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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 31 |. This is test number | 278 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (31) | 0.00 (0)
Maple | 96.77 (30) | 3.23(1)
Mathematica | 87.10 (27) | 12.90 (4)
Mupad | 45.16 (14) | 54.84 (17)
Maxima | 45.16 (14) | 54.84 (17)
Reduce 45.16 (14 ) | 54.84 (17)
Giac 41.94 (13) | 58.06 ( 18)
Fricas 38.71(12) [61.29(19)
Sympy | 35.48 (11) |64.52 (20)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.548 0.000 0.000 6.452
Mathematica 70.968 3.226 6.452 19.355
Maple 54.839 6.452 29.032 9.677
Maxima, 41.935 0.000 0.000 58.065
Giac 25.806 3.226 6.452 64.516
Fricas 19.355 9.677 3.226 67.742
Sympy 16.129 9.677 9.677 64.516
Mupad 0.000 38.710 0.000 61.290
Reduce 0.000 38.710 0.000 61.290

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB
C
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00

Maple 100.00 0.00 0.00
Mathematica | 4 100.00 0.00 0.00

Maxima, 17 82.35 11.76 5.88

Mupad 17 0.00 100.00 0.00

Reduce 17 100.00 0.00 0.00

Giac 18 100.00 0.00 0.00

Sympy 20 60.00 40.00 0.00

Fricas 19 84.21 5.26 10.53

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.15

Reduce 0.48

Rubi 0.76

Giac 1.29

Mupad 1.75

Sympy 6.76

Fricas 7.21

Maple 12.37
Mathematica 12.73

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 223.64 1.28 223.00 1.16
Rubi 353.81 1.05 284.00 1.01
Reduce 357.21 5.24 273.00 1.58
Giac 366.08 2.64 236.00 1.48
Mupad 463.86 1.96 238.00 1.43
Mathematica | 465.63 1.23 297.00 1.16
Sympy 1313.09 7.42 262.00 1.82
Maple 2079.60 3.80 300.00 1.33
Fricas 206754.67 | 769.47 171.50 1.62

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS

systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals

based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

(26,27)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade {[1))5)8 5)6) 7B B 0 ) 12 3 4 15,6, 17 15,9} 20} 21, 22 23 E4, 25 28
20,5061 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[L5055/5/05/0L 3 /1516 [ 2322, 2323 2961}
B grade {[25}

C grade {[23[30 }

F normal fail {[12/[18[19/[20] }
F(-1) timedout fail { }

F(-2) exception fail { }



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS

25

Maple

A grade {[12BA56, 7600 3 4 21E2R4RIBT )
B grade {[I0,[28 }

C grade { [I2)[15}[16}[17}[8},[L9}[20}[23}30] }

F normal fail {25}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {1BBABE)

B grade {[1[821] }

C grade {24}

F normal fail {|[5}[9}[10}[T1}[T2}[13} 14} 15} [16, 17} 18} 19} 20} 23, [25}[30] }
F(-1) timedout fail {[31]}

F(-2) exception fail {[28,[29]}

Maxima

A grade {[JBEABMNEEIEELEEE)
B grade { }

C grade { }

F normal fail { 5510} 12 1315, 16,7 15 9,23, 5,80)
F(-1) timedout fail {[14[20 }
F(-2) exception fail {[27]}
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Giac
A grade {[I, 23,421} 22,2829 }
B grade {[g] }

C grade { m, }

F normal fail { 55101 123 (14 15, 16,7 (1) 19, 20,253 24,25, 50,51 }
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { [JBEA6MEI22E1E52951)
C grade { }

F normal fail { }

F(-1) timedout fail { 55,0I0IL{I2 13 145,16 [T S M2 238550 )
F(-2) exception fail { }

Sympy

A grade {[3[4[22 2829 }

B grade {[[}221}

C grade {[6[7}[8] }

F normal fail {[5}[9}[10}[LT} [12}[13}[15}[L6}[17}[18}[19}[25] }

F(-1) timedout fail {[14][20][23]24,26]27}[30},[31] }
F(-2) exception fail { }
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Reduce

A grade { }

B grade { LBBABNEE2EIEHE)
C grade { }

F normal fail { 551011 123 1415, 1617 5[5, 20,23 25, 50,51 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 184 185 255 246 252 264 345 309 309 273
N.S. 1 1.01  1.39 1.34 1.37 1.43 1.88 1.68 1.68 1.48
time (sec) N/A 0.38 0.306 0.530 0.113 0.113 0.525 0.528 0.186 1.424

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 144 139 218 191 186 196 262 223 223 197
N.S. 1 0.97 1.51 1.33 1.29 1.36 1.82 1.55 1.55 1.37
time (sec) N/A 0.354 0.277 0.306 0.164 0.111 0435 0.238 0.189 0.636

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 110 163 119 126 133 160 160 149 127
N.S. 1 1.07  1.58 1.16 1.22 1.29 1.55 1.55 1.45 1.23

time (sec) N/A 0.315 0.214 0.227 0.125 0.133 035 0.220 0.179 0.881
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 7 7 69 71 71 87 85 76 67
N.S. 1 1.01 1.01 0.91 0.93 0.93 1.14 1.12 1.00 0.88
time (sec) N/A 0.267 0.004 0.122 0.129  0.112 0302 0.133 0.187 0.676
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 138 138 156 0 0 0 0 30 0
N.S. 1 1.00 1.00 1.13 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.478 0.040 0.246 0.000  0.000 0.000 0.000 0.184 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 98 94 111 110 107 116 658 1152 135 112
N.S. 1 096 1.13 1.12 1.09 1.18 6.71 11.76  1.38 1.14
time (sec) N/A 0.275 0.126 0.240 0.125 0.134 1936 0.320 0.192 4.101
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B C C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 146 157 192 153 214 313 2866 594 390 591
N.S. 1 1.08 1.32 1.05 1.47 214 19.63 4.07 2.67 4.05
time (sec) N/A 0.383 0.206 0.353 0.127  0.232 4.025 0.470 0.188 5.024
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B C C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 206 210 254 204 374 642 9202 1156 799 0
N.S. 1 1.02  1.23 0.99 1.82 3.12  44.67 5.61 3.88 0.00
time (sec) N/A 0.476 0.402 0.507 0.126  0.725 7.997 1.882 0.194 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 376 375 472 667 0 0 0 0 564 0
N.S. 1 1.00 1.26 1.77 0.00 0.00 0.00 0.00 1.50 0.00
time (sec) N/A 0.808 0.533 0.819 0.000  0.000 0.000 0.000 0.189 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 270 284 312 503 0 0 0 0 364 0
N.S. 1 1.05 1.16 1.86 0.00 0.00 0.00 0.00 1.35 0.00
time (sec) N/A 0.624 0.364 0.557 0.000  0.000 0.000 0.000 0.188 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 171 184 172 292 0 0 0 0 186 0
N.S. 1 1.08 1.01 1.71 0.00 0.00 0.00 0.00 1.09 0.00
time (sec) N/A 0.513 0.265 0.349 0.000  0.000 0.000 0.000 0.195 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 223 223 0 1199 0 0 0 0 55 0
N.S. 1 1.00 0.00 5.38 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.309 0.000 4.974 0.000  0.000 0.000 0.000 0.195 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 341 350 300 513 0 0 0 0 1426 0
N.S. 1 1.03 0.88 1.50 0.00 0.00 0.00 0.00 4.18 0.00
time (sec) N/A 0.683 1.869 1.993 0.000  0.000 0.000 0.000 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-1) F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 496 496 479 729 0 0 0 0 0 0
N.S. 1 1.00 097 1.47 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.898 3.882 3.012 0.000  0.000 0.000 0.000 0.215 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 652 645 855 3122 0 0 0 0 1008 0
N.S. 1 099 131 4.79 0.00 0.00 0.00 0.00 1.55 0.00
time (sec) N/A 1.512 1.148 17.915 0.000  0.000 0.000 0.000 0.189 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 411 430 621 2633 0 0 0 0 642 0
N.S. 1 1.05 1.51 6.41 0.00 0.00 0.00 0.00 1.56 0.00
time (sec) N/A 1.015 0.663 8.147  0.000 0.000 0.000 0.000 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 264 278 342 3886 0 0 0 0 321 0
N.S. 1 1.06 1.30 14.72 0.00 0.00 0.00 0.00 1.22 0.00
time (sec) N/A 0.806 0.555 2.636 0.000 0.000 0.000 0.000 0.195 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 320 320 0 2398 0 0 0 0 80 0
N.S. 1 1.00  0.00 7.49 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.418 0.000 4.460 0.000  0.000 0.000 0.000 0.205 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 499 502 0 2398 0 0 0 0 0 0
N.S. 1 1.01  0.00 4.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.877 0.000 5.253 0.000  0.000 0.000 0.000 0.235 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F(-1) F F(-1) F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 936 921 0 40034 0 0 0 0 0 0
N.S. 1 0.98  0.00 42.77 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.544 0.000 312.132 0.000 0.000 0.000 0.000 0.350 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 206 256 252 303 323 1013 403 304 332 419
N.S. 1 1.24 1.22 1.47 1.57 4.92 1.96 1.48 1.61 2.03
time (sec) N/A 0.563 1.879 0.898 0.120 0.165 12.452 0.936  0.200 3.846
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 200 153 146 168 147 206 184 169 203
N.S. 1 1.30 0.99 0.95 1.09 0.95 1.34 1.19 1.10 1.32
time (sec) N/A 0.437 0.070 0.272 0.118 0.117 6.811 0.371 0.206 2.970
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 501 469 326 138 0 0 0 0 32 0
N.S. 1 094 0.65 0.28 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.120 14.615 0.385 0.000  0.000 0.000 0.000 0.202 0.000
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Optimal | Rubi MMA Maple Maxima  Fricas Sympy Giac Reduce Mupad
grade N/A A A A A C F(-1) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 269 338 321 297 287 2478078 0 0 784 883
N.S. 1 1.26  1.19 1.10 1.07 9212.19  0.00 0.00 291 3.28
time (sec) N/A 0.779 0.448 0.491 0.114 84.490  0.000 0.000 0.318 0.934
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1325 1325 4850 0 0 0 0 0 216 0
N.S. 1 1.00  3.66 0.00 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 2.508 26.494 0.000 0.000  0.000 0.000 0.000 0.198 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 47 36 0 22 59 22
N.S. 1 1.00 1.10 1.00 2.35 1.80 0.00 1.10 2.95 1.10
time (sec) N/A 0.200 39.004 0.073 0.441 0.105 0.000 0.133 0.233 0.597
Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 0 47 0 22 977 22
N.S. 1 1.00 1.10 1.00 0.00 2.35 0.00 1.10  48.85 1.10
time (sec) N/A 0.196 103.424 0.224 0.000  0.099 0.000 2.029 4.098 0.784
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Problem 28 Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F(-2) A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 275 325 297 503 280 0 151 312 362 988
N.S. 1 1.18 1.08 1.83 1.02 0.00 0.55 1.13 1.32 3.59
time (sec) N/A 0.853 125.210 2.134 0.116  0.000 27.097 8.809 0.184 0.849
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F(-2) A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 246 297 310 305 232 0 104 236 237 485
N.S. 1 1.21  1.26 1.24 0.94 0.00 0.42 0.96 0.96 1.97
time (sec) N/A 0.783 0.067 0.479 0.118  0.000 12.407 0.689 0.182 0.681
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 739 687 522 172 0 0 0 0 32 0
N.S. 1 093 0.71 0.23 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.490 9.899 0.456 0.000  0.000 0.000 0.000 0.254 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F(-1) F(-1) F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 734 913 536 862 464 0 0 0 20 2105
N.S. 1 1.24  0.73 1.17 0.63 0.00 0.00 0.00 0.03 2.87
time (sec) N/A 1.557 11.746  0.852 0.121 0.000 0.000 0.000 200.016 1.094
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio Bumber of rules
integrand size

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[6] had the largest ratio of [.312500000000000000]

is also given. The

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 3 3 1.01 16 0.188
% A 3 3 0.97 16 0.188
3| A 3 3 1.07 16 0.188
4 A 3 3 1.01 14 0.214
i A ) 4 1.00 16 0.250
6} A ) ) 0.96 16 0.312
7] A 4 4 1.08 16 0.250
3] A 4 4 1.02 16 0.250
9 A 2 2 1.00 18 0.111
10j A 2 2 1.05 18 0.111
11 A 2 2 1.08 16 0.125
12 A 1 1 1.00 18 0.056
13] A 2 2 1.03 18 0.111
14] A 2 2 1.00 18 0.111
15 A 2 2 0.99 18 0.111
16} A 2 2 1.05 18 0.111
17 A 2 2 1.05 16 0.125
18 A 1 1 1.00 18 0.056
19 A 2 2 1.01 18 0.111
20) A 2 2 0.98 18 0.111
21 A 3 3 1.24 18 0.167
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade SJ::’; ui?el;e antlfaefns‘ijzwe leaf size integrand leaf size
22| A 3 3 1.30 16 0.188
23| A 3 3 0.94 18 0.167
24| A 3 3 1.26 18 0.167
129| A 2 2 1.00 18 0.111
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
28] A 3 3 1.18 18 0.167
29) A 3 3 1.21 16 0.188
30| A 3 3 0.93 18 0.167
31| A 3 3 1.24 18 0.167




oHAPTER
CHAPTER

LISTING OF INTEGRALS

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13

3.14
3.15
3.16
3.17
3.18
3.19
3.20
3.21
3.22

3.23
3.24
3.25

J
J
J
J

f a+barctan(cz) dz

drez AL oo oo e e e e e e

f a+barctan(cz) dz

(d+6(1})2 .....................

f a+barctan(cz) dz

(d+ez)3 .....................

f a+barctan(cz) dz

eyt AT
[(d+ ez)?(a+ barctan(cz))®dx . . . ... ... ...

[(d + ex)*(a+ barctan(cz))®dx . . . ... ... ...
[(d+ez)(a+barctan(cz))?dz . . . . ... ... ...

f (a+barctan(cz))? dz

drex QT - o oo e e e e e

f (a+barctan(cz))? d

(dren)? T o e e e e e e e e e

(atbarctan(cz))?
J letterene)” g

J(d+ ea:)ig(a +barctan(cz))3dr . ... ... ... ..
[(d+ ex)*(a+ barctan(cz))®dz . . . ... ... ...
[(d+ez)(a+barctan(cz))®dz . . . . ... ... ..

f (a+barctan(cz))® dz

drex QT - o oo e e e s e e

f (a+barctan(cx))3 d

(d+ez)2 £

(a+barctan(cz))?
g i

J(d+ex)*(

a+barctan (cz2)

f d-l—ex( 2) dz
a+barctan(cx

f (d+ex)? dx

[(d+ex)(a+barctan (cz?))’ dz . . . .. ... .. ..

38

(d + ex)*(a+ barctan(cz))dz . . . . ... ... ...
(d+ex)®(a+ barctan(cz))dz . . . . ... ... ...
( ) (
(

d+ex (a + barctan(cx))dz . . . .. ... ...
d+ex)(a+barctan(cx))dr . . . . . . ... ... ..

a+barctan (cz?))dz . . . ... ... ...
[(d+ez)(a+barctan (cz?))dx . . . ... ..
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3.26 f (a+b aurctaun(ch))2 dx

Tres 0B+
D et
328 [(d+ex)*(a+barctan(cz®))dr . . . . ... ...
329 [(d+ex)(a+barctan(cz®))dz . . . ...
330 [ e G

a+barctan (cz?®
3.31 f W)(Q) dx



output
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3.1 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . .. . . . . .. 40]
Mathematica [A] (verified) . . . . . . . . ... o o 41l
Rubi [A] (verified) . . . ... . ... ... 4Tl
Maple [A] (verified) . . . . . . ... L 13
Fricas [A] (verification not implemented) . . . . . . ... ... ... .... 43
Sympy [B] (verification not implemented) . . . ... ... ... ... ... 44
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 5]
Giac [A] (verification not implemented) . . . . . . ... ... ... ... .. 45
Mupad [B] (verification not implemented) . . ... ... ... ... .... 46
Reduce [B] (verification not implemented) . . . ... ... ... ... ... 47

Optimal result

Integrand size = 16, antiderivative size = 184

bde(2c*d® — e*)x  be*(10c*d® — e*) 2 bde’z?

/(d + ex)*(a + barctan(cz)) do = —

c? 10¢3
_betz*  bd(c*d* —10c*d?e? + be?) arctan(cr)

20c bcte
N (d + ex)®(a + barctan(cz))

5e

b(5ctd* — 10c2d?e? + e*) log (1 + ¢*z?)

10c?

‘—b*d*e*(2*c‘2*d‘2-e“2)*X/c‘3—1/10*b*e‘2*(10*c‘2*d‘2—e‘2)*x‘2/c‘3—1/3*b*d*e
"3*x“3/c—1/20*b*e“4*x‘4/c-1/5*b*d*(c‘4*d‘4—10*c‘2*d‘2*e“2+5*e“4)*arctan(c*
\x)/c*4/e+1/5*(e*x+d)‘5*(a+b*arctan(c*x))/e—1/10*b*(5*c‘4*d‘4—10*c‘2*d*2*e‘

L2+e“4)*1n(c‘2*x‘2+1)/c‘5

|
|
|
J
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Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 255, normalized size of antiderivative = 1.39

/(d + ex)*(a + barctan(cz)) dx

c2e?x(—6e2(10d+ex)+c? (120d3+60d2ex+20de?z2 +3e322) ) 46 (—1062d262 (\/ —c? d-l—e) +et (5\/

(d + ez)®(a + barctan(cz)) — d

5e

-

LIntegrate [(d + exx)~4x(a + b*ArcTan[c*x]),x]

-/

input

((d + exx)"5*(a + b*ArcTan[c*x]) - (bx(c™2*e 2 x*(-6*e~2*(10*xd + e*x) + c~
2%(120%d"3 + 60*d"2*e*x + 20*d*e”2xx"2 + 3*e"3*x"3)) + 6% (-10%*c™2*d"2%e”2*
(8qrt[-c~2]*d + e) + e"4*(5xSqrt[-c”2]*d + e) + c~4*d~4*(Sqrt[-c~2]*d + 5%
e))*Log[1l - Sqrt[-c”2]*x] - 6*%(c"4*d~4*(Sqrt[-c~2]*d - 5*e) - 10*c~2*d~2x(
Sqrt[-c"2]*d - e)*e”2 + (5xSqrt[-c~2]*d - e)*e”4)*Logl[l + Sqrt[-c~2]*x]1))/
(12%c~5) )/ (5%e)

output

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.01,

number of rules _ 188 Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)*(a + barctan(cz)) dz

| 5387
5
(d + ex)5(a + barctan(cz)) B be [ (C%zgi)l dz
5e Se

l 478
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(d-+-em)5(a-+-barctan(cw))__

5e
365 24 10c2d? —e?)zed 5d(2c2d?—e?)e? ctd5—10c2e2d3+5etd+e(5ctd*—10c2e2d? +et)

A At ct(c2z2+1)
5e
| 2009
(d + ex)5(a + barctan(cz))
5e
b darctan(a’lz)(c4d4—1002d282+5e4) 5dedx3 edrt 5d62x(202d2—62) e3x2(1002d2—62) e(5c4d4—1002d262-|—e4) log(czzz—}—
¢ c® + 3c? + 4c? ct 2c? + 2c8
5e
inputtlnt[(d + e*x)~4x(a + bxArcTan[c*x]),x] J

(((d + e*x)”bx(a + b*ArcTan[c*x]))/(5%e) - (bkck((5*xd*e™2*(2%c™2*d"2 - e72)
\*x)/c“4 + (e73%(10%c™2+%d"2 - e72)*x72)/(2*c”4) + (5xdxe~4xx~3)/(3*c”2) + (
\e‘S*x‘4)/(4*c‘2) + (d*(c™4*d™4 - 10%c™2*d"2*e”2 + 5*e~4)*ArcTan[c*x])/c”5
+ (ex(5xc™4*d"4 - 10%c™2xd"2*e"2 + e"4)*Logl[l + c™2*x"2])/(2%c~6)))/(5*e)

N J

output

\‘

Defintions of rubi rules used

ruk3478‘Int[((c_) + (d_)*(x))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
‘Integrand[(c + dxx)"n/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
‘[n, 1] ‘

rule 2009 Imt[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] |

rule5387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
| :> Simp[(d + exx)~(q + 1)*((a + bArcTan[c*x])/(ex(q + 1))), x] - Simp[bx(
‘c/(ex(q + 1)) Int[(d + exx)~(q + 1)/(1 + c"2%x"2), x], x] /; FreeQ[{a, b |
, ¢, d, e, q}, x] && NeQlq, -1]
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Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.34

method result
4 5
b % +ce3 arctan(cz)xz?d+2c e? arctan(cz)xz3d?4-2ce arctan(cz)z2 d3+-arctan(cx)cx d* +
a(ex+d)®
parts se T
b M+arctan(cz)c5d4z+2e arctan(cz)c5d3z2+2e2 arctan(cz)c5d2z3+e3 arctan(cz)c5d z4+e4Lc1mnE
a(cea:+cd)5+
derivativedivides el
arctan(cz)c5d5 5 .4 5.3 2 2 5,2 3, 3 5, 4 et arctan
b| =——§5—— tarctan(cz)c’d*z+2e arctan(cz)c’d”z“+2e” arctan(cxz)c®d®z +e° arctan(cz)c®d T+ =
a(cez+cd)5
+
default el
parallelrisch —1225 arctan(cz)b c®et —12x°%a c®e* —60x* arctan(cx)b c®d e3—60z%a c®d €3 —120x3 arctan(cz)b c®d?e? +3x4b ctet
. ietb x5 In(—1i 1 ie3bd x4 In(—1 1 . . ibd*x In(—3 1 54
risch ie*bz ri% icz+1) + iesbd I;( icz+1) +Z62bd2.'133 ll’l(—’LC.’E-i— 1) + ibd*z n(2 icz+1) 4z g ay
inputtint((e*x+d)‘4*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) J
output 1/5%a* (exx+d) “5/e+b/c*(1/5*xcxe”~4*arctan(c*x) *x~5+c*e”3*arctan (c*x) *x~4*d+2

xcxe”2*arctan (c*x) *x~3*d"2+2*c*e*arctan (c*x) *x~2*d"3+arctan (c*x) *cxx*d~4+1
/5*%c/exarctan(c*x) *d~5-1/5/c”4/e* (10*c™4*d " 3*e 2*x+5*xc~4*d"2*e~3*x~2+5/3%c
~4xd*e”~4xx"3+1/4%e"5*xc 4*x"4-5*c 2xd*e " 4*x—1/2%e " 5kc"2%x"2+1 /2% (5xc~4*d 4%
e-10%c”2xd"2xe"3+e"5) *1n(c~2*x"2+1) +(c~5+%d"5-10*c~3*d"3*e”2+5*cxd*e~4) xarc
tan(c*x)))

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.43

/(d + ex)*(a + barctan(cz)) dz
_ 12acPe*a® + 3 (20 ac’de® — betet)z* + 20 (6 ac®d?e® — betde®)z® + 6 (20 ac’dPe — 10 bed?e? + beet)z?

inputLintegrate((e*X+d)A4*(a+b*arctan(c*x)),x, algorithm="fricas") J
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1/60% (12*a*xc~5xe~4*x~5 + 3*%(20*axc~5xd*e~3 - b*c~4*e”4)*x~4 + 20%(6*axc”5*
d"2*e”2 - b*c"4*d*e"3)*x"3 + 6% (20*%a*c”5%d"3*e - 10*bxc~4*xd"2*e”2 + b*c 2%
e”4)*x"2 + 60x(axc”5*d"4 - 2%b*c”4*d"3%e + bxc~2xd*e”"3)*x + 12*(b*c”5xe"4x*
x5 + b*b*kc bkd*e"3*%x"4 + 10*%b*c”5*d"2*%e"2*%x"3 + 10%b*xc~5*xd"3*xexx"2 + 5xbx*
c”5*d~4*x + 10*bkc”~3*d"3*e - 5xbxckxd*e”3)*arctan(c*x) - 6*(5xbxc~4*d"4 - 1
O*bxc~2%d"2%e~2 + b*e~4)*log(c™2*x"2 + 1))/c”b

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 345 vs. 2(170) = 340.

Time = 0.52 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.88

/(d + ex)*(a + barctan(cz)) dz

ad'z + 2ad’ez? + 2ad?e?s® + ade®x* + %= + bd'z atan (cz) + 2bd°ex? atan (cz) + 2bd%e?z? atan (c:

a<d4x + 2d3ex? + 2d%e%x® + dedzt + %)

-

Lintegrate((e*x+d)**4*(a+b*atan(c*x)),X)

~—

input

Piecewise ((a*d**4*x + 2kaxdx*k3ke*xx**2 + 2kakxd**x2kxex*x2xx**3 + akxdke**3*x**4
+ akxexx4*x*x*5/5 + bkdk*4xx*atan(c*x) + 2¥bxd**3kexx**2katan(cxx) + 2xb*dx*
*2kex*x2kx*k*3*atan (ckx) + bxdke*x3*x*k*xd*atan(ckx) + bxexx4dxx*x5xatan(c*x)/5
- bxd**4xlog(x**2 + c**(-2))/(2%c) - 2*bxd**3*kexx/c — bkd**2xe*xx2kx**2/c
— bxd*e**3*x**3/(3%c) - bkex*dkxx*4/(20%c) + 2¥bkdx*3*exatan(c*x)/c**2 + b
xQ*x2xe*xx2x1og (x**2 + cx*(-2))/c*k*3 + bxd*e*x3*x/c**3 + brexxdxx*x2/(10%c*
*3) - bxdkex*3*atan(c*x)/cx*4 — bxe*x*4*xlog(x*x*2 + c**x(-2))/(10*c**5), Ne(c
, 0)), (ax(d**x4*x + 2kd**3ke*x*k*2 + 2kd*x*kkex*kx**3 + dkex*3kx**k4d + exkdk

x**5/5), True))

output
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.37

/(d + ex)*(a + barctan(cz)) dx

1
= = ae*z® + ade3z* + 2 ad?e®x® + 2 adPex?

)
t
+2 <x2 arctan (cx) — c(% _ avan ) ar; (cz) ) ) bd’e
c c
2 2,2
3 z*  log(c*z®+1) 5 o
+ <2m arctan (cx) — c(g S bd“e
1 273 __
+ = ( 3z*arctan (cz) — ¢ co =3¢ + 3 arctan (cz) bde®
3 ct cd
1 5 Art — 222  2log(cx? +1) 4
+ 20 <4m arctan (cx) — c( : + & be

(2 cx arctan (cx) — log (cz? + 1))bd*
2c

+ ad*z +

inputLintegrate((e*X+d)A4*(a+b*arctan(c*x)),x, algorithm="maxima") J

1/5*%a*e”4*x"5 + axd*e”~3*x"4 + 2%axd"2%e”"2*x"3 + 2*%axd"3*e*xx"2 + 2% (x"2*arc
tan(c*x) - cx(x/c”2 - arctan(c#*x)/c”~3))*b*d"3*e + (2*x"3*arctan(c*x) - c*(
x72/c”2 - log(c™2#x"2 + 1)/c”4))*b*d"2*e”2 + 1/3*(3*x"4*arctan(c*x) - c*((
c"2*x~3 - 3*x)/c”4 + 3*arctan(c*x)/c”5))*b*xdxe~3 + 1/20%(4*x"5*arctan(c*x)

- cx((c™2*x™4 - 2%x72)/c”4 + 2xlog(c™2*x"2 + 1)/c”6))*b*e”4 + axd™4*x + 1
/2% (2*c*x*arctan(c*x) - log(c™2*x"2 + 1))*b*d"4/c

output

Giac [A] (verification not implemented)

Time = 0.53 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.68

/(d + ex)*(a + barctan(cz)) dz

_ 12bc°e*z® arctan (cx) + 12 ac’e’z® + 60 b’ de’s? arctan (cx) + 60 ac’de®z? + 120 be°d®e?a? arctan (cx)

input integrate ((e*x+d) “4* (atb*arctan(c*x)),x, algorithm="giac") J
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1/60% (12*b*c~5*e~4*x"5xarctan(c*x) + 12%axc”5*xe~4*x~5 + 60*b*xc 5*d*e”~3*x"4
*arctan(c*x) + 60*axc”5*xd*e”3*x"4 + 120*b*xc~5*d"2%e”2*x"3*arctan(c*x) + 12
O*axc~5*xd"2%e”~2*xx~3 - 3*b*c~4*e”4*x"4 + 120%b*c~5xd"3*e*x”"2*arctan(c*x) +
120*a*c”5*xd"3*e*x"2 - 20*b*c”4*d*e~3*%x"3 + 60*b*c”5*d~4*x*arctan(c*x) + 60
*axc~bxd"4*xx - 60*%b*xc”4*d"2%e"2*x"2 - 120*b*c”4*d"3*e*x - 30*b*xc"4*xd"4*log
(c™2*%x72 + 1) + 6%b*xc™2*%e 4*x"2 + 120%b*c”3*d"3*e*arctan(c*x) + 60*b*c~2*d
*e~3%x + 60%bxc”2*%d"2*e"2+log(c”2%x"2 + 1) - 60*bxc*d*e”3*arctan(c*x) - 6%
b*e~4xlog(c~2%x~2 + 1))/c”5

output

Mupad [B] (verification not implemented)

Time = 1.42 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.48

4

aetz® bd* In(c?z? + 1)

2c

+adtz —

betln(c?z®+1) bet z*
_ 2 d2 2,3
106 FRAeT T e
4 32
1063 +bd*zatan(cz) +2ad’ex
tadet a4 be4z5a5’)can(cz) B 2bdc‘°‘ex
bde3x 2bd3eatan(cz) bdedatan(cx)
c3 c? - ct
+2bd® ex* atan(cz) + bd e’ z* atan(cz)
bded 3
- % +2bd? e® 23 atan(cz)
N bde* In(c®z*+1) bd’e*a?
c3 c

/(d + ex)*(a + barctan(cz)) dx =

bet x2

+

-

inputtint((a + b*atan(c*x))*(d + e*x) ~4,x)

| —

(a*xe”4*x75)/5 + a*d~4*x - (b*d~4*log(c™2*x"2 + 1))/(2*%c) - (b*e~4xlog(c™2%
x"2 + 1))/(10%c”5) + 2*axd~2*e”2*x"3 - (b*e~4*xx"4)/(20*c) + (b*e~4*xx~2)/(1
0*c~3) + b*d 4*x*atan(c*x) + 2*a*d"3*exx"2 + axd*e~3*x"4 + (b*e~4*x"5*atan
(c*x))/5 - (2*b*d~3*exx)/c + (b*d*e~3*x)/c~3 + (2%b*d~3*e*atan(c*x))/c~2 -
(bxd*e~3*atan(c*x))/c”4 + 2%bkd~3*e*xx~2*atan(c*x) + bxd*e~3*x 4*atan(c*x)
- (bxd*e~3*x73)/(3%c) + 2*bxd~2%e~2*x"3*atan(c*x) + (b*d~2*e 2*log(c 2*x~
2 + 1))/c”3 - (bxd~2%e”~2*xx"2)/c

output
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.68

/(d + ex)*(a + barctan(cz)) dx
_60atan(cz) bcPd*z + 120atan(cz) bPde 22 + 120atan(cx) b Pd?e®z® + 60atan(cz) bc’d e*z* + 12atan

input \int ((e*x+d) ~4*(a+b*atan(c*x)),x) |

(60*atan (c*x) ¥b*c**x5*xd**4*x + 120*atan(c*x)*bkck*bkdx*3kexx**2 + 120*atan (
c*X) ¥bkcxkExd**2kex*x2*xx**3 + 60*atan(c*x)*bkck*bxd*re*x*3xx*x4 + 12xatan(c*x
) ¥bxck*xbkex*x4*x*k*5 + 120*atan(c*x)*bxc**3*d**3*e - 60*atan(c*x)*bxckdxe**3
- 30*log(c**2*x**2 + 1)*bkck*d*xd**4 + 60*Log(c**2*x**2 + 1)*bkck*2kd**2*e
**%2 — B6*log(cx*2xx*x*2 + 1)*bxe*x4d + B0*akck*5kdx*d*xx + 120%a*xck*kbkxdx*k3xexx
*%2 + 120*%akxckx5kd**2ke*x*2xx*k*3 + B60*akck*x5kdkexx3kxkx4 + 12kakcx*kbkexxdkxx
*k5 — 120%bkckx*4*xd*x*3ke*xx — B60*bkckkdkd*k*x2ke**k2kx**2 — 20%bkchkkdkdkex*k3kxxk
*3 — 3xbkck*4dkxex*kdxxk*4d + B0*bkck*2kd*ke**x3%xx + Bkbkck*k2kexk4qxx**2) /(60%c*k*
5)

output
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3.2 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [B] (verification not implemented) . . . ... ... ... ... .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 16, antiderivative size = 144

be(6c’d* —e*)x  bde’z®  be’z®

/(d + 6$)3(a + barctan(cz)) dr = —

4¢3 2c 12¢
_ b(c*d* — 6c*de? + e*) arctan(cz)
Acte
(d + ex)*(a + barctan(cz))
+ 4e
_ bd(cd — e)(cd + e) log (1 + c*z?)
2c3

‘—1/4*b*e*(6*c‘2*d‘2-e‘2)*x/c‘3—1/2*b*d*e‘2*x‘2/c-1/12*b*e‘3*x‘3/c—1/4*b*(c
"4*d‘4—6*c‘2*d‘2*e‘2+e‘4)*arctan(c*x)/c‘4/e+1/4*(e*x+d)‘4*(a+b*arctan(c*x)
‘)/e-1/2*b*d*(c*d—e)*(c*d+e)*ln(c‘2*x‘2+1)/c‘3

output
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.51

/(d + ex)®(a + barctan(cz)) dx

(d n ea;)4(a b a,rcta,n(cx)) _ bc<2 —c2e?z(—3e%+c? (18d%+6dex+e2z2))—3 <c4d4+63 (4\/—02d+e) —2c2d2e(2\/:;(d_—l—:;§2/>210

4e

r

| —

input LIntegrate[(d + exx)"3*(a + b*ArcTan[c*x]),x]

((d + e*x)~4*(a + bxArcTan[c*x]) - (b*cx(2*Sqrt[-c~2]*e 2*x*(-3*%e”2 + c™2%
(18%d"2 + 6*d*e*x + e72%x72)) - 3*(c"4*%d"4 + e~ 3% (4*Sqrt[-c~2]*d + e) - 2%
c"2xd"2%e* (2%Sqrt [-c"2]*d + 3*e))*Logl[l - Sqrt[-c~2]*x] + 3*(c"4*%d"4 + 2%c
~2%d"2*% (2%Sqrt [-c"2] *d - 3*e)*e + e 3% (-4xSqrt[-c”2]*d + e))*Logl[l + Sqrt[
-c~2]*x]))/(6%(-c~2)~(5/2)))/ (4*e)

output

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.97,

number of rules _ 0.188, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)3(a + barctan(cz)) dz

l 5387

4
(d + ex)*(a + barctan(cz)) bc [ (cdz:;i)l dz

4e 4e
l 478
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(d-+-em)4(a-+-barctan(cw))__

e
2,4 3 6c2d2—e2)e? 474 62,272 2 nd— 4
bcf (m et 4 4dze + (6c e?)e 4+ € d*—6c?e?d?+4c? (cd—e)e(cd+e)xzd+e ) dx

c2 c? ct cA(c2z2+1)
de
| 2009
(d-+-em)4(a-+-barctan(cw))__
4e
bc(arctan(cx) (c4dc45—6c2d262+e4) n 2d§zz2 n e;cm; n ezz(ﬁciiﬂ—ez) 4 2de(cd—e)(cd-l;a) log(czac2+1)>
de
inputLInt[(d + e*x)~3*(a + b*ArcTan[c*x]),x] J

p
‘((d + e*x)~4x(a + bxArcTan[c*x]))/(4xe) - (b*c*x((e”2%x(6*%c"2*%d"2 - e~ 2)*x)/
\c‘4 + (2%d*e"3%x72)/c”2 + (e74*x73)/(3%c™2) + ((c74*d™4 - 6*c™2%d"2%e"2 +
'e”4)*ArcTan[c*x])/c™5 + (2+d*(c*d - e)*ex(c*d + e)*Logll + c2¥x"2])/c"4))
/ (4xe)

N J

output

\‘

Defintions of rubi rules used

ruk3478‘Int[((c_) + (d_)*(x))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
‘Integrand[(c + dxx)"n/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
‘ [n, 1] ‘

rule 2009 Imt[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule5387‘Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
| :> Simp[(d + exx)~(q + 1)*((a + bArcTan[c*x])/(ex(q + 1))), x] - Simp[bx(
‘c/(ex(q + 1)) Int[(d + exx)~(q + 1)/(1 + c"2%x"2), x], x] /; FreeQ[{a, b |
, ¢, d, e, q}, x] && NeQlq, -1]
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Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.33

method result
ced arctan(cm)w4 2 3 3ce arctan(cw)zde 3, ¢ arctan(cz)d4 6c3d%e?s
b| =1 +tce’ arctan(cx)z’d+ 5 ———— +arctan(cz)cz d°+ Te —
a(ez+d)*
parts e T -
b arctan(z;a:)c4d4 +arctan(cz)c4d3z+ 3e arctan(é:m)c4d2a:2 Te2 arctan(cz)c4d13+ e3 arctaxil(ca:)c‘lm4 _ 6c®d?e?a+
| st :
derivativedivides e Fa—
44 4,2 2 3 4.4 6c3d%2e2x
b arctanglcez)c d +arctan(cz)c4d3w+ 3e arctan(;z)c dx +e2 a.rctan(c:c)c4d1:3+e a.rctalil(cz)c z* +
a(cexr—cCi 4
( 7 ‘3" d) + 3
default e Fa—
parallelrisch —3z* arctan(cx)b cte —3z%a cte3 —1223 arctan(cz)b ctd e2—12x3a c*d €2 —18z2 arctan(cz )b ctd?e+z3b c3e3 — 18z
. . i(ez+d)*bIn(icc+1) 3iebd’x? In(—icz+1)  e3barctan(cz) bd®In(c?x?+1) __ bd*arctan(cz) &
risch 8e + 1 4t 2 8e +
inputtint((e*x+d)‘3*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) J

p
‘1/4*a*(e*x+d)‘4/e+b/c*(1/4*c*e‘3*arctan(c*x)*x‘4+c*e‘2*arctan(c*x)*x‘3*d+3
‘/2*c*e*arctan(c*x)*x“2*d‘2+arctan(c*x)*c*x*d‘3+1/4*c/e*arctan(c*x)*d‘4—1/4
\/c‘3/e*(6*c‘3*d‘2*e‘2*x+2*c‘3*d*e‘3*x‘2+1/3*e‘4*c‘3*x‘3—e‘4*c*x+1/2*(4*c‘3

.
output
L*d‘B*e—éL*c*d*e‘S) *1n(c™2*%x"2+1) +(c"4*d~4-6%c~2*%d"2*e~2+e~4) *arctan(c*x))) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.36

/(d + ex)(a + barctan(cz)) dz

_ 3ac*é®z* + (12ac'de? — bc*e®)z? + 6 (3actd®e — bePde®)x? + 3 (4ac'd® — 6 bc*dPe + bee®)x + 3 (betelx
B 12¢

input Lintegrate ((e*x+d) “3*(at+b*arctan(c*x)),x, algorithm="fricas") J
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1/12*%(3*xa*c™4*e”~3*%x"4 + (12*axc”4*d*e”2 — bxc~3*e”3)*x~3 + 6% (3*kaxc”~4*xd 2%
e - b*c"3xd*e”2)*x"2 + 3*k(4*axc”4*%d"3 - 6xbkc”"3*d"2*e + bkc*e~3)*x + 3*(b*
cT4xe"3*%x"4 + 4xb*c"4*d*e”2%x"3 + 6*b*cT4*d"2%e*x"2 + 4*xb*cT4*d"3*x + 6%bx*
c"2*d"2%e - bxe~3)*arctan(c*x) - 6*(b*c~3*%d"3 - bxc*d*e~2)*log(c 2*x"2 + 1
))/c™4

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(129) = 258.

Time = 0.44 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.82

/(d + ex)(a + barctan(cz)) dz

ad@r4—§g%9£-+-adezx34-gé?f—kbd3xaman(cx)4-§Zﬁ§iﬁ§££32—%bde2x3atan(ar)+-5553&9559

2 1
2 2 3,..4
a<d3x 4 3d7ez” 2‘3"” + de?z3 + —ef >

inputLintegrate((e*x+d)**3*(a+b*atan(c*x)),x) J

Piecewise ((a*d**3*x + 3*axdxkxke*xx**2/2 + axd*xex*x2xx**3 + akex*3*x**4/4 +
b*d**3*x*katan(ckx) + 3xb*dk*2xe*x**2*atan(c*x)/2 + bkd*ex*2xx*x3*atan(c*x)
+ bxex*3*x**4xatan(c*x) /4 - bxdx*3*log(x**2 + cx*(-2))/(2xc) - 3*bkd**2xe
*x/(2%c) - bkdkex*2kx**2/(2%c) - bkex*3xx**3/(12%c) + 3*bxd**2xexatan (c*x)
/(2%c*%x2) + bxdke*x*2*xlog(x**2 + c**(-2))/(2kcx*3) + bxex*3xx/(4*c**3) - b*
ex*3*atan(cxx)/(4*xcx*4), Ne(c, 0)), (ax(d**3*x + 3xd**2xe*x**2/2 + dxe*x2*
x**3 + e*x*3%x*%4/4), True))

output
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Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.29

/(d + ex)®(a + barctan(cz)) dx

1 3 3 t
=12 ae’z* + ade’z® + 3 ad’ex® + 3 (a:2 arctan (cx) — c(% - W) ) bd’e

1 3 2 log(cz? +1) )
+ 3 (2a: arctan (cx) — 0(0—2 - bde
1 4 >z —3z 3 arctan (cx) 5
+ 12 <3x arctan (cx) — c( = + = be
cz arctan (cx) — log (c*z* +
2 log (c*z? + 1))bd?
2c

+ ad’z +

input integrate ((exx+d) 3% (atb*arctan(c*x)),x, algorithm="maxima")

1/4*%axe”3%x"4 + a*xd*e”2xx"3 + 3/2*a*d"2*xexx"2 + 3/2*(x"2*arctan(c*x) - c*(
x/c”2 - arctan(c*x)/c”3))*b*d"2xe + 1/2*%(2*x"3*arctan(c*x) - c*x(x"2/c”2 -
log(c™2#x~2 + 1)/c™4))*b*d*e”2 + 1/12x(3*x"4*arctan(c*x) - c*x((c™2*x"3 - 3
*x)/c”4 + 3*xarctan(c*x)/c”5))*b*xe”3 + axd"3*x + 1/2%(2*c*x*arctan(c*x) - 1
og(c™2%x"2 + 1))*b*d~3/c

output

Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.55

/(d + ex)?(a + barctan(cz)) dx

_ 3bce’z* arctan (cx) + 3ac’ez? + 12bc'de’z® arctan (cx) + 12 ac'de?z® + 18 be'd®ex? arctan (cx) + 18

inputLintegrate((e*X+d)*3*(a+b*arctan(c*x)),x, algorithm="giac") J




output
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1/12*% (3*¥b*c~4*e~3*x"4*arctan(c*xx) + 3*a*xc”4*e”3*%x"4 + 12xbxc 4xdxe”2xx"3*a
rctan(c*x) + 12%axc”4*d*e”2%x"3 + 18*bkc~4*d”~2%exx”2*arctan(c*x) + 18*a*c”
4*q"2%e*x"2 - b*c"3*e"3%x"3 + 12*b*c”4*d"3*x*arctan(cxx) + 12*a*xc”4*d"3*x
- B%bxc”3*xd*e”2*x"2 - 18%b*c”~3*d"2*e*x - 6*b*c”3*d"3*log(c”2*x"2 + 1) + 18
*bkxc~2xd"2xexarctan(c*x) + 3xbxcxe~3%x + 6%b*c*d*e”2*log(c”2*x"2 + 1) - 3%

b*xe~3*arctan(c*x))/c”4

Mupad [B] (verification not implemented)

Time = 0.64 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.37

3,4 3 1 (2 72 3.3
/M+ﬁ@%w+wmmmedx=aez +afz_bdln@x-+n_bex
2c 12¢
d2 2 b 3
-+bd3xaUMmcx)+-§E—§EEL—kade2x3+ i;f
_belatan(cx)  be’z'atan(cz) 3bdlew
4ct 4 2c
3bd?eatan(cz) 3bd?ex?atan(cz)
+
2¢ 21 2o 2,2
bde® 1 1) bd
+bde® z® atan(cz) + eh(ca+1) bdes
2¢3 2¢

input‘int((a + bxatan(c*x))*(d + e*x)"3,x)

output

(a*e”3%x74) /4 + a*d"3*x - (b*d"3*log(c™2*x"2 + 1))/(2*c) - (b*e~3%x~3)/(12
*c) + bxd"3*x*atan(c*x) + (3*a*d™2*exx"2)/2 + akxd*e”2*x"3 + (b*e"3*x)/(4*c
~3) - (bxe~3xatan(c*x))/(4*%c”4) + (bxe~3xx"4*atan(c*x))/4 - (3*%bxd~2xex*xx)/
(2xc) + (3xbxd~2xexatan(c*x))/(2%c”2) + (3*b*d~2xe*x"2*atan(c*x))/2 + bxdx
e"2xx"3*atan(c*x) + (b*d*e~2+log(c”2*x"2 + 1))/(2xc~3) - (bxdxe~2xx~2)/(2*
c)
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.55

/(d + ex)®(a + barctan(cz)) dx
_ 12atan(cz) bc*d®z + 18atan(cx) b c*d?e * + 12atan(cz) bc'd e?z® + 3atan(cz) bce’z* + 18atan(cz) b

input \int ((e*x+d) ~3*(a+b*atan(c*x)) ,x) |

(12*atan(c*x) *bkck*4*xd**3*x + 18*atan(c*x)*bkckxdkd**x2ke*x**x2 + 12*atan(c*
X) *bkck*4*d*e*x*2xx*x*x3 + 3*xatan(c*x) *¥bkck*4xexx3xx*x*x4 + 18*atan(c*x)*b*c**2
xd**2%e — 3xatan(cx*x)*bke*x*3 - 6+log(ck*2xx**x2 + 1)*bkcx*3*d**3 + 6xLlog(c*
*2kx*k%2 + 1)*kbkckdkex*2 + 12kakck*4kxd*x3xx + 18kakckk4dkxd**x2kekxx*x*2 + 12%a*
cxkdkdkex*2xx**3 + 3kakckkdkekk3kxk*k4d — 18*bkcx*3kd**x2kexx — 6*bkxck*k3kd*ex
*2kx**2 — bkck*k3kekk3kx*k*k3 + 3kbkckekx*k3xx)/(12%c**4)

output
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3.3 [(d + ex)*(a + barctan(cz)) dx

Optimal result . . . . . . . . . . . . e Hol
Mathematica [A] (verified) . . . . . . . . . ... o 561
Rubi [A] (verified) . . . .. . . ... .. BT
Maple [A] (verified) . . . . . . ... L bY
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 59
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 59

Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 16, antiderivative size = 103

bdex bz bd(d2 - 3%;) arctan(cz)

/(d + ex)*(a + barctan(cz)) dz =

c 6c 3e
(d + ex)3(a + barctan(cz))
+ 3e
_ b(3c*d® — %) log (1 + c*2?)
6¢c3

‘—b*d*e*x/c—1/6*b*e“2*x“2/c—1/3*b*d*(d“2—3*e’"2/c“2)*arctan(c*x)/e+1/3*(e*x+ \

output
|d) "3 (atbrarctan(cx)) /e-1/6¥b* (3+c2+d"2-e"2) ¥1n(c 2%x~2+1) /c"3 |
Mathematica [A] (verified)
Time = 0.21 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.58
/(d + ex)*(a + barctan(cz)) dx
b(c?e?x(6d+ex)+(—e?(3vV—c2d+e)+c?d? (v —c2d+3e) ) log(1—v—c2z ) — ( c?d? (V' —c2d—3e ) +

_ (d+ ex)*(a+ barctan(cz)) — (etatdren) (< re) e +3¢) ) tog( 53 )= (e )+
B 3e

input LIntegrate[(d + e*xx)~2%(a + b¥ArcTan[c*x]),x] J




output

input

output
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((d + e*x)~"3*(a + bxArcTan[c*x]) - (b*(c™2%e 2*x*(6*d + e*x) + (-(e"2x(3*S
qrt[-c™2]*d + e)) + c”2*d"2x(Sqrt[-c"2]*d + 3*e))*Log[l - Sqrt[-c~2]*x] -
(c™2*%d"2x(Sqrt [-c"2]*#d - 3xe) + e”2*%(-3xSqrt[-c~2]*d + e))*Log[l + Sqrt[-c
~21%x1))/(2%c~3) )/ (3*e)

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.07,

number of rules _ 0.188, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {5387, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)?(a + barctan(cz)) dz

l 5387
3
(d+ ex)*(a + barctan(cz)  be [ Esrda

3e 3e
l 478
ze3 3de? C2d3—3e2d+e(3c2d2—e2)x

(d + ex)3(a + barctan(cz)) B be | (Tﬁ T2 2(c?z2+1) ) dz
3e 3e

l 2009

r n 292 __ 9.2 o2 &3 292 __ 2 2.2

(d+ e2)(a+ barctan(cg))  be( LERMENET) | sdge | gt BoP e Belc ) )

3e 3e

t

Int[(d + e*x)~2%(a + b*ArcTan[c*x]),x]

‘{

N

((d + exx)~3*(a + bx*ArcTan[c*x]))/(3*e) — (b*ckx((3*d*e"2*x)/c”2 + (e"3*x"2
Y/ (2%c”™2) + (d*(c™2*%d"2 - 3*e~2)*ArcTan[c*x])/c”3 + (ex(3*c™2xd~2 - e~2)*L
ogll + c™2xx72])/(2%xc™4)))/(3*e)

\‘

J
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Defintions of rubi rules used

rule 478‘Int[((c_) + (d_)*(x))"(.)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand ‘
‘Integrand[(c + d*x)"n/(a + bxx~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
\ [n, 1] ‘

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5387‘Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((d_ ) + (e_.)*(x_))"(q_.), x_Symbol] ‘
:> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*( ‘
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c™2%x72), x], x] /; FreeQ[{a, b \
, €, d, e, q}, x] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.16

method result
a(ez+d)® be? arctan(cz)z® 2 2 be’z?  bdexr bd?1
parts 5~ T 3 + be arctan (cx) x*d + barctan (cx) x d o — M —
2.2 2 210 (o252
a(cew+cd)3 2 2, bce? anrctan(c:z):v3 be2z? bln(c z +1)d be ln(c z +1)
. . .. K2 tbarctan(cz)d?cx+bee arctan(cz)d ¥+ =" —bedr— —
derivativedivides e — 2 2 =
3 2 prctan(ea)sd 2.2 bln(c22241)d?  be?In(c22241
default 7(1(0?2'2":@ +barctan(cx)d?cx+bce arctan(cx)d g2 bee arctan(cz)z” Ct; (c2)2” _ peds— ber — ( 5 ) + gc2 )
c
. —223 arctan(cz)b c3e? —2x3a c3e? —6x2 arctan(cz)b c3de—6x2a c3de—6x arctan(cx)b c3d? +x2b c?e? —6za c3d%+31
parallelrisch — 603
risch _i(em—i—d)?’gln(z’cm—kl) + 22eda + »d2a — bdex + ezbln(cz3x2+1) + iebd z2 In(—icz+1) + ibd%z In(—ic
e c 6c¢ 2 2
inputtint((e*x+d)‘2*(a+b*arctan(c*x)),x,method=_RETURNVERBOSE) J
output |1/3xax (exx+d) “3/e+1/3¥bxe"2%arctan(cxx) *x 3+bxekarctan(cxx) *x 2xd+barctan |

‘ (c*x)*x*d~2-1/6%b*e~2%x~2/c-b*d*e*x/c-1/2/c*b*d~2*%1n(c~2*%x"2+1)+1/6/c"3%e~ ‘
L2*b*1n(c‘2*x‘2+1)+1/c‘2*e*b*d*arctan(c*x) J
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Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.29

/(d + ex)*(a + barctan(cz)) dx

_ 2ac’e?s® + (6 ac’de — bc?e®)z® + 6 (ac’d? — bc’de)x + 2 (bePe?x® + 3bcPdex? 4+ 3bcdx + 3 bede) arcta
B 6¢c3

integrate ((exx+d) ~2*(at+b*arctan(c*x)),x, algorithm="fricas")

inputt

‘1/6*(2*a*c“3*e”2*x“3 + (6*a*c”3*kdxe - b*c"2%e"2)*x"2 + 6x(a*c”3*d~2 - b*xc”
\2*d*e)*x + 2% (b*c”"3*%e"2*xx"3 + 3*b*c~3kd*exx"2 + 3*b*c~3*%d"2*x + 3*b*c*d*e)
‘*arctan(ckx) - (3*bkc"2+#d"2 - bxe~2)*log(c™2#x"2 + 1))/c"3 |

output

Sympy [A] (verification not implemented)

Time = 0.36 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.55

/(d + ex)*(a + barctan(cz)) dx

2.3 bd? log (224
ad®z + adex® + 92 + bd?z atan (cx) + bdea? atan (cz) + X2 (cr) _ gc x) _ bdes _ beta?
B 2 2 e?a3
a(d z + dex® + T)
e hY
input integrate ((e*xx+d) **2* (a+b*atan(c*x) ) ,x)

Piecewise ((a*xd**2xx + axdke*x**2 + axe*x*2*x**3/3 + b*d**2*kx*atan(c*x) + b*

dxexx**2*atan(ckx) + bxex*2xx**3xatan(c*x)/3 - bxd**2xlog(x**2 + cx*(-2))/
(2%c) - b*d*exx/c - bxex*2xx**2/(6%c) + bxd*exatan(c*x)/c**2 + b¥e**x2xlog(
x**%2 + ckx(-2))/(6xc**3), Ne(c, 0)), (ax(d**2xx + d*e*xx**2 + e**x2*xx*x*x3/3),
True))

output




CHAPTER 3. LISTING OF INTEGRALS 60

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.22

/(d + ex)*(a + barctan(cz)) dx

1 t
= = ae’z® + adex® + <a:2 arctan (cx) — c<£ - M) ) bde

3 c? c3
1 3 z?  log(c*z? +1) N
+ 6 (2a: arctan (cx) — c(g - be
2 t —1 222 +1))bd?
+ads 4+ (2 cx arctan (cx) 2Cog(c z® +1))

e A
integrate ((exx+d) ~2*(a+b*arctan(c*x)),x, algorithm="maxima")

N\ J

input

Output‘ 1/3*a*e”2%x"3 + axd*exx”2 + (x"2*arctan(c*x) - c*x(x/c”2 - arctan(c*x)/c”3) ‘
‘)*b*d*e + 1/6%(2xx~3*arctan(c*x) - c*(x"2/c”2 - log(c~2*x"2 + 1)/c"4))*bx*e
“2 + axd"2%x + 1/2*%(2*c*x*arctan(c*x) - log(c™2*x~2 + 1))*bxd~2/c

Giac [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.55

/(d + ex)?(a + barctan(cz)) dz

_ 2bc*e?a® arctan (cx) + 2 ac’e’x® + 6 be’dex? arctan (cx) + 6 ac’dex® + 6 be’d®x arctan (cz) + 6 ac’d?x -

input‘integrate((e*x+d)“2*(a+b*arctan(c*x)),x’ algorithm="giac")

output‘1/6*(2*b*c"3*e"2*x"3*arctan(c*x) + 2*axc~3*e"2*x"3 + 6*b*xc”3*d*e*x"2*arcta
‘n(cxx) + Bxaxc™3xd*e*x™2 + B¥bxc”3kd 2%x*arctan(cxx) + Gxa*c 3xd"2%x - bxc |
|"2%e"2%x"2 - G¥pixbxckdrexsgn(c)*sgn(x) - Bxbxc2xdkekx - 3xbkc 2%d 2xlog( |
|CT2#x72 + 1) + Gxbkckdkexarctan(ckx) + bre"2%log(cT2#x"2 + 1))/c3 |
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Mupad [B] (verification not implemented)

Time = 0.88 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.23

2 z? bd? In(2x?+1
/(d + ex)*(a + barctan(cz)) dz = ae3z +ad’x — n (Qch +1)
be? In(?z?+1) be2z? )
63 - 2 %c +adex
b t
+ bd? zatan(cz) + €2 a3an(cz')
bd bdeat
_2aed  ntes 211(0:6) + bdez” atan(cz)
c c
input Lint((a + b*atan(c*x))*(d + e*x)~2,x) J
Output‘ (a*xe™2¥x73)/3 + a*d"2*x - (b*d"2*log(c™2*x"2 + 1))/(2xc) + (b*e~2+log(c~2*

X"2 + 1))/(6%c™3) - (bxe"2%x72)/(B%c) + akdxexx"2 + bkd 2%x*atan(c*x) + (b |
‘*e“2*x”3*atan(c*x))/3 - (bxd*e*x)/c + (b*d*exatan(c*x))/c”2 + b*d*e*xx 2*at

‘an(c*x)

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.45

/(d + ex)?(a + barctan(cz)) dz

_ 6atan(cx) bcd*x + 6atan(cx) bcde ? 4 2atan(cx) bPe*x® + 6atan(cx) bede — 3log(c®x? + 1) b*d? +
B 6¢c3

nput | 10t ((exx+d) ~2+ (a+bratan (cxx)) ,x) |

output‘ (6*atan (ckx) *b*ck*x3kd**2%x + 6xatan(c*x)*xbkck*3*dxe*xx**2 + 2¥atan(c*x)*bkc \
‘**3*e**2*x**3 + 6*atan(c*x)*bkckdxe — 3*xLog(ck*2*x**2 + 1)*bkck*2kd**2 + 1
\og(c**z*x**z + 1)*bke*x*2 + Gkakc *3kdk*2*xx + Gkakckk3kdkexx**x2 + 2kakck*3*

‘e**2*x**3 — B*bkc**2*xd*e*xx — bkck*x2ke*x*x2xx*%*2)/(6*xc*x*3)




output

input
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3.4 [(d+ ex)(a + barctan(cz)) dz

Optimal result . . . . . . . . . . . . e 62]
Mathematica [A] (verified) . . . . . . . . . ... o 62
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 64
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 65
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 65
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 661
Giac [A] (verification not implemented) . . . . . . ... ... ... 66
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 67
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 67

Optimal result

Integrand size = 14, antiderivative size = 76

bex 2

b(d2 — é) arctan(cr)

/(d + ex)(a + barctan(cz)) dx = o o

N (d +ex)*(a + barctan(cr))  bdlog (1 + c*z?)

2e

2c

‘—1/2*b*e*x/c—1/2*b*(d“2—e“2/c‘2)*arctan(c*x)/e+1/2*(e*x+d)‘2*(a+b*arctan(c

‘*x))/e—1/2*b*d*ln(c‘2*x‘2+1)/c

N

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.01

bex 1
/(d + ex)(a + barctan(cz)) dx = adx — 5o + aet + 50

be arctan(cx)

+ bdx arctan(cz)

bdlog (1 + *z?)

1
+ §bex2 arctan(cz) — 5

.
Integrate[(d + exx)*(a + bxArcTan[c*x]),x]

J
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output‘a*d*x - (bxe*x)/(2xc) + (axexx~2)/2 + (bxexArcTan[c*x])/(2%c~2) + bxd*x*Ar

LcTan[c*x] + (bxexx~2*ArcTan[c*x])/2 - (bxdxLogl[l + c~2*x~2])/(2xc) J
Rubi [A] (verified)
Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.01,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 4 914 Ryjes
integrand size
used = {5387, 478, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/(d + ex)(a + barctan(cz)) dx
| 5387
2 (d+ex)?
(d+ ex)*(a + barctan(cz)) be [ Gozyrde
2e 2e
| 478
e? d?c?4-2dexc? —e?
(d + ex)?(a + barctan(cz)) B be | (?2 T @t ) dz
2e 2e
| 2009
arctan(cz)(cd—e)(cd+e delog(c?z2+1 e2x
(d + ex)?(a + barctan(cz)) B bc( ( )(03 Aedrd) 4 g(c2 ) + 7)
2e 2e
inputLInt[(d + exx)*(a + b*ArcTan[c*x]),x] J
output ‘ ((d + exx)~"2x(a + b*ArcTan[c*x]))/(2%e) - (b*c*x((e"2*x)/c”2 + ((cxd - e)*(

cxd + e)*ArcTan[c*x])/c~3 + (dxexLogl[l + c~2%x~2])/c~2))/(2*e)

N J
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Defintions of rubi rules used

rule 478‘Int[((c_) + (d_)*(x )" )/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand ‘
‘Integrand[(c + d*x)"n/(a + bxx~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
\ [n, 1] ‘

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule5387‘1nt[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((d_ ) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c™2%x72), x], x] /; FreeQ[{a, b \
, €, d, e, q}, x] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.91

method result
barct 2 bd1n(c?z241 t b
parts a(fex? +dz) + P pasctan (cz) dp — MR by excanete
parallelrisch - arctan(cz)bc?e x?—a ce 2 —2db arctan(at)a;c;—Qa c2dz+bedIn (c2w2+1) +bcex—arctan(cz)be
" 2 2 dcln c2m2+1 t

a(c2dm+%c2e 1:2) b<amtan(cz)d 62z+%—%— ( 2 )+earc ;n(cz)

derivativedivides € c ‘
2 2

(Parigrers) (omemctos mmiepedtst g 2en(e ) covgpten
default . c ‘
risch _ ib(e ac2+2dz) In(icz+1) + ibe 22 lnEl—ica:+1) + ibdx ln(2—i0z+1) + ae2z2 + adzr — bdln(gﬂ _ bez

c 2c
input Lint ((exx+d)* (at+b*arctan(c*x)) ,x,method=_RETURNVERBOSE) J

‘a*(1/2*e*x“2+d*x)+1/2*b*arctan(c*x)*x“2*e+b*arctan(c*x)*d*x—1/2*b*d*1n(c”2

output
‘*x“2+1)/c-1/2*b*e*x/c+1/2/c”2*arctan(c*x)*b*e
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

/(d + ex)(a + barctan(cz)) dx

_ac’ex? — bedlog (*x? + 1) + (2ac’d — bee)x + (bcPex® + 2 bc*dx + be) arctan (cx)
B 2¢?

input ‘ integrate((e*x+d)*(atb*arctan(c*x)),x, algorithm="fricas")

‘1/2*(a*c“2*e*x”2 - bxc*d*log(c™2%x"2 + 1) + (2xa*xc”™2*d - b*c*e)*x + (b*c~2 \

output
‘*e*x"2 + 2%bxc~2xd*x + b*e)*arctan(c*x))/c”2 ‘

Sympy [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.14

/(d + ex)(a + barctan(cz)) dx

bd1 2+4
adzr + % + bdz atan (cz) + bea? at;‘n (cz) _ 2778 (:c ) _ ey be at;cg(_cz) forc#0

a (dm + %) otherwise

input Lintegrate ((exx+d) * (a+b*atan(c*x)) ,x) J

Output‘Piecewise((a*d*x + akexx**2/2 + bxdkx*atan(c*x) + b*exx¥x2*atan(c*x)/2 - b ‘
 *dxlog(xx*2 + cxx(-2))/(2%c) - bxekx/(2%c) + brexatan(cxx)/(2xcx*2), Ne(c, |
| 0)), (ax(d*x + e¥xk*2/2), True)) |
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.93

/(d + ex)(a + barctan(cz)) dx = % aex’
1/, x  arctan (cx)
+ 2 (J: arctan (cz) — c(; - c—3>)be
(2 cx arctan (cx) — log (c?x? + 1))bd
2c

+ adz +

input‘integrate((e*x+d)*(a+b*arctan(c*x)),x, algorithm="maxima")

Output‘ 1/2xa*xe*xx™2 + 1/2x(x"2*arctan(c*x) - c*(x/c”2 - arctan(cxx)/c"3))*b*e + a* ‘
‘d*x + 1/2x(2*c*x*arctan(c*x) - log(c™2*x"2 + 1))#*bxd/c

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.12

/(d + ex)(a + barctan(cz)) dx

_ bc*ex? arctan (cz) + ac’ex® + 2 bc*dx arctan (cx) + 2 ac®dx — whesgn(c) sgn(z) — beex — bed log (c*2? 4
B 2¢?

inputLintegrate((e*X+d)*(a+b*arctan(c*x)),x, algorithm="giac")

output‘1/2*(b*c‘2*e*x”2*arctan(c*x) + axc”2%e*x"2 + 2xbxc 2xd*x*arctan(c*x) + 2*a
‘*c‘2*d*x - pixb*exsgn(c)*sgn(x) - bxckexx - b*cxd*log(c™2*x”2 + 1) + b*exa
‘rctan(c*x))/C“Q ‘
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Mupad [B] (verification not implemented)

Time = 0.68 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

2 b
aes + bdzatan(cx) — %

/(d + ex)(a + barctan(cz)) dx = adz +
beatan(cz) bez’atan(cz) bdln(c*z®+1)
2¢? 2 2c

input Lint((a + b*atan(c*x))*(d + e*x),x) J

t‘a*d*x + (axe*x72)/2 + bkxd*x*atan(c*x) - (b*e*x)/(2*c) + (b*exatan(c*x))/(2

outpu
‘*c‘2) + (b*exx~2xatan(c*x))/2 - (b*dxlog(c~2*x~2 + 1))/(2%c)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00

/(d + ex)(a + barctan(cz)) dz

_ 2atan(cz) bctdz + atan(cz) bclex? 4 atan(cx) be — log(c®z? 4 1) bed 4 2a ?dx + a Pex® — beex
B 2c?

input tint((e*x+d)*(a+b*atan(c*x)) ,X) J

p
\(2*atan(c*x)*b*c**2*d*x + atan(c*x)*bkc**2*xe*x**2 + atan(ckxx)*bxe - log(ck

N
output ‘
L*Q*x**2 + 1)*bxckd + 2*akxcx*2kd*xx + akckx*2kexx**x2 — bxckexx)/(2%c**2) J
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35 f a+barctan(cx) dx

d+ex
Optimal result . . . . . . . . . . . . . e 68
Mathematica [A] (verified) . . . . . . . . . ... 68
Rubi [A] (verified) . . . . . . . . . . 69
Maple [A] (verified) . . . . . . . . ... [Tl
Fricas [F] . . . . . . . o [71]
Sympy [F] . . o e 72
Maxima [F] . . . . . . 72
Giac [F] . . . o o o 72
Mupad [F(-1)] . . .« 73]
Reduce [F] . . . . . . [73l

Optimal result

Integrand size = 16, antiderivative size = 138

/ a + barctan(cz) p (a + barctan(cz))log (=)
T =—
d+ex e
c(d+ex
. (a + barctan(cz)) log <m>
e
. : 2c(d+ex)
N ib PolyLog (2, 1-— —1_22.“) B ib PolyLog (2’ 1- (cd+ie)(1—icz)>
2e 2e

output ‘ (atbxarctan(c*x))*1n(2/(1-I*c*x))/e+(a+b*arctan(c*x))*1n(2*c* (exx+d)/(cxd ‘
+Ixe)/(1-Ixc¥x))/e+1/2%Ixbxpolylog(2,1-2/ (1-I*c*x))/e-1/2%I*b*polylog(2,1- |
2xck (exx+d)/ (ckd+T*e) / (1-Tc*x)) /e

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00

/ a + barctan(cz) i
d+ex
2a, log(d + ex) + iblog(1 — icz) log (C(d+e:)) iblog(1 + icz) log (C(Cﬁem)> + ib PolyLog (2, e(lt;f:)) —

2e
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input‘ Integrate[(a + b*ArcTan[c*x])/(d + e*x),x] ‘

t‘ (2*axLog[d + e*x] + I*bxLogl[l - Ixc*x]*Logl[(cx(d + exx))/(cxd - I*e)] - Ix ‘
‘bLog[1 + Ixckx]*Logl(cx(d + exx))/(cxd + Ixe)] + I¥bxPolyLogl[2, (ex(1 - I
L*c*x))/(I*c*d + e)] - I*xb*PolyLogl[2, -((e*(-I + c*x))/(cxd + I*e))])/(2xe) J

outpu

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules

number of steps used = 5, number of rules used = 4, integrand size

used = {5381, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctan(cz) dx

d+ex
| 5381
1 2c}(d+s:c)' 1 2 d
ey IS gy ey ) de (ot barctan(en)tos (2t )
e e e
log (1_2iw) (a + barctan(czx))
e
| 2849
log % 1 log( l_icx ) 1 2¢(d+ex)
_bcf (( ;i;rxz)jrll ))da: s ib [ i di= . (a + barctan(cz)) log (W) -
e e e
log (1_21@) (a + barctan(cz))
€
| 2752
1 2c_(d+ez)_ 2e(d
) be f og((c;‘:;)-i(_ll—wz)) dz N (a + barctan(ca:)) log ((1_;(1)—2_:;_3_1'6)) _
€ €
log (1_22.“) (a + barctan(cz)) ibPolyLog (2, 1- ﬁ)

e + 2e



input

output

rule 2752

rule 2849

rule 2897

rule 5381
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l?&ﬁ

(a + barctan(cz)) log (%) log (ﬁ) (a + barctan(cz))

e e
: 2c(d+ : 2
ibPolyLog (2, 1- %) N ib PolyLog (2, 1- Tm)

2e 2e

LInt[(a + b*ArcTan[c*x])/(d + e*x),x]

(-(((a + bxArcTan[c*x])*Log[2/(1 - I*c*x)])/e) + ((a + bxArcTan[c*x])*Logl[(
\2*c*(d + exx))/((c*xd + I*xe)*(1 - Ixcxx))])/e + ((I/2)*b*PolyLogl[2, 1 - 2/(
‘1 - I*xc*x)])/e - ((I/2)*b*PolyLogl[2, 1 - (2*cx(d + e*x))/((c*d + I*e)*(1 -
Ixc*x))])/e

N\

\‘

J

Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*xx], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cxd, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2*g, 0]

Int[Loglu_]*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq~m*((1 - u)/
D[u, x])]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si
mp[(-(a + b*ArcTan[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*ArcTan[
c*x])*(Log[2*c*((d + e*xx)/((c*d + Ixe)*(1 - Ixc*x)))]/e), x] + Simp[b*x(c/e)

Int[Log[2/(1 - Ixc*x)]/(1 + c™2*x72), x], x] - Simp[b*(c/e)  Int[Log[2*
ck((d + e*xx)/((cxd + I*xe)*(1 - I*kc*x)))]/(1 + c™2%x72), x], x]) /; FreeQ[{a

, b, c, d, e}, x] && NeQ[c~2*xd"2 + e~2, 0]
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Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.13

method result
, ( cln(cea-+od) arctan(ez) __ <_ iln(cea+cd) (n( —Ccsgﬁeie )—ln( coztic ) ~ i(dﬂog(%z—dﬂog( ez,
parts aln((lw—i-d) + y
ST e ———IEE S RO RiC S
derivativedivides -
ST S ———_EE Tt ROt RiC S
default -
) ibdilog( =iettiiertllese ) jpin(—ico1) (= GIetene ) L g t)ete)  bdilog(
risch 5% + 3% + A — ‘
input Lint ((a+b*arctan(c*x))/(e*xx+d) ,x,method= RETURNVERBOSE) J
output ‘ a*1ln(exx+d) /e+b/c* (c*1n(cxexx+c*d) /exarctan(c*x)—c* (-1/2*%I*1n (cke*x+cxd) * ( ‘
'1n((I*e-cxe*x)/(cxd+I*e))-1n((I*e+crexx)/(Ixe-c*d)))/e-1/2%I*(dilog((I*e-c |
*exx)/ (ckd+T*e))-dilog((Txe+crerx)/ (Ixe-c*d)))/e)) |
Fricas [F]
a + barctan(cz) barctan (cz) + a
dr = dx
d+ex ex+d
input Lintegrate ((at+bxarctan(c*x))/(e*x+d) ,x, algorithm="fricas") J
output Lintegral( (b*arctan(c*x) + a)/(exx + d), x) J
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Sympy [F]

/ a + barctan(cx) dp — / a + batan (cx) i
d+ex d+ex

inputtintegrate((a+b*atan(c*x))/(e*x+d),x)

output LIntegral((a + b*atan(c*x))/(d + e*x), x)

Maxima [F]

/ a + barctan(cz) dr — / barctan (cz) + a i
d+ezx ex+d

inputLintegrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="maxima")

OutputL2*b*integrate(1/2*arctan(c*x)/(e*x +d), x) + axlog(e*x + d)/e

Giac [F]

dz

/ a + barctan(cz) / barctan (cx) + a
dr =
d+ex er+d

inputLintegrate((a+b*arctan(c*x))/(e*x+d),x, algorithm="giac")

output Lintegrate((b*arcta_n(c*x) + a)/(e*x + d), x)
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Mupad [F(-1)]

Timed out.

a + barctan(cx) a + batan(cx)
dr = dz
d+ex d+ex

inputtint((a + bratan(c*x))/(d + e*x),x)

outputtim"((a + bxatan(c*x))/(d + e*x), x)

Reduce [F]

(f t—id’dw) be +log(ex +d) a

/ a + barctan(cz) do —
d+ex e

input Lint ((atb*atan(c*x))/ (e*xx+d) ,x)

outputt(int(atan(c*x)/(d + e*x) ,x)*b¥e + log(d + exx)*a)/e
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3.6 f a+b arctan2(cx) dx
(d+ex)

Optimal result . . . . . . . . .. . .. [74
Mathematica [A] (verified) . . . . . . . . ... .. L re!
Rubi [A] (verified) . . . . . . .. . . 75
Maple [A] (verified) . . . . . . . . ... rdrd
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 7
Sympy [C] (verification not implemented) . . . .. ... ... ... .. ..... 78
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 79
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... R0
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 8Tl
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... &1

Optimal result

Integrand size = 16, antiderivative size = 98

/ a + barctan(cz) dp — bcd arctan(cx) _ a+barctan(cz)

(d+ ex)? TS (c2d? + €2?)

belog(d +ex)  belog (1 + c*z?)

e(d+ ex)

c2d? + e?

2(c2d? +€?)

output

‘b*c“2*d*arctan(c*x)/e/(c‘2*d‘2+e‘2)—(a+b*arctan(c*x))/e/(e*x+d)+b*c*ln(e*x
‘ +d)/(c™2*xd"2+e"2) -b*c*x1n(c"2*x"2+1) / (2%c~2*%d"2+2*%e"2)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.13

dz

/ a + barctan(cx)
(d + ex)?

__a+barctan(cz) n bc((@d—e) log(l— —c2w> — (md—m) 10g(1+ —02:0) +2e log(d+ez)>

d+ex

2(c2d2+e?)

e

inputt

Integrate[(a + bxArcTan[c*x])/(d + e*x)~2,x]
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‘ (-((a + b*ArcTan[c*x])/(d + e*x)) + (b*cx((Sqrt[-c~2]*d - e)*Logl[l - Sqrt[
‘-c"2] *x] - (Sqrt[-c”2]*d + e)*Log[l + Sqrt[-c~2]*x] + 2*xexLogld + exx]))/(
(2%(c"2%d™2 + e72)))/e

output

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.96,

number of rules _ 0.312, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {5387, 479, 452, 216, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctan(cx) dx

(d+ ex)?
l 5387
be | mda: _a+barctan(cz)
2 e(d + ex)
l 479
2 cg;Zez dx elog(d+ex)
bc< 02d2+221 t T eme _a+ barctan(cr)
e e(d+ ex)
l 452

2 1
bc C (df 02$2+1dx_ef c2zm2+1dw> + elog(d-l—em)
a2 222

) _a+ barctan(cz)
e e(d + ex)

l 216

2 (darctan(cz) z
be <C ( c el c212+1dm) + elog(d+ex)

2d2+e2 2d2te2

) _ a+ barctan(cz)
e e(d + ex)

l 240




CHAPTER 3. LISTING OF INTEGRALS 76

2.2
2 <darctan(cw) EIOg(C x +1))
¢ - 2
c 2c
be +

2d2+e2

elog(d+ex)
2d2+e?

_ a+ barctan(cz)
e e(d+ ex)

input‘ Int[(a + bxArcTan[c*x])/(d + e*x)"2,x] ‘

~((a + bArcTan[cxx])/(ex(d + e*x))) + (bkck((exLogld + exx])/(c™2+d"2 + e

output
"2) + (c™2x((d*ArcTan[c*x])/c - (exLogll + c™2%x~2]1)/(2%c™2)))/(c™2*d™2 +
‘e‘Z)))/e ‘
Defintions of rubi rules used

rule 216 Int[(@) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A

rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

/Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
~2, x11/(2%b), x] /; FreeQ[{a, b}, x]

rule 240

Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simpl[c Int[1/
(a + b*x~2), x], x] + Simp[d Int[x/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c™2 + a*d~2, 0]

rule 452

Int[1/(((c ) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)), x_Symbol] :> Simp[d*(Log
[RemoveContent [c + d*x, x]]1/(b*c”™2 + a*d~2)), x] + Simp[b/(b*c™2 + a*d~2)
Int[(c - d*x)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x]

rule 479

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symboll]

:> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
c/(ex(q + 1))) Int[(d + e*xx)"(q + 1)/(1 + c"2%x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, qF, x] & NeQ[q, -1]

N J

rule 5387
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.12

method result
eln(c212+l)
&2 (e In(cex+cd) T R +dcarctan(cz) )
) 2d2+e2 2212
c“ arctan(cx
bl = (cez+cd()e)+ e
a
parts ~leatde T c
eln(cza:2+1)
5 . e 1n2(c;1:+;d) L= ﬁide +d2c arctan(cz)
_m+bc2 _(cea:+f(;d)2+ edtte e € e
derivativedivides -
elin C21E2
9 eln2(c;a:+gd) +—41 ( 5 le—+d2carctan(cz)
— gy the? [ —ptenle) y cfdtse e
default -
. —2bctdarctan(cz)ze+In(c2z2+1)zb c3e2—2 In(ex+d)xb c3e?+1In(c222+1) b c3de—2 In(ex+d)b c3de+2a c*d?+2¢2
parallelrisch — et Ee (BT
isch ibln(icz+1) —ibc2d? In(—icz+1)—ibe? In(—icx+1)+2 In(—ezx—d)bc e2z+2 In(—ex—d)bede—2a c2d? —2e2a—In ( (
IS¢ 2e(ex+d) +
input Lint ((atb*arctan(c*x))/(e*x+d) ~2,x,method=_RETURNVERBOSE) J
output ‘ -a/ (e*x+d) /e+b/c*x (-c~2/ (ckexx+c*d) /exarctan(cxx)+c~2/ex(e/(c™2*d"2+e"2) *1n \
‘ (cxe*x+cxd)+1/(c™2+%d"2+e"2) x (-1/2*xe*1n(c~2*x~2+1) +d*c*arctan(c*x)))) ‘
Fricas [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.18
a + barctan(cz)
> dz =
(d+ex)
2ac?d? + 2 ae* — 2 (bcldex — be?) arctan (cx) + (beex + bede) log (2x? + 1) — 2 (bee?x + bede) log (e
2 (c2d®e + de? + (c2d?e? + e*)x)
( N
input tintegrate ((atb*arctan(c*x))/(exx+d)~2,x, algorithm="fricas") J
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‘-1/2*(2*a*c“2*d"2 + 2xa*xe”2 - 2% (bxc~2%d*e*x - bxe~2)*arctan(c*x) + (b¥cxe \
|"2%x + b¥cxdke)*log(c 2¥x™2 + 1) - 2 (bxcke™2%x + bxcxdre)*log(exx + d))/( |
\c*z*d*s*e + d*e”~3 + (c"2%d"2%e"2 + e~4)*x) \

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.94 (sec) , antiderivative size = 658, normalized size of antiderivative = 6.71

a + barctan(cz)
> dz
(d+ ex)
az
az
blog <22+C%)
az+br atan (cx)— ——5—*
a2
—__a_
det+e?z
- . 2ad ibd atanh (<% ) + ibd __ ibex atanh (<)
2d?e+2de’x 2d?e+2de’z 2d?e+2de’z 2d?e+2de’z
. 2ad __ ibdatanh (£2) . ibd + ibex atanh (£%)
2d2e+2de?x 2d2e+2de?z 2d?e+2de?x 2d2e+2de?x
2, 1
_ 2ac%d? _ 2ae? + 2bc?dex atan (cx) . bede log (95 + ?)
\  2c2d3e+2c?d?e?z+2ded+2ex 2c2d3e+2c?d?e?z+2de3+2etx 2c2d3e+2c2d?e?z+2de3+2etx 2c2d3e+2c2d?e?s+2de3+2e:

inputLintegrate((a+b*atan(c*x))/(e*x+d)**2,x) J
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Piecewise((a*x/d**2, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - b*log(x
**2 + c*x(-2))/(2*c))/d*x*2, Eq(e, 0)), (-a/(d*e + e*x2xx), Eq(c, 0)), (-2%
a*xd/ (2*%d*x*2*e + 2kd*ex*x2*x) + I*bxd*atanh(e*x/d)/(2*d**2%e + 2kd*ex*2*x) +
Ixb*d/ (2xd**2xe + 2xd*e**2xx) - Ixbkexx*atanh(exx/d)/(2*d**2*e + 2kd*ex*2
xx), Eq(c, -I*xe/d)), (-2*axd/(2*d**2*e + 2*kd*e**2*x) - Ixb*d*atanh(e*x/d)/
(2xd**2xe + 2xdke**2xx) — Ixbkd/(2xd**2xe + 2xd*e**2xx) + Ixbke*x*atanh(ex*
x/d)/ (2xd**2%e + 2*d*e**2xx), Eq(c, Ixe/d)), (—2kakxck*x2xd**2/(2*c**kd**3*
e + 2kckk2kdk*kke*kk2kxx + 2kdkex*k3 + kekkdxx) — 22kake*x*2/(2kck*2kd**3ke +
kCkA2kA¥Kke**¥2%X + 2%d*ke**3 + 2kex*4*x) + 2xbxcx*2kd*kexx*katan(c*x)/(2%c*
*kkdkkIke + 2kCHA2kAk*¥2kex*¥2%X + kdke**3 + 2xex*4xx) - brckdrexlog(xk*2 +
ck*(=2)) / (2*c*k*2kd*x*x3kxe + kck*xkd**kex*x2xx + kdkexx3 + kexxdxx) + 2%b
xckxd*exlog(d/e + x)/(2kck*2kd**3ke + 2kCk*kdk*kek*2kx + 2%d*ke*x*3 + 2xexx
4%x) - bkcxexx2*xxlog(x**2 + c**(-2))/(2kck*2*xd**3ke + 2kck*2kd**2kex*2*x
+ 2kdxe**3 + 2kexx4d*x) + 2¥bxckex*2xx*log(d/e + x)/(2xc**2kd**3*e + 2kc**2
*kdkk2kek*k2kx + 2kdke*x*3 + kekkdkx) — 2kbkekx2xatan(ckx)/(2*xck*2xd**x3ke +
2kck*2kd*k*kQkek*k2kx + kdke*x*3 + 2kexx4xx), True))

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.09

/ a + barctan(cz) s
(d+ ex)?
_ 1 ((2cdarctan (cx) log(c*a®+1) 2log(ex+d)\ 2 arctan(cz) 5
2 c2d%e + 3 c2d? + e? c2d? + e? ez + de
a
ez +de

input‘integrate((a+b*arctan(c*x))/(e*x+d)”2,x, algorithm="maxima")

t‘1/2*((2*c*d*arctan(c*x)/(c"2*d"2*e + e73) - log(c™2*x"2 + 1)/(c”™2*d"2 + e~
‘2) + 2xlog(exx + d)/(c”2%d"2 + e72))*c - 2%arctan(c*x)/(e"2*%x + d*e))*b -
’a/(e‘2*x + dxe)

outpu




-

inputt
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1152 vs. 2(96) = 192.

Time = 0.32 (sec) , antiderivative size = 1152, normalized size of antiderivative = 11.76

/ a + barctan(cz)

(d+ex)? dz = Too large to display

integrate((atb*arctan(c*x))/(e*x+d)~2,x, algorithm="giac")

output

1/2%(c"3*d*log(4*(c"2*xd"2*tan(1/2*arctan(-(exx + d)*(c - c*d/(exx + d))/e)
)~4 - 2%c~2%d"2*tan(1/2*arctan(-(exx + d)*(c - cxd/(e*x + d))/e)) "2 + 4*cx
dxextan(1/2*arctan(-(e*x + d)*(c - c*d/(exx + d))/e)) "3 + c™2%d"2 - 4xcxd*
extan(1/2*arctan(-(e*x + d)*(c - c*d/(exx + d))/e)) + 4xe”2xtan(1/2*arctan
(-(exx + d)*(c - cxd/(e*xx + d))/e))~2)/(tan(1/2*arctan(-(e*x + d)*(c - c*d
/(exx + d))/e))"4 + 2xtan(1/2*arctan(-(e*x + d)*(c - c*d/(exx + d))/e))"2
+ 1))*tan(1/2*arctan(-(exx + d)*(c - c*d/(e*x + d))/e)) "2 - 4*c~3*d*arctan
(-(exx + d)*(c - c*d/(e*x + d))/e)*tan(1/2*arctan(-(e*x + d)*(c - c*d/(e*xx
+ d))/e)) + 2xc"2xexarctan(-(e*xx + d)*(c - c*d/(exx + d))/e)*tan(1/2*arct
an(-(e*xx + d)*(c - c*d/(exx + d))/e))”"2 - c~3*d*xlog(4*(c~2*d"2*tan(1/2*arc
tan(-(e*xx + d)*(c - cxd/(e*x + d))/e)) "4 - 2*c~2*d"2*tan(1/2*arctan(-(e*x
+ d)*(c - cxd/(exx + d))/e)) "2 + 4xcxd*extan(l/2*arctan(-(e*x + d)*(c - cx*
d/(e*xx + d))/e))"3 + c"2xd"2 - 4xcxd*extan(1/2*arctan(-(exx + d)*(c - c*xd/
(exx + d))/e)) + 4xe~2xtan(1/2*arctan(-(exx + d)*(c - cxd/(e*x + d))/e))"2
)/ (tan(1/2*arctan(-(e*x + d)*(c - c*d/(e*x + d))/e))~4 + 2xtan(1/2*arctan(
-(exx + d)*(c - c*xd/(exx + d))/e))"2 + 1)) + 2*c"2xexlog(4*(c~2xd"2*tan(1/
2%arctan(-(exx + d)*(c - c*d/(e*x + d))/e)) "4 - 2xc~2*d"2*tan(1/2*arctan(-
(exx + d)*(c - c*d/(exx + d))/e))"2 + 4xcxdxextan(1l/2*%arctan(-(e*xx + d)*(c
- c*d/(exx + d))/e)) "3 + c"2%d"2 - 4*cxd*extan(1/2*arctan(-(e*x + d)*(c -
cxd/(exx + d))/e)) + 4*e~2xtan(1/2*arctan(-(e*x + d)*(c - c*d/(e*x + d...

~—
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Mupad [B] (verification not implemented)

Time = 4.10 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.14

/ a + barctan(cz) i

(d+ ex)?
@2 (bcln(d+ex —M+ac2z+bc2xatan cz)) —de (batan(cz) — bez In (d + ex) + 2
2
- d(2d®+e?) (d+ex)

input Lint((a + b*atan(c*x))/(d + e*x)~2,x) J

t‘(d"Z*(b*c*log(d + exx) - (bxc*log(c™2#x"2 + 1))/2 + a*c™2%x + b*c~2*x*atan
| (c*x)) - dxex(bxatan(c*x) - bxckx*log(d + exx) + (bxckxxlog(c™2¥x™2 + 1))/ |
Lz) + axe™2%x)/(dx(e”2 + c"2%d"2)*(d + exx)) J

outpu

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.38

a + barctan(cz)
/ (d+ ex)?
_ 2atan(cz) bEd*x — 2atan(cz) bde — log(c?z? + 1) bed? — log(c*x? + 1) bedex + 2log(ex + d) bed? + 21
B 2d (2d2?ex + c2d3 + e3x + d e?)

input int((a+bratan(cxx))/ (exx+d)"2,%)

‘(2*atan(c*x)*b*c**2*d**2*x - 2xatan(c#*x)*b*dke - log(cx*2kx**2 + 1)*bxc*d* \
(%2 - log(cx¥2*x#*2 + 1)xbxckdresx + 2xlog(d + exx)*bxckds*2 + 2xlog(d + ex |
‘x)*b*c*d*e*x + 2kakxckk2kd*x*2*xx + 2kaxex*2xx)/(2*d* (cx*2xd*x*3 + c**x2kd**2*e

‘*x + d*e**x2 + e*x*3%x))

output




CHAPTER 3. LISTING OF INTEGRALS 82

3.7 f a+barctan(cx) dx

(d+ex)?
Optimal result . . . . . . . . .. . .. 82
Mathematica [A] (verified) . . . . . . . . ... .. L ’2
Rubi [A] (verified) . . . . . . .. . . ]R3
Maple [A] (verified) . . . . . . . . ... 85I
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ..... ]5)
Sympy [C] (verification not implemented) . . . .. ... ... ... .. ..... 36
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... BT
Giac [C] (verification not implemented) . . . . . . .. ... ... ... ]Y
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 89
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 90

Optimal result

Integrand size = 16, antiderivative size = 146

a + barctan(cz) be bc*(cd — e)(cd + €) arctan(cz)
/ (d+ex)3 TTT (d? + €?) (d + ex) + %e (2d? + e2)?
a+ barctan(cx) bcddlog(d +ex) bcddlog (1 + c?z?)
"~ 2e(d + ex)? (d? + €2)° 2 (c2d? + e2)?

‘ -1/2%b*c/ (c~2*%d"2+e"2) / (e*xx+d)+1/2*b*c~ 2% (c*d-e) * (c*d+e) *arctan(c*x) /e/(c” ‘

output
‘ 2xd"2+e”2) "2-1/2* (a+b*arctan(c*x) ) /e/ (e*xx+d) “2+b*c”3*d*1n (e*xx+d) / (c™2*d "2+ ‘
€72) "2-1/2%b*c~3*d*1n(c"2*x"2+1) /(c"2*d"2+e"2) "2
Mathematica [A] (verified)
Time = 0.21 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.32
/ a+ barctan(cx) ,
(d+ ex)? B
be(d+ex) ( 2e(c?d?+e?)— ( c2d( vV —c2d—2e ) —v/—c%e? ) (d+ex) log( 1—vV—c2z ) — ( V—c2e2 —c?d( vV —c2d+2
- 2(a + barctan(cz)) + ( (4( ) ) ( (6212 +(e2)2 (
de(d + ex)?
input LIntegrate [(a + bxArcTan[c*x])/(d + e*x)"3,x] J




output
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-1/4%(2x(a + b*ArcTan[c*x]) + (bxcx(d + e*x)*(2xex(c™2*xd"2 + e72) - (c™2xd
*(Sqrt[-c"2]*d - 2xe) - Sqrt[-c~2]*e"2)*(d + e*x)*Log[l - Sqrt[-c~2]*x] -
(Sqgrt[-c~2]*e”2 - c~2xd*(Sqrt[-c~2]*d + 2xe))*(d + exx)*Log[l + Sqrt[-c~2]
*xx] - 4xc”2xd*ex(d + exx)*Logld + e*x]))/(c™2xd"2 + e72)72)/(ex(d + e*x)"2
)

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.08,
number of rules _
integrand size 0.250, Rules

number of steps used = 4, number of rules used = 4,
used = {5387, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barctan(cz)
(d+ ex)3
| 5387
be | (d+ex)2%czx2+1)dw _ a+ barctan(cz)
2e 2e(d + ex)?
| 480
d—ex
bc 02 f (d+ex) (czz2+1) dz . e
c2d2+e2? (2d%+e?)(d+ex) L a + barctan(cz)
2e 2e(d + ex)?
| 657
&2 2.2 _odexc?—e?
02 f < (c2d2f:2) (d+ex) + (cd2d2+622d) (c2z2+1) >dm e
be c2d?+e? T (c2d?+e?)(d+ex)
_ a+barctan(cz)
2e 2e(d + ex)?
| 2009

2,2
c2 arctan(cz)(cd—e)(cd+e)_d"‘lOg(c z +1> 2de log(d+ex)
b C(C2d2+e2) c2d24e2 c2d2+e2
C

c2d?+e2 - (52d2+e§)(d+ea})
a + barctan(cz)
2e 2e(d + ex)?
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input ‘ Int[(a + bxArcTan[c*x])/(d + e*x)~3,x]

‘—1/2*(a + bxArcTan[c*x])/(ex(d + e*x)"2) + (bxc*x(-(e/((c™2*xd"2 + e~2)*(d +
‘ e*xx))) + (c™2*x(((cxd - e)*(c*d + e)*ArcTan[c*x])/(c*x(c™2*d"2 + e72)) + (2
‘*d*e*Log[d + exx])/(c™2*d"2 + e72) - (d*exLog[l + c™2*x72])/(c"2*d"2 + e72
))/(c™24d™2 + €72)))/ (2%e)

output

Defintions of rubi rules used

rule 480‘Int[((c_) + (d_)*(x))"@)/((a) + (b_.)*(x_)"2), x_Symbol] :> Simp[d*((c
\ + d*x)"(n + 1)/((n + 1)*(b*c™2 + a*d”2))), x] + Simp[b/(b*c™2 + a*d~2) I
ntl(c + d*x)"(n + 1)*((c - d*x)/(a + b*x"2)), x], x] /; FreeQ[{a, b, c, d},
\ x] && ILtQ[n, -1]

rule 657 TRELCCE_) + (e_)*(x))~@m_)*((£_.) + (gL )*x))"(@_.))/((a)) + (c_.)*(
‘x_)‘2), x_Symbol] :> Int[ExpandIntegrand[(d + exx) mx((f + g*x)~n/(a + c*x~
L2)), x], x] /; FreeQ[{a, c, d, e, f, g, m}, x] & IntegersQ[n]

~

rule 2009“111: [u_, x_Symboll :> Simp[IntSum[u, x1, x] /; SumQ[u]

rule5387‘lnt[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*(
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c~2*x"2), x], x] /; FreeQ[{a, b
, c, d, e, qF, x] && NeQlq, -1]
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.05

method result
3 _ e 2edcIn(cea+cd) | —cdeln (C2z2+1)+(c2d2_52) arctan(ca
3 arctan(cz) (Czd2+52)(cez+6d) (c2d2+e2)2 (c2d2+e2)2
bl = 2(cez+cd)26 + 2e
a
parts 2(ex+d)?e + c
_ e 2edcIn(cez+cd) —cdeln (0222+1)+(02d2_32) arctan(cz)
acd be3 arctan(cz) (C2d2+e2)(cez+6d) (c2d2+e2)2 (02d2+e2)2
T 2eerted)Ze T0C | T 2(centod)?e 2
derivativedivides -
_ e 2edc In(cex+cd) —cdeln (62Z2+1)+(62d2762) arctan(cz)
acd be3 arctan(cz) (02d2+€2)(cez+cd) (02d2+52)2 (62d2+e2)2
" 2ceatedZe TOC | T 2(cented)?e %
default _
parallelrisch _ —z2 arctan(cz)b c*d?e+bed €2 +e3a+arctan(cz)b e +2x arctan(cz)b c?d e?+1n (02:1:2 +1) 22bc3de?—2In(ex+d)z2b
risch Expression too large to display

-

tint ((at+b*arctan(c*x))/(e*x+d) ~3,x,method=_RETURNVERBOSE)

e—

input

‘ -1/2%a/ (exx+d) ~2/e+b/cx(-1/2%c~3/ (cxe*xx+cxd) “2/exarctan(c*x)+1/2%c~3/e*(-e ‘
‘ /(c”2%d"2+e"2) / (c*ke*xx+c*d) +2xexd*xc/ (c™2%d"2+e~2) “2x1n (c*ke*x+c*xd)+1/(c~2*xd~ ‘
L2+e‘2)“2*(—c*d*e*ln(c“2*x‘2+1)+(c‘2*d‘2—e‘2)*arctan(c*x) ) J

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 313 vs. 2(138) = 276.

Time = 0.23 (sec) , antiderivative size = 313, normalized size of antiderivative = 2.14

dr =

a + barctan(cz)

/ (d+ex)3
actd* + b3d3e + 2 ac’d?e? + bede® + ae* + (bcPd2e? + beet)x + (3bc?d2e? + be* — (bctd?e? — be’et)x
a 2 (c*dSe + 2 c2d*e3 + d?ed
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input‘integrate((a+b*arctan(c*x))/(e*x+d)”3,x, algorithm="fricas")

-1/2%(a*c™4*d"4 + bxc~3*d"3*e + 2*a*c”2*xd"2*e"2 + bkxckd*e"3 + a*e”4 + (bxc
“3*%d"2*e"2 + bkcke"4)*x + (3*b*c"2xd"2*e”2 + b*e"4 - (b*c"4*d"2*xe"2 - b*c”
2%e"4)*x"2 - 2x(b*c"4*d"3*e - b*c"2*d*e”3)*x)*arctan(c*x) + (b*c 3*xd*e”3*x
“2 + 2*%bxc”3*%d"2*%e"2%x + bxc”3*%d"3*e)*log(c”2*x"2 + 1) - 2k (b*c"3xd*e”3*x"
2 + 2%b*c"3*d"2%e”2%x + b*c"3xd"3%e)*log(exx + d))/(c"4*xd"6*e + 2%c”2xd"4*
e”3 + d"2*e”5 + (c"4*d"4xe”3 + 2xc"2%d"2*e”5 + e 7)*x"2 + 2%(c"4*d"5xe”2 +
2%c™2%d"3%e"4 + d*e”6)*x)

output

N\

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 4.03 (sec) , antiderivative size = 2866, normalized size of antiderivative = 19.63

/ @ + barctan(cz) dx = Too large to display

(d+ex)3

p
input Lintegrate ((atb*atan(c*x) )/ (e*xx+d) **3,x)

| —
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Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - bxlog(x
**2 + c*x(-2))/(2*c))/d**3, Eq(e, 0)), (-a/(2kdx*2kxe + 4kdkex*2xx + 2%e**3
*xx*%2) , Eq(c, 0)), (-4xa*xd**2/(8*d**4xe + 16xd**3kex*2*x + 8kd**2ke*x*Jkx**
2) + 3*xIxbxd*x*2*atanh(e*x/d)/(8*d*x*x4*xe + 16%d**3ke**2*xx + 8Skdk*kek*k3*kx*k*2
) + 2%I*xbkd**2/(8xd*x*4*e + 16*d**3ke**2*x + 8Skd**ke*x*3*x**x2) — 2*kI*bkd*e*
x*atanh (exx/d)/ (8xdx*4*e + 16xAx*3ke**x2xx + 8xd**kkex*3*x**2) + I*b*d*e*x/
(8xd*x*4dxe + 16kdAk*k3ke**2*x + 8kd*x*x2kex*x3*kx*k*k2) — I*bke*x*x2xx*x*x2xatanh(e*xx/d
)/ (8*d**dxe + 16*d*k*3kex*2*x + 8Skd**2ke**k3kx**2), Eq(c, -Ixe/d)), (-4xaxd*
*2/ (8xd*xxd*xe + 16kd*xJke**x2kx + 8xdx*2xex*3*x**2) — 3*Ixbkd**2*atanh(exx/d
)/ (8xd¥*dxe + 16%dx*3ke*x*2*x + Skdr*ke**k3*x**2) - 2xIxbkd**2/ (8kxd**d*e +

16%d**3ke**2*%x + 8Bkdk*x2ke*x*x3kx*k*2) + 2xI[*bkd*exx*atanh(exx/d)/(8*dx*4d*e +

16xd**x3ke**k2*kx + Skd**k2ke*x*x3*kx**2) — Ixbkdke*xx/(8kxd**4*e + 16%d**3ke*x*xx

+ 8kd*x*2ke*x*x3kxx**2) + Ikxbkex*2kxx**x2katanh(e*xx/d)/(8xdx*4*xe + 16*xd**3ke*x*2%
X + 8xd*x*2xexx3*xx*2), Eq(c, I*e/d)), (-axck*dxd*x4/(2kcxx4*d**6xe + 4*ck*
Axd*x*k5kex*2xx + 2kckkhkdkkdkekk3kx*kk2 + Akckkkdkkdkek*k3 + Zkckkkd*kk3kekk
4xx + 4kCk*kd**kQkexk5kxkk2 + kd*x*kke*xk5 + 4LkdkekkBGkx + kekkTkxkk2) — 2k
axck*x2kdkx2ke*xk2/ (2kckkhdkd*x*kBke + 4kckkhdkdx*k5kek*k2kx + kckkdkdkkdkekk3kx*k
*2 + 4kckkkdxk4kex*k3 + 8kCk*kkdx*k3kekkdxx + 4kCkkkdkkkekk5kxkk2 + kdkk
2ke**5 + 4dxdkexk6kx + kex*kTkx**2) — akexkd/(2xckkdxd*k6xe + 4kcxk4dkdx*5ke
*kQkX + kCkkbkdkkLkek*k3kx*k*kD + 4Akck*kkd*kkdke**k3 + 8kckkkdkk3kekkdkx +. ..

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.47

dz =

a + barctan(cz)
/ (d+ex)3
1 ?dlog (>z? + 1) 2c%dlog (ex +d)  (c*d* — c®e?) arctan (cz) 1
_5<(&&+2§ﬂé+@4_&&+2§ﬂé+€f_@%%+2§ﬁ&+ﬁﬂc c2d® + de? + (c?d?e 4
a

 2(e322 + 2de?x + d2e)

input‘integrate((a+b*arctan(c*x))/(e*X+d)”3,x, algorithm="maxima")
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-1/2%((c"2xd*log(c™2*x"2 + 1)/(c™4*d™4 + 2xc™2*%d"2xe"2 + e”4) - 2xc”~2*d*lo
glexx + d)/(c™4*d"4 + 2*c™2xd"2%e"2 + e74) - (c™4*d"2 - c"2*e”"2)*arctan(c*
x)/((c"4*d~4*e + 2xc™2x%d"2*e”3 + e”b)*c) + 1/(c”2*xd"3 + d*e”2 + (c"2xd"2*e
+ e73)*x))*c + arctan(c*x)/(e”3*x"2 + 2*d*e”2xx + d"2%e))*b - 1/2*a/(e”3*
X"2 + 2%d*e”2*x + d"2*e)

output

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 594, normalized size of antiderivative = 4.07

/ a + barctan(cz)
(d+ex)d
_ —ibctd®e’x?log (i cx + 1) + i betd?e?x? log (—icx + 1) — 2i betdPex log (i cx + 1) — 2bcPde®x? log (i cx -

input‘integrate((a+b*arctan(c*x))/(e*x+d)‘3,x, algorithm="giac")

1/4% (~Ixb*c~4*d~2%e"2*x"2%1og(I*cxx + 1) + Ixbxc™4*d~2xe”2*x"2xlog(-I*c*x
+ 1) - 2%I*bxc~4*d"3*exx*log(I*c*x + 1) - 2%b*xc~3*d*e~3*x"2*log(I*c*x + 1)
+ 2xIxbxc~4*d"3*exx*xlog(-I*c*x + 1) - 2%bxc~3xd*e”3*x~2xlog(-I*c*x + 1) +
4xbxc~3*d*e"3*x"2xlog(exx + d) - 2%b*c~4*d”4*arctan(c*x) - I*bkc~4*d~4*lo
g(I*c*x + 1) - 4*b*c~3xd"2%e”2xxxlog(I*cxx + 1) + I*bxc ™ 2%e 4*x"2%log(I*c*
x + 1) + I*b*c™4*d"4*log(-I*c*x + 1) - 4*bkc~3*d"2*e~2*x*log(-I*c*x + 1) -
Ixbxc™2*%e 4*x"2xlog(-I*c*x + 1) + 8xbxc~3*d"2xe"2*x*log(exx + d) - 2%axc”
4xd~4 - 2xbxc”3*d"2xe"2xx - 2xbxc~3*d"3xexlog(I*c*x + 1) + 2%I*b*c~2*d*e”3
*xx*klog(I*xcxx + 1) - 2%bxc~3*d~3%exlog(-I*c*x + 1) - 2xIxb*c~2*d*e”3*x*log(
-Ixc*x + 1) + 4xbxc~3*d"3xexlog(e*x + d) - 2*%b*c"3%d"3*e - 4xbxc~2*d"2xe”2
xarctan(c*x) + Ixbxc~2*%d"2xe"2+log(I*c*x + 1) - Ixb*c~2*d~2xe"2*log(-I*c*x
+ 1) - 4%axc”2+%d"2*e”2 - 2%b*ckxe”4*x — 2¥bxckd*e”3 - 2xbk*e”4xarctan(c*x)
- 2xaxe”4)/(c"4*d"4*xe"3%x"2 + 2%c”4*d"5%e”2*%x + c”4*d"6%e + 2%c"2%d"2%e”"5*
X"2 + 4*cT2*%d"3%e"4*x + 2%cT2*d"4*e”3 + e T7*x"2 + 2%d*e”6*x + d"2*e”b)

output
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Mupad [B] (verification not implemented)

Time = 5.02 (sec) , antiderivative size = 591, normalized size of antiderivative = 4.05

a + barctan(cz)
3 dx
(d+ex)
T (ac2d2+b02de+ae2> _ bata.n(c:z:) + z2 <a022d2e+bcgez+%) + m4 (ac42d26+bc32dez+aczes> + .’t'?’ (ac4d2+bc?’2de+a62€2:
. d(c? d?+e?) 2e d? (c2 d?+e?) d? (c? d?+e?) d(c? d?+e?)
cdd?z?2+2c2dex? +c2e?xt +d?+2dex + €2 x2

b*dIn(d+ex)  bldln(2®+1)
Adt+22d?e?+et 2 (ctd*+22d%e? + et)
atan(%) (@) (A d*+8cd2e? +2e*) (3B dt + 26 d? e + 4 c2et) (27b M0 10

+ 2¢ (81¢*d?0 e + 1662 24 d'8 e3 + 11515 ¢?2 d6 €5 + 32306 ¢2° d'4 e7 + 43705 c!® d12 e + 28142 16 410

input‘int((a + bxatan(c*x))/(d + e*x)~3,x)

((xx(a*xe™2 + a*xc™2+%d~2 + (b*c*d*e)/2))/(d*(e”2 + c™2*xd"2)) - (b*atan(c*x))
/(2%e) + (x"2x((axe”3)/2 + (b*c*d*e”2)/2 + (axc™2xd"2*e)/2))/(d"2*%(e”2 + c
~2%d"2)) + (x"4*x((axc™2*%e”3)/2 + (a*c”™4*xd~2xe)/2 + (bxc~3*d*e”2)/2))/(d"2x*
(e72 + c™2%d"2)) + (x"3*%(a*c™4*d"2 + a*c™2%e"2 + (b*c~3%d*e)/2))/(d*x(e"2 +
c"2xd"2)) - (b*c™2xx"2*atan(c*x))/(2xe))/(d"2 + e~2%x"2 + 2*d*e*x + c”2*d
T2%x72 + cT2%e"2%x"4 + 2xc”2+d*e*x"3) + (b*c"3*d*log(d + e*x))/(e"4 + cT4x
d™4 + 2%c”2*%d"2*e”2) - (bxc"3xd*log(c™2*x"2 + 1))/(2x(e”4 + c™4%d"4 + 2*c”
2xd"2*e"2)) + (atan((c™2*x)/(c”2)7(1/2))*(c"2)"(7/2)*(2%xe"4 + c™4xd"4 + 8%
c™2xd"2%e"2) *(3*%c”6*d"4 + 4%xc™2%e”4 + 26%c™4xd"2%e”2)*(3*%b*e”10 + 27*bxc"1
0xd~10 + 7*bxc™2*%d"2*xe”"8 - 26xbxc”"4*d"4*e”"6 - 34xbkc 6*xd"6*e”"4 + 23xbkc 8%
d~8xe"2))/(2xc*x(81*%c~26*d"20*e - 24*c~6*e”21 - 380*%c~8*d"2*xe”19 - 2054*c~1
0*xd"4*e~17 - 3650*%c”12*xd"6*xe~15 + 4857*c~14*d"8*e~13 + 28142*%c~16*xd"10*e"1
1 + 43705*%c”18*%d"12*xe~9 + 32306*xc~20*d"14*e”~7 + 11515*%c™22*d"16*e"5 + 1662
*C"24%d~18%e"~3))

output
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 390, normalized size of antiderivative = 2.67

dx

/ a + barctan(cz)
(d+ex)3
_ 4atan(cz) bctdlex + 2atan(cz) bc'dPe’a? — 6atan(cz) bPde? — datan(cz) bPd*e x — 2atan(cz) bc*d

inputLint((a+b*atan(c*x))/(e*x+d)~3,x) J

(4*atan(c*x) ¥bxcx*4*xd*k*xdxexx + 2%atan(ckx)*bkck*4xdx*3*ke**x2xx*x*2 — G*atan(
C*X) ¥bkck*k2kd*k3kex*k2 — 4dkatan (ckx)kbkckk2xdxk2kexk3xx — 2katan(ckxx)xbxck*
2*d*ex*4*x**2 — 2xatan(ckx)*xbkdke**4d — 2xlog(ck*2xx*k*2 + 1)*bkck*xIkd**xd*e

- 4xlog(cx*2kx**2 + 1)*bkck*3xd**3xe*x2%xx — 2xLlog(ck*2*x**2 + 1)*kbkck*k3xd*
*x2ke*xJkx*¥*2 + 4xlog(d + e*x)*bkcx*3*dx*4*e + 8xlog(d + exx)*bxckx3xd**3xe
*%k2%x + 4*log(d + e*x)*b*c**3*d**2*e**3*x**2 - 2%axcx*k4kxd*x*x5 - 4kxakckx2Qxdx*
*3kex*k2 — 2kxaxdxe*x*4 - bkckx*k3kdkk4dkxe + bkckk3kd**k2ke*x*k3kx*k*k2 — bkckd**xQxex*x
*3 + bkckexx5xx*%2)/ (4kxd*xe* (ck*x4xd*x*6 + 2kckk4kdx*k5kekxx + chkkdxdkkdkekxk2*x
*%k2 + 2%kckk2kdkk4dkex*k2 + 4xckk2Qkdkk3kekk3kx + 2kCkkkd*kkkekk4kxk*k2 + d*x*2

ke*xx4d + 2kxd*ex*k5kxx + e*x*kBkxx**2))

output
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3.8 f a+barctan(cx) dx

(d+ex)?
Optimal result . . . . . . . . .. . .. OT]
Mathematica [A] (verified) . . . . . . . . ... .. L 92
Rubi [A] (verified) . . . . . . .. . . 92
Maple [A] (verified) . . . . . . . . ... 94
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 95
Sympy [C] (verification not implemented) . . . .. ... ... ... .. ..... 96
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 97
Giac [C] (verification not implemented) . . . . . . .. ... ... ... 9T
Mupad [F(-1)] . . . . . e 98]
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 99

Optimal result

Integrand size = 16, antiderivative size = 206

a+ barctan(cz) , be 2bc3d
/ (d+ ex)* 776 (22 +e?)(d+ex)? 3 (c2d2 + €2)® (d + ex)
bctd(c?d? — 3e?) arctan(cz)  a + barctan(cz)
3e (c2d? + e2)° ~ 3e(d+ex)?
b3 (3c2d? — e?)log(d + ex)  bc*(3c%d? — €2) log (1 + c*z?)
3(d? + e2)° - 6 (c2d? + €2)°

‘*c‘4*d*(c‘2*d‘2—3*e‘2)*arctan(c*x)/e/(c‘2*d‘2+e“2)‘3—1/3*(a+b*arctan(c*x))
‘/e/(e*x+d)‘3+1/3*b*c‘3*(3*C‘2*d‘2—e‘2)*1n(e*x+d)/(C‘2*d‘2+e‘2)‘3—1/6*b*c‘3

( Y
output ‘ -1/6%b*xc/(c~2%d"2+e"2) / (e*xx+d) ~2-2/3*b*c~3*d/ (c~2*d"2+e~2) "2/ (e*x+d) +1/3*b ‘
\ * (3kc~2%d~2-e~2) *1n(c~2%x~2+1) / (c~2*d~2+e~2) "3 \
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Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.23

dr =

/ a + barctan(cz)
(d+ ex)*
be(d+ex) (e (c2d?+e?) 2 14cde (c2d?+e?)(d+ex)—c? (czd2 (\/ —ch—36> +e? (—3\/ —c2d+e> > (d+ex)? log<.

(

2(a + barctan(cz)) +

6e(d + ex)3

input Integrate[(a + b*ArcTan[c*x])/(d + e*x)~4,x] ‘

-1/6%(2*(a + bxArcTan[c*x]) + (b*c*(d + exx)*(ex(c™2*d"2 + €72)72 + 4xc™2%
d*e*x(c”2+%d"2 + e72)*(d + e*x) - c™2x(c”2*d"2*(Sqrt[-c~2]*d - 3*e) + e 2x(-
3xSqrt[-c"2]*d + e))*(d + e*xx) 2xLogl[l - Sqrt[-c”2]*x] - c™2x(e"2*(3*Sqrt[
-c”2]*d + e) - c”2%d"2*(Sqrt[-c~2]*d + 3*e))*(d + e*x) 2*Logl[l + Sqrt[-c~2
I*x] - 2%c”2*%ex(3*xc™2+%d"2 - e"2)*(d + e*x) "2*Logl[d + e*x]))/(c"2*d"2 + e~2
)~3)/(ex(d + exx)~3)

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.02,

number of rules __
integrand size 0.250, Rules

number of steps used = 4, number of rules used = 4,
used = {5387, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctan(cx)
(d+ex)*

l 5387
be [ mdﬂg _a+ barctan(cz)
3e 3e(d + ex)3
l 480
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2 ((____ d—ex
b ¢ f (d+ea:)2 (c2a:2+1) dx e
C 232462 ~ Zd2+e2)(d 2
cdTre (ctd+et)(d+ea) a + barctan(cx)

3e 3e(d + ex)3
| 657
2_o.2,2) .2 2,022 22\ 2 (322 2
2 _ (e —3c“d )e 2de2 c d(c d“—3e )—c e(3c d“—e )z
b N f < (62d2+e2)2(d+ew) + (02d2+82) (d+ex)? + (C2d2+€2)2 (02w2+1) do e
¢ c2d?+e2 T 2(cZd?+-e?)(d+ex)?
3e B
a + barctan(cx)
3e(d + ex)3
| 2009
2 cd arctan(cx) (c2dz—3e2) _ 5(302d2—e2) log(czz2+l) _ 2de n e(3c2d2—e2) log(2d+ea:)
(c2d2+62) 2(c2d2+62) (c2d2+g2)(d+ez) (C2d2+62) .
be c2d?+e? T 2(c2d?4-e?)(d+ex)?
3e
a + barctan(cz)
3e(d +ex)3
input LInt [(a + b*ArcTan[c*x])/(d + e*x)~4,x] J
output -1/3*(a + b*ArcTan[c*x])/(ex(d + exx)~3) + (b*ck(-1/2xe/((c™2*%d"2 + e72)*(

d + e*x)"2) + (c™2%((-2%dxe)/((c™2xd"2 + e72)*(d + exx)) + (cxd*(c™2xd"2 -

3xe~2)*ArcTan[c*x])/(c™2+%d"2 + e72)72 + (e*(3*c™2*d"2 - e"2)*Logl[d + ex*x]
)/(c™2%d"2 + e72)72 - (e*(3*%c™2+%d"2 - e"2)*Logl[l + c™2*x72])/(2*(c"2+%d"2 +
e72)72)))/(c™2*d"2 + e72)))/(3*e)

Defintions of rubi rules used

4+ dxx)"(n + 1)/((n + 1)*(bkc™2 + axd™2))), x] + Simp[b/(b*c™2 + a*xd™2) I
‘nt[(c + d*x)~(n + 1)*((c - d*x)/(a + b*xx"2)), x], x] /; FreeQ[{a, b, c, d},

rule 480 IRELC(CD) + (A )*(x )" )/((a)) + (b_.)*(x)"2), x_Symboll :> Simp[d*((c
L x] && ILtQ[n, -1]
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e 657 TRELCC(AL) + (e_)*(x)) " (m_)*((£_.) + (g_.)*(x))"(@_.))/((a) + (c_.)*(
‘x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)“n/(a + c*xx~ ‘
‘2)), x], x] /; FreeQl[{a, c, 4, e, f, g, m}, x] & IntegersQ[n]

rule 2009

tInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 5387 IntL((a_.) + ArcTan[(c_.)*(x)1*(b_.))*((d)) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x])/(ex(q + 1))), x] - Simp[b*( ‘

input L

¢/ (ex(q + 1))
, €, d, e, q}, x] && NeQ[q, -1]

Int[(d + exx)"(q + 1)/(1 + c™2*x~2), x], x] /; FreeQl{a,

b
|

Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.99

method result
2,2 .2 (73
Al . +e(3c d“—e )ln(cez+cd)_ 2ed2c N A
- (o) 2(c2d2+52)(cea:+cd)2 (c2d2+e2)3 (C2d2+62) (cex+cd)
bl - 3(C€(B+Cd)3€ + 3e
parts ——3 =+
3(ex+d)°e c
324
e(302d2—e2) In(cex+cd) 2ed ( 3e
T a(Rd2te?) D2 2421¢2)° R CWIIY S +
—L-{—bc‘l _arctan(cx) (c +e )(cew+c ) (c d4+e ) (c d+e ) (cez+cd)
3(cez+cd)3e 3(cez+cd)3e 3e
derivativedivides -
—3c2d"
e(Sczdz—ez) In(cez+cd) 2ed ( ©
YT 2+ 3 - T +
_ act +bc4 _arctan(cx) 2(c d4+e )(ceercd) (02d2+e2) (02d2+e2) (cex+cd)
3(cea:+cd)3e 3(cez+cd)3e 3e
default .
. 5bc7d%e346bc5d3e54+-bc3d e’ +2a c?eB+xb cBeB+2 arctan(cx)b c?e8 —2x3 arctan(cx)b cBd3e® —6x2 arctan(cz)b cBd
parallelrisch —
risch Expression too large to display

int ((at+b*arctan(c*x))/(e*x+d) ~4,x,method=_RETURNVERBOSE)
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‘-1/3*a/(e*x+d)“3/e+b/c*(—1/3*c“4/(c*e*x+c*d)“3/e*arctan(c*x)+1/3*c“4/e*(—1
| /2%e/(c"2%d"2+e72) / (cxexx+cxd) "2+ex (3xc™2+d"2-e72)/(c"2+d"2+e"2) "3*1n(cxex |
\x+c*d)—2*e*d*c/(c‘2*d“2+e‘2)‘2/(c*e*x+c*d)+1/(c‘2*d“2+e‘2)“3*(1/2*(-3*c‘2*
\ d~2%e+e~3)*1n(c~2%x"2+1)+(c~3*d"~3-3*c*d*e~2) *arctan(c*x)))) \

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 642 vs. 2(194) = 388.

Time = 0.73 (sec) , antiderivative size = 642, normalized size of antiderivative = 3.12

/ a + barctan(cz) dp —

(d+ex)t
_2add® +5bde + 6actd'e® + 6bPde® 4 6ac’d®e* 4 bede® + 2 ae® 44 (bPdPe® + bede® )z 4- (9 b

e hY

fnput integrate((atb*arctan(c*x))/(e*x+d)"4,x, algorithm="fricas")

-1/6%(2*xa*xc”6*xd~6 + S*bkc~5*d"5*e + 6*axc”4*xd~4*xe”2 + 6*b*c"3*d"3*e"3 + 6%
axc~2xd"2*%e"4 + bxc*d*e”5 + 2xa*e”6 + 4x(b*c”"5*d"3*e”3 + b*c~3*d*e”5)*x"2

+ (9%b*c~5*%d"4*e”2 + 10*bxc"3*d"2%e"4 + b*c*xe”6)*x + 2x(6*bkc"4*d"4*e”2 +

3*b*c"2*%d"2*%e"4 + b*e"6 - (b*c"6*%d"3*e”3 - 3*bxc"4*d*e”5)*x"3 - 3*(b*c~6*xd
“4xe”2 — 3xbxc”4*d"2%e"4)*x72 - 3x(b*xc"6*d"5*%e - 3*b*c”4*d"3*e”"3)*x)*arcta
n(c*x) + (3*bxc"5*%d"5*e - b*c"3*d"3*e”3 + (3*bkc"5*xd"2*e”4 - b*c~3*e”6)*x"
3 + 3*%(3*b*c”"5*%d"3*e”3 - b*c~3*d*e"5)*x"2 + 3*(3*b*c”5xd"4*e"2 - b*xc"3*d"2
*e"4) *xx)*log(c™2%x72 + 1) - 2% (3*b*c”5*d"5*e - b*c~3*d"3%e”3 + (3xbxc~5*d”
2%xe~4 - bxc~3*%e"6)*x~3 + 3*(3*%bxc”~5*d"3*%e"3 - b*c~3*d*e”5)*x~2 + 3*(3*bxc”
B*d~4xe”2 - b*c~3*d"2*e"4)*x)*log(exx + d))/(c"6*%d"9*e + 3%c"4xd"T*e"3 + 3
*c"2xd"5xe”5 + d"3*%e”7 + (c76*%d"6*e"4 + 3kc"4*d"4*e”6 + 3*%c"2xd"2*xe"8 + e~
10)*x”3 + 3*%(c"6*%d"T*e"3 + 3*xc~4*xd"5*e”5 + 3*%c"2*%d"3*e”7 + d*xe”9)*x"2 + 3%
(c™6*%d"8*e"2 + 3*c~4*d"6*e”4 + 3*c"2*%d"4*xe"6 + d"2*e”8)*x)

output
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 8.00 (sec) , antiderivative size = 9202, normalized size of antiderivative = 44.67

~—

barct
/ ¢ +( daicezr)lf <) dz = Too large to display
inputLintegrate((a+b*atan(c*x))/(e*x+d)**4’x)

Piecewise((a*x/d**4, Eq(c, 0) & Eq(e, 0)), ((a*x + b*x*atan(c*x) - bxlog(x
**x2 + cx*(-2))/(2xc))/d**4, Eq(e, 0)), (-a/(3*d**3xe + Okd**2kex*2xx + 9*d
kex*k3kx*k*2 + Jkexkdkxx*3), Eq(c, 0)), (-24%axd**3/(72xdx*6%e + 216%d**5xex
*2%xX + 216%dx*4xe**x3kx*k*2 + T2xA*¥*x3*kex*kd*xx**3) + 21*I*b*d**3*atanh(e*x/d)/
(72xd**6xe + 216*d**5kxe**x2*xx + 216*d**k4dke*x*k3*xx*k*x2 + T2kd*x*k3kex*4xx**3) + 1
O*Ixbxd**3/ (72xd*x*x6%e + 216*d**5*ke*x*k2xx + 216kd*x*x4kxe**3kx*k*x2 + Tkdk*x3Ikek*
4xxxx3) - OxI*b*dx*2*exx*atanh(e*xx/d)/(72+*d**6*e + 216*d**5ke*xx2*x + 216%d
kkdkekk3kxkk2 + T2kdAk*3kekkdkx*k*3) + OxIxbkdx*2kexx/(72*xd*x*6%e + 216*d**5*
e*x*x2kx + 216xd*x*k4ke*k3kx*k*k2 + T2kd**k3kex*k4*xx**x3) — 9*I*bkd*e**x2*xx**2*atanh
(exx/d) / (72*d**6*e + 216*d*x*5ke*x*x2xx + 216*d*xdke**3xx*k*2 + T2kd**x3ke*xd*xx
*%3) + 3xIxbkxdkex*2xx**2/(72xd**6%e + 216*kd*x*5kex*2*kx + 216*kd*x*4kex*3kx**2
+ T2*d**3kex*4*x**3) — 3*kI*xbke*x*3xx**3*atanh(e*xx/d)/(72xd**6*e + 216%d**5
*xekx2xX + 216xdx*k4xex*3xx**2 + T2xdx*3xex*4xxx*3), Eq(c, -I*e/d)), (-24*ax
d**x3/ (72xd**6%e + 216*kd*x*5kxe*x*x2*kx + 216%kd*k*4*ke*kx3*xx*x*2 + TAkd**k3ke*kk4qkx**3
) - 21xIxbkxd**3*atanh(exx/d)/(72*d**6%e + 216*d**xEke*x*x2kx + 216k dk*xdke*x*3*
X*k*2 + T24dx*k3kexxdkx**3) - 10*xI*xb*d**3/(72xd**6*e + 216*d**5xe*x*2*x + 216
kdkkdkekk3kxk*k2 + T2kd*k*3kekkdkx*x*3) + OxIxbkdx*22kexx*atanh(e*xx/d)/ (72xd*x*
6%e + 216*d*x5kex*2%x + 216kd**k4kex*k3kx*k*x2 + T2kd**k3kex*k4xx*x*3) — Ok I*kbkdx*
*2xexx/ (T2*d*x*6%e + 216kd**xEke**x2*xx + 216*d**4*xex*3kx*x*x2 + T2kd**x3ke*x*k4*x*
*3) + 9*I*bkdke*xx2xx**2katanh(e*xx/d)/(72*d**6%e + 216*d**5*xe**2xx + 216...

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.82

/ a + barctan(cz) dp —
(d+ ex)*
1 (Bc'd® —Pe®)log (P2® +1)  2(3c*d* — Pe?) log (ex + d)
Bdb 4+ 3ctde? + 3c2d?et + €8 BdS 4+ 3cAde? +3c2d?et + €8 cAdS + 2 c2dte? + dPet + (c
a

6

" 3(e'ad + 3deda? + 3d2e%x + dde)

input Lintegrate ((atb*arctan(c*x))/(e*x+d) “4,x, algorithm="maxima") J

-1/6%(c*x((3*c™4*d"2 - c"2*e”"2)*log(c™2*x"2 + 1)/(c”6*%d"6 + 3*c~4*d"4*e"2 +
3*c"2%d"2xe"4 + e76) - 2x(3%c”4*d"2 - c"2xe”2)*log(e*x + d)/(c”6xd"6 + 3%
cT4*xd"4xe”2 + 3kc"2xd"2%e"4 + e76) + (4xc”2*d*exx + 5xc”2+%d"2 + e72)/(cT4x*
d"6 + 2%c"2+%d"4*xe”2 + d72*xe”"4 + (cT4*d"4*e”2 + 2*xcT2xd"2*%e”4 + e76)*x"2 +

2x(c"4xd"b*e + 2xc”2*%d"3*e”3 + dxe~b)*x) - 2%(c”6+%d"3 - 3*c"4*xdxe”2)*arcta
n(c*x)/((c™6%d"6%e + 3*c~4*d~4*e~3 + 3xc~2%d"2*e~5 + e~7)*c)) + 2*karctan(c
*x)/(e”4*x"3 + 3*kd*e~3*x"2 + 3*d"2*e"2*x + d"3*e))*b - 1/3*a/(e”4*x”3 + 3%
d*xe~3%x"2 + 3*d"2*e"2*x + d"3*e)

output

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.88 (sec) , antiderivative size = 1156, normalized size of antiderivative = 5.61

dxz = Too large to display

/ a + barctan(cz)
(d+ex)*

-

Lintegrate((a+b*arctan(c*x))/(e*x+d)‘4,x, algorithm="giac")

~—

input




output
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1/6% (~I*b*c~6*d"3*e"3*x"3*log(Ixcxx + 1) + I*bxc~6*d"3%e”3*x"3*log(-I*c*x

+ 1) - 3*I*b*c”6*d"4*e 2*x"2*log(I*c*x + 1) - 3xbxc~5xd~2xe 4*x"3xlog(I*c*
x + 1) + 3%Ixbkc”6*d"4*e”2*x"2*log(-I*c*x + 1) - 3*b*c~5*xd"2xe”4*x"3*log(-
Ikc*x + 1) + 6%b*xc~5*%d"2*%e"4*x"3*log(e*x + d) — 3*I*b*c~6xd 5*e*xx*xlog(I*c*
X + 1) - 9%b*c”5*d"3%e”3*x"2*log(I*c*x + 1) + 3*Ixbxc~4*d*e 5*x~3*log(I*c*
X + 1) + 3%I*b*c”6*d b*e*x*log(-I*c*x + 1) - 9*b*c~5*d~3*e”~3*x"2*log(-I*c*
X + 1) - 3*%Ixbxc 4*d*e 5*x"3*log(-I*c*x + 1) + 18%bkc~5*xd"3*e"3*x"2*log(e*
X + d) - 4¥bxc”5*d"3%e"3*x"2 - 2xbxc~6*d"6*arctan(ckx) - I*b*c~6xd"6*log(I
*xckx + 1) - 9xbxc~b*d"4xe”2*xx*log(I*cxx + 1) + 9xIxbxc~4*d™2xe”4*x"2xlog(I
*xckx + 1) + bxc™3*e”6*x"3xlog(I*c*x + 1) + I*b*c~6xd"6*log(-I*c*x + 1) - 9
*bkc"5*d"4*xe"2*x*log (-I*xcxx + 1) - 9*Ixbxc™4*d"2%e 4*x"2*log(-I*c*x + 1) +
b*c~3*e~6*x"3*Llog(-Ixc*x + 1) + 18%bxc~5*d"4*e”2*x*log(e*xx + d) - 2xbxc™3
xe”"6xx"3x1log(e*x + d) - 2%a*c”6*d"6 - 9*bxc~5xd"4*e”2*%x — 3*b*c~5*d 5*ex*xlo
g(I*c*x + 1) + 9*Ixbxc~4*d"3*e"3*x*log(I*c*x + 1) + 3xb*c~3*d*e 5*x~2x1log(
I*c*x + 1) - 3xbxc~5xd"bxexlog(-I*c*kx + 1) - 9%Ixb*c~4*d~3%e”3*x*log(-I*c*
X + 1) + 3%b*c”3*d*e”b*x"2*log(-I*c*x + 1) + 6%b*c~5*d 5*e*xlog(e*x + d) -

6xbxc~3*%d*e 5*xx"2*log(e*x + d) - 5xb*c"5*d"bxe - 4xbxc”3*d*e 5*x"2 - 6xb*c
“4xd"4*e"2xarctan(c*x) + 3xIxb*c~4xd"4*e " 2xLlog(I*ckx + 1) + 3%bkc~3*d"2%e”
4xx*xlog(Ixckx + 1) — 3*xIxbkxc~4*d"4xe 2*xlog(-I*c*x + 1) + 3kbkc~3%d"2*e 4*x
*xlog(-I*c*x + 1) - 6xbkc”~3*d"2xe”"4*x*log(exx + d) - 6¥axc™4*d"4*e”2 - 1...

Mupad [F(-1)]

Timed out.
/ a+ barctan4(cm) dp — / a+ batan(ix) i
(d+ ex) (d+ex)
input[int((a + b*atan(c*x))/(d + e*x)~4,x)

~—

p
outputt

int((a + b*atan(c*x))/(d + e*x)~4, x)
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 799, normalized size of antiderivative = 3.88

/ a+ barctan(cz) dx = Too large to display

(d+ex)*

p
input ‘ int ((a+b*atan(c*x) )/ (e*x+d) ~4,x)

(18*atan(c*x) *bkc*k*x6xd**5*xe*xx + 18+*atan(ckx)*b*ck*Gkd**4d*e*x*2xx**2 + 6*ata
n(c*x) ¥bkck*k6kd**k3ke**3*x**3 — 36*atan(ckx)*bkck*4xd**d*xe**x2 - bd*atan(ckxx
) ¥b*c**4*kd**3*ke**3xx — bd*atan(ckx)*kbkckkdxdx*2ke*xx4xx**2 — 18+*atan(c*x)*b
kCkk4kdkekkbixk*3 - 18*katan(ckx)*bkck*2kd*k*2ke*x*4 - BG*atan(c*x)*bxex*6 - 9
x1og (Cck*2*kx**2 + 1)*bkck*E5xd**bxe — 27*log(cx*2xx**2 + 1)*bkck*k5kdk*4*e*x*2
*x — 27*log(cx*2*x**2 + 1)*bkxck*5xd**3kex*3*xx**2 — 9xlog(ck*2*x**2 + 1)*b*
Ck*kEkdk*k2kex*k4kxx*3 + 3xlog(ck*2kx**2 + 1)*bkck*3xd**3xe**3 + 9*klog(c**2xx
*¥*k2 + 1)xbkxck*3*kd*kx2ke*x4d*x + 9xlog(ck*2kx**2 + 1)*kbkck*3kd*e**k5*x*k*2 + 3%
log(c**2xx**2 + 1)*b*c**3kex*6*x**3 + 18%log(d + e*x)*bxcx*5*xd*x5xe + 54*1
og(d + exx)*bkckxbkd**4xe**x2*x + 54*xlog(d + e*xx)*bkcx*xE5*xdk*3ke**x3kx*x*2 + 1
8xlog(d + e*x)*bxc*xbkd**2xe**4xx**x3 - 6+log(d + e*x)*b*ck*3xd**x3*kex*3 - 1
8*log(d + e*x)*b¥c**3kd**2ke**4*xx — 18%log(d + e*x)*bkck*3*kd*e**xEbxx**2 - 6
*x1og(d + exx)*bxckx3kexx6xx**3 — Gkakxck*B*xd*x*6 — 18*axcx*dxdx*d*xex*2 — 18+
axcxk2kd*x*xke*k4d — Bkaxe*x*6 — 11kbkxckk5Skd*xk5ke — 15¥bkckk5Skd**xdkxe*x*x2%x + 4
*bxCkkEkdkkDkekkdkx**x3 — 14xbkck*x3kd**3ke*x*3 — 18¥bkckk3kd**2kexxd*xx + 4*b
*Ckk3kexkBkx*k*3 — 3kbkckdke**k5 — 3kbkckex*6*xx)/(18%ex (ck*x6*xd*x*9 + 3kcx*x6xd
**8ke*xxX + 3kCkkBkd**Thek*k2*kxX*k*k2 + Ck*¥6kd*x*k6ke**x3*x**3 + 3Jkckkdkd*k*kTkex*k2 +

output

OkckkAdxd*kBre*k3*xx + OkckkldkdrxkSkekkdxx k2 + Ikckkdkdkkdkekk5kxkk3 + 3kc*
*kd*xkEkekkd + OkckkDkdkkdkxekk5kx + OkCkkkd*k3kekkBhxk*kD + 3kCkkkdkkDkex
*Txx*x%x3 + dxk3kekk6 + Jkd**2ke*x*xTxx + 3Ikdkekk8kx**2 + e**9*xx*%*3))
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3.9 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 100
Mathematica [A] (verified) . . . . . . . . . ... o 101
Rubi [A] (verified) . . . .. . . ... .. 102
Maple [A] (verified) . . . . . . ... L 103
Fricas [F] . . . . . . o 104
Sympy [F] . . o o 104
Maxima [F] . . . . . .
Giac [F] . . . . o o 106
Mupad [F(-1)] . . . o o 106

Reduce [F] . . . o . o o 106

Optimal result

Integrand size = 18, antiderivative size = 376

b’de’s  abe(6c*d® — )z be’x

/(d + ex)®(a + barctan(cz))? dz =

c? 2¢c3 + 12¢2

_ b’de’arctan(cz)  be(6c’d® — e?) zarctan(cx)

3
bde’z*(a + barctan(cz))

c
_ be’z*(a + barctan(cr))

6¢

2c3

N id(cd — €)(cd + €)(a + barctan(cz))?

c3

(c*d* — 6c2d%e? + e*) (a + barctan(cz))?

Acte
(d + ex)*(a + barctan(cz))?
+ 4e

+

2bd(cd — e)(cd + e)(a + barctan(cz)) log (2-)

1+icx

3
b’edlog (1 + 2x?)
12¢4
b’e(6c2d? — e?) log (1 + c2x?)
+
4ct

~ Tria)

N ib?d(cd — €)(cd + €) PolyLog (2, 1

c3



output

input

output
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b~ 2xd*e”~2*x/c"2-1/2*a*xb*ex (6*xc~2xd"2-e”2) *x/c"3+1/12%b"2*%e"3*x~2/c"2-b"2*d
*e~2*arctan(c*x)/c”3-1/2%b"2*%e* (6*xc~2*%d~2-e"2) *x*arctan (c*x)/c " 3-b*d*e~2*x
~2x (a+b*arctan(c*x))/c-1/6*b*e”3*x"3* (a+b*arctan(c*x)) /c+I*d* (c*d-e) * (cxd+
e)* (a+b*arctan(c*x)) ~2/c”3-1/4% (c"4*d~4-6*c~2xd"2*e”2+e"4) * (a+b*arctan (c*x
))"2/c”4/e+1/4% (e*x+d) ~4* (a+b*arctan(c*x)) ~2/e+2*b*d* (cxd—e) * (c*d+e) * (a+b*
arctan(c*x))*1n(2/(1+I*c*x))/c"3-1/12%b"2*e"3*1n(c"2*x"2+1) /c"4+1/4%b"2*ex*
(6xc~2xd"2-e72) *1n(c~2*x"2+1) /c"4+I*b~2*d* (c*d-e) * (c*d+e) *polylog(2,1-2/(1

+I*c*x))/c”3

N

Mathematica [A] (verified)

Time = 0.53 (sec) , antiderivative size = 472, normalized size of antiderivative = 1.26

/(d + ex)(a + barctan(cz))? dx

B b2e® + 12a2ctd3x — 36abc3d?ex + 12b%c2de’x + 6abce’r + 18a2c d?ex? — 12abcide?x? + b2 c?e3x? + 12a

-

LIntegrate[(d + exx) "3x(a + b*ArcTan[c*x])"2,x]

| —

(b~2%e”3 + 12*%a”2*c~4*d"3*x — 36*a*b*c”3*xd"2*e*x + 12*%b"2%c”"2xd*e”2*x + 6%
axb*c*e”3%x + 18*%a"2*xc 4xd"2*xexx"2 - 12*a*xb*c 3*kd*e"2*%x"2 + bT2%kc 2%e " 3*x”
2 + 12%xa~2%c”4*xd*xe”2%x"3 - 2*axbxc 3*e"3*x"3 + 3*a~2%c"4*e"3*x"4 + 3xb~2x%(
(-4*I)*c~3*%d"3 + 6*c™2*d"2xe + (4xI)*c*xd*e”2 - €73 + c 4*x*x(4*d"3 + 6*d~2*
e*xx + 4*xd*e"2*%x"2 + e73%x"3))*ArcTan[c*x]~2 + 2xb*ArcTan [c*x]*(-(b*c*e* (18
*Cc"2xd"2%xx + e 2kx*(-3 + c”2%x"2) + 6*d*(e + c"2*e*x"2))) + 3kax(6xc~2xd"2
xe - €73 + cT4xx*k(4*d"3 + 6kd"2kexx + 4kd*xe 2*x"2 + e”"3*x"3)) + 12xbkxcxd*(
c”2xd"2 - e"2)*Log[1l + E~((2*I)*ArcTan[c*x])]) - 12%axb*c~3*d~3xLog[1l + c~
2xx72] + 18xb"2%c”"2xd"2%e*xLog[1l + c™2xx"2] + 12%a*bkcxdxe”2*Log[l + c™2xx~
2] - 4*b~2*e"3*Log[l + c™2*x72] - (12%I)*b~2*c*d*(c”"2*d"2 - e~2)*PolyLog[2
, “E~((2*I)*ArcTan[c*x])])/(12*c"4)




input

output
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Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 375, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)3(a + barctan(cz))? dz

| 5389
(d-+-ex)4(a-+-barctan(cw))2__

c c ct

ct(c2z2+1)

4e
bcf (avz(a—i—barctan(cx))e4 + 4dz(a+barctan(cx))e? + (6c2d?—e?) (a+barctan(cz))e? n (c*d*—6c2e2d2+4c? (cd—e)e(cd+e)zd+e?) (a+t
V) V)

2e
l 2009

(d-+-ex)4(a-+-barctan(cw))2__
4e

be ct c?

2
be < 2ide(cd—e)(cd+e)(a+barctan(cz))? Ade(cd—e)(cd+e) log ( Tfica ) (a+barctan(cz)) + 2de3z?(a+barctan(cz)) + e*z3(atbarcta
— > -

3c?

‘Int[(d + e*x)~3%(a + b*ArcTan[c*x])~2,x]

((@ + exx)"4x(a + bxArcTan[c*x])"2)/(4*e) - (b*cx((-2*bxd*e~3*x)/c~3 + (a*
e"2x(6*%c”2xd"2 - e”2)*x)/c”4 - (b*xe"4*x72)/(6%c~3) + (2*b*d*e”~3*ArcTan[c*x
1)/c”4 + (b*e™2%(6*xc™2*xd"2 — e~ 2)*x*ArcTan[c*x])/c”4 + (2*d*e”3*x"2%(a + b
xArcTan[c*x]))/c™2 + (e"4*x"3*(a + b*ArcTan[c*x]))/(3*%c™2) - ((2%I)*d*(c*d
- e)xex(cxd + e)x(a + bxArcTan[c*x])~2)/(b*c™4) + ((c"4*d"4 - 6xc”2xd"2*e
2 + e"4)*(a + bxArcTan[c*x])~2)/(2*%bxc”5) - (4*d*(cxd - e)*e*x(c*d + e)*(a
+ bxArcTan[c*x])*Log[2/(1 + Ixc*x)])/c™4 + (bxe~4xLog[l + c™2%x"2])/(6%c”
5) - (bxe~2*(6*c”2%d"2 - e~2)*Logl[l + c™2*x72])/(2%c~5) - ((2*I)*b*d*(c*d
- e)*ex(cxd + e)*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”4))/(2xe)
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 5389

Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.77

method result
3 2 4 22,2 24
p2 | ce arcta‘ln(ca:) £ +ce2 arctan(cz)zxe‘d—i— 3ce arctanz(cx) z“d +arcta,n(cw)2cx d3+carcta2ica:) a*
a2 (ex+d)*
parts e T
6a
b2 arctan(cz)204d4 +arctan(cz)264d31‘+ 3e arctaﬂ‘n(c;)204d2m2 +a2 arctan(cz)264dzs+63 arctan(cx)2c4:z:4 o
- 4de - 4
a2(cez+cd)4+
derivativedivides =
62
b2 arctan(cz)2c4d4 +arctan(cz)2c4d3x+ 3e arctan(cw)204d2w2 +62 arctan(cz)2c4da:3+ e3 arctan(cw)2c4w4 _
acamelce s
a2(cew+cd)4+
default dee
risch Expression too large to display

input Lint ((e*x+d) ~3* (a+b*arctan(c*x))~2,x,method=_RETURNVERBOSE) J




output

input

output

input
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1/4xa~2x (exx+d) "4/e+b~2/cx(1/4*cxe”3*xarctan(c*x) “2%x"~4+c*xe~2*arctan (cxx) ~2
*x~3*%d+3/2*c*exarctan (c*x) ~2*xx"2*d”~2+arctan (cxx) ~2*c*x*d~3+1/4*c/e*arctan (
c*x) "2x%d~4-1/2/c”3/e* (6*arctan(c*x)*c~3*d"2*e” 2*x+2*arctan (c*x) *c~3xd*xe” 3%
x~2+1/3*arctan(c*x)*e~4*xc”3*x"3-arctan (c*x) *e 4*xcxx+2*xarctan (c*x) *1n (c™2*x
~2+1)*c~3*d"3*e-2*arctan (c*x) *1n(c”2*x"2+1) *c*kd*e”~3+arctan (c*x) “2*xc~4*xd"4-
6*arctan(c*x) "2xc”2*d"2*e " 2+arctan(c*x) "2xe”~4-1/12% (6*xc"4*d~4-36*c~2*d"2*e
~2+6xe~4)*arctan(c*x) "2-1/3*%e~ 2% (6*c " 2kd*e*x+1/2xe " 2xc 2*xx"2+1 /2% (18%c~2*d
~2-4xe”2) *1n(c"2*x"2+1) -6*c*d*e*arctan(c*x) ) -2*cxd*ex (c~2*d"2-e"2) *(-1/2*I
*(1n(c*x-I)*1n(c™2%x~2+1)-1/2*%1n(c*x-I) "2-dilog(-1/2*I* (c*x+I))-1n(c*x-I)*
1n(-1/2*I*(c*x+I)))+1/2*I* (In(c*x+I)*1n(c 2*x"2+1)-1/2%1n(c*x+I) "2-dilog(1
/2*%I* (c*x-I1))-1n(c*x+I)*1n(1/2*I*(c*xx-1))))))+2*a*b/cx(1/4*c*e”3*arctan(c*
X) *x~4+c*e~2*xarctan (c*x) *x~3*d+3/2*c*e*arctan (c*x) *x"2*d~2+arctan (c*x) *c*x
*d~3+1/4xc/e*arctan(c*xx) *d~4-1/4/c”3/e* (6*c™3*%d"2*e 2xx+2*c~3*kd*e 3*x"2+1/
3*e"4*c"3xx"3-e 4dkckx+1/2% (4xc”"3*%d"3*ke-4xckd*e”3) *1n(c"2*x"2+1) +(c"4*d"4-6
*Cc"2xd"2xe"2+e"4) *arctan(c*x)))

Fricas [F]

/(d + ex)?(a + barctan(cz))? dzr = / (ex + d)®(barctan (cz) + a)® dz

-

Lintegrate((e*x+d)‘3*(a+b*arctan(c*x))‘2,x, algorithm="fricas")

~—

B
\integral(a‘2*e‘3*x‘3 + 3%a”2xdxe”2*x"2 + 3%a"2xd"2%e*x + a"2*%d"3 + (b~ 2%e”
\3*x‘3 + 3xb"2xd*e”2*x"2 + 3*%b"2xd"2*e*x + b~2*%d"3) *arctan(c*x) "2 + 2% (axb*
e”3%x"3 + 3*axbxdxe~2%x~2 + 3*a*b*d 2%e*x + a*bxd~3)*arctan(c*x), x)

N

\‘

J

Sympy [F]

/(d + ex)*(a + barctan(cz))? dz = / (a + batan (cz))® (d + ex)® dz

;
integrate ((exx+d) **3* (at+b*atan (c*x) ) **2,x)

N
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Output‘Integral((a + bxatan(c*x))**#2%(d + e*x)**3, x)

Maxima [F]

/(d + ex)®(a + barctan(cz))? dz = / (ex 4 d)*(barctan (cz) + a)’ dz

input‘integrate((e*x+d)“3*(a+b*arctan(c*x))’"2,x, algorithm="maxima")

output

1/4%a"2xe"3*%x"4 + a”~2xd*e”2*x"3 + 12*xb~2xc”2*e~3*integrate(1/16*x"5*arctan
(c*x)~2/(c™2%x"2 + 1), x) + b~2*c"2*e " 3*integrate(1/16*x"5*xlog(c™2*x"2 + 1
)72/(c”2*x"2 + 1), x) + 36%b~2xc”2*d*e"2*integrate(1/16*x 4*arctan(c*x)~2/
(c™2*%x™2 + 1), x) + b"2*c"2*xe”3*integrate(1/16*x"5xlog(c™2*%x"2 + 1)/(c™2*x
"2 + 1), x) + 3*%b"2*kc"2xd*e”2*integrate(1/16*x"4*log(c™2%x"2 + 1)72/(c"2*x
"2 + 1), x) + 36%b"2*c”2*d"2*e*integrate(1/16%x"3*arctan(c*x) "2/ (c"2*x"2 +
1), x) + 4*%b~2%c”2*d*e"2*integrate(1/16*x"4*log(c™2*x"2 + 1)/(c™2*x"2 + 1
), x) + 3%b"2xc”"2*d"2xexintegrate(1/16*x"3*log(c™2*x"2 + 1)72/(c"2%x"2 + 1
), X) + 12%b"2%c”2*d"3*integrate(1/16*x"2*arctan(c*x)~2/(c”2*x"2 + 1), x)
+ 6%b"2%c"2+d"2*exintegrate (1/16*x"3*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) +
b~2xc~2xd"3*integrate(1/16*x~2*1log(c™2*%x"2 + 1)72/(c”™2*x"2 + 1), x) + 4%b~
2xc~2*d"3*integrate(1/16*x"2*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 3/2*%a~2*
d"2*exx"2 + 1/4*b~2xd"3*arctan(c*x)~3/c - 2xb~2xc*e~3*integrate(1/16*x"4*a
rctan(c*x)/(c™2%x"2 + 1), x) - 8*b~2*cxd*e 2*integrate(1/16*x~3*arctan(c*x
)/(c™2%x"2 + 1), x) - 12*%b"2*c*d"2*exintegrate(1/16*x"2*arctan(c*x)/(c"2*x
"2 + 1), x) - 8%b"2*cxd"3*integrate(l/16*x*arctan(c*x)/(c”2*%x"2 + 1), x) +
3*(x"2xarctan(c*x) - cx(x/c”2 - arctan(c#*x)/c”3))*a*b*xd"2*e + (2*%x~3*arct
an(c*x) - c*(x72/c”2 - log(c™2*x"2 + 1)/c™4))*axbxd*e”2 + 1/6%(3*x"4*arcta
n(c*x) - cx((c™2*x"3 - 3*x)/c”4 + 3*arctan(c*x)/c”b))*a*b*e”3 + a~2*%d"3*x
+ 12xb"2+e"3*integrate(1/16*x"3*arctan(c*x)~2/(c”2%x"2 + 1), x) + b™2x*e...
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Giac [F]

/(d + ex)®(a + barctan(cz))? dz = / (ex + d)*(barctan (cz) + a)* dz

input‘integrate((e*x+d)‘3*(a+b*arctan(c*x))“2,x, algorithm="giac")

outputtintegrate((e*X + d)"3*(b*arctan(c*x) + a)~2, x) J

Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barctan(cz))? dz = / (a +batan(cz))’ (d+ ex)® dx

input Lint((a + bxatan(c*x))"2*(d + exx)~3,x) J
output Lint((a + bxatan(c*x))"2*(d + e*x)"3, x) J
Reduce [F]

/(d + ex)®(a + barctan(cz))? dz

—3atan(cz)’ b2e® — 4log(c2z? + 1) b2e? — 12atan(cz) b2c3d e2a? + 121og(c2z? + 1) abed €2 — 36ab c3d2e.

input Lint((e*x+d) ~3% (a+b*atan(c*x))~2,x) J
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(12*atan (c*x) **2kb**x2kcxkd*xd**3kx + 18*atan (Ckx) ¥*2¥bk*kkckkdkdxkkekx**2
+ 12%atan(c*x) **2¥bx*2kckkdkd*ke**2*xx**3 + 3*katan (ckx) **2¥bk*kkCkk4kekk3*kx*
*4 + 18*xatan(ckx) **2¥b**2*c**2xd*x*x2xe — 3*katan(c*x) **2¥b**x2xex*x3 + 24*atan
(c*x) *axbxcxxdxd**3*x + 36*atan(ckxx)*axbkxckkdkd**2xe*x**2 + 24*xatan(c*x)*a
*bkckk4kd*kex*x2*kx*x*3 + B*atan(c*x)*akxbkckxdxex*3kx*k*x4d + 36*atan(c*x)*kakxbkck
*2xd**2xe — 6*atan(ckxx)*axbxe**3 — 36*atan(c*x)*xb**2xck*3*xd*x*2*exx — 12*at
an (c*x) ¥bx*2xck*3kd*e**2kx**2 — 2*atan (c*x) *¥bx*2*xck*3xe**x3*x*x*3 — 12*atan(
c*xx) *b**x2kckd*e*x*2 + Gkatan(ckx)*bx*k2*ckex*3*x — 24xint ((atan(c*x)*x)/(cx*
2xx*¥*2 + 1) ,x)*¥bx*k2*xck*¥5xd**x3 + 24xint ((atan(c*x)*x)/(ck*2*x*x*2 + 1) ,x)*xb*
*x2kckkJkdke**2 - 12%log(ck*2*x**2 + 1)*axbkckx3xd**x3 + 12xlog(ck*2*x**2 +

1) *axbxckd*e*x*2 + 18%log(cx*2*x**2 + 1)*b**2kck*2kd**2%e — 4*xlog(cH*k2*x**2
+ 1)*b**2*e**3 + 12%a*x*2%kckk4kd**k3%kx + 18ka*kk2kckk4kd*x*k2kekxx*k*k2 + 12%a*x*2
xCkk4kdkekk2kx*k*k3 + 3Ikakk2dkckk4kekk3kx*k*k4 — 36%kakbkckk3kd*kk2kexx - 12%axbx*
Ckk3kdkekk2kxxk*k2 — 2%kakbkck*k3ke*xk3%kx*k*k3 + Okaxbkckek**k3xx + 12%Dbk*k2kckkx2xdx*
e**x2%x + bk**2kckk2kex*k3kx*k*x2)/(12%c**4)

output
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3.10 [(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . . ... o 1091
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [B] (verified) . . . . . . . . . ... 111
Fricas [F] . . . . . . o 113
Sympy [F] . . o o 113
Maxima [F] . . . . . . 114
Giac [F] . . . . o o 114
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 18, antiderivative size = 270

_ 2abdex  b%e’z b€’ arctan(cx)

/(d + ex)*(a + barctan(cz))? dz =

c 3c? 3c?
_ 2b%dexarctan(cz)  be*a*(a + barctan(cz))
c 3c
i(3c*d* — €?) (a + barctan(cz))?
_|_
3c3
d(d2 — 36%2) (a + barctan(cz))?
B 3e
(d + ex)3(a + barctan(cz))?
* 3e
2b(3c*d® — €?) (a + barctan(cz)) log (3= )
+
3c3
b’delog (1 + *z?)
+ 2
c
ib?(3c*d® — €?) PolyLog (2,1 — 25)

_|_

3c3
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-2xaxb*d*exx/c+1/3*b " 2*xe”2*x/c"2-1/3*b"2*e”~2*arctan (c*x) /c~3-2*b " 2*d*e*x*a
rctan(c*x)/c-1/3*bxe”2*x~2* (a+b*arctan(c*x))/c+1/3*I* (3*xc~2+%d~2-e"2) * (a+b*
arctan(c*x))~2/c”3-1/3*d*(d"2-3*%e"2/c"2) * (a+b*arctan(c*x)) ~2/e+1/3* (exx+d)
~3* (a+b*arctan(c*x)) ~2/e+2/3*b* (3*xc~2*xd"2-e~2) * (a+b*arctan(c*x) ) *1n(2/ (1+I
*C*x) ) /c”3+b"2*d*ex1n(c”2*x"2+1) /c~2+1/3*%I*b~ 2% (3*c~2*d"2-e~2) *polylog(2,1
-2/ (1+I*c*x))/c"3

output

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.16

/(d + ex)*(a + barctan(cr))? dx

_ 3a’cd’x — 6abc’dex + b2 ce’x 4 3a’cPdex” — abc*e’z® + a’cPe’x® + b2 (—3ic’d® + 3cde + ie® + c’x(3d”

input! Integrate[(d + e*x)"2x(a + bxArcTan[c*x])~2,x]

(3*%a"2*c"3*%d"2%x - 6*a*bkc”2xd*e*x + b 2xckxe”2*x + 3*a”2%c” 3xd*e*x"2 - axb
*CT2%e"2xx"2 + a”2%c"3*%e”2%x"3 + b72*% ((-3*I)*c"2*d"2 + 3*ckxdxe + I*xe"2 + c
“3xx*(3*%d"2 + 3kdke*x + e”2%x72))*ArcTan[c*x] "2 + b*ArcTan[c*x]* (6*xaxcxd*e
- b*ex(e + 6xc™2xd*x + c"2%e*x"2) + 2*xaxc”3xx*(3*d"2 + 33*kd*e*x + e"2%xx"2)
+ 2%b*(3*%c"2%d"2 - e”2)*Log[1l + E~((2*I)*ArcTan[c*x])]) - 3*axbxc~2*d~2xL
ogll + c™2%x72] + 3*b~2*c*kd*exLog[l + c~2*x"2] + axb*xe”2*Log[l + c~2xx"2]
- Ixb"2%(3%xc"2%d"2 - e~2)*PolyLog[2, -E~((2*I)*ArcTan[c*x])])/(3%c"~3)

\ J

output

Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.05,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(d + ex)?(a + barctan(cz))? dzx

l 5389

(d-+-ew)3(a-+-barctan(cw))2__

c c?(c2z2+1)

3e
l 2009

3e
%2%c f ( z(a+b arcct2an(cz))63 + 3d(a+b arc;:am(c;z:))e2 + (d(c2d?—3e?)+e(3c?d2—e?)x) (a+barctan(cz)) > de

(d + ex)3(a + barctan(cz))?
3e
%e ( e3z?(atbarctan(cz))  ie(3c*d®—e?) (atbarctan(cz))® € (3c?d®—e?) log ( Hﬁ) (a+barctan(cz)) 4 d(c?d?—3e?) (a+barctan(ca

2c2 2bct ct 2bc3

3e

input ‘\Int[(d + e*x)"2%(a + bkArcTan[c*x])"2,x]

((d + exx)"3*(a + bxArcTan[c*x])~2)/(3*xe) - (2xb*c*((3*a*d*e”2*x)/c"2 - (b
*e~3*x)/(2%c~3) + (b*e”~3*ArcTan[c*x])/(2*xc”4) + (3*bxd*e”2*x*xArcTanl[c*x])/
c”2 + (e73xx"2*(a + b*ArcTan[c*x]))/(2*xc"2) + (d*(c"2*%d"2 - 3*e"2)*(a + bx*
ArcTan[c#*x])~2)/(2xb*c~3) - ((I/2)*ex(3*c™2*xd"2 - e~2)*(a + b*ArcTan[c*x])
~2)/(b*c™4) - (e*x(3*c™2%d"2 - e~2)*(a + b*ArcTan[c*x])*Log[2/(1 + Ixc*x)])
/c”4 - (3*bxd*e"2*xLogl[l + c™2*x72])/(2%c™3) - ((I/2)*b*e*(3*xc™2xd"2 - e~2)
*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”4))/(3xe)

output

Defintions of rubi rules used

-

rule 2009LInt [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

\ /

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S

imp[b*cx(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)~(q + 1)/(1 + c™2%x"2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

rule 5389

N
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 502 vs. 2(250) = 500.

Time = 0.56 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.86
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method result
2 3arctan(cz)c2d62z+5
2 2.3 2,3
p2 | cearctanier) @ arCt?’(Cw) z +cearctan(cz)2z2d+arcta,n(cac)2czd2—|—camtaggcz) = _
2 3
a?(ex+d)
parts 2. — T+
2 3arctan(cz)c2d52z+ﬁ
2.3.3 2 2.3.3
b2 ﬁiarctan(cz) c’d -Q—a,rctan(c:z)z03aizav-t-e:3,rc';an(c:v)203dav2+(’3 arctangcz) czr _
az(cez2+cd)3+
derivativedivides dcZe
2 3alrci:an(cz)c2d:a2m+ﬂ
2.3,3 2 2.3.3
b2 arctan(cz) c°d +arctan(cz)2c3d2m+earctan(cm)zcsdz2+e arctangcz) Oz
a2(ce<v2+cd)3+
default dete
; z3e2a? 2 2, ie?b?In(—icz+1)> iIn(—icz+1)2b2d2 ib? In(1—222) In(1 41222 ide b2 In(—ic:
risch 5 tadia® + 1263 ic 33 c

input Lint ((e*x+d) ~2* (a+b*arctan(c*x)) ~2,x,method=_RETURNVERBOSE) J
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1/3*a"2x (exx+d) “3/e+b~2/c*(1/3*cxe”2*arctan (c*x) ~2*x~3+ckexarctan (c*x) ~2*x
~2xd+arctan (c*x) ~2*c*x*d"2+1/3*c/exarctan(c*x) ~2*xd"3-2/3/c~2/e* (3*arctan(c
*x) *c"2xd*xe”"2*x+1/2*arctan (c*x) *e~3*c”2xx"2+3/2*arctan (c*x) *1n(c”2xx"2+1) *
c"2xd"2xe-1/2*arctan (c*x) *1n(c"2*x"2+1) *e”~3+arctan (c*x) "2*c~3*d~3-3*arctan
(c*x) "2xc*kd*e”2-1/2%ex (3*c™2*xd"2-e"2) * (-1/2*%I* (Iln(c*x-I) *1n(c”"2*x~2+1)-1/2
*1n(c*x-I)~2-dilog(-1/2*I*(c*x+I))-1n(c*x-I)*1n(-1/2*I*(c*x+I)))+1/2*I*(1ln
(c*x+I)*1n(c™2*x"2+1)-1/2*%1n(c*x+I) "2-dilog(1/2*I* (c*x-I))-1n(c*x+I)*1n(1/
2%T* (c*xx-1))))-3/2*x1n(c”2%x"2+1) *c*d*e~2+1/2*arctan (c*x) *e~3-1/2*e " 3*c*x-1
/2xd*c* (c™2%d"2-3*e”2) *arctan(c*x) ~2) ) +2/3*a*bke~2*arctan (c*x) *x~3+2*axbxe
*arctan (c*x) *x~2xd+2*a*b*arctan (c*x) *x*d~2-1/3/c*e”2xb*a*x~2-2*a*b*d*e*x/c
-1/c*b*1n(c™2*x"2+1) *a*d"2+1/3/c”3xb*1n(c~2*x"2+1) *axe~2+2/c” 2*d*exb*axarc
tan (c*x)

output

Fricas [F]

/(d + ex)*(a + barctan(cz))? dz = / (ex 4+ d)*(barctan (cz) + a)* dz

jnputLintegrate((e*X+d)A2*(a+b*arCtan(C*X))“2,x, algorithm="fricas")

‘integral(a‘2*e“2*x‘2 + 2%a~2kdxe*x + a”2+%d"2 + (b"2*e"2*x”2 + 2xb”2xd*exx
\+ b~2*d~2) *arctan(c*x) "2 + 2x(axbxe"2xx"2 + 2*axbkd*e*xx + axb*d~2)*arctan(

‘c*x), x)

output

Sympy [F]

/(d + ex)*(a + barctan(cz))? dzr = / (a + batan (cz))® (d + ex)® dz

p

inputLintegrate((e*x+d)**2*(a+b*atan(c*x))**2’x)

-

outputLIntegral((a + bratan(ckx))**2%(d + e*x)**2, x)
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Maxima [F|

/(d + ex)*(a + barctan(cz))? dx = / (ex + d)*(barctan (cz) + a)® dz

p

inputLintegrate((e*X+d)“2*(a+b*arctan(c*x))‘2,x, algorithm="maxima")

1/3*%a"2xe”2*%x"3 + 36xb~2*c"2xe"2*integrate(1/48%x"4*arctan(c*x) "2/ (c"2*x"2
+ 1), x) + 3%b"2%c”2*e"2*xintegrate(1/48*x"4*log(c™2*x"2 + 1)72/(c™2*x"2 +
1), x) + T2%b"2%c"2*d*exintegrate(1/48*x~3*arctan(c*x)~2/(c"2*x"2 + 1), x
) + 4xb~2%c"2*e"2*integrate(1/48*x~4*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) +
6*b~2%c”2*d*exintegrate (1/48+x"3*xlog(c™2*x"2 + 1)72/(c”2*%x"2 + 1), x) + 36
*b~2xc~2xd"2*integrate (1/48*x~2*arctan(c*x) "2/(c”2*%x"2 + 1), x) + 12*%b~2*c
~“2xd*exintegrate(1/48*x~3%log(c™2%x"2 + 1)/(c™2*x"2 + 1), x) + 3%b~2%c~2xd
~2xintegrate(1/48%x~2xlog(c”™2*x"2 + 1)72/(c”™2*x"2 + 1), x) + 12%b~2%c~2*d"
2*xintegrate(1/48*x~2xlog(c™2%x"2 + 1)/(c™2*x”2 + 1), x) + a"2*d*e*x"2 + 1/
4*b~2+d"2*arctan(c*x) "3/c - 8xb~2*c*e”2xintegrate(1/48xx"3*arctan(c*x)/(c”
2*x"2 + 1), x) - 24xb~2*c*d*exintegrate(1/48*x"2*arctan(c*x)/(c"2*x"2 + 1)
, X) — 24%b"2xcxd"2*integrate(1/48*x*arctan(c*x)/(c”2%x"2 + 1), x) + 2x(x~
2#arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*axb*d*e + 1/3%(2*x"3*arctan(c
*xx) - cx(x72/c”2 - log(c™2%x72 + 1)/c”4))*axbxe”2 + a"2xd"2*x + 36%b"2xe”2
xintegrate (1/48*x"2*arctan(c*x) ~2/(c”2%x"2 + 1), x) + 3*b~2xe"2*integrate(
1/48*x~2*%1log(c™2*%x"2 + 1)72/(c™2*x"2 + 1), x) + 72x¥b"2xd*exintegrate(1/48%
x*xarctan(c*x) "2/(c™2*x"2 + 1), x) + 6%b~2*d*exintegrate(1/48*x*log(c~2*x"2
+ 1)72/(c™2*x"2 + 1), x) + 3*%b”2*d"2*integrate(1/48*log(c™2*x~2 + 1)72/(c
“2%x72 + 1), x) + (2*c*x*arctan(c*x) - log(c™2#x"2 + 1))*a*bxd~2/c + 1/12x%
(b"2%e”2%x"3 + 3*b~2xd*e*xx"2 + 3*b~2xd"2xx)*arctan(c*x)”2 - 1/48%(b"2x*e...

output

Giac [F]

/(d + ex)*(a + barctan(cz))? dx = / (ex + d)*(barctan (cz) + a)® dz

input‘integrate((e*x+d)"2*(a+b*arctan(c*x))‘2,x, algorithm="giac")

Output‘integrate((e*x + d)"2x(b*arctan(c*x) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))?® dx = / (a + batan(cz))® (d + ex)’ dz

input Lint((a + b*atan(c*x)) "2*(d + e*x)~2,x) J

int((a + b*atan(c*x)) "2*(d + e*x)~2, x)

outputt

Reduce [F]

/(d + ex)?(a + barctan(cz))? dx

3atan(cz)® *Ad?x + 3atan(cz)® PP de x? + atan(cx)® b2ce?x® + 3atan(cx)? bPcde + 6atan(cz) ab c3d?

-
input Llnt((e*X'Fd) 2*(a+b*ataIl(C*X)) 2,X)

-/

(3*atan (ckx) *x*2xb**x2kck*k3*xdk*2xx + 3*atan (c*x) **2kbk*2kck*3kd*exx**x2 + ata
n(CxX) **x2¥bx*2xCk*x3kex*k2*xx**3 + 3*katan (c*xx) ¥*2*xb*k*2xc*d*e + 6xatan(c*x)*ax
bkcxk3*xdk*2xx + 6*atan(c*x)*axbkck*3kdkexx**x2 + 2*atan(c*x)*kaxbkcrkIkek*2xk
x**3 + 6*atan(c*x)*a*b*ckxd*e - 6*atan(c*x)*bk*2*cx*2*d*e*xx - atan(c*xx)*b**
2kckk2kexx2kx**2 — atan(c*x)*bk*k2*ex*x2 - 6xint ((atan(c*x)*x)/ (ck*2*x**2 +
1) ,x) *bk*x2kckx4kd*x*x2 + 2*int ((atan(c*x)*x)/(c**2xx**2 + 1) ,xX)*¥b*k2kck*k2ke*
*2 — 3klog(c**2*x*x2 + 1)*axbkck*k2xd**2 + log(cx*2kx**2 + 1)*axbke*x*2 + 3%
log(c**2xx**2 + 1)*b**2%ckd*ke + 3Jkak*2kck*3kd**2kx + 3ka*x*k2*kCk*3kdkexx**2
+ axk2kCckk3kekk2kx*k*k3 — Bkakbkckk22kdkexxXx — akbkckk2Qkex*k2kxkk2 + bkk2kckekk
2%x) / (3*c**3)

output
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3.11 [(d + ex)(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e 116
Mathematica [A] (verified) . . . . . . . . . ... o 117
Rubi [A] (verified) . . . .. . . ... .. 117
Maple [A] (verified) . . . . . . ... L 119
Fricas [F] . . . . . . o 120
Sympy [F] . . o o 120
Maxima [F] . . . . . . 1201
Giac [F] . . . . o o 121]
Mupad [F(-1)] . . . o o 1211
Reduce [F] . . . . . 122

Optimal result

Integrand size = 16, antiderivative size = 171

2 - 2
/(d + ex)(a + barctan(cx))? dz = _abex  blex arcctan(cx) 4 id(a + barcctan(cx))

<d2 _ z_z) (a + barctan(cz))?
2e
+ (d + ex)*(a + barctan(cz))?

2e
N 2bd(a + barctan(cz)) log (

c
b%elog (1 + 2z?)  ib*dPolyLog (2,1 — 2=)
+ 2c2? + c

Thicz)

(—a*b*e*x/c-b‘2*e*x*arctan(c*x)/c+I*d*(a+b*arctan(c*x))‘2/c—1/2*(d‘2—e‘2/c‘
‘2)*(a+b*arctan(c*x))‘2/e+1/2*(e*x+d)‘2*(a+b*arctan(c*x))‘2/e+2*b*d*(a+b*ar
‘ctan(c*x))*ln(2/(1+I*c*x))/c+1/2*b‘2*e*1n(c‘2*x‘2+1)/c“2+I*b‘2*d*polylog(2
,1-2/ (1+I*c*x)) /c

N J

output

\‘
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Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.01

/(d + ex)(a + barctan(cz))? dx
_ 2a°c*dx — 2abcex + a*cPex’? + b*(—i + cx)(2cd + ie + cex) arctan(cx)® + 2barctan(cz) (—beex + a(e 4

-

LIntegrate [(d + exx)*(a + bxArcTan[c*x])~2,x]

-/

input

(2%a~2*c™2%d*x - 2%a*bkckexx + a~2xc 2%e*x”2 + b"2x(-I + c*x)*(2*xckd + Ixe
+ c*e*x)*ArcTan[c*x] "2 + 2+bkArcTan[c*x]*(-(bxc*e*x) + ax(e + 24c 2*d*x +
c~2*%e*xx~2) + 2xbkckxd*Log[l + E~((2*I)*ArcTan[c*x])]) - 2*a*bxckdxLog[1l +
c"2xx"2] + b"2*exLog[l + c™2%x"2] - (2+I)*b~2*kcxd*PolyLog[2, -E~((2*I)*Arc
Tan[c*x])])/(2%c"2)

output

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.08,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)(a + barctan(cz))? dzx
| 5389
(d + ex)2(a + barctan(cz))? b€ [ ((a+barc1;gn(cx))e2 + (d202+2demzz(—ce21)2(i-:|l-)barctan(cm))) &

2e e
l 2009
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(d + ex)?(a + barctan(cz))? B

2e
b ((cd—e)(cd+e)(a+barctan(ca:))2 __ ide(atbarctan(cz))? 2delog<l+%>(a+barcta,n(cac)) + ae?z belzarctan(cz) ibde Polyl
c 2bc3 bc2 c? c2 c?
e
input LInt[(d + e*xx)*(a + bxArcTan[c*x])~2,x] J
output ((d + exx)"2%(a + bxArcTan[c*x])~2)/(2xe) - (b*c*x((axe”2*x)/c”2 + (b*e 2*xx
*ArcTan[c*x])/c”2 - (I*d*e*(a + bxArcTan[c*x])~2)/(b*c”2) + ((c*xd - e)*(c*
d + e)x(a + b*ArcTan[c*x])~2)/(2*b*c~3) - (2*d*ex(a + b¥ArcTan[c*x])*Logl[2
/(1 + Ixc*x)])/c™2 - (bxe~2xLog[l + c~2*x72])/(2*%c~3) - (I*bxd*e*PolyLogl2
» 1 = 2/(1 + Ixc*x)])/c”2))/e
Defintions of rubi rules used
rule 2009Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J
rule 5389 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x] &&
IGtQlp, 1] && IntegerQlql && NeQ[q, -1]




input

output
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.71

method result

arctan(ca:)2 e
2

[
In (c2z2+1) arctan(cz)cd— +arctan(cz)ecz— -

2.2
b2 carctan(Qc:c) T e—i—arctan(cw)zdcz—

parts a*(ies® +dz) +

2.2
z —1n(c2m2+1) arctan(cz)cd+

eln(c

2 2
b2 arctan(cm)Qd 2rt arctan(cz)”e ¢ %M —arctan(cz)ecz+

a? (Cde+%c2e zz)

derivativedivides e

2,.2.2
w—ln(c2z2+l) arctan(cz)cd+

2 eln(c
b2 arctan(cz)2d 2rt+ %—arctan(cz)ecz+ (

a2 (c2dz+%cze z2)

default e
) 9 . . 20 224 da c2dz—2 In(—i _ iln(—1i .
risch anz + (b x(ex+2d)41n( icz+1) ib(2a c2e x2+4a c2dz—2 In( zc:c—gl)bcd 2bcez+i In( zcx—l—l)be)) In (’I,CI
Lint ((e*x+d)* (a+b*arctan(c*x))~2,x,method=_RETURNVERBOSE) J

a~2x(1/2%e*x”2+d*x) +b~2/c* (1/2*cxarctan (c*x) ~2*x”~2xe+arctan (cxx) "2xd*c*x-1
/c*(In(c™2*x"2+1) *arctan(c*x) *c*d-1/2*arctan (c*x) ~2*e+arctan (c*x) *e*c*x-1/
2xe*x1n(c™2*x"2+1) -d*c* (-1/2*xI* (1n(c*x-I) *1n(c~2%x"2+1)-1/2%1n(c*x-I)"2-dil
0g(-1/2*I* (c*kx+I))-1n(c*x-I)*1n(-1/2%I* (c*x+I)))+1/2+I* (In(c*x+I)*1n(c™2*x
~2+1)-1/2*%1n(c*x+I) "2-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))))))
+ax*b*arctan (c*x) *x"2xe+2xaxb*arctan (c*x) *d*x—1/c*xaxbxd*1n(c~2*x"2+1) —a*xb*e
*x/c+1/c”2*xexb*a*arctan (c*x)




inpu

outpu

input

outpu

B
inputt
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Fricas [F]

/(d + ex)(a + barctan(cz))? dx = / (ex 4 d)(barctan (cz) + a)® dx

t‘integrate((e*x+d)*(a+b*arctan(c*x))"2,x, algorithm="fricas")

t‘integral(a’?*e*x + a"2xd + (b"2*exx + b~2xd)*arctan(c*x)”2 + 2x(a*bkexx +
‘a*b*d)*arctan(c*x), x)

Sympy [F]

/(d + ex)(a + barctan(cz))? dx = / (a + batan (cz))® (d + ex) dz

tintegrate((e*x+d)*(a+b*atan(c*x))**2,x)

tLIntegral((a + bxatan(c*x))**2%(d + e*x), x)

Maxima [F]

/(d + ex)(a + barctan(cz))? dz = / (ex + d)(barctan (cz) + a)’ dz

integrate ((exx+d)* (a+b*arctan(c*x))~2,x, algorithm="maxima")

N




output

input

output

input

output
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12xb~2*c"2xexintegrate (1/16*x " 3*arctan(c*x) "2/ (c”2*%x"2 + 1), x) + b~ 2%c™2*
exintegrate(1/16xx"3*log(c™2*%x"2 + 1)72/(c™2%x"2 + 1), x) + 12%b"2%c~2*d*i
ntegrate(1/16*x"2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 2*b~2xc”2*e*integrate(
1/16*x"3*%1log(c”™2*x"2 + 1)/(c™2%x"2 + 1), x) + b"2*c~2*d*integrate(1/16*x~2
*xlog(c™2*x"2 + 1)72/(c™2*x"2 + 1), x) + 4*b~2*%c"2*d*integrate(1/16*x~2*log
(c™2xx72 + 1)/(c™2*x"2 + 1), x) + 1/2*xa"2xe*x”"2 + 1/4*b~2*d*arctan(c*x) 3/
Cc - 4xb~2*c*xexintegrate(1/16*x"2*arctan(c*x)/(c"2*¥x"2 + 1), x) - 8%b~2xcx*d
*xintegrate(1/16*x*arctan(c*x)/(c™2*x"2 + 1), x) + (x"2*arctan(c*x) - cx(x/
c”2 - arctan(c*x)/c”3))*axb*e + a~2xd*x + 12*¥b"2xexintegrate(1l/16*x*arctan
(c*x)~2/(c™2*x”2 + 1), x) + b™2*exintegrate(1/16*x*log(c~2*x~2 + 1)72/(c"2
*x"2 + 1), x) + b"2*d*integrate(1/16*log(c™2*x"2 + 1)72/(c”2*%x"2 + 1), x)
+ (2xcxx*arctan(cxx) - log(c™2*x~2 + 1))*axb*d/c + 1/8*%(b"2*%exx~2 + 2*b~2*
d*x)*arctan(c*x) "2 - 1/32*%(b"2*e*x"2 + 2*%b~2*d*x)*log(c™2*x"2 + 1)72

Giac [F]

/(d + ex)(a + barctan(cz))? dz = / (ex + d)(barctan (cz) + a)’ dz

Lintegrate((e*x+d)*(a+b*arctan(c*x))“2,x, algorithm="giac")

-

Lintegrate((e*x + d)*(b*arctan(c*x) + a)~2, x)

~—

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cz))? dz = / (a + batan(cz))’ (d + ex) dz

\int((a + bratan(c*x)) 2% (d + e*x),x)

[int((a + b*atan(c*x))"2*%(d + e*x), x)

| —
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Reduce [F]

/(d + ex)(a + barctan(cz))? dx

2atan(cz)? b2cdz + atan(cz)? b2e z? + atan(cz)® b2e + 4atan(cz) ab Adz + 2atan(cz) ab e % + 2at

inputLint((e*x+d)*(a+b*atan(c*x))‘Q,X)

(2*atan (ckx) **x2*b**x2*kck*x2*xd*kx + atan(c*x) **2xb**2kc*k*2ke*x*k*2 + atan(cxx)*
*2xb**2xe + 4xatan(ckxx)*kaxbxck*2xdxx + 2xatan(ckx)*axbkck*2xe*xx**x2 + 2*ata
n(c*xx)*a*bke — 2*atan(c*x)*b*x*2xcxexx — 4*int((atan(c*x)*x)/(cx*2xx**2 + 1
) ,x) *¥b*k*x2*ckx*3xd - 2+log(ck*2xx**x2 + 1)*a*xbxckd + log(ck*2xx**x2 + 1)*bk*2x%
e + 2¥a*xk2kck*kkd*x + akk2kckkkekxk*k2 — 2kaxbkckexx)/(2kck*2)

output




output

CHAPTER 3. LISTING OF INTEGRALS 123
3.12 f (a+b acrlctan(cac))2 dx
+ex

Optimal result . . . . . . . . . . . . 123
Mathematica [F] . . . . . . . . . . . 124
Rubi [A] (verified) . . . . . . . . . . 1241
Maple [C] (warning: unable to verify) . . . . . . ... ... ... L. 125]
Fricas [F] . . . . o . o e 126
Sympy [F] . . o 127
Maxima [F] . . . . . . 127
Giac [F] . . . o o 1271
Mupad [F(-1)] . . . oo 128
Reduce [F] . . . . o o e 128

Optimal result

Integrand size = 18, antiderivative size = 223

(a + barctan(cz))? log (

2

l—icz)

2
/ (a + barctan(cz)) dp =
d+ex

+

e

(a + barctan(cz))? log (

2¢(d+ex)

(cd+ie)(1—icz) >

e

1—icz

N ib(a + barctan(cz)) PolyLog (2,1 — %)

ib(a + barctan(cz)) PolyLog (2, 1

e

2¢(d+ex)

" (cd+ie)(1—icz)

)

b? PolyLog (3,1 —

2
l—icx

)

e

2e

_|_

b% PolyLog (3, 1-—

2¢c(d+-ex) )
(cd+ie)(1—icz)

-(atb*arctan(c#*x)) "2*1n(2/(1-Ixc*x))/e+(atb*arctan(c*x)) “2*1n(2*c* (e*xx+d) /
(c*d+I*e)/(1-I*c*x))/e+I*bx(atb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/e-I*
b* (atb*arctan(c*x))*polylog(2,1-2xc* (exx+d) /(cxd+I*e)/(1-I*c*x))/e-1/2%b~2
*polylog(3,1-2/(1-I*c*x))/e+1/2%b~2*polylog(3,1-2*c* (e*xx+d) / (cxd+I*xe)/(1-1

xc*x))/e




input

output

input
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Mathematica [F]

2 2
/ (a + barctan(cx)) dp — / (a + barctan(cx)) i
d+ex d+ex

s

LIntegrate[(a + b*ArcTan[c*x])~2/(d + e*x),x]

~—

LIntegrate[(a + bxArcTan[c*x])~2/(d + e*x), x]

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,

number of rules _ 0.056, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {5383}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))?
d+ex

l 5383

dz

ib(a + barctan(cz)) PolyLog (2, 1- %)

1—icz)(cd+ie) 1—icx

e
(a + barctan(cz))? log ((Mdiﬂm)) ibPolyLog (2, 1— 2 ) (a + barctan(cz))
+ —

e e
log <1_2icw> (a + barctan(cz))? N b2 PolyLog <3, 1-— 7@?&(:)?162%))

e 2e

b2 PolyLog (3, 1— 1_2icx>
2e

e

LInt[(a + bk*ArcTan[c*x])"2/(d + e*x),x]

~—




output

rule 5383

CHAPTER 3. LISTING OF INTEGRALS 125

-(((a + bxArcTan[c*x]) "2+Log[2/(1 - I*c*x)])/e) + ((a + b*ArcTan[c*x]) 2xL

ogl[(2%c*(d + exx))/((cxd + I*e)*(1 - I*cxx))])/e + (Ixbx(a + b*ArcTan[c*x]
)*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (I*bx(a + b*ArcTan[c*x])*PolyLog[2, 1
- (2%cx(d + e*x))/((cxd + I*e)*(1 - Ixc*x))])/e - (b~2%PolyLogl[3, 1 - 2/(
1 - Ixc*x)])/(2%e) + (b"2#PolyLog[3, 1 - (2*c*(d + exx))/((cxd + Ixe)*(1 -
Ixc*x))1)/(2xe)

Defintions of rubi rules used

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcTan[c*x])~2)*(Log[2/(1 - I*c*x)1/e), x] + (Simp[(a + b*Arc
Tan [c*x]) "2* (Log[2*c*((d + e*x)/((cxd + I*e)*(1 - I*cx*x)))]/e), x] + Simp[I
*b* (a + b*ArcTan[c*x])*(PolyLog[2, 1 - 2/(1 - Ixc*x)]/e), x] - Simp[I*b*(a
+ b*ArcTan[c*x])*(PolyLog[2, 1 - 2%c*((d + e*x)/((c*d + I*e)*(1 - I*c*x)))]
/e), x] - Simp[b~2*(PolyLogl[3, 1 - 2/(1 - I*c*x)]/(2%e)), x] + Simp[b~2*(Po
lyLog[3, 1 - 2%c*((d + e*x)/((c*d + I*ke)*(1 - Ixcxx)))]1/(2%e)), x]1) /; Free
Q[{a, b, c, d, e}, x] && NeQ[c™2*d~2 + e~2, 0]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.97 (sec) , antiderivative size = 1199, normalized size of antiderivative = 5.38

method result size

derivativedivides | Expression too large to display | 1199
default Expression too large to display | 1199
parts Expression too large to display | 1203

input‘int((a+b*arctan(c*x))”2/(e*x+d),x,method=_RETURNVERBOSE)




output

input

output
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1/cx(a~2*cx1n(ckexx+c*d) /e+b~2*xcx (In(c*exx+c*xd) /e*arctan(cxx) “2-2/e* (1/2*a
rctan(c*x) "2*1n(-I*e* (1+Ixc*x) "2/ (c™2xx"2+1) +c*kd* (1+I*xc*x) "2/ (c™2%x"2+1)+I
xe+cxd) -1/2xI*arctan(c*x)*polylog(2,-(1+I*c*x) "2/ (c~2*x~2+1))+1/4*polylog(
3,-(1+I*c*x) "2/ (c™2*x"2+1) ) -1/4*I*Pi*csgn (I* (—I*ex (1+I*c*xx) ~2/(c™2*x"2+1)+
ckd* (1+Ixc*x) 2/ (c™2%x"2+1)+I*e+c*d) / (1+(1+I*c*x) “2/(c"2*x"2+1)) ) *(csgn(I*
(~Ixex (1+Ixc*xx) "2/ (c™2xx"2+1)+c*d* (1+I*cxx) "2/ (c™2*x~2+1) +I*e+c*d) / (1+(1+I
*xcxx) "2/ (c”2*x72+1)) ) "2-csgn (I* (~I*e* (1+I*c*x) "2/ (c™2*x"2+1) +ckd* (1+I*c*x)
~2/(c”2%x"2+1)+I*xe+c*d) ) kcsgn (I* (~I*e* (1+I*kc*x) "2/ (c™2*x"2+1) +ckd* (1+I*c*x
) "2/ (c™2xx"2+1) +I*xe+cxd) / (1+(1+I*c*x) "2/ (c™2%x72+1) ) ) —csgn (I* (-I*e* (1+I*c*
x) "2/ (c72xx72+1) +cxd* (1+I*xc*x) "2/ (c™2%x"2+1) +Ixe+c*d) / (1+(1+I*xc*x) "2/ (c™2%
x72+1)))*csgn(I/ (1+(1+I*c*xx) "2/ (c™2*x"2+1)) ) +csgn (I* (-Ixe* (1+Ixc*x) ~2/(c™2
*x"2+1) +ckd*k (1+Ixcxx) "2/ (c™2%x"2+1) +I*e+c*d) ) xcsgn(I/ (1+(1+I*cxx) "2/ (c™2*x
~2+1))))*arctan(c*x) “2-1/2xc*d/ (cxd-I*e)*arctan(c*x) “2*1n(1-(I*e-c*d)/(c*xd
+Ixe)* (1+Ixc*x) "2/ (c™2*%x"2+1))+1/2+I*c*d/ (cxd-I*e)*arctan(c*x)*polylog(2, (
Ixe-c*d)/(c*kd+I*e)*(1+I*c*x) "2/ (c™2*%x"2+1))-1/4*c*d/ (c*d-I*e)*polylog(3, (I
xe—c*d) / (cxd+I*e)* (1+I*c*x) "2/ (c"2*x"2+1))-1/2*e*arctan(c*x) “2*1n(1-(I*xe-c
*d) / (cxd+Ixe)* (1+Ixc*x) "2/ (c~2%x"2+1) )/ (e+I*c*d)+1/2xI*e*arctan(c*x)*polyl
og(2, (Ixe-c*d) /(cxd+I*xe)* (1+I*c*xx) 2/ (c"2*x"2+1))/(e+I*c*d)-1/4*expolylog(
3, (Ixe-c*d) / (cxd+I*e)* (1+I*c*xx) "2/ (c~2*x"2+1))/(e+I*cxd)))+2*axb*c*(1n(cxe
*x+c*d) /exarctan (c*x)+1/2*I*1n(cke*xx+c*d) * (1n((I*e-c*e*xx)/(c*xd+I*e))-1n. ..

Fricas [F]

2 2
/ (a + barctan(cz)) dp — / (barctan (cz) + a) s
d+ex er+d

-

Lintegrate((a+b*arctan(c*x))‘2/(e*x+d),x, algorithm="fricas")

~—

Lintegral((b‘2*arctan(c*x)‘2 + 2%axb*arctan(c*x) + a~2)/(exx + d), x)
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Sympy [F]
/ (a + barctan(cz))? dp — / (a + batan (cz))” s
d+ex d+ex
input Lintegrate ((atbxatan(c*x))**2/ (e*xx+d) ,x)
output LIntegral( (a + bxatan(c*x))**2/(d + e*x), x)
Maxima [F]

/ (a + barctan(cz))? de — / (barctan (cz) + a)® Y

d+ex

er+d

input

tintegrate((a+b*arctan(c*x))“2/(e*x+d),x, algorithm="maxima")

output

2 + 1)72 + 32*axb*arctan(c*x))/(e*x + d), x)

‘a‘2*1og(e*x + d)/e + integrate(1/16%(12xb~2*arctan(c*x)~2 + b~2*log(c™2*x"

Giac [F]

/ (a + barctan(cz))? dp — (barctan (cz) + a)’

d+ex

er+d

dz

input

Lintegrate((a+b*arctan(c*x))”2/(e*x+d),x, algorithm="giac")

outputt

integrate((b*arctan(c*x) + a)~2/(exx + d), x)
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Mupad [F(-1)]

Timed out.
(CI, + baaI'Cta,n(cx))2 e — / (a + batan(cw))2 s
d + ex d +ex
inputtint((a + b*atan(c*x))"2/(d + e*x),x) J
Ou_tputtint((a + bxatan(c*x))~2/(d + e*x), x) J
Reduce [F]

/ (a + barctan(cz))? o 2(f i@"—ﬁdw) abe + (f %dz) b’e + log(ex + d) a?
d+ezx B e

inputLint((a+b*atan(c*x))AQ/(G*X+d),x) J

‘ (2*int(atan(c*x)/(d + e*x),x)*a*bke + int(atan(c*x)**2/(d + exx),x)*b**2*e ‘

output
‘ + log(d + exx)=*a*xx2)/e
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2
a+barctan(cz
313 [ G
(d+ex)
Optimal result . . . . . . . . . . . . .. e 129
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 130
Rubi [A] (verified) . . . . . . . . . .. 1311
Maple [A] (verified) . . . . . . ... L 132
Fricas [F] . . . . o . o e 134
Sympy [F] . . o 134
Maxima [F] . . . . . . 134
Giac [F] . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o e 136
Optimal result
Integrand size = 18, antiderivative size = 341
/ (a + barctan(cz))? e ic(a + barctan(cz))?  c*d(a + barctan(cz))?
(d+ ex)? B Ad? + e? e (2d? + e?)
B (a + barctan(cz))? B 2bc(a + barctan(cz)) log (l_icm)

e(d + ex)

N 2bc(a + barctan(cz)) log (2-)

1+icz

c2d? + e?

+

2bc(a + barctan(cz)) log (

c2d? + e?

2¢(d+ex)
(cd+ie)(1—icz)

c2d? + e?

N ib?cPolyLog (2, 1

1—icx

1+icz

2-) N ib?cPolyLog (2,1 — 2-)

c2d? + e?
ib?c PolyLog (2, 1

2¢(d+ex)

" (cd+ie)(1—icx)

)

c2d? + e?

c2d? + e?
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I*xcx(atbxarctan(c*x))~2/(c"2+%d"2+e~2)+c~2*d* (a+b*arctan(c*x))~2/e/(c"2%d"2
+e~2)-(atb*arctan(c*x)) ~2/e/ (exx+d) -2*b*c* (a+b*arctan(c*x) ) *1n(2/ (1-I*c*x)
)/ (c™2xd"2+e"~2) +2*bxc* (a+b*arctan(c*x) ) *1n(2/ (1+I*c*xx) )/ (c"2*%d"2+e"2) +2*b*
cx (a+b*arctan(c*x)) *1n(2*c* (exx+d) / (cxd+I*e)/(1-I*c*x))/(c"2*%d"2+e~2) +I*b~
2xcxpolylog(2,1-2/(1-T*c*x))/(c™2*%d"2+e~2)+I*b~2*c*polylog(2,1-2/ (1+I*c*x)
)/ (c™2%d"2+e~2) -I*b~2*c*polylog(2,1-2xc* (e*x+d) / (cxd+I*xe) / (1-I*c*x))/(c™2x*
d~2+e"2)

output

Mathematica [A] (warning: unable to verify)

Time = 1.87 (sec) , antiderivative size = 300, normalized size of antiderivative = 0.88

(a + barctan(cz))? de— — a?
(d+ ex)? e(d + ex)
N ab(—2(e — c*dz) arctan(cz) + c(d + ex) (2log(c(d + ex)) — log (1 + c*z?)))

(3 + €2) (d + ex)

cd (—i (7r—2 arctan(%) ) arctan(cz)—m log(1+e~2¢arctan(e)) o (arctan(%) +a

; cd
b2 _elarcmn( e ) arctan(cz)? + zarctan(cz)?
c2d? d+tex
1+76

input LIntegrate[(a + b*ArcTan[c*x])~2/(d + e*X)AQ,x]

-(a”2/(ex(d + e*x))) + (a*bx(-2*(e - c”2xd*x)*ArcTan[c*x] + c*(d + e*x)*(2
*Log[ck(d + e*x)] - Logl[l + c™2%x72])))/((c™2%d"2 + e"2)*(d + e*x)) + (b~2
* (- ((E"(I*ArcTan[(c*d)/e])*ArcTan[c*x]~2)/(Sqrt[1 + (c"2%d~2)/e"2]*e)) + (
xxArcTan[c*x]"2)/(d + e*x) - (c*d*((-I)*(Pi - 2%ArcTan[(c*d)/e])*ArcTan[c*
x] - PixLog[l + E~((-2*I)*ArcTan[c*x])] - 2*(ArcTan[(c*d)/e] + ArcTan[c*x]
)*¥Logl[l - E~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (Pi*Logl[l + c~2*x~2
1)/2 + 2%ArcTan[(c*d)/e]l*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyL
ogl2, E~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]1))/(c”2xd"2 + e72)))/d

output




input

output
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Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 350, normalized size of antiderivative = 1.03,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))?
dz
(d+ ex)?
| 5389
d—ex)(a+barctan(cz))c? e?(a+barctan(cz
2bc [ (( (0221(2+62?(§22211>)) (c(2d2+120)(3-£ex)))) dzx B (a + barctan(cz))?
e e(d+ ex)
| 2009
__(a-+—barctan(cx))2
e(d + ex)
b cd(a+barctan(cz))? ie(a+barctan(cz))? e log(ﬁ) (a+barctan(cz)) e 10g<1+%> (a+barctan(cz)) e(a+barctan(cz))
2be 2b(c2d2+e?) + 2b(c2d2+e?) o c2d?+e? + c2d?+e? + c2d
e

LInt[(a + bxArcTan[c*x])~2/(d + e*x)"2,x] J

-((a + bxArcTan[c*x])"2/(ex(d + e*x))) + (2*bxc*((c*d*x(a + bxArcTan[c*x])~
2)/(2%b*(c™2%d"2 + e72)) + ((I/2)*ex(a + b*ArcTan[c*x])~2)/(b*x(c"2%d"2 + e
~2)) - (ex(a + b*ArcTan[c*x])*Log[2/(1 - Ixc*x)])/(c"2*d"2 + e"2) + (ex(a
+ bxArcTan[c*x])*Log[2/(1 + Ixc*x)])/(c”2%d"2 + e~2) + (ex(a + b*ArcTan[c*
x])*Log[(2%c*(d + exx))/((c*d + Ixe)*(1 - I*c*x))])/(c™2%d"2 + e72) + ((I/
2) *b*xe*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(c”2*d"2 + e~2) + ((I/2)*b*exPolyLog
[2, 1 - 2/(1 + I*cxx)])/(c™2xd™2 + e72) - ((I/2)*b*exPolyLogl[2, 1 - (2*cx(
d + exx))/((c*d + Ixe)*(1 - Ixc*x))])/(c”2%d"2 + e72)))/e
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*cx(p/(e*x(q + 1))) Int [ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 5389

Maple [A] (verified)

Time = 1.99 (sec) , antiderivative size = 513, normalized size of antiderivative = 1.50
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method result
2 iIn(cex+cd
2 9 2e“ | —————
2arctan(cz)eln(cex+cd) arctan(cz)eln (c z +1) 2dc arctan(ca:)2 _
__a?c2 422 | — arctan(cx)? c2d? te? c2d? te? 2¢2d242¢2
(cex+cd)e (cex+cd)e
derivativedivides
2 iIn(cex+cd
2 92 2e e
2 arctan(cz)eln(cextcd) arctan(cz)eln (C z +1) 2dc arctan(c:c)2 _
_A+b2c2 _ arctan(cz)? + c2d24e? c2d24e2? 2c2d2 422
(cex+cd)e (cez+cd)e
default
2 iIn(cex
2.2 e\~
262 arctan(cz)e ln(cex+cd) arctan(cz)eln(c z +1) dcarctan(cz)? _
2d21e2 2(c2d2+e2) 2c2d2 422
2 2
2 c“ arctan(cz)
b T " (cextcd)e +
t o’ 4
parts (ex+d)e

e

Lint((a+b*arctan(c*x))‘2/(e*x+d)‘2,x,method=_RETURNVERBOSE)

~—

input

1/cx(~a~2+c”2/ (c*exx+c*xd) /e+b™2+c” 2% (-1/ (c*e*xx+c*d) /e*arctan (c*xx) “2+2/e*(a
rctan(c*x)*e/(c™2*xd"2+e"2) *1n (c*e*x+c*d) -1/2*arctan(c*x) / (c~2*xd"2+e”2) *e*x1
n(c™2*xx~2+1)+1/2/(c"2*d~2+e~2) *d*c*arctan(c*x) “2-e~2/ (c"2*d~2+e~2) * (-1/2*I
*1n (c*xe*xx+c*d) * (1n((I*e-c*xe*xx)/(ckd+I*e))-1n((I*e+cxexx)/(I*xe-c*xd)))/e-1/2
*I*(dilog((I*e-cxexx)/(cxd+Ix*e))-dilog((I*xe+ckexx)/(I*e-cxd)))/e)+1/2*e/(c
~2%d"2+e"2) % (-1/2*I* (In(c*x-I) *1n(c"2*x~2+1)-1/2*1n(c*x-I) "2-dilog(-1/2*I*
(cxx+I))-1n(c*xx-I)*1n(-1/2*I* (c*x+I)))+1/2*I* (In(c*x+I) *1n(c™2*x~2+1)-1/2%
In(c*x+I)~2-dilog(1/2*I*(c*x-I))-1n(c*x+I)*1n(1/2*I*(c*x-I))))))+2*axb*xc~2
*(-1/ (cxexx+c*d) /exarctan(c*x)+1/ex(e/(c"2*d"2+e"2) *1n(c*xexx+c*xd)+1/(c"2*d
~2+e”2) *(-1/2%e*1n(c~2*x"2+1)+d*c*arctan(c*x)))))

output




CHAPTER 3. LISTING OF INTEGRALS 134

Fricas [F]

dzx

/ (a + barctan(cz))? dp — (barctan (cz) + a)?
(d+ ex)? (ex + d)*

input tintegrate ((atb*arctan(c*x)) "2/ (e*x+d) ~2,x, algorithm="fricas")

output‘ integral ((b"2*arctan(c*x) "2 + 2%axbxarctan(c*x) + a~2)/(e"2*x"2 + 2xd*e*x
+d72), x)

Sympy [F]

(a+barctan(cz))® , [ (a+batan (cz))® .
(d+ex)? _/ (d+ ex)? d

input Lintegrate ((atb*atan(c*x))**2/ (e*x+d) **2,x)
output LIntegral((a + bratan(c*x))*%2/(d + e*x)**2, x)
Maxima [F]
/ (a + barctan(cz))? (barctan (cz) + a)2
2 T = 5 dx

input Lintegrate ((atb*arctan(c*x)) "2/ (e*x+d) "2,x, algorithm="maxima")
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((2xcxd*arctan(c*x)/(c™2*d"2%e + e73) - log(c™2*x"2 + 1)/(c”2*d"2 + e72) +
2xlog(e*x + d)/(c™2xd"2 + e”2))*c - 2xarctan(c*x)/(e”2*x + dxe))*a*b - 1/
16*(4*arctan(c*x) "2 - 16*(e”2*x + d*e)*integrate(1/16*(12*(c"2*e*x"2 + e)*
arctan(c*x) "2 + (c"™2*e*x"2 + e)*log(c™2%x"2 + 1)72 + 8*(c*e*x + c*d)*arcta
n(c*x) - 4*%(c™2%e*x"2 + c”2*d*x)*log(c™2*x"2 + 1))/(c”2%e™3*%x"4 + 2%c™2%d*
e"2xx"3 + 2xdxe”2*%x + d"2%e + (c"2xd"2*e + e73)*x72), x) - log(cT2*x"2 + 1
)"2)*b~2/(e"2%x + d*e) - a~2/(e”2*x + d*e)

output

Giac [F]
2 2
/ (a + barctan(cx)) dp — (barctan (cx)2+ a) i
(d+ ex)? (ex +d)
inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)*2,x, algorithm="giac")

Output‘integrate((b*arctan(c*x) + a)~2/(e*x + d)~2, x)

Mupad [F(-1)]

Timed out.

(a+barctan(cz))® | [ (a+ batan(cz))’ .
/ (d+ex)? da:_/ (d+ ) d

inputtint((a + b*atan(c*x))~2/(d + e*x)~2,x)

outputtint((a + b*atan(c#*x))~2/(d + e*x)"2, x)
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Reduce [F]

dx = Too large to display

/ (a + barctan(cz))?
(d+ex)?

-

inputLint((a+b*atan(c*x))AQ/(G*X+d)”2,x)

| —

(atan (c*x) **2xbkk 2k ck*4*d**4*x + atan(ckxx)kk2kb**2*c**2*xd**3*xe + atan(c*x)
*%kQkbkk2kCkkDkdA*k*kQkek*k2%kx + atan(C*x)**Z*b**Q*d*e**B + Q*atan(c*x)*a*b*c**
Axdx*4xx - 2%atan(ckx)*kaxbkckxk2xd*x*3%e — 2*atan(c*x)*kaxbkckk2kxd**kex*x2*x
+ 2xatan(c*x)*a*xbxdkxe**3 — 2*atan(c*x)*b**2kxc**3xd*k*3*exx + 2*atan(c*x)*b*
*x2xckdx*2ke*x2 — 2xint ((atan(c*x)*x)/ (ck*4*xd**4*xx**2 + 2kCk*4*xd**3*e*x**3
+ ckx4kdkk2kexk2xxkk4 + Ckk2kd*kk4 + 2kCkkQkd*kk3Jkekx — 2kck*k2kdkekk3kxk*k3 —
CkkDkekk4kxkk4d — d*kk2ke*x*k2 — 2xd*ke*x*k3*kx - e**4*x**2),x)*b**2*c**7*d**8 =
2xint ((atan(c*x) *x) / (ck*k4xd*k4*x**2 + 2kckkdkd**k3kekxx*k*3 + Chkkbdkd**Qkex*Q*
x*k%k4 + Cck*k2%kd**k4 + 2%kCkk2kd*k*k3kekx — 2kCk*k2kdkekk3kx*kk3 — CkkAkexk4kxkk4d -
dx*x2ke**2 — 2kdkxe**3*kx — ex*4*kx*k*2),x)*bkkkck*xT*d**T*kexx - 2*int((atan(c
*x) *x) / (Ck*4xd*x*4*x*%2 + 2kCk*k4qkd**k3kekxk*k3 + chkkdkdx*kkekk2kx*k*k4d + ck*k2*d
x%k4 + 2kckk2kd*kk3kekXx — 2%Ckk2kdkek*k3kxkk3 — CkkDkekk4kxkk4d — dkk2kekx2 —
2kdkex*k3kx — e**k4kx**2) ,x)*kbk*k2kck*k5kd**k6ke**2 — 2kint ((atan(c*x)*x)/ (cx*4
kdkk4kxkk2 + 2kckkdkdkk3Ikexxk*k3 + Ckk4kdkkDkekkQkxkk4d + Ckk2kd*k*k4 + 2kC*k*2
*xd*k*k3kekx — 2kCk*k2kdke*kk3kx*kk3 — CckkDkexkdkxkkd — dkk2Qkex*k2 — 2kdkex*k3kx -
ex*x4*xx**2) ,X) ¥b**x2*xc**x5*xd**x5*xe*x*3*x + 2*int ((atan(c*x)*x)/ (ck*dxdx*k4*x**2
+ 2%ck*k4kd*x*k3kekxk*k3 + Chkk4dkdk*kQkekk2kxkk4 + Ck*k2kd*k*k4 + 2kCk*k2kd**kIkexx
— 2%Ckx*k2kdke*k*k3kx*k*k3 — Ckkdkekk4kxkk4d — dkkQkex*k2 — 2kdkex*k3kx — ekk4qkxk*x2
), X) *b*kk2kck*k3kdk*k4*kexx4 + 2*int ((atan(c*x)*x)/ (ck*dxd*kdxx**2 + 2kckkdxd*
*3kekxx**k3 + Ckk4kdkkDkekk2kx*k*k4 + Ckk2kd**k4 + 2kCk*k2kd*kk3kekx — 2kckk2k ., ..

output
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a arctan(cr 2
3.14 [ letbmemi) gy

Optimalresult . ... ... ... .. ... ... .........
Mathematica [A] (warning: unable to verify) . . . . . .. .. ..
Rubi [A] (verified) . . . ... ... ... . ... ...
Maple [A] (verified) . . . . . . . ..o
Fricas [F] . . . . . . .

Sympy [F(-1)] . . .«
Maxima [F(-1)] . . . . . ... o

Optimal result

Integrand size = 18, antiderivative size = 496

(d? + e?) (d + ex)

N c*(cd — e)(cd + €)(a + barctan(cz))?

2e (c2d? + €2)°
2bc3d(a + barctan(cz)) log (

/ (a + barctan(cz))? e b*c’darctan(cz)  be(a + barctan(cz))
(d+ ex)? (@ +e?)’
ic3d(a + barctan(cz))?
(d? + 62)2
(a + barctan(cz))®

1158
1139

1142
1145
143

1 —2ic:l: )

2e(d + ex)?

2bc3d(a + barctan(cz)) log (

(c2d? + e2)?
b’c’elog(d + ex)

(d? + 62)2
2bc*d(a + barctan(cz)) log (

(02d2 + 62)2

(cd+ie)(1—icz)

+

b’c’elog (1 + c*z?)

(d? + 62)2
ib?c*d PolyLog (2,1 —

2 (c2d? + e2)?

ib?c*d PolyLog (2,1 —

(d? + 62)2

(c2d? + 62)2
ib2c3d PolyLog (2, 1—

(cd+ie)(1—icz)

(c2d? + 62)2
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b~2%c~3*d*arctan(c*xx)/(c"2*d~2+e"2) ~2-b*c* (atb*arctan(c*x))/(c™2%d"2+e~2)/
(exx+d) +I*c~3*d* (a+b*arctan(c*x)) 2/ (c"2+%d"2+e"2) "2+1/2*c”2x (c*d-e) * (cxd+e
)*(a+b*arctan(c*x))"2/e/(c"2*xd"2+e"2) "2-1/2* (a+b*arctan(c*x))~2/e/(e*xx+d) "~
2-2xb*c~3*d* (a+b*arctan(c*x) ) *1n(2/(1-I*c*xx))/(c~2*d"2+e"2) “2+2*b*c~3*d* (a
+b*arctan(c*x))*1n(2/(1+I*c*x))/(c"2*d"2+e"2) "2+b"2*c " 2*xe*x1n (e*xx+d) / (c”2*d
"2+e72) "2+2*bxc”~3*d* (atb*arctan(c*x) ) *1n(2xc* (exx+d) / (cxd+I*e) / (1-Ixc*x))/
(c™2xd"2+e"2) "2-1/2xb"2xc " 2*e*1n(c"2*x"2+1) / (c"2*d"2+e"2) "2+I*b~2*c”~3*d*po
lylog(2,1-2/(1-I*c*x))/(c"2*d"2+e”2) "2+I*b~2*c"3*d*polylog(2,1-2/ (1+I*c*x)
)/ (c™2%d"2+e~2) "2-I*b~2%c~3*d*polylog(2,1-2*c* (e*xx+d) / (cxd+I*e)/(1-I*c*x))
/(c™2*d"2+e”2) "2

output

Mathematica [A] (warning: unable to verify)

Time = 3.88 (sec) , antiderivative size = 479, normalized size of antiderivative = 0.97

(a + barctan(cz))? dp — — a?
(d+ ex)? ~ 2e(d+ ex)?
N ab((—€® + *d?z(2d + ex) — c?e(3d* + 2dex + e*x?)) arctan(cx) + c(d + ex) (—c2d? — €2 + 2c2%d(d +

(22 + e2) (d + ex)?

_9¢2 c(d+
2e? arctan(cz)+2cde log(—m

c3d3+cde?

cd

b2c2 <_ 2¢’ arcmn( e ) arctan(cz)? e(1+c%x?) arctan(cz)? + 2z arctan(cz)(e+cd arctan(cz)) +

\/1+ ciéﬂ e c?(d+ex)? cd(d+ex)

+

e

~—

inputtlntegrate[(a + b*ArcTan[c*x])~2/(d + e*x)~3,x]




output
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-1/2%a"2/(e*x(d + e*x)"2) + (a*bx((-e”3 + c™4*d~2*x*(2*xd + e*x) - c 2xe*(3x

d"2 + 2xdxexx + e”2xx"2))*ArcTan[c*x] + c*x(d + e*x)*(-(c"2*d"2) - e72 + 2%
c"2xdx(d + e*x)*Loglcx(d + e*x)] - c”2+d*(d + exx)*Log[l + c™2%x"2])))/((c
“2%d72 + e72)"2x(d + exx)"2) + (b~2*c”2*((-2*E” (I*ArcTan[(c*d)/e])*ArcTan[
c*xx]"2)/(Sqrt[1 + (c™2%d"2)/e"2]*e) - (ex(1 + c™2*x~2)*ArcTan[c*x]~2)/(c"2
*(d + e*xx)”"2) + (2xx*ArcTan[c*x]*(e + ckd*ArcTan[c*x]))/(c*d*(d + e*xx)) +

(-2xe~2*ArcTan[c*x] + 2xc*d*exLogl[(cx(d + e*x))/Sqrt[1 + c™2*x~2]])/(c"3xd
~3 + c*xd*e”2) - (2xc*d*((-I)*(Pi - 2xArcTan[(c*d)/e])*ArcTan[c*x] - PixLog
[1 + ET((-2*%I)*ArcTan[c*x])] - 2x(ArcTan[(c*d)/e] + ArcTan[c*x])#*Log[l - E
~((2*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))] - (PixLog[l + c™2*x72])/2 + 2%Ar
cTan[(c*d) /e]*Log[Sin[ArcTan[(c*d)/e] + ArcTan[c*x]]] + I*PolyLog[2, E~((2
*I)*(ArcTan[(c*d)/e] + ArcTan[c*x]))]1))/(c"2%¥d"2 + e72)))/(2x(c"2xd"2 + e~
2))

Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 496, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))?
/ dten °

l 5389

be f ( 2de? (a+barctan(cx))c? (d2 c2—2dexc? —62) (a+barctan(cz))c? e?(a+barctan(cz)) ) dx
(c2d?+e2)%(d+ex) (c2d?+€2)?(c2z2+1) (c?d?+e?)(d+ex)?

€
(a + barctan(cz))?
2e(d + ex)?

l 2009

__(a-+—barctan(c:1:))2
2e(d + ex)?

2c2delog < 3

2 2
be ic2de(a+barctan(cz))? + c(cd—e)(cd+e)(at+barctan(cz))?  e(atbarctan(cz)) 2cde log(liicw)(a,+barctan(cz))
b(c2d2+e2)? 2b(c2d2+e2)? (c2d?+e2)(d+ex) (c2d?+€2)?
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input‘lnt[(a + bxArcTan[c*x])~2/(d + e*x)"3,x]

-1/2*(a + b*ArcTan[c*x])~2/(ex(d + e*x)"2) + (bxck((bxc~2*d*exArcTan[c*x])
/(c”2%d"2 + e72)72 - (e*x(a + bkArcTan[c*x]))/((c"2*%d"2 + e72)*(d + e*x)) +
(I*xc™2xd*e*(a + b*ArcTan[c*x])"2)/(b*(c™2*d"2 + e72)72) + (c*(c*xd - e)*(c
*d + e)*(a + b*ArcTan[c*x])~2)/(2%b*(c"2*%d"2 + €72)72) - (2xc"2*d*ex(a + b
xArcTan [c*x])*Log[2/(1 - I*c*x)])/(c™2%d"2 + e72)72 + (2%c"2*d*ex(a + b*Ar
cTan[c*x])*Log[2/(1 + I*c*x)]1)/(c™2%d"2 + e72)"2 + (bxc*xe 2*Logld + e*x])/
(c™2*%d™2 + e72)72 + (2xc~2*d*ex(a + bxArcTan[c*x])*Log[(2xcx(d + e*x))/((c
*d + Ike)*(1 - I*kc*x))])/(c™2*%d"2 + e72)"2 - (bxc*e 2*xLogl[l + c~2*x~2])/(2
*(c"2%d"2 + e72)72) + (I*bxc~2*d*exPolyLogl[2, 1 - 2/(1 - I*c*x)])/(c"2%d"2
+ e72)72 + (I*bkc~2xd*e*PolylLogl[2, 1 - 2/(1 + I*c*x)])/(c™2*d"2 + e72)"2
- (Ixb*c~2*d*e*PolyLog[2, 1 - (2*cx(d + exx))/((cxd + Ixe)*(1 - I*c*xx))]1)/

(c™2xd™2 + e72)72)) /e

output

Defintions of rubi rules used

rule 2009 | T2t [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 5389 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*c*x(p/(e*(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
I1GtQlp, 1] && IntegerQlql && NeQ[q, -1]
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Maple [A] (verified)

Time = 3.01 (sec) , antiderivative size = 729, normalized size of antiderivative = 1.47

method result
_ arctan(cz)e 2 arctan(cz)edc In(cez+cd) + .:a,rct:an(ca:)zczd2 _ arctan(cz)cde
_ a2c3 +2e3 | — arctan(cz)? (62d2+52) (cex+cd) (02d2+€2)2 (02d2+e2)2 (62d2+
2(cex+cd)2e 2(cea:+cd)2e
derivativedivides
_ arctan(cz)e 2 arctan(cz)edc In(cex+cd) arctan(cm)2c2d2 _ arctan(cz)cde
_ a?c3 40283 | — arctan(cz)? (62d2+e2) (cez+ted) (C2d2+52)2 (C2d2+€2)2 (02d2+
2(cex+cd)?e 2(cex+cd)?e
default
3 arctan(cz)e 2 arctan(cz)edcIn(cez+cd) arctan(cz)2c2d2 arctan(c
c? | — _
(c2d2+e2)(cez+cd) (62(12_',62)2 (02d2+82)2 (
p2| — 3 arctan(cm)2
2(cez+cd)2e
arts @ __ 4
p 2(ex+d)%e

input

Lint ((a+b*arctan(c*x)) "2/ (e*x+d) ~3,x,method=_RETURNVERBOSE)




output

input
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1/c*(-1/2*%a~2xc"3/ (cxe*x+c*xd) "2/e+b"2*%c~ 3% (-1/2/ (c*xexx+c*d) "2/e*arctan(c*x
)"2+1/ex(~arctan(c*x) *e/ (c~2*d"2+e"2) / (cke*x+c*d) +2*xarctan (c*x) *exd*c/ (c”2
*d"2+e”"2) "2x1n(cke*x+c*d)+1/ (c"2*%d"2+e"2) “2*arctan (c*x) "2*c~2*d"2-arctan(c
*x) / (c"2xd"2+e"2) "2*c*d*e*1ln(c”2*x"2+1)-1/(c"2*d"2+e"2) "2*arctan (c*xx) “2*e”
2-1/2/(c™2*%d"2+e”2) "2* (c"2*d"2-e"2) *arctan (c*x) “2+e”~2/(c"2*d"2+e"2) "2*1n(c
*exx+cxd)—1/2*%e”2/(c"2%d"2+e72) "2x1n(c"2*x"2+1) +e/ (c"2*%d"2+e"2) "2xd*c*arct
an(c*x)+1/(c"2+%d"2+e"2) “2*c*d*e* (-1/2*I* (Iln(c*x-I)*1n(c~2*x"2+1)-1/2*1n(c*
x-I)"2-dilog(-1/2*I*(c*x+I))-1n(c*x-I)*1n(-1/2*%I*(c*x+I)))+1/2*I*(In(c*x+I
)*1n(c™2xx"2+1)-1/2%1n(c*x+I) "2-dilog(1/2*I* (c*x-I))-1n(c*x+I)*1n(1/2*I*(c
*x-1))))-2/(c"2+%d"2+e”2) "2*c*d*e”2* (-1/2*I*1n(cxexx+c*d) * (In((I*e-cxe*x) /(
cxd+Ix*e))-1n((I*et+ckexx)/(Ixe-c*d)))/e-1/2*%I*(dilog((I*xe-c*e*xx)/(c*kd+I*e))
-dilog((I*e+cxe*x)/(I*xe-c*d)))/e)))+2*axb*xc~3*(-1/2/ (c*xexx+cxd) "2/e*arctan
(c*xx)+1/2/ex(-e/(c"2*%d"2+e"2) / (c*xexx+cxd) +2xe*xd*c/ (c"2*%d"2+e”2) "2*1n (cxe*xx
+c*xd)+1/(c™2*%d"2+e"2) “2x (—cxd*e*x1n(c”~2*x"2+1)+(c"2*d"2-e"2) *arctan(c*x))))
)

[

Fricas [F]

T

/ (a + barctan(cz)) / (barctan (cz) + a)? p
(d+ ex)? (ex + d)®

integrate((atb*arctan(c*x)) 2/ (e*xx+d)~3,x, algorithm="fricas")

~—

output‘lntegral((b 2*%arctan(c*x) 2 + 2*axbkarctan(c*x) + a~2)/(e”3*x"3 + 3*d*e”2x
‘x 2 + 3*%d~2%exx + d~3), x)

input |

Sympy [F(-1)]
Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)3

integrate((at+b*atan(c*x))**2/ (e*x+d) **3,x)
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outputLTimed out
Maxima [F(-1)]
Timed out.
2
/ (a+barctan(ca))® , o
(d + ex)3

inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)‘3,x’ algorithm="maxima")

Ou_tputLTimed out
Giac [F]
/ (a + barctan(cz))? (barctan (cz) + a)®
3 = 3 dz
(d+ ex) (ex +d)
inputLintegrate((a+b*arctan(c*x))‘2/(e*x+d)~3,x, algorithm="giac")
outputtintegrate((b*aTCtan(C*X) + a)~2/(exx + d)~3, x)
Mupad [F(-1)]
Timed out.
(a +barctan(cz))? , / (a + batan(cz))”
(d +ex)3 (d+ex)®
inputLint((a + bxatan(c*x))~2/(d + e*xx)~3,x)

OutputLint((a + bxatan(c*x))"2/(d + exx)"3, x)
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Reduce [F]

dx = too large to display

/ (a + barctan(cz))?
(d+ex)3

-

inputLint((a+b*atan(c*x))AQ/(G*X+d)”3,x)

| —

(2*atan (c*x) **2xb*x*2kck*kBkd**6*ke*xx + atan(c*x)k*2kxbk*kx2kCkx*Bkd**k5kex*kQkx*k*2
+ 3*atan(c*x) **2xb**2kck*k4kd**k5ke*x*2 + 4d*xatan (ckx)**k2xbk*kkckkdkd**k4dke*x*x3
*x + 2%atan (c*x) k*2kb¥*x2kckk4kd*k3kek*kqdkx*k*x2 + Bxatan (ckx)*k*x2kbkkkck*k2kd*
*3ke*x*x4 + 2xatan (ckx) **2kbk*kckk2kd*k*kke*x5xx + atan (ckx) **2xbk*kck*k2kd*
e**x6xx**2 + katan(c*x)**2*xb**2kdkex*6 + 4A*atan(ckx)*axbkckx6xdx*G*e*xx + 2
*atan (C*x) *axbkck*Gxd**kSxex*kx*k*x2 — 6xatan(ckx)*axbkck*kdkdr*5xe*x*2 — 16%*a
tan(c*x) *a*b*ckx4xdx*4*e*x3xx — 8xatan(ckx)*xaxbxck*kdkd**x3kex*k4*xx**x2 + 16%a
tan(c*x) *axb*ckx*2xd**x3*ex*4 + 12*xatan(c*xx)*ax*bxc*x2xd*x*x2*e*x*5xx + 6*atan(c
*x) *axbkckk2kdkex*k6*xx**2 + Gkatan(ckx)*xaxbkxdxex*6 — 6Gkatan(c*x)kxbkx*2kckx*5x*
d*x*x5xex*2%x — 4katan(c*x)kbkx*2kckkx5kdk*k4ke*xk3xx*x*k2 + 8katan(ckx)*xb*x*x2kc**3
*d*xx4xex*3 + 4katan(c*x) kbkx*2kck*k3kd*k*3kek*kdkxx + 4katan(ckx)*kbx*k2kckd*x*x2xe
**5 + 2%atan(c*x)*bk*2xckdxex*k6xx — 4*xint ((atan(cxx)*x)/ (ck*d*xd**x5*xx*k*2 +

3xkckkdkdkkdkekxk*k3 + 3Jkckkbkdk*k3kex*kkxk*k4 + ChkkLkdk*kkex*k3kxk*k5 + Ckkkd*
*¥5 + 3kckkkdkklhdkexx — 8kCkkkdkkkekk3kx*k*k3 — Okckkkdkek*k4qdkxkk4qd — 3kCk*2
*ekkBxxkk5 — Jkdkk3kek*2 — Okd*k*Qkex*k3kx — Okdkexk4kx**2 — 3kex*k5xx**3),x)
*¥bkx2kckxQxd*x11*xe - 8*int ((atan(c*x)*x)/(ck*k4*xd**5*x**2 + 3Jkckkdxd**x4dke*xx
*%3 + 3kckkdkdkk3Ikekkkxk*k4 + CkkAkd*kkQkek*3kxk*k5 + Ckkkd**k5 + Ikckkkd*k
Lxexx — 8¥Ckx*kdk*k2ke*kJkx*k*k3 — Okckkkdkek*k4kxkk4d — 3kckkkex*k5kxk*5 - 3k
dxx3ke**2 — Okd**2ke*x*k3kx — Okdkexkdkxx**2 — 3kekx*5*xx**3) ,x)*bkkkck*kQ*xd**1
Oxex*2+x — 4*int((atan(c*x)*x)/ (ckx4kxQ**5xx*k*2 + Ikckkdkd**dxe*xx**x3 + 3...

output
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3.15

[(d + ex)*(a + barctan(cz))? dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..

Maple [C] (
Fricas [F]
Sympy [F]
Maxima [F]
Giac [F] .

Mupad [F(-

Reduce [F]

warning: unable to verify) . . . . .. ... Lo L

D] oo
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Optimal result

Integrand size = 18, antiderivative size = 652

/(d + ex)?(a + barctan(cr))® dx

_ 3ab’de’z  ble’z  bPe’ arctan(cx) N 3b3de®z arctan(cz)

2 A + 4ct c?

b’ez?(a + barctan(cz))  3bde?(a + barctan(cz))®>  ibe®(a + barctan(cz))?

+ - +
4c? 2¢3 4ct
_ 3ibe(6c’d® — €°) (a + barctan(cz))®  3be(6c’d” — €®) x(a + barctan(cz))?
4ct 4¢3
_ 3bde’z(a + barctan(cz))®  be’z’(a + barctan(cz))?
2c 4c
N id(cd — e)(cd + e)(a + barctan(cz))®  (c*d* — 6c*d®e® 4 €*) (a + barctan(cz))®
c 4cte

(d + ex)*(a + barctan(cz))®  b’e*(a + barctan(cz)) log (1+2icw)

+ +
4e 2¢

3b%e(6c*d® — €?) (a + barctan(cz)) log (25)
B 2¢t
N 3bd(cd — e)(cd + e)(a + barctan(cz))? log (125) _ 3b%de?log (1 + c*a?)

c3 2c3

N ib%e PolyLog (2,1 — 72-)  3ib’e(6c°d? — €?) PolyLog (2,1 — 2)

4ct 4ct
N 3ib?d(cd — e)(cd + €)(a + barctan(cz)) PolyLog (2,1 — 1+2m)
3
3b%d(cd — e)(cd + ) PolyLog (3,1 — :2)

+

2c3
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3xa*xb~2*d*e”2*x/c”2-1/4*b"3xe"3*x/c"3+1/4%b"3*xe"3*xarctan(c*x) /c 4+3*xb"3xd*
e~ 2xx*arctan(c*x)/c”2+1/4*%b"2xe"3*x~2* (a+b*arctan(c*x))/c”~2-3/2*b*d*e”2* (a
+b*arctan(c*x)) ~2/c”3-3/4*I*b"3*e* (6*c~2*d"2-e~2) *polylog(2,1-2/ (1+I*c*x))
/c~4-3/4xIxb*ex (6*c~2xd"2-e"2) * (atb*arctan(c#*x)) ~2/c~4-3/4*bxe* (6*xc”~2*d~2-
e”2)*x* (a+b*arctan(c*x)) ~2/c”3-3/2*b*d*e~2*xx"2* (a+b*arctan(c*x)) ~2/c-1/4*b
*xe~3*x"3* (at+b*arctan(c*x)) ~2/c+3*I*xb~2*d* (c*xd-e) * (cxd+e) * (a+b*arctan (c*x))
*polylog(2,1-2/(1+I*c*x))/c~3-1/4*(c"4*d"4-6%c"2xd"2*e"2+e~4) * (a+b*arctan(
c*x)) "3/c”4/e+1/4* (exx+d) “4* (a+b*arctan(c*x)) ~3/e+1/2xb"2*e”3* (a+b*arctan (
c*x) ) *1n(2/ (1+I*c*x))/c~4-3/2*b~2*xe* (6*%c~2+d"2-e~2) * (a+b*arctan(c*x) ) *1n(2
/ (1+I*c*x))/c~4+3*%b*xd* (c*d-e) * (c*d+e) * (at+tb*arctan(c*x)) “2x1n(2/ (1+I*c*x))/
c~3-3/2*b"3*d*e”~2*1n(c”~2*x"2+1) /c~3+1/4*Ixb*e"3* (at+b*arctan(c*x)) ~2/c”4+1/
4xI*b~3*e~3*polylog(2,1-2/ (1+I*c*x))/c"4+I*d* (c*d-e)* (c*d+e) * (a+b*arctan(c
*x) ) ~3/c~3+3/2%b"3*d* (cxd-e) * (ckd+e) *polylog(3,1-2/(1+I*c*x))/c”3

output

Mathematica [A] (verified)

Time = 1.15 (sec) , antiderivative size = 855, normalized size of antiderivative = 1.31

/ (d + ex)?(a + barctan(cz))® dz = Too large to display

inputtlntegrate[(d + exx) "3x(a + b*ArcTan[c*x])"3,x]
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(a~2%c*(4xaxc™3*%d"3 + 3*bkex(-6%c™2*d"2 + e72))*x + 6*a”2*c”3*xdxe*(akcxd -
bxe)*x"2 + a”2xc"3*%e”2%(4*a*xcxd - b*e)*x"3 + a"3*kc"4*e"3*x"4 + 3xa~2%b*(6
xc"2*%d"2xe - e”3)*ArcTan[cxx] + 3%a”~2xbxc 4*x*(4*d"3 + 6*%d"2xe*xx + 4xdxe”2
*x"2 + e"3xx"3)*ArcTan[c*x] + a*b™2*%e"3*(1 + c™2*x"2 + (6*c*x - 2%c~3*x"3)
*ArcTan[c*x] + 3*(-1 + c”4*x"4)*ArcTan[c*x]~2 - 4*Log[l + c™2*x72]) - 6*a”
2xbxc*d* (c"2%d"2 - e”2)*Logl[l + c™2*x"2] + 18%axb~2*c”~2xd"2%e* (-2*c*x*ArcT
an[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Logl[l + c™2*x"2]) + 12%a*b~2xc~3*d
~3*(ArcTan[c*x]*((-I + c*x)*ArcTan[c*x] + 2+Log[1l + E~((2*I)*ArcTan[c*x])]
) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 12xa*b~2*c*kdxe ™ 2x(c*x + (I + ¢
~3%x~3)*ArcTan[c*x] "2 - ArcTan[c*x]*(1 + c™2*x"2 + 2*Log[l + E~((2%I)*ArcT
an[c*x])]) + I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~3*c~2+d"~2*ex (ArcT
an[ckx] *((3*I - 3*cxx)*ArcTan[c*x] + (1 + c"2*x"2)*ArcTan[c*x]"2 - 6xLog[1
+ E7((2*I)*ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b
“3xe"3x(-(c*x) - (4*%I - 3*c*kx + c™3*x"3)*ArcTan[c*x]~2 + (-1 + c™4*x"4)*Ar
cTan[c*x] "3 + ArcTan[c*x]*(1 + c™2*x"2 + 8*Log[1 + E~((2*I)*ArcTan[c*x])])
- (4*I)*PolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 2%b~3*c*d*e 2% (6*c*x*ArcTan
[c*x] - 3*ArcTan([c*x]~2 - 3*c~2*x"2xArcTan[c*x] "2 + (2*I)*ArcTan[c*x]"3 +

2xc~3*x"3*ArcTan[c*x] "3 - 6*ArcTan[c*x] “2+Log[1 + E~((2*I)*ArcTan[c*x])] -
3*Log[1 + c™2*x~2] + (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])]
- 3%PolyLog[3, -E~((2*I)*ArcTan[c*x])]) + 2¥b~3%c~3*d"3*(2*ArcTan[c*x]...

output

Rubi [A] (verified)

Time = 1.51 (sec) , antiderivative size = 645, normalized size of antiderivative = 0.99,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)3(a + barctan(cz))3 dzx
| 5389
(d + ex)*(a + barctan(cz))? B
3be f (mz(a-l-b a.rcctzan(cm))2e4 4 4dz(a+b ars;an(cm));tg 4 (6c2d?—e?) (a—l;l;arcta,n(ca:))2e2 n (c4d4—6c2e2d2+4c2(cd—ci)égc;ljg;cdﬂ‘*

4e
l 2009
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(d + ex)*(a + barctan(cz))3 B

4e
jet(atbarctan(cz))?  2be* log<1+%> (atbarctan(cz))  94e3(gtbarctan(ca))?  dibde(cd—e)(cd+e) PolyLog (2,1_ﬁ> (a
3bc — 3cB — 355 + o _ .
inputLInt[(d + e*x)"3%(a + bxArcTan[c*x])"3,x] J

((d + exx)"4x*(a + bxArcTan[c*x])~3)/(4*e) - (3xbkc*((-4*a*bxd*e”3*x)/c”3 +
(b~2%e~4xx)/(3*%c™4) - (b~2%e"4xArcTan[c*x])/(3%c™5) - (4*%b~2xd*e”3*x*ArcT
an[c*x])/c”3 - (b*e~4*x~2*(a + b*ArcTan[c*x]))/(3*c”3) + (2xd*e~3*(a + b*A
rcTan[c*x])~2)/c”4 - ((I/3)*e"4*x(a + bkArcTan[c*x])~2)/c”5 + (I*e 2*(6*c”2
*d"2 - e"2)*(a + b*ArcTan[c*x])"2)/c”5 + (e”2*x(6*%c™2*xd"2 - e 2)*x*x(a + b*A
rcTan[c*x])~2)/c™4 + (2xd*e”3*x"2*(a + b*ArcTan[c*x])"2)/c"2 + (e"4*x"3*(a
+ b*ArcTan[c*x])~2)/(3*c™2) - (((4*I)/3)*d*(c*xd - e)*e*x(c*d + e)*(a + b*A
rcTan[c*x])~3)/(b*c™4) + ((c™4*d~4 - 6%c~2*%d"2*%e"2 + e~ 4)*(a + b*ArcTan[c*
x])"3)/(3*b*c~5) - (2*b*e~4*(a + bxArcTan[c*x])*Logl[2/(1 + I*c*x)])/(3*c~5
) + (2%b*e~2*%(6%c”2*%d"2 - e”2)*(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/c~5
- (4*d*(cxd - e)*ex(cxd + e)*(a + bkArcTan[c#*x]) 2xLog[2/(1 + I*c*x)])/c”
4 + (2%b~2*d*e”3*Logl[l + c™2*x"2])/c"4 - ((I/3)*b~2*e~4*PolyLog[2, 1 - 2/(
1 + I*c*x)])/c”5 + (Ixb~2*%e"2%(6%c”2xd"2 - e~2)*PolyLogl[2, 1 - 2/(1 + Ixc*
x)1)/c”5 = ((4*I)*bxd*(c*d - e)*ex(cxd + e)*(a + b*ArcTan[c*x])*PolyLogl2,
1 - 2/(1 + Ixcxx)])/c™4 - (2%b~2+d*(cxd - e)*ex(c*d + e)*PolyLog[3, 1 - 2
/(1 + Ixc*x)])/c™4))/(4xe)

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

A J

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTan[c*x])~p/(ex(q + 1))), x] - 8
imp[b*cx(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(A + e*xx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x] &&
16tQ[p, 1] && IntegerQlql && NeQlq, -1l

rule 5389




input

output
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 17.92 (sec) , antiderivative size = 3122, normalized size of antiderivative = 4.79

method result size

parts Expression too large to display | 3122
derivativedivides | Expression too large to display | 3153

default Expression too large to display | 3153

e

Lint((e*x+d)‘3*(a+b*arctan(c*x))‘3,x,method=_RETURNVERBOSE)

—

1/4*a~3* (e*xx+d) “4/e+b~3/c*(1/4*c*e”3*arctan(c*x) ~3*x"4+c*e”2*arctan(c*x) 3
*x~3*d+3/2xcxexarctan (c*x) “3*x~2xd"2+arctan (c*x) ~3*c*x*d~3+1/4*c/e*arctan(
c*x) "3%d~4-3/4/c”3/ex(-2/3%e"4*arctan (c*x) * (ckx-I)* (cxx+I)+2/3*I*e"4*arcta
n(c*x)*(c*x-I)-8/3*e 4xarctan (c*xx) *1n(1+I* (1+I*c*xx)/(c™2%x~2+1)~(1/2))-8/3
*e 4xarctan (c*xx) *1n(1-I* (1+I*c*xx)/(c™2%x"2+1) " (1/2))+2*I*e*c~3*d"3*Pi*csgn
(I*(1+(1+I*c*x) "2/ (c™2*x"2+1) ) ) *csgn (I* (1+(1+I*c*x) "2/ (c™2*x"2+1) ) ~2) "2*ar
ctan(c*x) "2-I*e~3*cxd*Pikcsgn(I* (1+I*c*x)/(c™2*%x"2+1) " (1/2)) "2*csgn(I*(1+I
*xc*x) "2/ (c"2%x72+1) ) *arctan(c*x) “2-I*e*c”~3*d~3*Pi*csgn (I* (1+I*c*x) "2/ (c™2%
x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c2*%x"2+1) / (1+(1+I*c*x) "2/ (c"2%x"2+1)) "2) “2*ar
ctan(c*x) "2-2xI*e*c”3*d"3*Pi*csgn (I* (1+I*c*x)/(c™2*x"2+1)~(1/2) ) *csgn(I* (1
+I*c*x) "2/ (c”2%x72+1)) "2*arctan(c*x) "2+2*%I*e”3*ckd*Pi*xcsgn (I* (1+I*c*x)/(c”
2xx72+1)~(1/2) ) *csgn(I* (1+I*cxx) “2/(c™2%x"2+1)) "2*arctan(c*x) “2+I*e 3*kcxd*
Pixcsgn(I/(1+(1+I%c*x) "2/ (c™2%x"2+1))"2) *csgn(I*(1+Ixc*x) 2/ (c™2%x"2+1) /(1
+(1+I*c*x) "2/ (c™2%x72+1)) ~2) “2*arctan(c*x) ~2+I*e”3*cxd*Pikcsgn (I* (1+I*c*x)
=2/ (c™2%x72+1) ) *csgn (I* (1+I*c*x) "2/ (c™2xx~2+1) / (1+(1+I*c*x) "2/ (c"2%x"2+1))
~2)"2*arctan(c*x) "2-2*%I*e " 3*ckd*Pixcsgn (I* (1+(1+I*kc*x) "2/ (c™2*x"2+1)) ) *csg
n(Ix(1+(1+I*c*x) "2/ (c"2%x"2+1)) ~2) "2*arctan(c*x) "2-I*exc”3*d"~3*Pixcsgn (I*(
1+(1+Ixc*x) "2/ (c™2xx"2+1) ) ) "2*xcsgn (I* (1+(1+I*c*x) "2/ (c"2*%x"2+1)) "2) #arctan
(c*x) "2+I*e*xc”3*%d~3*Pi*csgn (I* (1+I*c*x)/(c™2%x"2+1) 7~ (1/2)) "2*csgn(I*(1+I*c
*xx) "2/ (c”2*x~2+1)) *arctan(c*x) "2-I*exc~3*d"3*Pixcsgn (I/(1+(1+I*c*x) "2/ (...
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Fricas [F]

/(d + ex)?(a + barctan(cz))3 dz = / (ex + d)*(barctan (cz) + a)° dz

integrate((e*x+d) ~3*(at+b*arctan(c*x))~3,x, algorithm="fricas")

input
output integral (a~3*e~3*x"3 + 3*a~3*d*e”2*x"2 + 3*a~3*d"2*exx + a~3*d"3 + (b~ 3*e”
3*x"3 + 3*%b"3*kd*e"2*x"2 + 3*b"3*%d"2*exx + b~3*kd"3)*arctan(c*x)”3 + 3*x(axb”
2%e~3xx"3 + 3*axb"2*xd*e”"2xx"2 + 3*kaxb~2*xd"2*e*x + a*b”~2*d"3)*arctan(c*xx) "2
+ 3x(a”2*b*e~3*xx"3 + 3*ka~2xb*d*e"2xx"2 + 3*a"2xbxd"2*e*x + a~2*b*d~3)*arc
tan(c*x), x)
Sympy [F]
/(d + ex)*(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex)® dz
inputLintegrate((e*x+d)**3*(a+b*atan(c*x))**3,x) J
Output‘Integral((a + bxatan(c*x))**3%(d + e*x)**3, x) J
Maxima [F]

/(d + ex)*(a + barctan(cz))® dz = / (ex 4+ d)*(barctan (cz) + a)° dz

input‘integrate((e*x+d)“3*(a+b*arctan(c*x))‘3,x, algorithm="maxima")
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output

1/4%a~3%e”~3*%x"4 + a~3*d*e~2*x~3 + 7/32*%b~3*d"3*arctan(c*x) 4/c + 112%b~3x*c

~2xe"3*integrate(1/128*x"5*arctan(c*x) ~3/(c"2*x"2 + 1), x) + 12*b~3*c"2*e”
3xintegrate(1/128*x~5*arctan(c*x)*log(c™2*x"2 + 1)72/(c”2*x"2 + 1), x) + 3
84*a*b~2xc~2%e"3xintegrate(1/128*x"5*arctan(c*x)~2/(c"2*x"2 + 1), x) + 336
*b~3*c"2xd*e"2*xintegrate (1/128*x~4*arctan(c*x) ~3/(c"2*x"2 + 1), x) + 12%b~
3xc~2*e"3*integrate(1/128*x " 5*arctan(c*x)*log(c™2*x"2 + 1)/(c™2*x"2 + 1),

x) + 36*%b~3*c”2xd*e"2*integrate(1/128*x~4*arctan(c*x)*log(c™2*x"2 + 1)~2/(
CcT2*x72 + 1), x) + 1152%a*b~2*c”2+d*e”"2xintegrate(1/128*x~4*arctan(c*x) 2/
(c™2%x”2 + 1), x) + 336*b~3*c~2+d"2*e*integrate(1/128*x"3*arctan(c*x) 3/ (c
“2%x72 + 1), x) + 48xb~3*c”2+dxe"2*integrate(1/128*x"4*arctan(c*x)*log(c2
*x72 + 1)/(c™2*x72 + 1), x) + 36xb~3xc"2xd"2xexintegrate(1/128*x~3*arctan(
c*xx)*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 1152%axb~2*c”2*d"2*e*integrate
(1/128*x~3*arctan(c*x) "2/(c™2*x"2 + 1), x) + 112%b~3*%c~2*d"3*integrate(1/1
28*x~2*arctan(c*x) ~3/(c™2*x"2 + 1), x) + 72*b~3*c”2*d"2*e*integrate(1/128*
x~3*arctan(c*x)*log(c™2*x"2 + 1)/(c™2*x"2 + 1), x) + 12%b~3%c”2*d"3*integr
ate(1/128*x"2*arctan(c*x)*log(c™2*x"2 + 1)72/(c™2%x"2 + 1), x) + 384*axb~2
*c~2*%d"3*integrate(1/128*x"2*arctan(c*x)~2/(c"2*x"2 + 1), x) + 48%b~3%c™2x%
d~3*integrate(1/128*x~2*arctan(c*x)*log(c™2*x"2 + 1)/(c”2*x"2 + 1), x) + 3
/2xa”~3%d"2xexx"2 + axb~2*d"3%arctan(c*x)~3/c - 12*b~3*cxe”3*integrate(1/12
8*x~4*arctan(c*x)~2/(c”2*x"2 + 1), x) + 3*%b~3%cxe"3*integrate(1/128%x74...

Giac [F]

/(d + ex)*(a + barctan(cz))® dz = / (ex 4 d)*(barctan (cz) + a)’ dz

inputt

integrate((e*xx+d) “3*(atb*arctan(c*x))~3,x, algorithm="giac")

-

outputt

integrate((e*x + d)~3*(b*arctan(c*x) + a)~3, x)

| —
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Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cr))® dz = / (a + batan(cz))® (d+ ex)® dz

input Lint((a + b*atan(c*x))"3*(d + e*x)"3,x)

output Lint((a + b*atan(c#*x))~3*(d + e*x)~3, x)

Reduce [F]

/ (d + ex)3(a + barctan(cz))? dz = Too large to display

input Lint ((e*x+d) ~3*(a+b*atan(c*x))~3,x)
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(4*xatan (c*x) **3xb**3kck*k4*d**3*x + 6*katan(c*x) **x3kb**x3kck*4kdk*2kexx*k*2 +
4xatan (ckx) **3kbk*k3kckkbkd*kex*2*xx*x*3 + atan(c*x)**3*kb*x*k3kck*kqkekxk3kx*k*x4d +
6*atan (c*x) **3xbxx3kckk2kd**2*%e — atan(c*x)**3xbx*x3ke*x*3 + 12*atan(c*x)**2
*a*xbkxkx2kck*k4kd*x*3*%x + 18%atan (c*x)*x*2kakxbkx2kckkdkd**x2kexx**2 + 12*atan(cx*
X) *%k2ka*xbkk2kckkbkdkex*2*xx**3 + 3katan(c*x)k*kkakxbkk2kckkbdkekk3Ikx*k*k4d + 18%
atan (ckx) *x*k2xa*xbxk2kxck*2kd**x2%e — 3katan(ckx) x*k2kaxbx*2ke*x*3 — 18*atan(ckx
) **¥2xb**k3kCch*k3kd**¥2kexx — Bkatan(ckx)*k*2xb**x3kcxk*x3*xdkex*x2*¥x**2 — atan(c*x)
**k2kbkk3kCk*x3kexk3*xx**3 — Bkatan (ckxx)*¥*k2xb**3kckxd*kex*2 + 33*atan(c*x)**2*xb*
*3kcke**x3kx + 12katan(ckx)*ka**x2kbxck*xdkd*x*x3*x + 18*atan(ckx)*kax*x2¥xbkckxd*d
*kkekx*xx2 + 12*atan(ckx) *ak*2xbkckkdkdrexk2xx**3 + 3katan (ckx)*a*rk2kbkck*
4xex*3xx*x4d + 18*atan(c*x)*axk2xbkckxk2xd**2kxe — 3*xatan(c*x)*ax*k2xbkex*3 -
36*atan (cxx) *a*xbxk2*kck*x3kd**x2ke*x — 12+atan(c*x)*arbk*xkck*3kdke**kx**2 —
2*atan (c*x) *axbxx2xck*k3ke**3*x**3 - 12xatan(ckxx)*axbk*2*c*d*e**2 + 6xatan
(c*x) *axbxx2xcke*x*k3*x + 12*atan(c*x)*bxx3kckk2kd*ke**2*x + atan(c*x)*xbx*x3*c
**x2xexx3xx*k*2 + atan(c*x)*b**3xexx3 — 24xint ((atan(c*x)*x)/ (ckx*2xx**2 + 1)
,X) *axbx*k2kck*5kd**x3 + 24xint ((atan(c*x)*x)/(ck*x2kx**2 + 1),x)*a*xbkk2kc**3
xdkex*2 + 36*xint ((atan(c*x)*x)/(c*x*2%x**2 + 1),x)*b**3*kck*4xd**2%e — 8*int
((atan(cxx)*x) / (ck*2%x**2 + 1) ,x)*b*x*x3kck*kke*x*3 — 12*int ((atan(ckxx)**2*x)
/ (Ck*2%x*%2 + 1),x)*bk*3kck*x5xd**3 + 12xint ((atan(ckxx)**x2xx)/ (ckx*2kx**2 +
1) ,x) *¥b**3kck*3kd*ke*x*2 — 6xlog(Ck*kx**2 + 1)*ka*x2kbkc**3*d**3 + 6xlog(. ..

output
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3.16 [(d + ex)*(a + barctan(cz))? dz
Optimal result . . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ... o 1561
Rubi [A] (verified) . . . .. . . ... .. 157
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 158
Fricas [F] . . . . . . o 159
Sympy [F] . . o o 160
Maxima [F] . . . . . . 1601
Giac [F] . . . . o o 16T
Mupad [F(-1)] . . . o o 16T
Reduce [F] . . . o . o o 161
Optimal result
Integrand size = 18, antiderivative size = 411
/(d + ex)*(a + barctan(cr))® dx
ab’e’r  bde’rarctan(cr) 3ibde(a + barctan(cz))?
T2 + c? B c?
_ be*(a+barctan(cz))®  3bdex(a + barctan(cz))”
2¢3 c
_ be?z*(a + barctan(cz))? N i(3cd? — €?) (a + barctan(cz))?
2c 3c3
B d<d2 - 30i2> (a + barctan(cz))? N (d + ex)?(a + barctan(cz))?
3e 3e
6b*de(a + barctan(cx)) log (12) N b(3c*d® — €?) (a + barctan(cz))? log (25)
B c? c3
b3e2 log (]_ + c2;1;2) 3ib3de PolyLog (2, 1-— 1+2icw)
B 2¢3 B c?
N ib?(3c?d? — €?) (a + barctan(cz)) PolyLog (2,1 — 1+2m)
c3
N b3(3c*d? — e?) PolyLog (3,1 — 1+2m)

2c3



output

input

output
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a*b”~2%e”~2%x/c”2+b~3*e”"2*xx*arctan(c*x) /c”2-3*xIxbxd*ex (a+b*arctan(c*x))~2/c”
2-1/2*b*e~2* (a+b*arctan(c*x) ) ~2/c~3-3*b*d*e*x* (a+b*arctan(c*x)) ~2/c-1/2*b*
e~ 2*x"2x (a+b*arctan(c*x)) ~2/c+1/3*I*(3*%c"2*xd"2-e"2) * (a+b*arctan(c*x))~3/c”
3-1/3*d*(d"2-3*e~2/c”2) * (a+b*arctan(c*x)) ~3/e+1/3*(e*xx+d) ~3* (a+b*arctan(c*
x)) ~3/e-6%b"2*d*e* (a+b*arctan(c*x))*1n(2/ (1+I*c*x))/c”2+b* (3*c~2*d"2-e"2) *
(at+b*arctan(c*x)) "2*1n(2/ (1+I*c*x))/c”3-1/2*%b"3*e " 2*1n(c"2*x"2+1) /c"3-3*I*
b~3*d*e*polylog(2,1-2/ (1+I*c*x))/c 2+I*b 2% (3*c~2+d"2-e"2) * (a+b*arctan (c*x
))*polylog(2,1-2/(1+I*c*x))/c”~3+1/2%b" 3% (3%c"2*xd"2-e~2) *polylog(3,1-2/(1+I

*c*xx))/c”3

\

Mathematica [A] (verified)

Time = 0.66 (sec) , antiderivative size = 621, normalized size of antiderivative = 1.51

/(d + ex)*(a + barctan(cz))? dz

_ 6a°c®d(acd — 3be)x + 3a’c’e(2acd — be)x® + 2a°c*e®x® + 18a’bede arctan(cz) + 6a’bc*x(3d” + 3dex +

r

LIntegrate[(d + exx) " 2x(a + b*ArcTan[c*x])"3,x]

| —

(6%a~2xc~2*d* (a*c*kd — 3*b*e)*x + 3*a~2%c " 2xex(2%axc*d — bxe)*x"2 + 2*a~3*c
“3*%e"2xx"3 + 18%a”2*bkckd*exArcTan[c*x] + 6*%a~2¥bxc”3*x*(3*%d”2 + 3*d*e*x +
e"2xx"2)*ArcTan[c*x] - 3*a~2%b*(3%c"2xd"2 - e"2)*Log[l + c™2*x"2] + 18*ax
b~ 2*cxd*e* (-2kcxx*xArcTan[c*x] + (1 + c”2*x"2)*ArcTan[c*x]~2 + Log[l + c™2%
x72]) + 18%a*b~2*c”2*d"2*(ArcTan[c*x]*((-I + c*x)*ArcTan[c*x] + 2%Log[1l +
E~((2*I)*ArcTan[c*x])]) - IxPolyLog[2, -E~((2*I)*ArcTan[c*x])]) + 6%axb~2x
e"2%(c*kx + (I + c”3*x"3)*ArcTan[c*x]~2 - ArcTan[c*x]*(1 + c”2*x"2 + 2xLogl
1 + E7((2*I)*ArcTan[c*x])]) + I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + 6%b~
3xcxd*e* (ArcTan [ckx] * ((3*I - 3*cxx)*ArcTan[c*x] + (1 + c™2*x~2)*ArcTan[c*x
172 - 6*Logl[l + E~((2*I)*ArcTan[c*x])]) + (3*I)*PolyLogl[2, -E~((2*I)*ArcTa
nlcxx])]) + b~3*%e”2*(6*kc*x*kArcTan[c*x] - 3*ArcTan[c*x]~2 - 3*c”™2*x"2xArcTa
nlcxx]~2 + (2*I)*ArcTan[c*x]~3 + 2%c~3*x"3*ArcTan[c*x]~3 - 6*ArcTan[c*x] "2
*xLog[1 + E~((2*I)*ArcTan[c*x])] - 3*Logl[l + c™2*x~2] + (6*I)*ArcTan[c*x]*P
olyLogl[2, -E~((2*I)*ArcTan[c*x])] - 3*PolyLogl[3, -E~((2*I)*ArcTan[c*x])])
+ 3xb~3%c~2%d"2*% (2xArcTan[c*x] "2*x ((-I + c*x)*ArcTan[c*x] + 3*Logl[l + E~((2
*I)*xArcTan[c*x])]) - (6*I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])]
+ 3%PolyLog[3, -E~((2*I)*ArcTan[c*x]1)]))/(6%c~3)




input

output
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Rubi [A] (verified)

Time = 1.01 (sec) , antiderivative size = 430, normalized size of antiderivative = 1.05,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)?(a + barctan(cz))? dz

l 5389

(d-+-ex)3(a-+-barctan(cw))3__

3e
be f (z(a-l—b arctgn(cw))Qe?’ + 3d(a+b arct;n(cx))ze2 + (d(c*d*—3e?)+e(3c2d?—e?)z) (atb arctan(cz))2) dz

c c c2(c2z2+1)
e
| 2009
(d + ex)3(a + barctan(cz))3
3e
bc<63(a+ba;§an(cw))2 n 3id62(a+bjé‘ctan(cm))2 n 6bde? log(l_'_%z‘%(a-‘rbarctan(cm)) n 3d62m(a+bca,2rctan(c:c))2 " e3m2(a+b2a;§tan((

‘Int[(d + e*x)~2%(a + b*ArcTan[c*x])~3,x]

((d + exx)"3*(a + bxArcTan[c*x])~3)/(3*e) - (bxc*(-((a*b*e~3*x)/c~3) - (b~
2%e"3*x*ArcTan[c*x])/c”3 + ((3*I)*d*e”2*(a + bxArcTan[c*x])"2)/c"3 + (e"3x%
(a + bxArcTan[c*x])~2)/(2%c™4) + (3*d*e”2*x*(a + b*ArcTan[c*x])"2)/c"2 + (
e"3*x"2x(a + bxArcTan[c*x])~2)/(2%c™2) + (d*(c”2*d"2 - 3*e"2)*(a + bxArcTa
nlc*x])~3)/(3*bxc~3) - ((I/3)*e*x(3*c"2*xd"2 - e~2)*(a + bxArcTan[c*x])~3)/(
bxc~4) + (6xbxd*e~2*(a + bxArcTan[c*x])*Log[2/(1 + I*c*x)])/c”3 - (ex(3xc”
2%d"2 - e"2)*(a + bxArcTan[c*x]) “2+Log[2/(1 + Ixc*x)])/c”4 + (b~2*e"3*Logl
1 + c™2*x72])/(2%c™4) + ((3*I)*b~2xd*e~2*PolyLog[2, 1 - 2/(1 + Ixc*x)])/c”
3 - (Ixbxex(3*c"2*d"2 - e"2)*(a + bxArcTan[c*x])*PolyLog[2, 1 - 2/(1 + I*c
*x)]1)/c”4 - (b"2%ex(3*%c™2xd"2 - e~2)*PolyLog[3, 1 - 2/(1 + Ixc*x)])/(2xc"4
)))/e




rule 2009

rule 5389

input
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Defintions of rubi rules used

‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 8.15 (sec) , antiderivative size = 2633, normalized size of antiderivative = 6.41

method result size

parts Expression too large to display | 2633
derivativedivides | Expression too large to display | 2647

default Expression too large to display | 2647

Lint((e*x+d)A2*(a+b*arctan(c*x))“3,x,method=_RETURNVERBUSE)




output

inputt
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1/3%a~3* (e*x+d) “3/e+b~3/c*(1/3*c*e"2*arctan (c*x) “3*x~3+c*exarctan (ckxx) “3*x
~2xd+arctan(cxx) “3*c*x*d"2+1/3%c/exarctan(c*x) "3*d"3-1/c"2/ex(3/4*I*e*Pi*c
~2*%d"2*csgn (I* (1+Ixc*x)/(c™2*%x"2+1) " (1/2)) "2*csgn(I* (1+I*xc*x) "2/ (c™2*x"2+1
))*arctan(c*x) "2-3/2*I*e*Pi*c”~2*d"2*csgn (I* (1+I*c*x)/(c™2*x"2+1)~(1/2)) *cs
gn (I*(1+I*c*x) "2/ (c™2*x"2+1)) "2*arctan(c*x) ~2-3/4*I*exPikc~2*d~2*csgn(I/(1
+(1+I*c*x) "2/ (c™2%x"2+1) ) "2) *csgn (I* (1+Ixc*x) “2/(c™2*x~2+1) / (1+(1+I*c*x) "2
/(c™2*x"2+1))~2) "2*arctan(c*x) "2-3/4*I*e*Pixc~2xd"2xcsgn (I* (1+(1+I*c*x) "2/
(c™2*x72+1)) ) "2%csgn (I* (1+(1+I*c*x) "2/ (c™2%x"2+1)) ~2) *arctan (c*x) “2+3/2*I*
e*Pixc”2+d"2xcsgn (I* (1+(1+Ixc*xx) "2/ (c™2*x"2+1)) ) *csgn(I* (1+(1+I*c*x) "2/ (c”
2%x72+1))~2) "2*arctan(ckxx) "2-3/4*I*xexPixc~2xd"2*csgn(I* (1+I*c*x) "2/ (c™2%x"
2+1) ) *csgn (I* (1+Ixc*xx) "2/ (c™2*xx"2+1) / (1+(1+I*c*x) "2/ (c™2*x~2+1)) ~2) “2*arct
an(c*x) "2-3xe*x1n((1+I*c*x)/(c™2%x"2+1) " (1/2)) *c~2*d"2*arctan (c*x) ~2-3*ex1ln
(2) *c~2*d"2*arctan (c*x) “2+6*e~2kc*xd*arctan(c*x) *1n(1+I* (1+Ixc*x)/(c™2*x"2+
1)~ (1/2))+6*xe~2*kc*d*arctan(c*x) *1n(1-I* (1+I*c*x)/(c™2*x"2+1) " (1/2))+3/2*ar
ctan(c*x) "2*1n(c”2*x"2+1) *c"2*xd"2xe+I*e*c”2+d"2*arctan(c*x) “3-1/4*I*xe 3*Pi
*xcsgn (I* (1+Ixc*xx) "2/ (c™2*x~2+1) / (1+(1+I*c*x) "2/ (c™2*x"2+1)) ~2) "3*arctan(c*
x) "2-1/4%I*e"3*Pixcsgn (I*(1+I*c*x)~2/(c”2*x~2+1)) “3*arctan(c*x) ~2+1/4*I*e"
3*Pixcsgn (I*(1+(1+I*c*x) "2/ (c™2*%x"2+1)) "2) “3*arctan(c*x) "2-3*I*e”~2*c*d*arc
tan(c*x) "2-6xI*e~2*c*xd*dilog (1+I* (1+I*cxx)/(c™2%x™2+1) " (1/2)) -6%I*e 2xc*xd*

dilog(1-I*(1+I*c*x)/(c™2%x"2+1)7(1/2))-3/4*I*e*xPikc™2*d ~2*csgn (I*(1+(1+. ..

Fricas [F]

/(d + ex)?(a + barctan(cz))® dz = / (ex 4 d)*(barctan (cz) + a)’ dz

integrate ((e*x+d) “2*(atb*arctan(c*x))~3,x, algorithm="fricas")

p
output‘integral(a“3*9“2*x“2 + 2%a~3*kdxe*x + a~3*%d"2 + (b"3*%e"2*x72 + 2xb " 3xd*e*x

\+ b~3*d"2)*xarctan(c*x) "3 + 3x(a*xb~2*%e"2*%x"2 + 2*a*b~2kd*e*x + axb~2*xd~2)x*a
‘rctan(c*x)‘2 + 3x(a"2*b*e”"2*xx"2 + 2%a”~2xbxd*e*x + a~2*b*d"2)*arctan(c*x),

Lx)

W
|
|
J
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Sympy [F]

/(d + ex)*(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex)® dz

p

input | integrate((exx+d)+x2x (atbratan(ckx))**3,x)

p
Outputtlntegral((a + b*atan(c*x))**3*(d + exx)**2, x)

Maxima [F]

/(d + ex)*(a + barctan(cz))® dzr = / (ex + d)*(barctan (cz) + a)® dz

.
input‘integrate((e*x+d)“2*(a+b*arctan(c*x))"3,x, algorithm="maxima")

1/3*a”~3%e~2*x"3 + 7/32%b~3*d"2*arctan(c*x)~4/c + 28%b~3*c”"2*e~2xintegrate(
1/32*x"4*arctan(c*x) ~3/(c™2%x"2 + 1), x) + 3*b~3*c"2*e"2xintegrate(1/32*x"
4*arctan(c*x)*1log(c™2*x"2 + 1)72/(c™2#%x"2 + 1), x) + 96*axb”~2xc~2*e"2*inte
grate(1/32*%x~4*arctan(c*x) ~2/(c™2*x"2 + 1), x) + 56%b~3*c”2*d*e*integrate(
1/32*x~3*arctan(c*x)~3/(c”2%x"2 + 1), x) + 4*b~3*c”2*e"2*integrate(1/32*x"
4*xarctan(c*x)*log(c™2*x"2 + 1)/(c™2%x"2 + 1), x) + 6%b~3*c 2*d*exintegrate
(1/32xx"3*arctan(c*x) *log(c™2*x"2 + 1)72/(c”2*x"2 + 1), x) + 192%a*b~2xc~2
xd*xe*integrate(1/32*x"3*arctan(c*x)"2/(c™2*x"2 + 1), x) + 28%b~3*c”~2*d"2*i
ntegrate(1/32*x"2*arctan(c*x)~3/(c™2*x"2 + 1), x) + 12%b~3*c”2*d*exintegra
te(1/32xx"~3*arctan(c*x)*log(c™2*x"2 + 1)/(c™2*%x72 + 1), x) + 3%b~3*c"2*d"2
*xintegrate(1/32*x"2*arctan(c*x)*log(c™2*x"2 + 1)72/(c"2*x"2 + 1), x) + 96%
axb~2*c”~2*d"2*integrate(1/32*x"2*arctan(c*x) "2/ (c"2*x"2 + 1), x) + 12*b~3*
c"2+xd"2xintegrate(1/32*x"2*arctan(c*x)*log(c™2*x"2 + 1)/(c”™2*x"2 + 1), x)
+ a”3*d*exx"2 + axb~2*d"2*arctan(c#*x)~3/c - 4xb~3*c*e"2xintegrate(1/32*x"3
*arctan(c*x)~2/(c™2*%x"2 + 1), x) + b~ 3*c*e”2*integrate(1/32*x"3*log(c™2*x~
2 + 1)72/(c”2%x"2 + 1), x) - 12%b"3*cxdxe*integrate(1/32*x"2*arctan(c*x) "2
/(c™2%x"2 + 1), x) + 3*b~3*ckd*exintegrate(1/32*x"2*log(c”2*x"2 + 1)72/(c”
2*x"2 + 1), x) - 12*b~3*c*d"2*integrate(1/32*x*arctan(c*x)~2/(c”2*x~2 + 1)
, X) + 3xb~3%cxd”"2xintegrate(1/32*x*log(c™2*x"2 + 1)72/(c™2*%x"2 + 1), x) +
3*(x"2*arctan(c*x) - c*(x/c”2 - arctan(c*x)/c”3))*a”~2xb*dxe + 1/2*%(2x*x...

output
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Giac [F]

/(d + ex)*(a + barctan(cz))3 dz = / (ex + d)*(barctan (cz) + a)° dz

input‘integrate((e*X+d)“2*(a+b*arctan(c*x))“3,x, algorithm="giac")

outputtintegrate((e*X + d) "2*(b*arctan(c*x) + a)~3, x)

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctan(cz))® dz = / (a +batan(cz))’ (d+ ex)’ dx

input 1Bt((a + bratan(cxx))"3x(d + exx)"2,%)

output Lint((a + bxatan(c*x))"3*(d + e*x)"2, x)

Reduce [F]

/ (d + ex)*(a + barctan(cz))® dz = Too large to display

input Lint ((e*x+d) 2% (a+b*atan(c*x))~3,x)
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(6xatan (c*xx) *¥*k3kb*k*k3kck*3xd**2*xx + Bxatan(ckx) *k*3xb**3kck*x3kd*exx**2 + 2ka
tan (c*x) **x3*b**x3*kck*3ke**2*x**3 + 6xatan(c*x)**3xb**3xc*d*e + 18*atan(c*x)
*kQkakbkk2kck*k3Ikd**k2%x + 18*atan(ckx)**x2kaxbk*2kckk3kdxexx*x*2 + Gkatan(c*x
) k*2ka*bkk2kck*k3Ikekk2xx*x*k3 + 18*katan(ckx)**k2kaxb*x*2kxckd*e — 18*atan(c*x)*x*
2¥b**x3kck*k2kd*ke*x — 3katan(ckx)*k*x2xbk*k3kckkQkex*kkx**2 — 3katan (ckx)**x2*xbx*
*x3kex*2 + 18xatan (Ckx)*xax*2xbkCk*x3xd*x*2xx + 18*atan (ckx)*ax*k2kbkck*3*d*e*x
**2 + B*atan(ckx)*a*x2xbxckx*k3kex*x2xx**3 + 18+atan(ckx)*a**2xbkxckdke — 36+*a
tan (cxx) *a*b**x2kxck*2xd*e*x — 6G*atan(ckx)*kaxbkx2xck*kker*x2*xx**2 — 6Gkatan(c*
X) *a*xb**2xex*2 + B*atan(cxx)*b*x3xcxex*2*x - 36xint ((atan(c*x)*x)/(ckx*2*x*
*2 + 1),x)*axbx*2kckx4xd*x*2 + 12xint((atan(c*x)*x)/(cx*2*x**2 + 1),x)*axb*
*x2xck*k2%e*x2 + 36%int ((atan(c*x)*x)/(c*x*2kx**2 + 1) ,x)*b**3kcx*3*d*e - 18%
int ((atan(c*x) **2%xx) / (c**2%x**2 + 1) ,x)*b**3*c*k*x4*xd*x*2 + 6%xint ((atan(c*x)x*
*2%x) / (Cx*k2xx**2 + 1) ,x)*b**k3*kck*2ke**x2 — 9*log(ck*2xx**2 + 1)*ak*2xb*ck*2
xd**2 + 3klog(cx*k2xx**2 + 1)*ax*2xbkex*2 + 18*log(cx*2*x**2 + 1)*kaxb**x2kc*
dxe - 3xlog(ck*2kx**2 + 1)*b*kk3ke**2 + Gkax*k3kck*3kd**2*x + Gkakrx3kckxIkdx*
exx**2 + 2ka*x*k3kckk3Ikekk*kx*k*k3 — 18*kaxkkbkxckkkdkexx — 3kakxkbkckkke**k
*xk*k2 + Bkaxbkxk2kckex*x2%xx)/(6*c**3)

output
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3.17 [(d + ex)(a + barctan(cz))® dz

Optimal result . . . . . . . . . . . . e 163
Mathematica [A] (verified) . . . . . . . . . ... o 164
Rubi [A] (verified) . . . . . . . . . 165
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 166
Fricas [F] . . . . . . o 167
Sympy [F] . . . o 168l
Maxima [F] . . . . . . 168
Giac [F] . . o o 1691
Mupad [F(-1)] . . .« 1691
Reduce [F] . . . . . 1691

Optimal result

Integrand size = 16, antiderivative size = 264

_ 3ibe(a + barctan(cz))?
2c?

/(d + ex)(a + barctan(cz))® dz =

3bex(a + barctan(cz))? N id(a + barctan(cz))?

2c
<d2 — i—;) (a + barctan(cz))?
B 2e
N (d + ex)*(a + barctan(cz))?

2e

3b%e(a + barctan(cz)) log (125

)

c2

N 3bd(a + barctan(cz))? log (2

1+icx

)

C

3ib%e PolyLog (2,1 — %)
B 2c?

N 3ib?d(a + barctan(cz)) PolyLog (2,1

Cc

2
1+icz

)

Cc

3b%d PolyLog (3,1 — 1-2-)
+ 2c
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-3/2*Ixbxex* (atb*arctan(c*x)) ~2/c"2-3/2*b*e*x* (a+b*arctan(c*x) ) ~2/c+I*d* (a+
b*arctan(c*x))~3/c-1/2%(d"2-e"2/c~2) *(at+b*arctan (c*x)) ~3/e+1/2* (e*xx+d) ~2%(
at+b*arctan(c*x)) ~3/e-3*b~2*e* (a+b*arctan(c*x))*1n(2/ (1+I*c*x)) /c™2+3*bxdx* (
a+bkarctan(c*x)) “2+1n(2/ (1+I*c*x))/c-3/2%I*b"3*expolylog(2,1-2/ (1+I*c*x))/
Cc~2+3*I*b~2*xd* (atb*arctan(c*x))*polylog(2,1-2/(1+I*c*x))/c+3/2*b~3*d*polyl
0g(3,1-2/(1+I*c*x))/c

output

Mathematica [A] (verified)

Time = 0.56 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.30

/(d + ex)(a + barctan(cr))? dx
_a’c(2acd — 3be)z + a’c’ex” + 3a’be arctan(cx) + 3a’bc’x(2d + ex) arctan(cx) — 3a”bedlog (1 4 c*x?) -

input!Integrate[(d + e*x)*(a + b*ArcTan[c*x])"3,x]

(a”™2xck(2%a*xcxd - 3*b¥e)*x + a~3*c"2*e*x"2 + 3*a”2xbkexArcTan[c*x] + 3%a”2
*b*c”~2%x* (2%d + e*x)*ArcTan[c*x] - 3*a~2%bxckxd*Logl[l + c~2*%x~2] + 3*a*b~2%
ex(-2*c*x*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 + Log[l + c™2*x"2]) +

6*axb~2*kc*kd* (ArcTan [c*x]*((-I + c*x)*ArcTan[c*x] + 2*Logl[l + E~((2%I)*ArcT
an[c*x])]) - I*PolyLogl[2, -E~((2*I)*ArcTan[c*x])]) + b~ 3*ex(ArcTan[c*x]* ((
3*I - 3*cxx)*ArcTan[c*x] + (1 + c™2*x"2)*ArcTan[c*x]~2 - 6xLog[l + E~((2*I
)*ArcTan[c*x])]) + (3*xI)*PolyLog[2, -E~((2+I)*ArcTan[c*x])]) + b~3*ckdx (2%
ArcTan[c*x] 2% ((-I + c*x)*ArcTan[c*x] + 3*Logl[l + E~((2*I)*ArcTan[c*x])])

- (6*%I)*ArcTan[c*x]*PolyLog[2, -E~((2*I)*ArcTan[c*x])] + 3*PolyLogl[3, -E~(
(2xI)*ArcTan[c*x])]))/(2%c~2)

output




input

output
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Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.05,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)(a + barctan(cz))? dzx

l 5389

2 (a+barctan(cz))? (d2c?+2dexc? —e?) (a+barctan(cz))?
(d+ ex)®(a + barctan(cz))® 3be | (e “ - =)k (P22 11) ) dz

2e 2e
l 2009

(d + ex)?(a + barctan(cz))3 B
2e

) (atbarctan(cz)) 2ibde PolyLog (2, 1

__2
icx+1

) (atbarct

2
3b (cd—e)(cd+e)(a+barctan(cz))® ie?(a+barctan(cz))? 2be? log < Ttica
¢ 3bc3 + c3 + c3

c2

"Int[(d + exx)*(a + bxArcTan[c*x])"3,x]

((d + exx)"2+(a + bxArcTan[c*x])~3)/(2*e) - (3*b*xc*((I*e"2*(a + bxArcTan[c
*x])72)/c”3 + (e"2*x*(a + b*ArcTan[c*x])~2)/c”2 - (((2%I)/3)*d*ex(a + b*Ar
cTan[c*x])~3)/(b*c™2) + ((c*d - e)*(c*d + e)*(a + b*ArcTan[c*x])~3)/(3*b*c
~3) + (2xbxe~2*(a + b*ArcTan[c*x])*Log[2/(1 + I*c*x)])/c”3 - (2xd*ex(a + b
*xArcTan [c*x]) "2*Log[2/(1 + I*c*x)])/c”2 + (I*b~2*e~2*PolyLog[2, 1 - 2/(1 +
Ixcxx)]1)/c™3 - ((2xI)*bxd*e*x(a + b*ArcTan[c*x])*PolyLogl[2, 1 - 2/(1 + Ix*c
*x)])/c”2 - (b~2*d*exPolyLogl[3, 1 - 2/(1 + I*c*x)])/c~2))/(2xe)




rule 2009

rule 5389

input
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Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.64 (sec) , antiderivative size = 3886, normalized size of antiderivative = 14.72

method result size

parts Expression too large to display | 3886
derivativedivides | Expression too large to display | 3901

default Expression too large to display | 3901

Lint ((exx+d)*(atb*arctan(c*x))~3,x,method=_RETURNVERBOSE)
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a”3%(1/2%exx~2+d*x)+b~3/c* (1/2*c*arctan(c*x) ~3*x~2xe+arctan(c*x) ~3*d*c*x-3
/2/c*x(e*xarctan(c*x) *1n (1+I* (1+I*c*x)/(c™2*%x"2+1) " (1/2))+e*arctan(c*x)*1n(1
-Ix(1+I*c*x)/(c™2*x"2+1) " (1/2) ) +e*arctan(c*x)*1n (1+(1+I*c*x) "2/ (c™2*xx"2+1)
)-1/3*arctan(c#*x) ~3*e-c*d*polylog(3,-(1+I*c*x) ~2/(c"2%x"2+1))-2*d*c*arctan
(c*x)~2*1n((1+I*c*x)/(c™2%x72+1) " (1/2) )+1n(c~2*x"2+1) *arctan(c*x) "2*c*d+ar
ctan(c*x) "2*e*c*kx+2*d*c*1n(2) *dilog (1+I* (1+I*c*x)/(c™2%x"2+1) " (1/2) ) +2*d*c
*1n(2)*dilog(1-I*(1+I*c*x)/(c"2*x"2+1)~(1/2))-2*d*c*1n(2) *arctan (c*x) ~2-d*
c*1n(2) *polylog(2,-(1+I*c*x) ~2/(c™2%x"2+1) ) +1/2*I*c*d*Pi*csgn(I* (1+(1+I*c*
x)72/(c™2xx"2+1)) ) *csgn (I* (1+(1+I*xcxx) "2/ (c™2*x"2+1)) ~2) “2* (2xI*arctan(c*x
)*1n(1+(1+I*c*x) "2/ (c™2*x~2+1) ) +2*arctan(c*x) ~2+polylog(2,-(1+I*c*x)~2/(c”
2%x"2+1)) ) +1/2*I*c*d*Pixcsgn (I* (1+(1+I*c*x) "2/ (c™2*%x"2+1))) "2*xcsgn(I* (1+(1
+Ixc*xx) "2/ (c™2%x"2+1)) ~"2) *(I*arctan(c*x) *1n(1+I*(1+I*c*x)/(c™2*x~2+1)~(1/2
))+Ixarctan(c*x)*1n(1-I* (1+I*c*x)/(c™2*x"2+1)~(1/2))+dilog (1+I*(1+I*c*x)/(
c™2*x72+1) " (1/2) ) +dilog(1-I* (1+I*c*x)/(c~2*x"2+1) " (1/2)))+1/4*I*c*d*Pixcsg
n(I*(1+I*xc*x)/(c™2*x"2+1)~(1/2)) "2*csgn(I* (1+I*c*x) "2/ (c"2%x~2+1) ) * (2*I*ar
ctan(c*x)*1n(1+(1+I*c*x) "2/ (c"2*x~2+1) ) +2*arctan(c*x) “2+polylog(2, - (1+I*c*
x) "2/ (c™2*x"2+1)))-1/2*I*c*xd*Pi*csgn (I* (1+I*c*x)/(c™2%x~2+1) ~(1/2) ) *csgn (I
* (1+Ixc*x) "2/ (c™2%x"2+1) ) “2*% (2*xI*arctan (c*x) *1n(1+(1+I*c*x) 2/ (c™2%x"2+1))
+2*arctan(c*x) “2+polylog(2,-(1+I*c*x) "2/ (c™2%x"2+1)))-1/2*I*c*d*Pi*csgn(I*
(1+Ixc*x)/(c™2%x~2+1) " (1/2)) "2*csgn(I* (1+I*c*x) "2/ (c"2%x~2+1) ) *(I*arcta. . .

output

Fricas [F]

/(d + ex)(a + barctan(cz))® dz = / (ex 4 d)(barctan (cz) + a)® dx

input‘integrate((e*x+d)*(a+b*arctan(c*x))‘s,x, algorithm="fricas")

p
‘integral(a“B*e*x + a”3%d + (b"3*exx + b~3*d)*arctan(c*x)”3 + 3x(axb~2*e*x

output
‘+ a*xb~2*d)*arctan(c*x) "2 + 3*(a~2*b*e*x + a”~2xb*d)*arctan(c*x), x)
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Sympy [F]

/(d +ex)(a + barctan(cz))® dz = / (a + batan (cz))® (d + ex) dz

p

inputLintegrate((e*x+d)*(a+b*atan(c*x))**3’x)

p
Output‘\Integral((a + bk*atan(c*x))**3x(d + e*x), x)

Maxima [F]

/(d + ex)(a + barctan(cz))® dz = / (ex + d)(barctan (cz) + a)® dz

.
jnput‘integrate((e*X+d)*(a+b*arctan(c*x))‘3,x, algorithm="maxima")

7/32%b"3*d*arctan(c*x) "4/c + 56%b~3xc”2*e*xintegrate(1/64*x"3*arctan(c*x) 3
/(c™2%x"2 + 1), x) + 6*%b~3*c " 2*exintegrate(1/64*x"3*arctan(c*x)*log(c™2xx"
2 +1)72/(c”2*x"2 + 1), x) + 192*%axb~2xc”2*exintegrate(1/64*x"3*arctan(c*x
)7"2/(c™2*x"2 + 1), x) + 56%b~3*c”2*d*integrate(1/64*x"2*arctan(c*x)~3/(c~2
*x~2 + 1), x) + 12xb~3*c”2*exintegrate(1/64*x"3*arctan(c*x)*log(c™2*x"2 +

1)/(c™2*%x"2 + 1), x) + 6%b~3*c”2*d*integrate(1/64*x~2*arctan(c*x)*log(c 2
X"2 + 1)72/(c”2*x"2 + 1), x) + 192%a*b”~2xc”2*d*integrate(1/64*x"2*arctan(c
*x)~2/(c™2*x™2 + 1), x) + 24%b~3*c”2*d*integrate(1/64*x"2*arctan(c*x)*log(
c”2xx”2 + 1)/(c™2%x"2 + 1), x) + 1/2*%a"3*%e*x"2 + a*b~2xd*arctan(c*x)~3/c -

12%b~3*c*exintegrate(1/64*x~2*arctan(c*x)~2/(c™2*x"2 + 1), x) + 3*b~3*c*e
xintegrate(1/64*x~2*log(c™2*x"2 + 1)72/(c"2*x"2 + 1), x) - 24xb~3*c*xd*inte
grate(1/64*x*xarctan(c*x)~2/(c”2*x"2 + 1), x) + 6xb~3*c*d*integrate(1/64*x*
log(c™2#x7"2 + 1)72/(c”™2*x"2 + 1), x) + 3/2x(x"2*arctan(c*x) - c*x(x/c”2 - a
rctan(c*x)/c”3))*a"2*bxe + a~3*d*x + 56%b~3*exintegrate(1/64*x*arctan(c*x)
~3/(c”™2*%x"2 + 1), x) + 6xb~3*exintegrate(1/64*x*arctan(c*x)*log(c™2*x"2 +
1)72/(c™2%x"2 + 1), x) + 192*a*b~2*exintegrate(1/64*x*arctan(c*x)~2/(c"2*x
"2 + 1), x) + 6%b"3*d*integrate(1/64*arctan(c*x)*log(c™2+x"2 + 1)72/(c"2*x
"2 + 1), x) + 3/2%(2*c*x*arctan(c*x) - log(c™2#x"2 + 1))*a~2xbxd/c + 1/16%
(b™3*exx"2 + 2¥b~3*d*x)*arctan(c*x) "3 - 3/64*(b"3xe*x~2 + 2¥b~3*xd*x)*arcta
n(c*xx)*log(c™2%x~2 + 1)72

output
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Giac [F]

/(d + ex)(a + barctan(cz))® dx = / (ex 4 d)(barctan (cz) + a)® dx

input‘integrate((e*x+d)*(a+b*arctan(c*x))”3,x, algorithm="giac")

outputtintegrate((e*x + d)*(b*arctan(c*x) + a)~3, x) J

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctan(cr))® dr = / (a + batan(cz))’ (d + ex) dz

input Lint((a + b*atan(c*x))"3*(d + e*xx),x) J
output Lint((a + bxatan(c*x))"3*(d + e*x), x) J
Reduce [F]

/(d + ex)(a + barctan(cz))® dx

2atan(cz)® Bc2dz + atan(cz)® B3ce 22 + atan(cz)® e + 6atan(cz)’ ab*Adz + 3atan(cx)? abPGe z® +

input Lint((e*x+d)*(a+b*atan(c*x))*3,x) J
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(2xatan (c*x) **3*b**x3kck*2kd*x + atan(c*x)**3*xb**Jkck*2*e*x**2 + atan(c*x)*
*3xbx*3kxe + B*atan(ckx)*k*2kakxb**x2kxck*2kxd*xx + 3*xatan(ckx)*k*k2kakxbkx*x2kck*kkek
x*k*2 + 3*atan(c*x)**2xaxbxx2kxe — 3katan(c*x)**2xbxx3xcxexx + 6*atan(c*x)*a
**x2xbxckx2xd*x + 3katan(c*x)*ax*2xbkxckx2xexx*k*2 + 3*atan(c*x)*ax*x2xbxe — 6
*atan (c*xx) kaxb**x2xckexx — 12*%int((atan(c*x)*x)/(c**2xx**2 + 1) ,x)*a*b**x2*c
*xx3xd + 6*xint ((atan(c*x)*x)/(ck*x2*x**2 + 1),x)*b**3*c*k*2%e — 6%int((atan(c
*X) *¥*%2%x) / (Ck*2*x*x2 + 1) ,x) ¥b**3*c*k*x3*%d — 3xlog(ck*2*x**2 + 1)*kax*2xbxcxd

+ 3*log(c**2*x**2 + 1)*axbx*2ke + 22ka*xk3kck*kkd*kx + ak*k3kckkkekxk*k2Q — 3k

a*x*x2xbkxckexx) / (2xcx*2)

output

N
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3.18 f (a+b acrlctan(cx))3 dx
+ex

Optimal result . . . . . . . . . . . . . . e Ival
Mathematica [F] . . . . . . . . . . . 172
Rubi [A] (verified) . . . . . . . . . . 1721
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... Ive!
Fricas [F] . . . . o . o e
Sympy [F] . . o 176
Maxima [F] . . . . . . 176
Giac [F] . . . o o 176l
Mupad [F(-1)] . . . oo IV
Reduce [F] . . . . . o 177

Optimal result

Integrand size = 18, antiderivative size = 320

(a + barctan(cz))? log (%)

1—icx

3
/ (a + barctan(cz)) dp = —
d+ex e

+

(a + barctan(cz))? log <

2¢(d+ex)
(cd+ie)(1—icz)

)

N 3ib(a + barctan(cz))? PolyLog (2,1 —

e

=)
1—icx

2e

3ib(a + barctan(cz))? PolyLog (2, 1-— %)

2e

3b?(a + barctan(cz)) PolyLog (3,1 — %)

l—icz

2c(d+ex)

" (cd+ie)(1—icz)

)

2e

3b?(a + barctan(cz)) PolyLog (3, 1

+
2e

3ib® PolyLog (4,1 — 22-)
B 4e

3ib3 PolyLog (4, 1-— %)
+

4e
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- (a+b*arctan(c*x)) “3*1n(2/(1-I*c*x))/e+(at+b*arctan(c*x)) ~3*1n(2*c* (e*xx+d) /
(c*d+Ixe)/(1-I*c*xx))/e+3/2xI*b* (a+b*arctan(c*x)) "2*polylog(2,1-2/(1-I*c*x)
) /e-3/2xI*b* (atb*arctan(c*x)) “2+polylog(2,1-2*c*(e*xx+d)/(cxd+Ixe) /(1-I*c*x
))/e-3/2*%b~2x* (atb*arctan(c*x))*polylog(3,1-2/(1-I*c*x))/e+3/2%¥b~2* (a+b*arc
tan(c*x))*polylog(3,1-2*c*(e*x+d) /(c*kd+I*e)/(1-I*c*x))/e-3/4*I*b~3*polylog
(4,1-2/(1-I*c*x))/e+3/4*xIxb~3*polylog(4,1-2*c* (e*x+d)/(cxd+Ixe)/(1-I*c*x))
/e

output

Mathematica [F]

3 3
/ (a + barctan(cz)) dr — / (a + barctan(cz)) i
d+ex d+ex

input‘lntegrate[(a + bxArcTan[c*x])~3/(d + e*x),x]

output LIntegrate [(a + bkArcTan[c*x])~3/(d + e*x), x] J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.00,

number of rules _ 0.056, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {5385}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))?
d+ex

l 5385

dx
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3b?(a + barctan(cz)) PolyLog (3, 1-— %)
2e

3b? PolyLog <3, 1- 2 ) (a + barctan(cz))

1 cxr
2e

3ib(a + barctan(cz))? PolyLog (2, 1-— %)

2e
(a + barctan(cz))3 log (J;%%) 3ib PolyLog (2, 1-— 1_2ic$) (a + barctan(cz))?
+

e 2e
log (ﬁ) (a + barctan(cz))®  3ib® PolyLog <4, 1-— %)

e + 4e B

3ib3 PolyLog (4, 1— 2 )

1—icx
4e

r

input LInt[(a + bxArcTan[c*x])~3/(d + e*x),x]

| —

-(((a + bxArcTan[c#*x]) "3*Log[2/(1 - Ixc*x)])/e) + ((a + b*ArcTan[c*x]) ~3*L
ogl[(2*c*x(d + e*x))/((cxd + I*xe)*(1 - Ixcx*x))])/e + (((3*I)/2)*bx(a + bxArc
Tan[c*x]) “2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/e - (((3*I)/2)*b*(a + b*ArcTan[
c*x]) “2#PolyLog[2, 1 - (2%c*(d + e*x))/((cxd + I*e)*(1 — I*c*x))])/e - (3%
b~2*(a + bxArcTan[c#*x])*PolyLogl[3, 1 - 2/(1 - I*c*x)])/(2%e) + (3*b~2x(a +
bxArcTan[c*x])*PolyLog[3, 1 - (2%c*(d + exx))/((cxd + I*e)*(1 - I*c*x))])
/(2xe) - (((3*I)/4)*b~3*PolyLogl4, 1 - 2/(1 - Ixc*x)])/e + (((3*I)/4)*b"3*
PolyLog[4, 1 - (2%cx(d + exx))/((c*d + Ixe)*(1 - I*c*x))])/e

output
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Defintions of rubi rules used

rule 5385

& NeQ[c™2xd~2 + e~2, 0]

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol]
Simp[(-(a + b*ArcTan[c*x]) 3)*(Log[2/(1 - I*c*x)]1/e), x] + (Simp[(a + bxArc
Tan[c*x]) “3* (Log[2*c*x((d + e*x)/((cxd + Ixe)*(1 - I*c*x)))]/e), x] + Simp[3
*I*b*(a + b*ArcTan[c#*x]) 2*(PolyLog[2, 1 - 2/(1 - I*c*x)]/(2%e)), x] - Simp
[3*I*b*(a + b*ArcTan[c*x]) 2% (PolyLogl[2, 1 - 2*c*((d + e*x)/((c*d + Ixe)*(1
- Ixc*x)))]1/(2%e)), x] - Simp[3*b~2*(a + bxArcTan[c*x])*(PolyLog[3, 1 - 2/
(1 - Ixcxx)]1/(2%e)), x] + Simp[3*b~2x(a + b*ArcTan[c*x])*(PolyLog[3, 1 - 2%
cx((d + e*x)/((c*kd + I*e)*(1 - I*cx*x)))]/(2%e)), x] - Simp[3*I*b~3*(PolyLog
[4, 1 - 2/(1 - Ixc*x)]1/(4*e)), x] + Simp[3*I*b~3*(PolyLogl[4, 1 - 2xc*x((d +
e*x)/((c*d + Ixe)*(1 - I*c*x)))]1/(4*e)), x]1) /; FreeQ[{a, b, c, d, e}, x] &

>

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.46 (sec) , antiderivative size = 2398, normalized size of antiderivative = 7.49

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2406

input

Lint((a+b*arctan(c*x))‘3/(e*x+d),x,method=_RETURNVERBOSE)




output

input

output
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1/cx(a~3*c*1n(c*xe*x+cxd) /e+b~3*c* (ln(cxe*xx+c*d) /exarctan(cxx) ~3-3/e*(1/3*a
rctan(c*x) “3*1n(-I*e* (1+Ixc*x) "2/ (c™2xx"2+1) +c*xd* (1+I*xc*x) "2/ (c™2%x"2+1)+I
xe+cxd) -1/2xI*arctan(c*x) “2*polylog(2,-(1+I*c*x) "2/ (c™2*xx"2+1))+1/2*%arctan
(c*x) *polylog(3,-(1+I*c*x)~2/(c~2%x"2+1))+1/4*I*polylog(4,—-(1+I*c*x)~2/(c”
2%x~2+1) ) -1/6*I*Pi*csgn (I* (-I*e*x (1+I*c*x) "2/ (c™2*x"2+1)+cxd* (1+I*c*x) "2/ (c
“2xx”"2+1)+I*e+c*d) / (1+(1+I*c*x) "2/ (c™2%x72+1) ) ) * (csgn (I* (-Ixex (1+I*c*x) "2/
(c™2xx72+1) +c*kd* (1+Ixc*x) "2/ (c™2%x"2+1) +I*e+c*d) / (1+(1+I*c*x) "2/ (c"2%x"2+1
)))"2-csgn(I*(~I*xex(1+Ixc*x) 2/ (c™2%x"2+1)+cxd* (1+I*c*x) "2/ (c"2%x"2+1)+I*xe
+cxd) ) *csgn (I* (-Ixex (1+Ixc*xx) "2/ (c™2*x"2+1) +c*d* (1+I*c*xx) "2/ (c™2*x"2+1) +I*
e+c*d) / (1+(1+I*xc*x) "2/ (c™2*%x"2+1)) ) —csgn (I* (~I*xe* (1+I*c*x) "2/ (c™2*x"2+1) +c
*xdk (1+I*kc*x) "2/ (c™2*x"2+1) +I*e+c*xd) / (1+(1+I*c*x) "2/ (c™2*x~2+1) ) ) *csgn(I/ (1
+(1+4I*c*kx) "2/ (c™2xx72+1) ) ) +csgn (Ix (~I*e* (1+I*ckx) "2/ (c™2*x™2+1) +c*d* (1+I*c
*x) "2/ (c™2%x72+1) +Ixe+c*d) ) *csgn(I/ (1+(1+I*c*x) "2/ (c"2+x"2+1))) ) *arctan(c*
x)"3-1/3%c*d/ (c*d-I*e)*arctan(c*x) ~3*1n(1-(I*e-c*d)/(cxd+I*e)* (1+I*c*xx) "2/
(c™2*x72+1))-1/2*c*d/ (c*d-I*e)*arctan(c*x) *polylog(3, (I*e-c*d)/(cxd+Ix*e)*(
1+I*c*x) "2/ (c™2*x"2+1) ) +1/2*I*c*d/ (cxd-I*e)*arctan(c*x) “2*polylog(2, (I*e-c
*d) / (c*d+Ixe)* (1+Ixcxx) "2/ (c™2*x"2+1) ) -1/4xI*c*d/ (c*d-Ixe)*polylog(4, (I*xe-
cxd) / (cxd+I*e)* (1+I*c*x) "2/ (c"2*x~2+1))-1/3*exarctan(c*x) ~3*1n(1-(I*e-c*d)
/ (cxd+Ixe)* (1+I*c*x) "2/ (c"2*x"2+1))/(e+I*c*d)-1/2*e*arctan(c*x)*polylog(3,
(Ixe-c*d)/(cxd+Ixe)* (1+I*c*x) 2/ (c™2*x"2+1))/(e+I*cxd)+1/2xIxexarctan(c. ..

Fricas [F]

3 3
/ (a + barctan(cz)) dp — / (barctan (cz) + a) s
d+ex er+d

-

Lintegrate((a+b*arctan(c*x))‘3/(e*x+d),x, algorithm="fricas")

~—

B
‘integral((b‘S*arctan(c*x)‘S + 3*axb~2*arctan(c*x) "2 + 3*a~2*b*arctan(c*x)
+ a”3)/(exx + d), x)

N
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Sympy [F]

(a + barctan(cz))? do — / (a + batan (cz))’ dz

d+ex N d+ ex

inputLintegrate((a+b*atan(c*x))**3/(e*x+d)’X)

OutputLIntegral((a + bxatan(c*x))**3/(d + e*x), x)

Maxima [F]

3 3
/ (a + barctan(cx)) dp — / (barctan (cz) + a) i
d+ex er +d

inputtintegrate((a+b*arctan(c*x))*3/(e*x+d),X, algorithm="maxima")

Output‘a“3*log(e*x + d)/e + integrate(1/32x(28+b~3*arctan(c*x)~3 + 3*b~3*arctan(c
‘*x)*log(c‘Z*x‘2 + 1)72 + 96%a*b~2*arctan(c*x) "2 + 96%a”2*b*arctan(c*x))/(e
L*x + d), x)

Giac [F]

3 3
/ (a + barctan(cx)) dp — (barctan (cz) + a) i

d+ex er+d

inputLintegrate((a+b*arctan(c*x))‘3/(e*x+d),X, algorithm="giac")

outputLintegrate((b*arctan(c*x) + a)~3/(exx + d), x)
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Mupad [F(-1)]

Timed out.
(CI, + barctan(cg;))3 e — / (CL + batan(cac))3 s
d + ex d +ex
inputtint((a + b*atan(c*x))~3/(d + e*x),x) J
output Lint((a + bxatan(c*x))~3/(d + e*x), x) J
Reduce [F]

/ (a + barctan(cz))? "

d+ezx
= 3<f at:xn—ﬁdx> a*be + <f atg—gfg)gdx> be+3 (f “t—ZZ(ﬁZ)2 dx) ab’e + log(ez + d) @’
- e
input Lint ((atb*atan(c*x)) "3/ (e*x+d) ,x) J

output‘ (3*int (atan(c*x)/(d + e*x),x)*a**x2xbxe + int(atan(c*x)**3/(d + e*x),x)*b** \
‘B*e + 3xint (atan(c*x)**2/(d + e*x),x)*axb**2%e + log(d + e*x)*a*x3)/e ‘
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3.19 f (a+ba,rctan(cx))3 dx

(d+ex)?
Optimal result . . . . . . . . . . . . .. e 178
Mathematica [F] . . . . . . . . . . . 179
Rubi [A] (verified) . . . . . . . . . .. 1791
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 18T
Fricas [F] . . . . o . o e 182
Sympy [F] . . o o 182
Maxima [F] . . . . . . 182
Giac [F] . . . o o 183l
Mupad [F(-1)] . . . o o 183l
Reduce [F] . . . . . o 184

Optimal result

Integrand size = 18, antiderivative size = 499

/ (a + barctan(cz))? - ic(a + barctan(cz))®  c*d(a + barctan(cr))?
(d + ex)? B c2d? + e? e (c*d? + €2)
(a + barctan(cz))®  3bc(a + barctan(cz))® log (=)
e(d + ex) c2d? + e?
3bc(a + barctan(cx))? log (5= )
+
c2d? + e?

3bc(a + barctan(cz))? log (ﬁ%)

* c2d? + e?
3ib?c(a + barctan(cz)) PolyLog (2,1 — 12-)
* c2d? + e?
3ib%c(a + barctan(cz)) PolyLog (2,1 — 2-)
2d2 + ¢2

3ib%c(a + barctan(cz)) PolyLog <2, 1— M)

(cd+ie)(1—icz)

c2d? + e?
3b%cPolyLog (3,1 — =)  3b*cPolyLog (3,1 — )
B 2(c2d? + €?) 2(c2d? +e?)

3 _ 2¢(d+ex)
3b%c PolyLog (3,1 — 252 )

2(cd? + €?)

+




output

input

output
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I*c*(at+b*arctan(c*x)) "3/ (c~2*d"2+e”2) +c~2xd* (a+b*arctan(c*x)) ~3/e/(c"2*d"2
+e~2)-(atb*arctan(c*x)) ~3/e/ (exx+d) -3*b*c* (a+b*arctan(c*x)) ~"2*x1n(2/ (1-I*c*
x))/(c”2%d"2+e"2) +3*bxc*x (a+b*arctan(c*x)) "2*1n(2/ (1+I*c*xx))/(c"2*d"2+e"2) +
3*b*c* (a+b*arctan(c*xx)) “2*1n(2*c* (e*x+d) / (cxd+Ixe)/(1-I*c*x))/(c”2*%d"2+e"2
) +3*I*b~2*c* (atb*arctan(c*x))*polylog(2,1-2/(1-I*c*x))/(c"2*d"2+e~2) +3*I*b
~2%c* (at+b*arctan(c*x))*polylog(2,1-2/ (1+I*c*x))/(c™2*d"2+e"2) -3*I*b~2*c*(a
+bxarctan(c*x))*polylog(2,1-2xc* (e*x+d)/ (cxd+Ixe)/(1-I*c*x))/(c"2*xd"2+e"2)
—-3%b~3*c*polylog(3,1-2/(1-I*c*x))/(2%c~2*d~2+2%e~2) +3*b~3*c*polylog(3,1-2/
(1+Ixc*x) )/ (2*xc™2xd"2+2xe~2) +3*b~3*c*polylog(3,1-2*c* (exx+d) / (cxd+I*e) /(1-
Ixc*x))/(2%xc™2xd"2+2*%e™2)

Mathematica [F]

/ (a + barctan(cz))? i — (a + barctan(cz))?
(d + ex)? (d+ex)?

‘Integrate[(a + bxArcTan[c*x])~3/(d + e*x)"2,x]

LIntegrate[(a + bxArcTan[c*x])~3/(d + e*x)"2, x] J

Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 502, normalized size of antiderivative = 1.01,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))?
(d + ex)?

l 5389

dzx

e?(a+barctan(cz))? c?(d—ex)(a+barctan(cz))?
3be | ( (C2d2f€g)?d+ew) (62d2+62)(i22:2+1) ) dz _(a+ barctan(cz))3

e e(d+ ex)
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l 2009

__(a-+—barctan(cw))3
e(d + ex)

+

1—icx

2c(d+

(cd+ie)(:

3bc 2P 1e? cZd?te?

2d2+e2

( ibe PolyLog (2,1 2 ) (a+barctan(cz)) ibe PolyLog (2,1— ﬁ) (a+barctan(cz)) ibe(a+barctan(cz)) PolyLog (2,1 -
+ —

inputtlnt[(a + b*ArcTan[c*x])~3/(d + e*x)"2,x]

-

output

(2% (c™2%d"2 + e72)))) /e

-((a + b*ArcTan[c*x])~3/(ex(d + e*x))) + (3*bxcx((cxd*(a + b*ArcTan[c*x])~
3)/(3*xbx(c™2xd"2 + e72)) + ((I/3)*ex(a + bxArcTan[c*x])"3)/(b*(c"2*d"2 + e
~2)) - (ex(a + b*ArcTan[c*x])~2*Log[2/(1 - Ixc*x)])/(c™2*d"2 + e72) + (ex*(
a + bkArcTan[c*x]) 2xLog[2/(1 + Ixc*x)])/(c”2*d"2 + e~2) + (ex(a + b*ArcTa
nlcxx]) ~2+Log[(2*xcx(d + e*x))/((cxd + Ixe)*(1 - I*c*x))])/(c™2*%d"2 + e~2)

+ (Ixbxe*(a + bkArcTan[c*x])*PolyLog[2, 1 - 2/(1 - I*c*x)])/(c"2*d"2 + e~2
) + (Isxbk*ex(a + b¥ArcTan[c*x])*PolyLog[2, 1 - 2/(1 + Ixc*x)])/(c”2+%d"2 + e
~2) - (Ixb*ex(a + bxArcTan[c#*x])*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + Ix
e)*(1 - T*xc*x))])/(c™2*d"2 + e72) - (b~2*exPolyLogl[3, 1 - 2/(1 - I*c*x)])/
(2% (c™2%d"2 + e72)) + (b~2xe*PolyLogl[3, 1 - 2/(1 + Ixc*x)])/(2%(c"2%d"2 +

e~2)) + (b~2xexPolyLogl[3, 1 - (2xc*x(d + e*x))/((cxd + Ixe)*(1 - Ixc*x))])/

Defintions of rubi rules used

-

rukaQOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule 5389

IGtQlp, 1] && IntegerQlql && NeQ[q, -1]

\

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTan[c*x]) p/(ex(q + 1))), x] - S
imp[b*cx(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),

(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&




input

output
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 5.25 (sec) , antiderivative size = 2398, normalized size of antiderivative = 4.81

method result size

derivativedivides | Expression too large to display | 2398
default Expression too large to display | 2398
parts Expression too large to display | 2406

e

Lint((a+b*arctan(c*x))‘3/(e*x+d)‘2,x,method=_RETURNVERBOSE)

—

1/c*(—a~3*c~2/ (cxexx+c*xd) /e+b " 3*c~ 2% (-1/ (cxexx+c*d) /e*arctan(cxx) ~3+3/e*(a
rctan(c*xx) "2xe/ (c~2+%d"2+e”~2) *1n(cxexx+c*d)-1/2*arctan(c*x) ~2/ (c"2*d"2+e~2)
*xex1n(c”™2*x"2+1)+1/3*arctan(c*x) ~3/(c"2*d"2+e"2) *d*c+e/ (c"2*d"2+e”2) *arcta
n(c*x) ~2*1n((1+I*c*x)/(c™2*x"2+1)~(1/2))-e/(c"2*d"2+e~2) *arctan (c*x) ~2*1n(
—Ixex (1+I*c*x) "2/ (c™2*%x"2+1)+cxd* (1+Ixc*xx) "2/ (c™2*x"2+1) +I*e+cxd)-1/3*I*e/
(c™2*d"~2+e"2) *arctan(c*x) "3+1/4xe/ (c"2+%d"2+e~2) x (I*Pikcsgn (I* (1+(1+I*c*x) "~
2/(c™2*x"2+1))) "2*csgn (I* (1+(1+I*c*x) “2/(c™2*x"2+1) ) “2) +I*Pi*csgn (I* (1+I*c
*x) "2/ (c™2+x72+1) ) *csgn (I* (1+I*xc*x) "2/ (c"2%x~2+1) / (1+(1+I*c*x) “2/(c™2*x"2+
1))72) "2+2xI*Pixcsgn (I* (-I*ex (1+I*c*x) ~2/(c™2%x"2+1)+c*d* (1+I*c*x) "2/ (c™2%*
X"2+1)+I*e+c*d) / (1+(1+I*c*x) "2/ (c™2%x"2+1)) ) “3+2*I*Pikcsgn (I* (-I*e* (1+I*cx*
x) "2/ (c™2%x"2+1) +c*kd* (1+I*cxx) "2/ (c™2%x"2+1) +I*e+c*d) ) kcsgn (I* (—I*e* (1+I*c
*x) "2/ (c™2%x”2+1) +cxd* (1+I*c*x) "2/ (c™2%x~2+1) +I*e+c*d) / (1+(1+I*c*x) "2/ (c"2
*x"2+1) ) ) *csgn(I/ (1+(1+Ixc*x) "2/ (c™2*x"2+1) ) ) -I*Pi*csgn(I/ (1+(1+I*cxx) "2/ (
c™2%x72+1) ) "2) *csgn (I* (1+I*c*x) "2/ (c™2%x"2+1) ) *csgn (I* (1+I*c*x) "2/ (c™2*x"2
+1) / (1+(1+I*c*x) "2/ (c™2*%x"2+1) ) "2) -I*Pi*csgn (I* (1+I*c*xx) 2/ (c™2*x"2+1)) "3+
I*Pi*csgn(I/ (1+(1+I*cxx) "2/ (c™2%x"2+1)) "2) *csgn (I* (1+I*c*x) "2/ (c"2*x"2+1)/
(1+(1+I*c*x) "2/ (c™2%xx"2+1) ) ~2) “2-2xI*#Pi*csgn (I* (-I*ex (1+I*c*x) "2/ (c™2*x"2+
1) +c*xd* (1+Ixc*x) "2/ (c™2%x"2+1)+Ixe+c*xd) / (1+(1+Ixc*x) "2/ (c™2*x"2+1))) “2*csg
n(I/(1+(1+I*c*x) "2/ (c™2*x"2+1)) ) -2*I*Pi*csgn(I* (1+(1+I*c*x) ~2/(c"2%x"2+1))

)xcsgn (I* (1+(1+I*cxx) "2/ (c™2%x"2+1)) "2) "2+2*I*xPi*xcsgn(I* (1+I*c*x)/(c™2%. ..
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Fricas [F]

dzx

/ (a + barctan(cz))? dp — (barctan (cz) + a)®
(d + 6.’5)2 (e;c + d)2

input tintegrate ((atb*arctan(c*x)) "3/ (e*x+d) "2,x, algorithm="fricas")

output‘ integral ((b~3*arctan(c*x) "3 + 3*axb~2*arctan(c*x) 2 + 3*a~2xb*arctan(c*x)
‘+ a~3)/(e~2%x~2 + 2%dxe*xx + d~2), x)

Sympy [F]

(a + barctan(cz))? _ / (a + batan (cz))’ dz

(d+ex)? (d + ex)?
input Lintegrate ((atb*atan(c*x))**3/ (e*x+d) **2,x)
output LIntegral((a + bratan(c*x))*%3/(d + e*x)**2, x)
Maxima [F]
/ (a + barctan(cz))? (barctan (cz) + a)3
2 T = 5 dx

input Lintegrate ((atb*arctan(c*x)) "3/ (e*x+d) "2,x, algorithm="maxima")
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3/2x((2*c*d*arctan(c*x)/(c™2*d"2*e + e73) - log(c™2*x~2 + 1)/(c™2*d"2 + e~
2) + 2xlog(e*x + d)/(c”2%d"2 + e72))*c - 2xarctan(c*x)/(e”2*x + d¥e))*a~2*
b - a”3/(e"2*x + d*xe) - 1/32*(4*b~3*arctan(c*x)”~3 - 3*b~3*arctan(c*x)*log(
CT2*x"2 + 1)72 - 32%(e”2*x + d¥e)*integrate(1/32%(28*(b~3*c " 2*e*x"2 + b~ 3%
e)*arctan(c*x) "3 + 12%(8*axb~2kc"2xe*x”2 + b~ 3*cke*x + b~3*cxd + 8*kaxb~2+*e
)*arctan(c*x) "2 - 12*%(b~3*c™2%exx"2 + b~3xc”~2*d*x)*arctan(c*x)*log(c 2*x"2
+ 1) - 3k (b"3*cke*x + b 3*kckd - (b~3xc 2*exx”2 + b~ 3*e)*arctan(c*x))*log(
CcT2xx72 + 1)72)/(cT2%e"3*x"4 + 2kc"2xd*e”2*x"3 + 2kd*e”2*x + d"2%e + (c2x%
d"2*e + e~ 3)*x72), x))/(e"2xx + dxe)

N

output

Giac [F]

(a+barctan(cz))® , [ (barctan (cz) + a)® .
/ (d+ ex)? d = / (ez + d)° d

input‘integrate((a+b*arctan(c*x))‘3/(e*x+d)“2,x, algorithm="giac")

outputLiﬂtegrate((b*arctan(c*x) + a)~3/(exx + d)~2, x)

Mupad [F(-1)]

Timed out.

(a + barctan(cz))® . / (a + batan(cz))®
(d+ ex)? (d+ e$)2

-

inputtint((a + b*atan(c*x))~3/(d + e*x)~2,x)

| —

outputtint((a + bxatan(c*x))~3/(d + exx)"2, x)




CHAPTER 3. LISTING OF INTEGRALS 184

Reduce [F]

dx = too large to display

/ (a + barctan(cz))?
(d+ ex)?

-

inputLint((a+b*atan(c*x))A3/(G*X+d)”2,x)

| —

(2*%atan (c*x) **3xbx*k3kckk5kd**k4*ke*xx + 2*atan(c*x)k*3kb**k3kck*k3kd**k3kex*2 +

2xatan (c*x) **x3*xbxk3xCk*3kA*xx2kex*k3*xx + 2*atan(c*x)**3xb**x3kckdrex*d — 3*xat
an (c*x) **2xa*xb*x*x2kck*5xd*k*5 + 3katan(c*x)**x2*kaxbx*x2*kckx5kd**x4d*xe*xx + 3*atan
(c*x) **x2xaxbx*k2kckd*e**x4 — 3xatan(ckx)**2kaxbx*2kcke**x5xx + 3xatan(ckx)**2
*bx*3kckkdkdkkdke — 3katan(ckx)**2xbxx3kckkdkdkk3ke**2+xx + 3kxatan (ckxx)k*k2x*
bxx3kckkkd*k2ke**3 — 3kxatan (ckxx) *k*kkbkk3kck*2kd*ex*4xx + 6xatan(ckx)ka*x*2
*kbkckkSkdkkdkerx — 6G*atan(ckx)*kak*2kbkckkIkdxkIkex*2 — Gkatan (ckx)*kar*2kbk
Cx*3xd*k*x2kex*x3*x + G*atan(ckx)*a*x2¥bxckdxe*x4d — 6*atan(c*x)*kaxbk*2kckx4d*d
*x3kex*k2%x + 6katan(c*x)kakxbkx*2kck*x2kd*x*2ke**x3 + Bxatan (ckx)kaxbkx*k2kck*x2xd
ke*xx4xx — 6*atan(c*x)*axb**x2ke*x*5 + 6Gkatan(c*x)*bkxkx3kck*k3kd*x*2ke**3*xx — 6%
atan(c*x) *b*k*3*cxd*e**x4 + 6xint(atan(c*x)/ (ck*dxdrkd*xx*x2 + 22xck*4*xdx*k3*ex
x*%3 + CkkbkdkkDkexkkxk*k4 + Ckkkdkk4 + kckkkdkkJkekx — 2kckkkdke*k*k3kx
*%k3 — Ckkkekkdkxkk4d — dk*kkek*k2 — kdkex*k3kx — exkdkxkk2) ,x)kakbkkkck*k8k
d**x9 + 6xint(atan(c*x)/(ck*4*xd**kx4*xx*kx*2 + kckkdxd**3ke*x*k*x3 + Ck*kbdkd**xQke*
*kx*k*k4 + Ck¥xkdx*x4 + kcx*kdk*k3ke*kxX — 2kCk*kdkekk3kxkk3 — Chkkkekk4kxk*
4 - dx*2%e*x*x2 — 2kdke*x*k3kx — ekxkdxx**2),x)*kakbxkx2kxckk8xdx*x8xe*xx - 12xint(a
tan(c*x) / (cx*4xdx*4xx**x2 + 2kck*k4kd*k*k3kexx**3 + Ckkdkdkkke*kkQkx**4d + Ck*2
*dkk4d + 2kckkkdk*k3kekx — kCkkkdkekk3kxkk3 — Chkkkekkdkxkkd — dk*kex*2

- 2%dkex*3*%x — exkdxx**2) ,x)*a*xbkk2kckkdkdxk5kex*4d - 12xint(atan(c*x)/(ckx*
AxQ*k4*xXk*D + kCkkbkdkk3kexx* k3 + Chkdkdk*kke*kkx*k*k4d + ck*2kd*x*4d + 2%, ..

output




output
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Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 18]
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Sympy [F(-1)] . . o o 188
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Mupad [F(-1)] . . . o o 189
Reduce [F] . . . . o e 190

Optimal result

Integrand size = 18, antiderivative size = 936

3
dz = Too large to display

/ (a + barctan(cx))
(d+ex)3

3/2%b*c”3*d* (a+b*arctan(c*x)) "2/ (c™2*%d"2+e"2) “2+3*I*b~2*c~3*d* (a+b*arctan (
c*x) ) *polylog(2,1-2/(1+I*c*x))/(c~2*d"2+e"~2) “2-3/2*b*c* (a+b*arctan(c*x)) "2
/(c™2*d"2+e72) / (e*x+d) +3*I*b~2*c~3*d* (atb*arctan(c*x) ) *polylog(2,1-2/(1-I*
c*x))/(c"2%d"2+e"2) "2+1/2%c”2* (c*kd—-e) * (c*d+e) * (a+b*arctan(c*x) ) ~3/e/(c~2x*d
~2+e”~2)"2-1/2* (at+bxarctan(c*x)) ~3/e/ (e*xx+d) "2-3*b~2*c”~2*ex (a+b*arctan (c*x)
)*¥1n(2/(1-I*c*x))/(c™2%d"2+e”~2) “2-3*b*c~3*d* (a+b*arctan(c*x)) ~2*1n(2/(1-Ix*
c*x))/(c™2xd"2+e~2) "2+3%b~2%c " 2*e* (a+b*arctan (c*xx) ) *1n(2/ (1+Ixcxx))/(c~2*d
~2+e72) "2+3*bxc~3*d* (at+b*arctan(c*x) ) “2x1n(2/ (1+I*c*x) )/ (c"2*xd"2+e"2) "2+3%
b~2xc~2xe* (atb*arctan(c*x) ) *1n(2xc* (e*x+d) / (c*d+I*e) /(1-I*xc*x))/(c™2*d"2+e
~2) "2+3*b*c”3*d* (a+b*arctan (c*x) ) “2*1n (2xc* (e*xx+d) / (cxd+I*e)/(1-I*c*x))/(c
~“2%d"2+e”2) "2-3/2*I*b"3*%c"2*expolylog(2,1-2*c* (exx+d) / (ckd+I*e)/(1-I*c*x))
/(c™2xd"2+e~2) "2+3/2*I*b~3*c~2*xe*polylog(2,1-2/ (1+I*c*x))/(c"2+%d"2+e"2) "2+
I*c~3*d* (atb*arctan(c*x)) "3/ (c"2*%d"2+e"2) ~2+3/2*I*bxc~2*e* (a+b*arctan (c*x)
) "2/ (c™2xd"2+e"2) "2+3/2xI*b"3*c"2*e*xpolylog(2,1-2/(1-I*c*x))/(c"2*d"2+e~2)
~2-3%I*b~2xc~3*d* (atb*arctan(c*x))*polylog(2,1-2*c* (e*xx+d) /(c*kd+Ixe)/(1-I*
c*x))/(c™2xd"~2+e"2) "2-3/2%b~3*c~3*d*polylog(3,1-2/(1-I*c*x))/(c~2*%d"2+e~2)
~2+3/2%b~3*c”~3*d*polylog(3,1-2/(1+Ixc*x))/(c"2*%d"2+e”~2) "2+3/2*%b"3*c”~3*d*po
1lylog(3,1-2%c* (exx+d) /(c*d+I*e)/(1-I*c*x))/(c"2+d"2+e~2) "2
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Mathematica [F]

(a + barctan(cz))® (a + barctan(cz))?
(d+ ex)® (d+ ex)3
input LIntegrate [(a + b*ArcTan[c*x])~3/(d + exx)"3,x] J

e

LIntegrate[(a + b*ArcTan[c*x])~3/(d + e*x)~3, x]

~—

output

Rubi [A] (verified)

Time = 1.54 (sec) , antiderivative size = 921, normalized size of antiderivative = 0.98,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, T Fo 1

used = {5389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctan(cz))3
(d+ ex)3

l 5389

dz

3be f 2c?de?(a+barctan(cz))? | c2(d?c?—2dexc?—e?)(a+barctan(cx))? + e?(a+barctan(cz))? de
(c2d2+¢2)?(d+ex) (c2d2+€2)?(c2z2+1) (c?d?+e?)(d+ex)? _

2e
(a + barctan(cz))?

2e(d + ex)?
l 2009

2 2
3be ( 2ic?de(a+barctan(cz))3 + c(cd—e)(cd+e)(a+barctan(cz))® 2c%de log( T—ica ) (a+barctan(cz))? 4 2c?delog ( icz+1 ) (a+barctan

3b(c2d2+e2)? 3b(c2d?+e2)? (c2d2+-e2)? (c2d?+e2)?

(a + barctan(cz))?
2e(d + ex)?

input LInt[(a + b*ArcTan[c*x])~3/(d + ex*xx)~3,x] J
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-1/2%(a + b*ArcTan[c*x])~3/(ex(d + e*x)~2) + (3xbxc*k((c"2xd*ex(a + b*ArcTa
nlc*x])"2)/(c™2*d"2 + e72)"2 + (I*cxe"2*(a + b*ArcTan[c*x])"2)/(c"2*d"2 +
e”2)"2 - (ex(a + b*ArcTan[c*x])"2)/((c™2*d"2 + e72)*(d + exx)) + (((2*I)/3
)xc~2*xd*ex(a + bxArcTan[c*x])"3)/(b*(c™2*d"2 + e72)72) + (c*(c*d - e)*(c*d
+ e)*(a + bxArcTan[c*x])~3)/(3*bx(c™2%d"2 + e72)"2) - (2xbkc*xe~2*(a + b*A
rcTan[c*x])*Log[2/(1 - Ixc*x)])/(c™2*d"2 + €72)72 - (2xc”2*xd*e*(a + b*ArcT
an[c*x]) "2xLog[2/(1 - I*c*x)])/(c”2%d"2 + e72)72 + (2*b*c*xe”2*x(a + b*ArcTa
nlc*x])*Log[2/(1 + I*c*x)]1)/(c™2%d"2 + e72)"2 + (2*c"2*d*ex(a + bxArcTan[c
*xx]) "2+Log[2/(1 + I*c*x)])/(c™2%d"2 + e72)7"2 + (2*b*c*e”2x(a + bk*ArcTan[c*
x])*Log[(2*cx(d + exx))/((cxd + I*xe)*(1 - Ixcxx))])/(c™2*xd"2 + e72)72 + (2
xc"2*d*ex(a + bxArcTan[c*x]) "2+Log[(2*cx(d + e*x))/((cxd + Ixe)*(1 - Ixcxx
1N1)/(c™2+%d"2 + e72)72 + (I*b~2xcxe”2*PolyLog[2, 1 - 2/(1 - Ixc*x)])/(c™2%
4”2 + e72)72 + ((2*I)#*b*c~2xd*e*(a + bxArcTan[c*x])*PolyLogl[2, 1 - 2/(1 -
Ixc*x)])/(c™2%d"2 + e72)72 + (I*b~2*cxe”2*PolyLogl[2, 1 - 2/(1 + Ixc*x)]1)/(
c"2xd"2 + e72)72 + ((2*I)*b*c~2xd*e*(a + b*ArcTan[c*x])*PolyLogl[2, 1 - 2/(
1 + I*xc*x)])/(c"2*%d™2 + e72)72 - (I*b~2*cxe”2*PolyLogl[2, 1 - (2xcx(d + e*x
))/((c*xd + Ixe)*(1 - Ixcxx))])/(c™2%d™2 + e72)72 - ((2*I)*bxc 2*d*ex(a + b
*ArcTan [c*x])*PolyLog[2, 1 - (2%cx(d + e*x))/((cxd + I*e)*(1 - I*c*x))])/(
c2xd"2 + e72)72 - (b"2xc”2*xd*e*PolyLogl[3, 1 - 2/(1 - Ixc*x)])/(c™2xd"2 +
e"2)"2 + (b"2*c"2xd*e*PolyLogl[3, 1 - 2/(1 + I*c*x)])/(c™2%d"2 + e72)72 ...

output

Defintions of rubi rules used

e

ruka2009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTan[c*x]) "p/(ex(q + 1))), x] - S

imp[b*cx(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTan[c*x])~(p - 1),
(A + e*xx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x] &&
I6tQlp, 1] && IntegerQlq] && NeQlq, -1]

rule 5389
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 312.13 (sec) , antiderivative size = 40034, normalized size of antiderivative =
42.77

method result size

parts Expression too large to display | 40034
derivativedivides | Expression too large to display | 40283

default Expression too large to display | 40283

input Lint ((at+b*arctan(c*x)) 3/ (exx+d) ~3,x,method=_RETURNVERBOSE)

output tresult too large to display

Fricas [F|

(a +barctan(cz))® , [ (barctan (cz) + a)® n
/ dteny 0= / @td’

-

input Lintegrate ((at+b*arctan(c*x)) "3/ (exx+d) "3,x, algorithm="fricas")

‘integral((b‘3*arctan(c*x)"3 + 3*a*b~2*xarctan(c*x) "2 + 3*a~2xb*arctan(c*x)

output
‘+ a~3)/(e"3%x~3 + 3kd*e~2%x~2 + 3*d"2%e*x + d~3), x)

-/

Sympy [F(-1)]
Timed out.

dz = Timed out

/ (a + barctan(cz))?
(d+ ex)3

input Lintegrate ((atb*atan(c*x) ) **3/ (exx+d) **3,x)
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outputLTimed out
Maxima [F(-1)]
Timed out.
3
/ (a+barctan(cz))” , 4o
(d + ex)3

inputLintegrate((a+b*arctan(c*x))‘3/(e*x+d)‘3,x’ algorithm="maxima")

Ou_tputLTimed out
Giac [F]
/ (a + barctan(cz))? (barctan (cz) + a)®
3 = 3 dz
(d+ ex) (ex +d)
inputLintegrate((a+b*arctan(c*x))‘3/(e*x+d)~3,x, algorithm="giac")
outputtintegrate((b*arCtan(C*X) + a)~3/(exx + d)73, x)
Mupad [F(-1)]
Timed out.
(a +barctan(cz))® , / (a + batan(cz))®
(d +ex)3 (d+ex)®
inputLint((a + b*atan(c*x))~3/(d + e*x)"3,x)

OutputLint((a + bxatan(c#*x))~3/(d + exx)"3, x)
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Reduce [F]

dx = too large to display

/ (a + barctan(cz))?
(d+ex)3

-

inputLint((a+b*atan(c*x))A3/(G*X+d)”3,x)

| —

(12*atan (c*x) **3*%b*x*3kck*x8kd**8*ke*x + B*atan (c*x)**k3kbk*k3kckkGkd**7*kek*k2*kx
*x2 + 18%atan(c*x)*x*3xb**x3kck*Bkd**xT*ke*x*2 + 20%*atan (c*x) *x*3*kb**x3kckx*B*kd**6
xex*x3*x + 10*atan (c*x)**3kb*k*3kck*kBkdk*xSkexkdkx*k*x2 + 30*katan (c*x) **3*xb**3*
cx*k4xd*xx5xex*x4d + 4kxatan (c*x) k*3kbkxk3kckkdkd*kkdxex*k5kxx + 2katan (c*x) k*3kxb*k*
3k Ck*k4xd*x*x3kexxkBxx*k*2 + Gkatan (C*x) **3xb*x*x3kckx2xd*k*k3ke**6 — 4*atan(ckx)**
Bxb**xBkck*k 2k Ak *2ke**xT*X — 2xatan (cxx) **x3¥bx*k3xck*2kd*xe**8xx**x2 — 6*atan(c*
X) **x3xbx*3*%d*e**8 — 12*atan(cxx)**x2xaxb*x*2kck*x8*d**9 + 12+atan(c*x)**2xaxb
*kQkCk*8kd*x*k8kexx + B6*atan (ckx)kk2kakxbk*kkck*k8kd*k*Tkex*x2kx**x2 + 18*atan(c*
X) *%k2ka*xbk*x2kckkBkdk*T*ke**x2 — 12*atan(c*x)**k2kaxbkx*k2kckkBGkxd*x*kBke*x*k3*kx — 6%
atan (c*x) **x2%axbx*k2kckkBkd*x*k5kekkdxx**2 + Baxatan (ckx)**2kakxbk*2kck*k4kd*x*5
xex*k4d — B0*atan(c*x)**x2ka*xbxk2kckxdkd**dxer*5xx — 30*atan (ckxx)**2xakb**2xc
*kAxdxkIkek*Bxx**x2 + 6xatan (Ckx)**kkakbk*x2kxcH*kkdr*3*xe**x6 — 36*atan(ckx)**
2% a*xb**x2kCckx2xdkkkekkTkx — 18*atan (ckx)**x2kaxbxxkckk2kdke**8*xx**x2 — 18*a
tan (c*x) **x2%a*xbk*2xd*ex*8 + 18*atan(c*x)**2xb**x3xc*k*x7xd**x8+e - 18*atan(ckx
) k% kb*kk3kCk*kTkd*kkTkex*k2kx — 18*atan (ckx)**2kbkk3kCk*kTkd*x*kBkex*x3kxx*x*2 + 24
*atan (cxx) **x2kbkk3kckk5kd**6ke*x*x3 - 42xatan (ckx) kk2kb**k3*kCk*5xd*x5kerkd*xx
- 36*atan (cxx) **x2xbx*k3kckkSkd*k4ke*xx5xx*x*x2 — Gxatan (ckx) **2¥b**3kck*x3kd*x*x4
*ex*5 — 30*atan(c*x) **2kb**x3kc*k*3kd**3kex*6*xx — 18*atan (c*kx)**2¥xbk*3kck*3*
d*x*x2kex*x7T*xx*x*2 — 12%atan(c*x)*x*2xb**x3kckd*x*2ke*x*x7 — Bxatan(ckx)**2xbkx*x3*cx*
d*exx8*x + 36*atan(c*x)*xak*2*xbxck*8xd*x*k8*exx + 18*atan(ckxx)*axx2kb*cx*8. ..

output




output

CHAPTER 3. LISTING OF INTEGRALS

191

3.21 [(d + ex)? (a + barctan (cz?)) dz

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . .. ... .. ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ......
Sympy [B] (verification not implemented) . .. ... ... ... .......
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . .. ... ... ... ... ..
Mupad [B] (verification not implemented) . . .. .. ... ... .......
Reduce [B] (verification not implemented) . . . ... ... ... .......

Optimal result

Integrand size = 18, antiderivative size = 206

2be’z  bd’ arctan (cz?)
3c 3e

/(d + ex)? (a + barctan (cz?)) dz = —

N (d + ex)? (a + barctan (cz?))

3e

N b(3cd® — €?) arctan (1 — v/2/cx)

3v/2¢3/2
_ b(3cd? — €?) arctan (1 + V2y/cz)
3v/2c3/2
b(3cd? + €?) arctanh ( \l/f:\c/;f
+ 3\/503/2
_ bdelog (1 + c’z*)

2c

197
192

196

193]
199
201]
202

-2/3%b*e~2*x/c-1/3*bxd"3*arctan (c*x"2) /e+1/3* (exx+d) “3* (a+b*arctan(c*x~2))
/e-1/6%bx (3*c*d~2-e"2) *arctan(-1+27(1/2)*c~(1/2)*x) %2~ (1/2) /c~(3/2)-1/6%b*
(3*c*d~2-e"2) *arctan(1+27(1/2) *c~ (1/2) *x) *27(1/2) /c~ (3/2) +1/6%b* (3kcxd"2+e
~2)*arctanh (27 (1/2)*c~(1/2) *x/ (c*x~2+1) ) *2~(1/2) /c~(3/2) -1/2*b*d*e*1n(c~2*

x~4+1)/c




input

output
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Mathematica [A] (verified)

Time = 1.88 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.22

8be?
°cr + 12adez? + 4ae’x®

/(d + ez)? (a + barctan (cz?)) dr = % (12ad2x -

+ 4bz (3d? + 3dex + €°z?) arctan (cz?)
2v/2b(3cd? — €?) arctan (1 — v/2¢/cz)
+ 32
%
2v/2b(3cd? — €?) arctan (1 + v/2y/cz)
o c3/2
V2b(3cd? + €?) log (1 — V2y/cz + cz?)
3/2
V2b(3cd? + €%) log (1 + v2y/cz + cz?)
+ 3/2
_ 6bdelog (1 + 02$4)>

c

{Integrate[(d + exx) 2*(a + b*ArcTan[c*x~2]),x]

(12*%a*d~2*x - (8*bxe~2%x)/c + 12%a*d*e*x”2 + 4*a*xe”2*x"3 + 4*b*x*(3*d"2 +
3xdxe*x + e"2%x"2)*ArcTan[c*x~2] + (2%Sqrt[2]*b*(3*c*d"2 - e~2)*ArcTan[1 -
Sqrt [2]*Sqrt [c]l*x])/c~(3/2) - (2*Sqrt[2]*b*(3*c*d"2 - e~2)*ArcTan[1 + Sqr
t[2]*Sqrt [c]*x])/c”(3/2) - (Sqrt[2]*bx(3*c*d"2 + e~2)*Log[1 - Sqrt[2]*Sqrt
[cl*x + c*xx72])/c~(3/2) + (Sqrt[2]*b*(3xcxd™2 + e~2)*Logl[1l + Sqrt[2]*Sqrtl[
cl*x + c*x72])/c~(3/2) - (6xb*d*exLog[l + c~2*x~4])/c)/12

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.24,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(d +ex)? (a + barctan (cz?)) dz

l 5395
(d + ex)? (a + barctan (cz?)) B 2bc | xég;rﬁ:f dz
3e 3e
l 2370
xz2e3+43d2e) 2 d3+3e222d)x
(d + ez)® (a + barctan (cz?)) 2bc | <( 02w4+1) ( ] : ) dw
3e 3e
l 2009
(d + ex)? (a + barctan (cz?)) B
3e
earctan(l—ﬁfcr) (3cd?—e?) earctan(x/i\fcz-i-l) (3cd?—e?) d3 arctan (cz?) e(3cd?+e?) log (cw2—\/§\/5x+1) e(3c
2bC — 2\/§c5/2 2\/565/2 2¢ 4\/505/2 -

3e

-

inputLInt[(d + e*x)"2%(a + bArcTan[c*x"2]),x]

-/

((d + exx)"3*(a + bxArcTan[c*x~2]))/(3%e) - (2xb*cx((e”3*x)/c”2 + (d"~3x*Arc
Tan[c*x~2])/(2xc) - (ex(3*c*d"2 - e~2)*ArcTan[1 - Sqrt[2]*Sqrt[c]l*x])/(2%S
grt[21*c~(5/2)) + (ex(3*cxd™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]*x])/(2*Sqr
t[2]1*c~(5/2)) + (e*x(3*c*d™2 + e"2)*Logl[l - Sqrt[2]*Sqrtlcl*x + c*x~2])/(4*
Sqrt[2]1*c~(5/2)) - (ex(3xc*d"2 + e~2)xLogl[l + Sqrt[2]*Sqrtlcl*x + c*x~2])/
(4%Sqrt[2]*c™(5/2)) + (3*d*e”2xLogll + c™2*x"4])/(4%c”2)))/(3%e)

output

Defintions of rubi rules used

rule 2009 Imt[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule
‘{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)

)/(ciix(a + b¥x"n))), {ii, 0, n/2 - 111}, Intlv, x] /; SumQ[vl] /; FreeQ[{

2370‘Int[((Pq_)*((c_.)*(x_))“(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> Withl[ ‘
'a, b, c, m}, x] & PolyQ[Pq, x] & IGtQ[n/2, 0] & Expon[Pq, x] < n
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rule 5395\Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)]*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy ‘
‘mbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcTan[c*x"n])/(ex(m + 1))), x] - S ‘
Cimp[b¥c*(n/(ex(m + 1))) Int[x"(n - 1)*((d + exx)~(m + 1)/(1 + c"2%x~(2*n) |
1)), x1, x] /; FreeQl{a, b, c, d, e, m, n}, x] & NeQ[m, -1 |

Maple [A] (verified)

Time = 0.90 (sec) , antiderivative size = 303, normalized size of antiderivative = 1.47



input
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method | result
2c Q-y:
default a(ea;:d)?‘ +b €2 arctaI;(sz)x?’ + earctan (sz) 22d + arctan (c xz) rd?+ arctang(zxZ)d?’ _
2 f§+e
parts “(e”;jd)s +b| 2 amtag(c =)= } earctan (cz?®) %d + arctan (cz?) z d? + amtanézz2) &

Lint((e*x+d)“2*(a+b*arctan(c*x‘2)),x,method=_RETURNVERBOSE)
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1/3*a* (exx+d) “3/e+b*(1/3*e”~2*arctan (c*x"2) *x"3+e*arctan(c*x~2)*x~2+d+arcta
n(c*x~2)*x*d~2+1/3/e*xarctan(c*x~2) *d~3-2/3/exc*(e~3/c”2*x+1/c"2x (-1/8*e” 3%
(1/c”2)~(1/4)*2~(1/2) *(An((x~2+(1/c™2) " (1/4) *x*2~(1/2)+(1/c~2)~(1/2)) / (x~2
-(1/¢”2)"(1/4) *xx2~(1/2)+(1/c"2) " (1/2)))+2*arctan(2~(1/2) /(1/c"2) " (1/4) *x+
1)+2*xarctan(2°(1/2)/(1/c"2)~(1/4)*x-1) )+1/2%c~2%d"3/(c"2) ~(1/2) *arctan(x"2
*(c”2)7(1/2))+3/8%d"2xe/(1/c”2)~(1/4)*2~(1/2) * (An((x~2-(1/c~2) ~(1/4) *x*2~(
1/2)+(1/c~2)~(1/2))/ (x~2+(1/c~2) " (1/4) *x*2~(1/2)+(1/c~2) ~(1/2) ) ) +2*arctan(
2°(1/2)/(1/c~2) "~ (1/4) *x+1)+2*arctan(2°(1/2) /(1/c~2) ~(1/4) *x-1) ) +3/4*d*e 2%
1n(c™2%x~4+1))))

output

N

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1013 vs. 2(167) = 334.

Time = 0.17 (sec) , antiderivative size = 1013, normalized size of antiderivative = 4.92

/ (d+ ex)? (a + barctan (cxz)) dz = Too large to display

|

p
inputLintegrate((e*x+d)“2*(a+b*arctan(c*x”2)),x, algorithm="fricas")
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1/6% (2xaxc*ke™2%x"3 + B*akxckxd*e*xx~2 + 2x(3xaxckd™2 - 2xb*e~2)*x + 2% (b*cxe”
2xx"3 + 3*bxckxd*e*x~2 + 3*bkxcxd”2*x)*arctan(cxx~2) - (3xb*d*e + c*sqrt((6*
b~2xd"2*xe"2 + c”2*sqrt(-(81*%b~4*c"4xd"8 - 18*b~4*c"2*d"4*e"4 + b~ 4*e"8)/c”
6))/c”2))*1log(-(81%b"3*%c"4*%d"8 - b~ 3*e"8)*x + (9*%b"2xc~3*d"4*e”2 - b 2xc*e
6 - 3*%c"5*d"2*sqrt(-(81*%b~4*c"4+%d"8 - 18*b~4*c"2*d"4*e"4 + b~4*e”8)/c”6))
*sqrt ((6xb~2+%d"2*e~2 + c~2*sqrt(-(81*%b~4*c~4xd"8 - 18*b~4*c~2*d"4*e”4 + b~
4xe~8)/c"6))/c”2)) - (3*bxdxe - c*sqrt((6xb~2xd"2xe~2 + c~2*sqrt(-(81*b~4*
c"4xd"8 - 18%b~4xc”2+¢d"4*e"4 + b"4*e”8)/c”6))/c"2))*log(-(81xb~3*%c"4*d"8 -
b~3*e”8)*x - (9*%b"2xc"3*d"4*e”2 - b"2*c*e”6 - 3*c 5xd"2*sqrt(-(81*b"4xc"4
*d"8 - 18%b~4*c"2*d"4*e"4 + b~4*e"8)/c”6))*sqrt((6xb~2*d"2%e"2 + c”2*sqrt(
-(81*%b~4*c"4%d"8 - 18*b~4*c~2+%d"4*e”"4 + b~4*e"8)/c”6))/c”2)) - (3*bxd*e +
cxsqrt ((6%b~2xd"2%e”2 - c~2*sqrt(-(81*b~4*c~4*d"8 - 18xb~4*c"2xd"4*e”"4 + b
~4%e”~8)/c”6))/c”2))*1log(-(81*%b"3*%c"4*%d"8 - b~ 3*e"8)*x + (9*%b"2*c”3*xd"4*xe"2
- b™2xc*e”6 + 3xc”5xd"2xsqrt (- (81*%b~4*xc”"4*d"8 - 18%b~4*c"2+%d"4*e”4 + b~4*
e~8)/c”6) ) *sqrt ((6*%b~2+%d"2*e”2 - c~2*sqrt(-(81*b~4*c~4*d"8 - 18*b~4xc~2xd"
4*e~4 + b~4*e”8)/c”6))/c”2)) - (3*b*d*xe - c*sqrt((6*b~2*d"2*e"2 - c"2*sqrt
(-(81*%b™4*c™4*d"8 - 18xb~4xc~2xd"4xe"4 + b~4%e"8)/c”6))/c"2))*Llog(-(81%b"3
*C"4*%d"8 - b"3%e”"8)*x - (9%b"2%c”"3*d"4*e”2 - b~ 2*c*e"6 + 3*kc~5xd"2*sqrt (- (
81%b~4*c"4xd"8 - 18%b~4*c"2xd"4*e”4 + b"4*e”8)/c”6))*sqrt ((6x¥b~2*xd"2%e"2 -
c~2*sqrt (- (81*b~4*c~4%d~8 - 18*b~4xc~2*d"4*e”4 + b~4*e”8)/c”6))/c”2)))...

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 403 vs. 2(187) = 374.

Time = 12.45 (sec) , antiderivative size = 403, normalized size of antiderivative = 1.96

/(d + ex)? (a + barctan (cz?)) dz

(

1
bd2log | z— 4t/ —=5
be2z3 atan (cz?) . < c + bd? lo

— { ad’z + adex® + “‘;—“3 + bd*z atan (cz?) + bdex? atan (cx?) + —

3
4 1
C\/—c—2 2

a<d2x + dex? + @)
\

inputLintegrate((e*x+d)**2*(a+b*atan(c*x**2)),x) J
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Piecewise((axd**2+x + axdxe*x**2 + axe*xx2*xx**3/3 + bxd**2*x*atan(cxx*x2) +
b*d*exxx*2xatan (cxx**2) + brxe*x2*x**3*atan(ckx**2)/3 - bxd**2xlog(x - (-1
[cx*x2)x*%(1/4)) /(ckx(-1/c*x*2)*x*x(1/4)) + bkd**2+log(x**2 + sqrt(-1/c**2)) /(2%
cx(-1/c**2)*x*x(1/4)) - bkd*x2*atan(x/(-1/c**2)*x*(1/4))/(c*(-1/c**2)**(1/4))
- bkxd*exlog(x**2 + sqrt(-1/c**2))/c - 2xbxex*2*x/(3*c) - b*d**2*atan(ckxx*
*2) / (c**2% (-1/c**2) *x(3/4)) + b*d*exatan(ckx**2)/(c**2xsqrt(-1/c**2)) - b*
exx2katan (ckx**2) / (3kck*2% (~1/c**2) **(1/4)) + bxex*2xlog(x - (-1/c**2)*x*(1
/4))/ (3kcx*3*% (—1/c**2)**(3/4)) - bxe*x2xlog(x**2 + sqrt(-1/c**2))/(6xc**3*
(-1/c*x2)*x(3/4)) - bkexx2xatan(x/(-1/c**2)**(1/4))/(3*kc**3x(-1/c**2)**(3/
4)), Ne(c, 0)), (ax(d**2xx + dke*xx**x2 + e*x2*x**3/3), True))

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 323, normalized size of antiderivative = 1.57

/(d + ex)? (a + barctan (cz?)) dz = % ae’z® + adex?

V2(2cz+v2+/c V2(2cz—v2+/c
2 /2 arctan (Q) 2 v/2 arctan (%) v2log (cz® + V2y/cx + 1)
— -

1 2ve
“1|° ’
Zﬁarctan<\/§(2?2ﬁ\/&)> 2\@&1”013311(\/5(2?_\/2\/5\/6)) \/ilog(caﬂ-i-\/?\/&
1 8 - + . + c
+5 4 7° arctan (cz®) — ¢ C—zm — v = 2 v

(2 cx? arctan (cz?) — log (c2x? + 1))bde
2c

+ ad’z +

-/

p
input Lintegrate ((exx+d) "2 (atb*arctan(c*x"2)),x, algorithm="maxima")
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1/3*%axe”2+x"3 + axd*e*x~2 - 1/4x(ckx(2*sqrt(2)*arctan(1/2*sqrt(2)*(2xc*x +
sqrt (2) *sqrt(c))/sqrt(c))/c~(3/2) + 2*xsqrt(2)*arctan(1/2*sqrt(2)*(2*c*x -
sqrt (2)*sqrt(c))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x~2 + sqrt(2)*sqrt(c)*x
+ 1)/c”(3/2) + sqrt(2)*log(c*x™2 - sqrt(2)*sqrt(c)*x + 1)/c™(3/2)) - 4*x*a
rctan(c*x~2))*b*d~2 + 1/12%(4*x"3*arctan(c*x”2) - c*(8*x/c”2 - (2*sqrt(2)=*
arctan(1/2*sqrt (2)*(2xcxx + sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + 2*sqrt(2)*
arctan(1/2*sqrt (2)*(2xcxx - sqrt(2)*sqrt(c))/sqrt(c))/sqrt(c) + sqrt(2)*lo
g(c*x™2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*log(c*x~2 - sqrt(2)*sqr
t(c)*x + 1)/sqrt(c))/c”2))*b*e”2 + a*d"2xx + 1/2%(2kcxx"2*arctan(c*x~2) -
log(c™2*x"4 + 1))x*bxd*e/c

output

Giac [A] (verification not implemented)

Time = 0.94 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.48

1 2rt 41
/(d + ex)? (a + barctan (cz?®)) dz = _bdelog (2ch +1)

bee?z3 arctan (cz?) + ace?x® + 3 bedex? arctan (cx?) + 3 acdex? + 3 bed?x arctan (cz?) + 3 acd?x — 21

3c
VE(3bd? — be|cf)arctan } V(20 + 72 ) v/Ie])
60|c|%
272 2 1 _ ﬁ
- V2(3bc%d* — be?|c|) arctan ( 3 \/§<2$ \/H> V |C|>
6c|c|%
| VABb + bl log (o + Y5 + )
12 c|c|%
2 72 2|c|2 2_ Y2 4 1
_\/5(3bcd\/|c|+be || )log(x m+|c|>
12¢3

input‘integrate((e*X+d)“2*(a+b*arctan(c*x‘2)),x, algorithm="giac")
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-1/2*%b*d*exlog(c”™2%x~4 + 1)/c + 1/3*(b*cxe”2xx"3*arctan(cxx™2) + akcke 2xx
"3 + 3*bxcxd*e*x"2xarctan(c*x~2) + 3xakckdkexx"2 + 3xbxckd 2*xx*arctan(ckx”
2) + 3*axc*d"2*x - 2*b*e”2xx)/c - 1/6*sqrt(2)*(3*b*c~2*d"2 - b*e~2+*abs(c))
xarctan(1/2*sqrt (2)*(2*xx + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c)))/(c*abs(c)~(
3/2)) - 1/6%sqrt(2)*(3*bxc~2%d"2 - b*e~2*abs(c))*arctan(1/2*sqrt(2)*(2*x -

sqrt (2) /sqrt(abs(c)))*sqrt(abs(c)))/(c*abs(c)~(3/2)) + 1/12%sqrt(2)*(3*b*
c~2*d"2 + bxe~2+abs(c))*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/(c*ab
s(c)~(3/2)) - 1/12xsqrt(2)*(3*b*c~2*d"2*sqrt(abs(c)) + b*e~2*abs(c)~(3/2))
*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"3

output
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Mupad [B] (verification not implemented)

Time = 3.85 (sec) , antiderivative size = 419, normalized size of antiderivative = 2.03

/(d + ez)” (a + barctan (cz?)) dz

ae? s be? x3 atan(cz?)
ad’z
3 + + 3

3bd2 In (3”\@_ 1) |/

dex? —
+adex 5

3bd? In (3cx L +1) \/;

2
bd21n<3cx £+li> o 3i
- 2
bd In (1+ca/d3i) /43
2
+ bd® zatan(cz?)

+

+
2be’zx
3¢

be? In <3cm 9110 ) gl—icli

_|_

be2 In <3cx i +1> gl—icli

b62 In

3czx 11—|—11> 91_10
l4+cx \/T31) \/;
bde In <3cx\/%— 1)

2c

be2 In

(
(

+ bdez”atan(cz?) —

bde In <3cx 91—2—}—1>

2c
bde In <3cac = +1i)
B 2c
bde In (1-I—cz' \/g&)
2c

input L

int((a + b*atan(c*x~2))*(d + e*x)"2,x)
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(a*e~2%x73)/3 + a*d~2*x + (bk*e 2*x"3*atan(c*x~2))/3 + axd*exx”2 - (3*b*xd~2
*1og (3kcxx*(1i/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2))/2 + (3xb*d~2*Log(3*ckx*
(1i/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2))/2 - (b*d~2*log(3*c*x*(1i/(9%c))~(1
/2) + 1i)*(1i/(9%c))~(1/2)*31i) /2 + (b*d~2x1log(c*x*(1i/(9*c))~(1/2)*3i + 1)
*(11/(9%c))~(1/2)*31) /2 - (2%bxe”2%x)/(3*c) + b*d~2*x*atan(c*x"2) + (b*e~2
*xLog(3*xcxx*x(11/(9%c))~(1/2) - 1)*(1i/(9%c))~(1/2)*1i)/(2*c) - (b*e~2*log(3
xckx*(11/(9%c))~(1/2) + 1)*(1i/(9%c))~(1/2)*1i)/(2xc) + (bxe~2*log(3*c*xx*(
1i/(9%c))~(1/2) + 1i)*(1i/(9*c))~(1/2))/(2%c) - (b*e~2xlog(c*xx*(1i/(9%c))~
(1/2)*3i + 1)*(1i/(9%c))~(1/2))/(2xc) + b*d*exx”2xatan(c*x~2) - (b*dxe*log
(8*c*kx*(11/(9%c))~(1/2) - 1))/(2%c) - (bxd*exlog(3*c*x*(1i/(9%c))~(1/2) +
1))/(2%c) - (bxd*exlog(3*c*xx(1i/(9%c))~(1/2) + 1i))/(2*c) - (b*d*exlog(cx
x*(11/(9%c))~(1/2)*31 + 1))/(2%c)

output

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 332, normalized size of antiderivative = 1.61

/(d + ex)? (a + barctan (cz?)) dz
12\/_\/§atan<‘[f\/2w> bed? — 4\/_\/§atan(f‘[ 2”) be? + 6+4/cv/2 atan(cx?) bed? — 2\/c\/2 ata

)
input | 10t ((exx+d) "2% (atbratan(cxx"2)) %)

(12xsqrt(c) *sqrt(2) *atan((sqrt (c) *sqrt (2) - 2*cx*x)/(sqrt(c)*sqrt(2)))*b*c*
d**2 - 4*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqrt(2)))
xbkex*2 + 6xsqrt(c)*sqrt(2)*atan(cxx**2)*bkckxd**2 - 2*sqrt(c)*sqrt(2)*atan
(c*x**2) xbkxe**2 + 12%atan(ckx**2)¥bkck*2kd**2%x + 12*atan(c*x**2)xbxc**2x*d
kxexx**2 + 4xatan(cxx**2)*kbkck*2kxex*2xx**3 — 3*ksqrt(c)*sqrt(2)*log( - sqrt(
c)*sqrt(2)*x + cxx*x*2 + 1)*bxc*d**2 - sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(
2)*x + c*x**2 + 1)*b*e**2 + 3*xsqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + c*x*
*2 + 1)*bkc*xd**2 + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + cxx**2 + 1)xbxe
**2 - 6*xlog( - sqrt(c)*sqrt(2)*x + c*x**2 + 1)*bxcxd*e - 6xlog(sqrt(c)*sqr
t(2)*x + c*x**2 + 1)*bkckdxe + 12¥akck*2kd**2xx + 12kakck*2xd*re*xx**2 + 4xa
*CkkDkexk2kx**3 — 8kbkckex*2%xx)/(12%c**2)

output
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3.22 [(d + ex) (a + barctan (cz?)) dz

Optimal result . . . . . . . . . . . . e 203
Mathematica [A] (verified) . . . . . . . . . ... o 204
Rubi [A] (verified) . . . .. . . ... .. 204
Maple [A] (verified) . . . . . . ... L 200
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 200
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 207
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 208}
Giac [A] (verification not implemented) . . . . . . ... ... ... 208
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 209
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 2101

Optimal result

Integrand size = 16, antiderivative size = 154

2 2 2 2
/(d + ex) (a + barctan (ca?)) dz = _ bd*arctan (cz®) 4 (d+ ex)? (a + barctan (cz?))

2e 2e
N bdarctan (1 — v/2y/cz)
V2y/c
bdarctan (1 + v/2+/cx)
- V2y/c
N bdarctanh(%) ~ belog (1 + c2z?)
V2y/c 4c

Output‘-1/2*b*d‘2*arctan(c*x‘2)/e+1/2*(e*x+d)‘2*(a+b*arctan(c*x‘2))/e—1/2*b*d*arc
tan(-1+27(1/2) %c™ (1/2) *x) %27 (1/2) /¢~ (1/2)-1/2%b*dxarctan (1427 (1/2) *c~ (1/2)
‘*x)*2"(1/2)/C”(1/2)+1/2*b*d*arctanh(2“(1/2)*c“(1/2)*x/(c*x*2+1))*2~(1/2)/c
| ~(1/2)-1/4%brex1n(c2+x"4+1) /c
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.99

/ (d+ez) (a+barctan (ch) ) dz=adz+ %aer +bdz arctan (ch) + %ber arctan (cxz)

bd(—2arctan (1 — v/2y/cz) + 2arctan (1 + v/2y/cz) + log (1 — v2v/cz + cz?) — log (1 + v2+/cz +
- 2v/2,/c

_ belog (1 +c*z*)
4c

input LIntegrate[(d + exx)*(a + bxArcTan[c*x"2]),x] J

e B

axdxx + (axe*x”2)/2 + bkxd*x*ArcTan[c*x"2] + (b*exx"2*ArcTan[c*x"2])/2 - (b
(*dx(-2%ArcTan[1 - Sqrt[2]*Sqrt[cl*x] + 2*ArcTan[l + Sqrt[2]*Sqrtlcl*x] + L
‘og[l - Sart[2]*Sqrt[c]l*x + c*x~2] - Logl[l + Sqrt[2]*Sqrt[cl*x + c*x~2]))/( ‘
2*%Sqrt [2]1*Sqrt[c]) - (b*exLogl[l + c~2*x~4])/(4*c)

output

J

N

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.30,

number of rules _ 0.188, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex) (a + barctan (cz?)) dz

| 5395
(d + ex)? (a + barctan (cz?))  be [ mc(g;sz dz
2e e
l 2370

d2 2.2
(d + exz)? (a + barctan (cz?)) B be [ (cgiiafl + c;rxe‘lfl)z) dz

2e e




CHAPTER 3. LISTING OF INTEGRALS 205

| 2009
(d + ex)? (a + barctan (cz?))
2e
de arctan(l—\/i\/Ea:) de arctan(ﬁfcw—i—l) d? arctan (cz?) delog (cm2—\/§\/5w-l—1> delog (cx2+\/§fa’c+1) 2 log
be| — V2372 + V2c3/2 2¢c 2/2¢3/2 - 2+/2c3/2 +

-

input L

N >

Int[(d + exx)*(a + b*ArcTan[c*x"2]),x]

((d + exx)~2*(a + bxArcTan[c*x~2]))/(2%e) - (bxc*((d"2*ArcTan[c*x"~2])/(2*c
) - (d*exArcTan[1 - Sqrt[2]*Sqrt[cl*x])/(Sqrt[2]*c~(3/2)) + (d*exArcTan[1
+ Sqrt[2]*Sqrt[c]*x])/(Sqrt[2]1*c~(3/2)) + (d*exLogll - Sqrt[2]*Sqrt[cl*x +

c*x”~2])/(2%Sqrt [2]*c~(3/2)) - (d*exLogl[l + Sqrt[2]*Sqrt[c]l*x + c*x~2])/(2
*Sqrt [2]*c~(3/2)) + (e"2*Logl[l + c™2*x~4])/(4*c"2))) /e

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Int[v, x] /; SumQ[v]l] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 2370

~

Int[((a_.) + ArcTan[(c_.)*(x_)~(n_)]*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x™n])/(e*(m + 1))), x] - S
imp [b*c*(n/(e*(m + 1))) Int[x"(n - 1D*((d + e*x)"(m + 1)/(1 + c~2*x"(2*n)
)), x1, x]1 /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

rule 5395
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Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.95

method | result
1
22— (L \)4zvat, /2
dv2 (ln( (67> i \/g) +2arctan (2
2\ .2 o2+( L) 4evat, /L 1
default | a(iez®+dz) +b w + arctan (cz?) dz — ¢ (&) < gcz
(4!
2 1 %( 1
e — zV2+
dv/2 (ln( (67) T \/C;) +2arctan (‘/5
2\,.2 24 (L) 2 avay, /L 1
parts a(ex® +dz) +b w + arctan (cz?) dz — ¢ () = E?
4c2<c%)4
inputLint((e*x+d)*(a+b*arctan(c*x“2)),x,method=_RETURNVERBOSE) J
|a%(1/2%exx~2+d*x) +bk (1/2*arctan (ckx~2) *x~2ke+arctan (cx"2) *d*x-c* (1/4*d/c”
output

~2+(1/c~2) " (1/4) #x*2" (1/2)+(1/c~2) " (1/2))) +2*arctan (2~ (1/2) / (1/c~2)~ (1/4) *

12/(1/c72)7(1/4) %27 (1/2)*(In((x"2-(1/c72) ~(1/4) ¥x%2™ (1/2)+(1/c™2) " (1/2)) /(x|
\ x+1)+2%arctan (2~ (1/2)/(1/c~2)~(1/4) *x-1) )+1/4%e/c~2%1n(c~2%x~4+1))) \

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 147, normalized size of antiderivative = 0.95

/(d + ez) (a + barctan (cz?)) dz

_ 2acex® + 4acdz — 2+/2by/edarctan (v2v/cx + 1) — 2v/2by/cd arctan (v2y/cx — 1) + 2 (beex® + 2 bed
B 4c

input Lintegrate ((e*x+d) * (a+b*arctan(c*x~2)) ,x, algorithm="fricas") J
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1/4* (2xaxcke*x™2 + 4*akxckd*x - 2*sqrt(2)*b*sqrt(c)*d*arctan(sqrt(2)*sqrt(c
)*¥x + 1) - 2xsqrt(2)*b*sqrt(c)*d*arctan(sqrt(2)*sqrt(c)*x - 1) + 2*(bxc*ex
X"2 + 2*bxckd*x)*arctan(c*x~2) + (sqrt(2)*b*sqrt(c)*d - bxe)*log(c*x~2 + s
qrt(2)*sqrt(c)*x + 1) - (sqrt(2)*bxsqrt(c)*d + b*e)*log(c*x™2 - sqrt(2)*sq
rt(c)*x + 1))/c

output

Sympy [A] (verification not implemented)

Time = 6.81 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.34

/(d + ez) (a + barctan (cz?)) dz

(

ex atan (cx be,/—-L atan (cz2 bdlog <m_ —
— adm—l_%+bdmatan(cm2)+bd4/—c%atan(cx2)-|-b 2t2 () \/j2 ()

a(dw%—%?)

\

-/

.
inputLlntegrate((e*x+d)*(a+b*atan(C*x**2)),X)

Piecewise((a*d*x + ake*x**2/2 + bxdxx*atan(ckx**2) + bkdk(-1/c**2)**(1/4)*
atan(c*x**2) + bkexx**2*atan(c*x**2)/2 - bxexsqrt(-1/c**2)*atan(c*x**2)/2
- b*dxlog(x - (-1/c**2)*x(1/4))/(cx(-1/c**2)**(1/4)) + bxd*log(x**2 + sqrt
(-1/c*%2)) / (2%cx (-1/c**2) *x(1/4)) - bxd*atan(x/(-1/c**2)**x(1/4))/(cx(-1/c*
*2)x*(1/4)) - bxexlog(x**2 + sqrt(-1/c*x2))/(2*c), Ne(c, 0)), (a*(d*x + ex
x**2/2), True))

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.09

I =

1,2

/(d—l—ex) (a + barctan (cz?)) dr =

20z \f
2\/§arcta ( tVave

3
C2

\/§<2 cx—ﬁﬁ)

)+2\/§arctan (2—\@) _ V2log (ca? +\/_\/595+1) ]

\_/M

Cc

NI
M\W

1
4 c

(2 cx? arctan (cx?) — log (c2z* + 1))be
4c

+ adx +

e

~—

input tintegrate ((exx+d)*(a+b*arctan(c*x~2)),x, algorithm="maxima")

1/2xa*exx”2 - 1/4*(c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(2*cxx + sqrt(2)*sqrt(c
))/sqrt(c))/c”(3/2) + 2*sqrt(2)*arctan(1/2*sqrt(2)*(2*c*x - sqrt(2)*sqrt(c
))/sqrt(c))/c~(3/2) - sqrt(2)*log(c*x”2 + sqrt(2)*sqrt(c)*x + 1)/c~(3/2) +

sqrt (2)*log(cxx~2 - sqrt(2)*sqrt(c)*x + 1)/c~(3/2)) - 4xx*arctan(c*x™2))x*
bxd + akxd*x + 1/4%(2*cxx"2*arctan(c*x”"2) - log(c™2*x~4 + 1))*bxe/c

output

Giac [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.19

/ (d + ez) (a + barctan (cxz)) dz = % bex? arctan (cz2) + % aex® + bdz arctan (cw2)

fbcdarctan( \/§<2x+ %) \/H)

+ adz — 5
2cl?
v/2bcd arctan (% \/5(2 T — \‘[%) \/H>
2cl?
(x/_bcd\/F bce) log ( + % + ﬁ)
42

(\/_bcd\/E + bce) lc2)g ( :/[Tﬁl + |%|>
4c
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input‘integrate((e*x+d)*(a+b*arctan(c*x“2)),x, algorithm="giac")

1/2xb*exx"2*arctan(c*x”~2) + 1/2%a*xe*x”2 + bxd*x*arctan(c*x~2) + axd*x - 1/
2xsqrt (2) *b*ckd*arctan(1/2*sqrt (2) *(2*xx + sqrt(2)/sqrt(abs(c)))*sqrt(abs(c
)))/abs(c)~(3/2) - 1/2*sqrt(2)*b*c*kd*arctan(1/2*sqrt(2)*(2*x - sqrt(2)/sqr
t(abs(c)))*sqrt(abs(c)))/abs(c)~(3/2) + 1/4*(sqrt(2)*bxcxd*sqrt(abs(c)) -
bxcxe)*log(x~2 + sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c”2 - 1/4x(sqrt(2)*b*c
*d*sqrt (abs(c)) + bxc*e)*log(x~2 - sqrt(2)*x/sqrt(abs(c)) + 1/abs(c))/c"2

output

Mupad [B] (verification not implemented)

Time = 2.97 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.32

aex?

/(d—l— ez) (a + barctan (cz?)) dz = adz + + bdzatan(cz?)

beln(am/ﬂ—l) beln(xm-i—l)
B 4dc B 4dc
beln(zvcli—1) beln(zvecli+1)
B 4c B 4c
+_bem2amnﬂcm2)__bdln(x\/—cli—-l)\/—cli

2 2c
+_bdln(x\/—clr+1)\/—cli
2c
bdIn(z+vecli—1) Veli

2c
| bdln (zvcli+1) Veli
2c

-

inputtint((a + b*atan(c*x~2))*(d + e*x),x)

~—

axd*x + (axe*x"2)/2 + bxd*x*atan(c*x~2) - (b*exlog(x*(-c*1i)~(1/2) - 1))/(
4xc) - (bxexlog(xx(-c*1i)~(1/2) + 1))/(4xc) - (bxexlog(x*(cx1i)~(1/2) - 1)
)/ (4xc) - (bxexlog(x*(c*1i)~(1/2) + 1))/(4%c) + (b*e*x~2*atan(c*x"2))/2 -
(b*d*log(x* (-c*1i)~(1/2) - 1)*(-c*1i)~(1/2))/(2%c) + (b*d*log(x*(-c*1i)~(1
/2) + 1)*(-c*1i)7(1/2))/(2%c) - (bxd*log(x*(c*1i)~(1/2) - 1)*(c*1i)~(1/2))
/(2%c) + (bxd*log(x*(c*1i)~(1/2) + 1)*(c*1i)~(1/2))/(2*c)

output
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.10

/(d + ex) (a + barctan (ch)) dz
4\/_\/5 atan(‘[\[ 2“) bd + 21/c /2 atan(c x?) bd + 4atan(c z?) bedzx + 2atan(cx?) bee 22 — \/c /2 log

input | 1nt((e*x+d)*(a+b*atan(c*x‘2)) x) )

(4*sqrt (c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2xc*x)/(sqrt(c)*sqrt(2)))*b*d +
2xsqrt (c)*sqrt (2) *atan(cxx**2)*bxd + 4*atan(cxx**2)*bxcxd*x + 2xatan(c*x*
*2) ¥xbkckxe*xx*x*2 — sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + c*x**2 + 1)*b*

d + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + c*x**2 + 1)*bxd - log( - sqrt(
c)*sqrt(2)*x + cxx**2 + 1)*bxe - log(sqrt(c)*sqrt(2)*x + ckx**2 + 1)*bxe +
4xaxckdxx + 2kakckxexx**2)/(4%c)

output
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3.23 [ ctbartn(er) g

Optimalresult . . . ... .. ... ... ... ... ......
Mathematica [C] (verified) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . ... ... .. ... ...
Maple [C] (verified) . . . . . . ... ... ... L.
Fricas [F] . . . . . ... .
Sympy [F(-1)] . . .« o
Maxima [F] . . . ... .. ... .
Giac [F] . . . . oo
Mupad [F(-1)] . . ... o
Reduce [F] . . .. ... .
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Optimal result

Integrand size = 18, antiderivative size = 501

/ a + barctan (cxz?) i — (a + barctan (cz?)) log(d + ex)
d+ex B e

e(l— 4\/ —0213)
bC log {/—_Td_k log(d + 611,')
2/ —c2e
e<1+ A —C2m>
belog | ————= | log(d + ex)
—C%d—e

2v/—ce
belog ( <\/i:fm>) log(d + ex)
2v/—c%e

belog <—m> log(d + ex)

+

_|_

V—=v—=ctd—e
2v/—c2e

bc PolyLog ( Y (d+e’”))

—CQd e

+
2v/—c?e

V== (d+ex) )
~ bc PolyLog (2, Ry Fi

2v/—c?e
bcPolyLog( V <d+ez))
n V' —C2d+e
e

be PolyL0g< 7@:\: )

2v/—c%e
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(atb*arctan(c*x~2))*1n(e*x+d) /e+1/2xbxc*ln(e*x(1-(-c~2)~(1/4)*x)/((-c~2)~(1
/4)*d+e) ) *1n(e*xx+d) / (-c~2) ~(1/2) /e+1/2*b*c*x1n(-ex (1+(-c~2) ~(1/4) *x) / ((-c~2
)~ (1/4)*d-e) ) *1n(exx+d) /(-c~2) ~(1/2) /e-1/2%bxc*1n(e*x (1-(-(-c~2)~(1/2))~(1/
2)*x)/((-(-c~2)~(1/2))~(1/2) *d+e) ) *1n(e*x+d) / (-c~2) ~(1/2) /e-1/2*b*c*1n(-e*
(1+(-(-c”2)"(1/2))~(1/2)*x) / ((-(-c~2) " (1/2) ) ~(1/2) *d-e) ) ¥1n(e*x+d) / (-c~2) =
(1/2) /e+1/2%bxc*polylog(2, (-c~2) ~(1/4) * (e*x+d) / ((-c~2) ~(1/4)*d-e) )/ (-c~2)"
(1/2)/e-1/2%bxc*polylog(2, (-(-c~2)~(1/2))~(1/2) *(exx+d) / ((-(-c~2) " (1/2))~(
1/2)*d-e))/(-c~2)~(1/2) /e+1/2*bxcxpolylog(2, (-c~2) " (1/4) * (exx+d) / ((-c~2) ~(
1/4)*d+e))/(-c~2)~(1/2) /e-1/2¥bxcxpolylog(2, (-(-c~2)~(1/2))~(1/2) * (exx+d) /
((-(-c"2)"(1/2))~(1/2)*d+e)) /(-c~2)~(1/2) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 14.62 (sec) , antiderivative size = 326, normalized size of antiderivative = 0.65

/ a + barctan (cz?) alog(d + ex)
dg = 208 T €T)
d+ex e

Jed—v/—1

b <2 arctan (cz?) log(d + ex) + 1 (log(d + ex)log (1 — M) + log(d + ex) log <1 -

Ve(d+ez)

Jed+ v/ =

_|_

inputtlntegrate[(a + b¥ArcTan[c*x~2])/(d + e*x),x] J

(axLogld + e*x])/e + (b*(2xArcTan[c*x~2]*Log[d + e*x] + Ix*(Logld + exx]*Lo
gll - (Sqrtlcl*(d + e*x))/(Sqrtlcl*d - (-1)~(1/4)*e)] + Logld + exx]*Log[1
- (Sqrtlcl*(d + exx))/(Sqrtlcl*d + (-1)"(1/4)*e)] - Logld + e*x]*Logll -
(Sqrt[cl*(d + exx))/(Sqrtlcl*d - (-1)7(3/4)*e)] - Logld + exx]*Logl[l - (Sq
rtlcl*(d + exx))/(Sqrtlcl*d + (-1)~(3/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + ex
x))/(Sqrtlcl*d - (-1)~(1/4)*e)] + PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*
d + (-1)"(1/4)*e)] - PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d - (-1)"(3/4
)xe)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d + (-1)~(3/4)*e)])))/(2xe
)

output
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Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 469, normalized size of antiderivative = 0.94,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5391, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ a + barctan (c:r ) i
d+ex
| 5391
log(d + ex) (a + barctan (cz?)) B 2bc [ %ﬁliim)dw
e e
l 2863
2bc f _ x log(d+ex)c? _ x log(d+ex)c? dr
log(d + ez) (a + barctan (cz?)) 2\/—702<\/—Tz—02x2) 2\/—72(029””\/—72)
e B e
l 2009

log(d + ez) (a + barctan (cz?))
e

4 /
PolyLog [ 2 M
A 2 V=V —c2d—e 4\/ —C2d+e V=V —=c2d+e

—3 4 2

—V/=c2 exr —C7(d+ —V=c2 exr
V_e ) PolyLog (2(‘”)> PolyLog (2(”)) PolyLog <2m+>>
2bc _ —C%d—e +

44/ —c2 4+/—c2 - 44/ —c2 44/ —c2

input| 106 [(a + brarcTan[oxx"2])/(d + exx) ,x] |
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((a + b*ArcTan[c*x~2])*Logl[d + e*x])/e - (2¥bkcx(-1/4*(Log[(e*x(1 - (-c~2)~
(1/4)*x))/((-c"2)"(1/4)*d + e)]*Logld + e*x])/Sqrt[-c”2] - (Logl[-((ex(1 +
(-c”2)"(1/4)*x))/((-c~2)"(1/4)*d - e))]*Logld + exx])/(4*Sqrt[-c~2]) + (Lo
gl(ex(1 - Sqrt[-Sqrt[-c~2]11*x))/(Sqrt[-Sqrt[-c~2]]1*d + e)]*Logld + e*x])/(
4xSqrt[-c~2]) + (Logl[-((ex(1 + Sqrt[-Sqrt[-c~2]1]1*x))/(Sqrt[-Sqrt[-c~2]1]1*d
- e))]*Logld + e*x])/(4*Sqrt[-c~2]) - PolyLogl[2, ((-c~2)~(1/4)*(d + e*xx))/
((-c™2)"(1/4)*d - e)]1/(4*Sqrt[-c~2]) + PolyLog[2, (Sqrt[-Sqrt[-c~2]]1*(d +
e*x))/(Sqrt [-Sqrt[-c~2]]1*d - e)1/(4*Sqrt[-c~2]) - PolyLog[2, ((-c~2)~(1/4)
*(d + exx))/((-c"2)"(1/4)*d + e)1/(4*Sqrt[-c~2]) + PolyLog[2, (Sqrt[-Sqrtl
-c~2]1*(d + e*x))/(Sqrt[-Sqrt[-c~2]11*d + e)]/(4xSqrt[-c~2]1)))/e

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[((a_.) + Logl(c_.)*((d) + (e_.)*(x_))"(m_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_)*((£) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + e*xx)"n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQl[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

rule 2863

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[Logl[d + exx]*((a + bxArcTan[c*x"n])/e), x] - Simp[b*c*x(n/e) Int[x
“(n - 1)*(Logld + e*x]/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e,
n}, x] && IntegerQ[n]

rule 5391




input

output

input

output
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.38 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.28

method | result

be

9 _R1=R00t0f(02_24—402d_23+602d2_22—402d3_Z+c2d4+e4)
default aln(ex+d) + bln(ex+d) arctan(cz?) _

In(ex+d) In (Lﬂ:t

e e 2c

be

_R1=Root0f(02_24—4c2d_Z3+662d2_Z2—4c2d3_Z+02d4+e4)

In(ex+d) In (th

parts aln(e;a:+d) + bln(ez+d) zrctan(cacQ) _
b ibIn(ex+d)In(—ica?+1)  dIn(ea+d)n( Y=o letdeted)  jpin(epd) n (Vi et dieed) jp gjlog (Yo (e

TsC 2e - 2e - 2e -
Lint ((a+b*arctan(c*x~2))/(e*x+d) ,x,method= RETURNVERBOSE) J
‘ a*x1ln(e*x+d)/e+bx1n(e*x+d) /exarctan(c*x”2)-1/2*bxe/c*sum(1/(_R1°2-2*_R1*d+d ‘
| ~2)*(In(exx+d)*1n((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1)), R1=Root0f(_Z
CA¥CT2-4%_Z7BCT24A+6%_Z724CT2%d"2-4%_Z¥c"2+d"3+c"2%d"4+e™4)) |
Fricas [F]

a + barctan (cz?) barctan (cz?) + a
dx = dx
d+ex ex+d

Lintegrate ((atb*arctan(c*x~2))/(exx+d) ,x, algorithm="fricas") J

Lintegral((b*arctan(c*x“2) + a)/(e*x + d), x) J
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Sympy [F(-1)]
Timed out.

dzr = Timed out

/ a + barctan (cz?)
d+ex

input Lintegrate ((a+b*atan (c*x**2))/ (e*x+d) ,x)

output tTimed out
Maxima [F]
a + barctan (cz?) barctan (cz?) + a
dr = dz
d+ex exr +d
input Lintegrate ((a+b*arctan(c*x~2))/(e*x+d) ,x, algorithm="maxima")

output L2*b*integrate(1/2*arctan(c*x‘2)/(e*x +d), x) + axlog(exx + d)/e

Giac [F]

/ a + barctan (cz?) dp — / barctan (cz?) + a i

d+ex ex+d

input tintegrate ((atb*arctan(c*x~2))/(e*x+d) ,x, algorithm="giac")

output Lintegrate((b*arctan(c*x‘2) + a)/(exx + d), x)
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Mupad [F(-1)]
Timed out.

dx

/ a + barctan (cz?) / a + batan(cz?)
dx =
d+ex d+ex

inputtint((a + b*atan(c*x72))/(d + e*x),x)

output Lint((a + bxatan(c*x72))/(d + exx), x)

Reduce [F]

xTr =

atan (cxz?
/ a + barctan (cz?) (f ex(er )dz) be + log(ex + d) a
d+ex e

input Lint ((atb*atan(c*x~2))/(exx+d) ,x)

outputL(int(atan(c*x**”/(d + exx),x)*bxe + log(d + e*x)*a)/e




output
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2
3.4 [ Ui g

Optimalresult . .. ... ... ... .. ... .........
Mathematica [A] (verified) . . . . . . ... ... ... ... ..
Rubi [A] (verified) . . . ... ... .. ... . ...
Maple [A] (verified) . . . . . . ... oo
Fricas [C] (verification not implemented) . . . . . .. ... ..

Sympy [F(-1)] . . . .o
Maxima [A] (verification not implemented) . . . . . . ... ..

Giac [F] . . . . oo
Mupad [B] (verification not implemented) . ... ... .. ..
Reduce [B] (verification not implemented) . . .. ... .. ..

Optimal result

Integrand size = 18, antiderivative size = 269

/ a + barctan (cz?) . bc’d® arctan (cz®)  a + barctan (cz?)
(d + ex)?  e(ckdt+ed)
N by/c(cd? — €?) arctan (1 — v/2y/cx)

V2 (c2dt + e)
_ by/e(cd® — €?) arctan (14 v2¢/cx)

V2 (c2d + e)
by/c(cd? + €?) arctanh(

+

V2 (c2d* + e)

_ 2bcdelog(d +ex) | bedelog (1 + c*x?)

c2d + et

2(c2d* +¢)

bxc~2*d~3*arctan(c*x”2) /e/(c"2*d"4+e~4) - (a+b*arctan(c*x~2))/e/ (exx+d)-1/2%
bxc”(1/2)*(c*d"2-e"2)*arctan(-1+2"(1/2) *c~(1/2) *x) *2~(1/2) / (c"2*d~4+e"4) -1
/2*xbxc” (1/2) *(c*d~2-e~2) *arctan(1+2~(1/2) *c~ (1/2) *x) *2~(1/2) / (c"2*d~4+e"4)
+1/2%bxc”(1/2) *(c*d"2+e~2) *arctanh (27 (1/2) *c~ (1/2) *x/ (c*x~2+1) ) *2~(1/2) / (c
~2*%d"4+e”4) -2*bxc*d*e*1n(exx+d) / (c"2*d"4+e"4) +b*ckd*e*x1ln(c"2*xx"4+1) / (2%c™2

*d"4+2%e”4)
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Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 321, normalized size of antiderivative = 1.19

dr =

/ a + barctan (cz?)
(d+ ex)?
4a(c?d* + e*) + 4b(c*d* + e*) arctan (cz?) + 2by/c(2¢32d® — v/2cd?e + v/2€%) (d + ex) arctan (1 — v/

e

LIntegrate[(a + bxArcTan[c*x~2])/(d + e*x)~2,x]

~—

input

-1/4*(4*%ax(c”2*%d"4 + e74) + 4*bx(c"2+%d"4 + e~4)*ArcTan[c*xx"2] + 2*bxSqrtl[c
I*(2%xc~(3/2)*d"3 - Sqrt[2]*c*d~2xe + Sqrt[2]*e~3)*(d + exx)*ArcTan[1 - Sqr
t[2]1*Sqrt[c]*x] + 2xb*Sqrt[c]l*(2xc~(3/2)*d"3 + Sqrt[2]*c*d"2*e - Sqrt[2]*e
~3)*(d + exx)xArcTan[1 + Sqrt[2]*Sqrt[c]*x] + 8xbk*c*d*e~2x(d + e*x)*Logld
+ e*x] + Sqrt[2]*b*Sqrt[cl*e*x(cxd™2 + e~2)*(d + exx)*Log[l - Sqrt[2]*Sqrt[
cl*x + cxx~2] - Sqrt[2]*b*Sqrtlcl*e*x(c*d”2 + e~2)*(d + e*x)*Logl[l + Sqrt[2
I*Sqrt[cl*x + c*x~2] - 2%b*ckdxe~2%(d + exx)*Log[l + c™2xx~4])/(e*(c"2*d"4
+ e"4)x(d + e*x))

output

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 338, normalized size of antiderivative = 1.26,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {5395, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctan (cwz)
(d+ ex)?

l 5395

dz

2bc f ngdx _a + barctan (c:vz)
2 e(d+ex)

l 7276
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2 dS_ 2 2d2 2.2 3d 3 d 3
2bcf (c . (62346164)80—201:2-1?1) e - (02d4+ei)(d+eac)) dzx _a+ barctan (cmz)
€ e(d+ ex)
l 2009

9be (cd3 arctan (cz?) earctan(l—ﬂﬁx) (cd?—e?) earctan(ﬁfcx—l—l) (cd?2—e?)  ge2 log(c*z*+1)  de?log(d+es) e(cd?4

2(c2dited) 2v/2/c(c2dAtet) 2v2+/c(c2di+e) 4(c2d*+e?) c2dt+et

e
a + barctan (cz?)

e(d + ex)

-

LInt[(a + bxArcTan[c*x~2]1)/(d + e*x)~2,x]

-/

input

-((a + b*ArcTan[c*x"2])/(e*x(d + e*x))) + (2xb*c*((c*d~3*ArcTan[c*x~2])/(2*
(c™2xd"4 + e74)) + (ex(cxd™2 - e”2)*ArcTan[1 - Sqrt[2]*Sqrt[cl*x])/(2*Sqrt
[2]*Sqrt [c]*(c"2*d"4 + e"4)) - (e*(c*d™2 - e~2)*ArcTan[1 + Sqrt[2]*Sqrt[c]
*x])/(2%Sqrt [2] *Sqrt [c]*(c"2*%d"4 + e~4)) - (d*e"2xLogld + exx])/(c"2*d"4 +
e”4) - (ex(c*d™2 + e”2)*Logl[1l - Sqrt[2]*Sqrtlcl*x + cxx~2])/(4*Sqrt[2]*Sq
rtlcl*(c™2%d"4 + e74)) + (ex(c*d”2 + e~2)*Logl[1l + Sqrt[2]*Sqrtlcl*x + c*x~
2])/(4xSqrt[2] *Sqrt [c]*(c™2*d~4 + e~4)) + (d*e”2*Logl[l + c~2*x"4])/(4*(c"2
*d™4 + e~4)))) /e

output

Defintions of rubi rules used

rule 2009 Int[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5395 Intl(Ca_.) + ArcTan[(c_.)*(x_)"(n_)]1*(b_.))*((d)) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x™n])/(ex(m + 1))), x] - S
imp[b*c*x(n/(ex(m + 1))) Int[x"(n - 1)*((d + e*x)"(m + 1)/(1 + c™2*x™(2%n)
)), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

rule 7276 Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]




input
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.10

method | result
1
1 z2+ 1 4z\/§+ 1
63<c%>4\/§ In (C2)1 ? +2arctan \/Ezl +1 | +2ar
(@) ornfa) ()
8
de In(ex+d
2c 2d4(+e+ )+
arctan(cxz)
default — Gatde ¢ e T bl — e T
1 24 (L mf—f—,/
63(;12>Z\/§ In (;2> +2arctan ﬁr-kl +2 ar
4
(%) evir 3 (&)
2
2c| —degnfeatd)
arctan(cmz)
parts (em—i—d)e +bf - (ez+d)e +

tint ((at+b*arctan(c*x~2) )/ (e*x+d) ~2,x,method=_RETURNVERBOSE)
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-a/ (exx+d) /e+b* (-1/ (e*x+d) /e*arctan(c*x~2)+2/exc* (-d*xe~2/ (c~2*d~4+e~4) *1n(
exx+d)+1/(c"2*d"4+e~4) *(1/8*e~3*(1/c~2) " (1/4)*2~(1/2)*(In((x~2+(1/c~2)~(1/
4)*xx2”(1/2)+(1/c~2)~(1/2)) / (x~2-(1/c”2) ~(1/4) *x*x2~ (1/2)+(1/c~2) " (1/2)) ) +2
xarctan(2°(1/2)/(1/c~2)~(1/4) *x+1)+2*arctan (2~ (1/2)/(1/c~2)~(1/4) *x-1) ) +1/
2%c~2%d"3/(c”2) "~ (1/2)*arctan(x"2*(c~2) ~(1/2))-1/8*d"2*e/(1/c~2) " (1/4)*2~ (1
/2)*(In((x"2-(1/c"2) " (1/4) *x*2~ (1/2)+(1/c~2)~(1/2)) / (x"2+(1/c™2) " (1/4) *x*2
~(1/2)+(1/c”2)"(1/2)))+2*arctan(2°(1/2)/(1/c~2) " (1/4) *x+1) +2*xarctan (2~ (1/2
)/(1/c”2)~(1/4) *x-1) ) +1/4*d*e”2x1n(c"2*x"4+1))))

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 84.49 (sec) , antiderivative size = 2478078, normalized size of antiderivative =
9212.19

/ a + barctan (cx?)

(d+ea)? dx = Too large to display

input‘integrate((a+b*arctan(c*x“2))/(e*x+d)“2,x, algorithm="fricas")

outputLToo large to include

Sympy [F(-1)]

Timed out.

/ a + barctan (cz?)

(d+ ca)? dz = Timed out

input‘integrate((a+b*atan(C*X**2))/(e*x+d)**2,x)

outputLTimed out
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 287, normalized size of antiderivative = 1.07

/ a + barctan (cz?)
(d+ ex)?

V2 (cd2 e+\/§\/5dez+e3) log (cac2+\/§\/5x+1> V2 (cdze—\ﬁ\/éde2 -I—e3> log (cx2 —ﬂ\/&t-l—l)

1] | 8delog(ex+d) G - G
4 c2d* + et

__a
ez + de

| —

§
inputLintegrate((a+b*arctan(c*x“2))/(e*x+d)*2,x, algorithm="maxima"

-1/4*%((8*d*exlog(e*x + d)/(c”2*d"4 + e"4) - (sqrt(2)*(c*d"2*e + sqrt(2)*sq
rt(c)*d*e”2 + e~3)*log(c*x”2 + sqrt(2)*sqrt(c)*x + 1)/sqrt(c) - sqrt(2)*(c
*d"2%e - sqrt(2)*sqrt(c)*d*e”2 + e~3)*log(c*x~2 - sqrt(2)*sqrt(c)*x + 1)/s
grt(c) - 2%(2*%c™2xd"3 + sqrt(2)*c~(3/2)*d"2*e - sqrt(2)*sqrt(c)*e”3)*arcta
n(1/2*sqrt(2)*(2*c*xx + sqrt(2)*sqrt(c))/sqrt(c))/c + 2x(2*%c™2*d"3 - sqrt(2
)*c~(3/2)*d"2%e + sqrt(2)*sqrt(c)*e~3)*arctan(1/2*sqrt(2)*(2*xc*x - sqrt(2)
*sqrt(c))/sqrt(c))/c)/(c"2*%d"4xe + e75))*c + 4*arctan(c*x~2)/(e”2*x + d*e)
)*b - a/(e”2xx + dxe)

output

Giac [F]
/ a+barctan (cz?) , / barctan (cz?) + a e
(d+ ex)? (ex + d)°
inputLintegrate((a+b*arctan(c*x“2))/(e*x+d)*2,x, algorithm="giac") J

outputtundef J
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Mupad [B] (verification not implemented)

Time = 0.93 (sec) , antiderivative size = 883, normalized size of antiderivative = 3.28

dz

/ a + barctan (cz?)
(d+ ex)?

_ i In root(16 2 d* et 24 + 16 €8 24 — 32bcd e® 28 + 802 2 d? €2 22 4+ b1 2, 2, k)" ¢ €2 2 320 — root (16
k=1

+16€°2* —32bcde’ 2° + 8V P d* e* 2° + b* P, 2, k)

___a  batan(ca®) 2bcdeln(d+ex)
ze?+de ze2+de c2dt +et

e

Lint((a + b*atan(c*x~2))/(d + e*x)"2,x)

-/

input

symsum(log((320*root (16*xc~2*d"4*e~4*z"4 + 16%e”8%z"4 - 32xbkc*d*e 5*z"3 +
8*b~2%c"2%d"2%e"2*%z"2 + b"4*c”2, z, k)“4*c"8%e”9*x - 128%root(16*c”"2xd"4*e
“4%z"4 + 16%e”8%z"4 - 32%bkckdxe~5*%z”3 + 8%b~2*c”2xd"2*e"2*z"2 + b~4*c”2,
Z, k)“4*c”10*d"5*xe”4 + 16*b~4*c”10*exx - 8*root (16*c”2*xd"4*e~4*xz"4 + 16%e”
8%z74 - 32xbxcxdxe”5*z"3 + 8%b"2*c”2*%d"2%e"2*z"2 + b"4*c”2, z, Kk)*b"3*c”9x*
e”3 + 384xroot (16*c™2xd"4*e~4*xz"4 + 16%e~8*xz"4 - 32*b*cxd*e”5xz"3 + 8*b~2x
CcT2xd"2xe"2*z"2 + b"4*c”2, z, k) “4*c"8xd*e”8 + 8*root(16*c”2*%d"4*e"4xz"4 +
16*%e~8*z"4 - 32*b*cxd*e”5*xz"3 + 8*b"2*c"2*d"2*e”2%z"2 + b~4*c"2, z, Kk)*b”
3*%c~11*%d"3*x - 320*root (16*c~2*d"4*xe" 4%z~ 4 + 16*e”8%z"4 - 32xb*c*d*e 5%z~ 3
+ 8%b"2%c”2xd"2%e"2%z"2 + b~4*c”2, z, k) " 3*b*c~9*%d"2*e”5 - 192*root(16*c”
2xd"4*e"4*xz"4 + 16%e"8*%z"4 - 32xbkckd*e"5*z"3 + 8*b"2xc"2*d"2%e"2%z"2 + b~
4%c”2, z, k)“4*c"10*d"4*e"5*x + 32¥root (16*c”2xd"4*xe"4*xz"4 + 16%e~8%z"4 -

32xbxc*kd*e~5*%z"3 + 8*b"2kc"2*xd"2%e"2*z"2 + b~4*c”2, z, k) “3*b*c”~11xd"5*e”"2
*x + 64*xroot (16*c~2+%d"4*e"4*z"4 + 16*%e”8*z"4 - 32*b*ckxd*e”5xz"3 + 8*b~2*c”
2+%d"2%e"2%z"2 + bT4*xc”2, z, k) “2¥b"2*c”10*d"2*e"3*x — 416*root (16*c”2*xd"4x*
e"4%z"4 + 16%e”8%z74 - 32%bkckxd*e"b*z"3 + 8*bT2*cT2*%d"2*%e”"2%z"2 + bT4*c”2,
Zz, k)" 3*b*c"9*d*e"6*x) /e~ 2) *root (16*%c~2*d"4*e" 4%z~ 4 + 16*e”8%z"4 - 32xb*c
*d*e”~5%z~3 + 8*%b"2xc"2*d"2%e"2*xz"2 + b"4*xc"2, z, k), k, 1, 4) - a/(d*e + e
~2xx) - (bxatan(c*x72))/(d*e + e"2*x) - (2¥bxc*d*exlog(d + exx))/(e”4 + c~
2*d~4)

output
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Reduce [B] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 784, normalized size of antiderivative = 2.91

barct 2
/ a + barctan (cz”) dx = Too large to display

(d+ ex)?

-

inputLint((a+b*atan(c*xﬁ2))/(e*x+d)”2,x)

| —

(2*sqrt (c) *sqrt (2) *atan((sqrt(c) *sqrt (2) - 2xc*x)/(sqrt(c)*sqrt(2)))*bxc*d
**¥4 + 2¥sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqrt(2)))*
b*cxd**3*exx - 2*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2xc*x)/(sqrt(c)*s
qrt(2))) *b*xd**2kex*2 — 2xsqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2xcx*x)/(s
qrt (c)*sqrt(2)))*b*xd*e**3*x + 4*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sq
rt(2)))*bxd*e**3 + 4*atan((sqrt(c)*sqrt(2) - 2xc*x)/(sqrt(c)*sqrt(2)))*b*e
*x4kx — 2ksqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2*c*x)/(sqrt(c)*sqrt(2))
) ¥bxc*d**4 - 2xsqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2xc*x)/(sqrt(c)*sqr
t(2)) ) *b*cxd**3*exx + 2*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2*cx*x)/(sq
rt(c)*sqrt(2))) #*bxd**2*ex*2 + 2xsqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2%
c*xx)/(sqrt(c)*sqrt(2))) xb*d*e**3*x + 4*atan((sqrt(c)*sqrt(2) + 2*c*x)/(sqr
t(c)*sqrt(2)))*bxd*e**3 + 4*atan((sqrt(c)*sqrt(2) + 2%c*x)/(sqrt(c)*sqrt(2
)) ) *bxex*k4xx + 4katan(ckx**2)*bkck*k2xdx*k4dxx + 4*katan(ckx**2)*bkex*k4dxx — sq
rt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + c*x**2 + 1)*bxcxd*x4 - sqrt(c)*sq
rt(2)*1log( - sqrt(c)*sqrt(2)*x + cxx**2 + 1)*bxckd**3*ke*x — sqrt(c)*sqrt(2
)*xlog( - sqrt(c)*sqrt(2)*x + ckx**2 + 1)*bkd**2*e**2 - sqrt(c)*sqrt(2)*log
( - sqrt(c)*sqrt(2)*x + cxx**2 + 1)xbxd*e**3*x + sqrt(c)*sqrt(2)*log(sqrt(
c)*sqrt(2)*x + cxx**2 + 1)xbxckd**4 + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*
X + cxx**2 + 1)*bxckd**3xe*x + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + c*x
**2 + 1)xb*d**2xe*x2 + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + ckx*x*2 +...

output
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3.25 [(d+ ex) (a + barctan (cz?))’ dz

Optimal result . . . . .. .. .. ... . ..
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ...
Rubi [A] (verified) . . . . .. .. . ..
Maple [F] . . . . .
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . . o
Giac [F] . . .
Mupad [F(-1)] . . . . . e
Reduce [F] . . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 1325

/ (d + ez) (a + barctan (cm2))2 dz = Too large to display



output

inputL
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(-1)~(3/4) *b~2*d*polylog(2,1-2/(1+(-1)~(1/4)*c~(1/2)*x) ) /c~ (1/2)+(-1)~(3/4
) *¥b~2xd*polylog(2,1-2/(1-(-1)"(1/4)*c~(1/2)*x)) /c~(1/2)+(-1) " (1/4) *b~2*d*p
olylog(2,1-2/(1+(-1)~(3/4)*c~(1/2)*x)) /c~(1/2)-(-1)~(1/4) *b~2*d*arctanh ((-
1)7(3/4)*c™(1/2)*x)~2/c~(1/2)+(-1)~(3/4) *b~2xd*arctan((-1) ~(3/4) *c~ (1/2) *x
)"2/c”(1/2)+(-1)~(1/4) *b~2xd*polylog(2,1-2/(1-(-1)~(3/4) *c~(1/2)*x)) /c~(1/
2)-1/2%(-1)"(1/4) *b~2*d*polylog(2,1+27(1/2)*((-1)~(3/4)+c~(1/2) *x) / (1+(-1)
~(8/4)*c~(1/2)*x)) /c~(1/2)-1/2%(-1) " (3/4) *b~2*d*polylog(2,1-2"(1/2) *((-1)~
(1/4)+c™(1/2)*x) / (1+(-1)~(1/4) *c~(1/2) *x) ) /c~(1/2)-1/2% (1) ~ (3/4) *b~2*d*po
lylog(2,1+(-1+I)*(1+(-1)~(3/4) *c~(1/2)*x) / (1+(-1)~(1/4)*c~(1/2)*x)) /c~(1/2
)=1/2%(-1)"(1/4)*b~2*d*polylog(2,1-(1+ID) * (1+(-1)~(1/4) *c~ (1/2) *x) / (1+(-1)~
(3/4)*c™(1/2)*x) ) /c” (1/2) -I*a*bkd*x*1ln (1+I*c*x~2) +2* (-1) ~(3/4) *a*b*d*arcta
nh((-1)"(3/4)*c~(1/2)*x) /c~(1/2)-2%(-1) ~(1/4) ¥b~2*d*arctanh ((-1) ~(3/4) *c~(
1/2)*x)*1n(2/ (1+(-1)~(3/4) *c~ (1/2)*x)) /c” (1/2) +b*e*x (a+b*arctan(c*x~2) ) *1n(
2/ (1+I*c*x"2)) /c+1/2xI*e* (a+b*arctan(c*x"2)) ~2/c+I*axbkd*x*1n (1-I*c*x"2)+2
*(-1)~(1/4)*b~2*d*arctanh ((-1) ~(3/4) *c~(1/2) *x)*1n(2/(1-(-1)~(3/4) *c~(1/2)
*x))/c”(1/2)-2x(-1) " (3/4) *a*b*d*arctan((-1) ~(3/4)*c~(1/2)*x) /c~(1/2)-2* (-1
)~ (1/4)*b~2*d*arctan((-1) ~(3/4) *c~ (1/2) *x) *1n(2/ (1+(-1) " (1/4) *c~ (1/2)*x) )/
c~(1/2)+2%(-1)~(1/4) *b~2*d*arctan ((-1) ~(3/4) *c~ (1/2) *x) *1n(2/ (1-(-1)~(1/4)
*c~(1/2)*x))/c™(1/2)+(-1)~(1/4) *b~2*d*arctanh ((-1) ~(3/4) *c~ (1/2) *x) *1n (-2~

(1/2)*x((-1)~(3/4)+c™ (1/2)*x) / (1+(-1) " (3/4) *c~ (1/2)*x) ) /c~(1/2)+(-1)~(1/. ..

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf

count of optimal. 4850 vs. 2(1325) = 2650.

Time = 26.49 (sec) , antiderivative size = 4850, normalized size of antiderivative = 3.66

/ (d+ ex) (a + barctan (cx2))2 dx = Result too large to show

e

Integrate[(d + exx)*(a + bxArcTan[c*x~2])"2,x]

~—




output
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a~2xd*x + (a"2xexx"2)/2 + (a*bkd*Sqrt[c*x~2]*(2*Sqrt [c*x~2] *ArcTan [c*x~2]

- Sqrt[2]*(ArcTan[(-1 + c*x~2)/(Sqrt[2]*Sqrt[c*x~2])] - ArcTanh[(Sqrt[2]*S
grtlc*x"2])/(1 + c*x72)])))/(c*x) + (a*b*e*x(cxx~2xArcTan[c*x"2] + Log[1/Sq
rt[1 + c™2*%x"4]]1))/c + (b"2xe*x((-I)*ArcTan[c*x~2]"2 + c*x"2*%ArcTan[c*x~2]"
2 + 2%ArcTan[c*x~2]*Log[1 + E~((2*I)*ArcTan[c*x~2])] - I*PolyLogl[2, -E~((2
*I)*ArcTan[c*x"2])]))/(2%c) + (b~2*d*Sqrt [c*x~2]*(2*Sqrt [c*x~2] *ArcTan [c*x
~2]72 + Sqrt[2]*ArcTan[c*x~2]*(2*ArcTan[1 - Sqrt[2]*Sqrt[c*x"2]] - 2*ArcTa
n[1 + Sqrt[2]*Sqrt[c*x~2]] - Logl[l + c*x"2 - Sqrt[2]*Sqrt[c*x~2]] + Logl1l

+ c*x72 + Sqrt[2]*Sqrt[c*x~2]]) - Sqrt[2]*((ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]
] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]]1)*Logl[l + c*x~2 - Sqrt[2]*Sqrt[c*x~2]]

- (ArcTan[1 - Sqrt([2]*Sqrt[c*x~2]] + ArcTan[1 + Sqrt[2]*Sqrt[c*x~2]])*Logl
1 + cxx™2 + Sqrt[2]*Sqrt[c*x~2]] + (Sqrtlc*x~2]*(1 + (1 - Sqrt[2]*Sqrt[c*x
~2]1)72)"(3/2) *(2x (-5*ArcTan[2 + I]*ArcTan[1 - Sqrt[2]*Sqrt[cxx~2]] + 4xArc
Tan[1 - Sqrt[2]*Sqrt[c*x~2]]1"2 + ((1 + 2%I)*Sqrt[1 + I]*ArcTan[l - Sqrt[2]
*Sqrt [c*x~2]]172) /E~(I*ArcTan([2 + I]) + ((1 - 2%I)*Sqrt[1 - I]*ArcTan[l - S
qrt [2]*Sqrt[c*x~2]]"2) /E"ArcTanh[1 + 2*I] - (5*%I)*ArcTan[1 - Sqrt[2]*Sqrt[
cxx~2]]*ArcTanh[1 + 2+I] + (5%I)*(-ArcTan[2 + I] + ArcTan[1l - Sqrt[2]*Sqrt
[c*x~2]])*Log[1 - E~((2*I)*(-ArcTan[2 + I] + ArcTan[1 - Sqrt[2]*Sqrt[c*x~2
11))]1 + 5x((-I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] + ArcTanh[1 + 2*I])*Logl1

- E~((2*I)*ArcTan[1 - Sqrt[2]*Sqrt[c*x~2]] - 2*ArcTanh[1 + 2+I])] + (5*...

Rubi [A] (verified)

Time = 2.51 (sec) , antiderivative size = 1325, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, T ro e

used = {5397, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) (a + barctan (cmz))2 dz
| 5397
/ (d(a + barctan (c:cz))2 + ez (a + barctan (ca:2))2) dx

l 2009
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2(—1)%4bd arctan ((—1)%/*y/cz) a N 2(—1)3/*bdarctanh ((—1)3/%\/cz) a

2 —
dxa NG NG
—1)3/4p2d arct _1)3/4 2
ibdzlog (1 — icz®) a — ibdz log (icz® + 1) a + (1) arc \a/nE(( )*/*y/cx)
. 2 2
%ewZ (a+ barctan (ng))Q N ie(a + bar;tc:an (cz?)) ~ *4/_—1b2darctan\1/1§(—1)3/4\/555) B

idew log? (1 — dcz?) — 4b2da: log? (zc:v +1)+

2v/—1b%d arctan ((—1)%/4y/cz) log ( >
Ve
2v/—1b?d arct 1)3/4/ex) 1 ( >
arctan ((—1)%/*y/cz) log \/_fcz+1
Ve
v/—1b%d arctan ((—1)%/*\/cz) log ( ot )
\/ 1yecax+1
+
7
2v/—1b?darctanh ((—1)3/*y/cz) log (1 - 1)3/4\[695)
Ve
2v/—1b%darctanh ((—1)%/4,/cz) log (W)
_|_
Ve )3/4)
v/—1b%darctanh((—1)%/4\/cz) log( \/? \1[)051_\(&; = )
c
ve (1+i)(\4/—1\/5x+1>
v/—1b%darctanh ((—1)%/4\/cz) log e
7 +
& 1b2d t -1 3/4 1 (1) ((_1)3/4\59”4'1)
V arctan ((—1)%*y/cz) og( VT e
7 +
v—1b2darctan ((—1)%4,/cz) log (1 — icz®)  v/—1b*darctanh((—1)3/*\/cz)log (1 — icz?) N
Ve Ve
be(a + barctan (cz?)) log (zcz2+1> v/—1b%darctan ((—1)3/*y/cz) log (icz? + 1) N
- Ve

c
v/—1b%darctanh ((—1)%/ 4\/53:) log (icz? + 1)

+ %b2dx log (1 — icz?) log (icz® + 1) +

C
—1)3/4b2d PolyLog <2, > 1)3/4b2d PolyLo (2 1-— >
(1) Y 1 \/_\ﬁ:n (1) yHo8 V- fcz+1 _
Ve Ve
(—1)3/*b?d PolyLog | 2,1 — Vet )
\/ T/er+1 V/=1bdPolyLog (2,1 - 27z )
2,/c * Ve "
4 9 2 4 2 \/5(\514'(—1)3/4)
Y=1b%d PolyLog (2,1 — W) _ Y~IpdPolyLog (2, C0iver T 1) B
Ve 2,/c

o a (Ve
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input‘lnt[(d + e*x)*(a + b*ArcTan[c*x~2])"2,x]

a”2xd*x - (2*%(-1)"(3/4)*a*b*xd*ArcTan[(-1)~(3/4)*Sqrt [c]*x])/Sqrtlc] + ((-1
)~ (3/4) ¥b~2*d*ArcTan[(-1)~(3/4)*Sqrt [c]*x]~2) /Sqrt[c] + ((I/2)*ex(a + b*Ar
cTan[c*x~2])"2)/c + (exx~2x(a + b*ArcTan[c*x~2])"2)/2 + (2%(-1)~(3/4)*axb*
d*ArcTanh[(-1)"(3/4)*Sqrt [c1*x]) /Sqrt[c] - ((-1)~(1/4)*b~2*d*ArcTanh[(-1)"
(3/4)*Sqrt [c]*x]~2)/Sqrt[c] + (2%(-1)"(1/4)*b~2%d*ArcTan[(-1)~(3/4)*Sqrt[c
Ixx]*Logl[2/(1 - (-1)7(1/4)*Sqrt[c]*x)1)/Sqrtlc] - (2%(-1)7(1/4)*b"2xd*ArcT
an[(-1)~(3/4)*Sqrt [c]*x]*Log[2/(1 + (-1)~(1/4)*Sqrt[cl*x)])/Sqrtlc] + ((-1
)~ (1/4)*b~2*d*ArcTan[(-1) ~(3/4) *Sqrt [c]*x] *Log [ (Sqrt [2]*((-1)~(1/4) + Sqrt
[cl*x))/(1 + (-1)7(1/4)*Sqrt[c]*x)1)/Sqrtlc] + (2%(-1)7(1/4)*b~2*d*ArcTanh
[(-1)"(3/4)*Sqrt [c]*x]*Log[2/(1 - (-1)~(3/4)*Sqrt[c]l*x)])/Sqrtlc] - (2%(-1
)~ (1/4)*b~2xd*ArcTanh [(-1) ~(3/4) *Sqrt [c]*x] *Log[2/(1 + (-1)~(3/4)*Sqrt [c]*
x)1)/Sqrt[c] + ((-1)~(1/4)*b~2*d*ArcTanh[(-1)~(3/4)*Sqrt [c]*x]*Log[-((Sqrt
[2]1%((-1)"(3/4) + Sqrtlcl*x))/(1 + (-1)~(3/4)*Sqrt[cl*x))]1)/Sqrtlc] + ((-1
)~ (1/4) #b~2*d*ArcTanh [ (-1) " (3/4) *Sqrt [c] *x] *Log [((1 + I)*(1 + (-1)~(1/4)*S
qrtlcl*x))/(1 + (-1)~(3/4)*Sqrt[c1*x)]1)/Sqrtlc] + ((-1)~(1/4)*b~2%d*ArcTan
[(-1)~(8/4)*Sqrt [cl*x]*Log[((1 - I)*(1 + (-1)7(3/4)*Sqrtlcl*x))/(1 + (1)~
(1/4)*Sqrt [c1*x)1) /Sqrt[c] + I*axbkd*xxLogl[l - Ikc*x~2] + ((-1)~(1/4)*b~2x
d*ArcTan[(-1)7(3/4)*Sqrt [c]*x]*Log[1 - I*c*x"2])/Sqrtlc] - ((-1)7(1/4)*b~2
*d*ArcTanh[(-1)~(3/4) *Sqrt [c]*x]*Log[1 - Ixc*x~2])/Sqrt[c] - (b 2%d*x*Logl
1 - Ixc*x~2]72)/4 + (b*ex(a + bxArcTan[c*x~2])*Log[2/(1 + I*c*x~2)])/c ...

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

‘ x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x"n]) p, (d + e*x)"m, x],

rule 5307 ToELC(a_.) + ArcTan[(c_.)*(x)" (@ )1*(b_))"(pI*((d) + (e_)*xGx ) (@ .),
' x]1 /; FreeQ[{a, b, c, d, e, n}, x] & IGtQ[p, 1] && IGtQ[m, 0] |
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Maple [F]

/ (ez + d) (a + barctan (c xz))2dac

input Lint ((exx+d) * (a+b*arctan(c*x~2))~2,x)

output Lint ((exx+d)* (a+b*arctan(c*x"2))"2,x)

Fricas [F]

/(d + ex) (a + barctan (cx2))2 dr = / (ez + d) (barctan (cz®) + a)® dz

input Lintegrate ((exx+d) * (at+b*arctan(c*x~2))~2,x, algorithm="fricas")

t‘integral(a’?*e*x + a”2+%d + (b"2xexx + b~2xd)*arctan(c*x”"2)"2 + 2x(axb¥e*x

outpu
‘+ axb*d)*arctan(c*x~2), x)

Sympy [F]

/(d + ez) (a + barctan (cm2))2 dx = / (a + batan (0332))2 (d+ ex) dx

inputLintegrate((e*x+d)*(a+b*atan(c*x**2))**2,x)

outputtlntegral((a + bxatan(c*x**2))**2%(d + e*x), x)
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Maxima [F|

/(d + ex) (a + barctan (ch))z dx = / (ez + d) (barctan (cz®) + a)2 dx

input‘integrate((e*x+d)*(a+b*arctan(c*x"2))"2,x, algorithm="maxima")

12xb~2%c~2*exintegrate (1/16*x"5*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + b~ 2%c”
2xexintegrate(1/16*x~5*log(c™2*%x"4 + 1)72/(c”™2*%x"4 + 1), x) + 12*¥b~2%c~2*d
xintegrate(1/16*x"4*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + 4xb~2%c”2*exintegr
ate(1/16*x"5xlog(c™2*x"4 + 1)/(c™2*%x"4 + 1), x) + b~2xc"2xd*integrate(1/16
*x"4*log(c™2+%x"4 + 1)72/(c”2*x"4 + 1), x) + 8*%b"2xc"2*d*integrate(1/16*x~4
xlog(c™2*x"4 + 1)/(c™2*x"4 + 1), x) + 1/2*%a"2*e*x”2 + 1/8*b~2*e*xarctan(c*x
~2)"3/c - 8*b~2xckexintegrate(1/16*x"3*arctan(c*x~2)/(c™2*x"4 + 1), x) - 1
6*%b~2xcxd*integrate(1/16*x"2*arctan(cxx~2)/(c™2*x"4 + 1), x) - 1/2x(cx(2*s
qrt(2)*arctan(1/2xsqrt (2) * (2*cxx + sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) + 2*s
grt(2)*arctan(1/2*sqrt(2) *(2*xc*x - sqrt(2)*sqrt(c))/sqrt(c))/c~(3/2) - sqr
t(2)*1log(c*x~2 + sqrt(2)*sqrt(c)*x + 1)/c”(3/2) + sqrt(2)*log(c*x~2 - sqrt
(2)*sqrt(c)*x + 1)/c”(3/2)) - 4xx*arctan(c*x~2))*a*bxd + a~2*d*x + b~ 2xex*i
ntegrate(1/16*x*log(c™2*x~4 + 1)72/(c”2*%x"4 + 1), x) + 12%b~2*d*integrate(
1/16*arctan(c*x~2)"2/(c"2*x"4 + 1), x) + b~2*dxintegrate(1/16*log(c~2*x"4
+ 1)72/(c”2%x74 + 1), x) + 1/2%(2*kcxx"2*arctan(c*x™2) - log(c™2*x"4 + 1))*
axbke/c + 1/8%(b"2xe*x”2 + 2¥b72*d*x)*arctan(c*x”2)72 - 1/32%(b"2%e*x"2 +
2%b~2*d*x) *log(c™2*x"4 + 1)72

output

Giac [F]

/(d + ex) (a + barctan (cx2))2 dz = / (ez + d) (barctan (cz®) + a)2 dz

input‘integrate((e*X+d)*(a+b*arctan(c*x‘2))‘2,x, algorithm="giac")

r

Outputtintegrate((e*x + d)*(b*arctan(c*x~2) + a)~2, x)

| —
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Mupad [F(-1)]

Timed out.

/(d—l—ea:) (a + barctan (car:z))2 dx = / (a+batan(ca:2))2(d+ex) dz

inputLint((a + b*atan(c*x~2))"2*(d + e*x),x) J
Output‘\int((a + bratan(c*x"2))"2%(d + e*x), x) )
Reduce [F]
/(d + ex) (a + barctan (c:c2))2 dz
4\/_ V2 atan(‘f\ff”) abd + 21/c /2 atan(cx?) abd + 4atan(cx?) abedz + 2atan(cz?) abce x® — (/A
input[int((e*x+d)*(a+b*atan(c*x‘2))‘2,x) J
output (4*sqrt(c)*sqrt(2) *atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqrt(2)))*axb*d

+ 2*sqrt(c)*sqrt(2) *atan(ckx**2)*axbxd + 4xatan(cxx**2)*axbxcxd*x + 2xata
n(ckxx**2)*axbkcke*xx**2 - sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + ckx**2
+ 1)*a*b*d + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + ckxx**2 + 1)*axbxd +
2*%int (atan (cxx**2) **2,x) xbx*x2*xc*d + 2%int (atan(cxx**2)**x2%x,x)*b**2*kcxe -
log( - sqrt(c)*sqrt(2)*x + c*x*x*2 + 1)*a*bxe — log(sqrt(c)*sqrt(2)*x + c*x

*%2 + 1)*axbkxe + 2*ax*x2kckd*x + axx2kckxexx*x*x2)/(2*c)
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3.96 f (a+b arctan(cx2))2 da

d+ex
Optimal result . . . . . . . . . . .. . . . e
Mathematica [N/A] . . . . . . . . 2351
Rubi [N/A] . . . 236
Maple [N/A] . . . . o 230
Fricas [N/A] . . . o o 237
Sympy [F(-1)] . . o oo 237
Maxima [N/A] . . . . . 237
Giac [N/A] . . .
Mupad [N/A] . . . o
Reduce [N/A] . . . o o 238

Optimal result

Integrand size = 20, antiderivative size = 20

212 2\1\ 2
/ (a + barctan (cz?)) dr — Tnt (a + barctan (cz?)) .
d+ex d+ezx

output LDefer (Int) ((a+b*arctan(c*x~2)) "2/ (e*x+d) ,x) J
Mathematica [N/A]
Not integrable
Time = 39.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10
/ (a + barctan (cz?)) dr — (a + barctan (cz?))? I
d+ex d+ ex
input LIntegrate [(a + b*ArcTan[c*x~2])"2/(d + e*x),x] J
output {Integrate [(a + b*ArcTan[c*x~2])"2/(d + e*x), x] \J




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + barctan (cx2))2 e

d+ex

l 5399

21\ 2
/(a—l—barctan (ca: )) i
d+ex

LInt[(a + bk*ArcTan[c*x~2])"2/(d + e*x),x]

-

L$Aborted

-/

Maple [N/A]
Not integrable
Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + barctan (cz?))”

ex+d de

-

Lint ((atb*arctan(c*x~2)) "2/ (e*x+d) ,x)

| —

tint ((atb*arctan(c*x~2)) "2/ (e*x+d),x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

2))2 2 2
/ (a + barctan (cx?)) dr = / (barctan (cz?) + a) i
d+ezx er+d

input Lintegrate ((atb*arctan(c*x~2)) "2/ (e*x+d) ,x, algorithm="fricas")

output Lintegral((b‘2*arctan(c*x‘2)‘2 + 2xaxbxarctan(c*x”2) + a”2)/(exx + d), x)

Sympy [F(-1)]

Timed out.
barct 2)?
/ (o + barctan (oc”) dz = Timed out
d+ex
inputLintegrate((a+b*atan(c*x**2))**2/(e*x+d)’x)
outputLTimed out

Maxima [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

(a + barctan (cz?))’ dp — (barctan (cz?) + a)’

d
d+ex ex+d v

inputLintegrate((a+b*arctan(c*x“2))"2/(e*x+d),x, algorithm="maxima")

output‘ a"2xlog(e*x + d)/e + integrate((b~2*arctan(c*x”2)~"2 + 2xaxb*arctan(c*x~2))
‘/(e*x +d), x)
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Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

212 9 2
/ (a + barctan (cz?)) dr = / (barctan (cz?) + a) i
d+ex er+d

inputLintegrate((a+b*arctan(c*x“2))“2/(e*x+d),x, algorithm="giac")

outputLintegrate((b*arCtan(C*XAQ) + a)~2/(exx + d), x)

Mupad [N/A]
Not integrable

Time = 0.60 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

212 2\1\2
/(a+barctan(cx ) dx:/(a—i-batan(cx ) I
d+ex d+ex

inpu‘ctint((a + bkatan(c*x72))72/(d + e*x),x)

output Lint((a + bkatan(c*x72))"2/(d + e*x), x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.95

/ (a + barctan (cz?))? p

d+ex ’
2<f %dﬂ:) abe + <f %dw) b’e + log(ez + d) a?

e
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inputLint((a+b*atan(c*x“2))”2/(e*x+d),x)

t‘(2*int(atan(c*x**2)/(d + e*x),x)*a*bre + int(atan(cxx**2)**2/(d + e*x),x)*

outpu
‘b**2*e + log(d + exx)*a*xx2)/e
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3.97 f (a—l—barctan(cx2))2 da

(d+ex)?
Optimal result . . . . . . . . . . 240
Mathematica [N/A] . . . . . . . . . 240
Rubi [N/A] . . . 24T]
Maple [N/A] . . . o o
Fricas [N/A] . . . o o 2421
Sympy [F(-1)] . . o 2421
Maxima [F(-2)] . . . . . . 242
Giac [N/A] . . o o
Mupad [N/A] . . . o
Reduce [N/A] . . . o 243

Optimal result

Integrand size = 20, antiderivative size = 20

(a + barctan (cz?))? _ (a + barctan (cz?))’
/ (d+ex)? dx-Int( (d+ex)? ,x)

output Defer (Int) ((a+brarctan(cxx~2)) "2/ (exx+d)"2,%) ]
Mathematica [N/A]
Not integrable
Time = 103.42 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + barctan (cz?))* (a + barctan (cz?))?
dx = dr
(d+ ex)? (d+ex)?
input LIntegrate [(a + bxArcTan[c*x~2])"2/(d + e*x)~2,x] J

output‘ Integrate[(a + bxArcTan[c*x~2])"2/(d + e*xx)"2, x] ‘
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ (a + barctan (cx2))2 p

(d+ ex)? v
| 5399

/ (a + barctan (C.’I}2>)2 p

(d+ ex)? v
input LInt [(a + b*ArcTan[c*x~2])"2/(d + e*x)~2,x]
output t$Aborted

input

output

| —

Maple [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + barctan (cz?))’
(ex + d)?

dz

Lint((a+b*arctan(c*x“2))‘2/(e*x+d)“2,x) J

int ((a+b*arctan(c*x~2)) "2/ (e*x+d) ~2,x)

N
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

/ (a + barctan (2cac2))2 dp — / (barctan (cz2)2+ a)’ e
inputLintegrate((a+b*arctan(c*x‘2))‘2/(e*x+d)‘2,x, algorithm="fricas") J

‘integral((b“2*arctan(c*x“2)*2 + 2xaxbkarctan(c*x”2) + a”2)/(e"2%x"2 + 2*d*

output‘e*x a2 1) ‘

Sympy [F(-1)]

Timed out.
2
a + barctan (cz? ,
/ ( (cz’)) dr = Timed out
(d+ ex)?
inputLintegrate((a+b*atan(c*x**2))**2/(e*x+d)**2,x) J
Ou_,ﬁputLTimed out J
Maxima [F(-2)]
Exception generated.
2
a + barctan (cz? . . .
/ ( (cz”)) dx = Exception raised: RuntimeError
(d+ ex)?
input Lintegrate ((atbxarctan(c*x~2)) "2/ (e*x+d) "2,x, algorithm="maxima") J
Output‘Exception raised: RuntimeError >> ECL says: THROW: The catch RAT-ERR is un

\defined.
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Giac [N/A]
Not integrable

Time = 2.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctan (cz?))’ o = (barctan (cz?) + a)’ g
(d + ex)? (ex + d)*

inputtintegrate((a+b*arctan(c*x*2))*2/(e*x+d)*2,x’ algorithm="giac")

output Lintegrate((b*arctan(c*x"2) + a)"2/(exx + 4)°2, x) J

Mupad [N/A]
Not integrable

Time = 0.78 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+barctan (cz?)® . [ (a+ batan(cz?))”
AT R A e

input Lint((a + bxatan(c*x~2))"2/(d + e*x)"2,x)

output Lint((a + bxatan(c*x72))"2/(d + e*x)~2, x)

Reduce [N/A]
Not integrable

Time = 4.10 (sec) , antiderivative size = 977, normalized size of antiderivative = 48.85

2
dxr = Too large to display

/ (a + barctan (cz?))
(d+ ex)?

tnput Lint((a+b*atan(c*x 2)) "2/ (e*x+d) ~2,x)
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(2*sqrt(c)*sqrt(2) *atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqrt(2)))*axb*c
xd*x4 + 2*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqrt(2))
) *axb*cxd**x3*%exx - 2*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2xc*x)/(sqrt(
c)*sqrt (2)) ) *xa*xbkd**2*ex*2 — 2xsqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) - 2*c
*x) / (sqrt (c) *sqrt(2)) ) *axbxd*e**3*x + 4*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sq
rt(c)*sqrt(2)))*axbxdxex*3 + 4*atan((sqrt(c)*sqrt(2) - 2*c*x)/(sqrt(c)*sqr
t(2)) ) *a*xb*e**4xx - 2xsqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2xc*x)/(sqrt
(c)*sqrt(2)) ) *axbxcxd**4 - 2+sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt(2) + 2%c*x
)/ (sqrt(c)*sqrt(2)))*axbxckd**3xe*xx + 2*sqrt(c)*sqrt(2)*atan((sqrt(c)*sqrt
(2) + 2xc*x)/(sqrt(c)*sqrt(2)))*axb*d**2xe*x2 + 2xsqrt(c)*sqrt(2)*atan((sq
rt(c)*sqrt(2) + 2xcxx)/(sqrt(c)*sqrt(2)))*a*b*d*xex*3*x + 4*atan((sqrt(c)*s
qrt(2) + 2*cxx)/(sqrt(c)*sqrt(2)))*a*bxdxe**3 + 4*atan((sqrt(c)*sqrt(2) +

2xc*x)/(sqrt(c) *sqrt (2) ) ) *axb*ex*4xx + 4*atan(ckx**2)*a*bkckx2kdx*4xx + 4%
atan (ckx**2) xa*bxe**x4*x — sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + c*x**
2 + 1)*axb*ckd**4 - sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + c*x**2 + 1)
*xaxbkckd**3*exx — sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + cxx**2 + 1)*a
xbxd*x2%e**x2 - sqrt(c)*sqrt(2)*log( - sqrt(c)*sqrt(2)*x + c*x**2 + 1)*a*bx
dxe**3*xx + sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + c*x**2 + 1)*axbkckd**4

+ sqrt(c)*sqrt(2)*log(sqrt(c)*sqrt (2)*x + c*x**2 + 1)*axbkckd**3*exx + sqr
t(c)*sqrt(2)*log(sqrt(c)*sqrt(2)*x + c*x**2 + 1)*a*xbxdx*2xex*2 + sqrt(c...

output
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3.28 [(d + ex)? (a + barctan (cz?)) dz
Optimal result . . . . . . . . . . . . . 245

Mathematica [A] (verified) . . . . . . . .. ... L L
Rubi [A] (verified) . . . .. ... .. ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [F(-2)] . . . .« o
Sympy [A] (verification not implemented) . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... ...
Giac [A] (verification not implemented) . . . . . .. ... ... ... ... ..
Mupad [B] (verification not implemented) . . .. .. ... ... .......
Reduce [B] (verification not implemented) . . . ... ... ... .......

Optimal result

Integrand size = 18, antiderivative size = 275

bde arctan (v/cz)  bd®arctan (cz®)

2 3 —
/ (d + ex) (a + barctan (ca: )) de = — c2/3 B 3e

(d + ex)? (a + barctan (cz?))
+ 3e

bde arctan (v/3 — 2v/cz)
+ 202/3

bde arctan (v/3 + 2/cz)
- 202/3

2 1—2¢2/322
v/3bd? arctan ( 7 )
2+v/c
3

v/3bdearctanh (ﬁ_\/&)

+

1+C2/3$2

+

2c2/3
bd?log (1 + ¢*/3z?)
2v/c
bd*log (1 — 3z + c*/3z*)
_ T
be? log (1 + c*z%)
B 6c
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-b*d*e*arctan(c~(1/3)*x)/c~(2/3)-1/3*%bxd"3*arctan(c*x"~3) /e+1/3* (e*xx+d) ~3*(
a+b*arctan(c*x~3))/e-1/2*b*d*e*arctan(-3~(1/2)+2*xc~(1/3)*x) /c~(2/3)-1/2%b*
d*exarctan(3~(1/2)+2*xc~(1/3)*x)/c”(2/3)+1/2%3~ (1/2) *bxd~2*arctan(1/3* (1-2*
c~(2/3)*x”2)*37(1/2))/c~(1/3)+1/2x3~ (1/2) *b*d*e*arctanh (3~ (1/2) *c~(1/3) *x/
(1+c~(2/3)*x72)) /c~(2/3)+1/2*b*xd~2*1n(1+c~(2/3) *x~2) /c~(1/3) -1/4*b*d~2*1n (
1-¢c7(2/3)*x~2+c~(4/3)*x~4) /c~(1/3)-1/6*b*e"2x1n(c"2*x"6+1) /c

output

Mathematica [A] (verified)

Time = 125.21 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.08

/(d + ex)? (a + barctan (cz®)) dz
_ 12acd?z 4 12acdex® 4 4ace®s® — 12bv/cde arctan (V/cx) + 4bex(3d? + 3dex + e22?) arctan (ca®) + 6b+

inputtlntegrate[(d + e*x) "2*(a + b*ArcTan[c*x~3]),x] J

(12*a*xc*d™2*x + 12*akckxd*kexx™2 + 4xa*ckxe 2*x~3 - 12%b*c~(1/3)*d*e*ArcTan(c
“(1/3)*x] + 4xb*ckx*(3*d"2 + 3*d*kexx + e"2*x"2)*ArcTan[c*x~3] + 6xb*c”(1/3
)*d* (Sqrt [3]*c~(1/3)*d + e)*ArcTan[Sqrt[3] - 2xc~(1/3)*x] + 6xb*c™(1/3)*dx*
(8qrt[3]1*c~(1/3)*d - e)*ArcTan[Sqrt[3] + 2xc~(1/3)*x] + 6xb*c~(2/3)*d"2*Lo
gll + c~(2/3)*x72] - 3xbxc~(1/3)*d*(c~(1/3)*d + Sqrt[3]*e)*Log[l - Sqrt[3]
*c~(1/3)*x + ¢~ (2/3)*x~2] - 3*b*c~(1/3)*d*(c~(1/3)*d - Sqrt[3]*e)*Logl[l +
Sart [31*c~(1/3)*x + c~(2/3)*x~2] - 2xb*e~2xLog[l + c~2*x~6])/(12%c)

output

Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 325, normalized size of antiderivative = 1.18,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(d +ex)? (a + barctan (cz®)) dz

| 5395
(d + ex)® (a + barctan (cw3)) be [ zc(ztitiﬁ)s

3e e

| 2370
ex d3+e323)x2
(d + ez)® (a + barctan (cz®)) be | (ngﬁﬂ + 351;6:1 + 4 c_’z_xG—i-l) ) dz

3e e

| 2009

(d + ex)® (a + barctan (cz?))
3e

573 2573 20573

9c2/3,2
V3d?earctan ( : 2?/5 < ) de? arctan( %x) de? arctan (\/3—2 %x) de? arctan (2 } Cw+\/§> d® arctan (cz®) d2e
bc - 2c4/3 + - + +

3c

input LInt[(d + exx)~2%(a + b¥ArcTan[c*x~3]),x]

~—

output ((d + e*x)~3*(a + bk*ArcTan[c*x"3]))/(3%e) - (b*c*((d*e~2*ArcTan[c”(1/3)*x]
)/c~(5/3) + (d"3*ArcTan[c*x~3])/(3*c) - (d*e~2*ArcTan[Sqrt[3] - 2xc~(1/3)*
x]1)/(2%c~(5/3)) + (d*e~2*ArcTan[Sqrt[3] + 2*c~(1/3)*x]1)/(2*c~(5/3)) - (Sqr
t[3]1*d~2%e*xArcTan[(1 - 2%c~(2/3)*x~2)/Sqrt[3]1]1)/(2%c~(4/3)) - (d~2*exLogl1
+ ¢c7(2/3)*x72])/(2%c~(4/3)) + (Sqrt[3]*d*e~2*Logl[l - Sqrt[3]*c~(1/3)*x +
c~(2/3)*x72]) /(4xc~(5/3)) - (Sqrt[3]*d*e~2*xLog[1 + Sqrt[3]*c~(1/3)*x + c(
2/3)*x72])/(4xc~(5/3)) + (d~2*xexLogl[l - c~(2/3)*x"2 + c~(4/3)*x~4])/(4*c™(
4/3)) + (e~3*xLogl[l + c™2%x~6])/(6%c”2)))/e
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int [((Pg )*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c"ii*(a + b*x"n))), {ii, 0, n/2 - 1}]}, Int([v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] &% IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 2370

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_)) " (m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - S
imp[b*cx(n/(ex(m + 1))) Int[x"(n - 1*((d + exx)"(m + 1)/(1 + c2*x~(2%n)
)), x1, x]1 /; FreeQ[{a, b, ¢, d, e, m, n}, x] & NeQ[m, -1]

rule 5395

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 502 vs. 2(216) = 432.

Time = 2.13 (sec) , antiderivative size = 503, normalized size of antiderivative = 1.83



input

CHAPTER 3. LISTING OF INTEGRALS 249
method | result
In (zzfx/é
c
d 3 2 t 3) .3 t 3 d3
default | ezt 4 p| co ag(cw )2’ | earctan (cz®) z%d + arctan (cz®) x d? + 22 anézw )
In (22—\/5
c
3 2 3) .3 3 d3
parts aleztd) 4 p| & amtal;(cz )2° 1 earctan (cz?) z2d + arctan (c2®) z d? + amtanézz )

Lint ((exx+d) "2 (a+b*arctan(c*x~3)) ,x,method=_RETURNVERBOSE)
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1/3*a* (e*xx+d) “3/e+b*(1/3*e”~2*arctan(c*x"3) *x"3+e*arctan(c*x~3) *x~2+d+arcta
n(c*x~3) *x*d~2+1/3/e*arctan(c*x~3) *d~3-1/e*c*x(1/4*1n(x"2-3"(1/2)*(1/c~2) " (
1/6)*x+(1/c~2)~(1/3))*3~(1/2)*(1/c"2) " (5/6) *d*e~2+1/4%1n(x~2-3"(1/2) *(1/c~
2)"(1/6)*x+(1/c~2)~(1/3))*(1/c~2) ~(2/3) *d"2*e+1/6/c~2*x1n(x~2-3" (1/2)*(1/c"
2)"(1/6)*x+(1/c~2)~(1/3))*e”~3+1/2/c~2/(1/c~2)~(1/6) *arctan (2*x/(1/c~2)~(1/
6)-3"(1/2)) *d*e~2+1/2*%(1/c~2) ~(2/3) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~ (1
/2)*d"2%e+1/3*(1/c”2) " (1/2)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*d~3-1/4*1n(x
~2+37(1/2)*(1/c”2)~(1/6) *x+(1/c~2)~(1/3))*37(1/2)*(1/c~2) " (5/6) *d*e~2+1/4x*
In(x~2+37(1/2)*%(1/c~2) ~(1/6) *x+(1/c~2)~(1/3))*(1/c~2) ~(2/3) *d"2*e+1/6/c~ 2%
In(x~2+3~(1/2)*(1/c~2)~(1/6) *x+(1/c~2)~(1/3))*e~3+1/2/c~2/(1/c~2) ~(1/6) *ar
ctan(2*x/(1/c”2)"(1/6)+3~(1/2) ) *d*e~2-1/2*(1/c~2) ~(2/3) *arctan(2*x/(1/c"2)
~(1/6)+37(1/2))*3~(1/2)*d"2*%e+1/3*(1/c~2)~(1/2) *arctan(2*x/(1/¢c~2)~(1/6)+3
~(1/2))*d"~3-1/2*1n(x"2+(1/c~2)~(1/3))*(1/c~2) " (2/3) *d"2*e+1/6/c”2%1n (x~2+(
1/¢c~2)~(1/3))*e”~3-1/3*(1/c~2)~(1/2) *arctan(x/(1/c~2)~(1/6))*d~3+1/c~2/(1/c
~2)~(1/6)*arctan(x/(1/c~2)~(1/6))*d*e”2))

output

Fricas [F(-2)]

Exception generated.

/ (d+ ex)? (a + barctan (cz®)) dz = Exception raised: RuntimeError

inputLintegrate((e*x+d)“2*(a+b*arctan(c*x“3)),x, algorithm="fricas")

-

output Exception raised: RuntimeError >> no explicit roots found

N\
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Sympy [A] (verification not implemented)

Time = 27.10 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.55

/(d + ex)? (a + barctan (cz?)) dz

aer?

= ad’x + adez® +

— 3bed? RootSum (216¢%¢* + 1, (t — tlog (36t*c* + 2?)))
— 3bcde RootSum (46656t°c™ + 1, (t — tlog (7776t°c® + z))) + bd’z atan (cz?)
0 forc=0

x3 atan (cxe’) i log (02x6+1)
3 6c¢

+ bdex? atan (cz®) + be?

otherwise

input integrate ((exx+d) **2x (a+b*atan (cxx**3)) ,x)

axd**2*x + axdkexx**2 + akex*2*x**3/3 - 3xbkxckxd**k2*RootSum(216* _t**3xckx*x4

+ 1, Lambda(_t, _t*log(36%_t*x*2xc**2 + x**2))) - 3*b*ckd*e*RootSum(46656%_
t*x6*%cx*10 + 1, Lambda(_t, _t*log(7776*_t*x5*xcx*8 + x))) + bxd**2*x*atan(c
*x*%3) + b*d*exx*k*2xatan(cxx**3) + bxe*x*2xPiecewise((0, Eq(c, 0)), (x**3*a
tan(c*x**3) /3 - log(c**2*x*x6 + 1)/(6%c), True))

output

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.02

1
/(d + ex)? (a + barctan (cz?)) dz = 3 ae’z® + adex?
\/5 26%:132—0%

) 2+/3 arctan ( ( 3 )> log (c%x‘l % B 1) 2 log (c%m;+1)
-~ le I + 3 - - — 4z arctan (cz®)

4 C3 c3 Cc3

1 V/3log <c§x2 +/3ciz + 1) V3log <c§x2 —3ciz + 1) 4 arctan <
+Z 4 z” arctan (cz®) + ¢ - — - — -

C3 C3 3

+adio 4 (2 cx3 arctan (cz®) — log (28 + 1))be?

6c¢c
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input‘integrate((e*x+d)“2*(a+b*arctan(c*x"3)),x, algorithm="maxima")

1/3*a*e”2+%x"3 + axd*exx”2 - 1/4*(c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3
)*x"2 = ¢~(2/3))/c™(2/3))/c”(4/3) + log(c™(4/3)*x~4 - c~(2/3)*x72 + 1)/c™(
4/3) - 2¥log((c~(2/3)*x72 + 1)/c~(2/3))/c~(4/3)) - 4*x*arctan(c*x~3))*b*d"~
2 + 1/4x(4xx"2*arctan(cxx~3) + c*(sqrt(3)*log(c~(2/3)*x"2 + sqrt(3)*c~(1/3
)*xx + 1)/c~(5/3) - sqrt(3)*log(c”(2/3)*x~2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3
) - 4xarctan(c”(1/3)*x)/c”(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))
/c~(1/3))/c~(5/3) - 2*arctan((2*c~(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c"(5
/3)))*bxd*e + a*d~2*x + 1/6%(2xc*x"3*arctan(c*x~3) - log(c~2%x"6 + 1))*b*e
~2/c

output

Giac [A] (verification not implemented)

Time = 8.81 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.13

/(d + ex)? (a + barctan (cz?)) dz
= % be?z3 arctan (cx3) + % ae*z? + bdex? arctan (cm3) + adez? + bd*x arctan (cx3)

bede arctan (m|c|%) <\/§bcd2|c|§ — bcde) arctan ((21’ + ﬁ) |c|3>
+

+ ad’z — = =
e[ 2]cf?
(\/gbcd2|c|% + bcde) arctan <(2 T — ﬁ) |c|é)
) 2cf
<3 V3bedelc|® — 3bed?|c|? — cheQ) log (x2 + % + ?)
+ 12 ¢?
(3 \/§bcde|c|% + 3bcd2|c|% + 2bce2> log (x2 — fg + jsf)
- 12¢2
(3 bed?|c|? — bcez> log (:132 + $>
* 6 c?

inputLintegrate((e*X+d)“2*(a+b*arctan(c*x‘3)),x, algorithm="giac")
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1/3%bxe~2*x"3*arctan(c*x~3) + 1/3%a*e”2*x"3 + b*d*e*x”2*arctan(c*x~3) + ax*
dxe*x”2 + b*d"2*x*arctan(c*x"3) + axd"2*x - bxc*d*exarctan(x*abs(c)”(1/3))
/abs(c)~(5/3) + 1/2x(sqrt(3)*bxc*d~2*abs(c)~(1/3) - b*cxd*e)*arctan((2*x +
sqrt(3) /abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/2*(sqrt(3)*b*cxd~2*a
bs(c)~(1/3) + bxc*d*e)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/a
bs(c)~(5/3) + 1/12x(3xsqrt(3)*bxcxd*e*abs(c)~(1/3) - 3*bxcxd~2*abs(c)~(2/3
) - 2xbkc*e~2)*log(x~2 + sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c"2 - 1/
12%(3*sqrt (3) *bkckd*e*abs(c) ~(1/3) + 3*xb*ckd~2*abs(c)~(2/3) + 2xbxcke~2)*1
og(x~2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c"2 + 1/6*(3*bxc*d~2*abs
(c)~(2/3) - bxcxe~2)*log(x~2 + 1/abs(c)~(2/3))/c"2

output

Mupad [B] (verification not implemented)

Time = 0.85 (sec) , antiderivative size = 988, normalized size of antiderivative = 3.59

/ (d+ ex)? (a+ barctan (cz®)) dz = Too large to display

input\int((a + b*atan(cxx~3))*(d + e*x)"2,x)
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atan(cxx~3)*((b*e~2*x"3)/3 + bxd"2*x + bxd*e*x~2) + symsum(log(x*(6%b~5*c”
T*d"2%e"8 - 162*xb~5xc~9*d"8*e”2) + root(46656*a~6*c~6 + 46656%a 5*b*c 5xe”
2 + 19440%a"4*%b"2*%c"4*e"4 + 4320*%a"3*b"3*%c"3*%e”6 - 11664*%a~3*%b"3*%c"5*xd"6 +
20412*%a"2*%b"4*c"4*d"6*%e”2 + 540*a”2*%b"4*xc"2*%e"8 - 972*a*xb~bkc 3*xd"6*xe"4 +
36xa*b~5*kcke”10 - 54*b"6xc”2*d"6*%e”6 + 729*b"6*c”4*d"12 + b~ 6*e”12, a, k)
* (x* (486*b~4*c"10*d"8 + 90*b~4*c~8*d"2*e"6) - root(46656*a~6*xc”6 + 46656%*a
“Bxbxc"5*%e”2 + 19440%a"4xb"2%c"4*xe"4 + 4320*%a"3*%b"3kc"3*%e"6 - 11664*a”3xb”
3xc75*%d"6 + 20412*%a”2¥b"4*kc"4*d"6*e”2 + 540%a"2*%b"4*c"2%e”8 - 972%axb”~5*c”
3xd"6*%e”4 + 36%a*b”bxcke"10 — b4*b"6kc"2*%d"6*e”6 + 729%b"6*kc"4*d"12 + b"6*
e~12, a, k)*(root(46656*a~6%c~6 + 46656%a~5*b*c 5*xe”~2 + 19440%a~4%b~2%c 4%
e”4 + 4320*%a"3*b"3*xc"3*xe"6 - 11664*xa~3*xb"3*%c"5xd"6 + 20412*%a"2*%b"4*c"4*d"6
*¥e”2 + 540*a”2*¥b"4xc"2*%e”8 - 972*xa*b"5xc”3*d"6xe"4 + 36*axb~5kcxe”10 - 54x*
b~ 6*c”2*d"6*e"6 + 729*b"6*c”4*d"12 + b~ 6*%e"12, a, k)*(3888*%b~2xc~10*d"3*e
+ 3888*root (46656*a”~6*c”6 + 46656*a~5xb*c 5xe”2 + 19440*a~4*b~2%c"4*xe"4 +
4320*%a"3*%b"3*%c"3*%e"6 — 11664*a~3*b"3*%c”5*%d"6 + 20412*%a"2*¥b"4*c"4*d"6*%e”2 +
540%a”2*%b"4*c"2*%e"8 - 972%a*b"bxc"3*d"6*e"4 + 36*axb 5*cxe”10 - 54*b"6xc”
2%d"6%e”6 + T29*b"6*c"4*d"12 + b"6*e”12, a, k)*bxc~11*d"2%x + 648%b~2*c~10
*d"2%e”2xx) + 972*%b"3*c”"9*d"3*e”3 — 324*b"3*%c”9*d"2*e"4*x)) — 243*b”5*c”9%*
d"9%e + 9*b"5*xc~T*d"3*e”7)*root (46656*%a"~6*c”6 + 46656*a~5xbkc 5xe”~2 + 1944
Oxa~4*b~2xc"4*e”4 + 4320*%a"3*b"3*%c"3*%e”"6 - 11664*a”~3*%b"3xc"5¢d"6 + 2041...

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.32

/(d + ex)? (a + barctan (cz®)) dz

—12v/3 atan (205x — \/§> bed? — 18c3 atan (c%x> bde + 64/3 atan (c%x> bed? — 6¢3 atan(cx?) bde + 12

nput 10t ((e¥x+d) "2+ (a+bratan(cxx"3)) ,x)
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( - 12*sqrt(3)*atan(2*c**(1/3)*x - sqrt(3))*b*cxd**2 - 18*c**(2/3)*atan(c*
*(1/3)*x)*bxdxe + 6*sqrt(3)*atan(cx*(1/3)*x)*xb*ckd**2 - 6xc**(2/3)*atan(c*
x**3) ¥bkd*e + 12%c**(1/3)*atan(c*x**3)*bkckd**x2%x + 12%c**(1/3)*atan(c*x**
3) ¥bkckd*e*x**2 + 4xcx*(1/3)*atan(ckx**3)¥bkckex*2xx**3 + 6*sqrt(3)*atan(c
*xx**3) kbkckd*¥*x2 — 3kck*(2/3)*sqrt(3)*log(cx*(2/3)*x**2 — c**(1/3)*sqrt(3)*
X + 1)xb*d*e + 3*c**(2/3)*sqrt(3)*Llog(c**(2/3)*x**2 + c**x(1/3)*sqrt(3)*x +
1) *bxdxe - 2%c**(1/3)*Log(c**(2/3)*x**2 — cx*(1/3)*sqrt(3)*x + 1)*bke**2
- 2xc*x(1/3)*Llog(c**(2/3) *x**2 + cx*(1/3)*sqrt(3)*x + 1)*bkex*2 — 2kc*x(1/
3)*xLlog(c**(2/3) *x**2 + 1)*bxex*2 + 12xcx*(1/3)*akxckd**2*x + 12xcx*(1/3)*ax*
ckxdxexxkx2 + 4Akxckk(1/3)*axckex*xkx**x3 — 3xlog(ck*(2/3)*x**2 - c**(1/3)*sqr
t(3)*x + 1)*b¥ckd**2 - 3*log(c**(2/3)*x**2 + c**(1/3)*sqrt(3)*x + 1)*b*cxd
**2 + 6*%log(cx*(2/3)*x*k*x2 + 1)*bkckd**2)/(12*%c**(1/3)*c)

output
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3.29 [(d + ex) (a + barctan (cz?)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 2571
Rubi [A] (verified) . . . .. . . ... .. 258
Maple [A] (verified) . . . . . . ... L 259
Fricas [F(-2)] . . . .« . o 261]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 2611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2621
Giac [A] (verification not implemented) . . . . . . ... ... ... 263
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 264
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 264

Optimal result

Integrand size = 16, antiderivative size = 246

3 2 3
/ (d+ ex) (a + barctan (cz®)) dz = — be arc;ilzl/?g Ver) U arc’;i:n ()
(d+ ex)? (a + barctan (cz?))
+ 2e
N be arctan (v/3 — 2+/cx)
4c2/3
be arctan (v/3 + 2+/cz)
4c2/3

1—2¢2/322
v/3bd arctan (T)
2v/c
v33/ca
/3bearctanh (1+02/3w2) bdlog (1+ */3z?)
4c2/3 2v/c
bdlog (1 — c*/3z? + c*/3z%)

4v/c

_|_

+
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-1/2xb*exarctan(c”(1/3)*x)/c~(2/3)-1/2%b*d"2*arctan(c*x~3) /e+1/2* (exx+d) "2
* (a+b*arctan(c*x~3))/e-1/4*bxe*arctan(-37(1/2)+2*c~(1/3) *x) /c~(2/3)-1/4*bx*
exarctan (37 (1/2)+2*%c~(1/3)*x) /c~(2/3)+1/2%37 (1/2) *b*d*arctan(1/3* (1-2*c~ (2
/3)*x~2)*3~(1/2))/c~(1/3)+1/4%3~ (1/2) *b*e*arctanh (3~ (1/2) *c~(1/3) *x/ (1+c~(
2/3)*x72))/c”(2/3)+1/2%b*d*1n(1+c~(2/3)*x~2) /c~(1/3)-1/4*b*d*1n(1-c~(2/3) *
x"2+c~(4/3)*x74) /c~(1/3)

output

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.26

be arctan (V/cz)
2¢2/3
be arctan (\/5 — 2%x) be arctan (\/3 + 2\3/533)
4c2/3 o 4c2/3

V3belog (1 — v/3/cx + ¢*32%)  +/3belog (1 + v/3/cx + ¢*/3z?)

- +
8¢c2/3 8¢2/3

bd(—2v/3arctan (v/3 — 2¢/cz) — 2v/3arctan (v3 + 2v/cx) — 2log (1 + ¢*/32%) +log (1 — V3/cz +

4+/c

/ (d+ez) (a+barctan (cz’)) dz = adz + %aeac2 - + bdz arctan (cz®)

+ %beoc2 arctan (cz®) +

-

| —

inputtlntegrate[(d + exx)*(a + bxArcTan[c*x"3]),x]

p

axd*x + (a*exx"2)/2 - (b*exArcTan[c~(1/3)*x])/(2%c~(2/3)) + b*d*x*ArcTan[c
*x"3] + (bxe*x~2*ArcTan[c*x73])/2 + (b*exArcTan[Sqrt[3] - 2xc~(1/3)*x])/(4
*c~(2/3)) - (bxexArcTan[Sqrt[3] + 2*c~(1/3)*x])/(4*c~(2/3)) - (Sqrt[3]*b*e
xLog[1 - Sqrt[3]*c~(1/3)*x + c~(2/3)*x72])/(8*c~(2/3)) + (Sqrt[3]*bxexLogl
1 + Sqrt[3]*c~(1/3)*x + c~(2/3)*x72])/(8%c~(2/3)) - (b*d*(-2*Sqrt[3]*ArcTa
n[Sqrt[3] - 2xc~(1/3)*x] - 2*Sqrt[3]*ArcTan[Sqrt[3] + 2*c~(1/3)*x] - 2*Log
[1 + c~(2/3)*x72] + Logl[l - Sqrt([3]*c~(1/3)*x + c~(2/3)*x"2] + Logl[1l + Sar
t[31*xc™(1/3)*x + c~(2/3)*x72]))/(4%c~(1/3))

output
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Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.21,

number of rules _ 0.188, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5395, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ez) (a + barctan (cz?)) dz
l 5395
(d+ ex)? (a + barctan (cz?)) _ 3be il xi(z‘itiﬁp dx
2e 2e
l 2370
2.4 3 2,.2
(d+ ex)? (a + barctan (cz?)) 3be [ (c;zgﬂ + Sl + chgﬂ) d
2e 2e
l 2009
(d + ex)? (a + barctan (cz?))
2/3_2 2e
3be ( dearctan(%) n e2 arctan(%z) _ e2 arctan<\/§—2 3 Cac) n e? arctan(? %z—}-\/g) + d2 arctan (cz?) _ de log(c?/
\/304/3 3c5/3 6c5/3 6c5/3 3c 3ct
2e

Int[(d + e*x)*(a + bxArcTan[c*x~3]),x]

N\ J

input

((@ + exx)"2x(a + bxArcTan[c*x~3]))/(2*e) - (3*bxc*((e"2xArcTan[c~(1/3)*x]
)/ (3%c~(5/3)) + (d"2*ArcTan[c*x"3])/(3*c) - (e~ 2*ArcTan[Sqrt[3] - 2xc~(1/3
)*x]1)/(6%c~(5/3)) + (e"2xArcTan[Sqrt[3] + 2*c~(1/3)*x])/(6xc~(5/3)) - (dxe
*ArcTan[(1 - 2xc~(2/3)*x72)/Sqrt[3]1]1)/(Sqrt[3]*c~(4/3)) - (d*exLogll + c~(
2/3)*x72])/(3%c~(4/3)) + (e"2*Logl[l - Sqrt[3]1*c~(1/3)*x + c~(2/3)*x~2]1)/(4
*Sqrt [31*c~(5/3)) - (e"2*Logl[l + Sqrt[3]*c”~(1/3)*x + c~(2/3)*x72])/(4*Sqrt
[31*c~(5/3)) + (d*exLogll - c~(2/3)*x"2 + c~(4/3)*x74])/(6%xc~(4/3))))/(2%e
)

output




rule

rule 2370

rule 5395
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Defintions of rubi rules used

2009‘In1: [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int [((Pg )*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c"ii*(a + b*x"n))), {ii, 0, n/2 - 1}]}, Int([v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] &% IGtQ[n/2, 0] && Expon[Pq, x] < n

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)I*(b_.))*((d_) + (e_.)*(x_)) " (m_.), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTan[c*x"n])/(ex(m + 1))), x] - S
imp[b*cx(n/(ex(m + 1))) Int[x"(n - 1*((d + exx)"(m + 1)/(1 + c2*x~(2%n)
)), x1, x]1 /; FreeQ[{a, b, ¢, d, e, m, n}, x] & NeQ[m, -1]

Maple [A] (verified)

Time = 0.48 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.24



input

output
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method | result

+ 3) .2
w + arctan (cx®) dx —

default a(%e x2 + dm) +b

arctan (c z3)z

5 “ + arctan (cz®)dx —

parts a(3ex®+dz) +b

Lint ((exx+d) * (a+bxarctan(c*x~3)) ,x,method=_RETURNVERBOSE) J

ax (1/2xexx"2+d*x)+b* (1/2*arctan (c*x”~3) *x~2*e+arctan (cxx~3) *d*x-3/2*c* (1/6*
c™2%1n(x~2-3"(1/2)*(1/c”~2)~(1/6) *x+(1/c"2) ~(1/3))*(1/c~2) ~(5/3) *d+1/12*1n(
x72-37(1/2)*(1/c”2)~(1/6)*x+(1/c~2)~(1/3))*37(1/2)*(1/c~2) ~(5/6) *e+1/3%c"2
*(1/c~2)~(5/3)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2)*d+1/6/c~2/(1/c"2)
~(1/6)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *e-1/12*x1n(x~2+3"(1/2)*(1/c~2)~(1/
6)*x+(1/c~2)"(1/3))*37(1/2)*(1/c~2)~(5/6) *e+1/6*1n(x~2+3"(1/2)*(1/c~2)~(1/
6)*x+(1/c~2)"(1/3))*(1/c”2)~(2/3)*d+1/6/c~2/(1/c~2) " (1/6) *arctan(2*x/(1/c~
2)~(1/6)+37(1/2) )*e-1/3%(1/c~2) ~(2/3) *arctan (2*x/(1/c~2)~(1/6)+3~(1/2))*3~
(1/2)*d-1/3*(1/c~2)~(2/3) *d*1n(x"2+(1/c~2)~(1/3))+1/3/c"2xe/(1/c"2) ~(1/6) *
arctan(x/(1/c~2)"(1/6))))
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Fricas [F(-2)]

Exception generated.

/ (d+ ex) (a + barctan (cz®)) dz = Exception raised: RuntimeError

input Lintegrate ((exx+d)*(atb*arctan(c*x~3)) ,x, algorithm="fricas") J

-/

p
output LExceptlon raised: RuntimeError >> no explicit roots found

Sympy [A] (verification not implemented)

Time = 12.41 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.42

/(d + ex) (a + barctan (cz®)) dz

aex?

= adz + — 3bcd RootSum (21615304 +1, (t — tlog (361&202 + xQ)))

_ 3bce RootSum (46656t°c'® + 1, ( +— tlog (7776t°c® + x)))

2
bex? atan (cz?)

2

+ bdz atan (cz®) +

input Lintegrate ((e*xx+d) * (at+b*atan(c*x**3)) ,x) J

p
\a*d*x + ake*xx**2/2 - 3¥bkcxd*¥RootSum(216%_t*x3*c*x4 + 1, Lambda(_t, _txlog
\(36*_t**2*c**2 + x*%*2))) - 3*b*c*xexRootSum(46656*_t**6*c**10 + 1, Lambda(_
\t, _t*1log(7776%_t*xb*xcx*8 + x)))/2 + bkd*x*atan(c*x**3) + bxe*x**2xatan(c*

N
output
Lx**S) /2 J




inputt

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.94

/(d—l—em) (a + barctan (cz )) dx = —aex2

20§z —03‘ 4 )

1 2 /3 arctan — g log <c§w4 5 I 1> 2 log (cBw +1>
—~ e _ + . — =2 — 4z arctan (cz®)

4 c3 c3 c3

1 v/3log (c%xz +/3csz + 1) v/3log (c§m2 —/3csz + 1> 4 arctan <
+= | 42% arctan (cx3) +c = — - — .

8 c3 c3 c3
+ adx

integrate ((e*x+d)* (at+b*arctan(c*x~3)),x, algorithm="maxima"

1/2*%a*exx"2 - 1/4*(c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2%c~(4/3)*x"2 - c~(2/3
))/c”(2/3))/c™(4/3) + log(c™(4/3)*x"4 - c~(2/3)*x"2 + 1)/c”(4/3) - 2*log((
c™(2/3)*x72 + 1)/c”(2/3))/c”(4/3)) - 4*xxarctan(c*x~3))*b*d + 1/8%(4*x"2%a
rctan(c*x~3) + c*(sqrt(3)*log(c™(2/3)*x~2 + sqrt(3)*c~(1/3)*x + 1)/c”~(5/3)
- sqrt(3)*log(c~(2/3)*x"2 - sqrt(3)*c~(1/3)*x + 1)/c~(5/3) - 4*arctan(c”(
1/3)*x)/c~(5/3) - 2*arctan((2*c~(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c~(5/3
) - 2xarctan((2xc”(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c”(5/3)))*b*e + axd*

X
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Giac [A] (verification not implemented)

Time = 0.69 (sec) , antiderivative size = 236, normalized size of antiderivative = 0.96

/ (d + ez) (a + barctan (cac3)) dr = % bex? arctan (c:r3) + ; aex® + bdz arctan (cm )

=
N—

bedlog ($2 + _|C|1§) bee arctan <x|c|
+ adr + 3
3

2|3 2|c|

(2 \/§bcd|c|% — bce) arctan ((235 + f@) |c|é)
+ 5
4cl®
(2 \/§bcd|c|% + bce) arctan <(2x — ﬁ) |c|é>
4)ef’
(\/gbce - 2bcd|c|§> log <x2 + ﬁg + ?)
+ 5
81cl®
<\/§bce +2 bcd|c|%> log (x2 — % + ?)
8cl’

inputLiﬂtegrate((e*X+d)*(a+b*arctan(c*x‘3)),x, algorithm="giac")

1/2xbke*x~2*arctan(c*x~3) + 1/2%axe*x”2 + bxd*x*arctan(c*x~3) + axd*x + 1/
2*b*cxd*log(x~2 + 1/abs(c)~(2/3))/abs(c)~(4/3) - 1/2xbxc*e*arctan(x*abs(c)
~(1/3))/abs(c)~(5/3) + 1/4x(2*sqrt(3)*b*c*xd*abs(c)~(1/3) - b*c*e)*arctan((
2+x + sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) - 1/4x(2xsqrt(3)*b*
c*xd*abs(c)~(1/3) + bxcxe)*arctan((2*x - sqrt(3)/abs(c)~(1/3))*abs(c)~(1/3)
)/abs(c)~(5/3) + 1/8x(sqrt(3)*b*xcxe — 2*bxcxd*abs(c)”(1/3))*log(x"2 + sqrt
(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/3) - 1/8x(sqrt(3)*b*cxe + 2
*xbkc*d*abs(c) ~(1/3))*log(x"2 - sqrt(3)*x/abs(c)~(1/3) + 1/abs(c)~(2/3))/ab
s(c)~(5/3)

output
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Mupad [B] (verification not implemented)

Time = 0.68 (sec) , antiderivative size = 485, normalized size of antiderivative = 1.97

bex?

/(d + ex) (a + barctan (cz®)) dz = atan(cz?) ( + bdx)

6
+ <Z In (—root (4096 a®ct—1024a® 3 S B +576a b 2 d? e —48a b’ cde* +64 b5 > db 415 €8, a, k) (
k=1
24350 d*e  243b°Pd3e’x
2 4

) root (4096 a® ¢* — 1024 a® b° ¢* d°

aex?
2

+ 576 a2 b* ¢ d? €2 —48ab5cde4+64b602d6+b666,a,k)> +adz +

~—

p
input Llnt((a + b*atan(c*x~3))*(d + e*x),x)

atan(c*x"3) *(b*d*x + (b*exx~2)/2) + symsum(log(- root(4096*a~6xc~4 - 1024x
a"3*b"3*%c"3*d"3 + 576*a"2*%b"4*cT2*d"2*%e"2 — 48*axb~bkc*kd*xe"4 + 64*bT6kc”2*
d"6 + b"6*e”6, a, k)*(root(4096*a~6*%c”4 - 1024*a~3*b~3*xc~3*d"3 + 576*a”2%*b
“4xc”2xd"2%e"2 - 48xaxb~5xckdxe~4 + 64*xb~6xc”2*d"6 + b"6*e”6, a, k)*(root(
4096*%a"6*xc”4 - 1024*a”3*b~3*c~3*d"3 + 576*%a"2%xb"4*xc"2xd"2*xe~2 - 48*a*xb " 5*c
*d*e”"4 + 64*b"6*c"2*%d"6 + b"6*e”6, a, k)*(1944*%b~2*xc~10*d*e - 486*b~2%c”10
*e”"2%x + 3888*root(4096*%a”~6xc~4 - 1024*a~3*%b"3*c"3*d"3 + 576*%a”2*b"4*xc~2*d
~2%e”2 - 48*axb”~5xcxd*e”4 + 64*xb"6*c"2*xd"6 + b"6*e”6, a, k)*bxcT11kd*x) -

(243*b~3*c"9*e”3) /2) - 486%b~4*c”10*d"4*xx) - (243%b"5%c”9*d"4*e)/2 - (243%
b~ 5*c~9*d"3*%e”2*x) /4) *root (4096*a”~6*c"4 — 1024*a"3*b~3*c"3*d"3 + 576%a"2%b
“4xcT2xd"2%xe”2 - 48%a*b”5*c*xd*e”4 + 64*xb"6xc"2%d"6 + b~ 6*%e”6, a, k), k, 1,
6) + axdxx + (a*xe*x~2)/2

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 237, normalized size of antiderivative = 0.96

/(d + ex) (a + barctan (cz®)) dz

—8v/3 atan <2c%x — \/§> bed — 6¢3 atan (c%x> be + 4+/3 atan (c%x) bed — 2c3 atan(cx?) be + 8cs atan(c
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input| 10t ((exxtd) * (atbratan(cxx"3)) ,x)

( - 8*sqrt(3)*atan(2*c*x*(1/3)*x - sqrt(3))*bxc*d - 6xc**(2/3)*atan(c**(1/3
)*x) *b*e + 4xsqrt(3)*atan(c**(1/3)*x)*bkckd — 2kc**(2/3)*atan(c*x**3)*b*e
+ 8*cxx(1/3)*atan (c*x**3)*¥b*xckd*x + 4*cx*(1/3)*atan(cxx**3)*bkckrexx**x2 + 4
*sqrt (3) *atan (c*x**3) xbxc*d - c**(2/3)*sqrt(3)*log(cx*(2/3)*x**2 - c*x*(1/3
)*sqrt(3)*x + 1)*bxe + c**(2/3)*sqrt(3)*Log(c**(2/3)*x*x*2 + c**x(1/3)*sqrt(
3)*x + 1)*bxe + 8kcx*(1/3)*a*ckd*x + 4*cx*(1/3)*axckexxx*2 — 2xlog(cx*(2/3
)xxxx2 — c*kx(1/3)*sqrt(3)*x + 1)*b*xcxd - 2*log(cx*(2/3)*x**2 + c**x(1/3)*sq
rt(3)*x + 1)*bxc*d + 4xlog(ck*(2/3)*x**2 + 1)xb*c*d)/(8*c**(1/3)*c)

output
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3.30 f a+barctan (cz3) da

d+er
Optimal result . . . . . . . . . . . . . e 267
Mathematica [C] (verified) . . . . . . . . . .. . L 268
Rubi [A] (verified) . . . . . . . . . 2691
Maple [C] (verified) . . . . . . . . . ... 271]
Fricas [F] . . . . . o o e 272
Sympy [F(-1)] . . o 272
Maxima [F] . . . . . . 272
Giac [F] . . . o o 273
Mupad [F(-1)] . . . o o 273

Reduce [F] . . . o . o o e 273
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Optimal result
Integrand size = 18, antiderivative size = 739

/ a + barctan (cz?) i — (a + barctan (cz?)) log(d + ex)
d+ex B e

bclog ( (\/_d+e )> log(d + ex)

2/ —c2e
e(1+6 —62:1:)
—————2 | log(d + ex)

+

g/—_C2d—e
2\/—_026
(%/—_1+§/—_c2z) |
R Vo v > og(d + ex)
2v/—c2e

e((—1)2/3+ i/—_c%)
Ty ) log(d + ex)

—C%d—(~1)?/3e
2v/ —c?e
(—1)2/3e(l+ Y1V —c%)
vV —c2ar(~1)2/3¢
2v/—c%e
\3/ —1e(1+(—1)2/3 6\/ —CZ.’L')
bclo log(d + ex
8 V—02d+3 —1e g( )

) log(d + ex)

2/ —c%e
S/ _ 2
be PolyLog | 2, Y.< d+er)
_ —Czd—e
2 —026
bc PolyLog ( e (d+e’”))
—62d+e
+
2 —cze
$/—e
bc PolyLog( 2Cd_d3+em) )
+
2/ —02
$/_ 2
be PolyLog( , —=C (d+em) )
_ c2d+ A
2v/—c2e

—C2d—(~1)2/3¢
2v/ —c2e

2
be PolyLog (2 V—c(dten
¥ —c2dt(—1)2/3¢

bc PolyLog (2 V—Cater) )

+
I/ —c2e
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(atb*arctan(c*x~3))*1n(e*x+d) /e+1/2xbxc*1n(e*x(1-(-c~2)~(1/6)*x)/((-c~2)~(1
/6)*d+e) ) *1n(e*xx+d) /(-c~2) ~(1/2) /e-1/2*b*c*x1n(-ex(1+(-c~2) ~(1/6) *x) / ((-c~2
)~ (1/6)*d-e)) *1n(exx+d) / (-c~2) " (1/2) /e+1/2¥b*c*1n(-e*x ((-1)~(1/3)+(-c~2)~ (1
/6)*x)/((-c~2)~(1/6)*d-(-1)~(1/3) *e) ) *1n(exx+d) / (-c~2) " (1/2) /e-1/2%b*c*1n(
—ex((-1)7(2/3)+(-c"2)~(1/6)*x) / ((-c~2) ~(1/6) *d-(-1) " (2/3) *e) ) *1n(e*x+d) / (-
c”2)7(1/2) /e+1/2%b*cx1n((-1)~(2/3) *e*x(1+(-1)~(1/3)*(-c~2)~(1/6) *x) / ((-c~2)
~(1/6)*d+(-1)~(2/3)*e))*1n(exx+d) / (-c~2) " (1/2) /e-1/2xbxc*1n((-1) ~(1/3) *xex(
1+(-1)7(2/3)*(-c"2) ~(1/6) *x) / ((-c~2) " (1/6) *d+(-1) " (1/3) *e) ) ¥1n(e*x+d) / (-c~
2)~(1/2) /e-1/2xbxc*polylog(2, (-c~2)~(1/6) *(e*x+d) / ((-c~2)~(1/6)*d-e))/(-c~
2)~(1/2) /e+1/2xbxc*polylog(2, (-c~2)~(1/6) * (e*x+d) / ((-c~2) ~(1/6) *d+e) )/ (-c~
2)~(1/2) /e+1/2xbxc*polylog(2, (-c~2) " (1/6) * (exx+d) / ((-c~2) ~(1/6)*d-(-1)~(1/
3)*e))/(-c"2)"(1/2) /e-1/2*%bxcxpolylog(2, (-c~2) " (1/6) * (exx+d) / ((-c~2)~(1/6)
*d+(-1)~(1/3)*e))/(-c~2) " (1/2) /e-1/2*b*c*polylog(2, (-c~2) " (1/6) * (exx+d) / ((
-c72)7(1/6)*d-(-1)"(2/3)*e)) /(-c~2)~(1/2) /e+1/2¥b*c*polylog(2, (-c~2) ~(1/6)
*(exx+d) /((-c~2)~(1/6)*d+(-1)~(2/3)*e))/(-c~2)~(1/2) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 9.90 (sec) , antiderivative size = 522, normalized size of antiderivative = 0.71

/ a + barctan (cz®) alog(d + ex)
dr = ————
d+ex e

b (2 arctan (cz?)log(d + ex) — 4 (log (e(_i+ﬁ_2 %x) ) log(d + ex) — log (M> log(d +

23 Cd+<—i+\/§)e 23 Cd+(i+\/§>e

_|_

s

LIntegrate[(a + bxArcTan[c*x~3])/(d + e*x),x]

N

input
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(axLogl[d + exx])/e + (b*(2xArcTan[c*x"3]*Logld + e*x] - I*(Logl[(ex(-I + Sq
rt[3] - 2xc™(1/3)*x))/(2%c~(1/3)*d + (-I + Sqrt[3])*e)]*Logld + e*x] - Log
[(ex(I + Sqrt[3] - 2*c~(1/3)*x))/(2*%c~(1/3)*d + (I + Sqrt[3])*e)]I*Logld +

exx] + Logl(ex(I - c~(1/3)*x))/(c”(1/3)*d + Ixe)]l*Logld + e*x] - Log[-((e*
(I +c™(1/3)%x))/(c™(1/3)*d - Ixe))]*Logld + exx] - Logl(ex(-I + Sqrt[3] +
2xc~(1/3)*x))/(-2%c~(1/3)*d + (-I + Sqrt[3])*e)]l*Logld + exx] + Logl[(ex*(I
+ Sqrt[3] + 2%c~(1/3)*x))/(-2xc~(1/3)*d + (I + Sqrt[3])*e)]*Logld + exx]

- PolyLog[2, (c~(1/3)*(d + e*x))/(c~(1/3)*d - Ixe)] + PolyLogl[2, (c~(1/3)=*
(@ + exx))/(c™(1/3)*d + I*e)] - PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2xc~(1/3
)*d + I*e - Sqrt[3]*e)] + PolyLogl[2, (2%c~(1/3)*(d + exx))/(2xc~(1/3)*d +

(-1 + Sqrt[3])*e)] + PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2*%c~(1/3)*d - (I +

Sqrt[3])*e)] - PolyLogl[2, (2%c~(1/3)*(d + e*x))/(2xc~(1/3)*d + (I + Sqrt[3
1*e)1)))/ (2%e)

output

Rubi [A] (verified)

Time = 1.49 (sec) , antiderivative size = 687, normalized size of antiderivative = 0.93,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5391, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barctan (cx3)
d+ex v
| 5391
log(d + ez) (a + barctan (cz?)) B 3bc [ %Mdm
e e
| 2863
3be f __ c?log(d+ex)z? _ c? log(d+ex)z? dx
log(d + ex) (a + barctan (cz?)) 2V—@(V—@—@$ﬂ QV—@(@ﬁ+V—@)
e e

l 2009
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log(d + ex) (a + barctan (cz®))
e

6\/ —02(d+ew) 6\/ —02(d+e:c) 6\/ _Cz(d+ez) 6\/ —Cz(d+ex)
PolyLog 2,76 PolyLog 2,76 PolyLog 2,—6 3 PolyLog 2,—6 3
vV —C2d_c V —Clate V—c2i_y/—1. n V —c2ap /-1

6v—c? - 6v—c? - 6v—c? 6v—c?

3bc

input‘lnt[(a + bxArcTan[c*x~3])/(d + e*x),x]

((a + b*ArcTan[c*x~3])*Logld + e*x])/e - (3*bkcx(-1/6%(Log[(ex(1 - (-c~2)~
(1/6)*x))/((-c"2)~(1/6)*d + e)]l*Logld + e*x])/Sqrt[-c~2] + (Log[-((ex(1 +
(-c72)7(1/6)*x))/((-c~2)~(1/6)*d - e))]*Logld + exx])/(6xSqrt[-c~2]) - (Lo
gl-((ex((-1)7(1/3) + (-c72)"(1/6)*x))/((-c"2)~(1/6)*d - (-1)"(1/3)*e))]*Lo
gld + e*x])/(6%Sqrt[-c”2]) + (Logl[-((ex((-1)"(2/3) + (-c~2)~(1/6)*x))/((-c
~2)°(1/6)*d - (-1)~(2/3)*e))]1*Logld + exx])/(6%Sqrt[-c~2]) - (Logl[((-1)"(2
/3)xex(1 + (-1)7(1/3)*%(-c"2)"(1/6)*x))/((-c~2)~(1/6)*d + (-1)~(2/3)*e)]*Lo
gld + exx])/(6xSqrt[-c~2]) + (Logl((-1)~(1/3)*ex(1 + (-1)"(2/3)*(-c~2)"(1/
6)*x))/((-c~2)~(1/6)*d + (-1)~(1/3)*e)]*Logld + e*x])/(6xSqrt[-c~2]) + Pol
yLog[2, ((-c"2)"(1/6)*(d + e*x))/((-c~2)~(1/6)*d - e)]/(6%Sqrt[-c"2]) - Po
lyLog[2, ((-c™2)~(1/6)*(d + e*x))/((-c~2)~(1/6)*d + e)]/(6*%Sqrt[-c~2]) - P
olyLogl[2, ((-c72)~(1/6)*(d + e*x))/((-c”2)"(1/6)*d - (-1)~(1/3)*e)]/(6*Sqr
t[-c72]) + PolyLogl[2, ((-c™2)~(1/6)*(d + e*x))/((-c”2)~(1/6)*d + (-1)~(1/3
)*e)]/(6xSqrt[-c~2]) + PolyLogl[2, ((-c72)7(1/6)*(d + exx))/((-c™2)~(1/6)*d
- (-1)"(2/3)*e)]/(6*Sqrt[-c~2]) - PolyLogl[2, ((-c~2)"(1/6)*(d + exx))/((-
c"2)7(1/6)*d + (-1)"(2/3)*e)]1/(6*Sqrt[-c~2]1)))/e

output

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule2863‘Int[((a_-) + Log[(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((f_) + (g_)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
\ + bxLoglcx(d + e*x)"n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢ \
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]
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rule 5391‘Int[((a_.) + ArcTan([(c_.)*(x_)"(n_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] ‘
‘ :> Simp[Logl[d + exx]*((a + b*ArcTan[c*x"n])/e), x] - Simp[b*cx(n/e) Int[x ‘
"‘(n - 1)*(Logld + exx]/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d, e, ‘
‘n}, x] && IntegerQ[n] ‘

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.46 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.23

method | result
be?
In(ez+d) , bln(ex+d)arctan(ca?) _Ri1=Rootof (_Z°c2—6c2d__Z°+15c2a?_Z'—20c2a3_Z°415c2at_ 2" —6c2d5_ T
aln(ex+ n(exr arctan(cx
default . + = _ _
be?
In(ex+d) , bln(ex+d)arctan(cz®) _R1=RootOf(_Z°c2—6c2d_ Z°+15c2d2_Z*~20c2d3_Z°+15c2a4_ 2% —6c2d5_Z+
a in ez-{— nliexr arctan(cx
parts > + ~ — _
i 2 <1n(ea:+d) In (Lﬁ_—ﬁ
isch ibIn(ez+d) In(—icx3+1) __RI=RootOf(c_Z%~3_ZPcd+3_Zcd2—cd3+ed Rootof(_22+l’index=1)) o
T1SC % — -
input Lint ((a+b*arctan(c*x”3))/(e*x+d) ,x,method=_RETURNVERBOSE) J
output ‘ a*1ln(e*x+d) /e+bx1ln(exx+d) /exarctan(c*x~3)-1/2xbxe~2/c*sum(1/(_R1°3-3%_R172

| *d+3%_R1#d"2-d"3)*(Ln(e*x+d) *xln((-e*x+_R1-d)/_R1)+dilog((-e*x+_R1-d)/ R1))
,_R1=R00tOf (_Z"6%c 2-6%_Z 5 2%d+15%_Z 4xc 2+d"2-20% _Z 3xc 2%d"3+15%_Z 2%
‘c“2*d‘4-6*_Z*c”2*d“5+c“2*d“6+e“6))




CHAPTER 3. LISTING OF INTEGRALS

272

Fricas [F]

dx

/ a + barctan (cz?®) / barctan (cz®) + a
dz =
d+ex er+d

input Lintegrate ((at+b*arctan(c*x~3))/(e*x+d) ,x, algorithm="fricas")

output Lintegral((b*arctan(c*x‘B) + a)/(exx + d), x)

Sympy [F(-1)]
Timed out.

dz = Timed out

/ a + barctan (cz?)
d+ex

input Lintegrate ((atb*atan(cxx**3) )/ (exx+d) ,x)

output LTlmed out

Maxima [F]

3 3
/a+barctan (cx )dx _ / barctan (cx®) + a i
d+ex ex +d

input tintegrate ((at+b*arctan(c*x~3))/(exx+d) ,x, algorithm="maxima")

output

LZ*b*integrate(1/2*arctan(c*x"3)/(e*x + d), x) + axlog(e*x + d)/e




CHAPTER 3. LISTING OF INTEGRALS

273

Giac [F]

dx

/ a + barctan (cz?®) / barctan (cz®) + a
dz =
d+ex er+d

input tintegrate ( (a+b*arctan(c*x*3) )/(e*x+d) ,X, algorithm=“giac ||)

output Lintegrate((b*arctan(c*x‘S) + a)/(exx + d), x)

Mupad [F(-1)]
Timed out.

dzx

/ a + barctan (cz?) / a + batan(cz?)
dxr =
d+ex d+ex

input Lint((a + b*atan(c*x73))/(d + e*x),x)

output Lint((a + bxatan(c*x73))/(d + e*x), x)
Reduce [F]
atan(cxz3
/ a + barctan (cz?®) s — (f ea,-(+d )d$> be + log(ex + d) a
d+ex o e

input | 186 ((a¥bratan(ckx™3))/ (exx+d) ,x)

outputL(int(atan(c*x**@/(d + exx),x)*bke + log(d + e*x)+*a)/e
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3.31

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)

Fricas [F(-1)]

a+barctan (cz3)
f (d+ex)? d

Sympy [F(-1)] . . o o

Maxima [A] (verification not implemented)

Giac [F] . .

Mupad [B] (verification not implemented)

Reduce [F]
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Optimal result

Integrand size = 18, antiderivative size = 734

(d + ex)? v c2d® + b a c2d® + b
bcd® arctan (cz®)  a + barctan (cz®)
e(2dS +¢5) e(d + ex)
bc*/3dPe arctan (v/3 — 2+/cx)
B 2 (c2dS + )
bcz/?’d(\/gcd?’ + %) arctan (\/§ — 2¢/cz)
+ 2 (c2db + €%)
bc*/3d3e arctan (\/3 + 2¥/cz)
2 (c?dS + €5)
bc*3d(v/3cd® — €3) arctan (V3 + 2/cx)
+ 2 (c?dS + €5)
v/3b+/ce* arctan (%)
a 2 (c2d® + €f)
V/3bc*/3d3earctanh ( 1{3} }//35;) Shed?e? log(d + ex)
2 (c2d® + €f) c2db + e
bc®3d log (1 + ¢*/3z?) N by/ce*log (1 + c*/3z?)
2 (c2d® + €f) 2 (c2d® + €f)

/ a+ barctan (cz®) , be*3dPearctan (v/ex)  be?/3de® arctan (cz)

bc2/3d(cd3 —/3¢?) log (1- V3¥cx + 02/31:2)
B 4 (c2dS + eb)

bc2/3d(cd3 + \/563) log (1+ V3 ex + 02/31‘2)
- 4 (c2dS + eb)

bi/cetlog (1 — c*3z? + c*3z)  bed®e?log (1 + 2f)
4 (c2dS + eb) 2 (c2db + €5)
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b*c~(4/3) *d"3*e*arctan(c”(1/3)*x)/(c~2*d"6+e”~6) -b*xc~ (2/3) *d*e~3*arctan(c”(
1/3)*x)/(c”™2*d"6+e"6) +b*c~2*xd~5*xarctan(c*x~3) /e/ (c"2*d"6+e~6) - (a+b*arctan (
c*x"3))/e/ (e*x+d) +b*xc~ (4/3) *d"3*e*arctan(-3"(1/2) +2*xc~ (1/3) *x) / (2*%c~2*d "6+
2*%e”6)-b*c~(2/3) *d* (3~ (1/2) *c*d"3+e”3) *arctan (-3~ (1/2)+2xc~(1/3) *x) / (2*%c~2
*d"6+2*%e”~6)+b*c” (4/3)*d"3*exarctan (3~ (1/2)+2*c~ (1/3) *x) / (2*c~2*d~6+2*%e”6) +
b*c™ (2/3) *d* (37 (1/2) *c*d~3-e~3) *arctan (3~ (1/2) +2*c~ (1/3) *x) / (2*xc~2*d"6+2*e
~6)-3"(1/2)*b*xc~ (1/3) *e~4*arctan(1/3*(1-2xc~(2/3) *x"2)*37(1/2) )/ (2*xc~2*d"6
+2xe76)-37(1/2) ¥bxc~ (4/3) *d"3*exarctanh (3~ (1/2) *c~(1/3) *x/ (1+c~(2/3) *x~2))
/ (2%c™2*d~6+2*e”6) +3*b*c*d~2*e~2*1n(exx+d) / (c"2*d"6+e~6) +b*c~ (5/3) *d~4*1n(
1+¢c™(2/3)*x72) / (2%c™2%d"6+2%e"6) +bxc” (1/3) *e~4x1n(1+c~ (2/3) *x72) / (2*%c~2*d"~
6+2%e”~6) -b*c~(2/3) *d* (c*d~3-3"(1/2)*e~3) *1n(1-3"(1/2) *c~ (1/3) *x+c~(2/3) *x~
2)/ (4*c™2xd"6+4*e”6) -bxc™ (2/3) *d* (c*xd~3+3~(1/2)*e~3) *1n(1+3~(1/2) *c~(1/3) *
x+c~(2/3) *x72) / (4*%c~2*d"6+4*e”6) -bxc~ (1/3) *e~4*x1n(1-c~(2/3) *x~2+c”~(4/3) *x~
4)/(4*c~2*%d"6+4*e”6) -bxcxd"2*e”~2x1n(c"2*x"6+1) / (2*%c~2*xd~6+2*e~6)

output

Mathematica [A] (verified)

Time = 11.75 (sec) , antiderivative size = 536, normalized size of antiderivative = 0.73

dz

/ a + barctan (cz?)
(d+ ex)?
_ —4av/c(Pd® + €°) — dbed(c*/3d* — HPdPe? + e*) (d + ex) arctan (V/cx) — 4b3/c(c*d® + €F) arctan (ca®

-

inputt

~—

Integrate[(a + b*ArcTan[c*x"3])/(d + exx)"2,x]

(-4*xa*c™(1/3)*(c”2%d"6 + e~6) - 4*xbkckd*(c~(4/3)*d"4 - c~(2/3)*d"2%e"2 + e
~4)x(d + exx)*ArcTan[c”~(1/3)*x] - 4xbxc~(1/3)*(c"2*d"6 + e~6)*ArcTan[c*x"3
1 - 2%b*c~(2/3)*(2%c~(5/3)*d"5 - Sqrt[3]*c~(4/3)*d"4*e + cxd"3*e"2 - c~(1/
3)*d*e~4 + Sqrt[3]*e”5)*(d + e*xx)*ArcTan[Sqrt[3] - 2xc~(1/3)*x] + 2¥b*c~(2
/3)*%(2%c~(5/3)*d"5 + Sqrt[3]*c~(4/3)*d"4*e + c*d"3*e”2 - c~(1/3)*d*xe"4 - S
qrt[3]1*e~5)*(d + e*x)*ArcTan[Sqrt[3] + 2*c~(1/3)*x] + 12*b*c~(4/3)*d"2*e"3
*(d + e*x)*Logl[d + exx] + 2*bke*x(c”2%d"4 + c~(2/3)*e"4)*(d + e*x)*Logl[l +
c”(2/3)*x72] - b*c~(2/3)*ex(c~(4/3)*d"4 - Sqrt[3]*c*d"3*e - Sqrt[3]*c~(1/3
)*d*e~3 + e~4)*(d + e*x)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x72] - b*c~(2
/3)*ex(c~(4/3)*d"4 + Sqrt[3]*cxd~3*e + Sqrt[3]*c~(1/3)*d*e”3 + e~4)*(d + e
*xx)*Log[1 + Sqrt[3]*c~(1/3)*x + c~(2/3)*x72] - 2%bxc~(4/3)*d"2xe"3*(d + e*
x)*Log[l + c™2xx76])/(4*c~(1/3)*e*x(c™2*d"6 + e~6)*(d + e*xx))

output
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Rubi [A] (verified)

Time = 1.56 (sec) , antiderivative size = 913, normalized size of antiderivative = 1.24,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5395, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
barct 3
/a—l— arctan (c:r ) iz
(d + ex)?
l'5395
3bc [ WCM a + barctan (cz3)
€ e(d + ex)
l 7276
2.4 (d— )22d4+224d2_4
3be [ ((c2d6.|f1666)(d+ez) + ew(cgcd&eﬁ)(;:;ﬁﬁ-l) : )> dr g 4 barctan (cz®)
e e(d+ ex)
l 2009
3be carctan (cx?’)d5 c?/3elog (02/3x2+1)d4 e3 log(d+ex)d? e3log (02x6+1)d2 et arctan( %x)d e (\/gcds—i-es) arctan (v

3(c2db+€9) 6(c2d6+€9) c2db+-eb T T 6(c2dS+eb) T 3 %(c2d6 +¢b) 6 %(c%lﬁ +e

a + barctan (cw3)
e(d + ex)

input \Int[(a + b*ArcTan[c*x~3])/(d + e*x)~2,x]
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-((a + b*ArcTan[c*x"3])/(ex(d + e*x))) + (3*b*c*(-1/3+(d*e"4*ArcTan[c~(1/3
)*x])/(c”(1/3)*(c”2*%d"6 + e76)) + (cxd"5*ArcTan[c*x~3])/(3*%(c”"2*d"6 + e76)
) + (d*ex(Sqrt[3]*c*d~3 + e~3)*ArcTan[Sqrt[3] - 2xc~(1/3)*x])/(6%c™(1/3)*(
c"2xd"6 + e76)) + (d*e*x(Sqrt[3]*c*d~3 - e~3)*ArcTan[Sqrt[3] + 2*c~(1/3)*x]
)/ (6xc™(1/3)*(c™2%d"6 + e76)) + (c~(2/3)*e"2x(Sqrt[-c~2]*d"3 + e~3)*ArcTan
[(1 + (2%c~(2/3)*x)/(-c~2)~(1/6))/8qrt[31]1)/(2*Sqrt [3]1*(-c~2) ~(2/3) *(c~2*d
6 + e76)) - (c~(2/3)*e"2*(Sqrt[-c"2]1*d"3 - e~3)*ArcTan[(c~(4/3) + 2*(-c™2
)~ (5/6)*x)/(Sqrt [31*c~(4/3))]1)/(2%Sqrt [3]1*(-c~2)~(2/3)*(c"2*d"6 + e76)) +
(c™(2/3)*e~2%(Sqrt[-c~2]*d"3 + e~3)*Log[(-c~2)~(1/6) - c~(2/3)*x])/(6%(-c~
2)7(2/3)*(c"2%d"6 + e76)) - (c~(2/3)*e"2x(Sqrt[-c~2]*d"3 - e~3)*Log[(-c~2)
~(1/6) + c~(2/3)*x])/(6%(-c"2)~(2/3)*(c"2%d"6 + e"6)) + (d"2%e~3*Logld + e
*x])/(c”™2%d"6 + e76) + (c~(2/3)*d"4*exLog[l + c~(2/3)*x72])/(6x(c"2%d"6 +
e”6)) - (d*ex(c*d™3 - Sqrt[3]*e~3)*Logl[l - Sqrt[3]*c~(1/3)*x + c~(2/3)*x"2
1)/(12%c~(1/3)*(c"2%d"6 + e76)) - (d*e*x(c*d~3 + Sqrt[3]*e~3)*Logl[l + Sqrt[
3]*xc™(1/3)*x + c~(2/3)*x72])/(12%c~(1/3)*(c"2*xd"6 + e76)) + (c~(2/3)*e”2*(
Sqrt[-c™2]1*d"3 - e73)*Logl[(-c™2)~(1/3) - c~(2/3)*(-c"2)"(1/6)*x + c~(4/3)*
x72])/(12%x(-c”2) " (2/3)*(c"2%d"6 + e76)) - (c~(2/3)*e"2*(Sqrt[-c~2]*d"3 + e
~3)*Log[(-c72)7(1/3) + c~(2/3)*(-c72)"(1/6)*x + c~(4/3)*x72])/(12%(-c~2)~(
2/3)*(c”2*d"6 + e76)) - (d"2*e"3*Logl[l + c~2%x~6])/(6x(c”2*d"6 + e76))))/e

output

Defintions of rubi rules used

ruk32009‘Int[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_)]*(b_.))*((d_) + (e_.)*(x_))"(m_.), x_Sy
mbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTan[c*x™n])/(e*(m + 1))), x] - S
imp [bxc*(n/(ex(m + 1))) Int[x"(n - D*((@ + exx)"(m + 1)/(1 + c™2xx~(2%n)
)), x1, x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

rule 5395

Int[(u_)/((a.) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276
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Maple [A] (verified)

Time = 0.85 (sec) , antiderivative size = 862, normalized size of antiderivative = 1.17

method | result size

default | Expression too large to display | 862
parts Expression too large to display | 862

-

input Lint ((at+b*arctan(c*x~3))/(e*x+d) ~2,x,method=_RETURNVERBOSE)

-

-a/ (e*x+d) /e+bx(-1/(e*x+d) /e*arctan(c*x~3)+3/exc*x(d"2*e"~3/(c"2*d"6+e"6) *1n
(e*xx+d)+(-1/12%1n(x"2+37(1/2)*(1/c~2)~(1/6) *x+(1/c~2)~(1/3))*(1/c~2)~(1/3)
*e~5-1/6*1n(x"2+3"(1/2)*(1/c”2) ~(1/6) *x+(1/c"2)~(1/3) ) *d"2*e~3-1/12*1n(x"2
-37(1/2)*(1/c~2)~(1/6)*x+(1/c~2)~(1/3))*(1/c~2)~(1/3)*e~5-1/6*1n(x"2-3"(1/
2)*(1/c”2) " (1/6)*x+(1/c~2)~(1/3)) *d"2*e~3+1/6*1n(x"2+(1/c2)~(1/3))*(1/c"2
)~ (1/3)*e”5-1/6%1n(x"2+(1/c~2)~(1/3) ) *d"2*e~3+1/6*1n(x"2+(1/c~2)~(1/3))*(1
/c~2) " (2/3)*c™2xd"4*e-1/3*%(1/c”2) " (7/6) *arctan(x/(1/c~2) ~(1/6)) *c~2*d*e~4-
1/6%x(1/c~2)~(7/6)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *c~2*d*e~4+1/3*(1/c~2)"
(4/3) *arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*37(1/2) *c"2*e~5-1/12*1n(x"2+3"(1/2
Y*x(1/c”2) " (1/6) *x+(1/c”2)~(1/3))*(1/c~2) " (2/3) *c~2*d"4*e-1/6*(1/c~2) ~(7/6)
*xarctan (2*xx/(1/c~2)~(1/6)+3~(1/2) ) *c~2*d*e~4+1/12*x1n(x"2-3"(1/2)*(1/c~2) "~ (
1/6)*x+(1/c~2)~(1/3))*3~(1/2)*(1/c~2) ~(5/6) *c~2xd"~3*e~2-1/6%(1/c~2) ~(2/3) *
arctan(2*x/(1/c~2)~(1/6)-3"(1/2))*3~(1/2) *c~2*d~4*e-1/12*1n(x"2+3"(1/2)* (1
/c72)"(1/6)*x+(1/c™2)~(1/3))*3~(1/2)*(1/c~2) ~(7/6) *c~2xd*e~4-1/12*%1n(x~2+3
~(1/2)*(1/c”2) " (1/6) *x+(1/c~2)~(1/3))*3~(1/2)*(1/c"~2) " (5/6) *c~2xd"3*e"2+1/
6x(1/c2)~(2/3)*arctan(2*x/(1/c~2)~(1/6)+37(1/2))*3~ (1/2) *c~2*xd"4*e+1/3/ (1
/c”2)~(1/6)*arctan(x/(1/c~2) "~ (1/6))*d"3*e~2+1/6/(1/c~2) ~(1/6) *arctan(2*x/ (
1/¢72)"(1/6)-3"(1/2) ) *d"3*e"2-1/6%(1/c~2)~(1/3) *arctan(2*x/(1/c~2)~(1/6)-3
~(1/2))*3°(1/2)*e"5+1/3*(1/c~2) " (1/2)*arctan(2*x/(1/c~2)~(1/6)-3"(1/2) ) *c~
2%d~5+1/6/(1/c~2) " (1/6)*arctan(2*x/(1/c~2)~(1/6)+3"(1/2)) *d"3*e~2-1/6x*(. ..

output

| —
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Fricas [F(-1)]

Timed out.
a + barctan (cz® )
/ (cz”) dzr = Timed out
(d+ ex)?
input Lintegrate ((a+bxarctan(c*x~3))/(exx+d) ~2,x, algorithm="fricas") J
OutputLTimed out J

Sympy [F(-1)]

Timed out.
barct 3
/ a + barctan (cz”) dz = Timed out
(d+ ex)?
input Lintegrate ((at+b*atan(ckx**3) )/ (e*xx+d) **2,x) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 464, normalized size of antiderivative = 0.63

/ a + barctan (cz®)

d+ex?
4 <c38§d5—c2d3e2+c% de4) arctan <c31§w> 2 (ﬁc%d4e+2 c3d5+c%d362_\/§c% e’ —c% de4> arctan(
1 12 d%e? log (ex + d) 3 - e
4 c2db + eb B
a
ez +de

tnput Lintegrate ((atb*arctan(c*x~3))/(e*x+d) “2,x, algorithm="maxima") J
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1/4%((12*d"2*e"2xlog(exx + d)/(c™2*xd"6 + e76) - (4x(c~(8/3)*d"5 - c~2*d"3*
e”2 + c~(4/3)*d*e"4)*arctan(c~(1/3)*x)/c~(5/3) - 2x(sqrt(3)*c~(8/3)*d"4x*e

+ 2%c”3*%d"5 + c”(7/3)*d"3*%e"2 - sqrt(3)*c~(4/3)*e”5 - c~(5/3)*d*e"4)*arcta
n((2*c™(2/3)*x + sqrt(3)*c~(1/3))/c~(1/3))/c™2 + 2x(sqrt(3)*c~(8/3)*d 4*e

- 2%c"3%d"5 - c~(7/3)*d"3*e"2 - sqrt(3)*c~(4/3)*e"5 + c~(5/3)*d*e"4)*arcta
n((2*c™(2/3)*x - sqrt(3)*c~(1/3))/c~(1/3))/c”2 + (sqrt(3)*c~(7/3)*d"3*e"2

+ ¢ (8/3)*d"4*e + sqrt(3)*c”(5/3)*d*e”4 + 2*c~2xd"2*e”3 + c~(4/3)*e"5)*log
(c™(2/3)*x72 + sqrt(3)*c™(1/3)*x + 1)/c”2 - (sqrt(3)*c~(7/3)*d"3%e"2 - c(
8/3)*d"4xe + sqrt(3)*c”~(5/3)*dxe"4 - 2%c~2xd"2*e"3 - c~(4/3)*e~5)*log(c”(2
/3)*x72 - sqrt(3)*c~(1/3)*x + 1)/c”2 - 2%(c~(8/3)*d"4*e - c~2*d"2%e"3 + ¢~
(4/3)*e"B)*1log(c~(2/3)*x"2 + 1)/c"2)/(c"2+%d"6%e + e~7))*c — 4*arctan(c*x"3
)/ (e”2%x + dxe))*b - a/(e”2%x + dxe)

output

Giac [F]
/ a+barctan (cz®) , / barctan (cz®) + a i
(d+ ex)? (ex + d)?
. Lintegrate((a+b*arctan(c*x“3))/(e*x+d)”2,x, algorithm="giac")
input
outputtsageO*x

~—

Mupad [B] (verification not implemented)

Time = 1.09 (sec) , antiderivative size = 2105, normalized size of antiderivative = 2.87

barct 3
/ a+ barctan (cz”) dxz = Too large to display

(d+ ex)?

/

int((a + b*atan(c*x~3))/(d + e*x)~2,x)

~—

inputL

| —
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symsum(log ((729%b~6*c~14*dxe”2 + 54432%root (64*c”~2*d"6%e” 6%z~ 6 + 64%e”12%z
"6 + 192xb*c*d"2%e"8%z"5 + 48%b~2*c”2*d"4*xe"4*z"4 - 16%b"3*cke~6%z"3 + 12x%
b~4xc"2*d"2%e"2%z"2 + b"6*c”2, z, k) “6kc"12*%e”15%x + T729*b"6xc"14*e”3*x -
31104*root (64*c~2*d"6*e”~6%2"6 + 64xe”12%z"6 + 192*b*cxd"2*e~8*z"5 + 48%b~2
*CT2%d"4xe"4xz"4 - 16%b " 3xc*ke"6%z"3 + 12¥bT4*cT2*%d"2*%e"2*xz"2 + b"6*c”2, z,
k) "6%c”14*%d"7T*e"8 - 243*root(64*xc”2*d"6*e”"6%z"6 + 64*e”12*xz"6 + 192*b*c*d
“2%e”8%z"5 + 48*%bT2xcT2*%d"4*e"4*z"4 - 16%b"3*c*ke"6%xz"3 + 12*%bT4*cT2*d"2%e”
2%z72 + b76*c”2, z, k)*b"5xc"15%d"5 + 62208*root (64*c”"2*d"6%e”6*z"6 + 64*e
T12*%z76 + 192%bkcxd"2*%e”8*z"5 + 48%b"2%xc"2*%d"4*e"4*xz"4 - 16%b"3*c*e”" 6%z 3
+ 12%b~4%c~2%d"2%e”2%z"2 + b~ 6*c”2, z, k) 6xc"12*xd*e”~14 + 5832*root (64*c"2
*d"6*%e"6*xz"6 + 64*%e”12%z"6 + 192*b*c*d"2*xe"8%z"5 + 48%b~2*c”2*xd " 4*e"4*z"4
- 16*b"3*c*xe”~6%z"3 + 12*xb"4*c”2*d"2*e”2%z"2 + b~6*c”2, z, k) "2*xb"4*c”14*d”
3*%e”4 - 1944xroot (64*xc”2*d"6%e”6%z"6 + 64*xe”12*xz"6 + 192*b*c*d"2*e”8%z"5 +
48%b72%c"2xd"4*xe"4*z"4 — 16%b"3kc*ke"6*xz"3 + 12x%b"4*xc”2xd"2%e"2*%z"2 + b 6%
c”2, z, k)"3*b"3*kc"15xd"7*e"2 + 15552*root (64*xc”2*d"6*e”"6%z"6 + 64*xe”12*xz"
6 + 192%b*c*d"2*xe"8%z"5 + 48%b"2%c”2*xd"4*e"4*z"4 - 16%b " 3*c*ke"6*%z"3 + 12%b
“4AxcT2%d"2*%e"2*xz"2 + bT6%c72, z, k) “4*b"2xc"14*d"5%e”6 - 10692*root (64*c”2
*d"6*%e"6*xz"6 + 64*%e"12%z"6 + 192%b*c*kd"2*xe"8*z"5 + 48%b~2*c”2*xd"4*e"4*z"4
- 16*b"3*c*e”6%z"3 + 12*b"4*c”2*d"2*e”2%z"2 + b~ 6*c”2, z, k) “3*b"3*c”13*d*
e”8 + 101088*root (64*c~2*d"6*e”~6%z"6 + 64*xe”12%z"6 + 192*b*cxd"2%e~8*z"...

output

Reduce [F]

/ a+barctan (cz®) , / atan(cz®) b+ a,.

(d + ex)? (ex + d)®

input ‘ int ((at+b*atan(c*x~3))/(e*x+d) ~2,x)

outputLint((a+b*atan(c*xﬁ3))/(e*x+d)“2,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 283
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

rwisex)

283
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)



CHAPTER 4. APPENDIX 294

ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],



CHAPTER 4. APPENDIX 295

else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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