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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 242 ]. This is test number [ 235 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 14 (January 9, 2024) on windows 10 pro.
2. Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
3. Maple 2024 (March 1, 2024) on windows 10 pro.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

5. FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

6. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

7. Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

9. Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi | 99.17 (240) | 0.83(2)
Mathematica | 97.11 (235 ) | 2.89(7)
Maple | 90.50 (219) | 9.50 ( 23)
Fricas 60.33 (1146 ) | 39.67 (196 )
Giac 50.41 (122) | 49.59 ( 120 )
Maxima | 40.50 (98 ) | 59.50 ( 144 )
Reduce 24.79 (60 ) | 75.21 (182)
Mupad | 23.14 (56 ) | 76.86 ( 186 )
Sympy 2.07 (5) |97.93 (237)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 95.041 0.000 0.000 4.959
Mathematica 60.744 10.744 21.488 7.025
Maple 50.826 30.579 4.959 13.636
Fricas 47.934 11.983 0.000 40.083
Giac 28.926 17.355 0.000 53.719
Maxima, 11.570 23.967 0.826 63.636
Mupad 0.000 20.661 0.000 79.339
Reduce 0.000 20.661 0.000 79.339
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 2 100.00 0.00 0.00
Mathematica | 7 100.00 0.00 0.00

Maple 23 100.00 0.00 0.00

Fricas 96 66.67 33.33 0.00

Giac 120 42.50 0.00 57.50

Maxima, 144 70.83 16.67 12.50

Mupad 186 0.00 100.00 0.00

Reduce 182 100.00 0.00 0.00

Sympy 237 83.54 16.46 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Reduce 0.18

Giac 0.59

Rubi 0.68

Maxima 1.12

Fricas 1.90

Maple 4.77
Mathematica 6.83

Sympy 17.24

Mupad 20.38

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 26.80 0.94 27.00 0.93
Rubi 192.12 0.93 142.00 0.97
Giac 289.06 1.71 181.50 1.44
Reduce 499.38 2.49 97.50 1.34
Fricas 559.26 3.14 407.00 2.81
Maxima 770.86 4.75 255.50 2.45
Mathematica | 964.06 2.56 122.00 0.89
Maple 1589.46 3.91 224.00 1.53
Mupad 1614.84 6.20 122.00 1.09

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{222, 223|224, 225 226), 227, 228}, 229}, 230}, P37}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {231

Mathematica {[[44}[147) [[48}[149 [152}[153| [[58}[159) [[63} [165] [166}[167 [[69} 170, 171, [[72,

(174,175} [T76], 177,178} [I79, [180} [T81], 182} [183} [200}, [202} 204} 207, [209} 210}, 21T}, 212} 213,
P14 P15, 216, P17, 218, P21} p31] 41, R42)
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Maple {4849}[55}[56}[62}[63}[64}[65}[66}[67} 70} 71} [72}[73} 74} 75} 76} 77} [78} [79} [80} 81} [82} 33}
[84} 85} 124} [147} 151} [152} [153, [154), [[57} [L58} [159, 160} (163, [164} (165} 166, [L67} 169}, 17T,

7T 172} 173, 174,175} (176, 177} [T78] [179} 180} (181}, 182} [T83} [184} [187} 188} 210} 213} 214}
15| P16, 217, p21)}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.
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1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.

1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
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'load(abs_integrate)' 'load(diag)'

N J

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib ‘
maxima_lib.set('extra_definite_integration_methods', '[]') ‘
maxima_lib.set('extra_integration_methods', '[]') ‘

See https://ask.sagemath.org/question/43088/integrate-results-that-are|

Jdifferent-from—using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
V/ask.sagemath.org/question/ofr123/could-we-have-a-leat count-function-1ij

n-base-sagemath/|

def tree_size(expr):
Y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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‘ if x is None: ‘
| return 1 |
- else: |
L return 1 + sum(tree_size(a) for a in aa) J

For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7*count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

s N

| integrand = evalin(symengine, 'cos(x)*sin(x)"')

‘ the_variable = evalin(symengine, 'x')
‘a.nti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 31l
Mma . . . . . . e e e e 32
Maple . . . . . . e
Fricas . . . . . . . e
Maxima . . . . . . . e e e
Gilac . . . . e e 34
Mupad . . . . . . . 34
SYMPY . . . o o e e
Reduce . . . . . . . . . . e e 30

Rubi

A grade {[12)B)705,6 7 890 1) 2 13,4 15,67 15 9, 20} 21 22,23 20,25 26,
[27,[28, 29} 30, 31}, B2} 33} 34, [35}, 36} [37], 38, 39}, (40} 41}, 42} 43, (44} (45, {46}, A7), 48}, 49, [5 T}, 5T
[2}[63, 54} (55, [56} 571, [58} 59} [60} 6T, (62,63} [64} (65} (661, (67} (68, (69} [70L [71}, [72}[7 3}, [74,[75, [76),
(77,78} [79, B0, {81} 82, B3} [84} |85}, 86} [B7} 88, B9} (90} 9T} 92}, 93} 94}, [95}, (965, 97, 08} [99} [100} [10T}
[102},[103}, 104}, [105}, [106}, [107} [T08},[109} (110}, [TTT} [TT2,[T13, [T 14} 115} 116}, 117, 118} 119} 120,
(121}, [T22} 123, [124}, 125}, 126}, [T27} [128},[129], 130}, 131, 132} [133},[134}, 135}, [T 36}, [137} [138}, 139,
[140}, (14T}, 142} 143}, 144}, [145] [146}, [147} [T48], 149, [150} 15T} (152} [T53], 154} [155}, (156} (157}, 158,
[159, 160, 16T, [162}, 163}, 164} [165} 166}, [167], 168, 169, 170} (17T}, [172], 173, [T74, [I75} [176}, 177,
[178,[T79, 180}, [18T], 182}, 183}, [184 185, [186], 187, (188, 189} [190} [191], 192, 193], [194} [195}, 196,
[197,[198},[199}, 200} (201}, 202} [203} 204} 2035}, 206}, 207, 208}, 209} 210}, 212, 213}, 214} 215}, 2T6],
17,219,220, 221, 231, 233,253, 234 235 230, 238, 259,20, 2AT} 242 )

B grade { }

C grade { }

F normal fail {211,218 }
F(-1) timedout fail { }
F(-2) exception fail { }
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Mma

A grade {[113[4[5][8} 11)[12}[13} 1415} 19} 24 33| 34 A1} 42} |43} 44} 45 [50} 51} 52} 3} 5]
(58, 5% 5} 66} 67 63} 72, 73, [74 75, 7% B0} BT, B2 83, 86} B7) B3} 89, 90} 0T} P2, 03, 4 5,
[96, 97, 98} 09, (100} [0} (102} (03, (L0 [0} (L6, (107} T8, (109} [-T0} (LT, [T} (LT3} 14} (LT,
[[T6) (117} [CT8) [TT9} [T20) [T2T} (122} 123, (124 125, [[26} [C27) [[28} (129 (130, (138 [[39, (140} [T}
[[42 (15} 146 (L7, 148 [[50, [[51,[[52, [153} (54 [L55 56 (157, [158} 159, [160) [[6T} (162} 16}
(1675, (168} (169} [L70, [[73} 174, [T75 76, [L78} 79 (I8 182} (184} 85 186, 187 [[88, 189} 190}
[T9T) (192, [19%[T9%6, 197} (T8, [T99} (20T} (203, 204 208} 219 (232, 233, (237 235, [236) 238, [239)

40 }

B grade { 5172544, [[71} 77 [[50, 153 [93} 95} 200} 202, 205, 206, 209 210, 212} 213,
BT4,213,B16,217 221,231,241} 213 }

C grade { [70) 0,6} 15) 2021} 22) 23,26, 27 25,2 50, 5 52, 35 56,57, 35 59, o,
(A7, 48,49, 54} 55} [56}[60L 61} 62} (63} [64} (69} [70} [7 T, [76}, [77} 78}, [84} [B5} (143}, [149, [163], [166), 167
[172] 207,211} 218, 220] }

F normal fail { [I31}[132},[I33}[I34},[135[136,[137 }

F(-1) timedout fail { }

F(-2) exception fail { }

Maple

A grade {[21[3[45(61[7] 8 910} [14}[15 16} 17} [I8) 19} 20} 21} 22} [23, 24} P} [26} 27} [28) 29
B0, BT} 32, B3, 3%, 85, (36} 87, 38} (39}, 0} AT, 42 3, A4, 5, 49, 50} BT, 52 53, 7, 58} 69, 60
(6566} 167, 68,73, 74} [75}[77, [78) [ET} [82} 183} 85, 8% [OT} 02, 93} 98} [99}, (100} 107} [108), (109, [L 13
[TT5) (16, (117, [T19} 21} (123} 124, [T26) (127, (128} (29 (143, 14} 145 146, [147, 148} 149} [L50),
[T54 [155, (156, (160} 161} (162, 166} 167 (L72, [T73} 78, [L79, [[89 (190} 19T} (192, 193} 194 95,
[196}[199}[201} 203} [204} 207 [208| 211} 218, 219} 220] }

B grade {[55,[7) 45,54 55,50, 616263, 69,70, 7172 7579, 50,54 53,50,98,57,[10%
(105, (106}, 110}, [111], 112} [TT4, 118} [120], 125} (130, [151} [152, [153} [157], 158} [159, [163}, 164 [165),
[168},[169], 170} [171], 174, [175], [176}, [177], 180}, [181], 182} [183], 184 [185], 186}, 187,188}, [197,[198,
(00, 202, 205, 206,209, 210, 212, 213,214 215, 216,217,221}

C grade { [1}[11}[12},[13,[86}[87,[94[05}[101}[102}[103}[122] }

F normal fail {[I31}[132}[133}[134} 135} 136}[137} 138} 139} [140} [141} [142 [231} [232} [233} [234}
[235}[236} 238} 239} 240} 241} 247 }

F(-1) timedout fail { }
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F(-2) exception fail { }

Fricas

A grade { [123,,5,7 8,0 10) 3,2 13,4156, 7 05, 1920, 2, 27 25, 26) 27,28
29,30, BT}, 32, 33} 34 135}, 36} 37}, 38, [39} (40}, T}, A2} 43, 44}, 45, (46}, 47, 48}, 49, [50}, 5T}, 62} [5.3),
54, [63} (56}, 57} [68} 59 160} (64} [651, (66} (671, 68, (69} [70, [7T, [72} [73,, [76, [77} [78, [79} [BC} BT, B2} B4},
1851, (86} [87},[94, [95}, [10T}, [102} [T03}, [T 30}, [143}, [147], 148}, 149}, [150} [151},[152}, [154} [155} [156), (157
[158,[160} 16T}, 162}, [163],[164}[165} 166}, [167], 168,169,170} [172}[173],[178, 179} [184} [185], 187,
183159 }

B grade { [}(23,2361) 62,63 7% 75,53 555990} 05, 114, [L18) 122} 153} 55 7 150,
[186} (190} [191} [192} 193} [194} [195} 196} [197] }
C grade { }

F normal fail { [90}[91}[92}[93}[97}[98}[99} [00} [104} [106),[107} 108} 109} [LT0} [T 11} 112} 113}
(115}, 116}, LT7}, 119} [120} [12T] [T23} [T24}, [T25}, [T26}, 127} [128, [129, [13T}, 132, 133}, 134} [135}, [136),
[137],[138},[139} [140} [141}, [142} 144} 145} [T98), 200} 202, [205, [206] [208} 210}, 212}, 221, 23T}, 232,
[233} 234} [235} 236} [238} 239} [240} [241} 242 }

F(-1) timedout fail { [146}[171}[175} 176} [177}[181} 182} 183} [199, 201} 203 204, 207} [209}

11 p13|p14, P15 P16} 217, P18, 210} 220] 222] p23] 224] 225|226, 227 228 229, 230)] }

F(-2) exception fail { }

Maxima

A grwﬁl@@
113} [T14) [T 19} [125] }

B grade { [3}[6,[7,8}[%[L0}[11}[12}[14}[16} 17, [L8}[19}[20} 21} 22} 23, [24} [25}31} 32} 33} [34, |45}
(52} 59186}, 187 |88} P11, [92, 93,94} 95, [96}, [99), 100} (10T, [L02, [L03} [L07], 108} 109} 115,16, 117,
[120} 121} [122} 123} [T26} [T27} [128} [129} [130} [150} 156} [162] }

C grade {[68[168 }

F normal fail { {52,554, 7} 5,50, 51,53, 53[0, 65 65,67 69,0, 71,72, 73} P )
[76}[77,[78, B2}, B3}, 84}, [85}, 13T}, (132} [T33}, 134} [T35} 136}, [137}, [138}, 139}, [T40}, [T4T}, [142} 143} [144],
(145}, (146}, (147,148}, [149} 151}, 152} [T54, [155} (157, [T6 T}, [16 3], [166}, [167], 169} [170, [T72} 173, [T 74,
[175,[176], 179, [180, (18T}, [184} [188},[198], 199}, (200, 20T}, (202}, 203}, [204, [205}, (206}, 207} (208, 209,
210, 211}, 212, 213}, 214}, [215], 216} 217, 218} 219, 220} 221}, 231}, 232, 233}, [234, 235} [236], 238,

239,240,241}
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F(-1) timedout fail {[49][54[55}[56,[57} 61} [62}[63}64,[7%}[80, 81} [L53}[158} [L59} 160} [164)
[165] 171} [177,[178][182}[183] 242 }

F(-2) exception fail {[104[105}[110}[111}[T18)[T24}[185} [I86} [I87 [I89} [[90} 191} [192}[193,
[194}[195}[196}[197 }

Giac

A grade {[L[2[3,[4(61[7] 8 9L} [L1}[12} 13} 14} [L5} L6} 17 [I8} 19} 20} 21} 22} [23) 24} 25} 6]
[28, 129} 30, B13 [32, B3, [34} [B5} 36} 37}, % 40} 1} 22} 50}, 57} 58, 59} 00}, 911 B2} 93, P8, [0 100
[TUB) (107, (108} (109} 114, [LT5} (16 21} (122, [[23} 12 [[28, [129), (30} [48, 155 (60} 16T} (190,

197}

B grade {[5[27][38 43} 44} 45} 46} 47} |48} 19} 5T} [52) 53} 54 55 56} 60} 61} (62} 63} 641 143} 147
[T49} 150, [T51], 52} 153, [[54} [T56 [58) [[59, (162} (164 (165, (189} 19T (193, (194} [[95 196, 197
}

C grade { }

F normal fail {[131}[132}[L33}[134}[135] [L38)[139} 140} [L41} [142} 144} [145] [146|[184} 185} [L86]
(187, (188} (198} [199, (200} [201} [202} (203, (204} [205] [206), 207, [208} [209] 210, 21T} 212 213, 214
[215}216,[217} 218) [219| 220} [221} 231} [232} [233} 234] [238} 239} [240} 241} 242] }

F(-1) timedout fail { }

F(-2) exception fail {[65[66[67} 68,6970, [71}[72} 73} 7475} [76} [77, 78} 79} [80, BL} 82} 83,
/52, 85, 85, 87, 83, 59, 04 U5, 96, 67} (10T} [02, (103, [0 (105, [0, 11} [.12, T3 (L7} 18
[TT9) (20, 125} (126, (27} (136, (57} (157, [63, 166, [67} 168, (169} .70} 71} .72 [T73, (.73 (75,
[[76) 77, (178} .79} (180} {81} [182) (183} 235,236 }

Mupad
A grade { }
B grade {[1,[2,3[4,5,[6}[7, 8} 9} [10,[L1} [12} [L3} 1415} 16, [17} 18} 19} [20} 21} 22} ]23} [24 25} 26}

%@@@@@@@@@@@@@mmmmmmmm

C grade { }

F normal fail { }

F(-1) timedout fail {{2[3,[44[45) 46} 47,4849} [50, 51} 52} 53} 54, 55 56} 57} 68, 5% 60}
[61}62,[63}64} 165, (66} 67} [68; [69} [70} [71} [72} [73} [ 4 [75} [765, [77, 78} [79} |80} BT} 82, [83} 84} 85,
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186} 187} 83, [89} [90} 91}, 92} [93} 194 [95}, (96} [97, 98} [99} [100} (10T} 102}, 103}, 104} [105} 106} 107,
[108}[109} [TT0, 111} 112, T13} 114} 115, [T16} 117} [TT8, T19}[120} [T2T} 122} 123, [T24} 125} [T26)
(127, (128, [T29, 130} 131}, 32} 133} 134, [135} 136} [[37, [138} 139} [140} 141} 142, [143} [144} [T45,
(146} 147} [T48, 149} 150}, (15T} 152} 153, [154} 155} [L56} 157} 158} [159} 160} 16T}, 162} 163} 164,
[165},[166}, (167, 168} 169} [T70, 171} 172, [I73} 174} [T75, 176} 177, [T78, 179} 180} [18T} 182} 183,
(184} (185} (186 187} [188} [198, 199} [200}, 201} 202} [203, 204} [205] 206}, 207} [208, 209, 210} 21T},
212} 213} [214, 215} [216} 217, 218} 219} 220} 221} [224} 227, [229} [230}, 231}, [232} [233), 234} [235,
[236}[238} 239} 240} 241} 242] }

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail { [1))BLM 6,7 60 0L} (23} (45} 16,7} (5,0 20| 2 P2 ) 2
[25}[26], 27} [28, 29} 30, [31}, 32} [33} 34, [35}, 36}, 37 38}, 39}, A0} [T}, 42} 43, 44}, (45, 46, (47, 48} 49,
50,61}, 52, 53} [64} 551, [56} 67}, 58, [59} (60}, 6T}, [65} (66, 67, (68}, (69} [70, [T} [72, [7 3} [74} [7 5}, [76} [77)
[78,[79, B0} (8T}, B2} [83} B4} [85} 188} [89}[90}, 9T} [92, 96} [97], 98} [99, 112, 113} [T14} [T15} [TT6} 119,
(120}, [T2T}, [T22} 126}, 127], 128, [T3T} 132}, [133], 134, [135, 136}, (137} [140}, 14T}, 142} 143} [T44} 1435,
[146},[147, 148}, [149} [150}, 15T}, [T52} 153}, [T54}, 155}, [156], 157} [158} [159], 160} [16 T, [162} [163], 164,
[166},[167, (168}, [169}, 170, 171, [T72} 173}, [174], 175} [176 [T77, [178}[179, 180, 18T} 182} 183}, 184,
(185}, (186}, (187} [188},[189, 190}, [191}, 192}, [193], 194, [195,, (196}, (197} [198], 199, [200}, 201}, 202}, 203,
[204, [205,[206}, 207} 208}, 209, [210}, 211}, 212}, 213}, [218}, 219}, 220}, 221}, 231}, 232} 233}, 234}, [235),
36,235 239, 240, 241,23 }

F(-1) timedout fail { [62}/63,/52)[6, 87, 93} 9495 [0} (101} [02|[103} 104 [[05} 106} 107
[108,[T09, [T10} (111}, 117, 118} [T23} 124} [125], 129, (130}, 138} [139} [165], 214}, 215, 216}, 217}, 224,
227, 223,229,230 )

F(-2) exception fail { }
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Reduce
A grade { }

B grade {[I,[2,3[4,5,[6}[7,/8l 9} 1011} [12} L3} 14}[15} 16, [17} 18} 19} [20} 21} 22} [23] [24 25} 26
%@@@@@@@@@@@@@mmmmmmmm
}

C grade { }

F normal fail {i2)[3)E8, 5} 45,7 5, 40,50} 51,52 53,5 5 56,57} 55,60, 60,61} 2,
63} 164,651 (66}, 67} [68,[69, [70} [7 T} [72, [73}, [74}, [75,[761, [77], [78} [79}, [80, [B1}, 82} [83, [B4} 85}, |86} [87,
153,59} 90 91} 92, 193} 9%, 5} 96, 97, 98} 199} 00} L0, (102} [LU3} [10% LU, [L06, (07, L8} 09,
[1T0} 111}, 112} [TT3}, 114, [TT5] 116} [TT7, 118} [TT9, [T20} [121], 122} [123], 124} [125], 126}, 127, [T28],
(129,130}, 13T}, [132}, 133} [134}, 135} [136], 137} (138, [1 39} [140}, (141}, [142, [143} [144} [T45], [146], [147,
[148}[149},[150} 151}, 152} 153} [154} 155}, (156}, [157], [158}, [159, [160} [161}, 162} [163), 164}, [165],[166),
[167, (168}, [169, [170}, 17T, [172, 173} [T74, 175} [176], [T'77} [178], [T79} [180, 18T, [182, [T83}, 184} [I85),
(186,187, [188},[198}, (199, 200} 20T}, 202}, 203} (204, [205}, [206], 207} 208}, 209} 210, 21T}, 212, T3],
(214,215}, 216, [217], 218, 219}, 220, 221}, 231}, 232}, 233} 234}, 235}, 236}, 238}, 239, 240}, 241}, 242]
}

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A C A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 196 176 165 206 334 179 0 191 318 228
N.S. 1 0.90 0.84 1.05 1.70 0.91 0.00 0.97 1.62 1.16
time (sec) N/A 0.564 1.574 1.444 0.042 0.092 0.000 0.243 0.177 11.140

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 140 126 146 172 240 163 0 172 298 195
N.S. 1 0.90 1.04 1.23 1.71 1.16 0.00 1.23 2.13 1.39
time (sec) N/A 0.470 1.041 1.113 0.041 0.099 0.000 0.220 0.181 11.288

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 89 122 133 203 147 0 153 226 163
N.S. 1 092 1.26 1.37 2.09 1.52 0.00 1.58 2.33 1.68

time (sec) N/A 0.450 0.654 0.906 0.037 0.089 0.000 0.200 0.178 11.271
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 35 45 56 57 65 0 48 78 84
N.S. 1 0.74  0.96 1.19 1.21 1.38 0.00 1.02 1.66 1.79
time (sec) N/A 0.326 0.025 0.469 0.035  0.072 0.000 0.162 0.170 12.581
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 55 52 97 84 95 103 0 103 127 91
N.S. 1 095 1.76 1.53 1.73 1.87 0.00 1.87 2.31 1.65
time (sec) N/A 0.316 0.245 0.478 0.033  0.085 0.000 0.142 0.183 10.529
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 51 201 52 153 87 0 7 80 46
N.S. 1 091  3.59 0.93 2.73 1.55 0.00 1.38 1.43 0.82
time (sec) N/A 0.359 1445 0.177  0.113 0.084 0.000 0.147 0.165 11.035
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 66 53 41 174 88 0 57 52 40
N.S. 1 093 0.75 0.58 2.45 1.24 0.00 0.80 0.73 0.56
time (sec) N/A 0.413 0.045 0.198 0.111  0.070 0.000 0.156 0.189  10.523
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 94 151 54 215 128 0 72 65 96
N.S. 1 092 148 0.53 2.11 1.25 0.00 0.71 0.64 0.94
time (sec) N/A 0.488 1.171 0.221 0.115  0.075 0.000 0.202 0.161 10.563
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 122 119 67 294 172 0 88 78 124
N.S. 1 092 0.89 0.50 2.21 1.29 0.00 0.66 0.59 0.93
time (sec) N/A 0.582 0.763 0.283 0.125  0.074 0.000 0.170 0.162 10.476
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 150 111 80 335 212 0 104 91 146
N.S. 1 091  0.68 0.49 2.04 1.29 0.00 0.63 0.55 0.89
time (sec) N/A 0.690 0.772  0.302 0.129  0.081 0.000 0.228 0.159  11.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 188 169 189 217 356 195 0 210 408 259
N.S. 1 090 1.01 1.15 1.89 1.04 0.00 1.12 2.17 1.38
time (sec) N/A 0.508 1.806 1.498 0.039 0.105 0.000 0.268 0.167 11.669
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 123 165 206 334 179 0 191 318 227
N.S. 1 093 1.25 1.56 2.53 1.36 0.00 1.45 241 1.72
time (sec) N/A 0.579 1.064 1.331 0.040 0.089 0.000 0.236 0.163 11.280
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 68 52 61 81 94 81 0 65 116 122
N.S. 1 0.76  0.90 1.19 1.38 1.19 0.00 0.96 1.71 1.79
time (sec) N/A 0.391 0.027 0.715 0.035  0.078 0.000 0.181 0.166 13.591
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 89 122 133 203 147 0 153 226 163
N.S. 1 092 1.26 1.37 2.09 1.52 0.00 1.58 2.33 1.68
time (sec) N/A 0.438 0.424 0914 0.037  0.090 0.000 0.225 0.161 10.917
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 76 101 7 107 118 0 104 186 104
N.S. 1 099 131 1.00 1.39 1.53 0.00 1.35 2.42 1.35
time (sec) N/A 0.397 0.428 0.550 0.033 0.083 0.000 0.169 0.169 10.309




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 41
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 71 275 94 274 125 0 111 174 85
N.S. 1 091  3.53 1.21 3.51 1.60 0.00 1.42 2.23 1.09
time (sec) N/A 0.446 3.384 0.260 0.116  0.092 0.000 0.192 0.163 10.350
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 80 226 58 274 156 0 80 89 45
N.S. 1 091 257 0.66 3.11 1.77 0.00 0.91 1.01 0.51
time (sec) N/A 0.515 2.370  0.257 0.115 0.089 0.000 0.190 0.164 10.431
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 94 53 54 282 128 0 73 65 96
N.S. 1 092  0.52 0.53 2.76 1.25 0.00 0.72 0.64 0.94
time (sec) N/A 0.592 0.051 0.226 0.119 0.078 0.000 0.206 0.162 11.041
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 122 161 67 383 172 0 88 78 122
N.S. 1 092 121 0.50 2.88 1.29 0.00 0.66 0.59 0.92
time (sec) N/A 0.693 1.104 0.289 0.129  0.078 0.000 0.196 0.162  11.292
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 164 150 139 80 403 212 0 104 91 146
N.S. 1 091 0.85 0.49 2.46 1.29 0.00 0.63 0.55 0.89
time (sec) N/A 0.835 1.272 0.310 0.132  0.082 0.000 0.236 0.171  11.015
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 351 137 603 242 0 153 252 145
N.S. 1 1.00  2.58 1.01 4.43 1.78 0.00 1.12 1.85 1.07
time (sec) N/A 0.630 2.811 0.504 0.128  0.096 0.000 0.224 0.161  10.908
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 91 298 105 413 220 0 134 161 112
N.S. 1 0.89  2.92 1.03 4.05 2.16 0.00 1.31 1.58 1.10
time (sec) N/A 0.546 2.146 0.397 0.121  0.087 0.000 0.203 0.172  10.883
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 7 189 58 268 173 0 80 57 46
N.S. 1 091  2.22 0.68 3.15 2.04 0.00 0.94 0.67 0.54
time (sec) N/A 0.491 1.214 0.277 0.114 0.086 0.000 0.174 0.173  10.845
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 62 67 41 170 94 0 60 40 38
N.S. 1 0.93 1.00 0.61 2.54 1.40 0.00 0.90 0.60 0.57
time (sec) N/A 0.404 0.032 0.209 0.116  0.073 0.000 0.158 0.163  10.904
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 61 56 139 37 119 86 0 53 36 41
N.S. 1 092 2.28 0.61 1.95 1.41 0.00 0.87 0.59 0.67
time (sec) N/A 0.331 0.606 0.191 0.112  0.071 0.000 0.131 0.165 10.849
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 66 58 50 102 70 0 81 61 69
N.S. 1 096 0.84 0.72 1.48 1.01 0.00 1.17 0.88 1.00
time (sec) N/A 0.422 0.449 0.205 0.112  0.081 0.000 0.138 0.178  10.905
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 34 39 38 46 81 0 95 56 58
N.S. 1 0.74  0.85 0.83 1.00 1.76 0.00 2.07 1.22 1.26
time (sec) N/A 0.343 0.030 0.206 0.111  0.073 0.000 0.171 0.178 11.107
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 100 70 78 147 154 0 110 91 161
N.S. 1 1.02 0.71 0.80 1.50 1.57 0.00 1.12 0.93 1.64
time (sec) N/A 0.549 0.792 0.257 0.115 0.076 0.000 0.182 0.174 11.056
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 166 146 81 91 167 166 0 122 104 185
N.S. 1 0.88  0.49 0.55 1.01 1.00 0.00 0.73 0.63 1.11
time (sec) N/A 0.508 2.038 0.301 0.117  0.080 0.000 0.186 0.160 11.007
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 210 187 91 104 186 232 0 135 117 209
N.S. 1 0.89 0.43 0.50 0.89 1.10 0.00 0.64 0.56 1.00
time (sec) N/A 0.583 5.232 0.339 0.119 0.083 0.000 0.232 0.179 11.119
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 162 143 372 118 562 289 0 154 174 134
N.S. 1 0.88  2.30 0.73 3.47 1.78 0.00 0.95 1.07 0.83
time (sec) N/A 0.698 4.543 0.512 0.130  0.091 0.000 0.241 0.169 10.994
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 148 134 202 69 396 242 0 102 68 50
N.S. 1 091 1.36 0.47 2.68 1.64 0.00 0.69 0.46 0.34
time (sec) N/A 0.754 2.362 0.350 0.131 0.098 0.000 0.214 0.170 11.395
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 88 90 54 277 138 0 80 53 93
N.S. 1 092 0.94 0.56 2.89 1.44 0.00 0.83 0.55 0.97
time (sec) N/A 0.578 0.052  0.257 0.119 0.088 0.000 0.172 0.170 11.643
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 88 151 54 211 138 0 80 53 93
N.S. 1 092 1.57 0.56 2.20 1.44 0.00 0.83 0.55 0.97
time (sec) N/A 0.486 1.134 0.248 0.116  0.079 0.000 0.169 0.180 11.936
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 80 79 50 159 124 0 71 51 85
N.S. 1 091 0.90 0.57 1.81 1.41 0.00 0.81 0.58 0.97
time (sec) N/A 0.392 0.441 0.222 0.111 0.078 0.000 0.154 0.163 11.805
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 115 71 65 122 109 0 102 76 82
N.S. 1 091  0.56 0.52 0.97 0.87 0.00 0.81 0.60 0.65
time (sec) N/A 0.465 0.569 0.227  0.113  0.073 0.000 0.184 0.180  11.367
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 101 70 78 146 154 0 116 91 161
N.S. 1 1.01  0.70 0.78 1.46 1.54 0.00 1.16 0.91 1.61
time (sec) N/A 0.538 0.975 0.251 0.116  0.076 0.000 0.192 0.170  11.486
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 53 39 53 56 118 0 129 72 94
N.S. 1 0.79  0.58 0.79 0.84 1.76 0.00 1.93 1.07 1.40
time (sec) N/A 0.411 0.043 0.265 0.109 0.088 0.000 0.183 0.180 11.570
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 129 126 81 104 187 232 0 142 117 209
N.S. 1 098 0.63 0.81 1.45 1.80 0.00 1.10 0.91 1.62
time (sec) N/A 0.681 4.752 0.315 0.117  0.089 0.000 0.209 0.172  11.888
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 210 187 91 117 205 271 0 154 130 233
N.S. 1 0.89 0.43 0.56 0.98 1.29 0.00 0.73 0.62 1.11
time (sec) N/A 0.521 5.868 0.366 0.120  0.087 0.000 0.237 0.162 12.695
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 252 220 499 130 227 310 0 169 143 257
N.S. 1 0.87 1.98 0.52 0.90 1.23 0.00 0.67 0.57 1.02
time (sec) N/A 0.628 7.434 0.416 0.120  0.090 0.000 0.256 0.170  12.870
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 175 157 122 162 0 373 0 295 102 0
N.S. 1 0.90 0.70 0.93 0.00 2.13 0.00 1.69 0.58 0.00
time (sec) N/A 0.449 5.325 2.286 0.000  0.107 0.000 0.694 0.209 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 140 128 112 146 0 347 0 263 82 0
N.S. 1 091 0.80 1.04 0.00 2.48 0.00 1.88 0.59 0.00
time (sec) N/A 0.427 1.204 1.887  0.000  0.103 0.000 0.566 0.208 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 99 100 135 0 313 0 232 58 0
N.S. 1 094 0.95 1.29 0.00 2.98 0.00 2.21 0.55 0.00
time (sec) N/A 0.424 0.740 1.730 0.000  0.100 0.000 0.497 0.200 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 68 91 104 147 234 0 193 36 0
N.S. 1 1.03 1.38 1.58 2.23 3.55 0.00 2.92 0.55 0.00
time (sec) N/A 0.357 0.441 1.399 0.164 0.095 0.000 0.395 0.199 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 63 46 193 0 266 0 196 29 0
N.S. 1 091 0.67 2.80 0.00 3.86 0.00 2.84 0.42 0.00
time (sec) N/A 0.370 0.326 0.740 0.000 0.136 0.000 0.332 0.195 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 96 59 214 0 339 0 296 38 0
N.S. 1 092 0.57 2.06 0.00 3.26 0.00 2.85 0.37 0.00
time (sec) N/A 0.384 0.412 0.825 0.000  0.127 0.000 0.363 0.202 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 139 126 59 255 0 405 0 391 49 0
N.S. 1 091 042 1.83 0.00 291 0.00 2.81 0.35 0.00
time (sec) N/A 0.388 0.599  0.898 0.000  0.137 0.000 0.412 0.190 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F(-1) A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 174 156 59 294 0 475 0 487 58 0
N.S. 1 090 0.34 1.69 0.00 2.73 0.00 2.80 0.33 0.00
time (sec) N/A 0.392 3.859 0.963 0.000 0.146 0.000 0.443 0.208 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 177 154 124 162 0 385 0 297 83 0
N.S. 1 0.87  0.70 0.92 0.00 2.18 0.00 1.68 0.47 0.00
time (sec) N/A 0.407 1.545 3.409 0.000  0.110 0.000 0.861 0.211 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 125 114 145 0 355 0 265 81 0
N.S. 1 0.88  0.80 1.02 0.00 2.50 0.00 1.87 0.57 0.00
time (sec) N/A 0.398 0.857 2.536 0.000  0.102 0.000 0.652 0.213 0.000
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 101 94 100 129 998 303 0 227 39 0

N.S. 1 0.93 0.99 1.28 9.88 3.00 0.00 2.25 0.39 0.00
time (sec) N/A 0.357 0.529  2.257 0.211 0.092 0.000 0.419 0.210 0.000

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F B F F(-1)
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 70 65 78 109 0 269 0 198 59 0

N.S. 1 093 1.11 1.56 0.00 3.84 0.00 2.83 0.84 0.00

time (sec) N/A 0.382 0.422 1.047 0.000 0.128  0.000 0.422 0.198 0.000

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F(-1) A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 93 73 215 0 351 0 318 78 0

N.S. 1 091 0.72 2.11 0.00 3.44 0.00 3.12 0.76 0.00
time (sec) N/A 0.388 0.584 1.216  0.000 0.145 0.000 0.494 0.212 0.000

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C B F(-1) A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 137 126 73 266 0 417 0 428 99 0

N.S. 1 092 0.53 1.94 0.00 3.04 0.00 3.12 0.72 0.00

time (sec) N/A 0.384 0.898 1.285 0.000 0.140 0.000 0.670 0.215 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 172 156 73 314 0 495 0 555 118 0
N.S. 1 091 042 1.83 0.00 2.88 0.00 3.23 0.69 0.00
time (sec) N/A 0.403 4.199 1.349 0.000 0.145 0.000 0.806 0.233 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 212 181 134 174 0 441 0 329 127 0
N.S. 1 0.85  0.63 0.82 0.00 2.08 0.00 1.55 0.60 0.00
time (sec) N/A 0.413 2.246 73.039 0.000 0.108 0.000 0.992 0.238 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 177 152 124 165 0 409 0 297 63 0
N.S. 1 0.86 0.70 0.93 0.00 2.31 0.00 1.68 0.36 0.00
time (sec) N/A 0.391 0.972 16.981 0.000  0.105 0.000 0.700 0.223 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 119 110 144 1396 353 0 227 81 0
N.S. 1 0.90 0.83 1.09 10.58 2.67 0.00 1.72 0.61 0.00
time (sec) N/A 0.421 0.578 4.588 0.230  0.106 0.000 0.596 0.240 0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 90 66 119 0 291 0 268 96 0
N.S. 1 0.87  0.64 1.16 0.00 2.83 0.00 2.60 0.93 0.00
time (sec) N/A 0.406 0.355 3.063 0.000 0.124 0.000 0.565 0.208 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 70 70 136 0 339 0 243 122 0
N.S. 1 095 0.95 1.84 0.00 4.58 0.00 3.28 1.65 0.00
time (sec) N/A 0.403 0.527 12.149 0.000  0.134 0.000 0.633 0.231 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) B F(-1) B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 104 92 73 268 0 441 0 428 156 0
N.S. 1 0.88  0.70 2.58 0.00 4.24 0.00 4.12 1.50 0.00
time (sec) N/A 0.401 1.010 58477 0.000 0.140 0.000 0.812 0.226 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) B F(-1) B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 140 126 73 308 0 527 0 556 182 0
N.S. 1 0.90 0.52 2.20 0.00 3.76 0.00 3.97 1.30 0.00
time (sec) N/A 0.408 4.265 3.087  0.000  0.147 0.000 0.789 0.240 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-1) A F(-1) B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 172 153 73 356 0 601 0 672 216 0
N.S. 1 0.89 0.42 2.07 0.00 3.49 0.00 3.91 1.26 0.00
time (sec) N/A 0.413 5.192 0.994 0.000 0.158 0.000 0.993 0.243 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 185 188 153 218 0 552 0 0 156 0
N.S. 1 1.02  0.83 1.18 0.00 2.98 0.00 0.00 0.84 0.00
time (sec) N/A 0.507 4.980 2.365 0.000  0.516 0.000 0.000 0.240 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 152 155 166 204 0 518 0 0 126 0
N.S. 1 1.02  1.09 1.34 0.00 3.41 0.00 0.00 0.83 0.00
time (sec) N/A 0.440 2.298 2.015 0.000  0.417 0.000 0.000 0.218 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 119 120 100 194 0 438 0 0 92 0
N.S. 1 1.01 0.84 1.63 0.00 3.68 0.00 0.00 0.77 0.00
time (sec) N/A 0.398 0.604 1.784 0.000  0.202 0.000 0.000 0.196 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A C A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 87 85 102 132 699 298 0 0 60 0
N.S. 1 098 1.17 1.52 8.03 3.43 0.00 0.00 0.69 0.00
time (sec) N/A 0.350 0.324 0.970 0.387  0.149 0.000 0.000 0.186 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 121 119 75 263 0 436 0 0 34 0
N.S. 1 0.98  0.62 2.17 0.00 3.60 0.00 0.00 0.28 0.00
time (sec) N/A 0.397 0.371 0.754 0.000  0.193 0.000 0.000 0.174 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 161 151 83 321 0 520 0 0 51 0
N.S. 1 094 0.52 1.99 0.00 3.23 0.00 0.00 0.32 0.00
time (sec) N/A 0.446 0.359 0.862 0.000  0.175 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 196 183 83 361 0 608 0 0 52 0
N.S. 1 093 0.42 1.84 0.00 3.10 0.00 0.00 0.27 0.00
time (sec) N/A 0.467 0.479 0967  0.000 0.183 0.000 0.000 0.178 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 208 213 196 676 0 634 0 0 206 0
N.S. 1 1.02 094 3.25 0.00 3.05 0.00 0.00 0.99 0.00
time (sec) N/A 0.518 4.144 2.664 0.000 0.872 0.000 0.000 0.210 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 175 178 132 192 0 550 0 0 166 0
N.S. 1 1.02  0.75 1.10 0.00 3.14 0.00 0.00 0.95 0.00
time (sec) N/A 0.446 2.617 3.004 0.000  0.390 0.000 0.000 0.209 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 119 142 119 170 0 542 0 0 122 0
N.S. 1 1.19  1.00 1.43 0.00 4.55 0.00 0.00 1.03 0.00
time (sec) N/A 0.410 0.753 2.083 0.000  0.303 0.000 0.000 0.206 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 113 146 145 170 0 505 0 0 80 0
N.S. 1 1.29 1.28 1.50 0.00 4.47 0.00 0.00 0.71 0.00
time (sec) N/A 0.381 0.593 1.643 0.000  0.200 0.000 0.000 0.178 0.000
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 182 175 102 702 0 514 0 0 50 0
N.S. 1 0.96 0.56 3.86 0.00 2.82 0.00 0.00 0.27 0.00
time (sec) N/A 0.462 0.401 4.049 0.000  0.178 0.000 0.000 0.177  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 219 209 102 363 0 560 0 0 43 0
N.S. 1 095 047 1.66 0.00 2.56 0.00 0.00 0.20 0.00
time (sec) N/A 0.496 0.397 1.230 0.000  0.187 0.000 0.000 0.161 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 254 241 102 403 0 714 0 0 70 0
N.S. 1 0.95 0.40 1.59 0.00 2.81 0.00 0.00 0.28 0.00
time (sec) N/A 0.535 0.497 1.352 0.000  0.201 0.000 0.000 0.181 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 265 281 180 1033 0 742 0 0 310 0
N.S. 1 1.06  0.68 3.90 0.00 2.80 0.00 0.00 1.17 0.00
time (sec) N/A 0.575 8.264  3.246 0.000  1.439 0.000 0.000 0.219 0.000
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 235 247 164 851 0 655 0 0 256 0
N.S. 1 1.05  0.70 3.62 0.00 2.79 0.00 0.00 1.09 0.00
time (sec) N/A 0.535 4.997 2.399 0.000 1.209 0.000 0.000 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 204 212 136 215 0 645 0 0 206 0
N.S. 1 1.04  0.67 1.05 0.00 3.16 0.00 0.00 1.01 0.00
time (sec) N/A 0.456 2.491 2.684 0.000 0922 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 203 203 145 222 0 645 0 0 152 0
N.S. 1 1.00 0.71 1.09 0.00 3.18 0.00 0.00 0.75 0.00
time (sec) N/A 0.439 1.374 2.266 0.000 0.654 0.000 0.000 0.183 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 148 204 178 220 0 605 0 0 100 0
N.S. 1 1.38  1.20 1.49 0.00 4.09 0.00 0.00 0.68 0.00
time (sec) N/A 0.424 1.365 1.852 0.000 0.386 0.000 0.000 0.175 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 238 230 117 737 0 608 0 0 52 0
N.S. 1 097 0.49 3.10 0.00 2.55 0.00 0.00 0.22 0.00
time (sec) N/A 0.524 0.439 4.756 0.000 0.186 0.000 0.000 0.160 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 277 266 112 423 0 706 0 0 67 0
N.S. 1 0.96 0.40 1.53 0.00 2.55 0.00 0.00 0.24 0.00
time (sec) N/A 0.526 0.511 1.310 0.000  0.207 0.000 0.000 0.160 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 185 187 84 338 1289 471 0 0 129 0
N.S. 1 1.01 045 1.83 6.97 2.55 0.00 0.00 0.70 0.00
time (sec) N/A 0.992 1.682 3.263 0.251  0.158 0.000 0.000 0.246 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 140 72 263 710 437 0 0 94 0
N.S. 1 1.01  0.52 1.89 5.11 3.14 0.00 0.00 0.68 0.00
time (sec) N/A 0.741 0.581 3.173 0.204 0.150 0.000 0.000 0.219 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 57 239 243 361 0 0 61 0
N.S. 1 1.00 0.61 2.57 2.61 3.88 0.00 0.00 0.66 0.00
time (sec) N/A 0.518 0.461 3.173 0.184 0.153 0.000 0.000 0.183 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 51 87 39 213 0 0 28 0
N.S. 1 1.00 1.06 1.81 0.81 4.44 0.00 0.00 0.58 0.00
time (sec) N/A 0.330 0.244 0.839 0.183 0.134 0.000 0.000 0.168 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 62 121 65 0 0 72 42 0
N.S. 1 1.00 1.22 2.37 1.27 0.00 0.00 1.41 0.82 0.00
time (sec) N/A 0.288 0.314 3.138 0.126  0.000 0.000 0.528 0.154 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 72 166 399 0 0 147 51 0
N.S. 1 1.00 0.75 1.73 4.16 0.00 0.00 1.53 0.53 0.00
time (sec) N/A 0.464 0.619 3.209 0.188  0.000 0.000 0.669 0.174 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 144 90 186 1173 0 0 178 62 0
N.S. 1 1.01  0.63 1.31 8.26 0.00 0.00 1.25 0.44 0.00
time (sec) N/A 0.672 0.769 3.319 0.277  0.000 0.000 0.929 0.164 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 188 192 100 199 2444 0 0 208 71 0
N.S. 1 1.02  0.53 1.06 13.00 0.00 0.00 1.11 0.38 0.00
time (sec) N/A 0.887 1.760  3.348 1.587  0.000 0.000 0.857 0.177 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 190 188 87 339 1356 479 0 0 128 0
N.S. 1 099 0.46 1.78 7.14 2.52 0.00 0.00 0.67 0.00
time (sec) N/A 1.012 0.753  2.997 0.246  0.155 0.000 0.000 0.256 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 69 66 238 477 357 0 0 64 0
N.S. 1 0.67 0.64 2.31 4.63 3.47 0.00 0.00 0.62 0.00
time (sec) N/A 0.429 0.529 3.038 0.187  0.151 0.000 0.000 0.196 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 68 243 243 360 0 0 59 0
N.S. 1 1.00 0.73 2.61 2.61 3.87 0.00 0.00 0.63 0.00
time (sec) N/A 0.507 0.325 3.010 0.182  0.150 0.000 0.000 0.191 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 104 64 65 196 60 0 0 0 83 0
N.S. 1 0.62  0.62 1.88 0.58 0.00 0.00 0.00 0.80 0.00
time (sec) N/A 0.317 0.337 2.861 0.182  0.000 0.000 0.000 0.168 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 76 164 95 0 0 120 102 0
N.S. 1 1.00 0.76 1.64 0.95 0.00 0.00 1.20 1.02 0.00
time (sec) N/A 0.473 0.663 3.022 0.126  0.000 0.000 0.790 0.181 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 146 145 83 187 1786 0 0 170 123 0
N.S. 1 099 0.57 1.28 12.23 0.00 0.00 1.16 0.84 0.00
time (sec) N/A 0.662 0.928 3.102 0.319 0.000 0.000 1.017 0.176 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 196 195 102 200 3480 0 0 200 142 0
N.S. 1 099 0.52 1.02 17.76 0.00 0.00 1.02 0.72 0.00
time (sec) N/A 0.908 2.291 3.163 1.603  0.000 0.000 0.817 0.197  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 153 86 76 364 1619 416 0 0 99 0
N.S. 1 0.56  0.50 2.38 10.58 2.72 0.00 0.00 0.65 0.00
time (sec) N/A 0.509 0.983 29.534 0.296  0.152 0.000 0.000 0.231 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 190 188 87 339 1356 479 0 0 128 0
N.S. 1 099 0.46 1.78 7.14 2.52 0.00 0.00 0.67 0.00
time (sec) N/A 1.0564 0.504 3.075 0.245 0.149 0.000 0.000 0.246 0.000
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 140 72 263 710 432 0 0 94 0
N.S. 1 1.01  0.52 1.89 5.11 3.11 0.00 0.00 0.68 0.00
time (sec) N/A 0.729 0.278 3.124 0.209 0.149 0.000 0.000 0.229 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 72 69 288 0 0 0 0 131 0
N.S. 1 047 045 1.89 0.00 0.00 0.00 0.00 0.86 0.00
time (sec) N/A 0.317 0.319 2.993 0.000  0.000 0.000 0.000 0.178 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 65 224 0 456 0 0 157 0
N.S. 1 1.00 0.68 2.33 0.00 4.75 0.00 0.00 1.64 0.00
time (sec) N/A 0.534 0.539 3.005 0.000  0.154 0.000 0.000 0.196 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 76 189 139 0 0 170 191 0
N.S. 1 1.00 0.76 1.89 1.39 0.00 0.00 1.70 1.91 0.00
time (sec) N/A 0.470 0.882 3.108 0.130  0.000 0.000 1.068 0.196 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 148 149 96 202 3738 0 0 200 217 0
N.S. 1 1.01  0.65 1.36 25.26 0.00 0.00 1.35 1.47 0.00
time (sec) N/A 0.685 2.123 3.213 1.680  0.000 0.000 0.960 0.201 0.000
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 195 106 215 6134 0 0 230 251 0
N.S. 1 1.01  0.55 1.11 31.62 0.00 0.00 1.19 1.29 0.00
time (sec) N/A 0.880 4.650 3.283 11.093 0.000 0.000 1.078 0.215 0.000
Problem 109, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 244 245 120 228 9150 0 0 260 277 0
N.S. 1 1.00 0.49 0.93 37.50 0.00 0.00 1.07 1.14 0.00
time (sec) N/A 1.143 5.451 3.408 66.606 0.000 0.000 0.882 0.214 0.000
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 204 82 83 419 0 0 0 0 172 0
N.S. 1 040 041 2.05 0.00 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 0319 1.734 2972 0.000  0.000 0.000 0.000 0.200 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 151 68 69 327 0 0 0 0 127 0
N.S. 1 045  0.46 2.17 0.00 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 0.310 0.505 2.959 0.000  0.000 0.000 0.000 0.188 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 62 61 221 60 0 0 0 84 0
N.S. 1 0.61  0.60 2.17 0.59 0.00 0.00 0.00 0.82 0.00
time (sec) N/A 0.310 0.311 2.934 0.187  0.000 0.000 0.000 0.167 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 49 57 52 34 0 0 0 41 0
N.S. 1 1.00 1.16 1.06 0.69 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 0.269 0.227 0.826 0.127  0.000 0.000 0.000 0.171 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 48 54 199 39 272 0 67 47 0
N.S. 1 1.04 1.17 4.33 0.85 5.91 0.00 1.46 1.02 0.00
time (sec) N/A 0.339 0.268 2.822 0.180 0.245 0.000 0.500 0.160 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 95 89 249 818 0 0 106 64 0
N.S. 1 0.57  0.53 1.48 4.87 0.00 0.00 0.63 0.38 0.00
time (sec) N/A 0.344 0.531 2.906 0.205  0.000 0.000 0.912 0.170 0.000
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 274 111 101 275 2206 0 0 141 65 0
N.S. 1 041  0.37 1.00 8.05 0.00 0.00 0.51 0.24 0.00
time (sec) N/A 0.350 1.441 3.008 0.308 0.000 0.000 0.772 0.168 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 215 85 97 398 2393 0 0 0 212 0
N.S. 1 040 045 1.85 11.13 0.00 0.00 0.00 0.99 0.00
time (sec) N/A 0.323 1.419 3.023 0.346  0.000 0.000 0.000 0.209 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 65 208 0 465 0 0 157 0
N.S. 1 1.00 0.68 2.17 0.00 4.84 0.00 0.00 1.64 0.00
time (sec) N/A 0.523 0.512 3.010 0.000  0.149 0.000 0.000 0.186 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 80 181 70 0 0 0 104 0
N.S. 1 1.00 0.82 1.85 0.71 0.00 0.00 0.00 1.06 0.00
time (sec) N/A 0.461 0.458 3.127 0.128  0.000 0.000 0.000 0.183 0.000
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 94 75 184 395 0 0 0 51 0
N.S. 1 1.00 0.80 1.96 4.20 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 0.447 0.256  3.199 0.196  0.000 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 215 93 108 248 818 0 0 99 63 0
N.S. 1 043  0.50 1.15 3.80 0.00 0.00 0.46 0.29 0.00
time (sec) N/A 0.332 0.297 2.990 0.198  0.000 0.000 0.883 0.180 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 101 71 72 242 486 492 0 149 56 0
N.S. 1 0.70 0.71 2.40 4.81 4.87 0.00 1.48 0.55 0.00
time (sec) N/A 0.428 0.398 3.052 0.207 0312 0.000 1.111 0.162 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 347 128 118 335 4272 0 0 185 83 0
N.S. 1 037 0.34 0.97 12.31 0.00 0.00 0.53 0.24 0.00
time (sec) N/A 0.371 0.872  3.099 1.665  0.000 0.000 0.936 0.187  0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F F(-1) A F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 220 89 85 275 0 0 0 93 252 0
N.S. 1 040  0.39 1.25 0.00 0.00 0.00 0.42 1.15 0.00
time (sec) N/A 0.331 1.597 3.042 0.000  0.000 0.000 0.760 0.216 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 79 226 102 0 0 0 187 0
N.S. 1 1.00 0.81 2.31 1.04 0.00 0.00 0.00 1.91 0.00
time (sec) N/A 0.460 0.661 3.204 0.133  0.000 0.000 0.000 0.189 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 144 143 86 224 1786 0 0 0 124 0
N.S. 1 0.99 0.60 1.56 12.40 0.00 0.00 0.00 0.86 0.00
time (sec) N/A 0.676 0.510 3.317 0.342 0.000 0.000 0.000 0.188 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 140 142 89 226 1165 0 0 0 61 0
N.S. 1 1.01 0.64 1.61 8.32 0.00 0.00 0.00 0.44 0.00
time (sec) N/A 0.649 0.374 3.267 0.283  0.000 0.000 0.000 0.164 0.000
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 107 101 275 2206 0 0 7 65 0
N.S. 1 040 0.37 1.02 8.17 0.00 0.00 0.29 0.24 0.00
time (sec) N/A 0.335 0.510 3.017 0.321 0.000 0.000 0.742 0.177 0.000
Problem 129, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 345 126 118 335 4272 0 0 193 80 0
N.S. 1 037 0.34 0.97 12.38 0.00 0.00 0.56 0.23 0.00
time (sec) N/A 0.356 0.807 3.011 1.693  0.000 0.000 1.064 0.171 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B A F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 151 88 84 350 1386 564 0 228 67 0
N.S. 1 0.58  0.56 2.32 9.18 3.74 0.00 1.51 0.44 0.00
time (sec) N/A 0.510 0.688  3.000 0.310 0391 0.000 0.868 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 92 92 0 0 0 0 0 0 26 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.290 0.000 0.000 0.000  0.000 0.000 0.000 0.153 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 109 109 0 0 0 0 0 0 28 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.323 0.000 0.000 0.000  0.000 0.000 0.000 0.171 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0 94 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.303 0.000 0.000 0.000  0.000 0.000 0.000 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0 68 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.67 0.00
time (sec) N/A 0.293 0.000 0.000 0.000  0.000 0.000 0.000 0.177 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 99 99 0 0 0 0 0 0 40 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.273 0.000 0.000 0.000  0.000 0.000 0.000 0.159 0.000
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Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 99 99 0 0 0 0 0 0 30 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.306 0.000 0.000 0.000  0.000 0.000 0.000 0.158 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0 40 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.304 0.000 0.000 0.000  0.000 0.000 0.000 0.159 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 172 154 101 0 0 0 0 0 98 0
N.S. 1 0.90 0.59 0.00 0.00 0.00 0.00 0.00 0.57 0.00
time (sec) N/A 0.379 0.507  0.000 0.000  0.000 0.000 0.000 0.235 0.000
Problem 139, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 119 119 96 0 0 0 0 0 61 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 0.452 0.464 0.000 0.000  0.000 0.000 0.000 0.209 0.000
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 68 68 69 0 0 0 0 0 28 0
N.S. 1 1.00 1.01 0.00 0.00 0.00 0.00 0.00 0.41 0.00
time (sec) N/A 0.274 0.307  0.000 0.000  0.000 0.000 0.000 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 139 147 9 0 0 0 0 0 41 0
N.S. 1 1.06  0.68 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.325 0.320 0.000 0.000 0.000 0.000 0.000 0.173 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 205 194 122 0 0 0 0 0 51 0
N.S. 1 0.95 0.60 0.00 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.367 0.346  0.000 0.000  0.000 0.000 0.000 0.163 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 90 133 131 0 293 0 189 28 0
N.S. 1 099 1.46 1.44 0.00 3.22 0.00 2.08 0.31 0.00
time (sec) N/A 0.419 0.885 0.678 0.000  0.141 0.000 0.381 0.170 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 231 231 810 257 0 0 0 0 63 0
N.S. 1 1.00 3.51 1.11 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.680 32.527 5.502 0.000  0.000 0.000 0.000 0.169 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 225 225 178 247 0 0 0 0 28 0
N.S. 1 1.00 0.79 1.10 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.637 6.700 1.995 0.000  0.000 0.000 0.000 0.170 0.000
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 319 325 182 287 0 0 0 0 48 0
N.S. 1 1.02  0.57 0.90 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.216 7.312 4.760 0.000  0.000 0.000 0.000 0.172 0.000
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 271 212 229 237 0 472 0 535 121 0
N.S. 1 0.78 0.85 0.87 0.00 1.74 0.00 1.97 0.45 0.00
time (sec) N/A 0.423 8.057 2.425 0.000  0.115 0.000 0.772 0.186 0.000
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 205 167 192 185 0 392 0 365 93 0
N.S. 1 0.81  0.94 0.90 0.00 1.91 0.00 1.78 0.45 0.00
time (sec) N/A 0.373 8.645 2.206 0.000  0.107 0.000 0.631 0.187  0.000
Problem 149, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F B F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 144 127 444 147 0 320 0 268 65 0
N.S. 1 0.88  3.08 1.02 0.00 2.22 0.00 1.86 0.45 0.00
time (sec) N/A 0.341 9.231 1.963 0.000  0.104 0.000 0.517 0.176 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 76 110 147 235 0 193 37 0
N.S. 1 1.00 1.15 1.67 2.23 3.56 0.00 2.92 0.56 0.00
time (sec) N/A 0.392 0.364 1.684 0.169  0.097 0.000 0.420 0.175 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 105 105 144 499 0 669 0 277 27 0
N.S. 1 1.00 137  4.75 0.00 6.37 0.00 2.64 0.26 0.00
time (sec) N/A 0.583 2.088 5.725 0.000 0.312 0.000 0.676 0.159 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 219 195 244 9498 0 1413 0 617 43 0
N.S. 1 0.89 1.11  43.37 0.00 6.45 0.00 2.82 0.20 0.00
time (sec) N/A 0.390 4.584 6.076 0.000 1.424 0.000 0.766 0.174 0.000
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) B F B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 287 268 311 21396 0 2368 0 1381 59 0
N.S. 1 093 1.08 74.55 0.00 8.25 0.00 4.81 0.21 0.00
time (sec) N/A 0.454 6.764 8.490 0.000  4.004 0.000 1.120 0.170 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 267 232 219 318 0 482 0 525 192 0
N.S. 1 0.87 0.82 1.19 0.00 1.81 0.00 1.97 0.72 0.00
time (sec) N/A 0.416 2973 2.365 0.000  0.113 0.000 0.961 0.222 0.000
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 202 170 145 183 0 398 0 359 136 0
N.S. 1 0.84 0.72 0.91 0.00 1.97 0.00 1.78 0.67 0.00
time (sec) N/A 0.355 1.354 2.938 0.000  0.112 0.000 0.681 0.209 0.000
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Problem 156| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 108 102 141 998 316 0 263 80 0
N.S. 1 1.03 097 1.34 9.50 3.01 0.00 2.50 0.76 0.00
time (sec) N/A 0.564 0.524 2.418 0.201 0.107 0.000 0.510 0.187 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 110 110 135 840 0 731 0 0 59 0
N.S. 1 1.00 1.23 7.64 0.00 6.65 0.00 0.00 0.54 0.00
time (sec) N/A 0.579 0.750 6.013 0.000  0.725 0.000 0.000 0.210 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) A F B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 229 206 293 8518 0 1640 0 688 91 0
N.S. 1 090 1.28 37.20 0.00 7.16 0.00 3.00 0.40 0.00
time (sec) N/A 0.411 3.789 6.450 0.000 3.786 0.000 0.948 0.211 0.000
Problem 159, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) B F B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 310 288 359 18832 0 2729 0 1592 123 0
N.S. 1 093 1.16 60.75 0.00 8.80 0.00 5.14 0.40 0.00
time (sec) N/A 0.475 4.768 8.275 0.000 10.979 0.000 1.532 0.213 0.000
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F A F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 336 255 286 371 0 620 0 613 296 0
N.S. 1 0.76  0.85 1.10 0.00 1.85 0.00 1.82 0.88 0.00
time (sec) N/A 0.459 4.482 72960 0.000 0.121 0.000 1.062 0.258 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 258 198 191 222 0 500 0 441 212 0
N.S. 1 0.77 0.74 0.86 0.00 1.94 0.00 1.71 0.82 0.00
time (sec) N/A 0.421 2.119 18178 0.000  0.107 0.000 1.012 0.223 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 142 150 128 169 1396 390 0 309 128 0
N.S. 1 1.06  0.90 1.19 9.83 2.75 0.00 2.18 0.90 0.00
time (sec) N/A 0.833 0.802 4.859 0.229  0.105 0.000 0.688 0.210 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 203 162 343 1406 0 1140 0 0 95 0
N.S. 1 0.80 1.69 6.93 0.00 5.62 0.00 0.00 0.47 0.00
time (sec) N/A 0.429 4.800 13.375 0.000  2.617 0.000 0.000 0.195 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 329 248 280 6167 0 2031 0 661 143 0
N.S. 1 0.75 0.85 18.74 0.00 6.17 0.00 2.01 0.43 0.00
time (sec) N/A 0.513 2.896 39.979 0.000 12.520 0.000 1.194 0.230 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) A F(-1) B F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 536 405 551 17961 0 3351 0 1606 191 0
N.S. 1 0.76 1.03 33.51 0.00 6.25 0.00 3.00 0.36 0.00
time (sec) N/A 0.648 9.610 2.141 0.000 21.661 0.000 1.707 0.237 0.000
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 258 197 787 430 0 619 0 0 137 0
N.S. 1 0.76  3.05 1.67 0.00 2.40 0.00 0.00 0.53 0.00
time (sec) N/A 0.418 8.344 2.421 0.000 7.256 0.000 0.000 0.210 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 183 142 295 299 0 481 0 0 99 0
N.S. 1 0.78 1.61 1.63 0.00 2.63 0.00 0.00 0.54 0.00
time (sec) N/A 0.358 2.468 1.962 0.000 1.717  0.000 0.000 0.222 0.000
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B C A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 92 173 699 314 0 0 61 0
N.S. 1 1.00 1.01 1.90 7.68 3.45 0.00 0.00 0.67 0.00
time (sec) N/A 0.413 0.441 1.067 0.391 0.517  0.000 0.000 0.207 0.000
Problem 169, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 166 177 243 659 0 1050 0 0 48 0
N.S. 1 1.07  1.46 3.97 0.00 6.33 0.00 0.00 0.29 0.00
time (sec) N/A 1.117 2973 5.944 0.000  9.888 0.000 0.000 0.195 0.000
Problem 170, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 416 301 337 11907 0 2508 0 0 80 0
N.S. 1 0.72 0.81 28.62 0.00 6.03 0.00 0.00 0.19 0.00
time (sec) N/A 0.569 9.908 6.558 0.000 103.665 0.000 0.000 0.204 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F(-1) F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 653 490 2940 24369 0 0 0 0 112 0
N.S. 1 0.75 4,50  37.32 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 0.741 21.827 9.670 0.000  0.000 0.000 0.000 0.224 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 324 233 856 527 0 701 0 0 177 0
N.S. 1 0.72  2.64 1.63 0.00 2.16 0.00 0.00 0.55 0.00
time (sec) N/A 0.441 7.220 2.297 0.000  13.575 0.000 0.000 0.222 0.000
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 290 207 177 337 0 620 0 0 129 0
N.S. 1 0.71  0.61 1.16 0.00 2.14 0.00 0.00 0.44 0.00
time (sec) N/A 0.429 4.573 2.065 0.000 5974 0.000 0.000 0.219 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 127 133 230 248 0 548 0 0 81 0
N.S. 1 1.05 1.81 1.95 0.00 4.31 0.00 0.00 0.64 0.00
time (sec) N/A 0.634 2.178 1.743 0.000 1.593 0.000 0.000 0.205 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 394 273 302 2505 0 0 0 0 70 0
N.S. 1 0.69 0.77 6.36 0.00 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 0.501 5.498 6.745 0.000  0.000 0.000 0.000 0.202 0.000
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 560 391 470 14151 0 0 0 0 118 0
N.S. 1 0.70 0.84  25.27 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.638 11.406 7.340 0.000  0.000 0.000 0.000 0.229 0.000
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F(-1) F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 802 579 2632 27299 0 0 0 0 166 0
N.S. 1 0.72 3.28 34.04 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.847 18.151 11.325 0.000  0.000 0.000 0.000 0.237 0.000
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 480 346 436 712 0 880 0 0 217 0
N.S. 1 0.72 091 1.48 0.00 1.83 0.00 0.00 0.45 0.00
time (sec) N/A 0.523 9.108 2.478 0.000  33.051 0.000 0.000 0.220 0.000
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 468 334 262 548 0 782 0 0 159 0
N.S. 1 0.71  0.56 1.17 0.00 1.67 0.00 0.00 0.34 0.00
time (sec) N/A 0.500 5.431 1.490 0.000  14.877 0.000 0.000 0.211 0.000
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Problem 180, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F B F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 164 176 343 376 0 670 0 0 101 0
N.S. 1 1.07  2.09 2.29 0.00 4.09 0.00 0.00 0.62 0.00
time (sec) N/A 0.879 7.275 1.852 0.000 3.744 0.000 0.000 0.208 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 592 420 360 3510 0 0 0 0 92 0
N.S. 1 0.71  0.61 5.93 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.632 10.233 8.823 0.000  0.000 0.000 0.000 0.205 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-1) F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 756 540 465 16553 0 0 0 0 156 0
N.S. 1 0.71  0.62  21.90 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.725 12.267 7.825 0.000  0.000 0.000 0.000 0.241 0.000
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F(-1) F(-1) F F(-2) F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 999 729 2904 30639 0 0 0 0 220 0
N.S. 1 0.73 291  30.67 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.932 18980 12.627 0.000  0.000 0.000 0.000 0.246 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 123 123 240 1680 0 806 0 0 26 0
N.S. 1 1.00 195 13.66 0.00 6.55 0.00 0.00 0.21 0.00
time (sec) N/A 0.693 13.685 1.143 0.000  0.270 0.000 0.000 0.191 0.000
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 102 165 0 206 0 0 38 0
N.S. 1 1.00 1.67 2.70 0.00 3.38 0.00 0.00 0.62 0.00
time (sec) N/A 0.280 0.599 0.499 0.000 0.139 0.000 0.000 0.198 0.000
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 111 135 344 0 517 0 0 54 0
N.S. 1 1.00 1.22 3.10 0.00 4.66 0.00 0.00 0.49 0.00
time (sec) N/A 0.745 1.018 0.384 0.000  0.203 0.000 0.000 0.201 0.000
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 141 141 184 404 0 883 0 0 39 0
N.S. 1 1.00 1.30 2.87 0.00 6.26 0.00 0.00 0.28 0.00
time (sec) N/A 0.716 12.452 0.358 0.000  0.381 0.000 0.000 0.192 0.000
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B F A F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 141 141 171 354 0 913 0 0 59 0

N.S. 1 1.00 1.21 2.51 0.00 6.48 0.00 0.00 0.42 0.00
time (sec) N/A 0.713 0.680 0.363 0.000 0.804 0.000 0.000 0.204 0.000

Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A F B B B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 68 73 0 250 0 274 138 573
N.S. 1 1.00 1.01 1.09 0.00 3.73 0.00  4.09 2.06 8.55
time (sec) N/A 0.391 0.175 0.168  0.000 0.098 0.000 0.160 0.196 12.668

Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 123 151 155 168 0 561 0 201 534 3763
N.S. 1 1.23 1.26 1.37 0.00 4.56 0.00 1.63 4.34 30.59
time (sec) N/A 0.693 0.963 0.200 0.000 0.117 0.000 0.144 0.186  18.728

Problem 191 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) B F B B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 204 250 267 287 0 1152 0 457 1542 6909
N.S. 1 1.23 131 1.41 0.00 5.65 0.00 224 7.56 33.87

time (sec) N/A 1.163 1.627 0.337 0.000 0.156  0.000 0.206 0.200  20.703
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 158 136 195 0 672 0 237 715 4934
N.S. 1 1.19  1.02 1.47 0.00 5.05 0.00 1.78 5.38 37.10
time (sec) N/A 0.666 0.847 0.214 0.000 0.122 0.000 0.163 0.207  18.900
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 269 493 386 0 1409 0 658 1969 8682
N.S. 1 1.14  2.08 1.63 0.00 5.95 0.00 2.78 8.31 36.63
time (sec) N/A 1.140 2.460 0.364 0.000 0.174 0.000 0.228 0.188  21.783
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 377 433 438 635 0 2362 0 1201 3809 12818
N.S. 1 1.15 1.16 1.68 0.00 6.27 0.00 3.19 10.10 34.00
time (sec) N/A 1.905 4.018 0.631 0.000 0.247 0.000 0.245 0.209  23.429
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 254 302 517 458 0 1629 0 818 2529 10759
N.S. 1 1.19  2.04 1.80 0.00 6.41 0.00 3.22 9.96 42.36
time (sec) N/A 1.246 2.100 0.421 0.000  0.208 0.000 0.250 0.196  23.413
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 412 463 459 785 0 2776 0 1572 4706 15647
N.S. 1 .12 1.11 1.91 0.00 6.74 0.00 3.82 11.42 37.98
time (sec) N/A 1.917 4383 0.723 0.000 0314 0.000 0.282 0.197  24.246
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 622 683 668 1345 0 4346 0 3173 7989 21021
N.S. 1 1.10 1.07 2.16 0.00 6.99 0.00 510 12.84 33.80
time (sec) N/A 3.124 8.196 1.336 0.000 0.48 0.000 0.384 0.224  24.788
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 320 320 379 647 0 0 0 0 38 0
N.S. 1 1.00 1.18 2.02 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.998 8.787 18.061  0.000  0.000 0.000 0.000 0.202 0.000
Problem 199, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 220 220 225 400 0 0 0 0 26 0
N.S. 1 1.00 1.02 1.82 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.671 7.546  4.352 0.000  0.000 0.000 0.000 0.196 0.000
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 380 381 6063 1239 0 0 0 0 88 0
N.S. 1 1.00 1596  3.26 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 1.382 22.142 24.595 0.000 0.000 0.000 0.000 0.205 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 326 330 230 536 0 0 0 0 63 0
N.S. 1 1.01 0.71 1.64 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 1.160 8.237 4.549 0.000  0.000 0.000 0.000 0.215 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 442 448 7138 1739 0 0 0 0 150 0
N.S. 1 1.01 16.15  3.93 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 1.785 24.681 36.161 0.000  0.000 0.000 0.000 0.240 0.000
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 208 208 145 182 0 0 0 0 63 0
N.S. 1 1.00 0.70 0.88 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.480 3.258 12.102 0.000  0.000 0.000 0.000 0.196 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 216 216 251 283 0 0 0 0 49 0
N.S. 1 1.00 1.16 1.31 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.673 20.286 4.478 0.000  0.000 0.000 0.000 0.189 0.000
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 376 405 1138 1070 0 0 0 0 95 0
N.S. 1 1.08  3.03 2.85 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 1.421 12.809 11.857 0.000  0.000 0.000 0.000 0.212 0.000
Problem 206| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 495 522 1589 2819 0 0 0 0 127 0
N.S. 1 1.05  3.21 5.69 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 1.994 14.038 18.132 0.000  0.000 0.000 0.000 0.216 0.000
Problem 207| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 389 389 26982 510 0 0 0 0 25 0
N.S. 1 1.00 69.36 1.31 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.943 35.781 9.065 0.000  0.000 0.000 0.000 0.188 0.000
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 198 198 336 322 0 0 0 0 37 0
N.S. 1 1.00 1.70 1.63 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.349 4.670 5.176 0.000  0.000 0.000 0.000 0.194 0.000
Problem 209, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 598 597 1708 1600 0 0 0 0 53 0
N.S. 1 1.00  2.86 2.68 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 1.902 13.436 6.610 0.000  0.000 0.000 0.000 0.195 0.000
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 899 826 1990 7332 0 0 0 0 69 0
N.S. 1 092 221 8.16 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 2916 7.134 8.311 0.000  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C A F F(-1) F F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD TBD
size 593 0 50041 459 0 0 0 0 85 0
N.S. 1 0.00 8439 0.77 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.000 37.296 12.068 0.000  0.000 0.000 0.000 0.199 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 744 691 1750 2391 0 0 0 0 117 0
N.S. 1 093 235 3.21 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 1.983 18.779 10.082 0.000  0.000 0.000 0.000 0.201 0.000
Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 919 850 1960 6042 0 0 0 0 149 0
N.S. 1 092 213 6.57 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 3.131 6.990 12,577  0.000  0.000 0.000 0.000 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 1122 1053 2385 14939 0 0 0 0 181 0
N.S. 1 094 213 1331 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 4.357 7.751 15.390 0.000  0.000 0.000 0.000 0.222 0.000
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 891 853 2026 7310 0 0 0 0 234 0
N.S. 1 096  2.27 8.20 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 3.251 6.895 12.458 0.000  0.000 0.000 0.000 0.244 0.000
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Problem 216| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 1150 1086 2344 12381 0 0 0 0 282 0
N.S. 1 094 2.04 10.77 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 4.284 7.404 15.427 0.000  0.000 0.000 0.000 0.258 0.000
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F(-1) F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 1428 1353 2979 24930 0 0 0 0 330 0
N.S. 1 095 2.09 17.46 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 6.339 8.546 18.562 0.000  0.000 0.000 0.000 0.279 0.000
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F C A F F(-1) F F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD TBD
size 652 0 50041 457 0 0 0 0 85 0
N.S. 1 0.00 76.75  0.70 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.000 36.846 12.060 0.000  0.000 0.000 0.000 0.186 0.000
Problem 219, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 198 198 325 322 0 0 0 0 37 0
N.S. 1 1.00 1.64 1.63 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.354 4.661 7.153 0.000  0.000 0.000 0.000 0.165 0.000
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-1) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 398 398 249 263 0 0 0 0 60 0
N.S. 1 1.00 0.63 0.66 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.899 2.213 9471 0.000  0.000 0.000 0.000 0.179 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 622 683 1761 1871 0 0 0 0 9 0
N.S. 1 1.10  2.83 3.01 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 2.091 19.116 12.338 0.000  0.000 0.000 0.000 0.166 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 27 27 27 31
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.93 0.93 0.93 1.07
time (sec) N/A 0.429 14.068 0.155 0.453  0.000 1.229 0.588 0.177  90.973
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 27 27 52 31
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.93 0.93 1.79 1.07
time (sec) N/A 0.247 83.865 0.144 0.739  0.000 11.391 0.801 0.173  94.499
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 0 27 80 0
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.00 0.93 2.76 0.00
time (sec) N/A 0.254 80.276 0.146 1.018  0.000 0.000 0.951 0.166 0.000
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 27 27 27 31
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.93 0.93 0.93 1.07
time (sec) N/A 0.460 14.353 0.145 0.460  0.000 4.142 0.726 0.178 97.391
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 27 27 52 31
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.93 0.93 1.79 1.07
time (sec) N/A 0.263 84.492 0.148 0.958  0.000 63.081 0.995 0.166  95.283
Problem 227 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 0 27 80 0
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.00 0.93 2.76 0.00
time (sec) N/A 0.260 81.959 0.155 0.988  0.000 0.000 1.265 0.183 0.000
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 0 27 115 31
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.00 0.93 3.97 1.07
time (sec) N/A 0.480 71.951 0.148 0.555  0.000 0.000 1.870 0.232 100.280
Problem 229, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 0 27 171 0
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.00 0.93 5.90 0.00
time (sec) N/A 0.260 92.562 0.148 0.756  0.000 0.000 2.343 0.239 0.000
Problem 230, | Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-1) F(-1) N/A N/A F(-1)
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 31 25 27 0 0 27 227 0
N.S. 1 1.00 1.07 0.86 0.93 0.00 0.00 0.93 7.83 0.00
time (sec) N/A 0.260 121.310 0.153 1.760  0.000 0.000 3.336 0.278 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A No No N/A TBD TBD TBD TBD TBD TBD
size 116 106 2425 0 0 0 0 0 34 0
N.S. 1 091 2091 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.527 13.785 0.000 0.000  0.000 0.000 0.000 0.169 0.000
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Problem 232 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 275 303 191 0 0 0 0 0 90 0

N.S. 1 1.10  0.69 0.00 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 1.295 1.549 0.000 0.000 0.000 0.000 0.000 0.199 0.000

Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 205 227 152 0 0 0 0 0 67 0

N.S. 1 111 074 000 000 000 000 000 033  0.00

time (sec) N/A 1.029 0.635 0.000 0.000 0.000 0.000 0.000 0.191 0.000

Problem 234 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 156 177 124 0 0 0 0 0 42 0

N.S. 1 1.13  0.79 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.603 0.124 0.000 0.000 0.000 0.000 0.000 0.167 0.000

Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 208 235 159 0 0 0 0 0 35 0

N.S. 1 1.13 0.76  0.00 0.00 0.00 0.00 0.00 0.17 0.00

time (sec) N/A 0.896 0.570 0.000 0.000 0.000 0.000 0.000 0.181 0.000
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 248 269 215 0 0 0 0 0 45 0

N.S. 1 1.08  0.87 0.00 0.00 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 1.225 1.284 0.000 0.000 0.000 0.000 0.000 0.180 0.000

Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 27 27 29 27 29 29 26 29 34 33
N.S. 1 1.00 107 100 107 107 096 107 126  1.22
time (sec) N/A 0.364 5.678 0.345  3.222  0.163 6.351 0.747 0.180 12.798

Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 296 323 278 0 0 0 0 0 103 0

N.S. 1 1.09 0.94 0.00 0.00 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 1.661 0.716 0.000 0.000 0.000 0.000 0.000 0.196 0.000

Problem 239, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 211 227 200 0 0 0 0 0 74 0

N.S. 1 1.08 0.95  0.00 0.00 0.00 0.00 0.00 0.35 0.00

time (sec) N/A 1.011 0.344 0.000 0.000 0.000 0.000 0.000 0.194 0.000
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 156 177 125 0 0 0 0 0 45 0
N.S. 1 1.13 0.80  0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.595 0.151 0.000  0.000  0.000 0.000 0.000 0.168  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 206 221 5411 0 0 0 0 0 34 0
N.S. 1 1.07  26.27  0.00 0.00 0.00 0.00  0.00 0.17 0.00
time (sec) N/A 0.831 31.132 0.000 0.000  0.000 0.000 0.000 0.184  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F(-1) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 322 330 14108 0 0 0 0 0 50 0
N.S. 1 1.02 43.81  0.00 0.00 0.00 0.00  0.00 0.16 0.00
time (sec) N/A 0.916 45.636 0.000  0.000  0.000 0.000 0.000 0.184  0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [197]
had the largest ratio of [.719999999999999973|

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of nc?rms%lize'd integrand umber of rules
# | grade Slf:jcis u:;fg;e antlléi;r:if:zlve leaf size | integrand leaf size
1] A 5) 5) 0.90 26 0.192
% A 5) 5) 0.90 26 0.192
3| A 7 7 0.92 26 0.269
4 A 7 7 0.74 26 0.269
i A 5) 5) 0.95 24 0.208
6} A 3 3 0.91 26 0.115
7] A 3 3 0.93 26 0.115
3] A 3 3 0.92 26 0.115
9) A 3 3 0.92 26 0.115
10j A 3 3 0.91 26 0.115
11 A ) ) 0.90 26 0.192
12] A 10 10 0.93 26 0.385
13] A 9 9 0.76 26 0.346
14 A 7 7 0.92 26 0.269
15) A 5) 5) 0.99 24 0.208
16} A ) ) 0.91 26 0.192
17] A 3 3 0.91 26 0.115
18] A 3 3 0.92 26 0.115
19 A 3 3 0.92 26 0.115
20) A 3 3 0.91 26 0.115
21] A 5 ) 1.00 26 0.192
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
22] A 5) ) 0.89 26 0.192
23 | A 3 3 0.91 26 0.115
24] A 3 3 0.93 26 0.115
25) A 3 3 0.92 24 0.125
26} A 8 8 0.96 26 0.308
27] A 7 7 0.74 26 0.269
28] A 11 11 1.02 26 0.423
29) A 5) 5) 0.88 26 0.192
30) A ) ) 0.89 26 0.192
31 A 5 ) 0.88 26 0.192
39 | A 3 3 0.91 26 0.115
33 | A 3 3 0.92 26 0.115
3 | A 3 3 0.92 26 0.115
3 [ A 3 3 0.91 24 0.125
3 | A 5 5 0.91 26 0.192
3_7 A 11 11 1.01 26 0.423
38 A 9 9 0.79 26 0.346
39) A 14 14 0.98 26 0.538
40 A ) ) 0.89 26 0.192
41 A 5 ) 0.87 26 0.192
4 | A 7 6 0.90 28 0.214
4_3 A 7 6 0.91 28 0.214
44 A 7 6 0.94 28 0.214
45) A 7 6 1.03 26 0.231
4_6 A 7 6 0.91 28 0.214
47 A 8 7 0.92 28 0.250
48] A 9 8 0.91 28 0.286
49 A 10 9 0.90 28 0.321
50) A 8 7 0.87 28 0.250
51 A 8 7 0.88 28 0.250
52] A 8 7 0.93 26 0.269
53 | A 7 6 0.93 28 0.214

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
54 A 8 7 0.91 28 0.250
55) A 9 8 0.92 28 0.286
56} A 10 9 0.91 28 0.321
57 | A 7 6 0.85 28 0.214
58 | A 7 6 0.86 28 0.214
59) A 7 6 0.90 26 0.231
60 | A 7 6 0.87 28 0.214
61 | A 7 6 0.95 28 0.214
62] A 7 6 0.88 28 0.214
63 | A 7 6 0.90 28 0.214
64 | A 7 6 0.89 28 0.214
65) A 13 12 1.02 28 0.429
66} A 11 10 1.02 28 0.357
67 | A 8 7 1.01 28 0.250
68} A 7 6 0.98 26 0.231
69) A 10 9 0.98 28 0.321
70j A 11 10 0.94 28 0.357
ﬂ A 13 12 0.93 28 0.429
Q A 13 12 1.02 28 0.429
73] A 11 10 1.02 28 0.357
74 A 9 8 1.19 28 0.286
75 A 8 7 1.29 26 0.269
76} A 11 10 0.96 28 0.357
77 A 14 13 0.95 28 0.464
78 A 16 15 0.95 28 0.536
79 A 16 15 1.06 28 0.536
30j A 14 13 1.05 28 0.464
81 A 11 10 1.04 28 0.357
32] A 11 10 1.00 28 0.357
33] A 10 9 1.38 26 0.346
34 A 15 14 0.97 28 0.500
35) A 16 15 0.96 28 0.536

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
% A 11 11 1.01 30 0.367
37 A 9 9 1.01 30 0.300
38} A 7 7 1.00 30 0.233
39 A ) ) 1.00 30 0.167
90j A 4 3 1.00 30 0.100
91 A 6 ) 1.00 30 0.167
92] A 8 7 1.01 30 0.233
93] A 10 9 1.02 30 0.300
94 A 11 11 0.99 30 0.367
95) A 7 7 0.67 30 0.233
96} A 7 7 1.00 30 0.233
97 A 6 ) 0.62 30 0.167
98] A 6 5 1.00 30 0.167
99 A 8 7 0.99 30 0.233
100 A 10 9 0.99 30 0.300
101 A 9 9 0.56 30 0.300
102 A 11 11 0.99 30 0.367
103 A 9 9 1.01 30 0.300
104 A 6 ) 0.47 30 0.167
105 A 7 7 1.00 30 0.233
106 A 6 5) 1.00 30 0.167
107} A 8 7 1.01 30 0.233
108 A 10 9 1.01 30 0.300
109 A 12 11 1.00 30 0.367
110 A 6 5) 0.40 30 0.167
111 A 6 ) 0.45 30 0.167
112 A 6 5 0.61 30 0.167
113 A 4 3 1.00 30 0.100
114 A 6 6 1.04 30 0.200
115 A 6 ) 0.57 30 0.167
116 A 6 ) 0.41 30 0.167
117] A 6 5) 0.40 30 0.167

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
118 A 7 7 1.00 30 0.233
119 A 6 ) 1.00 30 0.167
120 A 6 ) 1.00 30 0.167
121 A 6 ) 0.43 30 0.167
122 A 10 10 0.70 30 0.333
123 A 6 ) 0.37 30 0.167
124 A 6 ) 0.40 30 0.167
125 A 6 5) 1.00 30 0.167
126 A 8 7 0.99 30 0.233
127 A 8 7 1.01 30 0.233
128 A 6 5) 0.40 30 0.167
129 A 6 ) 0.37 30 0.167
130 A 14 14 0.58 30 0.467
131 A 4 3 1.00 24 0.125
132 A ) 4 1.00 26 0.154
133 A ) 4 1.00 26 0.154
134 A ) 4 1.00 26 0.154
135 A ) 4 1.00 24 0.167
136 A ) 4 1.00 26 0.154
137 A ) 4 1.00 26 0.154
138 A 6 5) 0.90 28 0.179
139 A 6 5) 1.00 28 0.179
140 A 4 3 1.00 28 0.107
141 A 7 6 1.06 28 0.214
142 A 9 8 0.95 28 0.286
143 A 9 8 0.99 27 0.296
144 A 5 ) 1.00 27 0.185
145 A 5) 5) 1.00 27 0.185
146 A 9 9 1.02 27 0.333
147 A ) 4 0.78 27 0.148
148 A 5) 4 0.81 27 0.148
149 A ) 4 0.88 27 0.148

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
150 A 7 6 1.00 25 0.240
151 A 8 7 1.00 27 0.259
152 A 9 8 0.89 27 0.296
153 A 11 10 0.93 27 0.370
154 A 11 10 0.87 27 0.370
155 A 9 8 0.84 27 0.296
156 A 10 9 1.03 25 0.360
157] A 8 7 1.00 27 0.259
158 A 10 9 0.90 27 0.333
159 A 12 11 0.93 27 0.407
160 A 6 5) 0.76 27 0.185
161 A 6 ) 0.77 27 0.185
162 A 13 12 1.06 25 0.480
163 A 6 ) 0.80 27 0.185
164 A 6 5) 0.75 27 0.185
165 A 6 ) 0.76 27 0.185
166 A 6 ) 0.76 27 0.185
167} A 6 5) 0.78 27 0.185
168 A 8 7 1.00 25 0.280
169 A 12 11 1.07 27 0.407
170 A 6 5) 0.72 27 0.185
171 A 6 5) 0.75 27 0.185
172 A 6 ) 0.72 27 0.185
173 A 6 ) 0.71 27 0.185
174 A 11 10 1.05 25 0.400
175 A 6 ) 0.69 27 0.185
176 A 6 5 0.70 27 0.185
177] A 6 5) 0.72 27 0.185
178 A 6 ) 0.72 27 0.185
179 A 6 ) 0.71 27 0.185
180 A 14 13 1.07 25 0.520
181 A 6 5) 0.71 27 0.185

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
182 A 6 ) 0.71 27 0.185
183 A 6 ) 0.73 27 0.185
184 A 8 7 1.00 29 0.241
185 A 4 3 1.00 29 0.103
186 A 8 7 1.00 29 0.241
187 A 8 7 1.00 29 0.241
188 A 8 7 1.00 29 0.241
189 A 8 7 1.00 23 0.304
190 A 11 10 1.23 23 0.435
191 A 14 13 1.23 23 0.565
192 A 11 10 1.19 25 0.400
193 A 13 12 1.14 25 0.480
194 A 16 15 1.15 25 0.600
195 A 13 12 1.19 25 0.480
196 A 15 14 1.12 25 0.560
197 A 19 18 1.10 25 0.720
198 A 8 8 1.00 25 0.320
199 A ) 5) 1.00 27 0.185
200 A 11 11 1.00 25 0.440
201 A 8 8 1.01 27 0.296
202 A 14 14 1.01 25 0.560
203 A 5) 5) 1.00 25 0.200
204 A ) ) 1.00 27 0.185
205 A 11 11 1.08 25 0.440
206 A 14 14 1.05 25 0.560
2077 A ) ) 1.00 29 0.172
208 A 2 2 1.00 29 0.069
209 A 8 8 1.00 29 0.276
1210 A 13 13 0.92 29 0.448
211 F 0 0 N/A 0.000 N/A
212 A 10 10 0.93 29 0.345
213 A 13 13 0.92 29 0.448

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
214 A 17 17 0.94 29 0.586
215 | A 13 13 0.96 29 0.448
216/ A 16 16 0.94 29 0.552
217 A 19 19 0.95 29 0.655
218 | F 0 0 N/A 0.000 N/A
219/ A 2 2 1.00 29 0.069
220/ A 5 5 1.00 29 0.172
221 | A 11 11 1.10 29 0.379
N/A 4 0 1.00 29 0.000
223/ | N/A 2 0 1.00 29 0.000
224 | N/A 2 0 1.00 29 0.000
225/ | N/A 4 0 1.00 29 0.000
226/ | N/A 2 0 1.00 29 0.000
227 | N/A 2 0 1.00 29 0.000
228 | N/A 4 0 1.00 29 0.000
229/ | N/A 2 0 1.00 29 0.000
230/ | N/A 2 0 1.00 29 0.000
231]| A 8 7 0.91 27 0.259
232 | A 12 12 1.10 27 0.444
233 | A 13 13 1.11 27 0.481
234 | A 8 8 1.13 25 0.320
235 | A 10 10 1.13 27 0.370
236/ | A 13 13 1.08 27 0.481
N/A 4 0 1.00 27 0.000
238 | A 15 15 1.09 27 0.556
239 | A 13 13 1.08 27 0.481
240/ A 8 8 1.13 25 0.320
241]| A 11 10 1.07 27 0.370
242 A 7 7 1.02 27 0.259
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(c—csec(e+fx))7/2
3124 | (eTaseclct 7o) //2 dx . . 10521
(c—csec(e+fx))5/2
3125 [ (Ciesecter o) dT .o 1059
(c—csec(e+fx))
3126 [ omeclerfaf 0T - o 1065
\/c—csec(e+fx)
3127 [ @rasec(et fx))s SAT 1073
3128 [ raseer o - et dr . . . .. 08Tl
3129 [ rorameer fw))5/2(c AT TOSS)
3.130 [ S e A AT
3.131 [(1+sec(e+ fz))™(c—ecsecle+ fx))"dx . . . . ... ... ... 1103
3.132  [(a+asec(e+ fz))™(c—csecle+ fx))"dx . . . . .. ... ... ... 1108
3.133 [(a+asec(e+ fx))3(c—csecle+ fx))"dz . . . ... ... ... .. 1113
3134 [(a+asec(e+ fz))*(c—csecle+ fx))"dx . . . .. ... ... ... 1119
3.135 [(a+asec(e+ fx))(c—csecle+ fx))"dz . . . . ... ... ... ... 11251
(c—csec(e+fz))™
3.136 [ ey AT . TT3T
c—csec(e+fx))"
3.137 f W AT . . e 11050
3.138 [(a+asec(e+ fx))*2(c—ecsecle+ fz))"dx . . . ... ... ... ... 1142
3.139  [(a+asec(e+ fx))*2(c—csecle+ fr))"dx . . . ... ... ... ... 1148
3.140 [ +/a+asec(e+ fr)(c—csec(e+ fx))"dx . . . ... ... ... 1154
(c—csec(e+fz))™
3.141 [ Wndw .............................. 1159
3142 [ lesele Ol dr 1166
v/ a+asec(e+fx)
3.143 [ . +csec((e = f’”)))g/gx .............................. 1173
ctdsec(e+fz 5
3144 [y AT 1180
y/ctdsec(et+fz)
3.145 [ erasecter o) AT . . o 1187
0
3.146 [ Py ¢C+ T 0T 1193
3.147 [+/a+asec(e + fz)(c+dsec(e+ fr))*dx . .. ... ... ... ... T20T!
3.148 [ +/a+asecle+ fz)(c+dsecle+ fr))3dx . .. ... ... .. ... 1210
3.149 [ +/a+asec(e+ fzr)(c+dsecle + fr))>dx . .. ... ... ... ... 1218
3.150 [ +/a+ asec(e + fz)(c+ dsec(e + fz)) dz ................. 1226
v/a+tasec(et+fz)
BABL [ cersm) % - 1233
3.152 [ dr 240
3153 [YieHdr 1249
3.154 [(a+asec(e+ fz))*%(c+dsecle+ fz))3dx . ... ........... 1259
3.155 [(a+asec(e+ fz))*%*(c+dsecle+ fz))?dx . . ... ... ... .... 1269
3.156 [(a+asec(e+ fz))*?*(c+dsecle+ fx))dr . . . . o oo 1278
(a+asec(e+fx))3/2 o
3157 [ letedletfalR gy
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3058 [ ltescletfl gy T795
3/2

3.059 [UEmeCCHENcdr T304
3.160 [(a+ asec(e+ fz))%*(c+dsecle+ fz))3dx . ... ........... 1314
3.161 [(a+asec(e+ fz))**(c+dsecle+ fx))?dx . . ... .......... 1323
3.162 [(a+asec(e+ fz))*?(c+dsecle+ fx))dx . . . . .. ... 1332
3163 [ lteselet R gy
3064 [ ltesecletflt gy 3500
3.165 [ (taselet jfig’f AT . T358
jigi S E:%Ei;i) AT .. ::::
o7 i VRS .

. Ik wm dT ... 1380
3169 [ e fm) g G 1388
giztl) T 1(C+ PR Zi .......................
3. . {SI;‘SZT(?I f;)))gc-q-ji e 0T o
3.173 § (‘Z:szzé'(jffig;m dz ............................. -~

: eI B AT
3174 [ jjj;jgj;;‘;m dT o 1429
31T5 | G g B 237
3176 | oo g AT 1244
BT [ oo erasaten s B0 -+ v 45T
i.izz [ (%}ZS EZ}E%}Z; Ei% & AT o o Imﬂ:]

) Ik (atasec(et )72 dr . .. 1468
3.180 [ i Zj’fﬁéf}iis SAT 1476
318 | Graerr: g A8
3.182 [ raweeer fx))5/2(c s T BT 1493
3183 [ e g O e T502
3.184 [ \/a+asec(e+ fz)\/c+dsecle+ fr)dz . ... ... ... ... ... (51T
3.185 [ Jim AT . 1519
3186 [ uterde rde.
3.187 [ Vivzizzz‘m AT . 1533
3.188 N \/C+ T dr . . .. .. [1547]
3189 [T dr 1549
3190 [l dr 1556

ctdsec(etfo))Z FT  « o o oo
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_atbsec(et+fz)
3.191 [ Himerer @rdsec(e fa)? dT ... 1565
(a+bsec(etfx))?
3192 [ (Cideecterto) (e¥dsec(e+fa))? de ... 1576
(a+bsec(etfx))? Q
3193 [ (Cideecterto) (e¥dsec(e+ fa))? de ... 1585
3194 [ dr 1597
(a+bsec(e+fx))3
3195 f W d.'L' .............................. m
3.196 [ W AT . 1622
(a+bsec(e+fx))3
3197 f W d.’E .............................. 11030l
3.198 [ +/a+bsec(e+ fr)(c+dsecle+ fr))dz . . . . . . ... ... 1649
3199 [ dn . 1657
3.200 [(a+ bsec(e —i;/!ac)):”ﬂ(c +dsec(e+ fx))dx . .. ... ... ... 1664
3201 [lebiscdlCH O dn. 1673
3.202 [(a+bsec(e+ fx))?*(c+dsecle+ fx))dr . . . . o oo 16311
3.203 [ V%—(:ﬁi) Lo 1691
1 2
3.204 Jatbec(et o) (ctdseclet a) dx . . . e 11693
3205 [l dp
3206 [ et de.
3.207 [ +/a+bsec(e + fr)\/c+dsecle+ fr)dx. . . . . .. ... ..., 1726
\/a+b sec(e+far:
3208 [ Vetdsederfa) BT - - 1733
v/a+bsec(e+fz)
3209 [ ordsod(et [0 dr . . . 1739
v/a+bsec(e+fz) Vi
3210 f Cordsesiet Fo))F ?2 dx . . . 1749]
(a+bsec(e+fx))3/?
3211 [ et dase(et T 1760
(a+bsec(e+fx))3/2
3212 [ (crdsec(et )52 dx . . . 1766
(a+bsec(e+fz))3/2
3213 [ (ctdsoo(et f2))572 dr . . . . e e 1777
(a+bsec(e+fx))3/2 o,
3214 (ordsec(er fz>)7j2 dT . . . 1788
(a+bsec(e+fx))5/? Q
3215 [ (isecterio® 7 dT. . oo 18011
(a+bsec(e+fx))® Q
3216 [ (c+dsec(e+fz))7;2 dxr . . . . e e e e
(a+bsec(e+fx))5/? Q
3217 [ (crdseclet fa)}? ;2 dx . . . 1825
(ct+dsec(e+fx))3/2 Q
3218 [ Vatbsecerfm) BT 1839
\Jctdsec(etfz) ¥
3219 [ W AT . o oo 1845
3.220 et eiTs \/C+ TeeccTT7) dr . . . .. e 1851
3.221 dT . . . . 1308

\a+bsec(e+fx) (c+d sec(e+fx))3/2
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3
3.222 [ Vatbseclet fo) g T8G9
{/c+dsec(e + fx)
{/a+ bsec(e + fz) -
3203 [N eI dn
{/a+ bsec(e + fx) o
3224 | Ccrdsocler f;;);m AT . . . 18301
3.225 [T dm .
3.226 [ Ejigzjzgziﬁ”);ﬁ AT . 1891
3227 [lfbeelett N gy TRY6!
3228 [t N gy 90T
a secle x 4/3
o I Y
(a+bsec(e+fx))/3
3230 [ Sdeer aom aT 19121
3.231 [ (c(dsec(e+ fz))P)" (a+asec(e+ fx))™dz . . ... ... ... .... 1917
3.232 [ (c(dsec(e + fz))P)" (a+asec(e+ fr))dz . . . ... ... ... ... 1924
3.233 [ (c(dsec(e + fx))P)" (a+asec(e+ fz))idz . . . ... ... ... .. 1933
3234 [ (c(dsec(e+ fz))P)" (a+asecle+ fx))dx . .. ... ... ... . ... 1941
(c(dsec(e+fz))P)"™
3235 f W d.’E .............................. |I9_Z'._8|
c(dsec(e+fz))P)"
3236 | asecterfmyT OT « - - 1955
3.237 [ (c(dsec(e+ fz))P)" (a+bsec(e+ fx))™dz. . . . . . ... ... ... 1964
3.238 [ (c(dsec(e+ fz))P)" (a+bsec(e+ fz))®dx . . . . . ... ... ... 19701
3.239 [ (c(dsec(e + fz))P)" (a+bsec(e+ fr))*dz . . . ... ... ... .. 1979
3.240 [ (c(dsec(e + fxz))P)" (a+bsec(e+ fr))dx . .. ... ... ...... 1987,
3241 [ % AT . 1994
3.242 [ (lldsecletfa)O gp 00T

(a+bsec(e+fz))?
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3.1 [(a+asec(e+ fz))*(c — csec(e + fx))’ dx

Optimal result . . . . . . . . . . . . e 114
Mathematica [A] (verified) . . . . . . . . . ... o 1151
Rubi [A] (verified) . . . .. . . ... .. 115
Maple [C] (verified) . . . . . . . . . ... 117
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 118
Sympy [F] . . o o 118
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1191
Giac [A] (verification not implemented) . . . . . . ... ... ... 119
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 120
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 121]

Optimal result

Integrand size = 26, antiderivative size = 196

/(a + asec(e + fz))*(c — csec(e + fz))° dx

o 5 19ac’arctanh(sin(e + fz)) a?c’tan(e + fx)
=a’c’x — —
16 f f

17a®c® sec(e + fz)tan(e + fz) a’c®sec(e + fz)tan(e + fx)

+ +
16f 8f
a’c®tan’(e + fz)  3a’c’sec(e + fx) tan’(e + fx)
3f Af

a’c®secd(e + fz)tan®*(e + fr)  3a’c®tan®(e + fz)

B 6f + 5f

;
‘a‘2*c‘5*x—19/16*a“2*c‘5*arctanh(sin(f*x+e))/f—a‘2*c‘5*tan(f*x+e)/f+17/16*a
\*2*c*5*sec(f*x+e)*tan(f*x+e)/f+1/8*a*2*c*5*sec(f*x+e)“3*tan(f*x+e)/f+1/3*a
~2xc~bxtan (f*xx+e) “3/f-3/4*a"2*xc 5*xsec (f*x+e) *tan(f*x+e) "3/f-1/6*a~2xc 5*xse

.
output
Lc(f*x+e) ~3%tan (fxx+e) ~3/f+3/5%a~2xc 5ktan (f*x+e) “5/f J
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Mathematica [A] (verified)

Time = 1.57 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.84

/(a + asec(e + fz))*(c — csec(e + fz))’ dz
_ a’c®secb(e + fz) (1200e + 1200 fx — 4560arctanh(sin(e + fz)) cos®(e + fz) + 1800(e + fz) cos(2(e +

p
LIntegrate[(a + axSec[e + f*x])"2x(c - c*Sec[e + f*x])~5,x]

-/

input

(a~2%c"5xSec[e + f*x] 6%(1200%e + 1200%f*x - 4560*ArcTanh[Sin[e + f*x]]*Co
sle + £*%x]76 + 1800*(e + f*x)*Cos[2*(e + f*x)] + 720*exCos[4*(e + fxx)] +
T720xf*x*Cos [4*% (e + f*x)] + 120*e*Cos[6*(e + f*x)] + 120*f*x*Cos[6*(e + f*x
)] - 210*Sin[e + f*xx] - 120*Sin[2*(e + f*x)] + 865*Sin[3*(e + f*x)] - 768%
Sin[4*(e + f*x)] + 435*Sin[5x(e + f*x)] - 88%Sin[6*(e + f*x)]))/(3840%*f)

output

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.90,

number of rules _ 0.192, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)2(c — csec(e + fx))° do
| 3042
/ (acsc <e+ fo+ g) + a)2 <c— cesc (e—l— fr+ g))5dm
| 4392
22 / (c — csec(e + fz))* tan'(e + fz)dz

l 3042
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a202/cot (e+fx+ g>4 (c—ccsc <e+fx+ g>)3d:c

l 4374

a’c? / (3 tan*(e + fz) — c*sec®(e + fz)tan*(e + fz) + 3c>sec’(e + fz) tan*(e + fz) — 3¢ sec(e + fx) tan? (e

l 2009

o o 19c%arctanh(sin(e + fx)) 3ctan’(e+ fz) c3tand(e+ fz) c3tan(e+ fr) cStand(e + fz)sec
e (- 16f I 6f

/

LInt[(a + a*Sec[e + f*x]) " 2*x(c - c*Secl[e + f*xx])~5,x]

~—

input

a”2%c”2*(c"3*x - (19*c”3*ArcTanh[Sin[e + f*x]])/(16*f) - (c"3*Tan[e + f*x]
)/f + (17*c"3*Sec[e + f*x]*Tan[e + f*x])/(16*f) + (c"3*Sec[e + f*x] 3*Tan[
e + £xx])/(8+f) + (c"3+Tan[e + f*x]~3)/(3*f) - (3xc~3xSec[e + f*x]*Tan[e +
fxx]°3)/(4%f) - (c"3*Sec[e + f*x] 3*Tan[e + f*x]~3)/(6%f) + (3*c~3*Tanl[e
+ £xx]°5)/(5%f))

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042‘ Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x]

N\ J

e 4374 Tt LCcot[(e ) + (A )*(x)Tx(e_)) (m ) (esclc_.) + (d_.)*(x)I*(b_.) + (
‘a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[ ‘
‘c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O] ‘
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rule 4392

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m  Int[Cot[e + £*xx]~(2*m)*(
c + d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && E
qQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

Maple [C] (verified)

Result contains complex when optimal does not.

Time = 1.44 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.05

method result
. 25 icPa? (435 el 1i(fote) g0 el0i(fote) 1 865 94 (F2+e) 11200 e3i(S7+e) _210 7i(Fo+e) 1760 Si(S2+e) 121
risch a’c’r — : .
120 f (e2i(fz+e)41)
5 5 < 19<757 %M73 cos(4fz+4e)7w) ln(tan(%+%) 71) 19(5+M%66)+3 cos(4fm+4e)+y
cSa s + ]
parallelrisch —
c®a?(fx+e)—3c®a? In(sec(fz+e)+tan(fr+e))+c’a? tan(fr+e)+5c°a? ( sec(fm+e);an(fz+e) + ln(sec(fm+e)2+tan(fz+e
derivativedivides
cPa?(fz+e)—3cPa? In(sec(fx+e)+tan(fz+e))+ca? tan(fr+e)+5c%a? ( Sec(fz+e);an(fx+e) + ln(sec(fz+e)2+tan(fx+s
default
sec(fz+e) tan(fz+e) , In(sec(fz+e)+tan(f
parts azc5x + a?cd tan(fx+e) _ 3c%a? In(sec(fz+e)+tan(fr+e)) + 565‘12( 2 + 2
f f f
12 2 4 6
a?cPz+a2cSx tan(%+%> —6a2c5x tan(%—l—%) +15a205xtan<%+%) —20azc5xtan<f7m+%) +15a2c5x tan(i
norman
input Liﬂt ((ataxsec(f*x+e)) "2*(c-cxsec(f*x+e))~5,x,method=_RETURNVERBOSE) J
output a~2*c"5*x-1/120*I*c~5*a~2* (435xexp (11*I* (f*x+e))-240*exp (10*xI* (f*x+e))+865

*xexp (9*I* (f*xx+e))+1200%exp (8*I* (f*x+e))-210%exp (7*I* (f*x+e))+1760*exp (6*I*
(f*x+e))+210*exp (6*I* (fxx+e) ) +1440*exp (4*I* (f*xx+e) ) -865*exp (3*I* (fxx+e) ) +1
296*exp (2*xI* (f*x+e) ) —435*xexp (I* (f*x+e))+176) /f/ (exp(2xI* (f*x+e))+1)~"6+19/1
6xc~5%a”2/f*1n(exp (I* (f*x+e))-1)-19/16*c"5*a~2/f*1n(exp (I* (f*x+e))+I)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.91

/(a + asec(e + fz))*(c — csec(e + fz))’ dz
_ 480a%c’ fx cos (fr + e)® — 285a2c% cos (fz + €)° log (sin (fz + €) + 1) + 285 a®c® cos (fz + €)% log (— s

~—

p
inputLintegrate((a+a*sec(f*x+e))‘2*(c—c*sec(f*x+e))"5,x, algorithm="fricas")

1/480% (480*a"2*c 5xf*x*cos(f*x + e)"6 - 285xa~2*c bxcos(f*x + e) 6xlog(sin
(f*x + e) + 1) + 285xa~2*c 5*cos(f*x + e) 6xlog(-sin(f*x + e) + 1) - 2x(17
6*a~2xc"5*cos(f*x + e)”5 - 435*a”2*c 5*xcos(f*x + e)~4 + 208*a~2xc 5*cos (f*
X + e)”3 + 110*%a~2xc b*cos(f*x + e)~2 - 144*a~2*c S5*cos(f*x + e) + 40*a"2x*
c”5)*sin(fxx + e))/(f*cos(f*x + e)”6)

output

Sympy [F]

/(a +asec(e + fz))*(c — csec(e + fz))® dx
= —a%c® (/ (1) dz + /3sec (e+ fz)dz + | (—sec® (e+ fz)) dz
+ / (—5sec® (e + fz)) dz+ | 5sec* (e + fz)dz + /sec5 (e+ fz)dzx

+ / (—3sec® (e + fz)) dr + /sec7 (e + fx) dx)

inputLintegrate((a+a*sec(f*x+e))**2*(c-c*sec(f*x+e))**5,x) J

Ou_tput‘(—a**Q*c**S*(Integral(—l, x) + Integral(3*sec(e + f*x), x) + Integral(-sec(
‘e + fxx)**x2, x) + Integral(-6*sec(e + f*x)**3, x) + Integral(5*sec(e + f*x
‘)**4, x) + Integral(sec(e + f*x)*x5, x) + Integral(-3*sec(e + f*x)**6, x)

+ Integral(sec(e + f*x)**7, x))

\‘

N J
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Maxima [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.70
/(a + asec(e + fz))*(c — csec(e + fz))’ dz

96 (3 tan (fz +e)° + 10 tan (fz +e)® + 15 tan (fz + e))a®c® — 800 (tan (fz +€)* + 3 tan (fz +¢€))a

input Lintegrate ((at+a*sec(f*x+e)) 2% (c-c*sec (f*x+e))"5,x, algorithm="maxima") J

1/480%(96* (3*xtan(f*x + e)~5 + 10*tan(f*x + e)~3 + 15*tan(f*x + e))*a~2xc”b
- 800*(tan(f*x + e)~3 + 3*tan(f*x + e))*a~2*c”5 + 480*(f*x + e)*a~2%c”5 +
Bxa~2xc 5% (2% (15*sin(f*x + e)~5 - 40*sin(f*x + e)~3 + 33*sin(f*x + e))/(s

in(f*x + e)76 - 3*sin(f*x + e)"4 + 3*sin(f*x + e)”"2 - 1) - 15*log(sin(f*x

+ e) + 1) + 15%log(sin(f*x + e) - 1)) + 30%a~2*c~5*(2*(3*sin(f*x + e)73 -

Bxsin(f*x + e))/(sin(f*x + e)~4 - 2*sin(f*x + e)”2 + 1) - 3*log(sin(f*x +

e) + 1) + 3*log(sin(f*x + e) - 1)) - 600*%a~2*c”5*(2*sin(f*x + e)/(sin(f*x

+e)”2 - 1) - log(sin(f*x + e) + 1) + log(sin(f*x + e) - 1)) - 1440%a~2*c”

5xlog(sec(f*x + e) + tan(f*x + e)) + 480*a"2*c b*tan(f*x + e))/f

output

Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.97

/(a + asec(e + fx))?(c — csec(e + fz))* dz

240 (fz + e)a®c® — 285a%c®log (|tan (1 fz + L e) +1|) + 28542’ log (Jtan (1 fz + Le) —1]) + 2 (525

-

Lintegrate((a+a*sec(f*x+e))‘2*(c-c*sec(f*x+e))‘5,x, algorithm="giac")

~—

input
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1/240% (240* (f*xx + e)*a~2*c™5 - 285*a~2xc”~5*log(abs(tan(1/2xf*x + 1/2xe) +

1)) + 285%a”2xc~5*log(abs(tan(1/2*f*x + 1/2%e) - 1)) + 2%(525%a”~2*xc 5*tan(
1/2xf*xx + 1/2%e) 11 - 3135*a~2xc” 5*xtan(1/2*f*x + 1/2*e)”9 + 1746%a”2%c 5%t
an(1/2*f*x + 1/2*e)”7 - 366*a~2*c 5xtan(1/2xf*x + 1/2*e)”5 - 95*a~2*c~5*xta
n(1/2xf*x + 1/2%e)"3 + 45*xa~2xc 5xtan(1/2*f*x + 1/2xe))/(tan(1/2*xf*x + 1/2
xe)~2 - 1)76)/f

output

Mupad [B] (verification not implemented)

Time = 11.14 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.16

/(a +asec(e + fz))(c — csec(e + fz))’dr = a*c x

11 9 7 5 3
35a205tan<%+f71) 209a205tan<%+g—z) 291 a? c5tan(%+f7z) 61a? c5tan(%+f7z> 19 a2 c‘%an(%—i—%)
_ + _

8 8 20 + 20 + 24

£ (tan (5 + 52) = 6tan (5 + £2)" + 15tan (5 + 5)° — 20tan (5 + £2)° + 15tan (5 + £2)* — 6
19 a’c® atanh(tan(% + %))
8f

input\int((a + a/cos(e + £*x))"2x(c - c/cos(e + £*x))"5,x%)

a~2xc”b*x - ((19*a”2*c~5*tan(e/2 + (f*x)/2)73)/24 + (61*a”2*c 5*tan(e/2 +

(£%x)/2)7°5)/20 - (291*a~2*c”5*xtan(e/2 + (f*x)/2)"7)/20 + (209*a~2*c~5*tan(
e/2 + (£xx)/2)79)/8 - (35*%a"2*c”5*tan(e/2 + (£f*x)/2)"11)/8 - (3*a~2*c 5*xta
n(e/2 + (£f*x)/2))/8)/(f*(16*tan(e/2 + (£f*x)/2)"4 - 6*tan(e/2 + (f*x)/2)"2

- 20*tan(e/2 + (f*x)/2)76 + 156xtan(e/2 + (f*x)/2)7"8 - 6%tan(e/2 + (£f*x)/2)
=10 + tan(e/2 + (£f*x)/2)712 + 1)) - (19*a~2*c b5*atanh(tan(e/2 + (f*x)/2)))
/(8%f)

output




CHAPTER 3. LISTING OF INTEGRALS 121

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.62

/(a + asec(e + fz))*(c — csec(e + fz))’ dz
a?c® (176 cos (fz + €) sin (fz + e)® — 560 cos (fz + €) sin (fz + €)® + 240 cos (fz + €) sin (fz + €) + 28

~—/

p
inputLlnt((a+a*sec(f*x+e)) 2% (c-c*sec(f*x+e))~5,x)

(ax*2*c*x5x (176*%cos(e + f*x)*sin(e + f*x)**5 - 560*cos(e + f*x)*sin(e + fx
x)**3 + 240*cos(e + f*x)*sin(e + f*x) + 285xlog(tan((e + £*x)/2) - 1)*sin(
e + f*x)**x6 - 855xlog(tan((e + f*x)/2) - 1)*sin(e + f*x)**4 + 855*xlog(tan(
(e + £*x)/2) - 1)*sin(e + f*x)*x2 - 285xlog(tan((e + f£*x)/2) - 1) - 285x%lo
g(tan((e + £*x)/2) + 1)*sin(e + f*x)**6 + 855xlog(tan((e + £*x)/2) + 1)*si
n(e + f*xx)**4 - 855%log(tan((e + f*x)/2) + 1)*sin(e + f*x)**2 + 285*xlog(ta
n((e + f£*x)/2) + 1) + 240*sin(e + f*x)**6*f*x - 435*sin(e + f*x)**5 - T720%
sin(e + f*x)**4*xf*x + 760*sin(e + f*x)**3 + 720*sin(e + f*x)**2xfxx - 285%
sin(e + f*x) - 240*f*x))/(240*f*(sin(e + f*x)**6 - 3*sin(e + f*x)**4 + 3*s
in(e + f*xx)**2 - 1))

N J

output
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3.2 [(a+asec(e+ fz))*(c— csecle+ fz))*dz

Optimal result . . . . . . . . . . . . e 122
Mathematica [A] (verified) . . . . . . . . . ... o 123]
Rubi [A] (verified) . . . .. . . ... .. 123
Maple [A] (verified) . . . . . . ... L 125
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 125
Sympy [F] . . o o 126
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1261
Giac [A] (verification not implemented) . . . . . . ... ... ... 127
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 127
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 128

Optimal result

Integrand size = 26, antiderivative size = 140

/(a + asec(e + fx))?(c — csec(e + fz))* dz

o 4 3a’carctanh(sin(e + fz)) da’c*tan(e + fz)

=a’c'z if ;
3a’c*sec(e + fx)tan(e + fz) a’c*tan(e + fzx)
" 4f Y
a’ctsec(e + fr)tan®(e + fz) a’c*tan®(e + fx)
B 2f 5F

‘a‘2*c“4*x-3/4*a‘2*c“4*arctanh(sin(f*x+e))/f—a‘2*c“4*tan(f*x+e)/f+3/4*a“2*c
"4*sec(f*x+e)*tan(f*x+e)/f+1/3*a“2*c‘4*tan(f*x+e)‘3/f-1/2*a‘2*c‘4*sec(f*x+
\e)*tan(f*x+e)*3/f+1/5*a*2*c*4*tan(f*x+e)*5/f

output
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Mathematica [A] (verified)

Time = 1.04 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.04

/(a + asec(e + fz))*(c — csec(e + fz))* dz
_ a’c*sec®(e + fz) (600(e + fz) cos(e + fx) — T20arctanh(sin(e + fz)) cos®(e + fx) + 300e cos(3(e + f:

p
LIntegrate[(a + a*Sec[e + f*x])~2x(c - c*Sec[e + f*x])~4,x]

-/

input

(a~2*c”4xSec[e + f*x] 5%(600*(e + f*x)*Cos[e + f*x] - 720*ArcTanh[Sin[e +
f*x]]*Cos[e + f£*x]~5 + 300*exCos[3*(e + f*x)] + 300*f*x*Cos[3*(e + f*x)] +
60*xe*xCos[6x(e + f*x)] + 60*f*x*Cos[5*(e + f*x)] + 40*Sin[e + f*x] + 60%Si
n[2*(e + f*x)] - 220*Sin[3*(e + f*x)] + 150%Sin[4*(e + f*x)] - 68*Sin[5*(e
+ £*x)]))/(960%£)

output

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.90,

number of rules _ 0.192, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (asec(e + fz) + a)2(c — csec(e + fx))* do
| 3042
/ (acsc <e+ fo+ g) + a)2 <c— cesc (e—l— fr+ g))4dm
| 4392
22 / (c — csec(e + fz))* tan(e + fz)dz

l 3042
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a’c? /cot (e + fex+ g>4 (c— ccsc (e + fr+ g>)2d:c
| 4374
a’c? / (*tan(e + fz) + c*sec’(e + fz)tan*(e + fz) — 2c*sec(e + fz)tan*(e + fz)) dz

l 2009

o2 <_ 3c?arctanh(sin(e + fz)) 4 c2tan®(e + fx) + c?tan3(e + fz) B ctan(e + fz) B c?tan3(e + fz)sec(e
Af 5f 3f f 2f

input LInt[(a + a*Sec[e + f*x])~2x(c - c*Secl[e + f*x])~4,x] J

t‘ a~2xc™2%(c"2*x - (3*c"2xArcTanh[Sin[e + f*x]])/(4xf) - (c~2*Tanl[e + f*x])/ ‘
‘f + (3*c"2#Sec[e + f*x]*Tanl[e + fxx])/(4*f) + (c~2+Tanl[e + £*x]~3)/(3*f) - ‘
L (c~2%Sec[e + f*x]*Tan[e + f*x]~3)/(2%f) + (c~2+Tan[e + £*x]~5)/(5f)) J

outpu

Defintions of rubi rules used

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cot[(c_.) + (d_.)*(x_)I*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)I*x(p_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, O]

rule 4374

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + £*xx]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

rule 4392
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Maple [A] (verified)

Time = 1.11 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.23

method result
4 2 _i_sec(fm+e)4_4sec(fx+e)2
parts a204x B cta ( 15 5 - 15 )tan(f:c-i—e) _ a2ct tar}(fac—}-e) n 2a2ct sec(fac—;e) tan(fote)
. 2 4 icta2 (75eQi(fx+e)+60eSi(f:c+e)+3Oe7i(fa:+e)+360e6i(fm+e)+32Oe4i(fa:+e)_30e3i(fz+e)+28062i(fm+e
risch a’c*r — : .
30f (e2(fzte)41)
cta?(fr+e)—2c*a? In(sec(fr+e)+tan(fr+e))—cta? tan(fr+e)+4cta? (sec(f$+e);an(fw+e) + ln(sec(f$+e)2+tan(fw+e
derivativedivides
c*a?(fx+e)—2c*a® In(sec(fz+e)+tan(fr+e))—cta? tan(fz+e)+4cta? (sec(fm+e)2tan(fx+e) + ln(sec(fx+e)2+tan(fm+e
default
cta2 15cos(fm+e)+15cos(3fz+36)+3005(5f:t+5e) In(tan ﬁ+§ —1)+ __15cos(fz+e) 15cos(3fx+3e) 3cos(5fx
parallelrisch (( 2 : : ) ( ( 2 2> ) ( 2 : f?o
a’ctx tan<%+§)10—a2c4m+5a2c4x tan(%—}-%)2—10a204xtan<%+§)4+10a204ztan(%”—i—%)(s—")azc‘lx tan(%
norman
(tan(fz—m-l-g
input Lint ((a+a*sec(f*x+e)) "2x(c-c*sec(f*x+e)) "4,x,method=_RETURNVERBOSE) J
output ‘ a~2xc”4*x-c"4*a~2/f*(-8/15-1/5*sec (f*x+e) “4-4/15*xsec (f*xx+e) ~2) *tan (f*x+e) - ‘
|a"2xc"4xtan(f*x+e) /f+2%a"2%c dxsec(fxx+e) ¥tan(fx+e) /f+c 4%a~2/£%(-2/3-1/3
*sec(f+x+e) ~2) xtan(frx+e)-2¢c4*a"2/f* (- (-1/4*sec(f+x+e) "3-3/8+sec(fx+e))
‘ xtan (f*x+e)+3/8%1n(sec(f*x+e)+tan(f*x+e))) ‘
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.16
/(a + asec(e + fz))*(c — csec(e + fz))* dx
120 a2c* fx cos (f + €)° — 45 ac* cos (fz + €)® log (sin (fz + e) + 1) + 45 a®c* cos (fz + €)® log (— sin.
input Lintegrate ((ata*sec(f*x+e)) "2*(c-c*sec(f*x+e)) ~“4,x, algorithm="fricas") J
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1/120% (120*a~2*c 4xf*xx*cos (f*xx + e)~5 - 45*a~2xc 4xcos(f*x + e) 5xlog(sin(
fxx + e) + 1) + 4b5%¥a”2xc"4xcos(fxx + e) B*log(-sin(f*x + e) + 1) - 2x(68%*a
~2xc"4xcos(f*x + e)”4 - T5*a"2xc"4xcos(f*x + e)”3 + 4*a"2xc"4xcos(f*x + e)
2 + 30*a"2xc”4*cos(f*x + e) - 12*xa"2xc"4)*sin(f*x + e))/(f*cos(f*x + e)75

)

output

Sympy [F]

/ (a+ asec(e + fz))2(c — csec(e + fz))* dz
=a’c! (/1dm+/(—2sec (e + fz)) dz + / (—sec® (e + fz)) d
+ / 4sec® (e + fo) da + / (= sect (e + fz)) da + / (~2sec’ (¢ + fz)) da
+ / sec’ (e + fx) dac)

p
Lintegrate((a+a*sec(f*x+e))**2*(c—c*sec(f*x+e))**4,x)

-/

input

‘a**2*c**4*(Integra1(1, x) + Integral(-2*sec(e + f*x), x) + Integral(-sec(e
‘ + fxx)*x2, x) + Integral(4*sec(e + f*x)**3, x) + Integral(-sec(e + f*x)*x
‘4, x) + Integral(-2*sec(e + f*x)**5, x) + Integral(sec(e + f*x)**6, x))

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.71

/(a + asec(e + fz))*(c — csec(e + fz))* dz

8 (3 tan (fz +e)° + 10 tan (fz +e)® + 15 tan (fz + e))a®c* — 40 (tan (fz + €)’ + 3 tan (fz + €))a’c

inputLintegrate((a+a*sec(f*x+e))“2*(c-c*sec(f*x+e))*4,x’ algorithm="maxima") J
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1/120%(8*(3*tan(f*x + e)~5 + 10*tan(f*x + e)~3 + 15xtan(f*x + e))*a~2*c™4

- 40*(tan(f*x + e)~3 + 3*xtan(f*x + e))*a"2xc”4 + 120*(f*x + e)*a"2%c™4 + 1
5%a”2%c”4x (2*x (3*xsin(f*x + e)~3 - b*sin(f*x + e))/(sin(f*x + e)”4 - 2xsin(f
*x + e)”2 + 1) - 3xlog(sin(f*x + e) + 1) + 3xlog(sin(f*x + e) - 1)) - 120%
a~2xc”4*(2*¢sin(f*x + e)/(sin(f*x + e)”2 - 1) - log(sin(f*x + e) + 1) + log
(sin(f*x + e) - 1)) - 240%a~2*xc"4xlog(sec(f*x + e) + tan(f*x + e)) - 120%a
“2xc"4xtan(f*x + e))/f

output

Giac [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.23

/(a + asec(e + fz))*(c — csec(e + fz))* dz

105 a2ct t

60 (fz + e)a’c* — 45a’c*log (|tan (3 fz + Le) +1|) + 45a’c*log (|tan (3 fz +L1e) —1]) + 2(

60 f

input Lintegrate ((ataxsec(f*x+e)) "2x(c-c*sec(f*x+e))"4,x, algorithm="giac") J

1/60% (60 (f*xx + e)*a~2*c”4 - 45xa~2*xc”4xlog(abs(tan(1/2xf*x + 1/2xe) + 1))
+ 45xa”2%c"4xlog(abs(tan(1/2*%f*x + 1/2%e) - 1)) + 2%(105*a”2%c~4*tan(1/2*
f*xx + 1/2xe)”9 - 530*a~2kc 4xtan(1/2*xf*x + 1/2%e)”7 + 328*a~2xc”4*tan(1/2*
f*xx + 1/2%e)”5 - 110*a~2kc 4xtan(1/2*f*x + 1/2%e)”3 + 15*%a~2xc”4*tan(1/2*f
*x + 1/2xe))/(tan(1/2*f*x + 1/2*e)"2 - 1)°5)/f

output

Mupad [B] (verification not implemented)

Time = 11.29 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.39

/(a + asec(e + fx))*(c — csec(e + fz))*dx = a®c*z

7 a? c‘%an(%—i—fg—z)g 53 a2 c4tan(§+f7z>7 164 a2 c‘“;an(%—i—%)s 11 a2 c4tan(%+fz)3 a2c4tan(%+fz)

2 — 3 + 15 — 3 + 2

£ (tan (5 + 52)" = 5tan (5 + £2)° + 10 tan (5 + £2)° — 10tan (
B 3a®ct atanh(tan(g + me))

2f

olo
+
&“
“ls
SN—
+
Ot
t+
&
=
—
olo
+
<
”le
SN—
[\V]
|
—_
N———
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input‘int((a + a/cos(e + £*x))"2%(c - c/cos(e + f*x))~4,x)

a~2*c”4xx + ((164xa~2*xc”4*tan(e/2 + (£*x)/2)75)/15 - (11*a"2*c"4xtan(e/2 +

(£xx)/2)"3)/3 - (53*a~2*c~4*tan(e/2 + (£*x)/2)°7)/3 + (T*a~2*c"4*tan(e/2
+ (£xx)/2)79)/2 + (a~2*c~4*tan(e/2 + (£f*x)/2))/2)/(f*(5*xtan(e/2 + (£f*x)/2)
~2 - 10*tan(e/2 + (f*x)/2)"4 + 10*tan(e/2 + (f*x)/2)"6 - 5xtan(e/2 + (f*x)
/2)°8 + tan(e/2 + (£*x)/2)710 - 1)) - (3*%a"2*c"4*atanh(tan(e/2 + (£f*x)/2))
)/ (2%£)

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 298, normalized size of antiderivative = 2.13

/(a + asec(e + fr))?(c — csec(e + fz))* dz
a?c* (45 cos (fz + e) log(tan (££ + £) — 1) sin (fz +€)* — 90 cos (fz + ) log(tan (L& + £) — 1) sin (fx

inputLint((a+a*sec(f*x+e))‘2*(c—c*sec(f*x+e))*4,x) J

(ax*2*c**x4x (45xcos(e + fx*x)*log(tan((e + f*x)/2) - 1)*sin(e + f*xx)*x4 - 90
*cos(e + fxx)*log(tan((e + f*x)/2) - 1)*sin(e + f*x)**2 + 45xcos(e + fxx)*
log(tan((e + f*x)/2) - 1) - 45xcos(e + f*x)*log(tan((e + f*x)/2) + 1)*sin(
e + fxx)**4 + 90*cos(e + f*x)*log(tan((e + f*x)/2) + 1)*sin(e + f*x)**2 -
45xcos(e + fxx)*log(tan((e + f*x)/2) + 1) + 60*cos(e + f*x)*sin(e + fxx)**
4xfxx - Toxcos(e + fxx)*sin(e + f*x)**3 - 120*cos(e + f*x)*sin(e + f*xx)**2
*f*x + 45*cos(e + f*xx)*sin(e + f*x) + 60*cos(e + f*x)*fxx - 68xsin(e + f*x
)**5 + 140*sin(e + f*x)**3 - 60*sin(e + f*x)))/(60*cos(e + f*x)*f*x(sin(e +
f*x)*x*4d - 2xsin(e + £*x)**2 + 1))

output
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3.3 [(a+asec(e+ fz))*(c — csec(e + fx))’ dx

Optimal result . . . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . ... o 1291
Rubi [A] (verified) . . . .. . . ... .. 130
Maple [A] (verified) . . . . . . ... L 132
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 132
Sympy [F] . . o o 133l
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 133l
Giac [A] (verification not implemented) . . . . . . ... ... ... 134
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 134
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 135

Optimal result

Integrand size = 26, antiderivative size = 97

/(a + asec(e + f))*(c — csec(e + fx))* dz
o 3 3a’c’arctanh(sin(e + fz))  a®(8¢’ — 3c®sec(e + fx)) tan(e + fx)

=a’c’r 8f 8
a*(4c® — 3c*sec(e + fz)) tan3(e + fz)
+ 12f

N

B
‘ a~2xc~3*x-3/8*%a~2*xc " 3*arctanh(sin(f*x+e))/f-1/8*a~2* (8*c~3-3*c 3*sec (f*x+e ‘

output
‘ ))*tan (f*x+e) /f+1/12%a~2% (4*xc~3-3%c~3*sec (f*x+e) ) *tan (f*x+e) ~3/f ‘

Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.26

/(a + asec(e + fx))?(c — csec(e + fz))* dz
_ a’c®sect(e + fz) (72e + 72fx — 72arctanh(sin(e + fz)) cos(e + fx) + 96(e + fz) cos(2(e + fx)) + 24

input LIntegrate[(a + a*Sec[e + f*xx])~2x(c - c*Sec[e + f*x])"3,x] J
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Output‘ (a~2xc~3*Sec[e + f*x] 4*(72%e + T2xfxx - 72xArcTanh[Sin[e + f*x]]*Cos[e + ‘
\f*x] ~4 + 96%(e + f*x)*Cos[2%(e + f*x)] + 24%exCos[4*(e + f*x)] + 24*f*x*Co \
's[4x(e + fxx)] - 18*Sin[e + f*x] - 32%Sin[2x(e + f*x)] + 30%Sin[3*(e + f*x

\)] - 32xSin[4x(e + £*x)1))/(192%f)

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.92,

number of rules _
integrand size 0.269, Rules

number of steps used = 7, number of rules used = 7,
used = {3042, 4392, 3042, 4369, 3042, 4369, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(a sec(e + fz) + a)*(c — csec(e + fz))® dx

| 3042
a csc e—l—fx+z +a ’ c— ccsc e+fm+§ 3dx

2 2

| 4392
a?c? /(c— csec(e + fz)) tan*(e + fz)dz
| 3042
a2c2/cot (e + fx + g>4 (c— ccsc (e + fx + g)) dz
| 4369
a2c2<tan3(e+ fa?)(4i2—f3cseC(e+ fz)) i /(40_ 3csec(e + f)) tan2(e + f:c)d:r)

l 3042

a2 (tan?’(e + fx)(4i2—f3csec(e +fz)) i /cot (e + fz + g)z <4c — 3cese (e +fz+ g)) da:)

l 4369
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_ tan(e + fz)(8c — 3csec(e + f:v))) + tan3(e + fz)(4c — 3csec(e + fz)

022 (zll (; /(gc — 3csec(e + fz))dx 2f 121

l 2009

29(1/(1 3carctanh(sin(e + fx)) tan(e + fx)(8c — 3csec(e + fx)) tan3(e + fz)(4c — 3csec(
e (555 7 )- 2f )+ i2f

-

LInt[(a + a*Secl[e + f*x])~2%(c - c*Secl[e + f*x])~3,x]

-/

input

‘a‘2*c‘2*(((4*c - 3xc*Sec[e + f*x])*Tanl[e + f*x]~3)/(12%f) + ((8*c*x - (3*c ‘
‘*ArcTanh[Sin[e + f*x]1)/£)/2 - ((8%c - 3*c*Sec[e + f*x])*Tan[e + f*x])/(2% ‘
\f))/4) \

output

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4369 Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-e)*(e*Cot[c + d*x])"(m - 1)*((a*m + bx(m - 1)*Csc
[c + d*x])/(d*m*(m - 1))), x] - Simpl[e”2/m  Int[(exCot[c + d*x])~(m - 2)*(
axm + bx(m - 1)*Csc[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m
, 1]

rule 4399 Intllesclle_.) + (£_.0*(x_)Ix(b_.) + (a))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + £*xx]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])
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Maple [A] (verified)

Time = 0.91 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.37

method result
2
Ba2 (_E_M) tan(fz+e) Ba2 (_ (_
3 3 2 3 zt 3 2 t
pa,rts a203x — __ 4cta an(fxz+e) + c3a? sec(fz+e) tan(fz+e) .
f f f

. h 2 3 i03a2(15e7i(fx+e)+48e6i(f$+e)_9e5i(f1+e)+9664i(f1+€)+9e3i(fﬂ'3+e)+8062i(fz+e)_15ei(fz+e)+32)

I1SC a“c’r —

12f (e2i(fm+e)+1) 4

c3a?(fr+e)—c3a? In(sec(fz+e)+tan(fz+e))—2c2a? tan(fr+e)+2c3a? ( Sec(f$+e)2tan(fw+e) + ln(sec(f$+e)2+tan(fw+e

derivativedivides

c3a?(fr+e)—c3a? In(sec(fz+e)+tan(fz+e))—2c3a? tan(fr+e)+2c3a? ( sec(fm+e)2tan(fm+e) + ln(sec(fm+e)2+tan(fm+e
default

lelrisch a?c? (9(cos(4fa:+4e)+4 cos(2fz+2e)+3)In (tan (%” + %) —1) +9(—3—cos(4fz+4e)—4 cos(2fz+2€)) In (tan (% +5 \
parallelrisc 24 f(cos(4fz+4e
8 2 4 6 5c3a2 fz e

a?c3z+a?c3z tan(%+§) —4a%c3z tan(%z—i-%) +6a2c3z tan(’;—””—i-%) —4a*cz tan(%+§> - *w

norman P
(tan(%”-l—%) —1)
inputLint((a+a*sec(f*x+e))‘2*(c-c*sec(f*x+e))"3,x,method=_RETURNVERBOSE) J

‘a‘2*c“3*x—c“3*a‘2/f*(—2/3—1/3*sec(f*x+e)“2)*tan(f*x+e)—2*c‘3*a‘2/f*tan(f*x
‘ +e)+c”"3*a~2/f*sec(f*x+e) *tan (f*xx+e)-c~3*a~2/f* (- (-1/4*sec(f*x+e) "3-3/8*sec ‘
‘ (f*xx+e) ) *tan (f*x+e)+3/8*1n(sec(f*x+e)+tan(f*x+e))) ‘

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.52

/(a + asec(e + fr))?(c — csec(e + fz))* dz

_ 48a’cfrcos(fr+ e)* —9a2c® cos (fz + €)*log (sin (fz + €) + 1) + 9a2c? cos (fz + €)* log (— sin (fz
B 48 f cos (|

input tintegrate ((at+a*sec(f*x+e)) 2% (c-cxsec (f*x+e))"3,x, algorithm="fricas") J
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‘1/48*(48*a“2*c"3*f*x*cos(f*x + e)74 - 9%a"2xc”3*cos(f*x + e) 4*log(sin(f*x \
‘ + e) + 1) + 9%a"2xc"3*cos(f*x + e) 4*xlog(-sin(f*x + e) + 1) - 2x(32*a"2xc
“3*cos(f*x + e)73 - 1b6%a”2xc " 3*cos(f*x + e)”2 - 8*a"2xc " 3*cos(f*x + e) + 6
‘*a‘2*c‘3)*sin(f*x + e))/(fxcos(f*x + e)~4)

output

Sympy [F]

/(a + asec(e + fx))?(c — csec(e + fz))* dz
= —a2c (/ (—1) dz + /sec (e + fx)dx + /ZSec2 (e+ fz)dz
+ / (—2sec® (e + fz)) dr + / (—sec* (e + fz)) dz + /8605 (e+ fz) dx)

input Lintegrate ((a+axsec(f*x+e))**2x (c—cxsec(f*x+e))**3,x) J

p

t‘—a**2*c**3*(Integral(—1, x) + Integral(sec(e + f*x), x) + Integral(2xsec(e
‘ + f*xx)**2, x) + Integral(-2*sec(e + fxx)**3, x) + Integral(-sec(e + f*x)*
L*4, x) + Integral(sec(e + f*x)**x5, x))

outpu

~

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 203 vs. 2(91) = 182.

Time = 0.04 (sec) , antiderivative size = 203, normalized size of antiderivative = 2.09

/(a + asec(e + fz))*(c — csec(e + fz))® dz

2 (3 sin(fz+€)—5 sin(fx+e)>
sin(fz+e)*—2 sin(fz+e)’+1

16 (tan (fz +e)® + 3 tan (fz + €))a®c® + 48 (fz + e)a’c® + 3a?c? ( — 3 log (si

inputLintegrate((a+a*sec(f*x+e))“2*(c-c*sec(f*x+e))*3,x’ algorithm="maxima") J
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output 1/48*(16*(tan(f*x + e)~3 + 3*xtan(f*x + e))*a"2*c™3 + 48 (fxx + e)*a"2%c”3
+ 3%a”2%c”3* (2% (3xsin(f*x + e)~3 - bksin(f*x + e))/(sin(f*x + e)~4 - 2*sin
(f*x + e)”2 + 1) - 3*log(sin(f*x + e) + 1) + 3*log(sin(f*x + e) - 1)) - 24
*a"2%c"3*(2*sin(f*x + e)/(sin(f*x + e€)”2 - 1) - log(sin(f*x + e) + 1) + lo
g(sin(f*x + e) - 1)) - 48xa”2xc”3xlog(sec(f*x + e) + tan(f*x + e)) - 96%*a”
2xc"3*tan(f*x + e))/f
Giac [A] (verification not implemented)
Time = 0.20 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.58
/(a + asec(e + fx))?(c — csec(e + fz))* dz
2 (33a2c3 tan(.
24 (fz + e)a’c® — 9a*cPlog (|tan (5 fz + 5 €) + 1|) + 9a*log (|tan (§ fz + 5¢) — 1|) + M
- 24 f
e B
input Lintegrate ((ataxsec(f*x+e)) 2% (c-c*sec(f*x+e))~3,x, algorithm="giac") J
output 1/24% (24 (fxx + e)*a~2*c”3 - 9*a~2+c”3xlog(abs(tan(1l/2*f*x + 1/2%e) + 1))

+ 9xa”~2+c”3*log(abs(tan(1/2*f*x + 1/2%e) - 1)) + 2+(33*a~2*c"3xtan(1/2*f*x

+ 1/2%e) "7 - 137*a”~2%c 3xtan(1/2*f*x + 1/2%e)”5 + 71ka ~2xc~3*tan(1/2*fx*x
+ 1/2%e)"3 - 15*xa”2xc”3xtan(1/2*xfxx + 1/2%e))/(tan(1/2xfxx + 1/2*%e)"2 - 1)
~4)/f

Mupad [B] (verification not implemented)

Time = 11.27 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.68

/(a + asec(e + fz))*(c — csec(e + fz))* dx

11a? c3tan<%+71>7 137 a? c3tan<%+f2—x)5 71a203tan<%+f2—x)3 5azc3tan<%+f72)

12 12 1
f (tan (% + %’”)8 —4tan (% + %’”)6 + 6 tan (% + %)4 — 4tan (% + %’”)2 + 1)
3a’® ¢ atanh (tan (g + %))
4f

+a’clx—
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input‘int((a + a/cos(e + £*x))"2*%(c - c/cos(e + f*x))~3,x)

((71*a~2xc"3*tan(e/2 + (£*x)/2)°3)/12 - (137*a"2*c"3*tan(e/2 + (f*x)/2)°5)
/12 + (11*xa~2*c~3*tan(e/2 + (f*x)/2)°7)/4 - (5*%a~2*xc"3*tan(e/2 + (f*x)/2))
/4)/ (£x(6xtan(e/2 + (f*x)/2)"4 - 4xtan(e/2 + (£f*x)/2)"2 - 4xtan(e/2 + (f*x
)/2)°6 + tan(e/2 + (£*x)/2)78 + 1)) + a~2*c”3*x - (3*a~2xc”3*atanh(tan(e/2
+ (£%x)/2)))/(4xf)

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 226, normalized size of antiderivative = 2.33

/(a + asec(e + fx))?(c — csec(e + fz))* dz
a?c® (32 cos (fz + e)sin (fz +e)® — 24 cos (fz + ) sin (fz + €) + 9log(tan (L + £) — 1) sin (fz +¢)*

r

inputLint((a+a*sec(f*x+e))”2*(c-c*sec(f*x+e))~3’x)

| —

(a**2xc*xx3* (32*cos(e + f*x)*sin(e + f*x)**3 - 24xcos(e + fxx)*sin(e + f*x)
+ 9xlog(tan((e + f*x)/2) - 1)*sin(e + f*x)*x4 - 18*log(tan((e + f*x)/2) -
D *sin(e + f*x)**2 + 9xlog(tan((e + f*x)/2) - 1) - 9*log(tan((e + £*x)/2)
+ 1)*sin(e + fxx)**4 + 18xlog(tan((e + £*x)/2) + 1)*sin(e + £*x)**2 - 9x1

og(tan((e + f*x)/2) + 1) + 24xsin(e + f*xx)*x4*xf*x - 15*sin(e + f*x)**3 - 4

8+sin(e + f*x)**2xf*xx + 9*sin(e + f*x) + 24xf*x))/(24xf*(sin(e + f*xx)**x4 -
2xsin(e + f*x)*x2 + 1))

output
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3.4 [(a+asec(e+ fz))*(c — csec(e + fx))* dx

Optimal result . . . . . . . . . . . . e 136
Mathematica [A] (verified) . . . . . . . . . ... o 1361
Rubi [A] (verified) . . . .. . . ... .. 137
Maple [A] (verified) . . . . . . ... L 138
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 139

Sympy [F] . . o o 140
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1401

Giac [A] (verification not implemented) . . . . . . ... ... ... T40
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 26, antiderivative size = 47

/(a + asec(e + fr))*(c — csec(e + fz))*dz
a’c®tan(e + fx) N a’c® tan®(e + fr)
f 3f

= (12021} —

output La“2*c‘2*x—aA2*C“2*tan(f*x+e) /£+1/3xa~2*%c™2*tan (f*x+e) ~3/f J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96

/(a + asec(e + fz))?(c — csec(e + fz))*dx

_ 22 (arctan(tan(e + fz)) tan(e+ fx) N tan®(e + fm))
f f 3f
input LIntegrate[(a + a*Sec[e + f*x])"2x(c - c*Sec[e + f*x])"2,x] J
output La“2*0‘2*(ArcTan[Tan[e + f*x]]/f - Tan[e + f*x]/f + Tan[e + f*x]~3/(3%f)) J




input

CHAPTER 3. LISTING OF INTEGRALS 137

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74,

number of rules _ 0.269, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4392, 3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a sec(e + fz) + a)?(c — csec(e + fx))? dx

| 3042
/ (acsc <e+ fo+ g) —I—a)2 <c— cese (e—l—fa:—l— g))de
| 4392
a?c? / tan*(e + fz)dz
| 3042
a?c? / tan(e + fx)*dx
| 3954
a202<'m3(§;rm — / tan®(e + fx)da:)
| 3042
a%2<m3(§ffw) - / tan(e + fw)2dm>
| 3954
22 ( / Mo tan3(§ ;r fz) tan(ef+ f:c)>

| 24

2202 (tarﬁ (c+f2)_tanletfo) | m>

Int[(a + a*Sec[e + f*x]) 2*x(c - c*Sec[e + f*x])"2,x]




output

rule 24

rule 3042

rule 3954

rule 4392
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‘a"2*c"2*(x - Tan[e + f*x]/f + Tan[e + fxx]~3/(3%f))

Defintions of rubi rules used

-

LInt[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + f*x]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.19
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method result
2
242 (_g_m) tan(fo-te)
2 9 3 3 2a2c? tan(fz+e)
r _ _
parts a“c’x 7 f
2
c2a?(fx+e)—2c%a? tan(fz+e)—c?a? (—%—M) tan(fz+e)
derivativedivides 7
2
c2a?(fz+e)—2c%a? tan(fzr+e)—c?a? (— 2_ Sec(f++e)) tan(fz-+e)
default 7
. 4ic2a2 (3 edi(fzte) 4 3 g2i(frte) 4o
risch @22y — HCP BT 43e - +2)
3f(621(f:c+e)+1)
6 4 5 2 20 fzie)? °
c? <tan(f;-l—g) xf—3tan(f7m+%> xf+2tan(%+%) +3tan(f§+§) ggf—m-fx—ﬂtan(%—l—%)
parallelrisch 3 /
f(tan(Z2+5)-1)" (tan( L2 +5)+1)
2 2 2 2 3
a2c2ztan<%+%> _ g2 2;,;.|.3a2(:2actan(’%”+§)2—3a2c2a’:tan<’;—””+§>4+2C ‘ tanf(%_‘_%)—mc ‘ tagf(%+%) -
norman PN
(tan(%-ﬁ-%) —1)
input Lint ((ataxsec(f*x+e)) 2% (c-c*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE) J

t‘a"2*c"2*x-c"2*a"2/f*(-2/3-1/3*sec(f*x+e)"2)*tan(f*x+e)-2*a"2*c"2*tan(f*x+e

)/t |

outpu

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.38

/(a + asec(e + fz))*(c — csec(e + fz))*dx

_ 3a’Pfxcos(fz+ e)’ — (4a2ccos (fr +e)® — a®c?) sin (fz + e)
B 3 fcos (fz +e)’

inputLintegrate((a+a*sec(f*x+e))‘2*(c—c*sec(f*x+e))"2,x, algorithm="fricas") J

t‘ 1/3%(3*a~2+c " 2xf*x*xcos(f*x + e)~3 - (4*xa”2+c™2*kcos(f*x + e)”2 - a"2%c™2)*s ‘

outpu
‘in(f*x + e))/(f*cos(f*x + e)~3) ‘
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Sympy [F]

/(a + asec(e + fz))*(c — csec(e + fz))* dx

= a?c? (/1dac+/(—25:ec2 (e+ fz)) dac+/sec4 (e+ fz) dz)

inputLintegrate((a+a*sec(f*x+e))**2*(c-c*sec(f*x+e))**2,x) J

‘a**2*c**2*(Integral(1, x) + Integral(-2xsec(e + f*x)*+*2, x) + Integral(sec

output
‘(e + fxx)**4, x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.21

/(a + asec(e + fx))?(c — csec(e + fz))* dz

(tan (fz +€)® + 3 tan (fz + €))a®c® + 3 (fz + e)a’c® — 6a>c? tan (fz + e)
3f

inputLintegrate((a+a*sec(f*x+e))“2*(c-c*sec(f*x+e))*2,x, algorithm="maxima") J

e B

1/3*x((tan(f*x + e)~3 + 3*tan(f*x + e))*a~2*%c™2 + 3*(fxx + e)*a~2*%c”2 - 6*a
“2*c*2*tan(f*x + e))/f

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02

/(a + asec(e + fr))*(c — csec(e + fx))*dx

a’tan (fz + )’ + 3 (fr + e)a®c® — 3a2c tan (fz + €)
3f
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input ‘ integrate((ataxsec(f*x+e)) "2+ (c-c*sec(f*x+e))~2,x, algorithm="giac") ‘

‘1/3*(a"2*c"2*tan(f*x + e)”3 + 3x(f*xx + e)*a"2*%c”2 - 3xa”~2xc " 2xtan(f*x + e) \

ou‘cput‘)/f ‘

Mupad [B] (verification not implemented)

Time = 12.58 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.79

/(a + asec(e + fx))*(c — csec(e + fx))*dx

3
9 9o e f 5 2Oa202tan(§+f2—z) 9 o9 . f
_ 2.2 2a°ctan(§ + ) — 3 +2a? P tan( + LF)
=a“c'x+ - -
f (tan (g+ 48" - 1)
inputLint((a + a/cos(e + f*x))~2%(c - c/cos(e + f*x))~2,x) J
Output‘aA2*CA2*X + (2%a”2%c”2+tan(e/2 + (£*x)/2)°5 - (20%a~2xc~2xtan(e/2 + (f*x)/

‘2)‘3)/3 + 2xa”~2%c 2xtan(e/2 + (f*x)/2))/(f*(tan(e/2 + (£f*x)/2)"2 - 1)°3) ‘

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.66

/(a + asec(e + fz))*(c — csec(e + fz))*dx
azc2(3cos(fx—|—e)sin(fx+e)2fx— 3cos(f:c—|—e)fx—4sin(fx—|—e)3—|-3sin(fa:+e))

B 3cos(fz—|—e)f(sin(fx—|—e)2—1)

input Lint ((at+axsec(f*x+e)) 2% (c-c*sec(f*x+e))~2,x) J

output‘ (ax*2%cx*x2% (3*xcos(e + f*x)*sin(e + f*x)**x2xf*x — 3*cos(e + Ff*xx)*fxx - 4*xsi \
‘n(e + fxx)**3 + 3*sin(e + f*x)))/(3*%cos(e + fxx)*f*(sin(e + f*x)**x2 - 1)) ‘
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3.5 [(a+ asec(e + fz))*(c — csec(e + fx)) dx

Optimal result . . . . . . . . . . . . e 142
Mathematica [A] (verified) . . . . . . . . . ... o 1421
Rubi [A] (verified) . . . . . . . . . T43]
Maple [A] (verified) . . . . . . ... L 144
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 145
Sympy [F] . . o o 146
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1461
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 147

Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 147
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 24, antiderivative size = 55

/(a + asec(e + fx))?(c — csec(e + fz)) dz
200 4 a’carctanh(sin(e + fz))  ¢(2a® + a®sec(e + fx)) tan(e + f)

=a“cx of 2f

Output‘a"2*c*x+1/2*a"2*c*arctanh(sin(:f*x+e))/f-1/2*c*(2*a"2+a"2*sec(f*x+e))*tan(f
‘*x+e)/f ‘
Mathematica [A] (verified)
Time = 0.25 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.76
/(a + asec(e + fz))%(c — csec(e + fz)) dx
_a’csec’(e+ fz) (e + fx + 6arctan(tan(e + fz)) cos®(e + fz) + 4arctanh(sin(e + fz)) cos*(e + fx) +
= 8

input LIntegrate[(a + axSec[e + f*x])"2x(c - cxSec[e + f*x]),x] J
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‘ (a~2%c*Sec[e + f*x] 2x(e + fxx + 6%ArcTan[Tan[e + f*x]]*Cos[e + f*x]~2 + 4 ‘
‘*ArcTanh[Sin[e + fxx]]*Cos[e + f£*x]~2 + exCos[2*(e + f*x)] + f*xx*Cos[2*(e ‘
‘+ fxx)] - 4%Sin[e + f*x] - 4%Sin[2x(e + f*x)]))/(8xf) ‘

output

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.95,

number of rules _ 0.208, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {3042, 4392, 3042, 4369, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)(c — csec(e + fz)) da
| 3042
/ <acsc <e+ fr+ g) + a)2 <c— cese (e +fo+ g)) dz
| 4392
ac / (sec(e + fo)a + a) tan(e + fz)dz
| 3042

—ac/cot (e+fm+g)2 (csc(e+fw+g>a+a)dw

l 4369

_ac<tan(e + fx)(asec(e + fz) + 2a)

5F - % /(sec(e + fx)a+ 2a)dw>
| 2009

tan(e + fz)(asec(e + fzr) + 2a)>
2f

ae < 1 <_ aarctanh(sin(e + fz))

3 7 — 2aa:> +

-

input LInt[(a + a*xSec[e + f*xx]) 2%(c - c*Secl[e + f*x]),x]

-/




output

rule 2009

rule 3042

rule 4369

rule 4392

CHAPTER 3. LISTING OF INTEGRALS 144

‘-(a*c*((-2*a*x - (axArcTanh([Sin[e + f*xx]]1)/£f)/2 + ((2*xa + a*Sec[e + fx*xx])x*
LTan[e + £xx])/(2%£)))

|
J

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cot[(c_.) + (d_.)*(x_)I*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)I*x(p_.) + (
a_)), x_Symbol] :> Simp[(-e)*(exCot[c + d*x])"(m - 1)*((a*m + b*(m - 1)*Csc
[c + d*x])/(d*m*(m - 1))), x] - Simp[e”2/m  Int[(exCot[c + d*x])~(m - 2)*(
a*m + bx(m - 1)*Csc[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m
, 1]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + f*x]~(2%m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, £, n}, x] & E
qQ[bxc + a*d, 0] &% EqQ[a”2 - b2, 0] && IntegerQ[m] && RationalQ[n] && ! (
IntegerQ[n] && GtQ[m - n, 0])

Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.53
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method result
derivativedivides a?c(fz+e)+a’c ln(sec(fz+e)+tan(fz+e))—aQCtan(fz+e)—a2c(Sec(fz+e)2tan(fz+e) + ln(sec(fz+e)2+tan(fz+e)) )
f
default azc(fz+e)+a2cln(sec(fw+e)+ta,n(fw+e))—azctan(fz+e)—a2c(sec(fm+e)2tan(fm+e) + ln(sec(fm+e)2+tan(fm+e)) )
f
(fzte) tan(fzte) | In(sec(fzte)ttan(fzte))
parts a20x+ a’cln(sec(fz+e)+tan(fr+e))  a’ctan(fz+e) a2c<sec S )
! f f
risch a20x + ia2c(63'i(f:c+e)_2e2i(fm+e)_ei(fa:+e)_2) + a2cln(ei(fa:+e)+i) . a2cln(e'i(f:c+e)_i)
f(eZi(fa:+e)+1)2 2f 2f
. c((1+cos(2fa:+2e)) ln(tan(%+%>—1)+(—1—cos(2fz+2e)) ln(tan(%+%)+l)—2fzcos(2fz+26)—2f.’z:+2sin
parallelrisch —
2f(1+cos(2fz+2e))
4 2. tan(fZ 1 e 3 2 3a2ctan(fZ e
a20w+a2m:tan<f7m+%) +M—2a%xtan(%+%) —M a2cln(tan(%+%>—l)
norman 5 3 — o +
(tan(%-ﬁ-%) —1)

input 10t ((a+axsec(frx+e)) "2+ (c-cksec(f*x+e)) ,x,method=_RETURNVERBOSE) |

‘1/f*(a‘2*c*(f*x+e)+a“2*c*ln(sec(f*x+e)+tan(f*x+e))—a‘2*c*tan(f*x+e)—a“2*c*

output
\ (1/2*sec (fxx+e) *tan (f*x+e)+1/2%1n(sec (f*x+e)+tan (fxx+e)))) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(51) = 102.

Time = 0.08 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.87

/(a + asec(e + fr))*(c — csec(e + fz)) dx
_ 4a’cfxcos (fr +e)® + a’ccos (fz + €)’ log (sin (fz + e) + 1) — a®ccos (fz + e)*log (—sin (fz + €) +

4 f cos (fz +e)”
input Lintegrate((a+a*sec(f*x+e))“2*(c—c*sec(f*x+e)) ,X, algorithm="fricas") J
output‘ 1/4x (4xa”~2*xc*xf*xxcos(f*x + e)”2 + a"2*c*cos(f*x + e) 2+log(sin(f*x + e) + ‘

‘1) - a”2xcxcos(f*x + e)"2xlog(-sin(f*x + e) + 1) - 2*x(2xa"2*c*cos(f*x + e) ‘
‘ + a”2*xc)*sin(f*x + e))/(f*xcos(f*x + e)~2) ‘
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Sympy [F]

/(a + asec(e + fr))*(c — csec(e + fz)) dx
= —a2c(/ (-1) dac—i—/(— sec (e + fr)) dz + /sec2 (e+ fz)dzx
+ /sec3 (e+ fx) da:)

inputLintegrate((a+a*sec(f*x+e))**2*(c-c*sec(f*x+e)),x) J

‘—a**2*c*(Integra1(-1, x) + Integral(-sec(e + f*x), x) + Integral(sec(e + f

output
‘*x)**2, x) + Integral(sec(e + f*x)**3, x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.73

/(a + asec(e + fx))?(c — csec(e + fz)) dx

4(fr +e)a*c+ a%(% —log (sin (fz +€) + 1) + log (sin (fz + €) — 1)) + 4 a’clog (sec (fz +

4f
inputLintegrate((a+a*sec(f*x+e))‘2*(c—c*sec(f*x+e)),x, algorithm="maxima") J
Output‘1/4*(4*(f*x + e)*a”~2%c + a"2*kc*k(2*sin(fxx + e)/(sin(f*x + e)”2 - 1) - log(

‘sin(f*x + e) + 1) + log(sin(f*x + e) - 1)) + 4xa~2+c*log(sec(f*x + e) + ta
‘n(f*x + e)) - 4xa”2*cxtan(f*x + e))/f
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(51) = 102.

Time = 0.14 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.87

/(a + asec(e + fx))?(c — csec(e + fz)) dx
a%tan(% fx+%e)3—f

2(fz + e)a*c+ a’clog (|tan (3 fz + L e) + 1|) — a’clog (|tan (3 fz +1e) —1|) + l (2 7ot

2f

/

Lintegrate((a+a*sec(f*x+e))‘2*(c—c*sec(f*x+e)),x, algorithm="giac")

~—

input

‘1/2*(2*(f*x + e)*a”2%c + a"2*c*log(abs(tan(1/2*f*x + 1/2%e) + 1)) - a™2xc* \
|log(abs(tan(1/2%f*x + 1/2%e) - 1)) + 2x(a”2*c¥tan(1/2%f*x + 1/2%e)"3 - 3xa |
~2xcxtan(1/2%f*x + 1/2%e))/(tan(1/2xf*x + 1/2xe)”2 - 1)72)/f

N\ J

output

Mupad [B] (verification not implemented)

Time = 10.53 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.65

/(a-l—asec(e—l— fr))?(c — csec(e + fz)) dz
C Pen 3a?ctan($ + L) — a’ctan (& + %”")3 N a? catanh (tan($ + £2))
f (tan(§+%)4—2tan(g+%)2+1) f

[int((a + a/cos(e + f*x))~2*(c - c/cos(e + f*x)),x)

-/

input

‘a"2kcxkx - (3xa"2%cxtan(e/2 + (£*x)/2) - a"2+cxtan(e/2 + (£%x)/2)°3)/(f*(ta
\n(e/z + (fxx)/2)74 - 2*tan(e/2 + (£f*x)/2)72 + 1)) + (a"2*c*atanh(tan(e/2 + \
@0 /2))/f |

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 127, normalized size of antiderivative = 2.31

/(a + asec(e + fz))*(c — csec(e + fz)) dx

_ a’c(2cos (fz + €) sin (fz + €) — log(tan (% +£) —1)sin(fz + )’ + log(tan (% +£) — 1) + log(tar
B 2f (sin (fz +

-/

p
inputLlnt((a+a*sec(f*x+e)) 2% (c-c*sec (f*x+e)) ,x)

output‘ (a*x*2%c* (2%cos(e + f*x)*sin(e + f*x) - log(tan((e + f*x)/2) - 1)*sin(e + f ‘
\*x)**2 + log(tan((e + f*x)/2) - 1) + log(tan((e + f*x)/2) + 1)*sin(e + f*x \
)#%2 - log(tan((e + £*x)/2) + 1) + 2*sin(e + f*x)*x2xfxx + sin(e + f*x) -
‘2*f*x))/(2*f*(sin(e + £Hx)**2 - 1)) J




output

input
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3.6 f (a+asec(e+fx))? dx
) c—csec(e+fx)

Optimal result . . . . . . . . .. .. 149
Mathematica [B] (verified) . . . . . . . .. ... L Lo 149
Rubi [A] (verified) . . . . . . . .. .. 150
Maple [A] (verified) . . . . . . . . .. 1511
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ...... 152
Sympy [F] . . . 152
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 1521
Giac [A] (verification not implemented) . . . . . . ... ... ..o ... 153
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 153
Reduce [B] (verification not implemented) . . . ... ... ... ......... 154

Optimal result

Integrand size = 26, antiderivative size = 56

de = — —

4a” tan(e + fx)

/ (a + asec(e + fz))? a’z  aarctanh(sin(e + fz))

¢ — csec(e + fx) c

cf

cf(1 —sec(e + fzx))

‘a‘2*x/c—a“2*arctanh(sin(f*x+e))/c/f—4*a“2*tan(f*x+e)/c/f/(1—sec(f*x+e))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 201 vs. 2(56) = 112.

Time = 1.45 (sec) , antiderivative size = 201, normalized size of antiderivative = 3.59

(a + asec(e + fr))?

c — csec(e + fzx) de =

a*?tan(e + fz) (4\/E<\/E\/1 —sec(e + fz)(1 + sec(e + fx)) + arcsin (M) sec(e + fx)

V2ya

A312f(1 —secle +

e

tIntegrate[(a + axSec[e + f*x])~2/(c - c*Secle + f*x]),x]

~—




output

input

output
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-((a~(3/2)*Tan[e + f*x]*(4*Sqrt[c]*(Sqrtlal*Sqrt[1 - Sec[e + £*x]]1*(1 + Se
cle + £*x]) + ArcSin[Sqrt[a*(1 + Sec[e + f*x])]/(Sqrt[2]*Sqrt[a])]*Secle +
fxx]*Sqrt[a*x(1 + Sec[e + f*x])]1*Sin[(e + f*x)/2]72) - ArcTanh[Sqrt[-(a*c*
Tan[e + f£*x]72)]/(Sqrt[al*Sqrt[c])]*Sqrt[1 - Sec[e + f*x]]*Sqrt[-(a*c*Tan[
e + £xx]172)]))/(c”(3/2)*fx(1 - Secle + £*x])~(3/2)*(1 + Sec[e + £*x])))

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91,
number of rules _
integrand size 0.115, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(asec(e + fz) + a)?
/ ¢ —csec(e + fx) dz

l 3042

/ (acsc(e+ fx+ %) +a)2
dx
c—cesc(e+ fz+ %)

| 4301
2(e+fx)a? 2sec(e+fx)a? 2
f (Slefsec(e+fx) + 1S—e§ec(e+fx) + 1—seccze+fx)> dzx
C
| 2009

a2arctanh(sin(e+fz)) 4a? tan(e+ fx) 2
- 7 ~ FO=seclerfo) T 47

c

e

LInt[(a + a*xSec[e + f*x])~2/(c - c*Secl[e + f*x]),x]

| (a~2#x - (a~2*ArcTanh[Sin[e + £*x]1)/f - (4*a~2xTanle + f£*x])/(f*(1 - Secl
‘e + £4x1)))/c

N

~—

J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4391 Intlesclle_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.93

method result
. a?(fz+In(tan(£2+¢)—1)—In(tan( 24+ )+1)+4cot( LZ+£
parallelrisch ( (ten(+5) 1) Ef (5+5)+) (5+1))
402 (arctan(tan2(%+g)) _ln(tan(%+%)+1) +ln(tan(%+%)—1) +t (é+e)>
derivativedivides 7o z 2
102 (arctan(tanz(fzz+g>) _ln(tan(fT:+%)+l) +1n(tan(%+%)—l) +t (flere))
default 7o 22
. a’z 8ia2 a?In(etlfz+e) ) a? In(etlfz+e) 1)
risch e + fc(ei(fere)_l) cf - cf
fz_ e)3 fz . e)? fz e
azwtan( ) +2) _£+4a2tan( ) +2) _azwtan( ] +2) a21n<tan<%+%)—l) azln(tan(f%+§)+1>
norman < o - + T - o7
(tan<%+%> —1) tan(fz—z+%)
input tint ((at+axsec(f*x+e)) "2/ (c-c*sec(f*x+e)) ,x,method=_RETURNVERBOSE) J
Output‘ 1/c/f*a~2* (fxx+1n(tan(1/2*f*x+1/2%e)-1)-1n(tan(1/2*f*x+1/2xe)+1) +4d*cot (1/2 ‘

L*f*x+1/2*e)) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.55

(a+ asec(e + fz))?
c — csec(e + fz)
_2a*fxsin (fz +e) — a’log (sin (fz +e) + 1) sin (fz + e) + a®log (—sin (fz +e) + 1) sin (fz +€) + 8
B 2cfsin(fx +e)

dz

input Lintegrate ((at+axsec(f*x+e)) "2/ (c-c*sec(f*x+e)),x, algorithm="fricas") J

e \
‘1/2*(2*a‘2*f*x*sin(f*x + e) - a"2xlog(sin(f*x + e) + 1)*sin(f*x + e) + a”2 ‘
(*log(-sin(f*x + e) + 1)*sin(f*x + e) + 8*a"2kcos(f+x + e) + 8+a~2)/(ckf*si

n(Exx + o)) |

output

Sympy [F]
2 2sec (e+fx) sec? (e+fx) 1
(a+asec(e+fa)?  _ ° (f;;@:ﬁaridm4-f;&z;zarid$+:f;;@1ﬁ5:1dx)
c — csec(e + fz) c
input Lintegrate ((at+a*sec(f*x+e))**2/ (c-c*sec(f*x+e)),x) J

‘—a**2*(Integral(2*sec(e + f*x)/(sec(e + f*x) - 1), x) + Integral(sec(e + f ‘

output
#x)#*2/(sec(e + £*x) - 1), x) + Integral(1/(sec(e + £4x) - 1), x))/c

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 153 vs. 2(54) = 108.
Time = 0.11 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.73
(a+ asec(e + fz))?
c —csec(e + fx)

in(fz+e) in(fz+e) in(fz+e)
o (2 a‘rCtan(c;s(fz+e)+1) + cos(fw+e)+1) s (IOg(c:s(fm+e)+1+1> _ log(coss(fm+e)+1 _1) _ cos(fw+e)+l> + 2 a2 (cos(_

c csin(fz+e) c c csin(fz+e) csin(,

dz

f
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input‘integrate((a+a*sec(f*x+e))“2/(c—c*sec(f*x+e)),x, algorithm="maxima") ‘

‘(a‘2*(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c + (cos(f*x + e) + 1)/(c*
‘sin(f*x + e))) - a~2*x(log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/c - log(sin
(fxx + e)/(cos(fxx + &) + 1) - 1)/c - (cos(f*x + e) + 1)/(c*sin(f*x + e)))
‘ + 2*¥a"2x(cos(f*x + e) + 1)/(c*sin(f*x + e)))/f ‘

output

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.38

/ (a+ asec(e + fz))? i
c— csec(e + fzx)
(fote)a? _ a?log([tan(y fa+ge)+1]) | a?log(ftan(z fotye)=1]) | 4a?
c c c ctan(% fz—l—%e)

f

-/

p
inputLintegrate((a+a*sec(f*x+e))*2/(c—c*sec(f*x+e)),x, algorithm="giac")

‘((f*x + e)*a”2/c - a"2xlog(abs(tan(1/2*f*x + 1/2*e) + 1))/c + a"2xlog(abs(

output
tan(1/2%f*x + 1/2%xe) - 1))/c + 4%a~2/(cxtan(1/2%f*x + 1/2%e)))/f J

N\

Mupad [B] (verification not implemented)
Time = 11.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.82

2 (2atanh(tan(g + £2)) — —2——
/(a—i—asec(e+far:))2 dp — 2z ( atanh tan(3 + 7)) tan(§+f;”))

c — csec(e + fz) oc cf

inputLint((a + a/cos(e + £*x))"2/(c - c/cos(e + f*x)),x) J

(a~2#x)/c - (a~2x(2*atanh(tan(e/2 + (£+x)/2)) - 4/tan(e/2 + (£*x)/2)))/(c*

output‘f) ‘
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.43

(a + asec(e + fz))?

c — csec(e + fzx) dz

_ a?(log(tan (£ +¢) — 1) tan (£ + ¢) —log(tan (£ + ¢) + 1) tan (£ + ) +tan (£ + ¢) fz +4)

input tint ((ataxsec(f*x+e)) "2/ (c-c*sec(f*x+e)),x) J

(axx2* (log(tan((e + £xx)/2) - 1)xtan((e + £¥x)/2) - log(tan((e + £*x)/2) +

output
D *tan((e + f*x)/2) + tan((e + £*x)/2)*f*xx + 4))/(tan((e + f*x)/2)*c*f) J




output

input
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3.7 f (a+asec(e+fx))? dx
) (c—csec(e+fx))?

Optimal result . . . . . . . . ... .. 1551
Mathematica [C] (verified) . . . . . . . . . ... . L 155
Rubi [A] (verified) . . . . . . . . . .. 1561
Maple [A] (verified) . . . . . . ... L 157
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 158
Sympy [F] . . o 158
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 159
Giac [A] (verification not implemented) . . . . . . . .. ... ... 1591
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 160
Reduce [B] (verification not implemented) . . . ... ... ... ......... 160

Optimal result

Integrand size = 26, antiderivative size = 71

4a” tan(e + fr)

4a’tan(e + fx)

/ (a + asec(e + fr))? i — a’*z
(c — csec(e + fx))?

T2 32f(1—sec(e+ fz))?2  3c2f(1 —sec(e + fz))

s

‘/f/(l—sec(f*x+e))

a~2*x/c”2-4/3*%a"2*xtan(f*x+e) /c"2/f/(1-sec(f*x+e)) "2-4/3*a"2*xtan (f*x+e)/c”2

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.04 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.75

/ (a + asec(e + fz))? i
(c — csec(e + fx))?

_ 2d%cot? (¢ + £&) Hypergeometric2F1 (—3,1, -1,

3c2f

Integrate[(a + a*Sec[e + f*x])~2/(c - cxSecl[e + £*xx])"2,x]
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output‘ (-2*a~2xCot [e/2 + (f*x)/2] 3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[e/2 + ( ‘

£4x)/21721)/ (3%c"2x8) J
Rubi [A] (verified)
Time = 0.41 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.93,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 115 Ryjes
integrand size
used = {3042, 4391, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (asec(e + fz) + a)? "
(c — csec(e + fx))?
| 3042
/ (acsc (e + fr+ g) + a)zdac
(c—cesc(e+ fz+ 5 )2
| 4301
sec?(e+fz)a? 2sec(e+fz)a? 2
f ((l—sec(e+fz))2 + (1—sec(e+fx))? + (1—sec?e+fa:))2> dzx
2
| 2009
4a? tan(e+fx) 4a? tan(e+fx)
T 3f(1—sec(et+fx)) ~ 3f(1—sec(e+fx))? + a’z
2
input LInt [(a + a*Sec[e + f*x])~"2/(c - c*Secl[e + f*x])~2,x] J
output‘ (a™2%x - (4xa~2*Tanl[e + f*x])/(3*%f*(1 - Sec[e + f*x])~2) - (4*xa~2xTan[e + ‘

Lf*x])/(B*f*(l - Secl[e + £*x])))/c™2 J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4391 Intlesclle_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.58

method result size
3
. a? (2cot(%”+%) —3fx—600t(f71+§))
parallelrisch — 57 41
2 _ 1 1 fz e
ety e (e (49)
derivativedivides 72 47
2 _ 1 1 fz e
2a Tz o) + n(lZe +arctan (tan( 5 +5 ) )
3tan(/E+§) 2 +3
default T 47
. 2 8ia2(3 2i(fz+e) -3 i(frte) o
risch x4 = (e > +2) 99

3f c2(eilfazte)—1) 3

a;avtan(%—f—%)s 2a2 8a2tan(f7$+%)2 2a2tan(%+%)4 azztan(f%{—%)?’

norman = *3ef Scf ef = 126

c(tan(%+§>2—1) tan<%+§>3

input Liﬂt ((ata*sec(f*x+e)) "2/ (c-cksec(f*x+e))"2,x,method=_RETURNVERBOSE)

output L-1/3*a‘2* (2*cot (1/2*f*x+1/2%e) ~3-3*f*x-6*cot (1/2*f*x+1/2*e)) /c~2/f J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.24

(a + asec(e + fz))?

(c — csec(e + fx))?
_ 8a2cos(fr+e)® +4a%cos(fz +e) —4a® + 3 (a>fzcos (fz + €) — a®fz)sin (fz + e)
B 3(c2fcos(fx+e)—c2f)sin(fx+e)

dz

input Lintegrate ((at+axsec(f*x+e)) "2/ (c-c*sec(f*x+e))"2,x, algorithm="fricas") J

‘1/3*(8*a‘2*cos(f*x + e)”2 + 4xa”2*cos(f*x + e) - 4*a”2 + 3*(a~2kf*x*xcos(f* ‘
‘x + e) - a~2xf*x)*sin(f*x + e))/((c~2*f*xcos(f*x + e) - c 2*%f)*sin(f*x + e)

) |

output

Sympy [F]

/ (a+ asec(e + fr))? i
(c — csec(e + fx))?

2 2sec (e+fx) sec? (e+fx) 1
a <f sec? (e+fz)—2sec (e+fz)+1 dr + f sec? (e+fz)—2sec (e+fz)+1 dr + f sec? (e+fz)—2sec (e+fz)+1 d.’E)
2
C

input Lintegrate ((ataxsec(f*x+e))*x2/ (c-c*sec(f*x+e) ) **2,x) J

‘a**2*(Integra1(2*sec(e + f*x)/(sec(e + fxx)**2 - 2xsec(e + f*x) + 1), x) + ‘
‘ Integral(sec(e + fxx)**2/(sec(e + f*x)*x2 - 2*ksec(e + f*x) + 1), x) + Int ‘
‘egral(l/(sec(e + fxx)**2 — 2xsec(e + f*x) + 1), x))/c**2 ‘

output
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 174 vs. 2(63) = 126.

Time = 0.11 (sec) , antiderivative size = 174, normalized size of antiderivative = 2.45

(a + asec(e + fr))?
(c — csec(e + fx))?
3 sin(fmc-He)2 3 sin(fz+

. 95in(fm+e)2 _ 3 2 3 2
a2(12 arctan(M) N (W 1)(cos(fx+e)+1) ) B a (W-i—l)(cos(fx—i-e)-i-l) N 2a ((cos(fz+e)

dz

cos(fz+e)+1
c? 2 sin(fz+e)> 2 sin(fz+e)® c2

6 f

input Lintegrate ((ata*sec(f*x+e)) "2/ (c-cxsec(f*x+e))~2,x, algorithm="maxima") J

1/6*%(a~2*%(12*arctan(sin(f*x + e)/(cos(fxx + e) + 1))/c”2 + (9*sin(f*x + e)
~2/(cos(f*x + e) + 1)72 - 1)*(cos(f*x + e) + 1)"3/(c™2*sin(f*x + e)~3)) -
a~2*%(3*sin(f*x + e)"2/(cos(f*x + e) + 1)72 + 1)*(cos(f*x + e) + 1)73/(c™2%
sin(f*x + e)73) + 2*a~2*%(3*sin(f*x + e)~2/(cos(f*x + e) + 1)72 - 1)*(cos(f
*x + e) + 1)73/(c"2*sin(f*x + e)~3))/f

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.80

3 (fz+e)a? n 2 (3 a?tan(} fr+3 6)2_a2)
[lotamter s, TETT T ey

(c — csec(e + fx))? dz = 3f

input Lintegrate ((ataxsec(fxx+e)) 2/ (c-c*sec(f*x+e))~2,x, algorithm="giac") J

|1/3%(3%(fxx + e)*a"2/c"2 + 2#(3*a~2+tan(1/2+f4x + 1/2%e)™2 - a~2)/(c"2*tan

output
‘(1/2*f*x + 1/2%e)"3))/f
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Mupad [B] (verification not implemented)

Time = 10.52 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.56

(a + asec(e + fz))? a? <_200t(§ + %)3 +6cot(5+57) + 3f$>
/ (c — csec(e + fx))? do = 3c2f

input Lint((a + a/cos(e + f*x))"2/(c - c/cos(e + f*x))~2,x) J

Outputt(a‘Z*(G*cot(e/Q + (£%x)/2) - 2*cot(e/2 + (£*x)/2)"3 + 3*f*x))/(3*%c~2%f) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.73

(c — csec(e + fz))? 3tan (%-I—E)?’c?f

T e 3 T [<] 2
/(a—l—asec(e—l—fx))2d _ a2<3tan (5 +5) fr+6tan (5 +¢) _2>
2

input Lint ((at+a*sec(f*x+e)) "2/ (c-c*sec (f*x+e))~2,x) J

‘ (ax*x2x (3xtan((e + f*x)/2)**3*xf*x + 6xtan((e + f*x)/2)**2 - 2))/(3*xtan((e + \

output
‘ £xx) /2) k% 3k CcHk*2%f)
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a+asec(e+fz))?
3.8 f ((ci_csec((e——l—i_j:x))))?’ dx

Optimal result . . . . . . . . . . . . e 161
Mathematica [A] (verified) . . . . . . . . . ... 161
Rubi [A] (verified) . . . . . . . . . .. 162
Maple [A] (verified) . . . . . . ... L 163
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 164
Sympy [F] . . o 164
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 165
Giac [A] (verification not implemented) . . . . . . . .. ... ... 1651
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 166
Reduce [B] (verification not implemented) . . . ... ... ... ......... 166

Optimal result

Integrand size = 26, antiderivative size = 102

(a + asec(e + fr))? dp — a? 4a’tan(e + fx)
(¢ — csec(e + fx))? T T 5 f(1 —sec(e+ fz))?
8a?tan(e + fx) 23a’ tan(e + fz)

153 f(1 —sec(e+ fz))2 153 f(1 —sec(e + fz))

" ‘ a~2*xx/c”3-4/5*%a~2xtan (f*x+e)/c”3/f/(1-sec(f*x+e)) ~3-8/15%a~2xtan (f*x+e)/c” ‘

outpu
LS/f/ (1-sec(f*xx+e))~2-23/15%a~2xtan(f*x+e)/c~3/f/(1-sec(f*x+e)) J

Mathematica [A] (verified)

Time = 1.17 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.48

(a + asec(e + fx))?

(c — csec(e + fx))3

@2 tan(e + fa) (V/ay/E(43 — Lsec(e + fz) — 81sec*(e + fa) + 23sec?(e + fa)) — GOarctanh (V-
15¢7/2f(—1 4 sec(e + fx))3(1 + sec(e + fz,

dz

input LIntegrate[(a + a*Sec[e + f*x])~2/(c - c*Sec[e + f*x])~3,x] J




outpu

input L

outpu
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t‘ (2~ (3/2)*Tan[e + f*x]*(Sqrt[al*Sqrt[c]l*(43 - 11xSec[e + f*x] - 31xSec[e +

‘f*x] "2 + 23%Sec[e + f*x]~3) - 60*ArcTanh[Sqrt[-(a*cxTan[e + f£*x]~2)]1/(Sqrt ‘
‘ [al*Sqrt[c])]*Secle + f*x]~2*Sin[(e + f#*x)/2] 4*Sqrt[-(axcxTan[e + f£*x]~2) ‘
1))/ (15%c™(7/2)*£x (-1 + Secle + £*x])"3x(1 + Secle + £*x])) |
Rubi [A] (verified)
Time = 0.49 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.92,
_ _ o number of rules _
number of steps used = 3, number of rules used = 3, integrand size — 0.115, Rules
used = {3042, 4391, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (asec(e + fz) + a)? i
(c — csec(e + fz))3
| 3042
/ (acsc(e+ fz+ %)+ a)zdx
(c—cesc(e+ fz+ % )3
| 4391
sec?(e+fx)a? 2sec(e+fx)a? 2
f ((1—se(c(e+f2t))3 + (1—se(c(e-|—f)x))3 + (l—sec?e—l—fz))S) dzx
3
| 2009
23a2 tan(e+ f) 8a? tan(e+ fz) 4a? tan(e+fx) 2
T 15f(1—sec(e+fz)) = 15f(1—sec(e+fx))2 = 5f(1—sec(e+fz))3 +a’z

3

Int[(a + a*Sec[e + f*x])~2/(c - c*Sec[e + f*x])"3,x] J

t‘ (a”2*x - (4xa~2xTan[e + f*x])/(5*%f*(1 - Sec[e + f*x])~3) - (8*a~2*Tan[e + ‘
(£%x]1)/(15%f%(1 - Secle + £*x]1)72) - (23*a~2xTanle + £*x]1)/(15%fx(1 - Secle |
o+ £xx1)))/c"3 |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4391 Intlesclle_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.53

method result size
5 3
) a? (3001;(%4—%) —10cot<%+%) +15fz+3000t(%”+%)>
parallelrisch 537 54
a? 1 — 2 + 2 +2arctan(tan( £2+¢
o .. <5tan(ﬁ§k§)5 3tan(é§—k%)3 tan(LE+) ( ( 2 2))
derivativedivides 73 63
2 1 _ 2 2 fz e
a Ty I 3+tam Joie +2arctan(tan( > +2)>
5tan( 2+2) 3tan(2+2) P] 2
default 73 63
risch a2z |, 2ia?(75e%(fzte) 180 e3i(f2te) 4250 e2i(f2te) _140 e (f2He) 143) 81
o3
C

15f c3 (eilfo+e) —1)°
azztan(f%{—%)? a2 13a2tan(%+%)2 8a2tan(f7$+%)4 2a2tan(%+%)6 azztan(fl{—e)S

_a? n _ 2 t3
norman c Bef I5cf 3cf cf c 148

(tan({}—rg)Q—l)c2tan(£§-+g>5

inputLint((a+a*sec(f*x+e))"2/(c-c*sec(f*x+e))"3,x,method=_RETURNVERBDSE) J

| 1/15%a”2% (3kcot (1/2+E*x+1/2%e) “5-10%cot (1/2+E4x+1/2%e) “B+15%E4x+30kcot (1/2

output
‘*f*x+1/2*e))/c‘3/f
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.25

(a+asec(e+fa:))2d
/ (c— csec(e + fz))3 "

43a? cos (fz +e€)® — 11a?cos (fz + €)® — 31 a%cos (fz +e) +23a? + 15 (a®fx cos (fz +e)® — 2a2fz.
B 15(c3fcos(fx+e)2—2c3fcos(fx+e)+c3f)sin(fx—|—e)

inputLintegrate((a+a*sec(f*x+e))“2/(c—c*sec(f*x+e))‘3,x, algorithm="fricas") J

‘1/15*(43*a“2*cos(f*x + e)”3 - 11*a"2*cos(f*x + e)~2 - 31*%a~2*cos(f*x + e)
\+ 23%a”2 + 16kx(a~2xf*x*cos(f*x + e)~2 - 2%a~2kfxxxcos(f*xx + e) + a~2xfx*x)x*

output
‘sin(f*x + e))/((c”™3xfxcos(f*x + e)~2 - 2xc~3*xfxcos(fxx + e) + c~3xf)*sin(f

‘*x +e))
Sympy [F]
/ (a + asec(e + fz))?
dr =
(c — csec(e + fx))3
2 2sec (e+fx) sec? (e+fx)
a (f sec3 (e+fz)—3sec? (e+fx)+3sec(e+fz)—1 dz + f sec3 (e+fz)—3sec? (e+fz)+3sec (e+fxr)—1 dz + f sec3 (e+fx)—3 sec
— 3
inputLintegrate((a+a*sec(f*x+e))**2/(c—c*sec(f*x+e))**3,x) J

output‘—a**2*(Integra1(2*sec(e + f*x)/(sec(e + f£xx)**3 - 3xsec(e + f*x)**2 + 3*se
‘c(e + f*x) - 1), x) + Integral(sec(e + f*x)**2/(sec(e + f*x)**3 - 3*sec(e
‘+ fxx)**2 + 3*xsec(e + f*x) - 1), x) + Integral(l/(sec(e + f*x)**3 - 3*sec(

‘e + £4x)¥*2 + 3¥sec(e + £*x) - 1), X))/cH*3 |
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 215 vs. 2(90) = 180.

Time = 0.12 (sec) , antiderivative size = 215, normalized size of antiderivative = 2.11

/ (a + asec(e + fr))? i
(c — csec(e + fx))3

. + 20 sin(fm+e)2 __ 105 sin(fa:-Ha)4 _ 5 2( 10 sin(fa:-Ha)2 _ 15 sin(fz+e)4 _
a2(120 arctan (55 ) _ ((cos(fm+e)+1)2 ostraterrnt _5) (Cosferel )™\ 2e%| o1 " eostroror it 0!

c3 3 sin(fz+e)® 3 sin(fz+e)®

60 f

input Lintegrate ((ata*sec(f*x+e)) "2/ (c-cxsec(f*x+e))"3,x, algorithm="maxima") J

1/60* (a~2*(120*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”3 - (20*sin(f*x +

e)"2/(cos(f*x + e) + 1)72 - 105*sin(f*x + e)~4/(cos(f*x + e) + 1)74 - 3)*
(cos(f*x + e) + 1)75/(c"3*sin(f*x + e)75)) - 2*xa~2*(10*sin(f*x + e)~2/(cos
(fxx + e) + 1)72 - 15xsin(f*x + e)~4/(cos(f*x + e) + 1)74 - 3)*(cos(f*x +
e) + 1)75/(c"3*sin(f*x + e)~5) - 3*a"2*(5xsin(f*x + e)”"4/(cos(f*x + e) + 1
)"4 - 1)*(cos(f*x + e) + 1)°5/(c"3*sin(f*x + e)~5))/f

output

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.71

15 (fg;_|_e)a2 + 30a2 tan(%fw+%e)4—10a2 tan(% fx-i—% e)2+3a2

/ (a+ asec(e + fz))? e Stan(l fotle)

(¢ — csec(e + fx))3 do = 15 f

-/

p
input Lintegrate ((at+a*sec(f*x+e)) "2/ (c-c*sec(f*x+e))~3,x, algorithm="giac")

|1/15%(15%(f+x + e)*a”2/c™3 + (30%a"2+tan(1/2+f*x + 1/2xe)"4 - 10%a"2+tan(l

output
/2xfxx + 1/2%e)"2 + 3*%a~2)/(c"3*tan(1/2xf*x + 1/2xe)"5))/f

N\




CHAPTER 3. LISTING OF INTEGRALS 166

Mupad [B] (verification not implemented)

Time = 10.56 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.94

/ (a + asec(e + fr))? p
(c — csec(e+ fx))3 v
a? COS(%-!—%)s 2a? cos<§+f7m>3sin<%+%)

4
:a2x+ 5 — 3 +2a® COS(§+%$) sm(%-l—%)
¢ c3fsin(§+f7m)5
input Lint((a + a/cos(e + f*x))"2/(c - c/cos(e + f*x))~3,x) J

¢ (@2¥x)/c™3 + ((a™2xcos(e/2 + (£%x)/2)75)/5 + 2+a"2xcos(e/2 + (f*x)/2)xsin
(e/2 + (£xx)/2)74 - (2xa"2*cos(e/2 + (£*x)/2)"3*sin(e/2 + (£%x)/2)72)/3)/(
‘C“B*f*sin(e/2 + (£f*x)/2)°5) ‘

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.64

/ (a + asec(e + fz))? i
(c — csec(e + fx))3

(15tan (£ +5)° fo + 30tan (£ + 5)* ~ 10tan (% + 5)’ + 3)
15tan (5 +5)"f

inputLint((a+a*sec(f*x+e))”2/(c—c*sec(f*x+e))“3,x) J

‘(a**2*(15*tan((e + fxx)/2)**x5xfxx + 30%xtan((e + f*x)/2)**4 - 10*xtan((e + f \

output
‘*x)/2)**2 + 3))/(15%tan((e + f£¥x)/2)**k5kckk3*f) ‘
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a+asec(e+fz))?
3.9 f ((ci_csec:((e—l—i—_JJ:ac))))4 dx

Optimal result . . . . . . . . . . . . e 167
Mathematica [C] (verified) . . . . . . . . . ... . L 167
Rubi [A] (verified) . . . . . . . . . .. 168}
Maple [A] (verified) . . . . . . ... L 169
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 170
Sympy [F] . . o 170
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... Ival
Giac [A] (verification not implemented) . . . . . . . .. ... ... 1721
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 172
Reduce [B] (verification not implemented) . . . ... ... ... ......... 173

Optimal result

Integrand size = 26, antiderivative size = 133

(a+asec(e+ fx))* ,  d’x 4a” tan(e + fr) 12a% tan(e + fx)
/ (c — csec(e+ fx))4 T AT 7Af(1 —sec(e + fx))t  35cAf(1 —sec(e + fx))3
59a? tan(e + fz) 164a? tan(e + fx)

105cAf(1 —sec(e + fz))2  105¢if(1 — sec(e + fz))

t‘a‘2*x/c‘4—4/7*a’“2*tan(f*x+e)/c"4/f/(1—sec(f*x+e))“4—12/35*a’“2*tan(f*x+e)/c
| ~4/f/(1-sec(f*x+e))~3-59/105+a"2*tan (f*x+e) /c~4/f/ (1-sec(f*x+e))"2-164/105 |
*xa~2xtan(f*x+e) /c~4/f/(1-sec(f*x+e))

N J

outpu

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.76 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.89

/ (a + asec(e + fz))? dp —
(c — csec(e+ fx))* v
_a2 csc (e + fz) (7032 + 18165 cos(e + fz) + 19348 cos(2(e + fz)) + 9303 cos(3(e + fz)) + 3080 cos(
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input‘ Integrate[(a + a*Sec[e + f*x])~2/(c - cxSecl[e + fxx])~4,x] ‘

output‘ -1/6720%(a~2*Csc[e + £*x]~7%(7032 + 18165%Cos[e + f*x] + 19348*Cos[2*(e + ‘
‘f*x)] + 9303*Cos[3*(e + f*xx)] + 3080*Cos[4*(e + f*x)] + 2149*Cos[5*x(e + f* ‘
‘x)] + 1260*Cos [6x(e + f*x)] + 143*Cos[7*(e + f*x)] + 960*Cos[e + f*xx] 7xHy ‘

‘pergeometricQFl [-7/2, 1, -5/2, -Tan[e + f*x]~2]))/(c"4xf)

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92,

number of rules _ 0.115, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? i
(c — csec(e + fz))*

l 3042

dz

/ (acsc(e+ fx+ %) +a)2
(c—ccsc (e—l—fx+%))4

l 4391

*(et+fz)a’ 2sec(e+fz)a® 2
f ((1se—cséf(e+?‘xa))4 + (1jesfece(e+f‘x(;)4 + (1—sec?e+fx))4> dzx

C4
l 2009

164a? tan(e+fx) 59a? tan(e+fx) 12a tan(e+ fx) 4a? tan(e+fz)
" 105f(1—sec(e+fx)) = 105f(1—sec(etfx))2 =~ 35f(1—sec(e+fx))3 = T7f(1—sec(e+fzx))

cl

T +a2m

input \Int[(a + a*Secl[e + f*x])~2/(c - c*Secl[e + f*x])~4,x]
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‘ (a~2%x - (4xa~2*xTan[e + f*x])/(7T*fx(1 - Sec[e + f*x])~4) - (12*xa~2+Tan[e + \
\ fxx])/(35%f*(1 - Sec[e + f*x])~3) - (59%a~2%Tan[e + f*x])/(105%f*(1 - Sec \
\ [e + £*x])~2) - (164%a~2%Tan[e + f*x])/(105%f*(1 - Secl[e + f*x])))/c"~4 \

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

rule 4391 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]=*(
d_.) + (c_))"(n_), x_Symbol] :> Simp[c™n Int [ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, c, d, e, £, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.50

method result
3
az(15cot(f§+§>7_63cot(%+%>5+140c0t(%+g) —210fx—420cot(f§+g))
parallelrisch - 2104 f
a? (‘ ! -+ 3 5= =+ 4 +4arctan(tan(fl+5))
fz e 2 T2
. . .. 7tan(£}+%) 5tan(%+§) 3tan(f2£+g) tan(7+§)
derivativedivides St
a? (‘ ! -+ 3 5— 4 =+ 4 +4arctan(tan<f—z+§>>
fz e 2 T2
7tan(£}+%) 5tan(£}+%) 3tan(i}+%) tan(7+§)
default prci
risch @z 2ia? (630 e%(fote) _2415 e5i(f2+e) 1 5215 e4i(f2+e) 5950 e3i(f2+e) 4284 621 (f2+e) _1603 (/7€) +319)
105 f ¢4 (ei(Ffate) — 1)
‘12‘”tan(£}+%)9 a2 13a tan(fx 2) 29a tan(fm 7) 8a tan(fm ) 2a tan(% 12)8 a2mtan<£}+%
norman < T 35cf * 30cf 3cf + cf - c
7
(tan(fz+§) —1)c3tan<fz+2>
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input Lint ((at+axsec(f*x+e)) 2/ (c-c*sec(f*x+e))4,x,method=_RETURNVERBOSE) J

-1/210*a~2*x (15*%cot (1/2*%f*xx+1/2%e) “7T-63*cot (1/2*xf*x+1/2%e) “5+140*cot (1/2*fx* \

output‘
x+1/2xe) ~3-210*%f*x-420%cot (1/2*f*x+1/2xe)) /c"4/f

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.29

(a + asec(e + fr))?
(c — csec(e+ fxz))*
3194’ cos (fz + e)* —327a%cos (fz +e)® — 9542 cos (fz +e)’ + 387 a? cos (fz + €) — 164 a® + 105 (a
B 105 (c*f cos (fz +e)® —3ctfcos (fr +e)* +3cif

dz

inputLintegrate((a+a*seC(f*x+e))*2/(c—c*sec(f*x+e))*4,x, algorithm="fricas") J

1/105%(319%a~2*cos(f*x + e)~4 - 327*a"2*xcos(f*x + e)”~3 - 95*a~2xcos(f*x +
e)”2 + 387xa"2xcos(f*x + e) - 164*a”2 + 105x(a~2xf*x*kcos(f*x + e)~3 - 3*a”
2*f*x*cos(f*x + e)~2 + 3*ka"2*f*x*cos(f*x + e) - a~2xf*x)*sin(f*x + e))/((c
“4xfxcos(fxx + e)”3 - 3*c"4xfxcos(f*xx + e) 2 + 3kc 4*f*cos(f*x + e) — c 4x*
f)*sin(f*x + e))

output

Sympy [F]

/ (a + asec(e + fr))? i
(c — csec(e + fx))*

2 2sec (e+fx) sec? (e+fx)
a (f sect (e+fz)—4sec3 (e+fz)+6sec? (e+ fz)—4sec (e+fr)+1 dz + f sect (e+fxz)—4secd (e+fx)+6sec? (e+fz)—4sec (et fz)+1 d

ct

inputtintegrate((a+a*sec(f*x+e))**2/(c-c*sec(f*x+e))**4,x) J
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a**2* (Integral(2*sec(e + f*x)/(sec(e + fxx)**4 - 4xsec(e + f*x)**3 + 6xsec
(e + f*xx)**2 - 4xsec(e + fxx) + 1), x) + Integral(sec(e + f*x)**x2/(sec(e +
fxx)**x4 - 4xsec(e + f*x)**3 + 6xsec(e + f*x)**x2 - 4*sec(e + f*x) + 1), x)
+ Integral(l/(sec(e + f*x)*x4 - 4xsec(e + f*x)**3 + 6xsec(e + f*xx)**2 - 4
*sec(e + f*x) + 1), x))/cxx4

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 294 vs. 2(117) = 234.

Time = 0.13 (sec) , antiderivative size = 294, normalized size of antiderivative = 2.21

(a + asec(e + fx))?

(c — csec(e + fx))*
in(fote 21 sin(fz+e)? 77 sin(fo+e)* | 315 sin(fz+e)® 7 o 21 sin(fz+e)? | 38
5 a2 (336 arctan (oot {56 ) + ((COS(fw+e)+1)2 ostrotor 1)1 T (costorer 1y 0 ) (Cos(fate)+) 4 (cos(fa+e)+1)? T (ec

dz

ct cAsin(fote)’

840 f

input integrate ((at+a*sec(f*x+e)) 2/ (c-c*sec(f*x+e))~4,x, algorithm="maxima") J

1/840%* (5*%a~2*(336*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”4 + (21*sin(f*
x + e)”2/(cos(f*x + e) + 1)72 - 77*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 3
15xsin(f*x + e)~6/(cos(f*x + e) + 1)76 — 3)*(cos(f*x + e) + 1)77/(c"4*sin(
fxx + e)77)) + a™2x(21*sin(f*x + e)"2/(cos(f*x + e) + 1)72 + 35*sin(f*x +

e)”4/(cos(f*x + e) + 1)74 - 105*sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 15)*
(cos(f*x + e) + 1)77/(c”4*sin(f*x + e)77) + 6*%a”~2*%(21*sin(f*x + e)~2/(cos(
fxx + e) + 1)72 - 35*xsin(f*x + e)"4/(cos(f*x + e) + 1)74 + 35xsin(f*x + e)
~6/(cos(f*x + e) + 1)76 - B)*x(cos(f*x + e) + 1)°7/(c 4*sin(f*x + e)~7))/f

N\ J

output
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Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.66

(a + asec(e + fr))?
T dz
(c — csec(e + fx))
210 (fz+e)a? 4 420 a® tan (3 fz+3 e)®—140a2 tan(3 fo+1 e)*+63a2 tan (3 fx+%e)2_15 a2
_ P ct tan(%fac+%e)7
B 210 f
input Lintegrate ((ataxsec(fxx+e)) "2/ (c-c*sec(f*x+e))~4,x, algorithm="giac")
Output‘ 1/210%(210% (f*x + e)*a~2/c”4 + (420%a"2+tan(1/2*f*x + 1/2%e)"6 - 140%a~2xt

‘an(1/2*f*x + 1/2%e)"4 + 63xa~2%tan(1/2*xf*x + 1/2%e)"2 - 15*xa~2)/(c~4*tan(1
‘/2*f*x + 1/2%e)"7))/f

Mupad [B] (verification not implemented)

Time = 10.48 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.93

(a + asec(e + fz))? a’z
dzx =
(c — csec(e+ fx))* ct
a? cos(l‘;4+f2z>7 _ 3a2cos(g+f2z1)05sin(§+f2m)2 2a2cos(;+f2z23sm<§+f2m)4 — 942 cos (% n

~
“la

) sin (§+

~
”l&z

input Lint((a + a/cos(e + £*x))~2/(c - c/cos(e + f*x))~4,x)

output| (372¥0)/c74 = ((a"2%cos(e/2 + (£+x)/2)°T)/14 - 2+a"2%cos(e/2 + (£¥x)/2)si
‘n(e/2 + (£xx)/2)76 + (2*a"2*cos(e/2 + (£f*x)/2) 3*sin(e/2 + (£f*x)/2)74)/3 -
‘ (3xa~2xcos(e/2 + (£*x)/2)"5*sin(e/2 + (f*x)/2)"2)/10)/(c"4*xf*sin(e/2 + (£
*x)/2)°7)




CHAPTER 3. LISTING OF INTEGRALS 173

Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.59
(a + asec(e + fz))?

(c — csec(e+ fx))*
a? (210tan (£ 4+ ¢) fz +420tan (£ + ¢)° — 140 tan (£2 + )" + 63 tan (£2 + £)” - 15)

dz

210 tan (%z + %)7 ctf

input Lint ((at+a*sec(f*x+e)) "2/ (c-c*sec (f*x+e))~4,x) J

output‘ (a**2%(210*tan((e + f*x)/2)**7xf*x + 420xtan((e + f*x)/2)**6 - 140*tan((e ‘
\+ fxx)/2)*%4 + 63*tan((e + f*x)/2)**2 - 15))/(210%tan((e + £¥x)/2)**kTkckkd \
‘ *f) ‘




output
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a+asec(e+fz))?
3.10 f ((ci_csec((e:]{x))))f’ dx

Optimalresult . . ... ... ... ...........
Mathematica [C] (verified) . . . . . .. ... ... ...
Rubi [A] (verified) . . . ... ... ... .......
Maple [A] (verified) . . . . . . ... ... L.
Fricas [A] (verification not implemented) . . . . . . . .
Sympy [F] . ... .
Maxima [B] (verification not implemented) . . . . . . .
Giac [A] (verification not implemented) . . . . . . . ..
Mupad [B] (verification not implemented) . ... . ..
Reduce [B] (verification not implemented) . . ... ..

Optimal result

Integrand size = 26, antiderivative size = 164

(a+asec(e+ fz))* ,  d’x 4a” tan(e + fx)
/ (c — csec(e + fx))® T T 9¢% f(1 — sec(e + fx))5
16a®tan(e + fx)

37a? tan(e + fz)

63 f(1 —sec(e+ fx))* 1055 F(1 —sec(e + fz))3

179a? tan(e + fx)

4944 tan(e + fz)

3155 f(1 —sec(e + fz))?2  315¢5f(1 — sec(e + fx))

‘a“2*x/c”5—4/9*a“2*tan(f*x+e)/c“5/f/(1—sec(f*x+e))‘5—16/63*a“2*tan(f*x+e)/c
‘“5/f/(1-sec(f*x+e))”4—37/105*a“2*tan(f*x+e)/c“5/f/(1-sec(f*x+e))“3-179/315
‘*a“2*tan(f*x+e)/c“5/f/(1-sec(f*x+e))”2-494/315*a“2*tan(f*x+e)/c“5/f/(1-sec

(f*xte))
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.77 (sec) , antiderivative size = 111, normalized size of antiderivative = 0.68
(a + asec(e + fr))?

(c — csec(e + fx))?
_d’cot’(e+ fx) (441 + 35 Hypergeometric2F1 (—2,1, — I, — tan?(e + fz)) + 2205sec(e + fz) + 1323

dz

input‘ Integrate[(a + a*Sec[e + f*x])"2/(c - cxSec[e + £*x])~5,x] ‘

output‘ (a~2*Cot[e + f*x]~9*(441 + 35xHypergeometric2F1[-9/2, 1, -7/2, -Tan[e + f* ‘
'x]72] + 2205%Sec[e + f*x] + 1323%Sec[e + f*x]~2 - 2205%Sec[e + f*x]~3 + 44
‘1#Sec[e + f*x]~4 + 3969*Sec[e + £*x]75 - 2223*Sec[e + £*x]~7 + 494xSec[e +
\ £xx]79))/(315%c"5%f)

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.91,

number of rules __
integrand size 0.115, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? i
(¢ — csec(e + fx))®

l 3042

dzx

/ (acsc(e+ fx+ %) +a)2
(c—ccsc (e+fx+g))5

l 4391

*(et+fz)a® 2sec(e+fz)a? 2
f ((1se—csef(e+§xa))5 + (1jesfece(e+?x(;)5 + (1—sec?e+fx))5> dzx

cd
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| 2009
49442 tan(e+ f) 179a? tan(e+ fx) 3702 tan(e+fx) 16a2 tan(e+f) 4a? tan(e+ fz) + 2
" 315f(1—sec(e+fx))  315f(1—sec(e+fx))2 = 105f(1—sec(e+fz))3 = 63f(1—sec(et+fz))% =~ 9f(1—sec(e+fx))® aT
5
C

-

LInt[(a + a*Sec[e + f*x])~2/(c - c*Sec[e + f*x])~5,x]

-/

input

output‘ (a™2*x - (4*a"2+Tanle + f*x])/(9*f*(1 - Sec[e + f*x])75) - (16%a”2*Tan[e + ‘
‘ f*x])/(63*f*(1 - Secl[e + fxx])~4) - (37*a"2*Tan[e + f*x])/(105*f*(1 - Sec ‘
[e + £4x1)78) - (179+a"2+Tan[e + £*x])/(315%£*(1 - Secle + £*x]1)72) - (494

‘*a"2*Tan[e + f*x])/(315%f*x(1 - Secl[e + f*x])))/c"5

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]*(
d_.) + (c_.))"(n.), x_Symbol] :> Simp[c™n  Int[ExpandTrigl[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscl[e + f*x])™m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

rule 4391

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.49
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method result

9 7 5 3
a2(35cot(%+g) —180cot(42+5) +441cot(£2+5) ~840cot (L2 +5) +1260fZ+252060t(%+§))
parallelrisch 1260c5 f

a?| 8arctan(tan(£2+¢) )+ 1 — 4 + 7 _ 8 + 8 )
derivativedivides ( (n(7+2)) seon(+5)” ”“(fc;"’y stan(f45)° swan(fZ+g)”  wan(fF+)

2(g ( (fi g)) 1 _ 4 7 _ 8 8
@ ( arctan( tan 2 +2 +9tan(£}+%)9 7tan(%+§)7+5tan(%+%)5 3tan(i}+%)3+tan(%+%)

default p it
: a2z | 2ia2 (2205681 (f+e) 11655 7i(f =€) 134335 e6i(Fz+e) _58905 e5ilf=+e) 167599 eti(fT+e) _50001 e3i( S +e)
risch e ; ’
¢ 315 c5 (eilfo+e) 1)
a2a:tan(f7z+%)ll a2 43a2tan(me+%)2 69a tan(%-&- ) 6la tan(fz ) 8a tan(fm ) 2a tan(‘fz
norman B S— 252¢f - 1d0c] B—1 -3 + of
(tan(fm-i-%) —1)04 tan(f’”+2)
inputLint((a+a*sec(f*x+e))‘2/(c—c*sec(f*x+e))“5,x,method=_RETURNVERBOSE) J
output \ 1/1260*a"~2* (35*cot (1/2*f*x+1/2*e) ~9-180*cot (1/2*f*x+1/2%e) “7+441*cot (1/2*f \

\ *x+1/2%e) “5-840%cot (1/2*%f*x+1/2%e) ~3+1260*f*x+2520%cot (1/2*f*x+1/2*e))/c”5 \
¥V

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.29

/ (a + asec(e + fz))? i
(c — csec(e + fx))°

_ 1004 a” cos (fz + e)® — 1811 a%cos (fxz + e)* + 797 a2 cos (fz + €)® + 1457 a2 cos (fz + e)* — 1661 a2 cc
B 315(c5fcos(fx+e)4—4c5fcos(fa

input Lintegrate ((at+axsec(f*x+e)) "2/ (c-c*sec(f*x+e))~5,x, algorithm="fricas") J




output

inputt

output
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1/315%(1004*a~2*cos(f*x + e)~5 - 1811*a~2*cos(f*x + e)~4 + 797*a"2*xcos (f*x

+ e)”3 + 1457*a"2xcos(f*x + e)~2 - 1661*a~2xcos(f*x + e) + 494*a~2 + 315%
(a~2xfxx*xcos(f*x + e)~4 - 4*a~2xfxxxcos(fxx + e)~3 + 6*a~2*f*x*xcos(fxx + e
)72 - 4xa”2*fix*cos(f*x + e) + a~2xf*x)*sin(f*x + e))/((c"5xfxcos(f*x + e)
4 - Axc”bxfxcos(f*x + e)”3 + 6*c”bxfxcos(f*x + e)”2 - 4*c bxfxcos(fxx + e
) + c”5*xf)*sin(f*x + e))

Sympy [F]

/ (a + asec(e + fr))? dp —
(c — csec(e + fx))?

2 2sec (e+fx) sec? (e+,
a (f sec® (e+fz)—5sect (e+fz)+10secd (e+fz)—10sec? (e+fz)+5sec (e+fz)—1 dz + f sec® (e+fz)—5sect (e+fz)+10secd (e+f

cd

integrate((ata*sec(f*x+e))**2/(c-c*sec(f*x+e))**5,x) J

—ax*2* (Integral (2*xsec(e + f*x)/(sec(e + f*x)*x5 - bxsec(e + f*x)**4 + 10%s
ec(e + f*xx)**3 - 10*sec(e + f*x)**2 + bxsec(e + f*x) - 1), x) + Integral(s
ec(e + fxx)**2/(sec(e + f*x)**5 - bxsec(e + f*x)**4 + 10*sec(e + f*xx)**3 -

10xsec(e + fxx)**2 + bxsec(e + f*x) - 1), x) + Integral(l/(sec(e + f*x)*x*
5 - Bxgsec(e + f*x)*¥x4 + 10xsec(e + f*x)**3 - 10*sec(e + F*x)**2 + 5xsec(e
+ f*x) - 1), x))/c**5

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 335 vs. 2(144) = 288.

Time = 0.13 (sec) , antiderivative size = 335, normalized size of antiderivative = 2.04
(a + asec(e + fr))?

(c — csec(e + fx))°

) (10080 arctan(m> ( 270 sin(fz+e)2 1008 sin(faz+e)? +2730 sin(fz+e)b 9765 sin(fz+e)® _35) (cos(fz+e)+1)9 942
a

dz

cos(fote)+1 (cos(fz+e)+1)2  (cos(fat+e)+1)T ' (cos(fo+e)+1)8  (cos(fz+e)+1)8
c5 S sin(fz+e)®
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input‘integrate((a+a*sec(f*x+e))“2/(c—c*sec(f*x+e))"5,x, algorithm="maxima") ‘

1/5040* (a~2*(10080*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”5 - (270*sin(
fxx + e)72/(cos(f*x + e) + 1)72 - 1008*sin(f*x + e)~4/(cos(f*x + e) + 1)74
+ 2730*sin(f*x + e)"6/(cos(f*x + e) + 1)76 - 9765xsin(f*x + e) 8/ (cos(f*x
+ e) + 1)°8 - 35)x(cos(f*x + e) + 1)79/(c"5*sin(f*x + e)~9)) - 2*a~2%(180
*sin(f*x + e)72/(cos(f*x + e) + 1)72 - 378*sin(f*x + e)~4/(cos(f*x + e) +
1)"4 + 420*sin(f*x + e)~6/(cos(f*x + e) + 1)°6 - 315*sin(f*x + e)~8/(cos(f
*x + e) + 1)78 - 35)*x(cos(f*x + e) + 1)79/(c"5*sin(f*x + e)~9) - 5*a”~2*(18
*sin(fxx + e)~2/(cos(f*x + e) + 1)72 - 424sin(f*x + e)"6/(cos(f*x + e) + 1
)~6 + 63*sin(f*x + e)~8/(cos(f*x + e) + 1)°8 - 7)*(cos(f*x + e) + 1)~9/(c”
5ksin(f*x + e€)~9))/f

output

Giac [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.63

(a + asec(e + fz))?

(c — csec(e + fx))®

1260 (fac—}—e)az + 2520 a2 tan(% fx—i—% 6)8—8400,2 tan(% f:c—i—% e)6+441 a? tan(% fx—i—%e)zl—180a2 tan(% fz+%e)2+35 a?
c® cb tan(% fa:+% e)g

1260 f

dz

e hY
integrate((ataxsec(f*x+e)) "2/ (c-cxsec(f*x+e)) 5,x, algorithm="giac")

N\ J

input

‘1/1260*(1260*(f*x + e)*a~2/c~5 + (2520%a~2%tan(1/2%f*x + 1/2%e)~8 - 840%a" \
\2*tan(1/2*f*x + 1/2%e)”6 + 441%a~2xtan(1/2*f*xx + 1/2%e)~4 - 180*a~2xtan(1l/
‘2*f*x + 1/2%e)~2 + 35%a~2)/(c 5xtan(1/2xfxx + 1/2%e)~9))/f \

output
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Mupad [B] (verification not implemented)

Time = 11.00 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.89

/ (a + asec(e + fr))?
(c — csec(e + fx))°

9 (cos(g—i—f;>9 cos<%+f—;)7sin<g+%)2 7cos(§+%>5sin<g+%>4 200s<%+f—2x>3sin<%+%
a

6
36 - 7 + 20 - 3 ) +2COS<§+

input Lint((a + a/cos(e + £*x))"2/(c - c/cos(e + f*x))~5,x) J

‘(a“2*(cos(e/2 + (£fxx)/2)79/36 + 2*cos(e/2 + (f*x)/2)*sin(e/2 + (f*x)/2)"8 ‘
‘+ sin(e/2 + (f*x)/2)"9%(e + f*x) - (2%cos(e/2 + (£f*x)/2)"3*sin(e/2 + (f*x) ‘
1/2)76)/3 + (Txcos(e/2 + (f¥x)/2)"5*sin(e/2 + (£¥x)/2)74)/20 - (cos(e/2 + ( |
\f*x)/z)v*sin(e/z + (£%x)/2)°2)/7))/(c 5*f*sin(e/2 + (£*x)/2)~9) \

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.55

(a + asec(e + fr))?
(c — csec(e + fx))°

dz

a?(1260tan (£ + 5)° fo + 2520tan (4 + §)° - 840tan (£ + 5)° + 441 tan (% + 5)* — 180tan (-
1260 tan (£ + %)9 cSf

input| 10t ((ararsec(frx+re)) "2/ (c-cxsec(fxx+e))5,%) |

(ax*2%(1260xtan((e + f*x)/2)**9*fxx + 2520%tan((e + £*x)/2)**8 - 840%tan((
‘e + fxx)/2)**6 + 441xtan((e + f*x)/2)**x4 - 180*tan((e + f*x)/2)**2 + 35))/ \
L(1260*tan((e + £%x)/2) %%k Ckk5kE) J

output
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3.11 [(a+asec(e+ fz))3(c—csec(e+ fz))° dz

Optimal result . . . . . . . . . . . . e 181
Mathematica [A] (verified) . . . . . . . . . ... o 182
Rubi [A] (verified) . . . .. . . ... .. 182
Maple [C] (verified) . . . . . . . . . ... 184
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 185
Sympy [F] . . o o 185
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... 186
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 187
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 188

Optimal result

Integrand size = 26, antiderivative size = 188

/(a + asec(e + fx))3(c — csec(e + fz))* dz

P 5a’cParctanh(sin(e + fx))  a®c®tan(e + fx)

8f f
5a3c®sec(e + fx)tan(e + fz) a3c’ tan(e + fx)
+ 8f + 3f
5a3c®sec(e + fz)tand(e + fz) a3c®tan’(e + fz)
B 12f B 5f
N a’c®sec(e + fx)tan®(e + fz)  a’c’tan’(e + fx)
3f 7f

‘ a~3*c"5*x-5/8%a"~3*c 5*arctanh(sin(f*x+e))/f-a~3*c 5xtan(f*x+e) /f+5/8*a~3*c ‘
‘ ~“Bxsec (fxx+e)*tan(f*x+e) /f+1/3*%a~3*c " 5xtan(f*x+e) "3/f-5/12*a"~3*c 5*sec (f*x ‘
‘ +e)*tan (f*x+e) "3/f-1/5*%a~3*c 5xtan(f*x+e) "5/f+1/3*a”~3*c 5*xsec (f*x+e) *tan(f ‘
*x+e)"5/£-1/T*a"3xc B¥tan(f*x+e) ~7/1

output
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Mathematica [A] (verified)

Time = 1.81 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.01

/(a + asec(e + fz))3(c — csec(e + fz))’ dx
_ a®c®sec’(e + fz) (14700(e + fz) cos(e + fr) — 16800arctanh(sin(e + fz)) cos”(e + fz) + 8820e cos(3(

p
LIntegrate[(a + axSec[e + f*x])"3*(c - c*Sec[e + f*x])~5,x]

~—

input

(a~3*c~5*Sec[e + f*x] 7*(14700%(e + f*x)*Cos[e + f*x] - 16800%ArcTanh[Sin[
e + fxx]]*Cos[e + f*x]~7 + 8820*e*Cos[3*(e + f*x)] + 8820*f*x*Cos[3*(e + f
*x)] + 2940*exCos[5*(e + f*x)] + 2940*f*x*Cos[5x(e + f*x)] + 420*e*xCos[7*(
e + f*x)] + 420*f*x*Cos[7*(e + f*x)] - 4200*Sin[e + f*x] + 2975*%Sin[2*(e +
f*x)] - 2184*Sin[3*(e + f*x)] + 980*Sin[4*(e + f*x)] - 2408%Sin[5*(e + f*
x)] + 1155%Sin[6*(e + f*xx)] - 584*Sin[7*(e + f*x)]))/(26880*f)

output

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.90,

number of rules _ 0.192, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a sec(e + fz) + a)®(c — csec(e + fz))° dx
| 3042
/ (acsc (e-l— fr+ g) + a)3 (c— ccsc (e+ fzr+ g))5dx
| 4392
—a3c3 /(c —csec(e + fz))?tan%(e + fz)dz

l 3042
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—a3c3/cot <e+fx+ g)G (c—ccsc <e+fx+ %))2d:p

| 4374
—a3c / (*tan®(e + fz) + c®sec®(e + fz)tan®(e + fz) — 2c* sec(e + fz) tan®(e + fz)) dz

l 2009

Y (5czarctanh(sin(e + fz)) 4 c2tan’ (e + fr) + c?tan®(e + fz) B tan3(e + fz) c*tan(e + fz) B c?
8f 7f 5f 3f f

input LInt[(a + axSec[e + f*x])~3x(c - c*Sec[e + f*x])"5,x] J

-(a~3xc™3*(-(c"2*x) + (5xc~2*ArcTanh[Sin[e + £f*x]]1)/(8*f) + (c"2*Tan[e + f
*x])/f - (5xc"2xSec[e + f*x]*Tan[e + f*x])/(8*f) - (c"2xTanl[e + f*x]~3)/(3
*f) + (5xc”2+Sec[e + f*x]*Tan[e + f*x]~3)/(12*f) + (c~2*Tan[e + f*x]~5)/(5
*f) - (c"2xSec[e + f*x]+*Tan[e + fxx]~5)/(3*f) + (c"2*Tan[e + £*xx]~7)/(7*f)
))

output

Defintions of rubi rules used

rule 2009 | Tot[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4374 Int[(cotllc_.) + (d_)*(x)1*(e_.))~ @ )*(cscllc_.) + (d_.)*(x)]*(b_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])“m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, ¢, 4, e, m}, x] && IGtQ[n, O]




rule 4392

input

output
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Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m  Int[Cot[e + £*xx]~(2*m)*(
c + d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && E
qQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.50 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.15

method result
isch 3 5 ic®a® (1155 e!3i(f=+e) 1 1680 e12i(fo+e) 1980 el 1i(f2+e) 10080 610 (Fo+e) 12975 9i(Fo+e) 116240 34(Fo-
risc a’c’r — .
4201 (%
t 3.5 ca® In(sec(fz+e)+tan(fz+e)) 2a3cd tan(fz+e) 3a3cd sec(fx+e) tan(fz+e) 6c%a? (_ (_ i
r pa— —_—
parts a’c’xr + 7 7 + 7

1065 < (— cos(7fx+Te)—T cos(5fx+5e)—21 cos(3fx+3e)—35 cos(fz+e)) ln(tan(%-k%) —1) n (cos(7fxz+T7e)+7 cos(5fx+5e)+2:
c 16

parallelrisch —

c®ad(fr+e)—2c%ad In(sec(fr+e)+tan(fr+e))—2cad tan( fr+e)+6c°a’ (sec(f’”“‘e);a“(fw"'e) + ln(sec(fw+e)2+tan(f:v+
derivativedivides

cPad(fz+e)—2cad In(sec(fr+e)+tan(fz+e))—2c%ad tan(fr+e)+6c°a (Sec(fz+e)2ta“(fz+e) + ln(sec(fz+e)2+tan(fz+
default

14 2 4 6

ad3cdz tan<%+%> —a3cPz+Tadclz tan(%+%> —21a3c%z tan<%+%> +35a3c8z tan<%+%) —35a3cPz tan(i

norman
Lint ((a+axsec(f*x+e)) ~3*(c-c*sec(f*x+e))"5,x,method=_RETURNVERBOSE) J

a~3xc b*x-1/420%I*c~5%a"~3* (1155%exp (13*I* (f*x+e) ) +1680%exp (12*I* (f*x+e))+9
80*exp (11*I*(f*x+e))+10080*exp (10*I* (f*x+e))+2975%exp (9*I* (f*x+e))+16240%e
xp (8*I* (fxx+e) ) +24640%exp (6*xI* (f*x+e))-2975*%exp (5*I* (f*x+e))+14448*exp (4*I
* (fxx+e) ) -980*exp (3*I* (f*x+e) ) +6496%exp (2*I* (f*x+e))-1155%exp (I* (f*x+e))+1
168) /f/ (exp (2*I* (f*x+e))+1) “7+5/8%c~5*a~3/f*1n(exp (I* (f*x+e))-I)-5/8*c 5*a
~3/f*1n(exp (I*(f*x+e))+I)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.04

/(a + asec(e + fz))3(c — csec(e + fz))’ dx
_ 1680a°’ fx cos (fz + e)" — 525a3c5 cos (fz +e)" log (sin (fz + €) + 1) + 525 a3c® cos (fz +e)" log (—

~—

p
inputLintegrate((a+a*sec(f*x+e))‘3*(c—c*sec(f*x+e))"5,x, algorithm="fricas")

1/1680%(1680*a”~3*c~5*f*x*cos(f*x + e)~7 - 525%a~3*c~b*cos(f*x + e) 7*log(s
in(f*x + e) + 1) + 525%a"3*c 5*xcos(f*x + e) T*log(-sin(f*x + e) + 1) - 2x%(
1168%a~3*%c~5*cos(f*x + e)~6 - 1155%a~3*c 5*xcos(f*x + e)~5 - 256%a~3*c~5*co
s(f*x + e)”4 + 910*%a~3*%c"5*cos(f*x + e)~3 - 192*a"3*c 5*cos(f*x + e)”2 - 2
80*a~3*c"5xcos(f*x + e) + 120*%a"3*c”5)*sin(f*x + e))/(f*cos(f*x + e)77)

output

Sympy [F]

/ (a+ asec(e + £2))3(c — csec(e + f1))° da
N (/ (—1) do + /2sec (e + fz) dw+/2sec2 (e + fz)do
+/(—6sec3 (e+ fz)) dx+/68ec5 (e+ fz) dx+/(—2se06 (e+ fz)) dz
+ / (—2sec” (e + fz)) dz + / sec® (e + fz) dx)

inputLintegrate((a+a*sec(f*x+e))**3*(c-c*sec(f*x+e))**5,x) J

—a*x3*c*x5* (Integral (-1, x) + Integral(2*sec(e + f*x), x) + Integral(2xsec
‘(e + fxx)**2, x) + Integral(-6*sec(e + f*x)**3, x) + Integral(6*sec(e + f*
‘x)**5, x) + Integral(-2*sec(e + f*x)**6, x) + Integral(-2*sec(e + f*x)**7,
x) + Integral(sec(e + f*x)**8, x))

‘{

output

\‘

J

N




CHAPTER 3. LISTING OF INTEGRALS 186

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 356 vs. 2(174) = 348.

Time = 0.04 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.89

/(a + asec(e + fx))?(c — csec(e + fz))’ dz =

48 (5 tan (fz +€)” + 21 tan (fz +€)° + 35 tan (fz + €)® + 35 tan (fz + €))a’c® — 224 (3 tan (fz A

inputLintegrate((a+a*sec(f*x+e))‘3*(c—c*sec(f*x+e))*5’X, algorithm="maxima") J

-1/1680% (48* (5*xtan(f*x + e)~7 + 21*tan(f*x + e)"5 + 3b*tan(f*x + e)~3 + 35
*xtan(f*x + e))*a”3xc”5 - 224x(3*tan(f*x + e)”5 + 10*tan(f*x + e)~3 + 15*ta
n(fxx + e))*a~3*c”5 - 1680*(f*x + e)*a”~3*c”5 + 35*%a~3*c 5% (2% (15*sin(f*x +
e)”5 - 40*sin(f*x + e)~3 + 33*sin(f*x + e))/(sin(f*x + e)”6 - 3*sin(f*x +
e)”4 + 3xsin(f*x + e)”2 - 1) - 1b6*log(sin(f*x + e) + 1) + 15xlog(sin(f*x
+ e) - 1)) - 630%a"3*xc"5x(2*(3*sin(f*x + e)”3 - bxsin(f*x + e))/(sin(f*x +
e)”4 - 2xsin(f*x + e)”2 + 1) - 3*log(sin(f*x + e) + 1) + 3*log(sin(f*x +
e) - 1)) + 2520%a~3*c”5*(2*sin(f*x + e)/(sin(f*x + )72 - 1) - log(sin(f*x
+ e) + 1) + log(sin(f*x + e) - 1)) + 3360*a~3*c 5xlog(sec(f*x + e) + tan(
fxx + e)) + 3360*a”~3*c 5xtan(f*x + e))/f

N J

output

Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.12

/(a + asec(e + fr))3(c — csec(e + fz))* dz

840 (fx + €)a3c® — 525 a3c® log (‘ta,n (% fx+%e) + 1|) + 525 a3¢5 log (]tan (% fx-{—%e) _ 1\) n 2(1365

e hY

input integrate ((at+a*sec(f*x+e)) "3 (c-c*sec(f*x+e))~5,x, algorithm="giac")
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1/840% (840* (f*xx + e)*a~3*c™5 - 525*a~3*c”~5*log(abs(tan(1/2xf*x + 1/2xe) +

1)) + 5256%a”3*c~5xlog(abs(tan(1/2xf*x + 1/2xe) - 1)) + 2x(1365*a~3*c”b*tan
(1/2xfxx + 1/2*e)”13 - 9660*a~3*c~5xtan(1/2*xf*x + 1/2%e) 11 + 29673*a”~3*c”
5xtan(1/2*xf*x + 1/2*e)”9 - 21216*a"3*c 5xtan(1/2xf*x + 1/2%e)”7 + 9863*a”3
*c"5xtan(1/2xf*x + 1/2%e)”5 - 2660*a~3*c 5*xtan(1/2*f*x + 1/2%e)~3 + 315*%a”
3xc”bxtan(1/2xf*x + 1/2xe))/(tan(1/2*f*x + 1/2xe)~2 - 1)°7)/f

output

Mupad [B] (verification not implemented)

Time = 11.67 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.38

/(a + asec(e + fx))3(c — csec(e + fz))* dz

13 9 7 ,
13a305tan(§+f2—z) _ 93 3 65 ta (g n f_x)ll n 1413 a3 c‘%an(%—i—%) _ 1768a305tan(§+1;—z) n 1409a3c5tan(%+f—2‘
1 a-c-tan{s + 7 20 35 60
1

f (tan(§+f7x)l4—7tan(§+ 5 2+21tan(§+%)10—35tan(§+%)8+35tan(§+%’)6—2
5a3c5atanh(tan(§-+-é§))
4 f

—|-a3c5:c—

[int((a + a/cos(e + f*x))"3%(c - c/cos(e + f*x))~5,x)

| —

input

((1409*%a~3*c~5*tan(e/2 + (£f*x)/2)°5)/60 - (19*%a~3*c 5*tan(e/2 + (f*x)/2)"3
)/3 - (1768*a~3*c”5*xtan(e/2 + (f*x)/2)°7)/35 + (1413*%a”~3*c"5*tan(e/2 + (f*
x)/2)79) /20 - 23*a"3*c bxtan(e/2 + (f*x)/2)"11 + (13*a~3*c~5*tan(e/2 + (f*
x)/2)"13)/4 + (3%a~3%c~5*tan(e/2 + (f*x)/2))/4)/(fx(7*tan(e/2 + (f*x)/2)"2
- 21xtan(e/2 + (f*x)/2)"4 + 3b*tan(e/2 + (£f*x)/2)°6 - 3b5*tan(e/2 + (f*x)/
2)°8 + 21xtan(e/2 + (f*x)/2)710 - 7*tan(e/2 + (f*x)/2)"12 + tan(e/2 + (f*x
)/2)"14 - 1)) + a~3%c”b*x - (5%a~3%c~5*xatanh(tan(e/2 + (f*x)/2)))/(4xf)

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 408, normalized size of antiderivative = 2.17

/(a + asec(e + fz))3(c — csec(e + fz))’ dx
a®c® (525 cos (fz + e) log(tan (£2 + £) — 1) sin (fz +€)° — 1575 cos (fz + €) log(tan (££ + £) — 1) sin

~—/

p
inputLlnt((a+a*sec(f*x+e)) 3*(c-c*sec(f*x+e))"5,x)

(a**3*cx*5x (525*%cos(e + f*x)*log(tan((e + f*x)/2) - 1)*sin(e + f*x)**6 - 1
575xcos(e + f*xx)*log(tan((e + £f*x)/2) - 1)*sin(e + f*x)*x4 + 1575*cos(e +
fxx)*log(tan((e + £*x)/2) - 1)*sin(e + f*x)**2 - 525*cos(e + f*x)*log(tan(
(e + £*x)/2) - 1) - 526*cos(e + f*x)*log(tan((e + f*x)/2) + 1)*sin(e + f*x
)**%6 + 1575*%cos(e + f*x)*log(tan((e + £*x)/2) + 1)*sin(e + f*x)**4 - 1575%
cos(e + f*x)*xlog(tan((e + f*x)/2) + 1)*sin(e + f*x)**2 + 525*kcos(e + f*xx)=*
log(tan((e + f*x)/2) + 1) + 840*cos(e + f*x)*sin(e + f*x)**6xf*x - 1155%co
s(e + fxx)*sin(e + fxx)**5 - 2520%cos(e + f*x)*sin(e + f*x)*x4xf*x + 1400%
cos(e + f*x)*sin(e + f*x)#*x3 + 2520%cos(e + f*x)*sin(e + f*x)**x2*f*x - 525
xcos(e + f*x)*sin(e + f*x) - 840*cos(e + f*x)*f*x - 1168*sin(e + f*x)*x7 +
3248xsin(e + fxx)**5 — 2800*sin(e + f*x)**3 + 840*sin(e + f*x)))/(840*cos
(e + fxx)*f*(sin(e + f*x)**6 - 3*sin(e + f*x)**4 + 3*sin(e + f*xx)**2 - 1))

output
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3.12 [(a+asec(e+ fz))*(c—csecle+ fz))* dx

Optimal result . . . . . . . . . . . . e 189
Mathematica [A] (verified) . . . . . . . . . ... o 1891
Rubi [A] (verified) . . . .. . . ... .. 190
Maple [C] (verified) . . . . . . . . . ... 192
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 193
Sympy [F] . . o o 194
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 194
Giac [A] (verification not implemented) . . . . . . ... ... ... 195
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 196
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 26, antiderivative size = 132

/(a + asec(e + fz))?(c — csec(e + fz))* dzx

Bty 5a’c*arctanh(sin(e + fz))  a®(16¢* — 5c*sec(e + fxz)) tan(e + fx)

16f 16 f
a®(8c* — 5ctsec(e + fz)) tan(e + fr)  a3(6c* — 5c* sec(e + fx)) tan®(e + fx)
+ 24f B 30f

t‘a"3*c“4*x—5/16*a"3*c“4*arctanh(sin(f*x+e))/f—1/16*a‘3*(16*c’“4—5*c‘4*sec(f*
‘x+e))*tan(f*x+e)/f+1/24*a‘3*(8*c‘4—5*c‘4*sec(f*x+e))*tan(f*x+e)‘3/f—1/30*a
~3% (6%c~4-5*c”~4*sec (f*x+e) ) *xtan(f*x+e) ~5/f

N J

outpu

Mathematica [A] (verified)

Time = 1.06 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.25

/(a + asec(e + fr))3(c — csec(e + fz))* dz

_adctsec®(e + fx) (1200e + 1200 fx — 1200arctanh(sin(e + fx)) cos®(e + fx) + 1800(e + fx) cos(2(e +
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input‘ Integrate[(a + a*Sec[e + f*x])~3*(c - cxSecl[e + f*xx])74,x] ‘

(a"3*c”4*Sec[e + f*x] "6%(1200%e + 1200*f*x - 1200*ArcTanh[Sin[e + f*x]]*Co
sle + f*xx]~6 + 1800*(e + f*x)*Cos[2*%(e + f*x)] + 720*e*Cos[4*x(e + f*x)] +
720*f*x*Cos[4*(e + f*x)] + 120%e*Cos[6*(e + f*xx)] + 120*f*x*Cos[6*(e + f*xx
)] + 450*Sin[e + f*x] - 600*Sin[2*(e + f*x)] - 25%Sin[3*(e + f*x)] - 384x*S
in[4%(e + f*x)] + 165%Sin[5*(e + f*x)] - 184*Sin[6%(e + f*x)]))/(3840%f)

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.93,

number of rules __
integrand size 0.385, Rules

used = {3042, 4392, 3042, 4369, 3042, 4369, 27, 3042, 4369, 2009}

number of steps used = 10, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + 2) + a)*(c — csec(e + fo))t da
| 3042
/ (acsc <e+ fr+ g) +a)3 <c— cesc (e+fac+ g)>4dx
| 4392

—a3c3 /(c — csec(e + fx)) tan®(e + fz)dz

| 3042
—a3c3/cot (e-i— fx+ g)6 (c — ccsc (e-i— fx+ g)) dx
| 4369

3 (tan5(e + fz)(6c — 5esec(e + fx

307 ) — é/(ﬁc — besec(e + fx)) tan(e + fx)da:)

l 3042
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Y <tan5(e + f:c)(6§o—f5csec(e + fz)) % /cot (e + fx + g>4 <60 — 5eese <e + fx + g)) dw)

l 4369

_ tan®(e + fx)(8c — 5esec(e + fx))) + tan®(e + fx)(6

—a3c <(15 <i /3(8c — 5csec(e + fz)) tan?(e + fz)dzx I

l 27

—a3c <(13 <i /(80 — 5esec(e + fz)) tan?(e + fx)dz

B tan3(e + fx)(8c — 5csec(e + fa:))) + tan®(e + fz)(6c-
Af 3

l 3042

. <é <i/cot (e—i—f:r—i— g)2 (80—5ccsc (e+fx+ g)) g — tan3(e+f:r)(8c4; 5cseC(6+fw))> n tan

l 4369

—a3c? (1 (3 <tan(e + fz)(16e — Sesec(e + fz)) - % /(166 — 5csec(e + fw))dm) — tan’(e + f#)(8c — Sesec(

6\ 4 2f 4f
| 2009
1 /3 (1 (5carctanh(sin(e + fr)) tan(e + fz)(16¢c — 5csec(e + fx)) tan3(e + fz)(8¢c —
(55 (( 7 ~ter) + o )- 17

e A
Int[(a + a*Sec[e + f*x])~"3*(c - c*Sec[e + f*x]) 4,x]

N\ J

input

output ~(373*c73*(((6%c - xckSecle + £4x])#Tanle + £+x175)/(30%£) + (-1/4x((8xc
‘- 5xc*Sec[e + f*x])*Tan[e + f*x]~3)/f + (3%((-16*%c*x + (5*c*kArcTanh[Sin[e ‘
‘+ fxx]]1)/£)/2 + ((16*xc - 5xc*Secl[e + fxx])*Tan[e + f*xx])/(2%f)))/4)/6)) ‘
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

e

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

p
rule 3042‘In’c [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

Int[(cot[(c_.) + (d_.)*(x_)1*(e_.))"(m_)*(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-e)*(exCot[c + d*x])"(m - 1)*((a*m + bx(m - 1)*Csc
[c + d*x])/(d*m*(m - 1))), x] - Simp[e”2/m  Int[(exCot[c + d*x])~(m - 2)*(
a*m + b*(m - 1)*Csclc + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m
, 1]

rule 4369

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + f£*x]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[b*c + a*d, 0] && EqQ[a”2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

rule 4392

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.33 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.56



input

output

input

CHAPTER 3. LISTING OF INTEGRALS 193

method result
risch aBcte — icta® (165 el1i(fo+e) 1790 10U +e) o5 9i(fz+e) £ 2160 €81 (So+€) 1450 e7E(S2+¢) 13680 e5i(S7+€) —450
120f (e?i(fz+e) 41)°
. < (_5_ 15 cos(2fz+2e) —3 cos(4fa+4e)— cos(6fz+6e) ) ln(tan(i‘;-k%) _1) . (5+ cos(6fz+6e) 13 cos(4fz+ae)+ 15 cos(2fa
8 8
parallelrisch -
cta®(fz+e)—c*ad In(sec(fx+e)+tan(fz+e))—3ctad tan(fr+e)+3ctad ( Sec(fm+e);an(fz+e) + ln(sec(fm+e)2+tan(fz+e
derivativedivides
ctad(fxz+e)—c*ad In(sec(fr+e)+tan(fr+e))—3ctad tan(fr+e)+3ctad (Sec(fz+e)2tan(fw+e) + ln(sec(f$+e)2+tan(fw+e
default
(fz+e)® _5sec(fate)®  5sec(fzte) 5In(sec(fo+e)+tan(fz+e))
3 4 C4a3 (_ (_ sec : e _ sec 24{E e _ sec 161) e ) ta,n(fw+e)+ n(sec x 816 an rt+e ) c4a3 ln(s
parts a’c*x + 7 —
12 2 4 6
adctz+adcte tan<%+%> —6a3ctx tan(%+%> +15a3ctz tan(% +%> —20a3ctx tan<%+%) +15a3ctx tan(i
norman
Lint ((a+axsec(f*x+e)) ~3*(c-c*sec(f*x+e)) ~4,x,method=_RETURNVERBOSE) J

a~3xc"4*x-1/120%I*kc"4*a"3* (165*exp (11*xI* (f*x+e) ) +720%exp (10*I* (f*xx+e))-25%
exp (9*I* (f*xx+e) ) +2160*exp (8*I* (f*x+e) ) +450%exp (7T*I* (f*x+e))+3680*exp (6*I* (
fxx+e) ) -450%exp (6xI* (f*x+e) ) +3360*exp (4*I* (f*x+e)) +265xexp (3*I* (f*x+e))+148
8%exp (2xI* (fxx+e))-165*exp (I*(f*x+e))+368) /f/ (exp(2*I*(f*x+e))+1) ~6-5/16*c
“4xa~3/f*1n(exp (I*(f*x+e))+I1)+5/16*c~4*a"3/f*1n(exp (I* (f*x+e))-1I)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.36

/(a + asec(e + f))3(c — csec(e + fz))*dx

_ 480a°c* fx cos (fr + e)® — 75a%c* cos (fz + e)°log (sin (fz + €) + 1) 4+ 75 a®c* cos (fz + €)° log (— sin

Lintegrate((a+a*sec(f*x+e))“3*(c—c*sec(f*x+e))“4,x, algorithm="fricas")
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1/480% (480*a~3*c 4xf*xx*cos(f*xx + e)~6 - 75*a"3*c 4*xcos(f*x + e) 6xlog(sin(
fxx + e) + 1) + 75%a"3*c"4*cos(f*x + e) 6*log(-sin(f*x + e) + 1) - 2x(368*
a~3*c"4xcos(fxx + e)”5 - 165*%a”3*c"4xcos(f*x + e)”"4 - 176*a"3*c 4*xcos(f*x
+ e)”3 + 130*%a"3*c"4xcos(f*x + e)”2 + 48*a"3*c"4xcos(f*x + e) - 40%a~3*c™4
Yxsin(f*x + e))/(f*cos(f*x + e)~6)

output

Sympy [F]

/ (a + asec(e + fz))*(c — csec(e + fz))* dz
=a3c! (/1dx+ / (—sec(e+ fz)) dz + / (—3sec’ (e + fz)) dz
+/3sec3 (e+ fz) d:c+/3sec4 (e+ fz) dx+/(—3sec5 (e+ fz)) dz
+ / (—sec® (e + fz)) dz + /sec7 (e + fz) dac)

-/

p
inputLintegrate((a+a*sec(f*x+e))**3*(c-c*sec(f*x+e))**4’X)

‘a**B*c**4*(Integra1(1, x) + Integral(-sec(e + f*x), x) + Integral(-3*sec(e
‘ + fxx)**x2, x) + Integral(3*sec(e + f*x)**3, x) + Integral(3*sec(e + f*x)x*
‘*4, x) + Integral(-3*sec(e + f*x)*x5, x) + Integral(-sec(e + f*x)**6, x) +
‘ Integral(sec(e + f£xx)**7, x))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(124) = 248.

Time = 0.04 (sec) , antiderivative size = 334, normalized size of antiderivative = 2.53

/(a + asec(e + f))3(c — csec(e + fz))*dx =

32 (3 tan (fz + e)’ + 10 tan (fz + e)’ + 15 tan (fz + €))a’c* — 480 (tan (fz + e)® + 3 tan (fz +e)
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input‘integrate((a+a*sec(f*x+e))”3*(c—c*sec(f*x+e))“4,x, algorithm="maxima") ‘

-1/480%(32*(3*tan(f*x + e)~5 + 10*tan(f*x + e)~3 + 16xtan(f*x + e))*a~3*c”
4 - 480*(tan(f*x + e)”3 + 3xtan(f*x + e))*a"3xc™4 - 480*(f*x + e)*a~3*c™4
+ 5*a~3*kc 4% (2% (15*sin(f*x + e)~5 - 40*sin(f*x + e)~3 + 33*sin(f*x + e))/(
sin(f*x + €)76 - 3*sin(f*x + e)”4 + 3*sin(f*x + )72 - 1) - 15xlog(sin(f*x
+ e) + 1) + 156xlog(sin(f*x + e) - 1)) - 90%a"3*c"4x(2x(3*sin(f*x + e)~3 -
Sxsin(f*x + e))/(sin(f*x + e)~4 - 2*sin(f*x + e)”2 + 1) - 3*xlog(sin(f*x +
e) + 1) + 3xlog(sin(f*x + e) - 1)) + 360%a”~3*c"4*(2*sin(f*x + e)/(sin(f*x
+e)72 - 1) - log(sin(f*x + e) + 1) + log(sin(f*x + e) - 1)) + 480%a”3%c”
4xlog(sec(f*x + e) + tan(f*x + e)) + 1440%a~3*c” 4xtan(f*x + e))/f

output

Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.45

/(a + asec(e + fz))3(c — csec(e + fz))* dx
240 (fz + e)aPc! — T5a3clog (|tan (L fz + Le) +1|) + 75a’ctlog ([tan (L fz + e) — 1) + 2 (3150%

input‘integrate((a+a*sec(f*x+e))"3*(c-c*sec(f*x+e))“4,x, algorithm="giac") ‘

1/240% (240* (f*x + e)*a~3*%c”4 - 75xa~3*c"4xlog(abs(tan(1l/2*xf*xx + 1/2xe) + 1
)) + T5%a~3%c~4xlog(abs(tan(1/2*f*x + 1/2%e) - 1)) + 2x(315*%a~3*c”4*tan(1/
2+fxx + 1/2%e)~11 - 1945*%a~3xc”4*tan(1/2*f*x + 1/2*e)”9 + 5118%a”3*c"4*tan
(1/2*f*x + 1/2*xe)”7 - 3138*a”3*c 4xtan(1/2*f*x + 1/2*e)”5 + 1095%a”~3*c 4x*t
an(1/2*f*x + 1/2*e)"3 - 165*a~3*c 4xtan(1/2*f*x + 1/2%e))/(tan(1/2*f*x + 1
/2xe)"2 - 1)76)/f

output
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Mupad [B] (verification not implemented)

Time = 11.28 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.72

/(a + asec(e + fz))3(c — csec(e + fz))*dr = a®c*z

21 a3 c4tan<%+f71>u 389a3c4tan<%+f7z)9 853a3c4tan<%+f2—z)7 523 a3 c4tan<%+f—m>5 73a3 c4tan(%+fm>3

+ 8 24 + 20 20 + 8
£ (tan (5 + 52) = 6tan (5 + 52" + 15 tan (5 + 52)° — 20tan (5 + £2)° + 15tan (5 + 52)* — 6
543 ctatanh (tan (g + £2))

8 f
inputlint((a + a/cos(e + f*x))"3x(c - c/cos(e + f*x))~4,x) J
output a~3*c"4*x + ((73*xa"3xc”4xtan(e/2 + (£f*x)/2)73)/8 - (523*a”3*c”4xtan(e/2 +

(£f*x)/2)75) /20 + (853*a"3*c~4*tan(e/2 + (£*x)/2)77)/20 - (389*a~3*c”4*tan(
e/2 + (£%x)/2)79)/24 + (21*a~3*c 4xtan(e/2 + (£*x)/2)711)/8 - (11*a"3*c 4*
tan(e/2 + (£x*x)/2))/8)/(£x(15+tan(e/2 + (£f*x)/2)"4 - 6*tan(e/2 + (f*x)/2)"
2 - 20*tan(e/2 + (f*x)/2)76 + 15%tan(e/2 + (£f*x)/2)"8 - 6*tan(e/2 + (f*x)/
2)710 + tan(e/2 + (£f*x)/2)712 + 1)) - (5*a~3*c”4*atanh(tan(e/2 + (£f*x)/2))
)/ (8%f)

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.41

/(a + asec(e + fr))3(c — csec(e + fz))*dx
a3c*(368 cos (fz + €) sin (fz + e)® — 560 cos (fz + e) sin (fz + €)® + 240 cos (fz + €) sin (fz + €) + 75

input Lint ((ataxsec(f*x+e)) "3x(c-c*sec(f*x+e)) "4,x) J
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(ax*3*c*x4x(368*cos(e + f*x)*sin(e + f*x)**5 - 560*cos(e + f*x)*sin(e + fx
x)**3 + 240*cos(e + f*x)*sin(e + f*x) + 75*log(tan((e + f*x)/2) - 1)*sin(e
+ f*xx)**6 — 226*¢log(tan((e + f*x)/2) - 1)*sin(e + f*x)**4 + 225xlog(tan((
e + £*x)/2) - 1)*sin(e + f*x)**2 - 75xlog(tan((e + f*x)/2) - 1) - 75xlog(t
an((e + f*x)/2) + 1)*sin(e + f*x)**6 + 226*log(tan((e + f*x)/2) + 1)*sin(e
+ f*x)**4 - 225%log(tan((e + f*x)/2) + 1)*sin(e + f*x)**x2 + T5*xlog(tan((e
+ £xx)/2) + 1) + 240*sin(e + f*x)**6*f*x - 165*sin(e + f*x)**5 - 720*sin(
e + f*x)*x*x4xfxx + 200*sin(e + f*x)**3 + 720*sin(e + f*x)**x2*f*x - 75*xsin(e
+ f*x) - 240%f*xx))/(240*f*(sin(e + f*x)**6 - 3*sin(e + f*xx)**4 + 3*sin(e

+ fxx)**%2 - 1))

output
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3.13 [(a+asec(e+ fz))3(c—csec(e+ fz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 26, antiderivative size = 68

/(a + asec(e + fz))?(c — csec(e + fz))* dx

5 3 adcPtan(e+ fz) N a®c®tan®(e + fx)

a®c®tan®(e + fx)

=acrTr—

f 3f

5f

198
193]
199
201]
201}
202
202
209
209)
204

output

fxx+e) “5/f

‘a‘3*c“3*x-a“3*c“3*tan(f*x+e)/f+1/3*a“3*c“3*tan(f*x+e)‘3/f—1/5*a“3*c‘3*tan(

e

input t

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90

/(a + asec(e + fz))?(c — csec(e + fz))* dx

B (_ arctan(tan(e + fr)) N tan(e + fz) tan’(e + fz) N tan®(e + fr)

f f

3f

5f

)

Integrate[(a + a*Sec[e + f*x])~3*%(c - c*Secl[e + f*x])~3,x]

~—




CHAPTER 3. LISTING OF INTEGRALS 199

‘-(a"B*c"3*(—(ArcTan[Tan[e + fxx]]/f) + Tan[e + f*x]/f - Tan[e + f*x]~3/(3x%

output
£) + Tanle + £2x175/(5+6)) J

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.76,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 345 Ryjes
integrand size

used = {3042, 4392, 3042, 3954, 3042, 3954, 3042, 3954, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a sec(e + fz) + a)3(c — csec(e + fx))3 dzx

| 3042
/ <acsc <e+ fx+ g) + a)3 <c— ccsc (e—l— fzr+ g))3da:
| 4392
—a3c3/tan6(e+fm)dac
| 3042
—a3c3/tan(e+ fx)%dx
| 3954
—a3c? (W - /tan4(e + fm)da:)
| 3042
—a3c <tan5(§;-fx) - /tan(e + fa;)4dm>
| 3954
5 3
—a3c? </ tan®(e + fz)dz + tan (;;- fe) _ tan (§f+ fac))

l 3042
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5 3
—a3c? (/ tan(e + fw)Qda: + tan (g;_ fz) _ tan (g;_ fx))
| 3954
5 3
a3 (_ / Lda + tan (;J;i— fz) tan (;f-i— fz) + tan(ef—l— fa:))

| 24

3 3(tan’(e+ fz) tan3(e+ fz) = tan(e+ fz)
i G .

inputtlnt[(a + a*Sec[e + f*x])73*(c - cxSecle + f*x])~3,x] J

‘—(a“B*c”S*(—x + Tan[e + f*x]/f - Tan[e + £*x]73/(3*f) + Tan[e + f*x]~5/(5%
0 |

output

Defintions of rubi rules used

-

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

-/

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 IntLC(b_)*tan(c_.) + (d_.)*(x)1)"(n.), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])~(n - 2), x]
» x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 4392 Intllesclle_.) + (£_.0*(x_)Ix(b_.) + (a))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + f£*x]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])




input

output

input
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.72 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.19

method result
. 2ic3a3 (45 eBilfrte) 490 ebilfzte) 140 eti(frte) 170 e2i(fote) £ o3
risch adclr — ( : < )
15f (e?i(fz+e) +1)
2 4 2
c3a3(fz+e)—3c3ad tan(fz+e)—3c3a3 (—%—7se°(f§+e) )tan(f:c+e)+03a3(—%—sec(f§+e) —4se°({;+e) )ta,n(f
derivativedivides 7
2 4 2
Ba¥(fo+e)—3c%ad tan(fo-+e)—3cia (—%—7“"”?*8) )tan(fx+e)+c3a3 (—%—S““ gel feeclfpte) )tan(f
default 7
3 3(_2 (fo+e)? 3 3(_8 (Fz+e)t _ 4sec(fz+e)?
3.3 3a3c tan(fz+e) sca <_§_5ec 5 )tan(fz-'-e) e <_E_sec R
parts a’c’r — — +
f f f
10 9 6 32tan(f7x+g)7
c3a? tan(g—x-l—g) xf—5tan<f7 %) xf+2tan(f7z+%) +10tan<f7z+%) xf—f—lotan(%-i-%)
parallelrisch 5
f(tan(%—f-%)—l) (tan(%-{-%)-i-
3.3 sz e\ 33 5a3c3 fz e21033 fz e41033 f= e65 i
C ztan<7+5> —a’c’z+5a’c ztan<7+§> —10a°c ztan<7+§> +10a°c ztan<7+§) —5a3 ztan<f2
norman
fz
(tan( 5 T+

Lint ((ata*xsec(f*x+e)) ~3*(c-c*sec(f*x+e)) ~3,x,method=_RETURNVERBOSE)

\a“s*c 3xx-2/165%I*c”~3*a~ 3% (45*%exp (8*I* (f*x+e) ) +90*exp (6*I* (f*x+e) ) +140*exp(
‘4*I*(f*x+e))+70*exp(2*I*(f*x+e))+23)/f/(exp(2*I*(f*x+e))+1) 5

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.19

/(a + asec(e + fx))3(c — csec(e + fz))* dz

_15a°c’ fx cos (fz+e€)° — (23a°c cos (fz + €)' — 11a’c? cos (fz +€)* + 3a°c) sin (fz + e)

15 f cos (fz +e)°

Lintegrate((a+a*sec(f*x+e))“3*(c—c*sec(f*x+e))“3,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 202

‘1/15*(15*a"3*c"3*f*x*cos(f*x + e)”5 - (23%a~3*c"3*cos(f*xx + e)~4 - 11%a~3* \

output
Lc“B*cos(f*x + e)72 + 3%a”3%c”3)*sin(f*x + e))/(f*cos(f*x + e)~5) J
Sympy [F]
/(a + asec(e + fz))*(c — csec(e + fz))* dx
= —a’c </ (-1) dz + /3sec2 (e+ fz)dz + / (—3sec* (e + fz)) dz
+ /se06 (e+ frx) da:)
inputLintegrate((a+a*sec(f*x+e))**3*(c-c*sec(f*x+e))**3,x) J

t‘—a**3*c**3*(Integral(—1, x) + Integral(3*sec(e + f*x)**2, x) + Integral(-3

outpu
‘*sec(e + f*x)**4, x) + Integral(sec(e + f*x)**6, x))

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.38

/(a + asec(e + fx))*(c — csec(e + fz))* dz =

(3 tan (fz +€)® + 10 tan (fz +€)® + 15 tan (fz + €))a®c® — 15 (tan (fz + €)* + 3 tan (fz + €)) a’
15 f

inputLintegrate((a+a*sec(f*x+e))“3*(c-c*sec(f*x+e))*3,x, algorithm="maxima") J

s N

‘—1/15*((3*tan(f*x + e)”5 + 10*xtan(f*x + e)~3 + 15xtan(f*x + e))*a"~3*xc~3 -
(15%(tan(f*x + e)~3 + 3xtan(f*x + e))*a~3%c™3 - 15x(f*x + e)*a"3xc"3 + 45%a |
“3*c“3*tan(f*x + e))/f

output
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Giac [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.96

/(a+asec(e+fx))3(c— csec(e+ fz))3dx =

_3d’ctan (fz + e)’ —5a3A tan (fz + €)® — 15 (fz + €)adc® + 15a®c3 tan (fz + e)
15f

input Lintegrate ((ataxsec(f*x+e)) ~3*(c-c*sec(f*x+e)) 3,x, algorithm="giac") J

output‘ -1/15%(3*%a~3%c"3xtan(f*x + e)~5 - Bxa~3*c~3*%tan(f*x + e)~3 - 15x(f*x + e)* ‘
a~3%c~3 + 15%a~3%c”~3*tan(f*x + e))/f \

Mupad [B] (verification not implemented)

Time = 13.59 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.79

/(a +asec(e + fz))3(c — csec(e + fz))’dr = a® Pz

7 5 3
9 32a3c3tan(S+LE 3563 3 tan( e+ L2 3203 3 tan( e+ L2 \
2a3c3tan(§+%) - 3<2 : ) + 15<2 : ) - 3<2 : ) +2a3c3tan(§+%)

lnput Lint((a + a/COS(e + f*X))AB*(C - C/cos(e + f*x))*s’x) J

output‘ a~3kc"34x + ((356%a~3*c~3xtan(e/2 + (£4x)/2)75)/16 - (32%a"3*c~3xtan(e/2 +
| (£%x)/2)73)/3 - (32%a”3%c™3xtan(e/2 + (£%x)/2)77)/3 + 2%a"3xc"3*tan(e/2 + |
‘ (£*x)/2)°9 + 2%a~3*c 3xtan(e/2 + (£f*x)/2))/(fx(tan(e/2 + (f*x)/2)"2 - 1)~ ‘

\5)
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.71

/(a + asec(e + fz))3(c — csec(e + fz))®dx

a3c3(15cos(fx—I—e)sin(fx+e)4fx—3OCos(f:v+e)sin(fx—|—e)2f:v—|—15cos(f:v+e) fzr —23sin(f
15cos(f:v—|—e)f(sin(fw+e)4—2sin(fx—|—e)2+1)

-/

p
input Llnt ((ataxsec(f*x+e)) "3x(c-c*sec(f*x+e)) "3,x)

p

output‘ (ax*3*c*x3x(16xcos(e + f*x)*sin(e + f*xx)**4xfxx - 30*cos(e + f*x)*sin(e +
‘f*x)**Q*f*x + 15*xcos(e + f*x)*f*x - 23*sin(e + f*x)**5 + 35*sin(e + f*x)**
‘3 - 15%sin(e + f*x)))/(15%cos(e + f*x)*fx(sin(e + fxx)**4 - 2xsin(e + f*x)
L**2 + 1))

| —
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3.14 [(a+asec(e+ fz))3(c—csec(e+ fz))* dz

Optimal result . . . . . . . . . . . . e 205
Mathematica [A] (verified) . . . . . . . . . ... o 2051
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 208
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 208
Sympy [F] . . o o 209
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2091
Giac [A] (verification not implemented) . . . . . . ... ... ... 210
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2101
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 211

Optimal result

Integrand size = 26, antiderivative size = 97

/(a + asec(e + fx))3(c — csec(e + fz))* dz
32 4 3a’c’arctanh(sin(e + fz))  c*(8a° + 3a’sec(e + fx)) tan(e + fx)

=a’c’z 8f T
c*(4a® + 3a3sec(e + fx)) tan®(e + fz)
+ 12f

N

B
‘ a”~3*xc"2*x+3/8%a~3*c " 2*arctanh(sin(f*x+e))/f-1/8*c~2* (8*%a~3+3*a"3*sec (f*x+e ‘

output
‘ ))*tan (f*x+e) /f+1/12%c~2% (4*xa~3+3%a~3*sec (f*x+e) ) *tan (f*x+e) ~3/f ‘

Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.26

/(a + asec(e + fx))3(c — csec(e + fz))* dz
_ a®c?sect(e + fz) (72e + 72fz + T2arctanh(sin(e + fz)) cos*(e + fz) + 96(e + fz) cos(2(e + fz)) + 24

input LIntegrate[(a + a*Sec[e + f*x])~3x(c - c*Sec[e + f*x])"2,x] J
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Output‘ (a~3xc~2xSec[e + f*x] "4*(72%e + T2xfxx + 72xArcTanh[Sin[e + f*x]]*Cos[e + ‘
\f*x] ~4 + 96%(e + f*xx)*Cos[2%(e + f*x)] + 24*e*Cos[4*(e + f*x)] + 24xf*x*Co ‘
's[4x(e + fxx)] + 18*Sin[e + fxx] - 32%Sin[2x(e + f*x)] - 30%Sin[3*(e + f*x

\)] - 32xSin[4x(e + £*x)1))/(192%f)

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.92,

number of rules _
integrand size 0.269, Rules

number of steps used = 7, number of rules used = 7,
used = {3042, 4392, 3042, 4369, 3042, 4369, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (asec(e + z) + a)*(c — esec(e + fo))? da
| 3042
/ (acsc (e+ fo+ g) + a)3 (c— cesc (e+ fr+ g))2dx
| 4392
a2 / (sec(e + fo)a + a) tan' (e + fz)da
| 3042
a262/c0t (e+ fo+ g)4 (Csc (e+fm+ g) a+a) dz
| 4369
a2c? (tan3(e 1 x)(?"i;‘;f(e +fe)tda) i / (3sec(e + fz)a + 4a) tan2(e + fa:)d:c)

l 3042

a2c? (tan?’(e + fo?"g‘;C(e + fz) +4a) _ i/cot <e + fr+ g)z (3Csc (6 + fz+ g) a+ 4a> dx)

l 4369
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tan(e + fx)(3asec(e + fz) + 8a)> n tan3(e + fz)(3asec(e + fz) + 4

a’c? (411 (é /(3 sec(e + f)a + 8a)dx — 2f 2

l 2009

1 /1 (3aarctanh(sin(e + fz)) tan(e + fz)(3asec(e + fz) + 8a) tan3(e + fz)(3asec(e +
(5 (s( 7 +07) - 2f )+ i2f

-

LInt[(a + a*Sec[e + f*x])~3%(c - c*Secl[e + f*x])~2,x]

-/

input

‘a‘2*c‘2*(((4*a + 3xaxSec[e + f*x])*Tan[e + f*x]~3)/(12%f) + ((8*axx + (3%a ‘
‘*ArcTanh[Sin[e + f*x]1)/£)/2 - ((8%a + 3*axSec[e + f*x])*Tan[e + f*x])/(2% ‘
\f))/4) \

output

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4369 Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (
a_)), x_Symbol] :> Simp[(-e)*(e*Cot[c + d*x])"(m - 1)*((a*m + bx(m - 1)*Csc
[c + d*x])/(d*m*(m - 1))), x] - Simpl[e”2/m  Int[(exCot[c + d*x])~(m - 2)*(
axm + bx(m - 1)*Csc[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m
, 1]

rule 4399 Intllesclle_.) + (£_.0*(x_)Ix(b_.) + (a))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + £*xx]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])
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Maple [A] (verified)

Time = 0.91 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.37

method result

c2a3 (_ % _ Sec(f§+e)27) tan(fz+e) c2a® (— <_ Sec(fz+e)3 _3 Sec(£$+e) ) tan(f$+e)+43 1D(Sec(fm+e8)+
parts adc’z — +
risch a302x + ic2a3 (15 eTi(fzt+e) _ g8 ¢bi(fzte) _ggbi(fz+e) _ggedi(frte) +9 e3i(fzte) _gpe2i(fz+e) _15ei(fote) _32)

12f (e2i(fa:+e)+1)4

c2a3(fr+e)+c?ad In(sec(fz+e)+tan(fz+e))—2c%a tan(fr+e)—2c2ad ( Sec(f$+e)2tan(fw+e) + ln(sec(f$+e)2+tan(fw+e

derivativedivides
c2ad(fz+e)+c2ad In(sec(fr+e)+tan(fz+e))—2c?ad tan(fr+e)—2c%ad ( sec(fm+e)2tan(fm+e) + ln(sec(fm+e)2+tan(fm+e
default
) adc? (—9(cos(4fx+4e)+4 cos(2fz+2¢)+3) In (tan(f{jug) —1) —9(—3—cos(4fz+4e)—4 cos(2fz+2€)) In (tan(%”—i—
parallelrisch
24 f(cos(4fz+4
8 2 4 6 11c2ad [z e
adc2z+adcx tan(%+%) —4a3c2x tan(%-ﬁ-%) +6a3c2z tan(%-ﬁ-%) —4a3c?z tan(%+%> -—=° tj}(T 2
norman P
(tan(%”-l—%) —1)
inputLint((a+a*sec(f*x+e))‘3*(c-c*sec(f*x+e))"2,x,method=_RETURNVERBOSE) J

‘a‘3*c“2*x—c“2*a‘3/f*(—2/3—1/3*sec(f*x+e)“2)*tan(f*x+e)+c‘2*a‘3/f*(—(—1/4*s
‘ ec(f*x+e) ~3-3/8*sec(f*x+e)) *tan(f*x+e)+3/8*1n(sec(f*x+e)+tan(f*x+e)))-2*c” ‘
‘ 2%a”~3/f*tan(f*x+e)-c~2*xa"~3/fxtan(f*x+e) *sec (f*x+e) ‘

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.52

/(a + asec(e + fr))3(c — csec(e + fz))* dz

_ 48a°c*frcos(fr+ e)* +9a*c cos (fz + €)' log (sin (fz + €) + 1) — 9a3c? cos (fz + e)* log (— sin (fz
B 48 f cos (|

input tintegrate ((at+axsec(f*x+e)) "3*(c-c*sec(f*x+e))~2,x, algorithm="fricas") J
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‘1/48*(48*a“3*c"2*f*x*cos(f*x + e)74 + 9%a"3xc"2*cos(f*x + e) 4*log(sin(f*x \
‘ + e) + 1) - 9%a”~3xc"2*cos(f*x + e) 4*log(-sin(f*x + e) + 1) - 2x(32*a”"3*c
“2*cos(f*x + e)”3 + 1b6*%a”3xc"2*cos(f*x + e)”2 - 8*a~3xc”"2*cos(f*x + e) - 6
‘*a‘S*c‘2)*sin(f*x + e))/(fxcos(f*x + e)~4)

output

Sympy [F]

/(a+asee(e+fa:))3(c— csec(e + fz))* dz
=a302(/1dx+/sec(e+fz) d:c+/(—2se02 (e+ fz)) dz
+/(—2sec3 (e+ fz)) dz+/sec4 (e+ fzx) d:r:—i—/sec5 (e+ fr) dx)

input Lintegrate ((a+axsec(f*x+e))**3x (c—cxsec(f*x+e))**2,x) J

p
t‘a**S*c**2*(Integral(1, x) + Integral(sec(e + f*x), x) + Integral(-2*sec(e
‘+ fxx)**2, x) + Integral(-2*sec(e + f*x)**3, x) + Integral(sec(e + f*x)**4

N
outpu
L, x) + Integral(sec(e + f*x)**5, x)) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 203 vs. 2(91) = 182.

Time = 0.04 (sec) , antiderivative size = 203, normalized size of antiderivative = 2.09

/(a + asec(e + fz))3(c — csec(e + fz))*dx

2 (3 sin(fz+e)—5 sin(fx+e)>
sin(fz+e)t—2 sin(fz+e)?+1

16 (tan (fz +e)® + 3 tan (fz + €))a’c? + 48 (fz + e)a’c® — 3a’c? ( — 3 log (si

inputLintegrate((a+a*sec(f*x+e))‘3*(c-c*sec(f*x+e))*2,x’ algorithm="maxima") J
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1/48%(16*(tan(f*x + e)~3 + 3xtan(f*x + e))*a”3*c™2 + 48*(f*x + e)*a~3xc"2
- 3xa”3*%c"2x(2x(3*sin(f*x + e)~3 - b*sin(f*x + e))/(sin(f*x + e)”"4 - 2#*sin
(f*x + e)”2 + 1) - 3*log(sin(f*x + e) + 1) + 3*log(sin(f*x + e) - 1)) + 24
*a"3*%c"2x(2*sin(f*x + e)/(sin(f*x + )72 - 1) - log(sin(f*x + e) + 1) + lo
g(sin(f*x + e) - 1)) + 48xa~3xc”2xlog(sec(f*x + e) + tan(f*x + e)) - 96%a”
3xc™2xtan(f*x + e))/f

output

Giac [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.58

/(a + asec(e + fx))3(c — csec(e + fz))* dz

<15 adc? tan(z

24 (fz + e)a’c® + 9a®c*log (|tan (3 fz + 3 €) +1|) —9a®c*log (|tan (5 fz + 5¢) — 1|) + ?

24 f

-/

p
input Lintegrate ((ataxsec(f*x+e)) "3x(c-c*sec(f*x+e)) 2,x, algorithm="giac“)

1/24% (24 (fxx + e)*a”~3*c™2 + 9*a~3*c”2xlog(abs(tan(1/2*f*x + 1/2%e) + 1))
- 9xa~3xc"2+log(abs(tan(1/2*f*x + 1/2%e) - 1)) + 2%(15%a~3*c™2xtan(1/2*f*x
+ 1/2%e)"7 - Ti*a~3xc 2xtan(1/2%f*x + 1/2%e)”5 + 137*a”3*c™2%tan(1/2%f*x
+ 1/2*%e) "3 - 33*a~3*kc " 2xtan(1/2xf*x + 1/2%e))/(tan(1/2*f*x + 1/2*%e)"2 - 1)

~4)/f

output

Mupad [B] (verification not implemented)

Time = 10.92 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.68

o
e
w
(o]
(M)
[
g
5
ZammaN
[S1leY
+
-
8
N——
Z
N
=
e
w
(o]
(M)
[
g
5
L/~
[S1lsY
+
-
”‘a
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input‘int((a + a/cos(e + £*x))"3*%(c - c/cos(e + f*x))~2,x)

((137*a~3xc"2*tan(e/2 + (£*x)/2)°3)/12 - (71*a"3*c"2*tan(e/2 + (f*x)/2)75)
/12 + (5*xa~3*c 2xtan(e/2 + (f*x)/2)77)/4 - (11*a~3*c"2xtan(e/2 + (f*x)/2))
/4)/ (£x(6xtan(e/2 + (f*x)/2)"4 - 4xtan(e/2 + (£f*x)/2)"2 - 4xtan(e/2 + (f*x
)/2)76 + tan(e/2 + (£f*x)/2)78 + 1)) + a~3*c™2*x + (3*a~3*c”2*atanh(tan(e/2
+ (£%x)/2)))/(4xf)

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 226, normalized size of antiderivative = 2.33

/(a + asec(e + fx))3(c — csec(e + fz))* dz
a®c? (32 cos (fz + e)sin (fz +e)® — 24 cos (fz + e)sin (fz + €) — 9log(tan (£ + &) — 1) sin (fz +€)*

r

fnput Lint ((at+axsec (f*x+e)) ~3*(c-c*sec (f*x+e))~2,x)

| —

(ax*3*cx*x2* (32*xcos(e + f*x)*sin(e + f*x)**3 - 24*cos(e + f*xx)*sin(e + f*x)
- 9%log(tan((e + f*x)/2) - 1)*sin(e + f*x)**x4 + 18*log(tan((e + f*x)/2) -
D *sin(e + f*x)**2 - 9xlog(tan((e + f*x)/2) - 1) + 9*log(tan((e + £*x)/2)
+ 1)*sin(e + fxx)**4 - 18xlog(tan((e + £*x)/2) + 1)*sin(e + £*x)**2 + 9x1

og(tan((e + f*x)/2) + 1) + 24xsin(e + f*xx)*x4*xf*x + 15*sin(e + f*x)**3 - 4

8*sin(e + f*xx)**2xfxx - 9*sin(e + f*xx) + 24xfxx))/(24xfx(sin(e + f*x)**4 -
2*¢sin(e + f*x)**2 + 1))

output
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3.15 [(a+asec(e+ fx))*(c—csec(e+ fz)) dz

Optimal result . . . . . . . . . . . . e 212
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 213
Maple [A] (verified) . . . . . . ... L 214
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 215
Sympy [F] . . o o 216
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 276l
Giac [A] (verification not implemented) . . . . . . ... ... ... 217
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 217
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 218

Optimal result

Integrand size = 24, antiderivative size = 77

/(a + asec(e + fx))3(c — csec(e + fz)) dz

3o + a’carctanh(sin(e + fz))  a’ctan(e + fz)

=a’cx 7 7
_ a’csec(e + fz)tan(e + fz) a’ctan’(e+ fx)
f 3f

e A
‘ a~3*xcxx+a~3*ckarctanh(sin(f*x+e))/f-a~3*xc*xtan(f*x+e) /f-a~3*cxsec(f*x+e)*ta ‘

output
‘ n(f*x+e) /f-1/3%a~3*c*tan(f*x+e) ~3/f \

Mathematica [A] (verified)

Time = 0.43 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.31

/(a + asec(e + fx))3(c — csec(e + fz)) dx

_a’csec®(e+ fz) (9(e + fz) cos(e + fz) + 12arctanh(sin(e + fx)) cos®(e + fx) + 3ecos(3(e + fx)) + 3
N 12f

input LIntegrate[(a + a*Sec[e + f*x])~3*(c - c*Secl[e + f*x]),x] J
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‘ (a~3*c*Sec[e + f*xx] " 3*%(9%(e + f*x)*Cos[e + f*x] + 12xArcTanh[Sin[e + f*x]] ‘
\*Cos [e + f*x]~3 + 3%exCos[3*(e + f*x)] + 3xf*x*Cos[3*(e + f*x)] - 6%Sin[e \
\+ fxx] - 6%Sin[2%(e + f*x)] - 2%Sin[3*(e + £*x)1))/(12%f) \

output

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.99,

number of rules _ 0.208, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)(c — csec(e + fz)) da
| 3042
/ <acsc <e+fa:+ g) +a)3 <c— cese (e+fa:+ g)) dz
| 4392
—ac / (sec(e + fz)a+ a)* tan(e + fz)dz
| 3042

—ac/cot <e+fx+g>2 (csc (e+fw+g)a+a)2dw
| 4374
—ac | (a*tan®(e + fz) + a%sec®(e + fz)tan®(e + fz) + 2a® sec(e + fz) tan®(e + fz)) dz
[ (@ tant(e + 1)+ a?seci(e + fz)tani (e + o) + 2a?sec(e + fz) tawi (e + f)

l 2009

_ac<_a2arctanh(sin(e + fx)) + a’tan3(e + fz) + a’tan(e + fz) + a’tan(e + fz)sec(e + fx) 9

f 3f f f

4 A
Int[(a + a*Sec[e + f*x])~3*(c - c*Sec[e + f*x]),x]

N J

input

a

)



output

rule 2009

rule 3042

rule 4374

rule 4392
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‘-(a*c*(-(a“Q*x) - (a~2*ArcTanh[Sin[e + f*x]])/f + (a~2xTan[e + f*x])/f + (
La"2*Sec [e + f*xx]*Tan[e + f*x])/f + (a~2*Tan[e + f*x]~3)/(3*f)))

|
J

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cot[(c_.) + (d_)*(x_)I*(e_.))"(m_)*(cscl(c_.) + (d_.)*(x_)I*(b_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, O]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + £*x]~(2*m)*(
c + dxCscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[b*c + a*d, 0] && EqQ[a”2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])

Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00
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method result
3o _2_sec(fote)® )
parts a3cx + a®cln(sec(fz+e)+tan(fr+e))  adcsec(fz+e)tan(fz+e) + @ c( 3 3 ) an(fe+e)
f f f
a3c(fw+e)+2a30ln(sec(fw+e)+tan(fac+e))—2a3c(Sec(fm+e)2ta"(fm+e) + ln(sec(fm+e);ta"(fm+e)) ) +a3c<—§— sec(f:
derivativedivides 7
agc(fw+e)+2a3cln(sec(fx+e)+tan(f:1;+e))—20,3c(Sec(fx+e);an(fz+e) _I_ln(sec(fx+e)2-f-tan(fz+e))>+a3c<_%_seC(f«:'
default 7
risch G3Cx + 2ia30(3e5i(fz+e)—§e2i<fz+e);3ei<fz+e)—2) + a3cln(ei(fz+e)+i) _ a3cln(ei(fx+e)—i)
3f (e?ilfz+e)41) f f
26(3(cos(3fz+36)+3 cos(fz;e)) In (tan(%ﬁ+%)fl) +3(7 cos(3fz+3e)—3 cos(f;Jre)) In (tan(%+%>+l) _ofs cos2(fa:+e) ]
parallelrlsch - 3f(cos(3fz+3e)+3 cos(fz+e))
6 4(13611Hg 4a3cn&§3 2 4
a3ca:tan(f7w+§) —a3cz+ i Jg 2 +2) — t :ng +2) +3a3cztan(f7z+§) —3a3cwtan(f7w+§) asc]
norman 5 3 + —
(tan(%—i—%) —1)
input Lint ((ata*sec(f*x+e)) 3% (c-c*sec(f*x+e)) ,x,method=_RETURNVERBOSE) J

¢ ‘ a~3xckx+a~3*kc/f*1n(sec(f*x+e)+tan (f*x+e))-a~3*cksec(f*x+e) *tan(f*x+e)/f+a” ‘

outpu
‘3*c/f*(-2/3—1/3*sec(f*x+e)“2)*tan(f*x+e)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.53

/(a + asec(e + fx))3(c — csec(e + fz)) dx

_ 6a’cfzcos(fr+ e)® +3a3ccos (fz +e)’log (sin (fz + €) + 1) — 3aPccos (f + €)® log (—sin (fz + e
B 6 f cos (fz +e)®

input Lintegrate ((at+a*sec(f*x+e)) "3*(c-c*sec(f*x+e)) ,x, algorithm="fricas") J

output‘ 1/6% (6xa~3*c*f*xxcos(f*x + e)~3 + 3*a~3*cxcos(f*x + e) 3xlog(sin(f*x + e) ‘
‘+ 1) - 3*xa"3*c*cos(f*x + e) 3*log(-sin(f*x + e) + 1) - 2*(2*a"3xcxcos(f*x ‘
‘+ e)"2 + 3*xa"3xckcos(f*x + e) + a"3*c)*sin(f*x + e))/(fxcos(f*x + e)73) ‘
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Sympy [F]

/(a + asec(e + fr))3(c — csec(e + fz)) dx
= —a3c</ (—1) da:+/(—2 sec (e + fz)) dz + /2sec3 (e+ fz)dzx
+ /sec4 (e+ fx) da:)

inputLintegrate((a+a*sec(f*x+e))**3*(c-c*sec(f*x+e)),x) J

‘—a**S*c*(Integral(-l, x) + Integral(-2*sec(e + f*x), x) + Integral(2*sec(e

output
‘ + f*xx)**3, x) + Integral(sec(e + f*x)**4, x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.39

/(a + asec(e + fx))?(c — csec(e + fz)) dx =

2 (tan (fz +e)’ + 3 tan (fz +e))a’c — 6 (fz + e)a’c — 3a3c<M —log (sin(fz+e€)+ 1)+

sin(fz+e)2—1
6 f

inputLintegrate((a+a*sec(f*x+e))‘3*(c—c*sec(f*x+e)),x, algorithm="maxima") J

-1/6x(2%(tan(f*x + )73 + 3xtan(f*x + e))*a~3kc - 6x(f*x + e)*a"3xc - 3¥a~
‘3*c*(2*sin(f*x + e)/(sin(f*x + e)”2 - 1) - log(sin(f*x + e) + 1) + log(sin
‘(f*x + e) - 1)) - 12+xa"3xc*log(sec(f*x + e) + tan(f*x + e)))/f

output




input

output

input

output
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Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.35

/(a + asec(e + fz))3(c — csec(e + fz)) dx

3(fz+e)a*c+ 3a’clog (|tan (1 fz + 1e) +1|) —3a’clog (|tan (3 fz +1e) — 1) —

3f

p
Lintegrate((a+a*sec(f*x+e))“3*(c-c*sec(f*x+e)),x, algorithm="giac")

| —

‘1/3*(3*(f*x + e)*a”3%c + 3*a"3*cxlog(abs(tan(1/2*f*x + 1/2%e) + 1)) - 3*a”
‘3*c*10g(abs(tan(1/2*f*x + 1/2%e) - 1)) - 4*(a"3*cxtan(1/2xf*x + 1/2%e)”3 -
‘ 3*%a~3*cxtan(1/2*f*x + 1/2%e))/(tan(1/2*xf*x + 1/2%e)"2 - 1)73)/f

Mupad [B] (verification not implemented)

Time = 10.31 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.35

/(a + asec(e + fx))3(c — csec(e + fz)) dx

4a3ctan(§+f7$) — 3
f (tan (¢+ %)6 — 3tan (
2a® catanh (tan (&

f

+adcx +

Lint((a + a/cos(e + f*x))"3%(c - c/cos(e + f*x)),x)

e

(4xa~3*cxtan(e/2 + (f*x)/2) - (4*a~3*cxtan(e/2 + (£f*x)/2)°3)/3)/(f*(3*tan(
\e/z + (£#x)/2)"2 - 3*xtan(e/2 + (f*x)/2)"4 + tan(e/2 + (£*x)/2)76 - 1)) + a
“3*c*x + (2*a~3*c*atanh(tan(e/2 + (£f*x)/2)))/f

A\
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 186, normalized size of antiderivative = 2.42

/(a + asec(e + fz))3(c — csec(e + fz)) dx
adc(—3cos (fz + €) log(tan (% +£) —1)sin(fz + e)® + 3cos (fz +e) log(tan (% +£) —1) +3cos|

-/

p
inputLlnt((a+a*sec(f*x+e)) 3% (c-c*sec (f*x+e)),x)

(a**3*cx( - 3*xcos(e + f*xx)*log(tan((e + £*x)/2) - 1)*sin(e + f£*x)**2 + 3*c
os(e + f*x)*log(tan((e + f*x)/2) - 1) + 3*cos(e + f*x)*log(tan((e + f*x)/2
) + 1)*sin(e + fxx)**2 - 3xcos(e + f*x)*log(tan((e + f*x)/2) + 1) + 3*cos(
e + f*x)*sin(e + f*x)**x2kf*x + 3*cos(e + f*x)*sin(e + f*xx) - 3*cos(e + f*x
)*fxx - 2+sin(e + f*x)**3 + 3*sin(e + fx*x)))/(3*cos(e + f*x)*f*x(sin(e + fx*
x)*x2 - 1))

output
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3.6 [ ltesde/n) g,

Optimal result . . . . . . . . .. .. 219
Mathematica [C] (verified) . . . . . . . .. .. ... L o 219
Rubi [A] (verified) . . . . . . . .. .. 2200
Maple [A] (verified) . . . . . . . . .. 222
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ...... 222
Sympy [F] . . . 223
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ..o ... 224
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 224
Reduce [B] (verification not implemented) . . . ... ... ... ......... 225

Optimal result

Integrand size = 26, antiderivative size = 78

(a + asec(e + fx))3 gy — ar  4alarctanh(sin(e + fz)) 8a®cot(e + fr)
c —csec(e + fx) T T cf + cf
8a3csc(e + fr) a®tan(e+ fz)
_|_ —
cf cf

N

.
¢ ‘ a~3%x/c-4*a~3*%arctanh(sin(f*x+e))/c/f+8*%a~3*cot (f*x+e)/c/f+8%a~3*csc(f*x+e ‘

outpu
‘)/c/f—a*S*tan(f*x+e)/c/f

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 3.38 (sec) , antiderivative size = 275, normalized size of antiderivative = 3.53
(a + asec(e + fz))?

c — csec(e + fz)
tan(e + fz) (—8\/§a3 ccos® (3(e + fz)) Hypergeometric2F1 (2,2, 7, 2(1 + sec(e + fz))) sec*(e +

dzr =

input LIntegrate[(a + a*xSec[e + f*x])~3/(c - c*Secl[e + f*x]),x] J
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-1/5%(Tan[e + f*x]*(-8*Sqrt[2]*a~3*Sqrt[c]*Cos[(e + f*x)/2] 6*Hypergeometr
ic2F1[3/2, 5/2, 7/2, (1 + Secl[e + f*x])/2]*Sec[e + f*x] 4%Sin[(e + fx*xx)/2]
"2 + b*a~(5/2)*(4*Sqrt [c]*(Sqrt[al*Sqrt[1 - Secle + f*x]I*(1 + Secl[e + f*x
1) + ArcSin[Sqrt[a*(1 + Sec[e + f*x])]/(Sqrt[2]*Sqrt[al)]*Sec[e + f*x]*Sqr
t[a*(1 + Sec[e + f*x])]*Sin[(e + f*x)/2]72) - ArcTanh[Sqrt[-(a*c*Tan[e + £
*x]172)]1/(Sqrt[al*Sqrt[c])I*Sqrt[1 - Secle + f*x]]*Sqrt[-(axcxTan[e + f*x]~
2)1)))/(c™(8/2)*fx(1 - Secle + f*x]1)~(3/2)*(1 + Secl[e + f*x]))

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.91,

number of rules __
integrand size 0.192, Rules

number of steps used = 5, number of rules used = 5,
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (asec(e + fz) + a)? i
¢ —csec(e + fx)
| 3042

/ (acsc(e+ fx+ %) +a)3
dx
c—cesc(e+ fz+ %)

l 4392

_ J cot?(e + fz)(sec(e + fz)a + a)*dx
ac

l,3042

f (csc (e—i—fz—i— 3 ) a—i;a) 4 d
cot(e+fz+ 5 )
ac

l_4374

[ (cot?(e + fz)a* + 6csc?(e + fz)at + csc?(e + fz)sec?(e + fz)a* + 4cot(e + fx) csc(e + fz)a* + 4 csc?(e -
ac

l 2009



input

output
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4a*arctanh(si 4t 8a* cot 8at
a*ar nf(sm(e—l—f:l:)) + @ an}e-l—fx) _ 8a co;e+fx) _ 8a csc}e—l—fx) —|—(l4(—I)

ac

L

Int[(a + a*xSec[e + f*x])~3/(c - c*Secl[e + f*x]),x]

-((-(a~4*x) + (4*a~4*ArcTanh[Sin[e + f*x]])/f - (8*%a~4xCot[e + f*x])/f - (
8*a~4xCsc[e + fxx])/f + (a~4xTan[e + f*x])/f)/(axc))

-

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4374

rule 4392

N\

-/

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cot[(c_.) + (d_.)*(x_)I*(e_.)) " (m_)*(cscl[(c_.) + (d_.)*(x_)]1*(b_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, O]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + f£*x]~(2*m)*(
c + dxCscl[e + f*x])~"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])




input

output
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Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.21

method result
8 3< 1 ln(tan(i}-k%)—l) 1 ln(tan(%-kg)-}—l)+arctan(tan(
a _
. . L. Stan(%—&-%)—S 2 8tan(%’”+§)+8 2
derivativedivides 7o
3 1 ln(tan(%+%)—1) 1 _ln(tan(%-ﬁ—%)-&-l) arctan(tan(
defaul 8a (scan(%+§)—s+ 2 +8tan(%+g)+s 2 +
efault Fe
lelrisch ad (fz cos(f:c+e)+9<:ot(%+§) cos(fm+e)+4ln(tan<f7””+%>—1) cos(fz+e)—4 ln(tan(%—}-%)—i—l) cos(fr+e)—c
parallelrisc of cos(fz+e)
. 3 2ia® (8 e2i(/zte) _gilfate) 4 g) 4a® In(e!fote) 44) 4a® In(e!fote) —j)
risch % + fc(e2i(fm+e)+1) (ei(fere)_l) - of + of
asz tan(fTw+%) +a3z tan(%-ﬁ—%)s @_ 18(13 tan(%{—%)z n 10a3 tan(%-ﬂ—%)[l _ 2a3z tan(%+%)3
norman c c ef of of
(tan(%+§>2—1> tan(%—l—%)

Lint ((ataxsec(f*x+e)) "3/ (c-c*sec(f*x+e)) ,x,method=_RETURNVERBOSE)

‘ 8/f*xa”~3/cx(1/8/ (tan(1/2*f*xx+1/2*e)-1)+1/2%1n(tan(1/2xf*x+1/2%e)-1)+1/8/(ta
‘ n(1/2xf*xx+1/2*e)+1)-1/2*%1n(tan(1/2*xf*x+1/2%e)+1)+1/4*arctan(tan(1/2*f*x+1/
‘2*e))+1/tan(1/2*f*x+1/2*e))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.60

(a + asec(e + fx))?

c — csec(e + fx) dz

/

=a3f:ccos(fx+e)sin(fx+e) —2a3cos (fz +e)log (sin (fz +€) + 1)sin (fz +e) +2a3cos (fz + €)1

cf cos(fx +e)sin (fzx +

input L

integrate((ataxsec(f*x+e)) "3/ (c-cxsec(f*x+e)),x, algorithm="fricas") J
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‘ (a~3xf*x*cos(f*x + e)*sin(fxx + e) - 2+a~3*cos(f*x + e)*log(sin(f*x + e) + ‘
‘ Dxsin(f*x + e) + 2%a~3xcos(f*x + e)*xlog(-sin(f*x + e) + 1)*sin(f*x + e)

‘+ 9xa~3*cos(f*x + e)”2 + 8*a~3*cos(f*x + e) - a~3)/(cxf*cos(f*x + e)*sin(f
e \

output

Sympy [F]

(a + asec(e + fr))?
/ c— csec(e + fzx) dz

3sec(et+fz) 3sec? (e+fz) sec3 (e+fx) 1
<f sec (e+fz)—1 dz + f sec (e+fz)—1 dz + f sec (e+fz)—1 dz + f sec (e+fz)—1 dIL‘)

c
input Lintegrate ((a+taxsec(f*x+e))**3/(c-cxsec(f*x+e)) ,x) J
output‘—a**3*(Integra1(3*sec(e + f*x)/(sec(e + f*x) - 1), x) + Integral(3*sec(e + ‘

‘ fxx)*x2/(sec(e + f*x) - 1), x) + Integral(sec(e + f*x)**3/(sec(e + f*x) -
‘ 1), x) + Integral(1l/(sec(e + f*x) - 1), x))/c ‘

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 274 vs. 2(78) = 156.

Time = 0.12 (sec) , antiderivative size = 274, normalized size of antiderivative = 3.51

/ (a+ asec(e + fz))3 p
€Tr =
c — csec(e + fz)
3sin(fz+e)2 _ sin(fz+e) sin(fz+e) sin(fz+e)
a3 (cos(fate)s? 10g<005(4fZ+e)+1+1) _ log(cos<fz+e>+1‘1) — a3 2ar0ta“<cos<fz+?>+1> + cos(fz+e)
csin(fz+e) csin(fz+e)3 c c c CSil’l(f:lH—
cos(fzte)+1 (cos(fz+e)+1)3

inputLintegrate((a+a*sec(f*x+e))"3/(c-c*sec(f*x+e)),x, algorithm="maxima") J
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-(a”3*((3*sin(f*x + e)~2/(cos(f*x + e) + 1)72 - 1)/(c*sin(f*x + e)/(cos(£fx*
X +e) + 1) - ckxsin(f*x + e)”~3/(cos(f*x + e) + 1)73) + log(sin(f*x + e)/(c
os(f*x + e) + 1) + 1)/c - log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/c) - a~
3x(2*arctan(sin(f*x + e)/(cos(f*xx + e) + 1))/c + (cos(f*x + e) + 1)/(c*sin
(fxx + e))) + 3*a~3*(log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/c - log(sin(
f*x + e)/(cos(f*x + e) + 1) - 1)/c - (cos(f*x + e) + 1)/(cksin(f*x + e)))
- 3*%a"3*(cos(f*x + e) + 1)/(cxsin(f*x + e)))/f

output

Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.42

(a + asec(e + fx))3
¢ — csec(e + fx)
(fote)a® _ 4a’log([tan( fo+35 €)+1)) 4 20 log([tan (3 fo+35 e)—1) 2(50%tan(} fa+} e)’~4a?)
¢ ¢ ¢ <tan(%fw+%e)3—tan(% fx+% e))c

f

dz

inputLintegrate((a+a*sec(f*x+e))’“3/(c—c*sec(f*x+e)),x, algorithm="giac") J

output‘ ((f*x + e)*a~3/c - 4xa~3*log(abs(tan(1/2*f*x + 1/2%e) + 1))/c + 4*a~3*log( ‘
\abs(tan(1/2*f*x + 1/2%e) - 1))/c + 2%(5%a~3%tan(1/2%f*x + 1/2%e)"2 - 4%a~3 \
\)/((tanu/z*f*x + 1/2%e)"3 - tan(1/2%f*x + 1/2%e))*c))/f \

Mupad [B] (verification not implemented)

Time = 10.35 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.09

€ T 2
/ (a + asec(e + fz))3 . a’z 10a®tan(§ + £2)" — 843
c — csec(e + fx) c (ctan (¢4 £2) — ctan (£ + f_z)3>
_ 8d’atanh(tan(5 + )
cf

input‘int((a + a/cos(e + f*x))~3/(c - c/cos(e + f*x)),x)
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Output‘ (a~3%x)/c - (10*a~3*tan(e/2 + (f*x)/2)"2 - 8*a~3)/(fx(c*tan(e/2 + (f*x)/2) ‘
L - cxtan(e/2 + (f*x)/2)~3)) - (8*a~3*atanh(tan(e/2 + (£f*x)/2)))/(c*f) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 174, normalized size of antiderivative = 2.23

/ (a + asec(e + fz))?
dx
c — csec(e + fzx)
ad (4log(tan (% +£) — 1) tan (% + g)g — 4log(tan (% +£) —1) tan (% + £) — 4log(tan (’;—x +£)-
B tan.(%% +

tnput Lint ((ata*sec(f*x+e)) "3/ (c-cxsec(f*x+e)),x) J

(a*x*3*(4xlog(tan((e + £*x)/2) - 1)xtan((e + £*x)/2)*x3 - 4*xlog(tan((e + fx*
x)/2) - 1)*tan((e + £*x)/2) - 4xlog(tan((e + £*x)/2) + 1)*tan((e + £*x)/2)
**%3 + 4*log(tan((e + f*x)/2) + 1)*tan((e + £*x)/2) + tan((e + f*x)/2)**3*f
*x + 10*xtan((e + f*x)/2)**2 - tan((e + f*x)/2)*f*x - 8))/(tan((e + f*x)/2)

xcxf*(tan((e + £*x)/2)**%2 - 1))

output




output
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3.17 f (a+a Sec(e+f:c))§ dx
(c—csec(e+fz))

Optimal result . . . . . . . . . . . . e 220
Mathematica [B] (verified) . . . . . . . . . .. .. 220
Rubi [A] (verified) . . . . . . . . . .. 2271
Maple [A] (verified) . . . . . . ... L 228
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 220
Sympy [F] . . o 229
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 230
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2301
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 231
Reduce [B] (verification not implemented) . . . ... ... ... ......... 231

Optimal result

Integrand size = 26, antiderivative size = 88

(a + asec(e + fr))? i — a®rz  alarctanh(sin(e + fx))
/ (c — csec(e + fx))? =T Af
8a3 tan(e + fr) 4a®tan(e + fx)

3 f(1 —sec(e + fx))?

3c2f(1 — sec(e + fzx))

‘ a~3*xx/c”2+a"3*arctanh(sin(f*x+e))/c~2/f-8/3*%a"3xtan(f*x+e) /c~2/f/(1-sec(f* ‘
| x+e))"2+4/3*a"3+tan(f*x+e)/c"2/£/ (1-sec(f*x+e))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 226 vs. 2(88) = 176.

Time = 2.37 (sec) , antiderivative size = 226, normalized size of antiderivative = 2.57

(a + asec(e + fz))? dp —
(c — csec(e + fx))?

a®?tan(e + fz) (4\/E<\/E\/1 —sec(e + fz)(1 + sec(e + fx))? + 6 arcsin <M

V2va

) sec(e +

3¢



inpu

output

input
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t‘ Integrate[(a + a*Sec[e + f*x])~3/(c - cxSecl[e + £*xx])"2,x]

-1/3*(a~(5/2)*Tan[e + f*x]=*(4*Sqrt[c]=*(Sqrtl[al*Sqrt[1l - Secle + f*x]]1*(1 +
Secle + f*x])"2 + 6*ArcSin[Sqrt[a*(1 + Sec[e + f£*x])]/(Sqrt[2]*Sqrt[al)]*
Sec[e + f*xx] 2*Sqrt[ax(1l + Sec[e + f*x])]1*Sin[(e + f*x)/2]"4) + 6xArcTanh[
Sqrt[-(a*c*Tan[e + f*x]~2)]/(Sqrt[al*Sqrtlc])]*Sqrt[1 - Sec[e + f*x]]*Sec[
e + fxx]*Sin[(e + f*x)/2] 2xSqrt[-(a*c*Tan[e + £*x]~2)1))/(c~(5/2)*f*(1 -

Secle + £xx]1)~(5/2)*(1 + Secl[e + f*x]))

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.91,

number of rules _ 0.115, Rules

number of steps used = 3, number of rules used = 3, = :
integrand size

used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? i
(c — csec(e + fx))?

l.3042

dz

/ (acsc(e+ fx+ %) —I-a)3
(c—cesc (e+f:c+%))2

l'4391

sec®(e+fx)a 3sec?(e+fx)ad 3sec(e+fz)a® a3
f ((l—sec(e—i-f:c))2 (1—sec(e+fzx))? + (1—sec(e+fx))? + (1—sec(e+fx))2> dz

02
l 2009

a3arctanh(sin(e+fx)) + 4a3 tan(e+fx) 8a3 tan(e+ fx) + 3
f 3f(1—sec(e+fz)) ~ 3f(1—sec(e+fz))? az

c2

-

LInt[(a + a*Sec[e + f*x])~3/(c - c*Secl[e + f*x])~2,x]

~—
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‘(a“B*x + (a~3*ArcTanh[Sin[e + f*x]])/f - (8*a~3*Tan[e + f*x])/(3*xf*(1 - Se

output
\c[e + £*x])"2) + (4*a~3*Tan[e + f*x])/(3*f*(1 - Sec[e + £*x])))/c 2 \

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4391 IntL(escle_.) + (£_)*(x)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1*(
d_.) + (c_))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscl[e + f*x])™m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.66

method result
o (st +5) ogeom(ion (2 43) 1) tom(n( 7 1) )
parallelrisch — 5577
403 (_ln(tan(%+%)1)+arctan(tan2(%+%))+ln(tan(%+%)+l)_ flz . >
. . .« . 3t
derivativedivides = an(+5)
103 (_ln(tan(f;”+§)—1)+arctan(tan(f21+§))+ln(tan(f2“”+§)+1)_ 1 3)
4 2 4 fz e
default - stan(F+5)
. a3z 8ia3 (3 e2i(fw+6)+1) a3 1n(ei(fw+e)+i) a3 1n(ei(fz+e)_i)
risch 2 + 3f 2 (ei<fw+e)_1)3 + 2F - 2
oo tan (G +5)° +a3mn(£;+g)7 a3 sten(B45)? sadtan(f245)" 2afaran(fEes) g inton £
norman < c 3cf 3cf 3cf c 2
fz e 2 2 fz e 3 021
(tan<7+§) —1) ctan(T—l—E)
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inputLint((a+a*sec(f*x+e))“3/(c—c*sec(f*x+e))“2,x,method=_RETURNVERBUSE) J

|-1/3%a"~3% (4xcot (1/2+E+x+1/2%e) “3-3x*x-3+1n(tan(1/2+fx+1/2%e) +1) +3+1n(tan

output
\(1/2*f*x+1/2*e)—1))/c*2/f

Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.77
(a + asec(e + fr))?

(c — csec(e + fx))?
=8a3cos(fa:+e)2+16a3cos(fx+e)+8a3+3(a3cos(fx+e) —a®)log (sin (fz +€) + 1) sin (fz + ¢

dz

6 (c2f cos (fx + ¢
input Lintegrate ((ataxsec(fxx+e)) "3/ (c-c*sec(f*x+e))~2,x, algorithm="fricas") J
output‘ 1/6%(8*%a~3*%cos(f*x + e)~2 + 16%a~3xcos(f*x + e) + 8*%a~3 + 3*(a~3*cos(f*x + ‘
‘ e) - a”3)*log(sin(f*x + e) + 1)*sin(f*x + e) - 3*(a"3*cos(f*x + e) - a~3)
‘*log(—sin(f*x + e) + Dxsin(f*x + e) + 6*%(a"3xf*xxcos(f*x + e) - a~3xf*x)*
‘sin(f*x + e))/((c™2*fxcos(f*x + e) - c™2xf)*sin(f*x + e))
Sympy [F]
(a + asec(e + fr))?
dz
(c — csec(e + fx))?
3 3sec (e+fx) 3sec? (e+fzx) sec3 (e+fz)
a <f sec? (e+fz)—2sec (e+fz)+1 dz + f sec? (e+fz)—2sec (e+fz)+1 dz + f sec? (e+fz)—2sec (e+fx)+1 dz + f sec? (e+fz)

c2

input Lintegrate ((at+a*sec(f*x+e))**3/ (c-c*sec(f*x+e) ) **2,x) J
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‘a**B*(Integral(S*sec(e + f*x)/(sec(e + fxx)**2 - 2xsec(e + f*x) + 1), x) +
‘ Integral(3*sec(e + f*x)**2/(sec(e + f*x)*x2 - 2xsec(e + fxx) + 1), x) + I
‘ntegral(sec(e + f*xx)**3/(sec(e + fxx)**x2 - 2+sec(e + f*x) + 1), x) + Integ
‘ral(l/(sec(e + f*x)**x2 - 2%sec(e + f*x) + 1), x))/c*x*2

output

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 274 vs. 2(80) = 160.

Time = 0.11 (sec) , antiderivative size = 274, normalized size of antiderivative = 3.11
(a + asec(e + fx))3
(c — csec(e + fx))?

i 2
in(fa+e) O sin(fate)” 3 in(fa+e) in(fa+e)
2 (12 arctan (2202 ) N ((Cos(fz+e)+1)2 1) (cos(fz+e)+1) L 6 log(arfotl 1) 6log(rfEbl 1)

dz

c? c?sin(fz+e)® c? c2

6 f

input integrate((ataxsec(f*x+e)) "3/ (c-cxsec(f*x+e))~2,x, algorithm="maxima")

1/6%(a~3*(12*xarctan(sin(f*x + e)/(cos(f*xx + e) + 1))/c”2 + (9*sin(f*x + e)
~2/(cos(f*x + e) + 1)72 - 1)*(cos(f*x + e) + 1)73/(c™2*sin(f*x + e)~3)) +
a~3*(6xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/c”2 - 6xlog(sin(f*x + e)/(
cos(fxx + e) + 1) - 1)/c”2 - (9*sin(f*x + e)”2/(cos(f*x + e) + 1)72 + 1)*(
cos(f*x + e) + 1)73/(c"2*sin(f*x + e)~3)) - 3*a"3*(3*sin(f*x + e)~2/(cos(f
*x + e) + 1)72 + 1)*x(cos(fxx + e) + 1)73/(c™2*sin(f*x + e)~3) + 3*a”~3*(3*s
in(f*x + e)"2/(cos(f*x + e) + 1)72 - 1)*(cos(f*x + e) + 1)73/(c™2*sin(f*x
+ e)”3))/f

output

Giac [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.91

/ (a+ asec(e + fz))3
dz
(c — csec(e+ fx))?
3(fzte)a® | 3a’log([tan(y fotg e)+1|)  Ba’log(ftan(y fa+ze)=1]) 443
o c? c? c? c2tan(} fo+1 6)3

3f
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input‘integrate((a+a*sec(f*x+e))“3/(c—c*sec(f*x+e))"2,x, algorithm="giac") ‘

|1/3%(3x(f*x + e)*a~3/c™2 + 3xa~3xlog(abs(tan(1/2+fxx + 1/2%e) + 1))/c™2 -

output
'3%a~3%log(abs(tan(1/2%f*x + 1/2%e) - 1))/c™2 - 4%a~3/(c™2%tan(1/2%f*x + 1/
(2%e)"3))/f |
Mupad [B] (verification not implemented
p p
Time = 10.43 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.51
cot( e+£2 °
a® | 2atanh(tan(£ + £2)) — M
(a + asec(e + fz))? dp — az N
(c—csec(e+ fr))2 2 cf
inputLint((a + a/cos(e + £*x))~3/(c - c/cos(e + f*x))~2,x) J
utput‘ (a~3*x)/c”2 + (a~3*(2*atanh(tan(e/2 + (f*x)/2)) - (4*cot(e/2 + (f*x)/2)73) ‘

/3))/(c™2%£) |

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.01

(a + asec(e + fz))?
(c — csec(e + fx))?
a%—m%@mw%+3)—Ummt%+§f+3bgmn@$+$+1Mmﬂ%+§f+3mn@ﬂ+aﬁ

3tan (L + %)362]”

dz

int ((at+a*xsec(f*x+e)) "3/ (c-cxsec(f*x+e)) ~2,x)

-/

E
inputt

‘(a**S*( - 3*log(tan((e + f*x)/2) - 1)*tan((e + £*x)/2)**3 + 3*log(tan((e +
| £%x)/2) + 1)*tan((e + £*¥x)/2)%*3 + 3xtan((e + f*x)/2)**3xf*x - 4))/(3*tan
(e + £*x)/2)**3*cHk24E)

output




output
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3.18 f (a+a Sec(e+f:c))3 dx
(c—csec(e+fz))

Optimal result . . . . . . . . . . . . e 232
Mathematica [C] (verified) . . . . . . . . . ... . L 232
Rubi [A] (verified) . . . . . . . . . .. 2331
Maple [A] (verified) . . . . . . ... L 234
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 230
Sympy [F] . . o 235
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 230
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2361
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 237
Reduce [B] (verification not implemented) . . . ... ... ... ......... 237

Optimal result

Integrand size = 26, antiderivative size = 102

8a3 tan(e + fr)

(a + asec(e + fz))? gy — a’z
/ (c — csec(e + fx))? TS

4a® tan(e + fz)

5 f(1 —sec(e + fz))?

2643 tan(e + fz)

153 f(1 — sec(e + fz))?

153 f(1 — sec(e + fz))

‘a 3*x/c~3-8/5*%a"3*xtan(f*x+e) /c~3/f/(1-sec(f*x+e)) " 3+4/15*a"3xtan (f*x+e)/c~
‘B/f/(l sec(f*x+e)) "2-26/15*xa~3*tan(f*x+e)/c~3/f/(1-sec(f*x+e))

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.52

(a + asec(e + fr))? p
/ (¢ — csec(e + fx))3 v
2a3 cot® (£

+ £2) Hypergeometric2F1 (-3

27

1, -

_’

5c¢ f

inputt

Integrate[(a + a*Sec[e + f*x])~3/(c - cxSecl[e + £*x])~3,x]
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output
L*x)/2]*2])/(5*c*3*f)

‘(2*a“3*Cot[e/2 + (fxx)/2] “5xHypergeometric2F1[-5/2, 1, -3/2, -Tan[e/2 + (£

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.92,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 115 Ryjes

integrand size
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (asec(e + fz) + a)3 "
(c — csec(e + fx))3

J’3042

dz

/ (acsc (e+fa:+ g) +a)3
(c—cesc(e+ fz+ 5 )3

l 4391

sec3 (e+fx)a® 3sec?(e+fx)a’ 3sec(e+fz)ad 3
f ((1—sec(e+fz))3 (1—sec(e+fz))3 + (1—sec(e+fx))3 + (l—secl(le+fm))3> dzx

3
l 2009

26a3 tan(e+ fx) 4a3 tan(e+fx) 8a® tan(e+fx) 3
T 15f(1—sec(e+fz)) + 15f(1—sec(e+fz))2 = 5f(1—sec(e+fx))3 t+a°z

c3

e

inputLInt[(a + a*xSec[e + f*x])~3/(c - c*Secl[e + f*x])~3,x]

~—

output‘ (a"3xx - (8*a"3*Tan[e + f*x])/(5*f*(1 - Sec[e + f*x])~3) + (4*a~3*Tan[e +
‘f*XJ)/(15*f*(1 - Secl[e + f*x]1)~2) - (26%a~3*Tan[e + f*x])/(156*xf*(1 - Sec[e

+ £xx])))/c”3

N

J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4391 Intlesclle_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.53

method result
a3(6cot(%’q_%)5_10cot<%+%)3+15fz+3000t(%+§))
parallelrisch 7
2a3(— flz e 3+ flz - 5+tan(f1w+e)+arctan<tan<f2m+;))>
derivativedivides stan(4F+§)" stan(f+5) A
fc
1 1 1 f
<_3tan<%+s>3+5tan<f;+s>5+tan<%+s>+aman(tan(H)))
default -
risch oo | Aia3 (45 Mot g0 eBilfote) 1140 2 He) 70 eilfrte) 423)
SC c3 15fc3(ei(f:z:+e)_1)5
aoran(f45)° atoran(fr5)” pn 22etten(ag)” seaien(fr5)t 1aettan(fag)® 2edwan(f g
norman < € Scf 15¢f lgcf 3cf cf
(sn(g8)" ) mn(fpes)’

input 10t ((a+axsec(fx+e)) 3/ (c-c*sec(f*x+e))3,x,method=_RETURNVERBOSE) |

¢ \ 1/15%a~3*x (6*%cot (1/2*f*x+1/2*e) “5-10*cot (1/2*f*x+1/2%e) ~3+15*f*x+30*cot (1/2 \

outpu
‘*f*x+1/2*e))/c‘3/f ‘
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.25

(a + asec(e + fx))?

(c — csec(e + fx))?

46 a® cos (fz +€)® — 2a® cos (fz + €)® — 22a® cos (fz + ) + 26a® + 15 (a®fz cos (fz +e)? — 2a’ fz
B 15 (cu”’fcos(fmqte)2 —2Afcos(fz+e)+c3f)sin(fz+e)

dz

inputLintegrate((a+a*sec(f*x+e))“3/(c—c*sec(f*x+e))‘3,x, algorithm="fricas") J

Output‘1/15*(46*a“3*cos(f*x + e)73 - 2xa”"3*cos(f*x + e)"2 - 22*%a~3*cos(f*x + e) +
| 26%a”3 + 15%(a"3xfxxkcos(f¥x + e)72 - 2ka 3xfxxxcos(f*x + e) + a"Ikfxx)*s |
‘in(f*x + e))/((c™3xfxcos(f*x + e)"2 - 2xc~3*xf*xcos(fxx + e) + c~3*f)*sin(fx*

‘x+e))

Sympy [F]

/ (a + asec(e + fx))? dp —
(c — csec(e + fx))3

3 3sec (e+fx) 3sec? (e+fx) sex
a (f sec3 (e+fz)—3sec? (e+fx)+3sec(e+fz)—1 dz + f sec3 (e+fz)—3sec? (e+fz)+3sec (e+fxr)—1 dz + f sec3 (e+fx)—3 sec

c

input‘integrate((a+a*sec(f*x+e))**3/(c—c*sec(f*x+e))**3,x)

-a**3*(Integral (3*sec(e + f*x)/(sec(e + f*x)**3 - 3*sec(e + f*x)**2 + 3*se
c(e + f*x) - 1), x) + Integral(3*sec(e + f*x)**2/(sec(e + f*x)**3 - 3*sec(
e + f*xx)**2 + 3*sec(e + f*x) - 1), x) + Integral(sec(e + f*x)**3/(sec(e +
fxx)**3 - 3xsec(e + f*x)**2 + 3*sec(e + f*x) - 1), x) + Integral(l/(sec(e
+ f*x)*x3 - 3*sec(e + f*x)*x2 + 3*sec(e + f*x) - 1), x))/c**3

output




CHAPTER 3. LISTING OF INTEGRALS 236

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 282 vs. 2(90) = 180.

Time = 0.12 (sec) , antiderivative size = 282, normalized size of antiderivative = 2.76

/ (a + asec(e + fr))? i
(c — csec(e + fx))3

: + 20 sin(fm+e)2 __ 105 sin(fa:-Ha)4 _ 5 3( 10 sin(f:l:-ke)2 15 sin(fa:-Ha)4 ‘
ad (120 arCtan(%) i ((COS(fz+6)+1)2 (cos(fzte 1) (cos(fz+e)+1) + @\ CostFore D2 T (cos(fatertd 1o (c

c3 3 sin(fz+e)® A3 sin(fz+e)®

N 60 f

inputLintegrate((a+a*sec(f*x+e))*3/(c—c*sec(f*x+e))*3’X’ algorithm="maxima") J

1/60* (a~3*(120*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”3 - (20*sin(f*x +

e)"2/(cos(f*x + e) + 1)72 - 105*sin(f*x + e)~4/(cos(f*x + e) + 1)74 - 3)*
(cos(f*x + e) + 1)75/(c"3*sin(f*x + e)75)) + a~3*(10*sin(f*x + e)~2/(cos(f
*x + e) + 1)72 + 15*xsin(f*x + e)~4/(cos(f*x + e) + 1)74 + 3)*(cos(f*x + e)
+ 1)7°5/(c"3*sin(f*x + e)”~5) - 3*a"3*(10*sin(f*x + e)~2/(cos(f*x + e) + 1)
"2 - 15xsin(f*x + e)~4/(cos(f*x + e) + 1)74 - 3)*(cos(f*x + e) + 1)°5/(c"3
*sin(f*x + e)75) - 9*a"3*(5*sin(f*x + e)"4/(cos(f*x + e) + 1)74 - 1)*(cos(
fxx + e) + 1)°5/(c"3*sin(f*x + e)~5))/f

output

Giac [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.72

15 (fate)a® | 2 (150° tan(} fa+3 e)' =5 tan(] fa+} ) *+30%)

/ (a+asec(e+ fa)’ < ¢ tan(} fo+le)’
(c —csec(e+ fx))3 15 f
inputLintegrate((a+a*sec(f*x+e))‘3/(c-c*sec(f*x+e))“3,x, algorithm="giac") J

|1/15%(15%(fxx + e)*a"3/c™3 + 2#(15*a"3+tan(1/2+f*x + 1/2xe) 4 - B*a~3+tan(

output
‘1/2*f*x + 1/2%e)"2 + 3*%a~3)/(c"3*xtan(1/2*xf*x + 1/2%e)”"5))/f
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Mupad [B] (verification not implemented)

Time = 11.04 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.94

/(a+asec(e+fz))3
dz
(¢ — csec(e + fx))3
2a3 cos( g+LZ ° 2a3 cos( £+L2 3sin e tz)?
_a3x+ <52+2) - <2+22 (%) +2a® cos (& + £2) sm(§+%)4
3 e faz\b
¢ ¢ fsin (5 + 1)
input Lint((a + a/cos(e + £*x))"3/(c - c/cos(e + f*x))~3,x) J

¢ (@°3%x)/c™3 + ((2xa™3xcos(e/2 + (£¥x)/2)76)/5 + 2xa”3xcos(e/2 + (£¥x)/2)*s
'in(e/2 + (£%x)/2)74 - (2%a~3%cos(e/2 + (£¥x)/2)"3xsin(e/2 + (£*x)/2)72)/3)
\/(c*s*f*sin(e/z + (£xx)/2)75)

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.64

/ (a+ asec(e + fz))? i
(c — csec(e + fx))3

@ (15tan (£ +5)° fo + 30tan (£ + 5)* —~ 10tan (% + 5)’ + 6)
15tan (5 +5)"f

inputLint((a+a*sec(f*x+e))”3/(c—c*sec(f*x+e))“3,x) J

‘(a**S*(lS*tan((e + fxx)/2)**x5xfxx + 30%xtan((e + f*x)/2)**4 - 10*xtan((e + f \

output
‘*x)/2)**2 + 68))/(15%tan((e + f£%x)/2)%**k5kckk3*f) ‘
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a+asec(e+fzx))3
3.19 f ((c—l_csec((e—_i—'_]J:x))))4 dx

Optimal result . . . . . . . . . . . . .. e 238]
Mathematica [A] (verified) . . . . . . . . . ... 238
Rubi [A] (verified) . . . . . . . . . .. 2391
Maple [A] (verified) . . . . . . ... L 2400
Fricas [A] (verification not implemented) . . . . . . . ... ... .. ... .... 24T]
Sympy [F] . . o 241]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 242
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2421
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 243
Reduce [B] (verification not implemented) . . . ... ... ... ......... 243

Optimal result

Integrand size = 26, antiderivative size = 133

(c — csec(e + fx))* i =" 7ctf(1 —sec(e + fx))* ~ 35ctf(1 — sec(e + fx))3

62a3 tan(e + fr) 16703 tan(e + fx)
105cAf(1 —sec(e+ fz))2  105¢if(1 — sec(e + fz))

/ (a+asec(e+ fr))* ,  a’x 8a3 tan(e + fr) 4a3tan(e + fx)

B

t‘a‘3*x/c‘4—8/7*a‘3*tan(f*x+e)/c‘4/f/(1—sec(f*x+e))‘4+4/35*a‘3*tan(f*x+e)/c‘
‘4/f/(1—sec(f*x+e))“3—62/105*a‘3*tan(f*x+e)/c‘4/f/(1—sec(f*x+e))‘2—167/105*
‘a‘3*tan(f*x+e)/c‘4/f/(1—sec(f*x+e))

N
outpu
|

Mathematica [A] (verified)

Time = 1.10 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.21

(a + asec(e + fx))3

(c — csec(e + fx))*
a®?tan(e + fz) <\/5\/E(—337 + 276 sec(e + fz) + 50sec?(e + fz) — 396 sec3(e + fx) + 167 sec*(e + ;
- 105¢%2 f(—1 + sec(e + fz))%(1

dz

input LIntegrate[(a + a*Secl[e + f*x])~3/(c - cxSec[e + f*x])~4,x] J




output

input

output
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(2~ (5/2)*Tan[e + f*x]*(Sqrt[al*Sqrt[c]l*(-337 + 276*Sec[e + f*x] + 50*Sec[e
+ £*x]72 - 396xSec[e + f*x]"3 + 167*Sec[e + f*x]~4) - 840*ArcTanh[Sqrt[-(
axcxTan[e + f£*x]~2)]/(Sqrt[al*Sqrtlc])]*Secle + f*x]~3*Sin[(e + f*x)/2] 6%
Sqrt[-(a*xc*Tan[e + f*x]~2)]))/(1056%c~(9/2)*f*(-1 + Sec[e + f*x])~4*(1 + Se
cle + £xx]))

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92,
number of rules _
integrand size 0.115, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(asec(e + fz) + a)? p
/ (c — csec(e + fz))* v
| 3042

/ (acsc(e+ fx+ %) +a)3dﬂ7
(c—ccsc (e+fw+g))4

| 4391
sec3 (e+fx)a® 3sec?(e+fx)a’ 3sec(e+fx)ad 3
f ((1—sec(e+fx))4 (1—sec(e+fz))4 + (1—sec(e+fz))* + (1—sec?e+fac))4> dzx

ct

| 2009

167a3 tan(e+fx) 62a° tan(e+fx) 4a? tan(e+fx) 8a3 tan(e+fz) 3
" 105f(1—sec(e+fx)) ~ 105f(1—sec(etfx))? + 35f(1—sec(e+fx))3 ~ Tf(1—sec(etfz))? ta'z

ct

LInt[(a + axSecle + £*x])"3/(c - c*Secl[e + f*x])"4,x]

‘ (a~3*x - (8%a~3*Tanl[e + f*x])/(7*f*x(1 - Secl[e + f*x])~4) + (4*a~3*Tan[e +
‘f*x])/(35*f*(1 - Sec[e + f*x])~3) - (62*a~3*Tan[e + f*x])/(105%f*x(1 - Sec[
‘e + fxx])"2) - (167*a"3*Tan[e + f*x])/(105%fx(1 - Secl[e + f*x])))/c"4
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4391

Int[u_, x_Symbol]
Qlu, x]

:> Int[DeactivateTrig[u, x], x] /; FunctionOfTrigOfLinear

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]

&& LtQm + n, 2]

Maple [A] (verified)

Time = 0.29 (sec)

, antiderivative size = 67, normalized size of antiderivative = 0.50

method result
a3(15cot(%Jrg)7—42cot(%”Jrg)5+70cot(%+§)3—105fx—210cot(%’+§))
parallelrisch - 5T
<2arctan<tan<f2+;))— 1 + 2 _ 2 5 é )
ivativedivi rian(B4g)" Stan(feg)” swn(feg)” ten(F+5)
derivativedivides =
2arctan(tan(%+%)) 1 — 2 _ 5 é
rian(ff45)” sun(frs)” swa(fprs)” wen(F+5)
default =
isch adz | 2ia®(735e8i(f2te) 9520 5 (fzte) 1 5635 et (frte) _6160 3i(f2te) 14557 e2i(f2te) 1624 e4(f2+e) +337)
T1SC A 105fc4(ez(fm+e) 1)
aBZtan(sz{—%)?+asztan(f7$+%)11_i 24a tan(fw )2 169a ':an(fZ %)4 56a ta.n(fw ) 14(1 tan(fw
norman c c 7cf 35cf 105cf - 15cf - 3cf
(tan(fw-f-z) —1) c3tan(fw+2>

input 10t ((a+axsec(fx+e)) 3/ (c-c*sec(f*x+e))~4,x,method=_RETURNVERBOSE) |

output ‘

-1/105%a~3*(15*%cot (1/2*%f*x+1/2%e) ~7-42*cot (1/2xf*x+1/2%e) “5+70*cot (1/2*f*x \
+1/2%e) "3-105%f*x-210%cot (1/2*%f*x+1/2%e)) /c"4/f ‘
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.29

(a + asec(e + fx))?
(c — csec(e+ fx))*
337a% cos (fz +e€)* — 276a% cos (fz + €)® — 50a® cos (fz + €)* + 396 a® cos (fz + €) — 167 a® + 105 (a
B 105(c4fcos(fx+e)3—3c4fcos(fm+e)2+3c4f

dz

inputLintegrate((a+a*sec(f*x+e))‘3/(c—c*sec(f*x+e))*4,X, algorithm="fricas") J

1/105%(337*a~3*cos(f*x + e)~4 - 276%a"3*cos(f*x + e)~3 - B50*a~3%cos(f*x +
e)”2 + 396%a”3*cos(f*x + e) - 167*a~3 + 105*%(a~3xfxx*cos(f*x + e)~3 - 3*xa”
3xf*xxkcos(f*x + e)~2 + 3xa~3xf*xkcos(f*x + e) - a~3xf*x)*sin(f*x + e))/((c
“4xfxcos(fxx + e)”3 - 3*c"4xfxcos(fxx + e)”2 + 3*kc 4*f*cos(f*x + e) — c 4x*
f)*sin(f*x + e))

output

Sympy [F]

(a + asec(e + fr))?

(c — csec(e+ fx))* dz

3 3sec (e+fx) 3sec? (e+fz)
a <f sect (e+fz)—4secd (e+fz)+6sec? (e+fz)—4sec (e+fr)+1 dr + f sect (e+fz)—4sec® (e+fx)+6sec? (e+fz)—4sec (e+fz)+1 d

input Lintegrate ((at+axsec(f*xx+e))*x3/(c-c*sec(f*x+e))**4,x) J

a**3*(Integral(3*sec(e + f*x)/(sec(e + f*x)**4 - 4xsec(e + f*x)**3 + 6xsec
(e + fxx)*x2 - 4xsec(e + f*x) + 1), x) + Integral(3*sec(e + f*xx)**x2/(sec(e
+ fxx)**4 - 4xsec(e + f*xx)**3 + 6kxsec(e + f*x)**2 - 4xsec(e + f*x) + 1),
x) + Integral(sec(e + f*x)*x3/(sec(e + fxx)**4 - 4xsec(e + f*x)**3 + B*sec
(e + fxx)*x2 - 4xsec(e + f*x) + 1), x) + Integral(l/(sec(e + f*x)**4 - 4x*s
ec(e + fxx)*x3 + 6*sec(e + F*xx)**2 — 4xsec(e + f*x) + 1), X)) /c*x4

N\ J

output
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 383 vs. 2(117) = 234.

Time = 0.13 (sec) , antiderivative size = 383, normalized size of antiderivative = 2.88

/ (a + asec(e + fx))? i

(c — csec(e+ fx))*
: + 21 sin(f:zc-}—e)2 _ sin(fz+e)4 315 sin(fz+e)6 _ 7 3( 21 sin(far:-ke)2 R
5 a3 <336 arCtan(cc?;?;iie;ll ) 4 ( (cos(fzte)+1)2  (cos(fz+e)+1)% + (cos(fz+e)+1)6 3 (cos(fw—l—e)—i—l) + 3a (cos(fx+e)+1)2 + (

ct cAsin(fote)’

p

~—

inputLintegrate((a+a*sec(f*X+e))A3/(C-C*SeC(f*X+e))“4,x, algorithm="maxima")

1/840%* (5*a”~3*(336*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”4 + (21*sin(f*
x + e)”2/(cos(f*x + e) + 1)72 - T7*sin(f*x + e)"4/(cos(f*x + e) + 1)74 + 3
16*%sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 3)*(cos(f*x + e) + 1)77/(c"4*sin(
fxx + €)77)) + 3*a”3*(21*sin(f*x + e)~2/(cos(f*x + e) + 1)72 + 35xsin(f*x

+ e)”4/(cos(f*xx + e) + 1)°4 - 105*sin(f*x + e)~6/(cos(f*x + e) + 1)76 - 15
Yk(cos(f*x + e) + 1)77/(c™4*sin(f*x + e)77) + 9*a~3*x(21*sin(f*x + e)~2/(co
s(f*xx + e) + 1)72 - 35*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 35*sin(f*x +

e)"6/(cos(f*x + e) + 1)76 - B)*(cos(f*x + e) + 1)°7/(c"4*sin(f*x + e)77) -

a~3*(21*sin(f*x + e)”"2/(cos(f*x + e) + 1)72 - 35*xsin(f*x + e)~4/(cos(f*x
+ e) + 1)74 - 105*sin(f*x + e)"6/(cos(f*x + e) + 1)76 + 15)*(cos(f*x + e)
+ 1)77/(c"4*sin(f*x + e)°7))/f

output

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.66

/ (a + asec(e + fr))?
dx
(c — csec(e+ fx))4
105 (fx—i—e)a?’ + 210 a3 tan(% fz—}-% 6)6—70 a3 tan(% f:c—{—% e)4+42 a3 tan(% fz+% 5)2—15 a3
_ ct ct tan(% fz—i—% 6)7
N 105 f

inputLintegrate((a+a*sec(f*x+e))*3/(c—c*sec(f*x+e))“4,x, algorithm="giac") J




outpu

input
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o 1/105%(105% (f*x + e)*a™3/c™4 + (210%a”3+tan(1/2+f*x + 1/2+e)"6 - 7Oxa"3+ta
‘n(1/2%fxx + 1/2%e)"4 + 42%a~3xtan(1/2xfxx + 1/2%e)"2 - 15%a~3)/(c”4*tan(1/ |
‘2*f*x + 1/2%e)"T)) /£

Mupad [B] (verification not implemented)

Time = 11.29 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92

/ (a + asec(e + fx))? i
(c — csec(e+ fx))*

3 ( cos(%+f7m)7 n 2cos(§+%>ssin(%+%)2 2cos(%+f7z>3sin(%+f7m
as | —

7 5 3

Lint((a + a/cos(e + £*x))~3/(c - c/cos(e + f*x))~4,x) J

‘(a“3*(2*cos(e/2 + (f*x)/2)*sin(e/2 + (£f*x)/2)"6 - cos(e/2 + (£fxx)/2)°7/7 +

output
| sin(e/2 + (£%x)/2)"T*(e + fxx) - (2%cos(e/2 + (f*x)/2)"3*sin(e/2 + (f*x)/ |
12)74)/3 + (2%cos(e/2 + (£*x)/2)"b*sin(e/2 + (£%x)/2)72)/5))/(c 4*f*sin(e/2 |
+ (Ex)/2)7T) |
Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.59
(a + asec(e + fr))?
dz
(c — csec(e+ fxz))*
a? (105tan (£ + %)7fw +210tan (£ + 5)6 — 70tan (£ + %)4 +42tan (£ + 5)2 - 15)
a 105 tan (f?””+§)7c4f
inputLint((a+a*sec:(f*x+e))"3/(c-c*sec(f*x+e))"4,x) J




CHAPTER 3. LISTING OF INTEGRALS 244

‘(a**3*(105*tan((e + £xx)/2)*x7T*xf*x + 210*tan((e + f*x)/2)**%6 - 70xtan((e +
\ fxx)/2)*%4 + 42xtan((e + f*x)/2)**2 - 15))/(105*xtan((e + f*xx)/2)**x7T*xcx*4*
\f)

output




outpu
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3.20 f (a+asec(e+fx))3 dx
) (c—csec(e+fx))?

Optimal result . . . . . . . . . . . . e 245
Mathematica [C] (verified) . . . . . . . . . ... . L 240
Rubi [A] (verified) . . . . . . . . . .. 276l
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 248
Sympy [F] . . o 249
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 249
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2501
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 251]
Reduce [B] (verification not implemented) . . . ... ... ... ......... 251]

Optimal result

Integrand size = 26, antiderivative size = 164

(a+asec(e+ fz))® ,  d’x 8a3 tan(e + fx)
/ (c — csec(e + fx))® T T 9¢% f(1 — sec(e + fx))5
4a3 tan(e + fx)

38a3 tan(e + fr)

+ 635 f(1 —sec(e + fz))*  105¢5f(1 — sec(e + fz))3

181a® tan(e + fx)

49643 tan(e + fz)

3155 f(1 —sec(e + fz))?2  315¢5f(1 — sec(e + fx))

t‘a“3*x/c”5—8/9*a“3*tan(f*x+e)/c“5/f/(1—sec(f*x+e))‘5+4/63*a”3*tan(f*x+e)/c”

‘5/f/(1—sec(f*x+e))“4—38/105*a“3*tan(f*x+e)/c“5/f/(1-sec(f*x+e))”3—181/315*
‘a“3*tan(f*x+e)/c“5/f/(1-sec(f*x+e))”2-496/315*a“3*tan(f*x+e)/c“5/f/(1-sec(

‘f*x+e))
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 1.27 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.85

/ (a + asec(e + fr))? p
(c — csec(e + fx))? v
_ aPesc?(e + fx) (48242 4 81711 cos(e + fx) 4 59544 cos(2(e + fx)) + 45591 cos(3(e + fx)) + 30744 cos

input‘ Integrate[(a + a*Sec[e + f*x])~3/(c - cxSecl[e + £*x])~5,x] ‘

(a"3*Cscle + £*xx]~9%(48242 + 81711*Cos[e + f*x] + 59544*Cos[2*(e + f*x)] +
45591%Cos[3*(e + f*x)] + 30744*Cos[4*(e + f*xx)] + 13221*Cos[5*(e + f*x)]
+ 4200%Cos[6*(e + f*x)] + 1656*Cos[7*(e + f*x)] + 630*Cos[8*(e + f*x)] + 6
1%Cos[9*(e + f*x)] + 1120%Cos[e + f#*x] 9*Hypergeometric2F1[-9/2, 1, -7/2,

-Tan[e + f*x]72]))/(10080%c~5%f)

output

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.91,

number of rules __
integrand size 0.115, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? i
(c — csec(e + fx))d

l 3042

dz

/ (acsc(e+ fr+ %) +a)3
(c—cesc (e+fa:+%))5

l 4391

3 +f 3 3 2 +f 3 3 (e+f 3 a3
f ((feicse(ce(e-i—g;“)aﬁa))5 + (1s—e§e(§fe+;2;1)5 + (1225(%?35)5 + (1—sec(e+fx))5> dzx

cd
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| 2009
49643 tan(e+ f) 181a3 tan(e+fx) 38a3 tan(e+fx) + 4a3 tan(e+ fzx) 8a3 tan(e+ fz) + 3
" 315f(1—sec(e+fx))  315f(1—sec(e+fx))2 = 105f(1—sec(e+fz))3 ' 63f(1—sec(et+fz)): =~ 9f(1—sec(e+fx))® az
5
C

-

LInt[(a + a*Sec[e + f*x])~3/(c - c*Sec[e + f*x])~5,x]

-/

input

output‘ (a~3*x - (8*a~3*Tanl[e + f*x])/(9*%f*(1 - Sec[e + f*x])~5) + (4*a~3*Tan[e + \
‘f*x])/(63*f*(1 - Sec[e + f*x])~4) - (38*a~3*Tan[e + f*x])/(105*%f*x(1 - Sec[ ‘
e + £*x])73) - (181%a~3*Tan[e + £*x])/(315%f*(1 - Secle + £*x])72) - (496% |

‘a"B*Tan[e + f*x])/(315%f*(1 - Secle + f*x])))/c"5

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]*(
d_.) + (c_.))"(n.), x_Symbol] :> Simp[c™n  Int[ExpandTrigl[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscl[e + f*x])™m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

rule 4391

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.49
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method result
9 7 5 3
_ a3(35cot(%+§) —135cot(42+5) +252c0t( L2 +5) —420cot (L2 +5) +630fm+126000t(f7“+§))
parallelrisch 63057
a3 ( 1 — 3 + 4 - 4 + 4 +4 arctan(tan(f—z—i-ﬁ))
fz e\? fz e\ fz_, e\® fz ,e\3 ¢ f”+e) 2 2
. . . . 9tan + 7 tan + 5tan + 3tan —+ an| 5-T3g
derivativedivides (%+5) (£+3) (%+5) TS (¥+5) (
a3 1 - 3 + 4 - = + 4 +4arctan(tan( {2 +¢
(E)tan(%-k%)g 7tan(%+%)7 5tan(f71+§)5 3tan(f2£+%)3 tan(i}-k%) ( ( 2 2))
default S
isch e 4 2ia3 (2520 eBH(fo+e) 12285 e7HFo+e) 1 36645 e0i(f=+e) _§1425 e5i(S2+H€) 171001 e2i(f7+e) 51639 e3H( Sz +e) -
T1SC. o5 315f c5 (ei(fac+e)_1)9
a3xtan(%£+%)9+a3ztan(12£+%)13+ a3 _41a3tan(~f2£+%)2 557a3ta,n(f2£+%)4_353a3ta,n(f2£+%)6+56a3tan(!
c c 18cf 126¢f 630cf 210cf 15¢
norman 2 5
(tan(%+%> —1) c4tan(f7z+%>
inputLint((a+a*sec(f*x+e))‘3/(c-c*sec(f*x+e))"5,x,method=_RETURNVERBOSE) J

output ‘ 1/630%*a~3*(35*%cot (1/2*f*x+1/2%e) "9-135xcot (1/2*xf*x+1/2%e) ~7+252%cot (1/2*f* ‘
‘ x+1/2%e) ~5-420%cot (1/2*f*x+1/2*e) ~3+630*f*x+1260*cot (1/2xf*x+1/2%e)) /c~5/f ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.29

(a + asec(e + fx))3

dz

(c — csec(e + fx))®
_ 1051 a®cos (fz + €)’ — 1684.a® cos (fz + €)' 4+ 898 a® cos (fx + €)® + 1468 a3 cos (fz + €)® — 1669 a® cc

315 (¢ f cos (fa +€)* — 4> f cos (f:

input

tintegrate ((ata*sec(f*x+e)) "3/ (c-c*sec(f*x+e))~5,x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 249

1/315%(1051*a~3*cos(f*x + e)~5 - 1684*a~3*cos(f*x + e)~4 + 898*a~3*cos(f*x

+ e)~3 + 1468*a~3*cos(f*x + e)~2 - 1669*a~3*cos(f*x + e) + 496*xa~3 + 315%
(a~3xfxx*xcos(f*x + e)~4 - 4*a~3*xfxxxcos(fxx + e)~3 + 6*a~3*f*x*xcos(f*x + e
)72 - 4*xa”3*xfix*kcos(f*x + e) + a~3xf*x)*sin(f*x + e))/((c"5xfxcos(f*x + e)
4 - Axc”bxfxcos(f*x + e)”3 + 6*c”bxfxcos(f*x + e)”2 - 4*c bxfxcos(fxx + e
) + c”5*xf)*sin(f*x + e))

output

Sympy [F]

(a + asec(e + fx))3
(c — csec(e + fx))°

dzr =

3 f 3sec (e+fz) dr + f 3sec? (e+
a sec® (e+fz)—b5sect (e+fx)+10sec3 (e+fz)—10sec? (e+fz)+5sec (e+fz)—1 z sec® (e+fz)—b5sect (e+fx)+10sec3 (e+f

input‘integrate((a+a*sec(f*x+e))**3/(c-c*sec(f*x+e))**5,x)

-a**3*(Integral (3*sec(e + f*x)/(sec(e + f*x)*x5 - b*sec(e + f*x)**4 + 10%s
ec(e + f*x)**3 - 10*sec(e + f*x)**2 + bxsec(e + f*x) - 1), x) + Integral(3
xsec(e + f*x)**x2/(sec(e + f*x)**5 — b*sec(e + f*x)**4 + 10*sec(e + f*x)**x3
- 10*sec(e + f*x)**2 + bxsec(e + f*x) - 1), x) + Integral(sec(e + f*x)**3
/(sec(e + f*x)*x5 — bxsec(e + f*x)**x4 + 10*sec(e + f*x)**3 - 10*sec(e + fx*
x)**2 + bxsec(e + f*x) - 1), x) + Integral(l/(sec(e + f*x)**5 - bxsec(e +
f*x)**x4 + 10*sec(e + f*x)**3 - 10*sec(e + f*x)**2 + H*sec(e + f*x) - 1), x
)) /cx*5

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 403 vs. 2(144) = 288.

Time = 0.13 (sec) , antiderivative size = 403, normalized size of antiderivative = 2.46

(a+ asec(e + fz))3
3 dx
(c — csec(e + fx))
in(fote 270 sin(fz+e)? 1008 sin(fz+e)* | 2730 sin(fz+e)® 9765 sin(fz+e)® 9 3
a3 10080 arctan(W) _ ((cos(f:v+e)+1)2 (cos(fz+e)+1)4 + (cos(fz+e)+1)8  (cos(fz+e)+1)8 35 ) (cos(fz+e)+1) _ 3a

c® 5 sin(fz+e)®
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input‘integrate((a+a*sec(f*x+e))"3/(c—c*sec(f*x+e))"5,x, algorithm="maxima") ‘

1/5040* (a~3*(10080*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”5 - (270*sin(
fxx + e)72/(cos(f*x + e) + 1)72 - 1008*sin(f*x + e)~4/(cos(f*x + e) + 1)74
+ 2730*sin(f*x + e)"6/(cos(f*x + e) + 1)76 - 9765xsin(f*x + e) 8/ (cos(f*x
+ e) + 1)°8 - 35)x(cos(f*x + e) + 1)79/(c"5*sin(f*x + e)~9)) - 3*a~3*(180
*sin(f*x + e)72/(cos(f*x + e) + 1)72 - 378*sin(f*x + e)~4/(cos(f*x + e) +
1)74 + 420*sin(f*x + e)~6/(cos(f*x + e) + 1)76 - 315*sin(f*x + e)~8/(cos(f
*x + e) + 1)78 - 35)*(cos(f*x + e) + 1)79/(c 5*sin(f*x + e)~9) - 15%a~3*(1
8xsin(f*x + e)72/(cos(f*x + e) + 1)72 - 42xsin(f*x + e)~6/(cos(f*x + e) +
1)76 + 63*sin(f*x + e)~8/(cos(f*x + e) + 1)78 - T)*x(cos(f*x + e) + 1)79/(c
“Bxsin(fxx + e)”9) - 7*a"3*(18*sin(f*x + e)~4/(cos(f*x + e) + 1)74 - 45%si
n(fxx + e)”"8/(cos(f*x + e) + 1)78 - 5)*(cos(f*x + e) + 1)79/(c"5*sin(f*x +
e)"9))/f

output

Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.63

(a + asec(e + fr))?

(c — csec(e + fx))®

630 (fx+e)a3 + 1260 a3 tan(% fa:+%e)8—420a3 tan(% fw+%e)6+252a3 tan(% fz-l—% 6)4—135 a3 tan(% fa:—i—% e)2+35a3
5

c c5tan(%fx+%e)9

dz

630 f

input‘integrate((a+a*sec(f*x+e))"3/(c—c*sec(f*x+e))"5,x, algorithm="giac") ‘

‘1/630*(630*(f*x + e)*a~3/c”5 + (1260*a”3*tan(1/2xf*x + 1/2%e)”~8 - 420%a~3%* \
‘tan(1/2*f*x + 1/2*%e)”6 + 262*a”~3xtan(1/2xf*x + 1/2%e)~4 - 135*%a~3*tan(1/2%* \
Lf*x + 1/2%e)~2 + 35%a~3)/(c 5*tan(1/2xf*x + 1/2%e)~9))/f J

output
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Mupad [B] (verification not implemented)

Time = 11.02 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.89

/ (a + asec(e + fx))? i
(c — csec(e + fx))®

3 (cos(g—i—f;>9 3cos(%+%)7sin<%+f7m)2 200s(§+f2—z)5sin(%+f7m)4 2cos(%+%>3sin<%+f7m
a —

18 14 + 5 3

input Lint((a + a/cos(e + £*x))~3/(c - c/cos(e + f*x))~5,x) J

‘(a“B*(cos(e/Q + (f*x)/2)°9/18 + 2*cos(e/2 + (f*x)/2)*sin(e/2 + (f*x)/2)°8

output
‘+ sin(e/2 + (£*x)/2)"9*(e + f*x) - (2xcos(e/2 + (f*x)/2)"3*sin(e/2 + (£f*x) ‘
1/2)76)/3 + (2%cos(e/2 + (f*x)/2)"5*sin(e/2 + (£¥x)/2)"4)/5 - (3*cos(e/2 + |
|(£*x)/2)"T*sin(e/2 + (£%x)/2)72)/14))/(c 5*f*sin(e/2 + (£%x)/2)79) |
Reduce [B] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.55
(a + asec(e + fz))?
dz
(c — csec(e + fx))®
a®(630tan (% + 5)° fo+ 1260 tan (£ + §)° - 420tan (£ + £)° + 252tan (5 + 5)* — 135 tan (£ +
a 630 tan (%4—%)905]‘
input| 10t ((ararsec(frx+e)) "3/ (c-cxsec(fxx+e))5,%) |
output‘ (ax*3%(630*xtan((e + f*x)/2)**x9xf*xx + 1260*tan((e + f*x)/2)**8 - 420*tan((e ‘

\ + £%xx)/2)*%6 + 252*xtan((e + f*x)/2)**4 - 135*tan((e + fxx)/2)**2 + 35))/( \
L630*tan((e + £%x)/2) *%QkCk*5*f) J
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3.91 f (c—csec(e+fzx))° dx
) (a+asec(e+fx))?

Optimal result . . . . . . . . . . . . e 252
Mathematica [C] (verified) . . . . . . . . . ... . L 252
Rubi [A] (verified) . . . . . . . . . .. 2531
Maple [A] (verified) . . . . . . ... L 255
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 255]
Sympy [F] . . o 250
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 250
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2571
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 258
Reduce [B] (verification not implemented) . . . ... ... ... ......... 258

Optimal result

Integrand size = 26, antiderivative size = 136

(a+ asec(e + fx))? do = a? 2a%f 2a%f

112¢° tan(e + fx) 32¢° tan(e + fr)
3a2f(1+sec(e + fz)) 3f(a+ asec(e+ fx))2
(¢® — P sec(e+ fz)) tan(e + fx)
2a2 f

/ (c — csec(e + fx))° c®z _ 47c’arctanh(sin(e + fz)) N 13c® tan(e + fz)

_|_

‘ c~b*xx/a~2-47/2%c " 5*%arctanh(sin(f*x+e))/a~2/f+13/2*%c " 5*xtan (f*x+e) /a~2/f+112 ‘
| /3%c”Bxtan(f*x+e) /a~2/£/ (1+sec(f¥x+e))-32/3+c b*tan (f+x+e) /f/ (ata*sec(f x+
‘e))“2+1/2*(c‘5—c‘5*sec(f*x+e))*tan(f*x+e)/a‘2/f

output

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.
Time = 2.81 (sec) , antiderivative size = 351, normalized size of antiderivative = 2.58

(c — csec(e + fx))5
(a + asec(e + fx))?

c®?tan(e + fx) (8\/5\/5 + 16v/2+/a\/c Hypergeometric2F1 (—Z, —2, —1 1(1 + sec(e + fz))) /1 — s¢

dz
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input‘ Integrate[(c - c*Secl[e + f*x])"5/(a + axSec[e + f*xx])~2,x]

(c™(9/2)*Tan[e + f*x]#*(8*Sqrt[al*Sqrt[c] + 16%Sqrt[2]*Sqrt[al*Sqrt[c]+*Hype
rgeometric2F1[-7/2, -3/2, -1/2, (1 + Secl[e + f*x])/2]*Sqrt[1 - Secl[e + f*x
11 + 8xSqrt[2]*Sqrt[a]l*Sqrt[c]*Hypergeometric2F1[-5/2, -3/2, -1/2, (1 + Se
cle + f*x])/2]*Sqrt[1 - Secle + f*x]] + 4*Sqrt[2]*Sqrt[a]l*Sqrt[c]*Hypergeo
metric2F1[-3/2, -3/2, -1/2, (1 + Secl[e + f*x])/2]1*Sqrt[1 - Sec[e + f*x]] -
4xSqrt [a]*Sqrt [c]*Sec[e + f*x] - 4xSqrt[al*Sqrtlcl*Sec[e + f*x]~2 - 3xArc
Tanh[Sqrt[-(a*c*Tan[e + f*x]~2)]1/(Sqrt[al*Sqrt[c])]*Sqrt[-(a*c*Tan[e + f*x
1°2)] - 3*ArcTanh[Sqrt[-(axc*Tan[e + f*x]~2)]/(Sqrtl[al*Sqrt[c])]*Sec[e + £
*x]*Sqrt [-(a*c*Tan[e + £*x]72)]))/(3*a~(5/2)*f*(-1 + Sec[e + f*x])*(1 + Se
cle + £%x])°2)

output

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,

number of rules _ 0.192, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c — csec(e + fz))° i
(asec(e + fz) + a)?

l 3042

/ (c—cesc (e+fw+%))5dw
(acsc(e-l—fac—i—%)—|-a)2

l 4392

[ cot(e + fz)(c — csec(e + fz))7dx
a?c?

l 3042

T\\7
f(c—ccsc(e-l—fx-l—z)) de
cot(e+fz+73)

a?c?

l 4374
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[ (cot*(e + fz)c" + 35csct(e + fx)c” — 35cot(e + fx) csc®(e + fx)c” — csct (e + fx) secd(e + fx)c” + 21 cot?(

l 2009

_ a7carctanh(sin(e+fx)) 7c” tan(e+fz)  64c” cot3(e+fz)  48c7 cot(e+fz) + 131c” csc®(e+fx) + 33c” csc(et+fz) ¢ csc3(e
2F 3f f 6f 2f

+ 7

a?¢c?

input‘Int[(c - cxSec[e + f*x])~5/(a + a*xSec[e + f*x])~2,x]

output}(c*7*x - (47*c T*ArcTanh[Sin[e + f*x]1)/(2%f) - (48xc T7*Cot[e + f*x])/f -
‘(64*c‘7*Cot[e + f*xx]~3)/(3*%f) + (33%c"7*Cscle + f*xx])/(2*%f) + (131*c~7*Csc
[e + £xx]178)/(6%f) - (c"7*Cscle + f¥x]~3*Secle + f*x]~2)/(2%f) + (T*c TTa

\n[e + £xx])/£)/(a~2%c"2)

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4374 Int[(cotllc ) + (d_)*(x)I*(e_.))~ (@ )*(escllc_.) + (d_.)*(x)]*(b_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, O]

rule 4392 Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£f_.)*x(x_)]*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m  Int[Cot[e + £*xx]~(2*m)*(
c + d*Cscl[e + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && E
qQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(
IntegerQ[n] && GtQ[m - n, 0])
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Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.01

method result
3 ’
16c5<tan( 2:4—%) +2tan<%+%>— ( (fl e) )2_32(t (£+e) 1)+471n(tan(§+§)—l)+arctan(tans(%
: . R 32(tan Tz+§ -1 an( <5 5)—
derivativedivides Fa?
an L < 3 n an f —_ arctan an L
1605('; (22+§) +2tan<%+%>_ ( (fxl ) )2_32(t (f1£,+e) 1)+471 (v (3: 5) 1)+ tan (¢ 8( 2
32(tan( 57 +§)-1 an( 5 +35 |—
default Fa?
125c5<94(1+C°s(2f$+2e)izlz(tan(f?uS) 1) ——— COS@MH?;?(tan(%%)“) +tan(f2”+ )(cos(fz+e)+61°“
parallelrisch I 2 (oo (3f7729)
risch Sz ic® (99 e%ilf+e) 1435 eilfote) 1484 etilfmte) 4930 eBilfote) 1575 2i(fate) 4507 ei(fote) 1202) 47 In
a2 3f a2 (ei(fz+e)+1)3(e2i(fm+e)+1)2
C571:-|-c5ztan(%+%)s_4c ztan(fT f) +Gc ztan(fw ) 4c ztan(%-ﬁ-%) +45c tan(fw )_491c tan(fw
norman 2 e 2 2 af 3af
(tan<f$+2> —1) a

input Liﬂt ((c-c*sec(f*x+e)) "5/ (ata*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE) J

‘ 16/f*c~5/a"2x (1/3*tan(1/2*f*x+1/2*e) ~3+2*%tan (1/2*f*x+1/2*e)-1/32/ (tan(1/2* \
fxx+1/2%e)-1)"2-15/32/ (tan(1/2xf*x+1/2%e)-1)+47/32%1n(tan (1/2%f*x+1/2%e) -1 |
)+1/8*arctan(tan(1/2*f*x+1/2%e))+1/32/ (tan(1/2*f*x+1/2%e)+1)~2-15/32/ (tan( |
\ 1/2%f*x+1/2%e)+1)-47/32+1n(tan(1/2%f*x+1/2%e)+1)) \

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.78

(c — csec(e + fx))5 p
/ (a + asec(e + fx))? v
_ 125 fx cos (fz +e)* + 24 frcos (fr +e)® + 12 frcos (fr + €)® — 141 (P cos (fz + €)* + 2% cos (

input Lintegrate ((c-c*sec(f*x+e)) "5/ (ata*sec(f*x+e))~2,x, algorithm="fricas") J
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1/12% (12*c~5xfxxxcos(fxx + e) "4 + 24xc b5xfxxxcos(f*x + e)”3 + 12xc 5xf*x*c
os(f*x + e)”2 - 141%(c"5*cos(f*x + e)”4 + 2kc 5xcos(f*x + e)~3 + c~5*xcos(f
*x + e)"2)*log(sin(f*x + e) + 1) + 141*%(c"5*cos(f*x + e)~4 + 2xc”b*xcos(f*x
+ e)”3 + c”b*xcos(f*x + e)"2)*log(-sin(f*x + e) + 1) + 2%(202*c”b*cos(f*x
+ e)”3 + 305*c"5xcos(f*x + e)”2 + 36*c”5*cos(f*x + e) — 3*c”5)*sin(f*x + e
))/(a~2+f*xcos(f*x + e)~4 + 2xa~2xfxcos(f*x + e)~3 + a~2*xf*xcos(f*x + e)~2)

output

Sympy [F]
(c — csec(e + fx))?
dx =
(a + asec(e + fx))?
5 5 sec (€+f97) 10 sec? (e+f$) 10 sec3 (E-I-fiL‘)
c <f sec? (e+fz)+2sec (e+fz)+1 dzr + f <_sec2 (e+fx)+2sec (e+fz)+1> dz + f 5602 (et fo)+2 560 (e Jo) +1 dx + f <
_ g
inputLintegrate((C‘C*SeC(f*X+e))**5/(a+a*sec(f*x+e))**2,x) J
output -cx*b* (Integral (5%sec(e + f*x)/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x)

+ Integral(-10*sec(e + f*x)**2/(sec(e + f*xx)**2 + 2xsec(e + fxx) + 1), x)
+ Integral(10*sec(e + f*x)*x3/(sec(e + f*x)**2 + 2*sec(e + f*x) + 1), x) +
Integral (-5*sec(e + f*x)**x4/(sec(e + f*x)**2 + 2+sec(e + f*x) + 1), x) +
Integral(sec(e + fxx)**5/(sec(e + f*x)*x2 + 2*sec(e + f*x) + 1), x) + Inte

gral(-1/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x))/a**2

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 603 vs. 2(127) = 254.

Time = 0.13 (sec) , antiderivative size = 603, normalized size of antiderivative = 4.43

/ (c — csec(e + fx))°

(a + asec(e + f.’l?))z dx = Too large to display

p

tintegrate((c-c*sec(f*x+e))‘5/(a+a*sec(f*x+e))‘2,x, algorithm="maxima")

~—

input
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1/6%(c"5* (6% (3*sin(f*x + e)/(cos(f*x + e) + 1) - B*sin(f*x + e)~3/(cos(f*x
+ e) + 1)73)/(a”2 - 2*%a~2*sin(f*x + e)”2/(cos(f*x + e) + 1)72 + a"2x*sin(f
*x + e)”4/(cos(f*x + e) + 1)74) + (21*sin(f*x + e)/(cos(f*x + e) + 1) + si
n(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 - 21xlog(sin(f*x + e)/(cos(f*x + e)
+ 1) + 1)/a"2 + 21*log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/a"2) + 5xc”~b*
((15*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)°3
)/a”2 - 12*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 12xlog(sin(f*x +
e)/(cos(fxx + e) + 1) - 1)/a~2 + 12*sin(f*x + e)/((a”2 - a"2*sin(f*x + e)
~2/(cos(f*x + e) + 1)"2)x(cos(f*x + e) + 1))) + 10*c~5*((9*sin(f*x + e)/(c
os(fxx + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 - 6*log(sin(f*
x + e)/(cos(fxx + e) + 1) + 1)/a"2 + 6*log(sin(f*x + e)/(cos(f*x + e) + 1)
- 1)/a"2) - c"5*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos
(f*x + e) + 1)73)/a"2 - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) +
10*xc"5*(3*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) +
1)73)/a"2 - 5%c”5*(3*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(co
s(f*x + e) + 1)°3)/a"2)/f

output

Giac [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.12

(c — csec(e + fx))®

dx
(a + asec(e + fx))?
6 (fz+e)c®  141c%log([tan(3 fet+3 e)+1]) n 1415 log([tan(§ fo+3e)-1) 6 (1505 tan(} fot 1 e)® 13¢5 tan(2 fotl e)>
a2 a2 a2 (tan(% f$+%€)2—1)2a2
= y
inputLintegrate((c—c*sec(f*x+e))“5/(a+a*sec(f*x+e))‘z,x, algorithm="giac") J

1/6%(6x(f*x + e)*c”5/a"2 - 141xc”b*log(abs(tan(1/2xf*x + 1/2xe) + 1))/a"2
+ 141xc”bxlog(abs(tan(1/2xf*x + 1/2%e) - 1))/a”2 - 6x(15*c 5*tan(1/2xf*x +

1/2%e)~3 - 13*c”5*tan(1/2*f*x + 1/2%e))/((tan(1/2*f*x + 1/2*%e)"2 - 1) "2*a
~2) + 32x(a”4*xc”b5*xtan(1/2*f*x + 1/2*e)”"3 + 6*a”4*c b¥tan(1/2xfxx + 1/2%e))
/a~6)/f

output
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Mupad [B] (verification not implemented)

Time = 10.91 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.07

/ (c — csec(e + fx))’ i = S 15¢° tan (< + %’”)3 — 13 tan (& + £2)
(a + asec(e + fz))? a’ f <a2tan (§+f7m)4—2a2tan (%—I—B)Z—I—cﬂ)

N 32c° tan (£ + %) 16 ¢° tan (£ + H)?’

a® f 3a2 f
47 ¢® atanh (tan (g + £2))
a? f
input Lint((c - c/cos(e + £f*x))"5/(a + a/cos(e + f*x))~2,x) J
output/(CAS*x)/aA2 - (15%c~5*tan(e/2 + (f*x)/2)"3 - 13*c~5*tan(e/2 + (£*x)/2))/(f )

*(a~2+tan(e/2 + (£%x)/2)74 - 2xa~2+tan(e/2 + (£¥x)/2)72 + a”2)) + (32xc™5*
‘tan(e/2 + (£%x)/2))/(a™2xf) + (16%c”5xtan(e/2 + (£xx)/2)73)/(3*a"2%f) - (4 |
T*c"Gratanh(van(e/2 + (£+x)/2)))/(a"2+D) )

Reduce [B] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.85
(c — csec(e + fx))5

(a + asec(e + fx))?
c® (141 log(tan (£ + ¢) — 1) tan (£ + 5)4 —282log(tan (£ + £) — 1) tan (£ + %)2 + 141 log tan (

dz

-

input Lint ((c-c*sec(f*x+e)) "5/ (ataxsec(f*x+e))~2,x)

-/
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(cxx5x(141x1log(tan((e + £*x)/2) - 1)*tan((e + f*x)/2)**4 - 282xlog(tan((e
+ £*x)/2) - 1) xtan((e + £*x)/2)*x2 + 141xlog(tan((e + £*x)/2) - 1) - 141x%1
og(tan((e + f*x)/2) + 1)*tan((e + f*x)/2)**4 + 282*log(tan((e + f*x)/2) +
D*tan((e + £*x)/2)*x2 - 141xlog(tan((e + f*x)/2) + 1) + 32xtan((e + f*x)/
2)*#x7 + 128xtan((e + f*x)/2)*x5 + 6*tan((e + f*x)/2)**4xfxx - 442xtan((e +
f*x)/2)**3 - 12+tan((e + f*x)/2)**2*f*x + 270*tan((e + f*x)/2) + 6xf*x))/
(6*ax*x2xf*(tan((e + £*x)/2)**4 - 2xtan((e + £*x)/2)**2 + 1))

output
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3.99 f (c—csec(e+fz))* dx
(a+asec(e+fx))?

Optimal result . . . . . . . . . . . . .. e 260]
Mathematica [C] (verified) . . . . . . . . . ... . L 260
Rubi [A] (verified) . . . . . . . . . .. 2611
Maple [A] (verified) . . . . . . ... L 263
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 263
Sympy [F] . . o 264
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 264
Giac [A] (verification not implemented) . . . . . . . .. ... ... 2651
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 260
Reduce [B] (verification not implemented) . . . ... ... ... ......... 266

Optimal result

Integrand size = 26, antiderivative size = 102

(c — csec(e + fx))* dp — c*r  6c*arctanh(sin(e + fz))  16¢* cot(e + fx)
/(cH-asec(e-l—f:r:))2 T a’f B a’f
_ 32c*cot’(e+ fx) | 32c* csc’(e + fu) N c*tan(e + fz)
3a?f 3a?f a’f

¢ ‘ c"4xx/a~2-6*c"4*arctanh(sin(f*x+e))/a~2/f-16*%c 4*xcot (f*x+e) /a~2/f-32/3%c”"4 ‘

outpu
\ *cot (£*x+e) ~3/a~2/f+32/3%c ~4xcsc (f*x+e) ~3/a"~2/f+c 4xtan (f*x+e) /a~2/f \

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 2.15 (sec) , antiderivative size = 298, normalized size of antiderivative = 2.92

(c — csec(e + fx))*

)
(a + asec(e + fx))?
¢ tan(e + fz) (—8\/5\/5 — 8v/2y/a\/cHypergeometric2F1 (—3, -3, —1 1(1 + sec(e + fz))) /1-

dzr =

input LIntegrate[(c - c*Secle + f*x])~4/(a + axSec[e + f*x])~2,x] J
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-1/3*(c~(7/2)*Tan[e + f*x]*(-8%Sqrt[a]*Sqrt[c] - 8%Sqrt[2]*Sqrt[al*Sqrt[c]
xHypergeometric2F1[-5/2, -3/2, -1/2, (1 + Sec[e + f#*x])/2]*Sqrt[1 - Secle
+ f*x]] - 4xSqrt[2]*Sqrt[a]l*Sqrt[c]*Hypergeometric2F1[-3/2, -3/2, -1/2, (1
+ Secle + fx*x])/2]*Sqrt[1 - Secl[e + f*x]] + 4xSqrt[al*Sqrt[c]l*Sec[e + f*x
] + 4xSqrt[al*Sqrt[c]l*Sec[e + f£*x]~2 + 3*ArcTanh[Sqrt[-(a*xc*Tan[e + f*x]~2
)1/(Sqrt[al*Sqrt[c])]1*Sqrt[-(a*xcxTan[e + f*x]~2)] + 3*ArcTanh[Sqrt[-(a*c*T
an[e + f*x]°2)]/(Sqrt[al*Sqrtlc])]*Sec[e + f*x]*Sqrt[-(a*c*Tan[e + f*x]~2)
1))/ (@ (5/2)*xfx(-1 + Sec[e + f*x])*(1 + Secl[e + £*x])~2)

output

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.89,
number of steps used = 5, number of rules used = 5, number of rules _ 0.192, Rules

integrand size
used = {3042, 4392, 3042, 4374, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c — csec(e + fz))* d
(asec(e + fz) + a)?

l_3042

/ (c—cesc (e—i—far:+g))4dﬂc
(acsc(e+fﬂt:—|—%)+a)2

l'4392

[ cot(e + fz)(c — csec(e + fz))%dzx
a?c?
| 3042

(c—cesc (e—i—fm—i—%))s
f cot(e-l—fx+%)4 dz
a2c?

l 4374

[ (cot*(e + fz)c® + 15csc?(e + fz)c® — 20 cot(e + fx) csc®(e + fx)c® + 15 cot?(e + fz) csc?(e + fz)c® + csc?(
a?c?

l 2009



input

output

rule 2009

rule 3042

rule 4374

rule 4392
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i 6cbarctanh(sin(e+fz)) Stan(e+fz) 32 cot3(e+fx)  16¢° cot(e+fz) 32c6 csc3(e+fx) 6
f + f 3f f + 3f + CcC'T

a?c?

LInt[(c - cxSec[e + f*x])~4/(a + axSec[e + f*xx])~2,x]

‘ (c™6*x - (6*%c”6xArcTanh[Sin[e + f*x]])/f - (16*c”6*Cotl[e + f*xx])/f - (32*c
\“6*Cot[e + £xx]°3)/(3*%f) + (32%c"6%Cscl[e + f*x]~3)/(3*f) + (c"6*Tan[e + f*
x1)/£)/(a"2%c"2)

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cot[(c_.) + (d_.)*(x_)1*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (
a_))"(n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])“m, (a + b*Csc[
c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, O]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Simp[((-a)*c)"m Int[Cot[e + £*x]~(2*m)*(
c + d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & E
qQ[bxc + a*d, 0] && EqQ[a2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !'(
IntegerQ[n] && GtQ[m - n, 0])
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Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.03

method result
tan ﬂ+g 3 31n(tan H+§ +1 arctan( tan ﬁ+g
S 834< ( 2 2)+tan(’?+§>—8(tan(é+g)+l)_ ( (Z 5) )_,_ ( 4( 2 2))_8(%[1(%;4—5)_1)
derivativedivides Ta?
tan(%-&-%)s 7 3ln(tan(£}+%)+l) arctan(tan(%-&-%))
8c4<3 +tan(§+%)_8(tan(é+%)+l)_ 1 + 4 _S(tan(%}_,_%)_l)
default Fa?
19 (Fo+ )+cos(2fa:+2e)+25 ¢ fz+e
6 (ln(tan(f;+§>—1> cos(fac+e)—1n(tan(f7z+%)+1> cos(fz+e)+ (cos e 4 1?) an(T ﬁ) sec
parallelrisch FaZcos(fote)
isch etz 2ict(5ledilfzte) yo5e2ilfote) 57ei(fote)119) | 6ctln(eilfz+e)—j)  6ctIn(eflf=He) i)
T1SC. aZz 3f a2 (e2i(fz+e) 11) (ei(fx+e)+1)3 + fa2 - fa?
c4z tan(afTw+%)6 _cszw_ 1064 tana(ff%+%) +7664 tar;(al?-i—%)a _ 1854 tangl’%-}—%)s +Sc4 tanlgafiw+%)9 +3c4z tan(a%+%)
norman 2 3
(tan(%—{—%) —1) a
input Liﬂt ((c-c*sec(f*x+e)) "4/ (ata*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE) J

8/f*c™4/a"2%(1/3+tan(1/2+4x+1/2%e) “3+tan(1/2xf+x+1/2%e)-1/8/ (tan(1/2+E4x+
\ 1/2%e)+1)-3/4%1n(tan(1/2%f*x+1/2%e)+1)+1/4%arctan (tan(1/2%f*x+1/2%e))-1/8/ \
\ (tan(1/2%f*x+1/2%e)-1)+3/4%1n (tan(1/2%f*x+1/2%e)-1)) \

output

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 220 vs. 2(98) = 196.

Time = 0.09 (sec) , antiderivative size = 220, normalized size of antiderivative = 2.16
(c — csec(e + fx))*

(a+ asec(e + fx))?
_3ctfrcos(fr+e)’ +6ctfrcos(fr+e)’+3ctfrcos(fr+e)—9(ctcos(fr+e)’ +2ctcos(fr+e

dz

p
tintegrate ((c-c*sec(f*x+e)) "4/ (ata*sec(f*x+e))~"2,x, algorithm="fricas")

e—

input
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1/3%(3*c~4xfxxxcos(fxx + e)”3 + 6*c 4*xf*x*cos(f*x + e)~2 + 3*xc 4xf*x*cos(f
*x + e) — 9*%(c 4*cos(f*x + e)”3 + 2kc 4*xcos(f*x + e)”2 + c 4*cos(f*x + e))
xlog(sin(f*x + e) + 1) + 9x(c"4*cos(f*x + e)~3 + 2*c"4*cos(f*x + e)”2 + c~
4xcos(f*x + e))*log(-sin(f*x + e) + 1) + (19%c”4*xcos(f*x + e)”2 + 38*c™4*c
os(f*x + e) + 3*xc”4)*sin(f*x + e))/(a™2xfxcos(f*x + e)~3 + 2*a~2xfxcos(f*x
+ e)”2 + a~2xfxcos(f*x + e))

output

Sympy [F]

/ (c — csec(e + fx))* i

(a+ asec(e + fx))?
C4<f< 4sec (e+fx) > dz'i‘f 6sec? (e+fx) d$+f< 4sec® (e+fz) > d$+J

" sec? (e+fx)+2sec (e+fz)+1 sec? (e+fz)+2sec (e+fz)+1 " sec? (e+fx)+2sec (et fz)+1

a2

p
Lintegrate((c—c*sec(f*x+e))**4/(a+a*sec(f*x+e))**2,x)

-/

input

cx*4x (Integral (-4*sec(e + f*x)/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x)
+ Integral(6xsec(e + f*x)**2/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x) +
Integral (-4*sec(e + f*x)**3/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x) + I
ntegral(sec(e + f*x)**4/(sec(e + f*x)*x2 + 2*sec(e + f*x) + 1), x) + Integ
ral(1l/(sec(e + f*x)**x2 + 2xsec(e + f*x) + 1), x))/a**x2

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 413 vs. 2(98) = 196.

Time = 0.12 (sec) , antiderivative size = 413, normalized size of antiderivative = 4.05

(c — csec(e + fx))*

dx
(a+ asec(e + fx))?
15 sin(fz+e) sin(fz+e)3 in(fote) in(fzte)
oA = oot in® _ 12 log (costyarerit) L2 log (cortsareri =) + 12 sin(fa+e)
a? a? a? (a2~ 22onGotel ) (cos( fa-e)+1)
(cos(fz+e)+1)2

inputLintegrate((C—c*seC(f*x+e))*4/(a+a*sec(f*x+e))*z,x, algorithm="maxima") J
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1/6x(c”4*((16*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x +

e) + 1)73)/a"2 - 12xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 12*log(
sin(f*x + e)/(cos(f*x + e) + 1) - 1)/a"2 + 12*sin(f*x + e)/((a"2 - a"2*sin
(f*x + e)"2/(cos(f*x + e) + 1)72)*(cos(f*x + e) + 1))) + 4*c™4*x((9*sin(f*x
+ e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 - 6%lo
g(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 6xlog(sin(f*x + e)/(cos(f*x +
e) + 1) - 1)/a"2) - c”4*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e
)~3/(cos(f*x + e) + 1)~3)/a"2 - 12*%arctan(sin(f*x + e)/(cos(f*x + e) + 1))
/a~2) + 6*c”4*(3*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x
+ e) + 1)73)/a"2 - 4xc”4x(3*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e
)"3/(cos(fxx + e) + 1)73)/a~2)/f

output

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.31

/ (c — csec(e + fx))* i

(a + asec(e+ fx))?
3(fore)ct _ 18ctlog(ftan(] fo+ie)+1]) | 18ctlog(ftan(} fa+e)=1]) _ _6cttan(] fa+ie) 8 (atcttan(} fa+3 €)'+
_ a? a? a? (tan(% fz+%e)2—1>a2 af
= 37
inputLintegrate((c-c*sec(f*x+e))‘4/(a+a*sec(f*x+e))"2,x, algorithm="giac") J

t(1/3*(3*(f*x + e)*c"4/a”2 - 18xc”4xlog(abs(tan(1/2*f*x + 1/2%e) + 1))/a"2 +
\ 18*c~4xlog(abs (tan(1/2*f*x + 1/2%e) - 1))/a”2 - 6*c 4xtan(1/2*f*x + 1/2%e
)/ ((tan(1/2%f*x + 1/2%e)"2 - 1)%a”2) + 8%(a~4*c 4xtan(1/2xf*x + 1/2%e)"3 +

3*%a~4*xc 4xtan(1/2*fxx + 1/2%e))/a"6)/f

N J

N
outpu
|
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Mupad [B] (verification not implemented)

Time = 10.88 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.10

(c — csec(e + fx))* i — ctz  8cttan(§+ L7) N 8cttan(§ + %)3
(a+ asec(e + fx))? TR a® f 3a2 f
12 ¢* atanh (tan (£ + %”')) 2c*tan (& + sz)
a* f f (a2 tan (£ + %)2 — a2>

-

Lint((c - c/cos(e + £*x))"4/(a + a/cos(e + £*x))"2,x)

-/

input

‘(c‘4*x)/a‘2 + (8xc~4xtan(e/2 + (£xx)/2))/(a"2*f) + (8xc~4xtan(e/2 + (f*x)/ ‘

tput
TPT 2)~3)/(3ra~2+£) - (12+c-aratanh(tan(e/2 + (£%%)/2)))/(a~2+f) - (2+c d+tan
‘e/2 + (£*x)/2))/(£*(a~2*tan(e/2 + (£%%)/2)72 - a72))
Reduce [B] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.58
(c — csec(e + fx))*
dz
(a+ asec(e + fx))?
c4<1810g(tan (£Z£+¢)—1)tan (£ + %)2 — 18log(tan (£ +£) — 1) — 18log(tan (£ + £) + 1) tan (
B 3a?
input 1Bt ((c-cxsec(fxx+e)) "4/ (atarsec(f*x+e)) 2,x) )
output (cx*4% (18*log(tan((e + f*x)/2) - 1)*tan((e + f*x)/2)**2 - 18+log(tan((e +

fxx)/2) - 1) - 18*log(tan((e + £*x)/2) + 1)*tan((e + f*x)/2)**2 + 18xlog(t
an((e + fxx)/2) + 1) + 8*tan((e + £*x)/2)*x5 + 16*xtan((e + f*x)/2)**3 + 3%
tan((e + f*xx)/2)*x2xf*x - 30*tan((e + f*x)/2) - 3*f*x))/(3*xa**x2xf*(tan((e
+ £xx)/2)**2 - 1))




output
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3.23 f (c—csec(e+fx))3 dx
) (a+asec(e+fx))?
Optimal result . . . . . . . . . . . . e 267
Mathematica [C] (verified) . . . . . . . . . ... . L 267
Rubi [A] (verified) . . . . . . . . . .. 268]
Maple [A] (verified) . . . . . . ... L 269
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 2770
Sympy [F] . . o 270
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 271]
Giac [A] (verification not implemented) . . . . . . . .. ... ... 27Tl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 272
Reduce [B] (verification not implemented) . . . ... ... ... ......... 272
Optimal result
Integrand size = 26, antiderivative size = 85
/ (c — csec(e + fx))3 cAr  cdarctanh(sin(e + fz))
de = — —
(a4 asec(e + fx))? a? a’f
_ 8 ’tan(e+ fx) 4c® tan(e + fz)
3a2f(1+sec(e+ fz))? = 3a?f(1+ sec(e + fz))

‘c‘3*x/a‘2—c“3*arctanh(sin(f*x+e))/a“2/f—8/3*c‘3*tan(f*x+e)/a‘2/f/(1+sec(f*

‘x+e))A2+4/3*c‘3*tan(f*x+e)/a‘2/f/(1+sec(f*x+e))

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 1.21 (sec) , antiderivative size = 189, normalized size of antiderivative = 2.22

(c — csec(e + fr))?

(ot aseole + fo)2

c®?tan(e + fx) (4\/5\/5\/5 Hypergeometric2F1 (=2, -3, -1 1(1 + sec(e + fx))) /1 — sec(e + fz) -

3ab/2 f(—1+
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input‘ Integrate[(c - c*Secl[e + f*x])~3/(a + axSec[e + £*x])"2,x]

output

(c™(5/2)*Tan[e + fx*x]#*(4*Sqrt[2]*Sqrt[a]l*Sqrt[c]*Hypergeometric2F1[-3/2, -
3/2, -1/2, (1 + Secle + f*x])/2]*Sqrt[1 - Secl[e + f*x]] - 4*Sqrt[al=*Sqrtlc
I*(-2 + Sec[e + f*x] + Secl[e + f*x]~2) - 6xArcTanh[Sqrt[-(a*c*Tan[e + f*x]
~2)1/(Sqrt[al*Sqrt[cl)]*Cos[(e + f*x)/2] 2*Sec[e + f*x]*Sqrt[-(a*c*Tan[e +
£*x]172)1))/(3*a~(5/2) *f*x (-1 + Secle + f*x])*(1 + Secle + £*xx])~2)

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.91,

number of rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

integrand size

= 0.115, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (c — csec(e + fz))? i
(asec(e+ fz) +a)?

l 3042

/ (c—cesc (e+fx+%))3dx
(acsc(e+fa:+%)+a)2

| 4391
sec3 (e+fx)c? 3sec?(e+fx)c? 3sec(e+fz)c? c3
f " (sec(e+fx)+1)2 (sec(e+fz)+1)2 = (sec(e+fx)+1)2 + (sec(et+fz)+1)2
a’
| 2009
_ Aarctanh(sin(e+fz)) + 4c3 tan(e+fz)  8c3tan(et+fz)
f 3f(sec(e+fz)+1)  3f(sec(e+fz)+1)2
a’

-

input LInt[(c - c#Sec[e + £*x])~3/(a + a*Secl[e + f*x])"2,x]

-
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‘(C“B*x - (c~3*%ArcTanh[Sin[e + f*x]])/f - (8%c~3%Tan[e + f*x])/(3*f*x(1 + Se

output
\c[e + £%x])"2) + (4xc~3*Tan[e + fxx])/(3*f*(1 + Sec[e + f*x])))/a~2 \

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4391 IntL(escle_.) + (£_)*(x)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1*(
d_.) + (c_))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscl[e + f*x])™m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n
}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.68

method result
& (atan(’z +5) +afo+3m(tan(+5) 1) -31n(tan(+5) +1))
parallelrisch 3f a2
3<tan(%+%)3 arctan(tan(%-&-%)) ln(tan(%+%)+l) ln(tan(%-&-%)—l))
4e 3 + 2 - 1 + 4
derivativedivides a2
3<tan(%+%>3 arctan(tan(%-}—%)) ln(tan(l‘}-ﬁ-%)-kl) ln(tan(%-%%)—l))
4e 3 + 2 - 1 + 4
default Fa?
. 3z 8ic3 (3 e2i(fz+e)+1) c3 ln(e"(f””""3> —i) e ln(ei(fz"'e)—l—i)
risch 2 3f a2 (ei(fz+e)+1)3 + fa? - fa2
csa: c a:tan(fm )4 403 tan(i}-k%)g 8¢ tan( %)5 4c tan(fm ) 2c3a:tan(%+%)2 31 fz
norman ot i Bt 7 — Bef — = + n(tan 52
(tan(fz %) 1) a
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input‘int((c—c*sec(f*x+e))‘3/(a+a*sec(f*x+e))“2,x,method=_RETURNVERBOSE)

t‘1/3/f/a“2*c“3*(4*tan(1/2*f*x+1/2*e)“3+3*f*x+3*1n(tan(1/2*f*x+1/2*e)-1)-3*1

outpu
‘n(tan(1/2*f*x+1/2*e)+1))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 173 vs. 2(81) = 162.

Time = 0.09 (sec) , antiderivative size = 173, normalized size of antiderivative = 2.04

(c — csec(e + fx))3
dx
(a + asec(e + fx))?
_ 6 frcos(fr+ e)’ + 12 frcos(fr+e) + 6 fr —3 (3 cos (fz +e)’ +2c cos (fz +e) + c*) log (s
B 6 (a2f cos (f2
inputLintegrate((c—c*sec(f*x+e))"3/(a+a*sec(f*x+e))"2,x, algorithm="fricas") J
output 1/6%(6xc”3xf*x*xcos(f*x + e)72 + 12*c 3*f*xx*cos(f*x + e) + 6*kc 3*xfxx - 3*(c
“3%cos(f*x + e)”2 + 2xc”3*cos(f*x + e) + c"3)*log(sin(f*x + e) + 1) + 3*(c
“3*cos(f*x + e)”2 + 2xc"3*cos(f*x + e) + c"3)*log(-sin(f*x + e) + 1) - 8x(
c"3xcos(f*x + e) - c”3)*sin(f*x + e))/(a"2xf*cos(f*x + e)~2 + 2¥a~2*xf*cos(
fxx + e) + a”2xf)
Sympy [F]
(c — csec(e + fx))3
dx =
(a + asec(e + fx))?
3 3sec (e+fx) 3sec? (e+fx) ? (et f=)
¢ <f sec? (e+fasc§(jl—2(esec?e+fx)+1 dzr + f <_sec2 (e+fsxe)c+26sec (xe+fx)+1> dz + f sec? (e-l—]s"exc)—l—;secx(e+fx)+1 dz + f (
_ -
inputLintegrate((c—c*sec(f*x+e))**3/(a+a*sec(f*x+e))**2,x) J
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Output‘-c**3*(Integra1(3*sec(e + f*x)/(sec(e + fxx)**2 + 2%sec(e + f*x) + 1), x) ‘
‘+ Integral(-3*sec(e + f*xx)**2/(sec(e + f*x)**2 + 2*sec(e + f*x) + 1), x) +
‘ Integral(sec(e + fx*x)#*x3/(sec(e + f*x)**2 + 2xsec(e + fxx) + 1), x) + Int
‘egral(—i/(sec(e + f*xx)**2 + 2xsec(e + f*x) + 1), x))/ax*2

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(81) = 162.

Time = 0.11 (sec) , antiderivative size = 268, normalized size of antiderivative = 3.15

(c — csec(e + fx))3

dx
(a + asec(e + fx))?
9 sin(fz+e) sin(f:t+e)3 sin(fz+e) sin(fz+e) 9 sin(fzte) sin(fz+e)3
3 ( cos(Fate)T1 | (cos(frte) 13 O m(m“) n 6 log(m—l) _ B3| =TI Ccos(frte) +1)?
a? a? a? a?

12 a;

6 f

input integrate((c-c*sec(f*x+e)) "3/ (a+a*sec(f*x+e))~2,x, algorithm="maxima")

1/6%(c~3*((9*sin(f*x + e)/(cos(f*xx + e) + 1) + sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/a"2 - 6xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 6xlog(sin
(f*x + e)/(cos(f*x + e) + 1) - 1)/a"2) - c"3*((9*sin(f*x + e)/(cos(f*x + e
) + 1) - sin(f*x + e)73/(cos(f*x + e) + 1)73)/a"2 - 12*arctan(sin(f*x + e)
/(cos(f*x + e) + 1))/a"2) + 3*c"3*(3*sin(f*x + e)/(cos(f*x + e) + 1) + sin
(fxx + e)~3/(cos(f*x + e) + 1)73)/a"2 - 3*c~3*(3*sin(f*x + e)/(cos(f*x + e
) + 1) - sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2)/f

output

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.94

/ (c — csec(e + fx))?
dx
(a + asec(e + fx))?
4c3ta.n(% f:1:+% 6)3 + 3 (fz+e)c? . 3c310g(|tan(% fm+%e)+1|)
2 2

3f

3c8 log(|tan(% fz+% e)—l})
a2

_|_
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input ‘ integrate((c-c*sec(f*x+e)) "3/ (ataxsec(f*x+e))~2,x, algorithm="giac") ‘

|1/3%(4xc"3xtan(1/2%f*x + 1/2xe)"3/a"2 + 3(f*x + e)*c3/a"2 - 3kc"3xlog(ab

output
's(tan(1/2%f*x + 1/2%e) + 1))/a™2 + 3xc"3*log(abs(tan(1/2xf*x + 1/2%e) - 1)
Y/a2)/f |
Mupad [B] (verification not implemented)

Time = 10.84 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.54

41',za.n<9+ﬁ>3

¢® [ 2atanh(tan(g + £2)) - —2 24

/ (c — csec(e + fx))? i — S
(a+asec(e+ fz))2 ~ a2 a? f

input Lint((c - c/cos(e + £*x))~3/(a + a/cos(e + f*x))~2,x) J

N

‘/(C‘S*x)/a"Z - (c”3x(2*atanh(tan(e/2 + (f*x)/2)) - (4*xtan(e/2 + (£f*x)/2)°3) ‘

output
/3))/(a"2xf) |

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.67

/ (c — csec(e + fx))? p
(a + asec(e + fx))?

c3<3log(tan (L2 +¢) —1) —3log(tan (£ + &) + 1) + 4tan (£ + 5)3 + 3fm>
3a?f

input ‘ int ((c-c*sec(f*x+e)) "3/ (ataxsec(f*x+e))~2,x) ‘

(c#*3%(3*log(tan((e + £*x)/2) - 1) - 3xlog(tan((e + £*x)/2) + 1) + 4xtan((

output
‘e + £xx)/2)**%3 + 3%f*x))/(3*ax*2*f)
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3.24 f (c—csec(e+fx))? dx
(a+asec(e+fx))?

Optimal result . . . . . . . . . . . . e 273
Mathematica [A] (verified) . . . . . . . . . ... 273
Rubi [A] (verified) . . . . . . . . . .. 274
Maple [A] (verified) . . . . . . ... L 275
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 275
Sympy [F] . . o 270
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 276
Giac [A] (verification not implemented) . . . . . . . .. ... ... 27Tl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 27T
Reduce [B] (verification not implemented) . . . ... ... ... ......... 278

Optimal result

Integrand size = 26, antiderivative size = 67

(c — csec(e + fx))? iz

4c® tan(e + fx)

4c*tan(e + fz)

(a+ asec(e + fx))? ="

a?  3a2f(1+sec(e+ fz))2  3a2f(1+ sec(e + fz))

output ‘ c"2xx/a~2-4/3*c”2xtan(f*x+e) /a~2/f/(1+sec(f*x+e)) "2-4/3*c 2*tan(f*x+e) /a2

input

output

‘/f/(1+sec(f*x+e))

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00

2 arctan <tan<%+f7w> )

2tan<%+%)
f

2tan? (%—i—%)

3f

)

e

a?

LIntegrate[(c - c*Secle + f*x])~2/(a + a*Sec[e + f*x])~2,x]

(c"2%((2*ArcTan[Tan[e/2 + (£+x)/211)/f - (2¥Tan[e/2 + (£%x)/2])/f + (2+Tan

[e/2 + (£%%)/2178)/(3%£))) /a2

N
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.93,

number of rules _ 5, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c — csec(e + fz))? i
(asec(e + fz) + a)?

J’3042

/ (c—ccsc (e+fx+%))2dm
(acsc(e-l—fa:—i—%)—|-a)2

| 4301
sec?(e+fz)c?  2sec(e+fx)c? c?
f ( (sec(e+fx)+1)2 (sec(e+fx)+1)2 + (sec(e+fx)+1)2 > dzx

a’

| 2009

4c? tan(e+fz) 4c? tan(e+fz) 2
" 3f(sec(et+fz)+1) ~ 3f(sec(etfx)+1)2 tcz

a2

s

input L

Int[(c - c*Secl[e + f*x])"2/(a + a*Secl[e + f*x])~2,x]

~—

output ‘

L

(c™2%x - (4%c~2xTan[e + f*x])/(3*fx(1 + Secl[e + f*x])~2) - (4%c~2*Tan[e +
f*x])/(3*%f*x(1 + Sec[e + f*x])))/a~2

N —

Defintions of rubi rules used

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

s

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |
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Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c_.))"(n.), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + b*cscl[e + f*x])™m, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n
}, x] && EqQ[b*c + axd, 0] &% EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&% LtQ[m + n, 2]

rule 4391

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.61

method result size
c? (2tan(%-l—%f—l—l%fx—ﬁtan(%”-}-%))
parallelrisch 37 a2 41
an fz e 3
2¢2 <t ( 23+2) —tan(f;+;)+arctan(tan(f;+;>>>
derivativedivides Fa? 47
tan( fx + £ )3
2¢2 <732—tan(f;+g)+arctan(tan(f;+g))>
default Fa? 47
. 2z 8ic?(3e*fzte) 13eilfzte) 7)
risch i 37 a2 (@I 41)° 59
c2mtan(;+%)2 022 262tan(%+%) 802tan(%+%)3 2c2tan(%+%)5
norman a _T+ af — 3af + 3af 113
2
a(tan(%—i—%) —1)
input Lint ((c-c*sec(f*x+e)) "2/ (a+a*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE) J
output L1/3*c‘2* (2xtan(1/2xfxx+1/2%e) ~3+3*f*x-6*tan(1/2xf*x+1/2%e)) /f/a"2 J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.40

(c — csec(e + fx))?

(a+ asec(e + fx))?
_ 3c*fwcos(fr+e)’+6frcos(fr+e)+3cfr—4(2c%cos(fr +e)+c?)sin(fr +e)
B 3 (a2f cos (fz +e)* +2a2f cos (fz + €) + a2f)

dz
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inputLintegrate((c—c*sec(f*x+e))“2/(a+a*sec(f*x+e))"2,x, algorithm="fricas") J

t‘ 1/3*%(3*c"2*xf*xx*cos(f*x + e) 72 + 6*xc™2*fxx*cos(f*x + e) + 3*xc™2xf*xx - 4*x (2% \
‘c‘2*cos(f*x + e) + c”2)*sin(f*x + e))/(a"2xf*xcos(f*x + e)~2 + 2*xa~2xf*xcos(
‘f*x + e) + a~2f) \

outpu

Sympy [F]

(c — csec(e + fx))?

dz

(a + asec(e + fx))?

2 2 sec (e+fx) sec? (e+fx) 1
_ ¢ <f (_sec2 (e+fz)+2sec (e+fz)+1> dz + f sec? (e+fz)+2sec (e+fz)+1 dz + f sec? (e+fz)+2sec (e+fx)+1 diB)
= e

inputLintegrate((c—c*sec(f*x+e))**2/(a+a*sec(f*x+e))**2,x) J

output‘ ckx2x (Integral (-2*sec(e + f*x)/(sec(e + f*xx)**2 + 2xsec(e + f*x) + 1), x) ‘
'+ Integral(sec(e + f¥x)**2/(sec(e + fxx)*¥2 + 2sec(e + f*x) + 1), x) + In |
‘tegral(l/(sec(e + fxx)**2 + 2xsec(e + f*x) + 1), x))/a**2 ‘

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 170 vs. 2(63) = 126.

Time = 0.12 (sec) , antiderivative size = 170, normalized size of antiderivative = 2.54

(c — csec(e + fx))?

dz =
(a+ asec(e + fx))?
9 sin(fate) in(fo+ )3 in(fo+ 2 3sin(fz+te) sin(f:v+e)3 2( 3sin(fzte) _ sin(fs
9 CO:(fzfe)j_l - (cjs(fzie;+1)3 12 arctan<7cjs(f(zie):)_l> c (Cos(f””+e)+1+(cos(fz+e)+1)3 2c cos(fz+e)+1  (cos(fz-
¢ a? - a? - a? + a?
6 f
inputLintegrate((c-c*sec(f*x+e))"2/(a+a*sec(f*x+e))"2,x, algorithm="maxima") J
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-1/6%(c”"2*x((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(fxx + e)~3/(cos(f*x +
e) + 1)73)/a"2 - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a~2) - c~2*(3*
sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2
+ 2*%c” 2% (3*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e)
+ 1)73)/a"2)/f

output

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.90

2 (a402 tan(% f:t-l—% 8)3—3 a*c? tan(% fx—i—% e))

/ (c — csec(e + fx))? 3(fgf1J{e)c2 + =

(a + asec(e + fz))? do = 3f

| —

p
inputLintegrate((c-c*sec(f*x+e))‘2/(a+a*sec(f*x+e))*2,x’ algorithm="giac")

‘1/3*(3*(f*x + e)*c~2/a"2 + 2*%(a~4*xc 2*xtan(1/2*xf*xx + 1/2%e)~3 - 3*a~4*c~2*t \

output
\an(1/2*f*x + 1/2%e))/a~6)/f

Mupad [B] (verification not implemented)

Time = 10.90 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.57

e T 3 [ x T
(c — csec(e + fr))? dp — 2¢? (tan(§ +47)" = 3tan(5 + 5F) + 37)
(a+ asec(e + fx))? v 3a2 f

inputLint((C - c/cos(e + f*x))~2/(a + a/cos(e + f*x))~2,x) J

t‘ (2%c~2x(tan(e/2 + (£f*x)/2)"3 - 3xtan(e/2 + (f*x)/2) + (3*f*x)/2))/(3*%a~2*f \

) |

outpu
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.60

(c — csec(e + fx))? c? <2tan (5 + %)3 —6tan (5 +5) + 3f:c>
(a+ asec(e + fx))? de = 3af

input Lint ((c-c*xsec(f*xx+e)) "2/ (ataxsec(f*x+e)) ~2,x)

outl;)utL(c>|=>|<2>'<(2=l<tan((e + f£*xx)/2)**3 - 6*%tan((e + f*xx)/2) + 3xfx*xx))/(3*xa*x*x2*f)




output

input
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3.95 f c—csec(e+fx) S dx
(a+asec(e+fx))

Optimal result . . . . . . . . .. . .. 2779
Mathematica [B] (verified) . . . . . . . . . ... 2791
Rubi [A] (verified) . . . . . . .. . . 280
Maple [A] (verified) . . . . . . . . ... 28Tl
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F] . . o o 282
Maxima [B] (verification not implemented) . . . . . . . . ... ... ... . ... 283
Giac [A] (verification not implemented) . . . . . ... ... ... ... 283
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 2841
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 284

Optimal result

Integrand size = 24, antiderivative size = 61

c— csec(e + fz) _cx

2ctan(e + fz)

Sctan(e + fz)

/

(a+ asec(e + fz))? a?

3a2f(1 +sec(e + fz))?  3a2f(1 + sec(e + fz))

‘c*x/a”2-2/3*c*tan(f*x+e)/a“2/f/(1+sec(f*x+e))“2-5/3*c*tan(f*x+e)/a“2/f/(1+

‘sec(f*x+e))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 139 vs. 2(61) = 122.

Time = 0.61 (sec) , antiderivative size = 139, normalized size of antiderivative = 2.28

c — csec(e + fx)
(a+ asec(e + fz))

2da:=

Vay/ec

Vctan(e + fx) (\/5\/5(—7 + 2sec(e + fx) + bsec’(e + fx)) + 6arctanh(—v_“ctanz(e+m) cos? (

N[

(e

305/ f(—1 + sec(e + fz))(1 + sec(e + fz))2

LIntegrate[(c - c*xSecl[e + f*x])/(a + axSecle + fx*x])~2,x] J




CHAPTER 3. LISTING OF INTEGRALS 280

‘ -1/3*(Sqrt [c]*Tan[e + f*x]*(Sqrt[al*Sqrtlc]l*(-7 + 2*Sec[e + f*x] + 5xSec[e ‘
‘ + f*x]72) + 6%ArcTanh([Sqrt[-(axcxTan[e + £*x]~2)]1/(Sqrt[al*Sqrt[c])]*Cos[ ‘
‘ (e + £*xx)/2]1"2*Sec[e + f*x]*Sqrt[-(a*c*Tan[e + £*x]172)]1))/(a~(5/2)*fx(-1 + ‘
- Secle + £*x])*(1 + Sec[e + £4x])72)

output

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.92,

number of rules _ 0.125, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {3042, 4391, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ¢ — csec(e + fx)
(asec(e + fz) + a)?

l 3042

/ c—cesc(e+ fz+ %)
5dx
(acsc(e+ fr+ %) +a)

J'4391

csec(e+fx)
f ((sec(e+§‘x)+1)2 - (secs(ic-l-fx)+1)2> dx

a2

l 2009

5ctan(e+fx) 2ctan(e+fx)
" 3f(secle+fxr)+1) ~ 3f(sec(et+fx)+1)2 tecx

a2

input LInt[(c - cxSecle + f*x])/(a + axSecl[e + f*x])"2,x] J

(c*x - (2%cHTanle + £#x1)/(3%£*(1 + Secle + £#x1)°2) - (5%cATanle + £*x1)/

output
1(3*f*(1 + Secle + f*xx])))/a"2 ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1x*(
d_.) + (c))"(n_), x_Symbol] :> Simp[c™n Int[ExpandTrig[(1 + (d/c)*cscle
+ f*x])"n, (a + bxcscle + f*x])"m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n
}, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

rule 4391

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.61

input

output

method result size
3
. c(tan(%+§) +3fx—6tan(f7z+%)>
parallelrisch 572 37
fz e 3
c <m(73+§) —Qtan(%w-i-%) +2 arctan(tan(f;+§)>>
derivativedivides a2 46
an fz e 3
c<t ( 23+2) —2tan<f;”+;)+2arctan(tan<f;+;>)>
default o7 46
cz 20tan(%+%> Ctan(%_‘_%)s
norman a af - 3af 50
: cx _ 2ic(9e*ifrte) y1geilfote) 47)
I‘lSCh a2 3f a2 (ei(fa:+e)+1)3 55

Lint ((c-c*xsec(f*x+e))/(ata*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE)

-

Li/s*c*(tan(1/2*f*x+1/2*e)‘3+3*f*x—6*tan(1/2*f*x+1/2*e))/f/a‘2

e—
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.41

c — csec(e + fz)

(a + asec(e + fx))

B 3cfzcos(fz+e)® +6cfrcos(fr+e)+3cfr— (Tccos(fz +€) + 5¢)sin (fz +e)
B 3 (a2f cos (fz +e)* +2a2f cos (fz + €) + a2f)

2dx

p
integrate((c-c*sec(f*x+e))/(ataxsec(f*x+e))”2,x, algorithm="fricas")

h J

inputt

Output‘1/3*(3*c*f*x*cos(f*x + e)"2 + Bxckfxx*cos(f*x + e) + 3kcxf*x — (T*kcxcos(f