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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 37 |. This is test number | 284 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (37 ) | 0.00 (0)
Mathematica | 100.00 ( 37 ) | 0.00 (0)
Maple 89.19 (33) | 10.81(4)
Fricas 64.86 (24 ) | 35.14 (13)
Maxima | 64.86 (24) | 35.14 (13)
Giac 54.05 (20) | 45.95 (17)
Reduce 54.05 (20 ) |45.95 (17)
Mupad | 45.95 (17) | 54.05 (20)
Sympy | 40.54 (15) | 59.46 (22)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 94.595 0.000 0.000 5.405
Mathematica 75.676 8.108 10.811 5.405
Maple 62.162 13.514 8.108 16.216
Maxima, 59.459 2.703 0.000 37.838
Fricas 48.649 10.811 0.000 40.541
Giac 48.649 0.000 0.000 51.351
Sympy 32.432 2.703 0.000 64.865
Mupad 0.000 40.541 0.000 59.459
Reduce 0.000 48.649 0.000 51.351

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

o

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica 0.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Maxima, 13 61.54 0.00 38.46

Fricas 13 100.00 0.00 0.00

Giac 17 100.00 0.00 0.00

Reduce 17 100.00 0.00 0.00

Mupad 20 0.00 100.00 0.00

Sympy 22 95.45 0.00 4.55

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.13
Maxima 0.14
Giac 0.14
Reduce 0.24
Rubi 0.46
Mathematica 0.62
Mupad 0.62
Sympy 0.71
Maple 0.91

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 52.47 0.89 26.00 0.91
Reduce 71.90 1.12 39.50 1.00
Sympy 75.27 1.13 31.00 0.97
Giac 98.65 1.09 47.50 1.00
Maxima 116.83 0.96 54.00 0.94
Rubi 142.32 1.09 66.00 1.00
Maple 164.85 1.16 88.00 0.99
Mathematica | 178.22 1.21 51.00 1.00
Fricas 223.04 1.70 39.50 0.98

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
100p o o o o o o o o o 100p o o o o o o o o o 100p o o o o o o ‘
801 80t 80t %
e} el el
£ 60 £ 60 £ 60
o o o ° o
S 40} 2 40 o 40
B B ES
201 201 201
0 or 0
2 4 6 8 10 12 2 4 6 8 10 12 2 4 6 8 10 12
Rubi number of steps Rubi number of steps Rubi number of steps
Fricas Giac Maxima
100} ] ° 100} ] 100¢ ] [ .
801 + 'y 801 : 801 P
el el el
g 60r g 601 g 60F
S . . S . . S . o o
o 40f 2 40f S 400 .
X ES X
20} 20f o 3 20}
ot . . ofF . o o ofF . .
2 4 6 8 10 12 2 4 6 8 10 12 2 4 6 8 10 12
Rubi number of steps Rubi number of steps Rubi number of steps
Sympy Mupad Reduce
100} o 100 o 100} o
801 801 r 80t 1
el kel el
£ 60t 2 60} 2 60t
[=} L4 . . [=} [ [ (=} . [] [] )
40t ©  40f P40 o
B B ES
20f ° 20f ¢ 20f
of o . . . of . . o 0 . . o
2 4 6 8 10 12 2 4 6 8 10 12 2 4 6 8 10 12
Rubi number of steps Rubi number of steps Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20

Rubi Mma Maple
5 m 6F —
8
g g6 84
E3 k] E
K k) S 3
3 9 g 4 ]
o o o
5 E Il € 2
= S S
LU T U B { H (
. iy o mii, ]
0 100 200 300 400 500 0 200 400 600 800 0 100 200 300 400
Leaf size Leaf size Leaf size
Fricas Giac Maxima
6F 4 7t —
© 5 2 © 6
o 3 [
8 af g g°
£ c € 4
S 3 s 2 k]
1] o] o 3
Qo Qo Qo
E 2 £ € 2
S ER S
IR B 7l 1
o . . . A 1 LSO - RN BEE .
0 200 400 600 800 0 50 100 150 200 250 300 350 0 100 200 300 400
Leaf size Leaf size Leaf size
Sympy Mupad Reduce
4 6 4
2 25 2
5 3 <) 5 3
2 L4 2
< £ k=
B 2 53 52
5 3 5
5 £ 2 €
=3 1 =] =] 1
. I IO I D0 I 0
0 50 100 150 200 250 300 350 0 50 100 150 200 0 50 100 150 200 250 300
Leaf size Leaf size Leaf size

Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width

Rubi Mma Maple
20 7
) 6
g g
i 15 55
= £4 -
L 5 10 5 ‘
3 5
£ €
i il
4 . .
[0 R R = = S JOLLL T LT .
02 04 06 08 10 12 14 0.0 05 1.0 1.5 2.0 25 0.5 1.0 15 2.0 25
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
4
) 15
g1 g
° £ g 10
8 £ £
5 10 5
6 5] 1]
Qo Qo
4 E s £
z z
2
0 0 0 .
0.0 0.1 0.2 03 0.4 0.5 010 012 014 016 0418 020 0.00 0.05 0.10 0.15 0.20
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
— 7
6
g° g
c c
£, S
5 5 10
5 3 %
o Qo
Eo2 ( E 5
2 T 2
1
J ] [ O D R .
0.0 0.2 0.4 06 08 00 02 04 06 08 10 12 020 022 024 026 028 030
CPU time (sec) CPU time (sec) CPU time (sec)
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integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

(13, 14)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {I7]

Mathematica {J}6]
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.



CHAPTER 1. INTRODUCTION 19

1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




CHAPTER 1. INTRODUCTION 22

1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)7L5,6 7, 8000 1) 2 156} 7 819,20} 21, 22 23, 2L 25 26, 2 2
29|30, 31, 32,53, 54,35, 36,7 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A gr'c:e.{@@@
36,37 }

B grade { }

C grade {[15][16}[17}[18 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade { (125857 B9 112 19,20, 21 22,24 26, 28, 30, BT} 33, 35, 36, 37 )
B grade { [6[23,25,27,[29 }

C grade {[10,3234}

F normal fail {[15][16}[L7][1§ }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { (1257 10} 12,1920, 21,2 24, 2625 30, 3657
B grade { [15[I6[17,[18] }

C grade { }

F normal fail { 56B623 25,27 B9 B1 B2 B354, )

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade { (1203107 0)(L3) 12 19,201 2324, 26,2550, BT 33, 55,56.57 )
B grade {[f|}

C grade { }

F normal fail { §8/Z325,27295361)

F(-1) timedout fail { }

F(-2) exception fail {[L3|[15][16/[17[18 }
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Giac

A grade { (125,10, 1) 215, 16,775 19121} 26, 25,60, }
B grade {}

C grade { }

F normal fail { 56,1 62022 232125, 2729 BT B2 63 45 )
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade {[126,77/[9,20/20, 22, 24 26, 2550,56,57}
C grade { }

F normal fail { }

F(-1) timedout fail { 55,8010} [1)[2) [5) 6,7 [5) 23, 25) 27,29, BT} B2, B3 B4 55
}

F(-2) exception fail { }

Sympy

A grade {[135/(0,21 22,2260, 2350,50 )

B grade {[37}

C grade { }

F normal fail { 5,6} I0L 1) 2[5, 67 (5 20, 23,25 2729, B B3 B3 B3 )
F(-1) timedout fail { }

F(-2) exception fail {[7]}
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Reduce

A grade { }

B grade { (2578 710} 1) (2,19 20} 20, 22 26, 25,60} 5,7 )

C grade { }

F normal fail { 56,8505 16,17 I5/23,25,27. 29,5162 B3 5165}
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 244 244 212 245 226 237 367 347 296 234
N.S. 1 1.00 0.87 1.00 0.93 0.97 1.50 1.42 1.21 0.96
time (sec) N/A 0.667 0.053 0.535 0.024 0.097 0.616 0.149 0.244  0.906

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 168 149 167 159 167 243 252 206 190
N.S. 1 1.00  0.89 0.99 0.95 0.99 1.45 1.50 1.23 1.13
time (sec) N/A 0.527 0.038 0.420 0.025 0.091 0452 0.131 0.244 1.198

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 109 97 105 103 108 151 171 130 116
N.S. 1 1.00 0.89  0.96 0.94 0.99 1.39 1.57 1.19 1.06

time (sec) N/A 0.362 0.029 0.375 0.024 0.110 0339 0.133 0.297 0.350




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 30
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 67 57 53 57 73 99 67 62
N.S. 1 1.00 1.16 0.98 0.91 0.98 1.26 1.71 1.16 1.07
time (sec) N/A 0.255 0.011  0.290 0.029 0.092 0.246 0.123 0.252 0.906
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 403 629 716 392 528 0 0 0 88 0
N.S. 1 1.56  1.78 0.97 1.31 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 1.0564 1.113 2.098 0.181 0.000 0.000 0.000 0.218 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 801 797 806 2141 628 0 0 0 1460 0
N.S. 1 1.00 1.01 2.67 0.78 0.00 0.00 0.00 1.82 0.00
time (sec) N/A 1.461 4.880 2.550 0.184  0.000 0.000 0.000 0.291 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F(-2) F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 28 35 38 26 0 0 34 22
N.S. 1 1.00 0.82 1.03 1.12 0.76 0.00 0.00 1.00 0.65
time (sec) N/A 0.189 0.013 0.824 0.108  0.079 0.000 0.000 0.278 0.100
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 195 154 136 117 0 0 0 0 14 0
N.S. 1 0.79  0.70 0.60 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.373 0.985 1.147 0.000  0.000 0.000 0.000 0.264 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 116 89 99 0 0 0 0 18 0
N.S. 1 0.75  0.57 0.64 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.272 0.125 1.080 0.000  0.000 0.000 0.000 0.234 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 35 21 55 31 29 0 33 71 0
N.S. 1 1.00 0.60 1.57 0.89 0.83 0.00 0.94 2.03 0.00
time (sec) N/A 0.199 0.034 1.050 0.113 0.091 0.000 0.147 0.266 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 79 82 37 78 63 52 0 55 130 0
N.S. 1 1.04 047 0.99 0.80 0.66 0.00 0.70 1.65 0.00
time (sec) N/A 0.290 0.039 1.137 0.150  0.100 0.000 0.150 0.244 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 129 47 88 93 70 0 83 184 0
N.S. 1 1.09 0.40 0.75 0.79 0.59 0.00 0.70 1.56 0.00
time (sec) N/A 0.395 0.046 1.159 0.143 0.098 0.000 0.168 0.254 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 14 0 16 15 16 15 16
N.S. 1 1.00 1.12 0.88 0.00 1.00 0.94 1.00 0.94 1.00
time (sec) N/A 0.189 4.040 1.362 0.000 0.115 4941 0.124 0.318 0.725
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 14 16 16 15 16 17 16
N.S. 1 1.00 1.12 0.88 1.00 1.00 0.94 1.00 1.06 1.00
time (sec) N/A 0.199 2.670 1.172 0.885 0.098 1.626 0.140 0.283 0.769
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F(-2) B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 66 66 169 0 0 349 0 59 33 0
N.S. 1 1.00  2.56 0.00 0.00 5.29 0.00 0.89 0.50 0.00
time (sec) N/A 0.275 0.182 0.000 0.000  0.139 0.000 0.150 0.352 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F(-2) B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 134 136 262 0 0 712 0 126 52 0
N.S. 1 1.01  1.96 0.00 0.00 5.31 0.00 0.94 0.39 0.00
time (sec) N/A 0.343 0.422 0.000 0.000 0.206 0.000 0.155 0.500 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F(-2) B F A F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 208 201 345 0 0 1278 0 208 71 0
N.S. 1 097 1.66 0.00 0.00 6.14 0.00 1.00 0.34 0.00
time (sec) N/A 1.042 0.581 0.000 0.000  0.227 0.000 0.152 43.518  0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F(-2) B F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 293 291 450 0 0 1986 0 340 16 0
N.S. 1 099 1.54 0.00 0.00 6.78 0.00 1.16 0.05 0.00
time (sec) N/A 1.257 0.834 0.000 0.000 0.485 0.000 0.159 200.022 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 5 5 5 6 5 5 5 8 5 5
N.S. 1 1.00 1.00 1.20 1.00 1.00 1.00 1.60 1.00 1.00
time (sec) N/A 0.177 0.059 0.190 0.026  0.096 0.097 0.119 0.226 0.062
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 61 46 65 75 40 0 0 54 51
N.S. 1 1.09 0.82 1.16 1.34 0.71 0.00 0.00 0.96 0.91
time (sec) N/A 0.275 0.020 1.587 0.143 0.106 0.000 0.000 0.233 0.762
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 14 13 13 17 15 13 13
N.S. 1 1.00 1.00 1.08 1.00 1.00 1.31 1.15 1.00 1.00
time (sec) N/A 0.184 0.007 0.744 0.030 0.100 0.801 0.129 0.216 0.760
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 49 32 34 35 31 34 0 32 32
N.S. 1 1.22  0.80 0.85 0.88 0.78 0.85 0.00 0.80 0.80
time (sec) N/A 0.505 0.018 0.440 0.118 0.094 0.142 0.000 0.217 0.789
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 66 51 126 0 0 0 0 15 0
N.S. 1 099 0.76 1.88 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.474 0.176  0.857 0.000  0.000 0.000 0.000 0.214 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 20 24 19 19 0 19 19
N.S. 1 1.00 1.00 0.87 1.04 0.83 0.83 0.00 0.83 0.83
time (sec) N/A 0.296 0.013 0.368 0.117  0.095 0.107 0.000 0.231 0.758
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 39 98 0 0 0 0 13 0
N.S. 1 1.00 0.81 2.04 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.313 0.056 0.329 0.000  0.000 0.000 0.000 0.232 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 8 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 1.00 0.75 0.75
time (sec) N/A 0.164 0.004 0.661 0.040 0.091 0.343 0.130 0.214 0.042
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 55 43 117 0 0 0 0 12 0
N.S. 1 1.12  0.88 2.39 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 0.309 0.092 0.346 0.000  0.000 0.000 0.000 0.207 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 36
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 33 30 32 29 29 22 26 29 26
N.S. 1 1.10 1.00 1.07 0.97 0.97 0.73 0.87 0.97 0.87
time (sec) N/A 0.306 0.011 0.358 0.118 0.092 0.154 0.130 0.212 0.764
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 74 55 178 0 0 0 0 14 0
N.S. 1 1.03 0.76 2.47 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.467 0.138 1.045 0.000  0.000 0.000 0.000 0.217 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 61 47 43 55 47 42 39 45 35
N.S. 1 1.30  1.00 0.91 1.17 1.00 0.89 0.83 0.96 0.74
time (sec) N/A 0.539 0.017 0.384 0.124  0.096 0.254 0.110 0.209 0.768
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 206 334 626 261 189 0 0 0 98 0
N.S. 1 1.62 3.04 1.27 0.92 0.00 0.00 0.00 0.48 0.00
time (sec) N/A 0.904 1.083 1.453 0.143  0.000 0.000 0.000 0.203 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 188 188 309 134 0 0 0 0 15 0
N.S. 1 1.00 1.64 0.71 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.425 1.262 1.172 0.000  0.000 0.000 0.000 0.202 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 183 311 592 183 187 0 0 0 71 0
N.S. 1 1.70  3.23 1.00 1.02 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.712 0.548 1.646 0.151 0.000 0.000 0.000 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 223 223 328 197 0 0 0 0 14 0
N.S. 1 1.00  1.47 0.88 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.492 1.827 1.275 0.000  0.000 0.000 0.000 0.220 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 212 342 619 257 183 0 0 0 170 0
N.S. 1 1.61  2.92 1.21 0.86 0.00 0.00 0.00 0.80 0.00
time (sec) N/A 0.870 1.313 1.338 0.150  0.000 0.000 0.000 0.212 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 37 25 24 26 21 31 32 29 22
N.S. 1 1.16  0.78 0.75 0.81 0.66 0.97 1.00 0.91 0.69
time (sec) N/A 0.201 0.017 0.291 0.118 0.090 0.229 0.130 0.230 0.088
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 44 54 36 37 39 39 88 40 56 27
N.S. 1 1.23  0.82 0.84 0.89 0.89 2.00 0.91 1.27 0.61
time (sec) N/A 0.212 0.016 0.312 0.126  0.117 0.282 0.128 0.223 0.747
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

ni%%é%%r?cfl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [30]
had the largest ratio of [.923077000000000036]

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 6 ) 1.00 14 0.357
2] A 6 5 1.00 14 0.357
3| A 6 5 1.00 14 0.357
4 A 6 5 1.00 12 0.417
5 A 6 6 1.56 14 0.429
6} A 4 4 1.00 14 0.286
7] A 2 2 1.00 10 0.200
3] A 3 3 0.79 14 0.214
9) A 2 2 0.75 14 0.143
10 A 1 1 1.00 14 0.071
11 A 2 2 1.04 14 0.143
2| A 3 3 1.09 14 0.214
N/A 1 0 1.00 16 0.000
N/A 1 0 1.00 16 0.000
15 A 6 5 1.00 16 0.312
16 A 7 6 1.01 16 0.375
17 A 8 7 0.97 16 0.438
18 A 6 ) 0.99 16 0.312
19 A 1 1 1.00 12 0.083
20 A 4 4 1.09 12 0.333
21 A 1 1 1.00 12 0.083
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
2 A 10 9 1.22 13 0.692
23] A 9 8 0.99 13 0.615
24| A 4 4 1.00 13 0.308
é A ) 4 1.00 11 0.364
E A 1 1 1.00 10 0.100
z A 3 3 1.12 13 0.231
28| A 8 7 1.10 13 0.538
29) A 7 7 1.03 13 0.538
@ A 13 12 1.30 13 0.923
31 A 9 9 1.62 15 0.600
Q A 2 2 1.00 13 0.154
33] A 6 6 1.70 12 0.500
% A 2 2 1.00 15 0.133
35) A 13 12 1.61 15 0.800
E A 3 3 1.16 11 0.273
3_7 A 4 4 1.23 11 0.364
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31 [(c+ded)tcot ™ am)dr . . . ...

32 [(c+ de)z cot™Maz)dr . . . ...

33  [(e+dz®)’cot™az)dz . . . . ...

34  [(c —|—1(dac)2) cot™Max)dr . ... ...

3.5 U AT o
f coii-(liiac)

3.6 Ik @) dT . .

-1

3.7 TP AT

38  [Va+azlcot™Mz)dz. .. ...

39 [ Wdp ..
cot™1(z

310 [ # AT .
CO -1 T

311 [ W AT .
CO -1 T

312 [ ﬁ AT .

313  [Ve+dzleot™M(az)dr . . ...

314 [ gy

315 [ lhdn
CO -1 ax

316 | (c;dwg)s DdT . o
CO -1 ax

317 [ (c;dwgy)z AT . o
CO -1 ax

318 | (C;dxg)g DdT . o

3.19 m AT . . . e e e e
cot~!(z)?

3.20 m AT . . e e
-1 n

321 [ Wldp L

322 [T@dp L

41

1103
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113

11241
1129
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3 cot—1(z o

3.23 f 2Tﬁ() d.’I} .................................

324 [Ty 192
zcot™1(z

325 [ T})) AT 197
cot™(x

3.26 f 11;_1__—%‘(2) d.’L' ..................................

32 [TBde
cot™ *(x

328 [ Smdr ... 212
cot~1(x) Q

3.29 f w3(1_"l_w2) dx ................................. ” .!
cot ' (z)

330 JREmdr o

331 [ %}‘w) AT .o

332 [ ;—xﬁ AT .

333 [ ;T”) AT .. AT
cot~*(cx) vi

334 [ ) S PAY!

335 [y 260

. z2(1+£11;(2)) .................................

zcot™ (x

336 [ GEmf Ao -

3.37 %)(fl dT . .

1+x2



output
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3.1 [ (c+ dz?)* cot ™ (az) de

Optimal result . . . . . . . . . . . . . e 3]
Mathematica [A] (verified) . . . . . . . . ... .. L 44
Rubi [A] (verified) . . . . . . .. . . 44
Maple [A] (verified) . . . . . . . . ... 161
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 4
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 47
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 48
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 49
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 49
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... B

Optimal result

Integrand size = 14, antiderivative size = 244

/ (c+ dx2)4 cot™(az) dx

d(420a8c® — 378a*c?d + 180a’cd? — 35d3) z? N d?(378a*c?* — 180a%cd + 35d?) z*
630a7 1260a5
(36a’c — 7d) d*z® L d*z8
6 378a3 ZQCL .
+ gczdz:p‘r’ cot™(az) + ?cd3x7 cot *(az) + §d4m9 cot™(ax)
N (315a8¢* — 420a°c3d + 378a*c2d? — 180a’cd® + 35d*) log (1 + a’x?)
630a°

4
+ c*z cot ™ (az) + §c3dx3 cot™*(ax)

1/630*d* (420*a~6*c~3-378*a~4*c”~2xd+180*a"2*xc*xd~2-35*d"3) *x~2/a"7+1/1260*d"
2% (378*a~4*c~2-180*a~2*c*xd+35+%d"2) *x~4/a~5+1/378* (36*a"2*c-7*d) *d"3*x"6/a"
3+1/72*%d"4*x"8/a+c " 4*xx*arccot (a*x)+4/3*c~3*d*x"3*arccot (a*x)+6/5*%c~2*xd "~ 2*x
~“Bxarccot (a*x)+4/7+cxd"3*x"T*arccot (a*x)+1/9*d~4*x"9*arccot (a*x)+1/630* (31
5%a~8*c~4-420*a”~6xc”3*d+378*a"~4*c"2*d"2-180*a~2*xc*xd~3+35%d"4) *1n(a”2*x"2+1
)/a"9
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 212, normalized size of antiderivative = 0.87

/ (c+ dxz)4= cot *(az) dzx
_ a?da®(—420d° + 30a%d?(72c + 7dx?) — 4a*d(1134¢? + 270cdz? + 35d%z*) + 3a®(1680c® + 756¢*dx? + 2

input‘ Integrate[(c + d*x~2)~4*ArcCot [a*x],x]

(a™2xd*x" 2% (-420*d"3 + 30*a~2*d"2*(72xc + 7T*xd*x"2) - 4*a~4*d*(1134*c"2 + 2
TOkcxd*x~2 + 35%d"2*x"4) + 3*%a~6*(1680*%c”3 + 756*c™2*d*x"2 + 240*c*xd~2*x"4
+ 35%d"3*x76)) + 24%a”9*xx*x(315%c”4 + 420*c”3*d*x"2 + 378*c"2*d"2*x"4 + 18
Oxcxd~3%x"6 + 35xd~4*x"8)*ArcCot [a*xx] + 12%x(315%a"8%c"4 - 420*a~6xc”3*d +
378xa~4*c"2xd"2 - 180%a~2*c*d~3 + 35+%d~4)*Logl[l + a~2*x~2])/(7560%a"9)

output

Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.357, Rules

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a:c) (c+ d:cz)4 dz

l 5448

/ z(35d*2® + 180cd3x® + 378c2d?z* + 420c3dx? + 315¢*)
a
315 (a2z2 4+ 1)
4 1
éc?’dfv?’ cot™(az) + §c2d2w5 cot ™ (az) + ?cd3x7 cot™(az) + §d4:139 cot ™1 (ax)

| 27

dz + c*z cot ™ (azx) +
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1 z(35d*z® + 180cd3x® + 378c?d?z* + 420c3dx? + 315¢*)
mi’ . ?l X
—c3dz? cot L (az) + gczd2x5 cot ! (ax) + ?cd3x7 cot !(az) + §d4:1:9 cot 1 (azx)

dz + c*z cot ™ (azx) +

l 9331
1 35d%z8 + 180cd3 x5 + 378c2d2x* + 420c3dx? + 315¢%

dz? + c*z cot ™ (ax) +

6732(1 a?r? +1 . .
§c3dw3 cot ™ (az) + 362d2.’I;5 cot ™ (azx) + ?cd3x7 cot ™ (azx) + §d4x9 cot ™1 (ax)

l 2389

1 35d*x8  5(36a%c—7d) d®z*  d?(378c%a* — 180cda® + 35d%) z®  d(420c3a® — 378c*da* + 180cd?
—-a + + +
630 a? a* ab a8

4 4 1
ctzcot™ (az) + §c3dm3 cot ™ (az) + gc2d2x5 cot™!(az) + 7cd3x7 cot™!(az) + §d4a:9 cot ™1 (ax)

l 2009

1 (35d%® 5d3°(36a%c—7d) d’z*(378a%c? — 180a%cd + 35d%)  dz?(420aSc® — 378a%c?d + 180a’cd
—=a + +
630 4a? 3at 2a8 a8

4 4 1
ctzcot™ (az) + §c3d933 cot ™ (az) + gc2d2x5 cot ™ (az) + ?cd3x7 cot ™ (az) + §d4z9 cot "1 (ax)

input \Int[(c + d*x~2) ~4*ArcCot [a*x] ,x] )

c~4*xx*ArcCot [a*x] + (4*c”3*d*x"3*ArcCot[a*x])/3 + (6*xc”~2*d~2*x"5*ArcCot [a*
x]1)/5 + (4xcxd"3*x"7*ArcCot [a*x]) /7 + (d"4*x”~9*ArcCot[a*x])/9 + (a*((d*(42
O*a~6xc~3 - 378*a~4*c”2*%d + 180*a"2*kc*xd~2 - 35%d~3)*x"2)/a"8 + (d"2*(378*a
“4xc”2 - 180%a~2*c*d + 35%d"2)*x74)/(2*%a"6) + (5*%(36*a”2*c — 7*d)*d"3*x"6)
/(3*%a~4) + (35*%d~4*x78)/(4*a"2) + ((315%a~8xc~4 - 420*a"6%c”3*d + 378*a~4x*
c”2*d"2 - 180*a”2xc*d~3 + 35%d"4)*Log[1l + a~2*x~2])/a~10))/630

output




rule 27

rule 2009

rule 2331

rule 2389

rule 5448
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Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[(Pq )*(x_)~"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[1/2 S
ubst [Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x°2], x] /;
FreeQ[{a, b, p}, x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)"p, x]1, x] /; FreeQl[{a, b, n}, x] & PolyQ[Pq, x] && (IGtQlp
, 01 |l EqQ[n, 11)

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
ol] :> With[{u = IntHide[(d + e*x~2)"q, x]}, Simp[(a + b*ArcCot[c*x]) u,
x] + Simp[b*c Int[SimplifyIntegrand[u/(1 + c™2*x~2), x], x], x]] /; FreeQ
[{a, b, ¢, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])

Maple [A] (verified)

Time = 0.54 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.00

method result
a
parts d4x9 ar;cot(az) + ded3z a;ccot(ax) + 6c2d2x® ggrccot(ax) + 4c3d x3 a,;ccot(ax) + cAr arccot (ax) 4
2
derivativediVideS arccot(aac)c4aar:+ 4a arccotgaz)c:ad 23 +6a arcco':(g.av)czdz:z5 +4a arccotgax)c d3w7 +a arccotgaz)d‘lzg +21003a8d Zz‘f‘%
3443 2,25 3.7 4.9 3,84,2. 189c2c
default arccot(az)c4az+ 4a arccatgaz)c dzx +6a arccat(gz)c d“x +4a a.rccotgaz)cd T +u arccotgaz)d EY +2100 a~dz®+ :
parallelrisch 84029 arccot(az)a®d* +43202" arccot(ax)a’®c d®+105d*a’x®+90722° arccot(azx)a’®c®d?+720c a®d*x° 410080z arcc
. 2icd3z” In(—iaz+1) 3ic?d?x® In(—iazx+1) 2ic3d 3 In(—iaz+1) 2cd328 3c2d2z? 2c3d 2 (
risch - 7 - 5 - 3 T % T T 3¢
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input‘int((d*x"2+c)"4*arccot(a*x),x,method=_RETURNVERBUSE)

1/9*d"~4*x~9*arccot (a*x)+4/7*cxd~3*x"7*arccot (a*x)+6/5*%c~2*xd~2*xx"5*arccot (a
*x)+4/3*c”3*xd*x"3*arccot (a*x)+c 4*x*arccot (a*x)+1/315*a* (1/2*xd/a~8*(35/4*a
“6*d"3*x"8+60*a”6kckd"2*%x"6+189*a"6*c"2xd*x"4+420%a"6*c"3*x"2-35/3*a~4*d" 3
*x"6-90*a"~4*ckxd"2*%x"4-378%a~4*kc " 2xd*x"2+35/2*a~2*d " 3*x"4+180*a"2*cxd"2*x"2
-35*d"3*x72)+1/2*(315%a”~8*c~4-420%a”6*c~3*xd+378*a"4*c~2*xd"2-180*a " 2*xc*d "3+
35%d~4) /a~10*1n(a~2*x~2+1))

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 237, normalized size of antiderivative = 0.97

/ (c+ davz)4 cot*(azx) dx
105 a®d*z® + 20 (36 aBcd® — 7 a®d")x® + 6 (378 a®c?d? — 180 acd® + 35 a’d*)x* + 12 (420 a®c*d — 378 o

inputLintegrate((d*X”2+C)“4*arccot(a*x),x, algorithm="fricas") J

1/7560% (105*%a”~8*d~4*x"8 + 20%(36*a”~8*cxd~3 - 7*a"6xd"4)*x~6 + 6*(378*a~8%*c
~2%d"2 - 180*a"6*c*xd~3 + 35%a~4*d"4)*x"4 + 12%(420*%a~8*c”3*d - 378*a"~6*c”2
*d"2 + 180*a”4*c*d"3 - 35%a”2*%d"4)*x"2 + 24*(35%a”"9*%d"4*x”9 + 180*a~9*xc*xd”
3*x77 + 378%a~9*c”2xd"2*x"5 + 420%a”9*c”3*d*x~3 + 315%a”~9%c”4#*x)*arccot (ax
x) + 12%(315%a~8*c~4 - 420*a”6*xc”3*d + 378*a~4*xc”2*xd"2 — 180*a"2%c*d"3 + 3
5*d~4)*log(a~2%x"2 + 1))/a”9

output

Sympy [A] (verification not implemented)

Time = 0.62 (sec) , antiderivative size = 367, normalized size of antiderivative = 1.50

/ (c+ dav2)4 cot ™! (az) dz

41 2+ 1
4 4c3dz3 acot (ax) 6c2d?z® acot (ax) 4ed®z” acot (ax) d*z® acot (az) ¢ log (m a2 ) 2c3dz? 30
c*z acot (az) + 3 + : + 2  doaotlan) 2L et 4 2ede”

343 2,2 5 3.7 4.9
7r<c4x+4c :;iz +6c 1‘; x +4cd7:1: +d9m )

2
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input integrate ((d*x**2+c) **4*acot (a*x) ,x)

Piecewise((c**4*x*acot(a*xx) + 4xc**3*kd*xx**3*acot(a*xx)/3 + 6*cx*2xd**2*kx**5
xacot (axx) /5 + 4dkckdx*x3*kx*xT*xacot(a*xx)/7 + d**x4xx**9xacot(axx)/9 + c**4xlo
g(x*x2 + a*x*x(-2))/(2*%a) + 2xc**3*xd*x**2/(3%a) + 3Ikcx*2kd**2kx**4/(10%a) +

2xcxd**3xx*x6/ (21*%a) + dx*4xx*x*8/(72%a) — 2kcx*3xdxlog(x**2 + ax*x(-2))/(3*
a**3) — 3kckk2kdx*kkx*k*x2/ (5ka**x3) — ckdx*k3kx**4/(T*a**x3) — d¥x*xdxx*x*6/(54*a
*¥*k3) + 3kck*2xd*x2x1og(x**2 + ax*k(-2))/(5*a*x5) + 2kckd**3kxx*2/(T*ax*5) +
d¥*4*xx*4/ (36%a*x5) — 2xckd**3xLlog(x**2 + ax*(-2))/(T*axx7) - d¥x*dxx*x2/(
18%a*xx7) + dx*4xlog(x**2 + ax*(-2))/(18%ax*9), Ne(a, 0)), (pix(cx*4*x + 4
ck*3kdxx**3/3 + Gxck*x2*kdA**k2xx**x5/5 + 4dxckxd**3kxx*k*x7/7 + dx*xdxx*x9/9)/2, Tru
e))

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 226, normalized size of antiderivative = 0.93

/ (c+ dm2)4 cot™'(ar) dx

1 (105 a®d*z8 + 20 (36 a®cd® — 7 a*d*)z® + 6 (378 aSc2d® — 180 a*cd® + 35 a’d*)z* + 12 (420 aSc3d
= a
7560

1
+—§I§(35a¢x94—1800d3x74—37802d%r5+—42003dx34—315c4x)arccot(ax)

a8

input integrate((d*x~2+c) “4*arccot(a*x),x, algorithm="maxima")

1/7560%a* ((105*%a~6*xd"4*x~8 + 20%(36%a”~6*c*d~3 - 7*a~4*d~4)*x"6 + 6*(378*a”
6*%c”2%d"2 - 180*a”4*c*d~3 + 35*%a”2*xd"4)*x"4 + 12*(420%a”~6*c”3*xd - 378*a"4x*
c”2*%d"2 + 180*a”2*xc*d~3 - 35*%d"4)*x"2)/a"8 + 12*%(315*xa~8*c”"4 - 420*a"6*c”3
xd + 378%a”4*xc”2*d"2 - 180*a”2xc*d~3 + 35*xd~4)*log(a~2*#x"2 + 1)/a~10) + 1/
315%(35%d"4*x"9 + 180*c*kd"3*x"7 + 378*%c”2*d"2*x"5 + 420%c”3*d*x"3 + 315*c”
4xx)*arccot (a*x)

output
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Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 347, normalized size of antiderivative = 1.42

/ (c+ da:z)4 cot ™! (ax) dz

1 24 <35 a4 18220d3 4 78?4 4208 4 3lfsc4>$9 arctan (1) (105 dt 4 72(x)2cd3 | 2268¢%d 140

T T 4 a?x
+

~ 7560 a

inputLintegrate((d*xA2+c)“4*arccot(a*x),X, algorithm="giac") J

1/7560% (24%(35%¥d"4 + 180*c*d~3/x"2 + 378%c”2%d"2/x"4 + 420*c~3*d/x"6 + 315
*c~4/x"8)*x"9*arctan(1/(a*x))/a + (105%d~4 + 720*c*d~3/x”"2 + 2268*c”~2%d"~2/
x"4 - 140%d"4/(a"2*x"2) + 5040*c~3*d/x"6 - 1080*c*d~3/(a”~2*x"4) + 7875%c"4
/x"8 - 4536*c~2xd"2/(a”2*x"6) + 210%d"4/(a~4*x~4) - 10500%c~3*d/(a”2*x"8)
+ 2160*c*d"3/(a~4*x"6) + 9450*%c”~2*xd"2/(a"4*x"8) - 420*d~4/(a"6*x"6) - 4500
*c*d~3/(a"6*%x"8) + 875%d"4/(a"8*x"8))*x"8/a"2 + 12*x(315*%a"~8*c~4 - 420*a”6x*
c™3xd + 378*%a"4*c”2*d"2 - 180*a~2%c*d~3 + 35xd"4)*log(1l/(a"2*x"2) + 1)/a"1
0 - 12%(315%a~8*c~4 - 420*%a"6*c”3*d + 378*a~4*xc~2*xd"2 - 180*a"2*c*d"3 + 35
*d~4)*xlog(1/(a~2%x~2))/a~10) *a

output

Mupad [B] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 234, normalized size of antiderivative = 0.96

/ (c+ davz)4 cot ™! (az) dz

4c2dax3 + 6 c? d? z° + 4eddx” N d* z°
3 5 7 9

= acot(ax) (04 z+

d*  acdd

3 2 42 4 dedd
) [ P+ 85 284 x6<d4 2cd3) z4<9%— ed 302d2>

-7 - 5443 2la 4a? 104

2a? 3a
In(a?z?+1) (315a®c* —420ac®d + 378 a** d* — 180a’ cd® + 35d*) ~ d* B
+ +
630 a® 72a

inpup| 10t (acot (@xn)*(c + d¥x"2)4,x) J
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acot (a*x)*(c~4*x + (d"4*x79)/9 + (4*c~3*d*x"3)/3 + (4xc*d~3*x"7)/7 + (6*%c”
2%d"2%x75)/5) - x"2x(((d"4/(9*%a"3) - (4*c*xd~3)/(7*xa))/a"2 + (6%c~2%d"2)/(5
*a))/(2xa~2) - (2*c~3*d)/(3*a)) - x"6x(d"4/(54*a"~3) - (2*c*d"3)/(21*a)) +

x"4x((d"4/(9%a"3) - (4*c*d~3)/(7*a))/(4*a~2) + (3*%c~2+%d"2)/(10*a)) + (log(
a~2*xx"2 + 1)*(35%d"4 + 315%a~8*c”4 - 180*a~2%c*d~3 - 420*%a~6xc”3*d + 378*a
~4xc”2*d"2))/(630%a”9) + (d~4*x"8)/(72%*a)

output

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 296, normalized size of antiderivative = 1.21

/ (c+ dav2)4 cot ™! (az) dz
_7560acot(azx) a’c*z + 10080acot(ax) a’c®d z* + 9072acot(ax) a®cd?x® + 4320acot(ax) a’c d®z” + 840a

input Lint ((d*x~2+c) “4*acot (a*x) ,x) J

(7560*acot (axx) *a**9kck*x4d*xx + 10080*acot (a*x)*a*xx9*kcx*k3xd*x**3 + 9072*acot
(a*x) *xa*x*xQ*kcx*2xd**2xx*x*x5 + 4320*acot (a*x)*a*x*x9*kcxd**x3*x**7 + 840*acot (a*x
) *ax*xOkd*k*k4*xx**9 + 3780%1log(a**2xx**2 + 1)*ax*8*c**x4 — 5040%1log(a**2xx**2
+ 1)*axx6xck*x3xd + 4536%1og(ax*2*x**2 + 1)*ax*dxcx*2xd*x*2 — 2160xLog(a**2x*
xkx2 + 1)*axx2xckd**3 + 420xLlog(a**2xx**2 + 1)*d**x4 + B040*a**8*Ck*3kd*x**
2 + 2268*xa*xx8kckk2kdk*k2kxkk4d + T20%ka*k8kckd*x*k3kxx*k*k6 + 105ka*k8kd**k4kx*x*8 —
4536*a*xk6xck*k2xd**x2xx**x2 — 1080%ax*Gxckd*x*3xx*x*k4d — 140%a*x*Gkd**d*xx**6 + 2
160*%axkxdkckd**3*x**2 + 210*axxdxdxkxdkxk*kd — 420%a**2xd*x*x4xx*x*2) / (7560*a**9

)

output




output
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3.2 [ (c+ dz?)’ cot™}(az) dz

Optimal result . . . . . . . . . . . . . e 531
Mathematica [A] (verified) . . . . . . . . ... .. L 52
Rubi [A] (verified) . . . . . . .. . . 52
Maple [A] (verified) . . . . . . . . ... !
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 5%
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 5%
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 56
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 56
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... bYi
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 57

Optimal result

Integrand size = 14, antiderivative size = 168

N3 1 _ d(35a*c® — 21a’cd + 5d®) z* | (21a’c — 5d) d*z*
/ (c+ dz?)” cot™'(az) dz = 008 + 14043
d3z®
+ e + Az cot ™ (az) + c?dx® cot ™! (ax)

1
+ gcd2x5 cot *(azx) + ?d3a:7 cot*(ax)
N (35a8¢® — 35ac?d + 21a%cd? — 5d3) log (1 + a®z?)

70a”

‘1/70*d*(35*a‘4*c‘2—21*a‘2*c*d+5*d‘2)*x‘2/a‘5+1/140*(21*a‘2*c—5*d)*d‘2*x‘4/
‘a“3+1/42*d‘3*x‘6/a+c‘3*x*arccot(a*x)+c“2*d*x‘3*arccot(a*x)+3/5*c*d‘2*x‘5*a
‘rccot(a*x)+1/7*d“3*x‘7*arccot(a*x)+1/70*(35*a“6*c‘3-35*a‘4*c“2*d+21*a“2*c*
|d"2-5%d"3)*1n(a"2%x"2+1) /a"7
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.89

/ (c+ dx2)3 cot *(az) dzx

_ a?dz®(30d? — 3a%d(42c + 5dx?) + a*(210¢? + 63cdz? 4+ 10d%z?)) + 12a7x(35¢ + 35¢%da?® + 21cd®z* + !
B 42047

input‘ Integrate[(c + d*x~2)73*ArcCot [a*x],x]

output‘ (a™2xd*x" 2% (30*d"2 - 3*a"2*d*(42%c + 5xd*x"2) + a~4*(210%c™2 + 63*cxd*x"2 \
\+ 10%d"2*%x"4)) + 12%a~T*x*(35%c”3 + 35kc™2*d*x"2 + 21*xcxd"2*x"4 + 5xd"3*x” \
|8)*ArcCot [a*x] + 6%(35%a~6%c™3 - 35%a~4*c™2xd + 21¥a”2%cxd™2 - 5%d"3)*Logl
1+ a"24x72])/(420%a"7)

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.357, Rules

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/cot_l(a:c) (c+ dm2)3 dz
| 5448
5d320 + 21cd*z* + 35c2dx? 4 35¢3
a/ 2(5d%° + 305 (;w-;+ 10) v doe )dx—i-c?’a:cot_l(aa:) + ?dx3 cot ™Y (ax) +
1
gcd2w5 cot ™ (az) + ?d3w7 cot ™1 (az)
| 27
5d320 + 21cd*z* + 35c2dz? + 35¢
31511/ z(5d%° + ca23;2—-|'- i ¢ dr T+ Se )da:+c3xcot_1(ax) + ?dx cot ™Y (az) +

1
%cdza:5 cot ™ (azx) + ?d3w7 cot ™1 (az)
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| 2331
1 5d3z6 + 21cd?z? + 35¢%dx® +35¢3 , 5, 5 4 9.3 .1
70a/ a2m32 1 dalﬁ + c’zcot™ (ax) + c*dz® cot™ (azx) +
5cd2:c5 cot ™ (azx) + ?d3:c7 cot ™1 (az)
| 2389

1 5d3z*  (21a’c — 5d) d*z®  d(35c%a* — 21cda® + 5d?)  35c%a® — 35c2da’ + 21cd?a® — 5d° )\ | ,
a/ 5— + 1 + 6 + 67 9.3 dz"+
70 a a a ab (a?2? + 1)

1
Az cot™(az) + 2dz3 cot ™ (azx) + gcd2z5 cot ™ (az) + ?d3a:7 cot ™1 (ax)

l 2009

1 (5d%2% d?z*(2la’c—5d) dz*(35a%c? — 21a%cd + 5d?)  (35a°c® — 35a*c?d + 21a’cd? — 5d3) log (a?
-—a + +
70 3a? 2a* ab ad

1
¢’z cot™" (az) + c*dz® cot™ (az) + §Cd2z5 cot™ (az) + ?dgﬂ cot ™ (ax)

input ‘\Int[(c + d*x~2) "3*ArcCot [a*x] ,x]

‘c“B*x*ArcCot [a*x] + c~2*d*x~3*ArcCot[a*x] + (3*c*xd~2%x"5*ArcCot[a*x])/5 + ‘
\ (d~3*x"TxArcCot [a*x]) /7 + (a*((d*(35%a~4*c”2 - 21*a~2*c*xd + 5*d~2)*x"2)/a” \
\6 + ((21%a~2%c - 5%d)*d~2*%x"4)/(2*%a~4) + (5*d~3%x"6)/(3*a"2) + ((35%a~6*c" \
‘3 - 35%a~4xc”2*%d + 21*a~2%c*d"2 - 5*%d~3)*Log[l + a~2*x"2])/a"8))/70 ‘

output

Defintions of rubi rules used

N

rule 27‘Int[(a_)*(FX_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma |
‘tchQ[Fx, (b)*(Gx_) /; FreeQlb, x1] |

rule zoogtlnt [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u] J




rule 2331

rule 2389

rule 5448

input

output
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Int[(Pq ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[1/2 S
ubst [Int [x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x~2], x] /;
FreeQ[{a, b, p}, x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]

Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pg*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
» 01 Il EqQ[n, 11)

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x"2)"q, x]}, Simp[(a + b*ArcCot [c*x]) u,
x] + Simp[b*c Int[SimplifyIntegrand[u/(1 + c"2*x~2), x], x], x]] /; FreeQ
[{a, b, c, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 01)

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.99

method result
<d(%(141123:6+%}aZ
of A3 T
327 t d2 5 t
parts £ (az) 4 Sedw 2 (@2) | ¢2d 3 arccot (az) + Az arccot (az) +

3562a6dm2 +21c a.6d2ac4 _21c a4d2a:2 +@
2 4 2

3a arccot(az)c d2z5 | a arccot(az)d327
s + +

arccot(azx)c3az+a arccot(ax)c?d z3+

derivativedivides - p
26, 2 6,2 4 4.2 2 :
arccot(ax)cSax+a arccot(ax)czdz?’—}—?’a arccot(am)cdzz5+a arccot(am)d3$7+ 85¢ aé dz +2lca4d z _2lca2d z -4-M

default 5 7 ~
parallelrisch 60z” arccot(az)a’d3+252x5 arccot (azx)a” c d2+10d3 a6 +42023 arccot(ax)a’ c?d+63c abd?z*+420z arccot(az)a’c
. id3z" In(—iaz+1 i(5d3z7+21d%cx5+35c%d 23+-35c3x) In(iaz+1) 327 ic3x In(—iaz+1 3red:
risch — ; n ) 4 ( s ) +ada’ _ ( ) 4 med

Lint ((d*x~2+c) “3*arccot (a*x) ,x,method=_RETURNVERBOSE)

‘1/7*d‘3*x“7*arccot(a*x)+3/5*c*d“2*x‘5*arccot(a*x)+c“2*d*x‘3*arccot(a*x)+c‘
\3*x*arccot(a*x)+1/35*a*(1/2*d/a“6*(5/3*a‘4*d“2*x‘6+21/2*a“4*c*d*x“4+35*a“4
‘ *CT2xx"2-5/2%a”2%d"2*%x"4-21*a " 2*xcxd*xx"2+5%d"2*x"2) +1/2% (35%a~6*c~3-35%a"4*
‘ c”2*%d+21*a~2*c*d"2-5%d"3) /a"8*1n(a”~2*x"2+1))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.99

(c+ dx2)3 cot *(az) dzx

_ 10a%d®z® 4 3 (21 aScd? — 5a*d®)z* 4 6 (35 aSc®d — 21 a*cd® + 5 a’d®)z? 4+ 12 (5a’d*z" + 21 a"cd?x® +
B 420 a7

integrate ((d*x~2+c) “3*arccot(a*x),x, algorithm="fricas")

inputt

p
\1/420*(10*a‘6*d“3*x‘6 + 3% (21*%a"6xcxd~2 - 5%a~4*d"3)*x"4 + 6*(35%a~6xc"2*d
‘ - 21%a"4%c*d"2 + 5%a"2%d"3)*x"2 + 12%x(5%a”~7*d"3*%x"7 + 21*%a”~T*c*d"2*x"5 +

‘35*a“7*c‘2*d*x‘3 + 36%a”~T7*xc " 3*x)*arccot(a*xx) + 6*%(35%xa~6xc~3 - 35%xa~4*xc” 2%

.
output
Ld + 21%a”2*cxd"2 - 5xd"3)xlog(a™2*x"2 + 1))/a"7 J

Sympy [A] (verification not implemented)

Time = 0.45 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.45

/ (c+ dxz)3 cot™!(az) dz

3 2, 1
7 acot (ax) + c”log (ac +¢T2) c2dz? + 3cd?z* + d3z8 ¢

3 2313 3cd?x® acot (ax) d3z
c*z acot (ax) + c*dz’ acot (az) + s + - S e e o

2.5 3.7
W(03x+c2dx3+30d5m _I_d7z )
2

input‘1ntegrate((d*x**2+C)**3*acot(a*x),x)

Piecewise ((c**3*x*acot (a*xx) + c**x2*d*x*x3*acot(a*x) + 3kckxd**2xx**x5*acot(a
*x) /5 + d**3*x*k*T*acot(a*x)/7 + c**3xlog(x**2 + ax*(-2))/(2%a) + c**2*d*x*
*x2/(2%a) + 3xckdx*2kx*k*4/(20%a) + d**3*x**6/(42%a) - c**2xd*log(x**2 + a**
(-2))/(2%a**x3) - 3kckd**2xx**2/(10%a*x*3) — d*x*3*kx**4/(28%a*x*3) + 3kckd*x*2*
log(x**2 + a**(-2))/(10%a**5) + d**3*x**2/(14*ax*5) — dx*3xLog(x**2 + ax*(
-2))/(14xa*x7), Ne(a, 0)), (pik(c**3*x + cx*2xd*x**3 + 3kckd**2xx**5/5 + d
*%3xx**7/7) /2, True))

output
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 159, normalized size of antiderivative = 0.95

/ (c+ dm2)3 cot *(az) dzx
1 (10 a*d3z8 + 3 (21 a'ed? — 5a%d®)z* + 6 (35 a'c?d — 21 a®cd? + 5 d3)x? N 6 (35a8c® — 35ac’d +

~a20” p;
1
+ 3 (5d°z" + 21 cd’z® + 35 °dz® + 35 ¢*x) arccot (az)
inputLintegrate((d*XA2+C)A3*arccot(a*x),x, algorithm="maxima") J

output‘ 1/420%ax ((10*a~4*d~3*%x"6 + 3*(21*a~4*xc*d~2 - 5*a”~2*%d"3)*x"4 + 6% (35*%a~4*c” \
2%d - 21*xa"2xcxd”2 + 5*d"3)*x"2)/a"6 + 6x(35xa~6xc”3 - 35%a"4*c"2xd + 21*a
\“2*c*d“2 - 5xd"3)xlog(a”2*x"2 + 1)/a"8) + 1/35x(5*d"3*x"7 + 21*kcxd~2*x"5 + \
‘ 35%c"2*d*x”3 + 35%c”3*x)*arccot (a*xx)

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.50

/ (c+ dx2)3 cot™*(ax) dx

1 (12 <5 d3 + 2Led® 4 35¢%d 4 3253)367 arctan (=)

x2 x4 2 x4 a?x? x6 a2zt
= —+ 5
420 a a

2 2 3 3 2
<10d3 4 63cd® | 210c%d _ 1543 4 385¢° _ 126cd

input ‘ integrate ((d*x~2+c) “3*arccot (a*x) ,x, algorithm="giac")

1/420%(12% (5*%d~3 + 21*c*d~2/x"2 + 35%c~2*d/x"4 + 35*c”3/x76)*x"7*arctan(1/
(axx))/a + (10*%d"3 + 63*c*d~2/x"2 + 210*%c”~2*d/x"4 - 15*xd"3/(a"2*%x~2) + 385
*Cc"3/x76 - 126xc*d"2/(a"2*x"4) - 385*c”2xd/(a"2*x"6) + 30*%d~3/(a"4*xx"4) +
231*c*d~2/(a"4*x"6) - 55%d~3/(a"6*x"6))*x"6/a"2 + 6%(35*xa~6xc”3 - 35*a"4*c
“2%d + 21*%a”2xcxd"2 - 5xd"3)*log(1l/(a"2*x"2) + 1)/a"8 - 6x(35*%a"6xc”3 - 35
*xa~4*c"2xd + 21*a~2*c*d"2 - 5*d"3)*log(1l/(a”2*x"2))/a"8)*a

output
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Mupad [B] (verification not implemented)

Time = 1.20 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.13

d®x"acot(az) 3 In(a®x?+1)

/ (c+ diL'2)3 cot *(az) dz =  xacot(az) +

7 2a
_d3ln(a2x2+1) d3$6_d31‘4+d3:1:2
14 a7 42a 28a® 14a°
_c2dln(a2x2—|—1) 3cd?* In(a®2®+1)
20 10 5
2 dz? N 3cd? _ 3cd?s?
2a 20a £0%3
d t
+ ?dz®acot(az) + Sed’w gco (a2)
input Lint(acot(a*x)*(c + d*x~2)°3,x) J
output c~3*x*acot(a*x) + (d"3*x"T*acot(a*x))/7 + (c"3*log(a™2*x"2 + 1))/(2*%a) - (

d"3*log(a”2*x"2 + 1))/(14*a~7) + (d"3*x76)/(42*a) - (d"3*x"4)/(28%a"3) + (
d~3%x72)/(14*a~5) - (c~2xd*log(a~2*x"2 + 1))/(2¥a"3) + (3*c*d"2xlog(a”2*x"
2 + 1))/(10*%a"5) + (c™2*d*x"2)/(2*a) + (3*xc*d"2*xx"4)/(20*%a) - (3*cxd~2*x"2
)/ (10%a~3) + c~2*d*x"3*acot(a*x) + (3*cxd~2*x"5*acot(a*x))/5

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.23

/ (c+ dx2)3 cot™*(ax) dx
_ 420acot(ax) o’z + 420acot(ax) a’d x® + 252acot(ax) a’cd’x® + 60acot(azx) a’d*z" + 210log(a’z? -

input‘int((d*x"2+c)"3*acot(a*x),x)




output
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(420*acot (a*x) *a**7*c**3xx + 420%acot (axx)*ax*7T*kcx*2kdxx**3 + 252%acot (a*x
) kak*THckdx*2kx*x*k5 + 60*acot (a*x) xa*x*x7xd*x*x3*xx*x7 + 210xLlog(a**2*x**2 + 1)*
ax*x6xc*k*3 — 210%log(a*x*2xx**2 + 1)*a**dkcx*x2+d + 126*log(a**2kxx*x*2 + 1)*ax*
*2kcxkd**x2 — 30%log(a*x*2xx**x2 + 1)*d**3 + 210*a**Bkcx*x2kd*x**2 + 63ka**Gkc*
d**2kxk*4 + 10%a**xBkd**3xx**6 — 126%akkdkckdkk2kxx**2 — 15kak*kdxdsk*3kxk*kd +

30xa*x*x2*xd*xk3kx**2) / (420%a*x*7)
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3.3 [ (c+ dz?)? cot™(az) dz

Optimal result . . . . . . . . . . . . . e BYY)
Mathematica [A] (verified) . . . . . . . . ... .. L 59
Rubi [A] (verified) . . . . . . .. . . 60
Maple [A] (verified) . . . . . . . . ... 621
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .... 62
Sympy [A] (verification not implemented) . . . ... ... ... ... .. .... 63
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 63
Giac [A] (verification not implemented) . . . . . ... ... .. .. L. 64
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 64
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 65

Optimal result

Integrand size = 14, antiderivative size = 109

10a%c — 3d) dz® d?z* 2
(10a 0306;) ) do + 203; +02xcot_1(ax)+§cdx3 cot™*(ax)
N (15a*c* — 10a?cd + 3d?) log (1 + a*z?)

30ab

/ (c+ dx2)2 cot *(ax) dx =

1
+ 3d2w5 cot*(ax)

‘ 1/30*% (10*a~2*c-3*d) *d*x~2/a~3+1/20*d"2*x"4/a+c”2xx*arccot (a*x) +2/3*c*d*x"3 \

output
‘ *xarccot (a*x)+1/5*d"2*x"b*arccot (a*x)+1/30* (15%a~4*c~2-10%a"~2*c*d+3*d~2) *1n ‘
(a"2+x"2+1)/a"5 |
Mathematica [A] (verified)
Time = 0.03 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.89
(c+ d:B2)2 cot ™! (az) dz

_ a?d2?(—6d + a?(20c + 3dz?)) + 4a°x(15¢* + 10cdz? 4 3d*x*) cot ™! (az) + (30a'c? — 20a’cd + 6d°) log
a 60a’

input [Integrate [(c + d*x~2)~2*ArcCot [a*x] ,x] \J
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output‘ (a~2%d*x" 2% (-6%d + a~2%(20%c + 3*d*x~2)) + 4%a~b5*xx*(15%c™2 + 10%c*d*x~2 +
\3*d‘2*x“4)*ArcCot [axx] + (30%a"4*c™2 - 20%a"2*cxd + 6*d~2)*Log[l + a~2%x"2
1)/(60%a"5)

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.00,

number of rules _ 0.357, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 1576, 1140, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(aa:) (c+ da:2)2 dx

l 5448

/ w(3d2w4 + 10cdz? + 15c2)
a

2 1
2 -1 4 3 -1 2.5 -1
15 (22 + 1) dx + c“zcot™ (az) + 3cdac cot™ (az) + 5d z° cot™ (ax)

l 27

2 1
dz + 2z cot ™ (azx) + gcd:c?’ cot™(az) + gd2x5 cot ™ (ax)

1 / :c(3d2m4 + 10cdz? + 1502)
15

152 a’x?+1
l 1576

j;a 3d2z* + 10cdz? + 15¢2
30 a?z? +1

2 1
dz? + 2z cot™(azx) + gcda:3 cot ! (az) + gd2x5 cot 1 (azx)

l 1140

1 3d%z?  (10a’c—3d)d  15c%a* — 10cda® + 3d?
30" a? +

2, 2 -1
o (@22 1 1) ) dz* + c*z cot™ (az) +

2 1
gcda::)’ cot ™ (az) + gd2a:5 cot 71 (ax)

l’2009

1 (3d%c* dz?(10a?c—3d) (15a*c? — 10a’cd + 3d?) log (a’z? + 1)
-—a + +
30 2a? at ab

2 1
xcot™ (azx) + gcda:3 cot™!(az) + gd%s cot ™! (az)
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input ‘ Int[(c + d*x~2) " 2*xArcCot [a*x],x] ‘

‘c"2*x*ArcCot [a*xx] + (2*c*d*x~3*ArcCot[a*x])/3 + (d~2*x"5*ArcCot[a*x])/5 + ‘
‘(a*(((lO*a“2*c - 3*%d)*d*x"2)/a"4 + (3*d~2*x"4)/(2*%a"2) + ((15*xa"4*c~2 - 10 ‘
L*a"Z*c*d + 3*%d"2)*Log[1 + a~2%x~2])/a"6))/30 J

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
1tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1] ‘

rule 1140 Int[((d_.) + (e_)*(x)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*xx"2)7p, x], x] /;
FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, O]

rule 1576 TRELGEI*((A) + (e_)*(x)72)7(q_)*((a) + (b_.)*(x)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x) g*(a + b*x + c*x~2)7p, x]
, x, x~2], x] /; FreeQ[{a, b, c, 4, e, p, q}, x]

rule 2009 LInt fu_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

5448\1nt[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
'01] :> With[{u = IntHide[(d + e*x"2)"q, x]}, Simp[(a + b*ArcCot[c*x]) u,
‘x] + Simp[b*c  Int[SimplifyIntegrand[u/(1 + c~2*x72), x], x], x]] /; FreeQ ‘
‘[{a, b, ¢, d, e}, x] & (IntegerQlql || ILtQ[q + 1/2, 01) ‘

rule
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Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.96

method result
d 3a2da:4+10a2cz2—3d:1:2 15a4c2—10a2cd-}
a 2 +
4
d?z5 arccot(ax) 2cd 28 arccot(azx) 2 2a 2
parts z + 3 + c*x arccot (ax) + B
244 222 (15a%c2-10a2cd+3d?)In(a2z2+1
arccot(ax)c2ax+ 2a arccot(az)odm3+a arccot(ax)d2m5 +50a4d w2+3d i Iy % = +( . 5 ) (
derivativedivides 3 5 ~ 15a
2 4 4 2,2 2 15a4c2710azcd+3d2 In a2z2+]
arccot(ax)c2ax+ 2a arccot(az)cdm3+a arccot(az)d2x5+5C‘14dz2+3d i z= _3a g z +( . 5 ) (
default 3 5 . 15a
llelrisch 122° arccot(az)a®d? +40z° arccot(az)a’® cd+3d2az*+60c? arccot(az)z a®+20c a*d 22430 In(a?z2+1) a*c? —6a2d?a
parallelrisc L]
. i(3d%254+10cd 23 +15c2z) In(iaz+1 id225 In(—iaz+1 25 icd z° In(—iax+1 3 ic’z ]
risch ( ) ( )_Z z° In( zaa:+)_+_7rd;1; _dcdx® In( za:c+)+7rcdq; _ic?zIn(
30 10 10 3 3
inputLint((d*x‘2+c)“2*arccot(a*x),x,method=_RETURNVERBOSE) J

¢ ‘ 1/5%d~2*x"5*arccot (a*x)+2/3*c*xd*x~3*%arccot (a*x)+c~2*x*arccot (a*xx)+1/15%ax*( ‘
\ 1/2%d/a" 4% (3/2%a"2*xd*xx~4+10%a"~2xc*x"2-3*d*x"2)+1/2*% (15*%a~4*c~2-10*a~2*c*d+ \
\ 3%d~2) /a~6%1n(a"~2%x~2+1)) \

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.99

(c+ davz)2 cot *(az) dz

_ 3a*d?z* +2(10a'cd — 3a2d?)a? + 4 (3a°d*z® + 10 a’cdz® + 15 a®cPx) arccot (az) + 2 (15 a*c® — 10 a®
B 60 a®

inputLintegrate((d*x“2+c)‘2*arccot(a*x),x, algorithm="fricas") J

output‘ 1/60%(3*a~4*d"2*%x"4 + 2% (10%a~4*xc*xd - 3*a~2*%d"2)*x"2 + 4*(3*%a~5xd~2*x"5 + \
\10*a‘5*c*d*x‘3 + 15%a~B%c~2%x)*arccot (a*x) + 2%(15%a~4xc~2 - 10%a~2%c*d + \
|3xd"2)*log(a"2+x72 + 1))/a"5
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Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.39

/ (c+ davz)2 cot *(az) dzx

21, 241 cdlog (z2+-5
2 2cdz? acot (azx) d?z5 acot (azx) ¢ o8 <z a2> cdz? d?zt _ CCE\TT2)
| cPzacot (az) + S + 5 + 5a T 5 T 0 343
7r<c2w+72°‘?3 +7d2§”5)
2
. ; Kk kD+C ) Kok Dk *
input Llntegrate((d X**2+c) **2%acot (a*x) ,x) J

Piecewise ((c**2*x*acot (a*xx) + 2kckxd*x**3*acot(a*x)/3 + dx*2kx*x5*xacot (a*x)
/5 + cxx2xlog(x**2 + a*xx(-2))/(2*%a) + ckxd*x**2/(3*a) + dx*2xx**4/(20%a) -

ckdxlog(x**2 + ax*(-2))/(3xa*x*3) - d*x*2xx**2/(10*a**3) + d**2*log(x**2 + a
**x(-2))/(10*ax*5) , Ne(a, 0)), (pi*(c**2xx + 2kckxd*x**3/3 + d**2*x**5/5)/2,
True))

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.94

/ (c+ dac2)2 cot™!(az) dz

_ 1 " 3a’d?z* + 2 (10 acd — 3 d?)z? N 2(15a*c® — 10 a’cd + 3d?) log (a®z? + 1)
60 at ab
1
+ — (3d?z° + 10 cdz® + 15 c*z) arccot (az)

15

integrate ((d*x~2+c) "2*arccot (a*x),x, algorithm="maxima")

inputt

e \
\1/60*a*((3*a‘2*d“2*x“4 + 2% (10*a~2*%cxd - 3*d"2)*x"2)/a"4 + 2x(15%a~4*xc~2 - \
\ 10*a~2*c*d + 3*d"2)*log(a™2*x"2 + 1)/a"6) + 1/15%(3*d"2*x~5 + 10*c*d*x"3 \
‘+ 15%c~2%*x) *arccot (a*xx)

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.57

/ (c+ davz)2 cot *(az) dzx

2 4 ax 2 atxt

1 (4 <3d2—|— 10cd | 15°2>x5arctan (1) <3d2+ 20cd 4 45¢% _ 6d° _ 30cd 4 9d2>x4 . 2 (15 a*e? -

= +

60 a a?

input‘integrate((d*x‘2+c)‘2*arccot(a*x),x, algorithm="giac")

‘1/60*(4*(3*d”2 + 10*c*d/x”"2 + 15%c”2/x74)*x"5*arctan(1l/(a*x))/a + (3*d"2 + \
‘ 20*c*d/x"2 + 45*xc”2/x74 - 6+%d~2/(a"2*x"2) - 30*c*xd/(a”2*x"4) + 9*%d"2/(a"4 ‘
\*x‘4))*x‘4/a‘2 + 2% (15*%a~4*c”2 - 10*a~2*c*d + 3*d~2)*log(1l/(a"2*x~2) + 1)/ \
‘a"G - 2x(15%a"4*c”2 - 10%a"2*cxd + 3*d~2)*log(1l/(a"2*x"2))/a"6)*a ‘

output

Mupad [B] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.06

/ (c+ dxz)2 cot ™! (az) dz

2 2.2 2.2 2 2.2
4 (c ln(a T +1) d2 24 cdz?\ 2 (d2a? cdln(a z +1) d ln(a z +1)
a ( 2 + %0 T3 T 3 10

= —
d?>z° acot(az) 2cdzx®acot(ax)

2
t
+ c*zacot(azx) + 3 3

int (acot (a*x)*(c + d*x~2)"2,x)

inputt

(a~4*x((c™2%log(a~2*x"2 + 1))/2 + (d"2*x~4)/20 + (cxd*x"2)/3) - a~2*((d"2*x

output‘
‘“2)/10 + (cxdxlog(a~2*x"2 + 1))/3) + (d"2*log(a~2*x"2 + 1))/10)/a"5 + c~2%

x*acot (a*x) + (d~2*x"5*acot(a*x))/5 + (2*cxd*x~3*acot(a*x))/3
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Reduce [B] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.19

/ (c+ davz)2 cot *(az) dzx

_ 60acot(az) a’c*x 4 40acot(azx) a’cd &* + 12acot(ax) a®d?z® + 30log(a®z? + 1) a’c® — 20log(a’z? 4 1) c
a 60a®

input ‘\int((d*x 2+c) ~2*acot (a*x) ,x) |

‘(60*acot(a*x)*a**5*c**2*x + 40*acot (axx) xa*x*x5xc*xd*x**3 + 12*acot (axx)*ax*5
‘*d**Q*x**s + 30*log(a**2xx**x2 + 1)*a*x*dxc*x*x2 — 20x1log(a**2*kx**2 + 1)*a*x2x*
‘c*d + 6*xlog(ax*2xx**2 + 1)*d**2 + 20kax*4*xckd*x**2 + Jkaxxdxd**2xx*x4 - 6%

output
‘a**2*d**2*x**2)/(60*a**5)




output

input
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3.4 [ (c+ dz?) cot™(az) dz

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)

Giac [A] (verification not implemented)

Optimal result

Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Integrand size = 12, antiderivative size = 58

2

Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)

/ (c + dw2) cot_l(a:c) dr = % +cx cot_l(az) + %dw?’ cot"l(ax)
" (3a%c — d)log (1 + az?)

6a3

‘1/6*d*x‘2/a+c*x*arccot(a*x)+1/3*d*x‘3*arccot(a*x)+1/6*(3*a‘2*c—d)*ln(a‘2*x

“2+1)/a"3

N\

Mathematica [A] (verified)

J

Time = 0.01 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.16

2

1
/ (¢ + da?) cot™ (az) dz = % + cz cot ' (azx) + gdm‘q‘ cot™*(ax)

N clog (1+a*z?) dlog (1 +a*a?)

2a

6a3

Integrate[(c + d*x~2)*ArcCot [a*x],x]
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‘ (d*x~2)/(6*a) + cxx*kArcCot[a*x] + (d*x~3*ArcCot[a*x])/3 + (c*Logl[l + a~2*x ‘

output
L"Q])/(Q*a) - (d*Log[1 + a~2xx~2])/(6%a"3) J

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 353, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(aw) (c+dz?) dz

l 5448

1

3 dz? cot™!(ax)

dz + cx cot ™ (az) +

l 27

1
dx + cx cot ™ (az) + gdx:)‘ cot ™1 (az)

a/ a:(da:2 + 3c)

3(a222 +1)

1 L/“x(de—F3c)

ga a?z? +1

| 353

1 [dz?+3 1

6a/ %dﬁ + cxcot~L(azx) + gdx?’ cot™!(ax)
| 49

1 3a’c—d d 9 1 |
a/ (a2+a2> dz* + cx cot (aa:)-l—gdx cot™ (ax)

6 (a?z2 + 1)
l 2009
1 2 (3a%c—d)l 222 +1 1
6a<d:2 4+ ( ac ) ;)f (a x+ ) +cx cot_l(a:v) + gdwg’ cot_l(ax)

e

LInt [(c + d*x~2)*ArcCot [a*x] ,x]

~—

input




CHAPTER 3. LISTING OF INTEGRALS 68

‘c*x*ArcCot[a*x] + (d*x"3*ArcCot[a*x])/3 + (a*x((d*x"2)/a"2 + ((3*xa~2*c - d)

output
*Loglt + a"2#x"2))/a™9)/6 J
Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 49 Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int

[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, 0]

rule 353 IELGx* (@) + (b_)*(x)"2)7(p_.)*((c) + (d_.)*(x_)"2)7(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + b*x) px(c + d*x)~q, x], x, x~2], x] /; FreeQl
{a, b, ¢, 4, p, q}, x] && NeQ[bxc - axd, 0]

rule 2009 LIH" [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk35448‘Int[((a—') + ArcCot[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
‘ol] :> With[{u = IntHide[(d + e*x"2)"q, x]}, Simp[(a + b*ArcCot [c*x]) u,
‘x] + Simp[b*c  Int[SimplifyIntegrand[u/(1 + c"2*x72), x], x], x]] /; FreeQ
‘[{a, b, c, d, e}, x] && (IntegerQ[ql || ILtQ[lq + 1/2, 0])
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Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98

method result
@ %4_ (3a2c—d) 1n4(a2a:2+1)
d z3 arccot(azx) 2a Za
parts ——5 — +cx arccot (ax) + 3
2,2 3u20—d In a2z2+1
arccot(ax)cax—i—a arccot(az)d z3 + = %m + ( 2) 5 ( )
derivativedivides s - =
2, 92 3 2 —d) 1 2 2+1
arccot(ax)cax—i—a arccot(az)d z3 + & %z +( il ) ;(a z )
default 2 - s
. 2z3 arccot(az)a®d+6z arccot(ax)a’ct+a?dz?+31n(a%z2+1)a%c—In(a’z2+1)d
parallelrisch 63
3 i(d x3+3cz) In(iaz+1) id z3 In(—iaz+1) wd 3 icz In(—iaz+1) ex dx? ln(—a2x2—1)c
risch 6 - 6 %6 — 2 t ot e v 5
input Lint ((d*x~2+c) *arccot (a*x) ,x,method=_RETURNVERBOSE) J

‘ 1/3*d*x~3*arccot (a*x)+c*x*arccot (a*x)+1/3*a*x(1/2+*d/a”~2*x~2+1/2* (3*a"~2*c-d) ‘

output
/a"4x1n(a”2%x"2+1)) |

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98

/ (c+ dz?) cot ' (az) dz
_ a?da? + 2 (a*dx® + 3alcx) arceot (az) + (3a’c — d) log (a®z? + 1)

6 a3
inputLintegrate((d*x‘2+c)*arccot(a*x),x, algorithm="fricas") J
outputll/e*(ah2*d*xﬁ2 + 2% (a"3%d*x"3 + 3*a”~3xc*x)*arccot(a*xx) + (3*a"2xc - d)*log

‘(a“2*x‘2 + 1))/a"3 ‘
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Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.26

/ (c + dz®) cot™'(az) dz

dx3 acot (ax) clog (9324'(%2) dlog <m2+%>

cx acot (azx) + 3 + - g M) a0
= o
W(wz = otherwise
inputLintegrate((d*x**2+c)*acot(a*x)’x) J

‘Piecewise((c*x*acot(a*x) + dxx*k*3*acot (a*x)/3 + c*xlog(x**2 + a**(-2))/(2*a ‘
)+ d¥x#x2/(6%a) - dvlog(x#*2 + ax*(-2))/(6%a**3), Ne(a, 0)), (pi*(ckx +d
*x*%3/3)/2, True)) |

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.91

2 2., _ 2,2
/(c+dx2)cot—1(ax)dx:éa(%Jr(3a0 d)I;g(a:c +1))

1
+ 3 (dz® + 3 cx) arccot (az)

-/

p
input Lintegrate ((d*x~2+c)*arccot (a*x) ,x, algorithm="maxima")

‘1/6*a*(d*x‘2/a‘2 + (3%a”2*c - d)*log(a™2*x"2 + 1)/a"4) + 1/3x(d*x"3 + 3*c*
x) *arccot (a*x)

N J

output
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.71

( + dz*) cot ™' (az) dx
1 (204 )P aetan (4) | (445 - ) (e d)log (g +1) _ (e~ dlog ()
== + + _
6 a? at at y
input Lintegrate ((d*x~2+c)*arccot (a*x) ,x, algorithm="giac") J

¢ 1/6%(2x(d + 3xc/x"2)*x"3+arctan(1/(axx))/a + (d + 3xc/x"2 - d/(a”2%x"2))*x
"2/a”2 + (3%a”2%c - d)*log(1/(a"2*x"2) + 1)/a”4 - (3*a~2xc - d)*log(1/(a"2
*x72))/a"4)*a |

outpu

Mupad [B] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.07

d ln(a2 :1;2-|—1) 9 (c ln(a2 $2+1) dz?
/( +d 2)00’5_1( )d dg;3acot(a,:1;) — 6 @ (T"‘T)
c X ar €T = _
3 a3
+ cz acot(ax)
input Lint(acot(a*x)*(c + d*x"2),x%) J
output‘ (d*x~3*acot(a*x))/3 - ((d*log(a~2*x~2 + 1))/6 - a~2*((c*log(a~2%x~2 + 1))/

2 + (d*x~2)/6))/a"3 + cxx*acot (a*x) ‘
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Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.16

/ (c + dz?) cot ' (az) dz

_ Bacot(az) a’cx + 2acot(ax) a*d x® + 3log(a’z® + 1) a’c — log(a’z® + 1) d + a’d z®
B 6a3

input Lint ((d*x~2+c)*acot (axx) ,x)

output‘ (6*acot (a*x)*a*x*3*ckx + 2%acot (akx)*ax*3*kdxx**3 + 3*log(ax*k2xx**2 + 1)*xa*x
‘2*c - log(a*x*2*x**2 + 1)*d + ax*2xd*x*x*2)/(6*a*x*3)
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3.5 [ @)y

c+dz?
Optimal result . . . . . . . . . . . . . e
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... re!
Rubi [A] (verified) . . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . . 78
Fricas [F] . . . . . . 79
Sympy [F] . . o o 79
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... . ... 79
Giac [F] . . . o o 801
Mupad [F(-1)] . . . R0
Reduce [F] . . . . . o ]l

Optimal result

Integrand size = 14, antiderivative size = 403

c + dx? 2/cVd 2\/cVd
. iz 2i\/cVd(i—ax)
iarctan (%) log ( (avevd) (ve-i dm))
2./cVd

; Vdz . 2i\/cVd(i+ax)
tarctan ( Ve > log( (avervd) (ve—s dx>)

2v/cVd

. 2i/cVd(i—ax)
PolyLog (2,1 (ave-va) (ve-i dw))

4,/cVd

Poton (1+ 2t

4/cVd

/ cot~ (az) o iarctan (%) log (1— %) iarctan (%) log (1+ %)

_|_

+



output

input

output

CHAPTER 3. LISTING OF INTEGRALS

74

1/2xI*arctan(d~(1/2)*x/c~(1/2))*1n(1-I/a/x)/c~(1/2) /4~ (1/2)-1/2*I*arctan(d
~(1/2)*x/c™(1/2))*1n(1+I/a/x)/c~(1/2) /d~(1/2)-1/2*I*arctan(d~(1/2)*x/c~(1/
2))*1n(2*I*xc~(1/2)*d~(1/2) *(I-a*x) /(a*c~(1/2)-d~(1/2))/(c~(1/2)-I*d~(1/2) *
x))/c™(1/2)/d~(1/2)+1/2*I*arctan(d~(1/2)*x/c”(1/2) ) *1n(-2*xI*c~(1/2)*d~ (1/2
)*(I+a*x)/(axc™(1/2)+d~(1/2))/(c”(1/2)-I*d~(1/2)*x))/c~(1/2)/d~(1/2)-1/4*p
olylog(2,1-2*%I*c~(1/2)*d~(1/2)*(I-a*x)/(a*c~(1/2)-d"(1/2))/(c~(1/2)-I*d~ (1
/2)*x))/c”(1/2)/d" (1/2)+1/4*polylog(2,1+2*T*c”~(1/2)*d" (1/2) * (I+a*x)/ (a*xc™(
1/2)+d~(1/2))/(c™(1/2)-I*d" (1/2)*x)) /c~(1/2)/d~(1/2)

Mathematica [A] (warning: unable to verify)

Time = 1.11 (sec) , antiderivative size = 716, normalized size of antiderivative = 1.

¢+ dz?

/ cot™!(azx) i

a2c—d v—a2cdx —a2cd

a (—2 arccos (“2”‘1) arctanh( ae > — 4cot_1(aa:)arctanh< ads ) - (arccos (

78

a’ct+d
a2c—d

> — 2iarctanh

r

LIntegrate[ArcCot[a*x]/(c + d*x"2),x]

| —

(ax(-2*ArcCos[(a~2*c + d)/(a~2*c - d)]*ArcTanh[(a*c)/(Sqrt[-(a~2*c*d)]*x)]
- 4xArcCot [a*x] *ArcTanh [ (a*d#*x) /Sqrt [-(a"2*c*d)]] - (ArcCos[(a"2*c + d)/(
a"2xc - d)] - (2*I)*ArcTanh[(a*c)/(Sqrt[-(a~2xcxd)]*x)])*Log[((2*I)*d*(I*a
~2%c + Sqrt[-(a”2*c*d)]1)*(I + a*x))/((a"2*c - d)*(Sqrt[-(a~2*c*d)] - axd*x
))] - (ArcCos[(a"2*c + d)/(a"2xc - d)] + (2*I)*ArcTanh[(a*c)/(Sqrt[-(a~2*c
*d)]*x)])*Log [ (2*d*(a~2*c + I*Sqrt[-(a~2*c*d)])*(-I + a*x))/((a~2*c - d)*(
-Sqrt[-(a~2*cxd)] + a*d*x))] + (ArcCos[(a™2xc + d)/(a"2*c - d)] + (2*I)*Ar
cTanh[(a*c)/(Sqrt[-(a~2*c*d)]1*x)] + (2+I)*ArcTanh[(a*d*x)/Sqrt[-(a"2*c*xd)]
1) *Log[(Sqrt [2] *Sqrt [-(a~2*c*d)])/(Sqrt [a~2*c - d]*E~ (I*ArcCot [a*x])*Sqrt[
-(a"2%c) - d + (a™2%c - d)*Cos[2*ArcCot[a*x]]])] + (ArcCos[(a"2%c + d)/(a~
2¥c - d)] - (2xI)*ArcTanh[(a*c)/(Sqrt[-(a"2*c*d)]*x)] - (2*I)*ArcTanh[(axd
*x) /Sqrt [-(a"2*c*d)]1]) *Log[(Sqrt [2] *Sqrt [- (a~2*c*d) ] *E~ (I*ArcCot [a*x])) /(S
grt[a~2#c - dl*Sqrt[-(a~2*c) - d + (a"2xc - d)*Cos[2*ArcCot[a*x]]]1)] + Ix(
-PolyLog[2, ((a”2%c + d - (2*I)*Sqrt[-(a~2*cxd)])*(Sqrt[-(a~2*cxd)] + a*dx
x))/((a"2xc - d)*(Sqrt[-(a~2*%c*d)] - a*d*x))] + PolyLogl[2, ((a"2%c + d + (
2*xI)*Sqrt [-(a~2*cxd)]) *(Sqrt [-(a~2*c*d)] + axd*x))/((a"2*c - d)*(Sqrt[-(a”
2xc*xd)] - axd*x))])))/(4xSqrt[-(a"2*c*d)])




CHAPTER 3. LISTING OF INTEGRALS 75

Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 629, normalized size of antiderivative = 1.56,

— 6, number of rules _ 429, Rules
integrand size

number of steps used = 6, number of rules used =
used = {5444, 2920, 27, 2005, 5411, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

cot™(ax)
—d
/ ¢+ dx? o

below.

| 54aa
1 flog(1—g) 1. [log(1+ )
5@ de — 5'& de
l 2920
; a arctan \/Ecw
L [ o ()11
2 Vevd a
aarctan(f“”) ; a
lz i) mdm N log (1+ -1) arctan (\/jz )
2 a \/E\/E

| 27

1 log (1 — 2 ) arctan (‘/}x) ) arcmn;(: )
VeV VeV
arctan ( Y4z )
1 2 (a—i-g)\:c[;)dm N log (1 + 2-) arctan (ng)
VeV NG

lzmm
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i z . rtn‘/a:
L(log(l—m)arctan(\/\/‘ja) _zfacz?az(_i‘g)dg;) ~

2 Ve Ve
\/Ez .
1 if%dm+log (1+2%) arctan(\/jg)
2\ vevd Vv
| 5411
. iarctan(%) iaarctan(‘/jg)
li log (1 — ﬁ) arctan (‘{jg) ~ if ( T - az—i dzx )
: NGV Ve
. ia arctan(%) ) arctan( ‘{/Eg )
1 if ( az+i B z dz log (1 + L) arctan (*@5’”)
2 Ve ' NG

l 2009

. A Nz 2iv/cvV/d(—az+i) 1  2i/ey
1 | log (1— L) arctan (‘/a“’> Z( varctan ( \/570) log ((aﬁ—x/&)( c—i dm)) 2 PolyLog (2’ 1 (a\ﬁ—\/%
71 —_—

2

vevd

S

Z(’ arctan (\/gm> log <— ( 2iy/Cv d(aati) ) + %PolyLog (2, ( 7 2i/cvd(ac+i) ) + 1) — tarctan (@\

1 ) Ve a\/E—l—\/E) (ﬁ—i dac) a—l—\/E) (ﬁ—i dx Ve,
2 Jevd
input LInt [ArcCot[a*x]/(c + d*x~2),x] J
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(I/2)*((ArcTan[(Sqrt[d]*x)/Sqrt[cl]*Logll - I/(a*x)])/(Sqrtlc]l*Sqrt[d]) -
(I*(I*xArcTan[(Sqrt[d]*x)/Sqrt[c]l]*Logl[(2*Sqrt[c])/(Sqrtlc] - I*Sqrt([d]*x)]

- I*ArcTan[(Sqrt[d]*x)/Sqrt[c]]1*Log[((2*I)*Sqrt[c]*Sqrt[d]*(I - a*x))/((a
*Sqrt [c] - Sqrt[d])*(Sqrt[c] - I*Sqrtl[dl*x))] - PolyLog[2, ((-I)*Sqrt[d]*x
)/Sqrt[c]]/2 + PolyLog[2, (I*Sqrt[d]l*x)/Sqrtlc]]/2 + PolyLogl[2, 1 - (2xSqr
t[c])/(Sqrtlc] - I*Sqrtl[dl*x)]/2 - PolyLogl[2, 1 - ((2*I)*Sqrt[c]*Sqrt [d]*(
I - a*x))/((axSqrtlc] - Sqrtld])*(Sqrtlc] - I*Sqrtld]*x))1/2))/(Sqrtlcl*sq
rt[d])) - (I/2)*((ArcTan[(Sqrt[d]*x)/Sqrt[c]]l*Logl1 + I/(a*x)1)/(Sqrtlc]*S
grt[d]) + (I*((-I)*ArcTan[(Sqrt[d]*x)/Sqrt[c]l*Logl[(2*Sqrt[c])/(Sqrtlc] -
I*Sqrt [d]*x)] + I*ArcTan[(Sqrt[d]#*x)/Sqrt[c]]*Logl((-2%I)*Sqrt [c]*Sqrt [d]x*
(I + a*x))/((a*Sqrtlc] + Sqrt[d])*(Sqrtlc] - I*Sqrtld]*x))] + PolyLogl2, (
(-I)*Sqrt [d]*x)/Sqrt[c]1/2 - PolyLogl[2, (I*Sqrt([d]*x)/Sqrtlc]]/2 - PolyLog
[2, 1 - (2*%Sqrtlc])/(Sqrtlc] - IxSqrt[dl*x)]1/2 + PolyLogl[2, 1 + ((2*I)*Sqr
t[c]*Sqrt [d]*(I + ax*x))/((axSqrtlc] + Sqrt[d])*(Sqrtlc] - I*Sqrtl[dl*x))]1/2
))/(Sqrt[c]*Sqrt[d]))

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[(Fx_)*(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.), x_Symbol] :> Int[x"(m
+ nxp)*(b + a/x"n) "pxFx, x] /; FreeQ[{a, b, m, n}, x] && IntegerQ[p] && Neg
Q[nl]

rule 2005

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2920 IatL((a_.) + Logllc_.)*((d)) + (e_)*(x))"(@_))"(p_)1*(b_.))/((£)) + (g_.)
‘*(x_)”2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*(a + bx*
‘Log[c*(d + e*xx™n)"pl), x] - Simp[b*exn*p Int[u*(x"(n - 1)/(d + e*x"n)), x
‘], x]] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] & IntegerQ[n]
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8

rule 5411

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_.)*((d_) + (e_
J*x(x_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p, (f*
x)"m*x(d + exx)"q, x], x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] && IGtQ[p, 0] &
& IntegerQ[ql && (GtQ[q, 0] || NeQ[a, 0] || IntegerQ[ml)

rule 5444

Int [ArcCot[(c_.)*(x_)1/((d_.) + (e_.)*(x_)"2), x_Symbol] :> Simp[I/2 1Int[
Logll - I/(c*x)]1/(d + e*x"2), x], x] - Simp[I/2 Int[Logl[l + I/(c*x)]1/(d +
exx~2), x], x] /; FreeQl{c, d, e}, x]

Maple [A] (verified)

Time = 2.10 (sec) , antiderivative size = 392, normalized size of antiderivative = 0.97

method result

i arctanh(%) In(—iaz+1) ln<w_;+w> n ln(—iax—i—l)ln(

a\/a+(—iam+l)d—d)

aved—d (

risch oved e

4ved

2, 4 2 2,4 2
iVa2ed arccot(az)In | 1— (a © )(aw+z) Va2cd polylog| 2, (a © )(MH_Z)
(a2w2+1) (a2c+2\/ azcd+d> m arccot(aa})z (a2w2+1) (a2c+2\/ 0.2calql
. . L. - 2cd - 2cd - 4cd
derivativedivides
2, 4 02 2.4 02
iV a2cd arccot(az)In| 1— (a h )(a(t+1) Va2ed polylog| 2, (a ° )(am+l)
(a212+1) (a2c+2\/ a20d+d) \/m arccot(am)z (a2:1:2+1) (a2c+2\/ azcd-}
- 2cd - 2cd - 4cd
default

-

input |

int (arccot (a*x) / (d*x~2+c) ,x ,method=_RETURNVERBOSE)

output

1/2%I*Pi/ (c*d)~ (1/2)*arctanh (1/2* (2% (1-I*a*x)*d-2*d)/a/(c*d) ~(1/2))-1/4*1n
(1-I*a*x)/(c*d) " (1/2)*1n((a*x(c*d) ~(1/2)-(1-I*a*xx) *d+d)/ (a*x(c*d) ~(1/2)+d) )+
1/4x1n(1-I*a*x)/(c*d)~(1/2)*1n((a*x(c*d) " (1/2)+(1-I*a*x)*d-d)/(ax(c*d) ~(1/2
)-d))-1/4/(c*d) ~(1/2)*dilog((a* (c*d) ~(1/2)-(1-I*a*x)*d+d)/(ax(c*d)~(1/2)+d
))+1/4/(c*d)~ (1/2)*dilog((a*(c*d) ~(1/2)+(1-I*a*x)*d-d) /(a*(c*xd)~(1/2)-d))-
1/4*1n(1+I*a*x)/(cxd) ~(1/2) *1n((a*x(c*d) ~(1/2) - (1+I*a*xx)*d+d) / (a*x(cxd) ~(1/2
)+d))+1/4*1n(1+I*a*xx)/(c*d) ~(1/2) *1n((a*(c*d) ~(1/2)+(1+I*a*x)*d-d) / (a*(cxd
)"(1/2)-d))-1/4/(c*d)~ (1/2) *dilog((a*x(c*d) " (1/2) - (1+I*a*x)*d+d)/ (a* (c*d) ~(
1/2)+d))+1/4/(c*d) " (1/2) *dilog((ax(c*d) " (1/2)+(1+I*a*x)*d—-d)/(a*(c*d) ~(1/2
)-d))
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Fricas [F]
cot™(az t
/ (az) gy — [ 2xeco (az) I
¢+ dz? dz? +c
inputLintegrate(arccot(a*x)/(d*x*2+c),x, algorithm="fricas")

Lintegral(arccot(a*x)/(d*x‘Q +c), x)

output
Sympy [F]
cot"'(az) , [ acot(ax)
/ erder ©T / a2
inputLintegrate(acot(a*x)/(d*x**2+c),X)

OutputLIntegral(acot(a*x)/(c + d*x*x2), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 528 vs. 2(263) = 526.

Time = 0.18 (sec) , antiderivative size = 528, normalized size of antiderivative = 1.31

cot™1(ax)
[ e

4 arctan(ax) arctan( L ) +4 arctan( Vo

8 arctan(az) arctan(d—“”) Ve Ve ’ave—Vd
Ved) _
a a
arccot (ax) arctan (j—%) arctan (ax) arctan (j—%)
+ +

Ved Ved

) +log(dz?+c) log <
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input‘integrate(arccot(a*x)/(d*x"2+c),x, algorithm="maxima")

output

input

outputt

input

-1/8*a*(8*arctan(a*x)*arctan(d*x/sqrt(c*d))/a - (4*arctan(a*x)*arctan(sqrt
(d)*x/sqrt(c)) + 4xarctan(sqrt(d)*x/sqrt(c))*arctan2(-a*sqrt(d)*x/(a*sqrt(
c) - sqrt(d)), -sqrt(d)/(a*xsqrt(c) - sqrt(d))) + log(d*x~2 + c)*log((a~2*c
*d + (a”4*cxd + a"2xd"2)*x"2 + 2*(a”3*d*x"2 + a*d)*sqrt(c)*sqrt(d) + 472)/
(a"4xc”2 + 6xa”2xcxd + 4x(a"3*c + a*xd)*sqrt(c)*sqrt(d) + d2)) - log(d*x~2
+ c)*log((a™2%cxd + (a~4*cxd + a~2*%d"2)*x"2 - 2*(a”3xd*x"2 + axd)*sqrt(c)
*xsqrt (d) + d72)/(a"4*c™2 + 6%a~2*cxd - 4x(a~3*c + a*d)*sqrt(c)*sqrt(d) + d
~2)) + 2+dilog((a~2*c + Ixaxd*x + (I*a™2*x + a)*sqrt(c)*sqrt(d))/(a"2*c +

2%axsqrt(c)*sqrt(d) + d)) + 2xdilog((a”™2*c - Ixa*xd*x - (I*a~2*x - a)*sqrt(
c)*sqrt(d))/(a"2xc + 2*akxsqrt(c)*sqrt(d) + d)) - 2*dilog((a~2*c + Ixa*d*x

- (Ixa™2*x + a)*sqrt(c)*sqrt(d))/(a"2*c - 2*axsqrt(c)*sqrt(d) + d)) - 2xdi
log((a™2*c - I*axd*x + (I*a"2*x - a)#*sqrt(c)*sqrt(d))/(a"2*c - 2*a*sqrt(c)
xsqrt(d) + d)))/a)/sqrt(c*d) + arccot(a*x)*arctan(d*x/sqrt(c*d))/sqrt(c*d)
+ arctan(a*x)*arctan(d*x/sqrt(c*d))/sqrt(c*d)

Giac [F]

cot™!(azx) arccot (azx)
oot \az) gy — [ Brocotier)
/ ¢+ dz? v dz? +c o

‘integrate(arccot(a*x)/(d*x”2+c),x, algorithm="giac")

integrate(arccot(a*x)/(d*x"2 + c), x)

Mupad [F(-1)]

Timed out.

/cot‘l(aw) e — / acot(a ) i

¢+ dz? dz?+c

-

Lint(acot(a*x)/(c + d*x~2),x)

-
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output Lint(acot(a*x)/(c + d*x~2), x)

Reduce [F]

cot™*(ax)
/ ¢+ dx? de

—acot(azx)’ a — 2 < J acot(az) dm) a’c+2 ( i acot(az) d:v) d

a2dzt+a?cx?+dz?+c a2dxi+a’cz?+dx?+c

2d

input Lint (acot (a*x)/(d*x~2+c) ,x)

‘( - acot(a*x)**2*%a - 2xint(acot(a*x)/(a*x*2kxcxx**2 + ax*2kd*x**x4 + c + d*x*
‘*2),x)*a**2*c + 2xint (acot (a*x)/(a**2xckx**2 + a*x*kd*xx**x4 + c + d*x**2),x
)*d)/(2%d)

output
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cot ™! (az)
3.6 [ (1) gy
(c+dz?)

Optimal result . . . . . . . . . . . . e 83|
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... !
Rubi [A] (verified) . . . .. . . ... .. i)
Maple [B] (verified) . . . . . . . . . ... 87
Fricas [F] . . . . . . o ]88
Sympy [F] . . o o ]9
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... .. 89
Giac [F] . . . . o o e 90
Mupad [F(-1)] . . . o o 90
Reduce [F] . . . . . o 1]
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Optimal result

Integrand size = 14, antiderivative size = 801

cot™!(ax) . z cot™!(az) N cot™!(ax) arctan (‘(}%)
(c+da;2)2 = 2¢(c + da?) N
Vd(1-v=a?x .
talog (%) log (1 - /)
8~/—a2c3/2\/_
1+\/I ,
Zalog( W f)1°g<1—%>
8v/—a2c3/2+/d
1 \/:z .
wlog( e f)log(l—i-“[%)
8w/—a2c3/2\/_
1 Va(1+va) log (1 4 iVdz
talog ﬁfﬁf Og( + 7) alog (1 —|—a2w2)
8v=a2c/d " e (e~ d)
1 m(\ﬁ—i da,‘)
PolyL 9 L~ \V" )
_alog(c+ds?) Y Og( ) T alyemiv

4c(a2c—d) 8v/—a2c3/2\/d

. vV —a? (x/E—z dz) . vV —a? (ﬁ—l—zx/c»i:c)
1a POIYLOg <2, m) a POlyLOg <2, m
_I_ —
81 /—a2c3/2\/8 81 /_azcs/z\/g
. Vv —a? (ﬁ—i—zx/?i:l:)
a POI}’LOg (2, m)
+

8V—?\/d



output

input |
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1/2xx*arccot (a*x) /c/ (d*x~2+c)+1/2*arccot (a*x) *arctan(d~(1/2)*x/c~(1/2))/c”
(3/2)/d7(1/2)-1/8*I*a*1n(d~ (1/2)*(1-(-a~2) " (1/2)*x) / (I*(-a~2) " (1/2) *c~ (1/2
)+d~(1/2)))*1n(1-I*xd~(1/2)*x/c”(1/2))/(-a~2)~(1/2) /c~(3/2) /A~ (1/2)+1/8*I*a
*1n(-d~(1/2)*(1+(-a"2) " (1/2) *x) / (I*(-a~2) " (1/2) *c”(1/2)-d"(1/2) ) ) *1n(1-I*d
~(1/2)*x/c”(1/2))/(-a~2)~(1/2)/c~(3/2) /d~ (1/2)+1/8*I*a*1ln(-d~ (1/2) *(1-(-a~
2)"(1/2)*x) / (I*x(-a~2) " (1/2)*c~(1/2)-d~(1/2))) *1n(1+I*d~ (1/2) *x/c~(1/2)) / (-
a~2)~(1/2)/c~(3/2)/d~(1/2)-1/8+Ixax1n(d” (1/2)*(1+(-a~2) "~ (1/2)*x) / (I*(-a~2)
~(1/2)*c~(1/2)+d"(1/2)) ) *1n(1+I*d" (1/2)*x/c~(1/2))/(-a~2)~(1/2) /c~(3/2) /a~
(1/2)+1/4*a*1n(a~2*x"2+1)/c/(a"2%c-d)-1/4*ax1ln(d*x"2+c) /c/(a"2%c-d) -1/8*I*
a*polylog(2, (~a~2)~(1/2)*(c~(1/2)-I*d~(1/2)*x)/((-a~2) ~(1/2) *c~(1/2)-I*d"(
1/2)))/(-a~2)~(1/2)/c~(3/2)/d~(1/2)+1/8*I*axpolylog(2, (-a~2)~(1/2)*(c~(1/2
)-I*d~(1/2)*x)/((-a~2)~(1/2)*c”(1/2)+Ixd"(1/2)))/(-a~2)~(1/2)/c~(3/2) /4~ (1
/2)-1/8*Ixa*polylog(2, (-a~2)~(1/2)*(c~(1/2)+I*d~(1/2)*x)/((-a~2)~(1/2)*c~(
1/2)-1I*d~(1/2)))/(-a~2)"(1/2)/c~(3/2) /d~(1/2)+1/8*I*a*polylog(2, (-a~2)~(1/
2)x(c™(1/2)+I*d~(1/2)*x) / ((-a~2)~(1/2) *c~(1/2)+I*d~(1/2)))/(-a~2)~(1/2) /c”
(3/2)/4°(1/2)

Mathematica [A] (warning: unable to verify)

Time = 4.88 (sec) , antiderivative size = 806, normalized size of antiderivative = 1

—1
/ COt—(ax)Q dz = Too large to display
(c+dz?)

.01

>

Integrate[ArcCot [a*xx]/(c + d*x"2)"2,x]
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-1/8*%(ax((2*Log[(a~2*c + d + (-(a"2*c) + d)*Cos[2*ArcCot[a*x]])/(a"2*c + 4
)1)/(a"2*c - d) + (2xArcCos[(a~2*c + d)/(a"2*c - d)]*ArcTanh[(a*c)/(Sqrt[-
(a~2*c*d)]*x)] + 4xArcCot[a*x]*ArcTanh[(a*xd*x)/Sqrt[-(a~2*c*d)]] + (ArcCos
[(@a™2%c + d)/(a"2%c - d)] - (2*I)*ArcTanh[(axc)/(Sqrt[-(a"2*c*d)]*x)])*Log
[((2*I)*d*(I*a~2*c + Sqrt[-(a~2*c*d)])*(I + a*x))/((a"2*c - d)*(Sqrt[-(a~2
*cxd)] - axd*x))] + (ArcCos[(a"2*c + d)/(a"2*%c - d)] + (2*I)*ArcTanh[(a*c)
/(Sqrt [-(a~2xc*d)]1#*x)])*Log[(2+d*(a~2xc + I*Sqrt[-(a~2xc*d)]1)*(-I + a*x))/
((a~2*c - d)*(-Sqrt[-(a~2*c*d)] + a*d*x))] - (ArcCos[(a~2*c + d)/(a"2*c -

d)] + (2*xI)*ArcTanh[(a*c)/(Sqrt[-(a~2*c*d)]1#*x)] + (2*I)*ArcTanh[(a*d*x)/Sq
rt[-(a"2*c*d)]])*Log[(Sqrt [2]*Sqrt [-(a"2*c*d)])/(Sqrt[a"2*c - d]*E~ (I*ArcC
ot [a*x])*Sqrt[-(a~2*c) - d + (a"2*c - d)*Cos[2*ArcCot[a*x]]]1)] - (ArcCosl[(
a~2xc + d)/(a"2xc - d)] - (2*I)*ArcTanh[(a*c)/(Sqrt[-(a~2*c*d)]*x)] - (2*I
)*ArcTanh [ (a*d#*x) /Sqrt [-(a"2*c*d)]]) *Log [ (Sqrt [2] *Sqrt [- (a"2*c*d) ] #E~ (I*Ar
cCot[a*x]))/(Sqrt[a"2*c - d]*Sqrt[-(a"2*c) - d + (a"2*c - d)*Cos[2*ArcCot[
a*x]]]1)] + I*(PolyLogl[2, ((a"2%c + d - (2*I)*Sqrt[-(a”2*c*d)])*(Sqrt[-(a~2
*xc*xd)] + axd*x))/((a”2*c - d)*(Sqrt[-(a"2*c*d)] - a*d*x))] - PolyLog[2, ((
a~2*c + d + (2*I)*Sqrt[-(a~2*c*d)])*(Sqrt[-(a~2xcxd)] + axd*x))/((a"2*c -

d)*(Sqrt[-(a"2xc*d)] - axd*x))]1))/Sqrt[-(a~2*c*d)] - (4xArcCot[a*x]*Sin[2*
ArcCot[a*x]])/(a™2*c + d + (-(a"2*c) + d)*Cos[2*ArcCot[a*x]]1)))/c

output

Rubi [A] (verified)

Time = 1.46 (sec) , antiderivative size = 797, normalized size of antiderivative = 1.00,

number of rules _ 0.286, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5448, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

cot™(ax)
/ (et dr2) ™

below.

l 5448
arctan ‘/Ec’” _ e
/ c(dzz2+c) + c3/2<\/\;{[ ) do cot l(aa:) arctan (‘@ ) N xcot_l(ax)
2 (a2x2 + 1) 203/2\/8 2% (c + de)

l27
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z arctan ‘/E: _1 Vd
1a/ cda?to) 03/2<\/§ ) dn cot™" (az) arctan ( \/Ex) 2 cot~(az)
2 a?r? +1 2¢3/2+/d 2¢c(c+ dz?)
| 7276
1 z arctan (%) cot~!(ax) arctan (‘{%)
5 d
2a/ c(a?z? 4+ 1) (dz? + ¢) + 3/2v/d (a2a? + 1) vt 263/2/d +
z cot~!(ax)
2¢c(c+ dz?)
| 2009
arctan.(%%%) cot~1(ax) z cot~(az)
< ) 2¢3/2+/d 2¢ (d(:l:2 +¢) ) ( ) \
. \/E 1-V—a’z ivdzr . \/8 m$+1 ivdx . \/E 1—\/—70,2:1:
| s <m> log (1 /) ilog (‘m) log (1 - 2/f=) ilog (‘m
—al — + + /
2 4v/—a2c3/2/d 4v/=a2c3/2/d a—a2c/

e

LInt[ArcCot[a*x]/(c + d*x~2)"2,x]

~—

input

(x*ArcCot [a*x])/(2%c*(c + d*x~2)) + (ArcCot[a*x]*ArcTan[(Sqrt[d]*x)/Sqrt[c
11)/(2xc~(3/2)*Sqrt[d]) + (a*x(((-1/4*I)*Logl[(Sqrt[d]*(1 - Sqrt[-a~2]*x))/(
IxSqrt[-a~2]*Sqrt[c] + Sqrtl[d])I*Logl[l - (I*Sqrt([d]#*x)/Sqrtlcll)/(Sqrt[-a~
2]*c~(3/2)*Sqrt[d]) + ((I/4)*Logl-((Sqrt[dl*(1 + Sqrt[-a~2]*x))/(I*Sqrt[-a
~2]1#Sqrt[c] - Sqrtl[d]l))I*Logll - (I*Sqrt[d]*x)/Sqrtlcl])/(Sqrt[-a~2]*c~(3/
2)*Sqrt[d]) + ((I/4)*Logl[-((Sqrt[dl*(1 - Sqrt[-a~2]*x))/(I*Sqrt[-a~2]*Sqrt
[c] - Sqrtld]))]*Logl[1l + (I*Sqrt[d]l*x)/Sqrtlcl]l)/(Sqrt[-a~2]*c~(3/2)*Sqrt[
d]) - ((I/4)*Logl(Sqrt[d]l*(1 + Sqrt[-a~2]*x))/(I*Sqrt[-a~2]*Sqrt[c] + Sqgrt
[d])1*Log[1 + (I*Sqrtl[dl*x)/Sqrtlcl]l)/(Sqrt[-a~2]*c~(3/2)*Sqrt[d]l) + Logl1
+ a”2*x"2]/(2*cx(a"2%c - d)) - Loglc + d*x~2]/(2*c*(a~2xc - d)) - ((I/4)*
PolyLog[2, (Sqrt[-a~2]*(Sqrtl[c] - I*Sqrt[d]l*x))/(Sqrt[-a~2]*Sqrtlc] - I*Sq
rt[d])])/(Sqrt[-a~2]*c~(3/2)*Sqrt[d]) + ((I/4)*PolyLogl2, (Sqrt[-a~2]*(Sqr
t[c] - I*Sqrtl[d]l#*x))/(Sqrt[-a~2]*Sqrtlc] + I*Sqrt[d]l)])/(Sqrt[-a~2]*c~(3/2
)*xSqrt[d]) - ((I/4)*PolyLogl2, (Sqrt[-a~2]*(Sqrtlc] + I*Sqrt[d]l*x))/(Sqrtl
-a~2]*Sqrt[c] - IxSqrt[d])])/(Sqrt[-a~2]*c~(3/2)*Sqrt[d]) + ((I/4)*PolyLog
[2, (Sqrt[-a~2]*(Sqrtlc] + I*Sqrtl[d]l#*x))/(Sqrt[-a~2]*Sqrtlc] + I*Sqrt[d])]
)/ (Sqrt[-a~2]*c~(3/2)*Sqrt[d])))/2

output
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

Int[((a_.) + ArcCot[(c_.)*(x_)]1*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
ol] :> With[{u = IntHide[(d + e*x~2)"q, x]}, Simp[(a + b*ArcCot[c*x]) u,
x] + Simp[b*c Int[SimplifyIntegrand[u/(1 + c"2*x~2), x], x], x]] /; FreeQ
[{a, b, c, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])

rule 5448

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 2140 vs. 2(593) = 1186.

Time = 2.55 (sec) , antiderivative size = 2141, normalized size of antiderivative = 2.67

method result size

risch Expression too large to display | 2141
derivativedivides | Expression too large to display | 2275

default Expression too large to display | 2275

input Lint (arccot (a*x)/(d*x~2+c) ~2,x,method=_RETURNVERBOSE)




output

input

output
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1/8%a~4*1n(1-I*a*xx)/(a"~2*xc-d)/(-a~2*d*x~2-a"2%c)/(c*d) ~(1/2) *1n((a* (c*d) ~(
1/2)-(1-I*a*x)*d+d)/ (a*(cxd) ~(1/2)+d) ) *d*x~2-1/8*a~4*x1n(1-I*a*x)/(a"~2*c-d)
/ (ma~2*d*x"2-a"2*xc) /(c*d) " (1/2) *1n((a* (c*d) ~(1/2) +(1-I*a*x) *d-d) / (a* (c*d) "~
(1/2)-d) ) *d*x~2-1/4*%I*a"2*1n(1-I*a*xx)/c/(a"2*c-d) / (~a~2*d*x"2-a~2*c) *d*x—1
/4*a”~3*1n(1-I*a*xx)/(a"2*%c-d)/(-a~2*d*xx"2-a"~2*c)-1/8*a/c/(a"2*xc-d) *1n((1-I*
axx) ~2*xd-a”~2xc-2* (1-I*a*x)*d+d)-1/4*a~2/(a~2*c-d) / (c*d) ~(1/2) *arctanh (1/2*
(2% (1-I*a*xx)*d-2*d) /a/(c*d) ~(1/2))-1/8*%a~2x1n(1-I*a*x) /c/(a~2*c-d) /(-a~2*d
*x~2-a"2xc) / (cxd) " (1/2) *1n((a*(c*xd) " (1/2) - (1-I*a*xx)*d+d) / (a*x(c*d) ~(1/2)+d)
)*d~2%x"2+1/8%a”2*1n(1-I*a*x)/c/(a"2xc-d)/ (—a"2xd*x~2-a"2*c)/(c*d) " (1/2) *1
n((a*x(cxd) ~(1/2)+(1-I*a*x)*d-d) / (a* (c*d) ~(1/2)-d) ) *d"2*x~2-1/8*a~2*1n (1+I*
axx)/c/(a~2*xc-d)/(-a~2xd*x~2-a~2*c)/(c*d) ~(1/2)*1n((a*(c*d) ~(1/2) - (1+I*a*x
Y*d+d) / (a* (cxd) ~(1/2)+d) ) *d~2*x~2+1/8*a~2*1n(1+I*a*x) /c/(a~2*c-d) / (—a~2*xd*
x"2-a"2%c)/(c*d) "~ (1/2)*1n((a*x(c*d) " (1/2)+(1+I*a*x)*d-d) / (a*x(c*d) ~(1/2)-d))
*d"2xx"2-1/8*%a"4*1n (1-I*a*x)*c/(a~2*xc-d)/(-a"2*d*x"2-a"2*c)/(c*d) ~(1/2) *1n
((ax(c*d) " (1/2)+(1-I*a*x)*d-d) /(a*x(c*d) ~(1/2)-d))-1/4*a"3*1n(1-I*a*xx)/c/(a
~2xc—d) / (—a~2*d*x"2-a"2*c) *d*x"2+1/8*a"4*1n (1-I*ax*x) *c/(a"2*c-d) / (-a~2*d*x
~2-a"2%c)/(c*d) ~(1/2) *1n((a* (c*d) ~(1/2) - (1-I*a*x) *d+d) / (a*x(cxd) " (1/2)+d) )+
1/8%a~2*1n(1-I*a*xx)/(a~2%c—-d)/ (-a~2*d*x~2-a~2%c)/(c*d) ~(1/2) *1n((a* (c*d) ~(
1/2)+(1-I*a*x)*d-d)/(a*(c*d) ~(1/2)-d))*d-1/8*a~2*1n(1-I*a*x)/(a"2*c-d)/(-a
~2xd*x~2-a"2xc)/(cxd) " (1/2)*1n((a*x(c*d) " (1/2) - (1-I*a*x)*d+d) /(ax(c*d)~ (...

Fricas [F]

cot™!(azx) e arccot (azx)
(c + dz2)® (da? + ¢)?

p
Lintegrate(arccot(a*x)/(d*x“2+c)“2,x, algorithm="fricas")

| —

Lintegral(arccot(a*x)/(d‘2*x‘4 + 2kcxd*x"2 + c72), x)
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Sympy [F]
[ b= [ e
input Lintegrate (acot (a*x) / (d*x**2+C) %2, x) J
output Llntegral(acot (a*x)/(c + d*x**2)**2, x) J

Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 628, normalized size of antiderivative = 0.78

dz
cot~(az) 1 T N arctan (ﬁ) arcoot (az)
———S5dr =~ r ax
(c+ de)2 2 | cdz? + 2 Vede

<4 acdlog (a®z? + 1) — 4acdlog (dz? + ¢) + <4 (a’c — d) arctan (azx) arctan (‘/\/‘%) + 4 (a*c — d) arct
+

input tintegrate (arccot (a*x)/(d*x"2+c)"2,x, algorithm="maxima") J




output

input

output

input
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1/2%(x/(c*d*x"2 + c~2) + arctan(d*x/sqrt(c*d))/(sqrt(c*d)*c))*arccot (a*x)
+ 1/16%(4xaxc*d*log(a~™2*x"2 + 1) - 4*axcxd*log(d*x~2 + c) + (4*x(a"2*c - d)
xarctan(a*x)*arctan(sqrt(d)*x/sqrt(c)) + 4*(a"2*c - d)*arctan(sqrt(d)*x/sq
rt(c))*arctan2(-a*sqrt(d)*x/(a*sqrt(c) - sqrt(d)), -sqrt(d)/(a*sqrt(c) - s
qrt(d))) + (a"2*%c - d)*log(d*x~2 + c)*log((a"2*cxd + (a~4*c*d + a~2*d"2)*x
"2 + 2% (a”3*d*x"2 + axd)*sqrt(c)*sqrt(d) + d72)/(a"4*c”2 + 6*a~2*ckd + 4x(
a”3*xc + axd)*sqrt(c)*sqrt(d) + d72)) - (a"2xc - d)*log(d*x~2 + c)*log((a”2
xc*xd + (a”4xcxd + a"2xd"2)*x"2 - 2x(a"3*d*x"2 + axd)*sqrt(c)*sqrt(d) + 472
)/(a"4%c™2 + 6*xa”2xc*xd - 4*(a”3xc + axd)*sqrt(c)*sqrt(d) + d72)) + 2x(a~2%*
c - d)*dilog((a~2xc + Ixa*xd*x + (I*a~2*x + a)*sqrt(c)*sqrt(d))/(a~2%c + 2%
a*sqrt(c)*sqrt(d) + d)) + 2+(a”2*c - d)*dilog((a~2%c - Ixakxd*x - (I*a"2*x
- a)*sqrt(c)*sqrt(d))/(a~2*c + 2xaxsqrt(c)*sqrt(d) + d)) - 2x(a"2%c - d)*d
ilog((a~2*c + Ixa*d*x - (I*a~2*x + a)*sqrt(c)*sqrt(d))/(a"2xc - 2*axsqrt(c
Y*sqrt(d) + d)) - 2*(a"2#c - d)*dilog((a”2*c - Ixaxd*x + (I*a~2*x — a)*sqr
t(c)*sqrt(d))/(a"2*%c - 2xa*sqrt(c)*sqrt(d) + d)))*sqrt(c)*sqrt(d))*a/(a~3*
c”™3%d - a*xc”"2*d"2)

Giac [F]

-1
/ cot (cwv)2 dr = arccot (axz) s
(c+ dx?) (dz? + ¢)

Lintegrate(arccot(a*x)/(d*x‘2+c)‘2,X, algorithm="giac")

‘integrate(arccot(a*x)/(d*x‘2 + c)"2, x)

Mupad [F(-1)]

Timed out.
cot™'(ax) , [ acot(ax)
(c + dz2)® (dz2? + c)?

;
int (acot(a*x)/(c + d*x~2)"2,x)

N\
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output 1BE(aCOL(@*D)/(c + d*x"2)72, 1)

input

output

Reduce [F]

t_l
/ SO 82 4 — Too large to display
(c+ dz?)

t

int (acot (a*x)/(d*x"2+c) ~2,x)

-

( - acot(axx)**x2ka*x*5xc**2 — acot (axx)**x2kxaxk5kckd*x**2 + acot (axx)*x*x2kakxk
3xckd + acot (a*x)**2ka*x3kd*x*k2kxx**2 + 2kacot (a*x)*a*kdkckd*x — 2*acot (a*xx)
*axk2kd*x*x2xx — 6kint (atan(l/(a*x))/(3*kaxxdkck*3xx**2 + Gkarxkdkck*2xd*rx**4
+ 3kakk4kckdk*k2kxkkB + 3kakk2kCkk3 + BkgkkQkckk2kdkxkk2 + Fkk2kCkdk*k2Qkxkk4
= axk2kd**3kxkk6 — Ckk2kd — 2kckAkkkx*k*2 — Akk3kx**4) ,xX)*kakk8kck*k5 — 6xi
nt(atan(1/(a*x) )/ (3kaxkd*ck*3xx**x2 + G arkdkckx2kd*x*k*4d + kakkdkckdrx2*xk
*6 + 3kakk2kCk*k3 + Bkakk2kckkQkdkx*k%*k2 + axk2Qkckdkk2kx*k*k4 — ax*k2kd*k*k3kx*k*6
- cxx2xd - 2kckdx*2*x*%2 — d*x*3kx*k*k4) ,x)*a*k8kckkdxd*x**x2 + 20*int(atan(l/
(a*x) )/ (3xkax*k4kck*k3*kx**2 + Gkakkdkck*k2kdkxk*4 + Ikakkdkckdk*2kx**6 + Jkakk
2%Ck%k3 + Bkakk2kckkQkdkx*k%k2 + axk2kckdkk2kxkk4 — akk2kd*kk3kx*kkB — Cck*k2*xd -
2kckdk*2*xx k%2 — d*x*x3*kxkk4) ,x)*a**k6kckxdxd + 20*xint (atan(1/(a*x))/(3xax*x4*
Ckk3%kX*k%k2 + Bkakk4kckk2kdkx*kk4d + 3kakk4kckdk*k2kxkkB + 3kakk2kc*k*k3 + BHxkgx*x2
kCkkkdkxkk2 + kkDkCkd*kk2kxkk4 — gkk2kdA*kk3kxk*kB — Ck*k2%kd — 2kckdkk2kxk*k2
= dxx3kx**4) ,xX) *kakx*k6kckkIkd*x*x2*xx**2 — 24xint(atan(1/(a*xx))/ (3ka**xdkcrx3kxx*
*2 + 6kakk4dxckk2kdkxkk4d + 3kakkdkckdkk2kxXk*kB + 3Ikakk2kckk3 + BkakkQkckk2kd
*xkk2 + axkQkckdkkQkxkk4d — akkQkdkk3kXkkB — Ck*k2kd — 2kckdkkkxkk2 — dkk33k
X**4) ,xX)*a*rxdxcx*x3%d*x2 - 24xint (atan(1/(a*x))/ (Bxax*k4kck*x3*xx**2 + Gkakx*xdx
Ckk2kd*kx*%k4 + 3Ikakk4kckdk*k2kx*kk6 + 3ka*kk2kCk*k3 + Bkakk2Qkckk2kdkx**2 + ax*2
*CkAkk2kxkk4 — kk2kdA*kk3IkXk*kB — Ck*k2%kd — 2%kckdk*k2kx*k*k2 - d**3*x**4),x)*a**
dkck*2xA*¥*3*x**x2 + 12xint (atan(1/(a*x))/ (B*a*x*4*xcxx3xx*x*2 + Gkakxkdkc**2. ..
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cot1(z
3.7 f(ll—xz()z)dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . . .. L
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .....
Sympy [F(-2)] . . . o
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... ..
Giac [F] . . . . o o e
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 34

cot™!(z) 1

z cot™!(x)

1+222 "~ 41 +22)

2(1+2?)

output ‘\‘1/4/ (x~2+1)+x*arccot (x)/ (2%x~2+2)-1/4*arccot (x) ~2

input

output

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.82

/ cot(z) , _ 1—2zcot”}(z) + (1 +2)cot”(z)’

(1 + 22)?

4(1+2?)

‘ Integrate[ArcCot[x]/(1 + x72)72,x]

L—1/4*(1 - 2xx*kArcCot[x] + (1 + x~2)*ArcCot([x]~2)/(1 + x~2)




input

output

rule 241

rule 5428
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5428, 241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot™(z)
—— 5 dx
(z2+1)
l 5428
1

2

z cot~!(x)
2(z2+1)

1
~1 cot ™1 (z)?

/ (x2 -T— l)zdx

1
4(z2+1)

l 241

1
Z cot ™!

x cot™(x)

2(x2+1) (2)°

Int[ArcCot[x]/(1 + x72)"2,x]

t

L—1/4*1/(1 + x72) + (x*ArcCot[x])/(2*(1 + x72)) - ArcCot[x]"2/4

Defintions of rubi rules used

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x~2)"(p + 1)/
(2%b*(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)"2)"2, x_Sym
bol]l :> Simp[x*((a + b*ArcCot[c*x]) p/(2*d*(d + e*x~2))), x] + (-Simp[(a +
b*ArcCot [c*x]) ~(p + 1)/(2%b*c*d™2x(p + 1)), x] + Simp[b*c*(p/2) Int[x*((a
+ b*ArcCot[c*x])~(p - 1)/(d + exx"2)"2), x], x]) /; FreeQ[{a, b, c, d, e},
x] && EqQ[e, c"2xd] && GtQ[p, O]
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Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.03

method | result
z arccot(z) arccot(z) arctan(z) arctan(x)
default 2z2+2 + P} - (1:2+1) +
z arccot(x) arccot(z) arctan(z) arctan(z)
parts w2 T 2 4(m2+1) +
isch n(iz+1)? (22 In(—iz+1)—2iz+In(—iz+1)) In(iz+1) i 22 In(—iz+1)2+1In(—iz+1)2+2in In(i+2) 2+ 247 In(i+z)— 27 In(a
IS¢ 16 8(z2+1) 16(i+a) (i)
input Lint (arccot (x)/(x~2+1)~2,x,method=_RETURNVERBOSE) J
Output‘1/2*x*arccot(x)/(x‘2+1)+1/2*arccot(x)*arctan(x)—1/4/(x“2+1)+1/4*arctan(x)*

2 |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.76

/ cot™ ( ) _ (z? + 1) arccot (31:)2 — 2z arccot (z) + 1

(1+ :cz) 4(z2+1)

input Lintegrate (arccot (x)/(x~2+1)"2,x, algorithm="fricas") J
output L‘1/4*((X“2 + 1)*arccot(x)~2 - 2%x*arccot(x) + 1)/(x"2 + 1) J

Sympy [F(-2)]

Exception generated.

t-1
/ oot \x) (x)2 dxr = Exception raised: RecursionError
(1+42?)

input Lintegrate (acot (x)/ (x**2+1) *x2,x) J
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Output‘Exception raised: RecursionError >> maximum recursion depth exceeded in co

‘mparison ‘

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.12

cot ™" (z) 1 z (z? + 1) arctan (z)° — 1
m T=3 (562——i-1 + arctan (z)) arccot (z) + L@ )
inputLintegrate(arccot(x)/(x“2+1)‘2,x, algorithm="maxima") J

output 1/2X(x/(x"2 + 1) + arctan(x))*arccot(x) + 1/4+((x"2 + D#arctan()2 - 1)/
@2+ 1) |

Giac [F]
cot~*(z) arccot (z)
input Lintegrate (arccot (x)/(x~2+1)"2,x, algorithm="giac") J
output Lintegrate(arccot(x)/(x*2 + 1)72, x) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.65

/ cot™1(x) i zacok(z) _ 1 B acot(z)?
(14 22)? 2 +1 4

input Lint(acot(x)/(x‘2 + 1)°2,%) J
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outputt((x*acot(X))/2 - 1/4)/(x"2 + 1) - acot(x)~2/4

Reduce [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

/ cot™(x) - —acot(x)? 2% — acot(x)® + 2acot(z) T + 22
(1422 422 + 4

inputLint(acot(x)/(x“2+1)“2,X)

-

outputL( - acot(x)**2*x**x2 — acot(x)**2 + 2*xacot (x)*x + x**2)/(4*x(x**2 + 1))

e—




output
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3.8 [Va+ az?cot™'(z) dx

Optimal result . . . . . . . . . . . . e 97,
Mathematica [A] (verified) . . . . . . . . . ... o 98]
Rubi [A] (verified) . . . .. . . ... .. 98
Maple [A] (verified) . . . . . . ... L 100
Fricas [F] . . . . . . o 100
Sympy [F] . . o o 100
Maxima [F] . . . . . . 101
Giac [F] . . . . o o 101
Mupad [F(-1)] . . . o o 101
Reduce [F] . . . o . o o 102

Optimal result

Integrand size = 14, antiderivative size = 195

/ Va+ az?cot™(z) dx =

1 1
sVa+ az? + 5oVa+ az? cot™ ! (x)

)

iav/1 + x2 cot~1(z) arctan (\/EV}J_FZ‘:
va+ az?
__W/ltix
za\/ 1+ z2 PolyLog < ierrs )
2va + ax?

+

ia\/1 + 22 PolyLog (2 it

V1—ix

)

2va + ax?

\ot(x)*arctan((1+I*x)‘(1/2)/(1—I*x)‘(1/2))/(a*x‘2+a)‘(1/2)—1/2*I*a*(X‘2+1)‘
‘(1/2)*polylog(2,—I*(1+I*x)*(1/2)/(1—I*x)“(1/2))/(a*x‘2+a)‘(1/2)+1/2*1*a*(x
~2+1)~(1/2) *polylog(2,I*(1+I*x)~(1/2)/(1-I*x)~(1/2))/(a*xx"2+a)~(1/2)

(1/2*(a*x‘2+a)‘(1/2)+1/2*x*(a*x‘2+a)‘(1/2)*arccot(x)—I*a*(x‘2+1)‘(1/2)*arcc ]

J
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Mathematica [A] (verified)

Time = 0.99 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.70

/ va+ az?cot™!(z) dz =

(a(1 + z2))*? (—2 cot (1 cot™(z)) — cot™(z) csc? (5 cot~!(z)) + 4 cot ™ (z) log ( gicot™ 1(ﬂa)> 4

input LIntegrate [Sqrt[a + a*x~2]*ArcCot [x],x] J

-1/8%((a*(1 + x72))~(3/2)*(-2*Cot [ArcCot [x]/2] - ArcCot[x]*Csc[ArcCot[x]/2
172 + 4xArcCot[x]*Logl[l - E~(I*ArcCot[x])] - 4*ArcCot[x]*Logl[l + E~(I*ArcC
ot[x])] + (4*I)*PolyLog[2, -E~(I*ArcCot[x])] - (4*I)*PolyLogl[2, E~(I*ArcCo
t[x]1)] + ArcCot[x]*Sec[ArcCot[x]/2]"2 - 2*Tan[ArcCot[x]/2]))/(ax(1 + x~ (-2
))~(3/2)*x73)

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.79,

number of rules _
integrand size 0.214, Rules

number of steps used = 3, number of rules used = 3,
used = {5414, 5426, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Vaz? + acot™ (z) dx

l 5414
1 cot™1(z)
— =L dr+ = \/a;v2+a+ :v\/a:v2+acot 1
vaz? +a (@)
l 5426

) cot~1(z)
ava? +1 [ T do
2Vaz? +a

+ - \/ az?+a+ x\/ax2+acot L)
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l 5422
i 2\/1(1.172 +a
3 \/m + ix\/MCO‘c_l(x)
input LInt [Sqrt[a + a*x~2]*ArcCot [x],x] J

output‘ Sqrt[a + a*x~2]/2 + (x*Sqrt[a + a*x~2]*ArcCot[x])/2 + (a*Sqrt[1 + x~2]*((- ‘
‘2*1)*ArcCot [x]*ArcTan[Sqrt[1 + I*x]/Sqrt[1 - I*x]] - I*PolyLogl[2, ((-I)*Sq ‘
‘rt[l + I*x])/Sqrt[1 - I*x]] + I*PolyLogl[2, (I*Sqrt[1 + I*x])/Sqrt[1l - I*x] ‘
1))/ (2+8qrt[a + a*x"2]) |

Defintions of rubi rules used

rule 5414 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(q_.), x_Symbo
1] :> Simp[b*((d + e*x"2)"q/(2*cxq*x(2%q + 1))), x] + (Simp[x*(d + e*x"~2) g*
((a + b*ArcCot[c*x])/(2%q + 1)), x] + Simp[2*d*(q/(2%q + 1)) Int[(d + e*x
~2)~(q - 1)*(a + bxArcCot[c*x]), x], x]) /; FreeQ[{a, b, c, d, e}, x] && Eq
Qle, c~2xd] && GtQ[q, O]

rule 5429 Intl((a_.) + ArcCotl(c_.)*(x_)I1*(b_.))/Sqrt[(d_) + (e_.)*(x_)72], x_Symbol]
:> Simp[-2*I*(a + b*ArcCot[c*x])*(ArcTan[Sqrt[1 + Ixc*x]/Sqrt[1l - I*c*x]]/

(c*Sqrt[d])), x] + (-Simp[I*b*(PolyLogl[2, (-I)*(Sqrt[1 + I*c*x]/Sqrt[1 - Ix

c*x])]1/(c*Sqrt[d])), x] + Simp[Ixb*(PolyLogl[2, I*(Sqrt[1 + I*c*x]/Sqrt[1l -

Ixc*x])]1/(c*Sqrt[d]l)), x1) /; FreeQl[{a, b, c, d, e}, x] && EqQ[e, c™2+d] &&
GtQ[d, o]

rule 5426‘Int[((a_.) + ArcCot[(c_.)*(x_)]*(b_.))"(p_.)/Sqrt[(d_) + (e_.)*(x_)"2], x_S ‘
ymbol] :> Simp[Sqrt[1 + c”2*x72]/Sqrt[d + exx~2] Int[(a + bxArcCot[c*x])~ ‘
‘p/Sqrt[l + c™2*%x"2], x], x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c™2xd] & ‘
& 16tQ[p, 0] && !GtQld, 0] |
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Maple [A] (verified)

Time = 1.15 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.60

method | result

default

+x
2+1

) +polylog (2,—

14

Ve

2v/x2+1

a(i2) (@) (= arccot(z)+1) _ iv/a(i+z)(z—1) (z arccot(z) ln(%-ﬁ-l) —iarccot(z) In (1— \/’x;
2

input Lint ((a*x~2+a) " (1/2) *arccot (x) ,x,method=_RETURNVERBOSE)

Output‘1/2*(a*(I+x)*(x—I))‘(1/2)*(x*arccot(x)+1)—1/2*1*(a*(I+x)*(x—I))A(1/2)*(I*a
‘rccot(x)*ln((I+x)/(x‘2+1)“(1/2)+1)—I*arccot(x)*ln(l-(I+x)/(x“2+1)”(1/2))+p
\olylog(2,—(1+x)/(x*2+1)“(1/2))—polylog(2,(I+x)/(x‘2+1)“(1/2)))/(x“2+1)“(1/

\2)

Fricas [F|

/ Va+ az?cot™(z) dx = / Vax? + aarccot (z) dz

input tintegrate ((a*x~2+a) " (1/2) *arccot (x) ,x, algorithm="fricas")

-
Output Lintegral(sqrt (a*XA2 + a) *arccot (X) , X)

. )

Sympy [F]

/mco’c_l(x) dz = / Va (z? + 1) acot (z) dz

input Lintegrate ((a*xx**2+a) **(1/2) *acot (x) ,x)

outputLIntegral(sqrt(a*(x**2 + 1))*acot(x), x)
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Maxima [F]

/ Va+ az?cot ™ (z) dx = / Vazx? 4+ aarccot (x) dx

input Lintegrate ((a*x~2+a)~(1/2)*arccot (x) ,x, algorithm="maxima")

tintegrate(sqrt(a*x“2 + a)*arccot(x), x)

output
Giac [F]
/ Va+ az?cot™' (z) dz = / Vaz? + aarccot (z) dz
input lintegrate ((axx~2+a)~(1/2)*arccot(x),x, algorithm="giac")

output Lintegrate (sqrt(a*x~2 + a)*arccot(x), x)

Mupad [F(-1)]
Timed out.

/\/a + az?cot ™ (z) dx = /acot(x) Vaz?+adx

inputtint(acot(x)*(a + a*xx~2)~(1/2),x)

output tint(aCOt(x)*(a + a*x~2)7(1/2), x)
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Reduce [F]

/mcot Y(x) (/macot( )dx)

inputLint((a*x‘2+a)*(1/2)*acot(x),X)

outputqurt(a)*int(sqrt(x**Q + 1)*acot(x),x)




output
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-1
cot™ “(x
3.9 [ Wy
va+tazx

Optimal result . . . . . . . . . . 103
Mathematica [A] (verified) . . . . . . . . . . ... 103
Rubi [A] (verified) . . . . . . . . . . 104
Maple [A] (verified) . . . . . . ... L 105
Fricas [F] . . . . o . o o 106
Sympy [F] . . o o 106
Maxima [F] . . . . . 106!
Giac [F] . . . . o o 107
Mupad [F(-1)] . . . oo 107
Reduce [F] . . . . o o 107
Optimal result
Integrand size = 14, antiderivative size = 155

cot™(z) 2iv/1 + z2 cot ™! (x) arctan ( ifg)

—_—adr = —

Va + az? Va+ ax?

iv1+ 27 PolyLog (2,—“4F2)  iv/T+ 27 PolyLog (2, 52 )
- +
va+ ax? va+ az?

‘—2*I*(x“2+1)“(1/2)*arccot(x)*arctan((1+I*x)“(1/2)/(1—I*x)“(1/2))/(a*x“2+a)

~(1/2)-I*(x~2+1) " (1/2) *polylog(2,-I* (1+I*x) ~(1/2)/(1-I*x)~(1/2))/(a*x"2+a)
“(1/2)+Ix(x"2+1)~(1/2) *polylog(2,I*(1+I*x)~(1/2)/(1-I*x)~(1/2))/(a*x"2+a)"~

(1/2)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.57

cot™1(zx) dr —
Va+az?
a(l+ z2?) (cot Y(z) (log ( gt eot”

) log (1 + gicot™ (@ ))> + i PolyLog (

gicot™ (x)) —iP

a\/14+ 5z
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input ‘ Integrate[ArcCot [x]/Sqrt[a + a*x~2],x] ‘

output‘ ((Sgrtlax(1 + x~2)]*(ArcCot [x]*(Logl[l - E~(I*ArcCot[x])] - Logl[l + E~(I*A ‘
'rcCot[x]1)1) + I¥PolyLogl[2, -E~(I*ArcCot[x])] - I*PolyLog[2, E~(I*ArcCot[x] |
L)]))/(a*Sqrtn + x"(-2)1%x)) J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.75,

— 2, number of rules _ — 0.143, Rules

number of steps used = 2, number of rules used =
integrand size

used = {5426, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot™!(z)

Vaxz? +a

l 5426

Va1 [ s
Vaz? +a

l 5422

dx

2
i

2 _9; 1+iz -1 g _ izt . ivViz+1
x? 4+ 1( 2 arctan ( 1 w) cot™(z) — ¢ PolyLog <2 T ) + i PolyLog (2 ﬂ))
Vaz? +a

i
;

input |

¢ (Sart[1 + x"2]*((-2%I)*ArcCot [x]*ArcTan[Sqrt[1 + I*x]/Sqrt[1 - Ixx]] - IsP
‘olyLog[2, ((-I)*Sqrt[1 + Ixx])/Sqrt[1 - I*x]] + I*PolyLog[2, (I*Sqrt[l + I ‘
*x1)/Sqrt[1 - Ixx]11))/Sqrtla + a*x"2]

outpu
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Defintions of rubi rules used

rule 5499 Int[((a_.) + ArcCotl(c_.)*(x_)1*(b_.))/Sqrt[(d ) + (e_.)*(x_)"2], x_Symbol]
:> Simp[-2*Ix(a + b¥ArcCot[c*x])*(ArcTan[Sqrt[1 + Ixc*x]/Sqrt[1 - Ixcxx]]1/

(c*Sqrt[d])), x] + (-Simp[I*b*(PolyLogl[2, (-I)*(Sqrtl[1 + Ixc*x]/Sqrt[l - Ix*

c*xx])]/(c*Sqrt[d]l)), x] + Simp[I*b*x(PolyLogl[2, I*(Sqrt[1 + Ixc*x]/Sqrt[1l -

Ixc*x])]/(c*Sqrt[d]l)), x1) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c~2*d] &&
GtQ[d, o]

rule 5406 Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))~(p_.)/Sqrt[(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[Sqrt[1 + c”2%x~2]/Sqrt[d + e*x"2] Int[(a + b*ArcCot[c*x])~
p/Sqrt[1 + c™2%x~2], x], x] /; FreeQ[{a, b, c, 4, e}, x] && EqQle, c™2*d] &
& IGtQ[p, 0] && 'GtQ[d, O]

Maple [A] (verified)

Time = 1.08 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.64

method | result

Si

i (z arccot(z) In (%+1) —iarccot(z) In (1— J%) +polylog (2,— \/:;%) —polylog (2, \/:Z%) ) a(i+z)(z—1)

default | — i

-

inputLint(arccot(x)/(a*x‘2+a)“(1/2),x,method=_RETURNVERBOSE)

-/

‘1/2))+polylog(2,—(I+X)/(x“2+1)“(1/2))—polylog(2,(I+x)/(x‘2+1)“(1/2)))*(a*(

Output‘(—I*(I*arccot(x)*ln((I+x)/(x‘2+1)“(1/2)+1)—I*arccot(x)*ln(l—(I+x)/(x‘2+1)‘( \
T+ * (x-1))7(1/2)/ (x72+1) " (1/2) /a
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Fricas [F]
@) g [ 210 (@)
va + ar? B vax?+a

inputLintegrate(arccot(x)/(a*x‘2+a)‘(1/2),x, algorithm="fricas")

OutputLintegral(arccot(x)/sqrt(a*x*z +a), x)

Sympy [F]

cot™(z) acot ()

——=dr= | ————==dz
Vva + az? Vva(z? +1)

input Lintegrate (acot (x)/ (axx**2+a)**(1/2) ,x)

output LIntegral (acot(x)/sqrt(ax(x**2 + 1)), x)
Maxima [F]
Ll(w) - arccot (x) .
Va + ax? vazr?+a

inputLintegrate(arccot(x)/(a*x‘2+a)“(1/2),x, algorithm="maxima")

outputtintegrate(arccot(x)/sqrt(a*x‘Q + a), x)
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Giac [F]
cot™ 1(36) d arccot () i
Va+a$2 \/a;p2+a
inputLintegrate(arccot(x)/(a*x‘2+a)‘(1/2),X, algorithm="giac")

OutputLintegrate(arccot(x)/sqrt(a*x‘z +a), x)

Mupad [F(-1)]

Timed out.
cot™!(z) dp — _acot(z)

I S B dx
va+ az? VazZt+a

input Lint (acot(x)/(a + a*x~2)~(1/2),x)

output 186 (ACOEG/ (@ + axx"D)(1/2), %)
Reduce [F]
j‘ acot(x) dx
cot™ ( ) N
va+ ax2 Vva

input Lint (acot (x)/(a*x~2+a)~(1/2) ,x%)

output Lint (acot(x)/sqrt(x**2 + 1),x)/sqrt(a)




output

inputt
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cot™1 ()
3.10 [ gp
(a—i—axz)

Optimal result . . . . . . . . . . . . e 108
Mathematica [A] (verified) . . . . . . . . .. ... 108}
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [C] (verified) . . . . . . . . . ... 109
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 1101
Sympy [F] . . o o 110
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 111
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 111
Mupad [F(-1)] . . . oo 111
Reduce [B] (verification not implemented) . . . ... ... ... ......... 112

Optimal result

Integrand size = 14, antiderivative size = 35

1 z cot™(z)

/ cot™!(z) e —
(a + az?)*/? ava+azr? ava+ azx?

t—l/a/(a*x‘2+a)‘(1/2)+x*arccot(x)/a/(a*x‘2+a)‘(1/2)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.60

cot™1(z) _ —1+xzcot™!(x)
(a + az?)*? av/a(1+ z?)

Integrate[ArcCot[x]/(a + a*x"2)"~(3/2),x]

e

output L

(-1 + x*ArcCot[x])/(a*Sqrt[a*x(1 + x~2)])

~—




input

output

rule 5430
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00,

number of rules _ 0.071, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {5430}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

cot™H(z
/((3/2 dx

az? + a)

below.

l 5430

x cot™1(x) B 1

avar?+a avazr?+a

LInt [ArcCot[x]/(a + a*x~2)~(3/2),x]

-

L—(i/ (axSqrt[a + a*x~2])) + (x*ArcCot[x])/(a*Sqrt[a + a*x~2])

Defintions of rubi rules used

‘Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)"2)"(3/2), x_Symbo
‘1] :> Simp[-b/(c*d*Sqrt[d + e*x~2]), x] + Simp[x*((a + b*ArcCot[c*x])/(d*Sq
‘rt[d + exx"2])), x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[e, c~2%d]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 1.05 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.57

-/
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method | result size
ok | bl | e 55
orsing | LR 1 o2 1) (- e ) 6
default (arccot(m)+;')(gjfl))\({;(i+m)(z—i) 4 \/a,(i-l-z)(z;'(ilgi—lé)a(;rccot(x)—i) 68

input

Lint (arccot (x)/ (a*x~2+a) "~ (3/2) ,x ,method=_RETURNVERBOSE)

outpu
12+1))7(1/2)

¢ 1/2%T/axx/ (ax (x°2+1)) " (1/2) *¥1n (1+T#x)+1/2/a% (-TrxxIn (1-T#x) +Pixx-2) / (ax (x

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.83

cot™(x)

/ : _V ax? + a(z arccot (z) — 1)
(a + az?)*?

a2 + a?

dz

input t

integrate(arccot(x)/(a*x~2+a)~(3/2),x, algorithm="fricas")

qurt (a*xx™2 + a)*(x*arccot(x) - 1)/(a"2*x"2 + a~2)

output
Sympy [F]
/ %dw= / %dw
input Lintegrate (acot (x)/ (a*x**2+a) **(3/2) ,x)

outputt

Integral(acot(x)/(ax(x**2 + 1))**(3/2), x)
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.89

/ cot™!(z) P arccot () 1
(a + az?)*/? Vaz? +aa  Vazr®+aa

input Lintegrate (arccot (x)/ (a*x~2+a)~(3/2) ,x, algorithm="maxima")

output‘X*ar'::‘wt(X)/(Sqrt(a*xh2 + a)*a) - 1/(sqrt(a*x”2 + a)*a)

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.94

/ cot™1(z) s = zarctan (1) 1
(a + az?)/? var?+aa  Var?+aa

input Lintegrate (arccot (x)/(a*x"2+a)~(3/2) ,x, algorithm="giac")

output Lx*arctan(i/x)/(sqrt(a*xAg + a)*a) - 1/(sqrt(a*x”2 + a)*a)

Mupad [F(-1)]

Timed out.

/ ( cot—l(g?)’/2 . /( a,cot(al7))3/2 i

a+a.'11‘2 axz_i_a

input Lint (acot(x)/(a + a*xx~2)~(3/2),x)

output Lint(acot(x)/(a + a*x~2)7(3/2), x)
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Reduce [B] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 71, normalized size of antiderivative = 2.03

cot~1(z) J va (2atan(vz? + 1+ z) 22 + 2atan(vVz? + 1+ z) + Va? + Latan(L) z + atan(2)

— x —_—
(a + az?)?/? a? (22 +1)

input Lint (acot (x)/(a*xx~2+a)~(3/2) ,x) J

p

Output‘(sqrt(a)*(2*atan(sqrt(x**2 + 1) + x)*x*x*k2 + 2%atan(sqrt(x**2 + 1) + x) + s
‘qrt(x**2 + 1)*atan(1/x)*x + atan(1/x)*x**2 + atan(1/x) - sqrt(x**2 + 1)))/
‘(a**2*(x**2 + 1))

\‘




output

input

output
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cot™1(z)
3.11 [ g
(a—i—axz)
Optimal result . . . . . . . . . . . . . . . e 113
Mathematica [A] (verified) . . . . . . . . .. ... 113l
Rubi [A] (verified) . . . .. . . ... .. 114
Maple [A] (verified) . . . . . . . .. 115
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 115
Sympy [F] . . o o 116
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 176!
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 116
Mupad [F(-1)] . . . oo 117
Reduce [B] (verification not implemented) . . . ... ... ... ......... 117
Optimal result
Integrand size = 14, antiderivative size = 79
cot™!(z) 1 z cot™!(x) 2z cot ™1 (z)

— —  __dxr=— —
(a + az?)*? 9a (a + az?)®? 3a>Va+az? 3a(a+az?)*?  3a*Va+ ax?

‘—1/9/a/(a*x‘2+a)‘(3/2)—2/3/a‘2/(a*x‘2+a)‘(1/2)+1/3*x*arccot(x)/a/(a*x‘2+a)
L‘(3/2)+2/3*x*arccot(x)/a‘2/(a*x‘2+a)‘(1/2)

J

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.47

cot~1(z) —7 — 622 + (92 + 623) cot™(x)
572 4% = 3/2
(a + az?)® 9a (a (14 2))*

-

LIntegrate[ArcCot[x]/(a + axx~2)"(5/2) ,x]

| —

t(—? - 6*x”2 + (9%x + 6*x~3)*ArcCot[x])/(9*a*x(ax(1 + x~2))~(3/2))
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.04,

number of rules _ 43, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5432, 5430}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

cot™H(z
/((2/2 dx

below.

az? + a)
| 5432
cot~1(x)
2/ (az?+a)3/? de _ 1 z cot” ! (z)
3a 9a (az? +a)*?  3a(az? + a)®/?
| 5430
x cot™1(x) 1
B 1 z cot ™! (x) 2( avazita a\/am2+a>
9a (az® +a)*?  3a(az? + a)®/? 3a

input ‘ Int [ArcCot[x]/(a + a*x~2)~(5/2),x] ‘

-1/9%1/(a*(a + a%x"2)"(3/2)) + (x*ArcCot[x])/(3*a*(a + a*x"2)~(3/2)) + (2%

output
‘(—(1/(a*Sqrt[a + a*x~2])) + (x*ArcCot[x])/(a*Sqrtla + a*x~2])))/(3%a)

Defintions of rubi rules used

rule 5430 IBtL((a_.) + ArcCot[(c_.)*(x)1*(b_.))/((d)) + (e_)*(x)"2)"(3/2), x_Symbo
‘l] :> Simp[-b/(c*d*Sqrt[d + e*x~2]), x] + Simp[x*((a + bk*ArcCot[c*x])/(d*Sq ‘
‘rt[d + exx"2])), x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c~2xd] ‘
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Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(q_), x_Symbol
1 :> Simp[(-b)*((d + exx"2)"(q + 1)/(4xcxd*(q + 1)72)), x] + (-Simp[x*(d +
exx~2)"(q + 1)*((a + bxArcCot[c*x])/(2*d*x(q + 1))), x] + Simp[(2*q + 3)/(2%
d*(q + 1)) Int[(d + e*x"2)"(q + 1)*(a + bxArcCot[c*x]), x], x]) /; FreeQl
{a, b, c, 4, e}, x] & EqQle, c"2+d] && LtQlq, -1] && NeQlq, -3/2]

rule 5432

Maple [A] (verified)

Time = 1.14 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.99

method | result
(6$2+7) (x2+1)2 (_ 1 - _5 arccot(z)?m>
orering (4m5+%0m3+%m) arccot(z) + (z2+1) (a z2+a) 2 (a z2 +a) 2
(az2+a) 3 9
. iz (22°+3) In(iz+1) —6iz? In(—iz+1)+6m 23 —9i In(—iz+1)z+9rr—1222—14
risch 6a2(x24+1)/a(z2+1) + 18a2(x2+1)+/a(z2+1)
default (i+3 arccot(x)) (3 +3iz2 —3z—i) \/a(i+z) (z—1) 3(arccot(z)+1) (i+z)+/a(i+z)(z—1i) 3/ a(i+z)(z—1) (z—1)(arccot(z)
clau o 72(z2+1)%a3 + 8a3(z?+1) + 8a3(z2+1)
. int (arccot (x)/ (a*x~2+a)~(5/2) ,x,method=_RETURNVERBOSE)
input

output \ (4%x~5+80/9*x~3+44/9%x) *arccot (x) / (a*x~2+a) ~(5/2) +1/9% (6%x~2+7) * (x~2+1) ~2% \
‘ (-1/(x"2+1)/ (axx~2+a) ~(5/2) -5*xarccot (x) / (a*xx~2+a) ~ (7/2) *a*x) ‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.66

a+ az?)*? v 9 (a3z* + 2a3z? + a?)

/ cot™1(x) e = vax? + a(6z? — 3 (23 + 3x) arccot (x) + 7)
(

input Lintegrate (arccot(x) /(a*x~2+a)~(5/2) ,x, algorithm="fricas") J

Output‘ -1/9*sqrt(a*x~2 + a)*(6%x"2 - 3*(2*xx~3 + 3*x)*arccot(x) + 7)/(a~3*x"4 + 2% ‘
‘a“3*x”2 + a~3)
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Sympy [F]
-1
/ cot (xz/2 dr — / acot (z) e
(a + az?) (a(z?+1))2
input [integrate (acot (x)/ (a*xx**2+a) **(5/2) ,x)

-/

output LIntegral(acot (x)/ (a*(x**2 + 1))**x(5/2), x)

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.80

cot™!(z) e — 1 2z N T
(a + az?)*? 3 \Vaz?+aa®  (az? + a)%a

2 1
3vaz? +aa® 9 (ax?+ a)ga

) arccot ()

input

Lintegrate (arccot(x)/(axx~2+a)~(5/2) ,x, algorithm="maxima")

output
L(sqrt(a*x’? + a)*a~2) - 1/9/((a*xx"2 + a)~(3/2)*a)

|1/3%(2%x/ (sqrt (a*x™2 + a)*a”2) + x/((a*x"2 + a)"(3/2)xa))*arccot (x) - 2/3/

|
J

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.70

222 | 3 1
cot~(z) __$<‘f'+'a>a“*an(;) 6az2+7a

(a+ az2)*/” - 3 (az? + a)%

9 (ax? + a)%a2

input Lintegrate (arccot (x)/(a*xx~2+a)~(5/2),x, algorithm="giac")
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|1/3%x*(2%x~2/a + 3/a)*arctan(1/x)/(a*x"2 + a)~(3/2) - 1/9%(6xa*x"2 + T*a)/

output
((a*x72 + 2)7(3/2)*a"2)

Mupad [F(-1)]

Timed out.
cot ™ (z) acot(z)
o 9\5/2 = o, N\5/2 dx
(a + az?) (az2 + a)
input [int (acot(x)/(a + a*x~2)~(5/2),x%) J
Outputtint(acot(x)/(a + a%x~2)~(5/2), %) J

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.65

va (12atan(vz? + 1 + z) z* + 24atan(vVz? + 1+ z) 2° + 12atan (Va2 + 1 + ) +

cot™!(z)

(a+ aac2)5/2

-

input L

-/

int (acot (x)/(a*x~2+a)~(5/2) ,x)

output (sqrt(a)*(12*atan(sqrt (x**2 + 1) + x)*x**4 + 24xatan(sqrt(x**2 + 1) + x)*x

**2 + 12xatan(sqrt(x**2 + 1) + x) + 6*xsqrt(x**2 + 1)*atan(1/x)*x**3 + 9*sq
rt(x**2 + 1)*atan(1/x)*x + 6*atan(1/x)*x**4 + 12*%atan(1/x)*x**2 + 6*atan(1l
/x) = 6ksqrt(x**2 + 1)kx*x*2 — T*sqrt(x**2 + 1)))/(Ikax*3* (x*x4d + kx**2 +

1))




output

input
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cot~1(z)
3.12 [ g
(a+ax2)

Optimal result . . . . . . . . . . . . e 118
Mathematica [A] (verified) . . . . . . . . .. ... INEY
Rubi [A] (verified) . . . .. . . ... .. 119
Maple [A] (verified) . . . . . . . .. 120
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 121]
Sympy [F] . . o o 121]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1211
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 122
Mupad [F(-1)] . . . oo 122
Reduce [B] (verification not implemented) . . . ... ... ... ......... 123l

Optimal result

Integrand size = 14, antiderivative size = 118

cot™!(z) B 1 4
/ (a + az?)"/? v ~ 25a (a + az?)?/? 4502 (a + az?)*/?
8 z cot™!(z) 4z cot™(x) 8z cot ™1 (z)
" avata® | ba (a+az2)®? 1502 (a + az2)®? ~ 1563Va + az?

‘—1/25/a/(a*x“2+a)“(5/2)—4/45/a‘2/(a*x“2+a)“(3/2)-8/15/a“3/(a*x“2+a)‘(1/2)+
‘1/5*x*arccot(x)/a/(a*x‘2+a)“(5/2)+4/15*x*arccot(x)/a‘2/(a*x‘2+a)‘(3/2)+8/1

‘5*x*arccot(x)/a‘3/(a*x‘2+a)‘(1/2)

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.40

/ cot™1(x) i — —149 — 260z? — 120z* + 15z(15 + 2022 + 8z*) cot~*(z)
(

a+ az?)"? 225a (a (1 + z2))°/

LIntegrate[ArcCot[x]/(a + axx"2)"(7/2) ,x]




output

input
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‘(—149 - 260%x"2 - 120*x~4 + 15%x*(15 + 20%x~2 + 8*x~4)*ArcCot [x])/(225%a*(
La*(l + x72))"~(5/2)) J

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.09,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5432, 5432, 5430}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
cot™(z
/ 7( 3/2 dx
(az? + a)
| 5432
cot~1(x)
4] (az2+a)®/? dz B 1 x cot~1(z)
5a 25a (a2 + a)®’?  5a(az? + a)*/?
| 5432
9 cot™ ~(x)
4 (az2+a)3/2 ’ _ 1 x cot~1(x)
3a 9a(az?+a)’/? 3a(az?+a)’/?
B 1 z cot™1(x)
o5a 25a (az? + a)®’?  5a(az? + a)®/?
| 5430
1 x cot™1(x)

25a (az? + a)®’?  5a(az? + a)®/?

2 zcot_l(a:)_ 1
4 1 xcot_l(w) + avaz2+a avaz2+a

o 9a(aa:2—i—a)3/2 3a(ax2+a)3/2 3a

5a

LInt[ArcCot[x]/(a + a*x~2)"(7/2),x] J




output

rule 5430

rule 5432

input

output
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‘-1/25*1/(a*(a + axx"2)7(5/2)) + (x*ArcCot[x])/(5xax(a + a*x"2)7(5/2)) + (4
(*(-1/9%1/(a*(a + a*x"2)"(3/2)) + (x*ArcCot[x])/(3xax(a + a¥x™2)7(3/2)) + ( |
(2%(-(1/(a*Sqrt[a + a*x"2])) + (x*ArcCot[x])/(a*Sqrtla + a*x~2]1)))/(3*a)))/
‘ (5%a) ‘

Defintions of rubi rules used

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[-b/(c*d*Sqrt[d + exx~2]), x] + Simp[x*((a + bxArcCot[c*x])/(d*Sq
rt[d + e*x~2])), x] /; FreeQl[{a, b, c, d, e}, x] && EqQle, c~2xd]

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(q_), x_Symbol
] > Simp[(-b)*((d + e*x"2)"(q + 1)/(4*c*d*x(q + 1)72)), x] + (-Simp[x*(d +
e*x"2)"(q + 1)*((a + bxArcCot[c*x])/(2*d*(q + 1))), x] + Simp[(2xq + 3)/(2%
dx(q + 1)) Int[(d + e*x"2)"(q + 1)*(a + b*ArcCot[c*x]), x], x]) /; FreeQ[
{a, b, c, d, e}, x] & EqQle, c™2*d] && LtQ[q, -1] && NeQ[q, -3/2]

Maple [A] (verified)

Time = 1.16 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.75

method | result

(1202*+26022+149) (x2+1)* | — 1 , — Larccot(z)as
. (64 7_|_ 616 z5+ 3232858 34 1222658 x) arccot(z) (zz+1) (a z2+a) 2 (a z2+a) 2
orering + 225
(az2+a) %
risch iz (8z*+202%415) In(iz+1) + —120iz® In(—iz+1)+120z°7—300iz> In(—iz+1)+3007 3 —240z* —225¢ In(—iz+1)z+225TT—52

30a3(22+1)%/a(x2+1) 45003 (22+1)%\/a(z2+1)

default (i+5 arccot(x)) (z 5+5zz4—10m3—10'm:2+5z+z) Va(itx)(z—1) 5(arccot(w)+z') (i+z)v/a(i+z)(z—1) 5\/a(z+w) (z—1) (w 1

800(x2+1)3a4 16(z2+1)a*

Lint (arccot (x)/(a*x~2+a)~(7/2) ,x ,method=_RETURNVERBOSE) J

\ (64/15%x~T+616/45%x~5+3388/225%x"~3+1268/225%x) *arccot (x) / (a*x~2+a) ~(7/2) +1 \
\ /225% (120%x~4+260%x~2+149) * (x~2+1) ~2% (-1/(x~2+1) / (a*x~2+a) ~ (7/2) -T*arccot ( \
‘x)/(a*x 2+a) ~(9/2) *a*x) ‘




CHAPTER 3. LISTING OF INTEGRALS 121

Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.59

/%dw:

a+ ax?
(120 z* + 260 2> — 15 (8 z° + 20 2 + 15 z) arccot (z) + 149)Vaz? + a
225 (a*zb + 3a*z? + 3a%2? + a?)

input Lintegrate (arccot (x)/ (a*x~2+a)~(7/2) ,x, algorithm="fricas")

‘—1/225*(120*x‘4 + 260%x72 - 15%(8%x~5 + 20*x~3 + 15*x)*arccot(x) + 149)*sq

output
‘rt(a*x“2 + a)/(a"4*x"6 + 3*a~4*x"4 + 3*a"4*x"2 + a~4)

Sympy [F]

cot™!(x) i — acot () i
/ (a+ ax2)7/2 / (a (22 + 1))%

input‘integrate(acot(x)/(a*x**2+a)**(7/2),x)

outputLIntegral(acot(x)/(a*(x**2 + 1))**x(7/2), %)

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.79

/ cot™1(x) - 1 8z N 4z N 3z arccot (z)
(a+ ax?)"? 15 \ Vaz® +ad®  (az2+a)?a® (a2 +a)’a
8 4 1

15vaz? + aa® 45 (az? + a)%az 25 (ax? + a)ga

input Lintegrate (arccot (x)/(a*x~2+a)~(7/2) ,x, algorithm="maxima")
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t‘ 1/16%(8*x/(sqrt(a*x~2 + a)*a~3) + 4x*x/((a*xx”2 + a)~(3/2)*a"2) + 3*x/((axx” ‘
‘2 + a)~(5/2)*a))*arccot(x) - 8/15/(sqrt(a*x”2 + a)*a~3) - 4/45/((a*xx"2 + a ‘
‘) (3/2)*a”2) - 1/25/((a*x"2 + a)~(5/2)*a) ‘

outpu

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.70

cot~ (z) (43:2 (% + 2) + %)xarctan (1)
(a+az2)”? 15 (az? + a)%
120 (az? + a)? + 20 (az? + a)a + 9 a2
225 (ax? + a)ga3

input Lintegrate (arccot (x)/(a*xx~2+a)~(7/2) ,x, algorithm="giac") J

‘1/15*(4*:{ 2% (2*x~2/a + 5/a) + 15/a)*x*arctan(1/x)/(a*xx"2 + a)~(5/2) - 1/22 ‘

output
‘5*(120*(a*x‘2 + a)"2 + 20%(a*x"2 + a)*a + 9%a~2)/((a*x"2 + a)~(5/2)*a"3) \

Mupad [F(-1)]

Timed out.

/ cot™1(x) dp — acot(x) e
(

a+ az?)"? (az? +a)"?

input Lint (acot(x)/(a + a*x~2)~(7/2) ,x) J

output 1Rt (aCOE()/(a + a¥x"2)7(7/2), x) |
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Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.56

cot™1(x) dp— va (240atan(vz? + 1 + z) 2° 4 720atan (V22 + 1 + z) «* + 720atan (vz? + 1 + z)
(a+ az?)"?

tnput ‘ int (acot (x)/ (axx~2+a) "~ (7/2) ,x)

(sqrt(a)*(240*atan(sqrt (x**2 + 1) + x)*x**6 + 720*atan(sqrt(x**2 + 1) + x)
*xx**4 + 720*atan(sqrt(x**2 + 1) + x)*x**2 + 240*atan(sqrt(x**2 + 1) + x) +
120*sqrt (x**2 + 1)*atan(1/x)*x**5 + 300*sqrt(x**2 + 1)*atan(1/x)*x**3 + 2
25*sqrt (x**2 + 1)*atan(1/x)*x + 120*atan(1/x)*x**6 + 360*atan(l/x)*x**4 +
360*atan(1/x)*x**2 + 120*atan(1/x) - 120*sqrt(x**2 + 1)*x**4 - 260*sqrt (x*
*¥2 + 1)*x*x2 — 149*sqrt(x**2 + 1)))/(225*a*x*4* (x*¥*x6 + 3kx**4 + 3*x**2 + 1)

)

output
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3.13 [ Ve+ dz? cot™ (az) dx

Optimal result . . . . . . . . . . . . e 124
Mathematica [N/A] . . . . . . . . 1241
Rubi [N/A] . . o 125]
Maple [N/A] . . . . 125
Fricas [N/A] . . . o o 126
Sympy [N/A] . . e 126
Maxima [F(-2)] . . . . . . 1261
Giac [N/A] . . . e 127
Mupad [N/A] . . . o 127
Reduce [N/A] . . . o o 128

Optimal result

Integrand size = 16, antiderivative size = 16

/ V¢ + dx? cot™*(ax) dz = Int (\/c + dz2 cot ™! (az), x>

-

OutputLDefer(Int)((d*XA2+C)A(1/2)*arccot(a*x),x)

-/

Mathematica [N/A]

Not integrable

Time = 4.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ Ve + dz? cot ™ (ax) dr = / Ve + dz? cot ™ (ax) d

inputtlntegrate[Sqrt[c + d*x~2]*ArcCot [a*x] ,x]

Output‘lntegrate[Sqrt[c + d*x~2] *ArcCot [a*x], x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot ™ (az)Vc + dx? dzx
| 5561

/cot_l(a:c) Ve + dz?dz

input‘Int[Sqrt[c + d*x~2] *ArcCot [a*x] ,x]

output

input

output

L$Aborted

Maple [N/A]
Not integrable

Time = 1.36 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ Vdx? + ¢ arccot (ax) dz

Lint((d*x‘2+c)“(1/2)*arccot(a*x),x)

/

tint((d*x‘2+c)‘(1/2)*arccot(a*x),x)

~—



-

input t
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Fricas [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ Ve + dz? cot™ (ax) dr = / Vdz? + carccot (az) dz

integrate((d*x~2+c)~(1/2)*arccot(a*x) ,x, algorithm="fricas")

e—

output

Lintegral (sqrt(d*x~2 + c)*arccot(a*x), x)

Sympy [N/A]
Not integrable

Time = 4.94 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ Ve + dz? cot™ (azx) dr = / Ve + dx? acot (az) dz

inputt

integrate ((d*x**2+c) **(1/2)*acot (a*x) ,x)

outputt

inputt

Integral(sqrt(c + dkx**2)*acot(a*x), x)

Maxima [F(-2)]

Exception generated.

/ V¢ + dx? cot ™! (azx) dr = Exception raised: ValueError

integrate((d*x~2+c)~(1/2)*arccot(a*x) ,x, algorithm="maxima")
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see “assume?” for m
‘ore detail

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ Ve + dz? cot ™ (ax) dr = / Vdz? + carccot (az) dz

input Lintegrate ((d*x~2+c) " (1/2) *arccot (a*x) ,x, algorithm="giac")

.
OutputLintegrate(sqrt(d*x*z + c)*arccot(a*x), x)

Mupad [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/\/c+dm2 cot™(azx) dz = /acot(a:v) Vdz? + cdx

inputtint(acot(a*x)*(c + d*x~2)"(1/2),x%)

outputtint(aCOt(a*X)*(C + d*x"2)7(1/2), x)
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Reduce [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

/ Ve + dz? cot™ (ax) dr = / Vdz? + cacot(az) dz

-

inputtint((d*x‘2+c)‘(1/2)*acot(a*x),X)

e—

output Lint (sqrt(c + d*x**2)*acot(a*x),x)




output

input

output
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cot™1(az)

3.14 [y,

Optimalresult . . . .. ... ... ... ... . . . .. 129
Mathematica [N/A] . . . . . . . . . 129
Rubi [N/A] © . o oo T30
Maple [N/A] . . . . o 130
Fricas [N/A] . . . . o o 131
Sympy [N/A] . . 131
Maxima [N/A] . . . . . 1311
Giac [N/A] . . . e 132
Mupad [N/A] . . . .o 132
Reduce [N/A] . . . o o e 133

Optimal result

Integrand size = 16, antiderivative size = 16

cot™!(ax) de — Tnt (cot_l(a,x)

Ve + dx?

\/c—l—dz'2’

')

e

lDefer(Int)(arccot(a*x)/(d*x“2+c)‘(1/2),x)

~—

Mathematica [N/A]
Not integrable

Time = 2.67 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

cot™!(azx)

—— " dxr =
ve+ dr?

cot™!(azx)

——dx
ve+ dr?

‘ Integrate[ArcCot [a*x]/Sqrt[c + d*x~2],x]

LIntegrate [ArcCot [a*x]/Sqrt[c + d*x~2], x]




input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 130

Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot~!(azx)
Ve + dz?
l 5561

dzr

cot~!(azx)

——dx
Ve + dz?

LInt [ArcCot[a*x]/Sqrt[c + d*x~2],x] J

L$Aborted

Maple [N/A]
Not integrable

Time = 1.17 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

arccot (ax)

————d
Vdz? +c v

Lint(arccot(a*x)/(d*x‘2+c)“(1/2),X)

Lint(arccot(a*x)/(d*x“2+c)“(1/2),x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

cot™1(ax) arccot (ax)

2 P A = | 2 g
Ve + dx? v Vdzr? +c¢ v

inputLintegrate(arccot(a*x)/(d*x‘2+c)“(1/2),x, algorithm="fricas")

Output‘integral(arccot(a*x)/sqrt(d*x"2 +c), x)

Sympy [N/A]
Not integrable

Time = 1.63 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.94

cot™!(ax) acot (azx)

— Ldr = | ——=dzx
v+ dx? Ve + dx?

input Lintegrate (acot (a*x) / (d*x**2+c) **(1/2) ,x)

OutputLIntegral(acot(a*x)/sqrt(c + d*x**2), x)

Maxima [N/A]
Not integrable

Time = 0.88 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

cot™!(azx) arccot (azx)

e ot A P bt Satal A |
Ve + dx? v Vdz? + ¢ v

input Lintegrate (arccot (a*x)/(d*x~2+c)~(1/2) ,x, algorithm="maxima")
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outputLintegrate(arccot(a*x)/sqrt(d*x“2 +c), x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

cot™1(ax) arccot (ax)

. — d
Ve + dr? * Vdz? +c v

inputLintegrate(arccot(a*x)/(d*x*2+c)*(1/2),x’ algorithm="giac")

output Lintegl”ate (arccot(a*x)/sqrt(d*x~2 + c¢), x)

Mupad [N/A]
Not integrable

Time = 0.77 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

cot™1(ax) acot(a )

Ve + dx? v Vdz?+c *

input Llnt (acot(a*xx)/(c + d*xx~2)~(1/2) ,X)

output Lint (acot(a*x)/(c + d*x~2)~(1/2), x)
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Reduce [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.06

cot™!(ax) acot(azx)

2 P A = | 222 g
Ve + dz? v Vdz? +c v

input | 15t (acot (axx) / (@xx"2+¢)~(1/2) ,%)

output Lint (acot(a*x) /sqrt(c + d*x**2),x)




outpu

input L
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3.15 [ gy

(c+dz?)
Optimal result . . . . . . . . . . . . e 134
Mathematica [C] (verified) . . . . . . . . . . ... L 134
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 137
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 137
Sympy [F] . . o o 138
Maxima [F(-2)] . . . . . . . o 138
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 138
Mupad [F(-1)] . . . oo 139
Reduce [F] . . . o . o o e 139

Optimal result

Integrand size = 16, antiderivative size = 66

) arctanh(“ \/%d‘fi )

)

/ cot™!(ax) p _ xcot”!(az)

—— dx =
(c+ dz?)*/* cve+ dx?

cva’c—d

t‘x*arccot(a*x)/c/(d*x"2+c)"(1/2)-arctanh(a*(d*x"2+c)"(1/2)/(a"2*c-d)"(1/2))
‘/c/(a“2*c—d)“(1/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 169, normalized size of antiderivative = 2.56

~1 4ac(ac—idz+\/m\/m) ] 4ac(ac+idm+\/m\/m)
1 2z cot ! (ax) + 8 aZc—d(i+az) o8 Va2c—d(—itax)
cot (aa:) dzr = Ve+da? Va2c—d
(c + dz2)*/? 2c

Integrate[ArcCot[a*x]/(c + d*x~2)~(3/2),x]
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‘((2*x*ArcCot [a*x])/Sqrt[c + d*x~2] + (-Logl(4*axcx(a*c - I*d*x + Sqrt[a~2* ‘
‘c - dl*Sqrtlc + d*x~2]))/(Sqrt[a~2*c - d]*(I + a*x))] - Log[(4xaxc*(axc + ‘
‘I*d*x + Sqrt[a~2*c - d]*Sqrtlc + d*x~2]))/(Sqrt[a~2xc - dl*(-I + a*x))])/S ‘
‘qrtla2+c - d1)/(2*c) |

output

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.312, Rules

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 353, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
t—l
/ co (aal:c)’a2 i
(c+ dz?)
| 5448

x cot~!(ax)

z
a dz +
/ c(a?z?2 +1)Vdz? + ¢ eve+ da?

| 27
af 55 2rm—dzx -1
(a2z%+1)vda2+c z cot™ (ax)

c cVe+ dz?

l 353

1 2
af (a2m2+1)mdm 4 z cot~!(ax)

2c Ve + da?

af 1 dvdz? +c

o gy z cot™ " (ax)
cd eve+ dz?

+dz?
a:cot_l(aa:) arctanh(“\/‘;ci_“; >

cve + dz? cva?c—d
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input‘lnt[ArcCot[a*x]/(c + d*x~2)~(3/2),x]

‘(x*ArcCot[a*x])/(c*Sqrt[c + d*x~2]) - ArcTanh[(a*Sqrt[c + d*x~2])/Sqrt[a”2

output
‘*c - d]]1/(cxSqrt[a~2*c - dl)
Defintions of rubi rules used
rule o7 Intl[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 73 InELCCa_) + (b_)*(x))~ @ )*((c_.) + (d_.)*(x))"(n)), x_Symboll :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)]1, x]1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]
rule 291 IntL((a)) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
rule 353 I0tLG* (@) + (b_)*(x)"2)7(p_.)*((c) + (d_.)*(x_)"2)"(q_.), x_Symbol]
:> Simp[1/2  Subst[Int[(a + bxx) px(c + d*x)"q, x], x, x"2], x] /; FreeQ[
{a, b, ¢, d, p, 9}, x] && NeQ[bxc - axd, 0]
rule 5448 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x"2)"q, x]1}, Simp[(a + bxArcCot[c*x]) u,
x] + Simp[b*c  Int[SimplifyIntegrand[u/(1 + c"2*x~2), x], x], x]] /; FreeQ
[{a, b, ¢, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])
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Maple [F]

/ arccot (axg) i
(dx? +c)?

4 hY

int (arccot (a*x) / (d*x~2+c) ~(3/2) ,x)

input

N\

output 10t (arceot (axx) / (d+x"2+c)"(3/2) ,x) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 154 vs. 2(58) = 116.

Time = 0.14 (sec) , antiderivative size = 349, normalized size of antiderivative = 5.29

cot-1(az) 4(a% — d)VAT F cw arccot (az) + v/aPe — d(da? + ¢) log (LT BB etz (107
(c + dz?)*? o 4 (a%c® — c2d + (a®c*d — cd?)x?)

-

Lintegrate(arccot(a*x)/(d*x“2+c)“(3/2),x, algorithm="fricas")

-/

input

[1/4%(4x(a"2xc - d)*sqrt(d*x”2 + c)#*x*arccot(a*x) + sqrt(a™2*c - d)*(d*x"2
+ c)*xlog((a~4*d™2%x"4 + 8%a~4xc™2 - 8%a~2xckd + 2x(4*a~4xcxd - 3*a~2xd"2)
*x"2 - 4x(a”3%d*x"2 + 2%a"3*c - a*d)*sqrt(a”2xc - d)*sqrt(d*x"2 + c) + 472
)/ (a"4*x~4 + 2%a~2xx"2 + 1)))/(a"2%c™3 - c™2xd + (a~2%c™2*d - c*xd"2)*x"2),
1/2*% (2% (a"2%c - d)*sqrt(d*x~2 + c)*x*arccot(a*x) - sqrt(-a~2*c + d)*(d*x~
2 + c)*arctan(-1/2*%(a"2*d*x"2 + 2*a”~2*c - d)*sqrt(-a~2*c + d)*sqrt(d*x~2 +
c)/(a”3%c”2 - axc*d + (a"3*cxd - a*d~2)*x72)))/(a"2%c”™3 - c”2%d + (a"2*c”
2xd - c*d~2)*x72)]

output
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Sympy [F]

-1
/ cot (aﬂz)/2 dp — / acot (aav)3 i
(c+ dz?) (c+ dz?)2

-

input Lintegrate (acot (axx) / (dxx**2+c) **(3/2) ,x)

-/

output LIntegral(acot (a*xx)/(c + d*x**2)*x(3/2), x)

Maxima [F(-2)]

Exception generated.

cot™!(ax)
(c + dz?)*?

dx = Exception raised: ValueError

input

Lintegrate (arccot (a*x)/(d*x"2+c)~(3/2) ,x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*

‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see “assume? for m

‘ore detail

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.89

cot™(ax) _ Tarctan (é) arctan (

———dr =
(c + dz?)*/? Vdz? + cc vV—aZc+dc

input

Lintegrate(arccot(a*x)/(d*x‘2+c)‘(3/2),x, algorithm="giac")
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‘x*arctan(l/(a*x))/(sqrt(d*x‘z + c)*c) + arctan(sqrt(d*x~2 + c)*a/sqrt(-a~2

output ‘
‘*C + d))/(sqrt(-a~2*c + d)*c)
Mupad [F(-1)]
Timed out.
-1
/ ot () g [ _petar) g,
(c+ dz?) (dz2 +c)
inputtint(acot(a*x)/(c + d*x~2)"~(3/2) ,x%) J
outputtint(aCOt(a*x)/(c + d*x~2)7(3/2), x) J
Reduce [F]
/ cot™(az) o _ / acot(az) .
(C+de‘2)3/2 /dx2 + cc+ /dx2+0d$2
inputLint(acot(a*x)/(d*x*2+c)~(3/2)’x) J
output Lint(acot(a*x)/(sqrt(c + dxx**2)*xc + sqrt(c + dxx**2)*d*x**2),x) J




output
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-1
3.16 [ ) gy
(c+dz?)

Optimal result . . . . . . . . . . . . e 140
Mathematica [C] (verified) . . . . . . . . . . ... L 1401
Rubi [A] (verified) . . . .. . . ... .. I41]
Maple [F] . . . . 143
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 144
Sympy [F] . . o o 145
Maxima [F(-2)] . . . . . . . o 1451
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 145
Mupad [F(-1)] . . . oo 146
Reduce [F] . . . . . 146

Optimal result

Integrand size = 16, antiderivative size = 134

z cot ™ (ax)

/cot_l(az) e a N
(c+da2)®? " 3c(ac—d)vVe+da?  3c(c+ da?)*?

2z cot ™1 (ax) (3a%c — 2d) arctanh(%)
3c2v/c + dx? 3¢2 (a2c — d)3/2

|1/3%a/c/ (a"2%c-d) / (d*x"2+c) " (1/2)+1/3%xxarccot (axx) /c/ (dxx"2+c) " (3/2)+2/3%
‘ x*arccot (a*x) /c~2/(d*x~2+c) ~(1/2) -1/3*(3*%a~2%c-2*d) *arctanh (a* (d*x~2+c) ~ (1 ‘

/2)/(a~2%c-d)~(1/2)) /c™2/ (a"2%c-d) " (3/2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.42 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.96

cot™!(azx)
E— Y =
(c + dz?)®
(3a20—2d) log 12ac? vV azc—d(ac—id:v+\l/ a2c—dv/ c+d:v2) (30,20—2(1) ]og 12ac? m
_ 2ac . 2z (3c+2dz?) cot 1 (az) + (3a26—2d)(z+afv) n
(a2c—d)Vc+da? (c+dz2)3/? (a2c—d)®/? (a%c

6¢2
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input ‘ Integrate[ArcCot [a*x]/(c + d*x~2)~(5/2),x]

-1/6%((-2xa*c)/((a"2*xc - d)*Sqrtlc + d*x"2]) - (2*x*(3*c + 2xd*x"2)*ArcCot
[a*x])/(c + d*x"2)~(3/2) + ((3*a~2%c - 2xd)*Logl[(12*a*xc~2*Sqrt[a~2*c - d]=*
(a*c - I*d*x + Sqrtl[a~2xc - d]*Sqrtlc + d*x~2]))/((3*a~2xc - 2*d)*(I + a*x
))1)/(a~2%c - d)~(3/2) + ((3xa~2+c - 2xd)*Log[(12*axc~2+Sqrt[a~2*c - dl*(a
xc + I*dxx + Sqrt[a”2#c - dl*Sqrtlc + d*x~2]))/((3*a"2*c - 2*d)*(-I + a*x)
)1)/(a"2xc - d)~(3/2))/c"2

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.01,
number of steps used = 7, number of rules used = 6, number of rules _ 0.375, Rules

integrand size
used = {5448, 27, 435, 87, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot~!(ax) iz
(c+ dx?)®/?

| 5448
a/ z(2dz? + 3c) - 2zcot™l(ax)  zcot™!(ax)
3c2 (a222 + 1) (dz? + ¢)*/2 3c2vVe+dz?  3c(c+ da?)®/?

l 27

f x(2dx2+3c) d
(@2 41)(da? 102 T 2z cot™!(ax) z cot™(ax)
3c? 3c2Ve+dz?  3c(c+ dz?)?/?
| 435
2dz?+3 2
af (a2z2+1g)0(dm2ic)3/2 4z 9p cot~! (ax) z cot™1(azx)
6¢c? 3c2Ve+dz?  3c(c+ dx?)*?

| 87
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. (3a2c—2d) [ md:ﬁ 2
afc—d (a’c—d)Ve+da? 2z cot ™! (ax) z cot ™! (ax)
6¢? 3c2vc+dz?  3c(c+ da?)’/?

| 73

2(3a%c~2d) [ g5 —dVda?+c
a B S + 2c
- @DVEE ) 2weotaz) | wcot~!(az)
6c? 3c2vVe+dz?  3c(c+ dx2)Y?
| 221
_ ov/erds?
9 B 2(3a%c 2d)arctanh( m)
a2¢c—d)Vc+dx2 a(ae—d)3/2
( ) ( : 2z cot ™! (ax) N z cot~!(ax)
6c? 3c2Ve+dz?  3c(c+ dac2)3/ 2
input LInt [ArcCot[a*x]/(c + d*x~2)~(5/2),x] J

output ‘ (x*ArcCot [a*x])/(3*cx(c + d*x~2)7(3/2)) + (2*x*ArcCot[a*x])/(3*c~2xSqrt[c ‘
+ d¥x72]) + (ax((2xc)/((a~2xc - d)*Sqrtlc + d*x"2]) - (2+(3%a~2%c - 2%d)*A
‘ rcTanh[(a*Sqrt[c + d*x~2])/Sqrtl[a~2*c - d]1)/(a*x(a~2xc - d)~(3/2))))/(6*c” ‘

}2)

Defintions of rubi rules used

rule 27‘Int[(a_)>|=(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tchQ[Fx, (b_)*(Gx.) /; FreeQ[b, x1

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73




rule 87

rule 221

rule 435

rule 5448

input

output
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Int[((a_.) + (b_)*(x_))*((c_.) + (A_)*x))"(a_.)*((e_.) + (£_)*(x_))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)"(n + 1)*((e + £*xx)"(p + 1)/ (£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)"(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] || !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] || LtQ[p, nl))))

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Int[(x_)"(m_.)*((a_.) + (b_.)*(x_)"2)"(p_.)*((c_.) + (d_.)*(x_)"2)"(q_.)*((
e_.) + (£_.)*(x_)"2)"(r_.), x_Symbol] :> Simp[1/2 Subst[Int[x~((m - 1)/2)
*(a + b*x) px(c + d*x)"g*x(e + f*x)°r, x], x, x°2], x] /; FreeQ[{a, b, c, d,
e, f, p, q, r}, x] && IntegerQ[(m - 1)/2]

Int[((a_.) + ArcCot[(c_.)*(x_)]1*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
ol] :> With[{u = IntHide[(d + e*x~2)"q, x]}, Simp[(a + b*ArcCot[c*x]) u,
x] + Simp[b*c Int[SimplifyIntegrand[u/(1 + c"2*x~2), x], x], x]] /; FreeQ
[{a, b, ¢, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])

Maple [F]
/ arccot (ax) i

(dz? + c)%

Lint (arccot (a*x) /(d*x~2+c)~(5/2),x)

int (arccot (a*x) / (d*x~2+c) ~(5/2) ,x)

N\




input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 335 vs. 2(114) = 228.

Time = 0.21 (sec) , antiderivative size = 712, normalized size of antiderivative = 5.31

cot~1(az) (3a%c® + (3a2cd? — 2d%)z* — 2c2d + 2 (3 acd — 2 cd?)x?)v/a%c — dlog (—a4d2z4+8“4

(c + dz?)*/*
(3¥§+%3¥aﬂ—2fﬁ%—2§d+2@a%%—QaPM%Vj??IEMde}@%ﬁwﬁ&wqugw

2 (aBc2—acd+(adcd—ad?)a
6 (atcS — 2a2c5d + c4d? + (a*c*d?

integrate(arccot (axx)/(d*x~2+c)~(5/2) ,x, algorithm="fricas")

[1/12%x((3*a"2*c™3 + (3*%a"2%c*d™2 - 2*d"3)*x"4 - 2xc™2xd + 2*(3*a"2*c"2*xd -
2xc*d~2) *x"2) *sqrt(a”2*c - d)*log((a”4*xd"2*x"4 + 8*a~4*c”2 - 8*a~2*cxd +
2% (4*a~4xc*d - 3*a"2*%d"2)*x"2 - 4*(a"3*%d*x"2 + 2*%a~3xc - a*xd)*sqrt(a”2xc -
d)*sqrt(d*x~2 + c) + d72)/(a"4*x"4 + 2*a"2%x"2 + 1)) + 4*(a"3*c”3 - axc”2
*d + (a73%c"2xd - akcxd"2)*x"2 + (2% (a”4*cT2xd - 2*%a"2xc*d”2 + d"3)*x"3 +
3x(a"4xc”3 - 2*a"2%c”2xd + c*d~2)*x)*arccot(axx))*sqrt(d*x~2 + c))/(a"4*xc”
6 — 2xa”2xc”bxd + cT4*d"2 + (aT4*cT4*d"2 - 2%a”2%c”3*%d"3 + c"2*%d"4)*x"4 +
2% (a”~4*c™bxd - 2*a”~2*c”4*d"2 + c”3*%d"3)*x72), -1/6*%((3*a"2*c”3 + (3*xa”2*cx*
d"2 - 2xd73)*x"4 - 2%c”2xd + 2*(3*a”2xc”2*d - 2xcxd"2)*x"2)*sqrt(-a”2xc +
d)*arctan(-1/2*(a"2xd*x"2 + 2*xa~2xc - d)*sqrt(-a"2*c + d)*sqrt(d*x~2 + c)/
(a"3%c™2 - axc*d + (a"3*c*d - a*d~2)*x72)) - 2*(a"3*c”3 - axc”"2xd + (a~3*c
“2%d - axc*d"2)*x72 + (2%x(a"4*c”2*d - 2*a"2%c*kd"2 + d”3)*x"3 + 3%(a"4*c”3
- 2%a”2%c”2xd + c*d~2)*x)*arccot(axx))*sqrt(d*x~2 + c))/(a"4*c”6 - 2*xa"2*c
“6xd + c74%d"2 + (a"4xc"4*d"2 - 2%a”2*%c"3%d"3 + c"2*%d"4)*x"4 + 2%(a"4*c”b*

d - 2¥a”2xc"4*d"2 + c"3*d"3)*x"2)]
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Sympy [F]

-1
/ cot (aﬂvS)/2 dp — / acot (aav)5 i
(c+ dz?) (c+ dz?)2

-

input Lintegrate (acot (axx) / (dxx**2+c) **(5/2) ,x)

-/

output LIntegral(acot (a*xx)/(c + d*xx**2)*x(5/2), x)

Maxima [F(-2)]

Exception generated.

cot™!(ax)
(c + dz?)*?

dx = Exception raised: ValueError

input

Lintegrate (arccot (a*x)/(d*x~2+c)~(5/2) ,x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*

‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see “assume? for m

‘ore detail

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.94

cot™(az) 1 [ a’c—2d)arctan (—Vd"”%rc“>

oot \AT) =24 v —a2c+d
(c + dz?)*? 3 (a2c® — c2d)v/—a?c + da
x(zd””z + %) arctan ()

c2

3(dz? +c¢)

3
2

+
(a2c? — cd)Vdx? + ¢
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input Lintegrate (arccot (a*x) /(d*x~2+c)~(5/2) ,x, algorithm="giac")

Output‘1/3*a*((3*a“2*c - 2%d)*arctan(sqrt(d*x~2 + c)#*a/sqrt(-a"2xc + d))/((a~2*c”
‘3 - c™2xd)*sqrt(-a~2*c + d)*a) + 1/((a"2*c”2 - c*d)*sqrt(d*x~2 + c))) + 1/
‘3*x*(2*d*x“2/c‘2 + 3/c)*arctan(1/(a*x))/(d*x"2 + c)~(3/2)

Mupad [F(-1)]

Timed out.
cot™!(ax) acot(a )
a2 | Qo
(c+ dz?) (dz? + )
inputtint(acot(a*x)/(c + d*x~2)"(5/2),x%)

output 116(acot (axx)/ (¢ + anx2)~(5/2), x)

Reduce [F|

acot(ax)

cot™(ax) /
—— - dr = dz
/ (c+ d:[;2)5/2 Vdx?+cc?+2v/dax? + cedz? + Vdx? + cd?x?

input | 10t (acot (axx) / (@xx"2+¢)~(5/2) ,%)

‘int(acot(a*x)/(sqrt(c + d¥x**2) kckx2 + 2ksqrt(c + dxx**2)*ckxdxx**2 + sqrt(

output
‘c + dxx**2) *xd*x*x2xx**4) ,x)




output
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cot L (az

Optimalresult . . ... ... ... ... . ...........
Mathematica [C] (verified) . . . . . . ... ... ... ...
Rubi [A] (warning: unable to verify) . . ... ... ... ...
Maple [F] . . . . . . .
Fricas [B| (verification not implemented) . . . . . .. ... ..
Sympy [F] . . . o
Maxima [F(-2)] . . . . . . ... o
Giac [A] (verification not implemented) . . . . . . .. ... ..
Mupad [F(-1)] . . ..o o
Reduce [F] . ... ... . .

Optimal result

Integrand size = 16, antiderivative size = 208

cot™!(azx) a

r =
(c+ dz?)"/? 15¢ (a2c — d) (¢ + dz?)*/*
a(7a’c — 4d) z cot™!(azx)

4z cot ™! (ax)

15¢2 (a%c — d)* Ve +da®  5c(c+ da?)™?
8z cot~(az) (15a*c® — 20a%cd + 8d?) arctanh(

15¢2 (¢ + da2)*/*

+ —
15¢3v/¢ + dz? 15¢3 (a2c — d)5/2

1/15%a/c/(a~2*xc-d) / (d*x~2+c) ~(3/2) +1/15*%a*x (T*a~2+c-4*d) /c~2/(a"2xc-d) "2/ (d
*x"2+c) ~(1/2)+1/5*x*arccot (a*x) /c/ (d*x~2+c) ~(5/2) +4/15+x*arccot (a*x) /c~2/(
d*x~2+c) ~(3/2)+8/15*x*arccot (a*x) /c~3/(d*x~2+c) " (1/2)-1/15*% (15*%a~4*c~2-20%
a~2xc*d+8*d~2) *arctanh (a*x (d*x~2+c) ~(1/2)/(a"2*c-d) ~(1/2)) /c~3/(a"2*c-d) "~ (5

/2)




input

output

CHAPTER 3. LISTING OF INTEGRALS 148

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.58 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.66

cot1(ax)
— =

(c + dz?)"

3/2 , ‘

(15a*c?—20a2cd+8d?) log 0ac? (a2 C_d) (ac_zdm+ Ve

_ 2ac(—d(5c+4dz?)+ac(8c+7dz?)) 2 (15¢2+20cdz?+8d2z*) cot ~1(ax) + (15a4°2 _20a2°d+8d2) |

. (—a2c+d)? (c+da?)/? (c+da2)5/? (a2c—d)®/?
303

Integrate[ArcCot [a*x]/(c + d*x~2)~(7/2),x]

-1/30% ((-2%a*xcx (- (d*x(5kc + 4*d*x~2)) + a~2xc*(8xc + Txd*xx"2)))/((-(a~2xc)
+ d)"2x(c + d*x"2)7(3/2)) - (2#x*(15%c™2 + 20*c*d*x"2 + 8*d~2*xx"4)*ArcCot [
a*x])/(c + d*x~2)~(5/2) + ((15*%a~4*c™2 - 20*a~2xc*d + 8*d~2)*Log[(60*a*xc~3
x(a"2xc - d)~(3/2)*(axc - I*d*x + Sqrt[a"2*c - d]*Sqrtlc + d*x~2]))/((15%a
“4xc”2 - 20%a”2*ckd + 8*d"2)*(I + a*x))])/(a"2%c - d)~(5/2) + ((15%a~4*c~2
- 20%a~2xc*d + 8%d~2)*Log[(60*a*xc~3*(a"2*c - d)~(3/2)*(a*c + I*d*x + Sqrt
[a”2%c - dl*Sqrtlc + d*x"2]))/((15%a~4*c™2 - 20%a~2*c*d + 8*xd"2)*(-I + a*x
1)/ (@ 2%c - d)~(6/2))/c"3

Rubi [A] (warning: unable to verify)

Time = 1.04 (sec) , antiderivative size = 201, normalized size of antiderivative = 0.97,

number of rules _ ) 438 Ryles
integrand size

number of steps used = 8, number of rules used = 7,
used = {5448, 27, 7266, 1192, 25, 1584, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot™(ax) dz
(c+ davz)w2

l 5448
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8z cot~!(ax) 4z cot~!(ax) z cot™!(ax)

/ w(8d2w4 + 20cdz? + 1502) dz+
a x
15¢3 (a2a2 + 1) (dz2 + ¢)*/ 15c3Vec+dz? 152 (c+ dx?)*?  5c(c+ dz?)>/?
| 27

m(8d2m4+200dw2+1502)
af (@222 +1)(dz2+c)°/ N 8z cot~!(ax) 4z cot ! (ax) z cot~!(ax)
15¢3 15c3vVe+dz? 1522 (c+da?)*?  Be(c+ da?)®/?
| 7266
8d2z%+20cdz?+15¢2 7,.2
a f (a222+1) (dz2+c)5/? T 4 8z cot™! (azx) 4z cot_l(ax) x cot™! (az)
30c? 15c3Ve+dz?  15¢2 (c+dz?)*?  5e(c+ dz?)>/?
| 1192
2.8 2 .4 2 72
af- SiS?—Zgzifa;—c?fd;i dvdz® +c + 8z cot~!(ax) 4z cot ! (ax) z cot~!(ax)
15¢3d? 1563V +dz? 1562 (c+ da?)¥?  5c(c+ da?)®?
| 25
21:8 c 214 62 2
_a i 8'13(_-;%;1%;;3_6131 dvdz? + ¢ + 8z cot~!(ax) 4z cot~(ax) z cot~!(ax)
15¢3d? 15c3Ve+da? 1562 (c + da2)*?  5e(c+ da?)®?
| 1584
(1v'.">czzz4—200d¢12-|—8d2)d2 c(7a2c—4d)d? 3c242 [T o T
_ af (_ (d—a2c)* (a2t —a2c+d) (a2c—d) a* T (G2Cc—d)z8> dvida® +c n 8z cot ™! (az) +
15¢3d? 15¢3v/ ¢ + dz?
4z cot ! (ax) z cot ™! (ax)
15¢2 (c + dz2)*? e (c+ dz?)>?
| 2009
iy o (Ta?c—4d) d?(15a*c®—20acd+842) arctanh ( t V:Qtdf; )
a\ 6(a2c—d) + 22(a%c—d)> a(a2c—d)®/?
+ 8z cot~!(azx) +
15¢3d? 15¢3v ¢ + dz?
4z cot~(ax) z cot~(az)

15¢2 (c + dz2)*?  Bc(c + da?)®/?

(Int [ArcCot[a*x]/(c + d*x~2)~(7/2),x]

~—

input L



output

rule

rule 27

rule 1192

rule 1584

rule 2009

rule 5448
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(x*ArcCot [a*x])/(B*cx(c + d*x~2)"(5/2)) + (4*x*ArcCot[a*x])/(156xc”2*(c + d
*x"2)7(3/2)) + (8*x*ArcCot[a*x])/(16%c”3*Sqrtlc + d*x~2]) + (ax((c"2xd~2)/
((@a™2%c - d)*x76) + (cx(7*a"2*%c - 4*d)*d~2)/((a"2*c - d)~2*x"2) - (d"2*(15
*a~4xc”2 - 20%a”2*c*d + 8*%d"2)*ArcTanh[(a*Sqrt[c + d*x~2])/Sqrt[a"2*c - d]

1/ (ax(a™2*c - d)~(5/2))))/(16%c™3*d"2)

Defintions of rubi rules used

o5 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*(x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[2/e~(n + 2*p + 1) Subst [Int [x~(
2xm + 1)x(exf - d*kg + g*x~2) nk(c*d"2 - b*d*e + axe”™2 - (2%cxd - bke)*x"2 +
c*x"4)"p, x], x, Sqrtld + e*x]], x] /; FreeQ[{a, b, c, d, e, £, g}, x] &&
IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m + 1/2]

Int [((£_)*(x )~ (m_.)*((d) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) mx(d + e*x~2) q*
(a + b*x"2 + c*x"4)"p, x], x] /; FreeQ[{a, b, c, d, e, £, m, g}, x] && NeQ[
b~2 - 4*axc, 0] & IGtQ[p, 0] && IGtQlq, -2]

-

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((a_.) + ArcCotl(c_)*(x)1*(b_.))*((d_.) + (e_)*(x.)"2)"(q_.), x_Symb
‘ol] :> With[{u = IntHide[(d + e*x"2)"q, x]}, Simp[(a + b*ArcCot[c*x]) u,

‘x] + Simp[b*c  Int[SimplifyIntegrand[u/(1 + c"2*x72), x], x], x]] /; FreeQ
L[{a, b, c, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])

| ——
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ruk37266‘Int[(u—)*(x—)h(m—°)’ x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘qu[x‘(m +1), u, x] ‘

Maple [F]
/ arceot (az) ;.
(dx? +c)?
tnput Lint (arccot (a*x) / (d*x~2+c) ~(7/2) ,x) J
output Lint (arccot (a*x) /(d*x~2+c) "~ (7/2) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 618 vs. 2(180) = 360.

Time = 0.23 (sec) , antiderivative size = 1278, normalized size of antiderivative = 6.14

cot™(az _
/ (c+d—:£2)7)/2 dx = Too large to display

input Lintegrate (arccot (a*x)/(d*x~2+c)~(7/2) ,x, algorithm="fricas") J




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 152

[1/60% ((15*%a~4*c™5 - 20*%a”2%c”4*d + (15*%a~4*xc~2xd~3 - 20%a"2*c*d"~4 + 8xd~5
)*x"6 + 8%c”3*d"2 + 3% (15*xa”4*c”3*d"2 - 20%a~2kc"2*d"3 + 8kc*kd~4)*x"4 + 3%
(16%a~4*c”4*d - 20%a”2xc”3*d"2 + 8*c~2*d"3)*x"2)*sqrt(a”2*c - d)*log((a~4*
d"2*x"4 + 8%a~4*c”2 - 8xa~2xckd + 2% (4*a"4*cxd - 3*a"2xd"2)*x"2 - 4*(a”3*d
*x"2 + 2%a~3%c - axd)*sqrt(a”2*c - d)*sqrt(d*x”2 + c) + d72)/(a"4*x"4 + 2%
a~2xx”"2 + 1)) + 4*(8%a~b*c”5 — 13*%a”3*c”4*xd + Sxakc”3*xd"2 + (7*a"bxc"3*d"2
- 11*%a"3*%c”2*%d"3 + 4*axc*d"4)*x"4 + 3*%(5*xa"b*kc”4*xd - 8*a”~3*c”3*d"2 + 3*ax
c”2*d"3)*x"2 + (8*%(a”6*c”"3*%d"2 - 3*a"4*c”2*d"3 + 3*a~2*c*d"4 - d75)*x"5 +
20*% (a~6*c™4*d - 3*%a~4*c~3*%d"2 + 3*a"2%c"2*%d"3 - c*xd"4)*x~3 + 15%x(a"6*c”5 -
3%a~4*xc”4xd + 3*a”2xc"3xd"2 - c"2xd"3)*x)*arccot (a*x))*sqrt(d*x~2 + c))/(
a"6*c”9 - 3*xa~4xc”8*xd + 3*%a”"2%c”7*d"2 - c”6*%d"3 + (a"6*c"6*d"3 - 3*a~4xc”5
*d~4 + 3*xa~2%c”4*d"5 - ¢c"3*%d"6)*x"6 + 3*x(a"6*kc T7T*d"2 - 3*a~4*xc"6xd"3 + 3*a
“2%c”5%d"4 - c”4*d"5)*x"4 + 3*x(a"6*c”8*%d - 3*a~4*xc"7x*d"2 + 3*a~2*%c”6*d"3 -
c~5%d"4)*x72), -1/30*%((15*%a"4*c~5 - 20*%a~2*xc”4*d + (15*a~4*c”2*xd~3 - 20*a
“2%c*kd"4 + 8*%d"5)*x"6 + 8*%c”3*xd"2 + 3k (15*xa"4*c”"3*d"2 - 20*%a"2*xc"2*%d"3 + 8
xc*d~4)*x"4 + 3x(15*xa~4*xc”4*d - 20*a"2*c”3*d"2 + 8%c"2*d"3)*x"2)*sqrt(-a”2
*c + d)*arctan(-1/2*(a”2*d*x"2 + 2*a~2*c - d)*sqrt(-a"2xc + d)*sqrt(d*x~2
+ ¢c)/(a"3*%c”2 - axckd + (a"3*cxd - axd"2)*x72)) - 2*%(8*a"b*c”5 - 13*a”~3*c”
4%d + B*a*c”3*d"2 + (7*a”5*c”3*d"2 - 11*%a”3*c”2+%d~3 + 4xaxc*d™4)*x"4 + 3*(

5*xa~bxc~4xd - 8*a~3%c~3*d"2 + 3kaxc 2%d"3)*x"2 + (8%(a"6%c”3*xd"2 - 3*a”...

Sympy [F]

-1
/ cot (owr;)/2 dp — / acot (cw:)7 i
(c+ dz?) (c+ dz?)?

Lintegrate(acot(a*x)/(d*x**2+c)**(7/2),X)

e

LIntegral(acot(a*x)/(c + dkx*x2) %% (7/2), x)

-/
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Maxima [F(-2)]

Exception generated.

cot™(ax)

— = dx = Exception raised: ValueError
(c+ dx2)7/ 2

input‘integrate(arccot(a*x)/(d*x"2+c)"(7/2),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see “assume?” for m ‘

‘ore detail

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.00

Vdz2+¥ca
cot!(az) - 1 . (15 a*c® — 20 a®cd + 8 d?) arctan (\/7;_(1) 7(dz? + ¢)a2c + a2c? — 4 (dz? -
(c+d2y? T\ T (a0 —20dd + A)V-dc + da (@t — 20263+ ) (da?
<4x2 (262# + i—f) + %)warctan (%)
+ 5
15 (dz? +¢)?
inputLintegrate(arccot(a*x)/(d*x“2+c)’"(7/2),x, algorithm="giac") J

1/16%a* ((15%a~4*c™2 - 20*a”2*cxd + 8*d~2)*arctan(sqrt(d*x~2 + c)*a/sqrt(-a
“2xc + d))/((a4*c”5 - 2*a”2xc”4*xd + c"3xd"2)*sqrt(-a”2xc + d)*a) + (7x(d*
X"2 + c)*a”2%c + a"2%c”2 - 4*x(d*x”2 + c)*d - c*xd)/((a"4*c”4 - 2%a"2%c"3*d
+ c72%d72) % (d*x"2 + ¢)"(3/2))) + 1/15%(4*x"2*%(2%d"2*x"2/c”3 + 5%d/c”2) + 1
5/c)*x*arctan(1/(a*xx))/(d*x"~2 + ¢)~(5/2)

output
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Mupad [F(-1)]

Timed out.

/ cot™!(ax) i — acot(a ) i
(

Tr =
¢+ dz?)"? (dz? + )"

input Lint (acot(a*x)/(c + d*x~2)~(7/2),x)

output Lint (acot(a*x)/(c + d*x~2)~(7/2), x)

Reduce [F]

cot™!(azx)

acot(azx)

o= |
(c+ dz?)"/? vdz? +ccd+3vVda? + ccldx? + 3vVdax? + cecd?z* + Vda? + cd3x®

input | 158 (ac0t (axx)/ (d#x°2+0) " (7/2) , %)

output

‘int(acot(a*x)/(sqrt(c + d¥x**2) kck*3 + 3ksqrt(c + dxx**2)*kCHk*k2kd*x**2 + 3%
‘sqrt(c + dxx**2) kckd*x*2*kx*k*x4 + sqrt(c + dkx*k*2)*d**3*x**6) ,X)

dx



output
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3.18 [ty gy

(c+dz?)
Optimal result . . . . . . . . . . . . e 155
Mathematica [C] (verified) . . . . . . . . . . ... L 1561
Rubi [A] (verified) . . . .. . . ... .. 156
Maple [F] . . . . 159
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 159
Sympy [F] . . o o 160
Maxima [F(-2)] . . . . . . . o 1611
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 161
Mupad [F(-1)] . . . oo 162
Reduce [F] . . . . . 162

Optimal result

Integrand size = 16, antiderivative size = 293

cot™!(azx) a
o dr = 5/2
(c+ d=z?) 35¢ (a?c — d) (¢ + dx?)
a(1la’c — 6d) a(19a*c? — 22a’cd + 8d?)
105¢2 (a2c — d)* (c + dz?)*? ~ 35¢3 (a%c — d)’ Ve + da?
z cot™!(azx) 6z cot ™ (ax) 8z cot ™! (ax) 16z cot ™ (ax)

Te(e+dz?)?  35¢2 (c+da?)™?  35¢3 (c+dx2)*?  35c4/c + da?
(35a5¢3 — 70a’c?d + 56a2cd? — 16d°) arctanh(%‘% )
35¢t (a2c — d)"/?

1/35%*a/c/(a~2xc-d) / (d*x~2+c) ~(5/2)+1/105*%a* (11*a~2*xc-6*d) /c~2/ (a~2*c-d) "2/
(d*x~2+c) " (3/2)+1/35%a* (19*a~4*c~2-22*a”~ 2xc*d+8*d"2) /c~3/ (a~2*c-d) ~3/ (d*x~
2+c) " (1/2)+1/T*x*arccot (a*x) /c/ (d*x~2+c) ~(7/2)+6/35*x*arccot (a*x) /c~2/ (d*x
~2+¢c)~(5/2)+8/35*x*arccot (a*x)/c~3/(d*xx"2+c) ~(3/2)+16/35*x*arccot (a*x)/c~4
/(d*x~2+c) ~(1/2)-1/35*%(35*a~6*c~3-70*a"~4*c~2*d+56*a~2*xc*xd~2-16*d"~3) *arctan
h(a*(d*x~2+c) ~(1/2)/(a~2*c-d)~(1/2))/c~4/(a~2*c-d) ~(7/2)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.83 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.54

2ac (302 (—a2 c+d) 2+c(1 1a20—6d) (azc—d) (c+dw2) +3(19a4 2 —22q2 cd+8d2) (c+dx2) 2) 6x (3503+70c2 daz2+56
cot™1(ax) (aZe—d)® (crda?)? 2 + (ot

€T =
(c + dz?)"?

input ‘ Integrate [ArcCot [a*x]/(c + d*x72)7(9/2),x]

((2*axc*(3*%c™2*(-(a"2#c) + d)"2 + c*(11*a"2%c - 6*xd)*(a"2*c - d)*(c + d*x~
2) + 3*%(19*a”4xc”2 - 22*%a"2xckd + 8*xd"2)*x(c + d*x"2)72))/((a"2*c - d)"3*(c
+ d*x"2)"(5/2)) + (6*%x*(35*%c™3 + 70*c~2*d*x"2 + 56*c*d"2*x"4 + 16*d"3*x"6
)*ArcCot [a*x])/(c + d*x"2)~(7/2) - (3%(35*%a"6*c”3 - 70*a~4xc~2xd + 56%a”2%
c*d”2 - 16%d"3)*Log[(140*axc~4*(a"2*%c - d)~(5/2)*(a*c - Ixd*x + Sqrt[a~2#*c
- dl*Sqrtlc + d*x~2]))/((35*a~6*c~3 - TOxa~4*c~2+d + 56%a~2xc*d”~2 - 16%d~
3)*(I + a*x))])/(a"2xc - d)~(7/2) - (3%(35*a"6xc™3 - TO0*a~4*c"2xd + 56%a”2
*xc*d"2 - 16%d"3)*Log[(140*a*c”4*(a"2*c - d)~(5/2)*(axc + Ixd*x + Sqrt[a™2#
c - dlxSartlc + d*x~2]))/((35*a~6%c™3 - 70%a~4*c”2xd + 56%a~2%c*d"2 - 16%d
"3)*(-I + axx))])/(a"2*c - d)~(7/2))/(210%c™4)

output

Rubi [A] (verified)

Time = 1.26 (sec) , antiderivative size = 291, normalized size of antiderivative = 0.99,

number of rules _ 0.312, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5448, 27, 7266, 2122, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

cot™(ax)
(c + dz2)*/?

l 5448
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/ z(16d32° + 56cd’z* + 70c?dz? + 35¢3) 16z cot~!(az) 8z cot™!(az)
a

x
35¢t (232 + 1) (dz? + ¢)"/? 35ctvVe+dz? 3563 (c + dx?)>/?
6z cot~!(azx) z cot™1(ax)

35¢2 (c + dz2)*?  Tc(c+ da?)"/?

l 27

z(16d325+56cd?z*+70c?dz?+35¢3)
J dz

(a222+1)(dz2+c)"/2 162 cot ! (ax) 8z cot~!(ax)
35¢ 35c¢tVe+da? 3563 (c + da?)®/
6z cot~!(azx) z cot™(ax)
35¢2 (c + dz2)*?  Tc(c+ da?)"/?
| 7266
16d326+56cd%x%+70c2dx?+35¢3 7,.2
af (a222+1)(dx2+¢)7/? 4" 16z cot! (az) 8z cot~!(ax) 6z cot ! (ax)
70ct 35¢tVc+dz? 3563 (c+ da?)??  35¢2 (c + dx?)®/?
x cot~!(ax)
e (c+ dz?)7/?
| 2122
f (_ 5dc3 _ (11a%c—6d)dc? d(19c2a*—22cda?4+8d%)c | 35306 —70c2dat+56cd2a—16d3 ) da?
a (@Pc—d)(dz24) 2 (d—a?c)’(da?+o)?? (d—a20)’ (dz? 1<) (@2c—d)® (@22 +1)Vda?+e z N

70c4

16z cot~!(azx) 8z cot~!(azx) 6z cot~!(azx) z cot~!(ax)

35civVe+dz? 3563 (c+dx?)¥?  35¢2 (c+dx2)*?  Te(c+ dx2)"/?
| 2009
203 2c2(11a%c—6d) 2c(19a%c?—22a2cd+8d2) _ 2(35(1603_7OOL4C2d—'—56a26d2_16(13)ar(:ta'nh(a\/%djd2 )
(a2c—d)(c+dx2)%? ' 3(a2c—d)?(c+dz2)3/? (a2c—d)®v/c+dz? a(a2c—d)7/?
70c*
16z cot ! (ax) 8z cot ™1 (ax) 6z cot ™! (ax) z cot~!(ax)

35ctVe+daz? 3563 (c+dx?)¥?  35¢2 (c+da?)®?  Te(c+ da?)/?

r

LInt[ArcCot[a*x]/(c + d*x~2)~(9/2) ,x]

| —

input




output

rule 27

rule 2009

rule 2122

rule 5448

rule 7266
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(x*ArcCot [a*x] )/ (T*c*(c + d*x~2)~(7/2)) + (6*x*ArcCot[a*x])/(35%c™2*(c + d
*x72)~(5/2)) + (8*x*ArcCot[a*x])/(35*%c™3*(c + d*x~2)~(3/2)) + (16*x*ArcCot
[a*x])/(35*%c”4xSqrt[c + d*x~2]) + (a*x((2xc~3)/((a"2*c - d)*(c + d*x~2)~(5/
2)) + (2xc™2*%(11xa"2%c - 6%d))/(3*(a"2*%c - d)"2*(c + d*x~2)7(3/2)) + (2%c*
(19%a~4x*c™2 - 22*%a~2*cxd + 8+%d~2))/((a"2*c - d)"3*Sqrtlc + d*x~2]) - (2*(3
5xa~6xc”3 - 70*a~4*c”2+d + 56%a”2*c*d"2 - 16+d~3)*ArcTanh[(a*xSqrt[c + d*x~

21)/8qrt[a~2*c - dl]1)/(a*x(a™2*c - d)~(7/2))))/(70%c™4)

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

Int [((Px_)*((c_.) + (d_)*(x_))"(n_))/((a_.) + (b_.)*(x_)), x_Symbol] :> In
t [ExpandIntegrand[1/Sqrt[c + d*x], Px*((c + d*x)~(n + 1/2)/(a + b*x)), x],
x] /; FreeQ[{a, b, c, d, n}, x] && PolyQ[Px, x] && ILtQ[n + 1/2, 0]

N\

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_.) + (e_.)*(x_)"2)"(q_.), x_Symb
0l1] :> With[{u = IntHide[(d + e*x"2)"q, x]}, Simp[(a + b*ArcCot [c*x]) u,
x] + Simp[bx*c Int[SimplifyIntegrand[u/(1 + c™2%x~2), x], x], x]] /; FreeQ
[{a, b, c, d, e}, x] && (IntegerQ[ql || ILtQ[q + 1/2, 0])

Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQx~(m + 1), u, x]
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Maple [F|

/ arccot (axg) i
(dx? +c)?

inputLint(arCCOt(a*x)/(d*XA2+C)A(9/2),x)

output 10t (arceot (axx) / (d+x"2+c)(9/2) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 972 vs. 2(257) = 514.
Time = 0.48 (sec) , antiderivative size = 1986, normalized size of antiderivative = 6.78

cot 1 (ax )
/ ﬁ dz = Too large to display

input integrate(arccot (a*x)/(d*x~2+c)~(9/2),x, algorithm="fricas")




output

input

output
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[1/420% (3% (35%a~6xc”™7 — 70*a~4*c”6*d + 56*a~2xc~5xd"2 + (35*%a"~6*c~3*d"4 -
T0*a~4*c~2x%d~5 + 56*%a”~2kc*d"6 - 16*%d"7)*x"8 - 16*%c”4*d"3 + 4*(35*%a~6xc~4*d
~3 - 70*a~4*c”3*d"4 + 56*a”"2*xc"2*%d"5 - 16*c*d"6)*x"6 + 6% (35*xa"6*xc”5*d"2 -
TO*a~4%c~4%d"3 + 56*a~2xc”3*d"4 - 16*%c”2*%d"5)*x"4 + 4x(35*a”~6xc~6*d - 70*
a~4*xc"5*d"2 + 56%a”2%c”4*d"3 - 16*c”3*d"4)*x"2)*sqrt(a”2*c - d)*log((a~4*d
“2*x74 + 8*%a~4xc”2 - 8*%a"2xckd + 2x(4*a~4dkckd - 3*%a"2xd"2)*x"2 - 4x(a”3*d*
X2 + 2*a~3*%c - axd)*sqrt(a”2*c - d)*sqrt(d*x~2 + c) + d72)/(a"4*x"4 + 2xa
T2xx72 + 1)) + 4x(T1*a”T7*c”7 - 160*a”5*c”6*d + 122%a~3*c”5xd"2 - 33*a*c”4x*
d”"3 + 3*%(19%a~T*c~4*d~3 - 41*a"5*c"3*d"4 + 30*a~3*c~2*xd"5 - 8*a*c*d~6)*x"6
+ (182%a"7*c~5*%d"2 - 397*a”~5*c~4*d"3 + 293*a~3*c~3*%d~4 - 78*a*xc 2%d"5)*x"
4 + (196*a"T*c"6xd - 434*a~5*c”~5xd"2 + 325%a~3*xc~4*xd~3 - 87*a*xc”~3*d"4)*x"2
+ 3% (16*%(a~8*c"4*d"3 - 4*a”~6*c~3*d"4 + 6*a~4*c"2*%d"5 - 4*a”2*cxd"6 + d77)
*x"7 + 56*x(a”8*%c”5*%d"2 - 4*a~6xc”4*d"3 + 6*a"4*c”3*d"4 - 4*a"2*xc"2*%d"5 + c
*d"6)*x"5 + 70*(a"8*c”"6*d - 4*a~6*c”5xd"2 + 6*%a~4*xc”"4*d"3 - 4*a"2xc"3*xd"4
+ ¢c72%d"5)*x"3 + 35%(a"8*c”7 - 4*a”6*c”6*d + 6*a~4d*xc"5*d"2 - 4*a”2%c”4*d"3
+ ¢"3*d"4)*x)*arccot (a*x) ) *sqrt (d*x~2 + c))/(a™8*c~12 - 4%a"6*c”11xd + 6%
a”4*c”10%d"2 - 4*a~2*xc"9*%d"3 + c”"8*%d"4 + (a"8*c"8*d"4 - 4*a"6*c”T7*d"5 + 6%
a”4*c”6*%d"6 - 4*xa~2xc"5*d"7 + c”4*d"8)*x"8 + 4*(a"8*%c"9*d"3 - 4*a”6*c”8*d”
4 + 6*a”4*c”7*d"5 - 4*a~2%c"6*%d"6 + c 5*d"7)*x"6 + 6%(a”8*c”10*%d"2 - 4*a”6

*c"O%d"3 + 6*a”4*xc"8*%d"4 - 4xa~2*c”7*d"5 + cT6*d"6)*x"4 + 4x(a~8*c”11xd...

Sympy [F]

-1
/ cot (owr;)/2 dp — / acot (cw:)9 i
(c+ dz?) (c+ dz?)?

Lintegrate(acot(a*x)/(d*x**2+c)**(9/2),X)

e

LIntegral(acot(a*x)/(c + d¥x*x2) %% (9/2), x)

-/
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Maxima [F(-2)]

Exception generated.

cot™(ax)

—  — dx = Exception raised: ValueError
(c+ dacz)g/ 2

input‘integrate(arccot(a*x)/(d*x"2+c)"(9/2),x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(d-a~2*c>0)', see “assume?” for m ‘

‘ore detail

Giac [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 340, normalized size of antiderivative = 1.16

cot~(az) 1 3(35a5¢® — 70 a*c*d + 56 a®cd® — 16 d*) arctan (\/ZM) 57 (dz? + ¢)%a*
(c + dz?)** 105 (a8¢™ — 3atcbd + 3a%cPd? — c*d3)v —a’c+ da
<2 (4x2<2dc# + %2> + 305—2d>z2 + 3—f>a:arctan (%)
+
35 (dz? + c)%
input[integrate(arccot(a*x)/(d*x“2+c)"(9/2),x, algorithm="giac") J

1/105%ax (3% (35%a~6*c~3 — 70%*a"4*c~2*d + 56%a~2xc*d"2 - 16*d~3)*arctan(sqrt
(d*x~2 + c)*a/sqrt(-a~2xc + d))/((a"6*c”7 - 3*%a~4*c”6xd + 3*a~2xc"5*d"2 -
c"4xd"3)*sqrt(-a~2xc + d)*a) + (57*(d*x"2 + c) 2*%a"4xc”2 + 11*%(d*x"2 + c)*
a~4xc”3 + 3*xa”4*c”™4 - 66x(d*x"2 + c)"2*ka"2xckd - 17k (d*x"2 + c)*a”2*c"2*xd
- 6*a”2%c”3*%d + 24*%(d*x”2 + c)”2%d"2 + 6*(d*x"2 + c)*cxd"2 + 3*kc"2xd~2)/ ((
a”~6*c”6 - 3*a~4xc”bxd + 3*a"2%c"4*d"2 - c"3*%d"3)*(d*x"2 + c)~(5/2))) + 1/3
5k (2% (4*x~2% (2*%d~3*%x"2/c”4 + 7*d"2/c”3) + 35*%d/c”2)*x"2 + 35/c)*x*arctan(1l
/(a*xx))/(d*x~2 + ¢)~(7/2)

output
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Mupad [F(-1)]

Timed out.

cot~*(ax)
[ e

_acot(az)
(dx2 + C)Q/2

input Lint(a“t(a*X)/ (c + d*x~2)~(9/2) ,x)

output Lint (acot(a*x)/(c + d*x~2)~(9/2), x)

Reduce [F]

cot*(az)
[ i

_ /de
(dz?+c¢)2

input Lint (acot(a*x)/(d*x~2+c)~(9/2),x%)

output | 10t (a0t (@xD)/ (d#x°2+0)°(9/2) 1)
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3.19 [ da

cot—1(z)
Optimalresult . . . . . . . . .. . . 163l
Mathematica [A] (verified) . . . . . . . .. ... Lo 163
Rubi [A] (verified) . . . . . . ... .. 164
Maple [A] (verified) . . . . . . . .. 164
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 165
Sympy [A] (verification not implemented) . . . .. ... ... ... ... .... 1651
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... 166!
Giac [A] (verification not implemented) . . . . . . ... ... ... 166
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 166
Reduce [B] (verification not implemented) . . . ... ... ... ......... 167

Optimal result

Integrand size = 12, antiderivative size = 5

1 -1
/ 1+ ) ot (@) dz = —log (cot™'(z))

/

L—ln(arccot(x))

~—

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1 —1
/ T+ ) ot (@) dz = —log (cot™'(z))

-

inputtlntegrate[l/((l + x"2)*ArcCot [x]),x]

| —

ou_tputt—Log[ArcCot[x]] J
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {5418}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (22 + 1) cot~1(x) de
| 5418

—log (cot™!(z))

tnput ‘ Int[1/((1 + x~2)*ArcCot[x]),x] ‘

-

L-Log [ArcCot [x]]

| —

output

Defintions of rubi rules used

rule 5418‘Int[1/(((a_.) + ArcCot[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_)"2)), x_Symbol]
‘ :> Simp[-Log[RemoveContent [a + bxArcCot[c*x], x]1/(bxc*d), x] /; FreeQl{a,
‘ b, c, d, e}, x] && EqQle, c~2x*d]

\‘

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 6, normalized size of antiderivative = 1.20

method result size
derivativedivides | — In (arccot (z)) 6
default — In (arccot (z)) 6
parallelrisch — In (arccot (z)) 6
risch —In(In(éz+1)+i(iln(—iz+1)—m)) | 29
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input Lint (1/(x~2+1) /arccot (x) ,x,method=_RETURNVERBOSE)

OutputL—ln(arccot(x))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

/ ( 1 dx = — log (arccot (z))

1+ z2) cot™(z)

input Lintegrate (1/(x~2+1) /arccot (x) ,x, algorithm="fricas")

OutputL-log(arccot(x))

Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1
/ 1+ 27) oot ' (2) dx = —log (acot (x))

inputLintegrate(1/(x**2+1)/acot(x),x)

OutputL-log(acot(x))
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1
/ (1 + 27) cot ' (2) dx = — log (arccot (z))

inputLintegrate(1/(x’“2+1)/arccot(x),x, algorithm="maxima")

output ‘ -log(arccot (x))

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.60

| G et = s ( arctan (1> D

input Lintegrate (1/(x"2+1) /arccot(x) ,x, algorithm="giac")

output L‘log(abs (arctan(1/x)))

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1
/ 15 2%) cot () dxr = —In (acot(z))

input 18t (1/(acot () (x"2 + 1)),%)

output ‘ -log(acot(x))
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 5, normalized size of antiderivative = 1.00

1
/ 15 2% cot () dx = —log(acot(x))

input Lint (1/(x~2+1) /acot (x) ,x)

output‘ - log(acot(x))
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—1/..\2
cot™ “(x
3.20 [ Op gy
(1+z2)
Optimal result . . . . . . . . . . . . e 168
Mathematica [A] (verified) . . . . . . . . . ... o 168]
Rubi [A] (verified) . . . .. . . ... .. 169
Maple [A] (verified) . . . . . . . .. L 170
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... Ival
Sympy [F] . . o o Ival
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... .. Ivay
Giac [F] . . . . o o e 172
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 1721
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 173l
Optimal result
Integrand size = 12, antiderivative size = 56
—1(,)2 -1 102 1
/ cot (x)2 dp——__ % _cot™(z)  meotT(z)® 1 cot-1(z)? — arctan(zx)
(1+22?) 41+2?) 2(1+2?) 2(1+2%) 6 4

output

-1/4*arctan(x)

;
‘—1/4*x/(x‘2+1)—arccot(x)/(2*x‘2+2)+x*arccot(x)“2/(2*x‘2+2)-1/6*arccot(x)‘3

N

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.82

/(E(;:—lg(;));dx

_6cot™!(z) — 6z cot™" (2)* +2(1 + 2°) cot ™' (2)* + 3(x + (1 + 2?) arctan(z))

12(1 + 22)

-

input L

Integrate[ArcCot[x]"2/(1 + x72)72,x]

-/
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|-1/12# (6*ArcCot [x] - 64x*ArcCot[x]~2 + 2x(1 + x"2)*ArcCot[x]"3 + 3(x + (1

output
L + x~2)*ArcTan[x]))/(1 + x~2) J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.09,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 333 Ryjjeq

integrand size
used = {5428, 5466, 215, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
cot™1(x)?
(22 4 1)
| 5428
z cot~1(z) zcot7l(z)?2 1 4, 5
/ @1 1) dz 22+ 1) —gcot (z)
| 5466
1 1 zeot7(z)?  cot7l(z) 1 4, 4
o) Gt ey ey e @
| 215
1 _1/ 1 d — x wcot_l(w)z_ cot~!(z) 1 =1 ()
o\"2) 21" " 2@2+1)) T 2@ +1)  2(@@%+1) 6 W
| 216
—1(,)\2 -1
1/ arctan(z) z zcot™ (z)°  cot™ (z) —lcot_l(:c)3
2 2 2(22+1)) " 2@2+1) 2(z2+1) 6
input 1t [ATcCot [x]"2/(1 + x72)72,x] |

‘—1/2*ArcCot [x]/(1 + x72) + (x*ArcCot[x]~2)/(2*(1 + x72)) - ArcCot[x]~3/6 + ‘

output
\ (-1/2%x/(1 + x~2) - ArcTan[x]/2)/2
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Defintions of rubi rules used

rule 215

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*xx"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 216

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 5428

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2)"2, x_Sym
bol] :> Simp[x*((a + b*ArcCot[c*x]) p/(2*d*(d + exx~2))), x] + (-Simp[(a +
b*ArcCot [cxx]) ~(p + 1)/(2xb*c*d™2x(p + 1)), x] + Simp[b*c*(p/2) Int[x*((a
+ b*ArcCot [c*x])~(p - 1)/(d + exx~2)"2), x], x]1) /; FreeQ[{a, b, c, d, e},
x] && EqQ[e, c™2xd] && GtQ[p, O]

rule 5466

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.)) " (p_.)*(x_)*((d_) + (e_.)*x(x_)"2)"(q_
.), x_Symbol] :> Simp[(d + e*x"2)"(q + 1)*((a + b*ArcCot[c*x]) p/(2*ex(q +
1))), x] + Simp[b*(p/(2*cx(q + 1))) Int[(d + exx~2)"g*(a + b*ArcCot[c*x])
“(p - 1), x1, x]1 /; FreeQ[{a, b, c, d, e, q}, x] && EqQle, c~2*d] && GtQlp,
0] && NeQ[q, -1]

-

input

Maple [A] (verified)

Time = 1.59 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.16

method | result
z arccot(z)? arccot(x)? arctan(z) __ marccot (z)? arccot(z)® 22 arccot(z) _ T _
default 2712 T 2 1 + =5 Tt Toen 1(2241)
z arccot(z)? arccot(x)? arctan(z) __ marccot (z)2 arccot(z)> z? arccot(z) z .
parts w242 T 2 1 LA S Mo 4(2211)
isch iln(iz 1) | (Zie? In(—ia+)4ma® —iln(—iv+1)+m—20) In(iz+1)?  (—ia® In(=ia+1)?—iln(—io+1)’ —4a In(—iv+1)+2;
IS¢ 48 1622+16 16(itz.

Lint (arccot (x) "2/ (x~2+1)~2,x,method=_RETURNVERBOSE)

-/
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‘1/2*arccot(x)”2*x/(x”2+1)+1/2*arccot(x)“2*arctan(x)-1/4*Pi*arccot(x)“2+1/3

output
‘*arccot(x)“3+1/2*x“2*arccot(x)/(x“2+1)-1/4*x/(x“2+1)-1/4*arccot(x)

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.71

/ cot™1(x)? g — _ 2(2? + 1) arccot (z)® — 6 zarccot (z)* — 3 (22 — 1) arccot (z) + 3z
(14 22)? 12 (22 + 1)

input‘ integrate(arccot (x)~2/(x~2+1)~2,x, algorithm="fricas") ‘

‘—1/12*(2*(x“2 + 1)*arccot(x) "3 - 6*x*arccot(x)"2 - 3*%(x"2 - 1)*arccot(x) +

output‘ e e o ) ‘

Sympy [F]
o @) ), [ 200 (2)
(1+22)° (a2 + 1)
inputLintegrate(acot(x)**2/(x**2+1)**2,x) J
outputLlntegral(acot(X)**2/(x**2 + 1)%%2, x) J

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.34

—1(,)2
/% dx = % (x;j— Tt arctan (x)) arccot (z)°
((#*+ 1) arctan (x)? — 1) arccot (z)
2(z2+1)
N 2 (22 4 1) arctan (z)® — 3 (22 + 1) arctan (z) — 3
12(22 + 1)
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inputLintegrate(arccot(x)"2/(x"2+1)"2,x, algorithm="maxima") J

‘1/2*(x/(x‘2 + 1) + arctan(x))*arccot(x)”"2 + 1/2*((x"2 + 1)*arctan(x)"2 - 1
)*arccot(x)/(x72 + 1) + 1/12%(2%(x"2 + 1)#arctan(x)"3 - 3%(x"2 + 1)*arctan |
(x) - 3#x)/(x72 + 1) |

output

Giac [F]
cot™*(z)? arccot (z)°
inputLintegrate(arccot(x)‘2/(x‘2+1)‘2,x, algorithm="giac") J
OutputLintegrate(arccot(x)‘2/(x“2 + 1)72, x) J

Mupad [B] (verification not implemented)

Time = 0.76 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91

cot™(z)? - z acot(z)’ B acot(z)® B T __acot(z)  atan(z)
(1+22)?* " 2(@=*+1) 6 4 (z24+1) 2 (22+1) 4
inputtint(acot(x)“Q/(x“2 + 1)°2,x) J

output‘ (x*xacot(x)"2)/(2*%(x"2 + 1)) - acot(x)"3/6 - x/(4*%(x"2 + 1)) - acot(x)/(2x( ‘
‘x‘2 + 1)) - atan(x)/4
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

cot™1(x)?

(14 z2)°
_ —2acot(z)’ 2% — 2acot(z)’ + 6acot(z)’ z + 6acot(z) z* + 3atan(z) 22 + 3atan(z) — 3z
B 1222 + 12

input ‘ int (acot (x) "2/ (x"2+1)"2,x)

‘( - 2xacot (x) **3*kx**2 - 2*acot(x)**3 + 6xacot (x)**2*x + 6*xacot(x)*x**2 + 3 \

output
\*atan(x)*x**z + 3%atan(x) - 3%x)/(12%(x**2 + 1))




output

input

output
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cot™(z)"

321 [ llgy

Optimalresult . . .. ... .. ... ... ... .. .. .. ... 174
Mathematica [A] (verified) . . . . . . . . ... ... L 174
Rubi [A] (verified) . . . ... ... . ... 175
Maple [A] (verified) . . . . . . . . . . 175
Fricas [A] (verification not implemented) . . . . . . . ... ... ... 176l
Sympy [A] (verification not implemented) . . . ... ... .. .. .. 176
Maxima [A] (verification not implemented) . . . . . . . ... ... .. 1vdrd
Giac [A] (verification not implemented) . . . . . ... ... ... ... i
Mupad [B] (verification not implemented) . . ... ... ... .. .. 177
Reduce [B] (verification not implemented) . . . .. .. ... ... .. 178

Optimal result

Integrand size = 12, antiderivative size = 13

1+ z2 1+n

/cot‘l(:c)" dp — _cot™H(z)H*"

-

L—arccot (x)"(14+n)/(1+4n)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cot_l(x)” g — _cot~H(z)H*"

1422 o 14+n

‘ Integrate[ArcCot [x]"n/(1 + x72),x]

L-(ArcCot[x]"(l +1n)/(1 + n))
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot™1(z)" iz

241
l 5420
_COt_l(.T:)n+1
n+1
input ‘ Int[ArcCot[x]"n/(1 + x~2),x] ‘
output L-(ArcCot [x]1~(1 + n)/(1 + n)) J

Defintions of rubi rules used

rule 5420‘Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symbo ‘
1] :> Simp[-(a + b¥ArcCot[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQl{a, b, |
¢, d, e, p}, x] & EqQle, c"2*d] && NeQ[p, -1 |

Maple [A] (verified)

Time = 0.74 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

method result size
derivativedivides | — % 14
default — W 14

. (m—iIn(—i(i+z))+i In(—i(i—z))) (r—i In(—i(i+z))+i In(—i(i—z)))™ (3)"
risch — 5 (Tn) 2 65
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input Lint (arccot (x)“n/(x~2+1) ,x,method=_RETURNVERBOSE)

outputL—arccot(x)“(1+n)/(1+n)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ cot™(z)" p arccot (z)" arccot (z)
—_—dx = —
1+ 22 n+1

inputLintegrate(arccot(x)An/(x‘2+1),x, algorithm="fricas")

output L—arccot (x) “n*arccot (x)/(n + 1)

Sympy [A] (verification not implemented)

Time = 0.80 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.31

dx = —

/ cot ™ (z)" %ﬁ(m) forn # —1
1422 log (acot (x)) otherwise

-

input Lintegrate (acot (x)**n/ (x**2+1) ,x)

-/

output L—Piecewise((acot(x)**(n +1)/(a + 1), Ne(n, -1)), (log(acot(x)), True))
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ cot™1(z)" arccot ()"
oot B) gy — _BreCOt\Z)
14 22 n+1

input Lintegrate (arccot(x)"n/(x~2+1) ,x, algorithm="maxima") J

-

L—arccot(x)‘(n +1)/(n + 1)

—

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

cot ™ (z)" arctan (l)"H
N = )
1+ 2 n+1
input Lintegrate (arccot(x)"n/(x"2+1) ,x, algorithm="giac") J
Outputt—arctan(l/x)‘(n +1)/(n + 1) J

Mupad [B] (verification not implemented)
Time = 0.76 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

1+ 22 n+1

/cot_l(x)” e — _abcot(ac)"Jrl

input Lint (acot(x)"n/(x"2 + 1),x) J

-

L—acot(x)‘(n +1)/(n + 1)

e—

output




CHAPTER 3. LISTING OF INTEGRALS 178

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/ cot™(z)" acot(z)" acot(x)
v ) gy — —
1422 n+1

input Lint (acot (x)~"n/(x~2+1) ,x)

Outputt( - acot(x)**n*acot(x))/(n + 1)




output

input

output
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2t cot™1(2)

3.22 [T g

Optimal result . . . . . . . . . . . . . e 179
Mathematica [A] (verified) . . . . . . . . . ... 1791
Rubi [A] (verified) . . . . . . . . . . 180
Maple [A] (verified) . . . . . . . . . . 182
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 183l
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 183
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 183l
Giac [F] . . . o o 184
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 184
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 184

Optimal result

Integrand size = 13, antiderivative size = 40

4 ool 2 1 1 2
/ z* cot™ () dr — - xcot_l(ac) + §.,11,3 Cot_l(.’IJ) -5 cOt_l(w)Z ~3 log (1 + .’L‘2)

1+ 22 6

-

L1/6*x“2—x*arccot (x)+1/3*x"3*arccot (x)-1/2*arccot (x) ~2-2/3*%1n(x"2+1)

-/

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.80

4 g1
/ zloot” (z) dzx = %(mQ + 2z(—3 + 2°) cot 7' (z) — 3cot ' (z)* — 4log (1 + 7))

1422

‘Integrate[(x“4*ArcCot[x])/(l + x72),x]

L(x‘2 + 2*x*x (-3 + x72)*ArcCot [x] - 3*ArcCot[x]~2 - 4*Logl[l + x~2])/6
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Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.22,

number of steps used = 10, number of rules used = 9, number of rules _ 0.692, Rules
integrand size

used = {5452, 5362, 243, 49, 2009, 5452, 5346, 240, 5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

4 op—1
/m cot™*(x) iz

241
l_5452
2 1
9 .1 [ z*cot™ (z)
/ac cot™ (z)dx /w2+1 dx

l 5362

z? cot™1(x) 1 z3 15
l 243

1 x? 9 z? cot ™! () 145 4

l 49

2 ot—1
1/ (1 + ! )da:2 —/mCOt(I)dx-F 1:1:3 cot ™1 (z)

6 —z2-1 z2+1 3

| 2009
z2 cot™1(z) 15 1, ., 9
_/de+3x cot (:I:)+6(ac —log (z* + 1))
| 5452

cot~1(z) _1 153 L, s 2
O ) G — +z + (22 -1 +1
/ 211 dz /cot (x)dx 3% cot™ () 6(x og (z )

l 5346

T cot™1(z) | 1, ., 9 1
_/x2+1dz+/372+1dx+3m cot (:v)—l—é(m —log (z* + 1)) — zcot ™' (z)

l 240
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-1
/ C(:; +(31U) dxr + %xg cot™(z) + %(wz —log (:c2 + 1)) — %log (a:2 + 1) — zcot ()

l 5420

%f%“4@0+%@9—bg@2+ﬂ)—%bg@”+U—waﬁJ@%—%mr%@2

inputLInt[(XA4*ArCC°t[XJ)/(1 + x°2),x] J

output‘-(x*ArcCot[x]) + (x"3*ArcCot[x])/3 - ArcCot[x]"2/2 + (x°2 - Logll + x~21)/
6 - Logl1 + x721/2 |

Defintions of rubi rules used

rule 49 Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, 0]

rule 240 Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
~2, x]1/(2%b), x] /; FreeQ[{a, b}, x]

rule 243 IELG) " (m_)*((a)) + (b_)*(x))"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In |
‘t[x“((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
LntegerQ[(m - 1)/2] J

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk35346‘Int[((a-') + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bArcCot[c#x™n])"p, x] + Simp[b*c#n*p Int[x"n*((a + bkArcCot[c*x™n])~(p
‘ - 1)/(1 + c™2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
© (Eq@ln, 11 |1 Eq@lp, 11) |
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Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bkArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x"n])"(p - 1)/(1 + c"2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

rule 5362

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d_.) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(a + b*ArcCot[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]

rule 5420

N\

Int[(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_)*((f_)*(x_))"(m_))/((d.) + (e
_)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + bxArcCot [c*x]
)7°p, x], x] - Simp[d*(£72/e) Int[(f*x)~(m - 2)*((a + bxArcCot[c*x])~p/(d
+ exx~2)), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && GtQlp, 0] && GtQ[m, 1]

rule 5452

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.85

method result

parallelrisch w + % — z arccot (z) — "‘rc‘x’;(ﬂﬂ)2 _ 21n(22+1) ~1

default M —  arccot (z) + arccot (z) arctan (z) + & — 2111(”;2“) + atrctavzn(ﬂc)2

parts w — x arccot (z) + arccot () arctan (z) + %2 - 2ln(§2+1) + arCta;(z)Q

risch w + (% — % — w> In (iz 4+ 1) + ln(—i;cﬂ)2 _ il ln(6—iz+1) + iln(—i2x+1).1: I WTxg |
input Lint (x"4*arccot (x)/(x~2+1) ,x,method=_RETURNVERBOSE) J

-

L1/3*x“3*arccot (x)+1/6*%x"2-x*arccot (x)-1/2*arccot (x) "2-2/3*1n(x"2+1)-1/3

-/

output




CHAPTER 3. LISTING OF INTEGRALS 183

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.78

4 . -1 1 2

14 z2 6 2
jnputLintegrate(x“4*arccot(x)/(x‘2+1),x, algorithm="fricas") J
outputtl/s*XA2 + 1/3*(x~3 - 3*x)*arccot(x) - 1/2*arccot(x)"2 - 2/3*log(x"2 + 1) J

Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.85

zt cot™1(x) rdacot (r) x? 2log (2 4+ 1) acot?(x)
/ 1+2 = 3 +€—xacot(z)— 3 -—
inputLintegrate(x**4*acot(x)/(x**2+1),x) J
output Lx**B*acot (x)/3 + x**2/6 - x*acot(x) - 2xlog(x**2 + 1)/3 - acot(x)**2/2 J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.88

4 nnt—1 1 1
/ %ﬂ(@ de =z o’ + 2 (¢° — 3z + 3 arctan (z)) arccot (z)

1 2
+ 5 arctan (z)® — 3 log (z* + 1)

input Lintegrate (x~4*arccot (x)/(x~2+1) ,x, algorithm="maxima") J

t‘ 1/6%x72 + 1/3*%(x"3 - 3*x + 3*arctan(x))*arccot(x) + 1/2*arctan(x)~2 - 2/3x% ‘

outpu ‘log(x‘2 + 1) ‘
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Giac [F]
/ z* cot™!(z) do — / z* arccot (z) "
1+2° 2 +1
input Lintegrate (x~4*arccot(x)/(x"2+1) ,x, algorithm="giac") J
output Lintegrate (x"4*arccot (x)/(x72 + 1), x) J

Mupad [B] (verification not implemented)

Time = 0.79 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.80

z* cot ™ (z) dacot(zr) 2In(z2+1) acot(x)? z2

/W T=Tg T g T g ractl)+ g
inputtint((x‘4*acot(x))/(x‘2 +1),%) J
output [(x‘S*acot(x))/B - (2*%log(x~2 + 1))/3 - acot(x)"2/2 - x*acot(x) + x"2/6 J

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.80

z COt_l(-'E) acot(:v)2 aCOt(.’E) 3 ) log(x2 + 1) 22
/de=— 5 + 5 —acot(m)gp—T_l_E
input Lint (x"4*acot (x)/(x72+1) ,x) J

‘ ( - 3*%acot(x)**2 + 2*acot(x)*x**3 — 6xacot(x)*x - 4xlog(x**2 + 1) + x*x2)/ ‘

8 |

output




outpu

input
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23 cot™1(2)

3.23 | e da

Optimalresult . . . . . . . . . . . . . . 185]
Mathematica [A] (verified) . . . . . . . . ... L L 185
Rubi [A] (verified) . . . . . . . . . . 186
Maple [B] (verified) . . . . . . . . . ... 188
Fricas [F] . . . . . . 189
Sympy [F] . . o o 189
Maxima [F] . . . . . . e 190
Giac [F] . . . . o o 190
Mupad [F(-1)] . . . 190
Reduce [F] . . . . . . 1911

Optimal result

Integrand size = 13, antiderivative size = 67

% cot™! 1 1
/M dr = = + ~a? cot ™! (z) — §Z cot ()

14 22 2 2

+ cot™(z) log ( 2

1+

)

2

,  arctan(z)
2

1 2
— —i PolyLL 2,1 —
(21 2)

| Ixx))-1/2*T*polylog(2,1-2/ (1+I%x))

p
t‘1/2*x+1/2*x‘2*arccot(x)—1/2*I*arccot(x)"2-1/2*arctan(x)+arccot(x)*ln(2/(1+

N

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.76

3 t_l 1 . _
/ L ) (z) dx = 5 (:v —icot™!(x)? 4 cot () <1 + 22 + 2log <1 — g2ioot 1(””))>

1+ 22

— i PolyLog (27 o2i cot*l(z)>>

LIntegrate [(x~3*ArcCot[x])/(1 + x72),x]




CHAPTER 3. LISTING OF INTEGRALS 186

t‘ (x - I*ArcCot[x]~2 + ArcCot[x]*(1 + x"2 + 2+Logl[1l - E~((2*I)*ArcCot[x])])

outpu
L- I*PolyLogl[2, E~((2%I)*ArcCot[x])1)/2 J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.99,

number of rules _ g1 5, Rules

number of steps used = 9, number of rules used = 8§, integrand size

used = {5452, 5362, 262, 216, 5456, 5380, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3 oot—1
/m cot™*(x) iz

241
l'5452

/xcot_l(x)dw—/am()t_l(w)dac

241
J,5362

1 z? x cot~1(z) 15
| 262
1 1 x cot~!(x) 15 4
| 216

t! 1 1
- / Wd:c + E(x — arctan(z)) + 51*2 cot ™1 (z)

l 5456

t—1 1 1 1
/ de + 5(3& —arctan(z)) + 53:2 cot~1(x) — iicot—l(w)Q

| 5380
log (327) 1 1 1 2
_o\ztl) Lo _ 222 cot—1(2) — icot—1(z)? + log [ 2 -1
/ o dx + 2(3: arctan(z)) + 5% cot™ " (z) 5 cot™ (z)* + log (1 +ix) cot™ " ()
| 2849



input

output

rule 216

rule 262

rule 2752

rule 2849
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1 1 1
+ —(x — arctan(z)) + 59:2 cot ™ (z) — Ei cot™(z)? +

] ic+1 2

log ( -2~
/ o8 (m;ﬂ)d 1
ix+1

2
1 -1
og <1 n z:c) cot™ (z)
| 2752
1 1 2 1 1
i(ac — arctan(z)) — EZ PolyLog <2, 1-— ) + —z2cot ™ (z) — 51 cot71(z)2 +

i+ 1 2
2

| —_ t 1

Og<1+ix) cot ™" (z)

LInt [(x~3*%ArcCot[x])/(1 + x72),x]

e

(x~2xArcCot[x])/2 - (I/2)*ArcCot[x]”"2 + (x - ArcTan[x])/2 + ArcCot[x]*Logl
12/(1 + Ixx)] - (I/2)*PolyLogl2, 1 - 2/(1 + I#x)]

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2*((m - 1)/
(b*x(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b
» C, pr, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, xJ

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo

gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[

{c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]




rule 5362

rule 5380

rule 5452

rule 5456
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Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bkArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x"n])"(p - 1)/(1 + c"2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symboll
:> Simp[(-(a + bxArcCot [c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] - Simp[b*c*(
p/e) Int[(a + b*ArcCot[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c™2%x72))
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0
]

Int[(((a_.) + ArcCot[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/((d_) + (e
_)*(x_)72), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + bxArcCot [c*x]
)7°p, x], x] - Simp[d*(£~2/e) Int[(f*x)~(m - 2)*((a + bxArcCot[c*x])~p/(d
+ e*x”2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Int[(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(b*ex(p + 1))), x] - Simp[
1/(cxd) Int[(a + b*ArcCot[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQle, c™2xd] && IGtQ[p, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 125 vs. 2(53) = 106.

Time = 0.86 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.88

method | result

2 o .
i(ln(m—i) In(z2+1) —w—dilog(—@> —In(z—1) ln<—&;

default 2 achcot(:Il) _ arccot(w)zln(a:2+1) 4 % _ arct;n(z) + -

z?arccot(z) _ arccot(z)In(z%41)

i(ln(m—i) In(z2+1)— M —dilog (— Z(z%z)) —In(z—3)In (—

arctan(z)
parts 5 5 +5——5 —+ 7}

1_ iz

2 mln(z®+1) | iln(—ig+1)?  in(3—F)In(iz+l)  iz?In(—iz+1)

(3+%) In(—iz+1) _ iln

. T - T tln
risch 4ty — 8 ~ 1 1 +at




CHAPTER 3. LISTING OF INTEGRALS 189

inputLint(x“3*arccot(x)/(x”2+1),x,method=_RETURNVERBUSE)

‘1/2*x“2*arccot(x)-1/2*arccot(x)*ln(x‘2+1)+1/2*x_1/2*arctan(x)+1/4*I*(ln(x_
‘I)*ln(x"2+1)-1/2*ln(x—I)"2-dilog(—1/2*I*(I+x))_]_n(x_I)*ln(_l/Q*I*(I+X)))_1
‘ /4%I*(1n(I+x)*1n(x~2+1)-1/2*%1n(I+x) ~2-dilog(1/2*I*(x-I))-1n(I+x)*1n(1/2*I*
x-D1)))

output

Fricas [F]

3 -1 3
/ z° cot ™ (z) gy — / z3 arccot (z) s
1+ z? z2+1

inputLintegrate(x“B*arccot(x)/(x”2+1),x, algorithm="fricas")

OutputLintegral(XAS*arCCOt(x)/(x*2 + 1), x)

Sympy [F]

/x3 cot ™" (x) dr — / z3 acot (z) s
1+ 22 2 +1

inputLintegrate(x**S*acot(x)/(x**2+1),x)

OutputLIntegral(x**B*acot(x)/(x**2 +1), %)
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Maxima [F]
x3 cot™1 3 t
/ (z) do — / x? arccot (z) i
1+ z? 2 +1
input Lintegrate (XAS*arCCot (X) / (x“2+1) ,X, a1g0rith.m=“maxima")

output Lintegrate (x"3*arccot (x)/(x72 + 1), x)

Giac [F]

/dez/w

1+x2 x2+1

T

input tintegrate (x"3*%arccot (x)/(x"2+1) ,X, algorithm=“giac "

output Lintegrate (x~3*arccot(x)/(x72 + 1), x)

Mupad [F(-1)]

Timed out.

/ gocot™M(z) / z® acot(x)
1+a? 2’ +1

input Lint((x‘3*acot x))/(x"2 + 1),%)

output Lint((x‘B*acot(x))/(x’Q + 1), %)
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Reduce [F]

3 -1 3
/ eicot(z) o / acot(z) 2°

1+2° 22+ 1

input Lint (x"3*acot (x)/(x"2+1) ,x)

output Lint((acm; (x) *x**3) / (x**2 + 1),x)




output

input

output
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22 cot 1 ()

3.24 [T @y

Optimal result . . . . . . . . . . . . . e 192
Mathematica [A] (verified) . . . . . . . . ... L L 192
Rubi [A] (verified) . . . . . . . . . . 193
Maple [A] (verified) . . . . . . . . . . 194
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 1951
Sympy [A] (verification not implemented) . . ... ... ... ... ... .... 195
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 1951
Giac [F] . . . o o 196
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 196
Reduce [B] (verification not implemented) . . . . . ... ... ... .. ..... 196

Optimal result

Integrand size = 13, antiderivative size = 23

% cot™! 1 1
/ %ﬁ(x) dx = xcot™*(z) + 5 cot ™! (x)* + 5 log (14 z?)

-

Lx*arccot (x)+1/2%arccot (x) “2+1/2*1n(x"2+1)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

cot™! 1 1
/%ﬁ(gj) dx = zcot™(z) + 3 cot™(z)? + 3 log (1 + z°)

‘Integrate[(x“2*ArcCot[x])/(l + x72),x]

Lx*ArcCot[x] + ArcCot[x]~2/2 + Logl[l + x~2]/2




input

output
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00,

number of rules _ 0.308, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5452, 5346, 240, 5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2 ot—1
/m cot™*(x) iz

241
l'5452
1 B cot~!(z)

/cot (z)dz /w2+1 dx
l 5346

x cot™ !}z _

/I2+1dl'—/x2_}-(1)d.’13+.’1300t 1(.’1;')

l 240

cot~1(z) 1 9 1
- | =—= =1 1
t/ x2+]_dm+-2<g(x +1) + zcot ' (z)

l 5420

1 1
3 log (z° +1) + 5 cot™(z)? + z cot ()

LInt[(x‘2*ArcCot[x])/(1 + x72),x]

-

Lx*ArcCot [x] + ArcCot[x]"2/2 + Logl[l + x~2]1/2

-/




rule 240

rule 5346

rule 5420

rule 5452

output
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Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a

+ b*ArcCot[c*x"n])"p, x] + Simp[b*c*n*p Int[x"n*((a + b*ArcCot[c*x"n])~(p
- 1)/ + c™2*x~(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQlp, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[-(a + b*ArcCot[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c™2xd] && NeQ[p, -1]

Int[(((a_.) + ArcCot[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/((d_) + (e
_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + bxArcCot [c*x]
)7p, x], x] - Simp[d*(£f~2/e) Int[(f*x)~(m - 2)*((a + bxArcCot[c*x]) p/(d
+ e*x”2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result

t(z)2 In(z2+1)
+ arcco2 2)° | 2

parallelrisch | z arccot (z)
)

In(z2+1) arctan(z)?

default — arccot (z) arctan (z) + x arccot (z) + S — :
n(z? rctan
parts — arccot () arctan (z) + z arccot (z) + In 2* 1) _a ct62 (z)*
risch _M + (% + ln(—iiﬂ-i-l)) In (’L.’IZ + 1) . ln(—i;c—i-l)2 N iln(—z'2x+1)ac + % .

2

m arctan(z) + In (22

2

-

inputt

int (x"2*arccot (x)/(x"2+1) ,x,method=_RETURNVERBOSE)

-/

Lx*arccot(x)+1/2*arccot(x)‘2+1/2*1n(x‘2+1)




inputt
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

t 1 1
/ i fc; xz( 2) dz = z arccot (z) + 3 arccot (z)° + 3 log (z* + 1)

integrate(x~2*arccot(x)/(x~2+1) ,x, algorithm="fricas")

output |

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

z?cot™M(z) log (z2 +1)  acot? (z)
/ 1122 dz = zacot (z) + 5 R

inputt

integrate (x**2*acot (x)/(x*x*2+1) ,x)

output

p
Lx*acot(x) + log(x**2 + 1)/2 + acot (x)**2/2

-/

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.04

2 -1 ) .
/ %{pz(x) dz = (z — arctan (z)) arccot (x) — 5 arctan (z)® + 5 log (2% + 1)

input‘

integrate(x~2*arccot(x)/(x"2+1) ,x, algorithm="maxima")

outputt

(x - arctan(x))*arccot(x) - 1/2*arctan(x)”~2 + 1/2*log(x~2 + 1)
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Giac [F]
2 t_l 2 t
/ x?* cot™(x) do — / x* arccot (z) i
1+ 22 z2+1
input Lintegrate (x~2*arccot (x)/(x~2+1) ,X, algorith.m="giac ")

output Lintegrate(x?*arccot(x)/(x‘2 + 1), x)

Mupad [B] (verification not implemented)

Time = 0.76 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

+ zacot(z) +

/w2 cot™}(z) de — acot(z)?
1+ 22 2

In(z%+1)

inputtim_’((XAQ*aCOt(X))/(X“2 + 1),x)

-

output Llog(x“z + 1)/2 + acot(x)"2/2 + x*acot(x)

-/

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

r = ———— + acot(z) z +

/ z2 cot™(x) p acot(z)”
1+ 22 2

log(z? + 1)

input Lint (x"2%acot (x)/(x"2+1),x)

OutputL(acot(x)**2 + 2*acot(x)*x + log(x**2 + 1))/2




output

input

output
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3.25 [ (&g,

’ 1+x2
Optimalresult . . . . . . . . . . . . . . 197
Mathematica [A] (verified) . . . . . . . . ... L L 197
Rubi [A] (verified) . . . . . . . . . . 198
Maple [B] (verified) . . . . . . . . . ... 199
Fricas [F] . . . . . . 2001
Sympy [F] . . o o 200
Maxima [F] . . . . . . e 200
Giac [F] . . . . o o 201]
Mupad [F(-1)] . . . 201]
Reduce [F] . . . . . . 201]
Optimal result
Integrand size = 11, antiderivative size = 48

zeot™M(z) , 1. . 1 2 1, 2
/ i dr = % cot™ () — cot ™ (z) log i + —i PolyLog T

L1/2*I*arccot(x)‘2—arccot(x)*ln(2/(1+I*x))+1/2*I*polylog(2,1—2/(1+I*x))

J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.81

-1
/ x cot (117) de = —COt_l(.’I;) log (1 _ e2z’cot—1(x)>

1+ 22

2

1 -
+ —i(cot_l(a:)2 + PolyLog (2, gZteot 1(“)>)

LIntegrate [(x*ArcCot[x]1)/(1 + x72),x]

‘—(ArcCot[x]*Log[i - E7((2*I)*ArcCot[x]1)]) + (I/2)*(ArcCot[x]~2 + PolyLogl[2

, E~((2*I)*ArcCot[x])])

N
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.00,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5456, 5380, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:ccot_l(:c) iz

z2+1
| 5456
1. 1, .9 cot~!(z)
2zcot (x) / ryp dx
| 5380
log 37 1 2
— / 332<++11)dw + §icot_1(w)2 —log <1 n zm) cot 7 (z)
| 2849
og(z21) 1 1
. d =2 -1 2 —1 -1
z/ l_iil i:c+1+2ZCOt (z) 0g<1+iw>COt (z)
| 2752
1 2 1 1 2 .
5t PolyLog (2, 1-— m+1> + 5t cot™ (z)* — log <1 n zw) cot™ ()

input LInt [(x*ArcCot[x])/(1 + x72),x]

‘(I/2)*ArcCot [x]"2 - ArcCot[x]*Logl[2/(1 + I*x)] + (I/2)*PolyLog[2, 1 - 2/(1

output
|+ Ikx)]
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Defintions of rubi rules used

rule 2752

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2849

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 5380

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)), x_Symbol]
:> Simp[(-(a + bxArcCot[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] - Simp[b*c*(
p/e) Int[(a + bxArcCot[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 + c~2%x72))
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, O] && EqQ[c™2*d"2 + "2, O
]

rule 5456

input L

Int[(((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(bxex(p + 1))), x] - Simp[
1/(cxd) Int[(a + b*ArcCotlc*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 97 vs. 2(40) = 80.

Time = 0.33 (sec) , antiderivative size = 98, normalized size of antiderivative = 2.04

method | result

. 7rln(—2+(—iw+1)2+2iz) iln(2+%2)In(—iz+1) | idilog(3—%2)  jIn(—iz+1)? |, iln(i- %w) Iniz+1)
risch N — - + ; _ ‘ +

. . In(z—13)2 . i(i+x . _ (it In(zi+:

d R It arccot(z) ln(m2+1) 1 (ln(m—z) ln(m2+1)—%—dllog<—%) —In(z—1) ln i(ite) + ) ) (ln(z+z) In z2+1 ( 42'

erau 5 — 1

n(x—1 2 . i(7 .
arccot(z) In(z2+1) i(ln(z—i) In(2?41) - (z;) J —d110g<—@)—ln(z—z) ln Z(H%) ) i( In(i+=) In(22+1)—

parts 5 — i +

int (x*arccot (x)/(x"~2+1) ,x,method=_RETURNVERBOSE)
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t‘1/4*Pi*1n(—2+(1—I*x)“2+2*I*x)-1/4*I*1n(1/2+1/2*1*x)*1n(1—I*x)+1/4*I*dilog(
‘1/2-1/2*I*x)-1/8*I*1n(1-I*x)‘2+1/4*I*1n(1/2-1/2*I*x)*1n(1+I*x)-1/4*I*dilog
| (1/2+1/2%T*x)+1/8*I*1n(1+1*x) "2 |

outpu

Fricas [F]
/xcot‘l(x) i :/zarccot (z) i
1+ 22 2+ 1
inputLintegrate(x*arccot(x)/(x“2+1),x, algorithm="fricas") J
OutputLintegral(x*arccot(x)/(x"2 + 1), x) J
Sympy [F]
/xcot‘l(x) dxz/a:acot (z) i
1+ z2 2+ 1
inputLintegrate(x*acot(x)/(x**2+1),x) J
OutputLIntegral(x*acot(x)/(x**2 + 1), x) J
Maxima [F]
/a:cot_l(x) i =/avaurccot (z) s
1+ 22 2 +1
inputLintegrate(x*arccot(x)/(x"2+1),x, algorithm="maxima") J

OutputLintegrate(x*arccot(x)/(x“2 + 1), %) J
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Giac [F]

—1
/ z cot™ () dp — / x arccot (x) i

1+ 22 z2+1

input Lintegrate (x*arccot (x)/(x~2+1) ,x, algorithm="giac")

OutputLintegrate(x*arccot(x)/(x‘Q + 1), x)

Mupad [F(-1)]

Timed out.

/xcot_l(x) dx=/xacot(x) i

14 22 z2+1

inputLint((x*aCOt(X))/(XAQ + 1) ,x)

outputtim"((x*aCOt(x))/(X»2 +1), x)

Reduce [F]

zeot™'(z) , [ acot(z)x
/—1+x2 dx—/—m2+1 dz

inputLint(x*acot(x)/(x‘2+1),X)

output Lint((acot (x)*x) / (x%%2 + 1),%)




output

input

output
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3.26 [ (g

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . ... ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... .. L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . . . ... ... ... .. .....

Optimal result

Integrand size = 10, antiderivative size = 8

[,

1+ 22

——cot™!
2

()°

202
20}
2041
2041
2041
200)
200}
209}

-

L—l/Z*arccot (x)"2

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

[,

14+ 22

—Zcot™!
2

()?

‘ Integrate[ArcCot[x]/(1 + x72),x]

L—1/2*ArcCot [x]~2
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

cot™(z)
/ 2l dx

l'5420

below.

1
—3 cot~1(z)?

input ‘ Int [ArcCot[x]/(1 + x72),x] ‘

output L—1/2*ArcCot [x]~2 J

Defintions of rubi rules used

rule 5420‘Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symbo ‘
1] :> Simp[-(a + b¥ArcCot[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQl{a, b, |
¢, d, e, p}, x] &k EqQle, c"2+d] & NeQlp, -1] |
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Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

method result size
derivativedivides | — M 7
default — arcoot(z)” 7
parts arccot (z) arctan (x) + mtaQ—n(w)z 13
risch ln(ia:8+1)2 . ln(—im-l—li In(iz+1) i 1n(—i8z+1)2 T narct;n(m) 45

-

input {int (arccot(x)/(x72+1) ,x,method=_RETURNVERBOSE)

e—

output L—1/2*arccot (x)~2

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

-1 1
[ s e = g arccot o

inputLintegrate(arccot(x)/(x‘2+1),x, algorithm="fricas")

OutputL—1/2*arccot(x)’"2

Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.88

cot™(x) acot? (z)
[ T de = =2

input Lintegrate (acot (x) / (x**2+1) ,x)
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OutputL-acot(x)**2/2

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

cot™!(z) 1 2
/ Tz dx = —3 arccot ()

inputLintegrate(arccot(x)/(x‘2+1),x, algorithm="maxima")

Outputl—l/Z*arccot(x)‘2

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

1 1 1\2
/% dz = —3 arctan (5)

inputLintegrate(arccot(x)/(x‘2+1),x, algorithm="giac")

output L—l/Z*arctan(l/x) ~2

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/cot_l(r) dp — _acot(gv)2
1+ 2?2 2

inputtint(acot(x)/(XA2 +1),x)

OutputL—acot(x)“2/2
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.75

/ cot™(x) dp — — acot(z)*
14 22 2

input Lint (acot(x)/(x~2+1),x)

outpud( - acot (x)**2)/2




e

output L
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3.27 i cot"!(z) 1.
: 2 (1422)

Optimal result . . . . . . . . . . . e 207
Mathematica [A] (verified) . . . . . . . . . ... 207
Rubi [A] (verified) . . . .. .. ... .. 208
Maple [B] (verified) . . . . . . . . . ... 209
Fricas [F] . . . . o . o o 210
Sympy [F] . . o o 210
Maxima [F] . . . . . . 2101
Giac [F] . . . . o o e 211
Mupad [F(-1)] . . . o o 211
Reduce [F] . . . . 0 o e 211

Optimal result

Integrand size = 13, antiderivative size = 49

1
/ OE) 4y = Lot ()2 + cot (x) log (2 -

z(1+22) 2

1
+ éz PolyLog (2, -1+

2
1—1z

)

2

— 1z

)

1/2*xI*arccot (x) “2+arccot (x)*1n(2-2/(1-I*x))+1/2*I*polylog(2,-1+2/(1-I*x))

~—

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.88

t 1 cob—
/ cot™(z). dr = —Ei cot ™! (x)? + cot ™ (z) log (1 + gZicot 1(“)>

z(1+22)

1 A
- 5@ PolyLog (2, —eZicot l(z)>

inputt

Integrate[ArcCot [x]/(x*(1 + x72)),x]
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‘ (-1/2*I)*ArcCot[x] "2 + ArcCot[x]*Logl[l + E~((2*I)*ArcCot[x])] - (I/2)*Poly ‘

output
LLog [2, -E~((2+I)*ArcCot[x])] J

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.12,

number of rules _ 0.231, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5460, 5404, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
cot™(x)
/ z(z2+1) dz

| 5460
. [ coti(x) 1. 1, 9
Z/I(x+i)da:+zzcot (x)
| 5404
log (2_ 1—2m> 2 1
| —il 9 _ -1 L. -1 2
z( Z/:c2+1 dx zog( 1_m>cot (x) +2zcot (z)
| 2897

1 2 2 1
i( = PolyLog (2,——— — 1) —ilog (2 — -1 “icot™!(z)?
z<2 oly 0g< e ) i 0g< 1—ix> cot (w)) +2’LCOt (z)

e

LInt [ArcCot [x]/(x*(1 + x~2)),x]

~—  /

input

output‘ (I/2)*ArcCot[x]~2 + I*((-I)*ArcCot[x]*Log[2 - 2/(1 - I*x)] + PolyLog[2, -1 ‘
+ 2/ - 101/2) J




rule 2897

rule 5404

rule 5460
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Defintions of rubi rules used

Int[Log[u_l*(Pq_)~(m_.), x_Symbol]l :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x])]}, Simp[C¥PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]1]1, Expon[Pq, x]]

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x_
Symbol] :> Simp[(a + b*ArcCot[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] + Si
mp [bxc*(p/d)  Int[(a + b*ArcCot[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]1/(1
+ c”2*x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*
4"2 + e~2, 0]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(b*d*(p + 1))), x] + Simpl[
I/d Int[(a + b*ArcCot[c*x]) p/(x*(I + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2*d] && GtQ[p, O]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 116 vs. 2(41) = 82.

Time = 0.35 (sec) , antiderivative size = 117, normalized size of antiderivative = 2.39

method | result

. mln(z2+1) In(—iz) , iIn(3+%)In(—iz+1) idilog(:—"%) | iln(—iz+1)? , idilog(—iz+1)  In(
risch — i _|_7T 2$+ 2 24 _ 42 2 _|_Z 893 _|_z og2a: _

arccot(x) In (22 i ln n(i iIn nl—i i di .  di »
default —M -+ arccot (l’) In (x) _ iln(@) 12(7'$+1) + 2t ($)12( iz+l) _ 4d 10g§m+1) + id log(2 iztl)
parts _w + arceot (z) In (z) — @) 1;1(m+1) 4 iln(a) 1n2(—ia:+1) _ idilogéix—l—l) idilog(—iz+1)

input {int (arccot (x) /x/(x~2+1) ,x,method=_RETURNVERBOSE) J




CHAPTER 3. LISTING OF INTEGRALS 210

output \ -1/4*Pi*1n(x~2+1)+1/2*%Pi*1n(-I*x)+1/4*I*1n(1/2+1/2%I*x)*1n(1-I*x)-1/4*I*di \
\ log(1/2-1/2xI*x)+1/8*%I*1n(1-I*x) ~2+1/2*I*dilog(1-I*x)-1/4*I*1n(1/2-1/2*I*x \
‘ )*1n(1+I*x)+1/4*I*xdilog(1/2+1/2+I*x)-1/8*I*1n(1+I*x) "2-1/2*xI*dilog(1+I*x) ‘

Fricas [F]
/ cot™(z) dp — / arccot () s
z (14 x?) (22 + Dz
input Lintegrate (arccot(x)/x/(x~2+1) ,x, algorithm="fricas") J
output integral (arccot (/(x3 + 1), x) J
Sympy [F]
/ cot™!(z) i =/ acot (z) i
z (14 z?) z(x?+1)
input 1Rtegrate (acot (x)/x/ (xxx2+1) 1) )
OutputLIntegral(acot(x)/(x*(x**2 + 1)), x) J
Maxima [F]
/ cot™!(z) i — / arccot (z) s
z (14 2?) (22 + D)z
input Lintegrate (arccot (x)/x/(x~2+1) ,x, algorithm="maxima") J

output Lintegrate(arccot(x)/((x“2 + 1)*x), x) J
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Giac [F]

input tintegrate (arccot(x)/x/(x"2+1) ,x, algorithm="giac")

output Lintegrate (arccot (x)/((x72 + 1)*x), x)

Mupad [F(-1)]

Timed out.

input 378 (a0t (X)/ (xx(x°2 + 1)),0)

output Lint(acot(x)/ (x%(x™2 + 1)), x)
Reduce [F]
/Ll(cc)dx: / acot(m)dm
z (1 + 22) P
input Lint (acot (x)/x/(x~2+1) ,x)

output Lint (acot (x)/(x**3 + x),%)




output L
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cot~1(x)
Optimal result . . . . . . . . . . . e 212
Mathematica [A] (verified) . . . . . . . . . ... 212
Rubi [A] (verified) . . . .. .. ... .. 213
Maple [A] (verified) . . . . . . ... L 215
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 215
Sympy [A] (verification not implemented) . . . ... ... ... ... ......
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 276l
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 216
Mupad [B] (verification not implemented) . . ... ... ... ... ....... 217
Reduce [B] (verification not implemented) . . . .. ... ... ... ....... 217

Optimal result

Integrand size = 13, antiderivative size = 30

/ cot™(z) dp — _cot™Hz) 1
22 (1422 x 2

+ =~ cot™(z)? — log(x) + %log (14 2?)

—arccot (x) /x+1/2*arccot (x) "2-1n(x)+1/2*1n(x"2+1)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

+ — cot

/ cot™(z) dx__cot_l(ac) 1
22 (1+22) T 2

~1(x)? — log(x) + %log (1+27)

inputt

Integrate[ArcCot [x]/(x"2%(1 + x72)),x]

outputt

-(ArcCot[x]/x) + ArcCot[x]"2/2 - Loglx] + Logl[l + x~2]1/2
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Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.10,

number of rules _ 538, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {5454, 5362, 243, 47, 14, 16, 5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot™(z) iz

z2(z2+1)
l 5454

cot™1(x) cot™1(z)
JCCRESTR

l 5362

1 cot~!(z) cot~1(z)
_/x(a:Q-l—l)dw_/ 2r1 FT T,

|
_1/ o 1 dz? _/cot_l(m)dx_ cot~1(z)

2 z2+1)

1 1 o [ 1.4 _/cot_l(ac) _cot_l(:c)
2</x2+1dm /xzda:) z2+1 dz x

1 1 9 9 cot~!(z) cot~1(x)
2</x2+1dw log(m)> / z2+1 de x

| 16

cot™1(z) 1 9 9 cot™1(z)
—/ 21 d:r—i—i(log(m +1) —log (z°)) — -
| 5420
1 cot~1(x)

(log (z* + 1) — log (z°)) + %co’c‘l(ac)2 -

N |

X
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input‘Int[ArcCot[x]/(x“2*(1 + x72)),x]

outputt-(ArcCot[x]/x) + ArcCot[x]°2/2 + (-Logl[x~2] + Logll + x~2])/2

Defintions of rubi rules used

ru1614L1nt[(a_.)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQ[a, x]

rule 16 IntL(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simpl[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQl{a, b, c, d}, x]

rule 243 It LG~ @_)*((a)) + (b_.)*(x_)"2)"(p_), x_Symboll :> Simp[1/2  Subst[In
tlx~((m - 1)/2)*(a + bxx)"p, x1, x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 5362 Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcCot[c*x™n])"p/(m + 1)), x] + Simp[b*c*nx(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x™n])~(p - 1)/(1 + c~2*x~(2*n))), x],
x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

rule 5420 Intl((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_.)/((d)) + (e_.)*(x.)72), x_Symbo
1] :> Simp[-(a + b*ArcCot[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c"2xd] && NeQ[p, -1]
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‘_.)*(x_)“2), x_Symbol] :> Simp[1/d  Int[(f*x) m*x(a + b*ArcCot[c*x]) p, xI,
x] - Simp[e/(d*£"2) Int[(f*x)~(m + 2)*((a + b*ArcCot[c*x]) p/(d + exx"2)

rule 5454 TRELCCGa_.) + ArcCotl(c_)*(x)T*(d_.))~(p_)*((£_.)*(x))"@))/((d) + (o
), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1] \

Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.07

method result
parallelrisch | —— arccot(x)’z+2 ln(w)w2—$ln (z2+1)2+2 arccot(z)
2 2
default — arccot () arctan (z) — %’t(”’) —1In(z) + 1n(””2+1) _ arcta;ﬂ(ﬂﬂ)
n(z? retan(z)2
parts — arccot (z) arctan (x) — %’t(””) —In(z) + In( 2+1) _ arctar (z)
risch _ln(im8+1)2 + (Zln(_i$+121;2i) In(iz+1) —21'1n((—7r+6i)z+i7r+6)7rz+2iln((—7r—6i)a:—i71'+6)71':1:+1n(—im+1)2m—4
input Lint (arccot (x)/x~2/(x~2+1) ,x,method=_RETURNVERBOSE) J
output L—1/2* (-arccot (x) "2*x+2%1n(x) *x-1n(x~2+1) *x+2*arccot (x) ) /x J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

/ cot™1(z) - zarccot (z)? + zlog (22 4+ 1) — 2z log (z) — 2 arccot ()
2 (1+22) 20
fnput Lintegrate (arccot (x)/x~2/(x~2+1) ,x, algorithm="fricas") J

outputt1/2>|<(x=|=arcco1:(x)"2 + xxlog(x~2 + 1) - 2*x*log(x) - 2*arccot(x))/x J
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Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.73

- log (22 + 1 2 t
/ cot™(z) iz = — log (1) + og (:c2 +1) N a,cot2 (z) acox(x)

22 (1 + 22) B

inputLintegrate(acot(x)/x**2/(x**2+1)’x) J

output‘ -log(x) + log(x**2 + 1)/2 + acot(x)**2/2 - acot(x)/x ‘

Maxima [A] (verification not implemented)
Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97
t 1
/ z(230(1—+(?2) dx = — (5 + arctan (x)> arccot ()
1 1
— 5 arctan (z)* + 3 log (z* 4+ 1) — log (z)

inputLintegrate(arccot(x)/x"2/(x‘2+1),x, algorithm="maxima") J

output L-(l/x + arctan(x))*arccot(x) - 1/2*arctan(x)”2 + 1/2xlog(x"2 + 1) - log(x) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.87

cot™!(z) 1 1\> arctan (1) 1 1
O ) g =< arctan [ - | — ot le) 4 S eg (= 41
/x2(1+x2) x 2arcan(x) = —|—2 og x2+

input Lintegrate (arccot (x)/x~2/(x~2+1) ,x, algorithm="giac") J

output L1/2*arctan(1/x)~2 - arctan(1/x)/x + 1/2%log(1/x"2 + 1) J
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Mupad [B] (verification not implemented)

Time = 0.76 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.87

22 (1+ x2) v 2 e x 2

/ cot™1(x) p In(z%+1) CIn(z) - acot(x) N acot(z)”

input Lint(acot(x)/(x’?* (x"2 + 1)),x) J

-

log(x~"2 + 1)/2 - log(x) - acot(x)/x + acot(x)~2/2

-/

output L

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

/ cot™(z) i — acot(x)? x — 2acot(z) + log(z? 4+ 1) z — 2log(z) =
2 (1+22) 27

input Lint (acot (x)/x~2/(x~2+1) ,x) J

outputt(aCOt(X)**%x - 2kacot(x) + log(x**2 + 1)*x - 2xlog(x)*x)/(2%x) J
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output

N\

cot1(z
3.20 [ Sipayde

Optimal result . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . .. .. ... ..

Maple [B] (verified) . . . . . . . . . ...

Fricas [F] . . . . o . o o
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o e
Mupad [F(-1)] . . . o o
Reduce [F] . . . . 0 o e

Optimal result

Integrand size = 13, antiderivative size = 72

/cot_l(x) p _ 1 cot™!(z)

1
- = 5’ cot ™! (x)* +

x3 (1 + 22) T 212

—cot~Mz)log (2 — —2—
co (x)og( —

2

)

arctan(zx)
2

2 1—1x

1 2
— —t PolyLog (2, -1+ )

1-I*x))-1/2xI*polylog(2,-1+2/(1-I*x))

‘1/2/x—1/2*arccot(x)/x‘2—1/2*I*arccot(x)“2+1/2*arctan(x)—arccot(x)*ln(2—2/(

J

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.76

input L

1/1 1 -
3 (5 +icot™!(z)? + cot ! (z) (—1 — — —2log (1 + gPicot™ (@)

2

+ i PolyLog (2, _gPicot™ (@)

)
)

)
)

Integrate[ArcCot [x]/(x73*(1 + x72)),x]
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| (x7(-1) + I*ArcCot[x]"2 + ArcCot[x]*(-1 - x~(-2) - 2#Log[1i + E~((2#I)*ArcC

output
Lot [x])]) + I*PolyLog[2, -E~((2*I)*ArcCot[x])])/2 J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.03,
number of steps used = 7, number of rules used = 7, Bumber of rules _ 538 Ryjjeg

integrand size
used = {5454, 5362, 264, 216, 5460, 5404, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot™(x) iz

23 (224 1)
J‘5454

/cot;;(x)dx_/mdx

l 5362

1 1 cot™1(z) cot™1(z)

_2/xz(x2+1)dx_/:c(x2+l)dx_ 212
l264

1 1 1 cot™!(z) cot~1(z)
2</x2+1dx+a:> _/a:(IQ-l-l)dx_ 212

z(x?+1) 2 212
| 5460
. [ cot™Y(x) 1 1 cot7™H(z) 1. ;.
_z/ 2@t 0) dx + 3 <arctan(m) + x) — =52 gt cot™ " (z)
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(3 1 I2—|—1 X 1108 1 — iz CO x 9 I n\xr T

1 1
co2w2($) - 5@ cot ™1 (z)?

l 2897

1 1 (1 2 . 2 1
5 <arctan(:v) + x) — z<2 PolyLog <2, 1~ 1> —ilog (2 — 1—z:v> cot (a:)) -
1

cot™1(z)
2z2

- 5@' cot ™1 (z)?

input LInt [ArcCot [x]/(x~3*%(1 + x~2)),x]

Output‘—1/2*ArcCo‘c [x]/x72 - (I/2)*ArcCot[x]"2 + (x"(-1) + ArcTan[x])/2 - I*((-I)*
‘ArcCot [x]*Log[2 - 2/(1 - I*x)] + PolyLogl[2, -1 + 2/(1 - I*x)]1/2)

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

rule 216

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[(c*x)~(
m+ 1)*((a + bxx™2)"(p + 1)/(a*c*(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] & LtQ[m, -1] && IntBinomialQ[a, b, ¢, 2, m, p, x]

rule 264

e

Int[Loglu_]l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
Dlu, x1)1}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x1] /; IntegerQ[m] &&
‘PolyQ [Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
L x1[[2]11, Expon[Pq, x]]

rule 2897

~




rule 5362

rule 5404

rule 5454

rule 5460
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Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bkArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x"n])"(p - 1)/(1 + c"2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.)) " (p_.)/((x_)*((@_) + (e_.)*(x.))), x_
Symbol] :> Simp[(a + b*ArcCot[c*x]) p*(Logl[2 - 2/(1 + e*x(x/d))]/d), x] + Si
mp [bxc*(p/d)  Int[(a + b*ArcCot[cxx])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]/(1
+ c”2*x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2*
4"2 + e~2, 0]

Int[(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_)*((f£_)*(x_))"(m_))/((d.) + (e
_)*(x_)72), x_Symbol] :> Simp[1/d Int[(f*x) m*x(a + b*ArcCot[c*x]) p, xI],
x] - Simp[e/(d*£"2) Int[(f*x)~(m + 2)*((a + b*ArcCot[c*x]) p/(d + e*x~2)
), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d.) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(bxd*(p + 1))), x] + Simp[
I/d Int[(a + bxArcCot[c*x]) p/(x*(I + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] & EqQle, c~2xd] && GtQ[p, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 177 vs. 2(58) = 116.

Time = 1.04 (sec) , antiderivative size = 178, normalized size of antiderivative = 2.47

method | result

i (ln(z—i) In(z2+1)— M —dilog <— @) —In(z—1) ln(— i

risch — 4 2 8 5

mln(z2+1) - mln(—iz)  iln(—iz+1)®  idilog(—iz+1)  iln(—iz) 4 i) | iln(3—*2) In(iz+1)
1 4

4

arccot(z) In (z2 r
default a )21 (=241) _ 2 C;;g(x) — arccot (z) In (z) — 1

. (2 i ln(a:—i)ln(zz—}—l)—M—dilog —iite) —In(z—32)In —
parts al ccot(;z:)zl (x2+1) _ a,rc;:zg(z) — arccot (.’L‘) In (.’13) _ ( 2 4( 2 ) (

1
T
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inputLint(arccot(x)/x”S/(x”2+1),x,method=_RETURNVERBUSE)

1/2*arccot (x) *1n(x"2+1)-1/2*arccot (x) /x"2-arccot (x) *1n(x)-1/4*xI*(1n(x-I)*1
n(x"2+1)-1/2*1n(x-I)"2-dilog(-1/2*I*(I+x))-1n(x-I)*1n(-1/2*I*(I+x)))+1/4*I
*(1n(I+x)*1n(x"2+1)-1/2*1n(I+x) “2-dilog(1/2*I* (x-I))-1n(I+x)*1n(1/2*I*(x-I
)))+1/2/x+1/2%arctan(x)+1/2*I*1n(x) *1n (1+I*x)-1/2*I*1n(x)*1n(1-I*x)+1/2*I*
dilog(1+I*x)-1/2*%I*dilog(1-I*x)

output

Fricas [F|
-1
/ cot~'(x) dp — / arccot (z) i
z3 (1 + z2) (22 + 1)
inputLintegrate(arccot(x)/x“3/(x‘2+1),x, algorithm="fricas")

Lintegral(arccot(x)/(x”S + x73), x)

output
Sympy [F]
cot™1(x) B acot ()
/ mdx - / mdx
inputtintegrate(acot(x)/x**a/(x**2+1),X)

outputLIntegral(aCOt(X)/(x**S*(x**2 + 1)), x)
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Maxima [F]

/ cot™! () dr — / arccot (z) s

z3 (1 + 22?) (22 4+ 1)23

input lintegrate (arccot(x)/x~3/(x72+1) ,x, algorithm="maxima")

output Lintegrate(arccot(x)/ ((x"2 + 1)*x73), x)

Giac [F]

input Lintegrate (arccot (x)/x~3/(x~2+1) ,x, algorithm="giac")

outputLintegrate(arccot(x)/ ((x™2 + 1)*x73), x)

Mupad [F(-1)]

Timed out.

put ISR/ G312 ¢ 1),

outputtint(acot(x)/ (x"3%(x"2 + 1)), x)
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Reduce [F]

cot™'(z) [ acot(x)
/mdx_/strﬁdw

input | 10t (@cot () /x73/ (x"2+1) ,x)

output Lint (acot (x)/(x**5 + x*%*3),x)




output

input

output
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-1

3.30 cot” () 4.

: A(142)
Optimal result . . . . . . . . . . . e 225
Mathematica [A] (verified) . . . . . . . . . ... 225
Rubi [A] (verified) . . . .. .. ... .. 226
Maple [A] (verified) . . . . . . ... L 229
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 229
Sympy [A] (verification not implemented) . . . ... ... ... ... ...... 230
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2301
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 230
Mupad [B] (verification not implemented) . . ... ... ... ... ....... 231
Reduce [B] (verification not implemented) . . . .. ... ... ... ....... 2311
Optimal result
Integrand size = 13, antiderivative size = 47

cot™(z) 1  cot™!(z) cot7™Hz) 1 1, \o  4log(z) 2 0

————dr=— — ——cot” ———-log (1

/x4(1—|—x2) T 6a? 33 + x g (=) + 3 3 og (1+2°)

‘1/6/x‘2—1/3*arccot(x)/x‘3+arccot(x)/x—1/2*arccot(x)‘2+4/3*ln(x)—2/3*1n(x‘2

+1)

N\

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

-1 -1 -1
/ cot™!(z) dr — 1 cot™!(z) N cot™'(z)
zt (1 + 22) 622

33 T

2

1
~cot™!(z)?+

4log(x)

3

2
~ 21
3

og (1+2?)

‘Integrate[ArcCot[x]/(x“4*(1 + x72)),x]

‘1/(6*x‘2) - ArcCot[x]/(3*x"3) + ArcCot[x]/x - ArcCot[x]~2/2 + (4*Log[x])/3

| - (2#Logl1 + x721)/3

J
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Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.30,

number of steps used = 13, number of rules used = 12, Bumber of rules _  go3 Ryyjes
integrand size

used = {5454, 5362, 243, 54, 2009, 5454, 5362, 243, 47, 14, 16, 5420}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot™(z) iz

z4 (224 1)
| 5454
cot™1(z) cot™1(z)
/ o dx_/IZ(z2+1)dx
| 5362
-1 -1
_/ cot™"(x) d:c—l/ 1 dx—COt (z)
z2 (22 +1) 3) z3(2?2+1) 33
| 243

-1 -1
_/ cot™"(x) d — 1 / 1 da? — cot™"(x)
z? (22 +1) 6/ z4(z2+1) 33
| 54
cot~!(z) 1 1 1 1 5 cot™i(z)
_/a:2(a:2+1)dx_6/ <_ac2+a:4+x2+1>dw 328
| 2009

cot™1(x) cot7i(z) 1/1 9 9
_/a:Z(a:2+1)dx_ 53 T ?-I-log(w ) —log (z° +1)

| 5454
cot~1(z) cot~!(z) cot™(z) 1/1 9 9
[ W - (=41 ~1 1
/ . dm+/ 21 dz 35 T g x2+0g(:c) og (z° +1)
| 5362
1 cot™1(x) cot7i(z) 1/1 9 9 cot~!(z)
/x(w2+1)dw+/ 21 dr — 353 +6<x2+10g(a: ) —log (z +1)> +—

l 243
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1 1 9 cot~!(z) cot7™H(z) 1/1 9 9 cot~1(z)
| syt [ G g (e s e s a4 1) )+

| 47
1 1, 1 9 /cot_l(a:) cot~!(z)
2( 2% /w2+1dx>+ P R T
1/1 cot~!(z)
“( = +log (22) —log (a2 +1) ) + 2
6<m2+og(x) og (z* + )>+ .
| 14
1 2 1 9 /cot_l(x) B cot~1(x)
2<log(a:) /I2+1dx>+ 211 dx 53 T
1/1 9 9 cot™1(z)
5 <z2 + log (z*) — log (z* + 1)) +
| 16

cot~1(z) cot™(z) 1 1/1
/ 2l dx — 353 + (log (m2) — log (m2 + 1)) + 6 (1;2 + log (w2) — log (ac2 + 1)) +

N |

cot~!(z)
x

l 5420

cot™1(z) 1 1/1 1
g+ (log (z*) —log (z* + 1)) + 6 (mz + log (z%) — log (z* + 1)) — 5 cot L) +
cot™(x)

X

N |

-

LInt [ArcCot [x]/(x~4*(1 + x72)),x]

-/

input

-1/3%ArcCot [x]/x~3 + ArcCot[x]/x - ArcCot[x]72/2 + (Log[x~2] - Loglt + x™2 |

output‘
1)/2 + (x7(-2) + Log[x~2] - Loglt + x721)/6 |
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Defintions of rubi rules used

ruleM‘Int[(a_.)/(x_), x_Symbol] :> Simp[axLoglx], x] /; FreeQ[a, x]

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]

rule 16

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simpl[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQl[{a, b, c, d}, x]

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b#*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
ILtQ[m, O] && IntegerQ[n] &% !(IGtQ[n, 0] && LtQ[m + n + 2, 0])

rule 54

/Int[(x_)"(m_.)*((a_) + (b_.)*(x_)~"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x~((m - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

rule 2009 | Tot[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 5362 Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x™n])~(p - 1)/(1 + c~2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] & IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

rule 5490 Intl(Ca_.) + ArcCotl(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x.)72), x_Symbo
1] :> Simp[-(a + b*ArcCot[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQle, c~2xd] && NeQ[p, -1]
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ruk35454‘Int[(((a—°) + ArcCot [(c_.)*(x_)I*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d.) + (e
‘_.)*(x_)“2), x_Symbol] :> Simp[1/d  Int[(f*x) m*x(a + b*ArcCot[c*x]) p, xI,
‘ x] - Simp[e/(d*£"2) Int[(f*x)~(m + 2)*((a + b*ArcCot[c*x]) p/(d + exx"2)
), x1, x] /; FreeQl{a, b, c, d, e, £}, x] && GtQlp, 0] & LtQ[m, -1] |

Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.91

method result

default arccot (l’) arctan (l’) _ arc;;g(x) + arcc;)t(w) + # + 41r;(x) _ 2ln(§2+1) + arcta;(gg)2

parts arccot (117) arctan (117) . arc;:;t;(z) + arcc;t(x) + # + 411;(x) _ 21n(:§2+1) + a,rcta,2n(w)2
parallelrisch —3arccot(z)2z3+8In(z)z3 —41In (wzl-;)x3+6$2 arccot(x)+x—2 arccot(x)

risch 1n(z'ac8—+-1)2 . (3 ln(_i$+1)z31_26;:2+2i) In(iz-+1) n —6i In((—m+8i)z+ir+8)m £3+6i In((—7—8i)z—im+8)m 2343 In(—

-

input L

-/

int (arccot(x)/x~4/(x"2+1) ,x ,method=_RETURNVERBOSE)

‘ arccot (x)*arctan(x)-1/3*arccot (x) /x~3+arccot (x)/x+1/6/x"2+4/3*1n(x)-2/3*1n ‘

output
‘(x“2+1)+1/2*arctan(x)“2

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

/ cot™!(z) i

zt (1 + 22)
_ 3zParccot (z)” + 42°log (% + 1) — 82° log (z) — 2 (3% — 1) arccot (z) — =
B 6 23
input Lintegrate (arccot (x)/x~4/(x"2+1) ,x, algorithm="fricas") J
output‘ -1/6%(3*x~3*arccot (x) "2 + 4*x"3*xlog(x~2 + 1) - 8*x"3*log(x) - 2*(3*x"2 - 1 ‘

Y*arccot(x) - x)/x"3
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Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.89

/ cot™(z) - — 4log () _ 2log (z®+1) B acot? (x) L acot (z) 4 1 acot (z)
x4 (14 z2?) o 3 3 2 T 622 323
input Lintegrate (acot (x) /x**4/ (x*%2+1) ,x) J
Olltput‘4*1°g(x)/3 - 2xlog(x**2 + 1)/3 - acot(x)**2/2 + acot(x)/x + 1/(6*x**2) - a ‘

Lcot(x)/(B*x**3) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.17

1 2 _
/ cot™'(z) de — 1 (3x 1 + 3 arctan (a:)) arccot ()

z* (1+ 22) 3 z3
N 322 arctan (z)? — 422 log (2% + 1) + 822 log () + 1
6 22
input Lintegrate (arccot(x) /x"4/(x"2+1) ,x, algorithm="maxima") J

N

p
t‘ 1/3%((3*x"2 - 1)/x”3 + 3*arctan(x))*arccot(x) + 1/6*%(3*x"2*arctan(x)"2 - 4 ‘

outpu
‘*x‘2*log(x“2 + 1) + 8xx"2xlog(x) + 1)/x72 ‘

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

cot™(x) 1 1\2? arctan (1) 1 arctan(i) 2 1
% &) gp— = arctan ( - : - 2) 2108 (L 41
/z4(1+w2) T T el (z> + x T 33 38\ "

input Lintegrate (arccot(x)/x~4/(x"2+1) ,x, algorithm="giac") J
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t‘-1/2*arctan(1/x)"2 + arctan(1/x)/x + 1/6/x72 - 1/3%arctan(1/x)/x~3 - 2/3%1

outpu ‘og(l/x"2 N ‘

Mupad [B] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

/ cot™1(x) - 4In(z) 2In(2*+1) acot(z)” N 1 N acot(z) (z* — 3)

w4 (1+22) 3 3 2 6 2 z3
inputtint(acot(x)/(x"4*(x‘2 + 1)),x) J
Output((4*1og(x))/3 - (2%log(x~2 + 1))/3 - acot(x)"2/2 + 1/(6*%x~2) + (acot(x)*(x~ ]

2 - 1/3))/x"3 ‘

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96

/ cot™!(zx) i

x4 (14 z2?)
—3acot(x)’ 2 + 6acot(z) 22 — 2acot(z) — 4log(z? + 1) 2 + 8log(z) z° + z
- 63
inputLint(acot(x)/x‘4/(x*2+1),x) J
Output‘ ( - 3%acot (x)**2xx**3 + 6%acot(x)*x**2 — 2%acot(x) - 4*log(x**2 + 1)*x**3 ‘

+ 8xlog(x)#xk*3 + x)/(6*x**3)




output
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22 cot 1 (cx)

3.31 | =tz dx

Optimalresult . . . . . . . . . . . . . .
Mathematica [B] (warning: unable to verify) . . . . . . .. ... ... ... ... 233
Rubi [A] (verified) . . . . . . . . . . 234
Maple [A] (verified) . . . . . . . . . . 237
Fricas [F] . . . . . . 238
Sympy [F] . . o o 238
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 238
Giac [F] . . . o o 239
Mupad [F(-1)] . . . 239
Reduce [F] . . . . . . 240)

Optimal result

Integrand size = 15, antiderivative size = 206

2 cot™?! 1
/ 27 et {e) 4 — moot(cz) — 5tarctan(z) log (

1+ 22

1
+ 5% arctan(z) log (1 +

=)

1- 1)
cx

+ lz arctan(z) lo 22 (i — cz)
2 & —0o)(1—1ix)
— 17, arctan(z) lo 2Z (i + cz)
2 S\ U+ —iz)
log (14 ) 1 2i(i — cx)
————* + — PolyLL 2,1
2 Ty °g< T oi—ia)

2i(i + cx)

— }LPolyLog (2, 1+

1+¢)(1—ix)

)

)

‘x*arccot(c*x)—1/2*I*arctan(x)*1n(1—I/c/x)+1/2*I*arctan(x)*1n(1+I/c/x)+1/2*
‘I*arctan(x)*1n(-2*I*(I-c*x)/(l-c)/(l-I*x))—1/2*I*arctan(x)*1n(—2*I*(I+c*x)
‘/(1+c)/(1-I*x))+1/2*1n(c“2*x”2+1)/c+1/4*polylog(2,1+2*I*(I-c*x)/(1-c)/(1-I
‘*x))-1/4*polylog(2,1+2*I*(I+c*x)/(1+c)/(1-I*x))




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 626 vs. 2(206) = 412.

Time = 1.08 (sec) , antiderivative size = 626, normalized size of antiderivative = 3.04
2 oot -1
/ x* cot™(cx) I
1+ z2
cx cot ™ (cx) — log (4) + V¢ (2 arccos < 1+c2 > arctanh< ¥ _02> - 4cot‘1(ca:)arctanh< =

c\/1+ 25z —1+4c? cx V=

LIntegrate[(x“2*ArcCot[c*x])/(l + x72),x] J

e N

(c*x*ArcCot [c*x] - Logl[l/(c*Sqrt[1l + 1/(c”2*x"2)]*x)] + (Sqrt[-c~2]*(2*Arc
Cos[(1 + c~2)/(-1 + c~2)]1*ArcTanh[Sqrt[-c~2]/(c*x)] - 4*ArcCot [c*x]*ArcTan
h[(c*x)/Sqrt[-c~2]] - (ArcCos[(1 + c¢~2)/(-1 + ¢~2)] - (2*I)*ArcTanh[Sqrt[-
c"2]/(c*x)])*Log[(-2%(c™2 + I*Sqrt[-c”2])*(-I + c*x))/((-1 + c~2)*(Sqrt[-c
~2] - c*x))] - (ArcCos[(1 + ¢™2)/(-1 + c~2)] + (2*I)*ArcTanh[Sqrt[-c~2]1/(c
*x)])*Log [((2*I)*(I*c™2 + Sqrt[-c™2])*(I + c*x))/((-1 + c~2)*(Sqrt[-c~2] -
cxx))] + (ArcCos[(1 + c72)/(-1 + c~2)] - (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)]
+ (2xI)*ArcTanh[(c*x)/Sqrt[-c~2]]1)*Log[(Sqrt [2]*Sqrt [-c~2])/(Sqrt[-1 + c~2
J*E~ (I*ArcCot [c*x])*Sqrt[-1 - c¢™2 + (-1 + c~2)*Cos[2*ArcCot[c*x]]1])] + (Ar
cCos[(1 + c72)/(-1 + c~2)] + (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)] - (2*I)*ArcTa
nh[(c*x)/Sqrt [-c~2]]1) *Log[(Sqrt [2] *Sqrt [-c~2]*E~ (I*ArcCot [c*x]))/(Sqrt [-1
+ c"2]*Sqrt[-1 - ¢™2 + (-1 + c~2)*Cos[2*ArcCot[c*x]]]1)] + Ix(-PolyLog[2, (
(1 + c™2 - (2%I)*Sqrt[-c"2])*(Sqrt[-c~2] + c*x))/((-1 + c~2)*(Sqrt[-c~2] -
c*x))] + PolyLog[2, ((1 + c™2 + (2*I)*Sqrt[-c~2])*(Sqrt[-c~2] + c*x))/((-
1 + ¢c™2)*(Sqrt[-c™2] - c*x))]1)))/4)/c
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Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.62,

number of steps used = 9, number of rules used = 9, Bumber of rules _ 4 55 Ryjes
integrand size

used = {5452, 5346, 240, 5444, 2920, 27, 2005, 5411, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2 ot—1
/x cot™*(cx) i

z2+1
| 5452
1 cot~1(cz)
/cot (cm)dw—/ﬂ_i_ldw
| 5346
T cot™1(cx) 1
c/czxz_}_ldw_/zz_i_ldtvawcot (cx)
| 240
-1 1 2.2 1
_/Coth_éclw)dI—i_ Og(czxc—'_) —I—xcot_l(ca:)
| 5444
1. [log(1—2%) 1. [log(1+2%) log (?z? + 1) 1
_2z/m2+1d:c+ 21/ P dx + 50 + z cot™ (cz)
| 2920
. carctan(z)
1. 1 Zf (c_i)w2 dx
——i| arctan(z)log (1 — — | - ——=——— | +
2 cx c

Zf carctan(z) dx 1 2,2 1 1
1 2 g2 )
—1 o leta)e? 7 + arctan(x)log [ 1+ 2+ M + 2z cot ™ (cx)
2 c cx 2c
| 27

1. i . [ arctan(z)
_iz (arctan(m) lOg <1 - Cx) - Z/ de) +

1 t j log (c?z? +1
ii (z / de + arctan(z) log (1 + c;)) + og(czxc—|—) + 2 cot™!(cx)
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lQME

_;i(arctan(.r) log (1 - ch> - ’/ mdx> -

1./. [ arctan(z) i log (?z% + 1) 1
- arcani?) log (1+ = >z T
5 <z/ ez +9) dz + arctan(z) log ( + c:c>> + 50 + z cot™ " (cz)

l 5411

1 , . :
_1 (arctan(x) log <1 B z> 3 7// (z arctan(z) 'Lcarctan'(ac)> dac> +
2 cT T cx —1
1 ; : 1 202141
%z’ <z/ (zcarctan(x) B zarctan(m)) dz -+ arctan(z) log <1 L c;)) | log (®z? +1) N

cx+1 x 2c

x cot ™! (cx)

l 2009

1 ) 2i(— ) 2 1
—2i<arctan(:c) log (1 - clac> - i(—i arctan(zx) log (—(11(6)6(%) + iarctan(x) log <1—zx —5 PolyL«

%i (z <z arctan(z) log (—%) — tarctan(z) log <1_2m) + %PolyLog (2, m + 1> _
log (?z? + 1)

5 + z cot™L(cx)

input \Int [(x~2*%ArcCot [c*x])/(1 + x~2),x]

output xxArcCot [c*x] + Log[l + c™2xx72]/(2xc) - (I/2)*(ArcTan[x]*Log[l - I/(c*x)]
- Ix(IxArcTan[x]*Log[2/(1 - I*x)] - IxArcTan[x]*Log[((-2*I)*(I - c*x))/((
1 - c)*(1 - I*x))] + PolylLog[2, 1 - 2/(1 - I*x)]/2 - PolyLogl[2, (-I)#*x]/2
+ PolyLog[2, I*x]/2 - PolyLogl[2, 1 + ((2*I)*(I - c*x))/((1 - c)*(1 - I*x))
1/72)) + (I/2)*(ArcTan[x]*Logl[l + I/(c*x)] + I*((-I)*ArcTan[x]*Log[2/(1 - I
*x)] + IxArcTan[x]*Log[((-2*I)*(I + c*x))/((1 + c)*(1 - I*x))] - PolyLogl[2
, 1 - 2/(1 - I*x)]/2 + PolyLogl[2, (-I)*x]/2 - PolyLogl[2, I*x]/2 + PolyLogl
2, 1+ ((2*D*(I + c*xx))/((1 + c)*x(1 - I*x))1/2))




rule 27

rule 240

rule 2005

rule 2009

rule 2920

rule 5346

rule 5411

rule 5444
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x11/(2%b), x] /; FreeQ[{a, b}, x]

Int[(Fx_)*(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Int[x"(m
+ n*xp)*(b + a/x"n) "p*Fx, x] /; FreeQ[{a, b, m, n}, x] && IntegerQ[p] && Neg
Q[n]

-

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

‘Int[((a_.) + Logl[(c_.)*((d_) + (e_)*x(x_)"(m_)) " (p_.)I*(b_.))/((£f_) + (g_.)
‘*(x_)‘2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*x(a + b*
‘Log[c*(d + e*x"n) "pl), x] - Simp[b*exn*p Int[ux(x"(n - 1)/(d + e*x"n)), x
L], x]] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && IntegerQ[n]

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a

+ b*ArcCot[c*x~n]) "p, x] + Simp[b*c*n*p Int[x"n*((a + b*ArcCot[c*x"n])~(p
- 1)/ + c™2%x~(2*%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 |l EqQlp, 11D

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*((£_.)*(x_)) " (m_.)*((d_) + (e_
D*(x_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p, (f*
x)"m*(d + e*x)"q, x], x] /; FreeQl[{a, b, c, 4, e, £, m}, x] && IGtQ[p, 0] &
& IntegerQ[ql && (GtQ[q, 0] || NeQ[a, 0] || IntegerQ[m])

Int [ArcCot[(c_.)*(x_)1/((d_.) + (e_.)*(x_)"2), x_Symbol] :> Simp[I/2 1Int[
Log[l - I/(c*x)]1/(d + e*x~2), x], x] - Simp[I/2 Int[Logl[l + I/(c*x)1/(d +
exx~2), x], x] /; FreeQl{c, d, e}, x]
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ruk35452‘Int[(((a—°) + ArcCot [(c_.)*(x_)I*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d.) + (e
‘_.)*(x_)“2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + b*ArcCot [c*x]
‘)‘p, x], x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCot[c*x])"p/(d
+ exx"2)), x], x] /; FreeQ{a, b, c, d, e, £}, x] & GtQlp, 0] & GtQlm, 1]

Maple [A] (verified)

Time = 1.45 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.27

method result
: __iln(—dicz+1)z Tz iw __ warctan(z)  iarctan(cz) iln(icz+1)x In(c2z?+1) 1 In(—ica-
risch 2 +3 t2 2 2% T 2 R c
. (14¢)(iz4+1)2 ) (14¢)(iz+1)2 |
(22 icln <lfﬁ> arctan(z) iln (17ﬁ> 4
— arccot(cz) arctan(z)c34-arccot (cz)c3z+-c3 : ( o +1)+ ( +;2£2 D - ( +21()C(,1)1)
derivativedivides
2 o icln (1—%) arctan(z) iln (1—%) :
— arccot(cz) arctan(z)c34-arccot (cz)c3z+c3 - (C ;c +1) (z +;2(_C2_1) - (E +21()C(EI)1)
default
In(ca?+1) iln<1—((1;2§i)z(+l)12)> arctan(z)
n(cx“+ z €~
parts — arccot (cx) arctan (z) 4+ x arccot (cz) + ¢ 5z T = -
inputLint(x‘2*arccot(c*x)/(x‘2+1),x,method=_RETURNVERBOSE) J
output -1/2%I*1n(1-I*c*xx)*x+1/2*Pi*x+1/2%I/c*Pi-1/2*Pi*arctan(x)-1/2*I/c*arctan(c

*x)+1/2%I*1n (1+I%c*x)*x+1/4*1n(c"2*%x"2+1) /c-1/c+1/4*1n(1-I*c*x) *1n((-c-I*c
*x) /(-c-1))+1/4*dilog((-c-I*c*x)/(-c-1))-1/4*1n(1-I*c*x)*1n((c-I*c*x)/(c-1
))-1/4*dilog((c-I*c*x)/(c-1))+1/2/c*1n(1+I*c*x)+1/4*1n(1+I*c*x)*1n((-c+I*c
*x)/(-c-1))+1/4*dilog((-c+I*c*x)/(-c-1))-1/4*1n(1+I*c*x)*1n((c+I*c*x)/(c-1
))-1/4*dilog((c+I*c*x)/(c-1))




CHAPTER 3. LISTING OF INTEGRALS 238

Fricas [F]
2 t_l 2 t
/ 2" oot (ea) / 2 arcoot (cz)
1+ 22 z? +1
input Lintegrate (x~2*arccot (c*x)/(x~2+1) ,x, algorithm="fricas") J
OutputLintegral(x“Q*arccot(c*x)/(x*g + 1), x) J
Sympy [F]
2 -1 2
z“cot™ (cr t
[T, [t
1 —+ .’I,'2 .'L'2 + 1
input Lintegrate (x**2%acot (c*x) / (x**2+1) ,x) J
( B
OutputLIntegral(x**2*acot(c*x)/(x**2 + 1), x) J

Maxima [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 189, normalized size of antiderivative = 0.92

dx = (z — arctan (z)) arccot (cz)

/ z2 cot ™ (cx)

1+ 22

4 carctan (cz) arctan (z) — 4 carctan (z) arctan (-, — ) + clog (¢® + 1) log (cgif; :S:1> — clog (x?

input Lintegrate (x~2*arccot (c*x) /(x"2+1) ,x, algorithm="maxima") J
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(x - arctan(x))=*arccot(c*x) - 1/8%(4*c*arctan(c*x)*arctan(x) - 4*c*arctan(
x)*arctan2(c*x/(c - 1), -1/(c - 1)) + c*log(x~2 + 1)*log((c2*x~2 + 1)/(c”
2 + 2%c + 1)) - cxlog(x~2 + 1)*log((c™2*x"2 + 1)/(c”2 - 2%c + 1)) + 2*c*di
log((I*c*x + c)/(c + 1)) + 2xc*dilog(-(I*c*x - c)/(c + 1)) - 2xcxdilog((I*
ckx + c)/(c - 1)) - 2kc*dilog(-(I*c*x - c)/(c - 1)) - 4xlog(c™2*x"~2 + 1))/
c

output

Giac [F]

2 -1 2
/deszdx
1+1‘2 1'2+]_

inputLintegrate(x‘Q*arccot(c*x)/(x“2+1),x, algorithm="giac")

OutputLintegrate(x“2*arccot(C*X)/(x~2 + 1), %)

Mupad [F(-1)]

Timed out.
2 -1 9
[ ) gy [ Pacotlen)
1+ 2+ 1
inputLint((xAz*aCOt(C*X))/(XA2 +1),%)

OutputLint((XA2*aCOt(C*x))/(XA2 +1), %)
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Reduce [F]

2 oo -1
/ x?* cot™(cx) s

1+ 22
acot(cx)? & + 2acot(cz) cx + 2<f %d@ 3 — 2(f %dﬁ) ¢+ log(2z2 + 1)
B 2c
inputtint(XAQ*aCOt(C*X)/(x‘2+1),x) J

p

output‘ (acot (c*x) **2*xc*x*2 + 2%acot (c*x)*c*x + 2xint(acot(c*x)/(ck*2*x**x4 + ckx*x2%x
\**2 + x*x2 + 1),x)*c**3 - 2xint (acot (c*x)/(ck*2xx**4 + cCk*2kx*k*2 + xX*k*2 +
‘1),x)*c + log(cx*2xx**2 + 1))/ (2%c)

\‘




output
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3.32  [Io (=g,

1+x2
Optimalresult . . . . . . . . . . . . . . 24T]
Mathematica [A] (verified) . . . . . . . . ... L L 242
Rubi [A] (verified) . . . . . . . . . . 243
Maple [C] (verified) . . . . . . . . . . 244
Fricas [F] . . . . . . 2451
Sympy [F] . . o o 245
Maxima [F] . . . . . . e 245
Giac [F] . . . o o 240
Mupad [F(-1)] . . . 246
Reduce [F] . . . . . . 246

Optimal result

Integrand size = 13, antiderivative size = 188

-1
/ 2OV ) 4 — — ot () log (

1+ 22 1—1icx

1
) + 3 cot™*(cz) log (
2ic(i + )

1
+ 3 cot*(cz) log (—

- %z PolyLog (2, 1-—

(14 ¢)(1 —icx)

2
1—icx

2ic(i — x)

)

1
+ Zz PolyLog (2, 1-—

2ic(i + )

1—o)(l— icw))

1
+ Zz PolyLog (2, 1+

1+o)1— ica:))

2ic(i — x)
(1-0o(1- zcx))

‘—arccot(c*x)*1n(2/(1—I*c*x))+1/2*arccot(c*x)*1n(2*I*c*(I—x)/(l—c)/(l—I*C*x
‘))+1/2*arccot(c*x)*1n(-2*I*c*(I+X)/(1+c)/(1-I*c*x))-1/2*I*polylog(2,1-2/(1
‘-I*c*x))+1/4*I*polylog(2,1-2*I*c*(I-x)/(l-c)/(l-I*c*x))+1/4*I*polylog(2,1+

‘2*I*c*(I+x)/(1+c)/(1—I*c*x))




input L

output
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Mathematica [A] (verified)

Time = 1.26 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.64

t 1 /1 2
/%x(;x) dx = 3 —icot™!(cx)? — 2i arcsin < T&) arctan (g)

—2cot™!(cx) log (1 - e2i°°t_1(“)> + (cot_l(ca:)

1 -1+ (_1 + 2\/0_2> e2icot*1(ca:) _ c2 (_1 + e2icot*1(cz))
—arcsin | 4/ 2 log i e

+ (cot_l(cx)
1 1+ (1 + 2\/0_2> e2icot_1(cx) +C2 (_1 + e2icot_1(cx)>
+ arcsin log | —

c? —1+¢?

+i<cot_1( 7)? +PolyLog< e2teot” (C"”)

)
(1 - 2\/_ % cot~ 1(01:))

1.
— 3t PolyLog [ 2, 1T 02

<1+C2+2\/C_2> 2i cot~1 (cz)

—1+62

+ PolyLog | 2,

Integrate[(x*ArcCot [c*x]) /(1 + x72),x]

((-I)*ArcCot[c*x]~2 - (2*I)*ArcSin[Sqrt[(1 - ¢~2)~(-1)]]1*ArcTan[Sqrt[c~2]/
(c*x)] - 2*ArcCot[c*x]*Log[1l - E~((2*I)*ArcCot[c*x])] + (ArcCot[c*x] - Arc
Sin[Sqrt[(1 - ¢™2)"(-1)1]1)*Logl(-1 + (-1 + 2*Sqrt[c~2])*E~((2*I)*ArcCot [c*
x]) - c¢™2x(-1 + E~((2*I)*ArcCot[c*x]))) /(-1 + c~2)] + (ArcCot[c*x] + ArcSi
n[Sqrt[(1 - c™2)7(-1)]11)*Log[-((1 + (1 + 2%Sqrt[c~2])*E~((2*I)*ArcCot [c*x]
) + c”2x(-1 + ET((2*I)*ArcCot[c*x])))/(-1 + c~2))] + I*(ArcCot[c*x]~2 + Po
lyLog[2, E~((2*I)*ArcCot[c*x])]) - (I/2)*(PolyLogl[2, ((1 + c”2 - 2*Sqrt([c”
2])*E~ ((2*I)*ArcCot [c*x])) /(-1 + c~2)] + PolyLogl[2, ((1 + c”2 + 2xSqrt[c~2
1)*E~ ((2%I)*ArcCot [c*x])) /(-1 + c72)1))/2




input

output
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Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.00,

=2, number of rules _ (j 15 4, Rules

number of steps used = 2, number of rules used =
integrand size

used = {5464, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
x cot™1(cx)
/[:ﬁ24_1dx
| 5464
/ cot™!(cx) B cot~!(cz) i
20z +4) 2(-az+i))*
| 2009
1, 2 2ic(i — )
—§zPolyL0g (2’ 1= 1- ica:> szolyLog < 1- (1-c¢)(1- zcm)) +
1, 2ic(x + i) 2 N\, .
2 PolyLog (2, D —ica) + 1) + log (1 — icac) (—cot ™ (cz)) +
1 2ic(—z + 1) 1 1 B 2ic(z + 1) _1
3108 ((1 “o(1- icm)) cot™(ex) + 5 log < et )1 —icz) )t ()
[Int [(x*ArcCot [c*x]) /(1 + x~2),x] J

-(ArcCot [cxx]*Log[2/(1 - I*c*x)]) + (ArcCot[c*x]*Logl[((2*xI)*c*(I - x))/((1
- c)*(1 - I*c*x))])/2 + (ArcCot[c*x]*Log[((-2*I)*c*(I + x))/((1 + c)*(1 -
Ixc*x))]1)/2 - (I/2)*PolyLogl[2, 1 - 2/(1 - I*c*x)] + (I/4)*Polylog[2, 1 -
((2*%D)*cx(I - x))/((1 - c)*(1 - Ixc*xx))] + (I/4)*PolyLogl[2, 1 + ((2*I)*c*(
I+ x))/((1 + c)*x(1 - I*c*x))]
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5464‘Int[(((a_.) + ArcCot[(c_.)*(x_)1*(b_.N)*(x_)"(m_.))/((d.) + (e_.)*x(x_)"2), ‘
‘X_Symbol] :> Int[ExpandIntegrand[a + b*ArcCot[c*x], x"m/(d + e*x~2), x], x]
‘ /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]) ‘

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.17 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.71

method result
In(z—__a)ln (z2+1) —In(z—_ a)ln (%) —Iln(z—__a)ln (%) _
(o3
In(z2+1) arccot(cz) —a=RootOf (02_Z2+1)
parts 5 =
. mln( —c?+(—icz+1)%—1+2icx i dilog ;jiffc iln(—icz+1)In ;jccffc idilog ( =tezte i 1n(—
rlsch ( >_ ( 1>_ ( 1>_ (cl)_

4 4 4 4

P (_ i(ln(cz—i) n(c2a?4c?) —i(—i dilog(%) —iln(ca—i) 1%%)) —i(—i«

2
cZin (02$2+c2) arccot(cz)
+

derivativedivides 2
( i(ln(cm—i)1n(c2m2+c2>—i<—idilog<@+lci_l)—iln(cz—i)ln(%))—i(—ix
T 2
C2 n C2m2 C2 arccot(cx
in( +2) tew)
default
input int (e*arceot(cxx)/(x"2+1) ,x, method=_RETURNVERBOSE) J

output‘1/2*ln(x"2+1)*arccot(c*x)+1/4/c*sum(1/_alpha*(ln(x-_alpha)*1n(x"2+1)-ln(x-
‘_alpha)*ln((_alpha*c+x)/_alpha/(1+c))—ln(x—_alpha)*ln((_alpha*c-x)/_alpha/
‘(c-1))—dilog((_alpha*c+x)/_alpha/(1+c))-dilog((_alpha*c—x)/_alpha/(c-l))), ‘

\_a1pha=Root0f(_2*2*c*2+1))
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Fricas [F]

1+ 22 z2+1

-1
/ z cot™(cx) dp — / x arccot (cz) i

input Lintegrate (x*arccot (c*x)/(x"2+1) ,x, algorithm="fricas")

outputLintegral(X*arccot(C*x)/(x‘2 + 1), x)

Sympy [F]

X

/xcot‘l(cx) i — / z acot (cz)

1+ 22 22 +1

input tintegrate (X*acot (C*X) / (X**2+1) , X)

output LIntegral(x*acot(c*x)/(x**z + 1), x)
Maxima [F]
/ z cot™!(cz) dr — / x arccot (cz) i
1+ 22 z2+1
inputLintegrate(X*arCCOt(C*X)/(x“2+1),x, algorithm="maxima")

output tintegrate (x*arccot (c*x)/(x"2 + 1), x)
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Giac [F]

-1
/ z cot™(cx) dp — / x arccot (cz) i

1+ 22 z2+1

input Lintegrate (x*arccot(c*x)/(x~2+1) ,x, algorithm="giac")

OutputLintegrate(x*arccot(c*x)/(x*g + 1), x)

Mupad [F(-1)]

Timed out.

/xcot—l(cx) dx_/xacot(cx) s

1+ 22 z2+1

inputLint((x*acot(c*x))/(xv +1),%)

outputLint((X*acot(c*x))/ (x"2 + 1), x)

Reduce [F]

-1
/ x cot ™! (cx) dp — / acot(cx) z .
1+ 22 2+ 1

input Lint (x*acot (c*x)/(x72+1) ,x)

output Lint((acot(c*x) *x)/ (x**2 + 1),x)




output
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3.33 i cot~*(cz) dr
) 142

Optimalresult . . . . . . . . . . . . . . 247
Mathematica [B] (warning: unable to verify) . . . . . . .. ... ... ... ... 248
Rubi [A] (verified) . . . . . . . . . . 248
Maple [A] (verified) . . . . . . . . . . 251]
Fricas [F] . . . . . . 2511
Sympy [F] . . o o 252
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 2521
Giac [F] . . . o o 253
Mupad [F(-1)] . . . 253
Reduce [F] . . . . . . 253

Optimal result

Integrand size = 12, antiderivative size = 183

t 1 1 ) 1 )
/co—(cx) dx = 51, arctan(z) log (1 - é) - 51 arctan(z) log (1 + é)

14 22
1.
— 5t arctan(z) log (

1
+ §Z arctan(z) log (—

2i(i — cx)

2i(i + cx)

_Yl—CXl—i@>

2i(i — cx)

— iPolyLog (2, 1+

(1-¢)(1—1ix)
2i(i + cz)

1
+ 1 PolyLog (2, 1+

(1+¢)(1—1x)

u+qu-m0

)
)

‘1/2*I*arctan(x)*1n(1—I/c/x)—1/2*I*arctan(x)*1n(1+I/c/x)—1/2*I*arctan(x)*ln
‘(-2*I*(I-c*x)/(l-c)/(l-I*x))+1/2*I*arctan(x)*1n(-2*I*(I+c*x)/(1+c)/(1-I*x)
‘)-1/4*polylog(2,1+2*I*(I-c*x)/(l-c)/(l-I*x))+1/4*polylog(2,1+2*I*(I+c*x)/(

\1+c>/(1—1*x>>




input

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 592 vs. 2(183) = 366.

Time = 0.55 (sec) , antiderivative size = 592, normalized size of antiderivative = 3.23
-1
/ cot™!(cx) i
14 22
0(2 arccos ( Lic? ) arctanh( : _02> — 4cot‘1(cx)arctanh< o > — <arccos( Lic > — 2ia,rcta,nh(‘/_72

—14c? cx v—c? —14c? cz

‘Integrate[ArcCot[c*x]/(l + x72),x]

(c*x(2*ArcCos[(1 + ¢™2)/(-1 + c~2)]*ArcTanh[Sqrt[-c~2]/(c*x)] - 4*ArcCot [c*
x]*ArcTanh[(c*x) /Sqrt[-c”2]] - (ArcCos[(1 + c¢~2)/(-1 + ¢c~2)] - (2*I)*ArcTa
nh[Sqrt[-c~2]/(c*x)]1)*Log[(-2%(c"2 + I*Sqrt[-c”2])*(-I + c*x))/((-1 + c~2)
*(Sqrt[-c™2] - c*x))] - (ArcCos[(1 + c¢~2)/(-1 + c¢~2)] + (2*I)*ArcTanh[Sqrt
[-c™2]/(c*x)]1) *Log [((2*I)*(I*c™2 + Sqrt[-c~2])*(I + c*x))/((-1 + c~2)*(Sqr
t[-c™2] - c*x))] + (ArcCos[(1 + c¢~2)/(-1 + ¢~2)] - (2*I)*ArcTanh[Sqrt[-c~2
1/(c*x)] + (2+I)*ArcTanh[(c*x)/Sqrt[-c~2]])*Logl[(Sqrt[2]*Sqrt[-c~2])/(Sqrt
[-1 + c"2]*E~(I*ArcCot[c*x])*Sqrt[-1 - c™2 + (-1 + c~2)*Cos[2*ArcCot [c*x]]
1)1 + (ArcCos[(1 + c72)/(-1 + c~2)] + (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)] - (2
*I)*ArcTanh [ (c*x)/Sqrt [-c~2]]) *Log[(Sqrt [2] *Sqrt [-c~2] *E~ (I*ArcCot [c*x]))/
(Sqrt[-1 + c™2]*Sqrt[-1 - ¢c™2 + (-1 + c~2)*Cos[2*ArcCot[c*x]]1])] + I*(-Pol
yLogl[2, ((1 + c”2 - (2*%I)*Sqrt[-c~2])*(Sqrt[-c~2] + c*x))/((-1 + c~2)*(Sqr
t[-c™2] - c*x))] + PolyLogl[2, ((1 + c~2 + (2*I)*Sqrt[-c~2])*(Sqrt[-c~2] +

c*xx))/((-1 + c~2)*(Sqrt[-c"2] - c*x))1)))/(4xSqrt[-c~2])

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.70,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {5444, 2920, 27, 2005, 5411, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.



input
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/ cot™1(cx) iz

241
l 5444
1. log(l—%) 1. 10g(1+£)
o | e ey | et
l 92920

c
i f carctz,n(w) dx .
1i (W + arctan(z) log (1 + Z))
2 c cx
l 27
11 arctan(x Mdm —
2 (c - 7) z2
1@' (/ arctan( )
2 (c+3)a?
| 2005

;z'(arctan(x) log <1 - c;) _i/mdx> -

;z<z/ j:(cizu_li_())dx + arctan(z) log <1 + ))

—i| arctan(z)log (1 — — | - ——="—— | —
2 cT

——————=dx + arctan(z) log (1 + ))

l 5411

1 . . .
L <arctan(a:) log (1 3 z> —i/ (zarctan(x) 3 zcarctan.(w)> da:> B
2 cT T cr—1

1 : . .
2z<z/ (ZC arctan.(x) — zarctan(a:)) dx + arctan(z) log <1 + c?c))

cr +1 T
l 2009
%i (z (z arctan(z) log (—%) — jarctan(z) log ( 1 _2m> + %PolyLog (2

‘ Int[ArcCot[c*x]/(1 + x~2),x] J

1
—3 PolyLog

2i(cx + 1)
"(e+ 1)(1 —iz) +1) B



output
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rule 27

rule 2005

(I/2)*(ArcTan[x]*Log[l - I/(c*x)] - Ix(I*ArcTan[x]*Log[2/(1 - I*x)] - I*Ar
cTan [x] *Log [((-2*I)*(I - c*x))/((1 - c)*(1 - I*x))] + PolyLogl[2, 1 - 2/(1

- I*x)]/2 - PolyLog[2, (-I)*x]/2 + PolyLog[2, I*x]/2 - PolyLogl[2, 1 + ((2*
D*(I - c*x))/((1 - c)*(1 - I*x))1/2)) - (I/2)*(ArcTan[x]*Log[1 + I/(c*x)]
+ I*((-I)*ArcTan([x]*Log[2/(1 - I*x)] + IxArcTan[x]*Log[((-2*I)*(I + c*x))
/(1 + c)*(1 - I*x))] - PolyLogl[2, 1 - 2/(1 - I*x)]1/2 + PolyLogl[2, (-I)x*x]
/2 - PolyLogl[2, I*x]/2 + PolyLogl[2, 1 + ((2*I)*(I + c*x))/((1 + c)*(1 - Ix
x))1/2))

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Fx_)*(x_)"(m_.)*((a ) + (b_.)*(x_)"(m_))"(p_.), x_Symbol] :> Int[x"(m
+ n*xp)*(b + a/x"n) "p*Fx, x] /; FreeQ[{a, b, m, n}, x] && IntegerQ[p] && Neg
Q[n]

rule 2009\1nt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2920‘Int[((a_.) + Logl[(c_.)*((d)) + (e_.)*x(x_)"(m_))~(p_.)I*x(b_.))/((£)) + (g_.)

rule 5411

rule 5444

‘*(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[u*x(a + b*
‘Log[c*(d + e*x"n)"pl), x] - Simp[b*e*n*p Int[ux(x"(n - 1)/(d + e*x"n)), x
\], x]] /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & IntegerQ[nl]

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*((£_.)*(x_))"(m_.)*((d_) + (e_
J*(x_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x]) p, (f*
x)"m*x(d + exx)"q, x], x] /; FreeQ[{a, b, c, 4, e, £, m}, x] && IGtQ[p, 0] &
& IntegerQ[ql && (GtQ[q, O] || NeQ[a, 0] || IntegerQ[m])

Int [ArcCot[(c_.)*(x_)]1/((d_.) + (e_.)*(x_)"2), x_Symbol] :> Simp[I/2 1Int[
Logll - I/(c*x)]1/(d + e*x~2), x], x] - Simp[I/2 Int[Logl[l + I/(c*x)]1/(d +
exx"2), x], x] /; FreeQl{c, d, e}, x]
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Maple [A] (verified)

Time = 1.65 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.00

method result
i rarctan(@)  W(cieo+Dn(25e)  dilog(Zine) n(—ico+) In(=iemte) dilog(=iete) i
risch 5 — i — - + N + . —
icarctan(cz) In <1— %) )
_ T ¢)) _ carctan(cx)®
parts arccot (cz) arctan (z) + ¢ | Zeen(clardton(z) _ p 5

. (1+C)(1:CZ+1>2 (14
icarctan(cz)In| 1— —2— =2 cpolylog| 2, ="
< (c2:1:2+1) (17C)> carctan(ca:)2 < (C2“
2 | arctan(cz)arctan(z) 2 - 2 - 1
carctan(z) arccot(cz)+c - -
derivativedivides
. (1+C)(1:CZ+1>2 (14
icarctan(cz)In| 1— —2— =2 — cpolylog| 2,
< (c2m2+1)(170)> canrctan(ca:)2 < (62“
2 | arctan(cz)arctan(z) 2 - 2 - 1
carctan(z) arccot(cz)+c - -
default

-

Lint (arccot (c*x)/(x~2+1) ,x,method=_RETURNVERBOSE)

N

input

Output‘1/2*Pi*arctan(x)—1/4*1n(1—I*c*x)*1n((—c—I*c*x)/(-c—1))—1/4*dilog((—c—1*c*x
‘ )/ (-c-1))+1/4*%1n(1-I*c*x)*1n((c-I*c*x)/(c-1))+1/4*dilog((c-I*c*x)/(c-1))-1 ‘
| /4¥1n(1+Ixc*x) *1n((-c+Ixc*x)/(-c-1))-1/4*dilog((-c+I*c*x)/(-c-1))+1/4xIn(1 |

1+I*c*x)*ln((c+I*c*x)/(c-1))+1/4*dilog((c+I*c*x)/(c-1))

Fricas [F|
/ cot™1(cx) dp — / arccot (cx) i
1+ 22 x2+1
input Lintegrate (arccot(c*x)/(x"2+1) ,x, algorithm="fricas") J

output Lintegral(arccot(c*x)/(x“2 + 1), %) J




CHAPTER 3. LISTING OF INTEGRALS 252

Sympy [F]
cot™'(cx) , [ acot(cz)
/ 1+ 22 d:c—/ 2 +1 de

integrate(acot (cxx)/(x**2+1) ,x)

-

inputt

-/

e hY

Integral(acot(c*x)/(x**2 + 1), x)

N J

output

Maxima [A] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.02
-1
/ cot™!(cx) dp —
1+ z2

1 [ 8 arctan (cz) arctan (z)

c—1?

4 arctan (cz) arctan (z) — 4 arctan (z) arctan (=%, —-1) + log (2 -

SC c

+ arccot (cz) arctan (z) + arctan (cz) arctan (z)

irlputtintegrate(arccot(c*x)/(x"2+1),x, algorithm="maxima") J

-1/8*c*(8*arctan(c*x)*arctan(x)/c - (4*arctan(c*x)*arctan(x) - 4*arctan(x)
xarctan2(c*x/(c - 1), -1/(c - 1)) + log(x~2 + 1)*log((c™2*x"2 + 1)/(c"2 +

2%c + 1)) - log(x~2 + 1)*log((c™2*x"2 + 1)/(c™2 - 2%c + 1)) + 2xdilog((I*c
*x + c)/(c + 1)) + 2xdilog(-(I*c*x - c)/(c + 1)) - 2*dilog((Ixc*x + c)/(c

- 1)) - 2*dilog(-(I*c*x - c)/(c - 1)))/c) + arccot(c*x)*arctan(x) + arctan
(c*x) *arctan(x)

output




CHAPTER 3. LISTING OF INTEGRALS 253

Giac [F]
/ cot~(cx) dp — / arccot (cx) i
1+ 22 241
input Lintegrate (arccot(c*x)/(x72+1) ,x, algorithm="giac") J
OutputLintegrate(arccot(c*x)/(x‘g + 1), x) J

Mupad [F(-1)]

Timed out.
cot™'(cx) , [ acot(cx)
/—1+m2 d:c—/—x2+1 dz
input Lint (acot(c*x)/(x~2 + 1),x) J
output Lint(acot(c*x)/(x’? + 1), x) J
Reduce [F]
cot™1(cx) acot(cz)’ ¢ acot(cx) 9
iy = - — d
/ 1+ 22 o 2 /02z4+02$2+x2+1x ©
acot(cz)
+ / 2zt + 2x? + 22 + ldx
input Lint (acot(c*x)/(x72+1) ,x) J

‘( - acot (c*x)**2xc - 2xint(acot (c*x)/(ckx*2xx*k*kd + Ch*2¥x*x*2 + x**2 + 1),x) \

output
‘*c**2 + 2xint(acot (c¥x)/(Crxkx**4 + Crx2kx**2 + x*¥2 + 1),%))/2 ‘




output
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Reduce [F] . . . . 0 o e 259

Optimal result

Integrand size = 15, antiderivative size = 223

-1
/cot—(cx) dzx = cot™*(cz) log ( 2 ) - lco’c_1

z (1+ z2) 1 —icx

2

2ic(i + )

- %cot_l(cx) log (— :

1 ; 1
+ —1 PolyLog | 2, s + —1 PolyLog
2 cx 2

1+ ¢)(1 —icx)

2ic(i — x)

/:D\v

1
- Zz PolyLog (2, 1—

2ic(i + )

1
- Zz PolyLog (2, 1+

1-o(- icm))
)

(14 ¢)(1 —icx)

71_

e

N

arccot (c*x) *1n(2/(1-I*c*x))-1/2*arccot (c*x) *1n(2*I*cx (I-x)/(1-c)/(1-I*c*x)
‘)—1/2*arccot(c*x)*ln(—2*I*c*(I+x)/(1+c)/(1—I*c*x))—1/2*I*polylog(2,—I/c/x)
‘+1/2*I*polylog(2,I/c/x)+1/2*I*polylog(2,1—2/(1—I*c*x))—1/4*I*polylog(2,1—2
‘*I*c*(I—x)/(1—c)/(1—I*c*x))-1/4*I*polylog(2,1+2*I*c*(I+x)/(1+c)/(1—I*c*x))




input

output
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Mathematica [A] (verified)

Time = 1.83 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.47

/cot_l(cx) i

z(1+22)

= % —i (cot_l(cx) <cot_1(cx) + 2ilog (1 + * COFI(“))) + PolyLog <2, —e* °°t71(°‘”)>>

(-1+c¢)(1+¢) (z cot™(cx)? + 27 arcsin ( 1_1€2> arctan (Tf) — <c0t_1(cx) — arcsin ( 1_102>> Ic

_|_

e

LIntegrate[ArcCot[c*x]/(x*(l + x72)),x]

~—

((-I)*(ArcCot [c*x] * (ArcCot [c*x] + (2*I)*Log[l + E~((2+I)*ArcCot[c*x])]) +
PolyLog[2, -E~((2*I)*ArcCot[c*x])]) + ((-1 + c)*(1 + c)*(I*ArcCot[c*x]"2 +
(2*I)*ArcSin[Sqrt[(1 - c¢~2)~(-1)]]*ArcTan[Sqrt[c~2]/(c*x)] - (ArcCot [c*x]
- ArcSin[Sqrt[(1 - ¢™2)"(-1)]1]1)*Log[(-1 + (-1 + 2xSqrt[c~2])*E~((2*I)*Arc
Cot[c*x]) - c™2x(-1 + E~((2*I)*ArcCot[c*x])))/(-1 + c~2)] - (ArcCot[c*x] +
ArcSin[Sqrt[(1 - ¢™2)"(-1)11)*Log[-((1 + (1 + 2*Sqrt[c”2])*E~((2*I)*ArcCo
tlc*x]) + c™2%(-1 + E~((2*I)*ArcCot[c*x]))) /(-1 + c~2))] + (I/2)*(PolyLogl
2, ((1 + c™2 - 2xSqrt[c”2])*E~((2*I)*ArcCot[c*x]))/(-1 + c~2)] + PolyLogl[2
» ((1 + c™2 + 2xSqrt[c™2])*E~((2*I)*ArcCot[c*x]))/(-1 + c~2)1))) /(-1 + c~2
))/2

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.133, Rules

number of steps used = 2, number of rules used = 2,
used = {5464, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ cot™1(cx) iz

z(z2+1)
l 5464

/ <cot_;(ca:) B zczgi(lcx)> i

l 2009

1 i\ 1 i\ 1 2
—~iPolyLog ( 2,—— | + =i PolyLog (2, ~ | + =i PolyLog (2,1 — —~— | —
2 cT 2 cT 2 1—icx

1 2ic(i — z) 1. 2ic(z + i)
1t PolyLog (2, 1 A—o- zcx)) 4 PolyLog (2, (c+1)(1 — ica) +1)+

tog ( - _2icw) oot~ (cz) — %log ( : fjci)‘(f j&)) cot~L(cz) —

1 2ic(x + 1) .
5108 (‘ c+ D —ica) ) ()

input LInt [ArcCot [c*x]/(x*x(1 + x72)),x] J

ArcCot [c*x]*Log[2/(1 - I*c*x)] - (ArcCot[c*x]*Log[((2*I)*c*x(I - x))/((1 -
c)*(1 - I*xc*x))])/2 - (ArcCot[c*x]*Log[((-2*I)*c*(I + x))/((1 + c)*(1 - Ix
c*x))])/2 - (I/2)*PolyLogl2, (-I)/(c*x)] + (I/2)*PolyLogl[2, I/(c*x)] + (I/
2)*PolyLog[2, 1 - 2/(1 - Ixc*x)] - (I/4)*PolyLogl[2, 1 - ((2*I)*c*(I - x))/
((1 - c)*(1 - TI*cx*x))] - (I/4)*PolyLogl2, 1 + ((2%I)*c*(I + x))/((1 + c)*(
1 - I*xc*x))]

N\ J

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5464‘Int[(((a—') + ArcCot[(c_.)*(x_)1*(b_.))*(x_ )" (m_.))/C(d.) + (e_.)*x(x.)"2), ‘
‘x_Symbol] :> Int[ExpandIntegrand[a + b*ArcCot[c*x], x"m/(d + e*x~2), x], x] ‘
L /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]) J




input L

output

input L

outputt
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Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.28 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.88

method result

C

In(z2+1) arccot(cz)

_dln(z) (= In(—icz+1)+In(icz+1)) i(dilog(icz+1)—dilog(—ica-
c c

parts - 5 + arccot (cz) In (z) +
min(c?z?+c n(—i iln(—icz+1)In % i dil __iccm__c i dilog(—i
risch _rl (242+ ?) + (22090) + ( )4 ( 1 ) + °g<4 1 ) + dlog(2zca:+1) +

2 (_ iln(ca) ‘l:g(ica:-&-l) 4 iln(en) In(—ica+1) _ i dilog(ien+1)
derivativedivides | — 22t n (Co™+¢") | arccot (cx)In (cz) +

2 (_ iln(cz) ig(iczﬂ) 4 iln(ea) 1n§—icz+1) _ idilog(;‘cxﬂ) _
default _ sreoot{ex) l; (274 1 arccot (cx)In (cz) +

int (arccot(c*x) /x/(x"2+1) ,x ,method=_RETURNVERBOSE)

-1/2%1n(x"~2+1) *arccot (c*x)+arccot (c*x) *1n(x)+1/2*c* (-I*1n(x) * (-1n(1-I*c*x)
+1n(1+I*c*x))/c-I*(dilog(1+I*c*x)-dilog(1-I*c*x))/c-1/2/c " 2*sum(1/_alpha*(
1n(x-_alpha)*1n(x~2+1)-1n(x-_alpha)*1n((_alpha*c+x)/_alpha/(1+c))-1n(x-_al
pha)*1n((_alpha*c-x)/_alpha/(c-1))-dilog((_alpha*c+x)/_alpha/(1+c))-dilog(
(_alpha*c-x)/_alpha/(c-1))),_alpha=RootOf (_Z"2%c~2+1)))

Fricas [F]
-1
/ cot™*(cx) dp — / arccot (cx) s
z (14 z?) (2 + Dz
integrate(arccot (c*x)/x/(x~2+1) ,x, algorithm="fricas")

integral (arccot (c*x)/(x"3 + x), x)
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Sympy [F]

/cot_l(cx) dacz/ acot (cx) e

z (14 z?) z(z2+1)

inputtintegrate(acot(c*x)/x/(x**2+1),X)

output LIntegral(acot(C*x)/(x*(x**2 + 1)), x)

Maxima [F]

[ [

inputLintegrate(arccot(c*x)/x/(x‘2+1),x, algorithm="maxima")

OutputLintegrate(arccot(c*x)/((X*Q + 1)*x), x)

Giac [F]

-1
/ cot™*(cz) dp — / arccot (cz) i

r(1+22) (z2 4+ 1)z

inputLintegrate(arccot(c*x)/x/(x‘2+1),x, algorithm="giac")

Outputtintegrate(arccot(c*x)/((x‘2 + 1)*x), %)
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Mupad [F(-1)]

Timed out.

/C()t_—l(cx)dx=/mdx

z (1+ 2?) T (z2+1)

input Lint (acot(c*x)/(x*(x"2 + 1)),x)

OutputLint(acot(c*x)/(x*(x*g + 1)), x)

Reduce [F]

cot~'(cz) , [ acot(cz)
e

inputLint(aCOt(C*X)/X/(x‘2+1),x)

output Lint (acot (c*xx)/(x**3 + x),x)




output
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Optimal result

Integrand size = 15, antiderivative size = 212

/ cot™!(cz) dx__cot_l(cx)

r2(1+22) x )
—clog(z) + %z arctan(z) log <— a Q—Z(cz)(_lcf)m)>
1. 2i(i + cx)
-5 arctan(z) log (— A+ 0= zx)) -
+ %clog (1 + c2x2) + iPolyLog (2, 1+ a 2_1(01)(_10_%)”)

1
1 PolyLog (2, 1+

2i(i + cx) >
(1+¢)(1 —ix)

)

1. ? 1. ?
—5t arctan(z) log (1— a) -l-éz arctan(x) log (l-l-a)

~

|1-¢)/(1-T#*x))~1/4*polylog(2, 1+2+T* (I+c*x) / (1+c) / (1-T4x))

—arccot (c*x)/x-1/2*I*arctan(x)*1n(1-I/c/x)+1/2*xI*arctan(x)*1n(1+I/c/x)-c*l
‘n(x)+1/2*I*arctan(x)*ln(—2*I*(I—c*x)/(l—c)/(l—I*x))—1/2*I*arctan(x)*1n(—2*
‘I*(I+c*x)/(1+c)/(1—I*x))+1/2*c*1n(c“2*x“2+1)+1/4*polylog(2,1+2*I*(I—c*x)/(

A

J
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 619 vs. 2(212) = 424.

Time = 1.31 (sec) , antiderivative size = 619, normalized size of antiderivative = 2.92

-1 ~1
/ cot™!(cx) dr — _cot™(cx) clog 1
z? (1 + 2?) z 1+ -t

c2x?

c (2 arccos <_11+ Jf; ) arctanh (—j) — 4 cot™!(cx)arctanh ( V”_%) — <arccos <_1;“ ﬁ;) — 2jarctanh (ic

e

LIntegrate[ArcCot[c*x]/(x‘Z*(l + x72)),x]

~—

input

-(ArcCot [c*x]/x) - cxLogl1/Sqrt[1 + 1/(c”2*x~2)]] - (c*(2*ArcCos[(1 + c~2)
/(-1 + c~2)]*ArcTanh[Sqrt[-c~2]/(c*x)] - 4xArcCot[c*x]*ArcTanh[(c*x)/Sqrt[
-c~2]] - (ArcCos[(1 + c"2)/(-1 + c~2)] - (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)])=*
Log[(-2%(c™2 + IxSqrt[-c2])*(-I + c*x))/((-1 + c~2)*(Sqrt[-c"2] - c*x))]
- (ArcCos[(1 + ¢c™2)/(-1 + c~2)] + (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)])*Logl[((2
*I)*x(I*kc™2 + Sqrt[-c™2])*(I + c*xx))/((-1 + c~2)*(Sqrt[-c~2] - c*x))] + (Ar
cCos[(1 + ¢72)/(-1 + c~2)] - (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)] + (2xI)*ArcTa
nh[(c*x)/Sqrt[-c~2]1])*Log[(Sqrt [2] *Sqrt[-c~2])/(Sqrt[-1 + c~2]*E~(I*ArcCot
[c*x])*Sqrt[-1 - c™2 + (-1 + c~2)*Cos[2*%ArcCot[c*x]]1])] + (ArcCos[(1 + c~2
)/(-1 + c™2)] + (2*I)*ArcTanh[Sqrt[-c~2]/(c*x)] - (2*I)*ArcTanh[(c*x)/Sqrt
[-c~2]11)*Log[(Sqrt [2] *Sqrt [-c~2] *E~ (I*ArcCot [c*x]))/(Sqrt[-1 + c~2]*Sqrt[-
1 -c™2 + (-1 + c™2)*Cos[2*ArcCot [c*x]]1])] + I*(-PolyLogl[2, ((1 + c”2 - (2
*I)*Sqrt [-c~2])*(Sqrt[-c~2] + c*x))/((-1 + c~2)*(Sqrt[-c"2] - c*x))] + Pol
yLog[2, ((1 + c™2 + (2*I)*Sqrt[-c~2])*(Sqrt[-c~2] + c*x))/((-1 + c~2)*(Sqr
t[-c™2] - c*x))1)))/(4*Sqrt[-c~2])

output
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Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.61,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 g5 Ryyes
integrand size

used = {5454, 5362, 243, 47, 14, 16, 5444, 2920, 27, 2005, 5411, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot™1(cx) iz
z2(z2+1)
| 5454
-1 -1
/cot (cx) dr — / cot™"(cx) d
z2 z2+1
| 5362
1 cot~!(cz) cot~(cx)
_c/w(c2:1:2+1)dm_/ z2+1 de = x
| 243
1 1 cot™1(cx) cot~!(cz)
—_Z - d2 = dr —
2c/x2(02x2+1)x / 221 x
| 47
1 1 1 cot™1(cx) cot~!(cz)
- d2—2/d2—/ dr —
2c</x2x ) 221 22+1 z
| 14
1 1 cot~!(cx) cot~(cx)
_2e(1 2\ _ 2/ 2 _/ _
2c(og(x ) e 02m2+1dx z2+1 de x
| 16
cot™1(cx) 1 9 9 9 cot™1(cx)
| 5444
1. [log(1—2) 1. (log(1+ ) 1 2 2.2 cot™*(cx)

l 2920
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carctan(a:)
1 i\ W e
—5 arctan(z)log (1 — — —= | +

cx c
1 i C&rigta;lg) dz i 1 9 9 9 cot™1(cx)
52 B — + arctan(z) log (1 + c:r) - 50(10g (-T ) — log (C z° + 1)) T

| 27
_%i (arctan(a:) log (1 - c;) —i/ mdw> +
%i (z/ ?Zcfjl)(x)dx + arctan(z) log <1 + >) —%c(log (22) — log (222 + 1)) _COt_;(C-%)

lzmm

_%i <arctan(a:) log <1 - clac> —i/ mdw> +
z(z / de + arctan(z) log (1 + clx>> — %c(log () —log (c%2? + 1)) — CO'C_;(CCE)

1
2 z(cx + 1)

J’5411

iarctan(z) icarctan(x)) da;) n

1, N
—51 <arctan(af:) log (1 - cw) - Z/ < z cx —1

1./. icarctan(z) iarctan(x) i
X (z/ < P - dx + arctan(z)log ( 1 + o))~

1 -1
ic(log (z?) —log (*2* + 1)) — cotx(cav)
| 2009
1. i e 2i(—cz + 1) ) 2 1
—21<arctan(a:) log (1 = Bkl arctan(x) log <_(1—c)(1—zm)> + jarctan(z) log <1—m) ~3 PolyL«

%i (z (z arctan(z) log (-%) _ jarctan(z) log (1_2”6) + %PolyLog (2, m + 1) _

-1
2 e(log (2) ~log (ca? + 1)) — ()

input \rInt [ArcCot[c*x]/(x~2*x(1 + x~2)),x]




output

rule 14

rule 16

rule 27

rule 47

rule 243

rule 2005

rule 2009
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-(ArcCot [c*x]/x) - (c*(Logl[x~2] - Logl[l + c~2%x72]1))/2 - (I/2)*(ArcTan[x]*
Logl[l - I/(c*x)] - I*(I*ArcTan[x]*Log[2/(1 - I*x)] - I*ArcTan[x]*Log[((-2*
D*(I - c*x))/((1 - ¢)*(1 - I*x))] + Polylog[2, 1 - 2/(1 - I*x)]/2 - PolyL
ogl[2, (-I)*x]/2 + PolyLogl[2, I*x]/2 - PolyLogl[2, 1 + ((2*I)*(I - c*x))/((1
- c)*(1 - Ixx))]1/2)) + (I/2)*(ArcTan[x]*Log[1l + I/(c*x)] + I*((-I)*ArcTan
[x]*Log[2/(1 - I*x)] + I*ArcTan[x]*Log[((-2*I)*(I + c*x))/((1 + c)*(1 - I*
x))] - PolylLogl[2, 1 - 2/(1 - I*x)]/2 + PolyLogl[2, (-I)*x]/2 - PolyLogl[2, I
*x]/2 + PolyLog[2, 1 + ((2*I)*(I + c*x))/((1 + c)*(1 - I*x))1/2))

Defintions of rubi rules used

LInt[(a_.)/(x_), x_Symbol] :> Simp[a*Loglx], x] /; FreeQla, x]

-

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
bxx, x]11/b), x] /; FreeQ[{a, b, c}, x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N\

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(bxc
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x] /; FreeQl{a, b, c, d}, x]

VInt[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In |
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

‘Int[(Fx_)*(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.), x_Symbol] :> Int[x"(m
‘+ n*xp)*(b + a/x"n) "p*Fx, x] /; FreeQ[{a, b, m, n}, x] && IntegerQ[p] && Neg
LQ[n]

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]
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rule 2920 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(m_))~(p_.)1*(b_.))/((£f ) + (g_.)
*(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[ux(a + b*
Loglc*(d + exx"n)”"pl), x] - Simp[b*e*n*p Int[ux(x"(n - 1)/(d + e*x"n)), x
1, x1]1 /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] & IntegerQ[n]

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)]*(b_.))~(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcCot[c*x™n])"p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1))  Int[x"(m + n)*((a + b*ArcCot[c*x™n])~(p - 1)/(1 + c™2*%x~(2*n))), x],
x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[mn, 1] &
& IntegerQ[m])) && NeQ[m, -1]

rule 5362

rule 5411 Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))~(p_. )*((£_.)*(x_))~(m_.)*((d)) + (e_
D*x(x_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTan[c*x])~p, (f*
x)"m*(d + e*x)"q, x], x] /; FreeQ[{a, b, c, 4, e, £, m}, x] && IGtQ[p, 0] &
& IntegerQlql && (GtQlq, O] || NeQ[a, 0] || IntegerQ[m])

Int[ArcCot[(c_.)*(x_)1/((d_.) + (e_.)*(x_)"2), x_Symbol] :> Simp[I/2 Int[
Logl[l - I/(c*x)]1/(d + e*x~2), x], x] - Simp[I/2 1Int[Logl[l + I/(c*x)1/(d +
exx~2), x], x] /; FreeQl{c, d, e}, x]

rule 5444

rule 5454 Int[(((a_.) + ArcCot[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Simp[1/d  Int[(f*x) m*(a + bxArcCot[c*x]) p, x],
x] - Simpl[e/(d*£72) Int[(f*x)~(m + 2)*((a + b*ArcCot[c*x]) p/(d + e*x~2)
), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]




input

output

input

output
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Maple [A] (verified)

Time = 1.34 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.21

method result
ln(—icx+1)ln(ﬂ> dilog(—icz—c) » » o
. __marctan(z)  w —c—1 —c—1 ) _ cln(—icx) cln(—icz+1) i In(—ica
risch 2 2z 1 + 1 7+ 2 + 2z
- et un<1_<(1+;+>y)§+l>;> arctaz
arccot(cx n(c x“+ T c—
parts — arccot (cx) arctan (z) — =2 4+ ¢| —In(z) + —— + s
(cx) (cx) @) In(z) ln(023;2+1) iln(l—W) arctan(z) 1
: : syl __arccot(cxz) _ arccot(cz)arctan(x 3| In(@)-———F—" x c— _
derivativedivides | ¢ - ” +c 3 + 233(c=1)
(cx) (cx) @) In( ln(02$2+1) iln(l—?éiiﬂ) arctan(z) 1
__arccot(cxz) _ arccot(cz) arctan(x 3| In(@)-——F—" z c— _
default ¢ cx c +c c3 + 2c3(c—1)

Lint(arccot(c*x)/x“Q/(x“2+1),x,method=_RETURNVERBUSE)

-1/2+Pi*arctan(x)-1/2*Pi/x+1/4*1n(1-I*c*x)*1n((-c-I*c*x)/(-c-1))+1/4*dilog
((=c-I*c*x)/(-c-1))-1/2%c*1n(-I*c*x)+1/2*xc*x1n(1-I*c*x)+1/2*%I*1n(1-I*c*x)/x
-1/4*1n(1-I*c*x)*1n((c-I*c*x)/(c-1))-1/4*dilog((c-I*c*x)/(c-1))+1/4*1n(1+I
*xc*x) *1n((—c+I*c*x)/(-c-1))+1/4*dilog((-c+I*c*x)/(-c-1))-1/2*c*1n(I*c*x)+1
/2%c*1In(1+I*c*xx)—1/2*T*1n(1+I*c*x) /x-1/4*1n(1+I*c*x)*1n((c+I*c*x)/(c-1))-1
/4*dilog((c+I*c*x)/(c-1))

Fricas [F]

-1
/ cot™!(cx) dp — / arccot (cx) i

2(14+22) ) (22 +1)2?

Lintegrate(arccot(c*x)/x‘Q/(x‘2+1),x, algorithm="fricas")

Lintegral(arccot(c*x)/(x“4 + x72), x)
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Sympy [F]

/cot_l(cx) dacz/ acot (cx) i

z? (1+ z2) z? (22 + 1)

inputLintegrate(acot(c*x)/x**2/(x**2+1),x)

-

LIntegral(acot(c*x)/(X**2*(x**2 + 1)), x)

-/

output

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 183, normalized size of antiderivative = 0.86

t~1 1 1
/ —:20 a _Eczxz)) dx = — <5 + arctan (m)) arccot (cx) — 3 arctan (cx) arctan (x)

cr 1 1 9 9
_1,—6_1)+§clog(cm +1)

1 Az +1

1 Ar?+1 1 icT+c
1 24+1)1 ——— | = - Li
og (¢ +1) log <62—20—|—1) 4 12( c+1 )

8

1 icx —C 1 1cr+ ¢ 1 1Cx —C
TR 11 T (-

1 12( c+1)+4 12( c—1)+4 12< c—l)

tintegrate(arccot(c*x)/x‘2/(x‘2+1),x, algorithm="maxima")

+1 tan (z) arct
— arctan (xr) arctan
2 c

_|_

~—

input

-(1/x + arctan(x))*arccot(c*x) - 1/2*arctan(c*x)*arctan(x) + 1/2*arctan(x)
*xarctan2(c*x/(c - 1), -1/(c - 1)) + 1/2*%c*log(c™2*x"2 + 1) - c*log(x) - 1/
8%log(x~2 + 1)*log((c™2*x"2 + 1)/(c™2 + 2%c + 1)) + 1/8%log(x"2 + 1)*log((
c2*x"2 + 1)/(c”2 - 2%c + 1)) - 1/4*dilog((Ixc*x + c)/(c + 1)) - 1/4*dilog
(-(Ixc*x - c)/(c + 1)) + 1/4*dilog((Ixc*x + c)/(c - 1)) + 1/4*dilog(-(I*c*
x - c)/(c - 1))

output
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Giac [F]
cot™1(cx) arccot (cx)
= Y A = e\ g
/w2(1+x2) v /(w2+1)z2 v
inputtintegrate(arccot(c*x)/x‘2/(x‘2+1),x, algorithm="giac") J
Ou_tputLintegrate(arccot(c=|=x)/((x"2 + 1)*x72), x) J

Mupad [F(-1)]

Timed out.
input Lint(acot(c*x)/(x"2*(x‘2 +1)),x) J
output Lint(acot(c*x)/(x‘2*(x*2 + 1)), %) J
Reduce [F]

cot ™ (cx)
/ z? (14 z2) dz
acot(cz)’ Az — 2acot(cz) c — atan( )2 3z + atan( )2 cz + 2atan(L) & — 2atan(L) + 2(f

o cr o cx c2xt+c?:

2z

atan

inputtint(acot(c*x)/x‘2/(x‘2+1),X) J
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(acot (c*x) **2xc**3xx — 2*kacot (cxx)*c**2 — atan(1/(c*x))**2kcx*3*x + atan(1
/ (c*x) ) **x2xcxx + 2xatan(1/(c*x))*c**2 - 2xatan(1/(c*x)) + 2*int(atan(1/(c*
X))/ (Ck*2¥x**4 + cHx*2xx*x*x2 + Xk*k2 + 1) ,X)*c**2%x - 2xint(atan(1/(c*x))/(c*
*2kxkkd + CrRRkkxk*2 + x*k*k2 + 1) ,x)*x + log(ckx*2*x**2 + 1)*cxx - 2*log(x)*c
*x) / (2*x)

output




output

input

output
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3.36  [Io @4y
(1+z2)

Optimal result . . . . . . . . . . . . e 270
Mathematica [A] (verified) . . . . . . . . . ... o 2701
Rubi [A] (verified) . . . .. . . ... .. 271]
Maple [A] (verified) . . . . . . . .. L 272
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 273
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 273
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... .. 273
Giac [A] (verification not implemented) . . . . . . . . ... ... ... 274
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 274
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 274

Optimal result

Integrand size = 11, antiderivative size = 32

cot™!(z)  arctan(z)

/ z cot™!(x) p T

(+222 7 41+ 2(1+22)

4

-

N\

-1/4*x/(x~2+1) -arccot (x) / (2*x~2+2)-1/4*arctan(x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.78

/ x cot ™1 (z) z + 2cot™!(z) + arctan(z) + z? arctan(x)

—F aAX
(14 22)?

4+ 422

‘Integrate[(x*ArcCot[x])/(1 + x72)72,x]

L—((x + 2*%ArcCot[x] + ArcTan[x] + x"2*ArcTan[x])/(4 + 4*x~2))
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.16,

number of rules _ 0.273, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5466, 215, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z cot'(z)
(22 4 1)
l 5466
L1 g cotTie)
2) @2+1)2" 2@2+1)
l 215
1 _1/ 1 dr — x B cot™1(z)
o\ 2) 2+1" " 2@?+1)) 22+ 1)
l 216
1/ arctan(z) x B cot~1(x)
2 2 2(x2+1))  2(z®+1)
input LInt[(x*ArcCot [x1)/(1 + x72)72,x] J
output [—1/2*ArcCot [x]1/(1 + x™2) + (-1/2%x/(1 + x~2) - ArcTan[x]/2)/2 \J

Defintions of rubi rules used

215‘ Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1) ‘
/(2xax(p + 1))), x] + Simp[(2%p + 3)/(2%a*x(p + 1)) Int[(a + b*x"2)"(p + 1
‘), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4+*p] || IntegerQ[6 ‘
- \

rule
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |1 GtQlb, 01)

rule 216

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.)) " (p_.)*(x_)*((d_) + (e_.)*(x_)"2)"(q_
.), x_Symbol] :> Simp[(d + exx"2)"(q + 1)*((a + b*ArcCot[c*x]) p/(2*ex(q +
1))), x]1 + Simp[b*(p/(2*c*(q + 1)))  Int[(d + e*x"2)"gx(a + b*ArcCot [c*x])
“(p - 1), x1, x] /; FreeQ[{a, b, c, d, e, q}, x] & EqQle, c~2*d] && GtQlp,
01 && NeQlq, -11

rule 5466

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.75

method result o
parallelrisch 22 arccot (Zg)c;j:arccot (z) »
default _zrf:;jr(f; — T - arctzn(z) o7
parts _a2r(c:2?i(f)) _ 4(1295“) _ arctzn(a:) o7

arccot(z) x _ 422 arccot(x) (:E2+1)2
(2z*+2—1) arccot(z)

i 2211)° (2241)°  (2241)°
orering e + (2241)"  (o241) . (e2+1) 67
. iIn(iz+1) —2iIn(—iz+1)+i In(i+z)z2+i In(i+x)—i In(z—i)z2 —i In(x—i)+ 27+ 2z
risch EwTe ) Site) o) 38

input Lint (x*arccot (x)/(x72+1) "2,x,method=_RETURNVERBOSE)

output Ll/ 4x (x"2*arccot (x) -x-arccot (x))/ (x72+1)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.66

/ x cot™1(x) - (xz? — 1) arccot (z) — =
ey 1+ 1)

inputLintegrate(x*arccot(x)/(x*2+1)*2’x’ algorithm="fricas")

-

output L1/4*((XA2 - 1)*arccot(x) - x)/(x"2 + 1)

-/

Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.97

/:vcot_l(x) dp — z?acot (z)  x  acot(z)
(1+ z2)° 42 +4 422+4 422 +4

inputLintegrate(x*acot(x)/(x**2+1)**2,x)

output Lx**2*acot(x)/(4*x**2 + 4) - x/(4xx*x2 + 4) - acot(x)/(4*x**x2 + 4)

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.81

r=— - — — arctan ()

/ z cot™(x) T arccot (z) 1
(14 22)? 4(x2+1) 2(22+1) 4

inputLintegrate(X*arCCOt(X)/(X“2+1)”2,x, algorithm="maxima")

outputt_1/4*x/(XA2 + 1) - 1/2%arccot(x)/(x"2 + 1) - 1/4*arctan(x)
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00

Tr=— — + — arctan
(1+22)? 2(22+1) 4z(L+1) 4

z cot () J arctan (1) 1 1 (1)
T

inputLintegrate(X*arCCOt(X)/(x*2+1)*2,x, algorithm="giac")

ou‘cpu‘cL-1/2*ar<:tan(1/}{)/(X»2 + 1) - 1/4/(x*(1/x"2 + 1)) + 1/4*arctan(1/x)

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.69

/ x cot ™ (z) acot(z) 2+ %@
e dr= -3
(1+ z2?) 4 241

input Lint((x*acot (x))/(x"2 + 1)°2,x)

outputLaCOt(X)/‘l - (x/4 + acot(x)/2)/(x"2 + 1)

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.91

/xcot Yz ) 2acot(z)x + atan(z) 2? + atan(z) — z
(1+ xz) 42 4+ 4

input Lint (x*acot (x)/(x"2+1)"2,x)

outputt(2*a°°t(x)*x**2 + atan(x)*x**2 + atan(x) - x)/(4*(x**2 + 1))
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3.37 I @y

(1+22)°
Optimal result . . . . . . . . . . . . e 275
Mathematica [A] (verified) . . . . . . . . . ... o 2751
Rubi [A] (verified) . . . .. . . ... .. 276
Maple [A] (verified) . . . . . . . .. L 27T
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 278
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 278
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... .. 279
Giac [A] (verification not implemented) . . . . . . . . ... ... ... 279
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 279
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 280

Optimal result

Integrand size = 11, antiderivative size = 44

zeot'(x) T B 3z _ cot™'(z)  3arctan(w)

€T =
(1+ 22)? 16(1+22)° 32(14+22) 4(1+22) 32

-

-1/16*x/ (x"2+1) ~2-3*x/(32*%x~2+32) -1/4*arccot (x) / (x"2+1) "2-3/32*arctan(x)

N\ J

output

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.82

xr =
(14 22) 32 (1 + 2)°

/ z cot™!(x) _2(5+32) +8cot ™! (z) +3(1 + 22)? arctan(z)

-

inputLIntegrate[(x*ArcCot[x])/(1 + x°2)°3,x]

output L—1/32*(x*(5 + 3*%x72) + 8xArcCot[x] + 3*(1 + x72) " 2xArcTan[x])/(1 + x~2)"2

| —
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.23,

number of rules _ ) 34 4, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5466, 215, 215, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
@ cot ™ (z)
(22 +1)°
l'5466
1 / 1 cot~!(z)
B [ S PR BN
4/ (@+1) 4(z2+1)
l 215
<_3/ 1 z ) _ cot™!(z)
4 4 (.’132 + 1)2 4 (.’L‘2 + 1)2 4 (IQ + 1)2
l 215
1<—3(1/ ! do+ -2 ) - il ) _ _cot™!(z)
l 216
1(_3 <arctan(.r) N z ) B z ) _ cot™!(z)
4 4 2 2 (:1;2 + 1) 4 (xg + 1)2 4 ((E2 T 1)2
input [Int [(x*ArcCot[x])/(1 + x~2)"3,x] J

N

output‘(_l/zl*ArCCOt [x1/(1 + x°2)72 + (-1/4%x/(1 + x°2)72 - (3*(x/(2*(1 + x™2)) + A |
'rcTan[x1/2))/4)/4 |
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"2)"(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Intl[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4*p] || IntegerQ[6
*p])

rule 215

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 216

rule 5466 TRt[((a_.) + ArcCot[(c_.)*(x )T*(b_.))"(p_.)*(x)*((d)) + (e_.)*(x_)"2)"(q_
.), x_Symbol] :> Simp[(d + e*x~2)"(q + 1)*((a + b*ArcCot[c*x]) p/(2*ex(q +
1)), x] + Simp[b*(p/(2*cx(q + 1))) Int[(d + exx"2)"q*(a + b*ArcCot[c*x])
“(p -1, x1, x] /; FreeQ[{a, b, c, d, e, q}, x] && EqQle, c~2xd] && GtQlp,
0] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.84

method result
__arccot(z) z _ 3z __ 3arctan(z)
default 4(:1:2+1)2 16(:1:24-1)2 32(z2+1) 32
. 3 arccot(x)xt—3x34+6x2 arccot(x)—5x—5 arccot(x)
parallelrisch 5202 11)?
__arccot(z) z _ 3z __ 3arctan(z)
parts 4(z24+1)2  16(z241)2  32(2241) 32
3 2+5 2+1 2 [ arccot(z) iy _6z2 arccot(m))
. (92%+23z*+922—5) arccot(z) + (8%+5) (=+1) < (z2+1)3 (z2+1)4 (1;2+1)4
orering 16(x2+1)° 32
risch _iln(iz+1) _ —8iln(—iz+1)+3iln(i+a)e*+6iIn(i+a)z’+3iIn(i+a)—3iln(z—i)e* —6iln(z—i)e? —3iIn(z—i)+62° +8
8(z2+1)? 64(i+x)(z2+1)(z—1)
input Lint (x*arccot (x)/(x72+1) "3,x,method=_RETURNVERBOSE) J
output L-1/4*arccot (x)/(x"2+1)"2-1/16%*x/ (x"2+1) "2-3/32*x/ (x~2+1) -3/32*arctan(x) J
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.89

/xcot_l(x)d _32° — (32" + 62 — 5)arccot (z) + 5%

TE Y e =
(1+22)° 32(zt+222+1)

input Lintegrate (x*arccot (x)/(x~2+1)"3,x, algorithm="fricas") J

[ N

output L—1/32*(3*x 3 - (3*%x74 + 6%x72 - B)*arccot(x) + 5*x)/(x™4 + 2*x"2 + 1) J

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(39) = 78.

Time = 0.28 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.00

z cot™!(x) e 3ztacot (z) 323 622 acot ()
(1+ xz)?’ 32zt + 64224+ 32 3224 4 6422 +32 3224 + 6422 + 32
5z 5 acot (z)

3224 + 6472 +32 3224 + 6422 + 32

-

Lintegrate (x*acot (x) / (x**2+1) #*3,x)

-/

input

output‘ 3xxxkd*racot (x) /(32xx**x4 + 64xx*k*2 + 32) - 3kx**x3/(32%x**4 + 64*xx**x2 + 32) \
\+ 6xx**k2%acot (x)/(32%x**x4 + 64xx**2 + 32) - 5kxx/(32%x**4 + 64xx**2 + 32) - \
‘ Skacot (x)/(32%x**4 + B64%x**2 + 32) ‘
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.89

/zcot‘l(x) e 3z°+5z  arccot(z) 3 arctan (z)
(1+22° 20 +222+1) 4(@+1)7° 32

integrate(x*arccot(x)/(x"2+1)"3,x, algorithm="maxima")

inputt

Output} -1/32%(3#x"3 + 54x)/(x"4 + 2%x"2 + 1) - 1/4*arccot(x)/(x"2 + 1)°2 - 3/32%xa
‘rctan(x) ‘

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.91

z cot™}(z) 54+ 5 arctan () 3 1
———dr = — 5 — 5 + -~ arctan | —
(1+2?) 32(L+1)° 4(z2+1)° 32 z

input Lintegrate (x*arccot (x)/(x72+1)"3,x, algorithm="giac") J
output“1/32*(3/x + 5/x73)/(1/x"2 + 1)72 - 1/4%arctan(1/x)/(x"2 + 1)°2 + 3/32*arc
‘tan(1/x) |

Mupad [B] (verification not implemented)

Time = 0.75 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.61

z cot™!(x) e _3ata,n(x) B 8 4 %t(x) + %
(1+ 22 32 (22 +1)°
input Lint((x*acot(x))/(x’? + 1)73,%) J
output L- (3*atan(x))/32 - ((5%x)/32 + acot(x)/4 + (3%x~3)/32)/(x"2 + 1)"2 J
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.27

/xcot_l(x) i

(1+22)°
_ 8acot(z) z* + 16acot(z) x* + Satan(z) x* + 10atan(z) > + Satan(z) — 3z° — 5z
- 3204 + 64x? + 32
input Lint (x*acot(x)/(x~2+1)73,x) J
output‘ (8xacot (x)*x**4 + 16%acot (x)*x**2 + Bkatan(x)*x**4d + 10%*atan(x)*x**2 + 5%a ‘

‘tan(x) - Bkx*k*k3 - 5xx)/(32% (x*k*k4 + 2%x*k*2 + 1)) ‘
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

281
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation




CHAPTER 4. APPENDIX 299

4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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