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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 84 |. This is test number [ 250 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (84 ) | 0.00 (0)

Mathematica | 95.24 (80 ) | 4.76 (4)
Fricas 76.19 (64 ) | 23.81 (20 )
Maple | 61.90 (52) | 38.10 (32)
Maxima | 60.71 (51) | 39.29 ( 33)
Reduce 57.14 (48 ) | 42.86 ( 36 )
Mupad 55.95 (147 ) | 44.05 ( 37)
Giac 52.38 (44 ) | 47.62 (40)
Sympy | 44.05(37) | 55.95 (47)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 59.524 0.000 0.000 40.476
Mathematica 45.238 9.524 0.000 45.238
Maple 11.905 0.000 9.524 78.571
Fricas 9.524 26.190 0.000 64.286
Giac 7.143 4.762 0.000 88.095
Maxima, 4.762 19.048 0.000 76.190
Sympy 2.381 1.190 0.000 96.429
Mupad 0.000 15.476 0.000 84.524
Reduce 0.000 16.667 0.000 83.333

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

>
O

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0.00 0.00 0.00
Mathematica | 4 100.00 0.00 0.00

Fricas 20 100.00 0.00 0.00

Maxima, 33 45.45 15.15 39.39

Maple 32 100.00 0.00 0.00

Reduce 36 100.00 0.00 0.00

Mupad 37 0.00 100.00 0.00

Giac 40 100.00 0.00 0.00

Sympy 47 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.11

Reduce 0.19

Maple 0.21

Giac 0.34

Rubi 0.67

Maxima 1.18

Sympy 4.79
Mathematica 10.87

Mupad 14.85

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 21.24 1.01 17.00 0.94
Giac 38.32 1.18 20.00 1.11
Reduce 64.04 1.86 38.00 1.52
Mupad 170.23 2.46 22.00 1.22
Maple 175.42 1.44 18.00 1.00
Rubi 301.33 1.00 75.00 1.00
Fricas 392.12 2.26 45.00 2.11
Mathematica | 406.84 1.34 73.50 1.11
Maxima 1090.16 33.15 310.00 6.75

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals
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Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

2670 L1 13141719} 21} [22}[24} 26, 28, 20} 30} 34} 35} 39} 0} 14} |45}, |49}, 50} 54} 55, 59

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica
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Maple

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 26]
Mma . . . . . . e e e e 26
Maple . . . . . . e
Fricas . . . . . . e
Maxima . . . . . . . . e e e e e e e e 27]
Gilac . . . . e e 28]
Mupad . . . . . . . 28]
Sympy . . . . . e e
Reduce . . . . . . . . . . e e 29]

Rubi

A grade { [1}B)5) B0} T2 5} 16,5} 20} 23} 25027} T 2 53,6, 57 51 e 43, 7
%?@@@@@@@@@@@@@@@@@@@@@@

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[115[12)T5)[16,20) 2327, 51) 52, 33,56, 57 55} ) 42,5 I 7 A L G2 B3
56) 55 62,63, 64,67, 68,69, 73, A 0, T 0L )

B grade { [0, [S2357 615053 )
C grade { }

F normal fail {[75][78}[81}[84] }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple
A grade {[5}[12,[15,20,27,53, 58 [61} [64} 69 }
B grade { }

C grade { [73}[74}[76}[77,[7%[80},[82}83 }

F normal fail {[1}[3}[8} 10}[16}[18 23} 2531} 32,33, 36} 37} 38} A1} |42} 43} 46} 47 (48} 51} 52}
[564[57, 62,63} 67} 68} 75} 78,8 1} 84 }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[5}[20,[53}64}[73,[76}[79,[82 }

B grade { 1551012 15,1615 325,27, 55 169, T 75 7 P8, B 61 B354 )
C grade { }

F normal fail { (1123336, 57)5% 12,3, 6) (718, 61, 53 50,57, 62,63 6768
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade { }

B grade { 510,12 (T5)51,52,53,55) 57,58, 51, 52 66773, 76

C grade { }

F normal fail { [1,81618,23)74 7577 78 7950 F1E2 B3, )
F(-1) timedout fail {[20,[27[60}[70}[71] }

F(-2) exception fail { [25){fT}{i2} i3 [iG) 7 55, [62,[63, 64,67 68,60 )
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Giac

A grade { 2027536469 }
B grade {[[2[15[58,[61 }

C grade { }

F normal fail {1)B}5) 0, 16)[[5,[23) 25,51} 52 53, 50) 57 58) 1) 2 43} 1, 7 BB, 5T} 52
56, 572,631 67,68} 73} 7475} 70} 77,75, 79, 50, B, B2 53,64 )

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade { B[I35/20,27 53,58 61 6469, 30 )
C grade { }

F normal fail { }

F(-1) timedout fail {[}}3,8}[10}[16}[18 [23 25} 3132} 33} 36} 37} [38} 41, 42, [43} {46} (47} 43,
6116256, 57,62} 63}[67}[68} 74 [75} [77} 78} [80} B 1} 82} 83, 84 }

F(-2) exception fail { }

Sympy

A grade { }
B grade {5}

C grade { }

F normal fail {[1}[3}[8} 10}12}[15 16} 18} 20}[23, 25} 27}, 31} 32} 33, 36} 37} 38} 41} [42} 43} 46}
?@@@@@@@@@@@@@m@@@@@@@

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade { }

B grade { 521320275353 FLEAATITOMES )
C grade { }

F normal fail {[1}[3}[8}10}[16}[18 23} 2531} 32} 33} 36} 37} 38} |41} {42} 43} 46} 47 (48} 51} 52}
[564[57, 62, 63} 67} 68} 74} 75477} [78, B0}, B1} 83} /84 }

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 129 129 159 0 0 425 0 0 23 0

N.S. 1 1.00 1.23 0.00 0.00 3.29 0.00 0.00 0.18 0.00
time (sec) N/A 0.335 0.215 0.000 0.000 0.104 0.000 0.000 0.178 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 106 21 15 18 23 20
N.S. 1 1.00 112 100 662 131 094 112 144  1.25
time (sec) N/A 0.180 2.886 0.036 0.101  0.068 2.365 0.186 0.182  15.091

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 84 84 118 0 0 288 0 0 23 0

N.S. 1 1.00 1.40 0.00 0.00 3.43 0.00 0.00 0.27 0.00

time (sec) N/A 0.256 0.104 0.000 0.000 0.096 0.000 0.000 0.185 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 106 21 15 18 23 20
N.S. 1 1.00 1.12 1.00 6.62 1.31 0.94 1.12 1.44 1.25
time (sec) N/A 0.177 2.298 0.039 0.094 0.069 1964 0.139 0.205 14.550
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 26 31 44 42 30 26 69
N.S. 1 1.00  1.00 1.00 1.19 1.69 1.62 1.15 1.00 2.65
time (sec) N/A 0.176 0.013 0.074 0.029 0.077 2.820 0.138 0.206 0.556
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 108 18 14 18 21 20
N.S. 1 1.00 1.12 1.00 6.75 1.12 0.88 1.12 1.31 1.25
time (sec) N/A 0.174 2.162 0.041 0.099 0.070 0.702 0.143 0.176  15.771
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 126 18 15 18 25 20
N.S. 1 1.00 1.12 1.00 7.88 1.12 0.94 1.12 1.56 1.25
time (sec) N/A 0.175 2.186 0.045 0.101 0.071 0.468 0.213 0.180 15.711
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 228 227 639 0 800 687 0 0 47 0
N.S. 1 1.00  2.80 0.00 3.51 3.01 0.00 0.00 0.21 0.00
time (sec) N/A 0.581 2.237  0.000 0.240  0.111 0.000 0.000 0.183 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 310 42 17 20 47 22
N.S. 1 1.00 1.11 1.00 17.22 2.33 0.94 1.11 2.61 1.22
time (sec) N/A 0.179 17.094 0.079 0.254  0.080 2.905 0.598 0.183  15.465
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 125 124 268 0 604 451 0 0 134 0
N.S. 1 099 214 0.00 4.83 3.61 0.00 0.00 1.07 0.00
time (sec) N/A 0.369 3.960 0.000 0.158  0.097 0.000 0.000 0.185 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 300 42 17 20 102 22
N.S. 1 1.00 1.11 1.00 16.67 2.33 0.94 1.11 5.67 1.22
time (sec) N/A 0.179 27.156 0.076 0.217 0.074 2323 0.630 0.188 15.616
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 44 86 51 98 94 0 84 69 102
N.S. 1 098 191 1.13 2.18 2.09 0.00 1.87 1.53 2.27
time (sec) N/A 0.331 0.651 0.131 0.036 0.084 0.000 0.146 0.182 15.333
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 360 36 15 20 64 22
N.S. 1 1.00 1.11 1.00 20.00 2.00 0.83 1.11 3.56 1.22
time (sec) N/A 0.180 68.782 0.076 0.220  0.072 2.473 0.207 0.184 14.848
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 366 36 17 20 50 22
N.S. 1 1.00 1.11 1.00 20.33 2.00 0.94 1.11 2.78 1.22
time (sec) N/A 0.181 39.426 0.077 0.248  0.070 0.767 0.657 0.174  14.810
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 104 167 73 3543 183 0 211 90 491
N.S. 1 1.16  1.86 0.81 39.37 2.03 0.00 2.34 1.00 5.46
time (sec) N/A 0.461 0.083 0.195 0.111 0.084 0.000 0.114 0.188  25.657
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 396 397 319 0 0 1445 0 0 20 0
N.S. 1 1.00 0.81 0.00 0.00 3.65 0.00 0.00 0.05 0.00
time (sec) N/A 1.118 0.985 0.000 0.000 0.208 0.000 0.000 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 253 20 15 20 20 22
N.S. 1 1.00 1.11 1.00 14.06 1.11 0.83 1.11 1.11 1.22
time (sec) N/A 0.182 1.701 0.058 0.241 0.067 0.518 0.218 0.187  15.783
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 271 266 987 0 0 1050 0 0 20 0
N.S. 1 0.98  3.64 0.00 0.00 3.87 0.00 0.00 0.07 0.00
time (sec) N/A 0.775 3.671  0.000 0.000  0.202 0.000 0.000 0.183 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 253 20 15 20 20 22
N.S. 1 1.00 1.11 1.00 14.06 1.11 0.83 1.11 1.11 1.22
time (sec) N/A 0.182 1.410 0.061 0.235 0.064 0435 0.178 0.194 15.164
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 74 66 73 0 261 0 84 79 163
N.S. 1 1.17  1.05 1.16 0.00 4.14 0.00 1.33 1.25 2.59
time (sec) N/A 0.336 0.226 0.117 0.000  0.095 0.000 0.119 0.199 1.594
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 250 19 15 20 19 22
N.S. 1 1.00 1.11 1.00 13.89 1.06 0.83 1.11 1.06 1.22
time (sec) N/A 0.187 1.647 0.059 0.233  0.070 0.899 0.175 0.186  14.690
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 126 18 15 18 25 20
N.S. 1 1.00 1.12 1.00 7.88 1.12 0.94 1.12 1.56 1.25
time (sec) N/A 0.172 0.137  0.000 0.100 0.082 0.469 0.236 0.175 0.003
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1124 1123 1956 0 0 3032 0 0 38 0
N.S. 1 1.00 1.74 0.00 0.00 2.70 0.00 0.00 0.03 0.00
time (sec) N/A 2.454 7.254  0.000 0.000  0.270 0.000 0.000 0.172 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 1286 38 17 20 38 22
N.S. 1 1.00 1.11 1.00 71.44 2.11 0.94 1.11 2.11 1.22
time (sec) N/A 0.167 8.111 0.089 0.679  0.079 1361 0.222 0.180 15.470
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F(-2) B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 616 607 2566 0 0 1906 0 0 38 0
N.S. 1 099 417 0.00 0.00 3.09 0.00 0.00 0.06 0.00
time (sec) N/A 1.359 15.111 0.000 0.000 0.226 0.000 0.000 0.186 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 1265 38 17 20 38 22
N.S. 1 1.00 1.11 1.00 70.28 2.11 0.94 1.11 2.11 1.22
time (sec) N/A 0.176 7.175 0.088 0.638 0.083 1.080 0.292 0.175 15.734
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 154 158 179 0 536 0 174 377 2755
N.S. 1 1.28 1.32 1.49 0.00 4.47 0.00 1.45 3.14 22.96
time (sec) N/A 0.706 0.689 0.184 0.000  0.105 0.000 0.117 0.168  20.598
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 4629 38 17 20 38 22
N.S. 1 1.00 1.11 1.00 257.17 211 0.94 1.11 2.11 1.22
time (sec) N/A 0.174 12.691 0.081 5.096 0.079 1.348 0.656 0.160  15.040
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 4560 44 19 20 55 22
N.S. 1 1.00 1.11 1.00 253.33 244 1.06 1.11 3.06 1.22
time (sec) N/A 0.179 9.711  0.087 5203 0.078 1.230 0.262 0.183  15.093
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 3530 44 19 20 55 22
N.S. 1 1.00 1.11 1.00 196.11 2.44 1.06 1.11 3.06 1.22
time (sec) N/A 0.178 10.854 0.088 5208 0.080 1.762 0.861 0.186 15.609
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 432 432 445 0 1498 0 0 0 22 0
N.S. 1 1.00 1.03 0.00 3.47 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.741 0.373  0.000 0.180  0.000 0.000 0.000 0.183 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 316 316 333 0 956 0 0 0 22 0
N.S. 1 1.00 1.05 0.00 3.03 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.537 0.253  0.000 0.162  0.000 0.000 0.000 0.179 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 200 200 260 0 534 0 0 0 20 0
N.S. 1 1.00 1.30 0.00 2.67 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.391 0.284 0.000 0.107  0.000 0.000 0.000 0.201 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 105 18 15 18 20 20
N.S. 1 1.00 1.11 0.89 5.83 1.00 0.83 1.00 1.11 1.11
time (sec) N/A 0.173 7.445 0.102 0325 0.075 1943 0.169 0.181 16.426
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 111 18 17 18 24 20
N.S. 1 1.00 1.11 0.89 6.17 1.00 0.94 1.00 1.33 1.11
time (sec) N/A 0.175 11.305 0.112 0.403 0.072 2.016 0.199 0.180 15.215
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 695 703 954 0 6462 0 0 0 45 0
N.S. 1 1.01 1.37 0.00 9.30 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.081 17.725 0.000 0.481 0.000 0.000 0.000 0.184 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 513 517 779 0 3885 0 0 0 45 0
N.S. 1 1.01 1.52 0.00 7.57 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.861 12.566 0.000 0.264 0.000 0.000 0.000 0.182 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 333 337 449 0 1950 0 0 0 41 0
N.S. 1 1.01  1.35 0.00 5.86 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.662 6.911 0.000 0.171 0.000 0.000 0.000 0.180 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 386 36 17 20 70 22
N.S. 1 1.00 1.10 0.90 19.30 1.80 0.85 1.00 3.50 1.10
time (sec) N/A 0.177 90.817 0.206 0.665  0.075 12.870 0.303 0.186  15.258
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 388 36 19 20 48 22
N.S. 1 1.00 1.10 0.90 19.40 1.80 0.95 1.00 2.40 1.10
time (sec) N/A 0.178 57.942 0.202 0.844 0.076 3.920 0.396 0.178  15.249
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 1075 1077 850 0 0 0 0 0 19 0
N.S. 1 1.00 0.79 0.00 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 1.759 1.376  0.000 0.000  0.000 0.000 0.000 0.182 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 807 809 644 0 0 0 0 0 19 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 1.401 1.023 0.000 0.000  0.000 0.000 0.000 0.192 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 539 541 438 0 0 0 0 0 17 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.154 0.992 0.000 0.000  0.000 0.000 0.000 0.192 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 242 19 17 20 18 22
N.S. 1 1.00 1.10 0.90 12.10 0.95 0.85 1.00 0.90 1.10
time (sec) N/A 0.185 3.126 0.136 0.611 0.074 3.310 0.142 0.187  15.645
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 111 18 17 18 24 20
N.S. 1 1.00 1.11 0.89 6.17 1.00 0.94 1.00 1.33 1.11
time (sec) N/A 0.176 0.145 0.000 0.384 0.074 2.050 0.177 0.180 0.002
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 3205 3207 3831 0 0 0 0 0 0 0
N.S. 1 1.00 1.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.644 13.309 0.000 0.000  0.000 0.000 0.000 0.817 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 2385 2387 2806 0 0 0 0 0 0 0
N.S. 1 1.00 1.18 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.543 12.536 0.000 0.000  0.000 0.000 0.000 0.496 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1565 1567 1729 0 0 0 0 0 0 0
N.S. 1 1.00 1.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.837 11.103 0.000 0.000  0.000 0.000 0.000 0.337 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 4411 38 19 20 36 22
N.S. 1 1.00 1.10 0.90 220.55 1.90 0.95 1.00 1.80 1.10
time (sec) N/A 0.169 43.663 0.199 12430 0.085 4.662 0.499 0.196 15.162
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 4411 44 20 20 42 22
N.S. 1 1.00 1.10 0.90 220.55 2.20 1.00 1.00 2.10 1.10
time (sec) N/A 0.168 39.709 0.200 18.005 0.090 9.662 0.932 0.192  15.227
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 258 258 286 0 730 0 0 0 24 0
N.S. 1 1.00 1.11 0.00 2.83 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.449 0.353  0.000 0.116  0.000 0.000 0.000 0.187 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 144 144 191 0 370 0 0 0 21 0
N.S. 1 1.00 1.33 0.00 2.57 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.309 2.594 0.000 0.104 0.000 0.000 0.000 0.182 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 32 31 43 60 30 24 73
N.S. 1 1.00  1.00 1.23 1.19 1.65 2.31 1.15 0.92 2.81
time (sec) N/A 0.177 0.050 0.112 0.027 0.084 1.451 0.201 0.184 17.027
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 16 113 25 19 18 30 20
N.S. 1 1.00 1.10 0.80 5.65 1.25 0.95 0.90 1.50 1.00
time (sec) N/A 0.172 16.667 0.109 0394 0.073 1.226 0.225 0.185  15.450
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 16 115 25 19 18 36 20
N.S. 1 1.00 1.10 0.80 5.75 1.25 0.95 0.90 1.80 1.00
time (sec) N/A 0.169 25.668 0.113 0.431 0.081 7.545 0.262 0.185  15.559
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 421 423 567 0 2836 0 0 0 47 0
N.S. 1 1.00 1.35 0.00 6.74 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.754 7.089  0.000 0.209  0.000 0.000 0.000 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F B F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 241 243 681 0 1217 0 0 0 43 0
N.S. 1 1.01  2.83 0.00 5.05 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 0.554 3.291 0.000 0.128  0.000 0.000 0.000 0.198 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 48 93 51 52 94 88 83 63 111
N.S. 1 1.02 1.98 1.09 1.11 2.00 1.87 1.77 1.34 2.36
time (sec) N/A 0.344 0.578 0.145 0.033 0.089 9.135 0.199 0.184 16.914
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 794 46 20 20 59 22
N.S. 1 1.00  1.09 0.82 36.09 2.09 0.91 0.91 2.68 1.00
time (sec) N/A 0.184 50.411 0.206 0959  0.075 2.355 0.258 0.183  15.504
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 0 46 20 20 66 22
N.S. 1 1.00  1.09 0.82 0.00 2.09 0.91 0.91 3.00 1.00
time (sec) N/A 0.186 57.062 0.208 0.000 0.074 9.062 0.244 0.205 15.125
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 30 57 24 34 56 0 70 24 9
N.S. 1 1.25  2.38 1.00 1.42 2.33 0.00 2.92 1.00 3.92
time (sec) N/A 0.252 0.033 0.042 0.025 0.079 0.000 0.140 0.181 16.705
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 675 677 539 0 0 0 0 0 19 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.301 1.295 0.000 0.000  0.000 0.000 0.000 0.187 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 407 409 333 0 0 0 0 0 18 0
N.S. 1 1.00 0.82 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.050 2.204 0.000 0.000  0.000 0.000 0.000 0.188 0.000
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Problem 64 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 76 68 73 0 275 0 84 76 159
N.S. 1 1.15 1.03 1.11 0.00 4.17 0.00 1.27 1.15 241
time (sec) N/A 0.341 0.267 0.161 0.000 0.100 0.000 0.123 0.187  18.352

Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 244 27 20 20 30 22
N.S. 1 1.00 109 082 1109 123 091 091 136  1.00
time (sec) N/A 0.177 3.063 0.134 0.681 0073 2634 0230 0192 15.713

Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 245 27 20 20 26 22
N.S. 1 1.00 109 08 1114 123 091 091 118  1.00
time (sec) N/A 0.178 3.128 0.137 0872 0.071 8496 0.274 0.179 15.043

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1977 1979 2236 0 0 0 0 0 0 0

N.S. 1 1.00 1.13 0.00 0.00 0.00 0.00  0.00 0.00 0.00

time (sec) N/A 3.187 10.497 0.000 0.000 0.000 0.000 0.000 0.408 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1157 1159 846 0 0 0 0 0 0 0
N.S. 1 1.00 0.73 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.239 6.136  0.000 0.000  0.000 0.000 0.000 0.278 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 160 172 179 0 576 0 174 357 2737
N.S. 1 1.28 1.38 1.43 0.00 4.61 0.00 1.39 2.86 21.90
time (sec) N/A 0.682 0.707  0.200 0.000  0.113 0.000 0.159 0.194 20.039
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-1) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 0 48 22 20 42 22
N.S. 1 1.00  1.09 0.82 0.00 2.18 1.00 0.91 1.91 1.00
time (sec) N/A 0.175 32.321 0.204 0.000 0.082 6.217 0939 0.194 16.038
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-1) N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 18 0 48 22 20 48 22
N.S. 1 1.00 1.09 0.82 0.00 2.18 1.00 0.91 2.18 1.00
time (sec) N/A 0.179 37.788 0.201 0.000  0.080 32.693 1.750 0.190 16.094
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 19 22 24 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.95 1.10 1.20 1.20
time (sec) N/A 0.233 2.952 0.154 1.735  0.080 30.090 0.558 0.210 16.131
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 45 45 39 158 128 62 0 0 34 106
N.S. 1 1.00 0.87 3.51 2.84 1.38 0.00 0.00 0.76 2.36
time (sec) N/A 0.210 0.081 0.362 0.050  0.093 0.000 0.000 0.189 17.570
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F B F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 141 141 185 731 0 384 0 0 44 0
N.S. 1 1.00 1.31 5.18 0.00 2.72 0.00 0.00 0.31 0.00
time (sec) N/A 0.320 0.352 0.371 0.000  0.114 0.000 0.000 0.190 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F B F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 221 221 0 0 0 557 0 0 44 0
N.S. 1 1.00  0.00 0.00 0.00 2.52 0.00 0.00 0.20 0.00
time (sec) N/A 0.415 0.000 0.000 0.000  0.120 0.000 0.000 0.183 0.000
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 80 57 102 275 207 116 0 0 7 182
N.S. 1 071 1.28 3.44 2.59 1.45 0.00 0.00 0.96 2.28
time (sec) N/A 0.434 1.357 0.641 0.066  0.087 0.000 0.000 0.186 17.331
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F B F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 214 141 286 1002 0 568 0 0 153 0
N.S. 1 0.66 1.34 4.68 0.00 2.65 0.00 0.00 0.71 0.00
time (sec) N/A 0.449 4979 0.763 0.000  0.117 0.000 0.000 0.193 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F B F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 377 250 0 0 0 890 0 0 74 0
N.S. 1 0.66  0.00 0.00 0.00 2.36 0.00 0.00 0.20 0.00
time (sec) N/A 0.645 0.000 0.000 0.000 0.130 0.000 0.000 0.187  0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 85 87 79 315 0 301 0 0 87 229
N.S. 1 1.02 0.93 3.71 0.00 3.54 0.00 0.00 1.02 2.69
time (sec) N/A 0.436 0.591 0.350 0.000  0.105 0.000 0.000 0.189 17.102
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F B F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 338 283 1003 (i 0 1235 0 0 34 0
N.S. 1 0.84 297 2.30 0.00 3.65 0.00 0.00 0.10 0.00
time (sec) N/A 0.846 3.942 0.425 0.000  0.285 0.000 0.000 0.192 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F B F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 499 418 0 0 0 1663 0 0 34 0
N.S. 1 0.84  0.00 0.00 0.00 3.33 0.00 0.00 0.07 0.00
time (sec) N/A 1.152  0.000 0.000 0.000 0.283 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A F F B F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 156 167 176 622 0 630 0 0 385 0
N.S. 1 1.07 1.13 3.99 0.00 4.04 0.00 0.00 2.47 0.00
time (sec) N/A 0.781 1.301 1.519 0.000  0.117 0.000 0.000 0.184 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F B F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 778 624 2839 3887 0 2435 0 0 698 0
N.S. 1 0.80  3.65 5.00 0.00 3.13 0.00 0.00 0.90 0.00
time (sec) N/A 1.470 9.428 1.418 0.000  0.337 0.000 0.000 0.270 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F B F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 1417 1152 0 0 0 3755 0 0 0 0
N.S. 1 0.81 0.00 0.00 0.00 2.65 0.00 0.00 0.00 0.00
time (sec) N/A 2.393 0.000 0.000 0.000 0.380 0.000 0.000 0.323  0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [15]
had the largest ratio of [.750000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade i::j’; uzi;z:e antlf;r;\;:zlve leaf size integrand leaf size
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 16 0.125
N/A 2 0 1.00 16 0.000
A 2 2 1.00 14 0.143
6 | N/A 2 0 1.00 16 0.000
N/A 2 0 1.00 16 0.000
A 5 4 1.00 18 0.222
9 | N/A 1 0 1.00 18 0.000
A 5 4 0.99 18 0.222
N/A 1 0 1.00 18 0.000
A 8 7 0.98 16 0.438
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
15| A 10 9 1.16 12 0.750
e | A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.98 18 0.222
N/A 1 0 1.00 18 0.000
A 8 7 1.17 16 0.438

Continued on next page




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 53

Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade s;:; ui?eze antlléiaefrlsvi:(:we leaf size | tegrand leaf size
N/A 1 0 1.00 18 0.000
N/A 2 0 1.00 16 0.000
A 5 4 1.00 18 0.222
N/A 1 0 1.00 18 0.000
A 5 4 0.99 18 0.222
N/A 1 0 1.00 18 0.000
A 13 12 1.28 16 0.750
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
31| A 2 2 1.00 18 0.111
32| A 2 2 1.00 18 0.111
33| A 2 2 1.00 16 0.125
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
36/ A 5 4 1.01 20 0.200
37 A 5 4 1.01 20 0.200
3] A 5 4 1.01 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
41| A 5 4 1.00 20 0.200
42| A 5 4 1.00 20 0.200
43| A 5 1 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
46| A 5 4 1.00 20 0.200
47| A 5 4 1.00 20 0.200
ug| A 5 4 1.00 18 0.222
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
# | grade S;:Sds u;i?e us1e antli;laefrisxir:(‘:ive leaf size irﬁgglraflficie;?sie
51| A 2 2 1.00 20 0.100
52 | A 2 2 1.00 20 0.100
53| A 2 2 1.00 20 0.100
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
56| A 5 4 1.00 22 0.182
57| A 5 4 1.01 22 0.182
58| A 8 7 1.02 22 0.318
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
61 A 6 5 1.25 14 0.357
62| A 5 4 1.00 22 0.182
63| A 5 4 1.00 22 0.182
64| A 8 7 1.15 22 0.318
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
67 A 5 4 1.00 22 0.182
68| A 5 4 1.00 22 0.182
69| A 13 12 1.28 22 0.545
N/A 1 0 1.00 22 0.000
N/A 1 0 1.00 22 0.000
N/A 2 0 1.00 20 0.000
73| A 2 2 1.00 20 0.100
74| A 2 2 1.00 22 0.091
75| A 2 2 1.00 22 0.091
76| A 9 8 0.71 22 0.364
77 A 6 5 0.66 24 0.208
78| A 6 5 0.66 24 0.208
79| A 9 8 1.02 22 0.364
80| A 6 5 0.84 24 0.208
81| A 6 5 0.84 24 0.208

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b .
# | grade sheps widie | anfideriative |t e tegrand leaf size
Q A 14 13 1.07 22 0.591
33] A 6 5 0.80 24 0.208
% A 6 5 0.81 24 0.208
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31  [ZO(a+besc(c+dz?))dr ... ...
32  [zYa+besclc+dz?))dr .. ...
33  [Za+besc(c+dz?))dr .. ...
34  [Z*a+besc(c+dz?))dr .. ...
35  [z(a+besc(c+dz?))dz . . ...
R e G
37 [ ‘ZH’CS(;M dz . . .
38  [ai(atbesc(c+de®)’dr . ...
39  [a'a+besc(c+de®)’dr . ...
310 [ad(a+besc(c+de®))’dr . ...
311 [a2(a+besc(c+de®))’dr . ...
312 [z(a+besc(c+dz®)) dr . ...
313 [ letbeelerdd)) g
314 [letbeelerd)) g
315 [mesc"(a+bx?)dr . . oo
:1:5
3.16 f W;*‘dzz) 7
3.17 f W;-ﬁ-dm% 7
3.18 f W;ﬁ-dz% AT . . . e
3.19 f m d ...............................
3.20 m d ...............................
3.21 W d ..............................
322 | Mw# AT .
3.23 f W AT . . . e
3.24 f m dx . . . e

96
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325 [ m dr ... 198
326 [ (Mcscxm dT . .o 206}
3.27 m AT .. 217
328 [ sorien =y 2T 277
3.29 [ (a+bcsc GEEPdT
330 [ i e 2 - U 234
331  [zP(a+besc(c+dym))de . ... 240
332  [z?(a4besc(ct+dym))de ... 248
333  [z(a+besc(c+dym))do ... ... 255
334  [ebeeletdVE) gp sl
3.35 [ ebeeletdVE) gp 766
336 [z3(a+besc(c+dya)ide ...
337  [z2(a+besc(cH+dya)ide ... 278
338 [z(a+besc (c+d\/_))2 ........................
3.39 [ latbeelerdVE)T g 205
340 [l CSC;"’*”M)) ............................. 300
341 [ a+bcsczc+d\/5) dT . . . e
342 [ oamam B
843 [ gm0 320
3.44 x(a+bcscl(c+d\/5)) dr . . .
345 [ w AT . 332
346 [ e vy ST 337
BAT [ opmea a8
3.48 (@tbose (”%er ¥k dr . . ..
3.49 ey AT .
350 [ e a AT 367
351  [z¥*(a+besc(c+dym))de ...
352  [vaz(a+besc(c+dym))de . ..o 379
353 [l VE) gp
354 [ eRSAVE) Gr 390
355 [l dVE) gr
356 [232(a+besc(c+dyT))dn ... A0
3.57 f\/_(a+bcsc(c+d\/_))2 ....................... 407
3.58 [lotteeletdVE) gy A1
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359 [letbelh VO g @21
3.60 [ letbeeltdVa) g 177
361 [l f) AT . oo 137
362 [ % AT .. 438
363 | W dT . . A7)
364 [ +bcsc(c T T a57)
365 [ i f)) ............................ 750
3.66 e +bc:c(c — f)) ............................ 464
367 [ v (Sc/jd U A6
368 [ (MCSCQ ol R R R R R R R i
369 [ NG (a+bcsc A dT . . 485
370 [ =5 (Hbcsi VA dT . . o 495
3.711 7 (a+bcst Grava P 0T 5001
372 [(ex)™(a+besc(c+dz™)VPdr . . . ..o
3.713  [(ex)” 1+" (a +besc(c+dz™))dr . . . .o 510
3.7 [(ex)™" (a+besc(c+dz™)dx . . . ...
3.75  [(ex)'™(a+besc(c+dz™)dr . ... 5211
3.76  [(ex)™*™(a+besc(c+ dac"))2 dr . .. ... 527
3.77 f(ex) 2 (g 4 besc(c+de™)) P de . . 534
3.78  [(ex) ™ (a+besc(c+da™))dr . . ...
379 [ lsdm 549
380 [ oodm ..
381 [ odn 564
382 [ mdr 57T
383 [ iSmmdm 5RO

(ex) 14+3n
3.84 IWd!IJ .............................. 091
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3.1 [ z°(a+bese (c+ dz?)) dx

Optimal result . . . . . . . . . . . . e Hl
Mathematica [A] (verified) . . . . . . . . . ... o 601
Rubi [A] (verified) . . . .. . . ... .. 60
Maple [F] . . . . 611
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 611
Sympy [F] . . o o 62
Maxima [F] . . . . . . 62
Giac [F] . . . . o o 63
Mupad [F(-1)] . . . o o 63
Reduce [F] . . . . . 63

Optimal result

Integrand size = 16, antiderivative size = 129

6 br*arctanh (e" (e+dz?) )

/x5(a+bcsc(c—|-dx2)) dx_%— -~

ibz? PolyLog (2 gilctda? ))

_|_
a2

ibz? PolyLog (2, e"(0+dw2)>
_ >

b PolyLog (3, —ei(c+dx2>) b PolyLog (3, ei(c+dw2))
B d3 + 3

‘1/6*a*x 6-b*x~4*arctanh (exp(I*(d*x~2+c)))/d+I*b*x~2*polylog(2,-exp (I*(d*x"~
‘2+c)))/d“2 I*xb*x~2%polylog(2,exp (I*(d*x~2+c)))/d"2-b*polylog(3,-exp (I*(d*x
‘“2+c)))/d‘3+b*polylog(3 exp (I*(d*x~2+c)))/d"3
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.23

6
/x5(a+bcsc (c+dz?)) dz = %

_ b(d*z*arctanh(cos (¢ + dz?) + isin (c + dz?)) — idz® PolyLog (2, — cos (c + dz®) — isin (c + d2?)) +

inputtlntegrate[x“S*(a + b*Csc[c + d*x~2]),x] J

e N

(a*xx~6)/6 - (bx(d"2*x"4*ArcTanh[Cos[c + d*x~2] + I*#Sin[c + d*x"2]] - I*d*x
"‘2*PolyLog[2, —-Cos[c + d*x~2] - I*Sin[c + d*x~2]] + I*d*x~2*PolyLogl[2, Cos ‘
[c + d*x~2] + IxSin[c + d*x~2]] + PolyLogl3, -Cos[c + d*x™2] - IxSin[c +d
*x~2]] - PolyLogl[3, Cos[c + d*x~2] + I*Sin[c + d*x~2]]))/d"3

& J

output

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:v5(a +bese (c+ dz?)) da
| 2010
/ (az® + ba® csc (¢ + dz?)) dz
| 2009
az8  botarctanh(elcr="))  bPolyLog (3,—¢!%*+9)  bPolyLog (3,e!ld"+))
6 d N 43 + B +

iba? PolyLog (2, —é! (d””2+°‘>) iba? PolyLog (2, ei(dw2+c))
d? - a2
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input‘ Int[x"5%(a + b*Csc[c + d*x~2]),x] ‘

‘ (a*x"6)/6 - (b*x~4xArcTanh[E~(I*(c + d*x~2))])/d + (I*b*x"2xPolyLogl[2, -E~ ‘
‘(I*(c + d*x72))])/d"2 - (I*b*x"2%PolyLog[2, E~(I*(c + d*x~2))])/d"2 - (b*P ‘
‘olyLogl[3, -E~(I*(c + d*x72))1)/d"3 + (b*Polylog[3, E™(I*(c + d*x"2))1)/d"8

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2010
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% !LinearQ[u, x] && !'MatchQ[u, (a_)

‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

‘/Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] \‘

Maple [F]
/z5(a +besc (dz® +c)) do
input Lint (x~5%(a+bxcsc(d*x~2+c)) ,x) J
output Lint (x~5* (a+b*csc(d*x~2+c)) ,x) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 425 vs. 2(111) = 222.

Time = 0.10 (sec) , antiderivative size = 425, normalized size of antiderivative = 3.29

/x5(a +besc (c+ dz?)) dx
_ 2ad’z® — 3bd*z* log (cos (da® 4 ¢) + i sin (dz® + ¢) + 1) — 3bd*z* log (cos (dz® 4 ¢) — i sin (dz? + ¢) A




input

output

input

output

input
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62

‘integrate(x“5*(a+b*csc(d*x“2+c)),x, algorithm="fricas")

1/12%(2*xa*d~3*x"6 — 3*xb*d~2*x"4*log(cos(d*x~2 + c) + I*sin(d*x"2 + c) + 1)

- 3*%b*d~2*x"4*log(cos(d*x"2 + c) - I*sin(d*x"2 + c) + 1) - 6*I*bkd*x~2*di
log(cos(d*x"2 + c) + I*sin(d*x"2 + c)) + 6*I*b*d*x"2*dilog(cos(d*x~2 + c)
- Ixsin(d*x~2 + c)) - 6*I*b*d*x"2*dilog(-cos(d*x~2 + c) + I*sin(d*x"2 + c)
) + 6xIxb*d*x~2*dilog(-cos(d*x~2 + c) - I*sin(d*x"2 + c)) + 3*b*c™2xlog(-1
/2*cos(d*x"2 + c) + 1/2xI*sin(d*x"2 + c) + 1/2) + 3*bxc~2+log(-1/2*cos(d*x
"2 + c) - 1/2%I*sin(d*x”2 + c) + 1/2) + 3*(b*d"2*x"4 - b*c~2)*log(-cos(d*x
"2 + ¢) + I*sin(d*x"2 + c) + 1) + 3x(b*d"2*x"4 - bxc~2)*log(-cos(d*x"2 + ¢
) - Ixsin(d*x~2 + c) + 1) + 6%bxpolylog(3, cos(d*x”2 + c) + I*sin(d*x™2 +
c)) + 6*b*polylog(3, cos(d*x"2 + c) - Ixsin(d*x~2 + c)) - 6%b*polylog(3, -
cos(d*x~2 + c) + Ix*sin(d*x"2 + c)) - 6*bxpolylog(3, -cos(d*x"2 + c) - Ix*si
n(d*x~2 + ¢)))/d"3

Sympy [F]

/x5(a+bcsc (c+dz?)) dx=/x5(a+bcsc (c+dz?)) dz

Lintegrate(x**5*(a+b*csc(d*x**2+c)),x)

p
LIntegral(x**S*(a + bxcsc(c + d*x**2)), x)

-/

Maxima [F]

/x5(a+bcsc (c+dz?)) dx:/(bcsc (dz® +¢) + a)z’ dz

p
Lintegrate(x‘S*(a+b*csc(d*x“2+c)),X, algorithm="maxima")

-/
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outpu

‘“2 + ¢)”2 + sin(d*x"2 + ¢)”2 - 2*cos(d*x"2 + ¢c) + 1), x))

t‘1/6*a*x"6 + b*(integrate(x~5*sin(d*x"2 + c)/(cos(d*x"2 + c)~2 + sin(d*x"2
‘+ c)"2 + 2xcos(d*x"2 + c) + 1), x) + integrate(x~5*sin(d*x"2 + c)/(cos(d*x

Giac [F]

/x5(a+bcsc (c+dm2)) dx=/(bcsc (d(E2—+—C) +a)x5d:v

input Lintegrate (x~5*(a+b*csc(d*x~2+c)) ,X, algorithm="giac")

OutputLintegrate((b*csc(d*x’? + ¢c) + a)*x"5, x)

Mupad [F(-1)]

Timed out.

5 2 _ 5 b
/z (a—i—bcsc(c—l—dz )) dz—/x <a+sin(dx2+c) dz

inputtint(x"S*(a + b/sin(c + d*x~2)),x)

outputtint(x‘S*(a + b/sin(c + d*x"2)), x)

Reduce [F]

6

/xs(a+bcsc (c+dz?)) dz = (/csc (dz* +¢) :csdx) b+%

inputLint(x 5% (a+b*csc(d*x~2+c)) ,x)

OutputL(s*lnt(csc(c + dxxk*2) *x**5,x)*b + axx**6)/6
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3.2 [ z*(a+ besc(c+ dz?)) dx

Optimal result . . . . . . . . . . . . e 64]
Mathematica [N/A] . . . . . . . . 64
Rubi [N/A] . . o 65
Maple [N/A] . . . . 66
Fricas [N/A] . . . o o 66
Sympy [N/A] . . e 66
Maxima [N/A] . . . . . 67
Giac [N/A] . . . e 67
Mupad [N/A] . . . o 67
Reduce [N/A] . . . o o 68

Optimal result

Integrand size = 16, antiderivative size = 16

5
/x4(a + bcesc (c—l— da:Q)) dr = % + bInt(x4 csc (c+ de) ,z)

outputt

1/5*a*x~5+b*Defer (Int) (x~4*csc(d*x~2+c) ,x)

Mathematica [N/A]

Not integrable

Time = 2.89 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/m4(a+bcsc (c+dz?)) dm=/m4(a+bcsc (c+dz?)) dz

inputt

Integrate[x~4*(a + b*Csc[c + d*x~2]),x]

e

output L

Integrate[x~4*(a + b*Csc[c + d*x~2]), x]

~—




e

input L
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x"‘(a +besc (c+ dmz)) dx
l 2010
/ (ax4 + bz cse (c+ dmz)) dx

l 2009

5

b/w4csc (dw2+c) dw—i—%

Int[x"4*(a + b*Csc[c + d*x~2]),x]

~—

output

-

rule 2009 L

rule 2010 ‘

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x] ‘
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
+ (b_.)*(v_) /; FreeQl[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/z4(a+bcsc (dz*+c¢))dz

input‘

int (x~4* (a+b*csc(d*x~2+c)) ,x)

outputt

int (x~4* (a+b*csc(d*x~2+c)) ,x)

-

inputt

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/x4(a+bcsc (c+dz?)) dwz/(bcsc (dz® +¢) + a)z* dz

integrate (x~4*(atb*csc(d*x~2+c)),x, algorithm="fricas")

e—

outputt

inputt

integral (b*x~4*csc(d*x"2 + c) + a*x"4, x)

Sympy [N/A]
Not integrable

Time = 2.36 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/x4(a+bcsc (c+dx2)) dx=/a:4(a—|—bcsc (c+dx2)) dx

integrate (x**4* (at+b*csc(d*x**2+c)) ,x)

outputt

Integral (x**4*(a + bxcsc(c + dxx**2)), x)




-

input t
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Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 106, normalized size of antiderivative = 6.62

/x4(a+bcsc (c+dz?)) dx:/(bcsc (dz® +¢) +a)z' dz

integrate (x~4*(atb*csc(d*x~2+c)),x, algorithm="maxima")

~—

‘{

N\

output

1/5*%a*x~5 + b*(integrate(x~4*sin(d*x~2 + c)/(cos(d*x"2 + c)~2 + sin(d*x"2
+ ¢c)"2 + 2%cos(d*x"2 + c) + 1), x) + integrate(x~4*sin(d*x~2 + c)/(cos(d*x
"2 + ¢)72 + sin(d*x”2 + ¢)72 - 2*cos(d*x"2 + ¢c) + 1), x))

—

Giac [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x4(a+bcsc (c+dx2)) dx=/(bcsc (d932+c) +a)x4d:c

inputt

integrate (x~4*(at+b*csc(d*x~2+c)),x, algorithm="giac")

outputt

integrate((b*csc(d*x"2 + c) + a)*x"4, x)

Mupad [N/A]
Not integrable

Time = 15.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

4 2 = 4 b
/z (a+besc (¢ +dz?)) dz_/x <a+sin(dw2+0)> &
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inputLint(x"ll*(a + b/sin(c + d*x~2)),x)

Outputtint(x“4*(a + b/sin(c + d*x"2)), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

5
/x4(a+bcsc (c+dz?)) do = (/csc (dz® +¢) x4dw) b—l—%

inputtint(x"4*(a+b*csc(d*x"2+c)),x)

output L(S*int(csc(c + d*x**2)*xx**4,x)*b + a*x**5)/5
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3.3 [ z*(a+ bese (c+ dz?)) dx

Optimal result . . . . . . . . . . . . e 69]
Mathematica [A] (verified) . . . . . . . . . ... o 69
Rubi [A] (verified) . . . .. . . ... .. 70
Maple [F] . . . . [71]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... [71]
Sympy [F] . . o o 72
Maxima [F] . . . . . . 721
Giac [F] . . . . o o (73l
Mupad [F(-1)] . . . o o 73
Reduce [F] . . . . . 73

Optimal result

Integrand size = 16, antiderivative size = 84

4 bzlarctanh ( ei(c+dz?)
/z3(a+bcsc(c+dz2)) d$=%_ d( >
1b PolyLog (2, —ei(c"'de)) ib PolyLog (2, ei(c+dz2)>

2d? 2d?

_|_

‘ 1/4*a*xx~4-b*x~2*arctanh (exp (I*(d*x~2+c)))/d+1/2*I*bxpolylog(2,—exp (I*(d*x"~ ‘

output
12+¢)))/d"2-1/2%I*b*polylog(2,exp(I*(d*x~2+c)))/d~2 |

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.40

/m3(a+ bcsc (c+ de)) dr = aTxLL
b((c + dz?) <log (1 - ei(°+dx2)> — log (1 + ei(c+d””2)>> — clog (tan (3(c + dz?))) + i(PonLog (2, -

+ ¥R

input LIntegrate [x~3*%(a + b*Cscl[c + d*x~2]),x] J
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o (@xx°2)/4 + (bx((c + dxx"2)x(Logll - E"(Ix(c + d*x"2))] - Logll + E"(Ix(c
‘+ d*x~2))]) - cxLogl[Tan[(c + d*x~2)/2]] + Ix*(PolyLog[2, -E~(I*(c + d*x~2))
1 - PolyLogl2, E"(I*(c + d¥x72))1)))/(2%d"2)

output

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00,

— 2, number of rules _ 125, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

j/x3(a—kbcsc(c4—dx2))dx
| 2010

]/(ax3—kbw3csc(c%—dx2))dx
l 2009

azt  bx’arctanh (ei(c"'d””z)) ib PolyLog (2, —ei(d””z“)) ib PolyLog <2, ei(d””2+°))
4 d * 242 B 242

input LInt [x~3%(a + b*Csc[c + d*x~2]),x]

( axx~4)/4 - (b*x~2xArcTanh[E~(I*(c + d*x~2))])/d + ((I/2)*b*PolyLogl[2, -E~
\(I*(c + d*x~2))])/d"2 - ((I/2)*b*PolyLog[2, E~(I*(c + d*x~2))])/d"2
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

rule 2010

Maple [F]

/z3(a+bcsc (dz* +¢)) dx

input ‘ int (x~3* (a+b*csc(d*x~2+c)) ,x)

outputLint(x“3*(a+b*csc(d*x“2+c)),x) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 288 vs. 2(66) = 132.

Time = 0.10 (sec) , antiderivative size = 288, normalized size of antiderivative = 3.43

/z3(a +besc (c+ dz?)) dx
__ad’z* — bdz® log (cos (dz® + ) + i sin (dz® 4 ¢) 4 1) — bdz? log (cos (dz® + ¢) — i sin (dz® +¢) + 1) —

-/

B
input Lintegrate (x~3%(atb*csc(d*x"2+c)) ,x, algorithm="fricas")
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1/4*(axd"2*x"4 - bxd*x"2xlog(cos(d*x~2 + c) + I*sin(d*x”"2 + c) + 1) - bxdx
x"2%log(cos(d*x”2 + c) - I*sin(d*x"2 + c) + 1) - bxc*log(-1/2xcos(d*x~2 +

c) + 1/2xI*sin(d*x"2 + c) + 1/2) - bxc*log(-1/2*cos(d*x"2 + c) - 1/2%I*sin
(d*x~2 + c) + 1/2) - Ixb*dilog(cos(d*x~2 + c) + I*sin(d*x"2 + c)) + Ixb*di
log(cos(d*x~2 + c) - I*sin(d*x”2 + c)) - Ixb*dilog(-cos(d*x”2 + c) + I*sin
(d*x~2 + c)) + Ixbxdilog(-cos(d*x"2 + c) - Ixsin(d*x~2 + c)) + (bxd*x"2 +

b*c)*log(-cos(d*x~2 + c) + I*sin(d*x"2 + c) + 1) + (b*d*x"2 + b*c)*log(-co
s(d*x"2 + ¢) - I*sin(d*x"2 + c) + 1))/d"2

output

Sympy [F]

/az?’(a-l—bcsc (c+dz?)) dx:/x?’(a-l—bcsc (c+dz?)) dz

inputLintegrate(x**S*(a+b*csc(d*x**2+c)),x)

Output‘Integral(x**B*(a + bkxcsc(c + d*x**2)), x)

Maxima [F]

/w3(a+bcsc (c+dz?)) dz = / (besc (dz? +¢) + a)z® dx

input ‘ integrate (x~3*(at+b*csc(d*x~2+c)),x, algorithm="maxima")

‘1/4*a*x“4 + bx(integrate(x~3*sin(d*x"2 + c)/(cos(d*x~2 + ¢)~2 + sin(d*x"2
‘+ c)”2 + 2xcos(d*x"2 + c) + 1), x) + integrate(x~3*sin(d*x"2 + c)/(cos(d*x
“2 + ¢c)”2 + sin(d*x"2 + ¢)~2 - 2*cos(d*x"2 + ¢c) + 1), x))

output
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73

Giac [F]

/x3(a+bcsc (c+dx2)) dx=/(bcsc (dx2+c) +a)x3d:c

input Lintegrate (x~3*(a+b*csc(d*x~2+c)) ,x, algorithm="giac")

outputtintegrate((b*csc(d*x’? + ¢c) + a)*x"3, x)

Mupad [F(-1)]

Timed out.

3 2 = ° #
/x (a+besc (c+dz?)) dx—/x <a+sin(d$2+0)> &

inputtint(x“S*(a + b/sin(c + d*x"2)),x)

output Lint(x”B*(a + b/sin(c + d*x~2)), x)

Reduce [F]

4

/x3(a+bcsc (c+dz?)) dz = (/csc (dz* +¢) x3dac> b—l—%

input Lint (x~3* (a+b*csc(d*x"2+c)) ,x)

OutputL(‘l*int(csc(C + dxxk*2) *x*k*3,x)*b + akx**4)/4
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3.4 [ z*(a+bese (c+ dz?)) dx

Optimal result . . . . . . . . . . . . e [74
Mathematica [N/A] . . . . . . . . (4
Rubi [N/A] . . o 75
Maple [N/A] . . . . 76
Fricas [N/A] . . . o o 76
Sympy [N/A] . . e 76
Maxima [N/A] . . . . . rdrd
Giac [N/A] . . . e (|
Mupad [N/A] . . . o e
Reduce [N/A] . . . o o 78

Optimal result

Integrand size = 16, antiderivative size = 16

3
/x2(a + bcesc (c—l— da:Q)) dr = % + bInt(x2 csc (c+ de) ,z)

outputt

1/3*a*x”~3+b*Defer (Int) (x~2*csc(d*x~2+c) ,x)

Mathematica [N/A]

Not integrable

Time = 2.30 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/m2(a+bcsc (c+dz?)) dm=/m2(a—|—bcsc (c+dz?)) dz

inputt

Integrate[x~2*(a + b*Csc[c + d*x~2]),x]

e

output L

Integrate[x~2*(a + b*Csc[c + d*x~2]), x]

~—




e

input L
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/xz(a +besc (c+ dmz)) dx
l 2010
/ (ax2 + bz? cse (c+ dmz)) dx

l 2009

3

b/ac2csc(dx2+c)dx+a§

Int[x"2*(a + b*Csc[c + d*x~2]),x]

~—

output

-

rule 2009 L

rule 2010 ‘

L$Aborted J

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x] ‘
, X1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
+ (b_.)*(v_) /; FreeQl[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/zz(a+bcsc (dz*+c¢))dz

input‘

int (x~2* (a+b*csc(d*x~2+c) ) ,x)

outputt

int (x~2* (a+b*csc(d*x~2+c)) ,x)

-

inputt

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/xQ(a-i-bcsc (c+dz?)) dwz/(bcsc (dz® +¢) + a)z’ dz

integrate (x~2*(atb*csc(d*x~2+c)),x, algorithm="fricas")

e—

outputt

inputt

integral (b*x~2*csc(d*x”2 + c) + a*x"2, x)

Sympy [N/A]
Not integrable

Time = 1.96 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/x2(a—|—bcsc (c+dx2)) dx=/a:2(a—|—bcsc (c+dx2)) dx

integrate (x**2* (at+b*csc(d*x**2+c)) ,x)

outputt

Integral (x**2*(a + bxcsc(c + d*x**2)), x)




-

input t
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Maxima [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 106, normalized size of antiderivative = 6.62

/x2(a+bcsc (c+dz?)) dx:/(bcsc (dz® +¢) + a)z* dz

integrate (x~2*(atb*csc(d*x~2+c)),x, algorithm="maxima")

~—

‘{

N\

output

1/3*%a*xx~3 + b*(integrate(x~2*sin(d*x~2 + c)/(cos(d*x"2 + c)~2 + sin(d*x"2
+ ¢c)"2 + 2%cos(d*x”2 + c) + 1), x) + integrate(x~2*sin(d*x~2 + c)/(cos(d*x
"2 + ¢)72 + sin(d*x”2 + ¢)72 - 2*cos(d*x"2 + ¢c) + 1), x))

—

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/x2(a+bcsc (c+dx2)) dx=/(bcsc (d932+c) +a)x2d:c

inputt

integrate (x~2*(at+b*csc(d*x~2+c)),x, algorithm="giac")

outputt

integrate((b*csc(d*x”2 + c) + a)*x"2, x)

Mupad [N/A]
Not integrable

Time = 14.55 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

2 2 = 2 b
/z (a+besc (¢ +dz?)) dz_/x <a+sin(dw2+0)> &
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inputLint(x"2*(a + b/sin(c + d*x~2)),x)

Outputtint(x“Q*(a + b/sin(c + d*x"2)), x)

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

3
/xQ(a—i-bcsc (c+dz?)) do = (/csc (dz® +¢) xde) b—l—%

inputtint(x"2*(a+b*csc(d*x"2+c)),x)

output L(3*int(csc(c + d*x*k*2)*xx**2,x)*b + a*x**3)/3
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3.5 [ z(a +besc (c+ dz?)) dz

Optimal result . . . . . . . . . . . . e [79]
Mathematica [A] (verified) . . . . . . . . . ... o 79
Rubi [A] (verified) . . . .. . . ... .. R0
Maple [A] (verified) . . . . . . ... L 1]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... R
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... ]2
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... R
Giac [A] (verification not implemented) . . . . . . ... ... ... ]2
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... R

Reduce [B] (verification not implemented) . . . ... ... ... ... ...... ’3

Optimal result

Integrand size = 14, antiderivative size = 26

? 2
/a:(a—l- besc (¢ + dx2)) de — % . barctanh(c;;(c+ dz?))

OutputL1/2*a*x"2—1/2*b*arctanh(cos(d*x 2+c))/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

2 b )
/x(a +besce (c+ do?)) do = % __ barctan (c;); (c+ dz?))

inputtlntegrate[x*(a + b*Csclc + d*x~2]),x]

-

output L(a*X“2)/2 - (b*ArcTanh[Cos[c + d*x~2]1)/(2*d)

-/
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.143, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x(a + besc (c+ dm2)) dz
l 2010
/ (aw + bz csc (c + da:z)) dz

l 2009

LxQ barctanh (cos (c + da;z))

2 2d

input‘ Int[x*(a + b*Cscl[c + d*x~2]),x] ‘

output ‘ (a*xx~2)/2 - (b*ArcTanh[Cos[c + d*x~2]])/(2%d) ‘

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-

rule 2010 ‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x] ‘
, x]1 /; FreeQ[{c, m}, x] &% SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘




inputt

output

inpu

outpu
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

method result size
a2 bln(tan(%—i—%))
norman o 5 26
dz?+b1n (tan (422 + <

parallelrisch oda 4o ;;( £+1) 27
2 bln (csc (d z2 +c) +cot (d z2+c))

parts o= 5 32

derivativedivides | (42 +ela=bin(esc (‘21;2 +o)toot(da’+o)) 37

default (dw2+c)a—bln(csc(;i;2+c) +cot (dw2+c)) 37
2 bln (ei(dm2+c) —1) bln (ei(dmz+c) +1)

risch “-+ 5 — 5 48

int (x* (a+b*csc(d*x~2+c)) ,x,method=_RETURNVERBOSE)

-

L1/2*a*x"2+1/2*b/d*ln (tan (1/2%d*x~2+1/2%c))

-/

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.69

/x(a+bcsc (c+dz?)) dz

_ 2adz® —blog (3 cos (da? +c) + 3) + blog (—3 cos (da? +c) + 3)

4d

0

integrate (x*(atb*csc(d*x~2+c)) ,x, algorithm="fricas")

t‘1/4*(2*a*d*x“2 - bxlog(1/2*cos(d*x"2 + c) + 1/2) + bxlog(-1/2*cos(d*x"2 +

) +1/2))/d




CHAPTER 3. LISTING OF INTEGRALS 82

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 42 vs. 2(20) = 40.

Time = 2.82 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.62

a(c+dz?)—blog (cot (c+dx?)+csc (c+dw?)) for d 0
/:v(a+bcsc (c+dz?)) dz = 2d or d #

w otherwise

integrate (x* (a+b*csc(d*x**2+c)) ,x)

inputt

‘Piecewise(((a*(c + dxx**2) - bxlog(cot(c + d*x**2) + csc(c + dxx**2))) /(2%

output
‘d), Ne(d, 0)), (x*x2x(a + bxcsc(c))/2, True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.19

1 1 2 2
/m(a+ bese (c+ dz?)) do = iaxQ _ blog (cot (dz +2021+ csc (dz? + ¢))

e A
integrate (x* (a+b*csc(d*x~2+c)),x, algorithm="maxima")

N\ J

input

output‘ 1/2*axx~2 - 1/2¥b*log(cot(d*x”2 + c) + csc(d*x™2 + ¢))/d \

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.15

_ (dz? 4+ c)a+ blog (|tan (5 dz® + 3 ¢)|)
B 2d

/m(a—l—bcsc (c+dx2)) dz

inputLintegrate(x*(a+b*csc(d*x‘2+c)),x, algorithm="giac") J

Outputtl/2*((d*x“2 + c)*a + bxlog(abs(tan(1/2*d*x"2 + 1/2%c))))/d J
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Mupad [B] (verification not implemented)

Time = 0.56 (sec) , antiderivative size = 69, normalized size of antiderivative = 2.65

gz?  bIn(—bw2i-bretsliectin)
2 2d
b In <bx2i —brede’ligeli 2i>
2d

/x(a+bcsc (c+dx2)) dr =

+

input Lint(x*(a + b/sin(c + d*x~2)),x) J

output} (a%x°2)/2 - (bxlog(- b*x*2i - brxkexp(d#x~2+1i)*exp(ck1i)*2i))/(2+d) + (b*x
‘log(b*x#2i ~ bixrexp(d#x~2+1i)*exp(ck1i)*2i))/(2+d) |

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

log(tan (% + g)) b+ adz?
2d

/x(a—i—bcsc (c+dz?)) dz =

input Lint (x* (at+b*csc(d*x~2+c)) ,x) J

Output‘ (log(tan((c + d*x*%2)/2))*b + akd*x**2)/(2%d) J
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3.6 f a+b csc(c+dz?) da

Optimal result
Mathematica [N/A]
Rubi [N/A]
Maple [N/A] . . . o o 361
Fricas [N/A]
Sympy [N/A] . . o R
Maxima [N/A]
Giac [N/A] . . o o 87
Mupad [N/A]
Reduce [N/A] . . . o RY

Optimal result

Integrand size = 16, antiderivative size = 16

/a—i—bcsc (c + dz?)
T

2
dz = alog(z) + bInt (M, x)

T

-

outputLa*ln(x)+b*Defer(Int)(csc(d*x”2+c)/x,x)

| —

Mathematica [N/A]
Not integrable

Time = 2.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bcsc(c+dx2) dw_/a—l—bcsc(c—l—dxz)
T T

input LIntegrate[(a + bx*Csclc + d*x~2])/x,x]

output‘ Integrate[(a + bxCscl[c + d*x~2])/x, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a—+ bcsc (c+dx2)
T

l 2010

/ (a N bcsc (c+dac2)> e
x x

l 2009

b csc (dac2 + c)
|50

dz + alog(z)

-

Int[(a + b*Cscl[c + d*x~2])/x,x]

N\

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a+bcsc (dz? +¢)
T

dx

input tint ((atb*csc(d*x~2+c)) /x,x)

output Lint ((a+b*csc(d*x~2+c))/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bcsc(c+dx2) dx_/bcsc(dx2+c)+a
T T

input Lintegrate ((at+bxcsc(d*x~2+c))/x,x, algorithm="fricas")

output kintegral((b*csc(d*x’? + c) + a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.70 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

dz

T i

/a+bcsc(c+da:2) dw_/a+bcsc(c+dw2)

input Lintegrate ((atb*csc(d*x**2+c) ) /x,x)

output LIntegral((a + bxcsc(c + d*x*x2))/x, x)
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Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 108, normalized size of antiderivative = 6.75

2 2
/a+bcsc(c+dm )dw:/bcsc(dx +C)+adz

T T

input Lintegrate ((atb*csc(d*x"2+c))/x,x, algorithm="maxima") J

‘b*(integrate(sin(d*x’? + c)/(x*cos(d*x"2 + c)~2 + x*sin(d*x"2 + c)72 + 2xx ‘
‘*cos(d*x"2 + ¢c) + x), x) + integrate(sin(d*x~2 + c)/(x*cos(d*x"2 + c)~2 + ‘
‘x*sin(d*x“2 + ¢c)"2 - 2*x*cos(d*x”2 + c) + x), x)) + akxlog(x) ‘

output

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+bcsc(c+dx )dw_/bcsc(dx +C)+adw

T T

integrate((atbxcsc(d*x"2+c))/x,x, algorithm="giac")

input ‘\

output | 1BtegTate((bxcsc(dsx™2 + ©) + a)/x, x) |

Mupad [N/A]
Not integrable

Time = 15.77 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

b d2 a’+sinl;: c
/a+ csc (c+ x)dx:/ @19 4
T T
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input Lint((a + b/sin(c + d*x~2))/x,x)

output 18E((a + B/sin(c + dx"2))/x, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

/a+bcsc(c+d$2) dr — </ de) b+ log(z)a

z T

input tint ((a+b*csc(d*x~2+c)) /x,x)

output Lint(csc(c + dxx**2) /x,x)*b + log(x)*a




output

input

output
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2
3.7 f a+bcsc (2c+d:c ) da
Hh

Optimal result . . . . . . . . . . . . . . e 89
Mathematica [N/A] . . . . . . . . ]9
Rubi [N/A] . . . oo 90
Maple [N/A] . . . . . OT]
Fricas [N/A] . . . . o o OT]
Sympy [N/A] . . o OT]
Maxima [N/A] . . . . 92
Giac [N/A] . . o o 92i
Mupad [N/A] . . . .o 92
Reduce [N/A] . . . o o 93

Optimal result

Integrand size = 16, antiderivative size = 16

a + besc (¢ + dz?)
72

dz = _g —I—bInt(
T

2

csc (¢ + dz?) x)

-

L-a/x+b*Defer(Int)(csc(d*x“2+c)/x“2,x)

| —

Mathematica [N/A]
Not integrable

Time = 2.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2
/a+bcsc(20+dx )d:cz/
x

a + besc (¢ + dz?)

xr2

dz

LIntegrate[(a + bx*Csclc + d*x~2])/x"2,x]

‘Integrate[(a + bxCsclc + d*x~2])/x"2, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/a—i—bcsc (;:—i—dx ) i
T
l 2010
/ (a2 N bcsc (c;i—da:2)> de
T T
l 2009
2
b/csc(dx2 +C)dx— a
T T

-

Int[(a + b*Csclc + d*x~2])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a+bcsc (dz? +¢)

2

dx

input tint ((a+b*csc(d*x™2+c))/x72,x)

output Lint ((atb*csc(d*x~2+c))/x"2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bcsc(c+dx2) /bcsc(dx2+c)+a
2 dz = 2
T T

inputLintegrate((a+b*csc(d*x"2+c))/x"2,x, algorithm="fricas")

outputLintegral((b*csc(d*x’? +c) +a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.47 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

dz

2 2

/a+bcsc(c+da:2) dw_/a+bcsc(c+dw2)

input Lintegrate ((a+b*csc(d*x**2+c) ) /x**2,x)

output LIntegral((a + bxcsc(c + d*x**2))/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 7.88

2 2
/a+bcsc(c+dm )dw:/bcsc(dx +C)+adz

2 2

input Lintegrate ((at+bxcsc(d*x~2+c))/x"2,x, algorithm="maxima") J

‘b*(integrate(sin(d*x’? + ¢c)/(x"2xcos(d*x"2 + ¢c)72 + x"2*sin(d*x"2 + c)"2 + ‘
‘ 2xx"2*cos(d*x"2 + ¢) + x72), x) + integrate(sin(d*x~2 + c)/(x"2*cos(d*x"2 ‘
‘ + ¢c)"2 + x"2%sin(d*x"2 + ¢c)"2 - 2%xx"2*cos(d*x"2 + ¢c) + x72), x)) - a/x ‘

output

Giac [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

2 2
/a+bcsc(c+dx )dw_/bcsc(dx +C)+adw

T2 2

integrate((atb*csc(d*x~2+c))/x"2,x, algorithm="giac")

input ‘\

Output‘ integrate((b*csc(d*x~2 + c) + a)/x"2, x) ‘

Mupad [N/A]
Not integrable

Time = 15.71 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

b d2 a’+sinl;: c
/a+ csc(20+ x)dx:/ (2d 9 g
T T
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input Lint((a + b/sin(c + d*x~2))/x"2,%)

outputtint((a + b/sin(c + d*x~2))/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.56

< [ eeldsre) dz‘) b — g

2

2
/a+bcsc(20+dx )d:cz
z x

input Lint ((atb*csc(d*x~2+c))/x"2,x)

outputt(int(csc(c + dxx**2) /x*%2,X) *b*x - a)/x
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3.8 [ 2%(a+ besc (¢ + da?))’ d

Optimal result . . . . . . . . . . . .. 97
Mathematica [B] (verified) . . . . . . . . . ... 951
Rubi [A] (verified) . . . . . . .. . . 96
Maple [F] . . . . 97l
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 97
Sympy [F] . . . o 98]
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 99
Giac [F] . . . o o o 100
Mupad [F(-1)] . . . . . e 100!
Reduce [F] . . . . . . 100

Optimal result

Integrand size = 18, antiderivative size = 228

; 4 i(c+da?)
5 sz bzt  a%d 2abzfarctanh <e )
/x (a+besc (c+dz?))” do = 20 n - -

b2zt cot (c + dx?) N b2z? log (1 _ 62i(c+dac2)>
2d Py
2iabz? PolyLog (2, _ ei(c+dx2)>
a2
2iabz? PolyLog (2, ei(c+da:2)>
a2
ib? PolyLog <2, e2i(c+dm2)>
- 2P
2ab PolyLog (3, _ei(c+dx2)>
3
2ab PolyLog (37 ei(c+dac2)>
3

_|_

+
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-1/2*I*b~2%x"4/d+1/6%a~2*x~6-2*axb*x~4*arctanh (exp (I*(d*x~2+c)))/d-1/2%b"2
*x~4*cot (d*x"2+c) /d+b~2*x"2*1n (1-exp (2*%I* (d*x~2+c))) /d"2+2*I*xa*xb*x~2xpolyl
0g(2,-exp(I*(d*x~2+c)))/d"2-2*I*a*xb*x~2*polylog(2,exp(I*(d*x~2+c)))/d"2-1/
2xIxb~2*polylog(2,exp (2*I*(d*x~2+c)))/d~3-2*a*b*polylog(3,—exp (I*(d*x~2+c)
))/d~3+2*a*b*polylog(3,exp(I*(d*x~2+c)))/d"3

output

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 639 vs. 2(228) = 456.

Time = 2.24 (sec) , antiderivative size = 639, normalized size of antiderivative = 2.80

/z5(a+bcsc (c—i—dz2))2 dx

—12ib?d?z* — 2a%d3x8 + 2a2d3e*°z® — 12b%dz? log (1 — e‘i(c"'dmz)) + 12b%de*°x? log <1 — e‘i(c*'dx?)) -

input‘\Integrate[x 5x(a + bxCscl[c + d*x~2])72,x]

((-12*I)*b"2+d"2*x"4 — 2%a~2*d"3*x"6 + 2*xa”~2+%d"3*E~ ((2*I)*c)*x"6 - 12¥b~ 2%
d*x~2*Log[1 - E~((-I)*(c + d*x~2))] + 12xb~2*d*E~((2*I)*c)*x"2*Log[1l - E~(
(-I)*(c + d*x~2))] - 12%a*b*d~2*x"4*Log[l - E~((-I)*(c + d*x~2))] + 12xa*b
*d"2+E” ((2*I) *c)*x~4*Log[1l - E~((-I)*(c + d*x~2))] - 12*b~2xd*x"2*Log[1l +

E~((-I)*(c + d*x~2))] + 12+%b~2xd*E~((2*I)*c)*x"2xLog[1l + ET((-I)*(c + d*x~
2))] + 12*%a*xbxd~2*x"4*Log[1 + E~((-I)*(c + d*x72))] - 12*a*bxd~2+E~ ((2*I)*
c)*x"4xLog[1l + ET((-I)*(c + d*x"2))] + (12*xID)*bx(-1 + E-((2*I)*c))*(b - 2%
a*d*x~2)*PolyLog[2, -E~((-I)*(c + d*x~2))] + (12*%I)*b*(-1 + E~((2*I)*c))*(
b + 2*axd*x~2)*PolyLog[2, E~((-I)*(c + d*x~2))] + 24*axbxPolyLog[3, -E~((-
D*(c + d*x"2))] - 24xaxb*E~ ((2*I)*c)*PolyLogl[3, -E~((-I)*(c + d*x~2))] -

24*xaxb*PolyLog[3, E~((-I)*(c + d*x~2))] + 24*axb*E~((2*I)*c)*PolyLogl[3, E~
((-D*(c + d*x~2))] - 3*b"2xd"2*x"4*Csc[c/2]*#Csc[(c + d*x"2)/2]*Sin[(d*x"2
)/2] + 3%b~2%d"2xE” ((2*I)*c)*x"4*Csc[c/2]*Csc[(c + d*x~2)/2]*Sin[(d*x~2)/2
1 - 3*b~2xd"2xx"4xSec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x~2)/2] + 3*b~2xd"2*E
~((2xI)*c)*x"4xSec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x~2)/2])/(12%d"3*(-1 + E
~((2%I)*c)))

output
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Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w5(a +besc (c + da?))? da
l 4693
;/ﬁ@+mmwﬁ+@fm2
| 3042
% /w“(a + besc (dz? + c))2 da?
J'4678
% / (a’z* + b% csc? (dz? + c) z* + 2abesc (d2? + ¢) z*) dz?

l 2009

- - + +

(a2 z6 4abz*arctanh (ei(c"'dmz)) 4abPolyLog (3, —ei(d”’2+c)> 4abPolyLog <3, et (d”32+c)) 4iabx? Pol
3 d d3 d3

input LInt [x~5%(a + bxCsc[c + d*x~2])"2,x] J

™

(((-I)*b~2*x~4)/d + (a"2*x"6)/3 - (4*a*b*x~4xArcTanh[E~(I*(c + d*x~2))])/d
- (b™2xx"4xCot[c + d*x"2])/d + (2xb~2xx"2xLog[1 - E~((2*I)*(c + d*x~2))])
/d"2 + ((4xI)*a*b*x~2*PolyLog[2, -E~(I*(c + d*x~2))]1)/d"2 - ((4*I)*a*b*x"2
*PolyLog[2, E~(I*(c + d*x~2))])/d"2 - (I*b~2xPolyLogl[2, E~((2*I)*(c + d*x~
2))1)/d"3 - (4*axb*PolyLogl[3, -E~(I*(c + d*x~2))])/d"3 + (4*a*bxPolyLogl[3,
E~(Ix(c + d*x72))])/d73)/2

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +

1)/n], 0] && IntegerQ[p]

Maple [F]

/xs(a +besc (dz? + c))2dx

int (x~5* (a+b*csc(d*x~2+c)) ~2,x)

N\

Lint (x~5%(a+b*csc(d*x~2+c))"2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 687 vs. 2(195) = 390.

Time = 0.11 (sec) , antiderivative size = 687, normalized size of antiderivative = 3.01

/ z°(a+besc (c+ dan))2 dz = Too large to display
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98

input‘integrate(x“S*(a+b*csc(d*x"2+c))“2,x, algorithm="fricas")

output

input

output

1/6%(a~2*d"3*x"6*sin(d*x"2 + c) - 3*b”~2xd"2*x"4*cos(d*x”"2 + c) + 6*axb*pol
ylog(3, cos(d*x”™2 + c) + I*sin(d*x"2 + c))#*sin(d*x"2 + c) + 6*xa*b*polylog(
3, cos(d*x"2 + c) - Ixsin(d*x~2 + c))*sin(d*x~2 + c) - 6*a*bxpolylog(3, -c
os(d*x”2 + c) + Ixsin(d*x"2 + c))*sin(d*x”2 + c) - 6xaxb*polylog(3, -cos(d
*x"2 + c) - I*sin(d*x"2 + c))*sin(d*x"2 + c) - 3*(2*I*axb*d*x~2 + I*b~2)*d
ilog(cos(d*x~2 + c) + I*sin(d*x~2 + c))*sin(d*x"2 + c) - 3*(-2*Ixa*xb*d*x"2
- Ixb~2)*dilog(cos(d*x"2 + c) - I*sin(d*x"2 + c))*sin(d*x"2 + c) - 3*(2+I
*axbxd*x~2 - I*b~2)*dilog(-cos(d*x~2 + c) + I*sin(d*x~2 + c))*sin(d*x"2 +

c) - 3%(-2xI*xa*xb*d*x~2 + I*b~2)*dilog(-cos(d*x~2 + c) - I*sin(d*x"2 + c))=*
sin(d*x~2 + c) - 3x(axbxd"2*x"4 - b~2*d*x"2)*log(cos(d*x"2 + c) + I*sin(dx*
X"2 + c) + 1)*sin(d*x"2 + c) - 3*(axb*d"2*x"4 - b~2*d*x"2)*log(cos(d*x~2 +
c) - Ixsin(d*x"2 + c) + 1)*sin(d*x"2 + c) + 3*(axb*c™2 - b~2x*c)*log(-1/2*
cos(d*x~2 + c) + 1/2*%Ixsin(d*x"2 + c) + 1/2)*sin(d*x"2 + c) + 3*(axb*c™2 -
b~2*c)*log(-1/2*cos(d*x"2 + c) - 1/2xIxsin(d*x"2 + c) + 1/2)*sin(d*x"2 +

c) + 3*x(a*bxd"2*x"4 + b"2*d*x"2 - a¥*b*c”2 + b"2*c)*log(-cos(d*x"2 + c) + I
*sin(d*x”2 + c) + 1)*sin(d*x”2 + c) + 3*(a*bxd™2*%x"4 + b72*d*x"2 - axb*c”2
+ b~2*c)*log(-cos(d*x"2 + c) - I*sin(d*x"2 + c) + 1)*sin(d*x"2 + ¢))/(d"3
*sin(d*x™2 + c))

Sympy [F]

/x5(a+bcsc (c—i—d:)sz))2 dx=/x5(a—|—bcsc (c—i—dac2))2 dx

integrate (x**5x (a+b*csc (d*x**2+c) ) ¥*2,x)

|

Integral (x*¥*5x(a + b*csc(c + d¥x**2))**2, x)

| —




-

inputt

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 800 vs. 2(195) = 390.

Time = 0.24 (sec) , antiderivative size = 800, normalized size of antiderivative = 3.51

/ z’(a+besc (c+ dan))2 dz = Too large to display

integrate(x~5*(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

-/

1/6*%a”~2%x"6 - (2*b~2xd"2*x"4*cos (2*d*x"2 + 2*kc) + 2xI*b~2*d~2*x"4*sin (2*d*
X"2 + 2%c) - 2x(axb*xd"2*x"4 - b"2*d*x"2 - (a*bkd"2#x"4 - b~2*d*x"2)*cos(2*
d*x~2 + 2%c) + (-Ixaxbxd~2%x"4 + I*b~2xd*x~2)*sin(2*d*x~2 + 2%c))*arctan2(
sin(d*x"2 + ¢), cos(d*x"2 + c) + 1) - 2x(a*xb*d"2*x"4 + b~ 2*%d*x~2 - (axb*xd~
2%x74 + b"2xd*x"2)*cos(2*d*x"2 + 2*c) + (-Ixaxbxd"2*x"4 - I*b~2*d*x"2)*sin
(2*d*x~2 + 2*c))*arctan2(sin(d*x~2 + c), -cos(d*x"2 + c) + 1) + 2x(2*axb*d
*x72 - b72 - (2*%axb*d*x"2 - b"2)*cos(2xd*x"2 + 2%c) - (2*I*a*xb*d*x"2 - I*b
~2)*sin(2*d*x~2 + 2%c))*dilog(-e~ (I*d*x~2 + I*c)) - 2% (2*a*bxd*x"2 + b~2 -

(2xa*b*d*x"2 + b~2)*cos(2*d*x"2 + 2*c) + (-2*I*xaxb*d*x"2 - I*b~2)*sin(2*d
*x"2 + 2xc))*dilog(e” (I*d*x~2 + I*c)) + (I*axb*d"2*x"4 — I*b~2xd*x"2 + (-I
*a*xb*d"2*x"4 + I*b~2%d*x"2)*cos(2+d*x"2 + 2%c) + (a*b*d™2*x"4 - b~2xd*x"2)
*sin(2*d*x~2 + 2*c))*log(cos(d*x™2 + ¢)~2 + sin(d*x"2 + c)"2 + 2xcos(d*x"2
+ ¢c) + 1) + (-I*axb*d~2*%x~4 - I*b~2xd*x"2 + (I*axb*xd~2%x~4 + I*b~2xd*x"2)
xcos (2xd*x"2 + 2xc) - (axbxd"2*x"4 + b 2*d*x"2)*sin(2*d*x~2 + 2*c))*log(co
s(d*x”2 + ¢)72 + sin(d*x"2 + c)~2 - 2*%cos(d*x"2 + c) + 1) - 4x(I*a*b*cos(2
*d*x"2 + 2%c) - a*b*sin(2*d*x"2 + 2%c) - I*axb)*polylog(3, -e” (I*d*x"2 + I
*xCc)) - 4x(-I*axb*cos(2*d*x~2 + 2%c) + axbxsin(2*d*x~2 + 2%c) + I*a*b)*poly
log(3, e~ (Ixd*x"2 + Ix*c)))/(-2*I*d"3*cos(2*d*x"2 + 2%c) + 2*d"3*sin(2*xd*x~
2 + 2%c) + 2xI*d~3)
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Giac [F]

/x5(a+bcsc (c+dac2))2 dx = / (bese (dz® + ) +a)2x5dx

input Lintegrate (x~5* (atb*csc(d*x"2+c)) ~2,x, algorithm="giac")

output Lintegrate((b*csc(d*x'? + ¢) + a)~2*x”5, x)

Mupad [F(-1)]

Timed out.

2
5 e fatfan b
/x (a+besc (c+ dz?)) dx_/z (a+sin(dw2+0)> &

input Lint(x‘S*(a + b/sin(c + d*x~2))"2,x)

output Lint(x“S*(a + b/sin(c + d*x~2))"2, x)

Reduce [F]

[ @@+ bese e+ aa?))? dx—2</csc (da? + 0 5dx)ab

—I—(/csc d:v —I—c) xsdm) bz—l—&

input Lint(x 5% (a+b*csc (d*x~2+c))~2,x)

outpu
‘2 + akkkx**6) /6

t‘ (12*%int (csc(c + d*x**2)*x*x5,x)*a*xb + 6*int(csc(c + d*x**2)**x22kx**5,x) *b** \
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3.9 [ z4(a+ besc (¢ + da?))’ dx

Optimal result . . . . . . . . . . . ..
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . o
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . e
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

/m4(a+bcsc (c+d332))2 dr = Int(x4(a+bcsc (c—l—dz’2))2 ,x)

102
102
L0J)
L0J)

LL09)
L09)

output

LDefer (Int) (x"4*(atb*csc(d*xx~2+c)) ~2,x)

Mathematica [N/A]

Not integrable

Time = 17.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/x4(a+bcsc (c+dx2))2 dx=/x4(a+bcsc (c+d31:2))2 dz

e

input t

Integrate[x”4*(a + bxCsc[c + d*x~2])72,x]

~—

output L

Integrate[x"4*(a + b*Csc[c + d*x~2])~2, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x"‘(a + besc (c+ dmz))2 dx
l 4695

/x4(a+bcsc (c+dx2))2dx

input‘Int[x"4*(a + bxCsc[c + d*xx~2])"2,x]

outputL$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a:4(a +bese (dz? + c))2dx

input \int(x 4x (a+bxcsc(d*x~2+c))"2,x) |
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output Lint (x~4* (a+b*csc(d*x™2+c))~2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/x4(a+bcsc (c+dac2))2 dx = / (bese (dz® + ) +a)2x4dx

input Lintegrate (x~4* (a+b*csc(d*x"2+c)) "2,x, algorithm="fricas") J
output Lintegral (b"2xx~4*csc(d*x"2 + c)~2 + 2*kaxbxx“4xcsc(d*x™2 + c) + a~2%x"4, x) J
Sympy [N/A]
Not integrable
Time = 2.90 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94
/x4(a +bese (c+ da?))” do = /:c4(a +besc (c+de?))? da
input Lintegrate (x**4* (a+b*csc (dxx**2+c) ) **2,x) J

output LIntegral(x**lL*(a + bkxcsc(c + d*x**2))*%x2, x) J




inputt

output

input

output

-

-

Lintegrate(x‘4*(a+b*csc(d*x‘2+c))‘2,x, algorithm="giac")

e hY
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Maxima [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 310, normalized size of antiderivative = 17.22

/x4(a+bcsc (c+d31:2))2 dx = / (bese (dz® + ) +a)2x4dx

~—

integrate(x~4*(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

1/5%a"2*%x"5 - (b"2*x"3*sin(2*d*x~2 + 2%c) - (d*cos(2*d*x~2 + 2%c)~2 + d*si
n(2*d*x~2 + 2%c) 2 - 2xd*cos(2xd*x”2 + 2%c) + d)*integrate(1/2*(4*axbxd*x”
4 - 3%b"2xx"2)*sin(d*x"2 + c)/(d*cos(d*x"2 + c)~2 + d*sin(d*x"2 + c)~2 + 2
*d*xcos(d*x~"2 + c) + d), x) - (d*cos(2%d*x”2 + 2*%c) "2 + d*sin(2%d*x~2 + 2*c
)72 - 2%d*cos(2*d*x"2 + 2*c) + d)*integrate(1/2*(4*a*b*d*x"4 + 3%b~2xx"2)*
sin(d*x~2 + c)/(d*cos(d*x"2 + ¢)~2 + d*sin(d*x"2 + c)~2 - 2*d*cos(d*x~2 +
c) + d), x))/(d*cos(2*xd*x"2 + 2*c)~2 + d*sin(2*d*x"2 + 2*c)~2 - 2xd*cos(2x*
d*x~2 + 2%c) + d)

Giac [N/A]
Not integrable

Time = 0.60 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/x4(a+bcsc (c—i—dacz))2 dx = / (bese (dz® + ) +a)2x4dx

~—

integrate((bxcsc(d*x~2 + c) + a)~2*x"4, x)

N\ J
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Mupad [N/A]
Not integrable

Time = 15.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
. 2N\2 5. 4 b
/x (a+besc (c+ da?)) dm—/$ <a+sin(d$2+0)> &

input Lint(x‘4*(a + b/sin(c + d*x~2))"2,x)

output Lint(x"4*(a + b/sin(c + d*x~2))"2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.61

/x4(a+bcsc (c+dx2))2 dx = 2(/030 (dz* +¢) x4dx) ab
2.5
+ </csc (dx2+c)2x4dx> b+ a:

input Lint (x"4x (atb*csc(d*x™2+c))~2,x)

‘ (10*int (csc(c + d*x**2)*x**4,x)*axb + 5xint(csc(c + dxx**2)**k2kx**4,x)*b*k*

output
‘2 + akkkx**5) /5
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3.10 [ z*(a+bese (c+ dz?))’ dz

Optimal result . . . . . . . . . . . ..
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ... .. 17
Rubi [A] (verified) . . . . . . .. . . 107
Maple [F] . . . . 1091
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 109
Sympy [F] . . . o 1101
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 110
Giac [F] . . . o o 111
Mupad [F(-1)] . . . . . e 111
Reduce [F] . . . . . . 112

Optimal result

Integrand size = 18, antiderivative size = 125

2,4  2abz’arctanh( ei(c+de®) 2.2 2
/x3(a+bcsc(c+dx2))2dx:ax - ( >_bz cot (¢ + dz*)

4 d 2d
b? log (sin (¢ + dz?)) iab PolyLog <2, _ei(0+dw2)>
2d2 + 2
tab PolyLog (2, ei(c—l—dzz))
_ =

output
‘/d+1/2*b“2*1n(sin(d*x‘2+c))/d*2+I*a*b*polylog(2,—exp(I*(d*x“2+c)))/d“2—I*a

e hY
‘1/4*a‘2*x‘4—2*a*b*x‘2*arctanh(exp(I*(d*x‘2+c)))/d—1/2*b‘2*x‘2*cot(d*x‘2+c)
‘*b*polylog(Q,exp(I*(d*x“2+c)))/d‘2
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 268 vs. 2(125) = 250.

Time = 3.96 (sec) , antiderivative size = 268, normalized size of antiderivative = 2.14

/x?’(a-l—bcsc (c—l—dacz))2 dx

2b2dx? cot(c) + dz*(adz? — 2b° cot(c)) — 2b?(dz? cot(c) — log (sin (c + dx?))) + 4ab (2 arctan(tan(c))

input LIntegrate [x~3*(a + b*Csc[c + d*x~2])"2,x] J

(2+%b~2*d*x"2%Cot [c] + d*x"2*(a"2*d*x"2 - 2xb~2*Cot[c]) - 2*¥b~2x(d*x~2*Cot [
c] - Logl[Sin[c + d*x~2]]) + 4*a*b*(2*ArcTan[Tan[c]]*ArcTanh[Cos[c] - Sin[c
1*Tan[(d*x~2)/2]] + (((d*x"2 + ArcTan[Tan[c]])*(Log[1l - E~(I*(d*x"2 + ArcT
an[Tan[c]]))] - Logl[l + E~(I*(d*x~2 + ArcTan[Tan[c]]))]) + I*PolyLogl[2, -E
~(Ix(d*x~2 + ArcTan[Tan[c]]))] - I*PolyLog[2, E~(I*(d*x~2 + ArcTan[Tan[c]]
))1)*Sec[c])/Sqrt[Seclc]~2]) + b~2*d*x~2*Csc[c/2]*Csc[(c + d*x~2)/2]*Sin[(
d*x~2)/2] + b~2*d*x"2*Sec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x~2)/2])/(4*xd"2)

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.99,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w3(a+bcsc (c+dac2))2 dx

l 4693

;/x2(a+bcsc (da:2 +c))2d.r2
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l 3042
;/xQ(a—l—bcsc (da:2 +c))2d.r2
l»4678

% / (a2x2 + b2 esc? (dac2 +¢) x% + 2abcsc (dﬂv2 +¢) a:z) dz?

l 2009

5 ~ d + 2 - 2

N =

( a2g4  4dabz?arctanh (ei(c”xz)) 2iab PolyLog (2, —ei(dx2+c)> 2iab PolyLog (2, ei(d’”2+c)> N b? log (si

input LInt [x"3%(a + b*Csc[c + d*x~2])"2,x] J

((2~2#x74)/2 - (4xaxbxx"2xArcTanh[E™(I*(c + d*x"2))1)/d - (b™2%x"2%Cot[c +
‘ d*x~2])/d + (b"2xLog[Sin[c + d*x~2]]1)/d"2 + ((2+I)*axb*PolyLogl[2, -E~(I*( ‘
‘¢ + d*x"2))1)/d"2 - ((2xI)*a¥b*PolyLog[2, E~(I*(c + d*x~2))1)/d~2)/2

output

Defintions of rubi rules used

-

ruka2009tint[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 3042‘ Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear ‘
Qlu, x]

N\ J

rule 4678‘Int[(csc[(e_.) + (E_)*xGO1x_) + (@) " (@_D)*((c_.) + (d_)*GxD)"(m_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x], ‘
\ x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]
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rule 4693‘Int[((a_.) + Cscl(c_.) + (d_)*(x)"(m)1*(b_.))"(p_)*(x)"(m_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~ ‘
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p] ‘

Maple [F]
/a:3(a +bese (dz? + c))2dx
input Lint (x~3% (atb*csc(d*x~2+c)) ~2,x) J
output Lint (x~3* (a+bkcsc(d*x~2+c)) "2,x%) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 451 vs. 2(107) = 214.

Time = 0.10 (sec) , antiderivative size = 451, normalized size of antiderivative = 3.61

/x3(a +besc (c+da?))? da
a’d?z* sin (dz? + ¢) — 2b?dz? cos (dz? + ¢) — 2i abLiy(cos (dz? + ¢) + 4 sin (dz? + ¢)) sin (dz? + ¢) + 2i

input integrate (x~3*%(a+b*xcsc(d*x"2+c)) "2 ,X, algorithm="fricas ") J
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1/4%(a"2%d"2*x"4*sin(d*x"2 + c) - 2*%b~2%d*x"2*cos(d*x"2 + c) - 2kIxa*bxdil
og(cos(d*x™2 + c) + I*sin(d*x~2 + c))*sin(d*x"2 + c) + 2*Ixaxb*dilog(cos(d
*x"2 + c) - I*sin(d*x"2 + c))*sin(d*x"2 + c) - 2xI*axb*dilog(-cos(d*x~2 +

c) + I*sin(d*x"2 + c))*sin(d*x"2 + c) + 2xI*a*b*dilog(-cos(d*x~2 + c) - Ix
sin(d*x"2 + c))*sin(d*x~2 + c) - (2%a*bxd*x"2 - b~2)*log(cos(d*x~2 + c) +

I*sin(d*x"2 + c) + 1)*sin(d*x"2 + c) - (2%a*b*d*x~2 - b~2)*log(cos(d*x~2 +

c) - I*sin(d*x"2 + c) + 1)*sin(d*x"2 + c) - (2*a*xbxc - b~2)*log(-1/2*cos(
d*x”2 + c) + 1/2*I*sin(d*x"2 + c) + 1/2)*sin(d*x"2 + c) - (2xa*bxc - b~2)*
log(-1/2%cos(d*x"2 + c) - 1/2*I*sin(d*x”"2 + c) + 1/2)*sin(d*x"2 + c) + 2x(
a*b*d*x~2 + a*bxc)*log(-cos(d*x"2 + c) + I*sin(d*x"2 + c) + 1)*sin(d*x"2 +

c) + 2x(a*b*d*x"2 + axbxc)*log(-cos(d*x"2 + c) - Ixsin(d*x"2 + c) + 1)*si
n(d*x~2 + c))/(d"2*sin(d*x"2 + c))

output

Sympy [F]

/x3(a+bcsc (c+dx2))2 dx=/m3(a—|—bcsc (c+dx2))2 dx

input Lintegrate (x**3* (a+bxcsc (d*x**2+c) ) ¥*2,x)

outputtlntegral(x**S*(a + bxcsc(c + d¥x**2))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 604 vs. 2(107) = 214.

Time = 0.16 (sec) , antiderivative size = 604, normalized size of antiderivative = 4.83

/ z?(a+besc (c+ dacz))2 dz = Too large to display

-

input integrate (x~3*(a+b*csc(d*x~2+c))~2,x, algorithm="maxima")




output

input

output

input

output‘
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1/4%a~2xx~4 - (4*%b~2%d*x"2*%cos(2%d*x~2 + 2%c) + 4*xIxb~2xd*x”~2*sin (2*d*x"2
+ 2%c) - 2x(2*a*bxd*x"2 - b"2 - (2*axb*d*x"2 - b~2)*cos(2xd*x"2 + 2*c) + (
-2xT*axb*d*x~2 + I*b~2)*sin(2*%d*x~2 + 2*c))*arctan2(sin(d*x~2 + c), cos(dx*
X"2 + ¢c) + 1) - 2x(b"2*cos(2*d*x"2 + 2%c) + I*b"2xsin(2*d*x"2 + 2%c) - b~2
Y*arctan2(sin(d*x~2 + c), cos(d*x"2 + c) - 1) + 4x(axb*d*x"2*cos(2*xd*x~2 +
2%c) + Ixaxbxdxx"2*sin(2*d*x"2 + 2*c) - axbxd*x”~2)*arctan2(sin(d*x~2 + c)
, —cos(d*x™2 + ¢c) + 1) - 4x(a*bxcos(2*d*x"2 + 2%c) + I*axb*sin(2xd*x"2 + 2
*c) - a*b)*dilog(-e” (I*d*x~2 + I*c)) + 4*(a*bkcos(2*d*x"2 + 2%c) + I*axbx*s
in(2*%d*x~2 + 2%c) - a*b)*dilog(e” (I*d*x~2 + Ixc)) + (2%I*a*xbxd*x~2 - Ixb~2
+ (-2xI*axbxd*x~2 + I*b~2)*cos(2*d*x~2 + 2*c) + (2*ka*b*d*x~2 - b~2)*sin(2
*d*x~2 + 2*c))*log(cos(d*x™2 + c)~2 + sin(d*x™2 + c)~2 + 2*cos(d*x”~2 + c)
+ 1) + (-2xI*a*b*xd*x”2 - I*b~2 + (2*I*a*b*xd*x”2 + I*b~2)*cos(2*xd*x~2 + 2%*c
) - (2xa*bxd*x~2 + b~2)*sin(2*d*x"2 + 2*c))*log(cos(d*x"2 + c)~2 + sin(d*x
"2 + ¢c)72 - 2%cos(d*x”2 + ¢) + 1))/(-4*xI*d"2*cos(2xd*x"2 + 2%c) + 4*d"2*si
n(2xd*x~2 + 2%c) + 4*I*d"2)

Giac [F]

/x3(a+bcsc (c+d31:2))2 dx = / (bese (dz® + ) +a)2x3dx

Lintegrate(x‘S*(a+b*csc(d*x‘2+c))‘2,x, algorithm="giac")

;
integrate((bxcsc(d*x~2 + c) + a)~2*x"3, x)

N\

Mupad [F(-1)]

Timed out.

2
3 N g [ (an O
/x (a+ besc (c+da?)) dw—/ﬂﬂ (a+sin(dw2+0)> “

Lint(x“B*(a + b/sin(c + d*x~2))"2,x%)

int (x"3*(a + b/sin(c + d*x~2))"2, x)
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Reduce [F]

/m3(a+bcsc (c—l—dz‘2))2 dzx

) 2
—2cos (dz? + ¢) b’ d z® + 8( [ csc (d z% + ¢) #3dz) sin (d % + ¢) abd? — 2log (tan (% + g) + 1) sin (
B 4sin (dx? + c) d?

-

Lint (x~3%(a+b*csc(d*x~2+c))"2,x)

| —

input

‘ ( - 2%cos(c + d*xx**x2)*b**2kd*x**2 + 8*int(csc(c + dxx**2)*x**3,x)*sin(c + \
|dkxxx2) kaxbrdk2 - 2¢log(tan((c + d¥x**2)/2)#*2 + 1)*sin(c + dxx#*2)*b¥*2
|+ 2¢log(tan((c + dxx**2)/2))*sin(c + dxx**2)*¥bk*2 + sin(c + dxx**2)*axx2xd |
#x2kxk4) / (A*sin(c + dHxar2) *d442) |

output




output
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3.11 [ z%(a+ bese (¢ + da?))’ da

Optimal result . . . . . . . . . . . .. 113l
Mathematica [N/A] . . . . . ... 113
Rubi [N/A] . . o 114
Maple [N/A] . . . 114
Fricas [N/A] . . . . . o 115
Sympy [N/A] . . 115
Maxima [N/A] . . . 176!
Giac [N/A] .« . o 116
Mupad [N/A] . . . . 117
Reduce [N/A] . . . . o 117

Optimal result

Integrand size = 18, antiderivative size = 18

/mz(a+bcsc (c+d332))2 dr = Int(xQ(a+bcsc (c—l—dz’2))2 ,x)

LDefer(Int)(x“2*(a+b*csc(d*x“2+c))“2,x)

Mathematica [N/A]
Not integrable

Time = 27.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/xz(a+bcsc (c+dx2))2 dx=/x2(a+bcsc (c+d31:2))2 dz

e

input t

Integrate[x”"2*(a + bxCsc[c + d*x~2])72,x]

~—

output L

Integrate[x"2*(a + b*Csc[c + d*x~2])~2, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x2(a + besc (c+ dmz))2 dx
l 4695

/x2(a+bcsc (c+dx2))2dx

input‘Int[x'Q*(a + bxCsc[c + d*xx~2])"2,x]

outputL$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a:2(a +bese (dz? + c))2dx

input \int(x 2% (a+b*csc(d*x~2+c))~2,x)
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output Lint (x~2*x (a+b*csc(d*x~2+c))~2,x) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.33

/xQ(a-l—bcsc (c+dac2))2 dx = / (bese (dz® + ) +a)2x2dx

input Lintegrate (x"2* (a+b*csc(d*x"2+c)) "2,x, algorithm="fricas") J
output Lintegral (b"2xx~2%csc(d*x"2 + c)~2 + 2kaxbxx"2xcsc(d*x™2 + c) + a~2%x"2, x) J
Sympy [N/A]
Not integrable
Time = 2.32 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94
/xz(“ +bese (c+ da?))” do = /:c2(a +besc (c+de?))? da
input Lintegrate (x**2x (a+b*csc (d*xx**2+c) ) **2,x) J

output LIntegral(x**Q*(a + bkxcsc(c + d*x**2))*%x2, x) J
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Maxima [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 300, normalized size of antiderivative = 16.67

/xQ(a+bcsc (c+d31:2))2 dx = / (bese (dz® + ) +a)2x2dx

~—

integrate(x~2*(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

1/3*%a"2*x"3 - (b "2*x*sin(2*d*x~2 + 2*c) - (d*cos(2*d*x"2 + 2%c)”~2 + d*sin(
2xd*x"2 + 2%c)”2 - 2%d*kcos(2*d*x"2 + 2%c) + d)*integrate(1/2*(4*axb*d*x"2

- b™2)*sin(d*x~2 + c)/(d*cos(d*x~2 + c)~2 + d*sin(d*x~2 + c)~2 + 2xd*cos(d
*x"2 + c) + d), x) - (d*cos(2*d*x~2 + 2%c)~2 + d*sin(2%d*x~2 + 2%c) "2 - 2%
d*cos (2xd*x~2 + 2xc) + d)*integrate(1/2x(4*axbxd*x”2 + b~2)*sin(d*x"2 + c)
/(d*cos(d*x"2 + c)~2 + d*sin(d*x"2 + c)~2 - 2*xd*cos(d*x"2 + c) + d), x))/(
d*cos(2*d*x"2 + 2%c)"2 + d*sin(2*d*x"2 + 2%c)"2 - 2xd*xcos(2*d*x"2 + 2%c) +
d)

Giac [N/A]
Not integrable

Time = 0.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/xz(a+bcsc (c—i—dacz))2 dx = / (bese (dz® + ) +a)2x2dx

Lintegrate(x‘Q*(a+b*csc(d*x‘2+c))‘2,x, algorithm="giac")

~—

integrate((bxcsc(d*x~2 + c) + a)~2*x"2, x)
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Mupad [N/A]
Not integrable

Time = 15.62 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
) 2N\2 5. 2 b
/93 (a+besc (c+ da?)) dm—/$ <a+sin(d$2+0)> &

input Lint(x‘2*(a + b/sin(c + d*x~2))"2,x) J

output Lint(x"2*(a + b/sin(c + d*x~2))"2, x) J

Reduce [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 102, normalized size of antiderivative = 5.67

/wQ(a—I-bcsc (c+dz2))2 dzx

3(f tan(dg;i—z+52dx> b?d — 3<ftan (% + %) dac) b* 4 24( [ csc (dz? + ¢) 2°dz) abd + 3 tan <d—§2 + g)

)

12d

input Lint(x 2% (a+b*csc (d*x~2+c))~2,x) J

‘ (3*int (x**2/tan((c + d*x**2)/2)**2,x) *b*x*x2%d - 3*int(tan((c + d*x**2)/2),x \
)¥bxx2 + 24xint(csc(c + d¥x2)*x**2,x)*axbxd + 3xtan((c + dkxxx2)/2)*b**2 |
‘*x + 4dkaxx2kdkx**3 + bkx2kd*x**3)/(12%d) ‘

output
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3.12 [ z(a+besc(c+ dz?))’ d

Optimal result . . . . . . . . . . . .. 118}
Mathematica [A] (verified) . . . . . . . . ... .. L 118
Rubi [A] (verified) . . . . . . .. . . 119
Maple [A] (verified) . . . . . . . . ... 1211
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 121]
Sympy [F] . . . o 122
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 122
Giac [B] (verification not implemented) . . . . . .. ... .. ... .. ... 123
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 123]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 124

Optimal result

Integrand size = 16, antiderivative size = 45

2,.2 2 2 2
/x(a+ bose (c+ de))z dp — a; B abarctanh(c;s (c+dz?) b’cot (2cd+ dz?)

-

OutputL1/2*a‘2*x"2-a*b*arctanh(cos(d*x’"2+c))/d-1/2*b"2*cot(d*x"2+c)/d

-

Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.91

/x(a + bese (c+cl:102))2 dx

—b? cot (2(c+ dz?)) + 2a(ac + adz® — 2blog (cos (1(c+ dz?))) + 2blog (sin (3(c + dz?)))) + b? tan (
4d

input LIntegrate [x*x(a + bxCsc[c + d*x~2])~2,x] J

N

p
\ (-(b~2*Cot[(c + d*x~2)/2]) + 2xa*x(a*c + a*d*x"2 - 2*bxLog[Cos[(c + d*x~2)/ \

output
‘2]] + 2xb*Log[Sin[(c + d*x~2)/2]]) + b~2*Tan[(c + d*x"2)/2])/(4*d) ‘
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98,

number of rules _ 438, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {4693, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x(a + besc (c+ dan))2 dz

l 4693

1 a+bese (dz? + ¢ 2d:L'2
2

l 3042

;/ (a + besc (dz? +c))2dzr:2

l 4260

% <2ab / csc (dz? + ¢) dz? + b / csc? (dz? + ¢) dz? + a2x2)
| 3042

;(mb / csc (da? + ¢) da? + b? / csc (da? + ¢)? da® + a2x2>
l 4254

b2 [ 1d cot (dz2
;<2ab/csc (dx2+c) dz? — f cod( z +c) +a2m2>

l24

1
3 <2ab / csc (dz? + ¢) dz* + a’z® —

b? cot (c + dz?) )
d

l 4257

d d

1 ( o o 2abarctanh(cos (c+ dz?))  b%cot (c+ dz?) )
2
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input L

output L

Int[x*(a + b*Csc[c + d*x~2])"2,x]

(a"2*xx"2 - (2*a*bxArcTanh[Cos[c + d*x~2]])/d - (b~2*Cot[c + d*x~2])/d)/2

J

rule 24L

Defintions of rubi rules used

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4254

Int[lcscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

rule 4257

Intlcscl(c_.) + (d_.)*(x_)], x_Symboll :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

rule 4260

Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
, x]1) /; FreeQ[{a, b, c, d}, x]

rule 4693

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlp]
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.13

method result size
a2x? b2 cot (d$2+c) ba ln(csc(d m2+c) +cot (d x2+c))
parts 5 — 5a - 7 51
2 2 2 _ 2 32 2
derivativedivides a (dm +c)+2ba ln(csc(dm +02)d Cot(dz +c)) b cot(dm +c) 55
2 2 2 _ 2 2 2
default a?(dz?+c)+2baln(csc(d +c2)d cot(dz2+c))—b? cot (dz?+c) 55
| e ) o (4 e (4£45)
parallelrisch - 62
22 b2 baln(Gi(dw2+c)—l) baln(ei(dz2+c) +1)
risch a’z® _ i + _ 75
2 d<e2z(d 1;2+C) _1) d d
a222 tan da:2+c b2 tan d’:z-i-C 2 2
_%+ (ZT ?) i (:d’f ?) baln(tan(%-}-%))
norman 5 + 83
tan(%-{-%) d
( N
inputtint(x*(a+b*csc(d*XA2+C))A2’x:meth0d=_RETURNVERBUSE) J
output L1/2*3A2*XA2_1/2*bA2*C°t (d*x~2+c)/d-b*a/d*1n(csc(d*x~2+c)+cot (d*x~2+c)) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(41) = 82.

Time = 0.08 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.09

/z(a + bcese (c+dx2))2 dz

_a?dz®sin (da? + c) — ablog (3 cos (dz” + ¢) + 3) sin (dz” + ¢) + ablog (—; cos (dz? + ¢) + 3) sin (dz? -
B 2dsin (dz? + )

input Lintegrate (x* (a+b*csc(d*x"2+c))"2,x, algorithm="fricas") J
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o 1/2x(a”2+d*x"2xsin(d¥x"2 + ¢) - axbxlog(1/2xcos(d¥x™2 + ¢) + 1/2)*sin(dx”
‘2 + c) + axb*xlog(-1/2*cos(d*x~2 + c) + 1/2)*sin(d*x"2 + c) - b~2*cos(d*x"2
|+ ©))/(d*sin(d*x"2 + ©))

outpu

Sympy [F]

/x(a—l—bcsc (c+dm2))2 da:=/m(a+bcsc (c—l—dm2))2 dzx

inputLintegrate(x*(a+b*csc(d*x**2+c))**2,x) J

/

kIntegral(x*(a + b*csc(c + d*x**2))**2, x)

~—

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(41) = 82.

Time = 0.04 (sec) , antiderivative size = 98, normalized size of antiderivative = 2.18

/z(a + bese (c—l—dar:2))2 dx

1 , , ablog(cot(dz?+ c) + csc(dz? + ¢))
=_—azr" —
2 d
B b?sin (2dz? + 2¢)
dcos (2dz? +2¢)® + dsin (2da2 + 2¢)® — 2d cos (2dz? + 2¢) +d

jnputLintegrate(X*(a+b*CSC(d*X‘2+C))‘2,x, algorithm="maxima") J

‘1/2*a”2*x‘2 - axb*xlog(cot(d*x~2 + c) + csc(d*x™2 + c))/d - b™2*sin(2*d*x"2 ‘
|+ 2%c)/(d*cos(2xd*x"2 + 2%c)"2 + d¥sin(2%d*x"2 + 2%c)"2 - 2xd¥cos(2kd*x"2 |
|+ 2%c) + Q) |

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(41) = 82.

Time = 0.15 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.87

/x(a + besc (c+dx2))2 dx

4abtan(% dm2+% c)+b2

2 (dz? 4 c)a® + 4 ablog ([tan (5 dz® + 3 ¢)|) + b? tan (3 dz® + 1 ¢)

tan(% dw2+% c)

- 4d

input Lintegrate (x* (a+b*csc(d*x~2+c)) "2 ,X, algorithm="giac") J

|1/4%(2%(d*x™2 + c)*a~2 + 4*axbklog(abs(tan(1/2+d*x~2 + 1/2%c))) + b~2+tan(
|1/2%d*x™2 + 1/2%c) - (4*a¥bxtan(1/2%d*x™2 + 1/2%c) + b~2)/tan(1/2*d*x™2 +
1/2%c))/d

output

Mupad [B] (verification not implemented)

Time = 15.33 (sec) , antiderivative size = 102, normalized size of antiderivative = 2.27

a® 2 B b% 1i
2 d (e2idx2+c2i — 1)
abln <—abx4i - abxedw21ie61i4i)
d
abln <abx4i - abxedleie“iéli)
d

/x(a+ bese (c+ davz))2 dx =

+

input‘ int (x*(a + b/sin(c + d*x~2))"2,x) J

(a"2#x72)/2 - (b"2%1i)/(d*(exp(c*2i + d*x"2+2i) - 1)) - (abxlog(- axbkxxd
‘i - a¥bxx*exp(d*x~2*1i)*exp(c*1i)*4i))/d + (a*bxlog(a*b*x*4i - axb*xxexp(d ‘
‘*x‘2*1i)*exp(c*li)*4i))/d

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.53

/m(a + bcese (c—l— d3v2))2 dz

—cos(dz®+c) b + 2log<tan <% + %)) sin (dz? + ¢) ab + sin (d 2% + ¢) a®’d z?
2sin (dz?2 +¢)d

input Lint (x* (atb*csc(d*x~2+c))~2,x)

‘ ( - cos(c + d*x*x2)*b*x2 + 2xlog(tan((c + d*x**2)/2))*sin(c + d*x**2)*a*xb

output
‘+ sin(c + d*x**x2)*kax*2kd*x**2)/(2*sin(c + d*x**2)x*d)
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3.13 f (a+b csc(c—l—dx2))2 da

x
Optimal result . . . . .. . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . 125
Rubi [N/A] . . o 1261
Maple [N/A] . . . o o 1261
Fricas [N/A] . . . . o o
Sympy [N/A] . . o 1271
Maxima [N/A] . . . . . 128]
Giac [N/A] .« . o o 128]
Mupad [N/A] . . . o 1291
Reduce [N/A] . . . o 129

Optimal result

Integrand size = 18, antiderivative size = 18

T T

/ (a + bese (¢ + dz?))? e — Tnt ((a + bese (¢ + dz?))? ’ z)

output LDefer(Int) ((a+b*csc(d*x~2+c)) ~2/x,x) J
Mathematica [N/A]
Not integrable
Time = 68.78 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
2\\2 2\1\2
/(a+bcsc(C+dx ) dx:/(a+bcsc(c+dx )) s
z x
input LIntegrate [(a + b*Csc[c + d*x~2])~2/x,x] J
output LIntegrate[(a + bxCsclc + d*x"2])72/x, x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2\ 2
/ (a+bcsc(c+dm )) e
T
l 4695
21\ 2
/ (a+besc (c+ dz?)) e
x
inputtlm"[(a + b*Csclc + d*x72])72/x,x] J
( R
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable
Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+besc(dz? + )’

dzx

T
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input Lint ((a+b*csc(d*x~2+c)) ~2/x,x)

output Lint ((atb*csc(d*x2+c)) "2/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

2\)2 2 2
/(a+bcsca(cc+dx ) dxz/(bcsc(dxx+c)+a) i

inputLintegrate((a+b*csc(d*x"2+c))"2/x,x, algorithm="fricas")

outputlintegral((b‘2*csc(d*x*2 + ¢c)~2 + 2%axbxcsc(d*x™2 + c) + a~2)/x, x)

Sympy [N/A]
Not integrable

Time = 2.47 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

2Y)2 2))2
/(a—i—bcsc;c—i-dcc ) dx=/(a+bcscg(vc+dx )) s

inputtintegrate((a+b*csc(d*x**2+c))**2/x,x)

output LIntegral((a + brcsc(c + dxx*x2))*%2/x, x)
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Maxima [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 360, normalized size of antiderivative = 20.00

/ (a+ besc (c + dx2))2 do— / (besc (dz? + ¢) + a)2 dr

T T

input integrate((a+b*csc(d*x“2+c))*Q/X,x, algorithm="maxima")

a~2*log(x) - (b~2*sin(2*d*x~2 + 2*c) - (d*x"2*cos(2*d*x~2 + 2%c)~2 + d*x~2
*sin (2*%d*x"2 + 2%c) "2 - 2*xd*x"2*cos(2xd*x”"2 + 2*c) + d*x"2)*integrate((2*a
*bxd*x"2 + b"2)*sin(d*x"2 + c)/(d*x"3*cos(d*x"2 + c)~2 + d*x"3*sin(d*x"2 +
c)"2 + 2xd*x"3*cos(d*x"2 + c) + d*x"3), x) - (d*x"2*cos(2*d*x”"2 + 2%c) "2
+ d*x"2*%sin(2%d*x"2 + 2%c) 72 - 2*d*x"2*cos(2*d*x"2 + 2%c) + d*x"2)*integra
te((2*xaxbxd*x~2 - b~2)*sin(d*x~2 + c)/(d*x"3*cos(d*x"2 + c)~2 + d*x"3*sin(
d*x”2 + c)~2 - 2%d*x"3*cos(d*x"2 + c) + d*x”3), x))/(d*x"2*cos(2*d*x"2 + 2
*C) "2 + d*x"2*%sin(2*%d*x"2 + 2%c) "2 - 2%d*x"2%cos(2%d*x"2 + 2%c) + d*x”2)

output

Giac [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (a+ bosc (c+ d:r2))2 do— / (besc (dz? +¢) + a)2 de

T T

input ‘ integrate ((a+b*csc(d*x~2+c)) A2/X,X, algorithm="giac")

outpu‘cLimZGgrate((b"‘csc(d"‘xh2 +c) + a)~2/x, x) J
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Mupad [N/A]
Not integrable

Time = 14.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
2))? o+ et
/(a—}—bcsc(c—i-dx ) dz=/< d +)) dx

T T

input Lint((a + b/sin(c + d*x~2))"2/x,x) J

output Lint((a + b/sin(c + d*x72))"2/x, x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 64, normalized size of antiderivative = 3.56

2112
/(a+bcsc(0+da€ ) dx:(/ 1 2 dm)b2+2(/ . 1 dz>ab
x sin(dz?+c)"x sin(dz? +c¢)x

1dz) b? 2

input Lint((a+b*csc (d*x~2+c))"2/x,x) J

‘ (2xint (1/(sin(c + d*x**2)**x2%x) ,x)*b**2 + 4*int(1/(sin(c + d*x**2)*x),x)*a \

output
‘*b - int(1/x,x) *b**2 + 2xlog(x)*ax*2 + log(x)*b**2)/2 ‘




output
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2
3.14 f (a+besc (g—l—dw2) ) da
T

Optimal result . . . . . . . . . . . e 130
Mathematica [N/A] . . . . . . . . 130
Rubi [N/A] . . 131
Maple [N/A] . . . . e 131
Fricas [N/A] . . . . o o 132
Sympy [N/A] . . e 132
Maxima [N/A] . . . . . 1331
Giac [N/A] . . . e 133
Mupad [N/A] . . oo 134
Reduce [N/A] . . . o 134

Optimal result

Integrand size = 18, antiderivative size = 18

xr2

(a + bese (¢ + dz?))? e — Tnt ((a + bese (¢ + dz?))?

x2

LDefer (Int) ((a+b*csc(d*x~2+c))"2/x"2,x%)

Mathematica [N/A]
Not integrable

Time = 39.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

¢ (c+ da?))’

/(a+bcsc(c+dac2))2 dx=/(a+bcs

xr2

xr2

dz

input L

Integrate[(a + bxCscl[c + d*x~2])"2/x72,x]

output k

Integrate[(a + bxCsc[c + d*x~2])~2/x72, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2\ 2
/ (a+bcsc(§+dm ) s
z
l 4605
21\ 2
/ (a+besc (§+da: ) e
x
inputtlm"[(a + bxCsclc + d*x~2])72/x72,x] J
( N
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (a+besc(dz? + c))zda:

2
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input Lint((a+b*csc(d*x 2+¢))"2/x"2,%)

outputLint((a+b*csc(d*xﬁ2+c))“2/x“2,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.00

/ (a+ besc (c + dx2))2 go— / (besc (dz? +¢) + a)2 dr

2 72

input Lintegrate ((at+bxcsc(d*x~2+c))~2/x72,x, algorithm="fricas")

outputlintegral((b‘2*csc(d*x*2 + c)”"2 + 2%axbxcsc(d*x™2 + c) + a"2)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.77 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(a—i—bcsc (c+ da?))? o — / (a + besc (¢ + dz?))? e

x2 x2

inputtintegrate((a+b*csc(d*x**2+c))**2/X**2,X)

output LIntegral((a + bkcsc(c + d*x**2))**2/x**2, X)
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Maxima [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 366, normalized size of antiderivative = 20.33

/ (a+ besc (c + dx2))2 do— / (besc (dz? + ¢) + a)2 dr

T2 2

input‘integrate((a+b*csc(d*x“2+c))”2/x“2,x, algorithm="maxima")

-a"2/x - (b"2*sin(2*d*x"2 + 2*c) - (d*x"3*cos(2xd*x"2 + 2%c)~2 + d*x"3*sin
(2%d*x~2 + 2%c)~2 - 2%kd*x"3*cos(2*d*x~2 + 2%c) + d*x"3)*integrate(1/2*(4*a
*b*xd*x~2 + 3*b"2)*sin(d*x"2 + c)/(d*x"4*cos(d*x"2 + c)~2 + d*x"4*sin(d*x"2
+ ¢c)~2 + 2*%d*x"4*cos(d*x"2 + ¢c) + d*x"4), x) - (d*x"3*cos(2*d*x"2 + 2xc)”
2 + d*x"3*sin(2*d*x"2 + 2%c) "2 - 2xd*x"3*cos(2*d*x"2 + 2%c) + d*x"3)*integ
rate (1/2% (4*xa*xb*d*x~2 - 3*b~2)*sin(d*x”~2 + c)/(d*x"4*cos(d*x~2 + c)~2 + d*
x"4*sin(d*x"2 + c)~2 - 2*d*x"4*cos(d*x"2 + c) + d*x"4), x))/(d*x"3*cos(2*d
*X"2 + 2%c) 72 + d*x"3*sin(2*kd*x"2 + 2kc) "2 - 2%d*x"3*cos(2kd*x"2 + 2%c) +
d*x~3)

output

Giac [N/A]
Not integrable

Time = 0.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

T2 z2

/ (a+ besc (c+ dx2))2 go— / (besc (dz? + ¢) + a)2 de

inputLintegrate((a+b*CSC(d*X”2+c))*2/x“2,x, algorithm="giac")

outputLintegrate((b*csc(d*x’? + c) + a)~2/x"2, x)
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Mupad [N/A]
Not integrable

Time = 14.81 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2
2))? O+ s
[lobocteaty dz:/( @)

$2 1;2

inputtint((a + b/sin(c + d*x72))72/x72,x) J

output Lint((a + b/sin(c + d*x~2))"2/x72, x) J

Reduce [N/A]

Not integrable

Time = 0.17 (sec) , antiderivative size = 50, normalized size of antiderivative = 2.78

dr =
x2 T

csc(dzz—l—c) csc(dzz—l—c 2
/ (a + besc (¢ + dz?))? 2<f Tdm) abz + (f T)dz> b’z — a?

input Lint((a+b*csc (d*x~2+c))~2/x"2,x) J

t‘ (2xint (csc(c + dkxx*¥2)/x**2,x)*a*xbxx + int(csc(c + d*x**2)**x2/x**2,x) *¥b**2 \

outpu L*x _ ann2) /n J




output

input
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3.15 [ zesc” (a+ bx?) dx

Optimal result . . . . . . . . . . . . e 135
Mathematica [A] (verified) . . . . . . . . . ... o 1351
Rubi [A] (verified) . . . .. . . ... .. 136
Maple [A] (verified) . . . . . . ... L 138
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 139
Sympy [F] . . o o 139
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1401
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 141
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 141
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 142

Optimal result

Integrand size = 12, antiderivative size = 90

2 2 2
/x csc” (a 4 b:cz) dr — _5arctanh(cos (a + bx?)) _ 5cot (a+ bxggbcsc (a + bx?)
_ 5cot(a+ bx?) csc® (a + bx?) _cot (a+ bz?) csc® (a + bx?)

32b

48b

12b

‘ -5/32*arctanh(cos (b*xx~2+a)) /b-5/32*cot (b*x~2+a) *csc (b*xx~2+a) /b-5/48*cot (b*

N

x~2+a) *csc(b*x~2+a) ~3/b-1/12%cot (b*x~2+a) *csc (b*x~2+a) ~5/b

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.86

5csc? (3(a + ba?)) _esct (1(a+b2?))

_esc (3(a+ bz?))

7 2 _
/zcsc (a+b2?) dz = 1980
_ 5log (cos (3(a+ bz?)))

128b

768b

5log (sin (3(a + bz?)))

32b

32b

5sec? (3(a+bz?))  sec* (3(a+ ba?))

sec® (1(a + bz?))

128b

128b

768b

LIntegrate [x*Csc[a + b*x~2]"7,x]

J
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output‘ (-5%Csc[(a + b*x~2)/2]72)/(128*b) - Cscl[(a + b*x~2)/2]1°4/(128*b) - Cscl[(a ‘
-+ b*x"2)/2]176/(768%b) - (5¥Log[Cos[(a + b*x~2)/2]11)/(32%b) + (b¥Logl[Sin[(a
\ + b*x~2)/2]11)/(32%b) + (5xSec[(a + b*x~2)/2]1°2)/(128%b) + Sec[(a + b*x"~2) ‘

\/2]*4/(128*b) + Sec[(a + b*x~2)/2]1°6/(768%Db)

Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.16,

number of rules _
integrand size 0.750, Rules

used = {4693, 3042, 4255, 3042, 4255, 3042, 4255, 3042, 4257}

number of steps used = 10, number of rules used = 9,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:csc7 (a+ ba:z) dz
J’4693

% / csc’ (bac2 + a) dz?

l 3042
% / csc (ba:2 + a)7 dz?

l 4255
1(5 5/, o o cotb (a + bz?) csc® (a + ba?)
2<6/CSC (ba: +a)dx 6b

l 3042
1(5 ) 5. 5 COb (a + bz?) csc® (a + ba?)
2<6/csc(ba: +a) dx 6b

l 4255

2 3 2 9 5 9
(3 /CSC3 (ba? + a) do? — cot (a + bz )4<;sc (a+ bz )) _ cot (a+ bz )6(:0 (a + bz ))

l 3042



input

output

rule 3042

rule 4255
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4b 6b

l 4255

1 (Z (3 /csc (ba? + a)g g2 O (a + bz?) csc (a + bz?) ) _cot (a+ba?) csc® (a + ba?)

)

2b 4b

l 3042

2 2 2) cged 2
(i(l/csc(bm2+a)dx2—COt(a+bw ) esc (a+ b )) _cot(a—i—ba: ) esc® (a + bz?)

) cot (a + bz

2b 4b

l’4257

(1 /csc (ba? + a) da® — cot (a + ba?) csc (a + bw2)> _ cot (a+ bz?) csc® (a + bz?)

) cot (a + bz

216 2b 2b 4b

-

Int[x*Csc[a + b*x~2]"7,x]

N

‘ (-1/6*%(Cot[a + b*x~2]*Csc[a + b*x~2]"5)/b + (5%(-1/4%(Cot[a + b*x~2]*Csc[a
‘ + b*x~2]"3)/b + (3%(-1/2*ArcTanh[Cos[a + b*x~2]]/b - (Cot[a + b*x~2]*Csc[
‘a + b*x"2])/(2%b)))/4))/6)/2

Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Simp[b~2*x((n - 2)/(n - 1))

Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2x*n]

1 (5 (3 ( arctanh(cos (a + bz?))  cot (a + bz?) csc (a + ba:2)) _ cot (a + bz?) csc? (a + ba?)
4

) _cot(a+



rule 4257

rule 4693

input

output
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cscl[c + d*x])~
p> x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.81

method result
( csc(bw2+a)5 5CSC(b(L‘ +a 5csc b:v “+a > " b + 5ln(csc(bz2+a)—cot(bz2+a))
- 6 - 24 cot(bz?+a) 16
derivativedivides
2, \5 2, \_ 2
d f 1 <_csc(bz6 +a) _5csc(b2z4 +a 5csc bz +a >cot ba: +a 51n(csc(bm +a1)6 cot(bm +a))
efault
6 2\ 6 2\4 21\ 2 2
. —cot g—l—ﬁ +tan( 2422°) —9cot g—i—bi +9tan( 2422°) _45c0t( 24827 ) 445tan( 2402
parallelrisch (5+%) (s+%) (5+ ) (s 72682 (5+%) (5+3
. 2
risch 15e11i(bw2+a) _85egi(bz2+a) +19867i(bw2+a)+19865i(bz2+a) _8563i(bz2+a) +15ei(bw2+a> 5111(61(1”: +e)
48b (em'(b z2+a) _1> 6

Lint (x*csc (b*x~2+a) "7 ,x,method=_RETURNVERBOSE)

‘1/2/b*(( 1/6xcsc(b*xx~2+a) ~"5-5/24*csc (b*x~2+a) ~3-5/16*csc (b*x~2+a) ) *cot (b*x
"‘2+a)+5/16*1n(csc(b*x 2+a)-cot (b*x~2+a)))




input

output

inputt

outputt

p
Lintegrate (x*csc(b*x~2+a) “7,x, algorithm="fricas")
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(82) = 164.

Time = 0.08 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.03

/x csc’ (a+ bz?) dx

30 cos (bz2 + a)’ — 80 cos (bz? + a)® — 15 (cos (b2 + a)® — 3 cos (bz? + a)* + 3 cos (ba? + a)” — 1) log
B 192 (beos (bz? + ¢

-/

1/192%(30*cos(b*x~2 + a)~5 - 80*cos(b*x"2 + a)~3 - 156*%(cos(b*x"2 + a)~6 -
3%cos(b*x"2 + a)"4 + 3*cos(b*x"2 + a)”2 - 1)*log(1/2*cos(b*x~2 + a) + 1/2)
+ 15%(cos(b*x™2 + a)~6 - 3*cos(b*x"2 + a)~4 + 3*cos(b*x”2 + a)~2 - 1)xlog
(-1/2*cos(b*x~2 + a) + 1/2) + 66*cos(b*x"2 + a))/(b*cos(b*x~2 + a)~6 - 3*b
*cos(b*x~2 + a)~4 + 3*b*cos(b*x"2 + a)”2 - b)

Sympy [F]

/mcsc7 (a + be) dz = /wcsc7 (a + bx2) dz
integrate (x*csc (b*x**2+a) **7,x) J
Integral (x*csc(a + b*x**2)**7, x) J




-

inputL
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3543 vs. 2(82) = 164.

Time = 0.11 (sec) , antiderivative size = 3543, normalized size of antiderivative = 39.37

/ z csc’ (a + bx2) dx = Too large to display

integrate (x*csc(b*x~2+a) ~7,x, algorithm="maxima")

~—

output

1/192% (4* (15*cos (11*b*x~2 + 11*a) - 85*cos(9*b*x"2 + 9*a) + 198*cos(7xb*x"
2 + T*a) + 198*cos(5*b*x~2 + 5%a) - 85*cos(3*b*x"2 + 3*a) + 15*cos(b*x"2 +
a))*cos(12xb*x~2 + 12*a) - 60*(6*cos(10*bxx~2 + 10%a) - 15*cos(8*b*x~2 +
8*a) + 20*cos(6*b*x~2 + 6%a) - 1b5*cos(4*b*x”2 + 4%a) + 6*cos(2*b*x"2 + 2*a
) - 1)*cos(11xb*x~2 + 11*a) + 24%(85%cos(9*b*x~2 + 9%a) - 198*cos(7*bxx"2
+ 7*a) - 198*cos(5*xb*x~2 + 5%a) + 85%cos(3*b*x"2 + 3*a) - 15*cos(b*x"2 + a
))*cos(10*b*x~2 + 10%a) - 340*(15*cos(8*b*x~2 + 8%a) - 20*cos(6*b*x~2 + 6%
a) + 15xcos(4*xbxx~2 + 4*a) - 6*cos(2xb*x"2 + 2*a) + 1)*cos(9*b*x"2 + 9*a)
+ 60%(198*cos(7*b*x~2 + 7*a) + 198*cos(5*b*x~2 + 5*a) — 85*cos(3*b*x~2 + 3
*a) + 15xcos(b*x”2 + a))*cos(8*b*x~2 + 8*a) - 792%(20*cos(6*¥b*x"2 + 6*a) -
15%cos (4*b*x"2 + 4*a) + 6xcos(2xb*x”"2 + 2%a) - 1)*cos(7*bxx~2 + 7*a) - 80
*(198*cos (5*b*x~2 + 5*a) - 85*cos(3*bxx~2 + 3*a) + 15*cos(b*x~2 + a))*cos(
6*b*xx~2 + 6%a) + 792%(15%cos(4*b*x~2 + 4*a) - 6xcos(2*b*xx~2 + 2*a) + 1)*co
s(5%b*x~2 + B%a) - 300%(17*cos(3*b*x~2 + 3%a) - 3*cos(b*x~2 + a))*cos (4*b*
X"2 + 4*a) + 340%(6*cos(2*b*x"2 + 2*a) - 1)*cos(3*b*x~2 + 3*a) - 360*cos(2
*bxx~2 + 2*a)*cos(b*x”2 + a) + 15x(2*%(6*cos(10*b*x~2 + 10*a) - 15*cos(8*bx*
X"2 + 8%a) + 20*cos(6xbxx"2 + 6%a) - 15%cos(4*b*xx"2 + 4*a) + 6%cos(2¥b*xx"2
+ 2*a) - 1)*cos(12*b*x”"2 + 12+%a) - cos(12*b*x"2 + 12%a)~2 + 12*(15*%cos(8*
bxx~2 + 8%a) - 20*cos(6*b*x"2 + 6*a) + 15*%cos(4*b*x"2 + 4*a) - 6*cos(2*b*x
2 + 2%a) + 1)*cos(10*b*x~2 + 10%a) - 36*cos(10*b*x~2 + 10%a)~2 + 30*(2...
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 211 vs. 2(82) = 164.

Time = 0.11 (sec) , antiderivative size = 211, normalized size of antiderivative = 2.34

/xcsc7 (a+b2?) dz =

<9 (cos (ba:2+a) —1) _ 45 (cos (bz2+a) —1)2 n 110 (cos(bx2+a) —1)3 _1> (cos(bx2+a)+]_)3

2

cos(ba?+a)+1 (cos(ba2+a)+1) (cos (bw2+a)+1)3 + 45 (cos(bz?+a)-1) 9 (cos(be-l—a)—l)2 ;
_ (cos(bz24a)—1)3 cos(bz2+a)+1 (cos(bz2+a)+1)2
768 b

input ‘ integrate(x*csc(b*x~2+a)~7,x, algorithm="giac") ‘

-1/768%((9*(cos(b*x"2 + a) - 1)/(cos(b*x"2 + a) + 1) - 45*%(cos(b*x"2 + a)
- 1)72/(cos(b*x”2 + a) + 1)72 + 110*(cos(b*x"2 + a) - 1)73/(cos(b*x"2 + a)
+ 1)73 - 1)*(cos(b*x”2 + a) + 1)73/(cos(b*x"2 + a) - 1)73 + 45%(cos(b*x"2
+ a) - 1)/(cos(b*x”2 + a) + 1) - 9*(cos(b*x~2 + a) - 1)~2/(cos(b*x"2 + a)
+ 1)72 + (cos(b*x~2 + a) - 1)73/(cos(b*x”2 + a) + 1)73 - 60*log(-(cos(b*x
"2 + a) - 1)/(cos(b*x"2 + a) + 1)))/b

output

Mupad [B] (verification not implemented)

Time = 25.66 (sec) , antiderivative size = 491, normalized size of antiderivative = 5.46

/ zesc’ (a+ bz®) dr = Too large to display

inputLint(x/sin(a + b*xx~2)"7,x%) J
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(5*log((x*51)/8 - (x*exp(a*1i)*exp(b*x~2x1i)*5i)/8))/(32*%b) - (5*xlog(- (x*
5i)/8 - (x*exp(ax1i)*exp(b*x~2*1i)*5i)/8))/(32*b) + (8*exp(a*3i + b*x"2%x3i
))/ (3*%bx(5xexp(a*2i + b*x"2#2i) - 10*exp(a*4i + b*x"2#4i) + 10*exp(ax6i +

b*x~2*%6i) - bBkexp(a*8i + b*x"2%8i) + exp(a*10i + b*x~2%10i) - 1)) + exp(ax
1i + b*x"2%1i)/(6*b*(3*exp(a*x2i + b*x"2*%2i) - 3*exp(a*4i + b*x"2%4i) + exp
(a*6i + b*x~2x6i) - 1)) + (5*exp(a*li + b*x"2%1i))/(16*b*(exp(a*2i + b*x"2
*¥2i) - 1)) + (16*exp(axbi + b*x"2x5i))/(3*b*(15*xexp(a*4i + b*x"2*4i) - 6%*e
xp(a*2i + b*x"2*%2i) - 20*exp(a*x6i + b*x"2*%6i) + 15xexp(a*8i + b*x"2*8i) -

6*exp(ax10i + b*x"2*%10i) + exp(a*12i + b*x"2%12i) + 1)) + exp(a*li + b*x~2
*11)/(bx(6*exp(a*4i + b*x"2x4i) - 4*exp(a*x2i + b*x~2*2i) - 4xexp(a*6i + bx
x"2%6i) + exp(a*8i + b*x"2*8i) + 1)) - (6kexp(axli + b*x~2%1i))/(24xb*(exp
(a*4i + b*x"2%4i) - 2xexp(a*2i + bxx"2%2i) + 1))

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00

/m csc’ (a + bacQ) dx

—15cos (ba2 4 a) sin (bz2 + a)* — 10 cos (bz? + a) sin (bz2 + )’ — 8cos (bz* + a) + 15log<tan (% .
96sin (bz2 + a)®b

inputLint(x*csc(b*x“2+a)“7,x) J

s )

‘( - 15%cos(a + b*x**2)*sin(a + b*x**x2)**x4 - 10*cos(a + b*x**2)*sin(a + b*x
(#%2)*%2 - 8kcos(a + bkxxx2) + 16%log(tan((a + b¥x¥x2)/2))*sin(a + brxx2)*
L*G)/(QG*sin(a + bixkk2) *%6%b) J

output




output
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5
X

3.16 f a-+bcsc(c+dz?) dz

Optimal result . . . . . . . . . . .. 143]
Mathematica [A] (verified) . . . . . . . . ... . Lo 144
Rubi [A] (verified) . . . . . . ... .. 144
Maple [F] . . . . 146
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 146
Sympy [F] . . . 147
Maxima [F] . . . . . . 148
Giac [F] . . . . o o 148
Mupad [F(-1)] . . . o 148
Reduce [F] . . . o . 0 o 149

Optimal result

Integrand size = 18, antiderivative size = 396

. iaei(c+dw2) . iaei(c+dw2)
5 L ibz* log (1 — e ) betlog (10
r=—++ -
/ a + besc (¢ + dz?) 6a 2av/—a? + b2d 2av/ —a? + b%d
iaei c+da:2) iaei c+dz2
bx? PolyLog (2, dﬁ) bx? PolyLog <2a ﬁ)
_+_ —
av/—a? + b*d? av/—a? + b2d?
. iaei(c+dm2) . iaei(c+dm2)
ibPolyLog | 3, {*—— ibPolyLog | 3, 57—
+ —
av —a? + b2d3 av—a? + b2d3

N\

1/6*x76/a+1/2*I*b*x"4*1n(1-I*xa*exp (I*(d*x"2+c))/(b-(-a~2+b~2)~(1/2)))/a/ (-
a~2+b~2)~(1/2) /d-1/2*I*b*x~4*1n(1-I*a*exp (I*(d*x"2+c))/(b+(-a"2+b"2)~(1/2)
))/a/(-a~2+b~2)~(1/2) /d+b*x~2*polylog(2, I*a*xexp (I*(d*x~2+c))/(b-(-a~2+b"2)
~(1/2)))/a/(-a~2+b~2)~(1/2) /d"2-b*x"2*polylog(2, I*a*exp (I* (d*x~2+c) )/ (b+(-
a"2+b"2)"(1/2)))/a/(-a~2+b~2) " (1/2) /d"2+I*b*polylog(3, I*xa*exp (I*(d*x"2+c))
/(b-(-a~2+b"2)~(1/2)))/a/(-a~2+b~2) " (1/2) /d~3-I*b*polylog (3, I*xaxexp (I* (d*x
~2+c))/(b+(-a"2+b"2)"(1/2))) /a/(-a~2+b~2)~(1/2)/d"3




input

output
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Mathematica [A] (verified)

Time = 0.99 (sec) , antiderivative size = 319, normalized size of antiderivative = 0.81

75
dz
/ a + besc (¢ + dz?)
Va2 — b2d3z6 — 3bd2 x4 log (1 — M) + 3bd2z4 log <1 + aei(c+dm2) ) 1 Gibda? PolyLog (2 aei(c,
—ib+va?—b? ib+a?—b% s b
6av/a’

e

tIntegrate [x"5/(a + b*Csc[c + d*x"2]),x]

~—

(Sart[a”2 - b~2]*d"3*x"6 - 3*bxd~2*x"4*Logl[l - (a*E~(I*(c + d*x~2)))/((-I)
*b + Sqrt[a”2 - b™2])] + 3*bxd~2*x"4*Log[l + (a*xE~(I*(c + d*x~2)))/(I*b +
Sqrt[a”2 - b~2])] + (6*I)*b*xd*x~2*PolyLog[2, (a*E~(I*(c + d*x~2)))/((-I)*b
+ Sqrt[a™2 - b°2])] - (6*I)*bxd*x~2*PolyLog[2, -((a*E~(I*(c + d*x~2)))/(I
*b + Sqrt[a~2 - b~2]))] - 6xb*PolyLogl[3, (a*E~(I*(c + d*x~2)))/((-I)*b + S
grt[a”2 - b~2])] + 6*bxPolyLogl[3, -((a*E~(I*(c + d*x~2)))/(I*b + Sqrt[a~2
- b72]))1)/(6*a*Sqrt[a~2 - b~2]*d"3)

Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 397, normalized size of antiderivative = 1.00,

number of rules _ () 999 Ryles
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

5
dx
/ a+ besc (¢ + dz?)
J'4693

L / z* da?
2 ) a+bcesc(dz? +c)
| 3042
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1 / z! dx?
2 ) a+besc(dr?+c)
l 4679

1/ £4_ b dx?
2 a a(b+asin(dz? +c)) v

l 2009

2ibPolyLog [ 3.1 2inPolyLog (3. ™) 9pe2 PolyLog (2, 2" 942 PolyLo
VLB 9 a2 YHOB\ %5 b vhr—az VLB \ %y Vh—az yLo!
—_ + —_

ad2V/b? — a2 ad?+

1

2 WBVP —a BVE -

input \rInt [x~5/(a + b*Cscl[c + d*x~2]),x]

(x76/(3*a) + (Ixbxx~4*Log[l - (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a"2 + b2
DI/ (axSqrt[-a”2 + b™2]*d) - (Ixbxx~4*Log[l - (I*axE~(I*(c + d*x~2)))/(b
+ Sqrt[-a~2 + b72])])/(axSqrt[-a~2 + b~2]*d) + (2*%b*x~2+PolyLog[2, (I*axE~
(I*(c + d*x~2)))/(b - Sart[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d~2) - (2%bx*
x"2%PolyLog[2, (I*a*E~(I*(c + d*x~2)))/(b + Sgrt[-a~2 + b~2])])/(a*Sqrt[-a
“2 + b72]*%d"2) + ((2%I)*b*PolyLogl[3, (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a”
2 + b~2]1)]1)/(a*Sqrt[-a”2 + b~2]*d~3) - ((2*I)*bxPolyLog[3, (I*a*E~(I*(c +
d*x72)))/(b + Sqrt[-a”2 + b72])])/(a*Sqrt[-a~2 + b~2]*d"3))/2

output

Defintions of rubi rules used

rule 2009Fnt [u_, x_Symbol] :> Simp[IntSum[u, xI, x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4679 Intllesclle_.) + (£_.0*(x)Ix(b_.) + (a))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]
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rule 4693‘Int[((a_.) + Cscl(c_.) + (d_)*(x)"(m)1*(b_.))"(p_)*(x)"(m_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~ ‘
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p]

Maple [F]
5
/ x dx
a+besc(dx? +c)
input Lint (x~5/ (atb*csc(d*x~2+c) ) ,x) J
output Lint (x~5/ (atb*csc(d*x~2+c)) ,x) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1445 vs. 2(332) = 664.

Time = 0.21 (sec) , antiderivative size = 1445, normalized size of antiderivative = 3.65

5
T
dx = Too large to displa;
/a+bcsc(c+dm2) & pay
input Lintegrate (x75/ (atb*csc(d*x"2+c)) ,x, algorithm="fricas") J
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1/12% (2% (2”2 - b~2)*d"3*x"6 + 6xI*axbkd*x~2*sqrt((a~2 - b~2)/a"2)*dilog((I
*b*cos(d*x~2 + c) - bxsin(d*x"2 + c) + (axcos(d*x~2 + c) + I*axsin(d*x~2 +
c))*sqrt((a”2 - b"2)/a"2) - a)/a + 1) - 6xI*axb*d*x~2*sqrt((a”2 - b~2)/a"
2)*dilog((I*b*cos(d*x"2 + c) - b*sin(d*x"2 + c) - (a*cos(d*x"2 + c) + Ixa*
sin(d*x"2 + c))*sqrt((a”2 - b72)/a"2) - a)/a + 1) - 6*I*axb*d*x"2*sqrt((a”
2 - b"2)/a"2)*dilog((-I*b*cos(d*x"2 + c) - b*sin(d*x~2 + c) + (a*cos(d*x"2
+ ¢) - I*axsin(d*x"2 + c))#*sqrt((a”™2 - b"2)/a"2) - a)/a + 1) + 6xI*axb*dx*
x"2xsqrt((a”2 - b~2)/a"2)*dilog((-I*b*cos(d*x~2 + c) - b*sin(d*x"2 + c) -
(axcos(d*x~2 + c) - I*a*xsin(d*x"2 + c))*sqrt((a”2 - b"2)/a"2) - a)/a + 1)
+ 3xaxb*xc”2*sqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x~2 + c) + 2*Ixa*sin(d*x"2
+ c) + 2%a*sqrt((a™2 - b72)/a"2) + 2*%I*b) + 3*axbxc~2*sqrt((a”2 - b~2)/a”
2)*log(2*a*cos(d*x"2 + c) - 2xI*a*sin(d*x"2 + c) + 2¥a*sqrt((a”2 - b~2)/a"
2) - 2*%Ixb) - 3*a*bxc™2xsqrt((a”2 - b~2)/a"2)*log(-2*a*cos(d*x"2 + c) + 2%
Ixa*sin(d*x~2 + c) + 2%a*sqrt((a™2 - b~2)/a"2) + 2*%I*b) - 3*a*bkc~2xsqrt ((
a"2 - b"2)/a"2)*log(-2*axcos(d*x~2 + c) - 2*I*a*xsin(d*x~2 + c) + 2*axsqrt(
(2”2 - b~2)/a"2) - 2*I*b) + 6*axb*sqrt((a™2 - b~2)/a"2)*polylog(3, -(Ixb*c
0os(d*x~2 + c) + b*sin(d*x"2 + c) + (a*cos(d*x”2 + c) - I*a*sin(d*x"2 + c))
xsqrt ((a”2 - b~2)/a"2))/a) - 6xaxbxsqrt((a”2 - b~2)/a"2)*polylog(3, -(Ixbx
cos(d*x”2 + c) + b*sin(d*x”2 + c) - (a*cos(d*x”2 + c) - I*a*sin(d*x"2 + c)
Yxsqrt((a~2 - b~2)/a"2))/a) + 6*xa*bxsqrt((a”2 - b~2)/a~2)*polylog(3, -(...

output

Sympy [F]

z° z°
u/“ dx==u/n dz
a + besc (¢ + dx?) a + besc (¢ + dz?)

input‘integrate(x**S/(a+b*csc(d*x**2+c)),x)

outputtlntegral(x**S/(a + b*csc(c + d*x**2)), x)
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Maxima [F|

z° z°
j/ dx::L/a dz
a + besc (¢ + dz?) bese (dz? +¢) +a

integrate(x~5/(atb*csc(d*x~2+c)),x, algorithm="maxima")

-/

B
inputt

1/6%(x~6 - 12*a*b*integrate((2*b*x~5*cos(d*x~2 + c)~2 + a*x"5*cos(d*x~2 +
c)*sin(2*d*x"2 + 2xc) - a*x"b*cos(2*d*x"2 + 2kc)*sin(d*x"2 + c) + 2%b*x"5*
sin(d*x~2 + c)72 + a*x~5*sin(d*x"2 + c))/(a"3*cos(2*d*x"2 + 2%c)"2 + 4xaxb
~2xcos(d*x"2 + c)”2 + 4*a”2xbxcos(d*x"2 + c)*sin(2*d*x"2 + 2*c) + a~3*sin(
2%d*x"2 + 2%c) "2 + 4*axb"2*sin(d*x"2 + ¢)~2 + 4*a”2%bxsin(d*x"2 + c) + a3
- 2% (2*%a~2*b*sin(d*x"2 + c) + a~3)*cos(2*d*x"2 + 2*c)), x))/a

output

Giac [F]
/ a-+ bcscx(Sc + dz?) do = / besc (dxf: c)+a dz
inputLintegrate(x"5/(a+b*csc(d*x"2+c)),x, algorithm="giac") J
OutputLintegrate(x“5/(b*csc(d*x“2 +c¢c) + a), x) J

Mupad [F(-1)]

Timed out.

b
T= | ——— 4%
a+ bcesc (¢ + dz?) e e

inputtint(x‘s/(a + b/sin(c + d*x~2)),x) J

OutputLint(x”S/(a + b/sin(c + d*x~2)), x) J
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Reduce [F]

z° z°
/ dz =/ dz
a+ besc (¢ + dz?) csc(dz?+c)b+a

input Lint (x~5/ (a+b*csc(d*x~2+c)) ,x)

Outputtint(x**s/(csc(c + d¥x**2)%b + a),x)




-

output
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3.17 [T o dz
) a-+bcsc(c+dz?)

Optimal result . . . . . . . . . . .. 1501
Mathematica [N/A] . . . . . ... 150
Rubi [N/A] . . 15T
Maple [N/A] . . . o [151]
Fricas [N/A] . . . . o 152
Sympy [N/A] . . o 1521
Maxima [N/A] . . . . o 153
Giac [N/A] . . . e 153
Mupad [N/A] . . . o 154
Reduce [N/A] . . . o o e 154

Optimal result

Integrand size = 18, antiderivative size = 18

/ i dz = Int
a+besc(c+dx?)

.’IJ4

a+besc(c+ dz?)’

/)

LDefer (Int) (x~4/(atb*csc(d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 1.70 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

7
dx =
/a+bcsc(c+dx2) /

$4

a + besc (¢ + dz?)

dz

input L

Integrate[x~4/(a + b*Csc[c + d*x~2]),x]

output L

Integrate[x~4/(a + b*Csc[c + d*x~2]), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
4
/ z dx
a + besc (¢ + dz?)
l 4695
4
t/" x dzr
a + bese (¢ + dz?)
inputLInt[xA4/(a + b*Csc[c + d*x~2]),x] J
ou_tput“;Aborted J

Defintions of rubi rules used

e 4695 TAEL(@_.) + Cscl(c_.) + (d_.)*(x)~(m)1*(b_.)) (p_)*(x)"(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])~p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

7
dz
/a+bcse (dz?+c)

input Lint (x~4/ (a+bkcsc (d*x~2+c)) ,x) J
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OutputLint(x"4/(a+b*csc(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt z?
/ dz = / dz
a+ besc (¢ + dz?) bese(dz? +¢) +a

inputtintegrate(XA4/(a+b*CSC(d*XA2+C)),x, algorithm="fricas")

output Lintegral(x"4/(b*csc(d*x"2 +c) +a), x)

Sympy [N/A]
Not integrable

Time = 0.52 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

zt zt
/ dz =/ dz
a + besc (¢ + dx?) a + besc (¢ + dz?)

inputLintegrate(x**4/(a+b*csc(d*x**2+c)),x)

outputtlntegral(x**4/(a + b*csc(c + d*x**2)), x)
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Maxima [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 253, normalized size of antiderivative = 14.06

zt zt
/ dr = / dz
a+ bese (¢ + dz?) besc (dx? +c¢) +a

-/

p
inputLintegrate(XA4/(a+b*CSC(d*XA2+C))’X’ algorithm="maxima")

1/5%(x"5 - 10*axb*integrate ((2xb*x~4*cos(d*x~2 + c)72 + a*x"4*cos(d*x"2 +
c)*sin(2xd*x~2 + 2xc) - a*x"4*cos(2xd*x"2 + 2*c)*sin(d*x"2 + c) + 2xb*x"4x
sin(d*x~2 + c)72 + a*x"4*sin(d*x"2 + c))/(a"3*cos(2*d*x"2 + 2%c)~2 + 4xax*b
~2%cos(d*x"2 + c)"2 + 4*a~2*bxcos(d*x~2 + c)*sin(2*d*x"2 + 2%c) + a~3*sin(
2xd*x"2 + 2%c) "2 + 4*xa¥xb"2*sin(d*x"2 + c)~2 + 4*a”2%b*sin(d*x"2 + c) + a”3
- 2% (2*xa~2*xb*sin(d*x~2 + c) + a”3)*cos(2*d*x"2 + 2*c)), x))/a

output

Giac [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ dr = / dz
a+ besc(c+ dx?) besc(dz?2 +¢)+a

-

inputt

~—

integrate(x~4/(at+b*csc(d*x~2+c)) ,x, algorithm="giac")

e hY
integrate(x~4/(b*csc(d*x~2 + c) + a), x)

N J

output




-

input L

output

input

output t
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Mupad [N/A]
Not integrable

Time = 15.78 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

[ e
r= | ———dx
a+ bcesc (¢ + dz?) R e e

int(x"4/(a + b/sin(c + d*x"2)),x)

-/

Lint(x‘4/(a + b/sin(c + d*x"2)), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ dz =/ dz
a+ besc (¢ + dz?) csc(dz?+c)b+a

Lint (x~4/ (atb*csc(d*x~2+c)) ,x)

int (x**4/(csc(c + d*x**2)*b + a),x)




output
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318 [—2 __dz
) a-+bcsc(c+dz?)

Optimalresult . . . . ... ... ... ... .. 155
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 156
Rubi [A] (verified) . . . . . . ... .. 157
Maple [F] . . . . 158
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 159
Sympy [F] . . . 160
Maxima [F] . . . . . . 160
Giac [F] . . . . o o 160
Mupad [F(-1)] . . . o 161
Reduce [F] . . . o . 0 o 161

Optimal result

Integrand size = 18, antiderivative size = 271

. iaei(c+dw2) . iaei(c+dw2)
,’1’,’3 ; 1,’4 beQ log <1 — IJ—\/——T-i-I)Z Zbl'z log 1-— m
/ a+ besc(c+ dx?) * T 4a 2av/—a? + b2d - 2av/ —a? + b%d

+

il c 9:2 .
b PolyLog (2, %) b PolyLog (2

i c-ﬁ-dm2
(ed=?)

" b+v—a?+b?

)

2a+v/ —a? + b%d? 2av —a? + b2d?

1/4%x~4/a+1/2*Ixbxx~2*1n(1-I*a*exp (I*(d*x~2+c))/(b-(-a~2+b~2)~(1/2)))/a/ (-
a~2+b~2)~(1/2)/d-1/2*%I*bxx~2*1n(1-I*axexp (I*(d*x"2+c))/(b+(-a"2+b"2)~(1/2)
))/a/(-a"2+b~2)~(1/2) /d+1/2*%b*polylog(2, I*a*xexp (I*(d*x~2+c))/(b-(-a"2+b"2)
~(1/2)))/a/(-a~2+b~2)~(1/2)/d"2-1/2*b*polylog (2, I*a*exp (I* (d*xx~2+c) )/ (b+(-

a”2+b"2)7(1/2)))/a/(-a"2+b"2)"(1/2)/d"2




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 987 vs. 2(271) = 542.

Time = 3.67 (sec) , antiderivative size = 987, normalized size of antiderivative = 3.64

3
x
/ a+ besc (¢ + dz?) z oo large to display

p
Integrate[x~3/(a + b*Csclc + d*x~2]),x]

N J

(Csclc + d*x™2]1*(x"4 - (2*%bx((Pix*ArcTan[(a + b*Tan[(c + d*x~2)/2])/Sqrt[-a
~2 + b~2]])/Sqrt[-a”2 + b~2] + (2*(c - ArcCos[-(b/a)])*ArcTanh[((a - b)*Co
t[(2xc + Pi + 2*d*x~2)/4]1)/Sqrt[a”2 - b"2]] + (-2%c + Pi - 2*d*x~2)*ArcTan
h[((a + b)*Tan[(2*c + Pi + 2xd*x~2)/4])/Sqrt[a~2 - b"2]] - (ArcCos[-(b/a)]
- (2*I)*ArcTanh[((a - D)*Cot[(2*c + Pi + 2xd*x~2)/4])/Sqrt[a”2 - b~2]]1)*L
ogl((a + b)*x(a - b - I*Sqrt[a™2 - b~2])*(1 + I*Cot[(2*c + Pi + 2*d*x~2)/4]
))/(ax(a + b + Sqrt[a”2 - b™2]*Cot [(2*c + Pi + 2xd*x~2)/4]1))] + (ArcCos[-(
b/a)] + (2*I)*(-ArcTanh[((a - b)*Cot[(2*c + Pi + 2*d*x~2)/4])/Sqrt[a”2 - b
~2]] + ArcTanh[((a + b)*Tan[(2*c + Pi + 2*d*x~2)/4])/Sqrt[a”2 - b~2]]))*Lo
gl((-1)~(1/4)*Sqrt[a”2 - b~2])/(Sqrt[2]*Sqrt[a]*E~((I/2)*(c + d*x~2))*Sqrt
[b + a*Sin[c + d*x~2]1)] + (ArcCos[-(b/a)] + (2*I)*ArcTanh[((a - b)*Cot[(2
*C + Pi + 2xd*x~2)/4])/Sqrt[a™2 - b~2]] - (2*I)*ArcTanh[((a + b)*Tan[(2*c
+ Pi + 2%d*x”2)/4])/Sqrt[a”2 - b~2]]1)*Log[-(((-1)"(3/4)*Sqrt[a"2 - b~2]*E"
((I/2)*(c + d*x~2)))/(Sqrt[2]*Sqrt [a]*Sqrt[b + a*Sin[c + d*x~2]]1))] - (Arc
Cos[-(b/a)] + (2*I)*ArcTanh[((a - D)*Cot[(2*c + Pi + 2xd*x~2)/4])/Sqrt[a~2
- b~2]1)*Log[1 + (I*(I*b + Sqrt[a”2 - b~2])*(a + b + Sqrt[a"2 - b~2]*Tan[
(2xc - Pi + 2*%d*x"2)/4]))/(ax(a + b + Sqrt[a”2 - b~2]*Cot [(2%c + Pi + 2xdx*
x72)/41))] + Ix(PolyLogl[2, ((b - I*Sqrt[a”2 - b"2])*(a + b + Sqrt[a"2 - b~
2]1*Tan[(2*c - Pi + 2xd*x72)/4]))/(a*(a + b + Sqrt[a™2 - b~2]*Cot [(2*c + Pi
+ 2xd*x~2)/4]1))] - PolyLogl[2, ((b + I*Sqrt[a”2 - b"2])*(a + b + Sqrtla...

N\
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Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 266, normalized size of antiderivative = 0.98,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

23
dx
/ a+ bese (¢ + dz?)
l’4693

1 / z? 9
= dz
2 ) a+bcesc(dz? +c)

| 3042

1 / z? 9
= dz
2 ) a+besc(dz?+c¢)

| 4679

1 / f - ba? dx?
2 a a(b+asin(dz?+c))

l 2009

iaei (dwz +c) iaei (dw2 +C> 2 iaei (C+dm2) 7.2 iaei (C+d
1 bPOlyLOg 2, ﬁ bPOlyLOg 2, m ibx log 1-— m ibx log 1-— \/m
— _.|_ —
adv/b? — a? adv/b% — a?

2 VT — @ VT — a2

s

LInt [x~3/(a + b*Csc[c + d*x~2]),x]

N

input

(x4/(2xa) + (I*bxx~2+Logl[l - (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a”2 + b~2
11)/(a*Sqrt[-a~2 + b~2]*d) - (Ixb*x~2xLogl[l - (I*a*E~(I*(c + d*x~2)))/(b
+ Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d) + (b*PolyLogl[2, (I*a*xE~(I*(c
+ d*x~2)))/(b - Sgrt[-a~2 + b~2])]1)/(axSqrt[-a~2 + b~2]*d"2) - (b*PolyLogl
2, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"
2))/2

output




rule 2009

rule 3042

rule 4679

rule 4693

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

23
dz
/a+bcsc (dz?+c¢)

‘int(x”3/(a+b*csc(d*x”2+c)),x)

tint(x“3/(a+b*csc(d*x‘2+c)),x)




input

output
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1050 vs. 2(223) = 446.

Time = 0.20 (sec) , antiderivative size = 1050, normalized size of antiderivative = 3.87

3
x
dz = Too large to displa;
/a—l—bcsc(c—l—dcﬁ) & PRy
e N
integrate(x~3/(atb*csc(d*x~2+c)),x, algorithm="fricas")

1/4x((a"2 - b~2)*d"2*x"4 - axb*cksqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x"2 +
c) + 2*Ixa*sin(d*x~2 + c) + 2*axsqrt((a™2 - b72)/a"2) + 2xI*b) - a*b*cksq
rt((a”2 - b~2)/a"2)*log(2*axcos(d*x~2 + c) - 2kIxa*sin(d*x~2 + c) + 2*axsq
rt((a”2 - b72)/a"2) - 2xI*b) + ax*bxc*ksqrt((a™2 - b~2)/a"2)*log(-2*a*cos(d*
X2 + c) + 2*I*axsin(d*x~2 + c) + 2xa*sqrt((a”™2 - b"2)/a"2) + 2*Ixb) + a*b
xc*xsqrt((a~2 - b~2)/a"2)*log(-2*a*cos(d*x~2 + c) - 2xIxa*sin(d*x~2 + c) +
2xaxsqrt((a”2 - b72)/a"2) - 2xI*b) + I*xaxbxsqrt((a”2 - b~2)/a"2)*dilog((I*
b*cos(d*x~2 + c) - b*sin(d*x"2 + c) + (a*cos(d*x"2 + c) + I*a*sin(d*x~2 +
c))*sqrt((a”2 - b"2)/a"2) - a)/a + 1) - Ixa*b*sqrt((a™2 - b~2)/a"2)*dilog(
(I*b*cos(d*x~2 + c) - bxsin(d*x~2 + c) - (axcos(d*x"2 + c) + I*a*sin(d*x~2
+ c))*xsqrt((a”2 - b™2)/a"2) - a)/a + 1) - Ixaxbxsqrt((a”2 - b~2)/a"2)*dil
og((-I*b*cos(d*x~2 + c) - b*sin(d*x~2 + c¢) + (a*xcos(d*x~2 + c¢) - I*a*sin(d
*x"2 + c))*sqrt((a”2 - b"2)/a"2) - a)/a + 1) + Ixa*bxsqrt((a”2 - b~2)/a"2)
*dilog((-I*b*cos(d*x"2 + c) - b*sin(d*x"2 + c) - (axcos(d*x"2 + c) - I*a*s
in(d*x~2 + c))*sqrt((a”2 - b"2)/a"2) - a)/a + 1) - (a*bxd*x~2 + axb*c)*sqr
t((a”2 - b72)/a"2)*log(-(I*b*cos(d*x"2 + c) - b*sin(d*x~2 + c) + (a*cos(d*
X"2 + c) + Ixa*sin(d*x"2 + c))#*sqrt((a”2 - b"2)/a"2) - a)/a) + (axb*d*x~2
+ axbxc)*sqrt((a”2 - b~2)/a~2)*log(-(I*b*cos(d*x"2 + c) - b*sin(d*x"2 + c)
- (a*cos(d*x~2 + c) + I¥axsin(d*x~2 + c))*sqrt((a”2 - b~2)/a"2) - a)/a) -
(a*bxd*x~2 + axbkc)*sqrt((a”2 - b~2)/a"2)*log(-(-I*b*cos(d*x~2 + c) - ...

N\
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Sympy [F]

z3 z3
][ dx::b/“ dz
a + bese (¢ + dz?) a + bese (¢ + dz?)

inputLintegrate(x**S/(a+b*csc(d*x**2+c)),x)

OutputLIntegral(x**S/(a + bkxcsc(c + d*x**2)), x)

Maxima [F]

z3 z3
/ dz =/ dz
a+ besc (¢ + dz?) bese(dz? +¢) +a

inputLintegrate(XA3/(a+b*CSC(d*X*2+C)),x, algorithm="maxima")

1/4%(x"4 - 8*axbxintegrate ((2*b*x~3*cos(d*x”2 + c)~2 + a*x"3*cos(d*x"2 + c
Y*sin(2*d*x~2 + 2%c) - a*x"3*cos(2*d*x"2 + 2*kc)*sin(d*x”2 + c) + 2kb*x"3*s
in(d*x”2 + ¢)72 + a*x"3*sin(d*x~2 + c))/(a"3*cos(2*d*x"2 + 2*c)~2 + 4d*a*b”
2xcos(d*x”2 + c)~2 + 4%a”~2xb*cos(d*x"2 + c)*sin(2*d*x”~2 + 2*c) + a~3*sin(2
*d*xX"2 + 2%c) "2 + 4*xa¥xb"2*sin(d*x"2 + )72 + 4*a~2%b*sin(d*x"2 + c) + a”3
- 2% (2*%a"2%b*sin(d*x"2 + c) + a”3)*cos(2*d*x"2 + 2*c)), x))/a

output

Giac [F]

z3 z3
b/“ dw::n/h dz
a + besc (¢ + dz?) bese (dz? +¢) +a

input Lintegrate (x~3/(a+b*csc(d*xx~2+c)) ,X, algorithm="giac")

OutputLintegrate(x‘3/(b*csc(d*x“2 +c) + a), x)
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Mupad [F(-1)]

Timed out.

3 3
/a+bcsc(c+dx2)dx=/a+#dx

sin(d z2+c)

input Lint(x”B/(a + b/sin(c + d*x~2)),x)

output Lint(x"S/(a + b/sin(c + d*x~2)), x)

Reduce [F]

z3 z3
/ dz :/ dz
a+ besc (¢ + dz?) csc(dz?+c)b+a

input tint (x~3/ (atb*csc(d*x~2+c)) ,x)

output Lint(x**S/(csc(c + d*x**2)%b + a),x)




-

LDefer (Int) (x~2/ (atb*csc(d*x~2+c)) ,x)

output
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319 [T ds
) a-+bcsc(c+dz?)

Optimal result . . . . . . . . . . .. 162l
Mathematica [N/A] . . . . . . .. . 1621
Rubi [N/A] . . o 163!
Maple [N/A] . . . o 163
Fricas [N/A] . . . . o 164
Sympy [N/A] . . . 164
Maxima [N/A] . . . . . 1651
Giac [N/A] . . o 1651
Mupad [N/A] . . . o 166
Reduce [N/A] . . . 1661

Optimal result

Integrand size = 18, antiderivative size = 18

z? z?
dr = Int
/a+bcsc(c+dx2) r= <a+bcsc(c+dx2)’

/)

-/

Mathematica [N/A]

Not integrable

Time = 1.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

72
dx =
/a+bcsc(c+dx2) /

$2

a + besc (¢ + dz?)

dz

input L

Integrate[x~2/(a + b*Csc[c + d*x~2]),x]

output L

Integrate[x~2/(a + b*Csc[c + d*x~2]), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ z dx
a + besc (¢ + dz?)
l 4695
2
t/" x dzr
a + bese (¢ + dz?)
inputLInt[xA2/(a + b*Csc[c + d*x~2]),x] J
ou_tput“;Aborted J

Defintions of rubi rules used

e 4695 TAEL(@_.) + Cscl(c_.) + (d_.)*(x)~(m)1*(b_.)) (p_)*(x)"(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])~p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

22
dz
/a+bcse (dz?+c)

inputtint(x 2/ (a+b*csc(d*xx~2+c)) ,x) J
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OutputLint(x"2/(a+b*csc(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ dz = / dz
a+ besc (¢ + dz?) bese(dz? +¢) +a

inputtintegrate(XAQ/(a+b*CSC(d*XA2+C)),x, algorithm="fricas")

output Lintegral(x"2/(b*csc(d*x"2 +c) +a), x)

Sympy [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

z? z?
/ dz =/ dz
a + besc (¢ + dx?) a + besc (¢ + dz?)

inputLintegrate(x**2/(a+b*csc(d*x**2+c)),x)

outputtlntegral(x**2/(a + b*csc(c + d*x**2)), x)
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Maxima [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 253, normalized size of antiderivative = 14.06

z2 z?
/ dr = / dz
a+ bese (¢ + dz?) besc (dx? +c¢) +a

p
inputLintegrate(XA2/(a+b*CSC(d*XA2+C))’X’ algorithm="maxima")

1/3%(x"3 - 6*axbxintegrate((2*b*x~2*cos(d*x"2 + c)~2 + a*x"2*cos(d*x"2 + c
Y*sin(2*d*x~2 + 2%c) - a*x"2*cos(2*d*x"2 + 2*kc)*sin(d*x”2 + c) + 2kb*x"2*s
in(d*x”2 + ¢)72 + a*x"2*sin(d*x"2 + c))/(a"3*cos(2xd*x"2 + 2*c)~2 + 4d*a*b”
2xcos(d*x~2 + c)~2 + 4%a”~2xb*cos(d*x"2 + c)*sin(2*d*x~2 + 2*c) + a~3*sin(2
*d*X"2 + 2%c) "2 + 4*xa¥xb"2*sin(d*x"2 + )72 + 4*a~2%b*sin(d*x"2 + c) + a”3
- 2% (2*xa~2xb*sin(d*x"2 + c) + a~3)*cos(2*d*x"2 + 2*c)), x))/a

output

-/

Giac [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z2 z?
/ dr = / dz
a+ besc(c+ dx?) besc(dz?2 +¢)+a

-

input Lintegrate (x~2/ (at+b*csc(d*x~2+c)) ,x, algorithm="giac")

~—

;
integrate(x~2/(b*csc(d*x~2 + c) + a), x)

output

N




-

input L

output

input

output t
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Mupad [N/A]
Not integrable

Time = 15.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

b
r= | ———dx
a+ bcesc (¢ + dz?) R e e

int(x"2/(a + b/sin(c + d*x"2)),x)

-/

Lint(x‘Q/(a + b/sin(c + d*x"2)), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z2 z?
/ dz =/ dz
a+ besc (¢ + dz?) csc(dz?+c)b+a

Lint (x~2/ (atb*csc(d*x~2+c)) ,x)

int (x**2/(csc(c + d*x**2)*b + a),x)




outpu

input

output
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T

3.20 f a+b csc(c+dz?) dz

Optimalresult . . . . . . . . .. . . 167
Mathematica [A] (verified) . . . . . . . .. ... Lo 167
Rubi [A] (verified) . . . . . . ... .. 168
Maple [A] (verified) . . . . . . . .. 170
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 170
Sympy [F] . . . Ival
Maxima [F(-1)] . . . . . . . o Ival
Giac [A] (verification not implemented) . . . . . . ... ... ... 172
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 172
Reduce [B] (verification not implemented) . . . ... ... ... ......... 173

Optimal result

Integrand size = 16, antiderivative size = 63

. 1.2 barctanh < a+b ta\r;((jfcb—;—dzz)) >
de = —
/ a + besc (¢ + dz?) T % * ava? — b%d

)7(1/2)/d

t‘1/2*x"2/a+b*arctanh((a+b*tan(1/2*d*x"2+1/2*c))/(a"2-b"2)"(1/2))/a/(a"2-b"2

Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.05

2barctan ( Nl

a+btan (% (c+dw2 ) )

)

c 2 _
4T

v —a24b2d

dr =
/a+bcse(c+dx2) ’

2a

LIntegrate[x/ (a + b*Csclc + d*x~2]),x]

‘(c/d + x72 - (2%bxArcTan[(a + b*Tan[(c + d*x~2)/2])/Sqrt[-a~2 + b~2]11)/(Sq

‘rt[—a‘2 + b"2]*d))/(2*a)
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.17,

number of rules _ 438, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {4693, 3042, 4270, 3042, 3139, 1083, 219}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.

/ ac dx
a + besc (¢ + dz?)
l 4693

2/ : da?
2 ) a+besc(dz?+c)
| 3042

2/ : da?
2 ) a+besc(dz?+c)

l 4270
+d2
1[ z2 f‘”i“(d:zwﬂx
ol o = a
l 3042
+d2
1| z2 f‘m“(d:z*c)ﬂx
2l &« a
l 3139
2 1 dt 1(d,2
V(o Y e (e 9)
2\ a ad
l 1083
(4 (g8 2 (et )
b

1 L2
2 ad a




input

output

rule 219

rule 1083

rule 3042

rule 3139

rule 4270
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l 219

b(%"+2tan(% (ct+dz?))) )

1 2barctanh ( 2

2va? 2 N
2 adva? — b? a

LInt [x/(a + b*Csc[c + d*x~2]),x]

‘ (x~2/a + (2*bxArcTanh[(b*((2*a)/b + 2*Tan[(c + d*x~2)/2]))/(2*Sqrt[a~2 - b
“21)1)/(a*Sqrt[a~2 - b~2]*d))/2

Defintions of rubi rules used

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e"2xx72), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[(ecscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]
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rule 4693‘Int[((a_.) + Cscl(c_.) + (d_)*(x)"(m)1*(b_.))"(p_)*(x)"(m_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~ ‘
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p] ‘

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.16

method result size

2
2btan(i2z—+%)+2a
2barctan 53 2
2V —a“+b 2arctan(tan<d%+ ))
- +

. . « . —a2 2
derivativedivides ayv—a”th 53 : 73

[e

2
2btan(%+%)+2a

2
2v/—a2+b2 ) +2arctan(tan<d~2z—+%))

2barctan

default a/—a®+b2 57 : 73
i(dz?+¢) | iby/a?—p24a2 b2 i(dz2+c) | ibv/aZ—b2—a4b2
. O e~ e I CAN A =
risch 4 — 154

2a

2va2—b2 da 2v/a2—b2 da

input | 10t (x/ (avbxcsc(dx"2+c)) , x,method=_RETURNVERBOSE) |

t} 1/2/dx (-2/axb/ (-a~2+b~2) " (1/2) *arctan(1/2% (2xb*tan (1/2xd*x"2+1/2%c)+2%a) /(|

outpu
‘—a‘2+b‘2)‘(1/2))+2/a*arctan(tan(1/2*d*x“2+1/2*c)))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 261, normalized size of antiderivative = 4.14

/ ° dz
a+ besc(c+ dx?)
2 (a2 _ b2)d$2 + mb log ( (a2—2b2) cos(dz?+c)”+2 absin(dz2+c) +-a2+b2+2 (b cos(dz?+c) sin (dz2+¢)+a cos (dz2+c))

a2 cos(dz2+c)2—2 absin(dz2+c)—a2—b2

4 (a® — ab?)d

input Lintegrate (x/ (at+b*csc(d*x~2+c)) ,x, algorithm="fricas") J
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[1/4x(2x(a"2 - b"2)*d*x"2 + sqrt(a”2 - b~2)*b*log(((a”2 - 2xb~2)*cos(d*x"2
+ c)72 + 2%axbxsin(d*x"2 + c) + a”2 + b~2 + 2*(b*cos(d*x"2 + c)*sin(d*x"2
+ c) + a*cos(d*x"2 + c))*sqrt(a”2 - b72))/(a"2*cos(d*x"2 + c)~2 - 2xa*bxs
in(d*x"2 + ¢) - a”2 - b72)))/((a"3 - a*b"2)*d), 1/2*%((a"2 - b"2)*d*x"2 + s
grt(-a”2 + b~2)*b*arctan(-sqrt(-a"2 + b~2)*(b*sin(d*x~2 + c) + a)/((a"2 -
b~2)*cos(d*x"2 + ¢))))/((a”3 - axb~2)*d)]

output

Sympy [F]

/ ° dx—/ ° dz
a+bcsc(c+dx?) ) a+besc(c+ dz?)

inputLintegrate(x/(a+b*csc(d*x**2+c)),x)

-

ou_tputtIntegral(x/(a + bxcsc(c + d*x**x2)), x)

e—

Maxima [F(-1)]

Timed out.
T
/ dz = Timed out
a + besc (¢ + dz?)
input Lintegrate (x/ (a+b*xcsc(d*x~2+c)) ,X, algorithm="maxima")

OutputLTlmed out
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.33

z . <7r {% + %J sgn(b) + arctan (btan(jj;j:;c)ﬂ))b da? + ¢
/a+bcsc(c+dx2) e v—a? + b%ad " 2ad

input ‘ integrate(x/(a+b*csc(d*x~2+c)),x, algorithm="giac") ‘

output}-(pi*floor(1/2*(d*x*2 + ¢)/pi + 1/2)*sgn(b) + arctan((bxtan(1/2+d*x™2 + 1/
'2%c) + a)/sqrt(-a”2 + b72)))*b/(sqrt(-a”2 + b 2)*axd) + 1/2%(d*x"2 + c)/(a |
[ |

Mupad [B] (verification not implemented)

Time = 1.59 (sec) , antiderivative size = 163, normalized size of antiderivative = 2.59

215 o1
b In <ba;edx2 1i ecli 2 2bz (ali+bedz 11e611))
2
X —

: d Vat+bva—b
/“+bCSC<C+dw2) *T 90" 2advatbva—b
dz?1i sclio; 2bz<alﬂbedzzhech)
bln|bxe ecliof 4 S
_|_
2adva+bva—b

input‘ int(x/(a + b/sin(c + d*x~2)),x) ‘

x72/(2*a) - (b*log(b*x*exp(d*x~2*x1i)*exp(c*1i)*2i - (2xb*x*(ax1i + bxexp(d
*x"2%1i)*exp(c*1i)))/((a + b)~(1/2)*(a - b)7(1/2))))/(2*xa*d*(a + b)~(1/2)*
(a - D)7(1/2)) + (b*log(bxx*exp(d*x~2x1i)*exp(cx1i)*2i + (2*b*x*(a*li + b*
exp(d*x~2*1i)*exp(c*1i)))/((a + b)~(1/2)*(a - b)~(1/2))))/(2%axd*(a + b)~(
1/2)*(a - b)~(1/2))

output
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.25

an da? | e a

2v/—a? + b? atan(%) b+ a*dz? — b*d z?
de =

/ a+ besc (¢ + dz?) v 2ad (a® — b?)

input Lint (x/ (at+b*csc (d*x~2+c)) ,x) J

output‘ (2*sqrt( - a*x2 + b**2)*atan((tan((c + d*x**2)/2)*b + a)/sqrt( - a**2 + bx \
‘*2))*b + a*x*2kxd*xx**2 — bkx*2kxd*x*%*2)/(2*%a*xd* (a**x2 - bx*2)) ‘




output

input

output
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1

3.21 f z(a+bcsc(c+dz?)) dz

Optimalresult . . . . . . . . .. . . 174
Mathematica [N/A] . . . . . ... 174
Rubi [N/A] . . . 175
Maple [N/A] . . . . e
Fricas [N/A] . . . . o 176
Sympy [N/A] . . o 176l
Maxima [N/A] . . . . o v
Giac [N/A] . . . e I
Mupad [N/A] . . . o 178
Reduce [N/A] . . . o o 178

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
dr = Int
/a:(a+bcsc(c+dx2)) r= (m(a+bcsc(c+dx2))’

)

-

LDefer (Int) (1/x/ (atb*csc(d*x~2+c)) ,x)

-/

Mathematica [N/A]

Not integrable

Time = 1.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1
/x(a+bcsc(c—|—dx2)) de = / z (a + besc (¢ + dz?))

dz

-

LIntegrate [1/(xx(a + bxCsc[c + d*x"2])),x]

-/

LIntegrate [1/(xx(a + bxCsc[c + d*x"2])), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/p 1 dz
z (a + besc (¢ + dz?))
l 4695
l/‘ 1 dz
z (a + besc (¢ + dz?))
input LInt [1/(x*(a + b*Csc[c + d*x~2])),x] J
Output‘$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ L dz
z (a+besc(dz? + ¢))

input Lint (1/x/ (a+b*csc (d*x~2+c)) ,x) J
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OutputLint(1/x/(a+b*csc(d*x"2+c)),x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
/x(a+bcsc(c+dx2)) dx_/(bcsc(dx2+c)+a)x d@

input Lintegrate (1/x/ (a+b*csc(d*x~2+c)) ,X, algorithm="fricas ")

OutputLintegral(l/(b*x*csc(d*x"2 + c) + a*x), x)

Sympy [N/A]
Not integrable

Time = 0.90 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/ ! dz —/ ! dz
z(a+besc(c+dz?)) ) x(a+besc(c+ dr?))

inputLintegrate(1/x/(a+b*csc(d*x**2+c)),x)

OutputLIntegral(l/(x*(a + bkcsc(c + d*x**2))), x)
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Maxima [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 250, normalized size of antiderivative = 13.89

1 1
/x(a—l—bcsc(c—i—daﬂ)) dx_/(bcsc(dx2+c)+a):c dz

p
Lintegrate(1/x/(a+b*csc(d*x”2+c)),x, algorithm="maxima")

| —

input

-(2*axb*integrate ((2*b*cos(d*x~2 + c)~2 + a*cos(d*x"2 + c)#*sin(2xd*x"2 + 2
*c) — axcos(2xd*x"2 + 2*c)*sin(d*x"2 + c) + 2*b*sin(d*x"2 + ¢)~2 + a*sin(d
*x72 + c))/(a”3*x*kcos(2*d*x"2 + 2*c) 2 + 4d*axb~2*kx*cos(d*x"2 + c)72 + 4xa”
2xb*x*xcos(d*x”2 + c)*sin(2*d*x~2 + 2%c) + a " 3*x*sin(2xd*x”2 + 2%c) "2 + 4x*a
*b~2xx*sin(d*x"2 + c)72 + 4*a”"2*xb*x*ksin(d*x"2 + c) + a”3*x - 2%(2*a"2xbkxx*
sin(d*x~2 + c) + a"3*x)*cos(2*d*x~2 + 2*c)), x) - log(x))/a

output

Giac [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
dr = d
/a:(a+bcsc(c+dx2)) v /(bcsc(dx2+c)+a)x v

integrate(1/x/(at+bxcsc(d*x~2+c)) ,x, algorithm="giac")

inputt

Output‘integrate(l/((b*csc(d*x"2 + ¢c) + a)*x), x)
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Mupad [N/A]
Not integrable

Time = 14.69 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/w(a—i-bcsi(c—i-dx?))dx:/x( ;> dz

a+ sin(d z2+c)

input Lint(l/(x*(a + b/sin(c + d*x~2))),x)

output Lint(i/(x*(a + b/sin(c + d*x~2))), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ L dx—/ 1 dz
r(a+besc(c+dx?)) ) csc(dz?+c)bx +az

input Lint (1/x/ (a+bxcsc(d*x~2+c)) ,x)

output Lint(l/(csc(c + dxx**2)*b*x + a*x),x)




output

input

output
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a+b csc(c+dz?)
322 [ ) d
x

Optimal result . . . . . . . . . . . . .. e 179
Mathematica [N/A] . . . . . . . . 179
Rubi [N/A] . . . . 180
Maple [N/A] . . . . . 18T
Fricas [N/A] . . . . o o 181
Sympy [N/A] . . . 18T
Maxima [N/A] . . . . 182
Giac [N/A] . . o o 182
Mupad [N/A] . . . .o 182
Reduce [N/A] . . . o o 183

Optimal result

Integrand size = 16, antiderivative size = 16

/a-l—bcsc (c+ dz?)

xr2

dz = _g —I—bInt(
T

2

csc (¢ + dz?) x)

-

L-a/x+b*Defer(Int)(csc(d*x“2+c)/x“2,x)

| —

Mathematica [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/a+bcsc(c+dx2) d:c—/

x2

a + besc (¢ + dz?)

xr2

dz

LIntegrate[(a + bx*Csclc + d*x~2])/x"2,x]

‘Integrate[(a + bxCsclc + d*x~2])/x"2, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/a—i—bcsc (;:—i—dx ) i
T
l 2010
/ (a2 N bcsc (c;i—da:2)> de
T T
l 2009
2
b/csc(dx2 +C)dx— a
T T

-

Int[(a + b*Csclc + d*x~2])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/a+bcsc (dz? +¢)

2

dx

input tint ((a+b*csc(d*x™2+c))/x72,x)

output Lint ((atb*csc(d*x~2+c))/x"2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bcsc(c+dx2) /bcsc(dx2+c)+a
2 dz = 2
T T

inputLintegrate((a+b*csc(d*x"2+c))/x"2,x, algorithm="fricas")

outputLintegral((b*csc(d*x’? +c) +a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 0.47 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

dz

2 2

/a+bcsc(c+da:2) dw_/a+bcsc(c+dw2)

input Lintegrate ((a+b*csc(d*x**2+c) ) /x**2,x)

output LIntegral((a + bxcsc(c + d*x**2))/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 7.88

/ a+bcesc (20 + dz?) dp — / bcsc (dac22+ c)+a I
z T
input Lintegrate ((at+bxcsc(d*x~2+c))/x"2,x, algorithm="maxima") J

t‘b*(integrate(sin(d*x”2 + ¢c)/(x"2xcos(d*x"2 + ¢c)72 + x"2*sin(d*x"2 + c)"2 + ‘
‘ 2xx"2*cos(d*x"2 + ¢) + x72), x) + integrate(sin(d*x~2 + c)/(x"2*cos(d*x"2 ‘
‘ + ¢c)"2 + x"2%sin(d*x"2 + ¢c)"2 - 2%xx"2*cos(d*x"2 + ¢c) + x72), x)) - a/x ‘

outpu

Giac [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

dz

/a+bcsc(c+dx2) dw_/bcsc(dx2+c)+a

T2 2

integrate((atb*csc(d*x~2+c))/x"2,x, algorithm="giac")

input ‘\

Output‘ integrate((b*csc(d*x~2 + c) + a)/x"2, x) ‘

Mupad [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

b d2 a’+sinl;: c
/a+ csc(20+ x)dx:/ (2d 9 g
T T
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input Lint((a + b/sin(c + d*x~2))/x"2,%)

outputtint((a + b/sin(c + d*x~2))/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.56

< [ eeldsre) dz‘) b — g

2

2
/a+bcsc(20+dx )d:cz
z x

input Lint ((atb*csc(d*x~2+c))/x"2,x)

outputt(int(csc(c + dxx**2) /x*%2,X) *b*x - a)/x
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184

323 [

Optimalresult . . . ... ... ... ... ... ... .....
Mathematica [A] (warning: unable to verify) . . . . . . ... ..
Rubi [A] (verified) . . . .. ... .. ... .. L
Maple [F] . . . . . . o
Fricas [B] (verification not implemented) . . . . . ... ... ..
Sympy [F] . . . . o
Maxima [F] . . . . ... .
Giac [F] . . . o o o
Mupad [F(-1)] . . .« .
Reduce [F] . ... . . . .

Optimal result

Integrand size = 18, antiderivative size = 1124

$5

(a+ besc(c+ dz?))

5 dr = Too large to display

184
185
136!
188}
1891
1891
1891
1190
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2%Ixb*polylog(3, I*a*exp (I*(d*x~2+c))/(b-(-a"2+b"2)"(1/2)))/a~2/(-a"2+b"2)"
(1/2)/d"3+1/6*x"6/a"~2+b"2*x"2x1n (1+a*exp (I* (d*x~2+c) )/ (I*b-(a"2-b~2)~(1/2)
))/a~2/(a"2-b"2) /d~2+b"2*x"2*1n (1+a*exp (I* (d*x~2+c) )/ (I*xb+(a"2-b"2) " (1/2))
)/a~2/(a"2-b"2)/d"2-Ixb~2*polylog(2,-a*exp (I*(d*x~2+c))/(I*xb+(a"2-b"2) " (1/
2)))/a"2/(a"2-b"2)/d"3+I*b~3*polylog(3, I*xa*xexp (I*(d*x~2+c))/(b+(-a~2+b"2)"~
(1/2)))/a~2/(-a"2+b~2) " (3/2) /d~3-1/2*I*b"3*x~4*1n(1-I*a*exp (I* (d*x"2+c)) /(
b-(-a~2+b~2)"(1/2)))/a~2/(-a~2+b"2) ~(3/2) /d+I*b*x~4*1n(1-I*a*xexp (I* (d*x"2+
c))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2) ~(1/2) /d-2*I*b*polylog(3, I*a*exp (I
*(d*x~2+c) )/ (b+(-a"2+b"2)"(1/2)))/a~2/(-a"2+b"2) " (1/2) /d"3+1/2*%I*b"3*x"4*1
n(1-Ixa*exp(I*(d*x~2+c))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b"2)~(3/2) /d-b~3x*
x"2xpolylog(2, I*a*exp (I*(d*x~2+c))/(b-(-a"2+b~2)~(1/2)))/a~2/(-a"2+b~2) "~ (3
/2) /d"2+2*bxx~2%polylog (2, I*xaxexp (I*(d*x~2+c))/(b-(-a~2+b"2)~(1/2)))/a~2/(
-a~2+b"2) " (1/2) /d"2+b"3*x"2*polylog(2, I*a*xexp (I* (d*x~2+c) )/ (b+(-a"2+b~2) " (
1/2)))/a"2/(-a~2+b~2) ~(3/2) /d~2-2xb*x~2*polylog(2, I*a*exp (I*(d*x~2+c) )/ (b+
(-a=2+b"2)"(1/2)))/a~2/(-a~2+b~2) ~(1/2) /d"2-I*b*x"4*1n(1-I*a*exp (I* (d*x~2+
)/ (b+(-a~2+b~2)~(1/2))) /a~2/ (-a~2+b~2) ~(1/2) /d-I*b"3*polylog (3, I*a*exp (I
*(d*x~2+c) )/ (b-(-a"2+b"2)~(1/2)))/a~2/(-a~2+b~2) ~(3/2) /d~3-I*b~2*polylog(2
,—axexp (I*(d*x~2+c))/(I*xb-(a~2-b"2)~(1/2)))/a~2/(a~2-b"2) /d~3-1/2*I*b~2*x"
4/a~2/(a"2-b~2) /d-1/2*b"2*x"4*cos (d*x~2+c) /a/(a~2-b"2) /d/ (b+a*sin(d*x~2+c)
)

output

Mathematica [A] (warning: unable to verify)

Time = 7.25 (sec) , antiderivative size = 1956, normalized size of antiderivative = 1.74

$5

(a + besc(c+ dx?))

5 dr = Too large to display

input‘Integrate[x 5/(a + bxCscl[c + d*x~2])"2,x]
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(Csclc + d*x~2]72*(b + a*Sin[c + d*x~2])*((6x¥b~2*xx~4*Csc[c]*(b*Cos[c] + a*
Sin[d*x~2]))/((a - b)*(a + b)*d) + 2*x"6*(b + a*Sin[c + d*x~2]) - (6*b*E~(
(2+I)*c) * ((2*I) #b*d~2*xE~ ((2*I) *c) *#Sqrt [(a”2 - D"2)*E~((2*I)*c)]1*x"4 + 2*bx
d*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x"2xLog[1l + (a*E~(I*(2*c + d*x~2)))/(I*b*E
“(I*c) - Sqrtl[(a”2 - b™2)*E~((2*I)*c)])] - 2xb*d*E~ ((2*I)*c)*Sqrt[(a”2 - b
~“2)*E~((2*%I)*c)]*x"2%Log[1l + (a*xE~(I*(2*c + d*x~2)))/(I*b*xE~(I*c) - Sqrt[(
a"2 - b 2)*E~((2%I)*c)])] - 2*a~2xd"2*E~ (I*c)*x"4xLog[1l + (a*E~(I*(2*c + d
*x72)))/ (I*¥b*E~(I*c) - Sqrt[(a”2 - b 2)*E~((2*I)*c)])] + b~2xd"2+E~ (I*c)*x
~4xLog[1 + (axE~(I*(2*c + d*x"2)))/(I*b*E~(I*c) - Sqrtl[(a”2 - b~2)*E~((2*I
)*xc)1)] + 2xa~2xd"2+E~ ((3*I)*c)*x~4*Log[1 + (a*E~(I*(2*c + d*x~2)))/(I*b*E
“(Ixc) - Sqrtl[(a”2 - b~2)*E~((2*I)*c)]1)] - b~2%d~2xE~ ((3*I)*c)*x"4*Log[1 +
(a*E~ (I*(2%c + d*x~2)))/(I*b*E~(I*c) - Sqrtl[(a”2 - b~2)*E~((2*I)*c)])] +
2xbxd*Sqrt [(a”2 - b~2)*E~((2*I)*c)]*x"2+Log[1 + (a*xE~(I*(2xc + d*x~2)))/(I
*b*E~ (I*c) + Sqrtl[(a”2 - b~2)*E~((2*%I)*c)])] - 2%b*d*E~((2*I)*c)*Sqrt[(a~2
- b"2)*E~((2*I)*c)]*x"2*Log[1 + (a*E~(I*(2*c + d*x~2)))/(I*b*E~(I*c) + Sq
rt[(a™2 - b™2)*E~((2*I)*c)]1)] + 2%a~2%d"2*E™ (I*c)*x"4*Log[1l + (axE~ (I*(2*c
+ d*x72)))/(I*b*xE~(I*c) + Sqrtl[(a”2 - b 2)*E~((2*I)*c)]1)] - b~2%d~2+E~ (I*
c)*x"4*xLog[1l + (a*E~(I*(2%c + d*x"2)))/(I*b*E~(I*c) + Sqrt[(a™2 - b~2)*E~(
(2%I)*c)]1)] - 2xa~2*d"~2+E~ ((3*I)*c)*x~4*Log[1l + (a*xE~(I*(2*c + d*x~2)))/(I
*b*E~ (I*c) + Sqrt[(a”2 - b™2)*E~((2%I)*c)])] + b~2xd"2*E~ ((3*I)*c)*x"4*. ..

output

Rubi [A] (verified)

Time = 2.45 (sec) , antiderivative size = 1123, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

5
/ 3 dz
(a+ besc (¢ + dz?))
l 4693

1 4
/ e de2
2 ) (a+bcsc(dx? +c))

| 3042
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1b/‘ zt 9
= 5dT
2 ) (a+besc(dz? +c))

| 4679
1 2bzt zt b2z 2
= _2 . 2 +72+ . 2 dw
2 a?(b+asin(dz? +c)) a® a2 (b+ asin(dz? +c))

| 2009

. i(dz24c . i(dz?4e . i(dz?4c
N 2iblog (1 — e (a2 )> zt  ibdlog <1 - “e(Jr)) z*  2iblog (1 — e S >> z*  ibdlog <1

.\ - bV —a bV —a? .
2| 342 a2Vb2 — a2d a2 (b2 — a2)’24 a2v/b? — a2d a? (b

e

Llnt [x~5/(a + b*Csc[c + d*x~2])"2,x]

~—

input

(((-I)*b~2xx~4)/(a"2*x(a"2 - b"2)*d) + x76/(3*a"2) + (2%b~2*x"2*Log[l + (a*
E~(I*(c + d*x~2)))/(I*b - Sqrt[a™2 - b72])])/(a"2*x(a"2 - b"2)*d"2) + (2%b~
2%x"2*Log[1 + (a*E~(I*(c + d*x~2)))/(I*b + Sqrtl[a”2 - b"2])1)/(a"2x(a"2 -
b~2)*d"2) - (I*b~3*x~4*Log[l - (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a"2 + b~
21)1)/(a~2+%(-a"2 + b"2)"(3/2)*d) + ((2*I)*b*x"4xLog[l - (I*axE~(I*(c + d#*x
~2)))/(b - Sqrt[-a~2 + b72])]1)/(a~2*Sqrt[-a"2 + b~2]*d) + (I*b~3*x"4x*Logl[1
- (IxaxE~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b~2])])/(a"2*x(-a"2 + b~2)"(3/2
)*d) - ((2%I)*b*xx~4*Logl[l - (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b~2])
1)/(a"2*Sqrt[-a"2 + b~2]*d) - ((2*I)*b~2xPolyLog[2, -((a*E~(I*(c + d*x"2))
)/(I%b - Sqrt[a~2 - b~2]1))1)/(a"2%(a~2 - b™2)*d~3) - ((2*I)*b~2*PolyLogl2,
-((a*E~(I*(c + d*x~2)))/(I*b + Sqrtl[a~2 - b~2]1))]1)/(a"2x(a"2 - b~2)*d"3)
- (2%b~3*x"2*PolyLog[2, (I*a*E~(I*(c + d*x~2)))/(b - Sart[-a~2 + b~2]1)1)/(
a"2x(-a"2 + b72)7(3/2)*d"2) + (4*b*x"2+PolyLog[2, (I*a*E~(I*(c + d*x"2)))/
(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]1*d~2) + (2*b~3*x~2*PolyLogl[2
, (Ixa*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)~(3/2)
*d"2) - (4xb*x~2*PolyLog[2, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 + b~2])
1)/(@a~2*8qrt[-a”2 + b"2]*d"2) - ((2*I)*b~3*PolyLogl[3, (I*a*E~(I*(c + d*x~2
)))/ (b - Sqrt[-a~2 + b~2]1)])/(a"2*%(-a"2 + b~2)"(3/2)*d"3) + ((4*I)*b*PolyL
ogl[3, (Ixa*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 + b72])])/(a"2*Sqrt[-a"2 + b~
2]*d~3) + ((2*I)*b~3*PolyLog[3, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a~2 ...

output




rule 2009

rule 3042

rule 4679

rule 4693

input

output
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

25
/ 5dx
(a+besc(dz? + ¢))

‘int(x“5/(a+b*csc(d*x“2+c))“2,x)

Lint(x“5/(a+b*csc(d*x“2+c))“2,x)
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3032 vs. 2(966) = 1932.

Time = 0.27 (sec) , antiderivative size = 3032, normalized size of antiderivative = 2.70

1,’5

(a + besc (¢ + dz?))

5 dz = Too large to display

input Lintegrate (x~5/ (a+bxcsc(d*x~2+c))~2,x, algorithm="fricas")

OutputLToo large to include

Sympy [F]

x° x5
/ 5 dr = / 5 dx
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

input Lintegrate (x**5/ (at+b*csc (d*x**2+c) ) **2,x)

output LIntegral(x**s/(a + bxcsc(c + d*x**2))**2, x)

Maxima [F|

z° z°
/ 5 dr = / 5 dx
(a + besc (¢ + dz?)) (besc (dz? +¢) + a)

input Lintegrate (x~5/ (a+b*csc(d*x~2+c))~2,x, algorithm="maxima"




output
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1/6%((a~4 - a~2*b"2) *d*x"6*cos (2*d*x~2 + 2*c) "2 + 4x(a”24%b"2 - b~4)*d*x"6*
cos(d*x”2 + ¢)72 + (a™4 - a~2*b"2)*d*x"6*sin(2*d*x"2 + 2%c) "2 + 4x(a”2%b"2
- b74)*d*x"6*sin(d*x"2 + c)~2 - 6*a*xb~3*x"4*cos(d*x"2 + c) + 4*%(a”"3*b - a
*b~3) *d*x"6*sin(d*x"2 + c) + (a”4 - a"2*xb"2)*d*x"6 - 2% (3*axb~3*x"4*cos (d*
X"2 + ¢c) + 2%(a”3%b - a*b”3)*d*x"6*sin(d*x"2 + c) + (a”4 - a"2*b"2)*d*x"6)
*cos (2%d*x"2 + 2*c) - 6*%((a”6 - a~4*b~2)*d*cos(2*d*x~2 + 2xc) "2 + 4*(a~4x*b
2 - a”2*xb"4)*d*cos(d*x"2 + ¢)72 + 4*(a"5*b - a"3*b"3)*d*cos(d*x"2 + c)*si
n(2xd*x~2 + 2%c) + (a6 - a~4*b"2)*d*sin(2*d*x"2 + 2*c)"2 + 4*x(a"4*xb"2 - a
~2%b~4) *d*sin(d*x"2 + c)”2 + 4x(a”b*b - a~3*%b~3)*d*sin(d*x"2 + c) + (a"6 -
a~4xb"2)*xd - 2x(2*(a”5*b - a~3*b~3)*d*sin(d*x"2 + c) + (2”6 - a~4xb"2)*d)
*cos (2%d*x~2 + 2%c))*integrate(2*(2*(2*a~2*%b~2 - b~4)*d*x"5*cos(d*x~2 + c)
2 + 2% (2%a"2%b"2 - b~4) *d*x"5*sin(d*x"2 + c)~2 - 2*axb”~3*x"3*cos(d*x"2 +
c) + (2*xa~3%b - a*xb~3)*d*x"5*sin(d*x"2 + c) - (2*a*xb~3*x"3*cos(d*x"2 + c)
+ (2*%a"3%b - a*b~3)*d*x"5*sin(d*x"2 + c))*cos(2xd*x"2 + 2*c) + ((2*%a~3%b -
a*b~3) *d*x"5*xcos(d*x"2 + c) - 2%a*b"3*x"3*sin(d*x”"2 + c) - 2%a"2*b"2*xx"3)
*3in (2*xd*xx~2 + 2*c))/((a"6 - a~4*b~2)*d*cos(2*d*x"2 + 2%c)"2 + 4x(a~4*xb~2
- a"2%b~4)*d*cos(d*x"2 + ¢c)”2 + 4*%(a”5*b - a~3*b~3)*d*cos(d*x"2 + c)*sin(2
*d*x~2 + 2%c) + (276 - a”4*b"2)*d*sin(2xd*x"2 + 2%c) "2 + 4x(a"4*xb"2 - a"2x*
b~4)*d*sin(d*x"2 + c)”2 + 4%(a”5%b - a~3%b"3)*d*sin(d*x"2 + ¢c) + (a”6 - a”

4xb~2)*d - 2% (2*(a~5*b - a~3*b~3)*d*sin(d*x"2 + c) + (a”6 - a~4*b~2)*d)...

Giac [F]

x5 x5
u/“ 5 dx =:U/~ 5 dx
(a + besc (¢ + dz?)) (besc (dz? +¢) + a)

input‘integrate(x*5/(a+b*csc(d*x‘2+c))*2,x, algorithm="giac")

output

Lintegrate(x‘S/(b*csc(d*x“2 +c) +a)’2, x)
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Mupad [F(-1)]

Timed out.

x5 x5
/ 5 dr = / 5 dT
(a4 besc (¢ + dz?)) ( b

a+ sin(da:2+c))

input Lint(x‘S/(a + b/sin(c + d*x~2))"2,x)

Outputtint(x”S/(a + b/sin(c + d*x~2))"2, x)

Reduce [F]

5 5
/ ad 2dx=/ 5 i dz
(a + besc (¢ + dz?)) csc(dz? 4 ¢)” b + 2csc(dx? + c) ab + a?

input Lint(x 5/ (atb*csc(d*x~2+c))~2,x)

output Lint(x**S/(csc(c + d*x**2) **k2%bx*2 + 2%csc(c + d¥x**2)*a*xb + a*x*2),x)




outputt

input

output
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4
3.24 [ ' dx
(a+bcesc(c+dz?))

Optimal result . . . . . . . . .. . . 192
Mathematica [N/A] . . . . . ... 192
Rubi [N/A] . . . o 193
Maple [N/A] . . . o 193
Fricas [N/A] . . . . . 194
Sympy [N/A] . . o 1941
Maxima [N/A] . . . . o e
Giac [N/A] .« . . 196!
Mupad [N/A] . . . o 196
Reduce [N/A] . . . o e 1961

Optimal result

Integrand size = 18, antiderivative size = 18

7
/ 5 dT = Int(
(a + besc(c+ dz?))

o
, T
(a + besc (c+ da?))? )

Defer (Int) (x~4/(a+b*csc(d*x~2+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 8.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt z?
/ o= | 2
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

dz

LIntegrate[x“4/(a + bxCscl[c + d*x~2])~2,x]

-

LIntegrate [x"4/(a + bxCsc[c + d*x~2])~2, x]

-/
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
4
/ ° 5 dz
(a+ besc (¢ + dz?))
l 4695
4
L/ﬁ i 2dm
(a + besc (¢ + dz?))
( R
input LInt [x~4/(a + b*Csc[c + d*x~2])"2,x] J

e hY

$Aborted

N J

output

Defintions of rubi rules used

e 4695 TAEL(@_.) + Cscl(c_.) + (d_.)*(x))~(m)1*(b_.)) (p_.)*(x)"(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

!
/ 5dx
(a+besc(dz? +¢))
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inputLint(x"4/(a+b*csc(d*x"2+c))"2,x)

OutputLint(x"4/(a+b*csc(d*x"2+c))"2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

zt zt
/ 5 dr = / 5 dT
(a + besc (¢ + dz?)) (besc (dx? +¢) + a)

input Lintegrate (XA4/ (a+b*Csc (d*x‘2+c) ) ) ,X, algOrithm="fricas ||)

OutputLintegral(x‘ll/(b"2*csc(d*x‘2 + ¢)"2 + 2%axbkcsc(d*x™2 + ¢) + a~2), x)

Sympy [N/A]
Not integrable

Time = 1.36 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

zt zt
/ 5 dr = / 5 dx
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

inputLintegrate(x**4/(a+b*csc(d*x**2+c))**2,x)

ou_tputtIntegral(x**tl/(a + bxcsc(c + d¥x**2))**2, x)




input

output

7
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Maxima [N/A]
Not integrable

Time = 0.68 (sec) , antiderivative size = 1286, normalized size of antiderivative = 71.44

z? z?
][ 5 dx ::j/ 5 dx
(a + besc (¢ + dz?)) (besc (dz? +¢) + a)

integrate(x~4/(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

1/5%((a"4 - a~2*%b~2)*d*x"5*xcos(2*d*x"2 + 2%c) 2 + 4*x(a"2*%b"2 - b~4) *d*x"5*
cos(d*x™2 + ¢c)"2 + (2”4 - a~2%b"2)*d*x"5*sin(2xd*x"2 + 2*c)~2 + 4*(a”~2xb"2
- b"4)*d*x"5*sin(d*x~2 + c)~2 - 5*a*b~3*x"3*cos(d*x"2 + c) + 4*%(a"3*b - a
*b~3) *d*x~5*sin(d*x"2 + c) + (a4 - a~2*b~2)*d*x"5 - (5*xa*b~3*x~3*cos(d*x~
2 + ¢c) + 4x(a"3*b - a*b”3)*d*x"5*sin(d*x"2 + c) + 2*%(a”4 - a~2*b"2)*d*x"5)
*cos (2xd*xx~2 + 2*c) - 5%((a”6 - a~4xb~2)*d*cos(2*d*x"2 + 2*c)"2 + 4x(a~4x*b
~2 - a"2*b"4)*d*cos(d*x"2 + c)~2 + 4*%(a"5*b - a"3*b~3)*d*cos(d*x"2 + c)*si
n(2xd*x"2 + 2%c) + (a6 - a~4*b"2)*d*sin(2*d*x"2 + 2*c)"2 + 4x(a"4*b"2 - a
~2x%b~4)*d*sin(d*x"2 + c)”2 + 4x(a"5%b - a"3*b"3)*d*sin(d*x"2 + c) + (a"6 -
a~4xb"2)*d - 2*x(2*(a”5xb - a~3*b"3)*d*sin(d*x"2 + c) + (a6 - a"4*xb”2)*d)
*xcos (2xd*x~2 + 2xc))+*integrate((4*(2¥a~2*%b"2 - b~4)*d*x"4*cos(d*x~2 + c) "2
+ 4% (2*a"2*b"2 - b~4)*d*x"4*sin(d*x"2 + c)~2 - 3*axb"3*x"2*cos(d*x”2 + c)
+ 2% (2*a~3*%b - a*b~3)*d*x"4*sin(d*x"2 + c) - (3*ax*b~3*x"2*cos(d*x"2 + c)
+ 2%(2%a"3%b - a*b~3)*d*x"4*sin(d*x~2 + c))*cos(2xd*x~2 + 2*%c) + (2%x(2*a”3
*b — a*xb”~3)*d*x"4*cos(d*x"2 + c) - 3*a*b~3*x"2*sin(d*x”"2 + c) - 3*a”~2%b~2*
x"2)*sin(2*d*x"2 + 2xc))/((a"6 - a~4*b~2)*d*cos(2*d*x"2 + 2*c)~2 + 4*(a"4*
b~2 - a"2*xb~4)*d*cos(d*x"2 + c)"2 + 4*%(a"5xb - a"3*b~3)*d*cos(d*x"2 + c)*s
in(2*xd*x~2 + 2*c) + (a"6 - a~4*b"2)*d*sin(2xd*x"2 + 2%c)"2 + 4x(a~4*xb"2 -
a~2%b~4)*d*sin(d*x"2 + c)”2 + 4*%(a”5*%b - a~3*b~3)*d*sin(d*x"2 + c) + (a6
- a”4*b"2)*d - 2x(2*(a"5*b - a"3*b~3)*d*sin(d*x"2 + c) + (a”6 - a~4*xb"2...
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Giac [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

zt zt
/ 5 dr = / 5 dx
(a4 besc (¢ + dz?)) (besc (dz? + ¢) + a)

input tintegrate (x~4/ (a+bxcsc(d*x~2+c))~2,x, algorithm="giac")

output Lintegrate (x~4/ (bkcsc(d*x™2 + ¢) + a)~2, x)

Mupad [N/A]
Not integrable

Time = 15.47 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/(tl-l-bcscaZc—i-dx?))2 dz’:/( :Bb >2dz'

a+ sin(d z2+-c)

input Lint(x"4/(a + b/sin(c + d*x~2))"2,x)

Outputtint(x‘4/(a + b/sin(c + d*x~2))"2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

zt zt
/ 5 dr = / 5 dz
(a + besc (¢ + dz?)) csc(dz? 4 ¢)” b + 2csc(dx? + c) ab + a?

inputtint(x 4/ (a+b*csc(d*x~2+c))~2,x)
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output Lint(x**ll/(csc(c + dkx*k*2) *%x2xb*xx2 + 2xcsc(c + d*xx**2)*axb + ax*x2),x)




CHAPTER 3. LISTING OF INTEGRALS 198

325 [ ©

a+bcsc(c+dz?))
Optimal result . . . . . . . . . . . . e 198
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ... .. 199
Rubi [A] (verified) . . . . . . . .. .. 200
Maple [F] . . . . o 202
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 2021
Sympy [F] . . . o
Maxima [F(-2)] . . . . . . .
Giac [F] . o o o o 04
Mupad [F(-1)] . . . o 204
Reduce [F] . . . . . 205]

Optimal result

Integrand size = 18, antiderivative size = 616

ih3 2 iaei(c+d22)
73 5 wztlog (1 — {2 ——s e
s de = — — 3/2
(a+ besc (¢ + dz?)) 4a 2a% (—a? +b%)""d

2 iaei(Cerzz) h3 2 iaei(c+dz2)
ibz” log 1—1)_\/_—1127_}_1)2 ib°z* log 1_1,_;_\/_—,1274_1,2
+

a2yv/—a? + b2d 2a2 (—a? + b2)*? d

. 2
. 21 1 _ iaez(c+dm )
ibz”log ( bV —a?+b? b%log (b + asin (c + dz?))

a’y/—a? + b%d * 2a2 (a? — b?) d?

3 iaei(c+dz2)
b POIYLOg (2, m)

2a2 (—a? + b2)3/2 d2

i(c+dz2)

iae iaei(c+dw2)
b PolyLog (2, m) b PolyLog (2a bty —a2 b2
+
a2v/—a? + B2 202 (—a? + b2)*/? 2
. i(c+d:1:2)
bPolyLog | 2, =<

+

+

' btV —a? b2
PN
B b%z? cos (c + dx?)
2a (a? — b?) d (b + asin (c + dz?))
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1/4*x"4/a~2-1/2xI*b"3*x"2*1n (1-I*a*exp (I*(d*x"2+c))/(b-(-a~2+b"2)"(1/2)))/
a~2/(-a"2+b~2) " (3/2) /d+Ixb*x~2*1n(1-Ixaxexp(I*(d*x~2+c))/(b-(-a~2+b~2)~(1/
2)))/a"2/(-a~2+b"2)~(1/2) /d+1/2*I*b"3*x~2*1n (1-I*a*exp (I*(d*x"2+c))/(b+(-a
~2+b72)~(1/2)))/a"2/(-a"2+b~2) " (3/2) /d-I*b*x~2*1n(1-I*a*xexp(I*(d*x~2+c))/(
b+(-a~2+b"2)~(1/2)))/a~2/(-a~2+b~2) "~ (1/2) /d+1/2xb~2*1n(b+a*sin(d*x~2+c))/a
~2/(a~2-b"2) /d~2-1/2*b~3*polylog(2, I*a*exp (I*(d*x~2+c))/ (b-(-a~2+b~2)~(1/2
)))/a~2/(~a~2+b~2) " (3/2) /d"2+b*polylog(2, I*a*exp (I* (d*xx~2+c) )/ (b-(-a~2+b"2
)~(1/2)))/a~2/(-a~2+b~2)~(1/2) /d"2+1/2xb"3*polylog(2, I*a*xexp (I* (d*x"2+c))/
(b+(-a"2+b~2)"(1/2)))/a~2/(-a"2+b~2) " (3/2) /d"2-b*polylog(2, I*xa*exp (I*(d*x"
2+¢))/(b+(-a~2+b~2)~(1/2)))/a~2/(~a~2+b~2) ~(1/2) /d"2-1/2*%b"2*x"2*cos (d*x"2
+c)/a/(a"2-b"2) /d/ (b+a*sin(d*x~2+c))

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 2566 vs. 2(616) = 1232.

Time = 15.11 (sec) , antiderivative size = 2566, normalized size of antiderivative = 4.17

3
/ ad 5 dr = Result too large to show
(a + besc (¢ + dz?))

-

inputt

~—

Integrate[x~3/(a + bxCsc[c + d*x~2])72,x]
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((-(b~2*xc*Cos[c + d*x~2]) + b~2*(c + d*x~2)*Cos[c + d*x~2])*Csclc + d*x"2]
~2x(b + a*Sin[c + d*x72]))/(2*%a*(-a + b)*(a + b)*d"2*(a + b*Csc[c + d*x"2]
)72) + ((-c + d*x"2)*(c + d*x"2)*Csc[c + d*x~2]"2*(b + a*xSin[c + d*x~2])"2
)/ (4xa~2*d"2*(a + b*Csclc + d*x"2])~2) + (Csclc + d*x~2] "2*(-2*a*b*ArcTanh
[(a + bxTan[(c + d*x~2)/2])/Sqrt[a”2 - b"2]] + 2*x(axb + 2%a~2xc - b~2%c)*A
rcTanh[(a + b*Tan[(c + d*x~2)/2])/Sqrt[a”2 - b~2]] + b*Sqrt[a~2 - b~2]*Log
[Sec[(c + d*x"2)/2]°2] - b*Sqrt[a”2 - b~2]*Logl[Sec[(c + d*x~2)/2]"2*(b + a
*Sin[c + d*x~2])] + Ix(2*a”2 - b~2)*Log[1l - I*Tan[(c + d*x~2)/2]]*Logl[(a -
Sqrt[a”2 - b™2] + b*Tan[(c + d*x"2)/2])/(a - I*b - Sqrt[a”2 - b~2])] - Ix
(2%a”2 - b~2)*Log[1 + I*Tan[(c + d*x~2)/2]]*Logl[(a - Sqrt[a”2 - b~2] + b*T
an[(c + d*x~2)/2])/(a + I*b - Sgrt[a”2 - b~2])] - I*(2*a"2 - b~2)*Logl[l -
I*Tan[(c + d*x~2)/2]1*Logl(a + Sqrt[a”2 - b"2] + b*Tan[(c + d*x~2)/2])/(a
- Ixb + Sqrt[a”2 - b"2])] + Ix(2*xa~2 - b~2)*Log[l + I*Tan[(c + d*x~2)/2]]*
Log[(a + Sqrt[a™2 - b"2] + b*Tan[(c + d*x~2)/2])/(a + I*b + Sqrt[a™2 - b~2
1)1 - Ix(2%a”2 - b"2)*PolyLogl[2, (b*(1 + IxTan[(c + d*x~2)/2]))/((-I)*a +
b + I*Sqrt[a”2 - b72])] + I*(2*¥a"2 - b~2)*PolyLogl[2, (b*(1 + I*Tan[(c + dx
x72)/21))/(b - Ix(a + Sqrt[a™2 - b72]))] - I*(2*a”2 - b~2)*PolyLogl[2, -((b
*(I + Tan[(c + d*x~2)/2]))/(a - I*b + Sqrt[a”™2 - b~2]))] + I*(2*xa~2 - b~2)
*PolyLog[2, (bx(I + Tan[(c + d*x~2)/2]))/(-a + I*b + Sqrt[a™2 - b"2])1)*(b
+ axSinfc + d*x~2]) 2% ((2*b*c)/((a”2 - b~2)*d*(b + axSin[c + d*x~2])) ...

output

Rubi [A] (verified)

Time = 1.36 (sec) , antiderivative size = 607, normalized size of antiderivative = 0.99,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

73
]/ 3 dz
(a+ besc (¢ + dz?))
l 4693

1 2
/ e de2
2 ) (a+bcsc(dx? +c))

| 3042
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1 / z? 9
- 5dT
2 ) (a+besc(dz? +c))

| 4679

1 2bz? z? b2z 2
5 - 2 . 2 + 72 + . 2 dw
a?(b+asin(dz? +c)) a® a2 (b+ asin(dz? +c))

l 2009
9b PolyLog ( 2. 9“9y PolyLog (2, iac =) 9ibz?log (1 — i
1 OYLOB\ & b vir—ar OVEOB\ D biviT—a? | Blog (asin (c+da?) +b) T B\TT b
2 EPE = P = PE (a2~ ) N

e

inputLInt [x~3/(a + b*Csc[c + d*x~2])"2,x]

~—

(x~4/(2*a~2) - (I*b~3*x"2xLogl[l - (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 +
b"2])]1)/(a™2x(-a"2 + b~2)7(3/2)*d) + ((2*I)*b*x~2*Log[1l - (I*axE~(I*(c +
d*x~2)))/(b - Sqrt[-a”2 + b72])])/(a"2*Sqrt[-a~2 + b~2]*d) + (I*b~3*x"2*Lo
gll - (I*a*E~(I*(c + d*x~2)))/(b + Sgrt[-a~2 + b~2])]1)/(a"2x(-a"2 + b~2)~(
3/2)*d) - ((2xI)*b*x~2*Logl[l - (I*a*E~(Ix(c + d*x~2)))/(b + Sgrt[-a~2 + b~
21)1)/(a~2#Sqrt[-a~2 + b~2]*d) + (b"2xLog[b + axSin[c + d*x~2]]1)/(a"2*(a"2
- b™2)*d"2) - (b~3*PolyLogl[2, (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a~2 + b~
2]1)1)/(a”2*(-a"2 + b72)~(3/2)*%d"2) + (2*b*PolyLogl[2, (I*a*E~(I*(c + d*x~2)
))/(b - Sart[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d"2) + (b~3*PolyLogl[2, (
Ixa*E~(I*(c + d*x"2)))/(b + Sqrt[-a~2 + b~2]1)]1)/(a~2*(-a~2 + b~2)~(3/2)*d"
2) - (2*b*PolyLog[2, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b~2])])/(a"2
*Sqrt[-a”2 + b"2]*d"2) - (b~2*x"2*Cos[c + d*x~2])/(a*x(a”2 - b~2)*d*(b + ax

Sinfc + d*x~2])))/2

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

e N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule 3042
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e 4679 Intlesclle_) + (F_)*)Ix(b_.) + (@) (m_)*((c_.) + (@_)*x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 4693 1otl((a_.) + Cscl(c_.) + (d_.)*(x)" (@ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

N\

Maple [F]

73
/ 5dx
(a+besc(dz? +¢))

input Lint (x~3/ (a+b*csc (d*x~2+c))~2,x)

OutputLint(x“S/(a+b*csc(d*x“2+c))"2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1906 vs. 2(526) = 1052.

Time = 0.23 (sec) , antiderivative size = 1906, normalized size of antiderivative = 3.09

.’173

(a+ besc(c+ dz?))

5 dr = Too large to display

inputLintegrate(x“3/(a+b*csc(d*x*2+c))*g’x, algorithm="fricas")




output
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1/4%((a”5 - 2¥a”3*b"2 + a*b™4)*d"2*x"4*sin(d*x"2 + c) + (a~4*b - 2xa”2xb"3
+ b7B)*d"2%x"4 - 2%(a"3*%b”2 - a*b”4)*d*x"2*cos(d*x”2 + c) + (2xI*a~3*b"2
- I*axb™4 + (2%I*a"4*b - I*a~2*b”3)*sin(d*x"2 + c))#*sqrt((a™2 - b"2)/a"2)*
dilog((I*#b*cos(d*x"2 + c) - b*sin(d*x"2 + c) + (a*cos(d*x"2 + c) + Ixa*sin
(d*x~2 + c))*sqrt((a”2 - b~2)/a"2) - a)/a + 1) + (-2*xI*a"3*b"2 + I*axb~4 +
(-2xI*a~4*b + I*a~2*b~3)*sin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2)*dilog((I*b
xcos(d*x~2 + c) - b*sin(d*x"2 + c) - (axcos(d*x"2 + c) + I*axsin(d*x"2 + c
) xsqrt((a”2 - b72)/a"2) - a)/a + 1) + (-2*I*a~3%b~2 + Ixa*b"4 + (-2*I*a~4
*b + I*a~2%b~3)*sin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2)*dilog((-I*b*cos(d*x~
2 + ¢) - bxsin(d*x"2 + c) + (axcos(d*x”2 + c) - Ixa*sin(d*x~2 + c))*sqrt((
a”2 - b™2)/a"2) - a)/a + 1) + (2%I*a"3*b"2 - I*a*b~4 + (2xI*a"4xb - I*a~2%
b~3)*sin(d*x~2 + c))*sqrt((a”2 - b"2)/a"2)*dilog((-I*bxcos(d*x"2 + c) - bx
sin(d*x~2 + c) - (a*xcos(d*x"2 + c) - I*a*sin(d*x~2 + c))*sqrt((a”2 - b~2)/
a~2) - a)/a + 1) - ((2*xa"3%b"2 - a*b”"4)*d*x"2 + (2*a~3*b”"2 - a*b”4)*c + ((
2*a~4%b - a”2%b”3)*d*x"2 + (2%a”4*b - a”2%b"3)*c)*sin(d*x"2 + c))*sqrt((a”
2 - b"2)/a"2)*1log(-(I*b*cos(d*x~2 + c) - bxsin(d*x"2 + c) + (a*cos(d*x~2 +
c) + I*axsin(d*x"2 + c))*sqrt((a”™2 - b"2)/a"2) - a)/a) + ((2*a~3*b~2 - a*
b~4)*d*x~2 + (2*%a~3%b"2 - a*b~4)*c + ((2*%a~4*b - a"2*b"3)*d*x"2 + (2*a”4*b
- a"2*%b"3)*c)*sin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2)*log(-(I*b*cos(d*x"2 +

c) - b*sin(d*x~2 + c) - (a*cos(d*x~2 + c) + I*axsin(d*x~2 + c))*sqrt((...

Sympy [F]

z3 z3
u/“ 5 dx =:U/~ 5 dx
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

input‘integrate(X**3/(a+b*csc(d*x**2+c))**Q,X)

output

LIntegral(x**B/(a + b*csc(c + d*x*x2))**2, x)
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Maxima [F(-2)]

Exception generated.

3
/ ad 5 dr = Exception raised: ValueError
(a+ besc(c+ dz?))

input Lintegrate (XAS/ (a+b*CSC (d*x“2+c) ) ~92 ,X, algOrithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de

Giac [F]

z3 z3
/ 5 dr = / 5 dx
(a4 besc (¢ + dz?)) (besc (dz? + ¢) + a)

-

input Lintegrate (x~3/(atb*csc(d*x~2+c)) ~2,x, algorithm="giac")

-/

output Lintegrate(x‘S/(b*csc(d*x‘2 +¢c) +a)’2, x)

Mupad [F(-1)]

Timed out.

/(tl-l-bcscaZc—i-dm?))2 dz’:/( :Bb >2dz'

a+ sin(d z2+c)

inputLint(x‘3/(a + b/sin(c + d*x~2))"2,x%)

Outputtint(x”B/(a + b/sin(c + d*x~2))"2, x)




CHAPTER 3. LISTING OF INTEGRALS 205

Reduce [F]

3 3
/ i 2dx=/ 5 ° dz
(a + besc (¢ + dz?)) csc(dz? 4 ¢)” b + 2csc(dx? + c) ab + a?

inputLint(x"3/(a+b*csc(d*x"2+c))"2,x)

outputtint(x**s/(csc(c + d*x*x2) ¥*k2xbx*k2 + 2%csc(c + d¥x*k*2)*xa*xb + ax*2),x)




output

input

output
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2
3.26 | z s dz
(a+bcesc(c+dz?))

Optimal result . . . . . . . . .. . . 2006}
Mathematica [N/A] . . . . . ... 200
Rubi [N/A] . . .
Maple [N/A] . . . o 207
Fricas [N/A] . . . . . 208}
Sympy [N/A] . . o
Maxima [N/A] . . . . o e 209
Giac [N/A] .« . . 210
Mupad [N/A] . . . o 210
Reduce [N/A] . . . o e 2101

Optimal result

Integrand size = 18, antiderivative size = 18

¢ ))’”)

2
/ ad 5 dT = Int(
(a + besc (¢ + dz?)) (a + besc (¢ + dz?

LDefer (Int) (x~2/ (atb*csc(d*xx~2+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 7.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

.’132

2
/ ° 2dac=/
(a + besc (¢ + dz?)) (a+bcs

¢ (c+ dz?))?

dz

LIntegrate [x~2/(a + b*Csc[c + d*x~2])"2,x]

-

LIntegrate [x"2/(a + bxCsc[c + d*x~2])~2, x]

-/
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Rubi [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of steps used = 1, number of rules used = 0,
used = {4695}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

number of rules _ 0.000, Rules

below.
2
/ ° 5 dz
(a+ besc (¢ + dz?))
l 4695
2
L/ﬁ i 2dm
(a + besc (¢ + dz?))
p
input LInt [x"2/(a + b*Csclc + d*x~2])"2,x]

-/

-

$Aborted

output

N

Defintions of rubi rules used

rule 4695 TRELC(a_.) + Csclc_.) + (A_.)*(x 1) (@)1*(b_.))"(p_.)*(x))~(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m,
\ n, p}, xl

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

72
/ 5dx
(a+besc(dz? +¢))
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inputLint(x"2/(a+b*csc(d*x"2+c))"2,x)

OutputLint(x"2/(a+b*csc(d*x"2+c))"2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

z? z?
/ 5 dr = / 5 dT
(a + besc (¢ + dz?)) (besc (dx? +¢) + a)

input Lintegrate (XAQ/ (a+b*Csc (d*x‘2+c) ) ) ,X, algOrithm="fricas ||)

OutputLintegral(x‘Q/(b"2*csc(d*x‘2 + ¢)"2 + 2%axbkcsc(d*x™2 + ¢) + a~2), x)

Sympy [N/A]
Not integrable

Time = 1.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

z? z?
/ 5 dr = / 5 dx
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

inputLintegrate(x**2/(a+b*csc(d*x**2+c))**2,x)

ou_tputtIntegral(x**2/(a + bxcsc(c + d¥x**2))**2, x)




input

output

7
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Maxima [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 1265, normalized size of antiderivative = 70.28

z? z?
/ 5 dr = / 5 dx
(a + besc (¢ + dz?)) (besc (dz? +¢) + a)

integrate(x~2/(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

1/3%((a"4 - a~2*%b"2)*d*x"3*cos(2*d*x"2 + 2%c)”2 + 4*x(a"2*%b"2 - b~4) *d*x"3*
cos(d*x™2 + ¢c)"2 + (2”4 - a~2%b"2)*d*x"3*sin(2xd*x"2 + 2*c)~2 + 4*(a”~2xb"2
- b"4)*d*x"3*sin(d*x”~2 + c)~2 - 3*a*b~3*x*cos(d*x~2 + c) + 4x(a~3*b - axb
~3)*d*x"3*%sin(d*x"2 + c) + (2”4 - a~2%b"2)*d*x~3 - (3*a*xb~3*x*kcos(d*x"2 +
c) + 4x(a”3%b - a*b~3)*d*x"3*sin(d*x"2 + c) + 2*x(a"4 - a"2*b~2)*d*x"3)*cos
(2*%d*x"2 + 2*c) - 3*((a”™6 - a~4*b~2)*d*xcos(2*d*x"2 + 2%c)"2 + 4x(a~4xb"2 -
a~2*xb~4)*d*cos(d*x"2 + c)~2 + 4*%(a”"5*xb - a"3*b~3)*d*cos(d*x"2 + c)*sin(2*
d*xx~2 + 2%c) + (a6 - a"4*xb"2)*d*sin(2*d*x"2 + 2*c) "2 + 4x(a"4*%b"2 - a~2%*b
~4)*d*sin(d*x"2 + c)~2 + 4*%(a~5*%b - a"3*b~3)*d*sin(d*x"2 + ¢c) + (a”6 - a~4
*b"2)*d - 2*%(2*x(a"5%b - a~3*b"3)*d*sin(d*x"2 + c) + (2”6 - a~4*b~2)*d)*cos
(2xd*x~2 + 2*c))*integrate((4*(2*xa~2*%b"2 - b~4)*d*x"2*cos(d*x"2 + c)~2 + 4
*(2%a~2+%b"2 - b~4)*d*x"2*sin(d*x"2 + ¢c)~2 - a*b~3*cos(d*x"2 + c) + 2x(2*a”
3*%b — a*b~3)*d*x"2*sin(d*x"2 + c) - (a*b~3*cos(d*x"2 + c) + 2*x(2*%a~3*b - a
*b~3) *d*x"2*sin(d*x"2 + c))*cos(2*d*x"2 + 2%c) + (2+%(2+a"3*b - a*b”3)*d*kx~
2xcos (d*x~2 + c) - a*b~3*sin(d*x~2 + c) - a~2*xb~2)*sin(2*d*x~2 + 2xc))/((a
"6 - a"4xb"2)*d*cos(2*%d*x"2 + 2%c)"2 + 4x(a"4*b"2 - a”2%b"4)*d*cos(dxx"2 +
c)"2 + 4x(a~b*%b - a~3*b"3)*d*cos(d*x"2 + c)*sin(2*d*x"2 + 2*c) + (a6 - a
“4xb"2) *d*xsin(2xd*x"2 + 2%c) "2 + 4x(a"4*xb"2 - a“2%b"4)*d*sin(d*x"2 + c)~2
+ 4x(a"5%b - a”"3*b”"3)*d*sin(d*x"2 + c) + (a"6 - a~4*b"2)*d - 2x(2*(a"5*b -
a~3*%b~3)*d*sin(d*x"2 + c) + (a6 - a~4*b~2)*d)*cos(2*d*x"2 + 2%*c)), x)...
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Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

z? z?
/ 5 dr = / 5 dx
(a4 besc (¢ + dz?)) (besc (dz? + ¢) + a)

input tintegrate (x~2/ (a+bxcsc(d*x~2+c))~2,x, algorithm="giac")

output Lintegrate (x~2/ (bkcsc(d*x™2 + ¢) + a)~2, x)

Mupad [N/A]
Not integrable

Time = 15.73 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/(tl-l-bcscaZc—i-dx?))2 dz’:/( :Bb >2dz'

a+ sin(d z2+-c)

input Lint(x"2/(a + b/sin(c + d*x~2))"2,x)

Outputtint(x‘Q/(a + b/sin(c + d*x~2))"2, x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

z? z?
/ 5 dr = / 5 dz
(a + besc (¢ + dz?)) csc(dz? 4 ¢)” b + 2csc(dx? + c) ab + a?

inputtint(x 2/ (a+b*csc (d*x~2+c))~2,x)
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output Lint(x**2/(csc(c + dkx*k*2) *%x2xb*xx2 + 2xcsc(c + d*xx**2)*axb + ax*x2),x)




output
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T

3.27 f (a+besc (c-l—da;2))2 dz

Optimalresult . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . .. ... L Lo 212
Rubi [A] (verified) . . . . . . . .. . 213
Maple [A] (verified) . . . . . . . . . . 216
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 217
Sympy [F] . . . o 218
Maxima [F(-1)] . . . . . o o 218
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 219
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 219
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 2201

Optimal result

Integrand size = 16, antiderivative size = 120

2 b(2a® — b?) arctanh < atbtan(; (c+ds?)) )

\/az_bz

/ z dp = =
(a + besc (c + dz?))? 2a?

a2 (a2 _ b2)3/2 d

b? cot (¢ + dz?)

2a (a? — b%)d (a + besc (¢ + dz?))

| 1/2#x°2/a~2+b* (2xa~2-b"2) *arctanh((a+bstan(1/2+d*x"2+1/2%c))/(a~2-b"2)~(1/
12))/a"2/(a~2-b72)"(3/2) /d-1/2%b"2*cot (d*x"~2+c) /a/(a~2-b"2) /d/ (a+b*csc(dkx™ |

N

2+c))

J

Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.32

z
/ 5 dx
(a+ besc (¢ + dz?))

ab? cot (c—l—dzz)

CSC (C + d.’L'2) W

+ (¢ +dz?) (a + besc (¢ + dz?)) —

2b(—2a2+b2) arctan (

a+b tan(% (c+dz2))

vV —a2+b2

(a+b csc (c—}

(—a2+4b2)3/2

202d (a + besc (¢ + da?))?
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input‘ Integrate[x/(a + bxCscl[c + d*x~2])~2,x] ‘

output (Cscle + dxx"2]#((axb2xCot[c + dxx™2])/((-a + B)*(a + b)) + (c + dxx"2)%(
‘a + bxCsclc + d¥x™2]) - (2#b*(-2%a~2 + b~2)*ArcTan[(a + b¥Tan[(c + d*x"2)/
121)/Sqrt[-a~2 + b~2]1*(a + bCsclc + d*x2]1))/(-a"2 + b72)"(3/2))*(b + axS
‘in[c + d*x72]))/(2*%a"2xd*(a + bxCsclc + d*x~2])~2) ‘

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.28,
number of rules _

integrand size 0.750, Rules
used = {4693, 3042, 4272, 25, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

number of steps used = 13, number of rules used = 12,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x
/ 5 dz
(a + besc (¢ + dz?))
l 4693

10/‘ 1 ,
= 5dx
2 ) (a+bcsc(dz? +c))

| 3042

1b/° 1 )
= 5dT
2 ) (a+besc(dz? +c))

l'4272
2_b d. 2 _b2
1 . f —* a—:zzgc?d::;j)-z) dI2 . b2 cot (C + d-'L'z)
2 a(a? — b?) ad (a? — b?) (a + besc (¢ + dz?))
l 25
2_b d. 2+ _b2
1 f . a—l—clfigczcdaﬂig) d£L‘2 _ b2 cot (C + de)
2 a (a? — b?) ad (a? — b?) (a + besc (¢ + dx?))

l 3042
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2_b d 2 _b2
1{J* aﬁfigc?dﬁz) da? b? cot (c + dz?)
2 a (a2 — b?) ad (a? — b?) (a + besc (¢ + dz?))
| 4407
2
b(2 2—b2 csc(dz +c) d 2
1 c (az_bQ) - - ! a+ab (o) - b2 cot (c + dx2)
2 a(a? —b?) ad (a? — b2) (a + besc (¢ + dz?))
| 3042
2
b(2ar—p?) [ (3250 o
1 2 (az_b2) — a+ab e ) b2 cot (c + da:2)
2 a (a? — b?) ad (a? — b?) (a + besc (¢ + dx?))
| 4318
(2a2_b2) f asin(dz12+c) dmz
1|2 (az_bQ) — —F b b? cot (c + dz?)
2 a (a2 — b?) ad (a? — b?) (a + besc (¢ + da?))
| 3042
(2(12—172) f asin(dzlz+c) d.’E2
1 2 (az_b2) — o i b? cot (c + dz?)
2 a (a2 — b?) ad (a? — b?) (a + besc (¢ + dz?))
| 3139
2(2a2—b2)f 0 11 e dtan(%(dz'2+c))
1 xQ(aZ—bQ) _ pay 2T ) (jgzd ’ ))+1 b2 cot (c+da:2)
2 a (a? — b?) ad (a? — b?) (a + besc (¢ + dx?))
| 1083
a2 —b2 1 2a n(Ll(de2+c
4(2a>-0?) [ _z4_4<1_%§) d(% +2tan(3 (dz?+c))) 22 (a2—12) \ \
1 = +— b? cot (c + dz?)
2 a (a2 — b?) ad (a? — b2) (a + bese (¢ + dz?))
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| 219
2b(2a2—b2)au°ctanh<b(2’g+2;a;a(2%_(,:r dz2)))> 2(a2—b?)
1 adva?—02 T b? cot, (c + da?)

2 a (a2 — b?) ad (a? — b?) (a + besc (¢ + dx?))

input LInt [x/(a + bxCsc[c + d*x~2])"2,x] J

e B

((((a”2 - b™2)*x"2)/a + (2*xb*(2*a~2 - b~2)*ArcTanh[(b*((2*a)/b + 2*Tan[(c

tput
outpu ‘.,. d*x~2)/2]1))/(2*Sqrt[a~2 - b~2]1)])/(a*Sqrt[a~2 - b~2]*d))/(a*x(a~2 - b~2)) ‘
\ - (b 2#Cot[c + d*x~2])/(ax(a~2 - b 2)*d*(a + bxCsclc + d*x~2])))/2
Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J
rule 219 IntL((a) + (b_.)*(x_)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)
rule 1083 TntL@) + (b_.)*(x) + (c_.)*(x_)"2)"(-1), x_Symboll :> Simp[-2  Subst[I

nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

rule 3139




rule 4272

rule 4318

rule 4407

rule 4693
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csc[c + d*x])~(n + 1)/(axd*(n + 1)*(a"2 - b™2))), x] + Sim
pli/(a*x(n + 1)*(a”2 - b72)) Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a~2 -
b~2)*(n + 1) - a*b*(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2#n]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + f=*
x]/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && NeQ[b*c
- axd, 0]

‘Int[((a_.) + Cscl(c_.) + (d_)*x(x_)" (0 )]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])~
‘p, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
‘ 1)/n], 0] && IntegerQ[p]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.49
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method result
2
2btan( 42% 1 ¢ ) 424
da? 2 2 .2 ( 2 7)
tan(%+% a N ba 2(2(1 —b )arctan W
2% 2a2—%b2 2a2 —2b2 n
tan(%ﬂﬁ+%> b , (2a2-262) v/=a2+b2
+atan<i§7+%>+g 2arctan(tan(%£+%))
. . « o - +
derivativedivides o2 - o2
2
2btan di+£>+2a
da? 2 2 .2 ( 2 2
tan(%‘*‘% a . ba 2(20. —b )arctan m)
2% 2a2 —2b2 2a2 —2b2 i
tan(#Jr%)Qb ) (2a2-262) V—a2+52
2arctan<tan(%+%))
- +
a2 a2
default -
. 2 . 2 eyl ; 2
9 ib2 (ia-l—bez(dm +c) bln(ez(dm +c)-|—“’ “2_b§+:22_b2) b3 ln<ez(dz
risch z — _ _ + ava®— _
2a a2(—a2+b2)d(2be’(d12+c) —ia e2z(dm2+c) +ia) Va2—-b2 (a+b)(a—b)d 2v/a?-
inputLint(x/(a+b*csc(d*x“2+c))‘2,x,method=_RETURNVERBUSE) J

‘ 1/2/dx(-2/a~2xb* ((1/2%a"2/(a~2-b"2) ¥tan(1/2*d*x"2+1/2xc) +1/2xbxa/ (a"2-b"2) |
\ )/ (1/2%tan(1/2%d*x~2+1/2%c) ~2*b+axtan (1/2*d*x"~2+1/2%c) +1/2%b) +2% (2%a~2-b~2 \
\ )/ (2%a~2-2%b"2) / (-a~2+b"2) " (1/2) *arctan (1/2* (2*b*tan (1/2*d*x~2+1/2%c) +2*a) \
‘/(-a“2+b‘2)“(1/2)))+2/a‘2*arctan(tan(1/2*d*x‘2+1/2*c)))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 229 vs. 2(111) = 222.
Time = 0.10 (sec) , antiderivative size = 536, normalized size of antiderivative = 4.47
x
(a + besc (c+ da?))? d
2 (a® — 2a®V? + ab*)dz?sin (dz? + ¢) + 2 (a*b — 20?3 + b°)dz? + (2a%b? — b* + (2ab — ab®) sin (dz?
4((a" —2a%? +a

inputLintegrate(x/(a+b*csc(d*x“2+c))‘2,x, algorithm="fricas") J
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[1/4% (2% (2”5 - 2%a”3%b"2 + a*b™4)*d*x"2xsin(d*x"2 + c) + 2*(a"4xb - 2¥a~2*
b~3 + b75)*d*x"2 + (2*a"2x¥b"2 - b~4 + (2%a”3*b - a*b”~3)*sin(d*x"2 + c))*sq
rt(a™2 - b"2)*1log(((a”2 - 2*b~2)*cos(d*x"2 + c)~2 + 2xa*bxsin(d*x"2 + c) +
a”2 + b™2 + 2x(bxcos(d*x”"2 + c)*sin(d*x"2 + c) + a*cos(d*x"2 + c))#*sqrt(a
"2 - b72))/(a"2*%cos(d*x"2 + ¢)72 - 2*xaxbxsin(d*x"2 + ¢c) - a2 - b72)) - 2%
(a™3*%b~"2 - a*b”4)*cos(d*x"2 + ¢))/((a”7 - 2*%a~5*xb~2 + a~3*b"4)*d*sin(d*x"2
+ c) + (a"6%b - 2*¥a”~4*b~3 + a”~2*b"5)*d), 1/2x((a”5 - 2*a~3*%b"2 + axb~4)*d
*x"2xsin(d*x"2 + c) + (a"4%b - 2*¥a~2*b"3 + b75)*d*x"2 + (2*%a"2*%b"2 - b"4 +
(2%a~3*b - a*b~3)*sin(d*x~2 + c))*sqrt(-a~2 + b~2)*arctan(-sqrt(-a”2 + b~
2)*(b*sin(d*x™2 + c) + a)/((a”2 - b™2)*cos(d*x"2 + c))) - (a~3*%b~2 - a*b~4
Ykcos(d*x™2 + c))/((a”7 - 2*a"5*xb”"2 + a~3*%b~4)*d*sin(d*x"2 + c) + (a"6*b -
2*¥a~4*b~3 + a~2%b~5)*d)]

output

Sympy [F]

x z
/ 5 dr = / 5 dT
(a + besc (¢ + dz?)) (a + besc (¢ + dz?))

input‘integrate(x/(a+b*csc(d*x**2+c))**2,x)

Output‘Integral(x/(a + bxcsc(c + dxx**2))*x2, x)

Maxima [F(-1)]

Timed out.

/ ? 5 dr = Timed out
(a+ besc (¢ + dz?))

e

inputtintegrate(x/(a+b*csc(d*XA2+C))‘2,x, algorithm="maxima")

~—

Ou_,BputLTimed out
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.45

/ d dz
(a + besc (c+ da?))?
(2a%b — b?) <7r L% + %J sgn(b) + arctan (btan(jjzzzilic)ﬂ))
(a4d — a2b2d)y/—a? + b2
B abtan (3 dz* + 1c) + b? dz? +c
(a3d — ab?d) <btan (3dz?+ 3 ¢)® +2atan (3daz?+3c) + b) 2a%d

input tintegrate (x/ (a+b*csc(d*x~2+c)) "2 ,X, algorithm="giac")

-(2%xa"2*%b - b~ 3)*(pi*floor(1/2*(d*x"2 + c)/pi + 1/2)*sgn(b) + arctan((b*xta
n(1/2*d*x~2 + 1/2%c) + a)/sqrt(-a~2 + b~2)))/((a"4*d - a~2xb~2xd)*sqrt(-a"~
2 + b72)) - (axbxtan(1/2%d*x"2 + 1/2*c) + b~2)/((a"3*d - a*b~2*d)*(b*tan(1
/2%d*x"2 + 1/2%c)"2 + 2xaxtan(1/2xd*x"2 + 1/2*c) + b)) + 1/2%(d*x"2 + ¢)/(
a~2x*d)

output

Mupad [B] (verification not implemented)

Time = 20.60 (sec) , antiderivative size = 2755, normalized size of antiderivative =

22.96
x

(a + besc (¢ + dz?))

5 dz = Too large to display

-

input Lint(x/(a + b/sin(c + d*x~2))"2,x)

-/
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- atan((8*a~3*b~3*tan(c/2 + (d*x~2)/2))/((8*a~3*b~9)/(a"6 + a~2%¥b"4 - 2xa”
4*xb~2) - (24*a~5%b"7)/(a"6 + a~2*b"4 - 2*%a~4%b~2) + (16*xa~7*b"5)/(a"6 + a”
2*%b"4 - 2*%a"4*xb”"2) + (8*%a"9*b~3)/(a"6 + a~2*%b"4 - 2*a"4*b"2) - (8*%a~11%xb)/
(a6 + a~2%b™4 - 2¥a~4*b~2)) - (8*a*b~5xtan(c/2 + (d*x~2)/2))/((8*a~3*b~9)
/(a”6 + a™2xb~4 - 2*a”~4*b"2) - (24*%a~5xb"7)/(a"6 + a"2*%b"4 - 2*¥a~4xb"2) +

(16*%a~7*b"5)/(a"6 + a"2%b~4 - 2*a~4*xb~2) + (8*a~9%b~3)/(a”6 + a~2*b"4 - 2x*
a~4%b~2) - (8*xa~11*b)/(a"6 + a~2%b~4 - 2*xa~4*xb~2)) + (8*a"5*b*tan(c/2 + (d
*x~2)/2))/((8%a~3%b~9)/(a"6 + a~2%b~4 - 2%a~4*b~2) - (24*a~5xb~7)/(a"6 + a
“2xb"4 - 2*%a~4xb”2) + (16*a~7*b"5)/(a”6 + a"2*b"4 - 2*xa”~4xb"2) + (8*a”~9*b”
3)/(a"6 + a"2%b~4 - 2*xa”4%b~2) - (8*a"11xb)/(a”6 + a~2*xb"4 - 2*a~4xb~2)))/
(a”2xd) - (b~2/(a*x(a"2 - b~2)) + (b*tan(c/2 + (d*x~2)/2))/(a"2 - b~2))/(d*
(b + bxtan(c/2 + (d*x~2)/2)"2 + 2*xa*tan(c/2 + (d*x~2)/2))) - (b*atan(((b*(
2%a"2 - b"2)*((a + b)"3*(a - b)"3)"(1/2)*((8*xtan(c/2 + (d*x~2)/2)*(2*axb"7
- 2*xa"7*b - 8%a~3*b”5 + 9*%a~b*b"3))/(a”7 + a"3*b"4 - 2*xa"5%b"2) - (4*(2*a
*b"6 - 4*a~3*%b"4 + 2*xa~5*%b"2))/(a"6 + a~2*b"4 - 2*xa~4xb"2) + (b*(2*%a"2 - b
~2)*((a + b)"3x(a - b)"3)7(1/2)*((4*(4*a~8*b - 4*a~6%b~3))/(a"6 + a~2*xb~4

- 2*xa"4%b"2) + (8*tan(c/2 + (d*x"2)/2)*(4*xa"4%b"6 - 12*xa”~6%b~4 + 8*a~8%b~2
))/(a”7 + a~3%b~4 - 2%a”5%b"2) - (b*((4*(8*a~5xb~6 - 16%a”7*b~4 + 8*a~9%b~
2))/(a”6 + a~2*xb~4 - 2*a~4%b"2) + (8*tan(c/2 + (d*x~2)/2)*(12*a~11xb - 8*a
“Bxb~7 + 28%a~7*b"5 - 32*%a~9*b"3))/(a"7 + a"3*%b"4 - 2*xa”5*b~2))*(2*xa"2 ...

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 377, normalized size of antiderivative = 3.14

x
U/Q 5 dT
(a + bese (¢ + dz?))
R tan (485 +¢)bta) ) 5 —s tan (425 +¢)bta) )
4v—a® + b atan | — == — sin (dx* + ¢) a’b — 2v/—a? + b? atan — = sin (dz* + ¢) a

-

Lint(x/(a+b*csc(d*x‘2+c))‘2,x)

-/

input
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(4*sqrt( - a**2 + b*x2)*atan((tan((c + d*x**2)/2)*b + a)/sqrt( - a**2 + bx
x2))*sin(c + dkx**2)*a**3%b - 2xsqrt( - a**2 + b*x2)*atan((tan((c + d*x**2
)/2)*b + a)/sqrt( - a*x*2 + b**2))*sin(c + d*x**2)*axb**x3 + 4*sqrt( - a*x*2
+ b**2)*atan((tan((c + d*x*x2)/2)*b + a)/sqrt( - a*x*2 + bx*2))*kax*2*xb*k*2 -

2xsqrt ( - a**2 + b*x2)*atan((tan((c + d*x**2)/2)*xb + a)/sqrt( - a*x2 + b*
*2) ) *b*x*x4 — cos(c + dxx**2)*a*x*3xb**2 + cos(c + d*x**2)*axbx*4 + sin(c + d
*x*kx2) kakk5kd*kx**2 — 2ksin(c + dkx*k*2)*kax*k3kb*kx2kxd*x**2 + sin(c + d*x**2)*
a¥b¥xkdxdkxk*2 + akxkdkbkdkxk*k2 — 2ka*k2kbkx*k3kdkx*k*2 + bkk5kdkx*k*2) / (2*ka**Q*
d*(sin(c + d*x**2)*ax*5 — 2xsin(c + d¥x**2)*a*x*x3*b**2 + sin(c + dkx**2)*a*
bk*4 + a*xxdxb — 2xax*2%xb**3 + b**5))

output




output

input

output
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3.28 | L 7 dz
z(a+bcsc(c+dz?))

Optimalresult . . . . . . . . .. . .. 2272
Mathematica [N/A] . . . . . ... .
Rubi [N/A] . . o
Maple [N/A] . . . o 223
Fricas [N/A] . . . . o 224
Sympy [N/A] . . o 224
Maxima [N/A] . . . . o e
Giac [N/A] . . o e 220]
Mupad [N/A] . . . o 220
Reduce [N/A] . . . o 2261

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
/ 2da:=Int<
z (a + besc (¢ + dz?)) z (a+ besc

(ct dxz))2’$>

LDefer (Int) (1/x/ (atb*csc(d*xx~2+c))~2,x)

Mathematica [N/A]

Not integrable

Time = 12.69 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

dz

/ : g dz = / 2
z (a + besc (¢ + dz?)) z (a + besc (¢ + dz?))

LIntegrate [1/(xx(a + bxCsc[c + d*x~2])~2),x]

LIntegrate [1/(x*(a + bxCsc[c + d*x~2])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ L 5 dz
z (a + bese (¢ + dz?))
| 4695
j[ L 5dx
z (a + bese (¢ + dz?))
inputtlnt[l/(x*(a + b*Csc[c + d*x~2])"2),x] J
‘$Aborted ‘

output

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xIJ ‘

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1

/ 5dx
z(a+besc(dx? + ¢))

input Lin‘t(1/X/(a+b*csc(d*x”2+c))’“2,x) J




output

input

output

input

output
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Lint(1/x/(a+b*csc(d*x”2+c))“2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

1 1
/ 2d3:=/ 5— dT
z (a + besc (¢ + dz?)) (besc(dx? +c¢) +a)’x

Lintegrate(1/x/(a+b*csc(d*x“2+c))“2,x, algorithm="fricas")

Lintegral(l/(b“2*x*csc(d*x“2 + c)72 + 2xaxb*x*csc(d*x”2 + c) + a"2%x), x)

Sympy [N/A]
Not integrable

Time = 1.35 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1
/ 5 dr = / 5 dx
z (a + besc (¢ + dz?)) z (a + besc (¢ + dz?))

Lintegrate(1/x/(a+b*csc(d*x**2+c))**2,x)

-

tIntegral(l/(x*(a + bxcsc(c + d*x**2))**2), x)

e—
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Maxima [N/A]
Not integrable

Time = 5.10 (sec) , antiderivative size = 4629, normalized size of antiderivative =
257.17

1 1
b/“ 5 dr = /[ 5— dT
z (a + besc (¢ + dz?)) (besc(dx? +c¢) +a)’x

input‘integrate(1/x/(a+b*csc(d*x"2+c))“2,x, algorithm="maxima")

(a"™6*d*x"2%cos (2*d*x"2 + 2xc) "2*log(x) + a~6xd*x"2+log(x)*sin(2*xd*x~2 + 2x
c)”2 + (a"2xb"4*cos(2%c) "2 + a"2*b"4x*sin(2%c) "2)*d*x"2*cos (2*d*x"2) “2x1log(
x) + 4x((a~4*xb"2 - 2*%a~2*xb"4 + b"6)*cos(c)”2 + (a~4*b"2 - 2*%a~2*xb"4 + b76)
*sin(c) "2) *d*x"2*cos (d*x~2) "2xLlog(x) + (a~2%b~4*cos(2*c)~2 + a~2%b~4*sin(2
*C) "2) *d*x"2*1log(x)*sin(2*d*x"2) "2 + 4*((a"4*b~2 - 2*a~2+%b”4 + b~6)*cos(c)
"2 + (a74%b"2 - 2%a”2%b"4 + b76)*sin(c)"2)*d*x"2*log(x)*sin(d*x"2)"2 + (a”
6 - 2*%a"4*b”2 + a"2%b74)*d*x"2xlog(x) + (a"2%b"4*sin(2*c) - 4*((a"3%b"3 -
a*b~5)*cos(c)*sin(2*c) - (a”3*b~3 - axb~5)*cos(2*c)*sin(c))*d*x~2*cos(d*x"
2)xlog(x) + 2*x(a~4*b~2 - a~2+b~4)*d*x"2*cos(2xc)*log(x) + 4x((a~3*b~3 - ax
b~B)*cos(2xc)*cos(c) + (a~3%b"3 - axb”5)*sin(2*xc)*sin(c))*d*x"2*log(x)*sin
(d*x~2) ) *cos (2*d*x~2) - (2*a”4*xb~2xd*x"2*cos(2*d*x~2)*cos(2*c)*log(x) - 2%
a~4*xb~2*xd*x"2*1log(x) *sin(2*d*x~2) *sin(2*c) + a~3*b~3*cos(d*x”2 + c) + 4x*(a
“6xb - a~3*b~3)*d*x"2*cos(c)*log(x)*sin(d*x~2) + 4*(a"5*b - a~3*b~3)*d*x"2
xcos (d*x~2)*log(x)*sin(c) + 2*(a"6 - a~4*b~2)*d*x"2*log(x))*cos(2*d*x~2 +
2xc) + (axb~5*cos(2xd*x"2)*cos(2*c) - a*b~b*sin(2*d*x"2)*sin(2%c) + a~3*b~
3 - axb”5 + 2%(a"2*%b"4 - b~6)*cos(c)*sin(d*x~2) + 2*(a"2*b"4 - b~6)*cos(dx*
x"2)*sin(c))*cos(d*x"2 + c) + 2x(2x(a"5xb - 2*a"3xb~3 + a*b~5)*d*x"2*xlog(x
)*sin(c) - (a"3%b~3 - a*b~5)*cos(c))*cos(d*x"2) - (a~8xd*x~2*cos(2%d*x"2 +
2%c)72 + a"8xd*x"2*sin(2%d*x"2 + 2%c)"2 + (a"4*b"4*cos(2%c)”"2 + a~4*xb”4x*s
in(2%c)"2) *d*x"2*cos (2*d*x~2) "2 + 4x((a"6%b~2 - 2*%a~4%b~4 + a~2%b~6)*co...

output
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Giac [N/A]
Not integrable

Time = 0.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ ! 5 dx=/ ! 5— dx
z (a + besc (¢ + dz?)) (besc(dx?2 4+ ¢) +a)’x

inputt

integrate(1/x/(at+bxcsc(d*x~2+c))~2,x, algorithm="giac")

-

output t

integrate(1/((b*csc(d*x™2 + c) + a)~2*x), x)

e—

input

output L

inputt

Mupad [N/A]
Not integrable

Time = 15.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
(a + besc (c+ da?))? o = b 7 4
T
z <a + sin(dz2+c)>

Lint(l/(x*(a + b/sin(c + d*x~2))"2),x)

int(1/(xx(a + b/sin(c + d*x"2))7"2), x)

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.11

/ ! 5 dr = / 5 ! dz
z (a + besc (¢ + dz?)) csc (dz? 4 ¢)” bz + 2 csc (d 22 + ¢) abx + o’z

int (1/x/ (a+b*xcsc(d*x~2+c)) ~2,x)




CHAPTER 3. LISTING OF INTEGRALS 227

output Lint(l/(csc(c + d*x*%2) %x2xbxx2xx + 2kcsc(c + d*x**2)*kaxbxx + a*x*k2*x),x)




output

input

output
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1

3.29 f 22 (a+bcsc (c+daz2))2 dz

Optimalresult . . . . . . . . .. . .. 228]
Mathematica [N/A] . . . . . ... . 228
Rubi [N/A] .« . . 229
Maple [N/A] . . . o 229
Fricas [N/A] . . . . o 230
Sympy [N/A] . . o 230
Maxima [N/A] . . . . o e 231
Giac [N/A] . . o e 232
Mupad [N/A] . . . o 232
Reduce [N/A] . . . o 2321

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
/ 5 dr = Int( 5
z2 (a + besc (¢ + dz?)) z2 (a + besc (¢ + dz?))

!

LDefer(Int)(1/x”2/(a+b*csc(d*x”2+c))”2,x)

Mathematica [N/A]

Not integrable

Time = 9.71 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

/x2 (a+bcsi(c+alac2))2 do = / z2 (

a+ besc (¢ + dz?))

5 dx

LIntegrate [1/(x"2*(a + b*Csc[c + d*x~2])72),x]

LIntegrate [1/(x"2x(a + b*Csc[c + d*x~2])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ L 5 dz
z2 (a + bese (¢ + dz?))
| 4695
j/ ! 5dx
z2 (a + bese (¢ + dz?))
input LInt [1/(x~2x(a + b*Csc[c + d*x~2]1)"2),x] J
‘$Aborted ‘

output

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ sdz
z%(a+besc(dz? + ¢))

inputLint(i/x”2/(a+b*csc(d*x 2+¢))"2,x%) J
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output Lint (1/x"2/ (a+b*csc(d*x~2+c)) ~2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

1 1
/ 5 da:=/ 5 dT
z2 (a + besc (¢ + dz?)) (besc (dx? + ¢) + a)“z?

inputLintegrate(1/x‘2/(a+b*csc(d*x*2+c))*2,x’ algorithm="fricas")

t‘integral(l/(b"2*x"2*csc(d*x"2 + ¢)72 + 2%axb*x"2*csc(d*x”2 + c) + a"2*x"2)

outpu
> X)

Sympy [N/A]
Not integrable

Time = 1.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dr
z2 (a + besc (¢ + dz?)) z2 (a + besc (¢ + dz?))

inputLintegrate(1/X**2/(a+b*csc(d*x**2+c))**Q,X)

output LIntegral(i/(x**2*(a + bxcsc(c + d*x**2))**2), x)
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Maxima [N/A]
Not integrable

Time = 5.20 (sec) , antiderivative size = 4560, normalized size of antiderivative =
253.33

1 1
/f 2dxr=£/m 5 dT
z2 (a + besc (¢ + dz?)) (besc (dx? + ¢) + a)“z?

input‘integrate(1/X”2/(a+b*csc(d*x”2+c))”2,x, algorithm="maxima")

-((a”6 - a~4*b~2)*d*xx"2*cos(2*d*x"2 + 2%c)"2 + (a"6 - a"4*b"2)*d*x"2*sin(2
*d*x"2 + 2%c)"2 + (a”6 - 2*%a~4*xb"2 + a"2*%b"4)*d*x"2 - (a"2%b~4*sin(2%c) -
(a™4*b~2 - a"2*b"4) *d*x"2*cos(2*c) ) *cos(2*d*x"2) + (a~3*b~3*cos(d*x"2 + c)
- (a™4%b™2 - a~2*b"4)*d*x"2*cos(2*d*x"2)*cos(2*c) - 2*(a"5*b - 2*a~3%b"3
+ a*b”5)*d*x"2*cos(c)*sin(d*x~2) + (a"4%b~2 - a~2*xb"4)*d*x"2*sin (2*d*x"2) *
sin(2*c) - 2x(a”b*b - 2*%a”~3*b"3 + a*b”5)*d*x"2xcos(d*x"2)*sin(c) - 2*(a~b*
b - a”™3*b"3)*d*x"2*sin(d*x"2 + c) - (2%a"6 - 3*a"4*b”2 + a~2*b"4)*d*x"2)*c
0s(2*d*x~2 + 2%c) - (a"3*b~3 - a*b”5 + (a*b”~5xcos(2*c) + 2*(a"3*b”"3 - axb”
5)*d*x~2*sin(2*c)) *cos (2*d*x"2) - 2*x(2*x(a~4*b~2 - 2%a”2%b”4 + b~6)*d*x"2%*cC
os(c) - (a”2*%b~4 - b~ 6)*sin(c))*cos(d*x"2) - (a*b~5*sin(2*c) - 2*%(a~3*b"3
- axb”5) *d*x"2*cos (2*c) ) *ksin(2*d*x~2) + 2x(2*(a~4*b"2 - 2*a~2*xb"4 + b76)*d
*x"2xsin(c) + (a"2*b"4 - b~ 6)*cos(c))*sin(d*x"2))*cos(d*x"2 + c) + 2x((a"5
*b - 2*%a~3*b~3 + a*b”5)*d*x"2*sin(c) + (a"3*b"3 - a*b”5)*cos(c))*cos(d*x"2
) + (a”8*d*x"3*cos(2*d*x"2 + 2%c) "2 + a"8*d*x"3*sin(2*d*x"2 + 2*c)"2 + (a”
4xb~4*cos(2%c) "2 + a~4xb"4*xsin(2%c) ~2) *d*x"3*cos (2*xd*x"2) "2 + 4*((a”6*b"2
- 2*xa”4%b~4 + a~2*b"6)*cos(c)”"2 + (a"6%b"2 - 2*a"4+b~4 + a~2*xb"6)*sin(c) 2
)*d*x"3*cos(d*x~2) "2 + (a~4*b~4*cos(2*c)”~2 + a~4*b~4*sin(2*c) ~2) *d*x"3*sin
(2%d*x~2)"2 + 4*(a~7*b - 2*a~5xb~3 + a~3*b~5)*d*x"3*cos(c)*sin(d*x"2) + 4x*
((a"6xb~2 - 2*a~4*b~4 + a~2*%b"6)*cos(c)”2 + (a"6*%b"2 - 2*a~4*xb~4 + a~2*xb”6
Y*sin(c) "2) *d*x"3*sin(d*x~2) "2 + 4*(a”~7*b - 2*a~5*%b~3 + a~3*b~5) *d*x"3x*. ..

output
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Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ ! 5 dr = / ! 5 dz
z2 (a + besc (¢ + dz?)) (besc (dz? 4 ¢) + a) x?

inputLintegrate(1/x‘2/(a+b*csc(d*x*2+c))*Q,X, algorithm="giac")

output‘ integrate(1/((b*csc(d*x™2 + c) + a)~2*x"2), x)

Mupad [N/A]
Not integrable

Time = 15.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

| wavime v
5 dr = 5 dx
z2 (a + besc (¢ + dz?)) 2 <a+ b )

z sin(d z2+-c)

input Lint(l/(x"z*(a + b/sinc + d*x~2))"2),%)

output Lint(l/(x‘Q*(a + b/sin(c + d*x"2))"2), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 55, normalized size of antiderivative = 3.06

/ 1 e — / sin (d 22 + ¢)? i
22 (a + bese (¢ + dz?))? sin (d 22 + ¢)® a2x? + 2sin (d 22 + ¢) ab2? + b2x2

inputtint(l/x 2/ (a+b*csc (d*x~2+c))~2,x)
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‘int(sin(c + dxx**2)*%2/(sin(c + dxx**2)*k*kka*x*x2*xx**2 + 2*sin(c + d*xx**2)*a

output
‘*b*x**Q + bx*2%x*%2),x)




output

input

output
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3.30 [ : L 5 dz

a+bcsc(c+dz?))
Optimalresult . . . . . . . . .. . .. 2341
Mathematica [N/A] . . . . . ... . 234
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . o 236
Sympy [N/A] . . o 230
Maxima [N/A] . . . . o e 237
Giac [N/A] .« . . 238
Mupad [N/A] . . . o 238
Reduce [N/A] . . . o 238]

Optimal result

Integrand size = 18, antiderivative size = 18

1 1
/ 5 dr = Int( 5 x)
z3 (a + besc (¢ + dz?)) z3 (a + besc (¢ + dz?))

LDefer(Int) (1/x~3/ (a+bxcsc (d*x~2+c)) "2, %) J

Mathematica [N/A]

Not integrable

Time = 10.85 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ 5 dr = / 5 dx
z3 (a + besc (¢ + dz?)) z3 (a + besc (¢ + dz?))

LIntegrate [1/(x"3%(a + b*Csc[c + d*x~2])72),x] J

LIntegrate [1/(x"3*(a + b*Csc[c + d*x~2])"2), x] J
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ L 5 dz
z3 (a + bese (¢ + dz?))
| 4695
j/ ! 5dx
z3 (a + bese (¢ + dz?))
input LInt [1/(x"3*(a + b*Csc[c + d*x~2]1)"2),x] J
‘$Aborted ‘

output

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*(x_)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1
/ sdz
z3(a + besc (dz? + ¢))

inputLint(i/x”S/(a+b*csc(d*x 2+¢))"2,x%) J
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output Lint (1/x"3/ (a+b*csc(d*x~2+c)) ~2,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.44

1 1
/ 5 da:=/ 5 dT
z3 (a + besc (¢ + dz?)) (besc (dx? +¢) + a) x3

inputLintegrate(1/x‘3/(a+b*csc(d*x*2+c))*2,x’ algorithm="fricas")

t‘integral(l/(b"2*x"3*csc(d*x"2 + c)72 + 2*%axb*x"3*csc(d*x”2 + c) + a”~2*x"3)

outpu
> X)

Sympy [N/A]
Not integrable

Time = 1.76 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

/ ! 5 dr = / ! 5 dr
z3 (a + besc (¢ + dz?)) z3 (a + besc (¢ + dz?))

inputLintegrate(1/X**3/(a+b*csc(d*x**2+c))**Q,X)

output LIntegral(i/(x**3*(a + bxcsc(c + dxx**2))**2), x)
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Maxima [N/A]
Not integrable

Time = 5.21 (sec) , antiderivative size = 3530, normalized size of antiderivative =
196.11

1 1
/f 2dxr=£/m 5 dT
z3 (a + besc (¢ + dz?)) (besc (dx? +¢) + a)“x3

input‘integrate(1/X”3/(a+b*csc(d*x”2+c))”2,x, algorithm="maxima")

output

-1/2x((a"4 - a~2*b"2)*d*x"2 - ((a"4 - a~2%b"2)*d*x"2*cos(2xc) - 2*a”~2xb~2*
sin(2*c))*cos(2*d*x~2) + ((a”4 - a~2*xb~2)*d*x"2*cos(2*d*x"2)*cos(2xc) - 2%
(a”3%b - a*b”3)*d*x"2*cos(c)*sin(d*x"2) - (a4 - a"2xb"2)*d*x"2*sin(2*d*x~
2)*sin(2*c) - 2*x(a”3%b - a*b~3)*d*x"2*cos(d*x"2)*sin(c) - (a4 - a™2*xb"2)*
d*x"2)*cos(2*d*x~2 + 2*c) - 2*(axb”3 - (a*b~3*cos(2*c) + (a"3xb - a*b~3)*d
*x"2*sin(2*c)) *cos (2*xd*x~2) - 2*((a~2*b~2 - b~4)*d*x"2*cos(c) - b 4*sin(c)
Y*cos (d*x~2) - ((a~3%b - axb~3)*d*x~2%cos(2*c) - axb~3*sin(2%*c))*sin(2*d*x
~2) + 2*(b~4xcos(c) + (a”2%¥b"2 - b~4)*d*x"2*sin(c))*sin(d*x~2))*cos(d*x"2
+ c) + 2*%(2*xa*b~3*cos(c) + (a~3*b - a*xb”3)*d*x"2*sin(c))*cos(d*x”2) + 2*((
(a”6 - a~4*b"2)*cos(2*c) "2 + (2”6 - a~4*xb~2)*sin(2*c) ~2) *d*x"4*cos (2xd*x"~2
)72 + 4x((a"4%b"2 - a~2*b~4)*cos(c) "2 + (a"4%b"2 - a"2*b~4)*sin(c) ~2) *d*x"
4*xcos(d*x"2)"2 + ((a”6 - a"4*xb~"2)*cos(2*c)"2 + (a”6 - a~4*xb~2)*sin(2%c)"2)
*d*xx"4*sin (2*%d*x"2) "2 + 4*(a”"5*%b - a”3*b”3)*d*x"4*cos(c)*sin(d*x"2) + 4x((
a~4xb”"2 - a"2+%b~4)*cos(c)”2 + (a"4*b”"2 - a"2*b~4)*sin(c) "2)*d*x"4*sin(d*x”
2)7°2 + 4x(a"b*b - a~3*b~3)*d*x"4*cos(d*x"2)*sin(c) + (a6 - a"4xb"2)*d*x"4
+ 2% (2% ((a~5*b - a"3*%b~3)*cos(c)*sin(2*c) - (a"5*b - a~3*b~3)*cos(2*c)*si
n(c))*d*x"4*cos(d*x"2) - (a"6 - a”4%b~2)*d*x"4*cos(2*c) - 2*x((a~5*b - a”3*
b~3)*cos(2*c)*cos(c) + (a~5*b - a~3%b~3)*sin(2*c)*sin(c))*d*x"4*sin(d*x"2)
Y*cos (2xd*x~2) + 2x(2x((a~5*%b - a~3*b~3)*cos(2*c)*cos(c) + (a~b*b - a~3%b~
3)*sin(2*c)*sin(c)) *d*x"4*cos(d*x~2) + 2*x((a"5*b - a~3*b~3)*cos(c)*sin(...
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Giac [N/A]
Not integrable

Time = 0.86 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ ! 5 dr = / ! 5 dT
x3 (a + besc (¢ + dz?)) (besc (dz? 4+ ¢) + a) x3

inputLintegrate(1/x‘3/(a+b*csc(d*x*2+c))*Q,X, algorithm="giac")

output‘ integrate(1/((b*csc(d*x™2 + c) + a)~2*x~3), x)

Mupad [N/A]
Not integrable

Time = 15.61 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

1 1
/ 2dx:/ 5 dx
z3 (a + besc (¢ + dz?)) 3 <a+ b )

z sin(d z2+-c)

input Lint(l/(x"s*(a + b/sinc + d*x~2))"2),%)

output Lint(l/(x‘B*(a + b/sin(c + d*x"2))"2), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 55, normalized size of antiderivative = 3.06

/ 1 e — / sin (d 22 + ¢)? i
23 (a + bese (¢ + dz?))? sin (d 22 + ¢)® a2x3 + 2sin (d 22 + ¢) ab 23 + b2a3

inputtint(l/x 3/ (a+b*csc(d*x~2+c))~2,x)
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‘int(sin(c + dxx**2)*%2/(sin(c + dxx**2)**k2ka*x*2*x**3 + 2*sin(c + d*xx**2)*a

output
‘*b*x**3 + b**2%x**3),x)
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3.31 [z (a+besc (c+dy/z)) dz

Optimal result . . . . . . . . . . . . e 241]
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 243
Maple [F] . . . . 247
Fricas [F] . . . . . . o 2451
Sympy [F] . . o o 245
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2451
Giac [F] . . . . o o 246
Mupad [F(-1)] . . . o o 247
Reduce [F] . . . . . 247
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Optimal result

Integrand size = 18, antiderivative size = 432

az’ 4bz™2arctanh ( oi(ctdya) )
/x3(a—|— bcsc (c+ d\/g)) de = %% _

4 d
14ibx® PolyLog (2, _ ei(c—i—dﬁ))
+ >
14ibx® PolyLog (2, ei(c+d¢5)>
d2
84bz°/? PolyLog (3, _ei<c+dﬁ>>
d3
84ba°/% PolyLog (3, €'+ 47 )
+ —
420ibz? PolyLog (4’ _ ez’(c-i—dﬁ))
d4
420ibz? PolyLog <4, ei(c+d¢5)>
+ .
1680bz3/2 PolyLog <5, _ei(c+dﬁ)>
+ —
1680bz3/2 PolyLog ( 5, ez’(c—}-dﬁ))
d5
5040:bx PolyLog (6, _ei(c+dﬁ)>
+ ~
5040ibz PolyLog <6, ei(C+dﬁ)>
d6
10080b1/z PolyLog (7, _ei(c+dﬁ)>
d7
10080b+/z PolyLog <7, ei(c—i—d\/?c))
+ .
10080ib PolyLog (g, _ei(0+dﬁ))
d8

10080:b PolyLog (8, ei<c+dﬁ))
d8

+
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1/4%axx~4-4xb*x"~ (7/2) *arctanh (exp (I*(c+d*x~(1/2))))/d+5040*I*b*x*polylog(6
,—exp(I*(c+d*x~(1/2))))/d"6+420*Ixb*x~2*polylog(4,exp (I* (c+d*x~(1/2))))/d"
4-84%b*xx~(5/2) *polylog(3,-exp(I*(c+d*x~(1/2))))/d~3+84*b*x~ (5/2) *polylog(3
,exp (I*(c+d*x~(1/2))))/d~3-5040*I*b*x*polylog(6,exp(I*(c+d*x~(1/2))))/d"6-
10080*I*b*polylog(8,-exp(I*(c+d*x~(1/2))))/d"8+1680*b*x~ (3/2) *polylog(5,-e
xp (I*(c+d*x~(1/2))))/d"5-1680*b*x~(3/2) *polylog(5,exp (I*(c+d*x~(1/2))))/d"
5+14*I*b*x~3*polylog(2,-exp(I*(c+d*x~(1/2))))/d"2-14*I*b*x"3*polylog(2,exp
(I*(c+d*x~(1/2))))/d"2-10080*b*x~(1/2) *polylog(7,-exp(I*(c+d*x~(1/2))))/d~
7+10080*b*x~ (1/2) *polylog(7,exp (I*(c+d*x~(1/2))))/d"~7-420%I*b*x~2*polylog(
4,-exp(I*(c+d*x~(1/2))))/d~4+10080*I*b*polylog(8,exp (I*(c+d*x~(1/2))))/d"8

output

Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 445, normalized size of antiderivative = 1.03

az?

/m3(a+bcsc (c+dyz)) dz = e

s 2b <d7x7/ 2log (1 — ei(”dﬁ)) —d'z?1og (1 + e"(c“Ld‘/‘E)) + 7id®z3 PolyLog (2, —ei(cJ’dﬁ)) — Tid%x

input!lntegrate[x 3*(a + b*Csclc + d*Sqrt[x]]),x]

(a*xx"4) /4 + (2*bx(d"7*x~(7/2)*Logl[l - E~(Ix(c + d*Sqrt[x]))] - 4~ 7*x~(7/2)
*Log[1 + E~(I*(c + d*Sqrt[x]))] + (7*I)*d"6+x"3*PolyLogl[2, -E~(I*(c + d*Sq
rt[x]))] - (7*I)*d~6*x"3*PolyLog[2, E~(I*(c + d*Sqrt[x]))] - 42%d~5*x~(5/2
)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))] + 42xd~5%x~(5/2)*PolyLog[3, E~(I*(c +
d*Sqrt[x]))] - (210%I)*d~4*x~2*PolyLogl[4, -E~(I*(c + d*Sqrt[x]))] + (210%
I)*d~4*x"2*PolyLog[4, E~(I*(c + d*Sqrt[x]))] + 840*d~3*x~(3/2)*PolyLogl[5,
-E~(I*(c + d*Sqrt[x]))] - 840*d~3*x~(3/2)*PolyLogl[5, E~(I*(c + d*Sqrt[x]))
1 + (2520%I)*d~2*x*PolyLog[6, -E~(I*(c + d*Sqrt[x]))] - (2520%I)*d~2*x*Pol
yLog[6, E"(I*(c + d*Sqrt[x]))] - 5040*d*Sqrt[x]*PolyLog[7, -E~(I*(c + d*Sq
rt[x]))] + 5040*d*Sqrt[x]*PolyLog[7, E~(I*(c + d*Sqrt[x]))] - (5040%I)*Pol
yLog[8, -E~(I*(c + d*Sqrt[x]))] + (5040%I)#*PolyLog[8, E~(I*(c + d*Sqrt[x])
)1))/d78

output
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Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 432, normalized size of antiderivative = 1.00,
=2, number of rules _ 111, Rules
integrand size

number of steps used = 2, number of rules used =
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/x3(a+bcsc (c+dvz)) dz

l 2010
/ (aa:3 + bz3 esc (c + d\/E)) dx
l 2009
azt  4bcarctanh (e"<c+dﬁ>) 10080:b PolyLog (8, i(c+dy/a) )
4 d B
10080ib PolyLog (8, ei<c+dﬁ>) 10080b+/Z PolyLog (7, i(c+dy/a) )
d8
10080by/Z PolyLog (7,¢/+4v#) ) 5040ibz PolyLog (6, gi(c+dya) )
a7 +
5040ibz PolyLog (6, ei(c+dﬁ)) 1680b23/2 PolyLog (5, i(ctdya)
5 +
1680ba*/? PolyLog (5, ei(c+dﬁ>) 420ibz? PolyLog ( _eilcrdya ))
d® - 4
420ibz? PolyLog (4, ei(c+dﬁ)) 84b15/2 PolyLog (3, _ez’(c—l—d\/ﬂ?))
8462°/* PolyLog (3,€/*+4%) ) 14iba® PolyLog (2, —¢i(+4v%))
43 + 2 _
14ib? PolyLog (2, ef(c+4va) )
d2

input LInt [x~3*(a + b*Csc[c + d*Sqrt[x]]),x]
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output

(a*x74) /4 - (4*bxx~(7/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))]1)/d + ((14*I)*b*x"3
*PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d"2 - ((14*I)*bxx~3%PolyLog[2, E~(I*(
c + dxSqrt([x]))]1)/d"2 - (84*bxx~(5/2)*PolyLogl[3, -E~(I*(c + d*Sqrt[x]))]1)/
d~3 + (84xb*x~(5/2)*PolyLogl[3, E~(I*(c + d*Sqrt[x]))]1)/d~3 - ((420#*I)*b*x"
2*PolyLog[4, -E~(I*(c + d*Sqrt[x]))])/d~4 + ((420%*I)*b*x"2xPolyLogl[4, E~(I
*(c + d*Sqrt[x]))])/d~4 + (1680%b*x~(3/2)*PolyLogl[5, -E~(I*(c + d*Sqrt[x])
)1)/d"5 - (1680*b*x~(3/2)*PolyLog[5, E~(I*(c + d*Sqrt[x]))]1)/d"5 + ((5040%
I) *bxx*PolyLog[6, -E~(I*(c + d*Sqrt[x]))])/d~6 - ((5040%I)*b*x*PolyLogl6,
E~(I*(c + d*Sqrt[x]))]1)/d"6 - (10080*b*Sqrt [x]*PolyLogl[7, -E~(I*(c + d*Sqr
t[x1))1)/d"7 + (10080*b*Sqrt [x]*PolyLogl[7, E~(I*(c + d*Sqrt([x]))1)/d°7 - (
(10080*I) *b*PolyLog[8, -E~(I*(c + d*Sqrt[x]))])/d"8 + ((10080*I)*b*PolyLog
[8, E~(Ix(c + d*Sqrt[x]))])/d"8

-

nﬂe2009£

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

‘(

rule 2010

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] &% SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

—————

-

input

Maple [F]

/x3(a+bcsc (c+dv/z))dx

Lint(x‘S*(a+b*csc(c+d*x‘(1/2))),X)

-/

-

output

int (x~3* (a+b*csc(c+d*x~(1/2))),x)
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Fricas [F]

/m3(a+bcsc (c—l—dﬁ)) dx=/(bcsc (d\/E—Fc) +a)$3dx

input‘integrate(x"3*(a+b*csc(c+d*x"(1/2))),x, algorithm="fricas")

outputLintegral(b*xﬁ3*csc(d*Sqrt(x) + c) + a*x"3, x)

Sympy [F]

/x3(a+bcsc (c+dvz)) dx=/x3(a+bcsc (c+dvz)) dz

irlputLintegrate(x**3*(a+b*csc(c+d*x**(1/2))),x)

output Llntegral(x**:a*(a + bxcsc(c + d*sqrt(x))), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1498 vs. 2(338) = 676.

Time = 0.18 (sec) , antiderivative size = 1498, normalized size of antiderivative = 3.47

/ z3 (a + bcesc (c + dﬁ)) dx = Too large to display

input Lintegrate (x"3* (atb*csc(c+d*x~(1/2))) ,x, algorithm="maxima")




output

input

output
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1/4%((d*sqrt(x) + c)”8+%a - 8x(d*sqrt(x) + c) T*axc + 28%(d*sqrt(x) + c) 6%
axc™2 - 56*(d*sqrt(x) + c) Bb*axc~3 + 70*(d*sqrt(x) + c) 4*a*xc™4 - 56x*(d*sq
rt(x) + c)"3*a*xc”b + 28*(d*sqrt(x) + c)"2*a*xc”6 - 8*(d*sqrt(x) + c)*axc”7
+ 8%b*c~7*xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) + 8*(-I*(d*sqrt(x)
+ ¢c)"7xb + TxIx(d*sqrt(x) + c) 6xb*xc - 21*I*(d*sqrt(x) + c) 5xbxc™2 + 35%I
*(d*sqrt(x) + c) 4xb*c~3 - 35xI*(d*sqrt(x) + c) 3*bxc™4 + 21*Ix(d*sqrt(x)
+ ¢)"2xb*c”5 - 7*I*(d*sqrt(x) + c)*b*c”6)*arctan2(sin(d*sqrt(x) + c), cos(
dxsqrt(x) + c) + 1) + 8%(-Ix(d*sqrt(x) + c)”"7xb + 7T*Ix(d*sqrt(x) + c) 6xbx
c - 21xIx(d*sqrt(x) + c) b*bxc”2 + 35xI*(d*sqrt(x) + c) 4xb*c™3 - 35*xIx(d*
sqrt(x) + c)73xbkc™4 + 21*Ix(d*sqrt(x) + c) 2*bxc”5 - T*Ix(d*sqrt(x) + c)*
bxc~6) *arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) + 56*(I*(d*sqr
t(x) + c)"6%b - 6xIx(d*sqrt(x) + c) 5*b*c + 15*Ix(d*sqrt(x) + c) 4xb*xc™2 -
20*%I*(d*sqrt(x) + c) " 3*b*c~3 + 156xI*(d*sqrt(x) + c) 2*%bxc™4 - 6xI*(d*sqrt
(x) + c)*b*c”5 + Ixb*c~6)*dilog(-e~ (I*d*sqrt(x) + I*c)) + 56x(-I*(d*sqrt(x
) + c)76*%b + 6*%Ix(d*sqrt(x) + c) Bkbxc — 156xI*(d*sqrt(x) + c) 4*b*c~2 + 20
*I* (d*sqrt(x) + c) 3*%bxc”™3 - 15*Ix(d*sqrt(x) + c) 2xb*c”4 + 6+I*(d*sqrt(x)
+ c)*bxc”5 - Ixb*c”6)*dilog(e” (I*d*sqrt(x) + I*c)) - 4*((d*sqrt(x) + c)~7
*b — 7Tx(d*sqrt(x) + c) 6*bxc + 21*(d*sqrt(x) + c) 5*b*c”2 - 35x(d*sqrt(x)
+ c)"4xb*c™3 + 35x(d*sqrt(x) + c) 3*bxc”4 - 21x(d*sqrt(x) + c) 2xbxc™5 + 7
*(d*xsqrt(x) + c)*bxc”6)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2...

Giac [F]

/z3(a+bcsc (c+dvz)) dxz/(bcsc (dvz +c) +a)z’d

integrate (x~3*(atb*csc(c+d*x~(1/2))) ,x, algorithm="giac")

N

-

Lintegrate((b*csc(d*sqrt(x) + ¢c) + a)*x"3, x)

| —
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Mupad [F(-1)]

Timed out.

3 — 3 —b T
/:v (a—l—bcsc(c—}-d\/g_v)) dac—/x <a+sin(c+d\/5)) d

input Lint(x*3*(a + b/sin(c + d*x~(1/2))),x)

output 1BE(E"3*(a + b/sin(c + dxx"(1/2))), x)

Reduce [F]

4

/z3(a+bcsc(c+d\/5)) dx = (/CSC(\/Ed+c)x3dz>b+%

input tint (x~3%(a+b*csc(c+d*x~(1/2))) ,x)

output L(4*int(csc(sqrt(x)*d + c)*x**3,X)*b + akxx**4)/4
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Giac [F] . . . . o o 254
Mupad [F(-1)] . . . o o 257
Reduce [F] . . . . . 257



CHAPTER 3. LISTING OF INTEGRALS 249

Optimal result

Integrand size = 18, antiderivative size = 316

ard 4bz® 2arctanh ( ei(c+dﬁ)>
/xz(a+ bese (c+dvz)) do = —— —

3 d
10ibz2 PolyLog (2, _ei(c+dﬁ>>
+ =
10ibz2 PolyLog (27 ei(c+d\/5)>
d2
40bz*/? PolyLog (3, _ei(c+dﬁ)>
d3
40bz*2 PolyLog (3, ei<c+dﬁ>)
- -
120ibz PolyLog (4, —e'(c+4v?) )
d4
120ibz PolyLog (4, ei(c+dﬁ)>
- —
240b+/z PolyLog <5, _ei(c+dﬁ))
- ~
240b+/z PolyLog <5, ez’(c—i—dﬁ))
d5
240ib PolyLog (6, —ei(*+4/7))
- P
240ib PolyLog (6, gilc+dy) )
d6

1/3*a*x”3-4*b*x~ (5/2) *arctanh (exp (I*(c+d*x~(1/2))))/d+10*I*b*x~2*polylog(2
,—exp(I*(c+d*x~(1/2))))/d~2-10*I*b*x~2*polylog(2,exp(I*(c+d*x~(1/2))))/d 2
~40%b*x" (3/2) #polylog (3, ~exp(I* (c+d#x™(1/2))))/d"3+40%bxx" (3/2) *polylog(3,
exp (I*(c+d*x~(1/2))))/d~3-120*I*b*x*polylog(4,-exp(I*(c+d*x~(1/2))))/d 4+1
20*I*b*x*polylog(4,exp(I*(c+d*x~(1/2))))/d~4+240%b*x" (1/2) *polylog(5,-exp(
I (c+d*x™ (1/2)))) /d"5-240#bxx" (1/2) #polylog (5, exp(I* (c+dxx™ (1/2)))) /d"5+24
O*I*b*polylog(6,-exp(I*(c+d*x~(1/2))))/d"6-240*I*b*polylog(6,exp(I*(c+d*x"
(1/2))))/d4°6

output
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Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.05

azr®

/xQ(a+ bese (c+ dy/z)) dz = =
2b <d5x5/ 2log (1 - ei(°+d‘/5)> — d®2%?1og (1 + e"(chdﬁ)) + 5id*z? PolyLog (2, —ei(”d\/@) — 5id*z’

_|_

-

| —

inputtlntegrate[x“Q*(a + bxCscc + d*Sqrt[x]1]),x]

(a*x~3)/3 + (2%b*(d"5*x~(5/2)*Log[1 - E~(I*(c + d*Sqrt[x]))] - d"5*x~(5/2)
xLog[1 + E~(Ix(c + d*Sqrt[x]))] + (5%I)*d~4*x"2*PolyLogl[2, -E~(I*(c + d*Sq
rt[x]))] - (5*%I)*d~4*x~2xPolyLog[2, E~(I*(c + d*Sqrt[x]))] - 20*d~3*x~(3/2
)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))] + 20*d~3*x~(3/2)*PolyLog[3, E~(I*(c +

d*Sqrt[x]))] - (60*I)*d~2*x*PolyLogl[4, -E~(I*(c + d*Sqrt[x]))] + (60*I)*d
~2*x*PolyLog[4, E~(I*(c + d*Sqrt[x]))] + 120*d*Sqrt[x]*PolyLog[5, -E~(I*(c

+ d*Sqrt[x]))] - 120*d*Sqrt[x]*PolyLogl[5, E~(I*(c + d*Sqrt[x]))] + (120%I
)*PolyLog(6, -E~(I*(c + d*Sqrt[x]))] - (120%I)*PolyLogl[6, E~(I*(c + d*Sqrt
[x]1))1))/d"6

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 316, normalized size of antiderivative = 1.00,
number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x2(a+bcsc (c+dva)) da
l 2010
/ (a2® + be? esc (c + dv/z)) do

l 2009
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3 4bz®?arctanh (e"(”dﬁ)) 240:b PolyLog (6, —ei(0+d\/5))

ax
3 d + d6
2403b PolyLog (6, ei(c+dﬁ)) 240b+/ PolyLog (5, _ei(chd\/ﬂ?))
6 + p _
240b/z PolyLog (5, e"(c+dﬁ>) 120bz PolyLog (4, _ez’<c+dﬁ>)
dd - 4 +
120:bx PolyLog (4, ei(0+d\/5)) 40bz3/2 PolyLog (3, _ei(c+d\/5))
i - = +
4002/ PolyLog (3, e"(°+dﬁ)) 10ibz2 PolyLog (2, —ei(c+dﬁ))
43 + 2 _
10ibz? PolyLog <2, el (C"‘dﬁ))
&2
input LInt [x~2x(a + b*Csc[c + d*Sqrt[x]]),x] J

(axx73)/3 - (4xb*x"(5/2)*ArcTanh[E"(I*(c + d*Sqrt[x1))1)/d + ((10%I)*bxx"2
*PolyLog[2, -E"(I*(c + d*Sqrt[x]1))1)/d"2 - ((10%I)*bxx"2xPolyLogl[2, E~(I*(
¢ + dxSqrt[x1))1)/d°2 - (40%bx~(3/2)*PolyLog[3, -E"(Ix(c + dxSqrt[x1))1)/
d™3 + (40%b*x"(3/2)*PolyLog[3, E™(Ix(c + d*Sqrt[x]1))1)/d™3 - ((120%I)*bkxx
PolyLogl[4, -E~(I*(c + d*Sqrt[x]))])/d~4 + ((120*I)*b*x*PolyLog[4, E~(I*(c
+ d*Sqrt[x]))1)/d~4 + (240%b*Sqrt[x]*PolyLogl[5, -E~(I*(c + d*Sqrt[x]1))])/d
~5 - (240%b*Sqrt[x]*PolyLog[5, E~(I*(c + d*Sqrt[x]))]1)/d~5 + ((240%I)*b*Po
lyLogl6, -E~(I*(c + d*Sqrt[x]))])/d"6 - ((240%I)*b*PolyLog[6, E~(I*(c + d*
Sqrt[x]))]1)/d"6

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

\ >

rule 2010
, x]1 /; FreeQ[{c, m}, x] &% SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)

‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

‘/Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x] \‘
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Maple [F|

/x2(a+bcsc (c+dvz)) dz

input Lint (x~2* (a+b*csc (c+d*x™(1/2))) ,x)

OutputLint(x”Q*(a+b*csc(c+d*x*(1/2)))’x)

Fricas [F]

/z2(a+bcsc (c+dvz)) dxz/(bcsc (dvz +¢) +a)z’ dz

input Lintegrate (x~2* (atb*csc(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(b*xv*csc(d*Sqrt(x) + c) + a*xx"2, x)

Sympy [F]

/m2(a+bcsc (c+d\/3_v)) d:v=/ac2(a—|—bcsc (c—l—dﬁ)) dzx

input Lintegrate (x**2x (a+bxcsc (c+d*x**(1/2))) ,x)

output tIntegral(X*,.Q*(a + bxcsc(c + d*sqrt(x))), x)




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 956 vs. 2(246) = 492.

Time = 0.16 (sec) , antiderivative size = 956, normalized size of antiderivative = 3.03

/ z*(a+ besc (c+ dy/z)) dz = Too large to display

-

Lintegrate(x‘Q*(a+b*csc(c+d*x‘(1/2))),x, algorithm="maxima")

-/

1/3%((d*sqrt (x) + c)”6*a - 6x(d*sqrt(x) + c) 5kaxc + 15%(d*sqrt(x) + c) 4x
a*c™2 - 20x(d*sqrt(x) + c)”3%axc”3 + 156x(d*sqrt(x) + c) 2xaxc™4 - 6x(d*sqr
t(x) + c)*axc™b + 6xbxc~b*xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) + 6
*(~I*(d*sqrt(x) + c) b*b + 5*I*(d*sqrt(x) + c) 4*bkc - 10*I*(d*sqrt(x) + c
)"3xb*c”2 + 10*I*(d*sqrt(x) + c) 2%bxc”3 - 5*Ix(d*sqrt(x) + c)*b*c”™4)*arct
an2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) + 6*%(-I*(d*sqrt(x) + c)~5%
b + B5xIx(d*sqrt(x) + c) 4xb*c - 10*I*(d*sqrt(x) + c) 3xb*c”™2 + 10*I*(d*sqr
t(x) + c)"2*%bxc”3 - bxI*(d*sqrt(x) + c)*b*c”4)*arctan2(sin(d*sqrt(x) + c),
-cos(d*sqrt(x) + c) + 1) + 30*x(Ix(d*sqrt(x) + c) 4*xb - 4*I*x(d*sqrt(x) + c
) "3%bxc + 6*%I*(d*sqrt(x) + c) 2%bxc”2 - 4xIx(d*sqrt(x) + c)*b*c™3 + Ixb*c”
4)*dilog(-e~ (I*d*sqrt(x) + I*c)) + 30*(-I*(d*sqrt(x) + c) 4xb + 4xI*(d*sqr
t(x) + c)"3*%bkc - 6xI*(d*sqrt(x) + c) 2xbxc™2 + 4xIx(d*sqrt(x) + c)*b*c~3
- Ixb*c~4)*dilog(e” (I*d*sqrt(x) + I*c)) - 3x((d*sqrt(x) + c)~5*b - 5*(d*sq
rt(x) + c) 4xbxc + 10*(d*sqrt(x) + c) 3*b*c”2 - 10*(d*sqrt(x) + c) 2%b*c”3
+ B*x(d*sqrt(x) + c)#*b*c~4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~
2 + 2%cos(d*sqrt(x) + c) + 1) + 3*%((d*sqrt(x) + c)~5%b - 5x(d*sqrt(x) + c)
“4xb*c + 10*(d*sqrt(x) + c) 3*bxc”2 - 10*(d*sqrt(x) + c) 2%bxc~3 + 5x(d*sq
rt(x) + c)*bxc~4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 - 2xcos(
dxsqrt(x) + c) + 1) + 720*Ixb*polylog(6, —e” (I*d*sqrt(x) + I*c)) - 720%I*b
*polylog(6, e~ (I*d*sqrt(x) + Ixc)) + 720x((d*sqrt(x) + c)*b - bxc)*poly...
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Giac [F]

/xQ(cH—bcsc (c—l—d\/})) dx=/(bcsc (d\/E—FC) +a)$2dx

input‘integrate(x“2*(a+b*csc(c+d*x‘(1/2))),x’ algorithm="giac")

outputtintegrate((b*CSC(d*Sqrt(x) + c) + a)*x"2, x)

Mupad [F(-1)]

Timed out.

2 — 2 —b T
/%(W+M%&Hd¢a)®“1/m<a+ﬁn@+d¢@)d

input Lint(x*2*(a + b/sin(c + d*x~(1/2))),x)

output Lint(x‘2*(a + b/sin(c + d*x~(1/2))), x)

Reduce [F]

azd

/x2(a+bcsc (c+d\/5)) dr = (/csc(ﬁd+c) xde>b+T

input Lint (x~2x (a+bkcsc(c+d*x~(1/2))) ,x)

outputL(Q’*int(csc(sqrt(x)*d + c)*x**2,x)*b + akxx**3)/3
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3.33 [z(a+besc(c+dyz)) dzx

Optimal result . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . ... .. .. ..
Maple [F] . . . .
Fricas [F] . . . . . . o

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 16, antiderivative size = 200

2 4bx®/?arctanh <ei(c+d‘/5) )

/x(a—l—bcsc(c—l—d\/a_v)) dr =" -
6ibx PolyLog (2, —ei(c+dﬁ)>
+ >
63bz PolyLog (2, ei(“dﬁ))
_ a
12b/z PolyLog <3, —ei(”dﬁ))
d3
12b/Z PolyLog (3, gi(etdva) )
+ =
12ib PolyLog (4, —ei<c+dﬁ>)
d4

12ib PolyLog <4, ei(”dﬁ))

+ 7
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1/2%axx"~2-4xb*x"~ (3/2) *arctanh (exp (I*(c+d*x~(1/2))))/d+6*I*b*x*polylog(2,-e
xp(Ix(c+d*x~(1/2))))/d"2-6*I*bxx*polylog(2,exp(I*(c+d*x~(1/2))))/d"2-12xb*
x~(1/2)*polylog(3,-exp(I*(c+d*x~(1/2))))/d~3+12*b*x~ (1/2) *polylog(3,exp(I*
(c+d*x~(1/2))))/d~3-12%I*b*polylog (4, -exp (I* (c+d*x~(1/2)))) /d~4+12*I*b*pol
ylog(4,exp(I*(c+d*x~(1/2))))/d 4

output

Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 260, normalized size of antiderivative = 1.30

ar?

/z(a-l—bcsc (c+dv)) do="2-

2 (2d3z3/?arctanh (cos (¢ + dy/z) + isin (c + dv/z)) — 3id?z PolyLog (2, — cos (¢ + dv/z) — isin (c:

inputtlntegrate[x*(a + bxCsc[c + d*Sqrt[x]]1),x] J

(a*x72) /2 - (2%b*(2*d~3*x~(3/2)*ArcTanh[Cos[c + d*Sqrt[x]] + I*Sin[c + d*S
qrt[x]]1] - (3%I)*d~2*x*PolyLog[2, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrtl[x
111 + (3*I)*d~2*x*PolyLogl[2, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqrt[x]]1] +
6+d*Sqrt [x] #*PolyLog[3, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt[x]]1] - 6%d*S
grt [x]*PolyLog[3, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqrt[x]]] + (6*I)*PolyL
ogl4, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt[x]]] - (6+I)*PolyLogl[4, Coslc

+ d*Sqrt[x]] + I*Sinf[c + d*Sqrt[x]1]]1))/d~4

output

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x(a+bcsc (c+d\/5)) dx
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| 2010
/ (aw + bx csc (c + d\/E)) dx
| 2009
az? 4bz®/?arctanh (ei(c"'dﬁ)) 1246 PolyLog (4, —ei(c"‘dﬁ))
2 d - d4 +
12ib PolyLog (4, 6i<c+dﬁ)) 12by/z PolyLog (3, —e"(0+d\/5))
d4 - 43 +
12by/3 PolyLog (3,¢'(+4V7) ) 6ibs PolyLog (2, —¢/(+4V7))  6ibw PolyLog (2,'(+4v))
d3 + d2 - d2
input \Int [x*(a + b*Csc[c + d*Sqrt[x]11),x] /

(a*x72)/2 = (4*bxx"(3/2)*ArcTanh[E”(I*(c + d*Sqrt[x]))1)/d + ((6%I)*bkxPo
lyLogl[2, -E~(I*(c + dxSqrt[x]1))1)/d~2 - ((6xI)*bxx*PolyLog[2, E~(I*(c + dx
Sqrt[x1))1)/d"2 - (12*b*Sqrt[x]*PolyLogl[3, -E~(I*(c + d*Sqrt[x]))]1)/d"3 +
(12%b*Sqrt [x] *PolyLog[3, E~(I*(c + d*Sqrt[x]))])/d~3 - ((12*I)*b*PolyLog[4
, “E"(I*(c + d*Sqrt[x]1))1)/d"4 + ((12*I)*b*PolyLogl[4, E~(I*(c + d*Sqrt[x])
)1)/d"4

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘
, x]1 /; FreeQl[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a_) ‘
L"’ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] J

rule 2010
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Maple [F|

/x(a—i—bcsc (c+dvz))dz

input Lint (x* (atb*csc(c+d*x~(1/2))) ,x)

output Lint (x* (a+b*csc (c+d*x~(1/2))) ,x)

Fricas [F]

/x(a—i—bcsc (c+dvz)) dxz/(bcsc (dVz +c) +a)zde

input Lintegrate (x*(at+b*csc(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(b*x*csc(d*sqrt(x) +¢) + akx, x)

Sympy [F]

/w(a+bcsc (c+d\/3_v)) d:v=/ac(a—|—bcsc (c—l—dﬁ)) dx

input Lintegrate (x* (a+b*csc(c+d*x**(1/2))) ,x)

output kIntegral(x*(a + bxcsc(c + d¥sqrt(x))), x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 534 vs. 2(154) = 308.

Time = 0.11 (sec) , antiderivative size = 534, normalized size of antiderivative = 2.67

/ z(a+besc (c+dy/z)) dz = Too large to display

-

inputtintegrate(x*(a+b*csc(c+d*x‘(1/2))),x, algorithm="maxima")

1/2x((d*sqrt(x) + c) 4*a - 4x(d*sqrt(x) + c) 3xa*xc + 6x(d*sqrt(x) + c) 2xa
*C"2 - 4x(d*sqrt(x) + c)*axc™3 + 4xbxc”3*log(cot(d*sqrt(x) + c) + csc(d*sq
rt(x) + c)) + 4x(-Ix(d*sqrt(x) + c)~3*b + 3*Ix(d*sqrt(x) + c) 2%bxc - 3*I*
(d*sqrt(x) + c)*bxc~2)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1)
+ 4% (-Ix(d*sqrt(x) + c)"3%b + 3*I*(d*sqrt(x) + c) 2xb*c - 3xI*(d*sqrt(x)
+ c)*bxc”2)*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) + 12x(Ix*(
d*sqrt(x) + c)”2xb - 2*Ix(d*sqrt(x) + c)*bxc + I*b*c~2)*dilog(-e~ (I*d*sqrt
(x) + Ixc)) + 12x(-I*(d*sqrt(x) + c) 2*b + 2xI*(d*sqrt(x) + c)*b*c — Ixb*c
~2)*dilog(e” (I*d*sqrt(x) + I*c)) - 2x((d*sqrt(x) + c)~3*b - 3*x(d*sqrt(x) +
c) "2%b*c + 3*(d*sqrt(x) + c)*b*c~2)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt
(x) + ¢)”2 + 2*cos(d*sqrt(x) + c) + 1) + 2x((d*sqrt(x) + c)"3*b - 3*(d*sqr
t(x) + c)"2%b*c + 3x(d*sqrt(x) + c)*b*c”2)*log(cos(d*sqrt(x) + c)~2 + sin(
d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1) - 24xIxb*polylog(4, -e~(I*d*s
qrt(x) + Ixc)) + 24xI*b*polylog(4, e~ (Ixd*sqrt(x) + I*c)) - 24x((d*sqrt(x)
+ c)*b - bxc)*polylog(3, -e~(I*d*sqrt(x) + I*c)) + 24x((d*sqrt(x) + c)*b

- bxc)*polylog(3, e~ (I*d*sqrt(x) + I*c)))/d"4

output

Giac [F]

/x(a—i—bcsc (c+dvz)) dxz/(bcsc (dvz+c¢) +a)rdr

input‘integrate(x*(a+b*csc(c+d*x*(1/2))),x, algorithm="giac")

~—

Output‘integrate((b*csc(d*sqrt(x) + c) + a)*x, x)
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Mupad [F(-1)]

Timed out.

b
/m(a—i—bcsc(c—i—d\/ﬂ_v)) dac=/x (a—i—W) dx

input tint(x*(a + b/sin(c + d*x~(1/2))),x)

output TBECEEGa + B/sin(c + A" (1/2))), )

Reduce [F]

2

[ elotbese e+ av) de = ( [ se (vEa+ ) e )1 42

input Lint (x* (a+b*csc(c+d*x~(1/2))) ,x)

output L(z*int(CSC(Sqrt(X)*d + C)*x,X)*b + akxx**2)/2
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3.34 f a+bcsc(c—|—d\/5) dr

X
Optimal result . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . ... 261]
Rubi [N/A] .« . 262
Maple [N/A] . . . 2631
Fricas [N/A] . . . . . o 263
Sympy [N/A] . . o 2631
Maxima [N/A] . . . . . 264
Giac [N/A] . . o 264
Mupad [N/A] . . . . 2651
Reduce [N/A] . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

output L

input

output

LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x,x]

b d d
/ a+besc(ctdya) dz = alog(z) + blnt (—CSC (c+dvz) ,x)
z z
a*1n(x)+b*Defer (Int) (csc(c+d*x~(1/2))/x,x) J

Mathematica [N/A]

Not integrable

Time = 7.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcsc(c-l—d\/i)d /a+bcsc(c+d\/5)d
T = T

T T

LIntegrate[(a + b*Csc[c + d*Sqrt[x]1]1)/x, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a-l—bcsc (c+ dy/z) p
x

x

l 2010

/ (Z N bcsc (c;—dﬁ)) de

l 2009

b/de+alog(:c)

-

Int[(a + bxCsclc + d*Sqrt[x]])/x,x]

N\

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+bcsc(c+d\/5)d
T

X

nput 128 ((atbresc(erdrx™(1/2))) /x,%)

output 1t ((abrcsc(GHaxx™(1/2)))/x,%)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

X

/a+bcsc(c+d\/§) xz/bcsc(d\/i+c)+ad

Z T

input tintegrate ((atb*csc(c+d*x~(1/2))) /x,x, algorithm="fricas")

output Lintegral((b*CSC(d*Sqrt(X) +c) + a)/x, x)

Sympy [N/A]
Not integrable

Time = 1.94 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

Z T

/a+bcsc(c+d\/5)d /a+bcsc(c+d\/§) s
Tr =

input Liﬂtegrate ((atb*csc(c+d*x**(1/2))) /x,x)
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output‘

Integral((a + bxcsc(c + d*sqrt(x)))/x, x)

inputt

Maxima [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.83

T
T T

a-+besc (c+ dyz) _ bese (dyz+¢) +a
/ dz / d

integrate((at+b*csc(c+d*x~(1/2)))/x,x, algorithm="maxima")

output‘

bxintegrate(sin(d*sqrt(x) + c)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)
"2 + 2%cos(d*sqrt(x) + c) + 1)*x), x) + b¥integrate(sin(d*sqrt(x) + c)/((c
os(d*sqrt(x) + c)”2 + sin(d*sqrt(x) + c)”~2 - 2*cos(d*sqrt(x) + c) + 1)*x),
x) + axlog(x)

Giac [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

T

a+besc(c+dyz)  [besc(dy/z+c)+a
/ dz / d

T T

inputt

integrate((atb*csc(c+d*x~(1/2)))/x,x, algorithm="giac")

outputt

integrate((b*csc(d*sqrt(x) + c) + a)/x, x)




input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 265

Mupad [N/A]
Not integrable

Time = 16.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—I—bcsc(c—}—d\/E) dx—/a+mdx

Z T

‘int((a + b/sin(c + d*x~(1/2)))/x,x)

Lint((a + b/sin(c + d*x~(1/2)))/x, x)

Reduce [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bCSC(C+d\/E) = </ CSC(\/id+C)dx> b+ log(z)a

T

Lint((a+b*csc(c+d*x‘(1/2)))/X,X)

-

Lint(csc(sqrt(x)*d + ¢)/x,x)*b + log(x)*a

-/
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3.35 f a+b csc(c—l-d\/E) dr

2
Optimal result . . . . . . . . . . . . . e 266]
Mathematica [N/A] . . . . . ... 260
Rubi [N/A] .« . 267
Maple [N/A] . . . 268]
Fricas [N/A] . . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . . . 2691
Giac [N/A] . . o 2691
Mupad [N/A] . . . . 2701
Reduce [N/A] . . . o 270

Optimal result

Integrand size = 18, antiderivative size = 18

b d d
/a—|— CSC(C+ \/E)dx:—g_H)Im M,x
2 x 2
output L-a/x+b*Defer (Int) (csc(c+d*x~(1/2))/x"2,x%) J

Mathematica [N/A]

Not integrable

Time = 11.31 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dx

/a-l—bcsc(c-l—d\/i) dx:/a+bcsc(c+d\/5)

x2 xr2

input LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x~2,x] J

output LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x"2, x] J




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+besc (c+ dyz)
/ p dx
| 2010
/ <a2+ bcsc (c—;—dﬁ)) e
x x
| 2009
b/csc(c—i;d\/i)dw_ a
z z

-

Int[(a + bxCsclc + d*Sqrtl[x]])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+bcsc (c+dy/T)

dz
12

input Lint ((at+b*csc(c+d*x~(1/2)))/x72,x)

output Lint ((atb*csc(c+d*x~(1/2)))/x"2,%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

X

/a+bcsc(c+d\/§) xz/bcsc(d\/i+c)+ad

2 x2

input tintegrate ((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="fricas")

output Lintegral((b*CSC(d*Sqrt(X) +c) + a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 2.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dx
2 2

/a+bcsc(c+d\/5) dxz/a+bcsc(c+d\/5)

input Lintegrate ((a+b*csc(c+d*x**(1/2))) /x**2,x)
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Output‘ Integral((a + b*csc(c + dksqrt(x)))/x**2, x)

Maxima [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 111, normalized size of antiderivative = 6.17

T

/a—i—bcsc(c—i—d\/i) dx:/bcsc(d\/f-l-c)—l-a

2 2

input Lintegrate ((at+bxcsc(c+d*x~(1/2)))/x"2,x, algorithm="maxima") J

output

input

‘((b*integrate(sin(d*sqrt(x) + ¢)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + ‘
c)~2 + 2xcos(d*sqrt(x) + c) + 1)*x”2), x) + bxintegrate(sin(d*sqrt(x) + c) ‘
‘/((cos(d*sqrt(x) + ¢)”2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1)

‘*x"2), x))*x - a)/x ‘

Giac [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bcsc(c%—dﬁ) dx:/bcsc(d\/i—l—c)—l—ad

T
T2 z2

Lintegrate ((atb*csc(c+d*x~(1/2)))/x72,x, algorithm="giac") J

outputLintegrate(<b*csc<d*sqrt<x) +¢) +a)/x"2, x) J
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Mupad [N/A]
Not integrable

Time = 15.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

[orbeclrdvs) dZ/Ed

2 72

input‘ int((a + b/sin(c + d*x~(1/2)))/x72,%)

outpudint“a + b/sin(c + d*x~(1/2)))/x°2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/a+bcsc(c+d\/5)d (f‘m(\mf+d+c)dz>bx—a
xTr =

T2 7

input Lint ((atb*csc(c+d*x~(1/2)))/x72,%)

outputL(int(csc(sqrt(x)*d + c)/x**2,x)*¥b*x - a)/x




output
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3.36 [3(a+besc (c+dyz))” da

Optimal result . . . . . . . . .. . . . . . e 27Tl
Mathematica [A] (verified) . . . . . . . . . ... 272
Rubi [A] (verified) . . . . . . . . . . 2721
Maple [F] . . . . 275
Fricas [F] . . . . . o e 275
Sympy [F] . . . 275
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 276
Giac [F] . . . . o o e 277
Mupad [F(-1)] . . . oo 27T
Reduce [F] . . . . o o e 27T

Optimal result

Integrand size = 20, antiderivative size = 695

/ z®(a+besc (c+ d\/i))2 dz = Too large to display

-

-3360*a*b*x~(3/2)*polylog(5,exp (I*(c+d*x~(1/2))))/d"5+168*a*b*x~ (5/2)*poly
log(3,exp(I*(c+d*x~(1/2))))/d"3+3360*a*b*x~(3/2)*polylog(5,-exp (I*(c+d*x~ (
1/2))))/d"5-168*a*b*x"~ (5/2) *polylog(3,-exp (I*(c+d*x~(1/2))))/d~3-8*axbxx" (
7/2)*arctanh (exp (I*(c+d*x~(1/2))))/d-20160*a*b*x~(1/2) *polylog(7,-exp(I*(c
+d*x~(1/2))))/d"7+20160%a*b*x"~ (1/2) *polylog(7,exp (I* (c+d*x~(1/2))))/d"7-42
*I*xb~2*x~ (5/2) *polylog (2, exp (2*I*(c+d*x~(1/2))))/d~3-20160*I*a*b*polylog(8
,—exp(I*(c+d*x~(1/2))))/d~8-315%Ixb~2*x~ (1/2) *polylog(6,exp (2*I* (c+d*x"(1/
2))))/d"T7+210%I*b"2xx"~ (3/2) *polylog(4,exp (2*I* (c+d*x~(1/2))))/d"5+20160*I*
axb*polylog(8,exp(I*(c+d*x~(1/2))))/d"8-840*I*a*b*x~2*polylog(4,—exp(I*(c+
d*x~(1/2))))/d"4-10080*I*a*b*x*polylog(6,exp(I*(c+d*x~(1/2))))/d~6-28*I*a*
b*x~3*polylog(2,exp (I*(c+d*x~(1/2))))/d"2+10080*I*a*b*x*polylog(6,-exp (I*(
c+d*x~(1/2))))/d"6+28*I*xaxb*x~3*polylog(2,-exp(I*(c+d*x~(1/2))))/d"~2+840*I
*axbxx~2*polylog(4,exp(I*(c+d*x~(1/2))))/d"4+315/2%b~2*polylog(7,exp (2*I*(
c+d*x~(1/2))))/d"8-2xI*b~2%x~(7/2) /d+1/4*a”~2*x~4-315xb~2*x*polylog(5,exp(2
*I*(c+d*x~(1/2))))/d"6+105*b~2*x~2*polylog(3,exp (2*I* (c+d*x~(1/2))))/d~4+1
4xb~2%x"3*1n(1-exp (2*I* (c+d*x~(1/2))))/d~2-2%b"2xx~ (7/2) *cot (c+d*x~(1/2))/
d




input

output
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Mathematica [A] (verified)

Time = 17.73 (sec) , antiderivative size = 954, normalized size of antiderivative = 1.37

/w3 (a + bcesc (c + d\/E))2 dxz = Too large to display

r

LIntegrate[x“B*(a + bxCsclc + d*Sqrt[x]]1)~2,x]

| —

(a"2*x"4*(a + b*Csclc + d*Sqrt[x]])~2*Sin[c + d*Sqrt[x]]1~2)/(4*(b + a*Sin[
c + d*Sqrt[x]1]1)~2) - ((I/2)*bx(a + b*Csclc + d*Sqrt[x]]) 2% ((8*b*d~7*+E~((2
*D)*c)*x~(7/2)) /(-1 + ET((2xI)*c)) + (8*I)*axd~7+*x~(7/2)*Logll - E~(I*(c +
d*Sqrt[x]))] - (8*I)*axd~7*x"(7/2)*Logl[l + E~(I*(c + d*Sqrt[x]))] + (28*I
) ¥b*d~6xx"3*Log[1 - E~((2*I)*(c + d*Sqrt[x]))] - 56xa*d~6*x~3*PolyLog[2, -
E~(I*(c + d*Sqrt[x]))] + 56%axd~6*x~3*PolyLog[2, E~(I*(c + d*Sqrt[x]))] +
84*b*d~5%x" (5/2) *PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))] - (336%I)*a*xd~5*x~(
5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))] + (336*I)*a*d~5*x~(5/2)*PolyLogl3,
E~(I*(c + d*Sqrt[x]))] + (210%I)*b*d~4*x~2*PolyLog[3, E~((2*I)*(c + d*Sqr
t[x]1))] + 1680*a*d”~4*x~2+PolyLog[4, -E~(I*(c + d*Sqrt[x]))] - 1680*a*d”4*x
~2%PolyLog[4, E~(I*(c + d*Sqrt[x]))] - 420%b*d~3%x~(3/2)*PolyLogl[4, E~((2*
D=*(c + d*Sqrt[x]))] + (6720%I)*a*d”~3*x~(3/2)*PolylLogl[5, -E~(I*(c + d*Sqrt
[x]1))] - (6720%I)*axd"~3*x"(3/2)*PolyLog[5, E~(I*(c + d*Sqrt[x]))] - (630*I
) ¥b*d~2*x*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))] - 20160*a*d~2*x*PolyLogl6,
-E"(I*(c + d*Sqrt[x]))] + 20160*a*d~2*x*PolyLog[6, E~(I*(c + d*Sqrt[x]))]
+ 630*%b*d*Sqrt [x]*PolyLogl[6, E~((2*I)*(c + d*Sqrt[x]))] - (40320%I)*a*xd*S
qrt [x]*PolyLog[7, -E~(I*(c + d*Sqrt[x]))] + (40320+*I)*axd*Sqrt [x]*PolyLogl
7, E(Ix(c + d*Sqrt[x]))] + (315%I)*b*PolyLogl[7, E~((2*I)*(c + d*Sqrt[x]))
] + 40320*a*PolyLog[8, -E~(I*(c + d*Sqrt[x]))] - 40320*a*PolyLogl[8, E~(I*(
c + dxSqrt[x]))]1)*Sin[c + d*Sqrt[x]1]1~2)/(d"8*(b + a*Sin[c + d*Sqrt[x]])...

Rubi [A] (verified)

Time = 1.08 (sec) , antiderivative size = 703, normalized size of antiderivative = 1.01,

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4678, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules _ 0.200, Rules
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/x3(a +bese (c + dv))? da
| 4693
2/x7/2(a+bcsc (c+dva))’ dva
| 3042
2/m7/2(a+bcsc (c+dva))2dva
| 4678
2 / (a%"/2 + 82 csc? (c + dv/@) a7/% + 2abesc (e + dVE) 27/2) d/a

l 2009

( 2yt Aabz2arctanh (ei (C+d\/5)) 10080iab PolyLog (8, _¢iletdva) ) 10080iab PolyLog (8, ¢i(c+ava) )
2
8 d a8

input LInt [x"3%(a + bxCsc[c + d*Sqrt[x]])~2,x] J
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2% (((-I)*b~2*x~(7/2))/d + (a~2*x"4)/8 - (4*axbxx~(7/2)*ArcTanh[E~(I*(c + d
*Sqrt[x]1))]1)/d - (b"2xx~(7/2)*Cot[c + d*Sqrt[x]])/d + (7*b~2*x"3xLogl[l - E
“((2*%I)*(c + d*Sqrt[x]))]1)/d"2 + ((14*I)*axb*xx~3*PolyLog[2, -E~(I*(c + d*S
qrt[x]))1)/d"2 - ((14#*I)*a*b*x~3*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d"2 -

((21*I)*b~2*x~ (5/2) *PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d"3 - (84*a*b*x
~(5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d~3 + (84*axb*x~(5/2)*PolyLogl[3
, E7(I*(c + dxSqrt[x]))])/d~3 + (105%b~2*x"2+PolyLog[3, E~((2*I)*(c + d*Sq
rt[x]))]1)/(2%d"4) - ((420%I)*a*b*x~2*PolyLogl[4, -E~(I*(c + d*Sqrt[x]1))]1)/4d
~4 + ((420%I)*axb*x~2+PolyLogl[4, E~(I*(c + d*Sqrt[x]1))])/d~4 + ((105+I)*b"
2%x~ (3/2)*PolyLog[4, E~((2*xI)*(c + d*Sqrt[x]))])/d"5 + (1680*axb*x~(3/2)*P
olyLog[5, -E~(I*(c + d*Sqrt[x]))])/d"5 - (1680*ax*bxx~(3/2)*PolyLogl[5, E~(I
*(c + d*Sqrt[x]))])/d"5 - (315%b~2*x*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))]
)/ (2%d"6) + ((5040%I)*axb*x*PolyLog[6, -E~(I*(c + d*Sqrt[x]))])/d"6 - ((50
40*I)*axbxx*PolyLog[6, E~(I*x(c + d*Sqrt[x]))])/d"6 - (((315%I)/2)*b~2*Sqrt
[x]*PolyLog[6, E~((2*I)*(c + d*Sqrt[x]))])/d~7 - (10080*a*b*Sqrt [x]*PolyLo
gl7, -E~(I*(c + d*Sqrt([x]))1)/d"7 + (10080*axb*Sqrt [x]*PolyLog[7, E~(I*(c

+ d*Sqrt[x]1))]1)/d~7 + (315*b~2+PolyLog[7, E~((2*I)*(c + d*Sqrt([x]))]1)/(4xd
~8) - ((10080%I)*a*b*PolyLog[8, -E~(I*(c + d*Sqrt[x]))])/d"8 + ((10080%I)*
a*bxPolyLog[8, E~(I*(c + d*Sqrt[x]))])/d"8)

output

Defintions of rubi rules used

rule 2009]11lt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 ImtL(escl(e ) + (F_)*(x)1*(_) + (@) (@_)*((c_.) + (A )*(x))"(@m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4693 Int[((a_.) + Cscllc_.) + (A_.)*(x)"(a)1*(b_.))"(p_.)*(x_)~(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

N
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Maple [F|
/x3(a +besc (c+ d\/E))2 dz
input | 18% (3% (avbrcsc (crden™(1/2)))72,%) |
output Lint (x"3x (atb*csc (c+dxx™(1/2)))"2,%) J
Fricas [F|
/x3(a +bese (c+ d\/:E))2 dr = / (bese (dvz +¢) + a)2z3 dx
inputLintegrate(x‘3*(a+b*csc(c+d*x‘(1/2)))‘2,x, algorithm="fricas") J
Output} integral (b~2+x"3%csc(d*sqrt (x) + c)~2 + 2kaxbx~Bkcsc(d*sqrt(x) + ) + a2
‘*x“3, x) ‘
Sympy [F]

/m3(a+bcsc (c—l—d\/i))2 d:v=/ac3(a—|—bcsc (c+d\/5))2 dx

input Lintegrate (x**3*% (a+bxcsc (c+d*xx** (1/2)) ) **2,x) J

output Llntegral(x**s*(a + bkcsc(c + dxsqrt(x)))**2, x) J




inputt

output

-

\

CHAPTER 3. LISTING OF INTEGRALS 276

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 6462 vs. 2(550) = 1100.

Time = 0.48 (sec) , antiderivative size = 6462, normalized size of antiderivative = 9.30

/ z®(a+besc (c+ d\/:?))2 dz = Too large to display

integrate(x~3*(atbxcsc(c+d*x~(1/2)))"2,x, algorithm="maxima")

-/

1/4%((d*sqrt(x) + c)78*a”2 - 8*(d*sqrt(x) + c) 7*a"2%c + 28*(d*sqrt(x) + c
)"6*xa"2%c”2 - 56x(d*sqrt(x) + c) b*a”2xc”3 + 70*(d*sqrt(x) + c) 4*a”2%c"4

- 56*(d*sqrt(x) + c)~3*a~2xc”5 + 28*(d*sqrt(x) + c)~2%a"2%c”6 - 8*(d*sqrt(
X) + c)*a~2%c”7 + 16*axb*c”T*log(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c))

+ 8% (4xb~2xc”7 + 2% (2x(d*sqrt(x) + c) 7*xa*b - T*b~2*%c”6 - 7*(2*axb*c + b~2
)*(d*sqrt(x) + c)~6 + 42*(a*b*c™2 + b~2*c)*(d*sqrt(x) + c)~5 - 35*%(2*axb*xc
“3 + 3*%b"2xc”2)*(d*sqrt(x) + c)"4 + 70*(axb*c™4 + 2%b~2%c”"3)*(d*sqrt(x) +

c)”3 - 21*%(2*xaxb*c”5 + 5*¥b"2*c"4)*x(d*sqrt(x) + c)”2 + 14x(axb*c”6 + 3*b~2x
c"5)*x(d*sqrt(x) + c) - (2*(d*sqrt(x) + c)“7T*axb - 7*b"2%c”6 - Tx(2xa*bxc +
b~2) *(d*sqrt(x) + c)”6 + 42+ (a*b*c™2 + b~2*c)*(d*sqrt(x) + c)~5 - 35x(2*a
*¥bkc”3 + 3xb"2*c”2)*(d*sqrt(x) + c)"4 + TO*(axb*c™4 + 2xb~2*c”3)*(d*sqrt(x
) + ¢c)73 - 21%(2%axb*c”5 + 5xb~2%c"4)*(d*sqrt(x) + c)72 + 14*(a*xb*c™6 + 3%
b~2xc"B)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c) + (-2*Ix(d*sqrt(x) + c)77
*¥axb + TxIxb~2%c”6 + T*(2*I*axbxc + I*b~2)*(d*ksqrt(x) + c)”6 + 42x(-I*a*bx
c”2 - Ixb"2xc)*(d*sqrt(x) + c)~5 + 35x(2xI*kaxb*c”3 + 3*I*b~2*c~2)*(d*sqrt(
X) + c)”4 + TOx(-I*axbxc™4 - 2xIxb~2%c~3)*(d*sqrt(x) + c)~3 + 21*x(2*I*axb*
c”5 + 5*I*b"2xc"4)*(d*sqrt(x) + c)~2 + 14x(-I*axbxc™6 - 3*I*b~2*c~5)*(d*sq
rt(x) + c))*sin(2xd*sqrt(x) + 2xc))*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt
(x) + c) + 1) + 14x(b~2*c"6*cos(2*d*sqrt(x) + 2xc) + I*b~2*c~6*sin(2xd*sqr
t(x) + 2%c) - b"2xc”6)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) -...
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Giac [F]

/x3(a+bcsc (c+d\/:?))2 dx:/(bcsc (dvz +¢) +a)2x3dx

inputLintegrate(x“3*(a+b*csc(c+d*x”(1/2)))“Q’X’ algorithm="giac")

outputtsageo*x
Mupad [F(-1)]
Timed out.
5 2
[Prbcteramy s [2 (b
input Lint(x“s*(a + b/sin(c + d*x~(1/2)))"2,x)
outputLint(xh?’*(a + b/sin(c + d*x7(1/2)))72, x)
Reduce [F]
/ (a—l—bcsc(c—i—d\/_ (/csc (Vzd+c) 3d:c)ab
a’r?
+ (/csc (Vzd+c) x3dx> b2-|—T

input Lint (x~3*(at+b*csc(c+d*x~(1/2)))"2,%)

output
‘)*b**2 + a*x*x2xx*x4) /4

‘(S*int(csc(sqrt(x)*d + c)xx**3,x)*axb + 4*int(csc(sqrt(x)*d + c)**2*kx**3,x
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3.37

[2*(a+besc (c+dyz))” da

Optimal result . . . . . . . . .. . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .

Giac [F] .

Mupad [F(-1)] . . . oo

Reduce [F]
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Optimal result

Integrand size = 20, antiderivative size = 513

2ib2x%/2 @243 8ab$5/2arctanh<ei(c+d\/5)>

2 2 _ B
/x (a+besc(c+dyz))” do = : i - ;

_ 202x5/2 cot (c+ dy/z) N 10b%z2 log (1 _ e2z’(c+d\/§)>
d 7
20iabz? PolyLog <2, _ ei(c+d\/5))
d2
20iabz? PolyLog (2’ ei(c+dﬁ)>
d2
20it%2%/2 PolyLog (2, ¢%(c+4v2) )
d
d

+

3
80abz>/2 PolyLog ( ,
3

(

3 —ei(c+d\/5))
3, ei(ctdva) )

80abz®/? PolyLog
d3
30b%z PolyLog (3 e2i(a+dﬁ)>

+

_|_

240iabx PolyLog (4, i(c+dva ))

240iabx PolyLog (4, ei(ctdva) )

n

30ib%\/z PolyLog ( 2z(e+df>>
+ —

480ab+/z PolyLog ( 5, _ei(c+dﬁ)>
+ .

480ab+/ PolyLog <5, ei(c—i—dﬁ))

&
15b? PolyLog (5, e2i(c+d\/5)>
46
480iab PolyLog <6, —ei(‘*dﬁ))
b
480iab PolyLog (6, e (CJFCWE))
46

_|_




output

input
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30*I*b~2%x"~(1/2)*polylog(4,exp (2*I*(c+d*x~(1/2))))/d"5+1/3*a"2xx"3-8*a*b*x
~(5/2)*arctanh (exp (I*(c+d*x~(1/2))))/d-2*b~2*x~ (5/2) *cot (c+d*x~(1/2)) /d+10
*b~2xx~2%1n (1-exp (2*I* (c+d*x~(1/2))))/d~2+20*I*axb*x~2*polylog(2,-exp(I*(c
+d*x~(1/2))))/d"2+480*I*a*b*polylog(6,-exp (I*(c+d*x~(1/2))))/d"6+240*I*a*xb
*x*polylog(4,exp(I*(c+d*x~(1/2))))/d~4-80*a*b*x~ (3/2)*polylog(3,-exp(I*(c+
d*x~(1/2))))/d~3+80*a*b*x~(3/2) *polylog(3,exp(I*(c+d*x~(1/2))))/d~3+30%b"2
*x*polylog(3, exp (2*xI*(c+d*x~(1/2))))/d~4-480*I*a*xb*polylog(6,exp (I*(c+d*x~
(1/2))))/d"6-20xI*a*b*x~2*polylog(2,exp(I*(c+d*x~(1/2))))/d"2-2*%I*b~2*xx~ (5
/2) /d+480*a*b*x"~ (1/2) *polylog(5,-exp(I*(c+d*x~(1/2))))/d"5-480*a*b*x~(1/2)
*polylog(5,exp (I*(c+d*x~(1/2))))/d"5-15%b~2*polylog(5,exp (2*I* (c+d*x~(1/2)
)))/d"6-20*%I*b~2%x" (3/2) *polylog (2, exp (2*I* (c+d*x~(1/2))))/d~3-240*I*a*b*x
*polylog(4,-exp(I*(c+d*x~(1/2))))/d"4

Mathematica [A] (verified)

Time = 12.57 (sec) , antiderivative size = 779, normalized size of antiderivative = 1.52

/w2 (a + bcesc (c + d\/E))2 dxz = Too large to display

r

LIntegrate[x“2*(a + bxCsclc + d*Sqrt[x]1]1)"2,x]

| —
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(a™2*x"3*(a + b*Csc[c + d*Sqrt[x]])~2*Sin[c + d*Sqrt[x]]1~2)/(3*(b + a*Sin[
c + dxSqrt[x]]1)"2) - (Ixb*(a + b*Csclc + d*Sqrt[x]]) 2% ((4*bxd~5+E~ ((2%I)x*
c)*x~(5/2))/(-1 + E7((2%I)*c)) - 20*a*d~4*x"2*PolyLog[2, -E~(I*(c + d*Sqrt
[x]))] + 20%a*d~4*x~2%PolyLog[2, E~(I*(c + d*Sqrt[x]))] + I*(4*a*xd~5%x~(5/
2)xLog[1 - E~(I*(c + d*Sqrt[x]))] - 4*axd~5*x~(5/2)*Logl[1l + E~(I*(c + d*Sq
rt[x]))] + 10%b*d~4*x"2*Log[l - E~((2*I)*(c + d*Sqrt[x]))] - (20%I)*b*d~3*
x~(3/2)*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))] - 80%axd~3*x~(3/2)*PolyLogl[3
,» "E7(I*(c + d*Sqrt[x]))] + 80*a*d~3*x~(3/2)*PolyLogl[3, E~(I*(c + d*Sqrt[x
1))]1 + 30%b*d~2*x*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))] - (240%I)*a*d™2*x*
PolyLog[4, -E~(I*(c + d*Sqrt[x]))] + (240%I)*axd~2*x*PolyLog[4, E~(I*(c +
d*Sqrt[x]))] + (30%I)#*b*d*Sqrt[x]*PolyLogl[4, E~((2*I)*(c + d*Sqrt[x]))] +
480*a*d*Sqrt [x] *PolyLog[5, -E~(I*(c + d*Sqrt[x]))] - 480*axd*Sqrt [x]*PolyL
ogl5, E"(I*(c + d*Sqrt[x]))] - 15%b*PolyLogl[5, E~((2*I)*(c + d*Sqrt[x]))]
+ (480%I)*axPolyLogl[6, -E~(I*(c + d*Sqrt[x]))] - (480%I)*a*PolyLogl[6, E~(I
*(c + dxSqrt[x]))]1))*Sin[c + d*Sqrt[x]1]1~2)/(d"6*(b + a*Sin[c + d*Sqrt([x]])
~2) + (b™2*x~(5/2)*Csclc/2]*Csclc/2 + (d*Sqrt[x])/2]*(a + bxCscl[c + d*Sqrt
[x]1)"2*Sin[c + d*Sqrt[x]]~2*Sin[(d*Sqrt[x]1)/2]1)/(d*(b + a*Sin[c + d*Sqrt[
x]1)72) + (b™2*x~(5/2)*(a + b*Csc[c + d*Sqrt[x]]) 2*Sec[c/2]*Sec[c/2 + (d*
Sqrt[x])/2]*Sin[c + d*Sqrt[x]]~2*Sin[(d*Sqrt([x])/2])/(d*(b + a*Sin[c + d*S
qrt[x]1)"2)

output

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 517, normalized size of antiderivative = 1.01,

number of rules _ 900, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/mQ(a+bcsc (c+dva))? da
l 4693
2/x5/2(a+bcsc (c+dva))’ dva
| 3042

2/m5/2(a+bcsc (c—i—d\/a_c))Qd\/E
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l 4678
2/ <a2x5/2 + b2 csc? (c+dvz) 252 4+ 2gbesc (c+ dv/z) :v5/2> /T

l 2009

— + Lo

<a2x3 4aba® 2afctanh(ei(c+dﬁ)> 240iab PolyLog (6, —e“”dﬁ)) 240iab PolyLog (6, ei(c+dﬁ)) 2
2 —
6 d d6 46

input! Int[x~2*%(a + b*Cscl[c + d*Sqrt [x11) 2’x]

2% (((-I)*b~2%x~(5/2))/d + (a~2%x"3)/6 - (4*axbxx~(5/2)*ArcTanh[E~(I*(c + d
*Sqrt[x]))]1)/d - (b"2*x~(5/2)*Cot[c + d*Sqrt[x]])/d + (5*%b~2*x"2*Log[l - E
~((2%I)*(c + d*Sqrt[x1))1)/d"2 + ((10%I)*axbkx~2%PolyLog[2, -E~(I*(c + dxS
qrt[x]))]1)/d°2 - ((10*I)*axb*x~2*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d~2 -
((10%I)*b~2*x~(3/2)*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d~3 - (40*axb*x
~(3/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]1))]1)/d"3 + (40*a*b*x~(3/2)*PolyLogl3
, E7(I*(c + dxSqrt[x]))])/d~3 + (15*b~2*x*PolyLog[3, E~((2*I)*(c + d*Sqrt[
x]1))1)/d"4 - ((120*I)*a*b*x*PolyLogl[4, -E~(I*(c + d*Sqrt[x]))]1)/d~4 + ((12
0%I)*axb*x*PolyLog[4, E~(I*(c + d*Sqrt[x]))]1)/d~4 + ((15%I)*b~2xSqrt [x]*Po
lyLogl[4, E~((2*I)*(c + d*Sqrt[x]))])/d~5 + (240*axb*Sqrt[x]*PolyLog[5, -E~
(I*x(c + d*Sqrt[x]))])/d"5 - (240*axb*Sqrt[x]*PolyLog[5, E~(I*(c + d*Sqrt[x
1))1)/d°5 - (15%xb~2%PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))])/(2%d~6) + ((240
*1)*a*b*PolyLog[6, -E~(I*(c + d*Sqrt[x]))])/d"6 - ((240%I)*a*b*PolyLogl6,
E~(I*(c + d*Sqrt[x]))])/d76)

output

Defintions of rubi rules used

ruka2009{lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
‘Q[u, x] ‘
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e 4678 IntLesclle_) + (F_)*)Ix(b_) + (@) (@ )*((c_.) + (@_)*x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4603 Tat[((a_.) + Cscl(c_.) + (d_)*(x1)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

ps x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]
/:UQ(a +bese (c+ d\/E))de
inputLint(x“2*(a+b*csc(c+d*x*(1/2)))AQ,X) J
output Lint (x~2*(a+b*csc(c+d*x~(1/2)))"2,x) J
Fricas [F|
/xz(a +besc (c + dﬁ)f dr = / (bCSC (d\/E + C) + a)zav2 dx
inputLintegrate(x‘2*(a+b*csc(c+d*x‘(1/2)))*Q’X, algorithm="fricas") J

‘integral(b“2*x‘2*csc(d*sqrt(x) + c)72 + 2%a*b*x"2*csc(d*sqrt(x) + c) + a™2

output
‘*x‘2, X) ‘
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Sympy [F]

/z2(a+bcsc (c—l—d\/i))2 dx=/m2(a—|—bcsc (c+d\/5))2 dx

input ‘ integrate (x**2* (a+b*csc (c+dkx** (1/2)) ) **2,x)

outputtlntegral(x**2*(a + bkcsc(c + dxsqrt(x)))**2, x) J

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3885 vs. 2(406) = 812.

Time = 0.26 (sec) , antiderivative size = 3885, normalized size of antiderivative = 7.57

/ z®(a+besc (c+ d\/E))2 dz = Too large to display

input Lintegrate (x~2* (atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")
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1/3*((d*sqrt(x) + c)76xa”2 - 6*%(d*sqrt(x) + c)~5*a”2%c + 16*%(d*sqrt(x) + c
)"4*xa~2xc”2 - 20*%(d*sqrt(x) + c)”3*a"2xc”3 + 15k (d*sqrt(x) + c)"2*a"2xc"4
- 6% (d*sqrt(x) + c)*a”2xc”5 + 12*axb*c~5*log(cot(d*sqrt(x) + c) + csc(d*sq
rt(x) + c)) + 6%(4*b"2xc”5 + 2x(2x(d*sqrt(x) + c) b*axb — B¥b~2%xc”™4 - 5x(2
*xaxb*c + b~2)*(d*sqrt(x) + c)~4 + 20x(axb*c”™2 + b~2*c)*(d*sqrt(x) + c)~3 -
10* (2*axb*c”™3 + 3*b"2xc”2)*(d*sqrt(x) + c)~2 + 10*(a*bxc™4 + 2xb~2*c~3) *(
d*sqrt(x) + c) - (2*(d*sqrt(x) + c)"b*axb - 5*¥b"2xc”4 - bx(2xa*bxc + b~2)*
(d*sqrt(x) + c)~4 + 20*%(a*b*c”2 + b~2*xc)*(d*sqrt(x) + c)~3 - 10*(2*axbxc~3
+ 3xb"2%c”2) *(d*sqrt(x) + c)”"2 + 10*(axb*c™4 + 2¥b~2xc”3)*(d*sqrt(x) + c)
)xcos (2xd*sqrt(x) + 2xc) + (-2*Ix(d*sqrt(x) + c) 5*axb + BxI*b~2xc~4 + 5x(
2%I*xaxbkxc + I*b~2)*(d*sqrt(x) + c)~4 + 20%(-I*axbxc™2 - I*b~2%c)*(d*sqrt(x
) + ¢)73 + 10%(2*I*axb*c™3 + 3*I*b"2xc~2)*(d*sqrt(x) + c)”~2 + 10*(-I*axbxc
~4 - 2%Ixb~2%c”3)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2+*c))*arctan2(sin(d#*s
qrt(x) + c), cos(d*sqrt(x) + c) + 1) + 10*(b~2*c"4*cos(2*d*sqrt(x) + 2%c)
+ I*b~2*c~4*sin(2xd*sqrt(x) + 2*c) - b~2*c~4)+*arctan2(sin(d*sqrt(x) + c),
cos(d*sqrt(x) + c) - 1) + 2x(2x(d*sqrt(x) + c) b*xa*b - 5*x(2xa*bxc — b~2)*(
d*sqrt(x) + c)”4 + 20x(axb*c”2 - b~"2*kc)*(d*sqrt(x) + c)~3 - 10*(2*a*xb*xc™3
- 3xb"2*c"2)*(d*sqrt(x) + c)~2 + 10*(a*bxc™4 - 2*b~2%c”3)*(d*sqrt(x) + c)
- (2%(d*sqrt(x) + c) B*axb - 5x(2xa*b*c - b~2)*(d*sqrt(x) + c)~4 + 20x(a*b
*C"2 - b72xc)*(d*sqrt(x) + c)73 - 10%(2*a*b*c”3 - 3*b~2xc~2)*(d*sqrt(x)...

output

Giac [F]

/xQ(a—l-bcsc (c+d\/a_:))2 dxz/(bcsc (dvz +c) +a)2z2dz

input‘integrate(x‘Q*(a+b*csc(c+d*x”(1/2)))“2,x, algorithm="giac")

-

outputLintegrate((b*csc(d*sqrt(x) +¢) + a)"2%x"2, x)

| —




CHAPTER 3. LISTING OF INTEGRALS 286

Mupad [F(-1)]

Timed out.

2 dr= [ 2?|a b 2 T
/ac (a+besc (c+dyz)) dx—/ ( +sin(c—|—d\/5)) d

input Lint(x“2*(a + b/sin(c + d*x~(1/2)))"2,x)

outputtint(}rz*(a + b/sin(c + d*x7(1/2)))72, x)

Reduce [F]

/ (a—l—bcsc(c—l—d\/_ < csc (v d+c) 2dx)ab
2,3

—|—< csc \/_d—i-c) 2dm>b2—|—%

inputLint(XAZ*(a+b*csc(c+d*XA(1/2)))‘2,x)

output‘ (6*int (csc(sqrt(x)*d + c)*x**2,x)*axb + 3*int(csc(sqrt(x)*d + c)**kx**2,x
)*b**2 + akk2xx**3)/3




CHAPTER 3. LISTING OF INTEGRALS 287
3.38 [z(a+besc(c+dyz))® de

Optimal result . . . . . . . . .. . . . . . e 288
Mathematica [A] (verified) . . . . . . . . . ... 289
Rubi [A] (verified) . . . . . . . . . . 2891
Maple [F] . . . . 291]
Fricas [F] . . . . . o e 291]
Sympy [F] . . . 292
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 292
Giac [F] . . . . o o e 293
Mupad [F(-1)] . . . oo 294
Reduce [F] . . . . o o e 297
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Optimal result

Integrand size = 18, antiderivative size = 333

22232 o242 8abx3/2arctanh<ei(0+d\/5))

/a:(a+bcsc(c+d\/5))2 do = —=— +a2:c _ _

2%0%/2 cot (c + dy/z) N 6b%z log (1 _ e2i(c+d\/5)>
d 7
12iabzx PolyLog <2, _ei(c+d\/5))
d2
12iabz PolyLog (2, ei(0+d\/5)>
d2
6ib®/z PolyLog (2, g

+

24ab\/T PolyLog 3, —eilctdva) >

] (
‘

24ab+/T PolyLog 3, eilctave ))
+

3b% PolyLog <3, ei(ctdva )>
d4
24iab PolyLog ( gilcraya ))
d
24iab PolyLog (4, ei(c+d\/5)>
g7

+

+

-2%I*b~2%x~(3/2) /d+1/2*a~2+x"2-8*axb*x~ (3/2) *arctanh (exp (I*(c+d*x~(1/2))))
/d-2*b~2%x~ (3/2) *cot (c+d*x~(1/2) ) /d+6xb~2*x*1n(1-exp (2*I* (c+d*x~(1/2))))/d
~2+12*I*a*b*x*polylog(2,-exp(I*(c+d*x~(1/2))))/d"2-12*%I*a*b*x*polylog(2,ex
p(I*(c+d*x~(1/2))))/d"2-6%I*b~2*x~(1/2) *polylog(2,exp(2*I*(c+d*x~(1/2))))/
d~3-24x*a*b*x” (1/2) *polylog(3,-exp(I*(c+d*x~(1/2))))/d~3+24*a*b*x" (1/2) *pol
ylog(3,exp (I*(c+d*x~(1/2))))/d"3+3*b"2*polylog(3,exp (2*xI*(c+d*x~(1/2))))/d
~4-24%I*a*b*polylog(4,-exp(I*(c+d*x~(1/2))))/d~4+24*I*a*xb*polylog(4,exp(I*
(c+d*x~(1/2))))/d"4

output
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Mathematica [A] (verified)

Time = 6.91 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.35

2,2
/x(a +besc (c+ d\/E))2 dz = a2x
22’()(21"12“'16_?%?2 + (6bd\/z — 6ad’z) PolyLog (2, —ei(c+d\/5)> + i<3bd2m log (1 - ei(c+dx/¥)) + 2ad3z®/

b*z3/2 csc (£) ese (5 (c+ dy/z)) sin (%)

+

d
b2 z3/? sec (£) sec (3 (c+ dy/z)) sin (%)
+
d

-

LIntegrate [x*x(a + bxCsc[c + d*Sqrt[x]])~2,x]

~—

input

(a™2%x72) /2 - ((2*I)*b*((2¥b*d~3*E~ ((2*I)*c)*x~(3/2))/(-1 + E~((2*¥I)*c)) +
(6*b*d*Sqrt [x] - 6%axd~2*x)*PolyLog[2, -E~(I*(c + d*Sqrt[x]))] + I*(3*b*d
~2xx*¥Log[1 - E~(I*(c + d*Sqrt[x]))] + 2*a*d~3*x~(3/2)*Logl[l - E~(I*(c + d*
Sqrt[x]))] + 3*bxd~2*x*Log[l + E~(I*(c + d*Sqrt[x]))] - 2¥a*d~3*x~(3/2)*Lo
gll + E°(Ix(c + d*Sqrtl[x]))] - (6*I)*(b*d*Sqrt[x] + a*xd~2*x)*PolyLogl[2, E~
(Ix(c + d*Sqrtl[x]))] + 6*%(b - 2*axd*Sqrt[x])*PolyLogl[3, -E~(I*(c + d*Sqrtl[
x]))] + 6xbxPolyLog[3, E~(I*(c + d*Sqrt[x]))] + 12%a*d*Sqrt[x]*PolyLogl[3,
E~(I*(c + d*Sqrt[x]))] - (12*I)*a*PolyLogl[4, -E~(Ix*(c + d*Sqrt[x]))] + (12
*I)*a*xPolyLog[4, E~(I*(c + d*Sqrt[x]))])))/d"4 + (b~2*x~(3/2)*Csclc/2]*Csc
[(c + dxSqrt[x])/2]*Sin[(d*Sqrt[x])/2]1)/d + (b~2*x~(3/2)*Sec[c/2]*Sec[(c +
d*Sqrt [x])/2]1*Sin[(d*Sqrt [x])/2])/d

N\ J

output

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.01,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/x(a+bcsc (c+dva))? da
| 4693
2/x3/2(a+bcsc (c+dva))’ dva
| 3042
2/m3/2(a+bcsc (c+dva))2dva
| 4678
2 / (2720 + 260%/2 csc (¢ + dv/z) a + B2a¥/ csc? (c + dv/a) ) d/a

l 2009

— —_ _|_ —_

( a2z 4abz®/?arctanh (ei (ct+dvz) ) 12iab PolyLog (4, —et(ctdva) ) 12iab PolyLog (4, eilctdva) ) 12a
2
4 d d* d*

input LInt [x*x(a + bxCsc[c + d*Sqrt[x]])"2,x] J

2% (((-D)*b~2*x~(3/2))/d + (a~2*x"2)/4 - (4xa*xb*x”~(3/2)*ArcTanh[E~(I*(c + d
*Sqrt[x]1))]1)/d - (b~2%x~(3/2)*Cot[c + d*Sqrt[x]])/d + (3*b~2*x*Log[l - E~(
(2xI)*(c + d*Sqrt[x]))]1)/d~2 + ((6*I)*axb*x*PolyLog[2, -E~(I*(c + d*Sqrt[x
1)1)/d72 - ((6%I)*a*bxx*PolyLogl[2, E~(I*(c + d*Sqrt[x]))])/d"2 - ((3*I)*b
~2+Sqrt [x] *PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))]1)/d"3 - (12*axb*Sqrt [x]*Po
lyLog[3, -E~(I*(c + d*Sqrt[x]))]1)/d~3 + (12xa*b*Sqrt[x]*PolyLogl[3, E~(I*(c
+ d*Sqrt[x]1))]1)/d"3 + (3*b~2*PolyLogl[3, E~((2*I)*(c + d*Sqrt[x]))]1)/(2*d~
4) - ((12xI)*axb*PolyLog[4, -E~(I*(c + d*Sqrt[x]))]1)/d"4 + ((12%I)*a*b*Pol
yLog[4, E~(I*(c + d*Sqrt([x]))]1)/d"4)

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 ImtLlescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4693 1ptl((a_.) + Cscl(c_.) + (d_)*(x_)" (@ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Maple [F]

/a:(a—i—bcsc (c+dvT)) de

inputLint(x*(a+b*csc(c+d*x‘(1/2)))‘2,x)

outputLint(x*(a+b*°s°(c+d*xh(1/2)))”2,x)

Fricas [F]

/x(a—l—bcse (c+d\/5))2 dx=/(bcsc (d\/E—Fc) +a)2xdx

input integrate (x*(atbxcsc(c+d*x~(1/2)))~2,x, algorithm="fricas")
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output‘ integral (b~2*x*csc(d*sqrt(x) + c)~2 + 2*axbxx*csc(d*sqrt(x) + c) + a™2xx,

.
Sympy [F]
/x(a +bcesc (c + d\/i))2 dr = /m(a + bese (c—l— d\/a_c))Q dz
input Lintegrate (x* (a+bxcsc (c+d*x**(1/2))) **2,x)

outputtlntegral(x*(a + bxcsc(c + dxsqrt(x)))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1950 vs. 2(262) = 524.

Time = 0.17 (sec) , antiderivative size = 1950, normalized size of antiderivative = 5.86

/ z(a+besc (c+ d\/ﬂ_c))2 dz = Too large to display

input Lintegrate (x* (atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")




output
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1/2%((d*sqrt (x) + c)~4%a”2 - 4*(d*sqrt(x) + c)~3%a"2*c + 6*(d*sqrt(x) + c)
"2%a”2%c”2 - 4*x(d*sqrt(x) + c)*a"2xc”3 + 8*axb*c”~3*log(cot(d*sqrt(x) + c)

+ csc(d*sqrt(x) + c)) + 4*(4xb~2%c™3 + 2% (2x(d*sqrt(x) + c) 3*axb - 3*b~2%
c™2 - 3%(2xa*b*c + b~2)*(d*sqrt(x) + c)~2 + 6*x(a*b*c”2 + b~2*c)*(d*sqrt(x)
+ ¢c) - (2x(d*sqrt(x) + c)”"3*a*xb - 3*b"2%c”™2 - 3*(2¥a*b*c + b~2)*(d*sqrt(x
) + ¢)72 + 6x(axb*c”2 + b~2*c)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2xc) + (
-2xI*(d*sqrt(x) + c) " 3*a*b + 3*xI*b~2%c"2 + 3*(2*I*a*bxc + I*b~2)*(d*sqrt(x
) + c)72 + 6x(-I*axbxc™2 - Ixb~2%c)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2*c
))*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) + 6x(b~2*c 2*cos (2%
d*sqrt(x) + 2%c) + I*b~2xc™2*sin(2xd*sqrt(x) + 2*c) - b"2xc~2)*arctan2(sin
(d*sqrt(x) + c), cos(d*sqrt(x) + c) - 1) + 2x(2x(d*sqrt(x) + c) 3*axb - 3%
(2%a*bkc - b~2)*(d*sqrt(x) + c)~2 + 6*x(a*bxc™2 - b~2xc)*(d*sqrt(x) + c) -

(2% (d*sqrt(x) + c)~3*axb - 3*(2*kaxb*c - b~2)*(d*sqrt(x) + c)~2 + 6x(axb*c”
2 - b"2#c)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2*c) + (-2xI*(d*sqrt(x) + c)
“3%a*b + 3*(2xI*a*b*c — I*b~2)*(d*sqrt(x) + c)~2 + 6x(-Ika*bxc™2 + I*b~2%*c
)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(x) + c), -co
s(d*sqrt(x) + c) + 1) - 4*((d*sqrt(x) + c)~3*b"2 - 3*(d*sqrt(x) + c) "2xb"2
*xc + 3x(d*sqrt(x) + c)*b~2xc~2)*cos(2xd*sqrt(x) + 2*c) - 12x((d*sqrt(x) +

c)"2xa*b + a*bxc”2 + b"2xc - (2*axb*c + b~2)*(d*sqrt(x) + c) - ((d*sqrt(x)
+ c)72xa*b + a*bxc”2 + b"2xc - (2%axb*c + b"2)*(d*sqrt(x) + c))*cos(2x...

Giac [F]

/z(a—i—bcsc (c+d\/3_:))2 dxz/(bcsc (d\/E—FC) +a)2zdx

inputt

integrate (x*(atb*csc(c+d*x~(1/2)))~2,x, algorithm="giac")

-

outputt

integrate((b*csc(d*sqrt(x) + c) + a)~2*x, x)

| —
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Mupad [F(-1)]

Timed out.

2 b ’
/x(a—|—bcsc(c+d\/5)) dx=/x<a+m> dx

inputtint(x*(a + b/sin(c + d*x~(1/2)))"2,%)

outputtint(x*(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F]

/ (a+besc (c+ dyz))” ( csc (Vzd+c) xdx)ab
—|—< csc \/_d-i-c) mdm>b2

2 2

inputLint(x*(a+b*csc(c+d*XA(1/2)))“2,x)

‘(4*int(csc(sqrt(x)*d + c)xx,x)*a*b + 2xint(csc(sqrt(x)*d + c)**2xx,x)*b**2

output
‘ + ax*k2xx*x*2) /2
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3.39 f (a+b csc(c+d\/5))2 dr

T
Optimal result . . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . . 2961
Maple [N/A] . . . 2961
Fricas [N/A] . . . . . o 297
Sympy [N/A] . . o
Maxima [N/A] . . . 298
Giac [N/A] . . . o 298]
Mupad [N/A] . . . o o 2991
Reduce [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

T T

/ (a+besc (c+ dyz))” dr = I:ut((a-l_bCSC (C+dﬁ))2,m>

output Defer (Int) ((atbrcsc(crdx™(1/2)))72/x,x) ]

Mathematica [N/A]
Not integrable

Time = 90.82 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

T

/(a+bcsc(c-|—d\/§))2 dxz/ (a+bcsc(c+d\/5))2d

T Z

input LIntegrate [(a + bxCsc[c + d*Sqrt[x]])~2/x,x] J

e

Integrate[(a + bxCsc[c + d*Sqrt[x]])~2/x, x]

~—

output t
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ (a+besc (c+dyz)) i
x
| 4695
2
/ (a+besc (c+dy)) e
x
input LInt [(a + bxCsc[c + d*Sqrt[x]1])"2/x,x] J
output L$Aborted J

rule 4695 ‘

Defintions of rubi rules used

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)~(n_)1*(b_.))~(p_.)*(x_)~(m_.), x_Symbol
] :> Unintegrable[x"m*(a + b*Csc[c + d*x"nl)"p, x] /; FreeQ[{a, b, c, 4, m, ‘
n, p}, xI] ‘

Maple [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a+besc(c+ d\/E))de

T
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input Lint((a+b*csc(c+d*x“(1/2)))*Q/X,X) J

output Lint((a+b*csc(c+d*x"(1/2)))"2/x,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(a+bcsc (c+d\/§))2 dac:/ (bcsc(d\/i+c)+a)2

dx
z x
input Lintegrate ((a+b*csc(c+d*x~(1/2)))"2/x,x, algorithm="fricas") J
outputtintegral((bﬁ2*CSC(d*Sqrt(x) + ¢c)72 + 2*axb*csc(d*sqrt(x) + c) + a~2)/x, x) J

Sympy [N/A]
Not integrable

Time = 12.87 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

/(a+bcsc (c+dvz))” dx:/ (a+besc (c+d\/3_5))2d

z T

X

input tintegrate ((a+b*csc(c+d*x** (1/2))) **2/x,x) J

output LIntegral((a + bxcsc(c + d*sqrt(x)))**2/x, x) J
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Maxima [N/A]
Not integrable

Time = 0.67 (sec) , antiderivative size = 386, normalized size of antiderivative = 19.30

dz

T Z

/(a—l—bcsc (c+d\/§))2 dxz/ (bcsc(d\/i+c)—|—a)2

input‘integrate((a+b*csc(c+d*x“(1/2)))"2/x,x, algorithm="maxima")

- (4*%b~2*sqrt (x) *sin(2*d*sqrt(x) + 2*c) - (d*cos(2xd*sqrt(x) + 2%c)~2 + dx*s
in(2*d*sqrt(x) + 2%c)~2 - 2*d*cos(2*d*sqrt(x) + 2xc) + d)*x*integrate((2x*a
*b*d*x*sin(d*sqrt(x) + c) + b 2*sqrt(x)*sin(d*sqrt(x) + c))/((d*cos(d*sqrt
(x) + ¢)72 + d*sin(d*sqrt(x) + c)”2 + 2xd*cos(d*sqrt(x) + c) + d)*x"2), x)
+ (d*cos(2*d*sqrt(x) + 2%c)~2 + d*sin(2*d*sqrt(x) + 2%c)~2 - 2*d*cos(2*dx*
sqrt(x) + 2*c) + d)*x*integrate(-(2*a*b*d*x*sin(d*sqrt(x) + c) - b"2xsqrt(
x)*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)72 -
2#d*cos (d*sqrt(x) + c) + d)*x72), x) - (a”2xd*cos(2*d*sqrt(x) + 2*c)~2 +
a~2xd*sin(2xd*sqrt(x) + 2%c)~2 - 2¥a”2*d*cos(2*d*ksqrt(x) + 2xc) + a”~2*d)*x
*1og(x))/((d*cos(2xd*sqrt(x) + 2*%c)~2 + d*sin(2xd*sqrt(x) + 2%c)~2 - 2xd*c
os(2xd*sqrt(x) + 2%c) + d)*x)

output

Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

T Z

/(a+bcsc (c+d\/§))2 dm:/ (bcsc(d\/i+c)+a)2

inputLintegrate((a+b*csc(c:+d*x"(1/2)))"2/x,x, algorithm="giac")

-

outputLintegrate((b*csc(d*sqrt(x) +c) + a)"2/x, x)

~—
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Mupad [N/A]
Not integrable

Time = 15.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

T T

2
2 a+-—2>b
/(a—l—bcsc (c+dyz)) dm=/< s1n(c+d\/5)) da

input Lint((a + b/sin(c + d*x~(1/2)))"2/x,x) J

output Lint((a + b/sin(c + d*x~(1/2)))"2/x, x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 70, normalized size of antiderivative = 3.50

/(Hbcscfwﬁ))?d“(/ NPT d””) d

1 (] 1ds)
+2</sin(\/5d+c)xdx> ab— 2

2
+ 2log(v/z) b° + log(z) a® — log(2x) b

-

Lint((a+b*csc(c+d*x“(1/2)))“2/X,X)

e—

input

‘(Q*int(l/(sin(sqrt(x)*d + c)**2%x) ,x)*b**2 + 4*int(1/(sin(sqrt(x)*d + c)*x
‘),x)*a*b - int(1/x,x)*b**2 + 4xlog(sqrt(x))*b**2 + 2%log(x)*a**2 - log(x)* ‘
Lb**2)/2 J

output
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3.40 f (a—l—bcsc(c+d\/5))2 dr

2
Optimal result . . . . . . . . . . . . . . e 300
Mathematica [N/A] . . . . . . . . 300
Rubi [N/A] .« . o
Maple [N/A] . . . 30T1
Fricas [N/A] . . . . . o
Sympy [N/A] . . o 3021
Maxima [N/A] . . .
Giac [N/A] . . . o
Mupad [N/A] . . . o o
Reduce [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

T T2

/ (a+besc (C2+ d\/ﬂ_v))z dr — Im((a-l—bcsc (c—l—d\/i))z,m)

output Defer (Int) ((a+bxcsc(ctdrx™(1/2)))"2/x"2,%) ]

Mathematica [N/A]
Not integrable

Time = 57.94 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/(a+bcsc(c-|—d\/§))2 dxz/ (a+bcsc(c+d\/5))2

x2 2

input Integratel(a + bxCsclc + dxSqrt[x11)72/x"2,x] ]

e

Integrate[(a + bxCsc[c + d*Sqrt[x]])~2/x"2, x]

~—

output t
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+besc(c+ d\/i))2
/ 3 dz
x
| 4695
2
/ (a+besc (02—+— dy/z)) e
x
inputtlnt[(a + bxCsc[c + d*Sqrt[x]])~2/x"2,x] J
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

/ (a+besc(c+dyz))

2
dz
12
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inputLint((a+b*csc(c+d*x*(1/2)))*2/x~2’x)

output 18t ((avbresc(crdrx™(1/2)))72/x72,%)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

dz

/(a+bcsc(c+d\/§))2 dx:/ (bcsc(d\/i+c)+a)2

x2 72

input Lintegrate ((a+bxcsc(c+d*x~(1/2)))"2/x"2,x, algorithm="fricas")

p
output‘integral((bﬁ2*CSC(d*Sqrt(x) + c)72 + 2xa*bxcsc(d*sqrt(x) + c) + a~2)/x72,
o

Sympy [N/A]
Not integrable

Time = 3.92 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dz

/(a+bcsc (c+dvz))* dx:/ (a+besc (c+dyz))®

x2 72

inputtintegrate((a+b*CSC(C+d*X**(1/2)))**2/x**2,x)

output LIntegral((a + bxcsc(c + dxsqrt(x)))**2/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.84 (sec) , antiderivative size = 388, normalized size of antiderivative = 19.40

/(a—l—bcsc (c+d\/§))2 dxz/ (bcsc(d\/i+c)—|—a)2 i

2 2

input‘integrate((a+b*csc(c+d*x“(1/2)))‘2/x“2,x, algorithm="maxima")

((d*cos(2*d*sqrt(x) + 2*c)~2 + d*sin(2*d*sqrt(x) + 2*c)~2 - 2*d*cos(2*d*sq
rt(x) + 2xc) + d)*x"2+integrate((2*a*b*d*x*sin(d*sqrt(x) + c) + 3*b~2*sqrt
(x)*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2
+ 2kd*cos(d*sqrt(x) + c) + d)*x73), x) - (d*cos(2xd*sqrt(x) + 2%c)~2 + dx*s
in(2*d*sqrt(x) + 2xc)~2 - 2*d*cos(2*d*sqrt(x) + 2xc) + d)*x"2*integrate(-(
2%axbkxd*x*sin(d*sqrt(x) + c) - 3*b~2*sqrt(x)*sin(d*sqrt(x) + c))/((d*cos(d
*sqrt(x) + c)”2 + d*sin(d*sqrt(x) + c)~2 - 2*d*cos(d*sqrt(x) + c) + d)*x~3
), X) - 4%b~2*sqrt(x)*sin(2*d*sqrt(x) + 2xc) - (a"2xd*cos(2*d*sqrt(x) + 2%
c)"2 + a"2xd*sin(2xd*sqrt(x) + 2%c)~2 - 2¥a”2*kdxcos(2*d*sqrt(x) + 2%c) + a
~2%d) *x) / ((d*cos(2xd*sqrt(x) + 2%c)~2 + d*sin(2xd*sqrt(x) + 2%c)~2 - 2xd*c
os(2xd*sqrt(x) + 2%c) + d)*x"2)

output

Giac [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

dz

x2 2

/(a+bcsc (c+d\/§))2 dm:/ (bcsc(d\/i+c)+a)2

inputLintegrate((a+b*csc(c:+d*x"(1/2)))"2/x"2,x, algorithm="giac")

-

outputLintegrate((b*csc(d*sqrt(x) +c) + a)~2/x72, x)

~—
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Mupad [N/A]
Not integrable

Time = 15.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

2
2 a4_f__£___
/ (a+besc (c+dyz)) dp — / < s1n(c+d\/5)) da

z2 T2

input Lint((a + b/sin(c + dxx"~(1/2)))"2/x°2,%) J

output Lint((a + b/sin(c + d*x7(1/2)))"2/x72, x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.40

x2

2<f de) abzx + (f Wj#dm) b’z — a?

/ (a+besc (c+d\/5))2 o —

x2 T

input Lint((a+b*csc(c+d*x*(1/2)))Az/x—?,x) J

output‘ (2xint (csc(sqrt(x)*d + c)/x**2,x)*axbxx + int(csc(sqrt(x)*d + c)**2/x**2,x ‘
L)*b**z*x - ax*2)/x J
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3.41 [—2 __dg

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)
Maple [F]
Fricas [F]

Maxima [F(-2)]
Giac [F]
Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 20, antiderivative size = 1075

3
x
dz = Too 1 to displ
/a+bcsc(c—|—d\/5) x oo large to display

Sympy [F] . . .

309!
209
2101
3101
3101
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1/4*x"4/a-84*Ixbxx~ (5/2) *polylog(3,I*xaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b"2)"
(1/2)))/a/(-a~2+b"2) ~(1/2) /d"3+10080*I*b*x~ (1/2) *polylog (7, I*xa*xexp (I* (c+d*
x7(1/2)))/(b-(-a"2+b~2)~(1/2))) /a/(-a"2+b~2) " (1/2) /d"7+14*b*x"3*polylog(2,
Ixaxexp(I*(c+d*x~(1/2)))/(b-(-a~2+b~2)"(1/2)))/a/(-a~2+b~2)~(1/2)/d"2-14*b
*x~3%polylog(2, I*axexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a/(-a~2+b"2)
~(1/2) /@~ 2+2xIxbxx"~ (7/2) *1n(1-I*a*exp (I* (c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)
))/a/(-a~2+b~2)~(1/2) /d-10080*I*b*x~ (1/2) *polylog(7,I*a*exp (I*(c+d*x~(1/2)
))/ (b+(-a~2+b~2)~(1/2)))/a/(-a~2+b~2) ~(1/2) /A" 7-420%b*x"~2*polylog (4, I*a*ex
p(Ix(c+d*x~(1/2)))/(b-(-a"2+b~2)~(1/2)))/a/(-a"2+b~2) ~(1/2) /d"4+420*b*x "2
polylog(4,I*a*exp(I*(c+d*x~(1/2)))/(b+(-a"2+b~2)"(1/2)))/a/(-a~2+b"2)"(1/2
) /d"4-2%I*bxx~ (7/2) *1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/
(-a~2+b"2) " (1/2) /d+84xI*b*x~ (5/2) *polylog(3, I*axexp (I* (c+d*x~(1/2)))/(b-(-
a~2+b~2)~(1/2)))/a/(-a~2+b~2) " (1/2) /d"3+5040*b*x*polylog (6, I*a*exp (I* (c+d*
x7(1/2)))/(b-(-a~2+b~2)~(1/2)))/a/(-a~2+b~2) " (1/2) /d~6-5040*b*x*polylog(6,
Ixaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/(-a~2+b~2)~(1/2)/d~6+1680
*I*bxx~ (3/2) *polylog(5, I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/ (-
a~2+b~2)~(1/2)/d~5-1680*Ixbxx~ (3/2) *polylog (5, I*xa*exp (I*(c+d*x~(1/2)))/ (b-
(-a”2+b"2)~(1/2)))/a/(-a~2+b~2)~(1/2) /d~5-10080*b*polylog (8, I*a*exp (I* (c+d
*x7(1/2)))/(b-(-a"2+b~2)~(1/2)))/a/(-a~2+b~2) ~(1/2) /d~8+10080*b*polylog(8,
Ixaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a/(-a~2+b~2)~(1/2)/4"8

output

Mathematica [A] (verified)

Time = 1.38 (sec) , antiderivative size = 850, normalized size of antiderivative = 0.79

[ it
dx
a+besc (c+ dy/z)
V@ — P8zt — 8bd"z ™2 log (1 _ %) + 8bd7z7/? log (1 + bjjc%)) + 56ibd®z3 PolyLog (2, -

7

input‘Integrate[x“B/(a + b*Csc[c + d*Sqrt[x]]),x]
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(8qrt[a”2 - b~2]*d"8*x"4 - 8*bxd~7*x~(7/2)*Log[1l - (axE~(I*(c + d*Sqrt[x])
))/((-I)*b + Sgrt[a”2 - b~2])] + 8*bxd~T7*x"(7/2)*Log[l + (a*E~(I*(c + d*Sq
rt[x])))/(I*b + Sqrtl[a~2 - b72])] + (56*I)*b*d~6*x"3%PolyLog[2, (a*E~(I*(c
+ d*Sqrt[x])))/((-I)*b + Sqrt[a~2 - b~2])] - (56%I)*b*d~6*x"3*PolyLogl[2,
-((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))] - 336*b*d~5*x~(5/2)*
PolyLog[3, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a™2 - b~2])] + 336%bxd
~5*x~(5/2)*PolyLog[3, -((a*E~(I*(c + d*Sqrt([x])))/(I*b + Sart[a2 - b~2]))
] - (1680%I)*bxd~4*x"2xPolyLogl[4, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqgrt
[a~2 - b~2])] + (1680*I)*b*d~4*x~2*PolyLogl[4, -((a*E~(I*(c + d*Sqrt[x])))/
(I*b + Sqrt[a™2 - b~2]))] + 6720%b*d~3*x"~(3/2)*PolyLog[5, (a*E~(I*(c + d*S
art[x1)))/((-I)*b + Sqrt[a”2 - b~2])] - 6720%b*d"~3*x"~(3/2)*PolyLog[5, -((a
*E~(Ix(c + d*Sqrt[x])))/(Ixb + Sqrt[a”2 - b2]))] + (20160%*I)*b*d”~2*x*Poly
Logl6, (a*xE~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a”2 - b"2])] - (20160*I)*b
*d~2*x*PolyLog[6, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sgrt[a~"2 - b~2]))] -
40320%b*d*Sqrt [x] *PolyLog[7, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a~2
- b72])] + 40320%b*d*Sqrt [x]*PolyLog[7, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb +
Sqrt[a”2 - b°2]))] - (40320%*I)*b*PolyLog[8, (a*xE~(I*(c + d*Sqrt[x])))/((-
I)*b + Sqrt[a”2 - b72])] + (40320%*I)*b*PolyLog[8, -((a*xE~(I*(c + d*Sqrt[x]
)))/(I*b + Sqrt[a”2 - b72]))])/(4*axSqrt[a~2 - b~2]*d"8)

output

Rubi [A] (verified)

Time = 1.76 (sec) , antiderivative size = 1077, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

]/ 2t dx
a-+besc (c+ dyz)
l 4603

27/
2 d
/a-}-bcsc(c-l-d\/i) vz

l 3042

£7/2
2 d
/a—i—bcsc(c-l—d\/i) &
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l 4679

z7/2 b /2
2/<a _a@+mm@+m5D>%@

l 2009

T +
8a avb? —a?d avb? —a?d avb? — a2d? a

. iaei(c-}—dﬁ) . iaei(c+d\/5) iaei(c+dﬁ)
5 <m4 Zblog (]. — W) I7/2 3 'l/blog (]. — m) .’11'7/2 7bP01yLOg (2, W) CL'3 3 7bPOlyL(

inputllnt[x‘B/(a + b*Csc[c + d*Sqrt[x]]),x] ‘

2x(x~4/(8*%a) + (I*bxx~(7/2)*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrtl[
-a”2 + b~2])]1)/(axSqrt[-a~2 + b~2]*d) - (Ixb*x~(7/2)*Logl[l - (I*a*E~(Ix*(c

+ d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (7T*b*x~3*
PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a
"2 + b"2]*d"2) - (T*b*x"3%PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Saqrt
[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"2) + ((42*I)*b*x~(5/2)*PolyLogl[3, (I
*xa*xE~ (I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d"3
) - ((42*I)*b*x~(5/2)*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b"2])]1)/(a*Sqrt[-a"2 + b~2]*d~3) - (210%b*x~2*PolyLogl[4, (I*a*xE~(I*(c

+ d*Sqrt[x])))/(b - Sgrt[-a~2 + b"2])])/(a*xSqrt[-a~2 + b~2]*d"4) + (210%b*
x"2*PolyLog[4, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqr
t[-a”2 + b"21*%d"4) - ((840*I)*b*x~(3/2)*PolyLog[5, (Ixa*E~(I*(c + d*Sqrtl[x
1))/ - Sgrt[-a”2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d~5) + ((840%I)*b*x~(3/2
)*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[
-a”2 + b~2]*d"5) + (2520*b*x*PolyLogl[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - S
grt[-a~2 + b72])]1)/(a*Sqrt[-a~2 + b~2]*d"6) - (2520*b*x*PolyLogl[6, (I*axE~
(I*x(c + d*Sqrt[x]1)))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"6) + (
(5040%I)*b*Sqrt [x] *PolyLog[7, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 +
b~2])])/(a*Sqrt[-a”2 + b~2]*d~7) - ((5040%I)*b*Sqrt[x]*PolyLogl7, (I*a*E”
(Ix(c + d*Sqrt[x]1)))/(b + Sqrt[-a~2 + b"2])])/(axSqrt[-a~2 + b~2]*d"7) ...

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

3 p
/a-l—bcsc (c+dy/z) ’

Lint(X‘S/(a+b*csc(c+d*x‘(1/2))),x)

Lint(x‘3/(a+b*csc(c+d*x“(1/2))),x)
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Fricas [F]

x3 z3
dr = d
/a+bcsc(c+d\/§) v /bcsc(d\/i+c)+a v

inputLintegrate(XA3/(a+b*CSC(C+d*X“(1/2))),X, algorithm="fricas")

Ou_tputtintegral(x"S/(b*csc:(d*sqrt(x) +c) +a), x)

Sympy [F]

3

z3 T
de —
/a—l—bcsc(c—l—d\/g_v) ’ /a—I—bcsc(c—l—d\/E

)de'

input Lintegrate (x**3/ (a+b*csc (c+d*x**(1/2))) ,x)

output LIntegral(x**g,/(a + bxcsc(c + d¥sqrt(x))), x)

Maxima [F(-2)]

Exception generated.

3
/ a+ bcscgzc + d\/E) dx = Exception raised: ValueError

-

inputtintegrate(x‘3/(a+b*csc(c+d*x‘(1/2))),x, algorithm="maxima")

e—

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f

‘or more de
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Giac [F]

z3 z3
/a+bcsc (c+dy/z) dx:/bcsc (dvz +¢) +adx

input Lintegrate (x~3/(atb*csc(c+d*x~(1/2))) ,x, algorithm="giac")

output Lintegrate(X“3/(b*csc(d*sqrt (x) +¢c) +a), x)

Mupad [F(-1)]

Timed out.

z3 23
dﬁ:/—dm
/a+bCSC(C+d\/5) a+m

input Lint(x‘s/(a + b/sin(c + d*x~(1/2))),x)

output 1RE(x73/(a + b/sin(e + dwx(1/2))), ©

Reduce [F|

z3 z3
/a+bcsc(c—|—d\/5) dx:/csc(\/id+c)b+adx

input Lint (x~3/ (atb*csc(c+td*x~(1/2))) ,x)

output Lint(x**3/(csc(sqrt(x)*d + c)*b + a),x)
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3.42

Optimal result . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .

Maple [F]
Fricas [F]
Sympy [F]

Maxima [F(-2)] . . . . . . . o

Giac [F] .

Mupad [F(-1)] . . . o

Reduce [F]
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Optimal result

Integrand size = 20, antiderivative size = 807

1He0/2 igei(c+dve)
/ - dx:z_3+22bx/ 10g<1_b—¢——TW>
a+besc (c+dy/z) 3a av/—a? + b*d

. iget(ctdv=)
B 21()175/2 log <]_ — b+\/——a27+b2>

av —a? + b*d

iaet(ctdva)
10bz? PolyLog (2, I)—\/——Ter?)

@+ PP

iget(ctdva)
- 10bz? PolyLog (2, m)

av/—a? + b2d?

o 379 iaet(ctdva)
40ibz>/? PolyLog (3, b_\/_—TJFbJ

o 1 B

40ibz>/2 PolyLog (3, %)

av/—a? + b2
1206z PolyLog < 4 iaei(c+dVa) >

+

+

av/—a? + b?d*
120bx PolyLog ( 4 igei (c+dva) >

Y b+ /_a2+b2

av—a? + b*d*
240iby/z PolyLog (5, 122 )

+

av/—aZ + b2d5
. iaet(c+dva)
240ib+/z PolyLog (5, ﬁ)

_|_
av/—a? + B2dd

240b PolyLog (6, Zﬁi}i—i%@)

o~ & B

240b PolyLog <6, zﬁe\l/(i—t;iﬁl)

o} B

_|_
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1/3*x"3/a+2*xI*b*x~ (5/2) *1n (1-I*a*xexp (I* (c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b"2) " (1/2) /d-2*I*bxx~(5/2) *1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b+(-a"~
2+b~2)~(1/2)))/a/(-a~2+b~2)~(1/2) /d+10*b*x~2*polylog(2, I*a*exp (I* (c+d*x~ (1
/2)))/(b=-(-a~2+b~2)~(1/2)))/a/(-a~2+b~2) " (1/2) /d~2-10%b*x"2*polylog (2, I*a*
exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/(-a~2+b"2) ~(1/2) /A" 2+40* I *b*x
~(3/2) *polylog(3,Ixaxexp(I*(c+d*x~(1/2)))/(b-(-a~2+b"2)~(1/2)))/a/(-a"2+b"
2)~(1/2)/d"3-40*Ixb*xx~(3/2) *polylog (3, I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b"~
2)7(1/2)))/a/(-a~2+b~2) "~ (1/2) /d~3-120*b*x*polylog (4, I*a*xexp (I* (c+d*x~(1/2)
))/(b-(-a~2+b~2)~(1/2)))/a/(-a~2+b~2) " (1/2) /d~4+120*b*x*polylog (4, I*a*exp(
Ix(c+d*x~(1/2)))/(b+(-a"2+b~2)~(1/2)))/a/(-a~2+b~2) ~(1/2) /d~4-240%I*b*x~ (1
/2)*polylog(5,I*akxexp (I*(c+d*x~(1/2)))/(b-(-a~2+b"2)~(1/2)))/a/(-a~2+b"2)"
(1/2) /d"5+240*I*b*x~ (1/2) *polylog (5, I*xaxexp (I* (c+d*x~(1/2)))/(b+(-a~2+b"2)
~(1/2)))/a/(-a~2+b~2) " (1/2) /d~5+240%b*polylog (6, I*a*xexp (I* (c+d*x~(1/2)))/(
b-(-a"2+b"2)"(1/2)))/a/(-a~2+b~2) " (1/2) /d"6-240*b*polylog (6, I*xa*exp (I*(c+d
*x7(1/2)))/ (b+(-a~2+b"2)"(1/2)))/a/(-a~2+b~2)~(1/2)/d"6

output

Mathematica [A] (verified)

Time = 1.02 (sec) , antiderivative size = 644, normalized size of antiderivative = 0.80

[ aret
dx
a+besc (c+ dy/z)
VaZ — B2d8z® — 6bdPz%? log (1 — 2" %)\ 4 6bd5z5/210g (1 + 2€“VE ) 4 30ibd442 PolyLog (2, -
a x x°’“ log “ivarz ) T x> " log | 1 + ;== ) + 30ibd"z” PolyLog { 2, -

-

inputLIntegrate[x‘2/(a + b*Csc[c + d*Sqrt[x]]),x] J
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(8qrt[a”2 - b~2]*d"6*x"3 - 6*bxd~5*x~(5/2)*Log[1 - (axE~(I*(c + d*Sqrt[x])
))/((-ID*b + Sgrt[a”2 - b~2])] + 6%bxd~5*x~(5/2)*Log[1 + (a*E~(I*(c + d*Sq
rt[x])))/(I*b + Sqrtl[a~2 - b72])] + (30*I)*b*d~4*x"2%PolyLog[2, (a*xE~(I*(c
+ d*Sqrt[x]1)))/((-I)*b + Sqrt[a”2 - b~2])] - (30*I)*b*d~4*x~2*PolyLogl[2,
-((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrtl[a”2 - b~2]))] - 120*b*d~3*x~(3/2)*
PolyLog[3, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a™2 - b~2])] + 120%bxd
~3*x~(3/2)*PolyLog[3, -((a*E~(I*(c + d*Sqrt([x])))/(I*b + Sart[a"2 - b~2]))
] - (360%*I)*b*d~2*x*PolyLog[4, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a~
2 - b~2])] + (360%I)*bxd~2*x*PolyLog[4, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb +
Sqrt[a™2 - b~2]))] + 720%b*d*Sqrt[x]*PolyLog[5, (a*E~(I*(c + d*Sqrt([x])))
/((-I)*b + Sqrt[a~2 - b~2])] - 720%b*d*Sqrt[x]*PolyLog[5, -((a*E~(I*(c + d
*Sqrt[x]1)))/(I*b + Sqrt[a”2 - b~2]))] + (720*I)*b*PolyLogl[6, (a*E~(I*(c +
d*Sqrt[x]1)))/((-I)*b + Sqrt[a~2 - b~2])] - (720%*I)*b*PolyLog[6, -((axE~(I*
(c + d*Sqrt([x]1)))/(Ixb + Sqrt[a™2 - b~2]))])/(3*a*Sqrt[a™2 - b~2]*d"6)

output

Rubi [A] (verified)

Time = 1.40 (sec) , antiderivative size = 809, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.200, Rules

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x2 d
/a+bcsc (c+d\/5) v

l 4693

£5/2
2 d
/a+bcsc(c+d\/:?) Ve

l,3042

£5/2
2 d
/a+bcsc(c+d\/5) vz

l 4679

£5/2 b5/2
2/( a _a(b-l—asin(c+cl\/5))>d\/5
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l 2009

+ b—v/b%2—a? b+vb2—a? + ? b—vb2—a?

23 tblog (1 — i“ei(c+dﬁ)> z%/2  iblog (1 — iaei(c+dﬁ)) z5/2  5bPolyLog (2 i“ei(c+dﬁ)> z?  5bPolyLc
92| == — —
6a avb? — a2d avb? — a2d avb? — a2d? a

inputtlnt[x‘Q/(a + bxCsc[c + d*Sqrt[x]]),x] J

2%(x73/(6xa) + (I*b*x~(5/2)*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrtl
-a”2 + b~2])]1)/(axSqrt[-a~2 + b~2]*d) - (I*b*x~(5/2)*Logl[l - (I*a*E~(Ix*(c
+ d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (5*b*x~2*
PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a
"2 + b72]*d"2) - (5*%b*x"2*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Saqrt
[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"2) + ((20*I)*b*x~(3/2)*PolyLog[3, (I
*xa*xE~ (I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d"3
) - ((20%I)*b*x~(3/2)*PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b"2])1)/(a*Sqrt[-a”2 + b~2]*d~3) - (60*b*x*PolyLogl[4, (I*a*E~(I*(c + d
*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])]1)/(a*Sqrt[-a~2 + b~2]*d"4) + (60*b*x*Po
lyLogl[4, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a~2
+ b"2]*d~4) - ((120*I)*bxSqrt[x]*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(
b - Sqrt[-a”2 + b72])])/(a*Sqrt[-a~2 + b~2]1*d"5) + ((120*I)*b*Sqrt[x]*Poly
Log[5, (I*a*E~(I*(c + d*Sqrt[x]1)))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a"2 +
b~2]*d"5) + (120%b*PolyLogl6, (I*a*E~(I*(c + d*Sqrt[x]1)))/(b - Sqrt[-a~2
+ b~2])]1)/(axSqrt[-a~2 + b~2]*d"6) - (120*b*PolyLogl[6, (I*a*E~(I*(c + d*Sq
rt[x])))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d"6))

output

Defintions of rubi rules used

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

N

;
rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |
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e 4679 Intlesclle_) + (F_)*)Ix(b_.) + (@) (m_)*((c_.) + (@_)*x))"@_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])°n), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4693 1otl((a_.) + Cscl(c_.) + (d_.)*(x)" (@ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

1 :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

z? p
/a+bcsc(c+d\/§) v

inputLint(X”2/(a+b*csc(c+d*x*(1/2))),X)

outputtint(XAQ/(a+b*csc(c+d*x‘(1/2))),x)

Fricas [F]

x? x?
dr = d
/a—i—bcsc(c—i—d\/i) v /bcsc(d\/i—i—c)—i—a v

inputLintegrate(XAQ/(a+b*CSC(C+d*X”(1/2))),x, algorithm="fricas")

outputLintegral(x‘2/(b*csc(d*sqrt(x) +c) +a), x)
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Sympy [F]

2

/ s da:—/ ad dz
a+besc(c+dyz) ) a+besc(c+dya)

inputLintegrate(x**2/(a+b*csc(c+d*x**(1/2))),x)

output Llntegral(x**g/(a + bxcsc(c + dxsqrt(x))), x)

Maxima [F(-2)]

Exception generated.

2
/ a dx = Exception raised: ValueError
a+bcsc

(c+ dv5)

input Lintegrate (x~2/ (a+b*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4%¥b"2>0)', see “assume?  f

‘or more de

Giac [F]
.'1,'2 xz
/ dz = / dx
a+besc (¢ +dy/z) bese (dy/z +¢) +a
inputLintegrate(x“2/(a+b*csc(c+d*x‘(1/2))),X’ algorithm="giac")

OutputLintegrate(x*2/(b*csc(d*sqrt(x) +c) +a), x)
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Mupad [F(-1)]

Timed out.

x? 72
d$==‘/n———————————dx
‘/“+b“0@+dV@ Ot merave)

imput 186(x°2/ (@ + b/sin(e + anx"(1/2))),1)

output 12E(x72/ (2 + b/sin(e + dex(1/2))), ©

Reduce [F]

x? z?
/a+bcsc(c+d\/5) dx:/csc(\/id+c)b+adx

input Lint (x~2/ (a+b*csc(c+d*x~(1/2))) ,x)

output Lint(x**2/(csc(sqrt(x)*d + c)*b + a),x)
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Z dx

3.43 f a+bcsc(c+dy/x)

Optimalresult . . . . .. .. . .. . ...
Mathematica [A] (verified) . . . . . . ... ... Lo
Rubi [A] (verified) . . . . .. ... ..
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F(-2)] . . . . . . .o
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o

Optimal result

Integrand size = 18, antiderivative size = 539

. i 0ot (ct+dy/T)
L2 2ibz®?log (1 - lﬁe\/——+a27-|-122)

x
o =2 ~—
/a—i—bcsc(c—i—d\/i) " av—a? + bd
2ibz®/2 log <1 _ igeiletdva) )

av'—a? + b%d

igei(ctdva)
6bx PolyLog (2, m)

av/—a? + B2d2

iaei(ctdva)
 GbaPolyLog (2, i)

/=0 1 Bl

12ib+/x PolyLog (3, %)

_|_

+

=0 1 B

. iaet(ctdva)
- 12iby/z PolyLog (3, m)

av/—a? + B2d3

iaet(ctdva)
 12bPolyLog (4, 225 )

a/—a 1 B

12b PolyLog <4, %)

=2 1 P

+

220

524
524
024
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1/2xx"2/a+2xIxb*x~ (3/2) *1n (1-I*a*exp (I* (c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b"2) " (1/2) /d-2*I*bxx"~(3/2) *1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b+(-a"~
2+b~2)"(1/2)))/a/(-a~2+b~2) ~(1/2) /d+6*b*x*polylog (2, I*xa*xexp (I* (c+d*x~(1/2)
))/ (b-(-a~2+b~2)~(1/2)))/a/(-a~2+b"2) ~(1/2) /d~2-6*b*x*polylog (2, I*a*xexp (I*
(c+d*x~(1/2)))/ (b+(-a~2+b"2)"(1/2))) /a/(-a~2+b~2) " (1/2) /d~2+12%I*b*x" (1/2)
*polylog(3, I*xa*exp(I*(c+d*x~(1/2)))/(b-(-a"2+b"2)"(1/2)))/a/(-a"2+b~2)"(1/
2)/d~3-12*I*b*x"~ (1/2) *polylog(3, I*a*xexp (I* (c+d*x~(1/2)))/ (b+(-a~2+b~2)~(1/
2)))/a/(-a~2+b~2)~(1/2) /d~3-12*b*polylog (4, I*axexp (I*(c+d*x~(1/2)))/(b-(-a
“2+b72)7(1/2)))/a/(-a~2+b~2) " (1/2) /d"4+12*b*polylog (4, I*axexp (I* (c+d*x~ (1/
2)))/(b+(-a"2+b~2)"(1/2)))/a/(-a"2+b~2)~(1/2) /d~4

output

Mathematica [A] (verified)

Time = 0.99 (sec) , antiderivative size = 438, normalized size of antiderivative = 0.81

| e v ave
T
a+bese (c+ dy/z)
VaZ — a2 — 4bd3z3/2 log (1 — 2P0 N 4 ApdB3/210g (1 4+ 2 ) 4 19ibd24 PolyLog (2, -
g —ib+va2—b2 g ib+va2—b2 1a z Folylog | 4, —;

-

inputLIntegrate[x/(a + b*Csclc + d*Sqrt[x]11),x]

~—

(8qrt[a”2 - b™2]*d"4*x"2 - 4*bxd~3%x~(3/2)*Log[1l - (axE~(I*(c + d*Sqrt[x])
))/((-I)*b + Sgrt[a™2 - b~2])] + 4*bxd~3*x~(3/2)*Log[1 + (a*E~(I*(c + d*Sq
rt[x]1)))/(I*b + Sqrt[a”2 - b~2])] + (12+I)*b*d~2*x*PolyLog[2, (a*E~(I*(c +
d*Sqrt[x]1)))/((-I)*b + Sqrt[a~2 - b~2])] - (12*I)*bxd~2*x*PolyLog[2, -((a
*E~(I*(c + d*Sqrt[x])))/(I*xb + Sqrt[a”2 - b"2]))] - 24xb*d*Sqrt[x]*PolyLog
[3, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a”2 - b~2])] + 24%b*d*Sqrt [x]
*PolyLog[3, -((a*xE~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))] - (24*I)
*b*xPolyLog[4, (a*E~(I*(c + d*Sqrt[x]1)))/((-I)*b + Sqrt[a”2 - b"2])] + (24x
I)*b*PolyLog[4, -((a*xE~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a™2 - b~2]))]1)/ (2%
a*Sqrt[a”2 - b~2]*d"4)

output




input
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Rubi [A] (verified)

Time = 1.15 (sec) , antiderivative size = 541, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ac dzr
a-+besc (c+dyz)
l 4693

£3/2
2 d
/a+bcsc(c+d\/:?) Ve

l’3042

£3/2
2 d
/a+bcsc(c+d\/5) vz

l 4679

I3/2 b.’L‘3/2
2/( a _a(b-l—asin(c+cl\/§))>d\/5
| 2009

) 63b+/z PolyL

iaet(ctdve) iaet(ctdvT) . iaet(ctdve)

+
ad*v/b? — a2 ad*V/b? — a2 ad3v/b? — a2

e

tInt [x/(a + bxCsclc + d*Sqrt[x]1]),x]

~—

ad3+



output
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2% (x~2/(4*a) + (Ixb*x~(3/2)*Logl[l - (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[
-a”2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d) - (Ixb*x~(3/2)*Logl[l - (I*axE~(I*(c
+ d*Sqrt[x]))) /(b + Sqrt[-a~2 + b72])]1)/(a*Sqrt[-a~2 + b~2]*d) + (3*b*x*Po
lyLog[2, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2
+ b~2]*%d"2) - (3*b*x*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b~2]1)])/(a*Sqrt[-a~2 + b~2]1*d"2) + ((6*I)*bxSqrt[x]*PolyLogl[3, (I*a*E~
(Ix(c + d*Sqrt[x1)))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d"3) - (
(6*I)*b*Sqrt [x]*PolyLog[3, (I*a*E~(I*(c + d*Sqrt([x])))/(b + Sqrt[-a~2 + b~
2]1)1)/(a*Sqrt[-a~2 + b~2]*d"3) - (6*bxPolyLog[4, (I*a*E~(I*(c + d*Sqrt([x])
))/(b - Sart[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d~4) + (6xb*PolyLogl[4, (I*
a*E~ (I*(c + d*Sqrt[x]1)))/(b + Sgrt[-a~2 + b~2])]1)/(a*Sqrt[-a~2 + b~2]*d~4)
)

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(a_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x] n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]
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Maple [F|

/ d dx
a+ bcesc (c+ d\/E)

input Lint (x/ (atb*csc(c+d*x™(1/2))) ,%)

output 188 (%/ (arbresc(crarx™ (1/2))) 1)

Fricas [F|

/ e dac=/ ° dz
a+besc (¢ +dy/z) bese (dy/z +¢) +a

input Lintegrate (x/(at+bxcsc(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(}{/(b*CSC(d*Sqrt(X) +c) +a), x)

Sympy [F]

/ ad dw=/ ad dz
a-+bcsc (c+ dyz) a+bese (c+ dy/z)

input tintegrate (x/ (a+b*csc (c+d*x**(1/2))) ,x)

output LIntegral(x/(a + bxcsc(c + dxsqrt(x))), x)
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Maxima [F(-2)]

Exception generated.

/ d dx = Exception raised: ValueError
a+ bcesc

(c+dy/z)

input Lintegrate (x/ (a+b*csc(c+d*x~(1/2))) ,x, algorithm="maxima"

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see ~assume?  f
‘or more de

Giac [F]

/ 2 dac=/ ° dx
a+besc (¢ +dy/z) bese (dy/z +c¢) +a

Lintegrate (x/(atb*csc(c+d*x~(1/2))) ,x, algorithm="giac")

input
output Lintegrate(x/(b*csc(d*sqrt(x) +c) +a), x)
Mupad [F(-1)]
Timed out.
z x
dm:/—dw
/a-l—bcsc(c-i—d\/i) CH_W
input Lint(x/(a + b/sin(c + d*x~(1/2))),x)
output 1BEC/ (2 + b/sin(c + dxx"(1/2))), x)
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Reduce [F]

/ 2 dac=/ d dx
a+besc (¢ +dy/z) cse (vzd+c)b+a

input Lint (x/ (a+b*csc(c+d*x~(1/2))),x)

output Lint(x/(csc(sqrt(x)*d + c)*b + a),x)




output L

input

output
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1

3.44 f z(a+bcsc(ct+dy/z)) dz

Optimalresult . . . . . . . . .. . . 327
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . . 328
Maple [N/A] . . . . e 328
Fricas [N/A] . . . . o 329
Sympy [N/A] . . o 3291
Maxima [N/A] . . . . o 330
Giac [N/A] . . . e 330
Mupad [N/A] . . . o B31]
Reduce [N/A] . . . o o B31]

Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/x (a+besc (c+dyz)) dw = Int(z (a+besc

(c+dvm)”

)

-

Defer(Int) (1/x/(a+b*csc(c+td*x~(1/2))),x)

e—

Mathematica [N/A]
Not integrable

Time = 3.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/x(a—i—bcsc(c—i—d\/i)) dw:/ac(a-l—bcsc

o+ dva))

dz

LIntegrate[l/(x*(a + bxCscl[c + d*Sqrt[x]]1)),x]

tIntegrate[l/(x*(a + b*Cscl[c + d*Sqrt[x]]1)), xI]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ L dr
x (a + besc (c+ d\/E))
l 4695
/ ! dxr
T (a + besc (c+ dﬁ))
input LInt [1/(x*(a + b*Csc[c + d*Sqrt[x]1)),x] J
OutputL$Aborted J

Defintions of rubi rules used

e 4695 TAEL(@_.) + Cscl(c_.) + (d_.)*(x))~(m)1*(b_.)) (p_.)*(x)"(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

L d
/m (a+besc (c+dyz)) v

tnput Lint(1/x/(a+b*csc(c+d*x*(1/2))) ,x) J
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output | 10E(1/x/ (arbresc (c+dxx™(1/2))) %)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/m(a—l—bcsc(c—l—d\/i)) dx:/(bcsc(d\/i—l—c)—l—a)xdx

inputLintegrate(1/X/(a+b*csc(c+d*X‘(1/2))),x, algorithm="fricas")

output Lintegral(i/(b*x*csc(d*sqrt (x) + c) + a*x), x)

Sympy [N/A]
Not integrable

Time = 3.31 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1

/z’ (a+besc (c+dyz)) e z/z‘ (a+besc (c+dyz)) dz

input Lintegrate (1/x/ (at+b*csc(c+d*x*x*(1/2))) ,x)

output LIntegral(i/(x*(a + bxcsc(c + d*sqrt(x)))), x)




CHAPTER 3. LISTING OF INTEGRALS 330

Maxima [N/A]
Not integrable
Time = 0.61 (sec) , antiderivative size = 242, normalized size of antiderivative = 12.10

1 1

/x(a+bcsc(c+d\/5)) dx:/(bcsc(d\/i+c)+a)xdx

input integrate(1/x/(atbxcsc(c+d*x~(1/2))) ,x, algorithm="maxima")

-(2xa*b*integrate ((2xb*cos(d*sqrt(x) + c)~2 + a*cos(d*sqrt(x) + c)*sin(2*d
*sqrt(x) + 2%c) - akxcos(2*d*sqrt(x) + 2xc)*sin(d*sqrt(x) + c) + 2xb*sin(d*
sqrt(x) + c)”2 + axsin(d*sqrt(x) + c))/((a"3*cos(2*d*sqrt(x) + 2*c)~2 + 4x
axb"2xcos(d*sqrt(x) + c)~2 + 4xa”2xb*cos(d*sqrt(x) + c)*sin(2*d*sqrt(x) +

2xc) + a~3*sin(2xd*sqrt(x) + 2%c)~2 + 4xa*b”~2*sin(d*sqrt(x) + c)~2 + 4x%a™2
*bxsin(d*sqrt(x) + c) + a~3 - 2*(2*a"2xb*sin(d*sqrt(x) + c) + a~3)*cos(2+d
*sqrt(x) + 2%c))*x), x) - log(x))/a

output

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1

/x(a+bcsc(c+d\/5)) dx:/(bcsc(d\/a_c-l—c)—i-a)xdw

inputLintegrate(1/x/(a+b*csc(c+d*x‘(1/2))),X, algorithm="giac")

-

Lintegrate(l/((b*csc(d*sqrt(x) + ¢c) + a)*x), x)

-/

output
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Mupad [N/A]
Not integrable

Time = 15.64 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ L dz —/ 1 dz
z(a+besc(c+dyz N b

( ( \/_)) z ((Z—|— sin(c—i—d\/a?))
input Lint(l/(x*(a + b/sin(c + d*x~(1/2)))),x)
output | 181/ Gex(a + b/sin(e + dxx"(1/2)))), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1 1
/m (a+besc (c+dyz)) de =/csc (Vzd+c) baz—l—aavdm

input Lint (1/x/ (at+b*csc(c+d*x~(1/2))) ,%)

OutputLint(l/(csc(sqrt(x)*d + c)*b*x + a*x),x)




output L

input

output
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3.45 f a+b csca(cg—l-dﬁ) dr

Optimal result . . . . . . . . . . . .. 332
Mathematica [N/A] . . . . . ... 332
Rubi [N/A] . . .
Maple [N/A] . . . 334
Fricas [N/A] . . . . . o 334
Sympy [N/A] . . e 334
Maxima [N/A] . . . . o
Giac [N/A] .« . o
Mupad [N/A] . . . . 3361
Reduce [N/A] . . . . o

Optimal result

Integrand size = 18, antiderivative size = 18

/a-l—bcsc (c+dvx)

x2

dr = -2 +bInt<
T

xr2

csc (¢ + dy/x) x)

-a/x+b*Defer (Int) (csc(c+d*x~(1/2))/x"2,x)

Mathematica [N/A]

Not integrable

Time = 0.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcsc(c-l—d\/i) dxz/

x2

a+bese (c+ dy/z)

xr2

dx

LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x"2,x]

LIntegrate[(a + b*Csc[c + d*Sqrt[x]])/x"2, x]




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+besc (c+ dyz)
/ p dx
| 2010
/ <a2+ bcsc (c—;—dﬁ)) e
x x
| 2009
b/csc(c—i;d\/i)dw_ a
z z

-

Int[(a + bxCsclc + d*Sqrtl[x]])/x"2,x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/a+bcsc (c+dy/T)

dz
12

input Lint ((at+b*csc(c+d*x~(1/2)))/x72,x)

output Lint ((atb*csc(c+d*x~(1/2)))/x"2,%)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

X

/a+bcsc(c+d\/§) xz/bcsc(d\/i+c)+ad

2 x2

input tintegrate ((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="fricas")

output Lintegral((b*CSC(d*Sqrt(X) +c) + a)/x"2, x)

Sympy [N/A]
Not integrable

Time = 2.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

dx
2 2

/a+bcsc(c+d\/5) dxz/a+bcsc(c+d\/5)

input Lintegrate ((a+b*csc(c+d*x**(1/2))) /x**2,x)
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Output‘ Integral((a + b*csc(c + dksqrt(x)))/x**2, x)

input Lintegrate ((at+bxcsc(c+d*x~(1/2)))/x"2,x, algorithm="maxima") J

output

input

Maxima [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 111, normalized size of antiderivative = 6.17

T

/a—i—bcsc(c—i—d\/i) dx:/bcsc(d\/f-l-c)—l-a

2 2

‘((b*integrate(sin(d*sqrt(x) + ¢)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) +
c)~2 + 2xcos(d*sqrt(x) + c) + 1)*x”2), x) + bxintegrate(sin(d*sqrt(x) + c)
‘/((cos(d*sqrt(x) + ¢)”2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1)
‘*x‘2), X))*x - a)/x

Giac [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bcsc(c%—dﬁ) dx:/bcsc(d\/i—l—c)—l—ad

T
T2 z2

Lintegrate ((atb*csc(c+d*x~(1/2)))/x72,x, algorithm="giac") J

outputLintegrate(<b*csc<d*sqrt<x) +¢) +a)/x"2, x) J
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Mupad [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

[orbeclrdvs) dZ/Ed

2 72

input‘ int((a + b/sin(c + d*x~(1/2)))/x72,%)

outpudint“a + b/sin(c + d*x~(1/2)))/x°2, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/a+bcsc(c+d\/5)d (fm(\mf+d+c)dx)bx—a
xTr =

T2 7

input Lint ((atb*csc(c+d*x~(1/2)))/x72,%)

outputL(int(csc(sqrt(x)*d + c)/x**2,x)*¥b*x - a)/x
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3.46 f (a+bcesc(c+dy/z))

Optimalresult . . ... ... ... ... ... .. .. .. ...,
Mathematica [A] (warning: unable to verify) . . . . ... ... ..
Rubi [A] (verified) . . . ... ... ... .. L
Maple [F] . . . . . o o
Fricas [F] . . . . . . . . .
Sympy [F] . . . .o
Maxima [F(-2)] . . . . . .. . .
Giac [F] . . . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . . . .

Optimal result

Integrand size = 20, antiderivative size = 3205

3

/ (a+besc (c+dyz))

5 dz = Too large to display

259

342
243
343
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-2xI*b~2+x~(7/2) /a~2/(a~2-b"2) /d+14%b~2*x~3*1n (1+a*exp (I* (c+d*x~(1/2))) /(I
*b+(a"2-b"2)"(1/2)))/a~2/(a"2-b"2) /d"2+14*b~2*x"3*1n (1+a*exp (I* (c+d*x~(1/2
)))/ (Ixb-(a~2-b"2)"(1/2)))/a"2/(a~2-b"2) /d~2-5040%b"3*x*polylog (6, I*a*exp(
Ix(c+d*x~(1/2)))/(b-(-a"2+b"2)"(1/2)))/a"2/(-a"2+b"2) " (3/2) /d"6+420%b~2%x~
2xpolylog(3,-a*exp (I*(c+d*x~(1/2)))/(I*b-(a"2-b~2)"(1/2)))/a~2/(a"2-b"2)/d
~4-5040*b~2*x*polylog(5,-a*exp (I*(c+d*x~(1/2)))/(Ixb+(a~2-b"2)"(1/2)))/a~2
/(a~2-b"2) /d"6-14%b~3*x"3*polylog(2, I*a*exp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)
~(1/2)))/a~2/(-a"2+b~2)~(3/2) /d~2+5040%b"3*x*polylog (6, I*a*exp (I* (c+d*x~ (1
/2)))/(b+(-a~2+b"2)~(1/2)))/a"~2/(-a~2+b~2) " (3/2) /d~6+420*%b"2*x"~2*polylog(3
,—axexp (I*(c+d*x~(1/2)))/(I*b+(a"2-b"2)"(1/2)))/a~2/(a"2-b"2)/d~4-5040%*b"2
*x*¥polylog(5,-a*exp(I*(c+d*x~(1/2)))/(I*b-(a~2-b"2)~(1/2)))/a~2/(a"2-b"2)/
d~6+10080*b*x*polylog (6, I*xaxexp(I*(c+d*x~(1/2)))/(b-(-a~2+b"2)~(1/2)))/a"2
/(-a~2+b~2) ~(1/2) /d"6+28*b*x~3*polylog(2, I*a*xexp (I* (c+d*x~(1/2)))/(b-(-a"2
+b~2)7(1/2)))/a"2/(-a"2+b~2) " (1/2) /d"2-10080*b*x*polylog (6, I*xa*exp (I* (c+d*
x7(1/2)))/ (b+(-a~2+b~2)~(1/2))) /a~2/(-a"2+b~2) " (1/2) /d"6-28*b*x~3*polylog(
2, Ixaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b"2)~(1/2) /d"2+
840*bxx~2*polylog(4, I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/(-a
~2+b72) " (1/2) /d"4-840%b*x"~2*polylog(4, I*a*xexp (I* (c+d*x~(1/2)))/(b-(-a~2+b"
2)°(1/2)))/a"~2/(-a"2+b"2) " (1/2) /d"4+14%b~3*x"3*polylog (2, I*axexp (I* (c+d*x"
(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/(-a"2+b"2) " (3/2) /d"2-420%b"3*x"2*poly. ..

output

Mathematica [A] (warning: unable to verify)

Time = 13.31 (sec) , antiderivative size = 3831, normalized size of antiderivative = 1.20

3

/ (a+besc (c+dy/z))

5 dr = Result too large to show

input‘Integrate[x 3/(a + b*Csc[c + dxSqrt[x]])"2,x]




output
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(x~4xCscc + d*Sqrt[x]]~2*(b + a*Sin[c + d*Sqrt([x]])~2)/(4*a~2*(a + b*Csc[

c + dxSqrt[x]11)7"2) - ((2*I)*b*E~(I*c)*Csclc + d*Sqrt[x]] 2% (2%b*E~ (I*c)*x"
(7/2) - ((-1 + E7((2*I)*c) ) * ((-7*I)*b*d~6+Sqrt[(a~2 - b~2)*E~((2*I)*c)]*x~
3xLog[1l + (a*E~(I*(2*c + d*Sqrt[x])))/(I*b*xE~(I*c) - Sqrtl[(a”2 - b~2)*E~((
2xI)*c)])] + (2%I)*a~2*d"7+E~ (I*c)*x~(7/2)*Log[l + (a*E~(I*(2*c + d*Sqrt[x
1)))/(I*b*xE~(I*c) - Sqrt[(a~2 - b"2)*E~((2%I)*c)])] - I*b~2xd~7*E~(I*c)*x"~
(7/2)*Log[1 + (a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a™2 - b~2)*
ET((2%I)*c)]1)] - (7*I)*bxd"6*Sqrt[(a”2 - b 2)*E~((2*I)*c)]*x"3*Log[1l + (ax
E"(I*(2%c + d*Sqrt[x])))/(I*b*xE”~(I*c) + Sqrt[(a™2 - b"2)*E~((2%I)*c)1)] -
(2*I)*a~2*d"7*E~ (I*c)*x~ (7/2)*Log[1 + (a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*xE"(
Ixc) + Sqrt[(a™2 - b™2)*E~((2%I)*c)])] + I*b~2%d"7+E~(I*c)*x~(7/2)*Log[1 +
(a*E~ (I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b"2)*E~((2*I)*c)])
] - 7*d"5x(6xbxSqrt[(a~2 - b"2)*E~((2%I)*c)] - 2xa~2*d*E~(I*c)*Sqrt[x] + b
~2%d*E” (I*c)*Sqrt [x])*x~(56/2)*PolyLog[2, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*
E"(I*c) + I*xSqrt[(a”2 - b"2)*E~((2*I)*c)])] + 7*d"5*(-6*bxSqrt[(a”2 - b~2)
*E~((2%I)*c)] - 2*%a~2+d*E~(I*c)*Sqrt[x] + b™2xd+E~ (I*c)*Sqrt[x])*x~(5/2)*P
olyLog[2, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a™2 - b~2)*E~
((2xI)*c)1))] - (210*I)*b*d~4*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x"2xPolyLogl[3,
(Ixa*E~(I*(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b~2)*E~((2*I)*c)
1)1 + (84xI)*a~2xd~5+E~(I*c)*x~(5/2)*PolyLogl[3, (I*a*E~(I*(2*c + d*Sqrt...

Rubi [A] (verified)

Time = 4.64 (sec) , antiderivative size = 3207, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

$3
/ (a+besc (c—i-d\/i))2 &
l 4693

£7/2 ]

2 T

/ (a+besc (c+d\/§))2 ve
| 3042
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£7/2 ;

2 T

/ (a+besc (c+d\/§))2 ve
l 4679

5 / 2b27/2 z7/2 b227/2 N
_ : + + T
a? (b+asin(c+dvz)) @ g2 (b+asin(c+dya))’
| 2009

N b2 a2 b7 a2 bt vo?—a? N

z4  2iblog (1 —-i“eﬂc+dvi)> z7/2 b3 log (1-— 2&&&iﬂ1§2> z7/2  2iblog (1 —-i“eﬂc+dv%)> 72 b3 log
2 — —
8a2 a2y/b% — a?d a2 (b2 — a2)*%d a?Vb? — a’d a

-

Int[x"3/(a + b*Csc[c + d*Sqrt[x]])~2,x]

| —

inputt

2x(((-D)*b~2*xx~(7/2))/(a"2*(a"2 - b"2)*d) + x~4/(8*a"2) + (7*b~2*x"3*Logl[1
+ (a*E"(Ix(c + dxSqrt[x]1)))/(I*#b - Sqrtl[a~2 - b"2])])/(a"2*(a"2 - b~2)*d~
2) + (7*b"2xx"3%Log[1l + (a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a~2 - b~2])]
)/(a"2%(a”2 - b~2)*d"2) - (Ixb~3*x~(7/2)*Log[l - (Ixa*E~(I*(c + d*Sqrtl[x])
))/(b - Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b72)~(3/2)*d) + ((2%I)*b*x~(7/2)*
Logl[l - (I*axE~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~
2 + b72]*d) + (I*b~3*x~(7/2)*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt
[-a”2 + b72]1)])/(a"2*%(-a"2 + b~2)"(3/2)*d) - ((2*I)*bxx~(7/2)*Log[1 - (I*a
*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b72])]1)/(a"2*Sqrt[-a~2 + b~2]*d)
- ((42%I)*b~2*x~(5/2)*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a
"2 - b°21))1)/(a~2*%(a~2 - b"2)*d"3) - ((42%I)*b~2%x"(5/2)*PolyLogl[2, -((a*
E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b72]))])/(a"2*(a"2 - b~2)*d"3) -
(7T*b~3*x~3*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2]1)])
/(a”2%(-a"2 + b"2)"(3/2)*d"2) + (14*bxx~3*PolyLog[2, (I*a*E~(I*(c + d*Sqrt
[x]1)))/(b - Sgrt[-a~2 + b~2])])/(a"2*Sqrt[-a"2 + b"2]*d"2) + (7*b~3*x"3*Po
lyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*(-a"2 +
b~2)7(3/2)*d72) - (14*b*x~3*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + S
grt[-a”2 + b72])]1)/(a"2*Sqrt[-a"2 + b~2]*d"2) + (210*%b~2*x~2*PolyLog[3, -(
(a*E~ (I*(c + d*Sqrt[x])))/(I*#b - Sqrtl[a~2 - b72]))]1)/(a"2*(a"2 - b~2)*d"4)
+ (210%b~2*x~2*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a~2 ...

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]
3

/ (a+besc(c+ dﬁ))2dm

Lint(x*3/(a+b*csc(c+d*x“(1/2)))”2,x)

Lint(x“3/(a+b*csc(c+d*x“(1/2)))A2,X)
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Fricas [F]

/ z’ 5 dr = / v 5 dx
(a+besc (c+dyz)) (bese (dv/z +¢) +a)

input Lintegrate (x~3/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas") J

Output‘integral(x"B/(b"2*csc(d*sqrt(x) + ¢c)”"2 + 2*axbxcsc(d*sqrt(x) + c) + a~2), ‘
® |

Sympy [F]

3 3

X

/ i 2dx=/ 5 dT
(a+besc (c+dyz)) (a+besc (c+dyz))

inputLintegrate(x**3/(a+b*csc(c+d*x**(1/2)))**2’x) J
output tIntegral(X**y(a + bxcsc(c + d*sqrt(x)))**2, x) J
Maxima [F(-2)]
Exception generated.
3
/ 5 dr = Exception raised: ValueError
(a+besc(c+dyz))
( B
input tintegrate (x73/(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="maxima") J
output ‘ Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de ‘
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Giac [F]

/ z3 dz— / z3
(a+bcesc(c+dyz)) (bese (dy/z +¢) +a)

5 dx

input Lintegrate (x~3/ (a+bkcsc(c+d*x~(1/2)))"2,x, algorithm="giac")

outputLintegrate(XA3/(b*CSC(d*Sqrt(x) +c) +a’2, x)

Mupad [F(-1)]

Timed out.

sin(c+d v/z)

/(a+bcscs(cz+d\/5))2dm=/<a+ x3b )de

input Lint(x‘B/(a + b/sin(c + d*x~(1/2)))"2,%)

outputLint(x’.?’/(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F|

3
/ ad 5 dxr = too large to display
(a + bcesc

(c+dyx))

inputLint(xﬁs/(a+b*csc(C+d*X“(1/2)))“2,x)
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(117573120*sqrt ( - a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt(
- ax*2 + b*x2))*sin(sqrt(x)*d + c)*a*x9 - 143700480*sqrt( — a*x*2 + bx*2)*a
tan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b**2))*sin(sqrt(x)*d + c
) *a*x*xT*b**2 + 50077440*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b
+ a)/sqrt( - ax*2 + b**2))*sin(sqrt(x)*d + c)*a**5xb*x4 — 5241600*sqrt( -
a**2 + b¥*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b**2))*si
n(sqrt(x)*d + c)*ax*3xb**6 + 80640*sqrt( - a**2 + bx*2)*atan((tan((sqrt(x)
*d + c)/2)*b + a)/sqrt( - a**2 + b**2))*sin(sqrt(x)*d + c)*axb**8 + 117573
120*sqrt ( - a**2 + b*x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - ax*2
+ b¥*2))*a*x*8%b - 143700480*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)
/2)*b + a)/sqrt( - ax*2 + b¥*2))*a**6xbxx3 + 50077440*sqrt( - ax*2 + b¥*2)
xatan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b*x2))*ax*4d*xbx*5 - 524
1600*sqrt( — a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a*x2
+ b*%2))*a*x*x2%b**7 + 80640*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)
/2)*b + a)/sqrt( - a**2 + b**2))*bx*9 + 58786560*sqrt(x)*cos(sqrt(x)*d + c
)*ax*x10*xd + 1088640*sqrt(x)*cos(sqrt(x)*d + c)*a*x*8xb*x2xd**3*x - 10124352
Oxsqrt (x)*cos(sqrt (x)*d + c)*ax*8*bx*2*d + 6048*sqrt (x)*cos(sqrt(x)*d + c)
*kax*¥Bkbkk4xdx*5*xx**x2 — 1632960*sqrt (x) *cos(sqrt(x)*d + c)*a*x*6xb**4*xd**3*x
+ 51166080*sqrt (x)*cos(sqrt(x)*d + c)*ax*6xbx*4xd + 16*sqrt(x)*cos(sqrt(x
)xd + c)*axx4xbkx6xd*xTxx*x3 — T728*sqrt(x)*cos(sqrt(x)*d + c)*a**xd*xb*x. ..

output
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.’112
3.47 f (a+besc (c+d\/5))2 dz

Optimal result
Mathematica [A] (warning: unable to verify)
Rubi [A] (verified)
Maple [F]
Fricas [F]

Maxima [F(-2)]
Giac [F]
Mupad [F(-1)]
Reduce [F]

Optimal result

Integrand size = 20, antiderivative size = 2385

2

/ ad 5 dz = Too large to display
(a + bcesc

(c+ dya))

Sympy [F] . . . .o

249
3501
3501
3501
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-2*%I*b~2xx~(5/2) /a~2/(a"2-b"2) /d+120%b"3*x*polylog(4,I*a*xexp (I* (c+d*x~ (1/2
)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2) ~(3/2) /d~4+10%b"~3%x~2%polylog (2, I*
axexp (I*(c+d*x~(1/2)))/(b+(-a"2+b~2)~(1/2)))/a~2/(-a"2+b"2) ~(3/2) /d~2-10%b
~3%x"2*polylog(2, I*xa*xexp(I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a"2/(-a"2+
b~2)~(3/2) /d"2+10%b~2*x~2*1n (1+a*xexp (I* (c+d*x~(1/2)))/(I*b+(a~2-b~2) " (1/2)
))/a~2/(a"2-b"2) /d"2+10%b~2+x~2*1n (1+a*exp (I* (c+d*x~(1/2)))/(I*b-(a~2-b"2)
~(1/2)))/a"2/(a"2-b"2) /d"2+120*b~2*x*polylog(3,-a*exp (I* (c+d*x~(1/2)) )/ (I*
b+(a~2-b"2)~(1/2)))/a~2/(a"2-b"2) /d"4-120*b~3*x*polylog (4, I*xaxexp (I* (c+d*x
~(1/2)))/(b+(-a~2+b~2)"(1/2))) /a~2/(-a"2+b~2) ~(3/2) /d~4+120%b~2*x*polylog(
3,-axexp (I*(c+d*x"~(1/2)))/(I*b-(a~2-b"2)~(1/2)))/a~2/(a"2-b"2) /d~4-240%b*x
*polylog(4, I*a*exp(I*(c+d*x~(1/2)))/(b-(-a"2+b~2)~(1/2)))/a"2/(-a~2+b~2) " (
1/2) /d~4-20%b*x~2*polylog (2, I*axexp (I* (c+d*x~(1/2)))/(b+(-a~2+b"2)"(1/2)))
/a~2/(-a~2+b~2) ~(1/2) /d~2+20*b*x~2*polylog (2, I*a*xexp (I* (c+d*x~(1/2)))/ (b-(
-a~2+b~2)"(1/2)))/a~2/(-a"2+b"2) " (1/2) /d"2+240*b*x*polylog (4, I*a*exp (I*(c+
d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/(-a"2+b"2) " (1/2) /d"4-2%b"2*x" (5/2) *c
os(c+d*x~(1/2))/a/(a~2-b"2) /d/ (b+a*sin(c+d*x~ (1/2)))-480*I*b*x" (1/2) *polyl
og (5, I*a*xexp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2)~(1/2)/4
~5-240%Ixb~3*x~(1/2) *polylog (5, I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2
)))/a~2/(~a~2+b~2) " (3/2) /d"5-4*I*b*xx~ (5/2) *1n (1-I*a*exp (I* (c+d*x~(1/2)))/(
b+(-a~2+b~2)"(1/2)))/a~2/(-a~2+b~2) ~(1/2) /d-40*Ixb~3*x~ (3/2) *polylog(3, ...

output

Mathematica [A] (warning: unable to verify)

Time = 12.54 (sec) , antiderivative size = 2806, normalized size of antiderivative = 1.18

2
/ d 5 dr = Result too large to show
(a + bcesc

(c+dyz))

input‘Integrate[x 2/(a + b*Csc[c + dxSqrt[x]])"2,x]
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(x~3*Cscc + d*Sqrt[x]]~2*(b + a*Sin[c + d*Sqrt([x]])~2)/(3*a~2*(a + b*Csc[
c + d*Sqrt[x]]1)~2) - ((2xI)*b*Csclc + d*Sqrt([x]] 2% ((2¥b*d~5*E~((2*I)*c)*x
~(5/2))/(-1 + E"((2*I)*c)) + ((5*I)*b*d~4*Sqrt[(a~2 - b~2)*E~((2*I)*c)]*x"
2xLog[1 + (a*E~(I*(2*c + d*Sqrt[x])))/(I*b*xE~(I*c) - Sqrtl[(a”2 - b~2)*E~((
2xI)*c)])] - (2*I)*a~2*d"5*E~(I*c)*x~(5/2)*Logl[1l + (a*xE~(I*(2*c + d*Sqrt[x
1)))/(I*b*E~(I*c) - Sqrtl[(a~2 - b"2)*E~((2%I)*c)])] + I*b~2xd~5*E~(I*c)*x"~
(5/2)*Log[1 + (a*xE~(I*(2*c + d*Sqrt[x])))/(Ixb*E~(I*c) - Sqrt[(a™2 - b~2)*
E7((2*I)*c)])] + (5xI)*b*d~4*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x"2xLog[1 + (a*
E"(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrtl[(a”2 - b 2)*E~((2xI)*c)]1)] +

(2%I)*a~2*d"6*E~ (I*c)*x~(5/2)*Log[1 + (a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*E~(
Ixc) + Sqrt[(a™2 - b™2)*E~((2%I)*c)])] - I*b~2%d"5+E~(I*c)*x~(5/2)*Log[1 +
(a*E~ (I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b"2)*E~((2*I)*c)])
] + 5*%d"3x(4xbxSqrt[(a~2 - b"2)*E~((2%I)*c)] - 2xa~2*d*E~(I*c)*Sqrt[x] + b
~2%d*E” (I*c)*Sqrt [x])*x~(3/2)*PolyLog[2, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*
E"(I*c) + I*Sqrt[(a”2 - b"2)*E~((2*I)*c)])] + 5*d~3*(4*bxSqrt[(a”2 - b™2)*
E"((2%I)*c)] + 2*a”2xd*E~(I*c)*Sqrt[x] - b~2*d*E~ (I*c)*Sqrt[x])*x~(3/2)*Po
lyLog[2, -((a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b~2)*E~(
(2xI)*c)]1))] + (60%I)*b*xd~2*Sqrt[(a~2 - b~2)*E~((2*I)*c)]*x*PolyLogl[3, (I*
a*E~ (Ix(2%c + d*Sqrt[x])))/(b*xE~(I*c) + I*Sqrt[(a”2 - b~2)*E~((2*I)*c)])]
- (40*I)*a~2*d~3*E~(I*c)*x~(3/2)*PolyLog[3, (I*a*E~(I*(2*c + d*Sqrt([x])...

output

Rubi [A] (verified)

Time = 3.54 (sec) , antiderivative size = 2387, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+besc (c—i-d\/i))2 &
l 4693

£5/2 ;

2 T

/ (a+besc (c+d\/§))2 ve
| 3042
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£5/2 .
2 T
/ (a+besc (c+d\/§))2 ve
l 4679

5 / 2b15/2 z5/2 b225/2 N
_ : + + T
a? (b+asin(c+dvz)) @ g2 (b+asin(c+dya))’
| 2009

b—vb2—aZ " b+vb2—aZ  b—vb2—a?
a2 (b2 — a2)3/2 d a? (b2 — a2)3/2 d a? (b2 — a2)3/2 d2 a? (

( ix5/2 log (1 — i“ei(c+dﬁ)) b iz5/2log (1 — i“ei(c+dﬁ)) b® 522 PolyLog (2 ige! (°+4V?) ) b® 522 PolyL
2| — —

-

Int[x"2/(a + b*Csc[c + d*Sqrt[x]])~2,x]

| —

inputt

2x (((-I)*b~2*x~(5/2))/(a"2*(a”2 - b~2)*d) + x~3/(6*a"2) + (5xb~2*x"2xLog[1
+ (a*E"(Ix(c + dxSqrt[x]1)))/(I*#b - Sqrtl[a~2 - b"2])])/(a"2*(a"2 - b~2)*d~
2) + (5%b"2xx"2*Log[1 + (a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a~2 - b~2])]
)/(a"2%(a”2 - b~2)*d"2) - (Ixb~3*x~(5/2)*Log[l - (Ixa*E~(I*(c + d*Sqrtl[x])
))/(b - Sqrt[-a”2 + b~2])])/(a"2%(-a"2 + b72)~(3/2)*d) + ((2%I)*b*x~(5/2)*
Logl[l - (I*axE~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~
2 + b72]*d) + (I*b~3*x~(5/2)*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt
[-a”2 + b72]1)])/(a"2*%(-a"2 + b~2)"(3/2)*d) - ((2*I)*bxx~(5/2)*Log[1 - (I*a
*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b72])]1)/(a"2*Sqrt[-a~2 + b~2]*d)

- ((20*I)*b~2*x~(3/2)*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a
"2 - b°21))1)/(a~2*%(a~2 - b"2)*d"3) - ((20%I)*b~2%x"(3/2)*PolyLogl[2, -((a*
E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b72]))])/(a"2*(a"2 - b~2)*d"3) -

(5%b~3*x~2*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2]1)])
/(a”2%(-a"2 + b"2)"(3/2)*d"2) + (10*bxx~2*PolyLog[2, (I*a*E~(I*(c + d*Sqrt
[x])))/(b - Sqgrt[-a”2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d"2) + (5*b~3*x~2*Po
lyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*(-a"2 +
b~2)7(3/2)*d72) - (10*%b*x~2*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + S
grt[-a”2 + b~2])])/(a"2xSqrt[-a~2 + b~2]*d"2) + (60*b~2xx*PolyLog[3, -((a*
E"(Ix(c + d*Sqrt[x])))/(Ixb - Sqrt[a”2 - b~2]))]1)/(a"2*(a"2 - b~2)*d"4) +

(60*b~2*x*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a~2 - b~2]...

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

/ (a+besc(c+ dﬁ))2dm

Lint(x*2/(a+b*csc(c+d*x“(1/2)))”2,x)

Lint(x“2/(a+b*csc(c+d*x“(1/2)))A2,X)
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Fricas [F]

/ z” 5 dr = / i 5 dx
(a+besc (c+dyz)) (bese (dv/z +¢) +a)

input Lintegrate (x~2/ (atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas") J

Output‘integral(x"2/(b"2*csc(d*sqrt(x) + ¢c)”"2 + 2*axbxcsc(d*sqrt(x) + c) + a~2), ‘
® |

Sympy [F]

.’132

/ z” 2dx=/ 5 dT
(a+besc (c+dyz)) (a+besc (c+dyz))

inputLintegrate(x**2/(a+b*csc(c+d*x**(1/2)))**2’x) J
output tlntegral(x**Q/(a + bxcsc(c + d*sqrt(x)))**2, x) J
Maxima [F(-2)]
Exception generated.
2
/ 5 dr = Exception raised: ValueError
(a+besc(c+dyz))
( B
inputtintegrate(x‘2/(a+b*csc(c+d*x‘(1/2)))*Q,X, algorithm="maxima") J
output ‘ Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de ‘
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Giac [F]

/ z? dz— / x?
(a+bcesc(c+dyz)) (bese (dy/z +¢) +a)

5 dx

input Lintegrate (x~2/ (a+bkcsc(c+d*x~(1/2)))"2,x, algorithm="giac")

outputLintegrate(XAQ/(b*CSC(d*Sqrt(x) +c) +a’2, x)

Mupad [F(-1)]

Timed out.

sin(c+d v/z)

/(a+bcscs(ccz+d\/5))2dm=/<a+ x: )de

input Lint(x‘2/(a + b/sin(c + d*x~(1/2)))"2,%)

outputtint(x’a/(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F|

2
/ ad 5 dxr = too large to display
(a + bcesc

(c+dyx))

inputLint(xﬁ2/(a+b*csc(C+d*X“(1/2)))“2,x)
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(2%(233280*sqrt ( - a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt(

- ax*2 + b*x2))*sin(sqrt(x)*d + c)*a*x7 - 233280*sqrt( - ax*2 + b¥*x2)*atan
((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b**2))*sin(sqrt(x)*d + c)*a
**k5xb*x*2 + 50400*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/
sqrt( - a**2 + b**2))*sin(sqrt(x)*d + c)*a**3*%b**4 - 1440*sqrt( - a*x*2 + b
*x*x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b**2))*sin(sqrt(x)
*d + c)*axb**6 + 233280*sqrt( - a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/2)*
b + a)/sqrt( - ax*2 + b**2))*a*x6xb - 233280*sqrt( - a**2 + bx*2)*atan((ta
n((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b*x2))*ax*x4xb**3 + 50400*sqrt (

- ax*2 + bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a*x*2 + b**2))*a
*x2%b**5 — 1440*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/s
qrt( - a*x2 + b**2))*bx*7 + 116640*sqrt(x)*cos(sqrt(x)*d + c)*a*x*8xd + 216
Oxsqrt(x)*cos(sqrt(x)*d + c)*ax*x6*xb**2xd**x3*x — 174960*sqrt (x)*cos(sqrt(x)
*d + c)*a*x*x6*b**2%d + 12*sqrt(x)*cos(sqrt(x)*d + c)*ak*d*xbk*dkd**Ekx**2 -

2760*sqrt (x) *cos(sqrt(x)*d + c)*a**x4*b*x*4*d**3*x + 64080*sqrt(x)*cos(sqrt(
x)*d + c)*axx4dxb*x4xd - 12*sqrt(x)*cos(sqrt(x)*d + c)*a*x*2xb*x6xd**x5*xx**2

+ 600*sqrt(x)*cos(sqrt(x)*d + c)*a**x2*¥bx*x6xd**3*x — 5760*sqrt (x)*cos(sqrt(
x)*d + c)*ax*2*%b*x6xd - 19440*cos(sqrt(x)*d + c)*a*x7xbxd**2*x - 180*cos(s
qrt(x)*d + c)*a*kBxb*k3kd**4*xx**2 + 27000*cos (sqrt (x)*d + c)*a*x*5xb¥*k3*d**
2*%x + 210*cos(sqrt(x)*d + c)*ax*3*b**5*xd**4*x**2 — 7920*cos(sqrt(x)*d +...

output
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Xz

3.48 f (a+bcesc(c+dy/z)) Lo

Optimalresult . . . . ... . ... .. . .. 353]
Mathematica [A] (warning: unable to verify) . . . . .. ... .. ... ... 354
Rubi [A] (verified) . . . ... ... ...
Maple [F] . . . . o o 357
Fricas [F] . . . . . . o
Sympy [F] . . . . o 358
Maxima [F(-2)] . . . . . . . o
Giac [F] . . . . o o 359
Mupad [F(-1)] . . . o 359
Reduce [F] . . . . . o 3591

Optimal result

Integrand size = 18, antiderivative size = 1565

T
dzx = Too large to displa;
/(a—l—bcsc(c+d\/5))2 & i



output

input
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-2xIxb~2%x"~(3/2) /a~2/(a~2-b"2) /d-6%b~3*x*polylog(2, I*a*exp (I*(c+d*x~(1/2))
)/ (b-(-a~2+b~2)"(1/2)))/a~2/(-a~2+b"2) ~(3/2) /d~2+12*b*x*polylog (2, I*xa*exp(
Ix(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~2) " (1/2) /d"2-12*b*x*pol
ylog(2,I*axexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2)~(1/2)
/d~2+6%b~3*x*polylog(2, I*xa*xexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/
(-a"2+b~2) " (3/2) /d"2+6xb~2*x*1n (1+a*exp (I* (c+d*x~(1/2)) )/ (I*b+(a"2-b"2) " (1
/2)))/a"~2/(a"2-b"2) /d"2+6*b~2*x*1n (1+a*exp (I* (c+d*x~(1/2)))/(I*b-(a~2-b~2)
~(1/2)))/a~2/(a"2-b"2) /d~2+2xIxb~3*x~ (3/2) *1n(1-I*a*exp (I* (c+d*x~(1/2)))/(
b+(-a~2+b"2)"(1/2)))/a~2/(-a~2+b~2) " (3/2) /d-2*b~2*x~ (3/2) *cos (c+d*x~ (1/2))
/a/(a~2-b"2) /d/ (b+a*sin(c+d*x~(1/2)))-2*xI*b~3*x"~ (3/2) *1n(1-I*axexp (I* (c+dx*
x7(1/2)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2) ~(3/2) /d-4*I*b*x"~ (3/2) *1n(1-
Ixaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/(-a~2+b~2)~(1/2) /d-12*I
*b~2xx~ (1/2) *polylog(2,-a*exp (I*(c+d*x~(1/2)))/(I*b+(a"2-b"2)"(1/2)))/a~2/
(a"2-b72)/d"3-12*I*b~2*x~ (1/2) *polylog(2,-a*exp (I*(c+d*x~(1/2)))/(I*b-(a~2
-b~2)"(1/2)))/a"2/(a"2-b"2) /d"3-12*I*b"3*x~(1/2) *polylog (3, I*a*exp (I*(c+d*
x7(1/2)))/(b-(-a~2+b~2)~(1/2))) /a~2/(-a"2+b~2) " (3/2) /d"3-24*I*b*x" (1/2) *po
1ylog(3,Ixaxexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2)~(1/2
) /d"3+4xIxb*x~(3/2) *1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)"(1/2)))/a"
2/(-a"2+b~2) " (1/2) /d+12*I*b~3*x~ (1/2) *polylog(3, I*a*exp (I*(c+d*x~(1/2)))/(

b+(-a~2+b~2)~(1/2)))/a~2/(~a~2+b~2) ~(3/2) /d"3+24*I*b*x~ (1/2) *polylog(3, ...

Mathematica [A] (warning: unable to verify)

Time = 11.10 (sec) , antiderivative size = 1729, normalized size of antiderivative = 1.10

T
dz = Too 1 to displ
/ (a+besc(c+ d\/f))2 ’ 00 e fo apay

e

LIntegrate[x/(a + b*Csc[c + d*Sqrt[x]])~2,x]

- J
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(Csclc + dxSqrt[x]]1~2*(b + a*Sin[c + d*Sqrt[x]])*(x"2*(b + axSin[c + d*Sqr
t[x]]) - ((4*I)*bx((2%b*d~3*E~((2*I)*c)*x~(3/2))/(-1 + E~((2*xI)*c)) + ((3*
I)*b*d~2xSqrt[(a”2 - b"2)*E~ ((2*I)*c)]*x*Log[1l + (a*E~(I*(2*c + d*Sqrt[x])
))/(I#b*xE~(I*c) - Sqrt[(a”2 - b™2)*E~((2*xI)*c)])] - (2*xI)*a~2xd"3*E~ (I*c)*
x~(3/2)*Log[1 + (a*E~(I*(2%c + d*Sqrt([x])))/(I*b*xE~(I*c) - Sqrt[(a”2 - b~2
)*E((2%I)*c)])] + I*b~2%d"3+E~ (I*c)*x~(3/2)*Logl[l + (axE~(I*(2%c + d*Sqrt
[x]1)))/(Ixb*E~(I*c) - Sqrt[(a™2 - b™2)*E~((2*%I)*c)])] + (3*I)*b*d~2*Sqrt[(
a”2 - b"2)*E” ((2%I)*c)]*x*Log[1l + (a*E~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c)
+ Sqrt[(a”2 - b72)*E~((2xI)*c)])] + (2xI)*a~2*d"3*E~(I*c)*x~(3/2)*Log[1 +
(a*E~ (I*(2xc + d*Sqrt([x])))/(I*b*E~(Ixc) + Sgrt[(a”2 - b 2)*E~((2*I)*c)])
1 - I¥b"2xd"3+E~ (I*c)*x~(3/2)*Logl[1l + (a*E~(I*(2%c + d*Sqrt[x])))/(I*b*E~(
Ixc) + Sqrtl(a™2 - b"2)*E~((2*I)*c)])] + 3*d*(2xbxSqrt[(a”2 - b~2)*E~ ((2*I
)*c)] - 2%a”2xd*E~(I*c)*Sqrt[x] + b 2*d*E~(I*c)*Sqrt[x])*Sqrt [x]*PolyLog[2
» (I*xa*E~(I*(2%c + d*Sqrt([x])))/(b*E~(I*c) + IxSqrt[(a”2 - b~2)*E~ ((2*I)*c
)1)] + 3xd*(2*%bxSqrt[(a”2 - b"2)*E~((2%I)*c)] + 2%a~2*d*E~(I*c)*Sqrt[x] -
b~2*d*E~ (I*c)*Sqrt [x]) *Sqrt [x] *PolyLog[2, -((a*xE~(I*(2*c + d*Sqrt[x])))/(I
*b*E~ (I*c) + Sqrt[(a”2 - b"2)*E~((2%I)*c)]))] + (6*%I)*b*Sqrt[(a”2 - b 2)*E
~((2*%I)*c)]1*PolyLog[3, (I*a*E~(I*(2*c + d*Sqrt[x])))/(bxE~(I*c) + I*Sqrtl[(
a”2 - b 2)*E~((2*I)*c)]1)] - (12*I)*a~2*d*E~(I*c)*Sqrt[x]*PolyLogl[3, (I*a*E
“(Ix(2*%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b™2)*E~((2*I)*c)1)] ...

output

Rubi [A] (verified)

Time = 2.84 (sec) , antiderivative size = 1567, normalized size of antiderivative = 1.00,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+besc (c—l—d\/i))2 4
l 4693

£3/2 .

2 T

/ (a+besc (c+d\/§))2 Ve
| 3042
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£3/2 ;
2 T
/ (a+besc (c+d\/§))2 ve

l 4679
23/2p2 203/2h £3/2
2L/1 - : + dv/z
<a2 (b+asin (c+dyz))? a?(b+asin(c+dyz)) o )
l 2009

b Va2 btvbe—aZ bV a?

( iz3/2 log (1 — i“ei(c+dﬁ)) b iz’ log (1 — i“ei(c+dﬁ)) b® 3z PolyLog (2 i“ei(c+dﬁ)> b®> 3z PolyLog
2| — —

a2 (b2 — a2)3/2 d T a? (b2 — a2)3/2 d a? (b2 — a2)3/2 d2

-

Int[x/(a + b*Csclc + d*Sqrt[x]])~2,x]

| —

inputt

~

2x (((-I)*b~2*x~(3/2))/(a"2*(a”2 - b"2)*d) + x~2/(4*a~2) + (3*xb~2*x*Log[l +
(a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2])])/(a"2*%(a"2 - b~2)*d"2)
+ (3*xb~2*x*Log[1l + (a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrtl[a”2 - b~2]1)]1)/(a
~2%(a~2 - b~2)*d~2) - (I*b~3*x~(3/2)*Logl[l - (I*a*E~(I*(c + d*Sqrtlx])))/(
b - Sqrt[-a”2 + b"2])]1)/(a"2*x(-a"2 + b~2)7(3/2)*d) + ((2*I)*b*x~(3/2)*Logl
1 - (I*axE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b"2])]1)/(a"2*Sqrt[-a~2 +
b~2]*d) + (Ixb~3%x~(3/2)*Log[l - (Ixa*E~(I*(c + d*Sqrtl[x])))/(b + Sqrt[-a”
2 + b 2]1)])/(a"2*%(-a"2 + b72)7(3/2)*d) - ((2*I)*bxx~(3/2)*Logl[l - (I*a*E~(
Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]1*d) - ((
6*1)*b~2*Sqrt [x] *PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a~2 -
b~2]1))1)/(a"2*(a"2 - b"2)*d"3) - ((6*I)*b~2*Sqrt [x]*PolyLog[2, -((a*E~(I*(
c + d*Sqrt[x])))/(I*b + Sqrt[a~2 - b~2]))])/(a"2*x(a"2 - b~2)*d"3) - (3*%b~3
*x*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-
a"2 + b~2)7(3/2)*d"2) + (6xb*x*PolyLogl[2, (I*a*xE~(I*(c + d*Sqrt[x])))/(b -
Sart[-a~2 + b~2])]1)/(a"2+Sqrt[-a"2 + b~2]*d"2) + (3*b~3*x*PolyLogl[2, (I*a
*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])]1)/(a~2*(-a"2 + b~2)~(3/2)*d
~2) - (6xbxx*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])
1)/(a"2*Sqrt[-a”2 + b~2]*d"2) + (6*¥b~2*PolyLogl[3, -((a*E~(I*(c + d*Sqrt[x]
)))/(I*b - Sqrt[a~2 - b~2]))1)/(a~2*(a"2 - b~2)*d"~4) + (6%¥b~2xPolyLogl[3, -
((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))])/(a"2*(a"2 - b~2)*...

output

a? (b
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

/ (a+besc(c+ dﬁ))de

Lint(x/(a+b*csc(c+d*x“(1/2)))“2,X)

Lint(x/(a+b*csc(c+d*x‘(1/2)))“2,x)
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Fricas [F]

/ i 2dx=/ ° 5 dT
(a+besc (c+dyz)) (bese (dy/T +¢) +a)

input tintegrate (x/ (atbxcsc(c+d*x~(1/2)))"2,x, algorithm="fricas")

output Lintegral(x/(b"2*csc(d*sqrt(x) + ¢)72 + 2*xaxb*csc(d*sqrt(x) + c) + a™2), x)

Sympy [F]

/ ad 2dx=/ i 5 dx
(a+besc (c+dyz)) (a+besc (c+dyz))

input Lintegrate (x/ (at+b*csc(cHd*x** (1/2))) **2,x)

OutputLIntegral(x/(a + bxcsc(c + dxsqrt(x)))**2, x)

Maxima [F(-2)]

Exception generated.

/ ad 5 dr = Exception raised: ValueError
(a + bcesc

(c+ dva))

-

input tintegrate (x/ (atbxcsc(c+d*x~(1/2)))"2,x, algorithm="maxima")

e—

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f

‘or more de
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Giac [F]

/ ad 2dx=/ 7 5 dT
(a+besc (c+dy/z)) (bese (dy/z +¢) +a)

input Lintegrate (x/ (a+b*csc(c+d*x~(1/2)))~2,x, algorithm="giac")

output Lintegrate(x/(b*csc(d*sqrt(x) +c) +a)72, x)

Mupad [F(-1)]

Timed out.

sin (c+d \/E)

/(a—i—bcsc(f:—i—dﬁ)fdm_/(a_i_ xb >2dac

input Lint(x/(a + b/sin(c + d*x~(1/2)))"2,x)

output 1BE(X/(@ + b/sin(c + d*x"(1/2)))72, x)

Reduce [F]

/ ad dr = too large to displa;
(a+besc (c+d\/5))2 Y

input Lint (x/ (at+b*csc(c+d*x~(1/2)))"2,%)
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(864xsqrt( - a*x*2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2
+ b**2))*sin(sqrt(x)*d + c)*a*x5 - 672xsqrt( - ax*2 + b¥*2)*atan((tan((sq
rt(x)*d + c)/2)*b + a)/sqrt( - a*x*2 + b**2))*sin(sqrt(x)*d + c)*a*x*3xb**2
+ 48xsqrt( - ax*2 + b**x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2
+ b**2))*sin(sqrt(x)*d + c)*a*b**x4 + 864*sqrt( - a**2 + b*x2)*atan((tan((
sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + bx*2))*ax*d*xb - 672xsqrt( - a**2 +
bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( — ax*2 + b**2))*a**2xb**3
+ 48*sqrt ( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - axx
2 + b**x2))*b*x5 + 432+sqrt(x)*cos(sqrt(x)*d + c)*ax*6xd + 8*sqrt(x)*cos(sq
rt(x)*d + c)*ax*4xbx*2xd**3*x — 552*sqrt(x)*cos(sqrt(x)*d + c)*ax*4dxbx*2xd
- 8xsqrt(x)*cos(sqrt(x)*d + c)*ax*2xbx*4xd**3*x + 120*sqrt(x)*cos(sqrt(x)
*d + c)*a*x2+b*x4d*d - 72*kcos(sqrt(x)*d + c)*a**xbxbkd**2*x + 84xcos(sqrt(x)
*d + c)*a*x*3*xb*xx3*%d**2xx - 12xcos(sqrt(x)*d + c)*a*bk*bxd**x2*x — 12*sqrt(x
)*sin(sqrt(x)*d + c)*a**x5xb*d**3*x + 16%sqrt(x)*sin(sqrt(x)*d + c)*a**3*bx*
*3%d**3%x — 4xsqrt(x)*sin(sqrt(x)*d + c)*axbx*k5xd**3*x + 432%sqrt (x)*ax*6%
d - 4xsqrt(x)*a**x4*xbx*2*xd**3*x — 768*sqrt (x) *ax*4xb**2xd + 4xsqrt(x)*a**2*
b**4*xd**3*x + 360*sqrt (x)*a**2xbxx4*d - 24*sqrt (x)*b**6xd - 72xint (sqrt(x)
/(tan((sqrt(x)*d + c)/2)**4xb*x2 + 4xtan((sqrt(x)*d + c)/2)**3*a*xb + 4xtan
((sqrt(x)*d + c)/2)*x2xax*2 + 2xtan((sqrt(x)*d + c)/2)**2xbx*2 + 4*tan((sq
rt(x)*d + c)/2)*axb + b**2),x)*sin(sqrt(x)*d + c)*a*x*7xbxd**3 + 96*xint (...

output
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3.49 3 dz
f z(a+b csc(c+d\/§))2

Optimalresult . . . . . . . . .. . .. 3611
Mathematica [N/A] . . . . . . .. .
Rubi [N/A] . . o 3621
Maple [N/A] . . . o 362
Fricas [N/A] . . . . o 363
Sympy [N/A] . . o 3631
Maxima [N/A] . . . . .
Giac [N/A] . . o e 365
Mupad [N/A] . . . o
Reduce [N/A] . . . 365]

Optimal result

Integrand size = 20, antiderivative size = 20

/ L 2d:c=In1:< L 2,m>
z (a+besc (c+ dy/x)) z (a+besc (c+ dy/x))

output LDefer (Int) (1/x/(a+b*csc(c+d*x~(1/2)))"2,x) J

Mathematica [N/A]

Not integrable

Time = 43.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ L 2dx=/ L 5 dT
z (a+besc (c+ dy/x)) z (a+besc (c+ dy/x))

input Llntegrate[i/(x*(a + bxCsclc + d*Sqrt[x]])"2),x]

output ‘ Integrate[1/(x*(a + b*Csc[c + d*Sqrt[x]])~2), x]
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ : 5 dT
z (a+besc (c+ dy/x))
| 4695
/[ ! 5dx
z (a+besc (c+ dy/z))
input LInt [1/(x*(a + b*Csc[c + d*Sqrt[x]]1)"2),x] J
Output L$Ab0rted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90
1

/ sdx

z (a+besc (c+ dy/x))
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input Lint(l/x/(a+b*csc(c+d*x*(1/2)))~2’x) J

output Lint (1/x/ (a+b*csc(c+d*x~(1/2)))"2,x) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.90

/ ! de:/ ! 5— dT
z (a+besc (c+ dy/z)) (bese (dyz+¢) +a)'z

inputLintegrate(1/x/(a+b*csc(c+d*x"(1/2)))"2,x, algorithm="fricas") J

e B
Ou_tput‘integral(l/(b"Q*x*csc(d*sqrt(x) + ¢c)72 + 2*axb*xxcsc(d*sqrt(x) + c) + a~2x

‘x), x) ‘

Sympy [N/A]
Not integrable

Time = 4.66 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1
/ . 5 de = / 5 dx
a:(a—l—bcsc(c—l—d\/i)) z(a—i—bcsc(c-l—d\/g?))
inputtintegrate(1/X/(a+b*csc(c+d*x**(1/2)))**Q,X) J
output LIntegral(l/(x*(a + bxcsc(c + dxsqrt(x)))*x2), x) J
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Maxima [N/A]
Not integrable

Time = 12.43 (sec) , antiderivative size = 4411, normalized size of antiderivative =
220.55

/ L 2dx=/ L 5— dr
z (a+besc (c+ dy/x)) (bese (dyz+¢) +a)'z

input"integrate(1/x/(a+b*csc(c+d*x"(1/2)))"2,x, algorithm="maxima")

-((a~8*d*cos(2*d*sqrt(x) + 2%c)”~2 + a~8*d*sin(2*d*sqrt(x) + 2*c)”~2 + (a~4*
b~4*cos(2%c) "2 + a~4xb~4*sin(2x*c) ~2)*d*cos(2*d*sqrt(x))~2 + 4*((a"6*b"2 -

2*¥a~4*b~4 + a~2xb”"6)*cos(c)”2 + (a"6*b”"2 - 2*a~4xb"4 + a”~2%b~6)*sin(c)"2)*
dxcos(d*sqrt(x)) "2 + (a"4*b~4*cos(2*c)”2 + a~4*b~4*sin(2*c) ~2)*d*sin(2*d*s
qrt(x))~"2 + 4x(a~7*b - 2*a”~5*b~3 + a”~3*b~5)*d*cos(c)*sin(d*sqrt(x)) + 4*((
a"6*%b~2 - 2*a"4*b"4 + a~2*b~6)*cos(c)"2 + (a"6%b”2 - 2*%a~4*b"4 + a~2*%b”6)*
sin(c)"2)*d*sin(d*sqrt(x)) "2 + 4*(a"7*b - 2¥a~5*b~3 + a~3*b~5)*d*cos(d*sqr
t(x))*sin(c) + (a"8 - 2*%a"6%b~2 + a~4*b~4)*d - 2*(2x((a"5*b~3 - a~3%b~5)*c
os(c)*sin(2*c) - (a"5*b~3 - a”~3*b~5)*cos(2xc)*sin(c))*d*cos(d*sqrt(x)) - (
a"6*%b"2 - a"4*b~4)*d*cos(2*c) - 2x((a"5*b~3 - a~3*b~5)*cos(2*c)*cos(c) + (
a~5*%b~3 - a~3*b~5)*sin(2*c)*sin(c))*d*sin(d*sqrt(x)))*cos(2xd*sqrt(x)) - 2
*(a~6xb~2*d*cos (2%d*sqrt (x) ) *cos(2*c) - a~6*b~2xd*sin(2*d*sqrt(x))*sin(2*c
) + 2x(a”~7*b - a~b*b~3)*d*cos(c)*sin(d*sqrt(x)) + 2x(a~7*b - a~5xb~3)*d*co
s(d*sqrt(x))*sin(c) + ("8 - a~6*b~2)*d)*cos(2*d*sqrt(x) + 2*c) - 2*x(2x((a
“6%xb~3 - a~3*b~5)*cos(2*c)*cos(c) + (a~5%b~3 - a~3*b~5)*sin(2*c)*sin(c))*d
xcos (d*sqrt(x)) + 2x((a~5%b"3 - a~3%b~5)*cos(c)*sin(2*c) - (a"b*b~3 - a~3x%
b~5)*cos(2*c)*sin(c))*d*sin(d*sqrt(x)) + (a"6%b~2 - a~4*b~4)*d*sin(2%*c))*s
in(2xd*sqrt(x)) - 2*(a”6xb~2*d*cos(2*c)*sin(2*d*sqrt(x)) + a~6%b~2*d*cos(2
*d*sqrt (x) ) *sin(2xc) - 2x(a~7*b - a~5xb~3)*d*cos(d*sqrt(x))*cos(c) + 2x(a”
7T*b - a”~b*b~3)*d*sin(d*sqrt(x))*sin(c))*sin(2xd*sqrt(x) + 2%c))x*x*integ...

output




input

output

input

output

input
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Giac [N/A]
Not integrable

Time = 0.50 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2da:z/ ! 5— dT
z (a+besc (c+ dy/x)) (bese (dy/z+c¢) +a)'x

Lintegrate (1/x/ (atb*csc(c+d*x~(1/2)))~2,x, algorithm="giac") J

‘integrate(l/((b*csc(d*sqrt(x) + c) + a)~2*x), x) ‘

Mupad [N/A]
Not integrable

Time = 15.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ 5 dr = / 5 dx
z (a+besc (c+dyx)) x@_,.m)
tint(l/(x*(a + b/sin(c + d*x~(1/2)))"2),x) J

-

Lint(l/(x*(a + b/sin(c + d*x~(1/2)))"2), x)

-/

Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

1 1
o= [
/ac(a-l—bcsc(c-l—d\/a?))2 ’ csc(\/id+c)2b2x+2csc(\/g_vd—l-c)abx-l—a%

dz

Lint(l/x/(a+b*csc(c+d*x“(1/2)))“2,x) J
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‘int(l/(csc(sqrt(x)*d + C)**2xbx*2xx + 2*kcsc(sqrt(x)*d + c)*axbxx + a**2*x)

output
»X)
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3.50 [ : ! ; dz

a+bcsc(c+dy/z))

Optimalresult . . . . . . . . .. . .. 367

Mathematica [N/A] . . . . . ... . 367

Rubi [N/A] . . o

Maple [N/A] . . . o

Fricas [N/A] . . . . o 369

Sympy [N/A] . . o 369

Maxima [N/A] . . . . o e B7a

Giac [N/A] . . o o B71]

Mupad [N/A] . . . o 371

Reduce [N/A] . . . o 371l

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ 5 dz = Int 5, T
22 (a+ besc (c+dy/z)) 22 (a+ besce (c+dy/z))

OutputLDefer(Int)(1/x‘2/(a+b*csc(c+d*x“(1/2)))“2,x) J

Mathematica [N/A]

Not integrable

Time = 39.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ L 5 dr = / L 5 dT
22 (a+ besc (c+ dy/z)) 22 (a+besc (c+dy/z))

inputLIntegrate[i/(x?*(a + bxCsc[c + d*Sqrt[x]1]1)~2),x] J

Output‘Integrate[l/(x‘?*(a + b*Csclc + d*Sqrt[x]1])"2), x]
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 5 dz
2% (a+besc (c+ dy/x))
| 4695
L/‘ L 5dx
22 (a+besc (c+dy/x))
input LInt [1/(x"2x(a + b*Csc[c + d*Sqrt[x]1)~2),x] J
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

1

/:v2 (a+besc (c+d\/5))2dx
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input Lint (1/x~2/ (a+b*csc(c+d*x~(1/2)))"2,x%)

output Lint (1/x72/ (atb*csc(c+d*x™(1/2)))2,x)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/ ! de:/ ! 5— dT
22 (a+besc (c+ dy/T)) (bese (dy/z +¢) +a) z?

inputLintegrate(1/x"2/(a+b*csc(c+d*x"(1/2)))"2,x, algorithm="fricas")

p
ou_tput‘integral(l/(b"2*x"2*csc(d*sqrt(x) + ¢c)72 + 2*axb*x"2*csc(d*sqrt(x) + c) +
‘a‘2*x‘2), x)

Sympy [N/A]
Not integrable

Time = 9.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! 2d:c=/ ! 5 dx
z? (a+besc (c+ dy/z)) z? (a+besc (¢ + dy/z))

inputtintegrate(1/X**2/(a+b*csc(c+d*x**(1/2)))**Q’X)

output LIntegra1(1/(x**2*(a + bxcsc(c + d*xsqrt(x)))**2), x)
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Maxima [N/A]
Not integrable

Time = 18.00 (sec) , antiderivative size = 4411, normalized size of antiderivative =
220.55

t/" L 2db:=t/n L 5— dx
22 (a + besc (c+ dy/z)) (bese (dy/z +¢) +a) z?

input‘integrate(1/x‘2/(a+b*csc(c+d*x‘(1/2)))‘2,x, algorithm="maxima")

-((a~8xd*cos(2*d*sqrt(x) + 2%c)”2 + a"8*d*sin(2+d*sqrt(x) + 2*c)"2 + (a™4x
b~4*cos(2%c) "2 + a~4xb~4*sin(2%c) ~2)*dxcos(2xd*sqrt(x)) "2 + 4*x((a"6*b"2 -

2%a”~4*b"4 + a~2*b"6)*cos(c)”2 + (a”"6*%b”2 - 2*a”4*b”4 + a~2%b”6)*sin(c)”2)*
d*cos(d*sqrt(x)) "2 + (a~4*b~4*cos(2*c) "2 + a~4xb~4*sin(2+*c) "2) *d*sin(2*dx*s
qrt(x))~2 + 4%(a"7*b - 2%a”b*b~3 + a~3*b~5)*d*cos(c)*sin(d*sqrt(x)) + 4x*((
a"6*b~2 - 2*a~4*b"4 + a~2*b~6)*cos(c)”2 + (a"6*%b”2 - 2*%a~4*b"4 + a~2*b”6)*
sin(c)"2)*d*sin(d*sqrt(x)) "2 + 4x(a~7*b - 2*a~5*b~3 + a~3*b~5)*d*cos (d*sqr
t(x))*sin(c) + (a™8 - 2*%a~6%b~2 + a~4*b~4)*d - 2*%(2x((a"5*%b~3 - a~3%b~5)*c
os(c)*sin(2*c) - (a"5*b~3 - a”~3*b~5)*cos(2xc)*sin(c))*d*cos(d*sqrt(x)) - (
a"6%b~2 - a~4%b~4)*d*cos(2*c) - 2*((a"5*b"3 - a~3*b~5)*cos(2*c)*cos(c) + (
a~b*%b~3 - a~3%b~5)*sin(2*c)*sin(c))*d*sin(d*sqrt(x)))*cos(2xd*sqrt(x)) - 2
* (2~ 6xb~2*d*cos (2*d*sqrt (x) ) *cos(2xc) - a~6*b"2xd*sin(2xd*sqrt(x))*sin(2*c
) + 2%(a"7*b - a~bxb~3)*d*cos(c)*sin(d*sqrt(x)) + 2x(a~7*b - a~5*%b~3)*d*co
s(d*sqrt(x))#*sin(c) + (a”8 - a”6*b~2)*d)*cos(2*d*sqrt(x) + 2xc) - 2*x(2x((a
~“5*%b~3 - a”3*b~5)*cos(2*c)*cos(c) + (a"5*¥b"3 - a"3*b"5)*sin(2*c)*sin(c))*d
xcos(d*sqrt(x)) + 2x((a"5*%b"3 - a~3*b~5)*cos(c)*sin(2*c) - (a"5*b~3 - a~3*
b~5)*cos(2*c)*sin(c))*d*sin(d*sqrt(x)) + (a~6*%b"2 - a~4*b~4)*d*sin(2*c))*s
in(2xd*sqrt(x)) - 2*(a”~6xb~2*d*cos(2*c)*sin(2*d*sqrt(x)) + a~6%b~2*d*cos(2
*d*sqrt (x) ) *sin(2xc) - 2x(a”7*b - a~5xb~3)*d*cos(d*sqrt(x))*cos(c) + 2x(a”
7*b - a~5*b~3)*d*sin(d*sqrt(x))*sin(c))*sin(2*d*sqrt(x) + 2*c))*x"2+int...

output
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Giac [N/A]
Not integrable

Time = 0.93 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ L 2dx=/ L 5— dx
22 (a+ bese (¢ +dy/z)) (bese (dy/T +¢) +a) z?

input Lintegrate (1/x~2/ (at+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

output Lintegrate(l/((b*csc(d*sqrt(x) + ¢) + a)~2%x72), x)

Mupad [N/A]
Not integrable

Time = 15.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/x2 (0L+bcscl(c-|-d\/;z))2 dz:/ﬁ <a+1— dx

b 2
sin(c+d /z) )

input Lint(l/(x"2*(a + b/sin(c + d*x~(1/2)))72),x)

Outputlint(l/(x‘z*(a + b/sin(c + d*x~(1/2)))"2), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.10

1
/332 (a+besc(c+dyz))

5 dx

1
/ csc (v d+ c)2b2av2 + 2csc (vrd+ c) abz? + a?z?

dz
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inputLint(1/x“2/(a+b*csc(c+d*x~(1/2)))~2,X)

t‘int(l/(csc(sqrt(x)*d + C)**2kbxk2¥x**2 + 2%xcsc(sqrt(x)*d + c)*axbrx**2 + a

outpu
‘ *kkx*k*k2) , xX)




output
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3.51 [23%(a+besc (c+dy/T)) do

Optimal result . . . . . . . . . . . . e 373
Mathematica [A] (verified) . . . . . . . . . ... o 374
Rubi [A] (verified) . . . .. . . ... .. 374
Maple [F] . . . . 376
Fricas [F] . . . . . . o 376
Sympy [F] . . o o 376
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... Birdrd
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o B78
Reduce [F] . . . . . 378

Optimal result

Integrand size = 20, antiderivative size = 258

32 9 4bz*arctanh (ei (ct+dvz) )
/x (a+besc (c+dvz)) dngaxS/Q_ -
8ibz®/2 PolyLog (2, —ei(C+d\/5)> 8ibz/2 PolyLog (27 6i(c+dﬁ)>
d? B d2

24bz PolyLog (3, —ei<c+dﬁ>) 24bz PolyLog (3, ei<c+dﬁ>>
- d3 + 3

48ib+/x PolyLog <4, —ei(0+dx/5)) 48ib\/z PolyLog ( 4, ei(c+dﬁ)>
B d* + d4
48b PolyLog (5, —ei(6+d\/5)> 48b PolyLog ( 5, ei(a+dﬁ)>

ds d°

_|_

+

2/5%a*xx” (5/2) -4*b*x~2*arctanh (exp (I*(c+d*x~(1/2))))/d+8*I*b*xx~ (3/2)*polylo
g(2,-exp(I*(c+d*x~(1/2))))/d"2-8xI*b*x" (3/2) *polylog(2,exp (I*(c+d*x~(1/2))
))/d"2-24%bxx*polylog(3,-exp (I*(c+d*x~(1/2))))/d"3+24*b*x*polylog(3,exp (I*
(c+d*x~(1/2))))/d"3-48*Ixbxx~(1/2) *polylog(4,-exp(I*(c+d*x~(1/2))))/d"4+48
*I*b*x~ (1/2) *polylog(4,exp(I*(c+d*x~(1/2))))/d"4+48*b*polylog(5,-exp(I*(c+
d*x~(1/2))))/d"5-48%b*polylog(5,exp(I*(c+d*x~(1/2))))/d"5
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.11

JEC

2 <ad5x5/2 + 5bd"z2 log (1 - ei(c+d~/5>) — 5bd*z? log (1 + ei(c+d~/5>) + 20ibd33/]
+besc (c+dv/z)) do=

-

Integrate[x~(3/2)*(a + bxCscl[c + d*Sqrt[x]]),x]

input

N

(2x(a*d~5*x~(5/2) + B*b*d~4*x~2*Log[l - E~(I*(c + d*Sqrt[x]))] - 5*b*d~4x*x
~2xLog[1 + E~(I*(c + d*Sqrt[x]))] + (20%I)*bxd~3*x~(3/2)*PolyLog[2, -E~(Ix*
(c + d*Sqrt[x]))] - (20%I)*b*d~3*x~(3/2)*PolyLog[2, E~(I*(c + d*Sqrt[x]))]

- 60%b*d~2*x*PolyLog[3, -E~(I*(c + d*Sqrt[x]))] + 60%b*d~2xx*PolyLog[3, E
“(I*(c + d*Sqrt[x]))] - (120%I)*b*d*Sqrt[x]*PolyLogl[4, -E~(I*(c + d*Sqrt[x
1))]1 + (120%I)*b*d*Sqrt[x]*PolyLog[4, E~(I*(c + d*Sqrt[x]))] + 120*b*PolyL
ogl5, -E~(I*(c + d*Sqrt[x]))] - 120*b*PolyLogl[5, E~(I*(c + d*Sqrtl[x]1))]1))/
(5%d"5)

output

N

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.00,
number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 22 (a+ besc (c + dva)) da
l 2010
/ (am3/2 + bz esc (¢ + d\/z?)) dz

l 2009
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9 4bz%arctanh (e"(chd\/i)) 48b PolyLog (5, —ei(c+d‘/5))

5o/’ - d + 5

48b PolyLog (5, ei(c+dﬁ>) 48ib\/z PolyLog (4, _ei(c+dﬁ>)
d° B 4 +

48iby/z PolyLog (4, e"("”ﬁ)) 24bz PolyLog (3, —ei(0+d~/5))
d4 - B +

24bz PolyLog (3, e’ (C+d~/5>) 8ibx:3/2 PolyLog (2, —ei(c+d\/5)>
3 + 2 _

8ibx3/2 PolyLog (2, ei(c+d\/5)>
42
input LInt [x~(3/2)*(a + b*Csc[c + d*Sqrt[x]]),x] J

~

(2%a*x~(5/2))/5 - (4*b*x~2xArcTanh[E~(I*(c + d*Sqrt[x]))]1)/d + ((8*I)*b*x~
(3/2)*PolyLog[2, -E~(I*(c + d*Sqrt[x]))]1)/d~2 - ((8*I)*b*x~(3/2)*PolyLogl2
, E7(I*(c + dxSqrt[x]))])/d"2 - (24*b*x*PolyLogl[3, -E~(I*(c + d*Sqrt([x]))]
)/d"3 + (24xb*x*PolyLog[3, E~(I*(c + d*Sqrt[x]1))]1)/d"3 - ((48*I)*b*Sqrt[x]
*PolyLog[4, -E~(Ix(c + d*Sqrt[x]))])/d~4 + ((48*I)*b*Sqrt[x]*PolyLogl[4, E~
(Ix(c + d*Sqrt[x]))])/d"4 + (48%b*PolyLog[5, -E~(I*(c + d*Sqrt[x]))]1)/d"5
- (48*b*PolyLog[5, E~(I*(c + d*Sqrt[x]))]1)/d"5

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2010‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c#*x) m*u, x] ‘
‘ , x]1 /; FreeQ[{c, m}, x] &% SumQ[u] &% !'LinearQ[u, x] &% !'MatchQ[u, (a_) ‘
! + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [F|

/xg (a+besc (c+dyz))dx

input Lint (x~(3/2)*(at+b*csc(c+d*x~(1/2))),x)

output Lint (x”(3/2)* (a+bkcsc (c+d*x™(1/2))) ,x)

Fricas [F]

/x3/2(a—|—bcsc (c+dvz)) dxz/(bcsc (dvz +¢) —I—a)z% dx

inputLintegrate(x‘(3/2)*(a+b*csc(c+d*x“(1/2))),x, algorithm="fricas")

Output‘integral(b*X”(3/2)*csc(d*sqrt(x) + c) + a*x~(3/2), x)

Sympy [F]

/m3/2(a+bcsc (c+d\/5)) dx=/mg(a+bcsc (c+d\/§)) dx

inputLintegrate(X**(3/2)*(a+b*csc(c+d*x**(1/2))),X)

OutputLIntegral(x**(3/2)*(a + bxcsc(c + d*sqrt(x))), x)




output

e

inputt

\
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 730 vs. 2(200) = 400.

Time = 0.12 (sec) , antiderivative size = 730, normalized size of antiderivative = 2.83

/ 232 (a + bese (¢ + dy/z)) dz = Too large to display

integrate (x~(3/2)*(a+b*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

-/

1/5%(2x(d*sqrt(x) + c)~5*a - 10*x(d*sqrt(x) + c) 4*axc + 20x(d*sqrt(x) + c)
“3*a*xc”2 - 20x(d*sqrt(x) + c)”2%axc”3 + 10*(d*sqrt(x) + c)*axc™4 - 10%b*c”
4xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) + 10*x(-I*(d*sqrt(x) + c) 4x
b + 4xIx(d*sqrt(x) + c)"3xb*xc - 6xI*(d*sqrt(x) + c) " 2%b*c”2 + 4*I*(d*sqrt(
x) + c)*bxc”3)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) + 10x(-
Ix(d*sqrt(x) + c)~4*b + 4*I*x(d*sqrt(x) + c) 3*bxc — 6*xI*(d*sqrt(x) + c) 2%
b*c”™2 + 4*I*(d*sqrt(x) + c)*b*c~3)*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt
(x) + c) + 1) + 40*(I*(d*sqrt(x) + c)"3*%b - 3xIx(d*sqrt(x) + c) 2xbxc + 3*
Ix(d*sqrt(x) + c)*b*c”2 - I*bxc~3)*dilog(-e~ (I*d*sqrt(x) + Ixc)) + 40*(-Ix
(d*sqrt(x) + c)~3%b + 3*I*(d*sqrt(x) + c) 2%bkc - 3*I*k(d*sqrt(x) + c)*b*c”
2 + I*bxc”~3)*dilog(e” (I*d*sqrt(x) + Ixc)) - 5x((d*sqrt(x) + c)”4*b - 4x(dx
sqrt(x) + c)~3%b*c + 6*%(d*sqrt(x) + c) 2xb*c™2 - 4x(d*sqrt(x) + c)*b*c~3)*
log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 + 2*cos(d*sqrt(x) + c) + 1
) + B5x((d*sqrt(x) + c) 4*b - 4x(d*sqrt(x) + c) 3*b*c + 6x(d*sqrt(x) + c)~2
xb*c”2 - 4*(d*sqrt(x) + c)*b*c”3)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x)
+ ¢c)72 - 2%cos(d*sqrt(x) + c) + 1) + 240*bxpolylog(5, —-e~ (I*d*sqrt(x) + I
*Cc)) - 240xb*polylog(5, e~ (I*d*sqrt(x) + I*c)) + 240*(-I*(d*sqrt(x) + c)*b
+ Ixb*c)*polylog(4, —e”(I*d*sqrt(x) + I*c)) + 240%(I*(d*sqrt(x) + c)*b -

Ixbxc)*polylog(4, e~ (I*d*sqrt(x) + Ixc)) - 120*((d*sqrt(x) + c)"2xb - 2*(d
*sqrt (x) + c)*b*c + bxc~2)*polylog(3, -e” (I*d*sqrt(x) + Ixc)) + 120%((d...
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378

Giac [F]

/x3/2(a+bcsc (c+d\/§)) dm=/(bcsc (d\/i—kc) —|—a)x% dzx

input ‘ integrate(x~(3/2)*(at+b*csc(c+d*x~(1/2))),x, algorithm="giac")

outputtintegrate((b*csc(d*sqrt(x) +c) + a)*x~(3/2), x)

Mupad [F(-1)]

Timed out.

/m3/2(a—|—bcsc (c+dvz)) dm=/m3/2 <a+m> dz

input Lint(X‘(3/2)*(a + b/sin(c + d*x~(1/2))),x)

output Lint(x‘(s/Q)*(a + b/sin(c + d*x~(1/2))), x)

Reduce [F]

/x3/2(a+bcsc (c+dvz)) dz = @+ (/\/ﬂ_vcsc (Vzd+c) xdx) b

input Lint (x~(3/2)* (a+b*csc(c+d*x~(1/2))) ,x)

output L(2*sqrt(x)*a*x**2 + bxint(sqrt(x)*csc(sqrt(x)*d + c)*x,x)*b)/5
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3.52 [vz(a+besc(c+dyz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3801
Rubi [A] (verified) . . . .. . . ... .. 380
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o 384

Optimal result

Integrand size = 20, antiderivative size = 144

4b tanh i(ct+dy/x)
/\/E(a +besc (c+ dvz)) dz = §a$3/2 | orrean d<e )

44b+/z PolyLog (2, —ei(c+dﬁ)>
d2
4iby/Z PolyLog (2, ei<c+dﬁ>)
d2
4b PolyLog (3, —eilctdva) )
d3
4deyLog(&e“Hﬂ¢@)
d3

_|_

+

" ‘ 2/3*a*xx” (3/2) -4*xbxx*arctanh (exp (I*(c+d*x~(1/2)))) /d+4*Ixbxx"~ (1/2)*polylog( ‘
2,-exp(I*(c+d*x™(1/2))))/d"2-4xI¥b*x" (1/2) ¥polylog(2,exp(I* (c+d*x~(1/2))))
‘ /d~2-4xb*polylog(3,-exp(I*(c+d*x~(1/2))))/d"3+4*b*polylog(3, exp (I* (c+d*x~ ( ‘
11/2))))/d"3 |

outpu
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Mathematica [A] (verified)

Time = 2.59 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.33

/\/E(a + bcesc (c + d\/E)) dzx
2(ad®z3/? — 6bd*zarctanh (cos (¢ + dy/z) +isin (c + dy/z)) + 6ibdy/z PolyLog (2, — cos (¢ + dv/z) —

-

input LIntegrate [Sqrt[x]*(a + bxCsc[c + d*Sqrt[x]]),x]

-/

(2% (a*d~3*x~(3/2) - 6%bxd~2xx*ArcTanh[Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqr
t[x]]1] + (6%I)*bxd*Sqrt[x]*PolyLog[2, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sq
rt[x]]] - (6%I)*bxd*Sqrt[x]*PolyLog[2, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sq
rt[x]]] - 6*b*PolyLog[3, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt([x]]] + 6*b
*PolyLog[3, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqrt[x]1]1]1))/(3*d"3)

output

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/E(a+bcsc (c+dvz)) do

| 2010
/ (av/Z + by/T csc (¢ + dv/z) ) dz
| 2009
2 S 4bzarctanh (ei(c+dx/5)> ) 4b PolyLog (3, _ei(c+d\/5)) .
3 y p

4b PolyLog (3, 6i(c+dﬁ)) 4ib+/z PolyLog (2, —e"(”dﬁ)) 4iby/z PolyLog (2, ei(c+dﬁ))
+ _
d3 d? 2
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inputtlnt[Sqrt[x]*(a + bxCsc[c + d*Sqrt[x]]),x] J

‘(2*a*x‘(3/2))/3 - (4*b*x*ArcTanh[E~(I*(c + d*Sqrt[x]))1)/d + ((4*I)*b*Sqrt
‘[X]*PolyLog[2, -E~(I*(c + d*Sqrt[x]))]1)/d"2 - ((4*I)*bxSqrt[x]*PolyLogl2,
‘E‘(I*(c + d*Sqrt[x]))1)/d"2 - (4*b*PolyLogl[3, -E~(Ix(c + d*Sqrt[x]))]1)/d"3

‘ + (4xbxPolyLog[3, E~(I*(c + d*Sqrt[x]))])/d"3 ‘

output

Defintions of rubi rules used

rule 2009“111: [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk32010‘Int[(u-)*((c--)*(X_))A(m_-), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !MatchQ[u, (a_ )
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Maple [F]
/\/5 (a+besc(c+dyz)) do
input Lint (x~(1/2)* (a+bxcsc (c+d*x~(1/2))) ,x) J
output| 188 (" (1/2) % (atbrese (crasx™(1/2))) ,x) J
Fricas [F]

/\/E(a—l—bcsc (c—|—d\/§)) dx=/(bcsc (dﬁ—l—c)—l—a)ﬁdm

input Lintegrate (x~(1/2) * (a+b*csc(c+d*x~(1/2))) ,x, algorithm="fricas") J
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t‘integral(b*sqrt(x)*csc(d*sqrt(x) + ¢) + a*xsqrt(x), x)

outpu
Sympy [F]
/\/E(a + bcesc (c—+- d\/g_v)) dr = / \/E(a + besc (c + d\/g_r)) dzx
input Lintegrate (x#* (1/2) * (a+b*csc (c+d*x** (1/2))) ,x) J
outputLIntegral(sqrt(x)*(a + b*csc(c + d*sqrt(x))), x) J
Maxima [B] (verification not implemented)
Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 370 vs. 2(110) = 220.
Time = 0.10 (sec) , antiderivative size = 370, normalized size of antiderivative = 2.57
/ﬁ(a+ bese (c+ dy/z)) do
2 (dy/Z + ¢)’a — 6 (dy/Z + ¢)*ac + 6 (d/T + c)ac® — 6bc? log (cot (dv/T + ¢) + csc (dy/T +¢)) + 6 (—
input[integrate(x“(1/2)*(a+b*csc(c+d*x’"(1/2))),x, algorithm="maxima") }




output

input

output

input

output
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1/3*(2x(d*sqrt(x) + c)”3%a - 6*%(d*sqrt(x) + c) 2xa*xc + 6x(d*sqrt(x) + c)*a
*c"2 - 6xbxc”2*log(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) + 6*%(-Ix(d*sqr
t(x) + c)”2*%b + 2xI*(d*sqrt(x) + c)*b*c)*arctan2(sin(d*sqrt(x) + c), cos(d
*sqrt(x) + c) + 1) + 6*%(-Ix(d*sqrt(x) + c)"2xb + 2*Ix(d*sqrt(x) + c)*bxc)x*
arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) + 12%(Ix(d*sqrt(x) +
c)*b - Ixbxc)*dilog(-e~ (I*d*sqrt(x) + Ixc)) + 12%(-Ix(d*sqrt(x) + c)*b + I
*b*c)*dilog(e” (I*d*sqrt(x) + I*c)) - 3*((d*sqrt(x) + c)"2xb - 2*(d*sqrt(x)
+ c)*bxc)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 + 2xcos(d*sqrt(
x) + c) + 1) + 3x((d*sqrt(x) + c)"2+b - 2x(d*sqrt(x) + c)*bxc)*log(cos(d*s
art(x) + ¢)”2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1) - 12xb*po
lylog(3, -e~(I*d*sqrt(x) + I*c)) + 12*bxpolylog(3, e~ (I*d*sqrt(x) + I*c)))

/d~3

Giac [F]

/ﬁ(a%—bcsc (c—l—dﬁ)) dx=/(bcsc (dﬁ—kc)—l—a)ﬁdm

Lintegrate(x“(1/2)*(a+b*csc(c+d*x“(1/2))),x, algorithm="giac")

Lintegrate((b*csc(d*sqrt(x) + ¢) + a)*sqrt(x), x)

Mupad [F(-1)]

Timed out.

/\/E(a—kbcsc(c—i—d\/i)) dx=/\/5<a+m> dx

-

Lint(x‘(1/2)*(a + b/sin(c + d*x~(1/2))),x)

-/

int(x~(1/2)*(a + b/sin(c + d*x~(1/2))), x)

N
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Reduce [F]

/\/E(a+bcsc (c+dvz)) dz = 2\/?156 + </\/§csc (Vzd+c) dx) b

inputLint(x‘(1/2)*(a+b*csc(c+d*x*(1/2))),X)

OutputL(2*sqrt(x)*a*x + 3xint (sqrt(x)*csc(sqrt(x)*d + c),x)*b)/3




output
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3.53 f a+bcsc(c+dy/z) dr
VI

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... .. .. L.
Mupad [B] (verification not implemented) . . . . . ... ... .. ... ..... 3891
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 20, antiderivative size = 26

/a-l—bcsc(c-l—d\/i) i = 2a7/5 —

NG

2barctanh (cos (¢ + dy/z))

d

L2*a*x" (1/2) -2%b*arctanh (cos (c+d*x~(1/2)))/d

input L

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/a—l—bcsc(cﬂ—dﬁ) iz = 2av/7

Jz

2barctanh (cos (¢ + dy/z))

d

Integrate[(a + b*Csc[c + d*Sqrt([x]])/Sqrt[x],x]

output L

2xa*Sqrt[x] - (2+b*ArcTanh[Cos[c + d*Sqrt[x]]11)/d
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/a+bcsc\§;+d\/5)

l 2010

a besc(c+dya) .
[ bmicam),

l 2009

2barctanh (cos (¢ + dv/z))

9 _
av/x y

input LInt [(a + bxCsc[c + d*Sqrt[x]])/Sqrt[x],x] J

output P*a*Sqrt [x] - (2*b*ArcTanh[Cos[c + d*Sqrt[x]]])/d J

Defintions of rubi rules used

rule 2009 Imt[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] |

rule 2010‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) m*u, x] ‘
, x] /; FreeQl[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_) ‘
‘ + (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.23

method result size
derivativedivides | 2a+/x — 2bIn(csc(ctdvz ) toot(c+dva)) | g
default 2a/7 — 22 (csc(ctdvT ) Feot(ctdyz)) | g9
parts 2a/z — 22 (cso(c+dva ) teot(ctdva)) | gq
inputLint((a+b*CSC(C+d*XA(1/2)))/XA(l/z);X’meth0d=_RETURNVERBOSE) J
output L2*a*x“ (1/2)-2%b/d*1n(csc(c+d*x~ (1/2))+cot (c+d*x~(1/2))) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.65

i

/a+bcsc (c+dy/T)
NG
_ 2ady/z —blog (5 cos (dy/z +¢) + 3) + blog (—3 cos (dv/z +¢) + 3)
N d

input Lintegrate ((atbxcsc(c+td*x~(1/2))) /x~(1/2) ,x, algorithm="fricas") J

Output‘(2*a*d*sqrt(x) - bxlog(1/2*cos(d*sqrt(x) + c) + 1/2) + b*xlog(-1/2*cos(d*sq
rt(x) + c) + 1/2))/d
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Sympy [A] (verification not implemented)

Time = 1.45 (sec) , antiderivative size = 60, normalized size of antiderivative = 2.31

z (cot (c) csc (¢)+csc? (¢
a+besc (c+dy/z) = ztgt)(C)vLiS)CJEC) < ford =0
dz = 2a+/z + 2b
NG _ log (cot (ctdy) tesc (c+dvE))  pporice

d

-

Lintegrate((a+b*csc(c+d*x**(1/2)))/x**(1/2),x)

-/

input

‘2*a*sqrt(x) + 2xb*Piecewise((sqrt(x)*(cot(c)*csc(c) + csc(c)**2)/(cot(c) + ‘
~ csc(c)), Eq(d, 0)), (-log(cot(c + dxsqrt(x)) + csc(c + d*sqrt(x)))/d, Tru |
&) |

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.19

2blog (cot (dy/z + ¢) + csc (dy/z + ¢))

dr = 2a\/z — y

/a+bcsc\§;+d\/5)

inputLintegrate((a+b*csc(c:+d*x"(1/2)))/x“(1/2),x, algorithm="maxima") J

e

LQ*a*sqrt(x) - 2xbxlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c))/d

~—

output

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.15

/ a+besc (¢ +dy/z) d — 2 ((dy/z + c)a + blog ([tan (3 dv/z + L c)|))
NE o d
inputLintegrate((a+b*csc(c+d*x"(1/2)))/x‘(1/2),x, algorithm="giac") J
output LQ*((d*sqrt (x) + c)*a + bxlog(abs(tan(1/2*d*sqrt(x) + 1/2%c))))/d J
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Mupad [B] (verification not implemented)

Time = 17.03 (sec) , antiderivative size = 73, normalized size of antiderivative = 2.81

b2i—bed VT ligeligg b2itbed vV ligeligg
2bln< ) 2b1n< -

a+bese (c+ dy/z) e
=2
/ NG dr=2a+/z+ y ;
input 18t((a + b/sinlc + dxx™(1/2)))/x(1/2),%) J

2%a*x~(1/2) + (2*b*log((b*2i - bkexp(d*x~(1/2)*1i)*exp(c*1i)*2i)/x~(1/2))) ‘

output ‘
‘/d - (2%b*log((b*2i + bkexp(d*x~(1/2)*1i)*exp(c*1i)*2i)/x~(1/2)))/d

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

a+besc (¢ +dy/z) . 2\/5ad+2log<tan <@ + g)) b
/ NG v d

input Lint((a+b*csc(c+d*x"(1/2) ) /x~(1/2) ,%) J

outputt(2*(sqrt(x)*a*d + log(tan((sqrt(x)*d + c)/2))*b))/d
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3.54 f a+bcsc(c—|—d\/5) dr

23/2
Optimal result . . . . . . . . . . .. 390)
Mathematica [N/A] . . . . . ... 390
Rubi [N/A] . . o
Maple [N/A] . . . . o e
Fricas [N/A] . . . . o 392
Sympy [N/A] . . o 3921
Maxima [N/A] . . . . o
Giac [N/A] .« . .
Mupad [N/A] . . . o 394
Reduce [N/A] . . . o o 394

Optimal result

Integrand size = 20, antiderivative size = 20

b d d
a+ csc§c+ V) d:v=—2—a+b1nt csc (c+ ﬁ),z
x3/2 NG x3/2
output L-2*a/X‘(1/2)+b*Defer(Int) (csc(c+d*xx~(1/2))/x~(3/2) ,x) J

Mathematica [N/A]
Not integrable

Time = 16.67 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/a+bcsc(c+d\/5) dxz/a+bcsc(c+d\/5)

23/2 23/2

input LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x~(3/2),x] J

output tIntegrate [(a + bxCsc[c + d*Sqrt[x]1]1)/x~(3/2), x] J
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a+ besc (c + d\/:E)
/ 23/2 dz
l 2010
a bese (¢ + dy/z)
/ <$3/2 + 23/2 ) dx
l 2009
s [ cseletdva) 20
x3/2 NG
inputLInt[(a + b*Csc[c + d*Sqrt[x]])/x~(3/2),x] J
output L$Aborted J

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2010‘Int[(u_)*((c_.)*(x_))"(m_,), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘

', x] /; FreeQ[{c, m}, x] & SumQ[u] & !LinearQ[u, x] & !MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/a+bcsc (§+d\/5)daC

xr2

inputLint((a+b*csc(c+d*x*(1/2)))/XA(3/2),X)

output Lint ((a+b*csc(c+d*x~(1/2))) /x~(3/2) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.25

X

a-+bcsc (c+ dyz) bese (dyz +¢) +a
/ dac:/ 3 d

$3/2 T2

inputtintegrate((a+b*csc(c+d*x"(1/2)))/x"(3/2),x, algorithm="fricas")

output Lintegral((b*sqrt(x)*csc(d*sqrt(x) + ¢c) + a*xsqrt(x))/x"2, x)

Sympy [N/A]
Not integrable

Time = 1.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

dx

23/2 T

/a+bcsc(c+d\/5)d /a+bcsc(c+d\/§)
T = 3

input Lintegrate ((atb*csc(c+d*x*x*(1/2))) /x**(3/2) ,x)
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output‘

Integral((a + bxcsc(c + dxsqrt(x)))/x**(3/2), x)

inputt

Maxima [N/A]
Not integrable

Time = 0.39 (sec) , antiderivative size = 113, normalized size of antiderivative = 5.65

T

a-+besc (c+ dyz) _ bese (dyz+¢) +a
/ dz / d

.’133/2 .’L‘%

integrate((at+b*csc(c+d*x~(1/2)))/x~(3/2) ,x, algorithm="maxima")

output‘

((bxintegrate(sin(d*sqrt(x) + c)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) +

‘c)“2 + 2xcos(d*sqrt(x) + c) + 1)*x7(3/2)), x) + b*integrate(sin(d*sqrt(x)

+ ¢)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c)
+ 1)*x7(3/2)), x))*sqrt(x) - 2+%a)/sqrt(x)

Giac [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

T

a+besc (¢ +dy/z) _ bese (dy/z+c¢) +a
/ dz / d

x3/2 :1;%

inputt

integrate((atb*csc(c+d*x~(1/2)))/x~(3/2) ,x, algorithm="giac")

outputt

integrate ((b*csc(d*sqrt(x) + c) + a)/x~(3/2), x)




CHAPTER 3. LISTING OF INTEGRALS 394

Mupad [N/A]
Not integrable

Time = 15.45 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

[orbeclerdva) dZ/Ed

x3/2 13/2

input‘ int((a + b/sin(c + d*x~(1/2)))/x~(3/2),x)

output Lint((a + b/sin(c + d*x~(1/2)))/x~(3/2), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.50

a+bcsc(c-|—d\/§) o ﬁ(f%%ﬂdx)b—&z
/ x3/2 = JT

input Lint ((a+b*csc(c+d*x~(1/2)))/x~(3/2) ,x)

OutputL(sqr‘c(x)*in‘c(csc(sqr‘c(x)*d + ¢)/(sqrt(x)*x),x)*b - 2*a)/sqrt(x)
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3.55 f a+bcsc (c—l—d\/E) dr

79/2
Optimal result . . . . . . . . . . .. 395
Mathematica [N/A] . . . . . ...
Rubi [N/A] . o oo 396,
Maple [N/A] . . . . o e
Fricas [N/A] . . . . o 397
Sympy [N/A] . . o 3971
Maxima [N/A] . . . . o
Giac [N/A] .« . .
Mupad [N/A] . . . o 399
Reduce [N/A] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 20

15/2 T= "33 15/2

/a+bcsc (c+d\/§)d 2a +bInt<CSC(C+d\/E) x>

output L‘2/3*a/x’" (3/2)+b*Defer (Int) (csc(c+d*x~(1/2))/x~(56/2) ,%) J

Mathematica [N/A]

Not integrable

Time = 25.67 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/a+bcsc(c+d\/5) dxz/a+bcsc(c+d\/5)

25/2 25/2

input LIntegrate [(a + bxCsc[c + d*Sqrt[x]])/x~(5/2),x] J

output LIntegrate[(a + bxCsc[c + d*Sqrt[x]1]1)/x~(5/2), x] J




input

output

rule 2009

rule 2010
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a+besc (c+ dyz) I
25/2
| 2010
a  besc(c+dyx)
/ ( =2t 5/2 dz
| 2009
y [ s (c+dyz) g — 2a
1572 323/2

-

Int[(a + bxCsc[c + d*Sqrt[x]1]1)/x~(5/2),x]

N\ J

‘$Aborted

Defintions of rubi rules used

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c#*x) “m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a_)
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

-/
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Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

/a+bcsc (50+d\/5)daC

xr2

inputLint((a+b*csc(c+d*x*(1/2)))/XA(5/2),X)

output Lint ((a+b*csc(c+d*x~(1/2))) /x~(5/2) ,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.25

X

a-+bcsc (c+ dyz) bese (dyz +¢) +a
/ dac:/ = d

$5/2 T2

inputtintegrate((a+b*csc(c+d*x"(1/2)))/x"(5/2),x, algorithm="fricas")

output Lintegral((b*sqrt(x)*csc(d*sqrt(x) + ¢c) + a*xsqrt(x))/x"3, x)

Sympy [N/A]
Not integrable

Time = 7.55 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

52 dx

ot

T

/a+bcsc(c+d\/5) dxz/a+bcsc(c+d\/5)

input Lintegrate ((atb*csc(c+d*x*x*(1/2))) /x**(5/2) ,x)
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ou‘cput‘:[ntegral((a + bxcsc(c + d¥sqrt(x)))/x**(5/2), x)

Maxima [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 115, normalized size of antiderivative = 5.75

T

a-+besc (c+ dyz) _ bese (dyz+¢) +a
/ dz / d

.’135/2 .’L‘%

inputLintegrate((a+b*csc(c+d*x‘(1/2)))/x‘(5/2),x, algorithm="maxima") J

‘1/3*(3*(b*integrate(sin(d*sqrt(x) + ¢)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt ‘
‘(x) + ¢c)72 + 2xcos(d*sqrt(x) + c) + 1)*x~(5/2)), x) + bkintegrate(sin(d*sq ‘
‘rt(x) + ¢)/((cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x)

4 o) + 1)*x7(5/2)), x))*x7(3/2) - 2%a)/x"(3/2)

output

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.90

T

a+besc (¢ +dy/z) _ bese (dy/z+c¢) +a
/ dz / d

x5/2 :1;%

input Lintegrate ((atb*csc(c+d*x~(1/2)))/x~(5/2) ,x, algorithm="giac") J

outputLintegrate(<b*csc<d*sqrt<x> +¢) + a)/x"(5/2), x) J
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Mupad [N/A]
Not integrable

Time = 15.56 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

[orbeclrdvs) dZ/Ed

x5/2 25/2

input‘int((a + b/sin(c + d*x~(1/2)))/x~(5/2) ,%)

outputtint((a + b/sin(c + d*x~(1/2)))/x~(5/2), x) J
Reduce [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80
csc(v/zd+c
/a+bcsc(c+d\/§) 3\/5<f%dx> bxr — 2a
dr =
52 N
inputLint((a+b*csc(c+d*x‘(1/2)))/x*(s/g),X) J

Output‘ (3*sqrt (x)*int (csc(sqrt(x)*d + c)/(sqrt(x)*x**2) ,x)*bxx - 2*a)/(3*sqrt(x)* ‘
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3.56 [2¥2(a+besc (c+dyz))’ do

Optimal result . . . . .. .. ... .. .. .. 400
Mathematica [A] (verified) . . . . . . . ... ... L Z0
Rubi [A] (verified) . . . . .. ... ... 1021
Maple [F] . . . . . 404
Fricas [F] . . . . . . . o 404
Sympy [F] . . . o 404
Maxima [B] (verification not implemented) . . . . . . . ... ... ... 405
Giac [F] . . . . . o o 06
Mupad [F(-1)] . . ..o 400
Reduce [F] . . .« . . o 400

Optimal result

Integrand size = 22, antiderivative size = 421

2ib% x> N ga2x5/2

/x3/2(a+bcsc(c+d\/:_c))2 do = —=— :

8abxr?arctanh (e"(“dﬁ) > 20212 cot (¢ + dv/z)

d d
8b2x%/2 log (1 - ezi(chdﬁ)) 16iabz®/? PolyLog (2, —ei(°+dﬁ)>
+ 7 + 2

16iabz®/? PolyLog (2, ei<c+dﬁ>) 12ib%z PolyLog (2, e2i<c+dﬁ>)

d? 3

48abz PolyLog (3, ei(c+d\/5)>

48abz PolyLog (3, —ei(c"'dﬁ))
B d3 * 3

_|_

12b%/x PolyLog (3, e%(CﬂW)) 96iaby/z PolyLog (4, _ei(c+dﬁ>)

d4 d4

_|_

96iab/z PolyLog (4, e"(‘*dﬁ)) 6ib? PolyLog (4, e2i<c+dﬁ>>

d4 + d5

+

96ab PolyLog (5, —€i(°+d‘/5)> 96ab PolyLog (5, ei(°+d\/5)>

d® d5
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96*I*axb*x~(1/2)*polylog(4,exp(I*(c+d*x~(1/2))))/d~4+2/5xa"~2+x" (5/2) -8*a*b
*x~2xarctanh (exp (I*(c+d*x~(1/2))))/d-2%b~2*x"2*cot (c+d*x~ (1/2)) /d+8%b~2*x"
(3/2) *1n(1-exp (2+I* (c+d*x~(1/2))))/d~2+16xI*axb*x" (3/2) *polylog(2,-exp (I*(
c+d*x~(1/2))))/d"2-2%I*xb"2*xx~2/d-12*%I*b~2*x*polylog(2,exp (2*xI* (c+d*x~ (1/2)
)))/d"~3-48*a*b*x*polylog(3,-exp (I*(c+d*x~(1/2))))/d"3+48*axbxx*polylog(3,e
xp (I* (c+d*x~(1/2))))/d~3+12%b~2%x"~ (1/2) *polylog (3, exp (2*I* (c+d*x~(1/2))))/
d~4-96*I*a*b*x~ (1/2)*polylog(4,-exp(I*(c+d*x~(1/2))))/d~4+6*Ixb~2*polylog(
4,exp(2xIx(c+d*x~(1/2))))/d"5-16*I*a*b*x~ (3/2)*polylog(2,exp(I* (c+d*x~(1/2
))))/d"2+96*a*bxpolylog(5,-exp(I*(c+d*x~(1/2))))/d"5-96*a*b*polylog(5,exp(
Ix(c+d*x~(1/2)))) /475

output

Mathematica [A] (verified)

Time = 7.09 (sec) , antiderivative size = 567, normalized size of antiderivative = 1.35

/z3/2(a+bcsc (c—l-d\/i))2 dz §a2x5/2
4b<— bd'z® 4 obd3z3/2 log (1 - e‘i(”dﬁ)) + ad*z? log (1 - e‘i(c"'d‘/’z)) + 2bd3x3/% log (1 + e~i(ctdva)

_1+62w

+

. b2z? csc (£) esc (%(cd—k dy/z)) sin ( ) . b2z? sec () sec (%(cd—}— dy/z)) sin < >

inputLIntegrate[x‘(3/2)*(a + b*Csc[c + d*Sqrt[x]1]1)"2,x] J




output
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/(2*a“2*x“(5/2))/5 + (4%bx(((-I)*b*d~4*x~2)/(-1 + E~((2*%I)*c)) + 2%b*xd~3*x"

(8/2)*Logl[1 - E~((-I)*(c + d*Sqrt[x]))] + axd~4xx"2+Logl[l - E~((-I)*(c + d
*Sqrt [x]))] + 2xb*xd"3*x~(3/2)*Logl[1 + E~((-I)*(c + d*Sqrt[x]))] - axd 4*x"
2xLog[1 + E"((-I)*(c + d*Sqrt[x]))] - (2*I)*d"2*(-3*b + 2*a*d*Sqrt[x])*x*P
olyLog[2, -E~((-I)*(c + d*Sqrt[x]))] + (2%I)*d~2*(3*b + 2*a*d*Sqrt [x])*x*P
olyLogl[2, E~((-I)*(c + d*Sqrt[x]))] + 12xb*d*Sqrt [x]*PolyLogl[3, —-E~((-I)*(
c + d*Sqrt[x]))] - 12%axd"2+x+PolyLog[3, -E"((-I)*(c + dSqrt[x]1))] + 12%b
*d*Sqrt [x] *PolyLog[3, E~((-I)*(c + d*Sqrt([x]))] + 12*axd~2*x*PolyLog[3, E~
((-D)*(c + d*Sqrt[x]1))] - (12+I)*b*PolyLogl4, -E~((-I)*(c + d*Sqrt[x]1))] +
(24%I)*axd*Sqrt [x]*PolyLog[4, -E~((-I)*(c + d*Sqrt[x]))] - (12*I)*b*PolyL
ogl4, E"((-I)*(c + d*Sqrt[x]))] - (24*I)*axd*Sqrt[x]*PolyLogl4, E~((-I)*(c
+ d*Sqrt[x]))] + 24xa*PolyLogl[5, -E~((-I)*(c + dxSqrt[x]))] - 24*a*PolyLo
gl5, ET((-I)*(c + d*Sqrt[x]))1))/d"5 + (b~2*x~2*Csc[c/2]*Csc[(c + d*Sqrt[x
1)/2]*Sin[(d*Sqrt [x])/2]1)/d + (b™2*x"2*Sec[c/2]*Sec[(c + d*Sqrt[x])/2]*Sin
[(d*Sqrt[x])/2])/d

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 423, normalized size of antiderivative = 1.00,

number of rules _
4, integrand size 0.182, Rules

number of steps used = 5, number of rules used =
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m3/2(a+bcsc (c+dva))? do
l 4693

2/x2(a+ bese (c + dva))? dvz
| 3042

z/@%a+bwc@+d¢afd¢5
l 4678

2/ (az® + b* csc? (¢ + dv/z) 2° + 2abesc (¢ + dv/z) 2°) dv/z
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l 2009

1 4abz?arctanh (ei(c"'dﬁ) ) 48ab PolyLog (5, —et(ctdva) ) 48ab PolyLog <5, eiletdvz) > 48ic
2| ga'a® - d + & - & -

inputtlnt[x“(3/2)*(a + b*Csclc + d*Sqrt[x]])"2,x] J

2x(((-D)*b~2*x"2)/d + (a"2%x~(5/2))/5 - (4*a*b*x~2xArcTanh[E~(I*(c + d*Sqr
t[x]1))1)/d - (b~2*x~2*Cot[c + d*Sqrt[x]]1)/d + (4xb~2xx~(3/2)*Logl[l - E~((2
*I)*(c + d*Sqrt[x]1))])/d"2 + ((8+I)*axb*x~(3/2)*PolyLog[2, -E~(Ix(c + d*Sq
rt[x]))1)/d"2 - ((8*I)*a*b*x~(3/2)*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d"2
- ((6*I)*b~2*x*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d"3 - (24xaxb*x*Poly
Log[3, -E~(I*(c + d*Sqrt[x]1))]1)/d"3 + (24*axbxx*PolyLogl[3, E~(I*(c + d*Sqr
t[x]1))]1)/d"3 + (6xb~2+Sqrt [x]*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))])/d"4 -

((48*I)*axb*Sqrt [x] *PolyLogl[4, -E~(I*(c + d*Sqrt[x]))])/d~4 + ((48%I)*a*b
*Sqrt [x] *PolyLog[4, E~(I*(c + d*Sqrt[x]))])/d"4 + ((3*I)*b~2*PolyLogl[4, E~
((2*xI)*(c + d*Sqrt[x]))]1)/d"5 + (48*a*bxPolyLogl[5, -E~(I*(c + d*Sqrt[x]))]
)/d~5 - (48*axb*PolyLog[5, E~(I*(c + d*Sqrt[x]1))])/d"5)

output

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4678 ImtLlescl(e ) + (F_)*x)Ix(_.) + (@) " @_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

N J
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ruk34693‘Int[((a—') + Cscl(c_.) + (d_)*(x_)" (@ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
‘] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
\P, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m + \
‘ 1)/n], 0] && IntegerQ[p]

Maple [F]
/:L'g (a + besc (c+ d\/E))2 dz
inputLint(x‘(3/2)*(a+b*csc(c+d*x*(1/2)))~2’X) J
output Lint (x~(3/2) * (a+bkcsc (c+d*x™ (1/2)))"2,%) J
Fricas [F]
/x3/2(a +besc (c+ d\/E))2 dr = / (bese (dv/z +c) + a)Qx% e
input Lintegrate (x~(3/2) *(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas") J

‘integral(b“2*x‘(3/2)*csc(d*sqrt(x) + c)72 + 2%a*bxx~(3/2)*csc(d*sqrt(x) +

PP ) a2 (3/2),
Sympy [F]
/x3/2(a +besc (c+ d\/a_c))2 dz = /xg (a+besc(c+ d\/E))2 dz
input| 1ategrate (xxx(3/2)x (atbxcsc (crdrxnk (1/2)))¥%2,x) )

OutputLIntegral(x**(3/2)*(a + bxcsc(c + dxsqrt(x)))**2, x) J




input

output
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2836 vs. 2(334) = 668.

Time = 0.21 (sec) , antiderivative size = 2836, normalized size of antiderivative = 6.74

/x3/2 (a+besc(c+ d\/E))2 dz = Too large to display

e

Lintegrate (x~(3/2) * (atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

\

-/

2/5%((d*sqrt(x) + c)~6*%a”2 - 5*(d*sqrt(x) + c)~4*a~2xc + 10*(d*sqrt(x) + c
)"3*a"2%c”2 - 10x(d*sqrt(x) + c) 2%a"2xc”3 + b*(d*sqrt(x) + c)*a"2%c™4 - 1
O*axb*xc~4*log(cot (d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 5x(2*%b~2*c~4 - 2%
((d*sqrt(x) + c)”"4xa*b + 2xb"2*c”~3 - 2% (2%a*bkc + b~2)*(d*sqrt(x) + c)~3 +
6% (axb*c™2 + b™2xc)*(d*sqrt(x) + c)~2 - 2x(2xa*bxc”3 + 3*b~2xc~2)*(d*sqrt
(x) + c) - ((d*sqrt(x) + c) 4*axb + 2¥b~2%c”3 - 2x(2*axb*c + b~2)*(d*sqrt(
X) + c)”3 + 6%(a*xb*c™2 + b”2*kc)*(d*sqrt(x) + c)~2 - 2x(2*axb*c”™3 + 3*b~2*c
~2)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c) + (-I*(d*sqrt(x) + c) 4*a*b -
2xI*b"2+c”"3 + 2% (2*Ixa*bxc + I*b"2)*(d*sqrt(x) + c)~3 + 6x(-I*axb*c™2 - I*
b~2*c) *(d*sqrt(x) + c)~2 + 2% (2xIxaxb*c™3 + 3*I*b~2xc~2)*(d*sqrt(x) + c))*
sin(2xd*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1
) + 4x(b~2%c"3*cos(2%d*sqrt(x) + 2xc) + Ixb~2*c”3*sin(2*d*sqrt(x) + 2%c) -
b~2*%c~3)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) - 1) - 2*((d*sqrt
(x) + c)"4xa*xb - 2x(2xa*b*c - b~2)*x(d*sqrt(x) + c)~3 + 6*(a*b*c™2 - b~2%c)
*(d*sqrt(x) + c)72 - 2x(2xa*bxc”™3 - 3*b"2xc"2)*(d*sqrt(x) + c) - ((d*sqrt(
X) + c) 4xaxb - 2x(2*axbxc - b~2)*(d*sqrt(x) + c)”3 + 6x(axb*c™2 - b"2*c)*
(d*sqrt(x) + c)~2 - 2x(2*axb*c™3 - 3*b~2*%c~2)*(d*sqrt(x) + c))*cos(2xd*sqr
t(x) + 2%c) + (-Ix(d*sqrt(x) + c) 4*xa*b + 2x(2xI*axb*c - I*b~2)*(d*sqrt(x)
+ ¢)"3 + 6% (~I*a*xb*c™2 + I*b~2*c)*(d*sqrt(x) + c)~2 + 2% (2xI*xaxbxc™3 - 3%
Ixb~2%c~2) *(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(...




CHAPTER 3. LISTING OF INTEGRALS

406

Giac [F]

/z3/2(a—|—bcsc (c—l—d\/i))2 dr=/(bcsc (dVz +¢) —|—a)2x% dx

inputLintegrate(X“(3/2)*(a+b*csc(c+d*X“(1/2)))“2,x, algorithm="giac")

outputtintegrate((b*csc(d*sqrt(x) +¢) + a)~2%x~(3/2), x)

Mupad [F(-1)]

Timed out.

/x3/2(a+bcsc (c+d\/5))2 da:z/x3/2 (a—i-m) dz

fnput Lint(x”(3/2)*(a + b/sin(c + d*x~(1/2)))"2,%)

output Lint(x*(g/g)*(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F]

2,2
/x3/2(a+bcsc (c-l—d\/E))2 dr = M#

+z(/ﬁcsc (VEd+0) xdm) ab+ (/ﬁcsc (\/Ed+c)2xdx> b

input Lint (x~(3/2)*(atb*csc(c+d*x~(1/2)))~2,x%)

output ‘ (
'sqrt(x)*csc(sqre(x)*d + c)*#2#x,x)*b**2) /5

2%sqrt (x) *a**2xx**x2 + 10*int (sqrt(x)*csc(sqrt(x)*d + c)*x,x)*axb + 5*xint( ‘
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3.57 [VE(a+besc (c+dyT))’ do

Optimal result . . . . . . . . . . . .. 407
Mathematica [B] (verified) . . . . . . . . . . ... 408
Rubi [A] (verified) . . . . . . . . . . 4091
Maple [F] . . . . 410
Fricas [F] . . . . . o e 410
Sympy [F] . . . 411
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ... 411
Giac [F] . . . . o o e AT12
Mupad [F(-1)] . . . oo A13
Reduce [F] . . . . o o e 413

Optimal result

Integrand size = 22, antiderivative size = 241

/\/E(a—i—bcsc (c—i—dﬁ))z de = —

+

+

2ib’x +2 2.3/2

8abrarctanh (ei (e+dv) )

d 3(1/.17 P

2b%z cot (c + d\/E) N 4b%\/z log (1 _ e2i(c+d\/§c)>

d
8iab+/x PolyLog (2, —e"(°+d\/5)>

&2
8iaby/z PolyLog (2, ei<c+dﬁ>>
a2
2ib? PolyLog (2, 2 <c+dﬁ>)
B
8ab PolyLog (3, —e“”dﬁ))
B

8ab PolyLog (3, ei(ctdva) )
B

d2
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-2%I*b~2%x/d+2/3*a"~2*x" (3/2) -8*a*b*x*arctanh (exp (I*(c+d*x~(1/2))))/d-2%b~2
*xx*cot (c+d*x~(1/2)) /d+4*b~2xx~ (1/2) *1n(1-exp (2*xI* (c+d*x~(1/2))))/d"2+8xI*a
*b*x~ (1/2) *polylog(2,-exp (I*(c+d*x~(1/2))))/d~2-8*I*a*b*x~ (1/2)*polylog(2,
exp (I* (c+d*x~(1/2)))) /d"2-2+I*b"2*polylog (2, exp (2*I* (c+d*x~(1/2))))/d"3-8%
a*bxpolylog(3,—exp (I*(c+d*x~(1/2))))/d"3+8*a*xb*polylog(3,exp(I*(c+d*x~(1/2
))))/d"3

output

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 681 vs. 2(241) = 482.

Time = 3.29 (sec) , antiderivative size = 681, normalized size of antiderivative = 2.83

/ﬁ(a+bcsc (c+dva))® do

—12ib?d?x — 2a%d*z®? + 202d®e?°x3/? — 12b%d\/x log (1 — e‘i(”dﬁ)) + 12b%de?°\/x log (1 — eiletdy

r

Integrate[Sqrt[x]*(a + b*Csc[c + d*Sqrt[x]])~2,x]

| —

inputt

((-12*I)*b~2%d~2*x — 2%a~2*xd"3*x~(3/2) + 2*a~2*%d"3*E~((2*I)*c)*x~(3/2) - 1
2xb~2*d*Sqrt [x]*Log[1 - E~((-I)*(c + d*Sqrt[x]))] + 12%b~2*d*E~((2*I)*c)*S
grt[x]*Log[1l - E~((-I)*(c + d*Sqrt[x]))] - 12xa*b*d~2*x*Logl[l - E~((-I)*(c
+ d*Sqrt[x]))] + 12xa*b*d~2xE~((2*I)*c)*x*Log[l - E~((-I)*(c + d*Sqrt[x])
)] - 12%b72xd*Sqrt [x]*Log[1 + ET((-I)*(c + d*Sqrt[x]))] + 12%b~2xd*E~((2*I
)*c)*Sqrt [x]*Log[1 + E~((-I)*(c + d*Sqrt[x]))] + 12xa*bxd~2*x*Log[1l + E~((
-D*(c + dxSqrt[x]))] - 12%axb*d~2+E~((2*I)*c)*x*Log[l + E~((-I)*(c + d*Sq
rt[x]))] + (12%I)*bx(-1 + ET((2*I)*c))*(b - 2*a*d*Sqrt[x])*PolyLog[2, -E~(
(-I)*(c + d*Sqrt[x]))] + (12+I)*b*(-1 + E~((2*I)*c))*(b + 2%a*d*Sqrt [x])*P
olyLog[2, E~((-I)*(c + d*Sqrtl[x]))] + 24*axb*PolyLog[3, -E~((-I)*(c + d*Sq
rt[x]))] - 24%a*xbxE~((2*I)*c)*PolyLog[3, -E~((-I)*(c + d*Sqrt[x]))] - 24*a
*bxPolyLog[3, E~((-I)*(c + d*Sqrt[x]))] + 24*axb*E~((2*I)*c)*PolyLog[3, E~
((-I)*(c + d*Sqrtlx]))] - 3*b~2*d~2*x*Csc[c/2]*Csc[(c + d*Sqrt[x])/2]*Sin[
(d*Sqrt[x])/2] + 3*b~2*d"2xE~((2*I)*c)*x*Csc[c/2]*Csc[(c + d*Sqrt[x])/2]#*S
in[(d*Sqrt[x])/2] - 3%b~2xd~2*x*Sec[c/2]*Sec[(c + d*Sqrt[x])/2]*Sin[(d*Sqr
t[x])/2] + 3xb~2*d"2+E~((2*I)*c)*x*Sec[c/2]*Sec[(c + d*Sqrt[x])/2]*Sin[(d*
Sqrt[x])/2]1)/(3%d"3*(-1 + E~((2*I)*c)))

output




input

output
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Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.01,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 189 Ryjeg

integrand size
used = {4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/\/E(a+bcsc (c+dva))? da
l 4693
2/m(a+bcsc (c+dva))’ dvz
| 3042
Q/x(a—i-bcsc (c+dv7))?dva
J'4678
2 / (za? + 2bz csc (c + dy/z) a + b esc? (c + dy/z)) dvz

l 2009

4iaby/a
+

+

d a3 a3

1 4abrarctanh (ei(c+dﬁ)) 4ab PolyLog (3, —ei(c"‘dﬁ)) 4ab PolyLog <3, ei(c"'dﬁ))
2| Za22%/% — -

LInt [Sqrt[x]*(a + b*Csc[c + d*Sqrt[x]])~2,x] J

2x(((-I)*b~2*x)/d + (a"2%x~(3/2))/3 - (4*a*b*x*ArcTanh[E~(I*(c + d*Sqrt[x]
))1)/d - (b~2*x*Cot[c + d*Sqrt[x]])/d + (2+b~2*Sqrt[x]*Logl[l - E~((2*I)*(c
+ d*Sqrt[x]1))]1)/d~2 + ((4*I)*a*b*Sqrt[x]*PolyLogl[2, -E~(I*(c + d*Sqrt[x])
)1)/d"2 - ((4*I)*axb*Sqrt[x]*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d"2 - (I*b
~2%PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d"3 - (4*a*bxPolyLog[3, -E~(I*(c

+ d*Sqrt[x]1))]1)/d"3 + (4*axb*PolyLogl[3, E~(I*(c + d*Sqrt[x]))])/d"3)
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4678 ImtLlescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4693 1ptl((a_.) + Cscl(c_.) + (d_)*(x_)" (@ )I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Maple [F]

/\/E(a—i-bcsc (c+dva)) d

input Lin‘t (x~(1/2)*(atb*csc(c+d*x~(1/2)))"2,x)

OutputLint(x"(1/2)*(a+b*csc(c+d*x"(1/2)))“2,x)

Fricas [F]

/\/E(a—l—bcsc (c+d\/5))2 dx=/(bcsc (d\/E+c)+a)2\/§dx

input integrate(x~(1/2)*(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")
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‘integral(b“Q*sqrt(x)*csc(d*sqrt(x) + c)72 + 2¥axbxsqrt(x)*csc(d*sqrt(x) +

output
Lc) + a”2*sqrt(x), x)

Sympy [F]

/\/E(aijcsc (c—l—d\/i))2 dx=/\/9_v(a+bcsc (c+d\/3_v))2 dx

input Lintegrate (x**(1/2) * (at+b*csc (c+d*x**(1/2))) **2,x)

outputLIntegral(sqrt(x)*(a + bkcsc(c + dxsqrt(x)))**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1217 vs. 2(190) = 380.

Time = 0.13 (sec) , antiderivative size = 1217, normalized size of antiderivative = 5.05

/ Vz(a+bese (c+ d\/E))2 dx = Too large to display

input Lintegrate (x~(1/2)*(atbxcsc(c+td*x~(1/2)))"2,x, algorithm="maxima")




output

input

output
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2/3x((d*sqrt(x) + c)~3*a”2 - 3x(d*sqrt(x) + c) 2*a~2*c + 3*(d*sqrt(x) + c)
*¥a~2%c”2 - 6*axbxc”2xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 3*(2xb
“2%c”2 - 2% ((d*sqrt(x) + c)”2xa*b + b~2*c - (2*axb*c + b~2)*(d*sqrt(x) + c
) - ((d*sqrt(x) + c) 2*xa*b + b™2xc - (2*a*bxc + b~2)*(d*sqrt(x) + c))*cos(
2xd*sqrt(x) + 2*c) + (-Ix(d*sqrt(x) + c) 2xa*b - I*b~2*kc + (2xIxa*xbxc + I*
b~"2)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(x) + c),
cos(d*sqrt(x) + c) + 1) + 2x(b"2*c*cos(2*d*sqrt(x) + 2*c) + I*b"2*c*xsin(2*
dxsqrt(x) + 2%c) - b~2xc)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) -
1) - 2x((d*sqrt(x) + c) 2*a*b - (2%axbxc - b~2)*(d*sqrt(x) + c) - ((d*sqr
t(x) + c)"2*xa*b - (2*axbxc - b~2)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c)
+ (~Ix(d*sqrt(x) + c)”2%axb + (2xI*axbxc - I*b~2)*(d*sqrt(x) + c))*sin(2xd
*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) + 2%
((d*sqrt(x) + c)~2%b"2 - 2x(d*sqrt(x) + c)*b~2*c)*cos(2*d*sqrt(x) + 2%c) +
2% (2* (d*sqrt(x) + c)*a*xb - 2*axb*c - b~2 - (2x(d*sqrt(x) + c)*axb - 2*axb
*C - b"2)*cos(2xd*sqrt(x) + 2xc) - (2xI*(d*sqrt(x) + c)*a*b - 2xIxa*xbxc -
I*b~2)*sin(2*d*sqrt(x) + 2*c))*dilog(-e” (I*d*sqrt(x) + I*c)) - 2*(2x(d*sqr
t(x) + c)*a*xb - 2xa*b*c + b~2 - (2*(d*sqrt(x) + c)*a*b - 2*axb*c + b~2)*co
s(2xd*sqrt(x) + 2%c) + (-2xIx(d*sqrt(x) + c)*axb + 2xIxa*b*c - I*b~2)*sin(
2xd*sqrt(x) + 2xc))*dilog(e” (I*d*sqrt(x) + Ixc)) + (Ix(d*sqrt(x) + c) 2*ax

b + I*b~2%c + (-2*I*axb*c - I*b~2)*(d*sqrt(x) + c) + (-Ix(d*sqrt(x) + c...

Giac [F]

/\/E(a—i-bcsc (c+d\/3_:))2 dxz/(bcsc (d\/E+c)+a)2\/5dx

integrate(x~(1/2)*(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

N

-

Lintegrate((b*csc(d*sqrt(x) + ¢c) + a)"2xsqrt(x), x)

| —
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Mupad [F(-1)]

Timed out.

/\/E(a—kbcsc (c+d\/5))2 dx=/\/§<a+m> dx

input Lint(XA(l/Q)*(a + b/sin(c + d*x~(1/2)))"2,%)

output| 1BEGT(1/2)*(a + b/sin(c + dxx"(1/2)))72, x)

Reduce [F]

\/E(a-i-bcsc (c+d\/3_v))2 dr = 2\/Ea2x+2 VT csc (\/Ed—l-c) dx ) ab
3

+ (/ﬁcsc(ﬁd+c)2dx) b2

input Lint (x~(1/2) *(a+b*csc(c+d*x~(1/2)))"2,x)

Output‘(Q*sqrt(x)*a**2*x + 6*xint (sqrt(x)*csc(sqrt(x)*d + c),x)*axb + 3*int(sqrt(x
‘)*csc(sqrt(x)*d + c)*%2,x)*b**x2) /3
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3.58 f (a+bcesc(c+dy/z)) 2 dr

Optimal result . . . . . . . . . . . . . . . e 414
Mathematica [A] (verified) . . . . . . . . . ... 414
Rubi [A] (verified) . . . . . . . . . . AT5l
Maple [A] (verified) . . . . . . ... 417
Fricas [B] (verification not implemented) . . . . ... ... ... ... ...... 417
Sympy [A] (verification not implemented) . . . .. ... ... ... .. ..... 418
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 418
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... AT9]
Mupad [B] (verification not implemented) . . . ... ... ... ... ...... 419
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 420

Optimal result

Integrand size = 22, antiderivative size = 47

(a+besc(c+ d\/E))2 a2 4abarctanh(cos (c+ dvy/z))  2b?cot (¢ + dy/z)
/ NG dz =2a*/z— 7 — 7

output ‘ 2%a~2%x"~ (1/2) -4*axb*arctanh (cos (c+d*x~(1/2))) /d-2xb~2*cot (c+d*x~(1/2))/d

Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.98

2
dz

/(a—i—bcsc (c+dvx))
NG
—b?cot (3(c+dy/z)) + 2a(ac + ady/z — 2blog (cos (3 (c+ dy/x))) + 2blog (sin (3 (c + dy/z)))) + b*

d

input LIntegrate [(a + bxCsc[c + d*Sqrt[x]])~2/Sqrt[x],x] J
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t‘ (-(b~2*Cot [(c + d*Sqrt[x])/2]) + 2xax(axc + a*dxSqrt[x] - 2*b*Logl[Cos[(c +
‘ d*Sqrt[x])/2]1] + 2*b*Log[Sin[(c + d*Sqrt[x])/2]1]1) + b~2+Tan[(c + d*Sqrt[x
1/2D/d

outpu

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02,

number of rules _ 0.318, Rules

number of steps used = 8, number of rules used = 7, = -
integrand size

used = {4693, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ (a+besc (c+d\/5))2
VT

| 4693
2/(a+bcsc (c+dva))? dva
| 3042
2/(a+bcsc (c+dva))’ dvz
| 4260
2<2ab / csc (¢ + dv/z) dv/z + b? / csc? (c+ dv/z) d\/a_c-l—aZ\/E)
| 3042
2<2ab/csc (c+ dy/x) d\/ﬂ_v+b2/csc (c+d\/5)2d\/§+a2\/3_c>
| 4254

2<2ab/csc(c+d\/5)d\/_—b2f1d00td(c+d\/5) +a2\/5)

l24

2 <2ab/csc (c+dvz) dVz + a®Vz — b cot (e + dﬁ))

d



input

output

rule 24

rule 3042

rule 4254

rule 4257

rule 4260

rule 4693
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l 4257

9 <a2\/5 B 2abarctanh(cos (c + d\/E)) B b2 cot (c + dﬁ) >

d d

‘ Int[(a + b*Csc[c + d*Sqrt[x]]1)~2/Sqrt[x],x]

‘ 2x(a~2*Sqrt[x] - (2*axb*ArcTanh[Cos[c + d*Sqrt[x]]])/d - (b"2*Cot[c + d*Sq
Tt[x]11)/)

Defintions of rubi rules used

LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Int[(ecscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Simp[2*a*b  Int[Cscl[c + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]"2, x]
, x1) /; FreeQ[{a, b, c, d}, xl

Int[((a_.) + Cscl(c_.) + (Ad_D*(x_)D)" (@ )]1*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]




input

outpu

input

output
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.09

method result size
parts 902 \/E _ 2b%cot (;+d\/.'i) _ 4baln(csc (c+d\/§) +cot(c+dvy/z)) 51
derivativedivides 2a? (c+d\/5) +4ba In (Csc (c+d\/5)d—cot (c+d\/5) ) —2b2 cot (c+d\/5) 55
default 202 (c+d/z)+4ba In (csc (c+d\/5)d—cot (c+dy/x))—2b% cot (c+d/x) 55

Lint((a+b*csc(c+d*x‘(1/2)))‘2/x‘(1/2),x,method=_RETURNVERBOSE)

*x7(1/2)))

t‘2*a"2*x‘(1/2)—2*b“2*cot(c+d*x‘(1/2))/d—4*b*a/d*ln(csc(c+d*x’“(1/2))+cot(c+d

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(41) = 82.

Time = 0.09 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.00

/ (a+besc (c-l-d\/:?))2

NG

_ 2(a*dy/xsin (dy/T + ¢) — ablog (5 cos (dv/z + ¢) + §) sin (dv/Z + ¢) + ablog (—3 cos (dv/z +¢) +

dz

1
2

)

dsin (dv/z + c)

-

Lintegrate((a+b*csc(c+d*x‘(1/2)))‘2/x‘(1/2),x, algorithm="fricas")

-/

‘2*(a‘2*d*sqrt(x)*sin(d*sqrt(x) + ¢) - a*bxlog(1/2*cos(d*sqrt(x) + c) + 1/2
‘)*sin(d*sqrt(x) + ¢) + a*bxlog(-1/2*cos(d*sqrt(x) + c) + 1/2)*sin(d*sqrt(x
‘) + ¢) - b"2xcos(d*sqrt(x) + c))/(d*sin(d*sqrt(x) + c))
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Sympy [A] (verification not implemented)

Time = 9.13 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.87

/ (a+besc (c+ d\/a?))2
dz
W
_ 2a? (c+d/z) —4ablog (cot (c+d\/53 +csc (c+dy/z)) —2b2 cot (c+dy/z) for d 7£ 0
—+/z(—2a* — 4abcesc (c) — 2b% csc? (c)) otherwise

e

tintegrate((a+b*csc(c+d*x**(1/2)))**2/x**(1/2),x)

~—

input

‘Piecewise(((Q*a**2*(c + dxsqrt(x)) - 4*a*b*log(cot(c + d*sqrt(x)) + csc(c ‘

output
P ‘+ d*sqrt(x))) - 2xbx*2*cot(c + d*sqrt(x)))/d, Ne(d, 0)), (-sqrt(x)*(-2*a**
2 - 4xaxbxcsc(c) - 2xb*x2xcsc(c)**2), True))
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11
(a+besc(c+ d\/E))2 ) 4ablog (cot (dy/z + ¢) + csc (dy/z + ¢))
/ dr = 2a*\/T —
vz d
B 2 b2
dtan (dv/z + c)
inputLintegrate((a+b*csc(c+d*x"(1/2)))"2/x"(1/2),x, algorithm="maxima") J
Output‘Q*a‘Z*sqrt(x) - 4xaxb*log(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c))/d - 2*b

“2/(d*tan(d*sqrt(x) + ¢c))
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(41) = 82.

Time = 0.20 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.77

(a+besc(c+ d\/E))2 p
/ Vz v
2 (dy/z + c)a® + 4ablog ([tan (3 dvz + 5 ¢)|) + b tan (3dva + 5 ¢) — 4“2;1%%@3%2
B d
inputLintegrate((a+b*csc(c+d*x“(1/2)))‘2/x‘(1/2),x, algorithm="giac") J

output‘ (2% (d*sqrt(x) + c)*a"2 + 4*a*bxlog(abs(tan(1/2*d*sqrt(x) + 1/2*c))) + b~2x \
‘tan(1/2*d*sqrt(x) + 1/2%c) - (4*axbxtan(1/2+d*sqrt(x) + 1/2%c) + b~2)/tan(
L1/2*d*sqrt(x) + 1/2%c))/d J

Mupad [B] (verification not implemented)

Time = 16.91 (sec) , antiderivative size = 111, normalized size of antiderivative = 2.36

2
a+besc (c+dyzx b2 4i
/( ( V7)) dr =2a*\/z — i
\/5 d (ec21+d\/521 _ 1)
abdi abed VT ligeliyj
_4abln(—ﬁ — abel ety )
d
abdi abed VT ligcliyj
e (g - mnpens)
d

-

int((a + b/sin(c + d*x~(1/2)))"2/x~(1/2),x%)

| —

inputt

‘2*&‘2*x‘(1/2) - (b"2%41i)/(d*(exp(c*2i + d*x~(1/2)*2i) - 1)) - (4*a*b*xlog(-
\ (a*b*41i) /x~(1/2) - (a*bxexp(d*x~(1/2)*1i)*exp(c*1i)*4i)/x~(1/2)))/d + (4%
\a*b*log((a*b*4i)/x‘(1/2) - (axbxexp(d*x~(1/2)*1i)*exp(c*1i)*4i)/x~(1/2)))/

|
|
|
Ld J

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.34

(a+besc (c—l—d\/:?))2
/ Vz T
~2c0s (vZd+¢) b2 + 2V sin (VZd + ¢) a’d + 4log(tan (% + §) ) sin (V& d + ) ab
= sin (vzd+c)d
inputLint((a+b*csc(c+d*x*(1/2)))AQ/XA(1/2)’x) J

‘(2*( - cos(sqrt(x)*d + c)*b**2 + sqrt(x)*sin(sqrt(x)*d + c)*a**2*d + 2%log

output
‘ (tan((sqrt(x)*d + c)/2))*sin(sqrt(x)*d + c)*a*b))/(sin(sqrt(x)*d + c)*d) ‘
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3.59 f (a—i—b cse (c—i—d\/E) ) 2 dr

23/2
Optimal result . . . . . . . . . . . . . . .. e 4211
Mathematica [N/A] . . . . . ... 421]
Rubi [N/A] . . . 22
Maple [N/A] . . . o 422
Fricas [N/A] . . . . o 423
Sympy [N/A] . . o 423
Maxima [N/A] . . . . o 427
Giac [N/A] . . . e 125
Mupad [N/A] . . . o 425
Reduce [N/A] . . . o 4251

Optimal result

Integrand size = 22, antiderivative size = 22

13/2 3/2

/(a+bcsc (c+d\/5))2 dw:Int((a-i—bcsc (c+d\/5))2,x>

output LDefer (Int) ((a+b*csc(c+d*x~(1/2)))"2/x~(3/2) ,x)

Mathematica [N/A]

Not integrable

Time = 50.41 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/(a—i—bcsc(c—l—d\/ai))2 d:cz/ (a+besc (c+d\/5))2 I

73/2 73/2

-

input LIntegrate [(a + b*Csc[c + d*Sqrt [x11)"2/x~(3/2) ,x]

\ J

output ‘ Integrate [(a + b*Csc[c + d*SqI‘t [x]11)~2/x~(3/2) , x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+besc(c+ d\/i))2
/ 2372 dr
l 4695
(a + bese (c + d\/E))2
/ 2372 dxr
input LInt [(a + bxCsc[c + d*Sqrt[x]]1)~2/x~(3/2),x] J
output L$Aborted J

rule 4695 ‘

Defintions of rubi rules used

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)~(n_)1*(b_.))~(p_.)*(x_)~(m_.), x_Symbol
] :> Unintegrable[x"m*(a + b*Csc[c + d*x"nl)"p, x] /; FreeQ[{a, b, c, 4, m, ‘
n, p}, xI] ‘

Maple [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ (a+besc (ca—l— d\/E))de

T2
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inputLint((a+b*csc(c+d*x“(1/2)))*2/x~(3/2),x) J

outputLint((a+b*csc(c+d*x*(1/2)))*2/XA(3/2),X) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.09

dz

/(a+bcsc(c+d\/§))2 dx:/ (bcsc(d\/i+c)+a)2

23/2

N

T

inputLintegrate((a+b*csc(c+d*x"(1/2)))"2/x"(3/2),x, algorithm="fricas") J

p
‘integral((b‘2*sqrt(x)*csc(d*sqrt(x) + ¢)72 + 2*xaxb*sqrt(x)*csc(d*sqrt(x) +

output
‘ c) + a~2xsqrt(x))/x"2, x)

\‘

Sympy [N/A]
Not integrable

Time = 2.35 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/(a+bcsc (c+d\/c?))2 dx:/ (a+besc (c+d\/3_c))2

LIZ3/2 :L‘% dx
inputtintegrate((a+b*csc(c+d*x**(1/2)))**Q/X**(g/Q),X) J
outputLIntegral((a + bxcsc(c + dxsqrt(x)))**2/x*x(3/2), x) J




input

output
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Maxima [N/A]
Not integrable

Time = 0.96 (sec) , antiderivative size = 794, normalized size of antiderivative = 36.09

dz

/(a—l—bcsc (c+d\/§))2 dw=/ (bcsc(d\/i+c)+a)2

73/2

(NI

X

‘integrate((a+b*csc(c+d*x“(1/2)))“2/x“(3/2),x, algorithm="maxima")

-(4*%b~2#sin(2*d*sqrt(x) + 2*c) - ((d*integrate(2+*(a*b*d*sqrt(x)*sin(d*sqrt
(x) + c) + b"2*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt
(x) + c)72 + 2xd*cos(d*sqrt(x) + c) + d)*x~2), x) + d*xintegrate(2x(axbxd*s
grt (x)*sin(d*sqrt(x) + c) - b 2xsin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)
~2 + dxsin(d*sqrt(x) + c)~2 - 2*d*cos(d*sqrt(x) + c) + d)*x"2), x))*cos(2%
dksqrt(x) + 2%c)~2 + (d*integrate(2*(a*b*d*sqrt(x)*sin(d*sqrt(x) + c) + b~
2+¢sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2 +

2%d*cos (d*sqrt(x) + c) + d)*x”2), x) + dxintegrate(2*(a*b*d*sqrt (x)*sin(d*
sqrt(x) + c) - b™2*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*
sqrt(x) + c)72 - 2xd*cos(d*sqrt(x) + c) + d)*x"2), x))*sin(2xd*sqrt(x) + 2
*c) "2 - 2*x(d*integrate (2% (a*b*d*sqrt(x)*sin(d*sqrt(x) + c) + b~2*sin(d*sqr
t(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2 + 2xd*cos(dx*s
grt(x) + c) + d)*x"2), x) + d*integrate(2*(a*b*d*sqrt(x)*sin(d*sqrt(x) + c
) - b™2*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c
)72 - 2xd*cos(d*sqrt(x) + c) + d)*x72), x))*cos(2xd*sqrt(x) + 2%c) + d*int
egrate (2 (a*b*d*sqrt (x)*sin(d*sqrt(x) + c) + b"2xsin(d*sqrt(x) + c))/((dxc
os(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2 + 2*d*cos(d*sqrt(x) + c) + d)
*x"2), x) + dxintegrate(2*(axbxd*sqrt(x)*sin(d*sqrt(x) + c) - b~2*sin(d*sq
rt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2 - 2xd*cos(d*
sqrt(x) + c) + d)*x72), x))*x + 2x(a"2*d*cos(2*d*sqrt(x) + 2*c)"2 + a~2...
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Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

73/2

(NI

/(a—l—bcsc(c—l—d\/i))2 dac=/ (bcsc(d\/§+c)—|—a)2 i

X

input‘integrate((a+b*csc(c+d*x’"(1/2)))"2/x"(3/2),x, algorithm="giac")

output Lintegrate((b*csc(d*sqrt(x) +c) + a)~2/x~(3/2), x) J
Mupad [N/A]
Not integrable
Time = 15.50 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00
2 b 2
(a+besc (c+dyz)) . (a+m) ]
x3/2 T= 23/2 &
inputtint((a + b/sin(c + d*x~(1/2)))"2/x~(3/2),%) J
output 1Bt((a + b/sin(c + dxx™(1/2)))72/x7(3/2), x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.68

(ot bese (c+aya))* 2V ([ =5 do) abe v ([ =05 da) b2 - 207
/ 23/2 L= 7
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inputLint((a+b*csc(c+d*x*(1/2)))*2/x~(3/2),x)

output‘(2*sqrt(x)*int(csc(sqrt(x)*d + ¢)/(sqrt(x)*x),x)*a*b + sqrt(x)*int(csc(sqr
‘t(x)*d + c)**2/(sqrt (x)*x) ,x)*b**2 - 2%a*x2)/sqrt (x)
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3.60 f (a—i—b cse (c—i—d\/E) ) 2 dr

29/2
Optimal result . . . . . . . . . . .
Mathematica [N/A] . . . . . ... 427
Rubi [N/A] . . . o 478
Maple [N/A] . . . o 428
Fricas [N/A] . . . . o 429
Sympy [N/A] . . o 429
Maxima [F(-1)] . . . . . oo e 430
Giac [N/A] .« . . 430
Mupad [N/A] . . . o 430
Reduce [N/A] . . . o 431l
Optimal result
Integrand size = 22, antiderivative size = 22
(a+besc (c+d\/5))2 (a+besc (c+d\/5))2
/ 572 dx = Int 572 , T
x x
OutputLDefer(Int)((a+b*csc(c+d*x“(1/2)))A2/x“(5/2),X) J
Mathematica [N/A]
Not integrable
Time = 57.06 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09
(a+besc (c+d\/5))2 (a+besc (c+d\/5))2
/ 5/2 dz = / 5/2 dz
x x
input[lntegrate[(a + bxCsc[c + dxSqrt[x]]1)~2/x~(5/2),x] }

Output‘lntegrate[(a + b*Csclc + d*Sqrt[x]1])~2/x~(5/2), x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
(a+besc(c+ d\/i))2
/ 2572 dr
l 4695
(a + bese (c + d\/E))2
/ 2572 dxr
input LInt [(a + bxCsc[c + d*Sqrt[x]]1)~2/x~(5/2),x] J
output L$Aborted J

rule 4695 ‘

Defintions of rubi rules used

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)~(n_)1*(b_.))~(p_.)*(x_)~(m_.), x_Symbol
] :> Unintegrable[x"m*(a + b*Csc[c + d*x"nl)"p, x] /; FreeQ[{a, b, c, 4, m, ‘
n, p}, xI] ‘

Maple [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ (a+besc (c5+ d\/E))de

T2
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inputLint((a+b*csc(c+d*x“(1/2)))*2/x~(5/2),x) J

outputLint((a+b*csc(c+d*x*(1/2)))*2/XA(5/2),X) J

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.09

dz

/(a+bcsc(c+d\/§))2 dx:/ (bcsc(d\/i+c)+a)2

25/2

Njot

T

inputLintegrate((a+b*csc(c+d*x"(1/2)))"2/x"(5/2),x, algorithm="fricas") J

p
‘integral((b‘2*sqrt(x)*csc(d*sqrt(x) + ¢)72 + 2*xaxb*sqrt(x)*csc(d*sqrt(x) +

output
‘ c) + a~2xsqrt(x))/x"3, x)

\‘

Sympy [N/A]
Not integrable

Time = 9.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/(a+bcsc (c+d\/c?))2 dx:/ (a+besc (c+d\/3_c))2

LIZ5/2 :L‘g dx
inputtintegrate((a+b*csc(c+d*x**(1/2)))**Q/X**(5/2),X) J
outputLIntegral((a + bxcsc(c + dxsqrt(x)))**2/x*x(5/2), x) J
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Maxima [F(-1)]

Timed out.

dz = Timed out

/ (a+besc (c+ dy/z))?

2572

input Lintegrate ((atb*csc(c+d*x~(1/2)))~2/x~(56/2) ,x, algorithm="maxima")

output LTimed out
Giac [N/A]
Not integrable
Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91
(a+besc (c—l—d\/f))2 (bese (dv/z +¢) +a)2
/ 572 dr = / 5 dz
X T2
input tintegrate ((atb*csc(c+d*x~(1/2)))~2/x(5/2) ,x, algorithm="giac")
output Lintegrate ((bxcsc(d*sqrt(x) + c) + a)~2/x"(5/2), x)
Mupad [N/A]
Not integrable
Time = 15.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00
2 b 2
(a+besc (c+dyz)) <G+W>
52 dx = 52 dx
input Lint((a + b/sin(c + d*x~(1/2)))"2/x"(5/2) %)

outputtinﬂ(a + b/sin(c + d*x~(1/2)))"2/x~(5/2), x)
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 66, normalized size of antiderivative = 3.00

/ (a+besc(c+ d\/E))2 q 6y (f %dw) abz + 3v/x (f csc?z—;iﬁd@ b’z — 2
T=

z5/2 3Vrx

inputtint((a+b*csc(c+d*x*(1/2)))AQ/XA(5/2)’X)

Output‘(G*Sqrt(x)*lnt(CSC(Sqrt(X)*d + c)/(sqrt (x)*x*%2),x)*a*xbkx + 3*sqrt(x)*int(
‘csc(sqrt(x)*d + c)**2/(sqrt(x) *x**2) ,x) ¥b**2xx — 2*a*x*2)/(3*sqrt (x)*x)

N




output L
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3.61  [=oWa) gy
VT

Optimal result . . . . . . . . . . . . . . e 432
Mathematica [B] (verified) . . . . . . . . .. ... 432
Rubi [A] (verified) . . . . . . . . . . 133]
Maple [A] (verified) . . . . . . ... 434
Fricas [B] (verification not implemented) . . . . . .. ... ... ... .... 435
Sympy [F] . . o o 435
Maxima [A] (verification not implemented) . . . . . .. . ... ... ... .. 435
Giac [B] (verification not implemented) . . . . . ... .. ... ... ... .. 436
Mupad [B] (verification not implemented) . . .. ... ... ... ...... 436
Reduce [B] (verification not implemented) . . .. ... ... ......... 437

Optimal result

Integrand size = 14, antiderivative size = 24

csc® (v/x)
VT

dz = —arctanh (cos (vz)) — cot (vz) csc (vz)

—arctanh(cos(x~(1/2)))-cot (x~(1/2))*csc(x~(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 57 vs. 2(24) = 48.

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.38

de _ _icsc2 <£) —log (cos <£>)

2 2

+ log <sin (g)) + leseCQ (@)

-

input L

Integrate[Csc[Sqrt[x]]~3/Sqrt [x],x]

~—
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output ‘ -1/4*Csc[Sqrt[x]/2]1°2 - Logl[Cos[Sqrt[x]/2]] + Log[Sin[Sqrt[x]/2]] + Sec[Sq ‘

Lrt [x1/21°2/4 J
Rubi [A] (verified)
Time = 0.25 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.25,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 4 357 Ry
integrand size
used = {4693, 3042, 4255, 3042, 4257}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
3
csc? (/) s
VT
| 4693
2 / csc® (V) dv/z
| 3042
2 / csc (\/5)3 dvz
l 4255
2<; /csc (Vz) dyz — %cot (V) esc (ﬁ))
| 3042
2<; /csc (V) dv/z — %cot (V) csc (ﬁ))
| 4257
2 (—;arctanh(cos (V) — % cot (v/z) csc (ﬁ))
input LInt [Csc[Sqrt[x]]1~3/Sqrt[x],x] J
output LQ* (-1/2%ArcTanh[Cos[Sqrt [x]]] - (Cot[Sqrt[x]]*Csc[Sqrt[x]1]1)/2) J
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Defintions of rubi rules used

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4255

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_ ), x_Symbol] :> Simp[(-b)*Cos[c + dx*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Simp[b~2*((n - 2)/(n - 1))

Int[(bxCsclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
&& IntegerQ[2*n]

rule 4257

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4693 ‘

Int[((a_.) + Cscl(c_.) + (d_)*x_)" (@ )]1*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cscl[c + d*x])~
ps x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

method result size
derivativedivides | — cot (/z) csc (v/z) + In (csc (v/z) — cot (1)) | 24
default —cot (v/z) esc (v/z) +In (csc (v/z) — cot (/7)) | 24

input L

output k

int(ecsc(x~(1/2))"3/x"(1/2) ,x,method=_RETURNVERBOSE)

-cot (x~(1/2))*csc(x~(1/2))+1n(csc(x~(1/2))-cot (x~(1/2)))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 56 vs. 2(18) = 36.
Time = 0.08 (sec) , antiderivative size = 56, normalized size of antiderivative = 2.33
csc® (y/)
N7
(cos (vz)® - 1> log (3 cos (vz) +3) — (cos (vz)® - 1) log (—3 cos (v/z) + 1) — 2 cos (v/x)

dzr =

2 (cos (\/5)2 — 1)

inputLintegrate(csc(x“(l/Q))"3/x"(1/2),x, algorithm="fricas") J

-1/2%((cos(sqrt (x))"2 - 1)*log(1/2*cos(sqrt(x)) + 1/2) - (cos(sqrt(x))~2 -

output
| 1)*log(-1/2*cos(sqrt(x)) + 1/2) - 2*cos(sqrt(x)))/(cos(sqrt(x))"2 - 1)

Sympy [F]

IC PR LG

inputLintegrate(csc(x**(1/2))**3/x**(1/2)’x) J

-

tIntegral(csc(sqrt(x))**3/sqrt(x), x)

e—

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.42

#dw = % — % log (cos (vz) +1) +% log (cos (vz) — 1)

input Lintegrate (csc(x~(1/2))°3/x"(1/2) ,x, algorithm="maxima") J
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output
Ls(sqrt(x)) -1

‘cos(sqrt(x))/(cos(sqrt(x))“Q - 1) - 1/2xlog(cos(sqrt(x)) + 1) + 1/2*log(co

|
J

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(18) = 36.

Time = 0.14 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.92

sct (vB) (et = 1) (eon (v&) 1)
N 4 (cos (vz) — 1)

+-1lo

4(cos (vT)+1) 2

cos (vz) — 1 1 . (_cos (Vz) —1

input‘integrate(csc(x“(1/2))"3/x"(1/2),x, algorithm="giac")

output

‘(sqrt(x)) - 1)/(cos(sqrt(x)) + 1))

‘-1/4*(2*(cos(sqrt(x)) - 1)/(cos(sqrt(x)) + 1) - 1)*(cos(sqrt(x)) + 1)/(cos
‘(sqrt(x)) - 1) - 1/4*(cos(sqrt(x)) - 1)/(cos(sqrt(x)) + 1) + 1/2%log(-(cos

Mupad [B] (verification not implemented)

Time = 16.70 (sec) , antiderivative size = 94, normalized size of antiderivative = 3.92

3 Valiq; - Valiq

csc® (V) P (s R (¢ 1i

NZ7 NZ7 VT VT
4eveli 2 eveli

+ 1+ eved _ 2eve + evz2i _ 1

1i
N

)

-

input 181/ (2 (1/2)*sin(x"(1/2))73) ,x)

-/

output

1/2)%2i) + 1) + (2rexp(x”(1/2)*11))/ (exp(x™(1/2)%2i) - 1)

‘10g(1i/x‘(1/2) - (exp(x~(1/2)*1i)*1i)/x~(1/2)) - log(- (exp(x~(1/2)*1i)*1i
‘)/x‘(1/2) - 1i/x7(1/2)) + (4xexp(x~(1/2)*1i))/(exp(x~(1/2)*4i) - 2*exp(x~(
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

csc? (V/z) T cos (vz) + log<tan (4)) sin (\/5)2
Vz sin (\/5)2

fnput | 18t (cse (™ (1/2))73/x°(1/2) )

outputt( - cos(sqrt(x)) + log(tan(sqrt(x)/2))*sin(sqrt(x))**2)/sin(sqrt(x))**2




CHAPTER 3. LISTING OF INTEGRALS 438
23/2

3.62 f a+bcsc(c+dy/x) dz

Optimal result . . . . . . . . . . . 438]
Mathematica [A] (verified) . . . . . . . .. ... . Lo 439
Rubi [A] (verified) . . . .. . . .. .. 440
Maple [F] . . . . 442
Fricas [F] . . . . . . o 442
Sympy [F] . . . 442
Maxima [F(-2)] . . . . . . . o 143
Giac [F] . . . . o o 443
Mupad [F(-1)] . . . o 143
Reduce [F] . . . o . o o 444

Optimal result

Integrand size = 22, antiderivative size = 675

/ 232 . 05/2 . 2ibx? log (1 — %)
xTr =
a+besc (¢ +dy/z) 5a av/—a? + b%d
2ibz? log (1 - lﬁ‘il/(i—;i@) s 8bx3/2 PolyLog (2, %)
av—a? + b%d av—a? + b2d?
iaei(c dy/z) . iaei(c dv/z)
8bz%/2 PolyLog (2, W_—ZTW) . 24ibx PolyLog (3, ﬁ)
av/—a? + b2d? av/—a? + b?d?
. iaei(c dﬁ) iaei(c dﬁ)
24ibs PolyLog (3, 2922 )  48by/z PolyLog (4, 122757 )
av—a? + b*d? av—a? + b*d*
iaet(c+dve)
X 48b,/7 PolyLog (4, w_—Tw)
av/—aZ £ b2d4

? b—v/—a2+b2

Y b+ /_a2+b2

)

48ib PolyLog (5, 2= ) 48ibPolyLog (5, 25
- +

av/—a? + b2dd

av/—a? + b2dd



output

input

output
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2/5%x”(5/2) /a+2*Ixb*xx~2+1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2))
)/a/(-a~2+b"2) " (1/2) /d-2*I*bxx~2*1n (1-T*a*exp (I* (c+d*x~(1/2)) )/ (b+(-a~2+b"
2)°(1/2)))/a/(~a~2+b~2)~(1/2) /d+8*b*x~ (3/2) *polylog(2, I*xa*exp (I* (c+d*x~(1/
2)))/(b-(-a"2+b"2)"(1/2)))/a/(-a"2+b~2) " (1/2) /d"2-8%b*x~ (3/2) *polylog(2, I*
axexp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/(-a~2+b"2) ~(1/2) /d"2+24*I*b
*x*polylog(3, I*xaxexp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a/(-a"2+b~2) ~(
1/2)/d"3-24*I*b*x*polylog(3,I*a*exp (I*(c+d*x~(1/2)))/(b+(-a"2+b"2)~(1/2)))
/a/(~a~2+b~2)~(1/2) /d~3-48*b*x"~(1/2) *polylog (4, I*a*exp (I*(c+d*x~(1/2))) /(b
-(-a"2+b~2)"(1/2)))/a/(-a~2+b~2) " (1/2) /d"4+48*b*x~ (1/2) *polylog (4, I*a*exp (
Ix(c+d*x~(1/2)))/(b+(-a"2+b~2)~(1/2)))/a/(-a~2+b~2) ~(1/2) /d~4-48*I*b*polyl
og(5,Ixa*xexp(I*(c+d*x~(1/2)))/(b-(-a~2+b~2)"(1/2)))/a/(-a~2+b~2)~(1/2)/d"5
+48xI*b*polylog(5,I*xa*exp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a/(-a~2+b
~2)~(1/2)/d"6

Mathematica [A] (verified)

Time = 1.29 (sec) , antiderivative size = 539, normalized size of antiderivative = 0.80

aeilctdva) aet(ct+dva)
/ £3/2 Y 2(1 /a? — B2d5x5/ — 5bd*z? log (1 — #ﬁ) + 5bd*z? log <1 + Z.b+\/;fb2
a+besc(c+dyz)

 Integrate[x~(3/2)/(a + bxCsclc + d*Sqrt[x11),x]

(2% (Sqrt[a™2 - b~2]1*d"5*x"(5/2) - b*bxd~4*x"2*Log[l - (a*E~(I*(c + dxSqrt[
x1)))/((-I)*b + Sqrt[a”2 - b72])] + 5xbxd~4*x"2xLog[1 + (a*E~(I*(c + d*Sqr
t[x]1)))/(Ixb + Sqrt[a”2 - b~2])] + (20*I)*b*d~3*x~(3/2)*PolyLog[2, (a*E~(I
*(c + d*Sqrt[x])))/((-I)*b + Sqrt[a”2 - b~2])] - (20*I)*b*d~3*x~(3/2)*Poly
Logl[2, -((a*E~(I*(c + d*Sqrt[x]1)))/(Ixb + Sqrt[a™2 - b~2]))] - 60*b*d~2*x*
PolyLog[3, (a*E~(I*(c + d*Sqrt[x]1)))/((-I)*b + Sqrt[a”2 - b~2])] + 60xb*xd~
2xx*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b"2]))] - (12
0*I)*b*d*Sqrt [x] *PolyLog[4, (a*xE~(I*(c + d*Sqrt([x])))/((-I)*b + Sqrt[a~2 -
b~2])]1 + (120#I)*b*d*Sqrt[x]*PolyLogl4, -((a*E~(I*(c + d*Sqrt[x])))/(I*b
+ Sqrt[a”2 - b°2]))] + 120*b*PolyLog[5, (a*E~(I*(c + d*Sqrt[x])))/((-I)*b
+ Sqrt[a”™2 - b~2])] - 120*b*PolyLog[5, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb +
Sqrt[a”2 - 72]1))]1))/(b*a*Sqrt[a~2 - b~2]*d"5)




input
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Rubi [A] (verified)

Time = 1.30 (sec) , antiderivative size = 677, normalized size of antiderivative = 1.00,

= 4, number of rules _ 182, Rules
integrand size

number of steps used = 5, number of rules used =
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3/2
d
/a+bcsc(c+d\/:?) v
| 4693

/a+bcsc c+d\/_)
3042

4679

(

|
/a+bcscx(c+d\/_)

|

2/(22 (b—i—as1nm(20+d\/_))>d\/5
l 2009

i(c+dv/T)

) 24b+/z P

) ( 24ib PolyLog (5’ Z;E\/c;diﬂ) s 241b PolyLog (5, l:i\/cbzdiﬂ ) 24b,/x PolyLog (4’ zg £ /5 —aZ

VP —a VP —a WP —a

LInt [x~(3/2)/(a + b*Csc[c + d*Sqrt[x]]),x]
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2% (x~(5/2)/(5*%a) + (I*bxx~2*xLog[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[
-a”2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d) - (Ixb*x"2xLog[l - (I*a*xE~(Ix(c + d*
Sqrt[x]1)))/(b + Sqrt[-a"2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d) + (4xb*x~(3/2)*
PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sgrt[-a~2 + b~2])])/(a*Sqrt[-a
2 + b72]*%d"2) - (4*%b*x~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b +
Saqrt[-a”2 + b~2])]1)/(axSqrt[-a~2 + b"2]*d"2) + ((12*I)*b*x*PolyLogl[3, (Ix*a
*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3)
- ((12*I)*b*x*PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]
)1)/(a*Sqrt[-a~2 + b~2]*d"3) - (24xb*Sqrt[x]*PolyLogl[4, (I*a*E~(I*(c + d*S
qrt[x]1)))/(b - Sgrt[-a”2 + b~2])]1)/(a*Sqrt[-a”2 + b~2]*d"4) + (24*b*Sqrt[x
1*PolyLog[4, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]1)])/(axSqrt([
-a”"2 + b~2]*d"4) - ((24#I)*b*PolyLog[5, (Ixa*xE~(I*(c + d*Sqrt[x])))/(b - S
grt[-a~2 + b72])]1)/(a*Sqrt[-a~2 + b~2]1*d"5) + ((24*I)*b*PolyLog[5, (I*axE~
(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a"2 + b~2]*d"5))

output

Defintions of rubi rules used

rule 2009 | T0t[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Intllesclle_.) + (£_.0*(x)Ix(b_.) + (a))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + ax*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 4693 Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p, x1, x, x"nl, x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]
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Maple [F|

[S][5Y)

z
/a+bcsc( )dx

inputLint(x‘(3/2)/(a+b*csc(c+d*x*(1/2))),x)

outputLiﬂt(xﬁ(3/2)/(a+b*csc(c+d*x‘(1/2))),x)

Fricas [F]

z3/?
/a-l—bcsc(c—l—d\/_ /bcsc d\/_—|—c)

dx

inputtintegrate(XA(3/2)/(a+b*CSC(C+d*X“(1/2))),x, algorithm="fricas")
outputLintegral(xA(3/2)/(b*csc(d*sqrt(x) +c) +a), x)
Sympy [F]

3
2

£3/2 ] .
/a+bcsc(c+d\/5) x_/a+bcsc(

dzx

inputLintegrate(X**(3/2)/(a+b*csc(c+d*x**(1/2))),X)

OutputLIntegral(x**(3/2)/(a + bxcsc(c + d*sqrt(x))), x)
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Maxima [F(-2)]

Exception generated.

3/2
/ d dx = Exception raised: ValueError
a+besc (c+dy/z)

input Lintegrate (x~(3/2)/ (atb*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume? f
‘or more de

Giac [F]
£3/2 .
/ dz = / dz
a+besc (¢ +dy/z) bese (dy/z +c¢) +a
input Lintegrate (x~(3/2) / (a+b*csc(c+d*x~(1/2))) ,x, algorithm="giac")

outputLintegrate(x*(3/2)/(b*csc(d*sqrt(x) +c) +a), x)

Mupad [F(-1)]

Timed out.

r3/2 23/2
a+besc (C + dﬁ) a+ sin(c+d v/z)

inputtint<X‘(3/2>/<a + b/sin(c + d*x~(1/2))),%)

output 1BECT(3/2)/(a + b/sin(c + dxx"(1/2))), x)
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Reduce [F]

/ ad da:—/ voz dz
a+besc(c+dyz) ) esc(vazd+c)b+a

input tint (x~(3/2)/ (a+b*csc(c+d*x~(1/2))) ,x)

output Lint((sqrt(x)*x)/(csc(sqrt(x)*d + c)*b + a),x)
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VI

3.63 f a+bcsc(c+dy/z) dx

Optimal result . . . . . . . . . . . . . e 445]
Mathematica [A] (verified) . . . . . . . . . ... 440
Rubi [A] (verified) . . . . . . . . . . 447
Maple [F] . . . . . 449
Fricas [F] . . . . . . . o 449
Sympy [F] . . o e 449
Maxima [F(-2)] . . . . . . 450
Giac [F] . . . o o o 450
Mupad [F(-1)] . . .« o 501
Reduce [F] . . . . . o 4511

Optimal result

Integrand size = 22, antiderivative size = 407

b—v—a?+b2

igei(ctdv) >

32  2ibrlog (1 —
/ Ve dxzzx + <

a+besc (c+ dy/z) 3a av/—a? + b*d

b+v—a2+b2

2ibx log (1 _ daelctdve) )

av—a? + b%d
4b+/z PolyLog (2

+

iaei(c+d\/5)
 b—v—a2+b?

@+ P

4b+/z PolyLog <2

iaet(c+dve)
) brv—a? 107

w2 1 B

43b PolyLog <3

iaet (et+dvz)
’ b—v—a2+b2

+

av/—a? + b2d3

43b PolyLog (3

iae’ (c+dv/z)
) btV —a2+b?

@ 1 B
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2/3*x~(3/2) /a+2*Ixb*x*1n(1-I*a*xexp (I* (c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/
a/(-a"2+b"2) " (1/2) /d-2*Ixb*x*1n (1-I*axexp (I* (c+d*x~(1/2)))/(b+(-a~2+b"2) " (
1/2)))/a/(-a~2+b~2) " (1/2) /d+4*b*x~ (1/2) *polylog(2, I*a*exp (I*(c+d*x~(1/2)))
/(b-(-a"2+b"2)"(1/2)))/a/(-a~2+b"2) " (1/2) /d"2-4*b*x~ (1/2) *polylog(2,I*a*ex
p(I*x(c+d*x~(1/2)))/(b+(-a~2+b"2)~(1/2)))/a/(-a~2+b"2) " (1/2) /d~2+4*I*b*poly
log(3,I*xa*exp(I*(c+d*x~(1/2)))/(b-(-a~2+b"2)~(1/2)))/a/(-a~2+b"2)~(1/2) /4~
3-4xI*bxpolylog(3,I*akexp(I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a/(-a~2+b
~2)~(1/2)/a"3

N J

output

Mathematica [A] (verified)

Time = 2.20 (sec) , antiderivative size = 333, normalized size of antiderivative = 0.82

[avomte
dz
a+besc (c+ dy/z)
2(\/ a2 — b2d®2%/? — 3bd%x log (1 - %) + 3bd?z log (1 + S)f_(\c/;—@) + 6ibd+/z PolyLog (2, _‘;‘Z:

3av/a

-

LIntegrate[Sqrt[x]/(a + bxCsclc + d*Sqrt[x]]),x]

~—

input

(2% (Sqrt[a”2 - b~2]*d"3*x~(3/2) - 3*bxd~2*x*Log[1l - (a*E~(I*(c + d*Sqrt[x]
)))/((-I)*b + Sgrt[a™2 - b72])] + 3xb*d~2xx*Logl[l + (a*E~(I*(c + d*Sqrt[x]
)))/(I*b + Sgrt[a”2 - b~2])] + (6*I)*bxd*Sqrt[x]*PolyLogl[2, (a*E~(I*(c + 4
*Sqrt[x]1)))/((-I)*b + Sqrt[a~2 - b~2])] - (6%I)*bxd*Sqrt[x]*PolyLog[2, -((
axE~ (I*(c + d*Sqrt[x])))/(I*xb + Sqrt[a”2 - b"2]))] - 6*bxPolyLogl[3, (a*xE~(
Ix(c + d*Sqrt[x])))/((-I)*b + Sqrt[a~2 - b~2])] + 6%b*PolyLog[3, -((a*E~(I
*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]1))1))/(3*a*Sqrt[a™2 - b~2]*d"3)

output
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Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 409, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ vz dx
a-+besc (c+dyz)

l 4693

T
2 d
/a+bcsc(c+d\/5) vz
| 3042

T
2 d
/a-l—bcsc (c+dvz) vz
| 4679

T bx
2/ (a_ a(b+asin(c+d\/5))> e
| 2009

. igei(c+dve) . igei(c+dve) igei(c+dve)

WV — a2 VP — 2 N oy ad?/

-

input LInt [Sqrt[x]/(a + bxCsc[c + d*Sqrt[x]11),x] J




output
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N

2% (x~(3/2)/(3xa) + (I*bxx*Logl[l - (I*a*E~(I*(c + d*Sqrt[x]1)))/(b - Sqrt[-a
2 + b72])]1)/(axSqrt[-a”2 + b~2]*d) - (I*b*xxLogl[l - (I*axE~(I*(c + d*Sqrt
[x]1)))/(b + Sqgrt[-a~2 + b72])])/(axSqrt[-a~2 + b~2]*d) + (2*b*Sqrt[x]*Poly
Logl[2, (I*a*xE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a"2 + b~2])])/(a*Sqrt[-a~2 +
b~2]*d"2) - (2%b*Sqrt[x]*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt
[-a"2 + b~2])]1)/(a*Sqrt[-a~2 + b~2]1*d"2) + ((2*I)*b*PolyLogl[3, (I*axE~(I*(
c + dxSqrt[x])))/(b - Sqrt[-a"2 + b~2]1)])/(a*Sqrt[-a”2 + b~2]*d~3) - ((2*I
)*b*xPolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqr
t[-a”2 + b~2]*d"3))

Defintions of rubi rules used

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + £*x]1)°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csc[c + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n]l, 0] && IntegerQ[p]
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Maple [F|

/ vz dx
a+bese (c+ dy/z)

input | 10t (X7 (1/2)/ (atbresc (crdrx™(1/2))) )

Ou_tputLint(x"(1/2)/(a+b*csc(c+d>|=x“(1/2))),x)

Fricas [F]

e _ e
/a+bcsc(c+d\/§) dx_/bcsc(d\/i+c)+adx

inputLintegrate(X“(1/2)/(a+b*csc(c+d*x“(1/2))),x, algorithm="fricas")

outputtintegral(sqrt(X)/(b*csc(d*sqrt(x) +c) +a), x)

Sympy [F]

i _ /i
/a+bcsc(c+d\/5) dx_/a+bcsc(c+d\/5) dz

inputLintegrate(X**(1/2)/(a+b*csc(c+d*x**(1/2))),X)

OutputLIntegral(sqrt(x)/(a + bxcsc(c + d*sqrt(x))), x)
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Maxima [F(-2)]

Exception generated.

/ vz dr = Exception raised: ValueError
a+besc (c+dy/z)

input Lintegrate (x~(1/2)/(atb*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f

‘or more de

Giac [F]

Vi _ Vi
/a+bcsc(c+d\/5) dx_/bcsc(d\/i+c)+adx

inputLintegrate(x“(1/2)/(a+b*csc(c+d*x‘(1/2))),x, algorithm="giac")

output Lintegrate (sqrt(x)/(b*csc(d*sqrt(x) + c) + a), x)

Mupad [F(-1)]

Timed out.
b
a+besc (¢ +dy/z) O+ Getava)

inputtint<X‘(1/2>/<a + b/sin(c + d*x~(1/2))),%)

output 1BEGT(1/2)/(a + b/sin(c + dxx"(1/2))), x)
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Reduce [F|

Vi _ Vi
/a—l—bcsc(c%—dﬁ) dx_/csc(ﬁd+c)b+adx

input Lint (x~(1/2) / (a+b*csc(c+d*x~(1/2))) ,x)

output Lint(SQrt(x)/(csc(sqrt(x)*d + c)*b + a),x)
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1

3.64 f Vz(a+besc(ct+dy/T)) dz

Optimalresult . . . . . . . . .. . . 452
Mathematica [A] (verified) . . . . . . . .. ... Lo 452
Rubi [A] (verified) . . . . . . ... .. 153
Maple [A] (verified) . . . . . . . .. 75%)
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 455
Sympy [F] . . . 450
Maxima [F(-2)] . . . . . . . o 450
Giac [A] (verification not implemented) . . . . . . ... ... ... 457
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 457
Reduce [B] (verification not implemented) . . . ... ... ... ......... 458

Optimal result

Integrand size = 22, antiderivative size = 66

dz

a+btan (% (c+dv/z))

)

1 N N 4barctanh< N

/\/E(a—i-bcsc(c—i-dﬁ)) a

ava? — b%d

output ‘ 2%x~ (1/2) /a+4*bkarctanh ( (a+bktan (1/2%c+1/2%d*x" (1/2)))/(a~2-b"2)~(1/2)) /a/

input

\(a*2-b*2)‘(1/2)/d

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.03

zbarctan(wbtw(%wwa)>
. =a?15?
2(at VI — vV—a2+b2d
/ 1
dr =
Vz (a+besc (c+ dy/x)) a

-

LIntegrate [1/(Sart[x]*(a + bxCsclc + d*Sqrt[x]]))

»x]

-/
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output‘ (2x(c/d + Sqrt[x] - (2*b*ArcTan[(a + b*Tan[(c + d*Sqrt[x])/2])/Sqrt[-a~2 + ‘
 ©7211)/(Sqrt[-a"2 + b721%d))/a J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.15,

number of rules _ 0.318, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {4693, 3042, 4270, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
vz (a+besc (c+dy/x))
l 4693
2 / 1 dv'z
a-+besc(c+dyz)
l 3042
2 / 1 dv'z
a-+besc (c+dyz)
l 4270
1
5 @ B f asin(c;—dﬁ) +1d\/5
a a
l 3042
1
5 @ B f asin(cb+d\/5) +1d\/5
a a
l 3139
2/ 1 dtan (3 (c+dyz
) @ ~ x+2atan(%£c+d\/§)) 41 (2 ( ))
a ad

l 1083
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1=z T
2 v2 vz
ad + a
l 219
b(22+2tan(2 (c+dy/)))
) 2barctanh< b Ve 22—1;2 ) N @
adva? — b? a
inputtlnt[i/(Sqrt[x]*(a + b*Csclc + d*Sqrt[x11)),x] J

output‘ 2% (Sqrt[x]/a + (2*bxArcTanh[(b*((2*a)/b + 2*Tan[(c + d*Sqrt[x])/2]))/(2%Sq ‘
\rt[a*Q - °21)1)/(a*Sqrt[a~2 - b 2]*d))

Defintions of rubi rules used

rule 219 Int[C(a) + (b_)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0]1)

rule 1083 Tntl(Cal) + (b_)*(x_) + (c_.)*(x_)72)7(-1), x_Symbol] :> Simp[-2  Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 ImEL(@)) + (b_.)#sinl(c_.) + (d_.)*(x)1)"(-1), x_Symboll :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a ‘
‘*xe"2+x72), x1, x, Tanl(c + d*x)/2]1/el, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[a72 - b2, 0] |
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Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

rule 4270

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
ps x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

rule 4693

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.11

method result size

2btan(%+‘12ﬁ)+2a
4barctan | —————F———L——
2V —a2+b2 4 arctan (tan<%+ ))

4

. . os - ay/—a2+b2 + a
derivativedivides i 73
2btan(%+%> +2a
4barctan| ———Mm——_2
arete 2V —a2+b2 4arctan(tan<%+%))
B a\/—a2+b2 + a
default | 73

-

int (1/x~(1/2)/ (at+b*csc(c+d*x~(1/2))) ,x,method=_RETURNVERBOSE)

—

input L

output 2/@*(~2/a%b/(-a~2+b72)" (1/2)*arctan(1/2+ (24bxtan(1/24cH1/2kdxx™(1/2))¥2%2)
/(-a~2+b72)~(1/2))+2/a*arctan(tan(1/2+c+1/2+d*x"(1/2)))) |

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 275, normalized size of antiderivative = 4.17

1
/\/E(a-l-bcsc (c+dyz)

2 (a® — b*)d\/T + Va2 — b2blog (

)dx

(a2—2b2) cos(dv/z+c) 2 +2va2—b%acos (dv/m+c)+a?+b2+2 <\/ a2—b2bcos(dv/z+c) +ab) si
a2 cos(dv/z+c) 2_2gbsin (dv/m+c)—a2—b?

(a® — ab?)d
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input‘integrate(1/X”(1/2)/(a+b*csc(c+d*x“(1/2))),x, algorithm="fricas")

[(2%(a”2 - b~2)*d*sqrt(x) + sqrt(a”2 - b~2)*bxlog(((a”2 - 2*b~2)*cos(d*sqr
t(x) + c)72 + 2#sqrt(a”™2 - b~2)*a*cos(d*sqrt(x) + c) + a2 + b™2 + 2x(sqrt
(2”2 - b~2)*b*cos(d*sqrt(x) + c) + a*b)*sin(d*sqrt(x) + c))/(a"2*cos(d*sqr
t(x) + c)72 - 2*xaxbxsin(d*sqrt(x) + c) - a”2 - 72)))/((a"3 - a*b~2)*d), 2
*((a”2 - b™2)*d*sqrt(x) + sqrt(-a”2 + b~2)*b*arctan(-(sqrt(-a~2 + b~2)*b*s
in(d*sqrt(x) + c) + sqrt(-a”2 + b"2)*a)/((a"2 - b"2)*cos(d*sqrt(x) + c))))
/((a”3 - a*b~2)*d)]

output

Sympy [F]

1 d:c:/ 1
vz (a+besc (c+ dy/x)) Vz (a+besc (c+ dy/x)

)dx

inputLintegrate(1/X**(1/2)/(a+b*csc(c+d*x**(1/2))),X)

s

outputLIntegral(l/(sqrt(x)*(a + bxcsc(c + d*sqrt(x)))), x)

~—

Maxima [F(-2)]

Exception generated.

1
vz (a+besc (c+dy/x))

dx = Exception raised: ValueError

input‘integrate(1/X”(1/2)/(a+b*csc(c+d*x“(1/2))),x, algorithm="maxima")

‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a”~2-4%¥b"2>0)', see “assume?” f

output

‘or more de
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.27

1
d
/ VZ (a+besc (c+ dy/x)) o
z+c btan(3 dyvz+1ic)+a
B _4 (w{d‘gj + %J sgn(b) + arctan ( (\/_a2+b2 ) >>b . 2 (dv/Z + c)
v—a? + b%ad ad
input Lintegrate (1/x~(1/2)/ (a+b*csc(c+d*x~(1/2))) ,x, algorithm="giac") J

;
output ‘
‘rt(x) + 1/2%c) + a)/sqrt(-a”2 + b72)))*b/(sqrt(-a~2 + b~2)*a*xd) + 2% (d*sqr

-4x (pi*floor (1/2*(d*sqrt(x) + c)/pi + 1/2)*sgn(b) + arctan((b*tan(1/2*d*sq \‘
() + 0/ (axd) |

Mupad [B] (verification not implemented)

Time = 18.35 (sec) , antiderivative size = 159, normalized size of antiderivative = 2.41

d+/z1i selio; __2b<a1H¢ed¢Euecn)
]_ d 2\/5 2bln (be e 21 \/m\/afb
€T =

/\/E(a—kbcsc(c—l—d\/:?)) a adva+bva—>b

d+/z1i sclio: 2b(ali+bed\/51iecli)
2bh1(be Vatigetigy 4 2t(esel

adva+byva—-0

+

inputLint(i/(x“(1/2)*(a + b/sin(c + d*x~(1/2)))),x) J

(2%x~(1/2))/a - (2xb*log(bxexp(d*x~(1/2)*1i)*exp(cx1i)*2i - (2*b*(a*li + b
*xexp (d*x~(1/2)*1i) *exp(c*1i)))/((a + )" (1/2)*(a - b)~(1/2))))/(a*d*(a + b
)7(1/2)*(a - b)~(1/2)) + (2*b*log(b*exp(d*x~(1/2)*1i)*exp(c*1i)*2i + (2%bx
(a*1i + bxexp(d*x~(1/2)*1i)*exp(c*1i)))/((a + b)~(1/2)*(a - b)~(1/2))))/(a
*d*(a + b)~(1/2)*(a - b)~(1/2))

output
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.15

1

d
/ Vz (a+besc (c+ dy/x)) ’
5 3 tan(@-ﬁ-%)b-{-a 9 9
4\/—0/ +b atan W b—|—2\/504 d—Qﬁbd
- ad (a? — b?)

-

Lint (1/x~(1/2) / (a+b*csc(c+d*x~(1/2))) ,x)

-/

input

(2 (2%sqrt( - ax*2 + bxx2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - axk
2 + b**x2))*b + sqrt(x)*a**2*d - sqrt(x)*b**2+d))/(a*xd*(ax*2 - b**2))

N\ J

output




outputt
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1

3.65 f 23/2(a+besc(c+dy/z)) dz

Optimal result . . . . . . . . .. . . . 459]
Mathematica [N/A] . . . . . . . . 459
Rubi [N/A] .« . o 460
Maple [N/A] . . . 1601
Fricas [N/A] . . . . . o 461
Sympy [N/A] . . 461
Maxima [N/A] . . . . 162
Giac [N/A] .« . o 162
Mupad [N/A] . . . . 163]
Reduce [N/A] . . . o 463

Optimal result

Integrand size = 22, antiderivative size = 22

1

1
/ 232 (a+ bese (¢ + dy/T)) do = Int <x3/2 (a+besc (c+dyz))

Defer (Int) (1/x~(3/2)/(at+b*csc(c+d*x~(1/2))) ,x)

Mathematica [N/A]

Not integrable

Time = 3.06 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

1

1
/3L'3/2 (a+besc (c+dyz)) dx:/zi‘"/? (a+besc (c+dyz))

dzx

-

input

LIntegrate [1/(x~(3/2)*(a + bxCsc[c + d*Sqrt[x]11)),x]

-/

output L

Integrate[1/(x~(3/2)*(a + bxCsc[c + d*Sqrt[x]11)), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
dx
/ z3/2 (a+ besc (¢ + dy/x))
| 4695
1
dx
/ z3/2 (a+ besc (¢ + dy/x))
input LInt [1/(x~(3/2)*(a + bxCsc[c + d*Sqrt[x]])),x] J
outputL$Aborted J

Defintions of rubi rules used

rule 4695 TAtL(@_.) + Cscl(c_.) + (d_.)*(x))~(m)1*(b_.)) (p_.)*(x)~(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 5 L dx
z2 (a+besc (c+ dy/T))

input Lint (1/x~(3/2) / (a+bxcsc(c+d*x~(1/2))) ,x) J
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output Lint (1/x~(3/2) / (a+bxcsc(c+d*x~(1/2))) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

1 1
/nvi"/2 (a+besc (c+dyz)) e = / (bese (dy/z + ) +a)x% de

input Lintegrate (1/x~(3/2) / (a+b*csc(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(Sqrt (x)/ (b*x~2*csc(d*sqrt (x) + c) + a*x"2), x)

Sympy [N/A]
Not integrable

Time = 2.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1

1
/x3/2 (a+besc (c+dyr)) & :/xg (a+besc (c+dy/z)) d

input Lintegrate (1/x**(3/2) / (a+b*csc(c+d*x*x*(1/2))) ,x)

outputLIntegral(l/(x**(s/z)*(a + bkcsc(c + d*sqrt(x)))), x)
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Maxima [N/A]
Not integrable

Time = 0.68 (sec) , antiderivative size = 244, normalized size of antiderivative = 11.09

1 1
/3”3/2 (a+bese (c+dya)) = / (bese (dy/T + c) + a)z? &

input Lintegrate (1/x~(3/2) / (a+b*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

-2x (axbxsqrt (x) *integrate ((2*b*cos(d*sqrt(x) + c)~2 + axcos(d*sqrt(x) + c)
*sin(2*d*sqrt (x) + 2xc) - akxcos(2+d*sqrt(x) + 2*xc)*sin(d*sqrt(x) + c) + 2%
bxsin(d*sqrt(x) + c)72 + a*sin(d*sqrt(x) + c))/((a"3xcos(2xd*sqrt(x) + 2xc
)72 + 4*xaxb~2*cos(d*sqrt(x) + c)”2 + 4xa~2+bxcos(d*sqrt(x) + c)*sin(2*d*sq
rt(x) + 2xc) + a~3*sin(2+d*sqrt(x) + 2*c)~2 + 4*a*b"2xsin(d*sqrt(x) + c)~2
+ 4*a~2*bxsin(d*sqrt(x) + c) + a~3 - 2*(2*a~2#b*sin(d*sqrt(x) + c) + a~3)
xcos (2xd*sqrt(x) + 2*xc))*x~(3/2)), x) + 1)/(a*sqrt(x))

output

Giac [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1 1
/x3/2 (a+besc (c+dyz)) de = / (bese (dv/z +¢) +a)x%

dz

input Lintegrate (1/x~(3/2) / (at+b*csc(c+d*x~(1/2))) ,x, algorithm="giac") J

integrate(1/((b*csc(d*sqrt(x) + c) + a)*x~(3/2)), x)

outputt
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Mupad [N/A]
Not integrable

Time = 15.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 dx —/ 1 dx
23/? (a+ bese (¢ + dy/z)) N 23/2 (a n #)

sin(c+d v/z)

input Lint(l/(X‘(S/Q)*(a + b/sin(c + d*x~(1/2)))),x)

output Lint(i/(x‘(B/Q)*(a + b/sin(c + d*x~(1/2)))), x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.36

/ 1 e — / sin (v/zd + ¢) s
232 (a + bese (¢ + dy/x)) VzZ sin (vVzd+c) az + /T bz

input Lint(i/x“(3/2) / (a+bxcsc (c+d*x™(1/2))) ,x)

output Lint(sin(sqrt(x)*d + c)/(sqrt(x)*sin(sqrt(x)*d + c)*a*x + sqrt(x)*b*x),x)




outputt

-
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1

3.66 f 25/2 (a+besc(c+dy/z)) dz

Optimal result . . . . . . . . .. . . . 164
Mathematica [N/A] . . . . . . . . 464
Rubi [N/A] .« . o 465
Maple [N/A] . . . 1651
Fricas [N/A] . . . . . o 160
Sympy [N/A] . . 160
Maxima [N/A] . . . . 467
Giac [N/A] .« . o 467
Mupad [N/A] . . . . 168]
Reduce [N/A] . . . . o 168

Optimal result

Integrand size = 22, antiderivative size = 22

1

1
/ 252 (a + bese (¢ + dy/T)) do = Int <x5/2 (a+besc (c+dyz))

Defer (Int) (1/x~(5/2)/(at+b*csc(c+d*x~(1/2))) ,x)

Mathematica [N/A]

Not integrable

Time = 3.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

1

1
/3L'5/2 (a+besc (c+dyz)) dx=/w5/2 (a+besc (c+dyz))

dzx

input

LIntegrate [1/(x~(6/2)*(a + bxCsc[c + d*Sqrt[x]11)),x]

-/

output L

Integrate[1/(x~(5/2)*(a + bxCsc[c + d*Sqrt[x]11)), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
dx
/ #%/2 (a+ besc (¢ + dy/x))
| 4695
1
dx
/ 252 (a+besc (¢ + dy/x))
input LInt [1/(x~(5/2)*(a + bxCsc[c + d*Sqrt[x]])),x] J
outputL$Aborted J

Defintions of rubi rules used

rule 4695 TAtL(@_.) + Cscl(c_.) + (d_.)*(x))~(m)1*(b_.)) (p_.)*(x)~(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])~p, x] /; FreeQ[{a, b, c, d, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ = L dx
z2 (a+besc (c+dy/T))

input Lint (1/x~(5/2) / (a+bxcsc(c+d*x~(1/2))) ,x) J
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output Lint (1/x~(5/2) / (a+bxcsc(c+d*x~(1/2))) ,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

1 1
/3v5/2 (a+besc (c+dyz)) e = / (bese (dy/z + ) +a)x% de

input Lintegrate (1/x~(5/2) / (a+b*csc(c+d*x~(1/2))) ,x, algorithm="fricas")

output Lintegral(Sqrt (x)/ (b*x~3*csc(d*sqrt (x) + c) + a*x"3), x)

Sympy [N/A]
Not integrable

Time = 8.50 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1

1
/x5/2 (a+besc (c+dyr)) & :/xg (a+besc (c+dy/z)) d

input Lintegrate (1/x**(5/2) / (a+b*csc(c+d*x*x*(1/2))) ,x)

outputLIntegral(l/(x**(S/z)*(a + bkcsc(c + d*sqrt(x)))), x)
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Maxima [N/A]
Not integrable

Time = 0.87 (sec) , antiderivative size = 245, normalized size of antiderivative = 11.14

1 1
/3”5/2 (a+bese (c+dya)) = / (besce (dy/z +¢) +a)z? &

input Lintegrate (1/x~(5/2) / (a+b*csc(c+d*x~(1/2))) ,x, algorithm="maxima")

-2/3%(3*a*b*x~(3/2) *integrate ((2xb*cos (d*sqrt(x) + c)~2 + axcos(d*sqrt(x)
+ c)*sin(2*d*sqrt(x) + 2xc) - axcos(2xd*sqrt(x) + 2*c)*sin(d*sqrt(x) + c)
+ 2xbxsin(d*sqrt(x) + c)”2 + a*sin(d*sqrt(x) + c))/((a"3xcos(2xd*sqrt(x) +
2%c) "2 + 4xaxb~2*cos(d*sqrt(x) + c)~2 + 4*a"2xbxcos(d*sqrt(x) + c)*sin(2%
dxsqrt(x) + 2%c) + a"3*sin(2kd*sqrt(x) + 2%c)~2 + 4*xaxb~2*sin(d*sqrt(x) +
c)”2 + 4xa”2xb*sin(d*sqrt(x) + c) + a”3 - 2*(2*a"2*b*sin(d*sqrt(x) + c) +
a~3)*cos(2*d*sqrt(x) + 2*c))*x~(5/2)), x) + 1)/(a*xx"(3/2))

output

Giac [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

1 1
/x5/2 (a+besc (c+dyz)) de = / (bese (dv/z +¢) +a)xg de

inputLintegrate(l/x“(5/2)/(a+b*csc(c+d*x‘(1/2))),x, algorithm="giac")

output‘integrate(l/((b*CSC(d*sqrt(x) + ¢c) + a)*xx~(5/2)), x)
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Mupad [N/A]
Not integrable

Time = 15.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 dx —/ 1 dx
252 (a + bese (¢ + dy/z)) N 25/2 (a n #)

sin(c+d v/z)

input Lint(l/(X‘(S/Q)*(a + b/sin(c + d*x~(1/2)))),x)

output Lint(i/(x‘(5/2)*(a + b/sin(c + d*x~(1/2)))), x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.18

1 1
/gvf)/2 (a+besc (c+dyz)) do = / VT csc (\/Ed+c)bx2+\/§ax2dx

input Lint (1/x~(5/2) / (a+b*csc(c+d*x~(1/2))) ,x)

output Lint(1/(sqrt(x)*csc(sqrt(x)*d + C)*bkx*k*2 + sqrt(x)*akx**2),x)
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469

3/2
3.67 f (a+bcesc(c+dy/z))

Optimalresult . . . . ... . .. ... . ..
Mathematica [A] (warning: unable to verify) . . . . .. ... ... ... ..
Rubi [A] (verified) . . . .. . ... ..
Maple [F] . . . . o o
Fricas [F] . . . . . .
Sympy [F] . . . . o
Maxima [F(-2)] . . . . . . . o
Giac [F] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 22, antiderivative size = 1977

3/2
/ ad 5 dz = Too large to display
(a+besc (c+dyz))



output

input
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-2*b"2*x"2xcos (c+d*x~(1/2) ) /a/(a~2-b~2) /d/ (b+a*sin(c+d*x~ (1/2) ) ) -24*I*b"2%
x*polylog(2,-a*exp(I*(c+d*x~(1/2)))/(I*b+(a~2-b~2)"(1/2)))/a"2/(a"2-b"2)/d
~3-24*Ixb~2*x*polylog(2,-a*xexp(I*(c+d*x~(1/2)))/(I*¥b-(a~2-b"2)~(1/2)))/a"2
/(a"2-b"2) /d"3-2*I*b"3*x~2*1n(1-I*a*exp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/
2)))/a"2/(-a"2+b~2) " (3/2) /d-24*I*b~3*x*polylog(3, I*axexp(I*(c+d*x~(1/2)))/
(b-(-a~2+b~2)"(1/2)))/a"~2/(-a"2+b"2) ~(3/2) /d"3-4*I*b*x~2*1n(1-I*a*exp (I*(c
+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2) ~(1/2) /d-48*I*b*x*polylog
(3, I*xaxexp (I*(c+d*x~(1/2)))/(b+(-a~2+b"2)~(1/2)))/a"2/(-a~2+b"2)~(1/2) /d"3
+2xIxb~3*x"2*1n (1-I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b"2)~(1/2)))/a~2/(-a"2
+b72) "~ (3/2) /d+24*I%b"3*x*polylog(3,I*a*exp (I* (c+d*x~(1/2)))/(b+(-a~2+b"2)"
(1/2)))/a~2/(-a~2+b"2) ~(3/2) /d"3+4*I*b*x~2*1n(1-I*a*exp (I*(c+d*x~(1/2)))/(
b-(-a~2+b~2)"(1/2)))/a~2/(-a~2+b~2) ~(1/2) /d+48*I*b*x*polylog (3, I*xa*xexp (I*(
c+d*x~(1/2)))/(b-(-a"2+b~2)~(1/2)))/a"2/(-a"2+b~2) ~(1/2) /d~3-2*I*b"2*x"2/a
~2/(a"2-b"2)/d-8*b~3*x"~(3/2) #*polylog(2, I*xa*exp(I*(c+d*x~(1/2)))/(b-(-a~2+b
~2)°(1/2)))/a"2/(-a"2+b"2)~(3/2) /d"2-96*I*b*polylog(5, I*a*xexp (I* (c+d*x~(1/
2)))/(b-(-a"2+b~2)"(1/2)))/a"2/(-a"2+b"2) " (1/2) /d"5-48*I*b~3*polylog(5,I*a
*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a~2/(-a~2+b~2) ~(3/2) /d"5+96*I*
bxpolylog(5, I*axexp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2)))/a"2/(-a"2+b"2)"
(1/2)/d°5+48%I*b~2*polylog(4,-a*exp (I*(c+d*x~(1/2)))/(I*b+(a~2-b"2)"(1/2))
)/a"2/(a"2-b"2)/d"5+48%I*b~2*polylog(4,-axexp(I*(c+d*x~(1/2)))/(I*b-(a"...

Mathematica [A] (warning: unable to verify)

Time = 10.50 (sec) , antiderivative size = 2236, normalized size of antiderivative = 1.13

3/2
/ ad 5 dr = Result too large to show
(a+besc (c+dyz))

-

LIntegrate[x‘(3/2)/(a + bxCsc[c + d*Sqrt[x]])~2,x]
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(Csclc + dxSqrt[x]]1~2x(b + a*Sin[c + d*Sqrt[x]]1)*(2*x~(5/2)*(b + a*Sin[c +
d*Sqrt [x]]) - ((10*I)*b*E~(I*c)*(2*b*E~(I*c)*x~2 + ((-1 + E~((2*I)*c))*((
4xT1)*xbxd~3*Sqrt[(a"2 - b~2)*E~((2*I)*c)I*x~(3/2)*Log[1l + (a*E~(I*(2*c + d*
Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a™2 - b"2)*E~((2*I)*c)])] - (2*I)*a~2*d~4*
E~(Ixc)*x"2xLogl[l + (a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a~2 -
b~2)*E~((2*I)*c)])] + Ixb~2+d~4+E~(I*c)*x"2*Log[l + (a*E~(I*(2*c + d*Sqrt
[x]1)))/(Ixb*E~(I*c) - Sqrt[(a™2 - b™2)*E~((2*%I)*c)])] + (4*I)*b*d~3*Sqrt[(
a”2 - b"2)*E” ((2xI)*c)]1*x~(3/2)*Log[1l + (a*xE~(I*(2xc + d*Sqrt[x])))/(I*b*E
“(Ixc) + Sqrt[(a™2 - b™2)*E~((2*I)*c)]1)] + (2*I)*a~2*d"4*E~(I*c)*x"2*Log[1
+ (a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(Ixc) + Sqrt[(a”2 - b 2)*E~((2*I)*c)
1)1 - I*b~2%d"4#E~ (I*c)*x"2*Logl[l + (axE™(I*(2%c + d*Sqrt[x])))/(Ixb*E~(I*
c) + Sqrt[(a™2 - b~2)*E~((2%I)*c)])] + 4*d~2%(3*b*xSqrt[(a~2 - b 2)*E~((2xI
Y*c)] - 2%a~2+d*E~ (I*c)*Sqrt[x] + b~2+d*E~(I*c)*Sqrt[x])*x*PolyLog[2, (I*a
*E~ (I*(2%xc + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b~"2)*E~((2*I)*c)])] +
4xd"2% (3*%b*Sqrt[(a™2 - b~2)*E~((2*I)*c)] + 2%a~2*d*E~(I*c)*Sqrt[x] - b~2x
d*E~ (I*c)*Sqrt [x]) *x*PolyLog[2, -((a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c)
+ Sqrt[(a”2 - b™2)*E~((2*%I)*c)]))] + (24*I)*bxd*Sqrt[(a~2 - b~2)*E~ ((2*I)
*xc)]*Sqrt [x] *PolyLog[3, (I*a*xE~(I*(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrtl[
(a”2 - b™2)*E~((2*I)*c)]1)] - (24*I)*a~2*d"2+E~(I*c)*x*PolyLog[3, (I*a*E~(I
*(2xc + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b™2)*E~((2*I)*c)1)] + (...

output

Rubi [A] (verified)

Time = 3.19 (sec) , antiderivative size = 1979, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

£3/2
/ 5 dz
(a+besc(c+dyz))
l'4693
2

(c+dvz))
l_3042

JVE

2
(a—i—bcsc
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2

c+dyz))
4679

8

NG

2
(a+besc

—

—

N

b2z Jz
+ dvx
a2 (b+ asin (c+dﬁ))2>
2009

‘ 8

N

2bx?
2/ <_a2 (b+asin (c+ dy/x)) T3

—

b—/b2—a?2 b++/b2—a?2 ? b—v/b2—a2

( iz log (1 - iaei(”dﬁ)) B iz?log (1 - i“"‘”dﬁ)) B 4232 PolyLog (2 iae"(c”ﬁ)) B 4232 PolyL
2| - _

a2 (b2 — a2)*%d + a2 (b2 — a?)*%d a? (b2 — a2)*/% @2

input{lnt[x“(S/Q)/(a + bxCsclc + d*Sqrt[x]1])~2,x]

2% (((-D*b~2%x72)/(a"2*%(a"2 - b™2)*d) + x7(5/2)/(5%a”2) + (4%b~2*x~(3/2)*L
ogll + (a*xE~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a™2 - b~2])])/(a"2%(a"2 - b2
)*d~2) + (4xb~2%x~(3/2)*Logl[l + (a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a~2
- b"2]1)]1)/(a"2x(a"2 - b"2)*d"2) - (I*b~3*x"2+Logl[l - (I*a*E~(I*(c + d*Sqrt
[x1)))/( - Sqrt[-a”2 + b~2])]1)/(a"2*%(-a"2 + b72)~(3/2)*d) + ((2*I)*b*xx~2*
Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a~
2 + b"2]*d) + (I*b~3*x"2+Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b 2]1)])/(@"2*%(-a"2 + b72)7(3/2)*d) - ((2*I)*b*x"2*Log[1l - (I*a*E~(I*(c
+ d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d) - ((12%I
)*b~2%x*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x]1)))/(I*b - Sqrtl[a~2 - b~2]))1)/
(a”2*%(a”2 - b~2)*d"3) - ((12+I)*b~2*x*PolyLog[2, -((a*E~(I*(c + d*Sqrt([x])
))/(I*b + Sqrt[a~2 - b°2]))]1)/(a~2*(a”2 - b~2)*d"~3) - (4xb~3*x~(3/2)*PolyL
ogl2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])]1)/(a"2x(-a"2 + b~
2)7(3/2)*d"2) + (8%b*x~(3/2)*PolyLog[2, (Ixa*xE~(I*(c + d*Sqrt[x])))/(b - S
grt[-a”2 + b"2])])/(a"2#Sqrt[-a~2 + b"2]*d"2) + (4xb~3*x~(3/2)*PolyLogl[2,
(I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~"2])])/(a~2*(-a"2 + b~2)~(3/
2)*d~2) - (8*b*x~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a
“2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]1*d"2) + (24xb~2*Sqrt[x]*PolyLogl[3, -((a*
E~(I*(c + d*Sqrt[x]1)))/(Ixb - Sqrt[a”2 - b72]))]1)/(a"2*(a"2 - b~2)*d"4) +
(24%b~2xSqrt [x] #*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a~2 ...

output

a? (b
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

input

output

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Maple [F]

[S][°Y

/ (a+besc(c+ d\/a_c))de

-

Lint (x~(3/2) / (atb*csc (c+d*x~(1/2)))"2,x)

-/

Lint(x‘(3/2)/(a+b*csc(c+d*x‘(1/2)))A2,X)
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Fricas [F]

(S

/ Cal 5 dr = / ad 5 dT
(a+besc (c+dyz)) (bese (dy/T +¢) +a)

Lintegrate(x‘(3/2)/(a+b*csc(c+d*x“(1/2)))‘2,x, algorithm="fricas")

e—

input
Output‘integral(x"(3/2)/(b"2*csc(d*sqrt(x) + ¢c)72 + 2*a*b*csc(d*sqrt(x) + c) + a~
‘ 2), x)
Sympy [F]
3/2 3
/ ? 5 dr = / T 5 dx
(a+besc (c+dyz)) (a+besc (c+dyz))
inputLintegrate(x**(3/2)/(a+b*csc(c+d*x**(1/2)))**2,x)
OutputLIntegral(x**(3/2)/(a + bxcsc(c + d*sqrt(x)))**2, x)
Maxima [F(-2)]
Exception generated.
23/2
/ 5 dr = Exception raised: ValueError
(a+besc(c+dyz))
p
inputtintegrate(x“(3/2)/(a+b*csc(c+d*x"(1/2)))“2,x, algorithm="maxima")
Ou_,Dput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de




CHAPTER 3. LISTING OF INTEGRALS

475

Giac [F]

(NI

/ z¥? 5 dr = / ° 5 dT
(a+besc (c+dyz)) (bese (dy/z +¢) +a)

input Lintegrate (x~(3/2)/ (a+bxcsc(c+d*x~(1/2)))"2,x, algorithm="giac")

outputLintegrate(x‘(3/2)/(b*csc(d*sqrt(x) FO) +a)2, )

Mupad [F(-1)]

Timed out.

x3/2 $3/2
/ 5 de = / 5 dx
(a +bese (c " d\/i)) (a + sin(C-il-)d \/5))

input Lint(x‘(3/2)/(a + b/sin(c + d*xx~(1/2)))"2,%)

ou‘cpu‘cLint(xh(s/z)/(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F|

3/2
/ 5 dr = too large to display
(a+besc (c+dyz))

input Lint (x~(3/2)/ (atb*csc (c+d*x~(1/2)))~2,x%)
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(4%( - 12960*sqrt( - a**2 + b*x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt
( - ax*2 + b*x2))*sin(sqrt(x)*d + c)*a*x6 + 11520*sqrt( - a**2 + b*x2)*ata
n((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b*x2))*sin(sqrt(x)*d + c)*
ax*4*xbx*2 — 1680*sqrt( - a**2 + b*x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/
sqrt( - a**2 + b**2))*sin(sqrt(x)*d + c)*a**2*¥b**4 - 12960*sqrt( - a**2 +
bx*2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - ax*2 + b**2))*a*x5xb + 1
1520*sqrt ( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**x2
+ b**2))*a*x*3*b**x3 - 1680*sqrt( - a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/
2)*b + a)/sqrt( - a**2 + b*x2))*axb*x5 - 6480*sqrt(x)*cos(sqrt(x)*d + c)*a
**%7xd - 120*sqrt(x)*cos(sqrt(x)*d + c)*ax*5xbx*2xd**3*x + 9000*sqrt (x)*cos
(sqrt(x)*d + c)*a**x5xb**x2xd + 140*sqrt(x)*cos(sqrt(x)*d + c)*ax*3xbk*x4xd*x*
3xx - 2640*sqrt(x)*cos(sqrt(x)*d + c)*a*x*3xb*x4xd - 20*sqrt(x)*cos(sqrt(x)
xd + c)*axbx*x6xd**3*x + 120*sqrt(x)*cos(sqrt(x)*d + c)*axb*x6%d + 1080*cos
(sqrt(x)*d + c)*a**x6*bkd**2*%x + 10*cos(sqrt(x)*d + c)*kax*4kbkk3kd**k4*x**2

- 1380*cos(sqrt(x)*d + c)*a**4*xbx*3*d**2*xx — 10*cos(sqrt(x)*d + c)*ax*2xbx
*x5xd*x4*x**x2 + 300%cos(sqrt(x)*d + c)*ax*2xbx*k5xd**2xx + 180*sqrt(x)*sin(s
grt(x)*d + c)*a**x6*xbxd**3*x + sqrt(x)*sin(sqrt(x)*d + c)*akx*4dxb*x3*kd**5xx*
*2 — 260*sqrt(x)*sin(sqrt(x)*d + c)*a*x*4*b**3*d**3*x - sqrt(x)*sin(sqrt(x)
*d + c)*ka*x*x2kbkkExd*xExx*k*x2 + 80*sqrt(x)*sin(sqrt(x)*d + c)*a**2xbkx5xd**3
*x — 6480%sqrt(x)*a*x7*d + 60%sqrt (x)*a*xx5xb**2xd*x3*x + 12240%sqrt(x)*...

output
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\/E
3.63 f (a+besc (c+d\/§))2 dz

Optimal result . . . . ... .. ... .. .. ... .
Mathematica [A] (warning: unable to verify) . . . . . . ... .. ... ...
Rubi [A] (verified) . . . . .. ... ...
Maple [F] . . . . . e
Fricas [F] . . . . . . . o

Sympy [F] . . . o
Maxima [F(-2)] . . . . . . . o

Optimal result

Integrand size = 22, antiderivative size = 1157

/ Ve 5 dr = Too large to display
(a+bcesc(c+dyz))

47d
479

487
482
432
483
483
489
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4*xI*b*x*1n (1-I*a*exp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a"2/(-a"2+b"2)
~(1/2)/d+2/3%x~(3/2) /a~2+4xb~2+x~ (1/2) ¥1n (1+a*exp (I* (c+d*x~(1/2)) )/ (I*¥b-(a
~2-b"2)7(1/2)))/a"2/(a"2-b"2) /d"2+4*%b"2*x~ (1/2) *1n (1+a*exp (I* (c+d*x~(1/2))
)/ (Ixb+(a"2-b"2)"(1/2)))/a~2/(a"2-b"2) /d"2+2*I*b"3*x*1n (1-I*a*exp (I* (c+d*x
~(1/2)))/(b+(-a~2+b"2)"(1/2))) /a~2/(-a~2+b~2) " (3/2) /d+8*I*b*polylog (3, I*a*
exp (I*(c+d*x~(1/2)))/(b-(-a"2+b~2)"(1/2)))/a~2/(-a"2+b"2) " (1/2) /d"3-4*I*b~
2%polylog(2,-a*exp (I*(c+d*x~(1/2)))/(I*b+(a~2-b"2)"(1/2)))/a~2/(a~2-b"2)/d
~3-4*I*b*x*1n(1-I*akxexp (I*(c+d*x~(1/2)))/(b+(-a"2+b~2)"(1/2)))/a~2/(-a"2+b
~2)~(1/2)/d-4*Ixb~3*polylog(3, I*a*xexp (I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)
))/a~2/(-a~2+b~2) " (3/2) /d~3-4*I*b~2*polylog(2,-axexp (I* (c+d*x~(1/2)))/(I*b
-(a”2-b"2)"(1/2)))/a~2/(a~2-b"2) /d~3-4*b~3*x~ (1/2) *polylog(2,I*xa*exp (I*(c+
d*x~(1/2)))/(b-(-a"2+b~2)"(1/2)))/a~2/(-a~2+b~2) " (3/2) /d~2+8*b*x" (1/2) *pol
ylog(2,I*axexp(I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b~2)~(1/2)
/d"2+4*b~3*x~(1/2) #*polylog (2, I*xa*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)~(1/2))
)/a~2/(-a~2+b~2)~(3/2) /d"2-8xb*x~ (1/2) *polylog (2, I*a*exp (I*(c+d*x~(1/2)))/
(b+(-a"2+b"2)~(1/2)))/a"2/(-a"2+b"2) " (1/2) /d"2-2*%I*b~2*x/a"2/(a"2-b"2) /d-2
*Ixb~3*x*1n(1-I*a*xexp(I*(c+d*x~(1/2)))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a~2+b"2
)~ (3/2) /d-8xIxb*polylog (3, I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~2+b~2)"(1/2)))/a
~2/(-a"2+b~2)~(1/2)/d"3+4*I*b"3*polylog(3,I*a*exp (I*(c+d*x~(1/2)))/(b+(-a~
2+b~2)7(1/2)))/a"2/(-a"2+b"2) " (3/2) /d"3-2*%b~2*x*cos (c+d*x~(1/2)) /a/(a"2. ..

output

Mathematica [A] (warning: unable to verify)

Time = 6.14 (sec) , antiderivative size = 846, normalized size of antiderivative = 0.73

2<b1 (a27b2)32ic 2a2deicﬁ*

27‘Cz

6ib 2bd2e

—1+te2ic

csc? (c+dy/z) (b+ asin (c+ dy/z)) | 22%%(b+ asin (c+ dy/z)) —

input‘Integrate[Sqrt[x]/(a + b*Csc[c + d*Sqrt[x]])"2,x]
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(Csclc + dxSqrt[x]]1~2x(b + a*Sin[c + d*Sqrt[x]]1)*(2*x~(3/2)*(b + a*Sin[c +
d*Sqrt [x]1]1) - ((6*I)*b*((2xb*d~2+E~ ((2*I)*c)*x)/ (-1 + E~((2*I)*c)) + (2%(
b*Sqrt[(a™2 - b~2)*E~((2*I)*c)] - 2¥a~2*d*E~(Ixc)*Sqrt[x] + b 2*d*E~ (I*c)*
Sqrt [x])*PolyLog[2, (I*a*xE~(I*(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a~2
- b™2)*E~((2%xI)*c)]1)] + 2% (b*Sqrt[(a”2 - b"2)*E~((2*I)*c)] + 2*a~2xd*E~(I
xc)*Sqrt [x] - b 2*d*E~(I*c)*Sqrt[x])*PolyLog[2, -((a*E~(I*(2*c + d*Sqrt[x]
)))/(I*b*E™(I*c) + Sqrtl[(a™2 - b~2)*E~((2%I)*c)]1))] + I*(d*Sqrt [x]*((2¥b*S
art[(a”2 - b 2)*#E~((2%I)*c)] - 2¥a~2*d*E~(I*c)*Sqrt[x] + b~2*d*E~(I*c)*Sqr
t[x])*Log[1l + (axE~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a™2 - b~2)*
E"((2%I)*c)])] + (2xb*Sqrt[(a”2 - b™2)*E~((2*%I)*c)] + 2*a~2xd*E~(I*c)*Sqrt
[x] - b™2xd*E~ (I*c)*Sqrt[x])*Logll + (a*E~(I*(2xc + d*Sqrt[x])))/(I*b*E~(I
xc) + Sqrt[(a”2 - b"2)*E~((2%I)*c)])]) - 2x(2*a~2 - b~2)*E~ (I*c)*PolyLog[3
, (I*xa*E~(I*(2%c + d*Sqrt([x])))/(b*E~(I*c) + IxSqrt[(a”2 - b~2)*E~ ((2*I)*c
)1)] + 2%x(2%xa”2 - b"2)*E~(I*c)*PolyLogl[3, -((a*E~(I*(2xc + d*Sqrt[x])))/(I
*b*E~ (I*xc) + Sqrt[(a~2 - b 2)*E~((2%I)*c)1))]))/Sqrt[(a”2 - b™2)*E~((2+I)*
c)1)*(b + axSin[c + d*Sqrt[x]1]1))/((a"2 - b~2)*d"3) + (6xb~2*x*Csc[c]*(b*Co
slc] + axSin[d*Sqrt[x]1))/((a - b)*(a + b)*d)))/(3*a"2*(a + b*Csc[c + d*Sq
rt[x]11)°2)

output

Rubi [A] (verified)

Time = 2.24 (sec) , antiderivative size = 1159, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Ve dx
(a+besc (c+d\/5))2
l 4693

2/ (a+besc (c—l—d\/i))Qd\/5
| 3042

2/ (a+besc (c—l—al\/i))2d\/5
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l 4679

zb? 2xb T
2/ <a2 (b+asin (c+d\/5))2 a2 (b+asin (c+dyT)) * (12> Ve
l 2009

bvir—a? bViT—a? b —a?
2 (32 _ 213/2 T 2 (32 _ 213/2 N 2(12 _ 2\3/2 1 2 (12
a? (b2 —a?)¥"d a? (b2 —a?)¥"d a? (b? —a?)¥*d a? (b? —

( iz log (1 - M) b izlog <1 — i“ei(6+dﬁ)) b®  2/zPolyLog (2 iae! (1 4V7) ) v®  2,/zPolyLog (
92| —

inputllnt[Sqrt[x]/(a + b*Csc[c + d*Sqrt[x]])"2,x]

2% (((-I)*b~2xx)/(a~2%(a”2 - b~2)*d) + x~(3/2)/(3*a"2) + (2%b~2xSqrt[x]*Log
[1 + (a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a~2 - b~2])]1)/(a"2*(a"2 - b~2)*
d~2) + (2xb~2*Sqrt[x]*Log[l + (a*xE~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a~2 -

b~21)1)/(a™2x(a”2 - b~2)*d"2) - (I*b~3*x*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])
))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-a"2 + b72)"(3/2)*d) + ((2%I)*b*x*Log[1

- (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a~2%Sqrt[-a~2 + b~
21*d) + (I*b~3*x*Logl[l - (I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]
)1)/(a™2%(-a"2 + b72)7(3/2)*d) - ((2*I)*b*x*Log[l - (I*a*xE~(I*(c + d*Sqrtl
x1)))/(b + Sqrt[-a"2 + b72])])/(a~2*Sqrt[-a~2 + b~2]*d) - ((2*I)*b~2*PolyL
ogl2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrtl[a~2 - b"2]))]1)/(a"2*x(a"2 - b
~2)*d"3) - ((2*I)*b~2*PolyLog[2, -((a*E~(I*(c + d*Sqrt([x])))/(I*b + Sqrtl[a
"2 - b™2]))1)/(a"2x(a”2 - b~2)*d"3) - (2xb~3*Sqrt[x]*PolyLogl[2, (I*a*E~(I*
(c + d*Sqrt[x]1)))/(b - Sgrt[-a”2 + b~2])]1)/(a"2*(-a"2 + b~2)~(3/2)*d~2) +

(4*%bxSqrt [x]*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x1)))/(b - Sqrt[-a~2 + b~2])
1)/(a~2#Sqrt[-a~2 + b~2]1*d"2) + (2*%b~3*Sqrt[x]*PolyLogl[2, (I*a*xE~(I*(c + d
*Sqrt[x]))) /(b + Sqrt[-a"2 + b~2]1)])/(a"2*(-a"2 + b72)7(3/2)*d"2) - (4*b*S
qgrt [x]*PolyLog[2, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])]1)/(a"
2xSqrt[-a”2 + b"2]*d~2) - ((2#I)*b~3*PolyLogl[3, (I*a*xE~(I*(c + d*Sqrt[x]))
)/ (b - Sqrt[-a”2 + b"2])])/(a"2*%(-a"2 + b~2)~(3/2)*d"3) + ((4*I)*b*PolyLog
[3, (Ixa*E~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2...

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Imtllescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (A )*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £f*xx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 4693 Int[((a_.) + Cscl(c_.) + (d_)*(x1) ™ )1*(b_.)) " (p_.)*(x)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
P X]’ 2% XAn]’ X] /’ FreeQ[{a, b’ c, d, m, n, P}, X] && IGtQ[Slmpllfy[(m +
1)/n], 0] && IntegerQl[p]
Maple [F]

/ vz 5dx
(a+besc (c+dyz))
inputLint(x‘(1/2)/(a+b*csc(c+d*x*(1/2)))*Q,X)

output\int<X‘<1/2)/(a+b*csc(c+d*x*(1/2)))~2,x)
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Fricas [F]

/ Ve 2dx=/ vz 5 dx
(a+besc (c+dy/z)) (bese (dy/z +¢) +a)

inputLintegrate(x*(1/2)/(a+b*csc(c+d*x“(1/2)))*2,x, algorithm="fricas")

‘integral(sqrt(x)/(b‘2*csc(d*sqrt(x) + ¢c)~2 + 2*axbxcsc(d*sqrt(x) + c) + a”

output
‘2), x)

Sympy [F]
/ Ve 5 dr = / vz 5 dx
(a+bcesc(c+dyz)) (a+besc(c+dyz))
inputLintegrate(x**(1/2)/(a+b*csc:(c+d*x**(1/2)))**2,x)

outputkIntegral(sqrt(x)/(a + bxcsc(c + d*sqrt(x)))*x2, x)

Maxima [F(-2)]

Exception generated.

/ Ve 5 dr = Exception raised: ValueError
(a+besc (c+dyz))

-

inputtintegrate(XA(1/2)/(a+b*CSC(C+d*X“(1/2)))‘2,x, algorithm="maxima")

e—

Ou_,Gput‘Excep‘cion raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4xb~2>0)', see ~assume?  f
‘or more de
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Giac [F]

/ Ve 2dx=/ vz 5 dx
(a+besc (c+dy/z)) (bese (dy/z +¢) +a)

input Lintegrate (x~(1/2) / (atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

output Lintegrate(Sqrt(X)/(b*csc(d*sqrt(x) +c) +a)72, x)

Mupad [F(-1)]

Timed out.

/ <a+bcscf+dﬁ>>2d“/ (a+ el

b ) 2
sin (c+d \/5)

input tint(x‘(1/2)/(a + b/sin(c + d*x~(1/2)))"2,%)

output Lint(x‘(1/2)/(a + b/sin(c + d*x~(1/2)))"2, x)

Reduce [F]

/ Ve 5 dr = too large to display
(a + bese (c + d\/E))

input Lint (x~(1/2)/ (atb*csc (c+d*x~(1/2)))~2,x%)
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(4%( - 72*sqrt( - a**2 + b*x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( -
a*x2 + bx*2))*sin(sqrt(x)*d + c)*a**4 + 48+sqrt( - a**2 + bx*2)*atan((tan
((sqrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b*x2))*sin(sqrt(x)*d + c)*a**x2*b
**%2 — 72xsqrt( - ax*2 + b**x2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( -
ax*2 + b¥*2))*a*x3%b + 48*sqrt( - a**2 + bx*2)*atan((tan((sqrt(x)*d + c)/2
)*b + a)/sqrt( - ax*2 + bx*2))*axb**3 - 36*sqrt(x)*cos(sqrt(x)*d + c)*a*xb
*d + 42xsqrt(x)*cos(sqrt(x)*d + c)*a*x3*bx*2xd - 6*sqrt(x)*cos(sqrt(x)*d +
c)*a*xb*x*4*d + 6*cos(sqrt(x)*d + c)*ax*k4dxbxd*x2*xx — 6*cos(sqrt(x)*d + c)*a
*xk2kbk*k3kd**2%x + sqrt(x)*sin(sqrt(x)*d + c)*a*x4*xb*d**3*x - sqrt(x)*sin(s
art(x)*d + c)*a**2*¥b**3*kd**3*x — 36%sqrt(x)*a**5*xd + sqrt(x)*ax*3*xb**2*d**
3%x + 60*sqrt(x)*a**3*b**2%d - sqrt(x)*axbx*4*xd**3%x - 24*sqrt(x)*axbx*4xd
+ 6*int(sqrt(x)/(tan((sqrt(x)*d + c)/2)*x4*xb*x2 + 4*xtan((sqrt(x)*d + c)/2
)**3*%axb + 4*tan((sqrt(x)*d + c)/2)**2*a*x*2 + 2xtan((sqrt(x)*d + c)/2)**2x%
b*x2 + 4xtan((sqrt(x)*d + c)/2)*axb + b**2),x)*sin(sqrt(x)*d + c)*a**6*bxd
**3 - 9*int(sqrt(x)/(tan((sqrt(x)*d + c)/2)**4*b**x2 + 4xtan((sqrt(x)*d + c
)/2)**3*xa*xb + 4*xtan((sqrt(x)*d + c)/2)*x2*ax*2 + 2xtan((sqrt(x)*d + c)/2)*
*2*%bx*2 + 4xtan((sqrt(x)*d + c)/2)*a*xb + b**2) ,x)*sin(sqrt(x)*d + c)*ax*4x
b**3xd**3 + 3*int(sqrt(x)/(tan((sqrt(x)*d + c)/2)**4*xbx*2 + 4*tan((sqrt(x)
*d + c)/2)*x3*axb + 4xtan((sqrt(x)*d + c)/2)**2xa**2 + 2xtan((sqrt(x)*d +

c)/2) #*%2%b**2 + 4xtan((sqrt(x)*d + c)/2)*a*b + b**2),x)*sin(sqrt(x)*d +...

output




output
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L d
3.69 | z
Vz(a+besc(ctdy/z))*
Optimalresult . . . . . . . . .. . .. 485
Mathematica [A] (verified) . . . . . . . .. ... L Lo 485
Rubi [A] (verified) . . . . . . . .. . 430
Maple [A] (verified) . . . . . . . . . . 490
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 490
Sympy [F] . . . o A9T]
Maxima [F(-2)] . . . . . . . o A97]
Giac [A] (verification not implemented) . . . . . ... ... ... .. L. 192
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 192
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... 193]
Optimal result
Integrand size = 22, antiderivative size = 125
1 20T 4b(2a? — b?) arctanh(a+bta\rl/i%2(_c;dﬁ))>
dxr = +
/\/E(a—i-bcsc (c+dvz))” a? a2 (a? — b2)*% d

2b? cot (¢ + dy/)

a(a®—b%)d(a+besc(c+dyz))

‘ 2xx~(1/2) /a~2+4%b* (2%a~2-b~2) *arctanh ((atb*tan(1/2*c+1/2*d*x~(1/2)))/(a"~2-
\ b~2)~(1/2))/a"2/(a"2-b"2) " (3/2) /d-2*b~2*cot (c+d*x~(1/2)) /a/(a~2-b~2) /d/ (a+

‘b*csc(c+d*x*(1/2)))

Mathematica [A] (verified)

Time = 0.71 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.38

/ ! 5 dr
VT (a+besce (c+ dy/z))

2csc (¢ + dy/x) %4— (c+dvz) (a+besc(c+dyz)) —

2b(—2a2+b2) arctan <

a+b tan(% (c+d\/5))

vV —a2+b2

)

(—a2+4b2)3/2

a?d (a+besc (c+ d\/a?))2



inpu

output
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¢ ‘ Integrate[1/(Sqrt[x]*(a + b*Csc[c + d*Sqrt[x]]1)~2),x]

(2%Csclc + d*Sqrt[x]]*((a*b~2*Cot[c + d*Sqrt[x]]1)/((-a + b)*(a + b)) + (c
+ d*Sqrt[x])*(a + bxCsc[c + d*Sqrt[x]]) - (2*¥b*(-2%¥a"2 + b~2)*ArcTan[(a +
b*Tan[(c + d*Sqrt([x])/2])/Sqrt[-a"2 + b~2]]*(a + b*Csc[c + d*Sqrt[x]]1))/(-
a”2 + b72)7(3/2))*(b + a*Sin[c + d*Sqrt[x]]))/(a"2*d*(a + bxCsc[c + d*Sqrt
[x]1)72)

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.28,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.545, Rules

used = {4693, 3042, 4272, 25, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 5 dz
vz (a+besc (c+ dy/z))

l 4693
2 / 1 iz
(a + bese (c + d\/i))2
l 3042
2 / 1 dvx
(a + besc (c—i— cl\/i))2
l 4272
a2 —bcsc(ctdr/z)a—b?
9 /= a+bc£czrc+\d</)5) dvz b? cot (¢ + dy/z)
a (a2 — b2) ad (a? — b?) (a+besc (c+ dy/T))
l 25
a?—bcsc(c+dy/z)a—b?
0 J a+bcs(c_(|¢_:+d\/)5) dv/z b? cot (c + dy/z)

a(a? —b?) ad (a? — b%) (a + bese (c+ dy/z))
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| 3042
a?—bcsc(c+d/z)a—b?
9 f a+b cs(c(c—l—d\/)a?) d\/E _ b2 cot (C + d\/i)
a (a2 — b?) ad (a? — b?) (a+besc (¢ + dy/z))
l 4407

a_p2y  b(2a2-p2) [ celerdvE) g o
ﬁ(aa i) _ b ] “+b°5° (e+dva) b? cot (c + dy/x)

a (a? —b2)  ad (a2 — b?) (a+besc(c+dyz))

l 3042

o y2y  b(2a2—b Md\f
\/E(aa b) _ ( )fa+ZCsc c+d+/x) b2 cot (C+d\/5)

a(a? — b?) ~ ad(a? —b2) (a +besc (c+ dy/a))

l 4318
(2a2-0?) [ Wdﬁ

0 ( ﬁ(aj_bz) - —& 1 b cot (c + dy/z)

a(a2—b2) ad(a2—b2) (a+bcsc(c+dﬁ))
l,3042
(20° =) [ —mreraar T
e gt b2 cot (C + d\/E)
2 a a _
a(az_b2) ad(a2_b2) (a+bCSC(C+d\/E))
l 3139
2(2a2—-b2 1 dtan(2 (c+dv/x
Vi (a?—b?) ( )fx+wﬂ tan(5 (c+dv/z)) ,
2 a _ ad _ cot (c + d\/E)
a (a2 — b?) ad (a2 — b?) (a + besc (c + d\/g_g))
l 1083
1) |y AR s (o) o
2 o + et b? cot (c + dv/z)

a(a? —bv?2) ad (a? — b%) (a +besc (c+ dy/z))
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| 219
2b(20—t?)arctanh ( (B2 en(3(c+dva))
2v/a2—b2 \/5(02_1)2)
2 adva?—b7 + a b? cot (¢ + dy/)
a(a? —b?) ad (a2 — b2) ((l-l—bcsc (C—+—d\/5))

input‘\lntfi/(sqrt [x]*(a + bxCsclc + d*Sqrt[x11)~2),x]

Outputl2*((((a“2 - b™2)*Sqrt[x])/a + (2%bx(2%a~2 - b~2)*ArcTanh[(b*((2*a)/b + 2%T
‘an[(c + d*Sqrt[x]1)/21))/(2%Sqrt[a~2 - b™21)1)/(a*Sqrt[a~2 - b™2]*d))/(ax(a
"2 - b"2)) - (b~2%Cot[c + d*Sqrt[x]])/(a*x(a™2 - b 2)*d*(a + bxCsclc + d*Sq
rtlx]11)) |

Defintions of rubi rules used

rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst [I
nt[1/8imp[b~2 - 4*a*c - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

rule 1083

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042




rule 3139

rule 4272

rule 4318

rule 4407

rule 4693
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Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe~2%x"2), x], x, Tan[(c + d*x)/21/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[a=2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_ ), x_Symbol] :> Simp[b~2x*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a"2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x1 /; FreeQl[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (£f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (F_.)*(x_)1*(d_.) + (c ))/(escl(e_.) + (£_)*(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cscl[c + d*x])~

p, x], x, x™n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.43

method result s
2b tan C-}—d\/5 +2a
e dT 2t
a2 tan(j-{—%) N ba 2(2a2—b2) arctan 2(—a\/27+b2>)
b 202 —2b2 2a2 —2b2 i
tan(%-ﬁ-d\z/i) b (2&2—2b2)\/—a2+b2
_\%2 2 ) atan[ 4+ ®VEN LD
2 tata (5+ 2 )+2 4arctan(tan(§+%>)
. . .. - +
derivativedivides a? 7 a? :
dyx
o2 tan(c_,_ul\/i 2(2a2_b2) arctan w
272 ), ba 2v/—a2+b2
b 202 —2b2 2a2 —2b2 i
tan(g-ﬁ-d\z/g) b (2a2f2b2)\/7a2+b2
c dvz b
2 +atan(§+T)+§ 4arctan(tan(%+d27z>)
- +
default oZ . = 1
. in X a csc\C X s X,me oa=_
input int (1/x7(1/2)/(atb*csc(c+d*x~(1/2))) "2 thod=_RETURNVERBOSE)

output ‘ 2/d*(-2/a"2*%b*((1/2*a~2/(a"2-b"2) *tan(1/2%c+1/2*d*x~ (1/2))+1/2*b*a/(a~2-b" ‘
12))/(1/2¥%tan(1/2%c+1/2%d*x" (1/2)) “2+b+axtan (1/2xc+1/2xd*x" (1/2))+1/2¥b)+2% |
| (2%a™2-b"2)/(2%a~2-2%b"2) / (-a~2+b"2) " (1/2) xarctan(1/2% (2xbxtan(1/2%c+1/2%d |
*x7(1/2))+2%a)/ (-a~2+b72) " (1/2)))+2/a"2+arctan (tan(1/2*c+1/2+d¥x~ (1/2))))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(112) = 224.

Time = 0.11 (sec) , antiderivative size = 576, normalized size of antiderivative = 4.61

1
/ Vz (a+besc (c+ dy/x))

2 (a® — 2a®b* + ab*)dy/z sin (dv/z + ¢) + 2 (a*b — 2a?6® + b%)d\/z — 2 (a3b? — ab*) cos (dv/T + ¢) + |
(a7 —2¢

5 dT

input Lintegrate (1/x~(1/2) / (a+bxcsc(c+d*x~(1/2)))"2,x, algorithm="fricas") J
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[(2¥(a”5 - 2*a"3xb~2 + a*b~4)*d*sqrt(x)*sin(d*sqrt(x) + c) + 2x(a"4*b - 2%
a”2xb"3 + b~5)*dxsqrt(x) - 2*%(a”3*%b"2 - a*b”4)*cos(d*sqrt(x) + c) + ((2xa”
3xb - a*b~3)*sqrt(a”2 - b"2)*sin(d*sqrt(x) + c) + (2*a”"2xb”2 - b~4)*sqrt(a
2 - b72))*log(((a”2 - 2*b~2)*cos(d*sqrt(x) + c)~2 + 2*sqrt(a”™2 - b~2)*a*c
os(d*sqrt(x) + c) + a”2 + b™2 + 2*(sqrt(a”2 - b~"2)*bxcos(d*sqrt(x) + c) +
a*b) *sin(d*sqrt(x) + c))/(a"2*cos(d*sqrt(x) + c)~2 - 2*a*b*sin(d*sqrt(x) +
c) - a"2 - b72)))/((a”7 - 2*a”~5*b"2 + a~3*b~4)*d*sin(d*sqrt(x) + c) + (a~
6*b - 2*%a"4xb~3 + a"2x¥b”5)*d), 2*x((a”"5 - 2*a~3*%b”"2 + a*b~4)*d*sqrt(x)*sin(
d*sqrt(x) + c) + (a”4*b - 2¥a”2*b"3 + b~5)*d*sqrt(x) + ((2*a"3xb - a*b™3)*
sqrt(-a”2 + b~2)*sin(d*sqrt(x) + c) + (2*xa"2xb"2 - b"4)*sqrt(-a~2 + b~2))*
arctan(-(sqrt(-a”2 + b~2)*b*sin(d*sqrt(x) + c) + sqrt(-a”2 + b~2)*a)/((a"2
- b~2)*cos(d*sqrt(x) + c))) - (a"3*b"2 - axb~4)*cos(d*sqrt(x) + c))/((a"7
- 2%a"5%b”"2 + a~3*b~4)*d*sin(d*sqrt(x) + c) + (a"6*%b - 2*xa~4*xb~3 + a~2xb”
5)*d)]

output

Sympy [F]

L/“ 1 2‘it:=y/1 : 2
VzZ (a+besc (c+dyz)) VZ (a+besc (c+dyz))

dx

input ‘ integrate (1/x**(1/2)/ (a+b*csc (c+d*x**(1/2)))**2,x)

outputLIntegral(l/(sqrt(x)*(a + bxcsc(c + d*sqrt(x)))**2), x)

Maxima [F(-2)]

Exception generated.

1
vz (a+besc (c+dy/x))

5 dr = Exception raised: ValueError

input integrate(1/x~(1/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")
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t‘Exception raised: ValueError >> Computation failed since Maxima requested

outpu ‘
P ‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*a~2-4*b~2>0)', see “assume? £
‘or more de ‘
Giac [A] (verification not implemented)
Time = 0.16 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.39
1
/ 5 dx
VT (a+besc (c+ dy/x))
4(2a% — b%) <7r L—d‘éf:rc + %J sgn(b) + arctan (btan(\%/i‘:fjé C)+a>>
(a*d — a?b?%d)v/ —a? + b?
4 (abtan (3 dyz + 1 c) +b?) 2 (dyz +¢)
(a3d — ab?d) (btan (3dvz+ 3 0)2 +2atan (3dyz + 5 ¢) + b) a*d
input Lintegrate (1/x~(1/2)/ (at+bxcsc(c+d*x~(1/2)))~2,x, algorithm="giac") J
output -4*(2*%a”2%b - b~3)*(pi*floor(1/2*(d*sqrt(x) + c)/pi + 1/2)*sgn(b) + arctan
((bxtan(1/2*d*sqrt(x) + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((a"4*d - a~2*b~2xd
Yxsgrt(-a~2 + b~2)) - 4*(axbxtan(1/2*d*sqrt(x) + 1/2%c) + b72)/((a"3%d - a
*b~2%d) * (bxtan(1/2xd*sqrt(x) + 1/2%c)”2 + 2xaxtan(1/2xd*sqrt(x) + 1/2%c) +
b)) + 2x(d*sqrt(x) + c)/(a"2*d)
Mupad [B] (verification not implemented)
Time = 20.04 (sec) , antiderivative size = 2737, normalized size of antiderivative =
21.90
1
5 dr = Too large to display
VZ (a+besc (c+ dy/x))
input Lint(l/(x‘(1/2)*(a + b/sin(c + d*x~(1/2)))"2),x) J




CHAPTER 3. LISTING OF INTEGRALS 493

- (4*atan((512*a~3*b~3*tan(c/2 + (d*x~(1/2))/2))/((512%a~3*b~9)/(a~6 + a~2
*b~4 - 2xa~4*xb~2) - (1536*a~5*%b"7)/(a"6 + a~2*b"4 - 2*¢a~4%b~2) + (1024*a”7
*b~5)/(a”6 + a"2*b~4 - 2*%a”~4xb"2) + (512*%a~9%b"3)/(a"6 + a"2*xb~4 - 2*a”~4*b
~2) - (512*%a~11*b)/(a"6 + a~2*xb~4 - 2*a~4*b~2)) - (512*%axb~5xtan(c/2 + (dx*
x~(1/2))/2))/((512%a"3*b"9) /(a6 + a~2*%b"4 - 2*xa~4%b~2) - (1536*%a”~5xb~7)/(
a"6 + a"2xb~4 - 2*xa”~4*xb”2) + (1024*a"7*b"5)/(a"6 + a"2*%b"4 - 2*a~4xb"2) +
(512%a”~9*b~3)/(a”"6 + a~2*%b"4 - 2*a~4*b~2) - (512*a~11x%b)/(a"6 + a~2*b"4 -
2%a~4%b~2)) + (512%a~b*bxtan(c/2 + (d*x~(1/2))/2))/((512*a~3%b~9)/(a"6 + a
“2xb"4 - 2*%a~4xb"2) - (1536*a"5*%b~7)/(a”6 + a~2*b"4 - 2*%a~4*xb"2) + (1024x*a
“7*%b"5)/(a”6 + a"2%¥b”"4 - 2*xa~4xb~2) + (512*%a~9%b~3)/(a"6 + a"2xb"4 - 2xa~4
*b~2) - (512*%a”11xb)/(a"6 + a~2*%b~4 - 2xa~4xb~2))))/(a"2*d) - ((4x%b~2)/(ax
(a”2 - b72)) + (4*b*xtan(c/2 + (d*x~(1/2))/2))/(a"2 - b~2))/(d*(b + b*tan(c
/2 + (d*x~(1/2))/2)"2 + 2*a*tan(c/2 + (d*x~(1/2))/2))) - (b*atan(((b*(2*a”
2 - b 2)*((a + b)"3*%(a - b)~3)"(1/2)*((32*tan(c/2 + (d*x~(1/2))/2)*(8*a*xb™
7 - 8*xa”7xb - 32*xa”3*b~5 + 36+%a"5%b”3))/(a”7 + a~3*b"4 - 2*a~5*b"2) - (32%
(4*axb™6 - 8*a~3*b~4 + 4*a~5+%b"2))/(a"6 + a"2*b"4 - 2*a~4*b"2) + (2*bx(2+*a
"2 - b™2)*((a + b)"3x(a - b)~3)"(1/2)*((32%(2*a~8*b - 2*a~6*b~3))/(a"6 + a
~2%b"4 - 2%a~4%b”2) + (32*%tan(c/2 + (d*x~(1/2))/2)*(4*a"4*%b"6 - 12*%a"~6xb~4
+ 8%a~8*b~2))/(a”7 + a~3%b”4 - 2xa~5*xb~2) - (2*b*((32*x(a~5*b~6 - 2*a~T7*b"”
4 + a~9%b~2))/(a"6 + a~2%b~4 - 2%a~4*b~2) + (32%tan(c/2 + (d*x~(1/2))/2...

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 357, normalized size of antiderivative = 2.86

L/“ L 5 dT
Vz (a+besc (c+ dy/x))
tan(@+%)b+a . tan(‘/gd+§>b+a .
8\/ —(12 + b2 (Ltan(W) Sin (\/Ed —|— C) a3b —_ 4\/ —a2 —+— b2 atan(W) Sin (\/Ed —+—

‘int(1/x‘(1/2)/(a+b*csc(c+d*x‘(1/2)))“2,x)

\

input
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(2% (4xsqrt ( - ax*2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - a*x
2 + b*x2))*sin(sqrt(x)*d + c)*a*x3xb - 2xsqrt( - ax*2 + b*x2)*atan((tan((s
qrt(x)*d + c)/2)*b + a)/sqrt( - a**2 + b**2))+*sin(sqrt(x)*d + c)*a*xb*x*3 +
4xsqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b + a)/sqrt( - ax*2 +
b**2) ) xa*x*2xb*x2 - 2*sqrt( - a**2 + b**2)*atan((tan((sqrt(x)*d + c)/2)*b +
a)/sqrt( - a**2 + b**2))*bx*4 - cos(sqrt(x)*d + c)*ax*3xb*x*2 + cos(sqrt(x
)*d + c)*axb**4 + sqrt(x)*sin(sqrt(x)*d + c)*a*xb*d - 2*xsqrt(x)*sin(sqrt(x
)*d + c)*ax*3*xbx*2xd + sqrt(x)*sin(sqrt(x)*d + c)*axb*x4xd + sqrt(x)*ak*4d*
bkd - 2ksqrt(x)*a*x*2*xb**3xd + sqrt(x)*b**5xd))/(a**2*d*(sin(sqrt(x)*d + c)
*xaxx5 - 2*%sin(sqrt(x)*d + c)*ax*3xbx*2 + sin(sqrt(x)*d + c)*a*xb**4d + ax*4d*
b - 2xa**2*bx*3 + b**5))

output
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3.70 | L dx
23/2 (a+besc(c+dy/z)) 2
Optimalresult . . . . . . . . .. . .. 495
Mathematica [N/A] . . . . . . .. . 4951
Rubi [N/A] . . o 4961
Maple [N/A] . . . o 196
Fricas [N/A] . . . . o 497
Sympy [N/A] . . o 4971
Maxima [F(-1)] . . . . . . oo 98]
Giac [N/A] .« . . 198
Mupad [N/A] . . . o 198
Reduce [N/A] . . . 499
Optimal result
Integrand size = 22, antiderivative size = 22
1 1
/ 5 dz = Int 5, T
23/? (a+ bese (¢ + dy/z)) 23/2 (a+ bese (¢ + dy/z))

output LDefer (Int) (1/x~(3/2)/(at+b*csc(c+d*x~(1/2)))"2,%) J
Mathematica [N/A]
Not integrable
Time = 32.32 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

/ 1 5 dr = / 1 5 dT
232 (a+ bese (¢ + dy/T)) 232 (a+ bese (¢ + dy/z))
input LIntegrate [1/(x~(3/2)*(a + b*Csc[c + d*Sqrt[x]]1)~2),x] J

Output\ Integrate[1/(x~(3/2)*(a + b*Csc[c + d*Sqrt[x]])~2), x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 3 dx
232 (a+besc (¢ +dy/z))
l 4695
/" 1 de
z%/2 (a+ besc (¢ + dy/x))
input LInt [1/(x~(3/2)*(a + bxCsc[c + d*Sqrt[x]1]1)~2),x] J
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 3 ! de
z2 (a+besc (c+dy/x))
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input Lint (1/x~(3/2) / (a+b*csc(c+d*x~(1/2)))"2,x) J

output Lint (1/x~(3/2) / (a+b*csc(c+d*x~(1/2)))"2,x%) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

/ ! 5 dx =/ ! 55 dx
232 (a + bese (c+ dy/x)) (bese (dy/z+¢) +a) z2

input Lintegrate (1/x~(3/2)/ (a+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas") J

p
‘integral(sqrt(x)/(b‘2*x‘2*csc(d*sqrt(x) + ¢c)72 + 2*axb*x"2*csc(d*sqrt(x) +

output
‘ c) + a~2*x"2), x)

\‘

Sympy [N/A]
Not integrable

Time = 6.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 dz:/ = dz
13/2 (a+bcsc (c+d\/5))2 T (a+bcsc (c+d\/5))2

inputtintegrate(1/x**(3/2)/(a+b*CSC(C+d*X**(1/2)))**2,x) J

OutputLIntegral(l/(x**(B/Q)*(a + bxcsc(c + d*sqrt(x)))**2), x) J
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Maxima [F(-1)]

Timed out.

/ ! 5 dr = Timed out
232 (a+ bese (¢ + dy/z))

input Lintegrate (1/x~(3/2) / (a+b*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

OutputLTimed out

Giac [N/A]
Not integrable

Time = 0.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ ! 5 dx =/ ! 55 AT
232 (a+ bese (c+ dy/T)) (bese (dy/T +¢) +a) z2

inputtintegrate(1/x‘(3/2)/(a+b*csc(c+d*x‘(1/2)))*2,X, algorithm="giac")

output Lintegrate(l/((b*csc(d*sqrt(x) + ¢c) + a)~2%x~(3/2)), x)

Mupad [N/A]
Not integrable
Time = 16.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

1
dz

1
o= |
/1;3/2 (a+besc (c+dyz))® * £3/2 <a_|_

2
b
sin(c+d+/z) >

input Lint(l/(x‘(B/Q)*(a + b/sin(c + d*xx~(1/2)))"2),x)

Outputtint(l/(x“(3/2)*(a + b/sin(c + d*x~(1/2)))72), x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.91

1

1
da:=/
/x3/2 (a+besc (c+dyz))® VZ csc (vVad+c)? bz + 2T csc (VT d + c) abz + /T a%x

input ‘ int (1/x~(3/2)/ (atb*csc(c+d*x~(1/2)))~2,x)

output‘ int (1/(sqrt(x) *csc(sqrt(x)*d + c)**2*b**2*xx + 2*xsqrt(x)*csc(sqrt(x)*d + c)
‘*a*b*x + sqrt(x) *a**2%*x) ,x)




output

input

Output\ Integrate[1/(x~(5/2)*(a + b*Csc[c + d*Sqrt[x]])~2), x]
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1

3.71 f 25/2 (a+besc (c+d\/§))2 dz

Optimalresult . . . . . . . . .. . .. 500
Mathematica [N/A] . . . . . ... . (00
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . o 502
Sympy [N/A] . . o
Maxima [F(-1)] . . . . . o o
Giac [N/A] . . o e
Mupad [N/A] . . . o
Reduce [N/A] . . . o 504

Optimal result

Integrand size = 22, antiderivative size = 22

1

/ L 5 dz = Int 5
252 (a + bese (¢ + dy/z)) 252 (a + bese (¢ + dy/z))

d

LDefer(Int)(1/x‘(5/2)/(a+b*csc(c+d*x‘(1/2)))“2,x)

Mathematica [N/A]

Not integrable

Time = 37.79 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

1

1
/x5/2 (a+besc (c+dyz)) dx_/m5/2 (a+besc (c+dvz))®

dz

LIntegrate[l/(x‘(5/2)*(a + b*Csclc + d*Sqrt[x11)°2),x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ! 3 dx
252 (a+besc (¢ + dy/z))
l 4695
/" 1 de
252 (a+ besc (¢ + dy/x))
input LInt [1/(x~(5/2)*(a + bxCsc[c + d*Sqrt[x]1])~2),x] J
output L$Aborted J

Defintions of rubi rules used

rule 4695‘Int[((a_.) + Cscl(c_.) + (d_)*)" @ )I*(b_.))"(p_)*(x_)"(m_.), x_Symbol ‘
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

Maple [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.82

/ 5 ! de
z2 (a+besc (c+ dy/x))
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input Lint (1/x~(5/2) / (a+b*csc(c+d*x~(1/2)))"2,x) J

output Lint (1/x~(5/2) / (a+b*csc(c+d*x~(1/2)))"2,x%) J

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

/ ! 5 dx =/ ! 5 dx
252 (a + bese (c+ dy/x)) (bese (dy/z+¢) +a) z2

input Lintegrate (1/x~(5/2)/ (a+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas") J

p
‘integral(sqrt(x)/(b‘2*x‘3*csc(d*sqrt(x) + c)72 + 2%axbxx"3*csc(d*sqrt(x) +

output
‘ c) + a"2%x73), x)

\‘

Sympy [N/A]
Not integrable

Time = 32.69 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/ 1 dz:/ = dz
75/2 (a+bcsc (c+d\/5))2 s (a+bcsc (c+d\/5))2

inputtintegrate(1/x**(5/2)/(a+b*CSC(C+d*X**(1/2)))**2,x) J

OutputLIntegral(l/(x**(S/Q)*(a + bxcsc(c + dxsqrt(x)))**2), x) J
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Maxima [F(-1)]

Timed out.

/ ! 5 dr = Timed out
252 (a+ bese (¢ + dy/z))

input Lintegrate (1/x~(5/2) / (a+b*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

OutputLTimed out

Giac [N/A]
Not integrable

Time = 1.75 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.91

/ ! 5 dx =/ ! 5 dx
252 (a + bese (¢ + dy/T)) (bese (dy/T +¢) +a) w2

inputtintegrate(1/x‘(5/2)/(a+b*csc(c+d*x‘(1/2)))*2,X, algorithm="giac")

output Lintegrate(l/((b*csc(d*sqrt(x) + ¢c) + a)~2%x~(5/2)), x)

Mupad [N/A]
Not integrable
Time = 16.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

1
dz

1
o= |
/1;5/2 (a+besc (c+dyz))® * £5/2 <a_|_

2
b
sin(c+d+/z) >

input Lint(l/(x‘(S/Q)*(a + b/sin(c + d*xx~(1/2)))"2),x)

Outputtint(l/(x“(S/Q)*(a + b/sin(c + d*x~(1/2)))72), x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.18

1

1
da:=/
/x5/2 (a+besc (c+d\/5))2 VT csc (\/Ed+c)2b2x2+2\/§ esc (VT d+ c) aba? + /7 az?

input ‘ int (1/x~(5/2) / (at+b*csc(c+d*x~(1/2)))~2,x)

output‘ int (1/(sqrt(x)*csc(sqrt(x)*d + c)**2¥bx*2*x**2 + 2*sqrt(x)*csc(sqrt(x)*d +
‘ C)*a¥bkx**2 + sqrt(x)*a**2*x**2),x)
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3.72 [(ex)™ (a + bese (¢ + dz™))’ dx

Optimal result . . . . . . . . . . . . e B3
Mathematica [N/A] . . . . . . . . (05!
Rubi [N/A] . . o
Maple [N/A] . . . . (07
Fricas [N/A] . . . o o 607
Sympy [N/A] . . e 507
Maxima [N/A] . . . . . (08|
Giac [N/A] . . . e (08
Mupad [N/A] . . . o (08
Reduce [N/A] . . . o o 509

Optimal result

Integrand size = 20, antiderivative size = 20

/(ez)m (a+besc(c+dz™))’ de = 27 (ex)™Int(z™(a + bese (¢ + dz™))’ , )

-

output L(e*x) “m*Defer (Int) (x"m* (a+b*csc(c+d*x™n)) "p,x)/(x"m)

-/

Mathematica [N/A]

Not integrable

Time = 2.95 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ez)m (a+besc(c+da™)) dz = /(ex)m (a+besc(c+dz™))? do

input ‘\Integrate[(e*x) m*(a + bxCsc[c + d*x"n]) p,x]

output ‘ Integrate[(e*x) “m*(a + b*Csc[c + d*x"n]) p, x]
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {4697, 4695}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(ew)m (a+besc(c+ dz™))P dz
| 4697
:C‘m(ex)m / ;L'm(a + bese (dxn + C))p dx
| 4695
™" (ex)™ / z™(a + bese (dz" + ¢))P dz
inputLInt[(e*x)Am*(a + bxCsclc + d*x~n])~p,x] J
OutputL$Aborted |

Defintions of rubi rules used

rule 4605 IRELC(a_) + Cscl(c_.) + (d_)*(x)~(m)1*(b_.))"(p_.)*(x)"(m_.), x_Symbol
‘] :> Unintegrable[x"m*(a + b*Csc[c + d*x"n])"p, x] /; FreeQ[{a, b, c, 4, m, ‘
‘ n, p}, x] ‘

rule 4697‘Int[((a_.) + Cscl(c_.) + (d_)*(=xD" (@ )I*(b_.)) " (p_)*((e)*(x))"(m_.), x ‘
‘_Symbol] :> Simp[e~IntPart [m]*((e*x) “FracPart[m]/x FracPart[m]) Int[x"m*( ‘
‘a + bxCsc[c + d*x"nl)~p, x], x] /; FreeQl[{a, b, ¢, d, e, m, n, p}, x] ‘
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Maple [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (ex)™ (a+besc(c+ dz™))Pdx

input ‘

int ((e*x) “m* (a+b*csc(c+d*x™n)) “p,x)

output L

int ((e*x) “m* (a+b*csc(c+d*x"n)) ~p,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ew)m (a+besc(c+dz™))? do = / (ex)™ (bese (dz™ + ¢) + a)’ dx

-

input t

integrate((e*x) “m* (atb*csc(c+d*x"n)) “p,x, algorithm="fricas")

e—

output

input L

Lintegral((e*x)‘m*(b*csc(d*x"n + c) + a)’p, x)

Sympy [N/A]
Not integrable

Time = 30.09 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

/(ex)m (a+besc(c+dz™))? de = / (ex)™ (a+ besc (¢ + dz™))? dx

integrate ((e*x) **m* (a+b*csc (c+d*x**n) ) **p,x)

output L

Integral ((exx)**m*(a + bxcsc(c + dxx**n))**p, x)
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Maxima [N/A]
Not integrable

Time = 1.73 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ex)m (a+besc(c+dz™)) dox = / (ex)™ (bese (dz™ + ¢) + a)’ dx

inputt

integrate((e*x) “m* (a+b*csc(c+d*x"n)) “p,x, algorithm="maxima")

-

output t

integrate((e*x) “m*(b*csc(d*x™n + c) + a)”p, x)

e—

Giac [N/A]
Not integrable

Time = 0.56 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(ex)m (a+besc(c+dz™))’ dx = / (ex)™ (besc (dz™ + ¢) + a)’ dx

input‘

outputt

inputt

integrate((e*x) “m* (a+b*csc(c+d*x"n)) "p,x, algorithm="giac")

integrate((e*x) “m*(b*xcsc(d*x™n + c) + a)~p, x)

Mupad [N/A]
Not integrable

Time = 16.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (ez)™ (a+ bese (¢ + dz™))? dz = / (a + )p (e2)™ da

sin (c+ dz")

int((a + b/sin(c + d*x"n)) “p*(e*x) m,x)
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OutputLint((a + b/sin(c + d*x™n)) p*(e*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(em)m (a+bcesc(c+dz™))P de =e™ (/ z™(csc (z"d+c) b+ a)pdx)

inputLint((e*x)"m*(a+b*csc(c+d*x"n))"p,x)

output Le**m*int(X**m*(csc(x**n*d + c)*b + a)**p,x)
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3.73 [(ex) 1" (a+ besc (¢ + dz™)) dx

Optimal result . . . . . . . . . . . . e HI0
Mathematica [A] (verified) . . . . . . . . . ... o 5101
Rubi [A] (verified) . . . .. . . ... .. BIT]
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 512
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 512
Sympy [F] . . o o bI3l
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... (13l
Giac [F] . . . . o o bCI14
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... bI4
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 14

Optimal result

Integrand size = 20, antiderivative size = 45

/(ex)‘”" (a+ besc (c+ dz™)) dz = a(ez)”  bz"(ex)"arctanh(cos (c + dz"))

en den

-

La* (e*x) "n/e/n-b*(e*xx) “n*xarctanh(cos(c+d*x"n))/d/e/n/(x"n)

~—

output

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

z7"(ex)" (adz™ — barctanh(cos (c + dz™)))
den

/(ea:)‘”“ (a+besc(c+dz™)) de =

input LIntegrate[(e*x)‘(—l + n)*(a + b*Csc[c + d*x"n]),x] J

output ‘\( (exx) "n*(a*xd*x"n - bxArcTanh[Cos[c + d*x"n]]))/(d*e*n*x"n)
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(eac)"‘1 (a+besc(c+ dz™)) dx
| 2010
/ (a(ex)"* + b(ez)" tesc (c + dz™)) dz

l 2009

a(ez)"  bz~"(ex)"arctanh(cos (c + dz"))

en den

(Int[(e*x)‘(—l + n)*(a + bx*Cscl[c + d*x"n]),x] |

N\ J

input

output ‘ (a*x(exx)"n)/(e*n) - (b*(e*x) n*ArcTanh[Cos[c + d*x"n]])/(d*e*n*x"n) ‘

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 2010‘ Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘
‘ , x]1 /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] &% !'MatchQ[u, (a_) ‘
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]] ‘
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.36 (sec) , antiderivative size = 158, normalized size of antiderivative = 3.51

method | result

(—14n) (—i csgn(ie) csgn(iz) csgn(iex)w+icsgn(ie) csgn(iez)2w+i csgn(iz) csgn(iem)zw—i csgn(iew)37r+2 In(z)+2 ln(e))
are 2

risch —
n

2 arctanh (ei

-

kint((e*x)‘(-1+n)*(a+b*csc(c+d*x‘n)),x,method=_RETURNVERBDSE)

e—

input

‘ a/nxx*exp(1/2*(-1+n) * (-I*xcsgn(I*e)*csgn (I*x)*csgn(I*exx)*Pi+Ixcsgn(Ixe)*cs ‘
‘ gn(I*exx) "2*Pi+Ixcsgn(I*x)*csgn(I*e*xx) "2*%Pi-I*csgn(I*e*x) "3*Pi+2*1n(x)+2x1 ‘
‘ n(e)))-2xarctanh(exp(I*(c+d*x"n)))/d/exe n/n*b*exp(1/2*xI*Pi*csgn(I*exx)* (- ‘
‘ 1+n) * (csgn(I*e*x)-csgn(I*x))*(-csgn(I*e*x)+csgn(Ixe))) ‘

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.38

/(ex)_l"'” (a+besc(c+dz™)) dx
_ 2ade"'z™ — be" ! log (3 cos (dz™ 4 ¢) 4 5) + be" ! log (—3 cos (dz” +c) + 3)

2dn
input Lintegrate ((e*x)~(-1+n) *(a+b*csc(c+d*x"n)) ,x, algorithm="fricas") J
Output‘1/2*(2*a*d*e”(n - 1)*x"n - bxe~(n - 1)*log(1/2*cos(d*x™n + c) + 1/2) + b*e

"‘(n - 1)*log(-1/2*cos(d*x"n + c) + 1/2))/(d*n) ‘
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Sympy [F]

/(em)_l"'" (a+besc(c+dz™)) de = / (ex)" ! (a + besc (¢ + dz™)) dz

input‘integrate((e*x)**(-1+n)*(a+b*csc(c+d*x**n)),x)

outputLIntegral((e*x)**(n - 1)*(a + b*csc(c + d*x**n)), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(45) = 90.

Time = 0.05 (sec) , antiderivative size = 128, normalized size of antiderivative = 2.84

/(ex)_1+n (a+ besc (c+ dz™)) do = (62: a

(e"log (cos (dz™)* + 2 cos (dz™) cos (c) + cos (¢)® + sin (dz™)? — 2 sin (dz™) sin (c) + sin (0)2) —e"lo
2den

inputLintegrate((e*x)“(-1+n)*(a+b*csc(c+d*x“n)),x, algorithm="maxima") J

output‘ (exx)"n*a/(e*n) - 1/2%(e"n*log(cos(d*x"n)~2 + 2xcos(d*x"n)*cos(c) + cos(c) ‘
“2 + sin(d*x"n)~2 - 2*sin(d*x"n)*sin(c) + sin(c)~2) - e"n*log(cos(d*x"n) 2
‘ - 2xcos(d*x™n)*cos(c) + cos(c)”2 + sin(d*x"n)~2 + 2*sin(d*x"n)*sin(c) + s ‘

\ in(c)~2))*b/ (d*e*n)
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Giac [F]

/(ea:)‘”" (a+besc(c+da™)) de = / (besc (dz™ 4 ¢) + a)(ex)" " dx

-

e—

inputtiﬂtegrate((e*X)A(‘1+n)*(a+b*CSC(c+d*x‘n)),x, algorithm="giac")

output Lintegrate((b*csc(d*x‘n +c) + a)x(exx)"(n - 1), x) J

Mupad [B] (verification not implemented)

Time = 17.57 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.36

/(ew)‘Hn (a+besc(c+ dz™)) dx
(ex)" (ada™ +bln (b(ex)" ' 2i — beclied™ 1 (ex)" ' 2i) — b ln (—b(ex)" ' 2i — beclied® Ui ()"}

denzx™

/int((a + b/sin(c + d*x"n))*(exx)"(n - 1),x)

| —

inputt

output‘ ((e*x) “n*(b*xlog(b*(exx)~(n - 1)*2i - b*exp(c*1i)*exp(d*x~n*1i)*(e*x) (n - ‘
11)%2i) - bxlog(- b¥(exx)~(n - 1)%2i - bxexp(c*li)*exp(d*x n*1i)*(exx)~(n -
‘ 1)*2i) + a*d*x"n))/(d*e*n*x"n) ‘

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.76

e" (x"ad + log(tan (%l + %)) b)
den

/(ex)_l"'” (a+besc(c+dz™)) doe =

input Lint ((e*x)~ (-1+n) * (a+b*csc(c+d*x~n)) ,x) J

outpud(e**n*(X**n*a*d + log(tan((x*+n*d + c)/2))*b))/(d*e*n) J
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3.74 [(ex) %" (a + bese (¢ + dz™)) dz

Optimal result . . . . . . . . . . . . e HI5
Mathematica [A] (verified) . . . . . . . . . ... o HI5I
Rubi [A] (verified) . . . .. . . ... .. 516
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... bIT
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... bIS
Sympy [F] . . o o 519
Maxima [F] . . . . . . 5191
Giac [F] . . . . o o 520
Mupad [F(-1)] . . . o o 520
Reduce [F] . . . o . o o 520

Optimal result

Integrand size = 22, antiderivative size = 141

a(ex)®®  2bz~"(ex)™arctanh(e'(ctd")

/(ex)‘”zn (a+besc(c+da™)) de =

2en den
ibz~?"(ex)?" PolyLog (2, —e'(¢+d="))
+
d?en ‘
ibz~?"(ex)* PolyLog (2, eicT%"))
d?en
output \{1/2*a* (e*x)~(2*n) /e/n-2xbx (exx) ~ (2*n) *arctanh (exp (I*(c+d*x"n)))/d/e/n/ (x"n \‘

|)+Ixb* (exx)~ (2%n) *polylog(2,-exp(I*(c+d*x™n)))/d~2/e/n/ (x™ (2%n))-I*bx(exx) |
L‘ (2*n) *polylog(2,exp(I*(c+d*x"n)))/d~2/e/n/(x~(2*n)) J

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.31

/(em)_1+2" (a+besc(c+ dz™)) do

72 (ex)?™ (ad?z®™ + 2bclog (1 — e°T4™)) + 2bdz™ log (1 — e'*%™)) — 2bclog (1 + €'(c+d=")) — 2bdz
2¢
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input‘ Integrate[(exx)~ (-1 + 2*n)*(a + b*Csc[c + d*x"n]),x]

((e*x) " (2*n)* (a*xd~2*x~ (2*%n) + 2*bxc*Log[l - E~(I*(c + d*x"n))] + 2*b*d*x"n
xLog[1 - E"(I*(c + d*x"n))] - 2*bxc*Log[l + E~(I*(c + d*x"n))] - 2*b*d*x™n
xLog[1 + E~(I*x(c + d*x"n))] - 2xbxc*Logl[Tan[(c + d*x"n)/2]] + (2*I)*b*Poly
Logl[2, -E~(I*(c + d*x"n))] - (2*I)*b*PolyLogl[2, E~(I*(c + d*x"n))]))/(2xd"
2*exn*x” (2*n))

output

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.091, Rules

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e:c)2”_1 (a+besc(c+dz™)) dx
| 2010

/ (a(ex)® ! + b(ex)* ! csc (c + dz™)) dz

| 2009
a(ex)?  2bz~"(ex)*"arctanh(e’(ctde")) N ibz~2"(ez)?" PolyLog (2, —ei(42"+))
2en den . d2en
ibz 2" (ex)?" PolyLog (2, (4" +9))
d?en

s

inputLInt[(e*x)"(-l + 2%n)*(a + b*Csc[c + d*x"n]),x]

~—

output‘ (a*(e*x)~(2%n))/(2%e*n) - (2%b*(e*xx)” (2*n)*ArcTanh[E~(I*(c + d*x"n))])/(d*
‘e*n*x‘n) + (I*b*(exx)”(2#n)*PolyLog[2, -E~(I*(c + d*x"n))])/(d”2*e*n*x~ (2%
n)) - (I*b*(e*xx)”(2*n)*PolyLogl[2, E~(I*(c + d*x"n))])/(d"2*e*n*x~(2*n))

N




rule

rule 2010

input
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Defintions of rubi rules used

2009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[(u_)*((c_.)*(x_))‘(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) “m*u, x]

, x] /; FreeQ[{c, m}, x] && SumQ[u] &&
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

ILinearQ[u, x] &&

IMatchQ[u, (a_)

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.37 (sec) , antiderivative size = 731, normalized size of antiderivative = 5.18

method

result

size

risch

Expression too large to display

731

Lint((e*x)“(—1+2*n)*(a+b*csc(c+d*x‘n)),x,method=_RETURNVERBOSE)
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1/2*a/n*x*exp (1/2* (-1+2*xn) * (-I*csgn(I*e) *csgn(I*x) *csgn(I*e*x) *Pi+I*csgn (I
xe) xcsgn (Ixe*x) ~2*Pi+I*csgn (I*x)*csgn(Ixexx) ~2+Pi-I*csgn (I*e*xx) “3*Pi+2x1n(
x)+2*1n(e)))+1/d/n/ex(e"n) "2xb*1n(1-exp (I* (c+d*x"n)))*x"n*(-1) " (-1/2*csgn(
Ixx)*csgn(Ixe*x) ~2)*(-1)~(-1/2xcsgn(I*e)*csgn(I*e*xx) ~2)*(-1)~(1/2*csgn(I*e
) *csgn (I*x)*csgn(I*e*xx))*exp(1/2*%I*Pi*csgn(I*e*xx)*(-2*csgn(I*e)*csgn(I*x)*
n+2*csgn(I*e)*csgn(I*e*x)*n+2*n*csgn (I*x)*csgn (I*e*x)-2*n*csgn(I*e*x) ~2+cs
gn(I*xe*x)~2))-1/d/n/ex(e"n) ~2xbx1ln(exp(I*(c+d*x~n))+1)*x n*(-1)~(-1/2*csgn
(I*x)*csgn(I*e*xx) ~2)*(-1)~(-1/2xcsgn(I*e)*csgn(I*e*xx) ~2)*(-1)~(1/2*csgn(I*
e) *xcsgn (I*x)*csgn(I*e*x))*exp(1/2*I*Pi*csgn(Ixexx)* (-2*xcsgn(I*e)*csgn(I*x)
*n+2*csgn (I*e) *csgn (I*e*x) *n+2*n*csgn (I*x) *csgn (I*e*x)-2*n*csgn (I*xe*xx) ~2+c
sgn(I*e*xx)~2))-I/d"2/n/e*(e"n) "2*b*dilog(1-exp(I*(c+d*x"n)))*(-1)~(-1/2*cs
gn(Ixx)*csgn(Ixe*x) ~2)*(-1)"(-1/2xcsgn(Ix*e)*csgn(I*e*x) ~2)*(-1)~(1/2*csgn(
Ixe)*csgn(I*x)*csgn(I*ex*xx))*exp(1/2*I*xPi*xcsgn(I*e*x)*(-2*xcsgn(I*e)*csgn(I*
x) *n+2xcsgn (I*e) *csgn (I*e*x) *n+2*n*csgn (I*x) *csgn (I*xe*xx) -2*n*csgn (I*e*x) "2
+csgn(I*exx)~2))+I/d"2/n/e*(e"n) “2*b*dilog(exp(I*(c+d*x"n))+1)*(-1)~(-1/2*
csgn(I*x)*csgn(Ixexx) ~2)*(-1)~(-1/2*csgn(I*e)*csgn(I*exx) ~2)*(-1)~(1/2*csg
n(I*xe)*csgn(I*x)*csgn(I*exx))*exp(1/2*%I*Pik*csgn(I*e*xx)*(-2*csgn(I*e)*csgn(
I*x)*n+2xcsgn(Ixe) *csgn (I*e*x) *n+2*xn*csgn (I*x) *csgn (I*e*x) -2*n*csgn (I*e*x)
~2+csgn(I*ex*x)"2))

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 384 vs. 2(131) = 262.

Time = 0.11 (sec) , antiderivative size = 384, normalized size of antiderivative = 2.72

/(ex)_1+2" (a+ besc (¢ + dz™)) dz
_ad?’e?"'x®" — bde?™ 'z" log (cos (dz” + c) + i sin (dz” + ¢) + 1) — bde®™ 2" log (cos (dz" + ¢) — i sii

| —

p
inputLintegrate((e*x)A(‘1+2*n)*(a+b*CSC(C+d*X“n)),x, algorithm="fricas")




output

input

output

input

output
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1/2x(axd"2*e~(2*n - 1)*x~(2*n) - b*d*e”~(2*n - 1)*x"n*log(cos(d*x™n + c) +
I*sin(d*x™n + c) + 1) - b*d*e”(2*n - 1)*x"n*log(cos(d*x™n + c) - I*sin(d*x
“n + c) + 1) - bkcxe”(2*n - 1)*log(-1/2*cos(d*x™n + c) + 1/2*%I*sin(d*x"n +
c) + 1/2) - b*cxe”(2%n - 1)*log(-1/2*cos(d*x"n + c) - 1/2*I*sin(d*x"n + c
) + 1/2) - Ixb*e”(2%n - 1)*dilog(cos(d*x™n + c) + I*sin(d*x"n + c)) + I*bx
e”(2*n - 1)*dilog(cos(d*x™n + c) - I*sin(d*x™n + c)) - I*b*e~(2*n - 1)x*dil
og(-cos(d*x™n + c) + I*sin(d*x"n + c)) + Ixb*e”(2%n - 1)*dilog(-cos(d*x"n
+ ¢) - I*sin(d*x"n + c)) + (b*d*e”(2*%n - 1)*x"n + b*cxe~(2*n - 1))*log(-co
s(d*x™n + c) + Ixsin(d*x™n + c) + 1) + (b*d*e”(2*%n - 1)*x"n + b*c*e”™(2*n -
1))*log(-cos(d*x™n + c) - I*sin(d*x"n + c) + 1))/(d"2*n)

Sympy [F]

/(ex)_1+2" (a+bcesc(c+dz")) dx = / (ex)* " (a + besc (¢ + dz™)) da

integrate ((exx)**(-1+2*n) * (a+b*csc (c+d*x**n)) ,x)

N J

p
LIntegral((e*x)**(2*n - 1)*(a + b*xcsc(c + d*x**n)), x)

| —

Maxima [F|

/(ez’)_1+2n (a +besc(c+dz™)) doe = / (bese (dz™ + ¢) + a)(ex)?™ " dzx

‘integrate((e*x)“(-1+2*n)*(a+b*csc(c+d*x“n)),x, algorithm="maxima")

‘(e‘(2*n + 1)*integrate(x~(2#n)*sin(d*x™n + c)/(e"2*x*cos(d*x™n + c)~2 + e~
‘2*x*sin(d*x“n + ¢c)72 + 2xe"2xx*cos(d*x"n + ¢c) + e72%x), x) + e~ (2*%n + 1)*i
‘ntegrate(x‘(2*n)*sin(d*x‘n + c)/(e"2xx*cos(d*x™n + c)”2 + e 2*x*sin(d*x"n
|+ ©)72 - 2ke"24x*cos(d*x"n + C) + €724x), X))*b + 1/2+(e*x)"(2#n)*a/(e*n)




input

output

input

output

input

output
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Giac [F]

/(em)_l"'z” (a+besc(c+dz™)) doe = / (bese (dz™ + ¢) + a)(ex)?™ " dzx

‘ integrate((e*x)~(-1+2#*n)*(a+b*csc(c+d*x"n)),x, algorithm="giac")

tintegrate((b*csc(d*x‘n + c) + a)x(e*x)"(2*n - 1), x)

Mupad [F(-1)]

Timed out.

b
sin (¢ + d z™)

/(eaz)_1+2n (a+ besc(c+ dz™)) de = / (a + > (ex)*" ' dx

Lint((a + b/sin(c + d*x"n))*(e*xx)~(2*%n - 1),x)

Lint((a + b/sin(c + d*x"n))*(e*x)~(2*%n - 1), x)

Reduce [F]

e?n <x2"a +2 < i wdﬂ bn)

2en

/(ex)‘“’zn (a+besc(c+ dz™)) dx =

Lint ((e*x) "~ (-1+2*n) * (a+b*csc(c+d*x"n) ) ,x)

‘ (e*xx (2*n) * (x*x* (2xn) *a + 2xint ((x**(2*n)*csc(x**n*d + c))/x,x)*b*n))/(2*xe*n

)




output
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3.75 [(ex)™'*3" (a + bese (¢ + dz™)) dz

Optimal result . . . . . . . . . . . . e H21]
Mathematica [F] . . . . . . . . . . . 5221
Rubi [A] (verified) . . . .. . . ... .. 522
Maple [F] . . . . 523
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 523
Sympy [F] . . o o 524
Maxima [F] . . . . . . 5251
Giac [F] . . . . o o 525
Mupad [F(-1)] . . . o o 525
Reduce [F] . . . . . 520

Optimal result

Integrand size = 22, antiderivative size = 221

a(ex)®  2bz~"(ex)®"arctanh(e'(cte")

/(ex)‘”gn (a+besc(c+da™)) de =

3en den
2ibz~?"(ex)" PolyLog (2, —e'(¢+d="))
+ 2
d?en .
2ibz~?"(ex)" PolyLog (2, e'(ctd™))
d?en .
2bz 3" (ex)®" PolyLog (3, —e'(°*d="))
d3en .
2bz~%"(ex)" PolyLog (3, e'(c+4"))
_|_
d3en

1/3*a* (e*xx) "~ (3*n) /e/n-2*b* (exx) ~ (3*n) *arctanh (exp (I*(c+d*x"n)))/d/e/n/(x"n
)+2*xIxb* (exx) ~ (3*n) *polylog(2,-exp(I*(c+d*x"n)))/d~2/e/n/ (x~(2*n) ) -2*Ixb*(
exx) ~ (3*n) *polylog(2,exp(I*(c+d*x"n)))/d"2/e/n/ (x~ (2*n)) -2%b* (e*x) ~ (3*n) *p
olylog(3,-exp(I*(c+d*x™n)))/d~3/e/n/ (x~(3*n))+2*b* (exx) ~ (3*n) *polylog(3,ex
p(Ix(c+d*x"n)))/d"3/e/n/(x" (3*n))
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Mathematica [F]

/(ex)_1+3" (a +besc(c+dz™)) de = /(em)_1+3" (a + besc(c+ dz™)) dx

input‘ Integrate[(e*x)~ (-1 + 3*n)*(a + b*Csc[c + d*x"n]),x]

output LIntegrate[(e*x)"(-l + 3*n)*(a + b*Csc[c + d*x"n]), x] J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.091, Rules

number of steps used = 2, number of rules used = 2,
used = {2010, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(390)3"_1 (@ +besc(c+dz™)) dz
| 2010

/ (a(ex)® ! + b(ex)* L csc (c + dz™)) dz

l'2009
a(ex)®  2bz~"(ex)*rarctanh(e’(¢t4*"))  2bz~3"(ex)3" PolyLog (3, —ei(@="+9) N
3en den d3en .
2bz 73" (ex)®" PolyLog (3, gildz +C)) 4 2ibz 2" (ex)®" PolyLog (2, —eildz +C))
d3en . d%en
2ibz 2" (ex)®" PolyLog (2, e!(4"+9))

d2en

e

inputLInt[(e*x)“(-l + 3*n)*(a + b*Csc[c + d*x"n]),x]

-
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(ax(e*x)~(3*n))/(3xexn) - (2xbx*(e*x)~(3*n)*ArcTanh[E~(I*(c + d*x"n))])/(d*
exnxx"n) + ((2*I)*bx(e*x)” (3*n)*PolyLog[2, -E~(I*(c + d*x"n))])/(d"2*e*n*x
~(2xn)) - ((2*I)*bx(exx)” (3*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d"2*e*n*x"(
2xn)) - (2*bx(exx)~(3*n)*PolyLog[3, -E~(I*(c + d*x"n))])/(d"3*exn*x~(3*n))
+ (2%bx(e*xx)~ (3*n)*PolyLog[3, E~(I*(c + d*x"n))])/(d"3*e*n*x~(3*n))

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

‘{Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x] ‘
, x] /; FreeQ[{c, m}, x] && SumQ[u] & !LinearQu, x] & !MatchQ[u, (a_) |
‘+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

rule 2010

Maple [F]

/ (ez) %" (a + besc (¢ + dz™)) dx

input ‘\int((e*x) (-1+3%n) * (a+b*csc (c+d*x™n)) ,x) )

output Lint ((exx)~(-1+3*n) * (at+b*csc(c+d*x"n)) ,x) J

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 557 vs. 2(211) = 422.

Time = 0.12 (sec) , antiderivative size = 557, normalized size of antiderivative = 2.52

/(e:c)_”?’" (a+ besc (c+ dz™)) dz
_ 2ad’e®" 12" — 3bd?e®™ 2" log (cos (dz™ + ¢) + i sin (da” + ¢) + 1) — 3bd?e*™ ' z*" log (cos (dz™ +
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input\integrate((e*x)“(—1+3*n)*(a+b*csc(c+d*x“n)),x, algorithm="fricas")

output

input

output

1/6%(2*a*d~3*e~(3*n - 1)*x~(3*n) - 3*b*d"2*e”~(3*n - 1)*x~(2*n)*log(cos(d*x
“n + c) + Ixsin(d*x™n + c) + 1) - 3%b*d"2%e”(3*n - 1)*x~(2*n)*log(cos(d*x~
n + c) - Iksin(d*x™n + c) + 1) - 6xI*bxd*e”(3*n - 1)*x"n*dilog(cos(d*x"n +

c) + Iksin(d*x™n + c)) + 6xIxb*d*e”(3*n - 1)*x"n*dilog(cos(d*x™n + c) - I
*sin(d*x™n + c)) - 6*I*b*d*e”(3*n - 1)*x"n*dilog(-cos(d*x"n + c) + I*sin(d
*x"n + c)) + 6xI*bxd*e”(3*n - 1)*x"n*dilog(-cos(d*x"n + c) - I*sin(d*x™n +

c)) + 3xb*xc™2*e”(3*n - 1)*log(-1/2*cos(d*x"n + c) + 1/2*I*sin(d*x"n + c)
+ 1/2) + 3%bxc”2*e”(3*n - 1)*log(-1/2*cos(d*x"n + c) - 1/2*I*sin(d*x™n + c
) + 1/2) + 6xbxe”(3*n - 1)*polylog(3, cos(d*x"n + c) + I*sin(d*x™n + c)) +
6xbxe” (3*n - 1)*polylog(3, cos(d*x™n + c) - Ixsin(d*x™n + c)) - 6%b*e” (3%
n - 1)*polylog(3, -cos(d*x"n + c) + I*sin(d*x™n + c)) - 6*b*e”(3*n - 1)*po
lylog(3, -cos(d*x™n + c) - I*sin(d*x"n + c)) + 3*(bxd"2*e~(3*n - 1)*x~(2*n
) - b*c"2%e~(3*n - 1))*log(-cos(d*x"n + c) + I*sin(d*x™n + c) + 1) + 3*(bx
d~2%e” (3*%n - 1)*x~(2*n) - bxc~"2*e~(3*n - 1))*log(-cos(d*x™n + c) - I*sin(d
*x"n + c) + 1))/(d"3#n)

Sympy [F]

/(e:c)_H?’" (a+besc(c+dz™)) de = / (ez)** " (a + besc (c+ dz™)) dz

[

integrate((e*x) **(-1+3*n) * (a+b*csc(c+d*x**n) ) ,x)

~—

-

N\

Integral((exx)**(3*n - 1)*(a + bk*csc(c + d*x**n)), x)
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Maxima [F]

/(em)_1+3” (a+besc(c+dz™)) doe = / (bese (dz™ + ¢) + a)(ex)®™ " dx

input\integrate((e*x)“(-1+3*n)*(a+b*csc(c+d*x*n)),x, algorithm="maxima")

Output‘(e"(S*n + 1)*integrate(x~(3*n)*sin(d*x"n + c)/(e"2*x*cos(d*x™n + c)~2 + e~
‘2*x*sin(d*x‘n + ¢c)72 + 2%e"2xx*cos(d*x"n + c) + e"2*x), x) + e (3*%n + 1)*i
‘ntegrate(x‘(3*n)*sin(d*x"n + c)/(e"2*x*cos(d*x™n + c)”2 + e 2*x*sin(d*x"n
‘+ c)"2 - 2%e~2xx*cos(d*x"n + c) + e72*x), x))*b + 1/3*(e*x)”(3*n)*a/(e*n)

Giac [F]

/(ex)‘”gn (a+besc(c+ dz")) do = / (besc (dz™ 4 ¢) + a)(ex)*" " dx

input Lintegrate ((exx)~(-1+3*n) * (a+b*csc(c+d*x"n)) ,x, algorithm="giac")

output Lintegrate((b*csc(d*x‘n + ¢c) + a)x(exx)"(3*%n - 1), x)

Mupad [F(-1)]

Timed out.

b
sin (c + dam)

/(ex)_1+3" (a+besc(c+dz™)) de = / (a + ) (ex)®" ' da

input Lint((a + b/sin(c + d*x"n))*(e*x)~(3*n - 1),x)

-

output Lint((a + b/sin(c + d*x"n))*(e*x)”"(3*n - 1), x)

—
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Reduce [F]

e3n <x3”a +3 ( S/ wdx) bn)

3en

/(em)_1+3” (a+besc(c+ dz™)) do =

input tint ((e*x)~(-1+3%n) * (a+b*csc (c+d*x™n)) ,x)

‘ (e** (3*n) * (x** (3*n)*a + 3*int ((x**(3*n)*csc(x**n*d + c))/x,x)*b*n))/(3*e*n

)

output
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3.76 [(ex)™1*" (a + besc (c 4 dz™))* dx

Optimal result . . . . . . . . . . . . e H27
Mathematica [A] (verified) . . . . . . . . . ... o 527l
Rubi [A] (verified) . . . .. . . ... .. 528
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 530
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... B3I
Sympy [F] . . o o 31
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... b3l
Giac [F] . . . . o o 532
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 533
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 533

Optimal result

Integrand size = 22, antiderivative size = 80

a’*(ex)™  2abzr~"(ex)"arctanh(cos (c + dz™))
en den
b iz~ (ex)™ cot (c + dz™)

B den

/(ex)‘”” (a +besc (¢ + dz™))? de =

‘ a~2x(e*x) “n/e/n-2*a*b* (e*xx) “n*arctanh(cos(c+d*x"n))/d/e/n/(x"n)-b"2* (e*xx) " ‘
n*cot (c+d*x"n)/d/e/n/(x"n)

N\ J

output

Mathematica [A] (verified)

Time = 1.36 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.28

/(ex)‘”" (a + besc (c+ dz™))? dx

27" (ex)™ (—b*cot (3(c + dz™)) + 2a(ac + adz™ — 2blog (cos (3(c + dz™))) + 2blog (sin (3 (c + dz™)))
2den

input LIntegrate[(e*x)‘(—l + n)*(a + b*Csc[c + d*x~n])"2,x] J
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t‘ ((exx) "n*(-(b~2*Cot [(c + d*x"n)/2]) + 2*xa*x(a*c + axd*x"n - 2xbxLog[Cos[(c
‘+ d*x"n)/2]] + 2xbxLog[Sin[(c + d*x"n)/2]]) + b~2+Tan[(c + d*x"n)/2]))/(2*
‘ d*e*n*x"n)

outpu

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.71,

number of rules _ j 34 4, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {4697, 4693, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(ea:)”_1 (a+ besc (¢ + dz™))? dz

l 4697

z~"(ex)" [ 2" (a + besc (dz™ + ¢))? dx
e

l 4693

z"(ex)™ [ (a+ besc (dz™ + ¢))? da™
en

l 3042

" (ex)" [ (a+ besc (da” + ¢))? da™
en

l 4260

7" (ex)™ (2ab [ csc(dz™ + c) dz™ + b% [ csc? (dz™ + ¢) dz™ + a’z™)
en

l 3042

z " (ex)” (Zab [ esc (dz™ + ¢) dz™ + b? [ csc (dz™ + ¢)? da™ + azx”)
en
| 4254

a~"(ex)" (2ab [ csc (da™ + ) da — ¥ L1

en

+ aan>
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| 24
" (ex)” (2abf csc (dz™ + c) dz™ + a’z™ — M)

en

l’4257

n 2 n
™" (ex)” <a2xn _ 2abarctanhd(cos(c+dx )) b cot((ci+dx ))

en
input LInt[(e*x)‘(-l + n)x(a + b*Csc[c + d*x~n])"2,x] J
utput‘((e*X)‘n*(a“2*x‘n - (2%axbxArcTanh[Cos[c + d*x~n]])/d - (b~2%Cot[c + d*x"n
1)/d))/ (e¥n*x"n)
Defintions of rubi rules used
ruke24tlnt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQla, x] J
rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 4954 Intlesclc_.) + (d_.)*(x_)17(n ), x_Symbol]l :> Simp[-d~(-1)  Subst[Int[Exp
andIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]
rule 4957 Intlesclc_.) + (d_.)*(x_)], x_Symboll :> Simp[-ArcTanh[Cos[c + d*x]11/d, x]
/; FreeQ[{c, d}, x]

rule4260‘Int[(csc[(c_.) + (@_)*(x_)1*x(M_.) + (a_))"2, x_Symbol] :> Simpl[a~2#*x, x] +
‘ (Simp[2*a*b  Int[Cscl[c + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]"2, x]
» x1) /; FreeQ[{a, b, c, d}, x]




rule 4693

rule 4697

input

output
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Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~

p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.)) " (p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + bxCscl[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.64 (sec) , antiderivative size = 275, normalized size of antiderivative = 3.44

method | result

(—14n) (71' csgn(ie) csgn(iz) csgn(iex) 41 csgn(ie) csgn(iez)27r+i csgn(iz) csgn(iez)z'rrfi csgn(iez)37r+2 In(z)+2 ln(e))

. 2
risch aze 2

(=14
__ 2z b3

n

-

Lint((e*x)‘(-1+n)*(a+b*csc(c+d*x‘n))‘2,x,method=_RETURNVERBOSE)

-/

a”2/n*x*exp(1/2*(-1+n) * (-I*csgn(I*e) *csgn(I*x) *csgn(I*e*x) *Pi+I*csgn(I*e)*
csgn(I*exx) ~2+Pi+Ixcsgn(I*x)*csgn(Ixexx) “2*Pi-Ixcsgn(I*e*x) “3*Pi+2*1n(x)+2
*1n(e)))-2xI*x*b~2*exp(1/2*(-1+n) * (-I*csgn(I*e)*csgn(I*x)*csgn(I*e*x)*Pi+I
*xcsgn (I*xe)*csgn(I*xe*x) "2*Pi+I*csgn(I*x)*csgn(I*e*x) “2+Pi-I*csgn(I*exx) ~3*P
i+2x1n(x)+2*1n(e)))/d/n/(x"n)/(exp(2*I*(c+d*x"n))-1) -4*arctanh (exp (I* (c+d*
x"n)))/d/exe"n/nxb*axexp(1/2*xI*Pi*csgn(I*e*x) *(-1+n) * (csgn(I*e*x)-csgn(I*x
))*(-csgn(I*exx)+csgn(Ixe)))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.45

/(ex)‘”" (a +besc (¢ +dz™))? da
a’de"'z" sin (dz™ + ¢) — abe™ ' log (5 cos (dz™ + ¢) + 3) sin (dz" + ¢) + abe™ ' log (—3 cos (dz" + c)

B dn sin (dz™ + c)

inputtintegrate((e*x)"(-1+n)*(a+b*csc(c+d*x"n))"2,x, algorithm="fricas") J

p
‘(a“2*d*e“(n - 1)*x"n*sin(d*x"n + c) - a*bxe”(n - 1)*1log(l/2*cos(d*x"n + c)
‘ + 1/2)*sin(d*x"n + c) + axbxe”(n - 1)*log(-1/2*cos(d*x"n + c) + 1/2)*sin(
‘d*x‘n + c) - b™2xe"(n - 1)*cos(d*x"n + c))/(d*n*sin(d*x™n + c))

output

\‘

Sympy [F]

/(ea:)‘”" (a+besc (¢ +dz™))? do = / (ex)" " (a4 besc (c+ dz™))? da

input Lintegrate ((e*x)** (-1+n) * (a+b*csc (c+d*x**n) ) ¥*2,x) J

output LIntegral((e*x)**(n - 1)*(a + bxcsc(c + dxx**n))**2, x) J

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 207 vs. 2(80) = 160.



CHAPTER 3. LISTING OF INTEGRALS 532

Time = 0.07 (sec) , antiderivative size = 207, normalized size of antiderivative = 2.59

/(ex)_l"'" (a +besc (¢ +dz™))? da

B 2b%e" sin (2dz™ + 2¢)
~ dencos (2dz" + 2¢)® + densin (2dz" 4 2¢)® — 2den cos (2dz" + 2¢) + den
(ex)" a?
en
(e"log (cos (dz™)* + 2 cos (dz™) cos (c) + cos (c)® + sin (dz™)? — 2 sin (dz™) sin (c) + sin (0)2) —e"lo

den

input integrate ((e*x)~ (-1+n)*(atb*csc(c+d*x™n))~2,x, algorithm="maxima")

-2xb~2%e"n*sin (2*xd*x"n + 2+*c)/(d*exn*cos(2*xd*x"n + 2%c)”~2 + dxe*n*sin(2*d*
X"n + 2%c)”2 - 2xd*exn*xcos(2*d*x"n + 2%c) + d*e*n) + (exx) n*a"2/(e*n) - (
e nxlog(cos(d*x™n) "2 + 2xcos(d*x"n)*cos(c) + cos(c)”2 + sin(d*x"n)~2 - 2x*s
in(d*x"n)*sin(c) + sin(c)~2) - e "n*log(cos(d*x"n)~2 - 2*cos(d*x"n)*cos(c)
+ cos(c)”2 + sin(d*x"n)~2 + 2*sin(d*x"n)*sin(c) + sin(c)~2))*ax*b/(d*e*n)

output

Giac [F]

/(ex)_”” (a+besc (c+dz™))? do = / (besc (dz™ 4 ¢) + a)*(ex)" " dz

input Lintegrate ((exx)~(-1+n)*(a+b*csc(c+d*x"n)) ~2,x, algorithm="giac") J

output Lintegrate((b*csc(d*x‘n +c) + a) 2x(exx)"(n - 1), x) J
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Mupad [B] (verification not implemented)

Time = 17.33 (sec) , antiderivative size = 182, normalized size of antiderivative = 2.28

/(em)_l"'” (a +bese (¢ +dz™))? da

_az(ex)"! _ bax(e )" ' 21
B n dnzn (ec2itden2 _ 1)

2abz In(—ab(ex)" ' 4i —abeclied® Ui (ex)" " 4i) (ex)"

dnz"
2abz In (ab(ex)" ' 4i—abelied™ 1 (ex)" 1 4i) (ex)"
dn "
input Lint((a + b/sin(c + d*x"n)) " 2%(exx)"(n - 1),x) J
output (a~2*x*(exx)~(n - 1))/n - (b~2*x*(e*x)~(n - 1)*2i)/(d*n*x"n*(exp(c*2i + dx*

x"n*2i) - 1)) - (2*axbxx*log(- axb*(e*x)~(n - 1)*4i - axbkexp(c*1i)*exp(d*
x"n*1i)*(e*xx)"(n - 1)*4i)*(e*xx)"(n - 1))/(d*n*x"n) + (2*a*bk*x*log(a*xbx(e*xx
)" (n - 1)#4i - axbxexp(c*1i)*exp(d*x~n*li)*(e*x)"(n - 1)*4i)*(e*x)"(n - 1)
)/ (d*n*x"n)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.96

/(ew)_l“’ (a+besc (¢ + dz™))? d

e"(— cos (z"d + ¢) b® + 2" sin (z"d + ¢) a’d + 2log(tan (52 + £)) sin (z"d + c) ab)
sin (z"d + c) den

input ‘ int ((e*x)~(-1+n) * (a+b*csc(c+d*x"n)) ~2,x) ‘

‘ (exxn*x( - cos(x**nxd + c)*b**2 + xx*nksin(x**n*d + c)*a*x*2*d + 2xlog(tan(( \

output
‘x**n*d + ¢)/2))*sin(x**n*d + c)*a*b))/(sin(x**n*d + c)*d*e*n) ‘




output
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3.77 [(ex)™1+?" (a + besc (c + dz™)” dx

Optimal result . . . . . . . . . . . . e (34
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... (351
Rubi [A] (verified) . . . .. . . ... .. 535
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... b3
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 538
Sympy [F] . . o o 539
Maxima [F] . . . . . . 5391
Giac [F] . . . . o o HA0
Mupad [F(-1)] . . . o o HA0
Reduce [F] . . . . . H4T]

Optimal result

Integrand size = 24, antiderivative size = 214

a?(ex)™™  4dabz"(ex)™arctanh (%)
2en den
_ bz (ex)*" cot (¢ + dz™)
den
b’z 2" (ex)?" log (sin (¢ + dz™))
_|_
d?en .
2iaba~ ™" (ex)?" PolyLog (2, —ei+4")
+
d?en '
2iabx_2n(eaz)2n PolyLog (2, ez(c-i—dx"))
d?en

/(ea:)‘”zn (a +besc (¢ + dz™))? do =

1/2*%a”~ 2 (exx) " (2*n) /e/n-4*a*b* (e*x) ~ (2*n) *arctanh (exp (I* (c+d*x"n)))/d/e/n/
(x"n) -b~2* (e*x) ~(2*n) *cot (c+d*x"n) /d/e/n/ (x"n) +b~2* (e*x) ~ (2*n) *1n(sin(c+d*
x"n))/d"2/e/n/(x~(2%n))+2xI*a*b* (e*x) ~ (2*n) *polylog(2,-exp(I*(c+d*x"n)))/d
~2/e/n/(x” (2%n) ) -2xI*a*b* (e*xx) ~ (2*n) *polylog(2,exp(I*(c+d*x"n)))/d~2/e/n/(
x~(2%n))
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Mathematica [A] (warning: unable to verify)
Time = 4.98 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.34
/(ex)‘”Qn (a +besc (¢ + dz™))? da

T2 (ex)?" (2b2da:" cot(c) + dz™(a’dz™ — 2b% cot(c)) — 2b*(dz™ cot(c) — log (sin (¢ + dz™))) + 4ab (2 al

-

input LIntegrate[(e*x)‘(—l + 2xn)*(a + b*Csc[c + d*x"n])"2,x] J

((e*x) ™ (2*n) * (2¥b~2*d*x"n*Cot [c] + d*x"n*(a”2*d*x"n - 2%b~2xCot[c]) - 2*b~
2x (d*x"n*Cot [c] - Log[Sin[c + d*x"n]]) + 4xaxb*(2*ArcTan[Tan[c]]*ArcTanh[C
os[c] - Sin[c]*Tan[(d*x"n)/2]] + (((d*x"n + ArcTan[Tan[c]])*(Log[l - E~(I*
(d*x"n + ArcTan[Tan[c]]))] - Logl[l + E~(I*(d*x™n + ArcTan[Tan[c]]))]) + I*
PolyLog[2, -E~(I*(d#x"n + ArcTan[Tan[c]]))] - I*PolyLog[2, E~(I*(d*x"n + A
rcTan[Tan[c]]))])*Sec[c])/Sqrt[Sec[c]~2]) + b~2*d*x"n*Csc[c/2]*Csc[(c + d*
x"n) /21 *Sin[(d*x~n) /2] + b~2*d*x"n*Sec[c/2]*Sec[(c + d*x"n)/2]*Sin[(d*x"n)
/21))/(2%d"2*e*n*x~ (2*n) )

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.66,

number of rules __
integrand size 0.208, Rules

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(ex)2n_1 (a4 besc (¢ + dz™))? dz

l 4697

=2 (ex)?™ [ 22"1(a+ besc (da™ + ¢))? da
e

J'4693
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=2 (ex)?™ [ 2™(a + besc (dz" + ¢))* da™

en
l 3042
z72"(ex)?™ [ z™(a + bese (dz™ + c))? dz"
en
l 4678
72" (ex)?™ [ (a®z™ + b% csc? (dz™ + ¢) ™ + 2abcsc (dz™ + ¢) ™) da™
en
l 2009
4abzmarctanh (ei(e+d=") 2iab PolyLog ( 2,—e(de" +¢) 2iab PolyLog ( 2,et(d="+¢) .
x_zn(em)Qn (éaszn _ abzr : <e ) n iab Poly’ oggl2 e > _ iab Poly. ogd<2 e ) n bzlog(su;gc-i—d

en

-

LInt[(e*x)’“(-l + 2%n)*(a + b*Csc[c + d*x~n])"2,x]

. ]

input

Output‘((e*x)‘(2*n)*((a‘2*X‘(2*n))/2 - (4*axb*x"n*ArcTanh[E~(I*(c + d*x"n))])/d -
(b"2*x"n*Cot [c + d*x"n])/d + (b~2*Log[Sin[c + d*x"n]])/d"2 + ((2*I)*axb*P ‘
‘olyLog[Q, -E"(I*(c + d*x"n))])/d"2 - ((2%I)*a*bxPolyLogl[2, E~(I*(c + d*x"n ‘
10)1)/d72))/ (e*n*x"(2+n)) |

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

. ]

rule 30 42‘ Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\ J

‘Int[(csc[(e_.) + (£_)*(x_)1*(b_.) + (a_))"(@a_.)*((c_.) + (@_.)*(x_)) " (m_.) ‘
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x], ‘
\ x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O] \

rule 4678
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rule 4693 Tptl((a_.) + Cscl(c_.) + (d_)*x_)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] &% IntegerQ[p]

rule 4697 TRELC(a_.) + Csclc_.) + (d_)*(x)"(m)1*(b_.))"(p_.)*((e)*(x))"(m_.), x

_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x FracPart[m])
a + bxCscl[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Int [x " mx*(

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.76 (sec) , antiderivative size = 1002, normalized size of antiderivative = 4.68

method

result

size

risch

Expression too large to display

1002

inputt

int ((e*x)~ (-1+2*n) * (a+b*csc(c+d*x"n)) ~2,x,method=_RETURNVERBOSE)
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1/2*a”2/n*x*exp(1/2% (-1+2*n) * (-I*csgn(I*e) *csgn (I*x)*csgn(I*exx)*Pi+I*csgn
(I*e)*csgn(I*exx) "2*Pi+Ixcsgn(I*x)*csgn(I*e*x) "2*Pi-T*xcsgn(Ixe*x) ~3*%Pi+2+1
n(x)+2*1n(e)))-2*I*x*b~2*exp (1/2* (-1+2*n) * (-I*csgn(I*e)*csgn(I*x)*csgn(Ixe
*x) *Pi+Ixcsgn(I*e)*csgn(I*e*x) ~2+Pi+I*csgn(I*x)*csgn(I*e*xx) “2*%Pi-Ixcsgn(I*
e*xx) “3*Pi+2x1n(x)+2*1n(e)))/d/n/ (x"n)/(exp (2*I*(c+d*x"n))-1)-2%b~2/d~2/n*(
e"n) "2/exexp(1/2*xI*csgn(I*e*xx)*Pi* (-1+2+*n) * (csgn(I*e*x)-csgn(I*x))*(-csgn(
Ixexx)+csgn(Ixe)))*1n(exp(I*x~n*d))+1/n/d"2+%b"2x(e"n) "2/exexp(1/2*xI*csgn (I
xe*x) ¥Pix (-1+2*n) * (csgn (I*e*x)-csgn(I*x))*(-csgn(I*exx)+csgn(I*xe)))*1n(exp
(2*I*(c+d*x"n))-1)+2/n/d*b*a/ex(e"n) ~2*1n(1-exp (I* (c+d*x"n)))*x " n*(-1) (-1
/2xcsgn (I*x)*csgn(Ixexx) ~2)*(-1)"(-1/2*csgn(Ixe)*csgn(Ixexx) ~2)*(-1)~(1/2*
csgn(I*e)*csgn(I*x)*csgn(I*e*x))*exp(1/2*xI*Pikxcsgn(I*e*x)*(-2*csgn(I*e)*cs
gn (I*x)*n+2*csgn(I*e)*csgn(I*xexx)*n+2*n*csgn(I*x)*csgn(I*exx)-2*n*csgn(I*e
*x) “2+csgn (I*e*x) ~2))-2/n/d*b*a/ex(e"n) "2*1n(exp(I* (c+d*x"n))+1)*x"n*(-1)~
(-1/2*csgn(I*x)*csgn(Ixe*xx) ~2)*(-1)~(-1/2*xcsgn(I*e)*csgn(I*e*xx) ~2)*x(-1)~ (1
/2%csgn(I*xe)*csgn(I*x)*csgn(I*e*x))*exp(1/2*xI*Pikcsgn(I*e*x)*(-2*csgn(I*e)
*xcsgn (I*x) *n+2*csgn(I*e)*csgn(I*e*x) *n+2*n*csgn (I*x) *csgn(I*e*x)-2*n*csgn (
I*xexx) “2+csgn(I*e*x) ~2))-2*I/n/d"2*b*a/e*(e"n) "2*dilog(1-exp(I*(c+d*x"n)))
*(-1)~(-1/2*csgn(I*x)*csgn(I*xe*x) ~2)*(-1) ~(-1/2*csgn(Ix*e) *csgn(I*e*x) ~2) *(
-1)~(1/2*csgn(I*e)*csgn(I*x)*csgn(I*e*x))*exp(1/2*I*Pi*csgn (I*exx)*(-2*csg
n(I*xe)*csgn(I*x)*n+2*csgn(I*e)*csgn(I*e*x)*n+2xnxcsgn(I*x)*csgn(I*e*x)-. ..

output

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 568 vs. 2(206) = 412.

Time = 0.12 (sec) , antiderivative size = 568, normalized size of antiderivative = 2.65

/(ex)‘”zn (a+besc (c + dz™))? da

a’d?e?" 12" sin (dz™ + ¢) — 2b%de?™1z™ cos (dz™ + ¢) — 2i abe?™ 1 Liy(cos (dz™ + ¢) + i sin (dz™ + c)

( N

input integrate ((e*x) ~ (-1+2#*n) * (a+b*csc(c+d*x™n))~2,x, algorithm="fricas")




output

input

output

input
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1/2%(a"2%d"2xe~ (2*n - 1)*x~(2*n)*sin(d*x™n + c) - 2%b~2xd*e” (2*n - 1)*x"nx*
cos(d*x™n + c) - 2xIxa*bke”(2*n - 1)*dilog(cos(d*x™n + c) + I*sin(d*x"n +
c))*sin(d*x"n + c) + 2xI*axb*e”(2*n - 1)*dilog(cos(d*x™n + c) - I*sin(d*x~
n + c))*sin(d*x"n + c) - 2*Ixa*bxe”(2*n - 1)*dilog(-cos(d*x"n + c) + I*sin
(d*x”n + c))*sin(d*x"n + c) + 2xI*a*b*e”(2*n - 1)*dilog(-cos(d*x™n + c) -
I*sin(d*x™n + c))*sin(d*x™n + c) - (2*%axb*c - b~2)*e~(2*n - 1)*log(-1/2*co
s(d*x"n + c) + 1/2*Ixsin(d*x"n + c) + 1/2)*sin(d*x"n + c) - (2%axb*c - b~2
)*e~(2*n - 1)*log(-1/2*cos(d*x™n + c) - 1/2*I*sin(d*x"n + c) + 1/2)*sin(dx
x"n + c) - (2%axb*d*e”(2*%n - 1)*x"n - b~2*e~(2*n - 1))*log(cos(d*x"n + c)
+ Ixsin(d*x”n + c) + 1)*sin(d*x™n + c) - (2%axb*d*e”(2*n - 1)*x"n - b~ 2%e”
(2%n - 1))*log(cos(d*x™n + c) - I*sin(d*x"n + c) + 1)*sin(d*x™n + c) + 2%(
axbxd*e” (2%n - 1)*x"n + a*bkcxe”(2*n - 1))*log(-cos(d*x"n + c) + I*sin(d#*x
“n + c) + 1)*sin(d*x"n + c) + 2%(axb*d*e”(2*n - 1)*x"n + a*b*c*e”~(2*n - 1)
)*log(-cos(d*x"n + c) - I*sin(d*x"n + c) + 1)*sin(d*x™n + c))/(d"2*n*sin(d
*x™n + c))

Sympy [F]

/(ew)‘”zn (a+besc (c+dz™))? do = / (ez)*™ " (a4 besc (c+ dz™))? da

-

Lintegrate((e*x)**(-1+2*n)*(a+b*csc(c+d*x**n))**2,x)

~—

.
LIntegral((e*x)**(2*n - 1)*(a + bxcsc(c + d*x**n))**2, x)

~—

Maxima [F]

/(ex)_1+2" (a +besc (¢ + dz™))? do = / (besc (dz™ + ¢) + a)*(ex)?" " da

p
Lintegrate((e*x)‘(—1+2*n)*(a+b*csc(c+d*x‘n))‘2,x, algorithm="maxima")

~—
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1/2x(exx) ~(2*n)*a~2/(exn) - (2*b~2*e” (2*n)*x"n*sin(2*d*x"n + 2*c) - (d*e*n
*cos (2*%d*x™n + 2%c) "2 + d*exn*sin(2*d*x"n + 2*c) "2 - 2*kd*exn*cos(2*d*x"n +
2xc) + dxe*n)*integrate((2*a*bxd*e”(2+#n)*x~(2*n) - b~2*e”(2+#n)*x"n)*sin(d
*x"n + c)/(d*exx*kcos(d*x™n + c)~2 + dxexx*sin(d*x"™n + c)~2 + 2xd*exx*cos(d
*x"n + c) + dxe*xx), x) - (d*e*n*cos(2*d*x"n + 2*c) 2 + d*e*n*sin(2*d*x"n +
2%c) 2 - 2*d*exnxcos(2*d*x"n + 2%c) + dxe*n)*integrate ((2*a*b*xd*e”(2*n)*x
~(2*n) + b"2xe”(2*n)*x"n)*sin(d*x"n + c)/(d*exx*cos(d*x™n + c)~2 + d*exx*s
in(d*x"n + ¢)~2 - 2xd*e*x*cos(d*x"n + c) + d*e*x), x))/(d*e*n*xcos(2*d*x"n
+ 2%c) "2 + d¥e*n*sin(2*d*x"n + 2%c) "2 - 2xdxexnxcos(2xd*x"n + 2%c) + d*e*n

)

output

Giac [F]

/(ex)_1+2” (a+besc(c+ dz™))? do = / (besc (dz™ + ¢) + a)*(ex)*" ! dx

input‘integrate((e*x)“(—1+2*n)*(a+b*csc(c+d*x“n))“2,x, algorithm="giac")

r

outputLintegrate((b*csc(d*xhn + c) + a)"2x(exx)~(2%n - 1), x)

Mupad [F(-1)]

Timed out.

/(ex)‘”zn (a+besc (c+dz™))? do = / (a + %) 2 (ex)*" " da

sin (¢ + d 2™

inputtint((a + b/sin(c + d*x"n)) " 2*%(e*x)~(2%n - 1),x)

output‘int((a + b/sin(c + d*x"n)) 2*(e*x)"(2*n - 1), x)
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Reduce [F]

/(ex)‘“‘Qn (a +bese (¢ + dz™))? da

e (—2:5” cos (z"d + ¢) b*d + z*" sin (z"d + ¢) a®d® + 4<f wdaﬁ sin (z"d + ¢) abd*n — 2 log(
B 2sin (z"d + ¢) d%en

input Lint ((e*x) " (-1+2*n) * (a+b*csc(c+d*x"n)) ~2,x) J

‘ (e*x(2*n) *x ( - 2*xx**n*cos (x**n*d + c)*b**2*xd + x**(2*n)*sin(x**n*d + c)*akx* ‘
| 2%d*x2 + 4xint ((xxk(2kn)*xcsc(xrxnxd + ¢))/x,x)*sin(xsnkd + c)kaxbrd*2xn |
- 2xlog(tan((xk*nxd + c)/2)*%2 + 1)*sin(xk*n*d + c)*b**2 + 2¥log(tan((x**n |
‘*d + ¢)/2))*sin(x**n*xd + c)*b**2))/(2*sin(x**n*d + c)*d**2*e*n) ‘

output
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3.78 [(ex)™1+3" (a + besc (c + dz™))” dx

Optimal result . . . . . . . . . . . . e D42
Mathematica [F] . . . . . . . . . . . H43]
Rubi [A] (verified) . . . . . . . . . 543
Maple [F] . . . . o
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . . o 5461
Maxima [F] . . . . . .
Giac [F] . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . .

Optimal result

Integrand size = 24, antiderivative size = 377

a*(ex)®™ b’z "(ex)™"

/(ez)_1+3" (a+ besc (c+ da™))? dr =

3en den
4abz " (ex)*"arctanh (e(¢+d="))
den
_ b’z (ex)* cot (c + da™)
den .
2b2$_2n(€$)3n log (1 _ e2z(c+dz"))
+
d?en '
4iabz 2" (exz)*" PolyLog (2, —e't4™")
_|_
d?en ‘
4iabz~?"(ex)* PolyLog (2, eict%"))
d?en '
ib?z 3" (ex)®™ PolyLog (2, e%(ct")
d3en ‘
4abz~*"(ex)®" PolyLog (3, —ei(cT%"))
d3en

4abz~%"(ex)®" PolyLog (3, eict%"))
+
d3en



output

input

output
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1/3*a”~ 2 (exx) " (3*n) /e/n-Ixb~2* (e*x) ~(3*n) /d/e/n/ (x"n) -4*axb* (exx) ~ (3*n) *ar
ctanh (exp(I*(c+d*x~n)))/d/e/n/(x"n)-b"2x(e*xx) " (3*n) *cot (c+d*x"n)/d/e/n/(x~
n)+2*b~2* (e*xx) ~(3*n) *1n(1-exp(2*I*(c+d*x"n)))/d~2/e/n/ (x~ (2*n) ) +4*xI*axb* (e
*x) " (3*n) *polylog(2,-exp(I*(c+d*x"n)))/d~2/e/n/ (x~(2*n) ) -4*I*a*xb* (e*xx) ~ (3%
n)*polylog(2,exp(I*(c+d*x~n)))/d"2/e/n/(x~ (2*n))-I*b~2* (e*x) " (3*n) *polylog
(2,exp(2*I*(c+d*x"n)))/d"3/e/n/ (x~ (3*n) ) -4*axb* (exx) ~ (3*n) *polylog(3,-exp(
Ik (c+d*x"n)))/d"3/e/n/(x" (3*n)) +4*a*b* (e*xx) ~ (3*n) *polylog(3,exp(I*(c+d*x"n
)))/d~3/e/n/ (x~(3*n))

Mathematica [F]

/(ex)_1+3" (a+besc (¢ +dz™))? do = /(ea:)_1+3" (a4 besc (¢ + da™))? da

-

LIntegrate[(e*x)“(—l + 3*n)*(a + b*Csc[c + d*x"n])~2,x]

~—

' Integrate[(e*x)~(-1 + 3#n)*(a + b*Csclc + d*x"n])"2, x] |

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 250, normalized size of antiderivative = 0.66,

number of rules _ 908 Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e:z:)?’”_1 (a + bese (¢ + dz™))? da

l 4697

=3 (ex)®™ [ 23"1(a + besc (da™ + ¢))? da
e

l 4693
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73" (ex)?" [ 22" (a + besc (dz™ + ¢))? dz™
en
| 302

73" (ex)?" [ 2?™(a + besc (dz™ + ¢))? dz”
en
| 4678

73" (ex)® [ (a®z®™ + b csc? (dz™ + ¢) 2™ + 2abcsc (dz™ + ¢) z") da™
en
| 2009

daba?rarctanh (ei(+4"))  abPolyLog(3,—ei(*="+e))  abPolyLog(3,e'(*"+9))  aiaba™ PolyLo
—3n 3n | 1,2,.3n _ _ + +
x~°"(ex) 30°% = P e

input LInt[(e*x)’"(-l + 3%n)*(a + bxCsclc + d*x"n])"2,x] J

((exx)~ (3*n) *(((-I)*b~2*x~(2#n))/d + (a~2*x"(3%n))/3 - (4*a*b*x” (2*n)*ArcT
anh[E~(I*(c + d*x"n))])/d - (b"2*x~(2*n)*Cot[c + d*x"n])/d + (2*b~2*x"n*Lo
gll - ET((2*I)*(c + d*x"n))])/d"2 + ((4*I)*a*b*x"n*PolyLog[2, -E~(I*(c + d
*x™n))])/d"2 - ((4xI)*axbxx"n*PolyLog[2, E~(I*(c + d*x"n))])/d"2 - (I*b~2*
PolyLog[2, E~((2*I)*(c + d*x™n))])/d"3 - (4*a*bxPolyLog[3, -E~(I*(c + d*x~
n))1)/d"3 + (4*a*xb*PolyLog[3, E~(I*(c + d*x"n))])/d~3))/(e*n*x~(3*n))

output

Defintions of rubi rules used

ruke2009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qu, x]

rule 4678 Int[(escl(e_.) + (£_)*(x)1*(_.) + (@)~ (@_)*((c_.) + (d_)*(x))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, O]
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Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

rule 4693

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.)) " (p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

rule 4697

Maple [F]

/ (ex) " (a + besc (c+ dz™))dx

input Lint ((e*x)~(-1+3*n) * (a+b*csc (c+d*x™n) ) ~2,x)

. ]

p
output Lint ((e*x)~(-1+3*n)* (a+b*csc(c+d*x™n))~2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 890 vs. 2(362) = 724.

Time = 0.13 (sec) , antiderivative size = 890, normalized size of antiderivative = 2.36

/(ex)_1+3" (a +besc (¢ + dz™))? dz = Too large to display

input integrate((e*x)~(-1+3+n)*(a+b*csc(c+d*x™n))~2,x, algorithm="fricas")
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output

1/3%(a”2*d"3%e” (3*n - 1)*x~(3*n)*sin(d*x™n + c) - 3*b~2%d"2*e”(3*n - 1)*x"
(2#n)*cos(d*x"n + c) + 6*axb*e”(3*n - 1)*polylog(3, cos(d*x"n + c) + Ixsin
(d*x"n + c))*sin(d*x"n + c) + 6*axb*e”(3*n - 1)*polylog(3, cos(d*x™n + c)
- Ixsin(d*x"n + c))*sin(d*x™n + c) - 6*axbxe”(3*n - 1)*polylog(3, -cos(d*x
“n + c) + I*sin(d*x™n + c))*sin(d*x™n + c) - 6%a*b*e”(3*n - 1)*polylog(3,
-cos(d*x™n + c) - I*sin(d*x"n + c))*sin(d*x™n + c) + 3*(axb*c™2 - b"2*c)*e
~(3*n - 1)xlog(-1/2*cos(d*x™n + c) + 1/2*I*sin(d*x"n + c) + 1/2)*sin(d*x"n
+ c) + 3%(axb*c™2 - b"2*c)*e”(3*%n - 1)*log(-1/2*cos(d*x"n + c) - 1/2xIx*si
n(d*x"n + c) + 1/2)*sin(d*x™n + c) - 3*(2xI*a*bxd*e”(3*n - 1)*x"n + I*b~2*
e~ (3*n - 1))*dilog(cos(d*x™n + c) + I*sin(d*x™n + c))*sin(d*x™n + c) - 3*(
-2*%I*axb*dxe”(3*%n - 1)*x"n - Ixb"2%e”(3*n - 1))*dilog(cos(d*x™n + c) - I*s
in(d*x"n + c))*sin(d*x™n + c) - 3*(2*Ixaxb*d*e~(3*n - 1)*x"n - I*b~2%e” (3%
n - 1))*dilog(-cos(d*x"n + c) + I*sin(d*x"n + c))#*sin(d*x™n + c) - 3*(-2%I
*axb*d*e~(3*n - 1)*x"™n + I*b~2%e”(3*%n - 1))*dilog(-cos(d*x™n + c) - I*sin(
d*x"n + c))*sin(d*x™n + c) - 3%(axbxd"2xe”(3*n - 1)*x~(2*%n) - b~2*d*e”(3*n
- 1)*x"n)*log(cos(d*x™n + c) + I*sin(d*x™n + c) + 1)*sin(d*x"n + c) - 3%(
axbxd"2%e” (3*%n - 1)*x~(2*n) - b~2*d*e”(3*n - 1)*x"n)*log(cos(d*x™n + c) -
I*sin(d*x"n + ¢) + 1)*sin(d*x"n + c) + 3*(a*b*d"2*e~(3*n - 1)*x~(2*n) + b~
2%d*e”(3*%n - 1)*x"n - (a*b*c™2 - b2xc)*e”(3*n - 1))*log(-cos(d*x™n + c) +
Ixsin(d*x™n + c) + 1)*sin(d*x™n + c) + 3*x(axb*d™2*e~(3*n - 1)*x~(2*n)

Sympy [F]

/(ex)_1+3" (a+besc (c+ dz™))? dx = / (ex)> ™ (a + besc (c+ da™))? dz

inputt

integrate ((e*x) **(-1+3*n) * (a+b*csc (c+d*x*k*n) ) **2,x)

-

outputt

Integral ((exx)**(3*n - 1)*(a + bkcsc(c + dxx**n))**2, x)

| —
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Maxima [F|

/(ex)_1+3” (a + bese (¢ + dz™))? dz = / (bese (dz™ + ¢) + a)’(ex)*™ " da

input‘integrate((e*X)”(-1+3*n)*(a+b*csc(c+d*x‘n))“2,x, algorithm="maxima")

1/3*x(e*xx) " (3*n) *a~2/(e*n) - (2*b~2*xe” (3*n)*x~ (2*n)*sin(2*d*x"n + 2*c) - (d
*exn*xcos (2xd*x"n + 2%c) 2 + d¥e*n*sin(2xd*x"n + 2%c) 2 - 2*d*e*n*cos(2xd*xx
“n + 2%c) + dxe*n)*integrate(2*(axb*d*e” (3*n)*x~(3*n) - b~2%e”(3*n)*x~(2*n
))*sin(d*x"n + c)/(d*exx*cos(d*x™n + c)~2 + d*exx*sin(d*x™n + c)~2 + 2*dxe
*x*cos(d*x™n + c) + dxe*x), x) - (d*e*n*xcos(2*d*x"n + 2*c)”2 + d*e*n*sin(2
*xd*x"n + 2%c) "2 - 2*d¥exnxcos(2*d*x"n + 2%c) + d¥exn)*integrate(2*(a*bxdxe
~(3*n)*x~(3*n) + b~ 2%e”(3*n)*x~(2%n))*sin(d*x"n + c)/(d*e*x*cos(d*x™n + c)
~2 + d¥exx*sin(d*x"n + c)~2 - 2*d*e*x*cos(d*x"n + c) + d*xexx), x))/(d*e*n*
cos(2*d*x"n + 2%c) "2 + d*exn*sin(2*d*x"n + 2%c)”2 - 2xd*e*n*cos(2*d*x"n +

2%c) + d*ex*xn)

output

Giac [F]

/(ex)_1+3n (a+ besc (c+ dz™))? dz = / (bese (dz™ + ¢) + a)’(ex)*™ " dx

inputLintegrate((e*x)“(-1+3*n)*(a+b*csc(c+d*x‘n))“2,x, algorithm="giac")

p

outputtintegrate((b*csc(d*x*n +c) + a)~2%(exx)~(3*n - 1), x)

A >
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Mupad [F(-1)]

Timed out.

/(ew)_1+3" (a+besc (c+dz™))? do = / (a + %) 2 (ex)’" " da

sin (¢ + d ™
input Lint((a + b/sin(c + d*x"n))~2*(exx)~(3*n - 1),x) J
Outputtint((a + b/sin(c + d*x"n))~2%(e*x)~(3%n - 1), x) J
Reduce [F|

/(ex)_l+3” (a+besc(c+ dac"))2 dx

e3n <w3”a2 + 6<f z3n cscix"d-l—c) d:L') abn + 3(f 23n csc(;c”d-{-c)? dx) b2n>

3en

input Lint ((e*x)~ (~1+3*n) * (a+b*csc (c+d*x~n) ) ~2,x) J

Output‘ (ex* (3*n) * (x** (3*n) *a**2 + 6%int ((x**(3*n)*csc(x**n*d + c))/x,x)*a*b*n + 3 ‘
‘ *int ((x** (3*n) *csc(x*x*xn*d + c)**2)/x,x)*b**2*n))/ (3%e*n) ‘
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3.79 [l gy

a+b csc(c+dz™)
Optimal result . . . . . . . . .. .. 549
Mathematica [A] (verified) . . . . . . ... ... L o BYL)
Rubi [A] (verified) . . . . . . . .. .. 550
Maple [C] (warning: unable to verify) . . . . . . ... ... .. .. .. 552
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ...... 553
Sympy [F] . . . 5o
Maxima [F] . . . . . .. 557
Giac [F] . . . . o o 554
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 555
Reduce [B] (verification not implemented) . . . ... ... ... ......... 555

Optimal result

Integrand size = 22, antiderivative size = 85

—n n a+btan (L (ct+dz™)
/ (ez)~1+7 o (ex)" . 2bx~"(ex) arctanh( w(lg_w ))
a+besc(c+dzn) ~  aen ava? — b*den

‘(e*x)“n/a/e/n+2*b*(e*x)‘n*arctanh((a+b*tan(1/2*c+1/2*d*x‘n))/(a‘2—b‘2)*(1/
2))/a/(a~2-b"2)~(1/2)/d/e/n/(x"n)

N\ J

output

Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.93

N
vV —a2+b2

+btan( L (c+da™
%wnman(a“(f(cﬂ))

(ex)* | d+ cx™ —

/ (ex)—l—i-n
dr =
a+ besc (¢ + dzn) aden

inputtIntegrate[(e*x)“(-l + n)/(a + b*Csclc + d*x~nl),x] J
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Output‘ ((e*x)"n*(d + c/x"n - (2%b*ArcTan[(a + b*Tan[(c + d*x"n)/2])/Sqrt[-a~2 + b ‘
L"2]])/(Sqrt [-a”™2 + b"2]*x"n)))/(a*xd*e*n) J

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.02,

number of rules _ 0.364, Rules

number of steps used = 9, number of rules used = 8§, integrand size

used = {4697, 4693, 3042, 4270, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

n—1
/ (ex) iz
a+ besc(c+ dxn)
l'4697

n—1

z"(ex)" | sipesc@ta O

e
l 4693

— 1
T n(ew)n f a+bcsc(dz™+-c) dz™

en

l 3042

— 1
T n(ex)n f a+bcsc(dz™+c) dz™

en
l'4270

1
n f asin(dz™+c) +1d1‘n
x—n(ex)n T b
a a

en

l 3042

1
f asin(dz™+c) dz™
—n( )n " B
T EeT a a

en

l 3139
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1 1 n
. 2J 2n+2atan(%(dz"+c)) ldtan(Q(da: +0))
—-n n r_ __ z Y
z (ex) a ad
en
l 1083
1 g(2a 1 n
- § 4f _z2n_4<1_¢;%) d( - +2tan(2(dm +c))) =
x "(ex) . +Z
en

2v/a2—p2

adva?—b2 a

2ba,rcta,nh ( b(2Ta+2 tan(% (C+d1n))) >
z " (ex)” +

en

-

input LInt[(e*X)‘(-l + n)/(a + b*Csc[c + d*x"n]),x]

AN >

‘ ((exx) "n*(x"n/a + (2xb*ArcTanh[(bx((2*a)/b + 2*Tan[(c + d*x"n)/2]))/(2*Sqr ‘

output
tla™2 - b721)1)/(a*Sqrt[a2 - b~2]*d)))/(e*n*x"n) |

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1083

rule 3042‘11“7 [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |
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rule 3139

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe~2%x"2), x], x, Tan[(c + d*x)/21/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[a=2 - b~2, 0]

rule 4270

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

rule 4693

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

rule 4697

e

input L

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(@_)]1*(_.)) " (p_.)*((e)*(x_))"(m_.), x
_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + b*Csc[c + d*x™n]l)"p, x], x] /; FreeQl{a, b, ¢, 4, e, m, n, p}, x]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.35 (sec) , antiderivative size = 315, normalized size of antiderivative = 3.71

method | result

(—14n) (—i csgn(ie) csgn(iz) csgn(iex)m+1i csgn(ie) csgn(iez)27r+i csgn(iz) csgn(iez)Q'rr—i csgn(ie:c)37r+2 In(z)+2 ln(e))

re 2

risch
an

int ((e*x)~(-1+n)/(a+b*csc(c+d*x"n)) ,x,method=_RETURNVERBOSE)

A >

2i arctan ( 2’—“2‘
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1/a/n*x*exp(1/2*%(-1+n) * (-Ixcsgn(I*e)*csgn (I*x)*csgn(I*exx)*Pi+Ixcsgn(I*e)*
csgn(I*xexx) "2xPi+Ixcsgn(I*x)*csgn(I*e*xx) "2*xPi-Ixcsgn (I*e*x) ~3*Pi+2*1n(x)+2
*1n(e)))-2+I*xarctan(1/2*(2xI*a*exp (I*(d*x"n+2*c))-2*exp(I*c)*b)/(a~2*exp(2
*xI*c)-exp(2xI*c)*b~2)~(1/2))/(a"2xexp(2*I*c)-exp(2*%I*c)*b~2)~(1/2)/d/exe"n
/n/axbxexp(1/2*I*(-Pi*n*csgn(I*e)*csgn(I*x)*csgn(I*e*x)+Pi*n*csgn(I*e)*csg
n(I*e*xx) "2+Pi*n*csgn(I*x)*csgn(I*e*x) "2-Pi*n*csgn(I*e*x) ~3+Pi*csgn(I*e)*cs
gn(I*x)*csgn(Ixe*x)-Pixcsgn(I*e)*csgn(I*e*x) "2-Pikcsgn(I*x)*csgn(I*e*x) "2+
Pikcsgn(I*e*x) ~3+2%c))

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 301, normalized size of antiderivative = 3.54

—14n
/ (ex) i
a+ besc(c+ dzn)
(a2—2b%) cos(dz™+c)*+2 vVaZ—b2a cos(dz™+c)+a?+b2+2 (\/ a2—b2bcos(dz™+c
2 _ 12 n—1,.n [n2 _ K2hon—1
2 (a b )de "+ va bbe log ( a2 cos(dz™+c)% —2 absin(dz"+c)—a? —b2

B 2 (a3 — ab?)dn

inputLintegrate((e*x)“(-1+n)/(a+b*csc(c+d*x‘n)),x, algorithm="fricas") J

~

[1/2%x(2x(a”2 - b"2)*d*e”~(n - 1)*x"n + sqrt(a”2 - b"2)*b*e"(n - 1)*log(((a”
2 - 2xb"2)*cos(d*x™n + c)”2 + 2xsqrt(a”2 - b"2)*axcos(d*x™n + c) + a”2 + b
"2 + 2*x(sqrt(a”2 - b~2)*b*cos(d*x™n + c) + axb)*sin(d*x"n + c))/(a"2*cos(d
*x™n + ¢)72 - 2%axb*sin(d*x™n + c) - a”2 - b72)))/((a”3 - a*b”2)*d*n), ((a
"2 - b"2)*d*e"(n - 1)*x"n + sqrt(-a”2 + b"2)*b*e”(n - 1)*arctan(-(sqrt(-a~
2 + b"2)*b*sin(d*x"n + c) + sqrt(-a”2 + b"2)*a)/((a”2 - b"2)*cos(d*x™n + ¢
))))/((a"3 - a*b~2)*d*n)]

output
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Sympy [F]

—14n n—1
/ (ez) dr = / (ez) dz
a+ besc(c+ dzn) a+ besc(c+ dxn)

inputLintegrate((e*x)**(-1+n)/(a+b*csc(c+d*x**n)),x)

Ou_tputLIntegral((e*x)**(n - 1)/(a + bxcsc(c + d*x**n)), x)

Maxima [F]

—14n n—1
/ (e2) dz = / (e2) dx
a+ besc (¢ + dzn) besc(dzt +¢) +a

input

Lintegrate((e*x)A(—1+n)/(a+b*csc(c+d*x‘n)),x, algorithm="maxima")

output

cos(2xd*x"n + 2*c)), x) - e n*x"n)/(axe*n)

-(2*axbxe”(n + 1)*n*integrate((2*b*x"n*cos(d*x™n + c)~2 + a*x " n*cos(d*x"n
+ c)*sin(2*d*x™n + 2*%c) - a*x"n*cos(2+d*x"n + 2*c)*sin(d*x"n + c) + 2*xbxx”
n*sin(d*x™n + c)”2 + a*x"n*sin(d*x"n + c))/(a"3*e*x*cos(2*d*x"n + 2%c)~2 +
4*xa*xb~2%e*x*cos(d*x"n + c)”2 + 4*a”2¥b*exx*cos(d*x"n + c)*sin(2*d*x"n + 2
*C) + a~3xexx*sin(2*d*x"n + 2%c) "2 + 4dxaxb"2ke*x*sin(d*x"n + c)"2 + 4*xa”~2x*
b*e*x*sin(d*x"n + c) + a"3*e*x - 2% (2*xa”2*bxexx*sin(d*x"n + c) + a”3*exx)*

Giac [F]

—14n n—1
/ (e2) dzx = / (e2) dx
a+ besc (¢ + dzn) besc(dzh +¢) +a

inputLintegrate((e*x)‘(—1+n)/(a+b*csc(c+d*x*n)),X, algorithm="giac")

OutputLintegrate((e*x)“(n - 1)/(b*csc(d*x™n + c) + a), x)
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Mupad [B] (verification not implemented)

Time = 17.10 (sec) , antiderivative size = 229, normalized size of antiderivative = 2.69

—14n
/ (ex) d
a + besc (¢ + dz™)
cli daz™ 1i =1 a. 2bz (ez)” ! (alit+beclieds™ 1 n—

2 (ez)™ bz In (bxe ligda™1i (g )" 1 2 — \/L%m )) (ex)"

- an B adnz™va+bva—>b

: nq; nel .  2bz(ex)” ' (ali pecligdz™1i o
bmln(bwed‘ed"” (ex)" 21+ ( )\/c%jm )> (ez)™"

+
adnx™va+bya—>b

int((e*x)~(n - 1)/(a + b/sin(c + d*x"n)),x)

input
output (xx(e*x)~(n - 1))/(a*n) - (b*x*log(b*x*exp(c*1i)*exp(d*x~n*1i)*(e*x) (n -
1)#2i - (2xb*x*(exx)~(n - 1)*(a*1li + b*exp(c*1i)*exp(d*x"n*1i)))/((a + b)~
(1/2)*(a - ©)7(1/2)))*(exx)"(n - 1))/(axd*n*x"n*(a + b)~(1/2)*(a - b)~(1/2
)) + (b*x*log(b*x*exp(c*1i)*exp(d*x~n*1i)*(e*x)"(n - 1)*2i + (2¥b*x*(e*x)”
(n - 1)*(ax1i + b*exp(c*1i)*exp(d*x™n*1i)))/((a + b)~(1/2)*(a - b)~(1/2)))
*(e*x)~(n - 1))/(a*xd*n*x"n*(a + b)~(1/2)*(a - b)~(1/2))
Reduce [B] (verification not implemented)
Time = 0.19 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.02
n 2 2 tan(#+§)b+a n 2 np2
(ez)1+n ; e"| 2v/ —a? + b2 atan —e b+ z"a*d — z"b*d
/ a+ bese (¢ + dzn) v aden (a? — b?)
input Lint ((e*x)~(-1+n)/(at+b*csc(c+d*x"n)) ,x) J
output‘ (exxnx (2xsqrt ( - ax*2 + bx*2)*atan((tan((x**nxd + c)/2)*b + a)/sqrt( - ax*
2 + b**2))*b + xkknka*xx2kd - x**n¥xb**2%d))/(axdxexn*(a*x*2 - b*x2))

J

N



output
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3.80 [l _gp
) a+b csc(c+dz™)

Optimal result . . . . . . . . .. .. 556
Mathematica [B] (warning: unable to verify) . . . . .. ... .. ... ... ... B57
Rubi [A] (verified) . . . . . . . .. .. H58
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... ... 660
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 560
Sympy [F] . . . H61]
Maxima [F] . . . . . .. 562
Giac [F] . . . . o o (62
Mupad [F(-1)] . . . 562
Reduce [F] . . . . 0 o 563

Optimal result

Integrand size = 24, antiderivative size = 338

hye—T 10 iget(ctd=")
/ (ex)~1+2n o (ex)> bz (ex)?"log (1 — W)
a+besc(c+dzm)  2aen av/ —a? + bden

ibz~"(ex)?" log (1 _ igei(c+da™) )

b+v—a?+b2

+

av/ —a? + b%den

bz ~2"(ex)*" PolyLog (2 ige’c+47) >

) h—n /_a2_+_b2

av/ —a? + b2d2en

bz ~2"(ex)?" PolyLog <2 ine'!

ctdz™)
e

av—a? + b2d?en

1/2*(e*xx) ~(2*n) /a/e/n+I*b* (exx) " (2*n) *1n(1-I*axexp (I*(c+d*x"n))/(b-(-a~2+b
~2)7(1/2)))/a/(-a"2+b~2)~(1/2) /d/e/n/ (x"n) -I*b* (e*x) ~ (2*n) *1n (1-I*a*exp (I*
(c+d*x7n) )/ (b+(-a"2+b"2)"(1/2))) /a/(-a~2+b~2) " (1/2) /d/e/n/ (x"n) +b* (e*x) ~ (2
*n) *polylog(2,I*a*exp(I*(c+d*x"n))/(b-(-a~2+b"2)~(1/2)))/a/(-a~2+b"2) "~ (1/2
)/d"2/e/n/ (x~ (2*n) ) -b* (e*x) ~ (2*n) *polylog(2, I*axexp (I* (c+d*x"n) )/ (b+(-a~2+
b~2)~(1/2)))/a/(-a"2+b~2)~(1/2) /d"2/e/n/ (x~ (2*n))




input

output

>

N
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1003 vs. 2(338) = 676.

Time = 3.94 (sec) , antiderivative size = 1003, normalized size of antiderivative = 2.97

/ (ex)—1+2n dz = Too large to displa;
a+bcsc(c+dzn) & Py

Integrate[(e*x)~(-1 + 2#n)/(a + b*Csc[c + d*x"n]),x]

N\

((e*x)~(2*n)*Csclc + d*x"nl*(1 - (2xb*((Pi*ArcTan[(a + b*Tan[(c + d*x"n)/2
1)/Sqrt[-a"2 + b~2]]1)/Sqrt[-a~2 + b~2] + (2*(c - ArcCos[-(b/a)])*ArcTanh[(
(a - b)*Cot[(2%c + Pi + 2*d*x"n)/4])/Sqrt[a”2 - b~2]] + (-2%c + Pi - 2xd#*x
“n)*ArcTanh[((a + b)*Tan[(2*c + Pi + 2*d*x"n)/4])/Sqrt[a”2 - b"2]] - (ArcC
os[-(b/a)] - (2+I)*ArcTanh[((a - b)*Cot[(2*xc + Pi + 2*d*x"n)/4])/Sqrtl[a"2
- b"2]])*Logl[((a + b)*(a - b - I*Sqrt[a”2 - b~2])*(1 + I*Cot[(2*c + Pi + 2
*d*x"n)/4]))/(ax(a + b + Sqrt[a™2 - b~2]*Cot [(2*c + Pi + 2%d*x"n)/4]1))] +
(ArcCos[-(b/a)] + (2*I)*(-ArcTanh[((a - b)*Cot[(2*c + Pi + 2xd*x"n)/4])/Sq
rt[a”2 - b"2]] + ArcTanh[((a + b)*Tan[(2*c + Pi + 2xd*x"n)/4])/Sqrt[a~2 -
b~2]11))*Log[((-1)~(1/4)*Sqrt[a"2 - b~2])/(Sqrt[2]*Sqrt[a]*E~((I/2)*(c + d*
x"n))*Sqrt[b + a*Sin[c + d*x™n]])] + (ArcCos[-(b/a)] + (2xI)*ArcTanh[((a -
b)*Cot [(2%c + Pi + 2*d*x"n)/4])/Sqrt[a”2 - b~2]] - (2*I)*ArcTanh[((a + b)
*Tan[(2%c + Pi + 2xd*x"n)/4])/Sqrt[a~2 - b~2]]1)*Log[-(((-1)~(3/4)*Sqrt[a~2
- b™2]1*E~((I/2)*(c + d*x"n)))/(Sqrt[2]*Sqrt[al*Sqrt[b + a*Sin[c + d*x"nl]
))] - (ArcCos[-(b/a)] + (2*I)*ArcTanh[((a - b)*Cot[(2%c + Pi + 2xd*x"n)/4]
)/Sqrt[a”2 - b"2]])*Logl[l + (I*(I*b + Sqrt[a”2 - b"2])*(a + b + Sqrt[a”2 -
b~2]*Tan[(2*c - Pi + 2*d*x"n)/4]))/(a*x(a + b + Sqrt[a™2 - b"2]*Cot[(2*c +
Pi + 2xd*x"n)/4]1))] + I*(PolyLog[2, ((b - I*Sqrt[a”2 - b~2])*(a + b + Sqr
t[a”2 - b"2]*Tan[(2%xc - Pi + 2%d*x"n)/4]))/(ax(a + b + Sqrt[a”2 - b~2]*Cot
[(2¥c + Pi + 2%d*x"n)/4]1))] - PolyLog[2, ((b + I*Sqrt[a”2 - b"2])*(a + ...




input L
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Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 283, normalized size of antiderivative = 0.84,

number of rules _ 0.208, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (ew)Zn—l e
a+ besc(c+ dzn)
l 4697
—2n 2n z2n—1 d
€z (ex) f a+bcsc(dz™+c) z
e
l 4603
—2 2 n
z n(ew) " f a+b cscﬁ:v(dx"—l—c) dz™
en
l 3042
-2 2 n
€ n(ex) " f a+b csg(d:c"—}-c) dz™
en
l 4679
-2 2 n ba™
z n(ex) " f (% - a(b+asi1f(d:v”+c))) dz™
en
l 2009
Cyrs gy [ bPOYLoE (2, %) b PolyLog (2, %) iba™ log (1— %) iba™ log (1— %
z (ex) ad?v/b2—a? - ad2v/b2—a? + adv/b2—a2 - adv/b2—a2

),

en

-

Int[(e*x)~ (-1 + 2%n)/(a + b*Csc[c + d*x"n]),x]

~—




output
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((exx)~(2*n)*(x~(2#n)/(2*a) + (I*b*x"n*Logl[l - (I*a*E~(I*(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d) - (I*b*x"n*xLogl[l - (IxaxE~(I*
(c + d*x"n)))/(b + Sqrt[-a~2 + b"2])])/(a*xSqrt[-a~2 + b~2]*d) + (b*PolyLog
[2, (Ixa*E~(I*(c + d*x™n)))/(b - Sgrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d
~2) - (b*PolyLogl[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a"2 + b~2])])/(a*Sq
rt[-a”2 + b~2]1*d"2)))/(e*n*x~(2*n))

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘

rule 4679

rule 4693

rule 4697

‘Q[u, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])"°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x°nl], x] /; FreeQl[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)]*(b_.)) " (p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, 4, e, m, n, p}, x]




input

output
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.42 (sec) , antiderivative size = 777, normalized size of antiderivative = 2.30

method | result

(—1+42n) (—i csgn(ie) csgn(ix) csgn(iex)m+1i csgn(ie) csgn(iem)27r+i csgn(iz) csgn(iem)Qﬂ—i csgn(iem)3ﬂ'+2 In(z)+2 ln(e)) (—d z" In (g
ze 2 +
2an

risch

r

Lint((e*x)“(-1+2*n)/(a+b*csc(c+d*x“n)),x,method=_RETURNVERBOSE)

| —

1/2/a/n*x*exp (1/2* (-1+2*n) * (-I*csgn(I*e)*csgn(I*x) *csgn(I*e*x)*Pi+I*csgn (I
*xe) *csgn (I*xexx) ~2*¥Pi+I*csgn (I*x)*csgn(I*e*x) ~2*Pi-I*csgn (I*e*x) ~3*Pi+2%1n(
x)+2*1n(e)))+1/(a"2-b"2) * (-~d*x"n*1n ((I*xexp (I*c)*b+a*xexp (I*(d*x"n+2*c))-(a”
2xexp (2*Ixc)-exp(2*%I*c)*b~2) " (1/2) )/ (Ixexp(I*c)*b-(a~2*exp(2*xI*c)-exp (2*I*
c)*b~2)~(1/2)))+d*x"n*1n((I*exp (I*c)*b+akxexp (I* (d*x"n+2*c))+(a~2*exp(2*I*c
)—exp (2%I*c)*b~2)~(1/2))/ (I*xexp(I*c)*b+(a~2*exp(2*I*c)-exp (2*xI*c)*b~2) ~(1/
2)))+I*dilog(I/ (I*exp(I*c)*b-(a~2*exp(2*I*c)-exp(2*I*c)*b~2)~(1/2))*b*exp(
Ixc)+a/(I*exp(I*c)*b-(a~2xexp(2*I*c)-exp(2*xI*c)*b~2)~(1/2))*exp (I*(d*x"n+2
*xc)) -1/ (I*xexp(I*c)*b-(a~2*exp(2*I*c)-exp(2xI*c)*b~2)~(1/2))*(a~2*exp(2*I*c
)—exp (2xI*c)*b~2)~(1/2))-I*dilog(I/ (I*exp(I*c)*b+(a~2*exp(2*I*c)-exp(2*xI*c
)*b~2)~(1/2)) #*b*exp (I*c)+a/ (Ixexp (I*c)*b+(a~2*exp (2*xI*c)-exp(2*xI*c)*b~2) ~(
1/2)) *exp (I*(d*x"n+2*c))+1/ (I*exp (I*c)*b+(a~2*exp (2*xI*c)-exp(2*I*c)*b~2) ~(
1/2))*(a"2xexp(2*%I*xc)-exp(2*%I*c)*b~2) " (1/2)) ) *(a”~2*exp (2*I*c) -exp (2*xI*c) *b
~2)°(1/2)/d"2/n/e*(e"n) “2/a*b*exp (-1/2*I* (2%Pi*n*csgn(I*e)*csgn(I*x)*csgn(
Ixexx)-2xPi*nxcsgn(I*e)*csgn(I*e*xx) ~2-2*Pixn*csgn (I*x)*csgn(I*e*x) “2+2xPix
nxcsgn (I*e*x) ~3-Pi*csgn(I*e)*csgn(I*x)*csgn(I*e*x)+Pixcsgn(I*e)*csgn(I*e*x
) "2+Pi*csgn(I*x)*csgn(I*e*x) "2-Pikxcsgn(I*e*x) ~3+2%c))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1235 vs. 2(302) = 604.

Time = 0.28 (sec) , antiderivative size = 1235, normalized size of antiderivative = 3.65

/ (ew)—1+2n dz = Too large to displa;
a+bcsc(c+dzn) & peay



input‘

output
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integrate ((e*x)~(-1+2+*n)/(atb*csc(c+d*x"n)) ,x, algorithm="fricas")

-1/2*(a*bxc*e” (2*xn - 1)*sqrt((a”2 - b~2)/a~2)*log(2*a*cos(d*x"n + c) + 2*I
xa*sin(d*x™n + c) + 2%a*sqrt((a™2 - b72)/a"2) + 2*%Ixb) + axb*cxe™(2*n - 1)
xsqrt((a”2 - b"2)/a"2)*log(2*a*cos(d*x™n + c) - 2xI*a*sin(d*x™n + c) + 2xa
xsqrt((a”2 - b™2)/a"2) - 2xI*b) - a*bxc*e”(2*n - 1)*sqrt((a”2 - b"2)/a"2)*
log(-2*axcos(d*x™n + c) + 2*Ixa*sin(d*x™n + c) + 2*xaxsqrt((a”2 - b72)/a"2)
+ 2%I*b) - axbxc*e”™(2*n - 1)*sqrt((a”2 - b~2)/a"2)*log(-2*a*cos(d*x™n + c
) - 2xI*xa*sin(d*x™n + c) + 2xa*xsqrt((a”2 - b~2)/a"2) - 2*Ixb) - (a"2 - b"2
)*d"2xe” (2*%n - 1)*x~(2%n) - I*axb*e”(2*n - 1)*sqrt((a”2 - b~2)/a"2)*dilog(
((a*sqrt((a™2 - b72)/a"2) + I*b)*cos(d*x"n + c) + (Ixa*sqrt((a™2 - b~2)/a”
2) - b)*sin(d*x™n + c) - a)/a + 1) - I*axbxe~(2*n - 1)*sqrt((a”2 - b~2)/a"
2)*dilog(-((a*sqrt((a”2 - b~2)/a"2) + I*b)*cos(d*x™n + c) - (I*a*sqrt((a~2
- b™2)/a"2) - b)*sin(d*x"n + c) + a)/a + 1) + I*axb*e”(2*n - 1)*sqrt((a”2
- b~2)/a"2)*dilog(((a*sqrt((a~2 - b"2)/a"2) - Ixb)*cos(d*x™n + c) + (-I*a
x*sqrt((a”2 - b™2)/a"2) - b)*sin(d*x™n + c) - a)/a + 1) + Ixa*bxe”(2*n - 1)
*sqrt((a™2 - b~2)/a"2)*dilog(-((a*sqrt((a~2 - b~2)/a"2) - I*b)*cos(d*x"n +
c) - (-Ixaxsqrt((a”2 - b~2)/a"2) - b)*sin(d*x™n + c) + a)/a + 1) + (axb*d
*e~(2*n - 1)*x"n*sqrt((a”2 - b~2)/a"2) + axbkcke~(2*n - 1)*sqrt((a”2 - b2
)/a~2))*log(-((a*sqrt((a~2 - b~2)/a~2) + Ixb)*cos(d*x™n + c) + (I*a*sqrt((
a"2 - b72)/a"2) - b)*sin(d*x"n + c) - a)/a) - (a*b*d*e”(2*n - 1)*x " n*sqrt(
(272 - b72)/a"2) + a*b*cxe~(2*n - 1)*sqrt((a”2 - b~2)/a"2))*log(((a*sqr...

Sympy [F]
—1+2n 2n—1
/ (ex) do — / (ex) e
a+besc(c+ dz™) a+ bese (¢ + dzn)
input[integrate((e*x)**(‘1+2*n)/(a+b*csc(c+d*x**n)),X)

-

outputt

Integral((exx)**(2xn - 1)/(a + b*csc(c + d*x**n)), x)

\ >
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Maxima [F]
—1+42n 2n—1
/ (ex) do — / (ex) I
a+ besc(c+ dzn) besc (dz™ +¢) +a
inputLintegrate((e*x)‘(—1+2*n)/(a+b*csc(c+d*x“n)),x, algorithm="maxima")

-1/2%(4*a*b*e~(2*%n + 1)*n*integrate((2*b*x~(2*n)*cos(d*x™n + c)~2 + a*x™(2
*n)*cos (d*x™n + c)*sin(2kd*x"n + 2*c) - a*x”(2#n)*cos(2xd*x"n + 2*c)*sin(d
*x"n + c) + 2*b*x”(2*n)*sin(d*x"n + ¢)72 + a*x~(2*n)*sin(d*x"n + c))/(a"3x*
e*x*cos(2*xd*x"n + 2*c) 2 + 4*a¥xb”2*exx*cos(d*x"n + c)”2 + 4*a”2¥bxexx*cos(
d*x"n + c)*sin(2*d*x"n + 2%c) + a”3kexx*sin(2*d*x"n + 2*c) 2 + 4dkaxb"2ke*x
*sin(d*x"n + c)”2 + 4*xa”2*bxe*x*sin(d*x"n + c) + a"3kxe*xx - 2% (2*a”2kbkexx*
sin(d*x"n + c) + a~3*e*x)*cos(2*xd*x"n + 2*c)), x) - e~ (2*n)*x”~(2*n))/(a*xex*

n)

output

Giac [F]

—142n 2n—1
/ (ez) dr = / (ex) dz
a+ besc(c+ dzn) bese (dz™+¢) +a

input‘integrate((e*x)‘(—1+2*n)/(a+b*csc(c+d*x*n)),X, algorithm="giac")

Output‘integrate((e*x)“(z*n - 1)/(b*csc(d*x™n + c) + a), x)

Mupad [F(-1)]

Timed out.

~1+2n 2n-1
/ (ex) dr — / (ex) e
a+ bcesc(c+ dzn) a+-—2

sin(c+d z™)

inputtint((e*X)A(2*n - 1)/(a + b/sin(c + d*x"n)),x)
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output Lint((e*x)“(Q*n - 1)/(a + b/sin(c + d*x"n)), x)

Reduce [F|

dx =
a+ besc (¢ + dzn) o e

2n 2n
/ (BIE)_1+2” . e (f csc(w"dx+c)bz+awdx>

inputLint((e*X)A(‘1+2*n)/(a+b*csc(c+d*x*n)),x)

outputL(e**(2*n)*in1:(x**(2>’<n)/(csc(x**n*d + c)*bxx + a*x),x))/e
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3.81 [l gy
a+b csc(c+dz™)

Optimal result . . . . . . . . .. .. H64l
Mathematica [F] . . . . . . . . . . 5651
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o 66T
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 568
Sympy [F] . . . H69)
Maxima [F] . . . . . o . 5691
Giac [F] . . . o o 5691
Mupad [F(-1)] . . . 570
Reduce [F] . . . . . bydl)

Optimal result

Integrand size = 24, antiderivative size = 499

hye—T n iget(ctd=")
/ (ex)~1H3n o (ex)® bz (ex)3™log (1 — W)
a+besc(c+dzm) 3aen av/—a? + b2den

ibz~"(ex)>" log (1 _ iae'l

c+dzn)
b+v—a?+b2

+

—9n n iaei(c-kda:n)
2bx 2 (ex)3 PO].YLOg (2,1’_\/_—(127_’_1)2)

av/ —a? + b%den

av —a? + b2d2%en

2bz 2" (ex)®" PolyLog <2 ige!(c+47) )

’ b+v—a?+b?

_|_

2ibz~%"(ex)®" PolyLog (3 ige!

av —a? + b*d%en
c+dzn)

) h—n /_a2+b2

)

2ibz=3"(ex)>" PolyLog (3 1ae

av —a? + b2 den
i(c+da:")

Y b+ /_a2+b2

)

av —a? + b2d3en
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output

1/3%(e*x) ~(3*n) /a/e/n+I*b* (exx) ~ (3*n) *1n(1-I*a*xexp(I*(c+d*x"n))/(b-(-a~2+b
~2)7(1/2)))/a/(-a~2+b~2)~(1/2) /d/e/n/ (x"n) -I*b* (e*x) ~ (3*n) *1n(1-I*a*exp (I*
(c+d*x™n))/(b+(-a~2+b"2)"(1/2)))/a/(-a"2+b"2) " (1/2) /d/e/n/ (x"n) +2*b* (e*x) ~
(3*n) *polylog(2, I*a*exp (I*(c+d*x"n))/(b-(-a"2+b~2)~(1/2)))/a/(-a"2+b~2) " (1
/2)/d"2/e/n/(x~ (2%n) ) -2*b* (e*x) ~(3*n) *polylog(2,I*a*xexp (I*(c+d*x"n))/(b+(-
a"2+b"2)"(1/2)))/a/(-a~2+b~2)~(1/2) /d"2/e/n/ (x~ (2*n) ) +2*xIxb* (e*x) ~ (3*n) *po
lylog(3,I*a*exp(I*(c+d*x"n))/(b-(-a~2+b~2)~(1/2)))/a/(-a~2+b~2)~(1/2)/d~3/
e/n/(x~(3*n))-2*I*b* (e*xx) " (3*n) *polylog(3, I*axexp (I*(c+d*x"n))/(b+(-a~2+b~
2)7(1/2)))/a/(-a~2+b~2)~(1/2)/d~3/e/n/(x~ (3*n))

Mathematica [F]

—1+3n —143n
/ (ex) dp — / (ex) s
a+ besc (¢ + dzn) a + besc (¢ + dzn)

N

input

Integrate[(e*x)~(-1 + 3*n)/(a + b*Csc[c + d*x"n]),x]

r

outputt

| —

Integrate[(e*x)~ (-1 + 3*n)/(a + b*Csc[c + d*x"n]), x]

Rubi [A] (verified)

Time = 1.15 (sec) , antiderivative size = 418, normalized size of antiderivative = 0.84,

number of rules _ 0.208, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3n—1
/ (ex) iz
a+ besc(c+ dzn)
l 4697

mSnfl
a+bcsc(dz™+-c)

e

T3 (ex)®" [ dx
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l 4693
—3n 3n z?" n
z (6.’E) f a+bcesc(dzm+-c) dzx
en
| 3042
—3n 3n z%r n
z (em) f a+bcesc(dzm+-c) dzx
en
l 4679
—3n 3n 2 ba2" n
z (61‘) f ( a a(b+asin(dz"+-c)) ) dzx
en
l 2009
i . i(dz™+c . . i(dx™4c . i(dx™+4c A Y
an 3n 2ib PolyLog (3, %) 2ib PolyLog (3, %) 2bz™ PolyLog (2, %) 2bz™ PolyLog (2, ’:i\(/
z (6.’1}) ad3v/b2—a2 - ad3v/b2—a2 ad2/b2—a2 - ad2v/b2—a2

en

e

~—

inputpnt[(e*x)*(q + 3%n)/(a + b*Csc[c + d*x~nl),x]

((exx)~(3*n)*(x~(3*n)/(3%a) + (I*b*x~(2*n)*Log[l - (I*a*E~(I*(c + d*x"n)))
/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d) - (Ixb*x~(2*n)*Log[l - (I
*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2]1)])/(a*Sqrt[-a~2 + b~2]1*d) + (2
*b*x"n*PolyLog[2, (I*a*E~(Ix(c + d*x™n)))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt
[-a~2 + b~2]*d"2) - (2*b*x"n*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrtl
-a”2 + b72])1)/(a*Sqrt[-a”2 + b"2]*d"2) + ((2xI)*bxPolyLog[3, (I*a*E~(I*(c
+ d*x"n)))/(b - Sqrt[-a"2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"3) - ((2*I)*bxP
olyLog[3, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a"2 + b~2])])/(a*Sqrt[-a~2 +
b~2]1%d"3)) )/ (e*n*x~ (3*n))

output
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Defintions of rubi rules used

rule 2009 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4679

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4693

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

rule 4607 TREL((a_) + Cscl(c_.) + (d_.)*(x)" (@)1 (b_.)) (p_.)*((e)*(x N (m_.), x

N\

_Symbol] :> Simp[e~IntPart[m]*((exx) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, 4, e, m, n, p}, x]

J

Maple [F]
—1+3n
/ (e2) dz
a+besc(c+dzn)
input Lint ((exx)~(-1+3%n) / (a+bxcsc(c+d*x™n)) ,x)

output ‘\

int ((e*x)~ (-1+3#n) / (at+b*csc(c+d*x"n) ) ,x)
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1663 vs. 2(447) = 894.

Time = 0.28 (sec) , antiderivative size = 1663, normalized size of antiderivative = 3.33

/ (ex)_1+3” dz = Too large to displa;
a+bcsc(c+dzn) & Py

>

input integrate((e*x) ~(-1+3*n)/(at+b*csc(c+d*x"n)),x, algorithm="fricas")

1/6% (6xI*a*b*xd*e”(3*n - 1)*x"n*sqrt((a”2 - b~2)/a"2)*dilog(((a*sqrt((a”2 -
b~2)/a"2) + I*b)*cos(d*x"n + c) + (I*a*sqrt((a”2 - b72)/a"2) - b)*sin(d*x
“n + c) - a)/a + 1) + 6xI*a*bxdxe”(3*n - 1)*x"nxsqrt((a”2 - b~2)/a"2)*dilo
g(-((axsqrt((a”2 - b~2)/a"2) + Ixb)*cos(d*x"n + c) - (I*axsqrt((a”2 - b~2)
/a”2) - b)*sin(d*x"n + c) + a)/a + 1) - 6*I*axbxd*e”(3*%n - 1)*x"n*sqrt((a”
2 - b"2)/a"2)*dilog(((a*sqrt((a”2 - b~2)/a"2) - I*b)*cos(d*x™n + c) + (-I*
axsqrt((a”2 - b™2)/a"2) - b)*sin(d*x™n + c) - a)/a + 1) - 6*I*axb*dxe” (3*n
- 1)*x"n*sqrt((a”2 - b72)/a"2)*dilog(-((a*sqrt((a™2 - b~2)/a"2) - I*b)*co
s(d*x"n + c) - (-Ixaxsqrt((a”™2 - b"2)/a"2) - b)*sin(d*x™n + c) + a)/a + 1)
+ 3*axbxc”2*e”(3*n - 1)*sqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x"n + c) + 2%
I*xaxsin(d*x"n + c) + 2*xa*sqrt((a™2 - b~2)/a~2) + 2xI*b) + 3*a*xb*xc™2*xe” (3*n
- D x*sqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x™n + c) - 2xIxaxsin(d*x"n + c)
+ 2%a*sqrt((a™2 - b~2)/a"2) - 2*Ixb) - 3xa*b*c”2xe”(3*n - 1)*sqrt((a”2 - b
~2)/a"2)*log(-2*a*cos(d*x™n + c) + 2xI*axsin(d*x"n + c) + 2*a*sqrt((a”2 -
b~2)/a"2) + 2*Ixb) - 3*a*bkc”2xe”(3*n - 1)*sqrt((a”2 - b~2)/a"2)*log(-2*ax*
cos(d*x™n + c) - 2xI*axsin(d*x"n + c) + 2*xa*sqrt((a”2 - b~2)/a"2) - 2xIx*b)
+ 2%(a”2 - b72)*d"3*%e"(3*n - 1)*x~(3*n) + 6*a*b*e”(3*n - 1)*sqrt((a™2 - b
~2)/a"2)*polylog(3, -((axsqrt((a”2 - b~2)/a"2) + Ixb)*cos(d*x™n + c) + (-I
*xa*xsqrt((a”2 - b72)/a”2) + b)*sin(d*x™n + c))/a) - 6*axb*e”(3*n - 1)*sqrt(
(a”2 - b72)/a"2)*polylog(3, ((a*sqrt((a”2 - b~2)/a"2) + Ixb)*cos(d*x"n ...

output
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Sympy [F]
/ a+ éiﬁi_(lindxn) de = / a+ b(fsi)z: i) @
input Lintegrate((e*x)**(—1+3*n)/(a+b*csc(c+d*x**n)) ,X)
outputLIntegral((e*x)**(3*n - 1)/(a + bkcsc(c + dxx**n)), x)
Maxima [F]
/ a-+ IEecgscz_(:indx") de = / besc Ecelfcf:—_:) +a dz
input Lintegrate ((e*x)~(-1+3%n) / (at+bxcsc(c+d*x"n)) ,x, algorithm="maxima")

-1/3*%(6*a*bxe” (3*n + 1)*n*integrate((2*b*x~(3*n)*cos(d*x™n + c)~2 + a*x~ (3
*n)*cos(d*x"n + c)*sin(2*d*x"n + 2*c) - a*x” (3*n)*cos(2*d*x"n + 2*c)*sin(d
*x"n + c) + 2*b*x”(3*n)*sin(d*x"n + c)72 + a*x~(3*n)*sin(d*x"n + c))/(a"3x*
exx*cos (2xd*x"n + 2%c) "2 + 4*axb”"2xe*x*cos(d*x"n + c)"2 + 4*a”2xb*exx*cos(
d*x"n + c)*sin(2*xd*x"n + 2*c) + a"3*e*x*sin(2*d*x"n + 2%c) "2 + 4*a*xb " 2*e*x
*sin(d*x™n + ¢) 72 + 4*a”2%bkexx*sin(d*x"n + c) + a"3kexx - 2% (2*ka”2xbke*x*
sin(d*x"n + c) + a"3*e*x)*cos(2*d*x™n + 2%c)), x) - e (3%n)*x~(3*n))/(axex
n)

output

Giac [F]

—143n 3n—1
/ (ex) dp — / (ex) i
a+ besc (¢ + dzn) besc(dzm +c¢) +a

inputLintegrate((e*x)“(—1+3*n)/(a+b*csc(c+d*x*n)),x, algorithm="giac")
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OutputLintegrate((e*x)“(3*n - 1)/(b*csc(d*x™n + ¢) + a), x)

Mupad [F(-1)]

—1+3n 3n—1
/ (ex) d — / (ex) "
a+ besc (c+ dan) a4+ -—2>b

sin(c+d z™)

Timed out.

inputtint((e*x)“(3*n - 1)/(a + b/sin(c + d*x"n)),x)

output Lint((e*x)‘(3*n - 1)/(a + b/sin(c + d*x™n)), x)

Reduce [F]

n z3n
/ (65!3)_1+3n dr — e’ (f csc(znd+-c)bz+ax dx)
a+besc(c+dzn) e

input Liﬂt ((e*x)~(-1+3*n) / (a+b*csc(c+d*x™n)) ,x)

Ou_tputt(e**(3*n)*int(x**(3*n)/(csc(x**n*d + C)*b*x + a*x),x))/e
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( ex)—1+n

3.82 f (a+b csc(c+dzm))? dz

Optimal result . . . . . . . . . . . . e Lyal
Mathematica [A] (verified) . . . . . . . . . ... byal
Rubi [A] (verified) . . . .. . ... .. bY#
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. H76!
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... BY(!
Sympy [F] . . . Ly
Maxima [F] . . . . ...
Giac [F] . . . . o o BYE
Mupad [F(-1)] . . . oo 579
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 579

Optimal result

Integrand size = 22, antiderivative size = 156

_n n a+btan % ct+dz™
o Py

r =
(a + besc (¢ + dzn))? a’en a? (a2 — b2)3/2 den
B b’z (ex)" cot (c + dz™)
a(a? — b?) den (a + besc (¢ + dan))

‘ (e*xx)"n/a"2/e/n+2xb* (2*xa~2-b~2) * (exx) “n*arctanh ( (a+b*xtan(1/2*c+1/2*d*x"n)) ‘
‘ /(a~2-b"2)"(1/2))/a"2/(a~2-b"2)~(3/2)/d/e/n/ (x"n) -b~2* (e*x) “n*cot (c+d*x"n) ‘
L/a/ (a"2-b"2)/d/e/n/(x"n)/(a+b*csc(c+d*x"n)) J

output

Mathematica [A] (verified)

Time = 1.30 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.13

(em)—1+n
(a + besc (¢ + dan))?
z " (ex)" (2()(—2&2 + b?) arctan <a+btj/n_(fz(:gzn))> (a+besc(c+ dz™)) + v —a? + b%(—ab? cot (¢ + dz™
a?(a — b)(a + b)v/—a? + b2den (a + besc (¢ + dzm))

dzx




input

output
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‘Integrate[(e*x)“(—l + n)/(a + bxCsc[c + d*x"n])~2,x]

‘((e*x)“n*(2*b*(—2*a“2 + b"2)*ArcTan[(a + b*Tan[(c + d*x"n)/2])/Sqrt[-a~2 +
‘ b"2]]1*(a + b*Csclc + d*x"n]) + Sqrt[-a~2 + b~2]*(-(a*b~2*Cot[c + d*x"n])
‘+ (2”2 - b"2)*(c + d*x"n)*(a + bxCsc[c + d*x"n]))))/(a"2*(a - b)*x(a + b)*S
‘ grt[-a”2 + b~"2]*d*e*n*x"n*(a + b*Cscl[c + d*x"n]))

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.07,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 0.591, Rules

used = {4697, 4693, 3042, 4272, 25, 3042, 4407, 3042, 4318, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(ex)™ 1
(a + bese (¢ + dam))?
l.4697

_ n—1

T (em)" f (a+b cs:’;(dx”-l—c))2

e

l 4693

dr

27(€2)" [ e

en
| 3042

- 1

T (ea:)”f den

en
l’4272

2 n 2

- J=* ;bczfzgi?dxtc):)_b da™ b? cot(c+dz™)
T "(ew)" <— +a(a2—b2;— " ad(a®—b2)(a+bcsc(ct+dz™))

en
l 25
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a2—b csc(dmn+c)a7b2

x—n (ex)'n f a+bcsc(dz™+c) dz™ _ b2 COt(C+d$n)
a(a?—-b2) ad(a2—b2)(a+bcsc(c+dz™))
en
| 3042
2 —b dz™+ _b2
—n( )n J 5 ajszgc?dz"jzg dz™ _ b2 cot(c+dz™)
LTooler a(a?-b?) ad(a?—b?)(a+bcsc(c+dz™))
en
| 4407
a2_p2)gm  b(2a2—02) [ csc(dz™+c) dz™
_n( )n ( - ) _ ( ) a+: csc(dz™+c) _ b2 COt(C—i—d:l:n)
z ex a(a?—b2) ad(a?—b2)(a+bcsc(ct+dz™))
en
| 3042
a2p2)om  b(2a2-02) [ csc(dz™+c) dz™
_n( )n ( . ) _ ( ) a+: csc(dz™+c) _ b2 cot(c—i—dx")
z ex a(a?—b2) ad(a?—b2)(a+bcsc(ct+dz™))
en
| 4318
(a2=82)om (2a%-) s Wnﬂ)ﬂdw"
z " (ex)” a ' _ b2 cot(c+dz™)
a(a?—b?) ad(a?—b2)(a+bcsc(ct+dz™))
en
| 3042
(a2-42)om (2a%-0%) 1 WMC)HW"
" (ex)” PR a b2 cot(c+dz™)
a(a?—b2) ad(a?—b2)(a+bcsc(ct+dz™))
en
| 3139
2,2 1 ol (dz”
2_p2)\,n 2(2a ’ ) ! 2n 2atan(%<dzn+c>) o (2(d$ +C)>
—n( )n (a _a )x — - +T+l _ b2 cot(c+dz™)
z ex a(a?—b2) ad(a?—b2?)(a+bcsc(ct+dz™))

en
l 1083
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2_,2 1 2a 1 (ga™
4(2a ’ )f —w?n_4<1_§%) d( b +2tan(7(dm +c)>) (a2—b2)wn
" (ez)" ad + a _ b2 cot(c+dz™)
a(a?—b?) ad(a?—b%)(a+bcsc(ct+dz™))
en
| 219
b(2% 2tan( 1 (c+dz™)
2b(2a2—b2)arctanh< (3 2“"(1(27_:2 * D) (212)on
—n( )n adva2—b2 + a _ b2 cot(c+dz™)
T ex a(a?—-b?) ad(a?—b2)(a+bcsc(ct+dz™))
en

input tlnt[(e*x)"(—l + n)/(a + b*Csc[c + d*x"n])"~2,x]

Output(((e*x)‘n*((((a‘2 - b™2)*x°n)/a + (2*%b*(2%a~2 - b~2)*ArcTanh[(b*((2*a)/b +
‘2*Tan[(c + d*x"n)/2]1))/(2*Sqrt[a”2 - b~2])])/(a*Sart[a™2 - b~2]*d))/(a*x(a”
‘2 - b"2)) - (b"2*Cot[c + d*x"n])/(a*(a"2 - b~2)*d*x(a + b*Csc[c + d*x"nl)))
)/ (e*n*x"n)

N

E——

Defintions of rubi rules used

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qa, 0] || LtQ[b, 0]1)

rule 219

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1083

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 3139 Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]1}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe~2%x"2), x], x, Tan[(c + d*x)/21/el, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[a=2 - b~2, 0]

rule 4279 Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_ ), x_Symbol] :> Simp[b~2x*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a"2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x1 /; FreeQl[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Intlescl(e ) + (£_.)*(x)1/(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(ecscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4693 Int[((a_.) + Cscl(c_.) + (d_.)*(x_)" (@ )1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cscl[c + d*x])~

ps x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

rule 4697 IEL((a_.) + Cscllc_.) + (d_)*(x)7(m)I*(b_.))"(p_)*((e)*(x ) (m_.), x
_Symbol] :> Simp[e~IntPart[m]*((exx) FracPart[m]/x"FracPart[m]) Int[x " m*(
a + bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.52 (sec) , antiderivative size = 622, normalized size of antiderivative = 3.99

method | result

_¢

(—14n) (—i csgn(ie) csgn(ix) csgn(iex) w41 csgn(ie) csgn(ie:t)27r+i csgn(iz) csgn(iez)Q‘n’—i csgn(iem)37r+2 In(z)+2 ln(e)) 2ib25n(_1)
risch ze —
an
inputLint((e*x)"(-1+n)/(a+b*csc(c:+d*x"n))"2,x,method=_RETURNVERBOSE)

output

1/a"2/n*x*exp(1/2*(-1+n) * (-I*csgn(I*e)*csgn (I*x)*csgn(I*e*xx)*Pi+I*csgn(I*e
) *csgn (I*exx) “2xPi+I*csgn(I*x)*csgn(I*xe*xx) "2*Pi-I*csgn(I*e*x) ~3*Pi+2*1n(x)
+2+1n(e)))-2*%I*b~2/a"2/(-a~2+b"2) /d/n/ (2*b*exp (I* (c+d*x"n) ) -I*a*exp (2*I*(c
+d*x"n) ) +I*a)*e n*(-1) "~ (-1/2*csgn(I*x)*csgn(I*xe*x) ~2)*(-1) ~(-1/2*csgn(Ixe)
*xcsgn(I*xe*x) ~2)*(-1)~(1/2xcsgn(I*e)*csgn(I*x)*csgn(I*e*xx) ) * (b*exp (1/2*I* (-
Pixn*csgn(I*e)*csgn(I*x)*csgn(I*e*x)+Pixn*csgn(I*e)*csgn(I*e*x) “2+Pi*n*csg
n(I*x)*csgn(I*exx) "2-Pi*n*csgn(I*e*x) " 3+Pi*csgn(I*e*x) " 3+2*d*x"n+2%c))+I*e
xp(1/2*I*Pi*csgn(I*e*xx)*(-csgn(Ixe)*csgn(I*x)*n+csgn(I*e)*csgn(I*kexx)*n+n*
csgn(I*x)*csgn(I*exx)-n*csgn(I*e*x) "2+csgn(Ixe*x)~2))*a)/e-2*I*xarctan(1/2*
(2*Ixa*exp (I*(d*x"n+2*c))-2*exp(I*c)*b)/(a~2xexp(2*I*c)-exp(2*I*c)*b~2) (1
/2))/(a~2xexp(2*I*c)-exp(2*I*c)*b~2) " (1/2)/d/exe"n/n/a~2/(-a~2+b~2) * (-2*a"
2+b~2) *bxexp (1/2*I* (-Pi*n*csgn(I*e)*csgn(I*x)*csgn(I*e*x)+Pixn*csgn(I*e)*c
sgn (I*e*x) “2+Pi*n*csgn (I*x)*csgn(I*e*x) “2-Pi*n*csgn(I*e*xx) ~3+Pixcsgn(I*e)*
csgn (I*x)*csgn(Ixexx)-Pixcsgn(Ixe)*csgn(I*xe*x) "2-Pi*csgn(I*x)*csgn(I*exx)”
2+Pixcsgn(I*exx) ~3+2%c))

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 630, normalized size of antiderivative = 4.04

(6.’IJ) —14n

(a+besc(c+dzn))

5 dT

2 (a® — 2a®b? + ab*)de™ 12" sin (dz™ + c) + 2 (a*b — 223 + b°)de"1z" — 2 (a®b? — ab*)e™ ! cos (d’

2((
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input‘integrate((e*X)”(—1+n)/(a+b*csc(c+d*x“n))”2,x, algorithm="fricas")

output

(a"6*%b - 2*%a~4*%b~3 + a~2*b~5)*d*n) ]

[1/2%(2%(a"5 - 2*%a”3*b"2 + a*b~4)*d*e”(n - 1)*x"n*sin(d*x"n + c) + 2x(a~4*
b - 2*¥a"2*b"3 + b"5)*d*e"(n - 1)*x"n - 2*(a"3*%b"2 - a*b~4)*e"(n - 1)*cos(d
*x™n + c) + ((2%¥a”3*%b - a*b”3)*sqrt(a”2 - b"2)*e”~(n - 1)*sin(d*x™n + c) +
(2%xa~2xb~2 - b~4)*sqrt(a”2 - b"2)*e"(n - 1))*log(((a"2 - 2*%b"2)*cos(d*x"n
+ ¢c)72 + 2xsqrt(a”2 - b"2)*axcos(d*x™n + c) + a”2 + b~2 + 2*(sqrt(a”2 - b~
2)*bxcos(d*x"n + c) + axb)*sin(d*x™n + c))/(a"2*cos(d*x"n + c)~2 - 2kaxb*s
in(d*x"n + ¢c) - a”2 - b72)))/((a”7 - 2%¥a”5*%b"2 + a~3*b~4)*d*n*sin(d*x"n +
c) + (a"6xb - 2*a~4*xb~3 + a~2*%b~5)*d*n), ((a~5 - 2*a~3*b~2 + a*b~4)x*d*e”~(n
- 1)*x"n*sin(d*x"n + c¢) + (a~4*b - 2*%a"2*b"3 + b~5)*d*e"(n - 1)*x"n - (2~
3*b~2 - a*b~4)*e”(n - 1)*cos(d*x"n + c) + ((2*a~3%b - axb~3)*sqrt(-a”2 + b
“2)*e"(n - 1)*sin(d*x™n + c) + (2*%a"2*xb"2 - b"4)*sqrt(-a”2 + b"2)*e"(n - 1
))*arctan(-(sqrt(-a"2 + b~2)*b*sin(d*x™n + c) + sqrt(-a”2 + b~2)#*a)/((a"2
- b™2)*cos(d*x"n + c))))/((a"7 - 2*a~5%b"2 + a~3*b~4)*d*n*sin(d*x"n + c) +

Sympy [F]

/ (ex)~1n dp — (ex)"" e
(a + besc (¢ + dzn))? (a + besc (¢ + dan))?

p
inputLintegrate((e*x)**(-1+n)/(a+b*csc(c:+d*x**n))**2,x)

outputtIntegral((e*x)**(n - 1)/(a + bxcsc(c + d*x**n))**x2, x)

| —

Maxima [F]

/ ( (ex) dz = ()™ dx

a+besc(c+dzn))? ) (bese(dz™ 4 ¢) + a)?

input Lintegrate ((e*x)~(-1+n)/(atb*csc(c+d*x™n))"2,x, algorithm="maxima")




output

input

output
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((a™4 - a~2*b"2)*d*e"n*x"n*cos(2*d*x™n + 2%c)~2 - 2*a*b~3*e n*cos(d*x"n +
c) + 4x(a”2%b"2 - b~4)*d*e"n*x"n*cos(d*x"n + c)”2 + (2”4 - a~2*b"2)*d*e"nx*
x"n*sin(2*d*x"n + 2*c)"2 + 4*(a"2*%b"2 - b74)*d*e"n*x"n*sin(d*x"n + c)72 +
4*%(a"3%b - a*b~3)*d*e"n*x"n*sin(d*x™n + c) + (a"4 - a"2*b"2)*d*e " n*x"n - 2
*(a*xb~3*e"n*xcos(d*x™n + c) + 2*(a"3*b - a*b"3)*d*e"n*x"n*sin(d*x"n + c) +
(a"4 - a"2#b"2)*d*e"n*x"n)*cos(2*d*x"n + 2*c) + 2*x((2*a~8*b - 3*a"6*b~3 +
a~4xb"5)*d*e” (n + 1)*n*cos(2*d*x™n + 2%c) 2*sin(c) + 4*x(2*a”6xb"3 - 3*a~4x
b5 + a"2+%b"7)*d*e”(n + 1)*n*cos(d*x"n + c)~2*sin(c) + 4*(2*a~7*b~2 - 3*a”
5%¥b~4 + a~3*b~6)*d*e”(n + 1)*n*cos(d*x"n + c)*sin(2*d*x"n + 2*c)*sin(c) +
(2%xa~8*b - 3*a~6xb~3 + a~4xb~5)*d*e”(n + 1)*n*sin(2*d*x"n + 2%c) 2*sin(c)
+ 4x(2%a"6%b"3 - 3*%a"4*%b”5 + a"2*%b"7)*d*e”(n + 1)*n*sin(d*x"n + c) 2*sin(c
) + 4x(2*a~7*b"2 - 3*%a”~5%b"4 + a~3*b~6)*d*e”(n + 1)*n*sin(d*x"n + c)*sin(c
) + (2%a”8%b - 3*a"6*b”3 + a"4*b”~5)*dxe"(n + 1)*n*sin(c) - 2*(2x(2*a~7xb"2
- 3*%a”5%b"4 + a~3*b"6)*d*e"(n + 1)*n*sin(d*x"n + c)*sin(c) + (2*%a"8%b - 3
*a~6xb~3 + a~4xb~5)*d*e”(n + 1)*n*sin(c))*cos(2*d*x™n + 2*c))*integrate((a
~3*x"n*cos (2*d*x"n + 2*c)*cos(d*x"n) + a~3*x"n*sin(2*d*x"n + 2*c)*sin(d*x”
n) - 2*x(a”"2*%b - b"3)*x " n*cos(d*x"n) “2*sin(c) - 2*(a”2*b - b~ 3)*x"n*sin(d*x
“n)"2*sin(c) - (2”3 - a*b"2)*x"n*cos(d*x"n) - (a*b”2*x"n*cos(d*x"n)*cos(2x*
c) + a*b~2*x"n*sin(d*x"n)*sin(2*c))*cos(2xd*x"n) - (a*b~2*x"n*cos(2*c)*sin
(d*x"n) - ax*xb~2*x"n*cos(d*x"n)*sin(2+*c))*sin(2*d*x"n))/(a"8*e*xx*cos(2*d. ..

Giac [F]

[ —— ()™ 4
(a—kbcsc(c%—dm”)) (besc (dzm + ¢) + a)?

p
Lintegrate((e*x)“(-1+n)/(a+b*csc(c+d*x“n))“2,x, algorithm="giac")

| —

Lintegrate((e*x)‘(n - 1)/(b*csc(d*x™n + c) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/ (a+ b(CeS?(—Cljrndﬂﬂ”))2 dr= / (a +(i>2 N

sin(c+d z™)

int((e*x)"(n - 1)/(a + b/sin(c + d*x"n))"2,x)

inputt

output Lint((e*x)“(n - 1)/(a + b/sin(c + d*x"n))"2, x) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 385, normalized size of antiderivative = 2.47

(ex)~tm

(a+besc(c+dzn))
an( 2294 ¢ )pta an( 22442 )ptq
en (4\/ —a? + b? atan (%) sin (z""d + ¢) a®b — 2¢/—a? + b? atan (%) sin (z"d +

5 dx

input Lint ((exx)~ (-1+n) / (a+b*csc(c+d*x~n))"2,x) J

(e*x*n* (4xsqrt ( — a*x*2 + b**x2)*atan((tan((x**n*d + c)/2)*b + a)/sqrt( - a*x
2 + b**2))*sin(x**nkd + c)*a**3xb - 2xsqrt( - ax*2 + b*x2)*atan((tan((x**n
*d + c)/2)*b + a)/sqrt( - a**2 + b*x*2))*sin(x**nxd + c)*a*bx*3 + 4xsqrt( -
a*x*2 + b**2)*atan((tan((x**n*d + c)/2)*b + a)/sqrt( — a**2 + b**x2))*a*x2x*
b**2 - 2xsqrt( - ax*2 + b**2)*atan((tan((x**n*d + c)/2)*b + a)/sqrt( - a**
2 + b*%x2))*b**4 - cos(x*k*n*d + c)*ax*3*kbx*2 + cos(xk*nkd + c)*axb*xd + xk*
n¥sin(x*x*nxd + c)*a*x5*xd - 2xx**nxsin(xk*nkd + c)*ax*3xb**2xd + x*k*nksin(x
*knkd + c)*axbkkx4dkxd + xk*knkakkdkbkd — 2kxkknkakxk2¥bx*k3kd + x*k*knkb**5xd))/(
a**2*d*e*n* (sin(x*x*n*d + c)*a**5 - 2*sin(x**nxd + c)*a**3*b**2 + sin(x**n*
d + c)*axb**x4 + ax*4xb — 2*a**x2%xb*x*3 + b**x5))

output
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3.83

(6:1:) —1+2n
f (a+b csc(c+dzm))?

Optimal result . . . . . . . . . . . . e
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . ..
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L.
Fricas [B| (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F]
Maxima [F]

Giac [F] . .

Mupad [F(-1)] . . . oo

Reduce [F]

bYeal
083
030!
D87l
083
&3]
089
089
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Optimal result

Integrand size = 24, antiderivative size = 778

; -n n igei(ctda")
/ (ex)~1+2n o (ez)™ b3z~ " (ex)*" log (1 - '7—a2+b2)
(

a+besc(c+dzn))?  2a’en a? (—a? + b2)3/2 den
2ibz " (ex)?™ log (1 — %)
_|_

a2v/—a? + b2den

ih3—T 2n _ igei(ct+d=")
ib*z ™" (ex)*" log (1 —b—i-\/T—}-l)?)

a? (—a2 + b2)** den

2ibz ™" (ex)*" log (1 = —;f;_:;i;)

a?y/ —a? + b%den
b2z =2"(ex)* log (b + asin (c + dz™))
a? (a? — b?) d?en

b3z ~2"(ex)*" PolyLog <2, b“‘i/w

a? (—a? + b2)*? d2en

2ba~2"(ex)?" PolyLog (2, j22/ =50

)

:)
a2y/—a? + b2d%en

)

:)

_|_

c+dz

c+ dz™

+

b3z ~2"(ex)*" PolyLog (2, Zf\;%

a? (—a? + 02)*? d2en

—2n n iqet(ctda"
9632 (ez)?" PolyLog (2, dacer )

a2v/—a? + B*d%en
b2z~ (ex)?" cos (c + dz™)
a(a? — b?)den (b + asin (¢ + dzn))

+
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1/2* (exx) ~(2*n) /a~2/e/n-I*b"3*(e*x) ~ (2*n) *1n(1-I*a*exp (I*(c+d*x"n))/(b-(-a
~2+b~2)"(1/2)))/a"2/(-a"2+b"2)~(3/2) /d/e/n/ (x"n) +2*I*b* (e*xx) ~ (2*n) *1n(1-I*
axexp(I*(c+d*x"n))/(b-(-a"2+b"2)"(1/2)))/a~2/(-a~2+b~2)~(1/2)/d/e/n/(x"n)+
I*b~3*(e*xx)~ (2*n)*1n(1-I*axexp(I*(c+d*x"n))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"
2+b~2)~(3/2)/d/e/n/ (x"n) -2*I*b* (e*x) ~ (2*n) *1n(1-I*a*exp (I*(c+d*x"n))/ (b+(-
a~2+b~2)"(1/2)))/a~2/(-a~2+b~2)~(1/2) /d/e/n/ (x"n) +b~2* (e*x) ~ (2*n) *1n (b+a*s
in(c+d*x"n))/a"2/(a"2-b~2)/d"2/e/n/ (x~ (2*n) ) -b~3* (e*x) ~ (2*n) *polylog (2, I*a
*exp (I*(c+d*x"n))/(b-(-a"2+b~2)~(1/2)))/a~2/(-a"2+b~2)~(3/2) /d"2/e/n/(x~ (2
*n) ) +2%bx (e*x) ~ (2*n) *polylog (2, I*a*exp (I*(c+d*x"n))/(b-(-a"2+b~2)~(1/2)))/
a~2/(-a"2+b~2)~(1/2)/d"2/e/n/ (x~ (2*n) ) +b~3* (exx) ~ (2*n) *polylog (2, I*xaxexp (I
*(c+d*x"n) )/ (b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~2)~(3/2) /d"2/e/n/ (x~ (2*n)) -2
*b* (exx) ~ (2*n) *polylog(2, Ixa*exp(I*(c+d*x"n))/(b+(-a~2+b"2)~(1/2)))/a~2/ (-
a~2+b~2)~(1/2)/d"2/e/n/(x” (2%n) ) -b~2* (e*x) ~ (2*n) *cos (c+d*x"n) /a/(a"2-b~2) /
d/e/n/(x"n)/(b+a*sin(c+d*x"n))

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 2839 vs. 2(778) = 1556.

Time = 9.43 (sec) , antiderivative size = 2839, normalized size of antiderivative = 3.65

(ex)—l+2n
5 dz = Result too large to show
(a+ besc (c+ dzn))

input\Integrate[(e*x)‘(—l + 2%n)/(a + bxCsc[c + d*x~n])~2,x]




output
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/-1/2*(b“2*x“(1 - n)*x(exx) "~ (-1 + 2*n)*Csc[c/2]*Csc[c + d*x"n] ~2*Sec[c/2]*(b

*Cos[c] + a*Sin[d*x"n])*(b + a*Sin[c + d*x"n]))/(a"2*(-a + b)*(a + b)*d*nx*
(a + b*xCsclc + d*x™n])~2) - (b™2*x~(1 - n)*(e*x)”~ (-1 + 2*n)*Cot[c]*Csc[c +
d*x"n] “2*(b + a*Sin[c + d*x™n])~2)/(a"2*(-a"2 + b~2)*d*n*x(a + b*Csc[c + d
*x°n])"2) + (2xb”"3*x~(1 - 2*n)*(exx) (-1 + 2#n)*ArcTanh[(a*Cos[c + d*x"n]
+ Ix(b + a*Sin[c + d*x"n]))/Sqrt[a”2 - b~2]]1*Cot[c]l*Csclc + d*x"n] 2*x(b +
axSin[c + d*x"n])"2)/(a"2*(a"2 - b~2)~(3/2)*d"2*n*(a + b*Csc[c + d*x"n]) "2
) = (2%b*x~(1 - 2*n)*(e*x)~ (-1 + 2*n)*Cscl[c + d*x"n] "2x((Pi*ArcTan[(a + bx*
Tan[(c + d*x"n)/2])/Sqrt[-a~2 + b~2]1)/Sqrt[-a”2 + b~2] + (2*%(-c + Pi/2 -
d*x"n)*ArcTanh[((a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] - 2%(
-c + ArcCos[-(b/a)])*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a"2
- b~2]] + (ArcCos[-(b/a)] - (2*I)*(ArcTanh[((a + b)*Cot[(-c + Pi/2 - d*x~
n)/2]1)/Sqrt[a”2 - b"2]] - ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqr
t[a"2 - b~2]]))*Log[Sqrt[a”2 - b~2]/(Sqrt[2]*Sqrt[al*E~((I/2)*(-c + Pi/2 -
d*x"n) )*Sqrt[b + a*Sin[c + d*x"n]])] + (ArcCos[-(b/a)] + (2*I)*(ArcTanh[(
(a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] - ArcTanh[((a - b)*Ta
n[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]]))*Log[(Sqrt[a~2 - b~2]*E~((I/2)
*(-c + Pi/2 - d*x"n)))/(Sqrt[2]*Sqrt[a]l*Sqrt[b + a*Sin[c + d*x"n]])] - (Ar
cCos[-(b/a)] + (2*I)*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a~2
- b~2]1)*Log[1l - ((b - IxSqrt[a™2 - b~2])*(a + b - Sqrt[a”2 - b~2]*Tan...

Rubi [A] (verified)

Time = 1.47 (sec) , antiderivative size = 624, normalized size of antiderivative = 0.80,

number of rules _ 908 Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(ew)Qn—l
(a + besc (¢ + dzm))?
| 4697

dz

—2n 2n z?n-1
z (ew) f (a+bcsc(dzm+c))? dz

e
l 4693




CHAPTER 3. LISTING OF INTEGRALS 584

n

—2n 2n T n
z (61:) f (a+bcsc(dzn+c))? dz
en

l 3042

—2n 2n " "
7€) [ et

en
l_4679

—2n 2n _ 2bz™ z™ b2z" n
x(”)f(ﬁmmwww+ﬁ+ﬁmmwwwﬁﬂ

en
| 2009
9b PolyLog ( 2,126/ 9 ) oy poleLog (2, iac ®2+e) 2iba log [ 1— iaci T4
—2n( )Zn " b—vb2-a2 | " b+Vb2—a2 + b2 log(a sin(c+dz™)+b) + b—1/b2—a2
Z (24 a2d2/b2—a? a2d2v/b2—q2 a?d?(a2—b?) a2dV/b2—a2

e

LInt[(e*x)‘(-l + 2%n)/(a + b*Csc[c + d*x~n])~2,x]

~—

input

((exx)~(2*n) *(x~(2*n) /(2*¥a~2) - (I*b~3*x"n*Log[l - (I*a*xE~(I*(c + d*x"n)))
/(b - Sgrt[-a~2 + b~2])]1)/(a"2*(-a~2 + b~2)~(3/2)*d) + ((2*I)*b*x n*Log[1
- (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d
) + (I*b~3*x"n*Log[l - (Ixa*E~(I*(c + d*x"n)))/(b + Sgrt[-a~2 + b~21)]1)/(a
2% (-a”2 + b72)7(3/2)*d) - ((2*I)*b*x"n*Log[1l - (I*a*E~(I*(c + d*x"n)))/(b
+ Sqrt[-a~2 + b72])]1)/(a"2*Sqrt[-a"2 + b~2]*d) + (b~2xLog[b + a*Sin[c + d
*x"n]])/(a"2*x(a"2 - b"2)*d"2) - (b~3*PolyLogl[2, (I*a*E~(I*(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(a"2*x(-a"2 + b"2)"(3/2)*d"2) + (2+#b*PolyLogl[2, (I*a
*E~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d"2) +
(b~3*PolyLog[2, (I*a*xE~(I*(c + d*x™n)))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"
2 + b"2)"(3/2)*%d"2) - (2*b*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a
~2 + b™2])]1)/(a”2xSqrt[-a”2 + b~2]*d"2) - (b~ 2*x"n*Cos[c + d*x"n])/(a*x(a"2
- b"2)*d*(b + a*Sin[c + d*x™n]))))/(exn*x~(2*n))

N\ J

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4679

rule 4693

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

rule 4607 TREL((a_) + Cscl(c_.) + (d_.)*(x)" (@)1 (b_.)) (p_.)*((e)*(x N (m_.), x

input

‘ _Symbol] :> Simp[e~IntPart[m]*((exx) FracPart[m]/x"FracPart[m]) Int[x"m*(

a + bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, 4, e, m, n, p}, x]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.42 (sec) , antiderivative size = 3887, normalized size of antiderivative = 5.00

method | result size

risch Expression too large to display | 3887

J

Lint ((exx)~(-1+2*n)/ (a+b*csc(c+d*x"n)) ~“2,x,method=_RETURNVERBOSE)




output

input
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1/2/a"2/n*x*exp(1/2% (-1+2*n) * (-I*csgn (I*e) *csgn (I*x)*csgn (I*exx)*Pi+I*csgn

(I*e)*csgn(I*exx) "2*Pi+Ixcsgn(I*x)*csgn(I*e*x) "2*Pi-T*xcsgn(Ixe*x) ~3*%Pi+2+1
n(x)+2*1n(e)))-2%I*xb~2/a"2/(-a"2+b"2) /d/n*x"n/ (2*b*exp (I* (c+d*x"n) ) -I*a*ex
p(2xI*(c+d*x"n))+I*a)*(e"n) "2x(-1) " (-1/2*xcsgn(I*x)*csgn(I*xe*x) ~"2)*(-1)~ (-1
/2%csgn(I*xe)*csgn(Ixexx) ~2)*(-1)~(1/2*csgn(I*e)*csgn(I*x)*csgn(I*xe*xx))* (b*
exp(1/2*%I*(-2*Pi*n*csgn(I*e)*csgn(I*x)*csgn(I*e*x)+2*%Pi*n*csgn(I*e)*csgn(I
*xexx) ~2+2*¥Pi*n*csgn (I*x)*csgn (I*e*xx) ~2-2*Pi*n*csgn (I*e*x) “3+Pi*csgn(I*e*x)
“3+2*d*x"n+2%c) ) +Ixexp (1/2*xI*xPixcsgn (I*e*x) * (-2*xcsgn(I*e) *csgn (I*x) *n+2*cs
gn(Ixe)*csgn(I*exx)*n+2*n*csgn (I*x)*csgn(I*xexx)-2xn*csgn(I*e*x) “2+csgn(I*e
*x)"2))*a) /e-2/d/(a~2-b"2) “2xbx (a~2*exp (2*I*c) —exp (2*¥I*c)*b~2) ~(1/2) /n/e*(
e™n) "2*exp (-1/2*I* (2xPi*n*csgn(I*e)*csgn (I*x)*csgn(I*exx)-2*Pixn*csgn(I*e)
xcsgn (I*e*x) ~2-2xPi*nxcsgn (I*x) *csgn (I*e*x) ~"2+2*xPi*nxcsgn (I*e*x) "3-Pi*csgn
(I*e)*csgn(I*x)*csgn(Ixe*x)+Pixcsgn(I*e)*csgn(I*e*xx) 2+Pi*csgn(I*x)*csgn(I
*xe*x) “2-Pi*csgn(I*e*x) "3+2*c) ) *1n((I*exp(I*c)*b+axexp (I*(d*x n+2*c))-(a~2%
exp (2xI*c)-exp(2xI*c)*b~2) ~(1/2)) /(I*exp(I*c)*b-(a~2xexp(2*I*c)-exp(2*I*c)
*b~2)~(1/2)))*x"n+1/a"2/d/(a"2-b"2) "2xb~3* (a~2*exp (2*xI*c) —exp (2*xI*c) *b~2)~
(1/2) /n/e*x(e"n) ~2*exp(-1/2*I* (2xPi*n*csgn (I*e) *csgn (I*x) *csgn(I*exx)—2xPix
nxcsgn (I*e)*csgn(I*e*xx) “2-2*Pi*n*csgn (I*x)*csgn(I*e*x) ~2+2*Pi*n*csgn(I*e*xx
) "3-Pi*csgn(I*e)*csgn(I*x)*csgn(I*e*xx)+Pi*csgn(I*e)*csgn(I*e*xx) 2+Pi*csgn(
Ixx)*csgn(I*e*xx) “2-Pi*csgn(I*exx) ~3+2*c))*1n((I*exp(I*c)*b+axexp (I*(d*x. ..

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 2435 vs. 2(710) = 1420.

Time = 0.34 (sec) , antiderivative size = 2435, normalized size of antiderivative = 3.13

(617)_1+2n .
5 dr = Too large to display
(a+ besc(c+ dzn))

p

integrate ((e*x)~(-1+2*n)/(atb*csc(c+d*x™n))~2,x, algorithm="fricas")




output

input

output
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1/2x((a”5 - 2*a”3%b~2 + a*b~4)*d"2%e~(2*n - 1)*x~(2*n)*sin(d*x™n + c) + (a
“4%b - 2%a"2%b”3 + b~5)*d"2*%e”(2*n - 1)*x~(2*%n) - 2*(a”"3*%b”2 - a*b”4)*d*e”
(2%n - 1)*x"n*cos(d*x™n + c) + ((2*xI*a~4xb - I*a~2+%b"3)*e”(2*n - 1)*sqrt((
a”2 - b™2)/a"2)*sin(d*x"n + c) + (2*xI*a”~3*b"2 - I*a*b~4)*e” (2*n - 1)*sqrt(
(2”2 - b72)/a"2))*dilog(((a*sqrt((a™2 - b"2)/a"2) + I*b)*cos(d*x™n + c) +
(Ixaxsqrt((a™2 - b2)/a"2) - b)*sin(d*x™n + c) - a)/a + 1) + ((2*xIxa"4xb -
I*a~2*b~3)*e”~ (2*xn - 1)*sqrt((a”2 - b~2)/a"2)*sin(d*x"n + c) + (2*xI*a~3*b~
2 - I*a*b"4)*e”(2*n - 1)*sqrt((a”2 - b~2)/a"2))*dilog(-((a*sqrt((a™2 - b~2
)/a~2) + I*b)*cos(d*x™n + c) - (I*a*sqrt((a”2 - b"2)/a"2) - b)*sin(d*x™n +
c) +a)/a + 1) + ((-2+Ixa~4*b + I*a~2*b~3)*e~(2*n - 1)*sqrt((a”2 - b~2)/a
~2)*sin(d*x"n + c) + (-2*I*a~3*b~2 + I*axb~4)*e~(2*n - 1)*sqrt((a”2 - b~2)
/a~2))*dilog(((axsqrt((a~2 - b"2)/a"2) - Ixb)*cos(d*x™n + c) + (-I*axsqrt(
(2”2 - b72)/a"2) - b)#sin(d*x™n + c) - a)/a + 1) + ((-2xI*a~4*b + I*a~2*b~
3)*e”(2¥n - 1)*sqrt((a”2 - b~"2)/a"2)*sin(d*x"n + c) + (-2*I*a~3*b"2 + Ixax
b~4)*e~(2%n - 1)*sqrt((a”2 - b~2)/a"2))*dilog(-((a*sqrt((a”2 - b~2)/a"2) -
I*b)*cos(d*x"n + c) - (-Ixa*sqrt((a™2 - b72)/a"2) - b)*sin(d*x™n + c) + a
Y/a + 1) + ((a”3*%b"2 - a*b”™4 - (2*xa"4*b - a~2*b~3)*c*sqrt((a”2 - b~2)/a"2)
¥~ (2*%n - 1)*sin(d*x™n + c) + (a”2%b"3 - b~5 - (2%a"3*b"2 - axb~4)*cxsqrt
((a”2 - b™2)/a"2))*e~(2*n - 1))*log(2*a*cos(d*x"n + c) + 2*Ixa*sin(d*x"n +

c) + 2xaxsqrt((a”2 - b72)/a"2) + 2*I*b) + ((a”3*b"2 - axb™4 - (2*a"4#b...

Sympy [F]

/ (6:17)_1+2n dp — (€$)2n_1 i
(a + besc (c+ dan))? (a + besc (c+ dzn))?

p
Lintegrate((e*x)**(-1+2*n)/(a+b*csc(c+d*x**n))**2,x)

| —

LIntegral((e*x)**(2*n - 1)/(a + b*xcsc(c + d*x**n))**2, x)




input

output

input

CHAPTER 3. LISTING OF INTEGRALS 588

Maxima [F|

/ (ex)—1+2n e — / (ex)Qn—l i
(a + besc (c+ dzn))? (besc (dzm + ¢) + a)?

‘integrate((e*x)‘(-1+2*n)/(a+b*csc(c+d*x‘n))“2,x, algorithm="maxima")

-1/2*(4*axb~3*e~ (2*n)*x"n*cos(d*x™n + c) - (a”4 - a"2xb"2)*d*xe” (2*n)*x~ (2%
n)*cos(2*d*x"n + 2xc)”2 - 4*(a"2*xb”"2 - b~4)*d*e” (2*n)*x~ (2*n) *cos(d*x"n +
c)"2 - (a”4 - a"2*b"2)*d*e” (2*n)*x~ (2*n) *sin(2*d*x™n + 2*c)"2 - 4x(a"2*xb"2
- b~4)*d*e” (2#n) *x~ (2*n) *sin(d*x"n + c)~2 - 4*(a"3*b - a*b”~3)*d*e” (2*n)*x
~(2*n)*sin(d*x"n + c) - (a4 - a~2*%b"2)*d*e” (2*n)*x~(2*n) + 2*(2*a*b~3xe”(
2xn)*x"n*cos(d*x™n + c) + 2*x(a~3*b - a*b~3)*d*e”(2*n)*x~(2*n)*sin(d*x™n +
c) + (a”4 - a~2*b"2)*d*e” (2*n) *x~(2*n) ) *cos (2*xd*x™n + 2*c) - 2*%((a"6 - a~4
*b~2) *d*e*n*cos (2*%d*x"n + 2xc) "2 + 4*(a~4*xb"2 - a”~2%b"4)*d*exn*cos(d*x"n +
€c)"2 + 4x(a”"5*b - a”~3%b~3)*d*e*n*cos(d*x"n + c)*sin(2*d*x"n + 2*c) + (2”6
- a"4%b~2)*d*exn*sin(2xd*x"n + 2%c)”2 + 4x(a"4xb"2 - a~2*b~4)*d*exn*sin(d
*x™n + c)”2 + 4x(a”b*b - a"3*%b"3)*d*exn*sin(d*x"n + c) + (2”6 - a“4*b~2)*d
xe*xn — 2x(2x(a”b*b - a~3*b~3)*d*exn*sin(d*x™n + c) + (a”6 - a"4*xb~2)*d*e*n
)*cos(2xd*x"n + 2%c))*integrate(-2*(a~2*b~4*e” (2#n)*x"n*cos (2*c) *sin (2*d*x
“n) + a~2*b~4*e”(2#*n)*x"n*cos(2*d*x"n)*sin(2*c) - 2*(a"3*b~3 - a*b~5)*e” (2
*n) *x"n*cos (d*x"n) *cos(c) + 2*(a~3*b~3 - a*b~5)*e” (2*n)*x " n*sin(d*x"n)*sin
(c) - (a~3xb~3xe~(2*n)*x"n*cos(d*x"n + c) + (2%a~5*b - a~3%b~3)*d*e” (2*n)*
x~(2*n) *sin(d*x™n + c))*cos(2*d*x™n + 2*c) + ((a~3*b"3 - a*b~5)*e” (2*n) *x~
n + (a*xb~5*e” (2#n)*x"n*cos(2xc) - (2*a”~3*b"3 - a*xb~5)*d*e” (2*n)*x~ (2*n) *si
n(2+*c))*cos(2xd*x"n) + 2*x((2*a~4*xb"2 - 3*a~2*xb"4 + b~6)*d*xe” (2*n)*x~ (2*n) *
cos(c) + (a”2*b"4 - b~6)*e” (2*n)*x"n*sin(c))*cos(d*x"n) - (a*b~5xe~(2*n...

Giac [F]

(a+besc(c+dz?))? ) (besc(dz™ + c) + a)®

—1+2n 2n—1
j[ (ex) s (ex) i

-

Lintegrate((e*x)‘(—1+2*n)/(a+b*csc(c+d*x‘n))‘2,x, algorithm="giac")

~—
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OutputLintegrate((e*x)“(2*n - 1)/(b*csc(d*x™n + ¢c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(a-l—b((c;:c)(_cli_:ilxn))2 dz:/( (ex)2:—1 )2dx

a+ sin(c+d z™)

inputtint((e*x)‘(Q*n - 1)/(a + b/sin(c + d*x°n))"2,x)

output Lint((e*x)“(Q*n - 1)/(a + b/sin(c + d*x"n))~2, x)

Reduce [F|

(ex)—l-l-?n )
5 dor = Too large to display
(a +besc(c+dzn))

inputLint((e*X)A(‘1+2*n)/(a+b*CSC(C+d*XAn))”2,x)
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(ex* (2%n) * (4*x**n*xcos (x**n*d + c)*axd + x**x(2*n)*sin(x**n*d + c)*axd**2 +
X** (2xn) ¥bxd**2 + 4kint (x**(2+n)/(sin(x**n*d + c)**2ka*x*x2xx + 2*sin(x**n*d
+ c)*axbkx + b*x*2*x) ,x)*sin(x**n*d + c)*a*x*3*kd**2xn - 2*int (x**(2*n)/(sin
(xkxn*d + c)**2kax*2*xx + 2*xsin(x**kn*d + c)*axbkx + b*x*2%x),x)*sin(x**n*xd +
c)*axbxx2xd*x*x2kn + 4*int (x**(2*n)/(sin(x**nkd + c)**2*a*x*x2xx + 2xsin(x**n
*d + c)*axb*x + bx*x2%xx),x)kaxx2xb*xd**2%n - 2*int (x**(2*n)/(sin(x**n*d + c)
*k2kakk2xx + 2ksin(x**n*d + c)*axb*x + bxx2%x) ,x) *kbk*x3*xd**2kn - 2*int ((x*x*
(2*n)*sin(x**nxd + c)**2)/(sin(x**n*xd + c)**k2ka*x*2*x + 2*sin(x**nxd + c)*a
*b*x + b**k2*x) ,x)*sin(x**nxd + c)*a**x3*kd*k*2*n + int ((x**(2*n)*sin(x**n*d +
c)**2) /(sin(x**nxd + c)**2xax*2%x + 2ksin(x*k*n*xd + c)*akxbkx + bk*2%x),x)*
sin(x**nxd + c)*a*b**2xd**2*n - 2*int ((x**(2*n)*sin(x**n*d + c)**2)/(sin(x
**knkxd + c)**2kaxk2xx + 2*sin(x**n*xd + c)*axb*x + b¥xx2xx),x)*kax*x2xbkxd*x*x2*n

+ int ((x**(2#n)*sin(x**nxd + c)**2)/(sin(x**n*d + c)**22kax*x2kx + 2ksin(x**
n*d + c)*axb*x + b**2%xx) ,x)*b**3xd**x2*n + 4xlog(tan((x**n*xd + c)/2)*x2 + 1
)*sin(x**n*d + c)*a + 4xlog(tan((x**n*d + c)/2)**2 + 1)*b - 4xlog(tan((x*x*
n*d + c)/2)*x2%b + 2xtan((x**nxd + c)/2)*a + b)*sin(x**nxd + c)*a - 4xlog(
tan((x**n*d + c)/2)**2*b + 2*tan((x**n*d + c)/2)*a + b)*b))/(b**2*xd**2*ke*n
*(sin(x**n*d + c)*a + b))

output

N




CHAPTER 3. LISTING OF INTEGRALS

591

(6:3)_1+3n
3.84 f (a+b csc(c+dzm))? dz

Optimal result . . . . . . .. . .. .. ... ..
Mathematica [F] . . . . . .. ... ...
Rubi [A] (verified) . . . ... . ... ...
Maple [F] . . . . e
Fricas [B| (verification not implemented) . . . . . .. .. ... ... ....
Sympy [F] . . . .
Maxima [F] . . . . ... .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 24, antiderivative size = 1417

(ex)—1+3n .
5 dz = Too large to display
(a + besc (c+ dzn))

D91l
592
59J
099
099
596
596
597
09d
09d
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1/3%(e*x) ~(3*n) /a~2/e/n-4*I*b* (e*x) ~ (3*n) *polylog(3, I*a*exp (I*(c+d*x"n)) /(
b+(-a~2+b~2)"(1/2)))/a"2/(-a"2+b"2)~(1/2)/d~3/e/n/ (x~ (3*n) ) +2*b~2* (exx) ~ (3
*n) *1n (1+a*exp (I*(c+d*x"n))/(I*b-(a"2-b"2)"(1/2)))/a~2/(a"2-b"2)/d"2/e/n/(
X~ (2%n) ) +2xb~2% (e*xx) ~(3*n) *1n(1+a*exp (I* (c+d*x"n) )/ (Ixb+(a"2-b"2)"(1/2)))/
a~2/(a"2-b"2)/d"2/e/n/(x~(2*n) ) -I*¥b~3* (e*x) ~ (3*n) *1n(1-I*a*exp (I* (c+d*x"n)
)/ (b-(-a"2+b"2)"(1/2)))/a"2/(-a"2+b~2) " (3/2) /d/e/n/ (x"n) -2*I*b~2* (e*x) ~ (3*
n)*polylog(2,-a*exp (I*(c+d*x"n))/(I*b-(a"2-b"2)"(1/2)))/a"2/(a"2-b"2)/d"3/
e/n/(x”~ (3*n))+2*I*b* (e*xx) " (3*n) *1n (1-I*a*exp (I* (c+d*x"n))/(b-(-a~2+b~2)~ (1
/2)))/a~2/(-a~2+b~2)~(1/2)/d/e/n/ (x"n) +4*xI*b* (e*x) ~ (3*n) *polylog (3, I*a*exp
(Ix(c+d*x"n))/(b-(-a~2+b~2)"(1/2)))/a"2/(-a"2+b"2)~(1/2)/d~3/e/n/ (x~ (3*n))
-2%I*b~3% (e*x) ~ (3%n) *polylog (3, I*axexp (I*(c+d*x™n))/(b-(-a~2+b~2)~(1/2)))/
a~2/(-a"2+b~2)~(3/2)/d"3/e/n/ (x~(3*n) ) -2*xIxb~2* (e*x) ~ (3*n) *polylog(2,-a*ex
p(I*(c+d*x"n))/(I*b+(a~2-b"2)"(1/2)))/a~2/(a"2-b~2)/d"3/e/n/(x~ (3*n) ) -2%b~
3*(exx) " (3*n) *polylog(2,I*axexp(I*(c+d*x"n))/(b-(-a"2+b"2)"(1/2)))/a"~2/(-a
~2+b~2)"(3/2)/d"2/e/n/ (x~ (2*n) ) +4*b* (e*x) ~ (3*n) *polylog(2, I*a*exp (I* (c+d*x
"n))/(b-(-a"2+b~2)~(1/2)))/a~2/(-a"2+b~2)~(1/2) /d"2/e/n/ (x~ (2*n) ) +2xb~3* (e
*x) ~ (3*n) *polylog(2, I*a*xexp(I*(c+d*x"n))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a~2+b
~2)~(3/2)/d"2/e/n/ (x~ (2*n) ) -4*b* (e*x) ~ (3*n) *polylog(2,I*xaxexp (I*(c+d*x"n))
/(b+(-a"2+b72)~(1/2)))/a"2/(-a"2+b"2) " (1/2) /d~2/e/n/ (x~ (2*%n) ) +2*I*b~3* (e*x
)~ (3*n)*polylog (3, I*xa*xexp (I*(c+d*x"n))/(b+(-a"2+b"2)"(1/2)))/a~2/(-a"2+...

output

Mathematica [F]

g dz = 2
a + besc (¢ + dzn)) (a+ besc (c+ dz™))

/ ( (ex)~1H3n (ex)~1H3n e

input!Integrate[(e*x)"(—l + 3%n)/(a + b*Csc[c + d*x"n])~2,x]

outputLIntegrate[(e*x)“(-l + 3*n)/(a + b*Csc[c + d*x"n])~2, x]
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Rubi [A] (verified)

Time = 2.39 (sec) , antiderivative size = 1152, normalized size of antiderivative = 0.81,

number of rules _ 0.208, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {4697, 4693, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(ew)3n—1
(a + besc (¢ + dazm))?
| 4697

dz

—-3n 3n z3n—1
z (e:v) f (a+b csc(dz™+c))? dz

e
l 4693

—3n 3n z2n n
z (ex) f (a+bcsc(dzn+c))? dz

en

l 3042

—3n 3n z2n n
z (6%) f (a+bcsc(dz™+c))? dz

en
l 4679

—3n 3n _ 2bx2" 32" b2 2" n
T (ex) f ( a?(b+asin(dz™+c)) + a? + a2 (b+asin(dz™+c))? dw
en

l 2009

w2 log( Va1 Y om 210 € Va1 an ghPolyLog(2,2e ) Y on 943 polyLog ( 2, fae (22t
—3n/. 3 8\ p—varpz 1) 8\ sprvaz sz T1)% olyLog{ 2,5~ /m—az ) olyLog{ 2.5 —/mr—2
z (e:c) aZ(a2—b2)d2 + aZ(aZ—b2)d? + a2v/b2—a2d? - a2(b2—a2)3/2d2

>

input LInt[(e*x)‘(—l + 3%n)/(a + bxCsclc + d*x~n])"2,x]

~—
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((exx) " (3*n) * (((-I)*b~2*x~(2#n))/(a"2*(a”2 - b~2)*d) + x~(3*n)/(3*a"2) + (
2xb~2*x"n*Log[1 + (a*E~(I*(c + d*x™n)))/(I*b - Sqrt[a~2 - b~2])]1)/(a"2*(a"~
2 - b"2)*d"2) + (2%b~2*x"n*Log[1l + (a*E~(I*(c + d*x"n)))/(I*b + Sqrtl[a~2 -
b 21)1)/(a"2%(a"2 - b~2)*d~2) - (Ixb~3%x~(2*n)*Log[l - (I*a*E~(I*(c + d*x
“n)))/(b - Sqrt[-a~2 + b~21)1)/(a"2%(-a"2 + b~2)"(3/2)*d) + ((2+I)*b*x" (2%
n)*Log[1 - (I*axE~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]*d) + (Ixb™3xx™(2xn)*Logl[l - (I*a*E™(I*(c + d*x™n)))/(b + Sqrt[-a~2
+ b72])1)/(a"2%(-a"2 + b~2)~(3/2)*d) - ((2*I)*b*x~(2*n)*Logl[1 - (I*a*E~(I
*(c + d*x"™n))) /(b + Sqrt[-a"2 + b72])]1)/(a"2+Sqrt[-a~2 + b~2]*d) - ((2*I)x*
b~2*PolyLog[2, -((a*E~(I*(c + d*x"n)))/(I*b - Sqrt[a~2 - b~2]))]1)/(a~2x(a"~
2 - b"2)*d"3) - ((2*I)*b~2*PolyLog[2, -((a*E~(I*(c + d*x"n)))/(I*b + Sqrt[
a”2 - b 2]1))1)/(a"2*(a"2 - b~2)*d"3) - (2*b~3*x"n*PolyLog[2, (I*a*E~(I*(c
+ d*x"n)))/(b - Sqrt[-a"2 + b~2])])/(a"2*(-a"2 + b72)"(3/2)*d"2) + (4*b*xx"~
n*PolyLog[2, (I*a*xE~(I*(c + d*x™n)))/(b - Sqrt[-a~2 + b~2])])/(a"2xSqrt[-a
"2 + b"2]*%d"2) + (2*%b"3*x"n*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-
a”2 + b"2]1)])/(a"2*(-a"2 + b72)"(3/2)*d"2) - (4xb*x"n*PolyLogl[2, (IxaxE~(I
*(c + d*x°n)))/(b + Sqrt[-a~2 + b~2]1)1)/(a"2*Sqrt[-a~2 + b~2]*d~2) - ((2+I
)*b~3*PolyLog[3, (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-a
"2 + b~2)7(3/2)*d"3) + ((4*I)*b*PolyLogl[3, (I*a*E~(I*(c + d*x"n)))/(b - Sq
rt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"3) + ((2+I)*b~3*PolyLogl[3, (I...

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 4679 Int[(cscl(e_.) + (£_)*(x_)I*(_.) + (a_)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]
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Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Simp[1/n  Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~
p> xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

rule 4693

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.)) " (p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Simp[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]) Int[x"m*(
a + bxCscl[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

rule 4697

Maple [F]

(e:l,')_1+3n

d
(a+ besc (c+ dzn))? !

[int ((e*x)~(-1+3*n)/ (a+b*csc(c+d*x™n))~2,x)

-/

input

output Lint ((e*x)~(-1+3*n)/(a+b*csc(c+d*x™n))~2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 3755 vs. 2(1291) = 2582.

Time = 0.38 (sec) , antiderivative size = 3755, normalized size of antiderivative = 2.65

(ex)~1+3n .
5 dr = Too large to display
(a+ besc(c+ dzn))

input Lintegrate ((e*x)~(-1+3%n) / (a+b*csc(c+d*x"n)) ~2,x, algorithm="fricas")

-/

p
output LTOO large to include
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Sympy [F]

dzr = > d

/ (ex)_1+3n _ (6.’1})3n_1
(a+ besc (c + dan))” (a+besc(c+ dz™))

input tintegrate ((e*x) #* (-1+3%n) / (a+b*csc (c+d*x**n) ) **2,x)

output LIntegral((e*x)**(s*n - 1)/(a + b¥csc(c + dkx#*n))**2, x)

Maxima [F]

a+besc (¢ + dan))? v (bese (dzm + ¢) + a)?

input

Lintegrate ((exx)~(-1+3*n) / (a+b*csc(c+d*x"n)) ~2,x, algorithm="maxima")




output

input

output
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-1/3%(6*axb~3*%e~ (3*n)*x~ (2*n) *cos(d*x™n + c) - (a~4 - a~2*%b~2)*d*e” (3*n)*x
~(3*n)*cos (2*%d*x"n + 2%c)"2 - 4%(a"2*%b"2 - b~4)*d*e” (3*n)*x~ (3*n)*cos (d*x~
n + c)”2 - (a™4 - a™2%b"2)*d*e” (3*n) *x~ (3*n) ¥sin(2*d*x"n + 2*c)~2 - 4*(a"2
*b~2 - b74)*d*e” (3*n)*x” (3*n)*sin(d*x™n + c)~2 - 4*%(a"3*b - a*b”3)*d*e” (3%
n)*x~(3*n) *sin(d*x"n + c) - (a4 - a"2xb"2)*d*e” (3*n)*x~ (3*n) + 2*(3*axb~3
xe” (3*n) *x~ (2*%n) *cos(d*x™n + c) + 2*%(a"3*b - a*b”~3)*d*e” (3*n)*x~ (3*n)*sin(
d*x"n + c) + (a4 - a"2xb”2)*d*e” (3*n)*x~ (3*n)) *cos(2*d*x"n + 2*c) - 3*((a
6 - a~4xb~2)*d*e*n*cos(2*d*x"n + 2*c) "2 + 4*(a"4%b"2 - a"2%b~4)*d*e*n*cos
(d*x"n + c)”2 + 4*(a”5%b - a~3*b~3)*d*e*n*cos(d*x™n + c)*sin(2*d*x"n + 2*c
) + (2”6 - a~4*b~2)*d*e*n*sin(2*d*x"n + 2*c) "2 + 4x(a~4*b”2 - a~2*b~4)*xd*e
*nxsin(d*x™n + c)~2 + 4*(a~5*%b - a~3%b~3)*d*e*n*sin(d*x”n + ¢c) + (a”6 - a~
4¥b~2)*d*exn - 2% (2*(a”5xb - a~3*b~3) *d*e*n*sin(d*x™n + c) + (2”6 - a~4xb”
2)*d*e*n)*cos (2*d*x"n + 2%c))*integrate(-2*(2*xa~2xb~4*e~ (3*n) *x~ (2+#n) *cos(
2%c)*sin(2*xd*x"n) + 2*a”~2*%b"4*e” (3*n)*x”~(2*n)*cos (2*d*x"n) *sin(2*c) - 4*(a
~3%b~3 - a*xb”5)*e” (3*n)*x~ (2*n)*cos(d*x"n)*cos(c) + 4*%(a”3*b"3 - axb~5)*e”
(3#n) *x~ (2*n) *sin(d*x"n)*sin(c) - (2*a”3*b~3*e” (3*n)*x~(2*n)*cos(d*x"n + ¢
) + (2*a"b*b - a~3*b~3)*d*e” (3*n)*x~ (3*n) *sin(d*x"n + c))*cos(2*d*x"n + 2%
c) + (2%(a"3*b"3 - a*b~5)*e”~(3*n)*x~(2*n) + (2*kaxb~5xe”(3*n)*x~(2*n)*cos(2
*c) - (2%a~3*b~3 - axb~5)*d*e” (3*n)*x~ (3*n)*sin(2*c))*cos(2xd*x"n) + 2*((2
*a~4xb~2 - 3*xa”2xb"4 + b~6)*d*e” (3*n)*x” (3*n)*cos(c) + 2*(a"2*b"4 - b76...

Giac [F]

/ (ex)~1t3n dp — / (ex)®™ ! i
(a + besc (c+ dan))? (besc (dzm + ¢) + a)?

r

Lintegrate((e*x)“(-1+3*n)/(a+b*csc(c+d*x“n))”2,x, algorithm="giac")

| —

Lintegrate((e*x)‘(3*n - 1)/(b*csc(d*x™n + c) + a)~2, x)
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Mupad [F(-1)]

[enaramre=] (a +()_) ;

sin(c+d z™)

Timed out.

input Lint((e*X)“(C**n - 1)/(a + b/sin(c + d*x"n))~2,x)

output Lint((e*x)"(s*n - 1)/(a + b/sin(c + d*x"n))"2, x)

Reduce [F|

(ex)~1+5n _
5 dr = too large to display
(a+ besc (¢ + dzn))

input Lint ((e*x)~(-1+3#n) / (at+b*csc(c+d*x"n)) ~2,x)
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(2%ex*(3*n)*( - 72*sqrt( - a**2 + b**2)*atan((tan((x**n*d + c)/2)*b + a)/s
qrt( - a**x2 + b**2))*sin(x**n*d + c)*ax*4d + 48xsqrt( - ax*2 + b**x2)*atan((
tan((x**nxd + c)/2)*b + a)/sqrt( - a**2 + b**2))*sin(x**nxd + c)*a**2kb**2
- 72xsqrt( - a*x2 + b*x*2)*atan((tan((x**n*d + c)/2)*b + a)/sqrt( - a**2 +
b*%2) ) *a**3%b + 48*%sqrt( - a**2 + b¥*2)*atan((tan((x**n*d + c)/2)*b + a)/
sqrt( - a*x*2 + b**2))*axb*x3 + 6*x*x*(2*kn)*cos(x**n*d + c)*ax*kdxbkd*x*2 - 6x
x*k* (2xn) *cos (x*k*nxd + c)*a*x*2xbk*k3*xd*x*2 — 36*x**n*xcos(x*x*n*d + c)*axx5kxd +
42*xx*knkcos (x*k*nxd + c)*a*x*3*xbx*k2*d — 6*x**nkcos(x*k*n*d + c)*axb**dxd + x
*k (3%n) *sin(xx*knxd + c)*a*xdxb*d*k*3 - xx*(3*n)*sin(xx*knxd + c)*a*x2xb*x3*d
*%x3 + xk%(3%n) *ka*x*k3kbk*k2kd*k*3 — x**(3%n)kakbk*k4dkd**x3 - 9xx*x*(2%n)*sin(x**n
*d + c)*ax*kbkdk*2 + 12*xk* (24n) *sin(xk*knkd + c)*akxk3kbk*k2xd**2 — kxkk(2#n
Y*sin(x**nkd + c)*axbkk4kdkx2 — 3kxk* (2%n)*ka*x*k4*xbkd*k*x2 + 3kxk* (2*n)*ka**2*b
*%k3kd*k*2 — 36kx*k*knkakk5kd + 60kx*kknkakxk3kb*k*k2kd — 24*xx**knkakxbkx*x4*xd + 12%in
t(x**(3*n) / (tan((x**n*xd + c)/2)**4*xb**2*x + 4xtan((x*x*nxd + c)/2)**3*a*xb*x
+ 4dxtan ((x**n*d + c)/2)**x2xaxkx2kx + 2*tan((x**n*d + c)/2)**2kbk*k2*kx + 4%t
an((x**n*d + c)/2)*a*bxx + b**2*x),x)*sin(x*k*n*d + c)*ax*6+xbxd**3*n — 18*i
nt (x**(3*n)/ (tan((x**n*d + c)/2)*x4*xb**x2%x + 4xtan((x**n*d + c)/2)**x3xa*bx*
X + 4xtan((x**n*d + c)/2)**2xa*x*x2%xx + 2xtan((x**n*xd + c)/2)**x2xb*x*2*x + 4%
tan ((x**n*xd + c)/2)*a*bkxx + b*x2+x) ,x)*sin(x*k*n*d + c)*ax*kdxbx*k3xd+*k3*n +
6*int (x**(3*n) / (tan((x**n*d + c)/2)**4*xb**2*x + 4xtan((x*k*nxd + c)/2)**...

output
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

600

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy

return max(7,ml)
elif str(expn).find("Integral") 1= —1:

ml = max(map(expnType, 1list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^4 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (a+b (c+d x^2))^2  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x^2))^2  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x ^7(a+b x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^5  a+b (c+d x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^4  a+b (c+d x^2)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3  a+b (c+d x^2)  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2  a+b (c+d x^2)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x  a+b (c+d x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x (a+b (c+d x^2))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d x^2)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^5  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^4  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x  (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-1)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^3 (a+b (c+d x^2))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b (c+d x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))^2  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))^2  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^2  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3/2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b (c+d x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b (c+d x)  x^3/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 a+b (c+d x)  x^5/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3/2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b (c+d x))^2  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (a+b (c+d x))^2  x^3/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b (c+d x))^2  x^5/2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [F(-1)] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 ^3(x)  x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^3/2  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  a+b (c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x^3/2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^5/2 (a+b (c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^3/2  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x  (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  x (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 1  x^3/2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [F(-1)] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  x^5/2 (a+b (c+d x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [F(-1)] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (e x)^m (a+b (c+d x^n))^p  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (e x)^-1+n (a+b (c+d x^n))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (e x)^-1+2 n (a+b (c+d x^n))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+3 n (a+b (c+d x^n))  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+n (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (e x)^-1+2 n (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+3 n (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+n  a+b (c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (e x)^-1+2 n  a+b (c+d x^n)  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+3 n  a+b (c+d x^n)  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+n  (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (e x)^-1+2 n  (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^-1+3 n  (a+b (c+d x^n))^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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