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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 46 |. This is test number | 241 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (46 ) | 0.00 (0)
Mathematica | 100.00 ( 46 ) | 0.00 (0)
Fricas | 100.00 (46 ) | 0.00 (0)
Maple 91.30 (42) | 870(4)
Maxima | 78.26 (36) | 21.74 (10)
Mupad 52.17 (24 ) | 47.83 (22)
Giac 52.17 (24) | 47.83 (22)
Reduce 52.17 (24) | 47.83 (22)
Sympy | 43.48 (20) | 56.52 ( 26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 52.174 0.000 0.000 47.826
Mathematica 41.304 10.870 0.000 47.826
Maple 13.043 30.435 0.000 56.522
Fricas 4.348 47.826 0.000 47.826
Giac 0.000 4.348 0.000 95.652
Mupad 0.000 4.348 0.000 95.652
Maxima 0.000 30.435 0.000 69.565
Reduce 0.000 4.348 0.000 95.652
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

4 4 4 4
4 4 4 4

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Maxima, 10 40.00 0.00 60.00

Mupad 22 0.00 100.00 0.00

Giac 22 100.00 0.00 0.00

Reduce 22 100.00 0.00 0.00

Sympy 26 92.31 7.69 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.12

Maple 0.15

Reduce 0.20

Rubi 0.52

Maxima 291

Sympy 3.16

Giac 4.47
Mathematica 6.40

Mupad 15.46

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 32.35 1.66 19.50 0.97
Mupad 35.08 1.23 24.00 1.20
Giac 63.25 1.40 22.00 1.10
Rubi 180.33 1.00 80.00 1.00
Maple 278.38 1.64 20.00 1.00
Mathematica | 703.22 1.66 95.50 1.10
Fricas 713.30 2.92 141.00 2.80
Maxima 1101.83 28.19 516.00 8.01
Reduce 1271.62 63.37 92.50 4.64

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on

CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{45, B}[10}[14}[15}[19} 20} 21} 22} [23} 27} [28}[32} 33} 37 [38) |42} |3, |44} |45 [46]}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . . e e e e 25
Maple . . . . . . e 201
Fricas . . . . . . . e e e e e 26
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . 27]
Sympy . . . . . e e 271
Reduce . . . . . . . . . . e e 28]
Rubi

A grade { (125678 11, 12 3 167 15, 2 2526, 29,50, 51 3 53, B0 B9 0, 1 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { (125075003, 15 225,26, 29 50, 51,5 55, 56,1}
B grade {[12)[16,[17,[39,40] }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[3[8}[13,[I8 26,31 }

B grade { 126117 12,16, [7) 24, 25,29, B0L 6,1 }
C grade { }

F normal fail {[34,35,39,[40 }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas
A grade { }

B grade { 135,07 51 2 (107, 24,2520 2930, 51, 555 0 B9/ A0, T )
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { }

B grade { (126711131316 17 3 425,295
C grade { }

F normal fail {[3|[8}[26}[31] }
F(-1) timedout fail { }

F(-2) exception fail {[34}[35][36,[39,140}[41] }
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Giac
A grade { }

B grade {[L3|[18}

C grade { }

F normal fail { [1)2356 7B LI T2 16} 7} 24,25, 26,25 50,51 3,55, 56,65} )
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { }
C grade { }

F normal fail { }

F(-1) timedout fail {[1)25)5)[7)B) [T 2 (16,7} 2 25 26) 29,50, 51,54 55,56, B9},
Gl

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail {1} B)B)7)B) ) 12 3,6, 7 5} 24 25 26) 29,30, 51,54 55,56, B9},
A1)

F(-1) timedout fail {[21,[44]}
F(-2) exception fail { }
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Reduce

A grade { }

B grade {[L3|[18}

C grade { }

F normal fail {[12356,75,I1) 2,16} 7, 24 25,20} 29,50} 51, 5 55,50 B9, 0} T }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 227 218 756 936 1085 0 0 190 0

N.S. 1 1.00 0.96 3.33 4.12 4.78 0.00 0.00 0.84 0.00
time (sec) N/A 0.461 0.080 0454 0231 0.136 0.000 0.000 0.203  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 151 440 516 675 0 0 138 0

N.S. 1 1.00  0.96 2.80 3.29 4.30 0.00 0.00 0.88 0.00
time (sec) N/A 0.365 0.098 0.218 0.199 0.121  0.000 0.000 0.192 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 87 142 0 343 0 0 79 0

N.S. 1 1.00 094 1.53 0.00 3.69 0.00 0.00 0.85 0.00

time (sec) N/A 0.277 0.043 0.085 0.000 0.105 0.000 0.000 0.188 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 22 20 34 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 1.22 1.11 1.89 1.22
time (sec) N/A 0.206 4.857 0.111 0.298 0.085 0.633 0.198 0.193 15.115
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 46 20 82 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 2.56 1.11 4.56 1.22
time (sec) N/A 0.203 3.958 0.076 0.340 0.076 2.469 1.469 0.195 15.324
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 371 371 329 1517 3403 1887 0 0 222 0
N.S. 1 1.00 0.89 4.09 9.17 5.09 0.00 0.00 0.60 0.00
time (sec) N/A 0.730 1.328 0.426 0.447 0.162 0.000 0.000 0.193 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 262 262 232 679 1704 1096 0 0 173 0
N.S. 1 1.00 0.89 2.59 6.50 4.18 0.00 0.00 0.66 0.00
time (sec) N/A 0.569 1.752  0.277 0.393  0.137 0.000 0.000 0.194 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 134 134 123 191 0 525 0 0 118 0
N.S. 1 1.00 0.92 1.43 0.00 3.92 0.00 0.00 0.88 0.00
time (sec) N/A 0.343 0.732 0.092 0.000  0.109 0.000 0.000 0.192 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 507 37 41 22 70 24
N.S. 1 1.00 1.10 1.00 25.35 1.85 2.05 1.10 3.50 1.20
time (sec) N/A 0.222 20.926 0.101 0.727  0.081 1.172 1.055 0.195 15.005
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 624 48 76 22 157 24
N.S. 1 1.00 1.10 1.00 31.20 2.40 3.80 1.10 7.85 1.20
time (sec) N/A 0.222 16.825 0.100 1.026  0.081 2.447 36.676 0.194  14.805
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 152 216 417 1285 516 0 0 182 0
N.S. 1 1.00 1.42 2.74 8.45 3.39 0.00 0.00 1.20 0.00
time (sec) N/A 0.540 1.381 0.175 0.255  0.094 0.000 0.000 0.193 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 119 119 528 236 377 292 0 0 123 0
N.S. 1 1.00 4.44 1.98 3.17 2.45 0.00 0.00 1.03 0.00
time (sec) N/A 0.468 6.445 0.140 0.220  0.081 0.000 0.000 0.175 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 104 53 273 99 0 248 68 79
N.S. 1 1.00 1.55 0.79 4.07 1.48 0.00 3.70 1.01 1.18
time (sec) N/A 0.304 0.625 0.152 0.116  0.077 0.000 0.224 0.177  15.245
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 391 27 27 22 30 24
N.S. 1 1.00 1.10 1.00 19.55 1.35 1.35 1.10 1.50 1.20
time (sec) N/A 0.233 6.380 0.079 0.337  0.067 1.095 0.155 0.194 14.783
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 522 51 58 22 58 24
N.S. 1 1.00 1.10 1.00 26.10 2.55 2.90 1.10 2.90 1.20
time (sec) N/A 0.231 4.770 0.076 0.646  0.068 2.317 0.456 0.202 14.774
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 288 288 1447 810 4283 933 0 0 418 0
N.S. 1 1.00  5.02 2.81 14.87 3.24 0.00 0.00 1.45 0.00
time (sec) N/A 0.931 7.294 0.248 1.086  0.106 0.000 0.000 0.184 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 229 229 925 453 1035 493 0 0 246 0
N.S. 1 1.00 4.04 1.98 4.52 2.15 0.00 0.00 1.07 0.00
time (sec) N/A 0.725 6.760 0.193 0.540  0.091 0.000 0.000 0.181 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 172 86 1058 183 0 798 112 247
N.S. 1 1.00 1.23 0.61 7.56 1.31 0.00 5.70 0.80 1.76
time (sec) N/A 0.412 1.368 0.190 0.148 0.085 0.000 0.407 0.181  20.466
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 3956 57 54 22 53 24
N.S. 1 1.00 1.10 1.00 197.80  2.85 2.70 1.10 2.65 1.20
time (sec) N/A 0.228 9.967 0.102 9.213 0.080 2373 0.235 0.189 14.894
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 4471 99 105 22 100 24
N.S. 1 1.00 1.10 1.00 223.55  4.95 5.25 1.10 5.00 1.20
time (sec) N/A 0.230 12.202 0.094 31.443 0.078 9.290 1.001 0.190 15.195
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.10 1.20
time (sec) N/A 0.221 0.842 0.121 0.397 0.087 0.000 0.261 0.185  14.767
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 24 20 28 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 1.33 1.11 1.56 1.22
time (sec) N/A 0.203 8.448 0.068 0.176  0.070 7.613 0.191 0.187  14.767
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 140 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 7.00 1.20
time (sec) N/A 0.225 0.851 0.063 0.308 0.075 2.441 0.133 0.182  14.472
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 227 365 756 936 1085 0 0 229 0
N.S. 1 1.00 1.61 3.33 4.12 4.78 0.00 0.00 1.01 0.00
time (sec) N/A 0.440 0.334 0.258 0.235  0.137 0.000 0.000 0.192 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 203 440 516 675 0 0 161 0
N.S. 1 1.00 1.29 2.80 3.29 4.30 0.00 0.00 1.03 0.00
time (sec) N/A 0.363 0.173 0.181 0.181 0.123 0.000 0.000 0.184 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 104 142 0 343 0 0 93 0
N.S. 1 1.00 1.12 1.53 0.00 3.69 0.00 0.00 1.00 0.00
time (sec) N/A 0.283 0.010 0.080 0.000  0.106 0.000 0.000 0.171 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 15 20 59 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 0.83 1.11 3.28 1.22
time (sec) N/A 0.205 0.666 0.069 0.283  0.077 0.795 0.238 0.185  15.086
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 17 20 85 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 0.94 1.11 4.72 1.22
time (sec) N/A 0.204 1.062 0.059 0323 0.071 2936 1.699 0.18  15.407
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 364 364 646 1489 3267 1823 0 0 1395 0
N.S. 1 1.00 1.77 4.09 8.98 5.01 0.00 0.00 3.83 0.00
time (sec) N/A 0.754 1.670 0.412 0.479  0.169 0.000 0.000 0.209 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 257 257 356 662 1641 1056 0 0 742 0
N.S. 1 1.00 1.39 2.58 6.39 4.11 0.00 0.00 2.89 0.00
time (sec) N/A 0.572 1.011 0.317 0.266  0.147 0.000 0.000 0.189 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 131 131 151 190 0 505 0 0 343 0
N.S. 1 1.00 1.15 1.45 0.00 3.85 0.00 0.00 2.62 0.00
time (sec) N/A 0.344 0.376 0.103 0.000  0.113 0.000 0.000 0.183 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 501 36 17 22 124 24
N.S. 1 1.00 1.10 1.00 25.05 1.80 0.85 1.10 6.20 1.20
time (sec) N/A 0.229 39.276 0.148 1.089  0.086 1.205 1.834 0.207 14.711
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 618 47 19 22 172 24
N.S. 1 1.00 1.10 1.00 30.90 2.35 0.95 1.10 8.60 1.20
time (sec) N/A 0.224 22.007 0.104 1.114  0.080 2.504 56.267 0.188  15.229
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 526 526 449 0 0 2309 0 0 616 0
N.S. 1 1.00 0.85 0.00 0.00 4.39 0.00 0.00 1.17 0.00
time (sec) N/A 1.317 0.988 0.000 0.000 0.294 0.000 0.000 0.195 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 394 394 338 0 0 1625 0 0 431 0
N.S. 1 1.00 0.86 0.00 0.00 4.12 0.00 0.00 1.09 0.00
time (sec) N/A 1.093 0.751  0.000 0.000 0.241 0.000 0.000 0.176 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 257 257 214 516 0 1041 0 0 248 0
N.S. 1 1.00 0.83 2.01 0.00 4.05 0.00 0.00 0.96 0.00
time (sec) N/A 0.746 0.499 0.152 0.000 0.228 0.000 0.000 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 298 27 17 22 793 24
N.S. 1 1.00 1.10 1.00 14.90 1.35 0.85 1.10  39.65 1.20
time (sec) N/A 0.228 1.171 0.091 0.638 0.071 1.188 0.214 0.180 14.775
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 439 51 19 22 2871 24
N.S. 1 1.00 1.10 1.00 21.95 2.55 0.95 1.10  143.55 1.20
time (sec) N/A 0.228 8.863 0.087 1.006  0.073 2.409 0.571 0.210 14.806
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F(-2) B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 1523 1523 20116 0 0 7008 0 0 0 0
N.S. 1 1.00 13.21  0.00 0.00 4.60 0.00 0.00 0.00 0.00
time (sec) N/A 3.301 19.830 0.000 0.000  0.491 0.000 0.000 0.403 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F(-2) B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 1117 1117 3365 0 0 4274 0 0 0 0
N.S. 1 1.00 3.01 0.00 0.00 3.83 0.00 0.00 0.00 0.00
time (sec) N/A 2.505 16.570 0.000 0.000 0.354 0.000 0.000 0.228 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 582 582 1037 1289 0 2080 0 0 0 0
N.S. 1 1.00 1.78 2.21 0.00 3.57 0.00 0.00 0.00 0.00
time (sec) N/A 1.374 9.871 0.208 0.000 0.282 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 2279 55 19 22 5490 24
N.S. 1 1.00 1.10 1.00 113.95 2.75 0.95 1.10 274.50 1.20
time (sec) N/A 0.237 15.680 0.110 11.922 0.087 2.288 0.337 0.280 19.073
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 2918 96 20 22 19510 24
N.S. 1 1.00 1.10 1.00 14590  4.80 1.00 1.10  975.50 1.20
time (sec) N/A 0.228 32978 0.116 37.638 0.107 9.632 2984 0.361 16.287
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.10 1.20
time (sec) N/A 0.225 1.761 0.102 0.502  0.093 0.000 0.294 0.183 15.659
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 17 20 113 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 0.94 1.11 6.28 1.22
time (sec) N/A 0.204 0.424 0.058 0.174  0.080 5.758 0.164 0.168  15.049
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 326 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 16.30 1.20
time (sec) N/A 0.231 0.596 0.068 0.307 0.071 2.669 0.203 0.191 15.291
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio Bumber of rules
integrand size

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[3] had the largest ratio of [.187500000000000000]

is also given. The

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
1 | A 3 3 1.00 18 0.167
2l | A 3 3 1.00 18 0.167
3| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
6 | A 3 3 1.00 20 0.150
7| A 3 3 1.00 20 0.150
8 | A 3 3 1.00 18 0.167
9 | N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
11| A 3 3 1.00 20 0.150
12/ A 3 3 1.00 20 0.150
3| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
16| A 3 3 1.00 20 0.150
17| A 3 3 1.00 20 0.150
g | A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrg::% leaf size | tegrand leaf size
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 20 0.000
24| A 3 3 1.00 18 0.167
25| A 3 3 1.00 18 0.167
e[| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
29| A 3 3 1.00 20 0.150
30| A 3 3 1.00 20 0.150
B A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
34 A 3 3 1.00 20 0.150
35| A 3 3 1.00 20 0.150
Be[| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
39| A 3 3 1.00 20 0.150
10| A 3 3 1.00 20 0.150
1| A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 20 0.000
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(ct+dzx)? (a+a sec(e+fx))
f _ (ctdx)® dz
(ata sec(e+fx))2
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f (a+asec(e+fx))2 dzx

ctdz
(ata sec(e+fz))2 dx

(ct+dz)(ata sec(e-l—fx))2

(c+d:1:)2(a+a sec(e+fx))?2 d.’L'
[(c+ dz)™(a+ asec(e + fz))" dz
[(c+ dz)™(a+ asec(e + fz))dz .

(c+dz)™
f a+asec(e+fx) dzx

[(c+ dz)?(a + bsec(e + fz))dz
[(c+ dz)*(a + bsec(e + fz))dz
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3.26 f(c+—b|— d.(rl(g)—i— bsec(e+ fz))dx . . . . .. . 210)
3.27 f T otdz AT . . e 210l
328 [ W AT oo
329 [(c+dz)(a+bsecle+ fz))?dz . . . ... . 2761
330 [(c+dz)* (a+bsecle+ fz))?dr . . . . ... 2361
331  [(c+dz)(a +2b secle+ fx))idr . . . ... ... 245)
3.32  [ladbeeclebfol gy 252
(a+bsec(e+fx))? sec(e+fx))?
333 [ERER A
(c+dz)
3.34 f a-l-bT(e-l—sz) AT . . e e 200
335 [metsdm
336 [ ﬁ AT .. 277
337 [ v (a+bsec(e+ BT
3.38 (C"‘df(E)QS:lU/-;-;)SBC(C-‘rfE)) d ............................ ml.]
ctdx
339 [a +b(secf; ; @bsec(er [P dz ... 2961
ctdx v
340 [ S T AT .
3.41 m dx . . . e e 012
342 [ o +bsec(e T
3.43 (C+dw)2(a+bsec(e+fw))2 dT . ..
344  [(c+dz)™(a+bsec(e+ fx))"dx . . . . . .. 334
345  [(c+ dx):(a +bsecle+ fx))dr . . . ... 339
346 [ M _gr 344

a+bsec(e+fx)
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3.1 [(c+dz)*(a+ asec(e + fz))dx

Optimal result . . . . . . . . . . . . e 45]
Mathematica [A] (verified) . . . . . . . . . ... o 161
Rubi [A] (verified) . . . .. . . ... .. 16
Maple [B] (verified) . . . . . . . . . ... 43
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 48
Sympy [F] . . o o 49
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 501
Giac [F] . . . . o o LIl
Mupad [F(-1)] . . . o o LIl
Reduce [F] . . . . . b1l

Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dz)*  2ia(c+ dz)? arctan (e(*/2))
4d f
3iad(c + d:l:)2 PolyLog (2, _Z'ei(e+fx))
+
72
3iad(c + dz)? PolyLog (2, ie'(¢*/2))
_ o
6ad?(c + dz) PolyLog (3, —iei(ct/2))
_ e
6ad?(c + dz) PolyLog (3, ie'*/2))
_|_
3
6iad® PolyLog (4, —iel(¢+f))
_ i
6iad® PolyLog (4, ie'+/2))
+ fi

/(c +dz)*(a + asec(e + fz))dzx =

1/4xa* (d*x+c) ~4/d-2*I*a* (d*x+c) “3*arctan (exp (I* (f*x+e)))/f+3*Ixa*xd* (d*x+c)
~2xpolylog(2,-I*exp(I*(f*x+e)))/f~2-3*%I*a*xd* (d*x+c) "2*polylog(2, I*exp(I*(f
xx+e))) /£72-6*a*xd~2* (d*x+c) *polylog (3, -I*exp (I* (f*x+e))) /£ 3+6%axd™2* (d*x+
c)*polylog(3,Ixexp (I*(f*x+e)))/f~3-6*I*axd~3*polylog(4,-Ixexp(I*(f*x+e)))/
f~4+6%Ixa*d~3*polylog(4,I*exp(I*(f*x+e)))/f~4
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 218, normalized size of antiderivative = 0.96

3 . (C + d.’E)4 _ 2i(C + d.’L‘)3 arctan (ei(e+f$))
/(c+da:) (a+asec(e+fx))dx—a< 2 7
n 3id(f*(c + dz)? PolyLog (2, —ie*%)) + 2idf (c + dz) PolyLog (3, —ie'**/*)) — 242 PolyLog (4, —ie
f4
n 3d(—if2(c + dz)? PolyLog (2, iei(e+fz)) + Qd(f(c + dz) PolyLog (3’ iei(e+fx)> + id PolyLog (4’ ieilet]
Iz

Integrate[(c + d*x)~3*(a + axSec[e + f*x]),x]

input | )

output

ax((c + d*x)~4/(4*xd) - ((2*I)*(c + d*x) " 3*ArcTan[E~(Ix(e + f*x))])/f + ((3
*I)*xd*x (£72%(c + d*x) "2*%PolyLog[2, (-I)*E~(I*(e + f*x))] + (2xI)*dxfx(c + d
*x)*PolyLog[3, (-I)*E~(I*(e + f£*x))] - 2%d"2#%PolyLogl[4, (-I)*E~(I*(e + f*x
N1))/£74 + (3*%d*x((-I)*£~2%(c + d*x) 2xPolyLog[2, I*E~(Ix(e + f*x))] + 2xd
*x(f*(c + d*x)*PolyLog[3, I*E~(I*(e + f*x))] + I*d*PolyLog[4, I*E~(I*(e + f
*x))1)))/£74)

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3(asec(e + fz) + a) dz
| 3042
/(c—i—dac)3 (acsc (e + fx + g) +a> dz

l 4678
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/ (a(c+ dz)?sec(e + fz) + a(c + dz)?) dz

l 2009
2ia(c + dx)3 arctan (ez’(e+fx)) 6ad?(c + dz) PolyLog (3, _jeilet fz)) .\
) f B 73
6ad’ (c + dz) PolyLog (3, ie"/*)) _3iad(c+ da)? PolyLog (2, —ie"“+/*))
3 72 _
3iad(c + dm)2 PolyLog (2, iei(e+fa:)) N a(c + da:)4 Giad> PolyLog (4’ —iei(e+f”’)) .
f? 4d Iz
6iad> PolyLog (4, jetlet+f w))
7

input LInt[(c + d*x)"3*(a + a*Secl[e + f*x]),x]

(ax(c + d*x)~4)/(4%d) - ((2*xI)*a*x(c + d*x) 3*ArcTan[E~(I*x(e + f*x))1)/f +
((3*I)*a*xdx(c + d*x) 2*PolyLogl[2, (-I)*E~(Ix(e + f*x))]1)/£f72 - ((3*I)*a*d*
(c + d*x)~2xPolyLog[2, I*E~(I*(e + fx*x))])/f"2 - (6*a*d~2x(c + d#*x)*PolyLo
gl3, (-I)*E~(I*(e + £*x))]1)/f"3 + (6%axd~2x(c + d*x)*PolyLog[3, I*E~(I*(e
+ £xx))]1)/£°3 - ((6%I)*a*d~3*PolyLogl4, (-I)*E~(Ix(e + f*x))])/f~4 + ((6%I
)*a*d~3*PolyLog[4, I*E~(Ix(e + f*x))])/f"4

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042
Qlu, x]

N\

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

J

rule 4678

\ x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Intl(cscle_.) + (f_.)*(x_)Ix(b_.) + (@) (a_)*((c_.) + (d_)*x)D"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],




input

output
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 755 vs. 2(200) = 400.

Time = 0.45 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

aedd?® ln(1+iei(fm+e)) 6a d3 polylog (3,—iei(f””+e))x +

6a d3 poly

. 3.4 4 2,.2
risch ad s | o8 4 qdlca® + 3945 4 Py — 7 73

e A
int ((d*x+c) ~3* (a+a*sec (f*x+e)) ,x,method=_RETURNVERBOSE)

N J

1/4*xa*xd"~3*x"4+1/4%a/d*xc~4-1/f " 4xaxe~3*d"3*1n(1+I*exp (I*(f*x+e)))-6/f " 3*a*d
~3*polylog(3,-Ixexp(I*(f*x+e)))*x+6/f " 3*a*xd"3*polylog(3,I*xexp(I*(f*x+e)))*
x-6/f"3*%axd~2*c*polylog(3,-I*exp (I*(f*x+e)))+6/f " 3*a*d 2*c*polylog(3,I*exp
(I*(f*x+e)))+1/f 4*a*e”3*d"3*1n(1-I*xexp(I*(f*x+e)))-1/f*a*xd"3*1n(1+I*exp (I
*x (fxx+e))) *x"3+1/f*a*xd”"3*1n(1-Ixexp (I* (f*x+e)))*x~3-2*%I/f*a*xc”3*arctan(exp
(Ix(f*xx+e)))-3/f*xa*xd"2*c*1ln(1+I*exp (I* (f*x+e))) *x~2+3/f*a*d~2*cx1n(1-I*exp
(I*(fxx+e)))*x~2+3/f*a*c”2xd*1n(1-I*xexp (I* (f*x+e)) ) *x+3/f " 2*a*c"2xd*1n(1-I
*xexp (I* (f*x+e)))*e-3/f " 3xa*e 2xc*d™2*1n(1-I*exp (I*(f*x+e)))-3/f*a*c”2*d*1ln
(1+Ixexp (I* (fxx+e)))*x-3/f " 2%axc~2+d*1n(1+Ixexp (I* (f*x+e))) *e+3/f " 3*axe 2%
c*xd~2+1n (1+I*exp (I* (fxx+e)))+2xI/f 4*a*xd~3*e~3*arctan(exp (I* (f*x+e)))-3+I/
f~2xa*xc”2xd*polylog(2,I*exp (I*(£xx+e)))+3*I/f " 2*a*c"2xd*polylog(2,-I*exp(I
* (f*x+e)) ) +3*I1/f"2*a*d~3*polylog(2,-I*exp (I* (f*x+e)))*x~2-3*xI/f~2*a*xd"3*po
lylog(2,I*exp (I*(f*x+e)))*x"2+a*d~2*c*xx~3+3/2%a*xd*c”™2*x"2+a*c~3*x+6*[*axd"~
3*polylog(4,I*exp(I*(f*x+e)))/f~4-6*%I*a*xd"3*polylog(4,-I*exp(I*(f*x+e))) /£
~4+6xI/f"2*axd"2*xcxpolylog(2,-I*exp (I*(f*x+e)))*x-6%I/f 2*%a*d~2*c*polylog(
2,I*xexp (I*(fxx+e))) *x-6*1/f " 3*axc*d”2*e”2*arctan (exp (I* (f*x+e)))+6+I/f 2*a
*c~2*d*exarctan (exp (I*(f*x+e)))

N J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.14 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c +dz)3(a + asec(e + fz)) dx = Too large to display
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input\integrate((d*x+c)“3*(a+a*sec(f*x+e)),x, algorithm="fricas")

output

input |

1/4% (axd”~3*f74*x"4 + 4*axcxd"2+f74*x"3 + 6*axc”2kd*f"4*x"2 + 4¥axc 3L 4*x
+ 12%Ixa*d~3*polylog(4, I*cos(f*x + e) + sin(f*x + e)) + 12%I*axd~3*polyl
og(4, I*cos(f*x + e) - sin(f*x + e)) - 12xI*a*xd~3*polylog(4, -I*cos(f*x +
e) + sin(f*x + e)) - 12+I*a*d~3*polylog(4, -Ixcos(f*x + e) - sin(f*x + e))
- 6x(I*axd"3*f72xx"2 + 2xIxa*ckd 2*f~2%x + Ixa*xc 2xd*xf~2)*dilog(I*cos(f*x
+ e) + sin(fxx + e)) - 6x(Ixaxd™3*f"2xx"2 + 2*Ixaxcxd 2+f 2xx + I*axc™2xd
*f~2)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 6*x(-I*a*d 3*f~2xx"2 - 2*I*xa*c
*d"2xf"2%x - Ixaxc 2xd*f"2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6x(-Ix
a*d"3*xf72*x"2 - 2xDkakxc*d " 2*xf 2*x - Ixaxc 2*d*f~2)*dilog(-I*cos(f*x + e) -
sin(f*x + e)) - 2*(axd"3xe”3 - 3xaxcxd"2xe”2xf + 3xaxc”2xdxexf”2 - axc”3x
£~3)*log(cos(f*x + e) + I*sin(f*x + e) + I) + 2%(a*d"3*e”3 - 3*akxcxd 2xe”2
*f + 3kaxc"2*d*exf"2 - axc”3*%f"3)*log(cos(f*x + e) - I*sin(f*x + e) + I) +
2% (a*xd"3*f"3*%x"3 + 3*axckd"2*xf"3*x"2 + 3kakc”"2*xd*f " 3*x + a*d"3*e”3 - 3*ax
ckd"2xe"2*f + 3xakxc 2xdxe*f~2)*log(I*cos(f*x + e) + sin(f*x + e) + 1) - 2%
(a*d"3*f"3xx"3 + 3kaxckd " 2xf"3xx"2 + 3*axc 2*d*f"3xx + axd"3xe”3 - 3*axckd
“2%e”2%f + 3kakxcT2xdxexf~2)*log(I*xcos(f*x + e) - sin(f*x + e) + 1) + 2x(a*
d™3*%f73*%x"3 + 3%akckd 2xf73%x"2 + 3%a*c”2*xd*f"3%x + akd 3%e”3 - 3kakckd 2%
e”"2+f + 3kakxc 2xdxexf~2)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2*(axd”
3xf73%x"3 + 3kaxckd"2*f73%x"2 + 3xakcT2*d*xf"3*%x + axd"3%e”3 - 33kakxckxd 2*e”
2xf + 3kakc~2xd*exf"2)*log(-Ixcos(f*x + e) - sin(f*x + e) + 1) - 2*x(axd...

Sympy [F]

/(c+dw)3(a+asec(e+fx))dx:a(/chx+/c3sec(e+fx)dx+/d3x3dx

+ / 3cd?z? dx + / 3cPdz dx

+ /d3ac3 sec (e + fz)

+ /3cd2m2 sec (e + fz)

dz

dz

+ /3c2dac sec (e + fx) d:v)

integrate ((d*x+c)**3* (a+axsec(f*x+e)) ,x)
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{a*(Integral(c**B, x) + Integral(c**3*sec(e + f*x), x) + Integral (d**3xx**3

, x) + Integral (3*c*d**2*x**2, x) + Integral (3xc**2xd*x, x) + Integral (dx*
‘B*X**B*sec(e + f*x), x) + Integral (3xc*d**2xx**2xsec(e + f*x), x) + Integr
’al(3*c**2*d*x*sec(e + £xx), x))

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.23 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c + dz)3(a + asec(e + fx)) dz = Too large to display

input‘integrate((d*X+C)“3*(a+a*sec(f*x+e)),x, algorithm="maxima")

1/4% (4% (f*x + e)*axc™3 + (f*x + e) 4*xaxd~3/f"3 - 4x(f*x + e) 3*axd~3*e/f"3
+ 6% (f*x + e) 2%axd"3*e"2/f 3 - 4*x(fxx + e)*axd"3*xe"3/f"3 + 4x(f*x + e)”3
*axcxd"2/f72 - 12k (f*x + e) "2%axcxd"2xe/f"2 + 12%(f*x + e)*axcxd"2xe"2/f"2
+ 6% (fxx + e) "2*%axc”2+d/f - 12x(f*x + e)*axc”2*d*e/f + 4*axc~3*log(sec(fx*
x + e) + tan(f*x + e)) - 4*a*d"3*e”3*log(sec(f*x + e) + tan(f*x + e))/f73
+ 12%a*c*d”2*e"2*log(sec(f*x + e) + tan(f*x + e))/f72 - 12*a*xc~2*d*exlog(s
ec(f*x + e) + tan(f*x + e))/f + 2x(12xI*axd"3*polylog(4, I*e” (Ixf*x + Ixe)
) - 12%I*a*d~3*polylog(4, -I*e” (I*f*x + I*e)) - 2% (Ix(f*x + e)~3%axd”3 + 3
*(~I*axd"3xe + Ixaxc*d 2*f)*(f*x + e)”2 + 3*(I*a*d"3*e”2 - 2xIxaxc*d 2xexf
+ I*xaxc™2xd*f~2)*(f*x + e))*arctan2(cos(f*x + e), sin(f*x + e) + 1) - 2x(
Ik(f*x + e)~3*a*xd"~3 + 3*x(-I*axd"3*e + Ixaxckd 2*xf)*(f*x + e)~2 + 3k (I*a*xd™
3%e”2 - 2xIxaxcxd~2xexf + I*xaxc ™ 2+xd*f~2)*(f*x + e))*arctan2(cos(f*x + e),
-sin(f*x + e) + 1) — 6x(I*(f*x + e) 2%a*xd”3 + Ixaxd"3*e”2 - 2*I*a*c*d 2*xex
f + Ixakxc™2xd*f~2 + 2x(-I*a*xd"3%e + Ixaxc*d 2xf)*(f*x + e))*dilog(I*e” (I*f
*x + Ixe)) — 6k (-I*x(f*x + e) 2*xaxd~3 — I*axd"3*e”2 + 2*I*axcxd 2xexf — Ix*a
*xC"2*%d*f"2 + 2% (I*a*d"3xe — Ixaxc*d 2*f)*(f*x + e))*dilog(-Ixe” (I*f*x + I*
e)) + ((fxx + e) " 3*a*d”3 - 3*x(a*d"3*xe - axckxd"2*f)*(f*x + e)~2 + 3*(a*xd 3%
€72 - 2xaxckd"2%exf + axc"2xd*f"2)*(f*x + e))*log(cos(f*x + e)"2 + sin(f*x
+ e)”2 + 2*¢sin(f*x + e) + 1) - ((f*x + e) 3*a*d~3 - 3*(a*d"3*%e - axcxd 2%
f)*x(fxx + e)72 + 3*x(a*d"3*e”2 - 2%akckxd"2xe*xf + axc 2kxd*f"2)*x(fxx + e))...

output
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Giac [F]

/(c +dz)*(a+ asec(e + fz)) dz = / (dz + ¢)®(asec (fz +€) + a) dz

input ‘ integrate ((d*x+c) ~3*(a+a*sec(f*x+e)),x, algorithm="giac")

output tintegrate((d*x + c)~3%(a*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/(c+dx)3(a+asec(e+f:c))dx = / (a+ m

) (c+dz)’d

input Lint((a + a/cos(e + f*x))*(c + d*x)~3,x)

output Lint((a + a/cos(e + f*x))*(c + d*x)~3, x)

Reduce [F|

/(c +dz)3(a + asec(e + fz)) dz

a<_4 <f de> d3f (f tan<f2w+2)2m2 dw) cd2f (f

(1) m+3)

tan<f2z+ )2
tan(f””—i—z)

dx) Adf — 2log(1

2f

input Lint ((d*x+c) "3 (ataksec(f*x+e)),x)




output
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(a*x( - 4xint((tan((e + £*xx)/2)*x2*x*x3)/(tan((e + £*x)/2)**2 - 1) ,x)*d**3%
f - 12xint((tan((e + £x*xx)/2)**x2*xx*x*2)/(tan((e + f*x)/2)**2 — 1),x)*cxd**2*
f - 12xint((tan((e + £*x)/2)**x2%x)/(tan((e + f*xx)/2)**2 - 1) ,x)*c*x*2xd*f -
2xlog(tan((e + £*x)/2) - 1)*c*x*3 + 2xlog(tan((e + f*x)/2) + 1)*c**3 + 2*c
*k3kfkX + BkCkk2kdA*Fkx*k*2 + 4kckd**kfrx*k*3 + d*x*x3kfrx*k*4))/(2%f)




output
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3.2 [(c+ dz)*(a+ asec(e + fz))dz

Optimal result . . . . . . . . . . . . e H3l
Mathematica [A] (verified) . . . . . . . . . ... o Y!
Rubi [A] (verified) . . . .. . . ... .. HY!
Maple [B] (verified) . . . . . . . . . ... 50
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 50
Sympy [F] . . o o 57
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... B
Giac [F] . . . . o o bY
Mupad [F(-1)] . . . o o bY¢)
Reduce [F] . . . . . bY¢)

Optimal result

Integrand size = 18,

/(C"‘dﬂv)z(a-l-asec(e-i-fx)) do = a(

antiderivative size = 157

c+dz)®  2ia(c+ dz)?arctan (e*/2))

3d f

2iad(c + dz) PolyLog (2, —ie'**/2))
+

IZ

2iad(c + dz) PolyLog (2, ie"¢+/®))
_ P

2ad? PolyLog (3, —ie'(ct/2))
_ 2

2ad? PolyLog (3, ie'*/2))
+ 7

‘1/3*a*(d*X+C)A3/d_2*I*a*(d*X+c)A2*arCtan(exp(I*(f*X+e)))/f+2*I*a*d*(d*x+c)
‘*polylog(2,-I*eXp(I*(f*x+e)))/f‘2—2*I*a*d*(d*x+c)*polylog(2,I*exp(I*(f*x+e
‘)))/f‘2—2*a*d“2*polylog(3,-I*exp(I*(f*x+e)))/f‘3+2*a*d*2*p01y10g(3,I*exp(l

‘*(f*x+e)))/f*3
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.96

/(c + dz)?(a + asec(e + fz)) dzx

((C +dz)®  2i(c+ dz)? arctan (e'(¢T/2)
=a

3d 7

4 2id(f(c + dz) PolyLog (2, —ie**f2)) + id PolyLog (3, —ie’¢+/®)))
73

N 2d(—if(c+ dz) PolyLog (2,ie"“*/®)) + d PolyLog (3, ie'(¢*/2))) )
13

input‘ Integrate[(c + d*x)~2*(a + a*Sec[e + f*x]),x] ‘

output 2*((c * dx0)73/(3%d) - ((*D)*(c + dxx)~2*ArcTan[E™(Ix(e + £x0)1)/f + ((2
*I)xd*(£x(c + d¥x)*PolyLogl[2, (-I)*E~(I*(e + £*x))] + Ixd*PolyLogl3, (-I)*
E"(Ix(e + £%x))1))/£7°3 + (2%dx((-I)*f*(c + d*x)*PolyLogl[2, I*E~(I*(e + f*x
)] + d*PolyLogl3, I*E~(Ix(e + £*x))1))/£73)

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)*(asec(e + fz) + a) dz
| 3042

/(c—i—dac)2 (acsc (e+fa:+ g) +a> dz

l 4678
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/ (a(c+ dz)?sec(e + fz) + a(c + dz)?) dz

| 2009
2ia(c + dz)? arctan (e¥(¢+/)) N 2iad(c + dz) PolyLog (2, —ie*(c+/2))
) f f2 -
2iad(c + dz) PolyLog (2, ie?¢+f)) N a(c+dz)®  2ad? PolyLog (3, —ieic+f2)) N
f2 3d . f3
2ad? PolyLog (3, ie’(¢+/2))
73
inputLInt[(c + d*x)~2%(a + a*Sec[e + f*x]),x] J

output‘ (a*x(c + d*x)~3)/(3%d) - ((2xI)*a*x(c + d*x) 2*ArcTan[E~(I*(e + f*x))])/f + ‘
| ((2%I)*axdx(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + £¥x))1)/f72 - ((2*D)*axd*(c |
‘ + dxx)*PolyLog[2, I*E~(I*(e + f*x))]1)/f~2 - (2%a*d~2%PolyLog[3, (-I)*E~(I ‘

*(e + £4x))])/£73 + (2%a*d"2+PolyLog[3, I*E"(Ix(e + £*x))])/£73

Defintions of rubi rules used

rule 2009 LInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4678 Imtllescl(e ) + (F_)*x)I*(_ ) + (@) " (@_)*((c_.) + (A )*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N\ J
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 439 vs. 2(138) = 276.

Time = 0.22 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

. 243 3 2a d? polylog (3,—iet(fz+e) 2a d? polylog (3,iei(fz+e) 2ia c2 arctan (e?(fz+e)
risch ed 2 4 adex® +acy + 45 — 252 gf(3 ) 4 2adpoly §§ ) _ f( )

input int ((d*x+c) ~2* (a+a*sec (f*x+e)) ,x,method=_RETURNVERBOSE)

1/3%axd~2*x"3+axd*c*x”"2+axc”2*x+1/3%a/d*c~3-2*a*d"2*polylog(3,-Ixexp (I* (£x*
x+e))) /£73+2xaxd"2*polylog (3, Ixexp (I* (f*x+e))) /£~ 3-2*%I/f*a*xc”2*arctan (exp(
Ix(fxx+e)))-2%I/f"2xa*d"2*polylog(2, I*xexp (I* (f*x+e)))*x+1/f*xa*d”2+1n(1-I*e
xp(I* (f*xx+e)))*x"2-1/f*a*xd"2x1n (1+Ixexp (I* (f*x+e)))*x~2+2xI/f " 2*a*c*d*poly
log(2,-Ixexp(I*(f*x+e)))+2/f*a*ckxd*1n(1-I*xexp(I*(f*x+e)))*x-1/f"3*a*xe"2xd"
2x1n(1-Ixexp (I* (f*xx+e)))-2+I/f " 2xaxc*d*polylog(2, I*xexp (I* (f*x+e)))+2xI/f"2
*a*xd~2*polylog(2,-I*xexp (I*(f*x+e)))*x+4*x1/f " 2*axcxd*e*arctan(exp (I* (f*x+e)
))-2/f*axckd*1ln(1+I*exp (I* (f*x+e)))*x+1/f " 3*a*xe”2*%d"2*1n(1+I*exp (I* (f*x+e)
))-2/f"2xa*xckd*1n(1+I*xexp (I* (f*x+e)))*e+2/f"2xa*c*kd*1n(1-I*exp (I*(f*x+e)))
*xe-2%I/f ~3*a*xd"2xe~2*arctan (exp (I*(f*x+e)))

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.12 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

/(c + dz)*(a + asec(e + fx)) dz = Too large to display

p

inputt

-

integrate ((d*x+c) 2% (ata*sec(f*x+e)),x, algorithm="fricas")
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1/6% (2%a*d~2+f"3*%x"3 + G*akckxd*f~3*x"2 + Gkaxc”2+f"3*x - 6*axd”2xpolylog(3
, Ikcos(f*x + e) + sin(f*x + e)) + 6xa*d"2*polylog(3, I*cos(f*x + e) - sin
(f*x + e)) - 6*a*d”2*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) + 6*xaxd”™2*
polylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*axd 2*f*x + Ikakckxd*f)*d
ilog(I*cos(f*x + e) + sin(f*x + e)) - 6*%(I*a*xd~2*f*x + I*axc*d*f)*dilog(I*
cos(f*x + e) - sin(f*x + e)) - 6*%(-Ixa*d"2xf*x — I*axcxd*f)*dilog(-I*cos(f
*x + e) + sin(f*x + e)) - 6x(-I*axd 2xf*x - Ixaxckd*f)*dilog(-I*cos(f*x +
e) - sin(fxx + e)) + 3x(axd™2*e”2 - 2xaxckd¥exf + axc”~2xf"2)*log(cos(f*x +
e) + I*sin(f*x + e) + I) - 3%(a*d”™2xe”2 - 2+axcxd*exf + axc”2*f~2)*log(co
s(f*x + e) - Iksin(fxx + e) + I) + 3*(axd™2%f"2%x"2 + 2xakxckd*f™2xx - a*xd”
2*¥e”2 + 2*xakxckxdxexf)xlog(I*cos(f*x + e) + sin(f*x + e) + 1) - 3*(a*xd™2xf"2
*X"2 + 2xaxckd*f"2xx - akd"2xe”2 + 2xaxckdkexf)*log(I*cos(f*x + e) - sin(f
*x + e) + 1) + 3x(akxd™2xf"2%x"2 + 2kakckd*f 2%x - axd"2%xe”2 + 2xaxckdxexf)
*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 3x(axd™2*f72*x"2 + 2kaxckxd*f 2%
X - axd"2*xe”2 + 2xaxcxdxexf)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3x(
axd~2%e”2 - 2xakckdxexf + axc”2+f"2)*log(-cos(f*x + e) + I*sin(f*x + e) +
I) - 3x(a*d™2%e”2 - 2%akckd*exf + axc™2*f~2)*log(-cos(f*x + e) - I*sin(f*x
+e) + I))/f3

output

N

Sympy [F]

/(c+dm)2(a—|—asec(e—|—f1')) dx=a(/c2dm+/c2sec(e+fm) dx—l—/d2x2dm
+/2cda:dx+/d2z2 sec (e + fx)dx

+ /2cdx sec (e + fx) dx)

p
inputLlntegrate((d*x+c)**2*(a+a*sec(f*x+e)),x)

‘a*(Integral(c**2, x) + Integral(c**2*sec(e + f*x), x) + Integral (d**2xx**2
‘, x) + Integral(2*cxd*x, x) + Integral(d**2*x**x2*sec(e + f*x), x) + Integr
La1(2*c*d*x*sec(e + f*xx), x))

output




input

output

input
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.20 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a + asec(e + fz)) dzx

B 6 (_fCL' + 6)(1,02 + 2(fa:-;§)3ad2 _ 6(fm-|.-fez)2ad26 + fS(f:):—i.-fez)a,(Pe2 + 6(fa:-l}e)2acd 12 (fm-;e)acde

+ 6 ac? log (sec (fz -

t

integrate ((d*x+c) 2% (at+a*sec(f*x+e)),x, algorithm="maxima")

N

1/6% (6% (f*x + e)*axc™2 + 2x(f*x + e)"3*a*d"2/f72 - 6x(f*x + e) "2xa*xd 2xe/f
2 + 6x(f*x + e)*axd"2*%e”"2/f72 + 6x(f*x + e) "2%akckd/f - 12+ (fxx + e)*akck
dxe/f + 6xaxc”2*log(sec(f*x + e) + tan(f*x + e)) + 6*axd"2xe”2*log(sec(f*x
+ e) + tan(f*x + e))/f"2 - 12xaxc*d*exlog(sec(f*x + e) + tan(f*x + e))/f
+ 3x(4xa*d~2*polylog(3, Ixe~(I*f*x + I*e)) - 4xaxd~2xpolylog(3, -Ixe” (I*f*
x + Ixe)) - 2x(I*(fxx + e) 2xa*xd”2 + 2x(-I*axd"2xe + Ixakxcxd*f)*(f*x + e))
*arctan2(cos(f*xx + e), sin(f*x + e) + 1) — 2% (I*x(f*x + e) 2*xa*xd™2 + 2*(-Ix*
axd~2xe + Ixaxcxd*f)*(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) -
4x(I*(f*x + e)*axd™2 - Ixa*d"2%e + Ikaxckd*f)+*dilog(Ixe” (I*f*x + I*e)) -
4% (-Ix(f*x + e)*axd™2 + I*axd"2xe - I*axc*d*f)*dilog(-I*e” (Ixf*x + Ixe)) +
((f*x + e)"2%a*d~2 - 2*(a*d"2*e - akxcxd*f)*(f*x + e))*log(cos(f*x + e)~2
+ sin(f*x + e)72 + 2xsin(f*x + e) + 1) - ((f*x + e)"2%axd™2 - 2x(axd"2*e -
axcxd*f)*(fxx + e))*log(cos(f*x + e)~2 + sin(f*x + e)”2 - 2*sin(f*x + e)

+1))/£72)/f

[

Giac [F]

/(c+da:)2(a+asec(e+fa:))dx = /(da:+c)2(asec (fx+e)+a)de

integrate ((d*x+c) “2*(ataxsec(f*x+e)) ,x, algorithm="giac")

~—
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OutputLintegrate((d*x + c)"2x(axsec(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.

/(c+dx)2(a+asec(e+fx))dx = / (a+ #) (c+dz)’dzx

e+ fz)
input 10t((a + a/cos(e + £xx))*(c + dxx)"2,x) J
outputtint((a + a/cos(e + f£*x))*(c + d*x)72, x) J
Reduce [F]

/(c +dz)*(a + asec(e + fz)) dz

tan( £Z ? Iz e 21
a<—6 (f ﬁdx) d*f —12 (f mé%;%d:::) cdf — 3log(tan (£ + £) — 1) ¢ + 3log(tan |
3f

inputLint((d*x+c)‘2*(a+a*sec(f*x+e)),x) J

‘(a*( - 6*int((tan((e + f*x)/2)*x2*x**2)/(tan((e + f*x)/2)**2 - 1),x)*d**2x* \
£ - 12«int((tan((e + £*x)/2)**2%x)/(tan((e + £¥x)/2)*%2 - 1),x)*c*d*f - 3x
‘log(tan((e + £*x)/2) - 1)*c**2 + 3xlog(tan((e + f*x)/2) + 1)*kck*2 + 3xch*2 |
‘*f*x + 6kckd*frx**2 + kd**2xf*x*k*x3))/(3*f)

output
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3.3 [(c+dzx)(a+ asec(e + fz))dz

Optimal result . . . . . . . . . . . . e 60]
Mathematica [A] (verified) . . . . . . . . . ... o 601
Rubi [A] (verified) . . . .. . . ... .. 611
Maple [A] (verified) . . . . . . ... L 62
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 63
Sympy [F] . . o o 63
Maxima [F] . . . . . . 64
Giac [F] . . . . o o 64
Mupad [F(-1)] . . . o o 64
Reduce [F] . . . . . 65

Optimal result

Integrand size = 16, antiderivative size = 93

_a(c+dz)?  2ia(c+ dx) arctan (€'
/(c+dx)(a+asec(e+fa;))dg; = i f
iad PolyLog (2, —jeiletf -””))
+ 72
iad PolyLog (2, ie"¢+/®))
_ £

‘ 1/2xa* (d*x+c) ~2/d-2*I*a* (d*x+c) *arctan (exp (I*(f*x+e))) /f+I*a*d*polylog(2,- ‘

output
| Txexp(I*(f*x+e))) /£ 2-T+ard*polylog(2, Ixexp(I* (fxx+e)))/£™2 |

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.94

/(c +dz)(a + asec(e + fz)) dz

_a(f(fz(2c+ dz) — 4i(c+ dx) arctan (e"*/?)) + 2id PolyLog (2, —ie’**/®)) — 2id PolyLog (2, ie!**/*
= 27

input LIntegrate[(c + d*x)*(a + a*Sec[e + f*x]),x] J
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‘(a*(f*(f*x*(Q*c + d*x) - (4*I)x(c + d*x)*ArcTan[E~(I*(e + £*x))]1) + (2*%I)* \
|d*PolyLog[2, (-I)*E~(I*(e + f*x))] - (2+I)*d*PolyLogl2, I*E~(Ix(e + f¥x))] |
)/ (2%£72) |

output

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00,

number of rules _ 0.188, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(C + dz)(asec(e + fzr) + a) dx
l 3042
T

/(C+ dzx) (acsc (e + fr+ 5) —I—a) dz
l'4678

/(a(c + dz) sec(e + fz) + a(c + dz))dz
l 2009

2a(c + dz) arctan (e/+/%))  g(c+dx)?  iadPolyLog (2, —ie!ct/2))
f 2d f2
iad PolyLog (2, ie¥(¢+f2))
12
input LInt [(C + d*x)*(a + axSec [e + f*X] ) ,X] J

‘*a*d*PolyLog[Q, (-I)*E~(I*(e + f*x))])/£f72 - (I*a*d*PolyLog[2, I*E~(I*(e +

Output\((a*(c + dxx)~2)/(2%d) - ((2*%I)*ax(c + d*x)*ArcTan[E~(Ix(e + f*x))]1)/f + (I \\
‘ f*x))]1)/£°2 ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear

Qlu, x]

rule 4678 ImtLlescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
d(—(fz+e) 1n(1+iei(fz+e))+(fw+e) ln(l—iei(fz+e))+i dilog(1+iei(fz+e)) —i di]og(l—iei(fere
1 2 !
parts a(3dz? + cz) + 7
2 d(- In(1+ie’
derivativedivides ac(fx+e)—ade(§m+e)+ad(f2zfe) +acln(sec(fz+e)+tan(fz+e))—2%e ln(sec(fz+;)+tan(fx+e))+a (zUz+e)in(itie
f
ac(fx+e)_ade(fz+e) +ad(f:z+e)2 +acln(sec(fx+e)+tan(fx+e))—ade 1n(sec(fz+e)+tan(fa;+e))+"'d(_(fz+9) ln(l-&-iel
default L 2f f 7
. 2 % t i(fx+te) dln(1+iet(fz+e) dln(1+iet(fz+e) dln(1—iei(fz+e)
risch ad2m + acr — iacarc ar}(e ) _a n( z; )E _a n( }eZ )e + adln( 'L; )

input 10t ((d*x+c)* (ataxsec(f*x+e)) ,x,method=_RETURNVERBOSE) |

output ‘ a*(1/2xd*x~2+c*x)+a/f* (1/f*d* (- (fxx+e) *1n(1+I*exp (I*(f*x+e)))+(f*x+e)*1n(1 ‘
| ~Ixexp(I*(f*x+e)))+I*dilog(1+Ixexp(I*(f*x+e)))-I*dilog(1-T*exp(I*(f¥x+e))) |
‘ )+cx1n(sec(f*x+e)+tan(f*x+e))-e/f*d*1n(sec(f*x+e)+tan(f*x+e))) ‘
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.11 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c + dz)(a+ asec(e + fx))dz
_ adf?z?® + 2 acf?z — iadLiy(i cos (fr + €) + sin (fz + €)) — i adLis(i cos (fr + €) — sin (fz + €)) + i ac

inputLintegrate((d*x+c)*(a+a*sec(f*x+e)),x, algorithm="fricas") J

e N

1/2% (a*d*f~2%x"2 + 2%a*c*f~2xx - I*axd*dilog(Ixcos(f*x + e) + sin(f*x + e)
) - Ixaxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*a*dxdilog(-I*cos(f*x +

e) + sin(f*x + e)) + Ixaxd*dilog(-I*cos(f*x + e) - sin(f*x + e)) - (axd*e

- axc*f)*log(cos(f*x + e) + Ixsin(f*x + e) + I) + (axd*e - axcxf)*log(cos(
fxx + e) - Ixsin(f*x + e) + I) + (a*xdxf*x + a*xdxe)*log(I*cos(f*x + e) + si
n(f*x + e) + 1) - (a*xdxf*x + a*xdxe)*log(I*cos(f*x + e) - sin(f*x + e) + 1)
+ (a*xdxf*x + a*dxe)*log(-Ixcos(f*x + e) + sin(f*x + e) + 1) - (a*xdxf*x +

axdxe)*log(-I*cos(fxx + e) - sin(f*x + e) + 1) - (akxdxe - a*c*f)*log(-cos(
fxx + e) + Ixsin(f*x + e) + I) + (axd*e - a*xcxf)x*log(-cos(f*x + e) - Ix*sin
(fxx + e) + I))/f"2

output

Sympy [F]

/(c+da:)(a+asec(e+fa:))dz:a(/cdw+/csec(e+fa:)dx—i—/dxda:
+/da:sec (e+ fzx) da:)

input Lintegrate ((d*x+c)* (ata*sec (f*x+e)) ,x) J

e hY
‘a*(Integral(c, x) + Integral(c*sec(e + f*x), x) + Integral(d*x, x) + Integ

output
‘ral(d*x*sec(e + f*x), %))




input

output

input

output

input

output
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Maxima [F|

/(c+dx)(a+asec(e+fx))dx = /(dx—i—c)(asec (fx+e)+a)ds

Lintegrate((d*x+c)*(a+a*sec(f*x+e)),x, algorithm="maxima")

1/2x (axd*f*x~2 + 2xa*cxf*x + 4*xaxd*fxintegrate((x*cos(2xf*x + 2%e)*cos(f*x
+ e) + x*sin(2*f*x + 2*e)*sin(f*x + e) + x*kcos(f*x + e))/(cos(2*f*x + 2%e
)72 + sin(2*f*x + 2%e) "2 + 2xcos(2xf*x + 2%e) + 1), x) + akcklog(cos(f*x +
e)”2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - axc*log(cos(f*x + e)”2 + si
n(f*x + e)”2 - 2*sin(f*x + e) + 1))/f

Giac [F]

/(c—i—dm)(a—i—asec(e—l—fa:))dz = /(dm+c)(asec (fz+e)+a)dz

tintegrate((d*x+c)*(a+a*sec(f*x+e)),x, algorithm="giac")

Lintegrate((d*x + c)*(axsec(f*x + e) + a), x)

Mupad [F(-1)]
Timed out.

a

(c+ dx)(a+ asec(e + fz))dz = a+ cos (e + fx)
(e+fz)

) (c+da) do

Lint((a + a/cos(e + f*x))*(c + d*x),x)

Lint((a + a/cos(e + f£xx))*(c + d*x), x)
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Reduce [F]

/(c + dx)(a+ asec(e + fx))dz

an(£Z4¢ 2:1:
a(—2 (f thldx) df —log(tan (£ +£) —1) c+log(tan (££ + £) +1) c+cfz +dfw2)

tan(%—i—%)
B f
input Lint ((d*x+c)*(ataxsec (f*x+e)) ,x) J
output‘ (ax( - 2xint((tan((e + £*x)/2)**x2*x)/(tan((e + f*x)/2)**2 - 1),x)*d*f - lo \

\g(tan((e + £xx)/2) - 1)*c + log(tan((e + £*x)/2) + 1)*c + c*f*xx + dkf*x**2 \
/% |
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3.4 f a+asec(e+fx) dx

ct+dz
Optimal result . . . . . . . . . . . . . e 60!
Mathematica [N/A] . . . . . . . . . 66
Rubi [N/A] .« . o 67
Maple [N/A] . . . . 68}
Fricas [N/A] . . . . . o 68
Sympy [N/A] . . o 68}
Maxima [N/A] . . . . . 69
Giac [N/A] . . . o 69
Mupad [N/A] . . . . 69
Reduce [N/A] . . . o [

Optimal result

Integrand size = 18, antiderivative size = 18

/a—i—asec(e—i—fz) dz — Tnt a—i—asec(e—l—fx),w
c+dx c+dx

output 'Defer (Int) ((a+axsec(f*x+e))/(d*x+c) ,x)

Mathematica [N/A]
Not integrable

Time = 4.86 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dx

/a—l—asec(e—l— fz) /a+asec(e+fw)
dr =
c+dz c+dx

-

input LIntegrate[(a + a*Sec[e + f*x]1)/(c + d¥x),x]

\ >

output LIntegrate[(a + a*Sec[e + f*x])/(c + d*x), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/asec(e+ fr)+a i
c+dx

J,3042

/acsc(e+f:v+’27)—|—a

c+dzx dz

l 4681

/asec(e+ fx) ta,
c+dz

‘Int[(a + a*Secl[e + f*x])/(c + d*x),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—asec(fx-l—e)dz
dz +c

inputtint((a+a*sec(f*X+e))/(d*x+c),x)

-

output Lint ((at+axsec(f*x+e))/ (d*x+c) ,x)

-/

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+asec(e+fx) dwz/asec(fa:+e)+adx
c+dz dz +c

inputLintegrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="fricas")

outputLintegral((a*sec(f*x +e) + a)/(d*x + c), x)

Sympy [N/A]
Not integrable

Time = 0.63 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

a+asec(e+ fr) . /sec(e-l—fx) / 1
/ ot dz dx-a( T etdr dx + c+dxdm

inputLintegrate((a+a*sec(f*x+e))/(d*x+c),X)

Outputta*(lntegral(sec(e + fxx)/(c + d*x), x) + Integral(l/(c + d*x), x))
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Maxima [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a—l—asec(e—i—fx)dw:/asec(fz—i—e)—i—adx
c+dz dz +c

input Lintegrate ((at+a*sec(f*x+e))/(d*x+c),x, algorithm="maxima") J

‘ (2*axd*integrate((cos (2xf*x + 2%e)*cos(f*x + e) + sin(2*fxx + 2xe)*sin(f*x ‘
‘ + e) + cos(f*x + e))/((d*x + c)*cos(2*f*xx + 2%e)~2 + (d*x + c)*sin(2*xf*x ‘
+ 2%e)"2 + d¥x + 2%(d¥x + c)*cos(2kfxx + 2xe) + c), x) + axlog(d*x + c))/d |

output

Giac [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—asec(e—l—fx)dx:/asec(fz—l—e)—i—adw
c+dz dz +c

input Lintegrate ((at+axsec(f*x+e))/(d*x+c) ,x, algorithm="giac") J

e hY
integrate((a*sec(f*x + e) + a)/(d*x + c), x)

N\ J

output

Mupad [N/A]
Not integrable

Time = 15.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

0+
/G+GS€C(€+f.’L') d.’l}=/ cos(e+f ) dr
c+dz c+dzx
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inputtint((a + a/cos(e + f*x))/(c + d*x),x)

output 1BE((a * a/cos(e + £¥0))/(c + a¥0), )

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.89

a+asec(e+ fr) . / 1 / 1
/ c+dx dx—a< cos(fx+e)c+cos(fz+e)dmdz_'_ d:L'—l—cdm

inputtint((a+a*sec(f*X+e))/(d*x+c),x)

output La*(int(l/(cos(e + f*x)*c + cos(e + f*x)*d*x),x) + int(1/(c + d*x),x))




output

input

output
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3.5  [uredelddy

Optimal result . . . . . . . . .. . ..
Mathematica [N/A] . . . . . . ..
Rubi [N/A] . . o e
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . o
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—asec(e—l—fz) i :Int(

(c+ dz)?

a+ asec(e + fz)

(c+ dz)?

)

LDefer(Int)((a+a*sec(f*x+e))/(d*x+c)”2,x)

Mathematica [N/A]

Not integrable

Time = 3.96 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

[t |

a+ asec(e+ fz)

(c+ dz)?

dx

LIntegrate[(a + axSec[e + f*x])/(c + d*x)~2,x]

e

LIntegrate[(a + a*Sec[e + f*xx])/(c + d*x)~2, x]

~—




input

output

rule 3042

rule 4681
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Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, = -
integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

asec(e + fz) +a
/ (c+ dz)? de

l 3042

acsc(e+ fz+%)+a
/ (c+ dz)?

l 4681

asec(e + fz)+a
/ (c+ dz)? de

dz

LInt[(a + axSecl[e + f*x])/(c + d*x)~2,x]

e

L$Aborted

~—

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(a_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#x) m*(a + bxCsc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+asec(fx+e)dz
(dz + c)®

input Lint ((at+axsec (f*x+e))/ (d*x+c)~2,x)

output Lint ((ata*sec(f*x+e))/(d*x+c)~2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+asecle+ fz) . [asec(fr+e)+a
/ (c+ dx)? dz = / (dz + c)2 de

input Lintegrate ((a+axsec(f*xx+e) )/ (d*x+c) "2 , X, algorithm="fricas D)

output Lintegral((a*sec(f*x + e) + a)/(d"2%x"2 + 2%c*d*x + c”2), X)

Sympy [N/A]
Not integrable

Time = 2.47 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.56

a+asec(e+ fzx) . / sec (e + fz) / 1
/ (c+ dx)? do = a( c® + 2cdz + d2z? @t |z + 2cdzx + d2x2 dz

input Lintegrate ((ata*xsec(fxx+e))/ (dkx+c) **2,x)




CHAPTER 3. LISTING OF INTEGRALS 74

‘a*(Integral(sec(e + £*x)/(c*x*2 + 2kckd*x + dk*x2xx**2), x) + Integral(1/(c*

output
L*Q + 2xckd*x + d¥x*2%xx*%2), x)) J

Maxima [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+asec(e+ fr) .,  [asec(fr+e)+a
/ (c+ dx)? dw = / (dz + ¢)? de

inputtintegrate((a+a*sec(f*x+e))/(d*x+c)*2’x, algorithm="maxima")

(2% (axd"2*x + axc*xd)*integrate((cos(2xf*x + 2xe)*cos(f*x + e) + sin(2*f*x

+ 2%e)*sin(f*x + e) + cos(fxx + e))/(d"2*%x"2 + 2*xcxd*xx + (d™2%x"2 + 2*c*d*

X + c"2)*cos(2xf*x + 2xe)”2 + (A724x72 + 2%ckdkx + c”2)*sin(2xfxx + 2xe) "2
+ c72 + 2% (d72%x"2 + 2%cxd*x + c”2)*cos(2*fxx + 2%e)), x) - a)/(d"2%x + c

*d)

output

Giac [N/A]
Not integrable

Time = 1.47 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+asec(e+ fx) .,  [asec(fr+e)+a
/ (c+ dx)? dz = / (dx + 6)2 de

inputLintegrate((a+a*sec(f*x+e))/(d*x+c)*2,x’ algorithm="giac")

/

outputLintegrate((a*sec(f*X +e) + a)/(d*x + c)~2, x)

~—
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Mupad [N/A]
Not integrable

Time = 15.32 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/a—i—asec(e—i—fx) a+ws(;+fx)
2 g= | ——— 5 dz
(c+dzx) (c+dx)
inputtint((a + a/cos(e + fxx))/(c + d*x)~2,x) J
outputtint((a + a/cos(e + f*x))/(c + d*x)~2, x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 82, normalized size of antiderivative = 4.56

/ a+ asec(e + fr) i
(¢ + dx)?
a(( I sec(fm+§g)vfcn(fz+e) dx) Ef + ( I sec(fz+§if:(fz+e) dx) cdfr —sec(fr+e)c+ da:)
B cd (dz + )
input Lint ((ata*sec(f*x+e))/ (d*x+c)2,%) J
output‘ (a*(int ((sec(e + f*x)*tan(e + £*x))/(c + d*x),x)*c**2xf + int((sec(e + f*x ‘

‘)*tan(e + f*x))/(c + d*x),x)*c*kd*xf*x - sec(e + f*x)*c + d*x))/(c*xd*(c + d*

‘x)) ‘




CHAPTER 3. LISTING OF INTEGRALS

76

3.6

[(c+dz)*(a+ asec(e + fz))* dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ...

Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F]

Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] . .

Mupad [F(-1)] . . . o o

Reduce [F]



output
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Optimal result

Integrand size = 20, antiderivative size = 371

/(c + dz)*(a + asec(e + fxr)) de = _ia*(c +dx)’® n a?*(c+ dz)*

f 4d
4ia®(c + dz)® arctan (e'¢+/®))
f .
3a?d(c + dz)?log (1 + e(etf2)
IZ
6ia’d(c + dz)? PolyLog (2, _Z'ei(e+fm))
_|_
Iz
6ia’d(c + dz)? PolyLog (2, te'**/2))
_ e
3ia’d?(c + dz) PolyLog (2, —e(c+/2))
_ £
12a2d?(c + dz) PolyLog (3, —ie'(¢*/2))
_ 7
12a%d*(c + dz) PolyLog (3, ie'**/2))
+
73
N 3a?d? PolyLog (3, —e%(e+f2))
2f4
12ia%d? PolyLog (4, —ie'**/2))
_ i
12ia%d? PolyLog (4, jetletf z))
_|_
Iz
a*(c+ dx)®tan(e + fz)
’ 7

-Ixa~2x*(d*x+c) ~3/f+1/4%a~2*(d*x+c) ~4/d-4*I*a"2*(d*x+c) "3*arctan(exp (I*(f*x
+e)))/f+3xa”2xd* (d*x+c) "2+1n(1+exp (2*I* (f*x+e))) /£~ 2+6%I*a~2*d* (d*x+c) ~2*p
olylog(2,-I*exp(I*(fxx+e)))/f 2-6xI*a"~2xd* (d*x+c) "2*polylog(2, I*xexp (I* (f*x
+e)))/£72-3*I*a~2+d~2* (d*x+c) *polylog (2, —exp (2*xI* (fxx+e))) /£~3-12%a~2xd "2
(d*x+c) *polylog(3,-Ixexp(I*(f*x+e)))/f~3+12%a~2%d"2* (d*x+c)*polylog(3, I*ex
p(I*x(f*x+e)))/£73+3/2*%a~2xd"3*polylog(3,-exp (2*xI* (fxx+e))) /f~4-12%I*a~2%d"
3*polylog(4,-I*exp (I*(f*x+e)))/f74+12xI*a"~2*d"3*polylog(4,I*exp(I*(f*x+e))
) /£~ 4+a~2* (d*x+c) “3*tan(f*x+e) /f
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Mathematica [A] (verified)

Time = 1.33 (sec) , antiderivative size = 329, normalized size of antiderivative = 0.89

/(c +dz)*(a+ asec(e + fz))*dx
_ 1(12 (_42'(0 + dx)g 4 (C + dx)4 _ 161(0 + dx)3 arctan (ei(e—l-fx))

4 f d 7

24id(c + dz)? PolyLog (2, —ie"*/)  24id(c + dz)? PolyLog (2, ie*/))

+ - _ 2
d 7
n 6d (2 f?(c+ dz)?log (1 + e2i(e+fﬁv)) — 2idf (¢ + dz) PolyLog (2, _p2ilet fz)) + @ PolyLog (3, _ iter sz
f4
48d”(f(c + da) PolyLog (3, —ie"“*/*)) + id PolyLog (4, —ie*/*)))
_ .
48 (f(c + dz) PolyLog (3, €"*/%)) + id PolyLog (4, ie"“+/”))
+ 7
4(c+ dzx)3tan(e + fz)
+
f
input LIntegrate [(c + d*x)~3*(a + axSec[e + f*x])"2,x] J

(@a~2%(((-4*I)*(c + d*x)"3)/f + (c + d*x)~4/d - ((16*I)*(c + d*x) 3*ArcTan[
E~(Ix(e + £*xx))1)/f + ((24*I)*d*(c + d*x) 2*PolyLogl[2, (-I)*E~(I*(e + f*x)
)1)/£72 - ((24%I)*d*(c + dxx) 2xPolyLog[2, I*E~(I*(e + f*x))])/f"2 + (6%d*
(2%f~2%(c + d*x)~2+Logl[l + E~((2*I)*(e + £*x))] - (2*I)*d*f*(c + d*x)*Poly
Logl[2, -E~((2*I)*(e + f*x))] + d"2+PolyLog[3, -E~((2*I)*(e + £*x))]))/f"4
- (48%d"2x(f*(c + d*x)*PolyLogl[3, (-I)*E~(I*(e + f*x))] + I*d*PolyLogl[4, (
-D*E~(I*x(e + f*x))]))/£74 + (48xd~2*(f*(c + d*x)*PolyLog[3, I*E~(I*(e + £
*x))] + I*d*PolyLog[4, I*E~(I*(e + f*x))]))/f74 + (4*(c + d*x) 3*Tan[e + f
*xx])/£)) /4

output
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Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(c + dz)3(asec(e + fz) + a)*dz
| 3042
3 ™ 2
/(c—i—dw) (acsc (e+f.1:+ 2) —I—a) dz
| 4678
/ (a*(c+ dz)?sec®(e + fz) + 2a*(c + dz)* sec(e + fz) + a®*(c + dz)?) dz
| 2009
4ia®(c + dz)® arctan (eX¢+/®)  3ia%d?(c + dz) PolyLog (2, —e?(c+/2))
- f - f? R
12a%d?(c + dz) PolyLog (3, —ie'®*/2))  12a2d?(c + dz) PolyLog (3, ie‘(¢+/2))
3 + 73 +
6iad(c + dz)? PolyLog (2, —ie’**/®)  6ia2d(c + dz)? PolyLog (2, ie?(¢+f2)) N
1 N 1
3a2d(c + dz)?log (1 + e*(+f2))  o2(c+dx)dtan(e+ fz) ia2(c+dx)®  a*(c+ dx)?
+ - + +
f? f f 4d
3a%d® PolyLog (3, —e(¢+f2))  12ia2d® PolyLog (4, —ie!(c+/2))
2f N ’
12ia2d3 PolyLog (4, ie'(¢*/2))

7

input‘ Int[(c + d*x)~3*(a + a*Sec[e + f*x])~2,x]




output

rule 2009

rule 3042

rule 4678

input
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((-I)*a~2x(c + d*x)~3)/f + (a~2*(c + d*x)~4)/(4*d) - ((4*xI)*a~2x(c + d*x)"
3xArcTan[E~(I*(e + £*x))])/f + (3*a"2xd*(c + d*x) 2*Log[l + E~((2*I)*(e +
fxx))1)/£72 + ((6*%I)*a~2xd*(c + d*x) 2*PolyLog[2, (-I)*E~(I*(e + f*x))])/f
2 - ((6%I)*a~2*d*(c + d*x) 2*PolyLogl[2, I*E~(I*(e + f*x))]1)/£f72 - ((3*I)*
a~2xd"2*%(c + d*x)*PolyLog[2, -E~((2*I)*(e + £f*x))]1)/£f73 - (12*a~2xd"2x(c +
d*x)*PolyLog[3, (-I)*E~(I*(e + fxx))])/£f73 + (12*a~2*%d"~2*(c + d*x)*PolyLo
g3, IxE~(Ix(e + £*x))])/£f"3 + (3*a~2xd"3*PolyLog[3, -E~((2*I)*(e + f*x))]
)/ (2%£74) - ((12*%I)*a~2xd"3*PolyLog[4, (-I)*E~(Ix(e + f*x))]1)/f"4 + ((12%I
)*a~2%d~3%PolyLog[4, I*E~(I*(e + f*x))]1)/f"4 + (a”2%(c + d*x) 3*Tan[e + fx*
x]1)/f

Defintions of rubi rules used

e

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1516 vs. 2(334) = 668.

Time = 0.43 (sec) , antiderivative size = 1517, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1517

.
int ((d*x+c) ~3* (at+axsec (f*x+e))~2,x,method=_RETURNVERBOSE)
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output

12%I*a~2*d~3*polylog(4,I*xexp(I*(f*x+e)))/f74-12*%I*a~2*d"3*polylog(4,-I*exp

(Ix(fxx+e)))/f74+1/4xa~2%d " 3*x"4+1/4%a"2/d*xc"4-12*I/f"2*a~2*d~2*c*polylog(
2,I*xexp(Ix(fxx+e))) *x-12*I/f"2*a " 2xc*d " 2*e*xx-12*%I/f " 3*a~2*c*d"2*e”2*arctan
(exp(I*(f*xx+e)))+12xI/f"2*a"2*c"2xd*e*arctan (exp (I* (f*xx+e)))+12xI/f"2*a~2*
d~2*c*polylog(2,-I*xexp(I*(f*x+e)))*x+6%I1/f 2*%a~2*xd"3*polylog(2,-I*exp(I*(£f
xx+e) ) ) *x"2-6%I1/f"2%a~2xc”2*d*polylog(2,I*xexp (I* (f*x+e)))+6+I/f"2%xa~2%c 2%
d*polylog(2,-I*exp(I*(f*x+e)))-6%I/f*a”~2%c*kd 2*x"2-6%I/f " 3*a~2*d"3*polylog
(2,I*xexp(I*(f*x+e)))*x-6*%I1/f 4*a~2*d"3*polylog(2, I*exp (I*(f*x+e)))*e—6%1/f
~3%a~2%d"3*polylog(2,-I*exp (I*(f*x+e)))*x-6%I/f 4*a~2*d"3*polylog(2,-I*exp
(I*(f*x+e)))*e-3*I/f 3*%a"2xc*d~2*polylog(2,-exp (2*I* (f*x+e)))-6xI/f "3*a~2*
e”2xc*kd"2+4*1/f 4*a~2+d"3*e"3*arctan(exp (I* (f*x+e))) +6*I/f " 3%a~2%d " 3*e”2*x
+3%I/f"4%a"2%e*d"3*polylog(2,-exp (2*xI* (f*x+e)))-12/f"3*a~2*d"3*polylog(3,-
Ixexp(I*(f*x+e)))*x-2/f"4*a"2*e”~3*d"3*1n (1+Ixexp(I* (f*x+e)))+3/f"2*xa"~2xc"2
*d*1n (1+exp (2*xI* (f*x+e)))-6/f"2*xa"~2*%c~2xd*1n(exp (I* (f*x+e))) +4*I/f"4*a"2%e
~3%d"3-4*xI/f*a"2*c"3*arctan(exp (I*(f*x+e)))-2*I/f*a~2*d"3*x~3+6/f "4*a~2*d"
3*polylog(3,I*exp (I*(f*x+e)))+6/f 4*a~2xd~3*polylog(3,-I*exp (I*(f*x+e)))+3
/£72%a"2xd"3*1n (1-I*exp (I* (f*x+e)) ) *x"2+3/f"2*xa"~2xd " 3*1n (1+I*exp (I* (f*x+e)
))*x"2+3/£"4*a"2*d"3*1n (1+I*exp (I* (f*x+e))) *e~2-2/f*a"2*d"3*1n (1+I*exp (I*(
f*x+e)))*x"3+3/f 4%a~2*d"3*1n(1-Ixexp (I* (f*x+e)))*e”2+2/f*a"2*%d"3*1n(1-I*e
xp(I*(f*x+e)))*x"3-6/f 4*a~2*d"3*e”2+1ln(exp (I* (f*x+e)))-12/f"3*xa~2%d"2*. ..

7

inputL

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1887 vs. 2(318) = 636.

Time = 0.16 (sec) , antiderivative size = 1887, normalized size of antiderivative = 5.09

/(c +dz)*(a + asec(e + fx))? dz = Too large to display

integrate ((d*x+c) ~3*(ataxsec(f*x+e))~2,x, algorithm="fricas")
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1/4%(24*I*a~2*%d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(fxx + e)) +
24*I*a~2xd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24%
I*xa~2*d~3*cos(f*x + e)*polylog(4, -Ixcos(f*x + e) + sin(f*x + e)) - 24xI*a
~2%d"3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) - sin(f*x + e)) - 12%(I*a"2
*d"3*%f72%xx72 + I*ka"2xc"2*d*f72 - I*a"2%cxd"2+f + I*(2*xa”2*cxd"2+%f72 - a~2%*
d~3*f)*x) *cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12x(I*a~2xd"
3xfT2xx"2 + I*ka~2kc"2%d*xf"2 + I*a~2kcxd"2xf + I*(2*%a~2*cxd"2*xf"2 + a~2xd"3
*f)*x)*kcos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*a~2%d 3%
£72%x72 - I*a~2%c™2xd*f72 + Ixa~2%ckd™2+f - Ix(2*a~2%c*d"2*f72 - a~2xd"3*f
)xx)*cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12x(-I*a~2xd"~3+f
"2%x72 - Ixa”2%c"2xd*f72 - Ixa”2kckd"2+f - Ix(2*a"2%c*kd"2*xf72 + a~2xd"3*f)
xx)*xcos (f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e)) - 2*(2*a"2xd"3*e”3
- 2%a”~2%c™3*f"3 - 3*%a"2*d"3*%e”2 + 3*(2*%a"2*c”2*d*e - a"2*%c"2*xd)*f72 - 6x*(a
“2%cxd"2xe”2 - a”2xc*kd"2*e)*f)*cos(f*x + e)*log(cos(f*x + e) + I*ksin(fxx +
e) + I) + 2%(2%a"2%d"3%e”3 - 2%a”2*c”3*%f"3 + 3*%a”"2*%d"3*%e”2 + 3% (2%a"2%c"2
*dke + a”2xcT2*d)*f72 - 6x(a”2xckd"2%e”2 + a~2*c*d"2*e)*f)*cos(f*x + e)*lo
g(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(2%a”2%d"3*f£73*x"3 + 2%a~2%d"3*xe”
3 + 6xa”2xc 2xd*e*xf"2 - 3*%a~2+%d"3*e”"2 + 3% (2*a"2*ckd"2*f"3 + a"2xd"3*f"2)*
X2 - 6%(a”2%kcxd"2%e”2 - a”2xckd"2%e)*f + 6x(a"2xcT2xd*f73 + aT2*ckd"2%f"2
)xx)*cos(f*x + e)*log(I*cos(f*x + e) + sin(fxx + e) + 1) - 2%(2%a™2xd"3...

output

Sympy [F]

/(c+ dz)*(a + asec(e + fz))*dr = a® (/ ¢ dz + /2c3 sec (e + fz)dx
+/c3 sec’ (e + fx) dx+/d3x3 dac—l—/3cd2m2 dx
+/302dzdx+/2d3$3 sec (e + fx)dz
+ /dz"x3 sec’ (e + fz) dz
+ /Gcal%c2 sec (e + fz)dz
+ /3cd2x2 sec’ (e + fz) dx
+/602dxsec (e+ fz)dzx

+ /302d:c sec’ (e + fx) dx)



CHAPTER 3. LISTING OF INTEGRALS 83

input‘integrate((d*x+c)**3*(a+a*sec(f*x+e))**2’x)

ax*2x (Integral (cx*3, x) + Integral (2*c**3*sec(e + f*x), x) + Integral(c*#*3
xsec(e + f*x)*x2, x) + Integral (d**3*x*+*3, x) + Integral (3xckd**2*x**2, x)
+ Integral (3*c**2xd*x, x) + Integral (2*d**3*x**3*sec(e + f*x), x) + Integ
ral (d**3*x**3*sec(e + f*x)*x2, x) + Integral (6*cxd**2xx*x2xsec(e + f*x), x
) + Integral (3*ckd**2kx**2xsec(e + f*x)**2, x) + Integral (6xc**2xd*x*sec(e
+ f*x), x) + Integral(3*c**2*kd*x*sec(e + f*x)**2, x))

output

N

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3403 vs. 2(318) = 636.

Time = 0.45 (sec) , antiderivative size = 3403, normalized size of antiderivative = 9.17

/(c +dz)*(a + asec(e + fz))* dr = Too large to display

inputLintegrate((d*x+c)"3*(a+a*sec(f*x+e))"2,x, algorithm="maxima")
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output

1/4% (4% (f*x + e)*a™2xc™3 + (f*x + e) 4*a”2*d"3/f"3 - 4x(f*xx + e) 3*a"2*xd"3
xe/f"3 + 6x(f*x + e) 2%a"2xd"3*e"2/f"3 - 4*x(fxx + e)*a”~2+%d"3*e"3/f"3 + 4x*(
f*x + e)73%a"2xcxd"2/f72 - 12 (f*x + e) 2xa"2xcxd"2*e/f"2 + 12+ (f*x + e)*a
“2xcxd"2xe"2/f72 + 6% (£f*x + e) 2xa"2xc”2xd/f - 12*%(£f*x + e)*a"2xc"2xd*e/f
+ 8*a~2xc~3*xlog(sec(f*x + e) + tan(f*x + e)) - 8*%a~2*d"3*e~3*log(sec(f*x +
e) + tan(f*x + e))/f"3 + 24*xa"2xcxd"2xe"2xlog(sec(f*x + e) + tan(f*x + e)
)/£72 - 24*a”~2xc"2xd*exlog(sec(f*x + e) + tan(f*x + e))/f - 4*(4xa~2xd"3xe
3 - 12%a”2*ckd"2xe"2xf + 12%a~2%c”2kdkexf"2 - 4*%xa~2xc”3*f"3 + 4x((f*x + e
)"3*%a"2%d"3 - 3x(a"2%d"3*e - a"2*ckd"2*f)*x(fxx + e)72 + 3*x(a"2*xd"3%e”2 - 2
*xa " 2%ckd " 2%e*xf + a~2%c"2xd*f 2)*(fxx + e) + ((f*x + e) "3*%a"2%xd"3 - 3x(a”~2*
d"3%e - a"2xckd"2xf)*(f*x + e)”2 + 3*%(a”"2%d"3xe”2 - 2xa"2*ckd"2xe*xf + a~2*
cT2xd*f"2) % (f*xx + e))*cos(2xf*x + 2*%e) + (I*(fxx + e) " 3*a~2xd"3 + 3k (-I*xa”
2%d"3%e + Ixa~2xcxd"2*f)*x(f*x + e)72 + 3*x(I*a~2xd"3*e”2 - 2*I*a~2*c*d " 2*xex*
f + I*a~2%c™2%d*xf~2)*(f*x + e))*sin(2xf*x + 2%e))*arctan2(cos(f*x + e), si
n(fxx + e) + 1) + 4*x((f*x + e)"3*a"2*d"3 - 3*(a"2*%d"3*e — a~2xckxd"2*f) *(£f*
X + e)72 + 3*%(a”2x%d"3*e”2 — 2*ka"2kc*kd"2%e*xf + a"2xcT2xd*xf"2)k(fxx + e) + (
(fxx + e)”3*%a~2*d"3 - 3*(a”2*xd"3*e — a~2xckd"2*f)*(f*x + e)~2 + 3*x(a"2+d"3
x@~2 - 2xa”2%ckxd"2%exf + a~2kc"2xd*xf 2)*x(f*x + e))*cos(2*fxx + 2xe) + (I*(
fxx + e)"3%a"2xd"3 + 3% (-I*a~2*d"3%e + I*a~2%ckd 2*f)*(f*x + e)~2 + 3*(I*a
~2%d"3%e~2 - 2kI*a~2%ckd 2xe*xf + I*a~2%c 2xd*f 2)*(f*x + e))*sin(xf*x ...

Giac [F]

/(c +dz)*(a+ asec(e + fz))*dr = / (dz + ¢)*(asec (fz +e) +a)’dz

inputt

integrate ((d*x+c) 3% (ata*sec(f*x+e))"2,x, algorithm="giac")

-

outputt

integrate((d*x + c) " 3x(axsec(f*x + e) + a)~2, x)

| —
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Mupad [F(-1)]

Timed out.

/(c+dac)‘(i(a+asec(e+fac))2 dz = / (a+ m)z(c—l—daﬁ)3 dz

input Lint((a + a/cos(e + f*x))~2%(c + d*x)~3,x) J
outputtint((a + a/cos(e + f*x))"2x(c + d*x)~3, x) J
Reduce [F]

/(c +dz)3(a + asec(e + fz))? dzx

z2

2 x3 3
a<4asﬁx+e)<fm%7+®{4m%ﬂ+)ﬁJM)df+42aﬁUx+e)(fm%g+®{2m%g+

input Lint((d*x+C)A3*(a+a*sec(f*x+e))*g,x) J

output (a**2*(4xcos(e + fxx)*int(x**3/(tan((e + f*x)/2)**4 - 2xtan((e + £*x)/2)*x*

2 + 1),x)*d**3*xf + 12*%cos(e + f*x)*int(x**2/(tan((e + f*x)/2)**4 - 2xtan((
e + f£*xx)/2)**%2 + 1),x)*cxd**2xf + 12*%cos(e + fxx)*int(x/(tan((e + f*x)/2)*
x4 — 2xtan((e + f*x)/2)**2 + 1) ,x)*cx*2xd*xf - 2*cos(e + f*x)*log(tan((e +
£*x)/2) - 1)*c**3 + 2*cos(e + f*x)*log(tan((e + f*x)/2) + 1)*c**3 + cos(e
+ f*xx)*c*k*3*%f*x + sin(e + f*xx)*c**3))/(cos(e + f*xx)*f)
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3.7 [(c+dz)*(a+ asec(e + fz))* dz

Optimal result . . . . . . . . . . . . e 80l
Mathematica [A] (verified) . . . . . . . . . ... o 87
Rubi [A] (verified) . . . .. . . ... .. 88
Maple [B] (verified) . . . . . . . . . ... ]9
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 90
Sympy [F] . . o o OT]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 92i
Giac [F] . . . . o o 93
Mupad [F(-1)] . . . o o 93
Reduce [F] . . . . . 93

Optimal result

Integrand size = 20, antiderivative size = 262

/(c +dz)*(a + asec(e + fz))*dx

ia*(c + dz)? N a*(c+dz)?
f 3d
4ia®(c + dz)? arctan (ei(”f m))
f .
2a%d(c + dz) log (1 + e(c+f2))
Iz

4ia’d(c + dz) PolyLog (2, —ie'e+/®))

+
72

4ia’d(c + dz) PolyLog (2, ie'(¢t/2))
_ f2

ia’d? PolyLog (2, —e?(¢+f2))
_ A

4a?d? PolyLog (3, —ie'¢+/®))
_ A

4a2d? PolyLog (3, z’ei(e+fw))

73
a*(c + dz)? tan(e + fx)
f
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-Ixa~2* (d*x+c) ~2/f+1/3*a”~2* (d*x+c) “3/d-4*I*a”~2* (d*x+c) “2*arctan (exp (I* (f*x
+e))) /f+2xa”~2xd* (d*x+c) *1n(1+exp (2% I* (fxx+e)) ) /£~ 2+4*I*a"~2*d* (d*x+c) *polyl
og(2,-I*exp(I*(f*xx+e)))/f"2-4*I*a~2*d* (d*x+c)*polylog(2,I*exp(I*(f*x+e)))/
£72-I*a~2*d"2*polylog(2,-exp(2*I*(f*x+e)))/f~3-4*a~2*d " 2*polylog(3,-I*exp(
Ix(fxx+e)))/f~3+4%a~2%d"2*polylog(3, I*exp(I* (f*x+e))) /£~ 3+a"2* (d*x+c) "2*ta
n(f*xx+e)/f

output

Mathematica [A] (verified)

Time = 1.75 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.89

/(c +dz)*(a + asec(e + fz))* dzx

1, ((c +dz)®  12i(c+ dz)? arctan (e'¢+/®))
= —q —

3 d f
3i (f(c + dz) (f(c + dzx) + 2idlog (1 + e2i(6+fw))) + d2 PolyLog (27 _62i(e+fz)))
_ 7
N 12d( f (c + dz) PolyLog (2, —ie'**/®)) 4 id PolyLog (3, —ie'(**/2)))
73
N 12d(—if(c + dx) PolyLog (2, iei(e+fw)) + d PolyLog (3’ Z-ei(e+fx)))
IE

N 3(c+ dz)? ;an(e + fa:))

inputLIntegrate[(c + d*x)~2%(a + a*Sec[e + f*x])~2,x]

(a~2%((c + d*x)~3/d - ((12%I)*(c + d*x) 2*ArcTan[E~(I*(e + f*x))])/f - ((3
*D)x(£x(c + d*x)*(£x(c + d*x) + (2xI)*dxLogl[l + E~((2*I)*(e + f*x))]) + 4~
2xPolyLog[2, -E~((2xI)*(e + £xx))]))/£"3 + ((12*I)*d*(f*x(c + d*x)*PolyLogl[
2, (-I)*#E~(Ix(e + fxx))] + I*d*PolyLogl[3, (-I)*E~(I*(e + f*x))]))/£"3 + (1
2xd* ((-I)*f*x(c + d*x)*PolyLog[2, I*E~(I*(e + f*x))] + d*PolyLogl[3, I*E~(I*
(e + £%x))1))/£73 + (3*(c + d*x)~2*Tan[e + f*x])/f))/3

output
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Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(c + dz)?(asec(e + fz) + a)*dz
| 3042
2 ™ 2
t/kc#—dw) (acsc(e#—fx—+ 2)—%a> dz
| 4678
/ (a*(c+ dz)?sec®(e + fz) + 2a*(c + dz)? sec(e + fz) + a*(c + dz)?) dz
| 2009
4ia®(c + dz)? arctan (e!(c+/2)) N 4ia?d(c + dz) PolyLog (2, —iei(¢+f2))
- f f? -
4ia?d(c + dz) PolyLog (2,ie'¢*/®)  2a2d(c + dz) log (1 + e%(c+f2))
I i I "
a®(c+ dzx)?tan(e + fz) B ia®(c+dz)?>  a®(c+dx)3 B ia?d? PolyLog (2, —e%(e+f2)) B
3d 3
4a2d? PolyLog (3, —ie'(¢*/®))  4a%d? PolyLog (3, ie!(¢+f))
7 i 7

input LInt[(c + d*x)"2%(a + a*Secl[e + f*x])~2,x]

((-I)*a~2*x(c + d*x)"2)/f + (a"2*(c + d*x)"3)/(3xd) - ((4xD)*a~2x(c + d*x)~
2xArcTan[E~(I*(e + £*x))])/f + (2*a"2xd*(c + d*x)*Log[l + E~((2xI)*(e + f*
x))1)/£72 + ((4*xI)*a~2xd*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + £f*x))])/f"2 -
((4xI)*a~2*d*(c + d*x)*PolyLog[2, I*E~(I*(e + £xx))])/f"2 - (I*a~2*d"2%Po
lyLog[2, -E~((2*I)*(e + £*x))])/£f"3 - (4*a~2xd~2xPolyLog[3, (-I)*E~(I*(e +
£xx))])/£73 + (4*a~2*d"2+PolyLogl[3, I*E~(I*(e + £*x))])/£f"3 + (a"2x(c + d
*xx) "2*Tan[e + f*xx])/f

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 678 vs. 2(237) = 474.

Time = 0.28 (sec) , antiderivative size = 679, normalized size of antiderivative = 2.59

method | result

. 242,43 2.3 4a2d? polylog (3,—ie*(fz+e) 4a2d? polylog (3,ie*(fz+e) 8ia2cde arctan (e*(fz+e)
risch ads poc f(3 ) 4 f3( ) 4 7 ( ) + a2dea? +

-

Lint ((d*x+c) ~“2*(a+a*sec(f*x+e)) ~2,x,method=_RETURNVERBOSE)

N

input




output

input |
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1/3*a”~2%d"2*x"3+1/3%a~2/d*c"~3-4*a~2*d"2*polylog(3,-I*exp (I*(f*x+e)))/f~3+4

*a~2%d"2xpolylog(3,I*xexp(Ix(f*xx+e)))/£~3-I*a~2+d"2*polylog(2,-exp (2*I* (f*x
+e))) /£73+8*%I/f " 2xa"2*c*d*e*xarctan (exp (I* (f*x+e)))-2/f*a~2*d"~2*1n (1+I*exp (
Ix(fxx+e)) ) *x"2+2/f*a"~2*d"2*1n (1-I*xexp (I* (f*x+e))) *x~2+2/f"2*%a~2*cxd*1n(1+
exp (2xI* (f*xx+e)))-4/f"2xa"2xc*d*1n(exp (I* (f*x+e)))+2/f"2xa"~2xd"~2*1n (1+exp(
2xIT* (f*xx+e)) ) *x+4/£"3*%a~2*%d"2*ex1ln(exp (I* (f*x+e)))-2/f " 3*xa"2xe " 2*xd~2*1n(1-
Ixexp(I*(f*x+e)))+2/f " 3*a"~2*e~2*d"2*1n(1+I*exp (I* (f*x+e)))-4*I/f*a~2*c"2*a
rctan(exp (I*(f*x+e)))-2%xI/f"3%a"2%e 2%d~2-2%I/f*a~2%d ~2*x~2+2*I*a"2* (d"2*x
"2+2%cxd*x+c”2) /£/ (1+exp (2% I* (f*x+e)) ) -4*I/£72%a”~2*c*kd*polylog(2, I*exp (I*(
f*x+e)))+4/£f"2%a"2%cxd*1n (1-I*exp (I* (f*x+e)))*e+4/f*a~2kckd*1n(1-I*exp (I*(
f*x+e)))*x-4/f*a~2*cxd*1n (1+I*exp (I* (f*x+e)))*x-4/f 2*a"2*c*d*1n (1+I*exp (I
*(£rx+e))) xe+4xI/f~2xa~2xckd*polylog(2,-I*exp (I* (fxx+e)))-4*I/f " 2%a~2xd 2%
exx-4xI1/f"3%a”~2*d"2xe " 2*arctan (exp (I* (f*x+e)))-4*I/f " 2*a~2*d~2*polylog(2,I
xexp (I* (f*xx+e)) ) *x+4*I/f 2xa~2xd"2*xpolylog(2,-I*exp (I* (f*x+e)))*x+a”2*d*c*

X"2+a"2%c”2%x

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1096 vs. 2(225) = 450.

Time = 0.14 (sec) , antiderivative size = 1096, normalized size of antiderivative = 4.18

/(c + dz)*(a + asec(e + fx))? dz = Too large to display

integrate ((d*x+c) 2% (ata*sec(f*x+e))"2,x, algorithm="fricas")




output

inputt
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-1/3%(6*a~2*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6
*a~2*%d"2xcos (f*x + e)*polylog(3, Ixcos(f*x + e) - sin(f*x + e)) + 6%a~2*d”
2xcos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*a~2*d"2*cos(
f*x + e)*polylog(3, -I*cos(f*x + e) - sin(f*x + e)) + 3*(2*xIxa~2*d 2xf*x +
2xIxa~2%ckd*xf — I*a~2xd"2)*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x +
e)) + 3*%(2*I*ka~2xd"2*f*x + 2*I*ka~2xckd*f + I*a~2*xd"2)*cos(f*x + e)*dilog(I
xcos(fxx + e) - sin(f*x + e)) + 3*%(-2%I*a~2%d"2*xf*x - 2%xI*a~2*xcxd*f + I*a”
2xd"2)*cos (f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*(-2*I*a”~2xd"
2%f*x — 2xI*a~2xcxd*f - I*a~2xd~2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - si
n(fxx + e)) - 3*(a"2*d"2%e”2 + a~2*c”2*xf"2 - a"2xd"2*e - (2*a"2*xckd*e - a”
2*cx*d) *f)*cos (f*xx + e)xlog(cos(f*x + e) + I*sin(f*x + e) + I) + 3x(a”2xd"2
*e"2 + a”2xcT2*%f72 + a"2*%d"2%e - (2%a"2%ckd*e + a~2%c*d)*f)*cos(fxx + e)x1
og(cos(f*xx + e) — Ixsin(f*x + e) + I) - 3*x(a”2*d"2*f72*%x"2 - a~2*d"2*e"2 +
2%a~2kckd*exf + a~2%d"2%e + (2%a”2kckd*f"2 + a"2%d”"2*f)*x)*cos(f*x + e)*1
og(Ixcos(f*x + e) + sin(f*x + e) + 1) + 3*(a”™2*%d"2*#f72*x"2 - a”"2*%d"2*e"2 +
2%a"2xcxdkexf - a"2%d"2%e + (2%a"2kckd*f"2 - a"2#d"2xf)*x)*cos(fxx + e)*1
og(I*xcos(f*x + e) - sin(f*x + e) + 1) - 3*(a"2*%d"2*f72%x"2 - a"2*%d"2*e”2 +
2%a"2xcxd*exf + a"2%d"2%e + (2%a"2kckd*f"2 + a~2%d"2xf)*x)*cos(f*x + e)*1
og(-Ixcos(f*x + e) + sin(f*x + e) + 1) + 3x(a”2xd"2*f"2*x"2 - a”2*d"2*e"2
+ 2xa”~2#ckdkexf - a"2%d"2xe + (2%xa”2xckxd*f72 - a"2#d"2*f)*x)*cos(f*x + ...

Sympy [F]

/(c+ dz)*(a + asec(e + fz))*dr = a® (/ c®dz + /2c2 sec (e + fz)dx

—I—/02 sec? (e + fz) d£11+/d2.’172 dz—l—/chzdx

+—}[2d2$28ec(e+—fx)
+ /d2x2 sec® (e + fz)

+/4cda:sec (e+ fx)

dz

dz

dz

+ / 2cdz sec? (e + fx) dx)

-

integrate ((d*x+c)**2* (ata*sec (f*x+e) ) **2,x)

~—
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a**2* (Integral (c**2, x) + Integral(2*c**2*sec(e + f*x), x) + Integral (c**2
xsec(e + fxx)**2, x) + Integral (d**2xx*x2, x) + Integral(2*cxd*x, x) + Int
egral (2¢d**2xx**2*sec(e + f*x), x) + Integral (d**2*x**2*sec(e + f*x)**2, x
) + Integral(4*c*d*x*sec(e + f*x), x) + Integral (2xc*d*x*sec(e + f*x)**2,

x))

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1704 vs. 2(225) = 450.

Time = 0.39 (sec) , antiderivative size = 1704, normalized size of antiderivative = 6.50

/(c +dz)?*(a + asec(e + fz))* dr = Too large to display

input‘integrate((d*x+c)“2*(a+a*sec(f*x+e))‘2,x, algorithm="maxima")

1/3% (3% (f*x + e)*a™2xc™2 + (f*x + e)73*%a”2%d~2/f"2 - 3*x(f*x + e) "2*a"~2*xd"2
xe/f"2 + 3k (fxx + e)*a”~2%d"2*e”2/f"2 + 3x(f*x + e) "2*xa”~2*cxd/f - 6x(f*x +
e)*a~2kcxd*e/f + 6*%a~2+c”2xlog(sec(f*x + e) + tan(f*x + e)) + 6xa~2xd"2xe”
2xlog(sec(f*x + e) + tan(f*x + e))/f72 - 12*a~2*cxd*exlog(sec(f*x + e) + t
an(f*x + e))/f + 3x(2*a”"2xd"2%e"2 - 4*a~2xckdxexf + 2%ka~2%c”"2*%f"2 - 2x((fx*
X + e)72%a"2+%d"2 - 2x(a"2xd"2*%e — a"2*ckd*f)*(fxx + e) + ((f*x + e) " 2*a"2%
4”2 - 2*%(a”2*d"2xe - a"2xckd*f)*(f*x + e))*cos(2*f*xx + 2xe) + (I*x(f*x + e)
~2%a”2%d"2 + 2% (-I*a"2*%d"2*e + I*a~2xckd*f)*(f*x + e))*sin(2xf*xx + 2*e))*a
rctan2(cos(f*x + e), sin(f*x + e) + 1) - 2x((f*x + e) 2*¥a"2*%d"2 - 2*(a”~2*d
~2%e - a"2%ckdxf)*(f*x + e) + ((f*x + e) "2%xa~2+%d"2 - 2%(a~2%d"2*e - a~2*c*
dxf)*(£xx + e))*cos(2xf*xx + 2xe) + (Ix(f*x + e)72%a"2xd"2 + 2x(-Ixa~2xd~2*
e + Ixa~2%cxd*xf)*(f*x + e))*sin(2xf*x + 2%e))*arctan2(cos(f*x + e), -sin(f
*x + e) + 1) + 2k ((f*x + e)*a"2xd"2 - a"2xd"2*e + a"2*ckxd*xf + ((fxx + e)*a
“2%d"2 - a"2xd"2%e + a"2%ckd*f)*cos(2xfxx + 2ke) - (~I*(f*x + e)*a”2xd"2 +
I*a~2%d"2%e - I*a~2kcxd*f)*sin(2*xf*x + 2*e))*arctan2(sin(2*f*xx + 2*e), co
s(2xfxx + 2*xe) + 1) - 2% ((f*x + e)"2*xa"2xd"2 - 2% (a"2*%d"2*e - a~2xcxdx*f)*(
f*x + e))*cos(2*f*xx + 2xe) - (a”2*%d"2*cos(2xf*x + 2*e) + I*a~2xd"2*sin(2*f
*x + 2%e) + a"2+d"2)*dilog(-e” (2*Ixf*x + 2*Ixe)) - 4*((f*x + e)*a”2xd"2 -
a"2xd"2*e + a~2*ckd*xf + ((£xx + e)*a”2*d"2 - a~2xd"2%e + a~2*ckd*f)*cos(2*
fxx + 2%e) + (I*(f*x + e)*a~2xd"2 - I*a~2+%d"2*e + I*a~2xckd*f)*sin(2xf*. ..

output
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Giac [F]

/(c +dz)*(a+ asec(e + fz))*dr = / (dz + ¢)*(asec (fz + €) + a)’ dz

inputt

integrate ((d*x+c) "2* (ata*sec (f*x+e))~2,x, algorithm="giac")

outputt

integrate((d*x + c)"2*(a*sec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

(c+dx)*(a+ asec(e + fz))*dr = a+ ﬁ
e+ f

))2(c-|—d:c)2

dz

inputt

int((a + a/cos(e + f*x))~"2x(c + d*x)"~2,x)

outputt

int((a + a/cos(e + f*x))"2%(c + d*x)~2, x)

Reduce [F]

/(c +dz)?(a + asec(e + fz))*dx

a? <4cos(f:1:+e) <f — = )2+1dx) d?f +8cos(fr +e) (f

tan(§§+§) —2tan(7r+g

T

tan(%—i—%)‘l—Ztan(%—k

inputt

int ((d*x+c) ~2* (at+axsec(f*x+e) ) ~2,x)




output
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(a*xx2x (4xcos(e + fxx)*int(x**2/(tan((e + £*x)/2)*x4 - 2xtan((e + f*x)/2)**

2 + 1),x)*d**2xf + 8*cos(e + f*x)*int(x/(tan((e + f*x)/2)**x4 - 2xtan((e +

fxx)/2)*#x2 + 1) ,x)*cxd*f - 2*cos(e + f*xx)*log(tan((e + £*x)/2) - 1)*c*x2 +
2xcos(e + fx*x)*log(tan((e + f*x)/2) + 1)*c**2 + cos(e + f*x)*c*x*x2*+f*x + s

in(e + f*x)*c**2))/(cos(e + fx*xx)*f)




output

CHAPTER 3. LISTING OF INTEGRALS 95

3.8 [(c+dz)(a+ asec(e + fz))* dz

Optimal result . . . . . . . . . . . . e 951
Mathematica [A] (verified) . . . . . . . . . ... o 96!
Rubi [A] (verified) . . . .. . . ... .. 96
Maple [A] (verified) . . . . . . ... L 98
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 98
Sympy [F] . . o o 99
Maxima [F] . . . . . . 100!
Giac [F] . . . . o o 100
Mupad [F(-1)] . . . o o 101
Reduce [F] . . . . . 101

Optimal result

Integrand size = 18, antiderivative size = 134

2 2 4402 d t i(e+fz)
/(c+dac)(a+asec(e+fq;))2 de = 2 (c+dzx)®  4ia*(c+ dr)arctan (e )

2d f

a’dlog(cos(e + fx))

_|_
2

2ia’d PolyLog (2, —ie'¢t/2))

_|_
72

2ia?d PolyLog (2, ie'+/®))
_ E

a*(c + dz)tan(e + fx)

f

1/2*xa”~2* (d*x+c) "2/d-4*I*a”~2* (d*x+c)*arctan (exp (I*(f*x+e))) /f+a~2*d*1n(cos(
fxx+e))/£72+2xI*a~2xd*polylog(2,-I*exp (I* (f*x+e)))/f~2-2%I*a"~2*d*polylog(2
, Ixexp (Ix (fxx+e))) /£~ 2+a~2* (d*x+c) *tan (f*x+e) /f
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Mathematica [A] (verified)

Time = 0.73 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.92

/(c +dz)(a + asec(e + fz))? dx

_ a2(f*(c + dz)? — 8idf (c + dx) arctan (&/*+/7)) + 2d? log(cos(e + fx)) 4 4id? PolyLog (2, —ie!**/®)) —
N 2df2

input LIntegrate[(c + d*x)*(a + axSec[e + f*x])"2,x] J

output‘ (a~2x (£°2%(c + d*x)"2 - (8*I)*d*f*(c + d*x)*ArcTan[E~(I*(e + f*x))] + 2xd~ ‘
\2*Log[Cos[e + f*x]] + (4xI)*d"2*PolyLogl[2, (-I)*E~(Ix(e + f*x))] - (4xI)xd \
| ~2%PolyLog[2, I*E~(I*(e + £¥x))] + 2xd*f*(c + d*x)*Tanle + £*x]))/(2xd*f"2

)

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)(asec(e + fz) + a)? dz
| 3042

/(c—i—d:c) (acsc (e+fm+ g) +a)2dm
| 4678
/ (a®(c + dz)sec(e + fz) + 2a*(c + dz) sec(e + fz) + a*(c + dz)) dz

l 2009
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_ 4id®(c + dz) arctan (eietf2))  @2(c+dx)tan(e+ fz) = a®(c+ dx)?
7 2d
2ia®d PolyLog (2, —ie*+/2))  2ia%d PolyLog (2,ie'¢*/®)  a2dlog(cos(e + fz))
f2 - 12 + 12

input LInt[(c + d*x)*(a + axSec[e + f*x])~2,x] J

(a"2%(c + d*x)"2)/(2*d) - ((4*I)*a~2%(c + d*x)*ArcTan[E~(I*(e + £*x))1)/f
'+ (a~2*d*Log[Cos[e + £*x]1)/£72 + ((2xI)*a~2%d*PolyLogl[2, (-I)*E~(I*(e + £
¥x))1)/£72 - ((2%I)*a~2xd*PolyLog[2, I+E~(Ix(e + £xx))1)/£"2 + (a"2%(c + d
(#x)*Tan[e + £*x]1)/f |

output

Defintions of rubi rules used

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |

rule 4678‘Int[(csc[(e_.) + (F_)*(x)1*(M_.) + (a))"(@_.)*((c_.) + (@_)*(x))"(m_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x], ‘
' x] /; FreeQ[{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] && IGtQ[n, O]
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.43

method result
9202 d(—(fz+e)1n(1+iei(fw+
a
1 2dta + 2d1n(cos + 2cta +
parts a2(§d:c2 + cz) + @ n;fw e)r | a’din( f2(fw 0) 4 ale nf(fz ° 4
2 2 2 2 202d(—(f=
. . .. a?c(fzte)—2 de(fate) | a”d(fate) +2a20ln(sec(fz+e)+tan(fz+e))—2“ deIn(sec(fzte)ttan(frte)) | ( (fot
derivativedivides ! 2f 7
2 2 2 2 2a2d(—
default a?c(frte)—2 de(fx+e)+a d(’;“;+e) +2a2cIn(sec(fz+e)+tan(fz+e))— 22 deln(sec(fx;re)+ta"(fm+e))+ i Gt
3 a?dxz? 2 2ia? (dz+c) a?d ln(l—{—e%(f“'e)) 2a2d1n (ei(faH—e)) 4ia2carctan (ei(fz+e))
I‘lSCh 2 + a Cl' + f(l+e2i(fz+e)) + f2 - f2 - f

-

input

tint ((d*x+c)*(a+a*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE)

e—

outpu

" \ a~2* (1/2*d*x"2+c*xx)+a”2/f*d*tan (f*x+e) *x+a~2*d*1n(cos (f*x+e) ) /f~2+a~2/f*c* \
tan(fxx+e)+2+%a~2/f*(1/£*d* (- (f¥x+e) ¥1n(1+T*exp(I* (f¥x+e)))+(frx+e)*In(1-I* |
\ exp (Ix(f*x+e)))+Ixdilog(1+Ixexp(I*(f*x+e)))-I*xdilog(1-I*xexp(I*(f*xx+e))))+c \

‘*ln(sec(f*x+e)+tan(f*x+e))—e/f*d*ln(sec(f*x+e)+tan(f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 525 vs. 2(114) = 228.

Time = 0.11 (sec) , antiderivative size = 525, normalized size of antiderivative = 3.92

/(c +dz)(a + asec(e + fx))* dx

_ —2ia?dcos (fx + €) Liz(i cos (fz + €) +sin (fz + €)) — 2i a’d cos (fz + €) Liz(i cos (fz + €) — sin (fz

input L

integrate ((d*x+c)*(at+a*sec(f*x+e))~2,x, algorithm="fricas") J
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1/2% (-2*I*a~2*d*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*xx + e)) - 2*Ixa”
2xdxcos (f*x + e)*dilog(Ixcos(f*x + e) - sin(f*x + e)) + 2xI*a”~2xdxcos(f*x
+ e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2xI*a~2*d*cos(f*x + e)*dilog(
-Ixcos(f*x + e) - sin(f*x + e)) - (2*%a"2*d*e - 2*a~2xc*f - a~2*d)*cos(f*x
+ e)*log(cos(f*x + e) + I*sin(f*x + e) + I) + (2%a"2*d*e - 2%a~2*cxf + a~2
*d)*cos (f*x + e)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(a™2*d*f*x + a
~2xd*e) *cos(f*x + e)*log(Ixcos(f*x + e) + sin(f*xx + e) + 1) - 2k (a”~2kd*f*x
+ a”2*d*e)*cos(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(a"2xd
*f*x + a~2xd*e)*cos(f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x*(
a"2xd*f*x + a~2*dxe)*cos(f*x + e)xlog(-Ixcos(f*x + e) - sin(f*x + e) + 1)
- (2%a"2%dxe - 2*xa”2xc*f - a"2xd)*cos(f*x + e)*log(-cos(f*x + e) + I*sin(f
*x + e) + I) + (2*%a"2xdxe - 2*%a~2xc*f + a~2+d)*cos(f*x + e)*log(-cos(f*x +
e) - Ixsin(f*x + e) + I) + (a™2xd*f72*xx"2 + 2xa~2xcxf~2xx)*cos(f*x + e) +
2x(a~2*xd*xf*x + a~2*c*f)*sin(f*x + e)) /(£ 2*cos(f*x + e))

output

Sympy [F]

/(c+d:c)(a+asec(e+fx))2dx = a? (/cd:c+/2csec (e+ fz)dz
-|-/csec2 (e+fx)dm+/dmdx
+/2dxsec (e+ fzx) dac—l—/dacsec2 (e+ fzx) dx)

input’integrate((d*x+c)*(a+a*sec(f*x+e))**Q,X)

‘a**2*(Integra1(c, x) + Integral(2*cxsec(e + f*x), x) + Integral(c*sec(e +
‘f*x)**2, x) + Integral(d*x, x) + Integral(2*d*x*sec(e + f*x), x) + Integra
1(d*x*sec(e + f*x)**2, x))

output

\
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Maxima [F|

/(c+dw)(a—|—asec(e+fx))2 dx = /(dx+c)(asec (fx+e)+a)de

input‘integrate((d*x+c)*(a+a*sec(f*x+e))”2,x, algorithm="maxima")

1/2% (2"~ 2%d*xf~2*x"2 + 2*xa~2*c*f~2xx + (a~2xd*xf~2*x"2 + 2*xa~2*c*f~2*xx)*cos(2
*fxx + 2%xe) "2 + (a72*%d*f72*x72 + 2*xa"2xcxfT2kx) *sin(2*f*x + 2%e) "2 + 2*x(a”
2%dq*f72%x72 + 2%xa"2xckfT2%x) *kcos (2*¢f*x + 2%xe) + 8x(a"2kd*f " 3*kcos(2*f*x + 2
*e) "2 + a~2xd*f"3ksin(2*f*x + 2%e) "2 + 2xa"2kd*f " 3*kcos(2*xf*x + 2*xe) + a"2*
dxf~3)*integrate ((x*cos(2*f*x + 2*e)*cos(f*x + e) + x*sin(2xf*x + 2%e)*sin
(fxx + e) + x*cos(f*x + e))/(f*xcos(2*f*x + 2%e)”~2 + fxsin(2xf*x + 2xe)”2 +
2xfxcos (2xfxx + 2*%e) + f), x) + (a~2*d*cos(2*f*x + 2%e) "2 + a~2xd*sin(2*f
*Xx + 2%e)”2 + 2*xa”~2kd*cos(2xf*x + 2%e) + a"2*d)*log(cos(2xf*x + 2%e)”2 + s
in(2*%f*x + 2%e)”2 + 2*cos(2xf*x + 2%e) + 1) + 2x(a 2xckf*cos(2*f*x + 2%e)”
2 + a"2#cxf*sin(2xf*xx + 2%e) 2 + 2xa”2xc*f*xcos(2xf*x + 2xe) + a~2*cxf)*log
(cos(f*x + e)”2 + sin(f*x + e)~2 + 2*sin(f*x + e) + 1) - 2*%(a"2xc*f*cos(2*
fxx + 2%e)”2 + a"2xcxfxsin(2xf*x + 2%e) 2 + 2¥a~2xcxfxcos(2xf*x + 2%e) + a
~2xc*f)*log(cos(f*x + e)”2 + sin(f*x + e)”2 - 2xsin(f*x + e) + 1) + 4%x(a™2
*dxfxx + a~2xckf)*sin(2*f*x + 2xe))/(f " 2*cos(2*xf*x + 2%e)”2 + f~2xsin(2*xfx*
X + 2%e) "2 + 2xf"2%cos(2xfxx + 2%e) + £72)

output

Giac [F]

/(c-l—d:c)(a-I—asec(e—l—fav))2 dz = /(da:-l—c)(asec (fz +e)+a)dx

p
inputLintegrate((d*X+C)*(a+a*sec(f*x+e))‘2,x, algorithm="giac")

~—

Output‘integrate((d*x + c)*(axsec(f*x + e) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(c+dx)(a+asec(e+fx))2dx = / (a+ m>2(c+d1‘) dz
input 106((@ + a/cos(e + £x0))"2x(c + d¥x) ,x) )
Outputtint((a + a/cos(e + £*x))"2%(c + d*x), x) J
Reduce [F|

/(c +dz)(a + asec(e + fz))? dx

a2<4cos(fx+e) (ftan(f“”—i- e )2+1dx)df—2003(fx+e)log(tan(%+§)—1)c+2cos<

cos(fr+e)f

input Lint((d*x+c)*(a+a*sec (f*x+e))"2,%) J

output‘ (a*x2x (4xcos(e + f*x)*int(x/(tan((e + f*xx)/2)**4 - 2xtan((e + f*x)/2)**2 + \
‘ 1) ,x)*d*f - 2*cos(e + f*x)*log(tan((e + f*x)/2) - 1)*c + 2xcos(e + f*x)*1 ‘
‘og(tan((e + f*x)/2) + 1)*c + cos(e + f*xx)*c*f*x + sin(e + fxx)*c))/(cos(e ‘

‘+ fxx)*f)




output

input

output
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(a+asec(e+fz))?

3.9 | T d

Optimal result . . . . . . . . . . . . . . e 102
Mathematica [N/A] . . . . . . . . . 102
Rubi [N/A] . . o 103l
Maple [N/A] . . . . 104
Fricas [N/A] . . . . o o 104
Sympy [N/A] . . 104
Maxima [N/A] . . . . . 105
Giac [N/A] .« . o o e 1051
Mupad [N/A] . . .o 106
Reduce [N/A] . . . o 106!

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + asec(e + fx))? dr — Int(

c+dx

(a + asec(e + fr))?

c+dx

)

LDefer (Int) ((at+a*sec(f*x+e)) "2/ (d*x+c) ,x)

Mathematica [N/A]
Not integrable

Time = 20.93 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + asec(e + fx))? dp — /

c+dx

(a + asec(e + fx))?

c+dx

dz

 Integrate[(a + a*Secle + £*x])72/(c + d*x),x]

LIntegrate[(a + axSec[e + f*x])"2/(c + d*x), x]
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? di
c+dz

l 3042

/ (acsc (e+fx+ g) +a)2dx

c+dzx
l 4681

/ (asec(e + fx) +a)2dm
c+dx

input ‘\

Int[(a + a*Sec[e + f*x])~2/(c + d*x),x]

output L

$Aborted J

rule 3042

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

2
/ (a+asec(fz+e)) e
dz +c
input Lint((a+a*sec (f*x+e)) "2/ (d*x+c) ,x) J
output Lint((a*'a*sec (f*x+e)) "2/ (d*x+c) ,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

(a + asec(e + fr))? (asec(fr+e) -I—a)

dr =

c+dr dr+c
input Lintegrate ((ataxsec(f*x+e)) 2/ (d*x+c),x, algorithm="fricas") J
output Lintegral((a?*sec(f*x + e)"2 + 2%a~2*sec(f*x + e) + a~2)/(d*x + c), x) J

Sympy [N/A]
Not integrable

Time = 1.17 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.05

2 2
(a + asec(e + fx)) dr— o /2sec(e+fx) dx+/ sec’ (e + fx) dx—i—/;dw
c+dx c+dz c+dx c+dx

tnput Lintegrate ((ata*sec (f*x+e) ) *x2/ (d*x+c) ,x) J
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‘a**2*(Integra1(2*sec(e + f*x)/(c + d*x), x) + Integral(sec(e + f*xx)**2/(c

output
L+ d*x), x) + Integral(1l/(c + d*x), x))

Maxima [N/A]
Not integrable

Time = 0.73 (sec) , antiderivative size = 507, normalized size of antiderivative = 25.35

(a+asec(e+ fz))? . [ (asec(fz +e)+a)’
./ c+dx dm_:/ dx +c de

input integrate((a+a*sec(f*x+e))*2/(d*x+c),x, algorithm="maxima")

((a~2xd*f*x + a~2xc*f)*cos(2*fxx + 2%e) "2*log(d*x + c) + 2%a~2xd*sin(2*f*x
+ 2%e) + (a”2xd*f*xx + a~2*kcxf)*log(d*x + c)*sin(2xf*x + 2%e)”2 + 2% (a”2xd
xf*x + a~2+cxf)*cos(2*f*x + 2xe)*log(d*x + c) + (d"2xf*x + ckd*xf + (d~2*f=*
X + c*d*f)*cos(2*xf*xx + 2xe) "2 + (d"2*f*x + c*xd*f)*sin(2xf*xx + 2%e) 2 + 2% (
d~2xfxx + cxdxf)*cos(2*f*x + 2%e))*integrate(2*(2*(a~2xd*f*x + a~2*c*f)*co
s(2xfxx + 2*xe)*cos(f*x + e) + 2x(a~2xdxf*xx + a”~2*c*f)*cos(f*x + e) + (a"2%*
d + 2%(a"2*d*f*x + a~2xcxf)*sin(f*x + e))*sin(2xf*xx + 2*e))/(d"2*f*x"2 + 2
xckdxfrx + c™2xf + (d72%f*x”2 + 2%ckdkfxx + c”2xf)*cos(2*xf*x + 2%e)”2 + (d
“24f*x72 + 2kckdxfxx + cT2xf)*sin(2*kfkx + 2%e) "2 + 2x(dT2xf*x72 + 2kckdkE*
X + c”2xf)*cos(2xf*x + 2xe)), x) + (a”2xdxf*x + a~2*xc*xf)*log(d*x + c))/(d”
2+fxx + cxd*f + (d"2*f*xx + cxd*f)*cos(2*fxx + 2%e)”2 + (d"2*f*xx + cxd*f)=*s
in(2*xfxx + 2xe) "2 + 2% (d"2*f*x + cxd*f)*cos(2xf*x + 2%e))

output

Giac [N/A]
Not integrable

Time = 1.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
(/ c+dx dx—:/ dz +c de

input integrate ((at+a*sec (f*x+e)) 2/ (d*x+c) ,x, algorithm="giac")
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output Lintegrate((a*sec(f*x + e) + a)~2/(d*x + c), x) J

Mupad [N/A]
Not integrable

Time = 15.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2

(a + asec(e + fx))? <a + cos(ei—fac))

dz = dz
c+dz c+dzx

inputtint((a + a/cos(e + f*x))"2/(c + d*x),x) J

Output‘int((a + a/cos(e + f*x))~2/(c + d*x), x)

Reduce [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 70, normalized size of antiderivative = 3.50

(a + asec(e + fr))?

c+dx dz

=4/ 1 1 ! 2 2 dz | a”
tan(&—kg) c-l—tan(&—k ) dx—2tan(%+ ) c—2tan(ﬁ—|—§) dr +c+dx

€ €
2 2 2 2 2

input Lint((a+a*sec (f*x+e)) "2/ (d*x+c) ,x) J

‘4*int(1/(tan((e + f*x)/2)**x4xc + tan((e + f£*x)/2)**4*d*x - 2*xtan((e + f*x) \

output
L/Q)**Q*c - 2xtan((e + f*x)/2)**2%d*x + c + d*x),x)*a**2 J
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3.10 f (a+a Sec(e+f:c))2 dx

(ct+dz)?
Optimal result . . . . . . . . . . . . e 107
Mathematica [N/A] . . . . . . . . 107
Rubi [N/A] © o oo e e e 08
Maple [N/A] . . . . . 109
Fricas [N/A] . . . . o o 109
Sympy [N/A] . . o 109
Maxima [N/A] . . . . 110
Giac [N/A] . . o o 111
Mupad [N/A] . . o oo 111
Reduce [N/A] . . . o o 11

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+ cz:if(gx;fw)y e — Tnt ( (a+ cz:i:(sx;fw))z ’ x)

-

LDefer (Int) ((at+ta*sec(f*x+e)) "2/ (d*x+c)~2,x)

| —

output

Mathematica [N/A]

Not integrable

Time = 16.82 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/ (a + asec(e + fx))? dp — (a + asec(e + fr))?
(c+ dzx)? (c+dx)?

-

input LIntegrate[(a + a*xSec[e + £*x])~2/(c + d*x)~2,x]

-/

output LIntegrate[(a + a*Secl[e + f*x])~2/(c + d*x)"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (asec(e + fz) + a)? di
(c+dzx)?

l 3042

dz

/ (acsc(e+ fx+ %) +a)2
(c+ dz)?

J’4681

/ (asec(e + fx) + a)? iz
(c+ dx)?

input‘ Int[(a + a*Sec[e + f*x])~2/(c + d*x)~2,x]

output L$Aborted J

Defintions of rubi rules used

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

2
/ (a + asec (f:cz—i- e)) e
(dz +c)
input Lint((a+a*sec (£xx+e)) "2/ (d*x+c)~2,x) J
output Lint ((ataxsec(f*x+e)) "2/ (d*x+c)~2,x%) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.40

(a+ asec(e + fz))? i — / (asec(fz +e) +a)’ i
(c+dz)? (dz + ¢)®
input Lintegrate ((at+a*sec(f*x+e)) "2/ (d*x+c)~2,x, algorithm="fricas") J

output‘ integral((a™2*sec(f*x + e)72 + 2*a"2+sec(f*x + e) + a”2)/(d™2*x72 + 2xcxd* ‘
‘X + ¢c72), x) ‘

Sympy [N/A]
Not integrable

Time = 2.45 (sec) , antiderivative size = 76, normalized size of antiderivative = 3.80

(a+asec(e+ fr))? , / 2sec (e + fx) / sec? (e + fx)
/ (c+ dx)? dz=a 2 + 2cdx + d?x? dz + 2+ 2cdz + d?x? dz

+ / 1 dz
c2 + 2cdx + d2x?
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input ‘ integrate ((at+a*sec (f*x+e))**2/ (d*x+c)**2,x)

‘a**2*(Integra1(2*sec(e + f*x)/(c*x*2 + 2xckd*x + d**2*x**2), x) + Integral(
‘sec(e + f*x)**2/(c*x*2 + 2xckd*x + d**2*kx**2), x) + Integral(1/(c**2 + 2*c*
Ld*x + dxx2%x*%2) , x))

output

Maxima [N/A]
Not integrable

Time = 1.03 (sec) , antiderivative size = 624, normalized size of antiderivative = 31.20

dx

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
(¢ +dz)? dr= / (dz + ¢)®

input integrate((at+axsec(f*x+e))~2/(d*x+c)~2,x, algorithm="maxima")

-(a~2%d*fxx + a~2kc*kf - 2*%a~2xd*sin(2*f*x + 2%e) + (a~2kd*fxx + a~2kc*f)*c
0s(2*f*x + 2xe)”"2 + (a”2kd*f*x + a~2*c*f)*sin(2xf*xx + 2%e) "2 + 2% (a~2*d*fx*
X + a"2%c*f)*cos(2xfxx + 2xe) — (A73*f*x"2 + 2*c*xd"2xfxx + c”2kd*f + (4d73*
f*x"2 + 2%c*kd"2*f*x + c”2xd*f)*kcos(2*f*x + 2%e) "2 + (d73*f*x"2 + 2kc*kd"2*f
*x + c72xd*f)*sin(2*%f*x + 2%e) "2 + 2% (d"3*f*kx"2 + 2kc*kd"2*f*x + c”2xd*f)*c
os(2xf*x + 2%e))*integrate(4*((a~2xd*f*x + a~2*cxf)*cos(2*f*x + 2xe)*cos(f
*x + e) + (a"2kdxfxx + a~2xc*f)*xcos(f*x + e) + (a~2+d + (a~2xd*f*x + a~2%*c
*f)*sin(f*x + e))*sin(2*xf*x + 2%e)) /(A" 3*f*x"3 + 3*c*xd"2+f*x"2 + 3*c 2*d*f
*x + c”3xf + (d73*%f*xx"3 + 3kckd"2xf*x"2 + 3kc"2*d*f*x + c"3*f)*cos(2xfxx +
2%xe) "2 + (d73%f*x”3 + 3kckd 2xf*x"2 + 3kc"2kd*f*x + cT3*f)*sin(kfxx + 2
e)”2 + 2x(d"3*f*xx"3 + 3kckd"2xf*x"2 + 3kcT2kd*fxx + c”3*f)*cos(2*fxx + 2*e
)), x))/(@"3*%f*x"2 + 2xc*kd"2*f*kx + c”2*d*f + (d73*f*kx"2 + 2*ckd"2xfxx + c”
2%d*f)*cos (2xf*xx + 2*%e) "2 + (d73*f*x72 + 2kxckxd"2xf*x + cT2*d*f)*sin(2xf*x
+ 2%e) "2 + 2% (d73*f*xx"2 + 2kckd"2*f*x + cT2xd*f)*cos(2xf*xx + 2%e))

output
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Giac [N/A]
Not integrable

Time = 36.68 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ asec(e + f2))’ (asec (f +€) + a)

(c+ dx)? (dz + c)®
input tintegrate ((at+axsec(f*x+e)) "2/ (d*x+c)~2,x, algorithm="giac") J
output Lintegrate((a*sec(f*x +e) + a)72/(d*x + ¢)72, x) J

Mupad [N/A]
Not integrable

Time = 14.80 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2
2 a+COSea x
(a + asec(e + fr)) dx:/< (e+f )> d

(c+ dx)? (C+da:)2
input Lint((a + a/cos(e + £*x))~2/(c + d*x)~2,x) J
output Lint((a + a/cos(e + f*x))~2/(c + d*x)~2, x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 157, normalized size of antiderivative = 7.85

/ (a + asec(e + fr))?
dz
(c+dzx)?
a2 (2 (f sec(fx+3)xfzn(fx+e) diL’) 2f + 2<f sec(fx+z)w_tin fx+e) d.’IJ) cdfx + 2<f sec(fx+§ifcn(fx+e) d.’I?) 2f 4 2(

cd (dz + )
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input‘int((a+a*sec(f*x+e))*2/(d*x+c)~2’x)

(ax*2% (2%int ((sec(e + f*x)**2*tan(e + £*x))/(c + d*x),x)*cH*2xf + 2%int ((s
ec(e + f*x)*x2xtan(e + f*x))/(c + d*x),x)*ckd*f*x + 2*int((sec(e + f*x)*ta
n(e + £xx))/(c + d*x),x)*c**2*f + 2xint((sec(e + f*x)*tan(e + f*x))/(c + d
*x) ,x) *cxd*xfxx — sec(e + f*x)*x2xc — 2xsec(e + f*x)*c + d*x))/(c*d*(c + d*

x))

output




output

p
\I*(d*x+c)‘3/a/f+1/4*(d*x+c)‘4/a/d-6*d*(d*x+c)‘2*1n(1+exp(I*(f*x+e)))/a/f‘2
‘+12*I*d‘2*(d*x+c)*polylog(2,—exp(I*(f*x+e)))/a/f“3—12*d“3*polylog(3,—exp(I
*(fxx+e)))/a/f~4-(d*x+c) "3xtan(1/2*f*x+1/2%e) /a/f

N
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(c+dz)’
3.11 f a—l—acsec(::+fx) dx

Optimal result . . . . . . . . .. ..
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ..
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ......

Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . 0 o

Optimal result

Integrand size = 20, antiderivative size = 152

/ (o do) i(c+dz)® (c+dz)* 6d(c+ dz)’log (1 + ee+/2)
dr = + _
a+ asec(e+ fz) af dad

+ 12id? (C + dCL‘) PolyLog (2, _6'L'(e+fm))

af?

B 1243 PolyLog (3, —e'(¢+/®))

af3

(c + dz)3tan (% -+ %m)

aft

af

\‘

J

Mathematica [A] (verified)

Time = 1.38 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.42

/ (c+dz)3 i

a+ asec(e+ fz)

cos (3 (e + fx)) sec(e + fz) ("”(403 + 62z + ded?a? + d*a®) cos (L(e + fz)) +

;03 3
Boos(} (e fo)) (- LLex”

2a(1 + sec(
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input‘ Integrate[(c + d*x)~3/(a + a*Sec[e + f*x]),x]

output

input

(Cos[(e + fxx)/2]*Secl[e + f*x]*(x*(4*c”3 + 6kc~2kd*x + 4*c*d™2%x"2 + d~3*x
~3)*Cos[(e + £*xx)/2] + (8+Cos[(e + £*x)/2]1*(((-I)*£~3x(c + d*x)"3)/(1 + E~
(I*xe)) - 3xd*f~2x(c + d*x)~2*Logl[l + E~((-I)*(e + £*x))] - (6*I)*d"2*f*(c

+ d*x)*PolyLog[2, -E~((-I)*(e + f*x))] - 6*d"3*PolyLogl[3, -E~((-I)*(e + fx
x))1))/£f74 - (4*%(c + d*x) " 3*Secl[e/2]*Sin[(£f*x)/2])/£f))/(2*xa*(1 + Sec[e + £

*x]))

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,

number of rules _ 1 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

(c+ dx)3
/ asec(e + fz) +a de

below.

| 3042
/ (c+ dzx)? da
acsc(e+fx+%) +a
| 4679
/ (c+dz)3 (c+ dzx)?
- dz
a acos(e+ fz)+a
| 2009
12id?(c + dz) PolyLog (2, —€!(¢*/®)  6d(c + dz)?log (1 + ei(c+/2))
af? af?
(c+ dz)*tan (% + %) N i(c+ dz)3 N (c+dx)*  12d°PolyLog (3, —eiletfa))
af af 4ad aft

-

LInt[(c + d*x)~3/(a + a*Sec[e + f*x]),x]

~—
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}(1*((: + d*x)"3)/(axf) + (c + d*x)~4/(4*axd) - (6*dx(c + d*x) 2+Logl[l + E~( \
‘I*(e + £*x))])/(a*f~2) + ((12%I)*d~2%(c + d*x)*PolyLog[2, -E~(I*(e + f*x)) ‘
'1)/(a%£73) - (12%d~3%PolyLogl3, -E~(Ix(e + £%x))1)/(a*f™4) - ((c + d*x)"3%
Tanle/2 + (£+x)/2])/(a%) |

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 4679

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 416 vs. 2(138) = 276.

Time = 0.18 (sec) , antiderivative size = 417, normalized size of antiderivative = 2.74

method | result

: d3zt d?cx? 3d c2z? Sz ct 12id2cex 12id® polylog (2,—ei(fz+e))$ 2id323 12d?ecln (ei(ng—e))
risch 4a + a + 2a + a + 4ad + a f? + af3 + af af3

-

int ((d*x+c) "3/ (a+a*sec(f*x+e)) ,x,method=_RETURNVERBOSE)

—

input t
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1/4/axd"~3%x"4+1/a*d"2xc*x"3+3/2/a*d*xc”2*x"2+1/a*xc"3*x+1/4/a/d*xc"4+12xI/a/f
~2%d"2*kcxexx+12+I/a/f"3*%d"3*polylog(2,-exp (I* (f*x+e))) *x+2*I/a/f*d"3*x~3-1
2/a/£73*%d"2*e*xc*1n(exp (I*(f*x+e)))+6*%I/a/f*xd"2xc*x"2+6*I1/a/f~3*d " 2*c*xe 2+1
2xI/a/f~3*d"2*c*polylog(2,-exp (I*(f*x+e)))-6+I/a/f~3*%d"3*e"2*x+6/a/f~4*d"3
*xe~2*1n (exp(I*(f*x+e)))-4*I/a/f~4*d"3*e"3-12/a/f"2*d"2*c*1n(1+exp (I* (f*x+e
))) *xx-2xT* (d"3*x"3+3*c*xd"2*xx"2+3*c”2xd*x+c"3) /f/a/ (1+exp (I* (f*x+e)))-6/a/f
~2%d*c”2x1n(1+exp (I* (f*x+e)))+6/a/f~2xd*xc~2*1n (exp (I* (f*x+e)))-6/a/f"2xd"3
*1n (1+exp (I*(f*x+e)) ) *x"2-12+d"3*polylog(3,-exp(I*(f*x+e)))/a/f~4

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 516 vs. 2(135) = 270.

Time = 0.09 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.39

/ (c+ dz)? i

a+ asec(e+ fz)
Bt +Acd? fU2® + 6 Edf'e? + 40 flr 4+ (P flat + ded [ + 6 Adf'a® + 4 fix) cos (fr+€) —

~

Lintegrate((d*x+c)‘3/(a+a*sec(f*x+e)),x, algorithm="fricas")

-/

input

1/4%(d"3*f£74%x"4 + 4xc*d"2*f74*x"3 + 6xc”2kd*f"4*x"2 + 4xc”3*f"4xx + (473
£74%x74 + 4xckd™2*%f74%x73 + 6xcT2xd*f74xx"2 + 4*xcT3*fT4*x)*cos(f*x + e) -
24x (Ixd~3*f*x + Ixcxd™2+f + (Ixd"3*f*x + Ixckxd 2+f)*cos(f*x + e))*dilog(-c
os(f*x + e) + Ixsin(f*x + e)) - 24*%(-I*d"3xf*xx - Ixckxd"2*f + (-I*d~3*f*x -
Ixc*xd~2xf) *cos(f*x + e))*dilog(-cos(f*x + e) - I*sin(f*x + e)) - 12x(d~3*
£72xx72 + 22kckd"2xf7T2xx + cT2xd*f£72 + (d73*£72%x72 + 2xckdT2*xf72*x + cT2xd
*f~2)*cos(f*x + e))*log(cos(f*x + e) + Ixsin(f*x + e) + 1) - 12%(d"3*f"2x*x
T2 4+ 2%ckxdT2+f72%kx + cT24d*f72 + (d73*#L72%x72 + 2%kckd"2*%f72xx + cT2*kd*f72)
xcos(f*x + e))*log(cos(f*x + e) - I*sin(f*xx + e) + 1) - 24%(d"3*cos(f*x +
e) + d"3)*polylog(3, -cos(f*x + e) + I*sin(f*x + e)) - 24x(d"3*cos(f*x + e
) + d"3)*polylog(3, -cos(f*x + e) - I*sin(f*x + e)) - 4*(d"3*f"3xx"3 + 3*c
*d"2%f"3%x72 + 3xcT2xd*f73%x + c”3*f"3)*sin(fxx + e))/(a*f"4xcos(f*x + e)
+ axf~4)

output
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Sympy [F]

/ (c+dx)? i

a+ asec(e + fx)
R — 2’ 3cd®x? 3c%dx
. f sec (e+fx)+1 dz + f sec (e+fz)+1 dz + f sec (e+fz)+1 dx + f sec (et fz)+1 dzx
a
inputLintegrate((d*x+c)**3/(a+a*sec(f*x+e)),X) J

‘(Integral(c**3/(sec(e + f*x) + 1), x) + Integral(d**3*x**3/(sec(e + f*x) +
1), x) + Integral (3*c*d**2*xx**2/(sec(e + f*x) + 1), x) + Integral (3*c**2x
‘d*x/(sec(e + f*x) + 1), x))/a ‘

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1285 vs. 2(135) = 270.

Time = 0.25 (sec) , antiderivative size = 1285, normalized size of antiderivative = 8.45

(c+dx)? .
dz = Too 1 to displ
/ o+ asecle £ fz) 1 = Too large to display

inputLintegrate((d*x+c)“3/(a+a*sec(f*x+e)),X’ algorithm="maxima") J




output

input

output
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1/2% (6*cxd~2*e~2*x (2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a*xf~2) - sin(
fxx + e)/(a*xf"2x(cos(f*xx + e) + 1))) - 6xc”2*d*ex(2*arctan(sin(f*x + e)/(c
os(f*x + e) + 1))/(a*xf) - sin(f*x + e)/(axfx(cos(f*x + e) + 1))) - 6x((f*x
+ e) " 2%cos(f*x + e)72 + (f*x + e) " 2*sin(f*x + e)”2 + 2x(f*x + e) " 2*cos(£f*
X +e) + (f%x + e)72 - 2x(cos(f*x + e)72 + sin(f*x + e)”2 + 2*cos(f*x + e)
+ 1)*log(cos(f*x + e)~2 + sin(f*x + e)”2 + 2%cos(f*x + e) + 1) - 4x(f*xx +
e)*sin(f*x + e))*xc*d"2xe/(axf"2xcos(f*x + e)72 + a*xf " 2*sin(f*x + e)"2 + 2
xa*xf~2kcos(f*x + e) + axf~2) + 2kc~3*x(2xarctan(sin(f*x + e)/(cos(f*x + e)
+ 1))/a - sin(f*x + e)/(ax(cos(f*x + e) + 1))) + 3*((f*x + e) 2*cos(f*x +
e)”2 + (f*xx + e) 2*sin(f*x + e)~2 + 2x(f*xx + e) " 2*cos(f*x + e) + (f*x + e)
"2 - 2%(cos(f*x + e)72 + sin(f*x + e)”2 + 2xcos(f*x + e) + 1)*log(cos(f*x
+ e)”2 + sin(f*x + e)72 + 2%cos(f*x + e) + 1) - 4x(f*x + e)*sin(f*x + e))x*
c"2xd/ (axfxcos(f*x + e)”2 + axfxsin(fxx + e)”2 + 2*a*xf*cos(f*x + e) + ax*f)
- 2x(I*(fxx + e)”"4*d"3 + 6+Ix(f*x + e) 2xd"3*e"2 - 4xIx(f*x + e)*d 3*e”3
- 8*%d"3%e"3 - 4x(I*d"3*e - Ixckd™2*f)*(f*x + e)73 + 24x((f*x + e)"2xd"3 +
d"3*e”2 - 2*%(d"3*e - c*d"2*f)*x(fxx + e) + ((f*x + e)72xd"3 + d"3*e”2 - 2x(
d"3*%e — cxd"2xf)*(f*x + e))*cos(f*x + e) - (~Ix(f*x + e)~2*d"3 - I*d"3*e”2
+ 2% (I*d"3*%e — I*c*d"2*f)*(f*x + e))*sin(f*x + e))*arctan2(sin(f*x + e),
cos(fxx + e) + 1) + (I*(f*x + e)”4*d"3 - 4*x(I*d"3xe — Ikcxd"2*f + 2xd"3)*(
fxx + e)"3 - 6%(-I*d"3%e”2 - 4*d"3*e + 4*xckd 2*f)*x(fxx + e)”2 - 4x(I*d”...

Giac [F]

(c+dz)? B (dz + c)®
/a—i—asec(e-l—fw)dx_/asec(fx+e)+adx

p
Lintegrate((d*x+c)“3/(a+a*sec(f*x+e)),x, algorithm="giac")

| —

-

Lintegrate((d*x + c)~3/(axsec(f*x + e) + a), x)

~—
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Mupad [F(-1)]

Timed out.
3 3
/ (c+ dx) dp — / (c+ daa:) e
a+ asec(e + fz) O+ e
input Lint((c + d*x)~3/(a + a/cos(e + f*x)),x) J
output tiﬂt((c + d*x)"3/(a + a/cos(e + f*x)), x) J
Reduce [F]

(c + dx)?
/ a+ asec(e+ fz) de

12( [ tan (£ + £) z%dz) d° f + 24 ([ tan (£ + &) zdz) cd?f + 12log<tan (£ + 5)2 + 1> c*d — 4 tan (:

input Lint ((d*x+c) "3/ (ataxsec(f*x+e)) ,x) J

(12*int (tan((e + f*x)/2)*x**2,x)*d**3*f + 24*int(tan((e + f*x)/2)*x,x)*c*d
**k2xf + 12x1log(tan((e + f£*x)/2)**2 + 1)xc**2xd - 4*xtan((e + f*x)/2)*c**3*f
- 12*tan((e + £*xx)/2)*ck*2*d*xf*x - 12*tan((e + £*xx)/2)*ckd**2xf*x**x2 - 4x
tan((e + £*x)/2)*d**x3kfkx*k*3 + 4dkck*k3kf*x*kkx + BkCkk2kd*xf**kkx*k*x2 + 4xckdx*
*2kFkkQkx*k%3 + Ak*k3*kf**kkx*k*4) / (4d*a*xf**x2)

output




output
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(c+dz)?
3.12 f a—l—acsec(::+fx) dx

Optimal result . . . . . . . . .. ..

Mathematica [B] (warning: unable to verify)

Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ..
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ......

Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . 0 o

Optimal result

Integrand size = 20, antiderivative size = 119

/ (c+ dz)? - i(c+ dzx)? N (c+dx)®  4d(c+ dz)log (14 eiletfa)
a+asec(e+ fx)  af 3ad af?
n 4id® PolyLog (2, —e'**/")) _ (ctdz)’tan (g + &)
af? af

‘I*(d*x+c)‘2/a/f+1/3*(d*x+c)‘3/a/d-4*d*(d*x+c)*1n(1+exp(I*(f*x+e)))/a/f“2+4

L*I*d“2*polylog(2 ,—exp (Ix(f*x+e)))/a/f~3-(d*x+c) “2*tan(1/2*f*x+1/2*e) /a/f

|
J




CHAPTER 3. LISTING OF INTEGRALS 121

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 528 vs. 2(119) = 238.

Time = 6.45 (sec) , antiderivative size = 528, normalized size of antiderivative = 4.44

/ (c+ dz)? e — 22(3c? + 3cdzr + d?3?) cos? (& + L2) sec(e + fz)
a+ asec(e + fx) 3(a + asec(e + fx)
_ 8cdcos? (5 + L) sec (£) sec(e + fz) (cos (£) log (cos (&
f?(a+ asec(e + fx)) (cos?

2
cot(%) (%zfm (—m—2arctan (cot(%))) -7 10g(1+e_ifw) —2(% —arct

8d? cos? (£ + f?“’) csc (£) (}-leiaman(cot(;))ﬂ 2 _

f3(a+
2cos (£ + %) sec (£) sec(e + fz) (¢?sin (%””) + 2cdz sin (%) + d?x?%sin (%’”))
f(a+ asec(e+ fx))

inputtlntegrate[(c + dxx)~2/(a + a*Secl[e + f*x]),x] J

(2%x* (3*%c™2 + 3*c*kd*x + d"2*x"2)*Cos[e/2 + (£f*x)/2]"2*Sec[e + f*x])/(3*(a
+ a*Sec[e + f*x])) - (8*ckdxCosl[e/2 + (f*x)/2] 2+Sec[e/2]*Sec[e + f*x]*(Co
s[e/2]*Log[Cos[e/2] *Cos [(f*x) /2] - Sin[e/2]*Sin[(f*x)/2]] + (£f*x*Sin[e/2])
/2))/(£f"2x(a + a*Sec[e + f*x])*(Cos[e/2]72 + Sin[e/2]72)) - (8*d"2*Cos[e/2
+ (fxx)/2]"2xCscle/2]1*((£°2%x~2)/(4+E~ (I*ArcTan[Cot[e/2]])) - (Cotl[e/2]*(
(I/2)*f*xx*(-Pi - 2xArcTan[Cot[e/2]]) - Pi*Log[1l + E~((-I)*f*x)] - 2x((£f*x)
/2 - ArcTan[Cot[e/2]])*Log[1 - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]))] + P
i*Log[Cos[(£f*x)/2]] - 2xArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]
111 + I*PolyLogl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))]1))/Sqrt[1 + Cotl[
e/2]"2])*Sec[e/2] *Sec[e + f*x])/(£73%(a + a*Secle + f*x])*Sqrt[Cscle/2] 2%
(Cos[e/2]72 + Sin[e/2]172)]) - (2xCos[e/2 + (fxx)/2]*Secl[e/2]*Sec[e + f*x]*
(c™2*8in[(£f*x) /2] + 2xc*d*x*Sin[(£f*x)/2] + d"2*x~2*Sin[(f*x)/2]))/(f*x(a +
a*xSecl[e + f*x]))

output




input

output
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

(c+ dz)?
/ asec(e + fz) +a de

J’3042

below.

/ (c + dz)?
- dx
acsc(e+ fz+3)+a

l 4679

(8 - s Ta)

l 2009

4d(c + dz)log (1 + eietf=) (e + dz)? tan (% + %) i(c+dz)? (c+dzx)d
af? N af + af + 3ad +
4id? PolyLog (2, —ei(c+/2))
af3

‘Int[(c + d*x)~2/(a + axSec[e + f*x]),x]

‘/(I*(c + d*x)"2)/(axf) + (c + d*x)~3/(3*a*d) - (4xd*(c + d*x)*Log[l + E~(Ix
(e + £%x))1)/(a*f~2) + ((4*I)*d~2%PolyLogl2, -E~(Ix(e + f*x))1)/(a*f"3) -
| ((c + d*x)"24Tan[e/2 + (£*x)/2])/(a*f)

-
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]
rule 4679 Imtllescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (A )*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]
Maple [B] (verified)
Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 235 vs. 2(107) = 214.
Time = 0.14 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.98
method | result
. 423 dez? 2 3 2i(d2z2+2cdz+c? 4dcln(1+et(fzte) Adeln(et(fz+e) id2 22 id2 -
sch | G2 ey M M e e
input Lint ((d*x+c) "2/ (at+a*sec (f*x+e)) ,x,method=_RETURNVERBOSE) J
output 1/3/a*d™2%x"3+1/a*d*c*x"2+1/a*c”2*x+1/3/a/d*c”3-2%I*(d~2*x"2+2*c*d*x+c~2) /

f/a/(1+exp (I*(fxx+e)))-4/a/f~2xd*cx1n(1+exp (I*(f*x+e)))+4/a/f 2xd*c*1n(exp
(Ix(fxx+e)))+2*I/a/f*xd"2%x"2+4*I1/a/f"2%d"2xe*x+2*1/a/f"3*%d"2*xe"2-4/a/f"2*d
~2%1n(1+exp (I* (£xx+e))) *x+4*I*d"2*polylog(2,-exp(I* (f*x+e))) /a/f"3-4/a/f"3
*d~2xe*1n (exp (I*(f*x+e)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 292 vs. 2(104) = 208.

Time = 0.08 (sec) , antiderivative size = 292, normalized size of antiderivative = 2.45

(c+ dz)?
/ a+ asec(e + fr) de

_ 2 f3 + 3cdf*ax® + 32 f2x + (P f3x® + 3cdf?x? + 32 f3x) cos (fx +e) — 6 (id? cos (fz +e) + i d?)L

input Lintegrate ((d*x+c) "2/ (at+axsec(f*x+e)) ,x, algorithm="fricas") J

1/3*%(A72*£73%x"3 + 3*ckA*f~3%x72 + 3*xc " 2*xf"3*x + (d72+f73%x"3 + 3kckd*f 3%
X"2 + 3*%c”2*f"3*x)*cos(f*x + e) - 6x(I*d"2*cos(f*x + e) + I*d~2)*dilog(-co
s(f*x + e) + Ixsin(f*x + e)) - 6x(-Ix*d"2xcos(f*x + e) - I*d"2)*dilog(-cos(
fxx + e) - I*sin(f*x + e)) - 6%(d™2xfxx + cxd*xf + (d"2*f*x + c*d*f)*cos(f*
x + e))*log(cos(f*x + e) + I*sin(f*x + e) + 1) - 6x(d"2*f*x + cxd*f + (d~2
*f*xx + cxdxf)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - 3x(d”
2+£72xx"2 + 2kckd*fT2#x + cT2xf"2)*sin(f*x + e))/(a*f"3*cos(f*x + e) + axf
~3)

N J

output

Sympy [F]

2 d2 2 2¢d.
/ (C + d"'c)2 dr = f sec (e-lc—fx)+1 dz + f sec (e-l—xfx)—l—l dz + f sec (e:—fgfz:)—l—l dx
a+ asec(e + fx) a

input‘integrate((d*x+c)**2/(a+a*sec(f*x+e)),x)

(Integral(cx*2/(sec(e + f*x) + 1), x) + Integral (d**2*x**2/(sec(e + f*x) +

output‘
1), x) + Integral(2*c*d*x/(sec(e + f*x) + 1), x))/a
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 377 vs. 2(104) = 208.

Time = 0.22 (sec) , antiderivative size = 377, normalized size of antiderivative = 3.17

/ (c+ dz)? d —

a+asec(e+ fx) =
id? 323 + 3icdf32® + 3i P f3r + 62 f% + 12(d%fz + cdf + (& fx + cdf) cos (fx +€) — (—id*fzx —

inputLintegrate((d*x+c)“2/(a+a*sec(f*x+e)),X, algorithm="maxima") J

=(I*d~2*%f"3*%x"3 + 3*I*ckd*xf~3*%x"2 + 3*xI*c™2*%f " 3%x + 6*%c™2%xf~2 + 12k (d~2*f*
X + cxd*f + (d72xf*x + cxd*f)*cos(f*x + e) — (-I*d"2*fxx — Ixcxd*f)*sin(f*
X + e))*arctan2(sin(f*x + e), cos(f*xx + e) + 1) + (I*d~2*xf"3*x"3 - 3*(-I*c
*d*f73 + 2%d"24f"2)*x"2 — 3k (-I*kc"2*%f"3 + 4kckd*f~2)*x)*cos(f*x + e) - 12%
(d"2xcos(f*x + e) + I*d"2*sin(f*x + e) + d"2)*dilog(-e~ (Ixf*x + I*e)) - 6%
(I*d~2xf*x + Ikcxd*f + (I*d~2xfxx + Ikcxd*f)*cos(f*x + e) - (d™2*f*x + c*d
*f)xsin(f*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2xcos(f*x + e) + 1
) = (d72%f"3%x73 + 3k (ckd*f~3 + 2kxI*d"2*xf"2)*x"2 + 3k (c"2*xf"3 + 4*kI*cxd*xf”
2)*x)*sin(f*x + e))/(-3*xI*a*xf~3*kcos(f*x + e) + 3*a*f " 3xsin(f*x + e) - 3*I*
a*xf~3)

output

Giac [F]

(c+ dx)? _ (dz + ¢)?
/a—l—asec(e—l—fx)dz_/asec(fz—ke)—l—adw

B
Lintegrate((d*x+c)‘2/(a+a*sec(f*x+e)),x, algorithm="giac")

~—

input

e hY
integrate((d*x + c)~2/(axsec(f*x + e) + a), x)

N\ J

output
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Mupad [F(-1)]

Timed out.
2 2
/ (c+ dx) dp — / (c+ df) e
a+ asec(e + fz) O+ e
inputtint((c + d*x)~2/(a + a/cos(e + f*x)),x) J
outputtint((c + d*x)~2/(a + a/cos(e + £*x)), x) J
Reduce [F]

/ (c+daf

a+ asec(e+ fz)
6(/ tan (5 + §) wdz) d*f + 610g<tan (&2 4+¢)°+ 1) cd —3tan (£ + &) 2 f — 6tan (£ + £) cdfz —
) 3q f2
input Lint((d*X+C)A2/(a+a*sec(f*x+e)) ,X) J

output‘ (6xint (tan((e + f*x)/2)*x,x)*d**2%f + 6%log(tan((e + fxx)/2)**2 + 1)*cxd - ‘
| 3xtan((e + f*x)/2)*ck*2+%f - 6xtan((e + f¥x)/2)*cxdxf*x - 3xtan((e + f*x)/ |
‘2)*d**2*f*x**2 + 3kck*k2kE**k2kx + JkckdAkFk*kkx**%2 + Ak*kkf*kkx*k*3) / (3ka*xf* ‘

2
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3.13 [y

a+asec(e+fx)
Optimal result . . . . . . . . . . . . . 127
Mathematica [A] (verified) . . . . . . . . ... L 127
Rubi [A] (verified) . . . . . . . . . . 128
Maple [A] (verified) . . . . . . . . . . 129
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1301
Sympy [F] . . . o 130
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... 1301
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... ... . 131
Mupad [B] (verification not implemented) . . . . ... ... ... ... ..... 132
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 1321

Optimal result

Integrand size = 18, antiderivative size = 67

a+ asec(e + fx) dz = 2ad af? af

/ c+dx (c+dz)*  2dlog (cos (£ + &) _ (c+dz)tan (£ +£2)

|1/2%(d*x+c) ~2/a/d-2+d*1n(cos (1/2+Exx+1/2xe)) /a/E"2- (d*x+c) ¥tan(1/2+f*x+1/2
*e) /a/f

N J

output

Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.55

/ c+dx
dz
a+ asec(e+ fz)
_cos (5(e+ fx)) sec(e + fx) (—2f(c+ dx) sec (§) sin (£2) + cos (3(e + f7)) (f?z(2c + dz) — 4dlog (co
B af?(1 +sec(e + fz))

input Integrate[(c + d*x)/(a + axSec[e + f*x]),x] ‘
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. (Cosl(e + fxx)/2]#Secle + fxx]x(-2+f*(c + d*x)*Secle/2]*Sin[(f*x)/2] + Cos
| [(e + f£xx)/2]*% (£ 2%x*(2%c + d*x) - 4*d*Log[Cos[(e + £*x)/2]] - 2*d*f*x*Tan |
[e/21)))/(a*£72%(1 + Secle + £*x1)) |

outpu

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ c+dz .
asec(e + fz) +a
| 3042

/ c+dx
dx
acsc(e+ fr+%)+a

| 4679
/ c+dz c+dz
— dz
a acos(e+ fr)+a
| 2009
_(c+dx) tan (% + %) N (c + dz)? - 2dlog (cos (% + fzz))
a,f 2ad (If2

e

LInt[(c + d*x)/(a + a*Sec[e + f*x]),x]

~—

input

‘(c + dxx)~2/(2*axd) - (2*dxLogl[Cosle/2 + (£*x)/2]11)/(a*f~2) - ((c + d*x)*T

output ‘
Lan[e/2 + (£xx)/21)/ (a*f) J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4679

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

method result size

dln(sec(%—i—%)?)—i-((—dx—c) tan(%—i—%)—i—fx(%z—i-c))f
a f?

93

parallelrisch

2
fx
norman @y da? Ctan<%+f7z) _ d“an(%“‘%m) n dh’(l“'tan(%“'T) ) -
a 2a af of af?

: da? | cx | 2ide | 2ide _ _ 2i(det+c) _ 2dIn(14e’ot))
risch g T4 T of + af? T Fa(lt+eiTete)) af? 87

input Lint ((d*x+c)/(a+a*sec (f*x+e)) ,x,method=_RETURNVERBOSE) J

‘(d*ln(sec(1/2*e+1/2*f*x)‘2)+((—d*x—c)*tan(1/2*e+1/2*f*x)+f*x*(1/2*d*x+c))*

output Lf) /a/f~2 J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.48

/ c+dz
dx
a+ asec(e + fr)
_df* e + 2cf?z + (df*a® + 2cf?x) cos (fz + €) — 2(dcos (fz + €) + d) log (5 cos (fz +€) +3) —2(df
B 2 (af?cos(fz +e€) +af?)

inputLintegrate((d*x+c)/(a+a*sec(f*x+e)),X, algorithm="fricas") J

output‘ 1/2% (d*f"2%xx"2 + 2kcxf~2%x + (d*xf~2%x"2 + 2xcxf~2*x)*cos(f*x + e) - 2*(d*c \
‘os(f*x + e) + d)xlog(1/2xcos(f*x + e) + 1/2) - 2x(d*f*x + c*f)*sin(f*x + e ‘

)/ (axt"2kcos(fxx + @) + axf"2) |
Sympy [F]
/ ctde . wemn %t s
a+ asec(e + fz) a
input Lintegrate ((d*x+c)/(a+axsec(f*x+e)) ,x) J

output‘ (Integral(c/(sec(e + f*x) + 1), x) + Integral(d*x/(sec(e + fx*x) + 1), %))/ ‘

a

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 273 vs. 2(57) = 114.

Time = 0.12 (sec) , antiderivative size = 273, normalized size of antiderivative = 4.07

/ c+dz
dz =
a+ asec(e + fr)

9d 2 arctan(%) _ sin(fz+e) _9 2 arctan(%) _ sin(fz+e) _ <(fm+e)2 cos(fz+
€ af af(cos(fz+e)+1) ¢ a a(cos(fz+e)+1)
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input‘integrate((d*x+c)/(a+a*sec(f*x+e)),x, algorithm="maxima")

-1/2% (2*d*ex (2*xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a*f) - sin(f*x + e
)/ (axfx(cos(f*x + e) + 1))) - 2xcx(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1
))/a - sin(f*x + e)/(a*x(cos(f*x + e) + 1))) - ((f*x + e) " 2xcos(f*x + e)~2
+ (fxx + e)"2*ksin(f*x + e)”2 + 2k (f*x + e) " 2xcos(f*x + e) + (f*xx + e)”2 -
2x(cos(f*x + e)72 + sin(f*x + e)”2 + 2*kcos(f*x + e) + 1)*log(cos(f*x + e)~
2 + sin(f*x + e)72 + 2*cos(f*x + e) + 1) - 4*(fxx + e)*sin(f*x + e))*d/(ax
fxcos(fxx + e)72 + axf*sin(f*x + e)~2 + 2xaxfxcos(f*x + e) + axf))/f

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(57) = 114.

Time = 0.22 (sec) , antiderivative size = 248, normalized size of antiderivative = 3.70

/ c+dx
dx
a+ asec(e+ fz)

df*z? tan (3 fz) tan (3 e) + 2cf?z tan (5 fz) tan (5 ) — df?z? — 2¢f?x + 2dfwtan (5 fz) + 2dfz tan

input‘integrate((d*x+c)/(a+a*sec(f*x+e)),x, algorithm="giac")

1/2x (d*f~2*x"2*%tan (1/2*f*x)*tan(1/2*e) + 2kc*f~2*x*tan(1/2*xf*x)*tan(1/2*e)

- d*f72%x72 - 2xcxfT2kx + 2kd*f*x*tan(1/2xfxx) + 2kdkf*x*ktan(1l/2%e) - 2xd
*x1og(4* (tan(1/2*f*x) "2*tan(1/2%e) "2 - 2xtan(1/2*f*x)*tan(1/2*e) + 1)/(tan(
1/2xf*xx) “2%tan(1/2%e) "2 + tan(1/2*f*x)"2 + tan(1/2%e)”2 + 1))*tan(1/2*fx*x)
*tan(1/2xe) + 2xc*f*xtan(1/2*%f*x) + 2xc*f*tan(1/2*e) + 2xdxlog(4*(tan(1l/2xf
*x) “2xtan(1/2xe) "2 - 2*xtan(1/2*f*x)*tan(1/2%e) + 1)/(tan(1/2*f*x) 2*tan(1/
2%e) "2 + tan(1/2*f*x)"2 + tan(1/2%e)"2 + 1)))/(a*f~2*tan(1/2*f*x)*tan(1/2*
e) - axf~2)

output
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Mupad [B] (verification not implemented)

Time = 15.24 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.18

/ c+dz J dz® 2dln(esMef=H 4+1)

a+ asec(e + fz) T T %4 a f?
_ (c+dz)2i z (c f+d2i)
af (eeli+fm1i_|_1) af
inputtint((c + d*x)/(a + a/cos(e + f*x)),x) J

‘{(d*x“2)/(2*a) - (2xd*log(exp(ex1i)*exp(f*x*1i) + 1))/(a*f~2) - ((c + d*x)*

output ‘
L2i)/(a*f*(exp(e*1i + fxx*1i) + 1)) + (x*(d*2i + c*f))/(axf) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.01

/ c+dz dx
a + asec(e + fz)

2log<tan (£ + 5)2 + 1) d—2tan (£ + ¢) cf — 2tan (£ + £) dfz + 2¢ 2z + d f22?
- 2a f?

inputLint((d*x+c)/(a+a*sec(f*x+e)),x) J

output‘ (2xlog(tan((e + f*xx)/2)**2 + 1)*d - 2*tan((e + f*x)/2)*c*f - 2xtan((e + f* ‘
‘x)/2)*d*f*x + 2kckf*x2xx + dxfx*kx*%*2)/(2*axf*x*2)




output L

input

output
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1

3.14 f (c+dz)(a+asec(e+fz)) dzx

Optimal result . . . . . . . . . . . . . 133}
Mathematica [N/A] . . . . . ... 133
Rubi [N/A] .« . o 134
Maple [N/A] . . . o
Fricas [N/A] . . . . .
Sympy [N/A] . . o
Maxima [N/A] . . . . o e 136
Giac [N/A] .« . o 136
Mupad [N/A] . . . o 137
Reduce [N/A] . . . o 137

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+ dz)(a + asec(e + fr)) de = IIlt((c +dz)(a + asec(e + fz))’ v

)

Defer (Int) (1/(d*x+c)/(at+taxsec(f*x+e)),x)

Mathematica [N/A]

Not integrable

Time = 6.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c+dm)(a+asec(e+fm)) dx:/(c+dx)(a+

asec(e + fz)) dz

-

LIntegrate [1/((c + d*x)*(a + a*Sec[e + f*x])),x]

‘Integrate [1/((c + d*x)*(a + a*Sec[e + f*x])), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

! d
/ (c+dz)(asec(e+ fx) +a) v
| 3042

1

(c+dz) (acsc(e+ fz+5) +a) de

l.4681

/ ! dz
(c+dz)(asec(e + fx) +a)

‘Int[l/((c + d*x)*(a + axSec[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz +c) (a + asec(fz +e))

input Lint (1/(d*x+c) / (a+taxsec(f*x+e)) ,x)

output Lint (1/(d*x+c) / (ataxsec(f*x+e)) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1

1
/(c+dm)(a+asec(e+fa:)) dx:/(dx+c)(asec(fx+e)+a) de

input Lintegrate (1/ (d*x+c)/ (a+a*sec(f*x+e)) ,x, algorithm="fricas")

output Lintegral(l/(a*d*x + axc + (axd*x + axc)*sec(f*x + e)), x)

Sympy [N/A]
Not integrable

Time = 1.10 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

dz

1
/ 1 dr — f csec (e+fz)+c+dz sec (e+fz)+dx
T =
(c+dz)(a+ asec(e + fz)) a

input tintegrate (1/(d*x+c)/ (at+a*xsec(f*x+e)) ,x)
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Output‘Integral(l/(c*sec(e + fxx) + c + d¥x*sec(e + f*x) + d*x), x)/a

Maxima [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 391, normalized size of antiderivative = 19.55

1 1
/(c—l—dz)(a-l—asec(e-l—fx)) dw:/(dw+c)(asec(fz+e)+a) de

.
integrate(1/(d*x+c)/(at+a*sec(f*x+e)),x, algorithm="maxima")

input

N

((@xf*x + cxf)*cos(fxx + e) 2*xlog(d*x + c) + (dxf*x + c*f)*log(d*x + c)*si
n(f*x + e)”2 + 2x(d*f*x + c*f)*cos(fxx + e)*log(d*x + c) - 2k(a*d"3xf*x +
a*c*d"2*f + (axd"3xf*xx + akc*d"2*f)*cos(f*x + e)”2 + (a*d"3*f*x + a*cxd™2x*
f)*sin(f*x + e)”2 + 2% (a*xd"3*f*x + akcxd~2*f)*cos(f*x + e))*integrate(sin(
fxx + e)/(a*d™2*xf*xx"2 + 2xakxckdxf*x + a*c™2*f + (axd™2xf*x"2 + 2*akckd*f*x
+ axc”2*f)*xcos(f*x + e)”2 + (axd™2*f*x"2 + 2kakckdkf*x + a*c™2*xf)*sin(f*x
+ e)”2 + 2k (axd"2*f*x"2 + 2*akckdxfxx + akc 2xf)*cos(fxx + e)), x) + (d*f
*x + cxf)*log(d*x + c) - 2xdxsin(f*x + e))/(a*d"2xf*x + axcxd*f + (axd~2xf
*x + akckxd*f)xcos(fxx + e)72 + (a*xd"2xf*x + akcxd*f)*sin(f*x + e)72 + 2*(a
*d"2xfxx + axcxdxf)*cos(f*x + e))

output

Giac [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fzx)) dz = / (dz + c)(asec (fz +e) + a) dz
input Lintegrate (1/(d*x+c) / (ataxsec(f*x+e)) ,x, algorithm="giac") J

output Lintegrate(1/((d*x + c)*(a*xsec(f*xx + e) + a)), x) J
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Mupad [N/A]
Not integrable

Time = 14.78 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1

1
/ e asle 1) / (a + _cos(e_if_w)> (c+dz) “

input Lint(l/((a + a/cos(e + f*x))*(c + d*x)),x)

output 1EE(1/((@ + a/cos(e + fxx))x(c + axn)), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.50

1

/ 1 d f sec(fz+e)ctsec(fz+e)dz+ct+dz dz

Tr =
(c+dz)(a+ asec(e + fz)) a

input Lint (1/(d*x+c) / (ataxsec(f*x+e)) ,x)

output Lint(l/(sec(e + fxx)*c + sec(e + f*x)*d*x + c + d*x),x)/a
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1
3.15 f (c+dz)2(a+asec(e+fz)) dz

Optimal result . . . . . . . . . . e 138
Mathematica [N/A] . . . . . . . . 138
Rubi [N/A] . . . oo T39
Maple [N/A] . . . . o 140
Fricas [N/A] . . . o o 140
Sympy [N/A] . . e 140
Maxima [N/A] . . . . . 1411
Giac [N/A] . . . 142
Mupad [N/A] . . o e 142
Reduce [N/A] . . . o o 142

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dx)%*(a+ asec(e + fz)) de = Int((c +dz)%(a + asec(e + fz))’ x)

e

output LDefer(Int) (1/ (d*x+c) "2/ (at+a*sec(f*x+e)) ,x)

~—

Mathematica [N/A]
Not integrable

Time = 4.77 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)?(a + asec(e + fzx)) de = / (c+dz)?(a + asec(e + fz)) dz

e

tIntegrate [1/((c + d*x)"2x(a + axSecle + f*x])),x]

~—

input

output LIntegrate [1/((c + d*x)~2*(a + axSec[e + £*x])), x] J




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

! d
/ (c+dz)%(asec(e + fx) + a) v
| 3042

1

(c+dz)?(acsc(e+ fz+3)+a) d

l.4681

/ ! dz
(c+dz)%(asec(e + fz) + a)

‘Int[l/((c + d*x)"2%(a + a*Sec[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz +¢)® (a + asec (fz +e))

input Lint(1/(d*x+c)A2/(a+a*sec (f*x+e)) ,x) J

output Lint (1/ (d*x+c) "2/ (ata*sec(f*x+e)) ,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
(c+dz)%*(a+ asec(e + fz)) do = / (dz + c)*(asec (fz + €) + a) &

input Lintegrate (1/(d*x+c) "2/ (ata*sec(f*x+e)) ,x, algorithm="fricas") J

‘integral(l/(a*d“2*x“2 + 2%akckdxx + akc”2 + (a*d"2*x"2 + 2kaxcxd*x + axc”2

output
‘)*sec(f*x +e)), x)

Sympy [N/A]
Not integrable

Time = 2.32 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.90

1
/ (c+dz)?(a + asec(e + fzx))

1
. f c? sec (e+fz)+c2+2cdz sec (e+ fz)+2cdr+d2 2 sec (e+ fx)+d2 2 dz
a

dz
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input‘integrate(1/(d*X+C)**2/(a+a*sec(f*x+e)),x)

‘Integral(l/(c**2*sec(e + f*x) + c*x*2 + 2xckd*kx*sec(e + f*x) + 2kckxd*x + dx*

output
‘*2*x**2*sec(e + fxx) + d¥*2%x**2), x)/a
Maxima [N/A]
Not integrable
Time = 0.65 (sec) , antiderivative size = 522, normalized size of antiderivative = 26.10
/ 1 o= : d
x = x
(c+dz)?(a+ asec(e + fz)) (dz + c)*(asec (fz + €) + a)
inputLintegrate(l/(d*x+c)"2/(a+a*sec(f*x+e)),x, algorithm="maxima")
output —(d*f*x + (d*f*x + c*f)*cos(f*x + e)~2 + (d*f*x + cxf)*sin(f*x + e)~2 + c*

f + 2% (d*f*x + cxf)*cos(fxx + e) + 4*x(a*d™4*f*x"2 + 2xaxcxd " 3*kf*x + akxc 2%
d~2+f + (axd™4*f*x"2 + 2%a*xckd 3xf*x + axc 2%d"2xf)*cos(f*x + e)~2 + (axd”
4xf*x"2 + 2*kaxckd"3*f*x + axcT2xd"2xf)*sin(f*x + e)”2 + 2x(axd"4xf*x"2 + 2
xaxcxd~3*fxx + axc”2xd"2xf)*cos(f*x + e))*integrate(sin(f*x + e)/(axd~3*f*
X"3 + 3kaxcxd 2*xf*x"2 + 3xakxc”2kdxfxx + axc”3xf + (axd 3xf*x"3 + 3xaxc*d”2
*fxx"2 + 3kakxc 2kd*fxx + axc”3*f)*cos(fxx + e)”2 + (axd"3*xf*xx"3 + 3kakckxd™
2%f*x72 + 3xaxc”2xdxfxx + akc " 3*f)*sin(f*x + e)”2 + 2k (a*d"3*f*x"3 + 3*axc
*d"2%f*x"2 + 3kakc 2xd*f*x + axc”3*f)*cos(f*xx + e)), x) + 2*kd*sin(f*x + e)
)/ (axd”"3*f*x"2 + 2%a*xckd"2xfxx + axc”2kd*f + (a*d " 3*f*x72 + 2xaxckd”2kf*x
+ axc”2*d*f)*cos(f*x + e)”2 + (a*d"3*f*x"2 + 2¥axckd"2xf*x + axc”2*d*f)*si
n(fxx + e)”2 + 2% (a*xd"3*xf*x"2 + 2kakxckd"2*f*x + axc”2xd*f)*cos(f*x + e))
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Giac [N/A]
Not integrable
Time = 0.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/ (c+ dz)?(a + asec(e + fz)) de = / (dz + ¢)*(asec (fz +e) +a) d

inputLintegrate(l/(d*x+c)‘2/(a+a*sec(f*x+e))’x, algorithm="giac")

outputtintegrate(l/((d*x + c)"2*x(axsec(f*x + e) + a)), x)

Mupad [N/A]
Not integrable

Time = 14.77 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1

/ (c+dz)?(a+ asec(e + fz)) dr = / (a N dz

) (c+dzx)?

a
cos(e+f )

inputtint(l/((a + a/cos(e + f£*xx))*(c + d*x)~2),x)

output Lint(1/((a + a/cos(e + f*x))*(c + d*x)72), x)

Reduce [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.90

/ ! dz
(c+dz)?(a + asec(e + fzx))

1
. f sec(fr+e)c?+2 sec(fr+e)cdr+sec(fz+e)d?z2+c2+2cdr+d2z?
a

dx
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inputLint(1/(d*x+c)“2/(a+a*sec(f*x+e))’x)

‘int(l/(sec(e + f*x)*xc*k*k2 + 2xsec(e + f*x)*ckd*x + sec(e + Fxx)kdrx*kx**2 +

output
‘ Ckk2 + 2kckdkx + d¥k*k2%kx*%2),x)/a




output
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316 [l dg

a+asec(e+fx))
Optimal result . . . . . . . . . . . . e 144
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 145
Rubi [A] (verified) . . . . . . . . . .. 146l
Maple [B] (verified) . . . . . . . . . ... 147
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 148
Sympy [F] . . o 149
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 150
Giac [F] . . . o o 1511
Mupad [F(-1)] . . . o o 1511
Reduce [F] . . . . o e 1511

Optimal result

Integrand size = 20, antiderivative size = 288

/ (c+ dx)? g — 5i(c+dx)®  (c+dz)*  10d(c+ dz)*log (1 + ec+/2))
(

a+asecle+ f2))? ~ 3af T aed T a? f2
4d®log (cos (& + ££))
a2 f4
20id?(c + dz) PolyLog (2, —e'(¢+/®))
+ 23
a’f
20d° PolyLog (3, —€'¢*/®))  d(c + dz)?sec? (£ + %x)
a?f4 2a2 f2
2d?(c + dz) tan (£ + %x) B 5(c+ dz)3tan (§ + %””)
a?f3 3a2f
, (et dnpse (5 + &) tan (5 + &)
6a?f

5/3%Ix(d*x+c) ~3/a~2/f+1/4*(d*x+c) ~4/a~2/d-10*d* (d*x+c) “2*1n(1+exp (I* (f*x+e
)))/a"2/£72+4%d"3*1n(cos (1/2*f*x+1/2%e)) /a~2/f~4+20%I*d"~2* (d*x+c) *polylog(
2,-exp(I*(f*x+e)))/a~2/£"3-20*d"3*polylog(3,-exp(I*(f*x+e)))/a~2/f~4-1/2*d
* (d*x+c) “2xsec(1/2xfxx+1/2xe) "2/a"~2/£~2+2*d"2*% (d*x+c) *tan (1/2xf*xx+1/2%e) /a
~2/£73-5/3*(d*x+c) “3xtan(1/2xf*x+1/2%e) /a~2/f+1/6% (d*x+c) "3*sec(1/2xf*x+1/
2xe) "2+tan(1/2*f*xx+1/2xe) /a~2/f
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1447 vs. 2(288) = 576.

Time = 7.29 (sec) , antiderivative size = 1447, normalized size of antiderivative = 5.02

3
/ o (C+(dml Fayyp 47 = oo large to display

p
Integrate[(c + d*x)~3/(a + axSec[e + f*x])~2,x]

N J

input

(((-20%I)/3)*d"3*Cos[e/2 + (f*x)/2] 4* (£ 2*x~2*(fxx - (3*I)*(1 + E~(Ixe))x*
Log[l + E"((-I)*(e + f*x))]) + 6x(1 + E~(Ixe))*f*x*PolyLogl[2, -E~((-I)*(e
+ £*x))] - (6%I)*(1 + E~(I*e))*PolyLogl[3, -E~((-I)*(e + f*x))])*Secl[e/2]*S
ecle + £xx]1°2)/(E~((I/2)*e)*f~4*(a + a*Sec[e + f*x])~2) + (16*d"~3*Cos[e/2
+ (f*x)/2]"4*Sec[e/2]*Sec[e + f*x] 2% (Cos[e/2]*Log[Cos[e/2] *Cos[(f*x)/2] -
Sin[e/2]*Sin[(£f*x)/2]] + (£*x*Sin[e/2])/2))/(£74x(a + a*Secle + f*x]) ~2x(
Cos[e/2]"2 + Sin[e/2]72)) - (40*c~2xd*Cos[e/2 + (£*x)/2] 4*Secl[e/2]*Sec[e
+ f*x] 2% (Cos[e/2] *Log[Cos[e/2] *Cos [(£f*x) /2] - Sin[e/2]*Sin[(f*x)/2]] + (£
*xx*xSin[e/2])/2))/(£"2*%(a + axSec[e + f*x]) 2*(Cos[e/2]"2 + Sin[e/2]"2)) -
(80*cxd~2*Cos[e/2 + (f*x)/2] 4*Cscle/2]*((£72*x"2)/(4*E~ (I*ArcTan[Cot[e/2]
1)) - (Cotle/2]*((1/2)*f*x*(-Pi - 2*ArcTan[Cot[e/2]]) - Pix*Log[1 + E~((-I)
*f*x)] - 2% ((£*x)/2 - ArcTan[Cot[e/2]])*Logl[l - E~((2*I)*((f*x)/2 - ArcTan
[Cot[e/2]1]1))] + PixLogl[Cos[(f*x)/2]] - 2xArcTan[Cot[e/2]]*Log[Sin[(f*x)/2
- ArcTan[Cot[e/2]]1]] + I*PolyLogl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]))
1))/Sart[1 + Cot[e/2]"2])*Sec[e/2]*Sec[e + f*x]~2)/(£"3*(a + a*Sec[e + f*x
1)~2%Sqrt[Csc[e/2] "2x(Cos[e/2] "2 + Sin[e/2]72)]) + (Cosle/2 + (£f*x)/2]*Sec
[e/2]*%Sec[e + f*xx] 2% (-24*c~2xd*f*Cos[(£*x)/2] - 48*cxd~2*f*x*Cos [(f*x) /2]
+ 36%c”3*f"3*x*Cos [(£*x) /2] - 24*d"3*f*x"2*Cos[(£*x)/2] + B4*xc™2xd*f~3*x~
2xCos [(£*x) /2] + 36xc*d~2*f 3xx"3*Cos [(f*x)/2] + 9*d~3*f 3xx"4*Cos [(f*x)/2
1 - 24xc™2xd*xfxCos[e + (£f*x)/2] - 48*cxd™2xf*x*Cos[e + (fxx)/2] + 36%c”...

N\ J

output
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Rubi [A] (verified)

Time = 0.93 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3
/ (c+dx) e
(asec(e + fzr) + a)?
| 3042
3
/ (c+ dx) do
(acsc(e+ fz+Z) +a)
| 4679
/ . 2(c+ d{[})3 N (c+ dx)3 N (c+ da:)3 ,
a?(cos(e + fr) +1) = a?(cos(e + fz) +1)2 a2
| 2009
20id*(c + dz) PolyLog (2, _ei(€+f$)) 2d?(c + dz) tan <§ + %)
a2f3 + 273 —
10d(c + dz)?log (1 + efe+/n)  dle+da)?sec? (5447 ) 5(c+da)*tan (§+ &)
a?f? N 2a2 f2 - 3a2f +
(c+do)tan (5 + fTw) sec” (5 + %””) | Biletde)®  (c+da)t
6af 3af 1024
20d3 PolyLog (3, _ei(€+fw)) 4d3log (cos (% + %))
a2 f4 a2f4

-

input LInt[(c + d*x)~3/(a + a*Secle + £*x])"2,x]

| —
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(((BxI)/3)*(c + d*x)~3)/(a~2+f) + (c + d*x)~4/(4*a"2*d) - (10%d*(c + d*x)~
2xLog[1 + E"(Ix(e + fx*x))])/(a"2xf"2) + (4*d"3*Log[Cos[e/2 + (£*x)/2]1]1)/(a
~2%£74) + ((20*%I)*d"2x(c + d*x)*PolyLog[2, -E~(I*(e + f*x))])/(a"2*f"3) -

(20%d~3*PolyLog[3, -E~(I*(e + f*x))])/(a"2*f~4) - (d*x(c + d*x) "2*Sec[e/2 +

(£xx)/2]72) / (2*xa~2+%£72) + (2*d"2*(c + d*x)*Tan[e/2 + (£*x)/2])/(a~2*f"3)
- (5%(c + d*x)~3*Tan[e/2 + (f*x)/2]1)/(3*a~2*f) + ((c + d*x)~3*Sec[e/2 + (f
xx) /2] “2*Tan[e/2 + (f*x)/2])/(6%a~2xf)

output

Defintions of rubi rules used

rule 2009 LInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4679

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 809 vs. 2(246) = 492.

Time = 0.25 (sec) , antiderivative size = 810, normalized size of antiderivative = 2.81

method | result

. Bt Pexd | 3d2z? . APz A 20id3e3 10d ¢? In(1+e?(fzte)) 10d ¢ In(e?(fzte)) 10d3e? In(e?(f=4
risch 4a? + a? + 2a? + aZ + 4a2d = 3a2f% T a? f2 + a? f2 + a?f4
input Lint ((d*x+c) "3/ (at+a*sec(f*x+e))"2,x,method=_RETURNVERBOSE) J
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1/4/a~2*%d"3*x"4+1/a"2*d"2*c*x"3+3/2/a"2*%d*c"2*x"2+1/a"2*c"3*x+1/4/a~2/d*c”
4-20/3*1/a"2/f"4%d"3*e~3-10/a"2/f"2xd*c"2*1n (1+exp (I* (f*x+e)))+10/a"~2/£~ 2%
d*c”2*1n(exp (I*(fxx+e)))+10/a"2/f"4*d"3*e~2*1n(exp (I* (f*x+e)))+10*I/a~2/f"
3*xd"2%c*e"2+10*I/a"2/f*d"2*c*x"2+20*%I/a~2/f"2*xd"2*c*ke*x—2/3*I* (6*%d~3*f ~2*x
“3%exp (2xI* (fxx+e) ) —6*I*xc*d~2*fxx*exp (2*xI* (f*x+e) ) +18*c*xd~2+f ~2*%x~2*exp (2%
Ik (fxx+e) ) +9*d"3*f " 2*x " 3*kexp (I* (f*x+e) ) -3*xI*d " 3*f*x~2*kexp (I* (f*x+e) ) -3*I*c
“2xd*f*kexp (2*%I* (f*x+e) ) +18*c~2*d*f " 2xx*exp (2*xI* (fxx+e) ) +27*kcxd ~2*f ~2%x"2%e
xp (I* (f*xx+e) ) +5*d~3*f "2*%x"3-6*I*c*kd ™ 2*f*x*kexp (I* (f*x+e) ) —3*xI*c~2xd*f*exp (I
* (fxx+e) ) +6%c™3*f " 2kexp (2% I* (fxx+e) ) +27*c ™ 2xd*f "2 x*exp (I* (fxx+e) ) +15xc*d”
2+f " 2%x"2-3%I*d " 3*f*x"2xexp (2*I* (f*x+e) ) +9*c~3*f ~2xexp (I* (f*x+e) ) +15%c™2*d
*f"2xx-6%d"3*x*exp (2*xI* (f*x+e) ) +5*xc~3*f " 2-6xc*d ™ 2xexp (2*I* (fxx+e) ) -12%d~3*
xxexp (I (f*xx+e))-12%c*d"2xexp (I* (f*x+e) ) -6%d~3*x-6*c*d~2) /£~3/a~2/ (1+exp (I
* (f*x+e))) ~3+20*I/a~2/£"3*d"2*c*polylog(2,-exp(I*(f*x+e)))-10/a~2/£~2+d"3*
In(1+exp (I* (f*xx+e)))*x"2+10/3*%I/a"2/f*d"3*x"3-20/a"2/£f"3*d"2*c*ex1n (exp (I*
(f*x+e)))-10*I/a"2/f"3*xd"3*xe”2*xx-20/a~2/f"2*%d"2*c*1n(1+exp (I* (f*x+e)) ) *x+2
0*I/a~2/£~3*d"3*polylog(2,-exp (I*(f*x+e)))*x+4/a~2/f~4*d"3*1n(1+exp (I*(f*x
+e)))-4/a"2/f"4xd"3*1n(exp (I* (f*x+e)))-20*d"3*polylog(3,-exp(I*(f*x+e)))/a
~2/f74

output

N

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 933 vs. 2(243) = 486.

Time = 0.11 (sec) , antiderivative size = 933, normalized size of antiderivative = 3.24

c+dz)? '
/ (a+ oEsec(e -)k fx))? dx = Too large to display

input‘integrate((d*x+C)‘3/(a+a*sec(f*x+e))*z,x, algorithm="fricas")




output

input

output
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1/12% (3*A"3*f"4*x"4 + 12%cxd~2*xf~4*x"™3 - 12%c™2%d*f~2 + 6x(3*xc™2xd*f~4 - 2
*d"3*xf"2)*xx"2 + 3k (A"3*f"4*x"4 + 4xcxd"2xfT4*x"3 + 6%cT2*d*f"4*xx"2 + 4*xc”3
*f"4*x)*xcos(fxx + €)72 + 12x(c™3*f74 - 2xc*d"2*xf"2)*x + 6% (d"3*f74*x"4 + 4
*Ckd"2%f "4%x"3 — 2kcT2*dA*f72 + 2% (3*cT2xd*xf"4 - 4d73*f72)*x72 + 4x(c"3*f"4
- c*d"2*xf72)*x) *cos(f*x + e) - 120%(I*d"3*f*x + I*xckd"2*f + (I*d"3*f*x + I
xckd"2xf) *cos(f*x + e)72 + 2% (Ixd"3*f*x + I*kckd~2xf)*cos(f*x + e))*dilog(-
cos(f*x + e) + I*sin(f*x + e)) - 120*%(-I*d"3*f*x — I*xckd"2*f + (-I*d"3*f*x
- I*c*xd™2xf)*cos(f*x + e)”2 + 2% (-I*d"3*fxx — I*xckxd"2*f)*cos(f*x + e))*di
log(-cos(f*x + e) - I*sin(f*x + e)) - 12%(5*d"3*f72*x"2 + 10%c*xd~2%f 2*x +
5xc72%d*xf~2 - 2%d"3 + (5kd"3*f"2%x72 + 10*ckd"2*f"2%kx + 5kc”2%d*f"2 - 2xd
“3)*cos(f*x + )72 + 2% (5*%d"3*f"24x72 + 10kckd"2*%f"2%x + 5kcT2xd*f"2 - 2xd
~3)*cos(f*x + e))*log(cos(f*x + e) + I*sin(fxx + e) + 1) - 12+ (5+xd"3*f"2xx
2 + 10*cxd"2*%f"2%x + BkcT2xd*f"2 - 2%d"3 + (5kd"3*f"2*x72 + 10*c*d"2*f 2%
X + 5*%cT2+d*f72 - 2xd"3)*cos(f*x + e)72 + 2% (5xd"3*f72xx"2 + 10*ckd"2*f 2%
X + Bxc72xd*xf"2 - 2xd"3)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) +
1) - 120%(d"3*cos(f*x + e)~2 + 2*%d"3*cos(f*x + e) + d~3)*polylog(3, -cos(
f*x + e) + I*sin(f*x + e)) - 120%(d"3*cos(f*x + e)”2 + 2*xd"3*cos(f*x + e)
+ d"3)*polylog(3, -cos(f*x + e) - Ixsin(f*x + e)) - 4x(4*d~3*f"3*x"3 + 12%
ckd"24f"3%x"2 + 4*c"3*f"3 - 6xcxd"2*f + 6% (2xc”2xd*f"3 - d"3xf)*x + (5%d"3
*f"3%x"3 + 15%ckd"2*%f"3*%x"2 + B*xc"3*%f"3 - 6kckd"2*f + 3k (5kcT2xdxf"3 - ...

Sympy [F]

(c+dz)?
(a + asec(e + fx))?

3

dz

C

d3a3 3cd?z?
. f sec? (e+fz)+2sec (e+fz)+1 dr + f sec? (e+fz)+2sec (e+fz)+1 dr + f sec? (e+fz)+2sec (e+fz)+1 dr + f

3c%da
sec? (e+fz)+2se

a2

‘integrate((d*x+c)**3/(a+a*sec(f*x+e))**2,x)

((Integral(c**S/(sec(e + f*x)**2 + 2%sec(e + f*x) + 1), x) + Integral(dx*3x*
‘x**3/(sec(e + f*x)**2 + 2xsec(e + fxx) + 1), x) + Integral (3*ckxd**2*x*x*2/(
‘sec(e + fxx)**2 + 2*sec(e + f*x) + 1), x) + Integral(3*cx*2xd*x/(sec(e + £
L*x)**2 + 2%sec(e + £*x) + 1), x))/ax*2

“\
|
|
J




input

output

>

N

CHAPTER 3. LISTING OF INTEGRALS 150

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4283 vs. 2(243) = 486.

Time = 1.09 (sec) , antiderivative size = 4283, normalized size of antiderivative = 14.87

3
/ o (C+(dml Fayyp 47 = oo large to display

integrate ((d*x+c) ~3/(ata*sec(f*x+e))~2,x, algorithm="maxima")

N\

-1/6%(3*%c*xd~2%e 2% ((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(co
s(fxx + e) + 1)73)/(a"2%f"2) - 12+arctan(sin(f*x + e)/(cos(f*x + e) + 1))/
(a~2%xf~2)) - 3*c”2*xd*e*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(fxx + e)~
3/(cos(f*x + e) + 1)73)/(a"2*f) - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1
))/ (@ 2*%f)) + 6% (3*%(f*x + e) " 2xcos(3*f*x + 3*e)”2 + 3x(fxx + e) " 2ksin(3*f*
X + 3%e)”2 + 3*x(9x(f*x + e)”2 - 4)*cos(2*f*x + 2xe) "2 + 3k (I (f*x + e)72 -
4)*cos(f*x + e)72 + 3% (9x(f*x + e)72 — 4)*sin(2*f*x + 2*e) 2 + 3k (9*(f*x
+ e)”2 - A)*sin(f*x + e)72 + 3k (f*x + )72 + 2% (3*x(f*x + e)”2 + (9*%(f*x +
e)”2 - 2)xcos(2xf*xx + 2xe) + (9k(f*x + e)72 - 2)*cos(f*x + e) + 12+ (f*x +
e)*sin(2*f*x + 2%e) + 18x(f*x + e)*sin(f*x + e))*cos(3*f*xx + 3%e) + 2%k (9% (
fxx + e)72 + 3% (9k(f*xx + e)”2 - 4)*cos(f*x + e) + 18x(f*x + e)*sin(f*x + e
) - 2)*cos(2xfxx + 2xe) + 2% (9x(f*x + e)”2 - 2)*cos(f*x + e) - 10*%(2*(3*co
s(2xf*x + 2%e) + 3*cos(f*x + e) + 1)*cos(3*f*x + 3*e) + cos(3*f*x + 3*e)”2
+ 6% (3*cos(f*x + e) + 1)*xcos(2*xf*x + 2%e) + 9*cos(2xf*xx + 2*e) 2 + 9*cos(
fxx + e)72 + 6x(sin(2*f*x + 2*e) + sin(f*x + e))*sin(3*f*x + 3*e) + sin(3*
f*x + 3%e)”2 + 9xsin(2*f*x + 2%e)”2 + 18*sin(2xf*x + 2*e)*sin(f*x + e) + 9
*sin(f*x + e)”2 + 6*cos(f*x + e) + 1)*log(cos(f*x + e)”2 + sin(f*x + e)~2
+ 2%cos(f*x + e) + 1) — 2x(10*f*kx + 12%(f*x + e)*cos(2xf*xx + 2ke) + 18*(f*
X + e)xcos(fxx + e) — (9*x(fxx + e)"2 - 2)*sin(2*f*x + 2%e) - (9*x(f*x + e)~
2 - 2)*sin(f*x + e) + 10*e)*sin(3*xf*xx + 3xe) - 6x(6*%fxx + 6x(f*x + e)*c...
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Giac [F]

(c+ dx)3 B (dz +¢)® .
(a + asec(e + fx))? de = / (asec(fz +€) +a)’

inputtintegrate((d*x+c)‘3/(a+a*sec(f*x+e))*2,x, algorithm="giac")

output Lintegrate((d*x + c)~3/(axsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

(c+dx)? B
/ (a+ asec(e + fx))? dz = Hanged

inputtint((c + d*x)~3/(a + a/cos(e + £*x))~2,%)

output L\text{Hanged}

Reduce [F]

(c+ dzx)?
(a + asec(e + fx))?

dz

60( [ tan (£ + ¢) 22dz) d®f3 + 120( [ tan (£ + £) zdz) cd?f® + 60 log<tan (£ + %)2 + 1) cAd f? -2

input Lint((d*x+c) 3/ (ataxsec(f*x+e))"2,%)
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(60*int (tan((e + £*x)/2)*x**2,x)*d**3*f**3 + 120*int (tan((e + £*x)/2)*x,x)
xckd*x2+f**3 + 60*log(tan((e + £*x)/2)*x2 + 1)*ck*x2kd*xf**2 - 24x1log(tan((e
+ £*x)/2)*%2 + 1)*d**3 + 2xtan((e + £#*x)/2)**x3xcx*x3xf**3 + 6xtan((e + f*x
)/2) *%3kck*2kd*f**x3xx + 6xtan((e + f*x)/2)**3kckd**x2kxf*x*x3*xx**x2 + 2*xtan((e

+ f£*x)/2) %*%3*%d**3*xfxx3xx*x*x3 — 6ktan((e + £*x)/2)**2kxck*x2xd*xf**2 — 12*tan((
e + £*x)/2)**x2xckd*x*x2xfkk2xx — 6*%tan((e + f*xx)/2)*kkdkkIkf**2kx**2 — 18%t
an((e + £*xx)/2)*ck*3*f*x*x3 - Bdxtan((e + f*x)/2)*cx*2*d*xf**3*x — 54xtan((e
+ £*x)/2) *cxd**2xf*k3*kx*x*2 + 24*xtan((e + £*xx)/2)*ckxd**2xf - 18xtan((e + f*
X)/2) *dk*k3kExx3kx**3 + 24xtan((e + £*x)/2) *d**3*f*x + 12kcrk3xfHkdxx + 18%
Ckk2kdkTkkdkxkk2 + 12kckd*k2kfkk4kxkk3 — 12%kckd**k2kxfkkQkx + 3Jkdkk3*kfkk4kxk
x4 — GxAx*k3kFxk2kx*%2) / (12%ak*kkf**4)

output




output
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(c+dx)?

3.17 f (a+asec(e+fx))? dx

Optimal result . . . . . . . . . . . . e 153
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 154
Rubi [A] (verified) . . . . . . . . . .. 1551
Maple [B] (verified) . . . . . . . . . ... 156
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 157
Sympy [F] . . o 157
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 158
Giac [F] . . . o o 1591
Mupad [F(-1)] . . . o o 159
Reduce [F] . . . . o e 159

Optimal result

Integrand size = 20, antiderivative size = 229

20d(c + dz) log (1 + e¥(ct/2)

/ (c+dz)? dp — 5i(c + dz)? N (c+dx)®
( 2 3(12f 3a2d
20id? PolyLog (2, —e'(¢t/2))

a + asec(e + fr))

d(c+ dr)sec? (£ + L¥)

3423
2d? tan (£ + %)

5(c+ dz)?tan (£ + L2)

3a2f3

N (c+dz)?sec? (£ + %) tan (£ + %)

6a2f

5/3*%Ix(d*x+c)~2/a"2/f+1/3*(d*x+c) ~3/a~2/d-20/3*d* (d*x+c) *1n (1+exp (I* (f*x+e
)))/a~2/£72+20/3%I*d~2*polylog (2, —exp (I* (f*x+e)))/a~2/f~3-1/3*d* (d*x+c) *se
c(1/2xfxx+1/2%e) ~2/a~2/£f"2+2/3*xd"2*tan (1/2*xf*x+1/2*xe) /a~2/f~3-5/3* (d*x+c) "~
2xtan (1/2xfxx+1/2%e) /a~2/f+1/6% (d*x+c) "2xsec (1/2xf*x+1/2%e) "2*tan (1/2*f*x+

1/2xe) /a~2/f




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 925 vs. 2(229) = 458.

Time = 6.76 (sec) , antiderivative size = 925, normalized size of antiderivative = 4.04

2
/ o (C+(dml Fayyp 47 = oo large to display

p
Integrate[(c + d*x)~2/(a + a*Sec[e + f*x])~2,x]

N J

(-80xc*d*Cos[e/2 + (f*x)/2] 4*Sec[e/2]*Sec[e + f*x]~2x(Cos[e/2]*Log[Cos[e/
2] *Cos [(£f*x) /2] - Sin[e/2]*Sin[(f*x)/2]] + (f*x*Sin[e/2])/2))/(3xf ~2x(a +
a*Sec[e + fxx])~2x(Cos[e/2]"2 + Sin[e/2]72)) - (80*d~2*Cos[e/2 + (f*x)/2]~
4xCsc[e/2]*((£f~2%x"2) / (4*E~ (I*ArcTan[Cot[e/2]])) - (Cotle/2]*((I/2)*f*x* (-
Pi - 2xArcTan[Cot[e/2]]) - PixLogl[l + E~((-I)*f*x)] - 2% ((f*x)/2 - ArcTan[
Cot[e/2]1])*Logl[1l - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))] + Pi*Log[Cos[(f
*xx)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]]1]] + I*Poly
Logl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]1))]1))/Sqrt[1 + Cot[e/2]"2])*Sec
[e/2]*#Sec[e + f*x]72)/(3*x£~3*(a + a*Sec[e + f*x]) 2xSqrt[Cscle/2] 2*(Cos[e
/2172 + Sin[e/2]172)]1) + (Cosle/2 + (f*x)/2]1*Sec[e/2]*Sec[e + f*x] 2% (-4xc*
dxfxCos[(f*x) /2] - 4*d~2*f*x*Cos[(f*x)/2] + 9xc™2+f " 3*x*Cos [(£f*x)/2] + 9*c
*dxf~3*xx"2*%Cos [(£*x) /2] + 3*d"2+f~3*x"3*Cos [(f*x) /2] - 4*cxd*xf*Cos[e + (fx*
x)/2] - 4*d"2*xf*x*Cos[e + (£f*x)/2] + 9*kc™2*xf " 3*x*Cos[e + (£f*x)/2] + 9*c*d*
£~3*x"2%Cos[e + (f*xx)/2] + 3*d"2*f"3*x"3*Cos[e + (f*x)/2] + 3*c~2*f"3*x*Co
s[e + (3xfxx)/2] + 3*c*d*f " 3*x"2*Cos[e + (3*f*x)/2] + d"2*f"3*x"3*Cos[e +
(3xf*xx) /2] + 3*c"2*f " 3*x*Cos[2%e + (3*f*xx)/2] + 3*c*d*f " 3*x"2*Cos[2*xe + (3
*f*xx) /2] + d"2*xf"3*x"3*Cos[2*e + (3*f*x)/2] + 8*xd"2+Sin[(f*x)/2] - 18%c~2%*
£72%Sin[(£*x) /2] - 36*cxd*xf~2kx*Sin[(f*x)/2] - 18*d~2*f~2*x~2*Sin[(f*x) /2]
- 4%d~2*Sin[e + (f*x)/2] + 12xc™2xf~2xSin[e + (f*x)/2] + 24xcxd*f~2xx*Sin
[e + (£*x)/2] + 12*d"2*xf"2+x"2*Sin[e + (f*x)/2] + 4*d"2*Sin[e + (3*f*x)...

N\




input

output
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Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.00,
= 3, number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used =
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (c+ dx) i
(asec(e + fz) + a)?
| 3042
2
/ (c+ dx) de
(acsc(e+ fr+ %) +a)
| 4679
/ B 2(c + dz)? N (c+ dx)? N (c+ dx)? "
a?(cos(e + fz) +1)  a2(cos(e + fz) + 1)2 a?
| 2009
. fz 2 e fz
20d(c + dz) log (1 + ez(e—f-f:c)) d(c+ dz) sec ( + 7) 5(c + dx)® tan (5 + 7)
B 3a2 f2 B 3a2 f2 B 3a2f +
(c+ dx)? tan( + f$> sec (2 + %) N 5i(c+dz)?  (c+dz)? N
6a2f 3af 3a%d
. i(e+fz) 2d2tan (€ + {2
20¢d” PolyLog (2, —e ) + 2 T2
3a2f3 3a2f3

[Int[(c + d*x)"2/(a + a*Secl[e + f*x])~2,x]

~—

(((5%I)/3)*(c + d*x)~2)/(a~2*f) + (c + d*x)"3/(3%a~2xd) - (20%d*(c + d*x)=*
Log[1l + E"(I*x(e + £xx))])/(3*a~2*f~2) + (((20%I)/3)*d"2+PolyLog[2, -E~(I*(
e + £*x))]1)/(a"2%x£"3) - (d*(c + d*x)*Secl[e/2 + (£*x)/2]1°2)/(3*a~2+f"2) + (
2xd"2xTan[e/2 + (f*x)/2])/(3*a~2*f~3) - (5x(c + d*x)~2*Tan[e/2 + (£f*x)/2])
/(3*%a~2xf) + ((c + d*x)~2xSec[e/2 + (f*x)/2] 2*Tan[e/2 + (f*x)/2])/(6%a~2%
)




CHAPTER 3. LISTING OF INTEGRALS 156

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4679

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 452 vs. 2(187) = 374.

Time = 0.19 (sec) , antiderivative size = 453, normalized size of antiderivative = 1.98

method | result

risch d223 + dex? + 2z + 3 2i(6d2f2w2e2i(f’”+e)—2icdfei(f’”+e>+120df2:1:e%(f’”'*'e)+9d2ei<fz+e)w2f2—2id2fwei<fz+e
3a? a? a2 3a2d

e

Lint((d*x+c)‘2/(a+a*sec(f*x+e))‘2,x,method=_RETURNVERBOSE)

~—

input

1/3/a”"2%d"2*x"3+1/a"~2kd*c*x"2+1/a"2*c"2*x+1/3/a"2/d*c"3-2/3*I* (6%d~2*f " 2*x
~2xexp (2xI* (fxx+e) ) -2xIxc*d*f*xexp (I* (f*x+e) ) +12xcxd*f ~2kx*exp (2*I* (f*x+e))
+9xd"~2xexp (I* (fxx+e) ) kx~2xf ~2-2% I *d~2*f *x*kexp (I* (f*x+e) ) -2+ I*d " 2*f*x*exp (2
* Ik (fxx+e) ) +6xCc™2xf ~2%exp (2xI* (fxx+e) ) +18*ckdxexp (I* (£*x+e) ) *x*f ~2+5%d~ 2% f
~2%x"2-2xIxckd*fxexp (2% Ik (f*xx+e) ) +9*c™2xexp (I* (f*x+e) ) *£ ~2+10*ckd*f ~2%x+5%
c"2x£72-2%d"2xexp (2% I* (f*x+e) ) —4*d~2xexp (I* (f*x+e))-2*%d"2) /£~3/a~2/ (1+exp(
I*x(f*xx+e)))~3-20/3/a"2xd/f~2xcx1n(1+exp(I*(f*x+e)))+20/3/a~2*d/f 2*c*1n(ex
p(Ix(f*x+e)))+10/3*I/a"~2+xd"2/f*x"2+20/3*I1/a~2+%d"2/f " 2*e*x+10/3*I/a"~2xd"2/f
~3%e72-20/3/a"2%d"2/f"2*1n(1+exp (I* (f*x+e))) *x+20/3*I*d"2*polylog(2,-exp (I
*x(fxx+e))) /a~2/£73-20/3/a"2*d"2/f " 3*ex1ln(exp (I* (f*x+e)))

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 493 vs. 2(184) = 368.

Time = 0.09 (sec) , antiderivative size = 493, normalized size of antiderivative = 2.15

(c+ dx)?
/ (a + asec(e + fx))? dz

_dﬁ%ﬁ+3dﬁﬁ—2&#+(fﬁfﬂ%k#%?+3@F@amuw+ef+Ck%ﬁ—Qfﬁx+2MW%r

inputLintegrate((d*x+c)“2/(a+a*sec(f*x+e))~2,x, algorithm="fricas") J

e N

1/3%x(d"2*f"3*%x"3 + 3*ckd*f~3*x"2 — 2kckd*f + (d72*f73*%x"3 + 3*xckxd*f~3*x"2
+ 3*%c"2*%f73*x) *cos(f*x + e)72 + (3*%c”2*f"3 - 2*%d"2*f)*x + 2% (d"2*f"3*x"3 +
3kckd*f"3*%x"2 - cxdkf + (3kc"2*xf"3 - d72*f)*x)*cos(f*x + e) - 10*x(I*d~2*c
os(f*x + e)”2 + 2xI*d"2*cos(f*x + e) + I*d"2)*dilog(-cos(f*x + e) + Ix*sin(
fxx + e)) - 10x(-I*d"2xcos(f*x + e)~2 - 2*I*d"2*cos(f*x + e) - I*d~2)*dilo
g(-cos(f*x + e) - Ixsin(f*x + e)) - 10*(d"2*f*x + ckd*f + (d~2xf*x + c*xd*f
)xcos(f*x + e)"2 + 2x(d"2xf*x + ckdxf)*cos(f*x + e))*log(cos(f*x + e) + Ix*
sin(f*x + e) + 1) - 10k (d"2*f*x + ckd*f + (d"2xf*x + cxd*f)*cos(f*x + e)~2
+ 2% (d"2#f*x + cxd*f)*cos(f*x + e))*log(cos(f*x + e) — Ixsin(f*x + e) + 1
) - (4*%d"2*xf72%x"2 + 8kckd*f~2%x + 4*c”2%f"2 - 2%d"2 + (5xd"2*%f"2*xx"2 + 10
*ckd*f"2xx + BkcT2xf"2 - 2%d"2)*cos(f*x + e))*sin(fxx + e))/(a~2xf " 3*cos(f
*x + e)72 + 2xa”2*%f " 3*xcos(f*x + e) + a”~2*xf"3)

output

Sympy [F]
d 2
(c+ dx) s
(a + asec(e + fx))?
2 d2 2 2¢d
_ f sec? (e+fm)+02sec (e+fz)+1 dz + f sec? (e+fac)+2xsec (e+fz)+1 dx + f sec? (e+fac)+02sxec (e+fz)+1 dx

a?

-/

p
inputLlntegrate((d*X+C)**2/(a+a*sec(f*x+e))**2,x)
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{(Integral(c**2/(sec(e + f*x)*x2 + 2%sec(e + f*x) + 1), x) + Integral (d**2%
‘x**2/(sec(e + fxx)**2 + 2+sec(e + f*x) + 1), x) + Integral(2xcxd*x/(sec(e
‘+ fxx)*%2 + 2%sec(e + f*x) + 1), x))/axx2

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1035 vs. 2(184) = 368.

Time = 0.54 (sec) , antiderivative size = 1035, normalized size of antiderivative = 4.52

(c+ dz)? .
dz = Too large to displ
/ (a+ asec(e + fz))? + = 1oo large to display

input‘integrate((d*x+c)“2/(a+a*sec(f*x+e))‘2,x, algorithm="maxima")

= (I*d"2*f"3%x~3 + 3*xIkckd*f 3*x"2 + 3*I*c™2*xf~3xx + 10%c”™2*%f"2 - 4%d"2 + 2
0% (d~2*f*x + ckxd*xf + (d~2*f*x + c*d*f)*cos(3*f*x + 3*e) + 3*x(d"2*f*x + c*d
*f)*xcos(2xfxx + 2%e) + 3*%(d"2*f*x + cxd*xf)*cos(f*x + e) - (-Ixd"2xfxx — Ix*
cxd*f)*sin(3*f*x + 3*e) — 3*(-I*d"2xfxx — Ikckd*f)*sin(2*f*x + 2xe) - 3*(-
I*d~2%fxx — I*ckd*f)*sin(f*x + e))*arctan2(sin(f*x + e), cos(f*x + e) + 1)
+ (I*d"2+f73%x73 + (3*I*xcxd*f~3 — 10%d"2*%f72)*x"2 + (3*xI*c"2%f~3 — 20%c*d
*f~2) *x) *cos (3*xf*x + 3ke) + (3*I*d~2*f 3*x"3 + 12%c™2xf~2 — 4*xI*ckd*f - 9%
(=I*c*d*f~3 + 2xd"2*xf"2)*x"2 - 4*%d"2 + (9xI*c"2+f~3 - 36*c*d*f~2 - 4*xIxd"2
*f)xx)kcos (2*%f*kx + 2%e) + (B*I*d"2*xf"3*x"3 + 18*c™2+%f"2 - 4*Ikcxd*xf - 3*(-
3xI*kcxd*f"3 + 4%d"2%f"2)*x"2 - 8*%d"2 + (9xI*c~2+f"3 - 24xc*d*xf~2 - 4*Ixd"2
*f)*x) *cos (f*x + e) - 20%(d"2*cos(3*fxx + 3*e) + 3*d"2%cos(xf*x + 2%e) +

3*xd"2*%cos(f*x + e) + I*d"2*sin(3*f*x + 3*e) + 3*xI*d"2*sin(2*f*x + 2*%e) + 3
*I*d"2*¢sin(f*x + e) + d"2)*dilog(-e” (I*f*xx + I*e)) - 10*x(I*d~2xf*x + I*c*d
*f + (Ixd"2xf*xx + Ikc*d*f)*cos(3*xfxx + 3*e) + 3% (I*d"2*f*x + I*xcxd*xf)*cos(
2%f*x + 2%xe) + 3x(I*xd"2kf*x + I*c*d*f)*cos(fxx + e) — (d"2*f*x + c*d*f)=*si
n(3xf*xx + 3ke) - 3*%(d"2*f*x + cxd*f)*sin(2*f*x + 2%e) - 3*x(d"2xf*xx + ckxdx*f
Y*¥sin(f*x + e))*log(cos(f*x + e)~2 + sin(f*x + e)~2 + 2*cos(f*x + e) + 1)

- (@"2*%f73%x"3 + (3*ckd*f~3 + 10*I*d"2*f"2)*x"2 + (3*%c™2%f"3 + 20*kI*ckd*f~
2)*x) *sin(3xf*x + 3xe) - (3*A"2+f"3*x"3 — 12+¢I*kc™2*f"2 - 4xckd*f + 9x(cxd*
£73 + 2%I*xd"2%f72) *x"2 + 4*I*d"2 + (9%c™2*f"3 + 36%Ikckd*xf~2 - 4*d~2*f)...

output
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Giac [F]

(c+ dx)? B (dz + c)?
(a + asec(e + fx))? do = / (asec

(fe+e) +ap

inputtintegrate((d*x+c)‘2/(a+a*sec(f*x+e))*2,x, algorithm="giac")

output Lintegrate((d*x + c)~2/(axsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.
2
/ (c+dzx) dz = Hanged
(a+ asec(e + fx))?
inputtint((c + d*x)~2/(a + a/cos(e + £*x))~2,x%)

output L\text{Hanged}

Reduce [F]

2
(c+ dx) s
(a + asec(e + fx))?

20( [ tan (L + £) zdz) d2f2 + 2010g<tan (L2429 + 1) cdf + tan (£Z +

€
2

)’ 2 f%+ 2tan (£ 4+ )

ca

input Lint((d*x+c) 2/ (a+axsec(f*x+e))~2,x%)
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(20*int (tan((e + £*x)/2)*x,x)*d**2+xf**2 + 20*xlog(tan((e + £*x)/2)**2 + 1)*
cxd*f + tan((e + f£*x)/2)**x3xck*2xf**2 + 2ktan((e + £*xx)/2)**k3kckd*xf**2*xx +
tan((e + £*x)/2)**x3xdx*x2xfx*x2kx*k*2 — 2*tan((e + f*xx)/2)**x2kckd*f - 2*tan(
(e + £xx)/2)**x2kd**2*f*x - 9xtan((e + f*xx)/2)*kc**2*f**2 - 18xtan((e + f*x)
/2) *c*xd*xf*x2xx — 9xtan((e + £*x)/2)*d**2*xf**x2xx*x*2 + 4dxtan((e + £*x)/2)*d*
*2 + BkCkk2kf**k3%x + Gkckd*xL*k*k3Jkx*k*2 + 2kdAk*k2kf*x*k3kx*k*k3 — 2xd*x*x2*xf*xx)/(6*a
*k2xf*x*3)

output
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3.18 [ aatopds

a+asec(e+fx))
Optimal result . . . . . . . . . . e 161l
Mathematica [A] (verified) . . . . . . . . . ... oo 161l
Rubi [A] (verified) . . . .. . . ... .. 162
Maple [A] (verified) . . . . . . ... L 163
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 164
Sympy [F] . . o o 164
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1651
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 166
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 167
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 167

Optimal result

Integrand size = 18, antiderivative size = 140

/ c+dx e — (c+dz)*  10dlog (cos (5 + )
(a + asec(e + fz))? 2a%d 3a? f?
_ dsec® (5 + &) _ 5(c+dz)tan (5 + )
6a? f? 3a2f
N (c + dx) sec? (% + %) tan (g + %)
6a2f
Output\(1/2=|=(d=|<x+c)‘2/a‘2/d—10/3='=d=|=1n(cos(1/2>|=f=o=x+1/2>'=e))/a‘2/f‘2—1/6=o=d=t<sec(1/2=|=f='= \\
\ x+1/2%e) ~2/a~2/f~2-5/3% (d*x+c) *¥tan (1/2*f*x+1/2*%e) /a~2/f+1/6% (d*x+c) *sec(1/ \
L2*f*x+1/2*e)‘2*tan(1/2*f*x+1/2*e)/a‘2/f J

Mathematica [A] (verified)

Time = 1.37 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.23

c+dx
(a+ asec(e + fx))?
_ 2cos (3(e + fz)) sec®(e + fz) (f(c+ dz)sec (&) sin (&) — 10f(c + dz) cos® (3(e + fz)) sec (&) sin (£

dz
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input‘ Integrate[(c + d*x)/(a + axSec[e + f*x])~2,x]

(2%Cos[(e + f*x)/2]*Secl[e + f*x] 2*x(fx(c + d*x)*Sec[e/2]*Sin[(f*x)/2] - 10
*fx(c + dxx)*Cos[(e + f*x)/2] 2xSec[e/2]*Sin[(f*x)/2] + Cos[(e + f*x)/2]73
* (3%f~2%x* (2%xc + d*x) - 20*d*Log[Cos[(e + f*x)/2]] - 10*d*f*x*Tanl[e/2]) +
Cos[(e + f*x)/2]*(-d + f*x(c + d*x)*Tan[e/2])))/(3*%a~2%f"2%(1 + Sec[e + f*x
1)°2)

output

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

c+dx d
/ (asec(e + fx) + a)? v
| 3042

/ c+dx
5dx
(acsc(e+ fr+ %) +a)

| 4679
/ B 2(c+ dx) + c+dz +c+dx iz
a?(cos(e + fx) +1)  a2(cos(e + fz) + 1)2 a?
| 2009
5(c + dz) tan (% + %) (c+ dx) tan (% + %) sec? (% + %) (c + dz)?
B 3a2f + 6a2 f 2a2d
dsec? <§ + %) 10d log (cos (% + %z))
6a2 f2 o 302 f2

-

input \Int[(c + d*x)/(a + a*Sec[e + f*x])~2,x]
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‘(c + d*x)~2/(2*a~2*d) - (10*d*Log[Cos[e/2 + (£*x)/2]1]1)/(3*a~2*f~2) - (d*Se
‘cle/2 + (£%x)/2]172)/(6%a~2%£72) - (5%(c + d*x)*Tan[e/2 + (£*x)/2])/(3%a~2% |
£) + ((c + d*x)*Sec[e/2 + (£%x)/2]"2+Tanle/2 + (£*x)/2]1)/(6%a~2+f) |

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

rule 4679‘Int[(cs0[(e_.) + (E_)*xDIxM_) + @) (@ )*((e ) + (@d_)*x))"@_.) |
» X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
‘n[e + fxx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
‘Q[m, 0]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.61

method result
2 3 2
) 10dln(sec(%+f7z> )+f(dz+c)tan<%+f7z> —dtan(%-{-%) —9tan<%+f7z>f(dz+c)+6;gf2(dTZ+c>

parallelrisch 6aZf2

ﬂ+¢_3ctan(%+%) +ctan(%+f7x 3 _dtan(%-}%)z _3dztan(%+f7x +da:tan(%+£})3 5d1n(1+ta‘n<%+%>2)
norman a 2a 2af 6af 6a f2 2af 6af +

a 342 f2

risch de? | ez | 10ids | 10ide _ 2i(6e* (= re) dfg—id e?i(fzte) 16 e2ilfote) oy eilfote) dfg—id et (/o He) 4 ocf eilfot

2a? a? 3a2f 3a2f2 3f2q2 (1+ei(fx+e))3

input Lint ((d*x+c)/ (a+a*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE) J

output‘ 1/6% (10xd*1n(sec(1/2xe+1/2xf*x) ~2) +f* (d*x+c) *tan (1/2xe+1/2*f*x) ~3-dxtan(1/ ‘
‘2*e+1/2*f*x)"2—9*tan(1/2*e+1/2*f*x)*f*(d*x+c)+6*x*f"2*(1/2*d*x+c))/a"2/f"2 ‘
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.31

c+dz
/ (a+ asec(e + fx))? dz
_ 3df*z® + 6¢cf’x + 3 (df*2® + 2 cf?x) cos (fr + e)” + 2 (3df?x? + 6 cf2x — d) cos (fz +e) — 10 (d cos (
B 6 (a2f2cos (fz +

inputLintegrate((d*X+C)/(a+a*sec(f*x+e))‘2,x, algorithm="fricas") J
output 1/6% (3*d*f~2%x"2 + 6xcxf~2xx + 3x(d*f~2*x72 + 2*c*kf~2*x)*xcos(f*x + e)”2 +
2% (3*d*f"2%x72 + 6*c*f"2%x - d)*cos(f*x + e) - 10x(d*cos(f*x + e)~2 + 2xdx
cos(f*x + e) + d)*log(1/2*cos(f*x + e) + 1/2) - 2k (4*xd*fxx + 4kcxf + 5x(d*
fxx + cxf)*cos(f*x + e))*sin(f*x + e) - 2%d)/(a~2*f 2%cos(f*x + e)~2 + 2%a
~2xf~2%cos(f*x + e) + a~2xf"2)
Sympy [F]
C dz
/ C + dx dm _ f se(:2 (€+fm)+2sec(e+fa:)+1 dx + f SeCz (€+f$)+2SeC(e+fz)+1 dl’
(a + asec(e+ fx))? a2
inputLintegrate((d*x+C)/(a+a*sec(f*x+e))**2,x) J

Output‘(Integral(c/(sec(e + fxx)**2 + 2+sec(e + f*x) + 1), x) + Integral(d*x/(sec
‘(e + fxx)**2 + 2%sec(e + f*x) + 1), x))/ax*2 ‘
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1058 vs. 2(110) = 220.

Time = 0.15 (sec) , antiderivative size = 1058, normalized size of antiderivative = 7.56

c+dx
/ (a+ asec(e + fz))? Z = 100 large to display

-

inputLintegrate((d*x+c)/(a+a*sec(f*x+e))*Q,X, algorithm="maxima")

-/

1/6%(d*e*x((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/(a~2%f) - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a"2xf)) -
cx((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e) + 1)~
3)/a"2 - 12xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) + (3*(f*x + e) 2%
cos(3xfxx + 3*%e) 2 + 3*%(f*x + e) 2*xsin(3xf*x + 3*e)”2 + 3*(9*x(f*x + e)"2 -
4)*cos(2*f*x + 2xe)"2 + 3*x(9k(f*x + e)72 - 4)*cos(f*xx + e)”2 + 3% (9*(f*x
+ e)72 - 4)*sin(2*xf*xx + 2xe) "2 + 3k (9 (f*x + e)72 - 4)*sin(f*x + e)”2 + 3%
(fxx + e)”2 + 2x(3*%(fxx + e)”2 + (9kx(f*x + e)72 - 2)*cos(2*f*xx + 2xe) + (9
*(f*x + )72 - 2)*cos(f*x + e) + 12x(f*x + e)*sin(2*f*xx + 2xe) + 18*(f*x +
e)*sin(f*x + e))*cos(3*f*x + 3%e) + 2x(9*(£*x + e)”2 + 3*(9*x(f*x + e)"2 -
4)xcos(f*x + e) + 18x(f*x + e)*sin(f*x + e) - 2)*cos(2xf*x + 2%e) + 2% (9%
(f*x + )2 - 2)*cos(f*x + e) - 10%x(2x(3*cos(2*f*x + 2%e) + 3*cos(f*x + e)
+ 1)*cos(3*f*x + 3%e) + cos(3*fxx + 3%e)”2 + 6%(3*xcos(f*x + e) + 1)*cos(2
*fxx + 2%xe) + 9*kcos(2xf*x + 2%e) "2 + 9*cos(f*x + e)72 + 6+ (sin(2*f*xx + 2*e
) + sin(f*x + e))*sin(3*f*xx + 3*xe) + sin(3*f*x + 3*e)”2 + 9xsin(2xf*x + 2%
e)”2 + 18*sin(2xf*x + 2*e)*sin(f*x + e) + 9*sin(f*x + e)”2 + 6*cos(f*x + e
) + 1)*log(cos(f*x + e)”2 + sin(f*x + €)72 + 2xcos(f*x + e) + 1) - 2%(10%f
*x + 12x(f*x + e)*cos(2*f*x + 2%e) + 18x(f*x + e)*cos(f*x + e) - (9x(f*x +
e)”2 - 2)*sin(2xfxx + 2%e) - (9*(f*x + e)”2 - 2)*sin(f*x + e) + 10*e)*sin
(3xfxx + 3xe) - 6*%(6xfxx + 6x(f*x + e)*xcos(f*x + e) - (9*(f*x + )72 - ...

output




input

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 798 vs. 2(110) = 220.

Time = 0.41 (sec) , antiderivative size = 798, normalized size of antiderivative = 5.70

c+dx
/ (a+ asec(e + fz))? Z = 100 large to display

-

Lintegrate((d*x+c)/(a+a*sec(f*x+e))‘2,x, algorithm="giac")

-/

1/6% (3%d*f~2xx"2*tan (1/2*f*x) "3*tan(1/2*%e) "3 + 6xc*f~2xx*tan(1/2*f*x) “3*ta
n(1/2xe) "3 - 9*d*f~2xx"2*tan(1/2*f*x) "2*tan(1/2*e) "2 - 18*cxf ~2*x*tan(1/2x*
f*xx) “2+tan(1/2%e) "2 + Okdxfirxktan(1l/2xf*x) 3*tan(1/2*e) "2 + 9xdxfxx*tan(1/
2xfxx) "2xtan(1/2xe) "3 - 10*d*log(4*(tan(1/2*f*x) " 2xtan(1/2*e)"2 - 2+tan(1/
2+f*x)*tan(1/2xe) + 1)/(tan(1/2*f+*x) 2xtan(1/2*xe)”2 + tan(1/2*f*x)"2 + tan
(1/2*e)”"2 + 1)) *tan(1/2*f+*x) "3*xtan(1/2*e) "3 + 9*d*f ~2*x"2xtan(1/2xf*x)*tan
(1/2*e) + 9*xcxfxtan(1/2*f+*x) "3*xtan(1/2*e) "2 + 9kc*f*tan(1/2*f*x) "2*xtan(1/2
*xe) "3 - dktan(1/2*f*x) " 3*tan(1/2*e)”3 - dxf*xxtan(1/2*xf*x) "3 + 18*c*f " 2xx*
tan(1/2*f*x)*tan(1/2*e) - 21*xd*xf*x*ktan(1/2*f*x) "2*xtan(1/2*e) - 21*d*f*x*ta
n(1/2*f*x)*tan(1/2*e)"2 + 30*d*log(4*(tan(1/2*f*x) 2*tan(1/2*e)~2 - 2*tan(
1/2xfxx)*tan(1/2*e) + 1)/(tan(1l/2*f*x) "2*tan(1/2*e) "2 + tan(1/2*f*x)"2 + t
an(1/2%e)”~2 + 1))*tan(1/2*f*x) " 2*tan(1/2*e) 2 - d*xfixxtan(1/2*xe) 3 - 3*d*f
~2%x~2 - ckfxtan(1/2%fxx) "3 - 21kcxfxtan(1/2*f*x) " 2+tan(1/2*e) - d*tan(1/2
*fxx) "3xtan(1/2*%e) - 21kc*xfxtan(1/2*f*x)*tan(1/2*e) 2 + d*tan(1/2*f*x) ~2*t
an(1/2%e)"2 - cxfxtan(1/2*e)”3 - d*tan(1/2*f*x)*tan(1/2*e) 3 — 6*c*f~2*x +
9xdxf*x*tan(1/2*f*x) + 9xd*f*x*tan(1/2*%e) - 30*d*log(4*(tan(l/2xf*x) "2*ta
n(1/2*xe)”"2 - 2*tan(1/2*f*x)*tan(1/2*e) + 1)/(tan(1/2*f*x) "2xtan(1/2*e) 2 +
tan(1/2*f*x) "2 + tan(1/2*e)"2 + 1))*tan(1/2*f*x)*tan(1/2*e) + 9*xc*f*tan(1l
/2xf*xx) + dktan(1/2*%f*x)"2 + 9kckfxtan(1l/2*e) - drtan(1/2*f*x)*tan(1/2+*e)
+ dxtan(1/2%e) "2 + 10*d*log(4*(tan(1/2*xf*x) "2xtan(1/2%e) "2 - 2xtan(1/2*...
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Mupad [B] (verification not implemented)

Time = 20.47 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.76

(c+dz) 4i eeitfeli(c1dx)4i + ee 2t S22 (c4dx)4i

/ c+dz dx:dCIJZ_ 3aZ f + 3a2f 3a2f
(a+asec(e—|—fx))2 2 a2 3eeli+fz1i+3ee2i+fz2i+ee3i+fz3i+ 1
10d In (e*tef=H + 1)  (4cf+4dfzx—dli) 2i
3a2 f2 3(12 f2 (eeli-l—fxli + 1)
4 (cf+dfx—dli) 2i z (3c f+ d10i)
3a2 f2 (2eeli+lei_|_e62i+f12i + 1) 3a2f

e

~—

inputlint((c + d*x)/(a + a/cos(e + £*x))~2,%)

(d*x~2)/(2%a"2) - (((c + d*x)*4i)/(3*a"2*f) + (exp(ex1li + f*x*k1i)*(c + d*x
)*4i)/(3*xa~2+f) + (exp(e*2i + fxx*2i)*(c + dxx)*4i)/(3*xa~2*f))/(3*exp(ex1i
+ f*x*1i) + 3*exp(ex2i + f*x*2i) + exp(e*3i + fxx*3i) + 1) - (10*d*log(ex
p(ex1i)*exp(f*xx*1i) + 1))/(3*a~2%f72) - ((4*xc*f - d*1i + 4xd*f*x)*2i)/(3*a
“2xf"2% (exp(e*x1i + fxx*1i) + 1)) + ((c*f - d*x1i + d*f*xx)*2i)/(3*a~2xf~2%(2
xexp(e*xli + fxx*1i) + exp(e*2i + f*xx*2i) + 1)) + (x*(d*10i + 3*c*f))/(3*a”
2xf)

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.80

c+dx i
/ (a + asec(e + fx))? o

1010g<tan (% + g)z + 1) d + tan (%w + %)3cf+tan (%z + %)3df:c — tan (%z + %)2(1— 9tan (me +

- 6a2 f2

[int((d*x+c)/(a+a*sec(f*x+e))‘2,x)

-/

input

| (10%log(tan((e + £*x)/2)**2 + 1)*d + tan((e + f*x)/2)**3xckf + tan((e + £
| x)/2)**3xdxfxx - tan((e + £*x)/2)*¥2xd - 9xtan((e + £*x)/2)*c*f - 9*tan((e
‘ + £xx)/2) *d*f*x + Gkckf*kk2kx + BkdrFrk2xxxx2) [/ (6%a**2%f**2)

output
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1
3.19 f (c+dz)(a+asec(e+fx))? dx

Optimal result . . . . . . . . . . e 168
Mathematica [N/A] . . . . . . . . 168}
Rubi [N/A] . . o 1691
Maple [N/A] . . . . o 170
Fricas [N/A] . . . o o 170
Sympy [N/A] . . o 1701
Maxima [N/A] . . . . . Il
Giac [N/A] . . o o
Mupad [N/A] . . . o
Reduce [N/A] . . . o 1721

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)(a + asec(e + fx))? de = Int((c + dz)(a + asec(e + fx))?’ x)

e

Defer (Int) (1/(d*x+c)/(ata*sec(f*x+e))~2,x)

~—

output t

Mathematica [N/A]
Not integrable

Time = 9.97 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fx))? de = / (c+dz)(a+ asec(e + fx))? dz

e

inputtlntegrate[l/((c + d*x)*(a + a*Secl[e + f*x])72),x]

~—

output LIntegrate [1/((c + d*x)*(a + axSec[e + f*x])~2), x] J




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, = -
integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+ dz)(asec(e + fz) + a)?

l 3042
/ 1 2dw
(c+dz) (acsc(e+ fx+ %) +a)
l 4681
/ 1 d
(c+dz)(asec(e + fz) + a)? v
LInt[l/((c + d*x)*(a + a*Sec[e + £*x])"2),x] J
t$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*x(x_)1*(b_.))"(m_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#*x) m*(a + bxCscle + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, xl]
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ 1 dx
(dz +c) (a + asec(fz + e))2

input Lint(1/(d*X+C)/(a+a*sec(f*x+e))‘2,x) J

output Lint (1/ (d*x+c) / (ata*sec(f*x+e) ) ~2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.85

1 1
(c+dz)(a+ asec(e + fx))? do = / (dx + c)(asec (fx +e) + a)

5 dx

input Lintegrate (1/(a*x+c) / (at+a*sec(f*x+e))~2,x, algorithm="fricas") J

‘integral(l/(a’?*d*x + a”2%c + (a"2xd*x + a"2xc)*sec(f*x + e)72 + 2k (a”2*dx* ‘

output
‘x + a~2xc)*sec(f*x + e)), x) ‘

Sympy [N/A]
Not integrable

Time = 2.37 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.70

1
(c+dz)(a+ asec(e + fx))

de

1
. f csec? (e+fz)+2csec (e+fz)+ctdz sec? (e+ fz)+2dx sec (e+ fz)+dz dzx

a?
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input‘integrate(1/(d*x+c)/(a+a*sec(f*x+e))**2’x)

t‘Integral(l/(c*sec(e + f*x)**2 + 2xc*sec(e + f*x) + c + d*x*xsec(e + f*x)*x2

outpu
+ 2k%dxx*sec(e + f*x) + d*x), x)/a*x*2

Maxima [N/A]
Not integrable

Time = 9.21 (sec) , antiderivative size = 3956, normalized size of antiderivative =
197.80

1 1
(c+dz)(a+ asec(e + fx))? do = / (dz + ¢)(asec (fz + €) + a)® d

.
input‘integrate(1/(d*x+c)/(a+a*sec(f*x+e))‘2,x, algorithm="maxima")

1/3% (3% (d"3*£73%x"3 + 3*%cxd"2+#f73*x"2 + 3xc”2xd*f"3xx + c"3*f"3)*cos(3*f*x
+ 3%e) "2%log(d*x + c) + 3x(d"3*f73%x"3 + 3*kckd 2xf73*x"2 + 3*cT2kd*f"3*x
+ c"3*xf73)*log(d*x + c)*sin(3*f*x + 3%e) 2 + 3*x(2xd"3xf*x + 2xcxd"2xf + 9%
(d73*%£73*x"3 + 3*xc*xd"2*f"3*x"2 + 3*xc”2*d*f"3*x + c~3*£73)*1log(d*x + c))*co
s(2*f*x + 2xe) "2 + 3k (2xd"3*xfxx + 2kckd"2xf + 9% (d"3*f"3*x"3 + 3kcxd"2xf"3
*X"2 + 3xc”2*d*f"3xx + c"3*f73)*xlog(d*x + c))*kcos(f*x + e)”2 + 3*(2%d"3*fx*
X + 2%ckd"2*f + 9x(d73*f73*x"3 + 3*ckd"2*f73*x"2 + 3*kcT2*d*f"3*kx + c"3*%£73
)xlog(d*x + c))*sin(2xf*x + 2%e) "2 + 3% (2xd"3*f*x + 2kc*xd™2*f + 9*(d"3*£f"3
*x"3 + 3xckd"2*%f"3%x72 + 3*cT2xd*f"3*x + c"3*f"3)*log(d*x + c))*sin(f*x +
e)"2 + 2+ ((d73*f*x + cxd"2*f + 9x(d"3*f73*x"3 + 3kckd 2*f"3*x"2 + 3xcT2*d*
£73xx + c”3*f73)*log(d*x + c))*cos(2xf*x + 2%e) + (d73*fxx + cxd™2+f + 9x(
d"3#f73%x"3 + 3kckd"2+4f73*x"2 + 3kcT2xd*f"3*x + c"3*f£73)*Llog(d*x + c))*cos
(f*x + e) + 3*x(d™3*f73%x"3 + 3*kckd 2*f"3*%x"2 + 3*kc"2xd*f"3*x + c~3*f73)*1lo
g(d*x + c) + 2%(3*d"3*%f72*x"2 + B*ckxd"2*f"2%x + 3*kc"2xd*f"2 - d73)*sin(2*f
*x + 2%e) + (9*d"3*f72%xx72 + 18*ckd"2xf2*x + 9*xcT2xd*f72 - 4+d”3)*sin(f*x
+ e))*cos(3xf*xx + 3xe) + 2% (A73xfxx + cxd"2xf + 3x(kd"3*kf*x + 2kckd 2*f
+ 9% (d"3*f"3%x73 + 3kckd"2*f"3*%x"2 + 3kc"2kd*f"3*x + c"3*f£73)*log(d*x + c)
Yxcos(f*x + e) + 9x(d"3*£73*x"3 + 3kckd"2xf73*%x"2 + 3kcT2kd*f"3xx + ¢ 3*f”
3)xlog(d*x + c) + 3*(3*xdA"3*f"24x"2 + 6*kc*xd™2*xf"2*x + 3kc 2*d*f"2 - 2%d"3)*
sin(f*x + e))*cos(2*xf*x + 2xe) + 2x(d"3*kf*x + cxd"2+f + 9x(d"3*f"3*x"3 ...

output
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Giac [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fx))? de = / (dz + c)(asec (fz + €) + a)® d

inputLintegrate(1/(d*X+c)/(a+a*sec(f*x+e))*2,x, algorithm="giac")

output tintegrate(1/((d*x + c)*(axsec(f*x + e) + a)~2), x)

Mupad [N/A]
Not integrable

Time = 14.89 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1

1
/<c+dw><a+asec<e+fx>>2d””:/(a+ . )2(C+daz)dx

cos(e+f )

input Lint(l/((a + a/cos(e + f*x))~2%(c + d*x)),x)

output tint(l/((a + a/cos(e + f*xx))"2x(c + d*x)), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 53, normalized size of antiderivative = 2.65

1
d
/ (c+dz)(a+ asec(e + fzx))? o
f 2 2 1 da:
_J sec(fz+e)’ctsec(fr+e)’do+2sec(fr+e)ct+2sec(fz+e)dz+ctda

a?
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inputLint(1/(d*x+c)/(a+a*sec(f*x+e))*Q,X)

‘int(l/(sec(e + f*x)**x2%c + sec(e + f*xx)**2xd*x + 2*xsec(e + f*x)*c + 2*sec(

output
‘e + fxx)*kd*x + c + d¥x),x)/akk2




output

input

output
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1
3.20 f (c+dz)2(a+asec(e+fz))? dz

Optimal result . . . . . . . . . . e 174
Mathematica [N/A] . . . . . . . . 174
Rubi [N/A] . . o 175
Maple [N/A] . . . . o 176
Fricas [N/A] . . . o o 176
Sympy [N/A] . . e 176
Maxima [N/A] . . . . . I
Giac [N/A] . . . 178
Mupad [N/A] . . o e 179
Reduce [N/A] . . . o o 179

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c +dz)2(a + asec(e + fx))? de = Int((c + dz)?(a + asec(e + fz))?’ x)

e

tDefer(Int)(1/(d*x+c)‘2/(a+a*sec(f*x+e))“2,x)

~—

Mathematica [N/A]
Not integrable

Time = 12.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dzx)?(a + asec(e + fx))? de = / (c+dx)*(a+ asec(e + fx))? dz

e

tIntegrate [1/((c + d*x)~2x(a + a*Sec[e + f*x])~2),x]

~—

LIntegrate [1/((c + d*x)~2%(a + a*Sec[e + f*x])~2), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

: d
/ (c+ dz)2(asec(e + fz) + a)? z
| 3042

1

/ (c+dz)? (acsc(e+ fz+ F) +a)2dx

l 4681

L d
/ (c+ dx)2(asec(e + fzr) + a)? v

LInt[l/((c + d*x)~2%(a + axSec[e + f*x])~2),x]

t$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*x(x_)1*(b_.))"(m_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#*x) m*(a + bxCscle + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, xl]
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz +¢)® (a + asec (fz +e))”

input Lint (1/ (d*x+c) "2/ (ata*sec(f*x+e))~2,x) J

output Lint (1/ (d*x+c) "2/ (ata*sec(f*x+e)) ~2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 99, normalized size of antiderivative = 4.95

1 1
/ (c+ dx)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)® e

input Lintegrate (1/(d*x+c) "2/ (ata*sec(f*x+e))~2,x, algorithm="fricas") J

output‘ integral(l/(a“2*d“2*x”2 + 2xa~2%ckd*x + a~2%c”2 + (a"2*%d"2*x"2 + 2%a”~2xcxd ‘
\*x + a~2%c 2)*sec(f*x + e)~2 + 2%(a~2%d"2%x"2 + 2%a~2kckd¥x + a~2%c"2)*sec
‘(f*x +e)), x) ‘

Sympy [N/A]
Not integrable

Time = 9.29 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.25

1
(c+dz)?(a + asec(e + fzx))

2dx

1
. f c? sec? (e+fx)+2c? sec (e+ fx)+c2+2cdx sec? (e+ fx)+4cdz sec (e+ fzr)+2cdr+d2x? sec? (e+ fx)+2d?x2 sec (e+ fx)+d2x2 dx

a2
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input‘integrate(1/(d*x+c)**2/(a+a*sec(f*x+e))**Q’X)

t‘Integral(l/(c**2*sec(e + f*xx)**2 + 2xc*kx2*ksec(e + f*xx) + cx*2 + 2xckd*x*se
‘c(e + £*x)*%2 + 4dxcxdxx*xsec(e + f£*x) + 2*ckxd*x + dx*x2xx*k*k2ksec(e + f*x)**2
‘ + 2kdx*x2kx*x*2*ksec(e + fxx) + dk*x2*xx*k*x2), x)/a*x*x2

outpu

Maxima [N/A]
Not integrable

Time = 31.44 (sec) , antiderivative size = 4471, normalized size of antiderivative =
223.55

1 1
/ (c+ dz)?(a + asec(e + fz))? do = / (dz + ¢)*(asec (fz +e) + a)® e

inputLintegrate(l/(d*X+C)“2/(a+a*SGC(f*X+e))“2,x, algorithm="maxima")
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-1/3%(3*%d"3*%f~3%x"3 + 9kckd"2*f"3*x"2 + O*xc”2xd*xf"3*kx + 3kc"3*f"3 + 3*%(d"3
*f"3*%x"3 + 3*xckd"2+f"3*%x"2 + 3*kcT2xdA*f"3*%x + c”3*f"3)*cos(3*f*x + 3*e)”2 +
3% (9*%d"3*f"3*x"3 + 27*kckd"2*f"3*%x"2 + 9*kc"3*f"3 - 4kckd"2xf + (27*c”2*d*f
3 - 4xd"3*xf)*x)*kcos(2*f*x + 2%e) "2 + 3x(9kd"3*kf"3*x"3 + 27*c*xd"2*f " 3xx"2

+ 9kc"3*%f73 - 4xcxd"2xf + (27*c”2*%d*f"3 - 4*d"3*f)*x)*cos(f*x + e)”2 + 3*(
d"3*f"3*%x"3 + 3*ckd"2*xf"3%x"2 + 3kc"2*d*f"3*x + c”3*f"3)*sin(3*kf*x + 3*e)”
2 + 3*%(9*%d"3*f"3%x"3 + 27*kc*kd"2*%f"3*%x"2 + 9*xc”3*f"3 — 4dkckd"2*f + (27*c"2x*
d*f~3 - 4%d"3*f)*x)*sin(2xf*xx + 2%e) "2 + 3% (9*%d"3*f 3*x"3 + 27*c*d " 2*f " 3*x
"2 + 9%CT3*f"3 - 4xckd"2*f + (27*cT24d*f"3 - 4*d"3*f)*x)*sin(fxx + e)"2 +

2% (3*A"3*f"3*%x"3 + O*ckd"2+f73*x"2 + 9*kcT2xd*f"3*x + 3*xc"3*%f73 + (9*xd"3*f”
3%x™3 + 27*ckxd"2*xf"3*x"2 + 9*c"3*f"3 - 2xc*d"2*%f + (27*c”2xd*f~3 - 2%d~3*f
Y*x)*cos (2*%fxx + 2xe) + (9*xd"3*%f"3*x"3 + 27*cxd"2+f"3*x"2 + 9*c~3*f"3 - 2%
cxd"2xf + (27*c”2*d*f"3 - 2*d"3*f)*x)*cos(f*x + e) - 6+%(d"3*f£72%x"2 + 2*c*
d"2*%f72%x + c72%d*f72 - d"3)*sin(2*f*x + 2%e) - 3% (3xd"3*kf"2*x"2 + 6*c*xd"2
*f72xx + 3xc"2xd*f"2 - 4%d"3)*sin(f*x + e))*cos(3*f*x + 3*e) + 2x(9xd"3*f”
3*%x"3 + 2T*cxd"2xf"3*%x"2 + 9%c"3*f"3 - 2xckd"2xf + (27*c”2*d*f"3 - 2%d"3*f
Yxx + 3k (9kdA"3*f"3*x"3 + 27T*kckd"2*f"3kx"2 + 9*c"3*%f"3 - 4dxcxd"2xf + (27*c”
2%d*f~3 - 4xd"3*f)*x)*cos(f*x + e) - 9*x(d~3*f"2%xx"2 + 2kckd"2*f "2*x + c"2x%
d*f~2 - 2xd"3)*sin(f*x + e))*cos(2*f*x + 2xe) + 2% (9*%d"3*f"3*x"3 + 27*c*d"”
2x£73%x72 + 9*cT3*f73 - 2kckd"2+f + (27xc”2*d*£73 - 2kd"3*f)*x)*cos (f*x. ..

output

Giac [N/A]
Not integrable

Time = 1.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)® e

input ‘ integrate (1/(d*x+c) "2/ (ata*sec(f*x+e))~2,x, algorithm="giac")

-

output Lintegrate(1/((d*x + c)"2%(axsec(f*x + e) + a)~2), x)

| —
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Mupad [N/A]
Not integrable

Time = 15.20 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

5/1 ! dx'—l/m 1 dx
c+dz)%(a+ asec(e + fz))2 a 3 ;

( )%( ( ) <a+—cos(e+fz)) (c+dx)

input Lint(l/((a + a/cos(e + f*x))"2x(c + d*x)"2),x) J
outputtint(l/((a + a/cos(e + £*x))72+(c + d*x)72), x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 100, normalized size of antiderivative = 5.00

1
dx
(c+dz)?(a + asec(e + fz))?
1
_ f sec(fz+e)?c2+2sec(fr+e)cdrtsec(frte)d2a?+2 sec(frte)c2+4sec(fr+e)cdr+2 sec(fz+e)d2a2+c2+2cdz+d2a? dx
= E
input Lint (1/ (d*x+c) "2/ (a+a*xsec (f*x+e))~2,x) J

‘int(i/(sec(e + fxx)**¥2kxck*2 + 2ksec(e + f£*x)**2*ckxd*x + sec(e + f*x)**k2*d* \
(*¥2kxxx2 + 2¢sec(e + fxx)kckx2 + 4xsec(e + fxx)kcxdxx + 2%sec(e + Fxx)*dwx2 |
‘*x**Q + c*x*x2 + 2kcxd*x + dkk2kx**2) ,x)/ax*2 ‘

output
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3.21 [(c+ dx)™(a + asec(e + fz))" dx

Optimal result . . . . . . . . . . . . e 180
Mathematica [N/A] . . . . . . . . 1801
Rubi [N/A] . . o 18T
Maple [N/A] . . . . 182
Fricas [N/A] . . . o o 182
Sympy [F(-1)] . . o oo 182
Maxima [N/A] . . . . . 183l
Giac [N/A] . . . e 183l
Mupad [N/A] . . . o 183
Reduce [N/A] . . . o o 184

Optimal result

Integrand size = 20, antiderivative size = 20

/(c + dz)™(a + asec(e + fz))" dz = Int((c + dz)™(a + asec(e + fz))", x)

-

output LDefer (Int) ((d*x+c) “m* (at+a*sec(f*x+e)) "n,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.84 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))"dz = /(c + dz)™(a + asec(e + fz))" dx

inputtlntegrate[(c + d*x) “m*(a + a*Sec[e + f*x])"n,x]

Output‘lntegrate[(c + dxx) "m*(a + a*Sec[e + f*x])~"n, x]
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c +dz)"(asec(e + fz) +a)" dx
| 3042

/(c+dw)m (acsc (e+f:1:+ g) +a>ndx

l 4681

/(c +dz)"(asec(e + fz) + a)"dx

input LInt[(c + d*x) "m*(a + a*Sec[e + f*x]) n,x] J

output ‘\$Aborted

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_-) + CSC[(e_-) + (f_.)*(x_)]*(b_.))‘(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz+c¢)" (a+ asec(fz +e€))" dz

input int ((d*x+c) “m* (a+aksec(f*x+e)) "n,x)

output tint ((d*x+c) "m* (a+a*sec(f*x+e)) "n,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + asec(e + fzr))"dz = / (dz +c)"(asec(fr +e€)+a)" dz

input Lintegrate ((d*x+c) “m* (a+axsec(f*x+e)) "n,x, algorithm="fricas")

output Lintegral((d*x + c)"m*x(a*sec(f*x + e) + a)~n, x)

Sympy [F(-1)]

Timed out.

/(c + dz)™(a + asec(e + fz))" de = Timed out

input Lintegrate ((d*x+c) **m* (a+axsec (f*xx+e)) **n,x)

output LTimed out
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Maxima [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + asec(e + fz))" dx = / (dz 4+ c)"(asec(fz +e)+a)" dz

inputt

integrate((d*x+c) “m*(ata*sec(f*x+e)) "n,x, algorithm="maxima")

-

output t

integrate((d*x + c) mx(a*sec(f*x + e) + a)”n, x)

e—

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))"dz = / (dz +c)"(asec(fr+e)+a)" dx

input‘

outputt

inputt

integrate ((d*x+c) “m* (at+a*sec (f*x+e)) "n,x, algorithm="giac")

integrate((d*x + c) m*(a*sec(f*x + e) + a)”n, x)

Mupad [N/A]
Not integrable

Time = 14.77 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c+dm)m(a+asec(e+fa:))" dr = / <a+ m)n(c+daz)mdx

int((a + a/cos(e + f*x)) n*x(c + d*x) "m,x)
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output Lint((a + a/cos(e + f*x)) nx(c + d*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + asec(e + fz))" dx = / (dz +¢)™ (sec(fzx +e)a+a)"dz

input Lint ((d*x+c) “m* (a+a*sec (f*x+e)) "n,x)

output Lint((c + dxx)**km*(sec(e + f*x)*a + a)**n,x)
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3.22 [(c+ dx)™(a + asec(e + fz))dz

Optimal result . . . . . . . . . . . . e 185
Mathematica [N/A] . . . . . . . . 1851
Rubi [N/A] . . . o oo 186
Maple [N/A] . . . . 187
Fricas [N/A] . . . o o 187
Sympy [N/A] . . e 187
Maxima [N/A] . . . . . 1R8]
Giac [N/A] . . . e 188
Mupad [N/A] . . . o 189
Reduce [N/A] . . . o o 189

Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + asec(e + fz)) dz = Int((c + dz)™(a + asec(e + fx)), )

-

output LDefer (Int) ((d*x+c) "m* (ata*sec (f*x+e)),x)

-/

Mathematica [N/A]

Not integrable

Time = 8.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + asec(e + fz))dx = /(c + dz)"(a + asec(e + fz))dx

input ‘\Integrate[(c + d*x) "m*(a + a*Sec[e + f*x]),x]

output‘ Integrate[(c + d*x) m*(a + a*Secl[e + f*x]), x]
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(c + dz)™(asec(e + fz) + a) dx

| 3042
m ™
/(c+dw) (acsc (e+fx+ 5) +a) dz

| 4681

/(c + dz)™(asec(e + fzr) + a)dz

inputLInt[(c + d*x) "m*(a + a*Secl[e + f*x]),x] J

output ‘\$Aborted

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_-) + CSC[(e_-) + (f_.)*(x_)]*(b_.))‘(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dw+c)m (a+ asec(fr+e))dx

input‘int((d*x+c)“m*(a+a*sec(f*x+e)),x)

outputLint((d*x+c)"m*(a+a*sec(f*x+e)),x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dm)m(a+asec(e—|—fa:))dx = /(asec (fr+e)+a)(dz+c)"dx

inputLintegrate((d*x+c)“m*(a+a*sec(f*x+e)),x’ algorithm="fricas")

output Lintegral((a*sec(f*x + e) + a)x(d*x + c)"m, x)

Sympy [N/A]
Not integrable

Time = 7.61 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/(c+dcc)m(a+asec(e+fa:))dx = a(/ (c+dx)" sec (e + fx) dx—l—/(c—i—dw)m d:c)

inputLintegrate((d*x+c)**m*(a+a*sec(f*x+e)),x)

output La*(Integral((c + d*x)**mxsec(e + f*x), x) + Integral((c + d*x)**m, x))




-

input t
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Maxima [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c+da:)m(a+asec(e+fx))dx = /(asec (fr+e)+a)(dz+c)" dz

integrate ((d*x+c) “m* (ataxsec(f*x+e)) ,x, algorithm="maxima")

~—

output ‘

2xaxintegrate (((d*x + c) m*cos(2*f*x + 2*e)*cos(f*x + e) + (d*x + c) m*sin
(2xfxx + 2%e)*sin(fxx + e) + (d*x + c) m*xcos(f*x + e))/(cos(2*xfxx + 2%e) 2
+ sin(2*f*x + 2%e)”2 + 2xcos(2*f*x + 2%e) + 1), x) + (d*x + c)"(m + 1)*a/
(@*(m + 1))

Giac [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dm)m(a+asec(e+fx))dm = /(asec (fr+e€)+a)(dz+c)"dzx

inputt

integrate ((d*x+c) “m* (a+a*sec(f*x+e)),x, algorithm="giac")

/

output t

integrate((a*sec(f*x + e) + a)*(d*x + c)”m, x)

~—
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Mupad [N/A]
Not integrable

Time = 14.77 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

(c+dz)"dz

(c+ dz)™(a + asec(e + fz))dx = a+ ﬁ
(e+ fz)

input Lint((a + a/cos(e + f*x))*(c + d*x)"m,x)

OutputLint((a + a/cos(e + f*xx))*(c + d*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.56

/(c + dx)™(a + asec(e + fz)) dx = —2 (/ (dz + )" dm) a

tan (£2 4+ ¢)° —1

-

inputtint((d*x+c)‘m*(a+a*sec(f*x+e)),x)

—

Outputt - 2xint((c + d*x)**m/(tan((e + f*x)/2)**2 - 1),x)*a




output

input

output
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(c+dz)™

3.23 f a+asec(e+fx) dz

Optimal result . . . . . . . . . . e 190
Mathematica [N/A] . . . . . . . . 1901
Rubi [N/A] . . o 1971
Maple [N/A] . . . . e 192
Fricas [N/A] . . . . o o e 192
Sympy [N/A] . . e 192
Maxima [N/A] . . . . . 193]
Giac [N/A] . . . 193
Mupad [N/A] . . . o 194
Reduce [N/A] . . . o 194

Optimal result

Integrand size = 20, antiderivative size = 20

/ (c+ dz)™ ) dz = Int (a +SSZCC(ZZT ) x)

a+ asec(e+ fx

tDefer(Int)((d*x+c)“m/(a+a*sec(f*x+e)),x)

Mathematica [N/A]
Not integrable

Time = 0.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ a —I—fstc((iz)—:zfx) de = /

(c+dx)™

a+ asec(e + fr)

dz

LIntegrate[(c + d*x)"m/(a + axSec[e + f*x]),x]

‘Integrate[(c + d*x)"m/(a + a*Sec[e + f*x]), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+dx)™

asec(e + fz) +a v
| 3042

(c+dx)™

/acsc (e+ fz+1%) +adw
l 4681
/ (c+dx)™

asec(e + fz)+a

LInt[(c + d*x)"m/(a + a*Sec[e + f*x]),x] J

‘$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*x(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz+c)™
/a—l—asec(fx-i—e)dx

inputt

int ((d*x+c) “m/ (at+a*sec (f*x+e)) ,x)

-

outputt

int ((d*x+c) “m/ (a+a*sec(f*x+e)) ,x)

e—

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dx)™ B (dz +c)™
/a+asec(e+fx)dm_/asec(fx+e)+adm

inputt

integrate ((d*x+c) “m/ (a+axsec(f*x+e)),x, algorithm="fricas")

output‘

inputt

integral((d*x + c) "m/(axsec(f*x + e) + a), x)

Sympy [N/A]
Not integrable

Time = 2.44 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

de =
a+ asec(e + fx) v a

(c+dz)™
/ (c + dz)™ =i e

integrate ((d*x+c)**m/ (a+a*sec(f*x+e)),x)
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output Llntegl”al((c + dxx)**m/(sec(e + f*x) + 1), x)/a

Maxima [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dz)™ B (dz + )™
/a+asec(e+fx)dz_/asec(fz+e)+adx

inputLintegrate((d*X+C)Am/(a+a*SeC(f*X+e)),X, algorithm="maxima")

output Lintegrate((d*x + c)"m/(axsec(f*x + e) + a), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dx)™ B (dz+¢c)™
/a+asec(e+fx)dx_/asec(fx+e)+adx

input‘integrate((d*X+C)“m/(a+a*sec(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + ¢)"m/(a*sec(f*x + e) + a), x)
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Mupad [N/A]
Not integrable

Time = 14.47 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+ dx)™ dz:/ (c+dz)™ i

a+ asec(e + fzx) a+m
input [int((c + d*x)"m/(a + a/cos(e + £*x)),x) J
output Lint((c + d*x)"m/(a + a/cos(e + f*x)), x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 140, normalized size of antiderivative = 7.00

/ (c+dz)™ i

a+ asec(e + fx)
dz+c)™ t
~(dz + o)™ tan (§ +5) dm — (dz + &)™ tan (§ + §) d + (dz + &)™ ef + (dw + o)™ dfz + (f .
) adf (m+1)
input Lint ((d*x+c) “m/ (at+axsec(f*x+e)) ,x) J
OUtPUt‘ ( = (c + d*x)*xxm*tan((e + £*x)/2)*d*m - (c + d*x)**m*tan((e + £*x)/2)*d +

‘)/(c + dxx),x)*d*k2xm*x*2 + int(((c + d*x)**m*xtan((e + f*x)/2))/(c + d*x),x

\ (c + dxx)*xmxc*xf + (c + d¥x)**kmkd*f*x + int(((c + d*x)**m*tan((e + £*x)/2) \
‘)*d**Q*m)/(a*d*f*(m + 1)) \




output
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3.24 [(c+dz)*(a+ bsec(e + fx)) dx

Optimal result . . . . . . . . . . . . e 195
Mathematica [A] (verified) . . . . . . . . . ... o 1961
Rubi [A] (verified) . . . .. . . ... .. 196
Maple [B] (verified) . . . . . . . . . ... 198
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 198
Sympy [F] . . o o 199
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2001
Giac [F] . . . . o o 201]
Mupad [F(-1)] . . . o o 201]
Reduce [F] . . . o . o o 201]

Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dx)*  2ib(c+ dz)®arctan (e+/2))

/(c + dz)*(a + bsec(e + fz)) dz = 1

N 3ibd(c + dz)? PolyLog (2, —ie'*/2))

f

f2

3ibd(c + dz)? PolyLog (2, ie'*/2))

f2

6bd*(c + dz) PolyLog (3, —ie'*/2))

f3

N 6bd*(c + dz) PolyLog (3, ie'*/2))

f3

6ibd> PolyLog (4, _Z'ei(e+fm))

f4

N 6ibd® PolyLog (4, ie"¢+/®))

f4

1/4%ax (d*x+c) ~4/d-2%Ixb* (d*x+c) ~3*arctan (exp (I* (f*x+e))) /f+3*I*b*d* (d*x+c)

~2+polylog(2,-I*exp (I*(fxx+e)))/f 2-3*I*b*d* (d*x+c) ~2*polylog(2, I*exp (I* (£
*x+e))) /£72-6+b*d "2+ (d*x+c) *polylog (3, ~Txexp (I*(f*x+e))) /£ 3+64b*d ™2k (d¥x+
c)*polylog(3,Ixexp(I*(f*x+e))) /£ 3-6*I*bxd 3*polylog(4,-T*exp (I*(f*x+e)))/

f~4+6*Ixb*d~3*polylog (4, I*exp(I*(f*x+e)))/f~4
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Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.61

/(c +dz)*(a + bsec(e + fr)) dz
_ 4ac® fiz + 6ac’df*z? + dacd® f*23 + ad® f*z* 4 4bc® f* coth™ (sin(e + fx)) — 24ibcdf3z arctan (e T/

input LIntegrate[(c + d*x)~3*(a + bxSec[e + f*x]),x] J

~

(4*xaxc™3*f"4*xx + 6*akc”2kd*xf"4*x"2 + 4xaxckd"2*f74*x"3 + a*d"3*f"4*x"4 + 4
*xb*c~3*f "3xArcCoth[Sin[e + f*x]] - (24+*I)*b*c~2xd*f 3*x*ArcTan[E~(Ix(e + f
*x))] - (24%I)*bxcxd~2*f"3*xx"2xArcTan[E~ (I*(e + f*x))] - (8%I)*b*d~3%f 3x*x
~3*ArcTan[E~(Ix(e + f*x))] + (12*I)*bxd*f~2x(c + d*x) 2*PolyLogl[2, (-I)*E~
(Ix(e + £*x))] - (12%I)*bxd*f~2*(c + d*x) 2+PolyLog[2, I*E~(I*(e + f*x))]
- 24xb*c*d"2xf*PolyLogl[3, (-I)*E~(Ix(e + f*x))] - 24xbxd~3*f*xxPolyLog[3,
(-I)*E~(I*(e + f*xx))] + 24xb*c*d"2xf*PolyLog[3, I*E~(I*(e + f*x))] + 24*bx
d~3*xf*xx*PolyLog[3, I*E~(I*(e + f*x))] - (24*I)*b*d~3*PolyLogl[4, (-I)*E~(I*
(e + £*xx))] + (24*I)*b*d~3*PolyLogl[4, I*E~(I*(e + f*x))])/(4*x£~4)

output

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3(a + bsec(e + fzx)) dzx
| 3042

/(c+dac)3 <a+bcsc (e+fac+ g)) dx

l 4678
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/ (a(c+ dz)® + b(c + dz)* sec(e + fz)) dz

l 2009
alc+ d:c)4 2ib(c + dx)3 arctan (ei(e—i-fac)) 6bd2 (¢ + dz) PolyLog (3, _iei(e—i—fx))
- - +
4d f . 73 |
6bd? (¢ + dz) PolyLog (3’ iel(e—i-fw)) 3ibd(c + d.’l:)2 PolyLog (2, _,L-ez(e—f-f:c))
1 - 7 -
3ibd(c + dx)Q PolyLog (2, iei(e+fm)) 6ibd3 PolyLog (4, —@'ei(e‘f'fw))
- +
f? 7
6ibd® PolyLog (4, ie¥(¢+#2))
f4
input IRt[(c + d*x)"3x(a + baSecle + £xx1),x] J
output (ax(c + d*x)~4)/(4%d) - ((2*I)*b*(c + d*x) " 3*ArcTan[E~(I*(e + f*x))]1)/f +

((3*I)*b*d*(c + d*x) 2*%PolyLogl[2, (-I)*E~(Ix(e + f*x))])/£72 - ((3*I)*b*d*
(c + d*x)~2xPolyLog[2, I*E~(I*(e + f*x))])/f~2 - (6%b*d~2x(c + d*x)*PolyLo
gl3, (-I)*E~(I*(e + £*x))]1)/f"3 + (6%¥bxd~2x(c + d*x)*PolyLogl[3, I*E~(I*(e
+ £xx))]1)/£°3 - ((6%I)*b*d~3*PolyLogl4, (-I)*E~(Ix(e + f*x))])/f~4 + ((6%I
)*b*d~3*PolyLog[4, I*E~(Ix(e + f*x))])/f"4

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x]

N\ J

rule 3042

‘Int[(csc[(e_.) + (f_D)*x)DI*(_.) + (@)) " (@_D)*((c_.) + (d_.)*x(x))"(m_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x], ‘
\ x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678




input

output
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 755 vs. 2(200) = 400.

Time = 0.26 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

. 3.4 4 2,.2
risch ad’z -I-%—I—ad?cz?‘—l-w%—l—ac?’w—l-

6ib d® polylog (4,iei(fx+e)) 6ib d° polylog (4,—iei(f”5+e) )

+ bd3 In|

4

f4

f4

-

int ((d*x+c) ~3* (a+b*sec (f*x+e)) ,x,method=_RETURNVERBOSE)

N

1/4*axd~3*x"4+1/4*a/d*c”4+a*d"2xcxx"3+3/2xaxd*c”2xx"2+a*c” 3xx+6*[*bxd~3*po
lylog(4,Ixexp(I*(f*x+e)))/f~4-6%I*xb*d~3*polylog(4,-Ixexp(I*(f*x+e)))/£74+6
*I/f"2%bxd~2*c*polylog(2,-I*exp (I*(f*x+e)))*x—6*%I1/f ~2%b*d~2*c*polylog(2, I*
exp (I*(f*x+e)))*x—6*%I1/f " 3*%b*cxd"2*e " 2*arctan (exp(I*(f*x+e)))+6%I/f 2xb*xc™2
xd*e*arctan (exp (I*(f*x+e)))+3/fxb*c™2*d*1n (1-I*exp (I*(f*x+e))) *x+3/f"2xb*c
~2xd*1n(1-I*exp (I*(f*x+e)))*e-3/f " 3*%b*e~2%c*d~2*1n(1-I*exp (I*(f*x+e)))-3/f
*bxc”2xd*1n (1+I*exp (I* (f*xx+e)))*x—-3/f 2%b*c~2*d*1n (1+I*exp (I* (f*x+e)))*e+3
/£73%bxe”2xc*kd~2*1n (1+I*exp (I* (f*x+e)))-3*I/f 2*b*c~2xd*polylog(2, I*exp (I*
(fxx+e)))+2+I/f 4xb*d~3*e"3*arctan (exp (I* (f*x+e)))-3*I/f~2+b*d~3*polylog(2
, I*exp (I* (fxx+e)) ) *x~2+3*I/f ~2*b*d~3*polylog(2,-I*exp (I*(f*x+e)))*x~2+3%I1/
f~2*%b*c"2*d*polylog(2,-I*exp (I*(f*x+e)))+1/f*b*d"3*1n(1-I*exp (I*(f*x+e)))*
x"3-1/f*bxd~3*1n (1+I*exp (I* (f*x+e)))*x~3+1/f 4*xb*e 3*%d~3*1n(1-I*exp(I*(f*x
+e)))-6/f"3*b*d~2*c*polylog(3,-I*exp (I*(f*x+e)))-1/f 4xbxe~3*d~3*1n(1+I*ex
p(I*x(f*x+e)))-6/£f"3*%b*d"3*polylog(3,-I*exp(I* (f*x+e)))*x+6/f " 3*b*xd~2*c*pol
ylog(3,I*exp(I*(f*x+e)))+6/f"3*xb*xd"3*polylog(3,Ixexp(I*(f*x+e)))*x-2+I/f*b
xc~3*arctan(exp (I*(f*x+e)))-3/fxb*d~2*c*1n(1+I*exp (I* (f*x+e)))*x"2+3/f*b*d
~2xcx1n(1-I*exp (I*(f*x+e)))*x"2

N

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.14 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c +dz)*(a + bsec(e + fx)) dz = Too large to display



input

output

input

output
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‘integrate((d*x+c)“3*(a+b*sec(f*x+e)),x, algorithm="fricas")

1/4% (axd”~3*f74*x"4 + 4*axcxd"2+f74*x"3 + 6*axc”2kd*f"4*x"2 + 4¥axc 3L 4*x
+ 12%Ixb*d~3*polylog(4, I*cos(f*x + e) + sin(f*x + e)) + 12%I*b*xd~3*polyl
og(4, I*cos(f*x + e) - sin(f*x + e)) - 12xI*b*d~3*polylog(4, -I*cos(f*x +
e) + sin(f*x + e)) - 12%I*b*d~3*polylog(4, -Ixcos(f*x + e) - sin(f*x + e))
- 6x(I*bxd"3*f"2%x"2 + 2xIxb*ckd 2*f~2%x + I*b*c~2xd*xf~2)*dilog(I*cos(f*x
+ e) + sin(f*x + e)) - 6x(Ixbxd"3*f"2%x"2 + 2*Ixbxcxd 2+f 2xx + I*b*xc™2*d
*f~2)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 6% (-Ixb*d 3*f~2xx"2 - 2*Ixb*c
*d"2xf"2%x - Ixb*c 2xd*f"2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6x(-Ix
bxd"3*f"2%x"2 - 2*Ixbkxckd 2*f 2xx - I*b*c 2xd*f~2)*dilog(-I*cos(f*x + e) -
sin(f*x + e)) - 2*%(b*d"3*e”3 - 3*bkxc*d"2%e”2*f + 3*bxc 2xd*e*xf~2 - b*c 3%
£~3)*log(cos(f*x + e) + I*sin(f*x + e) + I) + 2% (b*d"3*e”3 - 3*bkcxd"2xe”2
*f + 3*%bxc”2*d*exf"2 - bxc~3*%f"3)*log(cos(f*x + e) - I*sin(f*x + e) + I) +
2% (b*d"3*f"3*%x"3 + 3*bxckd"2*xf"3*x"2 + 3*bkc"2*d*f"3*x + b*d"3*e”3 - 3*bx
ckd"2xe"2*f + 3xb*c"2xdxe*f~2)*log(I*cos(f*x + e) + sin(f*x + e) + 1) - 2%
(b*d"3*f"3*x"3 + 3*bxckd " 2*xf"3*x"2 + 3*bxc"2%d*f 3*x + bxd"3xe”3 - 3*bxc*d
“2%e”2%f + 3%bkc"2xdxexf~2)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(b*
d"3*f73%x"3 + 3*b*cxd 2+f73%x"2 + 3xb*c"2xd*f"3*x + b*d"3%e”3 - 3xbkcxd"2#
e”"2+f + 3*b*c”2xdxexf~2)*log(-I*cos(f*x + e) + sin(fxx + e) + 1) - 2% (bxd”
3*xf73*%x"3 + 3*bxckd"2*f73%x"2 + 3%bkcT2*d*f"3*%x + bx*d"3%e”3 - 33*kb*c*xd " 2*e”
2xf + 3*bkc~2xd*exf~2)*log(-Ixcos(f*x + e) - sin(f*x + e) + 1) - 2x(b*d...

Sympy [F]

/(c +dz)3(a + bsec(e + fz))dx = / (a + bsec (e + fz)) (c+ dz)® d

p
Lintegrate((d*x+c)**3*(a+b*sec(f*x+e)),x)

| —

LIntegral((a + b*sec(e + f*x))*(c + d*x)**x3, x)




inputt

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.23 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c +dz)3(a + bsec(e + fz)) dz = Too large to display

-

\

integrate ((d*x+c) “3*(at+b*sec(f*x+e)) ,x, algorithm="maxima")

-/

1/4*% (4% (f*x + e)*axc™3 + (f*x + e) 4*xaxd"~3/f73 - 4*(f*x + e) 3*axd"3*e/f"3
+ 6% (f*xx + e) "2kaxd"3*e”2/f"3 - 4x(f*x + e)*axd"3*e~3/f"3 + 4x(f*x + e)”3
xaxckd"2/£72 - 12 (f*x + e) 2*xaxc*kd"2*xe/f"2 + 12 (f*x + e)*axcxd 2*e~2/f"2
+ 6% (fxx + e) " 2kaxc”2+d/f - 12x(f*x + e)*axc”2*kdxe/f + 4*xbxc~3*log(sec(f*
X + e) + tan(f*x + e)) - 4*bxd"3*xe"3*log(sec(f*x + e) + tan(f*x + e))/f"3
+ 12%bxc*d~2*e"2xlog(sec(f*x + e) + tan(f*x + e))/f72 - 12%bxc~2xd*exlog(s
ec(f*x + e) + tan(f*x + e))/f + 2% (12xIxb*d~3*polylog(4, I*e” (I*fxx + I*e)
) - 12%I*b*d~3*polylog(4, -I*e” (I*f*x + I*e)) - 2% (I*(f*x + e)~3%bxd~3 + 3
*(-I*b*d"3*e + I*b*cxd"2+f)*(f*x + e)72 + 3*(I*xb*d"3*e”2 - 2*I*bxckd 2*exf
+ Ixb*xc™2xd*xf~2)* (f*x + e))*arctan2(cos(f*x + e), sin(fxx + e) + 1) - 2x%(
Ix(f*xx + e) 3*%b*d~3 + 3*(-I*b*d~3*e + Ikbkckd 2*f)*(f*x + e)~2 + 3*(Ixbxd~
3*e™2 - 2xIxbkckd 2xexf + Ixbxc 2xd*xf~2)*(f*x + e))*arctan2(cos(f*x + e),
-sin(f*x + e) + 1) - 6x(I*(f*x + e) 2xb*d"~3 + I*b*d"3*e”2 - 2xIxb*ckd 2*xe*
f + I*b*c™2xd*f"2 + 2% (-I*b*d"3%e + Ixbxc*d 2xf)*(f*x + e))*dilog(I*e” (I*f
*x + Ixe)) — 6x(-I*(f*x + e) 2%b*d~3 - Ixbxd"3*e”2 + 2*I*b*c*d 2*exf - Ixb
*C"2%d*f"2 + 2% (I*b*d"3%e — Ixbxckxd~2*f)*(f*x + e))*dilog(-I*e~ (Ixf*x + I*
e)) + ((fxx + e)"3*b*d~3 - 3*(b*d"3*e - bxckxd"2*f)*(f*x + e)~2 + 3*(b*d"3*
e”2 - 2¥bkcxd"2%e*xf + b*cT2xd*f"2)*x(f*x + e))*log(cos(f*x + e)~2 + sin(f*x
+ e)72 + 2ksin(f*x + e) + 1) - ((f*x + e)~3*%bxd~3 - 3*(b*d~3*e — bxc*xd 2x
f)*(f*x + )72 + 3*(b*xd"3*e”~2 - 2*bkckxd"2%e*xf + bkxc 2xd*f 2)*x(f*x + e))...
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Giac [F]

/(c + dz)3(a + bsec(e + fz)) dz = / (dz + ¢)®(bsec (fx + €) + a) dzx

input‘integrate((d*x+c)"3*(a+b*sec(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)"3x(bxsec(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.
/(c+ dz)3(a+ bsec(e + fz))dzx = / <a + Wlii-fx)) (c+dz)’ de
input 185((a + b/cos(e + £4))x(c + d*x)"3,) |
Outputtint((a + b/cos(e + £*x))*(c + d¥x)"3, x) J
Reduce [F|

/(c +dz)3(a + bsec(e + fz)) dz

tan(§f4- )2 3 tan(ﬁf*‘ )2 ? 2 tan<if+' )2 2
— 24 24 41
R ) K (e o R U )

inputLint((d*x+c)“3*(a+b*sec(f*x+e)),x) J
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( - 8xint((tan((e + f*x)/2)**2xx**3)/(tan((e + £*x)/2)**2 - 1),x)*bxd**3*f
- 24xint((tan((e + £*x)/2)*x2xx**x2)/(tan((e + f£*x)/2)**2 - 1),x)*bkckd**2
*f - 24xint((tan((e + £*x)/2)**x2%x)/(tan((e + f*xx)/2)**2 - 1) ,x)*b*ck*x2*xdx*
f - 4xlog(tan((e + f*x)/2) - 1)*b*c**3 + 4xlog(tan((e + f£*x)/2) + 1)*b*c**
3 + 4xaxck*k3kfkx + Okakckk2kdkxfxxk*k2 + 4kakckdx*k2kfkxk*k3 + akd*x*x3kf*xx**x4 +
B¥b*ck*k2kd*kfkx*k*2 + 4k¥bkckd**k2xfxx*k*3 + bkd**3kfxx*%*4)/(4%f)

output
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3.25 [(c+dz)*(a+ bsec(e + fx))dx

Optimal result . . . . . . . . . . . . e 203
Mathematica [A] (verified) . . . . . . . . . ... o 204
Rubi [A] (verified) . . . .. . . ... .. 204
Maple [B] (verified) . . . . . . . . . ... 200
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 200
Sympy [F] . . o o 207
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 208}
Giac [F] . . . . o o 208
Mupad [F(-1)] . . . o o 209
Reduce [F] . . . o . o o 209

Optimal result

Integrand size = 18, antiderivative size = 157

a(c+dz)®  2ib(c+ dz)*arctan (ec+/2))
3d f

2ibd(c + dz) PolyLog (2, —ie"¢+/®))

+
Iz

2ibd(c + dz) PolyLog (2, ie'(¢t/2))
_ e

2bd? PolyLog (3, —ie'*/2))
_ 2

2bd? PolyLog (3, ie'+/2))
+ 7

/(c +dz)?*(a + bsec(e + fz)) dz =

output‘1/3*a*(d*X+°)A3/d‘2*1*b*(d*X+C)“2*arctan(exP(I*(f*x+e)))/f+2*I*b*d*(d*x+c)
‘*polylog(2,-I*exp(I*(f*x+e)))/f‘2-2*I*b*d*(d*x+c)*polylog(2,I*exp(I*(f*x+e
‘)))/f‘2—2*b*d‘2*polylog(3,-I*exp(I*(f*x+e)))/f‘3+2*b*d“2*polylog(3,I*exp(I
*(f*x+e))) /173
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Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.29

bc? coth™(sin(e + fx))
f

/(c + dz)?(a + bsec(e + fz)) dx = ac’x + acdz® + %ad2x3 +

4ibedz arctan ("))
f .
2ibd*z? arctan (e'(¢+/?))
f .
2ibd(c + dz) PolyLog (2, —ie'(¢*/2))
+ 2
f
2ibd(c + dz) PolyLog (2, ie'+/2))
_ e
2bd? PolyLog (3, —z‘ei(€+fw))
_ -
2bd? PolyLog (3, jeiletf w))
+ 7

input Integrate[(c + d*x)~2*(a + bxSec[e + f*x]),x]

axc”2xx + a¥cxd*x”2 + (axd~2*x"3)/3 + (b*c~2*ArcCoth[Sin[e + f*x]]1)/f - ((
4xI) *bxckd*x*xArcTan[E~(I*(e + f*x))]1)/f - ((2%I)*b*d~2*x~2*ArcTan[E~ (I*(e
+ £*xx))]1)/f + ((2%I)*b*d*x(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + f*x))])/f"2 -

((2*I)*bxd*(c + d*x)*PolyLog[2, I*E~(I*(e + £*x))])/f"2 - (2%b*d~2*PolyLo
gl3, (-IDD*E~(Ix(e + £*x))]1)/£"3 + (2¥b*d~2*PolyLogl[3, I*E~(I*(e + £f*x))])/
£°3

output

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(c + dz)?(a + bsec(e + fz)) dzx

l 3042

/(c—i—da:)2 (a—l—bcsc (e—l—f:r—l— g)) dx

l 4678

/ (a(c+ dz)? + b(c + dz)?sec(e + fz)) dz

| 2009
a(c+dz)®  2ib(c+ dz)? arctan (ei*+/2))  2ibd(c + dz) PolyLog (2, —iei¢+#2))
3d - f + 12 -
2ibd(c + dz) PolyLog (2,e(*/2))  2bd? PolyLog (3, —ie'(¢+/2)) 2bd? PolyLog (3, ie(¢+/2))
12 - 3 + 3
input TBtL(c + d*x)"2x(a + bxSecle + £xx]),x] ]
output‘ (ax(c + d*x)~3)/(3%d) - ((2*I)*bx(c + d*x) " 2*ArcTan[E~(I*(e + f*x))]1)/f + |

\((2*1)*b*d*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + £*x))]1)/£f72 - ((2*I)*bx*d*(c
\ + d*x)*PolyLog[2, I*E~(Ix(e + f*x))]1)/f"2 - (2¥b*d~2%PolyLog[3, (-I)*E~(I
L*(e + £xx))])/£73 + (2%b*d"2*PolyLog[3, I*E~(Ix(e + f*x))])/£f"3

~

Defintions of rubi rules used

rule zoogtlnt [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u] J

e B

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042

rule 4678‘Int[<csc[<e_-) # E_D*EDIFM_D) + (@) (@_)*((c_.) + (d_)*x))"@_.) |
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x], ‘
- x] /; FreeQl{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] & IGtQ[n, O]
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 439 vs. 2(138) = 276.

Time = 0.18 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

bd? ln(l—iei(fz+e))x2 + 2bd? polylog(S,iei(fm+e)) + be?d? ln(1+iei(fx+e)) . 2

: d?a3 2 2 acd
risch 255 +ader® +actt + 55 + 7 73 73 -

int ((d*x+c) ~2* (a+b*sec (f*x+e)) ,x,method=_RETURNVERBOSE)

input |

1/3%axd~2*x"3+axd*c*x"2+axc”2*x+1/3%a/d*c”3+1/f*b*d~2+1n (1-I*exp (I* (f*x+e)
)) *x"2+2*bxd"2%polylog (3, I*xexp (I* (f*x+e))) /£~ 3+1/f"3xbxe”2*%d~2x1n (1+I*exp(
Ix(fxx+e)))-2/f"2%bxc*d*1n(1+Ixexp (I* (f*x+e)))*e+2*%I/f " 2xb*d~2*polylog(2,-
Ixexp (I*(f*x+e)))*x-2/f*b*ckd*1n(1+I*exp(I*(f*x+e)))*x-2%b*d~2*polylog(3,-
I*xexp(I*(f*xx+e)))/£73+2*%I/f " 2*%b*c*d*polylog(2,-I*exp (I*(f*x+e)))-2+I/£"2%b
*d~2xpolylog(2,Ixexp (I*(f*x+e)))*x-2+I/f " 3*b*d~2*e"2*arctan (exp (I*(f*x+e))
)-2*%I/fxb*c~2*arctan(exp(I* (f*x+e)))+2/f*b*cxd*1n(1-T*exp(I*(f*x+e)))*x-1/
f*b*d~2+1n (1+I*exp (I* (f*x+e)))*x~2+4%I1/f~2xb*c*d*e*arctan (exp (I* (f*x+e)))-
1/£73%bxe~2*d"2%1n (1-I*exp (I*(fxx+e)))+2/f 2*b*ckd*1n(1-I*exp (I* (f*x+e)))*
e-2*I/f ~2xb*c*kd*polylog(2, I*exp (I* (f*x+e)))

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.12 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

/(c +dz)?(a + bsec(e + fz)) dz = Too large to display

p

inputt

-

integrate ((d*x+c) 2% (atb*sec(f*x+e)),x, algorithm="fricas")
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1/6% (2%a*d~2+f"3*%x"3 + G*akckxd*f~3*x"2 + G*kaxc”2+f"3*x - 6%b*d"2*polylog(3
, Ikcos(f*x + e) + sin(f*x + e)) + 6xb*d"2*polylog(3, I*cos(f*x + e) - sin
(f*x + e)) - 6%b*d~2*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) + 6*xb*xd™~2x
polylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*bxd~2*f*x + I¥bkckd*f)*d
ilog(I*cos(f*x + e) + sin(f*x + e)) - 6*%(I*b*d~2*f*x + I*b*c*d*f)*dilog(I*
cos(f*xx + e) - sin(f*x + e)) - 6*%(-Ixb*d"2*f*x — I*bxcxd*f)*dilog(-I*cos(f
*x + e) + sin(f*x + e)) - 6x(-I*bxd"2xf*x — Ixbkckd*f)*dilog(-I*cos(f*x +
e) - sin(f*x + e)) + 3x(bxd"2*e”2 - 2xbkckd*exf + bkxc~2xf~2)*log(cos(f*x +
e) + I*sin(f*x + e) + I) - 3%(b*d"2xe”2 - 2+bxcxd*e*xf + bxc~2*f~2)*log(co
s(fxx + e) - Ixsin(fxx + e) + I) + 3k (bkd™2*xf~2%x"2 + 2*b¥ckd*f~2%x - b*d~
2*%e”2 + 2*bkckxdxexf)*log(I*cos(f*x + e) + sin(f*x + e) + 1) - 3*(b*d"2%f"2
*X"2 + 2xbxckd*f"2xx - bkd"2%e”2 + 2xb¥ckdkexf)*log(I*cos(f*x + e) - sin(f
*x + e) + 1) + 3x(b*d"2*xf"2%x"2 + 2¥bkckd*f~2%x - b*d"2%e"2 + 2¥bkckd*e*f)
*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 3*x(b*xd"2*f72*%x"2 + 2*¥bkc*xd*f 2%
X - bxd"2xe”2 + 2xbxckxdxexf)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3%(
b*d"2*%e~2 - 2%bxckxd*e*xf + b*c"2*xf72)*log(-cos(f*x + e) + I*sin(f*x + e) +
I) - 3x(b*d"2%e”2 - 2¥bkckd*e*xf + bkc™2*f~2)*log(-cos(f*x + e) - I*sin(f*x
+e) + 1))/f"3

output

N

Sympy [F]

/(c—i— dz)*(a + bsec(e + fz)) dr = / (a+ bsec (e + fz)) (c + dz)* dz

p
inputLlntegrate((d*x+c)**2*(a+b*sec(f*x+e)),x)

Output‘lntegral((a + b*sec(e + f*x))*(c + d*x)**2, x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.18 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a + bsec(e + fz)) dz

3 2 2
6 (_fCL' + 6)(1,02 + 2(fa:-;§) ad? 6(fm-1}‘62) ad?e + 6(f9:—i.-fez)a,d2e2 + 6(fa:-l}e) acd 12 (fm-;e)acde + 6 be? log (sec (fZE 1

inputLintegrate((d*x+c)‘2*(a+b*sec(f*x+e)),X, algorithm="maxima") J

1/6% (6% (f*x + e)*axc™2 + 2x(fxx + e) 3*axd"2/f72 - 6*(f*x + e) "2*axd"2xe/f
2 + 6x(f*x + e)*axd"2*%e”"2/f72 + 6x(f*x + e) "2%akckd/f - 12+ (fxx + e)*akck
dxe/f + 6xbxc”2*log(sec(f*x + e) + tan(f*x + e)) + 6%b*d"2xe 2*log(sec(f*x
+ e) + tan(f*x + e))/f"2 - 12xbkxc*d*exlog(sec(f*x + e) + tan(f*x + e))/f
+ 3% (4xb*d~2*polylog(3, Ixe~(I*f*x + I*e)) - 4xbxd~2xpolylog(3, -Ixe” (I*f*
x + Ixe)) - 2x(I*(fxx + e)72¥b*d"2 + 2x(-I*b*xd"2xe + Ixbkcxd*f)*(f*x + e))
*arctan2(cos(f*xx + e), sin(f*x + e) + 1) — 2% (I*x(f*x + e) 2xb*d"2 + 2% (-Ix*
b*d"2%e + Ixbxckd*xf)*(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) -
4x(I*(f*x + e)*bxd™2 - Ixb*d~2%e + I*b*ckd*f)*dilog(Ixe” (I*f*x + I*e)) -
4% (-Ix(f*x + e)*bxd"2 + I*bxd"2xe - Isbxc*d*f)*dilog(-I*e” (Ixf*x + Ixe)) +
((f*xx + e)~2%b*d"2 - 2% (b*d"2*e - b*cxd*f)*(f*x + e))*log(cos(f*x + e)~2
+ sin(f*x + e)72 + 2xsin(f*x + e) + 1) - ((f*x + e)”"2%xb*d"2 - 2x(b*d"2*e -
b*ckd*f)*(f*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 - 2xsin(f*x + e)
+ 1))/£72)/f

output

Giac [F]

/(c+da:)2(a+bsec(e+fa:))dx = /(da:+c)2(bsec (fx+e)+a)ds

~—

p
inputLintegrate((d*x+c)‘2*(a+b*sec(f*x+e)),X, algorithm="giac")
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output Lintegrate((d*x + c)"2x(bxsec(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.
/(c—l— dz)?(a + bsec(e + fz))dzx = / <a + WM) (c+dx)’d
input, 106((a + b/cos(e + £x0))*(c + dxx)"2,%) J
output Lint((a + b/cos(e + £¥x))*(c + d*x)"2, x) J
Reduce [F]

/(c—l— dz)?(a + bsec(e + fz)) dx
< tan(
tan(

Lint((d*x+c)‘2*(a+b*sec(f*x+e)) ,%) J

fz e an(Lf4+¢ 21
1 1) )bdzf—12<ft<j—+2>2dx) bedf — 3log(tan (£ + ¢) — 1) be? + 3log(tan

+5) -1
3f

input

( - 6xint((tan((e + f*xx)/2)**x2*x**2)/(tan((e + f*x)/2)**2 - 1),x)*xbxd**2*f
- 12xint((tan((e + £*x)/2)**2xx)/(tan((e + f*x)/2)**2 - 1),x)*bxcxd*f - 3
xlog(tan((e + £#*x)/2) - 1)xb*c*x2 + 3xlog(tan((e + f*x)/2) + 1)*bxc**2 + 3
xakxCck*k2%kfkx + 3Ikakckd*f*x*k*x2 + akxd*k2kfxx*x*k3 + 3kbkckd*xfxx*%2 + bkd*x*2%f*xx
*%3) / (3%f)

output
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3.26 [(c+dx)(a+ bsec(e + fz)) dz

Optimal result . . . . . . . . . . . . e 210
Mathematica [A] (verified) . . . . . . . . . ... o 2111
Rubi [A] (verified) . . . .. . . ... .. 211]
Maple [A] (verified) . . . . . . ... L 213
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 213
Sympy [F] . . o o 214
Maxima [F] . . . . . . 214
Giac [F] . . . . o o 215
Mupad [F(-1)] . . . o o 215
Reduce [F] . . . . . 215

Optimal result

Integrand size = 16, antiderivative size = 93

a(c+dx)?  2ib(c+ dz)arctan (ei(e+fw))

/(c+ dx)(a+ bsec(e + fz))dzr = 5 7

ibd PolyLog (2, —getletf x))
+
72
1bd PolyLog (2, eiletf m))
_ 7

output ‘ 1/2%a* (d*x+c) “2/d-2*Ixb (d*x+c) *arctan (exp (I* (f*x+e))) /f+Ixbxd*polylog(2,-

‘I*exp(I*(f*x+e)))/f‘2-I*b*d*polylog(2,I*exp(I*(f*x+e)))/f”2




input

output
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.12

bccoth™ (sin(e + fz))
f

/(c + dz)(a + bsec(e + fx)) dz = acx + %ad:r:2 +

2ibdz arctan (e*+/”)
f .
ibd PolyLog (2, —ie'¢+/®))
+
Iz
ibd PolyLog (2, ie'(¢t/2))
_ e

e hY

Integrate[(c + d*x)*(a + bxSec[e + f*x]),x]

‘a*c*x + (a*d*x~2)/2 + (b*c*ArcCoth[Sin[e + f*x]])/f - ((2*I)x*b*d*x*ArcTan[
\E‘(I*e + I*f*x)])/f + (Ixbxd*PolyLogl[2, (-I)*E~(I*(e + £*x))])/f"2 - (Ixb*
|d*PolyLog[2, I+E~(I*(e + £*x))1)/£72

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00,

number of rules _ 188 Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)(a + bsec(e + fz)) dz
| 3042
/(c+da:) (a+besc(e+ ot ))do
l 4678

/(a(c + dz) + b(c + dx) sec(e + fz))dx

N\ J
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| 2009
a(c+dz)?  2ib(c+ dz)arctan (e!(c+/2)) N ibd PolyLog (2, —ie(c+/2))
2d 7 | 12
ibd PolyLog (2, ie?(¢+f2))
72
inputLInt[(c + d*x)*(a + bxSec[e + f*x]),x] J

output (@ (¢ * @¥0)72)/(2%d) - ((*D)*bx(c + dwx)*ArcTan(E™(Ik(e + £4x))1)/E + (I
 ¥bxd*PolyLog[2, (-I)*E~(I*(e + £%x))1)/£°2 - (I¥bxd*PolyLogl2, I+E~(Ix(e +
)1 /£72 |

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 ItL(escl(e ) + (F_)*x)Ix(_.) + (@) @_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
b < d(—(fo+e) n(14ie?(F2He)) 4 (fote) In(1-ie'(F ie))ﬂ dilog (1+i?(F7+) ) —i dilog (1-ie?(f 7 +e.
1.2
parts a(zdz + cx) + 7
ade(fz+te a z+e)2 eln(sec(fz+e n(fz+te bd_fz+51n1+iei(
e ac(fa-+e)— 20Uste)  adlete)® | pon (seo( fa-+e)+tan( fo-te)) - e leecliate)ttan(fote)) | (=(fate)in
derivativedivides 7
2 bd(—(fz+e)ln l+iei(
default ac(fx+e)—ade(§m+e)+ad(f2z;e) +bcln(sec(fm-i—e)-i—tan(fz-i—e))—bdeln(sec(fm+;)+ta"(fx+e))+ ( (
f
. ad z2 _ 2ibcarctan(e!fe+e))  bdIn(14ie’f=Fe))g  bdIn(14ietfmHe))e | bdIn(1—ieilfete))z
risch - +acx 7 7 72 + 7
input tint ((d*x+c)*(atb*sec (f*x+e)) ,x,method=_RETURNVERBOSE) J

output‘a*(1/2*d*XA2+C*X)+b/f*(1/f*d*(—(f*x+e)*1n(1+I*exp(I*(f*x+e)))+(f*x+e)*1n(1
‘ -Ixexp (I*(f*xx+e)))+I*xdilog(1+I*exp (I*(f*x+e)))-I*dilog(1-I*exp(I*(f*x+e))) ‘
‘ )+c*1n(sec(f*x+e)+tan(f*x+e))-e/f*d*1ln(sec(f*x+e)+tan(f*x+e))) ‘

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.11 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c +dz)(a + bsec(e + fz)) dz
_ adf?z? + 2 acf?z — i bdLiy(i cos (fr + €) + sin (fz + €)) — i bdLis (¢ cos (fz + €) — sin (fx +€)) + i bd

input Lintegrate ((d*x+c) * (a+bxsec(f*x+e)),x, algorithm="fricas") J
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1/2*% (axd*f~2*x~2 + 2ka*xc*f 2xx - I*bxdxdilog(I*cos(f*x + e) + sin(f*x + e)
) - Ixbxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*bxdxdilog(-I*cos(f*x +

e) + sin(f*x + e)) + I*b*dxdilog(-I*cos(f*x + e) - sin(f*x + e)) - (b*d*e

- b*cxf)*xlog(cos(f*x + e) + I*sin(f*x + e) + I) + (bxd*e - bxc*f)*log(cos(
fxx + e) - I*sin(f*x + e) + I) + (bxdxf*x + bxd*e)*log(I*cos(f*x + e) + si
n(f*x + e) + 1) - (bxd*f*x + bxd*e)*log(I*cos(f*x + e) - sin(f*x + e) + 1)
+ (b*d*f*x + b*d*e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (bxd*f*x +
b*d*e) *log(-I*cos(f*x + e) - sin(f*x + e) + 1) - (bxd*e - bxcxf)*Llog(-cos(
fxx + e) + Ixsin(f*x + e) + I) + (b*dxe - b*c*f)*log(-cos(f*x + e) - I*sin
(f*x + e) + I))/f"2

output

Sympy [F]

/(c—l—dx)(a—l—bsec(e-l—fx)) dr = / (a+ bsec(e+ fx)) (c+ dx) dz

input‘\integrate((d*x+c)*(a+b*sec(f*x+e)),x)

r

ou‘cpu‘c“ntegral((a + bksec(e + f*x))*(c + d*x), x)

| —

Maxima [F|

/(c+dm)(a+bsec(e+fx)) dx = /(dm+c)(bsec (fr+e)+a)dz

input‘integrate((d*x+c)*(a+b*sec(f*x+e)),x, algorithm="maxima"

1/2x (axd*f*xx"2 + 2xa*cxf*x + 4*xbxd*fxintegrate((x*cos(2xf*x + 2%e)*cos(f*x
+ e) + x*sin(2*f*xx + 2xe)*sin(f*x + e) + x*cos(f*x + e))/(cos(2*f*x + 2xe
)72 + sin(2*f*x + 2%e) "2 + 2xcos(2xf*x + 2%e) + 1), x) + b*cklog(cos(f*x +
e)”2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - bxc*log(cos(f*x + e)”2 + si
n(fxx + e)”2 - 2*sin(f*x + e) + 1))/f

output
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Giac [F]

/(c+dx)(a+bsec(e+fx))dac = /(dx—i—c)(bsec (fx+e)+a)de

input Lintegrate ((d*x+c)*(a+bxsec (f*x+e)),x, algorithm="giac") J

output Lintegrate((d*x + c)x(bksec(f*x + e) + a), x) J

Mupad [F(-1)]

Timed out.
/(c—}-dx)(a—l—bsec(e—l—fx)) dx = / (a—l— m> (c+dx) dz
input 106((@ + b/cos(e + £x0)x(c + dxx),x) )
output 1BE((@ + b/cos(e + £x0))%(c + dxx), x) J
Reduce [F]

/(c + dz)(a + bsec(e + fx)) dz
—4 (f %dx) bdf — 2log(tan (£ + £) — 1) be + 2log(tan (£ + £) + 1) be + 2acfz + adf =

2f

input Lint((d*x+c)*(a+b*sec (f*x+e)),x) J

‘( - 4xint((tan((e + f£*x)/2)**2xx)/(tan((e + £xx)/2)**2 - 1),x)*bxd*f - 2%1 \
\og(tan((e + £xx)/2) - 1)*bxc + 2xlog(tan((e + f£xx)/2) + 1)*bxc + 2kaxcxf*x \
‘ + axdxf*xxk2 + bxdrfxxx*2)/(2%f) ‘

output
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3.97 f a+bsec(e+fx) dr

c+dz
Optimal result . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . . 210
Rubi [N/A] .« . o 217
Maple [N/A] . . . . 2T8]
Fricas [N/A] . . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . . 219
Giac [N/A] . . . o PARS)
Mupad [N/A] . . . . 2719
Reduce [N/A] . . . o 220

Optimal result

Integrand size = 18, antiderivative size = 18

/a-l—bsec(e—i—fz) dr — Tnt a+bsec(e—+—fa:)’w
c+dz c+dz

output 'Defer (Int) ((a+bxsec(f*x+e))/(d*x+c) ,x)

Mathematica [N/A]
Not integrable

Time = 0.67 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—bsec(e—l—fz) dx:/a—l-bsec(e-f—fx) i
c+dz c+dz

-

input LIntegrate[(a + b*Sec[e + £*x]1)/(c + d*x),x]

\ >

output LIntegrate[(a + b*Sec[e + f*x])/(c + d*x), x] J




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a-l-bsec(e—i-fx) dx
c+dx

J,3042

/a+bcsc(e—|—fw+’27)

c+dzx dz

l 4681

/a—i—bsec(e-l—fac)dm
c+dz

‘Int[(a + b*Secl[e + f*x])/(c + d*x),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bsec(fa:+e)dx
dx +c

inputtint((a+b*sec(f*X+e))/(d*x+c),x)

Output[int((a+b*sec(f*x+e))/(d*x+c)’X)

-/

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bsec(e—l—f:v) dx:/bsec(fz—i—e)—l-adx
c+dx dx +c

inputt

outputt

integrate ((at+bxsec(f*x+e))/(d*x+c),x, algorithm="fricas")

integral ((b*sec(f*x + e) + a)/(d*x + c), x)

inputt

Sympy [N/A]
Not integrable

Time = 0.80 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a+bsec(e—|—f:c) d /a—l—bsec(e—i—fx)

= d
c+dx c+dx v

integrate ((atb*sec(f*x+e))/(d*x+c),x)

outputt

Integral((a + bxsec(e + f*x))/(c + d*x), x)
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Maxima [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a—l—bsec(e—l—fx) dw:/bsec(fm+e)+ad$
c+dx dz +c

input Lintegrate ((atb*sec(f*x+e))/(d*x+c) ,x, algorithm="maxima") J

‘ (2*bxd*integrate((cos (2xf*x + 2%e)*cos(f*x + e) + sin(2*fxx + 2xe)*sin(f*x ‘
‘ + e) + cos(f*x + e))/((d*x + c)*cos(2*f*xx + 2%e)~2 + (d*x + c)*sin(2*xf*x ‘
+ 2%e)"2 + d¥x + 2%(d¥x + c)*cos(2kfxx + 2xe) + c), x) + axlog(d*x + c))/d |

output

Giac [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—i—bsec(e-l—fx) dxz/bsec(fm—i—e)—l—adw
c+dx dz +c

input Lintegrate ((at+bxsec(f*x+e))/(d*x+c) ,x, algorithm="giac") J

e hY
integrate((b*sec(f*x + e) + a)/(d*x + c), x)

N\ J

output

Mupad [N/A]
Not integrable

Time = 15.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

ot b
/a+bsec(e-|—fm) dx=/ cos(etfa) 4.
c+dx ct+dz
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inputtint((a + b/cos(e + f*x))/(c + d*x),x) J

output 1Bt((a + b/cos(e + £xx))/(c + d*x), x) ]

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 3.28

/ a+ bsec(e + fx) e
c+dz
(f COS(fx+e)c+1cos( Fote)ds dw) bd+ ([ dxl_i_cda:) bd + log(dx + ¢) a — log(dx + ¢) b
- d
input Lint ((atb*sec(f*x+e))/ (d*x+c) ,x) J

output‘ (int(1/(cos(e + f*x)*c + cos(e + f*x)*d*x),x)*b*d + int(1/(c + d*x),x)*b*d ‘
‘ + log(c + d*x)*a - log(c + d*x)*b)/d ‘
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3.28 f a+bsec(e+fx) dr

(ct+dz)?
Optimal result . . . . . . . . .. . ..
Mathematica [N/A] . . . . . . .. 221]
Rubi [N/A] .« . o 222
Maple [N/A] . . . 223]
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . 2241
Giac [N/A] .« . o 224
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

a+bsec(e+ fr) . a+ bsec(e + fz)
/ (c+ dx)? do = Int ( (c+dz)? x)

output

Mathematica [N/A]

Not integrable

Time = 1.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsece+ fr) . [ a+bsec(e+ fx)
/ (c+ dzx)? de = / (c+ dz)? dz

input LIntegrate[(a + b*Sec[e + f*x])/(c + d*x)~2,x]

LDefer(Int)((a+b*sec(f*x+e))/(d*x+c)‘2,x) J

-

output Integratel(a + bxSecle + £xx])/(c + d+x)"2, x]

—




input

output

rule 3042

rule 4681
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Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, = -
integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a+ bsec(e + fzx)
/ (c+ dz)? de

l 3042

a+besc(e+ fz+7%)
/ (c+ dz)?

l 4681

a + bsec(e + fx)
/ (c+ dz)? de

dz

LInt[(a + b*Secl[e + f*x])/(c + d*x)~2,x]

e

L$Aborted

~—

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(a_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#x) m*(a + bxCsc[e + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+bsec(fa:+e)dx
(dz + c)®

input Lint ((a+bxsec (f*x+e))/ (d*x+c)~2,x)

output Lint ((atb*sec(f*x+e))/(d*x+c)~2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

dz

a+bsec(e+ fz) ,  [bsec(fr+e)+a
/ (c+dz)? dx_/ (dz + c)*

input Lintegrate ((a+b*sec(f*xx+e) )/ (d*x+c) "2 , X, algorithm="fricas D)

output Lintegral((b*sec(f*x + e) + a)/(d"2%x"2 + 2%c*d*x + c”2), X)

Sympy [N/A]
Not integrable

Time = 2.94 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dz

a+bsece+ fr) . [a+bsec(e+ fr)
/ (c + dx)? dr = / (c + dx)?

input Lintegrate ((atb*sec(fxx+e) )/ (dkx+c) **2,x)
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output‘ Integral((a + bxsec(e + f*x))/(c + d*x)**2, x)

Maxima [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+bsec(e+ fr) . [bsec(fr+e)+a
/ (c+dx)? dz = / (dx + 0)2 de

inputLintegrate((a+b*sec(f*x+e))/(d*x+c)*2,x, algorithm="maxima")

(2% (b*d"2*x + b*c*d)*integrate((cos(2xf*x + 2*e)*cos(f*x + e) + sin(2*f*x

+ 2xe)xsin(f*x + e) + cos(f*xx + e))/(d"2*x"2 + 2*c*xd*x + (d72*x"2 + 2*cxd*

X + c"2)*cos(2*xfxx + 2%e) "2 + (d72%x"2 + 2*ckxd*x + c”2)*sin(2*f*x + 2%e) "2
+ c72 + 2x(d72%x72 + 2xc*kd*x + cT2)*cos(2xf*x + 2xe)), x) - a)/(d"2*x + ¢

*d)

output

Giac [N/A]
Not integrable

Time = 1.70 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsec(e+ fx) . [bsec(fr+e)+a
/ (c+dx)? de = / (dx + 0)2 dz

inputLintegrate((a+b*sec(f*x+e))/(d*x+c)*2,x’ algorithm="giac")

outputkintegrate((b*sec(f*X +e) +a)/(d*x + c)~2, x)




CHAPTER 3. LISTING OF INTEGRALS 225

Mupad [N/A]
Not integrable

Time = 15.41 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

ot b
/ a—+ bSGC(e + fx) de — / cos(e+f2a:) dr
(ot da)? (c+ dz)

lnput Lint((a + b/COS(e + f*X))/(C + d*x)“z,x)

ou‘cpu‘ctint((a + b/cos(e + f*x))/(c + d*x)"2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 85, normalized size of antiderivative = 4.72

/ a+ bsec(e + fx) i
(c+ dz)?
( i sec(f ”23:";‘(’0 z+e) dz) b f + ( J sec(f w+§if:(f zte) dz) bedfr — sec (fx + e) be + adx
B cd (dz + ¢)

input Lint ((atbxsec(f*x+e))/(d*x+c)~2,x)

Output‘(int((sec(e + f*x)xtan(e + £*x))/(c + d*x),x)*bxcx*#2*xf + int((sec(e + f*x)
‘*tan(e + f*x))/(c + d*x),x)*bkcxd*f*x - sec(e + f*x)*bxc + a*xd*x)/(cxd*(c
‘+ d*x))
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3.29

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [B] (verified)
Fricas [B] (verification not implemented)

Sympy [F]

Maxima [B] (verification not implemented)
Giac [F] . .
Mupad [F(-1)]

Reduce [F]

[(c+dz)*(a+ bsec(e + fz))* dz
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Optimal result

Integrand size = 20, antiderivative size = 364

.b2 d 3 2 d 4
/(c+ dz)3(a + bsec(e + fz))*dr = 2 (C‘}‘ ) n a (C;ll;l )
4iab(c + dz)? arctan (ei(e” x))
f .
3b%d(c + dz)?log (1 + e2z(e+fx))
IZ
6iabd(c + dz)* PolyLog (2, _iei(e+fw))
_|_
12
6iabd(c + dz)* PolyLog (2, ie'**/®))
_ 7
3ib?d?(c + dz) PolyLog (2, —eZ(c+/2))
_ B
12abd? (¢ + dz) PolyLog (3’ _iei(e+fz))
_ 7
12abd?(c + dz) PolyLog (3, ie'+/®))
+
73
+ 3b%d? PolyLog (3, —g2iletf w))
2f4
12iabd? PolyLog (4, —ie'*/2))
_ i
12iabd® PolyLog (4, ie'“+%))
_|_
[z
b%(c + dz)® tan(e + fx)
! 7

—-Ixb~2x*(d*x+c) ~3/f+1/4*a~2*(d*x+c) ~4/d-4*I*a*b* (d*x+c) “3*arctan(exp (I*(f*x
+e)) ) /£+3xb"2xd* (d*x+c) “2+1n(1+exp (2*I* (f*x+e) ) ) /£~ 2+6*I*axbkd (d*x+c) "2*p
olylog(2,-I*exp(I*(fxx+e)))/f 2-6xI*a*xbxd* (d*x+c) "2*polylog(2, I*xexp (I*(f*x
+e)))/£72-3*I*b"2+d~2* (d*x+c) *polylog (2, —exp (2*xI* (fxx+e) ) ) /£~ 3-12%a*xbxd~2x*
(d*x+c) *polylog(3,-Ixexp(I*(f*x+e)))/f~3+12%axb*d~2* (d*x+c)*polylog(3, I*ex
p(I*x(f*x+e)))/£73+3/2%b"2xd"3*polylog(3,-exp (2*xI* (fxx+e))) /f~4-12%I*axb*d"
3*polylog(4,-I*exp (I*(f*x+e)))/f~4+12xI*a*b*d"3*polylog(4,I*exp(I*(f*x+e))
) /£74+b7 2% (d*x+c) “3*tan(f*x+e) /£

output
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Mathematica [A] (verified)

Time = 1.67 (sec) , antiderivative size = 646, normalized size of antiderivative = 1.77

/(c +dz)*(a + bsec(e + fz))*dx
40’ frz — 12ib%cd? f3a? + 6a’df*a? — 4ib?d® f32® + daPcd® f*2® + aPd® f4z* 4 8abc® f coth™ (sin(e -

input LIntegrate[(c + dxx)~3*%(a + b*Sec[e + f*x])~2,x] J

(4*a~2%c"3*f74*x - (12%I)*b"2*ckd~2*f73*x"2 + 6*a”2*c ™ 2xd*f 4*x"2 - (4xI)=*
b72%d"3*f73%x"3 + 4*a"2%ckd"2*f 4*x"3 + a"2xd"3*f "4*x"4 + 8kaxbxc 3*f " 3*Ar
cCoth[Sin[e + f*x]] - (48%I)*axbxc~2xd*f 3*x*ArcTan[E~(I*x(e + f*x))] - (48
*I) xaxbkc*kd~2xf " 3*x"2*ArcTan[E~ (Ix(e + f*x))] - (16%I)*a*b*d~3*f~3*x"3*Arc
Tan[E~(I*(e + f*x))] + 24*b~2xc*d~2*f 2xx*Log[l + E~((2*xI)*(e + f*x))] + 1
2*%b"2xd"3*f"2*x"2xLog[1 + ET((2*I)*(e + f*x))] + 12*%b"2xc~2*xd*f"2xLog[Cos[
e + f£*x]] + (24*I)*a*xbkd*f~2*(c + d*x) 2*xPolyLogl[2, (-I)*E~(I*(e + f*x))]
- (24%I)*a*bxd*f~2*(c + d*x) 2xPolyLogl[2, I*E~(I*(e + f*x))] - (12+I)*b~2%
cxd~2xf*PolyLog[2, -E~((2*%I)*(e + f*x))] - (12%I)*b~2*d~3*f*x*PolylLog[2, -
E7((2xI)*(e + f*x))] - 48xaxbxcxd~2*f*PolyLog[3, (-I)*E~(I*(e + f*x))] - 4
8*axb*d~3*f*x*PolyLog[3, (-I)*E~(Ix(e + f*x))] + 48%axbxcxd~2*f*PolyLogl3,
I*E~(I*(e + f£xx))] + 48xa*b*d~3xf*x*PolyLog[3, I*E~(I*(e + f*x))] + 6%b~2
*d~3*%PolyLog[3, -E~((2*I)*(e + f*x))] - (48%I)*a*b*d~3*xPolyLogl[4, (-I)*E~(
Ix(e + f*x))] + (48%I)*axb*d~3*PolyLogl[4, I*E~(I*(e + f*x))] + 4xb~2%c”~3*f
~3*Tan[e + f*x] + 12¥b~2%c"2xd*f " 3*x*Tan[e + f*x] + 12*%b"2xcxd~2*f 3%x~2*T
an[e + fxx] + 4*b~2*d"3*f"3*x"3*Tan[e + fxx])/(4*xf~4)

output

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 364, normalized size of antiderivative = 1.00,

number of rules _ ¢ 50, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.



CHAPTER 3. LISTING OF INTEGRALS 229

/(c + dz)3(a + bsec(e + fx))? dx
| 3042

/(c+d:v)3 <a+bcsc (e—l—fm—l— g))Qdaz

| 4678
/ (a®(c + dz)® + 2ab(c + dz)®sec(e + fz) + b*(c + dz)>sec’(e + fz)) dx

l 2009

a®(c+dzx)*  4iab(c+ dz)3 arctan (e!¢+/2))  12abd?(c + dz) PolyLog (3, —ie'(¢+/2)) N
4d f - 3
12abd?(c + dz) PolyLog (3, ie‘¢+/2)) N 6iabd(c + dz)? PolyLog (2, —ie'(c+/2))
f? f?
6iabd(c + dz)? PolyLog (2, ie*+f2))  12iabd?® PolyLog (4, —ie*(¢+/))
2 - f4
12iabd® PolyLog (4, ie(¢*/®)  3ib%d?(c + dz) PolyLog (2, —e%(c+f2))
- +
f4 f?
3b2d(c + dz)?log (1 + e¥+f2))  p2(c 4 dz)3tan(e + fz) b (c+ dz)3
2 + o
f yi f
3b2d® PolyLog (3, —e2i(e+/2))
2f4

+

input! Int[(c + d*x)"3*(a + b*Secle + f*x])~2,x]

((-D*b~2*%(c + d*x)~3)/f + (a"2x(c + d*x)~4)/(4xd) - ((4*I)*a*xb*(c + d*x)~
3*xArcTan[E~(I*(e + f*x))])/f + (3*%b"2xd*(c + d*x) 2*Log[l + E~((2*I)*(e +
£xx))1)/£72 + ((6%I)*a*b*d*(c + d*x) 2*PolyLog[2, (-I)*E~(I*(e + f*x))]1)/f
~2 - ((6%I)*axb*d*(c + d*x) 2*PolyLogl[2, I*E~(I*(e + f*x))])/£f72 - ((3*I)*
b~2*d"2*(c + d*x)*PolyLog[2, -E~((2*I)*(e + £*x))]1)/£"3 - (12*a*b*d~2x(c +
d*x)*PolyLog[3, (-I)*E~(I*(e + £xx))])/£f73 + (12*axb*d~2*(c + d*x)*PolyLo
gl3, I*E~(I*(e + £*x))]1)/£"3 + (3%¥b~2+d"3*PolyLogl[3, -E~((2*I)*(e + f*xx))]
)/ (2%£74) - ((12%I)*axbxd~3*PolyLogl[4, (-I)*E~(I*(e + £*x))1)/f~4 + ((12*I
) *a*bxd~3%PolyLog[4, I*E~(I*(e + f*x))])/f~4 + (b"2x(c + d*x)~3*Tan[e + fx
x])/f

output
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Defintions of rubi rules used

rule

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4678

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

e

input L

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1488 vs. 2(327) = 654.

Time = 0.41 (sec) , antiderivative size = 1489, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1489

int ((d*x+c) “3*(a+b*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE)

~—




output

input
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-12*I*axb*d~3*polylog(4,-I*exp (I*(f*x+e)))/f ~4+12xI*axb*d~3*polylog(4,I*ex
p(Ix(f*xx+e))) /£74-3/£"4*b"2%e~2%d"3*1n(1+exp (2*xI* (f*x+e))) -6/ 4xb~2xd"3*e
~2*1n(exp(I*(f*x+e)))+3/£"2%b"2*d"3*1n(1+I*xexp (I* (f*xx+e))) *x"2+3/£"2%b"2*d
~3%1n(1-I*exp(I*(f*x+e)))*x~2+3/£ 4*%b"2%xd"3*1n (1-I*exp (I*(f*x+e)))*e~2+3/f
“4xb~2*%d"3*1n(1+I*exp (I* (f*x+e)))*e”~2+3/f"2+%b"2*c~2*d*1n (1+exp (2*I* (f*x+e)
))-6/£"2*%b~2%c"2*d*1n (exp (I* (f*x+e)))-2*I/fxb"2xd " 3*x~3+4*I/f~4*b~2%d " 3*e”
3+12*%I/f"2%b*d "~ 2*a*c*polylog(2,-I*exp (I* (f*x+e))) *x—-12+I/f " 3xb*a*ckd " 2xe"2
*xarctan (exp (I*(fxx+e)))-12%I/f " 2*bxd~2*a*c*polylog(2,I*xexp (I*(f*xx+e)))*x+1
2%I/f"2xbkxa*xc~2+d*exarctan (exp (I* (f*x+e))) +2*xI*b 2% (d~3%x"3+3*c*d~2%x " 2+3*
c~2xd*x+c”3) /f/ (1+exp (2*I* (f*x+e) ) ) -4*I/fxbxa*xc™3*arctan (exp (I* (f*x+e)))+3
*I/£~4*%b~2*e*d"3*polylog(2,-exp (2*I*(f*x+e)))+12/f " 3*bxa*d~3*polylog(3,I*e
xp(Ix(f*xx+e)))*x+12/£"3*%b~2*c*d"2*ex1n(exp (I* (f*x+e)) ) +6/£ " 3*%b"2xd"3*1n (1+
Ixexp(I*(f*x+e))) *exx+6/f " 3*b~2*d"3*1n(1-I*exp (I*(f*x+e))) *e*x+12/f"3*b*d"
2xaxc*polylog(3,I*xexp (I*(f*x+e)))-6/f"3*%b"2%exd~3*1n(1+exp (2*I* (f*x+e)))*x
-2/f*b*a*xd~3*%1n(1+I*exp (I* (f*x+e)))*x"3+2/f*b*axd~3*1n(1-I*exp (I* (f*x+e)))
*x"3-2/f"4*b*e~3*axd”"3*1n (1+Ixexp (I* (f*x+e)))+2/f 4xb*e~3*a*xd " 3*1n(1-I*exp
(I*(fxx+e)))+6/£72xb"2*%c*xd"2+1n (1+exp (2*xI* (f*x+e)) ) *x—12/f " 3*b*a*d~3*polyl
0g(3,-I*xexp(I*(f*x+e)))*x-12/f"3*xbxd"2*a*c*polylog(3,-Ixexp(I*(f*x+e)))+6*
I/£°3%b~2%d"3*e 2*x-6%I1/f ~3*xb~2*d"3*polylog(2,-I*exp(I*(f*x+e)))*x-6%I1/f~4
*b~2xd"3%polylog(2,-I*exp(I*(f*x+e)))*e-6+I/f3*¥b~2*d"3*polylog(2,I*exp. ..

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1823 vs. 2(311) = 622.

Time = 0.17 (sec) , antiderivative size = 1823, normalized size of antiderivative = 5.01

/(c + dz)?(a + bsec(e + fx))? dx = Too large to display

-

Lintegrate((d*x+c)‘3*(a+b*sec(f*x+e))‘2,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 232

output

1/4% (24*I*axb*d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(fxx + e)) +
24*I*axbxd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24%
Ixa*xb*d~3*cos(f*x + e)*polylog(4, -Ixcos(f*x + e) + sin(f*x + e)) - 24xI*a
*b*d~3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) - sin(f*x + e)) - 12x(I*axb
*d"3*%f72xx"2 + Ikaxbxc"2*d*f"2 - Ixb"2%cxd"2+f + I*(2xa*b*cxd"2+f72 - b~2%*
d~3*f)*x) *cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12x(I*axbxd”
3*f"2%x"2 + Ikaxbkxc 2xd*f~2 + Ixb~2xckxd™2*f + Ix(2%a*xb*c*d"2*f"2 + b"2*d"3
*xf)*x)*kcos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*axb*d™~ 3%
£72xx72 - Ika*bxc™2*%d*f~2 + I*b"2%cxd"2+f — I*(2xa*b*cxd"2+%f72 - b~ 2xd"3*f
)xx)*cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12x(-I*a*xbxd~3xf
"2%x72 - Ixa*xbkc”2xd*f"2 - Ixb~2kcxd"2+f - Ix(2kaxb*c*d™2*xf72 + b~2xd"3*f)
xx)*cos (f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e)) - 2*(2*axbxd~3*e”3
- 2%kaxbkc~3*f"3 - 3*b"2*xd"3*e”2 + 3*(2*a*b*c”2*d*e - bT2*c"2*xd)*f72 - 6x*(a
xbkcxd"2xe”2 - b~2xc*kd"2*e)*f)*cos(f*x + e)*log(cos(f*x + e) + I*ksin(fxx +
e) + I) + 2%(2%axb*d~3%e”3 - 2*a*xb*c”3*f~3 + 3*%b”2*%d"3%e”2 + 3% (2¥axbxc~2
*dke + bT2xcT2%d)*f72 - 6x(axbkxckd"2*e”2 + b~2kc*d"2*e)*f)*cos(f*x + e)*lo
g(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(2*axb*d"3*f73%x"3 + 2xa*b*d"3*xe”
3 + 6*axbxc”2*dxe*xf"2 - 3*b"2xd"3*e”2 + 3*(2*kaxbxckd"2*xf"3 + b72*d"3*f"2)*
X2 - 6%(a¥xbkcxd"2xe”2 - b"2xc*kd"2%e)*f + 6x(axbxcT2xd*f73 + bT2*ckd"2%f"2
)xx)*cos(f*x + e)*log(I*cos(f*x + e) + sin(fxx + e) + 1) - 2%(2%ka*xbxd~3...

Sympy [F]

/(c + dz)3(a + bsec(e + fz))*dz = / (a + bsec (e + fz))* (c + dzx)® dz

inputt

integrate ((d*x+c) **3* (atb*sec(f*x+e) ) **2,x)

-

outputt

Integral((a + b*sec(e + f*x))**2k(c + d*x)**3, x)

| —
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3267 vs. 2(311) = 622.

Time = 0.48 (sec) , antiderivative size = 3267, normalized size of antiderivative = 8.98

/(c + dz)?(a + bsec(e + fx))? dx = Too large to display

-

jnputLintegrate((d*X+C)“3*(a+b*sec(f*x+e))‘2,x, algorithm="maxima")

1/4% (4% (f*x + e)*a~2xc™3 + (f*x + e)~4*a~2%d"3/f"3 - 4x(f*xx + e) 3*a”~2xd"3
xe/f"3 + 6x(f*x + ) 2*xa"2xd"3xe”2/f"3 - 4x(f*x + e)*a"2+%d"3*e"3/f"3 + 4x(
fxx + e) " 3*%a"2xcxd"2/f72 - 12x(£fxx + e) "2*%a"2xc*xd"2*xe/f"2 + 124 (f*x + e)*a
“2xckd"2xe”2/f72 + 6x(fxx + e) "2%a"2kc”2xd/f - 12%(fxx + e)*a”~2*c 2xd*e/f
+ 8*axb*c~3*log(sec(f*x + e) + tan(f*x + e)) - 8*axb*d~3*e”3xlog(sec(f*x +
e) + tan(f*x + e))/f"3 + 24*axbxc*d"2*xe"2+log(sec(f*x + e) + tan(f*x + e)
)/£72 - 24*axbxc”2*xd*exlog(sec(f*x + e) + tan(f*x + e))/f - 4%(4x¥b~2xd"3*e
3 - 12%xb"2*c*kd"2xe"2*f + 12%xb"2*c”2kd*exf"2 - 4xb"2xc”3*f"3 + 4x((f*x + e
) "3*axb*d”"3 - 3*(axb*d"3*e — axbxckd"2*f)*(f*x + e)~2 + 3x(a*b*d"3*e”2 - 2
xaxbkxckd 2%exf + axbkxc 2xd*f~"2)*(f*xx + e) + ((f*x + e) 3*a*xb*d~3 - 3*(a*xb*
d"3%e - axbxckd"2xf)*(f*x + e)~2 + 3*(a*b*d"3xe”2 - 2xaxb*ckd"2xe*f + axbx
c2%d*f"2) x (f*x + e))*cos(2xf*x + 2*xe) + (I*(f*x + e) " 3xaxbxd™3 + 3x(-Ixax
b*d~3%e + I*axbkcxd~2*f)*(f*x + e)~2 + 3*x(I*a*bxd"3*e”2 - 2kI*axbkxckd 2%ex*
f + Ixaxbxc™2xd*xf~2)*(f*x + e))*sin(2xf*x + 2%e))*arctan2(cos(f*x + e), si
n(fxx + e) + 1) + 4*x((f*x + e) 3*xaxb*d"3 - 3*(a*xb*d"3*e — axbkxckxd~2x*f)*(f*
X + e)72 + 3*(axb*xd"3*e”2 — 2kakbkckd"2%e*xf + axbxc”2xdxf"2)k(f*x + e) + (
(f*x + e) 3*axb*d"3 - 3*(a*b*d"3*e — axbxcxd"2*xf)*(f*x + e)~2 + 3*x(axbxd”3
*@72 — 2xaxbxckd"2kexf + axbxcT2xd*f"2)*x(f*x + e))*cos(2xfxx + 2xe) + (I*(
f*xx + e) "3*axb*xd~3 + 3x(-I*a*bxd~3*e + I*a*xbkxcxd 2*f)*(f*x + e)~2 + 3x(I*a
*b*d~3*%e~2 - 2kI[*axbkckd 2xe*xf + I*axbkxc 2xd*f~2)*(f*x + e))*sin(xf*x ...

output

-/
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Giac [F]

/(c +dz)*(a + bsec(e + fr))?dx = / (dz + c)®(bsec (fz + €) + a)* dz

input‘integrate((d*X+C)“3*(a+b*sec(f*x+e))“2,x, algorithm="giac")

outputtintegrate((d*x + c)~3x(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

b

—cos(e—i—fa;)) (c+dz)’ dx

/(c+ dz)®(a + bsec(e + fz))?dz = / (a +

inputtint((a + b/cos(e + f*x)) " 2x(c + d*x)"3,x)

output Lint((a + b/cos(e + f*x))~2x(c + d*x)~3, x)

Reduce [F|

/(c + dz)3(a + bsec(e + fz))* dz = Too large to display

input Llnt ( (d*X+C) ~3% (a+b*sec (f*x+e) ) ~9 ,X)
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(16%cos(e + f*xx)*int(x**3/(tan((e + f*xx)/2)**4 - 2xtan((e + f*x)/2)**2 + 1
) ,X) *axbxd*x*x3*xf**4 + 48*cos(e + f*xx)*int(x**2/(tan((e + f*x)/2)**4 - 2*tan
((e + £xx)/2)**2 + 1) ,x)*a*xb*ckxd*x*x2xf*xx4 + 48*cos(e + f*x)*int((tan((e + f
*x) /2)*x*x*2) /(tan((e + £*x)/2)*x4 - 2xtan((e + f*x)/2)**2 + 1) ,x)*axbxd**3
*f*x3 — 48*cos(e + f*x)*int((tan((e + f*xx)/2)*x**2)/(tan((e + f*x)/2)**x4 -
2xtan((e + f£*x)/2)**2 + 1) ,x)*b**2xd**3*xf**3 + 96*cos(e + f*x)*int((tan((
e + £*x)/2)*x)/(tan((e + f*x)/2)**4 - 2xtan((e + f£*x)/2)**2 + 1),x)*a*xbxc*
d**2*f*x3 - 96%cos(e + f*x)*int((tan((e + f*x)/2)*x)/(tan((e + f*x)/2)*x*4
- 2xtan((e + f*x)/2)*%2 + 1),x)*b**x2kckd**x2xf**3 + 48*cos(e + f*x)*int (x/(
tan((e + f*x)/2)*x4 - 2xtan((e + f*x)/2)**2 + 1),x)*axb*xc*x*2xd*xf**4 + 48%c
os(e + f*x)*int(x/(tan((e + f*x)/2)**4 - 2+tan((e + £*x)/2)**2 + 1),x)*a*b
*dxk3*%f*x*x2 - 48*cos(e + f*x)*int(x/(tan((e + f*x)/2)*x4 - 2xtan((e + f*x)/
2)**2 + 1) ,x)*b*x2*d**3*xf**x2 + 12+cos(e + f*x)*log(tan((e + f*x)/2)**2 + 1
) ¥axbxcx*k2xd*xf*x2 + 12%cos(e + f*x)*log(tan((e + f*x)/2)**2 + 1)*a*b*xd**3
- 12*%cos(e + f*x)*log(tan((e + £*x)/2)**2 + 1)*b*k*2kck*2kd*f*x*2 — 12xcos(e
+ f*xx)*xlog(tan((e + f£*x)/2)**2 + 1)*bx*2xd**3 - 8*cos(e + f*x)*log(tan((e
+ £%x)/2) - 1)*axbkck*3*xf**3 - 12%cos(e + f*x)*log(tan((e + f*x)/2) - 1)*
axbxc**x2xd*f**x2 - 24*cos(e + f*xx)*log(tan((e + £*x)/2) - 1)*akxbkxckxd**2xf -
12xcos(e + f*x)*log(tan((e + £*x)/2) - 1)*axb*d**3 + 12*cos(e + f*xx)*log(
tan((e + £*x)/2) - 1)*b**2xck*x2kd*xf**x2 + 24xcos(e + f*x)*log(tan((e + f...

output
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3.30 [(c+dz)*(a+ bsec(e + fz))* dz
Optimalresult . . .. ... ... .. ... .. .. . ... . ...

Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . ... ... . ...
Maple [B] (verified) . . . . . . ... ...
Fricas [B] (verification not implemented) . . . . . .. ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . . ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 20, antiderivative size = 257

_ib*(c+dx)* | a*(c+dx)®

/(c + dz)*(a + bsec(e + fx))*dz = 7 + 2

4iab(c + dx)? arctan (ei(”f ”))

f

2bzd(c + dz) log (1 + 32i(e+f$))

f2

N 4iabd(c + dz) PolyLog (2, —ie'(ct/2)

f2

4z'abd(c + d.’I?) PolyLog (2’ Z'ei(e-i—fw))

f2

ib?d? PolyLog (2, —e?(¢+f2))

f3

4abd? PolyLog (3, —ie'(ct/2))

f3

N 4abd? PolyLog (3, ie'*/2))

f3

N b*(c + dzx)*tan(e + fz)

f

239
240
241
241]
242
249
24!



output

input |

output
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\

-Ixb~2* (d*x+c) “2/f+1/3*a”~2* (d*x+c) ~3/d-4*I*axb* (d*x+c) “2*arctan (exp (I* (f*x
+e)) ) /f+2xb~2%d* (d*x+c) *1n(1+exp (2*xI* (fxx+e))) /£~ 2+4*I*axb*d* (d*x+c) *polyl
og(2,-I*exp (I*(f*xx+e)))/f~2-4*I*axb*d* (d*x+c)*polylog(2,I*exp(I*(f*x+e)))/
£72-I*b~2*d"2*polylog(2,-exp (2*I* (f*x+e))) /f~3-4*axb*d~2*polylog(3,-I*exp(
Ix(f*xx+e)))/f~3+4*a*b*d~2*polylog(3, I*xexp(I*(f*x+e)))/£73+b~ 2% (d*x+c) "2*ta
n(f*xx+e)/f

Mathematica [A] (verified)

Time = 1.01 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.39

/(c +dz)*(a + bsec(e + fz))* dzx

3’ fPx — 3ib*d? f2x® + 3aPcdf’x® + a?d? fPx’ + 6abc’ f? coth™'(sin(e + fz)) — 24iabedf*z arctan (e

Integrate[(c + d*x)~2x(a + bxSec[e + fx*x])~2,x]

(3*a™2%c™2xf73*x — (B*I)*b"2%d"2*f72*x"2 + 3*ka 2*cxd*f~3*x"2 + a~2*%d"2%f"3
*x"3 + 6xaxbxc”~2*f 2xArcCoth[Sin[e + fxx]] - (24xI)*axbxckd*f 2xx*ArcTan[E
“(Ix(e + £xx))] - (12%I)*axbxd~2xf"2xx"2xArcTan[E~ (I*x(e + f*x))] + 6%b~2%d
~2xfxx*Log[l + E~((2*I)*(e + f*x))] + 6%b~2*ckxd*f*Log[Cos[e + f*x]] + (12%
I)*axb*d*f*(c + d*x)*PolyLog[2, (-I)*E~(I*(e + f*x))] - (12%I)*a*bxd*f*(c

+ d*x)*PolyLog[2, I*E”~(I*(e + f*x))] - (3*I)*b~2%d"2*PolyLog[2, -E~((2*I)*
(e + fxx))] - 12%axbxd~2%PolyLog[3, (-I)*E~(I*(e + f*x))] + 12%a*b*d~2*Pol
yLog[3, I*E~(Ix(e + f*x))] + 3*b~2%c”2*f"2xTan[e + f*x] + 6*b~2xc*d*f " 2xx*
Tan[e + fxx] + 3*%b~2+d"2%f 2xx"2*Tan[e + f*x])/(3*£"3)

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,

number of rules _ 1 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
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/(c + dz)?(a + bsec(e + fx))? dx

l 3042

/(c+d:v)2 <a+bcsc (e—l—fw—l— g))Qdaz

l 4678

/ (a®(c + dz)? + 2ab(c + dz)*sec(e + fz) + b*(c + dz)?sec’(e + fz)) dx

| 2009
a?(c+dx)®  4iab(c+ dz)? arctan (ei(e+fm)) 4iabd(c + dz) PolyLog (2, —i eilet+ f2))
- + —
3d f . 72 |
4iabd(c + dz) PolyLog (2,ie'¢*/®)  4abd? PolyLog (3, —ie'(¢+f2)) N
2 B 3
4abd? PolyLog (3, iei(e+fac)) 2b2d(c + dz) log (1 + e21:(e+fac)) B2(c + dx)? tan(e + f)
f3 + f2 + —
ib®(c+dx)®  ib%d? PolyLog (2, —e%(e+/2))

;o 2

-

input L

-/

Int[(c + d*x)~2*(a + b*Sec[e + f*x])~2,x]

((-I)*b~2*(c + d*x)~2)/f + (a"2*(c + d*x)"3)/(3xd) - ((4xI)*a*xbx(c + d*x)~
2#ArcTan[E~(Ix(e + fxx))])/f + (2¥b~2*d*(c + d*x)*Log[l + E~((2xI)*(e + f*
x))1)/£72 + ((4*I)*a*bxdx(c + d*x)*PolyLog[2, (-I)*E~(I*(e + f*x))]1)/f"2 -
((4xI)*axbxd*(c + d*x)*PolyLog[2, I*E~(I*(e + £xx))])/£f"2 - (I*b~2*d"2%Po
lyLog[2, -E~((2*I)*(e + £*x))])/£"3 - (4*xaxb*d~2*PolyLog[3, (-I)*E~(I*(e +
£*x))])/£73 + (4xa*bxd"2*xPolyLogl[3, I*E~(I*(e + £*x))])/£f"3 + (b"2*(c + d
*xx) "2+Tan[e + f*x])/f

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

e \
rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \
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‘Int[(csc[(e_.) + (F_D)*x)DI*(_.) + (@))"(@_D)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
\ x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O] \

rule 4678

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 661 vs. 2(232) = 464.

Time = 0.32 (sec) , antiderivative size = 662, normalized size of antiderivative = 2.58

method | result

. 2bd2aln(l—iei(f’”"'e))x2 2be2a d? ln(1+iei(f‘”+e)) 2be?a d? ln(l—iei(f’”+e)) 2b d2aln(1+ie"(f””+e))ac2
risch 7 + 73 - 73 - 7

input‘int((d*x+c)“2*(a+b*sec(f*x+e))“2,x,method=_RETURNVERBCISE)

2/f*¥bxd~2*xa*1n(1-I*exp (I* (f*x+e)))*x"2+2/f"3*b*e 2*a*xd~2*1n (1+I*exp (I* (f*x
+e)))-2/£"3*b*e”"2*a*xd"2*1n(1-Ixexp (I* (f*x+e)))-2/f*b*d~2*a*x1n(1+I*xexp (I*(f
xx+e) ) ) *x"2-4%I1/f"2%b"2*d " 2*%e*x—-4*I/f*bxaxc”~2*arctan(exp (I* (f*x+e)))+1/3*a
~2%d"2*%x"3+1/3%a"2/d*c”3-4*axb*d"2*polylog(3,-I*exp (I* (f*x+e)))/f~3+4*a*xb*
d~2*polylog(3,I*xexp(I*(f*x+e))) /£ 3-I*b~2*d"2*polylog(2,-exp(2*I* (f*x+e)))
/£73+2/£72%b"2%d"2*1n (1+exp (2*I* (f*x+e) ) ) *x+4/£ " 3*b~2*d"2*e*1n (exp (I* (f*x+
e)))+2/£"2xb"2xc*d*1n (1+exp (2+xI* (fxx+e)))-4/f ~2*b~2*cxd*1n(exp (I* (f*x+e)))
—2xI/f*¥b"2%d"2*x"2-2%1/f"3*b"2*d"2*e"~2-4/fxbxc*ka*d*1n (1+Ixexp (I* (f*x+e)))*
x+4/fxb*cxaxd*x1ln(1-I*exp (I* (fxx+e)))*x-4/f"2*%b*cka*d*x1ln(1+I*exp (I* (fxx+e))
) *e+4 /£~ 2+b*ckaxd*1n (1-I*xexp (I* (f*x+e)) ) *e-4*xI1/f " 3*bxaxd ~2*e”2*arctan (exp(
Ix(fxx+e)))+4*I/f " 2xb*d”~2*a*polylog(2,-I*exp (I* (f*x+e)))*x-4*I/f 2xb*d~2*a
*polylog(2,Ixexp (I*(f*x+e)))*x+4*I/f 2*bxc*a*xd*polylog(2,-Ixexp(I*(f*x+e))
)—4*I/f~2*b*c*axd*polylog(2,I*xexp(I*(f*x+e)))+2*xI*b~2% (d"2*x"2+2*c*d*x+c~2
)/£/ (1+exp (2% Ix (f*x+e) ) ) +a~2*d*kc*xx"2+a”2xc " 2xx+8*1/f ~2*b*axc*d*e*arctan (ex
p(I*x(fxx+e)))

output




inputt

output

-

\
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1056 vs. 2(220) = 440.

Time = 0.15 (sec) , antiderivative size = 1056, normalized size of antiderivative = 4.11

/(c + dz)*(a + bsec(e + fx))? dx = Too large to display

integrate ((d*x+c) "2*(a+bxsec(f*x+e))~2,x, algorithm="fricas")

-/

-1/3%(6*a*b*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6
*a*xbxd~2*cos(f*x + e)*polylog(3, Ixcos(f*x + e) - sin(f*x + e)) + 6xaxb*d”
2*xcos (f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*a*b*d~2*cos(
fxx + e)*polylog(3, -I*cos(f*x + e) - sin(f*x + e)) + 3x(2kIxaxb*d 2xf*x +
2xI*axb*cxd*f - I*b~2*d"2)*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*xx +
e)) + 3%(2*I*xaxbxd~2*f*x + 2*I*kaxbxckd*f + I*b~2*d~2)*cos(f*x + e)*dilog(I
xcos(f*x + e) - sin(f*x + e)) + 3x(-2xI*axb*d~2*f*x — 2xIkaxbkcxd*f + I*b~
2xd"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*(-2*I*axbxd”
2xfxx — 2xIxaxbkckd*xf — I*b~2xd"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - si
n(f*x + e)) - 3x(axbxd"2*e”2 + a*b*c™2*xf"2 - b~2xd"2*%e - (2*axb*ckd*e - b~
2%cx*d) *f)*cos (f*xx + e)*log(cos(f*x + e) + I*sin(f*xx + e) + I) + 3x(a*xbxd”2
*e"2 + axbxc"2*f"2 + b"2*%d"2xe - (2xaxbkckdxe + b"2*c*d)*f)*cos(fxx + e)*l
og(cos(f*x + e) - I*sin(f*x + e) + I) - 3*(a*xbxd™2*f72*x"2 - axb*d"2%e"2 +
2xaxbkckd*exf + b"2xd"2%e + (2¥a*xbkckd*f~2 + b72*d"2*f)*x)*cos(f*x + e)*1
og(Ixcos(f*x + e) + sin(f*x + e) + 1) + 3x(axb*d"2*f72*x"2 - a*xb*d"2*e”2 +
2xa*bxckdxexf - b"2xd"2xe + (2xa*bxckd*f~"2 - b72xd"2*f)*x)*cos(f*x + e)*1
og(I*xcos(f*x + e) - sin(f*x + e) + 1) - 3*(a*b*d™2*f"2*x"2 - a*b*d™2*e”2 +
2xaxbkckd*kexf + b"2xd"2%e + (2*kaxbxckd*f~2 + b72*d"2xf)*x)*cos(f*x + e)*1
og(-I*cos(f*x + e) + sin(f*x + e) + 1) + 3x(axbxd"2*f"2%x"2 - axbxd"2*e”2
+ 2%axbxcxd*exf — b~2*d"2%e + (2xaxbkckd*f~2 - b"2+d"2xf)*x)*cos(f*x + ...
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Sympy [F]

/(c + dz)?(a + bsec(e + fz))*dz = / (a + bsec (e + fz))? (c + dz)*® dz

input‘integrate((d*x+c)**2*(a+b*sec(f*x+e))**2,x)

outputtlntegral((a + b¥sec(e + £*x))**2*(c + d*x)**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1641 vs. 2(220) = 440.

Time = 0.27 (sec) , antiderivative size = 1641, normalized size of antiderivative = 6.39

/(c + dz)*(a + bsec(e + fx))? dx = Too large to display

input Lintegrate ((d*x+c) ~2% (at+b*sec(f*x+e))~2,x, algorithm="maxima")
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output

1/3% (3% (f*x + e)*a™2xc™2 + (f*x + e)~3*%a”2%d"2/f"2 - 3*x(f*x + e) 2*a"~2*d"2
xe/f"2 + 3k (fxx + e)*a”~2%d"2*e”2/f"2 + 3x(f*x + e) "2*xa”~2*cxd/f - 6x(f*x +
e)*a~2xcxd*e/f + 6*axb*c”2xlog(sec(f*x + e) + tan(f*x + e)) + 6xa*xbxd~2xe”
2xlog(sec(f*x + e) + tan(f*x + e))/f"2 - 12*axb*cxd*exlog(sec(f*x + e) + t
an(f*x + e))/f + 3x(2*xb"2*d"2%e"2 - 4xb"2xckdxexf + 2kb"2%c"2*f"2 - 2% ((fx*
X + e) " 2%axbxd"2 - 2*(axbkd"2xe - axbkckd*f)*(f*xx + e) + ((f£*x + e) 2*a*bx
4”2 - 2*%(axb*d"2*e - axbxckd*f)*(f*x + e))*cos(2*f*xx + 2xe) + (I*x(f*x + e)
“2xa*xb*d~2 + 2x(-I*axbkd"2xe + Ixaxbkckd*f)*(fxx + e))*sin(2xf*x + 2%e))*a
rctan2(cos(f*x + e), sin(f*x + e) + 1) - 2x((f*x + e) "2*axb*d™2 - 2*(axb*d
~2%e — axbkckxd*f)*(f*x + e) + ((fxx + e) "2*axb*d~2 - 2% (a*bxd"2*e - axb*c*
d*f)*x(f*x + e))*cos(2xf*xx + 2%e) + (I*x(f*x + e) 2%xaxbxd~2 + 2x(-Ixaxbxd 2%
e + Ixaxbkcxd*xf)*(f*x + e))*sin(2xf*x + 2%e))*arctan2(cos(f*x + e), -sin(f
*x + e) + 1) + 2x((f*x + e)*b"2%d"2 - b"2xd"2*e + b~ 2*ckd*f + ((f*x + e)x*b
“2%d"2 - b72xd"2%e + b 2*c*d*f)*cos(2xfxx + 2*ke) - (~I*(f*x + e)*b"2xd"2 +
I*xb~2%d"2%e - I*b~2%cxd*f)*sin(2*xf*x + 2*e))*arctan2(sin(2*f*xx + 2*e), co
s(2xfxx + 2*xe) + 1) - 2% ((f*x + e)"2*xb"2*xd"2 - 2% (b"2*%d"2*e — b~ 2xc*xd*f)*(
fxx + e))*cos(2*xf*xx + 2xe) — (b"2%d"2*cos(2*f*x + 2*e) + I*b~2%d"2*sin(2*f
*X + 2%e) + b~2+%d"2)*dilog(-e” (2*Ixfxx + 2xIxe)) - 4x((f*x + e)*axb*d™2 -
axb*d~2%e + axbkckd*f + ((fxx + e)*a*bxd"2 - axb*xd"2%e + axbxckd*f)*cos(2*
fxx + 2%e) + (I*(f*x + e)*axbxd”2 - Ixaxb*d"2*e + Ikakbkxckd*f)*sin(2xf*...

Giac [F]

/(c +dz)?(a + bsec(e + fr))?dx = / (dz + c)*(bsec (fz + €) +a)’ dz

inputt

integrate ((d*x+c) 2% (atb*sec(f*x+e))~2,x, algorithm="giac")

-

outputt

integrate((d*x + c) " 2x(bxsec(f*x + e) + a)~2, x)

| —
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Mupad [F(-1)]

Timed out.

b

2
2
—cos(e—i—fx)) (c+dzx) dx

/(c—l— dz)*(a + bsec(e + fz))?dz = / (a +

input Lint((a + b/cos(e + f*x)) " 2x(c + d*x)~2,x)

output Lint((a + b/cos(e + f*x))"2x(c + d*x)~2, x)

Reduce [F]

/(c + dz)?(a + bsec(e + fz))* dz = Too large to display

input Lint ((d*x+c) ~2% (a+b*sec (f*x+e))~2,x)
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(12%cos(e + f*xx)*int (x**2/(tan((e + f*xx)/2)**4 - 2xtan((e + f*x)/2)**2 + 1
) ,x) *axbxdx*x2xf**3 + 24xcos(e + fxx)*int((tan((e + f*x)/2)*x)/(tan((e + fx*
x)/2)*x4 - 2%tan((e + f*xx)/2)**2 + 1) ,x)*a*xbkxd**2xf**2 - 24xcos(e + f*x)x*i
nt((tan((e + f*x)/2)*x)/(tan((e + f*xx)/2)**4 - 2xtan((e + f*x)/2)**x2 + 1),
X) *b**2¢d**2+xf*x2 + 24xcos(e + f*x)*int(x/(tan((e + f*xx)/2)**4 - 2*tan((e
+ f*x)/2)**2 + 1),x)*axbxcxd*f**3 + 6xcos(e + f*x)*log(tan((e + f*x)/2)**2
+ 1)*axbkckxd*xf - 6%cos(e + f*x)*log(tan((e + f*xx)/2)**2 + 1)*b**2kckd*xf -
6xcos(e + f*xx)*log(tan((e + f*x)/2) - 1)*akxbxck*2xf**2 - 6xcos(e + fxx)*1
og(tan((e + f*x)/2) - 1)*axbkcxd*f - 6*cos(e + f*x)*log(tan((e + f*x)/2) -
1) *axb*d**2 + 6xcos(e + fxx)*log(tan((e + f*x)/2) - 1)*b**2kcxd*f + 6%cos
(e + fxx)*log(tan((e + £*x)/2) - 1)*b**2xd**2 + 6*xcos(e + f*x)*log(tan((e

+ £*x)/2) + 1)*axbkck*2xf**2 - 6xcos(e + f*x)*xlog(tan((e + £*x)/2) + 1)*ax
b*cxd*f + 6*xcos(e + fxx)*log(tan((e + fx*x)/2) + 1)*a*bxd**x2 + 6*cos(e + fx*
x)*log(tan((e + £*x)/2) + 1)*bx*2xcxd*f - 6xcos(e + f*x)*log(tan((e + f*x)
/2) + 1)*b*x*2xd*x*2 + 3*kcos(e + f*x)*a**x2xck*x2xf*x*x3*x + 3kcos(e + f*x)*ax*x2
*Cckd*fxx3kx*¥*2 + cos(e + fxx)*ka**x2xd**2xf*k*3*x*x*3 — 3*xcos(e + f*x)*a*bxckxd
*fxk3*kx*k*x2 — cos(e + f*x)*axbkd**x2xf**3*xx**3 — Gksin(e + f*x)*karbrckd*f**2
*x - 3*sin(e + f*x)*axbkd**2*xf**x2xx**2 + 3ksin(e + F*xX)*b*k*k2kck*x2xf**x2 + 6
*sin(e + £*x)*bkk2kckdkf**x2xx + 3*sin(e + f£*x)*bk*k2xdkk2+xf**x2kx**x2 — 6*axb
*Qx*x2xf*xx + B¥bx*k2*xdk*2xf*x) / (3*kcos(e + fxx)*f**3)

output




output
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3.31 [(c+dz)(a+ bsec(e + fz))* dx

Optimal result . . . . . . . . . . . . e 245
Mathematica [A] (verified) . . . . . . . . . ... o 2761
Rubi [A] (verified) . . . .. . . ... .. 246
Maple [A] (verified) . . . . . . ... L 248
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 248
Sympy [F] . . o o 249
Maxima [F] . . . . . . 249
Giac [F] . . . . o o 250
Mupad [F(-1)] . . . o o 250
Reduce [F] . . . . . 251]

Optimal result

Integrand size = 18, antiderivative size = 131

a®(c+ dz)?  4iab(c + dz) arctan (e'(¢+/?))

/(c + dz)(a + bsec(e + fz))*dx = —

2d f

b’dlog(cos(e + fx))

_|_
Iz

2iabd PolyLog (2, —ie'¢*/2))

_|_
72

2iabd PolyLog (2, ie'¢+/®))
— E

b%(c + dz) tan(e + fx)
" 7

‘1/2*a‘2*(d*x+c)‘2/d—4*I*a*b*(d*x+c)*arctan(exp(I*(f*x+e)))/f+b‘2*d*1n(cos(
\f*x+e))/f‘2+2*I*a*b*d*polylog(2,—I*exp(I*(f*x+e)))/f“2—2*I*a*b*d*p01y10g(2

, Ixexp (Ix(fxx+e))) /£72+4b"2x (d*x+c) *tan(£*x+e) /£
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Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.15

/(c + dz)(a + bsec(e + fz))? dx

_ 2a’cf?z + adf?x® + dabcf coth™ (sin(e + fx)) — 8iabdf z arctan (e'*+/*)) + 2b2d log(cos(e + fx)) 4
= 27

input LIntegrate[(c + dxx)*(a + bxSec[e + f#*x])~2,x] J

((2*&“2*c*f“2*x + a”2%d*f"2%x72 + 4xaxbxcxfxArcCoth[Sin[e + f*x]] - (8*I)*a
\*b*d*f*x*ArcTan[E‘(I*(e + f£xx))] + 2*%b~2*d*Log[Cos[e + f*x]] + (4*I)*a*b*d
| ¥PolyLogl[2, (-I)*E~(I*(e + £¥x))] - (4*I)*axb*d*PolyLogl[2, I*E~(I*(e + f¥x
))] + 2%b~2*c*f*Tanle + f*x] + 2xb~2xdxfxx*Tan[e + f*x])/(2*f"2)

N\ J

output

\‘

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.00,

number of rules _ ) 157 Ryles
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)(a + bsec(e + fz))%dx

l’3042

/(c—i—dw) <a+bcsc (e-i— fz+ g))Qdac
| 4678
/ (a®(c + dz) + 2ab(c + dz) sec(e + fz) + b*(c + dz) sec*(e + fz)) dz

l 2009
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a®(c+dx)?  4iab(c+ dz)arctan (e(¢+/®)  2jabd PolyLog (2, —iel(c+f2))
- +
2d _ f f?
2iabd PolyLog (2,ie*¢*/®))  b2(c + dz)tan(e + fz)  b2dlog(cos(e + fz))
2 " 7 ' 72

input LInt[(c + d*x)*(a + b*Secl[e + f*x])~2,x] J

(a~2%(c + d*x)"2)/(2*d) - ((4*I)*axb*(c + d*x)*ArcTan[E~(I*(e + £*x))1)/f
\+ (b~"2xd*Log[Cos[e + fxx]]1)/£72 + ((2*I)*axb*d*PolyLog[2, (-I)*E~(I*(e + £ \
¥x))1)/£72 - ((2+I)*a¥bxd*PolyLog[2, I+E~(Ix(e + £xx))1)/£"2 + (b™2%(c + d

(#x)*Tan[e + £*x]1)/f |

output

Defintions of rubi rules used

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |

rule 4678‘Int[(csc[(e_.) + (F_)*(x)1*(M_.) + (a))"(@_.)*((c_.) + (@_)*(x))"(m_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x], ‘
' x] /; FreeQ[{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] && IGtQ[n, O]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.45

method result
2ab d(—(fm+e) llrx(l-H'ei(fz'Fe
2(1,39,.2 b2dtan(fr+e)z b2dIn(cos(fz+e)) b2ctan(fz+e)
parts a (Qd:c + cz) + 7 + 7 + 7 +
2 2 2 2abd( —(fx+e
. . o . a?c(fzte)—2 de(;z+e) +2 d(£;+e) +2abcIn(sec(fz+e)+tan(fz+e))— 2abde ln(sec(fm}'e)+tan(fz+e)) + ( Chias
derivativedivides
default a?c(fz+e)— “2‘16(;:”6) + a2d(’;“f°+e)2 +2abe In(sec( fz+e)+tan(fo+e))— 2204 ln(sec(fx;fe)ﬂan(fmﬂ)) + 2abid(~ o+
c€rau
3 a?dx? 2 2ib2(da:-|—c) b2dln(1+e2i(fz+e)) 2b2d1n(ei(fw+e)) 4ibacarctan(ei(f“”+e)) |
I‘lSCh a9 + a“cr + f(l+62i(fz+e)) + fz - fz — 7 + <

-

tint ((d*x+c)*(a+b*sec (f*x+e)) ~2,x,method=_RETURNVERBOSE)

e—

input

" \ a~2* (1/2*d*x"2+c*x) +b~"2/f*d*tan (f*x+e) *x+b~2*d*1n(cos (f*x+e) ) /£~2+b~2/f*c* \
\ tan (f*x+e)+2xaxb/f* (1/f*d* (- (£xx+e) *1n(1+I*exp(I* (f*x+e)))+(f*x+e)*1n(1-I* \
\ exp (Ix(f*x+e)))+Ixdilog(1+Ixexp(I*(f*x+e)))-I*xdilog(1-I*xexp(I*(f*xx+e))))+c \
‘ *1n(sec(f*x+e) +tan(f*x+e))-e/f*d*1n(sec(f*x+e)+tan(f*x+e))) ‘

outpu

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 505 vs. 2(111) = 222.

Time = 0.11 (sec) , antiderivative size = 505, normalized size of antiderivative = 3.85

/(c +dz)(a + bsec(e + fx))? dz
_ —2iabdcos (fx +e)Lis(i cos (fr + €) +sin (fz + €)) — 2i abd cos (fz + €) Lia(i cos (fz + e) — sin (fa

input Lintegrate ((d*x+c) * (a+bxsec(f*x+e))~2,x, algorithm="fricas") J




output
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1/2% (-2*I*axb*d*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(fxx + e)) - 2*Ixax
b*d*cos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) + 2xIxaxb*d*cos(f*x
+ e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2xI*axb*d*cos(f*x + e)*dilog(
-Ixcos(f*x + e) - sin(f*x + e)) - (2%axb*d*e - 2*a*bxc*f — b~2*d)*cos(f*x
+ e)*log(cos(f*x + e) + I*sin(f*x + e) + I) + (2%axb*d*e - 2%a*bkcxf + b~2
*d)*cos (f*x + e)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2*(axb*d*f*x + a
xb*d*e) *cos(f*x + e)*log(Ixcos(f*x + e) + sin(f*xx + e) + 1) - 2k (a*bkd*f*x
+ axb*d*e)*cos(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(axbxd
*f*x + axbxd*e)*cos(f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x%(
a*xbxd*f*x + axbkdxe)*cos(f*x + e)xlog(-Ixcos(f*x + e) - sin(f*x + e) + 1)
- (2%axbkdxe - 2*xa*bxc*f - b~2xd)*cos(f*x + e)*log(-cos(f*x + e) + I*sin(f
*x + e) + I) + (2%ax*bxdxe - 2kaxbxc*f + b~2+d)*cos(f*x + e)*log(-cos(f*x +
e) - Ixsin(f*x + e) + I) + (a"2xd*f~2*x"2 + 2*a~2xcxf~2*x)*cos(f*x + e) +
2% (b~2*d*f*x + b~ 2%c*f)*sin(f*x + e))/ (£ 2*cos(f*x + e))

inputt

-

outputt

inputt

Sympy [F]

/(c +dz)(a + bsec(e + fx))?dr = / (a+bsec (e + fz))* (c+ dz) dx

integrate ((d*x+c) * (a+bxsec (f*x+e) ) **2,x)

Integral((a + b*sec(e + f*x))**2k(c + d*x), x)

|

Maxima [F]

/(c+clac)(a+bsec(e+fav))2 dz = /(dx—i—c)(bsec (fz +e)+a)dx

p

integrate ((d*x+c)*(atb*sec(f*x+e))~2,x, algorithm="maxima")

-




output

input

output

input

output‘
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1/2% (2~ 2xd*£72+x72 + 2%a”~2kcxf"2%x + (a"2xd*f"2%x"2 + 2%a~2xc*f"2%x)*cos (2
*fxx + 2%e) "2 + (a72xd*f"2%x”"2 + 2%a"2*cxf 2*x)*sin(2xf*x + 2%e) "2 + 2x(a”
2%d*f72%x72 + 2xa"2xckfT2*x) *kcos (2*f*x + 2xe) + 8x(axbkd*f~3*kcos(2*f*x + 2
*e) "2 + axbxd*f~3*ksin(2*f*x + 2%e) "2 + 2*xaxbkd*f~3*kcos(2*f*x + 2xe) + axbx*
dxf~3)*integrate ((x*cos(2xf*x + 2xe)*cos(f*x + e) + x*sin(2*f*x + 2%e)*sin
(f*xx + e) + x*xcos(f*x + e))/(f*cos(2*f*x + 2%e) 2 + fxsin(2xf*x + 2%e) "2 +
2%fxcos (2*%f*x + 2xe) + f), x) + (b~ 2xd*cos(2*f*xx + 2*e) 2 + b 2*d*sin(2*f
*X + 2%e)”2 + 2%b"2kd*cos(2xf*x + 2%e) + b"2xd)*log(cos(2xf*x + 2%xe)”"2 + s
in(2*f*x + 2%e)”2 + 2xcos(2*f*x + 2%e) + 1) + 2x(axbxcxf*cos(2xf*x + 2xe)”
2 + axbxcxf*sin(2xf*xx + 2xe) 2 + 2xaxbkcxfxcos(2*f*x + 2%e) + axb*cxf)*log
(cos(f*x + e€)~2 + sin(f*x + e)~2 + 2*sin(f*x + e) + 1) - 2k (axbkcxf*cos (2%
f*x + 2%e) 2 + axbkckfxsin(2*xf*x + 2%e) "2 + 2*axbkckfxcos(2*fxx + 2*e) + a
xbkcxf)*log(cos(f*x + e)”2 + sin(f*x + )72 - 2*sin(f*x + e) + 1) + 4*(b"2
*d*xfxx + b72xckf)*sin(2*f*x + 2xe))/ (£ 2xcos(2*xf*x + 2%e) "2 + £ 2xsin(2*xf*
X + 2%e) "2 + 2%f"2xcos(2xfxx + 2*e) + £72)

Giac [F]

/(c+dx)(a+bsec(e—|—fac))2 dz = /(d:v-l—c)(bsec (fz +e)+a)dx

Lintegrate((d*x+c)*(a+b*sec(f*x+e))‘2,x, algorithm="giac")

;
integrate((d*x + c)*(bxsec(f*x + e) + a)~2, x)

N\

Mupad [F(-1)]

Timed out.

b )>2(c—|—da:) dz

/(c—i—dav)(cH—bsec(e-l—fac))2 dx = / <a+ cosle+ fa)

Lint((a + b/cos(e + £*xx))"2+(c + d*x),x)

int((a + b/cos(e + £*x))"2x(c + d*x), x)
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Reduce [F]

/(c + dz)(a + bsec(e + fz))? dx

8cos (fz+e) (f tan(f;+;)4—2xtan(f;+g)2+1dw) abd f? + 2cos (fz + €) log<tan (£ + 3)2 + 1) abd — 2

input‘int((d*x+c)*(a+b*sec(f*x+e))*Q,X)

(8*cos(e + fxx)*int(x/(tan((e + f*x)/2)**4 - 2*xtan((e + f*x)/2)**2 + 1) ,x)
*xaxbxd*f**2 + 2xcos(e + f*x)*log(tan((e + f*x)/2)**2 + 1)*a*b*d - 2*cos(e

+ f*x)*log(tan((e + f*x)/2)**2 + 1)*b**2xd - 4*cos(e + f*x)*log(tan((e + £
*x)/2) - 1)*axbxcxf - 2xcos(e + fx*x)*log(tan((e + £*x)/2) - 1)*axb*d + 2xc
os(e + f*x)*log(tan((e + f*x)/2) - 1)*b*x2*d + 4*cos(e + f*x)*log(tan((e +
f*x)/2) + 1)*a*bxcxf - 2*cos(e + f*x)*log(tan((e + f*x)/2) + 1)*axb*xd + 2
xcos(e + fxx)*log(tan((e + £*x)/2) + 1)*b**2xd + 2xcos(e + fxx)*a*rxkcxf*x
2+x + cos(e + £*x)*ax*¥2xd*f**2xx**x2 - cos(e + f*x)*axb*xd*f**2*x**2 - 2xsin
(e + f*xx)*axbxd*fxx + 2xsin(e + f*x)*b**2*cxf + 2*sin(e + f*x)*b**k2*d*f*x)
/(2%cos(e + fxx)*f**x2)

output
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3.392 f (GL—H)sec(e%—fac))2 dx

ct+dx
Optimal result . . . . . . . . . . . . . . e 252
Mathematica [N/A] . . . . . . . . . 252
Rubi [N/A] . . . 253
Maple [N/A] . . . o o
Fricas [N/A] . . . . o o 257
Sympy [N/A] . . o 2541
Maxima [N/A] . . . . . 255
Giac [N/A] . . . 255
Mupad [N/A] . . . o 2561
Reduce [N/A] . . . o 2561

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + bsec(e + fx))? dp — Int((a + bsec(e + fx))? 7 x)
c+dr c+dzx

output LDefer (Int) ((atb*sec(fxx+e)) ~2/ (d*x+c) ,x) J
Mathematica [N/A]
Not integrable
Time = 39.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2 2
/ (a + bsec(e + fx)) dp — / (a + bsec(e + fx)) "
c+dz ¢+ dz
input ‘\Integrate[(a + b*Sec[e + f*x])"2/(c + d*x),x] J

output LIntegrate[(a + b*Sec[e + f*x])72/(c + d*x), x] J
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+ bsec(e + fz))?
c+dx
l 3042

)2
/(a+bcsc(e—|—fw+2)) i
c+dx

dz

l 4681

/ (a + bsec(e + fw))QdI
c+dx

input ‘\

Int[(a + b*Sec[e + f*x])~2/(c + d*x),x]

output L

$Aborted J

rule 3042

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable
Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a+bsec(fzr+ e))2
dx +c

dz

input Lint ((at+bxsec (f*x+e)) "2/ (d*x+c) ,x)

output Lint ((atb*sec(f*x+e)) "2/ (d*x+c) ,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(a+bsec(e+fz dp — (bsec (fz +e) +a)

c+dzx dr +c dz

input Lintegrate ((at+bxsec(fxx+e)) "2/ (d*x+c) ,x, algorithm="fricas")

output Lintegral((b?*sec(f*x + e)"2 + 2%a*b*sec(f*x + e) + a~2)/(d*x + c), x)

Sympy [N/A]
Not integrable

Time = 1.20 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

dzx

/ (a + bsec(e + fr))? (a+ bsec(e+ fx))2
dx =
ct+dz c+dz

input Lintegrate ((atb*sec (f*x+e)) **2/ (d*x+c) ,x)
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output‘ Integral((a + b*sec(e + f*x))**2/(c + d*x), x)

Maxima [N/A]
Not integrable

Time = 1.09 (sec) , antiderivative size = 501, normalized size of antiderivative = 25.05

(a+bsec(e + fz))? . [ (bsec(fz+e)+a)
/ c+dzx de = / dx +c de

-

input integrate((a+b*sec(f*x+e))*2/(d*x+c),X, algorithm="maxima")

((a"2*dxf*x + a~2xc*f)*cos(2*f*x + 2%e) "2xlog(d*x + c) + 2%b~2*d*sin(2xf*x
+ 2%e) + (2" 2*d*fxx + a"2xcxf)*xlog(d*x + c)*sin(2xf*x + 2%e)”2 + 2x(a~2xd
xf*x + a~2+cxf)*cos(2*f*x + 2xe)*log(d*x + c) + (d"2xf*x + ckd*xf + (d"2*f=*
X + c*d*f)*cos(2*xf*xx + 2xe) "2 + (d"2*f*x + c*xd*f)*sin(2xf*x + 2%e) 2 + 2% (
d~2*f*x + c*d*f)*cos(2xf*x + 2%e))*integrate(2* (2% (a*b*d*f*x + axbxc*f)*co
s(2xf*x + 2*e)*cos(f*xx + e) + 2*(axb*d*f*x + axbkc*f)*cos(f*x + e) + (b~2*
d + 2x(a*bxd*f*x + a*bkcxf)*sin(f*x + e))*sin(2*f*xx + 2xe))/(d"2*f*x"2 + 2
kckdxfxx + cT2xf + (d72*f*x"2 + 2kckdkfrx + cT2*xf)*cos(2*f*x + 2%e)”2 + (d
“2%f*x"2 + 2kckdxfxx + cT2xf)*sin(2*xfkx + 2%e) "2 + 2x(dT2xf*x72 + 2kckdkE*
X + c”2xf)*cos(2xf*x + 2xe)), x) + (a~2xdxf*x + a~2*xc*xf)*log(d*x + c))/(d”
2xfxx + cxdxf + (d72*%f*xx + ckdkf)*cos(2*f*x + 2%e) "2 + (d"2*f*x + ckd*f)*s
in(2*f*x + 2%e)”2 + 2x(d"2*f*x + cxd*f)*cos(2*f*xx + 2xe))

output

Giac [N/A]
Not integrable

Time = 1.83 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a +bsec(e + fz))? . [ (bsec(fz +e)+a)
/ c+dzx de _/ dx +c de

input integrate ((at+bxsec(f*x+e)) 2/ (d*x+c),x, algorithm="giac")
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output Lintegrate((b*sec(f*x + e) + a)~2/(d*x + c), x) J

Mupad [N/A]
Not integrable

Time = 14.71 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2
(a + bsec(e + fr))? (a + cos(eZ—f:c))
dx = dx
c+dx c+dx

inputtint((a + b/cos(e + f*x))"2/(c + d*x),x) J

Output‘ int((a + b/cos(e + £*x))72/(c + d*x), x) ‘

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.20

/ (a + bsec(e + fx))?
dx
c+dx
sin(fa+e)” 2 1 1
— (f sin(fz+e)?ctsin(fz+e)’de—c—dzx dx) b*d + 2 (f cos(fz+e)ctcos(fz+e)dz d-’L') abd + 2(f mdx) abd + IOg(d.'E
. d
input {int ((atb*sec (f*x+e)) "2/ (d*x+c) ,x) J

‘( - int(sin(e + f*x)*x2/(sin(e + f*x)**2xc + sin(e + f*x)**x2kd*x - c - d*x ‘
‘),x)*b**2*d + 2xint(1/(cos(e + f*x)*c + cos(e + f*x)*d*x),x)*a*bxd + 2xint

‘(1/(0 + d*x) ,x)*axb*d + log(c + d*x)*a**2 - 2xlog(c + dxx)*axb + log(c + d ‘
‘*x)*b**z)/d ‘

output
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3.33 f (GL—H)sec(e%—fac))2 dx

(ct+dz)?
Optimal result . . . . . . . . . . . . e 257
Mathematica [N/A] . . . . . . . . 257
Rubi [N/A] . . o 258
Maple [N/A] . . . . . 259
Fricas [N/A] . . . . o o 259
Sympy [N/A] . . o 259
Maxima [N/A] . . . . 260
Giac [N/A] . . o o 2601
Mupad [N/A] . . o oo 261]
Reduce [N/A] . . . o o 261]

Optimal result

Integrand size = 20, antiderivative size = 20

(a+bsec(e + fx))* , (a + bsec(e + fr))?
/ (c+ da)? ‘h“‘h“( (c+ da)? ’x)

-

LDefer (Int) ((a+b*sec(f*x+e)) "2/ (d*x+c)~2,x)

| —

output

Mathematica [N/A]
Not integrable

Time = 22.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + bsec(e + fz))? (a + bsec(e + fx))?
dxr = dz
(c+dz)? (c + dz)?
input [Integrate [(a + bxSec[e + f*x])~2/(c + d*x)"2,x] J
output LIntegrate[(a + b*Secl[e + f*x])~"2/(c + d*x)"2, x] J
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a+ bsec(e + fz))?
(c+dzx)?

l 3042

dz

/ (a+besc(e+ fz+ %))2da:
(c+ dz)?

J’4681

/ (a + bsec(e + fm))de
(c+ dx)?

input‘ Int[(a + b*Sec[e + f*x])~2/(c + d*x)~2,x]

output L$Aborted J

Defintions of rubi rules used

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_.) + cscl(e_.) + (£_)*(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + bsec (fz +¢€))?
(dz + ¢)?
input Lint((a+b*sec (£xx+e)) "2/ (d*x+c)~2,x) J
output Lint ((atb*sec(f*x+e)) "2/ (d*x+c)~2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

dzx

/(a-l—bsec(e—l—fz s (bsec(fz +e) +a)
(c+ dz)? B (dz + c)®

input ‘ integrate((a+b*sec(f*x+e)) 2/ (d*x+c)~2,x, algorithm="fricas") ‘

output‘ integral ((b~2*sec(f*x + e)~2 + 2+axb*sec(f*x + e) + a~2)/(d"2*x"2 + 2x*c*d* ‘
‘X + ¢c72), x) ‘

Sympy [N/A]
Not integrable

Time = 2.50 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+bsec(e + fz))?> . [ (a+bsec(e+ fz)) .
/ (c+ dx)? de = / (c+ dx)2 d

input Lintegrate ((at+b*sec (f*x+e) ) *x2/ (d*x+c) **2,%) J
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output‘Integral((a + b*sec(e + £*x))**2/(c + d*x)**2, x)

Maxima [N/A]
Not integrable

Time = 1.11 (sec) , antiderivative size = 618, normalized size of antiderivative = 30.90

(a+bsec(e + fz))? . [ (bsec(fz+e)+a) .
/ (c+ dx)? dz = / (dz + c)2 d

p

inputLintegrate((a+b*sec(f*x+e))*2/(d*x+c)*2’x, algorithm="maxima")

-

—(a”2%d*xf*x + a~2xcxf — 2%b"2*d*sin(2*f*x + 2*e) + (a~2kd*xf*x + a~2*c*f)*c
os(2xfxx + 2%e) "2 + (a”2xd*f*x + a~2*ckf)*sin(2+f*x + 2%e) "2 + 2k (a~2xdxf*
X + a"2kcxf)*cos(2*xf*xx + 2%e) - (A"3*f*x"2 + kckd"2*f*x + c”2*kdkf + (d73*
£xx72 + 2kckd"2*fkx + cT2kd*f)kcos(2*f*kx + 2%e) "2 + (d"3*kEf*x"2 + 2kckd"2*f
*x + cT2xd*f)*sin(24f*xx + 2%e) "2 + 2% (d"3*f*x"2 + 2%ckd"2*fxx + cT2kd*f)*c
os(2xf*x + 2xe))*integrate(4*((a*bxd*f*x + a*bkcxf)*cos(2xf*x + 2%e)*cos(f
*x + e) + (axbxdxf*x + asb*c*f)*cos(fxx + e) + (b"2*%d + (a*xb*xd*f*x + axb*c
*f)*xsin(fxx + e))*sin(2*f*x + 2xe))/(d"3*f*x"3 + 3*c*d " 2*f*x"2 + 3*c~2kd*f
*x + c73%f + (d73*%f*x"3 + 3*kckd"2*xf*x"2 + 3kc"2kdkf*x + c”3*f)*cos(2xf*xx +
2%e) "2 + (d73*f*x"3 + 3kckd"2*f*x"2 + 3*xc"2xd*xfxx + c"3*f)*sin(2*f*x + 2%
e) 2 + 2% (d"3*%f*x"3 + 3kckd"2*f*x"2 + 3kc"2xd*f*x + c~3*f)*cos(2xf*x + 2%e
)), x))/(d"3*%f*x"2 + 2kckd"2*f*kx + c”2kd*xf + (d"3*kf*xx"2 + 2kckd"2xf*x + c”
2xdxf)*xcos (2xf*xx + 2%e) "2 + (d"3*f*x"2 + 2xc*kd"2kf*x + cT2xd*f)*sin (kE*x
+ 2%e) "2 + 2x(d"3*f*x"2 + 2%c*kd"2xfxx + cT2xd*f)*cos(2xfxx + 2%e))

output

Giac [N/A]
Not integrable

Time = 56.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bsec(e + fz))? . [ (bsec(fz+e)+a) .
/ (c+ dx)? dz = / (dz + 0)2 d
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input Lintegrate ((a+b*sec(fxx+e)) "2/ (d*x+c)~2,x, algorithm="giac") J

output Lintegrate((b*sec(f*x + e) + a)”2/(d*x + c)72, x) J

Mupad [N/A]
Not integrable

Time = 15.23 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2
(a+bsec(e+ fx))? , (a+ m>
/ (c+dz)? o = / (c+dz)? de

inputtint((a + b/cos(e + £*x))"2/(c + d*x)"2,%) J

outputtint((a + b/cos(e + £*x))~2/(c + d*x)~2, x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 172, normalized size of antiderivative = 8.60

(a + bsec(e + fx))?
dx
(c+ dx)?
B 9 <f sec(fm+z:i);t_2n(fz+e) d:L‘) b202f +2 (f sec(f:c+<zl);t_fzn(fm+e) d:L‘) bzcdf:v +9 <f sec(fz-}-;ifcn(fm+e) d:l:) ab 02f n
) cd (dx + ¢)
input Lint((a+b*sec (f*x+e)) "2/ (d*x+c)~2,%) J
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(2xint ((sec(e + f*x)**2xtan(e + f*x))/(c + d*x),x)*bx*2*xc**2xf + 2xint((se
c(e + fxx)**x2xtan(e + f*x))/(c + d*x),x)*b**2xckd*xfxx + 2*%int((sec(e + f*x
Y*tan(e + f*x))/(c + d*xx),x)*axb*xckx*x2*xf + 2*xint((sec(e + f*x)*tan(e + f*x)
)/ (c + dx*xx),x)*a*xbxckdxf*x - sec(e + f*x)**2xb**2xc - 2*sec(e + f*x)*axb*c
+ a**2*d#*x)/(c*xd*(c + d*xx))

output
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3.34 [ (il gy
) a+bsec(e+fx)

Optimal result . . . . . . . . .. .. 263]
Mathematica [A] (verified) . . . . . . ... ... L o
Rubi [A] (verified) . . . . . . . .. ..
Maple [F] . . . . o 260
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 267
Sympy [F] . . . 268
Maxima [F(-2)] . . . . . . . o
Giac [F] . . . . o o
Mupad [F(-1)] . . . 269
Reduce [F] . . . . 0 o 269

Optimal result

Integrand size = 20, antiderivative size = 526

)

)

(c + dz)? (c+dx)t iblc+d)’log (1 e
/ a + bsec(e + fr) = "4d T av—a?+ b2 f

ib(c + dz)3log (1 + W(_—’—ﬁb)
B av/—a? + B2 f

3bd(c + dz)? PolyLog (27 _%>
+ av/—a? + b2 f2

3bd(c + da)* PolyLog (2, — ;25572 )
B av/—a® + b2 f2

6ibd?(c + dz) PolyLog <3, —b_“f;(_e—gii;
+ av/—a® + b2 f3

6ibd?(c + dz) PolyLog (3, —H“f;(_e—;%)bz

)

av—a? + b2 f3

6bd3 PolyLog (4, ace+/o)

T b—v/—a?1b?

)

av/—a? + b2 f4

+

6bd3 PolyLog (4, _ _acietfo)

b+v—a2+b2

)

av/—a? + b2 f4



output

input

output
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1/4x (d*x+c) ~4/a/d+I*b* (d*x+c) ~3*1n(1+axexp (I*(f*x+e))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b"2) " (1/2) /£-I*b* (d*x+c) “3*1n(1+a*exp (I* (fxx+e) )/ (b+(-a~2+b~2) ~(
1/2)))/a/(-a~2+b~2) " (1/2) /£+3*b*d* (d*x+c) “2*polylog(2,-a*exp (I*(f*x+e)) /(b
-(-a~2+b~2)"(1/2)))/a/(-a~2+b"2) " (1/2) /£~2-3*b*d* (d*x+c) “2+polylog(2,-a*ex
p(Ix(fxx+e))/(b+(-a~2+b~2)"(1/2)))/a/(-a~2+b"2) ~(1/2) /£~ 2+6*I*bxd~2* (d*x+c
)*polylog(3,-a*exp (I*(f*x+e))/(b-(-a"2+b"2)~(1/2)))/a/(-a"2+b"2)~(1/2)/£"3
—-6*I*bxd~2* (d*x+c) *polylog(3,-a*exp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a/(-a
~2+b~2)~(1/2) /£~3-6%b*xd"3*polylog(4,-a*exp (I*(f*x+e))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b~2)~(1/2) /£~4+6xbxd~3*polylog(4,-a*exp (I*(f*x+e))/(b+(-a~2+b~2)
~(1/2)))/a/(-a"2+b~2)"(1/2)/£f"4

Mathematica [A] (verified)

Time = 0.99 (sec) , antiderivative size = 449, normalized size of antiderivative = 0.85

(c+dz)?
/ a + bsec(e + fz) dz

(b+acos(e + fx)) | z(4c® + 6c2dz + 4ed?x? + d3x3

aetletfz)

4ib ((c+dm)3 log (1— W) —(c+dz)3 log <1+
)+

aetlets

b+ —a2

e

LIntegrate[(c + d*x)~3/(a + b*Secle + f*x]),x]

~—

((b + axCos[e + f*xx])*(x*(4*c™3 + 6xc™2xd*x + 4*cxd™2*x"2 + d"3*%x73) + ((4
*I)*b*((c + d*x)~3*Log[l - (a*E~(Ix(e + £*x)))/(-b + Sgrt[-a~2 + b~2])] -

(c + d*x)~3*Log[1 + (a*E~(Ix(e + f*x)))/(b + Sqrt[-a”2 + b~2])] + (3*d*((-
I)*f~2*%(c + d*x) ~2+PolyLog[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a~2 + b~2])]
+ 2*d* (f*(c + d*x)*PolyLog[3, (a*xE~(Ix(e + f*x)))/(-b + Sqrt[-a~2 + b~2])
] + I*d*PolyLogl4, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a”"2 + b~2])1)))/£"3 + (
(3*I)*d*(£f"2%(c + d*x) 2*PolyLogl[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 +
b~2]))] + (2%I)*d*f*(c + d*x)*PolyLog[3, -((a*E~(I*(e + £f*x)))/(b + Sqrtl[
-a”2 + b~2]))] - 2*%d"2*PolyLogl[4, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b
~21))1))/£73))/(Sqrt[-a~2 + b~2]*f))*Sec[e + f*x])/(4*ax(a + b*Sec[e + f*x
1
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Rubi [A] (verified)

Time = 1.32 (sec) , antiderivative size = 526, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+dz)3

a+ bsec(e + fx) v
| 3042

/ (c+dz)3 B
a+besc(e+ fz+7)

| 4679
/ (c+ dx)? b(c+ dzx)3
_ dx
a a(acos(e + fzr) +b)
| 2009
. i(e+fx) . i(e+fzx)
6ibd?(c + d) PolyLog (3, 2271 ) 6ibd?(c + da) PolyLog (3, - 270,
af3v/bE — a2 af3v/bE — a2
i(e+fzx) i(e+fx)
3bd(c + dx)? PolyLog (2, —;‘_e\/%) - 3bd(c + dz)? PolyLog (2, — s W)
af2v/b% — a2 af2/b% — a2
. i(e+fx) . i(e+fx)
ib(c + dx)3 log (1 + %) B ib(c + dz)* log (1 + %) B
afvVb? — a? afvVb? — a?
i(e+fx) i(et+fx)
6bd? PolyLog (4, — 27272 ) 00" PolyLog (4, - 255 , (et da’
af VB — a2 afiV/b? — a2 4ad

input LInt[(c + d*x)~3/(a + b*Secl[e + f*x]),x]
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(c + d*x)~4/(4*a*xd) + (I*bx(c + d*x)~3*Logl[l + (a*xE~(I*(e + £*x)))/(b - Sq
rt[-a”2 + b~2])]1)/(axSqrt[-a"2 + b~"2]*f) - (Ixb*(c + d*x) 3*Logl[l + (a*E~(
Ix(e + £xx)))/(b + Sqrt[-a~2 + b72])]1)/(a*xSqrt[-a~2 + b~2]*f) + (3*bxd*(c

+ d*x) “2%PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a”2 + b~2]))])/(a*Sqr
t[-a"2 + b"2]*£72) - (3*bxd*(c + d*x) 2%PolyLog[2, -((a*E~(I*(e + f*x)))/(
b + Sqrt[-a~2 + b°2]))])/(a*Sqrt[-a~2 + b~2]*f~2) + ((6*I)*b*d~2*(c + d*x)
*PolyLog[3, -((a*E~(Ix(e + £*x)))/(b - Sqrt[-a”2 + b72]1))]1)/(a*Sqrt[-a~2 +
b~2]*£~3) - ((6*I)*b*d~2*(c + d*x)*PolyLogl[3, -((a*E~(Ix(e + f*x)))/(b +

Sart[-a~2 + b~2]))]1)/(axSqrt[-a~2 + b~2]*£73) - (6%b*d~3*PolyLogl[4, -((a*E
“(Ix(e + £*x)))/(b - Sgrt[-a~2 + b~2]))])/(axSqrt[-a~2 + b~2]1*f74) + (6%bx
d~3*PolyLogl[4, -((a*xE~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a*Sqrt[-a~
2 + b"2]*£74)

output

Defintions of rubi rules used

-

ruka2009£1nt[“—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

\ >

rule 3042 Int[u_, x_Symbol]l :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Intllescle_.) + (£_)*(x)1x(b_.) + (@) (@_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x] n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]
Maple [F]

/ (dz + ¢)® i
a+bsec(fzr+e)
inputLint((d*X+C)”3/(a+b*sec(f*x+e)),x)

e

OutputLint((d*x+c)‘3/(a+b*sec(f*x+e)),x)

A >




CHAPTER 3. LISTING OF INTEGRALS 267

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2309 vs. 2(466) = 932.

Time = 0.29 (sec) , antiderivative size = 2309, normalized size of antiderivative = 4.39

(c+ dz)? B '
/ a + bsec(e + f7) dx = Too large to display

>

input integrate ((d*x+c) 3/ (at+b*sec(f*x+e)) ,x, algorithm="fricas")

1/4%((a”2 - b™2)*d"3*f"4*x"4 + 4x(a”2 - b"2)*cxd"2*xf"4xx"3 + 6x(a”2 - b~2)
*xCT2%d*f"4xx"2 + 4x(a”2 - bT2)*c"3*f"4xx + 12xaxb*d"3*sqrt(-(a”2 - b~2)/a"
2)*polylog(4, —(b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + Ixax
sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2))/a) - 12*%a*xb*d~3*sqrt(-(a”2 - b~2)/a"
2)*polylog(4, -(b*cos(f*x + e) + Ixb*sin(f*x + e) - (a*cos(f*x + e) + Ixa*
sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/a) + 12*%a*bxd~3*sqrt(-(a~2 - b~2)/a”
2)*polylog(4, —(b*cos(f*x + e) - Ixb*sin(f*x + e) + (a*cos(f*x + e) - Ixax
sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/a) - 12*axbxd~3*sqrt(-(a~2 - b~2)/a"
2)*polylog(4, —(b*cos(f*x + e) - Ixb*sin(f*x + e) - (a*cos(f*x + e) - Ixax
sin(f*x + e))*sqrt(-(a”2 - b72)/a"2))/a) - 6*%(a*bxd~3*f~2*x"2 + 2xa*bxc*d”
2+¢f72%x + axbxc 2xd*f~2)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) + I
*b*sin(f*x + e) + (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"
2) + a)/a + 1) + 6%(a*xb*d " 3*xf72%x"2 + 2*kaxbkckd 2*xf"2%x + axbkxcT2*d*f"2)*s
grt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f
*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - 6*x(a*b*d”
3*x£72%x72 + 2¥a¥bkcxd"2+f”"2*%x + a¥bkc”2xd*f~2)*sqrt(-(a”2 - b"2)/a"2)*dilo
g(-(b*cos(f*x + e) - Ixb*sin(f*x + e) + (a*cos(f*x + e) - I*axsin(f*x + e)
Y*sqrt(-(a~2 - b"2)/a"2) + a)/a + 1) + 6x(axb*d"3*f72*x"2 + 2xaxbxc*d~2*f~
2%x + axbxc”2xd*f"2)*sqrt(-(a”2 - b72)/a"2)*dilog(-(bxcos(f*x + e) - Ixb*s
in(f*x + e) - (a*cos(f*x + e) - I*a*sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2...

output
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Sympy [F]
3 3
/ (ct+de)® . _ / (ct+do)’
a + bsec(e + fz) a+bsec(e+ fz)
inputLintegrate((d*X+C)**3/(a+b*sec(f*x+e)),x)

Outputtlntegral((c + d*x)**3/(a + bxsec(e + f*x)), x)

Maxima [F(-2)]

Exception generated.

3
/ (c+ dz) dr = Exception raised: ValueError
a + bsec(e + fx)

inputLintegrate((d*x+c)‘3/(a+b*sec(f*x+e)),X, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £

‘or more de

Giac [F]
3 3
/ (c+dzx) dp — / (dz + ¢) I
a + bsec(e + fx) bsec(fr+e)+a
input Lintegrate ((d*x+c) "3/ (atb*sec(f*x+e)),x, algorithm="giac ")

output Lintegrate((d*x + ¢c)~3/(bxsec(f*x + e) + a), x)
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Mupad [F(-1)]

~—

Timed out.
3 3
/ E)c—l—da:) da:=/ (c-l—dbx) e
a+ bsec(e + fzx) o+ s
inputtint((c + d*x)~3/(a + b/cos(e + f*x)),x)
output [iﬂt((c + d*x)~3/(a + b/cos(e + f*x)), x)
Reduce [F|

(c+ dx)?
/ a+ bsec(e + fz) de

n(£Z+2)a—tan( L2 +¢ n(fz1e 2
—8\/T—|—b?atan(ta (2+f/)_aa2t:b2(2+2)b) bc3—|-8(ft ( . tan (5 +5 xz

2
f—w—i—%) a? —tan(% +5) b2—a?—2ab—b?

dx) albd?f

inputt

int ((d*x+c) "3/ (a+b*sec(f*x+e)) ,x)

output

( - 8*sqrt( - a**2 + b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/
sqrt( - a**2 + b**2))*bxc**3 + 8*xint((tan((e + f*x)/2)**2xx**3)/(tan((e +

£4x)/2) **%2xa*x*2 - tan((e + f£*x)/2)**x2kb**2 — a**x2 — 2%axb - b**2) ,x)*a*x*3*
bxd**3*f - 8*int((tan((e + £*xx)/2)**2*x**3)/(tan((e + f*x)/2)**2xax*2 - ta
n((e + £*xx)/2)**2%b**2 — ax*2 — 2kaxb - b**2),x)*axb*x3kd**x3*f + 24*int ((t
an((e + f£*xx)/2)**2*x**2)/(tan((e + f*x)/2)**2%ax*2 - tan((e + f*x)/2)**2xb
**%2 — axx2 - 2%axb — b**2),x)*ax*3xbkxckdx*x2xf - 24xint((tan((e + £*x)/2)*x*
2*x*%2) /(tan((e + f*xx)/2)**2*a**2 - tan((e + f*xx)/2)**k2kb**2 — a**2 - 2xax
b - b**2),x)*a*b*k*k3kckd**2*xf + 24xint((tan((e + f*x)/2)**2*x)/(tan((e + fx*
x)/2)**2*axx2 — tan((e + £*x)/2)**2xb*k*2 — a*x*2 — 2*a*xb — b**2),x)*ax*k3*b*
ckk2kd*f - 24xint((tan((e + f*x)/2)**2xx)/(tan((e + f*x)/2)**2*%a*x2 - tan(
(e + f*xx)/2)**2*%b*x*x2 — a**2 — 2xaxb — b**x2) ,x)*akbkx3kck*2kd*xf + 4*a*xkcx
*3kfkx + Gkakk2kckk2kdkLrxk*2 + dkxakxk2kckdk*2kfxx*k*x3 + ax*k2kdk*3xfxx**k4d —

6kaxbkxckk2kdkfxx*k*x2 — 4xgakxbkckd**x2kxfrkxx*k3 — akbkd**x3kxfkxkxkk4d — 4dxbk*k2kckx*k3x*
f*x)/(4xaxf*(a**x2 - b**x2))
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3.35 [ (i gy
) a+bsec(e+fx)

Optimal result . . . . . . . . .. .. 2770
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o 273
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 274
Sympy [F] . . .
Maxima [F(-2)] . . . . . . .o
Giac [F] . . . o o
Mupad [F(-1)] . . . 276
Reduce [F] . . . . . 276l

Optimal result

Integrand size = 20, antiderivative size = 394

)

. aei(e"’fw)
/ (c+ dz)? o (c+ dz)® N ib(c + dz)?log (1 P s
a+bsec(e+ fr) ~ 3ad av—a? + b2 f
. 2 aeiletfz)
~ ib(c + dzx)? log (1 + W——TW>
av—a?+ b2 f

+

9bd(c + dz) PolyLog (2, —

aeiletfz)
— A /_a2+b2

9bd(c + dz) PolyLog (2, -

av/—a? + b2f?

aetletfz)
b++v—a2+b2

av/—a? + b2 f2

2ibd? PolyLog (3, — _aele /)

b—v—a2+b2

)

+

av—a? + B2 f3

2ibd? PolyLog <3, _ _aellctfs)

b+v—a2+b2

)

a\/mf?’
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1/3*(d*x+c) ~3/a/d+I*b* (d*x+c) ~2*1n(1+axexp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b"2) " (1/2) /£-I*b* (d*x+c) "2x1n(1+a*exp (I* (fxx+e) )/ (b+(-a~2+b~2) ~(
1/2)))/a/(-a~2+b~2) " (1/2) /£+2xb*d* (d*x+c) *polylog(2,-a*exp (I* (fxx+e)) / (b-(
-a~2+b~2)"(1/2)))/a/(-a~2+b~2) ~(1/2) /£~2-2xb*d* (d*x+c) *polylog(2,-a*xexp (I*
(f*x+e))/(b+(-a"2+b"2)~(1/2)))/a/(-a~2+b~2) " (1/2) /£~ 2+2xI*b*d~2*polylog(3,
—axexp (I*(f*x+e))/(b-(-a"2+b"2)"(1/2)))/a/(-a~2+b~2) ~(1/2) /£~3-2xI*b*d~2*p
olylog(3,-a*exp(I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a/(-a"2+b"2)"(1/2)/£"3

output

Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 338, normalized size of antiderivative = 0.86
2
/ (c+dzx) i
a+ bsec(e + fx)

(b+ acos(e + fz)) | z(3c* + 3edzx + d*z?

) ) 2d( —if
) 2 __aeiletfa) 2 aci(ct/2) (
3ib ((c+d:c) log(l TSRy s (c+dzx)? log 1+b+ 77 +

)+

3a(a -

-

LIntegrate[(c + d*x)~2/(a + b*Sec[e + f*x]),x]

| —

input

~

((b + a*Cos[e + f*x])*(x*(3*c™2 + 3*kckxd*x + d~2*x"2) + ((3*I)*bx((c + d*x)
~2+Log[1l - (a*E~(I*(e + £*x)))/(-b + Sart[-a”2 + b~2])] - (c + dxx) 2*Logl
1 + (a*E~(I*x(e + £*x)))/(b + Sqrt[-a”2 + b~2])] + (2*d*((-I)*fx(c + d*x)*P
olyLog[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a”2 + b~2])] + d*PolyLog[3, (a*E
“(Ix(e + £*x)))/(-b + Sqrt[-a"2 + ©72]1)1))/£72 + ((2*I)*d*(f*(c + d*x)*Pol
yLog[2, -((a*E~(I*(e + £*x)))/(b + Sqrt[-a~2 + b~2]))] + I*d*PolyLogl[3, -(
(a*E~(I*(e + £*x)))/(b + Sqrt[-a"2 + 1721))1))/£72))/(Sqrt[-a~2 + b~2]*f))
xSec[e + fxx])/(3*a*x(a + bxSec[e + f*x]))

output
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Rubi [A] (verified)

Time = 1.09 (sec) , antiderivative size = 394, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

(c+ dz)?
/ a+ bsec(e + fx) de

J’3042

below.

/ (c + dz)? B
a+besc(e+ fz+7)

| 4679
/ (c + dx)? b(c+ dzx)?
_ dx
a a(acos(e + fzr) +b)
| 2009
i(e+fx) i(e+fz)
2bd(c + dx) PolyLog (2, —%) - 2bd(c + dx) PolyLog (2, —b‘f\/ﬁ)
af2/b% — a2 af2/b% — a2
i i(e+fx) . i(etfz)
ib(c + dx)? log (1 + ;‘_e\/ﬁ) B ib(c + dz)*log (1 + h) 4
afvVb? — a? afvVb% — a?
. i(e+fx) . i(e+fx)
2ibd? PolyLog (3, ‘&ﬁ) B 2ibd? PolyLog (3, _ﬁ/ﬁ) N (c + dz)3
af3v/b? — a2 af3vb? — a2 3ad

input \Int[(c + d*x)~2/(a + b*Secl[e + f*x]),x]




output
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(c + d*x)~3/(3*%a*d) + (I*b*(c + d*x) 2+Logl[l + (a*E~(I*(e + f*x)))/(b - Sq
rt[-a”2 + b~2])]1)/(axSqrt[-a"2 + b~2]*f) - (Ixb*(c + d*x) 2xLog[l + (a*E~(
Ix(e + £xx)))/(b + Sqrt[-a~2 + b72])]1)/(a*xSqrt[-a~2 + b~2]*f) + (2*bxd*(c
+ d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a"2 + b~2]))])/(a*Sqrt(
-a”2 + b"2]*£72) - (2%b*d*(c + d*x)*PolyLogl[2, -((a*E~(I*(e + £*x)))/(b +
Sqrt[-a~2 + b72]1))])/(a*Sqrt[-a~2 + b~2]*£72) + ((2*I)*b*d~2*PolyLogl[3, -(
(a*E~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]))])/(a*Sqrt[-a~2 + b~2]*£~3) - (
(2*%I)*b*d~2*PolyLog[3, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a*
Sart[-a~2 + b~2]*£f"3)

Defintions of rubi rules used

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

input

output L

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + £*x]1)°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Maple [F]

(dz + c)®
/a+bsec(fx+e)dx

Lint((d*x+c)A2/(a+b*sec(f*x+e)),x)

-

int ((d*x+c) ~2/ (atb*sec (f*x+e)),x)

| —
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1625 vs. 2(346) = 692.

Time = 0.24 (sec) , antiderivative size = 1625, normalized size of antiderivative = 4.12

(c+ dz)? B '
/ a + bsec(e + f7) dx = Too large to display

>

input integrate ((d*x+c) 2/ (at+b*sec(f*x+e)) ,x, algorithm="fricas")

1/6%(2%x(a”2 - b"2)*d"2*f73*x"3 + 6%(a”2 - b"2)*c*kd*f~3*x"2 + 6%(a”2 - b~2)
*xC"2xf"3xx - 6xIxaxbxd~2xsqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x + e
) + Ixbxsin(f*x + e) + (axcos(f*x + e) + I*akxsin(f*x + e))*sqrt(-(a”2 - b~
2)/a~2))/a) + 6xI*axb*d~2*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x +
e) + I*bxsin(f*x + e) - (axcos(f*x + e) + I*axsin(f*x + e))*sqrt(-(a”2 - b
~2)/a"2))/a) + 6xIxaxbxd~2*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x +
e) - Ixbxsin(f*x + e) + (axcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a~2 -
b~2)/a~2))/a) - 6*Ixaxbxd~2*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x
+ e) - I*b*sin(f*x + e) - (a*cos(f*x + e) - Ixaxsin(f*x + e))*sqrt(-(a"2 -
b~2)/a~2))/a) - 6*(a*bxd~2*f*x + akbkcxd*f)*sqrt(-(a~2 - b~2)/a"2)*dilog(
-(b*cos(f*x + e) + Ixbksin(f*x + e) + (a*xcos(f*x + e) + Ika*xsin(f*x + e))*
sqrt(-(a”2 - b72)/a"2) + a)/a + 1) + 6x(a*b*xd™2xf*x + axbkckd*f)*sqrt(-(a”
2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) + Ixbxsin(f*x + e) - (axcos(f*x + e)
+ Ikxaxsin(f*x + e))#*sqrt(-(a”2 - b™2)/a"2) + a)/a + 1) - 6*x(axb*d™2*f*x +
axb*cxd*f)*sqrt(-(a”2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) - Ix*b*sin(f*x + e
) + (axcos(f*x + e) - I*xaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1)
+ 6% (axb*d~2xf*x + axbxcxd*f)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x +
e) - I*bxsin(f*x + e) - (axcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a"2 - b
72)/a"2) + a)/a + 1) + 3*k(I*a*bxd"2xe”2 - 2kIxaxbkckdkexf + I*axbxc™2xf~2)
*sqrt(-(a”2 - b~2)/a"2)*log(2*a*cos(f*x + e) + 2xIxaxsin(f*x + e) + 2*a...

output

N\
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Sympy [F]
2 2
/ (ct+de?® . _ / (ct+do)’
a + bsec(e + fz) a+bsec(e+ fz)
inputLintegrate((d*X+C)**2/(a+b*sec(f*x+e)),x)

output LIntegral((c + dxx)**2/(a + bksec(e + f*x)), x)

Maxima [F(-2)]

Exception generated.

2
/ (c+ dz) dr = Exception raised: ValueError
a + bsec(e + fx)

inputLintegrate((d*x+c)‘2/(a+b*sec(f*x+e)),X, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £

‘or more de

Giac [F]
2 2
/ (c+dzx) dp — / (dz + ¢) I
a + bsec(e + fx) bsec(fr+e)+a
inputLintegrate((d*x+c)“2/(a+b*sec(f*x+e)),X’ algorithm="giac")

output Lintegrate((d*x + ¢c)~2/(bxsec(f*x + e) + a), x)




input

output

input

output
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Mupad [F(-1)]

Timed out.

/ (c+ dx)? dx=/ (c+dzx)? e

a+ bsec(e + fx) 0+ e

Lint((c + d*x)~2/(a + b/cos(e + f*x)),x)

Lint((c + d*x)~2/(a + b/cos(e + f*x)), x)

Reduce [F]

(c+ dx)?
/ a + bsec(e + fz) de

tan(f—z—i—g)a—tan(f—z—i-g)b tan<l+9

5 x
) 2(12 —tan(% +%) 2b2—112—2ab—b2

dz) albd®f

Lint((d*x+c)‘2/(a+b*sec(f*x+e)),x)

( - 6*sqrt( - a**2 + b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/
sqrt( - a**2 + b**2))*bkc**2 + 6xint((tan((e + f*x)/2)**2xx**2)/(tan((e +
£¥x)/2) **%2xa*x*2 - tan((e + f£*x)/2)**x2kb**2 — a**x2 — 2%axb - b**2) ,x)*a*x*3*
bxd**2*xf - 6*int((tan((e + £*xx)/2)**2*x**2)/(tan((e + f*x)/2)**2xax*2 - ta
n((e + f£*x)/2)**2%b**2 — a**2 — 2%a*xb - b**2),x)*axbx*3xd**x2xf + 12%int ((t
an((e + £xx)/2)**x2*x)/(tan((e + £*x)/2)**x2*xa**2 — tan((e + f*xx)/2)**x2*xb**2
- ax*x2 — 2%axb — b**2),x)*ax*x3xbkxckd*xf - 12%int((tan((e + f*xx)/2)**x2xx)/(
tan((e + £*x)/2)*x2xaxx2 — tan((e + £*x)/2)**2xb*x*2 — ax*x2 — 2kaxb — b**2)
,X) kaxbkk3kckd*f + Jkakkkckkkf*x + Jkakkkckdkfrxk*k2 + akxkkd*k2xfrxx*x3
— 3%a¥bkckd*f*x**x2 — axbkdx*2*kf*kx*k*x3 — Ikbk*kkck*2kxf*x)/(3*ka*xf*(a*x*2 — b*x*

2))




output
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ct+dz

3.36 f a+bsec(e+fx) dz

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . ... L 278
Rubi [A] (verified) . . . . . . . . . . 278
Maple [B] (verified) . . . . . . . . . .. 280
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 2801
Sympy [F] . . . o 28]
Maxima [F(-2)] . . . . . . . o e 282
Giac [F] . . . o o 282
Mupad [F(-1)] . . . 282
Reduce [F] . . . . . o 2831

Optimal result

Integrand size = 18, antiderivative size = 257

c+dz i (c + dz)? ib(c + dz) log (1 +
/a+bsec(e+fx) S B av/—a? + b2f

ib(c + dz) log (1 +

av—a? + b2 f

bd PolyLog (2, —
+

b—v/—a?+b2

bd PolyLog (2, -

av—a? + b f?
b+V—a?+b?

a\/—azi-l—be2

/1/2*(d*x+c)‘2/a/d+I*b*(d*x+c)*1n(1+a*exp(I*(f*x+e))/(b-(-a‘2+b‘2)‘(1/2)))/

a/(-a~2+b"2) " (1/2) /f-I*b* (d*x+c) *1n(1+a*exp (I* (f*x+e) )/ (b+(-a~2+b~2)~(1/2)
))/a/(-a~2+b~2)~(1/2) /£+b*d*polylog(2,-a*exp (I* (f*x+e))/(b-(-a~2+b~2) ~(1/2
)))/a/(~a~2+b~2)~(1/2) /£~2-bxd*polylog(2,-a*exp (I* (f*x+e) )/ (b+(-a~2+b"2) " (

1/2)))/a/(-a~2+b~2)~(1/2)/£~2
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Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.83

/ c+dz i
a + bsec(e + fz)
. geiletfa) . geile+Fo)
B f(x/—a2 + 02 fx(2c + dzx) + 2ib(c + dz) log (1 - _bﬁ/ft:;;w) — 2ib(c + dzx) log (1 + W%)) + 21
2a+/—a? + b2 f2

e

LIntegrate[(c + d*x)/(a + bxSec[e + f*x]),x]

~—

input

(f*(Sqrt[-a"2 + b~2]*f*x*(2*c + d*x) + (2*I)*b*x(c + d*x)*Logl[l - (axE™(I*(
e + £%x)))/(-b + Sqrt[-a”2 + b~2])] - (2*I)*b*(c + d*x)*Log[l + (axE~(I*(e
+ £*x)))/(b + Sqrt[-a”2 + b~2])]) + 2*bxd*PolyLog[2, (a*E~(I*(e + f*x)))/
(-b + Sqrt[-a~2 + b~2])] - 2*bxd*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqr
t[-a”2 + b72]))]1)/(2*axSqrt[-a~2 + b~2]*£72)

output

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ c+dzx i
a+ bsec(e + fzx) v

l.3042

/ c+dx i
a+besc(e+ fz+ %)

l 4679

/ <C tudx ~ a(a cobs((?e-i—;-(j”va) + b)> de

l 2009
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ib(c + dz) log (1 ael(c+/7) ) ib(c + dz) log (1 4 aeietio) )

—Vb2—a?) VBE—ath)
afvVb? — a? afvVb? — a?
i(e+fx) i(et+f=z)
baPolyLog (2, — 252 ) baPolylog (255 ) (e da)?
a2V — a2 af2v/b% — a2 2ad

input LInt[(c + d*x)/(a + bxSec[e + f*x]),x]

(c + d*x)~2/(2%a*d) + (Ixbx(c + d*x)*Log[l + (axE~(I*(e + £*x)))/(b - Saqrt
[-a”2 + b72])])/(axSqrt[-a™2 + b~2]*f) - (Ixb*(c + d*x)*Log[l + (a*E~(I*(e
+ £*x)))/(b + Sqrt[-a~"2 + b~2])])/(a*Sqrt[-a"2 + b~2]*f) + (b*d*PolyLogl[2
, —((a*E~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*£"2)
- (b*d*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2]))])/(a*Sqrt
[-a"2 + b~2]*£"2)

output

Defintions of rubi rules used

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Intllesclle_.) + (£_.0*(x)Ix(b_.) + (a))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + ax*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]




input

output

input L
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 515 vs. 2(229) = 458.

Time = 0.15 (sec) , antiderivative size = 516, normalized size of antiderivative = 2.01

method | result

2ibc arctan (ML;)“;%) ibd In ( —etfrtelat, 2_a22+b2_b)a: ibd In ( etlfete)aty _a2+b2+b) T b
2v/a2-b + —b+vV—a2+4b _ b++v/—a2+b2 +—
fava2—b2 fav—a2+b2 fav/—a2+b2

: dz? cr
risch e T o T

Lint ((d*x+c) / (a+b*sec (f*x+e)) ,x,method= RETURNVERBOSE) J

1/2xd/a*x~2+c/a*x+2*1/f/a*b*c/(a"2-b"2) " (1/2) *arctan(1/2* (2*exp (I* (fxx+e))
*a+2%b) /(a~2-b"2) " (1/2) )+I/f/a*b*d/ (-a~2+b"2) " (1/2) *1n((-exp (I* (f*x+e) ) *a+
(-a~2+b"2)~(1/2)-b) / (-b+(-a"2+b"2) " (1/2) ) ) *x-I/f/axb*d/(-a~2+b~2) ~(1/2) *1n
((exp(I*(f*x+e))*a+(-a~2+b~2)~(1/2)+b)/(b+(-a~2+b~2)~(1/2)) ) *x+I/£~2/axb*d
/(-a~2+b~2)~(1/2) *1n((-exp (I* (f*x+e) ) *a+(-a~2+b~2) ~(1/2)-b) / (-b+(-a~2+b"2)
~(1/2)))*e-1/£"2/a*xbxd/ (-a~2+b~2) ~(1/2) *1n((exp (I* (£*x+e))*a+(-a~2+b~2) " (1
/2)+b) / (b+(-a~2+b~2)~(1/2)) ) *e+1/£~2/a*b*d/ (-a~2+b~2) ~(1/2) *dilog ((-exp (I*
(f*x+e))*a+(-a~2+b~2) " (1/2)-b) / (-b+(-a"2+b~2) " (1/2)))-1/£"2/a*b*d/ (-a~2+b~
2)~(1/2)*dilog((exp (I* (f*x+e))*a+(-a~2+b"2)~(1/2)+b) / (b+(-a"2+b"2)~(1/2)))
-2xI/f~2/axbxd*e/(a~2-b"2) ~(1/2) *arctan(1/2* (2*xexp (I* (f*x+e) ) *a+2*b) /(a~2-
b~2)~(1/2))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1041 vs. 2(225) = 450.

Time = 0.23 (sec) , antiderivative size = 1041, normalized size of antiderivative = 4.05

c+dx '
/ a + bsecle + f7) dx = Too large to display

integrate ((d*x+c)/(at+b*sec(f*x+e)),x, algorithm="fricas") J




output

input

output
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1/2%x((a”2 - b™2)*d*f~2%x"2 + 2*%(a”2 - b~2)*c*f~2*x - a*bxd*sqrt(-(a"2 - b~
2)/a"2)*dilog(-(b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + Ixax
sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + axb*d*sqrt(-(a”2 - b~2)
/a~2)*dilog(-(b*cos(f*x + e) + I*bxsin(f*x + e) - (axcos(f*x + e) + I*axsi
n(f*xx + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - axb*d*sqrt(-(a”2 - b~2)/a
~2)*dilog(-(bxcos(f*x + e) - I*b*sin(f*x + e) + (a*cos(f*x + e) - Ixa*sin(
f*x + e))*sqrt(-(a"2 - b~2)/a"2) + a)/a + 1) + a*bxd*sqrt(-(a”2 - b~2)/a"2
)*dilog(-(b*cos(f*x + e) - Ixbxsin(f*x + e) - (axcos(f*x + e) - I*axsin(fx
x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - (I*axbkdxe - I*axb*c*f)*sqrt(
-(a"2 - b"2)/a"2)*log(2*axcos(f*x + e) + 2*I*a*sin(f*x + e) + 2xaxsqrt(-(a
"2 - b72)/a"2) + 2xb) - (-I*a*b*dxe + I*a*bxcxf)*sqrt(-(a”2 - b~2)/a"2)*lo
g(2*a*cos(f*x + e) - 2xIxa*sin(f*x + e) + 2xaxsqrt(-(a”2 - b~2)/a"2) + 2*b
) - (Ixax*bxd*e - Ixa*bkxc*f)*sqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(f*x + e) +
2xI*axsin(f*x + e) + 2¥a*xsqrt(-(a”2 - b72)/a"2) - 2%b) - (-I*axbk*dxe + I*
axbxc*f)*sqrt(-(a”2 - b~2)/a"2)*log(-2*a*cos(f*x + e) - 2xI*a*xsin(f*x + e)
+ 2xaxsqrt(-(a”2 - b~2)/a"2) - 2*b) - (I*axb*dxf*x + I*axbkdxe)*sqrt(-(a”
2 - b"2)/a"2)*log((b*cos(f*x + e) + Ixb*sin(f*x + e) + (a*cos(f*x + e) + I
xa*xsin(f*x + e))*sqrt(-(a™2 - b~2)/a"2) + a)/a) - (-I*xaxbxd*f*x — Ixa*bkd*
e)*sqrt(-(a~2 - b"2)/a"2)*log((b*cos(f*x + e) + I*b*sin(f*x + e) - (a*cos(
fxx + e) + I*xaxsin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a) - (-Ixaxbxd...

Sympy [F]

/’ c+dx Mr—/‘ c+dx d
a+bsecle+ fr) ) a-+bsec(e+ fz)

{integrate((d*x+c)/(a+b*sec(f*x+e)),x)

| —

LIntegral((c + d*x)/(a + b*sec(e + f*x)), x)
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Maxima [F(-2)]

Exception generated.

d
/ ctax dx = Exception raised: ValueError
a+ bsec(e + fzx)

inputLintegrate((d*X+C)/(a+b*Sec(f*x+e)),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

Giac [F]

/ c+dx dx—/ dx +c d
a+bsecle+ fr)  J bsec(fr+e)+a

Lintegrate((d*x+c)/(a+b*sec(f*x+e)),x, algorithm="giac")

input
Outputtintegrate((d*x + ¢c)/(bxsec(f*x + e) + a), x)
Mupad [F(-1)]
Timed out.
bsecte+ f2) " ar 2
a + bsec O+ T
input Lint((c + d*x)/(a + b/cos(e + £*x)),x)
output Lint((c + d*x)/(a + b/cos(e + £*x)), x)
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Reduce [F]

/ c+dx i
a + bsec(e + fz)

2
W s ) tan(%—i—%)a—tan(%—i—%)b tan({—i—%) T 3 _
4 a*+b atan( V—a2+b2 be+4 f tan(%-ﬁ-%)zaz—tan %+%)2b2—a2—2ab—b2 d | a bdf
- 2af (a? — b?)
inputLint((d*x+c)/(a+b*sec(f*x+e)),x) J

( - 4xsqrt( - ax*2 + bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/
sqrt( - a**2 + b**2))*bxc + 4xint((tan((e + £*x)/2)**2*x)/(tan((e + f*x)/2
Yxk2ka*x*x2 — tan((e + £*xx)/2)**¥2*b**2 — ax*2 — 2ka*xb — b**x2),x)*a*x*k3kbkd*f
- 4xint((tan((e + £*x)/2)**2*x)/(tan((e + f£*x)/2)**2*a**x2 - tan((e + f*x)/
2) *kx2xb*x*2 - axx2 — 2%axb — b**2),x)*axb*x*3kd*xf + 2kaxkkckfxx + arkxdxf*
Xk*2 — akbkd*frxk*2 — kb*kkkckf*x)/(ka*xf*(a**x2 — b**2))

output




output L

input

outpu
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1

3.37 J (crdz) (atbsec(er o)) 4T

Optimal result . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . .. .
Rubi [N/A] . . o
Maple [N/A] . . . o 280
Fricas [N/A] . . . . . 2861
Sympy [N/A] . . o
Maxima [N/A] . . . o
Giac [N/A] . . o o
Mupad [N/A] . . . o 2]Y
Reduce [N/A] . . . . 288

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+ dz)(a + bsec(e + fr)) de = IIlt((c + dz)(a + bsec(e + fx))’ x)

Defer (Int) (1/(d*x+c)/(a+bxsec(f*x+e)),x)

Mathematica [N/A]

Not integrable

Time = 1.17 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c+dm)(a+bsec(e+fm)) dx:/(c+dx)(a+

bsec(e + fzx)) dz

-

LIntegrate [1/((c + d*x)*(a + b*Sec[e + f*x])),x]

t‘ Integrate[1/((c + d*x)*(a + b*Sec[e + f*x])), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+dz)(a+ bsec(e + fz))
| 3042

1
(c+dz) (a+besc(e+ fz + %))da:

l.4681

/ ! dz
(c+dz)(a+ bsec(e + fz))

‘Int[l/((c + d*x)*(a + bxSec[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz +c) (a+ bsec(fx +¢€))

input Lint (1/(d*x+c) / (a+bxsec(f*x+e)) ,x)

output Lint (1/(d*x+c) / (atbxsec(f*x+e)) ,x)

Fricas [N/A]
Not integrable
Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1

1
/(c—i—dm)(a—i—bsee(e-l—fx)) dx:/(dx—i—c)(bsec(fx—i—e)—l—a) de

input Lintegrate (1/(d*x+c) / (a+b*sec(f*x+e)) ,x, algorithm="fricas")

output Lintegral(l/(a*d*x + a*c + (b*d*x + b*c)*sec(f*x + e)), x)

Sympy [N/A]
Not integrable

Time = 1.19 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/ (c+ dx)(a+ bsec(e + fz)) dz = / (a +bsec(e+ fx)) (c+ dx) dz

input Lintegrate (1/ (d*x+c) / (a+b*sec(f*x+e) ) ,x)

output LIntegral(l/((a + bxsec(e + f*x))*(c + d*x)), x)
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Maxima [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 298, normalized size of antiderivative = 14.90

1 1
/(c—i—dw)(a—i—bsee(e-l—fw)) dx:/(dx—i—c)(bsec(fx—i—e)—l—a) de

p
inputLintegrate(1/(d*x+c)/(a+b*sec(f*x+e)),x, algorithm="maxima")

-(2*axb*d*integrate ((a*cos(2*f*x + 2%e)*cos(f*x + e) + 2xb*cos(f*x + e)~2
+ axsin(2*xf*xx + 2*e)*sin(f*x + e) + 2*b*sin(fxx + e)”2 + axcos(f*x + e))/(
a~3xd*x + a"3*c + (a"3xd*kx + a"3*c)*cos(2xf*x + 2*xe) 2 + 4*(axb"2*d*x + ax
b~2*c)*cos(f*x + e)”2 + (a"3*d*x + a~3*c)*sin(2*f*x + 2%e) 2 + 4*x(a"2xb*xd*
X + a"2xbxc)*sin(2*f*x + 2*e)*sin(fxx + e) + 4x(a*b™2+d*x + axb~2*c)*sin(f
*xX + e)”2 + 2x(a"3xd*x + a~3*c + 2x(a"2xbxd*x + a~2*b*c)*cos(f*x + e))*cos
(2%fxx + 2xe) + 4x(a”2*%bxd*x + a”~2xbxc)*cos(f*x + e)), x) - log(d*x + c))/
(axd)

output

Giac [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c—i—dw)(a—i—bsee(e-l—fx)) dx:/(dx+c)(bsec(fx+e)+a) de

input‘integrate(1/(d*x+c)/(a+b*sec(f*x+e)),x’ algorithm="giac")

outputtintegrate(l/((d*x + c)*(b*sec(f*x + e) + a)), x) J

| —
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Mupad [N/A]
Not integrable

Time = 14.77 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/(c+dx)(a+bsec(e+fx))dx_/<a+m> (c+dx)dx

input Lint(l/((a + b/cos(e + f*x))*(c + d*x)),x) J

output 1EE(1/((@ + b/cos(e + fxx))x(c + dxn)), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 793, normalized size of antiderivative = 39.65

1

dz = Too large to displ
/(C+d$)(a+bsec(e+fx)) x oo large to display

tnput Lint (1/(d*x+c) / (atb*sec(f*x+e)) ,x)
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( - int(cos(e + f*x)/(cos(e + f*x)*a*x*3xc + cos(e + f*x)*a**3*d*x - 2%cos(
e + f*x)*ax*k2+bxc - 2*xcos(e + f*x)*ax*2+xbxd*x + cos(e + f*x)*axb**x2xc + co
s(e + f*xx)*axb*x*2xd*x + a**2kxbkc + a*x*2kxbkd*x — 2ka*xb**x2kxc — 2*axb**2kxd*x

+ b**3*c + b*x*3*d*x),x)*a*x*2*%b*d + 2*int(cos(e + f*x)/(cos(e + f*xx)*a**3*c
+ cos(e + f*x)*ax*x3xdxx — 2*cos(e + f#*x)*a*x*x2xbxc — 2xcos(e + f*x)*a**2xb
*d*xx + cos(e + f*x)*axb**2xc + cos(e + £*x)*axbk*2+d*x + ax*x2*b*c + a**x2*b
*d*x — 2%axb**2kc — 2kxaxbkk2kdxx + bk*k3kc + b**k3kd*xx),x)*a*bx*x2xd - int(co
s(e + fxx)/(cos(e + f*x)*a*x*x3xc + cos(e + f*x)*a**3*d*x - 2xcos(e + f*xx)*a
**k2xbkc — 2xcos(e + f*x)*ax*k2xbkdxx + cos(e + f*x)*axb*x2*c + cos(e + f*x)
*xa*xbk*k2kd*xx + ax*2xbkc + akxk2kxbkd*x — 2%axb*x2%kc — 2kakxbx*2xdkxx + b**3kxc +
b**3*d*x) ,x) *b**3*%d - int(1/(cos(e + f*xx)*a*x*x3%c + cos(e + f*x)*a*x*3*xd*x

- 2xcos(e + f*x)*a*x*2xbxc - 2xcos(e + f*x)*a*x*2xbxd*x + cos(e + f*x)*axb**
2%c + cos(e + fx*xx)*a*xbkk2xd*x + a*x*2xbxc + ax*x2xbxd*x - 2%axb**2%c - 2*a*b
**%2kd*kx + b**3%kc + b**3*d*x),x)*a**2*%bkd + 2*int(1/(cos(e + f*xx)*a**3*c +

cos(e + fxx)*axk3xd*x — 2*cos(e + f*xx)*ax*x2kbkc — 2*cos(e + f*x)*axx2xbkxdx*
x + cos(e + f*x)*axb**2xc + cos(e + f*x)*axbk*2xd*x + ax*2+bxc + a*x*x2kb*d*
X — 2%axbkk2xc - 2*akxbxx2xd*x + bx*3%c + b**k3xd*x) ,x)*axb**2*d - int(1/(co
s(e + fxx)*ax*3*c + cos(e + f*x)*axx3xdxx — 2*kcos(e + f*x)*a*x*x2xbxc - 2*co
s(e + f*xx)*a*x*x2xb*d*x + cos(e + f*x)*a*xbx*2*c + cos(e + f*x)*arb**x2kd*x +

a*x*x2xb*c + a**2xbkd*x — 2%axbkk2kc — 2*axbk*k2*d*x + b*x*3*kc + bk*3*d*x),...

output




output

input

output
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1

3.38 J Crdn X atbsecierta) 4%

Optimal result . . . . . . . . . . e 290
Mathematica [N/A] . . . . . . . . 2901
Rubi [N/A] . . o 291]
Maple [N/A] . . . . o 292
Fricas [N/A] . . . o o 292
Sympy [N/A] . . e 292
Maxima [N/A] . . . . . 293]
Giac [N/A] . . . 293
Mupad [N/A] . . o e 294
Reduce [N/A] . . . o o 294

Optimal result

Integrand size = 20, antiderivative size = 20

1

1

(c+dx)%*(a+ bsec(e + fz)) de = Int(

(c+ dz)?(a + bsec

(e + fx))""”)

e

tDefer(Int)(1/(d*x+c)‘2/(a+b*sec(f*x+e)),x)

~—

Mathematica [N/A]

Not integrable

Time = 8.86 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

dz

/ (c+ dz)?(a + bsec(e + fz)) de = / (c+ dz)?(a + bsec(e + fz))

e

tIntegrate [1/((c + d*x)"2x(a + bxSecle + f*x])),x]

~—

LIntegrate [1/((c + d*x)"2x(a + bxSec[e + fx*x])), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+ dz)?(a + bsec(e + fx))
| 3042

1
/ (c+dz)? (a+besc(e+ fz+ %))dx

l.4681

/ 1 dz
(c+ dz)?(a + bsec(e + fz))

‘Int[l/((c + d*x)"2%(a + b*Sec[e + f*x])),x]

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*(x_)I*(_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz +¢)? (a + bsec (fz +¢))

input Lint(1/(d*x+c)A2/(a+b*sec (f*x+e)) ,x) J

output Lint (1/ (d*x+c) "2/ (at+b*sec (f*x+e) ) ,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/(c+dw)2(a+bsec(e+fx)) dm:/(dx+c)2(bsec(fz+e)+a) d

input tintegrate (1/(d*x+c) "2/ (a+b*sec(f*x+e)) ,x, algorithm="fricas") J

( N
Ou_tpm‘integral(1/(a*d"2*x“2 + 2%akckd*x + akc”2 + (b*d"2*x"2 + 2%bxcxd*x + b*c”2

‘)*sec(f*x +e)), x)

Sympy [N/A]
Not integrable

Time = 2.41 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+dz)?(a + bsec(e + fz)) do = / (a + bsec (e + fz)) (c + dz)? e

input Lintegrate (1/ (d*x+c) **2/ (a+bxsec (f*x+e)) ,x) J
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output‘ Integral(1/((a + b*sec(e + f*x))*(c + d*x)**2), x)

Maxima [N/A]

Not integrable

Time = 1.01 (sec) , antiderivative size = 439, normalized size of antiderivative = 21.95
L/‘ 1 dx__t/‘ 1

(c+ dx)?(a + bsec(e + fz)) (dz + ¢)*(bsec (fz + €) + a)

dx

-

integrate(1/(d*x+c) "2/ (atb*sec(f*x+e)),x, algorithm="maxima")

N

input

- (2% (axb*d~2*x + a*bxc*d)*integrate((a*cos(2*f*x + 2*e)*cos(f*x + e) + 2*b
xcos(f*xx + e€)”2 + a*sin(2*f*x + 2xe)*sin(f*x + e) + 2*b*sin(f*xx + e)”2 + a
xcos(fxx + e))/(a"3*d"2%x"2 + 2*a~3xcxd*x + a"3*c”2 + (a”"3*d"2*x"2 + 2*a”3
*ckxd*x + a~3*c”2)*kcos(2*f*x + 2%e) "2 + 4x(axb"2xd"2*x"2 + 2*axb"2xckdxx +

a*b”2*c"2)*xcos(fxx + )72 + (a"3*%d"2*x"2 + 2*xa~3*xckdkx + a~3*c”2)*sin(2*fx*
X + 2%e) "2 + 4x(a"2xbxd"2*x"2 + 2%a"2%b*ckd*x + a~2xbxc"2)*sin(2*f*x + 2*e
Yxsin(fxx + e) + 4*(a*xb™2*%d"2*x"2 + 2ka*b”~2*c*d*x + axb"2xc”2)*sin(f*x + e
)72 + 2% (a”3*%d"2%x72 + 2*a”3kckd*x + a~3*%c”2 + 2% (a"2*%b*d"2*x"2 + 2%a~2*b*
ckd*x + a~2xbxc”2)*cos(fxx + e))*kcos(2*f*x + 2%e) + 4*x(a”~2xbxd"2%x"2 + 2%a
~2xbxcxd*x + a~2xbxc”2)*cos(f*x + e)), x) + 1)/(axd”2*xx + axcxd)

output

Giac [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)%(a + bsec(e + fz)) o = / (dz + c)*(bsec (fz +¢) + a) &

input Lintegrate (1/(d*x+c) "2/ (atb*sec(f*x+e)) ,x, algorithm="giac")

output Lintegrate(l/((d*x + c) 2% (bxsec(f*x + e) + a)), x)
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Mupad [N/A]
Not integrable

Time = 14.81 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
dx = dx
(C " x) (a ! SeC(e i fm)) ((Z + cos(e+fZ)> (C + d.’I?)
inputtint(l/((a + b/cos(e + f*x))*(c + d*x)"2),x) J
output Lint(i/((a + b/cos(e + f*x))*(c + d*x)~2), x)

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 2871, normalized size of antiderivative =
143.55

1
dz = Too large to displ
/ (c+ do)?(a + bsec(e + fa)) - 00 AIEE RO QISPIAY

fnput Lint (1/ (d*x+c) "2/ (at+b*sec (f*x+e) ) ,x)
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( - int(cos(e + f*x)/(cos(e + f*xx)*a*x*3kck*2 + 2%cos(e + f*x)*ax*3*kckd*x +
cos(e + f*xx)*axk3kd*x*x2kx**2 — 2%cos(e + f*xx)*ax*x2kb*cx*2 - 4xcos(e + f*x)
*axx2xbxckxdxx — 2kcos(e + f£*X)*a*x*x2xbxdx*x2xx**2 + cos(e + f*x)*axbxx2xcx*2
+ 2%cos(e + f*xx)*axb**x2kxckd*x + cos(e + £*xx)*kakxbkxkx2kd*x*x2kxx**2 + a**x2kxbkc*
*2 + 2%a*k2xbkxckd*x + a*k2kxbkxdx*k2%kx*k*2 — 2%akb*kk2kc*k*k2 — 4xaxbk*k2kckd*xx -
2kaxbx*x2*xdkk2kxk*x2 + bhkk3kck*2 + kbkk3kckdkx + bHR*x3kdkkkx**2) ,X) kak*k2kxb*
cxx2 - int(cos(e + f*x)/(cos(e + f*xx)*axx3*kc**x2 + 2xcos(e + f*x)*axk3*kckxd*
X + cos(e + f*x)*ax*x3xdx*x2xx*k*2 — 2%cos(e + f*x)*axx2xbxcx*2 — 4*cos(e + f
*x)ka**x2xbkckdxx — 2*cos(e + f£*x)*ak*k2*xbxd*x*2+x**2 + cos(e + f£*x)*axb**2xc
**2 + 2%xcos(e + f*x)*axb**x2kckd*x + cos(e + F*x)*a*xbkk2xd**x2kx**2 + ax*x2*b
XCk%k2 + 2kax*k2%kbkckdkx + ax*k2%kbkdk*k2kx*k%x2 — 2kakxbkk2kck*k2 — 4kakbkk2kckd*xx
— 2%axbx*k2%kd*x*2%x**x2 + Db**k3%kc*k*2 + 2%b**3kckd*x + b**3*d**2*x**2),x)*a**2
*bxcxdxx + 2*xint(cos(e + f*x)/(cos(e + fxx)*ak*k3*kc**2 + 2xcos(e + f*xx)*ak*
3*c*d*x + cos(e + fxx)*kakk3kd**2*x**2 — 2xcos(e + f*x)*akx*2*b*c**2 - 4xcos
(e + fxx)*ax*x2kbkckd*x — 2*cos(e + f*xx)*axkxkbkd**2*x**2 + cos(e + f*xx)*ax
b**2*cx*2 + 2xcos(e + f#*x)*a*b*x2kckd*x + cos(e + £*xx)*axbrkkd*x*x2kx**2 +
axk2kxbkckk2 + 2%a*kx2xbkckd*x + a*xk2xbkdk*k2kx*k*k2 — 2%kakbkk2kck*x2 — 4kxgakxb**x2
*Ckdkx — 2%axbkk2kd**x2*x*k*2 + b¥x*3kckk2 + 2¥bkk3kckd*xx + bkk3Ikd*x*2kx*k*2) , X
Ykaxb**x2kcx*2 + 2xint(cos(e + f*x)/(cos(e + fkx)*a*xx3*xcx*2 + 2xcos(e + f*x
Ykax*k3xckd*x + cos(e + f*x)*axk3xd**2kx**x2 — 2%cos(e + F*xx)kaxx2kbkc**x2., ..

output
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(c+dz)3

3.39 f (a+bsec(e+fx))? dx

Optimal result . . . . . ... ... . ... ... 290
Mathematica [B] (verified) . . . . . . . .. ... . o 297
Rubi [A] (verified) . . . . ... .. . ... 298]
Maple [F] . . . . . .
Fricas [B] (verification not implemented) . . . . . ... ... ... ....
Sympy [F] . . o o
Maxima [F(-2)] . . . . . . .o 302
Giac [F] . . o
Mupad [F(-1)] . . . .o
Reduce [F] . . . . . .

Optimal result

Integrand size = 20, antiderivative size = 1523

c+dz)? .
/ (a+ lfsec(e _')_ 7)) dz = Too large to display
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—-6*Ixb~2%d~2% (d*x+c)*polylog(2, —axexp (I*(f*x+e))/(b+I*x(a~2-b"2)"(1/2)))/a"
2/(a~2-b"2) /£~ 3-6%I*b~2xd 2% (d*x+c) *polylog(2,-a*exp (I*(f*x+e))/(b-I*(a"~2-
b"2)~(1/2)))/a~2/(a"2-b"2) /£~3-6*I*b~3*%d~2* (d*x+c) *polylog(3,-a*exp (I* (f*x
+e))/(b-(-a"2+b~2)"(1/2)))/a~2/(-a~2+b~2) ~(3/2) /£~ 3-12%I*b*d~2* (d*x+c) *pol
ylog(3,-axexp(I*(f*x+e))/(b+(-a~2+b~2)"(1/2)))/a"2/(-a"2+b"2)~(1/2) /£~ 3+6%
I*b~3*d"~2* (d*x+c) *polylog(3,-axexp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a~2/ (-
a~2+b~2) ~(3/2) /£~ 3+12*I*b*d~ 2+ (d*x+c) *polylog (3, -arexp (I* (f*x+e)) / (b-(-a~2
+b°2)~(1/2))) /a~2/ (-a~2+b~2) ~(1/2) /£~3+6*b"3*d"3*polylog (4, -a*exp (I* (f*x+e
))/ (b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2) ~(3/2) /£~4-12%b*d~3*polylog(4,-a*ex
p(Ix(f*xx+e))/(b-(-a~2+b~2)"(1/2)))/a"2/(-a"2+b~2) " (1/2) /£~4+12xb*d~3*polyl
og(4,-a*xexp(I*(fxx+e))/(b+(-a~2+b"2)"(1/2)))/a"~2/(-a~2+b"2)~(1/2) /£~4+6%xb"
2xd"3*polylog(3,-a*exp(Ix(fxx+e))/(b+I*(a"2-b"2)"(1/2)))/a"2/(a"2-b"2)/f"4
+6xb~2xd~3*polylog(3,-a*exp (I*(f*xx+e))/(b-I*(a~2-b"2)~(1/2)))/a~2/(a"2-b"2
) /£74-6%b~3*d"3*polylog(4,-a*xexp(I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~
2+b72) " (3/2) /£74-1*%b"2x (d*x+c) ~3/a~2/(a"2-b"2) /£+b~2* (d*x+c) “3*sin(f*x+e)/
a/(a"2-b~2)/£f/(b+a*cos (f*x+e) ) +1/4* (d*x+c) ~4/a~2/d+3*b~2*d* (d*x+c) "2*1n(1+
axexp (I*(f*x+e))/(b+I*(a~2-b"2)~(1/2)))/a"2/(a"2-b~2) /£~2+3*b"2xd* (d*x+c) ~
2x1n(1+axexp (I*(f*xx+e))/(b-I*(a"2-b"2)"(1/2)))/a"~2/(a"2-b"2) /£~2+3*b~3*d* (
d*x+c) “2*polylog(2,-a*exp(I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b"2)"
(3/2) /£72-3%b"3*d* (d*x+c) "2*polylog(2,-a*exp (I* (f*x+e))/(b-(-a"2+b"2) (...

output

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 20116 vs. 2(1523) = 3046.

Time = 19.83 (sec) , antiderivative size = 20116, normalized size of antiderivative =
13.21

3
/ (a+ IEZ;(Z?- fz))? dr = Result too large to show

7

input’\Integrate[(c + d*x)~3/(a + b*Sec[e + f*x])~2,x]

p
OutputLResult too large to show
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Rubi [A] (verified)

Time = 3.30 (sec) , antiderivative size = 1523, normalized size of antiderivative = 1.00,

number of rules _ 50, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+dz)3
(a+ bsec(e + fz))?

l 3042

/ (c+dz)3 iz
(a+besc(e+ fz + %))2

| 4679
b%(c + dzx)3 2b(c + dz)3 (c+dz)?
/ (aQ(a cos(e+ fz) +b)2  a2(acos(e + fx) + b) + a? ) de

l 2009



input
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. i(e+fx) . i(e+fz)
(c+ dz)* N 2iblog (bi\/% + 1) (c+dzx)® ibdlog (bi\/% + 1) (c+ dz)?
1a%d VB — a2 f - a? (b? —a?)* f
. etletfz) g . etletfz) g
a2v/b2 — a2 f a2 (b2 —a2)*? f
eiletfa)g
b?sin(e + fz)(c + dz)3 B ib%(c + dz)3 + 3b*dlog (b—im + 1) (c+ dz)? n
a(a? —b) f(b+acos(e+ fz)) a?(a?—b2)f a? (a? — b?) f?
3b2dlog (H(j% + 1) (c+dz)?  6bdPolyLog (2, —ba_;%) (c + d)?
a? (a2 — b?) f2 + a2/b% — a2 f2
'L(e fx) i(et+fz)
3b3dPolyLog( kL ) (c+dz)?  6bdPolyLog (2, —b‘i\/ﬁ) (c + dz)? N
a? (b a2)3/2 £2 a2v/b% — a2 f2
i(e+fx) . i(e+fx)
3b3d PolyLog ( ,—%) (c+dz)? ~ 6ib?d? PolyLog (2, —%) (c+dzx) ~
a? (b2 — a2)*/? f2 a? (a2 — b2) f3
. aeile+ 1) . aei(et+ 1)
6ib%d? PolyLog (2, —ﬁ) (c+ dx) . 12ibd? PolyLog (3, —ﬁ) (c+ dx) ~
a? (a? — b?) f3 a2y/b2 — a2 f3

6ib3d? PolyLog (3, —;‘_&%) (c+dz) 12ibd? PolyLog (3, —@%) (c + dz)

a? (b2 — a2)?/2 f3 N el "
6ib’d? PolyLog (3, ~ 212 ) (c+ dz)  66%° PolyLog (3, ;222 )

a? (a® — b2) f4
) 12bd3 PolyLog (4 _ aeilctie) )

a2 (b2 — a2)*/? f3
6b2d3 PolyLog (3 _ _aelc12)

btiva®—b2 b—Vb2—a? n
a2 (a2 — b2) f4 a2/b2 — g2 f4
i(e+fx) i(etfz)
6b°d3 PolyLog (4, ~ 2927 )  12bd PolyLog (4, - 2527 ) -
Cl2 (b2 _ a2)3/2 f4 012‘ /b2 _ a2f4
6b3d3 PolyLog (4, —;:i}%)

a2 (b2 — a2)3/2 f4

[Int[(c + d*x)~3/(a + bxSecl[e + f*x])~2,x]

~—
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((-I)*b~2x(c + d*x)~3)/(a"2*%(a”2 - b™2)*f) + (c + d*x)"4/(4*a"2xd) + (3*b~
2xdx(c + d*x) "2+Log[1l + (a*xE~(I*(e + f*x)))/(b - I*Sqrt[a”2 - b~2])]1)/(a"2
*(a”2 - b™2)*f72) + (3*b~2*d*(c + d*x) 2xLog[l + (a*E~(I*(e + f*x)))/(b +
IxSqrt[a”2 - b"2])])/(a"2*%(a"2 - b~2)*£72) - (I*b~3*(c + d*x) 3*Logl[l + (a
*E"(Ix(e + £*x)))/(b - Sqrt[-a”2 + b~2])])/(a"2*(-a~2 + b~2)"(3/2)*f) + ((
2%I)*bx(c + d*x)~3*Log[l + (a*E~(I*(e + f*x)))/(b - Sqrt[-a”2 + b"2])]1)/(a
~2xSqrt[-a”2 + b"2]*f) + (I*b"3*(c + d*x) 3*Logl[l + (axE~(Ix(e + £f*x)))/(b
+ Sgrt[-a”2 + b~2]1)]1)/(a"2*(-a~2 + b~2)~(3/2)*f) - ((2*I)*bx(c + d*x) 3*L
ogll + (a*E~(Ix(e + f*x)))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*
f) - ((6+I)*b~2+d"2*x(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - IxSqrt
[a”2 - ©72]))1)/(a"2%(a"2 - b~2)*£73) - ((6%I)*b~2*d"2*(c + d*x)*PolyLog[2
, —((a*E~(I*(e + £*x)))/(b + IxSqrt[a~2 - b"2]1))])/(a"2%(a"2 - b~2)*f~3) -
(3*%b~3*d*(c + d*x) ~"2#PolyLog[2, -((a*E~(Ix(e + f*x)))/(b - Sqrt[-a"2 + b~
21))1)/(@a"2+%(-a~2 + b"2)"(3/2)*£72) + (6*b*d*(c + d#*x) 2xPolyLogl[2, -((a*E
“(Ix(e + £*x)))/(b - Sqrt[-a~"2 + b~2]))]1)/(a"2*Sqrt[-a~2 + b~2]*£"2) + (3*
b~3*d*(c + d*x) 2*PolyLogl[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2]))
1D/@™2%(-a"2 + b~2)7(3/2)*£72) - (6*%bxd*(c + d*x)“2*xPolyLogl[2, -((a*E~(I*
(e + £*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a"2*Sqrt[-a~2 + b~2]*f~2) + (6%b~2*
d~3*PolyLog[3, -((a*E~(I*(e + f*x)))/(b - IxSqrt[a”2 - b~2]))]1)/(a"2x(a"2
- b"2)*£74) + (6%b~2xd"3*PolyLog[3, -((a*E~(I*(e + f*x)))/(b + IxSqrt[a...

output

Defintions of rubi rules used

e

ruka2009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 4679
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Maple [F|
3
(dz +c) 5dx
(a+bsec(fz+e))
input Lint ((d*x+c) "3/ (atbkxsec(f*x+e))~2,x)

output Lint ((d*x+c) "3/ (at+tb*sec(f*x+e))~2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 7008 vs. 2(1361) = 2722.

Time = 0.49 (sec) , antiderivative size = 7008, normalized size of antiderivative = 4.60

3
/ o zfﬁ(dxl Fayyp 47 = oo large to display

input Lintegrate ((d*x+c) "3/ (atbxsec(f*x+e))"~2,x, algorithm="fricas")

OutputLToo large to include

Sympy [F]

/ (c + dx)? i — (c + dz)® s
(a + bsec(e + fx))? (a + bsec (e + fzx))?

input ‘ integrate ((d*x+c)**3/ (a+bxsec(f*x+e)) **2,x)

output tIntegral((c + d*x)**3/(a + bxsec(e + f*x))**2, x)
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Maxima [F(-2)]

Exception generated.

dr)3
/ @+ IEZe—Z (:_‘)_ ) dr = Exception raised: ValueError

inputLintegrate((d*x+c)“3/(a+b*sec(f*x+e))*2,x’ algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f

‘or more de

Giac [F]

(c+dzx)3 B (dz + ¢)® .
/ (a + bsec(e + fx))? dz = / (bsec (fz +e) +a)? d

inputLintegrate((d*X+C)A3/(a+b*SeC(f*X+e))A2,X, algorithm="giac")

output Lintegrate((d*x + c)~3/(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.
(c+dz)?
=H
/ (a+ bsec(e + fz))? dz anged
inputtint((c + d*x)~3/(a + b/cos(e + £*x))~2,x%)

Outputt\text{ﬂanged}




CHAPTER 3. LISTING OF INTEGRALS 303

Reduce [F]
(c+ dx)3 .
= 1 1
/ (a+ bsec(e + fz))? dxr = too large to display
input[int((d*x+c)‘3/(a+b*sec(f*x+e))~2’x)

-

( - 64*xsqrt( - a**2 + b**2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)
/sqrt( - a**2 + b**2))*cos(e + f*x)*a*xxbxbxckx3xf**3 — 192*sqrt( - a*x*2 +
bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f£*x)/2)*b)/sqrt( - a**2 + b**2))
xcos (e + fxx)*axxb5xbkxckd**2*f — 64*xsqrt( - ax*2 + b*x2)*atan((tan((e + f*x
)/2)*a - tan((e + f£*x)/2)*b)/sqrt( - ax*2 + b**x2))*cos(e + f*x)*ak*d*xbk*2x*
cx*3xf*x3 - 96xsqrt( - ax*2 + b¥*2)*atan((tan((e + f*x)/2)*a - tan((e + f*
x)/2)*b)/sqrt( - a**2 + b**2))*cos(e + f*x)*a**xd*xb**2kckd**2*xf + 16*sqrt(
- ax*2 + b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - a*x*2
+ b**2))*cos(e + f*x)*ka*xx3*¥bx*3kck*x3kfx*3 + 192*%sqrt( - a**2 + bx*2)*atan
((tan((e + £*x)/2)*a - tan((e + £*x)/2)*b)/sqrt( - a**2 + b**2))*cos(e + £
*x) *ax*k3xbx*k3kckd**x2+xf + 32ksqrt( - a**2 + bx*2)*atan((tan((e + f*x)/2)*a
- tan((e + £xx)/2)*b)/sqrt( — ax*2 + bx*2))*cos(e + f*xx)*a*x*kbkx4d*cx*k3xf*
*3 + 96xsqrt( - ax*2 + bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*Db
)/sqrt( - a*x*2 + b**2))*cos(e + f*x)*ax*2*kbkkdkckd*x*2*xf + 8*ksqrt( - a**2 +
bx*2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt( - ax*2 + b*x2)
)xcos(e + fxx)*axbx*xbxcx*3xfx*3 — 64xsqrt( - a*x*2 + bx*2)*atan((tan((e + £
*xx)/2)*a - tan((e + £*x)/2)*b)/sqrt( - ax*2 + b**2))*a*x4xbk*x2kck*x3xf**3 -
192*sqrt( - a**2 + bx*2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/s
qrt( - a*x2 + b*x*2))*a*x*4dxb*xx2*kcxd**x2*f — 64*sqrt( - ax*2 + bx*2)*atan((ta
n((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( — a**2 + b*x*2))*ka**3kbx*3x*. ..

output

| —
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(c+dzx)?

3.40 f (a+bsec(e+fx))? dx

Optimalresult . . . . ... . .. . ... . ... . 304
Mathematica [B] (verified) . . . . . . . .. ... . o
Rubi [A] (verified) . . . . ... .. . ... 3061
Maple [F] . . . . . . 309
Fricas [B] (verification not implemented) . . . . . ... ... ... .... 309
Sympy [F] . . o o 309
Maxima [F(-2)] . . . . . . .o BI101
Giac [F] . . o 3101
Mupad [F(-1)] . . . .o 310
Reduce [F] . . . . . . B11]

Optimal result

Integrand size = 20, antiderivative size = 1117

¢+ dz)? .
/ (a+ lfsec(e _')_ 7)) dz = Too large to display



output

inputt
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2%Ixb~3+d"2*polylog(3,-a*exp (I*(fxx+e))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~

2)~(3/2) /£73+1/3* (d*x+c) ~3/a~2/d+2*xb~2+d* (d*x+c) *1n (1+a*exp (I* (f*x+e) )/ (b-
Ix(a~2-b"2)"(1/2)))/a~2/(a"2-b"2) /£~2+2+b~2*d* (d*x+c) *1n(1+a*exp (I* (f*xx+e)
)/ (b+Ix(a~2-b"2)~(1/2)))/a~2/(a"2-b"2) /£72-I*b"2x(d*x+c) "2/a"2/(a"2-b"2) /£
-2%I*b~2*d~2*polylog(2,-a*xexp (I*(f*x+e))/(b-I*(a"2-b"2)"(1/2)))/a~2/(a"2-b
~2) /£73-4*I*bxd~2*polylog(3,-axexp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/a~2/ (-
a~2+b~2)~(1/2) /£73-2%I*b~3*d"2*polylog(3,-a*exp (I*(f*x+e))/(b-(-a~2+b~2) " (
1/2)))/a~2/(-a~2+b~2)~(3/2) /£~ 3+4xI*b*d~2*polylog(3,-a*xexp (I* (f*x+e))/ (b-(
-a~2+b"2)"(1/2)))/a"2/(-a~2+b~2) " (1/2) /£~ 3+I*b"3* (d*x+c) "2*1n(1+a*exp (I* (f
xx+e))/ (b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b"~2) ~(3/2) /£-2*b"3*d* (d*x+c) *polylo
g(2,-axexp (I*(f*x+e))/(b-(-a~2+b"2)~(1/2)))/a~2/(-a"2+b~2) ~(3/2) /£~ 2+4*b*d
* (d*x+c) *polylog(2,-axexp (I* (f*x+e))/(b-(-a~2+b~2)"(1/2)))/a"2/(-a"2+b~2) "
(1/2) /£72+2xb"3*d* (d*x+c) *polylog(2,-a*exp (I* (f*x+e) )/ (b+(-a"2+b"2) " (1/2))
)/a~2/(-a~2+b"2) " (3/2) /£~2-4*b*d* (d*x+c) *polylog(2,-a*exp (I* (f*x+e) )/ (b+(-
a~2+b"2)"(1/2)))/a"2/(~a"2+b~2) " (1/2) /£~ 2-2*Ixb* (d*x+c) ~"2*1n(1+a*exp (I* (f*
x+e))/(b+(-a~2+b"2)~(1/2)))/a~2/(-a"2+b~2) " (1/2) /£-2*I*b~2*d~2*polylog(2, -
axexp (I*(f*x+e))/(b+I*(a~2-b"2)~(1/2)))/a"2/(a"2-b~2) /£~ 3+2*I*b* (d*x+c) ~2*
1n(1+a*xexp (I*(fxx+e))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2)~(1/2) /£-I*b"3*(
d*x+c) "2*1n(1+a*exp (I* (f*x+e))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a"~2+b~2) ~(3/2)/
f+b~2x (d*x+c) “2*sin(f*x+e)/a/(a"2-b"2) /f/ (b+a*cos (f*x+e))

-

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf

count of optimal. 3365 vs. 2(1117) = 2234.

Time = 16.57 (sec) , antiderivative size = 3365, normalized size of antiderivative = 3.01

2
/ (a + IEZ;(Z?- F2)? dxr = Result too large to show

Integrate[(c + d*x)~2/(a + b*Sec[e + f*x])~2,x]
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(x*(3*xc™2 + 3*cxd*x + d"2xx"2)*(b + a*Cos[e + f*x]) 2+Sec[e + f*x]~2)/(3*a
~2x(a + b*Sec[e + f*x])"2) + (2*b*E~(I*e)*(b + axCos[e + fx*x]) 2+ ((-2*I)*b
*c*d*E” (I*e) *x - Ixb*d"2*E~(I*e)*x~2 + ((2*I)*a~2xc 2*ArcTan[(b + a*xE~(I*(
e + £*x)))/Sqrt[a~2 - b~2]1)/(Sqrt[a~2 - b~2]*E~(Ixe)) - (I*b~2xc~2*ArcTan
[(b + a*E~(I*x(e + f*x)))/Sqrt[a”2 - b~2]1]1)/(Sqrt[a~2 - b~2]*E~(Ixe)) + ((2
*I)*xa~2xc~2+%E~ (I*e) *ArcTan[(b + a*E~(I*(e + f*x)))/Sqrt[a~2 - b~2]])/Sqrt[
a”2 - b™2] - (I*b~2xc 2*E~(I*e)*ArcTan[(b + a*E~(I*(e + f*x)))/Sqrt[a~2 -
b~2]11)/Sqrt[a”2 - 2] + (bxc*d*Logla + 2*b*E~(I*(e + f*x)) + a*E~((2xI)*(
e + £*x))])/(E~(I*e)*f) + (b*cxd*E~(I*e)*Logla + 2*¥b*E~(I*(e + f*x)) + a*E
“((2xID*x(e + £*x))]1)/f + ((2%I)*a~2xckd*x*Log[l + (a*E~(I*(2xe + f*x)))/(b
*E~(I*xe) - Sqrt[(-a”™2 + b"2)*E~((2xI)*e)]1)])/Sqrt[(-a”2 + b~2)*E~ ((2+I)*e)
1 - (Ixb~2*cxd*x*Logl[l + (a*xE~(I*(2xe + f*x)))/(b*E~(I*e) - Sqrt[(-a"2 + b
~2)*E~((2*%I)*e)]1)]1)/Sqrt[(-a~2 + b~ 2)*E~((2*I)*e)] + ((2*I)*a~2kcxd*E~((2%
I)*e)*x*Log[l + (a*xE~(I*(2xe + f*x)))/(b*E~(I*e) - Sqrt[(-a~2 + b~2)*E~((2
*I)*e)])])/Sqrt[(-a"2 + b~"2)*E~((2*I)*e)] - (I*b~2*c*d+E~((2*I)*e)*x*Logl[1
+ (a*E~(I*x(2%xe + f*x)))/(b*E™(I*e) - Sqrt[(-a”2 + b~2)*E~((2*I)*e)])])/Sq
rt[(-a”2 + b"2)*E~((2*%I)*e)] + (b*d~2*x*Logl[l + (a*E~(I*(2xe + f*x)))/(b*E
“(Ixe) - Sqrt[(-a"2 + b~2)*E~((2*I)*e)]1)]1)/(E~(Ixe)*f) + (b*d"2+E~(Ixe)*x*
Log[1l + (a*E~(I*(2*e + £*x)))/(b*E~(I*e) - Sqrt[(-a~2 + b~2)*E~((2*I)*e)])
1)/f + (Ixa~2+d"2*x"2*Log[l + (a*E~(I*(2%e + fx*x)))/(b*E~(Ixe) - Sqrt[(...

output

Rubi [A] (verified)

Time = 2.51 (sec) , antiderivative size = 1117, normalized size of antiderivative = 1.00,

number of rules _ 150, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+ dz)?
(a+ bsec(e + fx))?
| 3042
/ (c+ dzx)? iz
(

a-+besc(e+ fz+ %))2

l 4679
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/ ( b%(c + dz)? B 2b(c + dz)? (c+ dm)2> I
a?(acos(e + fz) +b)2  a?(acos(e + fz) + b) a?

l 2009

. eiletfz) g . eiletfz) g
_'L(C + de')2 log (m —+ 1) b3 N 'L(C + dfﬂ)2 log <m —+ 1) b3
a? (b2 — a2)3/2 f a? (b2 — a2)3/2 f
i(e+fx) i(et+fz)
2d(c + dz) PolyLog (2, —;_e\/ﬁ) b N 2d(c + dz) PolyLog (2, —sz\/ﬁ) b
a? (b2 — a2)*/? f2 a? (b2 — a2)*/? f2
aeiletfz)

. . i(e+f)
2id? PolyLog (37 _b—\/ﬁ> b 2id? PolyLog (3, —%) b3 i(c + da)2b?

a2 (b2 — a2)/? #3 a2 (b2 — a2)*/? f3 S a?2(a2 -2 f
2d(c + dz) log ( £ 2a B> 2d(c+ dx)log (L Da 4 1) p2
(c+ dx) og(m-l-l) +2(c+ x) og(m-i-
a2 (a2 — b2) f2 a2 (a2 — b?) f2
. i(e+fz) . i(e+fx)
2id? PolyLog (2, ‘bﬁvﬁ) b 2id’ PolyLog (2, —,ﬁ/ﬁ) b s
a2 (a2 — b2) f3 a2 (a2 — b2) f3

. i(e+fx)
(c + dz)?sin(e + fx)b? 2i(c + dz)?log ( e a | 1) b

b—+v/b2—a?
a(a® —b) f(b+ acos(e + fz)) a2V/b? — a2 f
, i(etf2) Hetrm
%i(c + dz)? log (m + 1) b N 4d(c + dz) PolyLog (2, —&Tﬁ) b
Cl21/b2—a2f a21/b2 _a2f2
(et f2) . i(e+ )
4d(c + dz) PolyLog (2, —b‘f\/ﬁ) b  4id? PolyLog (3, —,&T—GQ b
a2/b? — a2 f? a2y/b? — a2 f3
. i(e+fx)
4id? PolyLog (3, —%) b (c+dz)?
a2v/b? — a2 f3 3a2d

e

input@m[(c + d*x)"2/(a + b*Secle + f*x])~2,x]

~—
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((-I)*b~2x(c + d*x)"2)/(a"2*%(a”2 - b™2)*f) + (c + d*x)"3/(3%a"2xd) + (2*%b~
2xdx(c + d*x)*Logl[l + (a*xE~(Ix(e + f*x)))/(b - I*Sqrt[a~2 - b72])]1)/(a~2*(
a"2 - b"2)*£72) + (2%b"2xd*(c + d*x)*Log[l + (a*xE~(I*(e + £*x)))/(b + IxSq
rt[a”2 - b72])1)/(a"2*x(a"2 - b"2)*£72) - (I*b~3*(c + d*x) 2*Log[l + (a*E~(
Ix(e + £xx)))/(b - Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b"2)"(3/2)*f) + ((2*I)
*b*(c + d*x)"2xLog[1l + (a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2])]1)/(a~2*S
grt[-a”2 + b~2]*f) + (I*b~3*(c + d*x)~2xLog[l + (a*E~(Ix(e + f*x)))/(b + S
art[-a"2 + b~2])]1)/(a"2*(-a~2 + b72)~(3/2)*f) - ((2*xI)*bx(c + d*x) 2*Log[1
+ (a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2]1)])/(a~2*Sqrt[-a~2 + b~2]*f) -
((2*I)*b~2xd~2*PolyLog[2, -((a*xE~(I*(e + f*x)))/(b - I*Sqrt[a”2 - b72]))]
)/(a"2x(a”2 - b~2)*£73) - ((2*I)*b~2xd"2*PolyLogl[2, -((a*E~(I*(e + f*x)))/
(b + IxSqrt[a~2 - b"2]))]1)/(a"2*(a"2 - b~2)*£73) - (2*b~3*d*(c + d*x)*Poly
Logl[2, -((a*E~(I*(e + £*x)))/(b - Sqrt[-a”2 + b~2]))])/(a"2*(-a"2 + b~2)"(
3/2)*£72) + (4*xbxd*(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a
2 + b72]))]1)/(a"2xSqrt[-a”2 + b"2]*£72) + (2*b~3*d*(c + d*x)*PolyLogl[2, -
((a*E~(I*(e + £*x)))/(b + Sgrt[-a~2 + b~21))1)/(a"2*%(-a~2 + b~2)"(3/2)*f"2
) - (4xbxd*(c + d*x)*PolyLogl[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2
1)1/ (a~2+8Sqrt[-a~2 + b~2]1*f~2) - ((2*I)*b~3*d~2*PolyLog[3, -((a*xE~(I*(e
+ f*x)))/(b - Sqrt[-a”2 + b72]))1)/(a"2*x(-a"2 + b~2)7(3/2)*£73) + ((4*xI)*Db
*d~2*PolyLog[3, -((a*xE~(I*(e + f*x)))/(b - Sqrt[-a”2 + b~2]))])/(a"2*sq...

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 4679
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Maple [F|
2
(dz +c) 5dx
(a+bsec(fz+e))
input Lint ((d*x+c) "2/ (atb*sec(f*x+e))~2,x)

output Lint ((d*x+c) "2/ (at+b*sec(f*x+e))~2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 4274 vs. 2(991) = 1982.

Time = 0.35 (sec) , antiderivative size = 4274, normalized size of antiderivative = 3.83

2
/ o zfﬁ(dxl Fayyp 47 = oo large to display

input Lintegrate ((d*x+c) "2/ (atb*sec(f*x+e))"2,x, algorithm="fricas")

OutputLToo large to include

Sympy [F]

/ (c + dx)? i — (c + dz)® s
(a + bsec(e + fx))? (a + bsec (e + fzx))?

input ‘ integrate ((d*x+c)**2/ (a+bxsec(f*x+e)) **2,x)

output tIntegral((c + d*x)**2/(a + b*sec(e + £*x))**2, x)
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Maxima [F(-2)]

Exception generated.

d 2
/ @+ IEZe—Z (:_‘)_ ) dr = Exception raised: ValueError

inputLintegrate((d*x+c)“2/(a+b*sec(f*x+e))*2,x’ algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f

‘or more de

Giac [F]

(c+dz)? B (dz + ¢)® .
/ (a + bsec(e + fx))? dz = / (bsec (fz +e) +a)? d

inputLintegrate((d*X+C)A2/(a+b*SeC(f*X+e))A2,X, algorithm="giac")

output Lintegrate((d*x + c)~2/(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.
(c+dz)?
=H
/ (a+ bsec(e + fz))? dz anged
inputtint((c + d*x)~2/(a + b/cos(e + £*x))~2,x%)

Outputt\text{ﬂanged}
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Reduce [F]
(c+ dx)? .
= 1 1
/ (a+ bsec(e + fz))? dxr = too large to display
input[int((d*x+c)‘2/(a+b*sec(f*x+e))~2’x)

| —

-

( - 24*sqrt( - a**2 + b**2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)
/sqrt( - a*x2 + b**2))*kcos(e + f*xx)*kaxkdxbkck*x2+xf*x2 — 24*sqrt( — a**2 + b
*x*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - a**2 + b**2))=*
cos(e + f*x)*ak*x4d*bkd**2 - 12%sqrt( - a**2 + b**x2)*atan((tan((e + fx*x)/2)*
a - tan((e + £*x)/2)*b)/sqrt( - a**2 + bx*2))*cos(e + £*x)*ax*3xbkkkck*2*
f#x2 + 12%sqrt( - a**2 + bxx2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)
*b) /sqrt( - ax*2 + b**2))*cos(e + f*xx)*ax*2xbk*3kck*2*xf**2 + 24*sqrt( - a*
*2 + b**2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - ax*2 + b
**2) )kcos(e + f*xx)*a*x*2kb*x3*%d**2 + 6xsqrt( - a*x*2 + b*x2)*atan((tan((e +

fxx)/2)*a - tan((e + f*x)/2)*b)/sqrt( - a*x*2 + b**x2))*cos(e + fx*x)*axb*x4x*
cx*k2xf*x2 - 24*sqrt( - a**2 + b**2)*atan((tan((e + f*x)/2)*a - tan((e + f=*
x)/2)*b) /sqrt( - a**2 + b**2))*ax*3xb*kx2kck*k2*xf**2 — 24*sqrt( - a*x*2 + bk*
2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt( - a**2 + b**2))*ax
*x3xbx*2kd**x2 — 12%sqrt( - a**2 + b¥*2)*atan((tan((e + f*x)/2)*a - tan((e +
£*x)/2)*b) /sqrt ( - a**2 + b¥*2))*a**k2kbx*3kck*2xf**2 + 12+sqrt( - a**2 +

bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - ax*2 + b*x2))
kaxbrkdrckrk2xfx*2 + 24*sqrt( - a**2 + bkx2)*atan((tan((e + f*x)/2)*a - tan
((e + £*x)/2)*b)/sqrt( - ax*2 + b*x2))*akbr*dkd**2 + 6*sqrt( — a**x2 + bk*2
Y*atan((tan((e + f*x)/2)*a - tan((e + £x*x)/2)*b)/sqrt( — a*x*2 + b**2))*b*xx*
Bxck*x2xfxx2 — 48xcos(e + fx*x)*int (x**2/(2xtan((e + f£*x)/2)*x4d*ax*5 — Tx...

output
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3.41

f ( ct+dx > dx

a+bsec(e+fx))

Optimal result . . . . . . . . . . e
Mathematica [A] (warning: unable to verify) . . . . . .. .. ... ... . ...,
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F]

Maxima [F(-2)] . . . . . . e

Giac [F] . .

Mupad [F(-1)] . . . oo

Reduce [F]
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Optimal result

Integrand size = 18, antiderivative size = 582

; aelletfz)
/ c+ dx dp — (C-I—d:l,')2 B Zb3(C+dII7)10g <1+b—\/——a27+bﬂ>
(a+bsec(e+ fz))2 ~  2a%d a2 (—a2 +b2)°2 f
. aeiletfz)
s 2ib(c + dz) log (1 + ﬁ)
a2y/—a? + b2 f

ib3(c + dz) log (1 + %)
a? (—a? + b2)3/2 f
2ib(c + dx) log (1 + %)
a2y/—a? + b2 f
b*dlog(b+ acos(e + fx))
a2 (a? — 0?) f2

aetletfz)
 b'dPolyLog (2 — e

a? (—a? +b2)3/2 f2

aetletfz)
2bd PolyLog (2 — e

)
)

a \/Ter? f?
b%d PolyLog (2 __aeiletfa) >
)

+

_|_

b+v—a2+b?
( a2+b2)3/2 f2

)

2bd PolyLog (2, T
- a?v/—a? + b2 f?
b*(c + dx) sin(e + fz)
a(a?2—b?) f(b+acos(e+ fx))

_|_
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1/2x (d*x+c) ~"2/a~2/d-Ixb~3* (d*x+c) *1n (1+a*exp (I* (f*x+e))/(b-(-a"2+b"2) "~ (1/2
)))/a"2/(~a"~2+b~2) " (3/2) /£+2xI*b* (d*x+c) *1n (1+a*xexp (I* (f*x+e) )/ (b-(-a~2+b"
2)7(1/2)))/a~2/(-a~2+b"2) " (1/2) /£+I*b"~3* (d*x+c) *1n (1+a*exp (I* (f*x+e)) / (b+(
-a"2+b"2)"(1/2)))/a~2/(-a"2+b"2) " (3/2) /£-2*I*b* (d*x+c) *1n(1+a*exp (I* (f*x+e
))/ (b+(-a"2+b"2)"(1/2)))/a"~2/(-a"2+b~2) " (1/2) /£+b~2*d*1n(b+a*cos (f*x+e))/a
~2/(a"2-b"2) /£72-b~3*d*polylog(2,-a*exp(I*(f*x+e))/(b-(-a~2+b"2)"(1/2)))/a
~2/(-a~2+b~2)~(3/2) /£~ 2+2*b*d*polylog(2,-a*exp (I* (f*x+e)) /(b-(-a~2+b"2)~ (1
/2)))/a~2/(-a~2+b~2)~(1/2) /£~2+b~3*d*polylog(2,-a*exp (I*(f*x+e))/(b+(-a~2+
b~2)"(1/2)))/a~2/(-a~2+b~2) ~(3/2) /£~2-2*bxd*polylog(2,-axexp (I* (f*x+e)) /(b
+(-a”2+b~2)"(1/2)))/a"~2/(-a~2+b~2) " (1/2) /£~ 2+b"2* (d*x+c) *sin(f*x+e) /a/(a~2
-b~2) /f/ (b+axcos (f*x+e))

output

Mathematica [A] (warning: unable to verify)

Time = 9.87 (sec) , antiderivative size = 1037, normalized size of antiderivative = 1.78

c+dx
dz = Too 1 to displ
/ (a + bsec(e + fz))? z = loo large to display

inputtlntegrate[(c + d*x)/(a + bxSec[e + £%x1)~2,x]
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((e + fxx)*x(-2%d*e + 2xc*f + dx(e + f*x))*(b + a*Cos[e + f*x]) 2*Sec[e + £
x*x]~2)/(2*a"2xf"2%(a + b*Sec[e + £*x])"2) + ((b + a*Cos[e + f*x])*Secle +
f*x] 2% (b"2*d*exSin[e + f*x] - b~2*kc*f*Sin[e + f*x] - b~2xd*(e + f*x)*Sin[
e + £xx]))/(ax(-a + b)*(a + b)*f"2x(a + bxSec[e + f*x])~2) + (bxCos[(e + £
*x) /2] 2% (b + a*Cosl[e + f*x])*((-2%x(2*a~2 - b~2)*(d*e - c*f)*ArcTan[(Sqrt[
a - bl*Tan[(e + f*x)/2])/Sqrt[-a - bl]l)/(Sqrt[-a - bl*Sqrt[a - bl) - b*d*L
oglSec[(e + f*x)/2]°2] + bxd*Log[-((b + a*Cos[e + f*x])*Sec[(e + f*x)/2]"2
)1 - (Ix(2%a~2 - b~2)*d*(Log[1 + I*Tan[(e + f*x)/2]]*Log[(I*(Sqrt[a + b] -
Sart[a - bl*Tan[(e + £*x)/2]))/(Sqrt[a - b] + IxSqrtl[a + b])] - Logll - I
xTan[(e + f*x)/2]]*Log[(Sqrt[a + b] - Sqrtl[a - bl*Tan[(e + f*x)/2])/(I*Sqr
t[a - b] + Sqrtl[a + bl)] + Log[l - I*Tan[(e + fx*x)/2]]*Log[(I*(Sqrt[a + b]
+ Sqrt[a - bl*Tan[(e + £*x)/2]))/(Sqrtla - b] + I*Sqrtl[a + b])] - Logll +
I*Tan[(e + f#*x)/2]]1*Log[(Sqrt[a + b] + Sqrtl[a - bl*Tan[(e + f*x)/2])/(I*S
grtla - b] + Sqrt[a + b])] - PolyLogl[2, (Sgrt[a - bl*(1 - I*Tan[(e + f*x)/
2]1))/(Sqrt[a - b] - I*Sgrt[a + b]l)] + PolyLog[2, (Sqrtla - bl*(1 - I*Tan[(
e + £xx)/2]1))/(Sqrt[a - b] + IxSqrt[a + b])] - PolyLogl[2, (Sqrt[a - blx*(1
+ I*Tan[(e + f*x)/2]))/(Sqrt[a - bl - IxSqrt[a + b])] + PolyLogl[2, (Sqrtl[a
- bl*(1 + I*Tan[(e + f*x)/2]))/(Sqrt[a - b] + I*Sqrt[a + b])]))/(Sqrtl[a -
bl*Sqrt[a + bl))*Secle + f*x] 2x((2*xa"2 - b~2)*(c*f + dxf*x) + a*b*d*Sin[
e + f*x])*(Sqrt[a + b] - Sqrt[a - bl*Tan[(e + fx*x)/2])*(Sqrt[a + b] + S...

output

Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 582, normalized size of antiderivative = 1.00,

number of rules _ ) 157 Ryles
integrand size

number of steps used = 3, number of rules used = 3,
used = {3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

c+dx
(a+ bsec(e + fx))?

l 3042

X

c+dr
L/“ - 5dx
(a-+—bcsc(e-+—fw-+—§))

l 4679
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b%(c + dx) 2b(c + dx) c+dx i
/ <a2(acos(e+fx) +b)2  a2(acos(e + fz) + b) T ) v

l 2009

2ib(c + da)log (1+ 2527 2ib(c + da) log (1+ 2537
- +

YN YN
aetlet+fz)
b%(c + dz) sin(e + f7) N 2bd PolyLog (2, W—W)
af (a? — b2) (acos(e + fz) + b) a2 f2v/b2 — a2

qei(etf2)

. i(e+fz)
2bd PolyLog (2, —b+m) N b2dlog(a cos(e + fz) + b) ib%(c + dz) log <1 + bﬁ/@) N

a2f2\/b% — a2 a2f2(a®—0) a2f (b2 — a2)*/?
. aetletfz) aetletfz)
ib%(c + dz) log (1+ 2527 )  b*dPolyLog (2 - 252

a2f (b2 — a2)3/2 a2f2 (b2 — a2)3/2

3 i(e+fx)
bdPolyLog (2,— 2200 ) (4 4y

a2f2 (b2 — q2)>/? 2a%d

-

| —

inputtlnt[(c + dxx)/(a + b¥Secle + f*x])~2,x]

(c + d*x)~2/(2*a"2xd) - (I*b~3*(c + d*x)*Log[l + (a*E~(I*(e + f*x)))/(b -
Sqrt[-a”2 + b~2])]1)/(a"2*x(-a"2 + b~2)~(3/2)*f) + ((2*I)*b*(c + d*x)*Logl[1
+ (a*E~(Ix(e + f*x)))/(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*f) +
(I*b~3*(c + d*x)*Log[l + (axE~(I*(e + f*x)))/(b + Sqrt[-a~2 + b~2])])/(a"2
*(-a"2 + b72)7(3/2)*%f) - ((2*I)*bx(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b
+ Sqrt[-a”2 + b~2])]1)/(a"2%Sqrt[-a~2 + b~2]*f) + (b~2*d*Log[b + axCos[e +
f*x]1)/(a"2*%(a”2 - b~2)*£72) - (b~ 3*d*PolyLogl[2, -((a*E~(I*(e + f*x)))/(b
- Sqrt[-a”2 + b~2]))])/(a"2*(-a"2 + b~2)~(3/2)*£"2) + (2*¥b*d*PolyLogl[2, -
((a*xE~(Ix(e + £*x)))/(b - Sqrt[-a~2 + b~2]))])/(a~2+Sqrt[-a~2 + b~2]*£~2)
+ (b~3*d*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a~2*(
-a”2 + b"2)7(3/2)*£72) - (2*bxd*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqgrt
[-a”2 + b~2]1))]1)/(a"2*Sqrt[-a~2 + b~2]1*f~2) + (b"2*(c + d*x)*Sin[e + f*x])
/(ax(a™2 - b"2)*f*(b + a*Cos[e + f*x]))

output




rule

rule 3042

rule 4679

input
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Defintions of rubi rules used

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear

Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt

Q[m, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1288 vs. 2(528) = 1056.

Time = 0.21 (sec) , antiderivative size = 1289, normalized size of antiderivative = 2.21

method

result

size

risch

Expression too large to display

1289

-

Lint ((d*x+c)/(atbxsec(f*x+e)) ~2,x,method=_RETURNVERBOSE)

-/
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1/2/a”~2%d*x"2+1/a"~2*c*x+2*I1/f/(a~2-b"2) *b*d/ (-a~2+b~2) ~(1/2) *1n((-exp (I* (£
*x+e) ) *xa+(-a~2+b"2) " (1/2)-b) / (-b+(-a"2+b"2) " (1/2) ) ) *x+2*I*b~2* (d*x+c) * (b*e
xp(Ix(f*xx+e))+a)/a~2/(a"2-b~2)/f/ (axexp(2*I* (f*x+e))+2*bxexp (I* (f*x+e))+a)
+1/£72/(a"2-b"2) /a~2*xb"3*d/ (-a"2+b"2) " (1/2) *dilog((exp (I* (f*x+e) ) *a+(-a~2+
b~2)~(1/2)+b) / (b+(-a~2+b~2)~(1/2)))-1/£"2/(a"2-b"2) /a~2*b~3*d/ (-a~2+b~2) ~(
1/2)*dilog((-exp(I* (f*x+e))*a+(-a~2+b"2)~(1/2)-b)/(-b+(-a"2+b"2)~(1/2)))-2
/£72/(a"2-b"2) *b*d/ (-a~2+b~2) " (1/2) *dilog ((exp (I* (f*x+e) ) *a+(-a~2+b~2) ~(1/
2)+b) / (b+(-a~2+b"2) " (1/2)))+2/£72/(a"2-b~2) #*b*d/ (-a"2+b~2) ~(1/2) *dilog((-e
xp(I*(f*x+e))*a+(-a~2+b~2)~(1/2)-b)/(-b+(-a~2+b"2)~(1/2)))-I/£f/(a"2-b"2)/a
~2%b~3%d/ (-a"2+b~2) " (1/2) *1n ((-exp (I* (f*x+e) ) *a+(-a~2+b~2) ~(1/2)-b) / (-b+ (-
a~2+b"2)"(1/2)))*x+I/£72/(a"2-b"2) /a~2*b"3*d/ (-a~2+b~2) ~(1/2) *1n((exp (I* (£
*xxte) ) *a+(-a"2+b”~2) ~(1/2)+b) / (b+(-a~2+b~2) " (1/2)) ) *e+2*I/£72/(a~2-b"2) *b*d
/(—a~2+b~2) " (1/2) *1n((-exp (I* (f*x+e) ) *a+(-a~2+b~2) ~(1/2)-b) / (-b+(-a~2+b~2)
~(1/2)))*e+I/f/(a"2-b"2) /a~2xb~3*d/(-a~2+b~2) " (1/2) *1n ((exp (I* (f*x+e) ) *a+(
-a"2+b"2) " (1/2)+b) / (b+(-a"2+b"2) " (1/2) ) ) *x-4*I/£"2/(a"2-b"2) ~(3/2) ¥b*d*e*a
rctan(1/2*(2xexp (I* (f*x+e))*a+2%b)/(a~2-b"2)~(1/2))-1/£72/(a"2-b"2)/a"2*b~
3*d/ (-a~2+b"2) ~(1/2) *1n((-exp (I* (f*x+e) ) *¥a+(-a"2+b"2) ~(1/2)-b) / (-b+(-a"2+b
~2)7(1/2)) ) *e+2%1/£72/(a"2-b"2) " (3/2) /a~2*%b"3*d*e*arctan (1/2* (2*xexp (I* (f*x
+e))*a+2*b)/(a”2-b"2)~(1/2))-2/£72/(a"2-b~2) /a~2*b~2*1n (exp (I* (f*x+e)) ) *d+
1/£72/(a”2-b"2) /a~2*b~2*1n(axexp (2*I* (f*x+e) ) +2¥b*exp (I* (f*x+e) ) +a) *d-2. ..

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2080 vs. 2(520) = 1040.

Time = 0.28 (sec) , antiderivative size = 2080, normalized size of antiderivative = 3.57

c+dx
dz = Too large to displ
/ (a+ bsec(e + fz))2 % = 100 large to display

~—

p
inputLintegrate((d*x+c)/(a+b*sec(f*x+e))*Q,X’ algorithm="fricas")
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1/2%((a"4%b - 2¥a”~2%b~3 + b~5)*d*f"2*x"2 + 2%(a"4*b - 2*a"2%b~3 + b~5)*cx*f
~2%x - ((2%a”4*b - a”2*%b"3)*d*cos(f*x + e) + (2%xa~3%b"2 - a*b”4)*d)*sqrt(-
(2”2 - b72)/a"2)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) + (axcos(f*x +
e) + Ikxaxsin(f*x + e))#*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + ((2*¥a"4xb - a~
2¥b~3) *d*cos(f*x + e) + (2%¥a~3*%b"2 - a*b~4)*d)*sqrt(-(a”2 - b"2)/a"2)*dilo
g(-(b*cos(f*x + e) + Ixb*sin(f*x + e) - (a*cos(f*x + e) + I*axsin(f*x + e)
Y*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) - ((2*%a”"4%b - a~2*b"3)*d*cos(f*x + e)
+ (2%a”3%b"2 - a*b”4)*d)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) -
Ixbxsin(f*x + e) + (axcos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a”2 - b~2)/a
72) + a)/a + 1) + ((2%¥a”4xb - a"2*%b~3)*dxcos(f*x + e) + (2*xa”3*%b"2 - a*b”4
)*d)*sqrt(-(a”2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) - Ixbxsin(f*x + e) - (a
xcos(f*x + e) - I*akxsin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + (-I
*(2%a~3%b"2 - a*b”4)*dxfxx - I*(2%a~3*%b"2 - a*b~4)*d*e + (-I*(2*a"4*b - a”
2xb~3) *d*xf*x - I*x(2*a~4*b - a~2%b~3)*d*e)*cos(f*x + e))*sqrt(-(a”2 - b~2)/
a~2)*log((bxcos(f*x + e) + I*b*sin(f*x + e) + (a*cos(f*x + e) + I¥a*xsin(f*
x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a) + (I*(2*xa"3*b"2 - a*b~4)*d*xfxx + I*
(2%a~3%b~2 - a*b~4)*d*e + (I*(2*a~4xb - a~2%b~3)*dxf*x + I*(2*%a~4xb - a~2*
b~3) *d*e) *cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2)*log((b*cos(f*x + e) + I*bxs
in(f*x + e) - (a*cos(f*x + e) + I*a*sin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) +
a)/a) + (Ix(2*%a"3*b~2 - axb™4)xd*fxx + I*(2*a"3*b~2 - axb~4)*d*e + (Ix...

output

Sympy [F]

c+dx B ¢+ dz
/ (a+ bsec(e + fr))? de = / (a + bsec (e + fz))? dz

input‘integrate((d*X+c)/(a+b*SeC(f*x+e))**Q,X)
N

outputllntegral((c + d*x)/(a + bxsec(e + f*x))**2, x)
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Maxima [F(-2)]

Exception generated.

c+dzx
(a + bsec(e + fx))?

dx = Exception raised: ValueError

p
inputLintegrate((d*x+c)/(a+b*sec(f*x+e))*z,x, algorithm="maxima")

-/

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de

Giac [F]

c+dx _ dx +c
/(a—l—bsec(e—i—fac))2 dz = / (bsec(fz +e) —I—a)2 dz

Lintegrate((d*x+c)/(a+b*sec(f*x+e))“2,x, algorithm="giac")

input
outputtintegrate((d*x + c)/(b*sec(f*x + e) + a)~2, x)
Mupad [F(-1)]
Timed out.
c+dx
=H
/ (a + bsec(e + fx))? dz anged

inputtint((c + d*x)/(a + b/cos(e + £*x))"2,x)

Ou_tputL\tex‘c{Hanged}
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Reduce [F]
c+dx
dz = too large to displ
/(a+bsec(e+fx))2 Z = too large to display
input | int ((d*x+c)/ (atb*sec(f*x+e)) ~2,x)

( - 16*sqrt( - a*x2 + bxx2)*atan((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)
/sqrt( - a*x2 + b**2))*cos(e + f*xx)*axkdxbkxckf — 8xsqrt( - a*x*2 + b*x2)*at
an((tan((e + f*x)/2)*a - tan((e + £*x)/2)*b)/sqrt( - a**2 + b**2))*cos(e +
fxx)*xa*x3xbxx2xckxf + 8xsqrt( - ax*2 + bx*2)*atan((tan((e + f*x)/2)*a - ta
n((e + £*x)/2)*b)/sqrt( - a**2 + b*x2))*cos(e + f*x)*a*xx2xb**3*xcxf + 4*sqr
t( - a**2 + b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - a
**2 + b¥x2))*cos(e + f*x)*akxbkkdkcxf — 16%sqrt( - a**2 + b*x2)*atan((tan((
e + £xx)/2)*a - tan((e + £*x)/2)*b)/sqrt( — a**2 + b**2))*ka*x*x3*bk*2xc*f -
8xsqrt( - ax*2 + b*x2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt
(- ax*2 + b*x2))*a*x*2xb**3*kcxf + 8*sqrt( - a**2 + bx*2)*atan((tan((e + f*
x)/2)*a - tan((e + £*x)/2)*b)/sqrt( - ax*2 + b*x2))*axb**4*xcxf + 4*xsqrt( -
a**x2 + bx*2)*atan((tan((e + f*x)/2)*a - tan((e + f*x)/2)*b)/sqrt( - ax*2
+ b**2)) *bxx5kc*xf — 32*cos(e + f*x)*int(x/(2*tan((e + £*xx)/2)**x4*a*xx5 — T*
tan((e + f*x)/2)*x4xax*4*b + 8*tan((e + f*x)/2)**4*a**x3xb*x*2 - 2xtan((e +
f*xx)/2) ¥*x4*xa*x*2xb**3 - 2+tan((e + f£*xx)/2)**4*xa*xb*x4 + tan((e + f*x)/2)**4*
b*x5 — 4xtan((e + f£*x)/2)**2*xax*5 + 6+tan((e + f£*x)/2)**2kax*d*xb + 4*tan((
e + £*x)/2)**2*ax*x3*%b*xx2 — 8xtan((e + f*x)/2)**2xa*x*2*xbx*3 + 2xtan((e + f*
x) /2) **%2xb**5 + 2%a*x*5 + axkx4dkxb — 4kakx*k3kbkx2 — 2kxax*k2xb**3 + 2*axb**x4 + b
**5) ,x) *a*x*10*bkxdxf**x2 - 16*cos(e + f*xx)*int(x/(2*xtan((e + f*xx)/2)**4*xax*x5
- 7T+xtan((e + f*xx)/2)**k4d*xa*x*4+b + 8+xtan((e + f*xx)/2)*k*kd*xa**3*b**x2 — 2xt. ..

output




output

input

output
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L 5 dx

3.42 f (c+dzx) (a+bsec(e+fx))

Optimal result . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . o
Fricas [N/A] . . . o o
Sympy [N/A] . . e
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . o e
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)(a + bsec(e + fx))? de = Int((c + dz)(a + bsec(e + fx))?’ x)

3241
2241
2241

220
220

e

tDefer(Int)(1/(d*x+c)/(a+b*sec(f*x+e))‘2,x)

~—

Mathematica [N/A]

Not integrable

Time = 15.68 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/(c+dx)(a+bsec(e+fw))2 de = / (c+dz)(a+

bsec(e + fz))? dz

e

tIntegrate [1/((c + d*x)*(a + b*Sec[e + f*x])~2),x]

~—

LIntegrate [1/((c + d*x)*(a + b*Sec[e + £*x])~2), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 2, number of rules used = 0, = -
integrand size

used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
(c+dz)(a+ bsec(e + fz))?

l 3042

1
/(c+dm) (a+besc(e+ fz+ 7))

dz

dzr

l 4681

1 d
/ (c+dzx)(a + bsec(e + fx))? v

LInt[l/((c + d*x)*(a + b*Sec[e + f*x])~2),x] J

t$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*x(x_)1*(b_.))"(m_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#*x) m*(a + bxCscle + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, xl]




CHAPTER 3. LISTING OF INTEGRALS 324

Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 5dx
(dx+c)(a+bsec(fzr+e))

input Lint(i/(d*X+C)/(a+b*SeC(f*X+e))"2,}{) J
output Lint (1/ (d*x+c) / (a+b*sec (f*x+e) ) ~2,x) J

Fricas [N/A]
Not integrable
Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1

1
/ (c+dz)(a + bsec(e + fx))? de = / (dz + c)(bsec (fz +e) +a)? d

input tintegrate (1/ (d*x+c)/ (a+bksec (f*x+e))~2,x, algorithm="fricas") J

( N
output‘ integral(1/(a~2#d*x + a~2*c + (b~2xd*x + b~2*c)*sec(f*x + e)"2 + 2x(axb*dx ‘

‘x + axbkc)*sec(f*x + e)), x) ‘

Sympy [N/A]
Not integrable

Time = 2.29 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+ dz)(a + bsec(e + fz))? de = / (a + bsec (e + fz))? (c + dz) d

input Lintegrate (1/(d*x+c)/ (a+b*sec (f*x+e) ) **2,x) J
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Output‘Integral(l/((a + b*sec(e + f*x))**2%(c + d*x)), x)

Maxima [N/A]
Not integrable

Time = 11.92 (sec) , antiderivative size = 2279, normalized size of antiderivative =
113.95

1

1
/ (c+ dz)(a+ bsec(e + fz))? dr = / (dz + c)(bsec (fz +e) + a)? d

input‘integrate(1/(d*x+c)/(a+b*sec(f*x+e))*g,x, algorithm="maxima")

(2%xaxb~3xd*sin(f*x + e) + ((a”4 - a~2%b~2)*d*f*x + (a~4 - a~2xb~2)*c*f)*co
s(2xfxx + 2%e) "2xlog(d*x + c) + 4x((a"2*xb"2 - b~4)*d*fxx + (a"2*%b"2 - b~4)
xc*xf)*xcos(fxx + e)"2+log(d*x + c) + ((a”4 - a"2xb~2)xd*f*x + (a"4 - a~2*b~
2)xcxf)*log(d*x + c)*sin(2*f*x + 2xe)”2 + 4*((a"2*%b"2 - b~4)*d*f*x + (a~2*
b~2 - b~4)*c*f)*log(d*x + c)*sin(f*x + e)72 + 4%((a~3*b - a*b~3)*dxf*x + (
a~3*%b - a*b~3)*c*f)*cos(f*x + e)*log(d*x + c) - 2x(a*b”~3*d*sin(f*x + e) -

2x((a"3*%b - axb”3)*d*f*x + (a~3%b - axb~3)*c*f)*cos(f*x + e)*log(d*x + c)

- ((a™4 - a™2*b"2)*dxf*x + (a~4 - a~2%b~2)*c*f)*log(d*x + c))*cos(2*f*x +

2xe) - ((a"6 - a~4#b~2)*d"2xf*x + (a6 - a~4*b~2)xc*dxf + ((a"6 - a~4*b~2)
*d"2xfxx + (2”6 - a”~4*b"2)xcxdxf)*cos(2xf*x + 2*%e)"2 + 4x((a"4*b"2 - a"2%b
~4)xd~2%f*x + (a"4*b~2 - a~2%b~4)*c*d*f)*cos(f*x + e)"2 + ((a"6 - a~4%b"2)
*Q"2+f*kx + (276 - a~4xb"2)*xckd*f)*sin(2xf*x + 2xe)”2 + 4*%((a~5%b - a~3%b"3
Yxd"2xf*x + (a"5*%b - a~3%b"3)*ckxd*xf)*sin(2*f*x + 2*e)*sin(fxx + e) + 4*((a
“4xb72 - a"2xb"4) *d"2*f*x + (aT4*%b"2 - a"2*b"4) *kckd*f)*sin(fxx + e)"2 + 2%
((a”™6 - a~4xb~2)*d"2xf*x + (a”6 - a~4*b~2)*c*d*f + 2x((a"5*b - a~3*b~3)*d~
2%f*x + (a~5xb - a"3*b~3)*kckd*f)*cos(f*x + e))*cos(2xf*x + 2%e) + 4*((a~b*
b - a"3*b"3)*xd"2*xf*x + (a~5%b - a~3*b”3)*c*d*f)*cos(f*x + e))*integrate(-2
*(axb~3xd*sin(f*x + e) - 2% ((2*¥a~2*%b"2 — b~4)*d*xf*x + (2*%a~2%b~2 - b~4)*c*
f)*xcos(f*x + e)”"2 - 2x((2*a~2*b~2 - b~4)*d*f*x + (2%a~2xb~2 - b 4)*c*f)*si
n(f*x + e)”2 - (axb~3*d*sin(f*x + e) + ((2*a"3*b - axb~3)*d*f*x + (2%a”...

output
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Giac [N/A]

Not integrable

Time = 0.34 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dzx)(a+ bsec(e + fx))? do = / (dz + c)(bsec (fz +e) +a)? d

inputt

integrate(1/(d*x+c)/(atb*sec(f*x+e))~2,x, algorithm="giac")

output L

integrate(1/((d*x + c)*(b*sec(f*x + e) + a)~2), x)

Mupad [N/A]
Not integrable

Time = 19.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/<c+dw><a+bsec<e+fx>>2d””=/(a+ b >2(C+dx)dx

cos(e+f )

inputt

int(1/((a + b/cos(e + f*x))"2x(c + d*x)),x)

-

output L

int(1/((a + b/cos(e + £*x))~2%(c + d*x)), x)

-/

Reduce [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 5490, normalized size of antiderivative =
274.50

1
dx = Too large to displ
/(c+dx)(a+bsec(e+fx))2 z oo large to display

inputt

int (1/(d*x+c)/ (a+bxsec (f*x+e))~2,x)
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( - 2¢int(cos(e + f*x)/(2*cos(e + f*xx)*ax*5xbkc + 2xcos(e + f*xx)*a*x5xbxd*
X - 8*cos(e + f#*x)*a**4dxbx*2+xc — 8*cos(e + f*x)*axkxdsb**x2kxd*x + 12*cos(e +
f*x)*a**3*%b**3*%c + 12xcos(e + f*x)*a**3*b**3*d*x - 8xcos(e + f*x)*a*x*2*b*
*4xc — 8xcos(e + f*x)*a*x*2+b**4xd*x + 2xcos(e + f*x)*axb**5*c + 2xcos(e +
f*x)*a*xb**x5xd*x — sin(e + f*x)**2*a**x6*xc - sin(e + f*x)**2ka**6*d*x + 4*si
n(e + f*x)**2*a**5xb*xc + 4xsin(e + f*x)**2*a**5xbxd*x — 6xsin(e + f*x)**2*
a*x4xbx*2%c — 6*sin(e + f*x)*x*kakxx4dxbx*2kd*x + 4*sin(e + F*x)**x2ka*x*3kb*k*
3*%c + 4*sin(e + f*x)**x2ka**3xbkx*3*xd*x — sin(e + f*x)**x2xa**2xbk*d*c — sin(
e + f*x)**2*a**2*b**4*d*x + ax*B6%c + ax*k6kd*kx — 4*xax*k5kxbkc — 4*xa*x*k5kxbkd*xx
+ Tkaxkx4dxbxk2xc + Txakxk4xbkxk2kd*x — 8kax*3xb*x3%kc — 8ka*xk3kbk*k3kd*kx + 7T*kak
*2%bkk4dkc + Thaxk2xbkk4dkd*x — 4kaxbkxkbkxc — 4xa*xb**x5kxd*x + b**6%c + b**6kdx*x
X),x)*a**5xbxd + 8*int(cos(e + f*xx)/(2*cos(e + f*x)*a*xx5xbxc + 2*cos(e + f
*x) *axx5xbxdxx — 8kcos(e + f*x)*ax*x4dxbxx2xc — 8kcos(e + f*X)*ax*x4xbxx2xd*xx
+ 12%cos(e + f*x)*ax*x3xbx*3*c + 12*cos(e + f*x)*ax*x3xb*x*k3*kd*x — 8*cos(e +
f*x)*a**2+b**x4*xc — 8xcos(e + f*x)*a**2+b**x4dxd*xx + 2*xcos(e + f*x)*a*b**x5xc
+ 2xcos(e + f*x)*axb**bxd*x - sin(e + f*x)**x2ka*x*x6xc — sin(e + *x)**xka*
*6xd*x + 4*sin(e + f*xx)**2xax*5*xbxc + 4xsin(e + f*x)**x2*a*xx5xb*d*x — 6*sin
(e + fxx)**x2kaxkdxb**2%c — 6*sin(e + f*xx)**xkakxkdkb**2*d*x + 4*sin(e + fxx
) k*2ka**k3kb*x*k3*%c + 4*sin(e + f*x)**2*a*x*x3xb*x*3kxd*x — sin(e + F*xx)*kkak*x*
bx*d*xc — sin(e + £*x)**2*ax*k2kbxxdkd*x + a**6xc + ax*x6kd*x — 4*ax*x5ib*c...

output
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1

3.43 J (Crdn X athsecier )2 OF

Optimal result . . . . . .. . . . .. . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . . oo 329
Maple [N/A] . . . . o 330
Fricas [N/A] . . . o o 330
Sympy [N/A] . . e 330
Maxima [N/A] . . . . . 3311
Giac [N/A] . . .
Mupad [N/A] . . o e
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c + dz)2(a + bsec(e + fx))? de = Int((c + dz)?(a + bsec(e + fz))?’ x)

e

Defer (Int) (1/(d*x+c) "2/ (a+b*sec(f*x+e))~2,x)

~—

output t

Mathematica [N/A]
Not integrable

Time = 32.98 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dx)?(a + bsec(e + fx))? de = / (c+dx)*(a + bsec(e + fx))? dz

e

tIntegrate[l/((c + d*x)"2*(a + bxSec[e + f*x])~2),x]

~—

input

output LIntegrate[i/ ((c + d*x)~2x(a + b*Sec[e + f*x])~2), x] J




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ! dz
(c+dz)?(a + bsec(e + fx))?
| 3042
1
/ (c+dz)? (a+besc(e+ fz+ %))2
| 4681

1
/ (c+ dz)2(a + bsec(e + fx))

dxr

2dm

LInt[l/((c + d*x)~2%(a + bxSec[e + f*x])~2),x] J

t$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_)*x(x_)1*(b_.))"(m_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d#*x) m*(a + bxCscle + f*x])"n, x] /; Free
Ql{a, b, ¢, d, e, f, m, n}, xl]
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Maple [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

2 5dx
(dz +c)* (a + bsec (fz +¢))
input Lint (1/(d*x+c) "2/ (a+bxsec (f*x+e))~2,x) J
output Lint (1/ (d*x+c) "2/ (at+b*sec (f*x+e) ) ~2,x) J

Fricas [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1
2 D) dr = / 3 5 dz
(c+dzx)?(a + bsec(e + fzx)) (dz + c)*(bsec (fz +€) + a)
inputLintegrate(l/(d*x+c)“2/(a+b*sec(f*x+e))*2,x, algorithm="fricas") J
output‘ integral (1/(a”2+d 2+x"2 + 2%a”2xckd*x + a"2%c™2 + (D"2%d"2%x"2 + 24b 2kckd |

‘*x + b"2xc"2)*sec(f*x + e)~2 + 2% (axb*d~2*x"2 + 2*axbxckd*x + a*b*c~2)*sec \
‘(f*x +e)), x) ‘

Sympy [N/A]
Not integrable

Time = 9.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
(c+dz)%(a + bsec(e + fx))? dr = / (a+bsec (e + fz))* (c+ dz)? d

tnput Lintegrate (1/ (d*x+c) **2/ (atb*sec (f*xx+e) ) **2,x) J
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Output‘Integral(l/((a + b*sec(e + f*x))**2x(c + d*x)**2), x)

Maxima [N/A]
Not integrable

Time = 37.64 (sec) , antiderivative size = 2918, normalized size of antiderivative =
145.90

1 1
(c+dz)?(a + bsec(e + fx))? dr = / (dz + c)?(bsec (fz + e) + a) e

input ‘ integrate(1/(d*x+c) "2/ (a+b*sec(f*x+e))~2,x, algorithm="maxima")

(2%a*b~3*d*sin(f*x + e) - (2”4 - a~2%b"2)*d*f*x - (a~4 - a~2xb~2)*cxf - ((
a4 - a"2xb"2)*xdxf*x + (a4 - a"2%b”~2) *cxf)*cos(2xf*x + 2%e)”2 - 4x((a"2*b
"2 - bT4)*d*fxx + (a”2%b"2 - b 4)*ckf)*cos(f*x + )72 - ((a”4 - a~2*b"2)*d
*fxx + (2”4 - a"2*b"2)*c*f)*sin(2*f*x + 2xe)"2 - 4*%((a"2%b"2 - b~4)*d*fx*x
+ (a"2%b"2 - b~4)*ckf)*sin(f*x + e)~2 - 2*%(a*xb~3*d*sin(f*x + e) + (a”4 - a
“2xb72) xdxfxx + (2”4 - a"2%b"2)*cxf + 2x((a"3*b - a*b”3)*d*f*x + (a~3*b -
a*b~3) xcxf)*xcos(f*x + e))*cos(2*f*x + 2xe) - 4*x((a"3*b - a*b~3)*d*f*x + (a
~3%b - axb~3)*ckf)*xcos(f*x + e) - ((a"6 - a~4*b~2)*d"3*xf*x"2 + 2*x(a"6 - a~
4xb"2) *ckd"2xfxx + (2”6 - a~4*b"2)*c"2xdxf + ((a”6 - a~4*b"2)*d"3*f*x"2 +
2x(a"6 - a~4xb"2)*kcxd"2xf*x + (2”6 — a~4*b”~2)*c 2xd*f)*cos(2xf*x + 2ke) 2
+ 4% ((a”4*b™2 - a”24b"4)*d"3*kf*x"2 + 2% (a~4*b"2 - a"2xb~4)xc*d"2xfxx + (a”
4%b~2 - a”2*xb"4)*xc”2*d*f)*cos(f*x + e)”2 + ((a"6 - a~4*xb~2)*d"3*f*x"2 + 2%
(a”6 - a"4xb~2)*ckd"2*f*x + (a”6 - a~4xb"2)*kc~2kd*f)*sin(2*f*x + 2*xe)”"2 +
4% ((a"5*%b - a~3*b"3)*d"3xf*x"2 + 2*%(a”5*b - a~3*b"3)*xckxd"2*xf*x + (a~5*b -
a”3%b"3) *c"2xd*f) *sin (2xf*x + 2%e)*sin(f*x + e) + 4*((a"4%b"2 - a~2*b~4)*d
“3xfxx"2 + 2% (a"4*b"2 - a"2%b"4)*xcxd"2xfxx + (a"4*%b"2 - a”2%b74)*xc”2xd*xf)*
sin(f*x + e)72 + 2% ((a"6 - a~4*b~2)*d"3*f*x"2 + 2%(a”6 - a~4*b~2)*ckxd " 2*xfx*
x + (276 - a"44b~2)*c 2xd*xf + 2x((a”bxb - a~3*b"3)*d"3*f*x"2 + 2*x(a"5xb -
a~3xb"3) xc*kd"2xfxx + (a”5*b - a~3*b~3)*c"2xd*f)*cos(f*x + e))*kcos(2*f*x +
2xe) + 4x((a~5*b - a~3*b~3)*d"3*f*x"2 + 2%(a~5*b - a~3%b"3)*ckd 2xf*x +...

output




input

output

inputt

Lintegrate(l/(d*x+c)“2/(a+b*sec(f*x+e))‘2,x, algorithm="giac")

Lintegrate(l/((d*x + c)"2x(bxsec(f*x + e) + a)~2), x)
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Giac [N/A]
Not integrable

Time = 2.98 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

(c+dz)?(a+ bsec(e + fx))? do = / (dz + ¢)®(bsec (fz + €) + a)? e

Mupad [N/A]
Not integrable

Time = 16.29 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
| erararimerrr e/ (04 ) (e da

cos(e+f )

int(1/((a + b/cos(e + £*x))~2%(c + d*x)~2),x) J

-

output L

int(1/((a + b/cos(e + f*x))~"2x(c + d*x)~2), x)

-/

Reduce [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 19510, normalized size of antiderivative =
975.50

1
dz = Too large to displ
/ (c+ dz)2(a + bsec(e + fa))? -~ T00 1B O ABPIAY

inputt

int (1/ (d*x+c)~2/ (a+bxsec (f*x+e))~2,x%) J
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( - 2+xint(cos(e + £*x)/(2*cos(e + f*x)*ax*5xbkcx*2 + 4*cos(e + f*x)*ax*xb*b
xcxd*x + 2kcos(e + f*x)*a*x*x5xbkd**x2xx**2 — 8*cos(e + fxx)*axkxdkb**xkck*2 —
16*xcos (e + f*x)*a**4xb*x*x2xckxd*xx — 8*cos(e + f*X)*ax*x4xbxx2xdx*x2kx*k*2 + 12
*cos(e + fxx)*akk3kb**3*c**2 + 24xcos(e + f*x)*ax*3*b**3*c*d*x + 12*cos(e
+ f*x)*a**3*¥b**3xd**x2xx*k*x2 — 8kcos(e + f*xX)*a*x*x2xbxxdxcxx2 — 16%cos(e + f*
X) *ax*x2*xb*xdxckd*x — 8*cos(e + *x)*axk2¥bkxdkd**x2xx**2 + 2*cos(e + f*xx)*a
*¥b*kx5xckx*2 + 4*xcos(e + f*xx)*axb*xbkckd*x + 2kcos(e + f*xx)*akxbkx5kdx*Qkx**x2
- sin(e + f*xx)**x2xaxkxGkck*2 — 2*sin(e + f*xx)**xkaxkGkckd*x — sin(e + f*xx)
*kQkakkBkdAk*k2kx**2 + 4ksin(e + F*xx)*k2kxax*k5kxbkc*k*x2 + 8xsin(e + f£*x)*k*Qka%k*
Bxbkcxd*x + 4*sin(e + f£xx)*xx2kaxk5xbkd*xk2*x*k*2 — Gksin(e + fxx)*x2kaxkdxbx*
*2kcxk2 — 12ksin(e + f£xx)*x2karxkdxbk*2kckdkx — 6*xsin(e + f£*x)**kakkdxbi*2
*dkk2kxk*k2 + 4*sin(e + f*x)**2*a**3*b**3*c**2 + 8*sin(e + f*x)**Q*a**B*b**
3kckd*x + 4*sin(e + f*x)*x*2ka*x3xbx*k3kd*x*x2*xx**2 — sin(e + F*x)**xkakx*kxb*kx*
4xckxx2 — 2xsin(e + f£*x)**2ka**x2kbkx*4*ckd*x — sin(e + f*x)*k*kkakxkx2kbkkskd**
2%kxX*k%k2 + akkBkCck*k2 + 2ka*kkBkckdkx + akkBkdkk2kxkk2 — 4kakkB5xbkck*k2 — 8kagkxxk
Bxbxckxd*x — 4*%a*xkx5xbkxd*x*k2%kx*k*2 + Tkakk4dxbkk2kck*k2 + 14%a**k4xbx*k2%kckd*xx + 7
*akk4kbkk2kAkkQkXk*k2 — 8kgkxk3kbkk3kCk*k2 — 16%a*k*k3%kb*kk3kckd*kx — 8*ka*k*k3kxb*x*3
*dkk2kxkk2 + Thkakk2Qkbkk4dkckk2 + 14%a*k2xbxkkdkckdkx + Txaxk2kxbkk4kdkk2Qxx*k*2
— 4xaxb*x*k5kc*k*2 — 8kakbkkbkxckdkxx — 4%ka*xb*xkB5kd**x2xx*%*2 + Db*kkB6kc*k*x2 + 2x%bkk
6*cxd*x + bk*6xd**k2%x**2) ,x)*a*x*x5xbkxcx*2 — 2+int(cos(e + f*x)/(2*cos(e ...

output




CHAPTER 3. LISTING OF INTEGRALS 334
3.44 [(c+ dx)™(a + bsec(e + fz))" dx

Optimal result . . . . . . . . . . . . e [334]
Mathematica [N/A] . . . . . . . . 334
Rubi [N/A] . . o
Maple [N/A] . . . . 336
Fricas [N/A] . . . o o 330
Sympy [F(-1)] . . o oo 336
Maxima [N/A] . . . . . 337
Giac [N/A] . . . e B37
Mupad [N/A] . . . o B37
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

/(c +dz)™(a + bsec(e + fz))" dz = Int((c + dz)™(a + bsec(e + fz))", x)

-

output LDefer (Int) ((d*x+c) “m* (at+b*sec(f*x+e)) "n,x)

-/

Mathematica [N/A]

Not integrable

Time = 1.76 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + bsec(e + fz))"dz = /(c + dz)™(a + bsec(e + fz))" dz

inputtlntegrate[(c + d*x) “m*(a + b*Sec[e + f*x]) n,x]

Output‘lntegrate[(c + dxx) "m*(a + b*Sec[e + f*x])~"n, x]
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c +dz)™(a + bsec(e + fx))" dz
| 3042

/(c+dw)m (a+bcsc (e+f:c+ g))nd:c

l 4681

/(c + dz)™(a + bsec(e + fx))"dx

input LInt[(c + d*x) "m*(a + b*Sec[e + f*x]) n,x] J

output ‘\$Aborted

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_-) + CSC[(e_-) + (f_.)*(x_)]*(b_.))‘(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz +¢)™ (a + bsec (fr +e€))" dz

input int ((d*x+c) “m* (a+bksec (f*x+e)) “n,x)

output tint ((d*x+c) "m* (a+b*sec(f*x+e)) "n,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fzr))"dz = / (dz +c)"(bsec(fr +€) +a)" dz

input Lintegrate ((d*x+c) “m* (a+bxsec(f*x+e)) "n,x, algorithm="fricas")

output Lintegral((d*x + c)"m*(b*sec(f*x + e) + a)"n, x)

Sympy [F(-1)]

Timed out.

/(c +dz)™(a + bsec(e + fz))" dz = Timed out

input Lintegrate ((d*x+c) **m* (a+bxsec (f*xx+e) ) **n,x)

output LTimed out
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Maxima [N/A]
Not integrable

Time = 0.50 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dx)™(a + bsec(e + fz))" dx = / (dz +c)"(bsec(fz +e)+a)" dz

inputt

integrate((d*x+c) “m*(a+b*sec(f*x+e)) "n,x, algorithm="maxima")

-

output t

integrate((d*x + c) m*(b*sec(f*x + e) + a)”n, x)

e—

Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fz))"dz = / (dz + )™ (bsec(fr +e)+a)" dx

input‘

outputt

inputt

integrate ((d*x+c) “m* (a+b*sec (f*x+e)) "n,x, algorithm="giac")

integrate((d*x + c) m*(b*sec(f*x + e) + a)”n, x)

Mupad [N/A]
Not integrable

Time = 15.66 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c +dz)™(a + bsec(e + fz))"dz = / (a + Wlil-fw)yl (c+dz)" dz

int((a + b/cos(e + f*x)) n*x(c + d*x) "m,x)
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output Lint((a + b/cos(e + f*x)) nx(c + d*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fz))" dx = / (dz +¢)™ (sec (fx +e)b+a)" dz

input Lint ((d*x+c) “m* (a+bxsec (f*x+e)) "n,x)

output Lint((c + dxx)**km*(sec(e + f*x)*b + a)**n,x)
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3.45 [(c+ dx)™(a + bsec(e + fz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . .
Fricas [N/A] . . . o o
Sympy [N/A] . . e
Maxima [N/A] . . . . .
Giac [N/A] . . . e
Mupad [N/A] . . . o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + bsec(e + fz)) dz = Int((c + dz)™(a + bsec(e + fx)), )

239
240

-

output LDefer (Int) ((d*x+c) “m* (a+b*sec (f*x+e)),x)

-/

Mathematica [N/A]

Not integrable

Time = 0.42 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dzx = /(c + dz)™(a + bsec(e + fz))dx

input ‘\Integrate[(c + d*x) "m*(a + b*Sec[e + f*x]),x]

output‘ Integrate[(c + d*x) m*(a + b*Sec[e + f*x]), x]
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(c + dz)™(a + bsec(e + fx)) dx

| 3042
m ™
/(c+dw) (a+bcsc <e+fx+ 5)) dz

| 4681

/(c +dz)™(a + bsec(e + fx))dx

inputLInt[(c + d*x) "m*(a + b*Secl[e + f*x]),x] J

output ‘\$Aborted

Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4681 Int[((a_-) + CSC[(e_-) + (f_.)*(x_)]*(b_.))‘(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]




CHAPTER 3. LISTING OF INTEGRALS 341

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dw +c¢)" (a+bsec(fz+e))dzx

input‘

int ((d*x+c) “m* (a+b*sec (f*x+e) ) ,x)

outputt

int ((d*x+c) “m* (a+b*sec (f*x+e)) ,x)

-

inputt

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dzx = / (bsec (fz +e) +a)(dz+c)" dx

integrate ((d*x+c) “m* (atb*sec(f*x+e)) ,x, algorithm="fricas")

e—

output

inputt

Lintegral((b*sec(f*x + e) + a)*(d*x + ¢c)"m, x)

Sympy [N/A]
Not integrable

Time = 5.76 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(c +dz)™(a + bsec(e + fx)) dx = / (a+bsec(e+ fz)) (c+dz)™ dz

integrate ((d*x+c) *x*m* (a+bxsec (f*x+e)) ,x)

outputt

Integral((a + bxsec(e + f*x))*(c + d*x)**m, x)




-

input t
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Maxima [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c + dz)™(a + bsec(e + fz))dx = / (bsec (fz+e) +a)(dz+c)" dx

integrate ((d*x+c) “m* (atb*sec (f*x+e)) ,x, algorithm="maxima")

~—

output ‘

2xbxintegrate (((d*x + c) m*cos(2*f*x + 2*e)*cos(f*x + e) + (d*x + c) m*sin
(2xf*xx + 2*%e)*sin(f*x + e) + (d*x + c) “m*xcos(f*x + e))/(cos(2xf*x + 2%e)~2
+ sin(2*f*x + 2%e)”2 + 2xcos(2*f*x + 2%e) + 1), x) + (d*x + c)"(m + 1)*a/
(@*(m + 1))

Giac [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c +dz)™(a + bsec(e + fx))dz = / (bsec(fz +e)+a)(dx+c)"dz

inputt

integrate ((d*x+c) “m* (a+b*sec(f*x+e)),x, algorithm="giac")

/

output t

integrate((b*sec(f*x + e) + a)*(d*x + c)"m, x)

~—
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Mupad [N/A]
Not integrable

Time = 15.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/(c—l—dx)m(a—i-bsec(e—l—fz)) dr = / (a—i— ) (c+dz)" dz

cos(e+ fx)

input Lint((a + b/cos(e + f*x))*(c + d*x) "m,x) J

Outputlint((a + b/cos(e + f*x))*(c + d*x)°m, x) J

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 113, normalized size of antiderivative = 6.28

/(c + dz)™(a + bsec(e + fz))dx

(dz +c)™ ac+ (dz + ¢)" adx — (dz + ¢)" bc — (dx + ¢)™ bdx — 2<f %dm) bdm — 2<f E
tan( 245 ) — tan

d(m+1)

input Lint((d*x+c)“m*(a+b*sec(f*x+e)) ,X) J

‘ ((c + d*x)**xm*axc + (c + d*x)**m*a*xd*x — (c + d*x)**m*bk*c - (c + d*x)**m*b \
(*d¥x - 2¢int((c + d*x)**m/(tan((e + £xx)/2)**2 - 1),x)*bxd*m - 2*int((c + |
| @xx)#4m/ (tan((e + £4x)/2)%%2 - 1),x)*b*d)/(d*(m + 1)) |

output
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3.46 [T gy

a+bsec(e+fx)
Optimal result . . . . . . . . . . e [344]
Mathematica [N/A] . . . . . . . . [344]
Rubi [N/A] . . o 345)
Maple [N/A] . . . . e
Fricas [N/A] . . . . o o e 340
Sympy [N/A] . . e 340
Maxima [N/A] . . . . . 347
Giac [N/A] . . . 347
Mupad [N/A] . . . o
Reduce [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

/ (c+ dz)™ )dsznt< (c + dz)™ z)

a+ bsec(e + fx a+bsec(e + fz)’

output LDefer (Int) ((d*x+c) "m/(at+b*sec(f*x+e)) ,x) J

Mathematica [N/A]

Not integrable

Time = 0.60 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+ dx) do — / (c+ dx) s
a+ bsec(e + fx) a + bsec(e + fz)
input LIntegrate[(c + d*x)"m/(a + b*Sec[e + f*x]),x] J

output ‘\Integrate [(c + d*x)"m/(a + bxSec[e + f*x]), x]




input

output

rule 3042

rule 4681
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {3042, 4681}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(c+dx)™
/ a+ bsec(e + fzx) de

| 3042
/ (c+dx)™

a+besc(e+ fz+7%)

l 4681
/ (c+dx)™

a+ bsec(e + fzx) v

\Int[(c + d*x)"m/(a + bxSec[e + f*x]),x]

‘$Aborted

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_.) + cscl(e_.) + (£_.)*x(x_)I*(b_.))"(n_.)*((c_.) + (d_.)*(x_))"(m_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Csc[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]
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Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz+c)™
/a+bsec(fx+e)d$

inputLint((d*x+c)"m/(a+b*sec(f*x+e)),x)

-

ou_tputtint((d*x+c)“m/(a+b*sec(:f*x+e)),x)

e—

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dzx)™ dp — (dz+c)™ .
a+bsecle+ fz) " ) bsec(fz+e)+a

input Lintegrate ((d*x+c) "m/ (at+bxsec(f*x+e)) ,x, algorithm="fricas")

Output‘integral((d*x + c)"m/(bxsec(f*x + e) + a), x)

Sympy [N/A]
Not integrable

Time = 2.67 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(c+ dz)™ B (c+dz)™
/ot-l—bsec(e+fac)dac_/Clj-l-bsec(t?‘fo)daC

inputLintegrate((d*x+c)**m/(a+b*sec(f*x+e)),x)
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OutputLIntegral((c + d*x)**m/(a + b*sec(e + f*x)), x)

Maxima [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dz)™ B (dz + )™
/a+bsec(e+fx)dz_/bsec(fz+e)+adx

inputLintegrate((d*X+C)Am/(a+b*SeC(f*X+e)),X, algorithm="maxima")

output Lintegrate((d*x + ¢c)"m/(b*sec(f*x + e) + a), x)

Giac [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dzx)™ B (dz 4+ )™
/a+bsec(e—|—fx) dx_/bsec(fx—i—e)—i-adx

input‘integrate((d*x+c)‘m/(a+b*sec(f*x+e)),x’ algorithm="giac")

outputtintegrate((d*x + ¢)"m/(bksec(f*x + e) + a), x)
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Mupad [N/A]
Not integrable
Time = 15.29 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+ dx)™ dx:/ (c+dz)™ I

a + bsec(e + fr) G+Wtrfw)

-

input Lint((c + d*x)"m/(a + b/cos(e + £*x)),x)

-/

output‘ int((c + d*x)"m/(a + b/cos(e + f*x)), x) ‘

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 326, normalized size of antiderivative = 16.30

/ (c+dz)™ i

a + bsec(e + fz)

2_q24p2

tan(%-i—%) a2—2tan(%+§)2ab+tan(%+§

input ‘ int ((d*x+c) "m/ (a+b*sec (f*x+e)) ,x)

((c + dxx)**xm*c + (c + d*x)**m*xd*x + 2xint((c + d*x)#**m/(tan((e + f*xx)/2)*
*2xaxx2 — 2xtan((e + f£*x)/2)**x2xaxb + tan((e + f*x)/2)**2¥b**x2 — ax*x2 + bx*
*2) ,x) *axbxd*xm + 2*int((c + d*x)**m/(tan((e + f*xx)/2)**2*xa*x*2 - 2xtan((e +
fxx)/2)**%2*%axb + tan((e + f*x)/2)**x2xb**2 — a*x*x2 + b**2),x)*a*xb*d - 2*xint
((c + d*x)**m/(tan((e + f*x)/2)**2xa*x*2 - 2+tan((e + f*x)/2)**2*a*b + tan(
(e + £*x)/2)**x2%b**2 — a**2 + b**2),x)*bx*2*d*m - 2*int((c + d*x)**m/(tan(
(e + fxx)/2)**2*a*x2 - 2xtan((e + f*xx)/2)**2*axb + tan((e + £*xx)/2)**2*b*x
2 - a**2 + b**2),x)*b**2xd)/(d*(a*m + a - b*m - b))

output
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 349
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

349
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar




CHAPTER 4. APPENDIX 359

def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],



CHAPTER 4. APPENDIX 361

else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^m (a+b (e+f x))^n  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^m (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (c+d x)^m  a+b (e+f x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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