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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 70 |. This is test number [ 238 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (70 ) | 0.00 (0)
Mathematica | 100.00 ( 70 ) | 0.00 (0)
Maple 100.00 (70 ) | 0.00 (0)
Fricas 100.00 (70 ) | 0.00 (0)
Mupad | 70.00 (49) | 30.00 ( 21)
Maxima | 68.57 (48) | 31.43 (22)
Giac 65.71 (46 ) | 34.29 (24)
Reduce 64.29 (45) | 35.71 (25)
Sympy 429 (3) | 95.71(67)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 77.143 4.286 18.571 0.000
Maple 65.714 1.429 32.857 0.000
Fricas 64.286 5.714 30.000 0.000
Maxima, 61.429 7.143 0.000 31.429
Giac 35.714 30.000 0.000 34.286
Sympy 4.286 0.000 0.000 95.714
Mupad 0.000 70.000 0.000 30.000
Reduce 0.000 64.286 0.000 35.714

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Mupad 21 0.00 100.00 0.00
Maxima, 22 100.00 0.00 0.00
Giac 24 100.00 0.00 0.00
Reduce 25 100.00 0.00 0.00
Sympy 67 86.57 13.43 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.05
Fricas 0.08
Reduce 0.16
Giac 0.31
Rubi 0.40
Mathematica 0.41
Maple 1.63
Sympy 2.20
Mupad 9.94

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 38.00 1.93 49.00 1.65
Mupad 60.37 1.37 42.00 1.10
Maxima 68.92 1.90 44.50 1.18
Rubi 69.96 1.00 61.50 1.00
Mathematica | 76.13 1.29 60.50 1.00
Fricas 80.67 1.21 69.50 1.16
Giac 84.67 1.66 60.00 1.62
Reduce 92.71 1.81 55.00 1.43
Maple 124.50 1.60 59.00 1.27

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on

leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width

Rubi Mma Maple
14 30 15
@ @ @
T 12 ® 25 ®
2 10 g g
< € 20 € 10
— 8 u— o
° 215 2
o 6 19 | 9]
o o o
5 £ 10 E 5
S 4 S S
z z z
2
o s s AN S s =N B
0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 15 0 2 4 6
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
70 30
40
© 60 w 25 X]
© © ©
g 50 8 20 30
£ 40 S s 5
o o o 20
g 30 E g
10
10 5
0 0 0 I ]
0.00 0.02 0.04 0.06 0.08 0.10 0.20 0.25 0.30 0.35 0.40 0.00 0.056 0.10 0.15 020 0.25 0.30
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
1.0 6
40
g g4 8 30
£ 06 £ S
s 53 s
g 04 3
£ £ 2 €
3 =] =3
Z 02 z, =z 10
0.0l 0 0
0 1 2 3 4 0 5 10 15 0.10 0.15 0.20 0.25 0.30
CPU time (sec) CPU time (sec) CPU time (sec)
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {65/}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[1,25)785)B) 75 BT0) T3 2 13,4 15,6, 7 15 19,20, 21,22 23,74 25,26
27, [28, 29, 30} BT}, 32, 33} 34} 35, 361, 37}, 38}, 39, {0}, A1}, 42} 43| 44}, 45}, (46}, 7], 48}, 49} 50, [p T,
52,[53,54, 55 56,57, 53 59,60, 6162, 63} 64,65, 65, 67,68, 69,70 }

B grade { }

C grade { }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {1} B)FB/5,6 7 591011 2 13,5} 15,204 22,2 26, 2725, 29,1, 53,5556,
37, 38,39, (40} (41}, 42, 43}, (44} (45, 46}, 47}, (48} 49} [50}, [51}, 52} 63, [54}, 55} 56} [6 71, 58} [59} (60, [6 T,
626364 }

B grade {[30,32[34 }

C grade { [14[15}[17,[19} 21}, [23,[25,[65}[66}[67} 68} 69} 70] }
F normal fail { }

F(-1) timedout fail { }
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F(-2) exception fail { }

Maple

A grade {[12)5)705, 5,7 8910 11 2 13,4 15,25, 25,20} 50, 31 2, 33,54 55,56, 57
58 59,0} 41, 43| 16,5 55,6, 57 5, 69} 60,61, 62,6316 }

B grade {[24}

C grade {[16,[17}[18)[19} 20} 21} [22} 23, 26} 27} A7} 48} [49} 50} 5 1} 523 53} 65}, 66}/ 7} (68} 69} O]
}

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade { [1,[23,/4}[5}[61[8} 0} [L0}[11} 12} 13} 14} 15} 24, 25} 26} 27} [28} [29, 30} 31} 32} 33} ]34
[851[36,[37, 38} 39} 42} |43} |44} |45, 46} 54} 55,56, [57} [59 [60} 61} 62163} 64 }

B grade { [7[40,41}[58 }
C grade { [16,[17[18,[19 20} 21} 22} 23} (47} 48} [49} 50} 51} 52} 53} 65, 665,67} 68} 69} 70) }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[1,2,5)/85)B) 75 BJT0) 11,2 13,27, 25,29, 50,51, 52,53, 54,55, 55,57, 55,50
0,2} 3, 45,15, 54 55,56, 57) 55,501 60, 61,62, 63164 }

B grade {[14[15[25,26,[41] }
C grade { }

F no;nal fail {[16}[17[18, [19}20}[21}[22 23} 24} 47, 48, |49}, 50} 51} 52} 53, 65}, 66,67} [68, [69,
70 }

F(-1) timedout fail { }
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F(-2) exception fail { }

Giac
A grade { [12)B) A5} 6,7 85,0} 1) 12 73,26, 27} 25) 29, 503 51, 52 33 54, 65,56, 49 )
B grade {[24[37,[38}[39 [40} (41} |42 [43] 44} |45} 54} |55} [56} [57] [58), (59} [60} (611,62} [63} (64 }

C grade { }

F normal fail {[14[15}[16,[17,[18}[19}[20} 21} 22} 23| [25} 47 {48} 49} 50} 51} [52} 53} 6566, 67]
(68,6970 }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad
A grade { }

B grade {[1}2[3,4 [51[6}7 80} [10} 11} 12}[13| [14[15} 24 [25} 26} [27] 28} 29}[30} 31}, 32} 33, 34}
[851[36,[37, 38} 39} 40} |41} |42} |43, [44} 45, (46,54} |55} 56} 57 [58} 59} 60} 61} 62463} 64 }

C grade { }
F normal fail { }

F(-1) timedout fail {[I6,[17,[18}[19}[20} 21} [22}[23} |47 {48} {49} 50} 51} 52} 53} 65} 66, 67, [68}
(6970 }

F(-2) exception fail { }

Sympy

A grade {[0,B2)33 }
B grade { }

C grade { }

F normal fail {{1)2)B) B BU 5.0} 1) 2 14 75,7 15 [0} 20,21 2 25,26, 27, 25,2
30} 31}, 34}, 135}, 36}, 37, [38}, 39}, 40}, T, 42, 43}, 44}, 5, 47}, 48} 49, [50, 51}, 54}, 65, [56}, 57} 58, B9,
50,61, [62,63} 65,6667 68,69

F(-1) timedout fail {[13|[16][22][23}[46}[52}[53][64[70] }
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F(-2) exception fail { }

Reduce
A grade { }

B grade {[1,[2,3[4,5,[6}[7,8)[9}[10}[11} 12} 13} 26} 27 [28, [29} 30} 31} 32, 33} 34} [35}[36, 37} 38}
[B9) 40} |41} 42} 43} 44} |45} 46, 54 55}, 56} 57} 58} 59 (60} 61} 62,63} 64] }

C grade { }

F normal fail { [T4T5)[16, 17 (15, 1920, 2122 23,2 25,7, 0,50, 51, 52 53,65 66,
BT 6861 }

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 87 70 81 78 60 74 0 79 124 56
N.S. 1 0.80 093  0.90 0.69 0.85 0.00 0.91 1.43 0.64

time (sec) N/A 0.297 0.210 0.536 0.040 0.075 0.000 0.320 0.163 11.360

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 94 137 108 126 114 0 121 436 102
N.S. 1 0.96 1.40 1.10 1.29 1.16 0.00 1.23 4.45 1.04
time (sec) N/A 0.447 0.021 0.801 0.035 0.088 0.000 0.322 0.162 0.221

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 58 61 58 43 56 0 57 92 42
N.S. 1 089 094 0.89 0.66 0.86 0.00 0.88 1.42 0.65

time (sec) N/A 0.297 0.137 0.267 0.028 0.070  0.000 0.260 0.156  11.387
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 68 93 85 97 95 0 98 312 7
N.S. 1 097 1.33 1.21 1.39 1.36 0.00 1.40 4.46 1.10
time (sec) N/A 0.354 0.015 0.413 0.036 0.086 0.000 0.304 0.172 11.398
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 36 35 34 37 0 34 60 28
N.S. 1 1.00 0.84 0.81 0.79 0.86 0.00 0.79 1.40 0.65
time (sec) N/A 0.281 0.060 0.186 0.033  0.074 0.000 0.326 0.170 11.476
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 48 55 58 72 0 60 177 41
N.S. 1 1.00 1.20 1.38 1.45 1.80 0.00 1.50 4.42 1.02
time (sec) N/A 0.257 0.012 0.195 0.031 0.087 0.000 0.343 0.212 11.321
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 16 15 31 0 15 31 17
N.S. 1 1.00 1.00 1.07 1.00 2.07 0.00 1.00 2.07 1.13
time (sec) N/A 0.152 0.003 0.056 0.028 0.076 0.000 0.283 0.154  11.317
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 35 30 38 40 0 40 42 22
N.S. 1 1.00 1.46 1.25 1.58 1.67 0.00 1.67 1.75 0.92
time (sec) N/A 0.250 0.024 0.142 0.029 0.082 0.000 0.283 0.151 0.055
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 33 24 37 28 51 37 29 25
N.S. 1 1.00 1.06 0.77 1.19 0.90 1.65 1.19 0.94 0.81
time (sec) N/A 0.209 0.046 0.132 0.107 0.082 2599 0.306 0.155  11.531
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 50 31 27 28 0 34 29 28
N.S. 1 1.00 1.67 1.03 0.90 0.93 0.00 1.13 0.97 0.93
time (sec) N/A 0.278 0.026 0.197 0.027  0.073 0.000 0.256 0.155 0.045
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 61 59 45 44 73 49 0 73 63 67
N.S. 1 097 0.74 0.72 1.20 0.80 0.00 1.20 1.03 1.10
time (sec) N/A 0.279 0.107 0.329 0.108  0.079 0.000 0.287 0.157  11.979
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 47 71 49 43 45 0 57 51 43
N.S. 1 094 142 0.98 0.86 0.90 0.00 1.14 1.02 0.86
time (sec) N/A 0.301 0.017 0.405 0.027  0.071 0.000 0.288 0.157  11.465
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 85 68 61 103 68 0 96 97 91
N.S. 1 0.96 0.76 0.69 1.16 0.76 0.00 1.08 1.09 1.02
time (sec) N/A 0.355 0.116 0.661 0.107  0.074 0.000 0.325 0.159 12.141
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 113 33 304 33 0 0 61 42
N.S. 1 1.00 4.35 1.27 11.69 1.27 0.00 0.00 2.35 1.62
time (sec) N/A 0.217 0.344 0.888 0.251 0.080 0.000 0.000 0.199 12.081
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 111 32 296 33 0 0 61 41
N.S. 1 1.00 4.44 1.28 11.84 1.32 0.00 0.00 2.44 1.64
time (sec) N/A 0.221 0.214 0.556 0.230  0.080 0.000 0.000 0.167 0.344
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 108 84 184 0 142 0 0 47 0
N.S. 1 098 0.76 1.67 0.00 1.29 0.00 0.00 0.43 0.00
time (sec) N/A 0.483 0.918 20.375 0.000 0.085 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 104 184 370 0 143 0 0 43 0
N.S. 1 095 1.67 3.36 0.00 1.30 0.00 0.00 0.39 0.00
time (sec) N/A 0.493 1.191 6.434 0.000 0.084 0.000 0.000 0.174 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 58 153 0 111 0 0 35 0
N.S. 1 1.00 0.81 2.12 0.00 1.54 0.00 0.00 0.49 0.00
time (sec) N/A 0.369 0.397 3.171 0.000  0.087 0.000 0.000 0.167  0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 126 331 0 99 0 0 45 0
N.S. 1 1.00 1.85 4.87 0.00 1.46 0.00 0.00 0.66 0.00
time (sec) N/A 0.367 0.644 3.651 0.000  0.081 0.000 0.000 0.166 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 66 158 0 100 0 0 38 0
N.S. 1 1.00 0.88 2.11 0.00 1.33 0.00 0.00 0.51 0.00
time (sec) N/A 0.379 0.370  3.250 0.000 0.084 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 133 343 0 108 0 0 47 0
N.S. 1 1.00 1.73 4.45 0.00 1.40 0.00 0.00 0.61 0.00
time (sec) N/A 0.381 1.020 6.301 0.000 0.086 0.000 0.000 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 113 79 181 0 119 0 0 47 0
N.S. 1 1.01 071 1.62 0.00 1.06 0.00 0.00 0.42 0.00
time (sec) N/A 0.488 0.758  6.569 0.000 0.086 0.000 0.000 0.188 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 113 143 383 0 129 0 0 47 0
N.S. 1 1.01 1.28 3.42 0.00 1.15 0.00 0.00 0.42 0.00
time (sec) N/A 0.492 1.180 11.655 0.000  0.093 0.000 0.000 0.173 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 41 0 19 0 46 39 21
N.S. 1 1.00 1.00 1.95 0.00 0.90 0.00 2.19 1.86 1.00
time (sec) N/A 0.203 0.187 1.378 0.000  0.071 0.000 0.352 0.172 0.206
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 107 28 283 29 0 0 56 37
N.S. 1 1.00 5.10 1.33 13.48 1.38 0.00 0.00 2.67 1.76
time (sec) N/A 0.210 0.341 0.718 0.244 0.086 0.000 0.000 0.203 11.843
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 41 42 19 0 22 42 42
N.S. 1 1.00 1.00 2.16 2.21 1.00 0.00 1.16 2.21 2.21
time (sec) N/A 0.197 0.026 0.237 0.032 0.064 0.000 0.309 0.171 0.120
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 41 30 19 0 30 41 19
N.S. 1 1.00 1.00 2.16 1.58 1.00 0.00 1.58 2.16 1.00
time (sec) N/A 0.198 0.026 0.181 0.031  0.066 0.000 0.299 0.172 11.534
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 36 33 19 0 23 33 23
N.S. 1 1.00 1.00 1.89 1.74 1.00 0.00 1.21 1.74 1.21
time (sec) N/A 0.199 0.019 0.146 0.027 0.064 0.000 0.336 0.169 0.058
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 32 20 19 0 20 30 21
N.S. 1 1.00 1.00 1.68 1.05 1.00 0.00 1.05 1.58 1.11
time (sec) N/A 0.193 0.110 0.111 0.026  0.064 0.000 0.301 0.169 11.612
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 41 18 22 19 0 24 22 22
N.S. 1 1.00 241 1.06 1.29 1.12 0.00 1.41 1.29 1.29
time (sec) N/A 0.190 0.011 0.098 0.029 0.065 0.000 0.274 0.162 11.923
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 12 11 19 0 11 19 11
N.S. 1 1.00 1.00 1.09 1.00 1.73 0.00 1.00 1.73 1.00
time (sec) N/A 0.174 0.004 0.043 0.024  0.067 0.000 0.278 0.169 11.767
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 23 12 11 11 14 11 11 11
N.S. 1 1.00 2.09 1.09 1.00 1.00 1.27 1.00 1.00 1.00
time (sec) N/A 0.159 0.007  0.092 0.024 0.069 0.058 0.280 0.154 0.021
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 33 15 23 17 49 14 17 14
N.S. 1 1.00 194 0.88 1.35 1.00 2.88 0.82 1.00 0.82
time (sec) N/A 0.190 0.010 0.123 0.026 0.069 3.932 0.317 0.156 12.034
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 46 26 21 19 0 21 20 22
N.S. 1 1.00 2.42 1.37 1.11 1.00 0.00 1.11 1.05 1.16
time (sec) N/A 0.194 0.027 0.173 0.026  0.079 0.000 0.302 0.156 0.038
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 31 29 33 19 0 23 26 19
N.S. 1 1.00 1.63 1.53 1.74 1.00 0.00 1.21 1.37 1.00
time (sec) N/A 0.192 0.068 0.246 0.031 0.070  0.000 0.307 0.195 11.792
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 38 37 30 19 0 30 32 23
N.S. 1 1.00  2.00 1.95 1.58 1.00 0.00 1.58 1.68 1.21
time (sec) N/A 0.197 0.022 0.368 0.027  0.069 0.000 0.300 0.149 11.835
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 90 59 73 95 99 0 164 202 153
N.S. 1 1.06  0.69 0.86 1.12 1.16 0.00 1.93 2.38 1.80
time (sec) N/A 0.491 0.158 0.349 0.033 0.085 0.000 0.319 0.156 14.611
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 64 60 60 70 88 0 122 161 109
N.S. 1 1.02  0.95 0.95 1.11 1.40 0.00 1.94 2.56 1.73
time (sec) N/A 0.403 0.108 0.253 0.029 0.083 0.000 0.350 0.161 13.853
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 48 47 47 58 74 0 107 116 85
N.S. 1 1.02  1.00 1.00 1.23 1.57 0.00 2.28 2.47 1.81
time (sec) N/A 0.365 0.010 0.172 0.035  0.077 0.000 0.338 0.151 12.734
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 30 31 60 0 57 62 47
N.S. 1 1.00 1.00 1.25 1.29 2.50 0.00 2.38 2.58 1.96
time (sec) N/A 0.158 0.008 0.097 0.033  0.077 0.000 0.255 0.167 12.204
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 29 37 36 0 43 38 57
N.S. 1 1.00 1.00 1.81 2.31 2.25 0.00 2.69 2.38 3.56
time (sec) N/A 0.237 0.002 0.095 0.031 0.085 0.000 0.342 0.152 12.034
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 26 16 20 17 0 39 17 17
N.S. 1 1.00 1.73 1.07 1.33 1.13 0.00 2.60 1.13 1.13
time (sec) N/A 0.239 0.018 0.116 0.034 0.073 0.000 0.307 0.193 11.790
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 39 35 32 34 29 0 82 33 31
N.S. 1 1.03  0.92 0.84 0.89 0.76 0.00 2.16 0.87 0.82
time (sec) N/A 0.287 0.064 0.187 0.033  0.073 0.000 0.330 0.149 11.809
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 55 57 44 46 42 0 98 46 55
N.S. 1 1.02  1.06 0.81 0.85 0.78 0.00 1.81 0.85 1.02
time (sec) N/A 0.318 0.042 0.270 0.034 0.075 0.000 0.313 0.149 12.173
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 81 73 57 57 53 0 140 63 75
N.S. 1 1.07  0.96 0.75 0.75 0.70 0.00 1.84 0.83 0.99
time (sec) N/A 0.392 0.099 0.411 0.030 0.076 0.000 0.286 0.146  12.066
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 93 89 69 69 64 0 154 74 113
N.S. 1 1.01 097  0.75 0.75 0.70 0.00 1.67 0.80 1.23
time (sec) N/A 0.398 0.078 0.620 0.033 0.080 0.000 0.297 0.160 16.063
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 169 181 102 295 0 207 0 0 45 0
N.S. 1 1.07  0.60 1.75 0.00 1.22 0.00 0.00 0.27 0.00
time (sec) N/A 0.758 0.662  3.502 0.000  0.090 0.000 0.000 0.175 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 147 90 270 0 183 0 0 42 0
N.S. 1 1.09  0.67 2.00 0.00 1.36 0.00 0.00 0.31 0.00
time (sec) N/A 0.607 0.448 2.798 0.000  0.083 0.000 0.000 0.172 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 114 73 248 0 143 0 0 36 0
N.S. 1 1.06  0.67 2.28 0.00 1.31 0.00 0.00 0.33 0.00
time (sec) N/A 0.572 0.614 1.727  0.000  0.080 0.000 0.000 0.205 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 57 251 0 122 0 0 38 0
N.S. 1 1.00 0.67 2.95 0.00 1.44 0.00 0.00 0.45 0.00
time (sec) N/A 0.442 0.270 2.127  0.000  0.077 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 116 120 81 272 0 150 0 0 47 0
N.S. 1 1.03  0.70 2.34 0.00 1.29 0.00 0.00 0.41 0.00
time (sec) N/A 0.582 0.405 1.840 0.000  0.088 0.000 0.000 0.164 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 155 91 287 0 164 0 0 47 0
N.S. 1 1.056  0.62 1.95 0.00 1.12 0.00 0.00 0.32 0.00
time (sec) N/A 0.617 1.027 3.816 0.000  0.087 0.000 0.000 0.192 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 176 191 104 297 0 175 0 0 47 0
N.S. 1 1.09  0.59 1.69 0.00 0.99 0.00 0.00 0.27 0.00
time (sec) N/A 0.782 1.030 3.924 0.000  0.096 0.000 0.000 0.170 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 122 120 80 104 127 122 0 246 288 197
N.S. 1 0.98  0.66 0.85 1.04 1.00 0.00 2.02 2.36 1.61
time (sec) N/A 0.692 0.423 0.480 0.035  0.085 0.000 0.295 0.157  14.029
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 95 71 106 139 117 0 230 344 160
N.S. 1 098 0.73 1.09 1.43 1.21 0.00 2.37 3.55 1.65
time (sec) N/A 0.543 0.171 0.436 0.036  0.083 0.000 0.352 0.157  13.996
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 79 51 68 79 94 0 162 181 123
N.S. 1 1.01  0.65 0.87 1.01 1.21 0.00 2.08 2.32 1.58
time (sec) N/A 0.539 0.140 0.273 0.036 0.083 0.000 0.316 0.157  13.650
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 59 63 75 82 0 115 192 89
N.S. 1 1.00 1.16 1.24 1.47 1.61 0.00 2.25 3.76 1.75
time (sec) N/A 0.394 0.005 0.191 0.034 0.078 0.000 0.307 0.166 12.302
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 27 35 34 71 0 60 72 161
N.S. 1 1.00 1.00 1.30 1.26 2.63 0.00 2.22 2.67 5.96
time (sec) N/A 0.162 0.001 0.032 0.032  0.083 0.000 0.303 0.151 11.673
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 38 37 46 45 0 70 49 68
N.S. 1 1.00 1.41 1.37 1.70 1.67 0.00 2.59 1.81 2.52
time (sec) N/A 0.325 0.013 0.140 0.029 0.086 0.000 0.293 0.155  11.586
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 55 35 42 33 0 86 38 34
N.S. 1 1.00 1.31 0.83 1.00 0.79 0.00 2.05 0.90 0.81
time (sec) N/A 0.325 0.032 0.163 0.029 0.072 0.000 0.309 0.154 11.904
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 58 53 49 55 45 0 138 55 66
N.S. 1 1.04 0.95 0.88 0.98 0.80 0.00 2.46 0.98 1.18
time (sec) N/A 0.425 0.063 0.230 0.034 0.080 0.000 0.295 0.153  11.372
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 86 70 63 7 65 0 200 83 81
N.S. 1 0.98  0.80 0.72 0.88 0.74 0.00 2.27 0.94 0.92
time (sec) N/A 0.437 0.105 0.339 0.035 0.082 0.000 0.349 0.161 11.239
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 101 87 79 89 73 0 222 94 104
N.S. 1 1.03  0.89 0.81 0.91 0.74 0.00 2.27 0.96 1.06
time (sec) N/A 0.570 0.109 0.496 0.035  0.080 0.000 0.343 0.156  11.564
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 124 102 95 115 93 0 284 128 126
N.S. 1 094 077  0.72 0.87 0.70 0.00 2.15 0.97 0.95
time (sec) N/A 0.538 0.173 0.785 0.035  0.077 0.000 0.327 0.186 11.452
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 178 179 308 460 0 225 0 0 63 0
N.S. 1 1.01 1.73 2.58 0.00 1.26 0.00 0.00 0.35 0.00
time (sec) N/A 0.991 4.961 4.012 0.000  0.094 0.000 0.000 0.174 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 143 302 347 0 193 0 0 53 0
N.S. 1 1.05 2.22 2.55 0.00 1.42 0.00 0.00 0.39 0.00
time (sec) N/A 0.834 1.884 2.248 0.000  0.092 0.000 0.000 0.176 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 156 399 0 153 0 0 56 0
N.S. 1 1.00 1.42 3.63 0.00 1.39 0.00 0.00 0.51 0.00
time (sec) N/A 0.658 1.275  2.648 0.000  0.091 0.000 0.000 0.170 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 143 342 0 160 0 0 58 0
N.S. 1 1.00 1.22 2.92 0.00 1.37 0.00 0.00 0.50 0.00
time (sec) N/A 0.675 1.498 1.787  0.000  0.085 0.000 0.000 0.173 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 150 154 169 455 0 176 0 0 67 0
N.S. 1 1.03 1.13 3.03 0.00 1.17 0.00 0.00 0.45 0.00
time (sec) N/A 0.869 1.915 3.438 0.000  0.090 0.000 0.000 0.177  0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F C F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 185 190 177 391 0 193 0 0 67 0
N.S. 1 1.03  0.96 2.11 0.00 1.04 0.00 0.00 0.36 0.00
time (sec) N/A 1.0056 2.356 2.812 0.000  0.090 0.000 0.000 0.176 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [65]
had the largest ratio of [.454544999999999977]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 6 5 0.80 21 0.238
% A 8 8 0.96 21 0.381
3| A 6 ) 0.89 21 0.238
4 A 6 6 0.97 21 0.286
i A 6 ) 1.00 21 0.238
6} A 4 4 1.00 19 0.211
7] A 1 1 1.00 12 0.083
3] A 4 4 1.00 19 0.211
9) A 3 3 1.00 21 0.143
10j A 6 ) 1.00 21 0.238
11 A 5 ) 0.97 21 0.238
12] A 7 6 0.94 21 0.286
13] A 7 7 0.96 21 0.333
14 A 2 2 1.00 29 0.069
15) A 2 2 1.00 28 0.071
16} A 8 8 0.98 25 0.320
17] A 8 8 0.95 25 0.320
1§ A 6 6 1.00 25 0.240
19 A 6 6 1.00 25 0.240
20) A 6 6 1.00 25 0.240
21] A 6 6 1.00 25 0.240
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
29| A 8 8 1.01 25 0.320
23| A 8 8 1.01 25 0.320
24| A 2 2 1.00 23 0.087
é A 2 2 1.00 24 0.083
26 | A 2 2 1.00 21 0.095
27 A 2 2 1.00 21 0.095
28| A 2 2 1.00 21 0.095
29[ A 2 2 1.00 21 0.095
@ A 2 2 1.00 19 0.105
31| A 5 4 1.00 10 0.400
32] A 3 3 1.00 8 0.375
ﬁ A 2 2 1.00 19 0.105
34 A 2 2 1.00 21 0.095
35) A 2 2 1.00 21 0.095
36| A 2 2 1.00 21 0.095
37 A 12 11 1.06 28 0.393
38 A 10 9 1.02 28 0.321
Q A 10 9 1.02 26 0.346
40 A 1 1 1.00 19 0.053
41| A 6 6 1.00 26 0.231
42 A ) ) 1.00 28 0.179
43 A 7 7 1.03 28 0.250
44| A 9 8 1.02 28 0.286
45 | A 11 10 1.07 28 0.357
4_6 A 11 10 1.01 28 0.357
47 A 13 13 1.07 32 0.406
@ A 11 11 1.09 32 0.344
4_9 A 11 11 1.05 32 0.344
50| A 9 9 1.00 32 0.281
ﬂ A 11 11 1.03 32 0.344
52] A 11 11 1.05 32 0.344
@ A 13 13 1.09 32 0.406

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade 51::5; ui?el;e antlfa?rlszzzlve leaf size integrand leaf size
54 A 13 12 0.98 29 0.414
55) A 11 10 0.98 29 0.345
56} A 11 10 1.01 29 0.345
57 A 9 8 1.00 27 0.296
58] A 1 1 1.00 20 0.050
59) A 7 7 1.00 27 0.259
60j A 6 6 1.00 29 0.207
61] A 10 9 1.04 29 0.310
62] A 10 9 0.98 29 0.310
63] A 13 12 1.03 29 0.414
64 A 12 11 0.94 29 0.379
65) A 15 15 1.01 33 0.455
66} A 13 13 1.05 33 0.394
67| A 11 11 1.00 33 0.333
68} A 11 11 1.00 33 0.333
69) A 13 13 1.03 33 0.394
70j A 15 15 1.03 33 0.455
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31  [sec®(c+dzx)(A+ Csec?(c+ dz)
32  [sec’(c+dzx)(A+ Csec*(c+ dz)
3.3  [sec*(c+dzx)(A+ Csec?(c+ dz)
34  [sec*(c+dzx)(A+ Csec?(c+ dz)
3.5  [sec’(c+dzx)(A+ Csec?(c+ dz)
36  [sec(c+dz)(A+ Csec’(c+ dzx))
3.7  [(A+ Csec?(c+dzx)) dz

) dx
) dx
) dx
) dx
)

3.8  [cos(c+dz)(A+ Csec?(c+ dz)) dz
3.9  [cos?(c+dz) (A+ Csec’(c+dz)) dz

dzx

310  [cos®(c+dz) (A+ Csec’(c+dz)) dz
311  [cos*(c+dz) (A+ Csec’(c+dz)) dz
312  [cos’(c+dz) (A + Csec®(c+dz)) dx
313  [cos®(c+dz) (A —|— C sec’(c + dx)) dx
314  [sec™(c+ dz) (—EZ + Csec’(c+ dz))
3.15  [sec™(c+ dx) ( A(1+m) :cz(c-l—dx)
3.16  [(bsec(c+ dz))*? (A + Csec®(c + dz))
3.17

3.18

\/bsec(c+dz)

3.20 [ AfCsellerdn) gp L

‘(bsec(c+dz))3/2

321 [ AfCsellerdn) gp L

‘(bsec(c+dz))5/2

A+4-Csec?(c+dz
3.22 f (bsec(c+d(x) 7/2) dx

3.23 [ AfCsellerds) gp L

‘(bsec(c+dz))%/2

3+3sec?(c+dzx)
3.24 [ SHhedlerd) gy
3.25

[ sec™(e + fz) (m —

90

[(bsec(c+dz))3? (A+ Csect(c+dz))dr . . . . . o vvv i

[ Vbsec(c+dz)(A+ Csec?(c+dz))dz . . . . ...

319 [AC Se°2(c+d“”) de . .. ... ... ..

(1+m)sec’(e+ fz)) dz



CHAPTER 3. LISTING OF INTEGRALS 51
326  [sec’(e+ fz)(5—6sec’(e+ fx))dz. . . ... ... 207,
327  [sec*(e+ fz)(4—5sec*(e+ fz))dr. . . .. ... 212
328  [sec*(e+ fz)(B—4sec’(e+ fz))dx. . . .. ... L. 217
329  [sec’(e+ fz)(2—3sec*(e+fz))dr. . . . . ...
3.30  [sec(e+ fz)(1—2sec?(e+ fx))dx . . . ... 227
331 [—sec’(e+fx)dr . . . ... 232
332 [ —cos(e+ fr)dr . ... ... 237
333  [cos?(e+ fz)(—2+sec?(e+ fz))dz . ... ... ... L)
3.3 [cos*(e+ fz)(—3+2sect(e+ fz))dz. . ... .. ... 247
3.35  [cost(e+ fz)(—4+3sect(e+ fz))dzr. . ... .. ... 252
336 [cos’(e+ fx)(—5+4dsec’(e+ fx))dr. .. ... ... 2571
3.37  [sec®(c+dz)(Bsec(c+dz) + Csec’*(c+dzx))dz . . . ... ....... 262
3.38  [sec’(c+dz) (Bsec(c+dz) + Csec’*(c+dz))de . . .. ... ...... 270)
3.39  [sec(c+dz)(Bsec(c+dz)+ Csec*(c+dz))dx . .. ... ....... 27T
340 [ (Bsec(c+dz)+Csec?(c+dz))dr . . ... .. ... ... ... RE!
3.41  [cos(c+ dz) (Bsec(c+dz) + Csec*(c+dx))de . .. ... ....... 289
3.42  [cos?(c+dz) (Bsec(c+dz)+ Csec*(c+dz))dx . . . . ... ... .. 2951
3.43  [cos*(c+dz) (Bsec(c+dz)+ Csec*(c+dz))dx . . . . ... ... .. 3001
3.44  [cos*(c+dz) (Bsec(c+dzx)+ Csec*(c+dz))dx . . . . ... ...... 3061
345  [cos®(c+dx) (Bsec(c+dx) + Csec*(c+dzx))dz . . . . ... ... ... 313}
3.46  [cos®(c+dz) (Bsec(c+dz)+ Csec*(c+dx))dx . . . . ... ... .. 3201
3.47  [(bsec(c+ dz))*? (Bsec(c+dz) + Csec?(c+dz))dx . .. ....... 328
3.48 [ y/bsec(c+dz)(Bsec(c+dz) + Csec*(c+dz))dz . .......... 337
349 [ BS“(C%’:}%j(fjj;;}(“dw) AT .
350 [ Bsec(gggi)c ii;)e)"s L) o
351 [ BmeletdiiCoclotdl gy 360
352 [ BmelediiCoclotd) gy 367
353 [ mcletdiiCoclotdl gy
3.54  [sec*(c+dz) (A+ Bsec(c+dz) + Csec’*(c+dz))dz . ... ......
3.55  [sec®*(c+dz) (A+ Bsec(c+dz) + Csec’*(c+dz))dz . ... ......
3.56  [sec’(c+dz)(A+ Bsec(c+dzx)+Csec*(c+dz))dz . .. ... .... 401
3.57  [sec(c+dz)(A+ Bsec(c+dz)+ Csec*(c+dz))dx . . .. .. ... .. 409
3.58  [(A+ Bsec(c+dz)+Csec*(c+dx))dr . . ... ............ AT6]
3.59  [cos(c+dzx)(A+ Bsec(c+dz)+ Csec’*(c+dx))dz . . .. ....... 422
3.60 [cos?(c+dz)(A+ Bsec(c+dzx)+ Csec?(c+dz))dr . ... ...... A28
361  [cos®(c+dx)(A+ Bsec(c+dzx)+ Csec?(c+dz))dz . .. ....... 434
3.62  [cos*(c+dz) (A+ Bsec(c+dzx) + Csec*(c+dz))dz . . ... ..... 44T
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3.63  [cos®’(c+dx)(A+ Bsec(c+dzx)+ Csec*(c+dz))dz . .. ....... A48
3.64  [cos®(c+dz)(A+ Bsec(c+dzx)+ Csec*(c+dz))de . .. ... ... . A56]
3.65  [(bsec(c+dzx))*?(A+ Bsec(c+dzx) + Csec*(c+dz))dz . . . . . ... A64
3.66 [ \/bsec(c+ dz)(A+ Bsec(c+dzx)+ Csec?(c+dz))dr . ... ..... Zye!
A+ B sec(c+dz)+C sec?(c+dx) T
367 [ reeer i) dT . o 483
A+ B ssec(ct+dz)+C sec? (c+dx
3.68 [AE (b(set(c i;x))g D) Gy A9T]
A+ B sec(c+dz)+C sec?(c+dx S
3.69 [AE (b(set(c i;x))f, D) Gy 198
A+ B sec(ct+dz)+C sec? (c+dx
3.70 [ AE (lfset(cl;x)wz( ) e 5071



output
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3.1 [ sec®(c + dz) (A+ Csec*(c+ dz)) dz

Optimal result . . . . . . . . . . . . e H3l
Mathematica [A] (verified) . . . . . . . . . ... o 53]
Rubi [A] (verified) . . . .. . . ... .. HY!
Maple [A] (verified) . . . . . . ... L 50
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 50
Sympy [F] . . o o 57
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... byi
Giac [A] (verification not implemented) . . . . . . ... ... ... 57
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... b
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... bY

Optimal result

Integrand size = 21, antiderivative size = 87

/ sec’(c + dz) (A+ Csec’(c + dz)) dz

_ (TA+6C)tan(c+ dz)
N 7d
N C'sect(c + dz) tan(c + dx)

7d
N 2(7TA + 6C) tan®(c + dx)

21d
(TA + 6C) tan®(c + dz)

35d

e

1/7* (7T*A+6*C) *tan (d*x+c) /d+1/7*C*sec (d*x+c) “6*tan(d*x+c) /d+2/21* (7T*xA+6*C) *

‘tan(d*x+c)“3/d+1/35*(7*A+6*C)*tan(d*x+c)“5/d

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.93

/ sec’(c + dz) (A+ Csec’(c + dz)) dz
_ A(tan(c + dz) + 3 tan®(c + dz) + 3 tan®(c + dx))

d

N C(tan(c + dz) + tan3(c + dz) + £ tan®(c + dz) + £ tan”(c + dz))

d
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input‘ Integrate[Sec[c + d*x]“6*(A + CxSec[c + d*x]~2),x] ‘

| (A%(Tan[c + d#x] + (2+Tan[c + d*x]~3)/3 + Tanlc + d*x]"5/5))/d + (C*(Tanlc

output
‘ + d*x] + Tan[c + d*x]~3 + (3*Tan[c + d*x]~5)/5 + Tan[c + d*x]~7/7))/d ‘

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.80,

number of rules _ 0.238, Rules

number of steps used = 6, number of rules used = 5, = -
integrand size

used = {3042, 4534, 3042, 4254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/secﬁ(c +dz) (A + Csec*(c+dz)) dz

| 3042
6 T2
/csc (c+d:1:+ 5) <A+Ccsc <c+dx+ 5) ) dz
| 4534
6
1(7A +60C) /secG(c + dz)dz + Ctan(e + dr) sec’(c + da)
7 7d
| 3042
1 m\6 C'tan(c + dz) secb(c + dz)
7(7A+6C)/csc<c+dm+2) dx + "
| 4254
C'tan(c + dz) secS(c + dx) B
7d
(TA+60C) [ (tan*(c+ dz) + 2tan?(c + dz) + 1) d(— tan(c + dz))
7d
| 2009

C'tan(c + dz) sec®(c + dz) B (TA+ 6C) (—% tan®(c + dz) — 2 tan3(c + dz) — tan(c + dz))
7d 7d




input

output

rule 2009

rule 3042

rule 4254

rule 4534
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‘Int [Sec[c + d*x]~6x(A + C*xSec[c + d*x]~2),x]

‘ (CxSec[c + d*xx] “6xTan[c + d*x])/(7*d) - ((7*xA + 6*%C)*x(-Tan[c + d*x] - (2T
\an[c + d*x]~3)/3 - Tan[c + d*x]~5/5))/(7*d)

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]1, x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*x(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscl[e + f£*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])°m, x], x] /;

FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !LeQ[m, -1]
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Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.90

method result
_A (_é _ sec(dm+c)4 _ 4 sec(dac-H:)2 ) ta,n(d:c—i-c)—C’ (_ 16 _ sec(d:r:+c)6 _ 65ec(dm+c)4 _ 85ec(dz+c)2 ) tan(dz—i—c)
. . .. 15 5 15 35 7 35 35
derivativedivides |
4 2 6 4 2
- _A (_% _ sec(d§+C) _4 seC(f;f‘JrC) ) tan(dz+c)—C (_ %_ sec(d:;+C) _ 65ec(§;+6) _ 8seC(¢31;+C) ) tan(dz+c)
efault 3
4 2 6 4 2
A (_%_ sec(d§+c) _ 4sec((1ig+c) ) tan(dz+c) c (_%_ sec(d§+c) _6 sec(§g+c) _8 sec(;i;b+c) ) tan(dm+c)
parts — ~
isch 164(70A e3i(do+0) 41754 e6i(do+e) 1 210C 0i(d2+¢) 11474 e*1(d2+¢) 1126C e4i(do+0) 49 4 e2i(do+0) 42C e2ilda+o).
T1SC 105d(e2i(dz+c)_|_1)7
. 1176 A+1008C) sin(3dz+3c)+(392A4+336C) sin(5dx+5¢)+ (56 A+48C) sin(7dx+7¢)+840 sin(dz+c) (A+2C)
parallelrisch
105d(cos(7dz+7c)+7 cos(5dz+5¢)+21 cos(3dz+3c)+35 cos(dz+-c))
2(a+C)tan (4P +§)  24+0)tan(G+5)"°  aGA+3C)tan(dP+§)°  4(54+30) tan( 9 +5)"  8(914453C) tan (4.
norman _ d - d + 3d + 3d + 35d
2 7
(tan(d; +%) —1)

-

input tint (sec(d*x+c) ~6* (A+C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

e—

‘ 1/d*(-A*x(-8/15-1/5*sec(d*x+c) ~4-4/15*sec (d*x+c) ~2) *tan(d*x+c)-C*(-16/35-1/ \

output
‘ Txsec (d*x+c) ~6-6/35*sec (d*x+c) ~4-8/35*sec (d*x+c) ~2) *tan (d*x+c)) ‘

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.85

/secG(c + dz) (A + C'sec’(c+dz)) dz

(8(TA+6C)cos(dz+c)® +4(TA+6C)cos(dz +c)* +3(7A+6C)cos (dz + ¢)* + 15C) sin (dz +
105 d cos (dz + ¢)”

input Lintegrate (sec(d*x+c) “6x(A+Cxsec(d*x+c)~2),x, algorithm="fricas") J

|1/105% (8% (7*A + 6xC)*cos(dxx + ©)76 + 4x(T*A + 6xC)*cos(d*x + ©)™4 + 3x(Tx

output
\A + 6%C)xcos(d*x + c)~2 + 16%C)*sin(d*x + c)/(d*cos(d*x + c)~7) \
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Sympy [F]

/secs(c + dz) (A+ Csec*(c+dz)) dr = / (A+ Csec® (c+dz)) sec’ (c + dz) dz

input‘integrate(sec(d*x+c)**6*(A+C*Sec(d*x+c)**2),x)

outputtlntegral((A + Cxsec(c + d*x)**2)*sec(c + d*x)**6, x) J
Maxima [A] (verification not implemented)
Time = 0.04 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.69
/secﬁ(c + dz) (A + C'sec’(c+ dz)) dz
_15Ctan(dz+c¢)" +21(A+3C)tan (dz +c)’ + 35 (24 + 3C) tan (dz + )’ + 105 (A + C) tan (dz +
a 105d
inputLintegrate(sec(d*xﬂ:)"6*(A+C*sec(d*x+c)"2),x, algorithm="maxima") J

)
output | 17/105%(15%Cxtan(d*x + c)°7 + 21x(A + 3+C)xtan(dxx + c)75 + 35%(2+A + 3+C)
‘tan(d*x + ©)"3 + 105%(A + C)*tan(d*x + c))/d

\‘

Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.91

/secG(c + dz) (A + C'sec’(c+ dz)) dz
_15Ctan(dz +c¢)" + 21 Atan (dz + ¢)° + 63 C'tan (dz + ¢)’ + 70 Atan (dz + ¢)’ + 105 C'tan (dz + )’

105d

-

e—

inputLintegrate(sec(d*x+c)‘6*(A+C*sec(d*x+c)*2),X’ algorithm="giac")
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‘1/105*(15*C*tan(d*x + ¢c)”7 + 21*A*xtan(d*x + c)~5 + 63*%Cxtan(d*x + c)°5 + 7 \
‘O*A*tan(d*x + ¢)~3 + 105%Cxtan(d*x + c)~3 + 105%A*tan(d*x + c) + 105%Cxtan \
‘ (d*x + c))/d ‘

output

Mupad [B] (verification not implemented)

Time = 11.36 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.64

/secG(c + dz) (A + C'sec’(c+ dz)) dz

Ctan(?Ldﬂc)7 + (2 +28) tan(c+ dz)’ + (22 + C) tan(c+ dz)’ + (A + C) tan(c + dz)
- d

input Lint((A + C/cos(c + d*x)~2)/cos(c + d*x)~6,x) J

(tan(c + d*x)"3%((2%A)/3 + C) + (Cxtan(c + d*x)"7)/7 + tan(c + d*x)*(A + C

output
p + tan(c + d*x)"5x(A/5 + (3%C)/5))/d J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.43

/secﬁ(c + dz) (A + C'sec’(c+ dz)) dz

_sin (dz + ¢) (56 sin (dz + ¢)® a + 48sin (dz + ¢)® ¢ — 196 sin (dz 4 ¢)* a — 168 sin (dz + ¢)* ¢ + 245 sin (c
B 105 cos (dz + ¢) d (sin (dz + ¢)° — 3sin (dz + ¢)* + 3sin (dz + ¢

input Lint (sec(d*x+c) 6% (A+Cxsec (d*x+c) ~2),x) J

Output‘/(Sin(c + d*x)*(56*sin(c + d*x)**6*a + 48*sin(c + d*x)**6xc - 196*sin(c + d \\
(¥x)*xdxa - 168%sin(c + d¥x)**dxc + 245%sin(c + d¥x)**2ka + 210*sin(c + d*x |
)*kx2%c - 105%a - 105%c))/(105%cos(c + d*x)*d*(sin(c + d*x)**6 - 3*sin(c + |
Ld*x)**4 + 3xsin(c + d*x)**2 - 1)) J




output
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3.2 [ sec®(c + dz) (A+ Csec*(c+ dz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......
Optimal result
Integrand size = 21, antiderivative size = 98
/se05 (c+dz) (A+ Csec’(c+dz)) dz = (64+ 5C’)arctlaér;h(sm(c + dz))
(6A + 5C) sec(c + dz) tan(c + dx)
- 16d
(6A + 5C) sec®(c + dz) tan(c + dz)
_|_
24d
C'secS(c + dx) tan(c + dx)
* 6d

p
‘1/16*(6*A+5*C)*arctanh(sin(d*x+c))/d+1/16*(6*A+5*C)*sec(d*x+c)*tan(d*x+c)/
‘d+1/24*(6*A+5*C)*sec(d*x+c)“3*tan(d*x+c)/d+1/6*C*sec(d*x+c)“5*tan(d*x+c)/d

~N




CHAPTER 3. LISTING OF INTEGRALS 60

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.40

A h(si
/sec5(c + dz) (A + Csec?(c+ dx)) dz = 3Aarctan é:n(c + dz))
5Carctanh(sin(c + dz))

16d
n 3Asec(c + dx) tan(c + dzx)

8d
4 5C sec(c + dz) tan(c + dz)

16d
Asec3(c + dz) tan(c + dx)
* 4d
N 5C sec®(c + dz) tan(c + dz)
24d
N C'sec®(c + dz) tan(c + dz)

6d

input‘ Integrate[Sec[c + d*x]“5x(A + CxSec[c + d*x]~2),x] ‘

output‘ (3%AxArcTanh[Sin[c + d*x]])/(8%d) + (5*C*ArcTanh[Sinl[c + d*x]])/(16%d) + ( ‘
|3xASec[c + d¥x]*Tan[c + d*x])/(8*d) + (5%CxSec[c + d*x]*Tan[c + d*x]1)/(16 |
(*d) + (A%Sec[c + d¥x]~3*Tan[c + d*x])/(4*d) + (5%CxSec[c + d*x]~3%Tan[c + |
\d*x])/(24*d) + (CxSec[c + d*x]~5*Tan[c + d*x])/(6%d) \

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.96,

_ _ ¢ number of rules _
number of steps used = 8, number of rules used = 8, integrand size — 0.381, Rules

used = {3042, 4534, 3042, 4255, 3042, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec5(c +dz) (A + Csec*(c+dz)) dz

l 3042
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/csc (c+d:1:+ g)s <A+Ccsc <c+dx+ 7;)2) dx
l4534

C'tan(c + dz) sec®(c + dz)
6d

%(GA +50C) /sec5(c + dz)dzr +

l 3042

1
6

C'tan(c + dz) sec’(c + dz)
6d

5
(6A+5C)/csc<c+dx+72r> dz +

l 4255

3 5
é(6A+SC) (i/sec3(c+da:)dx+ tan(c + dr) sec (c—l—da:)) + C'tan(c + dx) sec®(c + dz)

4d 6d
l 3042

2
C'tan(c + dz) sec5(c + dz)
6d

l 4255

1 3 7\ 3 tan(c + dzx) sec®(c + dx)
8(6A—|—5C’) <4/csc(c+da:+) dx + 1d +

1
—~(6A
6(6 +

3
5C) <2 (; /sec(c t da)dz + tan(c + dm;;ec(c + dm)) + tan(c + dw);iec (c+ dm)) N

C'tan(c + dz) sec5(c + dz)
6d

l 3042

1
—~(6A
6(6 +

5C) <3 (1 /csc (c+d:c+ f) da + tan(c + dz) sec(c+dm)) 4 tan(c + dz) sec3(c+dac)) 4

2 2 2d 4d
C'tan(c + dz) sec®(c + dz)
6d

l 4257

%(GA +
3 (arctanh(sin(c + dz)) = tan(c+ dz)sec(c+ dz) tan(c + dz) sec®(c + d)
50) <4 < 2d + 5 + id +
C'tan(c + dz) sec®(c + dx)
6d
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input‘ Int[Sec[c + d*x] 5%(A + C*Secl[c + d*x]~2),x] ‘

output‘(C*Sec[c + dxx]"6*Tan[c + d*x])/(6%d) + ((6xA + 5xC)*((Sec[c + d*x]~3*Tan[
‘¢ + d*x])/(4*d) + (3*(ArcTanh[Sin[c + d*x]1/(2+%d) + (Sec[c + d*x]*Tan[c + |
axx])/(2+0))/4)) /6 J

Defintions of rubi rules used

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 4255 Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_ ), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]

rule 4957 Intlescl(c_.) + (d_.)*(x_)], x_Symboll :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

rule 4534 Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscle + f*x]) m/(f*(m + 1)
)), x] + Simp[(C#m + A*x(m + 1))/(m + 1) Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, £, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]




input

output

input
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Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.10

method result
A (_ (_ sec(dz+c)3 3 sec(éiz+6) ) tan(dz-+c)+ 3 1n(sec(dm+c8)+tan(dx+c)) ) +C (_ (_ Sec<d2+6)5 5 SeC(gZ+C)3 5 sec(lc‘
derivativedivides 5
A (_ (_ sec(d2+c)3 3 sec(§z+6) ) tan(dm—i—c)-f- 3 1n(sec(dz+c§+tan(dz+a)) ) +C (_ (_ sec(dg+6)5 _5 SeC(§Z+C)3 5 SeC(lt'
default 5
A (_ (_ sec(dﬁ+c)3 _3 sec(§z+c) ) tan(da:+c)+ 3 1n(sec(dw+cs)+tan(dw+c)) ) c (_ (_ sec(daﬁv+c)5 _5 sec(;ijlc-i—c):s _ 55
parts y +
lelrisch —270(cos(Ogetbe) | 2eoslidetde) 4 oog(2dp+20)+2 ) (A+5C ) In(tan (% +5 ) —1) +270( <olbette) | Zeos(idetio)
parallelrisc 48d(cos(6dz+6c) 16
(24+150) tan(dTw+%)5 (24+150) tan(d%+%)7 (10A+110) tan(%{—%) (10A+110) tan(%{—%) o a2a-50) tan(d—za
norman 4d + 4d + 8d + 5 8d — 24d
2
(tan(‘%’+%> —1)
riSCh jet(dz+c) (18AelOi(da:+c)+15Ce10i(dm+c)+102A e8i(dz+c) +85C e8i(dz+c) +84A e6i(dm+c)+1980 ebildz+c) _gy A ¢
24d(62i(dm+c)+1)6
Lint(sec(d*x+c)”5*(A+C*sec(d*x+c)“2),x,method=_RETURNVERBOSE) J

‘1/d*(A*(—(-1/4*sec(d*x+c)“3—3/8*sec(d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)+t
|an(d#x+c)))+Ck (- (-1/6%sec(d*x+c) “5-5/24*sec (d*x+c) "3-5/16%sec (d*x+c))*tan( |
\ d¥x+c)+5/16%1n(sec (d*x+c)+tan (d*x+c)))) \

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.16

/secs(c + dz) (A + C'sec’(c+ dz)) dz
3(6 A+ 50C)cos (dz + ¢)°log (sin (dz + ¢) + 1) — 3 (6 A+ 5C) cos (dz + ¢)° log (—sin (dz + ¢) + 1) +

96 d cos (dz + ¢)°

Lintegrate (sec(d*x+c) “b* (A+Cxsec(d*x+c)~2) ,x, algorithm="fricas") J
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‘1/96*(3*(6*A + B*C)*cos(d*x + c) 6*log(sin(d*x + c) + 1) - 3x(6%A + 5*xC)*c \
los(d¥x + c)"6%log(-sin(d*x + c) + 1) + 2x(3%(6%A + 5*C)*cos(d*x + c)™4 + 2 |
(*(6*%A + B*C)*cos(dkx + c)72 + 8+C)*sin(d*x + c))/(d*cos(d*x + c)76) |

output

Sympy [F]

/sec5(c + dz) (A + C'sec’(c + dz)) dz = / (A + Csec? (c+dx)) sec® (c + dz) dz

inputLintegrate(sec(d*x+c)**5*(A+C*sec(d*x+c)**2)’X) J

-

~—

Outputtlntegral((A + Cxsec(c + d*x)**2)*sec(c + d*x)**5, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.29

/secs(c + dz) (A + C'sec’(c+dz)) dz

2 (3 (6 A+5 C) sin(da—+c)®—8 (6 A+5 C

3(6A+5C)log(sin(dx+¢c)+1)—3(6A+5C)log(sin(dx+c)—1)— Sn(dnt e’ 3 sm(da

96d
input Lintegrate(sec (d*x+c) “5* (A+Cxsec (d*x+c) "2) ,x, algorithm="maxima" J
output‘ 1/96% (3% (6*%A + 5*C)*log(sin(d*x + c) + 1) - 3*(6*A + 5*C)*log(sin(d*x + c) |

= 1) - 2%(3%(6%A + 5¥C)*sin(dxx + c)"5 - 8x(6%A + 5xC)*sin(d¥x + ¢)™3 + 3
(%(10%A + 11%C)*sin(d*x + c))/(sin(d*x + c)76 - 3sin(d*x + c)~4 + 3*sin(d* |
Lx +¢)"2 - 1))/d J
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Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.23

/sec5 (c+dz) (A+ Csec’(c+ dx)) dz

2 (18 Asin(dz+¢)5+15 C sin(dz+c

3(6A+5C)log(|sin(dx+c)+1]) —3(6A+5C)log(|sin(dz +c) —1|) —

96d

inputLintegrate(sec(d*x+c)‘5*(A+C*sec(d*x+c)‘2),x, algorithm="giac") J

output 1/96* (3(6%A + 5xC)xlog(abs(sin(@sx + ) + 1)) - 3x(6xA + 5+C)*log(abs(sin
(d*x + c) - 1)) - 2%(18*A*sin(d*x + c)75 + 15%Cksin(d*x + c)"5 - 48%Axsin( |
\d¥x + c)73 - 40%Cxsin(d*x + ¢)"3 + 30*A*sin(d*x + c) + 33xCxsin(d*x + c))/
(sin(d*x + )72 - 1)73)/d

Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.04

/secs(c—l— dz) (A+ Csec*(c+dz)) dz
_ atanh(sin (c+dz)) (32 + 39)
d
(24 +39) sin(c+d2)° + (—A - 59) sin(c+dz)’ + (32 + 1E) sin(c + d )
d (sin (c+dx)® — 3sin(c+dz)* + 3sin (c + dz)* — 1)

input Lint((A + C/cos(c + d*x)~2)/cos(c + d*x)~5,x) J

Output\{(atanh(sin(c + d*x))*((3%A)/8 + (5*%C)/16))/d - (sin(c + d*x)*((5*%A)/8 + (1

\1*0)/16) - sin(c + d*x)~3*x(A + (5%C)/6) + sin(c + d*x) "5*x((3%A)/8 + (5xC)/ \
L16))/(d*(3*sin(c + d*x)"2 - 3%sin(c + d*x)~4 + sin(c + d*x)"6 - 1)) J




CHAPTER 3. LISTING OF INTEGRALS 66

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 436, normalized size of antiderivative = 4.45

/sec5 (c+dz) (A+ Csec’(c+ dx)) dz

_ —18log(tan (% + £) — 1) sin (dz + 0)’a— 151log(tan (£ + £) — 1) sin (dz + )% c+ 54 log(tan (% +

-

Lint(sec(d*x+c)‘5*(A+C*sec(d*x+c)‘2),x)

~—/

input

( - 18*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**6%a - 15*log(tan((c + d*x)/
2) - 1)*sin(c + dxx)**6*c + 54xlog(tan((c + d*x)/2) - 1)*sin(c + d*x)**4xa
+ 45%log(tan((c + d*x)/2) - 1)*sin(c + d*x)**4xc - 54xlog(tan((c + d*x)/2
) - 1)*sin(c + d*x)*x2%a - 4b*xlog(tan((c + d*x)/2) - 1)*sin(c + d*x)**2*c
+ 18*log(tan((c + d*x)/2) - 1)#*a + 15*xlog(tan((c + d*x)/2) - 1)*c + 18x*log
(tan((c + d*x)/2) + 1)*sin(c + d*x)*x6%a + 15*log(tan((c + d*x)/2) + 1)*si
n(c + d*x)**6%xc - b54*log(tan((c + d*x)/2) + 1)*sin(c + d*x)**4*a - 45%log(
tan((c + d*x)/2) + 1)*sin(c + d*x)#**x4*c + 54*xlog(tan((c + d*x)/2) + 1)*sin
(c + d*x)*x2%a + 45*xlog(tan((c + d*x)/2) + 1)*sin(c + d*x)**2*c - 18*log(t
an((c + d*x)/2) + 1)*a - 15xlog(tan((c + d*x)/2) + 1)*c - 18*sin(c + d#*x)=*
*6%a - 16%sin(c + d*x)**5xc + 48*sin(c + d*x)**3*a + 40*sin(c + d*x)**3*c
- 30*sin(c + d*x)*a - 33*sin(c + d#*x)*c)/(48*d*(sin(c + d*x)**6 - 3*sin(c
+ dxx)**4 + 3*sin(c + d*x)**2 - 1))

output
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3.3 [ sec*(c+ dx) (A + Csec*(c+ dz)) dx

Optimal result . . . . . . . . . . . . e 671
Mathematica [A] (verified) . . . . . . . . . ... o 67
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 69
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 70
Sympy [F] . . o o (71l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... [Tl
Giac [A] (verification not implemented) . . . . . . ... ... ... [Tl
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 72
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 72
Optimal result
Integrand size = 21, antiderivative size = 65
A+4C)t d
/sec4(c + dz) (A+ C'sec’(c+ dz)) dz = (54+ C’)Sdan(c +do)
C'sec*(c + dz) tan(c + dx)
M 5d
N (5A + 4C) tan®(c + dz)
15d
output \/1/5* (5%A+4*C) *xtan (d*x+c) /d+1/5*C*sec (d*x+c) ~4*tan (d*x+c) /d+1/15% (5xA+4xC) * \\
Ltan(d*x+c)“3/d J

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

/sec4(c + dz) (A+ C'sec’(c+ dz)) dz

_ A(tan(c + dz) + ; tan®(c + dz))
B d
N C(tan(c+ dz) + 2 tan’(c + dz) + £ tan®(c + dz))
d




input

output

input
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‘Integrate [Sec[c + d*x]~4*(A + CxSec[c + d*x]~2),x] ‘

| (A%(Tan[c + d#x] + Tan[c + d*x]1"3/3))/d + (Cx(Tan[c + d*x] + (2#Tan[c + d*
‘X]’"S)/IB + Tan[c + d*x]~5/5))/d ‘

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.89,

number of rules __
integrand size 0.238, Rules

number of steps used = 6, number of rules used = 5,
used = {3042, 4534, 3042, 4254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec4(c + dz) (A + C'sec?(c+dz)) dz

l 3042
d i 4 A C d T 2 d
/csc(c—l— x+§> ( + csc<c+ m+§> ) .
l’4534
4
;(5A+4C)/Sec4(c+dm)dx+ Ctan(c-l—d:;)dsec (c+ dx)
| 3042
1 T\ 4 C'tan(c + dz) sect(c + dz)
5(5A+4C’)/csc <c+dm—|—§) dz + 2
l 4254
Ctan(c + dz)sec’(c+dx) (54 +40) [ (tan?(c + dz) + 1) d(— tan(c + dz))
5d =
l 2009

C'tan(c + dz) sect(c + dz) _ (54 +40) (-3 tan®(c + dz) — tan(c + dz))
5d 5d

Int[Seclc + d*x]~4x(A + CxSec[c + d*x]~2),x] J
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‘(C*Sec[c + d*x]~4*Tan[c + d*x])/(5%d) - ((5%A + 4%C)*(-Tan[c + d*x] - Tanl[

output
Lc + d*x]1°3/3))/(5xd) J

Defintions of rubi rules used

-

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254 Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

e 4534 TotLCescle ) + (F_)*)1x(b_.))~m_)*(escle_.) + (F_.)%(x)1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && 'LeQ[m, -1]

N J

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.89
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method result
2 4 2
. . o _A (_%_sec(d;;-H:) ) tan(dm—i—c)—C (_%_sec(d§+c) _4sec(f§+c) ) tan(dz+c)
derivativedivides p
2 4 2
—-A (— 2- 7se°(d§+c) ) tan(dz+c)—C (— - Sec(d;”"'c) -4 Sec(fg+c) ) tan(dz+c)
default 3
2 4 2
A (— % — 78“(‘1;'”) ) tan(dz+c) (o] (— % - Sec(d§+°) 4 Sec(‘li;+°) ) tan(dz+c)
parts — p] — p]
. (50A4-40C) sin(3dz+3c)+(10A+8C) sin(5dx+5¢)+40 sin(dz+c) (A+2C)
parallelrlsch 15d(cos(5dz+5¢)+5 cos(3dz+3c)+10 cos(dz+-c))
isch 4i(15A e%¥(dzte) 1354 eti(dnte) 4400 et(do+¢) 425 4 e2H(d2+¢) 1200 e2i(do+€) 1 5A4+-4C)
T1SC 15d(e2i(dm+c)+1) °
2(4+C)tan( g +§)  2(4+0) tan(deJrg)g 8(2A+C) tan(djm-k%)s 8(24+C) tan (9 + 5)7 4(254+29C) tan (4§ +§)
norman _ d — d + 3d "; 3d — 15d
2
(tan(%z—i-%) —1)

input Lint (sec(d*x+c) ~4* (A+C*sec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J

| 1/d* (A (-2/3-1/3xsec(dxx+c) ~2) ¥tan(d*x+c) -Cx (-8/15-1/5xsec(dxx+c) "4-4/16%

output
‘ sec(d*x+c) ~2) *xtan(d*x+c)) ‘

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.86

/sec4(c + dz) (A+ Csec*(c+dz)) dz

(2(5A+4C’)cos(dw+c)4+(5A+4C’)cos(dx—|—c)2+30) sin (dz + ¢)
15d cos (dz + ¢)°

input Lintegrate (sec(d*x+c) ~4*(A+Cxsec(d*x+c)~2),x, algorithm="fricas") J

‘1/15*(2*(5*A + 4xC)*cos(d*x + c)~4 + (5%A + 4%C)*cos(d*x + c)~2 + 3*C)*sin \

output
‘ (d*x + c)/(d*cos(d*x + c)~5) ‘
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Sympy [F]

/sec4(c + dz) (A+ Csec*(c+dz)) dr = / (A + Csec® (c+dz)) sec* (c + dz) dz

input‘integrate(sec(d*x+c)**4*(A+C*Sec(d*x+c)**2),x)

outputtlntegral((A + Cxsec(c + d*x)**x2)xsec(c + d*x)**4, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.66

/sec4(c + dz) (A + C'sec®(c + dz)) dz

_ 3Ctan (dz +¢)® + 5 (A+2C) tan (dz + ¢)® + 15 (A + C) tan (dz + ¢)
B 15d

input Lintegrate (sec(d#x+c) “4* (A+Cxsec(d*x+c)~2) ,x, algorithm="maxima") J

N

§
‘1/15*(3*C*tan(d*x + ¢)75 + 5%(A + 2%xC)*tan(d*x + c)~3 + 15%(A + C)*tan(d#*x \

output o/ |

Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.88

/sec4(c + dz) (A + C'sec’(c+ dz)) dz
_ 3Ctan(dz +c)’ + 5 Atan (dz + ¢)* + 10 C'tan (dz + ¢)’ + 15 Atan (dz + ¢) + 15 C tan (dz + c)

15d

-

e—

inputLintegrate(sec(d*x+c)‘4*(A+C*sec(d*x+c)*2),X’ algorithm="giac")
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‘1/15*(3*C*tan(d*x + ¢)”5 + BxAxtan(d*x + c)~3 + 10%Cxtan(d*x + c)~3 + 15%A \

output
‘*tan(d*x + c) + 15%C*tan(d*x + c))/d ‘

Mupad [B] (verification not implemented)

Time = 11.39 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.65

/Sec4 (c+dz) (A+ Csec’(c+dz)) dz

w + (4 +29) tan(c+ dz)’ + (A + C) tan(c + d )

d

input‘ int((A + C/cos(c + d*x)~2)/cos(c + d*x)~4,x) ‘

| ((C*tan(c + d*x)75)/5 + tan(c + d*x)*(A + C) + tan(c + d*x)"3%(A/3 + (2+C)

oupt /3))/d |

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.42

/sec4(c + dz) (A + C'sec’(c+ dz)) dz
_sin(dz + ¢) (10sin (dz + ¢)* a + 8sin (dz + ¢)* ¢ — 25sin (dz + ¢)” a — 20sin (dz + ¢)” ¢ + 15a + 15¢)

B 15 cos (dz + ¢) d (sin (dz + ¢)* — 2sin (dz + ¢)* + 1)

input Lint (sec(d*x+c) ~4* (A+Cxsec (d*x+c)~2) ,x) J

‘ (sin(c + d*x)*(10*sin(c + d*x)**4*a + 8xsin(c + d*x)**4*c - 25xsin(c + d*x ‘
\)**2*a - 20%sin(c + dxx)**k2kc + 15%a + 15%c))/(15%cos(c + d*x)*d*(sin(c + \
‘d*x)**4 - 2xgin(c + d¥x)**2 + 1)) ‘

output
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3.4 [ sec®(c + dz) (A+ Csec*(c+ dz)) dz

Optimal result . . . . . . . . . . . . e 73]
Mathematica [A] (verified) . . . . . . . . . ... o (4
Rubi [A] (verified) . . . .. . . ... .. 74
Maple [A] (verified) . . . . . . ... L 76
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [
Sympy [F] . . o o i
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... rdrd
Giac [A] (verification not implemented) . . . . . . ... ... ... 78
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 78
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 79

Optimal result

Integrand size = 21, antiderivative size = 70

[ s+ o) (A+ Osec(c-+ d) dp = BAF IOt )
N (4A + 3C) sec(c + dz) tan(c + dx)

8d
N C'sec®(c + dz) tan(c + dz)

4d

‘ 1/8% (4*%A+3*C) *arctanh(sin(d*x+c))/d+1/8* (4*A+3*C) *sec (d*x+c) *tan (d*x+c) /d+ ‘

output
L1/4*C*sec (d*x+c) ~3*tan (d*x+c) /d J
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.33

_ Aarctanh(sin(c + dx))
B 2d
3Carctanh(sin(c + dx))

8d
N Asec(c + dz) tan(c + dz)

2d
4 3C sec(c + dz) tan(c + dz)

8d
N C'sec3(c + dx) tan(c + dz)

4d

/sec3(c + dz) (A + C'sec’(c+ dz)) dz

input LIntegrate [Sec[c + d*x]~3*(A + CxSec[c + d*x]"2),x] J

e B

(A*ArcTanh[Sin[c + d*x]])/(2%d) + (3*CxArcTanh[Sin[c + d*x]])/(8*d) + (A*S
‘ec [c + d*x]*Tan[c + d*x])/(2*d) + (3*CxSec[c + d*x]*Tan[c + d*x])/(8*xd) +
‘ (CxSec[c + d*x]~3*Tan[c + d*x])/(4*d)

output

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.97,

number of rules __
integrand size 0.286, Rules

number of steps used = 6, number of rules used = 6,
used = {3042, 4534, 3042, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec3(c +dz) (A + Csec*(c+dz)) dz

l 3042

/csc (c+da:+g>3 <A+Ccsc <c+dx+72r>2> dx

l,4534
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3
1(4A +30) /sec3(c + dx)dx + Ctan(c + dz) sec®(c + dx)
4 4d
l 3042
L4a+30) /CSC (c+dot )" dp 4 C2RCHD) sec’(c+ dz)
4 2 4d
l 4255
1 1 tan(c + dx) sec(c + dx) C'tan(c + dz) sec®(c + dz)
4(4A +3C) <2 /sec(c + dz)dz + 5 + v
l 3042
3(4A +30) <; /csc (c +dz + g) do + tan(c + da:;;ec(c + da:)) N
C'tan(c + dz) sec3(c + dx)
4d
l 4257

2(414 +30) (arctanh(sin(c + dz)) N tan(c + dz) sec(c + dm)) N C'tan(c + dz) sec®(c + dz)

2d 2d 4d

e hY

Int[Sec[c + d*x]~3*(A + C*Secl[c + d*x]~2),x]

N\ J

input

‘ (CxSec[c + dxx]~3*Tan[c + d*x])/(4*d) + ((4*A + 3*%C)*(ArcTanh[Sin[c + d*x]

output
L]/(2*d) + (Sec[c + d*x]*Tan[c + dxx])/(2%d)))/4 J

Defintions of rubi rules used

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4255 Intl(esclc_.) + (d_)*(x)1*(b_.))"(n)), x_Symboll :> Simp[(-b)*Coslc + dx
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]




rule 4257

rule 4534

input

output
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Cscl[e + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.21

method result
. ' o A(sec(dw+c)2tan(dz+c) + ln(sec(dw+c)2+tan(d:v+c)) +C( < sec(dz+c) _3 sec(él:v-i—c)) tan(da:+c)+ 3 ln(sec(dw+c8)+tan(‘
derivativedivides
A ( sec(dz+c)2t:an(dz+c) + ln(sec(dm+c)2+tan(dz+c)) +C( ( seC(dCE+c)3 3 sec(giz+c) ) tan(d:z:-l—c)—i— 3 1n(sec(da:+cs)+tan(‘
default
A < sec(dz+c) tan(dz+c) + ln(sec(dz+c)+tan(d.7:+c)) C ( ( sec(da:+c)3 3 sec(;jz-}—c) ) tan(d:l)-f-C)-i-Mz-kcsHh
parts 2 p 2 4— 3
lelrisch —8 (34 et 4 cos(2da+2¢) ) (A+2C ) In(tan (L +§ ) —1)+8( 3+t | oos(2dat2c) ) (A+2C ) In(te
parallelrisc 4d(cos(4dz+4c)+4 cos(2dz+2c)+3)
3 5
(4A—3C) tan( 92 + & (4A—3C)tan(9Z + & (4A+5C) tan( 92 + (4A+5C) tan( 92 +
_ 4d(7 5) 4d(7 ), 4d(7 5) . 4d(7 $)" (44+3C) In tan
norman 2 1
(ta.n(d;c +%) —1)
. h iei(dz+c) (4Aer‘(d:c+c)+3CeGi(d:p+c)+4Ae4i(dz+c)+110e4i(da:+c) _4Ae2z‘(d:c+c)_llceZi(dx+c) —4A—3C)
I1sc - 4d(e2i(dw+c)+1)4 o

Lint (sec(d*x+c) ~3* (A+Cxsec (d*x+c) ~"2) ,x ,method=_RETURNVERBOSE)

| 1/d% (A% (1/2*sec (dxx+c) *tan (d*x+c)+1/2%1n(sec (d*x+c) +tan (dkx+c) ) ) +Ck (- (-1/4
‘*sec(d*x+c) ~3-3/8*sec(d*x+c)) *tan (d*x+c)+3/8*1n(sec (d*x+c)+tan (d*x+c))))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.36

/sec3(c + dz) (A + C'sec’(c+ dz)) dz

(4A+3C)cos (dz + c)*log (sin (dz + ¢) + 1) — (4 A + 3 C) cos (dz + ¢)* log (—sin (dz +¢) + 1) + 2 (
16 d cos (dz + ¢)*

inputLintegrate(sec(d*x+c)‘3*(A+C*sec(d*x+c)“2),x, algorithm="fricas") J

t‘ 1/16%((4*A + 3*C)*cos(d*x + c) 4*log(sin(d*x + c) + 1) - (4xA + 3*C)*cos(d \
¥x + c)"4xlog(-sin(d*x + c) + 1) + 2x((4%A + 3*C)xcos(d*x + c)"2 + 2%C)*si |
‘n(d*x + c))/(d*cos(d*x + c)"4) |

outpu

Sympy [F]

/sec3(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec® (c + dz) dz

input Lintegrate (sec(d*x+c)**3* (A+Cksec (d*x+c) #*2) , x) J

outputtlntegral((A + Cxsec(c + d*x)**2)*sec(c + d*x)**3, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.39

/sec3(c + dz) (A + C'sec’(c+ dz)) dz

2 <(4 A+3C) sin(dz+c)3—(4 A+5 C) sin(d:

_ (4A+3C)log(sin(dr+c)+1)—(4A+3C)log(sin(dz+c)—1) — Sn(dnt o) —2 sm(dat ) 1
16d
inputLintegrate(sec(d*x+c)‘3*(A+C*sec(d*x+c)‘2),x, algorithm="maxima") J
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¢ 1/16%((4%A + 3xC)xlog(sin(dxx + c) + 1) - (4*A + 3+C)*log(sin(d*x + ¢) - 1
) - 2x((4%A + 3%C)*sin(d*x + c)"3 - (4*A + BxC)*sin(d*x + c))/(sin(d*x + ¢ |
‘)"4 - 2%gin(d*x + ¢)~"2 + 1))/d ‘

outpu

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.40

/sec3(c + dz) (A + C'sec’(c+ dz)) dz

(4A+3C)log(|sin(dz+c)+1]) — (4A+3C)log(Jsin (dz +¢c) — 1|) — 2 (4 4sin(de 0" +3 Csinfda+o 4.4

<sin(dm+c)2—2

16d

-

input Lintegrate (sec(d*x+c) "3 (A+Cksec (d*x+c)~2) ,x, algorithm="giac")

-/

‘1/16*((4*A + 3xC)*log(abs(sin(d*x + c) + 1)) - (4*%A + 3*C)*log(abs(sin(d*x ‘

output

|+ ) - 1)) - 2x(4xA*sin(d*x + c)"3 + 3%Cksin(d*x + c)"3 - 4*Axsin(d*x + ¢ |

) - BxCxsin(d*x + ¢))/(sin(d*x + ©)"2 - 1)72)/d

Mupad [B] (verification not implemented)

Time = 11.40 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.10

/sec3 (c+dz) (A+ Csec’(c+ dx)) dz
_ sin(c+dx) (2+38) —sin(c+ dz)® (2 +38) N atanh(sin (c + dz)) (4 + 3£)
B d (sin(c+dz)* — 2sin (c+dz)* + 1 d

inpudim;(u\ + C/cos(c + d*x)"2)/cos(c + d*x)"3,x) J

output‘ (sin(c + d*x)*(A/2 + (5%C)/8) - sin(c + d*x)~3%(A/2 + (3%C)/8))/(d*(sin(c ‘
'+ d*x)"4 - 2*sin(c + d*x)"2 + 1)) + (atanh(sin(c + d*x))*(A/2 + (3%C)/8))/
d

N J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 312, normalized size of antiderivative = 4.46

/sec3 (c+dz) (A+ Csec’(c+ dx)) dz
_ —4log(tan (£ + £) — 1) sin (dz + o)ta— 3log(tan (£ + £) — 1) sin (dz + o)fc+ 8log(tan (£ + £) -

-

inputt

-/

int (sec(d*x+c) ~3* (A+C*xsec (d*x+c) ~2),x)

( - 4xlog(tan((c + d*x)/2) - 1)*sin(c + d*x)**4xa - 3xlog(tan((c + d*x)/2)
- 1*sin(c + d*x)**4xc + 8xlog(tan((c + d*x)/2) - 1)*sin(c + d*x)**2%a +
6*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2xc - 4xlog(tan((c + d*x)/2) - 1
)*¥a - 3xlog(tan((c + d*x)/2) - 1)*c + 4xlog(tan((c + d*x)/2) + 1)*sin(c +
d*x) *x4*a + 3xlog(tan((c + d*x)/2) + 1)*sin(c + dx*x)#*x4*c - 8xlog(tan((c +
d*x)/2) + 1)*sin(c + d*x)**2*%a - 6*log(tan((c + d*x)/2) + 1)*sin(c + d*x)
*x*¥2%c + 4xlog(tan((c + d*x)/2) + 1)*a + 3*log(tan((c + d*x)/2) + 1)*c - 4x
sin(c + d*x)#**3%a - 3*sin(c + d*x)**3%c + 4*sin(c + d*x)*a + 5xsin(c + d*x

Y*c)/(8*d*(sin(c + d*x)**4 - 2xsin(c + d*x)**2 + 1))

output




output

input

output
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3.5 [ sec?(c + dz) (A+ Csec*(c+ dz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 21, antiderivative size = 43

_ (3A+2C) tan(c + dx)
B 3d
C'sec?(c + dz) tan(c + dz)
* 3d

/ sec’(c + dz) (A + Csec’(c+ dz)) dz

L1/3*(3*A+2*C)*tan(d*x+c)/d+1/3*C*sec(d*x+c)“2*tan(d*x+c)/d

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.84

/secz(c + dz) (A+ Csec*(c+dz)) dr = w

N C(tan(c + dz) + 1 tan®(c + dz))

d

LIntegrate [Sec[c + d*x]~2x(A + CxSec[c + d*x]~2),x]

L(A*Tan[c + d*x])/d + (C*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d




output ‘ «
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00,

number of rules _ 0.238, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4534, 3042, 4254, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/secQ(c + dz) (A + C'sec?(c+dz)) dz

l 3042

/csc (c+dm+g>2 <A+Ccsc <c—|—d:c+72r>2> dx

l’4534

C tan(c + dz) sec?(c + dx)
3d

%(314 +20) /secQ(c + dz)dz +

l 3042

C'tan(c + dz) sec?(c + dzx)
3d

1 T\ 2
3(3A+2C')/csc (c+dm—|—§) dx +

l 4254

C'tan(c + dz)sec’(c+dx)  (3A+20) [ 1d(—tan(c + dx))
3d 3d

l24

(3A+2C)tan(c+dz) Ctan(c+ dz)sec?(c + dz)
3d * 3d

-

LInt [Sec[c + d*x]~2x(A + C*Sec[c + d*x]~2),x]

-/

3%A + 2*xC)*Tan[c + d*x])/(3*d) + (CxSec[c + d*x] 2*Tan[c + d*x])/(3*d)
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4254 Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && I1GtQ[n/2, 0]

rule 4534 TntL(esclle ) + (F_.)*(x)1x(b_))"(m_)*(escl(e_.) + (£_)*(x)]1"2x(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + Ax(m + 1))/(m + 1) Int[(bxCscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.81

method result size
2
Atan(dz+c)—C (— % - Sec(ngrC) ) tan(dz+c)
derivativedivides | 35
2
Atan(dz+c)—-C (— % - sec(d§+c) ) tan(dz+c)
default v 35
2
C( —2—s=cldzto)” ) tan(dotc)
Atan(dz+c) < 3 3
parts y 3 37
. (3A44-20) sin(3dxz+3c)+3 sin(dz+-c) (A+2C)
parallelrlsch 3d(cos(3dz+3c)+3 cos(dz+c)) 57
. 2i(3A eildote) 1 §A e2i(dote) 4 6C e2i(do+e) 1 344-2C)
risch : 3 63
3d(e2z(dz+c)+1)
2(A+0)tan (% +§)  2(4+C)tan(%E+5)° | 46A+0) tan(%+5)°
norman d P 3d 75
(tan(%x—i—g) —1)
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inputt

int (sec(d*x+c) ~2*% (A+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

outputt

1/d* (A*tan (d*x+c)-C*(-2/3-1/3*sec (d*x+c) ~2) *tan(d*x+c))

input

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.86

((BA+20C) cos (dz + o)’ + C) sin (dz + c)
3dcos (dz + ¢)°

/sec2(c + dz) (A+ Csec’(c+dz)) dr =

Lintegrate(sec(d*x+c)‘2*(A+C*sec(d*x+c)‘2),x, algorithm="fricas")

outputt

1/3%((3%A + 2xC)*cos(d*x + c)~2 + C)*sin(d*x + c)/(d*cos(d*x + c)~3)

inputt

Sympy [F]

/sec2(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dx)) sec? (c + dz) dz

integrate (sec(d*x+c) **2* (A+Cxsec (d*x+c) **2) ,x)

outputt

Integral ((A + C*sec(c + d*x)**2)*sec(c + d*x)**2, x)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.79

/sec2 (c+dz) (A+ Csec’(c+dz)) dz
(tan (dz + ¢)’ + 3 tan (dz + ¢))C + 3 Atan (dz + c)

3d
input‘integrate(sec(d*x+c)‘2*(A+C*sec(d*x+c)*2),x, algorithm="maxima")
outputLi/s"‘((tam(d*X + ¢)73 + 3*tan(d*x + c))*C + 3*kAxtan(d*x + c))/d J

Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.79

/secz(c-l—da:) (A+ Csec’(c+dz)) dx
_ C'tan(dz +c)’ + 3 Atan (dz + ¢) + 3C tan (dz + c)

3d
( N
input Lintegrate(sec (d*x+c) ~2% (A+Cksec (d*x+c) ~2) ,x, algorithm="giac") J
output Ll/B*(C*tan(d*x + ¢)73 + 3*Axtan(d*x + c) + 3*Cxtan(d*x + c))/d J

Mupad [B] (verification not implemented)

Time = 11.48 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.65

Ctan(c+dz)® tan(c+dz) (A+C)
T B d

/8602 (c+dz) (A+ Csec’(c+ dx)) dz

input Lint((A + C/cos(c + d*x)~2)/cos(c + d*x)~2,x) J

OutputL(C*'can(c + d*x)"3)/(3*%d) + (tan(c + d*x)*(A + C))/d J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.40

/sec2 (c+dz) (A+ Csec’(c+dx)) dz

_sin(dz +¢) (3sin (dz + ¢)’a + 2sin (dz + )’ c — 3a — 3c)
B 3cos (dz + ¢) d (sin (dz + o)’ — 1)

-

input Lint (sec(d*x+c) ~2% (A+Cxsec (d*x+c) ~2) ,x)

-/

‘ (sin(c + d*x)*(3*sin(c + d*x)**2%a + 2%sin(c + d*x)**x2kc - 3%a - 3%c))/ (3% ‘

output
‘cos(c + dxx)*d*(sin(c + d*x)**2 - 1)) ‘




output L

input

output
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3.6 [ sec(c+ dz) (A + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 19, antiderivative size = 40

_ (2A+ C)arctanh(sin(c + dz))
B 2d
C'sec(c + dz) tan(c + dz)
* 2d

/sec(c + dz) (A + C'sec’*(c+dz)) dz

1/2% (2*xA+C) *arctanh (sin (d*x+c) ) /d+1/2*C*xsec (d*x+c) *tan (d*x+c) /d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

_ Acoth™'(sin(c + dz)) N Carctanh(sin(c + dz))

2
/sec(c+dac) (A+C'sec®(c+dz)) dz y 5q

C'sec(c + dz) tan(c + dz)
* 2d

LIntegrate [Sec[c + d*x]*(A + C*Sec[c + d*x]~2),x]

‘ (AxArcCoth[Sin[c + d*x]])/d + (C*ArcTanh[Sin[c + d*x]])/(2%d) + (CxSec[c +

\ dxx]*Tan[c + d*x])/(2*d)

N
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00,

number of rules _ 0.211, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {3042, 4534, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec(c + dz) (A + Csec?(c+dz)) dz

l 3042

/csc <c+dm+g> (A+C’csc <c+da:+72r>2) dx

l 4534

C'tan(c + dx) sec(c + dz)
2d

%(2/1 +0O) / sec(c + dx)dz +

l 3042

C'tan(c + dzx) sec(c + dx)
2d

1 T
2(2A+C’)/csc (c+d:v+§) dx +

l 4257

(2A + C)arctanh(sin(c + dz)) = Ctan(c+ dz)sec(c + dx)
2d * 2d

input LInt [Sec[c + d*x]*(A + CxSec[c + d*x]~2),x] J

output‘ ((2*%A + C)*ArcTanh[Sin[c + d*x]]1)/(2%d) + (CxSec[c + d*x]*Tan[c + d*x])/(2 ‘
D |




rule 3042

rule 4257

rule 4534

input

output
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

Int[(cscl(e_.) + (F_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)1"2%(C_.)

+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*(m + 1)
)), x] + Simp[(Cm + A*(m + 1))/(m + 1) Int[(b*Csc[e + f*x])"m, x], x] /;

FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !LeQ[m, -1]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.38

method result
derivativediVideS Aln(sec(dx+c)+tan(dx+c))+C(sec(dm+c)2tan(dm+c) +1n(sec(dm+o)2+tan(dm+c))>
d
default Aln(SeC(dz-i—C)+ta.n(d£l}+c))+c(Sec(dz+c);an(dz+c) +1n(sec(dz+c)2+tan(dz+c)))
d
(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c))
arts Aln(sec(dz+c)+tan(dz+c)) + C(sec e )
p d d
lelrisch —(14cos(2dz+2c)) (A—i—%) In ta,n(%z—i-g) —1) +(14-cos(2dz+2c)) (A—i—%) In (tan(%z-i-%) +1) +C'sin(dz+c)
parallelrisc d(1+cos(2dz+2¢))
d d 8
C“a“(f+%) +Cta“(d7’”+%) (24+C) In(tan(2+5)-1)  (24+C)In(tan(2+5)+1)
norman . s N2 - 2d + 24
(tan(%-{-%) —1>
I.isch ic(e3i(dz+c) _ei(dz+c)) ln(ei(dz+c)+i)A + ln(ei(dz+c)+i)c ln(ei(dz+c)_i)A ln(ei(dz+c)_i)c

d(e2i(dm+c)+1)2 d 2d d

2d

Lint (sec(d*x+c) * (A+Cxsec(d*x+c) ~2) ,x,method=_RETURNVERBOSE)

‘1/d*(A*1n(sec(d*x+c)+tan(d*x+c))+C*(1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d

‘*x+c)+tan(d*x+c))))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.80

/sec(c + dz) (A + C'sec’(c+dz)) dz
(2 A+ C) cos (dz 4 ¢)*log (sin (dz + ¢) + 1) — (2 A + C) cos (dz + ¢)* log (— sin (dz + ¢) + 1) 4 2 C'sir

- 4 dcos (dx + 0)2
inputLintegrate(sec(d*x+c)*(A+C*sec(d*x+c)”2),x, algorithm="fricas") J
output‘ 1/4%((2%A + C)*cos(d*x + c) 2xlog(sin(d*x + c) + 1) - (2%A + C)*cos(d*x + ‘

‘c)‘2*log(-sin(d*x + c) + 1) + 2%C*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]

/sec(c + dz) (A+ Csec*(c+dz)) dx = / (A + Csec® (c+dz)) sec(c + dz) dz

p
tintegrate(sec(d*x+c)*(A+C*sec(d*x+c)**2),x)

e—

input

output Llntegral((A + Cxsec(c + d*x)#*x2)*sec(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.45

/sec(c + dz) (A + C'sec’(c+dz)) dz
2 C'sin(dz+c)

(2A+C)log (sin (dz +c¢) + 1) — (2A + C) log (sin (dz +c¢) — 1) — sin(dz+c)°—1
- 4d

input Lintegrate (sec(d*x+c)* (A+Cxsec (d*x+c) ~2) ,x, algorithm="maxima") J
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|1/4x((2%A + C)xlog(sin(d*x + ¢) + 1) - (2#A + C)xlog(sin(d¥x + c) - 1) - 2

output
L*C*sin(d*x + ¢)/(sin(d*x + ¢)"2 - 1))/d J

Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.50

/sec(c + dz) (A+ C'sec’(c +dz)) dz

(2 A+ C)log (Jsin (dz + ¢) + 1]) — (24 + C) log (|sin (dz + ¢) — 1|) — %d—m
4d

inputkintegrate(sec(d*}ﬁc)*(A+C*sec(d*x+c)"2),x, algorithm="giac") J

N

‘/1/4*((2*A + C)*log(abs(sin(d*x + c) + 1)) - (2%A + C)*log(abs(sin(d*x + c) ‘

output
\ - 1)) - 2xCxsin(d*x + c)/(sin(d*x + c)~2 - 1))/d \

Mupad [B] (verification not implemented)

Time = 11.32 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.02

B Csin(c+dx)
2d (sin(c+dz)* — 1)

input Lint((A + C/cos(c + d*x)~2)/cos(c + d*x),x) J

(atanh(sin(c + d*x))*(A + C/2))/d - (Cxsin(c + d*x))/(2*d*(sin(c + d*x)"2

L— 1)) J

output
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 177, normalized size of antiderivative = 4.42

/sec(c + dz) (A+ Csec’(c+dz)) dz
_ —2log(tan (£ + £) — 1) sin (dz + o)’a— log(tan (%€ + £) — 1) sin (dz + o)’c+ 2log(tan (£ + £) —

-

input L

-/

int (sec(d*x+c) * (A+C*sec (d*x+c) ~2) ,x)

( - 2#log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2xa - log(tan((c + d*x)/2) -
1)*sin(c + d*x)**2xc + 2xlog(tan((c + d*x)/2) - 1)*a + log(tan((c + d*x)/

2) - 1)*c + 2xlog(tan((c + d*x)/2) + 1)*sin(c + d*x)**x2xa + log(tan((c + d

*x)/2) + 1)*sin(c + d*x)**2*c - 2¥log(tan((c + d*x)/2) + 1)*a - log(tan((c
+ d*x)/2) + 1)*c - sin(c + d*x)*c)/(2*d*(sin(c + d*x)**2 - 1))

output
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3.7 [ (A+ Csec’(c+dx)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 15

/(A-I— C'sec’(c +dz)) dz = Az +

C'tan(c + dx)

d

-

output

N\

A*x+Cxtan (d*x+c)/d

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/(A—l— Csec’(c+dz)) dz = Az +

C'tan(c + dx)

d

input ‘

Integrate[A + C*Secl[c + d*x]"2,x]

output L

Axx + (CxTan[c + d*xx])/d
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (A + Csec’(c+dx)) dx
l 2009
C'tan(c + dz)
input LInt [A + C*Sec[c + d*x]"2,x] J
output LA*X + (C*Tan[c + d*x])/d J

e

rule 2009 k

Defintions of rubi rules used

~—

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.07

method result size
default Az + M 16
parts Ax + % 16
derivativedivides (dm+C)A+§ tan(de-+) 21
parallelrisch % + Az 24
risch Az + (1(92(3}8—(;:6)4_1) 25
Aztan(%-{-%)2—Az—720tan(dd7$+%)
norman tan(d;+§)2—1 51

input \ int (A+C*sec (d*x+c) ~2,x,method=_RETURNVERBOSE)

output Axx+Cxtan(dxx+c)/d

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(15) = 30.

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 2.07

Adz cos (dz + ¢) + C'sin (dz + )
2 _
/(A—i—C’sec (c+dz)) dz = dcos (dz + 0

i - i =n 9 "
input tlntegrate(A+C*sec(d*x+c) 2,x, algorithm="fricas")

-

output L(A*d*x*cos(d*x + ¢) + C*sin(d*x + c))/(d*cos(d*x + c))

-/
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Sympy [F]

/(A+Cse02(c+dx)) d:c=/(A+C’sec2 (c+dz)) dz

input‘integrate(A+C*sec(d*x+c)**2,x)

outputLIntegral(A + Cxsec(c + d¥x)**2, x)

Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

C'tan (dx + c)

/(A+C’se(:2(c+d:c)) dr = Az + F]

-

input Lintegrate (A+C*sec(d*x+c) "2,x, algorithm="maxima")

-/

output LA*x + Cxtan(d*x + c)/d

Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

C'tan (dx + c)

/(A+C’sec2(c+dx)) dx = Ax + p]

i - i =4 n
input Llntegrate(A+C*sec(d*x+c) 2,x, algorithm="giac")

output LA*x + Cxtan(d*x + c)/d
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Mupad [B] (verification not implemented)

Time = 11.32 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

A
/(A+C’sec2(c+dx)) dzx = Ctan(c-l—;la:)-l— dz
input tint(A + C/cos(c + d*x)~2,x%) J
output [(C*tan(c + d*x) + Axd*x)/d J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 31, normalized size of antiderivative = 2.07

9 _ cos(dz +c)adzr +sin(dr +c)c
/(A-I—C’sec (c+dz)) dz = cos (dz + o) d

-

Lint (A+C*sec (d*x+c)~2,x)

-/

input

ou‘spu‘ut(cos(C + d*xx)*a*d*x + sin(c + d*x)*c)/(cos(c + d*x)*d) J
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3.8 [ cos(c+ dzx) (A + Csec’*(c + dz)) dx

Optimal result . . . . . . . . . . . . e 97,
Mathematica [A] (verified) . . . . . . . . . ... o 97l
Rubi [A] (verified) . . . .. . . ... .. 98
Maple [A] (verified) . . . . . . ... L 99
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 100
Sympy [F] . . o o 100
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 100!
Giac [A] (verification not implemented) . . . . . . ... ... ... 1071
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 1071
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 102

Optimal result

Integrand size = 19, antiderivative size = 24

Carctanh(sin(c + dx)) = Asin(c + dz)
d L

/cos(c + dz) (A+ C'sec’(c+ dz)) dz =

e hY

Cxarctanh(sin(d#*x+c))/d+A*sin(d*x+c)/d

output

N\

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.46

-1 .
/ cos(c+ da) (A + Csec®(c + da)) do = 0 O (einlc+dz))

d
Acos(dx)sin(c)  Acos(c)sin(dzx)
+ d + d

s

LIntegrate [Cos[c + d*x]*(A + C*Sec[c + d*x]~2),x]

~—

input

‘ (C*ArcCoth[Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (A*Cos[c]*Sin[d*x])/

|
2 J

output
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.211, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {3042, 4533, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos(c + dz) (A + C'sec?(c + dz)) dz

l 3042

/A+C’csc(c+dx+’27)2dw

csc (c+d:c+ %)
l 4533

Asin(c + dz)

C / sec(c + dx)dz + ]
l 3042

™ Asin(c + dz)
g )l

l’4257

C’/csc(c+d:c+

Asin(c+dz) = Carctanh(sin(c + dz))
a d

input LInt [Cos[c + d*x]*(A + C*Sec[c + d*x]~2),x]

output | (C*ArcTanh(Sinle + dwx]1)/d + (#Sinlc + dvx])/d




rule 3042

rule 4257

rule 4533

input

output
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[(cscl(e_.) + (F_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)1"2%(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*m)), x] +
Simp[(C*m + A*(m + 1))/(b"2*m)  Int[(b*Cscle + f*x])"(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25

method result size
derivativedivides Asin(dz+c)+C ln(se;:(dx%—c) +tan(dz+-c)) 30
default Asin(dz+c)+C ln(se;(dm+c) +tan(dz+-c)) 30
. C(—In(tan( 92 4+<)—1)+In(tan( %€ +<)4+1))+Asin(dz+c)
parallelrisch (tin(lan(f+5) 1) tinn (% +5) 1)) 43
. ; i(dx+c ; —i(dz+c i(dz+c) 4 4 i(dz+c) _;
risch _ZAez(Z+ ) + iAe 2;1 +ec) + ln(e - +z)C . ln(e i z)C 71
2Atan(9E ¢ 2Atan(9E 4+ & 3 dz | ¢ c
norman _ (d2 2)+ (d2 2) i Cln(tan<7+§>+1) _ Cln(tan(T—i—i)—l) 101
(l-l-tan % ) (tan dz %)2— ) d d
tint (cos (d*x+c)* (A+C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J

[1/d* (A*sin(d*x+c)+Cx1n(sec (d*x+c)+tan(d*x+c)))

-/
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.67

/cos(c + dz) (A+ Csec’*(c+dz)) dz

_ Clog(sin (dz +c) + 1) — Clog (—sin (dz + ¢) 4+ 1) + 2 Asin (dz + ¢)
B 2d

inputLintegrate(cos(d*x+c)*(A+C*sec(d*x+c)*2)’x, algorithm="fricas") J

‘1/2*(C*log(sin(d*x + ¢c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2xAxsin(d*x + c) ‘

output‘ y/d ‘
Sympy [F]
/cos(c + dz) (A+ Csec*(c+dz)) dr = / (A + Csec® (c+dz)) cos (c+ dz) dz
input ‘ integrate (cos(d*x+c) * (A+C*sec (d*x+c) **2) ,x) ‘
output LIntegral((A + Cksec(c + dx)**2)*cos(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.58

/cos(c + dz) (A + C'sec’(c+ dz)) dz

_ C(log (sin (dz + c) + 1) — log (sin (dz + ¢) — 1)) + 2 Asin (dz + c)
B 2d

input Lintegrate (cos(d*x+c)* (A+Cxsec (d*x+c) ~2) ,x, algorithm="maxima") J
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t‘ 1/2*%(C*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2%Axsin(d*x + c)) ‘

G |

outpu

Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.67

/cos(c + dz) (A+ C'sec’(c +dz)) dz

_ Clog (|sin (dz + c) + 1|) — C'log (|sin (dz + ¢) — 1|) + 2 Asin (dz + ¢)
B 2d

inputLintegrate(cos(d*x+c)*(A+C*sec(d*x+c)*2)’x, algorithm="giac") J

output‘ 1/2%(C*log(abs(sin(d*x + c) + 1)) - C*log(abs(sin(d*x + c) - 1)) + 2xAxsin ‘
(d*x + ©))/d |

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

dp — A sin (c+ dz) + C atanh(sin (¢ + d x))

/cos(c + dz) (A + C'sec’(c + dz)) d

input tint(cos(c + d*x)*(A + C/cos(c + d*x)~2),x) J

-

L(A*sin(c + d*x) + C*xatanh(sin(c + d*x)))/d

-/

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.75

/cos(c + dz) (A+ C'sec’(c + dz)) dz

B —log(tan (% + £) — 1) c+ log(tan (£ + £) + 1) c+sin(dz +¢) a
B d

input Lint (cos (d*x+c) * (A+C*xsec (d*x+c) ~2) ,x)

‘( - log(tan((c + d*x)/2) - 1)*c + log(tan((c + d*x)/2) + 1)*c + sin(c + d*

output
‘x)*a)/d
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3.9 [ cos*(c+ dz) (A + C'sec’*(c +dx)) dx
Optimal result . . . . . . . . . . .. . . . e 103
Mathematica [A] (verified) . . . . . . . . . ... o 103l
Rubi [A] (verified) . . . .. . . ... .. 104
Maple [A] (verified) . . . . . . ... L 105
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 105
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 106
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 106!
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 107
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 107
Optimal result
Integrand size = 21, antiderivative size = 31

A cos(c + dz) sin(c + dz)

/cos2(c+ dz) (A+ Csec’(c+dx)) dz = %(A—l— 2C)z + 5

-

output

N\

1/2% (A+2%C) *x+1/2%A*cos (d*x+c) *sin (d*x+c)/d

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.06

A(c+ dzx) 4 Asin(2(c + dz))

/0082(C+d$) (A+ Csec*(c+dz)) dz = Cz + 5d 1

input‘

Integrate[Cos[c + d*x]~2x(A + CxSec[c + d*x]~2),x]

outputt

Cxx + (A*x(c + d*x))/(2*d) + (A*Sin[2*(c + d*x)])/(4%*d)
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4533, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos2(c + dz) (A + C'sec?(c + dz)) dz

l 3042

dxr

/A—I—C’csc(c—i—d:ch’27)2
csc (c+dm+ %)2

| 4533
Asin(c + dz) cos(c + dz)

2d
l 24

Asin(e ds)e(o +a8) | L1 oy

;A+%D/hm+

input LInt [Cos[c + d*x]~2%(A + C*Sec[c + d*x]~2),x] J

-

L((A + 2%C)*x) /2 + (A*Cos[c + d*x]*Sin[c + d*x])/(2%d)

-/

output

Defintions of rubi rules used

rule 24L1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQla, x] |

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x]
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e 4533 Intlesclle_) + (F_.)*x)1x(b_))~(m_)x(escl(e_.) + (F_.)*(x)1"2x(C_.)
'+ (A1), x_Symboll :> Simp[AxCot[e + fxx]*((bxCscle + £*x1)™m/(f*m)), x] + |
‘Simp[(C*m + Ax(m + 1))/ (b~2*m) Int [(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
\eea[{b, e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1] \

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

method result
risch Ao | O 4 Acin2drile)
parallelrisch Asm@d”?‘z);?(AHC)wd
A M‘Fdj-Fg +C(d.’L‘+c)
derivativedivides ( 2 : 2 2)
A((stdere inllete) 4 de 4 ) . C(date)
default d
an(9Z +¢ an
<_€_C)z+(_g_c>wtan(dg+%>2+(34‘0)(6tan(d?w_lr_%)4+(%+C>ztan<dg+%)6_At (d2 +2)+2At (
norman : (s : 2
<1+tan(7m+%) ) (tan(7m+%) _1)
input Lint (cos (d*x+c) 2% (A+C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J
output L1/2*A*x+c*x+1/4*A/d*sm(g*d*x+2*c) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.90

A+2C)dx + Acos (dx + ¢)sin (dz + ¢)
2d

/cosZ(c + dz) (A+ C'sec’(c+ dz)) dz = (

input Lintegrate (cos(d*x+c) “2* (A+Cxsec(d*x+c) ~2) ,x, algorithm="fricas") J

-

L1/2*((A + 2%C)*d*x + A*cos(d*x + c)*sin(d*x + c))/d

e—

output
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Sympy [A] (verification not implemented)

Time = 2.60 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.65

/cosQ(c + dz) (A + C'sec’(c + dz)) dz

. z sin2 gc+dx) n 2 cos2 éc-i-dx) + sin (c+dx)220s (c+dz) for d 7& 0

z cos? (c) otherwise

+ Cx

input‘integrate(COS(d*X+C)**2*(A+C*sec(d*x+c)**2),x)

‘A*Piecewise((x*sin(c + d*x)**2/2 + x*cos(c + d*x)**2/2 + sin(c + dx*x)*cos(

output
\c + d*x)/(2%d), Ne(d, 0)), (x*cos(c)**2, True)) + Ckx \

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.19

Atan(dz+-c
(de‘ + C) (A +2 C) + ta,nt(d:v(-i-c)—g-l?l
2d

/cosz(c + dz) (A+ Csec*(c+dz)) dr =

p
Lintegrate (cos(d*x+c) ~2* (A+Cxsec(d*x+c)~2) ,x, algorithm="maxima")

-/

input

output‘ 1/2%((d*x + c)*(A + 2%C) + Axtan(d*x + c)/(tan(d*x + c)72 + 1))/d ‘

Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.19

(dl’ + C)(A + 20) + Atan(dz+c)

tan(dm+c)§+1
2d

/COSQ(C + dz) (A + C'sec’(c+ dz)) dz =

input Lintegrate (cos(d*x+c) ~2* (A+Cxsec(d*x+c)~2) ,x, algorithm="giac") J
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0utputt1/2*((d*x + c)*(A + 2%C) + Astan(d*x + c)/(tan(d*x + c)"2 + 1))/4d

Mupad [B] (verification not implemented)

Time = 11.53 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

Asin@et2dz) | 4. (A L
/cosz(c+da;) (A+CSGC2(c+dx)) de — 1 ;ll- z(2—|— )

inputtint(cos(c + d*x)~2%(A + C/cos(c + d*x)~2),x)

OutputL((A*sin(2*c + 2%d*x))/4 + d*xx*x(A/2 + C))/d

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94

/cosz(c 1 do) (A+ Csec(c + do)) do = cos (dz + c) sin (de—CIi— ¢) a+ adz + 2cdz

inputLint(cos(d*X+c)A2*(A+C*Sec(d*x+c)“2),x)

outputk(cos(c + d*x)*sin(c + d*x)*a + akxd*x + 2*c*xd*xx)/(2*xd)




output

input

output
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3.10 [ cos*(c+ dz) (A + C'sec’(c+ dx)) dx

Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . . ... o 108}
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [A] (verified) . . . . . . ... L 110
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 11
Sympy [F] . . o o 111
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 111
Giac [A] (verification not implemented) . . . . . . ... ... ... 112
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 112
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 112

Optimal result

Integrand size = 21, antiderivative size = 30

_ (A+O)sin(c+dz)  Asin’(c+dx)

/COS3(C + dz) (A+ C'sec’(c+dz)) dz = 7

3d

L (A+C) *sin (d*x+c)/d-1/3*A*sin (d*x+c) ~3/d

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.67

C cos(dz) sin(c)

/ cos’(c+ dz) (A + Csec’*(c+ dz)) dz = y

n C cos(c) sin(dz)

d

N Asin(c +dz)  Asin®(c+ dx)

d

3d

LIntegrate [Cos[c + d*x]~3*(A + CxSec[c + d*x]~2),x]

‘((C*Cos [d*x]*Sin[c])/d + (C*Cos[cl*Sin[d*x])/d + (A*Sin[c + d*x])/d - (Ax*Si

‘ nlc + d*x]~3)/(3*d)

N
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.238, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 4532, 3042, 3492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos3(c + dz) (A + C'sec?(c + dz)) dz

l 3042

/A+C’csc(c+dx+’27)2dw

csc (c—i— dx + %)3
l 4532

/cos(c + dz) (Acos®(c + dz) + C) dz

| 3042
/sin <c+dac+ g) (Asin (c+da:—|— g)2 +C> dz
| 3492
S (—Asin?(c+ dz) + A+ C) d(—sin(c + dz))
d
| 2009

B 3 Asin3(c + dz) — (A + O) sin(c + dx)
d

input‘ Int[Cos[c + d*x]~3*x(A + CxSec[c + d*x]"2),x]

output L‘((‘((A + C)*Sin[c + d*x]) + (A*Sin[c + d*x]~3)/3)/d)
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3492

rule 4532

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear

Qlu, x]

Int[sinl(e_.) + (£_.)*(x_)]1"(m_.)*((A) + (C_.)*sinl(e_.) + (£_.)*(x_)]172),

x_Symbol] :> Simp[-f~(-1)

Subst[Int[(1 - x"2)"((m - 1)/2)*(A + C - C*x~2

), x], x, Cosle + f*x]], x] /; FreeQ[{e, £, A, C}, x] && IGtQ[(m + 1)/2, 0]

Int[cscl(e_.) + (f£_)*(x_)]1 " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2x(C_.) + (AD)),
x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sin[e + f*x]~"(m + 2), x] /; FreeQl
{e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.03

method result size
. Asin(3dz+3c)+9( A+4E ) sin(dz+c)
parallelrisch 1(2 — ) 31
A (2+cos(dz+c)2) sin(dz+-c)
. . .. +C'sin(dz+c
derivativedivides 3 I (dzte) 33
A (2+cos(d:v+c)2) sin(dz+-c)
+C'sin(dz+c
default 3 7 (dzte) 33
. 3Asin(dz+c) C'sin(dz+c) A sin(3dz+3c)
risch a + y + M od 40
2(A—30) tan(i}+g)3 2(A—3C) tan(éf+g)5 2(A+C) tan(i}+g) N 2(A+0) tan(Q}+g)7
norman 3d 3d 3 i d 111
(l—i—tan(%m-i-%) ) (tan(%Jr;) —1)

Lint (cos(d*x+c) ~3* (A+C*sec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE)

L1/12*(A*sin(3*d*x+3*c)+9*(A+4/3*C)*sin(d*x+c))/d
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

Acos (dz + ¢)® +2 A+ 3C) sin (dz + c)
3d

/0033(0 + dx) (A + Csec®(c+ d;c)) dr = (

inputLintegrate(cos(d*x+c)‘3*(A+C*sec(d*x+c)*2),x, algorithm="fricas")
outputtl/3*(A*°°S(d*X + C)"2 + 2%A + 3%C)*sin(d*x + c)/d
Sympy [F]

/cos3(c + dz) (A+ Csec*(c+dz)) dr = / (A + Csec® (c+dz)) cos® (c + dz) d

input Lintegrate (cos (d*x+c) *x*3% (A+Cxsec (d*x+c) **2) ,x)

output LIntegral((A + Cxsec(c + d*x)**2)*cos(c + d*x)**3, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.90

_Asin (dz + ¢)* — 3 (A + C)sin (dz + ¢)
3d

/ cos’(c+ dz) (A + C'sec’(c+ dz)) dz =

input Lintegrate (cos (d*x+c) "3 (A+Cxsec (d*x+c)~2) ,x, algorithm="maxima")

output L-i/B*(A*sin(d*x + ¢c)"3 - 3%(A + C)*sin(d*x + c))/d
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Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

/cos3(c+ dz) (A+ Csec*(c+dx)) dx
. _Asin(alav—}—c)3 — 3 Asin (dx + ¢) — 3C'sin (dz + ¢)

3d
inputLintegrate(cos(d*x+c)‘3*(A+C*sec(d*x+c)‘2),x, algorithm="giac") J
( N
output L-1/3*(A*sin(d*x + )73 - 3*Axsin(d*x + c) - 3*C*sin(d*x + c))/d J

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

Asin(c—i—d:z;)?’ o d A c
/0083(C+ dr) (A+ C'sec?(c + dx)) de = — 3 Smc(ic"‘ z) (A+C)

input Lint(cos(c + d*x)~3*%(A + C/cos(c + d*x)~2),x) J

-

L—((A*sin(c + d*x)~3)/3 - sin(c + d*x)*(A + C))/d

-/

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

in (d —sin(dz+c)’a+3a+3
/COS3(C+dx)(A+Csec2(c+dx)) dx:sm( z+c) ( s1n(3calc+c) a+3a+ 3c)

input Llnt (COS (d*X+C) 3% (A+C*sec (d*X+C) *2) , X) J

OutputL(sin(c + d*x)*( - sin(c + d*x)**2*a + 3*a + 3*c))/(3*d) J
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3.11 [ cos*(c+ dz) (A + Csec’(c+dx)) dz

Optimal result . . . . . . . . . . . . e 113
Mathematica [A] (verified) . . . . . . . . . ... o 113l
Rubi [A] (verified) . . . .. . . ... .. 114
Maple [A] (verified) . . . . . . ... L 115
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 116
Sympy [F] . . o o 117
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 117
Giac [A] (verification not implemented) . . . . . . ... ... ... 117
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 118
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 118

Optimal result

Integrand size = 21, antiderivative size = 61

/cos4(c + dz) (A + C'sec®(c+ dz)) dz = %(3A +4C)z

(3A + 4C) cos(c + dzx) sin(c + dx)
+ 8d

Acos?(c + dz) sin(c + dz)
" 4d

| 1/8% (3xA+4%C) *x+1/8% (3xA+4%C) *cos (d*x+c) *sin(drx+c) /d+1/4xA*cos (d¥x+c) "3xs

output Lin(d*x+c) e J

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.74

/ cos*(c+ dz) (A + Csec’*(c+ dz)) dx

_ 4(8A+40)(c+ dx) + 8(A+ C)sin(2(c + dx)) + Asin(4(c + dz))
32d

input Integrate[Cos[c + d*x] 4*(A + C*Sec[c + d*x]~2),x] J
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o (@x(3A + 4xC)x(c + d*x) + Bx(A + C)xSin[2x(c + d*x)] + A*Sin[4x(c + dx)]
)/ (32%) J

outpu

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.97,

number of rules _ 0.238, Rules

number of steps used = 5, number of rules used = 5, integrand size

used = {3042, 4533, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos4(c + dz) (A + C'sec?(c + dz)) dz

| 3042
/A—I—C’csc (c+dz + g)de
csc (c+dz + %)4
| 4533
- 3
1(3A +4C) / cos?(c + dz)dzx + Asin(e + dz) cos”(c + da)
4 4d
| 3042
1 , T\ 2 Asin(c + dz) cos®(c + dx)
4(3A+4C)/s1n<c+dm+2> dx + id
| 3115
1 J1dz  sin(c+ dz) cos(c + dz) Asin(c + dz) cos3(c + dz)
4(3A+4C)< 5 T ¥ + 4d
| 24
1 sin(c + dz) cos(c + dx) = Asin(c + dz) cos?(c + dx)
4(3A+4C)( 2d +5 )+ d

.
input Int[Cos[c + d*x]~4*(A + C*Secl[c + d*x]~2),x]
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‘(A*Cos[c + d*x]~3%Sin[c + d*x])/(4*d) + ((3*%A + 4*C)*x(x/2 + (Cos[c + d*x]=*

output
Sinfc + dvx])/(2+0)))/4 J

Defintions of rubi rules used

-

ruka24t1nt[a—’ x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

-/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]

rule 3115

rule 4533 Int[(cscl(e_.) + (£_)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]1"2*x(C_.)

+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*m)), x] +

Simp[(C*m + A*(m + 1))/(b"2*m)  Int[(b*Cscle + fxx])"(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.72



input

output

input

output
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method result
_ (8A+8C) sin(2dz-+2¢) + A sin(4dz-+4c)+122d A+ 2T )
parallelrisch
32d
. 3Azx Cz Asin(4dz+4c) Asin(2dz+2c) sin(2dz+2¢)C
risch g T2 T 524 T d + 4d
cos(dm+c)3+Los(2M sin(dz+-c) d .
+ in(dz+
A<( . ) +%+% +C<cos(z c)2s (dz c)+d7m+%)
derivativedivides ]
cos(dz+c)3+w sin(dz+-c) d .
+¢) sin(da+
A<( < ) +%+% +C(COS( T c)zsm( T c)+d7x+%)
default 7
2 4 6
(—%—%)m+(—%—%)xtan(d§+§) + (—%—C)xtan(%-ﬁ-%) +(%+C’)xtan(d§+§) -l-(%—}-%)xta,n
norman (
1+ta

Lint (cos (d*x+c) ~4* (A+C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

L1/32*((8*A+8*C)*sin(2*d*x+2*c)+A*sin(4*d*x+4*c)+12*x*d*(A+4/3*C))/d

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.80

/cos4(c + dz) (A + C'sec’(c+dz)) dz

(3A+4C)dz + (2 Acos (dz +¢)* + (3 A+ 4C) cos (dz + c)) sin (dz + c)

8d

Lintegrate (cos(d*x+c) ~4* (A+Cxsec(d*x+c)~2) ,x, algorithm="fricas")

‘1/8*((3*A + 4*%C)*d*x + (2%A*cos(d*x + c)~3 + (3%A + 4*C)*cos(d*x + c))*sin

\(d*x +¢))/d
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Sympy [F]

/cos4(c + dz) (A + C'sec’(c+ dz)) dz = / (A + Csec? (c+dz)) cos* (c + dz) dx

p
Lintegrate (cos(d*x+c) **4*x (A+Cksec (d*x+c) **2) ,x)

-/

input

output Llntegral((A + Cxsec(c + d*x)**2)*cos(c + d¥x)**4, x) J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20

/cos4(c + dz) (A+ C'sec’(c+ dz)) dz

(3 A4+4C) tan(dz+c)3+(5 A+4 C) tan(dz+c)
(dx + C) (3 A+4 C) + tan(dz+c)*+2 tan(dz+c)?+1

8d

input Lintegrate (cos(d*x+c) ~4* (A+Cxsec(d*x+c)~2) ,x, algorithm="maxima") J

output‘ 1/8%((d*x + c)*(3%A + 4%C) + ((3%A + 4xC)*xtan(d*x + c)~3 + (5%A + 4*C)*tan \
\(d*x + c))/(tan(d*x + c)~4 + 2%tan(d*x + c)~2 + 1))/d \

Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20

/0034(0 + dz) (A+ Csec’(c+dz)) dz

(d.’L' + C) (3 A+4 C) + 3 Atan(dz+c)®+4 Ctan(dz+c)®+5 Atag(dw+c)+4 C tan(dz+c)
(tan(da:+c)2+l>

8d

input Lintegrate (cos(d*x+c) ~4* (A+Cxsec(d*x+c)~2),x, algorithm="giac") J
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t‘ 1/8%x((d*x + c)*(3%xA + 4xC) + (3xAxtan(d*x + c)~3 + 4*xCxtan(d*x + c)~3 + 5% ‘

outpu
LA*tan(d*x + ) + 4*Cxtan(d*x + c))/(tan(d*x + c)~2 + 1)~2)/d J

Mupad [B] (verification not implemented)

Time = 11.98 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.10

/cos4(c + dz) (A+ Csec’*(c+dz)) dz

(40 0) B merdn s (54 6) e
8 2 d (tan(c+dz)* + 2tan (c+dz)* +1)

-

Lint(cos(c + d*x)~4*x(A + C/cos(c + d*x)"2),x)

-/

input

N

(x*((S*A)/8 + C/2) + (tan(c + d*x)*((5%A)/8 + C/2) + tan(c + d*x)~3*((3%A)/

output
‘8 + C/2))/(d*(2*xtan(c + d*x)~2 + tan(c + d*x)~4 + 1)) ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.03

/cos4 (c+dz) (A+ Csec*(c+dz)) dz

_ —2cos (dz + ¢)sin (dz +¢)’ a + 5 cos (dz + ¢) sin (dz + ¢) a + 4 cos (dz + ¢) sin (dz + ¢) ¢ + 3adz + 4ec
B 8d

4 A
int (cos (d*x+c) ~4* (A+C*sec (d*x+c) ~2) ,x)

N J

input

‘( - 2xcos(c + d*x)*sin(c + d*x)**3*a + S5xcos(c + d*xx)*sin(c + d*x)*a + 4x*c

output
‘os(c + d*x)*sin(c + d*x)*c + 3¥axdxx + 4kckd*x)/(8%d) ‘
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3.12 [ cos®(c+ dz) (A + C'sec’(c+dx)) dx

Optimal result . . . . . . . . . . . . e 119
Mathematica [A] (verified) . . . . . . . . . ... o 1191
Rubi [A] (verified) . . . .. . . ... .. 120
Maple [A] (verified) . . . . . . ... L 122
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 122
Sympy [F] . . o o 123
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 123]
Giac [A] (verification not implemented) . . . . . . ... ... ... 123
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 124
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 124

Optimal result

Integrand size = 21, antiderivative size = 50

/cos5(c + dz) (A+ Csec’(c+dz)) dz = (A+C) S;n(c + dz)
_(2A+0) sin3(c + dz) N Asin®(c + dz)
3d 5d

output ‘ (A+C) *sin(d*x+c) /d-1/3% (2%A+C) *sin(d*x+c) ~3/d+1/5*A*sin (d*x+c) ~5/d

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.42

_ Asin(c+dx) + C'sin(c + dx)

/cos5 (c+dz) (A+ Csec*(c+dz)) dz

d d
2Asin3(c + dx)
- 3d
_ Csin’(c+dx) N Asin®(c + dx)
3d 5d

input Integrate[Cos[c + d*x] 5%(A + C*Sec[c + d*x]~2),x]
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(A*Sinfc + d*x])/d + (CxSinlc + d*x])/d - (2#AxSin[c + dxx]"3)/(3+d) - (Cx

output
LSin[c + d*x]~3)/(3%d) + (A*Sin[c + d*x]~5)/(5%d) J

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.94,

number of rules _ 0.286, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {3042, 4532, 3042, 3492, 290, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cos®(c + dz) (A + Csec’(c + dz)) dz

l 3042

/A+Ccsc(c+dm+’27)2dm

cse (c—i— dx + %)5
l 4532
/cos3(c + dz) (Acos®(c + dz) + C) dz
l 3042
3 2
/sin (c+da:+ g) <Asin (c+d:c+ g) +C) dx

l 3492

[ (1 —sin?(c + dz)) (—Asin®(c + dz) + A + C) d(—sin(c + dz))
d

l 290

[ (Asin*(c+dz) — (24 + O) sin?(c + dz) + A(§ + 1)) d(—sin(c + dz))
d
| 2009
B 3(2A + C)sin®(c + dz) — (A + C)sin(c+ dz) — $ Asin®(c + dz)
d
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input‘ Int[Cos[c + d*x]~5%(A + C*Sec[c + d*x]~2),x] ‘

-((-((A + C)*Sin[c + d*x]) + ((2*A + C)*Sin[c + d*x]~3)/3 - (A*Sin[c + d*x \

output‘
175)/5)/d) ‘

Defintions of rubi rules used

e 200, Tnt[C@) + (b_)*(x)72)"(p_)*((c)) + (d_)*(x))"27(q_.), x_Symboll :> I
‘nt[ExpandIntegrand[(a + b*x~2)"p*(c + d*x~2)"q, x], x] /; FreeQ[{a, b, c, d
‘}, x] && NeQ[bxc - axd, 0] && IGtQ[p, 0] && IGtQ[q, 0]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3492 Intlsinl(e_.) + (F_)*x)]17(m_)*((AD) + (C_.)*sin[(e_.) + (£_.)*(x1)]172),
x_Symbol] :> Simp[-£f~(-1) Subst[Int[(1 - x"2)"((m - 1)/2)*(A + C - C*x"2
), x], x, Cosle + £*x]], x] /; FreeQ[{e, £, A, C}, x] && IGtQ[(m + 1)/2, 0]

Int[cscl(e_.) + (£_.)*(x_)]1 " (m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.) + (A_)),
x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sin[e + f*x] " (m + 2), x] /; FreeQl
{e, £, A, C}, x] && NeQ[C*m + A*x(m + 1), 0] && ILtQ[(m + 1)/2, 0]

rule 4532
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Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.98

method result
. (25A+20C) sin(3dz+3c)+3A sin(5dz+5¢)+150 sin(dz+c) (A+ %)
parallelrisch 5104
2
A <%+Cos(dw+c)4+%> sin(dz+-c) . c (2+Cos(dz+c)2) sin(da+c)
derivativedivides v 2
2
A <%+cos(dz+c)4+w> sin(dz+c) . c (2+C05(dz+c)2) sin(dao+c)
default 5 5 3
. 5A sin(dz+c) 3C'sin(dz+c) Asin(5dz+5c) 5A sin(3dz+3c) sin(3dz+3¢c)C
risch 7 ad + sod T 48d + 12d
2(4+C)tan (92 +§)  24+0)tan(9E+5)" 2(a+50)tan(92+§)°  2(a+5C)tan(921§)°  4(194450) tan( 4 +)
norman - d + d - 3d + _ 3d - i5d
2 2
<1+tan(d§+g) ) (tan<%+g) —1)
input Lint (cos(d*x+c) “5* (A+C*sec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J

| 1/240% ((25%A+20%C) *sin (3xd#x+3%c) +3+A*sin (5d*x+5+c) +150%sin(d*x+c) * (A+6/5

output *C))/d |

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.90

/cos5(c + dz) (A+ C'sec’(c+dz)) dz

(3 Acos(dz+¢)* + (4 A+5C) cos (dz + )’ + 8 A+ 10C) sin (dz + c)
15d

input Lintegrate (cos(d*x+c) "b* (A+Cxsec(d*x+c)~2) ,x, algorithm="fricas") J

|1/15%(3*A%cos(d*x + )74 + (4*A + 5*C)*cos(d*x + c)™2 + 8*A + 10%C)*sin(dx

ou‘cput‘X . o/d ‘
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Sympy [F]

/cos5(c + dz) (A+ Csec*(c+dz)) dr = / (A + Csec® (c+dz)) cos® (c + dz) dx

input‘integrate(COS(d*X+C)**5*(A+C*sec(d*x+c)**2),x)

outputtlntegral((A + Cksec(c + d*x)**x2)*xcos(c + d*x)**5, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.86

/cos5(c + dz) (A + C'sec®(c + dz)) dz

_ 3 Asin (dz + ¢)® — 5 (2A + C)sin (dz + ¢)® + 15 (A + O) sin (dz + ¢)
B 15d

input Lintegrate (cos(d*x+c) “5* (A+Cxsec(d*x+c) ~2) ,x, algorithm="maxima") J

N

§
‘1/15*(3*A*sin(d*x + ¢)°5 - B5%(2%A + C)*sin(d*x + c)~3 + 15%(A + C)*sin(d#*x \

output o/ |

Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.14

/cos5(c + dz) (A + C'sec®(c + dz)) dz
_ 3Asin(dz +c¢)® — 10 Asin (dz + ¢)® — 5C'sin (dz + ¢)° + 15 Asin (dz + ¢) + 15C'sin (dz + ¢)

15d

-

e—

inputLintegrate(cos(d*x+c)‘5*(A+C*sec(d*x+c)*2),X’ algorithm="giac")
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|1/15%(3*A*sin(d*x + )75 - 10%A*sin(d*x + c)~3 - B*Cksin(dx + c)"3 + 15xA

output
‘*sin(d*x + c) + 15%C*xsin(d*x + c))/d

Mupad [B] (verification not implemented)

Time = 11.46 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.86

/cos5 (c+dz) (A+ Csec’(c+dz)) dz

| Aselerds) 4 (24 _ €) in (¢ +da)’ + (4 + C) sin (c + da)
d

input‘ int(cos(c + d*x)"5%(A + C/cos(c + d*x)~2),x) ‘

((A*sin(c + d*x)75)/5 + sin(c + d*x)*(A + C) - sin(c + d*x)"3%((2#A)/3 + C

oupt /3))/d |

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.02

/cos5(c + dz) (A + C'sec®(c + dz)) dz

_ sin(dz + ¢) (3sin (dz + ¢)* a — 10sin (dz + ¢)* a — 5sin (dz + ¢)’ ¢ + 15a + 15¢)
B 15d

e

int (cos (d*x+c) ~“5* (A+Cxsec (d*x+c) ~2) ,x)

~—

input t

‘ (sin(c + d*x)*(3*sin(c + d*x)**4*xa - 10*sin(c + d*x)**2%a - 5xsin(c + d*x) \

output
L**z*c + 15%a + 15%c))/(15%d) J
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3.13 [ cos®(c+ dz) (A + C'sec’(c+ dx)) dx

Optimal result . . . . . . . . . . . . e 125
Mathematica [A] (verified) . . . . . . . . . ... o 1251
Rubi [A] (verified) . . . .. . . ... .. 126
Maple [A] (verified) . . . . . . ... L 128
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 128
Sympy [F(-1)] . . o oo 129
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1291
Giac [A] (verification not implemented) . . . . . . ... ... ... 129
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 130
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 130

Optimal result

Integrand size = 21, antiderivative size = 89

/ cos’(c+ dz) (A + Csec’*(c+ dr)) dz = 1i6(5A +6C)z

(5A + 6C) cos(c + dz) sin(c + dz)
+ 16d
(5A + 6C) cos®(c + dz) sin(c + dx)
+
24d
Acos®(c + dz) sin(c + dx)
* 6d

N

)
| 1/16% (5%A+6%C) ¥x+1/16% (5%A+6+C) ¥cos (d*x+c) ¥sin(dxx+c) /d+1/24x (5¥A+6%C) xcos |

output
| (a*x+c) ~3*sin(dx+c)/d+1/6*Axcos (d¥x+c) “xsin(dkx+c)/d |

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76

/cos6 (c+dz) (A+ Csec’(c+ dz)) dz

_ 60Ac+ 72cC + 60Adz 4 72Cdz 4 (45A + 48C) sin(2(c + dzx)) + (9A + 6C) sin(4(c + dzx)) + Asin(6(c
- 192d
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input‘ Integrate[Cos[c + d*x]“6*(A + CxSec[c + d*x]~2),x]

‘ (60xA*c + 72xc*C + 60*xA*d*xx + 72*%Cxd*x + (45%A + 48*C)*Sin[2*(c + d*x)] +

output
‘ (9%A + 6xC)*Sin[4*(c + d*x)] + A*Sin[6*(c + d*x)])/(192%d)

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.96,

number of rules _
integrand size 0.333, Rules

number of steps used = 7, number of rules used = 7,
used = {3042, 4533, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cos®(c + dz) (A + C'sec’(c + dz)) dz

l,3042

X

/A+Ccsc(c+dm+g)2d
csc (¢ + dz + g)ﬁ

J’4533

Asin(c + dz) cos®(c + dx)
6d

é(5A +60C) / cos*(c + dz)dz +

l 3042

1
6

4 i 5
E) da + Asin(c + dz) cos®(c + dx)

(5A+60)/sm<c+dw+2 6d
| 3115

1
6

(54 + 6C) (i /cos2(c + do)da + sin(c + dz) cos®(c + da:)> + Asin(c + dz) cos®(c + dx)

4d 6d
l 3042

1 3 [, T\ 2 sin(c + dz) cos®(c + dx)
6(5A+60) <4/sm<c+dm+2) dx + 1 +

Asin(c + dz) cos®(c + dz)
6d
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| 3115
1 3/ [1ldz sin(c+ dz)cos(c+ dx) sin(c + dz) cos?(c + dx)
sa+eo) (31504 ) ¥ p ,
Asin(c + dz) cos®(c + dz)
6d

| 24

1 sin(c + dzx) cos3(c+dz) 3 (sin(c+dzx)cos(c+dx) =
6(5A+6C) ( 0 + : > +§ 4
Asin(c + dz) cos®(c + dx)
6d
input LInt [Cos[c + d*x]~6%(A + CxSec[c + d*x]"2),x] J

t}(A*Cos[c + d*x]~5xSin[c + d*x])/(6%d) + ((5%A + 6%C)*((Cosl[c + d*x]~3%Sin[

t
PP ¢ 4 aexd)/(axd) + (Bx(x/2 + (Coslc + dxxlxSinlc + dvx])/(2+)))/4))/6 |

Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

rule 3042 Dt [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b™2*((n - 1)/n) Int[(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

rule 3115

rule 4533 Int[(escl(e_.) + (£_.)*(x)1*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)]172%(C_.)

+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*m)), x] +

Simp[(C*m + A*(m + 1))/(b~2*m) Int[(b*Cscle + f*x])"(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]
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Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.69

method result
. (45A+48C) sin(2dz+2c)+(9A+6C) sin(4dz+4c)+ A sin(6dz+6¢)+60zd (A+ %)
parallelrisch 994
. 5Ax 3Cz Asin(6dz+6c) 3Asin(4dz+4c) sin(4dz+4c)C 15A sin(2dz+2c) sin(2dz+2¢)C
risch 6 58 T 1924 T 64d + 32d + 64d + 4d
3
(cos(derc)s‘L Beoslrte)” 18 cosfdute) > stz 5dz | 5 (°°S<dw+c)3+ S ) sin(de+e) .
A 5 +36 T16 [TC 7} +555 1
derivativedivides i
3
<cos(dz+c)5+ 5 cos((inrc) + 15 cos(8d1+c) > sin(dz+-c) sd 5 (cos(dz+c)3+ ‘273 cos(dwc) ) sin(dz+c) 3d
A 5 +36 T16 | TC 1 Tt
default |
4 2 6
5A _3C 45A 27C d 25A _15C d 25A _15C d A
norman (‘ﬁ‘?)”(‘%‘?)“an(%‘?%) +<_T6_5T>Ztan(7w+%> +(—T—T)“an( 2x+%> +(5Te
input Lint (cos (d*x+c) ~6* (A+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J
output \ 1/192% ((45%A+48*C) *sin (2*xd*x+2*c) + (9*A+6*C) *sin (4*d*x+4*c) +A*sin (6*d*xx+6*C

‘)+60*x*d*(A+6/5*C))/d

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76

/cose(c + dz) (A + C'sec®(c + dz)) dz

3(6A+6C)dx+ (8Acos(da:—|—c)5—|—2(5A+6C)cos(dac+c)3+3(5A+60)cos(dm+c)) sin (dz -
48d

input Lintegrate (cos(d*x+c) “6x(A+Cxsec(d*x+c)~2) ,x, algorithm="fricas") J

‘1/48*(3*(5*1& + 6*C)*d*x + (8*A*cos(d*x + c)”5 + 2x(5%A + 6*C)*cos(d*x + c) \

output
“3 + 3%(5%A + 6%C)*cos(d*x + c))*sin(d*x + c))/d ‘
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Sympy [F(-1)]

Timed out.

/cosﬁ(c + dz) (A + C'sec’(c +dz)) dz = Timed out

input Lintegrate (cos(d*x+c) **6* (A+Cxsec (d*x+c) **2) ,x) J

output ‘ Timed out ‘

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.16

/COSG(C + dz) (A+ Csec’*(c+dz)) dz

3 (5 A+6 C) tan(dz+c)®+8 (5 A+6 C) tan(dz+c)3+3 (11 A+10 C) tan(dz+c)
3 (d.’E + C)(5 A+6 C) + tan(dz+c)®+3 tan(dz+c)*+3 tan(dz+c)2+1

48d

input ‘ integrate(cos(d*x+c) “6%(A+C*sec (d*x+c) ~2),x, algorithm="maxima") ‘

output‘ 1/48* (3% (d*x + c)*x(5%A + 6%C) + (3*x(5%A + 6*C)*tan(d*x + c)”5 + 8*x(5%A + 6 \
(*C)xtan(d*x + ¢)73 + 3x(11%A + 10%C)*tan(d*x + c))/(tan(d*x + c)"6 + 3xtan
‘(d*x + ¢c)"4 + 3xtan(d*x + ¢)~2 + 1))/d \

Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.08

/cose(c + dz) (A + C'sec’(c + dz)) dz

3 (dl’ + C) (5 A+6 C) + 15 A tan(dz+c)®+18 C tan(dz+c)®+40 A tan(dz+c)3+48 C t%n(dm+c)3+33 Atan(dz+c)+30 C tan(dz+c)
(tan(dm+c)2+1>

48d
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input ‘ integrate(cos(d*x+c) “6* (A+C*sec (d*x+c)~2),x, algorithm="giac") ‘

|1/48%(3%(d*x + c)*(5%A + 6%C) + (15*A*tan(d*x + c)°5 + 18*Cxtan(d*x + c)°5

tput
P |+ 40%Axtan(d*x + c)"3 + 48%Cxtan(d*x + c)"3 + 33xAxtan(d*x + c) + 30%Cxta
Ln(d*x + ¢))/(tan(d*x + c)"2 + 1)73)/d J
Mupad [B] (verification not implemented)
Time = 12.14 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.02
/COSG(C + dz) (A + C'sec’*(c+dz)) dz
(34,3
- T\16 8
N (34 +32) tan(c+ d =)’ + (32 + C) tan(c + dz)’ + (B4 + 22) tan(c + d )
d (tan (c +dz)° + 3tan (c + dz)* + 3tan (c + dz)* + 1)
input Lint(cos(c + d*x)"6%(A + C/cos(c + d*x)~2),x) J

output
\)‘3*((5*A)/6 + C) + tan(c + d*x)~5*%((5%A)/16 + (3*C)/8))/(d*x(3*tan(c + d*x

\/x*((S*A)/le + (3%C)/8) + (tan(c + d*x)*((11*%A)/16 + (5%C)/8) + tan(c + d*x \\
)72 + 3xtan(c + d*x)"4 + tan(c + d*x)76 + 1)) |

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.09

/cose(c + dz) (A + C'sec®(c + dz)) dz

_ 8cos (dz + c)sin (dz + ¢)® a — 26 cos (dz + ¢) sin (dz + ¢)* @ — 12 cos (dz + ¢) sin (dz + ¢)® ¢ + 33 cos (d
B 48d

input Lint (cos(d*x+c) ~6% (A+Cxsec (d*x+c)~2) ,x) J




CHAPTER 3. LISTING OF INTEGRALS 131

output‘ (8*cos(c + d*x)*sin(c + d*x)**5xa - 26%cos(c + d*x)*sin(c + dxx)**3*a - 12
‘*cos(c + d*x)*sin(c + d*x)**3*%c + 33*cos(c + d*x)*sin(c + d*x)*a + 30*cos(
\c + d*x)*sin(c + d*x)*c + 15%akxd*x + 18%cxd*x)/(48%d)
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3.14 [ sec™(c+dx) (_ﬁ—% + C'sec’(c+ dz)) dz

Optimal result . . . . . . . . . . . . e 132
Mathematica [C] (verified) . . . . . . . . . ... L 1321
Rubi [A] (verified) . . . .. . . ... .. 133
Maple [A] (verified) . . . . . . . .. L 134
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 134
Sympy [F] . . o o 135
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 135
Giac [F] . . . . o o 136
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 136
Reduce [F] . . . . . 136

Optimal result

Integrand size = 29, antiderivative size = 26

1+m .
/ sec™ (¢ + dz) (—i—m + C'sec®(c + dx)> dg = £ (2 (ﬂ; iﬂfr)nsgm(c + dz)

1+m

e

Cxsec(d*x+c) " (1+m) *sin(d*x+c)/d/ (1+m)

~—

output L

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.34 (sec) , antiderivative size = 113, normalized size of antiderivative = 4.35

/secm(c + dz) (—f;_—mm + C'sec’(c + dm)) dx

_ Cese(c+ dx) sec™ ™ (c + dx) (—((2 + m) Hypergeometric2F1 (3, 5, 2™ ,sec’(c + dx))) + (1 +m) H
B d(1+m)(2+m)

input LIntegrate [Sec[c + d*x] m*(-((C#m)/(1 + m)) + CxSecl[c + d*x]"2),x] J
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t‘ (CxCsclc + d*x]*Sec[c + d*x]~(-1 + m)*(-((2 + m)*Hypergeometric2F1[1/2, m/ ‘
‘2, (2 + m)/2, Seclc + d*x]"2]) + (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, ‘
‘ (4 + m)/2, Sec[c + d*x]"2]*Sec[c + d*x]~2)*Sqrt[-Tan[c + d*x]~2])/(d*x(1 + ‘
‘ m)*(2 + m)) ‘

outpu

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.069, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Cm

/secm(c + dz) <C sec’(c + dz) — m+1> dx

J,3042

/csc (c-l—d:c-l—g)m <Ccsc <c+dx+g)2— mCm )d:c

l 4531

C'sin(c + dz) sec™ ! (c + dz)
dm+1)

input‘ Int[Sec[c + d*x] m*x(-((C*m)/(1 + m)) + CxSecl[c + d*x]"~2),x] ‘

-

L(C*Sec[c + d*x]~(1 + m)*Sin[c + d*x])/(d*x(1 + m))

| —

output
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 4531 Int[(cscl(e_.) + (£_)*(x_)]1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + A*(m + 1), 0]
Maple [A] (verified)
Time = 0.89 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.27
method result
parallelrisch smg”:&‘;)fsb(’iffn")’;)m
. sei(dztc) 3 i jet(dz+c) 2 - i(dzc) X PRI
iesgn| 5rramr oy ) ™M dcsgn| e — csgn (e mm  icsgn| 5
iC2m (eildte))™ (g2ilde+e) £ 1) 7™ | o~ (4 oot )H) e (s )“)2 ( ) e (s
risch —
input Lint (sec (d*x+c) “m* (~C*m/ (1+m) +C*sec (d*x+c) ~2) , x ,method=_RETURNVERBOSE) J
OutputLsin(d*x+c)/cos(d*x+c)/(1+m)/d*C*sec(d*x+c)"m J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.27

) Om ) B Costdzre sin(dz +c)
/sec (c+ dx) (—H—m—l—Csec (c—l—dz)) dr = (dm + d) cos (dz + ©)

input Lintegrate (sec(d*x+c) “m* (-C*m/ (1+m)+C*sec (d*x+c) ~2) ,x, algorithm="fricas") J

output LC*(l/cos(d*x + ¢))"m*sin(d*x + c)/((d*m + d)*cos(d*x + c)) J
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Sympy [F]

14+m
_ C([f (—msec™ (c + dx)) dx + [ sec? (c+ dz)sec™ (c + dz) dx + [ msec® (c + dx) sec™ (¢ + dx) dx)
B m+1

/secm(c + dz) (_C_"__m + C'sec’(c + dx)) dz

~—

p
input Lintegrate (sec(d*x+c) **m* (-C*m/ (1+m) +C*sec (d*x+c) **2) ,x)

e hY
Output‘C*(Integral(-m*sec(c + d*x)**m, x) + Integral(sec(c + dxx)#**2*sec(c + d*x) ‘

‘**m, x) + Integral(m*sec(c + d*x)**2xsec(c + d*x)**m, x))/(m + 1) ‘

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 304 vs. 2(26) = 52.
Time = 0.25 (sec) , antiderivative size = 304, normalized size of antiderivative = 11.69

/secm(c + dz) (_C_m + C'sec’(c + d:v)) dx =

1+m
_2™C cos (—(dz + ¢)(m + 2) + marctan (sin (2dz + 2¢) ,cos (2dz + 2¢) + 1)) sin (2dz + 2¢) — 2™C

input Lintegrate (sec(d*x+c) “m* (-C*m/ (1+m) +C*sec (d*x+c) “2) ,x, algorithm="maxima") J

-(2"m*C*cos(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2*d*x + 2
*c) + 1))*sin(2%d*x + 2%c) - 2 m*C*xcos(-(d*x + c)*m + m*arctan2(sin(2*d*x

+ 2%c), cos(2xd*x + 2%c) + 1))*sin(2kd*x + 2%c) + (2"m*Cxcos(2*d*x + 2%c)

+ 2°m*C) *sin(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2*c), cos(2xd*x +

2%c) + 1)) - (2"m*Cxcos(2*d*x + 2%c) + 2"m*C)*sin(-(d*x + c)*m + m*arctan2
(sin(2*%d*x + 2*c), cos(2*xd*x + 2%c) + 1)))/(((m + 1)*cos(2*d*x + 2xc)~2 +

(m + 1)*sin(2*d*x + 2%c)”2 + 2*x(m + 1)*cos(2*d*x + 2%c) + m + 1)*(cos(2*dx*
X + 2%c)”2 + sin(2*kd*x + 2%c)”2 + 2xcos(2*d*x + 2xc) + 1)~ (1/2*m)*d)

output
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Giac [F]
m Cm 5
sec™(c+dx) | ———— + Csec*(c+dx) | dx
1+m
= / (C’ sec (dz + ¢)? — C_m) sec (dz +¢)™ dx
m+1
input Lintegrate (sec(d*x+c) “m* (-C*m/ (1+m) +C*sec (d*x+c) “2) ,x, algorithm="giac") J
outputLiﬂtegrate((C*sec(d*x + ¢c)”2 - Cxm/(m + 1))*sec(d*x + c)"m, x) J

Mupad [B] (verification not implemented)

Time = 12.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.62

C sin(2¢+ 2dz) (W)m
d(cos(2c+2dz)+1) (m+1)

/secm(c + dz) (—(j_—m + C'sec®(c + dx)) dz =

1+m

input Lint((l/cos(c + d*x)) "m*(C/cos(c + d*x)~2 - (C*m)/(m + 1)),x) J

outputt(c*sin(Q*c + 2xd*x)*(1/cos(c + d*x))~m)/(d*(cos(2*c + 2%d*x) + 1)*(m + 1)) J

Reduce [F]

/secm(c + dz) (_(_J"__m + C'sec’(c + dz)) dz

1+m
_c(=(/sec(dz + )™ dz) m + (f sec (dz + )" sec (dz + ¢)* dz) m + [ sec (dz + )" sec (dz + ¢)* dx)
- m+1
input Lint (sec(d*x+c) “m* (-C*m/ (1+m) +C*xsec (d*x+c) ~2) ,x) J
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‘ (cx( - int(sec(c + d*x)**m,x)*m + int(sec(c + d*x)**m*sec(c + d*x)**2,x)*m

output
‘ + int(sec(c + d*x)**m*sec(c + d*x)**2,x)))/(m + 1)
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m

3.15 [ sec™(c + dzx) (A _ Alltm) SeCQ(C+dx)> dx

Optimal result . . . . . . . . . . . . . . e 138
Mathematica [C] (verified) . . . . . . . . ... . . L 138
Rubi [A] (verified) . . . . . . . . . . 1391
Maple [A] (verified) . . . . . . ... L 140
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ..... 140
Sympy [F] . . . o 141
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 141]
Giac [F] . . . o o 1421
Mupad [B] (verification not implemented) . . ... ... ... .. ... ..... 142
Reduce [F] . . . o . oo e 142

Optimal result

Integrand size = 28, antiderivative size = 25

2 1+m :
/SeCm(C—l—dx) (A _A(1+m)sec (c+dx)) dp — _ Asec'*™(c + dz)sin(c + dz)

m dm

output L-A*sec (d*x+c) ™ (1+m) *sin(d*x+c) /d/m J

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.21 (sec) , antiderivative size = 111, normalized size of antiderivative = 4.44

/Secm(chdx) (A— Al +m) Secz(c—l—dx)) i

m
_ Acsc(c+ dx) sec™'*™(c + dx) (2 + m) Hypergeometric2F1 (3, %, 25, sec?(c + dx)) — (1 4+ m) Hyper
dm(2 +m)

tnput Integrate[Sec[c + d*x] m*(A - (Ax(1 + m)*Sec[c + d*x]~2)/m),x] ‘
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t‘ (AxCsc[c + d*x]#*Sec[c + d*x]~ (-1 + m)*((2 + m)*Hypergeometric2F1[1/2, m/2, ‘
‘ (2 + m)/2, Sec[c + d*x]"2] - (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, (4 ‘
‘ + m)/2, Seclc + dxx]~2]*Sec[c + d*x]~2)*Sqrt[-Tan[c + d*x]~2])/(d*m*(2 + ‘
‘m) |

outpu

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 0.071, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/secm(c—i—d:c) (A _A(m+1) secz(c+dx)> .

l 3042

7\ 2
/csc(c+dm+7">m (A— A(m+1)csc(c+dz+ %) )dx

2 m

l 4531

_ Asin(c + dz) sec™ ! (c + dx)
dm

-

LInt [Sec[c + d*x] m*(A - (A*x(1 + m)*Sec[c + d*x]~2)/m),x]

\ ]

input

output L-((A*Sec [c + d*x]~(1 + m)*Sin[c + d*x])/(d*m)) J
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 4531 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCsc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C#m + A*(m + 1), O]
Maple [A] (verified)
Time = 0.56 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28
method result
parallelrisch —Sin(di;zc()clifcc)%z+6)m
icsgn 7i'ei(dx+c) 37rm icsgn 7i¢i(dz+c) 2cs n iei(dw-&-c) Tm 4 csgn 7i?i(dz+
1A2™ (ei(dm+c))m(e2i(dz+c)+1)_m e” - <621(d2+6)+1) e - (GZZ(dQH—C)H )2 - ( ) e : (em(dmﬂ
risch
input Lint (sec(d*x+c) “mk (A-A* (1+m) *sec (d*x+c) “2/m) ,x ,method=_RETURNVERBOSE) J
output L—sin (d*x+c)/cos(d*x+c) /m/d*A*sec(d*x+c) "m J
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.32
A(1 4+ m)sec?(c + dx A sin (dz +c)
/secm(c +dz) | A— (1+m)sec(ct dr) dg = ——csdzto)
m dm cos (dz + ¢)
input Lintegrate (sec(d*x+c) “m* (A-A*(1+m) *sec (d*x+c) "2/m) ,x, algorithm="fricas") J

output L—A*(l/cos(d*x + ¢)) "“m*sin(d*x + c)/(d*m*cos(d*x + c)) J
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Sympy [F]

/secm(c+dx) (A _AQ+m) sec2(c+dx)) dp —

m
A(J (=msec™ (c + dz)) dz + [ sec® (c + dz) sec™ (c + dz) dz + [ msec® (c + dz) sec™ (c + dz) d)
m
inputLintegrate(SeC(d*X+C)**m*(A—A*(1+m)*sec(d*x+c)**2/m),x) J

output‘ -Ax(Integral (-mxsec(c + d*x)#**m, x) + Integral(sec(c + d*x)**2xsec(c + d*x ‘
‘)**m, x) + Integral(m*sec(c + dxx)**x2xsec(c + d*x)**m, x))/m ‘

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 296 vs. 2(25) = 50.
Time = 0.23 (sec) , antiderivative size = 296, normalized size of antiderivative = 11.84

/secm(c + dz) (A _ AQL+m)seci(e+ dx)) dx

m
_ 2™Acos (—(dz + c¢)(m + 2) + marctan (sin (2dz + 2¢) ,cos (2dx + 2¢) + 1)) sin (2dx +2¢c) — 2™Aco

input Lintegrate (sec(d*x+c) “m* (A-A* (1+m) *sec (d*x+c) "2/m) ,x, algorithm="maxima") J

(2"m*A*cos(-(d*x + c)*(m + 2) + m*arctan2(sin(2*d*x + 2%c), cos(2*d*x + 2%
c) + 1))*sin(2xd*x + 2xc) - 2 m*A*cos(-(d*x + c)*m + m¥arctan2(sin(2*d*x +
2%c), cos(2%d*x + 2%c) + 1))*sin(2*d*x + 2*c) + (2 m*Axcos(2xd*x + 2%c) +
2"m*A) *sin(-(d*x + c)*(m + 2) + m*xarctan2(sin(2*d*x + 2*c), cos(2xd*x + 2
*c) + 1)) - (2 mkA*cos(2*d*x + 2*c) + 2 m*A)*sin(-(d*x + c)*m + m*arctan2(
sin(2*d*xx + 2*c), cos(2*d*xx + 2*c) + 1)))/((m*cos(2*d*x + 2%c)~2 + m*sin(2
xd*x + 2%c)"2 + 2#mxcos(2*d*x + 2xc) + m)*(cos(2xd*x + 2*c)"2 + sin(2*d*x
+ 2%c) "2 + 2*kcos(2xd*x + 2%c) + 1)7(1/2+%m)*d)

output
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Giac [F]
2
/secm(c + dz) (A _ At m)seci(c+ d:v)) dz
m
2
_ /_ (A(m +1)sec(dz +c)” A) sec (dz + o)™ d
m
inputLintegrate(SeC(d*x+c)‘m*(A—A*(1+m)*sec(d*x+c)‘2/m),x, algorithm="giac") J
Outputtintegrate(—(A*(m + 1)*sec(d*x + c)~2/m - A)*sec(d*x + c)"m, x) J

Mupad [B] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.64

/SeCm(C-l-dx) A_A(1+m)sec2(c+da;) dx——ASin(2c+2d$) (m)
m N dm (cos(2c+2dz)+1)

input Lint((A - (A*(m + 1))/(m*cos(c + d*x)~2))*(1/cos(c + d*x)) m,x) J

output‘ -(Axsin(2*%c + 2%d*x)*(1/cos(c + d*x)) ~m)/(d*m*(cos(2%c + 2xd*x) + 1)) ‘

Reduce [F|

e ay (4 ALTmImte i) |

_ a(([ sec (dz +c)™ dz) m — ([ sec (dz + )™ sec (dz + ¢) dz) m — ([ sec (dz + ¢)™ sec (dz + ¢)* dz))

m

tnput Lint (sec(d*x+c) “m* (A-A* (1+m) *sec (d*x+c) ~2/m) ,x) J
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‘ (ax(int(sec(c + d*x)**m,x)*m - int(sec(c + d*x)**m*sec(c + d*x)**2,x)*m -

output
‘int(sec(c + dxx)**mxsec(c + d*x)**2,x)))/m
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3.16 [(bsec(c+dz))? (A + C'sec’(c + dz)) dx

Optimal result . . . . . . . . . . . . e 144
Mathematica [A] (verified) . . . . . . . . . ... o 144
Rubi [A] (verified) . . . .. . . ... .. 145
Maple [C] (verified) . . . . . . . . . ... 147
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 148
Sympy [F(-1)] . . o oo 148
Maxima [F] . . . . . . 149
Giac [F] . . . . o o 149
Mupad [F(-1)] . . . o o 149
Reduce [F] . . . o . o o 150

Optimal result

Integrand size = 25, antiderivative size = 110

/(b sec(c + dz))*? (A
2b%(7A + 5C)+/cos(c + dz) EllipticF (3 (c + dz),2) v/bsec(c + dz)

2 _
+C'sec’(c+dz)) dz= 514

2b(7A + 5C)(bsec(c + dz))*?sin(c + dz)  2C(bsec(c + dz))*/? tan(c + dz)
" 21d " 7d

Output‘2/21*b”2*(7*A+5*C)*cos(d*x+c)'"(1/2)*InverseJacobiAM(1/2*d*x+1/2*c,2“(1/2)) ‘
*(bxsec(dxx+c)) ™ (1/2) /d+2/21%bx (T*A+5xC) * (bxsec (dxx+c)) ™ (3/2) *sin(d*x+c) /d |
L+2/7*C* (bxsec(d*x+c))~(5/2) *tan (d*x+c) /d J

Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.76

/(b sec(c + dzx))®/? (A

(bsec(c + dx))™/? (4(7A +5C) cosz (¢ + dz) EllipticF (3(c+dzx),2) +2(TA+ 11C
42bd

+C'sec’(c+dz)) dz=
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input‘ Integrate[(b*Sec[c + d*x])~(5/2)*(A + C*Sec[c + d*x]~2),x] ‘

output‘ ((b*Sec[c + d*x])~(7/2)*(4*(7*A + 5xC)*Cos[c + d*x]~(7/2)*EllipticF[(c + d ‘

(¥x)/2, 2] + 2¢(T*A + 11%C + (7*A + 5xC)*Cos[2*(c + d*x)1)*Sinlc + d*x1))/(
42+bxd) J

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.98,

_ _ ¢ number of rules _
number of steps used = 8, number of rules used = 8, integrand size — 0.320, Rules

used = {3042, 4534, 3042, 4255, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(b sec(c + dz))%/? (A + C'sec?(c + dz)) dx

| 3042
™ 5/2 T 2
/(bcsc<c+da:+2>> <A+Ccsc(c+dw+2) >dm
| 4534
5/2
%(7A +5C) /(b sec(c + dz))%/2dz + 2C tan(c + dm)szisec(c +dz))
| 3042
1 T\ 5/2 2C tan(c + dzx)(bsec(c + dac))5/2
7(7A+5C’)/<bcsc <c+dx+§)> dzr + 7
| 4255
i 3/2
%(714_,_ 5C) (;bz/ bsec(c + dz)de + 2bsin(c + dac)(;);ec(c-i- dx)) ) N

2C tan(c + dz) (bsec(c + dz))>/?
7d

l 3042
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1 1, E 2bsin(c + dz) (bsec(c + dx))>/?
7(7A—|—5C’) <3b /\/bcsc<c+d:c+2>dx+ 3d +

2C tan(c + dz) (bsec(c + dx))%/?
7d

l'4258

1
—(7A
7(7 +

1, 1 2bsin(c + dz) (bsec(c + dx))3/?
5C) <3b \/cos(c-l-dm)\/bsec(c-l-dz)/ \/mdx-l- 34 +
2C tan(c + dz) (bsec(c + d))>/?

7d

l 3042

1
—(7TA
~(TA+

5C) (;bQ V/cos(c+ dx)+/bsec(c + dx) / \/ L do+ 2 sinfe + dw)(;);ec(c + dx))3/2) N

sin (c+dz + %)
2C tan(c + dz) (bsec(c + dx))>/?
7d

l 3120

1
1A+
2b?/cos(c + dz) EllipticF (3(c + dz),2) /bsec(c +dz)  2bsin(c + dx)(bsec(c + dz))?/?
50) 34 + 34 +

2C tan(c + dz) (bsec(c + dx))%/?
7d

4 hY

Int[(b*Sec[c + d*x])~(5/2)*(A + CxSec[c + d*x]~2),x]

N\ J

input

Output} ((7*A + 5%C)*((2+b~2#Sqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*S
‘eclc + d*x]1)/(3%d) + (2*b*(b¥Sec[c + d*x])~(3/2)*Sinlc + d¥x])/(3+d)))/7
'+ (2#C*(bxSec[c + d*x])~(5/2)*Tan[c + d*x])/(7*d)
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3120 Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

rule 4255 1ntllescl(c_.) + (d_.)*(x_)1*(b_.))"(n ), x_Symbol] :> Simp[(-b)*Coslc + dx
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int [(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

&& IntegerQ[2*n]

ru1e4258‘Int[(csc[(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csc[c + d*x]

‘)‘n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
\ EqQ[n~2, 1/4]

rule 4534\1nt[(csc[(e_.) + (£_)*(x)I*(_.))"(m_)*(escle_.) + (£_.)*(x)172%(C_.) |
'+ (A))), x_Symboll :> Simp[(-C)*Cotl[e + fxx]*((bxCscle + £*x1)°m/(f*(m + 1) |
\)), x] + Simp[(C*m + Ax(m + 1))/(m + 1) Int[(bxCscle + f*x])°m, x], x] /; \
| FreeQ{b, e, £, A, C, m}, x] && NeQ[C+m + Ax(m + 1), 0] && !LeQ[m, -1] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 20.38 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.67

method | result

cos(dz+c)

3 1 s .
( 20(_5 tan(dm+c)—35ec(dm+c)2 tan(dm+c)) + 2Atan(dz+c) 2Z(Cos(dz+c)+1)\/cos(dz+c)+1 cos(dz+c)+1 EllipticF (i(csc(dz+c) —cot(
— s _

21 3

default v

cos(dz+c)

2i(cos(dz+c)+1) EllipticF(i(csc(dz+c)—cot(dz+-c)),i) 1
A (_ . \/cos(dw+c)+1 \/cos(dw+c>+1 +2tan(:;ia:+c)) b2 bSEC(d:ZI+C) C (10 tan2(1¢
+

parts p
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input‘int((b*sec(d*x+c))“(5/2)*(A+C*sec(d*x+c)“2),x,method=_RETURNVERBOSE)

1/d* (-2/21#C* (-5*tan (d*x+c) -3*sec (d*x+c) "2*tan (d*x+c) ) +2/3*A*xtan (d*x+c) -2/
3*I*(cos(d*x+c)+1)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*(1/(cos(d*x+c)+1))~ (1
/2)*E1llipticF (I*(csc(d*x+c)-cot(d*x+c)),I)*A-10/21*I*(cos(d*x+c)+1)*(cos(d
*x+c) / (cos(d*x+c)+1))~(1/2)*(1/ (cos (d*x+c)+1)) ~(1/2)*E1llipticF (I*(csc(d*x+
c)-cot (d*x+c)) ,I)*C)*b~2* (b*sec (d*x+c)) ~(1/2)

output

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.29

/(b sec(c + dz))*? (A
—iv/2(7 A+ 5C)b2 cos (dz + c)® weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (d:

+C'sec’(c+dz)) dz =

input ‘ integrate ((b*sec(d*x+c))~(5/2)* (A+C*sec (d*x+c)~2),x, algorithm="fricas") J

1/21% (-I*sqrt (2)*(7*A + 5%C)*b~(5/2)*cos(d*x + c) " 3*weierstrassPInverse(-4
, 0, cos(d*x + c) + Ixsin(d*x + c)) + Ixsqrt(2)*(7*A + 5*C)*b~(5/2)*cos(d*
X + c) 3*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) + 2*%((7
*A + B*C)*b~2xcos(d*x + c)~2 + 3*%Cxb~2)*sqrt(b/cos(d*x + c))*sin(d*x + c))
/(d*cos(d*x + c)~3)

output

Sympy [F(-1)]

Timed out.

/(b sec(c + dx))>/? (A+ Csec’(c+ dz)) dz = Timed out

input Lintegrate ((bxsec (d*x+c))*x(5/2) * (A+Cksec (dxx+c) **2) ,x) J
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output LTimed out J
Maxima [F]
/(b sec(c+dx))*? (A+Csec?(c+dx)) dz =/ (C'sec(dz +c)* + A)(bsec (dz + C))% dx
inputtintegrate((b*sec(d*x+c))‘(5/2)*(A+C*sec(d*x+c)‘2),x, algorithm="maxima") J
outputLintegrate((C*sec(d*x + ¢c)"2 + A)x(bxsec(d*x + ¢))~(5/2), x) J
Giac [F]
5/2 2 2 5
/(b sec(c+dz))*? (A+C sec*(c+dzx)) dx:/ (C'sec(dz + ¢)* + A)(bsec (dz + ¢))? dz
input Lintegrate((b*sec(d*}ﬁc) )~ (5/2) % (A+C*sec (d*x+c)~2) ,x, algorithm="giac") J
output | 1rtegrate((Crsec(drx + )72 + A)x(bxsec(dxx + €))7 (5/2), x) |
Mupad [F(-1)]
Timed out.
/(bsec(c +dz))*? (A + Csec*(c+ dz)) dr = / (A
C b 5/2
+ dx
cos(c+dx)2) (cos (c—i—dw))
inputLint((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(5/2),x) J

output Lint((A + C/cos(c + dxx)~2)*(b/cos(c + d*x))~(5/2), x) J
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Reduce [F]

/ (bsec(c + dz))*? (A
+ Csec’(c +dz)) dz = \/l_)b2(</ V/sec (dz + ¢) sec (dz + ¢)* d:c) c
+ (/ V/sec (dz + ¢) sec (dz + ¢)® d:c) a)

input Lint ((bksec (dxx+c)) =~ (5/2) * (A+Cxsec (d*x+c) ~2) ,x) J

‘sqrt(b)*b**2*(int(sqrt(sec(c + d*x))*sec(c + d*x)**4,x)*c + int(sqrt(sec(c ‘

output
‘ + dxx))*sec(c + d¥x)**2,x)%a)
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3.17 [(bsec(c+dz))¥/? (A + C'sec’(c + dz)) dx

Optimal result . . . . . . . . . . . . e 1511
Mathematica [C] (verified) . . . . . . . . .. ... L 1511
Rubi [A] (verified) . . . .. . . ... .. 152
Maple [C] (verified) . . . . . . . . . ... 154
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 155
Sympy [F] . . o o 156
Maxima [F] . . . . . . 1561
Giac [F] . . . . o o 156
Mupad [F(-1)] . . . o o 157
Reduce [F] . . . . . 157

Optimal result

Integrand size = 25, antiderivative size = 110

20’ (5A+3C)E(5(c+dx)|2)
5d+/cos(c + dz)+/bsec(c + dz)

2b(5A + 3C)+/bsec(c + dz)sin(c + dz)  2C(bsec(c + dz))*/? tan(c + dz)
* 5d * 5d

/(b sec(c + dz))3/? (A+ Csec’(c+dz)) dz =

output | -2/5%b~2% (5xA+3%C) *E1LipticE (sin(1/2+d*x+1/2%c) 27 (1/2))/d/cos (d*x+c) ~(1/2
)/ (brsec(d*x+c)) ™ (1/2)+2/5+b* (5A+3+C) * (b¥sec (d*x+c)) " (1/2) ¥sin(d*x+c) /d+2 |
‘ /5%C* (b*sec (d*x+c)) " (3/2) *tan(d*x+c) /d ‘

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.19 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.67

/(b sec(c + dz))*? (A
4ie’c*d2) cos®(c + dx) <—3 <5A(1 + e2i(c+d’”))2 + C(1 + 8e2iletdn) 4 3641'(6*‘”))) + (
15d (1 + 2

+C'sec*(c+dz)) dz=
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input‘ Integrate[(b*Sec[c + d*x])~(3/2)*(A + C*Sec[c + d*x]~2),x]

(((4*I)/15)*E~(I*(c + d*x))*Cos[c + d*x]"3*(-3*(5xA*(1 + E~((2*I)*(c + d*x
)))"2 + Cx(1 + 8+E~((2*I)*(c + d*xx)) + 3*E~((4*I)*(c + d*x)))) + (5%A + 3%
C)*(1 + E~((2*I)*(c + d*x)))~(5/2)*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2
*I)*x(c + d*x))])*(b*Sec[c + d*x])~(3/2)*(A + C+Seclc + d*x]~2))/(d*(1 + E~
((2*I)*(c + d*x)))"2%(A + 2*C + AxCos[2*(c + d*x)]1))

output

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.95,

_ _ o number of rules
number of steps used = 8, number of rules used = 8, integrand size — = 0.320, Rules

used = {3042, 4534, 3042, 4255, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(b sec(c + dz))3/? (A + C'sec?(c + dz)) dx

l 3042

/(bcsc (c+dm+ ;))3/2 (A+C’csc (c—i—dm-l— 72T)2> dx

J,4534

2C tan(c + dz) (bsec(c + dz))>/?
5d

%(5,4 +30) / (bsec(c + dx))*2dz +

J’3042

1 3/2 2C tan(c + dz)(bsec(c + dz))3/?
5(5A+3C)/<bcsc<c+dw+2>> dz ¥

l 4255

1(5A+3C’) 2bsin( c+dm)\/bsec (c+ dx) b2/
o V/bsec( c+dm

2C tan(c + dz)(bsec(c + dx))3/?
5d

l 3042
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. \/7
1(514 +30) 2bsin(c + da:)d bsec(c+dz) b2/ 1 iz | +
5 bese (c+dz+5)
2C tan(c + dx) (bsec(c + dx))3/?

5d
| 4258
1(5A +30) 2bsin(c + dz)\/bsec(c+dz)  b* [ \/cos(c+ dx)dx N
5 d \/cos(c + dz)+/bsec(c + dz)
2C tan(c + dz) (bsec(c + dzx))3/?
5d
| 3042
1(5A +30) 2bsin(c + dz)/bsec(c + dz) v [ \/sin (c+dz+3)dz 4
5 d \/cos(c + dz)/bsec(c + dz)
2C tan(c + dz) (bsec(c + dx))>/?
5d
| 3119
i Vi 26%E (% (c+ dz)| 2
1(5A+3C) 2bsin(c + dz)+/bsec(c +dz) (5(c+dz)|2) 4
5 d d+/cos(c + dz)+/bsec(c + dz)
2C tan(c + dz) (bsec(c + dx))3/?
5d
input LInt [(b*Sec[c + d*x])~(3/2)*(A + CxSec[c + d*x]~2),x] J

e B

((5%A + 3*%C)*((-2*%b~2xEllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqr
‘t[bxSecc + d*x]]) + (2xbxSqrt[b*Sec[c + d*x]1*Sin[c + d*x])/d))/5 + (2¥Cx
(bxSeclc + da*x])~(3/2)*Tanlc + d*x])/(5+d) |

output
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xI]

rule 3119

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Simp[b™2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]

rule 4255

‘Int[(csc[(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x] ‘
‘)"n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] && ‘
| EqQ[n~2, 1/4]

rule 4258

rule 4534\1nt[(csc[(e_.) + (£_)*(x)I*(_.))"(m_)*(escle_.) + (£_.)*(x)172%(C_.) |
'+ (A))), x_Symboll :> Simp[(-C)*Cotl[e + fxx]*((bxCscle + £*x1)°m/(f*(m + 1) |
\)), x] + Simp[(C*m + Ax(m + 1))/(m + 1) Int[(bxCscle + f*x])°m, x], x] /; \
| FreeQ{b, e, £, A, C, m}, x] && NeQ[C+m + Ax(m + 1), 0] && !LeQ[m, -1] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 6.43 (sec) , antiderivative size = 370, normalized size of antiderivative = 3.36

method | result

_ 2b (51’ (cos(dw+c)2+2 cos(dw—i—c)—}-l) A\/cos(da:1+c)+1 \/COCSO(Z(:_?;C_)H EllipticE(¢(csc(dz+c) —cot(dz+-c)),5)+3i <cos(dz+c)2+2 C

default

" 2A (z (cos(dw+c)2+2 cos(dw—i—c)—}-l) \/cos(dz1+c)+1 \/cocso(sd(;iit)c-#)—l EllipticF (i(csc(dz+c)—cot(dz+-c)),i)+i (— cos(dz+c)2—2 cos(
parts d(cos(dz+c)+1)

input Lint ((bxsec(d*x+c))~(3/2) * (A+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J
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-2/5/d*b* (5%I* (cos (d*x+c) ~2+2%cos (d*x+c)+1) *Ax (1/ (cos (d*x+c)+1))~(1/2)*(co
s(dxx+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)),I)+3*I*
(cos(d*x+c) ~“2+2*cos (d*x+c)+1) *Cx (1/ (cos(d*x+c)+1)) ~(1/2) *(cos (d*x+c) / (cos(
d*x+c)+1) )~ (1/2) *E1lipticE(I* (csc(d*x+c)-cot (d*x+c)) ,I)+5*I*(-cos(d*x+c) 2
-2%cos (d*x+c)-1)*A*(1/(cos(d*x+c)+1)) "~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1))~ (1
/2)*E1lipticF (I*(csc(d*x+c)-cot(d*x+c)),I)+3*I*(-cos(d*x+c) “2-2xcos (d*x+c)
-1)*C* (1/ (cos (d*x+c)+1)) ~(1/2) *(cos(d*x+c) / (cos (d*x+c)+1)) ~(1/2) *EllipticF
(I*(csc(d*x+c)-cot (d*x+c)),I)-B*xA*xsin(d*x+c)+C* (-3*sin (d*x+c)-tan(d*x+c)-s
ec(d*x+c)*tan(d*x+c)))* (bxsec(d*x+c))~(1/2)/(cos (d*x+c)+1)

output

N

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.30

/(b sec(c + dzx))%/? (A
—iv/2(5 A+ 3C)b2 cos (dz + ¢)* weierstrassZeta(—4, 0, weierstrassPInverse(—4, 0,

+C'sec’(c+dz)) dz=

inputLintegrate((b*sec(d*x+c))"(3/2)*(A+C*sec(d*x+c)"2),x, algorithm="fricas") J

/

1/5x(~I*sqrt(2)*(5*xA + 3*C)*b~(3/2)*cos(d*x + c) 2xweierstrassZeta(-4, O,

weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + Ixsqrt(2)*(5*
A + 3%C)*b~(3/2)*cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse
(-4, 0, cos(d*x + c) - I*sin(d*x + c))) + 2%((56%A + 3*C)*b*cos(d*x + c)~2

+ Cxb)*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~2)

output

N\
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Sympy [F]

/(bsec(c—l—dac))?’/2 (A+C'sec®(c+dz)) dm=/(bsec (c+dw))% (A+Csec® (c+dx)) dz

input‘integrate((b*sec(d*x+c))**(3/2)*(A+C*sec(d*x+c)**2),x)

outputtlntegral((b*sec(c + d*x))**(3/2)*(A + Cksec(c + d*x)**2), x) J

Maxima [F]

3
2

/(b sec(c+dz))*/? (A+Csec’(c+dz)) dz= / (C'sec (dz + ¢)* + A) (bsec (dz + ¢))? dz

inputLintegrate((b*sec(d*x+c))”(3/2)*(A+C*sec(d*x+c)"2),x, algorithm="maxima") J
Ou_tputLint.egrate((C*sec(d*x + ¢c)72 + A)*(bxsec(d*x + ¢))~(3/2), x) J
Giac [F]

3
2

/(b sec(c+dz))*/? (A+Csec’(c+dz)) dz= / (C'sec (dz + ¢)* + A) (bsec (dz + ¢))? dz

input Lintegrate ((b*sec(d*x+c)) ~(3/2) * (A+Cxsec(d*x+c)~2) ,x, algorithm="giac") J

output Lintegrate((C*sec(d*x + ¢c)~2 + A)x(b*sec(d*x + c))~(3/2), x) J
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Mupad [F(-1)]
Timed out.

/(bsec(c—l— dz))*? (A + Csec*(c+dz)) dz = / <A

C b 3/2
+ d
cos(c+d:c)2) (cos(c+dm)) o

input Lint((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2),x)

output Lint((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2), %)

Reduce [F|

/ (bsec(c+ dz))3/? (A
+ Csec’(c +dz)) dz = \/Bb((/ \/sec (dz + ¢) sec (dz + ¢)® dx) c
+ (/\/msec(dx+c)dx) a)

input Lint ((b*sec(d*x+c))~(3/2) * (A+Cxsec (d*x+c) ~2) ,x)

output‘ sqrt (b) *b* (int (sqrt (sec(c + d*x))*sec(c + d*x)**3,x)*c + int(sqrt(sec(c +
‘d*x))*sec(c + d*x),x)*a)
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3.18 [ \/bsec(c + dz)(A + Csec*(c + dz)) dz

Optimal result . . . . . . . . . . . .. 158}
Mathematica [A] (verified) . . . . . . . . . ... 158
Rubi [A] (verified) . . . . . . .. . . 159
Maple [C] (verified) . . . . . . . . . ... 1611
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ...... 16T
Sympy [F] . . o e 162
Maxima [F] . . . . . . 162
Giac [F] . . . o o o 162
Mupad [F(-1)] . . . . . 1631
Reduce [F] . . . . . . 163l

Optimal result

Integrand size = 25, antiderivative size = 72

/\/bsec(c+dx)(A+Csec2(6—|—da:)) dz

_ 2(3A4+ C)y/cos(c + dz) EllipticF (2(c+ dz),2) \/bsec(c+ dz)
B 3d
2C\/bsec(c + dz) tan(c + dx)
+ 3d

t} 2/3% (3%A+C) *cos (d*x+c) ~ (1/2) xInverseJacobiAM(1/2+d*x+1/2xc,2" (1/2) ) x(b*sec

outpu
\ (d*x+c))~(1/2) /d+2/3%C* (b*sec (d*x+c) )~ (1/2) *tan (d*x+c) /d \

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.81

/ Vbsec(c+ dz)(A+ Csec’(c + dz)) dz

2(bsec(c + dx))3/? ((3A + C) cos? (¢ + dz) EllipticF (3(c+dz),2) + C'sin(c+ dz))
3bd

input LIntegrate [Sqrt[b*Sec[c + d*x]I*(A + CxSec[c + d*x]~2),x] J
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‘ (2% (b*Sec[c + d*x])~(3/2)*((3*A + C)*Cos[c + d*x]~(3/2)*EllipticF[(c + d*x

output
L)/z, 2] + C*Sinf[c + d*x]))/(3%b*d) J

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.00,

number of rules _ (9 40, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {3042, 4534, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vbsec(c+dz)(A+ Csec*(c+dz)) dz
| 3042
2
/\/bcsc <c+da:—|— %) <A+Ccsc <c+dm+ g) > dz
| 4534
1(3A+ C)/ bscc(c 1 da)da + 2C tan(c + dx)+/bsec(c + dz)
3 3d
| 3042
1 T 2C tan(c + dx)+/bsec(c + dx)
3(3A+C’)/\/bcsc(c+dx+2>dm+ 3d
| 4258
V/bsec(c + dz)
1(3A + C)\/cos(c + dx)+\/bsec(c + dz) / ;dm + 2C tan(e + dz) bsec(c + dz)
3 cos(c + dx) 3d
| 3042
%(SA + C)+/cos(c + dx)\/bsec(c + dz) / 1 dx +

\/sin (c+dw+%)

2C tan(c + dx)+/bsec(c + dx)

3d
l 3120
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2(3A + C)+/cos(c + dz) EllipticF (1 (c + dz),2) /bsec(c + dz) N
3d
2C tan(c + dx)+/bsec(c + dx)

3d

input LInt [Sqrt[b*Sec[c + d*x]]1*(A + CxSec[c + d*x]~2),x] J

. (2x(3%A + C)*Sqrt[Cos[c + dxx]1*EllipticF[(c + d*x)/2, 2]*Sqrt[bxSeclc +d

outpu
*x]1)/(3*d) + (2#C#Sqrt[b*Seclc + d*x]1*Tan[c + d+x])/(3+d) |

Defintions of rubi rules used

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*x(c - Pi/2 + d*x), 21, x] /; FreeQ[{c, d}, xI]

rule 3120

Int[(escl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
)" n*Sin[c + d*x]™n  Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4258

rule 4534 Int[(cscl(e_.) + (£_)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]1"2*x(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(fx(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && 'LeQ[m, -1]
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 3.17 (sec) , antiderivative size = 153, normalized size of antiderivative = 2.12

method | result
2C tan(dz+c) cos(dz+-c) 1 2i(cos(dz+e)+1) cs;)(id(:vij
f—21’(<:os(dav+c)—i-1)\/cos(dm_H)+1 o (@ T T EllipticF (¢(csc(dz+-c) —cot(dz+c)),i) A—
default y
2i(cos(dz+c)+1)
cl—— -
" 21 A(cos(dz+c)+1)+/bsec(dz+-c) \/cos(dz1+c)+1 \/C[?;(sd(;iii_)cﬁ)-l EllipticF (i(csc(dz+c) —cot(dz+c)),i)
parts — y
input Lint ((b*sec(d*x+c))~(1/2) * (A+C*sec(d*x+c) “2) ,x,method=_RETURNVERBOSE) J

output ‘ 1/d* (2/3*Cxtan (d*x+c)-2xI* (cos (d*x+c)+1) * (cos (d*x+c) / (cos (d*x+c)+1))~(1/2) ‘
‘ *(1/ (cos(d*x+c)+1))~(1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)) ,I)*A-2/3*I*( ‘
‘ cos(d*x+c)+1)*Cx (1/ (cos (d*x+c)+1))~(1/2) * (cos(d*x+c) / (cos(d*x+c)+1) )~ (1/2) ‘
‘ *E11ipticF (I*(csc(d*x+c)-cot(d*x+c)),I))*(b*sec(d*x+c))~(1/2) ‘

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.54

/ Vbsec(c+ dz)(A+ Csec’(c + dz)) dz

V2(=3i A — i C)v/bcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + v/2(3i A + 1

3dcos |

input

Lintegrate ((b*sec(d*x+c)) ~(1/2) * (A+Cxsec(d*x+c)~2) ,x, algorithm="fricas") J
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‘1/3*(sqrt(2)*(-3*I*A - I*C)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0

output , cos(d*x + c) + I*sin(d*x + c)) + sqrt(2)*(3*IxA + I*C)*sqrt(b)*cos(d*x +
| c)*weierstrassPInverse(-4, 0, cos(d¥x + c) - Ixsin(d*x + c)) + 2%Cksqrt(b |
/cos(d¥x + c))*sin(d*x + c))/(d*cos(d¥x + c)) |
Sympy [F]

/\/W(A—I—Csecz(c—l—dx)) dav=/\/m(fl—i-0sec2 (c+dz)) dz
input tintegrate ((bxsec(d*x+c))*x(1/2)* (A+Cksec (drx+c) **2) ,x) J

output [Integral(sqrt(b*sec(c + d*x))*(A + C*sec(c + d*x)**2), x) J
Maxima [F]

/ \/W(A+Csec2(c+dm)) dx = / (C'sec (dz + o)’ + A) Vbsec (dz + ¢) dx
input Lintegrate ((b*sec(d*x+c)) ~(1/2) * (A+Cxsec(d*x+c)~2) ,x, algorithm="maxima") J

output Lintegrate((C*sec(d*x + c)~2 + A)*sqrt(b*sec(d*x + c)), x) J
Giac [F]

/ Vbsec(c+ dz)(A+ Csec’(c+dz)) do = / (C'sec (dz + ¢)* + A) /bsec (dz + c) dz
input Lintegrate((b*sec(d*}ﬁc) )~ (1/2) * (A+C*sec(d*x+c)~2) ,x, algorithm="giac") J

output Lintegrate((C*sec(d*x + ¢)”2 + A)*sqrt(b*sec(d*x + ¢)), x) J
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Mupad [F(-1)]

Timed out.

/\/M(A+cse02(c+dx)) dm=/(A+COS( ¢ 2) COS(C”erm) dz

c+dzx)
inputtint((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x) J
output Lint((A + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2), x) J
Reduce [F]

bsec(c + dx) (A—I—C’sec (c+dz)) dz = sec (dz + ¢)dz
/v (] vt
+ (/ V/sec (dz + ¢) sec (dz +¢)? d:v) c)

e—

input tint ((b*sec (d*x+c))~(1/2)* (A+Cxsec (d*x+c) ~2) ,x)

‘sqrt(b)*(int(sqrt(sec(c + d*x)),x)*a + int(sqrt(sec(c + d*x))*sec(c + d*x) ‘

output ‘ 42, %) %C) ‘
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3.19 f A+C sec?(c+dzx) dx

bsec(c+dx)
Optimal result . . . . . . . . . . . .. 164
Mathematica [C] (verified) . . . . . . . . . . ... L 164
Rubi [A] (verified) . . . . . . . .. .. 165
Maple [C] (verified) . . . . . . . . . .. 167
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 167l
Sympy [F] . . . o 168
Maxima [F] . . . . . . o 168
Giac [F] . o o oo 169
Mupad [F(-1)] . . . 169
Reduce [F] . . . . . o 1691

Optimal result

Integrand size = 25, antiderivative size = 68

A + Csec*(c+ dx) dp — 2(A— C)E(3(c+dz)|2) 2C tan(c + dx)
/bsec(c + dx) dy/cos(c+ dz)+/bsec(c+dz)  d\/bsec(c+ dx)

N

2% (A-C)*E1LipticE(sin(1/2¢dxx+1/2¢c) , 27 (1/2)) /d/cos (d¥x+c) ™ (1/2) / (brsec (dx

output
x+¢)) " (1/2) +2+C¥tan (d*x+c) /d/ (brsec (dxx+c)) ™ (1/2)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.64 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.85

A + Csec*(c+ dx)

\/bsec(c+ dx)

24 <—3(A + Ag¥(etdr) _ 9Ce%(ctde)) 4 2(A — C)e(ct)\/1 + e2ic+dz) Hypergeometric2F1 (3,3, 7,

dr =

3d (1 + e?ictd)) | /bsec(c + dz)

input LIntegrate [(A + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x] J
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output‘ (((-2#I)/3)*(-3*%(A + A*E~((2*I)*(c + d*x)) - 2*C+E~((2*I)*(c + d*x))) + 2% \
‘ (A - C)*E~((2*I)*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F ‘
(1[1/2, 3/4, 7/4, -E"((2+D)*(c + a*x))1))/(d*(1 + E"((2+D)*(c + d*x)))*Sqrt

‘ [b*Sec[c + d*x]])

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.240, Rules

number of steps used = 6, number of rules used = 6,
used = {3042, 4534, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
A+ Csec?(c+ dac)
\/bsec(c+ dx)
l 3042
/A+Ccsc c+dm+ )
dx
\/bcsc c+dx+ )
l 4534
(A—C) / - 2C tan(c + dx)
/bsec( c+dm d+/bsec(c + dzx)
l_3042
(A—C’)/ 1 dz + 2C tan(c + dz)
\/bcsc (c+dz+7%) dv/bsec(c + dx)
l 4258

(A—=C) [ \/cos(c+ dz)dzx + 2C tan(c + dzx)

V/cos(c + dz)+/bsec(c +dz)  dy/bsec(c+ dx)
| 3042

(A=C) [ \fsin(c+dz+5)dw  oC tan(c + da)
\/cos(c + dz)/bsec(c + dx) d\/bsec(c+ dx)

l 3119




input

output

rule 3042

rule 3119

rule 4258

rule 4534
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2(A—C)E(3(c+dz)|2) 2C tan(c + dz)
dy/cos(c + dz)+/bsec(c +dz)  d+/bsec(c+ dx)

LInt[(A + CxSec[c + d*x]~2)/Sqrt[bxSec[c + d*x]],x]

‘((2*(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
‘ d*x]]) + (2xCxTan[c + d*x])/(d*Sqrt[bxSec[c + d*x]])

N

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)=*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + dx*x]
) n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)1"2%(C_.)
+ (A)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Simp[(C#m + A*x(m + 1))/(m + 1) Int[(b*Cscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, £, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]




input

output

inputt
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.65 (sec) , antiderivative size = 331, normalized size of antiderivative = 4.87

method | result
default 2iA\/ ot da:1+c) 1 \/ csso(z(fﬁfll EllipticE(¢(csc(dz+c) —cot(dz+c)),i) (cos(dz+c)+2+sec(dz+c))+2iC \/ cos( d:t1+c) 1 \/ coc;)&(:i
" 2A (z\/ cot dwl_,_c) 1 \/ C(f;f;:j_tﬁ)_l EllipticF (é(csc(dz+c) —cot(dz+c)),i) (— cos(dx+c)—2—sec(dx+c))+i\/ co( dwl_,_c) 1 \/ Cs;(séjj_
parts d(cos(dz+c)+1)/bsec(dz+c)
Lint ((A+C*sec (d*x+c)~2) / (b*sec (d*x+c))~(1/2) ,x,method=_RETURNVERBOSE) J

2/d/ (cos(d*x+c)+1)/(b*sec(d*x+c))~(1/2) * (I*xA*(1/(cos(d*x+c)+1))~(1/2)*(cos
(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)) ,I)*(cos(
d*x+c)+2+sec (d*x+c) )+I*C* (1/ (cos(d*x+c)+1)) ~(1/2) *(cos(d*x+c) / (cos(d*x+c)+
1))~ (1/2)*E1llipticE(I*(csc(d*x+c)-cot (d*x+c)),I) *(~cos(d*x+c)-2-sec(d*x+c)
Y+I*xAx(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*EllipticF
(I*(csc(d*x+c)-cot (d*x+c)),I)*(-cos(d*x+c)-2-sec(d*x+c))+I*C*x(1/(cos (d*x+c
)+1))~(1/2)*(cos (d*x+c) / (cos (d*x+c)+1)) ~(1/2) *E11lipticF (I*(csc(d*x+c)-cot (
dxx+c)) ,I)*(cos (d*x+c)+2+sec(d*x+c) ) +A*sin (d*x+c)+Cxtan (d*x+c))

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.46

A + Csec*(c+ dx)

\/bsec(c + dx)

V2(i A — i C)V/bweierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + c))) + v/2

dz

integrate ((A+C*sec(d*x+c) ~2) / (bxsec(d*x+c))~(1/2) ,x, algorithm="fricas") J
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‘(sqrt(2)*(I*A - I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4
, 0, cos(d*x + c) + I*sin(d*x + c))) + sqrt(2)*(-I*A + I*C)*sqrt(b)*weiers
‘trassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))
) + 2%Cxsqrt(b/cos(d*x + c))*sin(d*x + c))/(bxd)

output

Sympy [F]

dzx

A + C'sec*(c+ dzx) _/A+C’secz(c—+-dx)
bsec (c + dx)

T =
\/bsec(c+ dx)

input‘integrate((A+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(1/2),x)

outputtlntegral((A + C*xsec(c + d*x)**2)/sqrt(b*sec(c + d*x)), x)

Maxima [F]

A + C'sec*(c+ dx) /C’sec(dm—l—c)z—l—Adﬂlc

- bsec (dz + )

T =
\/bsec(c + dx)

inputLintegrate((A+C*sec(d*x+c)“2)/(b*sec(d*x+c))*(1/2)’x, algorithm="maxima")

output tintegrate((C*sec(d*x + ¢)72 + A)/sqrt(b*sec(d*x + c)), x)
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Giac [F]

dz

A+ C'sec? (c-l—dx) /Csec(dz—|—c) +A

\/bsec(c+ dx) bsec (dz + )

input

Lintegrate((A+C*sec(d*x+c)“2)/(b*sec(d*x+c))”(1/2),x, algorithm="giac")

outputLintegrate((C*sec(d*X + ¢)”2 + A)/sqrt(bxsec(d*x + c¢)), x)

Mupad [F(-1)]

Timed out.

A+ Csec?(c+ d:c) / cos(c+dx)2

/bsec(c+ dzx) /b
cos( c—i—dx

input Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),%)

output 1BEC(A + C/cos(c + dxx)72)/(b/cos(c + dxx))"(1/2), %)

Reduce [F|

/ A+ Csec®(c+ dx) e

bsec(c + dx)
Vb (( i vszz(c;;lit)c dx) a+ ( [ \/sec (dz + c) sec (dz + c) d:c) c)
- b

input Lint ((A+Cxsec (d*x+c)~2)/ (b*sec(d*x+c))~(1/2) ,x)

output‘ (sqrt (b)*(int (sqrt(sec(c + d*x))/sec(c + d*x),x)*a + int(sqrt(sec(c + d*x)

‘)*sec(c + d*x),x)*c))/b
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3.20 f/H—C'sec (c+dzx) dx

(bsec(c+dx))3/2
Optimal result . . . . . . . . .. . .. . 1701
Mathematica [A] (verified) . . . . . . . . ... Lo 170
Rubi [A] (verified) . . . . . . . . . . vl
Maple [C] (verified) . . . . . . . . . .. 173
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 173l
Sympy [F] . . o o 174
Maxima [F] . . . . . . o 174
Giac [F] . . . o o 174
Mupad [F(-1)] . . . 175
Reduce [F] . . . . . o 1751

Optimal result

Integrand size = 25, antiderivative size = 75

/ A+ Csec?(c+ dz) o — 2(A 4 3C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
(bsec(c + dx))3/? 3b%d
2Atan(c + dz)
3d(bsec(c + dx))3/?

output
| (@*x+c))~(1/2)/b™2/d+2/3xAxtan (d*x+c) /d/ (brsec (dkx+c)) ™ (3/2) |

Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.88

A+ C'sec?(c + da) sec?(c + dx) ( 2(A 4+ 3C)+/cos(c + dz) EllipticF (3(c + dz),2) + Asin(2(c +
/ (bsec(c + dx))3/2 v 3d(bsec(c + dx))3/2

input [Integrate [(A + C*Sec[c + d*x]72)/(b*Seclc + d*x])~(3/2),x]

-/




output

CHAPTER 3. LISTING OF INTEGRALS 171

‘ (Seclc + d*x]~2*(2x(A + 3%C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]
L+ AxSin[2%(c + d*x)1))/(3*d*(b*Sec[c + d*x])~(3/2)) J

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00,

number of rules _ (9 40, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {3042, 4533, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A + C'sec?(c+ dx)
(bsec(c + dzx))3/2

l 3042

/A+Ccsc(c+dx+ g)2
(bcsc (c—i—da:-l— %))3/2

l 4533

(A+3C) [ \/bsec(c+ dz)dx 4 2Atan(c + dx)
3p2 3d(bsec(c + dx))3/2

l.3042

(A—|—3C)f\/bcsc (c+dz+%)dz 2Atan(c + dz)
3b? 3d(bsec(c + dx))3/2

| 4258
(A +3C)+/cos(c + dzx)+/bsec(c + dz) [ \/ﬁwdx 2Atan(c + dz)
352 3d(bsec(c + dx))3/2
| 3042

A + 3C)+/cos(c + dx)+/bsec(c + dz) [ ——L——dzx
( )eos{ )/bec ) \/sin(et+dz+3) 4 2Atan(c + dz)
3b? 3d(bsec(c + dz))3/2

J'3120




input

output

rule 3042

rule 3120

rule 4258

rule 4533

CHAPTER 3. LISTING OF INTEGRALS 172

2(A + 3C)+/cos(c + dz) EllipticF (3(c + dz),2) /bsec(c + dz) + 2A tan(c + dzx)
3b2d 3d(bsec(c + dx))3/2

-

LInt[(A + CxSecl[c + d*x]~2)/(b*Secl[c + d*x])~(3/2),x]

-/

|(2%(A + 3%C)*Sqrt[Coslc + d*x]1*EllipticF[(c + d*x)/2, 2]1*Sqrt[b*Seclc + d
‘*x]])/(B*b“Q*d) + (2*A*Tan[c + d*x])/(3*d*(b*Sec[c + d*x])~(3/2))

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Int[(escl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
) n*Sin[c + d*x]°n Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscle + f*x]) m/(f*m)), x] +
Simp[(C*m + A*(m + 1))/(b"2*m)  Int[(bxCscle + f*x])~(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.25 (sec) , antiderivative size = 158, normalized size of antiderivative = 2.11

method | result

. 1 cos(dz+c) o . . . 1 cos(dz+-c)
21’A\/cos(dm+c)+1 \/cos(da:+c)+1 EllipticF (i(csc(dz+c)—cot(dz+c)),i) (1+sec(dz+c)) +2A sin(dz-+c) 2zc\/cos(dm+c)+1 \/cos(dm+c)+1
— 3 —

default 3

d+/bsec(dz+c) b

. i e N (dz+
al - 21 m EllipticF (i(csc(dz+c)—cot(dz+c)),1) % (1+sec(dz+-c)) N 2 sin(dz-te)
3 3 . 1 s
2iC, / cos(@aFo 1 Elliptic]

parts —

d+/bsec(dz+c) b db+/bsec(dz+

input Lint ((A+Cxsec(d*x+c)~2)/(bksec(d*x+c))~(3/2) ,x,method=_RETURNVERBOSE) J

‘ 1/d*(-2/3*I*A*(1/ (cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos (d*x+c)+1)) ~(1/2)*E \
‘ 1lipticF(I*(csc(d*x+c)-cot (d*x+c)),I)*(1+sec(d*x+c))+2/3*Axsin(d*x+c)-2/3* ‘
‘I*C*(1/(cos(d*x+c)+1))”(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))”(1/2)*EllipticF(I
*(csc(@rx+c) -cot (dkx+c)) 1) *(3+3+sec(d*x+c)))/ (bxsec(d*x+c))~(1/2) /b

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.33

A+ Csec?(c + dz) 2A Wbmrc) cos (dz + c) sin (dz + ¢) + v/2(—i A — 3i C)v/bweierstrassPInve
/ (bsec(c + dx))3/? do=

-

e—

inputLintegrate((A+C*sec(d*x+c)‘2)/(b*sec(d*x+c))*(3/2)’X’ algorithm="fricas")

Output‘ 1/3%(2*A*sqrt (b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A - \
‘3*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) +
‘ sqrt (2) *(I*xA + 3%IxC)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I

‘*sin(d*x + ¢)))/ (b™2%d)
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Sympy [F]

A+ C'sec?(c + dx) A+ Csec? (c+dzx)
372 dx = 5 dr
(bsec(c + dz)) (bsec (¢ + dx))?

inputtintegrate((A+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(3/2),x)

output LIntegral((A + Cxsec(c + d*x)**2)/(b*sec(c + d*x))**(3/2), x)

Maxima [F]

dz

A + C'sec*(c+ dx) C'sec(dz +c¢)* + A
372 dr = 3
(bsec(c + dz)) (bsec (dz + c))?

inputLintegrate((A+C*sec(d*x+c)‘2)/(b*sec(d*x+c))“(3/2),X, algorithm="maxima")

Outputtintegrate((C*sec(d*x + ¢c)”2 + A)/(b*sec(d*x + c))~(3/2), x)

Giac [F]

/A-I—C’secz(c—l—dx) _/C’sec(dz—l—c)Q—l—Adx

(bsec(c + dz))3/2 (bsec (dx + c))%

input Lintegrate ((A+C*sec(d*x+c) ~2) / (b*sec(d*x+c))~(3/2) ,x, algorithm="giac")

output Lintegrate((C*sec(d*x + ¢c)”2 + A)/(bxsec(d*x + ¢))~(3/2), x)
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Mupad [F(-1)]

Timed out.

/ A+ CSGCQ(C + d.’L‘) i / A+ cos(c-lc-’dz)2 dr

(bsec(c + dz))3/? b 3/2
<cos(c+d:c))

input Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2),x) J

output Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(3/2), x) J

Reduce [F]

/ A+ 08602(0 + dCB) \/l_) ((f —svei?fi(itsg) d:L‘) a -+ <f \/sec (dx + C)dil?) C>
dr =
(bsec(c + dz))3/2 b2

input Lint ((A+C*xsec(d*x+c) ~2) / (bxsec (d*x+c))~(3/2) ,x) J

‘ (sqrt(b)*(int (sqrt(sec(c + d*x))/sec(c + d*x)**2,x)*a + int(sqrt(sec(c + d ‘

output
*)),X)*C)) /bRA2




output

input
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A+C sec?(c+dx
3.21 | ) dx
(bsec(c+dx))
Optimal result . . . . . . . . .. . .. . 1776
Mathematica [C] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . v
Maple [C] (verified) . . . . . . . . . .. 179
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 1791
Sympy [F] . . o o 180
Maxima [F] . . . . . . o 180
Giac [F] . . . o o [181]
Mupad [F(-1)] . . . 181
Reduce [F] . . . . . o 1811
Optimal result
Integrand size = 25, antiderivative size = 77
/ A+ Csec?(c+ dz) e 2(3A+ 5C)E(3(c+ dz)|2) 2A tan(c + dx)
(b sec(c + d.’ﬂ))5/2 5b2d\/cos(c + dz \/b sec c+ d.’IJ) 5d(b sec(c + dx))5/2

‘2/5*(3*A+5*C)*ElllpthE(Sln(1/2*d*X+1/2*C) 2°(1/2)) /v~ 2/d/cos(d*x+c) (1/2) ‘

Mathematica [C] (verified)

J

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.02 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.73

dzr =

e~ sec?(c + dz)(cos(dz) + isin(dz)) <12i(3A +5C) —

8i(3A+5C)e2i(c+dz) Hyper,

V1

/ A + Csec*(c+ dx)
(bsec(c + dz))5/2

30d(bsec(c + dx))>/2

LIntegrate[(A + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]
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. (Seclc + dxx]"2+(Cos[dxx] + I*Sin[dxx])*((12¢1)*(3%A + 5%C) - ((8+I)*(3xA
|+ 5¥C)*E~((2+I)*(c + d*x))+Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*D)*(c + |
‘ d*x))1)/Sqrt[1 + E~((2*I)*(c + d*x))] + 6%A*xSin[2%(c + d*x)]))/(30*d*E~ (I \
‘*d*x)*(b*Sec [c + d*x]1)~(5/2)) ‘

outpu

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00,

number of rules _ 0.240, Rules

number of steps used = 6, number of rules used = 6, integrand size

used = {3042, 4533, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A+ Csec?(c+dz)
(bsec(c + dzx))5/2

l 3042

/A+Ccsc(c+dx+ %)2
(bcsc (c—i—d:c + %))5/2

l_4533
1
(3A + 50) f \/bsec(c+dz) dz 2A tan(c + da:)
5b2 5d(bsec(c + dx))5/2
l 3042
S S
\/lm N 2Atan(c + dz)
52 5d(bsec(c + dz))5/2
l 4258

(84 +5C) [ \/cos(c+ dz)dz 4 2Atan(c + dz)
5b2/cos(c + dzx)\/bsec(c + dx) ~ Bd(bsec(c + dx))>/?

(834+50) [

l 3042

(3A+5C’)f\/sin (c+dz+%)dz 2Atan(c + dr)
5b2+/cos(c + dz)\/bsec(c + dx)  5d(bsec(c+ dz))>/2




input

output

rule 3042

rule 3119

rule 4258

rule 4533
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l 3119

2(3A+5C)E(5(c+dz)|2) 2A tan(c + dz)
5b2d\/cos(c + dz)+/bsec(c + dz)  5d(bsec(c+ dx))>/2

‘ Int[(A + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

‘ (2% (3*A + 5xC)*EllipticE[(c + d*x)/2, 2])/(5*¥b"2*d*Sqrt[Cos[c + d*x]]*Sqrt
[b*Seclc + d*x]1) + (2#AxTan[c + d*x])/(5+d*(b*Secc + d*x])~(5/2))

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

/

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*%(C_.)
+ (A))), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f£*x])"m/(f*m)), x] +
Simp[(C*m + Ax(m + 1))/(b"2*m) Int[(b*Csc[e + f*x])~(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 6.30 (sec) , antiderivative size = 343, normalized size of antiderivative = 4.45

method | result

cos(dz+c)

GiA\/cos(da:1+c)+1 \/cos(dm+c)+1 EllipticE(i(csc(dz+c)—cot(dz+c)),i) (cos(dz+c)+2+sec(dz+c))

default >

. 1 (dz+c)
+2Z\/cos(da:+c)+l \/ ccfso(sda:-f—c)-kl (COS(d

2A (sin(dz—l—c) (cos(dx-l—c)2+cos(da:-l—c)+3) _3i\/cos(dz1+c)+1 \/C;;(s;jf_t)cll (cos(dz+-c)+2+sec(dz+c)) EllipticF (i(csc(dz+c)—«

parts

5d(cos(dz+c)+1)+/bsec(

inputLint((A+C*Sec(d*X+C)‘2)/(b*sec(d*x+C))‘(5/2),x,method=_RETURNVERBOSE)

~—

2/5/d/ (cos(d*x+c)+1)/(bxsec(d*x+c) )~ (1/2) /b~ 2* (3*I*A*(1/(cos(d*x+c)+1))~ (1
/2)*(cos(d*x+c)/ (cos(d*x+c)+1)) ~(1/2)*E11lipticE(I*(csc(d*x+c)-cot (d*x+c)),
I)*(cos (d*x+c) +2+sec (d*x+c) ) +5xI*(1/ (cos (d*x+c)+1)) ~(1/2) *(cos (d*x+c) / (cos
(d*x+c)+1))~(1/2) *(cos(d*x+c)+2+sec (d*x+c) ) *C*E1LlipticE(I* (csc(d*x+c)-cot (
d*x+c)),I)-3*I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*
(cos(d*x+c)+2+sec(d*x+c) ) *A*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)-B*xI*Cx(
1/ (cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticF(I*(csc
(d*x+c)-cot (d*x+c)) ,I)*(cos (d*x+c)+2+sec(d*x+c) ) +sin(d*x+c) *(cos (d*x+c) "2+
cos (d*x+c)+3) *A+5*C*sin (d*x+c))

output

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.40

A+ C'sec?(c + dx) 2A,/ cos(dxﬂ) cos (dz + ¢)*sin (dz + ¢) + v/2(3i A + 5i C)v/bweierstrassZeta
dx =
/ (bsec(c + dz))5/2 o
inputLintegrate((A+C*sec(d*x+c)“2)/(b*sec(d*x+c))*(5/2),x, algorithm="fricas") J
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output

1/5%(2*Axsqrt (b/cos(d*x + c))*cos(d*x + c) 2xsin(d*x + c) + sqrt(2)*(3*I*A

+ 5%I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(dx
X + ¢c) + Ixsin(d*x + c))) + sqrt(2)*(-3*xI*A - 5*IxC)*sqrt(b)*weierstrassZe
ta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c¢) - I*sin(d*x + c))))/(©b"3
*d)

Sympy [F]
A + C'sec*(c+ dx) A + Csec?® (c+dzx)
52 dz = = dr
(bsec(c + dx)) (bsec (c+ dx))2
inputLintegrate((A+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(5/2),x)

outputt

Integral ((A + Cxsec(c + d*x)**2)/(bxsec(c + d*x))**x(5/2), x)

Maxima [F]

dx

/A+Cse02(c+dac) - / Csec(dz +c¢c)* + A
(bsec(c + dz))>/2 (bsec (dz + c))?

inputt

integrate ((A+Cxsec(d*x+c)~2) /(b*sec(d*x+c))~(5/2) ,x, algorithm="maxima")

-

output

Lintegrate((C*sec(d*x + ¢c)72 + A)/(bxsec(d*x + ¢))~(5/2), x)

-/
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Giac [F]
A + Csec*(c+ dzx) Csec(dz +c)’ + A
5/2 T = 5 dx
(bsec(c + dx)) (bsec (dz + ¢))?
input Lintegrate ((A+C*sec(d*x+c)~2)/ (b*sec(d*x+c))~(5/2) ,x, algorithm="giac")

output Lintegrate((C*sec(d*x + ¢c)”2 + A)/(b*sec(d*x + c))~(5/2), x)

Mupad [F(-1)]

Timed out.

A + C'sec? (C + d.’L') A+ cos(cidaz:)2
52 dt= | ———=5 72 dzx
(bsec(c + dx)) b
(cos(c-l—dw))

inputtint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x)

OutputLint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x)
Reduce [F]
+v/sec(dz+-c) v/sec(dz+c)
/ A + Csec*(c+ dx) dr — vb ((f sec(da+c)® dw) dr (f sec(dz+c) dx) c)
(bsec(c+dx))>2 b3

inputLint((A+C*sec(d*x+c)"2)/(b*sec(d*x+c))"(5/2),x)

‘(sqrt(b)*(int(sqrt(sec(c + d*x))/sec(c + d*x)*+*3,x)*a + int(sqrt(sec(c + d

output
‘*x))/sec(c + d*x) ,x)*c))/b**3
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3.99 f A+C sec?(c+dzx) dx

(bsec(c+dx))7/?
Optimal result . . . . . . . . .. . .. . 182
Mathematica [A] (verified) . . . . . . . . ... Lo 182
Rubi [A] (verified) . . . . . . . . .. 183
Maple [C] (verified) . . . . . . . . . .. 185
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 136!
Sympy [F(-1)] . . o o 186
Maxima [F] . . . . . . o 186
Giac [F] . . . o o 187
Mupad [F(-1)] . . . 187
Reduce [F] . . . . . o 187

Optimal result

Integrand size = 25, antiderivative size = 112

/ A+ Csec®(c+dz) ,  2(5A47C)y/cos(c+ dz)EllipticF (3(c + dz),2) \/bsec(c + dz)
(bsec(c + dx))7/? °= 21b%d
2(bA+ 7C)sin(c + dx) 2Atan(c + dx)

+
2163d./bsec(c+ dx)  Td(bsec(c + dx))"/2

output ‘ 2/21% (5x%A+7%C) *cos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2*c,2”(1/2) ) * (b* ‘
|sec(d*x+c))~(1/2)/b~4/d+2/21% (5*A+T*C) *sin(d*x+c) /b~3/d/ (b*sec(d¥x+c)) ™ (1/
\2)+2/7*A*tan(d*x+c)/d/(b*sec(d*x+c))“(7/2)

Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.71

4(5A+7C) EllipticF (1 (c+dx),2)

A+ Csec?(c + dz) N + 2(13A 4 14C + 3A cos(2(c + dx))) sin(c + dz)
dx =
/ (bsec(c + dz))7/2 42b3d+/bsec(c + dz)

inputtlntegrate[(A + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x] J
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o ((4x(5%A + T*C)*E1lipticF[(c + d*x)/2, 2])/SqrtCoslc + dx]] + 2¢(13+A +

outpu
L14*c + 3*%A*Cos[2*(c + d*x)])*Sin[c + d*x])/(42%b~3*d*Sqrt [bxSec[c + d*x]]) J

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.01,

number of steps used = 8, number of rules used = 8, Bumber of rules _ 30 Ryjeg
integrand size

used = {3042, 4533, 3042, 4256, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A + C'sec?(c+ dx)
(bsec(c + dzx))7/2

l 3042

/A+Ccsc(c+dx+ g)2
(bcsc (c—i—da:-l— %))7/2

| 4533
(6A+7C) [ W‘h’ N 2Atan(c + dz)
H2 7d(bsec(c + dx))7/2
| 3042
1
(54 +7C) f (besc (c+dm+%))3/2 de 2Atan(c + dz)
7H? 7d(bsec(c + dx))7/2
l 4256
J \/bsec(ct+dz)dx 2sin(c+dz)
(5A + 70) ( 32 + 3bd\/bsec(c+dx)) 2A tan(c + dw)
TH2 7d(bsec(c + dx))7/2
| 302

b ctdz+7% )dz ;
(5A + 70) f\/ ese( _’; +3) + 2sin(c+dzx)
3b 3bd+/bsec(c+dx) 24 tan(c + d.’L')
(s 7d(bsec(c + dx))7/2

l 4258




CHAPTER 3. LISTING OF INTEGRALS 184

\/cos(ct+dzx)+/bsec(c+dz) [ \/ﬁdx 2sin(c+dx)
(5A+70) ( 352 +'muvﬁ&x@+¢w> 2Atan(c + dz)

752 7d(bsec(c + dz))7/2

l'3042
\/cos(ct+dz)+/bsec(ctdz) [ ﬁdw
sin(ct+de+ 5 2 sin(c+dz)
(5A+17C) 32 + 3bd/bsec(c+dzx)
N 2Atan(c + dz)

752 7d(bsec(c + dz))7/2

l 3120
2y/cos(c+dz) EllipticF (3 (c+dx),2) /bsec(c+dx) 2sin(c+dz)
(6A+T7C) ( 3b2d + 3bd+/bsec(c+dxz) 2Atan(c + dzx)
752 7d(bsec(c + dx))7/2

-

input LInt[(A + C*xSec[c + d*x]~2)/(b*Sec[c + d*x])~(7/2),x]

-/

‘ ((5*%A + 7*C)*((2*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Seclc ‘
|+ dxx11)/(3%b~2xd) + (2#Sinlc + d*x])/(3¥bxd*Sqrt[bxSeclc + d*x11)))/(7*b
72) + (2%A*Tan[c + d*x])/(T+d*(b*Seclc + d*x])~(7/2)) |

output

Defintions of rubi rules used

e N

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3120 Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

N J

hule 4956 ImtLCescllc_.) + (d_.)*(x)I*(b_.))"(n)), x_Symboll :> Simp[Cos[c + dwx]*((
‘bxCsclc + d#x]1)~(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b"2%n)  Int[(b*Csclc
‘+ d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2x* ‘
2] |
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Int[(escl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
) n*Sin[c + d*x]°n Int([1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4258

/

Int[(cscl(e_.) + (£_)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)

+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscle + f*x]) m/(f*m)), x] +

Simp[(C*m + A*(m + 1))/(b"2#m) Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

rule 4533

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 6.57 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.62

method | result

4 / d ISR . o~ / d L .
2iA cos(dw1+c)+1 cocs?(sd(:cit)c-ﬁ)-l EllipticF (i(csc(dz+c)—cot(dz+c)),i) (545 sec(dz+c)) 2iC cos(d$1+c)+1 cocso(sd(zi-:):)-l EllipticF (i(csc

default - d+/bsec(dz+c) b3 “

arts _ 2A (sin(dm+c) (—3 cos(dac+c)2—5) +i\/605(dzl+c)+1 \/C()C;’&(jit)c_’)_l EllipticF (¢(csc(dz+c)—cot(dz+c)),i) (5+5 sec(dac+c))>
p 21d+/bsec(dz+c) b3

jnputtint((A+C*Sec(d*X+C)AQ)/(b*SeC(d*X+C))A(7/2),X,meth0d=_RETURNVERBOSE) J

1/d*(-2/21*I*A*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*
EllipticF (I*(csc(d*x+c)-cot(d*x+c)),I)*(5+5*sec(d*x+c))-2/21*I*C*(1/(cos(d
*xx+c)+1)) " (1/2) *(cos(d*x+c) / (cos(d*x+c)+1)) ~(1/2) *E1llipticF (I*(csc(d*x+c) -
cot (d*x+c)) ,I)*(7+7*sec (d*x+c))-2/21*sin(d*x+c) * (-3*cos (d*x+c) "2-5) *A+2/3*
Cxsin(d*x+c))/(b*sec(d*x+c))~(1/2)/b"3

output
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.06

A+ Csec(c + dz) V2(=5i A — 7i C)v/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))
/ (bsec(c + dx))7/? do=

e

integrate ((A+C*sec(d*x+c) ~2)/(b*sec(d*x+c))~(7/2) ,x, algorithm="fricas")

e—

inputt

output 1/21%(saTt(2)%(-5xIxA — T*I+C)*sqrt (b)*weierstrassPInverse(-4, 0, cos(d*x
‘+ c) + Ixsin(d*x + c)) + sqrt(2)*(5*I*A + 7*I*C)=*sqrt(b)*weierstrassPInver
‘se(—4, 0, cos(d*x + c) - Ixsin(d*x + c)) + 2*(3*Axcos(d*x + c)~3 + (5*A +
‘7*0)*cos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~4*d)

Sympy [F(-1)]

Timed out.
A+ Csec?*(c+ dz)
d = T' d t
/ (bsec(c + dz))7/? Z imed ou
inPUtLintegrate((A"'C*sec(d*x+c)**2)/(b*sec(d*x+c))**(7/2),x) J
output LTimed out J
Maxima [F]

/A+Csec2(c+dac) _/Csec(dw+c)2+Adx

(bsec(c + dz))™/2 (bsec (dz + c))%

inputtintegrate((A+C*sec(d*x+c)‘2)/(b*sec(d*x+c))‘(7/2),x, algorithm="maxima") J
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output Lintegrate((C*sec(d*x + ¢)”2 + A)/(bxsec(d*x + ¢))~(7/2), x)

Giac [F]

/A+Cse02(c+dx) _/C’sec(dw+c)2+A

(bsec(c + da))7/* (bsec (dz + c))% “

input tintegrate ((A+C*sec(d*x+c) ~2) / (b*sec(d*x+c))~(7/2) ,x, algorithm="giac")

output Lintegrate((C*sec(d*x + ¢)72 + A)/(bxsec(d*x + ¢))~(7/2), x)

Mupad [F(-1)]

Timed out.

/ A+ CSGC2(C + dx) dp — / A+ cos(cid:zc)2 da
(bsec(c + dx))7/? N b 7/2
<cos(c+dz)>

input Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x)

output Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)
Reduce [F]
\/sec(dz+c) /sec(dz+c)
/A+ CSGCQ(C—F d.'I?) = ((f sec(dx+c) diL’) a+ (f sec(dalr:—i—c)2 d.’L') >
(bsec(c+dx))7/2 bt

input | int ((A+Cksec (d*x+c) "2)/ (b*sec(dxx+c)) ™ (7/2) ,%)
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‘ (sqrt(b)*(int (sqrt(sec(c + d*x))/sec(c + d*x)**4,x)*a + int(sqrt(sec(c + d

output
‘*x))/sec(c + dkx)**2,x)%C)) /bl




output (2/15* (7T*A+9%C) *E11lipticE(sin(1/2*d*x+1/2*c),27(1/2))/b"4/d/cos(d*x+c) ~(1/2
‘)/(b*sec(d*x+c))‘(1/2)+2/45*(7*A+9*C)*sin(d*x+c)/b“3/d/(b*sec(d*x+c))“(3/2

input
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A+C sec?(c+dzx)
3.23 dx
f (bsec(c+dx))9/2
Optimal result . . . . . . . . . . . .. . 189

Mathematica [C] (verified) . . . . . . . ... ... L
Rubi [A] (verified) . . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . .
Fricas [C] (verification not implemented) . . . . . . .. ... ... ......
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . . .
Giac [F] . . . o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 25, antiderivative size = 112

/A—I— C'sec*(c + dx) 2(TA+9C)E(3(c+ dz)| 2)
dz =
(bsec(c + dx))/2 15b%d\/cos(c + dx)\/bsec(c + dx)
2(7TA+9C)sin(c + dx) 2Atan(c + dx)
45b3d(bsec(c + dx))3/2 ~ 9d(bsec(c + dx))%/?

189
1190
192
193

199}
1951

L)+2/9*A*tan(d*x+c)/d/(b*sec(d*x+c))‘(9/2)

W
|
J

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.18 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.28

324(7A+90)e?¥(¢+4) Hypergeometric2F1 (

/ A+ Csec(c + dz) . e~ (cos(dz) + isin(dz)) (336iA + 432iC — e
(bsec(c + dzx))%/? 360b%d+/bsec(c

LIntegrate[(A + CxSec[c + d*x]1°2)/(b*Sec[c + d*x])~(9/2),x]
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output ((Cos[axx] + IxSin[dsx])*((336x1)*A + (432%D)*C - ((32+D)*(7#h + 9HCE((
|2¥I)*(c + d*x))+Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*D)*(c + d*x))1)/Sq |
rt[1 + ET((2¥D)*(c + d*x))] + (76%A + 72+C)*Sin[2%(c + d*x)] + 10%A*Sin[4*

(¢ + d*x)1))/(360%b4*d+E" (I*+d*x) *Sqrt [bxSec[c + d*x]])

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.01,

_ _ ¢ number of rules _
number of steps used = 8, number of rules used = 8, integrand size — 0.320, Rules

used = {3042, 4533, 3042, 4256, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A+ Csec?(c+dz) o
(bsec(c + dz))9/?
l 3042
/A+Ccsc (c+dz+ %)2
(bese (c+ dz + %))9/2
l_4533
(TA+90) [ W‘m 2Atan(c + dx)
9p2 9d(bsec(c + dx))9/2
l 3042
1
(7A + 90) ‘f (bcsc(c+d9:+%))5/2 dz 2A tan(c + d.’L’)
9h2 9d(bsec(c + dx))9/2
l 4256
Jbsec(ctda) 2sin(c+dzx)
(TA+90) ( o + St Zec(;di)w 2) 2Atan(c + dx)
9p2 9d(bsec(c + dx))9/2

l 3042
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3f/—L1 da
(TA+90C) 552 + 0w :ecE(c:erg)B/?
N 2Atan(c + dz)
9h2 9d(bsec(c + dx))?/2
l 4258
3 [ \/cos(c+dz)dzx 2sin(ctdz)
(7A + 90) (Sb2 \/cos(ct+dz)+/bsec(ct+dz) = 5bd(b SeC(C‘i‘dw))B/z) 24 tan(c + dm)
9b2 9d(bsec(c + dx))9/2
l 3042

57 /cos(cda) bsec(ctd) | 5bd(bsec(c+da))®] 2) 2Atan(c + d)

(7A + 90) ( 3 [ y/sin(ct+da+7)dx 2sin(c+dzx)

9b2 9d(bsec(c + dx))%/2
| 3119
6E( L (ctdx)|2) 2sin(c+dzx)
(74 +9C) <5b2d\/cos(c-2|-dac)\/ bsec(ctdr) ~ 5bd(bsec(ctdz))s/ 2) 2A tan(c + dz)
952 9d(bsec(c + dx))9/2

input T0ELA + CxSeclc + axx]"2)/(bxSeclc + dxx])7(9/2),x] |

\rt [bxSec[c + d*x]]) + (2*Sin[c + dx*x])/(5*bxd*(b*Sec[c + d*x])~(3/2))))/(9

output‘/((7*A + 9%C)* ((6*E1lipticE[(c + d*x)/2, 2])/(5xb~2*d*Sqrt[Cos[c + d*x]]#*Sq \\
(*b72) + (2%A*Tan[c + d*x])/(9*d*(b*Sec[c + d*x]1)~(9/2))

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 3119
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rule 4256

n]

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCsc[c + d*x])~(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b"2#n) Int[(b*Csclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*

rule 4258

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
) n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2,

1/4]

rule 4533 Intlescle ) + (£_.)*(x)1*(b_.))"(m_.)*(cscle_.) + (£_.)*(x)1"2%(C_.) |
'+ (AL)), x_Symboll :> Simp[AxCot[e + fxx]*((bxCscle + £xx1)"m/(f*m)), x] +
'Simp[(C*m + A%(m + 1))/(b"2%m)  Int[(bxCscle + f*x1)"(m + 2), xI, x] /; Fr |
‘eeQl{b, e, £, A, C}, x] & NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1] |

Maple [C] (verified)

Result contains complex when optimal does not.

Time = 11.66 (sec) , antiderivative size = 383, normalized size of antiderivative = 3.42

method

result

default

parts

. d s . . . d
14iA, | cos(dml+c)+1 \/ cgso(sd(mit)c-)kl EllipticE(i(csc(dz+c) —cot(dz+c)),i) (cos(dz+c)+2+sec(dz+c)) -’_611 / cos(dm1+c)+1 \/ co?(sd(zii_)cj_l (cos(da

15

2A (sin(dx—i—c) (5 cos(dz+c)*+5 cos(dz+c)3+7 cos(dz+c) 2 +7 cos(dx+c)+21) —21i\/COS(M:L_’_C)_’_1 \/C;’:(S;jit)c_?_l (cos(dz+c)+2++

45d(cos

-

input

Lint ((A+C*sec(d*x+c) ~2) / (b*sec(d*x+c) )~ (9/2) ,x,method=_RETURNVERBOSE)

-/
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2/45/d/b~4*(21%I*A*(1/ (cos (d*x+c)+1)) ~(1/2) *(cos (d*x+c) / (cos(d*x+c)+1)) ~ (1
/2)*E1lipticE(I*(csc(d*x+c)-cot(d*x+c)),I)*(cos(d*x+c)+2+sec(d*x+c))+27*I*
(1/(cos(d*x+c)+1)) ~(1/2)*(cos (d*x+c) / (cos (d¥x+c)+1)) ~(1/2) * (cos (d*x+c) +2+s
ec(d*x+c))*C*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)),I)-21*I*(1/(cos(d*x+c)+1)
)~ (1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) " (1/2) *(cos (d*x+c)+2+sec(d*x+c) ) *A*E11i
pticF (I*(csc(d*x+c)-cot (d*x+c)),I)-27*I*C*(1/ (cos(d*x+c)+1))~(1/2)*(cos(dx*
x+c)/(cos(d*x+c)+1)) " (1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)*(cos(d*x
+c)+2+sec(d*x+c))+sin(d*x+c) * (5xcos (d*x+c) ~4+5*cos (d*x+c) ~3+7*cos (d*x+c) "2
+7*xcos (d*x+c)+21) *A+9*sin (d*x+c) * (cos (d*x+c) "2+cos (d*x+c)+3) *C) / (cos (d*x+c
)+1) / (bxsec(d*x+c) )~ (1/2)

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.15

dr =

/ A+ C'sec?(c+ dx)
(bsec(c + dx))%/?

3v2(=T7i A — 9i C)v/bweierstrassZeta(—4, 0, weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢))) -

input‘integrate((A+C*sec(d*x+c)“2)/(b*sec(d*x+c))*(9/2)’x, algorithm="fricas") ‘

-1/45%(3*sqrt (2) *(-7*I*A - 9*IxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstra
ssPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) + 3*sqrt(2)*(7*IxA + 9x*I
*C) *sqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c)
- I*sin(d*x + c))) - 2% (5*Axcos(d*x + c)~4 + (7*A + 9*C)*cos(d*x + c)~2)*
sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~5%d)

output
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Sympy [F(-1)]

Timed out.

dz = Timed out

/ A + Csec*(c+ dx)
(bsec(c + dzx))%/?

input Lintegrate ((A+Cksec (d*x+c)**2) / (bxsec (d*x+c) ) ¥x(9/2) ,x)

OutputLTimed out
Maxima [F|
A + C'sec*(c+ dx) Csec(dz +c)> + A
oz 4T = s—dr
(bsec(c + dx)) (bsec (dz + ¢))>2
input Lintegrate ((A+Cxsec(d*x+c)~2)/(bxsec(d*x+c))~(9/2) ,x, algorithm="maxima")

output Lintegrate((C*sec(d*x + ¢c)"2 + A)/(b*sec(d*x + ¢))~(9/2), x)

Giac [F]

dx

/A+Csec2(c+dx) _/Csec(dx+c)2+A
(bsec(c + dz))*/2 (bsec (dz + c))%

input Lintegrate ((A+C*sec (d*x+c) ~2)/ (b*sec(d*x+c))~(9/2) ,x, algorithm="giac")

output tintegrate((C*sec(d*x + ¢)72 + A)/(b*sec(d*x + ¢))~(9/2), x)
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Mupad [F(-1)]

Timed out.

/ A+ CSGCQ(C + d.’L‘) i / A+ cos(c-lc-’dz)2 dr

(bsec(c + dz))%/? = b 9/2
cos(c—i—d:c))

input Lint((A + C/cos(c + d*x)"2)/(b/cos(c + d*x))~(9/2),x) J

output Lint((A + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(9/2), x) J

Reduce [F]

/A+C’se02(c+dm) o VB ([ L) o+ ([ Lot o)

(bsec(c + dz))9/? N b®

input Lint ((A+C*xsec(d*x+c) ~2) / (bxsec (d*x+c))~(9/2) ,x) J

‘ (sqrt(b)*(int (sqrt(sec(c + d*x))/sec(c + d*x)**5,x)*a + int(sqrt(sec(c + d ‘

output
\ *x))/sec(c + d*x)*x3,x)*c))/b**5 ‘




CHAPTER 3. LISTING OF INTEGRALS

196

output L

3+3sec?(c+dzx)
3.24 f sec(c+dr) dz

Optimalresult . . . ... ... ... ... .. .........
Mathematica [A] (verified) . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . ... . ... ... . ... L.
Maple [B] (verified) . . . . . . ... ... .. .. ...
Fricas [A] (verification not implemented) . . . . . . . ... ..
Sympy [F] . . . ..
Maxima [F] . . .. ... ..
Giac [B] (verification not implemented) . . . . . . .. ... ..
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [F] . . . . . . . .

Optimal result

Integrand size = 23, antiderivative size = 21

3 + 3sec’(c + dz) o — 6+/sec(c + dz) sin(c + dz)
N d

V/sec(c+ dzx) !

196]
196]
197]
198
193]
199
199
1199
200
2001

6xsec(d*x+c) ~(1/2) *sin(d*x+c)/d

Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

3 + 3sec?(c + dz) dp — 6+/sec(c + dz) sin(c + dz)
B d

\/sec(c + dx) !

e

input L

Integrate[(3 + 3*Sec[c + d*x]~2)/Sqrt[Seclc + d*x]],x]

~—

output L

(6xSqrt[Sec[c + d*x]]1*Sin[c + d*x])/d




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

=2, number of rules _ 087, Rules
integrand size

number of steps used = 2, number of rules used =
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3sec?(c+dz) +3
V/sec(c + dx)

l 3042

dz

dx

/3csc c—l—da:—l— ) +3
\/csc c+dzx+Z )

l'4531

6sin(c + dz)+/sec(c + dx)
d

LInt[(S + 3*Sec[c + d*x]~2)/Sqrt[Sec[c + d*x]],x] J

‘ (6*Sqrt[Sec[c + d*x]]1*Sin[c + d*x])/d

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] &% EqQ[C*m + Ax(m + 1), 0]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 40 vs. 2(19) = 38.

Time = 1.38 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.95

method | result
12 dz 4 ) gog( 24
default sm( 2 2) <22 :)
\/2005(%“”4-%) —1d
6\/(2cos(d;+;>2—1) sin<d§+§)2 1_ cos(dete) \/—2003(%—1—%)2—{—1 EllipticE (cos( % +5 ),v2) 6(—2,/—2sin(d;
parts = = = —
\/—2sin(%’”+§) tsin(L2+¢) sin(dg+g)\/2cos(%w+g) ~1d
inputLint((3+3*sec(d*x+c)"2)/sec(d*x+c)“(1/2),x,method=_RETURNVERBOSE) J
output \ 12*%sin(1/2*d*x+1/2*c) *cos (1/2*d*x+1/2*c)/ (2*cos (1/2*d*x+1/2*c) ~2-1)~(1/2)/

G |

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

3+3sec’(c+dzx) ,  6sin(dr+c)

xTr =
V/sec(c+ dz) d+/cos (dz + c)

input Lintegrate ((3+3*sec(d*x+c) ~2) /sec(d*x+c)~(1/2) ,x, algorithm="fricas ") J

output LG*sin(d*x + ¢)/(d*sqrt(cos(d*x + c))) J
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Sympy [F]

3+ 3sec?(c + dx

) dr = 3(/;
V/sec(c+ dx) V/sec (c+dzx)

dx + /secg (c+dzx) dx)

input ‘ integrate ((3+3*sec(d*x+c) **2) /sec (d*x+c)**(1/2) ,x) ‘

outputL3*(Integral(l/sqrt(sec(c + d*x)), x) + Integral(sec(c + d*x)**(3/2), x)) J
Maxima [F]
3 + 3sec’(c + dz) i — / 3 (sec (dz +¢)* + 1) s
V/sec(c + dz) sec (dz + ¢)
input Lintegrate((3+3*sec(d*x+c)“2)/sec(d*x+c)“(1/2) ,X, algorithm="maxima") J
output Ls*integrate((sec(d*x + ¢c)"2 + 1)/sqrt(sec(d*x + c)), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.

Time = 0.35 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.19

3+3SGC2(C+dx)d __12\/—tan(%dz+%c)4+1tan(%dz+%c)

T =
v/sec(c + dz) (tan (% dz + % 6)4 - 1)d

input Lintegrate ((3+3*sec(d*x+c)~2)/sec(d*x+c)~(1/2),x, algorithm="giac") J

-12%sqrt(-tan(1/2xd*x + 1/2%c)~4 + 1)*tan(1/2*d*x + 1/2xc)/((tan(1/2xd*x +

output
\ 1/2%c)~4 - 1)*d) ‘
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Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

: 1
3 + 3sec®(c + dx) = 6 sin (c + dz) \/ cos(c+dz)
V/sec(c + dz) d

inputtint((S/cos(C + d*x)"2 + 3)/(1/cos(c + d*x))~(1/2),%) J

OutputL(G*sin(c + d*x)*(1/cos(c + d*x))~(1/2))/d J

Reduce [F|

3 + 3sec?(c + dx)

v/sec(c + dx)
(/ Sede—i_c >—|—3(/\/secdm+c secdx+cdac)

dx

sec (dz + c)

input Lim’((3+3*Sec(d*x+c)“2)/sec(d*X+c)“(1/2) ,X) J

‘3*(1nt(sqrt(sec(c + d*x))/sec(c + d*x),x) + int(sqrt(sec(c + dx*x))*sec(c + ‘

outpu t‘ axx) 1)) ‘
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3.25 [ sec™(e+fz) (m — (1 4+ m)sec’(e + fz)) dz

Optimal result . . . . . . . . . . . . e 201]
Mathematica [C] (verified) . . . . . . . . .. ... L 20T
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 203
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 203
Sympy [F] . . o o 204
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 204
Giac [F] . . . . o o 205
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 205
Reduce [F] . . . o . o o 205

Optimal result

Integrand size = 24, antiderivative size = 21

_sec't™(e + fz)sin(e + fx)
f

/secm(e + fz) (m — (1 +m)sec’(e + fz)) dr =

output ‘ -sec(f*x+e) ~ (1+m)*sin(f*x+e)/f

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.34 (sec) , antiderivative size = 107, normalized size of antiderivative = 5.10

/secm(e + fz) (m — (1 + m)sec*(e + fz)) dx

_csc(e+ fx)sec™ ™ (e + fz) ((2 + m) Hypergeometric2F1 (3, 2, 2™, sec’(e + fz)) — (1 + m) Hyperg
B f(2+m)

e hY

fnput \Integrate [Sec[e + f*x] m*(m - (1 + m)*Secle + f*x]~2),x] /
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t‘ (Cscle + f*xx]*Sec[e + f*x]~(-1 + m)*((2 + m)*Hypergeometric2F1[1/2, m/2, ( ‘
‘2 + m)/2, Secle + £*x]72] - (1 + m)*Hypergeometric2F1[1/2, (2 + m)/2, (4 + ‘
‘ m) /2, Secle + fxx]"2]*Secl[e + fxx]~2)*Sqrt[-Tan[e + £*x]~2])/(£*(2 + m)) ‘

outpu

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/secm(e + fz) (m — (m + 1) sec®(e + fz)) da
| 3042
/csc <e+ fz+ g)m ((—m —1)csc <e+ fz+ g>2 —|—m) dx

l'4531

_sin(e + fz) sec™ ! (e + fz)
f

inputtlnt [Sec[e + f*x]~m*(m - (1 + m)*Sec[e + f*x]~2),x] J

e

t—((Sec[e + £*x]~(1 + m)*Sin[e + f*x])/f)

~—

output

Defintions of rubi rules used

rule 3042‘In‘c [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |
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rule 4531 Totl(esclle ) + (£_)xx)1x(b_))"(m_)*(escl(e_.) + (£_.)*(x)I"2%(C_.)
‘+ (A))), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscl[e + f*x]) m/(f*m)), x] /;
| FreeQ[{b, e, £, A, C, m}, x] & EqQ[C+n + Ax(m + 1), 0] |

Maple [A] (verified)

Time = 0.72 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.33

method result
parallelrisch | —S2( ’f::()ffig ﬂfre)m
' ¢ seilfote) )2 ; i jet(fzte)
i csgn o2i(fx+e) 7 csgn 2i(fx+e) m icsgn 2i(fate) T csgn 2i(fate)
2m (ei(fm+e))m(e2i(fz+e)+1) —m e ( +1) - ( +1> o ( +1> ( 2 g
risch
inputLint(sec(f*x+e)*m*(m—(1+m)*sec(f*x+e)“2),x,method=_RETURNVERBOSE) J
output L-sm (f*x+e) /cos(f*x+e)/f*sec(f*x+e) "m J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.38

cos(]}x+e)m sin (fl' + 6)
/secm(e + fz) (m — (1 + m)sec*(e + fx)) do = — o (Frt o)
input Lintegrate (sec(f*x+e) "m* (m-(1+m) *sec (f*x+e) "2) ,x, algorithm="fricas") J

output t-(l/cos(f*x + e))"m*sin(f*x + e)/(fxcos(f*x + e)) J
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Sympy [F]

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dx
= —/(—msecm (e + fx)) dx — /sec2 (e + fx)sec™ (e + fz)dx

- /msec2 (e + fr)sec™ (e + fx)dx

-

tintegrate(sec(f*x+e)**m*(m-(1+m)*sec(f*x+e)**2),x)

~—

input

B
Ou_tput‘—In‘cegral(—m*sec(e + fxx)**m, x) - Integral(sec(e + f*x)**2xsec(e + fxx)*x*
Lm, x) - Integral(m*sec(e + f*x)**2xsec(e + f*x)**m, Xx)

~

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 283 vs. 2(21) = 42.

Time = 0.24 (sec) , antiderivative size = 283, normalized size of antiderivative = 13.48

/secm(e + fz) (m — (1 +m)sec’(e + fz)) dz
_ 2™ cos (—(fz + €)(m + 2) + marctan (sin (2 fz + 2€) ,cos (2 fz + 2€) + 1)) sin (2 fz + 2€) — 2™ cos

-/

p
input Lintegrate (sec(f*x+e) “m* (m- (1+m) *sec (f*x+e) "2) ,x, algorithm="maxima")

(2"m*cos(-(f*x + e)*(m + 2) + m*arctan2(sin(2xf*x + 2%e), cos(2xf*x + 2%e)
+ 1))*sin(2*f*x + 2xe) - 2 m*cos(-(f*x + e)*m + m*arctan2(sin(2*f*x + 2%e
), cos(2xfxx + 2%e) + 1))*sin(2*f*x + 2%e) + (2 m*cos(xf*x + 2%e) + 2°m)*
sin(-(f*x + e)*(m + 2) + m*arctan2(sin(2*xf*x + 2*e), cos(2*xfxx + 2*xe) + 1)
) - (27m*cos(2*xf*x + 2%e) + 2°m)*sin(-(f*x + e)*m + m*arctan2(sin(2*f*x +
2*%e), cos(2xfxx + 2*xe) + 1)))/((cos(2xf*x + 2*e)"2 + sin(2*f*xx + 2*e)”~2 +
2%cos (2*xf*x + 2xe) + 1)*(cos(2*f*x + 2%e)”2 + sin(2xf*x + 2%e)”2 + 2*cos(2
*fxx + 2%xe) + 1)~ (1/2+%m)*f)

output
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Giac [F]

/secm(e + fz) (m — (1 + m)sec’(e + fz)) dx

:/—((m+1)sec(fz+e)2—m)sec(fz—i—e)m dx

input Lintegrate (SeC (f*x+e) “m* (m— (1+m) *ksecC (f*x+e) ’"2) ,X, algorith.m="giac n)

output Lintegrate(—((m + 1)*sec(f*x + e)~2 - m)*sec(f*x + e)”"m, x)

Mupad [B] (verification not implemented)

Time = 11.84 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.76

sin (2e + 2 f ) (W)m
~ f(cos(2e+2fz)+1)

/secm(e + fz) (m — (1 +m)sec’(e + fz)) dr =

-

inputtint((m - (m + 1)/cos(e + f*x)~2)*(1/cos(e + f*x)) "m,x)

—

output L—(sin(2*e + 2xf*x)*(1/cos(e + £*x))"m)/(f*x(cos(2*e + 2kf*x) + 1))

Reduce [F]

/secm(e—|— fzr) (m— (14 m)sec’(e + fz)) dz
= (/sec(fx—i—e)mdx) m— (/sec(fx—i-e)msec(fz+e)2d:c) m
— (/sec(fx+e)msec(fx+e)2dx)

input Lint(sec(f*x+e) m* (m- (1+m) *sec (f*x+e) ~2) ,x)
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‘int(sec(e + fxx)**m,x)*m - int(sec(e + f*xx)**m*sec(e + f*x)**2,x)*m - int(

output
‘sec(e + fxx)**mxsec(e + f*xx)**2,x)
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3.26 [ sec®(e + fz) (5 — 6sec*(e + fz)) dx

Optimal result . . . . . . . . . . . . e 207
Mathematica [A] (verified) . . . . . . . . . ... o 207l
Rubi [A] (verified) . . . .. . . ... .. 208
Maple [C] (verified) . . . . . . . . . ... 209
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 209
Sympy [F] . . o o 210
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2101
Giac [A] (verification not implemented) . . . . . . ... ... ... 210
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 211
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 211

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)
f

/secs(e + fz) (5 — 6sec’ (e + fz)) dz =

output ‘ -sec(f*x+e) “6*xtan(fxx+e) /£

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_sec’(e + fx) tan(e + fx)
f

/sec5(e + fz) (5 — 6sec’(e + fz)) dz =

input LIntegrate [Sec[e + f*x]~5%(5 - 6*xSec[e + f*x]"2),x] J

s

-((Sec[e + f*x] b5*Tan[e + f*x])/f)

~—

output L




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec5(e + fz) (5 — 6sec’(e + fz)) dz

l 3042

/csc (e+fx+ g)s (5 — 6csc <e+fx—|— 72r>2> dx

l 4531

_ tan(e + fz) sec’(e + fx)
f

LInt [Sec[e + f*x]~5%(5 - 6%Sec[e + f*x]~2),x] J

L—((Sec[e + f+x]~5+Tanle + £+x])/f) J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), O]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.16

method result
. 32i(e7i(f:c+e) _e5i(fz+e))
risch (@G 11)°
. _ 32sin(fz+e)
parallelrlsch f(cos(6fz+6€)+6 cos(4fx+4e)+15 cos(2fz+2e)+10)
3 5 3
' ' o -5 (_ sec(fZJre) _ 3sec(£m+e)) tan(f:c+e)+6 (_ sec(fg+e) _ 5sec(£z:+e) _ 55ec(1f6:1:+e)) tan(fm—{—e)
derivativedivides
3 5 3
_5 (_ sec(fz-ke) _ SSec(gm-ﬁ—e)) tan(fx+e)+6 (_ sec(fg-ﬁ-e) _ 55ec(£:+e) _ 5sec(1‘gm+e)) tan(fx-{—e)
default
3 n(sec TrTe an TrTe sec TrTe 5 sec TrTe 3 sec
5 (_sec(fz-!—e) _ssec<£w+e>) tan( fa-te)+ Lo nleeclfote) an(fote)) 6(_ (_ (Yote)® _ssec(fate)® _ssect
parts 7 —
fz e fz e\3 fz_ e\® fz_ e\ fz_ e\? fz_ e\11
_2tan(7+7) B 10tan(T+7) _20tan(7+7) B 20tan (L2 +§) B 10tan(T+7) _2tan(7+7)
NOrman 7 7 7 — 7 7
(tan<%+%> —1)
input Lint (sec(f*x+e) "5k (5-6*sec(f*x+e) ~2) ,x,method=_RETURNVERBOSE) J
output L32*I/f/(exp(2*I* (£¥x+e))+1) ~6% (exp (T*I* (f*x+e) ) —exp (5*I* (f*x+e))) J

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

i +e)
sec’(e + fz) (5 — 6sec®(e + fz)) de = — sin (fz
[secttes 1) e+ f)) o s
input Lintegrate(sec (f*x+e) “5x(5-6*sec(f*x+e) ~2),x, algorithm="fricas") J

output L—sin(f*x + e)/(fxcos(f*x + e)~6) J




CHAPTER 3. LISTING OF INTEGRALS 210

Sympy [F]

/sec5(e—|—fm) (5—6sec’(e+ fx)) dx=—/ (—5sec® (e + fz)) dx—/6sec7 (e + fx)dx

p
Lintegrate(sec(f*x+e)**5*(5-6*sec(f*x+e)**2),x)

| —

input

outputt—Integral(-S*sec(e + f*xx)**5, x) - Integral(6*sec(e + f*x)**7, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(19) = 38.

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.21

/sec5(e+ fz) (5—6sec’(e+ fz)) dz
sin (fx + €)
(sin(fx+e)6—3 sin (fz + €)* + 3 sin (fz + e)® — 1)f

inputLintegrate(sec(f*x+e)‘5*(5-6*sec(f*x+e)‘2),x, algorithm="maxima") J

‘sin(f*x + e)/((sin(f*x + e)~6 - 3*sin(f*x + e)"4 + 3*sin(f*x + e)”2 - 1)xf

) |

output

Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16
sin (fx + €)

(sin (fz + e)’ — 1)3f

/sec5(e + fz) (5 — 6sec’(e + fz)) dz =

inputLintegrate(sec(f*x+e)‘5*(5—6*sec(f*x+e)‘2),x, algorithm="giac") J

output Lsin(f*x + e)/((sin(f*x + €)~2 - 1)~3%f) J
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Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.21

/sec5(e+fx) (5 — 6sec’(e + fz)) dz
B sin (e + f z)
f (sin(e+ f2)° — 3sin (e + fz)* + 3sin (e + fz)* — 1)

input Lint(-(G/cos(e + f*x)"2 - 5)/cos(e + f*x)75,x) J

e DY
‘sin(e + f*xx)/(f*x(3*sin(e + f*x)~2 - 3*sin(e + f*x)~4 + sin(e + f*x)"6 - 1) ‘

& |

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.21

/sec5(e+ fz) (5—6sec’(e+ fz)) dz
sin (fz +e)
f (sin(f:v+e)6 — 3sin (fz +e)* + 3sin (fz +e)® — 1)

-

input Lint (sec(f*x+e) "5x(5-6*sec (f*x+e)~2),x)

-/

output‘ sin(e + f*x)/(f*(sin(e + f*x)**6 - 3*sin(e + f*x)**4 + 3*sin(e + f*xx)**x2 - ‘

1)) J
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3.27 [ sec*(e + fz) (4 — 5sec’(e + fz)) dx

Optimal result . . . . . . . . . . . . e 212
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 213
Maple [C] (verified) . . . . . . . . . ... 214
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 214
Sympy [F] . . o o 215
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2751
Giac [A] (verification not implemented) . . . . . . ... ... ... 215
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 216
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 216

Optimal result

Integrand size = 21, antiderivative size = 19

_sec*(e + fz) tan(e + fx)
f

/sec4(e + fz) (4 — 5sec’ (e + fz)) dz =

output ‘ -sec(f*x+e) “4*xtan(fxx+e) /£

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_sec*(e + fx) tan(e + fx)
f

/sec4(e + fz) (4 — 5sec’(e + fz)) dz =

input LIntegrate [Sec[e + f*x]~4*x(4 - 5%xSecl[e + f*x]"2),x] J

s

-((Sec[e + f*x] " 4*Tan[e + f*x])/f)

~—

output L




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec4(e + fz) (4 — 5sec’(e + fz)) dz

l 3042

/csc (e+fx+g)4 (4—5csc <e+fz+72r>2> dx

l 4531

_ tan(e + fz) sect(e + fx)
f

LInt [Sec[e + f*x]~4*x(4 - 5%Sec[e + f*x]~2),x] J

L—((Sec[e + fxx]~4*Tan[e + £*x])/f) J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), O]




input

output

input L
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.16

method result size
. 16i (ebi(fz+e) _gdi(fate)
risch (e —e . ) 41
f(e21(fz+e)+1)
; _ 16 sin(fz+e)
parallelrlSCh f(cos(5fz+5e)+5 cos(3fz+3e)+10 cos(fz+e)) 43
2 4 2
derivativedivid —4 (—%_M> tan(fz+e)+5 (_%_sec(f;’+e) _4sec({§+e) ) tan(fz-+e) 6
erivativedalviaes 7
- (_ % - seC(f§+E)2 ) tan(fz+e)+5 (_ 1% - SeC(f§+5)4 -4 SeC({§+E)2 ) tan(fz+e)
default 7 56
4 (_ % - Sec<f§+e)2 ) tan(fz+te) 5 (— % - Sec(f§+e)4 -1 Sec({§+e)2 ) tan(fz+e)
parts 7 + - 58
2tan(1§+%) +8tan(f7z+%)3 " 12tan(%+%)5 +8tan(%+%)7+2tan(%+%)9
norman f £ L — 1 f 96
(tan(’;—m+§) —1)

Lint(sec(f*x+e)‘4*(4-5*sec(f*x+e)‘2),x,method=_RETURNVERBDSE)

LiG*I/f/(exp(Q*I*(f*x+e))+1)“5*(exp(6*I*(f*x+e))—exp(4*I*(f*x+e)))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/sec4(e + fz) (4 — 5sec’ (e + fz)) dov = —

sin (fz +e)

feos(fz +e)°

integrate(sec(f*x+e) “4* (4-5*sec(f*x+e) "2) ,x, algorithm="fricas")

outputt

-sin(f*x + e)/(fxcos(f*x + e)~5)
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Sympy [F]

/sec4(e+f$) (4—5sec’(e+ fx)) dm=—/ (—4sec* (e + fz)) dalc—/5sec6 (e + fx)dx

input‘integrate(sec(f*x+e)**4*(4-5*sec(f*x+e)**2),x)

outputL—Integral(-ll*sec(e + fxx)**4, x) - Integral(5*sec(e + f*x)**6, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

tan (fz + €)° + 2 tan (fz + e)® + tan (fz + €)
f

/sec4(e+fw) (4—5 sec2(e+fx)) dr = —

input Lintegrate (sec(f*x+e) “4*(4-5xsec(f*x+e)~2),x, algorithm="maxima") J

output L—(tan(f*x + e)”5 + 2*tan(f*x + e)”3 + tan(f*x + e))/f J

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

_tan(fz+e)5+2tan(fa:+e)3+tan(fz+e)
f

/sec4(e+fx) (4—5sec’(e+ fz)) dz=

e

~—

inputtintegrate(sec(f*x+e)‘4*(4-5*sec(f*x+e)*2),x’ algorithm="giac")

output L—(tan(f*x + e)"5 + 2%tan(f*x + e)~3 + tan(f*x + e))/f J
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Mupad [B] (verification not implemented)

Time = 11.53 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

in(e+ fz)
sect(e + fz) (4 — 5sec®(e + fz)) dx = — sin (e
[ secte+ g (e f2)) do = 2L
input‘ int(-(5/cos(e + f*x)"2 - 4)/cos(e + f*x)~4,x) ‘
output ~SiB(e *+ £¥x)/(fxcos(e + £xx)75) J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.16

/sec4(e+fx) (4 — 5sec’(e + fz)) dz
B sin (fz + e)
cos (fz +e) f (sin (fz +e)* — 2sin (fz +e€)® +1)

input Lint (sec(f*x+e) ~4*(4-5xsec(f*x+e)~2),x) J

e Y
(- sin(e + £*x))/(cos(e + f¥x)*f*(sin(e + f¥x)**4 - 2ksin(e + fHx)**2 + 1

» |

output
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3.28 [sec’(e + fx) (3 — 4dsec’*(e + fz)) dx

Optimal result . . . . . . . . . . . . e 217
Mathematica [A] (verified) . . . . . . . . . ... o 217
Rubi [A] (verified) . . . .. . . ... .. 218
Maple [A] (verified) . . . . . . ... L 219
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 219
Sympy [F] . . o o 220
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2201
Giac [A] (verification not implemented) . . . . . . ... ... ... 220
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 22T]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 221]

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)
f

/sec3(e + fz) (3 — 4sec’(e + fz)) dz =

output ‘ -sec(f*x+e) “3*xtan(fxx+e) /£

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

3
/sec3(e + fz) (3 — 4sec’(e + fz)) dz = _sec’(e + fx)ftan(e + fx)
input LIntegrate [Sec[e + £*x]~3*%(3 - 4*xSec[e + f*x]"2),x] J
output {-((Sec [e + fxx]~3*Tan[e + f*x])/f)

~—




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec3(e + fz) (3 — 4sec®(e + fz)) dz

l 3042

/csc (e+fx+ g)3 <3—4csc <e+fx—|— 72r>2> dx

l 4531

_ tan(e + fz) sec®(e + fx)
f

LInt [Sec[e + f*x]~3%(3 - 4*Sec[e + f*x]~2),x] J

L-((Sec[e + f+x]~3+Tanle + £+x])/f) J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), O]




CHAPTER 3. LISTING OF INTEGRALS 219

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.89

method result
: _ 8sin(fz+e)
parallelrlsch f(cos(4fz+4e)+4 cos(2fr+2e)+3)
. Si(e5i(fz+e) _e3i(fz+e))
risch f(e2i(fa:+e)+1)4
. . o 35ec(fz+e%tan(fa:+e) +4( sec(fa:+e)3 3sec(£1:+5)) tan(fx—i—e)
derivativedivides
3 sec(fw—l—e;tan(fw-&-e) +4< sec(fz+e)3 3 sec(é‘oH—e) ) tan(fz+e)
default
_2tan(f71+%) _6tan(%+%)3 _Gtan(me-k%)s _Qtan(‘fo-ﬁ-%)’?
norman i ! —L !
(tan(%+%> —1)
_ _sec(fx+e)3 __3sec(fz+e) 3 1In(sec(f
3sec(fz+e) tan(fz+e) 31In(sec(fz+e)+tan(fz+e)) 4 ( ( 4 8 ) tan(fz-+e)+
parts 57 + 57 — 7
. int (sec(f*x+e) ~3*%(3-4*xsec (f*x+e ,X,method=_
input int ( (f )"3%(3-4 (f )~"2) hod=_RETURNVERBOSE)
Ou_tputk—S/iz‘*31n(f*x+e)/(cos(4*f*x+4>l=e)+4*cos(2*1:'*x+2*e)+3) J

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/sec3(e + fz) (3 — 4sec’(e + fx)) dr = — sin (fz + ¢) .
Foos (fo+e)
inputtintegrate(sec(f*x+e)‘3*(3-4*sec(f*x+e)“2),x, algorithm="fricas") J

-/

p
OutputL_Sin(f*X + e)/(f*xcos(f*x + e)~4)
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Sympy [F]

/sec3(e+f$) (3—4sec’(e+fx)) dm=—/ (—3sec’ (e + fz)) dac—/4sec5 (e + fx)dx

input ‘

integrate(sec(f*x+e) *x3* (3-4*sec(f*xx+e) **2) ,x) ‘

output L

-Integral(-3*sec(e + f*x)*x3, x) - Integral(4*sec(e + f*x)**5, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

sin (fz + e)
(sin (fz+e)* —2sin(fr+e)’+1)f

/sec3(e + fz) (3 — 4sec’(e + f:c)) de = —

input L

integrate(sec(f*x+e) "3*(3-4*sec(f*x+e)~2),x, algorithm="maxima") J

-

output t

-sin(f*x + e)/((sin(f*x + e)~4 - 2*sin(f*x + e)~2 + 1)x*f)

e—

input

Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

sin (fz + e)
(sin (fr+e)?— 1)2f

/sec3(e + fz) (3 — 4sec’(e + fx)) de = —

Lintegrate (sec(f*x+e) ~3%(3-4*sec(f*x+e)”2),x, algorithm="giac") J

output L

—sin(f*x + e)/((sin(f*x + €)~2 - 1)~2xf) J
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

sin (e + f x)
f(sin(e+ fz)’ - 1)2

/secs(e + fz) (3 — 4sec’(e + fx)) dr = —

input Lint(-(4/cos(e + £*x)72 - 3)/cos(e + £*x)73,x) J

[—sin(e + f*xx)/(f*(sin(e + f*x)"2 - 1)°2)

. ]

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

sin (fx + €)
f (sin(fz +e)* — 2sin (fz +€)® +1)

/sec3(e + fz) (3 — 4sec’*(e + fz)) do = —

e

A >

input tint (sec(fxx+e) ~3*(3-4xsec(f*x+e)"2),x)

Outputt( - sin(e + f*x))/(f*(sin(e + f*x)**4 — 2ksin(e + fxx)**x2 + 1)) J
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3.29 [ sec’(e+ fx) (2 — 3sec*(e + fz)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 21, antiderivative size = 19

_sec’(e + fz) tan(e + fx)

/sec2(e + fz) (2 — 3sec’ (e + fz)) dz =

f

output‘

-sec (f*x+e) "2xtan(f*x+e) /f

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_sec’(e + fx) tan(e + fx)

/secQ(e + fz) (2 — 3sec’(e + fz)) dz =

f

inputt

Integrate[Sec[e + f*xx]"2x(2 - 3xSec[e + f£*x]~2),x]

s

output L

-((Sec[e + f*x] 2*Tan[e + f*x])/f)

~—




input

output

rule 3042

rule 4531

CHAPTER 3. LISTING OF INTEGRALS 223

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/secQ(e + fz) (2 — 3sec’(e + fz)) dz

l 3042

/csc (e+fx+ g)Q (2 — 3csc <e+fx—|— 72r>2> dx

l 4531

_ tan(e + fz) sec?(e + fx)
f

LInt [Sec[e + f*x]~2%(2 - 3*Sec[e + f*x]~2),x] J

L—((Sec[e + fxx]~2%Tan[e + £*x])/f) J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + A*(m + 1), O]




input

output

input

output
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

method result size
. 4sin(fz+e)
parallelrisch ~ Fleos3Fzt3e)13 cos(f7 1)) 32
2tan(fz+e)+3 (— % — w) tan(fz+e)
derivativedivides 7 34
2tan(fz+e)+3 (— % - M) tan(fz+e)
default 7 34
3 _2_sec(fate)? tan(fz+e)
parts 2 tan(}{ zte) 4 ( ° ° 7 ) 36
. 4i(e4i(fz+e) _e2i(fz+e))
risch @) 41
2tan(%+%> 4tan(%+%)3 2tan(%+%)5
norman ! * z * z 64
2 3
(tan(%”rg) —1)

t

int (sec(f*x+e) ~2* (2-3*sec (f*x+e) ~2) ,x,method=_RETURNVERBOSE)

-

k—4/f*sin(f*x+e)/(cos(3*f*x+3*e)+3*cos(f*x+e))

e—

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/sec2(e + fz) (2 — 3sec’(e + fz)) do = —

sin (fz + e)

feos(fz +e)®

t

integrate(sec(f*x+e) "2%(2-3*sec(f*x+e) "2) ,x, algorithm="fricas")

E

-sin(f*x + e)/(f*cos(f*x + e)~3)

-/
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Sympy [F]

/sec2(e—|—f$) (2—3sec’(e+ fx)) dm=—/ (—2sec’® (e + fz)) dac—/3sec4 (e + fx)dx

input‘integrate(sec(f*x+e)**2*(2-3*sec(f*x+e)**2),x)

outputL—Integral(-2*sec(e + f*xx)**2, x) - Integral(3+*sec(e + f*x)**4, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

tan (fz + €)® + tan (fz + €)
f

/sec2(e + fz) (2 — 3sec’(e + fz)) dz = —

input Lintegrate (sec(fxx+e) ~2%(2-3xsec(f*x+e)~2),x, algorithm="maxima") J

output L—(tan(f*x + e)"3 + tan(f*x + e))/f J

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

_tan(fz + e)’ + tan (fz + e)
f

/secZ(e + fz) (2 — 3sec’(e + fz)) dz =

e

integrate(sec(f*x+e) “2*(2-3*sec(f*x+e)~2) ,x, algorithm="giac")

~—

input t

output L—(tan(f*x + e)~3 + tan(f*x + e))/f J
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Mupad [B] (verification not implemented)

Time = 11.61 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

_tan(e + fz) (tan(e + fz)’+1)
f

/secz(e + fz) (2 — 3sec’(e + fz)) dz =

inputtint(-(3/cos(e + £%x)"°2 - 2)/cos(e + £*x)~2,x)

output L“tan(e + fxx)x(tan(e + £*x)72 + 1))/f

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

sin (fz +e)
cos (fz +e) f (sin(fz +e)’—1)

/sec2(e + fz) (2 — 3sec’(e + fz)) dz =

inputLint(sec(f*X+e)A2*(2‘3*Sec(f*x+e)“2),x)

Output‘sin(e + f*x)/(cos(e + f*x)*f*(sin(e + f*xx)**2 - 1))
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3.30 [sec(e + fz) (1 — 2sec’(e + fx)) dx

Optimal result . . . . . . . . . . . . e 227
Mathematica [B] (verified) . . . . . . . . .. ... o oL 2271
Rubi [A] (verified) . . . .. . . ... .. 228
Maple [A] (verified) . . . . . . ... L 229
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 229
Sympy [F] . . o o 230
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2301
Giac [A] (verification not implemented) . . . . . . ... ... ... 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 231
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 231]

Optimal result

Integrand size = 19, antiderivative size = 17

_sec(e + fz) tan(e + fz)
f

/sec(e + fz) (1 — 2sec’*(e + fz)) dz =

output ‘ -sec(f*x+e) ¥tan(f*x+e)/f

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 41 vs. 2(17) = 34.
Time = 0.01 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.41
th™" (si tanh(si
/sec(e + fz) (1 — 2sec’(e + fz)) dz = © (sn;(e +fz)) _ arctan (s1;1(e + f2))
_ sec(e + fz)tan(e + fz)
f
input LIntegrate [Sec[e + f*xx]*(1 - 2*Sec[e + f*x]~2),x]

Output‘ArcCoth[Sin[e + f*x]]1/f - ArcTanh[Sin[e + f*x]]/f - (Secl[e + f*x]*Tan[e +
£*x]) /£




input

output L_(

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,

number of rules _ 0.105, Rules
integrand size

used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/sec(e+ fz) (1 —2sec’(e + fz)) dx

l 3042

/csc (e+fx+g> (1—2csc <e+f:v+g>2> dx

l 4531

_tan(e + fz)sec(e + fx)
f

t

Int[Sec[e + f*x]*(1 - 2*Secl[e + f*x]~2),x]

-

(Sec[e + f*x]*Tan[e + f*x])/f)

-/

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*x_)]1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)
+ (AD)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Cscle + f*x])~m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), 0]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

method result size
derivativedivides | —%cU/z+ e);an(f zte) 18
default _ sec(fz+e) tan(fz+e) 18
f
parts __sec(fz+te) ;an( fz+e) 18
; 2sin(fz+e)
parallelrisch — ) 95
3 23 (e:‘”(ff”‘*‘e) _ei(fm+e))
risch (@G 41)? 41
_ 2tan(%+%) _ 2tan(%+%)3
norman i 48
(tan ( f{ +%) — )

input

Lint (sec(f*x+e)*(1-2*sec(f*x+e) "2) ,x,method=_ RETURNVERBOSE)

output

L—sec (f*x+e)*xtan(f*x+e) /f

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

/sec(e + fz) (1 — 2sec’(e + fz)) doz = —

sin (fz + e)

fcos(fz +e)®

input L

integrate(sec(f*x+e)*(1-2*sec(f*x+e)~2) ,x, algorithm="fricas")

output‘

-sin(f*x + e)/(f*cos(f*x + e)~2)
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Sympy [F]

/sec(e—l—fm) (1—2sec’(e+ fz)) do = —/(— sec (e + fz)) doz — /2sec3 (e + fz)dx

input‘

integrate(sec(f*x+e)*(1-2*sec(f*x+e) **2) ,x)

outputt

-Integral(-sec(e + f*x), x) - Integral(2*sec(e + f*x)**3, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

sin (fz + e)
(sin (fz + e)’ — 1) f

/sec(e + fz) (1 — 2sec’(e + fz)) dz =

inputt

integrate(sec(f*x+e)*(1-2*sec(f*x+e)~2) ,x, algorithm="maxima")

-

outputt

sin(f*x + e)/((sin(f*x + e)~2 - 1)x*f)

e—

inputt

Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.41

1
f(m —sin(f:c+e))

/sec(e + fz) (1 — 2sec’*(e + fz)) do = —

integrate(sec(f*x+e) *(1-2*sec(f*x+e) "2) ,x, algorithm="giac")

outputt

-1/(f*(1/sin(f*x + e) - sin(f*x + e)))
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Mupad [B] (verification not implemented)

Time = 11.92 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

sin (e + f x)
f (sin(e+ fx)* — 1)

/sec(e + fz) (1 — 2sec*(e + fz)) dz =

input‘ int(-(2/cos(e + £*x)~2 - 1)/cos(e + £*x),x)

output Lsin(e + £*x)/(f*x(sin(e + f*x)"2 - 1))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.29

sin (fx + e)
f (sin(fz +e)* —1)

/sec(e + fz) (1 — 2sec’(e + fz)) dz =

input Lint (sec(f*x+e) *(1-2%sec (f*x+e)~2),x)

outputLSin(e + £*x)/(£x(sin(e + f*x)**2 - 1))
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3.31 [ —sec*(e+ fz)dx

Optimal result . . . . . . . . . . . . e 232
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 233
Maple [A] (verified) . . . . . . ... L 234
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 235
Sympy [F] . . o o 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2351
Giac [A] (verification not implemented) . . . . . . ... ... ... 236
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 236
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 230

Optimal result
Integrand size = 10, antiderivative size = 11

_tan(e + fz)

/—sec2(6+ fzr)dz = 7

output L

-tan(f*x+e)/f J

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

_tan(e + fz)

/—sec2(e + fx)dz = 7

inputt

Integrate[-Sec[e + f*x]~2,x] J

outputt

-(Tan[e + f*x]/f) J




input

output
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 400, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {25, 3042, 4254, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ —sec’(e + fx)dz
| 25

-j/sa?(e+-fm)dx
| 3042

—/csc<e+fm+72r>2dac

| 4254
[ 1d(—tan(e + fz))

f
| 24
_tan(e + fz)
f

LInt [-Secl[e + £*x]~2,x]

L—(Tan[e + fxx]/f)
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rukaZSLInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4954 Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides | — w 12
default — w 12
I'iSCh —_ f(e2i(f+i‘e)+l) 20
parallelrisch - % 20
2tan({Z4¢€
norman ‘ < 2 22) 30
f(tan(%”-i—%) —1)

. Lint(-sec(f*x+e)“2,x,method=_RETURNVERBOSE)
input

output t—tan(f*x+e) /£
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Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

ﬁn(fx-%e)

/—secz(e + fz)dz = ~Feos(fz 1 o)

input‘integrate('Sec(f*X+6)”2,X, algorithm="fricas")

outputL—Sin(f*X + e)/(fxcos(f*x + e))

Sympy [F]

/—secQ(e + fz)dz = —/sec2 (e+ fz)dz

inputLintegrate(-sec(f*x+e)**2,x)

output L_Integral(sec(e + fx)*%2, x)

Maxima [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

tan (fz + e)

— sec? _
/ sec*(e + fz)dx 7

i - - i =" : 1]
input Llntegrate( sec(f*x+e)~2,x, algorithm="maxima")

outputt_tan(f*x +e)/f
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Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

tan (fx +e)

/—sec (e+ fz)dr = — 7

inputLintegrate(-sec(f*x+e)"2,x, algorithm="giac") J

-

output L—tan(f*x + e)/f

-/

Mupad [B] (verification not implemented)
Time = 11.77 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

_tan(e + fx)

/—sec2(e+fx) dz = 7

input Lint(—l/cos(e + £*x)72,%) J

output L—tan(e + f*xx)/f J

Reduce [B] (verification not implemented)
Time = 0.17 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

sin (fz +e)

/—sec2(e + fr)dz = “eos(fz1e)

input Lint(—sec(f*x+e)‘2,x) J

Outputt( - sin(e + f*x))/(cos(e + f*x)*f) J
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3.32 [ —cos(e + fz)dx

Optimal result . . . . . . . . . . . . e 237
Mathematica [B] (verified) . . . . . . . . .. ... o oL 237
Rubi [A] (verified) . . . .. . . ... .. 238
Maple [A] (verified) . . . . . . ... L 239
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 239
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 240
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2401
Giac [A] (verification not implemented) . . . . . . ... ... ... 240
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 24T]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 247]

Optimal result
Integrand size = 8, antiderivative size = 11

__sin(e + fz)

/—cos(e + fz)dz = 7

output ‘ -sin(f*x+e)/f

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 23 vs. 2(11) = 22.

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 2.09

— cos(e ) dr = _cos(fa:) sin(e) B cos(e) sin(fx)
[ —coste+ 1) ) :

input LIntegrate [-Cos[e + f*x],x] J

-

output L—( (Cos[f*x]*Sin[e])/f) - (Cos[el*Sin[f*x])/f

-/
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {25, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/—cos(e+fm) dz
| 25
—/cos(e—l—f:v)da:
| 3042
—/sin (e+f:c+g> dz

l 3117

_sin(e + fx)
f

input ‘\Int [-Cos[e + f*x],x]

output - (Sinle + £xx1/£) |

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 3()42‘111t [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] J




CHAPTER 3. LISTING OF INTEGRALS 239

rule 3117‘Int[sin[Pi/Q + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sinl[c + d*x]1/d, x] /; ‘
‘ FreeQ[{c, d}, x] ‘

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

method result size
derivativedivides | — w 12
default — w 12
risch —sn(fre) 12
parallelrisch — Sm(fT”e) 12
parts — w 12
orering —sin(fete) - +e) 12
2tan(fZ4¢
norman - : ( 2 2) 5 30
f(1+tan<f7’+§) )
s cos(fx)
. _cos(e)sinfa) SV (=)
meijerg 7 + 7 35
input Lint (-cos(f*x+e) ,x,method=_RETURNVERBOSE) J
output L—sin(f*x+e)/f J

Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

_sin(fz+e)

/ —cos(e+ fx)dz = 7

i - i =n 1 n
input integrate(-cos(f*x+e) ,x, algorithm="fricas")
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output | “SiR(ERE + e)/f

Sympy [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.27

sin (e+fx) for 0
/—cos(e—l—fx)dx:— f r#

zcos(e) otherwise

inputLintegrate(-cos(f*)ﬁe),x)

output L—Piecewise((sin(e + fxx)/f, Ne(f, 0)), (x*cos(e), True))

Maxima [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin (fz +e)

/—cos(e—}-fw)dz:— 7

i - i =N : n
inputtlntegrate( cos(f*x+e) ,x, algorithm="maxima")

output L—sin(f*x + e)/f

Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin (fz + e)

/—cos(e—l—fx)dac:— 7

i - i =4 "
input Llntegrate( cos(f*x+e),x, algorithm="giac")
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outputt

-sin(f*x + e)/f

Mupad [B] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin (e + f x)

/—cos(e—|—fx)dx=— 7

inputt

int(-cos(e + f*x),x)

-

outputt

-sin(e + fx*xx)/f

—

input

Reduce [B] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

sin (fz + e)

/—cos(e+fa:)dw=— 7

Lint(—cos (f*x+e),x)

outputt

( - sin(e + f*x))/f
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3.33 [ cos*(e + fx) (—2 +sec’(e + fx)) dz

Optimal result . . . . . . . . . . . . e 247
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 243
Maple [A] (verified) . . . . . . ... L 247
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 247
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 245
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2451
Giac [A] (verification not implemented) . . . . . . ... ... ... 245
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 246
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 240

Optimal result

Integrand size = 19, antiderivative size = 17

_cos(e + fz)sin(e + fz)
f

/cosz(e—l- fzr) (—2+sec’(e+ fz)) dz =

output ‘ —-cos(f*x+e)*sin(f*x+e)/f

Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.94
2 in(2 2e) sin(2
/0082(e+fz) (=2 + sec?(e + f)) dv = _cos(2fz)sin(2e)  cos(2e)sin(2fz)
2f 2f
input‘ Integrate[Cos[e + f*x] 2*(-2 + Sec[e + f*x]~2),x]

output L—1/2* (Cos[2*xf*x]*Sin[2*e])/f - (Cos[2*e]*Sin[2*f*x])/(2*f)




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.105, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cosQ(e + fz) (sec’*(e + fz) — 2) dz

l 3042

dx

/csc(e+f:v+’27)2—2
csc (e+fx+%)2

l 4531

__sin(e + fz) cos(e + f2)
f

-

LInt [Cos[e + f*x]"2*x(-2 + Secl[e + f*x]"2),x]

-/

L—((Cos[e + fxx]*Sin[e + f*x])/f) J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C*m + Ax(m + 1), O]




input

output

input

output
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

method result Size
i Sin(2f:1:+26)
risch —sin(2fei2e) e
parallelrisch — %jf_”e) 15
derivativedivides | — U ”+e)fSin(f z+e) 18
default __cos(fz+e) sin(fz+e) 18
2tan(%+%)_4tan(%+%) +2tan(f7w+%)5
norman 7 : 7 2f 79
(1+tan<%+§> ) (tan(%-}-%) _1)

‘int(cos(f*x+e)‘2*(—2+sec(f*x+e)“2),x,method=_RETURNVERBOSE)

L—1/2/f*sin(2*f*x+2*e)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

/cosz(e + fz) (-2 +sec’(e + fz)) dz =

_cos(fz +e)sin(fz +e)

f

Lintegrate(cos(f*x+e)‘2*(—2+sec(f*x+e)‘2),x, algorithm="fricas")

L—cos(f*x + e)*sin(f*x + e)/f




CHAPTER 3. LISTING OF INTEGRALS 245

Sympy [A] (verification not implemented)

Time = 3.93 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.88

/cosz(e + fz) (-2 + sec’(e + fz)) dz

Zsin2 ée+fz) " 2 cos? §e+fac) + sin (e+fx%}ccos (e+fz) for f 7é 0

=z —2
z cos? (e) otherwise

r

| —

inputLintegrate(cos(f*x+e)**2*(-2+sec(f*x+e)**2)’X)

‘x - 2xPiecewise((x*sin(e + f*x)**2/2 + x*cos(e + f*x)**2/2 + sin(e + f*xx)*

output
Lcos(e + £%x)/(2%£), Ne(f, 0)), (x*cos(e)**2, True)) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.35

tan (fz + e)
(tan (fz +e)® +1)f

/cosz(e + fz) (-2 +sec’(e + fz)) dz = —

inputtintegrate(cos(f*x+e)‘2*(—2+sec(f*x+e)“2),x, algorithm="maxima") J

-

-tan(f*x + e)/((tan(f*x + e)~2 + 1)*f)

-/

output L

Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

in (2 2
/cosQ(e + fz) (—2 +sec’(e + fz)) dz = _sin( J;;—'_ ¢)
inputLintegrate(cos(f*x+e)‘2*(—2+sec(f*x+e)‘2),x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 246

outputt

-1/2%sin(2*xf*x + 2%e)/f

Mupad [B] (verification not implemented)

Time = 12.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

sin(2e+2 fz)
- T

/cosQ(e + fz) (-2 +sec’(e + fz)) dz =

inputt

int(cos(e + f*x)"2*%(1/cos(e + f*x)~2 - 2),x)

-

outputt

-sin(2*%e + 2xf*x)/(2xf)

—

input

outputt

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

_cos(fz +e)sin(fz +e)
f

/cos2(e + fz) (—2 +sec’*(e + fz)) dz =

Lint(cos(f*x+e)‘2*(—2+sec(f*x+e)‘2),x)

( - cos(e + fxx)*sin(e + f*x))/f




output

input

output
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3.34 [ cos®(e + fz) (—3 + 2sec’(e + fx)) dz

Optimal result . . . .. ... ... ... ... .. ... ...
Mathematica [B] (verified) . . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . .. ... ... ... ... L.
Maple [A] (verified) . . . . . .. ... Lo
Fricas [A] (verification not implemented) . . . . . .. ... ..
Sympy [F] . . .«
Maxima [A] (verification not implemented) . . . . . . . .. ..
Giac [A] (verification not implemented) . . . . . . . ... ...
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . . ... ... ..

Optimal result

Integrand size = 21, antiderivative size = 19

_cos’(e + fx)sin(e + fz)

/cos3(e + fz) (—3 + 2sec’(e + fz)) dz =

f

247
247
243
249

L—cos (fxx+e) "2xsin(f*x+e) /f

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 46 vs. 2(19) = 38.

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.42

/cos?’(e—l—fw) (=3 + 2se(e + fx)) do = 2cos(f;) sin(e) 2cos(e)fsin(fx)
B 3sin(e + fz) N sin®(e + fz)

f

f

LIntegrate [Cos[e + f*x]~3x(-3 + 2xSec[e + f*x]~2),x]

' (2%Cos [£*x1*Sinle]) /£ + (2#Cos[el*Sin[f*x])/f - (3*Sinle + £*x])/f + Sinle

‘ + f*x]"3/f

N



input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos3(e+ fz) (2sec’(e + fz) — 3) dz

l 3042

dz

/2csc(e+fx+’27)2—3
csc (e + fz + %)3

l 4531

__sin(e + fx) cos?(e + fx)
f

LInt [Cos[e + f*x]~3%(-3 + 2xSec[e + f*x]~2),x]

-

L—((cOs[e + fxx]~2%Sin[e + f*x])/f)

Defintions of rubi rules used

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCsc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C#m + A*(m + 1), O]
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Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.37

method result size
parallelrisch —sin(3f x+ie}_sm(f zte) 26
. sin(fz+e) sin(3 fz+3e)

risch -4 i 27
—(2+ +e)?) sin(fz+e)+2sin(fz+

derivativedivides ( costfore) ) Sl;(fz O+2ein(fete) 32

default — <2+cos(fz+e)2) si;l(fz+e)+2 sin(fz+e) 39
2tan(%+%) _Gtan(%-i—%)s +6tan(%+%)5 _ 2tan(%+%)7

norman i L —— L - L 95

(1+tan(%+§) ) (tan(%Jrg) —1)

inputLint(cos(f*x+e)"3*(-3+2*sec(f*x+e)"2),x,method=_RETURNVERBOSE)

-

output t1/4* (-sin(3%f*x+3%e)-sin(f*x+e))/f

e—

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_ cos (fz + €)’sin (fz +€)
f

/cos3(e + fz) (-3 + 2sec’*(e + fz)) dx =

inputLintegrate(cos(f*x+e)‘3*(—3+2*sec(f*x+e)*2),X’ algorithm="fricas")

Output‘ —cos(f*x + e) " 2*sin(f*x + e)/f
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Sympy [F]

/cos3(e + fz) (-3 + 2sec’*(e + fz)) dz = / (2sec® (e + fz) — 3) cos® (e + fz)dz

input‘integrate(cos(f*x+e)**3*(-3+2*Sec(f*x+e)**2),x)

outputtlntegral(@*sec(e + f*x)**x2 - 3)*cos(e + f*xx)**3, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

B sin (fz + €)® —sin (fz +e)
a f

/cos3(e+ fzr) (=34 2sec’*(e + fz)) dx

input Lintegrate (cos (f*x+e) "3 (-3+2*sec (f*x+e)~2) ,x, algorithm="maxima")

OutputL(sin(f*x + e)”3 - sin(f*x + e))/f

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

_sin(fz+e)® —sin(fz +e)
a f

/0033(e+ fzr) (=34 2sec’*(e + fz)) dz

e

inputtintegrate(cos(f*x+e)‘3*(—3+2*sec(f*x+e)*2),X’ algorithm="giac")

~—

outputL(Sin(f*X + e)”3 - sin(f*x + e))/f
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

_sin(e+ fz) —sin (e + f z)®
f

/cos3(e + fz) (—3 + 2sec’(e + fz)) dz =

-

input Lint(cos(e + fxx)"3*%(2/cos(e + f*x)~2 - 3),x)

-/

output L-(sin(e + f*x) - sin(e + f*x)~3)/f J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

/0083(e+fx) (=3 + 2sec’(e + fz)) dz = sin (fz +e) (si;(fw+e)2 —1)

p
int (cos (f*x+e) 3% (-3+2*sec(f*x+e) ~2),x)

e—

input t

Outputt(sin(e + fxx)*(sin(e + f*x)**2 - 1))/f J
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3.35 [ cos*(e+ fz) (—4 + 3sec’(e + fz)) dzx

Optimal result . . . . . . . . . . . . e 252
Mathematica [A] (verified) . . . . . . . . . ... o 2521
Rubi [A] (verified) . . . .. . . ... .. 253
Maple [A] (verified) . . . . . . ... L 257
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 257
Sympy [F] . . o o 255
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2551
Giac [A] (verification not implemented) . . . . . . ... ... ... 255
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 256
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 250

Optimal result

Integrand size = 21, antiderivative size = 19

_cos’(e + fx)sin(e + fx)
f

/cos4(e + fz) (—4+ 3sec’(e + fz)) dr =

output‘

-cos (f*x+e) “3*sin(f*x+e)/f

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.63

sin(2(e + fz)) sin(4(e + fz))
Af 8f

/COS4(6 + fz) (—4+ 3sec’(e + fz)) dz = —

inputt

outputt

Integrate[Cos[e + f*xx] 4x(-4 + 3*Sec[e + f*x]~2),x]

-1/4%Sin[2*(e + fxx)]/f - Sin[4*(e + f*x)]/(8%f)




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos4(e+ fz) (3sec’(e + fz) — 4) dx

l 3042

dz

/3csc(e+fx+’27)2—4
csc (e + fz + %)4

l 4531

__sin(e + fx) cos?(e + fx)
f

LInt [Cos[e + f*x]~4x(-4 + 3xSec[e + f*x]~2),x]

-

L—((cOs[e + fxx]~3%Sin[e + f*x])/f)

Defintions of rubi rules used

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCsc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C#m + A*(m + 1), O]
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Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.53

method result size
parallelrisch —2sin(2f $+2§}_sm(4f z+de) 29
. __sin(4fx+4e)  sin(2fz+2e)
risch 87 i 30
) ) . _ Cos(fz+e)3+3cos(fz+e) sin(fw+e)+3cas(fz+e) sin(fz+e)

derivativedivides ( ) 5 2 45
_ Cos(fz+e)3+3cos(fm+e) sin(fz+e)+3cos(fz+e) sin(fz+e)

default ( ) 7 2 45
2tan(%+%) _ Stan(%-&-%)s 4 12 tan(%+%)5 _ Stan(%-f—%)’r +2tan(%+%)g

norman f ! I L ! 111

(1+tan(%+§) ) (tan(%Jrg) —1)

input

Lint(cos(f*x+e)“4*(-4+3*sec(f*x+e)“2),x,method=_RETURNVERBOSE)

-

output

Li/s*(-2*sin(2*f*x+2*e)—sin(4*f*x+4*e))/f

e—

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/cos4(e + fz) (-4 + 3sec’(e + fz)) dr =

_ cos (fz +€)®sin (fz +€)

f

input

Lintegrate(cos(f*x+e)‘4*(—4+3*sec(f*x+e)“2),x, algorithm="fricas")

output‘

-cos(f*x + e) " 3xsin(f*x + e)/f
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Sympy [F]

/cos4(e + fz) (-4 + 3sec’*(e + fz)) dz = / (3sec® (e + fz) — 4) cos* (e + fz) dz

input‘

integrate (cos (f*x+e) ¥x4* (-4+3*xsec (f*x+e) **2) ,x)

outputt

Integral ((3*sec(e + f*x)**2 - 4)*cos(e + f*x)**4, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

tan (fz + e)
(tan (fz +e)* +2 tan (fz +e)> + 1) f

/cos4(e + fz) (—4 + 3sec’(e + fz)) dz = —

inputt

integrate(cos (f*x+e) "4*(-4+3*sec(f*x+e) "2) ,x, algorithm="maxima")

-

outputt

-tan(f*x + e)/((tan(f*x + e)~4 + 2*tan(f*x + e)~2 + 1)x*f)

e—

input

Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

tan (fz + €)
(tan (fz + )’ + 1)2f

/cos4(e + fz) (—4 + 3sec’(e + fz)) dz = —

Lintegrate(cos(f*x+e)‘4*(—4+3*sec(f*x+e)‘2),x, algorithm="giac")

outputt

-tan(f*x + e)/((tan(f*x + e)~2 + 1)~2xf)
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Mupad [B] (verification not implemented)

Time = 11.79 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

_cos(e+ fz)° sin(e+ fx)
f

/(3054(e+ fz) (—4+ 3sec’(e + fz)) dz =

-

input Lint(COS(e + f*x)~4x(3/cos(e + f*x)~2 - 4),X)

-/

output L-(cos(e + fxx)“"3*sin(e + f*x))/f J

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.37

cos (fx +e)sin(fz +e) (sin(fav—i—e)2 —1)
f

/cos4(e + fz) (—4+3sec’(e+ fz)) dz =

p
int (cos (f*x+e) “4* (-4+3*sec(f*x+e) ~2),x)

e—

input t

outputt(“S(e + f*x)*sin(e + fxx)*(sin(e + fxx)**2 - 1))/f J
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3.36 [ cos®(e + fxz) (=5 + 4sec’(e + fx)) dz

Optimal result . . . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . ... o 2571
Rubi [A] (verified) . . . .. . . ... .. 258
Maple [A] (verified) . . . . . . ... L 259
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 259
Sympy [F] . . o o 260
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2601
Giac [A] (verification not implemented) . . . . . . ... ... ... 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 2611

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 21, antiderivative size = 19

_cos*(e + fx)sin(e + fx)
f

/coss(e + fz) (=5 + 4sec’(e + fz)) dx =

output ‘ —-cos (f*x+e) “4*sin(f*xx+e) /f

Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.00
. .3 .5
/0035(6+fx) (—5+4sec’(e+ fz)) dz = _sin(e + fz) n 2sin’(e + fz) sin’(e + fx)
f f f
input LIntegrate [Cos[e + f*x] 5x(-5 + 4*xSec[e + f*x]~2),x] J

-

output L—(Sin[e + fxx]/f) + (2#Sin[e + £f*x]73)/f - Sin[e + f*x]~5/f

-/




input

output

rule 3042

rule 4531
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.095, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {3042, 4531}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos5(e+ fz) (4sec’(e + fz) — 5) dz

l 3042

dz

/4csc(e+fx+’27)2—5
csc (e + fz + %)5

l 4531

__sin(e + fx) cos*(e + fx)
f

LInt [Cos[e + f*x]~5%x(-5 + 4xSec[e + f*x]~2),x]

-

L—((cOs[e + fxx]~4%Sin[e + f*x])/f)

Defintions of rubi rules used

-/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*x(x_)]1"2*x(C_.)
+ (A_)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((bxCsc[e + f*x]) m/(f*m)), x] /;
FreeQ[{b, e, f, A, C, m}, x] && EqQ[C#m + A*(m + 1), O]
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Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.95

method result size
parallelrisch —3sin(3fz+3e)—2 silré(ffx-i—e)—sin('c')fz—i-Be) 37
. sin(fz+e) sin(5 fz+5€) 3sin(3fz+3e)
risch T 8f 165 161 41
2 in(fx+e
- (§+cos(faz:+e)4—l—74 Cos(f;ﬂﬂ) sin(fw+e)+4(2+cos<fz+? )s (Fote)
derivativedivides 7 52
2 in(fx+e
_ (%+C0s(fm+e)4+4cos();w+e)2) sin(fz+e)+4(2+cos(fw+:) )S (fz+e)
default 7 52
2tan(f§+g) 10tan(f7$+g)3 20tan(f§+g)5 20tan(£}+g)7 10tan(£}+g)9 2tan(£}+g)11
norman f — i ki z — ! - ! — ! 127
2\ 2
(1+tan(%+g) ) (tan(%-q-g) —1>
inputLint(cos(f*x+e)‘5*(-5+4*sec(f*x+e)“2),x,method=_RETURNVERBOSE) J
output L1/16* (-3*sin(3*f*x+3%e) -2*sin (f*x+e)-sin (Sxf*x+5*e)) /f J
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00
4 .
cos(fxr+e) sin(fr+e
/cos5(e + fz) (=5 + 4sec’(e + fz)) dz = — (f )f (f )
input Lintegrate (cos (f*x+e) "bx(-b+4*sec (f*x+e)~2) ,x, algorithm="fricas") J
outputt_cos(f*x + e) 4*sin(f*x + e)/f J




/

inputt
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Sympy [F]

/COSS(G + fz) (-5 + 4sec’(e + fz)) dz = / (4sec’® (e + fz) — 5) cos® (e + fz) dz

integrate(cos (f*x+e) **5% (-5+4*sec (f*x+e) **2) ,x)

~—

output

-

input

LIntegral((4*sec(e + fxx)**2 - 5)*xcos(e + f*xx)**x5, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

/cos5(e + fz) (=5 + 4sec’(e + fz)) dz

_sin(fac+e)5—2sin(fm+e)3+sin(fx+e)
f

Lintegrate(cos(f*x+e)‘5*(—5+4*sec(f*x+e)‘2),x, algorithm="maxima")

-/

outputt

inputt

-(sin(f*x + )75 - 2%sin(f*x + e)~3 + sin(f*x + e))/f

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.58

/COS5(€ + fz) (=5 + 4sec’(e + fz)) dz

__sin(fx+e)5—2sin(fa:+e)3+sin(fx+e)
a f

integrate(cos(f*x+e) 5% (-5+4*sec(f*x+e) ~"2) ,x, algorithm="giac")

outputt

-(sin(f*x + )75 - 2%sin(f*x + e)~3 + sin(f*x + e))/f
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Mupad [B] (verification not implemented)

Time = 11.84 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21

_sin(e+f:v) (sin(e—l—fx)2 - 1)2
f

/0085(6 + fz) (=5 + 4sec’(e + fz)) dx =

inputtint(cos(e + fxx)~"5%(4/cos(e + f*x)~2 - 5),x)

outputt—(sin(e + fxx)*(sin(e + £*x)°2 - 1)°2)/f

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.68

/cos5(e + fz) (=5 + 4sec’(e + fz)) dz

_sin(fz +e) (—sin(fx+e)4—I—QSin(fgn—l—e)2 —1)
a f

input Lint (cos (f*x+e) “5* (-5+4*sec (f*x+e)~2),x)

outputL(sin(e + fxx)*( - sin(e + f*x)**x4 + 2*xsin(e + f*xx)**x2 - 1))/f
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3.37 [ sec®(c+dzx) (B sec(c + dz) + Csec*(c + dz)) dx

Optimal result . . . . . . . . . . . . e 262
Mathematica [A] (verified) . . . . . . . . . ... o 2621
Rubi [A] (verified) . . . .. . . ... .. 263
Maple [A] (verified) . . . . . . ... L 260
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 260
Sympy [F] . . o o 267
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 267l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 268
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 268
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 269

Optimal result

Integrand size = 28, antiderivative size = 85

/ sec’(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ 3Carctanh(sin(c + dx)) 4 Btan(c + dx) N 3C sec(c + dz) tan(c + dz)

8d d 8d
N C'sec®(c + dz) tan(c + dx) N Btan®(c + dx)

4d 3d

N

)
' 3/8xCxarctanh(sin(d*x+c))/d+Bxtan(d*x+c) /d+3/8*Cxsec (d*x+c) ¥tan(d*x+c) /d+l |

output

L/4*C*sec (d*x+c) ~“3*tan(d*x+c) /d+1/3*B*tan(d*x+c)~3/d J
Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.69

/sec3(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

__ 9Carctanh(sin(c + dz)) + tan(c + dz) (9C sec(c + dzx) + 6C sec?(c + dz) + 8B(3 + tan?(c + d)))
B 24d

input Integrate[Sec[c + d*x]~3*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x] J
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‘ (9%CxArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(9*%CxSec[c + d*x] + 6*CxSec[c +

output
Ld*x]"B + 8%B*(3 + Tan[c + d*x]~2)))/(24%d) J

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.06,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 393 Ryjeq
integrand size

used = {3042, 4535, 27, 3042, 4254, 2009, 4255, 3042, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec3(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

| 3042
/csc <c+dm+g>3 (Bcsc (c+dw+g> + Ccsc (c+dm+g>2) dx
l’4535

B / sec*(c + dz)dz + /C’ sec’(c + dz)dx
| 27

B / sect(c + dz)dz + C / sec®(c + dz)dx
| 3042

B/csc (c+dw+72r)4da:+0/csc (c+dw+g)5da:

l4254
B 2 1 df—
C’/csc (c+dotT) do- [ (tan?(c + dz) + 1) d(— tan(c + da))
2 d
l 2009
B(—3 tan3(c + dz) — ¢ d
C/csc(c+dx+72r)5dx_ ( 3 tan’(c + :;) an(c+ x))

l 4255
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3 B(—%tan®(c+dz) —t d
of3 /sec3(c \ dz)dz + tan(c + dz) sec’(c+dz)\  B(—j tan®(c +dz) — tan(c + dz))
4 4d d
| 3042
3 m\3 tan(c + dz) sec®(c + dx)
0(4/csc<c+da:+2> dzr + id -

B(—3tan3(c + dz) — tan(c + dz))
d
| 4255

3/1 tan(c + dzx) sec(c + dx) tan(c + dz) sec®(c + dz)
C<4<2/sec(c+dw)dm+ od + 1d

B(—3tan?(c + dz) — tan(c + dz))
d
| 3042

3/1 ™ tan(c + dz) sec(c + dx) tan(c + dzx) sec®(c + dx)
C<4(2/csc(c+dm+2)da}+ 2d + id -

B(—3 tan3(c + dz) — tan(c + dz))
d
| 4257

c 3 (arctanh(sin(c + dz)) + tan(c + dx) sec(c + dx) + tan(c + dx) sec®(c + d) B
4 2d 2d 4d

B(—3 tan®(c + dz) — tan(c + dz))

d

input‘ Int[Sec[c + d*x]~3*x(B*Sec[c + d*x] + CxSec[c + d*xx]~2),x] ‘

-((B*(-Tan[c + d*x] - Tan[c + d*x]~3/3))/d) + C*((Sec[c + d*x]"3*Tan[c + d
\*x])/(4*d) + (3%(ArcTanh[Sin[c + d*x]1/(2%d) + (Sec[c + d*x]*Tan[c + d*x]) \
L/(z*d>>)/4) J

output
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

LQ[u, x]
rule 4254 Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]
rule 4255 Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_ ), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*((n - 2)/(n - 1))
Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]
rule 4257 Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
rule 4535 Int[(CSC[(e_.) + (f_')*(X_)]*(b_-))ﬁ(m_-)*((A_.) + csc[(e_.) + (f_.)*(x_)]*
(B_.) + cscl(e_.) + (f_.)*(x_)1"2%(C_.)), x_Symbol]l :> Simp[B/b  Int[(b*Cs
cle + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + CxCscl[e + f*x]~2)
, xJ /; FreeQ[{b, e, f, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.86

method result
_B (—%— sec(d§+c)2 ) tan(dz+c)+C(— (_ SeC(dZ+C)3 B Ssec(gx+c) ) tan(dz+c)+ 3 ln(sec(dz+08)+tan(dm+c)) )
derivativedivides
_B (_%_ sec(d§+c)2 ) tan(dz-i-C)-i-C (_ (_ SGC(dZ+C)3 _ 3sec(¢81z+c) ) tan(dz—l—c)—{— 3 1n(sec(dz+c§+tan(dz+c)) )
default
B (_%_ sec(d:;+c)2 ) tan(dm-l—c) C (_ (_ sec(dz+c)3 _3 sec(éiw-ﬁ-c) ) tan(dz+c)+ 3 ln(sec(dw+cs)+tan(d$+c)) )
parts +
. h ,L'(gc e7i(dz+c) +33C edi(dz+c) _y8 B eti(dz+c) _33( e3i(dz+c) _g4 B e2i(dz+c) _gC ei(dm+c)_16B) 31n(ei(da:+c
risc - 12d(2da+0) 1) + 8d
7 3 5
_ (8B-50) tzz(%+%) N (8B+5C) Zn(%z-q-%) _ (40B-90) :Zz(d{-s-%) N (40B+9C) IZZ(%&M%) 3Cln(tan(d7m+
norman ! — 5
(tan(‘%’”+%) —1)
3 (4dz+4c) dx | ¢ 3 (4dz+4c) dz | ¢
arallolrisch —18( 3429 | cos(2da+2¢) ) C'ln (tan (4 +5 ) —1) +18( 3+ =219 4 cos(2da-+20) ) Ol (tan (L +5 )+
p 12d(cos(4dz+4c)+4 cos(2dz+2¢) +3)
input Lint (sec(d*x+c) ~3* (Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J
output‘1/d*(_B*('2/3‘1/3*Sec(d*X+C)“2)*tan(d*X+C)+C*(-(-1/4*sec(d*x+c)“3-3/8*sec(

\ d¥x+c) ) *tan (d*x+c)+3/8%1n (sec (d*x+c)+tan(d*x+c)))) \

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.16

/sec3(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 9Ccos(dz + c)*log (sin (dz + ¢) + 1) — 9C cos (dz + ¢)* log (—sin (dz + ¢) + 1) + 2 (16 B cos (dz + ¢
B 48 d cos (dz + ¢)*

input‘ integrate(sec(d*x+c) ~3* (B*sec(d*x+c)+C*sec(d*x+c) "2) ,x, algorithm="fricas" ‘
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‘1/48*(9*C*cos(d*x + c)"4xlog(sin(d*x + c) + 1) - 9*Cxcos(d*x + c) 4xlog(-s
lin(d*x + c) + 1) + 2%(16%Bxcos(d*x + c)~3 + 9xCxcos(d*x + c)~2 + 8%Bkcos(d |
‘*x + ¢c) + 6*%C)*sin(d*x + c))/(d*cos(d*x + c)~4)

output

Sympy [F]
/sec3 (¢ + dz) (Bsec(c+ dz) + C'sec’(c+ dz)) dz
= / (B + C'sec (c+ dx)) sec* (c + dz) dx
inputLintegrate(sec(d*x+c)**3*(B*sec(d*x+c)+C*sec(d*x+c)**2),x) J

-

LIntegral((B + Cxsec(c + d#*x))*sec(c + d*x)**4, x)

-/

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.12

/sec3(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

2 (3 sin(dz+c)3—5 sin(d:c—i—c))
sin(dz+c)*—2 sin(dz+c)?+1

48d

16 (tan(dm+c)3 + 3 tan (dz +¢))B — 30( — 3 log (sin (dz + ¢) + 1) + 3 log (

integrate(sec(d*x+c) ~3* (B*sec(d*x+c)+C*sec(d*x+c) ~2) ,x, algorithm="maxima"

)

input

1/48%(16*(tan(d*x + c)~3 + 3*tan(d*x + c))*B - 3*Cx(2*(3*sin(d*x + c)~3 -
5xsin(d*x + c))/(sin(d*x + c)~4 - 2*sin(d*x + c)”2 + 1) - 3%log(sin(d*x +
c) + 1) + 3*log(sin(d*x + c) - 1)))/d

output




inputt

output

inputt

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(77) = 154.

Time = 0.32 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.93

/sec3 (¢ + dz) (Bsec(c + dz) + C'sec’*(c + dz)) dz
9Clog ([tan (L dz + L c) +1|) —9Clog (Jtan (Ldz + L¢) —1]) — 2(24Btan(} do+}¢) 15 Ctan(} do+1o)-

24d

integrate(sec(d*x+c) ~3* (B*sec(d*x+c)+C*sec(d*x+c) "2) ,x, algorithm="giac") J

1/24* (9*Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - 9xC*log(abs(tan(1/2*d*x + 1
/2%c) - 1)) - 2x(24*xBxtan(1/2*d*x + 1/2%c)”7 - 15xCxtan(1/2*d*x + 1/2%c)”7
- 40*B*tan(1/2*d*x + 1/2*%c)~5 - 9*Cxtan(1/2*d*x + 1/2*c)”5 + 40*B*tan(1/2
*d*x + 1/2%c)”"3 - 9*Cxtan(1l/2*d*x + 1/2%c)”3 - 24xB+tan(1/2+d*x + 1/2%c) -
15%Cxtan(1/2*d*x + 1/2*c))/(tan(1/2*d*x + 1/2%c)”2 - 1)74)/d

Mupad [B] (verification not implemented)

Time = 14.61 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.80

c dz
/sec3(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dx = 3Catanh (Za;(z +5))

(28~ 32) tan(5+ %)+ (<292 - 5¢) tan(5 + %)°+ (52 - 3¢) tan(5 + )" + (25— 5
d d

4
@ (tan (5 + %)° — atan (5 + %)° + 6tan (5 + %)° — dtan (5 + 5" + 1)

int((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~3,x) J

(3*C*atanh(tan(c/2 + (d*x)/2)))/(4*d) - (tan(c/2 + (d*x)/2)"7*(2%B - (5*C)
/4) + tan(c/2 + (d*x)/2)"3*((10*B)/3 - (3*C)/4) - tan(c/2 + (d*x)/2)75*%((1
0%B)/3 + (3*%C)/4) - tan(c/2 + (d*x)/2)*(2*B + (5%C)/4))/(d*(6*tan(c/2 + (d
*x)/2)"4 - 4xtan(c/2 + (d*x)/2)"2 - 4*tan(c/2 + (d*x)/2)"6 + tan(c/2 + (d*
x)/2)°8 + 1))
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 202, normalized size of antiderivative = 2.38

/sec3 (c+ dz) (Bsec(c+ dz) + C'sec*(c + dz)) dz
_ —16cos (dz + ¢) sin (dz + ¢)® b+ 24 cos (dz + ¢) sin (dz + ¢) b — 9log(tan (£ + £) — 1) sin (dz + o)ec

-

input Lint (sec(d*x+c) ~3* (Bksec (d*x+c)+Cksec (d*x+c) ~2) ,x)

-/

( - 16xcos(c + d*x)*sin(c + d*x)**3*b + 24xcos(c + d*x)*sin(c + d*x)*b - 9
xlog(tan((c + d*x)/2) - 1)*sin(c + d*x)*x4xc + 18*log(tan((c + d*x)/2) - 1
)xsin(c + dxx)**2*c - 9xlog(tan((c + d*x)/2) - 1)*c + 9*xlog(tan((c + d*x)/
2) + 1)*sin(c + d*x)*x4*c - 18*log(tan((c + d*x)/2) + 1)*sin(c + d*x)**2*c
+ 9*log(tan((c + d*x)/2) + 1)*c - 9*sin(c + d#*x)*x3*c + 1b6*sin(c + d*x)*c
)/ (24*%d*(sin(c + d*x)**4 - 2*sin(c + d*x)**2 + 1))

output
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3.38 [ sec*(c+dzx) (B sec(c + dz) + Csec*(c + dz)) dx

Optimal result . . . . . . . . . . . . e 270
Mathematica [A] (verified) . . . . . . . . . ... o 2701
Rubi [A] (verified) . . . .. . . ... .. 271]
Maple [A] (verified) . . . . . . ... L 273
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 274
Sympy [F] . . o o 274
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2751
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 275
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 276
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 270

Optimal result

Integrand size = 28, antiderivative size = 63

/sec2(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ Barctanh(sin(c + dz)) 4 C'tan(c + dx)

- 2d d
N Bsec(c + dz) tan(c + dx) + Ctan3(c + dz)

2d 3d

‘1/2*B*arctanh(sin(d*x+c))/d+C*tan(d*x+c)/d+1/2*B*sec(d*x+c)*tan(d*x+c)/d+1

output
/3%C¥tan(d*x+c)~3/d |

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

/seeQ(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Barctanh(sin(c + dx))  Bsec(c+ dx) tan(c + dx)
= +
2d 2d
N C(tan(c + dz) + 3 tan®(c + dz))
d
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input‘ Integrate[Sec[c + d*x]~2*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x] ‘

| (B#ArcTanh[Sin[c + d#x]1)/(2%d) + (B*Secl[c + d*x]*Tan[c + d*x])/(2xd) + (C

output
‘*(Tan[c + d*x] + Tan[c + d*x]~3/3))/d ‘

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.02,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.321, Rules

used = {3042, 4535, 27, 3042, 4254, 2009, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec2(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

| 3042
/csc <c+dm+%>2 <Bcsc (c+dx+g) + Ccsc (c+d:1:+72r>2> dx
l 4535

B / sec?(c + dz)dz + /C sec*(c + dz)dx

| 27

B / sec3(c + dx)dz + C / sect(c + dz)dz

| 3042
B/csc (c+d:c+72r)3dac+0/csc (C+d$+g)4dx
| 4254
2 1) dl—
B/csc (C+d$+g>3da}— C J (tan (C+d$)";i ) d(— tan(c + dz))

l 2009
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3 I dz) — t d
B/csc(c+d;c+7r) d:c—C( 3 tan®(c + dx) — tan(c + )

d
l 4255
C(—3tan3(c+dz) — t d
B 1/Sec(c+dx)da:+ tan(c + dz)sec(c+dz)\ (—3 tan®(c + dz) — tan(c + dz))
2 2d ¥
| 3042
1 T tan(c + dz) sec(c + dx)
B<2/Csc<c+dx+2>d’”+ 2d
C(—% tan®(c + dz) — tan(c + dz))
d
l 4257

B <arctanh(sin(c + dz)) + tan(c + dzx) sec(c + da:)) 3 C(—1 tan3(c + dz) — tan(c + dz))
2d 2d d

input LInt [Sec[c + d*x]~2*(B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

‘B*(ArcTanh[Sin[c + d*x]]1/(2%d) + (Secl[c + d*x]*Tan[c + d*x])/(2%d)) - (Cx*(

output
‘—Tan[c + d*x] - Tan[c + d*x]~3/3))/d

Defintions of rubi rules used

27‘In‘c[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, xI1, x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

rule 4254




rule 4255

rule 4257

rule 4535
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Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2x*n]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2)
, Xx] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

method result
. . o B ( sec(dm+0)2tan(dm+0) + 1n(sec(dm+c)2+tan(dm+0)) ) _C (_ % _ Sec(d§+c)2 ) tan(da-+c)
derivativedivides i
2
B ( sec(dz+c)2tan(dz+c) + 1n(sec(dz+c)2+tan(dz+c)) > —C (_ % _ sec(d;;+c) ) tan(d:c+c)
default |
B ( sec(dw+c)2tan(dw+c) + ln(sec(da:—i—c);—tan(d:v-i—c)) ) C (_ % — w) tan(dz_;’_c)
parts d - d
risch __i(3BePildrte) 120 e?ildrte) _3Beildrte) _40) n Bln(ei(@+e)44)  Bln(ei(do+e)—j)

3d(62i(dm+c)+1)3 2d 2d

5 3
(B—2C)ta2(d7z+%) +4Ctan(d7+%) _(B+2C)ta.n(d7z+%) Bln(tan(‘%’”—i—%)—l)

Bln(tan<%+§)+l>

norman 3d d

(tan(%+%)2—1>3 - 2d

-9 (w—i—ms(dz-i—c)) Bln (tan (%ﬂ”—i-%) —1) +9 (w+cos(dz+c)> Bln (tan (%“’—i—%) +1) +6B sin(2d:

parallelrisch

6d(cos(3dz+3c)+3 cos(dz+c))

input ‘ int (sec(d*x+c) ~2* (Bxsec (d*x+c)+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)
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‘ 1/dx (B (1/2*sec(d*x+c)*tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)))-Cx(-2/3-1 ‘

output
‘/3*sec(d*x+c)”2)*tan(d*x+c))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.40

/sec2 (c+ dz) (Bsec(c+ dz) + C'sec*(c + dz)) dz

_ 3Bcos(dz + ¢)®log (sin (dz + ¢) + 1) — 3 B cos (dz + ¢)° log (—sin (dz + ¢) + 1) + 2 (4Ccos (dz + c)’
B 12d cos (dz + ¢)®

integrate(sec(d*x+c) ~2* (B*sec(d*x+c) +C*sec(d*x+c) "2) ,x, algorithm="fricas"

)

input

1/12%(3*B*cos(d*x + c) 3*log(sin(d*x + c) + 1) - 3*B*cos(d*x + c) 3*log(-s
in(d*x + ¢) + 1) + 2*%(4*Cxcos(d*x + c)~2 + 3*B*cos(d*x + c) + 2*C)*sin(d*x
+ c))/(d*cos(d*x + ¢c)~3)

output

Sympy [F]
/sec2 (c+ dz) (Bsec(c+ dz) + Csec*(c + dz)) dz
= / (B + C'sec (c + dx)) sec® (c + dz) dz
inputLintegrate(sec(d*x+c)**2*(B*sec(d*x+c)+C*sec(d*x+c)**2),x) J

OutputLIntegral((B + Cxsec(c + d*x))*sec(c + d*x)**3, x) J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.11

/sec2 (c+ dz) (Bsec(c+ dz) + C'sec*(c + dz)) dz

4 (tan (dz + ¢)® + 3 tan (dz +¢))C — 3B<% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1))

12d

integrate(sec(d*x+c) “2* (Bxsec(d*x+c)+C*sec(d*x+c)~2) ,x, algorithm="maxima"

)

input

1/12%(4x(tan(d*x + c)~3 + 3xtan(d*x + c))*C - 3*Bx(2*sin(d*x + c)/(sin(d*x

output
+¢)”2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 122 vs. 2(57) = 114.

Time = 0.35 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.94

/secz(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

3Btan(% da:—}-% c)5—6Ctan(% da:—i—% c)5+4

(tan

3Blog (|tan (3dz + 3 ¢c) +1|) —3Blog (|tan (3 dz + 1c) — 1|) + 2(

6d

integrate(sec(d*x+c) “2*(B*sec(d*x+c)+C*sec(d*x+c) ~2) ,x, algorithm="giac")

inputt

Output} 1/6%(3*B*log(abs (tan(1/2*d*x + 1/2%c) + 1)) - 3+Bxlog(abs(tan(1/2xd*x + 1/ |
(2%c) - 1)) + 2%(3*Bxtan(1/2*%d*x + 1/2%c)"5 - 6xCtan(1/2xd*x + 1/2%c)™5 + |
|4xCxtan(1/2%d*x + 1/2%c)"3 - 3xBxtan(1/2*d*x + 1/2%c) - 6xCxtan(1/2*d*x + |
‘1/2*c))/(tan(1/2*d*x + 1/2%c)™2 - 1)73)/d
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Mupad [B] (verification not implemented)

Time = 13.85 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.73

/sec2 (¢ + dz) (Bsec(c+ dz) + Csec*(c + dz)) dz

_ Batanh(tan(g + df))

(B-20) tan(%"‘d?mf 3 +(-B-20) tan(g—i-%””)
d (ton (54 %)° —stan (5 + )"+ S1an (5.4 %) 1)
input Lint((B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)"2,x) J

‘(B*atanh(tan(c/2 + (d*x)/2)))/d + ((4xCxtan(c/2 + (d*x)/2)73)/3 - tan(c/2
4+ (d*x)/2)*(B + 2%C) + tan(c/2 + (d*x)/2)"5x(B - 2C))/(d*(3*tan(c/2 + (d*
‘x)/2)“2 - 3xtan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)76 - 1))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 161, normalized size of antiderivative = 2.56

/sec2 (¢ + dz) (Bsec(c+ dz) + C'sec’*(c + dz)) dz

_ —3cos(dz +¢) log(tan (% + £) — 1) sin (dz + )’ b+ 3cos (dz + ¢) log(tan (£ 4+ £) — 1) b+ 3cos (dz

2

input Lint (sec(d*x+c) ~2* (B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x) J

( - 3%cos(c + d*x)*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2xb + 3*cos(c +
d*x)*log(tan((c + d*x)/2) - 1)*b + 3*cos(c + d*x)*log(tan((c + d*x)/2) +
D *sin(c + d*x)**2xb - 3*cos(c + d*x)*log(tan((c + d*x)/2) + 1)*b - 3*cos(
c + d*x)*sin(c + d*x)*b + 4*sin(c + d*x)**3%c - 6*sin(c + d#*x)*c)/(6*cos(c

+ d*x)*d*(sin(c + d*x)*x2 - 1))

output
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3.39 [ sec(c+dzx) (Bsec(c+ dz) + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . . e 27T
Mathematica [A] (verified) . . . . . . . . . ... o 27Tl
Rubi [A] (verified) . . . .. . . ... .. 278
Maple [A] (verified) . . . . . . ... L 280
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 280
Sympy [F] . . o o 28]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 28Tl
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 282
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 282
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 283

Optimal result

Integrand size = 26, antiderivative size = 47

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

Carctanh(sin(c + dz)) Btan(c+dz) Csec(c+ dx)tan(c+ dx)
- 2d L 2d

-

1/2*C*arctanh(sin(d*x+c))/d+B*tan(d*x+c) /d+1/2*C*sec (d*x+c) *tan(d*x+c)/d

~—

output L

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
_ Carctanh(sin(c + dz)) + Btan(c + dx) 4 C'sec(c + dz) tan(c + dz)

2d d 2
input LIntegrate [Sec[c + d*x]*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x] J
output‘ (CxArcTanh[Sin[c + d*x]]1)/(2%d) + (B*Tan[c + d*x])/d + (CxSec[c + d*x]*Tan ‘

[e + axx])/(2+d) |
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Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02,

number of steps used = 10, number of rules used = 9, Bumber of rules _ 346 Ry
integrand size

used = {3042, 4535, 27, 3042, 4254, 24, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec(c+dw) (Bsec(c + dz) + Csec’(c+ dz)) dz
| 3042
/csc <c+dm+g> (Bcsc (c+dw+ ) + Ccsc (c+dw+ 2)2) dz

| 4535

B/sec2(c+dx)dw+/Csec3(c+dx)dx
| 27

B/sec2(c+dx)dm+0/sec3(c+dw)d:c
| 3042

B/csc (c+dw+72r)2da:+0/csc (c+dx+g)3da:

l 4254

3 —_—
C/csc <c+da:+g> do — B [ 1d( t;n(c+dm))

|2
C/csc(c+dx+ ) M
|

4255

o <; /sec(c + de)dz + tan(c + dw;;ec(c + dac)) 4 B tan(; + dz)

l 3042

1 T tan(c + dz) sec(c + dx) Btan(c + dx)
C<2/csc<c+da:+2>da:+ od + 7
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l 4257

arctanh(sin(c + dx))  tan(c + dzx)sec(c + dx) Btan(c+ dx)
¢ 2d + 2d + d

input LIn‘t [Sec[c + d*x]*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x]

‘ (B*Tan[c + d*x])/d + Cx(ArcTanh[Sin[c + d*x]]/(2*d) + (Sec[c + d*x]*Tanl[c

output
L+ d*x]1)/(2*d))

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

rule 4254

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]

rule 4255

e

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
‘ /; FreeQ[{c, d}, x]

rule 4257
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rule4535‘1nt[(csc[(e_.) + (F_)*(x)I*M_.)) " (@m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]1*
‘(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs

‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)
. x] /; FreeQl{b, e, £, A, B, C, m}, x] |

Maple [A] (verified)

Time = 0.17 (sec)

, antiderivative size = 47, normalized size of antiderivative = 1.00

method result
Bt d sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c))
derivativedivides anlda++0( — * 2 )
sec(dz+c) tan(dz+c) |, In(sec(dz+c)+tan(dz+c))
default B tan(d$+0)+0< 5 _ + 5 )
parts B tan(dz+c) + C ( sec(dcc+c)2tan(dcv+c) + 1n(sec(da:+c)2+tan(da:+c)) )
d d
rallelrisch —C(1+cos(2dz+20)) In (tan (L + £ ) ~1) +C(1+cos(2dw+20)) In tan (4 +5 ) +1) +2B sin(2dw+2¢)+2C sin(dw-+0)
P S 2d(1+4-cos(2dz+2c))
(2B+C) tan (92 +4) (2B—C)tan(d71+%)3 de ¢ de | c
_ Cln(tan(%+5)-1) = Cln(tan(%+5)+1)
norman d 4 - +
4 2 2 2d 2d
(tan(%-{—%) —1)
risch _ i(C eSz‘(dw+c) —92B e?i(dw-&-c) _621 ei(dz+c) —QB) + In (ei(d:c+c) +i) C _ In (ei(d:c+c) —i) C
d(621(dz+c) +1) 2d 2d

-

inputtint(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)"2),x,method=_RETURNVERBOSE)

e—

output ‘ 1/d* (Bxtan (d*x+c)+C* (1/2*sec (d*x+c) *tan (d*x+c)+1/2*1n(sec(d*x+c)+tan (d*x+c ‘

RN

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.57

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_ Ccos (dz + ¢)*log (sin (dz + ¢) + 1) — C cos (dz + ¢)* log (— sin (dz + ¢) + 1) +2 (2 B cos (dz + ¢) + C

4dcos (dz + c)*



CHAPTER 3. LISTING OF INTEGRALS 281

input‘integrate(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)"2),x, algorithm="fricas") ‘

output‘1/4*(c*cos(d*x + c)"2xlog(sin(d*x + c) + 1) - Ckcos(d*x + c) 2*log(-sin(d*
\x +¢c) + 1) + 2%(2%Bxcos(d*x + c) + C)*sin(d*x + c))/(d*cos(d*x + c)~2)

Sympy [F]
/sec(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
= / (B + Csec (c + dx)) sec? (¢ + dz) dx
inputLintegrate(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)**2),x) J
output LIntegral( (B + C*sec(c + dxx))*sec(c + dkx)**2, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.23

/ sec(c+dz) (Bsec(c+dz) + Csec*(c+dz)) dz =

C(% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1)) — 4 Btan (dz + ¢)
- 4d

inputtintegrate(sec(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)“2),x, algorithm="maxima") J

Output"1/4*(C*(2*Sin(d*x + c)/(sin(d*x + ¢)~2 - 1) - log(sin(d*x + c) + 1) + log
L(sin(d*x + ¢c) - 1)) - 4*Bxtan(d*x + c))/d J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(43) = 86.

Time = 0.34 (sec) , antiderivative size = 107, normalized size of antiderivative = 2.28

/sec(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

2 (2Btan(% dz+% 0)3—Ctan(% dz—i—% 0)3—23tan

(tan(% d:1:+% 0)2—1)

Clog (|tan (3dz + c) +1|) — Clog (|tan (3 dz + L ¢) — 1|) —

2d

input Lintegrate (sec(d*x+c)* (B*sec (d*x+c) +Cxsec(d*x+c) ~2) ,x, algorithm="giac") J

output‘ 1/2x(Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*d*x + 1/2x%c) ‘
| - 1)) - 2x(2%Bxtan(1/2*d¥x + 1/2%c)"3 - Cxtan(1/2xd*x + 1/2%c)"3 - 2¥Bxta |
‘n(1/2%d*x + 1/2%c) - Cxtan(1/2xd*x + 1/2%c))/(tan(1/2*d*x + 1/2%c)"2 - 1)~

\2)/d

Mupad [B] (verification not implemented)

Time = 12.73 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.81

/sec(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ C atanh (tan(% + 42)) _ tan(§ + %’”)3 (2B - C) — tan(

d d (tan (§+‘12—“’)4—2tan(

lnput Lint((B/COS(C + d*x) + C/COS(C + d*X)A2)/COS(C + d*X),X) J

(Cxatanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)°3%(2%B - C) - tan(c/
12 + (d*x)/2)*(2+%B + C))/(d*(tan(c/2 + (d*x)/2)"4 - 2%tan(c/2 + (d*x)/2)"2 |
+ 1) J

output
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.47

/sec(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) d

_ —2cos(dz +c)sin(dz +¢)b— log(tan (% + £) — 1) sin (dz + o’c+ log(tan (£ + £) — 1) ¢ + log(ta
B 2d (sin (dz + )’ — 1)

-

input L

-/

int (sec(d*x+c) * (Bxsec (d*x+c)+Cxsec (d*x+c) ~2) ,x)

‘( - 2xcos(c + d*x)*sin(c + d*x)*b - log(tan((c + d*x)/2) - 1)*sin(c + d*x)
\**2*c + log(tan((c + d*x)/2) - 1)*c + log(tan((c + d*x)/2) + 1)*sin(c + dx
‘x)**2*c - log(tan((c + d*x)/2) + 1)*c - sin(c + d*x)*c)/(2xd*(sin(c + d*x)

output
|
‘**2 - 1)) J
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3.40 [ (Bsec(c+ dz) + Csec*(c + dz)) dx
Optimal result . . . . . . . . . . . . e 284
Mathematica [A] (verified) . . . . . . . . . ... o 2841
Rubi [A] (verified) . . . .. . . ... .. 280
Maple [A] (verified) . . . . . . ... L 280
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 280
Sympy [F] . . o o 287
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 287l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 28T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 28Y
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 288
Optimal result
Integrand size = 19, antiderivative size = 24

/ (Bsec(c+ dz) + Csec’(c+ d)) dz = Barctanh(sc,im(c + dz)) Ctan(; +dr)

-

B*arctanh(sin(d#*x+c))/d+Cxtan(d*x+c)/d

output |
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00
B coth™ (si d t d
/ (Bsec(c+ dz) + Csec®(c + dz)) dz = © (S;n(c +do))  C an(ccl +d)
input LIntegrate [B¥Sec[c + d*x] + C*Secl[c + d*x]~2,x]

output‘ (BxArcCoth[Sin[c + d*x]])/d + (CxTan[c + d*xx])/d
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.053, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (Bsec(c + dz) + Csec*(c + dz)) dz
l 2009
Barctanh(sin(c + dx))  Ctan(c + dz)
_.|_
d d
input LInt [B¥Sec[c + d*x] + CxSecl[c + d*x]~2,x] J
output L(B*ArcTanh [Sin[c + d*x]])/d + (C*Tan[c + d*x])/d J

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25

method result size
. . . B In(sec(dz+c)+tan(dz+-c))+C tan(dz+-c)
derivativedivides g 30
default Bln(sec(dz+((:i)+tan(da:+c)) + Ctansidm+c) 32
parts Bln(sec(dw—kfi)—i—tan(dm—i-c)) + C’ta,nfidw—i-c) 32
. Bln (ei(d‘”"'c) +4i) Bln (ei(dw“'c) —1) 2%C
risch d - d d(ezi(di+c)+1) 59
. —Bln(tan( 92 4+£)—1) cos(dz+c)+BIn(tan( 92+ )+1) cos(dz+c)+C sin(dz+c)
parallelrisch ( (2 2> ) 3 ( (2 2) ) 63
cos(dz+-c)
2Ctan( 9242 Bln(tan( 92 42)41 Bln(tan(924¢)—1
_— () | mlm(55)e0) _ muln($e)r) | o
dr | c
d(tan(7+5> —1)
input Lint (B*sec (d*x+c)+C*sec(d*x+c) ~2,x,method=_RETURNVERBOSE) J
output 1/&* (B¥ln(sec(drx+c)+tan(dxx+c))+Crtan (dxx+c)) )

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(24) = 48.

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.50

/ (Bsec(c+ dz) + Csec’(c+ dz)) dz

_ Becos (dz + c)log (sin (dz + ¢) + 1) — B cos (dz + ¢) log (—sin (dz + ¢) + 1) 4+ 2 C'sin (dz + ¢)
B 2d cos (dz + ¢)

input Lintegrate (B*sec (d*x+c)+Cxsec(d*x+c) ~2,x, algorithm="fricas ") J

‘1/2*(B*cos(d*x + c)*log(sin(d*x + c) + 1) - Bxcos(d*x + c)*log(-sin(d*x + ‘

output
‘c) + 1) + 2#Cxsin(d*x + c))/(d*cos(d*x + c)) \
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Sympy [F]

/ (Bsec(c+ dz) + Csec’(c+ dz)) dz = / (B + Csec(c+dzx))sec(c+ dz)dx

input‘

integrate (Bxsec (d*x+c)+Cxsec (d*x+c) **2,x)

outputt

Integral((B + Cxsec(c + d#*x))*sec(c + d*x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.29

_ Blog (sec (dzx + c) + tan (dz + ¢))
N d
C'tan (d
4 Ctan (dx +¢)

/ (Bsec(c + dz) + Csec*(c + dz)) dz

inputt

integrate (B*sec(d*x+c)+C*sec(d*x+c) "2,x, algorithm="maxima")

s

output L

Bxlog(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d

~—

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 57 vs. 2(24) = 48.

Time = 0.25 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.38

/ (Bsec(c +dz) + Csec’(c + dz)) dz

) B(log(

4 C'tan (;im +¢)

m+sin(da:+c)+2‘> —log<
4d

m +SiIl(d.’L'+C) —2’))
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input ‘ integrate (B*sec(d*x+c)+Cxsec(d*x+c)~2,x, algorithm="giac") ‘

‘1/4*B*(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(d*x + c

output
\) + sin(d*x + c) - 2)))/d + Cxtan(d*x + c)/d

Mupad [B] (verification not implemented)

Time = 12.20 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.96

/ (B sec(c + dz) + C'sec’(c + dm)) dr = 2 Batanh (tan(

N0

+
s

”lze
N—
N—

inputtint(B/cos(c + d*x) + C/cos(c + d*x)"2,x) J

N

‘/(2*B*atanh(tan(c/2 + (d*x)/2)))/d - (2*C*xtan(c/2 + (d*x)/2))/(d*(tan(c/2 + ‘

output
\ (d*x)/2)°2 - 1)) \

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 62, normalized size of antiderivative = 2.58

/ (Bsec(c + dz) + Csec’(c + dz)) dz

_ —cos(dz + ) log(tan (% + §) —1) b+ cos (dz + c) log(tan (% + §) + 1) b+sin(dz 4+ ¢) ¢
B cos (dr +c)d

p
int (Bxsec (d*x+c)+Cxsec (d*x+c) ~2,x)

| —

inputt

‘( - cos(c + d*x)*log(tan((c + d*x)/2) - 1)*b + cos(c + d*x)*log(tan((c + d

output
\*x)/2> + 1)%b + sin(c + d*x)*c)/(cos(c + dxx)*d)
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3.41 [ cos(c+dz) (Bsec(c + dx) + C'sec*(c + dz)) dx

Optimal result . . . . . . . . . . . . e 289
Mathematica [A] (verified) . . . . . . . . . ... o 2891
Rubi [A] (verified) . . . .. . . ... .. 290
Maple [A] (verified) . . . . . . ... L 291]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 292
Sympy [F] . . o o 292
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 293]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 293
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 294
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 294

Optimal result

Integrand size = 26, antiderivative size = 16

tanh(si d
/cos(c+ dz) (Bsec(c + dz) + C'sec’(c + dz)) dz = Bz + Carctan (Zm(c + dz))
output iB*x+C*arctanh(sin(d*x+c) )/d j
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00
th™(si d
/COS(C +dz) (Bsec(c + dz) + Csec®(c+ dz)) dz = Bz + Ceo (Sclin(c + &)
input LIntegrate [Cos[c + d*x]*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x] J

output B¥x *+ (CrArcCoth[Sin[c + d#x]1)/d |




input

output
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.231, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {3042, 4535, 24, 27, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

l 3042

/Bcsc (c+dz+7%) +C’csc(c+dx+g)2d
csc(c+d:c+§) ac

l 4535

B/ldw—i—/Csec(c—i—d:L‘)dm

| 24

/ C'sec(c+ dz)dx + Bx

l27

c / sec(c + dx)dz + Bz

l 3042

T
2

l 4257

C/csc(c+da:+ )d:c—i—Bac

Carctanh(sin(c + dz))

4 + Bz

‘Int [Cos[c + d*x]*(BxSec[c + d*x] + C*Sec[c + d*xx]~2),x]

LB*X + (CxArcTanh[Sin[c + d*x]])/d
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4257 Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4535 Intllesclle_.) + (£_)*(x)1*(b_.))"(m_)*((A_.) + escl(e_.) + (£_.)*(x_)1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + fxx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.81

method result size

derivativedivides | ¢n(sec(deto) +ta;‘(d””+c))+3 (dz+c) 29

default ¢ 1n<seC<dw+c)+ta2(dw+c)>+B<dx+c) %

parallelrisch Bed+0(~In{ten( % +§>d_ 1)+n(tan(4+5)+1)) 39

risch Bz + ln(ei(dic)"'i) c _ 1n(ei(dw;°) —i)C 49

norman than(;%”ﬁ+%)4_3z i i Cln(tan(?+%>+1> _ Cln(tan<?+%>—1> g7
(1+tan(d7w+%> tan(%+¢) —1)

input Liﬂt (cos (d*x+c) * (Bxsec (d*x+c) +C*sec (d*x+c) “2) ,x ,method=_RETURNVERBOSE) J
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output ‘ 1/d* (Cx1n(sec(d*x+c)+tan(d*x+c) ) +B* (d*x+c))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 36 vs. 2(16) = 32.

Time = 0.09 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.25

/cos(c + dz) (Bsec(c + dz) + Csec’(c+ dz)) dz

_ 2Bdz + Clog(sin (dz +c) + 1) — C'log (—sin (dz +c) + 1)
B 2d

inputLintegrate(cos(d*x+c)*(B*sec(d*x+c)+C*sec(d*x+c)*2),x, algorithm="fricas")

outputtl/2*(2*B*d*x + C+log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1))/d

Sympy [F]

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

= / (B + Csec(c+ dx))cos (c + dz) sec (¢ + dz) dx

inputtintegrate(cos(d*}ﬁc)*(B*sec(d*x+c)+C*sec(d*x+c)**2),x)

-

output LIntegral((B + Cxsec(c + d*x))*cos(c + d*x)*sec(c + d*x), x)

-/
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 37 vs. 2(16) = 32.

Time = 0.03 (sec) , antiderivative size = 37, normalized size of antiderivative = 2.31

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_2 (dz + ¢)B + C(log (sin (dz + ¢) + 1) — log (sin (dz + ¢) — 1))
2d

input ‘ integrate(cos (d*x+c) * (Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x, algorithm="maxima")

outputti/2*(2*(d*x + c)*B + C*x(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)))/d J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(16) = 32.

Time = 0.34 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.69

/cos(c + dz) (Bsec(c + dz) + Csec’(c + dz)) d

_ (dz+c)B+Clog (|tan (3 dz + § c) + 1|) — Clog (|tan (§ dz + 5 ¢) — 1])
N d

-

~—

input tintegrate (cos (d*x+c) * (Bxsec (d*x+c) +Cxsec (d*x+c) “2) ,x, algorithm="giac")

‘((d*x + c)*B + Cxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*dx* ‘

output
Lx + 1/2%c) - 1)))/d J
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Mupad [B] (verification not implemented)

Time = 12.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 3.56

/ cos(c + dz) (Bsec(c + dz) 4+ Csec’(c + dz)

) dz
) 2 C’atanh(sm< (:Z

2Batan(w ))
_ Cos<2+7) n COS( )
d d
input Lint(cos(c + d*x)*(B/cos(c + d*x) + C/cos(c + d*x)~2),x) J

‘(2*B*atan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2*C*atanh(sin(c/2 + ‘

output
| (d*x)/2)/cos(c/2 + (d*x)/2)))/d

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.38

/cos(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

_ —log(tan (%z + —) — 1) c—l—log(tan( + 2) + )c-l—bdx
N d

fnput Lint (cos (d*x+c) * (Bxsec (d*x+c) +Cksec (d*x+c) ~2) ,x) J

outputt( - log(tan((c + d*x)/2) - 1)*c + log(tan((c + d*x)/2) + 1)*c + b*d*x)/d J
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3.42 [ cos?*(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e 295
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 296
Maple [A] (verified) . . . . . . ... L 297
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 298
Sympy [F] . . o o 298
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 298]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 299
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 299
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 299

Optimal result
Integrand size = 28, antiderivative size = 15

Bsin(c + dx)

/cos2(c + dz) (Bsec(c +dz) + Csec*(c+ dz)) dv = Cz + y

e A
C*x+B*sin(d*x+c)/d

N\ J

output

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.73

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

B cos(dz) sin(c) 4 B cos(c) sin(dz)

=Czr+ 1 i

-

input LIntegrate [Cos[c + d*x]~2*(B*Sec[c + d*x] + C*Sec[c + d*x]~2),x] J

output C*% + (B+Cos[d+x]*Sin[c])/d + (BCos[c]+Sin[d*x])/d ]




input

output

-

LInt [Cos[c + d*x]~2*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _ 0.179, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {3042, 4535, 24, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos2(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

l 3042

/Bcsc (c+dz+7%) +C’csc(c+dx+g)2d
X
csc (c+dm+ %)2

| 4535
B/cos(c—i—da:)d:v—l—/Cdm
| 24
B / cos(c+dz)dx + Cx
| 3042
B/sin <c+da:+ g) dz +Cx

l 3117

Bssi d
sin(c + dz) +

1 Czx

~—

-

N\

C*x + (B*Sin[c + d*xx])/d
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Defintions of rubi rules used

rule 24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

ruk34535‘1nt[(csc[(e_.) + (F_)*(x)I1*x(M_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*

(B_.) + cscl(e_.) + (£_.)*(x_)172%(C_.)), x_Symboll :> Simp[B/b

‘c[e + fxx])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + CxCscl[e + f*xx]~2)

» x] /; FreeQ[{b, e, £, A, B, C, m}, x]

|
Int[(b*Cs |
|
|

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.07

method result

size
risch Cz + w >
parallelrisch d””C+B+in(dw+c) 5
derivativedivides | Zsntdz+ 2+C(d2+6) ”
B sin(dz+c)+C(dz+c)
default ) .
z c)* z, c\® 2Btan( 92 4+¢ 2Btan(9Z 4+ ¢ ° 2, c)?
norman Cxtan(%JrE) +than(d7+§) —Ca— _ (dT §)+ (f 5) —Cmtan(%Jra) 112
(o) o)
input Lint (cos (d*x+c) ~2% (Bxsec (d*x+c) +Cksec (d*x+c) ~2) ,x ,method=_ RETURNVERBOSE) J
output LC*x+B*sin(d*x+c) /d J
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/cos2(c + dz) (Bsec(c + dz) + C'sec®(c + dz)) dz = Cdz + Bs;n (dz + )

‘ integrate(cos(d*x+c) "2*(B*sec (d*x+c)+C*ksec(d*x+c) ~2) ,x, algorithm="fricas" ‘

input

-

L(C*d*x + B*sin(d*x + c))/d

-/

output

Sympy [F]

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

= / (B + C'sec (c + dzx)) cos® (¢ + dx) sec (c + dzx) dx

input Lintegrate (cos (d*x+c) **2* (Bxsec (d*x+c) +Cxsec (d*x+c) ¥*2) ,x) J

output LIntegral((B + Cksec(c + d*x))*cos(c + d*x)**2xsec(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.33

dz + ¢)C + Bsin (dz + ¢)
d

/cosQ(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz = (

input ‘ integrate(cos(d*x+c) ~2* (B*sec(d*x+c) +C*sec(d*x+c) "2) ,x, algorithm="maxima" ‘

J

((d*x + c)*C + B*sin(d*x + c))/d J

output L
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(15) = 30.

Time = 0.31 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.60

2Btan(% dz-l—% c)
(d.’L‘ + C)C + tan(% dx+% c)2+1

d

/cos2 (c+ dz) (Bsec(c + dz) + C'sec’*(c+ dz)) dz =

inputLintegrate(cos(d*xﬂ:)"2*(B*sec(d*x+c)+C*sec(d*x+c)"2),x, algorithm="giac") J

-

L((d*x + c)*C + 2xBxtan(1/2*d*x + 1/2*c)/(tan(1/2*d*x + 1/2%c)~2 + 1))/d

-/

output

Mupad [B] (verification not implemented)

Time = 11.79 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

__ Bsin(c+dr)+Cdx
N d

/cos2 (c+ dz) (Bsec(c + dz) + Csec*(c + dz)) dz

-

Lint(cos(c + dx*x) "2*%(B/cos(c + d*x) + C/cos(c + d*x)~2),x)

-/

input

OutputL(B*sin(c + d*x) + Cxd*x)/d J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

gy — 5B (dx + ¢) b+ cdx

/cos2(c + dz) (Bsec(c + dz) + Csec*(c + dz)) y

input Lint (cos (d*x+c) ~2* (B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x) J

OutputL(sin(c + d*x)*b + c*xd*x)/d J
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3.43 [ cos?(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3001
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 303
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o 304
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 304
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 28, antiderivative size = 38

/cos3 (¢ + dz) (Bsec(c+ dz) + C'sec’(c+ dz)) dz

Bz  Csin(c+dz) Bcos(c+ dz)sin(c+ dzx)
et F 2d

output L1/2*B*X+C*Sin (d*x+c)/d+1/2*B*cos (d*x+c) *sin(d*x+c)/d J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 4C'sin(c + dz) + B(2(c + dz) + sin(2(c + dz)))
o 4d

input LIntegrate [Cos[c + d*x]~3*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J

OutputL(LL*C*Sin[c + dxx] + B*(2*(c + d*x) + Sin[2*(c + d*x)]))/(4xd) J
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.03,

number of rules _ 0.250, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4535, 27, 3042, 3115, 24, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos3(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

l 3042

/Bcsc (c+dz+7%) +Ccsc(c+dx+g)2d
X
csc (c+dw+ %)3

l 4535
B / cos?(c + dz)dz + /C cos(c + dx)dx
l 27
B / cos®(c + dzx)dz + C / cos(c + dx)dx
l 3042
. 2 . s
B/sm(c—l—da:+2) d:c+C/s1n(c+da:+ 5) dx
l 3115
J1dz  sin(c+ dz) cos(c + dx) . 7r
B( 5 + 9 +C/s1n<c+dx+2>dm
l 24

C/sin (c +dz + g) dx + B <sm(c + de) cos(c + dz) + w)

2 2
l 3117

sin(c + dz)cos(c+dx) = C'sin(c + dx)
B( 2d to)t T
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inputLInt[Cos[c + d*xx] 3% (B*Sec[c + d*x] + CxSec[c + d*x]"2),x]

outputL(C*Sin[c + d*x])/d + B*(x/2 + (Cos[c + d*x]*Sin[c + d*x])/(2*d))

Defintions of rubi rules used

ruk324LInt[a—’ x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

rule 27 Tntl@)*(Fx ), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

x]*((bxSinlc + d*x])~(n - 1)/(d*n)), x] + Simp[b™2+((n - 1)/n)  Int[(b*Sin
[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2%n]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3117

rule 4535 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (f_.)*(x_)1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
cle + £f*x])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + C*Cscl[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

method result
risch Bz + C'sin(dz+c) + B sin(2dz+2c)

2 d 4d
parallelrisch 2Bxd+ B sin(2dz+2¢)+4C sin(dz+c)

4d
. . o B(cos(dw+c)2sin(dw+c)+d7w+%>+csin(dm+c)

derivativedivides =

B cos(dz+c) sin(da:-f—c)_'_di_}_g +Csin(dx+c)
default ( 2 — :)

3 5 8
6 (B—2C)tan(9Z ¢ (B+2C) tan(9& 4 € 2 Bztan(9E4¢ (B—2C) t:

Botan(fp+5) '+ P2 ($45) OO ($45) _pe_pysan(prg) '+ o (EE)

norman - 3 - .
(1+tan<7””+g) ) (tan(7w+§ —1)

-

input Lint (cos(d*x+c) ~3*(B*sec (d*x+c)+C*xsec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE)

-/

output Ll/z*B*X*'C*sin (d*x+c)/d+1/4*B/d*sin (2*d*x+2%*c) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.76

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ Bdz + (Bcos(dz +c) +2C)sin (dz + c)
B 2d

e B
‘ integrate(cos(d*x+c) ~3* (B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x, algorithm="fricas" ‘

input

output L1/2*(B*d*x + (B*cos(d*x + c) + 2xC)*sin(d*x + c))/d J
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Sympy [F]

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

= / (B + C'sec (c + dz)) cos® (c + dz) sec (c + dz) dz

integrate(cos(d*x+c) **3* (Bxsec (d*x+c)+Cxsec (d*x+c) **2) ,x)

-/

E
inputt

output LIntegral((B + Cxsec(c + d*x))*cos(c + d*x)**3ksec(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.89

/cos3(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

(2dz+2c+sin(2dz+2c¢))B+4Csin(dz + ¢)
4d

input‘integrate(cos(d*x+c)"3*(B*sec(d*x+c)+C*sec(d*x+c)"2),x, algorithm="maxima"

J

L1/4*((2*d*x + 2%c + sin(2%d*x + 2%c))*B + 4%Cksin(d*x + c))/d J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(34) = 68.

Time = 0.33 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.16

/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

2 (Btan(% dw—i—% c)3—2C’ta,n(% da:—i—% c)S—Btan(% dz—i—% c)—ZCtan(% dw—}-% c))

(dl' + C)B B (tan(% dac-i—% 0)2—|—1)2

2d
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input ‘ integrate(cos(d*x+c) “3*(B*sec (d*x+c)+C*sec(d*x+c)~2) ,x, algorithm="giac") ‘

(1/2%((d*x + c)*B - 2#(Bxtan(1/2*d*x + 1/2%c)~3 - 2%Cktan(1/2+d*x + 1/2%c)~

output
'3 - Bxtan(1/2*d¥x + 1/2%c) - 2xCxtan(1/2*d*x + 1/2%c))/(tan(1/2xd*x + 1/2%
)72+ 1)72)/d |
Mupad [B] (verification not implemented)
Time = 11.81 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82
/ cos’*(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
_ Bx N Bsin(2¢c+2dx) n C sin(c+dx)
2 4d d
input Lint(cos(c + d*x)~3%(B/cos(c + d*x) + C/cos(c + d*x)~2),x) J
outputt(B*x)/Q + (Bsin(2%c + 2xd*x))/(4*d) + (C*sin(c + d*x))/d J
Reduce [B] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87
/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
_cos(dz + c)sin (dz + ¢) b+ 2sin (dz + c) c + bdx
- 2d
input Lint(cos(d*x+c)“3* (B*sec (d*x+c)+C*xsec (d*x+c) ~2) ,x) J
outputL(cos(c + d*x)*sin(c + d*x)*b + 2*sin(c + d*x)*c + b*d*x)/(2%d) J
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3.44 [ cos*(c+dz) (Bsec(c + dzx) + C'sec*(c + dz)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3061
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 309
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 309
Sympy [F] . . o o 310
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3101
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... B11]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... B11]
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 28, antiderivative size = 54

/ cos*(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

Cz + Bsin(c + dx) + Ccos(c +dx)sin(c+dz)  Bsin®(c+ dx)
2 d 2d 3d

-

N
output L1/2*C*x+B*sin (d*x+c) /d+1/2*C*cos (d*x+c) *sin(d*x+c) /d-1/3*B*sin (d*x+c) ~3/d J

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

/cos4(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz
C(c+ dz) 4 Bsin(c+dz)  Bsin®(c + dx) 4 C'sin(2(c + dx))

2d d 3d 4d
input LIntegrate [Cos[c + d*x]~4*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J
Output‘ (Cx(c + d*x))/(2%d) + (B*Sin[c + d*x])/d - (B*Sin[c + d*x]~3)/(3%d) + (C*S \‘

inf2x(c + dkx)1)/(4xd)
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02,

=8, number of rules _ 986, Rules
integrand size

number of steps used = 9, number of rules used =
used = {3042, 4535, 27, 3042, 3113, 2009, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos4(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

l 3042

dx

/Bcsc (c+dz+T)+Cosc(ctdr+3)°
csc (c+dw+ %)4

| 4535

B / cos®(c + dz)dz + /C cos?(c + dz)dz
| 27

B / cos®(c + dzx)dz + C / cos?(c + dz)dz
| 3042

B/sin (c+d:c+72r)3dac+0/sin (c+dw+g)2dx

l 3113
C / sin (c +dx + g>2 dr — B f (1 — sinz(c + d;c)) d(—sin(c + dz))
l 2009

B(3sin3(c + dz) — sin(c + dz))
d

C’/sin(c—i—dm—i—W)zdm—

3115

C<f ldz 4 sin(c + dz) cos(c—|— dx) ) B(3sin3(c + dz) — sin(c + dz))
2 d

24
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sin(c + dz)cos(c+dz) =z B(3 sin3(c+ dz) — sin(c + dz))
¢ 2 t3)” d

input LInt [Cos[c + d*x]~4*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

Cx(x/2 + (Cos[c + d*x]*Sin[c + d*x])/(2*d)) - (B*(-Sin[c + d*x] + Sin[c +

output ‘
d*x]73/3))/d

Defintions of rubi rules used

rule 24 LInt la_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘1nt[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sinl(c_.) + (d_.)*(x_)17(n_), x_Symbol] :> Simp[-d~(-1)  Subst[Int[Exp
and[(1 - x"2)"((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

rule 3113

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b"2*((n - 1)/n) Int[(b*Sin
[c + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

rule 3115
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rule 4535‘Int[(csc[(e_.) + (F_D)*xDI*(M_.)) " (m_.)*((A_.) + cscl(e_.) + (f_.)*x(x_)]* ‘
(B_.) + cscle_.) + (£_.)%(x_)172%(C_.)), x_Symbol]l :> Simp[B/b Int[(b*Cs |
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2) ‘
, x] /; FreeQ[{b, e, f, A, B, C, m}, x] |

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

method result
par allelrisch 6dzC+B sin(3dz+3c)+9[;’ 2s.(iin(dan-i-c)-i-3 sin(2dz+2¢)C
. Cz 3Bsin(dz+c) Bssin(3dz+3c) sin(2dz+2c¢)C
risch 2 T+ 4d + 12d + 4d
B (2+cos(d:z:+c)2) sin(dz+c) cos(dz+c) sin(de+e) | dz | c
PR 3 +0( 5 +4+5)
derivativedivides |
B (2+cos(dw+;)2> sin(dz+c) +C ( cos(dz+c)2sin(d:c+c) +¢12i+%)
default v
9 3 7 5
Ca tan(df-kg)e-k (2B-C) taz(%”-ﬁ-%) _%_43 tan(s?-&-%) 4B tan(s?-ﬁ-%) n ZCtan(ddﬁ}-Q—%) _ 3Cz tan(2d71+%)
norman -
dz | ¢ 2 dz | ¢ 2
1+tan(7+§) tan<7+§) -
input Lint (cos (d*x+c) ~4* (Bxsec (d*x+c)+Csec (d*x+c)~2) ,x,method=_RETURNVERBOSE) J

-

L1/12*(6*d*x*C+B*sin(3*d*x+3*c)+9*B*sin(d*x+c)+3*sin(2*d*x+2*c)*C)/d

e—

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.78

/ cos*(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 3Cdz + (2 Bcos (dz + ¢)® + 3 C cos (dz + ¢) + 4 B) sin (dz + )
B 6d

input ‘ integrate(cos(d*x+c) ~4* (B*sec(d*x+c)+C*sec(d*x+c) ~"2) ,x, algorithm="fricas" ‘
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|1/6%(3%Cxdxx + (2%Bxcos(d*x + c)"2 + 3%Ckcos(d*x + c) + 4*B)*sin(d*x + c))

/4

output

/ cos*(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

= / (B + Csec (c+ dz)) cos* (c + dzx) sec (c + dz) dx

input Lintegrate (cos (d*x+c) ¥*4x (Bxsec (d*x+c)+Cxsec (d*x+c) ¥*2) ,x)

OutputLIntegral((B + Cxsec(c + d*x))*cos(c + dxx)**4*sec(c + d*x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.85

/cos4(c + dz) (Bsec(c + dz) + Csec’(c+ dz)) dz

4 (sin (dz + ¢)* — 3 sin (dz + ¢)) B — 3 (2dz + 2c +sin (2dz + 2¢))C
B 12d

integrate(cos(d*x+c) ~4* (B*sec(d*x+c) +C*sec(d*x+c) "2) ,x, algorithm="maxima"

)

input

-1/12% (4% (sin(d*x + c)~3 - 3*sin(d*x + c))*B - 3%(2%d*x + 2%c + sin(2*d*x

output
+ 2xc))*C)/d
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(48) = 96.

Time = 0.31 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.81

/cos4(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

2 <6Btan(% dx—i—% 0)5—3Ctan(% dx—i—% c)5+4Bta,n(% dx—i—% c)3+6Btan(% dx—i—% c)+3Cta,n(% dx—i—% c))

3(dz +¢)C
( + ) + (tan(%dm+% c)2+1>3
B 6d
input Lintegrate (cos(d*x+c) ~4* (Bxsec (d*x+c)+C*xsec(d*x+c) "2) ,x, algorithm="giac") J

‘1/6*(3*(d*x + c)*C + 2% (6*Bxtan(1/2*d*x + 1/2%c)”5 - 3*Cxtan(1/2xd*x + 1/2 \
\*c)“S + 4%Bxtan(1/2*d*x + 1/2%c)~3 + 6xBstan(1/2%d*x + 1/2%c) + 3*Cxtan(1l/ \
‘2*d*x + 1/2%c))/(tan(1/2%d*x + 1/2%c)"2 + 1)°3)/d ‘

output

Mupad [B] (verification not implemented)

Time = 12.17 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

/cos4 (c+ dz) (Bsec(c+ dz) + Csec*(c + dz)) dz

_C:D+2B sin(c+dx)+C’ cos(c+dx) sin(c+dx)+Bcos(c—|—dw)2 sin (c+ d )
o2 3d 2d 3d

input Lint(cos(c + d*x) 4% (B/cos(c + d*x) + C/cos(c + d*x)"2),x) J

t‘ (C*x)/2 + (2*%B*sin(c + d*x))/(3*%d) + (Cxcos(c + d*x)*sin(c + d*x))/(2*xd) + \

outpu
‘ (Bxcos(c + d*x)~2*sin(c + d*x))/(3*d) ‘
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.85

/ cos*(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

B 3cos (dz + ¢) sin (dz + ¢) ¢ — 2sin (dz + ¢)® b+ 6sin (dz + ¢) b+ 3cdz
B 6d

input\int(cos(d*x+c)“4*(B*sec(d*x+c)+C*sec(d*x+c)*2),x)

‘(3*cos(c + d*x)*sin(c + d*x)*c - 2*sin(c + d*x)**3*xb + 6*sin(c + d*x)*b +

output
‘3*c*d*x)/(6*d)
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3.45 [ cos®(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e 313
Mathematica [A] (verified) . . . . . . . . . ... o 313l
Rubi [A] (verified) . . . .. . . ... .. 314
Maple [A] (verified) . . . . . . ... L 316
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... BI7
Sympy [F] . . o o B17
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B17
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 318
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... BI8
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 28, antiderivative size = 76

/cos5(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz
3Bz + C'sin(c + dx) N 3B cos(c + dz) sin(c + dz)

8 d 8d
N Bcos®’(c+dzx)sin(c +dzx)  Csin’(c+ dx)
4d 3d

e R
\3/8*B*x+C*sin(d*x+c)/d+3/8*B*cos(d*x+c)*sin(d*x+c)/d+1/4*B*cos(d*x+c)*3*si \

output
Ln(d*x+c) /d-1/3%C*sin (d*x+c)~3/d J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96

/cos5(c + dz) (Bsec(c + dz) + Csec*(c+ dz)) dz

3B(c+ dzx) N Csin(c+dz) Csin®(c+dx) N Bsin(2(c + dz)) N Bsin(4(c + dz))
8d d 3d 4d 32d

input‘ Integrate[Cos[c + d*x] “5*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x] J
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‘(B*B*(c + d*x))/(8%d) + (CxSin[c + d*x])/d - (C*Sin[c + d*x]~3)/(3*d) + (B

output
L*Sin[2*(c + d*x)])/(4%d) + (B*Sin[4*(c + d*x)])/(32%d) J

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.07,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 357 Ryjjeq
integrand size

used = {3042, 4535, 27, 3042, 3113, 2009, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos5(c + dz) (Bsec(c + dz) + C'sec*(c + dz)) dz

l 3042

dx

/Bcsc (c+dz+T)+Cosc(ct+dr+3)°
csc (c+dm+ %)5

l 4535

B / cos*(c + dz)dz + /C cos(c + dz)dz

| 27

B / cos*(c + dz)dz + C / cos®(c + dz)dz

J,3042
B/Sin (C+d$+g)4dx+0/sin<c+dx+g)3dx
l 3113
1 — sin? o
B/Sin (c_i_dm_i_[)‘ldx_ Cf( sin (c—i—dm)) d(—sin(c + dz))
2 d
l 2009
103 L
B/sin <c+dm+g>4dm— C (3 sin (c+dm(3 sin(c + dz))

l 3115
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i 3 C(3 sin®(c+ dz) — si d
B<2/0082(0+dx)da;+ sm(c+da:)4c;s (c+d.1;)> 3 (5sin®(c+ x; sin(c + dz))

l 3042

2 i 3 C(3sin®(c + dz) —si d
B(i/sin(c—i—derg) dw+s1n(c+d:c)cos (c+dx)> 3 (3 sin®(c + dz) — sin(c + dz))

4d d

| 3115
B (i (f ldx + sin(c + dx) cos(c + dx)) N sin(c + dz) cos3(c + d:c)) 3

2 2d 4d
C(%sin3(c+ dx) — sin(c + dz))

l 24

B(s1n(c+dac)cos (c+dx) 3 <sm (c+ dz) cos(c+dx) + >) 3
2

4d +4

C(3sin®(c+ dz) — sin(c + da:))

input LInt [Cos[c + d*x] 5*(B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J

Output\ ((Cx(-Sinlc + d*x] + Sin[c + d*x]1"3/3))/d) + Bx((Cos[c + d*x]"3*Sinlc + d
‘*x])/(4*d) + (3*%(x/2 + (Cos[c + d*x]*Sin[c + d*x])/(2*d)))/4) ‘

Defintions of rubi rules used

24‘Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x] ‘

rule
e o7 ItL@D*(Fx), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘In‘c [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |




rule 3113

rule 3115
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Int[sin[(c_.) + (d_.)*(x))17(n)), x_Symbol] :> Simp[-d”(-1)  Subst[Int[Exp
and[(1 - x"2)"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2xn]

rule 4535‘Int[(csc[(e_.) + (£_)*xx_)I*(_)) " (m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]=*

input

output

‘(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + CxCsc[e + f*x]~2)

» x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.75

method result
parallelrisch 36 Bzd+3B sin(4dz+4c)+24B sin(2dg:;(—fc)+720 sin(dz+c)+8C sin(3dz+3c)
(cos(dw+c)3+ %) sin(dz+c) C (2+cos(dm+c)2) sin(dz+-c)
3dx | 3c
B ( 1 TRE |+ 3
derivativedivides v

4 3

(cos(dm+c)3+*273 cos(dztc) ) sin(dz+c) C(2+cos(dz+c)2) sin(dz+-c)
3d. 3

B ( 3ds g 3e |y

default |

3C'sin(dz+c) + B ssin(4dz+4c) + sin(3dz+3c)C + Bsin(2dz+2c)
32d 12d 4d

: 3Bz
risch 2+ 1

_3Bz _

3than(d7w+g)2 ISthan(de+%)4 +ISthan(dTw+%)8 +3than(d7$+g)10 +3than( x
— 8

norman & 2 8

Lint(cos(d*x+c)“5*(B*sec(d*x+c)+C*sec(d*x+c)“2),x,method=_RETURNVERBOSE)

p
‘1/96*(36*B*x*d+3*B*sin(4*d*x+4*c)+24*B*sin(2*d*x+2*c)+72*C*sin(d*x+c)+8*C*
‘sin(S*d*x+3*c))/d

N

12
(3B—8C)
),
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.70

/cos5 (c+ dz) (Bsec(c+ dz) + Csec’(c + dz)) dz

_ 9Bdzr + (6Bcos(dz‘+c)3—|—8C’cos(dz'+c)2—|—9Bcos(dm+c)+16C) sin (dz + ¢)
B 24d

integrate (cos(d*x+c) ~5* (B¥sec(d*x+c) +C*sec(d*x+c) ~2) ,x, algorithm="fricas"

)

input

1/24% (9*Bxd*xx + (6*Bxcos(d*x + c)~3 + 8*Cxcos(d*x + c)~2 + 9*Bkcos(d*x + c

output
) + 16%C)*sin(d*x + c))/d
Sympy [F]
/ cos’(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
= / (B + C'sec (c + dzx)) cos® (c + dzx) sec (c + dz) dzx
input Lintegrate (cos(d*x+c)*x5x (Bxsec (d*x+c) +Cxsec (d*x+c) **2) ,x) J
output LIntegral( (B + Cxsec(c + d*x))*cos(c + d*x)**5*sec(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.75

/(3os5 (c+ dz) (Bsec(c+ dz) + Csec’(c + dz)) dz

_ 3(12dx +12c+sin (4dx +4c) + 8 sin (2dz + 2¢)) B — 32 (sin (dz 4 ¢)® — 3 sin (dz +¢))C
96d
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integrate(cos(d*x+c) “5% (Bxsec (d*x+c)+Cxsec(d*x+c)~2) ,x, algorithm="maxima"

)

input

1/96*% (3% (12%d*x + 12%c + sin(4*xd*x + 4*c) + 8*sin(2*d*x + 2*c))*B - 32*x(si

output
n(d*x + c)~3 - 3*sin(d*x + c))*C)/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 140 vs. 2(68) = 136.

Time = 0.29 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.84

/coss(c + dz) (Bsec(c + dz) + Csec*(c + dz)) dz

2 <1SBtan(% dm—i—% 0)7—24C’tan(% dz—}-% c)7—gBtan(% dm—i—% 0)5—40C’tan(% dz—}-% c)5+QBtan(% d:c—i—% 0)3—4001:‘

9(dzx+c)B —
( ) (tan(% dx+%c)2+1)4
B 24d
inputLintegrate(cos(d*xﬂ:)"5*(B*sec(d*x+c)+C*sec(d*x+c)"2),x, algorithm="giac") J

output‘1/24*(9*(d*x + c)*B - 2x(15%Bxtan(1/2%d*x + 1/2%c)”7 - 24*Cxtan(1/2*d*x +
\1/2*c)*7 - 9%Bxtan(1/2%d*x + 1/2%c)"5 - 40%Cxtan(1/2%d*x + 1/2%c)~5 + 9xBx \
(tan(1/2%d*x + 1/2%c)"3 - 40%Cxtan(1/2%d*x + 1/2%c)"3 - 15%Bxtan(1/2*d*x + |

‘1/2*0) - 24*xCxtan(1/2*d*x + 1/2%c))/(tan(1/2*d*x + 1/2%c)"2 + 1)74)/d

Mupad [B] (verification not implemented)

Time = 12.07 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.99

/cos5 (c+ dz) (Bsec(c + dz) + Csec*(c + dz)) dz

_3B«x 2C’sin(c+dm)+3Bcos(c+dx) sin (¢ + d z)
-8 3d 8d
Beos(c+dz)’ sin(c+dxz) Ccos(c+dz)’ sin(c+dz)
* 1d * 3d
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input‘ int(cos(c + d*x)~5%(B/cos(c + d*x) + C/cos(c + d*x)~2),x) ‘

output‘ (3*%B*x)/8 + (2*C*xsin(c + d*x))/(3*d) + (3*B*cos(c + d*x)*sin(c + d*x))/(8* ‘
‘d) + (B*cos(c + d*xx) " 3*sin(c + d*x))/(4*d) + (Cxcos(c + d*x) " 2*xsin(c + d*x ‘

1))/(3%d) |

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.83

/cos5(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ —6cos (dr + c)sin (dz + ¢)® b+ 15 cos (dz + ¢) sin (dz + ¢) b — 8sin (dz + ¢)° ¢ + 24 sin (dz + ¢) ¢ + b
B 24d

input tint (cos(d*x+c) ~5*(Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x) J

e Y
(- 6%cos(c + d¥x)*sin(c + d¥x)**3%b + 15%cos(c + d*x)*sin(c + d*x)*b - 8%

output
‘sin(c + d*x)**3%c + 24*sin(c + d¥x)*c + Okbkd¥x)/(24%d) ‘
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3.46 [ cos®(c+dzx) (Bsec(c + dz) + C'sec’(c + dzx)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. B21]
Maple [A] (verified) . . . . . . ... L 324
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 324
Sympy [F(-1)] . . o oo 325
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 326
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 28, antiderivative size = 92

/cos6(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz
3Cx + Bsin(c + dx) n 3C cos(c + dzx) sin(c + dzx)

8 d 8d
N C cos®(c + dz)sin(c +dx)  2Bsin’(c + dz) N Bsin®(c + dz)
4d 3d 5d

‘ 3/8*C*xx+B*sin (d*x+c) /d+3/8*C*xcos (d*x+c) *sin(d*x+c) /d+1/4*C*cos (d*x+c) ~3*si ‘

output
\ n(d*x+c) /d-2/3*Bxsin (d*x+c) ~3/d+1/5%B*sin (d*x+c) ~5/d \

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.97

/cos6(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

_ 3C(c+dx) N Bsin(c+dz)  2Bsin®(c + dx)
- &d d 3d
N Bsin®(c + dx) N C'sin(2(c + dx)) + C'sin(4(c + dz))
5d 4d 32d




input

output
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‘Integrate [Cos[c + d*x]~6*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x] ‘

| (3#Cx(c + d*x))/(8*+d) + (B*Sinlc + d*x])/d - (2#BsSin[c + d*x]"3)/(3+d) +
| (B#Sin[c + d*x]75)/(5%d) + (CxSin[2%(c + d*x)1)/(4xd) + (CxSin[4*(c + d*x)
1/ G2xd) J

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.01,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size — 0.357, Rules

used = {3042, 4535, 27, 3042, 3113, 2009, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cosG(c + dz) (Bsec(c + dz) + C'sec’(c + dz)) dz

l 3042

dz

/Bcsc (c+dz+%) +C’csc(c+d:1c+§)2
csc (c—i—dm—i— %)6

J'4535

B / cos®(c + dz)dz + /C cos*(c + dz)dzx

l 27

B / cos®(c + dzx)dz + C / cos*(c + dz)dzx

| 3042
B/ﬁn@+dx+gfdm+c/an@+dx+gfdm
| 3113
C/gm(c+dm+W)ﬂm_;Bf@m%c+¢w—2$ﬁ@;ﬂM)+Ud@@m@+d@)

l 2009
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C/sin (c+dx N E)4da) 3 B(—3 sin®(c + dz) + 3 sin®(c + dz) — sin(c + dz))

d
| 3115
- 3
C Z /cos2(c + dz)dz + sin(e + dm):;S et d:r)> -
B(—1Lsin®(c + dz) + 2 sin3(c + dz) — sin(c + dz))
d
| 3042
3 2 sin(c + dz) cos®(c + dz)
C’<4/s1n<c+dac+2> dx + 1 -
B(—% sin®(c + dz) + % sin®(c + dz) — sin(c + dz))
d
| 3115
o 3( ) 1dz 4 sin(c + dz) cos(c + dx) 4 sin(c + dz) cos®(c + dx) B
4 2 2d 4d
B(—% sin®(c + dzx) + % sin®(c + dz) — sin(c + dz))
d
| 24
o sin(c + dz) cos®(c + dx) + 3 ('sin(c + dz) cos(c + dz) MEARNTE
4d 4 2d 2
B(—1sin®(c+ dz) + 2 sin®(c + dz) — sin(c + da))
d

input‘ Int [Cos[c + d*x] 6x(BxSec[c + d*x] + C*Secl[c + d*x]~2),x] ‘

-((B*(-Sin[c + d*x] + (2#Sin[c + d*x]"3)/3 - Sin[c + d*x]1"5/5))/d) + Cx((C
‘os[c + d#x]~3%Sin[c + d*x])/(4%d) + (3%(x/2 + (Cos[c + d*x]*Sin[c + d*x])/
(2+d)))/4) |

output
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Defintions of rubi rules used

ruk324‘1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

.
rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3113 Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1)  Subst[Int[Exp
and[(1 - x72)7((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((bxSin[c + d*x])~"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2%n]

rule 4535 Intl(escle_.) + (£_)*(x)1*(b_.))"(m_)*((A_.) + cscle_.) + (£_.)*(x)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + f*xx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + CxCscl[e + f*x]~2)
, xJ /; FreeQ[{b, e, f, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.75

method result
. 180dzC+300B sin(dz+c)+6 B sin(5dz+5¢)+50B sin(3dz+3c¢)+15 sin(4dz+4¢)C+120 sin(2dz+2¢)C
parallelrisch 1504
B (%+Cos(dm+c)4+ w) sin(dx+c) (cos(dz+c)3+ 3 cos(dz+c) ) sin(dz+c)
+C - 3o | 3
5 1 g8 '8
derivativedivides i
2
B <%+cos(dz+c)4+ M) sin(dz+c) <cos(dw+c)3+ 3 cos(dz+c) cos(éiaH—c) ) sin(dz+c)
: +o : .
default i
. 3Cz 5B sin(dz+-c) B sin(5dz+5c) sin(4dz+4c)C 5B sin(3dz+3c) sin(2dz+2¢)C
risch g T 8d + 80d + = T 48d + 4d
Ctan(%-{—%)’r _3Cs 15Cz tan(%@-k%)z B 27Cx tan(%@-k%)zl _ 15Cx tan(%@-k%)s 4 15Cmtan<%£+%)8 +27Cztan(%£—
norman d 8 8 8 8 8 8
input Lint (cos(d*x+c) ~6* (Bxsec (d*x+c)+Cxsec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J

‘1/480*(180*d*x*C+300*B*sin(d*x+c)+6*B*sin(5*d*x+5*c)+50*B*sin(3*d*x+3*c)+1

output
‘ 5xsin (4xd*x+4%c) *C+120%sin (2kd*x+2%c) *C) /d ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.70

/COSG(C + dz) (Bsec(c + dz) + Csec’(c+ dz)) dz

_ 45Cdx + (24 B cos (dz + ¢)* +30C cos (dz + ¢)® + 32 B cos (dz + ¢)* + 45 C cos (dz + ¢) + 64 B) sin
- 120d

input ‘ integrate(cos(d*x+c) “6* (B*sec(d*x+c) +C*sec(d*x+c) "2) ,x, algorithm="fricas" ‘

‘1/120*(45*C*d*x + (24*Bxcos(d*x + c)~4 + 30%Cxcos(d*x + c)~3 + 32%Bxcos(d* \

output
‘x + ¢)~2 + 45%Cxcos(d*x + c) + 64*B)*sin(d*x + c))/d ‘
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Sympy [F(-1)]

Timed out.

/cosﬁ(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dr = Timed out

input Lintegrate (cos(d*x+c)*x6x (Bxsec (d*x+c) +Cxsec (d*x+c) **2) ,x) J

output ‘\Tlmed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.75

/cosﬁ(c + dz) (Bsec(c + dz) + Csec*(c+dz)) dz

_ 32(3sin(dz + )’ — 10 sin (dz + ¢)’ + 15 sin (dz + ¢)) B + 15 (12dz + 12c + sin (4dz + 4 ¢) + 8 sin (
B 480d

integrate(cos(d*x+c) “6* (Bxsec(d*x+c)+Cxsec(d*x+c)~2) ,x, algorithm="maxima"

)

input

1/480%* (32* (3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*sin(d*x + c))*B + 15%

output
(12%d*x + 12*c + sin(4*d*x + 4*xc) + 8*sin(2*xd*x + 2%c))*C)/d

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.67

/cose(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

2 (120Btan(% dx—i—% 0)9—750tan(% dw+% c)9+160Bta.n(% dx—i—% 0)7—3OCtan(% dx—i—% c)7+464Bta,n(% d:z:-l—% c)s-

45 (dz + ¢)C + (tan(l de+1 c)2+1>5

120d
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input ‘ integrate(cos(d*x+c) “6*(B*sec(d*x+c)+C*sec(d*x+c)~2) ,x, algorithm="giac") ‘

1/120*(45*%(d*x + c)*C + 2*x(120*Bxtan(1/2*d*x + 1/2%c)”9 - 75xCxtan(1/2*d*x

+ 1/2%c)”9 + 160*Bxtan(1/2*d*x + 1/2%c)”7 - 30*Cxtan(1/2*d*x + 1/2%c)”7 +
464*B*tan(1/2*d*x + 1/2*c)”5 + 160*B*tan(1/2*d*x + 1/2*c)~3 + 30*C*tan(1/
2%d*x + 1/2%c)”3 + 120*Bxtan(1/2*d*x + 1/2*c) + 75*Ckxtan(1/2*d*x + 1/2%c))
/(tan(1/2*d*x + 1/2*c)”"2 + 1)°5)/d

output

Mupad [B] (verification not implemented)

Time = 16.06 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.23

_3Cx

/cose(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

tnput Lint(cos(c + d*x)"6%(B/cos(c + d*x) + C/cos(c + d*x)~2),x) J

t}(B*C*x)/s + (tan(c/2 + (d*x)/2)~3%((8%B)/3 + C/2) + tan(c/2 + (d*x)/2)~9%(
(2%B - (5%C)/4) + tan(c/2 + (d*x)/2)"7*((8%B)/3 - C/2) + (116%Bxtan(c/2 + ( |
|d¥x)/2)75)/15 + tan(c/2 + (d¥x)/2)*(2%B + (5%C)/4))/(d*(tan(c/2 + (d*x)/2) |
\*2 + 1)°5) \

outpu

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.80

/0086 (¢ + dz) (Bsec(c+ dz) + C'sec’(c+ dz)) dz

_ —30cos (dx + c) sin (dz + ¢)® ¢ + 75 cos (dz + ¢) sin (dz + ¢) ¢ + 24sin (dz + ¢)° b — 80sin (dz + ¢)* b +
N 120d

tnput Lint (cos (d*x+c) ~6% (Bksec (d*x+c)+C*sec (d*x+c) ~2) ,x) J
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‘ ( - 30*cos(c + d*x)*sin(c + d*x)**3*c + 75%cos(c + d*x)*sin(c + d*x)*c + 2
‘4*sin(c + d*x)**5%b - 80*sin(c + d*x)**3*%b + 120*sin(c + d*x)*b + 45%c*d*x
)/(120%d)

output
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3.47 [(bsec(c+dz))3/? (Bsec(c + dz) + Csec?(c + dz)) a

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3291
Rubi [A] (verified) . . . .. . . ... .. 329
Maple [C] (verified) . . . . . . . . . ... 333
Fricas [C] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o 334
Maxima [F] . . . . . . 334
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 32, antiderivative size = 169

/(b sec(c + dz))*? (Bsec(c + dz) + C'sec’(c + dz)) dz =
srosje+
5d+/cos(c + dz)+/bsec(c + dz)
2bB\ /cos(c + dz) EllipticF ( ¢+ dz),2) \/bsec(c + dz)

6bC’\ /bsec(c + dx )sin(c + dx) 2B(bsec(c + dzx))%/?sin(c + dx)
3d

2C(bsec(c + d:l:))5/2 sin(c + da:)
* 5bd

-6/5%b~2+C*E11lipticE(sin(1/2*d*x+1/2%c),27(1/2))/d/cos(d*x+c) ~(1/2) / (b*sec
(d*x+c) )~ (1/2)+2/3*b*Bxcos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2*c,2” (1
/2)) *(b*xsec(d*x+c))~(1/2) /d+6/5xb*Cx (b*sec (d*x+c) ) ~(1/2) *sin(d*x+c) /d+2/3*
Bx (b*sec (d*x+c) ) ~(3/2) *sin(d*x+c) /d+2/5*C* (bxsec (d*x+c) )~ (5/2) *sin(d*x+c)/
b/d

output
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Mathematica [A] (verified)

Time = 0.66 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.60

/(b sec(c + dzx))%/? (Bsec(c + dz)

(bsec(c + dx))>/? (—360 cos? (c + dz)E(L(c + dz)| 2) + 20B cos? (c + dz) Elliptic
30bd

+C'sec’(c+dz)) dz=

e hY

Integrate[(bxSec[c + d*x])~(3/2)*(B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

N J

input

Output‘ ((b*Sec[c + d*x])~(5/2)*(-36%C*Cos[c + d*x]~(5/2)*EllipticE[(c + d*x)/2, 2 ‘
\] + 20*BxCos[c + d*x]~(5/2)*EllipticF[(c + d*x)/2, 2] + 21*CxSin[c + d*x]
\+ 10%B*Sin[2%(c + d¥x)] + 9*C*Sin[3%(c + d*x)]))/(30%bxd) \

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.07,

number of steps used = 13, number of rules used = 13, number of rules _ 0.406, Rules
integrand size

used = {3042, 4535, 27, 2030, 3042, 4255, 3042, 4255, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(b sec(c + dz))3/? (Bsec(c + dz) + C'sec(c + dz)) da

l 3042

/ (bcsc <c—|—dm+ 72r>>3/2 (Bcsc (c—}-da:-l— g) + Ccsc (c—}-da:-l— g)2> dx

l 4535

B [(bsec(c + dz))>/?dx
b

+ / Csec?(c + dz)(bsec(c + dz))>/ dx

| 27

5/2
B [ (bsec(c +dz))*dz |, / sec(c + dz) (bsec(c + dz))¥/2dz

b
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l 2030

C [(bsec(c+ dz))"/?dx N B [(bsec(c + dz))%/%dx
b2 b
3042

—

C [ (besc (c+dz + %))Wzdm N B [ (besc (c+dx + %))s/zdx

b2 b
l 4255
B (%bz [ Vbsec(c+ dz)dz + 2b Sin(C+dw)(g;eC(c+dw))3/ 2)
; +
C7(%b2Lf(bSec(c-+-dx))3/2dm-+.2bs“ﬂc+dxﬂg;&i0+dw»5/2>
b2
l 3042
B (%b2 S/ \/b csc (c+dz + 5)dz + 2bSin(c+d9”)(gsec(0+dw))3/2)
b
C’(%b2 [ (bese (c+dz + %))3/2 dx + 2”Si“(c+dm)(’57260(0+dm))5/2)
b2
l 4255

B (%b2 J \/ bese (c+dx + T)dz + 2bsin(c+dw><g;ec<c+dm))3/2)

+
2bsin(c+dx)(bsec(c+dx))5/2
)+ st )

312 ( 2bsin(ct+dz)+/bsec(c+dz) ;2 1
C(5b ( d b f \/bsec(c+dz) dz

b2
l 3042

B (%b2 J \/ bese (c+dz + §)dz + 2bSin(chdw)(gseC(chdw))?’/ 2)
b

b2
f ,/bcsc c+dz+

l 4258

B (%b2 \/cos(c + dzx)+/bsec(c + dz) [ \/Cos(lﬁ mde+ 2bsin(ctdr)(bsec(ctdr) )3/2)

+

C < b2 ( 2b s1n(c+da:) \/bsec(c+dz) ) + 2bsin(c+dzx) (bsec(ctdx))®/? )
5 5d

+
b
C (3 b2 <2b sin(c+dz)+/bsec(ctdx) b2 [ \/cos(ct+dz)dz > + 2bsin(c+dz)(bsec(ct+dz))5/2 )
5 d \/cos(c+dz)+/bsec(c+dx) 5d
b2




CHAPTER 3. LISTING OF INTEGRALS 331

l 3042

3b%\/cos(c + dz)+/bsec(c + dz) [ 1 dz +

2bsin(c+dzx)(bsec(c+dx))3/2
\/sin(c—l—da:-l—E) 3d

+
C <3b2 ( 2bsin(c+dx)/bsec(ctdz) v f Y sin c+d"3+ )da ) 2bsin(c+dx)(bsec(c+dx))5/2 )
5 d 5d

\/cos(c+dz) /b sec(c-l—dx)
b2
| 3119

de + 2bsin(c+d$)(§sec(c+dw))3/ 2)

<b2\/cosc+dm )\/bsec(c + dx) f\/ (+d+)
sin(c &L

+
b
C (; b2 ( 2bsin(c+dz)/bsec(ct+dz) 2b°E( 5 (c+dx)|2) ) + 2bsin(c+dz)(bsec(c+dz))5/2 )
5 d d+/cos(c+dz)/bsec(c+dz) 5d
b2
| 3120
< 2b2/cos(c+dx) ElhptlcF( (c+dz),2) \/bsec(c+dzx) 2b sin(c+dz) (bsec(c+dz))3/2 )
3d
b +
C (3 b2 ( 2bsin(c+dx)/bsec(ct+dz) 262 E( 1 (c+dx)|2) ) + 2bsin(c+dz)(bsec(ctdzx))5/2 )
5 d d+/cos(c+dz)/bsec(c+dz) 5d
b2

input‘ Int[(b*Sec[c + d*x])~(3/2)*(BxSec[c + d*x] + CxSecl[c + d*x]~2),x]

(B*((2*b~2+Sqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d#*x
11)/(3%d) + (2xb*(bxSeclc + d*x])~(3/2)*Sin[c + d*x])/(3*d)))/b + (Cx((2*b
*(bxSec[c + d*x])~(5/2)*Sin[c + d*x])/(56xd) + (3*b~2x((-2xb~2*EllipticE[(c
+ d*x) /2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]]) + (2%b*Sqrt[b*S
ec[c + d*x]]1*Sin[c + d*x])/d))/5))/b~2

output
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 2030 TRtLCFx_)*(v )~ (m_)*((b)*(v_))~(n_), x_Symboll :> Simp[1/b"m  Int[(bxv)
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*

rule 3119
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 3120 Int[1/Sqrtlsinl(c_.) + (d_.)*(x)1], x_Symbol] :> Simp[(2/d)*E1lipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 4955 Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(m - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

&& IntegerQ[2*n]

rule 4958 Tntl(escl(c_.) + (A_)*(x)1*(b_.))"(n)), x_Symbol] :> Simp[(bxCsclc + dxx]

)"n*Sin[c + d*x]™n  Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4535 Intllesclle_.) + (£_.0*(x_)I*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]I*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~(m + 1), x], x] + Int[(b*Cscle + f*x]) m*x(A + CxCsc[e + f*x]~2)
, x]1 /; FreeQ[{b, e, f, A, B, C, m}, x]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.50 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.75

method | result

cos(dz+c)

( 2i(cos(dz+c)+1) EllipticF(i(csc(dw+c)—cot(dm-{—c)),i)\/Cos(dml+c)+1\/

(dz+c)+1 dx+c
3 cosndwTe +2tan(3 + ))b bsec(dz+-c)

parts p]

default | —

2b (97} (cos(dz+c)2+2 cos(dx-l—c)—l—l) C\/Ccs(dz1+c)+1 \/c(f:’&(zj:ﬁl EllipticE(i(csc(dz+c)—cot(dz+-c)),i)+5¢ <cos(dx+c)2+2 C

int ((bxsec(d*x+c)) ~(3/2) * (Bxsec (d*x+c) +C*xsec (d*x+c) ~2) ,x,method=_RETURNVER

input
BOSE)

B/d*(-2/3*I*(cos(d*x+c)+1)*E1lipticF (I*(csc(d*x+c)-cot(d*x+c)),I)*(1/(cos(
d*xx+c)+1)) " (1/2)*(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2)+2/3*tan (d*x+c) ) ¥b* (b*se
c(d*x+c))~(1/2)+2/5*%C/d* (b*sec(d*x+c)) ~(1/2) *b/ (cos (d*x+c)+1) * (3*sin(d*x+c
)+tan(d*x+c) +sec(d*x+c) *tan (d*x+c)+I*(3*cos (d*x+c) "2+6*cos (d*x+c)+3)*(1/(c
os(d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) ~(1/2)*EllipticF (I*(csc(d*x
+c)-cot (d*x+c)) ,I)+I*(-3*cos (d*x+c) ~2-6*cos (d*x+c)-3) *(1/ (cos (d*x+c)+1)) ~(
1/2)*(cos (d*x+c) /(cos (d*x+c)+1))~(1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c))
,I))

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.22

/(b sec(c + dz))*? (Bsec(c + dz)

—5i/2Bb2 cos (dz + ¢)* weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) +

+C'sec’(c+dz)) dz=

input‘integrate((b*sec(d*x+c))“(3/2)*(B*sec(d*x+c)+C*sec(d*x+c)*2),x’ algorithm=
‘"fricas")
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1/15% (-5*I*sqrt (2) *B*b~(3/2) *cos(d*x + c) 2*weierstrassPInverse(-4, 0, cos
(d*x + c) + Ixsin(d*x + c)) + 5xI*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierst
rassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 9*xI*sqrt(2)*C*b~(3/2)
*cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x
+ c) + I*sin(d*x + c))) + 9xI*sqrt(2)*C*b~(3/2)*cos(d*x + c) 2*weierstrass
Zeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - Ik*sin(d*x + c))) + 2
* (9*Cxbxcos(d*x + c)~2 + 5xBsbxcos(d*x + c) + 3*Cxb)*sqrt(b/cos(d*x + c))=*
sin(d*x + c))/(d*cos(d*x + c)~2)

output

Sympy [F]

/(b sec(c + dz))*/? (B sec(c + dx)

+ Csec*(c+dx)) do = / (bsec (c+ dx))% (B + C'sec(c+ dz)) sec (c + dz) dz

;
integrate ((b*sec(d*x+c))**(3/2) * (B¥sec (d*x+c)+Cxsec (d*x+c) **2) ,x)

input

N\

Output‘lntegral((b*sec(c + d*x))**(3/2)*(B + Cksec(c + d*x))*sec(c + d*x), x)

Maxima [F]

/(b sec(c + dzx))3/? (Bsec(c + dz)

3
2

+ Csec’(c + dz)) da:=/(Csec(da:+c)2—}—Bsec(dm—i—c))(bsec(dx—l—c)) dx

‘integrate((b*sec(d*x+c))“(3/2)*(B*sec(d*x+c)+C*sec(d*x+c)“2),x, algorithm=

input
"maxima")

-

output Lintegrate((C*sec(d*x + ¢)72 + B¥sec(d*x + c))*(b*sec(d*x + c))~(3/2), x)

-/
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Giac [F]

/(b sec(c + dzx))3/? (Bsec(c + dz)

3
2

+ Csec’(c + dz)) dzz/(Csec(dx+c)2+Bsec(dm+c))(bsec(dm+c)) dz

input‘ integrate ((b*sec(d*x+c))~(3/2) * (Bxsec (d*x+c)+C*sec(d*x+c) ~2) ,x, algorithm= ‘
‘ Ilgiacll) ‘

-

output Lintegrate((C*sec(d*x + ¢)72 + B¥sec(d*x + c))*(b*sec(d*x + c))~(3/2), x)

N

Mupad [F(-1)]

Timed out.

/(bsec(c + dz))3/? (Bsec(c + dz) + C'sec*(c + dz)) dr = / (cos( -

c+dx)
C b G
+ dz
cos (¢ + dw)Z) (COS (c+ dx))

input Lint((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(3/2),x) J
output Lint((B/cos(c + d*x) + C/cos(c + dxx)~2)*(b/cos(c + d*x))~(3/2), x) J
Reduce [F|

/ (bsec(c + dz))™ (Bsec(c + da)
+ Csec’(c +dz)) dz = \/l—)b((/ V/sec (dz + ¢) sec (dz + ¢)® dx) c
+ (/ V/sec (dz + ¢) sec (dz + c)’ d:c) b)
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input Lint ((bxsec (d*x+c))~ (3/2) * (Bxsec (d*x+c) +Cksec (d*x+c) ~2) ,x)

t‘ sqrt (b) *b* (int (sqrt (sec(c + d*x))*sec(c + d*x)*x*3,x)*c + int(sqrt(sec(c +

outpu
‘d*x))*sec(c + dxx)*%2,%)*b)
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3.48 [ \/bsec(c + dz)(Bsec(c + dz) + Csec?(c + dx)) d:

Optimal result . . . . . . . . . . . .. 337
Mathematica [A] (verified) . . . . . . . . . ... 338
Rubi [A] (verified) . . . . . . .. . . 338
Maple [C] (verified) . . . . . . . . . ... 3411
Fricas [C] (verification not implemented) . . . . . . . . ... ... ... ..... 342
Sympy [F] . . o e 343
Maxima [F] . . . . . . 343
Giac [F] . . . o o o 3431
Mupad [F(-1)] . . . . . 344
Reduce [F] . . . . . . 344

Optimal result

Integrand size = 32, antiderivative size = 135

/ V/bsec(c + dz)(Bsec(c + dz) + Csec*(c + dz)) dz
B 2bBE (3 (c+ dx)| 2)
~ dy/cos(c+ dx)+/bsec(c + dz)
N 2C/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d

2B./bsec(c + dz)sin(c + dz) = 2C(bsec(c + dx))*/?sin(c + dz)
* d " 3bd

output | ~2*P*B*ELLipticE (sin(1/2+drx+1/2%c) ,27(1/2))/d/cos (d*x+e) " (1/2)/ (bxsec(drx
| +¢)) " (1/2)+2/3%Cxcos (d*x+c) ~ (1/2) *InverseJacobiAM(1/2*d*x+1/2%c,27 (1/2))*( |
‘brsec(d*x+c))~(1/2) /d+2+B* (bksec (d*x+c)) ~(1/2) *sin(d*x+c) /d+2/3*Cx (bxsec(d |

‘*x+c))‘(3/2)*sin(d*x+c)/b/d
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Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.67

/ V/ bsec(c + dz)(Bsec(c + dz) + Csec’(c + dz)) dz

(bsec(c + dx))3/? (—GB cos? (c + dz)E(L(c + dz)| 2) + 2C cos? (¢ + dz) EllipticF (1 (c + dz),2) + 2(C
N 3bd

e hY

Integrate[Sqrt[b*Sec[c + d*x]]*(BxSec[c + d*x] + CxSec[c + d*x]~2),x]

N J

input

‘ ((b*Sec[c + d*x])~(3/2)*(-6*%B*Cos[c + d*x]~(3/2)*EllipticE[(c + d*x)/2, 2] ‘
|+ 2%CxCos[c + d*x]~(3/2)*E1lipticF[(c + d*x)/2, 2] + 2%(C + 3%BxCos[c + d |
#x])*Sinlc + d*x]))/(3%bxd) |

output

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.09,

number of steps used = 11, number of rules used = 11, number of rules _ 0.344, Rules
integrand size

used = {3042, 4535, 27, 2030, 3042, 4255, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ V/bsec(c + dz) (Bsec(c + dz) + Csec’(c + dz)) dz

l 3042

/\/bcsc <c+dx+%> (Bcsc (c+dw+%> + C'csc (c+dw+g>2> dx

l 4535

B 3/2
J Sec(clj_ dz))""dz + /C sec’(c + dz)\/bsec(c + dz)dx
l 27

3/2
BJ® Sec(c;_ dw))""de +C / sec?(c + dz)+/bsec(c + dz)dz
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l 2030
C [(bsec(c+ dz))®/?dx N B [(bsec(c + dx))3/?dx
b2 b
| 3042
C [ (besc (c+dz + %))5/2 dz N B [ (besc (c+dx + %))3/2 dz
b2 b
l 4255
2bsin(c+dz)/bsec(ctdr) ;9 1
B( i - [ i) .
b
C (%bz [ \/bsec(c+ dz)dz + 2bSin(c+dz)(§;eC(c+dm))3/2)
b2
| 3042

B 2bsin(c+dm);l/m _ b2 f %dw
\Joesc(ctde+E)
+

b
C (%bz / \/ bese (c+dz + 5)dz + 2bSin(chdw)(g;eC(chdz))?’/ 2)
b2
| 4258
B ( 2bsin(c+dz)/bsec(ct+dz) b2 [ \/cos(ct+dz)dz )

d \/cos(c+dz)/bsec(c+dz)
b

1
) f \/cos(c+dz)
b2
| 3042

B (Zb sin(c+dzx)+/bsec(ct+dx) v? [ \/sin (ctdz+3)dz )
d

+
2bsin(c+dx)(bsec(c+dx))3/2 )
3d

dx +

C’(%b2 \/cos(c + dz)/bsec(c + dzx

\/cos(c+dz)+/bsec(c+dx)

b +
2bsin(c+dz) (bsec(ctdz))3/?
C<§b2\/cos(c+da:)\/bsec(c+da:)fSin(ciwdw—l- sin(c z)(?jec(c 2)) >
b2

l 3119
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C <§b2 V/cos(c + dx)+/bsec(c + dx) [ \/Sin (chrderE) de + 2 Sin(c+d$)(g 29C(C+dx))3/ 2)
2

+

b2
B ( 2bsin(c+dz)/bsec(ct+dx) 202 E( % (c+dx)|2) >
d d+/cos(c+dz)/bsec(c+dz)

b
l 3120

B (2b sin(c+dz)\/bsec(c+dz) 202E( 1 (ct+dz)|2) )
d d+/cos(c+dz)/bsec(c+dz)
b +

C < 2b%\/cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz) + 2bsin(c+dz) (bsec(c+dzx))3/2 >
3d

3d

b2

input‘ Int [Sqrt[b*Sec[c + d*x]]*(BxSec[c + d*x] + C*Sec[c + d*x]~2),x] ‘

‘{(B*((-2*b"2*EllipticE[(c + dx*x) /2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Seclc
\+ d*x]]) + (2*b*Sqrt[b*Sec[c + d*x]]1*Sinl[c + d*x])/d))/b + (Cx((2%b~2*Sqrt
‘ [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]]1)/(3*d) + (2%

output
Lb* (b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(3%d)))/b"2 J

Defintions of rubi rules used

rule 27 Tntl@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Fx_)*(v_ )" (m_.)*((b_)*(v_))"(n_), x_Symbol] :> Simp[1/b™m  Int[(b*v)
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] &% IntegerQ[m]

rule 2030

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, 4}, x]

rule 3119
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)*¥(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 3120

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_ ), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]
&& IntegerQ[2*n]

rule 4255

Int[(csc[(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csc[c + d*x]
) n*Sin[c + d*x]°n Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4258

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]x
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])"(m + 1), x], x] + Int[(bxCsc[e + f*x]) m*x(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

rule 4535

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.80 (sec) , antiderivative size = 270, normalized size of antiderivative = 2.00

method | result

2B (z (cos(d:c+c)2+2 cos(dz—{—c)—i—l) \/cos(dm1+c)+1 \/C(fso(sd(git)?_l EllipticF (i(csc(dz+c)—cot(dz+-c)),i)+i (— cos(daz—+c)2—2 cos(
d(cos(dz+c)+1)

2/bsec(dz+c) (z (—3 cos(dz+c)?—6 cos(d:c+c)—3) B\/ cos(da:1+c)+1 \/ Css(id(:ij)c_il EllipticE(¢(csc(dz+c)—cot(dz+-c)),i)+1 (3 co

parts

default

N

p
input ‘ int ((b*sec(d*x+c)) ~(1/2)*(Bkxsec (d*x+c)+Cksec (d*x+c) ~2) ,x,method=_RETURNVER ‘
' BOSE) |
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2+B/d* (I*(cos (d*x+c) ~2+2*cos (d*x+c)+1)*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c
)/ (cos(d*x+c)+1))~(1/2)*E1llipticF (I*(csc(d*x+c)-cot (d*x+c)),I)+I*(-cos(d*x
+c) "2-2*cos (d*x+c)-1)*(1/(cos(d*x+c)+1) )~ (1/2) *(cos(d*x+c) / (cos (d*x+c)+1))
~(1/2)*#E1lipticE(I*(csc(d*x+c)-cot(d*x+c)),I)+sin(d*x+c))* (b*sec(d*x+c)) ~(
1/2) / (cos (d*x+c)+1)+C/d* (-2/3*I* (cos (d*x+c)+1) *E1lipticF (I*(csc(d*x+c)-cot
(d*x+c)) ,I)*(1/(cos(d*x+c)+1) )~ (1/2) *(cos (d*x+c) / (cos(d*x+c)+1))~(1/2)+2/3
*tan (d*x+c) ) * (b*sec (d*x+c) )~ (1/2)

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.36

/ v/ bsec(c + dz)(Bsec(c + dz) 4+ Csec’*(c + dz)) dz

—i1/2CVbcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + 4 sin (dz + ¢)) + i v/2CVbcos (dzx + ¢

integrate ((b*sec(d*x+c))~(1/2)* (B¥sec (d*x+c)+C*sec (d*x+c) ~2) ,x, algorithm=

input
"fricas")

e N

1/3% (-I*sqrt (2) *C*sqrt (b) *cos(d*x + c)*weierstrassPInverse(-4, 0, cos(d*x

+ c) + I*sin(d*x + c)) + I*sqrt(2)#*C*sqrt(b)*cos(d*x + c)*weierstrassPInve

rse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 3*I*sqrt(2)*B*sqrt(b)*cos(d*x

+ c)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*si

n(d*x + c))) + 3*Ixsqrt(2)*Bxsqrt(b)*cos(d*x + c)*weierstrassZeta(-4, 0, w
eierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) + 2*%(3*B*cos(d*x
+ ¢c) + C)*xsqrt(b/cos(d*x + c))#*sin(d*x + c))/(d*cos(d*x + c))

output
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Sympy [F]

/\/bsec(c—l—dz)(B sec(c + dz) + C'sec’*(c + dz)) dz
=/\/bsec(c—i—dx)(B—|—C’sec(c+dx))sec(c+dx)dz

input Lintegrate ((b*sec(d*x+c)) **(1/2) * (B¥sec (d*x+c) +Cksec (d*x+c) **2) , x)

output LIntegral(sqrt(b*sec(c + d*x))*(B + Cksec(c + d*x))*sec(c + d*x), x)

Maxima [F]

/\/bsec(c+ dz)(Bsec(c + dz) + Csec’(c + dz)) dz
:/(Csec(dm+c)2+Bsec(dx+c))\/bsec(dx—i—c)dx

‘integrate((b*sec(d*x+c))“(1/2)*(B*sec(d*x+c)+C*sec(d*x+c)“2),x, algorithm=

input
"maxima")

output Lintegrate((C*sec(d*x + ¢)~2 + Bksec(d*x + c))*sqrt(b*sec(d*x + c¢)), x)

Giac [F]

/\/bsec(c—l— dz)(Bsec(c + dz) + C'sec’(c + dz)) dz
=/(C’sec(dz—l—c)2—I—Bsec(d:c—l—c))\/bsec(dw+c)d9:

input‘ integrate ((b*sec(d*x+c))~(1/2) *(Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x, algorithm=
‘ "giac")
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OutputLintegrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c))*sqrt(b*sec(d*x + c)), x) J

Mupad [F(-1)]

Timed out.

/\/bsec(c+d:c) (Bsec(c +dz) + Csec*(c + dz)) dz
B C b
o / (cos(c+dx) + Cos(c—|—d:)3)2> \/ cos(c+dx) dz

int ((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2),x)

-

e—

inputt

output Lint((B/cos(c + d*x) + C/cos(c + d*x)~2)*(b/cos(c + d*x))~(1/2), x) J

Reduce [F]

/ Vbsec(c + dz) (Bsec(c + dz) + C'sec?(c + dz)) d
=vb <(/ V/sec (dz + ¢) sec(dx+c)2dx) c+ (/ V/sec (dz + ¢) sec(d:c—|—c)dx> b)

input Lint ((b*sec(d*x+c) )~ (1/2) * (Bksec (d*x+c)+Cxsec (d*x+c) ~2) ,x) J

Output‘sqrt(b)*(int(sqrt(sec(c + d*x))*sec(c + d*x)**2,x)*c + int(sqrt(sec(c + dx
‘x))*sec(c + d*x),x)*b)




output ‘
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3.49 f B sec(c+dz)+C sec?(c+dx) dx
bsec(c+dx)

Optimalresult . . .. ... ... ... .. ... .. .. .. ...
Mathematica [A] (verified) . . . . . . . .. .. ... oL
Rubi [A] (verified) . . . . .. ... . ... 346l
Maple [C] (verified) . . . . . . . . . ... L 349
Fricas [C] (verification not implemented) . . . . .. .. ... ... .. 3501
Sympy [F] . . . o 350
Maxima [F] . . . .. .. o 351
Giac [F] . . . o o o B51]
Mupad [F(-1)] . . .« 351
Reduce [F] . . . . . . .

Optimal result

Integrand size = 32, antiderivative size = 109

dx

/ Bsec(c+ dz) + C'sec?(c + dz)

\/bsec(c+ dzx)

L 2CE(L(c+dz)|2)
~ dy/cos(c + dz)+/bsec(c + dz)

N 2B/cos(c + dz) EllipticF ((c + dz),2) \/bsec(c + dz)

bd

2C+/bsec(c + dz) sin(c + dz)
* bd

-2%C*E1lipticE(sin(1/2*d*x+1/2%c),27(1/2))/d/cos(d*x+c)~(1/2)/(b*sec(d*x+c

1)) (1/2)+2%Bxcos (d*x+c) " (1/2) ¥InverseJacobiAM(1/2xd*x+1/2%c,27(1/2) ) *(b*se |

Lc(d*x+c))‘(1/2)/b/d+2*C*(b*sec(d*x+c))‘(1/2)*sin(d*x+c)/b/d
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Mathematica [A] (verified)

Time = 0.61 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.67

dz

/ Bsec(c + dz) + C'sec?(c + dz)
bsec(c + dx)

) 2(~CE(}(c+dr)| 2) + BEllipticF (§(c+ dr),2) + S2aieras) )
dv/cos(c + dz)+/bsec(c + dz)

input LIntegrate[(B*Sec[c + d*x] + C#Sec[c + d*x]~2)/Sqrt[b*Secl[c + d*x]],x] J

Output‘ (2% (-(C*EllipticE[(c + d*x)/2, 2]) + B*EllipticF[(c + d*x)/2, 2] + (C*Sin[
‘c + dx*x])/Sqrt[Cos[c + d*x]]))/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x]])

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.05,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 344 Ryjes
integrand size

used = {3042, 4535, 27, 2030, 3042, 4255, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ Bsec(c + dz) + C'sec?(c + dz)
\/bsec(c + dx)

l 3042

/Bcsc (c+dz+7%) —|—Ccsc(c+dm+g)2d
x
\/bcsc (c-l—dm—i— %)

l 4535

B [ \/bsec(c + dz)dz N C'sec?(c + dx) i
b \/bsec(c+ dz)

| 27
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v/bsec(c + dz) ?
B [ \/bsec(c+ dz)dz +C’/ sec”(c + dx) i
b /bsec(c+ dx)

l 2030

C [(bsec(c+dx))3/?dz B [ \/bsec(c + dz)dx
b2 * b

l 3042

C [ (besc (c+ dz + %))3/2dm Bf\/bcsc (c+dz+7%)de
B2 + b
l 4255

2bsin(c+dz)+/bsec(c+dx) 2 1 T
C( d —b f\/mdl) Bf\/bCSC(C‘i‘dw‘i‘j)d.’L'
b2 + b
| 3042

2bsin(c+dx)/bsec(ct+dz) Rl 1 g4
C( d f besc(ctdz+7% ) v Bf \/bCSC (C-{—d.'L‘—}- %)dg}
+

b2 b
l 4258

C(2bsin(c+dx)\/bsec(c+dx) . b2 [ \/cos(ct+dz)dz )
d

/cos(c+dz)+/bsec(c+dz)

+

b2
B./cos(c + dz)/bsec(c + dz) [ de

b
l 3042

C<2bsin(c+da:)\/bsec(c+dx) . bzf\/ sin(ctda+75 ) dz )
d

\/cos(c+dz)+/bsec(c+dx)
B *

B./cos(c + dz)\/bsec(c + dz) [ \/%dx
sin(c—i—dz—}-%)
b
| 3119

B./cos(c + dz)\/bsec(c + dz) [

%ﬂdm
1/sm(c+dx+§) +

b
C ( 2bsin(c+dz)/bsec(ct+dr) 262E( % (c+dzx)|2) )
d d+/cos(c+dz)+/bsec(ct+dzx)

b2




input

output

rule 27

rule 2030

rule 3042

rule 3119

rule 3120
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l 3120

C ( 2bsin(c+dz)/bsec(c+dr) 202 E( 1 (c+dx)|2) )
d d+/cos(c+dx)+/bsec(c+dzx)
b -
2B+ /cos(c + dz) EllipticF (1 (c + dz),2) \/bsec(c + dz)
bd

-

LInt [(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

-/

‘ (2%BxSqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]]1)/(b
(%) + (Cx((-2%b~2+EllipticE[(c + d*x)/2, 2]1)/(d*Sqrt[Cosl[c + d*x]]1*Sqrt[bx
‘Sec [c + d*x]]) + (2*b*Sqrt[b*Sec[c + d*x]]*Sin[c + d*x])/d))/b~2

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[la, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Fx_.)*(v_ )" (m_.)*((b_)*(v_))"(n_), x_Symbol]l :> Simp[1/b"m  Int[(b*v)
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

N\

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)k(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

N\
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rule 4255 Intllescl(c_.) + (d_.)*(x_)1*(b_.))"(n ), x_Symbol] :> Simp[(-b)*Coslc + dx
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2x*n]

rule 4958 Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csclc + d*x]
) n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule4535‘Int[(csc[(e_.) + (F_)*(x)I*(_.))"(@m_.)*((A_.) + cscl[(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)%(x_)172%(C_.)), x_Symboll :> Simp[B/b Int[(b*Cs |
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + CxCsc[e + f*x]~2)

, x] /; FreeQ[{b, e, f, A, B, C, m}, x] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.73 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.28

method | result

_ 2iB,/ m EllipticF (¢(csc(dz+c)—cot(dz+-c)),i) _ 2C (i\/cos(dzl+c)+1 \/cc?;)(il(;litﬁ).l EllipticF (¢(csc(dz+c)—cot(dz

parts
dy/bsec(dz+c) \/%
. 2iB\/COS(dw1+C)+1 \/Csso(z(zi_g)c_’)_l EllipticF (i(csc(dz+c) —cot(dz+-c)),i) (— Cos(dx—l—c)—2—sec(dx+c))+2iC\/cos(d$1+c)+1 \/cocso(iga(

int ((Bxsec (d*x+c)+C*sec (d*x+c) ~2) /(b*sec(d*x+c))~(1/2) ,x,method=_RETURNVER

input
BOSE)

-2xI*B/d*(1/(cos(d*x+c)+1))~(1/2)*E11lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)/(
bxsec(d*x+c))~(1/2)/(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)-2%C/d/ (cos (d*x+c)+1)
/ (b*sec(d*x+c) )~ (1/2)*(I*(1/(cos(d*x+c)+1) )~ (1/2) *(cos(d*x+c) / (cos(d*x+c)+
1))~ (1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)*(-cos(d*x+c)-2-sec(d*x+c)
)+Ix(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1llipticE(I
*(csc(d*x+c)-cot (d*x+c)) ,I)*(cos(d*x+c)+2+sec(d*x+c))-tan(d*x+c))

output
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.31

dzx

/ Bsec(c + dz) + C'sec?(c + dz)
bsec(c + dx)

—i+/2B+v/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + i v/2Bv/bweierstrassPInverse(—4

integrate ((Bxsec(d*x+c)+C*sec (d*x+c) ~2)/ (b*sec(d*x+c))~(1/2) ,x, algorithm=

input
"fricas")

(-Ixsqrt(2)*B*sqrt(b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x
+ c)) + Ixsqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsi
n(d*x + c)) - Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, weierstrassPInver
se(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) + I*sqrt(2)*C*sqrt(b)*weierstras
sZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))) +
2%Cxsqrt (b/cos(d*x + c))*sin(d*x + c))/(b*d)

output

Sympy [F]

dz

/Bsec(c+dx)+Csec2(c+dx)d _/(B+Csec(c+dx))sec (c+dx)

\/bsec(c+ dr) bsec (c + dx)

e

Lintegrate((B*sec(d*x+c)+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(1/2),x)

~—

input

Ou_tputLIntegral((B + Cxsec(c + dxx))*sec(c + d*x)/sqrt(b*sec(c + d*x)), x) J
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Maxima [F|

dz

/ Bsec(c + dz) + C'sec?(c + dz) dr — / C'sec (dz + ¢)* + Bsec (dz + )
bsec(c + dx) bsec (dz + )

‘integrate((B*sec(d*x+c)+C*sec(d*x+c)”2)/(b*sec(d*x+c))“(1/2),x, algorithm=

input
‘"maxima") ‘

Ou_tputkintegrate((C*sec(d*x + ¢)"2 + Bxsec(d*x + c))/sqrt(b*sec(d*x + c)), x) J

Giac [F]

dx

/ Bsec(c + dz) + C'sec?(c + dz) - / C'sec (dz + ¢)? + Bsec (dz + c)
bsec(c + dzx) bsec (dz + )

‘integrate((B*sec(d*x+c)+C*sec(d*x+c)‘2)/(b*sec(d*x+c))“(1/2),x, algorithm=

input ‘ rgiach) ‘

OutputLintegrate((C*sec(d*x + ¢)”2 + B*sec(d*x + c))/sqrt(b*sec(d*x + c)), x) J

Mupad [F(-1)]

Timed out.

B c
/ Bsec(c + dz) + C'sec?(c + dz) dp — / cos(ctdz) T cos(erda)’ dz

bsec(c + dx) (l;d )

input Lint((B/cos(c + d*x) + C/cos(c + d*x)72)/(b/cos(c + d*x))~(1/2),x) J

output 1BE((B/cos(c + dxx) + C/cos(c + dxx)"2)/(b/cos(c + d*x))~(1/2), x) |
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Reduce [F]

/Bsec(c+da:) + C'sec?(c + dzx) i
Vbsec(c+ dz)
B VB ((f V/oec [dz+c)dz ) b+ ([ +/see (dz + ) sec (du +c)dz ) c)
B b

inputLint((B*sec(d*x+c)+C*sec(d*x+c)"2)/(b*sec(d*x+c))“(1/2),x) J

‘(sqrt(b)*(int(sqrt(sec(c + d*x)),x)*b + int(sqrt(sec(c + d*x))*sec(c + d*x

ot ),x)%c)) /b |
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Bsec(c+dz)+C sec?(c+dz)
3.50 dx
f (bsec(c+dz))3/2
Optimal result . . . . . . . . . . . . . e

Mathematica [A] (verified) . . . . . . . . ... Lo
Rubi [A] (verified) . . . . . . . . . . 354
Maple [C] (verified) . . . . . . . . . ..
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... .....
Sympy [F] . . o o
Maxima [F] . . . . . . o 358
Giac [F] . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o 3591

Optimal result

Integrand size = 32, antiderivative size = 85

2BE(3(c+dx)|2)

/ Bsec(c + dz) + C'sec?(c + dz)

(bsec(c + dzx))3/?
N 2C/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

xr =
bd+/cos(c + dz)/bsec(c + dz)

b%d

output ‘

2*B*E1lipticE(sin(1/2*d*x+1/2*c),27(1/2))/b/d/cos(d*x+c)~(1/2)/(bxsec(d*x+ ‘
‘ c))~(1/2)+2%Cxcos (d*x+c) ~(1/2) *InverseJacobiAM (1/2*d*x+1/2*c,2" (1/2)) * (b*s ‘
Lec(d#x+c))~(1/2)/b~2/d

input L

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.67

/

Bsec(c + dz) + C'sec*(c + dz)

_ 2(BE(3(c+ dx)|2) 4+ CEllipticF (3(c + dz),2))

(bsec(c + dzx))3/?

dr =

bd+\/cos(c + dz)\/bsec(c + dz)

Integrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x] J
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‘ (2% (B*EllipticE[(c + d*x)/2, 2] + C*EllipticF[(c + d*x)/2, 21))/(bxd*Sqrt[

output
LCos [c + d*x]]*Sqrt[bxSec[c + d*x]])

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 991 Ryjes
integrand size

used = {3042, 4535, 27, 2030, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dzx))3/2

l 3042

dz

dz

/BCSC (c+dz+ %)+ Cesc(c+dr+ g)Q
(bese (c+ dz + %))3/2

l 4535

B[ . /bsec(c+dx / C'sec?(c + dx) i
(b sec(c + dzx))3/2

Bf\/m / sec?(c + dx) i
b

sec(c + dx))3/2

l 2030

1
C [ /bsec(c+ dz)dz + BJ \/mdm
b2 b

l.3042

1
C/ \/bcsc (c+dz+7%)da N BJ bcsc(c+dx+g)dm

b2 b
J'4258
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C+/cos(c + dz)\/bsec(c + dz) [

1 _ dz
v/ cos(c+dz) +

B [ /cos(c + dz)dz

b2

l,3042

1 dr
4 /sin (c—i—dx—l— %)

C+/cos(c + dz)\/bsec(c + dz) [

by/cos(c + dz)+/bsec(c + dz)

Bf\/sin (c—l—da:—l— %)dm

b2
l 3119

C+/cos(c + dz)\/bsec(c + dz) [

1 iz
4/sin (c+dx+%)
+

by/cos(c + dz)+/bsec(c + dx)

2BE(3(c+ dz)|2)

b2
l 3120

bd\/cos(c + dz)+/bsec(c + dz)

2BE(5(c+dz)|2)

2C/cos(c + dz) EllipticF (3 (c + dz),2) \/bsec(c + dz) +

b2d

bd/cos(c + dz)+/bsec(c + dz)

-

input

LInt[(B*Sec [c + d*x] + CxSec[c + dxx]~2)/(b*Sec[c + d*x])~(3/2),x]

| —

output‘ (2#B*E1lipticE[(c + d*x)/2, 2])/(b*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x
‘]]) + (2%CxSqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x

11>/ (b™2%d)

Defintions of rubi rules used

27‘ Int[(a_)*(Fx_), x_Symbol] :> Simp[a

rule
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

J

rule 2030

Int[(Fx_.)*(v_ )"~ (m_.)*((b_)*(v_))"(n_), x_Symbol] :> Simp[1/b"m
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Int [(b*v)

rule 3042
Qlu, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear




rule 3119

rule 3120

rule 4258

rule 4535

input
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Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"n*Sin[c + d*x]™n  Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.)) " (m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]1*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + f*xx])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.13 (sec) , antiderivative size = 251, normalized size of antiderivative = 2.95

method | result
default 2<(l—cos(d:1:+c))3 csc(da:+c)3—csc(dw+c)+cot(da:+c))B+4iB\/ os dzl+c) g} \/ C(f;)&(gitﬁl EllipticF (i(csc(dz+c) —cot(dz+c)),
erau
bd((l—cos(dm+
" 2B (i\/cos(dftl+c)+l \/cssoa(gil-)i)rl EllipticF (i(csc(dz+c) —cot(dz+c)),i) (— cos(dac+c)—2—sec(dac-1-c))+z‘\/cas(dzl+c)le \/C()Cs‘)&(zj
parts bd(cos(dz+c)+1)+/bsec(dz+c)
( iC\/fi (e¥ldete) i) v \/z (eildzte) ) Vieildz+e) EllipticF(, [—i(et(dzte) 4i), @) ( 2(be2i(d
% +B| -
. e3i(dz+c) +b oi(dz+c) b, [ei(dz+-c) (b
. iBV2 \/ b ¢
risch T otrs
e2i(dz+c) 4

int ((Bxsec (d*x+c) +Cksec (d*x+c) “2) / (b*sec(d*x+c))~(3/2) ,x,method=_RETURNVER
‘BOSE)




CHAPTER 3. LISTING OF INTEGRALS 357

2/b/d* (((1-cos(d*x+c)) ~3*csc(d*x+c) “3-csc(d*x+c)+cot (d*x+c) ) *B+2*I*B* (1/(c
os (d*x+c)+1))~(1/2)*(cos(d*x+c) /(cos (d*x+c)+1))~(1/2)*E1llipticF (I*(csc(d*x
+c)-cot (d*x+c)) ,I)-2*%I*B*(1/(cos(d*x+c)+1)) " (1/2)*(cos(d*x+c)/(cos(d*x+c)+
1))~ (1/2)*E1lipticE(I* (csc(d*x+c)-cot (d*x+c)) ,I)+2*%I*Cx(1/(cos(d*x+c)+1))~
(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) #*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)
),I))/((1-cos(d*x+c)) “2*csc(d*x+c) “2-1) / (b*sec(d*x+c) )~ (1/2)

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.44

dp— —iv/2C/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢

/ Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dz))3/?

integrate ((Bxsec (d*x+c)+C*sec(d*x+c) ~2)/ (b*sec(d*x+c))~(3/2),x, algorithm=

input
"fricas")

(-I*sqrt(2)*Cxsqrt(b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x
+ c)) + Ixsqrt(2)*Cxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsi
n(d*x + c)) + I*sqrt(2)*Bxsqrt(b)*weierstrassZeta(-4, 0, weierstrassPInver
se(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) - I*sqrt(2)*Bxsqrt(b)*weierstras
sZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + ¢))))/(

output

b~2*d)
Sympy [F]
Bsec(c + dz) + C'sec?(c + dz) (B + Csec(c+ dx))sec(c+ dzx)
372 dr = 3 dz
(bsec(c + dz)) (bsec (c+ dx))?
inputLintegrate((B*sec(d*x+c)+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(3/2),x) J

Output‘lntegral((B + Cxsec(c + dxx))*sec(c + dxx)/(bxsec(c + d*x))**(3/2), x) J
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Maxima [F|

/ Bsec(c + dz) + C'sec?(c + dz) dr — / C'sec (dz + ¢)* + Bsec (dz + ) i
(bsec(c + dz))3/ (bsec (dx + c))%

‘ integrate ((Bxsec (d*x+c)+C*sec(d*x+c) ~2)/ (bxsec(d*x+c))~(3/2) ,x, algorithm= ‘

input
"maxima") ‘

output Lintegrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c))/(b*sec(d*x + c))~(3/2), x) J

Giac [F]

dx

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c)
(bsec(c + dz))*/2 (bsec (dz + c))%

¢ ‘ integrate ((B*sec(d*x+c)+C*xsec(d*x+c) ~2)/(b*sec(d*x+c))~(3/2) ,x, algorithm= ‘

inpu ‘ rgiach) ‘

output Lintegrate((C*sec(d*x + ¢)”2 + Bxsec(d*x + c))/(b*sec(d*x + ¢))~(3/2), x) J

Mupad [F(-1)]

Timed out.

/ Bsec(c + dzx) + C'sec?(c + dzx) dp — / cos(clidx) + cos(cidx)2 dz
(bsec(c + dz))3/2 B b 3/2
(cos(c—i—da}))

input Lint((B/cos(c + d*x) + C/cos(c + d*x)72)/(b/cos(c + d*x))~(3/2),x) J

output | 1BE((B/cos(c + dxx) + C/cos(c + dxx)"2)/(b/cos(c + d*x))~(3/2), x) |
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Reduce [F|
[ e ) b+ ([ see [+ o)
/ Bsec(c + dz) + C'sec?(c + dz) e — sec(dz-+c) sec (@zx +c)ax | c
(bsec(c + dx))3/2 B b2
input Lint ((Bxsec(d*x+c)+C*sec (d*x+c) ~2) / (b*sec(d*x+c)) ~(3/2) ,x) J
output‘ (sqrt (b)*(int (sqrt(sec(c + d*x))/sec(c + d*x),x)*b + int(sqrt(sec(c + d*x) ‘

1),x)%c)) /brk2 |
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3.51 f B sec(c+dz)+C sec?(c+dx) dx
(bsec(c+dz))>/2

Optimal result . . . . . . . . .. . .. . 3601
Mathematica [A] (verified) . . . . . . . . ... Lo 360
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . .. 364
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 364
Sympy [F] . . o o 365
Maxima [F] . . . . . . o 365
Giac [F] . . . o o 360
Mupad [F(-1)] . . . 360
Reduce [F] . . . . . o

Optimal result

Integrand size = 32, antiderivative size = 116

Bsec(c+ dx) + Csec®(c+dx) , 2CE(3(c+dz)|2)
/ (bsec(c + dz))5/2 v b2d+/cos(c + dz)+/bsec(c + dx)
2B/cos(c + dz) EllipticF (}(c + dz),2) \/bsec(c + dz) 2Bsin(c + dx)
* 3b%d 3b2d+/bsec(c + dz)

output ‘ 2%C*EllipticE(sin(1/2*d*x+1/2%c),27(1/2))/b"2/d/cos(d*x+c)~(1/2) / (b*sec (d* ‘
‘ x+c))~(1/2)+2/3%Bxcos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2%c,2~(1/2) ) * ‘
L(b*sec(d*x+c))"(1/2)/b"3/d+2/3*B*sin(d*x+c)/b"2/d/ (bxsec(d*x+c))~(1/2) J

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.70

/ Bsec(c + dz) + C'sec?(c + dz) 6CE(%(c+ dz)|2) + 2BEllipticF (3(c + dz),2) + BSi:é:((cC:;;)))
T =
(bsec(c + dzx))>/? 3b2d/cos(c + dz)+/bsec(c + dz)

input LIntegrate[(B*Sec[c + dxx] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x] J
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‘(6*C*EllipticE[(c + d*x)/2, 2] + 2*B#EllipticF[(c + d*x)/2, 2] + (B*Sin[2*
‘ (c + d*x)])/Sqrt[Cos[c + d*x]])/(3*b~2*d*Sqrt [Cos[c + d*x]]#*Sqrt[b*Sec[c +
- dxxlD)

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.03,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 4 344 Ryjes
integrand size

used = {3042, 4535, 27, 2030, 3042, 4256, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dzx))>/2

J’3042

dz

/Bcsc (c+dz+7%)+Cesc(c+dr+ %)2
(bese (c+dz + %))5/2

l 4535

BJ de C'sec?(c + dx)
b (bsec(c + dx))5/2

l 27

B f ® sec(c—il—dar))?’/2 dz LC sec? (C + d:c)
b (bsec(c + dx))5/2

l 2030

dz

dzx

1 1
¢ f \/bsec(c+dz) dz n B f (bsec(c+dz))3/2 dz
b2 b

l.3042

C[—L _ _dz 1
bcsc(c+dz+%) B (bcsc(c+dx+g))3/2dm
B2 + b

J'4256
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B(f V/bsec(ct+dz)dz + 2sin(c+dz) ) Cf —L iz

3b? 3bd+/bsec(c+dx) besc(ctdz+5)
b b?
| 3042
B / \/mdx + 2sin(ct-dzx) C f S S
32 3bd+/bsec(c+dz) \/lm
+
b b?
| 4258
B \/cos(c+dz) \/b sec(c+dz) [ \/ﬁdw + _ 2sin(ctdz)
362 3bd./bsec(c+dz) C [ \/cos(c+ dz)dzx
b b2,/cos(c + dz)+/bsec(c + dz)
| 3042
\/cos(c+dz)+/bsec(ct+dx) [ ——L1— dx
B sin(ctdz+3) 4 __2sin(c+ds)
2
3b 3bd+/bsec(c+dx) C f \/sin (C +dr+ %)d.’)ﬁ
+
b b2/cos(c + dz)+/bsec(c + dx)
| 3119
\/cos(ctdz)+/bsec(ctdz) [ ——L1— da
B sin (C““”"'%) + 2 sin(c+dz)
3b2 3bd+/bsec(c+dzx)
+

2CE(%(?:+ dz)| 2)
b2d,/cos(c + dzx)+/bsec(c + dz)

| 3120
B 2,/ cos(c+dz) EllipticF (% (c+dzx) ,2) v/ bsec(ct+dz) 4 2sin(c+dzx)
3b%d 3bd+/bsec(c+dz)

b
2CE(3(c+ dx)|2)
b2d+/cos(c + dz)+/bsec(c + dz)

-

input LInt[(B*Sec [c + d*x] + C*Secl[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

-/

output‘ (2%CxEllipticE[(c + d*x)/2, 2])/(b~2*d*Sqrt[Cos[c + d*x]]1*Sqrt[b*Seclc + d ‘
‘*x]]) + (Bx((2*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + ‘
! d*x]])/(3*b~2xd) + (2xSin[c + d*x])/(3*b*d*Sqrt[b*Sec[c + d*x]])))/b ‘
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 2030 TRtLCFx_)*(v )~ (m_)*((b)*(v_))~(n_), x_Symboll :> Simp[1/b"m  Int[(bxv)
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 3119

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

rule 3120

rule 4956 Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCsc[c + d*x])~(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b"2%n) Int[(b*Csclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2x*
n]

Int[(escl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]™n  Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4258

rule 4535 Intllesclle_.) + (£_.0*(x_)I*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]I*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~(m + 1), x], x] + Int[(b*Cscle + f*x]) m*x(A + CxCsc[e + f*x]~2)
, x]1 /; FreeQ[{b, e, f, A, B, C, m}, x]




input

output

inpu

CHAPTE
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Maple

[C] (verified)

Result contains complex when optimal does not.

Time =1

.84 (sec) , antiderivative size = 272, normalized size of antiderivative = 2.34

method

result

parts

default

5 ( 2i\/cos(dzl+c)+1 \/Cgso(sd(;iit)c—?-l EllipticF (i(csc(dz+c)—cot(dz+c)),i) (—1—sec(dz+c)) N 2 sin(dz-te)

3 3 )
2C (/) e )
cos(dz+c)+1 cos(c
ot

d+/bsec(dz+c) b2
2iC, [ cos(dzl-ﬁ-c)+1 / cc?so(il(:ciij)cll EllipticE(i(csc(dz+c)—cot(dz+c)),i) (3 cos(dz+c)+6+3 sec(dz+c)) N 2iB, | cos(d;c1+c)+1 / Cs;(s(j(;ii-ck)c_‘)_l Ell
3

BOSE)

int ((Bxsec (d*x+c)+Cxsec (d*x+c) ~2) / (b*sec(d*x+c)) ~(5/2) ,x,method=_RETURNVER

B/d*(2/3*I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E11li
pticF(I*(csc(d*x+c)-cot(d*x+c)),I)*(-1-sec(d*x+c))+2/3*sin(d*x+c))/(bxsec(
d*x+c))~(1/2) /b™2+2%C/b~2/d/ (cos (d*x+c)+1) / (b*sec (d*x+c) ) ~(1/2) *(I*(1/(cos
(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1) )~ (1/2) *E1lipticF (I*(csc(d*x+c
)Y-cot (d*x+c)) ,I)*(-cos(d*x+c)-2-sec(d*x+c))+I*(1/(cos(d*x+c)+1))~(1/2)*(co
s(d*x+c)/(cos(d*x+c)+1)) " (1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)),I)*(cos
(d*x+c)+2+sec (d*x+c) ) +sin(d*x+c))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.29

2B,/ be—i—c) cos (dz + c) sin (dz + ¢) — i v/2B+/bweierstrassPIn
dr =

/ Bsec(c + dz) + C'sec?(c + dz)

(bsec(c + dx))>/?

t‘integrate((B*sec(d*x+c)+C*sec(d*x+c)“2)/(b*sec(d*x+c))“(5/2),x, algorithm=

‘"fricas")
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1/3*(2xBxsqrt(b/cos (d*x + c))*cos(d*x + c)*sin(d*x + c) - I*sqrt(2)*B*sqrt
(b)*weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c)) + Ixsqrt(2)*
B*sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d#x + c)) + 3*I*
sqrt (2) *C*xsqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*
x + c) + I*sin(d*x + c))) - 3*Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, w
eierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c))))/(b~3*d)

output

Sympy [F]
/ Bsec(c+ dz) + C'sec?(c + dx) dr — / (B + C'sec(c+ dx)) sec (¢ + dx) d
(bsec(c + dz))5/2 (bsec (c + da))*
input Lintegrate ((Bksec (d*x+c)+Cxsec (d*x+c) **2) / (bxsec (d*x+c) ) **(5/2) ,x)
Output‘Integral((B + Cksec(c + d*x))*sec(c + d*x)/(bxsec(c + d*x))**x(5/2), x)
Maxima [F]
/ Bsec(c + dz) + C'sec?(c + dx) dp — / C'sec (dz + ¢)* 4+ Bsec (dz + c) i
(bsec(c + dz))>/2 (bsec (dz + c))?
input /integrate((B*sec(d*x+c)+C*sec(d*x+c)‘2)/(b*sec(d*x+c))“(5/2) ,X, algorithm=

"maxima")

Outputtintegrate((C*sec(d*x + ¢)72 + B¥sec(d*x + c))/(b*sec(d*x + c))~(5/2), x)
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Giac [F]

dzx

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c)
(bsec(c + dz))>/2 (bsec (dz + c))g

‘integrate((B*sec(d*x+c)+C*sec(d*x+c)‘2)/(b*sec(d*x+c))“(5/2),x, algorithm=

input‘"giac") ‘

outputLintegrate((c*sec(d*x + ¢)"2 + B*sec(d*x + c))/(bxsec(d*x + c))~(5/2), x) J

Mupad [F(-1)]

Timed out.

c
/ Bsec(c + dz) + C'sec?(c + dz) dr — / cos(fi—dz) T ooty Iz
(bsec(c + dx))>/? B b 5/2
<cos(c+dx)>

inputLint((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x%) J

output 1BE((B/cos(c + dxx) + C/cos(c + dxx)"2)/(b/cos(c + d*x))~(5/2), x) |

Reduce [F]

/ Bsec(c+ dz) + C'sec?(c + dz) dp — vb ((f %dw) b+ (f %CMO C>

(bsec(c + dx))5/2 B b3

inputLint((B*sec(d*x+c)+C*sec(d*x+c)"2)/(b*sec(d*x+c))“(5/2),x) J

‘(sqrt(b)*(int(sqrt(sec(c + dxx))/sec(c + d*x)**2,x)*b + int(sqrt(sec(c + d

output
*x))/sec(c + d*x),x)*c))/b*3




output
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3.59 f B sec(c+dz)+C sec?(c+dx) dx
(bsec(c+dz))7/2

Optimalresult . . .. ... .. ... ... ... .. .. .. ... 367
Mathematica [A] (verified) . . . . . . . .. .. ... L
Rubi [A] (verified) . . . ... ... . ... ..
Maple [C] (verified) . . . . . . . . . ... L 371
Fricas [C] (verification not implemented) . . . . .. .. ... ... ..
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . . . o
Giac [F] . .« .
Mupad [F(-1)] . . . o B73l
Reduce [F] . . . . . o 374

Optimal result

Integrand size = 32, antiderivative size = 147

/Bsec(c+dw)+Csec2(c+dx) . 6BE(3(c+ dz)|2)
(bsec(c + dz))"/ 5b3d+/cos(c + dz)+/bsec(c + dz)

ZC’\ /cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

3btd
2Bsin(c + dx) 2C'sin(c + dz)

+ 5b2d(bsec(c + dac))?’/2 3b3d+/bsec(c + dz)

‘d*x+c)) (1/2)+2/3%Cxcos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2%c,2~(1/2)
‘)*(b*sec(d*x+c)) (1/2)/b~4/d+2/5*B*sin(d*x+c) /b~2/d/ (bxsec(d*x+c) )~ (3/2)+2

‘6/5*B*E111ptlcE(31n(1/2*d*x+1/2*c) 27(1/2))/v73/d/cos(d*x+c) ~(1/2) / (b*sec( \‘

‘/3*C*sin(d*x+c)/b‘3/d/(b*sec(d*x+c))“(1/2)
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Mathematica [A] (verified)

Time = 1.03 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.62

2y/cos(c + dz)\/bsec(c + dz) (9BE( 1(c+ dz)|2) + 5C Ellipticl

/ Bsec(c + dz) + C'sec*(c + dz) dp—
(bsec(c + dx))7/2 B 1!
input LIntegrate [(BxSec[c + d*x] + C*Sec[c + d*x]~2)/(b*Seclc + d*x])~(7/2),x] J

| (2%Sqrt[Coslc + d*x]1*Sqrt[b*Seclc + d*x]]1*(9+B*EllipticE[(c + d*x)/2, 21
+ 5*C#EllipticF[(c + d*x)/2, 2] + Sqrt[Cos[c + d¥x]1*(5%C + 3BxCos[c + d*
x1)*Sinlc + d*x]))/(15%b~4*d)

output

Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.05,

_ number of rules
number of steps used = 11, number of rules used = 11, integrand size = 0.344, Rules

used = {3042, 4535, 27, 2030, 3042, 4256, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dz))7/2

l 3042

dx

/Bcsc (c+dz+7%) +Ccsc(c+dx+%)2d
XL

(bese (c+dz + g))m
l 4535

B f (bsec(c—il—dac))5/2 dz C sec? (C + d.’I?)
b (bsec(c + dx))7/2

| 27

1
B de L sec?(c + dz)
b (bsec(c + dx))7/2

dx

dz
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l 2030

1 1
C f (bsec(c+dx))3/2 dz B f (bsec(c+dx))5/2
2 * b

l 3042

dr

1 1
C‘[ (bcsc(c+dm+%))3/2 dz n Bf (bcsc(c+dz+%))5/2 dz

b2 b
l 4256

3/ 1 ___dg .
Vbsec(crda) 2sin(c+dz) Vbsec(ctdz)d 2 sin(c+d
BT iettn) oL )

b + 52
l 3042

3f—1 de
B ( bCSC(C+d’”+7) + 2sin(c+dz) ) c <f \/lmdx i 2sin(c+dx) )

562 5bd(bsec(c+dx))3/2 3b2 3bd+/bsec(c+dx)

b + b2

l 4258
B ( 3 [ \/cos(c+dz)dx 2sin(c+dz) )

5b2.\/cos(c+dx)+/bsec(ctdx) ' 5bd(bsec(ct+dx))3/2

b
o \/cos(c+dz)/bsec(c+dz) [ \/ﬁdw + 2sin(c4dz)
3b2 3bd+/bsec(c+dx)

b2
l 3042

B ( 3 [ y/sin(ctdz+7)dz 2sin(c+dz) )

5b2\/cos(c+dx)+/bsec(ctdx) = 5bd(bsec(c+dx))3/?

b +
( \/cos(c+dz)+/bsec(ctdzr) [ ———L1— dx )
C

Si“(c+dz+%) 2 sin(c+dz)
3b2 +

3bd+/bsec(c+dx)

b2
l 3119
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3b? 3bd+/bsec(c+dx)

\/cos(c+dzx)+/bsec(ct+dx) [ ——L1— dx
sin(ct+dz+ 5 .
C ( ( +detg ) + 2 sin(c+dz) )

b2 +
B ( 6E( % (c+dzx)|2) 2sin(c+dx) >
5b2d+/cos(c+dx)/bsec(c+dx) = 5bd(bsec(c+dx))3/2

b
J'3120

B ( 6E( 1 (ct+dz)|2) 2sin(c+dz) >
5b2d/cos(c+dx)/bsec(c+dx) ' 5bd(bsec(c+dz))3/?
b
C < 24/ cos(c+dz) EllipticF ( % (c+dzx),2) \/bsec(c+dzx) + 2 sin(c+dzx) >

3b2d 3bd+/bsec(c+dx)

b2

e

inputtlnt[(B*SeC [c + d*x] + C*Secl[c + d*x]-2)/(b*Seclc + d*x])~(7/2),x]

~—

outpu
‘ + d*x]]) + (2xSin[c + d*x])/(5¥bxd*(b*Sec[c + d*x])~(3/2))))/b +

¢ ‘ (Bx((6xEllipticE[(c + d*x)/2, 2])/(5*%b~2*d*Sqrt[Cos[c + d*x]]*Sqrt[b*Secl[c

(Cx((2*S

'qrt[Coslc + d*x]1*EllipticF[(c + d*x)/2, 2]*Sqrtl[bxSeclc + d*x]11)/(3%b~2%d

‘) + (2#Sin[c + d*x])/(3*b*d*Sqrt [b*Sec[c + d*x]]1)))/b~2

Defintions of rubi rules used

rule 27
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma

Int[(Fx_.)*(v_) " (m_.)*((b_)*(v_))"(n_), x_Symbol] :> Simp[1/b"m
“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

rule 2030

N\

Int [(b*v)

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3119

(c - Pi/2 + d*x), 2], x] /; FreeQl{c, 4}, x]

/Int[Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)=*
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Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)*¥(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 3120

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCsclc + d*x])~(n + 1)/(bxd*n)), x] + Simp[(n + 1)/(b"2*n) Int[(bxCsclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*
n]

rule 4256

Int[(csc[(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csc[c + d*x]
) n*Sin[c + d*x]°n Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4258

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]x
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])"(m + 1), x], x] + Int[(bxCsc[e + f*x]) m*x(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

rule 4535

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.82 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.95

method | result

2B (sin(dm—i—c) (— cos(dm+c)2—cos(dm+c)—3> _3i\/cos(dz1+c)+1 \/ cos(dz+c) EllipticE(¢(csc(dz+c)—cot(dz+-c)),3) (cos(dz+

cos(dz+c)+1
parts 5d(cos(dz+c)+1)/b
default _ 2<9iB\/cos(dz1+c)+1 \/ccf;(sd(git)?-l EllipticE(i(csc(dz+c)—cot(dz+-c)),i) (— cos(dz+c)—2—sec(dz+c))+9i, / 7cos(dzl+c)+l Ve

‘ int ((Bxsec (d*x+c)+C*sec (d*x+c)~2)/(bxsec(d*x+c)) ~(7/2) ,x,method=_RETURNVER ‘

input
' BOSE)
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-2/5%B/d/ (cos(d*x+c)+1) /(b*sec(d*x+c)) ~(1/2) /b~ 3% (sin(d*x+c)* (-cos (d*x+c)~
2-cos (d*x+c)-3)-3*I*(1/(cos(d*x+c)+1)) ~(1/2) *(cos (d*x+c)/(cos(d*x+c)+1))~(
1/2)*E11ipticE(I*(csc(d*x+c)-cot (d*x+c)),I)*(cos(d*x+c)+2+sec(d*x+c))+3*I*
(1/(cos(d*x+c)+1))~(1/2) *(cos(d*x+c) /(cos(d*x+c)+1)) " (1/2) * (cos (d*x+c) +2+s
ec(d*x+c))*E1lipticF (I*(csc(d*x+c)-cot(d*x+c)),I))+C/d*(-2/3*I*(1/(cos(d*x
+c)+1))~(1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)*(cos(d*x+c)/(cos (d*x+
c)+1))~(1/2) *(1+sec(d*x+c))+2/3*sin(d*x+c) ) / (b*sec(d*x+c) )~ (1/2) /b~3

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.12

/ Bsec(c + dz) + C'sec?(c + dz) , —5i v/2C/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz +
(bsec(c+ dzx))7/?

integrate ((Bxsec (d*x+c)+C*sec(d*x+c) ~2)/ (b*sec(d*x+c))~(7/2) ,x, algorithm=

input
"fricas")

1/16% (-5*I*sqrt (2) *C*+sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + Ixs
in(d*x + c)) + b*Ixsqrt(2)*Cxsqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +
c) - Iksin(d*x + c)) + 9*Ixsqrt(2)*Bxsqrt(b)*weierstrassZeta(-4, 0, weiers
trassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 9*I*sqrt(2)*Bxsqrt(
b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) — I*sin(
d*x + c))) + 2*(3*Bxcos(d*x + c)~2 + 5xCxcos(d*x + c))*sqrt(b/cos(d*x + c)
Y*sin(d*x + c))/(b~4*d)

output

Sympy [F(-1)]

Timed out.

/ Bsec(c+ dzx) + C'sec?*(c + dz) dz — Timed out

(bsec(c + dz))7/?

input Lintegrate ((Bxsec (d*x+c)+Cxsec (d*x+c) **2) / (b*sec (d*xx+c) ) **(7/2) ,x) J
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output LTimed out
Maxima [F]
/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c) i
(bsec(c + dz))/2 (bsec (dx + c))%
input \ integrate ((B*sec (d*x+c)+Cxsec(d*x+c)~2)/(b*sec(d*x+c))~(7/2) ,x, algorithm=

"maxima")

Outputtintegrate((C*sec(d*x + ¢)~2 + Bxsec(d*x + c))/(bxsec(d*x + ¢))~(7/2), x)

Giac [F]

/Bsec(c-l—d:c)—i—CsecQ(c-l—dx) dp — / C'sec (dz + ¢)* + Bsec (dz + c) i

(bsec(c + dz))™/2 (bsec (dz + c))%

input ‘ integrate ((B*sec(d*x+c)+C*sec(d*x+c) ~2)/ (b*sec(d*x+c))~(7/2) ,x, algorithm=
‘ Ilgiacll)

output Lintegrate((C*sec(d*x + ¢)~2 + B¥sec(d*x + c))/(b*sec(d*x + c))~(7/2), x)

Mupad [F(-1)]

Timed out.

/ Bsec(c+ dzx) + C'sec?*(c + dzx) dr — / cos(fi—dw) + cos(cidac)2 d
(bsec(c + dz))7/? B b 7/2
<cos(c+dw)>

input Lint((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x)
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outputtint((B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x) J

Reduce [F|

—\/de> b+ (f —\/mdx> c)

/ B sec(c + d:L') + C'sec? (C + dCC) dz = \/E ((f sec(dz+-c) sec(dz+c)?

(bsec(c + dx))7/2 B bt
input Lint ((Bxsec (d*x+c)+Cxsec (d*x+c) ~2) / (b*sec(d*x+c) )~ (7/2) ,x) J
output‘(sqrt(b)*(int(sqrt(sec(c + d*x))/sec(c + d*x)**3,x)*b + int(sqrt(sec(c + d

\ *x))/sec(c + dxx)*x2,x)%*c))/b¥*d ‘




output
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Bsec(c+dz)+C sec?(c+dz)
3.53 dx
f (bsec(c+dz))9/2
Optimal result . . . . ... ... ... ... . ... ... ..

Mathematica [A] (verified) . . . . . . . .. .. ... L
Rubi [A] (verified) . . . ... ... . ... ..
Maple [C] (verified) . . . . . . . . . ... L
Fricas [C] (verification not implemented) . . . . .. .. ... ... ..
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . . . o
Giac [F] . .« .
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 32, antiderivative size = 176

/Bsec(c+da:)+Csec2(c+da:) . 6CE(3(c+ dz)|2)
(bsec(c + dz))*/? 5b4d+/cos(c + dz)\/bsec(c + dz)

N 10B+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)

21b6°%d
2Bsin(c + dx) 2C'sin(c + dx)

10Bsin(c + dz)

+ Th2d(bsec(c + dx))5/2 + 5b3d(bsec(c + dx))3/?

+
21b*d+/bsec(c + dx)

380}

6/5%CxE1lipticE(sin(1/2*d*x+1/2%c),27(1/2))/b~4/d/cos(d*x+c)~(1/2)/(b*sec(
d*x+c) )~ (1/2)+10/21*B*cos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2%c,2” (1/
2))*(b*sec (d*x+c)) ~(1/2) /b~5/d+2/7*B*sin(d*x+c) /b~2/d/ (b*sec (d*x+c)) ~(5/2)
+2/6*C*sin(d*x+c) /b~3/d/ (b*sec(d*x+c))~(3/2)+10/21*B*sin(d*x+c) /b~4/d/ (b*s

ec(d*x+c))~(1/2)
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Mathematica [A] (verified)

Time = 1.03 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.59

/ Bsec(c + dz) + Csec(c + dz) ; \/bsec(c + dzx) (2520\/003(0+ dz)E(1(c+ dz)|2) + 100B/co:

(bsec(c + dzx))%/? -

input LIntegrate[(B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x] J

 (Sqrt[b*Seclc + dxx]1*(252%C*Sqrt[Coslc + d*x]1*EllipticE[(c + d*x)/2, 21
'+ 100%B*Sqrt [Cos[c + d¥x]1*EllipticF[(c + d*x)/2, 2] + (65%B + 42%CxCosl[c |
+ dkx] + 15%BxCos[2+(c + d*x)1)*Sin[2+(c + d*x)1))/(210%b~5%d)

output

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.09,

_ _ number of rules
number of steps used = 13, number of rules used = 13, integrand size = 0.406, Rules

used = {3042, 4535, 27, 2030, 3042, 4256, 3042, 4256, 3042, 4258, 3042, 3119, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

Bsec(c + dz) + C'sec?(c + dz)
(bsec(c + dz))9/2

l 3042

dx

/Bcsc (c+dz+7%) +Ccsc(c+dx+%)2d
XL

(bese (c+dz + g))g/z
l 4535

B f (bsec(c—il—dac))7/2 dz C sec? (C + d.’I?)
b (bsec(c + dx))%/2

| 27

1
B de L sec?(c + dz)
b (bsec(c + dx))9/2

dx

dz
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l 2030

572 dx dx

1 1
C f (bsec(c+dx) B f (bsec(c+dx))7/2
2 * b

l 3042

1 1
¢ f (bcsc(c+dm+%))5/2 dz B f (bcsc(c+dz+%))7/2 dz
b2 + b

l 4256

B (bsec(c+dz)) 2 sin(c+dzx) C \/bsec(c+dx) + 2 sin(c+dz)
b2 7bd(bsec(c+dz))5/2 5b2 5bd(bsec(c+dx))3/2

b + B2
l 3042

dz 3[—1L1  dx
2 sin(c+dz) C bosc (C+dz+ %) 2 sin(c+dz)
7bd(bsec(c+dzx))5/2 5b2 5bd(bsec(c+dz))3/2

5/ . 3/2
besc(ctdz+ %
B el B

—+

l 4256

5<f \/bsec(c2+d<v)dz+ 2 sin(c+dz) )
3b
+

3bd\/bsec(ct+dzx)
b2

2 sin(c+dz)

B 7bd(bsec(c+dz))5/2

b
3[—1L1  dx
C bese (C+d’”+%) + 2 sin(c+dz)
5b2 5bd(bsec(c+dz))3/2

b2
l 3042

Jy/besc(ctdz+ % )dx )
5 ( V ( 2 ) + 2sin(c+dz)
B

3b2 bd\/b d
° seclet m)) + 2 sin(c+dz)
b2 7bd(bsec(c+dzx))5/2

b
3/ ——2L1  _dx
o D s
5b2 5bd(bsec(c+dx))3/2

b2
l_4258
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378

362 3bd+/bsec(c+dz)

- 1
5< cos(c+dx)+/bsec(ctdz) [ eos(oTde) da:+ 2 sin(cdx) )
B

+ 2 sin(c+dz)
b2 7bd(bsec(c+dzx))5/2
b +
C ( 3 [ \/cos(c+dz)dz 2sin(c+dx) )
5b2/cos(c+dx)+/bsec(c+dx) = 5bd(bsec(c+dz))3/?
b2
| 3042
cos(ct+dzx)+\/bsec(ct+dz) [ 1 4z
5 V sin(c+dz+%) + 2sin(c+dz)
362 3bd\/bsec(ct+dzx)
2 sin(c+dz)
B b2 + 7bd(bsec(c+dx))5/2
b +
C 3 [ y/sin (ctdz+5)dz + 2sin(c+dz)
5b2 \/cos(c+dx)+/bsec(c+dzx) 5bd(bsec(c+dx))3/2
b2
| 3119
\/cos(c+dz)/bsec(ctdz) [ 1 4z
5 sin (c+dm+%) 2sin(c+dz)
362 3bd /b sec(c+dz)
2 sin(c+dz)
B ? + 7bd(bsec(c+dzx))5/2
b +
C ( 6E( %(C‘Fdi’?) |2) 2sin(c+dzx) )
5b2d+/cos(c+dz)+/bsec(c+dz) 5bd(bsec(c+dx))3/2
b2
| 3120
5 2/cos(c+dz) EllipticF ( % (c+dz) ,2) v/ bsec(ct+dzx) 2 sin(c+dz)
B 3b2d +3bd bsec(ct+dz) 2sin(ct+dz)
752 7bd(bsec(c+dzx))5/2
b +
C < 6E( 1 (ct+dz)|2) 2sin(c+dzx) )
5b2d+/cos(c+dz)+/bsec(c+dz) 5bd(bsec(c+dx))3/2

b2

input Int[(B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(9/2),x]
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output (C*((6*E1llipticE[(c + d*x)/2, 2])/(5%b~2xd*Sqrt[Cos[c + d*x]]*Sqrt[b*Seclc
+ d*x]]) + (2*Sin[c + d*x])/(5%bxd*(b*Sec[c + d*x])~(3/2))))/b"2 + (B*((2
*Sin[c + dx*x])/(7*bxd*(b*Sec[c + d*x])~(5/2)) + (5x((2+Sqrt[Cos[c + d*x]]x*
EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]])/(3*%b~2*d) + (2*Sin[c + d*x
1)/ (3*b*d*Sqrt [b*xSec[c + d*x]])))/(7*b~2)))/b
Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2030 TRELEX_D)* (v )" (m_)*((b)*(v_))~(n ), x_Symbol]l :> Simp[1/b™m  Int[(b*v)

“(m + n)*Fx, x], x] /; FreeQ[{b, n}, x] &% IntegerQ[m]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*

rule 3119
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

rule 3120 Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

rule 4256 Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csclc + d*x])~(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b~2%n) Int [(b*Csclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*
n]

rule 4258 Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
) n*Sin[c + d*x]°n Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]
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rule4535‘lnt[(csc[(e_.) + (F_D)*xDI*(M_.)) " (m_.)*((A_.) + cscl(e_.) + (f_.)*x(x_)]*
(B_.) + cscle_.) + (£_.)%(x_)172%(C_.)), x_Symbol]l :> Simp[B/b Int[(b*Cs |
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)

, x] /; FreeQ[{b, e, f, A, B, C, m}, x] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.92 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.69

method | result

2B (sin(dz+c) <3 cos(dz+c)2+5> +i\/cos(dz1+c)+1 \/Cgs(s;zit)c_‘)_l EllipticF (¢(csc(dz+c)—cot(dz+-c)),i)(—5—5 sec(da:+c))> 2

parts 21d+/bsec(dz+c) b* + -
6i | sostamrar ,/Css(ijgj_j)cll (cos(da-+e)+2+sec(da-+¢))C EllipticE(i(esc(da-+c) —cot(de+0)),i) 104, /by ,/C‘fs"(séji‘c*)cll (cos(ds
default 5

int ((Bxsec (d*x+c)+Cxsec (d*x+c) ~2) /(b*sec(d*x+c)) ~(9/2) ,x,method=_RETURNVER

input
BOSE)

2/21*B/d/ (bxsec (d*x+c))~(1/2) /b~ 4% (sin(d*x+c) * (3*cos (d*x+c) “2+5)+I*(1/(cos
(d*x+c)+1))~(1/2) *(cos(d*x+c) / (cos (d*x+c)+1)) ~(1/2) *E1lipticF (I*(csc(d*x+c
)-cot (d*x+c)) ,I)*(-5-5xsec(d*x+c)))+2/5%C/d/ (cos (d*x+c)+1)/(b*sec(d*x+c))”™
(1/2) /b~ 4x(sin(d*x+c) * (cos (d*x+c) “2+cos (d*x+c)+3) -3*I* (1/ (cos (d*x+c)+1)) ~(
1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2) *(cos (d*x+c)+2+sec(d*x+c) ) *E1l1lipticF
(I*(csc(d*x+c)-cot(d*x+c)) ,I)+3*%I*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(co
s(d*x+c)+1))~(1/2)*E1llipticE(I*(csc(d*x+c)-cot (d*x+c)),I)*(cos(d*x+c)+2+se
c(d*x+c)))

output
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.10 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.99

/ Bsec(c + dz) + C'sec®(c + dz) , —25i v/2B+/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz 4
(bsec(c + dx))%/?

e N

integrate ((B*sec(d*x+c)+C*xsec(d*x+c) ~2)/(b*sec(d*x+c))~(9/2) ,x, algorithm=

input
"fricas")

1/105% (-25%I*sqrt (2) *B*sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I
*sin(d*x + c)) + 25%I*sqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x
+ c) - Ik*sin(d*x + c)) + 63%Ixsqrt(2)*Cxsqrt(b)*weierstrassZeta(-4, 0, we
ierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 63xIxsqrt(2)*Cx
sqrt (b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I
*sin(d*x + c))) + 2x(15*B*cos(d*x + c)~3 + 21*Cxcos(d*x + c)~2 + 25*Bxcos(
d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~5%d)

output

Sympy [F(-1)]
Timed out.

dz = Timed out

/ Bsec(c + dz) + C'sec?*(c + dz)
(bsec(c + dzx))%/?

-

Lintegrate((B*sec(d*x+c)+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(9/2),x)

| —

input

ou_tpudTimed out J
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Maxima [F|

/ Bsec(c + dz) + C'sec?(c + dz) dr — / C'sec (dz + ¢)* + Bsec (dz + ) i
(bsec(c + dz))*/? (bsec (dx + c))%

‘ integrate ((Bxsec (d*x+c)+C*sec(d*x+c) ~2)/ (bxsec(d*x+c))~(9/2) ,x, algorithm= ‘

input
"maxima") ‘

output Lintegrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c))/(b*sec(d*x + c))~(9/2), x) J

Giac [F]

dx

/ Bsec(c + dz) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c)
(bsec(c + dz))*/2 (bsec (dz + c))g

¢ ‘ integrate ((B*sec(d*x+c)+C*xsec(d*x+c) ~2)/(b*sec(d*x+c))~(9/2) ,x, algorithm= ‘

inpu ‘ rgiach) ‘

output Lintegrate((C*sec(d*x + ¢)”2 + Bxsec(d*x + c))/(b*sec(d*x + ¢))~(9/2), x) J

Mupad [F(-1)]

Timed out.

/ Bsec(c + dzx) + C'sec?(c + dzx) dp — / cos(clidx) + cos(cidx)2 dz
(bsec(c + dz))9/? B b 9/2
(cos(c—i—da}))

input Lint((B/cos(c + d*x) + C/cos(c + d*x)72)/(b/cos(c + d*x))~(9/2),x) J

output 1BE((B/cos(c + dxx) + C/cos(c + dxx)"2)/(b/cos(c + d*x))~(9/2), x) |
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Reduce [F|

/Bsec(c+da:)+Csec2(c+dx) o — \/l_)((f %dw)b+ (f %d@ c)

(bsec(c + dx))%/2 B b5

input Lint ((Bxsec(d*x+c)+C*sec (d*x+c) ~2) / (b*sec(d*x+c))~(9/2) ,x) J

‘(sqrt(b)*(int(sqrt(sec(c + d*x))/sec(c + d*x)**4,x)*b + int(sqrt(sec(c + d ‘

output
\ *x))/sec(c + d*x)**3,x)*c))/b**5 ‘
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3.54 [ sec*(ct+dz) (A + Bsec(c+ dz) + C'sec?(c + dz))

Optimal result . . . . . . . . . . . . e 384
Mathematica [A] (verified) . . . . . . . . . ... o 3851
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 388
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o 390
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3901
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 29, antiderivative size = 122

/sec4(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

_ 3Barctanh(sin(c + dz)) 4 (5A + 4C) tan(c + dx)

8d 5d
4 3Bsec(c + dz) tan(c + dz) n Bsec3(c + dx) tan(c + dz)

8d 4d
N C'sec*(c + dz) tan(c + dz) N (5A + 4C) tan®(c + dx)

5d 15d

‘ 3/8*Bxarctanh(sin(d*x+c))/d+1/5% (5%A+4*C) *tan (d*x+c) /d+3/8*Bxsec (d*x+c) *ta \
‘ n(d*x+c)/d+1/4*B*xsec (d*x+c) ~3*xtan (d*x+c) /d+1/5*%Cxsec (d*x+c) ~4*tan (d*x+c)/d ‘
‘+1/15*(5*A+4*C)*tan(d*x+c)“3/d

output
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Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.66

/sec4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

__45Barctanh(sin(c + dz)) + tan(c + dz) (45B sec(c + dz) + 30B sec®(c + dz) + 8(15(A + C) + 5(A + 2
N 120d

input‘ Integrate[Sec[c + d*x]~4*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x] ‘

‘ (45%B*ArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(45*B*Sec[c + d*x] + 30*B*Sec[c ‘
|+ d*x]"3 + 8x(15%(A + C) + 5x(A + 2%C)¥Tan[c + d*x]~2 + 3*C¥Tan[c + d¥x]~
L4)))/(120*d) J

output

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.98,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.414, Rules

used = {3042, 4535, 3042, 4255, 3042, 4255, 3042, 4257, 4534, 3042, 4254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz
| 3042

/csc (c+dw+g)4 <A+Bcsc <c+dw+g> + C'csc <c+dw+72r>2> dx

| 4535
/sec4(c +dz) (Csec*(c+dz) + A) dz + B / sec®(c + dx)dx

l 3042

/csc (c+d:c+g)4 <Ccsc <c+da:+72T)2+A> da:—I-B/csc (c+da:+g>5da:
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l 4255

T\ 4 T\ 2
/csc(c+dw+2> (Ccsc(c+dw+2) +A>da:—|—
3
B 3/sec3(c—|—dx)dm+ tan(c + dx) sec®(c + dz)
4 4d
l3042

/csc (c+dw+z>4 (Ccsc (c+da:+72r)2+A> dx +

2

3 m\3 tan(c + dz) sec®(c + dx)
B(4/csc<c+dx+2> dzr + id

14255
/csc (c+dm+g)4 (C’csc (c+d:c+72r)2+A> dx +

B < 3 ( % /Sec (c + do)dg 4 P2R{etda)sec(c+ dm)) . tan(c+ dz) sec’(c + dm))

4 2d 4d
| 3042

(c+d +f)4 Csc(c+d +E)2+A dz +

csc(c+dz+ 3 csc(c+dz+ 3 x
3/1 ™ tan(c + dx) sec(c + dx) tan(c + dx) sec®(c + dz)
B<4<2/csc<c+dz+2>d:r+ od + id
| 4257
m\ 4 m 2
/csc <c+da:+ 5) (Ccsc (c+d:c+ 5) +A) dzr +
B 3 (‘arctanh(sin(c + dz)) + tan(c + dz) sec(c + dz) 4 tan(c + dx) sec®(c + dx)
4 2d 2d 4d

| 4534

%(5A +4C) /sec4(c + dz)dz +

B 3 (‘arctanh(sin(c + dz)) + tan(c + dz) sec(c + dx) 4 tan(c + dz) sec®(c + dz) 4
4 2d 2d 4d
C'tan(c + dz) sec*(c + dz)
5d

l 3042
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T

1 A+4C !
5(5 + )/csc(c+dx+2> dz +

B 3 (‘arctanh(sin(c + dz)) + tan(c + dz) sec(c + dx) 4 tan(c + dr) sec®(c + dz) n
4 2d 2d 4d
C'tan(c + dz) sec*(c + dz)
5d

| 4254
_(5A+40) | (tan?(c + dz) + 1) d(— tan(c + dz)) N

5d
B 3 (‘arctanh(sin(c + dz)) + tan(c + dz) sec(c + dx) 4 tan(c + dzx) sec®(c + dx) 4
4 2d 2d 4d
Ctan(c + dz) sec*(c + dz)
5d

l 2009

(5A +4C) (—% tan3(c + dr) — tan(c + dw)) +

5d
B (3 (arctanh(sin(c + dz)) + tan(c + dz) sec(c + dx) n tan(c + dzx) sec®(c + dm)) n

4 2d 2d 4d
C'tan(c + dz) sec*(c + dz)
5d
input LInt [Sec[c + d*x]~4*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x] J
Output‘ (CxSec[c + d*x] 4*Tan[c + d*x])/(5%d) - ((5%A + 4*C)*(-Tan[c + d*x] - Tan[ ‘

‘c + d*x]"3/3))/(5%d) + Bx((Sec[c + d*x] 3+*Tan[c + d*x])/(4*d) + (3*(ArcTan ‘
Lh[Sin[c + d*x]]/(2%d) + (Sec[c + d*x]*Tan[c + d*x])/(2xd)))/4) J

Defintions of rubi rules used

-

ruka2009£1nt[“—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

;
rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |




CHAPTER 3. LISTING OF INTEGRALS 388

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

rule 4254

/

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]
&% IntegerQ[2+n]

rule 4255

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xl]

rule 4257

rule 4534 Intllcsclle ) + (£_)*(x)1*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]172x(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((b*Cscl[e + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + Ax(m + 1), 0] && !LeQ[m, -1]

rule 4535 Intllesclle_.) + (£_.0*(x_)I*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
cle + £*x])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.85



input

output

input
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method result
2 3
_A (_ % _ sec(dg—f—c) ) tan(dm—i—c)—}-B (_ (_ sec(dz+c) _3 sec(éiz—f—c) ) tan(dz+c)+ 3 ln(sec(dz+cs)+ta.n(dz+c)) ) -C (_
derivativedivides 7]
_A (_%_ sec(d§+c)2 ) tan(da:+c)+B (_ (_ SeC(dZ+C>3 _3 sec(;l:c-&-c) ) tan(d;z:+c)+ 3 ln(sec(d:v+cs)+ta,n(dcv+c)) ) —C (_
default y
A (_%_ sec(d;;-H:)2 ) tan(dw—i—c) B (_ (_ sec(dz+c)3 _3 sec(ga:-ﬁ-c) ) tan(dx—i—c)-l— 3 ln(sec(dm+cs)+tan(dm+c)) )
parts — p] + 3 —
isch i(45B e91(d2+e) 4 210 B 7i(47+¢) _240 A e8i(do+¢) _560A e*i(do+¢) _640C e*i(dx+2) _210B e3i(do+e) —400 A e2i(de+
T1SC 60d(62i(dz+c)+1)5
_ 4(25A4+200) tan(g} " %)5 _ (8A4-5B+50) tan(%ﬂl+%)9 _ (8A+5B+50) tan(% + g) 4 (32A—3B+16C) tan(deJr%y (2.
norman 15d 4d 4d S = 6d
(tan(%z—i-g) —1)
. —450 < cos(sf§+sc) + Cos(3dzz+3c) +cos(dz+c)> Bln (tan < %’5 + %) —1) +450 ( 605(5‘;g+5c) + cos(3d21+3c) +Cos(d:1:+c)) B
parallelrisch 120d(cos(5da-

tint(sec(d*x+c)‘4*(A+B*sec(d*x+c)+C*sec(d*x+c)‘2),x,method=_RETURNVERBOSE)

‘1/d*(—A*(—2/3—1/3*sec(d*x+c)‘2)*tan(d*x+c)+B*(—(-1/4*sec(d*x+c)‘3—3/8*sec(
\d*x+c))*tan(d*x+c)+3/8*1n(sec(d*x+c)+tan(d*x+c)))—C*(—8/15—1/5*sec(d*x+c)‘
‘4—4/15*sec(d*x+c)“2)*tan(d*x+c))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.00

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

45 Bcos (dz + ¢)® log (sin (dz + ¢) + 1) — 45 B cos (dx + ¢) log (—sin (dz +¢) + 1) + 2 (16 (5A + 4C)

‘integrate(sec(d*x+c)“4*(A+B*sec(d*x+c)+C*sec(d*x+c)“2),x, algorithm="frica
‘Su)

240 d cos
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output 1/240%(454Brcos (dxx + ) 5xlog(sin(dsx + c) + 1) - 45¥Bxcos(d*x + c)"5¥log
\ (-sin(d*x + c) + 1) + 2%(16%(5%A + 4%C)*cos(d*x + c)~4 + 45%Bxcos(d*x + c) \
\‘3 + 8% (5%A + 4%C)*cos(d*x + c)~2 + 30%Bxcos(d*x + c) + 24%C)*sin(d*x + c) \

‘)/(d*cos(d*x + ¢)75)

Sympy [F]

/ sec’(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dx

= / (A + Bsec(c+ dz) + C'sec’ (c + dz)) sec’ (c + dz) dz

/

Lintegrate(sec(d*x+c)**4*(A+B*sec(d*x+c)+C*sec(d*x+c)**2),x)

~—

input

output LIntegral((A + Bxsec(c + d*x) + Cksec(c + d*x)**2)*sec(c + d*x)**4, x) J

Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.04
/sec4(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

80 (tan (dz + ¢)’ + 3 tan (dz + ¢)) A + 16 (3 tan (dz + ¢)° + 10 tan (dz + )’ + 15 tan (dz + ¢))C — 1.

240d

integrate(sec(d*x+c) "4* (A+B*sec (d*x+c)+Cxsec(d*x+c) ~2) ,x, algorithm="maxim

input
all)

1/240%(80* (tan(d*x + c)~3 + 3*tan(d*x + c))*A + 16*x(3*tan(d*x + c)”5 + 10%
tan(d*x + c)~3 + 15*%tan(d*x + c))*C - 15+%Bx(2*(3*sin(d*x + c)~3 - 5*xsin(d*
x + ¢))/(sin(d*x + c)~4 - 2#sin(d*x + c)~2 + 1) - 3*log(sin(d*x + c) + 1)
+ 3xlog(sin(d*x + c) - 1)))/d

N\ J

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 246 vs. 2(110) = 220.

Time = 0.30 (sec) , antiderivative size = 246, normalized size of antiderivative = 2.02

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

2 (120Atan(% dz—l—% 0)9—75Bta,n(% dz+%

45 Blog (|tan (3 dz + 2 c) + 1|) — 45 Blog ([tan (3 dz + 3 ¢) — 1]) —

input ‘ integrate(sec(d*x+c) ~4* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="giac" ‘

N J

1/120* (45%B*log(abs (tan(1/2*d*x + 1/2%c) + 1)) - 45xBxlog(abs(tan(1/2*d*x
+ 1/2*%c) - 1)) - 2x(120*A*xtan(1/2*d*x + 1/2*%c)”9 - 75+Bxtan(1/2*d*x + 1/2%
c)”9 + 120*Cxtan(1/2*d*x + 1/2%c)”9 - 320*A*tan(1/2*d*x + 1/2%c)”7 + 30*Bx*
tan(1/2*d*x + 1/2%c)”7 - 160*Cxtan(1/2*d*x + 1/2*c)”7 + 400*Axtan(1/2*d*x
+ 1/2%c)”5 + 464xCxtan(1/2*d*x + 1/2%c)”5 - 320*Axtan(1/2*d*x + 1/2%c)”"3 -
30*Bxtan(1/2*d*x + 1/2%c)”3 - 160*Cxtan(1/2*d*x + 1/2%c)”~3 + 120*A*tan(1/
2%d*x + 1/2%c) + 75*Bxtan(1/2%d*x + 1/2%c) + 120*Cxtan(1/2*d*x + 1/2*c))/(
tan(1/2*d*x + 1/2*c)”"2 - 1)76)/d

output

Mupad [B] (verification not implemented)
Time = 14.03 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.61
3 Batanh(tan($ + 42))
4d
(2452 +20) tan(G + )"+ (3 5 36) tan(G + )"+ (3 + 49 tan(5 + )"+ (
@ (tan (5 + %)™ — 5tan (5 + %)" + 10tan (5 + %)° — 10tan (3

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz =

input int ((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~4,x) ‘
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(3*xBxatanh(tan(c/2 + (d*x)/2)))/(4*d) - (tan(c/2 + (d*x)/2)"5*((20%A)/3 +

(116%C)/15) + tan(c/2 + (d*x)/2)*(2*A + (5*%B)/4 + 2%C) + tan(c/2 + (d*x)/2
)79x(2*xA - (5%B)/4 + 2xC) - tan(c/2 + (d*x)/2)"3*((16%A)/3 + B/2 + (8*C)/3
) - tan(c/2 + (d*x)/2)"7*((16*%A)/3 - B/2 + (8%C)/3))/(d*(5*tan(c/2 + (d*x)
/2)"2 - 10*tan(c/2 + (d*x)/2)~4 + 10*tan(c/2 + (d*x)/2)"6 - 5xtan(c/2 + (d
*x)/2)°8 + tan(c/2 + (d*x)/2)"10 - 1))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 288, normalized size of antiderivative = 2.36

/sec4(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz
_ —45cos (dz + ) log(tan (%€ + £) — 1) sin (dz + ¢)* b+ 90 cos (dz + ¢) log (tan (% + £) — 1) sin (dz +

input ‘ int (sec(d*x+c) ~4* (A+Bxsec (d*x+c) +Cxsec (d*x+c) ~2) ,x)

( - 45%cos(c + d*x)*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**x4*b + 90*cos(c
+ d*x)*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2xb - 45%cos(c + d*x)*log(
tan((c + d*x)/2) - 1)*b + 45*cos(c + d*x)*log(tan((c + d*x)/2) + 1)*sin(c
+ d*x)*x4xb - 90*cos(c + d*x)*log(tan((c + d*x)/2) + 1)*sin(c + d*x)**2*Db
+ 45%cos(c + d*x)*log(tan((c + d*x)/2) + 1)*b - 45%cos(c + d*x)*sin(c + d*
x)**3%b + 7bxcos(c + d*x)*sin(c + d*x)*b + 80*sin(c + d*x)**b5xa + 64*sin(c
+ d*x)*x5xc - 200*sin(c + d*x)#**3*a - 160*sin(c + d*x)**3%c + 120*sin(c +
d*x)*a + 120*sin(c + d*x)*c)/(120*cos(c + d*x)*d*(sin(c + d*x)**4 - 2xsin
(c + d*x)*x2 + 1))

output
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3.55 [ sec®*(c+dz) (A + Bsec(c+ dx) + C'sec’(c + dx))

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3931
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 396
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 399
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 399
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 400

Optimal result

Integrand size = 29, antiderivative size = 97

/sec3(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

(4A + 3C)arctanh(sin(c + dz)) N Btan(c + dx)

8d d
N (4A + 3C) sec(c + dz) tan(c + dx) + C'sec®(c + dz) tan(c + dx) + Btan?(c + dz)

8d 4d 3d

N

p
\1/8*(4*A+3*C)*arctanh(sin(d*x+c))/d+B*tan(d*x+c)/d+1/8*(4*A+3*C)*sec(d*x+c \

output
L) *tan (d*x+c) /d+1/4*Cxsec (d*x+c) ~3%tan (d*x+c) /d+1/3*Bxtan (d*x+c) ~3/d J

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.73

/sec3(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 3(4A + 3C)arctanh(sin(c + dz)) + tan(c + dx) (3(4A + 3C) sec(c + dx) + 6C sec®(c + dx) + 8B(3 + t:
N 24d

input‘ Integrate[Sec[c + d*x]~3x(A + BxSec[c + d*x] + C*Sec[c + d*x]"2),x] J
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‘ (3% (4*A + 3%C)*ArcTanh([Sin[c + d*x]] + Tan[c + d*x]*(3*%(4%A + 3*C)*Sec[c +

output ‘
L dxx] + 6%C*Sec[c + d*x]~3 + 8%Bx(3 + Tan[c + d*x]172)))/(24%d) J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.98,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 345 Ryjeq
integrand size

used = {3042, 4535, 3042, 4254, 2009, 4534, 3042, 4255, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/sec3(c+dw) (A + Bsec(c + dz) + C'sec®(c + dz)) dz
l 3042
/csc<c+da:+72r>3 <A+Bcsc <c+dm+g> + Ccsc <c+dm+g>2> dz
l’4535
/sec3(c+dw) (Csec®(c+dz) + A) dw+B/sec4(c+d:L‘)dm
l 3042
3 2 4
/csc(c+dw+72r) <Ccsc(c+dx+72r) +A> dm+B/csc (c+d:c+g) dx
l 4254
T\3 T\ 2
/csc (c+da:+§) (Ccsc <c+da:—|— 5) —I—A) dr —
B [ (tan®*(c + dz) + 1) d(— tan(c + dz))
d
l 2009
3 2 B(—1 tan3 dz) —t d
/csc(c+dx+72r> <Ccsc(c+dm+g) +A>dx— (=5 tan’(c + ;:) an(c + dz))
J‘4534

B(—3 tan®(c + dz) — tan(c + dz)) +Ctan(c + dz) sec3(c + dz)

1 3
4(4A+3C’)/sec (ct+dz)dx— Fi 1d
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l 3042

3 B(—1tan3 de) — t d
1(4A+3C)/csc(c+dm+g> do — ( 3 tan”(c + ;) an(c + gg)) N

C'tan(c + dz) sec®(c + dz)
4d

l 4255

i(4A +30) <; /Sec(c + dz)dz + tan(c+ dm;;ec(c + dx)) _

B(—j tan®(c + dx) — tan(c + dz)) Ctan(c + dx) sec?(c + dx)
d 4d

l 3042

3(4A+3C’) (;/csc <c+da:+g) dm_i_tan(c—l-d:v)sec(c—l-d:c)) B

2d
B(—3 tan®(c + dz) — tan(c + dz)) Ctan(c + dz) sec®(c + dzx)
d 4d

l}4257

1(4A +30) arctanh(szlg(c + dx)) 4 tan(c + da:;;ec(c + dx)> B

B(—3 tan®(c + dz) — tan(c + dz)) Ctan(c + dz) sec3(c + dzx)
d 4d

input LInt [Sec[c + d*x]~3*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x] J

output ‘ (CxSec[c + d*x]~3*Tan[c + d*x])/(4*d) + ((4*A + 3*C)*(ArcTanh[Sin[c + d*x] ‘
‘]/(2*d) + (Secl[c + d*x]*Tan[c + d*x])/(2xd)))/4 - (B*(-Tan[c + d*x] - Tanl[ ‘
‘c + d*x]°3/3))/d ‘

Defintions of rubi rules used

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q u, x] ‘




CHAPTER 3. LISTING OF INTEGRALS 396

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

rule 4254

/

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])"(n - 1)/(d*(m - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(bxCsclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&% IntegerQ[2+n]

rule 4255

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xl]

rule 4257

rule 4534 Intl(escle_.) + (£_)*x)1*(_.))"(m_.)*(cscle_.) + (£_.)*(x_)172%(C_.)
+ (A)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Cscle + f*x]) m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, £, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]

rule 4535 Intllesclle_.) + (£_.0*(x_)I*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
cle + £*x])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.09



input

output

input
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method result
3
. . o A < sec(dz+c) tan(dz+c) + ln(sec(dz+c)+tan(dz+c)) _B ( % sec(dz+c) ) tan(dm—i—c)—}-C (_ (_ sec(dz-i—c) _ 3 sec(gz+c
derivativedivides d
<sec(dw+c) tan(dz+c) + ln(sec(d:v+c)+tan(d:v+c)) _B ( % sec(d:c+c) ) tan(da:+0)+C (_ (_ SeC(d2+C)3 _3 sec(gl:v-!—c
default v
A(sec(dz+c) tan(dz+c) +ln(sec(dm+c)+tan(dz+c))) B (_%_M) tan(dx+c) C(_ (_M_ 3 sec
2 2
parts p — +
3 (4dz+4c) 3C dz | c 3 (4dz+4c) 3C
arallolrisch —48 (3422941 | cos(2da+2¢) ) (A+2C ) In(tan (L +5 ) —1) +48 (342U 4 cos(2da+20) ) (A+2C ) In|
P 24d(cos(4dz+4c)+4 cos
(4A+5C—8B) tan (4 + 5)7 (4A+5C+8B) tan( Y +§) (12A-9C—40B) tan (92 + 5)5 (124-9C+40B) tan (G + 5)3
norman 4d + 4d — . . 12d — 12d _
tan(d; +%) —1)
] i(12A e7HdzH0) 190 eTildrte) 1194 5ildrte) 1 33C ebildete) g8 B eti(dote) 194 e3i(dote) 330 e3i(dr+c) _64B
risch — , 7
12d(e2i(dz+c) +1)

tint(sec(d*x+c)*3* (A+B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J

‘ 1/d* (A% (1/2*sec(d*x+c) *tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c)))-B*(-2/3-1 ‘
| /3xsec(d¥x+c) "2) xtan (d¥x+c) +Cx (- (-1/4xsec (dxx+c) “3-3/8*sec (d*x+c) ) ¥tan (d*x

‘+c)+3/8*ln(sec(d*x+c)+tan(d*x+c))))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.21

/sec3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_3(4A+3C)cos (dz + ¢)*log (sin (dz + ¢) + 1) —

3(4A+30C)cos (dz + ¢)*log (—sin (dz + ¢) + 1) +

48 d cos (dz + ¢)

‘ integrate(sec(d*x+c) ~3* (A+B*sec (d*x+c)+C*xsec(d*x+c) "2) ,x, algorithm="frica ‘

Sll)
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t‘ 1/48% (3% (4*A + 3xC)*cos(d*x + c) 4xlog(sin(d*x + c) + 1) - 3*(4xA + 3*C)*c \
los(d¥x + c)"4xlog(-sin(d*x + c) + 1) + 2x(16%Bkcos(d*x + c)™3 + 3*(4%A + 3 |
‘*C)*cos(d*x + ¢c)~2 + 8xBkcos(d*x + c) + 6*C)*sin(d*x + c))/(d*cos(d*x + c)
@ |

outpu

Sympy [F]

/ sec’(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec? (c + dz)) sec® (c + dz) dz

/

Lintegrate(sec(d*x+c)**3*(A+B*sec(d*x+c)+C*sec(d*x+c)**2),x)

~—

input

output LIntegral((A + Bxsec(c + d*x) + Cksec(c + d*x)**2)*sec(c + d*x)**3, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.43

/sec3(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

2 (3 sin(dz+c)3—5 sin(dw—l—c))
sin(dz+c)*—2 sin(dz+c)2+1

— 3 log (sin (dz +¢) + 1) + 3 log (
48d

16 (tan (dz + )’ + 3 tan (dz + c))B— 30(

integrate(sec(d*x+c) ~"3* (A+B*sec (d*x+c)+Cxsec(d*x+c) ~“2) ,x, algorithm="maxim

input
all)

1/48*(16*(tan(d*x + c)~3 + 3*tan(d*x + c))*B - 3*Cx(2*(3*sin(d*x + c)~3 -
bxsin(d*x + c))/(sin(d*x + c)~4 - 2*sin(d*x + c)”2 + 1) - 3%log(sin(d*x +
c) + 1) + 3xlog(sin(d*x + c) - 1)) - 12*%Ax(2*sin(d*x + c)/(sin(d*x + c)~2
- 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)))/d

N\ J

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 230 vs. 2(89) = 178.

Time = 0.35 (sec) , antiderivative size = 230, normalized size of antiderivative = 2.37

/sec3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

3(LA+30)log (tan (L dz + 5 ¢) + 1)) — 3(4 A +3C) log ([tan (3 dz + § ) — 1]) + “2Aumlhestd

input ‘ integrate(sec(d*x+c) ~3* (A+B*sec (d*x+c)+C*xsec (d*x+c) "2) ,x, algorithm="giac" ‘

N J

1/24%(3x(4xA + 3*C)*log(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*(4xA + 3*C)*log
(abs(tan(1/2*d*x + 1/2%c) - 1)) + 2k (12*xAxtan(1/2*d*x + 1/2*c)”7 - 24%Bxta
n(1/2*xd*x + 1/2%c)”7 + 15xCxtan(1/2*d*x + 1/2%c)”7 - 12xAxtan(1/2*d*x + 1/
2%c)”5 + 40*Bxtan(1/2*d*x + 1/2%c)”5 + 9*Cxtan(1/2*d*x + 1/2%c)”5 - 12*Axt
an(1/2*d*x + 1/2*c)”~3 - 40*Bxtan(1/2*d*x + 1/2*c)”~3 + 9*Ckxtan(1/2*d*x + 1/
2xc) "3 + 12+Axtan(1/2*d*x + 1/2xc) + 24*Bxtan(1/2xd*x + 1/2%c) + 15xCxtan(
1/2%d*x + 1/2%c))/(tan(1/2*d*x + 1/2%c)~2 - 1)~4)/d

output

Mupad [B] (verification not implemented)

Time = 14.00 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.65

atanh(tan (< + 42)) (4 + 29)

/sec3(c+dx) (A+ Bsec(c+dz)+C sec’*(c+dz)) dz =

L(A-2B+32) tan(5+ ) + (M — A+ D) tan(5+ F) + (°F - 5P — A) tan(5+ )" +
d (tan (5 +48)" — 4tan (5 + %)° + 6tan (5 + 42)* — 4tan (5 + %)" +

e hY

int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~3,x)

input |
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(atanh(tan(c/2 + (d*x)/2))*(A + (3%C)/4))/d + (tan(c/2 + (d*x)/2)*(A + 2*B
+ (5%C)/4) + tan(c/2 + (d*x)/2)"7*(A - 24%B + (5%C)/4) - tan(c/2 + (d*x)/2
)73x(A + (10%B)/3 - (3%C)/4) + tan(c/2 + (d*x)/2)"5%((10%B)/3 - A + (3*C)/
4))/(dx(6*xtan(c/2 + (d*x)/2)"4 - 4xtan(c/2 + (d*x)/2)"2 - 4*tan(c/2 + (d*x
)/2)"6 + tan(c/2 + (d*x)/2)78 + 1))

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 344, normalized size of antiderivative = 3.55

/sec3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz
_ —16cos (dz + ¢) sin (dz + ¢)® b+ 24 cos (dz 4 ¢) sin (dz + ¢) b — 12 log(tan (£ + £) — 1) sin (dz + o)t

tnput int (sec(d*x+c) ~3* (A+Bxsec (d*x+c) +Cxsec (d*x+c) ~2) ,x)

( - 16*cos(c + d*x)*sin(c + d*x)**3%b + 24*cos(c + d*x)*sin(c + d*x)*b - 1
2xlog(tan((c + d*x)/2) - 1)*sin(c + d=*x)#*x4*a - 9xlog(tan((c + d*x)/2) - 1
)*¥sin(c + d*x)#**x4*c + 24*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2%a + 18%
log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2%c - 12*log(tan((c + d*x)/2) - 1)
*a — 9*log(tan((c + d*x)/2) - 1)*c + 12xlog(tan((c + d*x)/2) + 1)*sin(c +
d*x)**4*a + 9*log(tan((c + d*x)/2) + 1)*sin(c + d*x)**x4xc - 24*log(tan((c
+ d*x)/2) + 1)*sin(c + d*x)**2xa - 18xlog(tan((c + d*x)/2) + 1)*sin(c + d*
x)**2%c + 12xlog(tan((c + d*x)/2) + 1)*a + 9*log(tan((c + d*x)/2) + 1)*c -
12¢sin(c + d*x)**3*a - 9*sin(c + d*x)**3*c + 12*sin(c + d*x)*a + 15*sin(c
+ dxx)*c)/(24xd*(sin(c + dxx)**4 - 2xsin(c + d*xx)**2 + 1))

output
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3.56 [ sec*(c+dz) (A + Bsec(c+ dx) + C'sec’(c + dx))

Optimal result . . . . . . . . . . . . e 401
Mathematica [A] (verified) . . . . . . . . . ... o 401l
Rubi [A] (verified) . . . .. . . ... .. 02
Maple [A] (verified) . . . . . . ... L 405
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 405
Sympy [F] . . o o 406
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4061
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 407
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 407
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 408

Optimal result

Integrand size = 29, antiderivative size = 78

/ sec’(c + dz) (A+ Bsec(c + dz) + Csec*(c + dz)) dz

__ Barctanh(sin(c + dz)) n (3A + 2C) tan(c + dx)

2d 3d
4 Bsec(c + dz) tan(c + dx) 4 C'sec?(c + dz) tan(c + dx)

2d 3d

‘ 1/2*B*arctanh (sin(d*x+c))/d+1/3* (3*%A+2%C) *tan (d*x+c) /d+1/2*%B*xsec (d*x+c) *xta ‘

output
‘ n(d*x+c)/d+1/3*Cxsec (d*x+c) ~2xtan(d*x+c)/d ‘

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.65

/secz(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

__3Barctanh(sin(c + dx)) + tan(c + dz) (6(A + C) + 3Bsec(c + dz) + 2C tan?(c + dz))
B 6d

input Integrate[Sec[c + d*x]~2*(A + B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J
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‘ (3%BxArcTanh[Sin[c + d*x]] + Tan[c + d*x]*(6%(A + C) + 3*BxSec[c + d*x] +

output
L2*C*Tan[c + d*x]"2))/ (6%d) J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 345 Ryjeq
integrand size

used = {3042, 4535, 3042, 4255, 3042, 4257, 4534, 3042, 4254, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec2(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

l 3042

/csc <c+dm+g>2 <A+Bcsc <c+dm+g> + Ccsc <c+dm+g>2> dx

| 4535
/secz(c + dz) (Csec*(c+ dz) + A) dz + B / sec®(c + dz)dzx

l 3042

/csc (c+dw+g)2 <Ccsc (c—i—dx—i-;r)z-l—A) dm+B/csc (c+d:c+g)3dx

l 4255

/csc (c+d:r+g>2 (Ccsc (c+dx+72r)2+A> dx +

1
B (2 /sec(c + do)dz + tan(c + da:;;ec(c + dg;)>

l 3042

2

1 T tan(c + dz) sec(c + dz)
B<2/csc<c+dw+2)dx+ 2d

/csc (c+d:r+z>2 (Ccsc (c+da:+72r)2+A> dx +

l 4257
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m 2 T 2
/csc(c+dw+2) (Ccsc(c+d:c+2) +A>dm+
B <arctanh(sin(c + dz)) 4 tan(c + dx) sec(c + d:c))

2d 2d
| 4534
%(3A +20C) / sec2(c +dz)dr + B (arctanh(sgz(c +dz)) + tan(e + dx;;ec(c * dm)) +
C'tan(c + dz) sec?(c + dzx)
3d
| 3042

2
%(BA +20C) /csc (c—l— dx + g) dx +
B (arctanh(sin(c + dz)) + tan(c + dz) sec(c + dm)) + C'tan(c + dz) sec?(c + dzx)

2d 2d 3d
| 4254
(84 +2C) [ 1d(— tan(c + dz)) arctanh(sin(c + dz))  tan(c+ dzx)sec(c + dz)
- +B + +
3d 2d 2d
C'tan(c + dz) sec?(c + dz)
3d

| 24

(3A + 2C) tan(c + dz) +B (arctanh(sin(c + dz)) 4 tan(c + dzx) sec(c + d:c)) 4

3d 2d 2d
C'tan(c + dz) sec?(c + dx)
3d
input LInt [Sec[c + d*x]~2%x(A + BxSec[c + d*x] + C*Secl[c + d*x]~2),x] J

(((S*A + 2xC)*Tan[c + d*x])/(3*d) + (CxSecl[c + d*x] 2*Tan[c + d*x])/(3%d) +

output ‘
L B (ArcTanh[Sin[c + d*x]]1/(2*d) + (Sec[c + d*x]*Tan[c + d*x])/(2xd)) J
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Defintions of rubi rules used

ruk324‘1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4254 Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && I1GtQ[n/2, 0]

rule 4255 Intllescl(c_.) + (d_.)*(x_)1*(b_.))"(n ), x_Symbol] :> Simp[(-b)*Coslc + dx
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2x*n]

rule 4257 Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

rule 4534 Int[(cscl(e_.) + (£_.)*(x_)I*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscl[e + f£*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !'LeQ[m, -1]

p

rule 4535 Intl(escle_.) + (£_.)*(x)Ix(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £+x]1)"(m + 1), x], x] + Int[(bxCscle + f*x]) m*x(A + CxCscle + f*x]~2)
, x] /; FreeQ[{b, e, £, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.87

method result
Atan(d:c+c)+B ( sec(dz+c) tan(dz+c) + In(sec(dz+c)+tan(dz+-c)) > —C (_g _ sec(dz+c)2 ) tan(dm—‘,—c)
. . L. 2 2 3 3
derivativedivides v
Atan(d:c+c)+B ( sec(dz+c)2tan(dz+c) + 1n(sec(dz+c)2+tan(dz+c)) ) -C (_%_ sec(d§+c)2 ) tan(dz—i—c)
default |
2
sec(dz+c) tan(dz+c) | In(sec(dz+c)+tan(dz+c)) _2_ sec(dztc)” £ d
arts Atan(dm—i—c) + B( ) + ) ) _ C( 3 3 an( CI3+C)
p d d d
3 5
434+C) tan(F+5)"  (24-B+20)tan(F+5)°  (24+B+20) tan (4P +5) Bln(tan(%’+§>—1) Bln(tan(
norman it b3 4 - 2d + ‘
(tan(%-l—%) —1) |
risch __i(3BePildnte) _gA gtildrte) 194 g2ildrte) 190 e2i(dwe) 3B eildrte) _6A4—4C) 4 Bln(¢i(ds+94i) Bl
3d(62i(dz+c)+1)3 2d
lelrisch —9((<=BL3) 4 cos(dutc) ) Bin(tan(42+5) 1) +9( “BLE) cos(datc) ) Bn(tan( L +5 ) +1)+(6A+40)
parallelrisc 6d(cos(3dz+3c)+3 cos(dz+c))

input Lint (sec(d*x+c) ~2* (A+B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x ,method=_RETURNVERBOSE) J

‘ 1/d* (A*tan (d*x+c) +B*(1/2*sec (d*x+c) *tan(d*x+c)+1/2*1n(sec(d*x+c)+tan(d*x+c ‘

output
\ )))-C*(-2/3-1/3*sec(d*x+c) ~2) *tan(d*x+c)) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.21

/sec2(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ 3 B cos (dz + ¢)*log (sin (dz + ¢) + 1) — 3 B cos (dz + ¢)° log (—sin (dz +¢) + 1) + 2 (2(3 A + 2 C) cos
B 12d cos (dz + ¢)*

‘ integrate(sec(d*x+c) “2*% (A+B*sec (d*x+c)+Cxsec(d*x+c) "2) ,x, algorithm="frica ‘

‘s") ‘

input
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‘1/12*(3*B*cos(d*x + ¢)73xlog(sin(d*x + c) + 1) - 3*B*cos(d*x + c)~3*log(-s ‘
in(d¥x + c) + 1) + 2%(2%(3%A + 2%C)*cos(d*x + )72 + 3%Bkcos(d¥x + c) + 2% |
‘C)*sin(d*x + ¢))/(d*cos(d*xx + c)~3) ‘

output

Sympy [F]

/ sec’(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + Csec® (c + dz)) sec? (c + dz) dz

input tintegrate (sec(d*x+c)**x2x (A+Bksec (d*x+c) +Cksec (d*x+c) **2) ,x) J

B
LIntegral((A + Bxsec(c + d*x) + Ckxsec(c + d*x)*x2)*sec(c + d*x)**2, x)

-/

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01

/sec2(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

4 (tan (dz + ¢)® + 3 tan (dz + ))C —3 B(% — log (sin (dz + ¢) + 1) + log (sin (dz + ¢) — 1))
12d

integrate(sec(d*x+c) "2* (A+B*sec (d*x+c)+Cxsec(d*x+c) ~2) ,x, algorithm="maxim

input
a n )

1/12*%(4*x(tan(d*x + c)~3 + 3*tan(d*x + c))*C - 3*B*(2*sin(d*x + c)/(sin(d*x
+¢c)”2 - 1) - log(sin(d*x + c) + 1) + log(sin(d*x + c) - 1)) + 12*Axtan(d
*x + c))/d

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(70) = 140.

Time = 0.32 (sec) , antiderivative size = 162, normalized size of antiderivative = 2.08

/sec2(c+ dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
3Blog (|tan (L dz + L ¢) +1|) —3Blog ([tan (L dz + 1 c) —1|) — 2 (6 Atan(} dot+})°~3 Btan(} do+} )°+6

6d

integrate(sec(d*x+c) ~2* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="giac"

)

input

1/6*(3*Bxlog(abs(tan(1/2*d*x + 1/2%c) + 1)) - 3*Bxlog(abs(tan(1/2xd*x + 1/
2%c) - 1)) - 2x(6xAxtan(1/2*d*x + 1/2%c)”5 - 3*Bxtan(1/2*d*x + 1/2*c)”5 +

6xCxtan(1/2xd*x + 1/2%c)”~5 — 12%A*xtan(1/2*d*x + 1/2%c)”3 - 4xCxtan(1/2*d*x
+ 1/2%c)"3 + 6xAxtan(1/2*d*x + 1/2%c) + 3*Bxtan(1/2xd*x + 1/2xc) + 6%C*ta
n(1/2xd*x + 1/2xc))/(tan(1/2*d*x + 1/2*c)"2 - 1)~3)/d

output

Mupad [B] (verification not implemented)
Time = 13.65 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.58
Batanh(tan (g + 42))

d
_(2A-B+20) tan(3 + ¢ d2)® 4 (4 A —4C) tan(g + 92)° + (2A+ B +20) tan($ + %)

5)
d (tan (§+d7’”)6—3tan(§+ 42)* + 3tan (5 +4)" — 1)

/sec (¢ +dz) (A+ Bsec(c+ dz) + Csec’*(c + dz)) dz =

[int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x)~2,x)

~—

input

Output\ (B*atanh(tan(c/2 + (d*x)/2)))/d - (tan(c/2 + (d*x)/2)*(2%A + B + 2+C) - ta |
‘n(c/2 + (d*x)/2)"3%(4%A + (4%C)/3) + tan(c/2 + (d*x)/2)"5%(2%A - B + 2%C)) |
‘/(d*(S*tan(c/Q + (d*x)/2)"2 - 3xtan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)" ‘

\6—1))
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 181, normalized size of antiderivative = 2.32

/sec2(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz
_ —3cos(dz +¢) log(tan (% + £) — 1) sin (dz + )b+ 3cos (dz + ¢) log(tan (% 4 £) — 1) b+ 3cos (dz

-

input Lint (sec(d*x+c) ~2% (A+Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x)

-/

( - 3%cos(c + d*x)*log(tan((c + d*x)/2) - 1)*sin(c + d*x)**2xb + 3*xcos(c +
d*x)*log(tan((c + d*x)/2) - 1)*b + 3*cos(c + d*x)*log(tan((c + d*x)/2) +
1)*sin(c + d*x)**2xb - 3*cos(c + d*x)*log(tan((c + d*x)/2) + 1)*b - 3*cos(
c + d*x)*sin(c + d*x)*b + 6*sin(c + d*x)**3%a + 4*sin(c + d*x)**3%c - 6*si
n(c + d*x)*a - 6*sin(c + d*x)*c)/(6*cos(c + d*x)*d*(sin(c + d*x)**2 - 1))

output
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3.57 [ sec(c+dzx) (A + Bsec(c + dz) + C'sec*(c + dz)) d:

Optimal result . . . . . . . . . . . . e 409
Mathematica [A] (verified) . . . . . . . . . ... o 4091
Rubi [A] (verified) . . . .. . . ... .. 410
Maple [A] (verified) . . . . . . ... L 412
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 412
Sympy [F] . . o o 413l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT3]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 414
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 414
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 415

Optimal result

Integrand size = 27, antiderivative size = 51

/sec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

(2A + C)arctanh(sin(c + dx)) Btan(c+dz) Csec(c+ dz)tan(c+ dx)
2d A 2d

‘1/2*(2*A+C)*arctanh(sin(d*x+c))/d+B*tan(d*x+c)/d+1/2*C*sec(d*x+c)*tan(d*x+ \

output
Lc) /d J
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16
/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) d
_ Acoth™'(sin(c + dz)) , Carctanh(sin(c + dz))
a d 2d
Btan(c+dz) Csec(c+ dz)tan(c+ dx)
+ +
d 2d
input Integrate[Sec[c + d*x]*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x] J




output
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‘ (A*ArcCoth[Sin[c + d*x]])/d + (C*ArcTanh[Sin[c + d*x]])/(2*d) + (B*Tan[c +
L d*x]1)/d + (C*Sec[c + d*x]*Tan[c + d*x])/(2%d) J

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00,

number of rules _ 0.296, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {3042, 4535, 3042, 4254, 24, 4534, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dzx

l 3042

/csc <c+dm+g> (A+Bcsc <c+dm+g> + Ccsc <c+da:+72r>2) dx

l’4535

/sec(c + dz) (Csec*(c + dz) + A) dz + B / sec’(c + dz)dzx

| 3042
csc c+dﬂc+z Ccsc c+d:c+z 2+A dr+ B [ csc c+dm+z 2dx
2 2 2
l4254
/csc (c+dw+g) <Ccsc (c+dm+72r>2+A) d — Bfld(—tzn(c—i-dm))

| 24

2
/csc<c+dac+72r> (Ccsc(c+dm+72r) +A> da:+Btan(;+dw)

l 4534

Btan(c+dz) Ctan(c+ dz)sec(c+ dx)
i 2d

l 3042

%(214 +0O) / sec(c + dx)dz +



rule 3042

rule 4254

rule 4257

rule 4534
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B
) da + tan(; + dz) + Ctan(c+ dgc)isec(c + dz)

l 4257

1 ™
2(2A+C’)/csc (c+dx+§

(2A + C)arctanh(sin(c + dz)) Btan(c+dx) Ctan(c+ dx)sec(c+ dz)
2d A 2d

input LInt [Sec[c + d*x]*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x] J

‘ ((2*A + C)*ArcTanh([Sin[c + d*x]])/(2*d) + (B*Tan[c + d*x])/d + (CxSec[c + ‘

output
axx]*Tanlc + dxx])/(2xd) |

Defintions of rubi rules used

e

ruka24tlnt[a—’ x_Symbol] :> Simplaxx, x] /; FreeQ[a, x]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[(cscl(e_.) + (F_.)*(x_)1*(b_.))"(m_.)*(cscl(e_.) + (f_.)*(x_)1"2%(C_.)
+ (A_)), x_Symbol] :> Simp[(-C)*Cot[e + f*x]*((b*Csc[e + f*x]) m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !LeQ[m, -1]
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rule4535‘1nt[(csc[(e_.) + (F_)*(x)I*M_.)) " (@m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]1*
‘(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs

‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)
. x] /; FreeQl{b, e, £, A, B, C, m}, x] |

Maple [A] (verified)

Time = 0.19 (sec) ,

antiderivative size = 63, normalized size of antiderivative = 1.24

method result
derivativedivid Aln(sec(dz+c)+tan(dz+c))+B tan(dz-l—c)-i—c(Sec(dz+c);an(dz+c) +ln(sec(dw+c)2+tan(dw+c)))
erivativedliviaes a
d f lt Aln(sec(dac+c)+tan(d:v+c))+B tan(dx_i_c)_i_c(sec(dw+c)2tan(dw+c) +ln(sec(dw+c)2+tan(dw+c)))
crau p
(dz+c) tan(dz+c) |, In(sec(dz+c)+tan(dz+c))
Aln(sec(dz+c)+tan(dz+c)) B tan(dz+-c) C(Sec T )
parts 4 + d + ]
. —(14cos(2dz+2c)) <A+Q> In <tan(d—z+9) —1) +(14-cos(2dz+2c)) <A+Q) In <tan ( do +9) +1> + B sin(2dz+2c)+-(
arallelrisch 2 2 2 2 2 2
p d(1+cos(2dz+2c))
d d 3
(@B+O)ytan(H+§) @B-C)wan(H+5§)" (9410 in(tan(%+5)-1)  (24+C)In(tan(L+§)+1)
norman d S 2 - 53 + F
dx | ¢
(tan( 5 +§> —1)
isch i(Cesi(d’”+°)—2B e2i(dz+e) ei(dm"'c)—QB) ln(ei<dw+°)—i)A ln(ei(d“’""c)—i)c’ + ln(ei<dz+c>+i)A
T1SC d(e2i(dz+c)+1)2 d 2d d

-

input t

int (sec(d*x+c) * (A+B*sec (d*x+c)+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

e—

output‘ 1/d*(A*1n(sec (d*x+c)+tan(d*x+c) ) +Bxtan (d*x+c) +C* (1/2*sec (d*x+c) *tan (d*x+c) \
‘+1/2*1n(sec (d*x+c)+tan(d*x+c)))) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.61

/sec(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz

(2A + ) cos (dz 4 ¢)*log (sin (dz + ¢) + 1) — (2A 4 C) cos (dz + ¢)* log (—sin (dz +¢) + 1) + 2 (2 B

4dcos (dz + c)®
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integrate(sec(d*x+c)* (A+Bxsec (d*x+c)+Cxsec(d*x+c)~2) ,x, algorithm="fricas"

)

input

1/4%*((2%A + C)*cos(d*x + c) 2*log(sin(d*x + c) + 1) - (2%A + C)*cos(d*x +
c)"2xlog(-sin(d*x + c) + 1) + 2%(2*B*cos(d*x + c) + C)*sin(d*x + c))/(d*co
s(d*x + c)~2)

output

Sympy [F]

/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

= / (A + Bsec(c+ dz) + C'sec? (c + dz)) sec (c + dz) dx

inputLintegrate(sec(d*xﬂ:)*(A+B*sec(d*x+c)+C*sec(d*x+c)**2),x) J

outputtlm"egral((A + Bxsec(c + d*x) + Cxsec(c + d*x)**2)*sec(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.47

/sec(c + dz) (A+ Bsec(c + dz) + C'sec’(c + dz)) dz =

C(% — log (sin (dz + ¢) + 1) + log (sin (dx + ¢) — 1)) — 4 Alog (sec (dz + ¢) + tan (dz + c)
B 4d

e N

integrate(sec(d*x+c)* (A+B*sec (d*x+c)+C*sec (d*x+c)~2) ,x, algorithm="maxima"

)

input

-1/4%(C*(2*sin(d*x + c)/(sin(d*x + c)”2 - 1) - log(sin(d*x + c) + 1) + log
(sin(d*x + c) - 1)) - 4xAxlog(sec(d*x + c) + tan(d*x + c)) - 4*Bxtan(d*x +
c))/d

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(47) = 94.

Time = 0.31 (sec) , antiderivative size = 115, normalized size of antiderivative = 2.25

/sec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

2 (2Btan(% dw—i—% 0)3—Ctan

(2A+C)log (|tan (3dz+1c) +1|) — (2A+ O)log ([tan (3 dz + 3 ¢) — 1]) —

2d

input Lintegrate (sec(d*x+c) * (A+B*sec (d*x+c)+C*sec (d*x+c) ~2) ,x, algorithm="giac") J

Output‘ 1/2%((2*A + C)*log(abs(tan(1/2*d*x + 1/2*c) + 1)) - (2*A + C)*log(abs(tan( ‘
|1/2%d*x + 1/2%c) - 1)) - 2%(2%B¥tan(1/2xd*x + 1/2%c)"3 - C¥tan(1/2*d¥x + 1 |
‘/2*c)”3 - 2%Bxtan(1/2*d*x + 1/2xc) - Cxtan(1/2xd*x + 1/2%*c))/(tan(1/2*d*x ‘

\+ 1/2%c)~2 - 1)°2)/d

Mupad [B] (verification not implemented)

Time = 12.30 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.75

/sec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz
__atanh(tan(§ + %)) 2A+C)
N d
tan (£ + %’”)3 (2B - C) — tan(
d (tan (£ + %) — 2tan (

int((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/cos(c + d*x),x)

inputt

‘(atanh(tan(c/2 + (d*x)/2))*(2%A + C))/d - (tan(c/2 + (d*x)/2)~3*(2*B - C) \
- tan(c/2 + (d*x)/2)*(2%B + C))/(d*(tan(c/2 + (d¥x)/2)"4 - 2xtan(c/2 + (dx
X)/2)72 + 1)) |

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 192, normalized size of antiderivative = 3.76

/sec(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) d
_ —2cos(dz +c)sin(dz +¢)b— 2log(tan (% + £) — 1) sin (dz + o)’a— log(tan (£ 4 £) — 1) sin (dz -

-

input L

-/

int (sec (d*x+c) * (A+B*sec (d*x+c)+Cxsec (d*x+c) ~2) ,x)

( - 2*cos(c + d*x)*sin(c + d*x)*b - 2xlog(tan((c + d*x)/2) - 1)*sin(c + d*
x)**x2xa - log(tan((c + d*x)/2) - 1)*sin(c + d*x)**x2*c + 2+log(tan((c + d*x
)/2) - 1)*a + log(tan((c + d*x)/2) - 1)*c + 2*xlog(tan((c + d*x)/2) + 1)*si
n(c + d*x)**2*a + log(tan((c + d*x)/2) + 1)*sin(c + d*x)**2xc - 2*log(tan(
(c + d*x)/2) + 1)*a - log(tan((c + d*x)/2) + 1)*c - sin(c + d#*x)*c)/(2xd*(

sin(c + d*x)**2 - 1))

output
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3.58 [ (A+ Bsec(c+ dz) + C'sec’(c + dx)) dx

Optimal result . . . . . . . . . . . . e 416
Mathematica [A] (verified) . . . . . . . . . ... o AT6l
Rubi [A] (verified) . . . .. . . ... .. 417
Maple [A] (verified) . . . . . . ... L 418
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 418
Sympy [F] . . o o 419
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT9]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... AT9
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 420
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 420

Optimal result

Integrand size = 20, antiderivative size = 27

/ (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
Barctanh(sin(c + dz)) + C'tan(c + dx)

=A
v d d
output iA*x+B*arctanh(sin(d*x+c))/d+C*tan(d*x+c)/d j
Mathematica [A] (verified)
Time = 0.00 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00
/ (A + Bsec(c+ dz) 4+ Csec’(c+ dz)) dz
—1/ .
~ Aot B coth™ " (sin(c + dz)) N C'tan(c + dx)
d d
input LIntegrate [A + BkSec[c + d*x] + CxSec[c + d*x]~2,x] J

output LA*X + (B*ArcCoth[Sin[c + d*x]])/d + (C*Tan[c + d*x])/d J
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00,

number of rules _ 0.050, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (A + Bsec(c+ dx) + Csec’(c + dz)) dx
| 2009
Az + Barctanh(sin(c + dz)) + C'tan(c + dz)
d d
input LInt [A + BxSec[c + d*x] + C*Sec[c + d*x]~2,x] J
output LA*X + (B#ArcTanh[Sin[c + d*x]])/d + (C*Tan[c + d*x])/d J

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.30

method result size
default Az + Bln(sec(dx—l—fj)—i—tan(dx—i—c)) + Ctanfidx+c) 35
parts Az + Bln(sec(dm+¢(:i)+tan(dm+c)) + Ctanfidac+c) 35
derivativedivides (dz+c)A+B 1n(sec(dz+c)—(ii—tan(d:c—i-c))—i-c tan(dz+c) 37
. Bl i(dz+c)+' Bl i(dz+c) _; .
risch Ax + n(e 7 i) _ Blnfe i i) d(e%(gﬁc) =y 62
. —Bln(tan( 92 4+£)—1) cos(dz+c)+BIn(tan( 92+ )+1) cos(dz+c)+C sin(dz+c)
parallelrisch ( ( 2 2> ) dcos((dz +£)2 2) ) + Ax | 67
de | c
Agtan( 924 2—Aw—w Bln(tan( 9 4+<)+1 Bln(tan( 9 4+<)—1
_— () 2D mfn(ieg)or) _ mom(55)-0) | o
tan(‘%’”+%) -1
input Lint (A+B*sec (d*x+c)+C*sec(d*x+c) ~2,x,method=_RETURNVERBOSE) J
output LA*x+B/d*ln(sec (d*x+c)+tan(d*x+c))+C¥tan (d*x+c) /d J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(27) = 54.

Time = 0.08 (sec) , antiderivative size = 71, normalized size of antiderivative = 2.63

/ (A + Bsec(c+ dz) 4+ Csec’(c+ dz)) dz

_ 2 Adz cos (dz + ¢) + B cos (dx + c) log (sin (dz + ¢) + 1) — B cos (dz + c) log (—sin (dz +c¢) + 1) +2C
B 2d cos (dz + ¢)

inputLintegrate(A+B*Sec(d*x+c)+C*sec(d*x+c)‘2,x, algorithm="fricas") J

p
‘1/2*(2*A*d*x*cos(d*x + c) + B*cos(d*x + c)*log(sin(d*x + c) + 1) - B*cos(d

output
‘*x + c)*log(-sin(d*x + c) + 1) + 2*C*sin(d*x + c))/(d*cos(d*x + c))

\‘
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Sympy [F]

/(A—I—Bsec(c+d:c)+C’se02(c+dx)) dav=/(A+Bsec(c+dav)+C’sec2 (c+dz)) dz

input ‘ integrate (A+Bxsec (d*x+c)+Cxsec (d*x+c)**2,x)

output LIntegral(A + B*sec(c + d*x) + Cxsec(c + d*x)#*x%2, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26

/ (A + Bsec(c+ dz) + Csec’(c + dz)) dz

N Blog (sec (dz + ¢) + tan (dz + ¢)) + C'tan (dz + c)

= Azx pi 7

input Lintegrate (A+Bxsec (d*x+c)+Cxsec(d*x+c)~2,x, algorithm="maxima")

output LA*X + Bxlog(sec(d*x + c) + tan(d*x + c))/d + Cxtan(d*x + c)/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 60 vs. 2(27) = 54.

Time = 0.30 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.22

/ (A + Bsec(c+ dz) + Csec®(c + dz)) dz

o B(log(

C'tan (dz + ¢)
L R

m+sin(dx+c)+2‘) —log<
4d

m + sin (dz + ¢) —2‘))
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input ‘ integrate (A+B*sec(d*x+c)+C*sec(d*x+c) ~2,x, algorithm="giac") ‘

‘A*x + 1/4xB*(log(abs(1/sin(d*x + c) + sin(d*x + c) + 2)) - log(abs(1/sin(d ‘

output
\*x + ¢) + sin(d*x + ¢) - 2)))/d + Ckxtan(d*x + c)/d \

Mupad [B] (verification not implemented)

Time = 11.67 (sec) , antiderivative size = 161, normalized size of antiderivative = 5.96

/ (A + Bsec(c+ dz) + Csec’*(c+ dz)) dz

64A3tan<§+d7w> 64AB2tan<§+%>
2Aatan< 64 A3+64 A B2 64 A3+64 A B2
d
64 B tan ( 442 64 A2 Btan( ¢+42
2 B atanh 5 (5 23) . (5 32> J
64 A2 B+64 B 64 A2 B+64B 2C’tan(§ T Tg})
+ _
d dz\2
 (son (5 + )"~ 1)
input Lint(A + B/cos(c + d*x) + C/cos(c + d*x)~2,x) J
Output‘ (2xAxatan ((64*A~3*%tan(c/2 + (d*x)/2))/(64xA*xB~2 + 64%A~3) + (64*A*B~2xtan(

/2 + (d¥x)/2))/(64%A¥B™2 + 64xA"3)))/d + (2%B*atanh((64*B~3*tan(c/2 + (d* |
\x)/2))/(64*A‘2*B + 64*B~3) + (64*xA~2+«Bxtan(c/2 + (d*x)/2))/(64xA~2%B + 64x* \
\B‘B)))/d - (2*C+tan(c/2 + (d#*x)/2))/(d*(tan(c/2 + (d*x)/2)"2 - 1)) \

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 72, normalized size of antiderivative = 2.67

/ (A + Bsec(c+ dz) 4+ Csec’(c + dz)) dz

— cos (dz + ¢) log(tan (% + £) — 1) b+ cos (dz + c) log(tan (£ + £) + 1) b + cos (dz + ¢) adz + sin (a
B cos (dz +c)d

input Lint (A+B*sec (d*x+c) +C*sec (d*x+c) ~2,%) J
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‘( - cos(c + d*x)*log(tan((c + d*x)/2) - 1)*b + cos(c + d*x)*log(tan((c + 4

output
‘*x)/2) + 1)*b + cos(c + d*x)*axd*x + sin(c + d*x)*c)/(cos(c + d*x)*d)
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3.59 [ cos(c+dz) (A + Bsec(c+ dx) + C'sec®(c + dz)) d

Optimal result . . . . . . . . . . . . e 427
Mathematica [A] (verified) . . . . . . . . . ... o 1221
Rubi [A] (verified) . . . . . . . . . 423
Maple [A] (verified) . . . . . . ... L 425
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 425
Sympy [F] . . o o 426
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1261
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 426
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 427
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 427

Optimal result

Integrand size = 27, antiderivative size = 27

/cos(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

Carctanh(sin(c + dz))  Asin(c+ dx)
d T4

= Bx +

output LB*X"'C*arctanh (sin(d*x+c))/d+A*sin(d*x+c)/d J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.41

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

C coth™(sin(c + dz)) 4 A cos(dz) sin(c) 4 A cos(c) sin(dx)

_B
T d d d

input LIntegrate [Cos[c + d*x]*(A + BxSec[c + d*x] + CxSecl[c + d*x]~2),x] J

N

‘B*x + (CxArcCoth[Sin[c + d*x]])/d + (A*Cos[d*x]*Sin[c])/d + (A*Cos[c]*Sin[ ‘

output \ d*x])/d \
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00,

number of rules _ 0.259, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4535, 24, 3042, 4533, 3042, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

l 3042

dz

/A+Bcsc (c+dz+7%)+Cosc(ct+dz+3)°
csc (c+dz+ %)

l 4535

/cos(c +dz) (Csec*(c+dz) + A) dz + B / ldx

| 24

/cos(c + dz) (C'sec®(c + dz) + A) dz + Bz

l3042

C dr+ )+ A

/ CSC(C+ x+2) + dx + Bx
csc(c—i—dx-l—%)
l4533
C’/sec(c—i—da:)d:c—l—W—i—Bw

l3042

Asi

C/csc(c+dx+72r)dx+sm(2+d$)+Bm

l 4257

Asin(c + dzx) + Carctanh(sin(c + dz))

g d + Bx

input‘ Int[Cos[c + d*x]*(A + BxSec[c + d*x] + CxSec[c + d*x]~2),x]
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output B*X *+ (CrArcTanh[Sin[c + dx]1)/d + (AxSin[c + d*x])/d

Defintions of rubi rules used

ruka24t1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4257

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)

+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] +

Simp[(C*m + Ax(m + 1))/(b"2*m) Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

rule 4533

rule 4535‘In‘c[(csc[(e_.) + (F_)*(x)I*(_.))"(@m_.)*((A_.) + cscl[(e_.) + (£_.)*(x_)]1*
‘(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + CxCsc[e + f*xx]~2)
, Xx] /; FreeQ[{b, e, £, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.37

(1+tan(d7z+§>2> (tan(ngrg)z—l)

method result
. . . . Asi B 1
derivativedivides sin(dz+c)+ (dx—l—c)-l—Cd n(sec(dz+c)+tan(dz+-c))
default A sin(d:z:+c)+B(dz+c)+C’dln(sec(dm+c) +tan(dz+-c))
. Bzd+C(—In(tan( 2 +<)—1)+In(tan( ZE+<)+1))+A sin(dz+c)
parallelrisch ( ( ( 2 2> ) ; ( ( 2 2> ))
: _ jAeildete) | jpe—ildete) | In(eldTHA4i)C In(efldrte) —4)C
risch Bx g — T 5 y y
4 2Atan(2E 4+ < 2Atan(9Z 4+ < 8
Bwtan(dg—l—%) —Bz— ’ (d2 +2>+ ‘ (d2 +2) Cln(tan(%—f-%)-’-l) Cln(tan(%—f-%)—l)
norman 4 — =

inputt

int (cos (d*x+c)* (A+Bxsec (d*x+c) +C*sec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

OutputLl/d*(A*sin(d*x+c)+B*(d*x+c)+C*1n(sec(d*x+c)+tan(d*x+c)))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.67

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ 2Bdz + Clog (sin (dz + ¢) + 1) — Clog (—sin (dz + ¢) 4+ 1) + 2 Asin (dz + ¢)

2d
input integrate (cos(d*x+c)* (A+Bxsec (d*x+c)+C*sec(d*x+c) ~2) ,x, algorithm="fricas"
)
output 1/2%(2+#Bxd*x + C*log(sin(d*x + c) + 1) - Cxlog(-sin(d*x + c) + 1) + 2*Axsi
n(d*x + c))/d




CHAPTER 3. LISTING OF INTEGRALS 426

Sympy [F]

/cos(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

= / (A + Bsec(c+ dz) + C'sec? (c + dz)) cos (c + dz) dz

input ‘ integrate (cos (d*x+c) * (A+B*xsec (d*x+c) +C*sec (d*x+c) *¥*2) ,x) ‘

output LIntegral((A + Bksec(c + d*x) + Cksec(c + d*x)**2)*cos(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.70

/cos(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 2(dz + ¢)B + C(log (sin (dz 4 ¢) + 1) — log (sin (dz + ¢) — 1)) + 2 Asin (dz + ¢)
- 2d

integrate(cos(d*x+c)* (A+B*sec (d*x+c)+C*ksec(d*x+c) ~2) ,x, algorithm="maxima"

)

input

1/2% (2% (d*x + c)*B + C*(log(sin(d*x + c) + 1) - log(sin(d*x + c) - 1)) + 2

output
*Axsin(d*x + c))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(27) = 54.

Time = 0.29 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.59

/cos(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2Ata.n(% dx—l—% c)

(dz+c)B+Clog (|tan (3 dz+1c) +1|) — Clog (tan (2 dz + 1¢) —1]) + (Lt lotit

- d
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input‘integrate(cos(d*x+c)*(A+B*sec(d*x+c)+C*sec(d*x+c)“2),x, algorithm="giac")

output} ((d*x + c)*B + C*log(abs(tan(1/2+d*x + 1/2%c) + 1)) - Cxlog(abs(tan(1/2*d*

\x + 1/2%c) - 1)) + 2%Axtan(1/2%d*x + 1/2%c)/(tan(1/2%d*x + 1/2%c)~2 + 1))/ \
d |

Mupad [B] (verification not implemented)

Time = 11.59 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.52

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

in( + )) ( in( + ))
oy 2Catanh cos(5+42) +Asm(c—|—dz)

""a “‘a

Cos (

ZBatan( )

= d + d d

input‘int(cos(c + d*x)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

output‘ (2%Bxatan(sin(c/2 + (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (2%Cxatanh(sin(c/2 + ‘
‘ (d*x)/2)/cos(c/2 + (d*x)/2)))/d + (A*sin(c + d*x))/d

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.81

/cos(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ —log(tan (£ 4+ £) — 1) c+log(tan (£ + £) + 1) c +sin (dz + ¢) a + be + bdz
d

input Lint (cos (d*x+c) * (A+B*sec (d*x+c) +C*sec (d*x+c) ~2) ,x) J

Output‘( log(tan((c + d*x)/2) - 1)*c + log(tan((c + d*x)/2) + 1)*c + sin(c + dx* ‘
(X)*ka + bkc + brd¥x)/d |
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3.60 [ cos?*(c+dzx) (A + Bsec(c + dz) + C'sec?(c + dz)) «

Optimal result . . . . . . . . . . . . e 428
Mathematica [A] (verified) . . . . . . . . . ... o 428]
Rubi [A] (verified) . . . .. . . ... .. 429
Maple [A] (verified) . . . . . . ... L 431
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 431
Sympy [F] . . o o 132
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1321
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 432
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 433
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 133

Optimal result

Integrand size = 29, antiderivative size = 42

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

Bsin(c + dx) + Acos(c + dzx) sin(c + dx)

1
= (A+20)z + y o]

-

1/2% (A+2%C) *x+B*sin (d*x+c) /d+1/2*A*cos (d*x+c) *sin (d*x+c) /d

~—

output L

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.31

/cos2(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

A(c+dx) 4 B cos(dz) sin(c) n B cos(c) sin(dz) n Asin(2(c + dz))

=Cr+——; d d 4d

input LIntegrate [Cos[c + d*x]~2*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x] J

‘C*x + (A*(c + d*x))/(2%d) + (B*Cos[d*x]*Sin[c])/d + (B*Cos[c]*Sin[d*x])/d |

output
+ (wSinf2x(c + d*0)1)/ (4%d) |
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00,

number of rules _ 0.207, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {3042, 4535, 3042, 3117, 4533, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cosQ(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

l 3042

/A+BCSC (c+dz+%) +C’csc(c—|—da:—|—%)2d
x
csc (c+dz + g)2

l 4535

/cosQ(c +dz) (Csec*(c+dz) + A) dz + B / cos(c + dz)dx

| 3042
C d )2 A
/ melrde ] 2+ dx+B/Sin<C+dx+7T>dx
csc (c+dz+ F) 2
| au17
csc (c+dw+g)2 d
l 4533
1(A+2C)/1dac+ Asin(c + dz) cos(c + dx) + Bsin(c + dz)
2 2d d
| 24
Astn(et de) cosle+do) 1 Bsin(c + dz)

2d d

-

input Int [COS [C + d*X] A2*(A + BxSec [c + d*X] + CxSec [C + d*X] A2),X]




output ‘ (
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(A + 2%C)*x)/2 + (B*Sin[c + d*x])/d + (A*Cos[c + d*x]*Sin[c + d*x])/(2%d)

Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 3117

rule 4533

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]1/d, x] /;
FreeQ[{c, d}, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] +
Simp[(C*m + Ax(m + 1))/(b"2*m) Int[(b*Cscle + f*x])~(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + Ax(m + 1), 0] && LeQ[m, -1]

rule 4535‘Int[(csc[(e_.) + (F_)*(x)I*x(M_.))"(m_.)*((A_.) + cscl(e_.) + (f_.)*(x_)]1*

‘(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Csc[e + f*x]) m*(A + CxCsc[e + f*xx]~2)

» x] /; FreeQ[{b, e, £, A, B, C, m}, x]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

method result
. Bisi Asin(2dz+2
risch % +Cz+ sm(;:z:-i—c) + s1n(4dx+ c)
. Asin(2dz+2c)+4B sin(dz+c)+2(A+2C)zd
parallelrisch a
cos(dz+c)sin(dz+c) | dx | c .
derivativedivides A( 2 +HE ) +Boinldoto)+ O+
d
cos(dz+c)sin(dz+c) | dx | ¢ .
default A<—2 +5+5 ) + B sin(dz+c)+C(dz+c)
d
A A dz_ c\2, (A dz e\t (A dz_ c\® 2‘““(%}*%)3 (A-2
(—5—C)x+(—5—0>xtan(7+§) +(5+C)ztan(7+§) +(5+C)wtan(7+§) + pi -
norman 5 .
(1+tan(d§+g> ) (tan(%+g> —1)

-

input Lint (cos (d*x+c) ~2* (A+B*sec (d*x+c)+Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE)

-/

output L1/2*A*X+C*X+B*sin(d*x+c) /d+1/4%A/d*sin (2xd*x+2%c) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.79

/cosQ(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dx

(A+2C)dzx + (Acos (dzx + c) +2 B)sin (dz + ¢)
2d

e B
‘ integrate(cos(d*x+c) “2* (A+B*sec (d*x+c) +C*sec (d*x+c) ~2) ,x, algorithm="frica ‘

‘Su) ‘

input

output L1/2*((A + 2*C)*d*x + (Axcos(d*x + c) + 2xB)*sin(d*x + c¢))/d J
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Sympy [F]

/cosz(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

= / (A+ Bsec(c+ dz) + Csec’ (c + dz)) cos® (c + dz) dx

input ‘ integrate (cos (d*x+c) **2x (A+Bxsec (d*x+c) +Cxsec (d*x+c) **2) ,x)

output LIntegral((A + Bxsec(c + d*x) + Cksec(c + d*x)**2)*cos(c + d*x)**2, x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

(2dx+2c+sin(2dz +2¢))A+4(dz + ¢)C + 4 Bsin (dz + ¢)
4d

-

integrate(cos (d*x+c) “2* (A+B*sec (d*x+c) +C*sec (d*x+c) ~2) ,x, algorithm="maxim

input
a n )

1/4%((2*%d*x + 2%c + sin(2*%d*x + 2%c))*A + 4*x(d*x + c)*C + 4*Bxsin(d*x + c)

output
)/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(38) = 76.

Time = 0.31 (sec) , antiderivative size = 86, normalized size of antiderivative = 2.05

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

2 (Atan(% dav—}-% c)3—2Btan(% dz—i—% c)B—Atan(% da:—i—% c)—2Btan(% dw—}-% c))

d A+2C) - 7
(CL’-|—C)( + C) (tan(%dﬂc-ﬁ-%c)Q—H)

2d
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integrate(cos(d*x+c) “2* (A+B*sec (d*x+c)+Cxsec(d*x+c) "2) ,x, algorithm="giac"

)

input

1/2%((d*x + c)*(A + 2*C) - 2% (Axtan(1/2*d*x + 1/2*c)”3 - 2xBxtan(1/2*d*x +
1/2*%c)~3 - Axtan(1/2%d*x + 1/2%c) - 2*Bxtan(1/2*%d*x + 1/2*c))/(tan(1/2*d*
X + 1/2%c)"2 + 1)°2)/4

output

Mupad [B] (verification not implemented)

Time = 11.90 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.81

/cos2(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

Az Asin(2¢+2dz) Bsin(c+dzx)
=5 TCOet 1d + d

input Lint(cos(c + d*x)"2%(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x) J

e

L(A*x)/2 + C*xx + (A*sin(2*c + 2*d*x))/(4*d) + (B*sin(c + d*x))/d

~—

output

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_cos (dz + ¢)sin (dz + ¢) a + 2sin (dz + ¢) b+ adx + 2cdx
B 2d

input ‘ int (cos (d*x+c) ~2* (A+B*sec (d*x+c) +C*sec (d*x+c) ~2) ,x) ‘

OutputL(cos(c + d¥x)*sin(c + d*x)*a + 2ksin(c + d*x)*b + akd¥x + 2kckd*x)/(2%d) J
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3.61 [ cos?(c+dzx) (A + Bsec(c + dz) + C'sec’(c + dz)) «

Optimal result . . . . . . . . . . . . e 434
Mathematica [A] (verified) . . . . . . . . . ... o 434
Rubi [A] (verified) . . . .. . . ... .. 435
Maple [A] (verified) . . . . . . ... L 437
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 138
Sympy [F] . . o o 438
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 138]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 439
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 439
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 4401

Optimal result

Integrand size = 29, antiderivative size = 56

/cos3(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

Bz N (A + C)sin(c + dz) N Bcos(c +dz)sin(c +dz)  Asin’(c + da)
2 d 2d 3d

N

)
| 1/2%B¥x+(A+C) *sin(d*x+c) /d+1/2%Bxcos (d*x+c) *sin(dxx+c) /d-1/3*Axsin(d*x+c) ™ |

\ 3/d ‘

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.95

/cos3(c + dz) (A + Bsec(c + dz) 4+ Csec’(c + dz)) dz

_ 6Bc+ 6Bdx + 3(3A + 4C) sin(c + dx) + 3B sin(2(c + dx)) + Asin(3(c + dz))
- 12d

input LIntegrate [Cos[c + d*x]~3*(A + BxSec[c + d*x] + C*Secl[c + d*x]~2),x] J
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t‘ (6%B*c + 6%B*d*x + 3*%(3*%A + 4xC)*Sin[c + d*x] + 3*BxSin[2%(c + d*x)] + AxS \

outpu
n3+(c + ax0)1)/(12+) J

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.04,

number of steps used = 10, number of rules used = 9, number of rules _ 0.310, Rules
integrand size

used = {3042, 4535, 3042, 3115, 24, 4532, 3042, 3492, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos3(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dx

l 3042

/A+BCSC (c+dz+ %) +C’csc(c—|—da:—|—%)2d
x
csc (c+dz + %)3

| 4535
/cos3(c + dz) (Csec*(c+ dz) + A) dz + B / cos?(c + dz)dz

l 3042

/Ccsc (c+dm+§)2+A

T 2
3 dx+B/sin<c+dw+) dr
csc(c-l—dx-l—%)

2

l 3115

c dz+ 1)’ + A 1 i
/ csc(c+dz+ %) 3-i- dx—i—B(f da:+51n(c+dm)cos(c+da:)>
csc (c+ dx + %) 2 2d

| 24

C de+7)°+ A i
/ csc(c+dz+ %) 3—i— dx+B<s1n(c+dm) cos(c + dx) 4 x)
csc (c+dr+ %)

2d 2

l 4532

/cos(c + dz) (Acos®(c + dz) + C) dz + B <Sln(c T da:)2((;os(c + dz) " i;)
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| 302
/Sin <c+ ot g) (Asin <c+ do g>2 N C) i+ B(sin(c+ dw)26clos(c+ dz) + ;)
| 3492
B <sin(c + dz) cos(c + dx) + a:) B [ (=Asin®*(c+ dz) + A+ C) d(—sin(c + dz))
2d 2 d
| 2009

sin(c + dz)cos(c+dz) =z 1 Asin3(c + dz) — (A + O) sin(c + dz)
B 2d t3)” a

e

input LInt [Cos[c + d*x]~3*(A + BxSec[c + d*x] + C*Secl[c + d*x]~2),x]

A J

t‘B*(x/z + (Cos[c + d*x]*Sin[c + d*x])/(2*d)) - (-((A + C)*Sin[c + d*x]) + (

outpu
LA*Sin[c + d*x]°3)/3)/d

\ _

Defintions of rubi rules used

ruk324tlnt[a-’ x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinfc + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]




rule 3492

rule 4532

rule 4535

input

output
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Int[sin[(e_.) + (£_.)*(x )] " (m_.)*((A_) + (C_.)*sin[(e_.) + (£_.)*(x_)1"2),
x_Symbol] :> Simp[-f~(-1) Subst[Int[(1 - x"2)"((m - 1)/2)*(A + C - C*x"2
), x], x, Cos[e + £*x]], x] /; FreeQ[{e, £, A, C}, x] && IGtQ[(m + 1)/2, 0]

Int[cscl(e_.) + (£_.)*(x_)]1 " (m_.)*(cscl[(e_.) + (£_.)*(x_)]1"2%(C_.) + (A_)),
x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sinl[e + f*x]~"(m + 2), x] /; FreeQl
{e, f, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && ILtQ[(m + 1)/2, 0]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.)) " (m_.)*((A_.) + cscl[(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*xx]~2)
, Xx] /; FreeQ[{b, e, £, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method result
parallelrisch 3Bsin(2dz+2c)+A sin(3dx+3102);-(9A+126’) sin(dz+c)+6Bzd

o A(2+°°s(d“’+§)2) sin(date) | B(cos(dw+c)2sin(dm+6>+d§+§)+c sin(da+c)
derivativedivides |

A2 d 2) sin(d. :
( ~+cos( z+;) )S (dz+c) +B<cos(dw+c)251n(dz+c)+d7z+%>+csin(dm+c)

default 3
risch ng + 3Asm(dm+c) + Cs1n(d:v+c) + Asin(3dz+3c) + Bs1n(2d:v+2c)

12d

6 (24—B+2C) tan(de-ﬁ—%)’r

2 Bwtan(de-ﬁ-%)s (2A—3B—6C)tan(

dz

2

+5)°

Bmtan(%’”+§) + - ———than(d’”+§> + 5 _

3d

norman

(1+tan<d7’+§)2>3 (tan(dzerc

2

)"-)

Lint(cos(d*x+c)”3*(A+B*sec(d*x+c)+C*sec(d*x+c)“2),x,method=_RETURNVERBUSE)

L1/12* (3*%Bksin (2*d*x+2%c) +A*sin (3*d*x+3%c) + (9%A+12%C) *sin (d*x+c) +6*Bxx*d) /d J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80

/ cos®(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ 3Bdz+ (2Acos(d:v—|—c)2+3Bcos(d:v—|—c) +4A+6C)sin(dz +c)
N 6d

integrate (cos(d*x+c) ~3* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="frica

input
SII)

output 1/6%(3*Bxd*x + (2%A*cos(d*x + c)~2 + 3*Bxcos(d*x + c) + 4%A + 6%C)*sin(d*x

+ ¢c))/d
Sympy [F]
/cosg(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz
= / (A + Bsec(c+ dz) + C'sec® (c + dz)) cos® (c + dz) dx
input Lintegrate (cos (d*x+c) **3* (A+B*sec (d*x+c) +C*xsec (d*x+c) *¥*2) , x) J
Outputtlntegral((A + Bxsec(c + d*x) + Cxsec(c + d*x)**2)*cos(c + d*x)**3, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.98

/COS3(C + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz =

4(sin(dz+c)3—3 sin (dz + ¢))A—3(2dz +2c+sin(2dz + 2¢)) B — 12Csin (dz + ¢)
12d
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input | ihtegrate(cos(d*x+c) "3% (A+B*sec(d*x+c)+Crsec(d*x+c)"2) ,x, algorithm="maxim
p all
output -1/12%(4*(sin(d*x + c)~3 - 3*sin(d*x + c))*A - 3*(2xd*x + 2*c + sin(2xd*x
+ 2xc))*B - 12*%C*sin(d*x + c))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(50) = 100.

Time = 0.30 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.46

/cos3(c + dz) (A + Bsec(c+dz) + Csec*(c + dz)) dz

2 <6Atan(% dz-l—% 0)5—3Btan(% da:—}-% c)5+60tan(% d:c—l—% c)5+4Atan(% d:c—i—% c)3+120tan(% dw—}-% c)3+6Atan(

3 (dZ' + C)B + (ta,n(l de+1 c)2+1>3

6d

integrate (cos(d*x+c) ~3* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="giac"

)

input

e N

1/6x(3*(d*x + c)*B + 2*x(6xAxtan(1/2*xd*x + 1/2%c)”5 - 3*Bxtan(1/2*xd*x + 1/2
*c)~5 + 6xCxtan(1/2*d*x + 1/2%c)”5 + 4dxAxtan(1/2*d*x + 1/2%c)~3 + 12*Cxtan
(1/2*d*x + 1/2*%c)"3 + 6*A*xtan(1/2*xd*x + 1/2%c) + 3*B*tan(1/2*d*x + 1/2*c)
+ 6*Cxtan(1/2xd*x + 1/2%c))/(tan(1/2*d*x + 1/2*c)~2 + 1)73)/d

output

Mupad [B] (verification not implemented)

Time = 11.37 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.18

/ cos®(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ Bx 4 2Asin(c+dx) n C sin(c+ dx)
2 3d d
B cos(c+dx) sin(c+dx) Acos(c+dx)’ sin(c+ dz)
" 2d " 3d
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input‘ int(cos(c + d*x)~3*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x) ‘

| (B#x)/2 + (2*A*sin(c + d*x))/(3*d) + (Cxsin(c + d*x))/d + (B*cos(c + d*x)*

output
\sin(c + d¥x))/(2%d) + (A*cos(c + d*x)~2*sin(c + d*x))/(3%d)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.98

/cos3(c+ dz) (A+ Bsec(c+ dz) + C'sec’(c+ dz)) dz
_3cos(dx+c)sin(dm+c)b—2sin(dw+c)3a+ﬁsin(dm+c)a+6sin(dx+c)c+3bdx

6d
input Lint (cos(d*x+c) ~3* (A+Bxsec (d*x+c)+C*sec (d*x+c) ~2) ,x) J
OUtPUt‘(s*COS(C + d*x)*sin(c + d*x)*b - 2*sin(c + d*x)**3%a + 6*sin(c + d*x)*a +

6*sin(c + d*x)*c + 3*b*xd*x)/(6%*d) ‘
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3.62 [ cos*(c+dz) (A + Bsec(c + dz) + C'sec’(c+ dx)) «

Optimal result . . . . . . . . . . . . e [441]
Mathematica [A] (verified) . . . . . . . . . ... o 441
Rubi [A] (verified) . . . .. . . ... .. 447
Maple [A] (verified) . . . . . . ... L 444
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 445
Sympy [F] . . o o 445
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1761
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 446
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 447
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 447

Optimal result

Integrand size = 29, antiderivative size = 88

/ cos*(c+ dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz

_ é(?’A +40)s + B s1n(2+ dz) 4 (34 +40C) cos(c8—cii— dx)sin(c + dx)
N Acos®(c + dz)sin(c+dz)  Bsin®(c+ dx)
4d 3d

p
\1/8*(3*A+4*C)*x+B*sin(d*x+c)/d+1/8*(3*A+4*C)*cos(d*x+c)*sin(d*x+c)/d+1/4*A

§
output ‘
L*cos (d*x+c) ~3*sin(d*x+c)/d-1/3*Bxsin(d*x+c) ~3/d J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.80

/cos4(c + dz) (A + Bsec(c +dz) + Csec*(c +dz)) dz

_ 36Ac+ 48cC + 36Adx + 48Cdx + 96 Bssin(c + dx) — 32Bsin®(c + dz) + 24(A + C) sin(2(c + dz)) + 3
B 96d

input Integrate[Cos[c + d*x]~4*(A + B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J
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t‘ (36%A*c + 48%c*C + 36*A*d*x + 48*Cxd*x + 96%B*Sin[c + d*x] - 32%BxSin[c +

outpu
Ld*x]"B + 24%(A + C)*Sin[2%(c + d*x)] + 3*A*Sin[4*(c + d*x)])/(96%d) J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.98,

number of steps used = 10, number of rules used = 9, number of rules _ 0.310, Rules
integrand size

used = {3042, 4535, 3042, 3113, 2009, 4533, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dx

l 3042

/A+BCSC (c+dz+ %) +C’csc(c—|—da:—|—%)2d
x
csc (c+dz + g)4

| 4535
/cos4(c + dz) (Csec*(c+ dz) + A) dz + B / cos(c + dz)dz

l 3042

c dr+ ™)+ A
/ csc(c+dz+75)" + i

3
7 +B/sin<c+dw+) dr
csc(c-l—dx-l—%)

2

l 3113

/ Cesc(c+dz + %)2 + Ad B [ (1 —sin?(c + dz)) d(—sin(c + dz))
.’B L—
csc (c+dm+%)4 d

l 2009

/Ccsc (c+dz+ %)2+Ad B(3 sin®(c+ dz) — sin(c + dz))
x —_—
csc (c+dm+g)4 d

l 4533

1 4 Asin(c + dz) cos3(c + dz) B B(3 sin3(c+ dz) — sin(c + dz))

1 2
4(3A+4C’)/cos (c+dz)dx i g
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l 3042

2 : 3
i(3A+4C)/sin <c+dw+g> do + Asin(c + dz) cos®(c +dz)

4d
B(3sin3(c + dz) — sin(c + dz))

d
| 3115
1 J1dz  sin(c+ dz) cos(c + dx) Asin(c + dz) cos3(c + dz)
B(3sin3(c + dz) — sin(c + dz))
d
| 24
1 sin(c + dz)cos(c+dz) « Asin(c + dz) cos®(c + dx)
B(3sin3(c+ dz) — sin(c + dz))
d

input LInt [Cos[c + d*x]~4*(A + BxSec[c + d*x] + C*Secl[c + d*x]~2),x]

output‘/(A*Cos [c + d*x]~3*Sin[c + d*x])/(4*d) + ((3*A + 4*C)*(x/2 + (Cos[c + d*x]=*
‘Sin[c + dx*x])/(2%d)))/4 - (Bx(-Sin[c + d*x] + Sin[c + d*x]"3/3))/4d

Defintions of rubi rules used

N

ruka24‘Int[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rukaQOOQLInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘1111" [u_, x_Symbol] :> Int[DeactivateTrig[u, x], x] /; FunctionOfTrigOfLinear ‘

\Q[u, x]




rule 3113

rule 3115

rule 4533

rule 4535
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Int[sin[(c_.) + (d_.)*(x))17(n)), x_Symbol] :> Simp[-d”(-1)  Subst[Int[Exp
and[(1 - x"2)"((n - 1)/2), x], x], x, Cos[c + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQ[(n - 1)/2, 0]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2xn]

Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f*x])"m/(f*m)), x] +
Simp[(C*m + Ax(m + 1))/(b"2*m) Int [(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), O] && LeQ[m, -1]

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*x(A + CxCsc[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.72

norman

method result
. 24(A+C) sin(2dz+2c)+8 B sin(3dz+3c)+3 A sin(4dz+4c)+72B sin(dz+c) +36zd (A+ %)
parallelrisch
96d
. 3Azx Cz 3Bsin(dz+c) Asin(4dz+4c) B sin(3dz+3c) Asin(2dz+2c) sin(2dz+2¢)C
risch g T2 1 4d + 324 + 12d + id + 4d
cos(dz+c)3+w sin(dz+-c) B(2+cos(dz+ )2 in(dz+c) .
A ( ( 42 ) +%+% n ( cos(dz ;: ) sin(dz+c +C(Cos(dx+c)2sm(dm+c) +d7m+§)
derivativedivides 7
cos(dz+c)3+m2(m sin(dz+-c) B( 2+ (dz+c)2 in(dz+c) :
A ( ( ; ) +%+% n ( cos ‘ ) s +C<cos(dz+c)2sm(dz+6) +d7z+%)
default y
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input ‘ int (cos (d*x+c) ~4* (A+B*sec (d*x+c) +Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) ‘

‘ 1/96% (24* (A+C) *sin (2*%d*x+2*c) +8*B*sin (3*xd*x+3*c) +3*A*xsin (4*d*x+4*c) +72*B*s \

output
\ in (d*x+c)+36%x*d* (A+4/3%C)) /d \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.74

/0034(0 + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

3(3A+4C)dr + (6 Acos (dr +c)* + 8 Bceos (dz +¢)* + 3 (3 A+ 4C) cos (dz + ¢) + 16 B) sin (dz + ¢
24d

e N

integrate(cos(d*x+c) “4* (A+B*sec (d*x+c) +C*sec (d*x+c)~2) ,x, algorithm="frica

input
Sll)

1/24% (3% (3%A + 4*C)*d*x + (6xAxcos(d*x + c)~3 + 8*Bxcos(d*x + c)~2 + 3*(3*
A + 4xC)*cos(d*x + c) + 16%B)*sin(d*x + c))/d

N\ J

output

Sympy [F]

/cos4(c + dz) (A + Bsec(c+ dz) + Csec*(c + dz)) dz

= / (A+ Bsec(c+ dz) + Csec’ (c+ dz)) cos* (c + dz) d

inputLintegrate(COS(d*X+C)**4*(A+B*Sec(d*X+C)+C*SeC(d*x+c)**2),x) J

ou‘cputtlntegral((A + Bksec(c + d*x) + Cxsec(c + d*x)**2)*cos(c + d*x)**4, x) J




input

output

input

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.88

/cos4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

3(12dz +12c+sin(4dz +4c¢) + 8 sin (2dz + 2¢))A — 32 (sin (dz 4 ¢)® — 3 sin (dz +c))B +24(24d:

96d

integrate (cos(d*x+c) ~4* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="maxim
all)

e N

1/96% (3% (12%d*x + 12%c + sin(4*xd*x + 4*c) + 8*sin(2*d*x + 2*c))*A - 32x(si
n(d*x + c)~3 - 3*sin(d*x + c))*B + 24%(2xd*x + 2*c + sin(2*d*x + 2*c))*C)/
d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(80) = 160.

Time = 0.35 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.27

/cos4(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

3(dr+c)(3A+4C) —

2 (15Atan(% da:—i—% 0)7—24Btan(% da:—}-% c)7+120’tan(% dz-l—% 0)7—9Atan(% dz—}-% c)5—4OBtan(% dz-

integrate (cos(d*x+c) ~4* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="giac"

)

1/24* (3% (d*x + c)*(3*%A + 4%C) - 2x(15%Axtan(1/2*d*x + 1/2%c)”7 - 24*Bxtan(
1/2*xd*x + 1/2%c)”7 + 12*%Cxtan(1/2*d*x + 1/2%c)”7 - 9*Axtan(1/2*xd*x + 1/2%c
)75 — 40*Bxtan(1/2*d*x + 1/2*c)”5 + 12*Cxtan(1/2*d*x + 1/2*c)”5 + 9*Axtan(
1/2*%d*x + 1/2%c)~3 - 40*Bxtan(1/2*d*x + 1/2%c)”~3 - 12+Cxtan(1/2%d*x + 1/2%
c)"3 - 15kAxtan(1/2*d*x + 1/2%c) - 24*Bxtan(1/2%d*x + 1/2%c) - 12*Cxtan(1/
2xdxx + 1/2%c))/(tan(1/2*d*x + 1/2%c)”2 + 1)74)/d
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Mupad [B] (verification not implemented)

Time = 11.24 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.92

/COS4(C—|— dz) (A + Bsec(c+ dz) 4+ Csec’(c+ dz)) dz
3Az Cz Asin(2c+2dz) Asin(dc+4dx)
= +—+ +

8 2 4d 32d
Bsin(3c+3dx) 4 Csin(2c+2dx) + 3B sin(c+dx)
12d 4d 4d

/

int(cos(c + d*x)~4x(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

~—

input L

Output‘(B*A*x)/S + (C*x)/2 + (A*sin(2%c + 2%d*x))/(4xd) + (A*xsin(4*c + 4%d*x))/(3
(2¢d) + (B¥sin(3xc + 3#d*x))/(12*%d) + (Cksin(2%c + 2%d*x))/(4*d) + (3+B*sin
(c + d*x))/(4%d)

N\ J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.94

/cos4(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_ —6cos(dz + ¢)sin (dz +¢)’ a + 15 cos (dz + ¢) sin (dz + ¢) a + 12 cos (dz + ¢) sin (dz + ¢) ¢ — 8sin (dz
B 24d

input Lint (cos(d*x+c) ~4* (A+B*sec (d*x+c)+Cxsec (d*x+c) ~2) ,x) J

‘ ( - 6xcos(c + d*x)*sin(c + d*x)**3*a + 16%cos(c + d*x)*sin(c + d*x)*a + 12 ‘
\*cos(c + d*x)*sin(c + dxx)*c - 8*sin(c + dxx)**3%b + 24xsin(c + d*x)*b + 9 \
‘*a*d*x + 12%c*d*x) / (24%d) ‘

output
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3.63 [ cos®(c+dzx) (A + Bsec(c + dz) + C'sec’(c + dz)) «

Optimal result . . . . . . . . . . . . e 448
Mathematica [A] (verified) . . . . . . . . . ... o 148]
Rubi [A] (verified) . . . .. . . ... .. 449
Maple [A] (verified) . . . . . . ... L 152
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 152
Sympy [F] . . o o 453l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 53]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 454
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 454
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 455

Optimal result

Integrand size = 29, antiderivative size = 98

/cosS(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz
3Bx n (A + C)sin(c + dz) N 3B cos(c + dz) sin(c + dx)

8 d 8d
N Bcos’(c+dz)sin(c +dz) (24 + C)sin’(c +dz) N Asin®(c + dzx)
4d 3d 5d

‘ 3/8*Bxx+ (A+C) *sin (d*x+c) /d+3/8*B*cos (d*x+c) *sin(d*x+c) /d+1/4*B*cos (d*x+c)” ‘
3xsin(d*x+c)/d-1/3%(2*A+C) *sin(d*x+c) “3/d+1/5*Axsin(d*x+c)~5/d

N J

output

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.89

/0035(0 + dz) (A + Bsec(c+ dz) + Csec*(c + dz)) dz

_ 180Bc + 180Bdx 4 60(5A + 6C) sin(c 4 dz) + 120B sin(2(c + dz)) 4+ 50A sin(3(c 4 dz)) 4 40C sin(3(
a 480d

input Integrate[Cos[c + d*x]~5*(A + B*Sec[c + d*x] + CxSecl[c + d*x]~2),x] J
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t‘ (180*%B*c + 180*Bkxd*x + 60*(5*A + 6*C)*Sin[c + d*x] + 120%B*Sin[2*(c + d*x)
\] + 50*%A*Sin[3*(c + d*x)] + 40*%C*Sin[3*(c + d*x)] + 15%B*Sin[4*(c + dx*x)]
\+ 6xA*Sin[5%(c + d*x)])/(480%d)

outpu

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.03,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 414 Ryes
integrand size

used = {3042, 4535, 3042, 3115, 3042, 3115, 24, 4532, 3042, 3492, 290, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cos5(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

l 3042

/A+Bcsc (c+dz+ %) +Ccsc(c+dz+g)2d
XL
csc (¢ + dz + g)s

| 4535
/cos5 (¢ + dz) (Csec*(c + dz) + A) dz + B / cos*(c + dz)dz

l 3042

/Ccsc (c—l—dx—i—%)Q—i-A
2

T\ 4
E d:c+B/sin<c+dw+> dr
csc(c+dw+%)

l 3115

/Ccsc(c+dac+g)2+A

: 3
=——dz+ B <3 /cos2(c + dz)dz + sin(e + dz) cos™(c + dm))
csc (c+dz+ %) 4

4d

l 3042

C dz+7)+ A 2 ; 3
/ csc(c+dz+ %) 5-1— d:c+B<3/sin<c+d:L‘+7T> dw+s1n(c+dx)cos (c+dm)>
csc (c+ dz + %) 4 2 4d

l 3115
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/C’csc (c+dm+§)2+Adw+

csc (c+ dz + §)5
B 3 ([ ldz L sin(c + dz) cos(c + dx) + sin(c + dz) cos®(c + dx)
4 2 2d 4d
| 24

/C'csc (c+dz+ %)2+A
ese (¢ —|- dzr + )5
B sin(c + dz) cos3(c + dx) 43 sm(c + dz) cos(c + dx) L Z
4d 4 2d 2

dx +

l 4532

/cos3 (c+ dz) (Acos’(c +dz) + C) dz +

B sin(c + dz) cos?(c + dx) 43 3 (sin(c + dzx) cos(c + dx) Lz
4d 4 2d 2

l_3042

. T\ 3 . T\ 2
/31n<c+dw+2) (A31n<c+da:+2> +C>dx+
B sin(c + dz) cos3(c + dz) 43 3 (sin(c + dx) cos(c + dx) 42
4d 4 2d 2

l 3492

B sin(c + dz) cos3(c + dz) 4 3 <sin(c + dz) cos(c + dz) + ;)) 3

4d 4 2d
[ (1 —sin?*(c + dz)) (—Asin?(c + dz) + A + C) d(—sin(c + dz))

d

| 290

sin(c + dx) cos®(c+dzx) = 3 (sin(c+dz)cos(c+dz) =
B( 4d +4< 2d '+2>)_
[ (Asin*(c + dz) — (24 + C)sin?(c + dz) + A(§ + 1)) d(—sin(c + dz))

d

l 2009

B(sm c+dx) cos3(c + dz) 4 3<sin(c+dzr:) cos(c + dx) + ;)) 3
1
5

4 2d
(24 + C) sin (c +dz) — (A + C)sin(c + dz) —  Asin®(c + dz)
d
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input‘Int[Cos[c + dxx] “5%(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x]

output‘—((_((A + C)*Sin[c + d*x]) + ((2*A + C)*Sin[c + d*x]~3)/3 - (A*Sin[c + d*x
\]*5)/5)/d) + Bx((Cos[c + d*x]~3*Sin[c + d*x])/(4*d) + (3%(x/2 + (Cos[c + d \
x]*Sinlc + dxx])/(2+d)))/4)

Defintions of rubi rules used

ruka24tlnt[a—’ x_Symbol] :> Simpl[a*x, x] /; FreeQla, x] J

290\Int[((a_) + (b_)*(x_)"2)"(p_.)*((c_) + (@_.)*(x_)"2)"(q_.), x_Symbol] :> I
‘nt[ExpandIntegrand[(a + b*x~2)"p*(c + d*x~2)"q, x], x] /; FreeQ[{a, b, c, d
\}, x] && NeQ[b*c - axd, 0] && IGtQ[p, 0] && IGtQlq, O]

rule

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

1rul63042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n)  Int[(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]

rule 3499 Intlsinl(e_.) + (£_)*x17(@_)*((AD) + (C_.)*sin[(e_.) + (£_.)*(x1)]172),
x_Symbol] :> Simp[-£f~(-1) Subst[Int[(1 - x"2)"((m - 1)/2)*(A + C - C*x"2
), x], x, Cosle + £f*x]], x] /; FreeQ[{e, £, A, C}, x] && IGtQ[(m + 1)/2, 0]

e 4539 Ttlescle ) + (£_)*(x1~(m_)*(esclle ) + (F_)*(x)1"2¢(C_.) + (A))),
‘ x_Symbol] :> Int[(C + A*Sin[e + f*x]~2)/Sin[e + f*x]~"(m + 2), x] /; FreeQl
‘{e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && ILtQ[(m + 1)/2, O] \
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rule 4535‘Int[(csc[(e_.) + (F_D)*xDI*(M_.)) " (m_.)*((A_.) + cscl(e_.) + (f_.)*x(x_)]* ‘
(B_.) + cscle_.) + (£_.)%(x_)172%(C_.)), x_Symbol]l :> Simp[B/b Int[(b*Cs |
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2) ‘
, x] /; FreeQ[{b, e, f, A, B, C, m}, x] |

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.81

method result

(50A44-40C) sin(3dx+3c)+120B sin(2dx+2¢)+15B sin(4dz+4c)+6 A sin(5dz+5¢)+(300A44-360C) sin(dz+c)+180Bx
480d

2
A <%+cos(dm+c)4+ w) sin(dz+c) ( (cos(d:v+c)3 + 8 cos(da+tc) cos(;lz+c) ) sin(dz+-c)
+B

parallelrisch

5

C 2+cos(dm+c)2) sin
3dx | 3c (
+ - + 8) + — 3

derivativedivides

d
2
A<%+605(dz+c)4+%> sin(dz+c) (Cos(dm+c)3+3005(dw+c)) sin@rte) o\ o(24con(dato)?) sn
5 +B 1 B R i R A
default |
: 3Bz 5Asin(dz+c) 3C'sin(dz+c) Asin(5dz+5c) B ssin(4dz+4c) 5Asin(3dz+3c) sin(3dz+3c)
risch s + 8d + 4d + 80d + 32d + 484 + 12d
3B 3than(d7w+%)2 15than(d7w+%)4 1sthan(d7w+g)8 3than(d7$+%)10 3than(d7w+%)12 (8A—9B+
norman _ 8 — 2 — 8 + 8 + 2 + 8 —

input Lint (cos (d*x+c) ~5* (A+B*sec (d*x+c) +Cxsec (d*x+c) ~2) ,x,method=_RETURNVERBOSE) J

‘ 1/480%* ((50%A+40*C) *sin (3*d*x+3*c)+120*%B*sin (2*d*x+2%c)+15*B*sin (4*d*x+4*c) \

output
\ +6%A*sin (5*d*x+5%c) +(300%A+360%C) *sin (d*x+c)+180%Bxx*d) /d \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.74

/cos5(c + dz) (A + Bsec(c + dz) + Csec*(c + dz)) dz

_ 45 Bdz + (24 A cos (dz + ¢)* + 30 Bcos (dz + ¢)® + 8 (4 A+ 5C) cos (dz + ¢)* + 45 B cos (dz + c) + 6
- 120d
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integrate(cos(d*x+c) “5*% (A+B*sec (d*x+c)+Cxsec(d*x+c) "2) ,x, algorithm="frica

input
S")

1/120% (45*%Bxd*x + (24*A*cos(d*x + c)~4 + 30*Bxcos(d*x + c)~3 + 8*%(4*A + 5%

output
C)*cos(d*x + c)~2 + 45%B*cos(d*x + c) + 64*A + 80*C)*sin(d*x + c))/d

Sympy [F]

/cos5(c + dz) (A + Bsec(c + dz) + Csec*(c+ dz)) dz

= / (A + Bsec(c+ dz) + Csec? (c + dz)) cos® (c + dz) dx

p
Lintegrate(cos(d*x+c)**5*(A+B*sec(d*x+c)+C*sec(d*x+c)**2),x)

-/

input

OutputLIntegral((A + Bxsec(c + d*x) + C*sec(c + d*x)**x2)*cos(c + d*x)**5, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.91

/coss(c + dz) (A + Bsec(c+dz) + Csec*(c +dz)) dz

_ 32(3sin(dz + )’ — 10 sin (dz + ¢)’ + 15 sin (dz + ¢)) A+ 15 (12dz + 12c + sin (4 dz + 4c) + 8 sin (_
B 480d

‘integrate(cos(d*x+c)‘5*(A+B*sec(d*x+c)+C*sec(d*x+c)‘2),x, algorithm="maxim ‘

input‘a")

|1/480%(32% (3*sin(d*x + c)°5 - 10%sin(d#x + c)~3 + 16ksin(dx + c))*A + 15%
\ (12%d*x + 12%c + sin(4*d*x + 4%c) + 8*sin(2kd*x + 2%c))*B - 160*(sin(d*x + \
\ c)~3 - 3xsin(d*x + c))*C)/d

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 222 vs. 2(88) = 176.

Time = 0.34 (sec) , antiderivative size = 222, normalized size of antiderivative = 2.27

/cos5(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

2 120Atan(ldx+lc)9—75Btan(ldz+lc)9+1200tan(ldz+lc)9+160Atan(ldx+l0)7—3OBtan(ldz+lc)7—
45 (dCIJ+C)B + ( 2 2 2 2 2 2 2 2 2 2

input ‘ integrate(cos(d*x+c) ~5* (A+B*sec (d*x+c)+C*xsec (d*x+c) "2) ,x, algorithm="giac" ‘

N J

1/120%(45% (d*x + c)*B + 2*x(120*%Axtan(1/2*d*x + 1/2*c)”9 - 75*Bxtan(1/2*d*x
+ 1/2*%c)”9 + 120*%Cxtan(1/2*d*x + 1/2*c)”9 + 160*Axtan(1/2*d*x + 1/2%c)”7
- 30*Bxtan(1/2xdxx + 1/2%c)”7 + 320*%Cxtan(1/2xd*xx + 1/2%c)”7 + 464*Axtan(1
/2%d*x + 1/2%c)”5 + 400*Cktan(1/2*d*x + 1/2*c)”~5 + 160*A*tan(1/2*d*x + 1/2
*c) "3 + 30*Bxtan(1/2*d*x + 1/2%c)"3 + 320*Cxtan(1/2*d*x + 1/2%c)"3 + 120*A
*tan(1/2xdxx + 1/2%c) + 75%Bxtan(1/2*d*x + 1/2%c) + 120*%C*tan(1/2*d*x + 1/

2%c))/(tan(1/2*d*x + 1/2*%c)~2 + 1)°5)/d

output

Mupad [B] (verification not implemented)

Time = 11.56 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.06

/ cos’(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

3Bz  5Asin(3c+3dx)  Asin(5¢c+5dx) Bsin(2c+2dx)

8 + 48d 80d 4d
Bsin(4dc+4dz) Csin(3c+3dz) b5Asin(c+dzx) 3Csin(c+dx)

32d 12d 8d 4d

input‘ int (cos(c + d*x)~5%(A + B/cos(c + d*x) + C/cos(c + d*X)AQ),x)
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output‘(s*B*x)/s + (5xAxsin(3*c + 3*d*x))/(48*d) + (A*sin(5*c + 5*d*x))/(80%d) +
\(B*sin(z*c + 2%d*x))/(4%d) + (Bksin(4*c + 4*d*x))/(32%d) + (Cksin(3%c + 3% \
\d*x))/(m*d) + (BxAxsin(c + d*x))/(8*d) + (3*Cksin(c + d*x))/(4x*d) \

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.96

/cos5(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

_ —30cos (dx + c) sin (dz + ¢)® b+ 75 cos (dz + ¢) sin (dz + ¢) b+ 24 sin (dz + ¢)° a — 80sin (dz + ¢)® a -
B 120d

p
Lint(cos(d*x+c)“5*(A+B*sec(d*x+c)+C*sec(d*x+c)“2),x)

input

| —

‘( - 30*cos(c + d*x)*sin(c + d*x)**x3*%b + 75*cos(c + d*x)*sin(c + d*x)*b + 2
‘4*sin(c + d*x)*x5%a — 80*sin(c + d*x)*%3%a - 40%sin(c + d*x)**3%c + 120%si \
‘n(c + d*x)*a + 120%sin(c + d*x)*c + 45%bkd*x)/(120%d)

output
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3.64 [ cos®(c+dzx) (A + Bsec(c + dz) + C'sec’(c + dz)) «

Optimal result . . . . . . . . . . . . e 456
Mathematica [A] (verified) . . . . . . . . . ... o 57l
Rubi [A] (verified) . . . .. . . ... .. 457
Maple [A] (verified) . . . . . . ... L 460
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 46T
Sympy [F(-1)] . . o oo 461
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 46Tl
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 462
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 463
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 163

Optimal result

Integrand size = 29, antiderivative size = 132

/ cos’(c + dz) (A + Bsec(c+ dz) + C'sec’(c + dz)) dz
Bsin(c + dx) + (A + 6C) cos(c + dzx) sin(c + dx)

16(5A-|-66’) T+ y 164
(5A + 6C) cos®(c + dz) sin(c + dx)
+ 24d
N Acos®(c + dz)sin(c+dz)  2Bsin’(c+dx) N Bsin®(c + dx)
6d 3d 5d

\ 1/16* (5xA+6*C) *x+Bxsin (d*x+c) /d+1/16* (5*%A+6%C) *cos (d*x+c) *sin (d*x+c) /d+1/2 \
‘4*(5*A+6*C)*cos(d*x+c) ~3*sin(d*x+c)/d+1/6*A*cos (d*x+c) ~5*sin(d*x+c)/d-2/3% ‘
‘B*31n(d*x+c) 3/d+1/5*B*sin(d*x+c) ~5/d ‘

output
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Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.77

/coss(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz
_ 960Bsin(c + dx) — 640B sin®(c + dx) + 192B sin®(c + dz) + 5(60Ac + 72cC + 60Adx + 72Cdx + (45.

960d
input‘ Integrate[Cos[c + d*x]“6*(A + BxSec[c + d*x] + C*Sec[c + d*x]~2),x] ‘
output} (960#B*Sin[c + d*x] - 640%B#Sin[c + d*x]~3 + 192#B#Sin[c + d*x]°5 + 5x(60%
\A*c + T2%c*C + B0%Akdxx + 72*Cxdxx + (45%A + 48*C)*Sin[2%(c + d*x)] + (9%A \
L + 6%C)*Sin[4%(c + d*x)] + A*Sin[6x(c + d*x)1))/(960%d) J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.94,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.379, Rules

used = {3042, 4535, 3042, 3113, 2009, 4533, 3042, 3115, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cosG(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

l 3042

dz

/A+Bcs0(c+d:c+§) +Cesclc+de+13)°
csc (c—i—dm-l- %)6

| 4535
/cosG(c +dz) (Csec*(c+dz) + A) dz + B / cos’(c + dz)dz

l 3042

/C’csc (c+da:+%)2+A
2

dm+B/sin<c+dm+7r)5da:
csc (c+dx+ %)6
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l 3113

/ Cesc(c+dz + %)2 + Ad B [ (sin*(c + dz) — 2sin?(c + dz) + 1) d(— sin(c + dz))
w —
csc (c+da:+%)6 d

l 2009

/ Ccsc(c+dz + %)2 + Ad B(—4 sin®(c + dz) + 2 sin®(c + dz) — sin(c + dz))
w P—
csc (c+dac+%)6 d
| 4533

1 " Asin(c + dz) cos®(c + dx)
6(5A—|-60)/cos (c+dz)dx + 6d

B(—#sin®(c + dz) + 2sin®(c + dz) — sin(c + dz))

d
| 3042
1 ) m\4 Asin(c + dz) cos®(c + dz)
6(5A+60)/s1n<c+dw+2) dz + 6d -
B(—4 sin(c + dz) + 2sin®(c + dz) — sin(c + dz))
d
| 3115
1

i 3
S(54+6C) (i [ cost(c-+ dwyia + in(e +da) eos(e + dm)) N

Asin(c + dz) cos®(c + dx) 3 B(—%sin®(c + dz) + 2 sin3(c + dz) — sin(c + dz))

6d d
| 3042
1 3 [ . T\ 2 sin(c + dz) cos3(c + dz)
6(5A+6C’) <4/sm<c+dac+2) dx + i +
Asin(c + dz) cos®(c + dx) B B(—1sin®(c + dz) + 2sin®(c + dz) — sin(c + dz))
6d d
| 3115
1 3/ [1dx sin(c+ dz)cos(c+ dx) sin(c + dz) cos®(c + dx)
L v o0y (3( Ll , sl delonte ) | s dmonsc 1))
Asin(c + dz) cos®(c + dz)  B(—3 sin®(c + dz) + Fsin®(c + d) — sin(c + dx))
6d d

| 24
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1 sin(c + dz) cos®(c+dz) 3 (sin(c+ dx)cos(c+dx) =
6(5A+6C’)< o +5 o +3))+
Asin(c + dz) cos®(c +dz) B(—%sin®(c + dz) + 2 sin3(c + dz) — sin(c + dz))

6d d

input‘ Int[Cos[c + d*x]~6x(A + BxSec[c + d*x] + CxSec[c + d*xx]~2),x]

outpu

t} (A*Cos[c + d*x]~5%Sin[c + d*x])/(6%d) - (B*(-Sin[c + dxx] + (2*Sin[c + d*x

1°3)/3 - Sin[c + d*x]~5/5))/d + ((6%A + 6%C)*((Cos[c + d*x]~3*Sin[c + d*x]
)/ (4xd) + (3*(x/2 + (Cos[c + d*x]*Sin[c + d*x])/(2%d)))/4))/6

Defintions of rubi rules used

rule 24L1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, xI1, x] /; SumQ[u]

rule 3042

rule 3113

rule 3115

/

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
and[(1 - x"2)~((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b™2%((n - 1)/n) Int[(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2#n]




rule 4533

rule 4535

input

output
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Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((b*Cscl[e + f*x])"m/(f*m)), x] +
Simp[(C*m + A*x(m + 1))/(b"2*m) Int [(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), O] && LeQ[m, -1]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*x(A + CxCsc[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.72

method result

(225A+4-240C) sin(2dz+2¢)+(45A+30C) sin(4dz+4¢)+100B sin(3dz+3c)+12B sin(5dz+5¢)+5A sin(6dzx+6¢) 46001

parallelrisch 960d

6 5

3 2
<cos(dz+6)5+ 5 Cos(tim-kc) + 15 COS(de+C) > sin(dz+-c) B <%+cos(dz+c)4+ 4cos(dote)” COS(‘?H_C) )
A +8de 4 5e |4
16 16

derivativedivides i

4 2
54 _3C 454 _ 27C dz | ¢ 254 _ 15C dz | ¢ 254 _ 15C
(_ 16 8 )‘H'(_ 16 8 )‘”tan(?+§) +(_ 16 8 )wtan(7+§) +(_ 16

3 2
<cos(dz+c)5+ 5 cos((inrc) + 15 COS(8d1+c) > sin(dz+-c) B <%+cos(dw+c)4+ M) sin(dz+-c)
A 5 e 5 +C
default
d
. 5Ax 3Cz 5B sin(dz+-c) A sin(6dz+6c) B sin(5dz+5c) 3Asin(4dz+4c) sin(4dz+4c)C
risch 16 T8 T 8d + " 1a T 80d + 64d +

norman

Lint (cos (d*x+c) “6* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x,method=_RETURNVERBOSE)

J

‘1/960*((225*A+240*C)*sin(2*d*x+2*c)+(45*A+30*C)*sin(4*d*x+4*c)+100*B*sin(3
\*d*x+3*c)+12*B*sin(5*d*x+5*c)+5*A*sin(6*d*x+6*c)+600*B*sin(d*x+c)+300*x*d*
| (a+6/5%C)) /d

sin(dz+-c)
+C

Jrm(t45)"+ (&
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.70

/coss(c + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

_15(5A+6C)dz + (40Acos(dw+c)5—|—4SBcos(dx—|—c)4+10 (5 A4 6C)cos (dz + c)® + 64 B cos (d
B 240d

integrate (cos(d*x+c) ~6* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="frica

input
SII)

1/240*% (15%(5%A + 6*C)*d*x + (40*A*cos(d*x + c)~5 + 48*Bxcos(d*x + c)~4 + 1
0% (5%A + 6%C)*cos(d*x + c)~3 + 64%Bxcos(d*x + c)~2 + 15x(5%A + 6%C)*cos(d*
X + ¢c) + 128+B)*sin(d*x + c))/d

output

Sympy [F(-1)]

Timed out.

/ cos’(c + dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz = Timed out

input Lintegrate (cos (d*x+c) **x6x (A+B*sec (d*x+c) +Cksec (d*x+c) **2) ,x) J

OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.87

/cose(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) do =

5(4 sin (2dz +2¢)* —60dz — 60c — 9 sin (4dz + 4¢) — 48 sin (2dz + 2¢)) A — 64 (3 sin (dz + ¢)°
960




input

output

input

output
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integrate(cos(d*x+c) “6* (A+B*sec (d*x+c)+Cxsec(d*x+c) "2) ,x, algorithm="maxim
a“

-1/960% (5% (4*sin(2*%d*x + 2%c)~3 - 60*d*x - 60*c - 9*sin(4*d*x + 4*xc) - 48x%
sin(2*d*x + 2*c))*A - 64*(3*sin(d*x + c)~5 - 10*sin(d*x + c)~3 + 15*xsin(dx*
X + c))*B - 30*%(12*d*x + 12%c + sin(4*d*x + 4*xc) + 8*sin(2*d*x + 2*c))*C)/
d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 284 vs. 2(120) = 240.

Time = 0.33 (sec) , antiderivative size = 284, normalized size of antiderivative = 2.15

/COSG(C + dz) (A + Bsec(c + dz) + C'sec’(c + dz)) dz

2 165Atan(lda:+lc)11—24OBtan(lda:+lc)ll+15OCtan(ldz+lc)11—25Atan(lda:+l0)9—5605
15 (dz+¢)(5 4+ 6C) — 2\ hast it hl et

integrate(cos(d*x+c) ~6* (A+B*sec (d*x+c)+C*sec (d*x+c) "2) ,x, algorithm="giac"

)

1/240%(15*%(d*x + c)*(5*%A + 6*%C) - 2% (165%A*tan(1/2*d*x + 1/2%c)~11 - 240*B
*tan(1/2xd*x + 1/2%c)”~11 + 150*%Cxtan(1/2*d*x + 1/2%c)”~11 - 25*%Axtan(1/2*dx*
X + 1/2%c)”9 - 560*Bxtan(1/2*d*x + 1/2%c)~9 + 210*Cxtan(1/2*d*x + 1/2%c)~9
+ 450*Axtan(1/2%d*x + 1/2%c)”7 - 1248#Bxtan(1/2*d*x + 1/2*c)”~7 + 60*Cxtan
(1/2*%d*x + 1/2*c)”7 - 450*Axtan(1/2*d*x + 1/2%c)”5 - 1248*Bxtan(1/2*d*x +

1/2%c)"5 - 60*Cxtan(1/2*d*x + 1/2*%c)”5 + 25xAxtan(1/2*d*x + 1/2*c)~3 - 560
*Bxtan(1/2xd*x + 1/2%c)~3 - 210*Cxtan(1/2*d*x + 1/2%c)"3 - 165xAxtan(1/2*d
*x + 1/2%c) — 240*Bxtan(1/2*d*x + 1/2*c) - 150*Cxtan(1/2*d*x + 1/2*xc))/(ta
n(1/2*%d*x + 1/2%c)”"2 + 1)76)/d




CHAPTER 3. LISTING OF INTEGRALS 463

Mupad [B] (verification not implemented)

Time = 11.45 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.95

/c056(0+dx) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz
_5Az 3Cx 15Asin(20+2dz)+3Asin(4c—|—4da:)

16 * 8 * 64d 64d
Asin(6c+6dz) 5Bsin(3c+3dz) Bsin(bc+5dx)
192d 48d 80d
Csin(2c+2dz) Csin(4dc+4dz) 5Bsin(c+dzx)
4d 32d 8d

-

Lint(cos(c + d*x)"6%(A + B/cos(c + dxx) + C/cos(c + d*x)~2),x)

| —

input

output‘ (5%A%x)/16 + (3%C¥x)/8 + (15%A*sin(2*c + 2xd*x))/(64*d) + (3xA*sin(4*c + 4

\*d*x))/(64*d) + (A*sin(B%c + 6xd*x))/(192%d) + (5*B*sin(3%c + 3%dxx))/(48x% \
\d) + (Bxsin(5*c + 5%d*x))/(80*d) + (Cxsin(2*c + 2*xd*x))/(4*d) + (C*sin(4x*c \
L + 4%d*x))/(32%d) + (5%Bksin(c + dx*x))/(8%d) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.97

/coss(c + dz) (A + Bsec(c + dz) + Csec*(c+ dz)) dz
40 cos (dz + c) sin (dz + ¢)® a — 130 cos (dz + ¢) sin (dz + ¢)® a — 60 cos (dz + ¢) sin (dz + ¢)° ¢ + 165 cc

p
Lint(cos(d*x+c)‘6*(A+B*sec(d*x+c)+C*sec(d*x+c)‘2),x)

-/

input

‘ (40*cos(c + d*x)*sin(c + d*x)*x5*a — 130*cos(c + d*x)*sin(c + d*x)**3%a - ‘
‘GO*cos(c + d*x)*sin(c + d*x)**x3%c + 165%cos(c + d*x)*sin(c + d*x)*a + 150% ‘
‘cos(c + d*x)*sin(c + d*x)*c + 48*sin(c + d*x)**5xb - 160*sin(c + d*x)**3%b ‘
\ + 240*sin(c + d*x)*b + TH*akd*x + 90%c*d*x)/(240%d) \

output
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3.65 [(bsec(c+dz))3/? (A + Bsec(c+ dx) + C'sec(c + d.

Optimal result . . . . . . . . . . . . e 464
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 1651
Rubi [A] (verified) . . . .. . . ... .. 465
Maple [C] (verified) . . . . . . . . . ... Zy(0)
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... Zy(0)
Sympy [F] . . o o Zya\
Maxima [F] . . . . . . Zyal|
Giac [F] . . . . o o 72
Mupad [F(-1)] . . . o o 472
Reduce [F] . . . . . AT3

Optimal result

Integrand size = 33, antiderivative size = 178

/(b sec(c + dz))*? (A + Bsec(c + dz) + C'sec’*(c + dz)) dz =

20*(5A + 3C)E(3(c+ dz)| 2)
5d+/cos(c + dz)+/bsec(c + dz)
N 2bB./cos(c + dz) EllipticF (1(c + dz), 2) \/bsec(c + dz)

3d
2b(5A + 3C)/bsec(c + dz) sin(c + dx)
+ 5d
2B(bsec(c + dz))*/?sin(c + dx) = 2C(bsec(c + dx))*?tan(c + dx)
* 3d N 5d

-2/5%b~ 2% (5*A+3*C) *E11lipticE(sin(1/2*d*x+1/2%c) ,27(1/2))/d/cos (d*x+c) ~(1/2
)/ (b*sec(d*x+c) )~ (1/2)+2/3*bxB*cos (d*x+c) ~(1/2) *InverseJacobiAM(1/2xd*x+1/
2xc,27(1/2) ) *(b*sec(d*x+c)) ~(1/2) /d+2/5*b* (5%A+3*C) * (b*sec (d*x+c)) ~(1/2) *s
in(d*x+c)/d+2/3*B* (bxsec (d*x+c)) ~(3/2) *sin(d*x+c) /d+2/5*C* (b*sec (d*x+c) ) ~(
3/2)*tan(d*x+c)/d

output
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Mathematica [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 4.96 (sec) , antiderivative size = 308, normalized size of antiderivative = 1.73

/(b sec(c + dz))*? (A + Bsec(c + dz)

2e~(—1 + €%*°) cos®(c + dx) cse(c) (53 — 15Aeiletdn) — 3Ceilctdz) _ 30 Agdilctda) .
+C'sec’(c+dz)) dz=

Integrate[(b*Sec[c + d*x])~(3/2)*(A + B*Sec[c + d*x] + CxSec[c + d*x]"2),x
]

input

(2x(-1 + E~((2*I)*c))*Cos[c + d*x] " 3*Csclc]*(5*%B - 15xA*+E~(I*(c + d*x)) -
3*xCxE~(Ix(c + d*x)) - 30*A*E~((3*I)*(c + d*x)) - 24*CxE~((3*I)*(c + d*x))
- 5xB+E~((4*I)*(c + d*x)) - 15*A*E~((6*%I)*(c + d*x)) - 9*C*+E~((6*%I)*(c + d
*x)) - (5%I)*Bx(1 + E~((2*I)*(c + d#*x)))~2*Sqrt[Cos[c + d*x]]1*EllipticF[(c
+ d*xx)/2, 2] + (5%xA + 3*xC)*E~(I*(c + d*x))*(1 + E~((2xI)*(c + d*x)))~(5/2
) *Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2*I)*(c + d*x))])*(b*Sec[c + d*x])
~(3/2)*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2))/(15*%d*E~ (I*c)*(1 + E~((2*I
Yk(c + d*x)))"2*%(A + 2+%C + 2*%B*Cos[c + d*x] + A*Cos[2*(c + d*x)]))

output

Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.01,

_ _ number of rules _
number of steps used = 15, number of rules used = 15, integrand size 0.455, Rules

used = {3042, 4535, 3042, 4255, 3042, 4258, 3042, 3120, 4534, 3042, 4255, 3042, 4258,
3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(b sec(c + dz))3/? (A + Bsec(c + dz) + C'sec’(c + dz)) dzx

l 3042
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/(bcsc <c+dw+ g)>3/2 <A+Bcsc (c—i—d:c-l— g) + Ccsc (c—i—d:c-l— g)2> dx

l 4535

B [(bsec(c + dz))%/?dx
b

/(b sec(c + dzx))%/? (Csec?(c+dz) + A) dz +

l_3042

5/2 dr

/(bcsc <c+d:6+ g>>3/2 (Ccsc <c+da:—|— g)2 —i—A) dz + B [ (besc (C+bd.’17+ )

l 4255

/(bcsc (c+da:+ ;))3/2 (Ccsc (c—i—dm—l— g)Q +A> dz +

B (%52 [ \/bsec(c+ dz)dz + 2b Sin(c+dm)(g;&30(0+dw))3/2 )
b
| 3042

/(bcsc (c—l—d:c-l— g>)3/2 <C’csc (c—i—da:—l— %)2 +A> dz +

B (%b2 S/ \/ bese (c+dz + §)dz + 2bSin(c+dw)(gse<:(0+dx))3/ 2)
b
l 4258

/(bcsc (c+d:1:+ ;))3/2 <Ccsc (c+dx+ g)z +A> dz +

B (%b2 V/cos(c + dz)+/bsec(c + dx) [ \/cos(lc—f- ) de + 2 Sin(c+d$)(§260(0+dw))3/ 2)
b
l 3042

/(bcsc (c+da:+ g>)3/2 (Ccsc <c+dac+ g)Q +A> dz +

B <§b2 V/cos(c+ dx)/bsec(c + dz) [ T 1d " )da: + 2"Sin(c+dx)(2266(6+dx))3/ 2)
sin(c+dx %

b
l 3120

/(bcsc (c+dw+ ;))3/2 (Ccsc (c—i—dm—l— g)Q +A> dz +

B < 2b2 \/cos(c+dzx) EllipticF ( % (c+dz),2) \/bsec(c+dzx) i 2bsin(c+dz)(bsec(c+dz))3/2 >
3d 3d

b
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l 4534

%(514 +3C) /(b sec(c + dz))*/?dx +
B <2b2 \/cos(c+dzx) EllipticFS(d% (c+dzx),2) \/bsec(c+dzx) + 2 Sin(c+dx)(g;ec(c+dx))3/2 )

b +

2C tan(c + dz)(bsec(c + dz))3/?
5d

l 3042

1(5A+3C)/(bcsc <c+dx+ 2>>3/2dx+

<2b2\ /cos(c+dzx) ElhptlcF( (c+dz),2) \/bsec(c+dzx) 4 2bsin(c+dz) (b sec(c+dm))3/2)
3d 3d
b +
2C tan(c + dx) (bsec(c + dz))>/?
5d
| 4255
1(5A+3C) 2bsin( c—i—dac)\/bsec (c+ dx) b2/
5 wm
( 2b2\/cos(c+dzx) ElhptlcF( (c+dzx),2) \/bsec(c+dzx) 2b sin(c+dz) (bsec(c+dz))3/2 )
3d
b +
2C tan(c + dz) (bsec(c + dz))%/2
5d
| 3042
1(5A+3C’) 2bsin(c+da:)d bsec(c+dz) / PR
5 \/ bese (c+do+ F)

< 2b2\/cos(c+dzx) ElhptlcF( (c+dzx),2) \/bsec(c+dzx) 2b sin(c+dz) (bsec(c+dz))3/2 )
3d

b +

2C tan(c + dz) (bsec(c + dz))>/?
5d

l 4258
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%(5A—|—3C) <2bsin(c+d:c)\/bsec(c+dm) b? [ \/cos(c+ dz)dzx > N

d \V/cos(c + dz)+/bsec(c + dz)
B <2b2 \/cos(c+da) EllipticF 3(d%(chdﬂC),?) V/bsec(c+dz) " 2bsin(c+dz)(§;ec(c+dm))3/2 )
b +
2C tan(c + dx) (bsec(c + dx))>/?
5d
| 3042

d \V/cos(c + dz)/bsec(c + dz)
B < 2b2 \/cos(c+dz) EllipticF ( % (ctdz),2) \/bsec(ct+dzx) 4 2bsin(c+dax) (bsec(c+dx))3/2 )
3d

2 : ™
; b* [ \/sin (c+dz + §)dz
%(5A+3C) <2bsm(c+dx)\/bsec(c+dw) \/ ( 5) n

3d

b +

2C tan(c + dz) (bsec(c + dx))>/?
5d

l 3119

d d+/cos(c + dz)+/bsec(c + dx)

%(514 +3C) <2bSin(c +dz)/bsec(c + dz) 202E(L(c+ dz)|2) ) .

B < 2b2 \/cos(c+dz) EllipticF ( % (c+dzx),2) \/bsec(c+dzx) + 2bsin(c+dz) (bsec(c+dx))3/2 )
3d 3d
b +
2C tan(c + dz) (bsec(c + dx))>/?
5d

>

input LInt[(b*Sec [c + d*x])~(3/2)*(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2),x]

~—

output

+ d*x])~(3/2)*Tan[c + d*x])/(5%d)

((5*A + 3*C)*((-2*b~2+EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqr
t[b*Sec[c + d*x]]) + (2xb*Sqrt[b*Sec[c + d*x]]1*Sin[c + d*x])/d))/5 + (B*((
2xb~2+Sqrt [Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d*x]]1)/(
3xd) + (2*bx(b*Sec[c + d*x])~(3/2)*Sin[c + d*x])/(3*d)))/b + (2xCx(b*Seclc
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)=*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, 4}, x]

rule 3119

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

rule 3120

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2x*n]

rule 4255

rule 4958 Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csclc + d*x]
)"n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4534 Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + Ax(m + 1))/(m + 1) Int[(bxCscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, £, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !LeQ[m, -1]

rule 4535 Int[(cscl(e_.) + (£_)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + f*x])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*x(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]




input

output
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 4.01 (sec) , antiderivative size = 460, normalized size of antiderivative = 2.58

method | result
2b<15i (— cos(dz+c)?—2 cos(da:—}-c)—l) A\/cocso(z(mdij:—)cll Cos(dzlJrc)Jrl EllipticE(i(csc(dz+c) —cot(dz+-c)),i)+9i (— cos(dz+c)?-
default
2A (z (cos(dz+c)2-|—2 cos(da:-l—c)—l—l) \/Cos(dzl+c)+1 \/C;;s;jf_;cll EllipticF (i(csc(dz+c)—cot(dz+-c)),i)+i (— cos(dz+c)%—2 cos(
parts
d(cos(dz+c)+1)

int ((bxsec(d*x+c)) ~(3/2) * (A+B*sec (d*x+c) +Cxsec (d*x+c) ~2) ,x,method=_RETURNV
ERBOSE)

2/15/d*b* (15*%I* (—cos (d*x+c) "2-2*cos (d*x+c)-1) *Ax (cos (d*x+c) / (cos (d*x+c)+1)
)~ (1/2)*(1/(cos(d*x+c)+1) )~ (1/2) *E1lipticE(I* (csc(d*x+c)—cot (d*x+c)) ,I)+9%
I*(-cos(d*x+c) ~2-2*cos (d*x+c)-1)*C* (cos (d*x+c)/(cos(d*x+c)+1))~(1/2)*(1/(c
os(d*x+c)+1))~(1/2)*E1llipticE(I*(csc(d*x+c)-cot (d*x+c)),I)+15xI*(cos (d*x+c
) ~2+2%cos (d*x+c)+1) *A* (cos (d*x+c) / (cos (d*x+c)+1) )~ (1/2)*(1/ (cos (d*x+c)+1))
~(1/2)*EllipticF (I*(csc(d*x+c)-cot (d*x+c)),I)+5xI*(-cos(d*x+c) "2-2*cos (d*x
+c)-1)*B*(cos (d*x+c) /(cos(d*x+c)+1)) ~(1/2)*(1/(cos (d*x+c)+1))~(1/2) *Ellipt
icF(I*(csc(d*x+c)-cot(d*x+c)),I)+9*I* (cos(d*x+c) ~2+2*cos (d*x+c)+1)*C* (cos(
d*xx+c)/(cos(d*x+c)+1) )~ (1/2)*(1/ (cos(d*x+c)+1) ) ~(1/2) *E1lipticF (I*(csc(d*x
+c)-cot (d*x+c)) ,I)+15%A*xsin (d*x+c)+5*B* (sin(d*x+c)+tan(d*x+c))+3*C* (3*sin(
d*xx+c)+tan (d*x+c)+sec (d*x+c) *tan(d*x+c)) ) * (b*sec(d*x+c) ) ~(1/2) /(cos(d*x+c)
+1)

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.26

/(b sec(c + dz))*? (A + Bsec(c + dx)

—5i v/2Bb2 cos (dz + ¢)* weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) +

+C'sec’(c+dz)) dz=
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input integrate ((b*sec(d*x+c))~(3/2) * (A+B*sec (d*x+c) +C*sec (d*x+c) ~2) ,x, algorith
m="fricas")
output 1/16% (-5*I*xsqrt (2) *B*+b~ (3/2) *cos(d*x + c) "2*weierstrassPInverse(-4, 0, cos
(d*x + c) + Ixsin(d*x + c)) + 5xI*sqrt(2)*B*b~(3/2)*cos(d*x + c) 2*weierst
rassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 3*Ixsqrt(2)*(5xA + 3%
C)*b~(3/2) *cos(d*x + c) 2*weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0
, cos(d*x + c) + Ixsin(d*x + c))) + 3xI*sqrt(2)*(5*A + 3*C)*b~(3/2)*cos (d*
X + c) 2%weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) -
I*sin(d*x + c))) + 2% (3*(5%A + 3%C)*b*cos(d*x + c)~2 + 5*Bxbxcos(d*x + c)
+ 3%C*b) *sqrt (b/cos(d*x + c))*sin(d*x + c))/(d*cos(d*x + c)~2)
Sympy [F]
/(b sec(c + dz))*? (A + Bsec(c + dz)
3
+Csec’(c+dz)) dz = / (bsec (c + dz))2 (A+ Bsec (c + dz) + C'sec® (c + dz)) dzx
input‘integrate((b*sec(d*X+C))**(3/2)*(A+B*SeC(d*X+C)+C*sec(d*x+c)**2),x)

Output‘Integral((b*sec(c + d*x))**(3/2)* (A + B*xsec(c + d*x) + Cksec(c + d*x)*x2), ‘

L J

Maxima [F]

/(b sec(c + dz))*? (A + Bsec(c + dz)

+C sec’(c+dx)) dxz/ (C'sec (dz + ¢)* + Bsec (dz + c) + A) (bsec (dz +¢))? dz

N

t‘integrate((b*sec(d*x+c))“(3/2)*(A+B*sec(d*x+c)+C*sec(d*x+c)‘2),x, algorith

inpu
‘m="maxima")




CHAPTER 3. LISTING OF INTEGRALS 472

‘integrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c) + A)x(b*xsec(d*x + ¢))~(3/2),

output
»
Giac [F]
/(b sec(c + dz))3/? (A + Bsec(c + dz)
+C'sec’(c+dz)) dx= / (C'sec (dz + ¢)* + Bsec (dz + c) + A) (bsec (dz + 0)? dz
input integrate ((b*sec (d*x+c))~(3/2) * (A+B*sec (d*x+c)+Cxsec(d*x+c)~2) ,x, algorith

m="giac")
output integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)*(bxsec(d*x + ¢))~(3/2),

x)

Mupad [F(-1)]

Timed out.

/(b sec(c + dzx))3/? (A + Bsec(c + dz)

) b 3/2 B C
+C sec’(c-+dx)) dx:/ (m) <A+cos (c+dz)+cos (c+dx)2) &

input Lint((b/cos(c + d*x))"(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2),x)

output tint((b/cos(c + d*x))~(3/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)72), x)
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Reduce [F]

/ (bsec(c + dz))*’? (A + Bsec(c + dz)
+ Csec’(c+dz)) do = \/I_)b<</ V/sec (dz + c) sec (dx+c)3da:> c
+ (/\/Wsec(dx—i-c)de) b+ (/\/&msec(dx—l-c)dx) a)

inputLint((b*sec(d*x+c))"(3/2)*(A+B*sec(d*x+c)+C*sec(d*x+c)"2),x)

‘sqrt(b)*b*(int(sqrt(sec(c + dxx))*sec(c + d*x)**3,x)*c + int(sqrt(sec(c +

output
‘d*x))*sec(c + d*x)**2,x)*b + int(sqrt(sec(c + d*x))*sec(c + d*x),x)*a)
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3.66 [ \/bsec(c + dz)(A + Bsec(c + dz) + C'sec?(c + da

Optimal result . . . . . . . . . . . .. 474
Mathematica [C] (verified) . . . . . . . . ... .. L 75
Rubi [A] (verified) . . . . . . .. . . 475
Maple [C] (verified) . . . . . . . . . ... 479
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ...... 430
Sympy [F] . . o e 4300
Maxima [F] . . . . . . 48T
Giac [F] . . . o o o 481
Mupad [F(-1)] . . . . . 48Tl
Reduce [F] . . . . . . 482

Optimal result

Integrand size = 33, antiderivative size = 136

/ V'bsec(c+ dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dz
B 2bBE(3(c+dx)|2)
~ dy/cos(c+ dx)+/bsec(c + dz)
N 2(3A + C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3d

2B\/bsec(c + dx)sin(c+dz) 2C\/bsec(c+ dz)tan(c+ dx)
" d " 3d

output | ~2*P*B*ELLipticE(sin(1/2+¢dx+1/2%c) ,27(1/2))/d/cos (d*x+e) " (1/2)/ (bxsec(drx
| +6)) " (1/2)+2/3% (3%A+C) xcos (dxx+c) " (1/2) ¥InverseJacobiAM(1/2xd*x+1/2%c, 2~ (1 |
| /2))*(b*sec (d*x+c)) ™ (1/2) /d+2+Bx (b*sec (d*x+c) )~ (1/2) ¥sin(d¥x+c) /d+2/3%Cx (b

‘*sec(d*x+c))“(1/2)*tan(d*x+c)/d
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.88 (sec) , antiderivative size = 302, normalized size of antiderivative = 2.22

/ V'bsec(c+ dz) (A + Bsec(c+ dz) + Csec*(c + dz)) d

iv/2e—ilc+dz) eilctdz) <3B(1+e2i(c+dz))+3B(_1+62i(

4 bsec(c + d:I:) (A + B SeC(c + dg;) + C'sec? (C + da:)) N 14 o2i(ctdm)

3d

-

input L

~—/

Integrate[Sqrt[b*Sec[c + d*x]]1*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x]

(4*Sqrt[b*Sec[c + d*x]]1*(A + BxSec[c + d*x] + CxSec[c + d*x]~2)*(((-I)*Sqr
t[2]1*#Sqrt[E~(I*(c + d*x))/(1 + ET((2+I)*(c + d*x)))I*(3*xB*(1 + E~((2*xI)*(c
+ d*x))) + 3*Bx(-1 + E~((2*I)*c))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeom
etric2F1[-1/4, 1/2, 3/4, -E~((2*I)*(c + d*x))] + (3*%A + C)*E~(I*(c + d*x))
*(-1 + ET((2%I)*c))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[1/4, 1
/2, 5/4, -E~((2*I)*(c + d*x))1))/(E~(I*(c + d*x))*(-1 + E7((2%xI)*c))) + Sq
rt[Secl[c + d*x]]*(3*B*Cos[d*x]*Csc[c] + C*Tan[c + d*x])))/(3*d*x(A + 2%C +
2%B*Cos[c + d*x] + AxCos[2*(c + d*x)])*Sec[c + d*x]~(5/2))

output

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.05,

_ _ number of rules _
number of steps used = 13, number of rules used = 13, integrand size — 0.394, Rules

used = {3042, 4535, 3042, 4255, 3042, 4258, 3042, 3119, 4534, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ V/bsec(c + dz) (A + Bsec(c + dz) + Csec’(c + dz)) dz

l 3042
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/\/bcsc (c+dm+g> <A+Bcsc (c+dm+g) + Ccsc (c+dm+g)2) dx

l 4535
3/2
/ bsec(c + dz) (C'sec®(c + dz) + A) dz + Bf(bsec(c;— dx))*/“dz
l 3042

B (besc(c+dx+ 1)) do

/\/bcsc<c+dx+g)(Ccsc<c+dac+72T>2+A>d:z:-l- A

l 4255

/\/bcsc c+dxr+ ><Ccsc<c+dm+g>2+A>dw+

( 2bsin c—i—dac) +/bsec(c+dz) _p2 f >
\/b sec(c—i—dw
b

l 3042

/\/bcsc (c+dw+z> <Ccsc <c+dw+72r>2+A) dx +

B 2b sm(c-i—dac) \/bsec(c+dz) _p2 f )
y/besc c—i—dac—}-
b

l 4258

/\/bcsc c+dzx+ ><C’csc<c+d:c+72r)2+A>da:+

<2b sin(c+dz)+/bsec(ct+dz) b2 [ \/cos(ct+dz)dx )
d

\/cos(c+dz)+/bsec(c+dx)

b
l 3042

7y T\ 2
/\/bcsc (c+d:1:-|— 5) <C’csc <c+da:+ 5) +A> dx +
B<2bsin(c+dz)\/bsec(c+dx) . b2f\/ sin(ct+dz+3)dz )
d

\/cos(c+dz)/bsec(c+dz)

b
l 3119
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2 2

B ( 2bsin(c+dz)/bsec(ct+dx) 262 E( 1 (c+dx)|2) )
d d+/cos(c+dz)/bsec(c+dz)

b
l'4534

B <2b sin(c+dz)+/bsec(ct+dz) _ 202E( %(C+dﬂ;) |2) >
d Cos( ¢ XL sec(c XL
%(3A+ C)/ bsec(c + dz)dr + ; dy/cos(c+dz) /bsec(c+dz) +
2C tan(c + dx)+/bsec(c + dx)

3d
J’3042

1 B <2b sin(c—}-dz)dx /bsec(ctHdz) 2b2E( 5 (c+dz)|2) )
§(3A +0O) / \/b csc (c +dz + g) dr + 5 dy/cos(ctda) /bsec(c+d) +

2C tan(c + dx)+/bsec(c + dz)

3d
l 4258

/\/bcsc (c+da:+z> <Ccsc (c+dx+7r>2+A> dx +

1

1
§(3A + C)+/cos(c + dx)/bsec(c + dx) / S E—, [

\/cos(c+ dz)
B ( 2bsin(c+dz)+/bsec(ctdz) 262E( % (c+dzx)|2) )
d d+/cos(c+dz)\/bsec(c+dx) N 2C tan(c + dx)+/bsec(c + dx)
3d

b
l 3042

%(314 + C)+/cos(c + dx)\/bsec(c + dz) / 1 dx +

sin (c+dm+ %)

B ( 2bsin(c+dz)/bsec(c+dr) 202 E( 5 (c+dz)|2) )
d d+/cos(c+dx)/bsec(c+dzx) n 2C tan(c + diL‘) \/b sec(c + d.’L‘)
3d

b
l 3120

2(3A + C)+/cos(c + dz) EllipticF (1 (c + dz),2) /bsec(c + dz) N

3d
B < 2bsin(c+dz)+/bsec(ct+dr) 202E( % (c+dzx)|2) )
d d+/cos(c+dz)+/bsec(c+dz) n 2C tan(c + diIJ) \/b sec(c + diL‘)
3d

b

input LInt [Sqrt[b*Sec[c + d*x]]1*(A + B*Sec[c + d*x] + CxSec[c + d*x]~2),x] J




output

rule 3042

rule 3119

rule 3120

rule 4255

rule 4258

rule 4534
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‘ (2% (3*%A + C)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec[c + d
‘*x]])/(B*d) + (Bx((-2xb~2#EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]
‘*Sqrt [b*Sec[c + d*x]]) + (2*%b*Sqrt[b*Sec[c + d*x]]*Sin[c + d*x])/d))/b + (
| 2+C*Sqrt [b*Sec[c + d*x]1*Tan[c + d*x])/(3+d)

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

/Int[l/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d#*x]
)"n*Sin[c + d*x]°n  Int([1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Int[(cscl(e_.) + (F_.)*(x_)1*(b_.))"(m_.)*(cscl[(e_.) + (f_.)*(x_)1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscl[e + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + A*(m + 1))/(m + 1) Int[(b*Cscle + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*x(m + 1), 0] && !LeQ[m, -1]
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rule4535‘lnt[(csc[(e_.) + (F_D)*xDI*(M_.)) " (m_.)*((A_.) + cscl(e_.) + (f_.)*x(x_)]*
(B_.) + cscle_.) + (£_.)%(x_)172%(C_.)), x_Symbol]l :> Simp[B/b Int[(b*Cs |
‘c[e + fxx])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)

, x] /; FreeQ[{b, e, f, A, B, C, m}, x] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.25 (sec) , antiderivative size = 347, normalized size of antiderivative = 2.55

method | result

21 A(cos(dz+c)+1)+/bsec(dz+-c) \/cos(d:c1+c)+1 \/65;3;511')?_1 EllipticF (i(csc(dz+c) —cot(dz+c)),i) n 2B (1, (cos(dx+c)2+2

parts 3

2+/bsec(dz+c) (z (3 cos(dz+c)2+6 cos(dx+c)+3) B\/Cos(d$1+c)+1 \/Css(s;jit)cll EllipticE(i(csc(dz+c)—cot(dz+-c)),i)+i (3 C

default | —

int ((b*sec (d*x+c)) ~(1/2) * (A+B*sec (d*x+c)+C*sec(d*x+c) ~2) ,x,method=_RETURNV

input
ERBOSE)

-2xI*xA/d* (cos (d*x+c)+1) *x(b*sec(d*x+c)) " (1/2) *(1/(cos(d*x+c)+1))~(1/2)*(cos
(d*x+c) /(cos(d*x+c)+1) )~ (1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)) ,I)+2*B/d
* (I*(cos(d*x+c) "2+2*cos (d*x+c)+1)*(1/(cos(d*x+c)+1)) ~(1/2) *(cos (d*x+c) /(co
s(d*x+c)+1))~(1/2)*E1lipticF (I*(csc(d*x+c)-cot (d*x+c)),I)+I*(-cos(d*x+c) 2
—-2xcos (d*x+c)-1)*(1/ (cos (d*x+c)+1)) " (1/2) *(cos (d*x+c) / (cos (d*x+c)+1)) ~(1/2
)*E11lipticE(I*(csc(d*x+c)-cot(d*x+c)),I)+sin(d*x+c))*(b*sec(d*x+c))~(1/2)/
(cos(d*x+c)+1)+C/d* (-2/3*I*(cos (d*x+c)+1) *E1lipticF (I*(csc(d*x+c)-cot (d*x+
c)),I)*(1/(cos(d*x+c)+1)) " (1/2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)+2/3*tan(
d*xx+c) ) * (b*sec(d*x+c))~(1/2)

output
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.42

/ V'bsec(c+ dz) (A + Bsec(c+ dz) + Csec*(c + dz)) d
V2(=3i A — i C)v/bcos (dz + c) weierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + v/2(3i A + 1

integrate ((b*sec(d*x+c))~(1/2) * (A+Bxsec (d*x+c)+Cxsec(d*x+c)~2) ,x, algorith

input
m="fricas")

1/3*(sqrt (2) *(-3*xI*A - I*C)*sqrt(b)*cos(d*x + c)*weierstrassPInverse(-4, 0
, cos(d*x + c) + I*sin(d*x + c)) + sqrt(2)*(3*I*xA + I*C)*sqrt(b)*cos(d*x +
c)*weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c)) - 3*I*sqrt(2
)*#B*sqrt (b) *cos(d*x + c)*weierstrassZeta(-4, 0, weierstrassPInverse(-4, O,
cos(d*x + c) + I*sin(d*x + c))) + 3*I*sqrt(2)*B*sqrt(b)*cos(d*x + c)*weie
rstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x + c
))) + 2x(3*Bxcos(d*x + c) + C)x*sqrt(b/cos(d*x + c))*sin(d*x + c))/(d*cos(d

output

*x + c))
Sympy [F]
/\/bsec(c+dx)(A+Bsec(c+dx) + Csec’(c+dz)) dz
:/\/bsec(c-l—d:t:)(A—i—Bsec(c—i—dac)-i—Csec2 (c+dz)) dz
inputLintegrate((b*sec(d*x+c))**(1/2)*(A+B*sec(d*x+c)+C*sec(d*x+c)**2),x) J

Output‘Integral(sqrt(b*sec(c + d*x))*(A + B*sec(c + d*x) + Cksec(c + d*x)**x2), x) J
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Maxima [F|

/ V'bsec(c+ dz) (A + Bsec(c+ dz) + Csec’(c + dz)) dz
=/(Csec(dm+c)2+Bsec(dac+c)+A)\/bsec(d:c+c)dz

input ‘ integrate ((bxsec(d*x+c))~(1/2) * (A+B*sec (d*x+c)+Cxsec(d*x+c) ~2) ,x, algorith
‘m=“max1ma“)

-

output Lintegrate((C*sec(d*X + c)"2 + Bxsec(d*x + c) + A)*sqrt(b*sec(d*x + c)), x)

N

Giac [F]

/ V'bsec(c+ dz) (A + Bsec(c+ dz) + Csec’(c+ dz)) dx
:/(C’sec(da:+c)2+Bsec(da:+c)+A)\/bsec(da:+c)dac

lnput‘1ntegrate((b*sec(d*x+c)) (1/2) * (A+Bxsec (d*x+c)+C*xsec (d*x+c) ~2) ,x, algorith
‘ m—"glacll)

output Lintegrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c) + A)*xsqrt(bxsec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

/ bsec(c + dz)(A+ Bsec(c + dz) + Csec*(c + dz)) dz

/ C
d
/ cos(c-i—dx cos(c—l—dx) cos (¢ + dx)? ) *
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inputLint((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)"2),x) J
outputtint((b/cos(c + d*x))~(1/2)*(A + B/cos(c + d*x) + C/cos(c + d*x)~2), x) J
Reduce [F]
/ vbsec(c+ dz)(A+ Bsec(c+ dz) + Csec’(c+ dz)) dz
=Vb ((/ \/sec(dz—l—c)dz) a+ (/\/W sec(da:+c)2dx) c
+ (/ V/sec (dz + ¢) sec (dz + ¢) dx) b)
inputLint((b*seC(d*x+c))”(1/2)*(A+B*sec(d*x+c)+C*sec(d*x+C)“2),x) J

ou_tput‘sqrt(b)*(int(sqrt(sec(c + d*x)),x)*a + int(sqrt(sec(c + d*x))*sec(c + d*x)
‘**2,x)*c + int(sqrt(sec(c + d*x))*sec(c + d*x),x)*b) ‘
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3.67 f A+ B sec(c+dz)+C sec?(c+dz) dx
bsec(c+dx)

Optimal result . . . . . . . . . . . .. 483]
Mathematica [C] (verified) . . . . . . . .. .. ... L 484
Rubi [A] (verified) . . . . . . . .. .. (434
Maple [C] (verified) . . . . . . . . . .. 48T
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 488]
Sympy [F] . . . o 488
Maxima [F] . . . . . . o 489
Giac [F] . . . o o e 439
Mupad [F(-1)] . . . 489
Reduce [F] . . . . . o 4901

Optimal result

Integrand size = 33, antiderivative size = 110

dz

A + Bsec(c + dz) + C'sec?(c + dx)
/ bsec(c + dx)
_ 2(A-C)E(}(c+dx)|2)
~ dy/cos(c + dx)\/bsec(c + dz)
N 2B, /cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dz) N 2C tan(c + dz)
bd dy/bsec(c+ dx)

2% (A-C)*E11ipticE(sin(1/2%d*x+1/2%c) 27 (1/2))/d/cos (dxx+c) " (1/2) / (b*sec(dx
‘ x+c)) ~(1/2)+2%B*cos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*d*x+1/2%c,2~(1/2))* (b ‘
‘ x*sec(d*x+c) )~ (1/2) /b/d+2*Cxtan(d*x+c) /d/ (b*sec(d*x+c)) ~(1/2) ‘

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.28 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.42

dz

/ A + Bsec(c+ dzx) + Csec?(c + dx)

/bsec(c+ dx)

2~ /bsec(c + dz)(—i cos(dz) + sin(dz)) (—3A cos(c + dzx) + 3C cos(c + dz) + 3iB+/cos(c + dz) El

input Integrate[(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

(2#Sqrt [b*Sec[c + d*x]]*((-I)*Cos[d*x] + Sin[d*x])*(-3*A*Cos[c + d*x] + 3%
CxCos[c + d*x] + (3*I)*B*Sqrt[Cos[c + d*x]]1*EllipticF[(c + d*x)/2, 2] + (A
- C)*E~(I*(c + d*x))*Sqrt[1 + E~((2*I)*(c + d*x))]*Hypergeometric2F1[1/2,
3/4, 7/4, -E7((2*I)*(c + d*x))] + (3*I)*C*Sin[c + d*x]))/(3*b*d+E~ (I*d*x)

output

)

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 11, number of rules used = 11, integrand size 0.333, Rules

used = {3042, 4535, 3042, 4258, 3042, 3120, 4534, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ A + Bsec(c + dz) + C'sec?(c + dx) i
/bsec(c+ dx)

l 3042

dz

/A+Bcs0(c+d:c+§) +Cesclc+de+73)°
\/bcsc (c+dz+7%)

l'4535
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C'sec?(c + dz) +Adx B[ \/bsec(c—l-da: Ydx

bsec(c + dz)
| 3042
/C’csc (c+dz+ ) +Ad +Bf\/bcsc(c+d:c+72r)dx
\/bcsc c+dz+ ) b
| 4258
1
/Ccsc (c+dz+ ) +Adx+B\/cos(c+d:c)\/bsec(c+dac)f\/mdx
\/bcsc c+dz+ ) b
| 3042
B./cos(c + dx)\/bsec(c + dx) [ ——L——dx
/Ccsc (c+dz+ ) +Ad N Veos( ) V/bsec( )f,/sin(c+dx+g)
T
\/bcsc c+dzr+ ) b
| 3120
/Ccsc (c+dz+ ) +A 2B«/cos ¢ + dz) EllipticF (3(c + dz),2) /bsec(c + dz)
\/bcsc c+dx + ) bd
| 4534
(A—C)/ 1 i + 2B./cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz) N
\/bsec(c + dx) bd
2C tan(c + dz)

d\/bsec(c + dz)

l 3042

1
(A_C)/ \/bcsc(c+dx+72r)dx+

2B./cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz) N 2C tan(c + dz)

bd d\/bsec(c + dx)
| 4258
(A=C) [ \/cos(c+ dz)dz N 2B./cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz) N
\/cos(c + dz)/bsec(c + dx) bd
2C tan(c + dz)

d+/bsec(c + dx)



input

output

rule 3042

rule 3119

rule 3120

rule 4258
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l 3042

A-0)f \/sin (c+dz+3)dz N 2B./cos(c + dz) EllipticF (}(c + dz),2) v/bsec(c + dz) N

\/cos(c + dz)/bsec(c + dx) bd
2C tan(c + dz)

d\/bsec(c + dz)

l’3119

2(A— C)E(3(c+dz)|2) 2B./cos(c + dz) EllipticF (1 (c + dz),2) \/bsec(c + dz) N

dy/cos(c + dz)+/bsec(c + dz) bd
2C tan(c + dz)

d\/bsec(c + dz)

LInt[(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2)/Sqrt[b*Sec[c + d*x]],x]

‘((2*(A - C)*EllipticE[(c + d*x)/2, 2])/(d*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c +
‘ d*x]]) + (2*BxSqrt[Cos[c + d*x]]1*EllipticF[(c + d*x)/2, 2]1*Sqrt[b*Sec[c +
L d*x]]1)/(bxd) + (2*CxTan[c + d*x])/(d*Sqrt[b*Sec[c + d*x]])

W
|
J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*x(c - Pi/2 + d*x), 21, x] /; FreeQ[{c, d}, xI]

Int[(escl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]™n Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]




rule 4534

rule 4535

input

output
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Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)
+ (A.)), x_Symbol] :> Simp[(-C)*Cot[e + f*xx]*((bxCscle + f*x])"m/(f*(m + 1)
)), x] + Simp[(C*m + Ax(m + 1))/(m + 1) Int[(bxCscl[e + f*x])"m, x], x] /;
FreeQ[{b, e, f, A, C, m}, x] && NeQ[C*m + A*(m + 1), 0] && !'LeQ[m, -1]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£f_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.65 (sec) , antiderivative size = 399, normalized size of antiderivative = 3.63

method | result

EllipticE(i(csc(dz+c)

. 1 (dz+c) e s . . . 1 (dz+c)
4"A\/cos(dz+c)+1 \/C‘f;’(zmic)CH ElhptlcF(z(csc(dat—i-c)—cot(dm+c)),z)—4zA\/Cos(dm+c)+1 \/Csso(sdmf_c)cﬂ

default

. d N ; .
2A (z\/cos(d$1+c)+1 \/csso(z(zit)c-i)-l EllipticF (i(csc(dz+c) —cot(dz+c)),i) (— cos(dx+c)—2—sec(dx+c))-|-¢\/Cos(dapl_’_c)_i_1 \/

parts

d(cos(dz+c)+1)+/bsec(dz+c)

int ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2) / (b*xsec (d*x+c)) ~(1/2) ,x,method=_RETURNV
ERBOSE)

2/d* (2+%I*A*(1/ (cos (d*x+c)+1)) " (1/2) *(cos (d*x+c) / (cos(d*x+c)+1)) ~(1/2)*E11li
pticF(I*(csc(d*x+c)-cot(d*x+c)),I)-2+%I*A*(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x
+c)/(cos(d*x+c)+1)) ~(1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)) ,I)+2*xI*Bx(1/
(cos(d*x+c)+1))~(1/2)*(cos(d*x+c) / (cos(d*x+c)+1))~(1/2)*E11lipticF (I*(csc(d
*x+c)—cot (d*x+c)) ,I)-2*%I*C*x(1/(cos(d*x+c)+1))~(1/2)*(cos(d*x+c)/(cos(d*x+c
)+1))~(1/2) *E1lipticF (I*(csc(d*x+c)-cot (d*x+c)) ,I)+2*xI*Cx(1/(cos(d*x+c)+1)
)~ (1/2)*(cos (d*x+c)/(cos(d*x+c)+1)) ~(1/2)*E11lipticE(I*(csc(d*x+c)-cot (d*x+
c)),I)+(-(1-cos(d*x+c)) ~3*csc(d*x+c) ~3-csc(d*x+c)+cot (d*x+c) ) *C+((1-cos (d*
x+c) ) "3*csc(d*x+c) “3-csc(d*x+c)+cot (d*x+c) ) *A) / ((1-cos (d*x+c) ) “2*csc(d*x+c

)~2-1) / (b*sec (d*x+c)) ~(1/2)
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.39

dz

/ A + Bsec(c+ dzx) + Csec?(c + dx)

/bsec(c+ dx)

—i+/2B+v/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + i v/2Bv/bweierstrassPInverse(—4

integrate ((A+Bxsec (d*x+c)+C*sec(d*x+c) ~2) / (b*sec(d*x+c))~(1/2),x, algorith

input
m="fricas")

(-Ixsqrt(2)*B*sqrt(b) *weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x

+ c)) + Ixsqrt(2)*B*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - Ixsi
n(d*x + c)) + sqrt(2)*(I*A - IxC)*sqrt(b)*weierstrassZeta(-4, 0, weierstra
ssPInverse(-4, 0, cos(d*x + c) + Ixsin(d*x + c))) + sqrt(2)*(-I*A + I*C)*s
grt(b) *weierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*
sin(d*x + c))) + 2*Cxsqrt(b/cos(d*x + c))*sin(d*x + c))/(b*d)

output

Sympy [F]

dz

/A+Bsec(c+dx)+C’sec2(c+dx) dz_/A+Bsec(c+dx)+C’sec2(c+dac)

bsec(c + dz) \/bsec (c+ dx)

e

Lintegrate((A+B*sec(d*x+c)+C*sec(d*x+c)**2)/(b*sec(d*x+c))**(1/2),x)

~—

input

output LIntegral((A + B*sec(c + d*x) + Cksec(c + d*x)**2)/sqrt(b*sec(c + d*x)), x) J
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Maxima [F|

/A+Bsec(c+dx)—|—C’sec2(c+d:c)dx_/C’sec(dx+c)2+Bsec(dx+c)—l—A .

Vbsec (dz + ¢)

bsec(c + dx)

‘integrate((A+B*sec(d*x+c)+C*sec(d*x+c)“2)/(b*sec(d*x+c))‘(1/2),x, algorith

input
‘m="maxima“)

output

Giac [F]

/A+Bsec(c+dx)+Csec2(c—|—dx) x_/Csec(d:c+c)2+Bsec(dx+c)+A

bsec(c + dx) \/bsec (dz + ¢)

‘integrate((A+B*sec(d*x+c)+C*sec(d*x+c)‘2)/(b*sec(d*x+c))‘(1/2),x, algorith

input
‘ m=llgiacll)

Output‘integrate((C*sec(d*x + ¢c)”2 + B*sec(d*x + c) + A)/sqrt(bxsec(d*x + c)), x)

Mupad [F(-1)]

Timed out.

c
/ A + Bsec(c+ dzx) + Csec?(c + dx) dp — / A+ cos(grdz) T cos(c+da)? d

bsec(c + dx) \/%

inputLint((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2),x)

OutputLint((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(1/2), x)

tintegrate((C*sec(d*x + ¢)"2 + B*sec(d*x + c) + A)/sqrt(b*sec(d*x + c)), x) J
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Reduce [F]

dz

/A—I—Bsec(c—i—dx) + C'sec?(c + dzx)
v/bsec(c + dz)
=ﬁ((f—ﬁﬁ?dx>a+ <f\/mdx>b+ (f\/sa:(ciTc)sec(dx—i-c)dx) c)

b

input Lint ((A+B*sec (d*x+c)+Cxsec (d*x+c) ~2) / (b*sec (d*x+c)) ~(1/2) ,x) J

‘ (sqrt(b)*(int (sqrt(sec(c + d*x))/sec(c + d*x),x)*a + int(sqrt(sec(c + d*x) ‘

output
‘),x)*b + int(sqrt(sec(c + d#*x))*sec(c + d*x),x)*c))/b ‘
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3.68 f A+ B sec(c+dz)+C sec?(c+dz) dx
(bsec(c+dx))3/?

Optimal result . . . . . . . . .. . .. . 49T]
Mathematica [C] (verified) . . . . . . . . . ... . L A97]
Rubi [A] (verified) . . . . . . . . . .. 192
Maple [C] (verified) . . . . . . . . . .. 495
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 1951
Sympy [F] . . o o 496
Maxima [F] . . . . . . o 196
Giac [F] . . . o o 497
Mupad [F(-1)] . . . 497
Reduce [F] . . . . . o 497l

Optimal result

Integrand size = 33, antiderivative size = 117

A+ Bsec(c+ dz) + Csec*(c + dx) 2BE(L(c+dz)|2)
3/2 dz =
(bsec(c + dz)) bd/cos(c + dz)\/bsec(c + dz)
2(A + 3C)+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
* 3b%d
2Atan(c + dz)
3d(bsec(c + dzx))3/?

‘ 2*B*E1lipticE(sin(1/2*d*x+1/2*c),27(1/2))/b/d/cos(d*x+c)~(1/2)/(bxsec (d*x+ ‘
€))7 (1/2)+2/3% (A+3%C) *cos (d*x+c) " (1/2) ¥InverseJacobiAM(1/2%d*x+1/2%c,27(1/ |
L2))*(b*sec(d*x+c))"(1/2)/b"2/d+2/3*A*tan(d*x+c)/d/ (bxsec (d*x+c))~(3/2) J

output

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.50 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.22

A+ Bsec(c +dz) + Csec*(c +da) | 2 (GiB Hypergeometric2F1 (—3, 3, 3, —e*("*”)) — 2i(A + 3¢
/ (bsec(c + dx))3/? v 3



input

output
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Integrate[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(3/2),x
]

(2% ((6*I)*B*xHypergeometric2F1[-1/4, 1/2, 3/4, -E~((2*I)*(c + d*x))] - (2xI
)*(A + 3*C)*E~ (I*(c + d*x))+*Hypergeometric2F1[1/4, 1/2, 5/4, -E~((2*I)*(c
+ d*x))] + Sqrt[1l + E"((2*I)*(c + d*x))]*((-3*I)*B + A*Sin[c + d*x])))/(3*
bxd*Sqrt[1 + E~((2*I)*(c + d*x))]*Sqrt[b*Sec[c + d*x]])

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 11, number of rules used = 11, integrand size 0.333, Rules

used = {3042, 4535, 3042, 4258, 3042, 3119, 4533, 3042, 4258, 3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ A + Bsec(c+ dz) + C'sec’(c + dx)
dx
(bsec(c + dx))3/2
| 3042
/A+Bcsc (c+dz+7%)+Cesc(c+do+ %)2dx
(bese (c+ dz + g))3/2
l 4535
1
Csec?(c+dzx) + Ada: N BJ mdﬁl)
(bsec(c + dx))3/2 b
| 3042
Bf—L 4
/ Ccsc (C + dz + %)2 + Ad + f bcsc(c+da:+%) v
x
(bese (c+dx+g))3/2 b
l 4258

/Ccsc (c+da:+%)2+Adx+ B [ \/cos(c + dz)dz

(besc (c+dz + %))3/2 by/cos(c + dz)+/bsec(c + dz)
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l 3042

/Ccsc(c+d:c+’2r)2+Ad N Bf\/sin(c+da;+%)dx
x
(bese (c+ dz + %))3/2 by/cos(c + dzx)+/bsec(c + dz)

| 3119
/Ccsc(c+d:c+727)2+Ad 2BE(3(c+dz)|2)
T
(bese (c+dz + %))3/2 bd/cos(c + dz)+/bsec(c + dz)
| 4533
(A+3C) [ \/bsec(c + dz)dz + 2Atan(c + dx) 2BE(3(c+dx)|2)

3b2 3d(bsec(c+ dx))32 * bd,/cos(c + dz)\/bsec(c + dx)

| 3042
(A+3C)f\/bcsc (c+dz+3)da 2Atan(c + dx) 2BE(3(c+ dx)|2)

3p2 3d(bsec(c+dx))32 * bd\/cos(c + dz)/bsec(c + dz)

| 4258

(A +3C)+\/cos(c + dz)+/bsec(c + dz) [ Wdﬁv 2Atan(c + dz)
32 + 3d(bsec(c + dz))3/2
2BE(}(c+ dx)|2)
bd/cos(c + dz)+/bsec(c + dz)

l 3042
A+ 3C)+/cos(c+ dz)\/bsec(c + dz) [ —L——dx
( )/eos( )/becl )] \/sin(c+da+3) 4 2Atan(c + dz)
3b? 3d(bsec(c + dx))3/2

2BE(§(c+dx)|2)
bd/cos(c + dzx)+/bsec(c + dz)
| 3120
2(A + 3C)+/cos(c + dz) EllipticF (1 (c + dz),2) /bsec(c + dz) N 2Atan(c + dx)

3b%d 3d(bsec(c + dx))3/2
2BE(3(c+ dx)|2)

bd/cos(c + dz)+/bsec(c + dz)

input Int[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(bxSec[c + d*x])~(3/2),x]




output

rule 3042

rule 3119

rule 3120

rule 4258

rule 4533

rule 4535
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‘ (2%B*EllipticE[(c + d*x)/2, 2])/(bxd*Sqrt[Cos[c + d*x]]*Sqrt[b*Sec[c + d*x
‘]]) + (2% (A + 3xC)*Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sqrt[b*Sec
‘ [c + d*x]]1)/(3*b~2*d) + (2*A*Tan[c + d*x])/(3*d*(b*Sec[c + d*x])~(3/2))

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)¥(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
) n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

N

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1"2*(C_.)
+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((b*Cscl[e + f*x])"m/(f*m)), x] +
Simp[(C#m + A*x(m + 1))/ (b~2*m) Int[(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
eeQ[{b, e, £, A, C}, x] && NeQ[C*m + A*(m + 1), 0] && LeQ[m, -1]

‘Int[(escl(e_.) + (£_.)*(x_)1*(b_.))"(m_)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)%(x_)172%(C_.)), x_Symbol] :> Simp[B/b  Int[(b*Cs
‘c[e + f*x])"(m + 1), x], x] + Int[(b*Cscle + f*x]) m*x(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.79 (sec) , antiderivative size = 342, normalized size of antiderivative = 2.92

method | result

dz+c
A (_ 24 /m EllipticF (i(csc(dz+c)—cot(dz+c)),i),/ % (14sec(dz+c)) N 2 sin(dz-te)

parts d+/bsec(dz+c)b

default

3 3 )
2B (4, e
cos(dz+c)+1
(

. d T . ; |
_ 2<ZB\/cos(dxl+c)+1 \/Cocso(ijxf_j;ll EllipticE(i(csc(dz+c)—cot(dz+-c)),i) (—3 cos(dz+c)—6—3 sec(dz+c))+i4/ m \/;

int ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2) / (b*sec (d*x+c)) ~(3/2) ,x,method=_RETURNV

input
ERBOSE)

A/dx(-2/3*Ix(1/(cos(d*x+c)+1))~(1/2)*E1llipticF (I*(csc(d*x+c)-cot (d*x+c)),I
Y*(cos(d*x+c)/(cos(d*x+c)+1)) ~(1/2) *(1+sec(d*x+c) ) +2/3*sin(d*x+c)) / (bxsec(
d*xx+c))~(1/2) /b+2xB/b/d/ (cos (d*x+c)+1) / (b*sec (d*x+c) ) ~(1/2) *(I*(1/ (cos (d*x
+c)+1))~(1/2)*(cos(d*x+c) /(cos(d*x+c)+1)) ~(1/2) *E11lipticF (I*(csc(d*x+c)-co
t(d*x+c)),I)*(-cos(d*x+c)-2-sec(d*x+c))+I*(1/(cos(d*x+c)+1))~(1/2) *(cos(d*
x+c)/(cos(d*x+c)+1))~(1/2)*E11lipticE(I*(csc(d*x+c)-cot (d*x+c)) ,I)*(cos(d*x
+c)+2+sec(d*x+c) ) +sin(d*x+c) ) -2*xI*C/d* (1/ (cos (d*x+c)+1)) ~(1/2)*EllipticF (I
* (csc(d*x+c) -cot (d*x+c)) ,I)/b/ (bxsec(d*x+c))~(1/2)/(cos(d*x+c)/(cos(d*x+c)
+1))7(1/2)

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.37

dz =

2A \/ cos(d:t-l—c) cos (dl' + C) sin (d.’L' + C) + \/_( —1 A— 3t C)\/_

/ A + Bsec(c+ dz) + Csec?(c + dx)
(bsec(c + dx))3/?

N

lnput‘1ntegrate((A+B*sec(d*x+c)+C*sec(d*x+c) 2)/(bxsec(d*x+c))~(3/2) ,x, algorith
‘m="fr1cas") ‘
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1/3%(2*Axsqrt (b/cos(d*x + c))*cos(d*x + c)*sin(d*x + c) + sqrt(2)*(-I*A -
3*xIxC)*sqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + Ixsin(d*x + c)) +
sqrt (2)*(I*A + 3*IxC)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x + c) - I
*sin(d*x + c)) + 3xI*sqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassP
Inverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 3xIxsqrt(2)*Bxsqrt(b)*wei
erstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) - I*sin(d*x +

c))))/(b"2%d)

output

Sympy [F]

dz

/A+Bsec(c+dx)+Csec2(c+dx) i _/A+Bsec(c+dx) + C'sec? (¢ + dx)
(bsec(c + dz))3/2 (bsec (c+ dw))g

input ‘ integrate ((A+B*sec (d*x+c)+Cksec (d*x+c) **2) / (bxsec (d*xx+c) ) **(3/2) ,x)

output‘ Integral ((A + B*sec(c + d*x) + Cksec(c + d*x)**2)/(b*sec(c + d*x))*x*(3/2),

E
Maxima [F]
/A+Bsec(c+dx) + C'sec?(c + dzx) dr — / C'sec (dz + ¢)* + Bsec (dz + c) +Ada:

(bsec(c + dz))3/? (bsec (dx + c))%
input integrate ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2)/(b*sec (d*x+c))~(3/2) ,x, algorith

m="maxima")

output integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(b*xsec(d*x + c¢))~(3/2),
X)
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Giac [F]

dx

/A+Bsec(c+d:c)+Cse02(c+dac) dx_/Csec(dx+c)2+Bsec(da:+c)+A
(bsec(c + dz))*/? (bsec (dz + c))%

input integrate ((A+B*sec(d*x+c)+C*sec (d*x+c) ~2)/(bxsec(d*x+c))~(3/2) ,x, algorith
m="giac")
output integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(3/2),
x)

Mupad [F(-1)]

Timed out.

/ A + Bsec(c+ dzx) + Csec?(c + dx) dp — / A+ cos(g-da:) + cos(c-ci-’dz)2 da

(bsec(c + dx))3/2 (my&
inputtint((A + B/cos(c + d*x) + C/cos(c + dxx)~2)/(b/cos(c + dxx))~(3/2),x) J
Outputtint((A + B/cos(c + d¥x) + C/cos(c + d¥x)~2)/(b/cos(c + d*x))~(3/2), x) J
Reduce [F|
/A+ Bsec(c + dz) + C'sec?(c + dz) dp— Vb (( %dw) a+ (f %dx) b+ (f \/sec (dz
(bsec(c + dx))3/? b?
input Lint ((A+Bxsec (d*x+c)+Cxsec(d*x+c) ~2) / (bxsec(d*x+c))~(3/2) ,x) J
output (SIFE®)*(int(sart(sec(c + d*x))/sec(c + d*x)*+2,x)%a + int(sqrt(sec(c + d

‘*x))/sec(c + d*x) ,x)*b + int(sqrt(sec(c + d*x)),x)*c))/b**2
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3.69 f A+ B sec(c+dz)+C sec?(c+dz) dx
(bsec(c+dzx))d/?

Optimal result . . . . . . . . .. . .. . 498}
Mathematica [C] (verified) . . . . . . . . . ... . L 199
Rubi [A] (verified) . . . . . . . . . .. 499
Maple [C] (verified) . . . . . . . . . .. 503
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... (03]
Sympy [F] . . o o 504
Maxima [F] . . . . . . o (04
Giac [F] . . . o o 505
Mupad [F(-1)] . . . 505
Reduce [F] . . . . . o (051

Optimal result

Integrand size = 33, antiderivative size = 150

/ A + Bsec(c + dzx) + Csec?(c + dx) 2(3A+5C)E(3(c+ dz)|2)
Tr =
(bsec(c + dx))5/2 5b2d/cos(c + dz)+/bsec(c + dz)
N 2B+/cos(c + dz) EllipticF (3(c + dz),2) \/bsec(c + dz)
3b3d
2Bsin(c + dx) 2Atan(c + dz)

+ +
3b2dy/bsec(c+ dx)  Sd(bsec(c+ dx))5/2

‘/(b*sec(d*x+c))‘(1/2)+2/3*B*cos(d*x+c)‘(1/2)*InverseJacobiAM(1/2*d*x+1/2*c
,27(1/2)) *(bxsec(d*x+c))~(1/2) /b~3/d+2/3*B*xsin (d*x+c) /b~2/d/ (b*sec (d*x+c))
| ~(1/2)+2/5%Axtan (d*x+c) /d/ (bxsec (d*x+c)) "~ (5/2)

e N
output ‘ 2/5% (3*xA+5%C) *E1lipticE(sin(1/2*d*x+1/2%*c) ,27(1/2))/b"2/d/cos(d*x+c) ~(1/2) ‘




input

output
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 1.92 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.13

e, /bsec(c + dzx)(cos(dz) + isin(dz)) (IOB\ /cos(c + dz)

dz =

/ A + Bsec(c+ dz) + Csec?(c + dx)
(bsec(c + dx))>/?

~

Integrate[(A + B*Sec[c + d*x] + C*Sec[c + d*x]~2)/(b*Secl[c + d*x])~(5/2),x
]

(Sqrt [b*Sec[c + d*x]]*(Cos[d*x] + I*Sin[d*x])*(10*B*Sqrt[Cos[c + d*x]]*Ell
ipticF[(c + d*x)/2, 2] - (2*xI)*(3*A + 5*C)*E~(I*(c + d*x))*Sqrt[1 + E~((2*
I)*(c + d*x))]*Hypergeometric2F1[1/2, 3/4, 7/4, -E~((2xI)*(c + d*x))] + Co
slc + d*x]*((6%xI)*(3*xA + 5%xC) + 10*BxSin[c + d*x] + 3*A*Sin[2*(c + d*x)]))
)/ (156%b~3*d*E~ (I*d*x))

Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.03,

number of steps used = 13, number of rules used = 13, Bumber of rules _ 4 394 Ryyjes
integrand size

used = {3042, 4535, 3042, 4256, 3042, 4258, 3042, 3120, 4533, 3042, 4258, 3042, 3119}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A + Bsec(c + dx) + Csec?(c + dzx)
(bsec(c + dzx))>/2

l 3042

/A-I-Bcsc (c+dz+73) +Ccsc(c+dz+g)2d
XL
(bese (c+ dz + g))5/2

l 4535
dz

Csec?(c+dz) + Ad:v n BJ (bsec(c—il-dz))3/2
(bsec(c + dx))5/2 b
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l 3042

B[ L dz
C d ™2 A cscctdz+T))3/?
/ csclctdetg) +A, 77 boclordots))

(bese (c+dw+g))5/2 b

l 4256
B( J \/bsec(c+dz)dx 4 2sin(ctda) )

32 3bd+/bsec(c+dx)

Cesc(c+dz + g)2+A
/ 572 dr + 5
(bese (c+dz+F))

l 3042

B<f \Jbese(ctdot3)do L _ 2sin(ctdo) )

3b2 3bd+/bsec(c+dx)

Ccsc(c+dac+%)2+A
/ 572 dx + b
(besc (c+dz+ %))

l 4258

1
V/cos(c+dz)y/bsec(ctde) [ i da 4 _2sin(ctda)
3b? 3bd+/bsec(c+dx)

2
/C’csc(c+da:+2) —;/fdm+
(bcsc (c+d.r+g)) b

l 3042

\/cos(ct+dz)+/bsec(ctdz) [ —L1— da
B ( sin (c+dz+%) 2sin(c-|—d£1}) )

3b2 + 3bd+/bsec(c+dz)

Cesc(c+dz+ %)2+A
/ sz 0t b
(bcsc (c+da:+ %))

| 3120
2+/cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz) i 2sin(c+dx) >

/ Ccsc (C + dzx + %)2 + Ad n B( 3b%d 3bd+/bsec(c+dx)
T
(bcsc(c+dm+%))s/2 b

l'4533

1
(3A + 50) f \/bsec(c+dz) dz 2A tan(c + da:)
5b2 5d(bsec(c + dx))5/2
B ( 2+/cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz) 2sin(c+dx)

3b%d + 3bd+/bsec(c+dz)
b

l,3042
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B < 2/ cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz)

3A+5C) [ —L1—d
( )J \/besc(ct+da+T) v N 2Atan(c + dz)
5b2 5d(bsec(c + dx))5/2
+ 2 sin(c+dz)
3b%d 3bd+/bsec(c+dx)

b
J’4258

(84 +5C) [ \/cos(c+ dz)dx 4 2Atan(c + dr)
5b2/cos(c + dzx)\/bsec(c + dz)  5d(bsec(c + dx))>/2

B < 2+/cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz) 4 2sin(c+dzx) >

3b%d 3bd+/bsec(c+dx)

b
l 3042

(84+5C) [ \/sin (c+dz+%)dz 2Atan(c + dz)

B < 24/ cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz)

5b2+/cos(c + dz)\/bsec(c + dx)  5d(bsec(c+ dz))>/2

+ 2 sin(c+dz)
3b%d 3bd+/bsec(c+dz)

B < 2/ cos(c+dz) EllipticF (% (c+dz),2) \/bsec(c+dz)

b
l 3119

2(3A+5C)E(%(c+dz)|2) 2Atan(c + dz)
5b2d/cos(c + dz)+/bsec(c + dz)  5d(bsec(c + dx))>/2

+ 2 sin(c+dz)
3b%d 3bd+/bsec(c+dz)

b

r

input L

Int[(A + B*Sec[c + d*x] + CxSec[c + d*x]~2)/(b*Sec[c + d*x])~(5/2),x]

\ >

output

‘ (2% (3*A + 5xC)*EllipticE[(c + d*x)/2, 2])/(5x¥b~2*d*Sqrt[Cos[c + d*x]]*Sqrt
‘ [b*Sec[c + d*x]]) + (B*x((2#Sqrt[Cos[c + d*x]]*EllipticF[(c + d*x)/2, 2]*Sq

‘rt [bxSec[c + d*x]])/(3*b"2xd) + (2*Sin[c + d*x])/(3*b*d*Sqrt[b*Sec[c + d*x

L]])))/b + (2xA*Tan[c + d*x])/(5*d*(b*Sec[c + d*x])~(5/2)) J
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Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3119/Int[3qrt[Sin[(C_-) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, 4}, x]

rule 3120 Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

rule 4256 Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCsc[c + d*x])~(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b"2#n) Int[(b*Csclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*
n]

rule 4958 Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csclc + d*x]
)"n*Sin[c + d*x]°n  Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

rule 4533 Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)

+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*x]*((bxCscl[e + f£*x])"m/(f*m)), x] +

Simp[(C*m + Ax(m + 1))/(b"2*m) Int [(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), O] && LeQ[m, -1]

rule 4535 Int[(cscl(e_.) + (£_)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + f*x])"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*x(A + CxCscl[e + f*x]~2)
, x] /; FreeQ[{b, e, f, A, B, C, m}, x]




input

output

N
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 3.44 (sec) , antiderivative size = 455, normalized size of antiderivative = 3.03

method | result

. 1 cos(dz+-c) c . . . 1 cos(dz+-c)
21A\/cos(d:t+c)+1 \/cos(dm+c)+1 EllipticE(i(csc(dz+c)—cot(dz+c)),3) (9 cos(dz+c)+18+9 sec(dz+c)) +27’C\/cos(dm+c)+1 \/cos(dz+c)+1 E

default 15

2A (sin(dw—i—c) (cos(dac+c)2+cos(dx+c)+3) —3i\/cos<dzl+c)+1 \/C;S(’(Sd(gf_g?_l (cos(dz+-c)+2+sec(dz+c)) EllipticF (i(csc(dz+c)—«
5d(cos(dz+c)+1)+/bsec(

parts

int ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2) / (b*sec (d*x+c)) ~(5/2) ,x,method=_RETURNV
ERBOSE)

2/15/d/ (cos(d*x+c)+1) / (b*sec (d*x+c)) ~(1/2) /b~ 2% (I*A*(1/(cos(d*x+c)+1))~(1/
2)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(csc(d*x+c)-cot(d*x+c)),I
)*x(9*cos (d*x+c)+18+9*sec (d*x+c) ) +I*C*x (1/ (cos(d*x+c)+1))~(1/2)*(cos (d*x+c)/
(cos(d*x+c)+1))~(1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c)) ,I)*(15*cos (d*x+c
)+30+15*sec (d*x+c) ) +I*A*x(1/(cos(d*x+c)+1)) " (1/2) *(cos (d*x+c)/(cos (d*x+c)+1
))~(1/2)*E1llipticF (I*(csc(d*x+c)-cot (d*x+c)),I)*(-9*cos(d*x+c)-18-9*sec(d*
x+c) ) +I*B* (cos (d*x+c)/(cos(d*x+c)+1))~(1/2)*(1/(cos(d*x+c)+1))~(1/2)*Ellip
ticF(I*(csc(d*x+c)-cot (d*x+c)) ,I)*(-5*cos(d*x+c)-10-5*sec(d*x+c))+I*Cx(1/(
cos(d*x+c)+1))~(1/2)*(cos (d*x+c)/(cos(d*x+c)+1)) ~(1/2)*E1lipticF (I*(csc(d*
x+c)-cot (d*x+c)) ,I)*(-15*%cos (d*x+c)-30-15*sec (d*x+c) ) +sin(d*x+c) * (3*cos (d*
x+c) "2+3*cos (d*x+c) +9) *A+sin (d*x+c) * (5kcos (d*x+c) +5) *B+15*C*sin (d*x+c) )

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.17

A+ Bsec(c + dz) + C'sec(c + dz) —5i v/2B+/bweierstrassPInverse(—4, 0, cos (dz + ¢) + 4 sin (c
de —
/ (bsec(c + dx))>/? v
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integrate ((A+B*sec (d*x+c)+C*sec (d*x+c) ~2)/(b*sec(d*x+c))~(5/2) ,x, algorith

input
m="fricas")

1/16% (-5*I*sqrt (2) *Bxsqrt (b) *weierstrassPInverse(-4, 0, cos(d*x + c) + Ixs
in(d*x + c)) + b*Ixsqrt(2)*Bx*sqrt(b)*weierstrassPInverse(-4, 0, cos(d*x +
c) - I*sin(d*x + c)) - 3*sqrt(2)*(-3*I*A - 5xI*C)*sqrt(b)*weierstrassZetal(
-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*x + c))) - 3*sqrt
(2)*(3*%I*A + 5*I*C)*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(-4,
0, cos(d*x + c) - I*sin(d*x + c))) + 2x(3*A*cos(d*x + c)~2 + 5*Bxcos(d*x
+ c))*sqrt(b/cos(d*x + c))*sin(d*x + c))/(b~3*d)

output

Sympy [F]

dx

/A-I—Bsec(c-l—d:c)—i—CsecQ(c—i-da:)d _/A—I—Bsec(c—i—da:)+Csec2(c+dz)
(bsec(c + dx))5/2 (bsec (c + dz))?

-

Lintegrate ((A+Bxsec (d*x+c)+Cksec (d*x+c) **2) / (b*sec (d*x+c) ) **(5/2) ,x)

-/

input

Output‘Integral((A + Bksec(c + d*x) + Cxsec(c + d*x)#**2)/(b*sec(c + d*x))**(5/2), ‘
x)

- J

Maxima [F]

/A—I—Bsec(c-l—d:c)—i—CsecQ(c-l—dx) dx_/Csec(dx+c)2+Bsec(da:+c)+Adx
(bsec(c + dz))*/? (bsec (dz + c))?

N

p
input ‘ integrate ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2)/(b*sec (d*x+c))~(5/2) ,x, algorith ‘
‘m=“maxima“) ‘

t‘integrate((C*sec(d*x + ¢)72 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(5/2),

outpu ‘x) ‘
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Giac [F]

dz

/A+Bsec(c+dx)+C’sec2(c—|—dx) dp — / C'sec(dz +c)” + Bsec(dz +¢) + A
(bsec(c + dz))5/? (bsec (dz + c))%

integrate ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2)/(b*sec (d*x+c))~(5/2) ,x, algorith

input
m="giac")

integrate((C*sec(d*x + c)~2 + Bxsec(d*x + c) + A)/(b*sec(d*x + c))~(5/2),

tput
outpu i
Mupad [F(-1)]
Timed out.
A + Bsec(c+ dz) + Csec?(c + dx) A+ cos(fl—dw) + Cos(cidwy
dr = dr
(bsec(c + dx))>/2 b 5/2
(cos(c—i—d x))
inputLint((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2),x) J
output Liﬂt ((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(5/2), x) J
Reduce [F]
v/sec(dz+c) v/sec(dz+c) v/sec(dz+-c)
/ A + Bsec(c + dz) + C'sec®(c + dz) vb ((f sec(dz+0)® dx) @+ <f sec(dz+0)? da:> b+ <f sec(dztc)
dr =
(bsec(c + dzx))>/? b

inputLint((A+B*sec(d*x+c)+C*sec(d*x+c)"2)/(b*sec(d*x+c))"(5/2),x) J
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Output‘(Sqrt(b)*(int(sqrt(sec(c + d*x))/sec(c + d*x)#**3,x)*a + int(sqrt(sec(c + d
‘*X))/Sec(c + d*x)**2,x)*b + int(sqrt(sec(c + d*x))/sec(c + d*x),x)*c))/bx*
3




output
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3.70 f A+ B sec(c+dz)+C sec?(c+dz) dx
(bsec(c+dx))7/?

Optimalresult . . ... ... ... ... .. ... .. .. .. ... .. 507
Mathematica [C] (verified) . . . . . . . . .. ... oL BIL
Rubi [A] (verified) . . . .. . .. .. ... 508
Maple [C] (verified) . . . . . . . . . .. 512
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... (13l
Sympy [F(-1)] . . . o o 513
Maxima [F] . . . . ... bCI14
Giac [F] . . . o bI14
Mupad [F(-1)] . . .« 14
Reduce [F] . . . . . . . G5

Optimal result

Integrand size = 33, antiderivative size = 185

/A+Bsec(c+da:)+Csec2(c+dx) e 6BE(1(c+ dz)|2)
(bsec(c + dx))7/2 5b3d/cos(c + dz)+/bsec(c + dz)
2(5A + 7C)+/cos(c + dz) EllipticF (1(c + dz),2) \/bsec(c + dx)

21b4d

2Bsin(c + dx) 2(5A + 7C)sin(c + dac) 2A tan(c + dzx)

+ 5b2d(bsec(c +dz))*? ~ 21b3d\/bsec(c + dx) 7d(b sec(c + dz))"/?

6/5*B*E1lipticE(sin(1/2*d*x+1/2%c),27(1/2))/b~3/d/cos (d*x+c)~(1/2)/(bxsec(
d*x+c) )~ (1/2)+2/21% (5xA+7*C) *cos (d*x+c) ~(1/2) *InverseJacobiAM(1/2*xd*x+1/2%
c,27(1/2)) *(b*sec(d*x+c)) ~(1/2) /b~4/d+2/5*B*sin (d*x+c) /b~2/d/ (b*sec (d*x+c)
)~ (3/2)+2/21% (5%A+7*C) *sin(d*x+c) /b~3/d/ (b*sec (d*x+c) )~ (1/2)+2/T*A*tan (d*x

+c)/d/ (b*xsec(d*x+c))~(7/2)
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 2.36 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.96

/ A+ Bsec(c+ dz) + C'sec?(c + dzx) dp— 504:B Hypergeometric2F1 (—1, 1, 3, —e%(ctd2)) — 40i(5A +
(bsec(c + dz))7/? B

Integrate[(A + B*Sec[c + d*x] + C*xSec[c + d*x]~2)/(b*Secl[c + d*x])~(7/2),x
]

input

((504%1)*B*Hypergeometric2F1[-1/4, 1/2, 3/4, -E~((2*%I)*(c + d*x))] - (40%I
)*¥(6%A + TxC)*E~(I*(c + d=x))x*Hypergeometric2F1[1/4, 1/2, 5/4, -E~((2*I)=*(
c + d*x))] + Sqrt[l + E"((2*I)*(c + d*x))]*(5%(23*%A + 28*%C)*Sin[c + d*x] +
3% ((-84*I)*B + 14*BxSin[2*(c + d*x)] + 5*A*Sin[3*(c + d*x)])))/(210%b~3*d
*Sqrt[1 + E~((2*I)*(c + d*x))]*Sqrt[b*Sec[c + d*x]])

output

Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.03,

_ _ number of rules _
number of steps used = 15, number of rules used = 15, integrand size 0.455, Rules

used = {3042, 4535, 3042, 4256, 3042, 4258, 3042, 3119, 4533, 3042, 4256, 3042, 4258,
3042, 3120}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ A+ Bsec(c + dz) + Csec?(c + dz)
(bsec(c + dz))7/2

l.3042

/A-l-BCSC (c+dr+ %)+ Cesc (c+da:+g)2d
x
(bese (c—l—d;v—l-g))w2

J'4535



CHAPTER 3. LISTING OF INTEGRALS 509

1
Csec’(c+dz) + A, B | Gecteramyzde

(bsec(c + dx))7/2 b
l 3042

dz

1
/ Cesc(c+do+%)° + Ay BJ (besc(c+dat )™/
(bese (c+da:—|—§))7/2 b

l 4256

1
B 3 f v/bsec(c+dzx) de + 2 sin(c—i—dz)
5b2 5bd(bsec(c+dzx))3/2

)2
/C’csc (c+de+7%) t/fd:c+
(besc(c+dz+ %)) b

J’3042

3f— 1 g
B bese (C+dz+ %) + 2 sin(c+dz)
2 52 5bd(bsec(c+dx))3/2
/Ccsc(c+dw+ )+ A
dr +

(bcsc(c+dac+%))7/2 b

l 4258

3 [ \/cos(c+dz)dz 2sin(c+dz)
/ Ccsc (C +dx + %)2 + Ad.’L‘ n B (51)2 \/cos(c+dz)+/bsec(c+dx) + 5bd(b sec(c+dm))3/2)

(bcsc (c+dm+%))7/2 b

l 3042

B ( 3/ \/mdx + 2sin(c+dx) >

5b2/cos(c+dx)+/bsec(c+dz) 5bd(bsec(c+dzx))3/2

Cesc(c+dz + %)z—i—A
/ 72 dr + 5
(bcsc (c+dm+ %))

l 3119

6E( L(ctda) [2) 2 sin(c+dz)
/ Ccsc (C +dx + g) 2 + Ad.’I: n B <5b2d\/cos(cidx)\/b sec(c+dz)  5bd(b Sec(c+d$))3/2)

(bese (c+da:+%))7/2 b

l 4533

(6A+T7C) fmdm N 2Atan(c + dz)

b2 7d(bsec(c + dz))7/2
B ( 6E( 5 (c+dz)|2) 2sin(c+dx) )
5b2d./cos(c+dx)+/bsec(c+dz) ' 5bd(bsec(c+dz))3/2

b
l 3042
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1
(54 +17C) f (besc(c+da+7))/? de 2Atan(c + dz)

b2 7d(bsec(c + dx))7/?

B ( 6E( L (ct+dz)|2) 2sin(ct+dzx) )
5b2d./cos(c+dx)+/bsec(c+dz) ' 5bd(bsec(c+dz))3/2

b
l 4256

| \/bsec(ct+dz)dx 2sin(c+dz)
(54+7C) ( 302 + 3bd+/bsec(ctdz) ) 2Atan(c + dz)

b2 7d(bsec(c + dx))7/?

B ( 6E( 5 (c+dx)|2) 2sin(c+dz) >
5b2d./cos(ct+dx)+/bsec(ctdz) ' 5bd(bsec(c+dz))3/2

b
l 3042

besc(ct+dz+7Z ) dx ;
VR (2
Vbsec(c+dz) 2Atan(c + dx)
b2 7d(bsec(c + dx))7/2

6E( % (c+dz)|2) 2sin(c+dz)
B ( 5b2d\/cos(c—2i-dz) \/bsec(c+dz) + 5bd(bsec(c+dz))3/2 )

b
l 4258

\/cos(c+dzx)/bsec(c+dx) [ \/ﬁdx 2sin(c+de)
(5A+T7C) ( 3b2 + 3bd+/b sec(c+dx)> 2Atan(c + dz)
7H2 7d(bsec(c + dx))7/?
B ( 6E( 1 (ct+dz)|2) 2sin(c+dz) )
5b2d/cos(c+dx)/bsec(c+dx) = 5bd(bsec(c+dx))3/?

b
l 3042

+

\/cos(ctdzx)+/bsec(ctdx) [ ——L1— dx
sin (C+dz+%) 2sin(c+dz)

(5A + 70) 3b2 + sec(c+dz
3 /bsec(otde) 2Atan(c + dz)

b2 7d(bsec(c + dx))7/2
B ( 6E( 1 (ct+dz)|2) 2sin(c+dzx) )
5b2d/cos(c+dx)/bsec(c+dz) ' 5bd(bsec(c+dz))3/?

b
l 3120
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24/ cos(c+dz) EllipticF(l (c+dz),2) \/bsec(c+dz) 2sin(c+di)
(54+70) ( 3524 T 3bdy/bsec(c+da)
7b2 *
B ( 6E( 1 (ct+dz)|2) 2sin(ct+dz) )
2A tan(c + d.’L‘) 5b2d/cos(c+dx)/bsec(c+dzx) = 5bd(bsec(c+dx))3/?
7d(bsec(c + dx))7/? b

input LInt[(A + BxSec[c + d*x] + CxSecl[c + d*x]~2)/(b*Secl[c + d*x])~(7/2),x]

(B*((6*EllipticE[(c + d*x)/2, 2])/(56%b~2xd*Sqrt[Cos[c + d*x]]*Sqrt[b*Seclc
+ d*x]]) + (2*Sin[c + d*x])/(5*bxd*(b*Sec[c + d*x])~(3/2))))/b + ((5*A +
7TxC)* ((2*Sqrt[Cos[c + d*x]]1*EllipticF[(c + d#*x)/2, 2]*Sqrt[b*Sec[c + d*x]]
)/ (3*%b"2*d) + (2*Sin[c + d*x])/(3xb*d*Sqrt[b*Sec[c + d*x]11)))/(7*b"2) + (2

*AxTan[c + d*x])/(7*d*(bxSec[c + d*x])~(7/2))

output

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; Function0fTrigOfLinear
Qlu, x]

rule 3119 Int[Sartlsinl(c_.) + (d_.)*(x_)]], x_Symboll :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, xI]

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

rule 3120

Int[(escl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csclc + d*x])"(n + 1)/(b*d*n)), x] + Simp[(n + 1)/(b"2#n) Int [(bxCsclc
+ d*x])"(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*
n]

rule 4256

rule 4958 Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(b*Csc[c + d*x]
)"n*Sin[c + d*x]™n  Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]




rule 4533

rule 4535

input

output
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Int[(cscl(e_.) + (£_)*(x_)]*(b_.))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1"2%(C_.)

+ (A.)), x_Symbol] :> Simp[A*Cot[e + f*xx]*((b*Cscl[e + f*x])"m/(f*m)), x] +

Simp[(C*m + A*x(m + 1))/(b"2*m) Int [(b*Csc[e + f*x])~"(m + 2), x], x] /; Fr
eeQ[{b, e, f, A, C}, x] && NeQ[C*m + A*(m + 1), O] && LeQ[m, -1]

Int[(cscl(e_.) + (£_)*(x_)]1*(b_.))"(m_.)*((A_.) + cscl(e_.) + (£_.)*(x_)]*
(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.)), x_Symbol] :> Simp[B/b Int[(b*Cs
cle + £*x])~"(m + 1), x], x] + Int[(b*Cscl[e + f*x]) m*(A + CxCscl[e + f*x]~2)

, x] /; FreeQ[{b, e, f, A, B, C, m}, x]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 2.81 (sec) , antiderivative size = 391, normalized size of antiderivative = 2.11

method | result

2A (sin(da:+c) <—3 cos(dz+c)2—5> +i\/cos(dml+c)+1 \/cocso(il(git)cil EllipticF (¢(csc(dz+c)—cot(dz+c)),i) (545 sec(dz—l—c)))

parts o 21d+/bsec(dz+c) b3

) d R . .
_ 2(6313\/Cos(dw1+c)+1 \/C(f:‘ézit)c_,)_l EllipticE(é(csc(dz+c) —cot(dz+c)),i) (— cos(dz+c)—2—sec(dz+-c))+254, /m \/

default

int ((A+B*sec (d*x+c)+C*xsec (d*x+c) ~2) / (bxsec (d*x+c)) ~(7/2) ,x,method=_RETURNV
ERBOSE)

-2/21xA/d/ (bxsec(d*x+c))~(1/2) /b~ 3* (sin(d*x+c)* (-3*cos (d*x+c) ~2-5)+I*(1/(c
os(d*x+c)+1))~(1/2)*(cos (d*x+c)/(cos(d*x+c)+1))~(1/2) *E1lipticF (I*(csc(d*x
+c)-cot (d*x+c)),I)*(5+5*sec(d*x+c)))-2/5*B/d/ (cos (d*x+c)+1)/ (bxsec(d*x+c))
~(1/2) /b~ 3*(sin(d*x+c) * (—cos (d*x+c) "2-cos (d*x+c)-3) -3*I*(1/(cos (d*x+c)+1))
~(1/2) *(cos(d*x+c) / (cos(d*x+c)+1) )~ (1/2)*E1lipticE(I*(csc(d*x+c)-cot (d*x+c
)),I)*(cos(d*x+c)+2+sec(d*x+c) ) +3*I*(1/(cos (d*x+c)+1)) ~(1/2) *(cos (d*x+c) / (
cos (d*x+c)+1)) ~(1/2) *(cos (d*x+c) +2+sec(d*x+c) ) *E11lipticF (I*(csc(d*x+c)-cot
(d*x+c)) ,I))+C/d*(-2/3*I*(1/(cos(d*x+c)+1))~(1/2)*EllipticF (I*(csc(d*x+c)-
cot (d*x+c)) ,I)*(cos(d*x+c)/(cos(d*x+c)+1))~(1/2)*(1+sec(d*x+c))+2/3*sin(d*
x+c))/ (b*sec(d*x+c))~(1/2)/b"3
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.09 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.04

dzr =

/ A + Bsec(c+ dzx) + Csec?(c + dx)
(bsec(c + dz))7/?

5/2(5i A 4 7i C)v/bweierstrassPInverse(—4, 0, cos (dz + ¢) + i sin (dz + ¢)) + 5v/2(=5i A — 7i C)v/bv

integrate ((A+B*sec (d*x+c)+C*sec(d*x+c) ~2)/(b*sec(d*x+c))~(7/2) ,x, algorith

input
m="fricas")

-1/105% (5xsqrt (2) * (5xI*A + 7*I*C)*sqrt(b)*weierstrassPInverse(-4, 0, cos(d
*x + c) + Ixsin(d*x + c)) + bxsqrt(2)*(-5*xI*A - 7*I*C)*sqrt(b)*weierstrass
PInverse(-4, 0, cos(d*x + c) - Ixsin(d*x + c)) - 63*I*sqrt(2)*Bxsqrt(b)*we
ierstrassZeta(-4, 0, weierstrassPInverse(-4, 0, cos(d*x + c) + I*sin(d*xx +

output

c))) + 63*Ixsqrt(2)*B*sqrt(b)*weierstrassZeta(-4, 0, weierstrassPInverse(
-4, 0, cos(d*x + c) - I*sin(d*x + c))) - 2x(15xA*cos(d*x + c)~3 + 21*B*cos
(d*x + c)~2 + 5*(5%A + TxC)*cos(d*x + c))*sqrt(b/cos(d*x + c))*sin(d*x + c

))/ (b~4%d)

Sympy [F(-1)]

Timed out.
1 2
/ + Bsec(c + dx) + C'sec’*(c + dx) dz = Timed out
(bsec(c+ dx))7/2
input ‘ integrate ((A+B*sec (d*x+c)+Cksec (d*x+c)**2) / (bxsec (d*x+c) ) **(7/2) ,x) ‘

outputLTimed out J
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Maxima [F|

dz

/A+Bsec(c+da:)—|—Csec2(c+dx) dp = / C'sec (dx + ¢)® + Bsec(dz +¢) + A
(bsec(c + dz))/2 (bsec (dz + c))%

integrate ((A+B*sec (d*x+c)+C*sec(d*x+c) ~2)/(bxsec(d*x+c))~(7/2) ,x, algorith

input
m="maxima")

integrate((Cxsec(d*x + c)~2 + Bxsec(d*x + c) + A)/(bxsec(d*x + ¢))~(7/2),

output
x)
Giac [F]
/A—I—Bsec(c-l—da;) + C'sec?(c + dz) dp — / C'sec (dz + ¢)* + Bsec (dz + c) +Adx
(bsec(c + dz))"/ (bsec (dz + c))%
input integrate ((A+Bxsec (d*x+c)+C*sec (d*x+c) ~2) / (bxsec(d*x+c))~(7/2) ,x, algorith
m="giac")
output integrate((Cxsec(d*x + c)~2 + B*sec(d*x + c) + A)/(b*xsec(d*x + ¢))~(7/2),
x)
Mupad [F(-1)]
Timed out.
9 A4+ B + C
/ A+ Bsec(c+ dz) + Csec*(c + dx) / cos(c+da) | cos(ctda)?
dx = dx
(bsec(c + dzx))7/? b /2
(cos(c—i—dw))
inputLint((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2),x)

OutputLint((A + B/cos(c + d*x) + C/cos(c + d*x)~2)/(b/cos(c + d*x))~(7/2), x)




CHAPTER 3. LISTING OF INTEGRALS 515

Reduce [F]

Vb (L0 a (LD g b ( ] Lolizr)

/ A+ B SGC(C + d.CC) + C'sec? (C + diI?) sec(dz+c)” sec(dz+c)® sec(dz+c)?
dr =
(bsec(c + dzx))7/? b
input Lint ((A+B*sec (d*x+c)+Cxsec(d*x+c) ~2) / (bxsec(d*x+c)) ~(7/2) ,x) J

t‘ (sqrt(b)*(int (sqrt(sec(c + d#*x))/sec(c + d*x)**4,x)*a + int(sqrt(sec(c + d ‘
(*x))/sec(c + d¥x)**3,x)*b + int(sqrt(sec(c + d*x))/sec(c + d*x)**2,x)%c))/ |
brxa |

outpu
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 5106
4.2 Links to plain text integration problems used in this report for each CAS . (34

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

016

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar




CHAPTER 4. APPENDIX 526

def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 529

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 B (c+d x)+C ^2(c+d x)  (b (c+d x))^9/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^2(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^3(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^4(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^5(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^6(c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (b (c+d x))^3/2 (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 b (c+d x) (A+B (c+d x)+C ^2(c+d x))  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 A+B (c+d x)+C ^2(c+d x)  b (c+d x)  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^3/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^5/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 A+B (c+d x)+C ^2(c+d x)  (b (c+d x))^7/2  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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