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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 23 |. This is test number | 274 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (23 ) | 0.00 (0)
Mathematica | 100.00 ( 23 ) | 0.00 (0)
Maple 100.00 (23 ) | 0.00 (0)
Fricas 30.43 (7) | 69.57 (16)
Giac 3043 (7) |69.57 (16)
Maxima | 3043 (7) |69.57 (16)
Reduce 26.09 (6) | 7391 (17)
Sympy 26.09(6) |7391(17)
Mupad 435(1) ]95.65(22)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maple 100.000 0.000 0.000 0.000

Mathematica 95.652 4.348 0.000 0.000

Maxima, 26.087 4.348 0.000 69.565
Sympy 26.087 0.000 0.000 73.913
Fricas 21.739 8.696 0.000 69.565
Giac 21.739 8.696 0.000 69.565

Mupad 0.000 4.348 0.000 95.652

Reduce 0.000 26.087 0.000 73.913

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maple 0 0.00 0.00 0.00

Fricas 16 100.00 0.00 0.00

Giac 16 18.75 0.00 81.25
Maxima, 16 100.00 0.00 0.00

Reduce 17 100.00 0.00 0.00

Sympy 17 100.00 0.00 0.00

Mupad 22 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Mathematica 0.09

Fricas 0.12

Maxima 0.13

Reduce 0.19

Maple 0.32

Rubi 0.50

Mupad 0.57

Sympy 1.14

Giac 17.73

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 71.00 1.08 71.00 1.08
Fricas 113.71 1.27 108.00 0.95
Reduce 119.00 1.15 117.00 1.12
Rubi 119.52 1.01 122.00 0.99
Maxima 123.29 1.36 124.00 1.20
Sympy 151.33 1.47 164.00 1.41
Mathematica | 165.65 1.39 143.00 1.40
Maple 177.00 1.53 170.00 1.39
Giac 651.29 7.92 141.00 1.18

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade { (12,5 5755 (10,12 13 14156/ 3 19,20, 2123 23
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { (12,556, 8 6103 131341516, 7 18[9, 20,21 B2 23 )
B grade {[f}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { (12,605 B0 (00 32 3 14,1516 7 (5. 9L 20, 2T 2B )
B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[I1}[16,17,[I§[19 }

B grade { }

C grade { }

F normal fail {[T}[2}[3, 4[5} [6}[7, 89} (10} [12,[13}[14[15} 20} 22 }
F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[I6[17,[18,[19,[21}]23] }

B grade {[11]}

C grade { }

F normal fail { (26856056 0M3MHH50E )
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade {[1[16[I7[18[19 }
B grade { }

C grade { }

F normal fail {2810}
F(-1) timedout fail { }

F(-2) exception fail { [1,5,/,5,6,7 012 13, (45,2022 }

Mupad

A grade { }

B grade {[21]}

C grade { }

F normal fail { }

F(-1) timedout fail {[1}[2,3}[4,/5}[6} [7}[8}[9}[10}[L1} [12}[13} 14} [15} 16} [17} 18} 19} [20}[22} 23]
}

F(-2) exception fail { }

Sympy

A grade {[16}[17}[18}[19,21}[23| }
B grade { }

C grade { }

F normal fail { 12,68 5/6,18 6 0/10 23 [ 52022}
F(-1) timedout fail { }

F(-2) exception fail { }
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Reduce

A grade { }

B grade { (163392123 }
C grade { }

F normal fail { 12,68 5/6,186 013 23 [ 5207}
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 144 146 180 176 0 0 0 0 108 0

N.S. 1 1.01  1.25 1.22 0.00 0.00 0.00 0.00 0.75 0.00
time (sec) N/A 0.628 0.055 0.469  0.000  0.000 0.000 0.000 0.182 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 106 138 180 0 0 0 0 82 0

N.S. 1 0.92 120 1.57 0.00 0.00 0.00 0.00 0.71 0.00

time (sec) N/A 0.507 0.046  0.347 0.000 0.000 0.000 0.000 0.182 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 79 115 142 0 0 0 0 58 0

N.S. 1 096 1.40 1.73 0.00 0.00 0.00 0.00 0.71 0.00

time (sec) N/A 0.411 0.022 0.289 0.000 0.000 0.000 0.000 0.177 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 66 107 140 0 0 0 0 54 0
N.S. 1 087 141 1.84 0.00 0.00 0.00 0.00 0.71 0.00
time (sec) N/A 0.338 0.017 0.478 0.000  0.000 0.000 0.000 0.184 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 67 143 196 0 0 0 0 58 0
N.S. 1 094 2,01 2.76 0.00 0.00 0.00 0.00 0.82 0.00
time (sec) N/A 0.436 0.033 0.331 0.000  0.000 0.000 0.000 0.183 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 107 102 158 146 0 0 0 0 65 0
N.S. 1 095 1.48 1.36 0.00 0.00 0.00 0.00 0.61 0.00
time (sec) N/A 0.576 0.037 0.348 0.000  0.000 0.000 0.000 0.190 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 115 220 248 0 0 0 0 87 0
N.S. 1 093 177 2.00 0.00 0.00 0.00 0.00 0.70 0.00
time (sec) N/A 0.639 0.056 0.345 0.000  0.000 0.000 0.000 0.190 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 180 191 294 250 0 0 0 0 167 0
N.S. 1 1.06 1.63 1.39 0.00 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.885 0.090 0.408 0.000  0.000 0.000 0.000 0.197 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 152 203 207 0 0 0 0 160 0
N.S. 1 098 1.31 1.34 0.00 0.00 0.00 0.00 1.03 0.00
time (sec) N/A 0.673 0.234 0.307 0.000  0.000 0.000 0.000 0.186 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 125 251 189 0 0 0 0 156 0
N.S. 1 092 1.85 1.39 0.00 0.00 0.00 0.00 1.15 0.00
time (sec) N/A 0.549 0.098 0.306 0.000  0.000 0.000 0.000 0.189 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 49 98 136 54 0 100 89 0
N.S. 1 1.00 0.86 1.72 2.39 0.95 0.00 1.75 1.56 0.00
time (sec) N/A 0.225 0.024 0.203 0.163 0.106 0.000 0.153 0.182 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 122 220 189 0 0 0 0 148 0
N.S. 1 092 1.67 1.43 0.00 0.00 0.00 0.00 1.12 0.00
time (sec) N/A 0.500 0.109 0.296 0.000  0.000 0.000 0.000 0.183 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 122 119 233 255 0 0 0 0 164 0
N.S. 1 098 1.91 2.09 0.00 0.00 0.00 0.00 1.34 0.00
time (sec) N/A 0.597 0.206 0.352 0.000  0.000 0.000 0.000 0.188 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 177 193 251 332 0 0 0 0 165 0
N.S. 1 1.09 1.42 1.88 0.00 0.00 0.00 0.00 0.93 0.00
time (sec) N/A 0.809 0.208 0.505 0.000  0.000 0.000 0.000 0.186 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 159 198 309 281 0 0 0 0 195 0
N.S. 1 1.25 194 1.77 0.00 0.00 0.00 0.00 1.23 0.00
time (sec) N/A 0.891 0.303 0.351 0.000  0.000 0.000 0.000 0.198 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 145 153 170 165 125 211 165 172 0
N.S. 1 097 1.03 1.14 1.11 0.84 1.42 1.11 1.15 0.00
time (sec) N/A 0.319 0.077 0.227 0.129  0.100 0.553 0.148 0.190 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 122 125 154 144 108 177 141 150 0
N.S. 1 1.02 1.04 1.28 1.20 0.90 1.48 1.18 1.25 0.00
time (sec) N/A 0.334 0.062 0.217 0.121 0.115 0.383 0.147 0.188 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 136 131 161 124 103 158 121 130 0
N.S. 1 1.13  1.09 1.34 1.03 0.86 1.32 1.01 1.08 0.00
time (sec) N/A 0.306 0.062 0.197 0.135 0.121 0.354 0.142 0.192 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 84 91 100 9 83 114 91 104 0
N.S. 1 1.04 1.12 1.23 1.16 1.02 1.41 1.12 1.28 0.00
time (sec) N/A 0.271 0.042 0.099 0.131 0.121 0.271 0.126 0.178 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 33
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 142 121 128 0 0 0 0 80 0
N.S. 1 1.08  0.92 0.97 0.00 0.00 0.00 0.00 0.61 0.00
time (sec) N/A 0.536 0.096 0.404 0.000  0.000 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 71 80 79 81 155 78 859 72 71
N.S. 1 1.08 1.21 1.20 1.23 2.35 1.18 13.02 1.09 1.08
time (sec) N/A 0.276 0.035 0.107 0.127  0.147 2415 0.611 0.186 0.568
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 119 127 108 137 0 0 0 0 60 0
N.S. 1 1.07 091 1.15 0.00 0.00 0.00 0.00 0.50 0.00
time (sec) N/A 0.534 0.057 0.646 0.000  0.000 0.000 0.000 0.188 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Reduce Mupad
grade N/A A A A A B A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 84 130 113 119 168 170 3082 86 0
N.S. 1 099 1.53 1.33 1.40 1.98 2.00 36.26 1.01 0.00
time (sec) N/A 0.289 0.031 0.126 0.127  0.148 2.875 122.787 0.188 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [14]
had the largest ratio of [.520000000000000018]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 13 12 1.01 25 0.480
% A 9 8 0.92 25 0.320
3| A 9 8 0.96 23 0.348
4 A 6 5 0.87 22 0.227
i A 7 6 0.94 25 0.240
6} A 11 10 0.95 25 0.400
7] A 10 9 0.93 25 0.360
3] A 13 12 1.06 25 0.480
9) A 13 12 0.98 25 0.480
10j A 9 8 0.92 25 0.320
11 A 2 2 1.00 23 0.087
12] A 9 8 0.92 22 0.364
13] A 10 9 0.98 25 0.360
14 A 14 13 1.09 25 0.520
15) A 13 12 1.25 25 0.480
16} A 6 6 0.97 19 0.316
17] A 6 5 1.02 19 0.263
18] A ) ) 1.13 17 0.294
19 A 6 ) 1.04 16 0.312
20) A 4 4 1.08 19 0.211
21] A 7 6 1.08 19 0.316

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand
. e . number of rules
# | grade sut:; uiileze antlljaefrg:zwe leaf size | mtegrand leaf size
2 A 4 4 1.07 19 0.211
23] A 7 6 0.99 19 0.316
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z3(a+barccos(cz))

3.1 | =y da

Optimal result . . . . . . . . . . . . e 37
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L 42
Fricas [F] . . . . . o 43
Sympy [F] . . o o 13
Maxima [F] . . . . . . 43l
Giac [F(-2)] . . . o o o 44
Mupad [F(-1)] . . . oo 44
Reduce [F] . . . . oo e 44

Optimal result

Integrand size = 25, antiderivative size = 144

/ z3(a + barccos(cz)) dp — bz\/1 — c2x2 ~ 22(a + barccos(cz)) . i(a + barccos(cz))?
d — c*dz? dc3d 2¢2d %bctd
barcsin(cz) (a+ barccos(cz))log (1 — eZarccos(er))
B 4ctd B Ad

ib POIYLOg (2, e?i arccos(cw))

2ctd

B
\1/4*b*x*(—c‘2*x‘2+1)‘(1/2)/c‘3/d—1/2*x‘2*

(atbx*arccos(c*x))/c~2/d+1/2*I* (a+

‘b*arccos(c*x))‘2/b/c“4/d—1/4*b*arcsin(c*x)/c‘4/d—(a+b*arccos(c*x))*1n(1—(c
\*x+I*(—c‘2*x‘2+1)‘(1/2))‘2)/c‘4/d+1/2*I*b*polylog(2,(c*x+I*(—c‘2*x‘2+1)‘(1

/2))72)/c"4/4

\‘
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.25

/ z3(a + barccos(cz)) p
d — c2dz?

2ac’z? — bexy/1 — c2x? + 2bc?z? arccos(cx) — 2ibarccos(cz)? + 2barctan ( ) + 4b arccos(c

cx
—1++/1—c222

-

| —

input LIntegrate [(x~3*(a + bxArcCos[c*x]))/(d - c~2*d*x~2),x]

e N

-1/4%(2%a*c”2%x"2 - bxc*x*Sqrt[1 - c™2*x~2] + 2xb*c~2*x"2xArcCos[c*x] - (2
*I1)*bxArcCos [c*x] "2 + 2*b*ArcTan[(c*x)/(-1 + Sqrt[1 - c™2%x72])] + 4xbxArc
Cos[c*x]*Log[1 - E~(I*ArcCos[c*x])] + 4*b*ArcCos[c*x]*Log[1l + E~(I*ArcCos[
c*xx])] + 2xa*xLog[l - c2*x~2] - (4xI)*b*PolyLogl[2, -E~(I*ArcCos[c*x])] - (
4%1)*b*PolyLog[2, E~(I*ArcCos[c*x])]1)/(c~4*d)

output

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.01,

number of steps used = 13, number of rules used = 12, number of rules _ 0.480, Rules
integrand size

used = {5211, 27, 262, 223, 5181, 3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ x3(a + barccos(cr))
d — c2dx? v
l 5211
z(a+barcc 2
J (72(1_02(;2()cz))dx B bf \/1_960727520393 B z?(a + barccos(cz))
c? 2cd 2c2d

| 27
z(a+barccos(cz)) bf z2 d 9
[P dx ) i @2®  z°(a+ barccos(cz))

c2d 2cd 2c2d
l 262
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Uvierr N e
[ z(atbarccos(cz)) 7. b( 2c2 T2 z2(a + barccos(cz))

1—c%z2 _ N
c2d 2cd 2c2d
| 223
resin(cx)  z/1—c2z?
/ wdﬁc B z?(a + barccos(cz)) B b(a Sl — B >
c2d 2c2d 2cd
| 5181
J Cx(adl: ﬁia:rzgzz(cw))darccos(cx) B z?(a + barccos(cr)) B b<arcs2i?3(cw) - £ 1225%2)
ctd 2c2d 2cd
| 3042
J —((a + barccos(cz)) tan (arccos(cz) + §)) darccos(cz)  x%(a + barccos(cz))
B 4q - 2c2d B
¢ b(arcsin(cx) _ mm) ¢

2c3 2c2
2cd
| 25

[(a+ barccos(cz)) tan (arccos(cz) + §) darccos(cz)  x%(a + barccos(cz))
4d B 2c2d B
¢ b(arcsin(cw) _ zm) ¢

2c3 2c2
2cd
l 4200

2i [ 1 b arceoten) g aroos(ar) — (RS 2y arcoos(ca))
- Ad B 2c2d B
b(arcsin(cx) _ ;m/l_c?gﬁ)

2c3 2c2

2cd

l 25

. g2iarccos(ea) (g4 parccos(cx)) i(a+barccos(cz))?
~2f T—eZiarccos(ca) darccos(cx) — =55  z2(a+ barccos(cz))
cd 2c¢%d
b arcsin(cz) _ zv/1=c%z2
2c3 2c2
2cd

l 2620
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—22’(%1' log (1 — e arccos(cx)) (a + barccos(cz)) — %ib [ log (1 — e arcc"s(cx)) darccos(ca:)) — —i(a+bar§'zos(cm))2

cAd
i zvV/1—c2z2
x2(a + barccos(cz)) B b(amszlg(m) T 22 )
2c2d 2cd
l 2715

_22'(%1' log (1 _ e2iarccos(cac)) (a + barccos(c:c) _ %bfe—Ziarccos(cz) log (1 _ e2iarccos(cx)) de2iarccos(cx)) _ i(atbd

ctd
rcsin(cx V1—c2x2
x2(a + barccos(cz)) B b(a cs2c3( )= 5 © )
2¢2d 2cd

l 2838

—2’5(%1' log (1 — e arccos(cx)) (a + barccos(cm)) + %bPolyLog (2’ e2t arccos(cz))) _ i(a+bar;zos(cx))2

ctd
rcsin(czx) Vi—c2z2
z?(a + barccos(cz)) B b(a CS2¢3 — B )
2c2d 2¢d
input LInt [(x~3%(a + b*ArcCos[c*x]))/(d - c~2*d*x~2),x] J
output‘ -1/2%(x"2*(a + b*ArcCos[c*x]))/(c™2xd) - (bx(-1/2x(x*Sqrt[1 - c~2%x~2])/c”

‘2 + ArcSin[c*x]/(2%c~3)))/(2*%c*d) - (((-1/2*I)*(a + b*ArcCos[c*x])"2)/b - ‘
| (2%I)*((I/2)*(a + b¥ArcCos[cxx])*Log[l - E~((2*I)*ArcCos[c¥x]1)] + (b*PolyL
‘og[2, E~((2+I)*ArcCos[c*x]1)1)/4))/(c"4*d)

Defintions of rubi rules used

rukaz5LInt[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
“tchQ[Fx, (b_)*(Gx_) /; Free@lb, x1]




rule 223

rule 262

rule 2620

rule 2715

rule 2838

rule 3042

rule 4200
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Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((c_)*(x)) " (m )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b
,» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+#I Int[(c + d*x)~
m*xE”~ (2+%Ixk*Pi) * (E~(2%I*(e + £*x))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + £*x)))), x]
, x] /; FreeQl[{c, d, e, £}, x] && IntegerQ[4xk] && IGtQ[m, O]




rule 5181

rule 5211

input

output
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Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*x(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos[c*x])"n/(ex(m + 2%p + 1))), x] + (Simp[f~2*((m - 1)/(c™2*(m + 2%p
+1)))  Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(c*(m + 2*p + 1)))*Simp[(d + exx"2)"p/(1 - c™2*x72)"p] Int[(£f*
x)"(m - 1)*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x1) /;
FreeQ[{a, b, c, d, e, £, p}, x] && EqQ[c"2+d + e, 0] &% GtQ[n, 0] && IGtQ[m
, 1] && NeQ[m + 2%p + 1, 0]

~

Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.22

method result

ax

, 2
9 aln(c?a?—1) b(—%—i—arcws(cm) ln(1+c:c+i\/ —c2z2+1) —3 polylog(2,—cz—i\/ —02m2+1>

parts T2de2 T 2d ct

. 2
2.2 ] ~1) 1 +1 _ tarccos(cx) Y ) . I )
G(LQL_F n(cz )+ n(cz )) b( — +arccos(czx) 1n(1+cw+1\/ c4x +1) zpolylog(2, cx—i\/ —c4z +1)+arct

derivativedivides d

ct

; 2
252 | In(cz—1) | In(ca+1 _ iarccos(cz) i/ —22241) —i —cm—i/ =221
G(C‘QL‘F‘(H-‘F ( )) b > +arccos(czx) 1n(1+cz+z céx +1) zpolylog(2, cx—i céx +1)+arc<

default d

ct

Lint(x“3*(a+b*arccos(c*x))/(—c“2*d*x“2+d),x,method=_RETURNVERBOSE)

‘—1/2*a/d*x“2/c‘2—1/2*a/d/c‘4*1n(c‘2*x‘2-1)—b/d/c‘4*(—1/2*I*arccos(c*x)‘2+a
‘rccos(c*x)*1n(1+c*x+I*(—c‘2*x‘2+1)‘(1/2))—I*polylog(2,—c*x—I*(-c‘2*x‘2+1)‘
‘(1/2))+arccos(c*x)*ln(1—c*x—I*(—c‘2*x‘2+1)“(1/2))—I*polylog(2,c*x+I*(—c“2*
Lx‘2+1)‘(1/2))+1/4*cos(2*arccos(c*x))*arccos(c*x)-1/8*sin(2*arccos(c*x)))

|
|
|
J
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Fricas [F]
/ z3(a + barccos(cz)) p / (barccos (cx) + a)z? p
Xr = — €T
d — c2dz? cdz? —d
inputLintegrate(XAS*(a+b*arccos(c*x))/(—c‘2*d*x‘2+d),x, algorithm="fricas")
outputLintegral(-(b*x“S*arccos(c*x) + axx~3)/(c"2%d*x"2 - d), x)
Sympy [F]
3
/ z3(a + barccos(cz)) o — _f S22 dp [ o) gy
d — c2dx? d
inputLintegrate(x**3*(a+b*acos(c*x))/(—c**2*d*x**2+d),x)

output‘

input

output

-(Integral (a*x**3/ (cx*2xx**2 - 1), x) + Integral (bxx**3%acos(c*x)/(ck*2*x*
*2 - 1), x))/d

Maxima [F]

/x3(a + barccos(cz)) dr — /_(b arccos (cz) + a)z® da

d — c2dz? o c2dz? — d

Lintegrate(x“3*(a+b*arccos(c*x))/(-c“2*d*x“2+d),x, algorithm="maxima")

-1/2*%ax(x"2/(c"2*d) + log(c™2*x"2 - 1)/(c”4*d)) + 1/2x(2*c"4*d*integrate(l
/2% (c"2*%x"2xe~ (1/2%log(c*x + 1) + 1/2xlog(-c*x + 1)) + e~ (1/2*log(c*x + 1)
+ 1/2%log(-c*x + 1))*log(c*x + 1) + e~ (1/2%log(c*x + 1) + 1/2xlog(-c*x +
1))*log(-c*x + 1))/(c T*d*x"4 - c~5*d*x~2 + (c~5*d*x~2 - c~3*d)*e” (log(c*x
+ 1) + log(-c*x + 1))), x) - (c™2*x"2 + log(c*x + 1) + log(-c*x + 1))*arc

tan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*x))*b/(c"4*d)
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Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ z3(a + barccos(cz))
d — cda?

input Lintegrate (x~3*(a+b*arccos(c*x))/(-c~2*d*x~2+d) ,x, algorithm="giac") J

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command ‘

‘ : INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve ‘
‘cteur & 1) Error: Bad Argument Value ‘

Mupad [F(-1)]

Timed out.

/ z3(a + barccos(cz)) d — / z? (a + bacos(cx)) d

d — c2dz? d—c2dzx?

input Lint((XAB* (a + bxacos(c*x)))/(d - c~2*d*x"2),x) J

-

Lint((x‘B*(a + b¥acos(c*x)))/(d - c~2%d*x~2), x)

e—

output
Reduce [F]
/ z3(a + barccos(cz))
d — c2dz? v
—2acos(cz) bc*x? + 2acos(cz) b+ asin(cz) b+ v/ —c*z? + 1bex — 4<f ‘?j%?dx) bc? — 2log(c’x — ¢)

4ctd

inputLint(x‘B*(a+b*acos(c*x))/(-c‘2*d*x“2+d),x) J




output
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‘( - 2*xacos (cxx)*bkcx*2xx**2 + 2xacos(cxx)*b + asin(c*x)*b + sqrt( - c**2*x
\**2 + 1)*bxc*x - 4xint((acos(c*x)*x)/(cx*2kx*x*2 - 1) ,x)*bxc**2 - 2*klog(c**
‘2*x - c)*a - 2*log(c**2xx + c)*a — 2*akxck*x2*x*x*2)/(4dxc*x4*d)
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3.9 f 2% (a+barccos(cz)) dx

d—c2dx?
Optimal result . . . . . . . . . . . . e 40l
Mathematica [A] (verified) . . . . . . . . . ... 46
Rubi [A] (verified) . . . . . . . . . . 47
Maple [A] (verified) . . . . . . ... L 50
Fricas [F] . . . . . o 50
Sympy [F] . . o o LIl
Maxima [F] . . . . . . b1l
Giac [F] . . . o o b1l
Mupad [F(-1)] . . . oo 52
Reduce [F] . . . . oo e 52
Optimal result
Integrand size = 25, antiderivative size = 115
/ z?(a + barccos(cz)) dr — b1 — c2x? _ z(a + barccos(cz))
d — c2dx? c3d c2d
2(a + barccos(cz))arctanh (ef#recos(e) )
c3d
ibPolyLog (2, —e*recs(<®)) b PolyLog (2, e*arecos(es))
B cd * c*d

B

Ou_,Dput‘b>|=(—c"2=|=x"2+1)‘(1/2)/c‘3/d—x*(a+b*arccos(c*x))/c"2/d+2*(a+b>!=arccos(c*x))*a
‘rctanh(c*x+I*(—c‘2*x“2+1)“(1/2))/c‘S/d—I*b*polylog(2,—c*x—I*(—c‘Q*x‘2+1)‘(

1/2))/c~3/d+Ixb*polylog(2, ckx+I*(-c~2*%x~2+1)~(1/2))/c~3/d

N

\‘

J

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.20

dz =

/ z2(a + barccos(cz))
d — c*dz?
2acz — 2bv/1 — 2z + 2bez arccos(cz) + 2barccos(cz) log (1 — e#recs(e2)) — 2barccos(cz) log (1 + €

2
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input \ Integrate[(x~2*%(a + b*ArcCos[c*x]))/(d - c~2*d*x"2),x]

output‘ -1/2*(2%axc*x - 2*%bxSqrt[1 - c”2*x"2] + 2xb*cxx*ArcCos[c*x] + 2xb*ArcCos[c
‘*x] *xLog[1 - E~(I*ArcCos[c*x])] - 2xb*ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])
‘] + axLog[l - c*x] - a*Logll + c*x] + (2*I)*b*PolyLog[2, -E~(I*ArcCos[c*x]
)] - (2+I)*b*PolyLog[2, E~(I*ArcCos[c#x]1)])/(c 3+d)

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.92,

_ o number of rules
8, integrand size = 0.320, Rules

number of steps used = 9, number of rules used =
used = {5211, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/ z*(a + barccos(cz)) dx

d — c2dz?
| B211
a+barccos(cx) d b x d
J “d(i-c%a?) 9T J Vi—@2 % z(a + barccos(cz))
c? cd c2d

| 27

/ a—}-blar(;g(a);(cm) dz bf \/ﬁdw _ z(a + barccos(cz))
c2d cd c2d
| 2
a+barccos(ca:)d )
[ g dx _ z(a + barccos(cz)) + bv1— 2z
c2d c2d c3d
| 5165

bar
J %?Ci\/%(cx)darccos(cw) z(a + barccos(cz)) + bV1 — 22

cd - c2d cd

l 3042

[ (a+ barccos(cz)) csc(arccos(cz))d arccos(cz)  z(a + barccos(cz)) + bv1 — c2x?
B c3d B c2d c3d
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l’4671

—b [log (1 — etarecos(<®)) darccos(cx) + b [ log (1 + €227°°05(«®)) d arccos(cx) — 2arctanh (ef27°°s(<?)) (g + barc

c3d
z(a + barccos(cz)) = bV1 — c2x?
2 + 3
c°d c’d

l 2715

ib f e—tarccos(cz) log (1 — ¢t arccos(cz)) detarccos(cz) _ be e—tarccos(cz) log (1 + et arccos(cw)) detarccos(cx) _ 9arotan]

c3d
z(a + barccos(cr)) = bvV1 — c2x?
2 + 3
cd c’d
| 2838

—2arctanh (e?27c%s(c2)) (q + barccos(cz)) + ib PolyLog (2, —et27¢°°5(<®)) — jb PolyLog (2, €*2rec0s(c@))

c3d
z(a + barccos(cr)) = b1 — c2x?
2 + 3
c*d c3d
input \Int[(x‘2* (a + bkArcCos[c*x]))/(d - c~2*d*x"~2),x] /

output ‘ (bxSqrt[1 - c™2*x"2])/(c”3*d) - (x*(a + b*ArcCos[c*x]))/(c™2*d) - (-2x(a + ‘
‘ b*ArcCos [c*x] ) *ArcTanh [E~ (I*ArcCos [c*x])] + I*b*PolyLog[2, -E~(I*ArcCosl([c ‘
\*x])] - IxbxPolyLog[2, E~(I*ArcCos[c*x])])/(c~3*d)

Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 241 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1l




rule 2715

rule 2838

rule 3042

rule 4671

rule 5165

rule 5211
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N\

Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simp[-
2x(c + d*x) "m* (ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)" (m - 1)*Log[1l + E~(I*(e + f*x))], x], x]) /; FreeQl{c, 4, e, £}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"2+d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((£f_.)*(x_))"(m_)*((d_) + (e_.
Y*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + e*x"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(e*(m + 2%p + 1))), x] + (Simp[£f~2*((m - 1)/(c™2*(m + 2*p
+ 1))) Int[(f*x)"(m - 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(c*(m + 2*%p + 1)))*Simp[(d + exx"2)"p/(1 - c~2*x~2)~p] Int[(£*
) (m - 1)*x(1 - c”2%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])"(m - 1), x1, x1) /;
FreeQ[{a, b, c, 4, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && IGtQ[m
, 11 && NeQ[m + 2*p + 1, 0]

N\
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.57

method result

1 —-1) 1 1
3 a (C:H_L(C;”i)_ L(CQDL)> i b\/m_{_ barccos(cz) 1n(1+cz+i\/ 7c2z2+1) _ barccos(czx) ln(lfczfi\/ 762z2+1) ba
d

derivativedivides 4 4 =2
a(c:c-&-%‘%) b\/m barccos(cz) 1n(1+cz+i\/ —c2z2+1) b arccos(czx) ln(l—cx—i\/ —c2m2+1) ba
default - 2 N . - 1 —
efau 3
1 — 1 . . .
parts - d + 6 T 42~ 3d +
inputtint(x"2*(a+b*arccos(c*x))/(-c"2*d*x"2+d),x,method=_RETURNVERBOSE) J

‘ 1/c”3%(-a/d* (cxx+1/2*1n(c*xx-1)-1/2*1n(c*x+1) )+b/d* (-c~2*x~2+1) " (1/2) +b/d*a \
‘rccos(c*x)*ln(1+c*x+I*(—c“2*x‘2+1)A(1/2))—b/d*arccos(c*x)*ln(l—c*x—I*(—c‘2

‘ *x~2+1) " (1/2))-b/d*arccos (c*x) *c*x-I*b/d*polylog(2,-cxx-I*(-c™2*xx~2+1) " (1/ ‘
‘ 2))+I*b/d*polylog (2, ckx+I*(-c™2*x~2+1)~(1/2))) ‘

output

Fricas [F|
/ z2(a + barccos(cz)) i — / _ (barccos (cz) + a)2? i
d — c2dz? c2dz? — d
input Lintegrate (x~2*x (atb*arccos(c*x))/(-c~2+%d*x"2+d) ,x, algorithm="fricas") J
output Lintegral(—(b*x"2*arccos(c*x) + a*x"2)/(c”2xd*x"2 - d), x) J
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Sympy [F]

/ x?(a + barccos(cz)) do — J %dﬂ: +/ bzi—fzgs_(fx ! do
d — c?dz? d

input Lintegrate (x**2* (a+b*acos (c*x)) / (—c**x2*d*x**2+d) ,x)

Output‘-(Integral(a*x**2/(c**2*x**2 - 1), x) + Integral(b*x**2*acos(c*x)/(cx*2xx*
%2 - 1), x))/d

Maxima [F]

2 2
/ z*(a + barccos(cz)) dp — / _ (barccos (cz) + a)z s

d — c2dz? N c2dz? — d

input Lintegrate (x~2* (at+b*arccos(c*x))/(-c~2*d*x~2+d) ,x, algorithm="maxima")

‘—1/2*a*(2*x/(c“2*d) - log(cxx + 1)/(c™3*d) + log(c*x - 1)/(c™3xd)) - 1/2x(
‘2*c“3*d*integrate(—1/2*(2*c*x - log(c*x + 1) + log(-c*x + 1))*sqrt(c*x + 1
‘)*sqrt(-c*x + 1)/(c”4*xd*x"2 - c~2%d), x) + (2*cxx - log(cxx + 1) + log(-cx*
‘x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-cxx + 1), c*x))*b/(c~3*d)

output

Giac [F]
2 2
/ z*(a + barccos(cz)) dp — / _ (barccos (cz) + a)z d
d — c2dz? c2dz? —d
inputLintegrate(x“2*(a+b*arccos(c*x))/(—c‘z*d*xA2+d)’x, algorithm="giac")

output Lintegrate(—(b*arccos(c*x) + a)*xx~2/(c”2%d*x"2 - d), x)
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Mupad [F(-1)]

Timed out.
z%(a + barccos(cz)) 22 (a + bacos(cz))
dzr = d
/ d — c2dz? v / d— c2dz? v
inputtint((x‘2*(a + bracos(c*x)))/(d - c 2%d*x"2),x) J
output{int((x‘Q*(a + b*acos(c*x)))/(d - c 2*d*x~2), x) J
Reduce [F]
/ z2(a + barccos(cz))
d — c2dz? o
—2acos(cz) bex + 2v/—c2x? +1b — 2 (f seosfer) dx) be — log(c®z — ¢) a + log(c®x + ¢) a — 2acx
B 2c3d
inputLint(x‘2*(a+b*acos(c*x))/(—c‘2*d*x“2+d),x) J
output‘( - 2%acos(cxx)*bkckx + 2ksqrt( - ck*k2xx**2 + 1)*b - 2kint(acos(c*x)/(ck*2

‘*x**2 - 1),x)*b*c - log(c**2*x - c)*a + log(cx*2*x + c)*a — 2*axckx)/(2*c* ‘
*3%d) |
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3.3 f z(a+barccos(cz)) dr

d—c?dx?
Optimal result . . . . . . . . . . .. . H3l
Mathematica [A] (verified) . . . . . . . . . ... 53
Rubi [A] (verified) . . . . . . .. . . !
Maple [A] (verified) . . . . . . . . ... 561
Fricas [F] . . . . . . o o 57
Sympy [F] . . o o by
Maxima [F] . . . . . o iy
Giac [F(-2)] .« v o o o b
Mupad [F(-1)] . . . . . B
Reduce [F] . . . . . . bY

Optimal result

Integrand size = 23, antiderivative size = 82

/ z(a + barccos(cx)) dr — i(a + barccos(cz))?
d — c2dx? 2bc%d
(a + barccos(cz)) log (1 — eZiarccos(en))
a c2d
ibPolyLog (2, g% arccos(e) )
+ 2c2d

out ut‘ 1/2%I*(a+b*arccos(c*x)) ~2/b/c~2/d-(a+b*arccos (c*x))*1n(1- (ckxx+I*(-c~2%x~2+ ‘
‘ 1)°(1/2))"2) /c~2/d+1/2*%I*bxpolylog(2, (cxx+I*(-c"2*xx~2+1)~(1/2))"2)/c"2/4d ‘

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.40

/ z(a + barccos(cz)) s

d — c2dz?
i(barccos(cz)? + 2ibarccos(cz) log (1 — e*2r*s(<®)) 4 2ib arccos(cz) log (1 + e #<5(%2)) 4+ 4glog (1 — ¢
B 2c2d
input LIntegrate [(x*(a + b*ArcCos[c*x]))/(d - c 2*d*x~2),x] J
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‘ ((I/2)*(b*ArcCos[c*x]~2 + (2+I)*b*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] + ‘
‘ (2+I)*b*ArcCos [cxx] *Log[1 + E~(I*ArcCos[c*x])] + Ik*axLogl[l - c™2*x"2] + 2 ‘
‘*b*PolyLog[2, -E~(I*ArcCos[c*x])] + 2%b*PolyLog[2, E~(I*ArcCos[c*x])]))/(c ‘
“2+d) |

output

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.96,

number of rules _
integrand size 0.348, Rules

number of steps used = 9, number of rules used = 8,
used = {5181, 3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z(a + barccos(cz)) iz

d — c2dxz?
l'5181
cz(a+bar cr
f +1"‘+‘)S())d arccos(cx)
c2d

l 3042

| —((a + barccos(cz)) tan (arccos(cz) + %)) darccos(cz)

C
l 25

[(a + barccos(cz)) tan (arccos(cz) + §) d arccos(cz)

c2d
| 4200
. e2tarccos(cx) (g4 pharccos(cx)) i(a+barccos(cz))?
27’ f - 1_62i(arccos(cm) ( darCCOS(Cx) - T
cd
| 25
. e2i arccos(cx) (G,-‘rb arccos(cm)) z(a+b arccos(cm))2
—24 f 1—e2tarccos(cz) d aI'CCOS(C-T) -T2

c2d

l 2620
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—2i(%ilog (1 — e%arccos(en)) (g 4 barccos(cz)) — 3ib [ log (1 — e?iarecos(en)) darccos(cz)) — M
- c2d

l 2715

—2i(%ilog (1 — e%arccos(en)) (g 4 barccos(cz)) — 1b [ e~ 2arccos(er) Jog (1 — g2iarccos(cr) ) deZiarccos(ca)) i(a+b
c2d

l'2838

—Qi(%’i log (1 — 2 arccOS(cm)) (a + barccos(cz)) + ibPolyLog (2, e2i arccos(cz))) _ M
- c2d

input ‘ Int[(x*(a + b*ArcCos[c*x]))/(d - c 2*d*x"~2),x] ‘

output‘ -((((-1/2*I)*(a + bxArcCos[c*x])"2)/b - (2*I)*((I/2)*(a + bxArcCos[c*x])*L ‘

logll - E~((2+I)*ArcCos[c*x])] + (b*PolyLog[2, E~((2+I)*ArcCos[c¥x])1)/4))/
\(c*z*d)) ‘
Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], xI] J

rule 2620 IBtLCCCF I~ ((g_)*((e ) + (£_)*x I (@_)*((c_.) + (d_)*(x))"(@m_.))/
(@) + (b_)*((F)"((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*E*gsn+Log[F1))*Log[l + b*((F~(g*(e + £*x)))"n/a)l, x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*xx)~(m - 1)*Log[l + b*x((F~(g*(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Logl(a) + (b_.)*((F)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2

rule 2838
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)~(m + 1)/(d*(m + 1))), x] - Simp[2+#I Int[(c + d*x)~
m*xE”~ (2+%Ixk*Pi) * (E~(2*xI*(e + £*x))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + £*x)))), x]
, x] /; FreeQl[{c, d, e, £}, x] && IntegerQ[4xk] && IGtQ[m, O]

rule 4200

Int[(((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*(x_))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot([x], x], x, ArcCos[c*x]],
x] /; FreeQl[{a, b, c, 4, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

rule 5181

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.73

method result

; 2
aln(c?a?—1) b (— %—}-arcces(cm) In <1+c:c+z'\/ —02z2+1> —i polylog (2,—cm—i\/ —c2z2+1) +arccos(
parts - 2d c? - dc?
: 2
a ( In(cz—1) + In(cz+1) ) b(— wfﬂ-&-arccos(cz) 1n(1+cz+i\/ —c2z2+1) —1 polylog(2,—cx—i\/ —c2w2+1)+arccos(ca:) ]

_ d — d
o2

derivativedivides

. 2
a ( In(cz—1) + In(cz+1) ) b (— % +arccos(cx) 1n(1+cw+i\/ —02$2+1) —i polylog (2,—cw—i\/ —czw2+1) +arccos(cz)

default — d — = d

inputLint(x*(a+b*arccos(c*x))/(—c‘2*d*x“2+d),x,method=_RETURNVERBOSE) J

output ‘ -1/2%a/d/c~2%¥1n(c~2*x~2-1)-b/d/c~2%(-1/2*I*arccos (c*x) “2+arccos (c*x) *1n(1+ ‘
‘ c*x+Ix(-c"2%x72+1) " (1/2)) -I*polylog(2,-c*x-I*(-c~2*xx"2+1) " (1/2))+arccos(c* ‘
‘ x)*1n(1-cxx-I*(-c™2*x~2+1) " (1/2) ) -I*polylog(2,c*x+I*(-c~2*x~2+1)~(1/2))) ‘
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Fricas [F]

x(a + barccos(cz)) , / (barccos (cz) + a)z
/ d — c?dx? do = c2dz? —d de

inputLintegrate(x*(a+b*arc¢os(c*x))/(—CAQ*d*x‘2+d),x’ algorithm="fricas")

Output‘integral(—(b*x*arccos(c*x) + axx)/(c™2*d*x"2 - d), x)

Sympy [F]

/ z(a + barccos(cz)) dp — [ aEmda+ | bz;;%s—(im) dx
d — c2dx? d

inputtintegrate(x*(a+b*acos(c*x))/(—c**2*d*x**2+d),x)

-(Integral (a*x/(c**2*x**2 - 1), x) + Integral(b*x*acos(c*x)/(ck*x2kx**2 - 1

), x))/d

p
output‘

Maxima [F]

x(a + barccos(cx)) , / (barccos (cx) + a)x
/ d — c2dx? dz = cdz? —d de

inputtintegrate(X*(a+b*arCC°S(C*X))/(‘CAQ*d*XA2+d),X, algorithm="maxima")

1/2% (2*%c~2xd*integrate (1/2* (e~ (1/2*log(c*x + 1) + 1/2%log(-c*x + 1))*log(c
*x + 1) + e~ (1/2*log(c*x + 1) + 1/2%log(-c*x + 1))*log(-c*x + 1))/ (c 5*d*x
"4 - c73xd*x"2 + (c"3%d*x"2 - c*d)*e”(log(c*x + 1) + log(-c*x + 1))), x) -

(log(c*x + 1) + log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)
)*¥b/(c”2xd) - 1/2*axlog(c™2*d*x~2 - d)/(c"2*d)

output
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Giac [F(-2)]

Exception generated.

/ z(a + barccos(cz))

1 — 2dg? dx = Exception raised: RuntimeError
— c2dx

input Lintegrate (x* (at+b*arccos(c*x))/(-c~2*d*x~2+d) ,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
z(a + barccos(cz)) . / z (a+ bacos(cz))
/ d - CQd.CU2 d.’E - d _ C2 de d.’IJ
input Lint ((x*(a + b*acos(c*x)))/(d - c~2*%d*x"2),x)

output 16 ((x*(a + bracos(cxx)))/(d - c"24dx"2), x)

Reduce [F|

/ z(a + barccos(cz)) s -2 (f %dx) bc? —log(c®r — c¢)a —log(c®’z + ¢) a
d — c2dz? 2¢2d

input,| 10t Cox (arbracos (cx)) / (- 2xdx"2+d) ,x)

‘( - 2xint ((acos(c*x)*x) / (cx*2xx*x*2 — 1) ,x)*bxc**2 — log(cx*2*xx — c)*a - lo

output
‘g(c**2*x + c)*a)/(2*xc**2%d)
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3.4 f a+barccos(cz) dx

d—c2dx?
Optimal result . . . . . . . . . . .. . Ol
Mathematica [A] (verified) . . . . . . . . . ... . bYY)
Rubi [A] (verified) . . . . . . .. . . 60
Maple [A] (verified) . . . . . . . . ... 621
Fricas [F] . . . . . . o o 62
Sympy [F] . . o o 63]
Maxima [F] . . . . . o 63
Giac [F(-2)] .« v o o o 63
Mupad [F(-1)] . . . . . 64
Reduce [F] . . . . . . 64

Optimal result

Integrand size = 22, antiderivative size = 76

/ a + barccos(cz) dp — 2(a + barccos(cz))arctanh (e’ arCcos(ca:))
d — c?dx? T= cd
ibPolyLog (2, —e*®e=(")) b PolyLog (2, e**s(=®))
- +
cd cd

‘ 2% (at+b*arccos (c*x))*arctanh (ckx+I*(-c™2*x~2+1)~(1/2))/c/d-I*b*polylog(2,-c ‘

output
L*x—I*(-c‘Q*x‘2+1)“(1/2))/c/d+I*b*polylog(2,c*x+I*(-c“2*x‘2+1)“(1/2))/c/d J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.41

dz

d — c2dx?
_ —2barccos(cz) log (1 — efarese®)) 4 2parccos(cz) log (1 + €'27e*<()) — glog(1 — cx) + alog(1l + cx) -
B 2cd

/ a + barccos(cz)

e

Integrate[(a + bxArcCos[c*x])/(d - c™2*d*x~2),x]

~—

input L
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‘ (-2xbxArcCos [c*x] *Log[1 - E~(I*ArcCos[c*x])] + 2*bk*ArcCos[c*x]*Log[1l + E~( ‘
‘I*ArcCos [c*x])] - axLogl[l - c*x] + a*Logl[l + c*x] - (2*I)#*b*PolyLog[2, -E~ ‘
‘(I*ArcCos[c*x])] + (2xI)*bxPolyLog[2, E~(I*ArcCos[c*x])])/(2*cxd) ‘

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.87,

— 5, number of rules _ 997, Rules

number of steps used = 6, number of rules used =
integrand size

used = {5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
a + barccos(cz)
/ d — c2dx? dz
| 5165
J mTci\/%S(cm)d arccos(cz)

cd

| 3042

[(a + barccos(cz)) csc(arccos(cz))d arccos(cz)

cd

| 4671

b [ log (1 — e*arecos(e@)) darccos(cz) + b [ log (1 + e?2°cos(¢2)) g arccos(cz) — 2arctanh (e227°°05(<®)) (g + bar

cd
| 2715
Zb f e —iarccos(cz) log ( zarccos(cw)) de’ arccos(czr) __ be el arccos(cz) log (1 + et arccos(cw)) de’ arccos(cz) __ 2arctanl
cd
| 2838

—2arctanh (e?27c%s(¢2)) (q + barccos(cz)) + ib PolyLog (2, —et27¢°°5(<®)) — jb PolyLog (2, €*2re0s(c@))
cd
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input\Int[(a + b*ArcCos[c*x])/(d - c~2xd*x"2),x]

output‘—((_2*(a + b*ArcCos [c*x])*ArcTanh [E” (I*ArcCos[c*x])] + I*b*PolyLogl[2, -E~(
‘I*ArcCos[c*x])] - Ixb*PolyLog[2, E~(I*ArcCos[c*x])])/(c*d))

Defintions of rubi rules used

rule 2715 Imt[Logl(a ) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(a_.)]1, x_Symbol]
‘:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x)
‘))An]’ X] /; FreeQ[{F, a, b, c, d, e, n}, X] && GtQ[a, 0]

rule 2838 Int[Logllc_.)*((d) + (e_.)*(x_)"(n_.))1/(x)), x_Symbol] :> Simp[-PolyLog[2
» (-c)*exx™n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

_ J

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4671 Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E"(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~(m - 1)*Log[l + E~(Ix(e + f*x))1, x], x]1) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]

rule 5165 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((d)) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n, 0]
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Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.84

method result
; i(cx+1) i(cz+1) : di i(cz+1)
. . o a arctanh(ca) b (— arctanh(cz) arccos(cz)—14 arctanh(cz) (ln (1— 2_66222+1 ) —In (1+ _CC§$2+1 ))-H dilog <1+ ,71—60;:32-&-1 )
derivativedivides 4 -
_ arctan . —i arctan nl1— i(cz+1) in i(cz+1) i di i(cz+1)
a arctanh(cz) b( arctanh(cz) arccos(cz)—14 arctanh(cz) (l (1 —c2z2+1> 1 (1+ V-2t 1 >)+z d log<1+7\/m)
default d _ Z
_ h . h In(1— i(cz41) _In(1 i(cz+1)
arts _ aln(er—1) N aln(cotl) b( arctanh(cz) arccos(cz)—i arctanh(cz) ( n( o) "’%/m
p 2dc 2dc dc
input tint ((a+b*arccos (c*x))/ (-c~2*d*x"2+d) ,x ,method=_RETURNVERBOSE) J

‘ 1/c*(a/d*arctanh (c*x)-b/d*(-arctanh (c*x)*arccos (c*x)-I*arctanh (c*x) * (ln(1- ‘
| Ix(cxx+1)/(-c"2%x™2+1) " (1/2)) -1n(1+Ix(c*x+1) / (-c™2%x"2+1) " (1/2)) ) +I*dilog( |
\ 1+I* (cxx+1) / (—c™2*x™2+1) ~(1/2) ) -I*dilog (1-I*(c*x+1) / (-c™2%x~2+1)~(1/2)))) \

output

Fricas [F|
a + barccos(cz) / barccos (cx) + a
de = [ — d
/ d — c2dx? o cdx? —d v
input Lintegrate ((at+b*arccos(c*x))/(-c 2*d*x"~2+d) ,x, algorithm="fricas") J

output Lintegral(— (b*arccos(c*x) + a)/(c™2*d*x~2 - d), x) J




CHAPTER 3. LISTING OF INTEGRALS 63

Sympy [F]

/ a + barccos(cz) dp — NE-=TAd) iy do
d — c%dz? B d

inputLintegrate((a+b*acos(c*x))/(—c**2*d*x**2+d)’X) J

‘—(Integral(a/(c**2*x**2 - 1), x) + Integral(b*acos(c*x)/(cx*2*x**2 - 1), x

ou‘cput‘))/d ‘

Maxima [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a i

d — c2dz? c2dz? — d

integrate((at+b*arccos(c*x))/(-c"2xd*x"2+d) ,x, algorithm="maxima")

-/

E
input L

output‘ 1/2*ax(log(c*x + 1)/(c*d) - log(cxx - 1)/(cxd)) - 1/2%(2*c*d*integrate(1/2 ‘
‘*sqrt(c*x + 1)*sqrt(-cxx + 1)*(log(c*x + 1) - log(-c*x + 1))/(c”2*d*x"2 - ‘
‘d), x) - (log(c*x + 1) - log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-cxx + ‘

}1), c*x))*b/ (cxd)

Giac [F(-2)]

Exception generated.

/ a + barccos(cz)

1 — 2dp? dx = Exception raised: RuntimeError
— c2dx

p
Lintegrate ((atb*arccos(c*x))/(-c"2*d*x"2+d) ,x, algorithm="giac")

-/

input
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]
Timed out.

dz

/ a + barccos(cz) gr— [O7F bacos(cx)
d — c?dz? B d—c*dax?

inputtint((a + bxacos(c*x))/(d - c™2%d*x"2),x)

Outputtint((a + b*acos(c*x))/(d - c~2%d*x"2), x)

Reduce [F]

/ a + barccos(cz) N -2 (f tzgz;i(ﬁ) dz) be — log(c*z — ¢) a + log(c®z + ¢) a
d — c*dz? 2cd

input Lint ((atb*acos(c*x) )/ (-c"2*d*x~2+d) ,x)

‘( - 2xint(acos(c*x)/(cx*2xx**2 - 1) ,x)*b*c - log(c**2*x - c)*a + log(c**2x

output
‘x + c)*a)/(2xcxd)
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35 f a+barccos(cz) dx

z(d—c?dz?)
Optimal result . . . . . . . . . . . . . 651
Mathematica [B] (verified) . . . . . . . . . ... 65
Rubi [A] (verified) . . . . . . . . . 66
Maple [A] (verified) . . . . . . ... 68
Fricas [F] . . . . . o 69
Sympy [F] . . o 69
Maxima [F] . . . . . . 69
Giac [F(-2)] . . . o o o [70)
Mupad [F(-1)] . . . . o 70
Reduce [F] . . . . . o e (V)

Optimal result

Integrand size = 25, antiderivative size = 71

a + barccos(cz) 2(a + barccos(cz))arctanh (g2 arecos(ee))
/ z (d — c2dx?) = d
ib PolyLog (2, —e2i arccOS(CCE)) N ib PolyLog (2, e2i arccos(cm))
2d 2d

p
‘2*(a+b*arccos(c*x))*arctanh((c*x+I*(—c‘2*x‘2+1)‘(1/2))‘2)/d—1/2*I*b*polylo
‘g(2,—(c*x+I*(—c‘2*x“2+1)“(1/2))“2)/d+1/2*I*b*polylog(2,(c*x+I*(—c‘2*x“2+1)

output
L‘(1/2))‘2)/d J

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 143 vs. 2(71) = 142.

Time = 0.03 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.01

dr =

/ a + barccos(cz)
z (d — c2dx?)
2barccos(cz) log (1 — ef#reces(<®)) 4 2 arccos(cz) log (1 + e*2reos(«)) — 2barccos(cz) log (1 + e areco




CHAPTER 3. LISTING OF INTEGRALS 66

input ‘ Integrate[(a + bxArcCos[c*x])/(x*(d - c~2*d*x~2)),x] ‘

-1/2*(2+%bxArcCos [c*x] *Log[1 - E~(I*ArcCos[c*x])] + 2xb*ArcCos[c*x]*Log[l +

E~(I*ArcCos[c*x])] - 2%bxArcCos[c*x]*Logl[l + E~((2*I)*ArcCos[c*x])] - 2*a
*xLog[x] + a*Logl[l - c™2*x~2] - (2*I)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (2
*I)*b*PolyLog[2, E~(I*ArcCos[c*x])] + I*b*PolyLogl[2, -E~((2*I)*ArcCos[c*x]
)1)/d

output

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.94,

number of rules _ 0.240, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a + barccos(cz)
z (d — c2dz?)

l 5185

a+barccos(cz)
S T d arccos(cz)

d
l'4919

2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)
d

l 3042

2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)
d

l 4671

2(—1b [ log (1 — e¥arccos(c@)) darccos(cx) + b [ log (1 + e%ae0s(c)) d arccos(cx) — (arctanh (e arecos(ca)) (
B d

l 2715
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2(izb f e~ 2 arccos(cz) log (1 — e arccos(cac)) de2 arccos(cz) __ izbf e~ 2 arccos(cz) log (1 + e2t arccos(cw)) de arccos(cz)
d

l'2838

2(— (arctanh (e%acos(c®)) (g + barccos(cz))) + LibPolyLog (2, —e?iarccos(e2)) — 14p PolyLog (2, e arecos(ce)))
d

input LInt [(a + b*ArcCos[c*x])/(x*(d - c~2%d*x"2)),x] J

output ‘(('2* (-((a + b*ArcCos[c*x])*ArcTanh [E™((2*I)*ArcCos[c*x])]) + (I/4)*b*PolyL
‘ ogl2, -E~((2*%I)*ArcCos[c*x])] - (I/4)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])

W
|
L)/d J

Defintions of rubi rules used

rule 2715 IntlLogl(a ) + (b_.)*((F)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x]1 /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4671 Imtlesclle_.) + (£_.)*(x)1*((c_.) + (d_.)*(x_))"(m_.), x_Symboll :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(Ix(e + £*x))], x], x]1) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]




rule 4919

rule 5185

input

output
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Int[Cscl[(a_.) + (b_)*(x)D]1"(m_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_)*(x )1 °(n_.), x_Symbol] :> Simp[2°n Int[(c + d*x) m*Csc[2*a + 2xb*x]"n
, x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst [Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQl[{a, b, c, d, e}, x] && EqQlc™2*d + e, 0] && IGtQ[n
, 0]

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 196, normalized size of antiderivative = 2.76

method result

a(_ ln(x)+ ln(c.;—l) + ln(c;+1) )

b (arccos(cac) In (l-l—cw—l—i\/ —c2x2+1) —ipolylog (2,—005—1'\/ —c2x2+1) —arcc

parts — p] —

a ( ln(cazc—l) —In(cz)+ 1n(c;+1)

) b (arccos(cz) In (1+cx+i\/ —02w2+1) —i polylog (2,—c:c—z'\/ —c2m2+1> —arccc

derivativedivides | — !

a ( ln(c;—l) —ln(cz)+ ln(cz+1) )

b (arccos(ca:) In (1+cz+i\/ —62w2+1) —i polylog (2,—09:—1'\/ —02m2+1> —arccc

default — 7

Lint ((atb*arccos(c*x)) /x/ (-c”2*d*x~2+d) ,x ,method=_RETURNVERBOSE)

-a/d*(-1n(x)+1/2*1n(c*x-1)+1/2%1n(c*x+1))-b/d* (arccos (c*x) *1n(1+c*x+I*(-c”
2xx~2+1)~(1/2)) -I*polylog(2,-c*xx-I*(-c~2*x~2+1) ~(1/2))-arccos(c*x)*1n(1+(c
*x+I*(-c™2%x"2+1) " (1/2) ) ~2)+1/2*I*polylog(2,-(c*x+I*(-c~2*xx"2+1)~(1/2))"2)
+arccos (c*x) *1n(1-c*x-I* (-c~2*x~2+1) " (1/2)) -I*polylog(2, ckx+I*(-c~2*x"2+1)
~(1/2)))
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Fricas [F]

/ a + barccos(cr) dp — / _ barccos (cz) +a i
z (d — c2dx?) B (c2dz? — d)z

input‘integrate((a+b*arccos(c*x))/x/(-c"2*d*x"2+d),x, algorithm="fricas")

output liﬂtegral(-(b*arccos(c*x) + a)/(c™2*%d*x"3 - d*x), x) J
Sympy [F]
/ a + barccos(cz) dp — [ ot dx + [ 225D gy
z (d — c2dz?) B d
inputLintegrate((a+b*acos(c*x))/x/(—c**z*d*x**2+d),x) J
Output‘-(Integral(a/(c**z*x**s - x), x) + Integral(b*acos(c*x)/(ck*2*x**3 - x), X
))/d ‘
Maxima [F]
/ a + barccos(cz) dp — /_barccos (cx)+a i
z (d — c2dx?) (c2dz? — d)z
input Lintegrate ((a+b*arccos (c*x))/x/ (-c~2*d*x~2+d) ,x, algorithm="maxima") J
Output‘—l/Z*a*(log(c*x + 1)/d + log(c*x - 1)/d - 2*log(x)/d) - bxintegrate(arctan

2(sqrt(c*x + 1)*sqrt(-ckx + 1), c*x)/(c 2+d*x"3 - d*x), x) |




CHAPTER 3. LISTING OF INTEGRALS

Giac [F(-2)]

Exception generated.

b
/ a + barccos(cz) dx = Exception raised: RuntimeError

z (d — c2dx?)

input tintegrate ((at+b*arccos(c*x))/x/(-c~2*d*x~2+d) ,x, algorithm="giac")

‘Exception raised: RuntimeError >> an error occurred running a Giac command
‘ : INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

output

Mupad [F(-1)]

Timed out.

a+ barccos(cr) , / a + bacos(cx)
/ z (d — c2dx?) do = z (d—c*dx?) dz

-

input Lint((a + b*acos(c*x))/(x*x(d - c™2*%d*x"2)),x)

—

output Lint((a + bracos(c*x))/(x*(d - c~2%d*x~2)), x)

Reduce [F]

dz

/ a + barccos(cz)
z (d — c*dx?)

—2(f %24=2dx ) b — log(c*z — ¢) a — log(*w + ) a + 2 log(x) a
2d

input tint ((at+b*acos (c*x) ) /x/ (-c~2%d*x~2+d) ,x)




output
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‘( - 2xint(acos(c*x)/ (cx*2*x**3 - x),x)*b - log(c**2*x - c)*a - log(c**2*x
‘+ c)*a + 2xlog(x)*a)/(2*d)




output

p
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a+barccos(cz)

Optimal result . . . . . . . . . . . . . 2]
Mathematica [A] (verified) . . . . . . . . . ... 72
Rubi [A] (verified) . . . . . . . . . 73
Maple [A] (verified) . . . . . . ... 76
Fricas [F] . . . . . o e
Sympy [F] . . o i
Maxima [F] . . . . . . e
Giac [F(-2)] . . . o o o 78]
Mupad [F(-1)] . . . . o 78
Reduce [F] . . . . . o e 78

Optimal result

Integrand size = 25, antiderivative size = 107

2c(a + barccos(cz))arctanh (efarecos(es) )

/ a + barccos(cz) o 8 + barccos(cz) +
x2 (d — c2dx?) B dx

d

bearctanh(v/1 — c222)  ibcPolyLog (2, —et@recos(<o))

d

d

N ibc PolyLog (2, ef#recos(en) )

d

-(atb*arccos (c*x))/d/x+2*xc* (at+tb*arccos (c*x))*arctanh(ckx+I*(-c~2*xx"2+1) "~ (1

A\

|/2))/d+bxcxarctanh ((-c™2%x"2+1)~(1/2)) /d-I*b*c¥polylog(2,-cx-Ix(-c 2%x"2+
\ 1)~(1/2)) /d+I*b*cxpolylog(2, cxx+I*(-c~2%x~2+1)~(1/2))/d \

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.48

€Tr =

/ a + barccos(cx)
z? (d — c2dx?)

2a + 2barccos(cz) + 2bex arccos(cz) log (1 —

etarceos(ce)) — 2bex arccos(cz) log (1 + e 2reeos(<e)) 4 2bc
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input ‘ Integrate[(a + bk*ArcCos[c*x])/(x"2*(d - c™2*d*x"2)),x]

-1/2*(2%a + 2*b*ArcCos[c*x] + 2xb*c*x*ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x]
)] - 2%bkcxx*ArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2%b*cxx*Logl[x] + a*c
*xx*xLog[1l - c*xx] - akxckx*Logl[l + c*x] - 2%b*c*x*Log[l + Sqrt[1 - c”2*x"2]]
+ (2*I)*bxc*x*PolyLog[2, -E~(I*ArcCos[c*x])] - (2*I)*b*c*x*PolyLog[2, E~(I
*ArcCos [c*x])]) /(d*x)

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.95,

_ _ number of rules
number of steps used = 11, number of rules used = 10, integrand size = 0.400, Rules

used = {5205, 27, 243, 73, 221, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a + barccos(cz)
z? (d — c2dz?)

l5mm

5 [ a4+ barccos(cz) . be [ ﬁdm _ a+ barccos(cz)
d(1— c2z?) d dz

| 27

2 f a—{—blar(c)COSZ(Cw) dx bc f ﬁdm _ a + baI‘CCOS(Cx)
7 d dz
l 243
2 a+b1arig(;82(cw) de be [ Wﬁdﬂfz _a+ barccos(cz)

l 73

f a+barccos(a7:)d f I z ——dvV1— c2z?

=222 5- _a+ barccos(cz)

C

d dz

l 921
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f atbarccos(cz) 7. Ca¥ barccos(cz) bcarctanh(x/ 1-— c2w2>
+

T 1-c2x2

d dx d

l 5165
c i 7"%%?222(2“)darccos(cac) _ a+ barccos(ca) s bcarctanh(x/m)

d dx d

| 3042
¢ [(a + barccos(cz)) csc(arccos(cz))d arccos(cz)  a + barccos(cz)
d dx
becarctanh (\/ 1-— c2x2>

d
l 4671

( b f log ( 1arccos(c$)) darccos(cx) + bf log (1 + ezarccos(cac)) darccos(cz) — 2arctanh( zarccos(c;z;)) (a+b:
_ d
a + barccos(cx) N bcarctanh (m)

dx d
J'2715

(be e —iarccos(cz) log ( 'Larccos(cx)) de iarccos(cz) __ ib f e—iarccos(cw) log (1 + et arccos(cz)) de’ arccos(cz) _ 9arcta
d

a + barccos(cz) bcarctanh (m)
+
de d
l 2838

c(—2arctanh (e?2cos(¢?)) (g + barccos(cz)) + ib PolyLog (2, —e?2r°3(<®)) — 4 PolyLog (2, e?2r°cos(c2)))

d
a + barccos(cz) N bcarctanh <m)

dx d

input ‘ Int[(a + bxArcCos[c*x])/(x"2%(d - c~2*%d*x"2)),x] ‘

output‘ ((a + bxArcCos[c*x])/(d*x)) + (b*cxArcTanh[Sqrt[l - c™2*x72]]1)/d - (c*(-2 ‘
‘*(a + b*ArcCos [c*x] ) *ArcTanh [E™ (I*ArcCos [c*x])] + I*b*PolyLog[2, -E~(I*Arc ‘
LCos[c*x])] - Ixb*PolyLog[2, E~(I*ArcCos[c*x])]))/d J




rule 27

rule 73

rule 221

rule 243

rule 2715

rule 2838

rule 3042

rule 4671
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1) *(c - a*(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Log[1l - E"(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~(m - 1)*Logl[l + E~(Ix(e + £*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]




rule 5165

rule 5205

input

output
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Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((£f_.)*(x_))"(m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*ArcCos [c*x]) "n/(d*f*x(m + 1))), x] + (Simp[c™2*((m + 2*p + 3)/(£f"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx"2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(£x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x72)"p] Int[(f*x) " (m + 1)*(
1 - c™2xx72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x1) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.36

method result

a ( eln(eo—1) 4 1_ cln(catl) ) bc(ia“f;(“) +i dilog (1+cx+i\/m) +2iarctan (cac-i—u/m) +idilc

parts - y]

cT

derivativedivides 3

( a(lleg=tl L_In(eedl))  p((arecos(en) 4 dilog (1+4ca-+iv/—cZa?+1 ) +2i arctan (co+iv/=c%a?+1 ) +idi
C PR—

a ( 1n<c;_1) +$ — ln(c;'H) ) b(iarccz;(m) +i dilog (1+cx+i\/m) +2i arctan (cx-{—z\/m) +4 dil

default c (— i —

Lint((a+b*arccos(c*x))/x‘2/(—c‘2*d*x‘2+d),x,method=_RETURNVERBUSE)

‘—a/d*(1/2*c*ln(c*x—1)+1/x—1/2*c*1n(c*x+1))—b/d*c*(arccos(c*x)/c/x+I*dilog(
\1+c*x+I*(—c‘2*x‘2+1)‘(1/2))+2*I*arctan(c*x+I*(—c‘2*x‘2+1)‘(1/2))+I*dilog(c
‘*x+I*(—c“2*x‘2+1)“(1/2))—arccos(c*x)*1n(1+c*x+1*(—c*2*x‘2+1)“(1/2)))
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Fricas [F]

a+ barccos(cx) , / barccos (cz) + a
/ z2 (d — c?dx?) dz = (c2dz? — d)z? dz

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c‘2*d*xA2+d),x, algorithm="fricas")

output Lintegral(— (b*arccos(c*x) + a)/(c™2xd*x"4 - d*x"2), x)

Sympy [F]

/ a + barccos(cx) dp — — [ oty do + [ 250 (;a;) dz
x2 (d — c2dx?) B d

inputtintegrate((a+b*acos(c*x))/x**2/(-c**2*d*x**2+d),x)

p
\—(Integral(a/(c**2*x**4 - x*x2), x) + Integral(b*acos(c*x)/(cx*2xx*x4 - x*

output
*2), x))/d

—

Maxima [F]

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z2 (d — c2dx?) B (c2dz? — d)z?

-

inputkiﬂtegrate((a+b*arccos(c*x))/x‘2/(-c‘2*d*x‘2+d),x, algorithm="maxima")

e—

‘1/2*a*(c*log(c*x +1)/d - cxlog(ckx - 1)/d - 2/(d*x)) - 1/2*(2*d*x*integra
‘te(1/2*(c 2+xxlog(c*x + 1) - c™2xx*log(-c*x + 1) - 2xc)*sqrt(cxx + 1)*sqrt
‘( cxx + 1)/(c”2*d*x~3 - d*x), x) - (c*x*log(c*x + 1) - cxx*log(-c*x + 1) -
‘ 2)*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(d*x)

output




input

output

input

output

input

output
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Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ a + barccos(cx)
x2 (d — c2dx?)

tintegrate((a+b*arccos(c*x))/x‘2/(-c‘2*d*x“2+d),x, algorithm="giac")

p
‘Exception raised: RuntimeError >> an error occurred running a Giac command
‘ : INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

———————

Mupad [F(-1)]

Timed out.

a+barccos(cx) , / a + bacos(cx)
/ z2 (d — c2dx?) de = 22 (d—c*dx?) de

-

Lint((a + b*acos(c*x))/(x~2%(d - c~2%d*x"2)),x)

e—

Lint((a + bxacos(c*x))/(x"2x(d - ¢ 2%d*x"2)), x)

Reduce [F]
/ a + barccos(cz) o —2(f %dm) bz — log(c’z — ¢) acx + log(cz + ¢) acx — 2a
z? (d — c2dx?) B 2dx

Lint ((a+b*acos(c*x))/x72/ (-c™2xd*x"2+d) ,x)

‘( - 2xint(acos(c*x)/ (ck*2*x**4d — x**2) ,x)*b*x - log(c**2*x - c)*axc*x + lo
‘g(c**Q*x + c)*axckx - 2+%a)/(2%d*x)




output
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37 [ do

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ...
Fricas [F] . . . . . o
Sympy [F] . . o
Maxima [F] . . . . . .
Giac [F(-2)] . . . o o o

Optimal result

Integrand size = 25, antiderivative size = 124

_ bev/1—c%z? a4+ barccos(cx)

/ a + barccos(cz) i B
23 (d — c2dx?) N 2dz

2¢(a + barccos(cz))arctanh (g2 erecos(ee))

B ibc? PolyLog (2, —e2iarecos(ea)) N ibc? PolyLog (2, g% arccos(ee))

2d

2d

‘1/2*b*c*(-c“2*x‘2+1)“(1/2)/d/x—1/2*(a+b*arccos(c*x))/d/x“2+2*c“2*(a+b*arcc
‘os(c*x))*arctanh((c*x+I*(-c“2*x‘2+1)‘(1/2))‘2)/d-1/2*I*b*c‘2*polylog(2,—(c
‘*X+I*(—c‘2*x‘2+1)“(1/2))‘2)/d+1/2*I*b*c“2*polylog(2,(C*X+I*(—c‘2*x‘2+1)‘(1

/2))72)/d
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.77

dr =

/ a + barccos(cz)
x3 (d — c2dx?)
a — bezv/1 — 222 + barccos(cz) + 2bc?z? arccos(cz) log (1 — efrecos(<@)) + 2bc?z? arccos(cx) log (1 4

input ‘ Integrate[(a + b*ArcCos[c*x])/(x"3*(d - c~2%d*x~2)),x]

-1/2*(a - bxc*x*Sqrt[1 - c”2*%x"2] + bxArcCos[c*x] + 2*bxc~2*x"2xArcCos [c*x
J*Log[1 - E~(I*ArcCos[c*x])] + 2xb*c~2*x~2*ArcCos[c*x]*Log[1l + E~(I*ArcCos
[c*x])] - 2xbxc~2*x~2*ArcCos [c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] - 2*a*c™2
*xx~2xLog[x] + a*c™2*x"2*Logl[l - c™2*%x~2] - (2*I)*b*c~2*x~2*PolyLog[2, -E~(
IxArcCos[c*x])] - (2%I)*b*c~2*x~2*PolyLog[2, E~(I*ArcCos[c*x])] + Ixbxc~2x
x~2*PolyLog[2, -E~((2*I)*ArcCos[c*x])])/(d*x"2)

output

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.93,

number of steps used = 10, number of rules used = 9, number of rules _ 360, Rules
integrand size

used = {5205, 27, 242, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barccos(cz) i

z3 (d — c2dz?)
l 5205

o [ a+ barccos(cz) dr — be [ ﬁd:c __a+ barccos(cz)
dz (1 — c2x?) 2d 2dx?

l 27
+b
[ m(?rcsz?;gm dzx B be [ mz\/ll_T szdT g4 barccos(cz)

d 2d B 2dx?
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| 202
b
[ “Z(?mﬁfig‘ix) dz _a+ barccos(cz) + bev'1 — c2z?
d 2dz? 2dx
| 5185
b
[ aicczz(cx)darccos(cx) a + barccos(cz) + bcy'1 — c2x?
d 2dz? 2dz
| 4919
2¢2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz)  a + barccos(cx) + bev'1l — c2z?
d 2dz? 2dz
| 3042
B 2¢2 [(a + barccos(cz)) esc(2 arccos(cz))d arccos(cz) _a+barccos(cz)  bevl —c*a?
d 2dz? 2dz
| 4671

c?(—1b [log (1 — e arccos(<)) darccos(cx) + 1b [log (1 + e?arecos(er)) darccos(cz) — (arctanh (e2iarecos(ca))

a + barccos(czx) + bev'1 — c2x?
2dzx? 2dx

l 2715

02(%219‘[ e—2i arccos(cz) lOg (1 — 2 arccos(ca:)) de2t arccos(cz) _ %be e 2 arccos(czx) IOg (1 + e2t arccos(cz)) de2t arccos(c:
d

a + barccos(cx) + bev'1 — c2x?
2dz? 2dz

l 2838

2¢2 (— (arctanh (e2:81°°05(@)) (q + barccos(cz))) + 2ibPolyLog (2, —e21cos(e2)) — 1ib PolyLog (2, e?arecos(ce)

d
a + barccos(cx) + bev'1 — c2x?
2dz? 2dz

input LInt [(a + bxArcCos[c*x])/(x"3*(d - c~2*d*x"2)),x] J




output ‘

rule 27

rule 242

rule 2715

rule 2838

rule 3042

rule 4671

rule 4919
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(b*cxSqrt[1 - c™2xx72])/(2*d*x) - (a + bxArcCos[c*x])/(2*d*x~2) - (2%c™2x*(
-((a + bxArcCos[c*x])*ArcTanh[E~((2*I)*ArcCos[c*x])]) + (I/4)*bxPolyLogl2,
-E~((2*I)*ArcCos[c*x])] - (I/4)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])]1))/d

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~
(m + 1)*((a + b*x"2)"(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
] && EqQ[m + 2*p + 3, 0] && NeQ[m, -1]

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Log[l + E~(I*(e + f*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

Int[Cscl(a_.) + (b_D)*x D] (m_.)*((c_.) + (d_)*(x))"(m_.)*Sec[(a_.) + (b
_)*(x )] (m_.), x_Symbol] :> Simp[2°n Int[(c + d#*x) m*Csc[2*a + 2*b*x] n
,» x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),

rule 5185
x_Symbol] :> Simp[-d~(-1) Subst[Int[(a + b*x)~n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] &% EqQ[c™2+d + e, 0] && IGtQ[n
, 0]

rule 5205 IntL((a_.) + ArcCos[(c_.)*(x_)1%(b_.))~(a_.)*((£_.)*(x_))"(m_)*((d)) + (e_.

)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*xArcCos [c*x]) "n/(d*f*x(m + 1))), x] + (Simp[c™2*((m + 2*p + 3)/(£"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx"2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(£x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x72)"p] Int[(f*x)~(m + 1)*(
1 - c™2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x], x]) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.00

method result
2,2
In(cz—1) 1 In(cz+1) p| =itz 7cz%+arcc05(cz) +arccos(cz) 1n<1+0z+i\/—7c2
cex
derivativedivides | c? _G(Ter—ln(cw)Jrf) B
d
;2.2
In( 1) 1 In(cz+1) p| =tz —cz@J—arccos(cz) +al'CCOS(c:n) ]n<1+cz+i\/jc‘2
In(cz—1) _ In(cz+1) o
default c? a2 4 s —in(ca)+ )
— . _

22

—ic222 —co/—c222+1 )
a(i—cz ln(av)-l—c2 ln(ga:—l) +°2 111(261«‘-?-1)) be? ( B zi2z2+1+arccos(cx> +arccos(cz) ln<1+cx+z\/:
parts — y —

input Lint ((at+b*arccos(c*x)) /x~3/(-c~2*d*x~2+d) ,x ,method=_RETURNVERBOSE) J
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c~2x(-a/d*(1/2*1n(c*x-1)+1/2/c”2/x~2-1n(c*x) +1/2*1n(c*kx+1) ) -b/d* (1/2* (~I*c
~2%x"2-cxx* (—cT2*x"2+1) " (1/2) +arccos (c*x) ) /c~2/x"2+arccos (cxx) *1n (1+c*x+I*
(-c™2*x72+1) " (1/2) ) -I*polylog(2,-c*x-I*(-c~2*x"2+1) ~(1/2) ) -arccos (c*x) *1n(
1+ (cxx+I*x (—c™2*xx"2+1) ~(1/2)) ~2) +1/2*I*polylog(2, - (cxx+I* (-c™2*xx~2+1) ~(1/2)
)"2)+arccos (c*x) *1n(1-c*x-I*(-c~2*x"2+1) ~(1/2) ) -I*polylog(2, c*x+I* (-c~2*x"
2+1)~(1/2))))

output

Fricas [F|

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z3 (d — c2dx?) B (c2dz? — d)z3

inputLintegrate((a+b*arccos(c*x))/x‘3/(—c‘2*d*x*2+d),x, algorithm="fricas")

outputLintegral(—(b*arccos(c*X) + a)/(c™2xd*x~5 - d*x~3), x)
Sympy [F]
/ a + barccos(cz) dp = — [zt da+ [ bc‘;‘;‘f_(‘;? dz
23 (d — c2dx?) N d

inputLintegrate((a+b*acos(c*x))/x**s/(-c**g*d*x**2+d),X)

p
‘—(Integral(a/(c**Z*x**S - x**3), x) + Integral(b*acos(c*x)/(cx*2xx**5 - xx*

output
*3), x))/d
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Maxima [F|

/ a + barccos(cz) dp — / _ barccos (cz) +a i
z3 (d — c*dx?) B (cdx? — d)z3

input Lintegrate ((a+b*arccos (c*x))/x~3/(-c~2*d*x~2+d) ,x, algorithm="maxima")

output“1/2*(°“2*1°s(0*x + 1)/d + c"2*log(cxx - 1)/d - 2xc™2%log(x)/d + 1/(d*x~2)
‘)*a - bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2*d*x~5 -
‘d*x“S), x)

Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ a + barccos(cx)
x3 (d — c2dx?)

input Lintegrate ((atb*arccos (c*x))/x~3/(-c"2%d*x"2+d) ,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

a+barccos(cz) , [ a-+bacos(cx)
/ x3 (d — c2dx?) dz = / z3 (d—c*dx?) dz

input Lint((a + bxacos(c*x))/(x"3x(d - c"2*d*x"2)),x)

Outputtint((a + bracos(c*x))/(x"3*%(d - c™2xd*x~2)), x)
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Reduce [F]

dx

/ a + barccos(cz)
23 (d — c2dz?)
_2<f acos(czx) d.il)) bz — 10g(C2.’13 _ C) acr? — lOg(02$ + C) ac’r? + 2log(x) ac’r? —a

225 —03
2d z2

input Lint ((atb*acos(c*x))/x~3/(-c"2xd*x~2+d) ,x)

‘( - 2xint (acos(c*x)/ (c**2xx**x5 — x**3),X)*bkx**2 — log(c**2xx — C)*a*xc**2x

output
‘x**2 - log(c**2%x + c)*akck*k2*x**2 + 2xLlog(x)*akck*2*x**x2 — a)/(2xd*kx**2)
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z*(a+barccos(cz
3.8 [& (d_c2dx2)(2 ) de

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . ...
Giac [F] . . . . o o e
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 25, antiderivative size = 180

/ z*(a + barccos(cz)) i — b V1= c2a?
(d — c2dz?)? 2c5d?/1 — 2x? ccd?
3z(a + barccos(cz)) = x3(a + barccos(cz))
2ctd? 2¢2d? (1 — 2x?)
3(a + barccos(cz))arctanh (ef2recos(e))
B cdd?
N 3ib PolyLog (2, —e?arecos(ea))
2c5d?
3ibPolyLog (2, *arecos(ee))
2c5d?

1/2xb/c~5/d"2/(-c~2*x~2+1) " (1/2) -b* (-c"2*x"2+1) ~(1/2) /c~5/d"2+3/2*x* (a+b*a
rccos(c*x))/c™4/d"2+1/2*%x"3* (atb*arccos (c*x)) /c~2/d"2/ (-c~2*%x"2+1) -3* (a+b*
arccos (c*x))*arctanh (c*x+I*(-c~2*x"2+1)~(1/2))/c~5/d"2+3/2*I*b*polylog(2,-
ckx-I*(-c"2*%x"2+1)~(1/2))/c"5/d"2-3/2*I*b*polylog(2, cxx+I*(-c~2*xx~2+1) " (1/
2))/c~5/d"2

output




input L

output

e
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.63

z*(a + barccos(cz)) ,  ax ax 3alog(l —cz) 3alog(l+ cx)
/ (d — c2da?)? TT AR 2 (=14 c%z?) 4Ad? 4R
3 <— iarccos(ca)?  2arccos(ca) log(14-¢2recos(c2))
b vV1—c2z2—arccos(cz) + v1—c2z24arccos(cz) + —+v/1—c2z24-cx arccos(cz) _ 2 i
4ct(ctc2x) 4ct(c—c?x) c® 4ct
+ 2

~—

Integrate[(x"4*(a + b*ArcCos[c*x]))/(d - c™2*d*x~2)"2,x]

(a*xx)/(c™4xd"2) - (axx)/(2*%c™4xd"2x(-1 + c™2*x"2)) + (3*axLogl[l - cx*x])/(4
*xc"5*%d~2) - (3*a*xLogl[l + c*x])/(4*c”5*d"2) + (bx((Sqrt[l - c™2*x~2] - ArcC
os[c*x])/(4xc™4*x(c + c™2%x)) + (Sqrt[l - c”2#x"2] + ArcCos[c*x])/(4xc™4x(c
- ¢c”2%x)) + (-Sqrt[l - c™2xx72] + c*x*ArcCos[c*x])/c™5 - (3*x(((-1/2+I)*Ar
cCos[c*x]"2)/c + (2*ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])])/c - ((2*I)*Pol
yLog[2, -E~(I*ArcCos[c*x]1)]1)/c))/(4xc~4) - (((3*I)/8)*(ArcCos[c*x]*(ArcCos
[cxx] + (4*I)*Log[l - E~(I*ArcCos[c*x])]) + 4xPolyLogl[2, E~(I*ArcCos[c*x])
1))/c”8))/da~2

Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.06,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, infegrand size — 0.480, Rules

used = {5207, 27, 243, 53, 2009, 5211, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z*(a + barccos(cz))
(d — 2dz?)?

l 5207

2 b 3
_3]%&6 + bJ (1_02xw2)3/2da: z3(a + barccos(cz))

2¢2d 2cd? 2¢2d? (1 — c2x?)
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l 27

3

2 r =
_af ettty bJ G Bt o5(a 4 barccos(er)
2¢2d? 2cd? 2¢2d? (1 — c2x?)
| 243

2 ? 2
3/ %(m b[ (l_cfwd‘” x3(a + barccos(cr))

2c2d? + 4ed? T as (1 — c2z?)
| 53
2 1 1 2
_3f %dw N bf (02(1_0%2)3/2 - 02\/1—0212) dx + x3(a + barccos(cz))
2¢2d? 4ed? 2¢2d? (1 — c2x?)
l 2009
2 2v1—c2z2 2
3f %ﬁ;ﬁs(m))dw 23(a + barccos(cr)) + b< a c4\/1—c2a:2>
2c2d? 2¢2d? (1 — c2x?) 4ed?
| 5211
3 I%ﬁmdm _ bf\/ﬁdx __ z(atbarccos(cz))
B p c 2 N z3(a + barccos(cz))
2¢2d? 2c2d? (1 — c2x?)
b(2m 4 2 )
ct ct/1—c222
4cd?
l 241
3 fm#;(;s?(mdm __ z(a+barccos(cz)) + bv/1—c2z?
- 2 P 3 z3(a + barccos(cz))
2¢2d? 2¢2d? (1 — c2x?)
b(2m + 2 )
ct cAvV/1—c222
4cd?
| 5165
i wdarccos(cw)
3( — 1—c222 2 _ z(a—i—bargcos(cz)) + b\/1—3072x2
¢ ¢ ¢ + z3(a + barccos(cz))
2¢2d? 2¢2d? (1 — c2z2?)
b(zm + 2 )
ct cA/1—c222
4cd?

l 3042
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3 (_ J(a+barccos(cz)) csc(arccos(cz))darccos(cx)  z(a+b azgcos(cm)) + b\/10_3072x2>

3
a 2c2d? +
2V 1—c2z 2
z3(a + barccos(cz)) b( A +_c4v1—f2x2)
2c2d? (1 — c2x?) 4ed?
| 4671
3 ( —b [ log(1—€® arccos(cx) )darccos(cz)+b [ log(1+¢€ arccOS(C‘”))d arccos(cx)—ZaI‘CtaIlh (e arc"os(”)) (a+barccos(cz)) x(a+barccos|
— 3 - o2
a 2c2d?
2v1—c2z 2
z3(a + barccos(cz)) b( £+ AVI_2a?
2¢2d? (1 — c22?) 4cd?
l 2715
3 < ib f e—z arccos(cx) log( ’L arccos(cz)) i arccos(cx) —ib f e—i arccos(cz) log(l_'_ez arccos(cz))dei arccos(cx) _2arctanh (ei arccos(cz)) (a+b a
3
a 2c2d?
20/1—c2z2 2
z3(a + barccos(cz)) b( a o+ 04\/1_02352)
2c2d? (1 — c2x?) 4ed?
l 2838
3 (_ —2arctanh( i arccos(c2)) (g+b arccos(cz))+ib P013yLog( et arecos(c@)) _gp PolyLog (2,e? 2recos(e®) ) _ a(atb argcos(cz)) n b\/ff
c c c
a 2c2d?
2v1—c2z2 2
z3(a + barccos(cz)) b( a +_c4vq_€2w2)
2¢2d? (1 — c22?) 4ed?

. >

input LInt [(x~4x(a + b*ArcCos[c*x]))/(d - c~2xd*x~2)"2,x]

(bx(2/(c™4xSqrt[1 - c™2*x"2]) + (2+Sqrt[l - c™2*x72])/c"4))/(4*c*d"2) + (x
~3*(a + b*ArcCos[c*x]))/(2%c™2xd"2*%(1 - c~2%x72)) - (3*((b*Sqrt[1 - c~2*x"
2])/c"3 - (x*(a + bxArcCos[c*x]))/c”2 - (-2x(a + bxArcCos[c*x])*ArcTanh[E~
(I*ArcCos[c*x])] + Ixb*PolyLogl[2, -E~(I*ArcCos[c*x])] - I*bxPolyLogl[2, E~(
IxArcCos[c*x]1)1)/c”3))/(2%c™2xd"2)

output
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Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 53 ItL(Ca_) + (b_)*(x))~(@_)*((c_.) + (d_.)*(x))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)~°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQlc, 0] &% LeQ[7*m + 4*n + 4, 0])
|l LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

rule 241 TnELGE* (@) + (b )*(x)72)7(p.), x_Symbol] :> Simp[(a + b*x™2)7(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] & NeQ[p, -1]

ruk3243‘Int[(x_)‘(m_-)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x"2], x] /; FreeQ[{a, b, m, p}, x] && I
LntegerQ[(m - 1)/2]

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 2838

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
QLu, x]




rule 4671

rule 5165

rule 5207

rule 5211
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Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simp[-
2x(c + d*x) "m* (ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)"(m - 1)*Log[l - E"(Ix(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d#*x
)" (m - 1)*Log[1l + E~(I*(e + f*x))], x], x]) /; FreeQl{c, 4, e, £}, x] && IG
tQ[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1)  Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"2+d + e, 0] && IGtQ[n, O]

N\

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
Y*¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + exx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(2%ex(p + 1))), x] + (-Simp[f~2*((m - 1)/(2*ex(p + 1)))
Int[(£f*x)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Simp
[bxf*(n/(2*%cx(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2)"p] Int[(f*x) " (m -
D*(1 - c™2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x]1, x]) /; FreeQ[{
a, b, c, d, e, f}, x] & EqQ[c™2xd + e, 0] && GtQ[n, 0] && LtQ[p, -11 && IG
tQ[m, 1]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.)) " (n_.)*((£_.)*(x_))"(m_)*((d ) + (e_.
Y¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + exx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(e*x(m + 2*p + 1))), x] + (Simp[£f~2*((m - 1)/(c”™2*(m + 2*p
+ 1))) Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - S
imp [b*f*(n/(c*x(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2)"p] Int [(£x*
x)"(m - 1)*%(1 - c™2*x”2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /;
FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && IGtQ[m
, 1] && NeQ[m + 2*p + 1, 0]
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Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.39

method result
a(cz— 1 +31n(cw—1) _ 1 _31n(cw+1))
4(cz—1) 1 4(cz+1) 4 _ b\/m‘i‘ barccos(cz)cx _ barccos(cx)ex bV —c22241 3barcco
.. . . d2 a2 a2 22 (202-1)  2d2(c222-1)
derivativedivides
a(cz— 1 +31n(ca:—1) _ 1 _31n(cm+l)>
4(cz—1) 1 4(cz+1) 4 _ b\/m‘i‘ barccos(cz)cx _ barccos(cz)ex _ by/—c2x2+1 3barccc
a2 a2 d2 2d2 (c2x271) 2d2 (021271)
default
z 1 3ln(cz—1)_ 1 _3ln(cz+1)
a(cj 4c5 (cz—1) T 4c5 (ca+1) 4c5 ) bv/—c222+1 barccos(cz)x barccos(cz)x b
parts d2 - cbd? + d2ct T 2425 (c2x2-1) T 24
inputLint(x‘4*(a+b*arccos(c*x))/(—c”2*d*x”2+d)“2,x,method=_RETURNVERBOSE) J
output 1/¢”5%(a/d 2% (cxx-1/4/ (cxx-1)+3/4x1n(c*x-1)-1/4/ (c*x+1) -3/4%In(c*x+1)) -b/d
~2%(-c”2xx72+1) " (1/2)+b/d"2*arccos (c*x) *xc*x-1/2*%b/d"2/ (c~2*x"2-1) *arccos(c
*x) *kckx—1/2%b/d"2/ (c™2*x"2-1) *(-c"2*x~2+1) ~(1/2)+3/2*b/d"2*arccos (c*x) *1n(
1-c*x-I*(-c™2%x"2+1)~(1/2))-3/2*I*b/d~2*polylog(2, ckx+I*(-c~2*x~2+1) ~(1/2)
)-3/2*%b/d"2*arccos (c*x) *1n(1+c*xx+I* (-c~2%x~2+1) " (1/2))+3/2*I*b/d"2*polylog
(2,-cxx-I*(-c”2*x"2+1)"(1/2)))
Fricas [F]
/ z*(a + barccos(cz)) p / (barccos (cz) + a)z* p
T = T
(d — c2dz?)® (2dx? — d)?
inputLintegrate(x‘4*(a+b*arccos(c*x))/(—c‘2*d*x‘2+d)*Q,X, algorithm="fricas") J

Output‘integral((b*x”4*arccos(c*x) + axx~4)/(c 4*d 2%x"~4 — 2%c 2%d"2%x"2 + d°2),

x)
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Sympy [F]
4 az? d bz* acos (cz) d
/w (a + barccos(cz)) . _ | st G+ | dtsaen 0T
(d — c2dz?)” d?
inputLintegrate(x**4*(a+b*acos(c*x))/(-c**2*d*x**2+d)**2,x)

-/

‘(Integral(a*x**4/(c**4*x**4 - 2xck*2%x**2 + 1), x) + Integral (b*x**4*acos(

output
c*x) / (ckxxd*xx*d — 2kck*x2kx*x*2 + 1), x))/d**2

N\

Maxima [F]

/ z*(a + barccos(cz)) / (barccos (cx) + a)z*
5 dz = 5 dz
(d — c?dx?) (c*dz? — d)

inputLintegrate(xA4*(a+b*arccos(c*x))/(—c‘2*d*x‘2+d)“2,x, algorithm="maxima")

-1/4*xax(2xx/(c"6%d"2*%x"2 - c~4*d"2) - 4x*x/(c”4*d"2) + 3xlog(cxx + 1)/(c~5*
d~2) - 3#log(c*x — 1)/(c”5%d"2)) + 1/4%((4*c™3*x"3 - B*c*x - 3*(c™2*x"2 -

1) *log(ckx + 1) + 3*%(c™2*x"2 - 1)*log(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqr
t(-c*x + 1), c*x) + 4x(c7T*d"2*%x"2 - c”“5*d~2)*integrate(-1/4*(4*c~3%x~3 -

6xcxx — 3*(c”2*x"2 - 1)*log(cxx + 1) + 3*(c™2*x"2 - 1)*log(-c*x + 1))*sqrt
(c*x + 1)*sqrt(-c*x + 1)/(c™8*d"2%x"4 - 2%c™6*d"2*x"2 + c~4%d"2), x))*b/(c
“T7xd"2*x"2 - c~5xd"2)

output
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Giac [F]
/ z*(a + barccos(cz)) dp — / (barccos (cx) + a)z* i
(d — 2dax?)? (dz? — d)?
input Lintegrate (x~4* (atb*arccos (c*x))/(-c"2*d*x"2+d) "2,x, algorithm="giac") J
Outputtintegrate((b*arccos(c*x) + a)*x~4/(c”2xd*x"2 - d)"2, x) J

Mupad [F(-1)]

Timed out.
4 4
/x (a+ barccos(ch)) dp — / z* (a + bacos(cza:)) i
(d — c2dz?) (d— c2dz?)
input Lint ((x~4x(a + b*acos(c*x)))/(d - c~2%d*x"2)"2,x) J
output {iﬂt((X“‘l*(a + bxacos(c*x)))/(d - c 2%d*x"2)"2, x) J
Reduce [F]
/z‘4(a + barccos(cx)) i
(d — c2dz?)*

_ 4<f 04220—85?2?;:_1(137) bc'z? — 4([ %dl’) bcd + 310g(62£l,‘ — C) acir? — 310g(c2m i C) a— 310g((

- 4c5d? (2x? — 1)
input Lint (x~4* (a+b*acos (c*x) )/ (—c~2xd*x~2+d) ~2,x) J




output
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(4*int ((acos(c*x)*x**4) / (Chxdrx**4 — 2kCk*¥2xx**2 + 1) ,X)*¥bkCHkT*X*k*2 — 4ki
nt ((acos (cxx) kxx*4) / (Ckxdxx*kx4 — kck*k2kx*x*2 + 1) ,x)*bxc**5 + 3*log(c**2xx
- c)xakcxx2*x*k*2 — 3xlog(c*x*2+x - c)*a — 3xlog(c**2*x + c)*kaxck*2kx*x*2 +
3xlog(c**x2*x + c)*a + 4xakcx*k3*xx**3 — BGkaxckx)/(4xck*xbkd**2* (ck*2kx*x*2 — 1

))




output
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3.9 f 23 (a+b arccos(ch)) dx
(d—c?dz?)

Optimal result . . . . . . . . . . . . e 97l
Mathematica [A] (verified) . . . . . . . . . ... o 98]
Rubi [A] (verified) . . . .. . . ... .. 98
Maple [A] (verified) . . . . . . . .. L 102
Fricas [F] . . . . . . o 103
Sympy [F] . . o o 103
Maxima [F] . . . . ... 103
Giac [F(-2)] . . . o o 104
Mupad [F(-1)] . . . o o 104
Reduce [F] . . . . o o e 105

Optimal result

Integrand size = 25, antiderivative size = 155

z?(a + barccos(cz))

/ z3(a + barccos(cz)) b

T = +
(d — c2dz?)® 2c3d?/1 — 2x?

i(a + barccos(cr))? _ barcsin(cz)

2c2d? (1 — 2x?)

N (a + barccos(cz)) log (1 — e?iarccos(ea))

2bctd?

2ctd?

_ ib PolyLog (27 e2i arccos(cz))

cid?

2ctd?

e

L, (c*x+I*(-c™2%x"2+1)"(1/2))"2) /c~4/d"2

1/2*b*x/c~3/d"2/(-c~2*x"2+1) " (1/2)+1/2*x~2* (at+b*arccos (c*x)) /c~2/d"2/(-c"2
‘*x‘2+1)—1/2*I*(a+b*arccos(c*x))‘2/b/c‘4/d‘2—1/2*b*arcsin(c*x)/c‘4/d‘2+(a+b
‘*arccos(c*x))*1n(1—(c*x+I*(—c‘2*x‘2+1)‘(1/2))‘2)/c“4/d‘2—1/2*I*b*polylog(2

A\

|
|
J
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.31

3
/z (a + barccos(cz)) i

(d — c2dz?)?
_ b\/ll__cc;aﬂ _ b\/il.;cc;:EQ i _1.|2_Z2z2 + bar;:c_ocs:icw) + bar;j?::im) — b a,rccos(cx)2 + 4b arccos(cx) log (1 _ gtarccos|
input LIntegrate [(x~3*(a + b*ArcCos[c*x]))/(d - c~2%d*x~2)"2,x] J

((bxSqrt[1 - c™2*x72])/(1 - c*x) - (b*Sqrt[l - c™2*x"2])/(1 + c*x) - (2*a)
/(-1 + c™2xx72) + (bxArcCos[c*x])/(1 - c*x) + (b*ArcCos[c*x])/(1 + c*x) -
(2%I)*b*ArcCos[c*x] "2 + 4xb*ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x])] + 4*b*A
rcCos[c*x] *Log[1 + E~(I*ArcCos[c*x])] + 2*a*Logl[l - c™2xx72] - (4*I)x*b*Pol
yLog[2, -E~(I*ArcCos[c*x])] - (4*I)*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(4*c”
4%d"2)

output

Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.98,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 49 Ryles
integrand size

used = {5207, 27, 252, 223, 5181, 3042, 25, 4200, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3
/ z°(a + barccos(cz)) iz

(d — c2dx?)?
| 5207
z(a+barccos(cz 2
il ( ;(1_02952() Diz bf (l—cfa:2)3/2 dz z2(a + barccos(cz))
c2d 2cd? 2c2d? (1 — c2x?)

l27
2
[ ey ) Goim 7% | a3 (a+ barccos(er)

c2d? 2cd? 2¢2d? (1 — c2x?)
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| 252
f 1 ___dx
z P V1-c222
B f z(a-l—IlJircczc;;(cz)) dx s 6(02\/1—02962 P ) . 72 (a + barccos(cz))
c2d? 2cd? 2c2d? (1 — c2x?)
| 223
z(a+barccos(cz)) 9 b T __ arcsin(cz)
_ / = H—g2gr 4z  z2(a+ barccos(cr)) 21— %? 3
c2d? 2¢2d? (1 — c2x?) 2cd?
| 5181
b rcsin
J cx(aJr. ﬁlfzgzz(cx—))darccos(cm) 4 z?(a + barccos(cr)) b<c2\/1z—c2w2 - CScS(W)>
ctd? 2¢2d? (1 — c2z?) 2cd?
| 3042
[ —((a + barccos(cz)) tan (arccos(cz) + %)) darccos(cz) — z%(a + barccos(cz))
ctd? 2¢2d? (1 — c2x?)
__ arcsin(cz)
b(c2\/1ai02x2 c3 )
2cd?

| 25

[ (a + barccos(cz)) tan (arccos(cz) + §) darccos(cz) — x%(a + barccos(cz))

ctd? 2¢2d? (1 — c2x?)
b< P __ arcsin(cx) )
c2v/1—c222 c3
2cd?
| 4200
% | _eziarccisic:;i(:;l::(r;c)os(cm)) darccos(cz) — W 22(a + barccos(cz))
ctd? 2¢2d? (1 — c2x?)
b z arcsin(cz)
2Vi-c2z2 c3
2cd?

| 25

e2t arccos(czx) (

-2 [ o2t iil'iiﬂi‘";"s(“)) darccos(cx) — W x2(a + barccos(cr))
ctd? 2¢2d? (1 — c2x2)
b( z __ arcsin(cx) )
c2v/1—c222 c
2cd?

l 2620
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—2i(%i log (1 — e arc"‘)s(“)) (a + barccos(cz)) — %ib [ log (1 — e arccos(cx)) darccos(cx)) _ #atbarccos(cx))®

25
ctd? +
in(cz)
z2(a + barccos(cz)) b<cz\/1iczwz - E )
2¢2d? (1 — c2x?) 2cd?
| 2715

_27:(%2- log (1 — o2 a,rccos(cac)) (a + barccos(cac)) _ ibf e~ 2 arccos(cz) log (1 — e arccos(c:c)) de arccos(cw)) _ i(a—l—bar;

ctd?
rcsin(cz)
z%(a + barccos(cz)) b<c2\/1iczx2 - )
2¢2d? (1 — c2x?) 2cd?
| 2838
—2i(Lilog (1 — e¥arccos(er)) (g 4 barccos(cz)) + b PolyLog (2, e2iarccos(cn))) — E(a+bargzos(“))2 N
472
9 Cb< z _ arcsin(cx))
x“(a + barccos(cz)) 21—c2z° 3
2¢2d? (1 — c2x?) 2cd?

LInt[(x‘B*(a + bxArcCos[c*x]))/(d - c~2%d*x~2)"2,x]

input

output‘ (x"2%(a + b*ArcCos[c*x]))/(2*%c™2*d"2*(1 - c”2*%x72)) + (b*(x/(c™2*Sqrt[1 - ‘
‘C”2*x”2]) - ArcSin[c*x]/c~3))/(2xc*d~2) + (((-1/2*I)*(a + b*ArcCos[c*x])~2 ‘
‘)/b - (2xI)*((I/2)*(a + b*ArcCos[c*x])*Log[1l - E~((2*I)*ArcCos[c*x])] + (b ‘
‘ *PolyLog[2, E~((2*I)*ArcCos[c*x]1)1)/4))/(c"4*d~2) ‘

Defintions of rubi rules used

rukaz5{lnt[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1] ‘
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rule 223 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((c_)*(x))"(m_.)*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[c*(c*x
)"(m - 1)*((a + b*x72)"(p + 1)/(2%bx(p + 1))), x] - Simp[c™2*x((m - 1)/(2%bx*
(p + 1)) Int[(c*x)~(m - 2)*(a + b*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c
}, x] && LtQlp, -1] &% GtQ[m, 1] && 'ILtQ[(m + 2*p + 3)/2, 0] && IntBinomi
alQ[a, b, ¢, 2, m, p, x]

rule 252

rule 2620 TRt LCCCF (gL )% ((e_ ) + (£_)*(x)))~(a_)*((c ) + (d_)*(x)"@_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) * (X_) - (n_ . ) )] / (X_) s x_Symbol] > Slmp [‘POlyLOg [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4200 TRELCCe_) + (d_)*(x))~(m_.)*tan[(e_.) + Pi*(k_.) + (£_.)*(x)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+#I Int[(c + d*x)~
m*xE”~ (2+%Ixk*Pi) * (E~(2%I*(e + £*x))/(1 + E~(2xIxk*Pi)*E~(2*Ix(e + £*x)))), x]
, x] /; FreeQl[{c, d, e, £}, x] && IntegerQ[4xk] && IGtQ[m, O]
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rule 5181

Int[(((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[1/e  Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2+#d + e, 0] && IGtQ[n, O]

rule 5207 Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((£f_.)*(x_))"(m_)*((d_) + (e_.
)*x(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos [c*x]) "n/(2%ex(p + 1))), x] + (-Simp[f~2*x((m - 1)/(2*e*x(p + 1)))

Int[(£f*x)"(m - 2)*(d + e*x"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Simp
[b*f*(n/(2%c*(p + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*%x"2)"p] Int[(f*x)"(m -
1)*(1 - c™2*xx"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{
a, b, c, d, e, £}, x] && EqQlc2*d + e, 0] &% GtQ[n, 0] &k LtQlp, -1] && IG

tQ[m, 1]

~

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.34

method result
1 arccos(cz)2 _ i521'2+czv —c2z2+1+arccos(cz)—i .
a(— 4(0;[_”+1n(cgfl)+4021+4+1n(cg+1)> +b< 5 2(c2m2—1) +arccos(cz) ln(1+cx+z
derivativedivides & =
_ iarccos(cm)2 _ 'L'c2:1:2+cm\/ 7c212+1+arccos(cz)fi arccos(ca) In cmti
o(~amn M ) +b( ’ 2(c2e2-1) N
default P2 .
C
) 2 .22 .
1 In(cz—1) 1 In(ca+1) b _zarccos(cz) _icfz®tcaxV —62z2+1+arccos(cz)—z +arccos(ca:)
a(_ 4(cz—1)c4+ 2c4 +4(cz+1)c4+ 2c4 ) 2 2(621:2_1)
parts 7 +
input Lint (x~3% (a+bkarccos (c*x) )/ (-c~2%d*x~2+d) ~2,x ,method=_RETURNVERBOSE) J
output | 1/€74*(a/d72¢ (-1/4/ (cxx-1)+1/2¥1n(c*x-1)+1/4/ (c*x+1)+1/2¥In(c*x+1)) +b/d"2x

(-1/2xI*arccos(c*x) "2-1/2% (I*c™2*x"2+cxx* (—c~2*x~2+1) ~(1/2) +arccos (c*xx)-I)
/ (c™2*x"2-1)+arccos (c*x) *1n (1+c*x+I* (-c"2*x"2+1) " (1/2) )+arccos(c*x) *1n(1-c
*x-I*(-c"2%x"2+1) " (1/2) )-I*polylog(2,-c*x-I*(-c~2*x"2+1)~(1/2) )-I*polylog(
2, c*x+Ix(-c2%x~2+1)~(1/2))))
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Fricas [F]
/ z3(a + barccos(cz)) / (barccos (cz) + a)z?
5 dz = 5 dz
(d — c2dx?) (c2dz? — d)
inputLintegrate(x"3*(a+b*arccos(c*x))/(-c"2*d*x"2+d)"2,x, algorithm="fricas")

ou_tput‘integral((b*x"B*arccos(c*x) + axx”"3)/(c74*d"2%x74 - 2*cT2xd"2*x"2 + d72),

E
Sympy [F]
3 [ e —dz+ [ _ba®acos(cz)
/ z*(a + barccos(cz)) o= ) T2 x AT 325741 OT
(d — 2dz?)? d?
inputLintegrate(x**3*(a+b*acos(c*x))/(—c**2*d*x**2+d)**2,x)

‘(Integral(a*x**B/(c**4*x**4 - 2xc*x2xx*x2 + 1), x) + Integral (b*x**3*acos(

output
‘c*x)/(c**4*x**4 - 2%Cckx2kx*k*x2 + 1), x))/d**2

Maxima [F]

3 3
/ z(a + barccos(cz)) dp — (barccos (cz) + a)x i

(d — 2dax?)? - (dz? — d)?

inputLiﬂtegrate(X“3*(a+b*arccos(c*x))/(—c‘2*d*x*2+d)*z,x, algorithm="maxima")
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-1/2%a*(1/(c™6%d"2%x"2 - c~4*d~2) - log(c 2%x~2 - 1)/(c"4*d"2)) + 1/2%(((c
~2%x72 - 1)*xlog(c*x + 1) + (c™2%x"2 - 1)*log(-cxx + 1) - 1)*arctan2(sqrt(c
*x + 1)*sqrt(-cxx + 1), c*x) - 2%(c™6%d"2*x"2 - c~4xd"2)*integrate(1/2*((c
~2*%x72 - 1)*xe”(1/2xlog(c*x + 1) + 1/2x1log(-c*x + 1))*log(c*xx + 1) + (c™2#*x
2 - 1)*e”(1/2*log(c*x + 1) + 1/2%log(-c*x + 1))*log(-c*x + 1) - e~ (1/2*lo
glc*x + 1) + 1/2%1log(-c*x + 1)))/(c™9*%d"2*x"6 — 2%c~T7*d"2*x"4 + c~5*d~2*x"
2 + (c77*d"2%x"4 - 2%c"5xd"2*x"2 + c”"3*d"2)*e"(log(c*x + 1) + log(-c*x + 1
))), x))*b/(c”6*d"2*%x"2 - c"4*d"2)

output

Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ z3(a + barccos(cz))
(d — 2dz?)?

input‘integrate(x‘3*(a+b*arccos(c*x))/(—c“2*d*x‘2+d)“2,X, algorithm="giac")

output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage2DUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
/ 3(a+ barccos(;z)) P / 23 (a+ bacos(c;z:)) e
(d — c?dz?) (d— c2dz?)
inputtint((x“3*(a + bracos(c*x)))/(d - ¢ 2*+d*x~2)"2,%)

e

outputtint((xﬁs*(a + bxacos(c*x)))/(d - ¢ 2%d*x~2)"2, x)

~—
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Reduce [F]

dx

z3(a + barccos(cz))
/ (d — c2dz?)®
Z(f;%%%%%ﬂm>b§z1—2([j§%%§ﬁ¢0bdh+bg§z—wﬂa&x”—bﬁ@x—cﬁr+bg§x+
2c4d? (2x? — 1)

input tint (x~3% (a+b*acos (c*x) )/ (-c~2%d*x~2+d) "2, %) J

((2*int((acos(c*x)*x**3)/(c**4*x**4 — 2kck*2%kx*%2 + 1),x)*bkckkBGkxkk2 — 2%i
\nt((acos(c*x)*x**3)/(c**4*x**4 — 2kCkxk2xx**2 + 1) ,x)*bkck*x4 + log(ck*2*xx -
\ c)*akxck*2*x**2 — log(ckx2xx — c)*a + log(cx*2xx + c)*akck*2kx*x2 — log(ck
*¥2xX + C)ka — akCkxk2xxx*2) [/ (kck*k4*xd**2k (Ck*2xx**2 - 1))

N\ J

output

\‘




output
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22 (a+b arccos(cz
3.10 [ (d_c2dx2)(2 ) de

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [F] . . . . . . o
Sympy [F] . . o o
Maxima [F] . . . . ...
Giac [F] . . . . o o e
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 25, antiderivative size = 136

z(a + barccos(cz))

/ z2(a + barccos(cz)) . b N
(d — c2dz?)® 2c3d?/1 — c2x?

(a + barccos(cz))arctanh (e’ 2recos(ee))

2c2d? (1 — 2x?)

c3d?

. ibPolyLog (2, ¢! (=)) _ib PolyLog (2, ¢'*=())

2c3d?

2c3d?

‘1/2*b/c‘3/d‘2/(—c‘2*x‘2+1)‘(1/2)+1/2*x*(a+b*arccos(c*x))/c‘2/d“2/(-c‘2*x“2
‘+1)—(a+b*arccos(c*x))*arctanh(c*x+I*(—c‘2*x‘2+1)*(1/2))/c‘3/d‘2+1/2*I*b*po
\lylog(2,—C*x-I*(—c‘2*x‘2+1)‘(1/2))/c‘3/d‘2—1/2*1*b*polylog(2,c*x+I*(—c‘2*x

\~2+1)*(1/2))/c~3/d~2




input

output
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.85

/ z2(a + barccos(cz)) p
(d — c2dx?)?
2acz + 2bv/1 — 2z + 2bez arccos(cz) + 2barccos(cz) log (1 — ef#recs(e2)) — 2bc?x? arccos(cx) log (1

-

LIntegrate[(x‘?*(a + b*ArcCos[c*x]))/(d - c~2*d*x~2)"2,x] J

-1/4*(2xa*xc*x + 2xb*Sqrt[1 - c™2*x"2] + 2*b*cxx*ArcCos[c*x] + 2*bxArcCos[c
*x]*Log[1 - E~(I*ArcCos[c*x])] - 2xb*c~2*x~2xArcCos[c*x]*Log[1l - E~(I*ArcC
os[c*x])] - 2xb*ArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2%bxc~2+x~2*ArcCo
s[cxx] *Log[1 + E~(I*ArcCos[c*x])] + a*Log[l - c*x] - axc™2*x"2xLog[l - c*x
] - a*Logl[l + c*x] + axc™2*x"2xLogl[l + cxx] - (2xI)*bx(-1 + c~2%x"2)*PolyL
ogl[2, -E~(IxArcCos([c*x])] + (2*I)*b*(-1 + c~2*x~2)*PolyLog[2, E~(I*ArcCos[
c*x])]1)/(c™3%d™2% (-1 + c™2*x72))

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.92,

number of rules __
integrand size 0.320, Rules

number of steps used = 9, number of rules used = 8,
used = {5207, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z2(a + barccos(cz))

(d — dz?)?
| 5207
b
J aﬂ(ﬁcﬁfigﬁx) dz + bJ (1—@12)3/2 dz z(a + barccos(czx))
2¢2d 2cd? 2¢2d? (1 — c2x?)

l27
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_f %‘;’;@@dm bf de z(a + barccos(cz))

2¢2d? 2cd? 2¢2d? (1 — c2x?)

| 2
_f m#g(:z(cm)dw z(a + barccos(cz)) b

2c2d? 2¢2d? (1 — c22?) 2c3d?/1 — c?x2

| 5165
a+barccos(cz) d
J ViR arccos(cr) + z(a + barccos(cx)) + b

2c3d2 2¢2d? (1 — c22?) 2c3d2/1 — c2x2

| 3042
[ (a+ barccos(cz)) csc(arccos(cz))d arccos(cz) n z(a + barccos(cz)) n b

232 2242 (1 — c22%) ' 203d2y/1 — 222

| 4671

—b [log (1 — etarccos(e®)) darccos(cz) + b [ log (1 + €227¢°°5(<®)) d arccos(cx) — 2arctanh (ef27°(¢?)) (g + barce
2§3d2

z(a + barccos(cz)) 4
2¢2d? (1 — c2x?) 2¢3d2y/1 — 222
| 2115

ij‘ e —garccos(cx) log ( zarccos(cz)) de iarccos(cz) __ ’Lbf et arccos(cz) log (1 + et arccos(cac)) de’ arccos(cz) _ 2arctanh(
2c3d?

z(a + barccos(cz)) 4 b
2¢2d? (1 — c%z?) 263d2v/1 — 22
| 2838

—2arctanh (e’ MCCOS(C’”)) (a + barccos(cz)) + ibPolyLog (2, — ’arccos(cx)) — ibPolyLog (2, ’arccos(cw))

2c¢3d?
z(a + barccos(cx))

2c2d? (1 — c2x2) + 2¢3d2+/1 — 22

+

input LInt [(x"2*(a + b*ArcCos[c*x]))/(d - c~2*d*x~2)"2,x]

-
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‘b/(2*c"3*d“2*Sqrt [1 - c™2*x"2]) + (x*(a + b*ArcCos[c*x]))/(2*c~2*d"~2*(1 - ‘
‘ c"2xx72)) + (-2x(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])] + I*b*PolyL ‘
‘ ogl[2, -E~(IxArcCos([c*x])] - Ixb*PolyLog[2, E~(I*ArcCos[c*x])])/(2%c~3*d"~2) ‘

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1l

rule 241

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2715

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

N J

rule 2838

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Log[l - E~(I*(e + fxx))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Log[l + E~(Ix(e + £*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

rule 4671

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQl{a, b, c, 4, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

rule 5165
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rule 5207

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)"(m - 1)*(d + exx"2)"(p + 1)*((a +
b*ArcCos[c*x]) "n/(2%e*x(p + 1))), x] + (-Simp[£f~2*((m - 1)/(2*ex(p + 1)))
Int[(£*x)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Simp
[bxf*(n/(2*%c*x(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2)"p] Int[(f*x)~(m -
D*(1 - c2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x]1, x]) /; FreeQ[{
a, b, c, d, e, f}, x] && EqQlc™2*d + e, 0] && GtQ[n, 0] && LtQlp, -1] && IG

tQ[m, 1]

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.39

inputt

method result
1 1 1 1 b —c® MCCOS(CE)-F\/WZ_H+ arccos(cx) ln(l—ca:—i\/ —c2z2+1) B i polylog
a(— 4(“171)_,_ n(cz— )_4(”}“)_ n(cz )) 2(e2421) 2
+
derivativedivides 2 =
1 In(cz—1) 1 In(cz+1) b —<& aTCCOS(CE)+\/m+arccos(cz) ln(l—:z—i\/—czz2+1) _ipolylog
a(—4(cw_1>+ q T d(cz¥1) 4 ) i 2((;29:2_1)
default o 3
C
) In(cz—1) ) In(cat1) b —c= arccos(cw)+\/m+arccos(cw> ln(1—"55‘”—1\/ —02E2+1) )
a(_ 463(cw—1)+ 4c3 _403(c:v+1)_ 4¢3 ) 2(62z2_1) 2
parts e +
int (x~2* (at+b*arccos (c*x) )/ (-c~2*xd*x~2+d) "2, x ,method=_RETURNVERBOSE) J

output

1/c"3*%(a/d"2*x(-1/4/ (c*xx-1)+1/4*1n(c*x-1)-1/4/ (c*x+1)-1/4*1n(c*x+1) ) +b/d" 2%
(-1/2*(cxx*arccos (c*x)+(-c™2*x"2+1)~(1/2) )/ (c"2*x"2-1)+1/2*arccos (c*x) *1n(
1-cxx-I*(-c™2*x"2+1)~(1/2))-1/2*I*polylog(2,c*x+I*(-c~2*x~2+1)~(1/2))-1/2%
arccos (c*x)*1n (1+c*x+I*(-c”2%x"2+1) " (1/2) ) +1/2*I*polylog(2,-c*x-I*(-c~2*x"
2+1)°(1/2))))
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Fricas [F]

/ z?(a + barccos(cz)) / (barccos (cz) + a)z?
5 dr = 5 dz
(d — c2dx?) (c2dz? — d)

inputLintegrate(X“2*(a+b*arccos(c*x))/(-c‘Q*d*x‘2+d)*Q’X’ algorithm="fricas")

ou_tput‘integral((b*x"2*arccos(c*x) + a*x72)/(c”4*%d"2*x"4 - 2%c"2xd"2*x"2 + d72),

E
Sympy [F]
2 S ;g (CORp)
/ z*(a + barccos(cz)) - | gt de T2 41 O
(d — 2dz?)? d?
input Lintegrate (x**2x (at+b*acos (c*x) )/ (—c*k*2xd*x*k*2+d) ¥*2, %)

‘(Integral(a*x**2/(c**4*x**4 - 2xc*x2xx*x2 + 1), x) + Integral (bkx**2*acos(

output
‘c*x)/(c**4*x**4 - 2%Cckx2kx*k*x2 + 1), x))/d**2

Maxima [F]

dz

/ z?(a + barccos(cz)) dp — (barccos (cx) + a)z?
(d — 2dax?)? - (dz? — d)?

inputLintegrate(x“2*(a+b*arccos(c*x))/(—c‘Q*d*x*2+d)*Q’X’ algorithm="maxima")




output

input

output

input

output
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-1/4*a*(2*x/(c"4*d"2%x"2 - c”2%d"2) + log(c*x + 1)/(c”3%d"2) - log(c*x - 1
)/(c™3%d"2)) - 1/4x((2%c*x + (c"2%x"2 - 1)*log(c*x + 1) - (c™2*x"2 - 1)*lo

g(-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x) - 4*(c™5*xd"2*x"2 -
c"3*d"2)*integrate(1/4*(2%c*x + (c™2*x"2 - 1)*log(c*x + 1) - (c™2*x"2 - 1
)*log(-c*x + 1))*sqrt(cxx + 1)*sqrt(-c*x + 1)/(c”6*%d"2*x"4 - 2%c~4*d"2*x"2
+ c~2%d"2), x))*b/(c”5*d"2*%x"2 - c~3*%d"2)

Giac [F]

T = dz

/ x?(a + barccos(cz)) dp — (barccos (cx) + a)z?
(d — c2dz?)” (c2dx? — d)*

p
Lintegrate(x‘Q*(a+b*arccos(c*x))/(-c‘2*d*x‘2+d)“2,x, algorithm="giac")

-/

Lintegrate((b*arccos(c*x) + a)*xx~2/(c”2%d*x"2 - d)~2, x)

Mupad [F(-1)]

Timed out.

/ z2(a + barccos(cz)) / z? (a + bacos(cz))
5 dr = 5 dx
(d — 2dz?) (d—c2dx?)

-

Lint((x‘2*(a + b*acos(c*x)))/(d - c™2*d*x~2)"2,x)

-/

Lint((x‘2*(a + b*acos(c*x)))/(d - c™2xd*x"2)"2, x)
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Reduce [F]

dx

z?(a + barccos(cz))
/ (d — c2dz?)®
4(f;%%%%%ﬂm>bézl—4<[j§%%§ﬁdﬁbdk+bg§z—wﬂa8xm—bg8x—cﬁr—bg8x+
4c3d? (x? — 1)

input tint (x~2% (a+b*acos (c*x) ) / (~c~2%d*x~2+d) ~2, %) J

((4*int((acos(c*x)*x**2)/(c**4*x**4 — 2kck*2%kx*%2 + 1),x)*bkckkSkxkk2 — 4*i
\nt((acos(c*x)*x**2)/(c**4*x**4 — 2kCkxk2xx**2 + 1) ,x)*bkck*3 + log(ck*2*xx -
‘ c)*akxck*2*x**2 — log(ckx2xx — c)*a — log(c**2xx + c)*akxck*2kx**2 + log(ck
*¥2xX + c)¥a — 2%akxckx)/(4kckx3xdx*k2k (Cx*kx*k*2 - 1))

N\ J

output

\‘




CHAPTER 3. LISTING OF INTEGRALS

114

x(a+barccos(cx
311 [H (d_czdmz)g ) de

Optimal result . . . . . . . . . . . .. . e
Mathematica [A] (verified) . . . . . . . . . .. .
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . .....
Sympy [F] . . . o
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [F(-1)] . . . .o
Reduce [F] . . . . oo

Optimal result

Integrand size = 23, antiderivative size = 57

a + barccos(cz)

/ z(a + barccos(cx)) bx

(d — c2dx?)? de = 2cd?+/1 — c2z2 T oe (1 —c?x?)

output

‘1/2*b*x/c/d‘2/(—c‘2*x‘2+1)“(1/2)+1/2*(a+b*arccos(c*x))/c‘2/d‘2/(-c‘2*x“2+1

p

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.86

/ z(a + barccos(cz)) g = @ + bezv/1 — c2x? 4 barccos(cz)

(d — c2dx?)”

2c2d? — 2c4d2x?

e

input

tIntegrate[(x*(a + bxArcCos[c*x]))/(d - c™2*d*x~2)"2,x]

~—

output L

(a + b*cxx*Sqrt[1 - c™2*x"2] + b*ArcCos[c*x])/(2%c™2xd"2 - 2*c™4*d~2*x"2)

J




input

output

rule 208

rule 5183
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

number of rules _ 0.087, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5183, 208}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z(a + barccos(cx)) i
(d — 2dz?)?
| 5183
1

bJ (1-c242)%/2 dz 44 barccos(cx)

2cd? 2¢2d? (1 — c2x?)
| 208

a + barccos(cz) bx

2c2d? (1 — c?2?) * 2¢d?+/1 — c2z?

‘ Int[(x*(a + b*ArcCos[c*x]))/(d - c~2%d*x~2)"2,x]

‘(b*x)/(Q*c*d’?*Sqrt [1 - c™2%x72]) + (a + b*ArcCos[c*x])/(2%c™2xd"2%(1 - c~
2%x72))

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*Sqrt[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*(x_)*((d_ ) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + e*x~2)"(p + 1)*((a + b*ArcCos[c*x]) n/(2*ex(p +
1)), x] - Simp[b*(n/(2%c*(p + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*%x"2)"p] I
nt[(1 - c™2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x] /; FreeQl{a,
b, ¢, d, e, p}, x] & EqQlc"2*d + e, 0] && GtQ[n, 0] && NeQ[p, -1]
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.72

method result
b arccos(cz) \/—(cx—1)2—26x+2 \/—(Cw+1)2+2cz+2
" - 2(0212_1) - 4(ca—1) - 4(ca+1)
. N . . _2d2 (c212—1) + a2
derivativedivides =
b arccos(cz) \/—(cx—1)2—20x+2 \/—(Cz+1)2+2<:m+2
o - 2(c2z2—1) - 4(cz—1) - 4(cz+1)
T 242 (c222-1) + a2
default -
p[ _ arecos(ea) _/=(ea-1)2-2eat2 \/—(ea+1)2t2ca+2
a B 2((:22:2—1) - 4(cz—1) - 4(cz+1)
parts T 2d2c2 (222 -1) + 2c2
cx—1 2 cx+1 2 [ a+barccos(cz) _ zbe +4m2(a-
orerin _ (ca—1)(ca+1) (3c*2+2) (a+barccos(cx)) ( a : < (—Czdz2+d)2 V=cZz211 (—C2dz2+d)2 (-
& 2c2(—c2d z2+d)? 2c2
input Lint (x* (a+b*arccos (c*x) )/ (-c"2*d*x~2+d) "2, x ,method=_RETURNVERBOSE) J
output‘1/CA2*('1/2*a/dA2/(CA2*XA2—1)+b/d‘2*(—1/2/(c‘2*x‘2—1)*arccos(c*x)-1/4/(c*x

—1)% (= (c*x-1) "2-2cHx+2) " (1/2)~1/4/ (cHx+1) * (= (cHx+1) "2+2#cHx+2) " (1/2)))

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

ac’z? + v/ —c2x? + 1lbcx + barccos (cz)

/ z(a + barccos(cz)) d

Tr =
(d — 2dz?)® 2 (ctd2x? — c2d?)
tnput Lintegrate (x*(at+b*arccos(c*x))/(-c~2+d*x~2+d) “2,x, algorithm="fricas") J
output‘ -1/2%(a*c™2%x72 + sqrt(-c”2%x"2 + 1)*bxc*x + bkarccos(c*x))/(c™4*d"2*x"2 - ‘

\ c~2%d~2) \
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Sympy [F]

JELL G | et do + | @t de
(d — c2dz?)® d?

input Lintegrate (x* (at+b*acos (c*x)) / (—cx*2kd*kx*k*2+d) **2,x) J

output‘ (Integral (a*x/ (ck*4*xx**4 — 2%cx*2*x**2 + 1), x) + Integral (b*x*acos(c*x)/( ‘
| CRRAXXARA - DRCKRAXFR2 + 1), X)) /d¥x2 |

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 136 vs. 2(50) = 100.

Time = 0.16 (sec) , antiderivative size = 136, normalized size of antiderivative = 2.39

/ z(a + barccos(cz)) i

(d — 2dax?)?
1 [ (V=2 +13d? /—c2?2 +1d%) , N 2 arccos (cx) ;

=77 c+———=
4 c'd*z + c8d* c'd*r — Sd* ctd?x? — 2d?

a
2 (c*d?x? — 2d?)
input tintegrate (x* (a+b*arccos (c*x))/ (-c~2*d*x~2+d) “2,x, algorithm="maxima") J
p
Output‘ _1/4*((Sqrt(_CA2*xA2 + 1)*¢c™2%d"2/(c”~T7*d"4*xx + c~6%xd"4) + Sqrt(_CAQ*XAQ +

‘1)*c‘2*d‘2/(c“7*d“4*x - ¢c76%d"4))*c"2 + 2*arccos(c*x)/(c”4*d"2*xx"2 - c~2%d
‘AQ))*b - 1/2%a/(c”4*%d"2*%x"2 - c~2%d~2)

\‘
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Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.75

/ z(a + barccos(cz)) dp — _ bz arccos (cz) az?
(d — c2dx2)2 2(c22?2 —1)d?> 2(c2x? —1)d?
—c?z? + 1bxz  barccos (cx) a
~ 2(22? — 1)cd? 2 c2d? 2 c2d?

input tintegrate (x*(a+b*arccos (c*x))/(-c~2*d*x~2+d) “2,x, algorithm="giac")

p
\—1/2*b*x‘2*arccos(c*x)/((c*2*x‘2 - 1)*xd"2) - 1/2%a*x~2/((c™2*x"2 - 1)*d~2)
\ - 1/2xsqrt (-c~2*x"2 + 1)*b*x/((c™2*x"2 - 1)*c*d~2) + 1/2*b*arccos(c*x)/(c
\*2*d*2) + 1/2%a/(c"2%d"2)

output

——————

Mupad [F(-1)]

Timed out.

/ z(a + barccos(cz)) do — / z (a + bacos(cz)) dz
(d — c*dz?)” (d—c2da?)”

-

input{int((X*(a + bxacos(c*x)))/(d - c™2%d*x"2)"2,x)

—

output Lint((X*(a + bxacos(c*x)))/(d - c”2%d*x"2)"2, x)

Reduce [F]

acos(cz)z acos(cz)z
/ z(a + barccos(cz)) dp — 2<f c4z4—2c2:1:2+1dm> bc*z? — 2(f Aot 2721 df”) b—az’
(d — c2dz?)* B 2d? (2x? — 1)

input Lint (x* (a+b*acos (c*x) ) / (~c~2%d*x~2+d) ~2,x)
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‘(2*int((acos(c*x)*x)/(c**4*x**4 - 2kck*2kxkk2 + 1) ,X)*kbkck*¥2kx*k%x2 — 2%int (
\(acos(c*x)*x)/(c**4*x**4 - 2kckx2xx**2 + 1) ,x)*b - axx**2)/(2kdx*x2* (ck*2*x
‘**2 - 1))

output




outpu
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3.12 f a+b arccos(céfv) dx
(d—c?dz?)

Optimal result . . . . . . . . . . . .. . e 120
Mathematica [A] (verified) . . . . . . . . . .. . 121
Rubi [A] (verified) . . . . . . . . . 1211
Maple [A] (verified) . . . . . . ... L 124
Fricas [F] . . . . . o o 124
Sympy [F] . . . o 125
Maxima [F] . . . . . . . 125
Giac [F(-2)] . . . o o o 1251
Mupad [F(-1)] . . . .o 126
Reduce [F] . . . . oo 126

Optimal result

Integrand size = 22, antiderivative size = 132

z(a + barccos(cz))

/ a + barccos(cz) dp — b +
(d — 2dax?)? 2cd?v/1 — 2x?

22 (1 — c22?)
(a + barccos(cz))arctanh (et 2recos(<e))

B ib PolyLog (2, _ez' arccos(c:c))

cd?

1b PolyLog (2, e arCCOS(“))

2cd?

2cd?

t‘1/2*b/c/d"2/(—c"2*x"2+1)"(1/2)+1/2*x*(a+b*arccos(c*x))/d"2/(-c"2*x"2+1)+(a

‘+b*arccos(c*x))*arctanh(c*x+I*(-c‘2*x‘2+1)‘(1/2))/c/d‘2-1/2*I*b*polylog(2,
‘—c*x-I*(—c“Z*x‘2+1)‘(1/2))/C/d‘2+1/2*I*b*polylog(2,c*x+I*(—c‘2*x‘2+1)“(1/2

)/c/a2




input

output
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.67

/ a + barccos(cz) i

2
(d — c2dx?)
bV/1—c2z2 + bWi1=c?z? _ _ 2ax + barccos(cz) _ barccos(cz)  2barccos(cz) log(l—eiarCCOS(cm)) + 2b arccos(cz) log (1+et #rc°
_ c—c?z ctc?z —1+4c?z2 c—c?z ctc?z c c
4d?
LIntegrate [(a + bxArcCos[c*x])/(d - c™2*d*x"2)"2,x] J

~

((bxSqrt[1 - c™2*x72])/(c - c"2*x) + (b*Sqrt[1l - c™2*x72])/(c + c™2*x) - (
2%a*x) /(-1 + c"2%x72) + (b*ArcCos[c*x])/(c - c™2xx) - (b*ArcCos[c*x])/(c +
c~2*x) - (2xb*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])])/c + (2xb*ArcCos[c*x
1*Log[1 + E~(I*ArcCos[c*x])])/c - (a*Logl[l - c*x])/c + (axLogl[l + c*x])/c
- ((2*I)*bxPolyLog[2, -E~(I*ArcCos[c*x])]1)/c + ((2+I)*b*PolyLog[2, E~(I*Ar
cCos[c*x])1)/c)/(4%d"2)

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.92,

number of rules _ 0.364, Rules

number of steps used = 9, number of rules used = 8§, integrand size

used = {5163, 27, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + barccos(cz)
(d — 2dz?)?

l 5163

X

bar
il aZ(f—c;g;gix)dw n be | (1—c2z2)3/2dm z(a + barccos(cz))

2d 2d? 2d? (1 — c2z?)

l 27
[ atbarceos(er) g, be [ Wdl’ z(a + barccos(cz))

2d? + 2d? 2d2 (1 — c2x2?)
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| 2
/ a—i—b#gcﬂ);(cm)dx N z(a + barccos(cz)) N b

242 2d2 (1 — c2x2) 2cd?y/1 — c2a?

| 5165
a+barccos(cz) d
_f RV arccos(cz) n z(a + barccos(cz)) + b

2cd? 2d2 (1 — c%x2?) 2¢d?v/1 — c2z2

| 3042
[ (a + barccos(cz)) csc(arccos(cx))d arccos(cx) — z(a + barccos(cz)) + b

2cd? 2d? (1 - 62.’)32) 2¢d2+/1 — 212

| 4671

—b [ log (1 — et@reos(«®)) darccos(cz) + b [ log (1 + €#2°*5(2)) darccos(cz) — 2arctanh (e?27°°°5(<®)) (q + barc

2cd?
z(a + barccos(cz)) 4 b
2d2 (1 — c2x2) 2cd?/1 — a2

l 2715

ib f et arccos(cz) log (1 — ¢t arccos(cz)) det arccos(cz) _ ’Lbf et arccos(cz) log (1 + et arccos(ca:)) det arccos(cz) _ 2arctanl
Bl 2cd?

z(a + barccos(cz)) n b
242 (1 — c2x2) 2cd?/1 — 222
| 2838

—2arctanh (e?27c%s(c2)) (q + barccos(cz)) + ib PolyLog (2, —et27¢°°5(<®)) — jb PolyLog (2, €*2re0s(c@)) N
Bl 2cd?

z(a + barccos(cz))

2d2 (1 — c2x2) * 2cd?+/1 — 222

-

LInt[(a + bxArcCos[c*x])/(d - c™2*xd*x"2)~2,x]

| —

input

output‘b/(2=o<c>|=d"2>|<Sqrt [1 - c™2%x~2]) + (x*(a + b*ArcCos[c*x]))/(2xd~2%(1 - c~2%x" ‘
'2)) - (-2%(a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])] + I*b*PolyLogl2, |
‘—E"(I*ArcCos [c*x])] - I*b*PolyLogl[2, E~(I*ArcCos[c*x])])/(2%c*d"2) ‘
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1l

rule 241

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]

rule 2715
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logllc_.)*((d.) + (e_.)*(x_)"(n_.))1/(x)), x_Symbol] :> Simp[-PolyLog[2

» (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*xd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp[-
2%(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) 1Int[(c +
d*x)~(m - 1)*Log[1l - E"(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(Ix(e + £*x))]1, x], x1) /; FreeQl{c, d, e, f}, x] && IG
tQ[m, O]

rule 4671

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_)*(x_)"2)"(p_), x_
Symbol] :> Simp[(-x)*(d + e*x~2)~(p + 1)*((a + b*ArcCos[c*x]) "n/(2*d*(p + 1
), x]1 + (Simp[(2*p + 3)/(2*d*(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*Ar
cCos[c*x])"n, x], x] - Simp[b*cx(n/(2%(p + 1)))*Simp[(d + e*x"2)"p/(1 - c~2
*x~2) "p] Int[x*(1 - c™2*x"2)"(p + 1/2)*(a + bxArcCos[c*x])"(n - 1), x], x
1) /; FreeQ[{a, b, c, 4, e}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && LtQ[p,
-1] && NeQ[p, -3/2]

rule 5163
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rule 5165‘Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((@.) + (e_.)*(x_)"2), x_Symbo ‘
‘1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]], ‘
- x] /; FreeQl{a, b, c, d, e}, x] & EqQ[c™2*d + e, 0] & IGtQ[n, O] |

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.43

method result
1 In(cz—1) 1 In(cz+1) bl —<& arccos(cz)+V —c2z2+1 7arccos(cz) ln(l—;x—i _02m2+1) +ip01y10g
a(_ Iee—D) 4 HaiD T 1 >+ 2(c222-1)
derivativedivides 4 _
arccos(cz) In(1l—cz—iV/ —c2z241 i polylo,
1 In(cz—1) 1 In(cz+1) b —cz arccos(c;)g\/ —c2z241 _ (cz) ( . + ) i polylog
"(‘ Icz—1) 4 Azt T 4 ) + 2(c222-1)
default 2 _
1 In(cz—1) 1 In(cz+1) b| =< arccos(c:;:)-}z—\/m_ arccos(cz) ln(l—:z—i\/m> +i
a(_4(cz—1)c_ 4c _4(cz+1)c+ 4c ) 2(0 z _1)
parts 7 +
input Lint ((at+b*arccos (c*x))/(-c"2*d*x~2+d) "2, ,method=_RETURNVERBOSE) J

1/c*x(a/d"2*%(-1/4/(cxx-1)-1/4*1n(c*x-1)-1/4/ (cxx+1)+1/4*1n(c*x+1) ) +b/d~2* (-
1/2% (cxx*arccos (c*x)+(-c 2xx"2+1)~(1/2)) / (c~2*xx~2-1)-1/2*arccos (c*x) *1n(1-
c*kx-I*(-c™2%x72+1)~(1/2) ) +1/2*%I*polylog(2, ckx+I*(-c~2*x"2+1) ~(1/2))+1/2*ar
ccos (cxx) *1n(1+cxx+I*(-c™2*x~2+1) " (1/2))-1/2*I*polylog(2,-c*x—I* (-c~2*x"~2+

output

1D71/2))))
Fricas [F]
a+barccos(cz) , / barccos (cz) + a i
(d — c2dz?)* (2dz? — d)°
inputLintegrate((a+b*arccos(c*x))/(—c"2*d*x‘2+d)‘2,x, algorithm="fricas") J

output Lintegral((b*arccos(c*x) + a)/(c™4xd"2xx"4 - 2%c"2*d"2*x"2 + d~2), x) J




CHAPTER 3. LISTING OF INTEGRALS 125

Sympy [F]
/a—l—barccos(cx) - fmdx‘l‘f%dx
(d — c2dz?)” d2
inputtintegrate((a+b*acos(c*x))/(_C**Q*d*x**2+d)**2,x)

p
output‘ (Integral (a/(ckx4*x**4 — 2kcx*2%xx**2 + 1), x) + Integral(b*acos(c*x)/(cx*4
‘*x**4 - 2kCk*2*x*k*2 + 1), x))/d**x2

N

Maxima [F]
a+ barccos(c;c) dr — / barccos (cz) —|2— a,
(d — 2dz?) (c2dz? — d)
input kintegrate ((a+b*arccos(c*x))/(-c"2%d*x"2+d) "2,x, algorithm="maxima")

-1/4*a* (2xx/(c"2%d"2*x"2 - d~2) - log(cxx + 1)/(cxd™2) + log(c*x - 1)/(cx*d
~2)) - 1/4%((2*%cxx - (c™2*%x72 - 1)*log(c*x + 1) + (c™2%x"2 - 1)*log(-c*x +

1))*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x) + 4*(c™3%d"2*x"2 - c*d~2)*
integrate(-1/4%(2*%c*x - (c™2%x"2 - 1)*log(c*x + 1) + (c™2*x"2 - 1)*log(-c*
x + 1))*sqrt(c*x + 1)*sqrt(-cxx + 1)/(c™4*d™2*x"4 - 2%c~2*%d"2*x"2 + d72),
x))*b/(c"3%d"2*x"2 - c*xd~2)

output

Giac [F(-2)]

Exception generated.

/ a + barccos(cz)

(d— 2dz?)’ dz = Exception raised: RuntimeError
— c2dzx

inputLintegrate((a+b*arccos(c*x))/(—c*2*d*x*2+d)*2,x, algorithm="giac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
/ a + barccos(cz) gr— [OF bacos(cz)
(d — c2dz?)” (d— c2dz?)’
inputtint((a + b*acos(c*x))/(d - c~2%d*x~2)"2,x) J
output Lint((a + b¥acos(c*x))/(d - c™2%d*x"2)"2, x) J
Reduce [F]
/ a + barccos(cz) .
(d — 2dz?)?

4<f %dx) bcizr? — 4<f %dw) be — log(c®z — ¢) ac®z? + log(c*x — c) a + log(c*z + «
4ed? (2x? — 1)

input Lint ((atb*acos(c*x))/(-c™2*d*x"2+d) ~2,x) J

p
t‘(4*int(acos(c*x)/(c**4*x**4 - 2kck*2*x*k*2 + 1) ,x)*bkck*x3*xx**2 - 4xint (acos
‘(c*x)/(c**4*x**4 — 2xc**2xx**2 + 1) ,x)*b*c — log(c**2%x — c)kakck*k2xx**2 +
log(c**2xx — c)*a + log(c**2%x + c)*axc*x*2xx*x2 — log(cx*2*x + c)*a - 2*a

§
outpu
| |
L*c*x)/(4*c*d**2*(c**2*x**2 - 1)) J




outpu
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3.13 f a+b arccos(ch) dx
z(d—c?dz?)

Optimal result . . . . . . . . . . . .. . e 127
Mathematica [A] (verified) . . . . . . . . . .. . 128
Rubi [A] (verified) . . . . . . . . . 128]
Maple [A] (verified) . . . . . . ... L 131
Fricas [F] . . . . . o o 132
Sympy [F] . . . o 132
Maxima [F] . . . . . . . 132
Giac [F(-2)] . . . o o o 1331
Mupad [F(-1)] . . . .o 133
Reduce [F] . . . . oo 133

Optimal result

Integrand size = 25, antiderivative size = 122

/ a + barccos(cz) - bcx 48 + barccos(cx)
z (d — 2da?)? 9d2y/1 — 2g2 2d? (1 — 2x?)

2(a + barccos(cz))arctanh (e arecos(ca))

B ib POlyLOg (2’ —e% arccos(c:c))

d2

N ib PolyLog (2, e2t arccos(cx))

2d?

2d?

t‘1/2*b*c*x/d"2/(-c"2*x"2+1)"(1/2)+1/2*(a+b*arccos(c*x))/d"2/(-c"2*x"2+1)+2*

‘(a+b*arccos(c*x))*arctanh((c*x+I*(—c‘2*x“2+1)‘(1/2))‘2)/d‘2—1/2*I*b*polylo
‘g(2,-(c*x+I*(—c‘2*x‘2+1)‘(1/2))‘2)/d‘2+1/2*I*b*polylog(2,(c*x+I*(—c‘2*x‘2+

1)7(1/2))72)/d"2
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.91

/ a + barccos(cz)
5 dx
z (d — c2dx?)

bWi—cz? _ b/1-c2a? 2 barccos(cz) barccos(cz) __ ptarccos(cz)) _ ,
=& loc 20 + A | baree 4barccos(cz)log (1 — e ) — 4barccos(c

-

LIntegrate[(a + bxArcCos [c*x]) /(xx(d - c™2*d*x~2)"2),x]

| —

input

((bxSqrt[1 - c™2*x72])/(1 - c*x) - (b*Sqrt[l - c™2*x72])/(1 + c*x) - (2*a)
/(-1 + c™2*x~2) + (b*ArcCos[c*x])/(1 - c#*x) + (b*ArcCos[c*x])/(1 + c*x) -

4xb*ArcCos [c*x] *Log[1 - E~(I*ArcCos[c*x])] - 4*bxArcCos[c*x]*Logl[l + E~(I*
ArcCos[c*x])] + 4xbxArcCos[c*x]*Log[l + E~((2*I)*ArcCos[c*x])] + 4*axLogl[x
1 - 2xaxLogl[l - c™2*x"2] + (4*I)*b*PolyLogl[2, -E~(I*ArcCos[c*x])] + (4*I)*
b*PolyLog[2, E~(I*ArcCos[c*x])] - (2+I)*b*PolyLog[2, -E~((2+I)*ArcCos [c*x]
)1)/ (4%d~2)

output

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.98,

number of steps used = 10, number of rules used = 9, Bumber of rules _ ¢ 35 Ryjeq
integrand size

used = {5209, 27, 208, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barccos(cz)
z (d — c2dz?)?

| 5209
f a+barccos(cz) d bCf 1 dx

do(1—c2z?) (1—c242)3/2 a + barccos(cz)
d 2d? 2d? (1 — c2z?)

| 27
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[ atbarccos(ca) g, bcfi(l_&;)mdx o + barccos(cz)

z(1—c2z2)
d? + 2d? + 2d? (1 — c2z?)
| 208
b
J GZ(TT?;%@ dx g 4 barccos(cx) + bex
d2 2d? (1 — 2z?)  242y/1 — 222
| 5185
bar
il %ﬁiii?)darccos(cm) 49 + barccos(cz) + bcx
d2 2d2 (1 —c?x?)  242v/1— c2z2
| 4919
2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) — a + barccos(cx) 4 bex
&2 2d2 (1 — c%z2)  242+/1— 222
| 3042
2 J (a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) — a + barccos(cx) n bex
a2 2d2 (1 — c222)  242/1 — 222
| 4671

_2(—%b [ log (1 — e2iarccos(<@)) darccos(cz) + b [ log (1 + e2ia1ec0s(<@)) darccos(cz) — (arctanh (e2arecos(<a)) (
2

a + barccos(cz) 4 bex
2d2 (1 — c2x2) ~ 2d24/1 — 222
| 2115

2(i1b f e~ 2 arccos(cz) log (1 — e arccos(cx)) de? arccos(cz) __ %be e~ 2 arccos(cz) log (1 + e2t arccos(cm)) de? arccos(cz)
d2

a + barccos(czx) 4 bex
22 (1 —c222)  2d2v/1 — 222
| 2838

2(— (arctanh(e% arccos(c””)) (a+ barccos(cm))) + iib PolyLog (2, —e% arC“’S(C“”)) - iib PolyLog (2, e arccos(cz)))
2
a + barccos(cx) bex

2d2 (1 — c2x2) * 2d2+/1 — 222

-

LInt[(a + bxArcCos[c*x])/(x*(d - c”2*d*x"2)"2),x]

-/

input
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output‘(b*C*X)/(2*dA2*Sqrt[1 - ¢™2*%x72]) + (a + b*ArcCos[c*x])/(2*d™2%(1 - c™2%x”~

‘2)) - (2*%(-((a + bxArcCos[c*x])*ArcTanh[E~((2*I)*ArcCos[c*x])]) + (I/4)*bx*
‘PolyLog[2, -E~((2*I)*ArcCos[c*x])] - (I/4)*b*PolyLogl[2, E~((2*I)*ArcCos[c*
‘ x]1)1))/d"2
Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 208 I0tL((a1) + (b_.)*(x.)72)7(-3/2), x_Symbol] :> Simp[x/(a*Sqrtla + bxx"21),

x] /; FreeQ[{a, b}, x]

rule 2715 Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 2838

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Log[l + E~(I*(e + f*x))]1, x1, x1) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

rule 4671

Int[Cscl(a_.) + (b_D)*x D] (m_.)*((c_.) + (d_)*(x))"(m_.)*Sec[(a_.) + (b
_)*(x )] (m_.), x_Symbol] :> Simp[2°n Int[(c + d#*x) m*Csc[2*a + 2*b*x] n
,» x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

rule 4919




rule 5185

rule 5209

input

output
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst[Int[(a + b*x)~n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] &% EqQ[c™2+d + e, 0] && IGtQ[n
, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_))"(m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(-(£f*x)"(m + 1))*(d + exx"2)"(p + 1)*((a
+ bxArcCos [c*x]) "n/ (2xd*fx(p + 1))), x] + (Simp[(m + 2%p + 3)/(2xd*(p + 1))

Int [(£*x) "m*(d + exx~2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Simp[b*c
*(n/(2%fx(p + 1)))*Simp[(d + e*xx"2)"p/(1 - c™2%x72)"p] Int[(f*x)~(m + 1)*
(1 - c™2%x"2)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b
, ¢, d, e, £, m}, x] & EqQlc™2*d + e, 0] && GtQ[n, 0] && LtQlp, -1] && !'G
tQ[m, 1] &% (IntegerQ[m] || IntegerQ[p] || EqQ[n, 11)

Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 255, normalized size of antiderivative = 2.09

method result
.2 9 )
L In(ca—1) L n(ewt1) bl —ict= +cz/ —62;224_1+arccos(cz)—z —arCCOS(C:E) ln(l—i—cz—}-z\/
a(ln(z)_4(ca:—1)_ PR ) 2(c222-1)
parts e +
.92 9 X
(N T N T B TC 21 b<_w e =t —arccos(es) n Lot
. . . . o\ ~Zlezm) — n(CT)+ gzTa— crest—
derivativedivides e
.2 2 .
) In(ea—1) ) In(eptd) p| _ic= +cz‘\/—52;22+l+arcc08(cz)—z_arccos(cx) ln(1+cw+'
a(_4(c:c—1)_ 2 +1n(cx)+4cz+4_ R ) 2(6 z —1)
default = 4+

s

Lint((a+b*arccos(c*x))/x/(-c‘2*d*x‘2+d)‘2,x,method=_RETURNVERBUSE)

~—

a/d"2*x(1n(x)-1/4/(c*x-1)-1/2%1n(c*x-1)+1/4/ (c*x+1)-1/2*1n(c*x+1) ) +b/d"2* (-
1/2% (Ixc™2%x™2+c*x* (-c~2%x~2+1) ~(1/2) +arccos (c*x)-I)/(c"2*x"2-1) -arccos (c*
x)*1n(1+cxx+I* (-c™2*x"2+1) " (1/2) ) +I*polylog(2,-c*x-I*(-c™2*x~2+1) ~(1/2) ) +a
rccos (c*x) *1n (1+(ckx+I*(-c™2*%x"2+1) ~(1/2) ) ~2)-1/2*I*polylog(2, - (c*x+I*(-c”
2xx~2+1) " (1/2))~2) -arccos (c*x) *1n(1-ckx-I* (-c~2*xx~2+1) ~ (1/2) ) +I*polylog(2,
ckx+I*(—c™2*x~2+1)~(1/2)))
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Fricas [F]

/ a + barccos(cz) / barccos (cz) + a
5 dr = 57— dzx
z (d — c2dx?) (dz? —d)°z

inputLintegrate((a+b*arccos(c*x))/x/(—c“2*d*x‘2+d)“2,x, algorithm="fricas")

outputLintegral((b*arccos(c*x) + a)/(c™4*d"2*x"5 - 2*c"2+d"2*%x"3 + d"2%*x), x)

Sympy [F]

/ a + barccos(cx) dp — | g de+ [ % dz
z (d — 2dz?)? d?

inputLintegrate((a+b*acos(c*x))/x/(—c**2*d*x**2+d)**2,x)

Output‘(Integral(a/(c**4*x**5 - 2xc**2xx*x3 + x), x) + Integral(b*acos(c*x)/(c*x*4
‘*x**S - 2%Cckx*x2*x**3 + x), X))/d**2

Maxima [F|

/ a + barccos(cz) / barccos (cx) + a
5 dr = 5— dzx
z (d — c2dx?) (dz? — d)°z

input ‘ integrate((at+b*arccos(c*x))/x/(-c~2*d*x~2+d) ~2,x, algorithm="maxima")

‘—1/2*a*(1/(c“2*d‘2*x“2 - d"2) + log(c*x + 1)/d"2 + log(c*x - 1)/d"2 - 2xlo
‘g(x)/d‘Q) + bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c"4*d"
‘2*x“5 - 2%c™2%d"2%x~3 + d"2%x), Xx)

output
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Giac [F(-2)]

Exception generated.

b
/ @ + barccos(cz) dx = Exception raised: RuntimeError

z (d — 2dx?)?

input Lintegrate ((at+b*arccos (c*x))/x/ (-c~2*d*x~2+d) ~2,x, algorithm="giac") J

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command ‘

‘ : INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve ‘
‘cteur & 1) Error: Bad Argument Value ‘

Mupad [F(-1)]

Timed out.
/ a+ barccos(ca;) dp — / a+ bacos(cz)2 i
z (d — c2dx?) z(d— c2dzx?)
input{int((a + bracos(c*x))/(xx(d - c~2xd*x~2)"2) ,x) J
output Lint((a + bracos(c*x))/(x*(d - c™2%d*x"2)72), x) J
Reduce [F]

/ a + barccos(cx)
5 dx
z (d — c*dx?)

2<f acos(cx) dl’) bC2$2 _ 2<f acos(cx) dm) b— lOg(02£E _ C) (1,621'2 + 10g(C2.’L' _ C) a— 10g(C2.’L' +ec

ctz®—2c2z3+x A5 220317
2d? (c?z? — 1)

input Lint ((a+b*acos (c*x))/x/ (-c~2*d*x~2+d) ~2,x) J




output

CHAPTER 3. LISTING OF INTEGRALS 134

‘(2*int(acos(c*x)/(c**4*x**5 — 2%CH*k2*x**3 + X),X)*bkcH*k2*x**2 - 2xint(acos
‘(c*x)/(c**4*x**5 - 2xc**2xx**3 + x),x)*¥b - log(c**2xx — c)*akck*k2kxx*2 + 1
‘og(c**2*x - c)*a - log(c**2*x + c)*axc*k*2xx**x2 + log(c**2*x + c)*a + 2xlog
‘(X)*&*C**2*X**2 - 2%log(x)*a — axc**x2kx*x*2)/(2xd**2* (cx*2xx**2 - 1))




output
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3.14 f a+b arccos(cxz) dx
72 (d—c?dz?)

Optimal result . . . . . . . . . . . .. . e 135
Mathematica [A] (verified) . . . . . . . . . .. . 136
Rubi [A] (verified) . . . . . . . . . 1361
Maple [A] (verified) . . . . . . ... L 141
Fricas [F] . . . . . o o 142
Sympy [F] . . . o 142
Maxima [F] . . . . . . . 142
Giac [F(-2)] . . . o o o 143]
Mupad [F(-1)] . . . .o 143
Reduce [F] . . . . oo 144

Optimal result

Integrand size = 25, antiderivative size = 177

3c?z(a + barccos(cz))

/ a + barccos(cz) i bc _a+ barccos(cz)
z2(d — c2dac2)2 9d2/1 — 2g2 d?x (1 — c%x?)
3c(a + barccos(cz))arctanh (et arecos(e))

2d? (1 — c%x?)

N bearctanh(v/1 — c222)  3ibc PolyLog (2, —e?arecos(ea))

d2

4 3ibe POlyLOg (2’ ei arccos(cz))

2d?

1/2xbxc/d"2/(-c~2*x"2+1) "~ (1/2)-(a+b*arccos(c*x))/d"2/x/ (-c~2*x"2+1)+3/2*c”
2*x* (a+b*arccos (c*xx))/d"2/ (-c~2*x"2+1) +3*c* (a+b*arccos (c*x) ) *arctanh (c*x+I
*x(-c72xx72+1) " (1/2)) /d"2+bxc*arctanh ((-c~2*x"2+1) " (1/2) ) /d"~2-3/2*I*b*c*pol
ylog(2,-cxx-I*(-c~2*x~2+1)~(1/2)) /d"2+3/2*I*b*c*polylog (2, ckx+I*(-c~2*x"2+

1)°(1/2))/d"2




input

output
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.42

a + barccos(cz)

5 dx
22 (d — c2dzx?)

__4a + bev1—c2x2 + bev/1—c2z2 2ac’z __ 4barccos(cx) + bcarccos(cx)  bcarccos(cx)

T l—cz 1+cz —1+4c2z2 T l—cz 1+4cz

— 6bcarccos(cz) log (1 — €

-

LIntegrate[(a + bxArcCos[c*x]) /(x72%(d - c~2*d*x~2)~2),x]

| —

((-4%a)/x + (b*cxSqrt[l - c™2*x72])/(1 - c*x) + (b*cxSqrt[l - c™2*xx~2])/(1
+ c*x) - (2%axc”™2*x)/(-1 + c"2%x72) - (4*bxArcCos[c*x])/x + (b*cxArcCos[c
*x])/(1 - c*x) - (b*c*ArcCos[c*x])/(1 + c*x) - 6xb*c*ArcCos[c*x]*Log[l - E
~(I*ArcCos[c*x])] + 6*bxcxArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x])] - 4*bxc*L
oglx] - 3*axcxLog[l - c*x] + 3xaxc*Logl[l + c*x] + 4*bxc*Logl[l + Sqrt[l - ¢
~2*x72]] - (6*I)*bxc*PolyLog[2, -E~(I*ArcCos[c*x])] + (6*I)*b*c*PolyLogl[2,
E~(I*ArcCos[c*x])])/(4*d"2)

Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.09,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 500 Ryyjes
integrand size

used = {5205, 27, 243, 61, 73, 221, 5163, 241, 5165, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + barccos(cz)
/ 22 (d — 2dz?)?
| 5205
a + barccos(cr) be [ — o momde +b
2 z(1—c2a?) a + barccos(cx)
E(1-ca)? &2 T Pr(l- )

| 27
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302 f a+barccos(cz)d bCf 1 dx

c2x2)? _ z(1-c222)’2™"  a+ barccos(cz)
d? d? d?z (1 — c%z?)
| 243
a+b arccos(ca:) I T )
f c2a?)” de _ be | 22(1-c222)3/? dz _ a+ barccos(cz)
d2 2d? d?z (1 — c2x?)

| 61
2f a+barccos(c:c)d b S BN 2
—c?a?)* _ c(J 21— e a + barccos(cz)

d? 2d? d?z (1 — 2z?)

| 73

2 [ —L1 o dvi—c2a2
33
be Vi— c2x2 c

2

2

) _ a+ barccos(cz)

3c2 [ wdm

2 2)
d? 2d? d?z (1 — 2z?)
l 221
a+barccos (cm) 2
[ (—ca?)’ dz _ a+ barccos(cz) bc(m — 2arctanh<\/1 — c2x2>)
d? d?z (1 — c2x?) 2d?
l 5163
2(1 +barccos(cx) 1 +bar )
3c <§ /e 1a_<c:§<;s2¢:m dz + 5bc [ (1—c2 2)3/2’d$ + —””(az(ii%?fz—()” ) _a+ barccos(cz) B
d? d?z (1 — 2z?)
bc(\/ﬁ — 2arctanh(\/1 — c2:c2))
2d?
l 241
1 a+b ar: cx z(a+bar cx
c? (§ S/ 13_2(23(;32( o + = 2(13_2(2:(;52() Dy 2cm) _a+ barccos(cz) B
d? d?z (1 — c2z?)
bc(ﬁ - 2arctanh<\/1 - 02x2>>
2d2

l 5165
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f a+b arccos(cm)darccos(cx)
32| — mz + w(a-zl-blarcgoi(cw)) + b —
¢ (1=c*a%) 2eV1-cia a + barccos(cx)
d? d?z (1 — c2z?)
bc(\/l_Qci%2 - 2arctanh<\/1 - c2m2>)
2d?
| 3042
2 J (a+barccos(cz)) csc(arccos(cz))d arccos(cz) z(a+barccos(cz)) b
3c <_ 2c + 2(1—c?z2?) + 2cx/1—02z2)
5 —
2
a + barccos(cx) bc(m — 2arctanh(\/1 - 02m2>)
d?z (1 — c2z?) 2d?
| 4671
3¢2 —b [ log(1—¢" ‘”CCOS(“))da,rccos(cz)—i-bflog(l—i-ei arcc"s(“))darccos(c:c)—2arctanh(ei arcc"S(‘””))(az—i-b arccos(cz)) x(a+barccos
c\— 2c + 2(1—c2z?2
d2
2
a + barccos(cz) bc<7m — 2arctanh (\/ 1-— c2ac2))
d?z (1 — c2z?) 2d?
| 2715
362 < ib f e—tarccos(cx) log(l—ei arccos(cw))dei arccos(cx) _zp f e—tarccos(cx) log(1+ei arccos(cx) ) deiarccos(cz) _ogrctanh (ei arccos(cz)) (a+ba
- 2¢c
d2
2 /
a+ barccos(c:c) bC(W — 23.1'Ctanh( 1-— C2$2>)
d?z (1 — c2z?) 2d?
| 2838
3 2 —2arctanh (ei arccos(“)) (a+barccos(cz))+ibPolyLog (2,—ei arCcos(cm)) —ib PolyLog(Z,ei ‘“CCOS(C”)) x(a+barccos(cz)) b
2l = 5% + 2(1—c2z2) + 2cv/1—
d2
2
a + barccos(cz) bc<7m — 2arctanh (\/ 1-— c2ac2))
d?z (1 — c2z?) 2d?

-

input LInt [(a + bxArcCos[c*x])/(x"2%(d - c~2xd*x"2)"2),x]

~—
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-((a + b*ArcCos[c*x])/(d™2xx*(1 - c™2%x72))) - (bxc*(2/Sqrt[1 - c™2*x~2] -
2xArcTanh[Sqrt[1 - c™2*x~2]]1))/(2%d"2) + (3*c™2*(b/(2*cxSqrt[1 - c~2xx"2]
) + (x*(a + bxArcCos[c*x]))/(2%(1 - c~2*x~2)) - (-2%(a + b*ArcCos[c*x])*Ar
cTanh[E~ (I*ArcCos[c*x])] + I*b*PolyLogl[2, -E~(I*ArcCos[c*x])] - Ix*b*PolyLo
gl[2, E™(I*xArcCos[c*x])]1)/(2%c)))/d"~2

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*xc - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && LtQ[m, -1] && !(LtQ[n, -1] && (EqQ[a, O
1 Il (NeQ[c, 0] && LtQ[m - n, 0] &% IntegerQ[n]))) && IntLinearQ[a, b, c, d
, m, n, xJ

rule 61

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)"(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] & NeQ[p, -1]

rule 241

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 2838

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N\

rule 4671 Intlesclle ) + (£_)*(x)1*((c_.) + (d_)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) "m* (ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)"(m - 1)*Log[1l + E~(I*(e + £*x))], x]1, x]) /; FreeQ[{c, 4, e, f}, x] && IG
tQ[m, 0]

rule 5163 Intl((a_.) + ArcCosl(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x)"2)7(p), x_
Symbol] :> Simp[(-x)*(d + e*xx"2)"(p + 1)*((a + b*ArcCos[c*x])"n/(2xdx(p + 1
))), x] + (Simp[(2*p + 3)/(2xd*x(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*Ar
cCos[c*x])"n, x], x] - Simp[b*cx(n/(2*(p + 1)))*Simp[(d + e*x~2)"p/(1 - c~2
*x~2)7p]  Int[x*x(1 - c”2*%x72)"(p + 1/2)*(a + bxArcCos[c*x])"(n - 1), x], x

1) /; FreeQ[{a, b, c, d, e}, x] & EqQlc™2*d + e, 0] && GtQ[n, 0] && LtQlp,
-1] && NeQlp, -3/2]

rule 5165 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((d)) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2+d + e, 0] && IGtQ[n, O]




rule 5205

input

output
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Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_)*((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(£f*x)"(m + 1)*(d + exx"2)"(p + D*((a + b
*ArcCos [c*x]) "n/(d*f*(m + 1))), x] + (Simp[c™2*((m + 2%p + 3)/(£"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx~2) p*(a + b*ArcCos[c*x])"n, x], x] + Simp[b*
cx(n/(fx(m + 1)))*Simp[(d + exx"2)"p/(1 - c~2*x~2) “p] Int[(£*x)"(m + 1)*(
1 - c”2*x™2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQc~2%d + e, 0] && GtQ[n, 0] & ILtQ[m, -1]

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 332, normalized size of antiderivative = 1.88

method result
a (— % - 4(c:zc—1) 2 ln(f”_1> - 4(czc+1) i ln(:“—l) ) ib <3i arccos(cz) In <1+cac+i\/W2+1) c3x3—3iarccos(cz
parts 7 —
i i v a<_ 4(0;—1) _31!1(?71) _5_4(0;_,_1) +31n(ix+1)> ib<3z’ arccos(cx) ln(l—i—cw—}-i\/m) 32334 arccos|
derivativedivides | ¢ = _
a(_ 4(“:0[_1) _3 ln(zac—l) _é_ 4(‘:;4_1) + 3 ln(iac-‘rl) ) ib <3i arccos(cx) 1n(1+cz+i~ /—62:1:2+1) 323 —3i arccos|
default c = _

kint((a+b*arccos(c*x))/x‘2/(—c‘2*d*x‘2+d)‘2,x,method=_RETURNVERBDSE)

a/d"2x(-1/x-1/4*c/(c*x-1)-3/4*cx1n(c*x-1)-1/4*c/(c*x+1)+3/4*c*1n(c*x+1))-1
/2%Ixb/d~2/(c"2*x"2-1) /x* (3*I*arccos (c*x) *1n (1+c*kx+I* (-c"2*%x"2+1) " (1/2) ) *c
~3%x~3-3*I*arccos (c*x)*1n(1+ckx+I* (-c~2*x"2+1) " (1/2) ) *c*x-3*I*arccos (c*x)*
c”2%x"2+3*dilog (1+ckx+I* (-c™2%x"2+1) " (1/2) ) *c~3*x~3+4*arctan (ckx+I* (-c~2%x
~2+1)7(1/2) ) *c~3*x"3+3*dilog (cxx+I* (-c 2*x"2+1) " (1/2) ) *c~3%x~3-I* (-c"2*x"2
+1) 7 (1/2) *x*c+2*Ixarccos (c*x) -3*dilog (1+ckx+I* (-c™2*xx"2+1) ~(1/2) ) *c*kx—4*ar
ctan(ckx+I*(-c™2*x"2+1) ~(1/2) ) *c*x-3*dilog (cxx+I* (-c~2%x"2+1) "~ (1/2) ) *c*xx)
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Fricas [F]

/ a + barccos(cz) dp — / barccos (cz) + a ds

22 (d — c2dz?)® (2dz? — d)*a2

inputLintegrate((a+b*arccos(c*x))/x“2/(—c“2*d*x”2+d)*z,x, algorithm="fricas")

OutputLintegral((b*arccos(c*x) + a)/(c™4*d"2%x"6 - 2%c”2*d"2*x"4 + d72%x72), x)

Sympy [F]

/ a+barccos(cr) \ | s 42+ et du
22 (d — c2dz?)? d?

inputLintegrate((a+b*acos(c*x))/x**2/(—c**2*d*x**2+d)**2,x)

Output‘(Integral(a/(c**4*x**6 - 2%cx*2%x*x*4 + x**2), x) + Integral(b*acos(c*x)/(c

‘**4*x**6 — 2kCk*k2kxx**4 + x*%2), x))/d**2

Maxima [F|

/ a + barccos(cz) / barccos (cx) + a
5 dr = 5— dr
22 (d — c2dx?) (c2dz? — d) "z

input integrate((a+b*arccos(c*x))/x~2/(-c"2*d*x~2+d) "2,x, algorithm="maxima"
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-1/4*a* (2% (3*xc"2*%x"2 - 2)/(c"2xd"2*x"3 - d72*x) - 3*c*log(c*x + 1)/d"2 + 3
xcxlog(cxx - 1)/d"2) - 1/4x((6%c™2*x"2 - 3*(c"3*x"3 - c*x)*log(c*x + 1) +

3x(c™3*x"3 - c*x)*log(-c*x + 1) - 4)*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1),
c*x) + 4x(c”2xd"2%x"3 - d"2*x)*integrate(-1/4*(6*%c~3*x"2 - 3*(c"4*x"3 - c
~2xx)*log(c*x + 1) + 3*x(c™4*x"3 - c"2*x)*log(-c*x + 1) - 4*c)*sqrt(c*x + 1
Y*sqrt(-c*x + 1)/(c™4*d"2*x"5 - 2*xc™2*d"2*x~3 + d"2*x), x))*b/(c"2*xd"2*x"3
- d72xx)

output

Giac [F(-2)]

Exception generated.

dr = Exception raised: RuntimeError

/ a + barccos(cz)
22 (d — 2da?)?

inputLintegrate((a+b*arccos(c*x))/x‘2/(—c‘2*d*x‘2+d)‘z,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/a + barccos(cz) dr — / a + bacos(cz) s

22 (d — c2dz?)® 22 (d — 2 d z?)?

input‘ int((a + b*acos(c*x))/(x"2x(d - c”2*d*x~2)"2),x)

OutputLint((a + b*acos(c*x))/(x"2%(d - c~2%d*x~2)"2), x)
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Reduce [F]

/ a + barccos(cz) i

22 (d — c2dz?)®
4<f %dw) bc’z® — 4<f de) bz — 3log(c’z — ¢) ac®z® + 3log(c’x — ¢) acx + 3¢

ctxb—2c2x4 422
4d%x (c2x? — 1)

input Lint ((at+b*acos(c*x))/x"2/ (-c~2*xd*x"2+d) ~2,x) J

e B

(4*int (acos (c*x) / (cx*4*x**6 — 2kc**2kxk*k4d + x**2) ,X)*b*c*k*2*x**3 - 4*int(a
\cos(c*x)/(c**4*x**6 — 2¥CHk*k2¥x**4 + x**2) ,x)*¥bkx — 3xLog(ck*2kx — c)*kakck*
\3*x**3 + 3xlog(cx*2*x — c)*axckxx + 3xlog(cx*2*x + c)*axcx*3*x**x3 - 3xlog(c
L**Q*x + c)*axckx — Bkakck*x2kx**2 + 4%a)/(4xd**x2kxx*k (Ck*x2%xx**2 — 1))

output

~




output
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3.15 f a+b arccos(cxz) dx
23 (d—c2dz?)

Optimal result . . . . . . . . . . . .. . e 145
Mathematica [A] (verified) . . . . . . . . . .. . 146
Rubi [A] (verified) . . . . . . . . . 1461
Maple [A] (verified) . . . . . . ... L 150
Fricas [F] . . . . . o o 1511
Sympy [F] . . . o [I51]
Maxima [F] . . . . . . . 152
Giac [F(-2)] . . . o o o 1521
Mupad [F(-1)] . . . .o 152
Reduce [F] . . . . oo 153

Optimal result

Integrand size = 25, antiderivative size = 159

c%(a + barccos(cr)) _a+ barccos(cz)

/ a + barccos(cx) . bc 4
23 (d — 2da?)? 2d2z+/1 — c?a?

d? (1 — 2x?)
4c*(a + barccos(cz) )arctanh (g2 @recos(ce))

2d%z2 (1 — c%x?)

B ibc? PolyLog (2, —e2iarecos(ca)) N ibc? PolyLog (2, g% arccos(ee))

d2

d2

e

1/2xbxc/d"2/x/ (—c™2*x"2+1) ~(1/2) +c"2* (a+b*arccos (c*x) ) /d~2/(-c"2*x"2+1) -1/
‘2*(a+b*arccos(c*x))/d‘2/x‘2/(—c‘2*x‘2+1)+4*c‘2*(a+b*arccos(c*x))*arctanh((
‘c*x+I*(—c‘2*x‘2+1)“(1/2))“2)/d‘2—I*b*c‘2*polylog(2,—(c*x+I*(—c“2*x‘2+1)‘(1
L/Q))“2)/d‘2+I*b*c“2*polylog(2,(c*x+I*(—c“2*x‘2+1)“(1/2))‘2)/d“2

A\

|
|
J




input

output

t
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Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.94

/ a + barccos(cz) i

23 (d — c2dz?)®

__2a 2bcyv/1—c2z2 bc2vV1=—c?z2 _ bc®V1=c?z® __ _ 2ac® __ 2barccos(cz) bc? arccos(cx) bc? arccos(cz) 2
2 + T + l—cx 14-cx —14c2z2 2 + 1—cx + 14-cx 8bc” arc
Integrate[(a + b*ArcCos[c*x])/(x"3*(d - c~2*d*x~2)"2),x] J

/

((-2%a)/x"2 + (2xbxc*Sqrt[l - c™2*x72])/x + (b*c™2*Sqrt[1 - c™2*x~2])/(1 -
cxx) - (b*c™2*Sqrt[1 - c™2*xx72])/(1 + c*x) - (2¥a*c™2)/(-1 + c~2*x"2) - (
2xb*ArcCos [c*x])/x"2 + (b*c~2*ArcCos[c*x])/(1 - c*x) + (b*xc~2xArcCos[c*x])
/(1 + c*x) - 8+%bxc~2xArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x])] - 8xbkc~2xArcC
os[c*x]*Log[1 + E~(I*xArcCos[c*x])] + 8*bxc~2*ArcCos[cxx]*Log[1l + E~((2+I)*
ArcCos[c*x])] + 8%axc”™2+Loglx] - 4*axc™2+Logl[l - c™2*x"2] + (8I)*b*c~2*Po
lyLog[2, -E~(I*ArcCos[c*x])] + (8*I)*b*c~2xPolyLogl[2, E~(I*ArcCos[c*x])] -
(4%I)*b*c~2*PolyLog[2, -E~((2*I)*ArcCos[c*x])]1)/(4*d~2)

Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.25,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 490 Ryles
integrand size

used = {5205, 27, 245, 208, 5209, 208, 5185, 4919, 3042, 4671, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barccos(cx)
5 dT
z3 (d — c2dz?)

| 5205
be [ ———L1 —rdx
o [ a+ barccos(cz) . e2(1-c222)*?""  a+ barccos(cz)
d2z (1 — c2x2)? 2d? 2d222 (1 — c2x2)

l27
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202 a+b arccos(cz) 1
2¢* | z(1—c2x2)? dz _ be | 22(1—c222)%/2 dz _a+t barccos(cx)
d? 2d? 2d%z2 (1 — c2x?)
| 245
2  a+tbarccos(cz) 2 1 _ 1
2¢ | z(1—c222)? dz _ bc(2c J (1—c2w2)3/2dx x\/1—02x2) _ a + barccos(cx)
d? 2d? 2d2z2 (1 — c2x2?)
| 208
2C2f a—i—barccos(cw)d be ( 22 1 )
Ta(1—c2a?)? a + barccos(cx) Vi—2z?2  z/1—c222
d? 2d222 (1 — c2a?) 2d?
| 5209
2 a+barccos(cz) 1 a+barccos(cz)
2c (f “e(—cz?) dx + QbCf (=a2)2 2)3/2d£6+ T2(1=c%a?) ) _ a + barccos(cz) B
d? 2d%2x? (1 — c2x?)
2c2 1
bc(\/lfch2 - z\/1—02x2)
2d2
| 208
2 +bar (cx) ~+bar (c)
2c <f : x(i—ccc;;? dz + * 2(1a—C:20;2§z R c2w2) _ a+barccos(cz)
d? 2d2z2 (1 — c2z2?)
sz
bc(\/12—c2z2 - :B\/licza:z)
2d2
| 5185
2 a+barccos(cz) a+barccos(cz)
2c (_ J cma/t% darccos(cz) + 2(?—(:520;2) + o c2x2> _ a+barccos(cz)
d? 2d%2x2? (1 — c2x?)
2c2z 1
bc(\/1—02x2 - x\/l—csz)
2d2
| 4919
2¢? (—2 [ (a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) + %gg’jé‘;@ + m)
&2 B
2c%z 1
a + barccos(cz) be (\/1 22z m\/l—c2m2>
2d222 (1 — 2a?) 2d?

l 3042



CHAPTER 3. LISTING OF INTEGRALS 148

2¢? (—2 [(a + barccos(cz)) csc(2 arccos(cz))d arccos(cz) + ‘”;’2;’107;0;5;@ + N%)
d? B
22 1
a + barccos(cz) bc(ﬂfcng - m/l_czxz)
2d?z? (1 — 2z?) 2d?
| 4671

2c2 <—2(—%b [ log (1 — e%arccos(c@)) darccos(cx) + b [ log (1 4 eZarecos(<®)) darccos(cx) — (arctanh (e2iarecos(e

&2
2¢2 1
a + barccos(cz) bc(\/lfcgzcxz - x\/l_czxz)
2d%222 (1 — 2z?) 2d?
| 2115

202 (—2(%1() f 6—271 arccos(cz) log (1 _ 621' arccos(cw)) d62i arccos(cz) __ %Zb f 6—22' arccos(cz) log (1 + e2i arccos(cx)) de2i arcco

pp)
2¢2 1
a + barccos(cz) bc(\/lfc‘ng - w\/]__czm2>
2d%22 (1 — 2x?) 2d?
| 2838

2c2 (—2(— (arctanh (e%arccos(e2)) (g 4 barccos(cz))) + LibPolyLog (2, —e%arecos(ez)) — 1ip PolyLog (2, e2iarecost
2

a + barccos(cx) bc<\/1_c2z2 aV/1—c2z?

2d%z2 (1 — 2x?) 2d?

2%z 1 )

-

input L

\ >

Int[(a + bxArcCos[c*x])/(x"3*(d - c~2*d*x"2)"2),x]

-1/2%(b*cx(-(1/(x*Sqrt[1 - c™2*x72])) + (2%c™2*x)/Sqrt[1 - c™2*x72]))/d"2
- (a + b*ArcCos[c*x])/(2%d"2*%x"2%(1 - c™2%x72)) + (2xc™2x((b*c*x)/(2*Sqrt[
1 - c”2%x72]) + (a + b*ArcCos[cxx])/(2x(1 - c™2*x"2)) - 2x(-((a + b*ArcCos
[c*x]) *ArcTanh [E~ ((2*I)*ArcCos[c*x])]) + (I/4)*bxPolyLogl[2, -E~((2*I)*ArcC
os[c*x])] - (I/4)*bxPolyLogl[2, E~((2*I)*ArcCos[c*x])])))/d~2

output




rule 27

rule 208

rule 245

rule 2715

rule 2838

rule 3042

rule 4671

rule 4919
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_.)*(x_)"2)"(-3/2), x_Symbol] :> Simp[x/(a*xSqrt[a + b*x~2]),
x] /; FreeQ[{a, b}, x]

Int[(x_ )" (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[x~(m + 1)*((a +
bxx~2)~(p + 1)/(a*(m + 1))), x] - Simp[b*((m + 2x(p + 1) + 1)/(a*(m + 1)))

Int[x"(m + 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, m, p}, x] && ILtQ[Si
mplify[(m + 1)/2 + p + 1], 0] && NeQ[m, -1]

‘Int[Log[(a_) + (b_)*((F)~(Ce_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘ :> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
L))‘n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Int[Logl[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[lcscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(Ix(e + £*x))], x], x]1) /; FreeQl{c, d, e, £}, x] && IG
tQ[m, 0]

Int[Cscl[(a_.) + (b_.)*(x_ )1 " (n_.)*((c_.) + (d_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*x(x_)1°(n_.), x_Symbol] :> Simp[2°n Int[(c + d*x) m*Csc[2*a + 2*b*x]"n
, x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ [m]
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Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[-d~(-1) Subst[Int[(a + b*x)~n/(Cos[x]*Sin[x]), x], x, A
rcCos[c*x]], x] /; FreeQ[{a, b, c, d, e}, x] &% EqQ[c™2+d + e, 0] && IGtQ[n
, 0]

rule 5185

rule 5205 Intl((a_.) + ArcCosl(c_.)*(x_)1*(b_.)) " (a_.)*((£_.)*(x_))"(m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + )*((a + b
*xArcCos [c*x]) "n/(d*f*x(m + 1))), x] + (Simp[c™2*((m + 2*p + 3)/(£"2*(m + 1))
) Int[(f*x)"(m + 2)*(d + exx"2) p*(a + bxArcCos[c*x])"n, x], x] + Simp[b*
ck(n/(£x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x72)"p] Int[(f*x)~(m + 1)*(
1 - ¢c™2%x72) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,
c, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

rule 5209 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[(-(f*x)"(m + 1))*(d + e*x"2)"(p + 1)*((a
+ bxArcCos [c*x]) "n/ (2xd*fx(p + 1))), x] + (Simp[(m + 2*p + 3)/(2xd*(p + 1))

Int [(£*x) "m*(d + e*x~2)~(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Simp[bxc
*(n/(2%fx(p + 1)))*Simp[(d + e*xx"2)"p/(1 - c™2%x72)"p] Int[(f*x)~(m + 1)*
(1 - c”2%x"2)"(p + 1/2)*(a + bxArcCos[c*x])"(n - 1), x], x]) /; FreeQ[{a, b
, ¢, d, e, £, m}, x] & EqQ[c™2*d + e, 0] && GtQ[n, 0] && LtQlp, -1] && !G
tQ[m, 1] &% (IntegerQ[m] || IntegerQ[p] || EqQ[mn, 11)

Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.77

method result
( 1 1 1 ) bl — 2c2z2 arccos(cz)+cxV/—c2w2+1—arccos(cx)
X . L. a(—7=— —In(cx—1)— —5—=+2In(cz)+ ;=77 —In(cz+1) 2c222 (2221
derivativedivides | c? Aez—1) 2o dentd + ( )
( 1 1 1 ) bl — 2c222 arccos(cz)+cz\/ —c2x2+1—arccos(cx)
a| — g —In(cx—1)— 45— +2In(cz)+ 55 —In(cz+1) 2c222 (2221
default c? 4(cz—1) 2¢ md2 dcztd + ( )
1 2 2 be2 | — 2c242 arccos(cz)+cz\/ —c2z2+1—arccos(cx
a (— Eg—i&c2 In(z)— m —c2In(cz—1)+ Tootd —c? ln(c:c+1)) 2c222 (czwz _1)
parts 7
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input‘int((a+b*arccos(c*x))/x"3/(—c"2*d*x“2+d)"2,x,method=_RETURNVERBUSE)

c™2x(a/d"2x(-1/4/(c*x-1)-1n(c*x-1)-1/2/c"2/x"2+2*1n(c*x)+1/4/ (c*x+1)-1n(c*
x+1))+b/d"2* (-1/2% (2*xc~2*xx"2*arccos (c*x) +c*x* (—c~2*xx"2+1) ~(1/2) —arccos (c*x
))/c”2/x72/(c"2%x"2-1) -2*arccos (c*x) *1n (1+c*x+I* (-c™2*x"2+1) ~(1/2) ) +2*arcc
os (c*x) *1n (1+ (c*xx+I* (-c™2*x"2+1) ~(1/2)) ~2) -2*arccos (c*x) *1n(1-c*kx-I* (-c~2*
x"2+1)~(1/2))+2xI*polylog(2,-c*x-I*(-c~2*%x"2+1) ~(1/2) )-I*polylog(2,-(c*x+I
*(-c"2%x72+1) " (1/2)) ~2) +2xI*polylog (2, ckx+I* (-c™2*%x~2+1)~(1/2))))

output

Fricas [F|

a + barccos(cx barccos (cx) + a

u/° + ( 2 dz ==u/° ( );F dx
x3 (d — c2dx?) (c2dx? — d)"z3
inputLintegrate((a+b*arccos(c*x))/X‘B/(-c“2*d*x*2+d)‘2,X, algorithm="fricas")
OutputLintegral((b*arccos(c*x) + a)/(c”4*d"2xx"7 - 2%c™2%d"2*x"5 + d"2*x"3), x)
Sympy [F]
/ a+barccos(ca) [ e 4ot | ot do
23 (d — 2dx?)? d?

inputLintegrate((a+b*acos(c*x))/x**3/(-c**2*d*x**2+d)**2,x)

‘(Integral(a/(c**4*x**7 - 2%cx*2*xx*5 + x**3), x) + Integral(b*acos(c*x)/(c

output
‘**4*x**7 - 2kCkk2¥xx*k*5 + x*%x3), x))/d**2
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Maxima [F|

/ a + barccos(cz) / barccos (cz) + a
5 dr = 5 dz
23 (d — c2dx?) (c2dz? — d)"z3

input Lintegrate ((at+b*arccos(c*x))/x~3/(-c~2*d*x~2+d) "2,x, algorithm="maxima")

-1/2*%ax(2*c~2xlog(c*x + 1)/d"2 + 2xc"2*log(c*x - 1)/d"2 - 4*c~2*xlog(x)/d"2
‘ + (2%c™2#x72 - 1)/(c™2%d"2*%x"4 - d"2*x"2)) + b*integrate(arctan2(sqrt(c*x
‘ + 1)*sqrt(-c*x + 1), c*x)/(c™4*d"2*x"7 - 2xc™2xd"2*x"5 + d"2*x73), x)

‘/

output

Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ a + barccos(cz)
23 (d — 2da?)?

inputLintegrate((a+b*arccos(c*x))/x‘3/(—c‘2*d*x‘2+d)‘z,x, algorithm="giac")

S

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ a+ barccos(cmz) dr = / a + bacos(c x)2 i
x3 (d — c2dx?) z3 (d — 2 dx?)

nput 8E((2 + bracos(ex))/(x"3%(d - ¢"2%dxx72)"2) %)

Outputtint((a + bracos(c*x))/(x"3*%(d - c™2*d*x~2)"2), x)
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Reduce [F]

/ a + barccos(cz)
5 dx
x3 (d — c2dzx?)

B 2 (f %dw) bzt — 2 <f —c4x7a_c‘;i(2ﬁ)+x3 da:) bz? — 2log(c*z — c) ac'z? + 2log(c*z — c) ac’z? —
B 2d%x? (Px? —

input Lint ((a+b*acos(c*x))/x"3/(-c~2*xd*x"2+d) ~2,x) J

/

(2*%int (acos (c*x) / (ckx*4*x**T7 — 2kc**2*x*k*k5 + x**3) ,X)*bkc*k*2*kx*k*4 - 2*int(a
cos (C*x) / (CHk*4xx**T — 2kCk*x2xx**5 + x*k*3) ,x)¥b*x**2 — 2xlog(c**2%x — c)*ax
ck*4*xk*k4 + 2xlog(ck*2%x — c)kakck*2xx*x2 — 2klog(c**2xx + c)*akck*dkxx*d
+ 2%log(cx*2*x + c)*akck*2*kx*k*2 + 4xlog(x)*akck*dkxx*4d — 4xlog(x)*akck*2*xx
*%2 — kakckkd*kx*k*k4 + a)/(2xdk*k2kxkxk2k (C*¥2*x**2 - 1))

output

N




output
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3.16 [ z*(d + ez?) (a + barccos(cz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 19, antiderivative size = 149

_ b(9c%d + 5e) zv/1 — c2a?
96¢5

/z3 (d + ez?) (a + barccos(cz)) dz =

_ b(9c*d + 5e) 2*V1 — c2x?  bex’V/1 — c?x?

144¢3

4
b(9cd + 5e) arcsin(cz)
965

36¢

1 1
+ > dz*(a+barccos(cz)) + éemﬁ (a+barccos(cx))

‘-1/96*b*(9*c”2*d+5*e)*x*(-c”2*x“2+1)”(1/2)/c“5-1/144*b*(9*c“2*d+5*e)*x‘3*(
\—c‘2*x‘2+1)‘(1/2)/c‘3—1/36*b*e*x‘5*(—c‘2*x‘2+1)‘(1/2)/c+1/4*d*x‘4*(a+b*arc
‘cos(c*x))+1/6*e*x‘6*(a+b*arccos(c*x))+1/96*b*(9*c“2*d+5*e)*arcsin(c*x)/c‘G
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.03

5z 5x3 x
Vi_g2| 2 9 2
eVl —ci ( 965 1443 360)

1 1
+ Zbdx4 arccos(cz) + gbex6 arccos(cz)

3bd arcsin(cz) = bbe arcsin(cz)
32¢* 965

input LIntegrate [x"3*(d + e*x"2)*(a + b*ArcCos[c*x]),x] J

e B

(a*d*x~4)/4 + (a*exx”6)/6 + bxd*Sqrt[1 - c™2*xx"2]*((-3*x)/(32%c"3) - x~3/(
116%c)) + bxexSqrt[1 - c"2#x"2]%((-5%x)/(96%c™5) - (5%x~3)/(144%c"3) - x5/
‘(36*0)) + (b*d*x~4xArcCos[c*x])/4 + (b*exx~6*ArcCos[c*x])/6 + (3*b*d*ArcSi ‘
'n[c*x])/(32%c™4) + (B¥brexArcSin[cx])/(96%c™6)

output

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.97,

number of rules _ 0.316, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {5231, 27, 363, 262, 262, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:E3 (d + ez?) (a + barccos(cz)) dz

l 5231
x4 (2eav2 + 3d) 1 1
be | ="~ /dz + ~dx*(a + barccos(cz)) + ~ex®(a + barccos(cz
| e e g o)+ et (e)

| 27
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1 x4 (26I2 + 3d)

1 1
Ebc de + Edw‘l(a + barccos(cz)) + 66376((1 + barccos(cx))
| 363
1 1/ 5e zt ex®V/1 — c2z? 1.4 1 &
12bc<3 <02 + Qd) / md&c - 32 ) + de (a + barccos(cx)) + e (a+
barccos(cz))
| 262
2
1 1/ 5e 3/ Teamdt 31— 22 exdv/1 — 222 1
—bc| == +9d cr — ~dz?
12 c(3<02+9 ) ( 4c? 4c? 3c? t1 va+
barccos(cx)) + ée:cG(a + barccos(cx))
| 262
| e Vi—2z2
3 1—c2ac _z 1—5 T
ibc 1 @+9d 2c 2c _x3‘/1—02x2 _ea:5v/1—c2m2
1277| 3\ 2 4¢? 4c? 3c?

dz*(a + barccos(cz)) + éewﬁ(a + barccos(cz))

AN

l 223

idw‘l(a + barccos(cz)) + %emﬁ(a + barccos(cx)) +

resin(cz) V1—c2z2
1 (1 (3(a S T P > 7Vl 02552) (56 > _ex’V1 02932)

4c2 4c? 2 +9d

e hY

Int[x"3*(d + e*x~2)*(a + bxArcCos[c*x]),x]

N\ J

input

output‘ (d*x~4*(a + bxArcCos[c*x]))/4 + (exx"6%(a + b*ArcCos[c*x]))/6 + (bxc*(-1/3 ‘
*(exx 5*Sqrt[1 - ¢™2%x72]1)/c™2 + ((9%d + (5%e)/c™2)*(-1/4%(x"3%Sqrt[1 - ¢~
‘2*x‘2])/c“2 + (3% (-1/2%(xxSqrt[1 - c¢"2%x72])/c”2 + ArcSin[c*x]/(2%c~3)))/( ‘

\4*c*2>>)/3))/12
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al>]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 223

rule 262 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - 1)*((a + b*x"2)"(p + 1)/(b*(m + 2*p + 1))), x] - Simp[a*c™2*((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x"2)7p, x], x] /; FreeQ[{a, b
,» C, p}r, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, x]

rule 363 TRELC(e_ ) *(x_))~(m_)*((al) + (b_.)*(x)"2)7(p_.)*((c) + (d_)*(x1)72), x
_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*x"2)"(p + 1)/(b*ex(m + 2%p + 3))),
x] - Simp[(axd*(m + 1) - b*ck(m + 2%p + 3))/(bx(m + 2*%p + 3)) Int[(e*x)”
m*(a + b*xx"2)"p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b*c - axd
, 0] && NeQ[m + 2*p + 3, 0]

rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x))"(m_.)*((d) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2*x~2], x], x], x]] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQlp] && (GtQ[p, 0] |l (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))
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Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.14

method result
55_22+1 533\/_22+15 —c2.2
b ct arccos(cz)e =6 arccos(cz)c4z4d 26<_ Cl 60 “ i 24C < - 1% £
+ 4
1,6 174
parts a(6e$ +3dzx ) + =
e(— Db V—=c2z241 _ 5c33 \/—c2z2+1 _ 50w\/—c2w2+1 +@
b arccos(cz)c6d =zt + arccos(cm)cee 26 " 6 24 16
4 6 6
a(%cedz4+écﬁez6) "
derivativedivides = = =
e(_c5z5\/T2+1_5c313 7c212+1_5cz\/7c2z2+1+2
b arccos(cz)cﬁd x4 +arccos(cz)c6e 26 I 6 24 16
4 6
a(zlicsdz4+%06ea:6) I
default < . <2
C
. (88x88206+234z66d06+126x4d2cG+1Ox6c462+51x4c4de+27x2d2c4+25x46202—14702dez2—108d2 2 —90e?22—60d
Orering 288(e z?+d)cb
input Lint (x~3* (exx~2+d) * (a+b*arccos (c*x)) ,x ,method=_RETURNVERBOSE) J
output ‘ ax(1/6%e*x~6+1/4%d*x"4)+b/c”4* (1/6xc 4*xarccos (c*x) *exx~6+1/4*arccos (c*x)*c

| “4xx"4%d+1/12/c™2% (2%ex (-1/6%cTB*x "5 (-c 2%x"2+1) " (1/2)-5/24%c 3%x 3% (-c"2 |
¥x72+1) 7 (1/2)-5/16%ckxx (-c"2%x"2+1) " (1/2)+5/16*arcsin(cxx) ) +3%dxc 2% (-1/4% |
| CT3Hx"BH (~cT2x"2+1) " (1/2) -3/BkcHxk (-c"24x"2+1) " (1/2) +3/8*arcsin(c*x)))) |

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.84

/m3 (d+ ez?) (a + barccos(cz)) dz

_ 48acPex® + T2 ac’dx* + 3 (16 bcPex® + 24 bcPda* — 9 bc*d — 5 be) arccos (cx) — (8bc’ex® + 2 (9bc°d + 5
B 288 b

input Lintegrate (x~3% (e*x~2+d) * (a+b*arccos (c*x)) ,x, algorithm="fricas") J
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‘1/288*(48*a*c"6*e*x"6 + 72%a*xc”6*d*x"4 + 3*(16%bxc~6%e*xx~6 + 24%b*c~6*d*x” \
\4 - 9%bkc~2%d - Gbke)*arccos(ckx) - (8*bkc 5xexx~5 + 2%(9%bkxc 5xd + Skbkc \
| “Bke)*x"3 + 3%(9xbkc"3%d + Bkbkcke)*x)*sqrt(-c 2#x"2 + 1))/c76 |

output

Sympy [A] (verification not implemented)

Time = 0.55 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.42

/m3 (d + ez®) (a + barccos(cz)) dz

adz? 4+ aex’ + bdxz* acos (cx) + bex acos (cx) _ bdz3vV—cZa®+1 _ bexSvV—c2z?+1 _ 3bdzv/—c2z®+1 _ bbexdv—c2z2+1
4 6 4 6 16¢ 36¢ 32¢3 144c3

(a+%) (& +<)

p
integrate (x**3* (exx**2+d) * (a+b*acos (c*x) ) ,x)

| —

inputt

Piecewise((a*d*x**4/4 + axexx**6/6 + bxd*xx*4*acos(c*x)/4 + bxe*xx*6xacos(
c*x) /6 — bxd*x**3*ksqrt (—c**2*x*x2 + 1)/(16%c) - bxe*x*k*b*xsqrt (—c**2*x**2 +

1)/(36%c) - 3*bkd*x*sqrt (-c**2kx**2 + 1)/(32%c**3) - Bxbxexx**x3xsqrt (-c**
2%x**2 + 1)/(144*c**3) - 3xbkdxacos(c*x)/(32%cx*4) - Bxbkexx*sqrt (—ck*2*x*
*2 + 1)/(96%c*x5) - Bibkexacos(cx*x)/(96*c*x6), Ne(c, 0)), ((a + pi*b/2)*(d
*x*%4/4 + exx**6/6), True))

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.11

/z3 (d + ez?) (a + barccos(cz)) dz = é aex® + ! adat

4
1 4 2v—ctz?+ 12 3+v/—c*z?+ 1z 3 arcsin (cz)
+ — | 82" arccos (cx) — + - c |bd
32 c? ct cd
1 6 8v—c2x2 + 125 10v/—c2z2+ 12 15+/—c2x2+ 1z 15 arcsin (cx)
+@ 48 x° arccos (cx) — 2 + i + " - 7

input integrate (x~3*(e*x~2+d) * (a+b*arccos(c*x)) ,x, algorithm="maxima") J
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output‘l/e*a*e*xhe + 1/4xa*xd*x~4 + 1/32%(8*x~4*arccos(c*x) - (2*sqrt(-c™2%x"2 + 1
‘)*x“3/c”2 + 3*sqrt(-c”2#x"2 + 1)*x/c”4 - 3*xarcsin(c*x)/c”5)*c)*b*d + 1/288
‘*(48*x“6*arccos(c*x) - (8*sqrt(-c”2*%x"2 + 1)*x75/c”2 + 10*sqrt(-c~2*x"2 +

‘1)*x“3/c‘4 + 16*%sqrt(-c™2*x"2 + 1)*x/c”6 - 15*arcsin(c*x)/c”7)*c)*b*e

Giac [A] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.11

1

1 bdz* arccos (cz)

1 1
/x3 (d + ez®) (a + barccos(cz)) dz = 6 bex® arccos (cx) + 6 aex® +

v —c2x2 + 1bex® 1

4
36 ¢ + Z adz

vV—c2z? + 1bdz®  5+/—c2x? + lbex?
- 16¢ B 144 ¢3

3V —c2x? 4+ 1bdxr  3bdarccos (cz)
B 328 - 32

5v—cz? + lbex  bbearccos (cx)
- 96 c5 ~ 96¢8

input ‘ integrate (x~3*(exx~2+d) * (a+b*arccos(c*x)) ,x, algorithm="giac")

1/6*b*exx~6*arccos(c*x) + 1/6*%a*exx”6 + 1/4xb*d*x"4*arccos(c*x) - 1/36%sqr
t(-c72%x"2 + 1)*b*exx"5/c + 1/4%a*xd*x~4 - 1/16%sqrt(-c”2*x"2 + 1)*b*d*x~3/
c - 5/144*sqrt(-c”2*x"2 + 1)*b*e*x~3/c”3 - 3/32%sqrt(-c”2*x"2 + 1)*b*d*x/c
~3 - 3/32*b*d*arccos(c*x)/c”4 - 5/96%sqrt(-c~2*x~2 + 1)*b*e*x/c”5 - 5/96*b
*e*xarccos (c*x)/c”6

output

Mupad [F(-1)]

Timed out.

/x3 (d + ez?) (a + barccos(cz)) dz = /z3 (a+ bacos(cz)) (ez®+d) dz

inputtint(x 3*x(a + b*acos(c*x))*(d + e*x~2),x) J
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Output‘int(x"B*(a + b*acos(c*x))*(d + e*xx~2), x)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.15

/z3 (d+ ez?) (a + barccos(cz)) dz
_ T2acos(cx) bPdx? + 48acos(cx) bPe x® + 27asin(cx) b*d + 15asin(cx) be — 18v/—c?a? + 1bcPd o

inputLint(x“3*(e*x‘2+d)*(a+b*acos(c*x)),x) J

output (72xacos (c*x) ¥bkxcx*6xd*x**4 + 48*acos(c*x)*bkck*xEke*xx**6 + 27*asin(c*x)*b*

cx*2xd + 16*asin(c*x)*bke — 18*sqrt( - cx*2kx**2 + 1)*bkcx*5xd*x**3 - 8%sq
rt( = ck*kkx**2 + 1)*bkck*kbkxe*x*k*x5 — 27*sqrt( — ck*2*x*k*2 + 1)*bkckk3xd*x
- 10*xsqrt( - c**2kx**2 + 1)*bkcx*3ke*x**3 — 15xsqrt( — c*x*2*x**2 + 1)*bxc*

exx + T2*axc*x*6xd*x*x*x4 + 48kaxckkBxexx**6)/(288*c**6)
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3.17 [ z*(d + ez?) (a + barccos(cz)) dz

Optimal result . . . . . . . . . . . . e 162
Mathematica [A] (verified) . . . . . . . . . ... o 162
Rubi [A] (verified) . . . .. . . ... .. 163
Maple [A] (verified) . . . . . . ... L 165
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 166
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 166
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 167l
Giac [A] (verification not implemented) . . . . . . ... ... ... 167
Mupad [F(-1)] . . . o o 168
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 168

Optimal result

Integrand size = 19, antiderivative size = 120

2 1 — 222
/z2 (d + exz) (a + barccos(cx)) dz = — b(5¢*d + ?165)02/?
n b(562d + 6e) (1 — c2x2)3/2 B be(1 — C2.’I:2)5/2
) 45¢5 . 2505
+ gdw?’ (a+barccos(cz)) + gex5 (a+barccos(cr))

output \ -1/15%b* (5*%c~2*d+3*e) * (-c~2*xx"2+1) ~(1/2) /c~5+1/45xb* (5%c~2xd+6%*e) * (—c~2*x~ \
‘2+1)‘(3/2)/c‘5—1/25*b*e*(-c‘2*x‘2+1)‘(5/2)/c‘5+1/3*d*x‘3*(a+b*arccos(c*x)) ‘
‘+1/5*e*x‘5*(a+b*arccos(c*x))

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.04

/mz (d + ez?) (a + barccos(cz)) dz = %adaf' + —aex® + bd(—% - x—c) V1 -—c%z?

75¢5  T5¢3  25¢

1 1
+ gbd:c?’ arccos(cx) + gbex5 arccos(cz)



input

output
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‘ Integrate[x~2*(d + exx~2)*(a + b*ArcCos[c*x]),x] ‘

(a*d*x"3)/3 + (axe*x"5)/5 + brd*(-2/(9%c™3) - x°2/(9%c))*Sqrt[l - c 2#x"2]
|+ brexSqrt[l - c 2#x"2]x(-8/(7T5xc™5) - (4%x72)/(75%c™3) - x"4/(25%c)) + (
Lb*d*x‘B*ArcCos [c*x])/3 + (b*exx"5*ArcCos[c*x])/5 J

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.02,

— 5, number of rules _ 263, Rules

number of steps used = 6, number of rules used =
integrand size

used = {5231, 27, 354, 86, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w2 (d + ez?) (a + barccos(cz)) dz

l 5231

b / (3e:c + 5d)
C
15v1 — c2x2

————dr+ d:v (a + barccos(cx)) + ;ex (a + barccos(cx))

l 27

1 23 (3ex? + 5d) 3 1 .
1—5bc Ny ————dr+ dac (a + barccos(cz)) + €% (a + barccos(cx))
| 354
3 5d
%bc \(/% ) dz? + dw3(a + barccos(cz)) + ;ex (a + barccos(cx))

| 86

1 / 3e(1— 02:1:2)3/2 N (=5dc? — 6e) V1 — a2 N 5dc? + 3e
ct A AVl — 2z2

barccos(cz)) + %ew“r’(a + barccos(cx))

1
) dz? + gdm?’(a +

l 2009
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%d:ﬁ(a + barccos(czx)) + %em5(a + barccos(cx)) +

1, (2(1 - c2902)3/2 (5c2d+6e) 2v1—c2a2(5c%d+3e) 6e(l — 023:2)5/2>
—bc _

Red cb 5c8

-

input LInt [x~2%(d + e*x~2)*(a + b*ArcCos[c*x]),x]

-/

(brex((-2x(Bxc™2%d + 3xe)*Sqrt[1 - c"2%x"2])/c"6 + (2x(Bxc 2xd + 6xe)x(1 -
‘ c™2%x"2)"(3/2))/(3%c"6) - (B6%ex(1 - c™2*xx~2)"(5/2))/(5%c~6)))/30 + (d*x~3
‘*(a + bxArcCos[c*x]))/3 + (exx~5%(a + bxArcCos[c*x]))/5

output

Defintions of rubi rules used

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[la, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[(Ca_.) + (b_)*(x_))*((c_ ) + (d_D)*(x_))"(a_.)*((e_.) + (f_.)*(x_))"(p_
.), x_1 :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*(e + f*x)7p, x], x] /;
FreeQ[{a, b, c, 4, e, f, n}, x] && ((ILtQ[n, 0] && ILtQlp, 01) || EqQlp, 1
1 Il (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p + 5%(n + 2), 0] || GeQ[n + p
+ 1, 0] || (GeQ[n + p + 2, O] &% RationalQ[a, b, c, 4, e, £1))))

rule 86

Int[(x )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_8
ymbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)"q, x], x
, x°2], x] /; FreeQ[{a, b, c, d, p, q}, x] && NeQ[b*c - a*d, 0] && IntegerQ
[(m - 1)/2]

rule 354

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]




rule 5231

input

output
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Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((f_.)*(x_))"(m_.)*((d.) + (e_.)*(x_
IntHide [(£*x) "m*(d + e*x~2)"p, x]}, Simp
Int[SimplifyIntegrand[u/Sqrt[1 -
c™2xx~2], x], x], x]] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p] && (GtQ[p, 0] |l (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

)"2)"(p_.), x_Symbol] :> With[{u =
[(a + b*ArcCos[c*x])

u, x] + Simp[b*c

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.28

method result
36(_ c4z4 vV —c2z2+1 _ 4c2z2 —c2z2+1 _8 —c2z2+1 A
b 3 arccos(cw)w5e+arccos(c:v)c3w3d+ 5 15 15 )
5 3 15¢c2
parts a(ize + $2°d) + =
e(_64.7:4\/ —02m2+1_ 2,2 —c2z2+1_8\/—¢:2m2+1> dc
b arccos(cz)d 543 +arccos(ca:)e 55 5 15 15 o
3 5 5
a(%csdz3+%csew5) i
. . . e 2 5
derivativedivides e = <
E(_c‘1w4\/ —02z2+1_4c2w2\/—02w2+1_8 —c2w2+1> dec
b arccos(cz)d B3 + arccos(cz)e B2 + 5 15 15 o
3 5 5
a(%chz3+%c5ez5) i
2
default = = B
. (8128e2c84-238x6ed S +12524d? P +1220 cte?+106z% cde+50x2d2 ct+48zte?c2 —176c2de 22 —100d? c? —96e2 12 — 48
orering 225(e z2+d)cbx

Lint (x~2% (e*x~2+d) * (a+b*arccos (c*x)) ,x,method=_ RETURNVERBOSE)

‘a*(1/5*x“5*e+1/3*x“3*d)+b/c“3*(1/5*c”3*arccos(c*x)*x“5*e+1/3*arccos(c*x)*c
\ ~3*x"3*%d+1/15/c” 2% (3*xe* (-1/5%c"4*x"4* (-c™2*%x"2+1) " (1/2)-4/15%c™2*x" 2% (-c~2 \
‘ *x72+1)~(1/2)-8/15% (—c™2*%x~2+1) ~(1/2) ) +5*d*c~2* (-1/3*%c~2%x" 2% (-c~2*%x"2+1)~ ‘

\(1/2)-2/3*(-c*2*x*2+1)‘(1/2))))
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.90

/w2 (d+ ez?) (a + barccos(cz)) dz

_ 45ac’ex® + T5ac’dz® + 15 (3bc’ex® + 5 bcdx®) arccos (cx) — (9bctext + 50 bed + (25 be'd + 12 bee)a
B 225 ¢

e A
integrate (x~2*(e*x~2+d) * (a+b*arccos(c*x)) ,x, algorithm="fricas")

N J

input

‘1/225*(45*a*c”5*e*x”5 + 75%a*c”5*d*x~3 + 15*(3%bxc~5*%e*x~5 + 5*b*c”5*d*x~3
\)*arccos(c*x) - (9%bkc~4%exx~4 + 5O*bkc~2%d + (25kbkc 4*d + 12¥bkc~2ke)*x™
12 + 24%bxe)ksqrt(-c"2#x"2 + 1))/c75

output

Sympy [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.48

/m2 (d + ez®) (a + barccos(cz)) dz

adzx3 + aex’ + bdz? acos (cz) + bex® acos (cx)  bdz?v—c?z?+1 _ bextV—c2x?+1 _ 2bdv/—c?z?+1 _ dbex?V—c2z2+1
3 5 3 5 9c 25¢ 9c3 75¢3

(a+%) (£ +<)

input ‘\mtegrate (x**2% (exx**2+d) * (a+b*acos (c*x)) ,x) |

Piecewise ((a*d*x**3/3 + akxexx**5/5 + b*d*x**3*acos(c*x)/3 + bxe*x**5xacos(
c*x) /5 — b*dxx**2*sqrt (—c*x*2*x**2 + 1)/(9%c) - bxe*xx*4xsqrt (—cx*2xx**2 +
1)/(25%c) - 2%b*d*sqrt(-c**2xx**2 + 1)/(9%c**3) - 4¥bke*x**2xsqrt (—cx*2kx*
*2 + 1) /(75xc**3) - 8+bxexsqrt (-cx*2*x**2 + 1)/(75*%cx*5), Ne(c, 0)), ((a +
pi*b/2) *(d*x**3/3 + exx**5/5), True))

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.20

/w2 (d+ ez?) (a + barccos(cz)) dz

c2

1 1 1 T2 9y E
= gaex5 + gad:c?’ *5 <3x3 arccos (cx) — c(mx + T))bd

1 5 3vV—-c2x2 + 1zt  4v/—c22® + 122 8V +1
-|-7—5 15 x” arccos (cz) — > + 1 + 5 c |be
c c ¢

input ‘ integrate (x~2* (e*x~2+d) * (a+b*arccos(c*x)) ,x, algorithm="maxima")

output‘ 1/B*axexx”5 + 1/3%a*d*x~3 + 1/9*(3*x"3*arccos(c*x) - cx(sqrt(-c™2*x~2 + 1) ‘
‘*x"2/c"2 + 2%sqrt(-c”2*x”2 + 1)/c”4))*bxd + 1/75%(156*x"5b*arccos(c*x) - (3% ‘
‘sqrt(—c"Q*x’? + 1)*x74/c”2 + 4*sqrt(-c”2*x"2 + 1)*x72/c"4 + 8*sqrt(-c”2*x~ ‘
12 + 1)/c76)*c)*bke |

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.18

1 1 1
/ z*(d + ex?) (a + barccos(cz)) dz = R bex® arccos (cx) + R aez’ + 3 bdz® arccos (cz)

V—c2z2 + 1bex* 1 3
— + = adx
25¢ 3
v —c2x2 + 1bdz? 4y —c2x2 + 1bex?
9¢ 75¢3
B 2/ —c2x2 + 1bd B 8 vV —c2x2 + 1be
9¢3 75 c®

p
Lintegrate (x~2*% (e*x~2+d) * (atb*arccos(c*x)) ,x, algorithm="giac")

-/

input
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Output‘1/5*b*e*x"5*arccos(c*x) + 1/5*%axexx”5 + 1/3*bxd*x~3*arccos(c*x) - 1/25*sqr
(t(-cT2%x™2 + 1)*bxe*x"4/c + 1/3%axd¥x™3 - 1/9%sqrt(-c 2¥x"2 + 1)*bkd¥x~2/c
| - 4/7B*sqrt(-c™2%x"2 + 1)¥bkexx"2/c™3 - 2/9*sqrt(-c 2¥x"2 + 1)*b*d/c"3 -
8/7T5%sqrt (-c"24x"2 + 1)*be/c”5

Mupad [F(-1)]

Timed out.

/x2 (d + ez?) (a + barccos(cz)) dz = /z2 (a+bacos(cz)) (ez®+d) dz

input ‘\int(x 2x(a + bxacos(c*x))*(d + e*x"2),x) |

Output‘int(x’?*(a + b*acos(c*x))*(d + e*x~2), x)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.25

/w2 (d+ ez?) (a + barccos(cz)) dz
_T5acos(cx) bPda® + 45acos(cx) bPex® — 25v/ —c2a? + 1bctda? — 9V —c2x? + 1bctea* — 50V —c2a?

225¢°

input Lint (x"2* (exx~2+d) * (a+b*acos (c*x) ) ,x) J

(75%acos (c*x) ¥bkxcx*5xd*x**3 + 45*%acos(c*x)*bkck*5ke*x**5 - 25ksqrt( - c**2
*xk%2 + 1) *kbkckkdkdkx**2 — 9*sqrt( — cHk*2xx**2 + 1)*bkck*dkexxx*k4 - 50*sqr
t( - cxk2xx*k*2 + 1)*bkck*2%d - 12%sqrt( — ck*2xx**x2 + 1)*bkck*2ke*xx**2 — 2
4xsqrt( - cx*2xx*x2 + 1)xbke + THkakxck*5xd*x**3 + 4b5*axcx*5xexx*x5)/(225%c
**5)

output
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3.18 [ z(d + ex?) (a + barccos(cz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L

Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)

Maxima [A] (verification not implemented)
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 17, antiderivative size =

/z(d + ez?) (a + barccos(cz)) dz = —

120

b(8c*d + 3e) V1 — 2%  bex®V1 — c?a?

32¢3

N (d + ex?)’ (a + barccos(cz))

4e

N b(8c*d? + 8c?de + 3e?) arcsin(cz)

16¢

32cte

output ‘

-1/32%b* (8%c~2*%d+3%e) *x* (—c~2*%x~2+1) ~(1/2) /c~3-1/16*b*e*xx"3* (-c~2*x~2+1) ~(

11/2) /c+1/4x (exx~2+d) "2 (a+bkarccos (cxx) ) /e+1/32+bx (8% 4xd"2+8xc 2% d*e+3%e

‘“2)*arcsin(c*x)/c“4/e




input

output
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.09

4 bdzV1—c*a?

1 1
/x(d + ez?) (a + barccos(cz)) dz = §ada:2 + ez "

1 1
+ ébde arccos(czx) + L—Lbeac4 arccos(czx)

bd arcsin(cz) + 3be arcsin(cx)
4¢? 32ct

‘Integrate [x*x(d + exx"2)*(a + b*ArcCos[c*x]),x]

‘(a*d*x‘Q)/2 + (axexx”4)/4 - (b*dxx*Sqrt[1 - c”2*x"2])/(4*c) + b*exSqrt[1l -
‘ c”2%x"2] % ((-3%x) /(32%c™3) - x73/(16%c)) + (b*d*x"2xArcCos[c*x])/2 + (bxex
‘x“4*ArcCos[c*x])/4 + (b*d*ArcSin[c*x])/(4*c~2) + (3*bxexArcSin[c*x])/(32%c
\*4)

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.13,

number of rules _ 994 Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {5229, 318, 25, 299, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:Jc(d + ez?) (a + barccos(cz)) dz

l 5229

ex?4d)?
be | E/%da: n (d+ 6$2)2 (a + barccos(cz))
46 46
| 318
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3e (2dc2 +e) 1:2 +d (4d02 +e)
J- 1_c222 dz exv1—c?z? (d+ex?)
be| — —

4c? 4c?

(d+ eacz)2 (a + barccos(cz))
_+_
4e 4e

l'25
3&(2dc2+e)zz+d(4dc2+e)
T—c222 dz _ exv1-—c?z? (d+ex?)

be

Z 2 4c2
‘ ‘ N (d+ ea:2)2 (a + barccos(cz))
4e 4e
| 299
8ctd?48c?det3e?) [ ——L —dz 5.0 /1222 (2:2dte
) ( 262) — 2,2 sexV - (2c2a-+e) | /R (dres?)
C 4c2 4c?
) 4e +
(d + ez?)” (a + barccos(cz))
4e
| 228

(d+ ewz)2 (a + barccos(cx)) N

4c? 4c?

de
arcsin(cz) 8c4d2 +8C2d€+3€2 3ex/ 1—c222 2c2d+e
be ( ( 2¢3 ) - 2c2( ) exy'1—c?z? (d"‘er) )

4e

-

LInt [x*x(d + exx~2)*(a + bxArcCos[c*x]) ,x]

| —

input

(@ + exx™2)"2%(a + bxArcCos[c*x]))/(4xe) + (bxcx(-1/4x(exx*Sqrt[l - c 2%x
"2]1%(d + exx"2))/c™2 + ((-3%ex(2%c™2xd + e)*x*Sqrt[1 - ¢ 2%x"2]1)/(2%c™2) +
‘ ((8*c™4xd™2 + 8%c~2*dxe + 3xe”2)*ArcSin[c*x])/(2%c~3))/(4xc”2)))/ (4xe) ‘

output
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Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symboll :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

rule 223

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[d*x
*((a + b*x"2)"(p + 1)/(bx(2xp + 3))), x] - Simp[(a*d - b*xc*(2xp + 3))/(b*(2
*p + 3)) Int[(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && NeQ[2xp + 3, 0]

rule 299

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_ ) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*xx(a + b*xx"2)"(p + D *((c + d*x"2)"(q - 1)/ (bx(2*(p + q) + 1))), x] + S
imp[1/(b*x(2%x(p + @) + 1)) Int[(a + b*x"2) p*(c + d*x"2)~(q - 2)*Simp[c*(b
xck (2% (p + q) + 1) — axd) + dx(b*cx(2x(p + 2xq - 1) + 1) - a*d*(2*%(q - 1) +
1)*x~2, x], x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - axd, 0] && G
tQlq, 1] && NeQ[2*(p + q) + 1, 0] && !IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, x]

rule 318

rule 5229‘Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*(x_)*((d_) + (e_.)*(x_)"2)"(p_.), x_
‘Symbol] :> Simp[(d + e*x~2)~(p + 1)*((a + bxArcCos[c*x])/(2xex(p + 1))), x]
‘ + Simp[b*(c/(2xex(p + 1))) Int[(d + e*x"2)"(p + 1)/Sqrtl[l - c~2*x"2], x]
, x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[c~™2*d + e, 0] && NeQlp, -1]
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.34

method result
. 452, 2(_Ba®V=cZa?41_ 3ceV/—c2
b 2e arccos(cz)z4+arccos(cz)c2ac2d+c2 arccos(cz)d2 arcsin(cz)c™d” +e (_C £ 4C £ -2 Sc
4 2 4,
" a(ew2+d)2 + ¢
parts 1e 2
. 4,2, 2 _6313\/—c212+1_3cz\/ —c2
arccos(c:v)c4d2 arccos(cz)c4d$2 arccos(cw)c4e z4 arcsin(cz)c™d"+e ( 4 8
g b Ie + 2 + 1
a(cze a:2+c2d) I
derivativedivides acZe = <2
; 42, 2(_ 323V -c2a241_ 3cav/—c2
b arccos(cz)c4d2+arccos(cm)c4dm2+arccos(cx)c4e x4 arcsin(cz)c”d” +e (_C £ 4C £ -2 SC
a(c2e a:2+c2d)2 n ¢ 2 4
default dcZe - 2
2c2e z2+8c2d+:
. (1428c*e2 450z c*de+24x2d2 ¢t +3x%e2c? —31c?de 22 —16d2 c? —12e2x2 —6de) (a+b arccos(cz)) (
orering 32ci (e 221d) —
inputtint(x*(e*x"2+d)*(a+b*arccos(c*x)),x,method=_RETURNVERBOSE) J
e N
output ‘ 1/4xa* (exx~2+d) ~2/e+b/c”2x(1/4*c~2*exarccos (c*x) *x~4+1/2*arccos (c*x) *c~2*x ‘
‘ ~2%d+1/4*c”2/e*xarccos(c*x)*d"2+1/4/c”2/e*x (arcsin(c*xx) *c~4*d"2+e~2x (-1/4*c” ‘
‘ 3kx"3* (-c"2*x"2+1) ~(1/2) -3/8*c*x* (-c"2%x"2+1) " (1/2) +3/8*arcsin(c*x) ) +2*d*c ‘
L‘Q*e*(—1/2*c*x*(—c‘2*x‘2+1)‘(1/2)+1/2*arcsin(c*x)))) J

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.86

/z(d + ez?) (a + barccos(cz)) dz

_ 8actex* + 16 ac*dz® + (8 bc*ex* + 16 be*da? — 8 bc®d — 3be) arccos (cz) — (2bcPex® + (8 bc*d + 3bee)x
B 32¢t

-/

p
input Lintegrate (x* (exx~2+d) * (atb*arccos(c*x)) ,x, algorithm="fricas")
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output‘ 1/32%(8*axc ~4*e*x"4 + 16*axc™4dxd*xx"2 + (8*b*c 4*e*x"4 + 16*bxc™4*d*x"2 - 8 \
‘*b*c"2*d - 3%bke)*arccos(ckx) - (2%bkxc~3kexx~3 + (8%bxc~3%d + 3kbkcke)*x)x* \
‘sqrt(—c“2*x“2 + 1)) /c"4

Sympy [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.32

/z(d + ex?) (a + barccos(cz)) dz

adz? + aez? + bdz? acos (cz) 4 bex? acos (cx)  bdzv/—c2z?+1 _ bexdv/—c?z?+1 _ bdacos(cx)  3bexv/—c?z?+1 _ 3beac
2 4 2 4 4c 16¢ 4c? 32¢3 32

(a+%) (% +4)

input Lintegrate (X* (e*X**2+d) * (a-+b*a.COS (C*X) ) s X) J

e N

Piecewise ((axd*x**2/2 + akxe*x**x4/4 + bkxd*x**x2*acos(c*x)/2 + b¥exx**4dxacos(
c*x) /4 - bkdxx*sqrt (-cx*2*x**2 + 1)/(4*c) - bxexx**3xsqrt(—cx*2xx*x2 + 1)/
(16%c) - bxd*acos(c*x)/(4xc**2) - 3xbkexx*ksqrt(-ck*2xx**x2 + 1)/(32%c**3) -
3xbxe*acos (c*xx)/(32xc*x4), Ne(c, 0)), ((a + pi¥b/2)*(d*x**2/2 + e*x**4/4)
, True))

N\ J

output

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.03

/x(d + ez?) (a + barccos(cz)) dz

1 1 1 V=T 11 i
= ~aex* + = adx® + = | 22 arccos (cz) — ¢ ¢a* + 1o _ arcsin (cz) bd
4 2 4 c? c3
1 4 2v—c2z2+1z3 3+/—c2z2+ 1z 3 arcsin (cz)
-I-@ 8 z* arccos (cx) — 5 + . - = c | be
c c c

inputLintegrate(x*(e*x“2+d)*(a+b*arccos(c*x)),x, algorithm="maxima") J
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output‘ 1/4*xa*xe*x™4 + 1/2%a*d*x"2 + 1/4x(2*x"2xarccos(c*x) - c*(sqrt(-c™2*x"2 + 1) \
‘*x/c“2 - arcsin(c#*x)/c”3))*bxd + 1/32*%(8*x"4*arccos(c*x) - (2*sqrt(-c 2*x~
‘2 + 1)#x73/c”2 + 3xsqrt(-c”2*x"2 + 1)*x/c”4 - 3*arcsin(c*x)/c”5)*c)x*bx*e

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.01

1 1 1
/ z(d + ez?) (a + barccos(cz)) dz = 1 bez* arccos (cx) + 1 aez* + 3 bdx? arccos (cz)

V—c2z? + lbex® 1
— + - adz
16 ¢ 2
V—c%z? + 1bdx  bd arccos (cz)
4dc 4c?
_ 3V —c?z* + 1bex  3bearccos (cz)
32¢3 32¢
inputLintegrate(x*(e*x"2+d)*(a+b*arccos(c*x)),x, algorithm="giac") J

‘t(—c“Q*x“2 + 1)*bxe*x"3/c + 1/2*%axd*x"2 - 1/4*sqrt(-c”2*x"2 + 1)*bxd*x/c -
‘ 1/4xb*d*arccos(c*x)/c”2 - 3/32*%sqrt(-c”2*x"2 + 1)*bxexx/c”3 - 3/32xbke*ar

( N
Output‘1/4*b*e*x‘4*arccos(c*x) + 1/4%axexx”4 + 1/2xbkxd*x~2*arccos(c*x) - 1/16*sqr
‘ccos(c*x)/c‘4 ‘

Mupad [F(-1)]

Timed out.

/x(d + ez?) (a + barccos(cz)) dz = /x (a+bacos(cz)) (ez®+d) dz

/

~—

inputtint(x*(a + b*acos(c*x))*(d + e*x~2),x)

output Lint(x*(a + b*acos(c*x))*(d + exx"2), x) J
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.08

/m(d + ) (a + barccos(cz)) dz

_ 16acos(cx) bctd a? + 8acos(cx) bete xt + 8asin(cx) bPd + 3asin(cx) be — 8v/—c?z? 4+ 1bcdx — 2v/—c
B 32ct

e A
int (x* (exx~2+d) * (a+b*acos (c*x)) ,x)

N J

input

‘(16*acos(c*x)*b*c**4*d*x**2 + 8*acos (c*x) xbxcx*4*xe*xx* x4 + 8xasin(ckx)*bxc*
\*2*d + 3*asin(c*x)*b*e - 8%sqrt( - c**2xx**x2 + 1)*bkck*3*d*x - 2*sqrt( - c
‘**Q*X**Q + 1) *#bxc**3kexx**x3 — 3*ksqrt( - cx*2xx*x2 + 1)*bkcke*x + 16*kaxc**4
‘*d*x**2 + 8kaxck*x4xexx**4) /(32%c**x4)

output




output

input
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3.19 [ (d+ ez?) (a + barccos(cz)) dz

Optimalresult . . .. ... .. ... .. ... .. ... . 177
Mathematica [A] (verified) . . . . . . . . ... o o I
Rubi [A] (verified) . . . ... . ... ... 178
Maple [A] (verified) . . . . . . ... L 180
Fricas [A] (verification not implemented) . . . . . . ... ... ... .... 180
Sympy [A] (verification not implemented) . . . ... ... ... ... ... 181
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 1811
Giac [A] (verification not implemented) . . . . . . ... ... ... ... .. 182
Mupad [F(-1)] . . . o o 182
Reduce [B] (verification not implemented) . . . ... ... ... ... ... 183

Optimal result

Integrand size = 16, antiderivative size = 81

/ (d + ez®) (a + barccos(cz)) dz = =

_b(8c’d+e) V1 — c*a? N be(1 — c2z?)*?
3

9¢3

+ dx(a + barccos(cz)) + %exg’ (a + barccos(cz))

p
‘-1/3*b*(3*c“2*d+e)*(-c”2*x“2+1)“(1/2)/c“3+1/9*b*e*(-c“2*x“2+1)“(3/2)/c“3+d

‘*x*(a+b*arccos(c*x))+1/3*e*x“3*(a+b*arccos(c*x))

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.12

/ (d + ez®) (a + barccos(cz)) dz = adz + %aexg’ - .

+ bdx arccos(cz) + gbez:” arccos(czx)

bdv/1 — c2z?

Integrate[(d + exx"2)*(a + b*ArcCos[c*x]),x]

N
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‘a*d*x + (axe*xx”3)/3 - (b*d*Sqrt[1 - c”2*x"2])/c + b*e*x(-2/(9%c~3) - x~2/(9 ‘

output
L*c) )*Sqrt[1 - c™2*x"2] + bxd*x*ArcCos[c*x] + (bxexx~3*ArcCos[c*x])/3 J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.04,

number of rules _ 0.312, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5171, 27, 353, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d + ex?) (a + barccos(cz)) dz

| 5171
z(ex?® + 3d) 1
S _—Zdx + dz(a+ barccos(cx)) + ~ex®(a + barccos(cx
e da o+ da (c2)) + e ()
| 27
24+3d
%bc gi(/elm_i-;ﬁ)dw + dz(a + barccos(cx)) + %eazg‘(a + barccos(cz))
| 353
2
%bc \j%dmz + dz(a + barccos(cx)) + %ex?’(a + barccos(cx))

| 53

) dz? + dz(a + barccos(cz)) + %ew?’(a + barccos(cx))

1bc/ 3dc® + e _eVl— c2z?
6 21 — 222 c?

l 2009

1 1. (2e(1—c2?)*?  2v1— a2 (3¢%d
d:c(a—i—barccos(ca:))—i—3ex3(a+barccos(cm))+6bc< e 3Z4m ) - ¢ xc4( cd+e)

input LInt[(d + e*xx~2)*(a + b*ArcCos[c*x]),x] J
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t‘(b*c*((—2*(3*c“2*d + e)*Sqrt[1 - c™2*x"2])/c™4 + (2xex(1 - c~2*x"2)"(3/2)) \

outpu
L/(B*c"4)))/6 + d*x*(a + b*ArcCos[c*x]) + (e*x~3*(a + bx*ArcCos[c*x]))/3 J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && IGtQ[m, O] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])
|| LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

rule 53

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2 Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x~2], x] /; FreeQ[
{a, b, ¢, 4, p, q}, x] && NeQ[bxc - axd, 0]

rule 353

rule 2009 | Tot[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Simp[(a + bxArcCos[c*x]) u, x
] + Simp[b*c  Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; Fr
eeQ[{a, b, c, d, e}, x] && NeQ[c™2xd + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2
, 01)

rule 5171
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.23

method result
3 e(— 023:2\/—3c212+1_2\/—c§z2+1>_3d02 —c2x2+1
b carccosécz)ez +aI‘CCOS(C:E)dC:E+ —
1,,.3
parts a(3e$ —|—dm) + -
3 3 e(— 02:c2 —c2w2+1 _2 —c2z2+1)
b arccos(cz)csdm+ arccos(csz)e cz + 3 3 3 —d 02 V—=c2z241
a(CSdZ+lC3€ 13)
3
derivativedivides < - <
czzz\/7c2z2+l 2\/7c2z2+1
el — _
b arccos(cw)c3dz+ arccos(cg:)e B + ( 3 3 3 ) —de? V—c2z241
a(c3d1+%cse 333) i
default E - 2
cex2+9c2d+2e) (cx—1)(cx+1) | 2ex(a
. z(5e2z*c*+30ctde £2+9cd?+2c? 252 —18c?de—4e?) (a+barccos(cz)) _ ( ) X ) (
Orering 9ct (e z2+d) 9ct(e z2+d)
input Lint ((exx~2+d) * (a+b*arccos(c*x)) ,x ,method=_RETURNVERBOSE) J
output ‘ a*(1/3*exx~3+d*x)+b/c* (1/3*c*arccos (c*xx) *e*x~3+arccos (cxx) *d*c*x+1/3/c~ 2% ( ‘

L% (~1/3xc™2%x 2% (-c"2%x"2+1) " (1/2)-2/3% (-c"2%x"2+1) " (1/2) ) -3xd*c™2% (-c™2%x |
"2+1)7(1/2))) |

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.02

/ (d + ez®) (a + barccos(cz)) dz

_ 3ac’ex® + 9actdr + 3 (bcPex® + 3bc*dx) arccos (cx) — (bcPex® + 9bc’d + 2 be) v/ —c2a? + 1
B 9¢

input Lintegrate ((e*x"2+d) * (a+b*arccos(c*x)) ,x, algorithm="fricas") J

‘1/9*(3*a*c‘3*e*x‘3 + O%a*c~3*d*x + 3*(b*c~3%e*xx~3 + 3*b*c~3*d*x)*arccos(c* ‘

output
(%) - (bkcT2%exx"2 + O#bkcT2+d + 2¥bke)*sqrt(-cT24x"2 + 1))/c"3 |
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Sympy [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.41

/ (d+ ez?) (a + barccos(cz)) dz

3 bex3 /2241 2. /2,2 N —c2x241
adz + 2<° 1 bdx acos (cz) 4 2E2X(e0) _ bdV=Ca¥tl _ bes®V-clall _ dbeV=dliTHL  for ¢ oL ()

(a+22) (da: + %) otherwise

input Lintegrate ((exx**2+d) * (a+b*acos (c*x)) ,x) J

Output‘Piecewise((a*d*x + axe*x**3/3 + bxdixkacos(cxx) + bre*x*k*3*acos(c*x)/3 - b ‘
‘*d*sqrt(-c**Q*x**2 + 1)/c - bkexxx*2xsqrt (-ck*2xx**2 + 1)/(9%c) - 2xbxe*sq
Tt (—cxx2%x¥*2 + 1)/(9%c**3), Ne(c, 0)), ((a + pixb/2)*(d*x + exx**3/3), Tr |
‘ue)) ‘

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.16

/ (d + ez?) (a + barccos(cz)) dz

1 1
=3 aez® + 9 <3 x® arccos (cx) — c(

(cz arccos (cz) — vV —c?z? + 1)bd

C

V—c2z? + 122 N 2v—c?z? + 1) > .
e

c? A

+ adz +

input ‘ integrate ((exx~2+d)* (a+b*arccos(c*x)),x, algorithm="maxima") ‘

‘1/3*a*e*x"3 + 1/9%(3*x"3*arccos(c*x) - c*(sqrt(-c™2*x"2 + 1)*x72/c”2 + 2%s ‘
‘qrt(-c‘Q*x’? + 1)/c”4))*bxe + a*d*x + (cxx*arccos(c*x) - sqrt(-c™2*x"2 + 1 ‘
1)) *brd/c |

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.12

1 1
/ (d+ ez?) (a + barccos(cz)) dz = 3 bex? arccos (cz) + 3 aex®
V—c?z? + lbex?

+ bdx arccos (cz) —

9¢
+ adz — vV —c2z? + 1bd B 2/ —c2z? + 1be
c 9¢3

-/

p
input Lintegrate ((exx~2+d) * (a+b*arccos(c*x) ) ,x, algorithm="giac")

t‘1/3*b*e*x‘3*arccos(c*x) + 1/3%axexx”3 + bxd*x*arccos(c*x) - 1/9*sqrt(-c~2%
‘x‘2 + 1)*b*e*x~2/c + a*d*x - sqrt(-c”2*x"2 + 1)*bxd/c - 2/9*sqrt(-c”2*x"2
‘+ 1) *xbxe/c”3 ‘

outpu

Mupad [F(-1)]

Timed out.

/ (d + ez®) (a + barccos(cz)) dz

if 0<e

9

c

az(ez?4+3d) be ( %2—362 (C%-th) _ :c3a,cos(cm)) _ bd(\/l—CQzQ—cxacos(c:c))
3 3

[ (a+ bacos(cz)) (ex? +d) dz if =0<c

p
int((a + b*acos(c*x))*(d + exx~2),x)

| —

inputt

t‘piecewise(o < c, - bxex(((1/c”2 - x72)"(1/2)*(2/c”2 + x72))/9 - (x"3*acos(
(c*x))/3) + (axx*(3*d + exx72))/3 - (b*d*((- c™2%x"2 + 1)7(1/2) - c*x*acos( |
‘c*x)))/c, ~0 < ¢, int((a + bxacos(c*x))*(d + e*x"2), x)) ‘

outpu
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.28

/ (d+ ez?) (a + barccos(cz)) dz
_ 9acos(cx) bcPdx 4 3acos(cx) blex® — 9v/—c2a? +1bc%d — v —c?x? + 1bcPex? — 2v/—c?x? + 1be + 9

N 9¢3

s A
int ((e*xx~2+d) * (a+b*acos (c*x)),x)

N J

input

‘(Q*acos(c*x)*b*c**B*d*x + 3%acos (c*x) *bxcx*3*exx**3 — 9ksqrt( — ckk2kx**x2 \
\+ 1) *xbxc**2%d - sqrt( — cx*2kx**2 + 1)*bxck*2xe*x**2 — 2xsqrt( — crxkkx**2 \
‘ + 1)*b*e + Okaxck*3xd*x + 3kakxck*x3kexx*x*3)/(9*kc*x*3)

output
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3.90 f (d+ex?) (a+barccos(cz)) da

T
Optimal result . . . . . . . . . . . . 184
Mathematica [A] (verified) . . . . . . . . . ... 185
Rubi [A] (verified) . . . . . . . . . . 1851
Maple [A] (verified) . . . . . . ... L 187
Fricas [F] . . . . . o o 187
Sympy [F] . . o 188
Maxima [F] . . . . . . 188
Giac [F(-2)] « v o o e e 188
Mupad [F(-1)] . . . oo 189
Reduce [F] . . . o . o e 189

Optimal result

Integrand size = 19, antiderivative size = 132

d 2 b bexy/1—c?z? 1
/ (d + e”) (a + barccos(cr)) dp = — V- "% ~ex*(a + barccos(cr))
x 4c 2
bearcsin(cz) 1. ) 9
12 + 2zbcl arcsin(cx)

2i arcsin(cz) )

— bd arcsin(cz) log (1 — e
+ d(a + barccos(cz)) log(z) + bd arcsin(cz) log(z)

1 . .
+ §Zbd POlyL()g (2, 627' arcsm(c;l;))

output ‘ -1/4*xb*exx* (-c"2*xx"2+1) " (1/2) /c+1/2*e*x"2* (a+b*arccos (c*x) ) +1/4*b*e*arcsin ‘
‘ (c*x)/c™2+1/2*%Ixb*d*arcsin(c*x) "2-b*d*arcsin(c*x)*1n(1- (I*cxx+(-c~2*x~2+1) ‘
‘ ~(1/2))~2)+d* (at+b*arccos (c*x) ) *1n(x) +b*d*arcsin(c*x) *1n(x) +1/2*Ixb*d*polyl ‘
Log(2, (Txcxx+ (-c™2%x"2+1) 7 (1/2))"2)
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.92

1 or? bexv/1 — c2x?

d 2 b
/ (d + ex?) (a + barccos(cz)) dr — - + Zbex? arccos(cr)
T 2 4c 2
1 ,  bearcsin(cx)
— ézbd arccos(czx)” + iz

+ bd arCCOS(C:L‘) ]-Og (1 + e2i arccos(cz))
1 .
+ ad ]_og(x) — 5/Lbd POlYLOg (2, _e2z arccos(cz))

-

LIntegrate[((d + e*x"2)*(a + bk*ArcCos[c*x]))/x,x]

| —

input

output (@*e*X72)/2 = (brexx*Sqrell - c"2+x72])/(4%c) + (brexx"2kArcCoslexx])/2 -
‘ (I/2)*b*d*ArcCos[c*x]~2 + (b*exArcSin[c*x])/(4*c”2) + bx*d*ArcCos [c*x]*Logl ‘
‘1 + E~((2#I)*ArcCos[c*x])] + a*xd*Logl[x] - (I/2)*b*d*PolyLog[2, -E~((2*I)*A ‘
chCos [c*x])] J

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.08,

number of rules __
integrand size 0.211, Rules

number of steps used = 4, number of rules used = 4,
used = {5231, 27, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d + ez?) (a + barccos(cz)) J

XL

l 5231

bc/ ex? + 2dlog(x)
2v/1 — c2x?

dz + dlog(z)(a + barccos(cz)) + %eﬁ(a + barccos(cx))

l 27

dz + dlog(z)(a + barccos(cz)) + }emz(a + barccos(cx))

1 ex? + 2dlog(x)
2bC/ D)

V1 — 222
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l 7293

1 ex? 2dlog(x) > 1
bc/ < + dzx + dlog(z)(a + barccos(cx)) + —ez?(a + barccos(cx
e [ (s + A B(a)( (co)) + gea*( (e))

l 2009

1
dlog(z)(a + barccos(cz)) + 56.’22((1 + barccos(cz)) +
1 b (e arcsin(cx) + id PolyLog (2, e arcsin(cz)) n idarcsin(cz)?  2darcsin(cz) log (1 — e aresin(ea)) n 2d log(
c —_—

2 2c3 c c c

input LInt[((d + exx~2)*(a + b*ArcCos[c*x]))/x,x] J

‘ (exx~2x(a + b*ArcCos[c*x]))/2 + d*(a + b*ArcCos[c*x])*Logl[x] + (b*cx(-1/2%
‘(e*x*Sqrt [1 - ¢c™2%x72])/c”2 + (e*ArcSin[c*x])/(2%c"3) + (I*d*ArcSin[c*x]"2
‘)/c - (2*d*ArcSin[c*x]*Log[1 - E~((2*I)*ArcSin[c*x])])/c + (2xd*ArcSin[c*x

output
L]*Log[x])/c + (I*d*PolyLog[2, E~((2+I)*ArcSinl[c*x1)1)/c))/2 J

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

-

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 5231 Intl((a_.) + ArcCosl[(c_.)*(x)I*(b_.))*((£_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + bkArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand([u/Sqrt[1 -
c~2%x~2], x], x], x]1] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && NeQ[c™2*d + e,
0] &% IntegerQlp] && (GtQlp, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

e N

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand([u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293




CHAPTER 3. LISTING OF INTEGRALS 187

Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.97

method result

2 ibd 2 V=2z?+1 bez® b
parts % + adln (z) i arcc;os(cz) __ bex 4(; 2+1 + arccos(;z) ex® ea,riccc;s(cac) + db arccos (‘

. . . . 2 i 2 —2 2 2
derivativedivides | %% + adln (cg) — bdarccos(ca)” _ bezv/—c?a?+1 4 arccos(cabea”  bearccos(cz) 4 gp arecos
2 2 4c 2 4c

default % + adln (C.’E) _ ibd;3»1”00205‘.(&71:)2 _ bem\/—4¢c2:c2+1 + arccos(;z)bez2 _ beariccc;s(cx) + dbarccos
input Lint ((exx~2+d) * (at+b*arccos(c*x)) /x,x ,method=_RETURNVERBOSE) J

‘1/2*a*e*x‘2+a*d*ln(x)-1/2*I*b*d*arccos(c*x)‘2—1/4*b*e*x*(-c“2*x‘2+1)“(1/2)
‘/c+1/2*arccos(c*x)*b*e*x“2—1/4*b*e*arccos(c*x)/c‘2+d*b*arccos(c*x)*ln(1+(c

output
kx+Ix(-cT2%x"2+1) 7 (1/2))"2)-1/2%I*d*bxpolylog (2, - (ckx+Ix(-c"2%x"2+1)~(1/2) |

)72)
Fricas [F]
/ (d + ez?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cz) + a) i
T T
input Lintegrate ((exx~2+d) * (at+b*arccos(c*x))/x,x, algorithm="fricas") J
output Lintegral((a*e*x‘Q + axd + (b*e*x~2 + b*d)*arccos(c*x))/x, x) J
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Sympy [F]

dz

/ (d+ ez?) (a + barccos(cz)) e — / (a + bacos (cz)) (d + ex?)

jnputLintegrate((e*x**2+d)*(a+b*acos(c*x))/x,x)

OutputLIntegral((a + b*acos(c*x))*(d + e*x**2)/x, Xx)

Maxima [F]

/ (d + ex?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cx) + a) i

T T

input tintegrate ((exx~2+d) * (a+b*arccos(c*x))/x,x, algorithm="maxima")

‘1/2*a*e*x"2 + axd*log(x) + integrate((b*exx~2 + bxd)*arctan2(sqrt(c*x + 1)

output
‘*sqrt(-c*x + 1), c*x)/x, x)

Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ (d + ex?) (a + barccos(cz))

T

inputLintegrate((e*XA2+d)*(a+b*arccos(c*x))/x,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sageQDUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value




CHAPTER 3. LISTING OF INTEGRALS 189

Mupad [F(-1)]

Timed out.

/ (d + ex?) (a + barccos(cz)) dr — / (a + bacos(cx)) (ez? +d) d

T T

input Lint(((a + b*acos(c*x))*(d + e*x"2))/x,x) J
output Lint(((a + bxacos(c*x))*(d + e*x~2))/x, x) J
Reduce [F]

dz

/ (d + ex?) (a + barccos(cr))

T
2acos(cx) bce z? + asin(cx) be — /—c2x2 + 1 beex + 4<f %@m)dx) bc?d + 4log(x) a c®d + 2a c’e x?

B 4c2

input Lint((e*X‘2+d)*(a+b*acos(c*x))/X,x) J

‘(2*acos(c*x)*b*c**2*e*x**2 + asin(c*x)*bxe — sqrt( — cx*2xx**2 + 1)*bxckex \
'x + 4xint(acos(cxx)/x,x)*¥bkckx2xd + dxlog(x)*axckx2xd + 2xaxckxkexxxx2)/( |
L4*c**2) J

output
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3.91 f (d+ex?) (a+barccos(cz)) da

72
Optimal result . . . . . . . . . . . . .. e 1901
Mathematica [A] (verified) . . . . . . . . . ... 190
Rubi [A] (verified) . . . . . . . . . . 191l
Maple [A] (verified) . . . . . . ... L 193
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 193
Sympy [A] (verification not implemented) . . . ... .. ... ... .. ..... 194
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 194
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ... 1951
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 196
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 196

Optimal result

Integrand size = 19, antiderivative size = 66

Tr =
2 c T

/ (d + ez?) (a + barccos(cr)) p _bev1—c*2*  d(a+ barccos(cz))

+ ex(a + barccos(cx)) + bedarctanh (\/ 1-— c2x2>

output ‘ -bxe*x(-c~2*xx"2+1) " (1/2) /c-d* (atb*arccos (c*x)) /x+e*x* (a+b*arccos (c*x) ) +b*cx* ‘
\ d*arctanh((-c~2*x~2+1)~(1/2)) \

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.21

_%l n bev/1 — c2x2

2
/ d+ea’) (a + barccos(er)) 4, acz —
xXr L ¢
_ M + bex arccos(cx)

— bedlog(x) + bed log (1 +V1-— chQ)

input Integrate[((d + exx~2)*(a + b*ArcCos[c*x]))/x"2,x] J
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‘-((a*d)/x) + akxexx - (bxexSqrt[l - c”2*x72])/c - (b*d*ArcCos[c*x])/x + b*e ‘

output
L*x*ArcCos [c*x] - bxc*d*Logl[x] + b*c*d*Log[l + Sqrt[1l - c™2*x~2]] J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.08,

number of rules _ 0.316, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5231, 25, 354, 90, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d + ex?) (a + barccos(cz))
3 dz
x
| 5231
d—ex? d(a + barccos(cz))
bc | — dx — + ex(a + barccos(cz
/ zV1 — 2x? x ( (o))
| 25
d—ex? d(a + barccos(cz))
—bc dr — + ex(a + barccos(cz
g z ( (c2))
| 354
o2
—%bc inl/lfodx2 _dla+ ba;ccos(cx)) + ex(a + barccos(cz))
| 90
1 1 5 2eV1—c%z? d(a + barccos(cz))
—2bc (d/ mzmdx + =2 > - - + ex(a + barccos(cz))
| 73
2d [ 1 4dv1— c2x?
1. [ 2ev1 — c2x? J 3-2 o d(a + barccos(cz))
—§bc 2 — 2 - . + ex(a + barccos(cz))

l.221

V1= 2z2
_ d(a + barccos(cz)) + ex(a + barccos(czx)) — %bc (M - 2darctanh<\/ 1-— 02x2)>

z c2



CHAPTER 3. LISTING OF INTEGRALS 192

input‘Int[((d + exx"2)*(a + bxArcCos[c*x]))/x72,x]

‘—((d*(a + b*ArcCos[c*x]))/x) + exx*(a + b*ArcCos[c*x]) - (b*cx((2xe*Sqrt[1

output
‘ - ¢™2*x72])/c”2 - 2xd*ArcTanh[Sqrt[1 - c™2*x~2]]))/2

Defintions of rubi rules used

)
rule 25 1ot [-(Fx), x _Symboll :> Simp(Identity[-1]  Int[Fx, x], x]

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] & Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

rule 90 TntlCCa_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(@_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf*x(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)°p, x], x] /; FreeQ[{a, b, c, d, e, f, n,
p}, x] &% NeQ[n + p + 2, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 221

rule354‘Int[(x_)‘(m_.)*((a_) + (b_)*(x_)72)"(p_)*((c) + (d_)*(xx_)"2)"(q_.), x_S

‘ymbol] :> Simp[1/2  Subst[Int[x~((m - 1)/2)*(a + b*x) p*(c + d*x)"q, x], x
, x°2]1, x] /; FreeQ[{a, b, c, d, p, q}, x] && NeQ[bxc - axd, 0] && IntegerQ
[ - 1)/2]
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rule 5231 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x))"(m_.)*((d) + (e_.)*(x_
)"2)"(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + exx~2)"p, x]}, Simp
[(a + b*ArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c™2xx~2], x], x], x]] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p] && (GtQ[p, 0] |l (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.20

method result size
) ) o a(cem—%) b(arccos(cz)cem—%@zﬂc—}-d c? arctanh(ﬁ) —V—c2z2+1 e)
derivativedivides | ¢ = + = 79
a cex— <@ b (arccos(cm)cex— M—l—d c? arctanh ( fcﬁlﬂ ) —V—=c2z2+1 e)
default c ( ( e ) + = = 79
—v/—c2x2+1 e+d c? arctanh (*)
parts a (6113 _ g) + be ( arccosc(ca:)em _ arccocséca:)d + S V—c22241 79
s N
input Lint ((e*x~2+d) * (a+b*arccos (c*x) ) /x~2,x ,method=_RETURNVERBOSE) J

e A
‘ cx(a/c 2x(cxexx—-1/x*c*d)+b/c 2% (arccos (c*x) *c*ke*xx—-arccos (c*x) *d*c/x+d*c” 2% ‘

output
‘arctanh(1/(-c™2+x"2+1) 7 (1/2)) = (-c"2%x"2+1) " (1/2) %e)) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(62) = 124.

Time = 0.15 (sec) , antiderivative size = 155, normalized size of antiderivative = 2.35

dz

/ (d+ ex?) (a + barccos(cz))

72
bc*dzlog (vV—c2z? + 1+ 1) — bc*dzlog (V—c22? + 1 — 1) + 2acex® — 2+v/—c22? + lbex — 2acd — 2 (¢

2cx
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input‘integrate((e*x"2+d)*(a+b*arccos(c*x))/x“2,x, algorithm="fricas")

‘1/2*(b*c‘2*d*x*log(sqrt(-c“2*x‘2 + 1) + 1) - bxc 2*kd*x*log(sqrt(-c™2*x"2 +
\ 1) - 1) + 2*xaxckexx”2 - 2xsqrt(-c”2#x”2 + 1)*b*e*xx — 2xakcxd - 2*(b*cxd -
‘ b*cxe) *x*arctan(sqrt (-c™2*xx"2 + 1)*c*xx/(c™2*%x"2 - 1)) + 2*(b*cxe*x”2 - b*
‘c*d + (bxc*d - b*cxe)*x)*arccos(c*x))/(c*x)

output

Sympy [A] (verification not implemented)

Time = 2.42 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.18

—acosh (=) for ﬁ >1

/ (d+ ex?) (a —|-2b arccos(cx)) pe % e bed
z z ¢ asin (é) otherwise
bd acos (cx)
T
e forc=0
+ be T
zacos (cx) — Y=<+ otherwise

p
input Llntegrate ((exx**2+d) * (a+b*acos (c*x) ) /x**2,x)

~—

-axd/x + akxe*x - b*cxd*Piecewise((-acosh(1/(c*x)), 1/Abs(c**2*xx*x2) > 1),
‘(I*asin(l/(c*x)), True)) - b*d*acos(c*x)/x + b*ex*Piecewise((pi*x/2, Eq(c,
‘O)), (x*acos(c*x) - sqrt(-cx*2*x*x2 + 1)/c, True))

‘(

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.23

/ (d + ex?) (a + barccos(cz)) dp — (c log (2 v—cz?+1 i) _ arccos (cac)) b

z’ ] ] x

(czarccos (cx) — vV—c?z® +1)be  ad

C Z

+ aex +
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input‘integrate((e*x"2+d)*(a+b*arccos(c*x))/x“2,x, algorithm="maxima")

output‘(c*log(2*sqrt(—c"2*x“2 + 1)/abs(x) + 2/abs(x)) - arccos(c*x)/x)*bxd + a*ex
‘x + (c*x*arccos(c*x) - sqrt(-c”2#x"2 + 1))*bxe/c - axd/x

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 859 vs. 2(62) = 124.

Time = 0.61 (sec) , antiderivative size = 859, normalized size of antiderivative = 13.02

2
/ (d + ex?) (a + barccos(cz)) dx = Too large to display

x2

input integrate ((e*x~2+d) *(atb*arccos(c*x))/x"2,x, algorithm="giac")

-b*c~2*d*arccos(c*x)/(c - (c™2*x"2 - 1)72xc/(c*x + 1)74) + bxc~2xd*log(abs
(c*x + sqrt(-c™2*x"2 + 1) + 1))/(c - (c™2*x"2 - 1)"2xc/(c*x + 1)74) - b*c~
2xdxlog(abs(-c*x + sqrt(-c™2*x"2 + 1) - 1))/(c - (c™2*x"2 - 1)"2*c/(c*x +

1)74) - a*c™2xd/(c - (c™2*x"2 - 1)72*c/(c*x + 1)74) + 2%(c™2*%x"2 - 1)*b*c”
2xd*arccos (c*x)/((cxx + 1)72%(c - (c™2%x72 - 1)72xc/(c*x + 1)74)) + 2x(c™2
*x72 - 1)*xaxc™2*d/((c*x + 1)72%(c - (c™2*x"2 - 1)"2%c/(c*x + 1)74)) - (c”2
*x"2 - 1) "2%bxc~2*xd*arccos(c*x)/((cxx + 1)74*x(c - (c™2*x"2 - 1)72xc/(c*x +

1)74)) + bxexarccos(c*x)/(c - (c™2*x"2 - 1)"2%c/(c*x + 1)74) - (c™2*x~2 -

1) "2*b*c~2*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1))/((c*x + 1)74x(c - (c”
2xx72 - 1)72*%c/(c*kx + 1)74)) + (c™2*x"2 - 1) 2*bxc~2+d*log(abs(-c*x + sqrt
(mc72%x72 + 1) - 1))/((c*x + 1)74x(c - (c™2*x"2 - 1)72*c/(c*xx + 1)74)) - (
c”2*%x"2 - 1)"2%axc”2*xd/((c*x + 1)74*(c - (c™2*%x"2 - 1)72%c/(cxx + 1)74)) +
axe/(c - (c™2*x72 - 1)72*c/(c*x + 1)74) + 2x(c"2*x"2 - 1)*b*e*arccos(c*x)
/((cxx + 1)72%(c - (c™2%x72 - 1)72xc/(c*x + 1)74)) - 2*sqrt(-c”™2*x"2 + 1)*
bxe/((c*x + 1)*(c - (c™2*x72 - 1)"2*%c/(c*x + 1)74)) + 2x(c™2*x"2 - 1)*a*e/
((e*xx + 1)72%(c - (c™2%x"2 - 1)72%c/(c*x + 1)74)) + (c™2*%x"2 - 1) 2xbkxexar
ccos(cxx)/((c*xx + 1)74*(c - (c™2%x"2 - 1)72%c/(cxx + 1)74)) + 2% (-c”2*x"2
+ 1)7(3/2)*b*e/ ((c*x + 1)73x(c - (c™2*x"2 - 1)"2*%c/(c*x + 1)74)) + (c™2*x"
2 - 1) 2xa*xe/((cxx + 1)74*(c - (c™2*x"2 - 1)"2*c/(c*x + 1)74))

output
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Mupad [B] (verification not implemented)

Time = 0.57 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.08

/ (d + ez?) (a + barccos(cz))

z2 dzr = deatanh( 1 ) _ bdacos(cz)

V1—c?a? z
a(d—ex?) be(v1—c2z?—czacos(cz))

z c
input Lint(((a + b*acos(c*x))*(d + e*x~2))/x"2,x%) J
Output‘b*c*d*atanh(l/(l - ¢™2*x72)7(1/2)) - (b*d*acos(c*x))/x - (a*x(d - e*x"2))/x ‘

‘ - (b*ex((1 - c™2*%x~2)~(1/2) - c*x*acos(c*x)))/c ‘

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.09

/ (d+ ex?) (a + barccos(cz)) .

xr2

—acos(cx) bed + acos(cx) bee 12 — /—c2x2 + 1 bex — log <tan (%(“))) bc’dx — acd + ace x?

CT

input Lint ((e*x~2+d) * (a+b*acos (c*x))/x~2,x%) J

.
(- acos(cxx)*bkcxd + acos(ckx)¥bkckexx**2 - sqrt( - CHE2¥x**2 + 1)¥bxexx

output
|~ log(tan(asin(c*x)/2))*brck*2+d*x — a*ckd + akckekx**2)/(c*x) |




output
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Mathematica [A] (verified) . . . . . . . . . ... 198
Rubi [A] (verified) . . . . . . . . . . 198}
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Maxima [F] . . . . . . 201]
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Reduce [F] . . . o . o e 202

Optimal result

Integrand size = 19, antiderivative size = 119

/ (d+ ez?) (a + barccos(cz)) dp — bedv'1l —c*z?  d(a + barccos(cz))

x3 2z

1
+ §ibe arcsin(cz)?

212

— bearcsin(cz) log (1 —e% arcsm(m‘))

+ e(a + barccos(cz)) log(x) + be arcsin(cz) log(z)
1 . .
+ 5'&()6 POlyL()g (2, 627' arcsm(cg;))

‘1/2*b*c*d*(—c“2*x‘2+1)‘(1/2)/x—1/2*d*(a+b*arccos(c*x))/X*2+1/2*I*b*e*arcsi
‘n(c*x)‘2—b*e*arcsin(c*x)*1n(1—(I*c*x+(—c‘2*x‘2+1)‘(1/2))‘2)+e*(a+b*arccos(
‘c*x))*ln(x)+b*e*arcsin(c*x)*ln(x)+1/2*I*b*e*polylog(2,(I*c*x+(—c‘2*x“2+1)‘

\(1/2))*2)
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Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.91

/ (d+ ez?) (a + barccos(cz)) ad  bedv/1 — c2x?
dp = — 2%  2OV-— T
x3 222 2z
_ bdarccos(cr) arc;c;c;s(cm) - %ibe arccos(cz)?

+ be a:rCCOS(C.’L') ]-Og (1 4 e arccos(cz))
1 .
+ ae log(:v) - ézbe PO].yL()g (2’ _621 arccos(cm))

-

LIntegrate[((d + e*x"2)*(a + bk*ArcCos[c*x]))/x"3,x]

| —

input

output ~1/2*(a*d)/x"2 + (bxcxdxSqrel1l - c"2+x72])/(2#x) - (bkd*ArcCos[cxx])/(2xx”
‘2) - (I/2)*b*exArcCos[c*x]~2 + b*e*ArcCos[c*x]*Log[1l + E~((2*I)*ArcCos[c*x ‘
‘])] + axexLog[x] - (I/2)*bxexPolyLogl[2, -E~((2*I)*ArcCos[c*x])] ‘

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.07,

number of rules _ 0.211, Rules

number of steps used = 4, number of rules used = 4, = -
integrand size

used = {5231, 27, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d + ez?) (a + barccos(cz)) e

23
l'5231
d
4 — 2elog(x) d(a + barccos(cz))
bc/—””zdw — + elog(x)(a + barccos(cz

XL
l»27

1 4 _ 2elog(z) d(a + barccos(cz))
—ibc z d

x — + elog(x)(a + barccos(cx))

V1 — 222 212
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| 7298
1 d 2elog(x) d(a + barccos(cz))
2bc/ (:1:2\/1 7 o c2w2> dz 572 + elog(z)(a + barccos(cx))
| 2009
_dlat bzz;cos(ca:)) + elog(z)(a + barccos(czx)) —
1. (_z’e PolyLog (2, % arcsin(ca)) _ iearcsin(cz)? N 2e arcsin(cz) log (1 — e2iaresin(ce)) _ 2elog(z) arcsin(cx)
2 c c c c

input ‘ Int[((d + e*x"2)*(a + b*ArcCos[c*x]))/x"3,x] ‘

‘—1/2*(d*(a + bxArcCos[c*x]))/x"2 + ex(a + bxArcCos[c*x])*Logl[x] - (b*c*(-( ‘
‘(d*Sqrt [1 - c™2%x72])/x) - (I*exArcSin[c*x]~2)/c + (2*%exArcSin[c*x]*Logl[1 ‘
|- E~((2*I)*ArcSin[c*x])1)/c - (2%exArcSin[c*x]*Log[x])/c - (I*exPolyLog[2,

‘ E~((2*I)*ArcSin[c*x])])/c))/2 ‘

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[la Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

ruk32009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((£_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + bxArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2%x~2], x], x], x]1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[pl && (GtQ[p, 01 || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]))

rule 5231

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293
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Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.15

method result
b (_ iearccos(en)? _ A(~ie?e? —erv/=2aT i arccos(en) |\ (1+ (Cz+i\/—c2w2+1)2> e
2 222
. . . . 1
derivativedivides | c%| % 22(‘:“) — 4+ 2

. —iC212—C1' Vv —62-'132 arccos(cxr
N ln(cx) ) b (_ zearcc;s(cz)2 _ d( P +it ( )) +In (1+ (CZ+’L“ /—sz2+1)2>€
default c? 2 — gpg T &z
; 2 d( —ic?z? —cav/—c2z2+14arccos(cx) earccos(cz) In <1+ (‘
parts aeln (z) — 24 + b2 (— iearocos(cn) ( 377 ) + -
inputLint((e*x"2+d)*(a+b*arccos(c*x))/x"3,x,method=_RETURNVERBOSE) J

‘c‘2*(a/c‘2*e*1n(c*x)-1/2*a*d/c‘2/x‘2+b/c‘2*(—1/2*I*e*arccos(c*x)‘2—1/2*d*(
‘—I*c‘2*x‘2-c*x*(—c‘2*x‘2+1)‘(1/2)+arccos(c*x))/x‘2+1n(1+(c*x+I*(—c‘2*x‘2+1

output
1)7(1/2))~2)*exarccos (c*x)-1/2%I*polylog(2, - (cx+Ix(-c™2%x"2+1)~(1/2))"2)*e |

N
Fricas [F|
(d + ez?) (a + barccos(cz)) (ex? + d)(barccos (cx) + a)
3 dr = 3 dz
z T
inputLintegrate((e*x”2+d)*(a+b*arccos(c*x))/X“3,x, algorithm="fricas") J

OutputLintegral((a*e*x’? + a*d + (b*exx”™2 + bxd)*arccos(c*x))/x"3, x) J
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Sympy [F]

dz

/ (d+ ez?) (a + barccos(cz)) e — / (a + bacos (cz)) (d + ex?)

3 3

inputLintegrate((e*x**2+d)*(a+b*acos(c*x))/x**3,x)

output LIntegral((a + b*acos(c*x))*(d + e*xx**2)/x**3, x)

Maxima [F]

/ (d + ex?) (a + barccos(cz)) dp — / (ex? + d)(barccos (cx) + a) i

3 3

-

inputtintegrate((e*x"2+d)*(a+b*arccos(c*x))/x"3,x, algorithm="maxima")

e—

‘1/2*b*d*(sqrt(—c‘2*x“2 + 1)*c/x - arccos(c*x)/x"2) + bxexintegrate(arctan2

output
‘(sqrt(c*x + 1) *sqrt(-cxx + 1), c*x)/x, x) + axexlog(x) - 1/2%axd/x"2

Giac [F(-2)]

Exception generated.

dx = Exception raised: RuntimeError

/ (d + ex?) (a + barccos(cz))

x3

inputLintegrate((e*x"2+d)*(a+b*arccos(c*x))/x"3,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sageQDUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value
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Mupad [F(-1)]

Timed out.

/ (d + ex?) (a + barccos(cz)) dr — / (a + bacos(cx)) (ez? +d) d

3 3

input Lint (((a + bxacos(c*x))*(d + exx~2))/x"3,x) J
output Lint(((a + bxacos(c*x))*(d + e*x~2))/x"3, x) J
Reduce [F]
/ (d + ex?) (a + barccos(cz))
3 dx
z
—acos(cx) bd + v/ —c2x? + 1 bedx + 2<f %(C“’)dm) be 22 + 2log(z) ae 22 — ad
B 212
input Lint ((exx~2+d) * (a+b*acos(c*x))/x"3,x) J

‘( - acos(cxx)*b*d + sqrt( - cx*2xx**2 + 1)*bkc*xd*x + 2xint(acos(c*x)/x,x)* \

output
| brekxx*#2 + 2+log(x)*kakerxkk2 — axd)/(24xr*2) |




output
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d+ex?)(a+barccos(cz))
3.23 [ lde)d dz
T
Optimal result . . . . . . . . . . . . .. e 203]
Mathematica [A] (verified) . . . . . . . . . ... 203
Rubi [A] (verified) . . . . . . . . . . 204
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 207

Sympy [A] (verification not implemented) . . . ... .. ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ...
Mupad [F(-1)] . . . oo

Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 19, antiderivative size = 85

_ bedv/1—c2x?  d(a + barccos(cz))

/ (d+ ez?) (a + barccos(cz))
dz
x? 62

3x3

e(a + barccos(cz))

T

+ ébc(c2d + 66) arctanh(\/l - 02x2)

‘1/6*b*c*d*(—c“2*x‘2+1)‘(1/2)/x‘2—1/3*d*(a+b*arccos(c*x))/X‘B—e*(a+b*arccos

L(c*x))/x+1/6*b*c*(cA2*d+6*e)*arctanh((-c‘2*x‘2+1)A(1/2))

|
J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.53

/ (d+ ez?) (a + barccos(cz)) ad ae bedv1—c?z?  bdarccos(cr)
dr=—— — — + —
x? 3z 62 33
_be arc;os(cx) B %bc?’ dlog(z)

— beelog(z) + ébc?’dlog (1 +v1-— 02x2>
+ beelog <1 +Vv1-— 02x2>
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input‘ Integrate[((d + exx"2)*(a + b*ArcCos[c*x]))/x"4,x] ‘

output“1/3*(a*d)/x‘3 - (axe)/x + (bxcxd*Sqrt[1l - c™2*x72])/(6%x72) - (b*d*ArcCos \
| [c*x]1)/(3%x73) - (b¥exArcCos[c#x])/x - (bkc"3*d+Log[x])/6 - bxckexLoglx] +
L (b*c~3*d*Log[1 + Sqrt[1 - c™2*x72]])/6 + bkcxexLog[l + Sqrt[1 - c™2xx"2]] J

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.99,

number of rules _ 0.316, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {5231, 27, 354, 87, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d + ez?) (a + barccos(cz)) p

x4 T
| 5231
be [ — 3ex? +d d — d(a + barccos(cz))  e(a + barccos(cz))
331 — c2x2 313 T
| 27
—1bc/ 3ex? +d dr — d(a + barccos(cz))  e(a+ barccos(cz))
3 231 — 22 33 z
| 354

d
z4vV/1 — 22 v 33 x

| 87

1 1 1 1 — 212
—~be| Z(Pd+6e) | — ——da® — dv'1—c?z?)\  d(a+ barccos(cz))
6 \2 z2v/1 — 2z 2 3z3

e(a + barccos(cx))

xr
l 73

—lbc/ 3ex2 +d 5 d(a+barccos(cx)) e(a+ barccos(cz))
6




input

output

rule 27

rule 73

rule 87
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24+ 6 1 dv/1 = c2x2
. (c*d + 6e) | L T VI =22 d(a + barccos(cz)) _

—Zbel = _ _
6 ¢ c2 z2 33

e(a + barccos(cx))

x
l 221
_d(a + barccos(cz)) _ e(a + barccos(cz)) B
33 -
%bc (—arctanh(@) (c2d + 6¢) — d\/?)

LInt[((d + e*xx"2)*(a + b*ArcCos[c*x]))/x"4,x]

e

-1/3%(d*(a + b*ArcCos[c*x]))/x"3 - (ex(a + b*ArcCos[c*x]))/x - (bxcx(-((dx*
‘Sqrt [1 - ¢c™2%x72])/x"2) - (c"2*d + 6%e)*ArcTanh[Sqrt[1 - c~2*x~2]1))/6

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1) *(c - a*(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_]1 > Simp[(-(b*e - a*f))*(c + d*x)~(n + 1)*((e + £*x)"(p + 1)/(£*x(p

+ D)x(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*x(d*ex(n + 1) + cxfx(p

+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] || LtQ[p, nl))))




rule 221

rule 354

rule 5231
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.), x_S
ymbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)*(a + b*x) px(c + d*x)"q, x], x
, x°2], x] /; FreeQ[{a, b, ¢, d, p, q}, x] && NeQ[b*c - a*d, 0] && IntegerQ
[(m - 1)/2]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))*((£f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Simp
[(a + bkArcCos[c*x]) u, x] + Simp[b*c Int[SimplifyIntegrand[u/Sqrt[1 -
c~2%x~2], x], x], x]1] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*d + e,
0] && IntegerQ[p] && (GtQlp, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.33
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method result
arctanh<+>
Y Q=== N rs )
dc 2021:2 2 +3€ al
_e __ 4 3| _ arccos(cx)e  arccos(cx)d
parts a(—£ —3%) +be S ot -
arctanh(é)
Y ar-r == N rors)
202 12 2
bl — arccocsz(cz)e _ arc;ﬁ;sigz)d _ . Te arctanh( -
e d
. . .. O\~ oz 3243
derivativedivides | ¢3 ( e ) + 5
c c
arctanh<+>
aer| Ve Y
2céx
bl — arccocsz(ccv)e _ arc;zsigz)d _ . te arctanh( o
e d
3 a<_55_3 3)

default c e/ —

inputtint((e*x"2+d)*(a+b*arccos(c*x))/x"4,x,method=_RETURNVERBDSE)

outpu
‘+1/3/c“2*(—d*c‘2*(—1/2/c‘2/x“2*(—c‘2*x‘2+1)“(1/2)—1/2*arctanh(1/(

‘1)‘(1/2)))+3*e*arctanh(1/(-0‘2*x‘2+1)‘(1/2))))

p
t‘a*(—e/x—1/3*d/x"3)+b*c"3*(-1/c"3*arccos(c*x)*e/x-1/3*arccos(c*x)*d/c"S/x‘B
-CcT2%x72+

\‘

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs

. 2(75) = 150.

Time = 0.15 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.98

) (@ + barccos(cz))

dx
vV—=c?z2+1cx

c2x2—1

/ (d+ ex?

4 (bd + 3 be)z? arctan (

) — (bc*d + 6 bee)z® log (V—c2x? + 1+ 1) + (bcd + 6 bee)z log (4

12.
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input‘integrate((e*x“2+d)*(a+b*arccos(c*x))/x“4,x, algorithm="fricas")

‘—1/12*(4*(b*d + 3%bxe) *x"3*arctan(sqrt(-c”2*x"2 + 1)*c*x/(c”2*x"2 - 1)) -
‘(b*c‘a*d + 6xbxckxe)*x~3*log(sqrt(-c™2*x"2 + 1) + 1) + (b*c™3*d + 6*b*c*e)*
‘x‘3*log(sqrt(—c‘2*x‘2 + 1) - 1) - 2%sqrt(-c”2*%x"2 + 1)*b*ckd*x + 12%a*e*x”
‘2 + 4xaxd + 4*(3*bxexx”2 - (bxd + 3*bxe)*x”3 + b*d)*arccos(c*x))/x"3

output

Sympy [A] (verification not implemented)

Time = 2.88 (sec) , antiderivative size = 170, normalized size of antiderivative = 2.00

/ (d + ex?) (a + barccos(cz))
) dx
x
c? acosh (i) c 1 1
“s+ - for — > 1
bed I e e
ic2 asin (L icy/1—=to
ad ae % - Tcm otherwise
33 =z 3
1 1
b —acosh (;) for a7 > 1 bdacos (cx) beacos (cz)
— bee _ _
iasin (L)  otherwise 33 T

inputLintegrate((e*x**2+d)*(a+b*acos(c*x))/x**4’x)

-a*d/ (3*x**3) - a*e/x — bkc*d*Piecewise((-c**2*xacosh(1/(c*x))/2 + c/(2*x*s
art (-1 + 1/(c*x*2*x*%2))) - 1/(2xcxx**3*sqrt(-1 + 1/(c*x*2*x**2))), 1/Abs(c*
*2xxx*2) > 1), (I*c*x2xasin(1/(c*x))/2 - Ixc*sqrt(l - 1/(c**2xx*x*2))/(2*x)
, True))/3 - b*ckexPiecewise((-acosh(1/(c*x)), 1/Abs(c**2xx**x2) > 1), (I*a
sin(1/(c*x)), True)) - bxd*acos(c*x)/(3*x**3) - bxe*acos(c*x)/x

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.40

/ (d+ ez?) (a + barccos(cz)) i

4
1 9 2vV—-cz2+1 2 V=2 +1 2 arccos (cx)
=—||flog| —/——+ = |+ ——— |c—————— |Wd
6 |z| |z| x? x3
+ [ clog 2vV—-c2z? +1 N 2\ _ arccos (cz) he — 96 _ ad
|z| |z| x x 33

inputLintegrate((e*x"2+d)*(a+b*arccos(c*x))/x"4,x, algorithm="maxima")

output‘1/6*((CA2*108(2*Sqrt(‘CA2*XA2 + 1)/abs(x) + 2/abs(x)) + sqrt(-c™2*x"2 + 1)
‘/x‘2)*c - 2xarccos(c*x)/x"3)*bxd + (c*log(2*sqrt(-c”2*x~2 + 1)/abs(x) + 2/
Labs(x)) - arccos(c*x)/x)*bxe - akxe/x - 1/3*a*xd/x"3

|
|
J

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3082 vs. 2(75) = 150.

Time = 122.79 (sec) , antiderivative size = 3082, normalized size of antiderivative =

36.26

2
/ (d+ ez”) (a + barccos(cz)) dx = Too large to display

rd

inputLintegrate((e*x"2+d)*(a+b*arccos(c*x))/x"4,x, algorithm="giac")




CHAPTER 3. LISTING OF INTEGRALS 210

-1/3*b*c~3xd*arccos(c*x)/(3*x(c™2*x"2 - 1)/(c*x + 1)72 + 3x(c™2*x"2 - 1)72/
(c*x + 1)74 + (c™2%x"2 - 1)73/(c*x + 1)76 + 1) + 1/6xb*c”3*dxlog(abs(c*x +
sqrt(-c”2*x"2 + 1) + 1))/(3*(c™2*%x"2 - 1)/(c*x + 1)72 + 3*(c™2*x"2 - 1)72
/(c*xx + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1) - 1/6%bxc”3*d*log(abs(-c*x
+ sqrt(-c”2*%x"2 + 1) - 1))/(3*(c™2*%x"2 - 1)/(c*xx + 1)72 + 3*%(c™2*x"2 - 1)
"2/(cxx + 1)74 + (c™2%x72 - 1)73/(cxx + 1)76 + 1) - 1/3*a*xc™3*d/(3*(c™2*x~
2 - 1)/(cxx + 1)72 + 3*%(c™2*xx"2 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x
+ 1)76 + 1) + (c™2*%x"2 - 1)*b*c~3*d*arccos(c*x)/((cxx + 1)72%(3*(c™2*x"2 -
1)/(cxx + 1)72 + 3%(c™2%x72 - 1)72/(c*x + 1)74 + (c™2%x"2 - 1)73/(c*x + 1
)76 + 1)) + 1/2%(c”2*x"2 - 1)*b*c”3*d*log(abs(c*x + sqrt(-c™2*x"2 + 1) + 1
))/((cxx + 1)72%(3*(c™2%x72 - 1)/(c*x + 1)72 + 3*(c™2%x72 - 1)72/(c*x + 1)
4 + (c™2*%x72 - 1)73/(c*xx + 1)76 + 1)) - 1/2x(c”2%x"2 - 1)*bxc~3*d*log(abs
(-c*x + sqrt(-c™2*x"2 + 1) - 1))/((c*x + 1)72%x(3*x(c”2*x"2 - 1)/(c*x + 1)72
+ 3*%(c”2%x72 - 1)72/(c*x + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1)) + 1/3
*sqrt(-c”2*x72 + 1)*bxc”3*d/((c*xx + 1)*(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c
“2xx72 - 1)72/(ckx + 1)74 + (c72*%x72 - 1)73/(cxx + 1)76 + 1)) + (c™2*x"2 -
1) *axc™3*d/((cxx + 1)72%(3*(c™2*%x"2 - 1)/(c*xx + 1)72 + 3*(c™2*x"2 - 1)72/
(c*x + 1)74 + (c™2%x72 - 1)73/(c*x + 1)76 + 1)) - (c™2%x72 - 1) 2%b*c~3*d*
arccos(c*x)/((c*x + 1)74*(3*(c™2*x"2 - 1)/(c*x + 1)72 + 3*(c™2*x"2 - 1)72/
(cxx + 1)74 + (c™2*x"2 - 1)73/(c*x + 1)76 + 1)) - bkckexarccos(cxx)/(3*. ..

output

Mupad [F(-1)]

Timed out.

/ (d + ex?) (a + barccos(cz)) dp — / (a+ bacos(cz)) (ex? + d) i

T z

;
input‘int(((a + bxacos(c*x))*(d + e*x"2))/x"4,x)

Output‘int(((a + bxacos(c*x))*(d + exx~2))/x"4, x)
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.01

/ (d + ex?) (a + barccos(cz))
" dz
T
—2acos(cx) bd — 6acos(cx) be x? 4+ v/—c2x2 + 1 bedx — log (tan (—GSig(C“’) )) bcddx® — 6log (tan <—‘”i"2(”)
) (s
inputLint((e*x‘2+d)*(a+b*acos(c*x))/X*4,x) J
output | (- 2%acos(c¥x)*bxd - B*acos(ckx)¥bkerx**2 + SQrt( - CHAAxHRD + 1)KbrcrH ‘

‘x - log(tan(asin(c*x)/2)) *b*c**3*d*x**3 — 6*log(tan(asin(c*x)/2))*b*cke*x* ‘
*3 - 2kaxd - Graxexxx+2)/(6xx+*3) |
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 212
4.2 Links to plain text integration problems used in this report for each CAS . 230

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

212

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x^2) (a+b (c x))  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^2) (a+b (c x))  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (d+e x^2) (a+b (c x))  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x^2) (a+b (c x))  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)
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