\/ics/2 cot(a+bw)+02 cotz(a+bw)+c) log(—\/ica/2 cot(a+bz)+c2 cotz(a+bz)+
2c 5

-

| —

input LInt [1/Sqrt [c*Cot[a + b*x]],x]

(-2xc*x((-(ArcTan[1 - Sqrt[2]*Sqrtlc]*Cot[a + b*x]]1/(Sqrt[2]*Sqrtlcl)) + Ar
cTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*x]1/(Sqrt[2]*Sqrtlcl))/(2*c) + (-1/2*Lo
glc - Sqrt[2]*c~(3/2)*Cot[a + b*x] + c”2xCot[a + b*x]~2]/(Sqrt[2]*Sqrt[c])

+ Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] + c~2*Cot[a + b*x]~2]/(2*Sqrt[2]*S
qrtlcl]))/(2*c))) /b

output

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identityl[-1] Int[Fx, x], x] J

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0I)

rule 217

Int[((c_)*(x) " @ *((a) + (b_)*(x)"2)"(p_), x_Symboll :> With[{k = De
‘nominator[m]}, Simp[k/c  Subst[Int[x~(k*x(m + 1) - 1)*(a + bx(x~(2%k)/c~2)) ‘
“p, x], x, (c*x)~(1/K)]1, x]1]1 /; FreeQl{a, b, c, p}, x] &% FractionQ[m] & I |
‘ntBinomialQ[a, b, ¢, 2, m, p, x] ‘

rule 266
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rule 755 Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Simp[1/(2*r) Int[(r - s*x"2)/(a + b*x"4)
» x], x] + Simp[1/(2%r) Int[(r + s*x~2)/(a + b*x"4), x], x]] /; FreeQ[{a,
b}, x] & (GtQ[a/b, 0] || (PosQl[a/b] && AtomQ[SplitProduct[SumBaseQ, al]l &
& AtomQ[SplitProduct[SumBaseQ, bl]1))

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1103 Int[((d_) + (e_-)*(x_))/((a_-) + (b_.)*(x_) + (C_.)*(X_)AQ), X_Symbol] > S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 147¢ It ) + (e_)*(x_)72)/((al) + (c_.)*(x_)74), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simp[e/(2%c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/(2%c) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& EqQ[c*d~2 - axe”™2, 0] && PosQ[d*e]

rule 1479 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Intl[(q + 2*x)/Simp[d/e - g*x - x°2, x], x], x]1] /; F
reeQ[{a, c, d, e}, x] && EqQ[cxd~2 - a*e”2, 0] && NegQ[d*e]

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
!IntegerQ[n]
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Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.01

method result
1
(Cz)%\@ In cC‘)t(b%-‘_a)-‘_(‘:2)‘11 oot Ve +2arctan 7‘/§W+1 —2arctan _¥2 CCOt(J
d . t, d, ,d ccot(bav+a)—(02)Z Cco':(bav+a)\/ﬁ-}—\/ci2 (02)1 (02)2
erivativedlivides | —
4bc
1
(02)211\/5 In CCOt(bz+a)+(02)zf cooilbete) va+Ve? +2arctan 7‘/§W+1 —2arctan | — Y2 th(]
ccot(bz+a)— (02) 4 /ccot(bz+a) Va+VeZ (02) 4 (c2) :
default — T

input Lint (1/ (cxcot (b*x+a))~(1/2) ,x,method=_RETURNVERBOSE)

output‘

-1/4/b/c*x(c”2)~(1/4)*2~(1/2)*(In((c*cot (b*x+a)+(c~2) ~(1/4) *(c*cot (b*x+a) )~

‘(1/2)*2“(1/2)+(c‘2)“(1/2))/(c*cot(b*x+a)-(c‘2)‘(1/4)*(c*cot(b*x+a))‘(1/2)*
‘2‘(1/2)+(c‘2)‘(1/2)))+2*arctan(2‘(1/2)/(c‘2)‘(1/4)*(c*cot(b*x+a))‘(1/2)+1)

‘—2*arctan(-2‘(1/2)/(c‘2)‘(1/4)*(c*cot(b*x+a))‘(1/2)+1))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(106) = 212.

Time = 0.08 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.96

| v -

V2 ccosleorraa)re CO.S(2 bzt+2a)tc sin(2 bz+2 a)
\  sin(2bz+2a) Foos(2

V3 /cco.s(2 bz+2a)+c V2 /cco.s(2 bz+2a)+c \/ilog NG _
2 \/iarctan ( sm\(/2£bz+2 a) +1 9 \/iarctan sm\(/26b27+2 a) _1 sin(2 bz+2 a)
% + % + %

inputLintegrate(1/(c*cot(b*x+a))"(1/2),x, algorithm="fricas")
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-1/4%(2xsqrt (2)*arctan(sqrt (2) *sqrt ((c*cos(2*b*x + 2*a) + c)/sin(2%b*x + 2
*xa))/sqrt(c) + 1)/sqrt(c) + 2*xsqrt(2)*arctan(sqrt(2)*sqrt((cxcos(2*bxx + 2
*a) + c)/sin(2*b*x + 2*a))/sqrt(c) - 1)/sqrt(c) + sqrt(2)*log((sqrt(2)*sqr
t((c*cos(2xb*x + 2*a) + c)/sin(2xb*x + 2*a))*sin(2xb*x + 2*a)/sqrt(c) + co
s(2*b*x + 2*a) + sin(2xb*x + 2*a) + 1)/sin(2xb*x + 2*a))/sqrt(c) - sqrt(2)
*xlog(-(sqrt (2) *sqrt ((cxcos(2xb*x + 2xa) + c)/sin(2%b*x + 2+%a))*sin(2*b*x +

2xa) /sqrt(c) - cos(2xb*x + 2*a) - sin(2*b*x + 2*a) - 1)/sin(2*b*x + 2%*a))

output

/sqrt(c))/b
Sympy [F]
| Vetari = | Ve ®
input Lintegrate (1/ (cxcot (bxx+a)) **(1/2) ,x) J
OutputLIntegral(l/sqrt(c*cot(a + b*x)), Xx) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.20

1
/ dr =
v ecot(a + bx)
VE(Vavete [ty V2(V2ve-2, [ty
Qﬁarctan( ( 2\/; (b+)>> 2\/§arctan(— ( 2\/; (b+))> \/ilog(\/i\/é\/f-l-&f- c
tan(bz+a) tan(bz+c
- - .

(¢

NICo|
NICo|

4b

input integrate(1/(cxcot(b*x+a))~(1/2),x, algorithm="maxima")
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-1/4xc*(2*sqrt(2) *arctan(1/2*sqrt (2) *(sqrt (2) *sqrt(c) + 2xsqrt(c/tan(b*x +
a)))/sqrt(c))/c”(3/2) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) -
2xsqrt(c/tan(b*x + a)))/sqrt(c))/c~(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*sqr
t(c/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2) - sqrt(2)*log(-sqrt(2)*sqr

t(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c"(3/2))/b

output

Giac [F]

e v ot

inputLintegrate(1/(C*cot(b*x+a))‘(1/2),x, algorithm="giac") J

OutputLintegrate(1/sqrt(c*cot(b*x +a)), x) J

Mupad [B] (verification not implemented)

Time = 9.65 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.42

bt / ccot(a x .
(—1)1/4atan<( D Vecot(ath )> li

/ ! dr = ve
V/ccot(a + bx) byc

(—1)1/4 aﬂ:aunh((_l)l/4 V;Ewt(a%x)) 1i
by/c

+

-

input Lint(l/(c*cot(a + b*x))"(1/2) ,x) J

‘((—1)”(1/4)*atan(((—1)“(1/4)*(c*cot(a + b*x))~(1/2))/c”(1/2))*11) / (b*xc™ (1/
‘2)) + ((-1)7(1/4)*atanh (((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c™(1/2))*1i)/(
‘b*c“(1/2)) ‘

output
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Reduce [F]

Ve (f @dx>

cot(bz+a)

/f 1
dr =
ccot(a + bx) c

inputLint(l/(c*cot(b*x+a))‘(1/2),x)

OutputL(Sqrt(c)*int(sqrt(c°t(a + b*x))/cot(a + b*x),x))/c




CHAPTER 3. LISTING OF INTEGRALS 145

1

3.14 f (ccot(a+bx))3/? dz

Optimal result . . . . . . . . . . . . . 145]
Mathematica [A] (verified) . . . . . . . . . ... 145
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 146
Maple [A] (verified) . . . . . . . . ... 1501
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 15T
Sympy [F] . . o e 152
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 152
Giac [F] . . . o o o 153l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 1531
Reduce [F] . . . . . . o 154

Optimal result

Integrand size = 12, antiderivative size = 157

arctan <1 _ V2J/ecot(atbn) Ci%“”’”)

1
de = —
/ (ccot(a + bx))3/2 v V/2bc3/2
N arctan (1 + —ﬁ\/cc\%(wa)) - arctanh(—fﬁjfif& T%) N 9
V/2bc3/2 V/2bc3/2 bey/ccot(a + bx)

‘arctan(1+2‘(1/2)*(c*cot(b*x+a))‘(1/2)/c‘(1/2))*2“(1/2)/b/c‘(3/2)—1/2*arcta
‘nh(2‘(1/2)*(c*cot(b*x+a))“(1/2)/(c‘(1/2)+c‘(1/2)*cot(b*x+a)))*2“(1/2)/b/c‘

output ‘ -1/2*arctan(1-2"(1/2) * (cxcot (b*x+a)) ~(1/2) /c~(1/2))*2~(1/2) /b/c~(3/2)+1/2* \‘
‘(3/2)+2/b/c/(c*cot(b*x+a))“(1/2)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.52

2 + arctan (f/— cot?(a + bx)) f/— cot®(a + bx) — arctanh({‘/— cot?(a + bx)

1
dz =
/ (ccot(a + bx))3/? bey/ccot(a + bx)
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input ‘ Integrate[(c*Cot[a + b*x])~(-3/2),x]

‘ (2 + ArcTan[(-Cot[a + b*x]~2)~(1/4)]*(-Cot[a + b*x]~2)~(1/4) - ArcTanh[(-C

output
‘ ot[a + b*x]~2)~(1/4)]*(-Cot[a + b*x]~2)~(1/4))/(b*c*Sqrt[cxCot[a + b*x]])

Rubi [A] (warning: unable to verify)

Time = 0.46 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.25,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 1.083, Rules

used = {3042, 3955, 3042, 3957, 266, 826, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(ccot(a + bx))3/2
| 3042

/ 1 dzr
7\ 3/2
(—ctan (a + bx + 5)) /

| 3955
2 | v/ccot(a + bx)dx
bcy/ccot(a + bx) c?
| 3042
9 f\/—ctan (a+bzx+%)dx
bey/ccot(a + bx) B c?
| 3957
v/ ccot(a+bx)
| @ a—i—tbw)t2+c2 d(ccot(a + bx)) N 9
be bey/ccot(a + bx)
l 266
2(a+b
2 f 0400022'2(1&:11’%)9:_)02 d\/ccot(a + bx) 2

+
be bey/ccot(a + bx)
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| 826
o1 [ Peotlatba)te y /oo TPy 1 e=cieotPatbn) g /oo Ty
2 f c* cot*(a+bz)+c? \/m_ 2 A cot (atbr)+c2 \/m
be
2
bcy/ccot(a + bx)
| 1476

1(1 1 \/7 1 1 \/7 _
2 <2 (2 f c2 cot? (a+bz) —v/2¢3/2 COt(a‘f‘bz)‘f‘Cd CCOt(a + bIE) + 2 f c2 cot? (a+bx)++/2c3/2 cot(a—i—bz)-i—cd CCOt(a + bx))

be

2
ber/coot(a + ba)

l 1082

———g————d(1—+/2y/ccot(a+bx) —y——g——d(v/2y/ccot(a+bz)+1 2
2<5<I_QMQHWF1< ) ) e ) L1 efetiattn) g footy

V2y/e V2+/c c cot?(a+bx)+c?
be
2
bcy/ccot(a + bx)
l 217

arctan ( v/24/ccot(a+bz)+1 arctan ( 1—+/2+/ccot(a+bzx) c—c2 cot? (a+be
2(;( ( i ) ( ki )>-%f¢aﬂéﬂﬁﬁ;d“0“m +bx>

_|_
bc
2
bcy/ccot(a + bx)
| 1479
V2y/c—2,/ccot(a+bzx) (f—#—f«/ccot(a-kbx)
2| % =2 cotZ(atba) V32 cor(atbm e Y COHATIT) f c2 cot2 (a+bz)+v2c3/2 cot(a+bz)+cd ccotlatbn) +1 M
2 2V2y/c 2v2y/c 2 V'
bc
2

bev/coot(a + bz)

| 25



CHAPTER 3. LISTING OF INTEGRALS 148

V2. ccot(a+bx Y Y Vc+v2/ccot(a+bx)
2 1 _f 290"2(“""\!’/;) 2f03;2(0:5(0+b$)+ dy/ecot(a+bz) f 200t2(5+bw)+fc3/2 cot(a+)b:v)+ dy/ecot(atb) 1 arCtan<\/§\/E(
2 2v/2\/c 2v/2\/c 2 V2.
be
2
bey/ccot(a + bx)
| 27
V2 v/ccot(a+bx SIS Y ¢c+v2+/ccot(a+bx SRS Y
2 l f 200t2(a+\£;) 2\/,63;2( cj)—tb(a-f—bw)+ d ccot(a+bm) ‘f 2 COtQ(;/;:Z)j-\/iCB‘}g (jt—)l:(i+bz)+cd ccot(a+b:1:) + l arCtan(\/i\/EC(
2 2V2(/e 2y/c 2 VoR
be
2
bcy/ccot(a + bx)
| 1103
o 1 arctan(ﬁﬁcct(a—i—bz)—i—l) arctan(l—ﬂﬁcot(a—i—bm)) 1 log;(—\/ic?’/2 cot(a+bx)+c? cotz(a+bx)+c) log<ﬁc3/2(
2 Vave - Vave T2 NN -
be
2
bey/ccot(a + bx)
N
input | Int[(c*Cot[a + b*x])~(-3/2) ,x]

2/ (bxcxSqrt [c*xCot[a + b*x]]) + (2%((-(ArcTan[1 - Sqrt[2]*Sqrt[c]*Cot[a + b
*x]]1/(Sqrt [2]*Sqrt[c])) + ArcTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*x]]/(Sqrt[2
I1*Sartlcl))/2 + (Loglc - Sqrt[2]*c~(3/2)*Cot[a + b*x] + c™2*Cot[a + b*x]~2
1/(2xSqrt[2]*Sqrt[c]) - Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] + c~2xCot[a +
bxx] 2]/ (2*Sqrt [2]1 *Sqrt [c]))/2) )/ (b*c)

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

rule 217

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

2]]1, s = Denominator[Rt[a/b, 2]]1}, Simp[1/(2%s) Int[(r + s*x72)/(a + b*x~
4), x], x] - Simp[1/(2*s) Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{
a, b}, x] & (GtQ[a/b, 0] || (PosQl[a/b] && AtomQ[SplitProduct[SumBaseQ, a]]
&% AtomQ[SplitProduct [SumBaseQ, bl]))

rule 826

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b
)1, x] /; RationalQ[q] && (EqQ[q9q~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1082

rule 1103 IntLC(A) + (e_)*(x))/((a_.) + (b_)*(x)) + (c_.)*(x)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]




rule 1476

rule 1479

rule 3042

rule 3955

rule 3957
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Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%*c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/ (2xc) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQl[{a, c, d, e}, x]
&& EqQ[c*d~2 - axe”2, 0] && PosQ[d*el

N\

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Simpl[e/(2xc*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%cxq) Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x1] /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e”2, 0] && NegQ[d*e]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d#*x]
)"(n + 1)/(b*d*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00
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method result
1
i ccot(bz+a)— (cz) 4 \/ccot(bz+a) ﬁ+\/§ +2arctan NG W-{—l
1 1
9 1 ccot(bz+a)+(c2) 4 V¢ cot(bz+a) \/§+\/c72
c| — _
c2 \/ccot(bz+a) 8c2 (62)%1
derivativedivides | — 5
1
V2l m ccot(bm+a)—(c2) ‘; v/ ccot(bz+a) \/§+\/c72 +2arctan V2 \/W+l
1 c cot(bm+a)+(c2) 4 v/ ccot(bz+a) \/5—#\/072 4
2| - c2 ccot(bz+a) - 1
8¢c2 (cz) 4
default — 5
inputLint(l/(c*cot(b*x+a))"(3/2),x,method=_RETURNVERBOSE)

output

-2/b*c*x(-1/c"2/ (cxcot (b*x+a)) ~(1/2)-1/8/c"2/(c"2) " (1/4)*2" (1/2) *(In((c*cot
(bxx+a)-(c”2)~(1/4) *(cxcot (b*x+a) )~ (1/2)*27(1/2)+(c~2) " (1/2) )/ (c*cot (b*x+a
)+(c™2)~(1/4) *(c*xcot (b*x+a)) ~(1/2)*27(1/2)+(c”2)~(1/2))) +2*arctan(2”(1/2)/
(c™2)~(1/4)*(c*xcot (b*x+a)) ~(1/2)+1)-2*arctan (-2~ (1/2)/(c~2) " (1/4) * (cxcot (b
xx+a)) " (1/2)+1)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 377 vs. 2(124) = 248.

Time = 0.11 (sec) , antiderivative size = 377, normalized size of antiderivative = 2.40

1
/ (ccot(a + bx))3/?

ccos(2
sin (2

v

V2

2v/2(ccos(2bz+2 a)+c) arctan ( Ve

NG

2 v/2(ccos(2 bz+2 a)+c) arctan (

NG

2bzx+2a)+
viwciﬂai@a?)c+l)
+

dz =

inputt

integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="fricas") J
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1/4x(2xsqrt (2) *(c*cos (2xb*x + 2xa) + c)*arctan(sqrt(2)*sqrt((ckcos(2xbxx +
2xa) + c)/sin(2%b*x + 2%a))/sqrt(c) + 1)/sqrt(c) + 2xsqrt(2)*(c*xcos(2*¥b*x
+ 2%a) + c)*arctan(sqrt(2)*sqrt((c*cos(2*b*x + 2%a) + c)/sin(2*b*xx + 2*a)

)/sqrt(c) - 1)/sqrt(c) - sqrt(2)*(c*cos(2*bxx + 2*a) + c)*log((sqrt(2)*sqr

t((c*cos(2xb*x + 2*a) + c)/sin(2*b*x + 2*a))*sin(2xb*x + 2*a)/sqrt(c) + co

s(2xbxx + 2*a) + sin(2*b*x + 2%a) + 1)/sin(2xb*x + 2*a))/sqrt(c) + sqrt(2)

*(cxcos (2*¥b*x + 2%a) + c)*log(-(sqrt(2)*sqrt((cxcos(2*¥b*x + 2%a) + c)/sin(

2xbxx + 2%a))*sin(2xbxx + 2*a)/sqrt(c) - cos(2*%b*x + 2%a) - sin(2%b*x + 2*

a) - 1)/sin(2*bxx + 2*a))/sqrt(c) + 8xsqrt((c*cos(2*b*x + 2*a) + c)/sin(2x*

b*x + 2%a))*sin(2+b*x + 2#a))/(b*c"2*cos(2*b*x + 2*a) + b*xc~2)

output

Sympy [F]
1 1
dx = / dz
/ (ccot(a+bz))*/* (ccot (a + bz))?
input (integrate (1/ (c*cot (b*x+a) ) **(3/2) ,x) \
Output‘ Integral((cxcot(a + b*x))**(-3/2), x) ‘

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.19

2 V2 arctan \/5(\/5\/6+2 \/ﬁ) ) 2v/2 arctan (— \/§<\/§\/6_2 \/ﬁ)
2ve 2ve V21o \/5\/5 R
- + _ _ g( V an(

c >
1
/ dxr=
(ccot(a + bx))3/? 10
jnputLintegrate(1/(C*C0t(b*X+a))A(3/2),X, algorithm="maxima") J
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1/4x*c*((2*sqrt (2) *arctan(1/2*sqrt (2) *(sqrt (2) *sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) -
2xsqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqr
t(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqr
t(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c))/c”2 + 8/(c"2*sqrt

(c/tan(b*x + a))))/b

output

Giac [F]

1 1
/ (ccot(a + bx))>/2 = / (ccot (bz + a))? “

e

~—

inputtintegrate(1/(c*cot(b*x+a))*(3/2),x, algorithm="giac")

Ou_tputLintegrate((c*cot(b*x + a))~(-3/2), x) J

Mupad [B] (verification not implemented)

Time = 9.91 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.48

b/° 1 do — 2
(ccot(a + bx))3/2 bcy/ccot (a+bx)

(—1)1/4 atan ( G Vi V;ECOt(aerx)) (—1)1/4 atanh ( =n'* \/\szot(a+bx)>
+ bcd/2 B bc3/2

-

int(1/(c*cot(a + b*x))~(3/2),x)

| —

inputt

t‘2/(b*c*(c*cot(a + b*x))~(1/2)) + ((-1)~(1/4)*atan(((-1)~(1/4)*(c*cot(a + b
*x))7(1/2))/7(1/2)))/ (b*c™(3/2)) = ((~1)7(1/4)*atanh(((-1)"(1/4)*(c*cot(a
|+ b)) (1/2)) /¢ (1/2)))/ (bxc™(3/2))

outpu
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Reduce [F]
Vcot(bz+a)
/ 1 de = \/E (f cot(:m—i-:)z d.’L')
(ccot(a+ bx))3/2 ™" c2

inputLint(l/(c*cot(b*x+a))"(3/2),X)

outputt(sqrt(c)*int(sqrt(cot(a + b*x))/cot(a + b*x)**2,x))/c**2
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1

3.15 f (ccot(a+bx))>/? dz

Optimal result . . . . . . . . . . . . . 155]
Mathematica [A] (verified) . . . . . . . . . ... L 155
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 156
Maple [A] (verified) . . . . . . . . ... 1601
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 161
Sympy [F] . . o e 162
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 162
Giac [F] . . . o o o 163l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 163l
Reduce [F] . . . . . . o 164

Optimal result

Integrand size = 12, antiderivative size = 158

arctan (1 _ V2/ecot(atbe) C‘i%('”bz))

1
dz = —
/ (ccot(a + bx))5/2 v V/2bc5/2
. arctan (1 + —ﬂ\/“\%(Tlm)) . arctanh(—fﬁ\/c;:;(&‘flg)) 9
\/2bc5/2 \/2bc5/? 3bc(ccot(a + bx))3/2

-1/2*arctan(1-2" (1/2) % (cxcot (bxx+a) )~ (1/2) /c™ (1/2)) %27 (1/2) /b/c™ (5/2)+1/2%
‘arctan (1427 (1/2) *(c*cot (bx+a) )~ (1/2) /™ (1/2))%27(1/2) /b/c” (5/2) +1/2*arcta
'mh(27(1/2) % (cxcot (b¥x+a)) ™ (1/2)/(c™(1/2)+c™ (1/2) *cot (bxx+a) ) ) *27 (1/2) /b/c”
| (5/2)+2/3/b/c/ (cxcot (bxx+a)) ™ (3/2)

output

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.54

| ot~
(ccot(a + bx))5/2 =
—2 + 3arctan <{‘/— cot?(a + bx)) (= cot?(a + bz))** + 3arctanh ({‘/— cot?(a + bm)) (— cot?(a + bx)
3bc(ccot(a + bx))3/2
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input ‘ Integrate[(c*Cot[a + b*x])~(-5/2),x] ‘

output‘ -1/3%(-2 + 3*ArcTan[(-Cot[a + b*x]~2)"(1/4)]*(-Cot[a + bxx]"2)~(3/4) + 3*xA
'rcTanh[(-Cot[a + b¥x]~2)~(1/4)1*(-Cot[a + b¥x]"2)~(3/4))/(b*c*(c*Cot[a + b
xD)(3/2)) J

Rubi [A] (warning: unable to verify)

Time = 0.47 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.30,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size — 1.083, Rules

used = {3042, 3955, 3042, 3957, 266, 755, 1476, 1082, 217, 1479, 25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(ccot(a + bx))>/2
| 3042

/ 1 dx
(—ctan (a + bx + %))5/2

| 3955
1
2 R
3bc(ccot(a + bx))3/2 c?
| 3042
1
d
2 f \/—ctan(a+bx+g) T
3bc(ccot(a + bz))3/2 c?
| 3957
1
f \/ccot(a+bx)(cot? (a+bz)c2+c2)d(c COt(a' + bx)) N 9
be 3bc(ccot(a + bx))3/2
| 266
2fmd ccot(a + bx) 9

bc + 3bc(ccot(a + bx))3/2
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| 755
c—c? cot?(a+bz c2 cot?(a+bz)+c
9 b e, o1 c0t4(¢:+(b:)_+c)2 dy/ccot(a+bz) n b e yourr cott‘l ((a—:—lw)):—c2 d+/ccot(a+bx)
2c 2c 9
+ 32
be 3bc(ccot(a + bz))
| 1476
1 1 \/7 1 1 \/7 c—c? cot? (a+bzx) /
2 2 f c2 cot2 (a+bz)—\/§c3/2 cot(a+bz)+cd ccot(a+bx)+2 f c2 cot2(a+bz)+\/§c3/2 cot(a+bz)+cd CCOt(a+b$) + f A cot4(a+bz)+c2 d ccot(
2c 2c
be
2
3bc(ccot(a + bx))3/2
| 1082
1 - c a T [ — c a T
|~ (1 Vaveeorate)) | — gl d(Vavecot(atbe) 1) e co(atte) 4 o
2 V2 /c V2+/c + c? cot*(a+bzx)+c
2c 2c
+
be
2
3bc(ccot(a + bx))3/2
| 217
o2 ot2 arctan (v/2+/c cot(a+bz)+1 arctan ( 1—+/2+/c cot(a+bz)
| s ) | A eenon) (P )
2 2¢ + 2c
+
be
2
3bc(ccot(a + bx))3/2
| 1479
_ V2y/c—24/ccot(a+bz) _ \/ﬁ(ﬁ+\/§\/ccot(a+bz))
B J 2 cotz(a+bz)—\/§c3/2 cot(atba)te d\/ccot(a+bx) 3 i 2 cot2(a+bz)+\/§c3/2 cot(a+bz)+cd\/ccot(a+bz) arctan(\/ﬁ\/écot(cH-bw)-ﬁ-l) _ar
2 2v2y/c 2v2\/c + V2y/e
2c 2c
be
2
3bc(ccot(a + bx))3/2

| 25
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158

V2y/c—2\/c cot(a+bx)

V2 (vetveyeoot(athe))

dy/ccot(a+bz) [ )
+ic

2 cotz(a+bx)—\/§c3/2 cot(a+bxz)+c

cot2 (a+bm)+\/§c3/2 cot(a+bxz)+c

d\/ccot(a+bx)

arctan(x/ﬁﬁ cot(a+bz)+1) arctan(

2v/24/c 2v/24/c V2y/c
2 2c + 2c
9 be
3bc(ccot(a + bx))3/2
| 27
V/2y/c—2y/c cot(a+bzx) ————— V/c+v2y/ccot(a+bzx) —————
I 2 cotz(a+bw)—\/503/2 cot(a+bz)+cd ecot(atbe) + I 2 cotz(a+bz)+\/§c3/2 Cot(a+bz)+cd ecot(atbe) arctan(ﬁ\/acot(a+bz)+l) _ arctan(
2v2,/c 2y/c V2+/e
2 +
2c 2c
9 be
3bc(ccot(a + bx))3/2
| 1108
arctan(ﬁ\/E cot(a+bm)+1) arctan(l—\/ﬁ\/E cot(a+bz)) log(\/§(:3/2 cot(a-!—bac)-kc2 cot2(a+bz)+c) log(—\/ﬁc3/2 cot(a+bz)+c2 cotz(a+bm)+c) A
2 V2/c B V2/e + 2v/2./c — 2v2./c
2c 2c
/
be
2
3bc(ccot(a + bx))3/2

-

input\Int[(C*COt[a + b*x])~(-5/2),x]

output

c"2xCot[a + b*x]~2]/(2xSqrt[2]*Sqrtlc]))/(2%c)))/(b*c)

2/ (3*bxc*(c*xCot[a + b*x])~(3/2)) + (2*((-(ArcTan[1 - Sqrt[2]*Sqrt[c]*Cot[a

+ b*x]]/(Sqrt[2]*Sqrt[c])) + ArcTan[1 + Sqrt[2]*Sqrt[c]*Cot[a + b*x]]1/(Sq
rt[2]1*Sqrt[c]))/(2*c) + (-1/2%Loglc - Sqrt[2]*c~(3/2)*Cot[a + b*x] + c~2*C
ot[a + b*x]~2]/(Sqrt[2]*Sqrtlc]) + Loglc + Sqrt[2]*c~(3/2)*Cot[a + b*x] +
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Intl((@) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

rule 755 Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]1}, Simp[1/(2*r) Int[(r - s*x~2)/(a + b*x~4)
, x], x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b
)1, x] /; RationalQ[q] && (EqQ[q9q~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1103 IntLC(A) + (e_)*(x))/((a_.) + (b_)*(x)) + (c_.)*(x)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]




rule 1476

rule 1479

rule 3042

rule 3955

rule 3957
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Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%*c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/ (2xc) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQl[{a, c, d, e}, x]
&& EqQ[c*d~2 - axe”2, 0] && PosQ[d*el

N\

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Simpl[e/(2xc*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%cxq) Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x1] /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e”2, 0] && NegQ[d*e]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d#*x]
)"(n + 1)/(b*d*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.99
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method result
1
(62)%\/5 In ccot(bz+a)+(c2)7f\/mﬁ+\/§ +2arctan 7\/5\/@4-1 —2
2| — 1 _ ccot(bz+a)— (62) 1 \/m \/§+\/Ci2 (cz) 4
3c2(c cot(ba:-}—a))% 8cd
derivativedivides | — 5
1
(02) %I V2 | 1n ccot(ba:+a)+(c2) j Wﬁ+\/z +2arctan —17\/§ \/erl —2
0| _ ) B ceot(bata)—(?) 4 V/ecot(bata) vVE+Ve2 (e2)4
3c2(c cot(bz+a))% 8ct
default — 5
input Lint (1/ (c*cot (b*x+a) )~ (5/2) ,x,method=_RETURNVERBOSE) J
output ~2/P*c* (=1/3/¢2/ (ckcot (bxx+a)) ™ (3/2)-1/8/c™4% (c72) " (1/4) %27 (1/2)* (1n((c*e

ot (b*xx+a)+(c”™2) " (1/4) *(cxcot (b*x+a)) ~(1/2)*2~(1/2)+(c~2)~(1/2)) / (c*cot (b*x
+a)-(c”2)~(1/4) *(c*cot (b*x+a) ) ~(1/2)*27(1/2)+(c~2)~(1/2)) ) +2*arctan(2~(1/2
)/ (c™2)~(1/4)*(c*cot (b*x+a)) ~(1/2)+1)-2*arctan(-27(1/2)/(c~2) ~(1/4) *(c*cot
(b*x+a))~(1/2)+1)))

/ (ccot(a ;

+ bx))5/2

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 380 vs. 2(124) = 248.

Time = 0.10 (sec) , antiderivative size = 380, normalized size of antiderivative = 2.41

Ve

v

va./€ cqs(2 bz+2a)+c va./€ co's(2
6 v/2(ccos(2 bz+2 a)+c) arctan ( sin(2bz+2a) +1) 6 v/2(ccos(2 bz+2 a)+c) arctan (Sm@
+

Ve Ve

dz =

input L

integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="fricas") J
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1/12%(6*sqrt (2) *(cxcos(2*b*x + 2%a) + c)*arctan(sqrt(2)*sqrt((ckcos(2*b*x
+ 2%a) + c)/sin(2xbxx + 2*a))/sqrt(c) + 1)/sqrt(c) + 6*sqrt(2)*(c*cos(2xb*
X + 2xa) + c)*arctan(sqrt(2)*sqrt((ckcos(2*b*x + 2*a) + c)/sin(2*b*x + 2*a
))/sqrt(c) - 1)/sqrt(c) + 3*sqrt(2)*(cxcos(2*bxx + 2*a) + c)*log((sqrt(2)*
sqrt ((cxcos(2*%bxx + 2%a) + c)/sin(2%bxx + 2#a))*sin(2*b*x + 2*a)/sqrt(c) +
cos(2*bxx + 2%a) + sin(2*bxx + 2%a) + 1)/sin(2*bxx + 2#a))/sqrt(c) - 3*sq
rt(2)*(c*cos(2xb*x + 2*a) + c)*log(-(sqrt(2)*sqrt((c*cos(2xb*x + 2*a) + c)
/sin(2xbxx + 2*a))*sin(2xb*x + 2*a)/sqrt(c) - cos(2*b*x + 2%a) - sin(2*b*x
+ 2xa) - 1)/sin(2*bxx + 2*a))/sqrt(c) - 8*sqrt((cxcos(2xb*x + 2%a) + c)/s
in(2xb*x + 2%a))*(cos(2¥b*x + 2xa) - 1))/(b*c”3xcos(2¥b*x + 2%a) + b*c~3)

output

Sympy [F]
1 1
dr = / s dz
/ (ccot(a + br))>/? (ccot (a + bx))?
inputLintegrate(1/(c*cot(b*x+a))**(5/2),x) J
outputtlntegral((c*cot(a + b*x))**(-5/2), x) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.19

2 \/5 arctan

«/é(\/wzu /W)) 2ﬁaman(_\/§(ﬁ\/az ﬁm)
+

2ve 2Ve ) V2log( v2+vec, /7
3 | YEes(Vave

c2

1
/ ccot(a + bx))5/2 do = 125
(ccot( )

inputLintegrate(1/(c*cot(b*x+a))*(5/2),x, algorithm="maxima") J
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1/12*%c* (3% (2*sqrt (2) *arctan(1/2*sqrt (2) *(sqrt (2) *sqrt(c) + 2xsqrt(c/tan(bx*
x + a)))/sqrt(c))/c”(3/2) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)
- 2*sqrt(c/tan(b*x + a)))/sqrt(c))/c”(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*
sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c~(3/2) - sqrt(2)*log(-sqrt(2)*
sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c~(3/2))/c”2 + 8/(c~2x(
c/tan(b*x + a))~(3/2)))/b

output

Giac [F]

1 1
/ (ccot(a + bx))5/2 = / (ccot (bz + a))> “

e

~—

inputtintegrate(1/(c*cot(b*x+a))*(5/2),x, algorithm="giac")

output Lintegrate((c*cot(b*x + a))~(-5/2), x) J

Mupad [B] (verification not implemented)

Time = 9.08 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.49

1 2
dr =
/ (ccot(a + bx))5/2 3bc(ceot (a+ bx))/?

- / ccot(a x . b / ccot(a T .
(—1)1/4atan<( L fecotlath )> 1i (—1)1/4atanh<( ' Jecorlash )> 1i

bcb/2 bch/2

inputtint(l/(c*cot(a + b*x))~(5/2),x%) J

‘2/(3*b*c*(c*cot(a + b*x))~(3/2)) - ((-1)~(1/4)*atan(((-1)"(1/4)*(c*cot(a +
‘ b*x))~(1/2))/c~(1/2))*1i) /(b*xc~(5/2)) - ((-1)~(1/4)*atanh(((-1)~(1/4)*(c*
(cot(a + b¥x))"(1/2))/c”(1/2))%11) / (bxc™(5/2))

output
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Reduce [F]
Vcot(bz+a)
/ 1 de = \/E (f cot(:m—i-:)?’ d.’L')
(ccot(a + bx))5/2 ™" c3

inputLint(l/(c*cot(b*x+a))"(5/2),X)

outputl(sqrt(C)*int(sqrt(cot(a + b*x))/cot(a + b*x)**3,x))/c**3
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1

3.16 f (ccot(a+bx))7/? dz

Optimal result . . . . . . . . . . . . . 165]
Mathematica [A] (verified) . . . . . . . . . ... 165
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 166
Maple [A] (verified) . . . . . . . . ... Il
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... Ival
Sympy [F] . . o e 172
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 173
Giac [F] . . . o o o 173l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 174
Reduce [F] . . . . . . o 174

Optimal result

Integrand size = 12, antiderivative size = 178

arctan <]_ — @) arctan <]_ + @)

1
dz = -
/ (ccot(a+ bx))7/? ! \/2bc7/2 \/2bc7/2
V/2+/ccot(a+bzx)
. arctanh (—ﬁ +M>) 2 2
V/2bcT/2 5bc(ccot(a+ bx))2  be3\/ccot(a + br)

‘rctan(1+2‘(1/2)*(c*cot(b*x+a))‘(1/2)/c‘(1/2))*2“(1/2)/b/c“(7/2)+1/2*arctan
‘h(2‘(1/2)*(c*cot(b*x+a))‘(1/2)/(0‘(1/2)+c‘(1/2)*cot(b*x+a)))*2‘(1/2)/b/c‘(

output‘ 1/2*arctan(1-2"(1/2) * (cxcot (bxx+a)) ~ (1/2) /c~(1/2))*2~(1/2) /b/c~ (7/2)-1/2%a \\
‘7/2)+2/5/b/c/(c*cot(b*x+a))‘(5/2)-2/b/c“3/(c*cot(b*x+a))‘(1/2)

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.54

) —5 arctan (C/— cot?(a + bx)) f/— cot®(a + bz) + 5arctanh( \/ — cot?(a + bx)
dz =
/ (ccot(a + bx))7/? 5bc3+/ccot(a + bx)
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input‘lntegrate[(c*Cot[a + b*x])~(-7/2),x]

output‘ (-5*%ArcTan[(-Cot[a + b*x]~2)~(1/4)]1*(-Cot[a + b*x]"2)~(1/4) + 5*ArcTanh[(- ‘
‘Cot [a + b*x]~2)~(1/4)]1*(-Cot[a + b*x]"2)~(1/4) + 2%(-5 + Tan[a + b*x]"2))/ ‘
L(S*b*c‘B*Sqrt [cxCot[a + b*x]]) J

Rubi [A] (warning: unable to verify)

Time = 0.57 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.26,

_ _ number of rules _
number of steps used = 16, number of rules used = 15, integrand size — 1.250, Rules

used = {3042, 3955, 3042, 3955, 3042, 3957, 266, 826, 1476, 1082, 217, 1479, 25, 27,
1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(ccot(a + bx))7/2
| 3042

/ 1 dz
NT7/2
(—ctan (a+bz+ %)) /

l 3955
1
: - J otz
5bc(c cot(a + bx))5/2 >
| 3042
1
2 B f (—ctan(a+bm+%))3/2 dx
5bc(ccot(a + bx))5/2 -
| 3955
2 — f\/‘md:c
2 _ bey/c cot(a+bx) 2
5bc(c cot(a + bx))>/2 -

J,3042
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9 f,/—ctan(a—i—bx—i-g)dm

2 bey/ccot(a+bz) - c?
5bc(ccot(a + bx))5/2 c?
| 3957
| GiammeszdCeoneatt)
2 be bey/ccot(a+bx)
5bc(ccot(a + bx))>/2 c?
| 266
2 cot2(a+bz) \/7
2f P ey Y e 2 (a+bm)+c2d ccot(a+bzx) + 9
2 be bey/ccot(a+bx)
5bc(ccot(a + bx))5/2 c?
| 826
2
5bc(c cot(a + bx))5/2
c2 cot? (a+bz)+c c—c? cot? (atbx
2(%fﬁ%d\/ccot(a+bx)—% fcjm(;fmd\/ccot(a+bz)) 0
be + bey/ccot(a+bz)
02
| 1476
2
5bc(c cot(a + bx))5/2
2 .2
1(1 1 \/7 1 1 _1 c—c“ cot*(a+bzx)
2 ( 2 (2 f c2 cot2 (a+bz)—\/503/2 cot(a+bz)+cd ccot(a+ba:)+ 2 f c2 cot2(a+bx)+\/§cs/2 cot(a+bx)+cd CCOt(aerz)) 2 4 cot4(a+bz)+52 d
be
62
| 1082
2
5bc(c cot(a + bx))5/2
f%d(l—ﬁﬁcot(a-ﬂ—bw)) I %d(ﬁﬁcot(a-ﬁ-bw)-}—l) 5 .2
1 —c“ cot“(a+bz)—1 _ 7 —c®cot*(atbz)—1 1 c—c* cot“(a+bzx) \/7
2<2< NG NN 5 S c4cot4(a+bz)+c2d ccot(a+bzx)
be + bey/cc
c2
| 217
2
5bc(ccot(a + bx))5/2
1 arctan(\/ﬁﬁcot(a+bz)+1) arctan(l—\/i\/Ecot(a+bz)) 1 c—c2 cotz(a+bz)
2<2< NN — NN 2 Teoti(atbn)rc? d+/ccot(a+bx)
be + be+/ccot(a+bz)

c2
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l 1479

2
5bc(c cot(a + bx))5/2
V/2+/c—2/ccot(a+bz) dy/coot(atba) [ — \/5(\/2+\/§\/ CCOt(‘H‘b(E)) d\/coot(atha) <
+

arctan(\/ﬁﬁ cot(a+bm)+1)
V2y/c

f B c2 cotz(a+bm)—\/§¢:3/2 cot(a+bz)+c c2 cot2(a+bm)+\/§c3/2 cot(a+bxz)+c 1
2v2/c 2v2y/c 2

N
—-

be

| 25

2
5bc(ccot(a + bx))5/2
VE/e-2\/ccot(atba) =) VE(VerVEaVeeatte) s
9l L / c2 cotz(a+bw)—\/§c3/2 cot(a+bw)+cd tatba) _ J c2 cot2(a+bw)+\/§c3/2 cot(a+bw)+cd tatba) +l arctan(\/ﬁ\/écot(zH-bz)-ﬁ-l) _
2 2v/2+/c 2v2/c 2 v2ye
bc
C2
| 27
2
5bc(c cot(a + bx))5/2
\/5\/5—2\/ccot(a+bw) — . \/E+\/§\/ccot(a+bx) ————
9] 1 c2 cot2(a+bz)—\/§c3/2 cot(a+bz)+c dv/ecot(atbr) _ J c2 cot2(a+bz)+ﬁc3/2 cot(a+bz)+c dvecot(atbe) +l arctan(ﬁﬁcot(a{—bz)-{—l) _
2 PG 2v/c 2 VoNG
bc
02
| 1108
2
5bc(c cot(a + bx))5/2
1 arctan(\/ﬁ\/é cot(a+bz)+1) arctan(l—\/i\/E cot(a+bz)) 1 log(—\/ﬁcs/2 cot(a+bz)+62 cot2(a+bz)+c) log(\/ﬁCS/z cot(a+bz)+c2 cotz(a+bz)
2\ 2 ViV - Vave t2 NN - NGNS
be
c2

input ‘ Int[(c*xCot[a + b*xx])~(-7/2),x]
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2/ (5xbxc*(cxCot[a + b*x])~(5/2)) - (2/(b*c*SqrtlcxCotla + bxx]]) + (2%((-(
ArcTan[1 - Sqrt[2]*Sqrt[c]l*Cot[a + b*x]]/(Sqrt[2]*Sqrt[c])) + ArcTan[l + S
qrt [2]*Sqrt [c]*Cot[a + b*x]]/(Sqrt[2]*Sqrtlcl))/2 + (Loglc - Sqrt[2]*c~(3/
2)*Cot[a + b*x] + c”2xCot[a + b*x]~2]/(2*Sqrt[2]*Sqrt[c]) - Loglc + Sqrt[2
J#c~(3/2)*Cot[a + b*x] + c™2xCot[a + bxx]~2]/(2*Sqrt[2]*Sqrt[c]))/2))/(b*c
))/c2

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27‘11“[(5‘-)*(1”‘-)’ x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 217‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
‘-D)*ArcTan[Rt [-b, 21*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
L& (LtQla, 0] || LtQ[b, 01)

~

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
“p, x], x, (c*xx)"(1/k)]1, x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[(x_)~"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

2]1], s = Denominator[Rt[a/b, 211}, Simp[1/(2*%s) Int[(xr + s*x72)/(a + b*x~
4), x], x] - Simp[1/(2*s) Int[(r - s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{
a, b}, x] & (GtQ[a/b, 0] || (PosQl[a/b]l && AtomQ[SplitProduct[SumBaseQ, a]l
&% AtomQ[SplitProduct [SumBaseQ, bl]))

rule 826

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2xc*x(x/b
)1, x] /; RationalQ[q] && (EqQ[gq~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1082
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rule 1103 TotLC(d) + (e_)*(x_))/((a_.) + (b_)*(x)) + (c_.)*(x_)72), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1476 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2xc) Int[1/Simp[d/e + g*x + x"2, x], x], x] + Simp[
e/(2xc) Int[1/Simpld/e - q*x + x~2, x], x], x]1] /; FreeQl[{a, c, 4, e}, x]
&% EqQlc*d~2 - axe”™2, 0] && PosQ[d*e]

rule 1479 Int[((d.) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 21}, Simpl[e/(2*c*q) Intl[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Simpl[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] &% EqQlcxd"2 - axe~2, 0] && NegQ[dxe]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3955 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(b*Tan[c + d*x]
)"(n + 1)/(bxd*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
, x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ (b2 + x~2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
!IntegerQ[n]
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.96

method result
1
V2 |In ccot(bx+a)—(c2) ‘11 Wﬁ+\/§ +2arctan —MW-FI —2arctan ——MW-H
% ccot(bm+a)+(02)z\/m\/§+\/§ (cz)Z (02>Z
8ct (62)211
derivativedivides | — 5
1
3 ccot(b:c-‘-a)—(cz)z\/m\/ﬁ-i-\/ci2 V2 \/ccot(bz+a) V2 \/ccot(bz+a)
2| 1n T +2 arctan —17-&-1 —2arctan ——17-9—]
% ccot(b:c-}—a)-!—(62)Z W\/i—}—\/ﬁ (02)1 (02)1
8cd (62>21£
default — v
input Lint (1/ (c*cot (bxx+a))~(7/2) ,x,method=_RETURNVERBOSE) J
output ~2/D*e* (1/8/6°4/(c72) " (1/4)%2™ (1/2)* (In((excot (bxxta) - (c72) " (1/4) * (cxcot (b

*x+a) ) " (1/2)*%27(1/2)+(c"2)~(1/2) )/ (c*cot (b*x+a)+(c~2) ~(1/4) *(c*cot (b*x+a))
~(1/2)*%27(1/2)+(c"2)~(1/2)))+2*arctan(2°(1/2) /(c”2) ~(1/4) * (c*cot (b*x+a) ) ~(
1/2)+1)-2*arctan(-2"(1/2)/(c"2) " (1/4) *(c*cot (b*x+a) )~ (1/2)+1))-1/5/c"2/ (c*
cot (b*x+a))~(5/2)+1/c”4/ (cxcot (b*x+a))~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(142) = 284.

Time = 0.09 (sec) , antiderivative size = 464, normalized size of antiderivative = 2.61

1
/ (coot(a + b2))72 %% =

af
10 \fZ(c cos(2bz+2 a)2+2 ccos(2 bx+2 a)—l—c) arctan

16 %(3cos(2ba:+2a)+2)sin(2bx+2a)+ —

inputLintegrate(1/(C*cot(b*x+a))”(7/2),x, algorithm="fricas") J
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-1/20%(16*sqrt ((ckcos (2*b*x + 2%a) + c)/sin(2xbxx + 2%a))*(3*cos(2*bxx + 2
*¥a) + 2)*sin(2*%b*x + 2%a) + 10*sqrt(2)*(cxcos(2xbxx + 2*a)~2 + 2xc*cos(2xb
*x + 2%a) + c)*arctan(sqrt(2)*sqrt((cxcos(2*b*x + 2*a) + c)/sin(2*b*x + 2%
a))/sqrt(c) + 1)/sqrt(c) + 10*sqrt(2)*(c*cos(2*¥b*x + 2%a)~2 + 2xc*cos(2xb*
X + 2xa) + c)*arctan(sqrt(2)*sqrt((ckxcos(2*b*x + 2*a) + c)/sin(2*b*x + 2xa
))/sqrt(c) - 1)/sqrt(c) - 5*sqrt(2)*(cxcos(2xbxx + 2*a)~2 + 2*c*cos(2xb*x
+ 2%a) + c)*log((sqrt(2)*sqrt((cxcos(2*bxx + 2*a) + c)/sin(2%b*x + 2xa))*s
in(2xbxx + 2xa)/sqrt(c) + cos(2*b*x + 2*a) + sin(2xbxx + 2¥a) + 1)/sin(2%b
*x + 2*xa))/sqrt(c) + bxsqrt(2)*(c*kcos(2¥b*x + 2%a)~2 + 2%c*cos(2*b*x + 2+*a
) + c)*log(-(sqrt(2)*sqrt((cxcos(2xbxx + 2*a) + c)/sin(2xbxx + 2xa))*sin(2
*b*x + 2*a)/sqrt(c) - cos(2*bkx + 2%a) - sin(2%b*x + 2¥a) - 1)/sin(2*b*xx +
2xa)) /sqrt(c))/(bxc"4xcos(2*bxx + 2*%a)~2 + 2xb*c”4*xcos(2¥bkx + 2%a) + b*c

output

~a)
Sympy [F]
(ccot(a :‘ bx))"/? do = / (ccot (a1+ bm))g &
input [integrate (1/ (cxcot (bax+a) ) #* (7/2) ,x)

\ >

outputtlntegral((c*COt(a + b*x))*x(-7/2), x)
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.15

1
/ (ccot(a + bx))7/? dz =

5 Vai08(VEVE, fmiErar et macieray ) | V28
Ve + Ve - NG +
c -
B 20b
inputLintegrate(1/(c*cot(b*x+a))‘(7/2),x, algorithm="maxima" J
output -1/20*c* (5% (2*sqrt (2) *arctan(1/2xsqrt (2) *(sqrt (2) *sqrt (c) + 2*sqrt(c/tan(b

*x + a)))/sqrt(c))/sqrt(c) + 2xsqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c
) - 2*xsqrt(c/tan(bxx + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)
*sqrt (c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)
*xsqrt (c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c))/c”4 - 8x(c™2
- B5xc"2/tan(b*x + a)~2)/(c”4*(c/tan(b*x + a))~(5/2)))/b

N\

Giac [F]
1 1
dz = / = dr
[ ewerm = ey
inputLintegrate(1/(c*cot(b*x+a))‘(7/2),x, algorithm="giac") J
OutputLintegrate((c*cot(b*x + a))~(-7/2), x) J




CHAPTER 3. LISTING OF INTEGRALS 174

Mupad [B] (verification not implemented)

Time = 9.34 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.51

1 2 2 cot(a+bx)?
dr = 5c c
/ (ccot(a + bx))7/2 b(ccot (a+ bx))*/?

- / ccot(a xr - / ccot(a x
(—1)1/4atan<( Shk NG Hath )> N (—1)1/4atanh<( D v Hatb )>
- bcT/2

bc7/2

input Lint (1/(c*cot(a + b*x))~(7/2),x)

‘ (2/(5%c) - (2xcot(a + b*x)~2)/c)/(b*(c*cot(a + b*x))~(5/2)) - ((-1)~(1/4)*

output
‘atan(((-l)“(1/4)*(c*cot(a + bxx))~(1/2))/c™(1/2)))/ (b*c~(7/2)) + ((-1)~(1/
‘4)*atanh(((-1)"(1/4)*(c*cot(a + b*x))"(1/2))/c”(1/2)))/ (b*c™(7/2))
Reduce [F]
\/cot(b:c—f-a
/ 1 de — (f cot(bw—i—a) )
(ccot(a + bx))7/? ct
input ‘ int (1/ (c*cot (bxx+a))~(7/2) ,x)

outputL(sqrt(c)*int(sqrt(cot(a + b*x))/cot(a + b*xx)**4,x))/c*x*4




output
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3.17 [(ccot(a + bx))*/3 dx

Optimal result . . . . . . . . . . . . e 175
Mathematica [C] (verified) . . . . . . . . .. ... L 176l
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 176
Maple [A] (verified) . . . . . . ... L 181
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... [181]
Sympy [F] . . o o 182
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 182
Giac [F] . . . . o o 183l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 183
Reduce [F] . . . . . 184

Optimal result

Integrand size = 12, antiderivative size = 242

A3 arctan ( Y/ ccot(a + br)

)

3
/(ccot(a +bz)) dx = ; Ve
/3 arctan [ v/3 — \/ccot a+ ba:))
e

/3 arctan <\/§+ \/ccot a—i—bx)

{/c ) _ 3cy/ccot(a + bz)

Ve log (- \/_\/' ceot(a+ bz) + (ccot(a+ bz))??)

b

4b

(
\/_c4/3log< 2/3 4+ \/3/c/ccot(a + bx) + (ccot( a+bx))2/3>

4b

/

c~(4/3)*arctan((c*cot (b*x+a))~(1/3)/c~(1/3)) /b+1/2%c”~(4/3)*arctan(-3"(1/2)
+2% (c*xcot (b*x+a))~(1/3)/c~(1/3)) /b+1/2xc~(4/3) *arctan (3~ (1/2) +2* (c*xcot (b*x
+a))~(1/3)/c~(1/3)) /b=-3*c*x(c*kcot (b*x+a)) ~(1/3) /b-1/4%3"(1/2) *c~ (4/3) *1n(c”
(2/3)-3"(1/2)*c~(1/3) *(c*xcot (b*x+a)) ~(1/3)+(c*kcot (b*x+a)) ~(2/3)) /b+1/4*3"(
1/2)*c~(4/3)*1n(c~(2/3)+3~(1/2)*c~(1/3) *(c*cot (b*x+a) ) ~(1/3)+(c*cot (bxx+a)

)~(2/3))/b
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.85

/(c cot(a + bx))*3 dx =

cf/m(fs ¢/ cot?(a + bz) — ilog (1 —zf/m) +ilog (1 -I—zW) —(-1)

input ‘ Integrate[(c*Cot[a + b*x])~(4/3),x] ‘

output

-1/2*%(c*(c*Cot [a + b*x])~(1/3)*(6%(Cot[a + b*x]~2)"(1/6) - IxLogl[l - I*(Co
tla + bxx]1"2)"(1/6)] + IxLogl[l + I*(Cot[a + b*x]1"2)"(1/6)]1 - (-1)~(5/6)*Lo
glt - (-1)~(1/6)*(Cot[a + b*x]~2)"(1/6)] + (-1)7(5/6)*Logl[1l + (-1)~(1/6)*(
Cot[a + bxx]~2)~(1/6)] - (-1)~(1/6)*Log[1 - (-1)~(5/6)*(Cot[a + bxx]~2)~(1
/6)1 + (-1)~(1/6)*Logl[1 + (-1)~(5/6)*(Cot[a + bxx]~2)~(1/6)1))/(b*(Cot[a +
b*x]~2)~(1/6))

Rubi [A] (warning: unable to verify)

Time = 0.51 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.90,

, number of rules _ 1 g3 Ryles
integrand size

used = {3042, 3954, 3042, 3957, 266, 753, 27, 216, 1142, 25, 1082, 217, 1103}

number of steps used = 14, number of rules used = 13

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c cot(a + bz))*/3 dz

l 3042

/ (—ctan (a + bz + ;))4/3 dx

l 3954
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2 (_/ 1 dw) _ 3cy/ccot(a + bx)
(ccot(a + bx))2/3 b

| 3042
2 _/ 1 gz ) — 3cy/ccot(a + bx)
( ctan(a+bx+g))2/3 b
| 3957
3 1
¢ f (ccot(a+bz))2/3(cot?(a+bx)c?+c?) d(c COt(a + bx)) _ 36\3/ CCOt(a + bl‘)
b b
l 266
3¢’ f 8 co‘c‘"’(al-l—bz)—i-c2 d 3V CCOt(a + b:l?) _ 3cs ccot(a + bI)
b b
| 753

3 3
g —————— 23/c-vai/ccot(a + bz) \/— 2{/crvai/c
3 f c2 cot2 (aibx)+c2/3 d ¢ COt(a + bZL') + f 2(c2 cot2(a+bz)— V3c4/3 cct(a+bm)+c2/3 c COt(a + bl’ f 2( ’

3 c2 cot2(a+bx)+\/§c
¢ 3ct/3 30573

3cy/ccot(a + bz)
b

l 27

3 3
z/sm f22\/_f\/m2/3\/m fzz\/Ewé\/m

303 f c2 cot2 (a+bw)+ A7 cot2(a+bzx) V/3c4/3 cot(a+b/:v)+c c2 cot? (a+bw)+\/§c4/3 cof
36473 6573
b
3cy/ccot(a + bx)
b
| 216
23/c-vai/ceot(a+bx) 3/ T 23/crvai/ceot(a+bx) 3T
3C3 f c2 cot2 (a+bzx)— fc4/3 cot(a+bz)+62/3 ¢ COt(a + bx f c2 cot2(a+bz)+fc4/3 cot(a+bz)+c2/3 CCOt a + bx arcta,n(c
6c5/3 6c5/3
b

3cy/ccot(a + bx)
b
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l 1142

13 1 8/ BN 1 va/lc—2}/ceot(a+bz) s/
2 \/E f c2 cot2 (a+bx)—\/§c4/3 cot(a+bm)+c2/3 d ¢ COt (a + bx) 2 \/gf c2 cot2 (a+bx)— fc4/3 cot(a+bz)+cz/3 ¢ COt a + bw

6cb/3

3c?

3cy/ccot(a + bx)

b

| 25

13 ) 8/ TN vad/e—23/ccot(a+bx) s/ TN
2 \/E f c2 cot2 (a+ba:)—\/§c4/3 cot(a+bx)+c2/3 d ¢ COt(a + bx)+ 2 \/gf 2 cot2(a+bz) fc4/3 cot(a+ba:)+02/3 ¢ COt a + b.’L'

6c5/3

38

3cy/ccot(a + bx)
b

l 1082

1 rdf1- 2c2/3 cot(a+bzx) \/_ t T b 3 3
—c2 cot2(a+bx)7§ V3 1 Vv3iy/C-2 \/ CCO a x 3 / 1 V34/C+2 \/
V3 + 2 \/g f c2 cot2 (a+bzx)— fc4/3 cot(a+ba:)+c2/3 ¢ COt(a + bx 2 \/gf 2 cot2(a+bz)+\/
6c5/3

i

38

3cy/ccot(a + bx)
b

l 217

3 3
) vay/c-2¥/ccot(a+bx) 3/  262/3 cot(artba) ) v3{/c+23/ ccot
3C3 2 \/5 f c2 cot? (a+bx)— V3cd/3 cot(a+bz)+c2/3 ¢ ot (a + bx arctan vs —+ 2 \/g f c2 cot? ("'+bz)+\/§c4/3 ce

6c5/3

3cy/ccot(a + bx)

b
l 1103




CHAPTER 3. LISTING OF INTEGRALS 179

2/3
— arctan (\/§ (1— M) ) - % V3log (—\/504/3 cot(a+bx)+c? cot? (a+bm)+c2/3)

73 arctan (\/ﬁ(
6c5/3 +

3c5/3

3c3 (arctan(c2/3 cot(a+bx)) 4

3cy/ccot(a + bx)
b

-

LInt[(c*Cot [a + bxx])~(4/3),x]

-/

input

output (=3*cx(c*Cot[a + b*x])~(1/3))/b + (3*c~3*(ArcTan[c~(2/3)*Cot[a + b*x]]/(3*
c~(5/3)) + (-ArcTan[Sqrt[3]1*(1 - (2xc~(2/3)*Cot[a + b*x])/Sqrt[3]1)] - (Sqr
t[3]1*Logl[c~(2/3) - Sqrt[3]1*c~(4/3)*Cot[a + b*x] + c"2xCot[a + b*x]~2])/2)/
(6%c~(5/3)) + (ArcTan[Sqrt[3]*(1 + (2%c~(2/3)*Cot[a + b*x])/Sqrt[3]1)] + (S
qrt [3]*Logl[c~(2/3) + Sqrt[3]*c~(4/3)*Cot[a + b*x] + c~2+Cot[a + b*x]"2])/2
)/(6%c~(5/3)))) /b
Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A

le 216
re rcTan[Rt[b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)
rule 217 mtl(@@) + (b_.)*(x)72)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)7(

-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQfa, 0] || LtQ[b, 01)




rule 266

rule 753

rule 1082

rule 1103

rule 1142

rule 3042

rule 3954
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Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
“p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

Int[((a_) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, nl], s = Denominator[Rt[a/b, nl], k, u, v}, Simp[u = Int[(r - s*Cos[(2xk
- 1)*(Pi/n)]1*x)/(r"2 - 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s~2%x~2), x] + Int[
(r + s*Cos[(2*k - 1)*(Pi/n)]*x)/(r~2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s72%*
x72), x]; 2%(r"2/(a*n)) Int[1/(xr"2 + s72%x72), x] + 2*(r/(a*n)) Sum[u,
ik, 1, (mn - 2)/4}], x]1] /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && PosQ[a
/bl

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4*S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Fre

eQ[{a, b, c}, x]

Int[((d_ ) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[d*(Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_.) + (e_)*(x_))/((a)) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simpl[e/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, xI

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

‘Int[((b_.)*tanl(c_.) + (d_.)*(x.)1)"(n_), x_Symboll :> Simp[bx((b*Tan[c + d
‘*x])"(n - 1)/@*(a - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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rule 3957 ImELC(b_)*tan[(c_.) + (d_.)*(x)1)"(n)), x_Symbol] :> Simp[b/d  Subst[Int
‘[x"n/(b“Q + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && ‘
‘ !IntegerQ[n] ‘

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.88

method result
1 2(cc
3e(c cot(bat ))% V3 (02)% ln<(ccot(bx+a))%—\/§ (02)%(ccot(bx—l—a))%—i—(cz)%) o(e?)® arctan(
derivativedivides | —=2<== 220 — n + 5
1
1 2 1 1 1 c(c?)® arctan 2ec
1 cV3(c?)81n ((ccot(bx—l—a)) 3 —v/3(c?) 8 (ccot(bz+a)) 3 +(c?) 3) (
3c(ccot(bz+a))3
default — ) - 7 + 5
input Lint ((c*cot (b*x+a))~(4/3) ,x,method=_RETURNVERBOSE) J
output -3*c* (c*xcot (bxx+a) )~ (1/3) /b-1/4/bxc*3~(1/2)*(c~2) " (1/6) *1n((c*cot (bxx+a)) "~

(2/3)-3"(1/2)*(c"2)~(1/6) *(c*xcot (b*x+a) ) ~(1/3)+(c"2)~(1/3))+1/2/b*c*(c"2)~
(1/6) *arctan(2*(cxcot (b*x+a))~(1/3)/(c~2)~(1/6)-3"(1/2) )+1/bxc*(c~2)~(1/6)
*arctan((cxcot (b*x+a))~(1/3)/(c”2)"(1/6))+1/4/b*c*3~(1/2)*(c~2)~(1/6) *1n((
cxcot (b*x+a)) ~(2/3)+37(1/2)*(c™2) ~(1/6) * (cxcot (b*xx+a) ) ~(1/3)+(c~2)~(1/3))+
1/2/bxcx(c~2) " (1/6) *arctan(2* (cxcot (b*x+a)) ~(1/3)/(c~2)~(1/6)+37(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 431 vs. 2(184) = 368.

Time = 0.10 (sec) , antiderivative size = 431, normalized size of antiderivative = 1.78

/ (ccot(a

o=

(v/—3b+b) log (c(%)é +1 (_%)é (\/__3b+b)) - (—Z—i)

_(5)




CHAPTER 3. LISTING OF INTEGRALS 182

input‘integrate((c*cot(b*x+a))“(4/3),x, algorithm="fricas")

output 1/4%x((-c™8/b"6) " (1/6) *(sqrt(-3)*#b + b)*log(c*((c*kcos(2xb*x + 2*a) + c)/sin
(2%b*x + 2*xa))~(1/3) + 1/2%(-c~8/b"6)~(1/6)*(sqrt(-3)*b + b)) - (-c~8/b76)
~(1/6)*(sqrt(-3)*b + b)*log(c*((c*cos(2xb*x + 2*a) + c)/sin(2%b*x + 2%a))”
(1/3) - 1/2%(-c"8/b76) " (1/6)*(sqrt (-3)*b + b)) + (-c"8/b"6)~(1/6)*(sqrt (-3
)*b - b)*log(c*((cxcos(2*bxx + 2*a) + c)/sin(2xbxx + 2¥a))~(1/3) + 1/2x(-c
~8/176)~(1/6)*(sqrt(-3)*b - b)) - (-c"8/b76)~(1/6)*(sqrt(-3)*b - b)*log(c*
((cxcos(2*b*x + 2*a) + c)/sin(2%bxx + 2*a))~(1/3) - 1/2*%(-c~8/b~6)~(1/6)*(
sqrt(-3)*b - b)) + 2%(-c"8/b~6)~(1/6)*bxlog(c*k((c*xcos(2*bxx + 2*a) + c)/si
n(2*¥bxx + 2*a))~(1/3) + (-c~8/b76)"(1/6)*b) - 2*(-c~8/b"6) ~(1/6)*bx1log(c*(
(c*cos(2xb*x + 2*xa) + c)/sin(2+b*x + 2¥a))~(1/3) - (-c~8/b"6)"(1/6)*b) - 1
2xcx ((c*xcos(2*%b*x + 2%a) + c)/sin(2*%b*x + 2*a))~(1/3))/b
Sympy [F]
/(ccot(a +bz)) dx = / (ccot (a + bx))3 dx
input[integrate((c*cot(b*x+a))**(4/3),x) ]
Ou_,DputLIntegral((c*co‘c(a + bx*x))**(4/3), x) J
Maxima [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.81
/ (ccot(a
3 2 c 5 3 :
(\/_cs log (\/_C (tan(bera)) +c3 + (—tan(bHa ) ) \/_cs log ( \/_c (tan(bx+a)> + c:
+bx))Y3 do =

inputLintegrate((c*cot(b*x+a))“(4/3),x, algorithm="maxima") J




CHAPTER 3. LISTING OF INTEGRALS 183

1/4*(sqrt (3)*c~(1/3)*log(sqrt (3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3)
+ (c/tan(b*x + a))~(2/3)) - sqrt(3)*c~(1/3)*Llog(-sqrt(3)*c~(1/3)*(c/tan(b*
x +a))~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3)) + 2xc~(1/3)*arctan((sqrt
(3)*xc~(1/3) + 2*(c/tan(b*x + a))~(1/3))/c~(1/3)) + 2xc~(1/3)*arctan(-(sqrt
(3)*c~(1/3) - 2*(c/tan(b*x + a))~(1/3))/c~(1/3)) + 4*c~(1/3)*arctan((c/tan
(b*x + a))~(1/3)/c~(1/3)) - 12x(c/tan(b*x + a))~(1/3))*c/b

output

Giac [F]

/(ccot(a+bx))4/3 dr = /(ccot (bz +a))3 dz

inputLintegrate((c*cot(b*x+a))"(4/3),x, algorithm="giac")

Outputtintegrate((c*cot(b*x + a))~(4/3), x)

Mupad [B] (verification not implemented)

Time = 10.29 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.02

/(ccot(a + bx))Y 2 dx = _3eleco (C;+ z))
(1) 49 g oy ™)
+ b
(—1)"° 3 In ((~1)"° e — 2 (ccot(a+ ba) '/ + (~1)° V3 (4 +431)
B 2b
1)Y/6 /3 In (2 (ccot(a +bz))® + (=1)8 /3 —( )2/3\/361/3> <—% + ‘/gli>
a 2b
1/6 c*3 In <2 ccot a+b:1:))1/3 +(— 1)1/6 1/3 (—1)2/3\/501/3) (i + @“)
+- b
1/6 /3 1n <2 (ccot(a + bx))1/3 — (—1)1/6 c/3 4+ (—1)2/3 \/gcl/3> (—}l + \/i“>
+

b
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input‘ int ((c*cot(a + b*x))~(4/3),x)

((-1)~(1/6)*c~(4/3)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3)*1i)/c~(1/3))*1
i)/b - (3*cx(c*kcot(a + b*x))~(1/3))/b - ((-1)~(1/6)*c”(4/3)*Log((-1)~(1/6)
*c~(1/3) - 2x(cxcot(a + b*x))~(1/3) + (-1)7(2/3)*3"(1/2)*c~(1/3))*((37(1/2
)*x1i)/2 + 1/2))/(2xb) - ((-1)"(1/6)*c”(4/3)*log(2*(c*cot(a + b*x))~(1/3) +

(-1)7(1/6)*c~(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*11)/2 - 1/2))/
(2%b) + ((-1)"(1/6)*c~(4/3)*log(2*(cxcot(a + b*x))~(1/3) + (-1)"(1/6)*c~(1
/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1i) /4 + 1/4))/b + ((-1)"(1/6)*
c~(4/3)*1log(2*(c*cot(a + b*x))~(1/3) - (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(
1/2)*c~(1/3))*((37(1/2)*1i) /4 - 1/4))/b

output

Reduce [F|

ol

C% (—3 cot (b.'L' + a) - <f ﬁdm) b)

b

/(c cot(a + bx))*3dx =

input Lint ((c*cot (b*x+a))~(4/3) ,x)

e

(c*x*x(1/3)*c*x( - 3*xcot(a + b*x)**(1/3) - int(cot(a + b*x)**(1/3)/cot(a + bx*
%), %)*b)) /b

output




output
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3.18 [(ccot(a + bx))*3 dx

Optimal result . . . . . . . . . . . . e 185
Mathematica [C] (verified) . . . . . . . . .. ... L 186!
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 186
Maple [A] (verified) . . . . . . ... L 190
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 191
Sympy [F] . . o o 192
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1921
Giac [F] . . . . o o 193l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 193
Reduce [F] . . . . . 194

Optimal result

Integrand size = 12, antiderivative size = 225

2/3 arotan ( YV ccot(a + bx))

/5 aretan [ v — \/m 23 aretan (V3 + 23/ ccot(a + bx)
Ye - Ve
2b
\/—02/3 log <c2/3 \/_\/E\/m—}- (ccot(a + bx))2/3>
4b
| VB Slog (10 3 /ecotfa T ) + (ccotla+ b))
4b

-c~(2/3)*arctan((c*xcot (b*x+a))~(1/3)/c~(1/3)) /b-1/2*c~(2/3) *arctan(-3~(1/2
)+2x (cxcot (b*x+a)) ~(1/3)/c~(1/3)) /b-1/2%c~(2/3) *arctan(3~(1/2)+2* (c*cot (b*
x+a))~(1/3)/c”(1/3))/b-1/4%3"(1/2) *c~(2/3) *1n(c~(2/3)-3"(1/2) *c~ (1/3) * (c*c
ot (b*xx+a))~(1/3)+(cxcot (b*x+a))~(2/3))/b+1/4%37(1/2) *c~(2/3)*1n(c~(2/3)+3~
(1/2)*c~(1/3)*(c*cot (b*x+a)) ~(1/3)+(c*cot (b*x+a)) ~(2/3)) /b
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.15 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.82

/ (ccot(a

+bx))¥3 de =

(amwa+bmnw3(—ibg(l—i@ﬂggéi:a;>+ibg(1+iVZ;§3125>—k3:T(—

e

LIntegrate [(cxCot[a + b*x])~(2/3),x]

~—

input

((cxCot[a + b*x])~(5/3)*((-I)*Log[1l - I*(Cot[a + b*x]1"2)"(1/6)] + IxLogl1
+ Ix(Cot[a + b*x]72)7(1/6)] + (-1)~(1/6)*(-Log[1l - (-1)~(1/6)*(Cot[a + b*x
172)~(1/6)] + Logl[1l + (-1)~(1/6)*(Cot[a + b*x]~2)~(1/6)] + (-1)~(2/3)*(-Lo
glli - (-1)"(5/6)*(Cot[a + b*x]~2)"(1/6)] + Logll + (-1)"(5/6)*(Cot[a + b*x
172)7(1/6)1))) )/ (2%b*c*(Cot [a + b*x]~2)~(5/6))

output

Rubi [A] (warning: unable to verify)

Time = 0.43 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.87,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 917 Ryjes
integrand size

used = {3042, 3957, 266, 824, 27, 216, 1142, 25, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c cot(a + bx))?/3 da

l 3042

/ <—ctan (a + bx + g))2/3 dx

l'3957
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cf %d(c cot(a + bx))
b
l 266
b
l 824

f—2( {/c-va}/ccot(a + bx) \/m I o

c cotz(a+bw) \fc4/3 cot(a+bz)+02/3 - 2(02 cot2(a+

1 1
3|5/ dy/ccot(a + bzx) + T

c2 cot2(a+bx)+c2/3

l 27

I 200\/_ v33/ccot(a + bx) d \/m I {/civad/cc

t2(a+bz) fc4/3 cot(a+bz)+c c2 cot2 (a+bz)-+—\/?7,c4

o Ve

1 1
3c 3f c? cot2(a+bzx)+c2/3

dy/ccot(a+ bx) —

l 216

{/c-v3/ccot(a + bx) \/7 Y/c+vai/cceot(a + bx) 43/ccot(a + bz)
_ f <2 co 2/3 CCOt(a + bx f 2 cot2(a+bz)+fc4/3 cot(w,,m)4_c2/3 ccot a + bx arcta

3C +2 (a+bzx)— \/§c4/3 cot(a+bz)+c
63/c 63/c
b
| 1142
13 1 3 1 f\/z 2\/CCOt(a+b:E 3 /ccot(a 1
3C _ 2 \/Ef c2 cotz(a+bz)—\/§c4/3 cot(a+bz)+c2/3 d ¢ COt(a + b.’L') f f cot2(a+bz) \fc4/3 cot(a+bz)+52/3 c COt(a +
63/c
| 25
1 f\/E 2\/CCOta+bI \/7 13
3C —_ 2 \/gf c2 cot? (a+bz)— fc4/3 cot(a+bz)+c2/3 ¢ COt(a + b.T \/_f c2 cot2(a+bx)— \fc4/3 cot(a+bz)+c 2/3 CCOt(a + b.’L')

6/c
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lHBZ

22/3 cot(a+bx) > I

1 af1-
%\/gf 2Cf\/E 2 ccot(a—i-bac ccot(a—i—bx _Czcotz(aer)_% < 7

ot2 (a+bzx)— fc4/3 cot(a+bz)+c2/3 V3

3c| — T

l 217
3V3[ vay/c- 2\/m2/3 ccot(a + bx) +arctan( ( MM)) lff% VAAY

cot2(a+bz) V/3c4/3 cot(a+bx)+c cotz(a+bz)+fc4/

1
—c2 cot?(a+bx)— %

3c| — 7 B
_ b
l’1103
arctan (32/3 cot(a+bz)) arctan (\/5(1_262/LW) ) —%\/glog(—\/gc‘l/?’ cot(a+bx)+c? Cotz(a+bw)+c2/3) %\/glog(\/gc
3c 3o _ S )
_ b
input LInt[(c*Cot [a + b*x])~(2/3),x] J

(-3%c*(ArcTan[c~(2/3)*Cot [a + b*x]]/(3*%c~(1/3)) - (ArcTan[Sqrt[3]*(1 - (2%
c~(2/3)*Cot[a + b*x])/Sqrt[3]1)] - (Sqrt[3]*Loglc~(2/3) - Sqrt[3]*c~(4/3)*C
ot[a + bxx] + c”2*Cot[a + b*x]~2])/2)/(6%c~(1/3)) - (-ArcTan[Sqrt[3]*(1 +
(2%c™(2/3)*Cot[a + b*x])/Sqrt[3]1)] + (Sqrt[3]*Loglc~(2/3) + Sqrt[3]*c~(4/3
)*Cot[a + bxx] + c™2*Cot[a + b*x]~2])/2)/(6xc~(1/3))))/b

output

Defintions of rubi rules used

rule 25 106[-(Fx.), x Symboll :> Simp[ldentity[-1]  Int[Fx, x], x] J

N

rule 27‘111'0[(a )*(Fx_), x_Symbol]l :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !'Ma |
‘tchQ[Fx, (b_)*(Gx_) /; FreeQlb, x1]
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

rule 216

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 217

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simp[k/c Subst[Int[x~(k*(m + 1) - 1)*(a + bx(x~(2%k)/c~2))
“p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, n]], s = Denominator[Rt[a/b, nl], k, u}, Simp[u = Int[(r*Cos[(2*k
- 1)*m*x(Pi/n)] - s*Cos[(2*k - 1)*(m + 1)*(Pi/n)]*x)/(r"2 - 2*r*s*Cos[(2*k -
1)*(Pi/n)]*x + s72*x72), x] + Int[(r*Cos[(2%¥k - 1)*m*x(Pi/n)] + s*Cos[(2*k
- D*x(m + 1)*(Pi/n)]*x)/(r"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s~2%x~2), x]
; 2¢(-1)"(m/2)*(xr"(m + 2)/(a*n*s™m)) Int[1/(x"2 + s72*x"2), x] + 2*(r"(m
+ 1)/(a*n*s™m))  Sum[u, {k, 1, (n - 2)/4}], x]] /; FreeQ[{a, b}, x] && IGt
Ql(a - 2)/4, 0] && IGtQ[m, 0] &% LtQ[m, n - 1] && PosQ[a/b]

rule 824

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol]l :> With[{q = 1 - 4%S
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Fre
eQ[{a, b, c}, x]

rule 1082

Int[((d_ ) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1103

Int[((d_.) + (e_.)*(x_))/((a)) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simple/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

rule 1142




rule 3042

rule 3957

input

output
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/(b~2 + x°2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&

! IntegerQ[n]

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.85

method result
2( (bz+ ))%
5 1 1 ccot(bzx+a _
V3 (02)6 1n<(ccot(bx+a))%—\/§(c2)g(ccot(bx-ﬁ-a))%-}—(z:?)é) arctan (Cz)g V3
3c 12¢2 1
6(02) 6
derivativedivides | —
2( (b ))?17
5 2 1 1 1 arctan M—f 5
\/§(c2)6 1n<(ccot(bz+a))37\/§(c2)E(ccot(bm+a))3+(c2)3> (02)% \/5(62)6 1ﬂ<(CC
3c 122 + 1
6(62) 6
default —

tint((c*cot(b*x+a))“(2/3),x,method=_RETURNVERBOSE)

-3/bxcx(1/12/c~2%3~(1/2)*(c~2) ~(5/6) *1n((c*cot (b*x+a)) ~(2/3)-3"(1/2)*(c"2)
~(1/6)*(c*cot (b*x+a))~(1/3)+(c"2)~(1/3))+1/6/(c~2) "~ (1/6) *arctan(2* (c*cot (b
*x+a))~(1/3)/(c”2)"(1/6)-3"(1/2))-1/12/c"2*x3"(1/2)*(c"2) ~(5/6) *1n((c*cot (b
*x+a) )~ (2/3)+37(1/2)*(c"2) "~ (1/6) * (c*cot (b*x+a) )~ (1/3)+(c"2)~(1/3))+1/6/(c”
2)~(1/6)*arctan(2* (c*cot (b*xx+a) )~ (1/3)/(c"2)~(1/6)+3~(1/2))+1/3/(c"2)~(1/6
Y*arctan((c*cot (b*x+a)) ~(1/3)/(c~2)~(1/6)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 416 vs. 2(169) = 338.

Time = 0.08 (sec) , antiderivative size = 416, normalized size of antiderivative = 1.85

/ (ccot(a

1, — ct\® ccos (2bx 4+ 2a) + ¢ 5
be)) " de 4 ( 3 1) ( b6> log (C < sin (2bz + 2a) )

1, — A\ s 5(ccos(2bz +2a)+c 5
_Z( _3_1)<_ﬁ) log<c( sin (2bz + 2 a)

3 ccos (2bx 4+ 2a) + ¢ 5
& sin (2bx + 2a)

1, — ct\ o s(ccos(2bx +2a)+c 5
_4_1( _3+1)<_b_6> log(c( sin (2bz + 2 a) )

1/ c*\? A\ ccos (2bz +2a) + ¢ 5
= = 1 51 _— 3

2( bG) o8 (b( bﬁ) +c< sin (20 + 2a) )

1/ \s s( ¢ s 5(ccos(2bz +2a)+c 5
+ 2 (_b_6) log <_b (_E) +e ( sin (2bx + 2 a) )

input Lintegrate ((c*cot (b*x+a))~(2/3) ,x, algorithm="fricas")
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1/4%(sqrt(-3) - 1)*(-c"4/b"6)"(1/6)*log(c~3*((c*cos(2*b*x + 2*a) + c)/sin(
2xbxx + 2*a))~(1/3) + 1/2*(sqrt(-3)*b~5 + b~5)*(-c~4/b"6)"(5/6)) - 1/4%(sq
rt(-3) - 1)*(-c”4/b"6) " (1/6)*1og(c~3*((c*kcos(2xb*x + 2*a) + c)/sin(2xb*x +
2%a))~(1/3) - 1/2*(sqrt(-3)*b~5 + b~5)*(-c~4/b"6)~(5/6)) + 1/4*(sqrt(-3)
+ 1)*(-c"4/b76) " (1/6) *log(c~3*((c*cos(2*b*x + 2%a) + c)/sin(2*b*x + 2*a))”
(1/3) + 1/2%(sqrt(-3)*b~5 - b~5)*(-c~4/b"6)"(5/6)) - 1/4*(sqrt(-3) + 1)*(-
c~4/176)~(1/6)*Llog(c~3*((c*cos(2*bxx + 2*a) + c)/sin(2xb*x + 2%a))~(1/3) -

1/2%(sqrt(-3)*b~5 - b~5)*(-c"4/b"6)~(5/6)) - 1/2*x(-c"4/b~6)~(1/6)*1log(b~5
*(-c"4/b"6)"(5/6) + c~3*x((cxcos(2*bxx + 2*a) + c)/sin(2xbxx + 2%a))~(1/3))
+ 1/2x(-c"4/b"6) " (1/6) *1og(~-b~5%(-c~4/b~6) " (5/6) + c~3*((c*cos(2xbxx + 2%
a) + c)/sin(2xb*x + 2%a))~(1/3))

output

Sympy [F]

/(ccot(a+bx))2/3 dz = /(ccot (a-l-bz))% dx

inputLintegrate((c*cot(b*x+a))**(2/3),x) J

output LIntegral((c*cot(a + b*x))**(2/3), x) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.81

/ (ccot(a

oo
o=

2 2 arctan
2 3
te3 +<tan(bcz+a)) >

) vois(—ob (i)

1
1 3 2
V3log <\/§c3 (tan<b°m+a>) +ed3+ (m)
3

C

1
c3

+b2))3 dx = 10

inputLintegrate((c*cot(b*x+a))“(2/3),x, algorithm="maxima") J
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output 1/4*(sqrt (3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/tan
(b*x + a))~(2/3))/c"(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a))~
(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c”(1/3) - 2*arctan((sqrt(3)*c~(1
/3) + 2%(c/tan(b*x + a))~(1/3))/c”(1/3))/c~(1/3) - 2xarctan(-(sqrt(3)*c~(1
/3) - 2x(c/tan(bxx + a))~(1/3))/c~(1/3))/c~(1/3) - 4*arctan((c/tan(b*x + a
))~(1/3)/c~(1/3))/c~(1/3))*c/b
Giac [F]
/(ccot(a+bx))2/3 dr = /(ccot (bz +a))? dz
inputLintegrate((c*cot(b*x+a))"(2/3),x, algorithm="giac") J
Outputtintegrate((c*cot(b*x + a))~(2/3), x)

Mupad [B] (verification not implemented)

Time = 10.53 (sec) , antiderivative size = 260, normalized size of antiderivative = 1.16

1) 2 gt (10 esparta )

/(ccot(a +b2))Pdr = — 2
1)V6 213 1 (972.: 486(-1)!/0 %/ (—1:;/5 i) (ccot(a+bz))1/3) (_ - @>
B 2b
—1)/6¢ i) (ccot(a+bx))/3 .
(— 1)1/6 2/3 1 (97309 _ 486 (—1)1/6 ¢26/3 (1+;§§1)( t(a+bzx)) ) (%+ \/‘32’11)
B 2b
1)/ ¢2/3 In (972c 486 (—1)/° c20/8 (_H,_,?,ﬁ 1) (CCOt(aerx))l/s) <_i + ‘ﬁli)
+- b
486 (—1)1/6 ¢26/3 (144/31i) (ccot(a+bz)) /3 )
16 205 1y (972c (100 (14V81) (ecolat ) ) (3+452)
_+_

b
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input‘ int ((c*xcot(a + b*x))~(2/3),x)

((-1)~(1/6)*c~(2/3) *1og ((972*%c~9) /b~3 + (486*(-1)"(1/6)*c™(26/3)*(3~(1/2)*
1i - 1)*(c*cot(a + b*x))~(1/3))/b73)*((37(1/2)*1i)/4 - 1/4))/b - ((-1)~(1/
6)*c~(2/3)*1og((972%c~9) /b3 - (486*(-1)~(1/6)*c~(26/3)*(37(1/2)*1i - 1)*(
cxcot(a + b*x))~(1/3))/b~3)*((3~(1/2)*1i)/2 - 1/2))/(2*b) - ((-1)~(1/6)*c"”
(2/3)*10g((972%c™9) /b~3 - (486%(-1)"(1/6)*c”~(26/3)*(37(1/2)*1i + 1)*(c*cot
(a + b*x))~(1/3))/b~3)*((37(1/2)*1i) /2 + 1/2))/(2xb) - ((-1)~(1/6)*c~(2/3)
*atan(((-1)~(2/3)*(cxcot(a + b*x))~(1/3))/c™(1/3))*1i)/b + ((-1)~(1/6)*c"(
2/3)*1og((972%c~9) /b~3 + (486*(-1)~(1/6)*c~(26/3)*(3~(1/2)*1i + 1)*(c*cot(
a + bxx))~(1/3))/b"3)*((37(1/2)*1i)/4 + 1/4))/b

output

Reduce [F]

/(ccot(a +b2))*Pdz = c3 (/ cot (bz + a)’ dx)

input ‘ int ((cxcot (bxx+a))~(2/3),x)

output ©**(2/3)*int(cot(a + b)#x(2/3) )




outpu
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3.19 [ ¥/ccot(a+ bx) dz

Optimal result . . . . . . . . . . . .. 193]
Mathematica [A] (verified) . . . . . . . . ... .. L 195
Rubi [A] (warning: unable to verify) . . . .. . ... . ... ... ... ..., 196
Maple [A] (verified) . . . . . . . . ... 1991
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 200
Sympy [F] . . o e 201]
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 201]
Giac [A] (verification not implemented) . . . . . ... ... ... ... 202
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [F] . . . . . . 203

Optimal result

Integrand size = 12, antiderivative size = 131

V/3/carctan <02/ 3—2(i}:§ct2(¢/z;rbx))2/ 8 >
[ Vewoitav b e = -
\/_log( 23 + (ccot(a + bx))2/3)
2b
_ V/clog (c4/3 — c2/3(c cot(a + bx))2/3 + (ccot(a+ bx))4/3)
4b

A\

‘(2/3))/b+1/2*c (1/3)*1n(c”(2/3)+(c*cot (bxx+a)) ~(2/3)) /b-1/4*c™(1/3) *1n(c~( ‘
14/3)-c”(2/3)*(c*cot (b*x+a) )~ (2/3) +(c*cot (bkx+a)) ~(4/3)) /b |

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.81

[ Vecotla+ i) do
(ccot(a + bx))*/3 <log (1 + {/cot?(a + bx)) — v/—1log (1 — =14/ cot?(a + bx)> + (=1)*2log (1 -

2bc cot?(a + bx)?/3
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input ‘ Integrate[(c*Cot[a + b*x])~(1/3),x]

output‘((c*COt[a + b*x])~(4/3)*(Log[1 + (Cotla + b*x]"2)"(1/3)] - (-1)"~(1/3)*Logl
1 - (-1)7(1/3)*(Cot[a + b¥x]~2)~(1/3)] + (-1)~(2/3)*Logll + (-1)~(2/3)*(Co
{t[a + bxx]~2)"(1/3)1))/(2%bxc*(Cot [a + b*x]~2)~(2/3))

|
|
J

Rubi [A] (warning: unable to verify)

Time = 0.31 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.85,

number of steps used = 12, number of rules used = 11,
used = {3042, 3957, 266, 807, 821, 16, 1142, 25, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules

| Veeotia+ba)do

l 3042

/ i‘/—ctan (a + bx + g)d:c

l’3957

cf Vecot(a + bz) d(ccot(a + bx))

cot2(a+bx)c2+c?
b

l 266
3c[ m%df/ccot(a + bz)
B b
J'807

3cf 0302°0tﬂd(c2 cot?(a + bz))

cot3(a+bx)—+c?

integrand size

2
l 821

= 0.917, Rules
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2 cot2(a+bw)+cz/3 2 2 i 2 2
3C f c2 cot? (a+b:1:)—c5/3 cot(a+bm)+c4/3 d(c cot (a—l—bx)) _ f c2 cot2(a+bz)+c2/3 d(c cot (a+bx))
3¢c2/3 3¢c2/3
2b
l 16
c cot2(a+bm)+c2/3 2 2
3 J 2 cot2 (a+ba)—cB/3 cot(atbz)+ct/3 d(e? cot?(a+be)) log(c? cot? (a+bz)+c?/3)
¢ 3¢2/3 - 3¢2/3
2b
l 1142
02/3_902 cot2
3c2/3 1 2 012 1 2¢? cot? (atbx) 5> o
3¢ 2¢% [ 2 cot2 (atbz)—c5/3 cot(atbz)+ct/3 d(c? cot?(a+bz)) +5 [ — 2 cot2 (atbz)—c5/3 cot(atbz)+ct/3 d(c? cot?(a+bz)) _ log(c? cot?(
3c2/3 3c
2b
l 25
3.2/3 [ 1 d(c? cot?(a+bz))— L [ ¢?/3 22 cot® (a+ba) d(c? cot?(a+bz)) 2 t2
3c 2 c2 co|:2(a.+bz)—c5/3 cot(a+ba:)+c4/3 27 2 cot2(atba)— 5/3 cot(a+bz)+c4/3 _ log(c cot (af{
3c2/3 32/
2b
| 1082
3 éd(l—z 3 0cot(a+bx)>—l I 2/3 2.2 cot? (atbz) d(c? cot? (a+bz))
3 9 3 Ccot(atbz)—4 2 c2 cotZ(a+bz) 55/3 cot(a+bz)+c4/3 log(02 COt2 (a+bx)+02/3)
¢ 3c2/3 - 3c2/3
2b
l 217
1 c2/3_oc2 cotz(a+bz) 2 2 _ 1-2 3 Ccot(a+bzx)
3¢| | e ara)-73 cotat bay 1373 U O (a+b2)) —VBarctan VB ) log(e? cot? (atba)+c2/3)
C 3c2/3 - 3c2/3
2b
l 1103
3
1 log —c3/3 cot(a+bx)+c2 cot?(a+bz)+ct/3) —1/3 arctan 1-2 Y Ccot(a+tbz)
3¢ 2 ( ( ) ( ) ) V3 _ log(02 cotz(a-l—bx)-i—cQ/S)

3¢c2/3 3¢2/3

2b
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input‘lnt[(c*Cot[a + b*x])~(1/3),x]

output‘(_3*5*('1/3*L08[CA(2/3) + c"2xCot[a + b*x]~2]1/c~(2/3) + (-(Sqrt[3]*ArcTan[
(1 - 2%c™(1/3)*Cot[a + b*x])/Sqrt[3]]) + Loglc™(4/3) - c”(5/3)*Cot[a + b¥x |
1+ c"24Cotla + bx]721/2)/(3+c"(2/3))))/ (2%b) |

Defintions of rubi rules used

ruk)lG‘Int[(c—')/((a_-) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +
\b*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

e 217 TtL(@) + (b_.)*(x)"2)~(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)"(
-1))*ArcTan[Rt[-b, 21*(x/Rt[-a, 21)1, x] /; FreeQ[{a, b}, x] & PosQla/b]l &
& (LtQla, 0] |1 L, 01) )

rule 266 Int[((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simp[k/c Subst[Int[x~(k*(m + 1) - 1)*(a + bx(x~(2%k)/c~2))
“p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

~

/Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol]l :> With[{k = GCD[m
+ 1, nl}, Simp[1/k Subst[Int[x"((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], x,
x7k]l, x] /; k '= 1] /; FreeQl[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

rule 807

rule821‘Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Simp[-(3*Rt[a, 3]*Rt[b, 3])~(-
‘1) Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Simp[1/(3*Rt[a, 3]*Rt[b, 3]) ‘
. Int[(Rt[a, 3] + Rt[b, 31%x)/(Rt[a, 3172 - Rtla, 31*Rt[b, 31*x + Rt[b, 3172 |
‘*x"2), x], x] /; FreeQ[{a, b}, x] ‘




rule 1082

rule 1103

rule 1142

rule 3042

rule 3957

CHAPTER 3. LISTING OF INTEGRALS 199

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*cxd - b*e)/(2+%c) Int[1/(a + b*x + c*x"2), x], x] + Simp[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
IIntegerQ[n]

~

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.82
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method result
(62) 3
V/3 arctan —3
In <(c cot(bera))% +(c2) %) In <(c cot(bera))% —(c Cot(bz+a))% (CZ) % +(c2) %)
del = ! + T + .
6(62)§ 12(02)§ 6(02)§
derivativedivides | — -
()
V/3 arctan Y B
In ((C cot(bz+a))% + (C2) % > In <(c cot(bz+a))% —(c Cot(bz+a))% (02) % + (62) % )
del = 1 + T + .
6((;2)3 12(62)3 6(62)3
default — :
input Lint ((c*cot (b*x+a))~(1/3) ,x,method=_RETURNVERBOSE) J

output‘ -3/bxc*(-1/6/(c~2) "~ (1/3)*1n((c*cot (b*x+a) ) ~(2/3)+(c~2)~(1/3))+1/12/(c"2) " ( ‘
‘ 1/3)*1n((c*cot (b*x+a)) ~(4/3) - (c*cot (b*x+a)) ~(2/3)*(c™2)~(1/3)+(c"2)~(2/3)) ‘
+1/6%37(1/2)/(c~2)~(1/3) *arctan(1/3%3~(1/2)* (2% (cxcot (bxx+a)) ~(2/3)/(c™2)~ |
(1/3)-1))) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 211 vs. 2(100) = 200.

Time = 0.08 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.61

/\3/ccot(a+bz) dx =
2
V3e—2 /3¢ ((coos@bat2a)te) 3 2 8 sin(2
2+/3cs arctan (— ‘ - (3Scm(2bz+2a) ) ) —2c3 log (Cg + (%) 3) ¥l og -

4b
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input ‘ integrate((c*cot (b*x+a))~(1/3) ,x, algorithm="fricas")

output -1/4%(2*sqrt (3)*c~(1/3)*arctan(-1/3*(sqrt (3)*c - 2*sqrt(3)*c~(1/3)*((c*cos
(2xbxx + 2xa) + c)/sin(2xb*x + 2%a))~(2/3))/c) - 2*c~(1/3)*log(c”(2/3) + (
(c*cos(2xb*xx + 2*%a) + c)/sin(2%b*x + 2%a))~(2/3)) + c~(1/3)*log((c™(4/3)*s
in(2*b*x + 2*a) - ¢~ (2/3)*((c*cos(2*b*x + 2%a) + c)/sin(2*b*x + 2*a))~(2/3
)*sin(2*b*x + 2*a) + (c*xcos(2%bxx + 2*a) + c)*((c*cos(2*b*x + 2*a) + c)/si
n(2xb*x + 2*a))~(1/3))/sin(2*b*x + 2%*a)))/b

Sympy [F]
[ Veeotla+b)do = [ Yecot (a4 ba)da
input| integrate((cxcot (brx+a)) x#(1/3),x) )
output [ntegral((crcot(a + brn))*k(1/3), ©) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.78

/ vecceot(a + br) dx =

2 4 2 %
3c3 log <03 —c3 (tan(bcw+a)) +(tan(bcw+a)>
C 2 +

2 2
c3 c3 c3

2 \/§ arctan | —

4

2
3 2 3
) 2 log <c3+(tan(bcz+a)) >

4b

input Lintegrate ((cxcot (b*x+a))~(1/3),x, algorithm="maxima") J
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Output‘-1/4*c*(2*sqrt(3)*arctan(—1/3*sqrt(3)*(c’"(2/3) - 2x(c/tan(b*x + a))~(2/3))

| /c7(2/3))/c™(2/3) + log(c™(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan( |
‘bkx + 2))7(4/3))/c™(2/3) - 2+¥log(c™(2/3) + (c/tan(b¥x + a))~(2/3))/c™(2/3)
/b |
Giac [A] (verification not implemented)
Time = 0.86 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.11
/ v/ ccot(a + bzx) dz
V3 (7c)% 2(—ct—~C—y %
Zﬁ(—c)%arctan ( i ( +0105(bm+a) ) ) 1 2 1 : 3
3(-0)3 (—0)3 log((—c)3+(—c)3 (—et+masar) *+ (et o) 3)
¢ (& + Cc -
- 4b
input Lintegrate ((cxcot(b*x+a))~(1/3),x, algorithm="giac") J
output‘1/4*C*(Q*Sqrt(3)*('C)5(1/3)*arCtan(1/3*Sqrt(3)*((-0)“(1/3) + 2x(-c + c/cos

‘*(-c + c/cos(b*x + a)~2)~(1/3) + (-c + c/cos(b*x + a)~2)~(2/3))/c - 2%(-c)

‘(b*x +a)"2)7(1/3))/(-c)~(1/3))/c + (-c)~(1/3)*1log((-c)~(2/3) + (-c)~(1/3) \
""(1/3)*1og(abs(-(—c)‘(1/3) + (-c + c/cos(b*x + a)~2)~(1/3)))/c)/b ‘

Mupad [B] (verification not implemented)

Time = 9.24 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.02

c'/? In (81 /3 (ccot(a + bz))* + 81 06)

/\/ccot(a-l-bz)d:c: 55

6 81c16/3 (14311 (ccot(a+bz))?/?
/3 1n (810 (2 2 ) (

b4 bt

N =
+
oo
=
N———

2b
162¢16/3 (11 31 (ceot(atba))?/3 .
/3 In (8})% + ( it )( (atbz)) ) <_i + \/511>

b4

+ b
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inputLint((c*cot(a + b*x))~(1/3) ,x)

(c™(1/3)*1og(81xc~(16/3) *(cxcot(a + b*x))~(2/3) + 81*c”6))/(2*%b) - (c~(1/3
)*1og((81%c~6)/b~4 - (81%c~(16/3)*((37(1/2)*1i)/2 + 1/2)*(c*cot(a + b*x))~
(2/3))/74)*((37(1/2)*1i) /2 + 1/2))/(2%b) + (c™(1/3)*log((81*c”6)/b"4 + (1
62xc~(16/3)*((37(1/2)*1i) /4 - 1/4)*(cxcot(a + b*x))~(2/3))/b"4)*((37(1/2)*
1i)/4 - 1/4))/b

output

Reduce [F]

/{’/mdx=cé</cot(bx+a)idx>

inputLint((c*cot(b*x+a))*(1/3)’x)

OutputLc**(l/B)*int(cot(a + b*x)**(1/3),x)
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1 dx

3.20
/ {/ccot(a + bx)

Optimal result . . . . . . . . . . .. 204
Mathematica [A] (verified) . . . . . . . .. ... L o 204
Rubi [A] (warning: unable to verify) . . . . ... ... ... .. ... . ... 205
Maple [A] (verified) . . . . . . . . .. 209
Fricas [B| (verification not implemented) . . . . . .. .. ... ... ....... 209
Sympy [F] . . . 210
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2111
Giac [A] (verification not implemented) . . . . . . . ... ... ... 211
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 212
Reduce [F] . . . o . 0 o 212

Optimal result

Integrand size = 12, antiderivative size = 131

c2/3-2(ccot(a+bx))2/3
/ 1 p V3arctan ( 2(\/522(/: 2 > log (c*/® + (ccot(a + bz))?/?)
T= _
v/ ccot(a + bx) 2bv/c 2bv/c
N log (c*/3 — ¢*3(ccot(a + bz))?® + (ccot(a + bx))*?)
4b/c

¢ 1/2%37(1/2)xarctan(1/3x(c" (2/3) -2+ (ckcot (bxx+a)) ~(2/3))*3°(1/2) /™ (2/3)) /b
| /e7(1/3)-1/2%1n(c" (2/3) +(c*cot (b¥x+a) )~ (2/3)) /b/c™ (1/3)+1/4%1n(c™(4/3)-c (|
L2/3) *(c*cot (b*x+a)) ~(2/3)+(c*cot (b*x+a) ) ~(4/3)) /b/c”(1/3) J

outpu

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.75

/ 1
dz
v/ccot(a + bx)
2
v/ cot(a + bx) (—2\/§arctan (%;(be)) —2log (1 + cot3 (a + bx)) + log <1 — cot3(a + bx) + ¢
4b+/ccot(a + bx)
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input ‘ Integrate[(c*Cot[a + b*x])~(-1/3),x] ‘

| (Cot[a + b*x]~(1/3)*(-2%Sqrt [3]#ArcTan[(-1 + 2#Cot[a + b*x]~(2/3))/Sqrt[3]
‘1 - 2%Logl[1 + Cot[a + b*x]~(2/3)] + Logll - Cot[a + b*x]~(2/3) + Cotla + b |
L*X]‘(4/3)]))/(4*b*(C*Cot [a + b*x])~(1/3)) J

output

Rubi [A] (warning: unable to verify)

Time = 0.32 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.85,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size — 0.917, Rules

used = {3042, 3957, 266, 807, 750, 16, 1142, 25, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1
————dzx
¥/ ccot(a + br)

| 3042

1

/ ‘{/—ctan (a—i—bx-l— g)

l’3957

dzr

1
c d(ccot(a + bx
_ f i/c COt(a + bx) (cot2(a+bx)c2+-c2) ( ( ))

b
l 266

{/ccot(a + bz)
3c[ coot(a + bx) dy/ccot(a + bx)

b cotb(a+bx)—+c?

b
l 807

e o+ 1)
%
l 750
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1 2 2 2c2/3 2 cotz(a+bz) 2 2
3c f c? °°t2(a+b$)+c2/3d(c cot (a+bx)) f 2 cot2(a+bz)—c5/3 cot(atbz)+c4/3 (C cot (a+bx))
364/3 354/3
2b
| 16
2c2/3 -2 cot2(a+bz) 2 2
3 J 2 cot2 (a+ba)—cB/3 cot(atbz)+ct/3 d(e? cot?(a+be)) log(c? cot? (a+bz)+c?/3)
¢ 3c4/3 3ci/3
2b
l 1142
02/3 _0c2 cot2
3.2/3 1 2 2 _1 2¢“ cot“(a+bzx) 2 2
3C 2¢ f c2 cot2(a+bm)—c5/3 cot(a+bx)+c4/3 d(c cot (a+bx)) 2 f c2 cot2(a+bx)— c5/3 cot(a+bm)+c4/3 (C cot (a+bx)) + log(02 cot? (‘
3c1/3 3c
2b
| 25
3.2/3 1 2 2 1 c2/3 o2 cot2(a+bz) 2 2
23 d(c? cot?(a+bz))+1 [ d(c? cot?(a+bz)) 2 .2
3¢ 2 2 cot2 (a+bx)—cB/3 cot(a+bx)+ct/3 27 2 cot2 (atba)—cD/3 cot(atbz)+ct/3 + log(c? cot?(a-
3c4/3 3c4/
2b
| 1082
1 c2/3 2.2 cot2(a+b:c) 2 1 3
5 d(c? cot?(a+bz))+3 —d 1-24/Ccot(a+bx
3 2/ 2 cot? (a+bz)—c5/3 cot(atba)+c4/3 (c# cot( )+3] Ccot(atbz)—4 ( ( )) + log(c? cot?(a+bz)+c?/3)
¢ 3ct/3 3c4/3
2b
l 217
1 c2/3 _2c2 cot2(a+bz) 2 2 _ 1-2 2 C cot(a+bx)
2 f <2 cot2 (a+bx)—cB/3 cot(atbx)+ct/3 d(¢* cot?(a+bz)) V3arctan V3 log(c2 cot2(a+bac)+02/3)
3c 73 +

3c4/3

2%
l 1103
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3
—+/3arctan <1_26\;?W> — 12 log(—c5/3 cot(a+bx)+c? cot?(a+bx)+ct/3)

log(c? cot?(a+bz)+c?/3)
3c 3c4/3 + 3473

2b

e

Int[(c*xCot[a + b*x])~(-1/3),x]

~—

inputL

Output‘(-3*c*(Log[c‘(2/3) + c~2*%Cot[a + b*x]~2]/(3*c~(4/3)) + (-(Sqrt[3]*ArcTanl[(
‘1 - 2xc~(1/3)*Cot[a + b*x])/Sqrt[3]]) - Loglc~(4/3) - c~(5/3)*Cot[a + b*x]
+ c"2xCot[a + b*x]172]/2)/(3*c~(4/3))))/(2%Db)

N\ J

Defintions of rubi rules used

ruk316‘Int[(C—')/((a--) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
Lb*x, x]11/b), x1 /; FreeQ[{a, b, c}, x]

—

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 217 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

Int [((c_.)*(x)) (@ )*((a) + (b_.)*(x_)"2)"(p_), x_Symboll :> With[{k = De
nominator [m]}, Simp[k/c  Subst[Int[x~(k*(m + 1) - 1)*(a + bx(x~(2%k)/c"2))
“p, x1, x, (c*x)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

rule 750 IntLCa1) + (b_.)*(x.)73)7(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172) Int[1/
(Rt[a, 3] + Rt[b, 3]*x), x], x] + Simp[1/(3*Rt[a, 3]172) Int[(2*Rt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]"2*x~2), x], x] /;
FreeQ[{a, b}, x]




rule 807

rule 1082

rule 1103

rule 1142

rule 3042

rule 3957
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Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Simp[1/k Subst[Int[x"((m + 1)/k - 1) *(a + b*x"(n/k))"p, x], x,
x"k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Fre

eQ[{a, b, c}, x]

~

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

/Int[((d_.) + (e_)*(x))/((al) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - bxe)/(2%c) Int[1/(a + b*x + c*xx"2), x], x] + Simpl[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, xI

~

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ ("2 + x°2), x], x, b¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
!IntegerQ[n]
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.82

method result
()8
\/5 arctan 3
n <(CC0t(bm+a)) % +(c2) %> In <(°°°t(bm+a)) % —(c COt(bz+a))% (02) % +(c2) % >
3 2 - Pl + -
6(02)3 12(02)3 6(02)§
derivativedivides | — -
(62) 3
\/5 arctan ——
In <(C cot(bz+a)) % + (02) % > In <(c cot(bz+a)) % —(c cot(bm+a))% (02) 11‘? + (CQ) 12{ >
3e 2 - P + 5
6(62) 3 12(02) 3 6(02) 2
default — :
input Lint (1/ (c*cot (b¥x+a))~(1/3) ,x,method=_RETURNVERBOSE) J
output -3/bkc* (1/6/(c™2) " (2/3)*1n((c*cot (bkx+a))~(2/3)+(c"2)~(1/3))-1/12/ (c2)~ (2

‘1/6/(c‘2)‘(2/3)*3“(1/2)*arctan(1/3*3“(1/2)*(2*(c*cot(b*x+a))‘(2/3)/(c“2)‘(

‘/3)*1n((c*cot(b*x+a))”(4/3)-(c*cot(b*x+a))“(2/3)*(c“2)“(1/3)+(c“2)“(2/3))+
\1/3)-1))) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(100) = 200.

Time = 0.09 (sec) , antiderivative size = 639, normalized size of antiderivative = 4.88

dxz = Too large to display
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input‘

integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="fricas")

output

[1/4%(sqrt(3)*c*sqrt ((-c)~(1/3)/c)*1log(1/2*sqrt(3)*((-c)~(2/3) *((c*cos(2*b
*x + 2%a) + c)/sin(2xb*x + 2*a))~(2/3)*(cos(2*bxx + 2*xa) - 1) - 2xc*x((c*co
s(2*b*x + 2%a) + c)/sin(2*bxx + 2*a)) " (1/3)*sin(2*b*x + 2#*a) + (c*xcos(2*xbx*
x + 2%a) - c)*(-c)”(1/3))*sqrt((-c)~(1/3)/c) - 3/2%(-c)~(1/3)*((c*cos (2*bx*
x + 2%a) + c)/sin(2xb*x + 2%a))~(2/3)*(cos(2%b*x + 2%a) - 1) + 3/2*c*cos(2
*b*x + 2%a) + 1/2%c) - 2*(-c)~(2/3)*log((-c)~(2/3) + ((c*cos(2xb*x + 2%a)
+ ¢)/sin(2%bxx + 2*a))~(2/3)) + (-c)~(2/3)*1log(-((-c)~(1/3)*c*sin(2xb*xx +

2xa) + (-c)~(2/3)*((cxcos(2xbxx + 2*a) + c)/sin(2*b*x + 2+%a))~(2/3)*sin(2*
bxx + 2%a) - (c*cos(2%b*x + 2¥a) + c)*((c*cos(2*b*x + 2*a) + c)/sin(2*b*x

+ 2%a))~(1/3))/sin(2*bxx + 2*a)))/(b*c), -1/4*(2xsqrt(3)*cxsqrt(-(-c)~(1/3
)/c)*arctan(1/3*(sqrt (3) *(-c)~(1/3) *c*sqrt(-(-c)~(1/3)/c) + 2*sqrt(3)*(-c)
~(2/3)*((c*cos(2*b*x + 2*a) + c)/sin(2*b*xx + 2*a))~(2/3)*sqrt(-(-c)~(1/3)/
c))/c) + 2x(-c)~(2/3)*Log((-c)~(2/3) + ((c*cos(2*b*x + 2%a) + c)/sin(2*b*x
+ 2%a))~(2/3)) - (-c)~(2/3)*1log(-((-c)~(1/3)*c*xsin(2*b*x + 2*a) + (-c)~(2
/3)*((c*cos(2%b*x + 2%a) + c)/sin(2*xbxx + 2*a)) ~(2/3)*sin(2*b*x + 2%a) - (
c*xcos (2*%b*x + 2*a) + c)*((ckcos(2xb*x + 2*a) + c)/sin(2*bxx + 2*a))~(1/3))
/sin(2xb*x + 2%a)))/(b*c)]

Sympy [F]

1 1
L/" dz:=L/h dx
v/ ccot(a + bz) v eceot (a+ bx)

inputt

integrate (1/(cxcot (bxx+a))**(1/3),x)

e

outputL

Integral((c*cot(a + b*x))**(-1/3), x)

~—
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.79

/ 1

dr =
v ccot(a + bx)
«g(g_ (—— )

2 4 2
3e3 log <C§ —c3 (tan(bcaH—a) )
C —

winy

2+/3arctan | —

winy
ol

2
+(tan(bcz+a) ) > 2 log (C% +(tan(bcz+a) ) ° >
+

1 1
c3 c3

Ol

4b

input‘integrate(1/(c*cot(b*x+a))“(1/3),x, algorithm="maxima")

output‘
| /67(2/3))/c™(4/3) - log(c™(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan(

‘b*x + a))~(4/3))/c”(4/3) + 2xlog(c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(4/3)

-1/4*cx(2*sqrt (3)*arctan(-1/3*sqrt (3)*(c~(2/3) - 2x(c/tan(b*x + a))~(2/3)) ‘
/b |

Giac [A] (verification not implemented)

Time = 0.36 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.11

/ 1
dr =
v/ccot(a + bx)
1 3
\/§<(—c>3 +2 (_c+m) )

I 2 2 1 : 2
3(—c)3 (=% log ((—c)3+(—c)3 (_c+cos(b:+a)2>3+(_C+cos(b:+a)2)3> 2
—_ _|_ —

Cc [

4b

2
2+/3(—c) 3 arctan

inputLintegrate(1/(C*cot(b*x+a))‘(1/3),x, algorithm="giac") J
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‘-1/4*(2*sqrt(3)*(—c)”(2/3)*arctan(1/3*sqrt(3)*((—c)*(1/3) + 2%(-c + c/cos( ‘
‘b*x +a)72)7(1/3))/(-¢c)~(1/3))/c - (-c)~(2/3)*1og((-c)~(2/3) + (-c)~(1/3)* ‘
\(-c + c/cos(b*xx + a)~2)"(1/3) + (-c + c/cos(b*x + a)~2)~(2/3))/c + 2x(-c)~ ‘
‘(2/3)*1og(abs(—(—c)“(1/3) + (-c + c/cos(b*x + a)~2)~(1/3)))/c)/b

output

Mupad [B] (verification not implemented)

Time = 9.98 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.98

/ 1 . In ((ccot(a +bz))¥% + 02/3>
T=—
v/ ccot(a + bz) 2bcl/3

81c!l/? (—14v31i 3 (ccot(atbz))?/ .
1n< (b3 )+162 3 ( ;:g +b ))23> (_1+\/§11)

4bcl/3
In (81c11/3 g;+\/§li> _ 162 ¢3 (cco;§a+bx))2/3> (1 + \/511)
" 4bcl/3
input Lint(l/(c*cot (a + b*x))~(1/3),x) J

output‘ (Log((81%c™(11/3)*(37(1/2)*1i + 1))/b™3 - (162%c™3*(c*cot(a + b¥x))~(2/3)) |
/b73)*(37(1/2)*1i + 1))/(4%bxc”(1/3)) - (Log((81%c™(11/3)*(37(1/2)*1i - 1)
1)/b73 + (162%c™3x(cxcot(a + b¥x))~(2/3))/b"3)*(3™(1/2)*1i - 1))/(4¥bkc™(1/
13)) - log((c*cot(a + b*x))~(2/3) + c”(2/3))/(2¥bxc™(1/3)) |

Reduce [F]
P — | St
v/ ccot(a + bx) ch
input Lint(l/(c*cot (b*x+a))~(1/3) ,x) J

output Lint(l/cot(a + b*x)**x(1/3) ,x) /c**(1/3) J




output
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1

3.21 f (ccot(a+bx))?/3 dz

Optimal result . . . . . . . . . . . . . 213]
Mathematica [C] (verified) . . . . . . . . . ... 214
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 214
Maple [A] (verified) . . . . . . . . ... 2T8]
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 210
Sympy [F] . . o e 220
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 220
Giac [F] . . . o o o 221]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 22T
Reduce [F] . . . . . . o

Optimal result

Integrand size = 12, antiderivative size = 225

3
arctan ( YV ccot(a + bx))

/ L dx = Ve
(ccot(a + bx))2/3 ™ bc2/3
arctan ( v/3 — 2 Vccot(a + bx) arctan [ v/3 + 2 {/ccot(a + bx)
" 2bc?/3 B 2bc2/3
V3log (02/3 — V/3¢/c{/ccot(a + bx) + (ccot(a + bx))2/3>
" 4bc?/3
V3log <02/3 +v/3¥/c/ccot(a + bz) + (ccot(a + bx))2/3>
- 4bc?/3

—arctan((c*xcot (bxx+a)) ~(1/3)/c~(1/3))/b/c~(2/3)-1/2*arctan (-3~ (1/2) +2* (c*c
ot (b*x+a))~(1/3)/c~(1/3))/b/c~(2/3)-1/2*arctan(3~(1/2)+2* (c*cot (b*x+a)) ~ (1
/3)/c”(1/3))/b/c™(2/3)+1/4%3~(1/2)*1n(c~(2/3) -3~ (1/2) *c~(1/3) * (c*cot (b*x+a
))~(1/3)+(c*cot (b*x+a))~(2/3))/b/c”(2/3)-1/4%3~(1/2)*1n(c™(2/3)+37(1/2) *c~
(1/3)*(c*cot (b*x+a) )~ (1/3)+(c*cot (b*x+a))~(2/3))/b/c~(2/3)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.15 (sec) , antiderivative size = 189, normalized size of antiderivative = 0.84

v/ ccot(a + bx) (—i log (1 — iy/cot*(a + bz)) +ilog (1 +iy/ cot?(a + bx)) -

1
/ (ccot(a + b2))8 4=

e hY

Integrate[(c*Cot[a + b*x])~(-2/3),x]

input

N\

((c*Cot[a + b*x])~(1/3)*((-I)*Log[1l - I*(Cot[a + b*x]~2)"(1/6)] + IxLogl1
+ Ix(Cot[a + bxx]~2)7(1/6)] + (-1)~(1/6)*(-((-1)~(2/3)*Log[1 - (-1)~(1/6)*
(Cot[a + b*x]"2)"(1/6)]1) + (-1)~(2/3)*Logl[1l + (-1)"(1/6)*(Cot[a + b*x]"2)"
(1/6)]1 - Logll - (-1)"(5/6)*(Cot[a + b*x]"2)"(1/6)] + Logl[l + (-1)~(5/6)*(
Cot[a + bxx]72)~(1/6)1)))/(2*b*c*(Cot[a + b*x]~2)~(1/6))

output

Rubi [A] (warning: unable to verify)

Time = 0.45 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.87,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size — 0.917, Rules

used = {3042, 3957, 266, 753, 27, 216, 1142, 25, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(ccot(a + bx))?/3
| 3042

/ 1 dx
(—ctan (a + bx + g))2/3
l 3957

_ ¢ f (ccot(a+bx))2/3((1:ot2(a+bw)02+02) d(C COt(a + b.’L‘))

b
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l 266

_3sz€5$@%a;;§d3ccoua-+bx)

b
l 753

/ Reootarba) | etV eetlata) o oco(arba) e ervsl/e

1
3c W + 2 cot2 (a+bz)— V3c/3 cot(a+bz)+c2/3 2 cot2 (a+bz)+/3
3ct/3 3573

l 27
3 ccot(a—l—b:c) S 2\/_ f\/m \/m 3/esv3i/ccot

c2 cot?(a+bx)— V/3c4/3 cot(a+bz)+c2/3 f c2 cotz(a+bz)+\[c4/3 ¢
+ 6c5/3

J

-
3c c2 cot2(a+bz)+c2/3 d
3c4/3

l 216

23/c-va}/ccot(a + bx) \/7 23/crvzi/ccot(a + bx) \/7
3 ‘f c2 cot2(a+bz)— V3c4/3 cot(a+bz)+c2/3 ccot a + bw f c2 cot?2 (a+bz)+\fc4/3 cot(a+bz)+c2/3 ¢ COt(a + bz
¢ 6c5/3 6co/3

arctan (

l 1142

13 ! 2 /ccot(a + ba)-1v3 [ - vay/c-23/ccot(a + br) 43/ccot(a + bx)
Vel 2 cor? (atb) /33 cortatba) 123 ceot(a +bx)—3v3/ - T coi2(a ba)— VB cor(asrom) 12730 V € C0b A + b

6c5/3

3c

| 25
y 1 Yersta )11 etV Vo) o )
2 \/Ef c2 COtQ(a+bz)_‘/§C4/3 COt(‘l+bz)+C2/3 ave COt(a + b.’l:)—i— 2 \/3 f c2 cot2 (atbx)— V/3c4/3 cot(a+bz)+cz/3 ¢ COt(a + bCE

6c5/3

3c

l 1082
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]« > 5 1 . d(l— 202/3 c\o[t(a+bz) > V3 \/E CCOt a + b.'L' V3 \/_
© —c? cot?(a+bx)— 3 1 2 \/ 3/ 1 C+2 \
3c 3\/5 +§\/§‘[ 2 cot2 (atbx)—/3c4/3 cot(a+bw)+c2/3 CCOt CL + bx ff c2 cot? (a+bz)+
6c5/3
- b
l 217
va3/c—2%/ccot(a + bx) 43/coot(a + ba)- /3 cot(atba Ve i/ ccot
3 %\/ﬁf ¢ cot2 (a+bz)—v/3ct/3 cot(a+bz)+62/3 ceot a +bo arCtan( ( j \/%( - ))) : \ff c? C0t2(a+bz)+\[64/3
C 6c5/3 +
- b
l 1103
3 arctan(c?/3 cot(a+bx)) — arctan (\/3<1_202/L\/w) ) —%ﬁlog(—\/ﬁc“/‘* cot(a-+bz)+c? COtQ(a+bx)+cz/3) arctan (\/3
C 36573 6c5/3 +
- b
input LInt [(c*Cot[a + bix])~(-2/3),x] J
output (-3%c*(ArcTan[c”(2/3)*Cot[a + b*x]]1/(3*%c~(5/3)) + (-ArcTan[Sqrt[3]1*(1 - (2

*c~(2/3)*Cot[a + b*x])/Sqrt[3]1)] - (Sqrt[3]*Loglc~(2/3) - Sqrt[3]*c~(4/3)=*
Cot[a + bxx] + c"2*Cot[a + b*x]~2])/2)/(6%xc~(5/3)) + (ArcTan[Sqrt[3]*(1 +
(2xc~(2/3)*Cot[a + b*x])/Sqrt[3])] + (Sqrt[3]*Loglc~(2/3) + Sqrt[3]*c~(4/3
)*Cot[a + b*x] + c™2*Cot[a + bx*x]~2])/2)/(6%xc~(5/3))))/b

Defintions of rubi rules used

-/

p
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

N

rule 27‘Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] |
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

rule 216

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 217

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simp[k/c Subst[Int[x~(k*(m + 1) - 1)*(a + bx(x~(2%k)/c~2))
“p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[((a_) + (b_)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, nl], s = Denominator[Rt[a/b, nl], k, u, v}, Simp[u = Int[(r - s*Cos[(2xk
- 1)*(Pi/n)]*x)/(r~2 - 2%r*s*xCos[(2xk - 1)*(Pi/n)]*x + s™2%x~2), x] + Int[
(r + s*Cos[(2%k - 1)*(Pi/n)]*x)/(r~2 + 2*r*s*Cos[(2%k - 1)*(Pi/n)]*x + s~ 2%
x"2), x]; 2x(r~2/(a*n)) Int[1/(xr"2 + s72%x72), x] + 2*%(r/(a*n))  Sum[u,
{k, 1, (n - 2)/4}], x1] /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && PosQ[a
/b]

rule 753

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS

rule 1082
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q] && (EqQ[g9q~2, 1] || !RationalQ[b~2 - 4x*a*c])] /; Fre
eQl{a, b, c}, x]

rule 1103 Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 1142 Int[((d_-) + (e_-)*(x_))/((a_) + (b_.)*(x_) + (C_.)*(X_)AQ), X_SYmbol] > S
imp[(2*%c*d - b*e)/(2%c) Int[1/(a + b*x + c*x"2), x], x] + Simple/(2%c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 3957 Int[( (b_ xtan[ (C_ )+ (d_ L)% (X_)] )~ (n_) s x_Symbol] > Simp [b/d Subst [Int
[x*n/(b~2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]
Maple [A] (verified)
Time = 0.22 (sec) , antiderivative size = 200, normalized size of antiderivative = 0.89
method result
& 2(cco (ba:+a))%
\/5(02)% 1n<(ccot(bx+a))%+\/§ (02)%(ccot(bz+a))%+(c2)%> (62)6 arctan((tcz)é +\/§) ﬁ(cz)%
3c 122 + 6c2 -
derivativedivides | —
; 2ecot(be+a)) 3
V3 (C2)% 1n<(ccot(bz+a))%+\/§ (cz)%(ccot(bz+a))%+(c2)%) (62)6 arctan( (c2)% +\/§) \/5(62)%
3c 12c2 + 6c2 -
default —
inputtint(l/(c*cot(b*x+a))"(2/3),x,method=_RETURNVERBOSE) J
output -3/b*xcx(1/12/c~2%3~(1/2)*(c~2) " (1/6) *1n((c*cot (b*x+a) ) ~(2/3)+3~(1/2)*(c"~2)

~(1/6)*(c*cot (b*x+a))~(1/3)+(c™2)~(1/3))+1/6/c~2*(c"2) " (1/6) *arctan (2% (c*c
ot (b*x+a))~(1/3)/(c”2)~(1/6)+37(1/2))-1/12/c~2*3~(1/2)*(c~2) " (1/6) *1n((c*c
ot (b*xx+a))~(2/3)-37(1/2)*(c"2) " (1/6) *(cxcot (b*x+a) )~ (1/3)+(c~2)~(1/3))+1/6
/c~2%(c~2) " (1/6) *arctan (2% (c*cot (b*x+a))~(1/3)/(c"2)~(1/6)-3~(1/2))+1/3/c"
2% (c~2)~(1/6) *arctan((c*cot (b*x+a))~(1/3)/(c"2)~(1/6)))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 384 vs. 2(169) = 338.

Time = 0.08 (sec) , antiderivative size = 384, normalized size of antiderivative = 1.71

1
/ (ccot(a + bx))?/3 de =

_}1(\/—_3+1)<—b6—104)é10g< (\/_bc+bc)< b6104)é

N ccos (2bx +2a) +c 5
sin (2bx + 2 a)

Ccos 2b:c+2a)—|—c
sin (2bz + 2 a)

_ (\/—_3—1)<—bﬁi4)élog< (\/_bc—bc)( b6164>é

4
L
4
ccos (2bx +2a) +c\3
sin (2bz + 2 a)
41
4
L
2

(\/—_3—1)<_$)‘1‘10g(——(\/_bc—bc)( b614>é
ccos(2bx+2a)+c) )

sin (2bz + 2 a)

1 1 1
1 \¢ 1 \¢ ccos (2bx +2a)+c\?
o (=——) "1 -
( b604) 8 (bc( b604> +( sin (2bz + 2 a) ) )
1 1\? 1\? ccos (2bz +2a) +c 3
+3 (e ) s (“’C(‘W) +(Comrarae ))

input Lintegrate (1/(c*cot(b*x+a))~(2/3) ,x, algorithm="fricas")

~—
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-1/4%(sqrt(-3) + 1)*(-1/(b"6*c~4))~(1/6)*log(1/2*(sqrt(-3)*b*c + b*c)*(-1/
(b~6%xc~4))~(1/6) + ((cxcos(2xb*x + 2%a) + c)/sin(2*b*x + 2%a))~(1/3)) + 1/
4% (sqrt(-3) + 1)*(-1/(b"6%*c~4))~(1/6)*log(-1/2*(sqrt(-3) *b*c + bxc)*(-1/(b
“6xc”4))"(1/6) + ((cxcos(2xb*x + 2*a) + c)/sin(2*b*x + 2*a))~(1/3)) - 1/4x*
(sqrt(-3) - 1)*(-1/("6*c"4))~(1/6)*Llog(1/2*(sqrt (-3)*b*c - bxc)*(-1/(b"6%
c"4))"(1/6) + ((c*cos(2*b*x + 2xa) + c)/sin(2*bxx + 2*a))~(1/3)) + 1/4x(sq
rt(-3) - 1)*(-1/(b"6%c~4))~(1/6)*1og(-1/2*(sqrt(-3)*bxc — b*c)*(-1/(b"6*c”
4))~(1/6) + ((c*cos(2*b*x + 2*a) + c)/sin(2¥b*x + 2%a))~(1/3)) - 1/2%(-1/(
b~6%c"4))~(1/6)*Llog(bxc*(-1/(b"6%c"4))~(1/6) + ((c*kcos(2*b*x + 2*a) + c)/s
in(2xbxx + 2*%a))~(1/3)) + 1/2%(-1/(b"6*c~4))~(1/6)*log(-bxcx(-1/(b"6%c~4))
~(1/6) + ((c*cos(2*bxx + 2*a) + c)/sin(2%b*x + 2%a))~(1/3))

output

Sympy [F]

1 1
/ (ccot(a + br))>/? = / (ccot (a + bx))? “

-

inputt

-/

integrate(1/(cxcot (b*x+a))**(2/3) ,x)

output‘Integral((C*COt(a + bxx))**(-2/3), x)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.81

dz =

/F 1
(ccot(a + bx))?/3

ol
ol

1
c3

1
, ¢&3+265
2 3 1 2 arctan| ———
+ec3 +(tan(bc:v+a) ) ) ﬁlOg <_\/§(23 (ta,n(lfw-&-a) )

1
ﬁlOg <\/§03 (tan(bc:v+a) )
5
3

c

b+ (aierm) )
5 + 5

c3 c3

Cc

4b

inputLintegrate(1/(c*cot(b*x+a))*(2/3),x, algorithm="maxima") J
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-1/4%c*(sqrt (3)*log(sqrt(3)*c~(1/3)*(c/tan(bxx + a))~(1/3) + c~(2/3) + (c/
tan(b*x + a))~(2/3))/c~(5/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a
))~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(5/3) + 2*arctan((sqrt(3)*c
~(1/3) + 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(6/3) + 2xarctan(-(sqrt(3)*c
~(1/3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c”(5/3) + 4*arctan((c/tan(b*x

+ a))~(1/3)/c~(1/3))/c~(5/3)) /b

output

Giac [F]

(ccot(a + bx))*/? (ccot (bx + a))%

inputLintegrate(1/(c*cot(b*x+a))*(2/3)’X, algorithm="giac")

OutputLintegrate((c*cot(b*x + a))~(-2/3), x)

Mupad [B] (verification not implemented)

Time = 10.99 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.03

1 (_1)1/6 atan((—1)5/6 (002‘1551;+bx))1/3 1i> 1L
(ccot(a + bx))?/3 do =~ bc2/3
(1) In (2(ccot(a+bx))l/3+(_1)1/601/3 (=1)%/? \/561/3> <%_|_ )
2bc?/3
1) 1n (2 (ecot(a + b)) — (=1)/° /s + (1) VBellS) (~4 + ¥31)
2bc?/3
( 1)1/6l ( 1/6 cl/3 _ (ccot(a+ba:))1/3 ¥ (- 1)2/3\/301/3) <i+\/ili>
bC2/3
(=1)"* In (2 (coot(a + b)) /* + (=1)"° 3 — (=1)*/* V3l (1 4 ¥3L)
bc2/3

inputtint(i/(c*cot(a + b*x))~(2/3),%)
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((-1)~(1/6)*1og((-1)~(1/6)*c~(1/3) - 2*(c*cot(a + b*x))~(1/3) + (-1)7(2/3)
*37(1/2)*c™(1/3))*((37(1/2)*1i) /4 + 1/4))/(bxc~(2/3)) - ((-1)~(1/6)*log (2%
(cxcot(a + b*x))~(1/3) + (-1)7(1/6)*c™(1/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*
(37 (1/2)*1i)/2 + 1/2))/(2¥bxc™(2/3)) - ((-1)7(1/6)*log(2*(c*cot(a + b*x))
“(1/3) - (-1)7(1/6)*c™(1/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1i) /2

- 1/2))/(2xbxc™(2/3)) - ((-1)~(1/6)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3
)*1i)/c™(1/3))*1i) /(b*c™(2/3)) + ((-1)7(1/6)*1log(2*(c*cot(a + b*x))~(1/3)

+ (-1)7(1/6)*c™(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1i)/4 - 1/4))
/ (bxc~(2/3))

output

Reduce [F]
1 —1 o dx
dr — cot(bz+a)3
(ccot(a + bx))2/3 c3

input ' int (1/ (c*cot (b¥x+a))~(2/3) ,x)

output 18E(1/cot(a + brx)+x(2/3) ) /cxk (2/3)




output
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1

3.22 f (c cot(a+bx))4/3 dz

Optimal result . . . . . . . . . . . . . 223]
Mathematica [C] (verified) . . . . . . . . . ... 227
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 224
Maple [A] (verified) . . . . . . . . ... 2291
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 230
Sympy [F] . . o e 230
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 231]
Giac [F] . . . o o o 231]
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [F] . . . . . . o 233

Optimal result

Integrand size = 12, antiderivative size = 244

23/ ccot(a + bx)
c

arctan ( Y ccot(a + bz
1 e
/ (ccot(a + bx))4/3 do = bci/3
3/
arctan <\/§ _ 2 CCO;/(S + bx)) arctan (\/5 +
a 2bct/3 *
3 V3log <c2/3 —/3¥/c/ccot(a+ bx) + (ccot(a + bx))2/3>

+ +
bey/ccot(a + br)

V3log <02/3 +v/3¥/cy/ccot(a + bz) + (ccot(a + bx))2/3)

4bc/3

arctan((cxcot (b*x+a))~(1/3)/c~(1/3))/b/c~(4/3)+1/2*arctan(-3~(1/2)+2* (c*co
t(b*x+a))~(1/3)/c~(1/3))/b/c”(4/3)+1/2*arctan(3~(1/2)+2*(c*cot (b*x+a)) "~ (1/
3)/c~(1/3))/v/c~(4/3)+3/b/c/ (c*xcot (b*xx+a) )~ (1/3)+1/4%¥3~(1/2)*1n(c~(2/3)-3"
(1/2)*c~(1/3)*(c*xcot (b*x+a) )~ (1/3)+(c*cot (b*x+a)) ~(2/3)) /b/c”(4/3)-1/4%3"(
1/2)*1n(c~(2/3)+3~(1/2)*c~(1/3) *(c*cot (b*x+a)) ~(1/3) +(c*cot (b*x+a)) ~(2/3))

/b/c~(4/3)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.17 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.04

6 + i/ cot?*(a + bz) log (1 —iy/cot?(a + bx)) — i/ cot?(a + bz) log (1 + Zfﬂ

1
/ (coot(a + b2))B &=

input ‘ Integrate[(c*Cot[a + b*x])~(-4/3),x] ‘

(6 + Ix(Cot[a + b*x]"2)"(1/6)*Logl[l - Ix(Cot[a + b*x]~2)"(1/6)] - I*(Cot[a
+ b*x]"2)~(1/6)*Log[1 + I*(Cot[a + b*x]~2)"(1/6)] + (-1)~(1/6)*(Cot[a + b
*x]~2)~(1/6)*Log[1 - (-1)~(1/6)*(Cot[a + bxx]~2)~(1/6)] - (-1)~(1/6)*(Cot[
a + b*x]72)7(1/6)*Log[1 + (-1)7(1/6)*(Cot[a + b*x]~2)"(1/6)] + (-1)~(5/6)*
(Cot[a + bxx]72)"(1/6)*Logll - (-1)~(5/6)*(Cot[a + b*x]1~2)~(1/6)]1 - (-1)~(
5/6)*(Cot[a + b*x]~2)~(1/6)*Logl[1 + (-1)~(5/6)*(Cot[a + b*x]1~2)~(1/6)1)/(2
*bxcx (c*Cot[a + b*x])~(1/3))

output

Rubi [A] (warning: unable to verify)

Time = 0.50 (sec) , antiderivative size = 219, normalized size of antiderivative = 0.90,

number of steps used = 14, number of rules used = 13, number of rules _ 1.083, Rules
integrand size

used = {3042, 3955, 3042, 3957, 266, 824, 27, 216, 1142, 25, 1082, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(ccot(a + bx))4/3
| 3042

/ 1 dz
(—ctan (a + bz + %))4/3

l'3955
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3 [(ccot(a + bx))?/3dx
bey/ccot(a + bx) c?
| 3042
3 [ (—ctan (a—}-bx—l—%))w?’d:c
bey/ccot(a + bx) c?
| 3957
)2/3
| Satmrad(ccot(a +?J96))_Jr 3
be bey/ccot(a + bx)
| 266
4
3f%d ccot(a + bzx) N 3
be bey/ccot(a + bx)
| 824

{/o_vs/cootla T ba) W -t
3 1 1 d {,/719 f B 2(02 cot2(a+bz)— V3c4/3 Eot(a+bz)+02/3 ccot CL + bx f 2(c2 cot2(a+ba)
3 f c2 cot?(a+bx)+c2/3 ccot(a + .’L') + 3 \/—

be
3

bei/ccot(a + ba)

| 27

\/_f\/m \/m f2co\/6+f ccot

d 3 CCOt((I + b.’L') . c2 cot2 (atbz)— V3c4/3 cot(a+b:v)+c2/3 t2(a+bw)+fc4/3

o Ve

1 1
3 3f c2 cot2(a+bx)+c2/3

be
3

bed/ccot(a + ba)

l 216
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I 200\/_ va}/ccot(a + bx) \/m Y/c+vai/cceot(a + bx) 43/ccot(a + bz)

£2 (a+bzx)— \/§c4/3 cot(a+bz)+c2/3 f c2 cot2(a+bz)+fc4/3 cot(a+bz)+c2/3

3|~ 63/c 63/c
bc

arctan (c

3
bcy/ ccot(a + bx)

l 1142

3
{Yccot(a+br)-1v3[— vs¥/c-23/ccot(a + bz) a3/ccot(a + bx)

-13/cy 1 d
2 c2 cot2(a+bz)7\/§c4/3 cot(a+bm)+c2/3 c2 cotz(a+bm)7\/§c4/3 cot(a+bz)+c2/3

3| - ST

3

bey/ ccot(a + bx)
| 25

v33/c-2%/ccot(a + bx) 43/ccot(a + bx)-13 2 /ccot(a + bz)
%\/g f c2 ¢ COt(a + biE \/Ef c2 cot2(a+bm)—\/§ci/3 cot(a+bx)+c2/3 d c COt(a + b.’L’)

cot2 (a+bzx)— \fc4/3 cot(a+bm)+c2/3

- 63/c

3
bey/ ccot(a + bx)
l 1082
1 _ 2c2/3 cot(a+bx) - 1
gy Veatfeootlatbe) o ror s | st (-2 e | ooty
2 c2 cot2 (a+bzx)— \fc4/3 cot(a+bz)+c2/3 V3 _ V3

3| - T

be
3

bey/ccot(a + bx)

l 217




CHAPTER 3. LISTING OF INTEGRALS 227

3 3\/7 3 3/
%\/gf 3 \/5\/5—2 CCOt(a + bm) a3 CCOt(CL + bz +arctan<\/§<1—w)) %\/?;f > ViV er2 CCOt(
63

_ cot2 (a+bz)—\/§c4/3 cot(a+bz)+c2/3 V3 _ cot2 (a+bz)+\/§c4/3 co
/e
be
3
bey/ccot(a + bx)
| 1108

2/3
5 (arctan(c2/3 cot(atbe)) arctan (\/5(1—%\/%(‘1'*”)) ) —%\/§log(—\/§c4/3 cot(a+bx)+c? cotz(a+bx)+c2/3) %\/glog(\/gc“/s

33/c 63/c
be
3
bcy/ ccot(a + bx)
inputLInt[(c*Cot[a + b*x])"(-4/3) ,x] J
output 3/ (b*cx(c*Cot[a + b*x])~(1/3)) + (3*(ArcTan[c~(2/3)*Cot[a + b*x]]1/(3*c~(1/

3)) - (ArcTan[Sqrt[3]*(1 - (2%c~(2/3)*Cot[a + b*x])/Sqrt[3])] - (Sqrt[3]+L
oglc~(2/3) - Sart[3]*c~(4/3)*Cotl[a + b*x] + c™2+Cot[a + b*x]"2])/2)/(6%c”(
1/3)) - (-ArcTan[Sqrt[3]*(1 + (2*c~(2/3)*Cot[a + b*x])/Sqrt[3]1)] + (Sqrt[3
I1*Logl[c~(2/3) + Sqrt[3]1*c~(4/3)*Cot[a + b*x] + c~2+Cot[a + b*x]~2])/2)/(6%
c~(1/3))))/ (b*c)

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N J

e 216 Tot[((@) + (b_)*(x)72)7(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 21))*A
‘rcTan[Rt [b, 21*(x/Rt[a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a \
, 0] |1 GtQb, 01)
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

rule 217

rule 266 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*x(m + 1) - 1)*(a + b*(x"(2xk)/c"2))
“p, x1, x, (c*x)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 824 Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, n]], s = Denominator[Rt[a/b, nl]l, k, u}, Simp[u = Int[(r*Cos[(2*k
- 1)*m*(Pi/n)] - s*Cos[(2*k - 1)*(m + 1)*(Pi/n)]1*x)/(xr~2 - 2*r*s*Cos[(2*k -
1)*(Pi/n)]*x + s72*%x72), x] + Int[(r*Cos[(2*k - 1)*m*x(Pi/n)] + s*Cos[(2*k
- Dx(m + 1)*(Pi/n)]*x)/(r"2 + 2*r*s*Cos[(2%k - 1)*(Pi/n)]*x + s72*%x"2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s"m)) Int[1/(r"2 + 872%x72), x] + 2*x(r~(m
+ 1)/ (a*n*s"m)) Sum[u, {k, 1, (n - 2)/4}], x1]1 /; FreeQ[{a, b}, x] && IGt
QL(n - 2)/4, 0] &% IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

rule 1082 ImELC@) + (b_)*(x)) + (c_.)*(x.)"2)"(-1), x_Symbol] :> With[{q = 1 - 4*8
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, xl]

rule 1103 Int[((d_ ) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 1149 TotLC@_.) + (e_)*(x))/((a)) + (b_)*(x)) + (c_.)*(x.)72), x_Symbol] :> 8
imp[(2*c*d - bxe)/(2xc)  Int[1/(a + b*x + c*x~2), x], x] + Simp[e/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 3955

rule 3957

input

output
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Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(b*Tan[c + d*x]
)"(n + 1)/(b*d*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
» x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1]

~

/Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 212, normalized size of antiderivative = 0.87

method result

1
5 1 1 2(ccot(bz+a))3
\/5(62)g In <(c cot(bm+a))%—\/§ (cz)g(ccot(ln:+a))%+(c2)3> arctan( (c2)€ V3

V3 (02) % 1n<(4

\ 12¢2 + 6(C2>%
cl =

derivativedivides | —

2

1
5 1 1 retan 2(ccot(bx+a))3
\/5(02)6 1n<(ccot(bz+a))%—\/§ (CQ)G(ccot(bm+a))%+(02)3> arcta ( (62)% V3

\ 12¢2 + 6(02)%
cl —

default —

 int (1/(c*cot (b*x+a))~(4/3) ,x,method=_RETURNVERBOSE) |

-3/b*xc*(-(1/12/c~2%37(1/2)*(c~2) " (5/6) *1n((c*cot (b*x+a)) ~(2/3)-3"(1/2) *(c~
2)~(1/6)*(cxcot (bxx+a)) ~(1/3)+(c"2)~(1/3))+1/6/(c"2) " (1/6) *arctan(2* (c*cot
(b*x+a))~(1/3)/(c”2)~(1/6)-3"(1/2))-1/12/c"2*3~(1/2)*(c~2) " (5/6) *1n((c*cot
(b*x+a))~(2/3)+37(1/2)*(c™2) " (1/6) * (cxcot (b*x+a) )~ (1/3)+(c~2)~(1/3))+1/6/(
c"2)~(1/6)*arctan(2* (c*cot (b*x+a))~(1/3)/(c”2)~(1/6)+37(1/2))+1/3/(c"2)~ (1
/6)*arctan((c*xcot (b*x+a))~(1/3)/(c”2)~(1/6)))/c"2-1/c~2/(c*cot (b*x+a)) ~(1/
3))




-

inputL
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 660 vs. 2(186) = 372.

Time = 0.10 (sec) , antiderivative size = 660, normalized size of antiderivative = 2.70

1 .
/ (ccot(a + bx))*4/3 dx = Too large to display

integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="fricas")

~—

output

1/4% (2% (b*c™2*cos(2*bxx + 2*a) + bxc~2)*(-1/(b"6xc~8)) " (1/6)*Log (b 5xc~7*(
-1/(b"6%c~8))~(5/6) + ((c*cos(2*bxx + 2*a) + c)/sin(2xb*x + 2*a))~(1/3)) -
2% (bxc~2xcos (2¥b*x + 2¥a) + bxc~2)*(-1/(b~6%c~8))~(1/6)*Log(-b~5*c~7*(-1/
(b~6%c~8))~(5/6) + ((cxcos(2*bxx + 2%a) + c)/sin(2xbxx + 2%a))~(1/3)) - (s
qrt(-3)*bxc”2 - bxc”2 + (sqrt(-3)*bxc~2 - bxc~2)*cos(2*¥b*x + 2*a))*(-1/(b~
6xc~8))~(1/6)*1og(1/2*(sqrt (-3)*b~5*c~7 + b~5xc~7)*(-1/(b"6%c”~8))"(5/6) +
((c*xcos(2*¥b*x + 2%a) + c)/sin(2xb*x + 2%a))~(1/3)) + (sqrt(-3)*b*c”™2 - b*c
"2 + (sqrt(-3)*b*c™2 - bxc~2)*cos(2*bxx + 2*a))*(-1/(b~6*c~8))~(1/6)*1log(-
1/2%(sqrt (-3)*b~5%c~7 + b 5*c~7)*(-1/(b"6%c~8))~(5/6) + ((c*cos(2*b*x + 2%
a) + c)/sin(2*b*x + 2*a))~(1/3)) - (sqrt(-3)*b*c”2 + b*c™2 + (sqrt(-3)*b*c
"2 + b*c”2)*cos(2xb*x + 2xa))*(-1/(b"6%c~8)) " (1/6)*Llog(1/2*(sqrt (-3)*b~5*c
“7 - b5xc"7)*(-1/(b"6*%c~8))~(5/6) + ((c*xcos(2*b*x + 2%a) + c)/sin(2*bx*x +
2%a))~(1/3)) + (sqrt(-3)*b*c™2 + b*c™2 + (sqrt(-3)*bxc~2 + b*c~2)*cos(2*b
*x + 2%a))*(-1/(b"6%c™8))~(1/6)*log(-1/2*(sqrt (-3)*b~5*%c~7 - b~5*c~7)*(-1/
(b~6%c~8))~(5/6) + ((c*cos(2*bxx + 2*a) + c)/sin(2xb*x + 2*a))~(1/3)) + 12
*((c*cos(2%b*x + 2xa) + c)/sin(2*bxx + 2*a))~(2/3)*sin(2*b*x + 2+%a))/(b*c”
2*cos (2%bxx + 2*a) + b*xc™2)

Sympy [F]
1 1
dx =:j/ L dz
(ccot(a+bz))** (ccot (a + bx))®
input‘integrate(1/(c*cot(b*x+a))**(4/3),X)

output!

Integral((cxcot(a + b*x))**x(-4/3), x)
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.84

1
/ (ccot(a + bx))*/3 dz =

! 3
3 c
V3e3 +2 (tan(bm+a) )
2 arctan T
c3

1 2 1 2
mog<m%(tan(;w+a))3+C%+(m)s) @og(fﬁc%(m(;m))3+C%+(m)s)

1 1 1
c3 c3 c3

c2

4b

jnputLintegrate(1/(C*COt(b*X+a))“(4/3),x, algorithm="maxima") J

-1/4*c* ((sqrt (3)*log(sqrt (3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c
/tan(b*x + a))~(2/3))/c~(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x +
a))~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(1/3) - 2*arctan((sqrt(3)*
c~(1/3) + 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 2*arctan(-(sqrt(3)x*
c~(1/3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 4*arctan((c/tan(b*x
+a))~(1/3)/c~(1/3))/c~(1/3))/c™2 - 12/(c"2*(c/tan(b*x + a))~(1/3)))/b

output

Giac [F]

1 1
| Cea o= CootGora)

inputLintegrate(1/(c*cot(b*x+a))"(4/3),x, algorithm="giac") J

outputLintegrate((c*cot(b*x + a))~(-4/3), x) J
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Mupad [B] (verification not implemented)

Time = 9.56 (sec) , antiderivative size = 277, normalized size of antiderivative = 1.14

1 d 3 N (—1)1/6 atan<( D>~ (cz?t§a+bx))l/3> 1i
(ccot(a + bx))*/3 °T be(ccot (a+bz))'? bct/3
(—1)1/6 In (972 b8 c'? + 972 (—1)1/6 Bo ¢35/3 (—% + @) (ccot(a + bm))1/3> (—% + \/‘;2’“)
- 2bct/3
)" In (97208 ¢ + 972 (~1)° 1 3 (5 4+ ) (ccot(a+b2))*) (5 +52)
2bct/3
(=1)"° In (97206 ¢12 — 1044 (=1)"/°4F %/ (] + 31 (ceot(a +b2))*) (—f+4Y)
bA/3
- 1)/ In (97205 ¢12 — 1944 (~1) V18 55/ (1 + ¥31) (coot(a+b2))"*) (4 + 1)
e
input{int(l/(c*cot(a + b*x))~(4/3),x) ]
output 3/ (b*cx(cxcot(a + b*x))~(1/3)) + ((-1)~(1/6)*atan(((-1)~(2/3)*(c*cot(a + b

*xx))~(1/3))/c™(1/3))*11) / (bxc™(4/3)) - ((-1)"(1/6)*1og(972*%b~6%c~12 + 972%
(-1)~(1/6)*b"6xc~(35/3)*((37(1/2)*1i) /2 - 1/2)*(c*cot(a + b*x))~(1/3))*((3
“(1/2)*%11)/2 - 1/2))/(2%b*c~(4/3)) - ((-1)7(1/6)*1og(972%b"6*c~12 + 972* (-
1)7(1/6)*b~6%c~(35/3)*((37(1/2)*1i)/2 + 1/2)*(c*cot(a + b*x))~(1/3))*((37(
1/2)*11)/2 + 1/2))/(2xb*c~(4/3)) + ((-1)"(1/6)*1og(972%b"6xc~12 - 1944*(-1
)~ (1/6)*b~6xc~(35/3)*((3~(1/2)*1i)/4 - 1/4)*(c*cot(a + b*x))~(1/3))*((3~(1
/2)*1i)/4 - 1/4))/(bxc”™(4/3)) + ((-1)7(1/6)*1og(972*%b~6*c~12 - 1944*(-1)~(
1/6)*b~6*xc~(35/3)*((37(1/2)*1i) /4 + 1/4)*(cxcot(a + bxx))~(1/3))*((37(1/2)
*1i)/4 + 1/4))/(b*c™(4/3))
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Reduce [F|
1 dz = f cot(bz+a)3 dz
(ccot(a + bx))*4/3 o

input tint (1/ (c*cot (b*x+a) )~ (4/3) ,x)

output Lint(l/(COt(a + bxx)**x(1/3)*cot(a + b*x)),x)/(c*k*x(1/3)*c)
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3.23 [ cot™(a + bx) dx

Optimal result . . . . . . . . . . .. . . . e 234
Mathematica [A] (verified) . . . . . . . . . ... o 234
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 230
Fricas [F] . . . . . . o 230
Sympy [F] . . o o 237
Maxima [F] . . . . . . 237
Giac [F] . . . . o o 237
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o 238

Optimal result

Integrand size = 8, antiderivative size = 46

cot'™(a + bz) Hypergeometric2F1 (1, 12,342 — cot?(a + bz))

/cot"(a + bx)dzr = —

b(1+n)

Output} -cot (b*x+a) ~ (1+n) *hypergeom([1, 1/2+1/2%n], [3/2+1/2%n],-cot (b*x+a)~2)/b/ (1

+n)

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

cot'™(a + bz) Hypergeometric2F1 (1, 142, 342 — cot?(a + bz))

/cot”(a + bx)dr = —

b(1+n)

inputt

Integrate[Cot[a + b*x] n,x]

output‘

-((Cot[a + b*x]~(1 + n)+*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot[a

+ bxx]72])/(b*(1 + n)))
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {3042, 3957, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot"(a + bx) dx

l 3042

[ (- (asbe e 7)) as

l 3957

J o) deot(a + ba)

b
l 278

B cot" 1 (a + bz) Hypergeometric2F1 (1, 241, 243 — cot?(a + bz))
b(n+1)

input LInt [Cot[a + b*x] n,x] J

‘—((Cot [a + b*x]~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cotl[a ‘

output
+ bxx] 21D/ (b* (1 + m)))

Defintions of rubi rules used

rule 278‘Int[((c-')*(x-))ﬁ(m--)*((a-) + (b_.)*(x_)~2)"(p_), x_Symboll :> Simp[a“p*((

‘c*x)‘(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)x(x"2/a)], x] /; FreeQ[{a, b, c, m, p}, x] & !IGtQ[p, 0] && (ILtQlp, 0
1 11 GtQla, 01 |
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/(b~2 + x°2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&

I IntegerQ[n]
Maple [F]
/cot (bz + a)" dx

input 10t (eot (b*x+2) "0, x) ]

output | 10t (cot (bxx+a) ", x) J
Fricas [F]

/cot"(a +bx)dz = /cot (bz + a)" dz
input Lintegrate (cot(b*x+a)"n,x, algorithm="fricas") J

output Lintegral(cot (b*x + a)~n, x) J
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Sympy [F]

/cot"(a + bx) dxz = /cot" (a + bx) dz

input Llntegrate (cot (b*x+a) **n,x)

Outputtlntegral(cot(a + b*x)**n, x)
Maxima [F]
/cot"(a +bx)dx = /cot (bx + a)" dx
inputtintegrate(cot(b*x+a)‘n,x, algorithm="maxima")

output Lintegrate (cot(b*x + a)~n, x)

Giac [F]

/cot"(a +bx)dx = /cot (bz + a)" dx

i - i =5 n
inputLlntegrate(cot(b*x+a) n,x, algorithm="giac")

Outputtintegrate(cot(b*x + a)"n, x)
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Mupad [F(-1)]
Timed out.

/cot"(a +bz)dz = /cot(a +bz)"dz

input Lint(cot(a + b*x)“n,x)

OutputLint(cot(a + b*x)"n, x)

Reduce [F]

/ cot™(a + bx) dr = /cot (bx + a)" dx

input Llnt (cot (b*x+a) “n,x)

output tint(cot(a + b*x)**n,x)




CHAPTER 3. LISTING OF INTEGRALS 239

3.24 [ (beot(c + dx))" dx

Optimal result . . . . . . . . . . . . e 239
Mathematica [A] (verified) . . . . . . . . . ... o 2391
Rubi [A] (verified) . . . .. . . ... .. 2400
Maple [F] . . . . 247]
Fricas [F] . . . . . . o 247]
Sympy [F] . . o o 242
Maxima [F] . . . . . . 2421
Giac [F] . . . . o o 242
Mupad [F(-1)] . . . o o 243
Reduce [F] . . . . . 243

Optimal result

Integrand size = 10, antiderivative size = 51

/ (beot(c + dz))" do

(beot(c + dz))+™ Hypergeometric2F1 (1, 142 341 cot?(c + dx))
bd(1+n)

‘ -(b*cot (d*x+c) )~ (1+n) *hypergeom([1, 1/2+1/2*n], [3/2+1/2*n] ,-cot(d*x+c)~2)/ ‘

output
'b/d/(1+n) |
Mathematica [A] (verified)
Time = 0.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02
/(b cot(c+ dzx))" dx
__ cot(c+ dz)(beot(c + dx))" Hypergeometric2F1 (1,172 30— cot?(c + dx))
d(1+n)
input LIntegrate [(b*Cot [c + d*x])~n,x] J




output

input

output ‘
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‘-((Cot [c + d*x]*(b*Cot[c + d*x]) n*Hypergeometric2F1[1, (1 + n)/2, (3 + n)
VQ’ ~Cot[c + d*x]172])/(d*(1 + n)))

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules

number of steps used = 4, number of rules used = 3, integrand size

used = {3042, 3957, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (beot(c + do))" dz

l 3042

/ <—btan <c—|—d:v—|— g))"d:c

l 3957

_ bJ %d(bmt(c + dz))

d
l 278

(beot(c + dz))" ! Hypergeometric2F1 (1, 241, 243 — cot?(c + dz))
bd(n + 1)

LInt [(bxCot[c + d*x])~n,x]

-(((b*Cot[c + d*x])~(1 + n)*Hypergeometric2Fi[1, (1 + n)/2, (3 + n)/2, -Co
tlc + d*x]172])/(b*d*(1 + n)))
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Defintions of rubi rules used

rule 278 Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*((
cxx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQ[{a, b, c, m, p}, x] && !'IGtQ[p, 0] && (ILtQ[p, O
1 Il GtQla, 01)

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d Subst[Int

rule 3957
[x*n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, ¢, d, n}, x] &&
I IntegerQ[n]
Maple [F|
/(bcot (dz +¢))" dx
input Lint ((b*cot (d*x+c))~n,x)

output Lint ((b*cot (d*x+c))"n,x)

Fricas [F]

/(b cot(c+ dzx))" dz = / (beot (dz + ¢))" dx

input Lintegrate ((b*cot (d*x+c))"n,x, algorithm="fricas")

output ‘ integral ((b*cot(d*x + c))~n, x)
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Sympy [F]

/(b cot(c+ dzx))" dx = / (beot (¢ + dz))" dx

inputLintegrate((b*cot(d*x+c))**n,x)

outputtlntegral((b*cot(c + d*x))**n, x)

Maxima [F]

/(bcot(c +dz))"dx = / (beot (dz + ¢))" dx

inputtintegrate((b*cot(d*x+c))"n,x, algorithm="maxima")

output Lintegrate ((b*cot(d*x + c))~n, x)

Giac [F]

/(b cot(c+ dzx))" dz = / (beot (dz + ¢))" dx

q -~ q =Ny "
inputtlntegrate((b*cot(d*x+c)) n,x, algorithm="giac")

OutputLintegrate((b*COt(d*x + ¢))™n, )
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Mupad [F(-1)]
Timed out.

/(bcot(c—l—dx))” dx=/(bcot(c+dz))" dx

input Lint((b*cot(c + d*x))"n,x)

Outputtint((b*cot(c + d*x))"n, x)

Reduce [F]

/(b cot(c+ dx))" dz = b" (/ cot (dz + ¢)" dx)

inputtint((b*cot(d*x+c)) n,x)

output Lb**n*lnt (cot(c + d*x)**n,x)
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3.25 [ (a cot?(z))*? da

Optimal result . . . . . . . . . . . . . . . 244
Mathematica [A] (verified) . . . . . . . . . .. . 247
Rubi [A] (verified) . . . . . . . . . . 2451
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 247
Sympy [F] . . o 243
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 248
Giac [A] (verification not implemented) . . . . . . ... ... ... 248]
Mupad [F(-1)] . . . .o 249
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 249

Optimal result

Integrand size = 10, antiderivative size = 36

/ (a cot2(a:))3/2 dz = —%a cot(x)/acot?(z) — ay/acot?(z) log(sin(z)) tan(z)

outputt

-1/2%axcot (x)*(a*cot (x) ~2) " (1/2)-a*(axcot(x)~2)~(1/2)*1n(sin(x))*tan(x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.75

/ (a (:0’52(9v))3/2 dx = —%a\ /acot?(z) (csc?(z) + 2log(sin(z))) tan(z)

inputt

Integrate[(axCot[x]~2)~(3/2),x]

-

output L

-1/2*%(a*Sqrt [a*Cot [x] “2]*(Csc[x] "2 + 2*Log[Sin[x]])*Tan[x])

-/
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.75,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 9g) Ryjes
integrand size

used = {3042, 4141, 3042, 25, 3954, 25, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(acot?(ac))?’/2 dx

l 3042

[ (atan (o4 7)) "

l 4141

atan(z) /acot?(z) / cot3(z)dz
| 3042
atan(x)m/—tan (a+ g)3dx
| 25
~atan(z)/acot?(z) / tem (2 + g)?’ do

l 3954

_atan(z) acot2(x)(cot;(””) - / —cot(m)dx)

l 25

—atan(z)y/a cot?(x) (/ cot(z)dz +

coti(m))
| 3042
—atan(x)/acot?(x) (/ — tan (w + g) dz + COt;(“”))

| 25




input

output

rule 25

rule 3042

rule 3954

rule 3956

rule 4141
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—atan(x)4/acot?(x) (cotZ(m) - /tan <.r + g) da:>

l'3956

—atan(x) \/m < COt;(x) + log(sin(m)))

LInt[(a*Cot[x]‘Q)‘(3/2),X]

-

L— (axSqrt [a*Cot [x] 2] *(Cot [x] ~2/2 + Logl[Sin[x]])*Tan[x])

-/

Defintions of rubi rules used

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(@n - 1))), x] - Simp[b"2 Int[(b*Tanl[c + d*x])"(n - 2), x]
, X1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + f*x]/ff)~ (n¥FracPart[p])) Int[ActivateTrig[u]l*(Ta
nle + £xx]/£f£) " (n*p), x]1, x]] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])




input

output

input

output
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.81

method result Size
3
t(z)2) 2 (= cot(z)?+In (cot(z)?+1
derivativedivides (a ) ) ( ,:ZO(:ZL)E, <C0 2 )) 99
3
(a cot(x)2) 2 (— cot(z)2+1n (cot(x)z—}—l))
default 2 cot(x)® 29
a,|— ( i 1)2 (1e*® In(e2® —1) +e*i® z—21e?'® In(e?1* —1) —24e?!* —2 €2z 44 In (e —1) +2)
risch (%@ 1) (e2ie—1) 112

Lint ((a*cot (x)~2)~(3/2) ,x,method=_ RETURNVERBOSE)

L1/2*(a*cot(x)‘2)“(3/2)*(—cot(x)“2+1n(cot(x)“2+1))/cot(x)*S

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.44

/ (acotQ(gv))?’/2 dx =

((acos (2z) —a)log (—3 cos(2z) + 5) — 2a)

__acos(2z)+a
cos(2z)—1

2 sin (2z)

Lintegrate((a*cot(x)AQ)‘(3/2),x, algorithm="fricas")

‘1/2*((a*cos(2*x) - a)*xlog(-1/2*cos(2*x) + 1/2) - 2*a)*sqrt(-(a*xcos(2*x) +
‘a)/(cos(2*x) - 1)) /sin(2*x)
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Sympy [F]

/(a 001;2(:10))3/2 dx = / (a cot® (x))% dx

input‘ integrate ((a*cot (x)**2)**(3/2) ,x) ‘

output Llntegral((a*cot (x)**%2)**x(3/2), x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.83

N

1 s . .

acot?(z))*” dz = = a’ log (tan 2)2+1) —a2log (tan (z)) — —

[ (acot?(@)) 5 0% 108 (tan ()" + 1) — a log (tan (@) — -
inputLintegrate((a*cot(x)*2)“(3/2),x, algorithm="maxima") J

output L1/2*a”(3/2)*108(tan(x)“2 + 1) - a~(3/2)*log(tan(x)) - 1/2*a~(3/2)/tan(x)"2 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

1 s 1
/ (a cotz(x))?’/2 dz== a2 (—2 — log (—cos () + 1))sgn(cos (z)) sgn(sin (z))
2 \cos(z)"—1
input Lintegrate((a*cot (x)72)~(38/2) ,x, algorithm="giac") J
output /1/2*aA(3/2)*(1/(C°S(X)A2 - 1) - log(-cos(x)~2 + 1))*sgn(cos(x))*sgn(sin(x) )

& |
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Mupad [F(-1)]
Timed out.

/(acotQ(gI:))?’/2 dx=/(acot(z)2)3/2dz

inputLint((a*cot(x)‘2)“(3/2),x) J

Output‘int((a*cot(x)‘2)“(3/2), x)

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.14

\/Ea<4 log <tan (2)* + 1> sin (z)? — 4log(tan (2)) sin (z)* + sin (z)* — 2>

acot’(z 5/2 dx =
/( (@) 4sin (z)?

input 108 ((axcot (072)°(3/2),1) J
output‘ (sqrt(a)*ax(4*xlog(tan(x/2)**2 + 1)*sin(x)**2 - 4xlog(tan(x/2))*sin(x)**2 + ‘

\ sin(x)**2 - 2))/(4d*sin(x)*%2)
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3.26 [ acot’(z)dr

Optimal result

Mathematica [A] (verified) . . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . ... ... .. ... . ... ..
Maple [A] (verified) . . . . . . ... Lo Lo
Fricas [B] (verification not implemented) . . . . . .. ... ..
Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . ... ... ..
Mupad [F(-1)] . . ... o
Reduce [B] (verification not implemented) . . .. ... .. ..

Optimal result

Integrand size = 10, antiderivative size = 16

/ \/ acot?(z) dr = \/acot?(x) log(sin(x)) tan(x)

output L

(a*cot(x)~2)~(1/2)*1n(sin(x))*tan(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ \/ acot?(z) dr = \/acot?(z) log(sin(x)) tan(x)

input L

Integrate[Sqrt[a*Cot [x] 2] ,x]

-

output L

Sqrt [a*Cot [x] “2] *Log[Sin [x]]*Tan [x]

-/
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4141, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/acot?(z) dz

l 3042

/\/atan (=+ g)zdw

l 4141

tan(w)\/;(xWQCr)j/cot(z)dm
| 3042
mmm¢;m%m/—mn@+gym
| 25
tan(z) (- acot2(x)> / tan (2 + 7 ) da

l 3956

below.

tan(z)4/a cot?(z) log(sin(z))

e

input LInt [Sqrt [a*Cot [x]~2],x]

output LSqrt [a*Cot [x] “2] *Log[Sin [x]] *Tan [x]

~—
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl[{c, d}, x]

rule 3956

Int[(u_.)*((b_.)*tan[(e_.) + (£_)*(x_)]1"(m_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l#*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + fxx]/ff)” (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + f*x]/£f£f)"(n*p), x]1, x1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])~(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

rule 4141

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

method result size
\/acot(x 2 In(cot(z 2+1
derivativedivides | — ( )2cotgz) ) > 22
default - aCOt(z): cl;gj))t(m)ZH) 22
1T 2 a(e2ix 2
e e
risch — o] - I 94

input ' int ((a*cot (x)~2)~(1/2) ,x,method=_RETURNVERBOSE)

output L‘1/2* (axcot (x)~2)~(1/2) /cot (x)*1n(cot (x) ~2+1)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(14) = 28.

Time = 0.07 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.69

g (] coo(22) + a2
acot?(z) dx =

2(cos(2z)+1)

inputLintegrate((a*cot(x)‘Q)‘(1/2),x, algorithm="fricas") J

‘1/2*sqrt(—(a*cos(2*x) + a)/(cos(2*x) - 1))*log(-1/2xcos(2*x) + 1/2)*sin(2* ‘

output
‘x)/(cos(2*x) + 1)

Sympy [F]

/\/aco'ﬁ(x)dx:/\/acot2 (z)dz

inputLintegrate((a*cot(x)**z)**(l/g),x) J

output LIntegral (sqrt(a*cot (x)**2), x) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ \/acot?(z) dr = —% Valog (tan (z)* + 1) + v/alog (tan (z))

jnputLintegrate((a*cot(x)AQ)A(l/Q),x, algorithm="maxima") J

output L—1/2*sqrt(a)*log(tan(x)*2 + 1) + sqrt(a)*log(tan(x)) J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ \/acot?(x) dr = % valog (— cos (z)” + 1) sgn(cos (z)) sgn(sin (z))

input Lintegrate ((axcot(x)"2)~(1/2) ,x, algorithm="giac")

outputtim*sqrt(a)*log(_cos(x) ~2 + 1)*sgn(cos(x))*sgn(sin(x))

Mupad [F(-1)]

Timed out.

/\/acotQ(x)dx=/\/acot(x)de

input Lint ((a*xcot(x)"2)~(1/2) ,x)

output Lint ((a*cot(x)"2)"(1/2), x)

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

[ Vacott (@) dz = va (—tog tan (5)"+ 1) + tog ran (5 )) )

input tint ((a*xcot(x)"2)~(1/2) ,x)

-

output qurt(a)*( - log(tan(x/2)**2 + 1) + log(tan(x/2)))

-/




output L
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3.27 [——dx

Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . . ... L
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. .....
Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 17

1 __ cot(z) log(cos(z))

v acot?(z) v

v acot?(z)

-cot (x)*1n(cos(x))/(a*cot(x)~2)~(1/2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

1 dr — _ cot(z) log(cos(z))

Vv acot?(x) v

\/acot?(x)

inputt

Integrate[1/Sqrt [a*xCot [x]~2],x]

-

output L

-((Cot [x]*Log[Cos[x]])/Sqrt [a*Cot [x]~2])

-/
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {3042, 4141, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/mdw

l,3042

/ 1 dx
\/atan (:c+ g)z
l 4141

cot(z) [ tan(z)dz
a cot?(x)

l 3042

cot(z) [ tan(z)dz

acot?(x)

l'3956

_ cot(z) log(cos(z))

acot?(z)

input LInt [1/Sqrt [axCot [x] 2] ,x]

output | ~¢ (Cot [x]*Log[Cos [x]11) /Sqrt [axCot [x] ~2])
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl{c, d}, x]

rule 3956

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff) " (n*FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + £xx]/£ff) " (n*p), x], x1] /; FreeQ[{b, e, £, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

rule 4141

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.53

method result Size
cot(z) (1n( cot(z)? —2In(cot(z

derivativedivides i )( ( 4() H) 21n(cot( ») 26
2\/ t)Lcot(x)2

default cot(@) (In (cot(2)’ +1) 2 In(cot(=)) ) 26
2\/ mcot(x)2

risch (e +1)x _ i) e | g,

a(e2iz+1)2 2ix a(e2":2+1)2 212
_m (e =1) a (e2ix_1)2 (e*#—1)

input |int(1/(a*cot (x)~2)~(1/2) ,x,method=_RETURNVERBOSE)

output L1/2*cot (x)*(1n(cot (x)~2+1)-2*1n(cot (x)))/(a*xcot (x)~2)~(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 45 vs. 2(15) = 30.
Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.65

ZE g (} con (20) + ) sin (20

1
/ Jaool@ 2 (acos (27) + a)

input‘ integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="fricas")

-1/2%sqrt (- (akcos (2%x) + a)/(cos(2%x) - 1))*log(1/2xcos(2%x) + 1/2)*sin(2x

output
‘X)/(a*cos(Z*x) + a) ‘
Sympy [F]
1 1
—F—dr = / —dz
input Lintegrate(1/(a*cot (x) **%2) *% (1/2) ,x) J
output Fntegral(l/sqrt(a*cot (x)**2), x) J
Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71
/ 1 log (tan (z)® + 1)
———dx =
Vacot’(z) 2Va
input Lintegrate (1/ (a*cot (x)~2)~(1/2) ,x, algorithm="maxima") J

output L1/2*1og(tan(x) ~2 + 1)/sqrt(a) J
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

_ log (|cos (2)])

1
/ v acot?(z) == V/asgn (cos (z)) sgn (sin (z))

-

Lintegrate (1/(axcot(x)"2)~(1/2) ,x, algorithm="giac")

| —

input

output L-log(abs (cos(x)))/(sqrt(a)*sgn(cos(x))*sgn(sin(x))) J

Mupad [B] (verification not implemented)
Time = 8.78 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.47

atan( v/—acot(x) )
_ Va 1/ cot(z)?

/ﬁdz: V=a

Lint(l/(a*cot x)~2)~(1/2) ,x) J

input

output ~2t2n(((-2)~(1/2)xcot (1))/ (2™ (1/2)% (cot (1) "2)~(1/2)))/ (-a) " (1/2) ]

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 34, normalized size of antiderivative = 2.00

/ 1 . Vva (log<tan (%)2 + 1) —log(tan (£) — 1) —log(tan (%) + 1))
Vacot?(z) a

input Lint(l/(a*cot (x)"2)~(1/2) ,%) J

OutputL(sqr‘c(a)=t=(log(1:an(x/2)=t=='<2 + 1) - log(tan(x/2) - 1) - log(tan(x/2) + 1)))/a J




output

input

output
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3.28 f( L d

Optimal result . . . . . . . . .. . .
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . . . . ... .
Maple [A] (verified) . . . . . . . . .
Fricas [B| (verification not implemented) . . . . . . ... ... ... .......
Sympy [F] . . .
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 39

/ 1 dp — cot(x) log(cos(x)) n tan(x)
(acot?(z))*? ay/acot?(z) 2a+/a cot?(z)

-

Lcot (x)*1n(cos(x))/a/(a*cot(x)~2)~(1/2)+1/2*tan(x) /a/(axcot (x)~2)~(1/2)

-/

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.77

/ 1 dp — 2 cot(x) log(cos(z)) + csc(z) sec(x)
(acot?(z))*? 2a+/a cot?(x)

LIntegrate [(axCot [x]~2)~(-3/2),x]

L (2%Cot [x] *Log[Cos[x]] + Csc[x]*Sec[x])/(2*a*Sqrt[a*Cot[x]~2])




input
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.72,

number of rules _ 0.600, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {3042, 4141, 3042, 3954, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (acot? (:c))3/ 247

J’3042

1
/< 7T)2>3/2d

atan (x—}- 3

| aa

cot(z) [ tan?(z)dz
a+/acot?(x)
| 3042

cot(z) [ tan(z)3dz
a+/acot?(x)

J,3954

cot(z) (% — ftan(ac)da:)

av/acot?(x)

l.3042

cot () (% — ftan(x)dx)

a+/acot?(x)

l 3956

cot(z) (% + log(cos(ac)))

a+/a cot?(x)

} Int [(a*Cot [x]172)~(-3/2) ,x]
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Output‘(Cot[x]*(Log[Cos[x]] + Tan[x]~2/2))/(a*Sqrt [a*Cot [x]~2])

Defintions of rubi rules used

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

e 3054 TRELCO_D*tanl(c_.) + (d_)*(x)1)~(@_), x_Symboll :> Simplb*((b*Tanlc + d
‘*x])*(n - 1)/@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQl{b, c, d}, x] && GtQ[n, 1]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQl{c, d}, x]

rule 3956

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff) " (n¥FracPart[p]l)) Int[ActivateTrig[ul*(Ta
nle + f*x]/£ff)"(n*p), x]1, x1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x]) " (m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

rule 4141

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.92

method result size
cot(z) (In(cot(z)?+1) cot(z)?—21n(cot(z)) cot(z)%—1

derivativedivides | — i )( < @ ) ") 3 (cot(z)) corl) ) 36
2<a cot(z)2> 2

default _ cot(z) (ln <cot(:c)2+1) cot(z)2—2 2n(cot(x)) cot(x)Q—l) 36
2<a cot(z)2> 2

risch ieti® ln(e%m—i—l) +etiT 4 24e2i ln(e2”+1)+2ie2”+2 22”964-1' ln(e2i”+1)+m 114

ale2ix
a(e%fﬂ)(e%f—l)J - (izi:))z
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input | 18t (1/ (a%cot (x)"2)"(3/2) ,x, method=_RETURNVERBOSE) ]

-1/2%cot (x)*(Ln(cot (x) ~2+1) *cot (x) “2-2%1n(cot (x) ) *¥cot (x)2-1) / (a*cot (x)"2)

output‘A(3/2) ‘

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(33) = 66.

Time = 0.07 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.90

1 ((cos (2z) +1)log (1 cos(2z) + 1) sin (2z) + 2 sin (2z)) —%
——5dz=
/ (acot?(z))*? 2 (a2cos (22)* + 2a2 cos (27) + a?)
jnputtintegrate(1/(a*00t(X)A2)“(3/2),x, algorithm="fricas") J

output 1/2*((cos(2x) + 1)xlog(1/2%cos(2+x) + 1/2)*sin(2#x) + 2#sin(2#x))*ksqrt(-(
La*cos(2*x) + a)/(cos(2*x) - 1))/(a"2*cos(2*x) "2 + 2*a~2*cos(2*x) + a~2) J

Sympy [F]

/ (a cot21(ac))3/2 do = / (a coti (x))% @

input Lintegrate(l/(a*cot (x) **2) **(3/2) , %) J

output‘ Integral ((axcot (x)**2)*x(-3/2), x) ‘
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.56

/ 1 dr = tan (z)? _ log (tan (z)® + 1)
(acot?(z))*? 2a2 2a2

inputLintegrate(1/(a*cot(x)"2)"(3/2),x, algorithm="maxima") J

outputL1/2*tan(X>‘2/a‘<3/2> - 1/2+%log(tan(x)"2 + 1)/a"(3/2) J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.18

2 v/alog(|cos(x)|)+ Y%

sgn(sin(z)) cos(z)?2
1 _ Vva asgn(cos(z))sgn(sin(z))
37 dxr =
(acot?(z)) 2a
inputLintegrate(l/(a*cot(x)"2)"(3/2),x, algorithm="giac") J

Output‘—1/2=o<(sg;n(sin(x))/sqrt(a) - (2xsqrt(a)*log(abs(cos(x))) + sqrt(a)/cos(x)"2 ‘
)/ (a*sgn(cos(x))*sgn(sin(x))))/a

Mupad [F(-1)]

Timed out.

/ (a (30’621(9L'))3/2 dr = / (a cot (1117)2)3/2 &

inputLint(l/(a*cot(x)‘2)‘(3/2)’x) J

OutputLint(l/(a*cot(x)“2)“(3/2), %) J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.36

/ S va <_210g(tan (5)°+ 1) sin (z)? + 2log<tan (2) + 1) + 2log(tan (%) — 1) sin (
(acot?)”* 2a? (si

input \ int (1/ (a*cot (x)~2)~(3/2) ,x)

Output} (sqrt(a)*( - 2*log(tan(x/2)**2 + 1)*sin(x)**2 + 2xlog(tan(x/2)**2 + 1) + 2
‘*log(tan(x/2) - 1)*sin(x)**2 - 2+log(tan(x/2) - 1) + 2xlog(tan(x/2) + 1)*s
‘in(x)**2 - 2%log(tan(x/2) + 1) - sin(x)**2))/(2xa**x2*(sin(x)**2 - 1))




output
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3.29 [ (a cot3(z))*? da

Optimalresult . . ... ... ... ... ... ..........
Mathematica [A] (verified) . . . . . . ... ... ... ...
Rubi [A] (verified) . . . ... .. ... .. . ... ..
Maple [A] (verified) . . . . . . . ..o
Fricas [B] (verification not implemented) . . . . . .. ... ...

Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . ... ...

Giac [F] . .« . oo
Mupad [F(-1)] . . ..o o
Reduce [F] . . . . ..o

Optimal result

Integrand size = 10, antiderivative size = 155

aarctan (1 — +/2,/cot(z acot3(z
s - i LV D

a arctan (1 + ﬁ\/cot(x)) v/ acot?(x)

V2 cots ()
aarctanh ( ‘/1§+Vcc°)f(tg) ) acot’(z) o
2
+ 3 — zacot
V2 cot2 (z) 7

2/3*ax(axcot (x) ~3) " (1/2)-1/2*a*arctan(-1+27 (1/2) *cot (x) ~(1/2)) * (a*cot (x) "3
)~ (1/2)*27(1/2) /cot (x) ~(3/2)-1/2*a*arctan(1+2~ (1/2) *cot (x) ~(1/2) ) * (a*cot (x
)"3)"(1/2)*27(1/2) /cot (x) ~(3/2)+1/2*a*arctanh (2~ (1/2) *cot (x) ~(1/2)/ (1+cot(
x)))*(axcot (x)~3)~(1/2)*2~(1/2) /cot (x) ~(3/2)-2/T*a*cot (x) ~2* (a*cot (x) ~3) ~(

1/2)
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Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.52

av/acot®(z) (—21 arctan ( /- cot2(x)) /= cot(z) + 21arctanh( /- c0t2(x)> :

21 cot 1 (z)

/(cz(zo’c?’(a:))?’/2 dx =

input LIntegrate [(a*Cot [x]~3)~(3/2),x] J

‘/(a*Sqrt [axCot [x] “3]*(-21*ArcTan[(-Cot [x]~2) " (1/4)]1*(-Cot [x])~(1/4) + 21xAr ‘
‘ cTanh[(-Cot [x]72)~(1/4)1*(-Cot [x]1)~(1/4) + 2*Cot[x]~(7/4)*(7 - 3*Cot[x]"2) ‘
1)/ (21%Cot [x17(7/4))

output

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.96,

, number of rules _ 1 709 Ryles
integrand size

used = {3042, 4141, 3042, 3954, 3042, 3954, 3042, 3957, 266, 826, 1476, 1082, 217, 1479,
25, 27, 1103}

number of steps used = 18, number of rules used = 17

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(acot3(ac))3/2 dx

l 3042

/ (—atan <a: + g)3>3/2 dx

| a1
av/acot3(z) [ cot? (z)dz
cot? (z)

l 3042
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av/acotd(z) [ (—tan (z + g))g/z dz

cot%(m)
| 3954
a\/acot3(ac)(— fcot%(x)dx — %cot%(x))
cot%(z)
| 3042
3 m\\5/2 2 7
a+/acot (m)(—f (—tan (z+%))” " dx — 7cot2(:c))
cot%(ac)
| 3954
av/acot?(x) (f \/cot(z)dz — 7cot2(x) + £ cot2(w)>
coti(x)
| 3042
av/acot3(z) (f\/—tan r+ 7 d:c—7cot2 +3cot2( ))
cot2(ac)
| 3957
av/acot3(x ( i covt;:?;gildcot(m) 7cot'z(ﬂv) + 2 cotz(w))
cotf(x)
| 266
a\/acot3(w)( Coigzsirld\/cot - fcotz () + 2 cotz(w))
coti(ac
| 826
a+/acot3(x) (—2<7 Ccootggtlld\/cot(a: Cl()tfg;“)(i)ld\/cot ) — 7cot2 z)+ % cotz( ))
c0t2(ac)
| 1476

/ /SPTYIRY S N 1—cot(x /7
a acot3(ac) <_2<% <% f cot(ac)—\/il\/cot(z)—i-ld COt(CE) + % f cot(z)—i—\/il\/cot(z)—}-ld COt(w)) 1 C°t2($)(+)1d cot

cot (z)
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l 1082

—1 _ _d(1-v/2/cot(z d(v/2+/cot( 1
am(_2<é<f_m(z)—1 E/if\/ t( )) = i1 gf t(z)+ )) _ l cttfg);)(—f-)ldﬁ> B %cot

cot? (z)

l 217

am<—2 (é (amtan(ﬂfg COt(z)H) _ arCtan(l_\fV COt(x))> ~1 Clotzc(fz)(i)ld\/(ﬁ> -2 cot2 (z) + 2 cc
cot%(ac)

l 1479

N[

2v/2 2v/2 V2 -

_ Va-2/et) _ VA(vaveRr@h)
a\/m (_2 (; (f cot(z) —v2+/cot(@) +1d%m |~ imia e Vot (@) + (arctan(ﬁ\/cot(x)-i—l) a1

cot? (x)

| 25

V2—2,/cot(z) (\[\/cot(m +1)
ar/acot3(z) (_2 (; (J AT VD) | e e Y eoH®) +1 (amtan(ﬁv cot(@)+1) arc

2v2 22 2 V2 -

cot? (z)

| 27

f—ﬁ_z cot(z) dv/cot(z) V2 arctan(ﬁ cot(z)+1>
3 1 cot(z)—v/2/cot(z)+1 2\/COt(IIJ)+1 1
avacm;@g(—2<2<— 2v2 ~ 2 iy evayean AV OH@) | +3 V3

cot? (z)
l 1103

N

V2 V2 2v/2 o 22

am<_2 (5 (arctan(\/i\/cot(w)-i-l) _ arctan(l—x/ix/cot(@)) 4 1

( log (cot(m)—ﬁM—i—l) log (Cot(z)—}-\/i\/

cot? (x)
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input ‘ Int[(a*Cot[x]~3)~(3/2),x]

output ‘ (a*Sqrt [a*Cot [x] ~3]*((2*Cot [x]1~(3/2))/3 - (2%Cot[x]7(7/2))/7 - 2%((-(ArcTa
‘ n[1 - Sqrt[2]*Sqrt[Cot[x]1]1/Sqrt[2]) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]1]]1/Sq
‘ rt[2])/2 + (Logl[l - Sqrt[2]*Sqrt[Cot[x]] + Cotl[x]]/(2*Sqrt[2]) - Logl[l + S
‘ qrt [2]*Sqrt [Cot [x]] + Cot[x]]/(2%Sqrt[2]))/2)))/Cot[x]1~(3/2)

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

rule 217

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + bk (x"(2%k)/c"2))
“p, x], x, (c*xx)"(1/k)]1, x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

211, s = Denominator[Rt[a/b, 211}, Simp[1/(2*%s) Int[(xr + s*x72)/(a + b*x~
4), x], x] - Simp[1/(2*s) Int[(r - s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{
a, b}, x] & (GtQ[a/b, 0] || (PosQ[a/b]l && AtomQ[SplitProduct[SumBaseQ, all
&% AtomQ[SplitProduct[SumBaseQ, bl]))

rule 826
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rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

rule 1103 Int[((d_) + (e_)*(x))/((a_.) + (b_.)*x(x_) + (c_)*(x_)"2), X_Symbol] > S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

rule 1476 Int[((d.) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%*c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/(2%c) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& EqQ[c*d™2 - axe”2, 0] && PosQ[d*el

rule 1479 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Simpl[e/(2*c*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - g*x - x°2, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e™2, 0] && NegQ[d*e]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/@*(@ - 1))), x] - Simp[b~™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]
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Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[pl*((b*Tan[e + f*x]~
n) "FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.22

method result
3 2 : cot(x —a cot(x)— a
(acot(@r?) (2‘““ cot(a)} (&) 56(@cote)} () L4210 VE n (‘ I ﬁ) .
derivativedivides | — acot(@)+(a?) # Vacot@) va+va?
3 3 I
84 cot(z)” (acot(x))2 a2(a2)4
é 02 i a cot(x —a cot(x)— a
(acot(z)3> 2 24(‘100'5(90))%(02)%—56a2(acot(x))%(az)%+21a4\/§1n _( )Zx/TI)ﬁ t(z)— Va2 N
d acot(z)+(a2) 4 Vacoi(w) v2+va?
efault = . . .
84 cot(z)° (acot(z))2 a?(a?)4
input Lint ((a*cot (x)~3)"~(3/2) ,x,method=_RETURNVERBOSE) J
output -1/84x% (a*xcot (x)~3)~(3/2)*(24* (a*xcot (x)) ~(7/2)*(a~2) ~(1/4)-56%a"2* (a*xcot (x)

)~ (3/2)*(a”2) " (1/4)+21%a~4%2~ (1/2) *1n(-((a~2) ~(1/4) * (axcot (x) ) ~(1/2) *2~ (1/
2)-a*cot (x)-(a"2)~(1/2))/(a*cot (x)+(a~2)~(1/4)*(a*cot(x))~(1/2)*2~(1/2)+(a
~2)7(1/2)))+42*xa~4%2~ (1/2)*arctan ((2" (1/2) * (a*xcot (x)) ~(1/2)+(a"2)~(1/4)) /(
a~2)~(1/4))+42*a~4*x2~(1/2) *arctan((2~(1/2)*(a*cot (%))~ (1/2)-(a~2)~(1/4)) /(
a~2)~(1/4)))/cot(x) "3/ (a*cot(x))~(3/2)/a~2/(a"2)~(1/4)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 411 vs. 2(118) = 236.

Time = 0.08 (sec) , antiderivative size = 411, normalized size of antiderivative = 2.65

+42+/2(acos (22) — a)

acos(2z)+a

/ (acot? (x))3/2 dx =
\/’Nﬁ\/ — o2 oI Sin(2 0)+a cos(22) +a
42+/2(acos (2z) — a)\/aarctan

e

inputtintegrate((a*cot(x)‘B)"(3/2),x, algorithm="fricas")

~—

-1/84x(42xsqrt (2) * (axcos(2*x) - a)*sqrt(a)*arctan((sqrt(2)*sqrt(a)*sqrt(-(
axcos(2*x) "2 + 2xaxcos(2*x) + a)/((cos(2*x) - 1)*sin(2+#x)))*sin(2*x) + a*c
0s(2*x) + a)/(a*cos(2#x) + a)) + 42*sqrt(2)*(axcos(2*x) - a)*sqrt(a)*arcta
n((sqrt(2)*sqrt(a)*sqrt(-(a*cos(2*x) "2 + 2xa*cos(2*x) + a)/((cos(2*x) - 1)
*sin(2*x)))*sin(2*x) - axcos(2*x) - a)/(a*cos(2*xx) + a)) + 21xsqrt(2)*(a*c
os(2*x) - a)*sqrt(a)*log((sqrt(2)*sqrt(a)*sqrt(-(axcos(2*x)~2 + 2%a*cos(2*
x) + a)/((cos(2*x) - 1)*sin(2*x)))*(cos(2*x) - 1) + axcos(2*x) + a*sin(2*x
) + a)/sin(2*x)) - 21xsqrt(2)*(axcos(2*x) - a)*sqrt(a)*log(-(sqrt(2)*sqrt(
a)*sqrt(-(a*cos(2*x) "2 + 2*a*cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*(cos
(2%x) - 1) - a*cos(2*x) - a*sin(2#x) - a)/sin(2*x)) - 16%(5*a*xcos(2*x) - 2
xa) *sqrt (- (axcos (2%x) "2 + 2*xa*cos(2*x) + a)/((cos(2*x) - 1)*sin(2#*x))))/(c
os(2*x) - 1)

output

Sympy [F]

/(a 001;3(:1:))3/2 dx = / (a cot® (m))% dx

inputLintegrate((a*cot(x)**s)**(g/g),x) J

Output‘Integral((a*cot(x)**s)**(s/z), x) J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.73

/ ((zcot?’(x))?’/2 dw=;l (2 V2y/a arctan (% \/§<\/§+ 2 \/‘W)> +2V/2y/aarctan <—% \/5(\/5 —

3 3
2a2 2a2

3 tan (z)% 7 tan ()

7
2

jnputLintegrate((a*cot(x)‘S)A(3/2),x, algorithm="maxima") J

1/4%(2*sqrt (2) *sqrt (a) *arctan(1/2*sqrt (2)*(sqrt(2) + 2xsqrt(tan(x)))) + 2%
sqrt (2) *sqrt(a)*arctan(-1/2*sqrt (2) *(sqrt(2) - 2*sqrt(tan(x)))) + sqrt(2)*
sqrt(a)*log(sqrt(2)*sqrt(tan(x)) + tan(x) + 1) - sqrt(2)#*sqrt(a)*log(-sqrt
(2)*sqrt(tan(x)) + tan(x) + 1))*a + 2/3*a”~(3/2)/tan(x)~(3/2) - 2/7*xa~(3/2)
/tan(x)~(7/2)

output

Giac [F]

(a cot‘q‘(av))?’/2 dz= | (acot (z)?’)% dz
/ /

-

Lintegrate((a*cot(x)‘S)‘(3/2),x, algorithm="giac")

-/

input

e hY

integrate((a*cot(x)~3)~(3/2), x)

N\ J

output

Mupad [F(-1)]
Timed out.

/(acot:*(gv)):}/2 dx=/(acot($)3)3/2dm

input | 18t ((a*c0t ()°3)7(3/2),1) J
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output Lint ((a*cot(x)~3)~(3/2), x)

Reduce [F]

/ (aco‘c?’(ac))?’/2 dz = +a (/ Vot (z) cot (z)* dx) a

inputLint((a*cot(x)“B)“(3/2),X)

output qurt (a)*int (sqrt (cot (x))*cot (x) **4,x) *a




output
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3.30 [ Vacotd(z)dr

Optimal result . . . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. .....

Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] . . . o o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . o e

Optimal result

Integrand size = 10, antiderivative size = 132

[ Jacob(@)de = - (1 - V2Veoi(a)) Vaco' o

V2 cot? (z)

_|_

arctan (1 + ﬁ\/cot(x)> Vacot?(x)

V2/cot(z)
arctanh (HTt(x)

+

V2 cot? (z)

) a cot3(x)

V2 cot2 (z)

— 24/ acot®(x) tan(x)

‘1/2*arctan(—1+2‘(1/2)*cot(x)‘(1/2))*(a*cot(x)‘3)*(1/2)*2‘(1/2)/cot(x)“(3/2
‘)+1/2*arctan(1+2‘(1/2)*cot(x)“(1/2))*(a*cot(x)“3)‘(1/2)*2‘(1/2)/cot(x)‘(3/
‘2)+1/2*arctanh(2“(1/2)*cot(x)”(1/2)/(1+cot(x)))*(a*cot(x)”B)“(1/2)*2“(1/2)

‘/cot(x)”(3/2)—2*(a*cot(x)“3)“(1/2)*tan(x)




input

output
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92

/ \/acot3(z) dr =
a cot3(z) <2\/§arctan (1 - JZ/M) — 2+/2arctan <1 + ﬁW) + 8/cot(z) + v2log (

4cot2 (z)

-

LIntegrate [Sqrt [a*Cot [x] 3] ,x]

~—

-1/4x(Sqrt [axCot [x] ~3] * (2#Sqre [2] #ArcTan[1 - Sqrt[2]#Sqrt[Cot[x]1] - 2+Sqr
‘ t[2]*ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]] + 8*Sqrt[Cot[x]] + Sqrt[2]*Log[l - S
‘ qrt [2]*Sqrt[Cot[x]] + Cot[x]] - Sqrt[2]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot
[x11))/Cot [x]~(3/2)

| ——

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.03,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 4 554 Ryjeg
integrand size

used = {3042, 4141, 3042, 3954, 3042, 3957, 266, 755, 1476, 1082, 217, 1479, 25, 27,

1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/acot?(x) dz

l,3042

/\/—atan (a: + g)?’dx

l 4141

Vacotd(z) [ cot? (z)dz

cot? (z)

below.
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| 3042
vacotd(z) [ (—tan (z + %))3/2 dz
cot%(m)
| 3954
Vacot3(x ( i de—%/cot )
cot2(a:)

l_3042

Vacot3(x ( f\/mdx—2 cot(m))

cot? (z)

| 3957
Vacotd(z (f NI cot2(a:)+1)dCOt — 2/cot(z) )

cot? (z)

| 266
Vacot3(x (2f cot2(z)+1d‘/C0t —2/cot(z )

cot? (z)

| 755
a cot3(x) (2<7 clot;(c:)(f_)ld\/cot +3f c(;c;tz(é;rll \/cot(z ) —2/cot(z )
cot? (z)

l 1476

/ 1—cot(x / / ‘
“ COt3(I) (2 (% f C0'02(“)(‘*')1d cot(z) + % (é f cot(x)—\/;\/cot(a:)—i-ld cot(z) + % f cot(w)+\/§1\/cot(w)+1d COt(x)),

cot? (z)

l 1082

1 - cot(x CO
/ac0t3(m)< ( Clot;(cj)(i)ld cot(z) + L ( com)fld\; V2y/cot( )> ffcot(z) 1 E\[f\/ t(z +1)>> —2./cot(
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W(Q (1 Clot;(";)(_’i)ld\/(ﬁ (arctan(\@f\;cot(w)+1) _ arctan(l—\\//;\/cot(x)) )) _o cot(m))

cot? (z)

l 1479

N[

V2—2,/cot(z) ﬁ(\/ﬁx/cot(w)-ﬁ-l)
d\/COt(l‘ f—mdvcot(x) _ are
V2

f cot(z)—v/2+/cot(z
\/aCOt3(I) (2 (% (_ — 2\}( - ’ 24/2 )

cot? (x)

(arctan (\/5 m +1) arc

| 25

_ 9. /cot(z f\/cot(z +1
V2-2y/cot(z) d+/cot(z) IW(L/ ot(z) )

e i AVAE S CO
\/m (2 (5 ( COt(x)_ﬁ\/%-kl + 2\/5

N[

arctan(\@M—i—l) arctan(l-
7 —

cot? (z)

| 27

/ Mdv cot(x) / arctan(\/i\/cot(x)—i—l) ar
/ 3 1 cot(z)—v/2¢/cot(z)+1 1 \/5 COt(.’E)—i—l 1 Y
acot ('T) (2 (2 ( 22 +2 f cot(m)+\/§\/cot(a:)+1d COt(iL‘) +2 V2

cot? (z)

l 1103

arctan (v/2+/cot(z)+1 arctan ( 1—v/2+/cot(z) log ( cot(x)+v/2+/cot(z)+1 log ( cot(z)—v/2+/cot|
\/acot3(m)<2<%< ( 7 ) - ( 7 >> +1 ( 7 ) _ ( -

cot? (z)

input ‘ Int [Sqrt [axCot [x] 3] ,x] ‘

output ‘ (Sqrt [a*Cot [x] ~3] *(-2#Sqrt [Cot [x]] + 2*((-(ArcTan[1 - Sqrt[2]*Sqrt[Cot [x]]
11/8qrt[2]) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]111/Sqrt[21)/2 + (-1/2%Logll - S
‘ qrt [2]*Sqrt[Cot[x]] + Cot[x]]/Sqrt[2] + Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot

|
L[x] 1/(2%Sqrt[21))/2))) /Cot [x1~(3/2) J
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Intl((@) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])7(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x"(2%k)/c"2))
p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 266

rule 755 Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]1}, Simp[1/(2*r) Int[(r - s*x~2)/(a + b*x~4)
, x], x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b~2)]}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b
)1, x] /; RationalQ[q] && (EqQ[q9q~2, 1] || !RationalQ[b~2 - 4x*axc])] /; Fre
eQ[{a, b, c}, x]

rule 1103 IntLC(A) + (e_)*(x))/((a_.) + (b_)*(x)) + (c_.)*(x)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]




rule 1476

rule 1479

rule 3042

rule 3954

rule 3957

rule 4141
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Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%*c) Int[1/Simp[d/e + g*x + x~2, x], x], x] + Simp[
e/ (2xc) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQl[{a, c, d, e}, x]
&& EqQ[c*d~2 - axe”2, 0] && PosQ[d*el

N\

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Simpl[e/(2xc*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%cxq) Int[(q + 2*x)/Simp[d/e - g*x - x72, x], x], x1] /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e”2, 0] && NegQ[d*e]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/@*x(@ - 1))), x] - Simp[b~"2 Int[(b*Tan[c + d*x])~(n - 2), x]
, X1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*x(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + f*x]/ff)~ (n*¥FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + £xx]/£f£) " (n*p), x], x]] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /

; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])




input

output

input
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.26

method result
NT — N
V acot(z)® —(aQ)%\/iln _acot(;v)-&-(a Ol —2(02)% 2 arctan M —2
. . I (0‘2)2[\/W\/i—acot(av)—\/ai2 (a2)Z
derivativedivides | — PN
cot(x a2 IN/H/CD xT a v/ acot(x (12 1
\/‘“30'5(1‘5)3 _(az)%{\/ﬁln -2 t(1)+( )Z o) VatVa? —2((12)71I 2 arctan w —2
defau].t _ (a2) 4 Vacot(z) vV2—a cot(z)f\/ai2 (a2) 1
4 cot(z)+/acot(x)
Lint ((a*xcot(x)~3)~(1/2) ,x,method=_RETURNVERBOSE) J

-1/4x(a*xcot (x)~3)~(1/2)*(-(a~2)~(1/4)*2~(1/2) *1n(-(a*cot (x)+(a~2) ~(1/4)*(a
xcot (x))~(1/2)*27(1/2)+(a"2)~(1/2))/((a"2)~(1/4) *(a*cot (x)) ~(1/2)*2~(1/2) -
axcot (x)-(a~2)~(1/2)))-2%(a~2)~(1/4)*2~(1/2)*arctan((2"(1/2) *(a*xcot (x)) (1
/2)+(a"2)"(1/4))/(a"2)~(1/4))-2*%(a~2)~(1/4)*2~ (1/2) *arctan((2~ (1/2) * (a*cot
(x))~(1/2)-(a~2)"(1/4))/(@a~2)~(1/4))+8* (a*xcot (x)) ~(1/2) ) /cot (x) / (a*cot (x))
~(1/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 387 vs. 2(101) = 202.

Time = 0.08 (sec) , antiderivative size = 387, normalized size of antiderivative = 2.93

/ \/acot®(z) dzx
acos(22)?+2acos(2z)+a sin(2 z)+acos(2z)+a )

\/i\/a - cos(2z)—1)sin(2x
2\/5\/5(008(2x)+1)arctan< \/ (Co@ o) D@

+2+/2y/a(cos (2z) + 1) ar

acos(2z)+a

Lintegrate((a*cot(x)“B)“(1/2),x, algorithm="fricas") J
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1/4%(2*sqrt (2) *sqrt (a) *(cos(2*x) + 1)*arctan((sqrt(2)*sqrt(a)*sqrt(-(a*cos
(2%x) "2 + 2xaxcos(2*x) + a)/((cos(2*x) - 1)*sin(2%x)))*sin(2*x) + axcos(2x
x) + a)/(axcos(2*x) + a)) + 2*sqrt(2)*sqrt(a)*(cos(2+x) + 1)*arctan((sqrt(
2)*sqrt(a) *sqrt (-(axcos(2*x) "2 + 2xa*cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x
)))*sin(2#x) - a*cos(2*x) - a)/(axcos(2*x) + a)) - sqrt(2)*sqrt(a)*(cos(2*
x) + 1)*log((sqrt(2)*sqrt(a)*sqrt(-(a*xcos(2*x)~2 + 2*axcos(2*x) + a)/((cos
(2%x) - 1)*sin(2*x)))*(cos(2*x) - 1) + a*cos(2*x) + a*sin(2*x) + a)/sin(2%
x)) + sqrt(2)*sqrt(a)*(cos(2*x) + 1)*log(-(sqrt(2)*sqrt(a)*sqrt(-(a*cos(2*
x)"2 + 2*xaxcos(2xx) + a)/((cos(2*x) - 1)*sin(2x*x)))*(cos(2*x) - 1) - a*cos
(2*x) - a*sin(2*x) - a)/sin(2*x)) - 8xsqrt(-(axcos(2*x)~2 + 2%axcos(2*x) +
a)/((cos(2xx) - 1)*sin(2*x)))*sin(2*x))/(cos(2*x) + 1)

output

Sympy [F]

/\/acot3(x)dw=/\/acot3 (z)dz

input‘integrate((a*cot(x)**s)**(1/2),x)

outputLIntegral(sqrt(a*cot(x)**S), x) J
Maxima [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.71
/ \/acot3(z) dr =
1 1 1
- (2 V2 arctan (5 \/ﬁ(\@ +2+/tan (x))) + 2+v/2arctan (—5 \@(\/ﬁ —2+/tan (x))) —V2log (
_2ve
tan (x)
input‘integrate((a*cot(x)”B)“(1/2),x, algorithm="maxima") J
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‘-1/4*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2xsqrt(tan(x)))) + 2*sqrt(2)

tput ‘
" sarcran(-1/2+sqrt (2)+ (sqrt (2) - 2reqrt(tan())) - sqrt(2)+log(sqrt(2)*aqr
‘t(tan(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1)) ‘
‘*Sqrt(a) - 2*sqrt(a)/sqrt(tan(x)) ‘
Giac [F]
/ W dr = / m dz
inputtintegrate((a*cot(x)“3)‘(1/2),x, algorithm="giac") J
output Lintegrate(sqrt(a*cot (x)"3), x) J
Mupad [F(-1)]
Timed out.
/ W dr = / m dz
inputLint((a*cot<x>‘3)*(1/2),x) J
outputLint((a*cot(x)‘B)‘(1/2), x) J
Reduce [F]

Lint((a*cot(x)”B)“(1/2),X) J

input




CHAPTER 3. LISTING OF INTEGRALS 285

output qurt(a)*( - 2xsqrt(cot(x)) - int(sqrt(cot(x))/cot(x),x))
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3.31 [———dx

a cot(z)
Optimal result . . . . . . . . .. . .. 28061
Mathematica [A] (verified) . . . . . . . . . ... 2861
Rubi [A] (verified) . . . . . . .. . . 287
Maple [A] (verified) . . . . . . . . ... 2971
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 292
Sympy [F] . . . o 293
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 293
Giac [F] . . . o o 294
Mupad [F(-1)] . . . . 294
Reduce [F] . . . . . . 297

Optimal result

Integrand size = 10, antiderivative size = 133

1 do — 2 cot(z) B arctan <1 - \/EM) cot%(m)
Vacot*(z) Vacot’(z) v2+/acot?(z)
arctan <1 + ﬂm> cot: (z) arctanh( 142{%) cot? ()
V2+/a cot?(x) V2+/acot?(z)

+

output ¢ 2xcot (x)/ (axcot (x)"3) " (1/2)+1/2*arctan(-1+27 (1/2) ¥cot (x) " (1/2))*cot ()~ (3/
‘2)*2 (1/2)/ (a*cot (x)~3)~(1/2)+1/2*arctan(1+27 (1/2) *cot (x) ~(1/2) ) *cot (x) ~(3 ‘
|/2)%27(1/2)/ (axcot (x)~3) " (1/2)-1/2*arctanh (2" (1/2) *cot (x)~(1/2) / (1+cot (x)) |

‘)*cot(x)‘(3/2)*2‘(1/2)/(a*cot(X)‘S)‘(1/2)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.45

/ \/# da
cot(z) (2 + arctan (\/ — cot?(z ) \/ — cot?(z) — arctanh (\/ — cot?(x) ) \/ — cot?(x )

a cot3(x)
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input ‘ Integrate[1/Sqrt [axCot [x] 3] ,x]

‘ (Cot[x]*(2 + ArcTan[(-Cot[x]~2)"(1/4)]*(-Cot[x]~2)~(1/4) - ArcTanh[(-Cot[x

output
1172)7(1/4)1*(=Cot [x]"2)~(1/4))) /Sqrt [a*Cot [x] ~3]

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.02,

_ _ number of rules _
number of steps used = 16, number of rules used = 15, integrand size 1.500, Rules

used = {3042, 4141, 3042, 3955, 3042, 3957, 266, 826, 1476, 1082, 217, 1479, 25, 27,
1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/Wdﬂ:

l 3042

/ ya 5

a tan 5

l 4141

cot%(m)f %( )d

\/acot?’( )

l.3042

COt%(.'L')f de
a cot3(x)

| 3955
cot (z) (M | \/cot(z) dm)
a cot3(z)

l.3042
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cot2 (z (M [y/—tan(z+ % dac)

acot3(z)

| 3957
cot? (z (f \/Mdcot(x) 2 )

cot2(z)+1 cot(x)

a cot3(z)

l 266
COt%(.’L' ( cot(z) d\/(M‘F

cot2(z)+1
acot3(z)
l 826
3 cot(x)+1 1—cot(z
cot2 (x) (2(* cott2((au)trld\/‘W cotz(;(+)1d\/‘m> cot(w>
a cot3(x)

l 1476

Vo)

3 1(1 1 il o 1 1 Ry 1—cot(z) /7
cot? (93) (2(§ (5 f cot(w)—\@\/cot(x)-i-ld COt(.’L‘) + 2 f cot(w)+\/§\/cot(w)+1d COt(.’B)) o cot2(:1:)+1d COt )

a cot3(z)
| 1082
3 | =i 1—v/2+/cot(z) fﬁd V2/cot(z)+1 cot(z
cotg(a:) <2<2< = E/i ) = S/i )> - l (:101;2(::)(—{—)1d\/(?> cot(m )
a cot3(x)
| 217
3 arctan (v/2+/cot(z)+1 arctan ( 1—v/2/cot(z) cot(z
cotg(m) (2 (;( ( 7 ) — ( 7 >> — 1 clot2(zt(+)1d\/m> cot(m )
acot3(z)
l 1479

V3—2./cot(x) v2(V2/cot(@)+1)
t% 9 1 f—md cot(z) - md\/ ot(x) 1 arctan(\/ﬁ\/cot(z)+l> _ arctan(l-
cot2 (z) 2 22 + 2v2 ta V2

acot3(x)
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| 25

V2—2,/cot(z) \/i(ﬁx/cot(z)+1)
cot%(w) (2 (1 (_fwmdm _ fmdm 1 (arctan(ﬁm—l—l) arctan(l—
2

2v2 2v2 2 V2 \
acot3(x)
| 27
NENO)
3 1 _fmd\/cot(x) 1 V2,/cot(z)+1 1 arctan(ﬁw/cot(z)—}-l) _ arict
cot? (.’L‘) (2 (2 ( 2v/2 2 cot(w)-i—\/i\/cot(x)—l—ld v COt(I) + 2 V2
acot3(x)

l 1103

2

2 - 2v2 22

3 1 arctan(ﬁm+l) arctan(l—ﬁM) 1 log(cot(x)—\/i\/W—H) log<cot(x)+\/§\/m+
cotz(z) | 2{ 3 7 7 +

Vacot?(z)

input ‘ Int[1/Sqrt[a*Cot [x] 3] ,x] ‘

output ‘ (Cot [x]17(3/2)*(2/Sqrt [Cot [x]] + 2*((-(ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]1]1/Sqr ‘
t[2]) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[x111/Sqrt[2]1)/2 + (Loglt - Sqrt[2]*Sqr
‘t[Cot[x]] + Cotl[x]1/(2%Sqrt[2]) - Logl1 + Sqrt[2]*Sqrt[Cot[x]] + Cot[x11/(
| 2%8qrt [21))/2)))/Sqrt [a*Cot [x] 3] |

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]




rule 217

rule 266

rule 826

rule 1082

rule 1103

rule 1476

rule 1479
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 01)

Int[((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{k = De
nominator[m]}, Simpl[k/c  Subst[Int[x"(k*x(m + 1) - 1)*(a + b*(x"(2xk)/c"2))
“p, x1, x, (c*x)~(1/kK)], x1]1 /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,
2]1], s = Denominator[Rt[a/b, 211}, Simp[1/(2+*s) Int[(r + s*x"2)/(a + b*x~
4), x], x] - Simp[1/(2%s) Int[(r - s*x~2)/(a + b*x"4), x], x]] /; FreeQ[{
a, b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all
&& AtomQ[SplitProduct[SumBaseQ, bl]))

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c]l)] /; Fre
eQ[{a, b, c}, x]

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 21}, Simple/(2%c)  Int[1/Simpl[d/e + g*x + x~2, x], x], x] + Simp[
e/(2%c)  Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&% EqQ[c*d~2 - axe”™2, 0] && PosQ[d*e]

N\

Int[((d) + (e_)*(x)"2)/((a) + (c_)*(x)"4), x_Symboll :> With[{q = Rt[
‘-2*(d/e), 2]}, Simpl[e/(2*cxq) Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],
‘ x] + Simpl[e/(2%c*q) Intl[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]1] /; F
‘reeQ[{a, c, d, e}, x] && EqQ[c*d™2 - a*e™2, 0] && NegQ[d*e]




rule 3042

rule 3955

rule 3957

rule 4141

input L
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d#*x]
)"(n + 1)/(bxd*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x°2), x], x, b*¥Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[pl/(Tan[e + f*x]/ff)~ (n¥FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + £xx]/£f£f) " (n*p), x], x]] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQl[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.23

method result
1 1
a2 Z\/aco xT —a cot(x —\/az 3/ acot(x a2 Z
cot(z) <\/5 Vacot(z) In (_ ( ) t(1) v 1) ) +24/2 \/a cot(x) arctan (W) +24
derivativedivides acot(@)+(a?) T Vacore) v2+ Va2 (a2)*
3, o1
4\/0. cot(z)” (a2)4
1 1
a2 Z\/GCO xT —a cot(x —\/a/2 \/ acot(x a2 z
cot(z) (‘/i Vacot(z) In (— ( ) t(1) v 1) ) +2v/2 \/acot(x) arctan (W) +24
d f acot(z)+(a2)1\/mt(w)\/§+\/a72 (0,2)Z
efault 5 o1
4\/(1 cot(z)” (a2)4

int (1/(a*xcot(x)~3)~(1/2) ,x,method=_RETURNVERBOSE)
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1/4%cot (x)* (27 (1/2)*(a*cot (x))~(1/2)*1n(-((a~2) ~(1/4) *(a*xcot (x) )~ (1/2)*2~(
1/2)-a*cot (x)-(a"2)~(1/2))/(a*cot (x)+(a~2) " (1/4) *(a*xcot (x))~(1/2)*2~(1/2)+
(a~2)7(1/2)))+2*27(1/2) *(a*cot (x) )~ (1/2) *arctan((27(1/2) * (a*cot (x))~(1/2)+
(a~2)7(1/4))/(@"2)"(1/4))+2%2~ (1/2)*(axcot (x)) " (1/2) *arctan((2~(1/2) *(a*co
t(x))"(1/2)-(a"2)"(1/4))/(a~2)~(1/4))+8%(a~2) ~(1/4) )/ (a*cot (x)~3)~(1/2)/(a
~2)°(1/4)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 382 vs. 2(101) = 202.

Time = 0.09 (sec) , antiderivative size = 382, normalized size of antiderivative = 2.87

j/-;7zi%;§?23:dx

f\/ acca(s(Z(m2)2;-21a)cosg :z:g+a sin(2 z) f\/ acczs(z(q;)?;kZla)cosg a:g-H
cos x S T +COS(2 z)+1 cos x S x
2+/2(a cos(2z)+a) arctan cos(2 T 2v/2(a cos(2z)+a) arctan cos(2 T
Va + v

input | 1ntegrate(1/(a*cot(x) 3)°(1/2),x, algorithm="fricas")

1/4* (2xsqrt (2) * (a*cos(2*x) + a)*arctan((sqrt(2)*sqrt(-(axcos(2*x)~2 + 2xax
cos(2*x) + a)/((cos(2xx) - 1)*sin(2*x)))*sin(2*x)/sqrt(a) + cos(2*x) + 1)/
(cos(2%x) + 1))/sqrt(a) + 2*sqrt(2)*(a*cos(2*x) + a)*arctan((sqrt(2)*sqrt(
-(a*cos(2*x) "2 + 2#axcos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x)/sqr
t(a) - cos(2*x) - 1)/(cos(2*x) + 1))/sqrt(a) + sqrt(2)*(axcos(2*x) + a)*lo
g((sqrt(2) *sqrt(-(axcos(2*x) "2 + 2*a*cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x
)))*(cos(2*x) - 1)/sqrt(a) + cos(2*x) + sin(2#x) + 1)/sin(2*x))/sqrt(a) -
sqrt (2) * (axcos(2*x) + a)*log(-(sqrt(2)*sqrt(-(a*xcos(2*x) 2 + 2xa*cos(2*x)
+ a)/((cos(2*x) - 1)*sin(2*x)))*(cos(2*x) - 1)/sqrt(a) - cos(2*x) - sin(2x*
x) - 1)/sin(2*x))/sqrt(a) - 8xsqrt(-(a*cos(2*x)~2 + 2*axcos(2*x) + a)/((co
s(2*x) - 1)*sin(2+*x)))*(cos(2*x) - 1))/(axcos(2*x) + a)

output
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Sympy [F]
1 1
— ez = / ——dz
/ Vacot®(z) Jacot® (z)
inputLintegrate(l/(a*cot(x)**3)**(1/2),X) J
outputLIntegral(l/sqrt(a*cot(x)**3), x) J

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.71

1 —
/_de‘
24/2 arctan (% \/5(\/5+2\/W>> + 2+/2arctan (—%ﬁ(x/ﬁ—2\/‘m)> +\/§log <\/§\/
4

Ja
2\/tan(z
L2/ @)
Ja
inputLintegrate(1/(a*cot(x)‘3)“(1/2),x, algorithm="maxima") J

Output‘-1/4*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2¢sqrt(tan(x)))) + 2*sqrt(2)
‘*arctan(-1/2*sqrt(2)*(sqrt(2) - 2xsqrt(tan(x)))) + sqrt(2)*log(sqrt(2)*sqr
‘t(tan(x)) + tan(x) + 1) - sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))
‘/sqrt(a) + 2*sqrt(tan(x))/sqrt(a)
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Giac [F]

/\/ﬁdm=/\/ﬁdz’

inputtintegrate(1/(a*cot(x)*3)*(1/2),X, algorithm="giac")

output Lintegrate (1/sqrt(a*cot(x)~3), x)

Mupad [F(-1)]
Timed out.

Xz

/ﬁdmz/ﬁd

inputLint(l/(a*cot(X)A3)A(1/2),x)

output FB6(1/ (%00t G 8 (1/2), %)

Reduce [F]

1 ﬁ(f%dm)
/—dl': cot(x
Vacot*(z) a

inputkint(l/(a*cot(x)’"3)“(1/2),X)

output | (3art (@ *int (sart(cot (x))/cot ()**2,1))/a




output
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3.32 [—t—xdx
(acot3(z)) 3/2

Optimal result . . . . . . . . .. . . 295
Mathematica [A] (verified) . . . . . . . .. ... L L 296
Rubi [A] (verified) . . . . . . ... . 290
Maple [A] (verified) . . . . . . . . .
Fricas [B| (verification not implemented) . . . . . . ... ... ... ....... 302
Sympy [F] . . .
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . o o
Mupad [F(-1)] . . . o 304
Reduce [F] . . . . . o 304

Optimal result

Integrand size = 10, antiderivative size = 166

arctan (1 - ﬁW) cot2 ()

/ ;2 dr = — 2 +
(acot3(x))” 3a\/a cot?(z)

- arctan (1 + \/Z/W) cot2(z) - arctanh(

v2a+/a cot?(x)

v2a+/a cot?(x)

V2a+/acot3(z)

+
Ta+/a cot®(z)

p

(1/2)

-2/3/a/(a*xcot(x)~3)~(1/2)-1/2*arctan(-1+2"(1/2) *cot (x) " (1/2)) *cot (x) ~(3/2)
*2~(1/2) /a/ (a*xcot (x)~3) ~(1/2)-1/2*arctan(1+2~(1/2) *cot (x) ~(1/2) ) *cot (x) ~ (3
/2)%27(1/2) /a/ (a*xcot (x) ~3) ~(1/2)-1/2*arctanh (2~ (1/2) *cot (x) ~(1/2) / (1+cot (x
)))*kcot (x)~(3/2)*2~(1/2) /a/ (a*cot (x)~3)~(1/2)+2/7*tan(x) ~2/a/ (a*cot (x)~3)~
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.43

—14 + 21 arctan ( \/— cotz(x)> (— cot?(z))** + 21arctanh< \/— cotZ(x)> (— cot?

1
LR
/ (acot?(z))*? 21a+/a cot®(z)

input LIntegrate [(a*Cot [x]~3)~(-3/2),x] J

t‘ (-14 + 21*ArcTan[(-Cot[x]~2)~(1/4)1*(-Cot[x]"2)~(3/4) + 21*ArcTanh[(-Cot[x ‘

t
ot ‘ 172)~(1/4)1*(-Cot [x]~2)~(3/4) + 6xTan[x]~2)/(21*axSqrt[a*Cot [x]~3]) ‘

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.91,

number of steps used = 18, number of rules used = 17, Bumber of rules _ 4 75 Ryjes
integrand size

used = {3042, 4141, 3042, 3955, 3042, 3955, 3042, 3957, 266, 755, 1476, 1082, 217, 1479,
25, 27, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a cot31(a:))3/ 240
l 3042

7 i

—atan (w + g)

l 4141

COt% (.’17) f coté (z) T

a+/acot3(x)

l 3042
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cot? (z)

—

I S
(- tan(ac—i-g))g/2 dz

ay/acot3(x)

l 3955

cotg(w)< = [ — )da:)

7
7cot2 (z) cot2 (z

a+/acot3(x)

l 3042

3 2 1
cot> (CB) (7cotg(w) f (—tan(m+g))5/2 dm)

a+/acot3(x)

l 3955

3 1 _ 2 2
cot? (‘T) (f \/cot(z) dz 3cot%(1;) + 7c0tg($)>

a+/acot3(x)

3042

«—

3 1 _ 2 2
ot @) (f \/— tan(m-i-%)dx 3cot? (z) * 7C°t%(z)>
a\/m

l 3957

3 _ 1 -2 2
cot2 (z) < S \/cot(x)(cotQ(x)-H)dCOt(I) 3cot (z) + 7cot%(z))
a\/cm

l 266
3
cot2 (‘/L') (_2f mdm B 3c0t2% (z) + 7cot2%(z)>
ar/acot®(z)

l 755

3 1—cot(z cot(x)+1
cot2 () <—2<; i Cot2(m)( +)1d cot(z) + 3 [ cot2((a:))+1d COt(x)) - 3003% (@) + 7cot2% (z))
ov/acor (@)

l 1476
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3 _of1 1—cot(z) / /
cot2 (z) ( 2( C0t2(93)+1d cot(x) + 3 ( cot(z)— \f\/cot(m)-l—ld cot(z) + 3 f cot(m)+\f\/cot(x)+1d COt('T)>)
a+/a cot?(x)

l 1082

cot? () (—2( 1—cot(z) dy/cot(z) + 3 (fcouz) rd(1-v2y/eot(@) === d(V2/eol() +1>>> 9

cot?(z)+1 V2 V2 3cot3 (z) _

ay/acot3(x)

l 217

cotg(a:) (_2(1 f 1—cot(x) d COt(m) n % (arctan(x/ﬁx/cot(x)-i-l) _ arctan(l—ﬁﬂcot(w)))) _ 9 " 9 )

2 J cot?(z)+1 V2 V2 3cot 3 (z) Tcot® (z)

a+/a cot3(x)

l 1479

V2—2,/cot(z) (\[\/cot(z +1)
t%( ) o1 _f md«/mt(m) /- md\/mt(m) 41 arctan(\/i\/cot(x)—l—l) _ arcta
CO X 3 2\/‘ 2f 2 \/5

ay/acot3(x)

| 25

—2/cot(z V24/cot(z)+1
200 [ o[ 1 [ { srAvenrm ) e /i@ 1 [ erctan(V2y/cot(@)+1)  arctan (1~
cot2(x) [ =2 3 + +1

22 2v/2 V2 - \

av/acot3(x)

| 27

V3—2,/cot(&)
cot%(w) (_2 (; <f mdwmt(z) + % f ﬁm_ﬂ dW) + % (arctan(x/i\/cot(x)—l—l) arct

2v/2 cot(z)+v/24/cot(z)+1 V2 o
av/acot3(x)

l 1103
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2

2V2 2¢/2

a+/acot3(x)

cot%(m) <_2 (5 (arctan(ﬁ\;/im—i-l) _ arctan(l—:}fW)) n 1 (log(cot(x)+ﬁ\/<m+l) _ log(cot(x)—\/i\/m

input ‘\Int [ (a*Cot [x]73)"(-3/2) ,x]

Output‘(Cot[X]”(3/2)*(2/(7*Cot[x]‘(7/2)) - 2/(3%Cot[x]1~(3/2)) - 2%((-(ArcTan[1 -
‘Sqrt[2]*Sqrt[Cothd]]/Sqrt[2]) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]1]/Sqrt[2]) ‘
/2 + (-1/2%Logl1 - Sqrt[2]*Sqrt[Cot[x]] + Cot[x]]1/Sqrt[2] + Logl1 + Sqrt[2
‘]*Sqrt[Cot[x]] + Cot[x11/(2%Sqrt[21))/2)))/(axSqrt [a*Cot [x] ~3])

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(@)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, xI, x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 Tmtl(@@) + (b_.)*(x)72)7(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)7(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 266 Int[((c_.)*(X_))”(m_)*((a_) + (b_.)*(x_)”Q)“(p_), X_Symbol] :> With[{k = De
nominator([m]}, Simp[k/c  Subst[Int[x~(k*x(m + 1) - 1)*(a + bx(x"(2xk)/c"2))
p, x1, x, (cxx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && FractionQ[m] && I
ntBinomialQ[a, b, ¢, 2, m, p, x]

rule 755 Intl((a) + (b_.)*(x_)74)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]

1, s = Denominator[Rt[a/b, 211}, Simp[1/(2*r) Int[(r - s*x~2)/(a + b*x~4)
, x1, x] + Simp[1/(2*r) Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))
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rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*(c/b"2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*cx(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Fre
eQ[{a, b, c}, x]

rule 1103 Int[((d_) + (e_)*(x))/((a_.) + (b_.)*x(x_) + (c_)*(x_)"2), X_Symbol] > S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - b*e, 0]

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[

rule 1476
2x(d/e), 21}, Simple/(2*%c) Int[1/Simpl[d/e + gq*x + x~2, x], x], x] + Simp[
e/(2%c) Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x]
&& EqQ[c*d™2 - axe”2, 0] && PosQ[d*el

rule 1479 Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[

-2x(d/e), 21}, Simpl[e/(2*c*q) Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Simp[e/(2%c*q) Int[(q + 2*x)/Simp[d/e - g*x - x°2, x], x], x]1]1 /; F
reeQ[{a, c, d, e}, x] && EqQlc*d~2 - a*e™2, 0] && NegQ[d*e]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d#*x]
)>(n + 1)/(bxd*(n + 1)), x] - Simp[1/b~2 Int[(b*Tan[c + d*x])~(n + 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

rule 3955

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]
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rule 4141 Intl_)*((b_.)*tanl(e_.) + (£_.)*(x)17(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) "FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)
Maple [A] (verified)
Time = 0.14 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.11
method result
1
cot(z) (21(02)%ﬁ(acot(z))% In (_ aCOt(fH(az) - m\/i”rm) +42(a2) I V2(a CO':(JC))Z-7j arctan (ﬁ\ﬁ
a2 YI\/acot T —acot(z)—Va2
derivativedivides | — (=) (@) V2zacor(o) Vo
84a* (a cot (:c)3)
1
cot(x) (21(02)411\/5(110013(93)); In (_ aCOt(fH(QZ) - Wﬁer) +42(a?) iva (acot(x)) % arctan (ﬁ\ﬂ
default _ (0,2)Z Vacot(z) vV2—a cot(:v)—\/a?
84a4 (a cot(ac)s)
inputLint(l/(a*cot(x)‘3)“(3/2),x,method=_RETURNVERBOSE) J
output -1/84*cot (x) /a~4*(21%(a~2) " (1/4)*2~ (1/2) *(a*cot (x)) ~(7/2)*1n(- (a*xcot (x) +(a

~2)7(1/4) *(axcot(x))~(1/2)*2~(1/2)+(a"2)~(1/2))/((a"2)~(1/4) *(a*cot (x))~ (1
/2)*27(1/2)-axcot (x)-(a~2)~(1/2)))+42%(a~2)~(1/4)*2~ (1/2) *(a*cot (x)) ~(7/2)
*arctan((27(1/2)*(a*cot (x))~(1/2)+(a~2)"(1/4))/(a~2)~(1/4))-42%(a"2)~(1/4)
*27(1/2)*(a*cot (x) )~ (7/2) *arctan((-27(1/2) *(a*cot (x))~(1/2)+(a~2)~(1/4))/(
a~2)"(1/4))+56*xa~4*xcot (x) "2-24*a~4) / (axcot (x)~3)~(3/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(128) = 256.

Time = 0.09 (sec) , antiderivative size = 495, normalized size of antiderivative = 2.98

dx = Too large to display

/ (a cot31(x))3/ 2

e hY

input integrate(1/(axcot(x)~3)~(3/2),x, algorithm="fricas")

1/84x* (16* (5*cos(2*x) "2 - 3*cos(2*x) - 2)*sqrt(-(axcos(2*x)"2 + 2xa*cos(2*x
) + a)/((cos(2%x) - 1)*sin(2*x)))*sin(2*x) - 42*sqrt(2)*(a*cos(2*x)~3 + 3*
axcos(2*x) "2 + 3*xa*cos(2*x) + a)*arctan((sqrt(2)*sqrt(-(a*cos(2*x)~2 + 2*a
xcos(2*x) + a)/((cos(2*x) - 1)*sin(2#*x)))*sin(2*x)/sqrt(a) + cos(2*x) + 1)
/(cos(2*x) + 1))/sqrt(a) - 42xsqrt(2)*(axcos(2*x)"3 + 3*a*cos(2*x)”~2 + 3*a
*xcos(2*x) + a)*arctan((sqrt(2)*sqrt(-(a*cos(2*x)~2 + 2*a*cos(2*x) + a)/((c
0s(2*x) - 1)*sin(2*x)))*sin(2*x)/sqrt(a) - cos(2*x) - 1)/(cos(2*x) + 1))/s
grt(a) + 21*sqrt(2)*(axcos(2*x)~3 + 3*a*cos(2*x) "2 + 3*axcos(2*x) + a)*log
((sqrt (2)*sqrt (-(a*xcos(2*x) "2 + 2*axcos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)
))*(cos(2*x) - 1)/sqrt(a) + cos(2*x) + sin(2xx) + 1)/sin(2+*x))/sqrt(a) - 2
1xsqrt (2) *(a*cos(2*x) "3 + 3%a*cos(2*x) "2 + 3*axcos(2xx) + a)*log(-(sqrt(2)
xsqrt (- (a*cos(2*x) "2 + 2*axcos(2*x) + a)/((cos(2*x) - 1)*sin(2+*x)))*(cos(2
*x) - 1)/sqrt(a) - cos(2*x) - sin(2*x) - 1)/sin(2*x))/sqrt(a))/(a"2*cos(2*
X)73 + 3#a”"2xcos(2*x)”2 + 3*a"2xcos(2*x) + a”2)

output

Sympy [F]

/ (acot31(x))3/2 dxz/ (acoti =t

s

Lintegrate(1/(a*cot(x)**3)**(3/2),X)

|

input

OutputLIntegral((a*cot(x)**s)**(—s/g), x)
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.66

/ 1 ; 2\/§arctan<%\/§<\/§+2\/’m>)+2\/§arctan (—%ﬁ(ﬁ—QJtaT(m))

(acot3(z))*? o 4a
2 (3 Vatan (x)% — 7+/atan (x)%>

+ 21 a?

-

Lintegrate (1/ (a*xcot(x)~3)~(3/2),x, algorithm="maxima")

-/

input

‘1/4*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2ksqrt(tan(x)))) + 2xsqrt(2)*
‘arctan(-1/2*sqrt(2)*(sqrt(2) - 2xsqrt(tan(x)))) - sqrt(2)*log(sqrt(2)*sqrt
‘(tan(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))/ ‘
'a~(3/2) + 2/21%(3xsqrt(a)*tan(x)"(7/2) - Txsqrt(a)xtan(x)~(3/2))/a"2 |

output

Giac [F]

1
/de=/mdm

inputLintegrate(l/(a*cot(x)"3)"(3/2),x, algorithm="giac") J

-

tintegrate((a*cot(x)‘S)‘(-3/2), x)

e—

output
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Mupad [F(-1)]

Timed out.
1 1
/(aCOt3(.’E))3/2 (acot (.’E)3)3/2
inputkint(l/(a*cot(x)’"3)“(3/2),X)
Ou_tputLint(l/(a*cot(1()’"3)"(3/2), x)
Reduce [F]
G (e )
/ (acot3(z))*/* v a?
inputLint(l/(a*cot(x)’"3)“(3/2),X)

output t (sqrt(a)*int (sqrt (cot (x))/cot (x)**5,x) ) /a**2




output

input
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3.33 [ (a cotd(z))*? da

Optimal result . . . . . . . . . . . . . . .
Mathematica [C] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . . . 3061
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F] . . o 309
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 309
Giac [A] (verification not implemented) . . . . . . ... ... ... 3091
Mupad [F(-1)] . . . .o 310
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... BI01

Optimal result

Integrand size = 10, antiderivative size = 70

/ (a cot‘l(x))‘?/2 dx = 1a cot(z)/acot?(z) —

3

1
—acot?

5

— ay/acot(z) tan(z) — azxy/a cot*(x) tan’(x)

(z)1/acot*(z)

‘1/3*a*cot(x)*(a*cot(x)“4)“(1/2)—1/5*a*cot(x)“3*(a*cot(x)‘4)“(1/2)-a*(a*cot

‘(x)“4)“(1/2)*tan(x)-a*x*(a*cot(x)“4)“(1/2)*tan(x)“2

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.43

/ (a co’c‘l(x))g/2 dr =

1
~F (acot*(z)) 32 Hypergeometric2F'1 (

—5

51,

3

——,—tan2

2

(x)) tan()

Integrate[(a*Cot [x]74)~(3/2),x]
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. ~1/5%((axCot [x]4)"(3/2) *Hypergeometric2F1[-5/2, 1, -3/2, -Tan[x]"2]*Tan[x

2 J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.57,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 9)) Ryjes
integrand size

used = {3042, 4141, 3042, 3954, 3042, 3954, 3042, 3954, 24}

outpu

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(acot‘l(ac))?’/2 dx

l 3042

[ (atan (o4 7)") "

l 4141

atan®(z)y/a cot?(z) / cot®(z)dx

l 3042

atan?(z)4/a cot?(z) /tan (a: + g)ﬁ dx

l'3954

atan®(z)y/a cot?(z) (— /cot4(:c)da: - % cot® (w))

| 3042
atan?(w)\/m<— /tan (=+ g)4dx - % cot5(zr;)>
| 3954
o tan(z) /a cot?(z) ( / cot?(z)dz — écotf’(q;) 4 Cot;(w))

l 3042
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atan?(z)4/a cot?(z) (/ tan (a: + g)2 dr — % cot®(z) + COtZ(x))

l 3954

cot3(x)

3 cot(a:))

atan®(z)y/a cot?(z) (— / ldx — % cot®(z) +

| 24

cot3(x)

atan®(z) (—w - % cot®(z) + - cot(:v)) acot?(x)

input LInt [(a*Cot [x]~4)~(3/2),x]

output La*Sqrt [a*Cot [x]~4]1*(-x - Cot[x] + Cot[x]~3/3 - Cot[x]"5/5)*Tan[x]"2

Defintions of rubi rules used

e

ruka24llnt[a—’ x_Symboll :> Simplaxx, x] /; FreeQ[a, x]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

rule 3954

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1"(n_))"(p_), x_Symbol]l :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) “IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + f*x]/ff)~ (n*FracPart[p]l)) Int[ActivateTrig[u]*(Ta
nle + £xx]/£ff)~(n*p), x], x]1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 11 || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.57

method result size
3
. . L. (a cot(:z:)4) 2 (—3 cot(z)5+5 cot(w)3+157"—15 arccot(cot(z))—15 cot(m))
derivativedivides 5 cot(@)® 40
3
(a cot(x)4) 2 (—3 cot(z)®+5 cot’,(ac)?’—i-15T7r —15 arccot(cot(x))—15 cot(x))
default 15 cot(@)’ 40
a(e2iz+1)4 a(e2iz+1)4
a(e%”v—l)2 7( Py )4 T 2ia 7( Py )4 (45 €81 —90 81 4140 e4= —70 e2”+23)
e2iT_1 e2iT_1
risch ST + @ ) (@17 119
input Lint ((a*cot (x)~4)~(3/2) ,x,method=_RETURNVERBOSE) J
output‘1/15*(a*C°t(X)”4)“(3/2)*(—3*cot(x)‘5+5*cot(x)“3+15/2*Pi—15*arccot(cot(x))—

115*cot(x))/cot(x)“6 1

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.57

(23acos (22)* — acos (2z)® — 11acos (2z) + 15 (az cos (2z)* — 2az cos (22) + a
15 (cos (22)* — 1) sin (2 )

/(acot‘*(ac))?’/2 dr =

inputLintegrate((a*cot(x)”4)“(3/2),x, algorithm="fricas") J

output‘ 1/15% (23*a*cos (2*x) "3 - a*cos(2%x)~2 - 1l*a*cos(2*x) + 15*(a*xx*cos(2*x)"2 ‘
‘— 2xaxx*cos(2*x) + axx)*sin(2*x) + 13*a)*sqrt((a*cos(2*x)~2 + 2*a*cos(2*x)
‘ + a)/(cos(2%x)"2 - 2%cos(2%x) + 1))/((cos(2%x)~2 - 1)*sin(2%x))
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Sympy [F]
/ (a 001;4(3:))3/2 dr = / (a cot* (x))% dz
input Lintegrate ((axcot (x) **4)*x*(3/2) ,x) J
output tIntegral( (a*xcot (x)**4)**(3/2), x) J
Maxima [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.53
s 15a2tan (z)" — 5a2 tan (z)° + 3a2
/ (ac0t4(a:))3/2 dr = —qby — 222t () a 111 ()" +3a
15 tan (x)
input Lintegrate ((a*cot(x)~4)~(3/2),x, algorithm="maxima") J

output‘ -a~(3/2)*x - 1/15%(15*%a~(3/2)*tan(x)"4 - 5%a~(3/2)*tan(x)"2 + 3*a~(3/2))/t ‘
‘an(x)‘S ‘

Giac [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.81

1 1 \* 1\? 330 tan (1 z)* — 35 tan (1 z)” +
/(acot4(x))3/2 d:c=@<3 tan (—x) — 35 tan (Ex) — 480z — an (5 7) an (3) +

2 tan (%$)5

input Lintegrate ((axcot(x)~4)~(3/2),x, algorithm="giac") J

|1/480% (3+tan(1/2%x)"5 - 35%tan(1/2%x)"3 - 480%x - (330%tan(1/2%x)"4 - 3bxt

output
‘an(1/2*x)“2 + 3)/tan(1/2*x)~5 + 330*tan(1/2*x))*a~(3/2) ‘
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Mupad [F(-1)]
Timed out.

/(acot‘l(m))?’/2 dx=/(acot(z)4)3/2dz

inputLint((a*cot(x)‘4)“(3/2),X)

output ‘ int ((a*cot(x)~4)~(3/2), x)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.36

/ (a cot4(x))3/2 dr — Vaa(—3cot (z)° + 5co;c5(w)3 — 15cot (z) — 15z)

inputLint((a*cot(x)“4)‘(3/2),X)

outputt(sqrt(a)*a*( - 3kcot(x)**5 + Bkcot(x)**3 - 1B5xcot(x) - 15%x))/15
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3.34 [ acoti(z)dr

Optimal result . . . . . . . . . . . . . . . e B11]
Mathematica [C] (verified) . . . . . . . . . ... . L B11]
Rubi [A] (verified) . . . . . . . . . . 312
Maple [A] (verified) . . . . . . ... L 313
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 314
Sympy [F] . . o 314
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 314
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 3151
Mupad [F(-1)] . . . . o 315
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 32

/ \/acot*(z) dr = —/acot?(z) tan(z) — z1/a cot*(x) tan’(x)

outputL—(a*cot(x)‘4)‘(1/2)*tan(x)-x*(a*cot(x)‘4)“(1/2)*tan(x)‘2 J
Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.
Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88
4 4 ) 1 1 9
acot*(z) der = —\/acot*(x) Hypergeometric2F1 —3 1, 2 —tan®(z) | tan(z)
input {Integrate [Sqrt [a*Cot [x] ~4] ,x]

~—

J

output | ~(SGrt [a*Cot [x] "4] *Hypergeometric2F1[-1/2, 1, 1/2, -Tan[x]"2]+Tan[x])




input

output
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.72,

number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4141, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/acott(z) dz

l 3042

/\/atan (=+ g)4dw

l 4141

tan?(z)4/a cot?(x) / cot?(z)dzx

l 3042

tan?(z)4/a cot?(z) /tan (ac + %)2 dz

l 3954

below.

tan?(z) acot4(:c)(—/1dw—cot(w))

l24

tan?(z)(—z — cot(x))4/a cot?(x)

tInt [Sqrt [axCot [x] ~4] ,x]

[(—x - Cot[x])*Sqrt[a*Cot [x] “4]*Tan[x] "2

-/
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3954

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff

= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[pl*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.84

method result size

derivativedivides acot(@)” (- COZZ)(:)%_amwt(wt(m))) 27

default Vacot(@)* (- cot; ((:)( :)% _arceot(cot(z))) o7
w (e2=-1)%z 2 W (e2i=—1)

risch @1y + (@) 85

input ' int ((a*cot (x)~4)~(1/2) ,x,method=_RETURNVERBOSE)

outputL(a*COt(X)A4)A(1/2)/00t(X)*2*(-Cot(X)+1/2*Pi—arccot(cot(x)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(28) = 56.

Time = 0.07 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.91

acos(2z) +2acos(2 z)+a
/ i da cott(2) d (xcos(2z) —z —sin (2 ) )\/ e eose 1

cos(2z) +1

input Lintegrate ((axcot(x)~4)~(1/2) ,x, algorithm="fricas") J

t‘(x*cos(2*x) - x - sin(2*x))*sqrt((axcos(2*x)~2 + 2*a*xcos(2*x) + a)/(cos(2x*

outpu
Lx)‘2 - 2*%cos(2xx) + 1))/(cos(2*x) + 1) J

Sympy [F]

/\/acot“(x)dz:/\/acot‘l(a:)dx

integrate ((axcot (x)**4)*x(1/2),x) J

inputt

output tlntegral (sqrt(a*xcot (x)**4), x)

~—

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.50

/\/acot‘l(x) dr = —/ax — ta\n/((;a:)

jnputLintegrate((a*cot(x)A4)A(1/2),x, algorithm="maxima") J

outputt_sqrt(a)*x - sqrt(a)/tan(x) J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.66

/\/acot“(x)dx: —%\/E<2x+m — tan <%x>)

1
2

input Lintegrate ((a*xcot(x)~4)"(1/2),x, algorithm="giac ")

output“l/Q*Sqrt(a)*@*X + 1/tan(1/2%x) - tan(1/2%x))

Mupad [F(-1)]

Timed out.

/\/acot‘l(x)dw:/\/acot(z)4dz’

input‘int((a*cot(x)”4)”(1/2),X)

output | 1Bt ((axcot()74)7(1/2), x)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.25

/ \/acot*(z) dr = —/a(cot (z) + z)

inputLint((a*cot(x)“4)”(1/2),X)

OutputL - Sqrt(a)*(COt(X) + x)




output

input

output
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3.35 [——dz
a cot*(x)

Optimal result . . . . . . . . .. . .. 316}
Mathematica [A] (verified) . . . . . . . . ... L 316
Rubi [A] (verified) . . . . . . .. . . BI7
Maple [A] (verified) . . . . . . . . ... 318}
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 319
Sympy [F] . . . o 319
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 319
Giac [F(-2)] . . o o o o e 320
Mupad [F(-1)] . . . . 3201
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 320

Optimal result

Integrand size = 10, antiderivative size = 31

cot(x)

z cot?(x)

1
s dr= _
/ v acott(x) Vacoti(z) /acoti(z)

Lcot(x)/(a*cot(x)“4)”(1/2)—x*cot(x)”2/(a*cot(x)“4)”(1/2)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.74

cot(x) — arctan(tan(x)) cot?(z)

/\/ﬁdxz

a cot?(z)

LIntegrate [1/Sqrt [a*xCot [x] 4] ,x]

L(Cot[x] - ArcTan[Tan[x]]*Cot [x]~2) /Sqrt [a*Cot [x] ~4]
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.68,

number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4141, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/mdw

l,3042

/ 1 dx
\/atan (:c+ g)4

l 4141

cot?(z) [ tan?(z)dz

acot?(z)

l 3042

cot?(z) [ tan(z)%dzx
Vacot?(z)

l 395

=

cot?(z)(tan(z) — [ 1dz)

acot?(x)

| 24
(tan(z) — x) cot?(z)

acot?(x)

-

LInt [1/8qgrt [axCot [x] 4] ,x]

-/

input

-

output (Cot [x]"2%(-x + Tan[x]))/Sqrt[a*Cot [x]~4]

N\
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3954

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[pl*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

method result size
derivativedivides | @G —af\c/cot(c‘zt(;))) cot(x)+1) 26
acot(x
cot(z) ((% —arccot(cot(z))) cot(z)+1)
default 2 Jaeotte) 26
risch (2 41)" — 2 +1) 85
\J a(62i1+1)4 (e2iz—1)2 a(e2iz+1)4 (e%iz—1)2
(e2im_1)4 (e2i$—1)4

-

input Lint (1/ (axcot (x)~4)~(1/2) ,x,method=_RETURNVERBOSE)

| —

outputtCOt(X)*((1/2*Pi‘arCC0t(C0t(x)))*cot(x)+1)/(a*cot(x)*4)*(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(27) = 54.

Time = 0.09 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.58

(CL’ cos (2 x)2 _ (COS (2 CL') _ 1) sin (2 x) _ .'L') \/acos(2w)2+2acos(2w)+a

/ 1 dr — cos(2z)2—2 cos(2z)+1
Vacott(z) acos(2z)> +2acos (2z) +a
inputLintegrate(1/(a*cot(x)‘4)"(1/2),x, algorithm="fricas") J

t‘(x*cos(2*x)*2 - (cos(2*x) - 1)*sin(2*x) - x)*sqrt((a*xcos(2*x)~2 + 2*axcos(
‘2*x) + a)/(cos(2*x)"2 - 2%cos(2*x) + 1))/(axcos(2*x)~2 + 2xa*xcos(2*x) + a) ‘

outpu

Sympy [F]
1 1
——=dr = /— dx
input Lintegrate(l/(a*cot (x) **4) %% (1/2) ,x) J
OutputLIntegral(i/sqrt(a*cot(x)**4), x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.42

| V=t v

input Lintegrate (1/(axcot (x)"4)"~(1/2) ,x, algorithm="maxima") J

output L'x/ sqrt(a) + tan(x)/sqrt(a) J
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Giac [F(-2)]

Exception generated.

dz = Exception raised: TypeError

inputLintegrate(l/(a*cot(x)"4)"(1/2),x, algorithm="giac") J

ou_tput‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘ PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const ‘
Lindex_m & i,const vecteur & 1) Error: Bad Argument Value J

Mupad [F(-1)]

Timed out.
! 1
=T = / ——dz
L/‘N/EESPRES /v@;;;z;gg
inputLint(l/(a*cot(x)‘4)‘(1/2),x) j
OutputLint(l/(a*cot(x)“4)‘(1/2), %) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.55

/ 1 dwz\/a(—cot(x)x+1)
v acot?(z) cot (z) a

inputLint(l/(a*cot(x)‘4)‘(1/2)’x) J

outputt(sqrt(a)*( - cot(x)*x + 1))/ (cot(x)*a) J
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3.36 f( L d

Optimal result . . . . . . . . .. . .
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . . . . ... .
Maple [A] (verified) . . . . . . . . .
Fricas [B| (verification not implemented) . . . . . . ... ... ... .......
Sympy [F] . . .
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F(-2)] . . . o o
Mupad [F(-1)] . . . o
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 77

tan3(z)

1 cot(z) z cot?(z) tan(z)
. dr= _ _
/ (acoti(z))*/? av/acot*(z) ay/acot*(z) 3ay/acot(x) - 5a+/a cot?(z)

output‘COt(x)/a/(a*Cot(X)A4)A(1/2)‘X*C0t(X)AQ/a/(a*COt(X)“4)“(1/2)-1/3*tan(x)/a/(
‘a*cot(x)‘4)“(1/2)+1/5*tan(x)‘3/a/(a*cot(x)“4)‘(1/2)

input

output

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.53

/ 1 dp — 15 cot(x) — 15 arctan(tan(z)) cot?(z) — 5tan(z) + 3 tan?(x)
(acot(z))** 15a+/a cot*(x)

LIntegrate[(a*Cot[x]‘4)‘(-3/2),X]

‘ (16%Cot [x] - 15%ArcTan[Tan[x]]*Cot[x]~2 - 5*Tan[x] + 3*Tan[x]~3)/(15%a*Sqr

\ t [a*Cot [x]~4])
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.52,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 9g) Ryjes
integrand size

used = {3042, 4141, 3042, 3954, 3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (a c0t4(:c))3/ 247

| 3042
1
dx

/ (atan (x + %) )3/2
| aa

cot?(z) [ tan®(z)dzx
| 3042

cot?(z) [ tan(z)%dzx
a+/a cot*(x)
| 3954

cot?(x) (% —f tan4(ac)dm)
av/acot*(x

l_3042

]

cot?(z) (% — ftan(x)4dx)
a+/acot(x)
| 3954
5(x tan3(x
% _ #)

o+
o
B

cot?(x) (f tan?(x)dz +

a+/a cot(x)

3042

—
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cot?(x) ( [ tan(z)2dz + tan? (m) 7tan§(m))

av/a cot4(ac)

l 3954

cot?(x) (— [ 1dz + % tan? (x) + tan(m))
a+/acot?(z)
| 24
(—a: + % - % + tan(a:)) cot?(x)

a+/a cot(x)

input LInt [(a*Cot [x]~4)~(-3/2),x]

outputL(COt[x]A2*(_x + Tan[x] - Tan[x]173/3 + Tan[x]175/5))/(a*Sqrt [a*Cot[x]~4])

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042‘In‘c [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

‘Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d

rule 3954
‘*x])"(n - 1)/(d*(n - 1))), x] - Simp[b"2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 4141 TntlCu_)*((b_.)*tanl(e_.) + (£_.)*(x)17(n_))"(p_), x_Symboll :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + fxx]/ff) " (n¥FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + fxx]/£ff)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] && !IntegerQ[p]

&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])~(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)




CHAPTER 3. LISTING OF INTEGRALS 324

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.55

method result Size
derivativedivides o) (15% Zorecok{eot(a) COt(x)5+315 cotte)’ COt(x)2+3> 42
15 (a cot(z)4> 2
default cot(z) (15(§ —arccot (cot(x))) cot<w)5+;15cot(w>4—5cot(x)2+3) 12
15 (a cot(z)4> 2
risch (2 41)%g __ 2i (45 €812 4-90 5174140 €47 470 e2iw+33) 193
2iz_1)2 a(e%“—l) 15a(e2i4+1)3 (e2iz —1)2 “(92”4—1)
a(e?®—1) (92”_1)4 a(e2w41)> (e2iz—1) (e2iw_1)4
input Lint (1/ (axcot (x)~4)~(3/2) ,x,method=_RETURNVERBOSE) J

Output‘1/15*cot(x)*(15*(1/2*Pi-arccot(cot(x)))*cot(x)"5+15*cot(x)"4-5*cot(x)"2+3)
/(a*cot (x)"4)"(3/2) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(65) = 130.

Time = 0.08 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.84

1 (152 cos (2 z)* 4+ 30z cos (2z)® — 30z cos (2z) — (23 cos (2 z)® +cos (22)* — 11 c
——~dr=
/ (a cot‘*(gn))B/2 15 (a2 cos (2 z)* +4a2cos (2z)° + 6a2cos (2z)° +
inputLintegrate(l/(a*cot(x)*4)*(3/2),X, algorithm="fricas") J
Ou_tput‘1/15*(15*x*cos(2*x)“4 + 30*x*cos(2*x) "3 - 30*x*cos(2*x) - (23*cos(2*x)"3 +

‘ cos(2*x) "2 - 11xcos(2*x) - 13)*sin(2*x) - 15*x)*sqrt((a*cos(2*x)~2 + 2xa*
‘cos(2*x) + a)/(cos(2*x)"2 - 2xcos(2*x) + 1))/(a"2*cos(2*x)~4 + 4*a~2*cos(2
\*x)‘s + 6%a"2*cos(2%x) "2 + 4*a~2xcos(2*x) + a~2) ‘
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Sympy [F]
/ o= / —_
(acot(z)) (acot* (z))?
input Lintegrate(1/(a*cot (x) **4) *%(3/2) ,x) J
output LIntegral((a*cot (x) **4) %x(-3/2) , %) J
Maxima [A] (verification not implemented)

Sl 8

Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.38

_ 3tan(z)’ — 5 tan (2)° + 15 tan (z)
15a2

/ 1 dz

(a cott(z))*/?

input [integrate (1/(a*cot(x)~4)~(3/2) »X, algorithHF“maxima“) J
Outputtl/15*(3*tan(x)‘5 - bxtan(x)~3 + 15*xtan(x))/a~(3/2) - x/a"~(3/2) J

Giac [F(-2)]

Exception generated.
1

/ (acot(z))”

Lintegrate(1/(a*cot(x)‘4)‘(3/2),x, algorithm="giac")

> dz = Exception raised: TypeError

raised: TypeError >> an error occurred running a Giac command:IN
=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const

input

Output‘Exception
‘PUT:sage2:
‘index_m & i,const vecteur & 1) Error: Bad Argument Value
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Mupad [F(-1)]

Timed out.
1 1
Rt = / ——dx
/ (acot* (x))3/2 (a cot (.15)4)3/2
inputLint(l/(a*COt(X)A4)“(3/2),x) J
outputLint(l/(a*COt(X)A4)A(3/2), ) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.84

/ 1 p va (—15cos () sin (z)* z 4 30 cos (z) sin (z)* z — 15 cos (x) = 4 23sin (z)® — 35sin
_ _dx =

(acotd(z))*? 15 cos () a2 (sin (z)* — 2sin (z)* + 1)
inputLint(l/(a*cot(x)‘4)“(3/2),x) J

‘ (sqrt(a)*( - 15*cos(x)*sin(x)**4*x + 30*cos(x)*sin(x)**2*x - 15*cos(x)*x + ‘
‘ 23*sin(x)**5 - 3b5*sin(x)**3 + 15*%sin(x)))/(15%cos(x)*a**2*(sin(x)**4 - 2% ‘
sinGO*2 + 1) |

output
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3.37 [ (beotP(c + dx))" dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3271
Rubi [A] (verified) . . . .. . . ... .. 328
Maple [F] . . . . 329
Fricas [F] . . . . . . o 330
Sympy [F] . . o o 330
Maxima [F] . . . . . . 3301
Giac [F] . . . . o o 331
Mupad [F(-1)] . . . o o B31]
Reduce [F] . . . . . B31]

Optimal result

Integrand size = 12, antiderivative size = 60

/ (boot?(c + dz))" dz =

cot(c + dz) (bcotP(c + dx))" Hypergeometric2F1 (1, 2 (1 + np), 2(3 + np), — cot*(c + dz))
B d(1+ np)

‘ -cot (d*x+c) * (bxcot (d*x+c) “p) “nxhypergeom([1, 1/2*n*p+1/2], [1/2*n*p+3/2],-c ‘

output

ot (drxre) “2)/d/ (arp+1)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00

/ (beotP(c + dx))" dzx =

cot(c + dz) (bcot?(c + dz))" Hypergeometric2F1 (1, 2(1 + np), 3(3 + np), — cot?(c + dz))
d(1+ np)
input LIntegrate [(b*Cot [c + d*x]~p) "n,x] J
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‘ -((Cot[c + d*x]*(b*Cot[c + d*x] p) “n*Hypergeometric2F1[1, (1 + n*p)/2, (3

output
p n*p) /2, -Cotl[c + d*x]72])/(d*(1 + nxp))) J

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00,

number of rules _ 0.417, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {3042, 4142, 3042, 3957, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (beot?(c + da))" da
l 3042
/ (b(— tan <c +dx + g))p>n dz
l 4142

cot ™™ (c + dz) (beotP(c + dz))"™ / cot"’(c + dzx)dx

| 3042

cot " (c + dz) (beot?(c + dz))" / (— tan (c +dz + %))np dz
| 3957

_cot‘"”(c + dz) (beotP(c + dz))" [ %d cot(c + dx)
d
| 278

cot(c + dz) (beotP(c + dz))" Hypergeometric2F1 (1, 1 (np + 1), 2 (np + 3), — cot?(c + dz))
B d(np + 1)

input \rInt [(b*Cot [c + d*x]~p) n,x]
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‘-((Cot[c + d*x]*(bxCot [c + d*x] p) “nxHypergeometric2F1[1, (1 + nxp)/2, (3

output
L»f n*p) /2, -Cotlc + d*x]1~21)/(d*(1 + n*p)))

Defintions of rubi rules used

rule 278 Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*((
c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQl[{a, b, c, m, p}, x] & !'IGtQ[p, 0] && (ILtQ[p, O
1 11 GtQla, 01)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/

rule 3957 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

rule 4142 Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :> S
imp [b~IntPart [p]*((b*(c*Tan[e + f*x]) n) “FracPart[pl/(c*Tan[e + f*x])~ (n*Fr
acPart[pl)) Int[ActivateTrigl[ul*(c*Tan[e + f*x]) (n*p), x], x] /; FreeQ[{

b, c, e, £, n, p}, x] & !IntegerQ[p] && !'IntegerQ[n] && (EqQ[u, 1] || Ma

tchQ[u, ((d_.)*(trig_)[e + f*x])~(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tamn, cot, sec, csc}, trigll)

Maple [F]

/ (beot (dz + ¢)*)" dx

input Lint ((b*cot (d*x+c)~p)~n,x)

-

OutputLint((b*cot(d*x+c)"p)"n,x)

| —
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Fricas [F]

/ (bcot?(c+ dx))" dx = / (bcot (dx + c)P)" dz

inputLintegrate((b*COt(d*X+C)”p)“n,x, algorithm="fricas")

output Lintegral( (b*cot(d*x + ¢)~p)~n, x)

Sympy [F]

/ (boot?(c + dz))" dz = / (boot? (c + dz))" dz

inputtintegrate((b*cot(d*x+c)**p)**n,x)

outputtlntegral((b*cot(c + d*x)**p)**n, x)

Maxima [F]

/ (beotP(c+dx))" dz = / (beot (dz + ¢)*)" dz

inputtintegrate((b*COt(d*X+C)Ap)“n,x, algorithm="maxima")

OUtput Lintegrate ( (b*cot (d*x + C) Ap) An , x)




CHAPTER 3. LISTING OF INTEGRALS 331

Giac [F]

/ (bcot?(c+ dx))" dx = / (bcot (dx + c)P)" dz

inputLintegrate((b*cot(d*x+c)*P)*n,x, algorithm="giac")

output tintegrate ((b*cot(d*x + ¢)7p)~n, x)

Mupad [F(-1)]
Timed out.

/ (bcot?(c+ dx))" dx = / (beot(c+ dx)P)" dx

input Lint((b*cot(c + d*x)~p)"n,x)

OutputLint((b*cot(c + d*x)~p)~n, x)

Reduce [F]

/(bcot”(c +dz))" dz =b" (/ cot (dz + ¢)™ dx)

input Lint ((b*cot (d*x+c) “p) "n,x)

output Lb**n*int (cot(c + d*x)**(n*p),x)
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3.38 [ (a(beot(c+ dx))P)" dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 334
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o 336
Mupad [F(-1)] . . . o o 336
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 62

/ (a(boot(c + dz))?)" dz =
cot(c + dz) (a(bcot(c + dz))P)" Hypergeometric2F1 (1, 2 (1 + np), 2(3 + np), — cot*(c + dz))

d(1+ np)

‘ —-cot (d*x+c)* (ax(b*cot (d*x+c)) “p) "n*xhypergeom([1, 1/2%n*p+1/2], [1/2*n*p+3/2 ‘

output
1,-cot (d*x+c)~2) /d/ (n¥p+1) |

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00

/ (a(bcot(c + dz))P)" dzx =
cot(c + dz) (a(bcot(c + dz))?)" Hypergeometric2F1 (1, 1(1 + np), 3(3 + np), — cot*(c + dz))
d(1+ np)
input LIntegrate [(ax(b*Cot [c + d*x])~p) n,x] J
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‘ -((Cot[c + d*x]*(ax(bxCot[c + d*x]) p) n*xHypergeometric2F1[1, (1 + n*xp)/2,

output
L (3 + n¥p)/2, -Cotlc + d*x]~2]1)/(d*(1 + n*p))) J

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00,

=5, number of rules _ 357, Rules
integrand size

number of steps used = 6, number of rules used =
used = {3042, 4142, 3042, 3957, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a(beot(c + da))?)" de
| 3042
/ (a(—btan <c +dz + g))p>n dz
| e
(beot(c+ dz)) ™™ (a(bcot(c + dx))P)" /(b cot(c+ dz))"Pdx
| 3042
(beot(c + dz)) ™™ (a(bcot(c + dz))P)" / (—b tan (c +dz + g))np dx
| 3957

b(bcot(c + dz)) ™ (a(bcot(c + dz))P)" [ %d(bwt(c + dz))
d

l 278

cot(c + dz) Hypergeometric2F1 (1, 3 (np + 1), 3 (np + 3), — cot?(c + dz)) (a(bcot(c + dz))P)"

d(np+1)

input [Int [(a*(b*Cot[c + d*x])"p)~n,x]

~—
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‘-((Cot[c + d*x]*(ax(b*Cot[c + d*x]) p) “n*Hypergeometric2F1[1, (1 + n*p)/2,

output
L (3 + n¥p)/2, -Cotlc + d*x]~2]1)/(d*(1 + n*p))) J

Defintions of rubi rules used

rule 278 Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*((
c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQl[{a, b, c, m, p}, x] & !'IGtQ[p, 0] && (ILtQ[p, O
1 11 GtQla, 01)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

e N

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b/d Subst[Int
[x"n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

rule 3957

rule 4142 Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :> S
imp [b~IntPart [p]*((b*(c*Tan[e + f*x]) n) “FracPart[pl/(c*Tan[e + f*x])~ (n*Fr

acPart[pl)) Int[ActivateTrigl[ul*(c*Tan[e + f*x]) (n*p), x], x] /; FreeQ[{

b, c, e, £, n, p}, x] & !IntegerQ[p] && !'IntegerQ[n] && (EqQ[u, 1] || Ma

tchQ[u, ((d_.)*(trig_)[e + f*x])~(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tamn, cot, sec, csc}, trigll)

Maple [F]

/ (a(beot (dz + ¢))")" dz

input Lint ((a* (b*cot (d*x+c)) ~p) "n,x) J

-

| —

OutputLint((a*(b*cot(d*x+c:))"p)"n,x)
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Fricas [F]

/ (a(bcot(c+ dx))?)" dx = / ((beot (dz + ¢))! a)" dz

input‘integrate((a*(b*COt(d*X+C))”p)“n,X, algorithm="fricas")

outputkintegral(((b*‘:m;(d*X + ¢))"p*a)"n, x)

Sympy [F]

/mww@+mwww=/@mm@+mwfm

input tintegrate ((ax(b*cot (d*x+c)) **p) **n,X)

output LIntegral( (ax(b*cot (c + d*x))**p)**n, X)

Maxima [F]

/(a(bcot(c+ dz))P)" dz = / ((beot (dz + ¢))P a)" dzx

inputtintegrate((a*(b*cot(d*x+c))"p)"n,x, algorithm="maxima")

output Lintegrate (((bxcot(d*x + c))"p*a)~n, x)
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Giac [F]

/ (a(bcot(c+ dx))?)" dx = / ((beot (dz + ¢))! a)" dz

input Lintegrate ((a*(b*cot (d*x+c)) "p) “n,x, algorithm="giac")

output Lintegrate (((b*cot(d*x + c))"p*a)~n, x)

Mupad [F(-1)]
Timed out.

/(a(bcot(c—}-dx))p)" dx=/(a (bcot(c+ dx))P)" dz

input Lint((a*(b*cot(c + d*x))"p)~n,x)

output 108 ((@* (bxcot (e + dxx))p)"n, x)

Reduce [F]

/(a(b cot(c + dz))P)" dz = b"a” (/ cot (dz + ¢)™ dx)

input 10t ((a% (brcot (dxx+¢)) p) ", )

output Lb**(n*p)*a**n*int(cot(c + dxx)** (n*p) ,x)
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3.39 [(beot(e + fz))"(asin(e + fx))™ dz

Optimal result . . . . . . . . . . . . e 337
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 337
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 339
Fricas [F] . . . . . . o 340
Sympy [F] . . o o 340
Maxima [F] . . . . . . 3401
Giac [F] . . . . o o 341]
Mupad [F(-1)] . . . o o 341
Reduce [F] . . . . . 341]

Optimal result

Integrand size = 21, antiderivative size = 87

/(bcot(e + fx))"(asin(e + fx))™dz =
(beot(e + fxz))'+™ Hypergeometric2F1 (142, 1(1 — m + n), 3%, cos®(e + fz)) (asin(e + fz))™ sin?(

bf(1+n)
Ou_tpm‘{—(b*c:o1:(f*x+e))’"(1+n)*hypergeom([1/2+1/2*n, 1/2-1/2*m+1/2%n], [3/2+1/2%*n] ,c ]
Los (fxx+e) ~2)*(a*sin(f*x+e)) “m* (sin(f*x+e)~2) ~(1/2-1/2*m+1/2*n) /b/£f/(1+n) J

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 1.81 (sec) , antiderivative size = 289, normalized size of antiderivative = 3.32

/(bcot(e + fz))"(asin(e + fz))™ dx

(34+m
fQ+m—n)((3+m —n)AppellF1 (3(1+m —n),—n,1+m, (3 +m —n),tan? (3(e + fz)) , — tas

input LIntegrate [(bxCot[e + f*x]) n*(a*Sinl[e + f*x]) m,x] J
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((3 + m - n)*AppellF1[(1 + m - n)/2, -n, 1 + m, (3 + m - n)/2, Tan[(e + £fx*

x)/2]1°2, -Tan[(e + f*x)/2] 2] *(b*Cot[e + f*x]) n*Sin[e + f*x]*(a*Sin[e + f
*x])"m)/(f*(1 + m - n)*((3 + m - n)*AppellF1[(1 + m - n)/2, -n, 1 + m, (3

+m - n)/2, Tan[(e + £*x)/2]"2, -Tan[(e + £*x)/2]72] - 2*(n*AppellF1[(3 +

m-n)/2,1-n,1+m, (6+m-n)/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/
2172] + (1 + m)*AppellF1[(3 + m - n)/2, -n, 2 + m, (56 + m - n)/2, Tan[(e +
fxx) /2172, -Tan[(e + f*x)/2]"2])*Tan[(e + £*x)/2]72))

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.190, Rules

number of steps used = 4, number of rules used = 4,
used = {3042, 3083, 3042, 3097}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a sin(e + fz))™(bcot(e + fz))" dx
| 3042

[ (acos (e 2= 2))" (btan (e+ f— 7))

l 3083

(asin(e + fa))™ <W>m / (beot(e + fa))" <"Sc(e+fz)> i

a

l,3042

(asin(e + fz))™ (Csc(e—i_fx)>m/ (sec (et fo— 75))_7" (—btan (e + fr— g))ndac

a a

J’3097

(asin(e + fz))™(bcot(e + fz))" L sin2(e + fz)2(~m+™+D) Hypergeometric2F1 (L L (—m+n+1), %3, co

bf(n+1)

input ‘ Int [(b*COt [e + f*x] ) nx* (a*sin [e + f*X] ) m,x]
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‘-(((b*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3

output

| +1)/2, Cosle + fxx] 2]*(a*Sin[e + f*x]) m*(Sinle + £*x]1°2)"((1 - m + n)/ |
‘2))/(b*f*(1 +1)))
Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3083 Int[(cos[(e_.) + (£_.)*(x_)I*(a_.)) " (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n
_), x_Symbol] :> Simp[(a*Cos[e + f*x]) FracPart[m]*(Sec[e + f*x]/a) FracPar
t[m] Int[(b*Tan[e + f*x])~n/(Secle + f*x]/a)"m, x], x] /; FreeQ[{a, b, e,

f, m, n}, x] && !'IntegerQ[m] && !IntegerQ[n]

rule 3097 Int[((a_.)*secl(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(
n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cosl[e
+ £%x]°2)°((m + n + 1)/2)/(b*f*(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&

IIntegerQ[(n - 1)/2] && !'IntegerQ[m/2]
Maple [F]
/(bcot (fz+e€))" (asin(fz +e))" dz
inputLint((b*cot(f*x+e))"n*(a*sin(f*x+e))‘m,x) J

OutputLint((b*cot(f*x+e))‘n*(a*sin(f*x+e))Am,x) J
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Fricas [F]

/(b cot(e + fz))"(asin(e + fz))™ dx = / (beot (fz +€))" (asin (fz + €)™ dx

input‘integrate((b*cot(f*x+e))‘n*(a*sin(f*x+e))*m,x, algorithm="fricas")

outputtintegral((b*cot(f*x + e))"n*(a*sin(f*x + e)) m, x)

Sympy [F]

/(bcot(e + fz))"(asin(e + fz))™ dz = / (asin (e + fz))™ (beot (e + fz))" dx

input Lintegrate ((b*cot (f*x+e) ) **n* (a*sin (f*x+e) ) **m,x)

output LIntegral((a*sin(e + £¥x))%km* (bxcot (e + f*x))**n, x)

Maxima [F]

/(bcot(e + fz))"(asin(e + fx))" dz = / (beot (fx +e))” (asin (fz +e))™ dzx

input Lintegrate ((b*cot (f*x+e)) "n*(a*sin(f*x+e)) "m,x, algorithm="maxima")

output Lintegrate((b*cot(f*x + e)) " nx(a*sin(f*x + e))"m, x)
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Giac [F]

/(b cot(e + fz))"(asin(e + fz))™ dx = / (beot (fz +€))" (asin (fz + €)™ dx

input‘integrate((b*cot(f*x+e))“n*(a*sin(f*x+e))*m,x, algorithm="giac")

outputkintegrate((b*cot(f*x + e)) "n*(axsin(f*x + e))"m, x)

Mupad [F(-1)]

Timed out.

/(b cot(e + fz))"(asin(e + fx))" dx = / (beot(e+ fz))" (asin(e+ fz))™ dz

input Lint((b*cot(e + f*xx)) n*x(a*sin(e + f*x)) "m,x)

OutputLint((b*cot(e + fxx)) n*(a*sin(e + f*x))°m, x)

Reduce [F]

/(b cot(e + fx))"(asin(e + fz))" dz = b"a™ (/ sin (fz + €)™ cot (fz + )" dx)

lnput Lin‘t((b*cot(f*}ﬁe)) n*(a*sin(f*x+e)) m’x)

output Lb**n*a**m*mt(sm(e + f*x)**xmkcot (e + f*x)*+*n,x)




output

input
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3.40 [(acos(e + fx))™(bcot(e + fz))" dx

Optimal result . . . . .. .. ... ... ... ..
Mathematica [A] (verified) . . . . . . . . . ... o L
Rubi [A] (verified) . . . .. .. ... ...
Maple [F] . . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo
Reduce [F] . . . . . .

Optimal result

Integrand size = 21, antiderivative size = 84

/(acos(e + fz))™(bcot(e + fx))" dz =

..... 042
..... 042
..... 049

.....
..... 340l
.....
..... 240)
..... 240)
.....

(acos(e + fz))™(beot(e + fz)) ™" Hypergeometric2F1 (142, 1(1 + m + n), (3 + m + n), cos’(e +

bf(l+m+n)

‘ -(a*xcos(f*x+e)) “m* (bxcot (f*x+e)) ~(1+n) *hypergeom([1/2+1/2*n, 1/2+1/2*m+1/2 ‘

'*n], [3/2+1/2*m+1/2+n] , cos (fxx+e) "2) *(sin(f*x+e) ~2)~(1/2+1/2%n) /b/£/ (1+m+n) |

Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.99

/(a cos(e + fx))™(bcot(e + fx))"dxr =
b(acos(e + fz))™(beot(e + fz)) '™ Hypergeometric2F1 (3£, 1=

, 50 —tan®(e + fx)) sec?(e +

f(=14+n)

LIntegrate [(axCos[e + f*x]) m*(b*Cot[e + f*x]) n,x]
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‘-((b*(a*Cos [e + f*x]) “m*(b*Cot[e + f*x])~(-1 + n)*Hypergeometric2F1[(2 + m ‘
)/2, (1 - n)/2, (3 - n)/2, -Tan[e + f*x]"2]*(Secle + £*x1°2)~(W/2))/(fx(-1 |
4+ ) |

output

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00,

number of rules _ 0.190, Rules

number of steps used = 4, number of rules used = 4, = :
integrand size

used = {3042, 3082, 3042, 3056}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(acos(e+ fz))"(bcot(e + fx))" dx
| 3042

/ (asin <e+ fo+ g))m (—btan (e+f:r+ g))ndw

l 3082

_a(—sin(e + fz))" " (acos(e + fz)) "' (beot(e + fz))"t! [(acos(e + fx))™ " (=sin(e + fz)) "dx
b

l 3042

_a(=sin(e + fz))" " (acos(e + fz)) "' (beot(e + fz))"t! [(acos(e + fx))™ " (=sin(e + fz)) "dzx
b

l 3056

_sinz(e + fav)nTJr1 (acos(e + fz))™(beot(e + fz))"+! Hypergeometric2F1 (24, 1 (m +n + 1), 3(m + n + 3), co
bf(m+n+1)

r

LInt [(axCos[e + f*xx]) m*(b*Cot[e + f*x]) n,x]

| —

input
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‘-(((a*Cos[e + fxx]) “m*(b*Cot[e + f*x])~(1 + n)+*Hypergeometric2F1[(1 + n)/2
, (1 +m+n)/2, (3+m+ n)/2, Cos[e + £xx]72]*(Sin[e + £*x]~2)"((1 + n)/
12))/(b*£*(1 + m + n))) |

output

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 3056 Int[(cos[(e_.) + (£_.)*(x_)]*(a_.)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + f*x])~(2%F
racPart[(n - 1)/2])*((a*Cos[e + f*x]) " (m + 1)/(axf*x(m + 1)*(Sin[e + f*x]~2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
os[e + £xx]~2], x] /; FreeQ[{a, b, e, £, m, n}, x] && SimplerQ[n, m]

rule 3082 Intl((a_d*sinl(e_.) + (£_)*xD " (m_)*((b_.)*tanl(e_.) + (£_.)*(x_)1)7(
n_), x_Symbol] :> Simp[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/(b*
(a*Sin[e + f*x])"(n + 1))) Int[(a*Sin[e + f*x])"(m + n)/Cos[e + f*x]°n, x
1, x] /; FreeQ[{a, b, e, £, m, n}, x] & !'IntegerQ[n]

Maple [F]
/ (acos (fz +€))™ (beot (fr +€))" dz
inputLint((a*cos(f*x+e))Am*(b*cot(f*x+e))‘n,x) J
output Lint ((a*cos (f*x+e)) “m* (bxcot (f*x+e)) "n,x) J
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Fricas [F]

/(a cos(e + fz))™(beot(e + fx))" dx = / (acos(fz+ €)™ (beot (fz +e))" dx

input‘integrate((a*cos(f*x+e))‘m*(b*cot(f*x+e))*n,x, algorithm="fricas")

outputtintegral((a*cos(f*x + e)) “m*(b*cot(f*x + e))”n, x)

Sympy [F]

/(a cos(e + fx))"(beot(e + fx))" dx = / (acos(e+ fz))™ (beot (e + fz))" dx

input Lintegrate ((a*xcos (fxx+e)) **m* (b*cot (f*x+e) ) **n,x)

output LIntegral((a*cos(e + £¥x))%km* (bxcot (e + f*x))**n, x)

Maxima [F]

/(a cos(e + fz))"(beot(e + fx))" dx = / (acos (fz+e))™ (beot (fz +e))" dx

input Lintegrate ((a*cos(f*x+e)) “m* (b*cot (f*x+e) ) n,x, algorithm="maxima")

output Lintegrate((a*cos(f*x + e)) "mx(b*cot(f*x + e))n, x)
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Giac [F]

/(a cos(e + fz))™(beot(e + fx))" dx = / (acos(fz+ €)™ (beot (fz +e))" dx

input‘integrate((a*cos(f*x+e))“m*(b*cot(f*x+e))*n,x, algorithm="giac")

outputkintegrate((a*cos(f*x + e)) “m*x(bxcot(f*x + e))"n, x)

Mupad [F(-1)]

Timed out.

/(a cos(e + fz))™(beot(e + fx))" dx = / (a cos(e+ fz))" (beot(e + fz))" dx

input Lint((a*cos(e + f*xx)) m*(b*cot(e + f*x)) "n,x)

OutputLint((a*cos(e + f*xx)) “m*(b*cot(e + f*x))“n, x)

Reduce [F]

/(a cos(e + fx))"(bcot(e + fx))" dz = b"a™ (/ cot (fz +e)" cos(fzr+e)™ dac)

inputtint((a*cos(f*x+e)) m* (b*cot (f*x+e)) "n,x)

output Lb**n*a**m*mt(COt(e + f*xx)**nxcos(e + fxx)**m,x)
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3.41 [(acot(e+ fz))™(bcot(e + fx))" dx

Optimal result . . . . . . . . . . . . e 347
Mathematica [A] (verified) . . . . . . . . . ... o 347
Rubi [A] (verified) . . . .. . . ... .. 348
Maple [F] . . . . 349
Fricas [F] . . . . . . o 350
Sympy [F] . . o o 350
Maxima [F] . . . . . . 3501
Giac [F] . . . . o o B51]
Mupad [F(-1)] . . . o o B51]
Reduce [F] . . . . . B51]

Optimal result

Integrand size = 21, antiderivative size = 64

/(a cot(e + fx))™(beot(e + fx))" dx =

(acot(e + fz))*™(beot(e + fz))" Hypergeometric2F1 (1, 2(1 4+ m + n), 1(3 + m + n), — cot?(e +
af(l1+m+n)

-(axcot (f*x+e) )~ (1+m) * (b*cot (f*x+e)) “n¥hypergeom([1, 1/2+1/2*m+1/2*n], [3/2 ‘

output ‘
+1/2%m+1/2%n] ,-cot (f*x+e) ~2) /a/f/ (1+m+n) \

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.02

/(a cot(e + fz))™(beot(e + fx))" dx =

cot(e + fz)(acot(e + fz))™(beot(e + fz))" Hypergeometric2F1 (1,2(1 + m+n),3(3+ m+n), —
B fA+m+n)

input LIntegrate [(a*Cot[e + f*x]) m*(bxCot[e + f*x]) n,x] J
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‘ -((Cot[e + f*x]*(axCot[e + f*x]) m*(b*Cot[e + f*x]) nxHypergeometric2F1[1,

output ‘
t (1 +m+mn)/2, (3+m+ n)/2, Cotle + £fxx]°2])/(f*x(1 + m + n))) J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00,

number of rules _ 0.190, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {2034, 3042, 3957, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(acot(e+ fz))™(bcot(e + fx))" dx
| 2034

(acot(e+ fx)) " (bcot(e + f:v))”/(acot(e + fz))™"dx

| 3042
(acot(e + fx)) " (bcot(e + fac))"/ (—atan (e + fzx+ g)>m+n dx
| 3957
a(acot(e + fz)) "(bcot(e + fxz))" [ %d(aco‘c(e + fz))
- f
| 278

_ (acot(e + fz))™ 1 (beot(e + fz))™ Hypergeometric2F1 (1, 3(m + n + 1), 2 (m +n + 3), — cot?(e + fz))

af(m+n+1)

s

LInt[(a*Cot[e + £¥x]) “m* (b*Cot[e + £*x])~n,x]

~—

input

‘—(((a*Cot [e + £xx])~(1 + m)*(b*Cot[e + f*x]) n*Hypergeometric2F1[1, (1 + m ‘

output
4+ 1)/2, (3 +m+mn)/2, -Cotle + £xx]72])/(a*f*(1 + m + n))) |




rule 278

rule 2034

rule 3042

rule 3957

input

output
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Defintions of rubi rules used

Int [((c_)*(x_))~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[a~p*((
cxx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQ[{a, b, c, m, p}, x] && !'IGtQ[p, 0] && (ILtQ[p, O
1 Il GtQla, 01)

Int[(Fx_.)*((a_.)*(v_))"(@m_)*((b_.)*(v_))"(n_), x_Symbol] :> Simp[b~IntPart

[n]* ((b*v) “FracPart [n]/(a"IntPart [n] * (a*xv) “FracPart[n])) Int[(a*xv)"(m + n

)*Fx, x], x] /; FreeQ[{a, b, m, n}, x] && !'IntegerQ[m] && !'IntegerQ[n] &%
IIntegerQ[m + n]

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b/d  Subst[Int
[x"n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] &&
! IntegerQ[n]

Maple [F]

/ (acot (fx +e))™ (beot (fz +e))" dx

Lint ((a*xcot (fxx+e)) “m* (b*cot (f*x+e)) "n,x)

-

tint ((axcot (f*x+e)) “m* (b*cot (f*x+e)) "n,x)

~—
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Fricas [F]

/(a cot(e + fz))™(beot(e + fx))" dx = / (acot (fx +e))™ (beot (fz +e))" dx

input‘integrate((a*cot(f*x+e))‘m*(b*cot(f*x+e))*n,x, algorithm="fricas")

outputtintegral((a*cot(f*x + e)) “m*(b*cot(f*x + e))”n, x)

Sympy [F]

/(a cot(e + fx))™(beot(e + fz))" dz = / (acot (e + fz))™ (beot (e + fz))" dzx

input Lintegrate ((axcot (fxx+e)) **m* (b*cot (f*x+e) ) **n,x)

output LIntegral((a*cot(e + £¥x))%km* (bxcot (e + f*x))**n, x)

Maxima [F]

/(a cot(e + fz))™(beot(e + fx))" dzx = / (acot (fr +e€))™ (beot (fz +e))" dz

input Lintegrate ((a*cot (f*x+e)) “m* (b*cot (f*x+e) ) "n,x, algorithm="maxima")

output Lintegrate((a*cot(f*x + e)) "mx(b*cot(f*x + e))n, x)
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Giac [F]

/(a cot(e + fz))™(beot(e + fx))" dx = / (acot (fx +e))™ (beot (fz +e))" dx

input‘integrate((a*cot(f*x+e))“m*(b*cot(f*x+e))*n,x, algorithm="giac")

outputkintegrate((a*cot(f*x + e)) “m*x(bxcot(f*x + e))"n, x)

Mupad [F(-1)]

Timed out.

/(a cot(e + fz))™(beot(e + fx))" dx = / (acot(e+ fz))™ (beot(e+ fz))" dx

input Lint((a*cot(e + f*xx)) m*(b*cot(e + f*x)) "n,x)

OutputLint((a*cot(e + f*xx)) “m*(b*cot(e + f*x))“n, x)

Reduce [F]

/(a cot(e + fx))"(bcot(e + fx))" dz = b"a™ (/ cot (fz +e)™™" dx)

inputtint((a*cot(f*x+e)) m* (b*cot (f*x+e)) "n,x)

OutputLb**n*a**m*lnt(cot(e + fxx)**x(m + n),x)




CHAPTER 3. LISTING OF INTEGRALS 352

3.42 [(beot(e + fz))"(asec(e + fx))™ dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3521
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 355
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . . 3561
Giac [F] . . . . o o 350
Mupad [F(-1)] . . . o o 3506
Reduce [F] . . . . . 357

Optimal result

Integrand size = 21, antiderivative size = 90

/(bcot(e + fz))"(asec(e + fz))" dx =

(beot(e + fz))'+™ Hypergeometric2F1 (12, 1(1 — m + n), 1(3 — m + n), cos*(e + fz)) (asec(e + f
bf(1—m+n)

output‘ -(bxcot (f*x+e) )~ (1+n) *hypergeom([1/2+1/2*n, 1/2-1/2%m+1/2%*n], [3/2-1/2*m+1/ ‘
'2#n], cos (fxx+e) "2) * (aksec (f¥x+e)) “m (sin(fxx+e)~2)~(1/2+1/2%n) /b/£/(1-m+n) |

Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.92

/(bcot(e + fx))"(asec(e + fz))™ dx =

b(bcot(e + fz)) 1+ Hypergeometric2F1 (1 — 2,152 3=%  tan?(e + fx)) (asec(e + fz))™ sec?(e -
f(=1+n)

input LIntegrate [(bxCot[e + f*x]) n*(a*Secle + f*x]) m,x] J
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‘-((b*(b*Cot [e + £*x])~ (-1 + n)*Hypergeometric2F1[1 - m/2, (1 - n)/2, (3 - ‘
'n)/2, -Tan[e + fxx] 2]*(a*Secle + £*x1)°m)/(£%(-1 + n)*(Secle + £*x]1°2)"(m |
/2))) |

output

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00,

number of rules _ 0.286, Rules

number of steps used = 6, number of rules used = 6, = -
integrand size

used = {3042, 3098, 3042, 3082, 3042, 3056}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a sec(e + fz))™(beot(e + fz))" dx
| 3042

/ﬂGuxc(e#—fm%—g>>nl(—btan(e4—fx4—g))ndx

l'3098

<cos(e—|—fa:)>m (asec(e + fz))™ / <cos(e—|—f:v)> N (beot(e + fz))"dx

a a

l 3042

<COS(6+fx)>m(asec(e+fw))m/ (Sin (e+fx+g)>_m (—btan (e+fa:+z>)ndx

a a 2

l 3082

(—sin(e + fz))"*(asec(e + fx))™(beot(e + fz)) ! (M)m_n_l [ (M)"_m (—sin(e + fz))™

ab

l 3042

(—sin(e + fz))"*(asec(e + fz))™(beot(e + fz))" ! (M)m_n_l [ (M)n_m (—sin(e + fz))~™

ab

l'3056
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_sinz(e + f:}:)nTJr1 (asec(e + fz))™(bcot(e + fz))"! Hypergeometric2F1 (%, 1 (—m +n+1),1(-m + n+ 3]
bf(—m+n+1)

input LInt[(b*Cot [e + £+x])~n*(a*Sec[e + £+x]1)~m,x] J

‘-(((b*Cot[e + fxx])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3
| - m +n)/2, Cosle + £*x] 21 (axSec[e + £*x]) m*(Sinle + £*x172)"((1 + n)/
12))/(b*£x(1 - m + n))) |

output

Defintions of rubi rules used

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3056 Int[(cos[(e_.) + (£_)*(x_)I*(a_.)) " (m_)*((b_.)*sin[(e_.) + (£_)*(x_)])"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + f*x])~(2xF
racPart[(n - 1)/2])*((a*Cos[e + f*x]) " (m + 1)/(axf*x(m + 1)*(Sin[e + f*x]~2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
os[e + £xx]~2], x] /; FreeQ[{a, b, e, £, m, n}, x] && SimplerQ[n, m]

rule 3082 Tntl((a_)*sinl(e_.) + (£_)*x)D~(m_)*((b_.)*tanl(e_.) + (£_.)*(x_)1)7(
n_), x_Symbol] :> Simp[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/(b*
(a*Sin[e + f*x])"(n + 1))) Int[(a*Sin[e + f*x])"(m + n)/Cos[e + f*x]"n, x
1, x]1 /; FreeQ[{a, b, e, f, m, n}, x] && !IntegerQ[n]

rule 3098‘Int[(csc[(e_.) + (f_)*x(x)1*(a_.)) " (m_)*((b_.)*tan[(e_.) + (f£_.)*(x_)1)"(n ‘
‘_), x_Symbol] :> Simp[(a*Csc[e + f*x]) FracPart[m]*(Sin[e + f*x]/a) FracPar
‘t[m]  Int[(b*Tan[e + f+x])°n/(Sinle + f*x]/a)°m, x], x] /; FreeQ[{a, b, e,
L f, m, n}, x] & !'IntegerQ[m] &% !IntegerQ[n] J
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Maple [F]

/ (beot (fz +€))" (asec(fz+e€))" dx

lnput Lint ( (b*cot (f*X+e) ) AI]_:It (a*sec (f*x+e) ) ’*m’ x)

output Lint ((b*cot (f*x+e)) “n* (a*sec (f*x+e)) "m,x)

Fricas [F]

/(bcot(e—i— fz))"(asec(e + fz))" dz = / (beot (fz +€))” (asec(fzr+ €)™ dzx

input Lintegrate ((bxcot (f*x+e)) “n* (axsec(f*x+e)) "m,x, algorithm="fricas")

Output‘integral((b*cot(f*x + e)) "nx(axsec(f*x + e))"m, x)

Sympy [F]

/(b cot(e + fz))"(asec(e + fz))™dx = / (asec(e+ fz))™ (beot (e + fx))" dz

input Lintegrate ((bxcot (f*x+e)) *x*n*x (a*sec (f*x+e) ) **m,x)

output LIntegral((a*sec(e + fxx))**m* (bxcot(e + f*x))**n, x)
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Maxima [F]

/(b cot(e + fz))"(asec(e + fz))™dx = / (beot (fz +€))" (asec(fr+e))™ dz

input‘integrate((b*cot(f*X+e))An*(a*SeC(f*X+e))“m,X, algorithm="maxima")

output tintegrate((b*COt(f*x + e)) “n*(a*xsec(f*x + e))~m, x)

Giac [F]

/(bcot(e—|— fz))"(asec(e + fz))" dx = / (beot (fz +e))" (asec(fz+ €)™ dx

inputLintegrate((b*cot(f*x+e))‘n*(a*sec(f*x+e))*m,x, algorithm="giac")

output Lintegrate((b*cot(f*x + e)) "nx(a*xsec(f*x + e))"m, x)

Mupad [F(-1)]

Timed out.

/(bcot(e—l— fz))"(asec(e + fz))" dz = / (beot(e + fx))" (%)mdac

cos(e+ fx

input Lint((b*cot(e + f*x)) n*x(a/cos(e + f*x)) "m,x)

output Liﬂt((b*cot(e + fxx)) "nx(a/cos(e + f*x))"m, x)
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Reduce [F]

/(b cot(e + fx))"(asec(e + fz))™ dz = b"a™ (/ sec (fz +e)™cot (fz+e)" dx)

input Lin‘t((b*cot(f*}ﬁe)) n*(a*sec(f*x+e)) m’x)

output Lb**n*a**m*lnt(sec(e + f*x)**mxcot(e + f*x)**n,x)
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3.43 [(dcot(e+ fz))™cscb(e + fz)dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 358
Rubi [A] (verified) . . . .. . . ... .. 359
Maple [A] (verified) . . . . . . ... L 360
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F(-1)] . . o oo 3611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o 362
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 362
Reduce [F] . . . . .

Optimal result

Integrand size = 19, antiderivative size = 76

n B _(dcot(e+ fz))'*"  2(dcot(e+ fx))**"
Jaesttes oy tte o) o =~ ESEE FFE+n)
_ (dcot(e + fx))>*"

d®f(5+n)

‘ -(d*cot (f*x+e))~(1+n)/d/f/ (1+n)-2*(d*cot (f*x+e)) ~(3+n) /d~3/£/(3+n) - (d*cot ( \

output
f4x+e)) " (5+n) /d"5/1/ (5+n)

Mathematica [A] (verified)

Time = 0.41 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96

/(dcot(e + fz))"csc(e + fr)dzr =

(8 4+ 6n +n? — 2(3+ n) cos(2(e + fx)) + cos(4(e + fz))) cot(e + fz)(dcot(e + fz))" csct(e + fz)
f1+n)3+n)(5+n)

inputtlntegrate[(d*Cot[e + fxx]) n*Cscle + f*x]"6,x] J
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‘-(((8 + 6*%n + n72 - 2%(3 + n)*Cos[2x(e + f*x)] + Cos[4x(e + fxx)])*Cot[e + \

output
L fxx]*(d*Cot[e + fxx]) n*Cscle + fxx]1°4)/(f*(1 + n)*(3 + n)*(5 + n))) J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93,

number of rules _ 0.211, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 3087, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cscG(e—i- fz)(dcot(e + fz))" dx

| 3042
T 6 T n
/sec <e+ fxr— 5) (—dtan <e+ fx— 5)) dx
| 3087
[(dcot(e + fz))"™ (cot?(e + fz) + 1)2 d(— cot(e + fx))
f
l 244
J ((@cot(e + fa))r + Heeepfal™ (et fol™™) g cot(e + f2))
/
| 2009
_ (dcot(etfz))"*5  2(dcot(e+fxr))" T3  (dcot(e+fx))" 1
d®(n+5) d3(n+3) d(n+1)
f

input ‘ Int[(d*Cot[e + f*x]) n*Cscl[e + f*x]~6,x] ‘

(-((axCote + £xx1)"(1 + n)/(dx(1 + m))) - (2x(dxCotle + £+x1)"(3 + n))/(d

output
L“s*(s + n)) - (d*Cot[e + £xx])~(5 + n)/(d"5%(5 + n)))/f J
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Defintions of rubi rules used

rule 244‘Int[((c_.):tc(x_))“(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand ‘
‘Integrand[(c*x)"m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp ‘

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[sec[(e_.) + (£_)*(x_ )1 (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S

rule 3087
ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x"2)"(m/2 - 1), x], x, Tan[e +
£*x]], x] /; FreeQ[{b, e, f, n}, x] & IntegerQ[m/2] && !(IntegerQ[(n - 1)
/2] && LtQ[0, n, m - 1])
Maple [A] (verified)
Time = 29.43 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.18
method result size
. . .. cot(fz—i—e)e" In(d cot(fz+e)) QCOt(f.’E—}—e)Ben In(d cot(fz+e)) COt(f.’I:—}—e)sen In(d cot(fxz+e))
derivativedivides | — FiTn) - o) — 76 90
_cot(fw_i_e)enln(dcot(f:c+e)) _ 2cot(fz.+e)3en1n(dcot(fz+e)) _ cot(fz.+e)5en1n(dcot(fz+e))
default f+n) f(3+n) f(5+n) 20
risch Expression too large to display 10532
input Lint ((d*cot (f*x+e)) “n*csc (f*x+e) ~6,x,method= RETURNVERBOSE) J
output ‘ -1/£/(1+n)*cot (f*x+e) *exp (n*1n(d*cot (f*x+e)))-2/£/(3+n) *cot (f*x+e) ~3*exp (n ‘

 *1n(d*cot (f*x+e)))~1/£/(5+n)*cot (f+x+e) “Brexp(n*ln(d*cot (£*x+e))) |
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.91

/(dcot(e+fx))" csc®(e + fz)dz =
(8 cos (fz +¢€)® —4(n+5)cos (fr +e)’ + (n® +8n+ 15) cos (fz +¢€)) (d—s‘
((fn3—|-9fn2—|—23fn+15f)cos(fm+e)4+fn3+9fn2—2(fn3+9fn2+23fn+15f)cos(fx

| —

p
input Lintegrate ((d*cot (f*x+e)) "n*csc(f*x+e) "6,x, algorithm="fricas")

‘—(8*cos(f*x + e)”5 - 4x(n + 5)*cos(f*x + e€)”3 + (n”2 + 8*n + 15)*cos(f*x +
‘ e))*(d*cos(f*x + e)/sin(f*x + e)) " n/(((£¥n~3 + 9*f*n~2 + 23*f*n + 15%f)*c
\os(f*x + e)74 + £xn"3 + 9xf*n"2 - 2% (f*n"3 + 9*kf*n"2 + 23*xf*n + 15%f)*cos(
(£xx + e)72 + 23%f*n + 15xf)*sin(f*x + e))

output

Sympy [F(-1)]

Timed out.

/(d cot(e + fz))" csc®(e + fx) dz = Timed out

input Lintegrate ((d*cot (f*x+e) ) **xnxcsc (f*xx+e) **6,x) J

-/

p
output LTlmed out

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.11

n+1
(m) + 2d" tan(fz+e)™ " d" tan(fz+e) ™"
d(n+1) (n+3) tan(fz+e)® (n+5) tan(fz+e)®

f

/(dcot(e—i— fx))"cscb(e + fz)dr = —

input Lintegrate ((dxcot (f*x+e)) “n*csc(f*x+e)"6,x, algorithm="maxima") J
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output"((d/tan(f*x +e))"(n + 1)/(d*(n + 1)) + 2xd"nxtan(f*x + e)~(-n)/((n + 3)* ‘
tan(f*x + e)~3) + d n¥tan(f*x + e)~(-n)/((n + B)*tan(f*x + e)~5))/f ‘

Giac [F]

/(dcot(e + fz))"csc(e + fx)dz = / (dcot (fz +e€))"csc(fz +e)® dx

input Lintegrate ((d*cot (f*x+e)) "n*csc(f*x+e) "6,x, algorithm="giac") J

outputLintegrate((d*cot(f*x + e)) "n*csc(f*x + e)76, x) J

Mupad [B] (verification not implemented)

Time = 10.17 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.62

/(dcot(e + fz))"csc®(e + fz)dz =

( Loty ) (5 cos (e + f x) — Pe2Bertfa) 4 BRI 4 57 cos (e + f2) —n cos(3
2 cos(§+7> s1n<§+7)

fsin(e+ fz)® (n+1) (n+3) (n+5)

p
int ((d*cot(e + f*x))“"n/sin(e + f*x)~6,x)

e—

input L

output‘ -(((d*cos(e + f*x))/(2*cos(e/2 + (f*x)/2)*sin(e/2 + (£*x)/2))) n*(5xcos(e ‘
|+ £¥x) - (B*cos(3xe + 3%f*x))/2 + cos(5xe + 5¥f*x)/2 + Sknkcos(e + f*x) - |
‘n*cos(B*e + 3*%f*x) + n~2%cos(e + f*x)))/(f*sin(e + f*x)"5x(n + 1)*(n + 3)* ‘

(@ +5)
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Reduce [F]

/(dcot(e + fxz))"csc®(e + fz)dz = d" (/ cot (fz + )" csc (fz + e)° dm)

input Lint((d*cot(f*x+e)) n*CSC(f*X+e) 6,X)

Olltput Ld**n*int(cot(e + f*x)**n*CSc(e + f*x)**e’x)
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3.44 [(dcot(e + fx))"csct(e + fx) dx

Optimal result . . . . . . . . . . . . e 364
Mathematica [A] (verified) . . . . . . . . . ... o 364
Rubi [A] (verified) . . . .. . . ... .. 365
Maple [A] (verified) . . . . . . ... L 360
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 367
Sympy [F] . . o o 367
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 367l
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . 369

Optimal result

Integrand size = 19, antiderivative size = 51

M nd __(dcot(e+ fz))"*™  (dcot(e+ fz))*™"
s fayrectes fo)as = S BG4 n)

output ‘ - (d*cot (fxx+e)) ~(1+n)/d/f/ (1+n)-(d*cot (f*x+e) )~ (3+n) /d~3/f/(3+n)

Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.88

/(dcot(e + fz))"csct(e + fr)dx

_ _cot(e+ fr)(dcot(e+ fz))" (24 (1 +n) csc(e + fx))
f(14+n)(3+n)

input LIntegrate [(d*Cot[e + f*x]) n*Cscl[e + f*x]~4,x] J

-((Cot[e + f*x]*(d*Cot[e + f*x]) n*(2 + (1 + n)*Cscle + f*x]~2))/(f*(1 + n

output‘
)*(3 + n)))




input

output
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.96,

number of rules _ 0.211, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 3087, 244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/csc4(e+ fz)(dcot(e + fz))" dx

| 3042
T 4 T n
/sec <e+ fxr— 5) (—dtan <e+ fxr— 5)) dx

| 3087

[(dcot(e + fz))™ (cot?(e + fz) + 1) d(— cot(e + fz))
f
l 244

[ ((dcot(e + fz))" + %) d(— cot(e + fz))
f
l 2009

_ (dcot(et+fz))"+3  (dcot(etfz))"+!
& (n+3) d(n+1)

f

-

LInt[(d*Cot[e + f*x]) "n*Cscl[e + f*x]~4,x]

‘(-((d*Cot[e + £*x])°(1 + n)/(d*(1 + n))) - (d*Cotl[e + £*x])~(3 + n)/(d~3x*(
3 +mn)))/f

N

-/

J
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Defintions of rubi rules used

rule

, 0]

24:4‘Int[((c_.)*(x_))’"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
‘Integrand[(c*x)"m*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, m}, x] && IGtQlp

rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3087

Int[sec[(e_.) + (£_)*(x_ )1 (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S
ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x"2)"(m/2 - 1), x], x, Tan[e +
f*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] &&
/2] && LtQ[0, n, m - 1])

! (IntegerQl(n - 1)

Maple [A] (verified)

Time = 3.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.18

method result size
e 1. nin(d cot(fz-+e)) 3 gn In(dcot(fa-+e))
derivativedivides | — x+e)fe(11+:) W) cob(fate) f?:,’jrn; ks 60
cot(fw+e)e” In(d cot(fz+e)) cot(fw+e)36" In(d cot(fz+e))
default — T - BT 60
risch Expression too large to display 5257

input

Lint ((d*cot (f*x+e)) “n*csc(f*x+e) ~4,x,method=_RETURNVERBOSE)

output
‘*ln(d*cot(f*x+e)))

‘ -1/£/(14n) *cot (f*x+e) *exp (n*1n(d*cot (f*x+e)))-1/£f/(3+n) *cot (f*x+e) “3*exp(n
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.71

/(d cot(e + fz))" csc*(e + fxz) dx
(2 cos (fz + e)’ — (n+3)cos (fz + e)) (%)n

(fn2— (fn2+4fn+3f)cos(fr+e)’+4fn+3f)sin(fr+e)

p
Lintegrate ((d*cot (f*x+e)) “n*csc(f*x+e)~4,x, algorithm="fricas")

-/

input

‘(2*cos(f*x + e)”3 - (n + 3)*cos(f*x + e))*(d*cos(f*x + e)/sin(f*x + e))°n/ ‘

output
((£*n™2 - (£4n72 + 4%f*n + 3%f)*cos(f*x + €)™2 + 4xf¥n + 3xf)*sin(f*x + e) |
) |
Sympy [F]
/(dcot(e+f:c))" csct(e + fx)dz = / (dcot (e + fz))" csc* (e + fz) dx
input Lintegrate ((d*cot (f*x+e)) **nxcsc (f*x+e) **4,x) J
output [Integral((d*cot(e + fxx))**nkcsc(e + f*x)**4, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.10

d n+1
(tan(fz+e)) d™ tan(fz+e)™"
d(n+1) (n+3) tan(fz+e)®

f

[@eotte+ gy escie + fa)ds = -

input Lintegrate ((dxcot (f*x+e)) “n*csc(f*x+e) 4,x, algorithm="maxima") J
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Output‘-((d/tan(f*x +e))~(n + 1)/(d*(n + 1)) + d"n*tan(f*x + e)~(-n)/((n + 3)*ta
n(f*x + e)~3))/f ‘

Giac [F]

/(dcot(e + fz))"csct(e + fr)dz = / (dcot (fz +e€))"csc(fz +e)* dx

input Lintegrate ((d*cot (f*x+e)) "n*csc(f*x+e) "4,x, algorithm="giac") J

output tintegrate((d*COt(f*x + e)) n*csc(f*x + e)~4, x) J

Mupad [B] (verification not implemented)

Time = 10.29 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.65

/(d cot(e + fz))" csc*(e + fx) dx

n
3 et+fx 3e+3fzx d et+fx
( cOS(2 fz)  cos( : fz) +n cos(e+ fx)) <2COS(;+C§(> sii()ngf;))

fsin(e+ fz)* (n+1) (n+3)

inputlint((d*COt(e + f*x)) n/sin(e + f*x)~4,x) J

Output‘-(((S*cos(e + f*x))/2 - cos(3*e + 3%f*x)/2 + nxcos(e + f*x))*((d*cos(e + f ‘
‘*x))/(2*cos(e/2 + (f*x)/2)*sin(e/2 + (£*x)/2)))"n)/(f*sin(e + f*x) 3*(n + ‘
Li)*(n + 3)) J
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Reduce [F]

/(dcot(e + fz))"csc(e + fz)dz = d" (/ cot (fz + e)" csc (fz +e)* dm)

inputtint((d*cot(f*me)) n¥csc(fxx+e)~4,x)

Olltput Ld**n*int(cot(e + f*x)**n*CSc(e + f*x)**4’x)




output L

input L
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3.45 [(dcot(e+ fz))™csc*(e + fz)dx

Optimal result . . . . . . . . . . . . . 370
Mathematica [A] (verified) . . . . . . . .. ... L L 3701
Rubi [A] (verified) . . . .. ... .. .. BT
Maple [A] (verified) . . . . . . ... L 372
Fricas [A] (verification not implemented) . . . . . . .. ... ... .. ....
Sympy [F] . . o o B73l
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . .. ... ... ... ... .. B73
Mupad [B] (verification not implemented) . . .. .. ... ... ....... 374
Reduce [F] . . . . . o o 374

Optimal result

Integrand size = 19, antiderivative size = 25

(dcot(e + fz))*m
df(1+n)

/(dcot(e—l— fz))"csc(e + fz)dr = —

-(d*cot (f*x+e))~(1+n)/d/£f/(1+n)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

_cot(e + fz)(dcot(e + fz))"

/ (dcot(e + fx))" osc*(e + fz) dw = F(L+n)

Integrate[(d*Cot[e + f*x]) “n*Cscle + f*x]~2,x]

output ‘\

-((Cot[e + f*x]*(d*Cot[e + f*x])™n)/(f*(1 + n)))




input

output

rule 17

rule 3042
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 58, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {3042, 3087, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cch(e—i- fz)(dcot(e + fz))" dx

l 3042

/sec <e+f:v— g)z (—dtan <e+fa:— g))ndaz

l 3087

J(dcot(e + fz))"d(— cot(e + fz))
f

l17

_ (dcot(e + fz))"+!
df(n+1)

e

kInt[(d*Cot [e + f*x]) n*Cscle + f*x]~2,x]

~—

L-((d*Cot[e + £*x])~(1 + n)/(d*f*(1 + n)))

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/(b*(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

~




CHAPTER 3. LISTING OF INTEGRALS 372

rule 3087 Intlsecle_.) + (£_.)*(x )1~ (@ )*((b_.)*tanl(e_.) + (£_)*(x)D)"(a_.), x§ |
‘ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x~2)"(w/2 - 1), x], x, Tan[e + ‘
£*x]11, x] /; FreeQ[{b, e, £, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1) |
/2] && 1Q[0, n, m - 11) |

Maple [A] (verified)

Time = 0.45 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

method result size
. . . . (d cot(fz+e))l
derivativedivides | — BT Fn 26
(dcot(fz+e))tm
default — W 26
risch Expression too large to display | 1742
input Lint ((d*cot (f*x+e)) “n*csc (f*x+e) ~2,x,method=_RETURNVERBOSE) J
outputt—(d*cot(f*x+e))*(1+n)/d/f/(1+n) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.64

—dcos(ware)) cos (fr +e)

sin(fz+e)

d cot " csc? dr — _<

/( cot(e + fx))" csc*(e + fr)dx (nt f)sin (Fz o)
inputLintegrate((d*cot(f*x+e))’"n*csc(f*x+e)"2,x, algorithm="fricas") J

output L-(d*cos(f*x + e)/sin(f*x + e)) nkxcos(f*x + e)/((f*n + f)*sin(f*x + e)) J




input

output

inputt

outputt

inputt

output‘
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Sympy [F]

/(dcot(e + fx))"csc’(e + fx)dz = / (dcot (e + fz))" csc® (e + fz)dx

Lintegrate((d*cot(f*x+e))**n*csc(f*x+e)**2,x)

;
LIntegral((d*cot(e + f*x))**nkcsc(e + f£xx)**2, x)

~—

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

dcot (fz + €)™
df(n+1)

/ (deot(e + fz))" csc*(e + fz) dz = L

integrate ((d*cot (f*x+e)) "nxcsc(f*x+e)"2,x, algorithm="maxima")

—(d*cot(f*x + e))~(n + 1)/(d*fx(n + 1))

Giac [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.88

n+1
dtan(% fm+% 6)2—d
2 tan(% fa:—i—% e)

/ (deot(e + fx))" esc*(e + fo) do = ( df(n+1)

integrate((d*cot (f*x+e)) “n*csc(f*x+e) ~2,x, algorithm="giac")

-(-1/2%(d*tan(1/2%f*x + 1/2%e)~2 - d)/tan(1/2%f*x + 1/2%e)) " (n + 1)/ (d*xf*(
n+ 1))
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Mupad [B] (verification not implemented)

Time = 9.44 (sec) , antiderivative size = 73, normalized size of antiderivative = 2.92

w(iri) ) (_d(tan<;+f;>2-l))"

2n+2 T 2n+2

/(dcot(e+fx))"csc2(e+fx) dx = ftan (& + £8)

input Lint((d*cot(e + f*x)) "n/sin(e + £x*x)~2,x) J

((tan(e/2 + (£%x)/2)°2/(2%n + 2) - 1/(2*n + 2))*(-(d*(tan(e/2 + (£¥x)/2)°2

output
- 1))/(2xtan(e/2 + (£4x)/2)))7n)/(f*tan(e/2 + (£*x)/2)) |

Reduce [F]

/(d cot(e + fx))"csc*(e + fz)dz = d" </ cot (fz +e)" csc (fz +e)’ dz)

input tint ((d*cot (f*x+e)) “nxcsc(f*x+e) ~2,x) J

output Ld**n*int(cot(e + fxx)**nxcsc(e + f*x)**2,x) J
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3.46 [(dcot(e + fz))"sin*(e + fz)dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 376
Maple [F] . . . . B77
Fricas [F] . . . . . . o 377
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 379
Reduce [F] . . . . .

Optimal result

Integrand size = 19, antiderivative size = 51

/(d cot(e + fz))"sin®(e + fz)dx
(dcot(e + fxz))'*™ Hypergeometric2F1 (2, 12, 242 — cot?(e + fz))
df(1+n)

output‘

-(d*cot (f*x+e) )~ (1+n) *hypergeom([2, 1/2+1/2%n], [3/2+1/2*n],-cot (f*x+e)"2)/

d/f/(1+n)

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16

/(d cot(e + fz))"sin’(e + fz)dz
(dcot(e + fz))" Hypergeometric2F1 (2, 3

25— 2 —tan®(e + fz)) tan®(e + fz)

- —

(
f@

inputt

Integrate[(d*Cot[e + f*x]) n*Sinf[e + f*x]~2,x]
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output‘ ((dxCot[e + f*x]) n*Hypergeometric2F1[2, 3/2 - n/2, 5/2 - n/2, -Tan[e + fx* ‘

Lx] ~2]xTan[e + £*x]"3)/(£*(3 - n)) J
Rubi [A] (verified)
Time = 0.24 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 158 Ryjeg
integrand size
used = {3042, 3087, 278}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/sinz(e + fz)(dcot(e + fz))" dx
| 3042
—dt _T\\"
/ (—dtan (e + fz 22)) e
sec (e + fx — %)
| 3087
J et ot + 29
f
| 278
(dcot(e + fz))" ! Hypergeometric2F1 (2, 2tt, 243 — cot?(e + fx))
df(n+1)
inputtlnt[(d*Cot [e + f£*x]) n*Sin[e + f*x]~2,x] J
output‘ -(((d*Cot[e + £*x])~(1 + n)*Hypergeometric2F1[2, (1 + n)/2, (3 + n)/2, -Co ‘

tle + £xx]1721)/(d*f*(1 + n))) |




rule 278

rule 3042

rule 3087

input

output

input

output
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Defintions of rubi rules used

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[a~p*((
cxx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQ[{a, b, c, m, p}, x] && !'IGtQ[p, 0] && (ILtQ[p, O
1 Il GtQla, 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sec[(e_.) + (£_.)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f£_.)*(x_)1)"(n_.), x_S
ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x"2)"(m/2 - 1), x], x, Tan[e +
f*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)
/2] && LtQ[0, n, m - 1])

Maple [F|

/ (dcot (fz + €))"sin (fz +e)’ dx

Lint((d*cot(f*x+e))“n*sin(f*x+e)‘2,x)

Lint((d*cot(f*x+e))“n*sin(f*x+e)“2,x)

Fricas [F]

/(dcot(e + fz))"sin®(e + fz)dzx = / (dcot (fz +€))"sin (fz + €)® dz

Lintegrate ((dxcot (f*x+e)) "n*sin(f*x+e)~2,x, algorithm="fricas")

Lintegral(-(cos(f*x + e)”2 - 1)x(dxcot(f*x + e))"n, x)
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Sympy [F]

/(d cot(e + fz))"sin?(e + fz)dr = / (dcot (e + fz))" sin® (e + fx)dz

input‘integrate((d*cot(f*x+e))**n*sin(f*x+e)**2’x)

outputtlntegral((d*cot(e + f*x))**n¥sin(e + £*x)**2, x)

Maxima [F]

/(dcot(e + fz))"sin®*(e + fz)dx = / (dcot (fz + €))"sin (fz +e)® dz

input Lintegrate ((d*cot (f*x+e)) "n*sin(f*x+e) "2,x, algorithm="maxima")

output Lintegrate((d*cot(f*x + e)) “nxsin(f*x + e)~2, x)

Giac [F]

/(dcot(e + fz))"sin®(e + fz)dx = / (dcot (fz + €))"sin (fz +e)® dx

inputkintegrate((d*cot(f*x+e))‘n*sin(f*x+e)*2,x, algorithm="giac")

output Lintegrate((d*cot(f*x + e)) “nxsin(f*x + e)~2, x)
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Mupad [F(-1)]

Timed out.

/ (deot(e + fz))"sin(e + fz)dz = / sin (e + f2)° (deot(e + f2))" dz

input Lint(sin(e + f*x) 2% (d*cot(e + f*x))“n,x)

output Lint(sin(e + f*x)~2*(d*cot(e + £*x))°n, x)

Reduce [F]

/(dcot(e + fz))"sin®*(e + fx) dz = d" </ cot (fz +e)"sin (fz +e)? dx)

input Lint((d*cot(f*x+e)) n*Sin(f*X+e) 2,X)

output Ld**n*lnt(cot(e + f*x)**nxsin(e + f£*x)**2,x)
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3.47 [(dcot(e + fz))"sin*(e + fz)dz

Optimal result . . . . . . . . . . . . e 380
Mathematica [A] (verified) . . . . . . . . . ... o 3801
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 382
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o 384

Optimal result

Integrand size = 19, antiderivative size = 51

/(d cot(e + fz))"sin*(e + fz)dx
(dcot(e + fxz))'*™ Hypergeometric2F1 (3, 12, 242 — cot?(e + fz))
df(1+n)

Output‘ -(d*cot (f*x+e)) ~ (1+n) *hypergeom([3, 1/2+1/2*n], [3/2+1/2%n],-cot (f*x+e)~2)/ ‘

'd/£/(1+n) |
Mathematica [A] (verified)
Time = 0.35 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16
/(d cot(e + fz))"sin*(e + fz)dz
_ (dcot(e + fz))" Hypergeometric2F1 (3,5 — 2,7 — %, —tan(e + fx)) tan®(e + fx)
fG—mn)
input LIntegrate [(d*Cot[e + f*x]) n*Sinf[e + f*x]~4,x] J
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output‘ ((dxCot[e + f*x]) n*Hypergeometric2F1[3, 5/2 - n/2, 7/2 - n/2, -Tan[e + fx* ‘

Lx] ~2]xTan[e + £*x]"5)/(£*(5 - n)) J
Rubi [A] (verified)
Time = 0.23 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 158 Ryjeg
integrand size
used = {3042, 3087, 278}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/sin4(e + fz)(dcot(e + fz))" dzx
| 3042
—dt _T\\"
/ (—dtan (e + fz 24)) e
sec (e + fx — %)
| 3087
J et ot + 29
f
| 278
(dcot(e + fz))" ! Hypergeometric2F1 (3, 2tt, 243 — cot?(e + fx))
df(n+1)
inputtlnt[(d*Cot [e + f£*x]) n*Sin[e + f*x]~4,x] J
output‘ -(((d*Cot[e + £*x])~(1 + n)*Hypergeometric2F1[3, (1 + n)/2, (3 + n)/2, -Co ‘

tle + £xx]1721)/(d*f*(1 + n))) |




rule 278

rule 3042

rule 3087

input

output

input

output
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Defintions of rubi rules used

Int [((c_)*(x_))~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[a~p*((
cxx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQ[{a, b, c, m, p}, x] && !'IGtQ[p, 0] && (ILtQ[p, O
1 Il GtQla, 01)

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sec[(e_.) + (£_.)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f£_.)*(x_)1)"(n_.), x_S
ymbol] :> Simp[1/f  Subst[Int[(b*x) n*x(1 + x"2)"(m/2 - 1), x], x, Tan[e +
f*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)
/2] && LtQ[0, n, m - 1])

Maple [F|

/ (dcot (fz + €))"sin (fz +e)* dx

Lint((d*cot(f*x+e))“n*sin(f*x+e)‘4,x)

Lint((d*cot(f*x+e))“n*sin(f*x+e)“4,x)

Fricas [F]

/(dcot(e + fz))"sin*(e + fz)dz = / (dcot (fz + €))"sin (fz +e)* dz

Lintegrate ((d*cot (f*x+e)) "n*sin(f*x+e)"4,x, algorithm="fricas")

Lintegral((cos(f*x + e)”4 - 2%cos(f*x + e)”2 + 1)*(d*cot(f*x + e))"n, x)
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Sympy [F]

/(d cot(e + fz))"sin*(e + fz)dr = / (dcot (e + fx))" sin* (e + fx)dz

input‘integrate((d*cot(f*x+e))**n*sin(f*x+e)**4’x)

outputtlntegral((d*cot(e + f*x))**n¥sin(e + £*x)**4, x)

Maxima [F]

/(dcot(e + fx))"sin*(e + fz)dz = / (dcot (fz + €))"sin (fz +e)* dz

input Lintegrate ((d*cot (f*x+e)) "n*sin(f*x+e) "4,x, algorithm="maxima")

output Lintegrate((d*cot(f*x + e)) nxsin(f*x + e)~4, x)

Giac [F]

/(dcot(e + fz))"sin*(e + fz) dz = / (dcot (fz + €))"sin (fz +e)* dx

inputkintegrate((d*cot(f*x+e))‘n*sin(f*x+e)*4,x, algorithm="giac")

output Lintegrate((d*cot(f*x + e)) “nxsin(f*x + e)~4, x)
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Mupad [F(-1)]

Timed out.

/ (dcot(e + fz))" sin*(e + fz)dz = / sin (e + f2)* (deot(e + f2))" dz

input Lint(sin(e + f*x) ~4*(d*cot(e + f*x))"n,x)

output Lint(sin(e + f*x)~4*(d*cot(e + £*x))°n, x)

Reduce [F]

/(dcot(e + fx))"sin*(e + fz) dx = d" </ cot (fz + e)"sin (fz +e)* dx)

input Lint((d*cot(f*x+e)) n*Sin(f*X+e) 4,X)

output Ld**n*lnt(cot(e + f*x)**nxsin(e + f£*x)**4,x)
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3.48 [(dcot(e+ fz))™csc(e + fz)dx

Optimal result . . . . . . . . . . . . e
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 3851
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 38T
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 19, antiderivative size = 79

/(dcot(e + fx))"csc’(e + fz)dz =
(dcot(e + fxz))*" cscd(e + fz) Hypergeometric2F1 (112 440 340 cog2(e + fr)) sin®(e + fz)"

df(1+mn)

output‘ -(d*cot (f*x+e)) ~(1+n) *csc(f*x+e) “3*hypergeom([2+1/2*n, 1/2+1/2*n], [3/2+1/2 ‘
‘*n],cos(f*x+e)‘2)*(sin(f*x+e)“2)“(2+1/2*n)/d/f/(1+n)

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 7.81 (sec) , antiderivative size = 741, normalized size of antiderivative = 9.38

/(d cot(e + fx))" csc®(e + fx) dz = Too large to display

input LIntegrate [(d*Cot[e + f*x]) n*Cscle + f*x]~3,x] J
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((dxCot[e + f*x]) n*(-1/2*%(Cot[(e + f*x)/2] 2*Hypergeometric2F1[-1 - n/2,
-n, -1/2%n, Tan[(e + f*x)/2]1°2]1)/((2 + n)*(Cos[e + f*x]*Sec[(e + f*x)/2]"2
)"n) + (2*Hypergeometric2F1[1 - n/2, -n, 2 - n/2, Tan[(e + f*x)/2]"2]*Tan[
(e + £xx)/2]72)/((8 - 4*n)*(Cos[e + f*x]*Sec[(e + f*x)/2]°2)"n) - ((-4 + n
)*AppellF1[1 - n/2, -n, 1, 2 - n/2, Tan[(e + £*x)/2]1"2, -Tan[(e + f*x)/2]"
2]1*Sin[(e + £*x)/2]172)/((-2 + n)*((-4 + n)*AppellFi1[1 - n/2, -n, 1, 2 - n/
2, Tan[(e + £*x)/2]"2, -Tan[(e + f*x)/2]°2] + 2x(n*AppellF1[2 - n/2, 1 - n
» 1, 3 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]72] + AppellF1[2 - n/2,
-n, 2, 3 - n/2, Tan[(e + f*x)/2]1°2, -Tan[(e + f*x)/2]"2])*Tan[(e + f*x)/2
172)) + ((-4 + n)*Cos[(e + £*x)/2]"2*%((-2 + n)*Hypergeometric2F1[-n, -1/2*
n, 1 - n/2, Tan[(e + £*x)/2]°2] - n*AppellFi[1 - n/2, -n, 1, 2 - n/2, Tan[
(e + £*x)/2]172, -Tan[(e + f*x)/2]"2]*Tan[(e + f*x)/2]172))/((-2 + n)*n*(4*(
Cos[e + f*x]*Sec[(e + f*x)/2]72)"n - n*(Cos[e + f*x]*Sec[(e + f*x)/2]°2)"n
+ (-4 + n)*AppellFi[1 - n/2, -n, 1, 2 - n/2, Tan[(e + f*x)/2]72, -Tan[(e
+ f*x)/2]"2]*Tan[(e + f*x)/2]°2 + 2*n*AppellF1[2 - n/2, 1 - n, 1, 3 - n/2,
Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]"2]*Tan[(e + f*x)/2]1"4 + 2xAppellF1[
2 -n/2, -n, 2, 3 - n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2]*Tan[(e +
£xx)/2]174))))/(2%£)

output

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 3097}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/csc3(e + fz)(dcot(e + fz))" dx
| 3042

/sec (e—i—fx — g>3 (—dtan <e+ fxr— g))ndac

l 3007

n+4

csc®(e + fz)sin?(e + fz) 2 (dcot(e + fz))"! Hypergeometric2F1 (2tt, 244 143 cos?(e + fx))

df(n+1)
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input‘ Int[(d*Cot[e + f*x]) n*Cscle + f*x]~3,x] ‘

‘—(((d*Cot[e + f*x])~(1 + n)*Cscle + f*x] 3*Hypergeometric2F1[(1 + n)/2, (4
- +1n)/2, (3 +1n)/2, Cosle + fxx]"2]*(Sinle + £*x]172)"((4 + n)/2))/(d*f*x(1
+ 1)) |

output

Defintions of rubi rules used

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

Int[((a_.)*sec[(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) “m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £*x]72)"((m + n + 1)/2)/(b*f*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

rule 3097

Maple [F]

/ (dcot (fz +€))"csc (fz +e)® dx

input Lint ((d*cot (f*x+e)) “n*csc(f*x+e) ~3,x) J

/

tint((d*cot(f*x+e))“n*csc(f*x+e)‘3,x)

~—

output
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Fricas [F]

/(dcot(e + fz))"csc*(e + fxr)dz = / (dcot (fz +e€))"csc(fz +e)® dx

input‘integrate((d*cot(f*X+e))An*CSC(f*X+e)“3,X, algorithm="fricas")

outputtintegral((d*cot(f*x + e))“n*xcsc(f*x + e)~3, x)

Sympy [F]

/(dcot(e + fx))"csc*(e + fz)dz = /(dcot (e + fx))"csc® (e + fz) dx

inputLintegrate((d*cot(f*x+e))**n*csc(f*x+e)**3,x)

Outputtlntegral((d*cot(e + f*x))xknkcsc(e + £xx)**3, x)

Maxima [F]

/(dcot(e + fx))"csc*(e + fz)dz = / (dcot (fz +e))"csc(fz +e)® do

inputtintegrate((d*cot(f*x+e))‘n*csc(f*x+e)‘3,x, algorithm="maxima")

output Lintegrate((d*cot(f*x + e)) "n*xcsc(f*x + e)~3, x)
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Giac [F]

/(dcot(e + fz))"csc*(e + fxr)dz = / (dcot (fz +e€))"csc(fz +e)® dx

input‘integrate((d*cot(f*x+e))“n*csc(f*x+e)*3,x, algorithm="giac")

outputkintegrate((d*cot(f*x + e)) n*csc(f*x + e)~3, x)

Mupad [F(-1)]
Timed out.

(dcot(e+ fz))"

; 5 —dx
sin (e + fx)

/(dcot(e—|— fx))"csc(e + fz) dx =/

inputtint((d*cot(e + f*x)) n/sin(e + f*x)"3,x)

output Lint((d*wt(e + f*x))"n/sin(e + £*x)~3, x)

Reduce [F]

/(dcot(e + fz))"csc®(e + fz)dz = d" (/ cot (fz + e)" csc (fz + e)° dm)

input Lint((d*cot(f*x+e)) n*CSC(f*X+e) 3,X)

Olltput Ld**n*int(cot(e + f*x)**n*CSc(e + f*x)**3’x)
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3.49 [(dcot(e + fz))"csc(e + fx)dx

Optimal result . . . . . . . . . . . . e 390
Mathematica [A] (verified) . . . . . . . . . ... o 3901
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 392
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 394
Reduce [F] . . . . . 394

Optimal result

Integrand size = 17, antiderivative size = 77

/(dcot(e + fz))" csc(e + fzr)dz =

(dcot(e + fxz))*" csc(e + fz) Hypergeometric2F1 (142, 282 347 cos?(e + fz)) sin?(e + fz)"
df(1+mn)

output‘ -(d*cot (£*x+e) )~ (1+n) *csc (f*xx+e) xhypergeom([1+1/2*n, 1/2+1/2%n],[3/2+1/2*n ‘
\ 1,cos(f*x+e)~2)*(sin(f*x+e)~2) ~(1+1/2*n)/d/f/(1+n) ‘

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.90

/(dcot(e + fx))"cscle + fx)dx =

(dcot(e + fz))" Hypergeometric2F1 (—n, —%,1 — %, tan? (3(e + fz))) (cos(e + fz)sec? (3(e + fz)
fn

input LIntegrate [(d*Cot[e + f*x]) n*Cscl[e + f*x],x] J
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output
VQJ ~2])/(f*n* (Cos[e + f*x]*Sec[(e + £*x)/2]1~2)"n))

‘-(((d*Cot [e + f*x]) nxHypergeometric2F1[-n, -1/2%n, 1 - n/2, Tan[(e + f*x) ‘

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,
used = {3042, 3097}

number of rules _ 0.118, Rules
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/csc(e+fw)(dcot(e+ fz))" dz

l 3042

/sec <e+fa:— g) (—dtan <e+fm— %))ndm

l 3007

csc(e + fz)sin?(e + far:)"TJr2 (dcot(e + fz))" ! Hypergeometric2F1 (%L

,”T“, ”T"'g‘,cosz(e—i-fa;))

df(n+1)

r

input LInt [(d*Cot[e + f*x]) n*Cscle + f*x],x]

| —

output‘ -(((d*Cot[e + f*x])~(1 + n)*Cscle + f*x]*Hypergeometric2F1[(1

‘n)))

+n)/2, 2+

' 1)/2, (3 +n)/2, Cosle + £*x]°2]*(Sinle + £*x]1°2)~((2 + n)/2))/(d*f*x(1 +
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_.)*secl(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £*x]72)"((m + n + 1)/2)/(b*f*x(n + 1)))*Hypergeometric2F1i[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

rule 3097

Maple [F]

/(dcot (fz+e))"csc(fz+e)dr

input tint ((d*cot (f*x+e)) “nxcsc(f*x+e) ,x)

p
output Lint ((d*cot (f*x+e)) “n*xcsc(f*x+e) ,x)

-/

Fricas [F]

/(dcot(e + fz))" csc(e + fz)dz = / (decot (fz +e))"csc(fz+e) dx

input Lintegrate ((d*cot (f*x+e)) "n*csc(f*x+e) ,x, algorithm="fricas")

output Lintegral((d*cot(f*x + e))"n*csc(f*x + e), x)
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Sympy [F]

/(dcot(e + fx))"cscle + fx)dx = / (dcot (e + fx))" csc (e + fr)dx

input ‘ integrate ((d*cot (f*x+e))**n*csc(f*x+e) ,x)

outputtlntegral((d*COt(e + f*xx))**n*csc(e + f*x), x)

Maxima [F]

/(dcot(e + fx))"csc(e + fz)dx = / (dcot (fz +e))"csc(fr+e) dx

input Lintegrate ((d*cot (f*x+e)) “n*csc(f*x+e) ,x, algorithm="maxima")

output Lintegrate((d*cot(f*x + e)) "n*xcsc(f*x + e), x)

Giac [F]

/(dcot(e + fz))" csc(e + fzr)dz = / (decot (fz +e))"csc(fz+e) dx

inputtintegrate((d*cot(f*x+e))‘n*csc(f*x+e),x, algorithm="giac")

output Lintegrate((d*cot(f*x + e)) "n*xcsc(f*x + e), x)




CHAPTER 3. LISTING OF INTEGRALS 394

Mupad [F(-1)]

Timed out.

(dcot(e+ fz))"

sin (e + fx) dz

/(dcot(e+fx))" csc(e + fz)dx =/

inputtint((d*cot(e + f*x))"n/sin(e + £*x),x)

output Lint((d*cot(e + fxx))"n/sin(e + f*x), x)

Reduce [F]

/(dcot(e + fx))" csc(e + fr)de =d" </ cot (fz +€)" csc(fz +e) dac)

input Llnt ( (d*COt (f*x+e) ) n*xcsc (f*x+e) ,X)

output Ld**n*lnt(cot(e + fxx)**n*xcsc(e + f*x),x)




output

input
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3.50 [(dcot(e + fz))"sin(e + fz)dx

Optimal result . . . . . . . . . . . . e
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ...
Rubi [A] (verified) . . . .. . . ... .. 396
Maple [F] . . . . 397
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 399
Reduce [F] . . . . .

Optimal result

Integrand size = 17, antiderivative size = 73

/ (dcot(e + fz))"sin(e + fz) dz =
(dcot(e + fz))'*™ Hypergeometric2F1 (%, 142, 34

3+n

,cos?(e + fx)) sin(e + fx)sin?(e + fz)/?

df(l+n

N—

‘-(d*cot(f*x+e))”(1+n)*hypergeom([1/2*n, 1/2+1/2#n], [3/2+1/2#%n] ,cos (f*x+e)~

2) *sin(f*x+e) *(sin(f*x+e)~2)~(1/2%n)/d/f/(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal.

Order 6 vs. order 5 in optimal.

Time = 0.89 (sec) , antiderivative size = 264, normalized size of antiderivative = 3.62

/(dcot(e + fz))"sin(e + fz)dx =

8(—4 + n) AppellF1 (1

f(=2+n) (2(—4+n) AppellF1 (1 — %,-n,2,2 —

3,tan” (3(e + fz)) , —tan” (3(e + fz))) cos? (5

LIntegrate[(d*Cot [e + f*x]) "n*Sin[e + f*x],x]
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(-8x(-4 + n)*AppellF1i[1 - n/2, -n, 2, 2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e
+ fxx)/2]"2]1*Cos[(e + f*x)/2] 4*x(d*Cot[e + f*x]) n*Sin[(e + £*x)/2]72)/(£f
*(-2 + n)*(2*%(-4 + n)*AppellF1[1 - n/2, -n, 2, 2 - n/2, Tan[(e + £*x)/2]"2
, ~Tan[(e + f*x)/2]"2]*Cos[(e + £*x)/2]"2 - 2*(n*AppellF1[2 - n/2, 1 - n,
2, 3 - n/2, Tan[(e + f*x)/2]1"2, -Tan[(e + f*x)/2]72] + 2xAppellF1[2 - n/2,
-n, 3, 3 - n/2, Tan[(e + £*x)/2]1"2, -Tan[(e + f*x)/2]172])*(-1 + Cos[e + f
*x])))

output

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.118, Rules

number of steps used = 2, number of rules used = 2,
used = {3042, 3097}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sin(e+ fz)(dcot(e + fz))" dx
| 3042

/ (—dtan (e+fac— %))ndx
sec (e+ fz — 7)

l 3097

sin(e 4 fx)sin?(e 4+ fz)"/?(dcot(e + fz))"t! Hypergeometric2F1 (%, ”T"'l, "T"'?’, cos®(e + fz))

df(n+1)

iIlput ‘ Int [(d*COt [e + f*x] )An*Sln [e + f*x] ,x] ‘

‘—(((d*Cot[e + f*x])~ (1 + n)*Hypergeometric2Fi[n/2, (1 + n)/2, (3 + n)/2, C ‘

output
‘os[e + f*x]~2]*Sin[e + f*x]*(Sin[e + f*x]~2)"(n/2))/(d*f*x(1 + n))) ‘
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_.)*secl(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £*x]72)"((m + n + 1)/2)/(b*f*x(n + 1)))*Hypergeometric2F1i[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

rule 3097

Maple [F]

/ (dcot (fx +e))"sin(fz + €)dx

input tint ((d*cot (f*x+e)) “n*sin(f*x+e) ,x)

p
output Lint ((d*cot (f*x+e)) “n*xsin(f*x+e),x)

-/

Fricas [F]

/(dcot(e + fz))"sin(e + fz)dx = / (dcot (fx +e))"sin(fz +e€) dz

input Lintegrate ((d*cot (f*x+e)) “n*sin(f*x+e),x, algorithm="fricas")

output Lintegral((d*cot(f*x + e))"n*sin(f*x + e), x)
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Sympy [F]

/(dcot(e + fx))"sin(e + fx)dz = / (dcot (e + fz))"sin (e + fz)dx

input ‘ integrate ((d*cot (f*x+e))**n*sin(f*x+e),x)

outputtlntegral((d*COt(e + f*xx))**n*sin(e + f*x), x)

Maxima [F]

/(dcot(e + fz))"sin(e + fz)dx = / (dcot (fz +e))"sin(fz +e) dz

input Lintegrate ((d*cot (f*x+e)) “n*sin(f*x+e) ,x, algorithm="maxima")

output Lintegrate((d*cot(f*x + e)) "n*sin(f*x + e), x)

Giac [F]

/(dcot(e + fz))"sin(e + fz)dx = / (dcot (fz +e))"sin(fz +€) dz

inputtintegrate((d*cot(f*x+e))‘n*sin(f*x+e),x, algorithm="giac")

output Lintegrate((d*“t(f*x + e)) n*sin(f*x + e), x)
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Mupad [F(-1)]

Timed out.

/ (deot(e + fz))"sin(e + fz) dz = / sin (e + £ 7) (deot(e + £ )" dz

input Lint(sin(e + fxx)*(d*cot(e + f*x))“n,x)

output Lint(sin(e + f*x)*(d*cot(e + f*x))“n, x)

Reduce [F]

/(dcot(e + fz))"sin(e + fx)dx = d" </ cot (fz + €)"sin (fz + e) dx)

input Lint ((d*cot (f*x+e)) “n*sin(f*x+e) ,x)

output Ld**n*lnt(cot(e + f*xx)**n*sin(e + f*x),x)
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3.51 [(dcot(e + fz))"sin’(e + fz)dx

Optimal result . . . . . . . . . . . . e 400
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 4001
Rubi [A] (verified) . . . .. . . ... .. 40T]
Maple [F] . . . . 02
Fricas [F] . . . . . . o 402
Sympy [F(-1)] . . o oo 403|
Maxima [F] . . . . . . 03]
Giac [F] . . . . o o 403l
Mupad [F(-1)] . . . o o 404
Reduce [F] . . . . . 404

Optimal result

Integrand size = 19, antiderivative size = 79

/(dcot(e + fz))"sin®(e + fz)dx =
(dcot(e + fz))'*™ Hypergeometric2F1 (1(—2 + n), 12, 332 cos?(e + fz)) sin®(e + fz) sin?(e + fz)

_ y 9 99
df(1+mn)
output \{—(d*cot (f*x+e))~(1+n) *hypergeom([-1+1/2%n, 1/2+1/2*n], [3/2+1/2%n],cos(f*x+ \\
Le) ~2)*sin(f*x+e) "3*(sin(f*x+e) ~2) ~(-1+1/2*n)/d/f/(1+n) J

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 1.98 (sec) , antiderivative size = 477, normalized size of antiderivative = 6.04

/(dcot(e + fz))"sin®(e + fz)dz =

f(=2+n) (2(—4+ n) AppellF1 (1 — 2, —n,3,2 — 2,tan’ (3 (e + fz)) , —tan® (3(e + fx))) cos? (3(

input LIntegrate[(d*Cot [e + f*x]) n*Sin[e + f*x]~3,x] J
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(-4x(-4 + n)*(AppellF1[1 - n/2, -n, 3, 2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(
e + f£*x)/2]°2] - AppellFi[1 - n/2, -n, 4, 2 - n/2, Tan[(e + £*x)/2]1"2, -Ta
n[(e + f*x)/2]1°2])*Cos[(e + f*x)/2] "3*(d*Cot[e + f*x]) n*Sin[(e + f*x)/2]*
Sinle + f*x]73)/(£f*(-2 + n)*(2*%(-4 + n)*AppellF1i[1 - n/2, -n, 3, 2 - n/2,
Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2]*Cos[(e + £*x)/2]1°2 - 2%(-4 + n)*A
ppellF1[1 - n/2, -n, 4, 2 - n/2, Tan[(e + £*x)/2]72, -Tan[(e + f*x)/2]72]*
Cos[(e + £*x)/2]72 - 2*(n*AppellF1[2 - n/2, 1 - n, 3, 3 - n/2, Tan[(e + f*
x)/2]1"2, -Tan[(e + £f*x)/2]"2] - n*AppellF1[2 - n/2, 1 - n, 4, 3 - n/2, Tan
[(e + £*x)/2]1"2, -Tan[(e + f*x)/2]"2] + 3*AppellF1[2 - n/2, -n, 4, 3 - n/2
, Tan[(e + fx*x)/2]"2, -Tan[(e + £*x)/2]°2] - 4xAppellF1[2 - n/2, -n, 5, 3
- n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2])*(-1 + Cos[e + f*x])))

output

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 3097}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sin3(e + fz)(dcot(e + fz))" dx
| 3042

/ (—dtan (e + fz — %))ndx
sec (e + fz — %)

l_3097

_sin’(e + fz)sin®(e + £2)"%" (dcot(e + fz))"*! Hypergeometric2F1 (252,24l 143 cos?(e + fx))

df(n+1)

input LInt [(d*Cot[e + f*x]) n*Sin[e + f*x]~3,x] J
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output‘ -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(-2 + n)/2, (1 + n)/2, (3 +

‘n)/2, Cos[e + f*x]~2]*Sin[e + f*x] 3*(Sin[e + f*x]~2)~((-2 + n)/2))/(d*f*(
1+ 1))
Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3097 Int[((a_.)*secl(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(
n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
+ £%x]°2)"((m + n + 1)/2)/(b*f*(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sinle + f*x]~2], x] /; FreeQ[{a, b, e, £, m, n}, x] &&

IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]
Maple [F]
/(dcot (fz+€))"sin(fz+e)®dx
input Lint ((d*cot (f*x+e) ) “n*sin(f*x+e) ~3,x)

§
output Lint ((d*cot (f*x+e)) “n*sin(f*x+e)"3,x)

N ]

Fricas [F]

/(dcot(e + fz))"sin®(e + fz)dx = / (dcot (fz +€))"sin (fz + €)® dz

input Lintegrate ((d*cot (f*x+e)) “n*sin(f*x+e)~3,x, algorithm="fricas")

output Lintegral(—(cos(f*x + e)"2 - 1)*(d*cot(f*x + e)) n*sin(f*x + e), x)
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Sympy [F(-1)]

Timed out.

/(d cot(e + fz))"sin®(e + fz) dz = Timed out

inputLintegrate((d*Cot(f*X+e))**n*sin(f*x+e)**3,x)

OutputLTlmed out

Maxima [F]

/(dcot(e + fz))"sin®(e + fz)dx = / (dcot (fz +€))"sin (fz + €)® dz

inputLintegrate((d*cot(f*x+e))“n*sin(f*x+e)*3,x, algorithm="maxima")

output Lintegrate((d*COt(f*x + e)) "n*xsin(f*x + e)~3, x)

Giac [F]

/(dcot(e + fz))"sin®*(e + fz)dr = / (dcot (fz +€))"sin (fz + €)® dz

inputLintegrate((d*cot(f*x+e))“n*sin(f*x+e)*3,x, algorithm="giac")

output tintegrate((d*COt(f*x + e)) nxsin(f*x + e)~3, x)
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Mupad [F(-1)]

Timed out.

/ (deot(e + fz))"sin(e + fz)dz = / sin (e + £ 2)° (deot(e + f2))" dz

input Lint(sin(e + f*x) 3% (d*cot(e + f*x))"n,x)

output Lint(sin(e + f*x)~3*(d*cot(e + f*x))°n, x)

Reduce [F]

/(dcot(e + fz))"sin®(e + fx) dz = d" </ cot (fz + e)"sin (fz + e)° dx)

inputLint((d*COt(f*X+e))An*Sin(f*X+e)A3,X)

Outputtd**n*lnt(COt(e + f*x)**nxsin(e + f£*x)**3,x)




CHAPTER 3. LISTING OF INTEGRALS 405

3.52 [(beot(e + fz))"(acscle + fx))™ dx

Optimal result . . . . . . . . . . . . e 405
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 4051
Rubi [A] (verified) . . . .. . . ... .. 406
Maple [F] . . . . 407
Fricas [F] . . . . . . o 407
Sympy [F] . . o o 408
Maxima [F] . . . . . . 08|
Giac [F] . . . . o o 408
Mupad [F(-1)] . . . o o 409
Reduce [F] . . . o . o o 409

Optimal result

Integrand size = 21, antiderivative size = 83

/(bcot(e + fx))"(acsc(e + fz))™ dx =

(beot(e + fxz))*™(acsc(e + fz))™ Hypergeometric2F1 (112, 2(1 + m + n), 22, cos?(e + fx)) sin(¢
bf(1+n)

-

‘ -(b*cot (f*x+e)) " (1+n)* (a*csc(f*x+e) ) “m*¥hypergeom([1/2+1/2*n, 1/2+1/2*m+1/2

output ‘
L*n] , [3/2+1/2%n] , cos (f*¥x+e) ~2) * (sin(f*x+e) ~2) ~(1/2+1/2%m+1/2%n) /b/£/ (1+n) J

Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 1.94 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.69

/(bcot(e + fz))"(acsc(e + fz))" dx =

f(=1+m+n) ((—3+m+n) AppellF1 (3(1 —m — n), —n,1 — m, (3 — m — n), tan? (3(e + fz))

input LIntegrate [(bxCot[e + f*x]) n*(a*Cscle + f*x]) m,x] J
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-((a*(-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3 - m - n)/2, Tan[(e
fxx)/2]°2, -Tan[(e + f*x)/2] 2] *(bxCot[e + f*x]) n*(a*Cscle + f*xx]) (-1
m))/(f*(-1 + m + n)*((-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3
- m - n)/2, Tan[(e + £*x)/2]1"2, -Tan[(e + f*x)/2]"2] + 2*(n*AppellF1[(3 -
m-n)/2,1-n,1-m (6-m-n)/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)
/21721 - (-1 + m)*AppellF1[(3 - m - n)/2, -n, 2 - m, (6 - m - n)/2, Tan[(e
+ £xx)/2]72, -Tan[(e + f*x)/2]"2])*Tan[(e + £*x)/2]172)))

output

+ +

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {3042, 3097}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a csc(e + fx))™(beot(e + fx))" dz

l 3042

[ (asee (e 12~ T))" (~ban (e fa = T))"

l 3007

(acsc(e + fz))™(beot(e + fz))"sin(e + fz)2(™+™ D) Hypergeometric2F1 (L 2(m +n+ 1), 2F2, cos?(e
B bf(n+1)

input LInt [(b*Cot [e + f*x] )An* (a*CSC [e + f*x] ) *m’x] J

e B

-(((b*Cot[e + f*x])~(1 + n)*(a*Csc[e + f*x]) ‘m*Hypergeometric2F1[(1 + n)/2
, 1 +m+mn)/2, (3 +mn)/2, Cosle + £f*x]~2]*(Sin[e + f*x]"2)"((1 + m + n)/
12))/(oxEx(1 + 1)) |

output




CHAPTER 3. LISTING OF INTEGRALS 407

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_.)*secl(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £*x]72)"((m + n + 1)/2)/(b*f*x(n + 1)))*Hypergeometric2F1i[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

rule 3097

Maple [F]

/ (beot (fz +e€))" (acsc(fr+e))" dz

input tint ((b*cot (f*x+e)) “n*x (a*csc(f*x+e)) “m, x)

p
output Lint ((b*cot (f*x+e)) "n*(a*xcsc(f*x+e)) "m,x)

-/

Fricas [F]

/(bcot(e+ fz))"(acsc(e + fz))" dz = / (beot (fz +€))” (acsc(fzr+e€))™ dz

input Lintegrate ((bxcot (f*x+e)) “n* (axcsc(f*x+e)) "m,x, algorithm="fricas")

output Lintegral((b*cot(f*x + e)) "nx(a*xcsc(f*x + e))"m, x)
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Sympy [F]

/(b cot(e + fx))"(acsc(e + fz))™dx = / (acsc(e+ fz))™ (beot (e + fx))" dx

input‘integrate((b*cot(f*x+e))**n*(a*csc(f*x+e))**m,x)

outputtlntegral((a*csc(e + fxx))**m* (bxcot(e + f*x))**n, x)

Maxima [F]

/(bcot(e—|— fz))"(acsc(e + fz))" dx = / (beot (fz +€))" (acsc(fzr+ €)™ dx

input Lintegrate ((b*cot (f*x+e)) “n*(a*xcsc(f*x+e)) "m,x, algorithm="maxima")

output Lintegrate((b*cot(f*x + e)) n*x(axcsc(f*x + e))"m, x)

Giac [F]

/(bcot(e+ fz))"(acsc(e + fz))" dz = / (beot (fz +€))” (acsc(fzr+e€))™ dz

inputLintegrate((b*cot(f*x+e))‘n*(a*csc(f*x+e))*m’x, algorithm="giac")

OutputLintegrate((b*cot(f*x + e)) "nx(a*xcsc(f*x + e))m, x)
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Mupad [F(-1)]

Timed out.

/(bcot(e + fz))"(acsc(e + fz))™dzx = /(bcot(e + fz))" <%>mdx

sin(e+ fx

input Lint((b*cot(e + £*x))~“n*(a/sin(e + £*x)) m,x)

output Lint((b*cot(e + f*x)) n*(a/sin(e + f*x))"m, x)

Reduce [F]

/(b cot(e + fx))"(acsc(e + fz))™ dx = b"a™ </ csc (fz+e)"cot (fz+e)" dx)

jnputLint((b*COt(f*X+e))An*(a*CSC(f*X+e))“m,x)

Outputtb**n*a**m*lnt(csc(e + fxx)**kmkcot(e + f*x)**n,x)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

410

rwisex)




CHAPTER 4. APPENDIX

(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],




CHAPTER 4. APPENDIX 413

Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p

CHAPTER 4. APPENDIX

414

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.




CHAPTER 4. APPENDIX

419

‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy

return max(7,ml)
elif str(expn).find("Integral") 1= —1:

ml = max(map(expnType, 1list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a ^4(x))^3/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a ^4(x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  a ^4(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 1  (a ^4(x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (b ^p(c+d x))^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a (b (c+d x))^p)^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (b (e+f x))^n (a (e+f x))^m  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a (e+f x))^m (b (e+f x))^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a (e+f x))^m (b (e+f x))^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (b (e+f x))^n (a (e+f x))^m  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n ^6(e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (d (e+f x))^n ^4(e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (d (e+f x))^n ^2(e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (d (e+f x))^n ^2(e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n ^4(e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n ^3(e+f x)  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n (e+f x)  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d (e+f x))^n ^3(e+f x)  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (b (e+f x))^n (a (e+f x))^m  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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