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CHAPTER 1. INTRODUCTION 5

This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 53 |. This is test number | 285 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 98.11 ( 52) 1.89 (1)
Maple 98.11 ( 52) 1.89 (1)

Mathematica | 92.45 (49 ) | 7.55 (4)
Maxima, 56.60 ( 30 ) | 43.40 ( 23
Giac 49.06 (26 ) | 50.94 ( 27

)

)

2)

)

)
)
Mupad | 45.28 (24) | 54.72 (29)
Reduce | 43.40 ( 23 ) | 56.60 ( 30 )
Fricas 41.51 ( 2 58.49 ( 31)
Sympy | 35.85 ( 19 )

64.15 ( 34

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 79.245 5.660 0.000 15.094
Maple 52.830 15.094 16.981 15.094

Mathematica 47.170 16.981 22.642 13.208

Maxima 32.075 13.208 0.000 54.717
Fricas 28.302 1.887 0.000 69.811
Sympy 11.321 0.000 15.094 73.585
Giac 1.887 33.962 0.000 64.151
Mupad 0.000 32.075 0.000 67.925

Reduce 0.000 30.189 0.000 69.811

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

III | II

mA
EB
C

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 4 100.00 0.00 0.00

Rubi 100.00 0.00 0.00

Maple 1 100.00 0.00 0.00

Maxima, 23 91.30 0.00 8.70

Giac 27 62.96 22.22 14.81

Mupad 29 0.00 100.00 0.00

Fricas 31 96.77 0.00 3.23

Reduce 30 100.00 0.00 0.00

Sympy 34 29.41 70.59 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.19
Reduce 0.26
Giac 0.44
Maxima 0.81
Rubi 0.83
Mupad 1.41
Mathematica 1.79
Maple 3.37
Sympy 6.83

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Fricas 119.41 1.35 61.50 1.24
Mupad 138.71 1.43 61.50 1.23
Sympy 179.26 1.99 99.00 1.46
Rubi 338.08 1.15 145.00 1.00
Mathematica | 353.47 1.69 163.00 1.11
Maple 563.56 1.80 160.50 1.02
Maxima 726.47 4.93 112.00 1.22
Giac 731.35 5.81 159.50 3.43
Reduce 2820.78 133.71 111.00 1.63

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current

implementation uses sagemath as this makes testing much easier to do.

Leaf size vs.

Using full range

CPU time

CPU time (sec)

Figure 1.5:

CPU time (sec)
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1.9 list of integrals with no known antideriva-
tive

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}

Mathematica
Maple {}

Maxima {}

Fricas {}

Sympy {}

Giac {}

Reduce {}

Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {0[9)
Mathematica
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)5)705,6, 7010 1) 2 13,4 16,7 15,19} 20, 21} 22, 23 A 25,2 27
25) 20,30, 51,2 53,58, 39} 0, 2 13,4 45,1, 60} )

B grade {[36,37[49 }
C grade { }

F normal fail {[41]}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [TT)[T2\ T3} T3 5} 23) 2 25 27 20, 5055 50,57} 59 O, 1) 2 ) 65,
5061}

B grade { [}[20,28)58 M8/ 0F253))
C grade {[1|2B/B/7B/I0,16 38,2122 )

F normal fail {[26,[31][32[44] }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {12505} B) 7 5,0 10,1 02 13,4 15 19} 20 2122 25 27 5 B 0, s 6,
5061}

B grade { 161723 2429,50,57 }
C grade { (025,515 50, A1 A3 389 )
F normal fail {33}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[1,[2,3[4,6}[78}[9} L0} (12,16} [L7} (L8} [L9} 1] }
B grade {22}
C grade { }

F normal fail { [)[1)[3)[4,[20}23| 24, 25) 26,27 25) 29,50, ) 52,53, 5 57, B8, B9V,
T 2} 3 ) 45,6, 49} 50,51 )

F(-1) timedout fail { }
F(-2) exception fail {[15]}

Maxima

A grade { (1,231 5L 78,0} 126,17} 18} 19} 21)22)89 )
B grade {[0\[[1)[[3)[[457,8/A0 )

C grade { }

F normal fail { [2023)[24 25) 26,27 25,2, 50,51 52 53561 2 3} 5, 6, A9, 50} 1
}

F(-1) timedout fail { }
F(-2) exception fail {[15][44]}
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Giac

A grade {[13]}

B grade {[125R6ME0M01E M0 EHEID)

C grade { }

P normal fail { )20} 272565, 25 0,3 55, B (L S G L1 )
F(-1) timedout fail { 27 [31][36][37,[40}[49] }

F(-2) exception fail {[32)[42][43[44 }

Mupad

A grade { }

B grade { {26,650/ 607 HE12225)
C grade { }

F normal fail { }

F(-1) timedout fail {[5}[11}[13}[14[20}[23|[24[26}[27[28}[29}30} 31} 32}[33}[36}[37} 38} 39)
[40} A1} |42, 43} (44} 45,46, [49} 50} 51 }

F(-2) exception fail { }

Sympy
A grade {[I2[4[10,19 }
B grade { }

C grade {BABBIBBINE}
F normal fail { [1}[T3, 14 23,2 25,28, 29,50, 5 }

F(-1) timedout fail {[5}[20}21}[22}26}[27},31}32}33}[34}[35}[36}[37} 38} 3% 40} A1} 42} 43}
A4} }46,[49, 50, B1] }

F(-2) exception fail { }
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Reduce

A grade { }

B grade { LEEABMEH/M0/E 6 IEHELE)
C grade { }

F normal fail { [,[1)[T3}[[4,[20} 23,24, 25) 26,27 25) 29,0, T 52,53, 55, 57, 38, B9},
T 2} 3 ) 45, 49} 50,51}

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 106 99 95 131 104 92 155 617 121 133
N.S. 1 0.93 0.90 1.24 0.98 0.87 1.46 5.82 1.14 1.25
time (sec) N/A 0.308 0.048 0462 0.131 0.120 0.798 0.583 0.221 0.907

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 81 114 102 85 73 117 423 95 101
N.S. 1 1.01 1.42 1.28 1.06 0.91 1.46 5.29 1.19 1.26
time (sec) N/A 0296 0.031 0381 0.118 0108 0.636 0457 0214  1.550

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 90 63 68 55 78 210 60 61
N.S. 1 1.00 1.50 1.05 1.13 0.92 1.30 3.50 1.00 1.02

time (sec) N/A 0.275 0.023 0.375 0.134 0.124 0481 0.198 0.233 1.737
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 33 31 44 30 29 43 46 111 43 42
N.S. 1 094 1.33 0.91 0.88 1.30 1.39 3.36 1.30 1.27
time (sec) N/A 0.212 0.009 0.267  0.036  0.095 0.223 0.160 0.253 1.361
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 256 103 133 0 0 0 12 0
N.S. 1 1.00 2.13 0.86 1.11 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.448 0.142 0.547  0.192  0.000 0.000 0.000 0.246 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 62 61 66 61 7 64 167 498 70 62
N.S. 1 0.98  1.06 0.98 1.24 1.03 2.69 8.03 1.13 1.00
time (sec) N/A 0.237 0.043 0.331 0.130  0.113 0.717 0.267 0.230 0.732
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 95 102 92 83 112 99 381 1309 125 230
N.S. 1 1.07 097  0.87 1.18 1.04 401 13.78 1.32 2.42
time (sec) N/A 0.299 0.071 0.427  0.134  0.142 0.998 0.438 0.219 1.650
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 129 136 126 115 165 142 760 3449 210 285
N.S. 1 1.05 0.98 0.89 1.28 1.10 589 26.74 1.63 2.21
time (sec) N/A 0.352 0.103 0.465 0.135 0.129 1.409 1.440 0.225 1.421
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A C B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 52 43 42 42 93 81 99 203 91 85
N.S. 1 0.83 0.81 0.81 1.79 1.56 1.90 3.90 1.75 1.63
time (sec) N/A 0.258 0.010 0.366 0.138  0.119 5.446 0.233 0.225 0.179
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 141 36 52 33 56 100 49 49
N.S. 1 1.00 3.62 0.92 1.33 0.85 1.44 2.56 1.26 1.26
time (sec) N/A 0.227 0.034 0.348 0.120 0.113 2362 0.157 0.213 1.077
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 43 38 55 112 0 0 100 16 0
N.S. 1 096 0.84 1.22 2.49 0.00 0.00 2.22 0.36 0.00
time (sec) N/A 0.271 0.006 0.607 0.181 0.000 0.000 0.377 0.212 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 45 42 41 53 59 139 238 111 57
N.S. 1 096 0.89 0.87 1.13 1.26 2.96 5.06 2.36 1.21
time (sec) N/A 0.233 0.012 0.530 0.039 0.108 4.679 0.157 0.213 0.913
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 39 35 37 64 0 0 26 14 0
N.S. 1 1.11  1.00 1.06 1.83 0.00 0.00 0.74 0.40 0.00
time (sec) N/A 0.256 0.005 0.565 0.167  0.000 0.000 0.127 0.215 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 43 38 55 122 0 0 103 21 0
N.S. 1 0.96 0.84 1.22 2.711 0.00 0.00 2.29 0.47 0.00
time (sec) N/A 0.277 0.006 0.662 0.179  0.000 0.000 0.363 0.238 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 16 0 0 17 18 224 18
N.S. 1 1.00 1.11 0.89 0.00 0.00 0.94 1.00 12.44 1.00
time (sec) N/A 0.185 3.505 0.834 0.000  0.000 9.431 0.144 0.259 1.118
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 233 230 157 496 341 325 654 2265 493 783
N.S. 1 099 0.67 2.13 1.46 1.39 2.81 9.72 2.12 3.36
time (sec) N/A 0.529 0.184 1.609 0.130  0.173 11.368 1.512 0.233 1.354
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 163 118 294 216 206 376 1161 293 409
N.S. 1 1.06  0.77 1.91 1.40 1.34 2.44 7.54 1.90 2.66
time (sec) N/A 0.422 0.1056 0.920 0.128  0.139 4.319 1.017 0.219 0.426
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 103 163 113 113 110 177 451 136 136
N.S. 1 1.10 1.73 1.20 1.20 1.17 1.88 4.80 1.45 1.45
time (sec) N/A 0.362 0.061 0.598 0.125 0.131 1.787 0.256  0.227 2.202
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 49 35 34 52 51 116 52 48
N.S. 1 1.00 1.29 0.92 0.89 1.37 1.34 3.05 1.37 1.26
time (sec) N/A 0.180 0.008 0.382 0.045 0.115 0.162 0.168 0.213 1.499
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 162 180 336 197 0 0 0 0 32 0
N.S. 1 1.11  2.07 1.22 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.540 0.297 1.200 0.000  0.000 0.000 0.000 0.215 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 153 149 118 161 177 223 0 1264 318 128
N.S. 1 097 0.77 1.05 1.16 1.46 0.00 8.26 2.08 0.84
time (sec) N/A 0.446 0.146 0.985 0.124  0.279 0.000 0.318 0.231 2.077
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F(-1) B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 228 245 180 245 410 728 0 6173 1612 399
N.S. 1 1.07  0.79 1.07 1.80 3.19 0.00 2v.07 7.07 1.75
time (sec) N/A 0.612 0.421 2.063 0.128 1.329 0.000 1.117 0.234 7.402
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 382 383 665 1072 0 0 0 0 769 0
N.S. 1 1.00 1.74 2.81 0.00 0.00 0.00 0.00 2.01 0.00
time (sec) N/A 0.771 8.248 2.126 0.000  0.000 0.000 0.000 0.228 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 220 227 286 427 0 0 0 0 345 0
N.S. 1 1.03 1.30 1.94 0.00 0.00 0.00 0.00 1.57 0.00
time (sec) N/A 0.596 0.966  1.347 0.000  0.000 0.000 0.000 0.254 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 102 102 118 184 0 0 0 0 106 123
N.S. 1 1.00 1.16 1.80 0.00 0.00 0.00 0.00 1.04 1.21
time (sec) N/A 0.478 0.125 1.288 0.000  0.000 0.000 0.000 0.221 1.171
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F(-1) F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 261 288 0 1911 0 0 0 0 59 0
N.S. 1 1.10  0.00 7.32 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.418 0.000 21.449 0.000  0.000 0.000 0.000 0.246 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 480 586 454 784 0 0 0 0 0 0
N.S. 1 1.22  0.95 1.63 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.577 5.610 3.376 0.000  0.000 0.000 0.000 0.412 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 565 551 2336 6248 0 0 0 0 1362 0
N.S. 1 098 413 11.06 0.00 0.00 0.00 0.00 241 0.00
time (sec) N/A 1.112 14.455 48.004 0.000  0.000 0.000 0.000 0.469 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 337 334 630 1051 0 0 0 0 575 0
N.S. 1 099 1.87 3.12 0.00 0.00 0.00 0.00 1.71 0.00
time (sec) N/A 0.888 5.087 12.459  0.000  0.000 0.000 0.000 0.222 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 141 228 395 0 0 0 0 172 0
N.S. 1 099 1.59 2.76 0.00 0.00 0.00 0.00 1.20 0.00
time (sec) N/A 0.690 0.233 2.000 0.000  0.000 0.000 0.000 0.219 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F(-1) F(-1) F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 372 408 0 3903 0 0 0 0 86 0
N.S. 1 1.10 0.00 10.49 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.483 0.000 14.321 0.000  0.000 0.000 0.000 0.267 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F(-1) F(-2) F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 693 1266 0 4229 0 0 0 0 0 0
N.S. 1 1.83  0.00 6.10 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.464 0.000 25.537 0.000 0.000 0.000 0.000 0.800 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 177 236 162 0 0 0 0 0 1310 0
N.S. 1 1.33  0.92 0.00 0.00 0.00 0.00 0.00 7.40 0.00
time (sec) N/A 0.479 0.280 0.000 0.000  0.000 0.000 0.000 0.282 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 618 36 0 22 17519 22
N.S. 1 1.00 1.10 1.00 30.90 1.80 0.00 1.10 875.95 1.10
time (sec) N/A 0.294 4.498 0.614 5.751 0.135 0.000 0.361 0.419 0.814
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 880 52 0 22 42990 22
N.S. 1 1.00 1.10 1.00 44.00 2.60 0.00 1.10 214950 1.10
time (sec) N/A 0.296 0.463 0.647 9.259  0.130 0.000 0.404 0.647 0.854
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A C F F F(-1) F(-1) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 725 1862 998 536 0 0 0 0 18 0
N.S. 1 2,57 1.38 0.74 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 3.117 0.813 1.601 0.000  0.000 0.000 0.000 102.148 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A B B F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 319 721 563 591 8519 0 0 0 18 0
N.S. 1 226 1.76 1.85 26.71 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.374 0.367 2.091 4.643  0.000 0.000 0.000 0.252 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 170 325 187 283 0 0 0 16 0
N.S. 1 .12 214 1.23 1.86 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.533 0.181 0.798 0.211 0.000 0.000 0.000 0.220 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 338 481 509 296 280 0 0 0 17 0
N.S. 1 142 1.51 0.88 0.83 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.979 7.427 0.644 0.216  0.000 0.000 0.000 0.220 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 735 1222 930 728 8518 0 0 0 21 0
N.S. 1 1.66 127  0.99 11.59 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2.078 0.582  2.968 0.860  0.000 0.000 0.000 0.235 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A C F F F(-1) F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 726 0 645 372 0 0 0 0 44 0
N.S. 1 0.00  0.89 0.51 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.000 23.823 0.434 0.000  0.000 0.000 0.000 0.272 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 693 1133 618 364 0 0 0 0 17 0
N.S. 1 1.63  0.89 0.53 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 2.382 0.480 0.320 0.000  0.000 0.000 0.000 0.230 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 811 1316 809 388 0 0 0 0 19 0
N.S. 1 1.62  1.00 0.48 0.00 0.00 0.00 0.00 0.02 0.00
time (sec) N/A 2.655 0.452 0.323 0.000  0.000 0.000 0.000 0.256 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes N/A Yes TBD TBD TBD TBD TBD TBD
size 398 427 0 1037 0 0 0 0 1056 0
N.S. 1 1.07  0.00 2.61 0.00 0.00 0.00 0.00 2.65 0.00
time (sec) N/A 1.241 0.000 3.802 0.000  0.000 0.000 0.000 0.291 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 127 127 118 0 0 0 0 29 0
N.S. 1 0.96 0.96 0.89 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.295 0.125 1.458 0.000  0.000 0.000 0.000 0.223 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 216 155 138 156 0 0 0 0 34 0
N.S. 1 0.72  0.64 0.72 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.377 0.104 1.406 0.000  0.000 0.000 0.000 0.217 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A B N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A  No N/A TBD TBD TBD TBD TBD TBD
size 28 28 177 26 28 28 29 28 28 28
N.S. 1 1.00 6.32 0.93 1.00 1.00 1.04 1.00 1.00 1.00
time (sec) N/A 0.260 0.275 1.129 0.147  0.150 0.861 0.261 0.225 0.865
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A B N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A  No N/A TBD TBD TBD TBD TBD TBD
size 33 33 180 31 33 33 31 33 32 33
N.S. 1 1.00 5.45 0.94 1.00 1.00 0.94 1.00 0.97 1.00
time (sec) N/A 0.276 0.139 1.030 0.163 0.117 7.451 0.281 0.242 0.851
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B B C F F F(-1) F(-1) F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 1199 2808 3211 1287 0 0 0 0 419 0
N.S. 1 234  2.68 1.07 0.00 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 7.952 4.602 3.425 0.000  0.000 0.000 0.000 0.464 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 187 177 202 160 0 0 0 0 104 0
N.S. 1 0.95 1.08 0.86 0.00 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.442 1.063 1.834 0.000  0.000 0.000 0.000 0.250 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 281 215 207 202 0 0 0 0 109 0
N.S. 1 0.77 0.74 0.72 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.588 1.026 1.693 0.000  0.000 0.000 0.000 0.249 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A B N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A  No N/A TBD TBD TBD TBD TBD TBD
size 35 35 198 33 35 44 36 35 101 35
N.S. 1 1.00 5.66 0.94 1.00 1.26 1.03 1.00 2.89 1.00
time (sec) N/A 0.331 0.684 1.102 0.270  0.123 4.110 0.308 0.292 0.881
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A B N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A  No N/A TBD TBD TBD TBD TBD TBD
size 40 40 200 38 40 49 37 40 105 40
N.S. 1 1.00  5.00 0.95 1.00 1.22 0.92 1.00 2.62 1.00
time (sec) N/A 0.386 0.284 1.102 0.337  0.115 72.528 0.316 0.273 0.909
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[3] had the largest ratio of [.750000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 7 6 0.93 10 0.600
% A 6 ) 1.01 10 0.500
3| A 7 6 1.00 8 0.750
4 A 4 3 0.94 6 0.500
i A 8 7 1.00 10 0.700
6} A 8 7 0.98 10 0.700
7] A 6 ) 1.07 10 0.500
3] A 7 6 1.05 10 0.600
9 A 6 ) 0.83 14 0.357
10j A ) 4 1.00 12 0.333
11 A 4 3 0.96 14 0.214
12} A 7 6 0.96 14 0.429
13] A ) 4 1.11 12 0.333
114 A ) 4 0.96 19 0.211
N/A 1 0 1.00 18 0.000
16} A 6 ) 0.99 18 0.278
17] A 6 ) 1.06 18 0.278
18] A 6 ) 1.10 16 0.312
19 A 1 1 1.00 10 0.100
20) A 7 6 1.11 18 0.333
21] A 10 9 0.97 18 0.500
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22| A 6 6 1.07 18 0.333
23| A 5 4 1.00 20 0.200
24| A 5 4 1.03 18 0.222
25| A 7 6 1.00 12 0.500
26/ | A 4 3 1.10 20 0.150
27| A 7 6 1.22 20 0.300
28| A 5 4 0.98 20 0.200
29| A 5 4 0.99 18 0.222
30| A 7 6 0.99 12 0.500
31| A 4 3 1.10 20 0.150
32| A 7 6 1.83 20 0.300
33| A 5 4 1.33 18 0.222
N/A 3 0 1.00 20 0.000
N/A 3 0 1.00 20 0.000
36/| B 13 12 2.57 16 0.750
37| B 8 7 2.26 16 0.438
38| A 7 6 1.12 14 0.429
39| A 7 7 1.42 16 0.438
4o/ | A 7 7 1.66 16 0.438
F 0 0 N/A 0.000 N/A
42/ A 5 4 1.63 18 0.222
43| A 5 4 1.62 18 0.222
44 | A 2 2 1.07 23 0.087
45/ A 3 2 0.96 28 0.071
46l | A 4 3 0.72 33 0.091
N/A 3 0 1.00 28 0.000
N/A 3 0 1.00 33 0.000
49| B 2 2 2.34 25 0.080
50| A 5 4 0.95 35 0.114
Bl A 6 5 0.77 40 0.125
N/A 3 0 1.00 35 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized

integrand
grade steps unique antiderivative & number of rules

leaf size integrand leaf size

I

used rules leaf size

N/A 3 0 1.00 40 0.000
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13

3.14

3.15
3.16
3.17
3.18
3.19
3.20

3.21
3.22

3.23
3.24
3.25

[z3cot™Ha+bx)dx . . ... ...
[z?cot™a+bx)dz . . ... ...
Jzeot(a+bz)dz ... ... ..
feotHa+bz)ds . ... ... ..
i w de .. .........

cot~?! (a+bm) dx

a+bx

fwdx ...........

(a+bx)?

fde ............

2—1|—2z
cot~!(a+bx)
Ik T dx

f(a+bz) cot7l(a+br)dr . . .
[(e+ fz)?(a+ bcot™'(c+ dx)) dz
[(e+ fz)*(a+ bcot™'(c+ dx)) dz
J(

e+ fz)(a+beot™(c+dzx)) dz

J(a+beot™ (c+dz))dz . .. ..

f a+bcot™1(ct+dz) dz

etfr T .o

f a+bcot—1(ct+dzx) d.’L'

(€+f$)2 .........

f a+b cot_l(c+d:1: dm

e AT
[(e+ fz)? (a+becot™(c+ dx))? dz
[(e+ fz) (a+beot™ (¢ + dz))? dz
[(a+bcot™Hc+dz)) dz . . . .

fa—i—bz cot™a+br)dz . . ..
[(a+bz)cot™Ha+bz)dz . . . ..
fwdx ...........

46
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3.26 [ letbeet” f;+ DV G 235
(a+bcot~? c—i—dx)) i
321 [! ek dT ... 2471
328 [(e+ fz)?(a+beot™c+dz) de ... .. ... ...
329 [(e+ fz)(a —|— bcot™ (c +de))dr .. 2611
330 [(a+bcot™(c+dx)’ dr ... ... 269
(a+bcot~? (c+dm))
331 [T M) G
1
332 [letbeotlewdn) g DR
(e-l-fﬂf?)2
333  [(e+ fz)™(a+bcot™c+dz))dx. .. ... ... 294
334 [(e+ fr)™(a+beot ™ (c+dx)’dr . .. ... ... 300
335 [(e+ fr)™(a+beot ™ (c+dx)’dr ... .. ... ... 3061
cot~1(a+bx)
336 [ W de ... 312
3.37 [ 327
ct+dzx?
3.38 [ gp 336
339 [ @ AT .
340 [etavm) g 851
a+b :«:)fl(c—i-dz)
3.41 f T dT . . e e 002!
342 [t leMelgr 369
cot~1(a+bx)
343 [ o AT .. 378
R T
cot~!(a+bx) vi
345 [ v +a2+2alb(m+%%§2 ............................. 394
cot™ " (a+bx
3.46 [ T et e 8 399
3.47 oot (atbe) AT . . A05
J V1+a?+ 2qu+b2x2
3.48 U@ e AT
I3 /(1 + a?) ¢ + 2abcx + b2cx?
349 [t lebl) gy aTs
(a+bx)? cot—!(a+bx) 7
350 [ \/(1+a23;2abw—tl(>2x2 ;13: ............................. A75]
a+bx)“ cot™* (a+bx 7
351 [ T erame e B 132
3.52 (atboffoot latba) gy 739
/ V1i+a®+ 2abz + b2x?
3.53 (atbe)eot (0t02) g 444

/3 {/(1+ a?) ¢ + 2abex + b2cx?
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3.1 [ z® cot™(a + bz) dx

Optimal result . . . . . . . . . . . . e 48]
Mathematica [C] (verified) . . . . . . . . .. ... L 48]
Rubi [A] (verified) . . . .. . . ... .. 19
Maple [A] (verified) . . . . . . ... L BIl
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 52
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 52
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 53]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... b3l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 5!
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 55

Optimal result

Integrand size = 10, antiderivative size = 106

_(1-6a®)z a(a+bzr)® (a+bz)® 1

/z3 cot™'(a + bz) dz = 0 ot T 1o T Zx‘l cot ™ (a
(1 — 6a® + a*) arctan(a + bx)
+ bzx) + 5
N a(l — a?)log (1 + (a + bx)?)
2b*

output
\t(b*x+a)+1/4*(a‘4—6*a“2+1)*arctan(b*x+a)/b“4+1/2*a*(—a‘2+1)*1n(1+(b*x+a)“2

e R
\ -1/4%(-6*%a~2+1) *x/b~3-1/2*a* (b*x+a) ~2/b"4+1/12* (b*x+a) “3/b"4+1/4*xx"4*arcco \
L)/b*4 |

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.05 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.90

/w?’ cot™'(a + bx) dz

_ 6(—1+6a?) bz — 12a(a + bx)? + 2(a + bz)® + 6b*z* cot ™' (a + bx) — 3i(—i + a)* log(i — a — bx) + 3i(d
24b*
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input‘ Integrate[x~3*ArcCot[a + b*x],x] ‘

t} (6x(-1 + 6%a~2)*bkx - 12xak(a + b*x)"2 + 2k(a + bkx)"3 + Exb"4sx d*ArcCot[
‘a + b¥x] - (3*D)*(-I + a)~4*Log[I - a - bkx] + (3*xD)*(I + a)~4xLogll + a +
L b*x])/(24%b~4) J

outpu

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.93,

number of rules _ 0.600, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {5571, 25, 27, 5388, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x3 cot™!(a + bz) dz

| 5571
[ 23 cot™!(a + bz)d(a + bx)

b
l 25
_J —a® cot™(a + bx)d(a + bx)
b
l 97
i —b3z3 cot™!(a + bx)d(a + bx)
b
l 5388

—4J dsgierdla + ) — ot ot o+ b
_ )

l 478

a*—6a2+4(1—a?)(a+bz)a+1
(a+bz)2+1 -

-1y <6a2 —4(a+bz)a+ (a+bz) + 1) d(a + bz) — 1b*z* cot™(a + bz)

b4
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l 2009

((1—6a?) (a+bz) — 2a(1 — a?) log ((a + bz)? + 1) — (a* — 6a® + 1) arctan(a + bz) — 3(a + bz)® + 2a(a +
— o

-

Int [x"3*ArcCot[a + b*x],x]

e—

input L

‘—((—1/4*(b“4*x‘4*ArcCot [a + bxx]) + ((1 - 6%¥a"2)*(a + bxx) + 2xa*(a + b*x) \

output
“2 - (a + b*x)73/3 - (1 - 6*%a”2 + a"4)*ArcTan[a + b*x] - 2%ax(1 - a~2)*Log ‘
[+ @+ e 2)/9)/678) ]
Defintions of rubi rules used

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[@)*(Fx_), x_Symbol]l :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((c_ ) + (@_.)*(x_))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand

rule 478
Integrand[(c + d*x)"n/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]
ruk32009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 538g Tnt[((a_.) + ArcCot[(c_.)*(x)1*(b_.))*((d)) + (e_.)*(x_))"(q_.), x_Symbol]
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
‘c/(ex(q + 1)))  Int[(d + exx)"(q + 1)/(1 + c"2%x72), x], x] /; FreeQ[{a, b
, ¢, d, e, qF, x] & NeQ[q, -1]

N\ J

\‘
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rule 5571‘Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m

‘_.), x_Symbol] :> Simp[1/d

‘rcCot[x])‘p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m, p}, x] && I

GtQlp, 0]

Subst[Int[((d*e - c*f)/d + fx(x/d)) m*(a + b¥A |

Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.24

method result
llelrisch —3 arccot(bz+a)ztb® —b323+3a b222+3 arccot(bz+a)a*+6a® In(b2z2+2abz+a?+1) —9a2bz—18 arccot(br+a)a
parallelrisc — 1ob2
3
A 2 (—4a3b+4ab)a '
Las . s (—4a®b+4ab) In(b222 +2abz+02+1) ( 3a7—2a741 b ‘
b gb z°—abz“+3a“z—zx 252 1}
vd 2
x* arccot(bz+a)
parts 7 + 1
arccot(bz+u)a4 —arccot(bz+a)a3(b:v+a)+3 arccot(bz+a)a2(bz+a)2 —al‘CCOt(bz‘-‘ra)a(b(I}-l-a)S-'raTCCOt(bz+a)(bz+a)4+La:
derivativedivides 4 2 i
arccot(bz+u)a4 —arccot(bz+a a3 bz+a +3 arccot(bz+a)a2(bz+a)2 _arccot(bz+a)a(bz+a 3+arccot(bz+a)(bz+a)4+37a:
default i (bata)a®(bata) 2 (be+a)a(ba+a)’ 4 2recotlbatal bta)” -
. iz In(1+i(bx+a)) iz? In(1—i(bz+a)) Tzt 23 a* arctan(bz+a) ax? a® In(b2z2+2abz+a%+
risch 8 — 8 +5 tip Tt g W 261
input Lint (x~3*arccot (b*x+a) ,x,method=_RETURNVERBOSE) J
Output‘-1/12*(-3*arccot(b*x+a)*x’“4*b"4—b’“3*x"3+3*a*b“2*x”2+3*arccot(b*x+a)*a’“4+6*

a~3x1n(b~2*x"2+2*axb*x+a”~2+1) -9*a "~ 2xbxx-18*arccot (b*x+a) *a~2+15%a"~3-6*%a*1ln
‘ (b~2%x~2+2%axb*x+a"~2+1) +3%b*x+3*arccot (b¥x+a)-9%a) /b~4 ‘
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.87

23 cot™!(a + bx) dx

_ 3b*z*arccot (br + a) + b2 — 3ab?*z? + 3 (3a? — 1)bz + 3 (a* — 6 a® + 1) arctan (bz + a) — 6 (a® — a)’
B 1264

integrate(x~3*arccot (b*x+a) ,x, algorithm="fricas")

input ‘\

‘1/12*(3*b“4*x“4*arccot(b*x + a) + b"3%x"3 - 3*axb"2%xx"2 + 3*%(3%a~2 - 1)x*bx*
‘x + 3%(a”4 - 6*¥a”2 + 1)*arctan(b*x + a) - 6*%(a”3 - a)*log(b~2*x"2 + 2*a*b* ‘
\x +a™2 + 1))/b™4

output

Sympy [A] (verification not implemented)

Time = 0.80 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.46

/x3 cot™!(a + bz) dz

a* acot (a+bx) a® log (a?42abz+b2z2+1) 3a2z , 3a?acot (a+bx) ax? alog (a?+2abz+b2z2+1) z* acot (a+bzx)
o 4b% o 2b% T T 2b% —w T 2b% + 4 -
") z*acot (a)

4

input Lintegrate (X**S*acot (b*X+a) ,X) J

Piecewise((-a**4*acot(a + b*x)/(4*b**4) - a*x3xlog(a**2 + 2xaxbkx + b¥*2*x
*%2 + 1)/(2%bx*4) + 3kax*2*x/(4*b**3) + 3kax*2*acot(a + b*xx)/(2%bx*4) - ax
xx*k2/ (4*bx*2) + axlog(a**2 + 2xaxb¥x + bx*k2kxx*2 + 1)/(2xbx*4) + x**4d*acot
(a + b*x)/4 + x**x3/(12*%b) - x/(4*%b*x*3) - acot(a + b*x)/(4xb**x4), Ne(b, 0))
, (xxx4*acot(a)/4, True))

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.98

1
/w3 cot ' (a + bx) dz = 1 z* arccot (bx + a)

1 ; bz3 —3aba? +3(3a — )z 9 (a* —64” + 1) arctan (b z;rab> 6 (a® — a) log (b*z? + 2 aba
12 z * b - v

e hY
integrate(x~3*arccot (b*x+a) ,x, algorithm="maxima")

N\ J

input

|1/4%x"4%arccot(bxx + a) + 1/124bx((b"24x"3 - 3%axbkx"2 + 3#(3%a™2 - 1)*x)/
b4 + 3x(a”4 - 6%a”2 + 1)*arctan((b"2%x + a*b)/b)/b75 - 6%(a”3 - a)*log(b~ |
|2%x"2 + 2xakbkx + a"2 + 1)/b"5) |

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 617 vs. 2(92) = 184.

Time = 0.58 (sec) , antiderivative size = 617, normalized size of antiderivative = 5.82

/ 23 cot™!(a + bx) dz = Too large to display

p
Lintegrate (x~3*arccot (b*x+a) ,x, algorithm="giac")

-/

input
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1/192*(96+*a~3*arctan(1/(b*x + a))*tan(l/2*arctan(1/(b*x + a)))~5 + 72xa"~2%*
arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~6 + 24*xakxarctan(1/(b*x +

a))*tan(1/2*arctan(1/(b*x + a)))”~7 + 3*arctan(1l/(b*x + a))*tan(l/2*arctan(
1/(b*x + a)))~8 + 96*a~3*log(16*tan(1/2*arctan(1/(b*x + a)))~2/(tan(1/2*ar
ctan(1/(bxx + a)))~4 + 2+tan(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arct
an(1/(b*x + a)))~4 - 96*%a~3*arctan(1/(b*x + a))*tan(1l/2*arctan(1/(b*x + a)
))~3 + 144xa~2*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~4 - 144*a"
2xtan(1/2*arctan(1/(b*x + a)))~5 - 72*a*arctan(l/(b*x + a))*tan(1/2*arctan
(1/(b*x + a)))~5 - 24xaxtan(1/2*arctan(l/(b*x + a)))~6 - 12%arctan(1/(b*x
+ a))*tan(1/2*arctan(1/(b*x + a)))~6 - 2xtan(l/2*arctan(1/(b*x + a)))~7 -

96*axlog(16*tan(1/2*arctan(1/(b*x + a)))~2/(tan(1/2*arctan(1/(b*x + a)))~4
+ 2+tan(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~4 +
72*a~2*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 + 144*a~2+tan(1
/2*arctan(1/(b*x + a)))~3 + 72xaxarctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x
+ a)))~3 - 48xaxtan(1/2*arctan(1/(b*x + a)))~4 - 30*arctan(1/(b*x + a))*t
an(1/2*arctan(1/(b*x + a)))~4 + 30*tan(1l/2*arctan(1/(b*x + a)))~5 - 24*axa
rctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a))) - 24*axtan(1/2*arctan(1/(b
*x + a)))~2 - 12*%arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 - 30%t
an(1/2*arctan(1/(b*x + a)))~3 + 3*arctan(1/(b*x + a)) + 2xtan(1/2*arctan(l
/(b*xx + a))))/(b~4*tan(1/2%arctan(1/(b*x + a)))~4)

output

Mupad [B] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.25

atan(a + bx) N ztacot(a+bz) =z

/a:3 cot™'(a + bz) dx =

4 4 4B
°  a’In(a®+2abzr+b°2% +1)
126 2b4
_ 3a’atan(a+bz)  a'atan(a+bzr) az?
2b4 4 b* 4 b2
N 3a*z L8 In(a®+2abz+b*2%+1)
43 2 b4

-

inputLint(x“S*acot(a + b*x),x)

~—
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Output‘atan(a + b*x)/(4x¥b~4) + (x"4*acot(a + b*x))/4 - x/(4%b"3) + x~3/(12%b) - (
|a3%log(a™2 + b 2%x"2 + 2kaxbxx + 1))/(2%b"4) - (3xa”2*atan(a + b*x))/(2%b |
"4) + (a~4xatan(a + b*x))/(4¥b™4) - (a¥x72)/(4%b72) + (3*a~2%x)/(4%b73) +
(a*log(a™2 + b™2%x"2 + 2xakbkx + 1))/(2%b4) |

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.14

/x3 cot™!(a + bz) dz

_ —3acot(bz + a) a* + 18acot(bx + a) a® + 3acot(bx + a) b*z* — 3acot(br + a) — 6log(b*z> + 2abx + a® -
B 125

inputLint(x"B*acot(b*x+a),x) J

‘( - 3*acot(a + bxx)*a**4d + 18+*acot(a + b*x)*ax*x2 + 3*acot(a + b*x)*b**4xx*
(¥4 - 3xacot(a + bxx) - 6xlog(ax*2 + 2xaxbkx + bk¥2xx**2 + 1)*ax*3 + 6xlog( |
‘a_**z + 2%axb*x + b*k2xx*%2 + 1)*a + Oxa*x*2%bkx — 3*%axb**k2%kx*k*k2 + bkk3%kx*k*x3 ‘
| = 3%bkx)/(12+bxx4)

output




output

inputt
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3.2 [ 2% cot™(a + bz) dx

Optimal result . . . . . . . . . . . . e Hol
Mathematica [C] (verified) . . . . . . . . .. ... L 561
Rubi [A] (verified) . . . .. . . ... .. BT
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 59
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 60
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 601
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 61
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 61
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 62

Optimal result

Integrand size = 10, antiderivative size = 80

2
/z2 cot™'(a + bz) dz = 2y (a + bo)

1
+ =28 cot™!

b? 6b3 3

4 a(3 — a?) arctan(a + bzx)

(a+bx)

_ (1 —=3d®)log (1 + (a+b2)?)

3b3

663

‘-a*x/b‘2+1/6*(b*x+a)“2/b‘3+1/3*x‘3*arccot(b*x+a)+1/3*a*(—a‘2+3)*arctan(b*x

‘+a)/b“3—1/6*(—3*a“2+1)*1n(1+(b*x+a)“2)/b“3

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.03 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.42

/:v2 cot™'(a + bz) dz

+bz)? _ (144a)2 log(i—a—bzx) _ (1—ia)3 log(i+a+bx)

%b(—% + %)%ot_l(a + bx) + %b<_3gt_2x + (a

2b3

2b3

2b3

)

B b

Integrate[x~2*ArcCot[a + b*x],x]
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t‘ ((b*(-(a/b) + (a + b*x)/b) 3*%ArcCot[a + b*x])/3 + (b*x((-3*a*x)/b"2 + (a +

outpu
P 'b¥x)"2/(2%b73) - ((1 + I*a)~3xLoglI - a - b¥x])/(2%b™3) - ((1 - I*a)~3%Log |
([T + a + b¥x])/(2%673)))/3) /b |
Rubi [A] (verified)
Time = 0.30 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.01,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 4 55 Ryjes
integrand size
used = {5571, 27, 5388, 478, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/x2 cot™!(a + bz) dz
| 5571
[ 22 cot™1(a + bz)d(a + bx)
b
| 27
[ b2z% cot™1(a + bx)d(a + bx)
b3
| 5388
sb3a3 cot™ (a4 bz) — 3 [ —%d(a + bx)
b3
| 478
%b3x3 cot_l(a, +bz) — % (20, —br— a(3—a22a_—i_(;x—)§¢f1)(a+bm)> d(a + bz)
b3
| 2009
1(a(3 — a?) arctan(a + bz) — £ (1 — 3a?) log ((a + bz)? + 1) + 3(a + bz)? — 3a(a + bz)) + $6%23 cot~1(a + ba)
=
input LInt [x"2%ArcCot [a + b*x],x] J
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‘((b“3*x“3*ArcCot[a + bxx])/3 + (-3%ax(a + bxx) + (a + b*x)"2/2 + ax(3 - a~

output
2)#ArcTan[a + bxx] - ((1 - 3+a"2)+Logll + (a + bxx)"2])/2)/3)/b"3 J

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 478 InELCCe) + (d_)*x )" )/ (@) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(c + d*x)"n/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5388 Int[((a_.) + ArcCot[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symboll]

:> Simp[(d + e*x)~(q + 1)*((a + bxArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
c/(ex(q + 1))) Int[(d + e*x)"(q + 1)/(1 + c"2%x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, qf, x] && NeQ[q, -1]

b S

rule 5571 IntL((a_.) + ArcCotl(c ) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + £*(x/d)) m*(a + bxA
rcCot[x]1)~"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, m, p}, x] & I
GtQ[p, 0]
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Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.28

method result
. 222 arccot(br+a)b®+b2x2+2 arccot(bz+a)a3+3a? In(b222+2abz+a2+1) —4abz—6a arccot(br+a)+7aZ—1—In (b2’
parallelrisch o
. . .. —w+arccot(bz+a)a2 (bw+a)—arccot(bz+a)a(bx+a)2+M—(bx+a)a+%—@
derivativedivides =
(—3a2

3 3 2
— w +arccot(bz+a)a? (br+a)—arccot(bz+a)a(bz+a)’+ w —(bz+a)a+ % -

default 2

2
3a“b—b)a 2
<2a3+2a—u> arctan(%ﬁ)

2, 2.2 2 b
(Ba b b) ln(b z“+2abz+a +1)+

b _—%w2b+2aw 252 3
b3 b3
x2 arccot(bz+a)
parts 3 + 3
. iz3 In(1+i(bz+a)) iz3 In(1—i(bz+a)) T3 a arctan(bz+a) z2 a? In(b%2z2+2abz+a%+1) 2a:
risch 6 - 6 % 36° Tt 263 ~ 3
input Lint (x~2*arccot (b*x+a) ,x,method=_RETURNVERBOSE) J

Output‘1/6*(2*x‘3*arccot(b*x+a)*b‘3+b‘2*x‘2+2*arccot(b*x+a)*a‘3+3*a‘2*1n(b‘2*x‘2+
‘2*a*b*x+a“2+1)—4*a*b*x—6*a*arccot(b*x+a)+7*a“2—1—1n(b“2*x‘2+2*a*b*x+a‘2+1)
‘)/b“B ‘

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.91

z?cot™(a + bx) dz

26323 arccot (bx + a) + b*x? — 4abz — 2 (a® — 3 a) arctan (bz + a) + (3a? — 1) log (b?z* + 2 abz + a® +
6 b3

input Lintegrate (x~2*arccot (b*x+a) ,x, algorithm="fricas") J

‘1/6*(2*b‘3*x‘3*arccot(b*x + a) + b™2%x"2 - 4xaxbxx - 2%(a”~3 - 3*a)*arctan( ‘

output
brx + a) + (3ka”2 - 1)*log(b™2+x"2 + 2+a*bkx + a2 + 1))/b"3 |
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Sympy [A] (verification not implemented)

Time = 0.64 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.46

/w2 cot™'(a + bx) dz
a®acot (a+bx) | a?log (a®+2abz+b2z>+1) 20z  aacot (atbr) |, z3acot(atbx) |, g2 log (a?+2abz+b2z2+1)
363 + 267 R b3 + 3 +& — 663 for b :

z2 acot (a) _
—s other

p
Lintegrate (x**2*acot (b*x+a) ,x)

-/

input

output‘PieceWise((a**S*acot(a + bxx)/(3%b**3) + a**2klog(a**2 + 2kakbkx + bxx2kx* ‘
\*2 + 1)/ (2%b**3) - 2*xaxx/(3*b*x2) - a*acot(a + b*x)/b**3 + x**3*acot(a + b \
(¥x)/3 + x*x2/(6%b) - log(a**2 + 2kaxbxx + bx*2kxxx2 + 1)/(6%b*x3), Ne(b, 0 |
‘)) , (x**3xacot(a)/3, True)) ‘

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.06

1
/x2 cot (a + bz) dx = 3 3 arccot (b + a)

1 1 br* —dazx 2(a® — 3a) arctan (b x:ab> N (3a* —1)log (b*z* + 2abx + a* + 1)

6 b3 b b4

input Lintegrate (x~2*arccot (b*x+a) ,x, algorithm="maxima")

output‘ 1/3xx~3*%arccot (b*x + a) + 1/6xbx((b*x~2 - 4*a*x)/b~3 - 2x(a~3 - 3*a)*arcta ‘
‘n((b"2*x + a*xb)/b)/b~4 + (3*%a”"2 - 1)x1log(b~2*x"2 + 2*axb*x + a~2 + 1)/b"4) ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 423 vs. 2(70) = 140.

Time = 0.46 (sec) , antiderivative size = 423, normalized size of antiderivative = 5.29

/ z% cot™(a + bx) dz = Too large to display

input Lintegrate (x~2*arccot (b*x+a) ,X, algorithm="giac ")

-1/24%(12*a~2*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~4 + 6*a*xarc
tan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~5 + arctan(1/(b*x + a))*tan(
1/2*arctan(1/(b*x + a)))~6 + 12xa~2*log(16*tan(1/2*arctan(1/(b*x + a)))~2/
(tan(1/2*arctan(1/(b*x + a)))~4 + 2+tan(1/2*arctan(1/(b*x + a)))"2 + 1))*t
an(1/2*arctan(1/(b*x + a)))~3 - 12*a”2*arctan(1/(b*x + a))*tan(1/2*arctan(
1/(bxx + a)))~2 + 12*a*arctan(1/(b*x + a))*tan(1l/2*arctan(1/(b*xx + a)))~3

- 12*axtan(1/2*arctan(1/(b*x + a)))~4 - 3*arctan(1l/(b*x + a))*tan(1/2*arct
an(1/(bxx + a)))~4 - tan(1/2*arctan(1/(b*x + a)))~5 - 4xlog(16*tan(1/2*arc
tan(1/(b*x + a)))~2/(tan(1/2*arctan(1/(b*x + a)))~4 + 2+tan(1/2*arctan(1/(
b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~3 + 6*akarctan(1l/(b*x + a)
)*tan(1/2%arctan(1/(b*x + a))) + 12%a*tan(1/2*arctan(1/(b*x + a)))~2 + 3*a
rctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 - 2xtan(1/2*arctan(1/(b*
X + a)))"3 - arctan(1/(b*x + a)) - tan(1/2*arctan(1/(b*x + a))))/(b~3*tan(
1/2*arctan(1/(b*x + a)))~3)

output

Mupad [B] (verification not implemented)

Time = 1.55 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.26

/x2 cot ™' (a + bz) dz = z*acot(a+bz) In(a®+2abz+b2%+1)

3 6 b3
2 a’ln(a®+2abz+b22? +1)
Tep " 20
a®atan(a+bz) aatan(a+bz) 2az
- 30° b3 32

input‘int(x”2*acot(a + b*x),x)
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Output‘ (x~3*acot(a + b*x))/3 - log(a™2 + b~2%x~2 + 2%axbxx + 1)/(6%¥b~3) + x~2/(6% ‘
b) + (a"2%log(a”2 + b™2*x"2 + 2*xaxb*x + 1))/(2x¥b~3) - (a~3*atan(a + bx*x))/
\(3*b*3) + (a*atan(a + b#*x))/b”"3 - (2*a*x)/(3*b~2) ‘

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.19

/m2 cot ' (a + bz) dz
_ 2acot(bx + a) a® — 6acot(bx + a) a + 2acot(bx + a) b*z® + 3log(b%2? + 2abx + a® + 1) a® — log(b*z? +

6b3

input ‘ int (x~2*acot (b*x+a) ,x) ‘

t‘ (2xacot(a + b*x)*a**3 - 6+*acot(a + bxx)*a + 2*acot(a + b*x)*b*x*x3xx**3 + 3% \
‘log(a**Q + 2%a¥bkx + Drk2*x*x2 + 1)*a**2 - log(ax*2 + 2kaxbkx + bF*kx**2 \
‘+ 1) - 4xaxb*x + b**2*xx**2)/(6%b*%*3)

outpu
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3.3 [z cot™a + bz) dx

Optimal result . . . . . . . . . . . . e 631
Mathematica [C] (verified) . . . . . . . . .. ... L 63}
Rubi [A] (verified) . . . .. . . ... .. 641
Maple [A] (verified) . . . . . . ... L 66
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 66
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 67
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 67
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 63
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 63
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 69

Optimal result

Integrand size = 8, antiderivative size = 60

(1 — a?) arctan(a + bzx)
262

1
/x cot™(a + bz) dz = ;—b + 5902 cot™'(a + bzx) —

_alog (1 + (a+bz)*)
2b?

|1/2%x/b+1/2%x"2%arccot (bkx+a) -1/2% (-a~2+1) *arctan(b*x+a) /b"2-1/2*a*ln(1+(b

output ‘ ) ‘

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.02 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.50

/w cot™(a + bz) dz

_ 2bzx + 20z cot ™! (a + bx) — i(—i + a)?log(i — a — bx) — ilog(i + a + bx) — 2alog(i + a + bx) + ia®lo
B 4b?

input LIntegrate [x*ArcCot[a + b*x],x] J
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| (2%b*x + 2%b"24x~2*ArcCot[a + bxx] - I*(-I + a)~2#Log[I - a - bxx] - Ixlog

output
L[I + a + bxx] - 2%a*Log[I + a + b¥x] + I*a~2¢Logl[I + a + b*x])/(4%b~2) J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00,

number of rules _ 0.750, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5571, 25, 27, 5388, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x cot™!(a + bx) dz

l 5571

[z cot™(a + bx)d(a + bx)
b

| 25

_ [~z cot™!(a + bx)d(a + bx)

b
| 27
[ —bz cot™L(a + bz)d(a + bx)
_ -
| 5388
-3/ %d(a + bz) — $b%z% cot™1(a + bx)
_ >
| 478
_% J (1 - %) d(a + bx) — %b2$2 cot~!(a + bx)
_ -
| 2009

1((1 - @?) arctan(a + bz) + alog ((a + bz)? + 1) — a — bz) — 36?22 cot ™! (a + bx)
b2




input ‘

output ‘
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Int [x*ArcCot[a + b*x],x]

-((-1/2*x(b"2*x"2*%ArcCot[a + b*x]) + (-a - b*x + (1 - a~2)*ArcTan[a + b*x]
+ axLogl[1l + (a + b*x)~2])/2)/b"2)

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27

rule 478

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((c_ ) + (A_)*(x))" (@ )/((a.) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(c + d*x)"n/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5388

rule 5571

Int[((a_.) + ArcCot[(c_.)*(x_)]1*(b_.))*((d_ ) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, q}, x] && NeQlq, -1]

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.)) " (p_.)*x((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + fx(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQlp, O]
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Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.05

method result
2
(bz+a)2 rccot(bz+a) bx |, a aln(l+(bz+a) ) rctan(bz+a)
derivativedivides =m _arCCOt(bHa)a(meZHTJF5_ 2 —
2 In (1+(bz+a)2
default bl egeet®rte) —arcoot(bata)albata) i +5-° "(140e4) srcangioto
b
. — arccot(bx+a)b“z“+arccot(bzr+a)a“+aln(b*z“4+2abx+a“+1)—bxr—arccot(bx+a)+2a
1lel h b: b2x? b: 24aln(b?2? b: 2 b: b:
parallelrisc — 22
2
_ aln(b212+2abz+a2+l) + (a2_1) arctan(%)
b b%+ : b2 :
parts x2 a,rcco2t(bm+a,) + .
. iz? In(144(bz+a)) iz? In(1—i(bz+a)) w2 a? arctan(bz+a) aln(b?z?+2abz+a’+1) z arct
risch 7 — y + + 552 - 352 + 55 —
. int (x*arccot (b*x+a) ,x,method=_RETURNVERBOSE)
input
output \ 1/b7~2% (1/2* (b*x+a) “2*arccot (b*x+a) -arccot (b*x+a) *a* (bx+a) +1/2%b*x+1/2%a-1 ‘

\ /2xax1n (1+(b*x+a) ~2)-1/2%arctan (b*x+a)) \

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.92

/x cot™'(a + bz) dz
b%x? arccot (bx + a) + bx + (a® — 1) arctan (bx + a) — alog (b?°x + 2abx + a® + 1)

2 b2
i i =" 3 n
inputLlntegrate(x*arccot(b*x+a),x, algorithm="fricas ) J
output‘ 1/2%(b~2*x"2*arccot (b*x + a) + b*x + (a”2 - 1)*arctan(b*x + a) - axlog(b~2 ‘

\*x*z + 2%axb¥x + a2 + 1))/b"2 \
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Sympy [A] (verification not implemented)

Time = 0.48 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.30

/z‘ cot (a + bz) dz

a? acot (a+bx) alog (a?+2abz+b2x?+1) 22 acot (a+bx) x acot (a+bx)
T o - 262 + 2 Tt T forb # 0

22 acot (a)
2

otherwise

p
Lintegrate (x*acot (b*x+a) ,x)

-/

input

‘Piecewise((-a**2*acot(a + b*x)/(2¥b*x2) - axlog(a**2 + 2¥axbkx + b¥*2*x**2 \
|+ 1)/(2%bx*2) + x**2kacot(a + b¥x)/2 + x/(2xb) + acot(a + b¥x)/(2¥b**2), |
‘Ne(b, 0)), (x*x2%acot(a)/2, True)) ‘

output

Maxima [A] (verification not implemented)
Time = 0.13 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.13
/x cot™'(a + bx) dz

1
=3 z? arccot (bx + a)

b2z+ab
¢ (a®—T)arctan ( 3 ) _ alog (v*2* + 2abz + a® + 1)

+ L b +
2°\ » b =
input Lintegrate (x*arccot (b*x+a) ,x, algorithm="maxima") J

N

p
t‘ 1/2%x~2%arccot (b*x + a) + 1/2%bx(x/b"2 + (a~2 - 1)*arctan((b~2*x + a*b)/b) ‘

outpu
L/b‘B - a*log(b™2%x"~2 + 2%a*b*x + a2 + 1)/b~3) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 210 vs. 2(50) = 100.

Time = 0.20 (sec) , antiderivative size = 210, normalized size of antiderivative = 3.50

/x cot™'(a + bz) dz

16

4 a arctan (bz a tan(% arctan<K

) tan (; arctan (bx+a)) + arctan (bz+a) tan (; arctan (bz+a))4 +4alog (

(. e |
inputLlntegrate(x*arccot(b*x+a),x, algorithm="giac") J

1/8*(4*a*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~3 + arctan(1/(bx*
x + a))*tan(1/2*arctan(1/(b*x + a)))~4 + 4xaxlog(16*tan(1/2*arctan(1/(b*x
+ a)))~2/(tan(1/2*arctan(1/(b*x + a)))~4 + 2*tan(1/2*arctan(1/(b*x + a)))~
2 + 1))*tan(1/2*arctan(1/(b*x + a)))~2 - 4xa*arctan(l/(b*x + a))*tan(1/2*a
rctan(1/(b*x + a))) + 2*xarctan(1/(b*x + a))*tan(1/2%arctan(1/(b*x + a)))~2

- 2+tan(1/2*arctan(1/(b*x + a)))~3 + arctan(1/(b*x + a)) + 2*tan(1l/2*arct
an(1/(b*x + a))))/(b"2*tan(1/2*arctan(1/(b*x + a)))~2)

output

Mupad [B] (verification not implemented)

Time = 1.74 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02

*acot(a +b
/xcot_l(a +br) dr = T a%o (2a +b2)
acot(a+bx) + bz _ a’acot(at+bz)  aln(a®+2aba+b®z?+1)
+ 2 2 2 2

b2

| —

inputLint(x*acot(a + b*x),x)

output
| - (a*log(a™2 + b™2+x"2 + 2%a*b*x + 1))/2)/b"2
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00

/m cot (a + bz) dz

_ —acot(bz + a) a® + acot(bz + a) b*z? + acot(bx + a) — log(b*x? + 2abx + a®> + 1) a + bz
B 22

input Lint (x*acot (b*x+a) ,x) J

‘( - acot(a + b*x)*a**2 + acot(a + b*x)*b**x2+x**2 + acot(a + b*x) - log(a**

output
‘2 + 2ka*xb*x + b**x2xx**2 + 1)*a + b*x)/(2*%b**2)




output

input

outpu
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3.4 [ cot™'(a + bz) dz

Optimal result . . . . . . . . . . . . e 701
Mathematica [A] (verified) . . . . . . . . . ... o 70}
Rubi [A] (verified) . . . .. . . ... .. (1]
Maple [A] (verified) . . . . . . ... L 72
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 72
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... (73l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 73]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... (74
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [74]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 75

Optimal result

Integrand size = 6, antiderivative size = 33

(a + bz) cot™(a + bx)

/cot_l(a + bx) dz = 2

+ log (1+ (a + bz)?)

2b

L (b*x+a) *arccot (b*x+a) /b+1/2*1n(1+(b*x+a) ~2) /b

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.33

—2aarctan(a + bz) + log (1 + a® + 2abz + b*x?)

/ cot '(a+bz) dz = x cot ' (a+bx) +

2b

e

LIntegrate [ArcCot[a + b*x],x]

~—

Lz] )/ (2%Db)

; x*ArcCot[a + bxx] + (-2¢axArcTan[a + bxx] + Logll + a2 + 2¢axbx + b2%x"

|
J




input

output

rule 240

rule 5346
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.94,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {5563, 5346, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) dz

l 5563

[ cot™1(a + bx)d(a + bx)
b

l 5346

Il %d(a + bz) + (a + bx) cot™(a + bx)
b

l 240

31og ((a+bz)? + 1) + (a + bz) cot ! (a + bz)
b

LInt [ArcCot[a + b*x],x] J

L((a + b*x)*ArcCot[a + bxx] + Logl[l + (a + bxx)~2]1/2)/b J

Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCot [c*x"n])“p, x] + Simp[b*c*n*p Int[x"n*((a + b*ArcCot[c*x"n]) (p
- 1)/(1 + c™2*x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&

(EqQ[n, 11 || EqQlp, 11)
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72

rule 5563‘Int[((a—') + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Simp[1/d
‘ Subst [Int[(a + b*ArcCot[x])~p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d},

\ x] && IGtQ[p, O]

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 30, normalized

size of antiderivative = 0.91

method result

size
derivativedivides (bz+a) arccot(bz-;a)+h“(1"'(l’;4"‘)2)) ,
default (bz+a) arccot(bac-;a)_f_ln(l*'(b;*"‘)z) )
parallelrisch 2z arccot(br+a)b?+2 arccot(l;,:“)wrln(b2x2+2abx+a2+1)b 49
parts T arccot (bx + a) + b(ln(b2z2+§(;2w+a2+1) _ aarctan(bi;”%';%)) "
risch ia:ln(1+;(bx+a)) _ izln(l—;(bm+a)) 4= aarctalz(bz.l,-a) + In (b2 +2;bbz+a2+1) .

input Lint (arccot (b*x+a) ,x,method=_RETURNVERBOSE)

output ‘ 1/bx ((b*x+a) *arccot (bxx+a)+1/2%1n (1+(bxx+a) ~2))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.30

/cot_l(a + bx) dx

_ 2bzarccot (br + a) — 2aarctan (bz + a) + log (b*z? + 2abx + a® + 1)

2b

: : =n : "
input Llntegrate(arccot(b*)ﬁa) ,X, algorithm="fricas")
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‘1/2*(2*b*x*arccot(b*x + a) - 2*a*arctan(b*x + a) + log(b~2*x"2 + 2%axb*x +

output‘ 5 5 O/ ‘

Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.39

aacot l()a—}-bm) + zacot (a + b.'L') + log (a2+2a;bx+b2q;2-l—1) for b 7& 0

/cot_l(a + bz) dz =

z acot (a) otherwise

input Lintegrate (acot (b*x+a) ,x) J

Output‘Piecev,vise((a*acot(a + bxx)/b + x*acot(a + bxx) + log(a**2 + 2kaxbkx + b**2 ‘
*¥xex2 + 1)/(2#%b), Ne(b, 0)), (x*acot(a), True)) |

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.88

(bz + a) arccot (bz + a) + log ((bz + a)* + 1)
2b

2
/cot_l(a +bz) dz =

q g =n q "
input Llntegrate (arccot(b*x+a) ,x, algorithm="maxima") J

outputtl/ 2% (2 (b*x + a)*arccot(b*x + a) + log((b¥x + a)72 + 1))/b J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 111 vs. 2(31) = 62.

Time = 0.16 (sec) , antiderivative size = 111, normalized size of antiderivative = 3.36

/cot_l(a + bz) dz =

1 1 1 2 16 tan(% arctan(ﬁ))z 1

et )t o () P an ) e
- 2btan (§ arctan (1))

inputLintegrate(arccot(b*}ﬁa),x, algorithm="giac") J

e B

-1/2*(arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 + log(16*tan(1/2*
‘arctan(l/(b*x + a)))~2/(tan(1/2*arctan(1/(b*x + a)))~4 + 2*tan(1/2*arctan(

‘1/(b*x + a)))"2 + 1))*tan(1/2*arctan(1/(b*x + a))) - arctan(1/(b*x + a)))/ ‘
(bxtan(1/2+arctan(1/(bsx + )))) )

output

Mupad [B] (verification not implemented)

Time = 1.36 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.27

In (a2+2 abz+b2 2

+1
[ et by = S oo b

b

+ zacot(a + bx)

input Lint(acot(a + b*x),x) ‘

Output‘ (log(a™2 + b™2*x"2 + 2*axbxx + 1)/2 + axacot(a + b*x))/b + x*acot(a + b*x) ‘
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Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.30

2acot(bz + a) a + 2acot(bz + a) bz + log(b*z? + 2abz + a® + 1)
2b

/cot_l(a + bz) dx =

input Lint (acot (b*xx+a) ,x)

t‘ (2%acot(a + b*x)*a + 2*acot(a + b*x)*b*x + log(a**2 + 2¥axbkx + b¥*k2kx**2

‘+ 1))/ (2%b)

outpu
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35 f cot ™1 (a+bz) dx

X
Optimal result . . . . . . . . . . . . . . e 7061
Mathematica [B] (verified) . . . . . . . . . .. .. i
Rubi [A] (verified) . . . . . . . . . 78]
Maple [A] (verified) . . . . . . ... L R0
Fricas [F] . . . . . o o e 81
Sympy [F(-1)] . . o o 1]
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... ]2
Giac [F] . . . o o 82
Mupad [F(-1)] . . . o o B3
Reduce [F] . . . . o o e ’3

Optimal result

Integrand size = 10, antiderivative size = 120

-1
/ ot (@ FDT) g — ot~ (a + ba) log (#>

. 1 —i(a+ bx)
+ cot ™ (a + bz) log 2
(i — a)(1 —i(a + bz))
1. 2
— éz PolyLog (2, 1- m)
1 2bx
+ 51 PolyLog (2> 1- (i —a)(1—i(a+ bl')))

output"arCCOt(b*X+a)*1n(2/(1—I*(b*x+a)))+arccot(b*x+a)*1n(2*b*x/(1-a)/(1_1*(b*x+
'a)))-1/2%Ixpolylog(2,1-2/ (1-I*(b*x+a)))+1/2*I*polylog(2,1-2%b*x/(I-a)/(1-1 |
‘*(b*x+a))) ‘
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Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 256 vs. 2(120) = 240.

Time = 0.14 (sec) , antiderivative size = 256, normalized size of antiderivative = 2.13

-1
/ COT(@+57) 11 (cot(a + ba) + arctan(a + bz)) log(a)

T
+ arctan(a + bz) | lo !
& 1+ (a+ bx)?

— log(— sin(arctan(a) — arctan(a + bx))))

+ % (lez(w — 2arctan(a + bx))? + i(arctan(a) — arctan(a + bx))?

— (7 — 2arctan(a + bx)) log (1 4 e~ arctan(atba))

+2(arctan(a) —arctan(a+bz)) log (1 — e aretan(a)tarctan(a+bz)))

1+ (a+ bx)2> + 2 arctan(@)

+ arctan(a + bx)) log(—2sin(arctan(a) — arctan(a + bx)))
+1 POlyLog (2’ _e—2i &rctan(a+bw))

+ (m — 2arctan(a + bx)) log (

+ ¢ PolyLog (2’ e2i(— arctan(a)+arctan(a+bx)))>

input ‘ Integrate[ArcCot[a + b*x]/x,x]

(ArcCot[a + b*x] + ArcTan[a + b*x])#*Log[x] + ArcTan[a + b*x]*(Log[1/Sqrt[1
+ (a + b*x)"2]] - Log[-Sin[ArcTan[a] - ArcTan[a + b*x]]]) + ((I/4)*(Pi -
2xArcTan[a + b*x])~2 + Ix(ArcTan[a] - ArcTan[a + b*x])"2 - (Pi - 2*ArcTanl[
a + b*x])*Log[l + E~((-2*I)*ArcTan[a + b*x])] + 2*(ArcTan[a] - ArcTan[a +
b*x])*Log[1 - E~((2*#I)*(-ArcTan[a] + ArcTan[a + b*x]))] + (Pi - 2*ArcTan[a
+ b*x])*Log[2/Sqrt[1 + (a + b*x)~2]] + 2x(-ArcTan[a]l + ArcTan[a + b*x])=*L
og[-2*Sin[ArcTan[a] - ArcTan[a + b*x]]] + I*PolyLog[2, -E~((-2%I)*ArcTan[a

+ bxx])] + I*PolyLog[2, E~((2*I)*(-ArcTan[a] + ArcTan[a + b*x]))])/2

output

N
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Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {5571, 25, 27, 5382, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x

/cot_l(a + bx) s

l 5571

t 1 (a+b
| Coiiaf)d(a + bz)
b

| 25

f _cot*13(va+bz) d(a + bac)
b

l 27

_/_cot_l(a+bx)d(a+bx)

bx
l 5382

log (71—i(3+bz)> log (4(i—a)(12—bf(a+b?))>
_/(a+bx)2+1d(a+bx)+/ (@t ba)?+1 d(a +bzx) +
2

Io 2bx
S\1—i(a + ba)

 oota b o cot (a4 bx
)( ¢ (+b))+1g((—a+i)(1—i(a+bw))> e

l 9849

2 2bx
—i/ log <l—i(a+bw)>d 1 /log ((i—a)(l—i(a+bw))>d(a+bx) n
2 2bx

log (1—z(a+bx)> (—cot™!(a+ bz)) + log <(—a i@t bx))) cot ™ (a + bx)

lzmz
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log ((i—a)(lQ—bza'c(a-i-bx))) 1 2
— 23 21—-— =
/ (atbo?+1 d(a + bx) 2zPolyLog ( , 1 —ilat bx)) +
2 2bx

log (1_7/(a+bw)) (= cot™*(a + bz)) + log ((_a 0 it bx))> cot™!(a + bz)

l 2897

1 % )4 liPolylog(2,1-
2zPolyLog <2,1 1—i(a+bfc)> + 5iPoly og( , (i_a)(l_i(a+bz))> *
2bx

coO _la X
Ga+ﬂﬂ—ﬂa+m»> ¢ (a+ba)

log <1—z(§+bx)> (—cot™(a + bz)) + log (

input LInt [ArcCot[a + b*x]/x,x]

‘/-(ArcCot [a + bxx]*Log[2/(1 - I*(a + b*x))]) + ArcCot[a + b*x]*Logl[(2*b*x)/
‘((I - a)x(1 - Ix(a + b*x)))] - (I/2)*PolylLogl[2, 1 - 2/(1 - Ix(a + b*x))] +
‘ (I/2)*PolyLogl[2, 1 - (2*%b*x)/((I - a)*(1 - Ix(a + b*x)))]

output

-

Defintions of rubi rules used

)
rule 25 1ot [-(Fx), x_Symboll :> Simp(Identity[-1]  Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[Logl(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*xx], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cxd, 0]

rule 2752

rule 2849 IntlLogllc_.)/((d) + (e_.)*(x_))1/((£)) + (g_.)*(x_)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2*g, 0]
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rule 2897 Int[Loglu 1*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, x]]

rule 5382 Intl((a_.) + ArcCotl(c_.)*(x_)1*(b_.))/((d.) + (e_.)*(x))), x_Symbol] :> Si
mp[(-(a + b*ArcCot[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*ArcCot[
cxx] ) *(Log[2*%c*x((d + e*x)/((c*d + Ixe)*(1 - Ixc*x)))1/e), x] - Simp[b*(c/e)

Int[Log[2/(1 - Ixc*x)]/(1 + c™2%x~2), x], x] + Simp[b*(c/e) Int[Log[2*
ck((d + e*xx)/((cxd + I*xe)*(1 - I*kc*x)))]1/(1 + c™2%x72), x], x]) /; FreeQ[{a
, b, c, d, e}, x] && NeQ[c~2*xd"2 + e~2, 0]

rule 5571 Intl((a_.) + ArcCotl(c_) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) "m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] & I
GtQlp, 0]

Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.86

method result

ek i) _ iln(—bmi—ai-i-;) m(-ge) idilog(;%) N iln(bmi+ai+;) N N idﬂog(Q_fjﬁil)
parts In (z) arccot (bz + a) + b <_ Hn(@) <ln(_bf—_gz+;>_ln(bwm+i)) _ i@“ﬂwggdﬂog(bﬁ?i
derivativedivides | In (—bz) arccot (bx + a) + tn) 1121(”“%(;) - 1n2< _b?:gﬂ) + idilog(;xm“) -
default In (—bz) arccot (bz + a) + h;<bm+i> _ ) 1n2< = idilog(;m“) _

input Lint (arccot (b*x+a)/x,x,method=_RETURNVERBOSE) J
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output \ 1/2%Pi*1n(-I*b*x)-1/2*I%1ln(1-I*a-I*b*x)*1n(-I*x*b/(I*a-1))-1/2%I*dilog(-I*
 x#b/ (I¥a-1))+1/2+T*1n (1+T*a+I¥b*x) *1n (Ixx*b/ (-I¥a-1)) +1/2%I*dilog (T*x*b/ (-
‘Ixa-1))

Fricas [F]

/ cot™(a + bx) dr — / arccot (bx + a) i

T x

inputLintegrate(arccot(b*x+a)/x,x, algorithm="fricas")

OutputLintegral(arccot(b*x + a)/x, x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ cot™*(a + bx)

X

inputLintegrate(acot(b*x+a)/x,x)

Ou_tpudTimed out
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Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.11

t! b 1 b b
[ L aretan (P - g (1 4 2aba + a2+ 1)

1 b2 2
~3 arctan (bz + a) log (a2 j_ 1)

2
+ arccot (bx + a) log (z) + arctan (bxf:—ab) log (x)

+1iLi ibr+ia+1 —liLi ibr+ia—1
9 2 ia+1 P ia—1

input Lintegrate (arccot (b*x+a) /x,x, algorithm="maxima") J

output‘ 1/2xarctan2(b*x/(a”2 + 1), -a*b*x/(a”2 + 1))*log(b~2*x"2 + 2xa*xb*x + a~2 + ‘
‘ 1) - 1/2*%arctan(b*x + a)*log(b~2*x"2/(a"2 + 1)) + arccot(b*x + a)*log(x) ‘
‘+ arctan((b~2*x + axb)/b)*log(x) + 1/2xI*dilog((I*bxx + I*a + 1)/(I*a + 1) ‘

) - 1/2%T*dilog((I¥b*x + T*a - 1)/(I*a - 1))

Giac [F]

/cot_l(a-i-bx)d _/arccot (bz + a) i

T T

input Lintegrate (arccot (b*x+a)/x,x, algorithm="giac") J

output Lintegrate (arccot(b*x + a)/x, x) J
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Mupad [F(-1)]

Timed out.

/cot‘l(a + bx) - / acot(a + bx) i

x Z

inputkint(acot(a + b*x)/x,x%)

output Lint(acot(a + b*x)/x, %)

Reduce [F]

/cot_l(a + bzx) dp — / acot(bz + a) e

Z T

inputLint(acot(b*x+a)/x,x)

Outputtint(acot(a + b*x)/x,x)
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3.6 f cot ™1 (a+bz) dx

xz

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . .....
Sympy [C] (verification not implemented) . . .. ... ... ... ... .....
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ...
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... .
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 62

/ cot™(a + bx) cot™!(a + br) abarctan(a + bx)
— ~  dr=- +
z? x 1+a?
_ blog(z)  blog(1+ (a+bx)?)
1+ a? 2(1+ a?)

output

2)/(2xa"2+2)

‘ -arccot (b*x+a) /x+a*b*arctan (b*x+a)/(a~2+1)-b*1ln(x)/(a~2+1) +b*1n(1+ (b*x+a)~

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.04 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.06

/ cot™(a + bx) i

xr2

_cot_l(a + bx) 4 b(—2log(z) + (1 —ia)log(i — a — bx) + (1 + ia) log(i + a + bx))

T

2(1+ a?)

input L

Integrate[ArcCot[a + b*x]/x"2,x]




output
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‘-(ArcCot [a + bxx]/x) + (b*(-2xLogl[x] + (1 - Ixa)*Logl[I - a - b*x] + (1 + I ‘
L*a)*Log[I + a + b¥x]))/(2%(1 + a~2)) J

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.98,

=7, number of rules _ 700, Rules

number of steps used = 8, number of rules used =
integrand size

used = {5569, 896, 25, 479, 452, 216, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) i

72
| 5569
-1
—b/ 1 d — cot™"(a + bx)
z((a+bx)?2+1) x
| 896
1 cot™1(a + bz)
bz ((a + bx)? + l)d(a+b:c) B x
| 25
1 cot~!(a + bx)
_ d br) — 2 \@TO%)
bz ((a+bx)? +1) (a+ bz) x
| 479
log(—bz) J (ai%l_)bzxﬂ a + bx) cot~!(a + bx)
b _
a?+1 a?+1 x
| 452
b log(—bz) ¢ J (a+bz)2+1d(a +bz) + [ (afl;;l;§+1d(a’ + bx) B cot™!(a + bz)
a?+1 a?+1 x

l 216

L log(—bxz) f (aflj;bz a + bx) + aarctan(a + bzx) _ cot™!(a + ba)
a’?+1 a’?+1

x



input

output
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l 240

a?+1 a?+1

_b<log(—bw) _ aarctan(a + bz) + log ((a+bz)? + 1)) ot~ (a + ba)
x

‘ Int[ArcCot[a + b*x]/x"2,x]

‘-(ArcCot [a + b*x]/x) - b*(Log[-(b*x)]/(1 + a~2) - (a*ArcTan[a + b*x] + Log
[+ (a+ bxx)"21/2)/(1 + a"2))

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol]l :> Simp[Identity[-1] Int[Fx, x], x]

rule 216

rule 240

rule 452

rule 479

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x

~2, x]11/(2*b), x] /; FreeQ[{a, b}, x]

Int[((c_) + (d_.)*(x_))/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[c Int[1/
(a + b*x~2), x], x] + Simp[d Int[x/(a + b*x"2), x], x] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c™2 + axd~2, 0]

Int[1/(((c_) + (d_.)*(x_))*((a_) + (b_.)*(x_)"2)), x_Symbol] :> Simp[d*(Log
[RemoveContent[c + d*x, x]1/(b*c™2 + a*d~2)), x] + Simp[b/(b*c™2 + axd"2)
Int[(c - d*x)/(a + b*xx"2), x], x] /; FreeQ[{a, b, c, d}, x]
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rule 896 Int[((a_) + (b_.)*(v_)"(m_ )" (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], 4 = Coefficient[v, x, 1]}, Simp[1/d"(m + 1) Subst[Int[Si
mplifyIntegrand[(x - c¢)"m*(a + b*x™n)"p, x], x], x, v], x] /; NeQlc, 011 /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]
rule 5569 1ntl((a_.) + ArcCotl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + b*ArcCot[c + d*x])"p/(fx(m +
1))), x] + Simp[b*d*(p/(f*(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCot[
c +d*x])"(p - 1)/(1 + (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x
1 & IGtQlp, 0] && ILtQ[m, -1]
Maple [A] (verified)
Time = 0.33 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.98
method result
ln(1+(bz+a)2)
: : s arccot(bz+a) In(—bx) ————*+aarctan(bz+a)
derivativedivides | b (— - -2+ 3 L >
ln(1+(bm+a)2)
arccot(bz+a) In(—bx) ———5—*+aarctan(bz+a)
default b <— - -2 4 —_— )
In (b2z2+2abz+a2+1) aarctan(%)
t(bz+a) ' * " ’ In(z)
arcco r1+a n(xr
parts —— — —b| - a1 1 +
parallelrisch 2z arccot(bz+a)a?b?+2b2 In(z)az—b> 1n(b2x22_;iil(,z;|_ff;_1)ax+2 arccot(bz-+a)adb+2 arccot(bz-+a)ab
risch __iln(1+i(bz+a)) —ia? In(1—i(bz+a))—iIn(1—i(bz+a))+m a®+7+2bIn(z)z—xbIn((iab+3b)z+ia%+3i+2a) —i:
2z 2z (-
inputtint(arccot(b*x+a)/x"2,x,method=_RETUB,NVERBOSE) J
output ‘ b*(-1/b/x*arccot (b*x+a)-1/(a~2+1) *1n(-b*x)+1/(a~2+1) *(1/2*1n(1+(b*x+a) "2)+ ‘

‘a*arctan(b*x+a)))
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.03

/ cot™!(a + bx) i

72
_ 2abzarctan (bz + a) + bz log (b®z? + 2abx 4+ a® 4+ 1) — 2bxlog (z) — 2 (a® + 1) arccot (b + a)
N 2+ 1)z

input‘integrate(arccot(b*x+a)/x*2,x, algorithm="fricas")

Output‘1/2*(2*a*b*x*arctan(b*x + a) + bkxxlog(b~2%x~2 + 2%axb¥x + a2 + 1) - 2%bx
‘x*log(x) - 2x(a”2 + 1)*arccot(b*x + a))/((a”2 + 1)#*x)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.72 (sec) , antiderivative size = 167, normalized size of antiderivative = 2.69

/ cot™(a + bx) i

:L-2
__tbacot (bx—3) _ acot (bx—i) Q. — 9
a et 4 L fora = —1
__ ) dbacot (bz+4)  acot(bx+i) 4 -7
— 3 s S fora =1
2a? acot (a+bx) 2abz acot (a+bx) 2bz log () bz log (a?+2abz+b2z2+1) 2 acot (a+bx) .
2a2z+2x 2a2z+2z 2a2z+2x + 202z+2x 2a%z+2z otherwise
. i *x+ *K
input Llntegrate (acot (bxx+a) /x**2,x) J

Piecewise((-I*b*acot(b*x - I)/2 - acot(b*x - I)/x + I/(2*x), Eq(a, -I)), (
Ixbxacot(b*x + I)/2 - acot(b*x + I)/x - I/(2*x), Eq(a, I)), (-2*ax*2*acot(
a + b*x)/(2%a**x2xx + 2xx) - 2*akbkx*acot(a + b*x)/(2*ax*2*x + 2%x) — 2%b*x
xlog(x) /(2%ax*2xx + 2%x) + b*xxlog(a**2 + 2%axb*x + bk*2xx*x2 + 1)/(2%a**2
*x + 2%x) - 2*acot(a + b*x)/(2xa**2*xx + 2%x), True))

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.24

/ cot™!(a + bx) i

22
b%z+ab
B lb 2aarctan (TJr) N log (b?z? + 2 abz + a® + 1) _ 2log(z)
2 a?+1 a?+1 a?+1
arccot (bz + a)

T

input‘integrate(arccot(b*x+a)/x"2,x, algorithm="maxima")

|1/2+bx (2+a*arctan((b2+x + a*b)/b)/(a"2 + 1) + log(b"2+x™2 + 2kakbax + a2

output
‘ +1)/(@"2 + 1) - 2%¥log(x)/(a"2 + 1)) - arccot(b*x + a)/x

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 498 vs. 2(60) = 120.
Time = 0.27 (sec) , antiderivative size = 498, normalized size of antiderivative = 8.03

/ cot™(a + bx)

5 dz = Too large to display
x

inputLintegrate(arccot(b*x+a)/x"2,x, algorithm="giac") J
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-1/2*%(2*a*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 + 2*xa*xlog(4*(
4xa~2*tan(1/2*arctan(1/(b*x + a)))"2 + 4xaxtan(l/2*arctan(1/(b*x + a)))~3

+ tan(1/2*arctan(1/(b*x + a)))~4 - 4*axtan(l/2*arctan(1l/(b*x + a))) - 2+*ta
n(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2*tan(
1/2*%arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a))) + log(4*(4*a
~2xtan(1/2*arctan(1/(b*x + a)))~2 + 4*axtan(1/2*arctan(1/(b*x + a)))~"3 + t
an(1/2*arctan(1/(b*x + a)))~4 - 4*a*tan(1/2*arctan(1/(b*x + a))) - 2*tan(1
/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2xtan(1/2
*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~2 - 2*a*arctan(
1/(bxx + a)) - 4*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a))) - log(4x
(4xa~2xtan(1/2*arctan(1/(b*x + a)))~2 + 4*xaxtan(l/2*arctan(1l/(bxx + a)))~3
+ tan(1/2*arctan(1/(b*x + a)))~4 - 4xaxtan(1/2*arctan(1/(b*x + a))) - 2%t
an(1/2*arctan(1/(bxx + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2xtan
(1/2*arctan(1/(b*x + a)))~2 + 1)))*b/(2*xa"3*tan(1/2*arctan(1/(b*x + a))) +
a~2+tan(1/2*arctan(1/(b*x + a)))~2 - a~2 + 2*xaxtan(1/2*arctan(1/(b*x + a)
)) + tan(1/2*arctan(1/(b*x + a)))~2 - 1)

output

Mupad [B] (verification not implemented)

Time = 0.73 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00

/ cot™(a + bz) dp — _acot(a +bx)

x? x
bz In(z) — 2 ln(a2+2a2bw+b2 =) | abg acot(a + bx)
z (a®>+1)

input| 1Bt (acot(a + b¥x)/x"2,%) |

‘— acot(a + b*x)/x - (b*x*log(x) - (b*x*log(a™2 + b~2*x"2 + 2*axb*x + 1))/2

output
\ + axb¥x*acot(a + b*x))/(x*(a~2 + 1)) \
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.13

/ cot™!(a + bx) i

72
—2acot(bz + a) a® — 2acot(bx + a) abr — 2acot(bx + a) + log(b*z? + 2abzx + a® + 1) bz — 2log(x) bz
B 2z (a®+1)
input ‘ int (acot (b*x+a)/x~2,x) J

‘ ( - 2xacot(a + bxx)*ax*2 - 2%acot(a + bxx)*axb*x - 2xacot(a + b*x) + log(a ‘

output
(**2 + 2#arbx + brR2kx#42 + 1)4bxx - 2%log(x)*bxx)/(2%xx(a**2 + 1)) |




output‘1/2*b/(ah2+1)/x‘1/2*arCC°t(b*X+a)/X“2+1/2*(-a‘2+1)*b‘2*arctan(b*x+a)/(a‘2+
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3.7 f cot_l(gz—i—bx) da
Xz

Optimal result . . . . .. . . . . .. . . . e 92
Mathematica [C] (verified) . . . . . . . . . ... . L 92
Rubi [A] (verified) . . . . . . . . . 93]
Maple [A] (verified) . . . . . . ... L 95
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . ..... 95
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 96
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 97
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 97l

Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 95

dr =

(1 — a?) b? arctan(a + bz)

/ cot™(a + bx) b _ cot™'(a + bx)

x3 2(1+a®)x 212
ab’log(z)  ab*log (1 + (a + bx)*)

2(1 + a?)?

(1+a2)?

2(1+ a?)?

‘ 1) "2+a*xb~2x1n(x)/(a~2+1) "2-1/2*%axb~2*x1n (1+(b*x+a) ~2) /(a~2+1) "2

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.07 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.97

/ cot™(a + bx) i

3

_9 cot_l(a + b.’E) + bz (4abz log(x)+i(i+a)2bx log(i—a—bxz)+(—i+a)(2(i+a)+(—1—ia)bz log(i+a+bz)))

(1+a2)*

42

inputt

Integrate[ArcCot[a + b*x]/x"3,x]
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t‘ (-2xArcCot[a + bxx] + (bxx*(4xaxb*x*Log[x] + I*(I + a) 2*bxxxLog[I - a - b ‘
\*x] + (I + a)*(2+(I + a) + (-1 - I*a)*bxx*Logl[I + a + b*x])))/(1 + a™2)72 \
)/ (4%x72) |

outpu

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.07,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5569, 896, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) i

3
| 5569
-1
—1b/ 1 dp — cot™"(a + bzx)
2" ) 22((a+bx)2+1) 212
| 896
1, 1 cot™1(a + bz)
_Eb / a2 (ot ba)2 £ 1)d(a +bx) — ——z
| 480
_le J —W%d(a + bx) B 1 B cot™1(a + bz)
2 a?+1 (a® +1)bx 212
| 657
242(a+bx)a—1 2
_Lp J ((a%+1)?(la+lfi‘)12+1) - (a2+1)bz) d(a + bz) 3 1 _ cot™!(a +bx)
2 a?+1 (a2 +1)bx 212
| 2009

- 212

1 . (1—a?) arctan(a+bz) _ 2alog(—bx) alog((a+bx)2+1)
32
2b ( a?+1 (a®+1)bx

aZ1 a1 T aZ 41 1 ) _ cot™(a + bx)



input

output

rule 480

rule 657

rule 896

rule 2009

rule 5569
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‘ Int[ArcCot[a + b*x]/x"3,x]

‘—1/2*ArcCot [a + bxx]/x"2 - (b™2*%(-(1/((1 + a~2)*b*x)) + (-(((1 - a~2)*ArcT
‘an[a + b*x])/(1 + a”2)) - (2*a*xLog[-(b*x)])/(1 + a~2) + (axLogl[l + (a + b*
Lx)‘Z])/(l +a"2))/(1 + a~2)))/2

|
|
J

Defintions of rubi rules used

Int[((c_ ) + (@_.)*(x_))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[d*((c
+ d*x)"(n + 1)/((n + 1)*(b*c™2 + axd"2))), x] + Simp[b/(b*xc™2 + a*d™2) I
nt[(c + d*x)~(n + 1)*((c - d*x)/(a + b*xx~2)), x], x] /; FreeQ[{a, b, c, d},
x] && ILtQ[n, -1]

Int[(C(d_.) + (e_.)*(x_))"(m_.)*((£_.) + (g_.)*(x_))"(m_.))/((a_) + (c_.)*(
Xx_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)"n/(a + c*x”
2)), x1, x] /; FreeQ[{a, c, 4, e, f, g, m}, x] & IntegersQ[n]

Int[((a_) + (b_)*(v_ ) (0 )) (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 11}, Simp[1/d~(m + 1) Subst[Int[Si
mplifyIntegrand[(x - c) m*(a + b*x"n)"p, x], x]1, x, v], x] /; NeQ[c, 0]1] /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]

e

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.)) " (p_.)*((e_.) + (£_.)*(x_)) " (m
_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + b*ArcCot[c + d*x])"p/(fx(m +
1))), x] + Simp[b*d*(p/(f*(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCot[
c +d*xx])"(p - 1)/(1 + (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x
] && IGtQ[p, 0] && ILtQ[m, -1]
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Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.87

method result
. . L. o _ arccot(bz+a) 1 aln(—bz) aln(1+(bx+a)2>+(a2—1) arctan(bz+a)
derivativedivides | b < 27— T+ pTCs + (@11)? S@ 1)
9 arccot(bz+a) 1 aln(—bz) aln<1+(bz+a)2)+(a2—1) arctan(bz+a)
defa.ult b <_ 2b2 22 + 2(&2+1)b:l: + (a2+1)2 - 2(0,2+1)2
2 (aln(b2m2+iabm+a2+1) N (1) a“**“;(%) )
b _ 1 _ 2abln(x)
(a2+1)2 (a2+1)a (a2+1)2
arccot(bz+a)
parts o2 - 2
. 2 arccot (b 252424 b2 In(z)x2 —a b2 In (b222+2abz-+a2+1) z2 —arccot(bz+a)b2z2 —2a b2x2 —arccot (b 4
parallelrlsch z* arccot(bz+a)a?b*+2a (z)z*—a (222 +2abz+a2+1)z?—a C;ZQ((£+(I2)a2_T_1) a b’z? —arccot(bz+a)a*+a
risch _ “n(l'tl’iz(gx+a)) + ia* In(1—i(bz+a))+2ia? In(1—i(bx+a))+iln(1—i(bz+a))+4b%a In(—x) 2% —7 a*+2a%bz—27 a
input Lint (arccot (b*x+a)/x~3,x,method=_RETURNVERBOSE) J
| b~2%(-1/2/b"2/x"2*%arccot (b*x+a)+1/2/(a"~2+1) /b/x+1/(a"2+1) "2*a*1n(-b*x)-1/2 |
output
/(2a~2+1)"2% (ax1n(1+(b¥x+a) "2)+(a"2-1) ¥arctan(b*x+a))) |
Fricas [A] (verification not implemented
p
Time = 0.14 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.04
/ cot™(a + bx)
3 dz =
T
(a® — 1)b?x? arctan (br + a) + ab’z?log (b?z* + 2 abx + a® + 1) — 2ab®z?log (z) — (a® + 1)bz + (a*-
2(a*+2a%+ 1)z
input tintegrate (arccot(b*x+a)/x"3,x, algorithm="fricas") J
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-1/2x((a”2 - 1)*b~2*x"2+arctan(b*x + a) + a*b™2xx"2*log(b~2*x"2 + 2xaxb*x
+ a”2 + 1) - 2xa*xb”"2*x"2xlog(x) - (a”2 + 1)*bxx + (a™4 + 2xa”2 + 1)*arccot
(bxx + 2))/((a”4 + 2%a™2 + 1)#x72)

output‘

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.00 (sec) , antiderivative size = 381, normalized size of antiderivative = 4.01

3

/ cot™(a + bx) i

b2 acot (bx—i acot (bx—1 i
______l___l.+.lL._ ___L__).+_§L_

8 8x 212 2
_ ) _ b*acot (bz+i) + b acot(bx+i) 4
8 8z 22 8x2
_ a* acot (a+bx) a?b2x? acot (a+bzx) + a’bx _ 2a? acot (a+bx) + 2ab?22 log (x) . ab’z? log (a2+2<
2a4x2+4a222 4212 2042440222 +222 2a4x2+4a222 4222 2a4x2+4a222 4212 2042 +4a02x2+222 2a41x2+4a*

p

Lintegrate(acot(b*x+a)/x**3,x)

-

input

Piecewise ((-b**2%acot (b*x - I)/8 + b/(8*x) - acot(b*x - I)/(2xx**2) + I/(8
*xxx*2), Eq(a, -I)), (-b*x2xacot(b*x + I)/8 + b/(8*x) - acot(b*x + I)/(2%xx*
*2) - I/(8xx**2), Eq(a, I)), (-a*x4*acot(a + bkx)/(2kakx*4*xxk*2 + Adkakxk2*xk
*¥2 + 2%kx*%*2) + a**2kxbx*2xx*x*2kxacot(a + b*x)/(2kax*k4xx*kx*x2 + Akax*kkx*k*k2 + 2
*x*%2) + ax*k2xbkx/(2kakkdkx**2 + 4dkakkQkx*k*2 + 2kx**x2) - 22kax*k2*acot(a + b
*xx) / (2%ax*k4xx* %2 + 4kaxk2*x*k*2 + 2kx**2) + 2xaxbx*k22xx*k*2xLog(x)/ (2*a**4*xx*
X2 + Akaxkkxkk2 + 2kx*k%2) — a*bk*kxk*2*x1og(ax*2 + 2kakbkx + DR*kkxk*2 +
1)/ (2%a*x*4*x*%2 + 4dxax*kkx*k*x2 + 2xx**2) — b**2kxx*x*2*acot(a + b*x)/(2*%ax*4*
X*k%2 + 4kaxk2kx*k*k2 + 2kx*%*2) + b*xx/(kakk4kx*k*k2 + 4kakxkkx*k*k2 + 2kx*k*k2) -
acot(a + bxx)/(2xakx*x4*x*k*k2 + 4dkakx*x2xx*k*2 + 2%x**x2), True))

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.18

/ cot™!(a + bx) p

x3

2fE a
1 [ (a® — 1)barctan (b - b) ablog (b*x? + 2abr +a®>+1)  2ablog(x) 1

— — b
2 a*+2a2+1 a*+2a2+1 a*+2a24+1 (a®+ 1)z

arccot (bx + a)
2122

input‘integrate(arccot(b*x+a)/x"3,x, algorithm="maxima")

-1/2%((a”2 - 1)*b*arctan((b~2+x + a*b)/b)/(a"4 + 2*a~2 + 1) + axb*log(b~2# \
X"2 + 2%axb*x + a”2 + 1)/(a”4 + 2*a”2 + 1) - 2*axbxlog(x)/(a"4 + 2*xa™2 + 1
) - 1/((@"2 + 1)#x))*b - 1/2*arccot(b¥x + a)/x"2

output‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1309 vs. 2(85) = 170.

Time = 0.44 (sec) , antiderivative size = 1309, normalized size of antiderivative = 13.78

dx = Too large to display

/ cot™(a + bx)

3

i - ] ="5 "
inputLlntegrate(arccot(b*x+a)/x 3,x, algorithm="giac") J




CHAPTER 3. LISTING OF INTEGRALS 98

1/2%(4*a~3*b*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~3 + a~2x*b*ar
ctan(1/(b*x + a))*tan(1/2*arctan(1l/(b*x + a)))~4 + 4xa~3*b*xlog(4+*(4*a~2*ta
n(1/2*xarctan(1/(b*x + a)))~2 + 4xaxtan(1/2*arctan(1/(b*x + a)))~3 + tan(1/
2%arctan(1/(b*x + a)))~4 - 4*astan(l/2*arctan(1/(b*x + a))) - 2xtan(1/2*ar
ctan(1/(bxx + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2xtan(1/2*arct
an(1/(bxx + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~2 + 4*a”2*bxlog(4*(4
*a~2xtan(1/2*arctan(1/(b*x + a)))~2 + 4*axtan(1/2*arctan(1/(b*x + a)))~3 +
tan(1/2*arctan(1/(b*x + a)))~4 - 4*axtan(1/2*arctan(1/(b*x + a))) - 2*tan
(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2*tan(l
/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))"3 + a*bxlog(4
*(4*a~2*tan(1/2*arctan(1/(b*x + a)))~2 + 4xaxtan(1/2*arctan(1/(b*x + a)))~
3 + tan(1/2*%arctan(1/(b*x + a)))~4 - 4xaxtan(1/2*arctan(1/(b*x + a))) - 2%
tan(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2+ta
n(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~4 - 4*a~3%
bxarctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a))) - 14*a~2xb*arctan(1/(b*
x + a))*tan(1l/2*arctan(1/(b*x + a)))~2 + 2*a”2xb*tan(1/2*arctan(1/(b*x + a
))) "3 - 4xaxb*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~3 + axbxtan
(1/2*arctan(1/(b*x + a)))~4 - bkarctan(1/(b*x + a))*tan(1/2*arctan(1/ (b*x
+ a)))"4 - 4xa~2xbkxlog(4*(4*a~2*tan(1/2*arctan(1/(b*x + a)))~2 + 4xaxtan(1
/2*xarctan(1/(b*x + a)))~3 + tan(1/2*arctan(1/(b*x + a)))~4 - 4*axtan(l/...

output

Mupad [B] (verification not implemented)

Time = 1.65 (sec) , antiderivative size = 230, normalized size of antiderivative = 2.42

/ cot™!(a + bx) i

:L'3

2zb°42ab
a“erl(z\/bﬁ (a2—-||:1)—a2b2> (0* —a*b’) 4 (a®+2abz + b2z +1)

Vb2 (2a* +4a? +2) 2 (a2 +1)°
23 (13—3a2 b3
acot(a + bx) (% + %) -tz b?a? a°°2t(“+bm) - 2(((13+23a2f1)) + (Zfi“;; + abzacot(a+bx)
B a?z?2+2abx® + b? x4 + 22
ab® In (z)
(a2 +1)°

inputLint(acot(a + b*x)/x"3,x) J
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(atan((2*axb + 2xb~2xx)/(2*%(b"2%(a~2 + 1) - a~2%b~2)~(1/2)))*(b~3 - a~2%b~
3))/((b"2)"(1/2)*(4xa~2 + 2*xa~4 + 2)) - (axb™2*log(a”2 + b~2*x"2 + 2*xaxb*x
+ 1))/(2%(a"2 + 1)72) - (acot(a + b*x)*(a”2/2 + 1/2) - (b*x)/2 + (b™2%x"2
xacot(a + b*x))/2 - (x"3*(b"3 - 3*a"2*b~3))/(2*(2*¥a"2 + a~4 + 1)) + (axb™4
*x74)/(a”2 + 1)72 + asb*x*acot(a + b*x))/(x"2 + a”™2*%x"2 + b"2*x"4 + 2*axbx*
x"3) + (axb~2xlog(x))/(a"2 + 1)°2

output

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.32

/ cot_l(c;+ bx) i
z

_ —acot(bz + a) a* + acot(br + a) a®b?*x? — 2acot(bx + a) a® — acot(bx + a) b®z? — acot(bx + a) — log(b?

B 222 (a* + 2a% + 1)

inputLint(acot(b*x+a)/x‘3,x) J

(- acot(a + b¥x)*akxd + acot(a + bxx)*ax*2¥bx*2kx+*2 - 2kacot(a + bxx)*ax
\*2 - acot(a + b*x)*b**2xx**2 - acot(a + b*x) - log(a**2 + 2¥a*b*x + b**2%x
‘**2 + 1)*axb**2xx**2 + 2%x1Log(x)*axb**x2*x**2 + ax*2kbxx + bkx)/(2*x**2* (a**
4+ 2%axs2 + 1)) |

output
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3.8 f cot ™1 (a+bz) dx

74
Optimal result . . . . . . . . . . . . . . . e 100
Mathematica [C] (verified) . . . . . . . . . ... . L 100
Rubi [A] (verified) . . . . . . . . . 101l
Maple [A] (verified) . . . . . . ... L 103
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . ..... 104
Sympy [C] (verification not implemented) . . .. ... ... ... ... ..... 104
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 105
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 106!
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 107
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 107

Optimal result

Integrand size = 10, antiderivative size = 129

/ cot™!(a + bx) g — b 2 cotT'(a+bx)
zt 6(1+a%)2? 3(1+a2)’z 3x?
a(3 — a®) b arctan(a + bz) (1 — 3a?) b3 log(x)
B 3(1+a?)° 3(1+a2)°
(1 —3a?)b*log (1 + (a + bx)?)
- 6 (1 +a2)®

e B

1/6*xb/(a~2+1) /x~2-2/3*%a*xb~2/(a~2+1) ~2/x-1/3*arccot (b*x+a) /x~3-1/3*%ax(-a~2+
‘3)*b‘3*arctan(b*x+a)/(a‘2+1)‘3+1/3*(—3*a‘2+1)*b‘3*1n(x)/(a‘2+1)‘3—1/6*(—3*
\ a~2+1)*b~3%1n(1+(b*x+a)~2)/(a~2+1) "3 \

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.10 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.98

1
/ cot (Ci + bx) i
T
—2(1 + a2)® cot ™1 (a + bz) + 2(1 — 3a2) ¥z log(z) + (—1 + ia)*b3z3 log(i — a — bz) + (—i + a)bz((i +
6 (1 + a2)’ a3
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input‘ Integrate[ArcCot[a + b*x]/x"4,x] ‘

¢ (-2x(1 + a"2)"3#ArcCot[a + brx] + 2x(1 - 3+a"2)*b 3xx"3+Loglx] + (-1 + Ixa
)"3%b"3*x"3%Logl[I - a - b¥x] + (-I + a)*bkxx((I + a)*(1 + a"2 - 4*abxx) +
L Ix(-I + a)"2*b 2%x"~2*Log[I + a + b*x]))/(6%(1 + a~2)"3*x"3) J

outpu

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.05,

number of rules _ 0.600, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {5569, 896, 25, 480, 657, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) dz

4
| 5569
-1
—1b/ 1 d — cot™"(a + bx)
3" ) 23((a+bx)2+1) 33
| 896
14 1 cot~1(a + bx)
30 / b3 ((a + ba)2 + 1)@+ 02) 347
| 25
14 1 cot™(a + bz)
3b / b3z3 ((a + bx)? + 1)d(a +b2) 33
| 480
Lo ) meeremndetie) 1 _ cot™\(a+ba)
3 a?+1 2(a?+1) b2a? 3x3

l 657
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2 _ 3a2-1 —a(3—a?)—(1—3a?) (a+bz)
_1p _fQﬁﬁ%ﬁ @10 T (@) (atba)’ 1) )““+m9_ 1
3 a?+1 2(a? + 1) b2x2
cot~!(a + bx)
3z3
| 2009
_ (3—a?)aarctan(a+bx) _ 2. 4 (1—3a2) log(—bzx) _ (1—3a2) log((a+bx)%+1)
s (a2+1)° (a®+1)bz (a2+1)° 2(a2+1)* _ 1
3 a?+1 2 (a2 +1) b2x2

cot~!(a + bx)
323

input‘Int[ArcCot[a + bxx]/x"4,x]

-1/3%ArcCot[a + bxx]/x"3 - (b™3*(-1/2%1/((1 + a"2)*b"24x"2) - ((-2%a)/((1
+ a”2)¥bx) - (ax(3 - a”2)*ArcTan[a + b*x])/(1 + a™2)"2 + ((1 - 3*a~2)*Log |
[-(*x)1)/(1 + a™2)72 - ((1 - 3%a~2)*Logll + (a + b¥x)"2]1)/(2%(1 + a~2)"2)

/(1 +a72)))/3 |

output

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 480 TotL(c ) + (d_D*(x_))"( )/ (@) + (b_.)*(x_)72), x_Symbol] :> Simp[dx((c
+ d*x)"(n + 1)/((n + 1)*(b*c™2 + a*d™2))), x] + Simp[b/(b*c”™2 + a*xd™2) I

nt[(c + d*x)"(n + 1)*((c - d*x)/(a + b*xx~2)), x], x] /; FreeQ[{a, b, c, d},
x] && ILtQ[n, -1]

rule 657 IRELCC_.) + (e_)*(x))"@_)*((f_.) + (g_)*(x_))"(n_.))/((a)) + (c_.)x(
x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*((f + g*x)"n/(a + c*x”
2)), x1, x] /; FreeQ[{a, c, 4, e, f, g, m}, x] & IntegersQ[n]
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rule 896‘ Int[((a_) + (b_)*(v )" (0 ) (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
‘icient[v, X, 0], d = Coefficient[v, x, 11}, Simp[1/d~(m + 1)

‘mplifyIntegrand[(x - ¢)"m*(a + b*x"n)"p, x], x], x, v], x] /; NeQ[c, 011 /;

‘ FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]

|
Subst [Int [Si \
|
|

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 5569
_), x_Symbol]l :> Simp[(e + f*x)~(m + 1)*((a + b*ArcCot[c + d*x])

1))), x] + Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a
c+dxx])"(p - 1)/(1 + (c + d*x)"2)), x], x] /; FreeQl{a, b, c,
] && IGtQ[p, 0] && ILtQ[m, -1]

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£f_

D*(x)) " (m
“p/(fx(m +
+ bxArcCot [
d, e, f}, x

Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 115, normalized size of antiderivative = 0.89

method result
3a2-1) In(1+(bz+a)?
derivativedivides | b3 | —2ccotbeta) ) (2 )+(‘13—3a) arctan(bz+a) | (—3a’+1) In(—bx) + 1
3boa 3(a2+1)° 3(a2+1)3 6(a2+1)b2z2
3a2-1)In 1+(bar;+a)2
default b3 | —arccotbata) ) (2 )t (@-30) arctan(bo+a) | (=3a%+1) In(~ba) L1
3b%a? 3(a?+1)° 3(a2+1)3 6(a2+1)b2x2
2
a3 —da— (3a%b-b)a rctan [ 2b2z+2ab
5| (3a26—b) n(b222+2aba+a?41) (4 4 arcta ( 25 )
b 262 + 3
b| — _ 1
(a2+1)3 2(a2+1)1
arccot(bz+a) .
parts 23 ;
parallelrisch _ 222 arccot (bz+a)a®b3+6 In(z)x3a2b3—3 In (b?z2+2abz+a2+1) 23023 — 622 arccot (br+a)a b3 —7z3a2b® —2b% In(x)
risch __iln(1+i(bz+a)) iz3 In((—a”b—5ia%b—27a%b+41ia*b+29a2b—15ia2b—9ab+3ib) z—a® —32a8 —4ia”+70a*+684
63

-

input Lint (arccot (b*x+a) /x"4,x,method=_RETURNVERBOSE)

= J
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‘ b~3%(-1/3/b~3/x"3*arccot (bxx+a)+1/3/(a”2+1) "3* (1/2%(3*a~2-1) *1n (1+(b*x+a)~ \
|2)+(a~3-3%a)*arctan(b*x+a))+1/3%(-3%a~2+1) / (a~2+1) "3%In(-b*x)+1/6/(a~2+1)/ |
'b~2/x72-2/3/(a"2+1) "2%a/b/x)

output

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.10

!
2 (a® — 3a)b3x3 arctan (bx + a) + (3a? — 1)b%z3 log (b%x2 + 2abz + a? + 1) — 2(3a% — 1)z log (x) —
6 (ab+3a*+3a?+1)z3

/ cot™(a + bx) i

input Lintegrate (arccot (b*x+a) /x"4,x, algorithm="fricas") J

ou‘cput‘l/s*u*(a»3 - 3%a)*b~3*x"3*arctan(b*x + a) + (3*%a”2 - 1)*b~3*x"3xlog(b~2*x
"2 + 2%axbxx + a”2 + 1) - 2%(3%a”2 - 1)*b"3xx"3*log(x) - 4%(a"3 + a)*b"2*x
"2 + (274 + 2%a”2 + 1)*b¥x - 2x(a6 + 3%a™4 + 3%a"2 + 1)xarccot(b*x + a))/ |

\ ((a~6 + 3%a~4 + 3*%a~2 + 1)*x~3)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.41 (sec) , antiderivative size = 760, normalized size of antiderivative = 5.89

dx = Too large to display

/ cot™(a + bx)

xrd

inputLintegrate(acot(b*x+a)/x**4,x) J




CHAPTER 3. LISTING OF INTEGRALS 105

Piecewise ((I*b**3*acot(b*x - I)/24 - I*b**2/(24%x) + b/(24*x**2) - acot(b*
x - I)/(3*x**3) + I/(18*x**3), Eq(a, -I)), (-Ixbx*3*acot(b*x + I)/24 + I*b
*%2/(24*x) + b/(24*x**2) - acot(b*x + I)/(3*x**3) - I/(18*x**3), Eq(a, I))
, (—2xa*xx6*acot(a + b*x)/(6*xa*xx6*x*k*x3 + 18kax*4kx**3 + 18*ka**kx2xx**x3 + Gxx*
*3) + ax*4xbkxx/(6*a**6kx*kx*3 + 18kakx*4*x**x3 + 18ka**x2kxx**3 + BG*kx**3) — Gkaxk
*x4xacot (a + b*x)/(6*a*x6xx**3 + 18kakkdkx*k*x3 + 18kak*2*x**3 + 6kx**3) — 2%
a**x3xb*x*3*kx**x3kacot (a + b*x)/(6*a*x*x6xx*x*3 + 18ka**k4kxx**3 + 18*ka*x*kx**3 +
B*x*%3) — 4*a*k3kbx*kkx**x2/ (6*ka**xB6xx**3 + 18kax*k4kxx**x3 + 18*ka*x*kx**x3 + 6G*
x*x3) — 6xaxx2xbxx3xx**x3*xLog(x) / (6*a**6xx**3 + 18kax*4xx**3 + 18¥ax*2xx**3
+ 6*x*x3) + Bkak*2¥bk*3*kx*k*3*kLlog(a*x*2 + 2kakbxx + bk*k2kx*k*2 + 1)/ (6*ak*6x*
X*%3 + 18%ax*4xx*x*3 + 18%ka**2*kx**3 + 6G*kx**x3) + 2kax*k2xbxx/(6*a**xGkx**3 + 1
8xaxkx4xx*k*x3 + 18*ka**2*kx**3 + G*kx**3) — BGkxax*2xacot(a + b*x)/(6*a*x*Bxx*x*3 +

18*a**k4*xx*k*3 + 18*%a*x*2kx**x3 + B*xx*x*3) + B*xaxbx*x3kx*k*3*xacot(a + b*x)/(6*ax*
*6kx*k*k3 + 18ka*xk4*x**3 + 18%ka**xkx*x*3 + BGkx**x3) — 4dkaxbkk2kx*%*2/ (6*a**6*kx*
*3 + 18%a**x4*x**3 + 18*a*x*2kx**3 + 6xx**3) + 2*b**3*x**3%1og(x)/ (B*a*x*Bkx*
*3 + 18%a*x4xxx*3 + 18kax*2kx**x3 + 6xx**3) — b**3kx**3*log(a**2 + 2xaxbkxx
+ b**2xx**2 + 1)/ (6*a*x*6*x**3 + 18%ka*kdxx*x*3 + 18ka*x*kx**x3 + B6*xx**3) + bx*
x/ (6*a**x6xx**x3 + 18kar*xdxx**x3 + 18ka**2xx**3 + G*kx**x3) - 2*kacot(a + b*x)/(
B*axkB*xx**x3 + 18kak*4xx*k*k3 + 18ka**xkx**3 + B*x**x3), True))

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.28

-1
/cot (ci+ bx) i
z

b2z+ab
1 [ 2(a’ —3a)barctan ( 3 ) (3a* — 1)b%log (b*z* + 2abr +a*+1) 2(3a® — 1)b%log (z)

6 ab+3at+3a2+1 ab+3at+3a2+1 a+3at+3a2+1

__ arccot (bz + a)
33

-

Lintegrate(arccot(b*x+a)/x‘4,x, algorithm="maxima")

~—

input

output‘l/s*(Q*(aAs - 3*a)*b~2xarctan((b~2*x + a*b)/b)/(a”6 + 3*xa”4 + 3*a”2 + 1) +
\ (3%a~2 - 1)*b~2*1log(b~2*x"2 + 2%axb*x + a”2 + 1)/(a”6 + 3*xa”4 + 3*a”2 + 1
\) - 2%(3*a”2 - 1)*b"2*log(x)/(a"6 + 3*a"4 + 3*xa”2 + 1) - (4xaxb*x - a™2 -

‘1)/((a‘4 + 2%a”2 + 1)*x"2))*b - 1/3*arccot(b*x + a)/x"3




input

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3449 vs. 2(115) = 230.
Time = 1.44 (sec) , antiderivative size = 3449, normalized size of antiderivative = 26.74

/ cot™!(a + bx)

1 dx = Too large to display
x

‘integrate(arccot(b*x+a)/x‘4,x, algorithm="giac")

-1/6*%(24*a~5*%b~2*xarctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~4 + 12*a
~4xb~2*xarctan(1/(b*x + a))*tan(l/2*arctan(1/(b*x + a)))~5 + 2*xa~3*xb~2*arct
an(1/(b*x + a))*tan(1l/2*arctan(1/(b*x + a)))~6 + 24*a~5xb~2xlog(4*(4*a~2*t
an(1/2*arctan(1/(b*x + a)))~2 + 4xaxtan(1/2*arctan(1/(b*x + a)))~3 + tan(l
/2*arctan(1/(b*x + a)))~4 - 4xa*xtan(1/2*arctan(1/(b*x + a))) - 2*tan(1/2*a
rctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2*tan(1/2*arc
tan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~3 + 36*a"4*b~2*log(
4% (4xa~2*tan(1/2*arctan(1/(b*x + a)))~2 + 4*axtan(1/2*arctan(1/(b*x + a)))
~3 + tan(1/2*arctan(1/(b*x + a)))~4 - 4xaxtan(1/2*arctan(1/(bxx + a))) - 2
xtan(1/2xarctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2%t
an(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~4 + 18%a~
3*xb~2x1og(4* (4*a~2+tan(1/2*arctan(1/(b*x + a)))~2 + 4xa*xtan(1/2*arctan(1/(
bxx + a)))~3 + tan(1/2*arctan(1/(b*x + a)))~4 - 4*axtan(1/2*arctan(1/(b*x

+ a))) - 2+tan(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(b*x + a)
))~4 + 2*xtan(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))
~5 + 3*a~2xb~2xlog(4*(4*a”~2*tan(1/2*arctan(1/(b*x + a)))~2 + 4*axtan(1/2+*a
rctan(1/(b*x + a)))~3 + tan(1/2*arctan(1/(b*x + a)))~4 - 4*axtan(l/2*arcta
n(1/(b*x + a))) - 2+tan(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/
(b*x + a)))~4 + 2*tan(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b
*x + a)))~6 - 24*a~bxb~2*arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)...
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Mupad [B] (verification not implemented)

Time = 1.42 (sec) , antiderivative size = 285, normalized size of antiderivative = 2.21

x4 x=a6+3a4+3a2+1

a2 1 b b2 22 acot(a+bx) z3 (b3—7 a? ba) ab? 2 2a bzt 2abzacot(a+bzx)
acot(a + bx) (g + g) - % T 3 + 3(a2+1) + 3 (a2+1)? + 3

/ cot™*(a + bz) p In (z) <§ —a’ b3>

6 (a*+2a2+1)
a?r3+2abzt+b2zd 4 23

zb’>4+2abd 3/2
b In (a2 +2abr+ 6222+ 1) (3 a? — 1) aatan(Q\/bi (a2—-:—_f)—a2 b2> (CL2 — 3) (b2)

6 (a®+3a*+3a%+1) 3 (a®+3a*+3a%2+1)

inputLint(acot(a + b*x)/x"4,x) J

(log(x)*(b~3/3 - a”2xb~3))/(3*a"2 + 3*a"4 + a”6 + 1) - (acot(a + b*x)*(a"2
/3 + 1/3) - (b*x)/6 + (b"2*xx"2*acot(a + b*x))/3 - (x"3*(b"3 - 7*a"2*xb~3))/
(6%(2%a"2 + a~4 + 1)) + (axb™2*x72)/(3*%(a"2 + 1)) + (2*a*b”4*xx~4)/(3*(a"2
+ 1)72) + (2%a*b*x*acot(a + b*x))/3)/(x"3 + a™2%x"3 + b~2*x"5 + 2¥a*b*x"4)
+ (b"3xlog(a™2 + b~2%x"2 + 2kaxbxx + 1)*(3*a”2 - 1))/(6%(3*a"2 + 3*xa~4 +
a"6 + 1)) + (axatan((2%a*xb + 2%b~2*x)/(2*(b"2%x(a"2 + 1) - a”2xb~2)7(1/2)))
*(a”2 - 3)*(b~2)7(3/2))/(3%(3*%a"2 + 3*xa™4 + a”6 + 1))

output

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.63
t~'(a+b

/ cot~'(a + bx) i

!
—2acot(bz + a) a® — 6acot(bz + a) a* — 2acot(bz + a) a®*b3z® — Gacot(bz + a) a® + 6acot(bz + a) ab3z?

input Lint (acot (b*x+a)/x~4,x) J
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( - 2%acot(a + bxx)*a**6 - 6%acot(a + bkx)*a*x*4d - 2+acot(a + bkx)*ax*3xbkx
3xxx*3 - 6*acot(a + bxx)*ax*2 + 6*acot(a + b*x)*a*b**3*x**3 - 2xacot(a + b
*x) + 3xlog(a**2 + 2kaxb*x + bx*k2xx**2 + 1)*a*x*2xb*x3*xx*x*3 — log(ax*2 + 2%
axb*x + bx*k2xx**2 + 1)*b*k*3*x**x3 - 6+log(x)*ax*2xb**3*x**3 + 2*log(x) *b**3
*x*k%x3 + axkdkxbkx — 4kakxk3kbkkkxk*2 + kak*kkbkx — 4kaxbkx*k2kx**x2 + bxx)/(6

*xkk3k (a*x*6 + 3kax*k4d + 3kax*x2 + 1))

output
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3.9 [(a+ bz)?cot™!(a + bx) dz

Optimal result . . . . . . . . . . . . e 109
Mathematica [A] (verified) . . . . . . . . . ... o 1091
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 110
Maple [A] (verified) . . . . . . ... L 111
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 112
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 113l
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 113l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 114
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 114
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 115

Optimal result

Integrand size = 14, antiderivative size = 52

(a + bx)? N (a +bzx)®cot™'(a +bx) log(1l+ (a+bx)?)

2 -1 _
/(a—l—bx) cot™ (a+bx)dr = i m b

output L1/6* (b*x+a) ~2/b+1/3* (b*x+a) ~3*arccot (bxx+a) /b-1/6%1n(1+(b*x+a)~2) /b J
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81
bx)? +2 bx)3 cot ! bz) — log (1 br)2
/(a+bx)2(:ot_1(a+bx)dx: (a+bzx)* +2(a + bx)° co éz—l— z) — log (1 + (a + bx)?)
input [Integrate[(a + b*x) “2*ArcCot[a + b*x],x] J

((a + bxx)~2 + 2*(a + b*x) 3*ArcCot[a + b*x] - Log[l + (a + b*x)~2])/(6%Db)

N J

output
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Rubi [A] (warning: unable to verify)

Time = 0.26 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83,

number of steps used = 6, number of rules used = 5, Bumber of rules _ 357 Ry
integrand size

used = {5567, 5362, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(a + bx)? cot™!(a + bx) dz

l 5567
[(a+ bz)? cot™(a + bx)d(a + bx)

b
l 5362

3 f (G(_T_—gﬁ)zz_,_l a+bx)+ %(a + bfL‘)3 COt_l(CL + bx)
b
l 243

Ly Aattel a4 ba)? + L(a + be)? cot 1 (a + be)

6 J (at+bz)2+1 3
b
l 49

8 (14 ) dla+b2)? + §(a+ ba)?® ot~ (a + ba)

b
l 2009

t((a+bz)? —log(a + bz + 1)) + 3(a + bz)3 cot ™! (a + bz)
b

input LInt [(a + b*x) "2*%ArcCot[a + b*x],x]

output‘“((a + bxx) "3*ArcCot[a + b*x])/3 + ((a + b*x)"2 - Log[l + a + b*x])/6)/b




rule 49

rule 243
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 5362

rule 5567

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x™n])~(p - 1)/(1 + c~2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(_.))"(p_.)*((e_.) + (£_)*(x_))"(m
_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCot[x])"p, xI,
x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &&
16tQlp, 0]

Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81
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method result
arccot(bz+a)(bz+a)> + (beta)? 1n(1+(b$+a)2)
derivativedivides 3 —— 6
arccot(bz+a)(bz+a)> + (bzta)? 1n(1+(b$+a)2)
default 3 — 3
23 3
parts w + arccot (b + a) ba 2% + arccot (br + a) a’z + W + %21; +e
parallelrisch _ —2b* arccot (bz+a)z®—6a b3z? arccot (bz+-a) -6z arccot(bx+a)a2b26;:2b3 —2 arccot(bz+a)adb—2za b2 +5a2b+1n
i i(be+a)® In(1+i(br+a)) _ ib?z% In(1—i(bz+a)) mb2z® _ iba z2 In(1—i(bz+a)) braz? a2z In(1—i(b:
risch o - + = - 4 bma -
input Lint ((b*x+a) ~2*arccot (b*x+a) ,x,method=_RETURNVERBOSE) J
output Li/b* (1/3*arccot (b*x+a) * (bxx+a) “3+1/6* (bxx+a) “2-1/6*1n(1+(b*x+a)~2)) J

Fricas [A] (verification not implemented)

Time = 0.12 (sec) ,

antiderivative size = 81, normalized size of antiderivative = 1.56

/(a + bz)? cot™(a + bx) dx
b’z? — 2a® arctan (br + a) + 2 abx + 2 (b3x3 + 3 ab*z? + 3 a’bx) arccot (bx + a) — log (b*x? + 2 abr + a

6b

input L

integrate ((bxx+a) “2*arccot (b*x+a) ,x, algorithm="fricas") J

output

‘1/6*(b“2*x‘2 - 2xa~3*arctan(b*x + a) + 2%axbxx + 2%x(b~3*x"3 + 3*a*b~2%x"2
‘+ 3%a~2%bxx)*arccot (b*x + a) - log(b~2*x"2 + 2*a*b*x + a”2 + 1))/b ‘
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 5.45 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.90

/(a + bz)? cot ™ (a + bx) dx

b%x3 acot (a+bx) + bz? log (%+z—1%) __iacot (a
6

_ o acot (a+bx) acogl()ﬁbx) + a’z acot (a + bx) + aba® acot (a + bz) + % + 3 5 3
a’z acot (a)

input‘integrate((b*x+a)**2*acot(b*x+a)’x)

‘Piecewise((a**B*acot(a + b*x)/(3*b) + a**k2xx*kacot(a + b*x) + axbxx*k*x2*acot
(a + b¥x) + a*x/3 + bkx2sx**3xacot(a + b*x)/3 + bxx**2/6 - loga/b + x - I
L/b)/(S*b) - Ixacot(a + b*x)/(3*b), Ne(b, 0)), (a**2xx*acot(a), True)) J

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 93 vs. 2(46) = 92.

Time = 0.14 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.79

/(a + bz)? cot™'(a + bz) dx

b2z+ab
1 24’ arctan ( 3 ) _ b’ +2azx N log (b*z? + 2abz + a® + 1) ;
6 b? b b2
1
+3 (v*z® + 3abz”® + 3 a’z) arccot (bz + a)

| —

)
input Lintegrate ((b*x+a) ~2*arccot (b*x+a) ,x, algorithm="maxima"

output‘-1/6*(2*a“3*arctan((b‘2*x + a*b)/b)/b"2 - (b*x"2 + 2*a*x)/b + log(b~2*x~2
\+ 2xaxb*x + a~2 + 1)/b~2)%b + 1/3%(b~2%x~3 + 3xaxb*x~2 + 3%a~2%x)*arccot (b \
‘*x + a) ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 203 vs. 2(46) = 92.

Time = 0.23 (sec) , antiderivative size = 203, normalized size of antiderivative = 3.90

/(a + bx)%cot ™ (a + bx) dx =

_1
bx+a

) tan (3 arctan (L))6 — 3 arctan (=) tan (5 arctan (L))4 — tan (3 arctan (-

input‘integrate((b*x+a)“2*arccot(b*x+a),x, algorithm="giac")

-1/24*(arctan(1/(bxx + a))*tan(1/2*arctan(1/(bxx + a)))~6 - 3*arctan(1l/(b*
x + a))*tan(1/2*arctan(1/(b*x + a)))~4 - tan(1/2*arctan(1/(b*x + a)))~5 -

4*xlog(16*tan(1/2*arctan(1/(b*x + a)))~2/(tan(1/2*arctan(1/(b*x + a)))~4 +

2xtan(1/2*arctan(1/(b*x + a)))~2 + 1))*tan(1/2*arctan(1/(b*x + a)))~3 + 3*
arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~2 - 2*tan(1/2*arctan(1/(b
*x + a)))~3 - arctan(1/(b*x + a)) - tan(1/2*arctan(1/(b*x + a))))/(bxtan(1l
/2*arctan(1/(b*x + a)))~3)

output

Mupad [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.63

1 2 2 2 2 1 2
/(a+bx)2cot_1(a+bx)dx=%_n(a+ abx +b°z* + )+bx
3 6b 6
_ d’atan(a+bz)  b’z’acot(a+bw)
3b 3
+ a*zacot(a + bz) + abz® acot(a + bx)

-

input Lint(acot(a + bxx)*(a + b*x)~2,x)

-/

(a%x)/3 - log(a™2 + b 2%x"2 + 2xakbxx + 1)/(6%b) + (b*x"2)/6 - (a"3xatan(a
‘ + b*x))/(3*b) + (b"2*x"3*acot(a + b*x))/3 + a"2*x*acot(a + b*x) + a*xbxx"2
‘*acot(a + b*x) ‘

output
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.75

/(a + bz)? cot ™ (a + bx) dx

_ 2acot(bx + a) a® + 6acot(bx + a) a®bx + 6acot(br + a) a b*x? + 2acot(bx + a) b®z® — log(b%z? + 2abx +
a 6b

input ‘\mt ((b*x+a) “2*acot (b*x+a) ,x) |

output‘(Q*aCOt(a + b*x)*a*xx3 + 6%acot(a + b*x)*ax*2xb*x + 6xacot(a + b*xx)*axbx*2*
‘x**2 + 2*acot(a + b*x)*b**3*x**3 — log(a**2 + 2xa*b*x + b**x2*x**2 + 1) + 2
‘ *a*xbkxx + b**2xx*%*2)/(6%b) ‘




output
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3.10 [(a+ bz)cot™(a + bz) dx

Optimal result . . . . . . . . . . . . e 116
Mathematica [C] (verified) . . . . . . . . .. ... L 176l
Rubi [A] (verified) . . . .. . . ... .. 117
Maple [A] (verified) . . . . . . ... L 119
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 119
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 120
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1201
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 121]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 121
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 122

Optimal result

Integrand size = 12, antiderivative size = 39

2 anp—1
/(a 4+ bz) ot (a + bx) dz = g + (a + bx) 0(2)2 (a+bz) arctanéz + bx)

L1/2*x+1/2*(b*x+a)“2*arccot(b*x+a)/b-1/2*arctan(b*x+a)/b J

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.03 (sec) , antiderivative size = 141, normalized size of antiderivative = 3.62

2
a + bx) cot Y (a + bzx) dz = ax cot ' (a + bz —|—1b —94— atbe cot ™ (a + bz
2 b b
1, (/z i(i—a)?log(i —a— br)
+ 2b<b 202
i(i + a)?log(i + a + bx)
2b2

N a(—2aarctan(a + bx) + log (1 + a® + 2abz + b?z?))
2b
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inpu

t‘ Integrate[(a + bxx)*ArcCot[a + b*x],x]

output ‘

axx*ArcCot[a + b*x] + (bx(-(a/b) + (a + b*x)/b) "2%ArcCot[a + b*x])/2 + (bx*

‘(x/b - ((I/2)*(I - a)~2*LoglI - a - b*x])/b"2 + ((I/2)*(I + a)~2xLogl[I + a
‘ + b*x])/b"2))/2 + (a*(-2*a*ArcTan[a + b*x] + Logl[l + a2 + 2¥a*b*x + b~2x

\x*zl))/(z*b)

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used =

integrand size

used = {5567, 5362, 262, 216}

— 4 number of rules _ 333, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(a + bx) cot ™ (a + bx) dz

| 5567
[(a+ bz)cot™(a + bz)d(a + bz)
b
| 5362
5/ (a(i:;)xzﬂ a+bz) + 3(a+ bz)2 cot "1 (a + bz)
b
| 262
3 <_ J md(a +bz) +a+ b:r) + 3(a+ bz)? cot~(a + bz)

b

| 216

+(—arctan(a + bz) + a + bz) + 3(a + bz)% cot ™ (a + bz)

b

input L

p
Int[(a + b*x)*ArcCot[a + b*x],x]

-/



CHAPTER 3. LISTING OF INTEGRALS 118

output‘(((a + b*x) "2*ArcCot[a + b*x])/2 + (a + b*x - ArcTan[a + b*x])/2)/b

Defintions of rubi rules used

rule 216 [0t + (b_)*(x.)72)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]1*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

rule 262 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + bxx"2)"(p + 1)/(b*x(m + 2*p + 1))), x] - Simp[axc™2*x((m - 1)/
(bx(m + 2*p + 1)))  Int[(c*x)~(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
, €, p}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, ¢
, 2, m, p, xJ

rule 5362 Intl((a_.) + ArcCotl(c_.)*(x_)"(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcCot[c*x™n])"p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1))  Int[x"(m + n)*((a + b*ArcCot[c*x™n])~(p - 1)/(1 + c™2*%x~(2*n))), x],
x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[mn, 1] &
& IntegerQ[m])) && NeQ[m, -1]

rule 5567 IntL((a_.) + ArcCotl(c ) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m

_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + b*ArcCot[x])~p, x],
X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[d*e - c*xf, 0] &&
I1GtQ[p, 0]
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Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.92

method result
(bz+a)2 arccot(bz+a) + bl‘f‘g __arctan(bz+a)
derivativedivides 2 A 2
(bac+a)2 arccot(bz+a) + bl+£ _ arctan(bz+a)
default 2 I 2
b < sy (—a2 —1) arctan(bz+a)
t(bz-+a)z?b b v
parts arccot(bo+al™® 1 arccot (bz 4 a) ax + 5
parallelrisch b3z2 arccot(bx+a)+2a arccot(bz+a)x b2+arccot(br+a)a?b+b2x+b arccot(bx+a)—2ab
2b2
. i(22b+2az) In(1+4(bz+a)) ibz? In(1—i(bz+a)) iaz In(1—i(bz+a)) nbx2 razx arctan(bz+a)a?
risch i - i - ; Tt T
(bo+a)b
. (26323 +5a b2z?+4a%br+0a3+2bz+a) arccot(bz+a) z(b?2%+2abz+a’+1) (b arccot (bz+a)— 1 zm aa 2 )
orerin - t{brta)
g 2(bz+a)b 2b(bz+a)
input Lint ((b*x+a) *arccot (b*x+a) ,x,method=_RETURNVERBOSE) J
output Ll/b* (1/2* (b*x+a) “2*arccot (b*x+a) +1/2xb*x+1/2*a-1/2*arctan (b*x+a)) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) ,

/(a + bz) cot™!(a + bz) dz =

antiderivative size = 33, normalized size of antiderivative = 0.85

_ bz + (V*x® + 2abx + o® + 1) arccot (bz + a)
2b

input

tintegrate ((b*x+a)*arccot (b*x+a) ,x, algorithm="fricas") J

output

L1/2*(b*x + (b~2%x"2 + 2%axbkx + a~2 + 1)*arccot(b*x + a))/b J
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Sympy [A] (verification not implemented)

Time = 2.36 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.44

/(a + bx) cot™!(a + bx) dx

azacogl()a-i-bac) + az acot (a_l_bm)ﬂ_wﬁ_%{-w fOI'b?éO

ax acot (a) otherwise

integrate ((bxx+a)*acot (b*x+a) ,x)

inputt

‘Piecewise((a**2*acot(a + b*x)/(2%b) + a*x*acot(a + b*x) + bxx**x2%acot(a +
output
‘b*x)/Q + x/2 + acot(a + bxx)/(2x%b), Ne(b, 0)), (a*x*acot(a), True))

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.33

(a® + 1) arctan <M>

T b
— — ®

/(a + bz) cot™!(a + bz) dx = % b

(bz* + 2 az) arccot (bz + a)

N —

_|_

inputLintegrate((b*X+a)*arCC0t(b*X+a),X, algorithm="maxima") J

|1/2#%b%(x/b - (2”2 + 1)*arctan((b™2+x + a*b)/b)/b™2) + 1/2k(b*x"2 + 2%ka*x)*

output
‘arccot(b*x + a) ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 100 vs. 2(33) = 66.

Time = 0.16 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.56

/(a + bz) cot ™! (a + bz) dz

)) + 2 arctan(b )tan( arctan(b s ))2—2tan( arctan(
8btan (; arctan (bxira)f

_ arctan ( ~) tan ( arctan (- bz+a)

bz+a

inputLintegrate((b*x+a)*arccot(b*x+a),x, algorithm="giac") J

‘1/8*(arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~4 + 2*arctan(1/(b*x
‘+ a))*tan(1/2*arctan(1/(b*x + a)))~2 - 2*tan(1/2*arctan(1/(b*x + a)))~3 + ‘
‘arctan(l/(b*x + a)) + 2xtan(1/2*arctan(1/(b*x + a))))/(b*xtan(1/2*arctan(1/
L(b*x +a)))"2)

output

J

Mupad [B] (verification not implemented)

Time = 1.08 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.26

acot(a+bz) + a? acot(a+bx)
2

/(a + bz) cot ™ (a + br) dx = g + 2 2

bzr?acot(a + bx)
2

+azacot(a+bx) +

int(acot(a + b*x)*(a + b*x),x)

inputt

‘x/2 + (acot(a + bxx)/2 + (a"2xacot(a + b*x))/2)/b + a*x*acot(a + b*x) + (b

output
‘*x“2*acot(a + b*x))/2
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.26

/(a + bx) cot ™ (a + bx) dx

acot(bx + a) a® + 2acot(bz + a) abz + acot(bz + a) b*z* + acot(bx + a) + bz
2b

input Lint ((b*x+a)*acot (b*x+a) ,x)

‘(acot(a + bxx)*a**2 + 2xacot(a + b*x)*axb*x + acot(a + b*x)*b**x2xx**2 + ac

output
\ot(a + bxx) + b*x)/(2xb)




output

-

input

CHAPTER 3. LISTING OF INTEGRALS 123
3.11 f cot ™1 (a+bz) dx
a+bx

Optimal result . . . . . . . . . . . . . . e 123
Mathematica [A] (verified) . . . . . . . . . . ... 123
Rubi [A] (verified) . . . ... . . . . . . 1241
Maple [A] (verified) . . . . . . . . ..
Fricas [F] . . . . o . o e
Sympy [F] . . o 1261
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... .. 1261
Giac [B] (verification not implemented) . . . . . . . . ... ... L. 1271
Mupad [F(-1)] . . . o o 1271
Reduce [F] . . . . . o 128]

Optimal result

Integrand size = 14, antiderivative size = 45

i PolyLog (2, —ﬁﬁ)

i PolyLog (2
. (

) i)

/cot_l(a + bx) p
a+ bz N 2b

2b

L—1/2*I*polylog(2 ,-I/(b*x+a)) /b+1/2*%I*polylog(2,I/(b*x+a))/b

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.84

_i(PolyLog (2, —ﬁ) — PolyLog (2, Hﬁ))

/cot_l(a + bx) p

a+ bx

2b

LIntegrate [ArcCot[a + b*x]/(a + b*x),x]

-/

output L

((-1/2*I)*(PolyLog[2, (-I)/(a + b*x)] - PolyLogl[2, I/(a + b*x)]))/b




input

output

rule 2838

rule 5356
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.96,

number of rules _ 91 4, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {5567, 5356, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) iz

a—+ bx
l 5567
f COt_a:EZ:bx) d(a + ba:)
b
l 5356
1 i 1 i
i 0 5) 4o ) s ) g
b
l 2838
%iPolyLog (2, ﬁ%) — %z PolyLog <2, —ﬁ)
b

-

LInt [ArcCot[a + b*x]/(a + b*x),x]

~—

e hY

((-1/2%I)*PolyLogl[2, (-I)/(a + bxx)] + (I/2)*PolyLogl[2, I/(a + b*x)])/b

N J

Defintions of rubi rules used

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x]
+ (-Simp[I*(b/2) Int[Log[l + I/(c*x)]1/x, x], x] + Simp[I*(b/2) Int([Log
[1 - I/(c*x)1/x, x]1, x]1) /; FreeQ[{a, b, c}, x]
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ruk35567‘Int[((a—') + ArcCot[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d  Subst[Int[(£*(x/d)) "m*(a + b*ArcCot[x]) p, xI,
' x, ¢ +dxx], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
- 16tQlp, 0] |

Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.22

method result

risch idilog(—gzci—aiﬂ) + Wln(—gla)ci—ai) _ idilog(bzxz-',-ai-i-l)

derivativedivides In(bz+a) arccot(bm—i—a)—““(bz*“) 1“2(1+i(b1+‘1)) +iln(ba:)+a) 1n2(17i(bz+a)) _idilog(lzi(bz+a)) +idilog(1—2i(bz+a))

default In(ba-+a) arccot(baa)— Heteteligtribetel 4 ln(bzﬂ) In(i-i(ba+a)) _ idilog(iti(bota)) 4 idilog—i(ba+a))

paﬁﬁ m@x+@a?an@x+@ +-_im@mﬂﬂgLH@Hﬂ»+im@MﬂﬂgL4iHﬂ»_MM@OENM+@)+hm%u;“M+@)
inputLint(arCCOt(b*X+a)/(b*X+a),X:meth0d=_RETURNVERBUSE) J

¢ 1/2%1/b*dilog(1-Txa-Txbsx)+1/2/b*Pixln(-T¥bxx-T*a)-1/2+I/bxdilog(1+T*a+Isb

outpu ‘ x) ‘
Fricas [F|
/ cot™(a + bx) gy — / arccot (bz + a) i
a+bx bx +a
input Lintegrate (arccot (b*x+a)/(b*x+a) ,x, algorithm="fricas") J

outputtintegral(arccot(b*x + a)/(b*x + a), x) J
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Sympy [F]
-1
/ w dx = / M dx
a+bx a+ bz
input Lintegrate (acot (b*x+a)/ (b*x+a) ,x) J

-

LIntegral(acot(a + bxx)/(a + b*x), x)

—

output

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 112 vs. 2(31) = 62.

Time = 0.18 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.49

/ cot™(a + bx) dp — arccot (bx + a) log (bz + a) N arctan (@) log (bz + a)

a+ br b b
+arctan (bx + a,0) log (b?22 + 2 abx + a® + 1) — 2 arctan (bz + a) log (|bx + a|) + i Liz(ibz +ia + 1)
2b

/

~—

inputkintegrate(arccot(b*x+a)/(b*x+a),x, algorithm="maxima")

output‘ arccot(b*x + a)*log(b*x + a)/b + arctan((b~2#x + a*b)/b)*log(b*x + a)/b + \
‘1/2*(arctan2(b*x + a, 0)*log(b~2*x~2 + 2*axbxx + a”2 + 1) - 2*arctan(b*x +
- a)xlog(abs(b*x + a)) + Ixdilog(I*bxx + I¥a + 1) - Ixdilog(-I¥bxx - Ixa +

\1))/b
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 100 vs. 2(31) = 62.

Time = 0.38 (sec) , antiderivative size = 100, normalized size of antiderivative = 2.22

-1
/cot (a + bx) dp =
a + bx

arctan (51— - ) tan (3 arctan (—bxia)) + 2 arctan (- o ) tan (3 arctan (5 ira))2 — 2 tan (3 arctan (b—i
8b2tan (2 arctan (lmﬂ))2
inputLintegrate(arccot(b*x+a)/(b*x+a),x, algorithm="giac") J
output‘ -1/8*(arctan(1/(b*x + a))*tan(1/2*arctan(1/(b*x + a)))~4 + 2xarctan(1l/(b*x

‘ + a))*tan(1/2*arctan(1/(b*x + a)))~2 - 2%tan(1/2*arctan(1/(b*x + a)))~3 +
‘ arctan(1/(b*xx + a)) + 2*tan(1/2*arctan(1/(b*x + a))))/(b~2*tan(1/2*arctan
1/ (b*x + 2)))"2) |

Mupad [F(-1)]

Timed out.

/cot_l(a + bx) dp — / acot(a + bx) i

a+ bx a+bx

[int(acot(a + b*x)/(a + b*x),x)

-/

input

output Lint(acot(a + b*x)/(a + b*x), x) J
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Reduce [F]

/cot_l(a + bx) i — / acot(br + a) i

a+ bx bxr+a

input Lint (acot (b*x+a) / (b*x+a) ,x)

output Lint(acot(a + bxx)/(a + b*x),x)




output

input

output
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cot ™1 (a+bz)

312 [ et gy

Optimal result . . . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . ... 129
Rubi [A] (verified) . . . . . . . . . .. 1301
Maple [A] (verified) . . . . . . ... L 132
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 132
Sympy [C] (verification not implemented) . . ... ... ... ... ....... 133
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 133
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 134
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 134
Reduce [B] (verification not implemented) . . . ... ... ... ......... 135

Optimal result

Integrand size = 14, antiderivative size = 47

N log (1+ (a + bx)?)

/ cot '(a+br) ~ cot”'(a+bx) log(a+bx)

(a + bx)? v b(a + bx)

b

2b

-

L—arccot (bxx+a) /b/ (b*x+a) -1n(b*x+a) /b+1/2*1n (1+(b*x+a) ~2) /b

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.89

__cot” L(a+bx)

b

/ cot™(a + bx) Jp— —_atbe log(a + bz) + 1 log (1 + (a + bz)?)

(a + bz)?

‘Integrate[ArcCot[a + bxx]/(a + b*x)~2,x]

L(-(ArcCot[a + b*x]/(a + b*x)) - Logla + b*x] + Logl[l + (a + bxx)~2]/2)/b

J
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96,

number of rules _ 429, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5567, 5362, 243, 47, 14, 16}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/ cot™(a + bx) s
(a + bzx)?

| 5567

| sty dla+be)

b
l 5362

yd(a + bz) — 7(:0:1‘;:”)
b

l 243

1
- f (a+bx)((a+bx)2+1

1 1 t~!(a+b
—3/J (a+bz)2((a+bx)2+1) d(a + bz)* — = aJEZx 2

b
l 47

CO’ -1 a X
% (f md(a + b$)2 - f (a-l-%)x)? d(a + bx)Q) - : a-ﬁb:b )

b
l 14
—l(g+bx
3 (J Grstprrd(a + b2)* — log ((a + ba)?) ) — (o)
b

| 16

%(log ((a+bz)? +1) —log ((a + bz)?)) — w
b

e

LInt[ArcCot[a + b*x]/(a + b*x)"2,x]

~—




output

rule 14

rule 16

rule 47

rule 243

rule 5362

rule 5567
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(~(ArcCot[a + b*x]/(a + b*x)) + (-Logl(a + b*x)"2] + Logl[l + (a + b*x)~2])
2/

Defintions of rubi rules used

-

LInt[(a_.)/(x_) , X_Symbol] :> Simp[a*Log[x], x] /; FreeQ[a, x]

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
bxx, x]11/b), x] /; FreeQ[{a, b, c}, x]

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - a*xd) Int[1/(c + d*x), x
1, x1 /; FreeQl{a, b, c, d}, x]

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + bkArcCot[c*x™n]) p/(m + 1)), x] + Simp[b*c*n*(p/(m +

1)) Int[x"(m + n)*((a + b*ArcCot[c*x"n])"(p - 1)/(1 + c"2*x~(2*n))), x],

x] /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1] &
& IntegerQ[m])) && NeQ[m, -1]

‘Int[((a_-) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
‘_.), x_Symbol] :> Simp[1/d  Subst[Int[(£f*(x/d)) “m*(a + b*ArcCot[x]) p, xI,
‘ x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0] &&
\ 1GtQ[p, O]

J

-/
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Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87

method result
2
e _arccotowta) gy o IFCRH?)
derivativedivides brta ( - ) 2
2
_w_ln bz+a +M
default bata ( > ) 2
__arccot(bz+a) In(b?z2+2abz+a?+1) _ In(bz+a)
parts b(bz+a) 2b b
: 6In(bz+a)za b>—3b? In (b2 +2abz+a’+1) az+6 In(bz+a)a’b—3 In(b?x? +2abe+a’+1) ab+6 arccot(bz+a)ab
parallelrisch — el
isch iIn(1+i(bz+a)) 21n(—bz—a)bz—In (b2z2+2abz+a?+1)bz+2 In(—bz—a)a—a In(b?z2+2abz+a2+1) —i In(1—i
risc T 2b(bata) o(bata)
input Liﬂt (arccot (b*x+a)/ (b*x+a) ~2,x,method=_RETURNVERBOSE) J
output Li/b* (-arccot (b*x+a) / (b*x+a) -1n(b*x+a)+1/2*1n(1+(b*x+a) ~2)) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.26

/ cot™(a + bx) e

(a + bz)?
_ (bz + a)log (b°z® + 2abx + a® + 1) — 2 (bx + a) log (bz + a) — 2 arccot (bz + a)
- 2 (b%x + ab)
input Lintegrate (arccot (b*x+a)/ (b*x+a) ~2,x, algorithm="fricas") J

‘1/2*((b*x + a)*log(b™2#x72 + 2%a*b*x + a”2 + 1) - 2x(b*x + a)*log(b*x + a) \

output
‘ - 2xarccot (b*x + a))/(b~2*%x + axb) ‘
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 4.68 (sec) , antiderivative size = 139, normalized size of antiderivative = 2.96

-1
/ cot™'(a + bx) i
(a + bx)?

__alog (§+z) + alog ($+z—1%) + iaacot (a+bz)  bxlog (§+a) + bzlog (L4+z—%) + ibz acot (a+bx)  acot (a+bz) for b
— ab+b%z ab+b2z ab+b2z ab+b2z ab+b2z ab+b2z ab+b%z

z acot (a)

—az othe

input ntegTate (acot (bxira) / (bxxea) 12, x)

p
‘Piecewise((-a*log(a/b + x)/(a*b + b*x2+x) + axlog(a/b + x - I/b)/(axb + bx
\*2*x) + Ikxaxacot(a + b*x)/(a*b + b**2xx) - b*x*log(a/b + x)/(a*b + b**2%x)
\ + b*xxlog(a/b + x - I/b)/(axb + b**2*x) + Ix*b*x*acot(a + b*x)/(axb + b*x2

output
L*x) - acot(a + b*x)/(axb + b**2xx), Ne(b, 0)), (x*acot(a)/a**2, True)) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.13

/ cot™!(a + bx) log (b?2% +2abx +a?+1) log(bz +a) arccot (bx + a)
dr = — —
(a + bx)? 2b b (bz + a)b

input Lintegrate (arccot (bxx+a)/(b*x+a) “2,x, algorithm="maxima") J

‘1/2*1og(b“2*x‘2 + 2xa*xb*x + a”2 + 1)/b - log(b*x + a)/b - arccot(b*x + a)/ ‘
| ((b*x + a)xb)

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 238 vs. 2(45) = 90.

Time = 0.16 (sec) , antiderivative size = 238, normalized size of antiderivative = 5.06

-1
/ cot™'(a + bx) i
(a + bx)?

1 2 1 1 2 4 (tan(% arctan(ﬁ))4—2 tan(% arctan(bxh_a))2+l) 1
ard:an(m) tan(i ard}an(ﬁ)) _log taﬂ(% arctan(ﬁ))4+2 tan(% arctan(ﬁ))2+1 tan(§ -

2
arctan (;1)? -

2

input‘integrate(arccot(b*x+a)/(b*x+a)*z,x, algorithm="giac")

-1/2*(arctan(1/(bxx + a))~2 - (arctan(l/(b*x + a)) " 2*tan(1/2*arctan(1l/(b*x

+ a)))"2 - log(4*(tan(1/2*arctan(1/(b*x + a)))~4 - 2*tan(1l/2*arctan(1l/ (b
x + a)))"2 + 1)/(tan(1/2*arctan(1/(b*x + a)))~4 + 2xtan(1/2*arctan(1/(b*x
+ a)))"2 + 1))*tan(1/2*arctan(1/(b*x + a)))~2 - arctan(1/(b*x + a))~2 + 4%
arctan(1/(b*x + a))*tan(1/2xarctan(1/(b*x + a))) + log(4*(tan(1l/2*arctan(1
/(b*x + a)))~4 - 2+tan(1/2*arctan(1/(b*x + a)))~2 + 1)/(tan(1/2*arctan(1/(
b*x + a)))~4 + 2*xtan(1/2*arctan(1/(b*x + a)))~2 + 1)))/(tan(1/2*arctan(1/(
bxx + a)))"2 - 1))/b

output

Mupad [B] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.21

/cot‘l(a—l—ba:) i In(-a®—2abz—b*2°—1) In(a+bx) acot(a+bx)
(a + bz)? B 2b b zb?>+ab

inputLint(acot(a + bxx)/(a + b*xx)~2,x) J

e B

log(- a”2 - b™2%x"2 - 2%a*b*x - 1)/(2%b) - log(a + b*x)/b - acot(a + bx*x)/
(a*b + b~2%x)

output
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 111, normalized size of antiderivative = 2.36

cot™!(a + bx)
/ (a + bz)? dz

_ 2acot(bz + a) bz + 2atan(bx + a) a + 2atan(br + a) bx + log(b*z? + 2abx + a® + 1) a® + log(b*z? + 2al
B 2ab (bzx + a)

-

input L

-/

int (acot (b*x+a) / (b*x+a) ~2,x)

p
‘(2*acot(a + b*x)*b*x + 2*atan(a + b*x)*a + 2*atan(a + b*x)*b*x + log(a**2
‘+ 2%a*xb*x + b*k2kx*k*2 + 1)*kax*2 + 1og(a**2 + 2kaxbkx + b*¥*2%x*%2 + 1)*kaxb*
‘x - 2xlog(a + bx*x)*ax*2 - 2xlog(a + bxx)*axbxx)/(2*axbx(a + b*x))

output

\‘




output

input

output
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cot ™1 (142)

3.13 | Tares— dx

Optimal result . . . . . . . . . . . . . . e 136
Mathematica [A] (verified) . . . . . . . . . . ... 136
Rubi [A] (verified) . . . . . . . . . . 137
Maple [A] (verified) . . . . . . ... L 138
Fricas [F] . . . . o . o e 139
Sympy [F] . . o 139
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... .. 139
Giac [A] (verification not implemented) . . . . . . . . ... ... L. T401
Mupad [F(-1)] . . . oo 140
Reduce [F] . . . . o o e 140

Optimal result

Integrand size = 12, antiderivative size = 35

-1 1 1
/ cot”(1+a) , _ —iPolyLog (2, -

242z

v
1+

2

1
+ ZZ PolyLog

t—1/4*I*polylog(2,-I/(1+x))+1/4*I*polylog(2,I/(1+x))

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00

/ cot™}(1+ )
2+ 2z

L. ?
dx = —ZZ PO].YLOg <2, _:H-—[L‘>

1
+ Zz PolyLog

i
9 -
(>2)

LIntegrate[ArcCot[l + x]1/(2 + 2*x),x]

-

L(—1/4*I)*PolyLog[2, (-I)/(1 + x)] + (I/4)*PolyLogl2, I/(1 + x)]

-/




CHAPTER 3. LISTING OF INTEGRALS 137

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.11,

number of rules _ 0.333, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5567, 27, 5356, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/cot (z+1) i
2z + 2

l.5567

cot~1(z +1)
/ 2wt ‘@t

| 27

1/wmﬁ@+nd
- | —/————d(z+1)

2 z+1
l 5356
l 2838

1/1 1 1 1
—| =iPol —— | — =i Pol S —
2<2z olyLog (2’x—|—1> 22 olyLog <2, m+1>)

s

Llnt [ArcCot[1 + x1/(2 + 2%x),x]

~—

input

OutputL<(-1/2*I)*PolyLog[2, (-1)/(1 + x)] + (I/2)*PolyLogl2, I/(1 + x)1)/2 J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 2838 Int[Logllc_)*((d)) + (e_.)*(x_)"(n_.))1/(x.), x_Symbol] :> Simp[-PolyLog[2
, (-c)*e*xx"nl]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

rule 5356 Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> Simp[axLoglx], x]
+ (-Simp[I*(b/2) Int[Log[l + I/(c*x)]1/x, x], x] + Simp[I*(b/2) Int([Log
[1 - I/(c*x)]1/x, %], x]1) /; FreeQ[{a, b, c}, x]

rule 5567 IntL((a_.) + ArcCotl(c ) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCot[x])"p, x],
X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[d*e - c*xf, 0] &&
1GtQ[p, 0]

Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.06

method result
risch 7r111(—4%’%—%’) + idilog(—4z’z—i+1) _ z’dilog(z;lx—‘,—i—i—l)
derivativedivides | 20+2) azccot(lﬂ) _ iln(l+z) 1n4(1+i(1+w)) + inQ+e) 1n4(1—i(1+x)) _ idilog(li-i(l-l—w)) + z‘dﬂog(lj(-
In(14) arccot(1+z) _ iln(l42)In(l4i(l+e)) | iln(l4z)In(l—i(l+e)) _ didilog(l4i(l+z)) | ddilog(l—i(
default . _ ! 4 ! _ : 4 :
In(1+z)arccot(1+e) _ iln(l+2)In(1+i(l+2)) | iln(l+z)n(1—i(l4z)) _ idilog(1+i(l+)) , idilog(1—i(
parts : _ ! + A _ . n :
inputLint(arccot(1+x)/(2+2*x),x,method=_RETURNVERBOSE) J
output| 1/4*PT¥1n(-Txx-T)+1/4+Txdilog(-Txx+1-T)-1/4xT*dilog (Txx+1+T) J
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Fricas [F]
/cot ( +x)dm=/arccot(ac+ )dm
242z 2(x+1)
input Lintegrate (arccot (1+x)/(2+2*x) ,x, algorithm="fricas")

Lintegral(l/Q*arccot(x + 1/ + 1), %)

output
Sympy [F]
/cot‘l(l + ) dp — f%fl“)dx
2+ 2z 2
input Lintegrate (acot (1+x) / (2+2%x) , %)

output LIntegral(acot(x + 1)/(x + 1), x)/2

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 64 vs. 2(21) = 42.

Time = 0.17 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.83

t~1(1 1 1
/wdzz = arctan (z +1,0)log (z* + 22+ 2) +§ arccot (z+ 1) log (z + 1)

2+ 2x 4

1 1
+3 arctan (z + 1)log (z + 1) — 5 arctan (z + 1) log (|z + 1|)

1 1
+ ZiLiQ(ix+i+ 1) — ZiLiZ(—im—i+ 1)

input Lintegrate (arccot (1+x)/(2+2%x) ,x, algorithm="maxima")
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‘1/4*arctan2(x + 1, 0)xlog(x™2 + 2xx + 2) + 1/2xarccot(x + 1)*log(x + 1) + ‘
‘1/2*arctan(x + 1)*log(x + 1) - 1/2*arctan(x + 1)*log(abs(x + 1)) + 1/4%I*d
(ilog(I#x + I + 1) - 1/4xI*dilog(-T*x - I + 1) |

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.74

/ cot™ (1 + z)

dw-—l(x+1)2arctan . —lx—larctan L _1
2+ 2z 4 T+1 47 4 T+1 4

inputLintegrate(arc:cot(1+x)/(2+2*x),x, algorithm="giac") J

output{-l/‘l*(x + 1)"2*arctan(1/(x + 1)) - 1/4*x - 1/4*arctan(1/(x + 1)) - 1/4 J

Mupad [F(-1)]

Timed out.
cot7'(14+2) ,  [acot(z+1)
/ 2+ 2z dx_/ st @
inputtint(acot(x + 1)/(2%x + 2),%) J
output Lint(acot(x +1)/(2%x + 2), x) J
Reduce [F]

acot(z+1)

/cot_l(l—l-m)d <f o+ dw)

———dx
242z 2

inputLint(acot(1+x)/(2+2*x),X) J
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output Lint(acot(x +1)/(x + 1),x)/2




output

input L
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-1
3.14 f COtad (a+bz) dx
D +dzx
Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... . L L 142
Rubi [A] (verified) . . . . . . .. . . 143
Maple [A] (verified) . . . . . . . . . .. 144
Fricas [F] . . . . . . o o 145
Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . . ... ... .. ... ..
Giac [B] (verification not implemented) . . . . . . .. ... ... ... ... .. 146
Mupad [F(-1)] . . . . . e 1461
Reduce [F] . . . . . o 147
Optimal result

Integrand size = 19, antiderivative size = 45

/

cot™(a + bx) e

%i—I—dz

i PolyLog (2, —ﬁ) i PolyLog (2, ﬁ)
- 2d * 2d

L—1/2*I*polylog(2 ,—I/(b*x+a))/d+1/2xI*polylog(2,I/(b*x+a))/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.84

/

cot™(a + bx)
% +dz

dzr =

_z'(PolyLog (2, — 5% ) — PolyLog (2, -757))

2d

Integrate [ArcCot[a + b*x]/((a*d)/b + d*x),x]

output L

((-1/2%I)*(PolyLog[2, (-I)/(a + b¥x)] - PolyLogl[2, I/(a + b*x)1))/d
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.96,

number of rules _ 0.211, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5567, 27, 5356, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/ cotad (a + bx) iz
J,5567

bcot—1(a+bx
J ;(a-igb:) Ld(a + ba)

b

l 27

f cot~1(a+bx) d(a + b.’L‘)

a+bx
d
l 5356
. . log 1—ﬁ . . log 1+ﬁ
5/ %d(a +bx) — 3i [ %d(a + bx)
d
l 2838

%iPolyLog (2, Hﬁ) — %iPolyLog (2, —ﬁ)
d

input LInt [ArcCot[a + b*x]/((a*d)/b + d*x),x]

-

outputL<<-1/2*D*PolyLogE2, (-I)/(a + b*¥x)] + (I/2)*PolyLogl2, I/(a + b*x)1)/d

- )



rule 27

rule 2838

rule 5356

rule 5567

input

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*xx"nl]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x]
+ (-Simp[I*(b/2) Int[Log[l + I/(c*x)]1/x, x], x] + Simp[I*(b/2) Int([Log
[1 - I/(c*x)]/x, x], x]1) /; FreeQ[{a, b, c}, x]

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCot[x])"p, x],
X, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[d*e - c*xf, 0] &&
1GtQ[p, 0]

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.22

method result
. idilog(—bzi—ai+1) min(—bri—ai)  idilog(bxritait1)
risch 5d + 2d d
1n(b:c+a) arccot(bm+a) __iln(bz+a) ln2(1+i(bz+a)) + iIn(bz+a) ln2(1—i(bz+a)) i dilog(lti(bz{—a)) + % dilog(l—Qi(bz+a))
parts d + 4

_iln(bz+a) In(14-i(bx+a)) + iln(bz+a) In(1—i(bz+a)) idilog(14-i(bz+a)) + idilog(1—i(bz+a)) )
2 2 2 2

bIn(bz+a) arccot(bz+a) + b(
d d

derivativedivides 5

_iln(bz+a) In(14-i(bz+a)) + iln(bz+a) In(1—i(bxz+a)) idilog(14-i(bz+a)) + i dilog(1—i(bz+a)) )
2 2 2 2

bln(bz+a) arccot(bz+a) + b(
d

default . 4

Lint (arccot (b*x+a) / (a*d/b+d*x) ,x,method=_RETURNVERBOSE)

‘1/2*I/d*dilog(1—I*a—I*b*x)+1/2/d*Pi*1n(-I*b*x—I*a)—1/2*I/d*dilog(1+I*a+I*b

-
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Fricas [F]

/ cot™!(a + bx) dp — / arccot (bx + a) i

ad ad
G +dz dr + %

t‘integrate(arccot(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

inpu
outputtintegral(b*arccot(b*x + a)/(bxd*x + a*d), x) J
Sympy [F]
/ cotatba) _b[ L de
p +aT
input Lintegrate (acot (b*x+a) / (a*d/b+d*x) ,x) J
Outputtb*lntegral(acot(a + b*x)/(a + b*x), x)/d J

inputt

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 122 vs. 2(31) = 62.

Time = 0.18 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.71

/ cot~!(a + bx) do — arccot (bz + a) log (dz + %2) N arctan <b2sz+ab) log (dz + %)

u g B d d
, +aT
+arctan (bz + a,0) log (b?z% + 2 abz + a® + 1) — 2 arctan (bz + a) log (|bx + a|) + i Liz(i bz +ia + 1)
2d
integrate(arccot (b*x+a)/(a*xd/b+d*x) ,x, algorithm="maxima") J
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output‘ arccot (b*x + a)*log(d*x + a*d/b)/d + arctan((b"2*x + a*b)/b)*log(d*x + a*xd ‘
|/b)/d + 1/2%(arctan2(b*x + a, 0)*log(b™2%x"2 + 2xaxb¥x + a™2 + 1) - 2%arct |
‘an(b*x + a)*log(abs(b*x + a)) + I*dilog(Ixb*x + I*a + 1) - Ixdilog(-I*b*x

\— I*a + 1))/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 103 vs. 2(31) = 62.

Time = 0.36 (sec) , antiderivative size = 103, normalized size of antiderivative = 2.29

/ cot™(a + bx) p

%d + dx
1 1 1 4 1 1 1 2 1 1
_ arctan (bx+a) tan (3 arctan (m)) + 2 arctan (W) tan (3 arctan (bera)) — 2 tan (1 arctan <E
1 1 2
8bdtan (3 arctan (bx+a))
inputLintegrate(arccot(b*x+a)/(a*d/b+d*x),x, algorithm="giac") J
output‘ -1/8*(arctan(1/(b*x + a))*tan(1l/2*arctan(1/(b*x + a)))~4 + 2*arctan(1/(b*x

‘ + a))*tan(1/2*arctan(1/(b*x + a)))~2 - 2xtan(l/2*arctan(1/(b*x + a)))~3 +
\ arctan(1/(b*x + a)) + 2*tan(1/2*arctan(1/(b*x + a))))/(b*d*tan(1/2*arctan \
1/ (b*x + 2)))72) |

Mupad [F(-1)]

Timed out.
t 1 b t b
/ cot”(a+ba) g, [acoblatba)
inputtint(acot(a + bx)/(d*x + (axd)/b),x) J
output 1Bt (acot(a + bxx)/(dxx + (a+d)/b), x) ]
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Reduce [F]

acot(bz+a
/ cot™!(a + bx) (f #dw) b
—d o dr

& +dx d

inputLint(aCOt(b*X+a)/(a*d/b+d*X),x)

Outputt(int(acot(a + b*x)/(a + b*x),x)*b)/d




outputt

input

output
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3.15 [(a+bz)*\/cot™ (a + bx) dz

Optimal result . . . . . . . . . . . . . . . e 148
Mathematica [N/A] . . . . . . . . 148
Rubi [N/A] © o oo e e e T49
Maple [N/A] . . . . . 149
Fricas [F(-2)] . . . . . o e 150
Sympy [N/A] . . . 150
Maxima [F(-2)] . . . . . .. 150
Giac [N/A] . . o o 1511
Mupad [N/A] . . . .o 151
Reduce [N/A] . . . o o 1511

Optimal result

Integrand size = 18, antiderivative size = 18

/(a + bx)*y/cot ™ (a + bz) dz = Int ((a + bx)?y/cot ™ (a + bx), a:)

Defer (Int) ((b*x+a) ~2*arccot (b*x+a)~(1/2),x)

Mathematica [N/A]

Not integrable

Time = 3.51 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(a + bz)?\/cot™(a + bz) dx = /(a + bz)?y/cot ™ (a + bx) dx

s

LIntegrate[(a + bxx) "2*Sqrt [ArcCot[a + b*x]],x]

~—

LIntegrate [(a + b*xx)~2xSqrt[ArcCot[a + b*x]], x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/(a + bx)%\/cot~(a + bx) dx

l 5573

/(a + bz)?\/cot™(a + bx)dz

below.

‘Int[(a + bxx) ~2*Sqrt [ArcCot[a + b*x]],x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.83 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

/ (bz + a)® \/arccot (bx + a)dz

Lint((b*x+a)“2*arccot(b*x+a)“(1/2),x)

/

Lint((b*x+a)‘2*arccot(b*x+a)“(1/2),x)

~—
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Fricas [F(-2)]

Exception generated.

/ (a + bx)?y/cot™*(a + bx) dz = Exception raised: TypeError

input tintegrate ((bxx+a) “2*arccot (b*x+a) ~(1/2) ,x, algorithm="fricas")

Output‘Excep‘cion raised: TypeError >> Error detected within library code: inte

Lgrate: implementation incomplete (constant residues)

Sympy [N/A]
Not integrable

Time = 9.43 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(a + bx)?y/cot ™ (a + bx) dz = / (a + bz)? \/acot (a + bz) dz

inputLintegrate((b*x+a)**2*acot(b*x+a)**(1/2),x)

outputtlntegral((a + b*x)**x2xsqrt(acot(a + b*x)), x)

Maxima [F(-2)]

Exception generated.

/ (a + bx)?y/cot™*(a + bx) dz = Exception raised: RuntimeError

input Lintegrate ((b*x+a) “2*arccot (b*x+a) ~(1/2) ,x, algorithm="maxima")

Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

‘ ve exponent.
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Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(a + bz)?\/cot™(a + bz) dx = / (bz + a)*+/arccot (bz + a) d

-

e—

inputkiﬂtegrate((b*X+a)“2*arCCot(b*x+a)‘(1/2),x, algorithm="giac")

output Lintegrate ((bxx + a)~2*sqrt(arccot(b*x + a)), x) J

Mupad [N/A]
Not integrable

Time = 1.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(a+bz)2\/cot_1(a+bz)dx=/\/m(a—l-bz)de

input Lint(acot(a + bxx)~(1/2)*(a + b*x)"2,x) J

output Lint(a“t(a + b*x)~(1/2)*(a + b*x)72, x) J

Reduce [N/A]

Not integrable
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Time = 0.26 (sec) , antiderivative size = 224, normalized size of antiderivative = 12.44

/(a + bz)?\/cot ™ (a + bx) dx

= v/ acot (bz + a) a*z + v/ acot (bx + a) abz® +

Jacol(bata) = 3
(f acot(bz+a) dr|b

a?+2acot(bz+a)abr+acot(bz+a)b?z2+acot(br+a)

\/ acot (bx + a) b*z3

)
6
(f acot(bz+a) uotlpere)s dﬂ:) ab?
)

a?+4-2acot(bz+a)abr+acot(bz+a)b2z2+acot(bz+a)

2
v/ acot(bz+a) x
(f acot(bz+a) dz ) a®b

a?+4-2acot(bz+a)abr+acot(bz+a)b?z2+acot(br+a)
2

input Lin‘t ((b*x+a) ~2%acot (b*x+a) ~(1/2),x)

(6*sqrt(acot(a + bxx))*ax*2*x + 6*sqrt(acot(a + b*x))*axbxx*x2 + 2ksqrt(ac
ot(a + bxx))*b**2*x**3 + int((sqrt(acot(a + b*xx))*x*x3)/(acot(a + bxx)*ak*
2 + 2*%acot(a + b*x)x*a*b*x + acot(a + b*x)*b**2xx**2 + acot(a + b*x)),x)*bx*
*3 + 3*xint((sqrt(acot(a + b*x))*x**2)/(acot(a + b*x)*ax*2 + 2%acot(a + b*x
)*axbxx + acot(a + bxx)*b**2xx**2 + acot(a + b*x)),x)*a*b**2 + 3xint((sqrt
(acot(a + b*x))*x)/(acot(a + b*x)*a**2 + 2xacot(a + b*x)*axbxx + acot(a +
b*x) ¥b**2%x**2 + acot(a + b*x)),x)*a**2%b)/6

output
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3.16 [(e+ fz)’ (a+ beot™(c+ dx)) dz

Optimal result . . . . . . . . . . . . e 153
Mathematica [C] (verified) . . . . . . . . .. ... L 154
Rubi [A] (verified) . . . .. . . ... .. 154
Maple [B] (verified) . . . . . . . . . ... 156
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 157
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 158
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1591
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 160
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 161
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 162

Optimal result

Integrand size = 18, antiderivative size = 233

/(6 + f:l?)?’ (a + bcot_l(c+ d:l:)) de — bf(6d2e2 — 126di§3— (1 — 602) f2).’E

N bf2(de —cf)(c+dz)?  bf3(c+dz)® (e+ fr)*(a+bcot™(c+ dx))

2" 12 if
b(die* — dcdPe3f — 6(1 — ) d2e2f2 + 4¢c(3 — ) def? + (1 — 6¢% + ¢*) f*) arctan(c + dx)
+ 4dif
b(de — cf)(de + f —cf)(de — (1 + ¢)f) log (1 + (c + dz)?)
* 2

1/4xb*f*x (6%d"2%xe " 2-12*ckd*e*f—(—6*c™2+1) *£~2) *x/d"3+1/2xb*f 2% (—c*xf+d*e) * (
d*x+c) ~2/d"4+1/12xb*f ~3% (d*x+c) “3/d~4+1/4* (f*xx+e) ~4* (atb*arccot (d*x+c)) /f+
1/4%b* (d"4*e~4-4*cxd"3*e 3*f-6* (—c2+1) *d"2*e” 2*%f ~2+4*c* (—c~2+3) *d*e*xf ~3+(
Cc~4-6%c~2+1) *f~4) *arctan (d*x+c) /d~4/f+1/2*b* (—cxf+d*e) * (—cxf+d*e+f) * (d*xe—(
1+c)*f) *1n(1+(d*x+c)"2)/d~4

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.67

/(e + fz)° (a + beot ™ (c + dz)) dz

2(6d%e2—12cde — c2)f2)x 3(de—cf)(c+dx)? 4(c+dx)3—3i(de—(—i4c) f)
(e—i—fx)4 (a~|—bcot_1(c—|—dx))—|— b(6df? (6d%e®—12cdef+(—1+6¢) f2)z+12f3 (de—cf)(c+dx)?+2f (6(—;4d) 3i(de—(—i+c)f)

4f

-

input LIntegrate[(e + f*x)~3%(a + b*ArcCot[c + d*x]),x]

~—

(((e + fxx)~4*(a + bxArcCot[c + d*x]) + (bx(6*d*f~2%(6%xd"2%e”2 - 12%ckd*e*f
\ + (-1 + 6%c™2)*f"2)*x + 12%f"3*(d*e - cxf)*x(c + d*x) "2 + 2%xf~4*x(c + d*x)~
\3 - (3*I)*(d*xe - (-I + c)*f) 4*Logl[I - c - d*x] + (3*I)*(d*e - (I + c)*f)~
L4*Log[I + ¢ + d*x]))/(6%d"4))/(4%f)

output

| ——

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 230, normalized size of antiderivative = 0.99,

number of rules _ 0.278, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5571, 27, 5388, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + beot ! (c + dz)) dz
| 5571

f (d (e— %) +f(c+dw1l): (a+bcot =1 (c+dx)) d(c + dm)

d
| 27

[(de —cf + f(c+dzx))3 (a+ beot™! (c + dz)) d(c + dz)
P
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l 5388
€e—C, C T 4
bf %d(c"'dm) (f(c+dz)—cf+de)* (a+bcot~1(c+dx))
if + af

d4

l 478

4 4 4 4
bj‘<(c4-dz)2f4—r4(de-cf)(c4—dz)f34—(6d2e2—-12c¢fe__(1_662)f2)fz4_d i ‘4°d3fe3‘6(1—02)d2f262+46(3—62)dfsitfzz;fii+1)f +4f (de—cf)
4f
d4

l 2009

(f(c+dx)—cf+de)* (a+bcot—1(c+dx)) + b(arctan(c+dz) (—6(1—c?)d2e? f2+4c(3—c?)def3+ (c*—6c2+1) f4—4dcd3e3 f+d*e*) + f2(c+dz) (—
4

d4

-

input LInt[(e + f*x)~3%(a + b*ArcCot[c + d*x]),x]

-/

(((d*e - c*f + fx(c + d*x))~4*(a + b*ArcCot[c + d*x]))/(4xf) + (b*x(f~2x(6%
d~2*e”2 - 12xckdxexf — (1 - 6*c™2)*f"2)*(c + d*x) + 2*xf~3x(d*xe - c*f)*(c +
d*x)~"2 + (£f74*(c + d*x)"3)/3 + (d"4*e”4 - 4xcxd"3*e"3*f — 6*%(1 - c~2)*d"2
*e"2xf"2 + 4xc*(3 - c"2)*dxe*f~3 + (1 - 6%xc”2 + c~4)*xf~4)*ArcTan[c + d*x]
+ 2+f*(d*e - cxf)x(d*e + £ - cxf)*x(d*e - (1 + c)*f)*xLogl[l + (c + d*x)~2]))
/(4x£))/d"4

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((c_ ) + (d_)*(x_))"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(c + d*x)"n/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

rule 478

ruka2009£1nt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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rule 5388 Int[((a_.) + ArcCot[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]
:> Simp[(d + e*x)~(q + 1)*((a + b*ArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
c/(ex(q + 1))) Int[(d@ + e*x)"(q + 1)/(1 + c™2*x~2), x], x] /; FreeQ[{a, b
, ¢, d, e, q}, x] && NeQlq, -1]
rule 5571 ItL((a_.) + ArcCot[(c ) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQ[p, 0]
Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(221) = 442.
Time = 1.61 (sec) , antiderivative size = 496, normalized size of antiderivative = 2.13
method result
parts _2f2dl;ce:c + 3f2bcearzgan(dw+c) . f2bc3ear:1:gan(dm+c) + 3fbc2e? a;;;an(dz+c) _ bz% + 13{)25103 +
b —M-&-fz arccot(dw+c)63de+f3 arccot(dw+c)c3(dz+c)— 3f arCCOt(d;+C)C2d262 —3f2,
a(cf—de—£(dz+c))4 _
derivativedivides ad>S
b —Mwﬁ-fz arccot(dz+c)c3de+f3 arccot(dz+c)c3(dz+c)—3f arCCOt(d2z+C)C2d252 —3fza
a(cf—de—g'(dw+c))4 _
default d7f
parallelrisch _ —3ztad*f3—12za d*e3+3xbd f3—z3bd3 f3+61n (d2w2+20dz+02+1)bc3f3—6 In (d2z2 +2cd:c+c2+1)bd3e3—6 ln(
risch _'L'bex4 ln(é—i(dx—kc)) _ ibet ln(dei‘ngCd$+02+1) + i(fx—i—e)‘lbhgl;l-i-i(dw-i-c)) N 2f2dl;cex + 3f2bcear§gz
input Lint ((f*x+e) “3*(a+b*arccot (d*x+c)) ,x,method=_RETURNVERBOSE) J
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-2/4"2*%f " 2*bxc*exx+3/d"3*f ~2*bxcrexarctan (d*x+c)-1/d"3*f " 2*bxc~3*e*arctan(
d*x+c)+3/2/d"2*%f*xbxc”2*xe”~2*arctan (d*x+c)-1/4*b/d~4*f " 3*c+13/12*xb/d~4*f " 3*c
~3+1/12/d*f"3*b*x"3-1/4/d"3*f " 3*b*x+1/4/d"4*f " 3*b*arctan (d*x+c)+1/4/f*xb*xe”
4xarctan(d*xx+c)+1/4*ax*x (fxx+e) ~4/f+bxf " 2*arccot (d*x+c) *exx~3+3/2*bxf*arccot
(d*x+c) *e”2*x"2-1/2xb/d~4*f ~3*1n (1+(d*x+c) ~2) *c~3+1/2%b/d"4*f ~3*1n (1+(d*x+
c) "2)*c-1/2%b/d"3%f ~2%1n (1+ (d*x+c) ~2) *e-5/2*%b/d~3*f ~2*c~2*e+3/2*b/d~2*f*c*
e~ 2+3/2%b/d~3%f ~2%1n (1+(d*x+c) ~2) *c~2%e-3/2%b/d~2%f*1n (1+ (d*x+c) ~2) *cke™ 2+
1/2xb/d*1n (1+(d*x+c) "2)*e~3-1/4/d"2*%f " 3*b*c*x~2+1/2/d*f ~2xbxe*xx~2+3/4/d"3*
£ 3*%bxc"2xx+3/2/d*f*xbxe~2*x-1/d*b*cke~3*arctan(d*x+c)+1/4/d"4*xf " 3*bxc 4*ar
ctan(d#*x+c)-3/2/d"4*f "~ 3*b*c”~2*arctan (d*x+c)-3/2/d"2*xf*b*e~2*arctan (d*x+c)+
1/4xb/f*arccot (d*x+c) *xe~4+1/4%bxf " 3*arccot (d*x+c) *x"4+b*arccot (d*x+c) *x*e”
3

output

Fricas [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 325, normalized size of antiderivative = 1.39

/(e + fz)* (a + beot ™ (c + dz)) dz
_ 3ad*f3z* 4 (12ad'ef? + bd® f3)z® + 3 (6 ad*e® f + 2bdPe f? — bed? f2)x® + 3 (4 ad*e® + 6 bde? f — 8 bec

integrate ((f*x+e) 3% (atb*arccot (d*x+c)) ,x, algorithm="fricas")

inputt

1/12% (3*a*d~4*f"3*x~4 + (12*%a*d~4*e*f~2 + b*xd~3*f~3)*x"3 + 3*(6*axd ~4d*e” 2%
f + 2xb*xd"3*e*xf~2 - bkckd"2*xf"3)*x"2 + 3*(4*axd"4*e”3 + 6xbxd"3*e”"2xf - 8%
bxcxd"2xe*xf~2 + (3*b*c™2 — b)*d*xf~3)*x + 3*(b*d"4*f"3*x"4 + 4xbkd"4d*exf 2%
X"3 + 6%b*d"4*e"2xf*x"2 + 4xbkd"4*e”3*x)*arccot(d*x + c) — 3*(4xbkc*d"3*e”
3 - 6%(b*xc”2 - b)*d"2xe”2*f + 4*(bxc”3 - 3*b*c)*d*ke*f~2 - (b*xc™4 - 6*b*c”2
+ b)*f~3)*arctan(d*x + c) + 6x(b*d"3*e”~3 - 3*b*cxd"2*e”2*f + (3*b*c”2 - b
)*d*xe*xf~2 - (b*c”3 - bxc)*f~3)*log(d~2*x"2 + 2xcxd*x + c”2 + 1))/d"4

output

\




-

input L

output
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Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 11.37 (sec) , antiderivative size = 654, normalized size of antiderivative = 2.81

/(e + fz)® (a + beot ™ (¢ + dz)) dx = Too large to display

integrate ((f*x+e)**3* (at+b*acot (d*x+c)) ,x)

~—

Piecewise ((a*e**3*x + 3xakxe*x*2xf*x**2/2 + axexf**x2xx*k*3 + a*rf*x3*xx**4/4 -

bxcx*xdxfrx3*xacot (c + dkx)/(4*d**4) + brcx*3*exf*x2xacot(c + d*x)/d**3 - bx*
cx*3*xf**3*log(c/d + x — I/d)/dx*4 - Ixbkc**3*f**3*acot(c + dxx)/d**4 - 3*b
xckx2xexx2xfracot (c + d*xx)/(2xd**2) + 3*kbxcx¥x2xexf**2xlog(c/d + x - I/d)/d
*%3 + 3*kI*bkckx2xexfx*2kacot(c + d*x)/d**3 + 3xbkxck*2xf**3*x/(4*d**3) + 3%
bxcx*2xf**3*xacot (c + d*x)/(2+d**4) + bkcxe*x3*acot(c + d*x)/d — 3xbkcxe**2
xf*log(c/d + x — I/d)/d**2 - 3xIxbkcxe*x*2xfracot(c + d*x)/d**2 — 2xbkckxe*f
*%2xx/d*x*x2 — bkckfr*3*x**2/(4*%d**2) — 3xbkckexf**2*acot(c + d*x)/d*x*3 + bx*
ckf*x3xlog(c/d + x - I/d)/d**4 + Ixbxcxfx*3*acot(c + d*x)/d**4 + bke**3kx*
acot(c + d*x) + 3kbxex*2xfrx*kx2%acot(c + d*x)/2 + brexf**2xx**x3xacot(c + d
xx) + bkf*x3kx*kxd*racot(c + d*x)/4 + bxexx3xlog(c/d + x - I/d)/d + Ixbkxe**3
x¥acot(c + d*x)/d + 3*bkex*2kxf*xx/(2%d) + bre*f**2*kx**2/(2%d) + bxf**3xx**3/
(12%d) + 3xb*ex*2xfracot(c + dxx)/(2xd**2) - bxexfx*2xlog(c/d + x - I/d)/d
*k3 - I¥bkexfx*k2xacot(c + d*x)/d**3 - bxf**x3xx/(4*xd**3) - bxf*x3*acot(c +

d*x) / (4xd**4), Ne(d, 0)), ((a + bxacot(c))*(e*x*3xx + kex*k2xfxx**x2/2 + exf
**%2%xx*k*x3 + f*x*3kx*x*x4/4), True))




CHAPTER 3. LISTING OF INTEGRALS 159

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.46

/(e + fz)* (a + beot ™ (c + dz)) dz = 1af33n4 + aef?z® + §a62f£l}2

4 2
(02 - 1) arctan d2x;_6d 1 d2 2 + 2cdx + 2 +1

+= [ z®arccot (dz +¢) +d % + e ( ) _ clog(d' d3c ztc+1) be’ f

1 3 dz? — 4z 2(¢ —3c)arctan (dzz;(:d) (3¢ —1)log (d?z? + 2 cdx
+5 2z”arccot (dz +c¢) +d p — 7 + 7

4 2 d?z+cd

1 ) &2 — 3cda? +3(3¢2 — D)z 3(c*—6¢ +1)arctan(T) 6 (
+E 3z"arccot (dx +c) +d 7 + pE - —
© addn 4 (2 (dz + c) arccot (dz + ¢) + log ((dz + ¢)* + 1) ) be?

2d

/

Lintegrate((f*x+e)‘3*(a+b*arccot(d*x+c)),x, algorithm="maxima")

~—

input

1/4xaxf~3*%x"4 + ake*xf ~2%x~3 + 3/2*axe”2*xf*x"2 + 3/2*(x"2*arccot(d*x + c) +

d*(x/d"2 + (c~2 - 1)*arctan((d~2*x + c*d)/d)/d~3 - cxlog(d~2*x"2 + 2kc*d*
X + c”2 + 1)/d73))*b*e”2xf + 1/2*%(2*x"3*arccot(d*x + c) + d*((d*x"2 - 4*cx*
x)/d"3 - 2%(c~3 - 3xc)*arctan((d"2*x + c*d)/d)/d"4 + (3*c”2 - 1)*log(d~2*x
"2 + 2%ckxd*x + c”2 + 1)/d74))*b*exf"2 + 1/12%(3*x"4*arccot(d*x + c) + d*x((
d"2%x73 - 3*ckd*x"2 + 3*(3*%c”2 - 1)*x)/d"4 + 3*%(c”4 - 6%c”2 + 1)*arctan((d
“2%x + c*d)/d)/d"5 - 6%(c”3 - c)*log(d~2*x"2 + 2*ckd*x + c”2 + 1)/d75))*bx*
£73 + axe”3*x + 1/2x(2%(d*x + c)*arccot(d*x + c) + log((d*x + c)72 + 1))*b
*e~3/d

output




-

inputL
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2265 vs. 2(216) = 432.

Time = 1.51 (sec) , antiderivative size = 2265, normalized size of antiderivative = 9.72

/(e + fz)® (a + beot ™ (¢ + dz)) dx = Too large to display

integrate ((f*x+e) “3* (at+b*arccot (d*x+c)) ,x, algorithm="giac")

~—

output

-1/192% (96%b*d~3*e~3%arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~5 -
288%bxckd~2%e~2xf*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~5 + 288
*xb*xc~2kd*exf ~2*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~5 - 96%*b*c
~3*f~3*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~5 - 72xb*d"2%e”~2xf
xarctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~6 + 144xb*ckd*rexf 2*arct
an(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~6 - 72*b*c~2*f 3*arctan(1/(d*
X + c))*tan(1/2*arctan(1/(d*x + c)))~6 + 24%b*d*exf~2xarctan(1l/(d*x + c))*
tan(1/2*arctan(1/(d*x + c)))~7 - 24xbxc*f~3*arctan(1/(d*x + c))*tan(1/2*ar
ctan(1/(d*x + c)))~7 - 3*bxf~3*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x +
c))) "8 + 96%bxd~3*e"3*log(16*tan(1/2*arctan(1/(d*x + c)))~2/(tan(1/2*arct
an(1/(d*x + ¢)))~4 + 2xtan(1/2*arctan(1/(d*x + c)))"2 + 1))*tan(1/2*arctan
(1/(d*x + c))) "4 - 288*b*cxd~2xe”~2*f*log(16*tan(1/2*arctan(1/(d*x + c)))~2
/(tan(1/2*arctan(1/(d*x + c)))~4 + 2+tan(1/2*arctan(1/(d*x + c)))~2 + 1))*
tan(1/2*arctan(1/(d*x + c)))~4 + 288xb*c~2xd*exf 2+log(16*tan(1/2*arctan(1
/(d*x + c)))~2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2*arctan(1/(d*x +
c)))~2 + 1))*tan(1/2*arctan(1/(d*x + c)))~4 - 96%bxc~3xf"3xlog(16*tan(1/2
*arctan(1/(d*x + c)))~2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2*arctan
(1/(d*x + c)))~2 + 1))*tan(1/2*arctan(1/(d*x + c))) "4 + 96*a*xd~3*e"3*tan(1
/2*xarctan(1/(d*x + c)))~5 - 288*axc*d"2xe~2*f*tan(1/2*arctan(1/(d*x + c)))
~5 + 288xa*c”2*d*exf 2xtan(1/2*arctan(1/(d*x + c)))~5 - 96*a*xc”3*f 3x*ta...




CHAPTER 3. LISTING OF INTEGRALS 161

Mupad [B] (verification not implemented)

Time = 1.35 (sec) , antiderivative size = 783, normalized size of antiderivative = 3.36

/(e + fz)* (a + beot ™ (c + dz)) dz

3be® fx?
2

3 .4
+bef2fﬂ+éiii)

= acot(c + d x) (be?’x—l— 1

e(6ac® f?+12acdef+2ad*e®*+3bde f +6a f?)

+x
2 d?
4 2 4 f2(bf+8acf+12ade) 2acf3
(4¢*+4) 4d T4
4 d?
2C(f2(bf+8acf+12ade)_2acf3)
4d d dac? f34+24acde f2+12ad%e? f+dbde f2+4a f3 | afd (4c?+4)
2¢ - 2 + 2
d 4d 4d
+

d

4d d

d

c <f2 (bf+8acf+12ade) 2acf3>
2

— X

_4acfP+24acdef’+12ad’e® f +4bde f’ +4af’ N af3(4c®+4)

8 d? 8 d?
g fP(bf+8acf+12ade) 2acf? N af3z*
12d 3d 4
+1n (2+2cdz+d*2®+1) (—64bcPd* f2+192bc%dPe f2 —192bcd®e? f +64bcd* f3 +64bd" €3
128 d8
3 (€ (04 f3—463def2+602 d2 &2 f—(:?c2 f3—4cd3 e'?’+12cdef2—03d2 e2 f+f3) x (c4 f3—403 def2+602 d2 2 f—6<:2 f3—4t:d3 63+]
4d 443 + 442
batan A3 45 de fP462dZe f—6c2 fP—dcdd e3t12cde f2—6d2e? f+ /3

+

input| 10E((e + £xx)73x(a + bracot(c + d*x)),x) )
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acot(c + d*x)*((b*xf~3%x"4)/4 + bxe"3%x + (3*bxe 2%f*x"2)/2 + b*exf 2xx~3)
+ x*x((e*x(6*xa*xf~2 + 6kaxc™2*f"2 + 2*axd"2%e”2 + 3xbkxd*exf + 12xaxckdxexf))/
(2%d"2) - ((4*c™2 + 4)*((£72*(b*xf + 8xaxcxf + 12*a*xd*e))/(4xd) - (2xaxc*xf”
3)/d))/(4%d"2) + (2xckx((2*xc*x ((£72*(b*xf + 8xaxcxf + 12*axd*e))/(4*d) - (2*a
*cxf~3)/d))/d - (4d*a*xf~3 + 4*a*xc™2*xf"3 + 4dxbkdkexf~2 + 12*a*d"2*e"2xf + 24
xaxckdxexf~2)/(4*d~2) + (axf~3*x(4*xc”2 + 4))/(4%d"~2)))/d) - x~2*x((c*x((£~2%*(
bxf + 8xaxcxf + 12k%axd*e))/(4*d) - (2%a*xc*f~3)/d))/d - (4*a*f~3 + 4kaxc 2%
£73 + 4xbxdxexf~2 + 12*%axd"2%e”2*f + 24*axckxdxexf~2)/(8*d"2) + (a*f~3*(4xc
T2 + 4))/(8%d"2)) + x"3*((£72*%(bxf + 8xaxckxf + 12*axd*e))/(12xd) - (2*xa*xc*
£73)/(3*d)) + (a*f~3*x"4)/4 + (log(c™2 + d72*x™2 + 2xckxd*x + 1)*(64%xbxd"7x*
e”3 - 64*xbxc”3*xd"4*xf"3 + 64*b*ckd"4*f"3 - 64*xbxd"b5xexf"2 - 192%b*c*d"6*e”2
*f + 192%b*xc”2xd"5*exf~2))/(128+%d"8) + (b*atan((4*d~3*x((c*(£f~3 - 6*xc~2*f"3
+ c74*%f"3 - 4*ckd"3*%e”3 - 6*xd"2%e"2%xf + 6kxc”2xd"2xe"2xf + 12kckdk*e*xf"2 -
4xc~3*d*e*£72))/(4*%d"3) + (x*x(£f73 - 6%c™2*%f"3 + c"4*f~3 - 4*xckd"3*e”"3 - 6%
d"2%e"2%f + 6*cT2xd"2xe"2xf + 12kckdke*f"2 - 4*xc”3xdxexf~2))/(4*d"2)))/(£”
3 - 6%c™2xf"3 + cT4*%f"3 - 4*c*d"3*%e”3 - 6k%d"2xe"2*%f + 6kcT2xd"2%e"2xf + 12
xcxdkexf~2 — 4xc”3*kdxexf"2))*k(£73 - 6*%c”2*f"3 + cT4*f"3 - 4xc*kd"3*xe”"3 - 6%
d"2%e"2%f + 6*%cT2*%d"2*xe"2xf + 12kckdke*xf"2 - 4*xc”3xdxexf~2))/(4*d"4)

& J

output

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 493, normalized size of antiderivative = 2.12

/(e + fz)® (a + beot ™ (c + dz)) dz
_ 12acot(dz + c) bd*e*x + 3acot(dx + c) bd* f3z* + 18acot(dx + c) bd?e® f — 6log(d?x? + 2cdx + ¢* + 1)

p

Lint ((f*x+e) "3*x (atb*acot (d*x+c)) ,x)

|

input
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( - 3*acot(c + d*xx)*bxc*x4xf*x3 + 12%acot(c + d*x)*bxc**x3xd*exf**2 - 18*ac
ot (c + d*x)*bkc**x2*xdx*2xe**x2xf + 18*acot(c + d*x)*b*cx*2xf**x3 + 12%acot(c

+ d*x) *b*c*d**3*ex*x3 - 36*xacot(c + d*x)*b*ckd*exf**x2 + 12xacot(c + d*x)*b*
dx*xd*xe**3*%x + 18*acot(c + d*xx)*bkdkkdke*x*2*f*x**x2 + 12xacot(c + d*x)*b*d**
dxexf**2+x**3 + 3xacot(c + d*x)*bxd**4*f**x3xx*xx4 + 18*acot(c + d*x)*b*xd**2
xex*2+f - 3%acot(c + d*x)*b*f*x3 - 6xlog(cx*2 + 2kckdkx + d**2*x**2 + 1)*b
xCk*x3xf*x3 + 18+log(cx*2 + 2kckdkx + d**x2*x**2 + 1)*bkck*kkdxexf*x2 — 18+%1
og(c*x*2 + 2kckd*x + d**2*x**2 + 1)*bkckd**2xex*2*xf + 6*log(c**2 + 2kckd*x

+ d**2xx*x2 + 1)*bkckfx*3 + 6+xlog(ck*2 + 2kckdkx + d¥*x2*x*x2 + 1)*bkd**3*e
*¥*3 — B6¥log(cx*2 + 2kckdkx + d¥*x2*x*x2 + 1)*bkdkexf**2 + 12xa*d**d*e**3*x

+ 18kaxdx*k4kexk2kf*xx*k*x2 + 12%akdk*k4kekf*xkxQkxx**k3 + 3Ikakxd*x*k4kxfk*k3%kx*k*4 + Oxb
*Ck*k2kdkfk*k3%kx — 24*xbkckd**2kexf*%k2%kx — 3Ikxbkckd**k2kf*k*k3*kx*k*2 + 18%bkxd*x*3%ke
*xk2xf*kx + Bkbkd**k3kexfk*2kx**2 + bkdk*3*kf**k3kx*k*k3 — Ikbkd*f**x3%xx)/(12%d**4

)

output




outpu
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Optimal result

Integrand size = 18, antiderivative size = 154

/(e—l— fzr)? (a+bceot™ (c+dz)) dz

bf(de — cf)x N bf?(c+ dz)? N (e+ fz)3 (a + beot™(c + dz))

d? 6d3

N b(de — cf) (d?*e® — 2cdef — (3 — ¢?) f?) arctan(c + dx)

3f

3d3f

N b(3d%e? — 6edef — (1 — 3c?) f2)log (1 + (c + dz)?)

6d3

¢ \ b*f*x (—ckxf+d*e)*x/d~2+1/6%bxf 2% (d*x+c) ~2/d"3+1/3* (f*x+e) ~3* (a+b*arccot (d*x \

| +C)) /£+1/3xbx (—cxf+dxe) * (d"2%e~2-2kcxd*exf- (-c"2+3) ¥£"2) xarctan(d*x+c) /d"3 |

L/f+1/6*b*(3*d*2*e“2—6*c*d*e*f—(—3*CA2+1)*f“2)*1n(1+(d*x+c)‘2)/d*3

J
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.77

/(e + fz)? (a + beot ™ (c + dz)) dz

6df2(de—cf)z+f3(ct+dz)?—i(de—(—i+c) f)3 log(i—c—dz)+i(de—(i+c) f) log(i+c+dx))

(e+ fx)3 (a+beot™(c+ dx)) + b o

3f

-

input LIntegrate[(e + f*x)~2%(a + b*ArcCot[c + d*x]),x]

~—

+ d*x)"2 - Ix(dve - (-I + c)*£)"3*LoglI - c - d*x] + Ix(d*e - (I + c)*f)"3

Ve A
output‘ ((e + £xx)~3%(a + bxArcCotl[c + d*x]) + (b*x(6*xd*xf~2*x(d*e - c*f)*x + £ 3% (c ‘
(*LoglI + ¢ + d*x]))/(2%d"3))/(3*f) |

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.06,

number of rules _ 0.278, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {5571, 27, 5388, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a +beot ! (c + dz)) dz
| 5571

e—g C XL 2 a CO -1 C T
I (d(e—%)+1(c+d 2)2 (a+bcot— (c+d ))d(c+dm)
d
| 27
[(de —cf + f(c+dzx))? (a+ beot™! (c + dz)) d(c + dz)
pE
| 5388




CHAPTER 3. LISTING OF INTEGRALS 166

€—C, C X 3
bf % d(ctdz) + (f(c+dz)—cf+de)3 (a+bcot~1(c+dzx))
3f

3f
d3
| 478
3 _ 9 (de—cf)(d2e2—20dfe+02f2—3f2)+f(3d262—60dfe—(1—302)f2)(c+dw)
b f((c+dx)f +3(de—cf) f2+ (erda)? 11 d(c+dzx) (f (4 do)—cf-+de)® (a-+boot 1
3f + 3f
d3
| 2009

(f(c+dz)—cf+de)3 (a+bcot ™1 (c+dz)) n b(arctan(c+dz)(de—cf) (— (3—c?) f2—2cdef+d2e?)+ 1 f(— (1—3c?) f2—6cde f+3d2e?) log ((c-+da)’
3f 3f

d3

input LInt[(e + f*x)~2%(a + bx*ArcCot[c + d*x]),x] ‘

‘ (((d*e - cxf + fx(c + d*x))"3x(a + bxArcCotlc + dxx]))/(3%f) + (b*x(3xf~2%(
(d¥e - cxf)*(c + dxx) + (£73%(c + d¥x)72)/2 + (d¥e - cxf)*(d™2xe™2 - 2kcxd* |
‘exf - (3 - c"2)*f"2)*ArcTan[c + d*x] + (£%(3%d"2%e™2 - Gxckdkexf - (1 - 3%
\c*2)*f*2)*Log[1 + (c + d*x)~2]1)/2))/(3%£))/d"3 \

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(FX_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma ‘
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1 |

rule 478‘Int[((c_) + (d_)*(x )" )/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand ‘
‘Integrand[(c + d*x)"n/(a + b*xx~2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ ‘
\ [n, 1] ‘

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/




CHAPTER 3. LISTING OF INTEGRALS 167

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))*((d_ ) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, q}, x] && NeQlq, -1]

rule 5388

rule 5571 Iat((a_) + ArcCot[(c) + (d_)*(x)Ix(b_.))"(p_)*((e ) + (£_)*(x 1)) (m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQlp, 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 293 vs. 2(146) = 292.

Time = 0.92 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.91

method result
2 2
arts a(fzte)®  2f%becx n fhex n b f? ln(1+(dw+c) >c2 n bln(l-i—(dx-i—c) >e2 _ f2bcP arctan(dz-+c) n bed
P 37 382 d 24 2d 38
parallelrisch —In(d2z?+2cdz+c2+1)b f2— f2b—6a c2e fd—6e fad+Tb c? f246 arccot(dz+c)bdef+2x3 arccot(dz+c)bd> f2+6x ar
b (— MSM +f arccot(dz+c) 2 de+f2 arccot(d:t+c)c2 (dz+c)—arccot(dz+c)c d2e2 —2f arcco
_ a(cf—de—g(d:v-i—c))?’ +
derivativedivides ML
b (— MSM +f arccot(dz+c) 2 de+f2 arccot(da:-}-c)c2 (dz+c)—arccot(dz+c)c d2e2 —2f arcco
_ a(cf—de—g(dm-i—c))B +
default 2L
risch __ibe?zIn(1—i(dz+c))  f2bln(d?z®+2cdztc®+1) + e’bln(d*a®42cde+c®+1)  fbearctan(dz+c)  ifbe
2 6d3 2d d?

input Lint ((f*x+e) “2* (a+b*arccot (d*x+c)) ,x,method=_RETURNVERBOSE) J
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1/3*ax (f*xx+e) ~"3/£-2/3/d"2*f " 2*bxcxx+1/d*fxb*e*x+1/2%b/d"~3*f~2+1n (1+(d*x+c)
~2)*c”2+1/2xb/d*1n (1+(d*x+c) "2) *e~2-1/3/d"3*f " 2*b*c~3*arctan(d*x+c)+1/3/f*
bxe~3*arctan(d*x+c)+1/d"3*f " 2*bxc*arctan(d*x+c)-1/d"2xf*b*e*arctan (d*x+c)+
1/3xbxf~2*arccot (d*x+c) *x~3+b*arccot (d*x+c) *x*e~2+b/d~2*xf*cxe+1/3*b/f*arcc
ot (d*x+c)*e~3-b/d"2xf*1n (1+(d*x+c) ~2) *c*xe+1/d " 2xfxb*c~2*e*arctan (d*x+c)-1/
d*b*cxe”2*arctan (d*x+c)+b*f*arccot (d*x+c) *e*xx~2-5/6%b/d"~3*f ~"2xc~2+1/6/d*f"
2%b*x”2-1/6%b/d~3*f " 2*1n (1+(d*x+c) ~2)

output

Fricas [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.34

/(e + fz)* (a + beot ™ (c + dz)) dz
_ 2ad’f?x® + (6adef + bd® f?)a? 4 2 (3ad3e® + 3bd%ef — 2bedf?)x + 2 (bd® f2x® + 3bdPe fx? + 3bd3e:

-

integrate ((f*x+e) "2*(atb*arccot (d*x+c)) ,x, algorithm="fricas")

~—

inputL

1/6% (2*xa*xd"3*f"2+%x"3 + (6*a*xd 3xe*xf + bxd"2+xf~2)*x"2 + 2*(3*a*d~3*e”2 + 3*
bxd~2%exf — 2%bkckdxf~2)*x + 2% (b*xd~3*f~2%x~3 + 3*bxd"~3kexf*kx~2 + 3%bxd 3%
e~ 2xx)*arccot (d*x + c) — 2%(3*bkc*d"2%e”~2 - 3*(b*c™2 - b)*d*exf + (b*c~3 -
3xb*c)*f~2) *arctan(d*x + c) + (3*xb*d"2*e~2 - 6kbxckd*e*xf + (3*bxc™2 - b)*
£72)*log(d™2*x"2 + 2xcxd*x + c~2 + 1))/d"3

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 4.32 (sec) , antiderivative size = 376, normalized size of antiderivative = 2.44

/(e + fz)? (a + beot ™ (c + dz)) dz

bc3 f2 acot (c+dx) bcef acot (c+dx) be2 f2log (S+a—1) ibc? f2 acot (c+dz) bee? acot (cH
- a2 + d3 + a3 +

2 2 af2x3
ae“r +aefr® + *5%= + 3 3

(a + bacot (¢)) <e2x +efr? + @)
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input integrate ((f*xx+e)**2* (a+b*acot (d*x+c)) ,x)

Piecewise ((a*e**2xx + axexfxx*k*2 + a*xf**2*x**3/3 + bxcx*x3xf*x*x2kacot(c + d*
x)/ (3%d**3) — bkcx*2kexfxacot(c + d*x)/d**2 + b*c*x2*f**2*log(c/d + x - I/
d) /d**3 + I¥b*c**x2xfxx2xacot(c + d*x)/d**3 + b*cxexx2xacot(c + d*x)/d - 2%
bxcxexf*xlog(c/d + x - I/d)/d**2 - 2*Isbxcxexfracot(c + dxx)/d**2 — 2xbkc*f
*k2xx/ (3*xA**2) — bxckf*x2*acot(c + d*x)/d**3 + brex* 2kx*acot(c + d*x) + bx
exfxx**x2%acot(c + d*x) + b*xf**2xx**3%acot(c + d*x)/3 + b*e**2xlog(c/d + x
- I/d)/d + Ixb*ex*2xacot(c + d*x)/d + bkexf*x/d + b*fx*2xx**2/(6*d) + bxe*
fracot(c + d*x)/d**2 - bxf*x2xlog(c/d + x - I/d)/(3*d**3) - I*xb*f**2*acot(
c + d*x)/(3*d**3), Ne(d, 0)), ((a + bkacot(c))*(ex*2xx + e*xfrxx*2 + f*x2xx
**x3/3), True))

output

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.40

/(e+f:c)2 (a+bcot™(c+dz)) do = %af%?’ + aefz?
(¢ — 1) arctan ( £zt log (22 + 2 cd 2 1
+ | z* arccot (dz + ¢) +d %4_ — < d )_cog( T +d3c r+c?+1) bef

d?z+cd
1 dr? —4cg  2(c® —3c)arctan (=55 3¢ —1)log (d?2% 4+ 2 cdx
+6 2 23 arccot (dz + c) +d = — =i ( ) + ( ) log ( p

(2 (dz + c) arccot (dz + ¢) + log ((dz + ¢)* + 1) ) be?
2d

+ ae’x +

inputLiﬂtegrate((f*X+e)*2*(a+b*arccot(d*x+c)),x, algorithm="maxima") J

e N

1/3*axf"2*%x"3 + ake*xf*x"2 + (x"2*arccot(d*x + c) + d*(x/d"2 + (c”2 - 1)*ar
ctan((d"2*x + c*d)/d)/d"3 - c*log(d~2*x"2 + 2*cxd*x + c”2 + 1)/d"3))*bxex*f
+ 1/6%(2*x"3*arccot (d*x + c) + d*((d*x"2 - 4*c*x)/d~3 - 2%(c”3 - 3*c)*arc

tan((d"2*%x + c*d)/d)/d"4 + (3*xc™2 - 1)*log(d™2%x"2 + 2%cxd*x + c”2 + 1)/d”

4))*bxf~2 + axe”2xx + 1/2x(2*%(d*x + c)*arccot(d*x + c) + log((d*x + c)~2 +
1)) *b*e~2/d

output




-

inputL
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1161 vs. 2(142) = 284.

Time = 1.02 (sec) , antiderivative size = 1161, normalized size of antiderivative = 7.54

/(e + fz)? (a + beot™ (¢ + dz)) dx = Too large to display

integrate ((f*x+e) “2* (at+b*arccot (d*x+c)) ,x, algorithm="giac")

~—

output

-1/24% (12*bxd"2*e"2*arctan(1/(d*x + c))*tan(1l/2*arctan(1/(d*x + ¢c)))"4 - 2
4xbxcxd*exfxarctan(1l/(d*x + c))*tan(1l/2*arctan(1/(d*x + c))) "4 + 12xb*xc™2*
f~2*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~4 - 6*b*d*exf*arctan(
1/(d*x + c))*tan(1l/2*arctan(1/(d*x + c)))~5 + 6*bxcxf 2*arctan(1/(d*x + c)
Y*tan(1/2*arctan(1/(d*x + c)))~5 + bxf~2*xarctan(1/(d*x + c))*tan(1/2*arcta
n(1/(d*x + c)))~6 + 12xb*d"2*xe~2+log(16*tan(1/2*arctan(1/(d*x + c)))"2/(ta
n(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2*arctan(1/(d*x + c)))~2 + 1))*tan(
1/2*arctan(1/(d*x + c)))~3 - 24*b*c*d*e*f*log(16*tan(1/2*arctan(1l/(d*x + c
)))~"2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2*tan(1/2*arctan(1/(d*x + c)))"2 +

1))*tan(1/2*arctan(1/(d*x + c)))~3 + 12%bxc~2*f 2*log(16*tan(1/2*arctan(1l
/(@*x + ¢)))"2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2*arctan(1/(d*x +
c)))"2 + 1))*tan(1/2*arctan(1/(d*x + c)))~3 + 12xa*d~2*e”2*tan(1/2*arctan
(1/(d*x + c)))~4 - 24*axcxd*exfxtan(1/2*arctan(1/(d*x + c)))~4 + 12xa*xc 2%
f~2*tan(1/2*arctan(1/(d*x + c)))"4 - 6*xa*dxexf*tan(1l/2*arctan(1/(d*x + c))
)"5 + 6xa*xcxf~2*xtan(1/2*arctan(1/(d*x + c)))~5 + axf~2xtan(1/2*arctan(1/(d
*X + C))) 6 - 12*%b*d~2*e"2*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c))
)"2 + 24xbkckd*e*frarctan(l/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))"2 - 12
*bxc~2xf"2xarctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~2 - 12xb*xd*ex*f
xarctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 + 12xb*c*xf~2*arctan(1/
(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 + 12+b*d*exf*tan(1l/2*arctan(l...
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Mupad [B] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 409, normalized size of antiderivative = 2.66

/(e + fz)? (a + beot ™ (c + dz)) dz

f(bf+6acf+6ade) 2acf?
_ 2 f(bf+6acf+6ade) acf? . 2C< 3d T4 )
a 6d d d
__3ac2f2+12acdef—%3ad2¥—+3bdef—k3af2+_af2602+3)
3d? 3d?
2.3 2,3
+ acot(c+ dx) (be2m+befx2 + bfo> + af3x
N In(c?+2cdx+d*z%>+1) (36bc2d® f2 —72bcd*e f +36bd° e®> — 12bd3 f?)
72 d5
3d2 <c(c3f2—302def+30d2 52—3cf2+3def)+m(c3f2—3c2def+30d2 52—30f2+3def)>
3d2 3d
batan F 3 Zde i3 F 3P T3deT (B f2-3ctdef+3c
B 3d3
input Lint((e + f*xx)~2%(a + b*acot(c + d*x)),x) J
output x~2x ((fx(bxf + 6%akxckxf + 6kaxd*e))/(6%d) - (a*xcxf~2)/d) - xx((2*cx((f*x(b*f

+ 6xaxcxf + 6xaxdxe))/(3%d) - (2kaxc*xf~2)/d))/d - (3*%axf~2 + 3xaxc™2xf~2
+ 3xaxd"2xe”2 + 3xbxdxexf + 12*axckdkexf)/(3*d"2) + (a*xf~2*(3*c”2 + 3))/(3
*d~2)) + acot(c + d*x)*((b*f~2+%x~3)/3 + b*e 2*x + bkexf*x~2) + (a*xf~2%x~3)
/3 + (log(c™2 + d™2*x"2 + 2%cxd*x + 1)*(36*b*d~5*e”2 - 12%b*d~3*f~2 + 36+%Db
*Cc"2*%d"3*xf"2 - 72*bxcxd"4*exf))/(72*xd"6) - (b*atan((3*d"2*((ck(c™3*xf"2 - 3
*cxf~2 + 3xckxd"2%e”2 + 3kd*exf - 3xc”2xdxexf))/(3*d"2) + (x*(c”3*f~2 - 3*c
*f72 + 3xckd"2xe”2 + 3kdkexf — 3*xc”2*d*exf))/(3*d)))/(c"3*£72 - 3kckf"2 +
3*xcxd"2%e”2 + 3kxdkexf — 3kcT2kdkexf))*(cT3*kf"2 - 3kckf"2 + 3kckd"2*e”2 + 3
xd*e*xf - 3xc~2kd*exf))/(3%d"3)
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 293, normalized size of antiderivative = 1.90

/(e + fz)? (a + beot ™ (c + dz)) dz
_ 2acot(dx 4+ c)bc® f? — 6acot(dx + c) bcPdef + 6acot(dr + c) bed?e? — 6acot(dx + ¢) be f? + 6acot(dx -

input ‘\int ((f*x+e) 2% (a+b*acot (d*x+c)) ,x) |

(2%acot(c + d*x)*bxc**3*xf*x2 — Bkacot(c + d*x)*bkck*2xdxexf + 6*acot(c + d
*xx) ¥*bkckd**2xe*x*x2 - 6*acot(c + d*x)*bxckf**2 + 6xacot(c + d*x)*bkd**3*e*x*2
*x + B6*acot(c + d#*x)*bxd**3kexf*rx*x*2 + 2xacot(c + d*x)*bkxd**3*+L**2xx**3 +
6*acot(c + d*x)*bxd*exf + 3xlog(c**2 + 2kckd*kx + dk*x2xx**2 + 1)*bkck*k2kf**
2 - 6*%log(c**2 + 2%c*d*x + d**2xx**2 + 1)*bkxckdxexf + 3xlog(cx*2 + 2kckd*x
+ d**2xx*%2 + 1) *bkd*k*2kex*2 — log(c**2 + 2kckd*x + dx*2xx**2 + 1)*bxf*x2
+ Bkakdk*x3kex*k2*kx + Gkakdkk3kexfrx**2 + 2kakdk*3*kf*k2kx*k*k3 — 4dxbkckd*f**x2
*X + 6kbxd*x*x2kexf*x + bkdx*2*kxf**2xx*%2) / (6xd**3)

output

\
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3.18 [(e+ fz)(a+bcot™ (c+dx)) dz

Optimal result . . . . . . . . . . . . e 173
Mathematica [C] (verified) . . . . . . . . .. ... L 173l
Rubi [A] (verified) . . . .. . . ... .. 174
Maple [A] (verified) . . . . . . ... L 176
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 177
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 177
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 178
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 178
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 179
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 180

Optimal result

Integrand size = 16, antiderivative size = 94

/(e + fz) (a + beot ™ (c + dz)) dz = bfz , (e+ f2)’ (a+beot™(c+ dr))

2d 2f
b(f? — (de — cf)?) arctan(c + dz)
B 2d2 f
N b(de — cf)log (1 + (c + dz)?)
2d?

| 1/2+bxfxx/d+1/2% (£xx+e) "2 (atbrarccot (dxx+c) ) /£-1/2+bx (£72- (~cxf+dke) "2)*a

output
chtan(d*xﬂ:) /d~2/f+1/2%bx (-c*f+d*e) *1n (1+ (d*x+c) ~2) /d~2 J

Mathematica [C] (verified)

Result contains complex when optimal does not.
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Time = 0.06 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.73

/(e + fz) (a+ beot™(c+ dz)) dr
1
= aex + §afa:2 + bex cot ' (c + dx)

+bf<%d(—§ n %)2cot_1(c+ dz) + %d(ﬁ _ i(i—c)21;§gi_c-dx) n i(i+c)? 1;3(2i+c+dm)))

d
N be(—2carctan(c + dz) + log (1 + ¢ + 2cdx + d*z?))

2d

-

Integrate[(e + f*x)*(a + b*ArcCot[c + d*x]),x]

| —

input L

e B

axexx + (axf*x72)/2 + bkxe*x*xArcCot[c + d*x] + (bxf*((d*x(-(c/d) + (c + d*x)
|/d)~2¢ArcCotlc + d*x])/2 + (d*(x/d - ((I/2)*(I - ¢)~2%LoglI - ¢ - d*x])/d~ |
‘2 + ((I/2)*(I + c)~2*LoglI + ¢ + d*x])/d"2))/2))/d + (b*e*x(-2*c*ArcTan[c + ‘
L d*x] + Logl[l + c™2 + 2%ckdxx + d"2*%x~2]))/(2*d) J

output

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.10,

number of rules _
integrand size 0.312, Rules

number of steps used = 6, number of rules used = 5,
used = {5571, 27, 5388, 478, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a + beot ™ (c+ dz)) dz

l 5571

(d (e— %) +f(c+dx)) (a+bcot =1 (c+dx)) d

f < (c+dx)
d
| 27
[(de —cf + f(c+dz)) (a+ beot™ (e + dz)) d(c + dz)
2
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| 5388
e—C C T 2
bf %d(c-{-dm) + (f(c+dz)—cf+de)? (a+bcot~1(c+dx))

2f 2f
d2
l 478

bf<f2+ (de—cf—f)(de—(ii-sgg-f{(de—d)(c+d:c>)d(c—i—dw) (f(c+dz)—cf+de)2(a+bc0t_1(c+dm))

2f + 2f
d2
l 2009

(f (c+dx)—cf+de)? (a+bcot—1 (c+dx)) b(arctan(c+dx)(—cf+de+f)(de—(c+1) f)+f (de—cf) log ((c+dx)?+1)+ f2(c+dx))
2 2

+

d2

input‘Int[(e + f*x)*(a + bxArcCot[c + d*x]),x]

| (((d*e - cxf + £x(c + d*x))~2%(a + bArcCotlc + d*x]))/(2%f) + (bx(f~2%(c
4+ dxx) + (d%e + £ - cxf)*(d*e - (1 + c)*f)*ArcTan[c + d*x] + fx(d*e - c*f)
#Logll + (¢ + dxx)"21))/(2+£))/d2 |

output

Defintions of rubi rules used

rule 27 Tntl@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 478 Int[((c_) + (d_.)*(x_))"(n_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
Integrand[(c + d*x)"n/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d}, x] && IGtQ
[n, 1]

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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rule 5388 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol]

:> Simp[(d + exx)~(q + 1)*((a + bxArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b
, ¢, d, e, q}, x] && NeQlq, -1]

rule 5571 Iat((a_) + ArcCot[(c) + (d_)*(x)Ix(b_.))"(p_)*((e ) + (£_)*(x 1)) (m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQlp, 0]

Maple [A] (verified)

Time = 0.60 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.20

method result
(—2cf+2de)
b(amwd@gguwwﬂf_mm%@&?kﬂw+d+Mum“mﬂwkam+®+fwﬂCH
parts a(3f 2% +ex) + y
a <fc(dm+c)—ed(dz+c)_M2‘*L)2> b (arccot(dw+c)fc(dgc+c)—arccot(dz+c)ed(dw+c)_ aLrCC<>t(dz+2c)f(daerc)2 2N
derivativedivides | — d - . i

2
a (fC(d:v+c)—ed(dw+C)— 4f(d12+6)2 ) ’ (arCCOt(daH—c)fc(dm+c)_aYCCOt(dz+c)ed(df’:+C)_ aroootide | flde 1 e)” _ Jldgic)

default d < d
. — arccot(dz+c)bd? f £2—a d? f £2—2x arccot(dz-+c)bd?e—2a d?ex+arccot(dz+c)bc? f—2 arccot(dz+c)bede+bef
parallelrisch — 22
. ib(f 22+2ex) In(1+4(dz+c)) ibf z2 In(1—i(dz+c)) wbf x> ibez In(1—i(dz+c)) whex af z2 ar
risch 4 B 4 +=r 2 +75 T
input Lint ((f*x+e)* (a+b*arccot (d*x+c)) ,x,method=_RETURNVERBOSE) J

‘a*(1/2*f*x“2+e*x)+b/d*(1/2/d*arccot(d*x+c)*(d*x+c)‘2*f-1/d*arccot(d*x+c)*c
| *f* (dxx+c)+arccot (d¥x+c) ke (drx+c)+1/2/d% (£% (dkx+c) +1/2% (-2xcxf+2+d*e) ¥In( |
‘1+(d*x+c)‘2)—f*arctan(d*x+c)))

output
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Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.17

/(e + fz) (a+ beot™(c+ dz)) dx

_ad?fz? + (2ad’e + bdf )z + (bd® fa? + 2 bd?ex) arccot (dz + ¢) — (2bede — (bc? — b) f) arctan (dz + ¢) -
B 24>

integrate ((f*x+e)* (atb*arccot (d*x+c)),x, algorithm="fricas")

input ‘\

‘1/2*(a*d“2*f*x‘2 + (2%a*d"2%e + bxd*f)*x + (b*d"2xfxx~2 + 2%bxd~2*e*x)*arc
\cot(d*x + c) - (2%b*c*d*e - (bkc™2 - b)*f)*arctan(d*x + c) + (b*d¥e — bkcx
(£)*1og(d™2#x"2 + 2kckdsx + c72 + 1))/d™2 |

output

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.79 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.88

/(e + fz) (a+ beot ' (c+ dz)) dz

af2:c2 . bczfac2o:l;2(c+dz) + bece acoi(:i(c—f-dz) __ beflog ((i%'l'z—é) _ 'ibcfac?it;(c-i-dw) + bex acot (C + d.’L‘) + bfz? acc

aex +

(a + bacot (¢)) (ex + %)

input Lintegrate ((fxx+e)* (a+b*acot (d*x+c)),x) J

Piecewise((a*e*x + axfxx**x2/2 — bkc**2*fracot(c + d*xx)/(2*d**2) + b*c*e*xac
ot(c + d*x)/d - bkxcxfxlog(c/d + x - I/d)/d**2 - Ixbkckfxacot(c + d*x)/d**2
+ bxe*x*acot(c + d*x) + bxfxx*x2xacot(c + d*x)/2 + b*exlog(c/d + x - I/d)
/d + Ixbxexacot(c + d*x)/d + bxf*x/(2%d) + bxfxacot(c + d*x)/(2%d**2), Ne(
d, 0)), ((a + b*acot(c))*(exx + f*xx**2/2), True))

N J

output
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.20
-1 1 2
/(e+fm) (a+bcot™(c+ dz)) dx=§af:c

bf

2 d2z+ed
1 ¢ (8 —1)arctan { =2 clog (@222 + 2cdz + 2 + 1)
+§ z? arccot (dx+c)+d 7 + = ( ) _ =

(2 (dz + ) arccot (dz + ¢) + log ((dz + ¢)* + 1) ) be
2d

+ aex +

input Lintegrate ((fxx+e)* (atb*arccot (d*x+c)) ,x, algorithm="maxima") J

output‘ 1/2%axf*xx~2 + 1/2%(x"2*%arccot(d*x + c) + d*(x/d"2 + (c~2 - 1)*arctan((d~2x* ‘
'x + c*xd)/d)/d"3 - cxlog(d™2%x"2 + 2kckd*x + c"2 + 1)/d"3))¥b*f + akexx + 1
/2% (2%(d*x + c)*arccot(d*x + c) + log((d*x + c)"2 + 1))*bke/d

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 451 vs. 2(86) = 172.

Time = 0.26 (sec) , antiderivative size = 451, normalized size of antiderivative = 4.80

/(e + fz) (a + beot ' (c+ dz)) dz = Too large to display

input Lintegrate ((£*x+e)* (a+b*arccot (d*x+c)) ,x, algorithm="giac") J
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-1/8% (4*bxd*e*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 - 4xbxc*f
*xarctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 - bxfxarctan(1/(d*x +
c))*tan(1/2*arctan(1/(d*x + c))) "4 + 4*bxd*exlog(16*tan(1/2*arctan(1/(d*x
+ ¢)))"2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2*tan(1/2*arctan(1/(d*x + c)))~
2 + 1))*tan(1/2%arctan(1/(d*x + c)))~2 - 4xb*c*f*log(16*tan(l/2*arctan(1/(
d*x + c)))~2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2*arctan(1/(d*x + c
)))"2 + 1))*tan(1/2*arctan(1/(d*x + c))) "2 + 4*axd*e*tan(1l/2*arctan(1l/(d*x
+ ¢)))~3 - 4xakcxfxtan(1l/2*arctan(1/(d*x + c)))~3 - axfxtan(1/2*arctan(1/
(d*x + c)))~4 - 4xbxdxe*arctan(l/(d*x + c))*tan(1/2*arctan(1/(d*x + c))) +
4xbxcxf*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c))) - 2%b*xf*arctan(i
/(d*x + c))*tan(1l/2*arctan(1/(d*x + c)))"2 + 2*b*f*tan(1/2*arctan(1/(d*x +
c))) "3 - 4xaxd*extan(1l/2*%arctan(1l/(d*x + c))) + 4*axckfxtan(1l/2*%arctan(1l/
(d*x + c))) - 2*a*xfxtan(1/2*arctan(1/(d*x + c)))~2 - b*f*arctan(l/(d*x + c
)) - 2*xbkxfxtan(1/2*arctan(1/(d*x + c))) - a*f)/(d"2*tan(1/2*arctan(1/(d*x
+ ¢)))"2)

output

Mupad [B] (verification not implemented)

Time = 2.20 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.45

afx? +beln(c2—|—2cdm+d2w2+1)

/(e+f:c) (a+bcot™(c+dz)) dv =aex+

2 2d
b facot(c+dzx) N b f 2% acot(c + d x) N bfz
2d? ) 2 2d
+ bexacot(c+dzx) — be fac;)’;(zc—l-dx)
_befln(P+2cdr+d*a? +1)
2d?
bceacot(c+ dx)
M d

Ve A
int((e + f*x)*(a + bxacot(c + d*x)),x)

N\ J

input

output‘ axexx + (axf*x72)/2 + (b*exlog(c™2 + d~2%x"2 + 2kcxd*x + 1))/(2xd) + (b*f* ‘
lacot(c + d¥x))/(2xd"2) + (bxfxx"2*acot(c + d*x))/2 + (b*f¥x)/(2%d) + brexx |
(*acot(c + d¥x) - (bxc 2xfxacot(c + d*x))/(2%d"2) - (bkcxfxlog(c™2 + d™2%x~ |
\2 + 2kcxdxx + 1))/(2%d~2) + (bxckexacot(c + d*x))/d \
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.45

/(e + fz) (a+ beot™(c+ dz)) dx

_ —acot(dz + c) b f + 2acot(dx + ¢) bede + 2acot(dz + ¢) bd*ex + acot(dz + ¢) bd® f x? + acot(dz + c)
B 242

input ‘\mt ((f*x+e)* (at+b*acot (d*x+c)),x) |

output
\**Q*e*x + acot(c + d*x)*bxd**x2*xfxx**2 + acot(c + d*x)*b*f - log(c*x*2 + 2xc

‘*d*x + d*k*2xx*x*2 + 1)xbkcxf + log(c**2 + 2kckd*x + d**2*kx**2 + 1)*b*d*xe +

‘( - acot(c + d*x)*xbxc*x*2xf + 2xacot(c + d*x)*bkxckxdxe + 2%acot(c + d*x)x*bxd
‘Q*a*d**Q*e*x + akxd**x2xfxx*x*2 + bkd*f*x)/(2*%d**2)




output

input

output
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3.19 [ (a+bcot™ (c+dx)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 38

b(c + dx) cot™!(c + dx)

182
183
183

L8]
[139)

blog (1 + (¢ + dz)?)

/ (a+beot ™ (c+dx)) dz = az + g

2d

La*x+b*(d*x+c)*arccot(d*x+c)/d+1/2*b*1n(1+(d*x+c)“2)/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.29

/ (a+beot ™ (c+dz)) dz = az + bz cot ™" (c + dx)

N b(—2carctan(c + dz) + log (1 + ¢® + 2cdz + d?z?))

2d

‘ Integrate[a + bxArcCot[c + d*x],x]

‘a*x + bxx*ArcCot[c + d*x] + (b*(-2xcxArcTan[c + d*x] + Logl[l + c™2 + 2xcxd

‘*x + d~2%x~21))/(2%d)




input L
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a +beot e+ dx)) dx
| 2009
o+ blog ((c+ dz)? +1) N b(c + dz) cot 1 (c + dz)
2d ¥
/Int [a + b*ArcCot[c + d*x],x]

| —

ta*x + (b*(c + d*x)*ArcCot[c + d*x])/d + (b*Logl[l + (c + d*x)~2])/(2%d)

Defintions of rubi rules used

2009 Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]




input

output

input

output
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Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

method result size
1 dz+c)?
b (arccot(dx—i—c) (dz+c)+ n(1+(2z+c))>
default ar + 7 35
1 dz+c)?
b <arccot(dw+c) (dz+c)+ n(l+(;+c))>
parts ar + < 35
In da+c)?
(dz+c)a+b <arccot(dz+c) (dz+c)+ W)
derivativedivides | 40
parallelrisch b(2z arccot(dz+c)d?+2c arccot2(g2z+c)d+ln(d2w2+2cda:+02+1)d) +az 54
. i i i —i bln(d%x?+2cdz+c?+1
risch az + ibx ln(l—i—;(da:—}-c)) __dbzIn(l 22(d:c+c)) + ﬂ'sz _ bcarcta(r;(dz—i—c) + n(d%z +2§ z+c2+1) 79

-

Lint (at+b*arccot (d*x+c) ,x,method=_RETURNVERBOSE)

N

La*x+b/d*(arccot(d*x+c)*(d*x+c)+1/2*ln(1+(d*x+c)‘2))

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.37

/ (a+bcot™ (c+dx)) dz

_ 2bdz arccot (dz + ¢) + 2adz — 2bcarctan (dz + c) + blog (d?z? + 2cdz + ¢ + 1)

2d

p
Lintegrate (atb*arccot (d*x+c) ,x, algorithm="fricas")

-/

‘1/2*(2*b*d*x*arccot(d*x + c) + 2%axdxx - 2*b*cxarctan(d*x + c) + bxlog(d~2 ‘

‘*x“2 + 2kckd¥x + ¢~2 + 1))/d
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Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

/ (a+bcot™ (c+ dx)) dx

cacot (c+dz) + z acot (C + dCL‘) + log (c2+2cdx+d?z2+1) for d 7é 0

=ar+b d 2
x acot (c) otherwise
inputLintegrate(a+b*acot(d*x+c),x) J

t‘a*x + b*Piecewise((c*acot(c + d*x)/d + x*acot(c + d*x) + log(c**2 + 2%cxd*

outpu
\x + d¥*k2kx*xx2 + 1)/(2%d), Ne(d, 0)), (x*acot(c), True)) \

Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.89

(2 (dz + ) arccot (dz + ¢) + log ((dz + o)’ + 1))b
2d

/(a—l— beot ™ (c+ dz)) dz = az +

inputLintegrate(a+b*arccot(d*x+c),x, algorithm="maxima") J

-

La*x + 1/2%(2+(d*x + c)*arccot(d*x + c) + log((d*x + c)~2 + 1))*b/d

| —

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(36) = 72.

Time = 0.17 (sec) , antiderivative size = 116, normalized size of antiderivative = 3.05

/ (a+bcot™ (c+ dz)) dz = azx

1 1 1 2 16 tan(% arctan(ﬁ_’_c))2 1
(arctan (derc) tan (1 arctan (dHc)) + log (tan@ arctan(#ﬂ))‘l—iﬁ n(} arctan(#ﬂ>>2+1 tan (1 arct

2dtan (5 arctan (7))
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input ‘ integrate(atb*arccot (d*x+c) ,x, algorithm="giac") ‘

output‘ a*x - 1/2x(arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~2 + log(16xtan ‘
| (1/2%arctan(1/(d*x + ¢)))~2/(tan(1/2*arctan(1/(d*x + c)))~4 + 2xtan(1/2%ar
‘ctan(1/(d*x + ¢)))~2 + 1))*tan(1/2*arctan(1/(d*x + c))) - arctan(1/(d*x +

‘c)))*b/(d*tan(1/2*arctan(1/(d*x + ¢))))

Mupad [B] (verification not implemented)

Time = 1.50 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.26

b ln(c2+2 cdx+d? w2+1)

+bcacot(c+dzx
/(a+bcot_1(c+dx)) dr =azx+ 2 y ( )
+ bz acot(c+ dx)
input Lint(a + bkacot(c + d*x),x) J
output‘a*x + ((b*log(c™2 + d"2*x"2 + 2xcxd*x + 1))/2 + bxc*acot(c + d*x))/d + bxx

‘*acot(c + d*x) ‘

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.37

/ (a+bcot™ (c+dx)) dz

_ 2acot(dz + c) be + 2acot(dx + c) bdx + log(d*z? 4 2cdz + ¢ + 1) b+ 2adx
N 2d

input Lint (at+b*acot (d*x+c) ,x) J

‘ (2*acot(c + d*x)*b*c + 2*acot(c + d*x)*b*d*x + log(ck*2 + 2xckd*x + d**2*x \

output
‘**2 + 1)%b + 2%a*d¥x)/(2*d)
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3.20 f a+bcc;t_:c§;c+dm) dx

Optimal result . . . . . . . . . . . . . . e 186
Mathematica [B] (verified) . . . . . . . . . .. .. 187
Rubi [A] (verified) . . . . . . . . . . 187
Maple [A] (verified) . . . . . . ... L 190
Fricas [F] . . . . . o o e 190
Sympy [F(-1)] . . . oo [191]
Maxima [F] . . . . . . 191]
Giac [F] . . . . o o 1911
Mupad [F(-1)] . . . o o 192
Reduce [F] . . . . o o e 192

Optimal result

Integrand size = 18, antiderivative size = 162

a+ beot™!(c+ dzx) (a+bcot™(c + dx)) log <—1_¢(62+dw))
/ dr = —
e+ fx f

-1 2d(e+fx)
(a+bcot™'(c+dz)) log <(de+(i_c)f)(1_i(c+dm))>

_|_

f
ib PolyLog (27 1- ﬁ)
_ 27
. 2d(e+fx)
. ib PolyLog (2, 1- (de+(i—c)f)(1—i(c+dz)))

2f

output ‘ -(atbxarccot (d*x+c) ) *1n(2/(1-I*(d*x+c)) ) /f+(a+bxarccot (d*x+c) ) *1n (2xd* (f*x ‘
\ +e) /(d*e+(I-c)*£f)/(1-I*(d*x+c)))/f-1/2xI*bxpolylog(2,1-2/(1-I*(d*x+c)))/f+ \
| 1/2%I*bkpolylog(2, 1-2+dx (£*x+e) / (de+(I-c)*£)/ (1-Ix(d*x+c))) /£ |
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Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 336 vs. 2(162) = 324.

Time = 0.30 (sec) , antiderivative size = 336, normalized size of antiderivative = 2.07

dz

/ a+beot™!(c+ dx)
e+ fz

alog(e+ fz)+b ((cot‘l(c + dz) + arctan(c + dz)) log(e + fz) + arctan(c + dz) <log <\/ﬁw> -

e

A >

input LIntegrate[(a + bxArcCot[c + d*x])/(e + f*x),x]

(a*Logle + f*x] + b*((ArcCot[c + d*x] + ArcTan[c + d*x])*Logle + f*x] + Ar
cTan[c + d*x]*(Log[1/Sqrt[1 + (c + d*x)~2]] - Log[Sin[ArcTan[(d*e - c*f)/f
1 + ArcTan[c + d*x]]1]) + ((I/4)*(Pi - 2xArcTan[c + d*x])~2 + I*(ArcTan[(d*
e - cxf)/f] + ArcTan[c + d*x])"2 - (Pi - 2xArcTan[c + d*x])*Log[l + E~((-2
*I)xArcTan[c + d*x])] - 2*(ArcTan[(d*e - c*f)/f] + ArcTan[c + d*x])*Logl[1

- ET((2*%I)*(ArcTan[(d*e - c*f)/f] + ArcTan[c + d*x]))] + (Pi - 2%ArcTanlc

+ d*x])*Log[2/Sqrt[1 + (c + d*x)~2]] + 2x(ArcTan[(d*e - c*f)/f] + ArcTanl[c
+ d=*x])*Log[2*#Sin[ArcTan[(d*e - c*f)/f] + ArcTan[c + d*x]]] + I*PolyLogl[2
» "E7((-2*I)*ArcTan[c + d*x])] + I*PolyLogl[2, E~((2*I)*(ArcTan[(d*e - c*f)
/f] + ArcTan([c + d*x]))1)/2))/f

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.11,

number of rules __
integrand size 0.333, Rules

number of steps used = 7, number of rules used = 6,
used = {5571, 27, 5382, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+bcot™(c + dx)

e+ fz de
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l 5571

d(a+bcot™ 1(c+d:v)) d
f d(e—f)+f(c+dx) ( + .'17)

l 27

a+ bcot™!(c + dx)
fle+dz) —cf +de

l 5382

d(c+ dx)

b log (gattersiilera ) d(c+ dm) b Md(c + dz)
(otdn)?ii (c+dz)2+1

f
(a+bcot™!(c+ dz)) log ((1_§g£§rc£)i;”()__g:j:lif)) - log (%) (a+bcot™ (c+ dz))
f f
| 2849

log ( aee S )
e—cC 1 —(c T
b [ SRR ) e+ da)

lOg(l 1(c+dw)) 1
zbf 1,(c+d 5 dl—i(c+dx)

f

(a+bcot™!(c+ dz)) log ((1_%({5:%??()__5){:;2”)) log <%) (a+bcot™ (c+ dz))

f - f
l2%2

log (g are s - 2(f (c+da)—cf+d
bf ((d f+if)(A—i(ctd ))>d(c+dm) s (a+ bcot 1(C+d$)) log <(1—iEc-(|—Cdx);C()—ccf+d€e-)l-if)) ~

(c+dz)2+1
f
log (ﬁ) (a+bcot™'(c+dx)) ibPolyLog (2, 1-— ﬁ)
f B of
| 2897

_ 2 +dx)—cf+d _
(a+bcot™(c+ dz)) log ((l_igfdx)f()_fﬁd:lif)) ~ log (ﬁ) (a+bcot™ (c+ dx))
f

f
: 2(de—cf+f(c+dx)) i 2
ib PolyLog <2, 1-— (de—c?:z‘f)(l—ci(cidm))) ~ ibPolyLog <2, 1- m)

2f 2f

+

input Int[(a + b*ArcCot[c + d*x])/(e + f*x),x]




output

rule 27

rule 2752

rule 2849

rule 2897

rule 5382
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-(((a + bxArcCot[c + d*x])*Log[2/(1 - Ix(c + d*x))]1)/f) + ((a + b*ArcCotl[c
+ d*x])*Log[(2x(d*xe - c*f + f*(c + d*x)))/((dxe + Ixf - c*f)*(1 - I*x(c +
d*x)))]1)/f - ((I/2)*b*PolyLogl[2, 1 - 2/(1 - Ix(c + d*x))]1)/f + ((I/2)*bxPo
lyLog[2, 1 - (2*(d*e - c*f + fx(c + d*x)))/((d*e + Ixf - c*f)*(1 - Ix(c +

d*x)))1)/f

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Logl(c_.)*(x_)1/((@.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - cxx], x] /; FreeQl{c, d, e}, x] && EqQ[e + cx*d, 0]

‘Int[Log[(C_.)/((d_) + (e_)*(x_))1/((£f)) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
L{c, d, e, £, g}, x] && EqQlc, 2xd] && EqQ[e~2*f + d~2xg, 0]

~

Int[Loglu_1*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]1]1, Expon[Pq, x]]

/Int[((a_.) + ArcCot[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Si )

mp[(-(a + b*ArcCot[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*ArcCot[
c*xx])*(Log[2*c*((d + e*x)/((cxd + I*e)*(1 - I*cx*x)))1/e), x] - Simp[bx*(c/e)

Int[Log[2/(1 - I*c*x)]/(1 + c2%x~2), x], x] + Simp[b*(c/e) Int[Logl[2*
ck((d + e*xx)/((cxd + I*xe)*(1 - I*kc*x)))]1/(1 + c™2%x72), x], x]) /; FreeQ[{a
, b, ¢, d, e}, x] && NeQ[c™2+*d"2 + e~2, 0]
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rule 5571‘Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m ‘
'_.), x_Symboll :> Simp[1/d  Subst[Int[((d*e - c*f)/d + £*(x/d)) m*(a + b¥A |
‘rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m, p}, x] && I ‘
‘GtQ[p, 0] ‘

Maple [A] (verified)

Time = 1.20 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.22

method result
b ( d ln(f(dz-i—c)—cf-}—de) arceot(dz+e) | (_ iIn(f(dztc)—cftde) (1“ ( z—fc_é{;(g:-tff) ) —In ( zi}—fffiﬁf@ )) _

parts a 1n(§w+e) + _

ad ln(cffdiff(dachc)) —bd (_ ln(cffdeff(dac#}c)) arccot(dtc) ' n(efmde=f(dato) (1“ < Zii—?ﬁﬁ? ) ~In ( if&ﬁj:jf} )
derivativedivides i

ad ln(cf—d;—f(dwrc)) —bd (_ ln(cf—de—f(dac—;c)) arccot(date) ' 1R(ef ~de—f(dzte) (1“ ( Zii—ir(iﬁt;) ) —In ( Y )
default .
visch b dilog (=t oot DIZT) _ ibln(—ida—ic+1) In( 1o/ =idet( o= | Il e (ide-

2f 2f 2f
input| 108 ((atbrarccot (dxx+c))/ (fxx+e) ,x,method=_RETURNVERBOSE) J

output \ a*1ln(f*x+e) /f+b/d* (d*1n(f* (d*x+c)-c*xf+d*e) /fxarccot (d*x+c)+d* (-1/2*I*1n(f* \
| (dxx+c)-cxf+dxe) x (In((Ixf-£*(dxx+c))/ (de+Ixf-c*f))-In((Ixf+Ex(d*x+c))/(cx |
f-dwe+Ix£)))/£-1/2%I* (dilog ((I*f-£*(d*x+c))/ (dve+Ixf-cxf))-dilog((Ixf+fx(d |

\*x+c>)/(c*f-d*e+1*f>>)/f))

Fricas [F]

dz

/a+bcot_1(c—|—dx) /barccot (dz+c)+a
dr =
e+ fx fr+e

input Lintegrate ((atb*arccot (d*x+c))/(f*x+e) ,x, algorithm="fricas") J
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output Lintegral((b*arccot(d*x +c) +a)/(f*xx + e), x)

Sympy [F(-1)]

Timed out.

/ a+ beot™!(c+ dx) dx = Timed out

e+ fx

inputLintegrate((a+b*acot(d*x+c))/(f*x+e)’x)

Ou_tpudTimed out

Maxima [F]

/a+bcot_1(c+dx) dw_/barccot(d:c+c)+adx

e+ fx fr+e

inputLintegrate((a+b*arccot(d*x+c))/(f*x+e),x, algorithm="maxima")

output LQ*b*integrate(1/2*arctan2(1, d*x + c)/(fxx + e), x) + axlog(f*x + e)/f

Giac [F]

-1
/a—l—bcot (c+ dzx) dx:/barccot(dx—l—c)—l—adw

e+ fx fx+e

input Lintegrate ((atb*arccot (d*x+c))/(f*x+e) ,x, algorithm="giac")

output Lintegrate((b*arccot(d*x +c) + a)/(f*x + e), x)
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Mupad [F(-1)]
Timed out.

dx

/a+bcot‘1(c+dx) /a+bacot(c+dz)
dxr =
e+ fz e+ fzx

input Lint((a + b*acot(c + d*x))/(e + f*x),x)

output Lint((a + bracot(c + d*x))/(e + f*x), x)

Reduce [F]

/ a+ beot™!(c+ dzx) (f aco;;_df:c) dl") bf +log(fr+e)a
dr =
e+ fr f

input Lint ((atb*acot (d*x+c)) / (f*x+e) ,x)

outputt(int(acm(c + d*x)/(e + £*x),x)*b*f + log(e + fxx)*a)/f




output
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3.91 f a+b cot_l(c2+dm) dx
(e+fx)

Optimal result . . . . . . . . . . . . e 193
Mathematica [C] (verified) . . . . . . . . . ... . L 193
Rubi [A] (verified) . . . . . . . . . .. 194
Maple [A] (verified) . . . . . . ... L 197
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 198
Sympy [F(-1)] . . o o 198
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 199
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1991
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 200
Reduce [B] (verification not implemented) . . . ... ... ... ......... 20Tl

Optimal result

Integrand size = 18, antiderivative size = 153

/ a+bcot™(c+dr) , _a+ beot™(c + dzx) __bd(de — cf) arctan(c + dz)
(e+fop T T fle+fn)  f(@2—2cdef +(1+) )
bdlog(e + fx)

- d%e? — 2cdef + (1+ &) f?
bdlog (1 + ¢* + 2cdx + d*z?)

2 (d?e? — 2cdef + (1 + ) f?)

e

- (atb*arccot (d*x+c)) /f/ (f*x+e) -b*d* (—cxf+d*e) *arctan (d*x+c) /f/(d"2*%e~2-2%c

‘*d*e*f+(c‘2+1)*f‘2)—b*d*ln(f*x+e)/(d‘2*e‘2—2*c*d*e*f+(c‘2+1)*f‘2)+b*d*ln(d
"2*x“2+2*c*d*x+c‘2+1)/(2*d“2*e‘2—4*c*d*e*f+2*(c“2+1)*f“2)

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.15 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.77

dx

/ a+ beot™!(c+ dzx)
(e+ fz)?

__a+bcot”!(c+dz) + bd((ide+ f—icf) log(i—c—dx)+(—ide+ f+icf) log(i+c+dx)—2f log(d(e+fz)))

e+fx

2(d2e2—2cdef+(1+c2) f2)

f

A\
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input‘ Integrate[(a + b*ArcCot[c + d*x])/(e + f*x)~2,x] ‘

‘(-((a + bxArcCot [c + d*x])/(e + f*x)) + (bkd*x((I*d*e + f - Ixcxf)*Logl[I - \
‘c - dxx] + ((-I)*dxe + f + Ixc*f)*Logl[I + c + d*x] - 2xfxLogl[dx(e + f*x)]) \
)/ (2(a72%0"2 - 2xcrdrext + (1 + c"2)*E72)))/f J

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.97,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.500, Rules

used = {5569, 2081, 1144, 27, 1142, 27, 1083, 217, 1103}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1
/ a+ bcot (c;—da:) dx
(e+ fz)
l 5569
1
_ bd | (e+ fx)((c+dx)2+1)dw _a+ bcot~1(c+ dx)
f fle+ fz)
l 2081
_ bd f (e+fw)(cz+2%ia:c+d2a:2+1)dm _a + bCOt_l(C + dx)
f fle+ fz)
l 1144
bd f %dw + flog(e+fx)
B (c2+1) f2—2cdef+d2e? (c24+1) f2—2cdef+d%e? _a + bCOt_l(C + dm)
f fle+ fz)
l 27

df de—2cf—dfz dx
bd ’ c2+22dzc+d212+12 > _+_ 5 flgg(e"’fz) o
(c2+1)f2—2cdef+d%e (c24+1) f2—2cdef+d?e a+ bCOt_l(C + dz)
f fle+ fz)

l 1142
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Fr 2d(c+dx) do

24 9dretd2r2+1

d (de—cf) f (:2+2dxc}f-d2z2+ldw_ € +2dz§t-i‘rd .

bd + flog(e+fz)
(c2+1)f2—2cdef+d%e? (c2+1) f2—2cdef+d%e?

f
a+bcot~(c + dx)
fle+ fx)

l 27

flog(e+fz)

1 c+dx
bd d((de_cf) f c2+2dzc+d212+1 dm_f f c2+2dzc+d212+1 dm)
(c2+1) f2—2cdef+d%e?

1

c2+1) f2—2cdef+d%e?

f
a+bcot™(c + dx)
fe+ fz)

l 1083

d(—ff ‘Mde—Q(de—cf)f12d(2xd2+2cd)>
bd

—4d2— (2md2+2cd)

flog(e+fx)

(c2+1)f2—2cdef+d%e?

+ @

1)f2—2cdef+d2e2

f
a+beot™(c + dzx)
fle+ fx)

l 217

dzx

_ ct+dx
d f f c2+2dzc+d2z2+1

flog(e+fz)

arctan M (de—cf)
d( (2=25)
bd

(c24+1) f2—2cdef+d%e?

T @)

f2—2cdef+d2e?

f
a+bcot™(c + dzx)
fle+ fx)

| 1108

_a+bcot_1(c+dw) B
fle+ fx)

d 2d

flog(e+fz)

2
d (arCtaﬂ(%dggdz) (de—cf) _ f log(02+20dx+d2x2+1) )
bd

(c2+1)f2—2cdef+d%e?

+ @

1)f2—2cdef+d2e?
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input‘lnt[(a + bxArcCot[c + d*x])/(e + f*x)~2,x]

‘—((a + b*ArcCot[c + d*x])/(fx(e + £*x))) - (b*d*x((f*Logle + fx*x])/(d"2*e"2

tput ‘
outpu ‘ - 2xcxdxe*xf + (1 + c~2)*f"2) + (d*(((d*xe - c*f)*ArcTan[(2*cxd + 2*%d~2*x)/
(2%d)1)/d - (f*¥Logll + c™2 + 2xckd*x + d~2%x72])/(2%d)))/(d"2%e™2 - 2kcxdx
exf + (1 + c")*E"2)))/A |
Defintions of rubi rules used
rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 217 I0ELC(@) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[-b, 21)(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] |l LtQ[b, 01)
rule 1083 IntL@) + (b_)*(x) + (c_.)*(x_)"2)7(-1), x_Symboll :> Simp[-2  Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

rule 1103‘ Int[((d_) + (e_-)*(x_))/((a_-) + (b_.)*(x_) + (C_.)*(X_)AQ) s X_Symbol] > g ‘
‘imp[d*(Log[RemoveContent[a + b*x + c*x”2, x]1/b), x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[2%c*d - bre, 0]

rule 1142 Int[((d_-) + (e_-)*(X_))/((a_) + (b_.)*(X_) + (C_.)*(X_)A2), x_Symbol] :> S
imp[(2*c*d - b*e)/(2%c) Int[1/(a + b*x + c*x~2), x], x] + Simpl[e/(2%*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x]

N\ J

rule 1144 TE[1/CC@_) + (e_)*(x))*((a_.) + (b_)*(x) + (c_.)*(x_)72)), x_Symbol]

:> Simp[ex(Log[RemoveContent [d + e*x, x]]/(c*d"2 - b*d*e + a*e”2)), x] + S
imp[1/(c*d™2 - b*dxe + a*e”2) Int[(c*d - bxe - c*exx)/(a + bxx + c*x72),
x], x] /; FreeQ[{a, b, c, 4, e}, x]
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Int[(u )" (m_.)*(v_)"(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

rule 2081

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + b*ArcCot[c + d*x])"p/(fx(m +
1))), x] + Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCot[
c +d*xx])"(p - 1)/(1 + (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, 4, e, f}, x
] && IGtQ[p, 0] && ILtQ[m, -1]

rule 5569

Maple [A] (verified)

Time = 0.98 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.05

method result
f 1n(1+(dm+0)2)
2| = — 5~ +(—cf+de) arctan(dz+c) + fIn(f(dz+c)—cf+de)
c2f2_2cdef+d2e2+f2 c2f2_2cdef+d2e2+f2
bl — d2 arccot(dz+c)
(f(dz+c)—cf+de)f f
parts -2 =4
(fzte)f d

fln (1+(dw+c)2)

_ _fln(cf—de—f(dz+c)) — 5~ +(cf—de) arctan(dz+c)
a d? +bd2 arccot(dz+c) c2f2 _2cdef+d2e2+f2 22— 2cdef+d2e2+ 2
(cf—de—f(dz+c))f (cf—de—f(dz+c))f 7
derivativedivides 7
fln (1+(dz+c)2)
_ _fln(cf—de—f(dz+c)) — 5~ +(cf—de) arctan(dz+c)
ad? +bd? arccot(dz+c) c2f2_2cdef+d2e2+f2 252 _2cdef+d2e2+f2
(cf—de—f(dz+c))f (cf—de—f(dz+c)) f f
default p
parallelrisch _ 2z arccot(dz+c)bcd3 f2—2z arccot(dz+c)b dtef+2 In(fz+e)zbd3 f2—In (d2362—|—2cd:1:-|—c2 -I—l) xbd3 f2+2 arccot(da
risch __ibIn(14i(de+c))  wb A f24mbd2e?+2f2a—4acdef+mb f2+2e2a d2—ibc? f2 In(1—i(dz+c))—ib d2e? In(1—i(dz
2f(fz+e)

-

e—

input {int ((atb*arccot (d*x+c))/ (f*x+e) “2,x,method=_RETURNVERBOSE)
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-/ (£*x+e) /£+b/dx (-d 2/ (£*(d*x+c) ~ckE+dxe) /Tarccot (dkx+c)-d 2/£+(1/(c™2%f
\ ~9-2kckdkexf+d~2xe~2+f~2) % (-1/2%f*1n (1+ (d*x+c) ~2) +(~cxf+d*e) *arctan (d*x+c) \
\ )+1/ (c~2%f~2-2kckdkexf+d~2xe~2+f~2) *f*1n (£* (d*x+c) —ckf+d*e))) \

output

Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.46

dz =

a+ beot™!(c+ dx)
[

2ad?e® — dacdef + 2 (ac? + a) f2 + 2 (bd%e? — 2bedef + (bc? + b) £2) arccot (dz + ¢) + 2 (bd%e? — be

Bl 2(d?e3f —2cde? f?2 + (c® +

input Lintegrate ((at+bxarccot (d*x+c))/(f*x+e)"2,x, algorithm="fricas") J

-1/2%(2*%a*d"2*%e”~2 - 4*axckxdxexf + 2x(a*xc™2 + a)*f72 + 2x(b*d~2*e”2 - 2%b*c
xdxexf + (b*c”™2 + b)*f~2)*arccot(d*x + c) + 2x(b*d~2%e”2 - b*ckd*e*xf + (b*
d"2%e*f - bxckd*f~2)*x)*arctan(d*x + c) - (b*d*f~2%x + bkxdxe*f)*log(d~2xx"
2 + 2xckd*x + c”2 + 1) + 2% (b*d*f"2*x + bxdkexf)*log(f*x + e))/(d"2xe”3*f

- 2xckd*e"2*f72 + (c72 + 1) *exf”3 + (d72%e"2*%f72 — 2*cxd*ke*f~3 + (c”2 + 1)
*f~4) *x)

output

Sympy [F(-1)]

Timed out.
bcot™? d
/ @t boot et dv) dz = Timed out
(e+ fz)?
input Lintegrate ((a+b*acot (d*x+c) )/ (f*x+e) **2,X) J
output LTimed out J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.16

/ a+ beot™!(c+ dx) i —
(e+ fz)?
1 2 (d% — cdf) arctan (ﬁ#) log (d?z% + 2cdx + c®> + 1) 2log(fz+e)
2 (d22f — 2cdef? + (2 +1)f3)d  d?e2 —2cdef + (2 +1)f2 ' d?e2 — 2cdef + (2 + 1) f2
. /
" flrtef

-/

p
input Lintegrate ((at+bxarccot (d*x+c))/(f*x+e)~2,x, algorithm="maxima")

Output‘—i/z*(d*(z*(d?*e - cxd*f)*arctan((d™2xx + c*xd)/d)/((d"2%e"2*%f - 2kcxd*exf \
\‘2 + (c72 + 1)*£73)*d) - log(d™2*x"2 + 2xcxd*x + c”2 + 1)/(d72%e”2 - 2xc*xd \
\*e*f + (c72 + 1)*£72) + 2xlog(f*x + e)/(d"2%e”2 - 2xckd¥exf + (c™2 + 1)*f~ \

‘2)) + 2karccot(d*x + c)/(f"2%x + exf))*b - a/(f~2*x + ex*f)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1264 vs. 2(151) = 302.

Time = 0.32 (sec) , antiderivative size = 1264, normalized size of antiderivative = 8.26

dx = Too large to display

/ a+ beot™i(c+ dx)
(e + fz)?

~—

B
input Lintegrate ((atb*arccot (d*x+c) )/ (£*x+e)~2,x, algorithm="giac")




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 200

-1/2% (2*b*d*e*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~2 - 2*bkc*f
*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~2 + 2xbxd*exlog(4*(4*d"2
*e"2xtan(1/2*arctan(1/(d*x + c)))~2 - 8*xckd*exf*tan(1l/2*arctan(1l/(d*x + c)
))"2 + 4xc”2*xf"2+tan(1/2*arctan(1/(d*x + c))) "2 - 4*d*exfxtan(1/2*arctan(l
/(d*x + c)))"3 + 4xc*xf~2*tan(1/2*arctan(1/(d*x + c)))~3 + f~2%tan(1/2*arct
an(1/(d*x + c))) "4 + 4xd*exfxtan(l/2*arctan(1/(d*x + c))) - 4d*xcxf~2xtan(1/
2xarctan(1/(d*x + c))) - 2%f~2+tan(1/2*arctan(1/(d*x + c)))~2 + £72)/(tan(
1/2*arctan(1/(d*x + c))) "4 + 2*xtan(1/2*arctan(1/(d*x + c)))~2 + 1))*tan(1/
2*xarctan(1/(d*x + c))) - 2*b*cxfxlog(4*(4*d~2%e"2xtan(1/2*arctan(1/(d*x +
c))) "2 - 8xckdxexfxtan(l/2*arctan(1/(d*x + c)))~2 + 4*xc™2xf 2%tan(1/2*arct
an(1/(d*x + c)))~2 - 4xdxexfxtan(1/2*arctan(1/(d*x + c)))~3 + 4xc*xf~2*tan(
1/2*%arctan(1/(d*x + c)))~3 + £ 2xtan(1/2*arctan(1/(d*x + c))) "4 + 4*dxexf*
tan(1/2*arctan(1/(d*x + c))) - 4*xc*f~2*tan(1/2*arctan(1/(d*x + c))) - 2*f~
2%tan(1/2*arctan(1/(d*x + ¢)))~2 + £72)/(tan(1/2*arctan(1/(d*x + c)))"4 +
2%tan(1/2*arctan(1/(d*x + c)))"2 + 1))*tan(1/2*arctan(1/(d*x + c))) + 2*ax
dxextan(1/2*arctan(1/(d*x + c)))~2 - 2*axc*f*xtan(1l/2*arctan(1/(d*x + c)))~
2 - bxf*log(4*(4*d"2xe"2xtan(1/2*arctan(1/(d*x + c)))~2 - 8*ckdxexfxtan(1/
2xarctan(1/(d*x + c))) "2 + 4xc~2xf~2xtan(1/2*arctan(1/(d*x + c)))~2 - 4xdx
exfxtan(1l/2*arctan(1/(d*x + c)))~3 + 4*c*f~2*tan(1/2*arctan(1/(d*x + c)))~
3 + f~2+tan(1/2*arctan(1/(d*x + c))) "4 + 4xd*e*xf*tan(1l/2*arctan(1/(d*x ...

Mupad [B] (verification not implemented)

Time = 2.08 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.84

/a+bc0t‘1(c+d:c) dp— @ _ bacot(c+dz)
(e+ fz)? T ref  fle+fo)
bdIn(e+ fzx)

S d2e —2cdef+ (2 +1) f?
bdln(c+dzx—1i) li bd In(c+ dz + 1i)
2f (de—cf+f1) 2f (f—cflitdel])

e

Lint((a + b*acot(c + d*x))/(e + f*x)~2,x)

~—

‘(b*d*log(c + d*x - 1i)*1i)/(2*%f*(f*1i - c*xf + d*e)) - (bxacot(c + d*x))/(f
\*(e + fxx)) - (bxd*log(e + f*x))/(£72%(c”2 + 1) + d™2%e”2 - 2*cxd*exf) - a
/(exf + £72+x) + (bxd*log(c + d*x + 1i))/(2*f*(f - cxf*1i + d*ex1i))

N\

J
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.08

—1

/ a+ beot™(c+ dx) i
(e+ fz)

_ 2acot(dz + ) b f2x — 4acot(dx + c) bede fx + 2acot(dx + ¢) bd®e*x + 2acot(dx + ¢) b f2x + 2atan(d:

-

input L

~—/

int ((a+b*acot (d*x+c)) / (f*x+e) ~2,x)

(2*acot (c + d*x)*bkxck*2xf*x2%x — 4*acot(c + d*x)*bkcxd*exf*xx + 2*acot(c +
d*x) ¥xbkxd**x2%e**x2+x + 2xacot(c + d*xx)*bxf+*x2xx + 2katan(c + d*x)*bkck*2kexf
+ 2%atan(c + d*x)*bkck*x2+f*x2+x - 2xatan(c + d*x)*bxckxd*e**x2 - 2*atan(c +
d*x) *bxckd*kexfxx + 2katan(c + d*x)*bkexf + 2*atan(c + d*x)*b*f**2*x + log
(c**2 + 2kcxd*x + d**2xx**2 + 1)*bxd*e*x*2 + log(ck*2 + 2kckd*x + d**2*x**2
+ 1)*bxd*exf*xx - 2*log(e + f*x)*b*dxe*x2 - 2+log(e + f*x)*b*d*exf*x + 2*a
*Ckk2kEkkDkx — dkakckdkexfrx + 2kakdk*kkekxkx2xx + 2kaxfx*k2xx)/(2ke* (ck*x2ke*
fx*k2 + ck*2kf*k*k3kx — 2kckdkex*2*%xf — 2kckdkexf**x2*%xx + dk*k2kex*x3 + d*k*2*ke*x*2

*fxx + exf**x2 + £x*3%x))

output




output
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a+bcot ™1 (c+dx)
3.22 | s— dx
(e+fx)

Optimal result . . . . . . . . . . . . .. e 202]
Mathematica [C] (verified) . . . . . . . . . ... . L 203
Rubi [A] (verified) . . . . . . . . . .. 2031
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 207
Sympy [F(-1)] . . o o 207
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 208
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... ... 208}
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 210
Reduce [B] (verification not implemented) . . . ... ... ... ......... 211

Optimal result

Integrand size = 18, antiderivative size = 228

/ a+ beot™!(c+ dzx)

(e+ fz)3 T2 (d?e? — 2cdef + (1 + 2) f?) (e + fx)
_a+bcot™!(c+dx)

2f(e+ fx)?
_ bd*(de + f — cf)(de — (1 + ¢)f) arctan(c + dx)

of (d2e? — 2cdef + (1 + ¢2) f2)?
bd%(de — cf)log(e + fz)

(d2e? — 2cdef + (1 + ¢2) f2)°
bd?(de — cf) log (1 + ¢® + 2cdx + d*z?)

2 (d2e? — 2cdef + (1 + ¢2) f2)?

1/2%b*d/ (d"2%e~2-2%cxd*e*xf+(c~2+1) *f~2) / (f*x+e)-1/2* (a+b*arccot (d*x+c)) /f/
(fxx+e) ~2-1/2*b*d~2* (~ckf+d*e+f) * (d*e—- (1+c) *f) *arctan(d*x+c) /£/(d"2xe~2-2%
ckdxexf+(c™2+1) *£72) "2-b*kd~2* (—~ckf+d*e) *1n(fxx+e) / (d~2%e " 2-2xcxd*e*f+(c ™2+
1) *£72) "2+1/2%b*d~ 2% (—ckxf+d*e) *1n (A" 2*x " 2+2*ckd*x+c~2+1) / (d"2%e”~2-2%cxd*ex*

f+(c™2+1)*£72) "2
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.42 (sec) , antiderivative size = 180, normalized size of antiderivative = 0.79

/a+bcot_1(c+dx) i

(e + fz)?
bdf a+bcot~!(ct+dz) ibd? log(i—c—dx) ibd? log(i+c+dx)  2bd?f(de—cf) log(d(e+fz))

_ (@®e—2cdef+(1+2)f?)(e+fz) (e+fxz)2 + 2(de—(—i+c)f)2 ~ 2(de—(i+¢)f)? (d2e2—2cdef+(14c2) f2)?

2f

input‘ Integrate[(a + b*ArcCot[c + d*x])/(e + f*x)~3,x] ‘

output‘ ((bxdxf)/((d"2*%e"2 - 2%cxdxexf + (1 + c”2)*£72)*(e + f*x)) - (a + bxArcCot ‘
[c + d*x])/(e + £xx)72 + ((I/2)%b*d~2+LoglI - c¢ - d*x])/(d*e - (-I + c)*f)
"2 - ((I/2)%b*d~2+LoglI + c + d*x])/(d*e - (I + c)*£)"2 - (2¥bxd"2*fx(d*e |

‘— cxf)*Log[d*(e + £*x)])/(d"2%e"2 - 2*ckd*exf + (1 + c™2)*£72)72)/(2*f)

Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.07,

number of rules __
integrand size 0.333, Rules

number of steps used = 6, number of rules used = 6,
used = {5569, 2081, 1145, 27, 1200, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+bcot™(c + dx) e

(e+ fx)3
l 5569

. bd | (e+fm)2((i+dx)2+1) dx _a+ bcot~!(c+ dx)
2f 2f(e+ fx)?
lmm1

_ bd f (e+fz)2(02+21d:cc+d2:c2+1) dzx _a + bCOt_l(C + d.%')
2f 2f(e+ fz)?
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l 1145
d(de—2cf—dfz)
bd f (e+fx) (02+2dmc+d212+1) dz f
(c2+1)f2—2cdef+d%e? T (e fx)((2F1) f2—2cdef+d2e?)

_a+ beot™!(c+ dx)
2f 2f(e+ fz)?

l 27

df de—2cf—dfx dr
bd (e+fz) (02+2dzc+d212+1) f
2 2_ 202 - 2 2__ 2.2
(c?4+1) f2—2cdef+d?e (e+fz)((c?+1) f2—2cdef+d?e?) o+ bcot_l(c n d.’L‘)
2f 2f(e + fz)?
l'1200
af 2(de—cf) 2 N d(d252—4cdfe— (1—3c2)f2—2df(de—cf)w) p
(d262—2cdfe+ (c2+1)f2) (e+fzx) (d2e2—2cdfe+ (c2+1)f2) (c2+2da:c+d23:2+1) © f
bd (c2+1)f2—2cdef+d2%e? T (et fx)((2F1) f2—2cdef+d2e2)
_ 2f _
a+bcot™(c+ dzx)
2f(e+ fz)?
l 2009
a+beot™(c+ dzx)
2f(e+ fz)?
d arctan(c+dz)(—cf+de+f)(de—(c+1)f) f(de—cf) log(02+2cdz+d2z2+1) 2f(de—cf) log(e+fz)
(c2+1)f2—2cdef+d2e2 (c2+1)f2—2cdef+d2e2 (c2+1)f2—2cdef+dze2 f
bd (c2+1)f2—2cdef+d%e? T (et fx)((2F1) f2—2cdef+d2e?)
2f

-

input LInt[(a + bxArcCot[c + d*x])/(e + f*x)~3,x]

-/

-1/2*(a + bxArcCot[c + d*x])/(f*(e + £*x)~2) - (b*d*(-(£/((d"2%e”2 - 2%c*d
xexf + (1 + c”2)*£72)x(e + f*x))) + (d*(((d*e + £ - c*f)*(dxe - (1 + c)*f)
*ArcTan[c + d*x])/(d"2%e”2 - 2%ckd*exf + (1 + c™2)*f~2) + (2xfx(d*e - cx*f)
xLogle + fxx])/(d"2*e”2 - 2kcxdxe*xf + (1 + c”2)*£72) - (fx(dxe - c*f)*Logl
1 + ¢c72 + 2%cxd*x + d72%x72])/(d"2*%e”2 - 2*ckxdke*xf + (1 + c~2)*£f72)))/(d"2
*xe”2 - 2xcxd¥exf + (1 + c”2)*£72)))/(2%f)

output




rule 27

rule 1145

rule 1200

rule 2009

rule 2081

rule 5569

CHAPTER 3. LISTING OF INTEGRALS 205

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((d_.) + (e_)*(x_))"(m_)/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol]

:> Simp[ex((d + exx)"(m + 1)/((m + 1)*(c*d"2 - bxd*e + a*e”2))), x] + Simp
[1/(c*xd™2 - b*dxe + a*e”2) Int[(d + e*x)"(m + 1)*(Simp[c*d - b*e - c*exx,
x]/(a + b*x + c*x72)), x], x] /; FreeQ[{a, b, c, d, e}, x] && ILtQ[m, -1]

Int[(((d_.) + (e_.)*(x)) " (m_)*((f_.) + (g_.)*(x_))"(n_.))/((a_.) + (b_.)*
(x_) + (c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*x((f + g
x)"n/(a + bxx + c*xx72)), x], x] /; FreeQ[{a, b, c, d, e, £, g, m}, x] & In
tegersQ [n]

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—  /

Int[(u )" (m_.)*(v_)"(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

N\

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_), x_Symbol] :> Simp[(e + f*x) " (m + 1)*((a + bxArcCot[c + d*x]) p/(f*(m +
1))), x] + Simp[b*d*(p/(f*x(m + 1))) Int[(e + fxx)"(m + 1)*((a + b*ArcCot[
c +d*xx])"(p - 1)/(1 + (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x
1 && IGtQ[p, 0] && ILtQ[m, -1]
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Maple [A] (verified)

Time = 2.06 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.07

method result
Cc 2— € n T+C 2
3 (2 fro2d f) 12 (1+(d +o) ) +(c2f2—20def+d2 2—f2) arctan(dz+c) _
3 (c2f2—2cdef+d2e2+f2)2
bl — d® arccot(dz+c) _
2(f(dz+c)—cf+de)?f
parts — T
2(fz+e)°f d
f _2f(cf—de)ln(cf—de—f(
add - arccot(detc) (c2£2—2¢def+d2e2+f2)(cf~de—f(dote)  (c2f2—2cdef+d2e?+
_2(cf—de—f(dw+c))2f_ 2(cf—de—f(d:v+c))2f+
derivativedivides i
f _2f(cf—de) In(cf—de—f(
B wdd bdd arccot(dz-c) (C2f2_26d€f+d2e2+f2)(cf—de—f(dz+c)) (02f2—2cdef+d2e2+‘
2(cf—de—f(dz+c))2 f 2(cf—de—f(dz+c))2f
default i
parallelrisch 4In(fz+e)zbedie fA—21n(d2z2+2cdz+c2+1)zbe die f4—222 arccot(dr+c)bed®e f4+2x arccot(dz+c)bcidie f4—4
risch Expression too large to display
input Lint ((atb*arccot (d*x+c) )/ (f*x+e) ~3,x,method=_RETURNVERBOSE) J
output -1/2xa/(fxx+e) ~2/£+b/d* (-1/2*%d~3/ (£* (d*x+c) -cxf+d*e) “2/f*arccot (d*x+c)-1/2

*d~3/fx(1/(c”2*f"2-2%c*d*e*xf+d " 2*xe"2+f~2) "2k (1/2% (2*c*f~2-2xd*exf ) *1n(1+(d
*x+c) "2) +(c72*%f"2-2xckd*exf+d"2*xe"2-f"2) *arctan (d*xx+c) ) -f/ (c"2*xf ~2-2*c*xd*e
*f+d"2xe"2+f"2) / (£* (d*x+c) —c*xf+d*e) —2x (cxf—d*xe) *f/ (c"2*f"2-2*c*xd*exf+d " 2*e
~2+£72) "2x1n (f* (d*x+c) —c*kf+d*e)))




input

output

input

output
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 728 vs. 2(220) = 440.

Time = 1.33 (sec) , antiderivative size = 728, normalized size of antiderivative = 3.19

/ a+ beot™i(c+ dx)

(et o) dx = Too large to display

p
Lintegrate ((atb*arccot (d*x+c))/(f*x+e) "3,x, algorithm="fricas")

~—

-1/2%(a*d"4*xe~4 - (4*a*c + b)*d~3*e~3*f + 2% (3*a*xc™2 + b*c + a)*d"2*xe 2xf"
2 - (4xaxc”3 + bxc™2 + 4xaxc + b)*dkexf~3 + (a*xc™4 + 2*a*xc”2 + a)*f~4 - (b
*d"3xe " 2xf"2 - 2kbxckd"2xexf~3 + (b*c”2 + b)*d*f~4)*x + (b*d"4*e”4 - 4xbx*c
*d"3*%e"3*f + 2x(3*b*c”2 + b)*d"2*e"2*%f"2 - 4*(b*c”3 + b*c)*d*e*f~3 + (bxc”
4 + 2%b*c”2 + b)*f~4)*arccot(d*x + c) + (b*d"4*e”4 - 2xbxcxd"3*e”3*f + (b*
c”2 - b)*d"2*%e"2*xf"2 + (b*d"4*xe"2*f"2 - 2xb*c*d"3*exf~3 + (b*c~2 - b)*d"2x*
£74)*x"2 + 2% (b*d"4*e"3*f — 2*bkckd"3*e”2*%f72 + (b*c”2 — b)*d"2ke*xf~3)*x)*
arctan(d*x + c) — (b*d"3*e”3*f — b*c*d"2*e"2*xf~2 + (b*d"3*e*f~3 - b*c*xd 2%
£74)*x72 + 2% (b*d"3xe”2*f"2 - b*ckd"2xe*f~3)*x)*log(d~2*x"2 + 2xc*d*x + c”
2 + 1) + 2x(b*d"3*e"3*f - b*cxd"2%e"2*f"2 + (b*d"3*e*f~3 - bxcxd"2+f~4)*x~
2 + 2% (b*d"3*%e"2*f"2 - bxckxd 2xexf~3)*x)*Llog(f*x + e))/(d"4*e”6xf - 4xc*d”
3xe”5*xf"2 + 2%(3%c”2 + 1)*d"2%e"4*f~3 - 4%(c”3 + c)*d*e”3xf"4 + (c™4 + 2%c
2 + 1)*e”2%xf"5 + (d"4%e”4xf~3 - 4xcxd"3%e"3*f"4 + 2%x(3%c”2 + 1)*d"2xe”2xf
"5 - 4%(c”3 + c)*kd*exf"6 + (cT4 + 2*%c”2 + 1)*f7T7)*x72 + 2x(d"4*e"5*f"2 - 4
*cxd"3xe"4xf"3 + 2% (3*%c”2 + 1)*d"2*e"3*f"4 - 4*(c”3 + c)*d*e”2*xf"5 + (c74
+ 2%c”2 + 1)*e*xf"6)*x)

Sympy [F(-1)]
Timed out.

dz = Timed out

/ a+beot™!(c+ dx)
(e+ fz)?

integrate((at+b*acot (d*x+c) )/ (fxx+e)**3,x)

N

! Timed out
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.80

/ a+ beot™!(c+ dx)
dx
(e+ fz)?
_1 p (d*e — cdf) log (d%x? + 2cdz + % + 1) B
S 2 diet —dedde3f +2(3c2+1)d?e?f2 —4(B +c)def? + (c*+2c2+1)f*  det —4cdPedf +2
B a
2(f32%2 4+ 2ef?x + e2f)
inputLintegrate((a+b*arccot(d*x+c))/(f*x+e)"3,x, algorithm="maxima") J

1/2%(d*((d"2%e - cxd*f)*log(d™2*x"2 + 2kcxd*x + c~2 + 1)/(d"4*e”4 - 4xc*d”
3*%e"3*f + 2% (3*%c”2 + 1)*d"2*e"2*%f72 — 4% (c”3 + c)*d*exf"3 + (c74 + 2*c"2 +

1)*£74) - 2x(d"2xe - c*d*f)*log(f*x + e)/(d"4*e”4 - 4xcxd~3*e 3xf + 2%(3*
€72 + 1)*d"2%e"2*%f"2 — 4%(c”3 + c)*d*exf"3 + (c™4 + 2*c”2 + 1)*£f74) - (d"4
xe~2 - 2xc*xd"3kexf + (c”2 - 1)*d~2xf~2)*arctan((d~2*x + c*d)/d)/((d"4*e~4x*
f - 4d*c*kd"3*e"3*%f"2 + 24 (3*%c”2 + 1)*d"2%e 2*f"3 - 4*(c”3 + c)*d*exf~4 + (c
4 + 2%c”2 + 1)*f75)*d) + 1/(d"2%e”3 - 2xckd*e"2*f + (c2 + 1)*exf~2 + (d”
2%e"2%f - 2xcxdxexf"2 + (c72 + 1)*£73)*x)) - arccot(d*x + c)/(£73*x72 + 2%
e*xf 2%x + e72xf))xb — 1/2%a/(£73%x72 + 2xexf"2xx + e 2x*f)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 6173 vs. 2(220) = 440.

Time = 1.12 (sec) , antiderivative size = 6173, normalized size of antiderivative = 27.07

-1
/ a+bcot™'(c+ dx) dz = Too large to display

(e+ fx)?

tnput integrate((at+b*arccot (d*x+c))/(f*x+e) "3,x, algorithm="giac")
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-1/2*%(4*bxd~4*e"3*arctan(1/(d*x + c))*tan(1l/2*arctan(1/(d*x + c)))~3 - 12%
b*c*xd~3*e~2*f*arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 + 12xb*c”
2+%d"2*exf"2xarctan(1/(d*x + c))*tan(1l/2*arctan(1/(d*x + c)))~3 - 4xbxc~3*d
*f~3%arctan(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~3 - bxd~3*e~2*f*arct
an(1/(d*x + c))*tan(1/2*arctan(1/(d*x + c)))~4 + 2*bkxc*d"2*e*f ~2*arctan(1/
(d*x + c))#*tan(1/2*arctan(1/(d*x + c))) "4 - bkc 2*d*f 3*arctan(1l/(d*x + c)
)*xtan(1/2*arctan(1/(d*x + c)))~4 + 4xbxd"4xe"3xlog(4*(4*d"2*e"2*tan(1/2*ar
ctan(1/(d*x + c))) "2 - 8*cxd*exfxtan(1/2*xarctan(1l/(d*x + c)))~2 + 4*xc™2xf"~
2xtan(1/2*arctan(1/(d*x + c)))~2 - 4*d*exf*tan(l/2*arctan(1/(d*x + c)))~3
+ 4xcxf~2xtan(1/2*arctan(1/(d*x + c)))~3 + f£72*tan(1/2*%arctan(1/(d*x + c))
)"4 + 4xd*exfxtan(1/2*arctan(1/(d*x + c))) - 4xc*f~2xtan(1/2*arctan(1/(d*x
+ ¢))) - 2xf"2+tan(1/2*arctan(1/(d*x + ¢)))~2 + £72)/(tan(1/2*arctan(1/(d
*x + c)))"4 + 2*xtan(1/2*arctan(1/(d*x + c)))~2 + 1))*tan(1/2*arctan(1/(d*x
+ ¢)))72 - 12%bkcxd"3*e " 2xfx1log(4* (4*d~2xe"2*tan(1/2*arctan(1/(d*x + c)))
~2 - 8xcxdxexfxtan(1/2*arctan(1/(d*x + c)))~2 + 4*c”2*f 2xtan(1/2*arctan(1
/(@*x + ¢)))"2 - 4xd*exfxtan(l/2*arctan(1/(d*x + c)))~3 + 4*xcxf~2+tan(1/2*
arctan(1/(d*x + c)))~3 + f~2*xtan(1/2*arctan(1/(d*x + c))) "4 + 4xd*xexf*tan(
1/2*%arctan(1/(d*x + c))) - 4xcxf~2*xtan(1/2*arctan(1/(d*x + c))) - 2*xf"2xta
n(1/2xarctan(1/(d*x + ¢)))"2 + £72)/(tan(1/2*arctan(1/(d*x + c)))"4 + 2xta
n(1/2*arctan(1/(d*x + c)))~2 + 1))*tan(1/2*arctan(1/(d*x + c)))"2 + 12%. ..

output
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Mupad [B] (verification not implemented)

Time = 7.40 (sec) , antiderivative size = 399, normalized size of antiderivative = 1.75

/a—l—bcot_l(c—l—dx) dp — bde
(e+ fzx)? 2(e+fx)? (f2—2cdef+d2e + f2)
af
B 2(e+ fz)’ (R f2—2cdef+d2e + f2)
_ bacot(c+dxz)
2f(e+fa)’
acf

B 2(e+ fx)? (2 f2—2cdef+d2e? + f2)
bd3eln(e+ fzx)
(@ f2—2cdef+d?e+ f2)
bed® fIn(e+ fx)
(2f2—2cdef +d?2e? + f2)°
+ acde
(e+ fz)* (2 f2—2cdef+d?2e? + f2)
4 bd fx
2(e+fx)? (f2—2cdef+d2e? + f2)
ad?e?
_2f(e+fxf(@f2—2cdef+wﬁez+f%
bd?In(c+dzx—i)li bd?In(c+dx+1i) li
Af(de—cf+f10)? 4Af(cf—de+ f1i)?

-

inputtint((a + bracot(c + d*x))/(e + f*x)~3,x)

-/

(bxd*e) /(2% (e + fxx)"2x(£72 + c™2+f72 + d~2%e”2 - 2*ckd*exf)) - (axf)/(2x(
e + £xx)72x(£72 + cT2*%f"2 + d"2*%e”2 - 2kxckd¥exf)) - (bxacot(c + d*x))/(2xf
*(e + £xx)72) + (b*d"2*log(c + d*x - 1i)*1i)/(4xf*x(£f*1i - c*f + d*e)”2) -

(b*d~2*log(c + d*x + 1i)*1i)/(4*f*(£*1i + c*f - dxe)”2) - (axc™2*f)/(2x(e

+ £*x)72%(£72 + c72%£72 + d72%e”2 - 2%ckdxexf)) - (b*d"3xexlog(e + f*x))/(
£72 + c™2%xf72 + d72xe”2 - 2xckd*xexf) 2 + (b*cxd"2xfxlog(e + f*x))/(£f72 + ¢
“2%f72 + d72%e”2 - 2*kckxd*exf)"2 + (axckdxe)/((e + f£xx)"2x(£72 + c™2*xf72 +

d"2*e”2 - 2kcxd*exf)) + (b*dxf*x)/(2*(e + £*xx)"2*%(£72 + c™2%f72 + 4d"2*%e™2

- 2xckd*exf)) - (a*xd"2xe”2)/(2xf*(e + f*x)"2%(£72 + c™2*xf"2 + d"2%e”2 - 2%
c*xdxexf))

output




input

output
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Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 1612, normalized size of antiderivative = 7.07

-1
/ a + bcot (C + d.’E) dxz = Too large to display

(e+ fx)?

|int ((a+bxacot (d*x+c))/ (fxx+e) ~3,%)

~

(4xacot(c + d*x)*b*ckxdkexf**x5*xx + 2*acot(c + d*x)*brck*4*xfxk6*xx**x2 — 16%a
cot(c + d*x)*bxck*k3*xdxe*x*2xfrkd*x — 8*acot(c + dkx)*bxck*3kdrxe*xf*xEkx**2 +
24*acot (c + d*x)*bxckkkdkk2ke**3*f**x3*xx + 12*acot(c + d*x)*xbkc**2*xd**2xe
*xQxfrkdxxk*x2 + 8kacot (c + d*x)*bkxckx2kxexf*k5xx + 4*acot(c + d*xx)*xbkckk2kf
*kB6xxk*2 — 16%acot(c + d*x)*bkxckdx*k3ker*dxf*x2xx — 8xacot(c + d*xx)*bkcxd**
Sxkex*xkf*x3*xx*k*2 — 16%acot(c + d*x)*bkckdrxex*2xf*xd*x - 8*acot(c + d*xx)*bx
ckxdxexfxx5xx*x*2 + 4kxacot(c + d*x)*bxdxxdxex*x5xfxx + 2*acot(c + d*x)*bxd*x*x4
*exxk4xfxx2xx*k*k2 + 8*acot (c + d*x)*bxdxx2ke*x*k3*kf**3*x + 4xacot(c + d*xx)*b*d
**xQkekk2xfxkdkxk*k2 + 4d*acot(c + d*x)*bxexfx*k5xx + 2%acot(c + d*x)*bxfx*x6xx
*x2 + 2xatan(c + d*xx)*bxckxkx4dke*x*2kxf**x4 + 4dkxatan(c + d*x)*kbkckk4dkekxf*x5xx +
2*xatan(c + d*x)*bkck*4xf**6xx**2 — 8katan(c + d*x)*b*cx*k3*kd*xex*k3*f*x*x3 - 1
6*xatan(c + d*x)*bkc**3xdke**x2xf*x*4*xx — 8xatan(c + d*x)*bkck*3xdke*frxSxx**
2 + 10*atan(c + d*x)*bxck*2+xdx*k2kexxdkf**x2 + 20*atan(c + d*x)*xbkck*2xd**2*
e*xx3xf*+*x3xx + 10*atan(c + d*x)*bkckx*x2kd**2ke**2xfr*xd*xx*x*2 + 4dxatan(c + d*x
) *bkck*k2kexk2xfxkd + 8+atan(c + dxx)*bkck*2xe*xf**x5xx + 4xatan(c + d*x)x*b*c
*x 2k fxx6xx*k*2 — 4dkatan(c + d*x)*bxckd**3xe*x*5+xf — 8*atan(c + d*x)*bkxckd**3
xexkdxfxx2kx - 4dkatan(c + d*xx)*bxckxd**3kex*3xf**k3*x**x2 — 8xatan(c + d*x)*b
*ckdxexx3xf*x*x3 — 16*atan(c + d*x)*bxckxdxex*x2xf*x*x4d*x — 8+atan(c + d*xx)x*b*xcx*
dxexf**5+x**2 + 6xatan(c + dx*x)*bxd**2*e*x*x4xf*xx2 + 12*xatan(c + d*x)*b*xd**2

*exx3kfx*x3kx + 6xatan(c + d*x)*bkdx*kex*2kf**kdxx**2 + 2xatan(c + d*x)*...
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2 —-1 2

3.23 [(e+ fx)*(a+beot ™ c+ dx)) dx

Optimal result . . . . . . .. . . ... . .. .. .
Mathematica [A] (warning: unable to verify) . . . . . .. ... ... ... 213
Rubi [A] (verified) . . . ... ... .. 214
Maple [B] (verified) . . . . . . . ... 276l
Fricas [F] . . . . . . . 217
Sympy [F] . . . o
Maxima [F] . . . . . . 2T8]
Giac [F] . . . . o o 219
Mupad [F(-1)] . . . . . 27191
Reduce [F] . . . . . o

Optimal result

Integrand size = 20, antiderivative size = 382

/(e + fz)? (a+ bcot_l(c—kdac))2 dx

_ b f2z N 2abf(de — cf)x N 20% f(de — cf)(c + dz) cot™ (c + dz)

3d? d? d3
bf?(c+ dzx)? (a + beot™(c + dx))
+
3d3
i(3d2e? — 6cdef — (1 — 3¢2) f2) (a + beot™ (¢ + dz))”
+ 3d3

(de — cf) (d2€2 — 2cdef — (3 — ¢2) f2) (a + beot ™ (c + dx))?

383 f
N (e + fz)3 (a + beot™ (¢ + dz))” _ b?f*arctan(c + dz)

3f 343

2b(3d?%e? — 6cdef — (1 — 3¢?) f2) (a + beot ™t (c + dz)) log (—

3d3
b2 f(de — cf)log (1 + (c + dz)?)
+
B
ib?(3d%e? — 6edef — (1 — 3c?) f?) PolyLog (2, 1

_ 2
1+i(c+da) )

+ 3d3
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1/3xb"2xf " 2xx/d"2+2*axb*f* (~cxf+d*xe) *x/d~2+2xb~2*f* (—cxf+d*e) * (d*x+c) *arcc
ot (d*x+c)/d~3+1/3*b*f 2% (d*x+c) ~2* (a+b*arccot (d*x+c) ) /d~3+1/3*I* (3*xd"2*e~2
—6*c*d*exf-(-3*xc~2+1) *f~2) * (a+b*arccot (d*x+c)) ~2/d"3-1/3* (-c*f+d*e) * (d"2*e
~2-2*%ckxdxexf-(-c~2+3) *f~2) * (a+b*arccot (d*xx+c)) ~2/d"3/f+1/3* (f*x+e) ~3* (a+bx*
arccot (d*x+c)) ~2/f-1/3*%b~2xf ~2*arctan(d*x+c) /d~3-2/3*b* (3*xd~2*e~2-6*cxd*e*
f-(-3*c~2+1) *£72) * (a+b*arccot (d*x+c) ) *1n(2/ (1+I*(d*x+c)) ) /d"3+b 2% * (-c*f+
d*e) *1n(1+(d*x+c)~2) /d"3+1/3*I*b" 2% (3*d"2*e”2-6*cxd*exf- (-3*%c~2+1) *f~2) *po
lylog(2,1-2/(1+I*(d*x+c)))/d"3

output

Mathematica [A] (warning: unable to verify)

Time = 8.25 (sec) , antiderivative size = 665, normalized size of antiderivative = 1.74

/(e + fz)* (a + beot ™ (c + d:tc))2 dr = a’e’z + a’efz® + %anzx?’
+ab(dfx(6de — 4ef +dfz) + 2d3x(3e? + 3efz + f2x?) cot~1(c + dx) — 2(3cd?e? + 3def — 3cdef — 3

388
.\ b’e? (cot_l(c + dz) <(z + ¢+ dzx) cot ™ (c + dz) — 2log (1 — eQiCOt_l(chdz))) + i PolyLog (2, g2icot™ (¢
d
blef ((1 — 2ic — c® + d*x?) cot ™ (c + dx)? + 2 cot (¢ + dx) (c + dz + 2clog <1 — e2iC°t_l(°+dx)>> -
+ >

b f ((c +dz) (1 + (¢ +dz)?) (1 — 6ccot™ (¢ + dz) + 3(1 + ) cot ™' (c + d)?) — (c+dz)\ /1 +

_|_

-

inputt

-/

Integrate[(e + f*x)~"2x(a + b*ArcCot[c + d*x])~2,x]
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a"2%e”"2%x + a"2xexf*xx"2 + (a"2*%f72%x73)/3 + (axb*(d*xf*x*x(6*%d*e - 4*c*xf + d
*f*x) + 2%d"3*x*(3*%e”2 + 3xe*xfxx + £f72*xx"2)*ArcCot[c + d*x] - 2x(3*xc*d"2%*e
2 + 3xdxexf - 3kc"2xdke*f — 3kckf~2 + c”3*f"2)*ArcTan[c + d*x] + (3*d"2*e
~2 - Bkxcxdxexf + (-1 + 3*c”2)*£72)*Logl[l + c™2 + 2kcxd*x + d~2%x"2]))/(3*d
~3) + (b72xe"2x(ArcCot[c + d*x]*((I + c + d*x)*ArcCot[c + d*x] - 2*Logl[l -
E~((2*I)*ArcCot[c + d*x])]) + IxPolyLogl[2, E~((2*I)*ArcCot[c + d*x])]1))/d
+ (b™2xe*xfx((1 - (2*I)*c - c~2 + d"2*x"2)*ArcCot[c + d*x]~2 + 2*ArcCot[c
+ d*x]*(c + d*x + 2xc*Log[l - E~((2*I)*ArcCot[c + d*x])]) - 2xLogl[1/((c +
dxx)*Sqrt[1 + (c + d*x)~(-2)]1)] - (2*I)*c*PolyLogl[2, E~((2*I)*ArcCot[c + 4
*x])1))/d"2 + (b"2*£72%((c + d*x)*(1 + (c + d*x)"2)*(1 - 6*cxArcCot[c + d*
x] + 3%(1 + c”2)*ArcCot[c + d*x]~2) - (c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(
1 + (c + d*x)~2)*%(1 - 6*cxArcCot[c + d*x] + (-1 + 3*c”2)*ArcCot[c + d*x]~2
)Y*Cos [3*ArcCot[c + d*x]] + 2%(1 + (c + d*x)~2)*((-I)*ArcCot[c + d*x] 2*(1
- (6%I)*c - 3*c”2 + (-1 + 3*c~2)*Cos[2*¥ArcCot[c + d*x]]) + 2*ArcCot[c + d*
x]*(1 + (1 - 3*%c”2)*Log[1 - E~((2*I)*ArcCot[c + d*x])] + (-1 + 3*c~2)*Cos[
2xArcCot[c + d*x]]*Logl[l - E~((2*I)*ArcCotl[c + d*x])]) - 6*c*(-1 + Cos[2*A
rcCot[c + d*x]])*Logl[1/((c + d*x)*Sqrt[1l + (c + d*x)~(-2)]1)]) + (4xI)*(-1
+ 3%c~2)*PolyLog[2, E~((2*I)*ArcCot[c + d*x])]))/(12%d"3)

output

\

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 383, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5571, 27, 5390, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a+beot™H(c+ dur:))2 dz
| 5571

f (d(e—%) +f(c+dx)2: (a+bcot™?! (c—l—dw))2 d(c n dq;)

d

| 27

[(de —cf + f(c+dz))? (a+beot™ (c+ d:z:))2 d(c+ dx)
3
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l 5390
e—cC 262— C e— —02 2 262— C e— —_ 02 2 C T a
2 [ <(c-|—dw)(a-i-bcot_l(c+dw))f3+3(de—cf)(a-i-bcot_l(c-l,-dx)) poq emen (@ —2edre= (3-2)12) +1 (3d(c+dz6);i : (1-3¢) %) (e+de)) (o
37
d3
l 2009

if (— (1—3(:2) f2 —chef+3d2 62) (a+b cot™1 (c+dm)) 2 (de—cf) (— (3—02) f2 —2cdef+d2 62) (a+b cot™
2b - 2b

(f (c+dz)—cf-+de)? (a+boot ! (c+dz)) + ” (
3

-

LInt[(e + fxx)"2%(a + b*ArcCotl[c + d*x])~2,x]

| —

input

e N

(((d*e - c*xf + fx(c + d*x))~3*%(a + bxArcCot[c + d*x])~2)/(3%f) + (2*xb*((b*
£f73%(c + d*x))/2 + 3*axf~2x(d*e - c*f)*(c + d*x) + 3*xbxf"2k(d*e - c*f)*(c
+ d*x)*ArcCot[c + d*x] + (£73*(c + d*x) 2*(a + bxArcCot[c + d*x]))/2 + ((I
/2)*f*(3%d"2%e~2 - 6*ckd*exf - (1 - 3*xc™2)*f~2)*(a + b*ArcCot[c + d*x])~2)
/b - ((d*e - c*f)*(d"2%e”~2 - 2xckdxe*xf - (3 - c~2)*f~2)*(a + b*ArcCot[c +
d*x])~2)/(2*%b) - (b*f~3*ArcTan[c + d*x])/2 - £*x(3*d"2%e”2 - 6xckdxe*xf - (1
- 3%c”2)*f"2)*(a + bxArcCot[c + d*x])*Logl[2/(1 + I*(c + d*x))] + (3xbxf~2
x(dxe - c*f)*Logl[l + (c + d*x)"2])/2 + (I/2)*b*f*(3%d"2*e~2 - 6xcxd*e*f -

(1 - 3*c~2)*£~2)*PolyLog[2, 1 - 2/(1 + I*(c + d*x))]))/(3*£))/d"3

output

Defintions of rubi rules used

ruk327‘1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
Ltcha[Fx, (b_)*(Gx_) /; FreeQlb, x]11

J

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘
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rule 5390 Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCot[c*x]) p/(ex(q + 1))), x] + S
imp [bxc*(p/(ex(q + 1))) Int [ExpandIntegrand[(a + bxArcCot[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 5571 Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQ[p, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 1071 vs. 2(362) = 724.

Time = 2.13 (sec) , antiderivative size = 1072, normalized size of antiderivative = 2.81

method result size

parts Expression too large to display | 1072
derivativedivides | Expression too large to display | 1087
default Expression too large to display | 1087
risch Expression too large to display | 3165

input Lint ((f*x+e) “2* (a+b*arccot (d*x+c)) ~2,x,method=_RETURNVERBOSE)




output

inputt
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1/3*%a”~2x (£xx+e) ~3/£+b"2/d*(1/3/d"2*f~2*arccot (d*x+c) “2* (d*x+c) ~3-1/d"2*£f~2
*arccot (dxx+c) ~2* (d*x+c) "2*c+1/d*xfxarccot (d*x+c) ~2* (d*x+c) ~2xe+1/d~2*xf " 2*a
rccot (d*x+c) ~2* (d*x+c) *c~2-2/d*f*arccot (d*x+c) ~2* (d*x+c) *c*xe+arccot (d*x+c)
~2% (d*x+c)*e”2-1/3/d"2*f " 2*%arccot (d*x+c) “2*xc~3+1/d*xf*arccot (d*xx+c) ~2*c” 2*e
—arccot (d*x+c) “2xc*xe”~2+1/3*d/f*arccot (d*x+c) “2*xe~3+2/3/d"2/f* (1/2*arccot (d
*xx+c) *f 3% (d*x+c) "2-3*arccot (dxx+c) *cxf ~3* (d*x+c) +3*arccot (d*x+c) *d*xe*f ~2*
(d*x+c)+3/2*arccot (d*x+c)*1n (1+(d*x+c) ~2) *c~2*f~3-3*arccot (d*x+c) *1n (1+(d*
x+c) "2) *c*kd*exf~2+3/2*arccot (d*x+c) *1n (1+(d*x+c) ~2) *d~2*xe~2*f-1/2*arccot (d
*x+c)*1n (1+(d*x+c) ~2) *f~3-arccot (d*x+c) *arctan (d*x+c) *c~3*f~3+3*arccot (d*x
+c)*arctan (d*x+c) xc"2xd*exf ~2-3*arccot (d*x+c) *arctan (d*x+c) *cxd~2xe~2xf+ar
ccot (d*x+c)*arctan(d*x+c) *d~3*e~3+3*arccot (d*x+c) *arctan (d*x+c) xcxf~3-3%ar
ccot (d*x+c) *arctan (d*x+c) *dkexf~2+1/2%f "2 (£*x (d*x+c) +1/2*% (—6*c*xf+6*d*e) *1n
(1+(d*x+c) ~2) -f*arctan(d*x+c) ) +1/2xf* (3xc™2*f " 2-6*ckxdre*f+3*xd"2*e~2-£72) *(
-1/2*I*(ln(d*x+c—I)*1n(1+(d*x+c) ~2)-1/2*1n(d*x+c-I) "2-dilog(-1/2*I* (d*x+c+
I))-1n(d*x+c-I)*1n(-1/2%I* (d*x+c+I)))+1/2*I* (In(d*x+c+I) *1n(1+(d*x+c) ~2) -1
/2%1n(d*x+c+I)"2-dilog(1/2*I* (d*x+c-I))-1n(d*x+c+I)*1n(1/2*I*(d*x+c-I))))+
1/4x% (=2%c”3*f " 3+6*Cc"2*d*exf ~2-6xcxd~2ke”~ 2k f+2*%d"3*e " 3+6*c*xf ~3-6xd*xe*xf~2) *a
rctan(d*x+c) ~2))+2/d"2*cxf*exbxa-1/3*a*xb/d~3*f "2*1n (1+(d*x+c) ~2) -2*axb/d"2
*xf£x1n (1+(d*x+c) ~2) *cxe+2xb/d~2*arctan (d*x+c) *a*c~2*e*f-2*b/d*arctan (d*x+c)

*axcke~2+1/3/dxf " 2%b*xa*xx~2-5/3/d"3*c~2*f ~2xb*a+2*a*xb*xf*arccot (d*x+c) *xex*. . .

Fricas [F]

/(e + fz)* (a4 beot ™ (c + dﬂc))2 dr = / (fz + e)*(barccot (dz + ¢) + a)’ dz

integrate ((f*x+e) “2*(atb*arccot (d*x+c))~2,x, algorithm="fricas")

p
output‘integral(a“2*f"2*x“2 + 2%a~2kexf*x + a"2%e”2 + (b72*#f72%x72 + 2xb " 2xe*xf*x

\+ b~2*e~2)*xarccot (d*xx + c)~2 + 2*x(a*bxf~2*xx"2 + 2*axbkexf*x + axbxe”2)*arc
’cot(d*x + c), x)

W
|
\
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Sympy [F]

/(e + fz)? (a+ beot™ (¢ + dx))” dz = / (a + bacot (c + dz))* (e + fz)° dz

p

inputLintegrate((f*x+e)**2*(a+b*acot(d*x+c))**2,x)

p
Outputtlntegral((a + b¥acot(c + d*x))**2*(e + f*x)**2, x)

Maxima [F]

/(e + fz)* (a+ beot ™ (c + dac))2 dr = / (fz + €)*(barccot (dz + ¢) + a)® dz

.
input‘integrate((f*x+e)“2*(a+b*arccot(d*x+c))“2,x, algorithm="maxima")

1/12%b~2*%f ~2*x"3*arctan2(1l, d*x + c)~2 + 1/4*b~2%exf*x~2*arctan2(1l, d*x +
€)"2 + 1/3%a"2%xf"2xx~3 + 1/4xb~2xe"2%x*arctan2(1l, d*x + c)~2 + a"2%exf*xx"2
+ 2x(x"2*arccot(d*x + c) + d*(x/d"2 + (c”2 - 1)*arctan((d"2*x + c*xd)/d)/d
~3 - c*log(d™2*x~2 + 2%c*kd*x + c”2 + 1)/d73))*axbxexf + 1/3%(2*xx"3%arccot(
d*x + c) + d*((d*x"2 - 4*c*x)/d"3 - 2%(c”3 - 3*c)*arctan((d"2*x + c*d)/d)/
d~4 + (3*%c”2 - 1)*log(d™2*x"2 + 2%kcxd*x + c”2 + 1)/d"4))*axb*f~2 + a~2%e”2
*x + (2%(d*x + c)*arccot(d*x + c) + log((d*x + c)~2 + 1))*axbxe~2/d - 1/48
*(D"2+£72%x73 + 3*b"2*ke*xf*x"2 + 3*b"2*e"2*x)*log(d"2%x"2 + 2%c*d*x + c”2 +
1)72 + integrate(1/48*(36*%b~2%d"2xf " 2*x"4*arctan2(1l, d*x + c)~2 + 8*%(9*b~
2%d"2%exfxarctan2(1, d*x + c)~2 + (9*%b~2xc*arctan2(1l, d*x + c)~2 + b~ 2+*arc
tan2(1, d*x + c))*d*xf~2)*x"~3 + 36%(b~2*c 2*arctan2(1l, d*x + c)~2 + b~ 2*arc
tan2(1, d*x + c)"2)*e”2 + 12%(3*b~2xd"2*e"2*arctan2(1l, d*x + c)~2 + 2x(6%*b
~2xc*arctan2(1l, d*x + c)~2 + b~2*arctan2(1, d*x + c))*d*exf + 3% (b~2*%c 2*a
rctan2(1, d*x + c)~2 + b™2*arctan2(1l, d*x + c)"2)*f"2)*x"2 + 3% (b~2*xd~2*f"~
2*%x"4 + 2% (b~ 2%xd"2*e*f + b 2xc*kd*f~2)*x"3 + (b™2%c”2 + b"2)*e"2 + (b~2*%d"2
*¥e72 + 4Axb"2xckdkexf + (b72%c”2 + bT2)*f"2)*x"2 + 2% (b 2*c*xd*e”2 + (b"2*c”
2 + b72)*exf)*x)*log(d~2%x"2 + 2%c*d*x + c”2 + 1)72 + 24%((3*%b~2*c*arctan2
(1, d*x + c)~2 + b~2*arctan2(1, d*x + c))*d*e~2 + 3*(b~2%c~2*arctan2(1, d*
X + ¢c)72 + b™2*arctan2(l, d*x + c)"2)*exf)*x + 4*(b"2xd"2*xf"2*xx"4 + 3*b~2*
ckdxe~2+x + (3*b~2xd"2kexf + b 2kckd*f"2)*x"3 + 3*(b"2+%d"2*%e”2 + b 2*c*. ..

output
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Giac [F]

/(e + fz)* (a4 beot ™ (c+ dx))2 dx = / (fz + e)?(barccot (dz + ¢) + a)* dz

input‘integrate((f*x+e)"2*(a+b*arccot(d*x+c))"2,x, algorithm="giac")

output tintegrate((f*x + e) 2% (b*arccot(d*x + c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(e + fz)* (a+ beot™ (c + d:zc))2 dr = /(e + fz)? (a + bacot(c + dx)) dz

inputtint((e + f*x)~2%(a + b*acot(c + d*X))AQ,x)

output Lint((e + fxx)~2%(a + b*acot(c + d*x))~2, x)

Reduce [F]

/(e + fz)* (a+ beot ™ (c + daz))2 dx = Too large to display

inputtint((f*x+e) 2% (at+b*acot (d*x+c))~2,x)
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( - 2%acot(c + d*x)**2kxb**2kcx*3kf**2 + 3kacot(c + d*x)**2kbx*kck*kd*exf
- 2xacot(c + d*x)**2*bx*x2kckf**2 + 3kacot(c + d*x)**2xbk*k2*kd**x3ke**x2xx +
3*xacot (c + d*xx)**x2xbx*2kd**x3kexfxx**2 + acot(c + d*x)*k*2kbk*k2kd*k*I*f **k2*kx*
*3 + 3*xacot(c + d*x)**2+b**2*d*exf + 2xacot(c + d*x)*axb*c**3*xf**x2 — 6*xaco
t(c + d*x)*axb*ckx*x2xdxexf + 6kacot(c + d*x)*axbxckdx*x2xex*x2 — 6kacot(c + d
*x)ka*xbkxckf**2 + 6*acot(c + d*x)*axbkd*x3ke**2xx + 6xacot(c + d*x)*axbkd**
3kxexf*x**x2 + 2¥acot(c + d*x)*axbkd**x3*kf**x2xx**3 + 6*acot(c + d*xx)*axbkd*ex
f — Bxacot(c + d*x)*bk*2kxc*x2%f**2 + 6xacot(c + d*x)*bk*2xckd*exf - 4*acot
(c + d*x)*b**x2*ckxd*f**2xx + 6%acot(c + d*x)*bx*2xd**2xexf*x + acot(c + d*x
) ¥Dk*k 2k Ak k2 k¥ 2kx**2 + acot(c + dkx)*bk*2xf**2 + 6xint((acot(c + d*x)*x)/
(c*x*2 + 2kckd*x + d**2kx*%2 + 1) ,x)*b**2kck*2*xd*x*2xf**x2 - 12xint ((acot(c +
dxx)*x) /(c*x*2 + 2%ckd*xx + d**2*x**2 + 1),x)*b*x*x2kxc*xd**3*exf + 6*int((acot
(c + d*x)*x)/(ck*2 + 2%ckd*x + d**2*x*k*x2 + 1) ,x)*bk*k2*xd*k*xd*ex*x2 — 2*xint ((a
cot(c + d*x)*x)/(c*x*2 + 2xckd*x + d*k*x2kx*x*2 + 1) ,x)*¥b**2kd**2*f**2 + 3*xlog
(c**2 + 2kcxd*x + d**2%x**2 + 1)*axbkxc*k*x2xf*x2 — Bxlog(c**2 + 2kckd*x + d*
*x2%x**2 + 1)*axbkxckdke*xf + 3xlog(c**2 + 2xckd*kx + d**2*x**2 + 1)*axbkdx*2%
exx2 — Jog(c**2 + 2kckd*x + d**2*x**2 + 1)*a*xb*f*x2 - 3xlog(cx*2 + 2kckd*x
+ d**2xx*%2 + 1) *¥b*k*2kckEf**2 + 3xlog(ck*2 + 2xckd*kx + d**2xx**2 + 1)*b**x2
xdxexf + 3ka*kk2kd*k*k3ke*k*k2kx + 3kakk22kd*kk3kekfkx*k%k2 + akx*k2Qkd*kk3kf*kkQkx*k%k3 —
4xaxbkxckd*f**2%x + 6kaxbkd**x2kexfkxx + akxbkd**2kxfxk2Qkxx*k%x2 + bk*k2xd*kf*%x2. ..

output




output
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3.24 [(e+ fz)(a+becot™ (c+ dz))’ dz

Optimal result . . . . . . . . . . . . . e 2211
Mathematica [A] (verified) . . . . . . . . . ... 2221
Rubi [A] (verified) . . . . . . .. . . 222
Maple [B] (verified) . . . . . . . ... 2241
Fricas [F] . . . . . . .
Sympy [F] . . . o 225
Maxima [F] . . . . . . o 220
Giac [F] . . . o o 220
Mupad [F(-1)] . . . . . e 2271
Reduce [F] . . . . . . 227

Optimal result

Integrand size = 18, antiderivative size = 220

/(e + fz) (a+beot™ (c+ dm))2 dx
_ abfz N b’ f(c+ dz) cot™ (¢ + dz) N i(de — cf) (a+ beot™ (¢ + dx))?

d & &2
(de + f — cf)(de — (1 +¢)f) (a + beot™(c + dz))”
B 2d2 f
(e + fz)? (a + beot™ (¢ + dz))®
+ of
2b(de — cf) (a + beot™!(c + dz)) log (W)
_ =
b2flog (1 + (c + dz)?) ib%(de — cf) PolyLog (2, 1— m>
242 + &2

axbxf*x/d+b~2*f* (d*x+c) *arccot (d*x+c) /d"2+I* (-cxf+d*e) * (a+tb*arccot (d*x+c))
~2/d72-1/2x (—cxf+dxe+f) * (d*xe- (1+c) *f) * (a+b*arccot (d*x+c) ) ~2/d~2/f+1/2* (f*x
+e) ~2* (a+b*arccot (d*x+c) ) ~2/f-2%b* (—c*xf+d*e) * (a+b*arccot (d*x+c) ) *1n(2/ (1+I
*(d*x+c)))/d"2+1/2%b~2%f*1n (1+(d*x+c) "2) /d"2+I*b~2* (-cxf+d*e) *polylog(2,1-
2/ (1+I*(d*x+c)))/d"2
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Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.30

/(e + fz) (a+bcot ™ (c+ daz))2 dx

2a%cde + 2abcf — a*ct f + 2a’d%ex + 2abdfx + ad® fx? + b*(i + c + dx)(—((i + ¢) f) + d(2e + fz)) cot

-

Integrate[(e + f*x)*(a + bxArcCot[c + d*x])~2,x]

| —

inputt

e N

(2xa"2xcxd*e + 2kaxbxckf - a~2*c”2xf + 2*xa”"2+d"2*e*x + 2*axbkd*fxx + a~2*d
“2%f*x72 + bT2%(I + ¢ + d*x)*(—((I + c)*f) + d*(2xe + f*x))*ArcCot[c + d*x
172 - 2xaxbxfxArcTan[c + d*x] + 2xbxArcCot[c + d*x]*(-((c + d*x)*(-(b*f) +
axcxf — axdx(2xe + f*x))) - 2xbx(dxe - cxf)*Log[l - E~((2*I)*ArcCot[c + d
*x])]) - 4xaxbxd*exLogl[1/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]1)] - 2%b~2xf*L
ogl1/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]1)] + 4*xa*bxcxf*Logl[1/((c + d*x)*Sq
rt[1 + (c + d*x)~(-2)]1)] + (2%I)*b~2+(d*xe - cxf)*PolyLog[2, E~((2*I)*ArcCo
tlc + d*x]1)1)/(2%d~2)

output

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.03,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5571, 27, 5390, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a+beot ™ (c+ d:tc))2 dz

l 5571

e—g ctaxr a ot™ " (ct+ax 2
[ (d(e= ) +1(c+d )2( +beot—L(ct+dz)) dle + da)

d
l27
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[(de —cf + f(c+dz)) (a+beot™(c+ clac))2 d(c+ dz)

d2
l 5390
- ((de—cf+f)(de—(c+1)f)+2f (de—cf)(c+dz)) (a+boot ™! (c+da) )
b b 1 d: 2 d(c+d
f((a+ cot~!(c+dx)) f2+ (c+dz)2+1 > (c+dzx) (F(ctda)—cf-+de)? (atboot—L (c+da))?
f + 2
d2
l 2009
z‘f(de—cf>(a+bcot*1<c+dx>)2 (—cf+de+f)(de—<c+1)f)(a+bcof1(c+dw))2
- —2f(de—cf)log(
(f(c+dz)—cf+de)2(a+bcot_1(c+dm))2 < b 2b f(de=cf) Og(1+l(
2f +
d2
input LInt[(e + fxx)*(a + b*ArcCot[c + d*x])~2,x] J
output | (((d¥e = cxf + £x(c + d*x))"2%(a + brArcCot[c + dxx])72)/(2xf) + (bx(axf"2

*(c + d*x) + b*xf~2%(c + d*x)*ArcCot[c + d*x] + (I*f*x(d*e - cxf)*(a + b*Arc
Cot[c + d*x])"2)/b - ((d*xe + f - c*f)*(d*e - (1 + c)*f)*(a + bxArcCotl[c +
d*x])"2)/(2%b) - 2*f*x(d*e - c*f)*(a + b*ArcCot[c + d*x])*Logl[2/(1 + Ix(c +
d*x))] + (b*xf~2*xLog[1l + (c + d*x)~2])/2 + Ixbxf*(d*e - c*f)*PolyLogl[2, 1

- 2/(1 + Ix(c + d*x))1))/f)/d"2

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
}tchq[px, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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rule 5390 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCot[c*x]) p/(ex(q + 1))), x] + S
imp [bxc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + bxArcCot[c*x])~(p - 1),
(d + e*xx)"(q + 1)/(1 + c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 5571 IntL((@ ) + ArcCot[(c ) + (d_.)*(x)1*(b_.))7(p_.)*((e ) + (£_.)*(x))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQ[p, 0]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 426 vs. 2(210) = 420.

Time = 1.35 (sec) , antiderivative size = 427, normalized size of antiderivative = 1.94

method result

2
b2 arccot(dz+2c‘)i2(dz+c)2f _ arccot(dz+fi)2cf(dz+c) +arccot(da:+c)ze(da:+c)+ - 1“(1+(dz+c)

parts a*(3f z* + ex) +

2 2
b2 arccot(dm+c)2fc(derc)7arccot(dz+c)zed(da:+c)f arccot(dm+z:2) fdztc) +1n(1—

2
a? <fc(dz+c)7ed(dz+c)f M)

derivativedivides d

2 2
b2 arccot(dw+c)2_fc(d:t+c)—arccot(dw+c)2ed(d$+c)— arccot(dm+c2) f(dzte) +1n(1-

a2 <fc(dz+c)—ed(da:+c)— M)

default d

risch Expression too large to display
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input‘int((f*x+e)*(a+b*arccot(d*x+c))’"2,x,method=_RETURNVERBOSE)

a~ 2% (1/2*f*xx"2+exx)+b~2/d* (1/2/d*arccot (d*x+c) “2x (d*x+c) ~"2*f-1/d*arccot (d*
x+c) "2*c*f* (d*x+c)+arccot (dxx+c) “2*e* (d*x+c)+1/d* (-1n(1+(d*x+c) ~2) *arccot (
dxx+c) *c*kf+1n(1+(d*x+c) “2) *arccot (d*x+c) *d*e—-arctan (d*x+c) *arccot (d*x+c) *f
+arccot (d*x+c) *£* (d*x+c)+1/2*f*1n (1+(d*x+c) ~2) -1/2*arctan (d*x+c) ~2xf+1/2%(
—-2xc*xf+2*d*e) * (-1/2*I* (1n(d*x+c-I)*1n(1+(d*x+c) “2)-1/2*1n(d*x+c-I) "2-dilog
(-1/2%I* (d*x+c+I))-1n(d*x+c-I)*1n(-1/2%I* (d*x+c+I)))+1/2*I*(ln(d*x+c+I)*1ln
(1+(d*x+c)~2)-1/2*1n(d*x+c+I) "2-dilog(1/2*I* (d*x+c-I))-1n(d*x+c+I)*1n(1/2%
I*x(d*x+c-I))))))+2*a*b/d*(1/2/d*arccot (d*x+c)* (d*x+c) “2xf-1/d*arccot (d*x+c
)xcxfx* (d*x+c)+arccot (dxx+c) *e* (dxx+c)+1/2/d* (£x (d*x+c) +1/2% (—2xcxf+2xd*e) *
1n(1+(d*x+c) ~2)-f*arctan(d*x+c)))

output

Fricas [F]

/(e + fz) (a+ beot ' (c+ d:c))2 dx = / (fz + e)(barccot (dz + ¢) + a)® d

p
inputLintegrate((f*x+e)*(a+b*arcc:ot(d*x+c))"2,x, algorithm="fricas")

t‘integral(a’?*f*x + a"2xe + (b"2*xfxx + b"2*xe)*arccot(d*x + c)”2 + 2x(axb*xf*

outpu
Lx + axbxe)*arccot(d*x + c), x)

—

Sympy [F]

/(e + fz) (a+beot ™ (c + dz))’ dz = /(a + bacot (¢ + dx))* (e + fz) da

-

inputtintegrate((f*x+e)*(a+b*acot(d*x+c))**2,x)

~—

Ou_,Bputtlntegral((a + b*acot(c + d*x))#*x2*(e + f*x), x)
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Maxima [F|

/(e + fz) (a+ beot ™ (c+ d:c))2 dx = / (fz + e)(barccot (dz + ¢) + a)® d

input‘integrate((f*x+e)*(a+b*arccot(d*x+c))"2,x, algorithm="maxima")

1/8%b"2*xfxx"2*arctan2(1l, d*x + c)~2 + 1/4xb"2*e*x*arctan2(1, d*x + c)~2 +
1/2%a~2*xf*xx"2 + (x"2*arccot(d*x + c) + d*x(x/d"2 + (c”2 - 1)*arctan((d"2x*x
+ c*d)/d)/d"3 - cxlog(d™2*x"2 + 2%cxd*x + c”2 + 1)/d"3))*axb*f + a~2%e*x +

(2% (d*x + c)*arccot(d*x + c) + log((d*x + c)~2 + 1))*axbxe/d - 1/32%(b~2%
fxx72 + 2xb"2%e*xx)*log(d~2*%x"2 + 2%ckd*x + ¢c”2 + 1)72 + integrate(1/16%(12
*b~2xd " 2xf*x"3*arctan2(1, d*x + c)~2 + 4x(3*%b~2xd"2*exarctan2(1, d*x + c)~
2 + (6%b~2%c*xarctan2(1l, d*x + c)~2 + b~ 2*arctan2(1l, d*x + c))*d*f)*x~2 + (
b 2*d"2xf*x"3 + (b72xd"2%e + 2%b"2kckd*f)*x"2 + (b"2*%c”2 + b"2)*e + (2*b~2
xckxd*e + (b72xc™2 + b~2)*f)*x)*log(d™2+x"2 + 2%ckd*x + c”2 + 1)72 + 12x(b”
2xc~2*arctan2(1, d*x + c)~2 + b~ 2xarctan2(1l, d*xx + c) 2)*e + 4% (2x(3*xb~2*c
*arctan2(1l, d*x + c)~2 + b~ 2*arctan2(1, d*x + c))*d*xe + 3*(b~2*xc~2*arctan2
(1, d*x + ¢c)~2 + b™2*arctan2(1l, d*x + c)~2)*f)*x + 2x(b~2*d"2xf*x~3 + 2*b~
2xckd*e*xx + (2%b72%d"2%e + b~ 2*ckd*f)*x"2)*log(d~2*%x"2 + 2kckd*x + c72 + 1
))/(@"2*%x"2 + 2%ckd*x + ¢c”2 + 1), x)

output

Giac [F]

/(e + fz) (a+beot™(c+ dx))’ dz = / (fz + €)(barccot (dz + ¢) + a)? d

~—

p
inputLintegrate((f*X+e)*(a+b*arccot(d*x+c))‘2,x, algorithm="giac")

e A
integrate((f*x + e)*(bxarccot(d*x + c) + a)~2, x)

N J

output
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Mupad [F(-1)]

Timed out.

/(e—l—fx) ((:L-l—bcot_l(c+dsc))2 dx = /(e—i—fa:) (a + bacot(c+ dx))’ do

inputLint((e + f*xx)*(a + b*acot(c + d*x))~2,x) J

int((e + f*x)*(a + b*acot(c + d*x))~2, x)

outputt

Reduce [F]

/(e + fz) (a+beot ™ (c+ dz))’ dz

acot(dz + ¢)* B2 f + 2acot(dz + ¢)® BPd2ex + acot(dx + ¢)* B2d?f 2% + acot(dx + ¢)> b2 f — 2acot(dz +

int ((f*x+e)* (a+b*acot (d*x+c) ) ~2,x)

-/

E
inputt

(acot(c + d*x)**x2*bx*k2xck*2xf + 2%acot(c + d*x)**x2xbx*2xd*k*2xe*x + acot(c

+ d*x)k*k2¥bkk2kd*x*x2kFkx*x*2 + acot(c + d*x)**x2kb**2*xf — 2*xacot(c + d*x)*a*b
xc*kx2%f + 4xacot(c + d*x)*axbxckxd*e + 4xacot(c + d*x)*axbxd*x2%e*x + 2%aco
t(c + d*x)*axbkd**x2xf*x*x*2 + 2xacot(c + d+*x)*a*bxf + 2*xacot(c + d*x)*b**2x
cxf + 2*xacot(c + d#*x)x*b**2xd*xf*x — 4*int((acot(c + d*x)*x)/(c**2 + 2*cxd*x
+ dkk2%xxk*x2 + 1) ,x)*bk*k2kckd**2xf + 4xint((acot(c + d*x)*x)/(c*x*2 + 2*c*xd
*X + dk*2%kx*k*2 + 1) ,Xx)*¥bk*2kd**3%ke — 2%log(ck*2 + 2kckd*kx + d¥*2*x**2 + 1)
xaxbkxckf + 2%log(cx*2 + 2¥ckd*x + d**2*x**2 + 1)*axbxd*e + log(c**2 + 2kcx*
d*x + d**2%x*%2 + 1)*b**2%f + 2kax*kkd*kk2kexx + ax*kkd*x*k2kxfxx**x2 + 2kakxbkd
*xfxx) / (2xd**2)

output
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3.25 [ (a+bcot™ e+ dz))’ dz

Optimal result . . . . . . . . . . . .. 228]
Mathematica [A] (verified) . . . . . . . . . ... 228]
Rubi [A] (verified) . . . . . . .. . . 229
Maple [A] (verified) . . . . . . . . ... 2311
Fricas [F] . . . . . . .
Sympy [F] . . . o 232
Maxima [F] . . . . . . o 233
Giac [F] . . . o o 233
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [F] . . . . . . 234

Optimal result

Integrand size = 12, antiderivative size = 102

. . 0 » ,
/ (a—l— beot™ (c+ dx))2 dr = i(a+ bCOtd (c+dz)) n (c+dzx) (a+ b;ot (c+ dx))

2b(a + beot™(c + dx)) log (
d

_ 2
1+i(ct+dx) )

2
T+i(c+dz) )

ib? PolyLog (2, 1

* d

‘ I*(at+b*arccot (d*x+c)) ~2/d+(d*x+c) *(at+b*arccot (d*xx+c)) ~2/d-2*b* (a+b*arccot ( ‘

output
Ld*x+c) )*1n(2/ (1+Ix(d*x+c)))/d+I*b 2%polylog(2,1-2/ (1+Ix(d*x+c)))/d J

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.16

/ (a+beot™ (c+ dz))* d

b%(i + ¢ + dz) cot ™ (c + dx)? + 2bcot ™! (c + dx) (ac + adz — blog (1 — e2i°°t_1(°+dx)>> +a <ac + adz

d
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input ‘ Integrate[(a + bxArcCot[c + d*x])~2,x] ‘

‘ (b™2%(I + c + d*x)*ArcCot[c + d*x]~2 + 2+b*ArcCot[c + d*x]#*(a*c + axd*x - \
‘bLog[1l - E~((2¢I)*ArcCot[c + d¥x])]1) + ax(a*c + axd*x - 2¥bLog[1/((c +d |
+x)*Sqrt[1 + (¢ + d*x)~(-2)1)1) + I*b~2%Polylogl[2, E~((2+I)*ArcCotlc + d*x |
Dh/d |

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00,

_ » number of rules
6, integrand size = 0.500, Rules

number of steps used = 7, number of rules used =
used = {5563, 5346, 5456, 5380, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bcot™ (c+ da:))2 dz

l 5563

[ (a+bcot™(c+ dm))2 d(c+ dx)
d

l'5346

2b [ (ctde) &f;;';g:fﬂdw)) d(c+dz) + (c+dz) (a+beot ! (c+ d:v))2
d

l 5456

. _ 2
(c+dz) (a+beot™(c+ da:))2 + 2b (1(a+bwt2;(c+dx)) —f a+bf2t ;w(itdz)d(c + da:))
d

l 5380

— 2
(c+dz) (a+beot™ (c+ dx) ) + 2b< b[ Md(c +dx) + (a+bc°t22(c+dx)) — log (ﬁ) (a+be

d
l 2849
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1 2 . —1 2
(c+dz) (a+beot™ (c+ d:z:))2 +2b (ib i 0g<’(°+d””)+l) di(CJﬂ}x)H + z(a+bwt2b(c+d’w)) — log (ﬁ) (a+bc

1~ SeFan 1
d
| 2752
. — 2
(c+dz) (a+beot™ (c+ dnlc))2 + 2b<z(a+bc°t2;(c+d$)) — log (%) (a+beot™(c+ dx)) + 3ibPolyLog (
d

-

LInt[(a + bxArcCot[c + d*x])~2,x]

| —

input

((c + d*x)*(a + bxArcCotc + d*x])"2 + 2¥b*(((I/2)*(a + bArcCot[c + d*x])
"2)/b - (a + bArcCot[c + d*x])*Log[2/(1 + Ix(c + d*x))] + (I/2)*b*PolyLog
(2, 1 -2/ + Ix(c + dxx))1))/d

output

Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2752

rule 2849 Int[Logllc_.)/((d) + (e_)*(x_1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 5346 IEL(a_.) + ArcCot[(c_.)*(x)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simp[x(a
‘ + b*ArcCot [c*x"n])“p, x] + Simp[b*c*n*p Int[x"n*((a + b*ArcCot[c*x"n]) (p ‘
|- 1)/(1 + c"2%x~(2*n))), x1, x] /; FreeQl{a, b, c, n}, x] && IGtQlp, 0] &&
. (EqQln, 11 || Eq@lp, 11)
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rule 5380 Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> Simp[(-(a + b*ArcCot[c*x]) "p)*(Logl[2/(1 + ex(x/d))]1/e), x] - Simp [b*c*(
p/e) Int[(a + bxArcCotl[c*x])~(p - 1) *(Logl[2/(1 + ex(x/d))]1/(1 + c~2%x72))
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e”2, 0
]

rule 5456 TatL(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x.)72),
x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(b*ex(p + 1))), x] - Simp[
1/(c*d) Int[(a + b*ArcCot[c*x]) p/(I - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] & EqQle, c~2xd] && IGtQ[p, 0]

rule 5563 IntL((a_.) + ArcCotl(c ) + (d_.)*(x)1*(b_.))"(p_.), x_Symboll :> Simp[1/d
Subst [Int[(a + b*ArcCot[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, 0]

Maple [A] (verified)

Time = 1.29 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.80

method result
b2 <arccot(dw+c)2(dz+c—i)—2 arccot(dz+c) In (1—‘“"*0‘” —2 arccot(dz+c) In | 1+ —detett |4
parts a‘c + !
A
(dz+c)a?+b? <arcc0t(da:+c)2(dz+c—i)—2 arccot(dz+c) In (1_dm+c+i> —2 arccot(dz+c) In <1+¢i:t+c+i
derivativedivides Vit(@ate? Vi+@eto)?
A
(dz+c)a?+b? | arccot(dz+c)?(dz+c—i)—2 arccot(dz+c) In | 1— —22teti | _9 arccot(do+c) In | 14 —22teti
default V1t (dz+e)? ittdato?
: 2 b3z __iln(—idz—ic+1)abc _ imIn(—idz—ic+1)b?c b2 In(d2z2+-2cdz+c2+1)c b
risch a‘r + =* + mabx v = + + 4

-

tint ((at+b*arccot (d*x+c)) ~2,x,method=_RETURNVERBOSE)

e—

input
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a~2*x+b~2/d* (arccot (d*x+c) ~2* (d*x+c—-I)-2*arccot (d*x+c) *1n(1- (d*x+c+I)/ (1+(
d*x+c)~2)~(1/2))-2*arccot (d*x+c) *1n (1+(d*x+c+I)/ (1+(d*x+c) ~2) ~(1/2) ) +2*I*a
rccot (d*x+c) "2+2*I*polylog(2, (d*x+c+I)/ (1+(d*x+c) ~2) ~(1/2) )+2*xI*polylog(2,
= (d*x+c+I)/ (1+(d*x+c) ~2) " (1/2)))+2xa*b/d* (arccot (d*x+c) *x (d*x+c)+1/2*1n (1+(
d*x+c)~2))

output

Fricas [F]

/ (a+bcot™ (c+ dx))2 dx = / (barccot (dz + c) + a)” d

-

inputkintegrate((a+b*arccot(d*x+c))"2,x, algorithm="fricas")

—

output Lintegral(b‘%arccot (d*x + c)"2 + 2xa¥b*arccot(d*x + c) + a2, x)

Sympy [F]

/(a—i—bcot_l(c+dac))2 dz =/(a+bacot (c+ dx))? dz

inputLintegrate((a+b*acot(d*x+c))**2,x)

OutputLIntegral((a + bxacot(c + d*x))**2, x)
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Maxima [F|

/ (a+beot™ (c+ dz))® dz = / (barccot (dz + ¢) + a)® dz

jnputLintegrate((a+b*arccot(d*x+c))‘2,x, algorithm="maxima") J

1/16*(4*x*arctan2(1l, d*x + c)72 - x*log(d™2*x"2 + 2%cxd*x + c™2 + 1)72 + 1
6xintegrate(1/16*(12*d"2*x"2*arctan2(1, d*x + c)”2 + 12xc”2*arctan2(1l, d#*x
+ ¢c)~2 + 8*%(3xc*xarctan2(1l, d*x + c)~2 + arctan2(l, d*x + c))*d*x + (d~2*x
"2 + 2%cxd*x + c72 + 1)*log(d~2*x"2 + 2%cxd*x + c¢”2 + 1)72 + 12*%arctan2(1,
d*x + c)72 + 4*x(d"2#x72 + cxd*x)*Llog(d~2*x"2 + 2*cxd*x + c”2 + 1))/(d"2*x
"2 + 2%ckxd*x + c72 + 1), x))*b"2 + a”2*xx + (2*%(d*x + c)*arccot(d*x + c) +

log((d*x + c)~2 + 1))*axb/d

output

Giac [F]

/ (a+bcot™ (c+ clx))2 dx = / (barccot (dz + c) + a)” d

jnputLintegrate((a+b*arccot(d*x+c))*2,x, algorithm="giac") J

p
OutputLintegrate((b*arccot(d*x +c) +a)2, x)

-/

Mupad [B] (verification not implemented)

Time = 1.17 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.21

b(l dz)? +1) + 2acot(c+d d

/(a+bcot_1(c+dx))2 dx=a2x+a (In ((c+dz)" + )"‘d acot(c +dz) (c+dz))

2b2 In (1 _ eacot(c+dm) 2i) acot(c + dx)
- d

b acot(c + dz)® (c+ dx)

d

b? POlleg(Q,eaCOt(chdx) 21) li  b%acot(c+ dgv)2 1i

+ 7 + y
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input Lint((a + bxacot(c + d*x))~2,x) J

t‘ a~2*x + (b"2xpolylog(2, exp(acot(c + d*x)*2i))*1i)/d + (b~2*acot(c + d*x)~ ‘
(2%11)/d + (axb(log((c + d*x)"2 + 1) + 2%acot(c + d¥x)*(c + d¥x)))/d - (2%
‘b"2*log(1 - exp(acot(c + d*x)*2i))*acot(c + d*x))/d + (b"2*acot(c + d*x)~2 ‘
*(c + d*x))/d |

outpu

Reduce [F]

/ (a +beot™ (c+ dz))* dx

acot(dz + ¢)? b2dx + 2acot(dz + ¢) abe + 2acot(dz + c) abdx + 2 (f %dm) b2d? + log(d?z? -
N d

input Lint((a+b*acot (d*x+c))"2,x) J

‘ (acot(c + d*x)**2xbx*2*d*x + 2*acot(c + d*xx)*a*bk*c + 2*acot(c + d*x)*axb*xd \
kx + 2¢int((acot(c + d¥x)*x)/(CH*2 + kckdrx + d¥*k¥XF¥2 + 1),X)¥DFk2xd¥*2 |
‘ + log(ck*2 + 2xc*d*x + d**2xx**2 + 1)*a*b + ax*2xdxx)/d ‘

output
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(a+bcot~!(c+dx)) 2
3.26 | dz
e+fz

Optimal result . . . . . . . . . . . . .. . .
Mathematica [F] . . . . . . . . . .. 2361
Rubi [A] (verified) . . . . . . . .. 236
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. 238
Fricas [F] . . . . . o o 239
Sympy [F(-1)] . . o o 2391
Maxima [F] . . . . . . 2391
Giac [F] . . . o o 2401
Mupad [F(-1)] . . . 2401
Reduce [F] . . . . . o 2401

Optimal result

Integrand size = 20, antiderivative size = 261

/ (a + beot™ (¢ + dz))?
dx
e+ fx
1 2 2
o (a+ bcot™!(c + dx))” log (m)
f
. 2 2d(e+fz)
N (a+bcot™'(c+dx))" log ((de+(i—c) f)(l—i(c+d93))>
f
- ib(a + bcot~*(c + dz)) PolyLog (2, 1- —1_i(3+dz)>
f
s ib(a + bcot™!(c + dz)) PolyLog <2, 1— 7B +(,._23%J{ff2(c+dz))>
f
9 9 9 2d(e+fx)
~ b” PolyLog (37 1- m) N b PolyLog (3, 1 — Gerao f)(l—i(c-l—dx)))

2f

2f



output

input

output k
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-(at+b*arccot (d*x+c) ) "2*1n(2/ (1-I* (d*x+c))) /f+(a+b*arccot (d*x+c)) ~2*1n(2*d*
(f*x+e) / (d*e+(I-c)*f) / (1-Ix(d*x+c))) /f-I*bx (atb*arccot (d*x+c))*polylog(2,1
-2/ (1-I*(d*x+c)))/f+I*xbx(a+b*arccot (d*x+c))*polylog(2,1-2*xd* (f*x+e) / (d*xe+(
I-c)*£)/(1-I*(d*x+c)))/£-1/2%b~2%polylog(3,1-2/ (1-I* (d*x+c)))/f+1/2%b~2po
lylog(3,1-2xdx* (f*x+e) /(d*e+(I-c)*£f)/(1-I*(d*x+c)))/f

Mathematica [F]

(a4 beot™(c + dz))? (a4 beot™(c + dx))?
T = dx
e+ fz e+ fx

-

LIntegrate[(a + bxArcCot[c + d*x])"2/(e + f*x),x]

| —

‘Integrate[(a + b*ArcCot[c + d*x])"2/(e + f*x), x] J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.10,

number of rules _
integrand size 0.150, Rules

number of steps used = 4, number of rules used = 3,
used = {5571, 27, 5384}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

(a+bcot™ (c+ dac))2
/ e+ fx

l 5571

d(a+b cot_l(c—i-dx))z
f d(e—%)—i—f(c—i—dw) d(C + d$)

d
| 27
(a+beot™(c+ d:L'))2
/ fle+dz) —cf +de

d(c+ dx)
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l 5384

ib(a + beot™!(c + dz)) PolyLog (2, 1-¢ de2£‘ijcjr‘;’;;r({(_czzf_fz}x)))

f
- 2 2(f (c+dz)—cf+d,
(a +bcot™!(c+ dx)) log ((1—¢Ec4(rcdz);c()—ccf+d:li f)>

ib PolyLog (2, 1— %) (a+bcot™l(c+dz)) log (%) (a+bcot™ (c+ d:c))2

f

2(de—cf+f(ct+dx
> PolyLog (3,1 — pAdezcitiletda) ) ¥ PolyLog (3.1- =)

2f 2f

_+_

e

LInt[(a + b*ArcCot[c + d*x])~2/(e + f*x),x]

~—

input

-(((a + bxArcCot[c + d*x])~2*Logl[2/(1 - I*(c + d*x))])/f) + ((a + bxArcCot
[c + d*x]) " 2*Log[(2*x(d*e - c*f + fx(c + d*x)))/((d*xe + I*f - c*f)*(1 - Ix*(
c + d*x)))])/f - (I*bx(a + bxArcCot[c + d*x])*PolyLogl[2, 1 - 2/(1 - I*(c +
d*x))]1)/f + (I*b*(a + bxArcCot[c + d*x])*PolyLog[2, 1 - (2%(d*e - c*f + f
*(c + d*x)))/((dxe + I*f - c*xf)*(1 - Ix(c + d*x)))])/f - (b~2*PolyLogl[3, 1
- 2/(1 - I*x(c + d*x))])/(2%f) + (b~2*PolyLog[3, 1 - (2*(d*e - cxf + fx(c
+ d*x)))/((d*e + Ixf - cxf)*(1 - Ix(c + d*x)))])/(2*f)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcCot[c*x])~2)*(Log[2/(1 - I*c*x)]1/e), x] + (Simp[(a + bxArc
Cot [c*x]) “2* (Log[2*c*x((d + exx)/((cxd + I*e)*(1 - I*cx*x)))]/e), x] - Simpl[I
*b*(a + b*ArcCot [c*x])*(PolyLog[2, 1 - 2/(1 - I*c*x)]/e), x] + Simp[I*b*(a
+ bxArcCot [c*x] ) *(PolyLog[2, 1 - 2%c*((d + e*x)/((c*d + I*e)*(1 - I*c*x)))]
/e), x] - Simp[b~2*(PolyLogl[3, 1 - 2/(1 - I*c*x)]/(2%e)), x] + Simp[b~2*(Po
lyLog[3, 1 - 2%c*((d + e*x)/((cxd + I*e)*(1 - Ixc*x)))]1/(2*e)), x]) /; Free
Q[{a, b, c, d, e}, x] && NeQ[c~2*d~2 + e~2, 0]

rule 5384
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ruk35571‘Int[((a—') + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + fx(x/d)) mx(a + b*A
‘rcCot[x])‘p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m, p}, x] && I
’GtQ[p, 0] ‘

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 21.45 (sec) , antiderivative size = 1911, normalized size of antiderivative = 7.32

method result size

derivativedivides | Expression too large to display | 1911
default Expression too large to display | 1911
parts Expression too large to display | 2019

s

inputLint((a+b*arccot(d*x+c))’"2/(f*x+e),x,method=_RETURNVERBUSE)

-/

1/d* (a~2*d*1n (c*xf-d*e-f* (d*x+c))/f-b~2%d* (-1n(cxf-d*e-f* (d*x+c)) /f*arccot (
d*x+c) "2-2/f*(-1/2*arccot (d*x+c) ~2*1n (-I*f* (d*x+c+I) "2/ (1+(d*x+c) ~2) +ckf*(
dxx+c+I) "2/ (1+(d*x+c) ~2) -d*e* (d*x+c+I) "2/ (1+(d*x+c) ~2) -I*f-c*f+d*ke)-1/2xI*
cxf/(-Ixf+c*xf-d*e)*arccot (d*x+c)*polylog(2, (dxe+I*f-c*f)/(—cxf+d*e-I*f)*(d
*x+c+1) "2/ (1+(d*x+c) ~2))+1/2*arccot (d*x+c) “2*1n ((d*x+c+I) "2/ (1+(d*x+c) ~2) -
1)-1/2*arccot (d*x+c) "2*1n(1- (d*x+c+I)/(1+(d*x+c)~2)~(1/2))+1/4xI*Pi*csgn(I
* (—I*f* (dxx+c+I) "2/ (1+(d*x+c) ~2) +cxf* (dxx+c+I) "2/ (1+(d*x+c) ~2) ~d*ex (d*x+c+
I)~2/(1+(d*x+c) ~2) -Ixf-cxf+d*e) / ((d*x+c+I) "2/ (1+(d*x+c) ~2)-1) ) *(csgn(I*(-I
*fx (d*x+c+I) "2/ (1+(d*x+c) ~2) +c*kf* (dkx+c+I) "2/ (1+(d*x+c) ~2) —~d*e* (d*x+c+I) "2
/ (1+(d*x+c) "2) -I*f-cxf+d*e) ) *csgn(I/ ((d*x+c+I) "2/ (1+(d*x+c) "2)-1))-csgn(I*
(—Ixf*(d*x+c+I) "2/ (1+(d*x+c) ~2) +c*f* (d*x+c+I) "2/ (1+(d*x+c) ~2) —d*ex (dxx+c+I
) "2/ (1+(d*x+c) ~2) -I*f-c*f+d*e) / ((dxx+c+I) "2/ (1+(d*x+c) "2)-1) ) *csgn(I/((d*x
+c+I) 72/ (1+(d*x+c) "2)-1) ) —~csgn (I* (-I*f* (d*x+c+I) "2/ (1+(d*x+c) ~2) +cxf* (d*x+
c+I) "2/ (1+(d*x+c) ~2) —d*ex (dxx+c+I) "2/ (1+(d*x+c) ~2) -I*f-c*xf+d*e) ) xcsgn (I* (-
Ixf* (d*xx+c+I) "2/ (1+(d*x+c) ~2) +cxfx (dxx+c+I) "2/ (1+(d*x+c) ~2) —~d*ex (d*xx+c+I)~
2/ (1+(d*x+c) ~2) -I*xf-c*xf+d*e) / ((d*x+c+I) "2/ (1+(d*x+c) "2)-1))+csgn (T* (-I*£f*(
dxx+c+I) "2/ (1+(d*x+c) “2) +cxf*x (d*xx+c+I) "2/ (1+(d*x+c) ~2) —d*e* (d*x+c+I) "2/ (1+
(d*x+c) ~2) -I*f-ckf+d*e) / ((d*x+c+I) "2/ (1+(d*x+c)~2)-1))~2) *arccot (d*x+c) ~2-
polylog(3, (d*x+c+I)/(1+(d*x+c)~2)~(1/2))-1/2*arccot (d*x+c) ~2*1n(1+(d*x+c+I
)/ (1+(d*x+c) ~2) " (1/2))-1/2*I*f / (-I*f+cxf-d*e) *arccot (d*x+c) “2*x1n(1-(dx*e. ..

output
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Fricas [F]
-1 2 2
(a + bcot™(c+ dx)) dr — (barccot (dx + ¢) + a) i
e+ fx fr+e
inputLintegrate((a+b*arccot(d*x+c))‘2/(f*x+e),x, algorithm="fricas") J

Output‘integral((b“Q*arccot(d*x + ¢)72 + 2*axbxarccot(d*x + c) + a”2)/(f*x + e),

& |

Sympy [F(-1)]

Timed out.
b t—l d 2
/ (ot beot e+ da) dz = Timed out
e+ fr
input Lintegrate ((atb*acot (d*x+c)) **2/ (f*x+e) ,x) J
OutputLTimed out J
Maxima [F]
/ (G/ + bCOt_l(C + dg;))z dx B / (barCCOt (d.’L' + C) + a)? dx
e+ fx o fr+e
jnputLintegrate((a+b*arccot(d*x+C))A2/(f*x+e),x, algorithm="maxima") J
output‘ a‘2*log(f*x + e)/f + integrate(1/16*(12*b‘2*arctan2(1’ d*x + ¢)~2 + b~2xlo ‘

\g(d‘2*x‘2 + 2kckd*x + c”2 + 1)72 + 32xaxbxarctan2(l, d*x + c))/(f*x + e), \
® |
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Giac [F]

(a+ beot™ (¢ + dx))? (barccot (dz + ¢) + a)®
dr = dx
e+ fx fr+e

inputLintegrate((a+b*arccot(d*x+c))*2/(f*x+e),x, algorithm="giac")

outputtiﬂtegrate((b*arccot(d*x +c) +a)"2/(f*x + e), x)

Mupad [F(-1)]

Timed out.
-1 2 )
/(a+bcot (c+dx)) dx:/(a+bacot(c+dx)) s
e+ fx e+ fa
inputtint((a + bxacot(c + d*x))"2/(e + f*x),x)

output Lint((a + bxacot(c + d*x))~2/(e + f*x), x)

Reduce [F]

/ (a+beot™(c+ dx))2 "
e+ fx

B 2<f acot(dx-i—c)dx) abf + <f de) b2f + 10g(f:13 + 6) a2

fzte frt+e

f

input Lint ((a+b*acot (d*x+c)) 2/ (f*x+e) ,x)

output
\)*b**2*f + log(e + f*x)*ax*2)/f

‘ (2xint (acot(c + d*x)/(e + f*x),x)*axbxf + int(acot(c + d*x)**2/(e + f*x),x ‘
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(a+bcot~!(c+dx)) 2

327 [l ) g

Optimal result . . . . . . . . . .
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ...
Rubi [A] (verified) . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [F] . . . . o . o o e
Sympy [F(-1)] . . o

Maxima [F]
Giac [F(-1)]
Mupad [F(-
Reduce [F]

D] oo

242
245
243
246
247
248
248
249
249
249
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Optimal result

Integrand size = 20, antiderivative size = 480

/ (a4 beot™ (¢ + dz))? dp — id(a + beot™(c + dz))”
(e+ fx)?  d?e? — 2cdef + (1 + c2) f2
d(de — cf) (a + beot™ (¢ + dz))?
f (d?e? — 2cdef + (1 + c2) f?)
_ (a+beot~(c+dx))’
fle+ fx)
2bd(a + beot™(c + dx)) log (T:R%§E5>
d?e? — 2cdef + (1 + ¢2) f2?
_ 2d(e+fzx
2bd(a + beot™(c + dx)) log <(de+if_c§c)?1{2(c+dw))>
d?e? — 2cdef + (1 + ¢2) f?
- 2bd(a + beot™(c + dx)) log (TIR%IEES)
d?e? — 2cdef + (1 + ¢2) f?
) 2
ib2d PolyLog (2, 1- m)
d?e? — 2cdef + (1 + ¢2) f?
ib%d PolyLog (2, 1— . 2detfo) )

_|_

+

(detif—cf)(1—i(ctdx))
d*e? — 2cdef + (1 + ¢2) f?

it?d PolyLog (2,1~ iz )
d2e? — 2cdef + (1 + 2) f2

+

Ixd* (a+b*arccot (d*x+c)) "2/ (d"2*%e~2-2*ckd*xe*f+(c™2+1) *f~2) +d* (-c*xf+d*e) * (a+
b*arccot (d*x+c)) ~2/f/(d"2*e"2-2xcxd*e*f+(c~2+1) *f~2) - (a+b*arccot (d*x+c)) "2
/£/ (£*x+e)+2xbxd* (a+b*arccot (d*x+c) ) *1n(2/ (1-I*(d*x+c)))/(d"2*e"2-2*c*d*ex*
f+(c™2+1) *£72) -2%b*d* (a+b*arccot (d*x+c) ) *1n (2*d* (f*x+e) / (d*xe+I*f-c*f) /(1-1
*(d*x+c))) /(d"2xe " 2-2*cxd*exf+(c2+1) *f~2) —2xb*d* (a+b*arccot (d*x+c) ) *1n(2/
(1+Ix(d*x+c)))/(d"2*%e"~2-2*kckd*e*xf+(c™2+1) *£~2) +I*xb~2*d*polylog(2,1-2/(1-I*
(d*x+c)))/(d"2%e"2-2xc*kd*exf+(c2+1) *£~2) -Ixb~2*d*polylog (2, 1-2xd* (f*x+e) /
(d*e+Ixf-cxf)/(1-I*(d*x+c)))/(d"2xe 2-2xc*d*e*xf+(c™2+1) *f~2) +I*b~2*d*polyl
0g(2,1-2/(1+Ix(d*x+c)) )/ (d"2%e"2-2*cxd*exf+(c™2+1) *£72)

output




input

output
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Mathematica [A] (warning: unable to verify)

Time = 5.61 (sec) , antiderivative size = 454, normalized size of antiderivative = 0.95

dr =

/ (a+bcot™i(c+ dalc))2
(e + fz)?

tarctan ( -
e ¢

b2d(e+fz) (1+(c+dz)?)
2abf | (—cde+f+c?f—d?ex+cd t—1(c+dz)+d(e+fx)log [ ——etf2) (—det
al f(( cde+ f+c? f—d?ex+cdfz) cot~1 (c+dz)+d(e+fx) log (c+dm)\/1+71
a2+ (ctdz)2 +
d?e?2—2cdef+(1+c2) f2

‘Integrate[(a + bxArcCot[c + d*x])"2/(e + £*xx)~2,x]

-((a~2 + (2%axb*f*((-(cxd*e) + f + c”2*xf - d"2*xexx + c*xd*f*x)*ArcCot[c + d
*x] + d*(e + f*xx)*Log[-((d*x(e + £*x))/((c + d*x)*Sqrt[l + (c + d*x)~(-2)])
)1))/(d"2%e”2 — 2*cxd*e*xf + (1 + c”2)*f72) + (b"2+d*x(e + f*x)*(1 + (c + d4*
x)"2)*((E~(I*ArcTan[f/(d*e - c*f)])*ArcCot[c + d*x]~2)/((-(d*e) + c*f)*Sqr
t[1 + £72/(d*e - c*£f)~2]) + ArcCot[c + d*x]~2/(d*e + dxfx*x) + (£x(I*Pi*Arc
Cot[c + d*x] + PixLog[1l + E~((-2*I)*ArcCot[c + d*x])] + 2xArcCot[c + d*x]=*
Log[1l - E~((2*I)*(ArcCot[c + d*x] + ArcTan[f/(d*e - c*f)]))] - PixLog[1/Sq
rt[1 + (c + d*x)"(-2)]] + 2xArcTan[f/(-(d*e) + c*f)]*(IxArcCot[c + d*x] -

Log[1 - E~((2*I)*(ArcCot[c + d*x] + ArcTan[f/(d*e - c*f)]))] + Log[Sin[Arc
Cot[c + d*x] + ArcTan[f/(d*e - cx£)]]]) - I*PolyLogl[2, E~((2*I)*(ArcCotl[c

+ d*x] + ArcTan([f/(d*e - c*£)]))]))/(d"2*e"2 - 2xcxd*e*xf + (1 + c~2)*£72))
)/((c + d*x)72%(1 + (c + d*x)~(-2))))/(fx(e + £*x)))

Rubi [A] (verified)

Time = 1.58 (sec) , antiderivative size = 586, normalized size of antiderivative = 1.22,

number of rules __
integrand size 0.300, Rules

number of steps used = 7, number of rules used = 6,
used = {5569, 7292, 5581, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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dz

/ (a+bcot™(c+ clav))2
(e + fz)?

l 5569

+bcot~ ! (ctd
2bdf (ez—fzco(c-i-sicw)?—xi-)l) dr  (a+beot™ (c+ dac))2

f fle+ fx)
l,7292

b (etdz
3 2bd | e+ f(;;r(cgfzdafcid%z%l) dz ( +beot™ (c+ dw))2
f fle+ fx)
l 5581

% d(a+bcot™1(c+dx)) d d
J (e 7f>+f(c+dm))((c+dm)2+1) (c+dz) _ (a+beot™ (¢ + dz))?

f fle+ fx)

l 27

a+bcot—1 (ct+dzx) _
_ 2bd | (de—cf+f(c+d))((c+dz)2+1) d(c + dz) (a+bcot™(c+ dgc))2

f fle+ fx)
l 7276

bcot™!(c+dzx)
2bd | ( de— cf+f(c+dw))((c+dw)2+1) M cf+f(c+dz))((c+dx)2+1)> d(c + dz) _

f
(a+bcot™(c+ clar:))2

fle+ fz)
l 2009

B (a+bcot™(c+ da:))2
fle+ fx)

2bd<aarctan(c+dx)(de—cf) + aflog(f(ct+dz)—cf+de) aflog((c+dz)?+1) ibf PolyLog(2,1—%) ibf PolyLog(2 - i(c

(de—cf)2+f2 (de—cf)2+f2 T 2((de—cH)2+2) 2((c2+1)f2—2cdef+d2e?) ~  2((c241)f2—2cdef

p
LInt[(a + bxArcCot[c + d*x])"2/(e + f*x)~2,x]

| —

input
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-((a + bxArcCot[c + d*x])"2/(fx(e + £*x))) - (2%b*d*(((-1/2*I)*b*f*xArcCot [
c + d*x]”2)/(d"2%e”2 - 2xcxdxexf + (1 + c~2)*f"2) - (bx(d*e - cxf)*ArcCot[
c + d*x]72)/(2x(d"2%e"2 - 2xckd*exf + (1 + c”2)*f"2)) + (ax(d*e - c*f)*Arc
Tan[c + d*x])/(£f72 + (d*e - c*f)~2) - (bxf*ArcCot[c + d*x]*Logl[2/(1 - Ix(c
+ d*x))])/(d"2%e"2 - 2xcxd*exf + (1 + c~2)*f72) + (b*fxArcCot[c + d*x]*Lo
gl2/(1 + Ix(c + d*x))])/(d"2xe"2 - 2kcxd*exf + (1 + c"2)*f~2) + (axfxLogld
*xe — cxf + f*x(c + d*x)])/(£f72 + (d*e - c*xf)~2) + (bxf*ArcCot[c + d*x]*Logl
(2x(d*e - c*f + f*x(c + d*x)))/((d*e + I*f - cxf)*(1 - Ix(c + d*x)))])/(d"2
*e"2 - 2xcxdxexf + (1 + c”2)*£72) - (axfx*Logl[l + (c + d*x)~2])/(2x(£f72 + (
d*e - c*£)"2)) - ((I/2)*bxf*PolyLogl[2, 1 - 2/(1 - I*(c + d*x))])/(d"2*e"2

- 2%cxdxexf + (1 + c”2)*£72) - ((I/2)*bxf*PolylLogl[2, 1 - 2/(1 + Ix(c + d*x
11)/(@72%e"2 - 2xckd*exf + (1 + c~2)*£72) + ((I/2)*b*f*PolylLogl[2, 1 - (2%
(dxe - cxf + fx(c + d*x)))/((d*e + I*f - c*f)*(1 - Ix(c + d*x)))])/(d"2*e”
2 - 2%cxdxexf + (1 + c”2)*f72)))/f

output

Defintions of rubi rules used

rule 27‘{Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] & !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQlb, x1]

-

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_)*(x_))"(m
_), x_Symbol] :> Simp[(e + f*x)~"(m + 1)*((a + bxArcCot[c + d*x]) p/(f*(m +
1))), x] + Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCot[
c+d*xx])"(p - 1)/ + (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x
] && I1GtQ[p, 0] && ILtQ[m, -1]

rule 5569

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_Ox((A_) + (B_)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subs
t[Int[((d*e - c*f)/d + £*(x/d)) m*x(C/d"2 + (C/d"2)*x"2) q*(a + bxArcCot[x])
“p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, q}, x] &
& EqQ[B*(1 + c~2) - 2xA*c*d, 0] && EqQ[2*cxC - B*d, 0]

rule 5581
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Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

rule 7292 Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!

ul

Maple [A] (verified)

Time = 3.38 (sec) , antiderivative size = 784, normalized size of antiderivative = 1.63

method result

2
arccot(de+c) f ln(1+(da:+c) ) _ arccot(dz+-c) arctan(dm+c)cf+arccot(dz-}

242 | —
2(c2f2—2cdef+d2e2+f2) c2f2—2cdef+d2e2+f2 c2f2-2

p2| — d? arccot(dz+c)2 _
(f(dz+c)—cf+de) f

parts e
(fzt+e)f

_ 2 arccot(dz+c) f In(cf —de— f(dz+c)) 2 arccot(dz+c) f ln(1+(dz+c)2) 2
a?d? —|—b2d2 arccot(dz+c)2 + c2f2_2cdef+d2e?+f2 2c2 f2 —4cdef+2d2e2 4252
(cf—de—f(dz+c))f (cf—de—f(dz+c))f

derivativedivides

2 arccot(dz+c)fln(1+(dz+c)2) 2

+ +2

_ 2 arccot(dz+-c) f In(cf —de— f(dz+c))
2c2 f2—4cdef+2d2e242f2

a242 b2d2 arccot(dz+c)2 + c2f2 —2Cd6f+d2€2+f2
(er—de—f@tens t (ef—de— 7 (dat o)

default




input

output

input

output
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‘int((a+b*arccot(d*x+c))”2/(f*x+e)“2,x,method=_RETURNVERBOSE)

-a~2/ (f*x+e) /f+b~2/d* (-4~ 2/ (£* (d*x+c) —-cxf+d*e) /f*xarccot (d*x+c) ~2-2%d~2/£f* (
-1/2*arccot (d*x+c)/ (c~2*f~2-2*c*d*exf+d~2*e”2+f~2) *f*1n (1+(d*x+c) ~“2) —arcco
t (d*x+c) / (c™2xf~2-2*ckxd*xexf+d"2*xe~2+f~2) *arctan (d*x+c) xcxf+arccot (d*xx+c) / (
c~2*xf"2-2kckd*exf+d"2xe " 2+f ~2) *arctan (d*x+c) *d*xe+arccot (d*x+c) / (c~2*f "2-2%
cxdxexf+d~2xe”~2+f"2) *f*1n (f* (d*x+c) —cxf+d*xe) +£f~2/ (c"2*%f"2-2*cxd*exf+d " 2*xe”
2+£72) % (-1/2*I*1n(£* (d*x+c) -cxf+d*e) * (In((I*f-f*(d*x+c) )/ (d*e+I*f-c*f))-1n
((Ixf+fx(d*x+c))/(cxf-dxe+Ix£f)))/f-1/2*%Ix(dilog((I*xf-f*(d*x+c))/(d*xe+I*xf-c
*f))-dilog ((I*xf+f*(d*x+c))/(cxf-d*xe+I*f)))/£)-1/2/(c™2%f~2-2*cxd*e*xf+d 2*e
"2+£72) #£* (-1/2+I* (In(d*x+c-I)*1n(1+(d*x+c) ~2)-1/2*1n(d*x+c-I) "2-dilog(-1/
2% I*x (d*x+c+I) ) -1n(d*x+c-I) *1n(-1/2*I* (d*x+c+I)))+1/2*%I* (In(d*x+c+I)*1n(1+(
d*x+c)~2)-1/2*1n(d*x+c+I) "2-dilog(1/2*I* (d*x+c-I))-1n(d*x+c+I)*1n(1/2*I*(d
*x+c-1))))-1/2/(c"2*xf"2-2*ckxd*xexf+d"2*%e~2+f~2) * (cxf-d*e) *arctan(d*x+c) ~2))
+2*a*xb/d* (-d"2/ (£* (d*x+c) —cxf+d*e) /f*arccot (d*x+c)-d~2/f*(1/(c"2*%f~2-2*c*d
xexf+d"2xe”2+f72) % (-1/2*%f*1n (1+(d*x+c) ~2) +(-cxf+d*e) *arctan(d*x+c))+1/(c"2
*f ~2-2xckdxexf+d"2%e”~2+f " 2) *f*1n (f* (d*x+c)—cxf+d*e)))

Fricas [F|

-1 2 2
/ (a+beot™'(c+ dx)) dp — (barccot (dz + ¢) + a) i

(e + fx)? (fz+e)®

Lintegrate((a+b*arccot(d*x+c))“2/(f*x+e)“2,x, algorithm="fricas")

‘integral((b“2*arccot(d*x + ¢c)72 + 2%axb*arccot(d*x + c) + a”2)/(£72xx"2 +
LQ*e*f*x +e™2), x)
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Sympy [F(-1)]

Timed out.
-1 2
/ (abeot e+ dv) dz = Timed out
(e + fz)?
inputLintegrate((a+b*aC°t(d*X+C))**2/(f*x+e)**2,x)

p
outputLTlmed out

-/

Maxima [F]

-1 2 2
/ (a+bceot™'(c+ dx)) dp — (barccot (dz + ¢) + a) iz

(e + fz)? (fz+e)’

input‘integrate((a+b*arccot(d*x+c))”2/(f*x+e)“2,x, algorithm="maxima")

-(d* (2% (d"2*xe - cxd*xf)*arctan((d"2*x + cxd)/d)/((d"2*e"2*f - 2*cxd*exf~2 +
(c™2 + 1)*£73)*d) - log(d~2*x"2 + 2%cxd*x + c”2 + 1)/(d"2%e"2 - 2*c*xd*ex*f
+ (c72 + 1)*£72) + 2xlog(f*x + e)/(d"2*e”2 - 2kxcxd*e*f + (c”2 + 1)*x£72))

+ 2%arccot(d*x + c)/(£f 2xx + exf))*axb - 1/16%(4*arctan2(1l, d*x + c)~2 - 1

6% (£72xx + exf)*integrate(1/16%(12xd~2xf*x"2*arctan2(1, d*x + c)~2 + 8%(3*

c*arctan2(1l, d*x + c)~2 - arctan2(l, d*x + c))*d*xf*xx - 8*d*e*arctan2(1, dx*

X + ¢c) + (d72*%f*x72 + 2kckdxfxx + (c72 + 1)*f)*log(d™2*x"2 + 2%cxd*x + c”2
+ 1)72 + 12x(c"2*arctan2(1l, d*x + c)~2 + arctan2(1l, d*x + c)"2)*f - 4x(d"

2%f*x"2 + ckxdxe + (d"2%e + ckdxf)*x)*log(d™2*x"2 + 2*kckd*x + c”2 + 1))/(d”

2+%f73*%x74 + (c72 + 1)*e”2*f + 2% (d"2*%e*f~2 + c*xd*f~3)*x"3 + (d"2%e"2*%f + 4

*ckd*e*xf~2 + (c72 + 1)*f73)*x"2 + 2x(ckxd*e™2xf + (c™2 + 1)*exf~2)*x), x) -
log(d™2#x72 + 2*c*kd*x + c™2 + 1)72)*b"2/(£72+x + e*xf) - a~2/(£72*x + exf)

output
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Giac [F(-1)]
Timed out.

dz = Timed out

/ (a+bcot™!(c+ d:z:))2
(e+ fz)?

input tintegrate ((at+b*arccot (d*x+c)) "2/ (f*x+e) ~2,x, algorithm="giac")

output LTimed out

Mupad [F(-1)]

Timed out.
/ (a+ bCOt_l(C+ dg;))2 dp — / (a+ bacot(c—l— dm))2 s
(6 + fx)2 (€+ ffL')Q
input Lint((a + bracot(c + d*x))~2/(e + £*x)~2,%)

output Lint((a + bkacot(c + d*x))"2/(e + f*x)~2, x)

Reduce [F]

beot~(c + da))?
/ (a + bco (C + .’17)) dx = too large to display

(e + fz)?

input Lint ((atb*acot (d*x+c)) "2/ (f*x+e) ~2,x)
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( - 2%acot(c + d*x)**2kbx*2kck*3kexf**x3 + Bkxacot(c + d*x)**2xb**2xc**x2xd*e
*x2xf**x2 — acot(c + d*xx)**2xbk*2*ck*k2kd*exf**3*xx — 4*xacot(c + d*x)**x2*b**2
*ckdxx2xex*x3xf + 2kacot (c + d*x)**2xbxx2kckdk*k2ke**2+xf**x2xx — 2xacot(c + d
*x) **k2%b*x*x2kckexf**x3 + acot(c + d*x)*x*2kb*x2xd*x*3ke**x4d — acot(c + d*x)**2*
bxx2xd*k3ke*x*3*f*x + acot(c + dxx)*k2kbk*2kd*e**2*xf*x2 — acot(c + d*x)**2%
bk*2*d*e*xf**x3*x + 4*xacot(c + d*x)*arbkxckx*k3*xfxx4*xx — 12*acot(c + d*x)*axb*c
*x2kdkexfr*3*xx + 12*acot(c + d*x)*akrbkckdk*2kxex*k2xf*xx2xx + 4d*racot(c + d*x)
*axbkckfxkd*x — 4*acot(c + dkx)*axbkd**3xe*x*3*xf*xx — 4*xacot(c + d*x)*axbxd*
e*xf**x3*xx - 2xacot(c + dxx)*xb**2kc*k*x2xfxx4dxx + 4d*acot(c + d*x)*b**2kxckxdxexf
**3%x — 2%acot(c + dkx)*xb¥x2kdrk2kex*2kf*x2kx — 2kacot (c + dkx)*xbkx2kfrkd*
X + 4xatan(c + d#*x)*a*bkcx*3kexf*x*3 + 4*atan(c + d*x)*axbkck*3xf*r*d*x - 8*
atan(c + dxx)*axbkc**2xdre*x*x2xf**2 — 8*atan(c + d*x)*axbkck*x2kd*rexf*r*k3*x +

4xatan(c + d*x)*axbxckxdxx2xex*x3*f + 4d*atan(c + d*x)*axbkxckdkkkekk2kf**2*
X + 4*atan(c + d*x)*axbxcxexf**3 + 4*atan(c + d*x)*axbkckf**kd*x - 4+*atan(c

+ d*x)*a*b*d*e*x*x2xf**x2 — 4dxatan(c + d#*x)*axbxd*xexf**x3xx — 2*katan(c + d*x)
kb 2kckx2kexf*x3 — 2*atan(c + d*x)*brk2xck*2xf*xd*x + 2xatan(c + d*xx)*b**
2*cxdke*x*x2xf**2 + 2*atan(c + dkx)*bx*k2*kckdke*f**x3*kx — 2katan(c + d*xx)*b**2
xexf**3 — 2*atan(c + dkx)*bx*2xfxxd*xx + 2xint(atan(l/(c + d*x))/(cx*3*xex*2
*f + 2%ckk3kexf*x*%k2%kx + Ck*k3kf*kk3kxk%k2 — Cck*k2kd*ke*k*k3 + 3kckk2kdkekf*kkQkxk%*2

+ 2%kckk2kdxFkk3Ikxk%k3 — kckdk*k2kekk3Jkx — Ikckdkk2kexkQxfkxk*k2 + ckd**x2. ..

output
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Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 253
Rubi [A] (verified) . . . . . . .. . . 254
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Mupad [F(-1)] . . . . . e 2591
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Optimal result

Integrand size = 20, antiderivative size = 565

/(e + fz)? (a+ beot ™ (c + dx))’ dz

ab’f2z b3 f%(c+ dz)cot™ (c + dx)
TR + 3

bf2(a+bceot (c+dzx))?  3ibf(de — cf) (a + beot™ (¢ + dz))?

+ +
2d3 d3

3bf(de — cf)(c + dz) (a + beot™(c + dz))®  bf2(c+ dz)? (a+ beot™ (¢ + dx))?
- & * 2

i(3d2e2 — 6edef — (1 — 3c2) f2) (a + beot™(c + dz))’
+ 3d3

(de — cf) (d*€ — 2cdef — (3 — ¢2) f2) (a + beot™ (¢ + dz))?

3B f

(e + fz)3 (a + beot™(c + dx))?

+
3f
602 f(de — cf) (a+ beot™(c + dz)) log (ﬁ)
B
b(3d%e* — 6cdef — (1 — 3¢2) f2) (a + beot™!(c + dz))* log (ﬁ)
3
.\ B2 1og (1 + (c + dz)2) N 3ib® f(de — cf) PolyLog (2, 1— m>
2d3 d3
ib%(3d%e? — 6cdef — (1 — 3¢?) f2) (a + beot™ (¢ + dz)) PolyLog (2, 1— #ﬂhﬂ

+ B

B (3a2e® — Gede  — (1 - 3¢) f*) PolyLog (3,1~ iz
2d3




output

input
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axb~2%f ~2xx/d"2+b"3*f 2% (d*x+c) *arccot (d*x+c) /d~3+1/2*bxf ~2* (a+b*arccot (d*
x+c))~2/d"3+3*I*b*f* (—cxf+d*e) * (a+b*arccot (d*x+c) ) ~2/d~3+3*b*f*x (-c*xf+d*e) *
(d*x+c) *(atb*arccot (d*x+c)) ~2/d"3+1/2*bxf 2% (d*x+c) “2* (a+b*arccot (d*x+c) )~
2/d73+1/3*I* (3*xd"2xe”~2-6*ckd*e*f—-(-3*c~2+1) *f~2) * (a+b*arccot (d*x+c))~3/d"3
-1/3x(—c*xf+d*e) * (d"2*e”2-2xckd*e*f—-(-c~2+3) *f~2) * (a+b*arccot (d*x+c) ) ~3/d"3
/£+1/3* (£xx+e) “3* (at+b*arccot (d*x+c) ) ~3/f-6xb~2*f* (—c*f+d*e) * (a+b*arccot (d*
x+c) ) *1n(2/ (1+I* (d*x+c)) ) /d"3-b* (3*d~2*e " 2-6*kc*d*e*xf— (-3*c~2+1) *f~2) x (a+b*
arccot (d*x+c)) "2+1n(2/ (1+I*(d*x+c)))/d~3+1/2+b"3*£f " 2+1n(1+(d*x+c) ~2) /d"3+3
* b~ 3*f* (—cxf+d*e) *polylog(2,1-2/ (1+I*(d*x+c)))/d~3+I*b 2% (3*%d~2*e~2-6*c*
dxexf-(-3xc~2+1) *£~2) * (a+b*arccot (d*x+c) ) *polylog(2,1-2/ (1+I*(d*x+c)))/d"3
-1/2*%b"3% (3*%d"2*e~2-6*c*d*xexf—- (-3*%c~2+1) *£~2) *polylog(3,1-2/ (1+I* (d*x+c)))
/da~3

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf

count of optimal. 2336 vs. 2(565) = 1130.

Time = 14.45 (sec) , antiderivative size = 2336, normalized size of antiderivative = 4.13

/(e + fz)* (a+beot ™ (c + da:))3 dz = Result too large to show

-

LIntegrate[(e + fxx)~"2%(a + b*ArcCot[c + d*x])~3,x]

-/




output
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(a~2*(a*d~2%e”2 + 3xbkdxe*xf - 22kbkxckxf~2)*x)/d~2 + (a~2*f*x(2%a*xd*e + b*f)x*x

"2)/(2%d) + (a~3%f72%xx"3)/3 + a"2%bxx*(3%xe”2 + 3xexfxx + f2xx"2)*ArcCot[c
+ d*x] + ((-3*a"2xbxcxd"2%e”2 - 3*a”2¥bxdxexf + 3xa~2*b*c”2xdxexf + 3xa”2
*xb*xc*f~2 - a”~2%bxc”3*f"2)*ArcTan[c + d*x])/d"3 + ((3*a~2*b*d"2%e”2 - 6*a"2
*xbkckdxexf - a”2xbxf~2 + 3xa~2xbxc”2xf"2)*Logl[l + c72 + 2kckd*x + d72*x"2]
)/ (2%d~3) + (a*b™2*xf~2*xx"2%x(1 + (c + d*x)~2)*((c + d*x)*(1 - 6*xcxArcCotl[c

+ d*x] + 3*ArcCot[c + d*x]~2 + 3*c~2*ArcCot[c + d*x]~2) - (c + d*x)*Sqrt[1
+ (c + d*x)~(-2)]1*(1 - 6*c*ArcCot[c + d*x] - ArcCot[c + d*x]"2 + 3*c™2*Ar
cCot[c + d*x]~2)*Cos[3*ArcCot[c + d*x]] - 2%(-2*ArcCot[c + d*x] + I*ArcCot
[c + d*x]~2 + 6*c*ArcCot[c + d*x]~2 - (3*I)*c”2xArcCot[c + d*x]~2 + 2*(-1

+ 3%c”2)*ArcCot[c + d*x]*Logl[l - E~((2*I)*ArcCot[c + d*x])] - 6*c*Logl[1/((
c + d*x)*Sqrt[1 + (c + d*x)~(-2)])] + Cos[2*ArcCot[c + d*x]]*(Ix(-1 + 3%c”
2)*ArcCot[c + d*x]"2 + (2 - 6xc”2)*ArcCot[c + d*x]*Logl[1l - E~((2*I)*ArcCot
[c + d*x])] + 6*cxLogl[1/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)1)1)) + ((4*I)*(
-1 + 3%c~2)*PolyLog[2, E~((2*I)*ArcCot[c + d*x])])/((c + d*x)~2*x(1 + (c +

d*x)~(-2)))))/(4*d*(c + d*x)"2*%(1 + (c + d*x)~(-2))*(1/Sqrt[1 + (c + d*x)~
(-2)] - c/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)1))"2) - (3*a*xb~2*xe"2*x(1 + (c

+ d*x)"2)*(-((c + d*x)*ArcCot[c + d*x]~2) + 2*ArcCot[c + d*x]*Logl[l - E~((
2+I)*ArcCot[c + d*x])] - Ix(ArcCot[c + d*x]~2 + PolyLog[2, E~((2+I)*ArcCot
[c + d*x]1)]1)))/(d*(c + d*x)"2%(1 + (c + d*x)"(-2))) + (6xa*xb™2xexfx(1 +...

Rubi [A] (verified)

Time = 1.11 (sec) , antiderivative size = 551, normalized size of antiderivative = 0.98,

number of rules _ 900, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5571, 27, 5390, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a +beot ™ (c+ dw))3 dz
| 5571
(d(e—%)—i—f(c—i—dx))Q(a+bcot_1(c+dx))3

J &2 d(c+ dx)
d

l27
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[(de — cf + f(c+dx))? (a+bcot™(c + dz))’ d(c + d)

d3
l 5390
b ((c+dm) (atboot (o) 3-43(de—cf) (a+bcot (c+de))? 24 LD E 2o (3=) ) +f(3dt:::ff (o) P)eran) (=
7
d3
l 2009

(f(C+dm)—cf+de)3(a+bcot_1(c+dm))3 N b<zbf( (1-3¢?) f2—6cdef+3d%e )PolyLog<2,1 i(c+dz)+1)(a+b00t (c+dz))+
3f

;
input!\lnt[(e + f*x)~"2%(a + b*ArcCot[c + d*x])~3,x]

(((d*e - c*xf + fx(c + d*x))~3*(a + bxArcCot[c + d*x])~3)/(3*f) + (b*(axbxf
“3x(c + d*x) + b"2+f"3*%(c + d*x)*ArcCot[c + d*x] + (£73*(a + b*ArcCot[c +
d*x])"2)/2 + (3*I)*f~2x(d*xe — c*f)*(a + b*ArcCot[c + d*x])~2 + 3*f72*(d*e

- cxf)*(c + d*x)*(a + bkArcCot[c + d*x])~2 + (£f°3*(c + d*x)~2*(a + bxArcCo
tlc + d*x])"2)/2 + ((I/3)*f*(3*d"2%e"2 - 6*ckxd*xexf — (1 — 3*c"2)*f"2)*(a +
bxArcCot[c + d*x])~3)/b - ((d*e - c*f)*(d"2%e”2 - 2*ckd*e*xf - (3 - c™2)*f
~2)*(a + b*ArcCotl[c + d*x])~3)/(3*b) - 6xb*f~2*x(d*e — c*f)*(a + b*ArcCotl[c
+ dxx])*Log[2/(1 + I*(c + d*x))] - £*(3xd"2xe”2 - 6xcxdxexf - (1 - 3*c~2)
*f~2)*(a + b*ArcCot[c + d*x])~2+Log[2/(1 + Ix(c + d*x))] + (b~2xf"3xLogl[1

+ (c + d*x)"2])/2 + (3*xI)*b~2xf"2+(d*e - cxf)*PolyLog[2, 1 - 2/(1 + Ix(c +
d*x))] + Ixbxf*(3*%d"2%e”2 - 6xcxd*exf — (1 - 3*c~2)*f"2)*(a + b*ArcCotl[c

+ d*x])*PolyLogl[2, 1 - 2/(1 + I*(c + d*x))] - (b~2*f*(3*%d"2*e"2 - 6*ckxdxe*
f - (1 - 3xc™2)*f"2)*PolyLogl[3, 1 - 2/(1 + I*(c + d*x))])/2))/£)/d"3

output
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Defintions of rubi rules used

rule

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpl[a

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

e

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5390 Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy
mbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCot[c*x]) p/(ex(q + 1))), x] + S
imp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcCot[c*x])~(p - 1),
(A + e*xx)"(q + 1)/(1 + c™2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x] &&
IGtQ[p, 1] && IntegerQ[ql &% NeQ[q, -1]

e 5571 T0EL(Ca_.) + ArcCot[(c)) + (d_.)*(x)Ix(b_.)) (p_.)*((e_.) + (£_)*(x))"(n
Subst[Int[((d*e - c*xf)/d + f*x(x/d)) "mx(a + b*A
‘rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m, p}, x] & I

'_.), x_Symboll :> Simp[1/d

GtQlp, 0]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 48.00 (sec) , antiderivative size = 6248, normalized size of antiderivative =

11.06
method result size
parts Expression too large to display | 6248
derivativedivides | Expression too large to display | 10834
default Expression too large to display | 10834

-

input

Lint ((£*x+e) ~2* (a+b*arccot (d*x+c))~3,x,method=_RETURNVERBOSE)

-/

output Lresult too large to display
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Fricas [F]

/(e + fz)* (a4 beot ™ (c+ dx))3 dx = / (fz + e)?(barccot (dz + ¢) + a)’ dz

‘integrate((f*x+e)“2*(a+b*arccot(d*x+c))“3,x, algorithm="fricas")

-/

input
output‘integral(a‘3*f‘2*x*2 + 2xa”"3%exf*x + a"3xe”2 + (b"3*f72*x"2 + 2¥b"3xe*xf*x
‘+ b~3*e~2)*arccot (d*x + c)~3 + 3*(a*b"2*xf~2%x"2 + 2%axb~2%exf*x + axb~2%e”
‘2)*arccot(d*x + C)72 + 3%(a~2%b*f 2%x~2 + 2%a~2%bkexfxx + a~2%bxe~2)*arcco
‘t(d*x + c), x)
Sympy [F]
- 3
/(e+fx)2 (a+beot™ (c + dz)) dw:/(a—i-bacot (c+ dz))® (e + fz)? dx
p
inputLintegrate((f*x+e)**2*(a+b*acot(d*x+c))**3,x)
Outputtlntegral((a + b*acot(c + d*x))*x3*(e + f*x)**2, x)

Maxima [F]

/(e + fz)* (a+ beot™ (c + dx))3 dr = / (fz + €)*(barccot (dz + ¢) + a)® dz

inputLintegrate((f*X+e)A2*(a+b*arccot(d*x+c))‘3,x, algorithm="maxima")
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output

1/24%b"3*%f~2xx"3*arctan2(l, d*x + c)~3 + 1/8%b~3*exf*x~2*arctan2(1l, d*x +
c)"3 + 1/8%b"3%e”"2xx*arctan2(1l, d*x + c)~3 + 1/3*%a~3*%f"2%x"3 + a~3kexf*x"2
+ 3*%(x"2*arccot(d*x + c) + d*(x/d"2 + (c”2 - 1)*arctan((d"2*x + c*d)/d)/d
~3 - c*log(d~2*x"2 + 2%ckd*x + c”2 + 1)/d"3))*a"2xb*exf + 1/2%(2*x"3*arcco
t(d*x + c) + d*((d*x"2 - 4*c*x)/d"3 - 2*(c”3 - 3*c)*arctan((d™2*x + cxd)/d
)/d"4 + (3%c™2 - 1)*log(d™2#x"2 + 2%c*d*x + c”2 + 1)/d"4))*a"2xbxf~"2 + a”~3
*xe 2xx + 3/2%(2*(d*x + c)*arccot(d*x + c) + log((d*x + c)~2 + 1))*a"2xb*e”
2/d - 1/32%(b"3xf~2*x"3*arctan2(1, d*x + c) + 3*xb~3*exf*x~2*arctan2(1l, d#*x
+ c) + 3*%b73*xe”2xx*arctan2(l, d*x + c))*log(d~2*x"2 + 2kckd*x + c”2 + 1)°
2 + integrate(1/32%(4*(7*b~3%arctan2(1l, d*x + c)~3 + 24xaxb~2xarctan2(1, d
*X + C)"2)*%d"2*f72xx"4 + 4x (2% (T*b~3*arctan2(1l, d*x + c)~3 + 24*axb~2*arct
an2(1, d*x + c)~2)*d"2%exf + (b~3*arctan2(l, d*x + c)~2 + 2x(7*b~3*arctan2
(1, d*x + c)~3 + 24*axb~2xarctan2(1l, d*xx + c) 2)*c)*xd*f~2)*x~3 + 4*(7*xb~3x*
arctan2(1, d*x + c)~3 + 24*xaxb~2*arctan2(l, d*x + c)~2 + (7*b~3*arctan2(1,
dxx + ¢)~3 + 24xa*xb”2*arctan2(1l, d*x + c)~2)*c"2)*e”2 + 4x((7*b~3*arctan2
(1, d*x + c)~3 + 24xaxb~2*arctan2(l, d*x + c)~2)*d"2xe"2 + (3*b~3*arctan2(
1, d*x + c)~2 + 4% (7*xb~3*arctan2(1l, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x +
c) "2)*c)*xdxe*xf + (7*b~3*arctan2(l, d*x + c)~3 + 24xaxb~2*arctan2(l, d*x +
c)~2 + (7*b~3*arctan2(1l, d*x + c)~3 + 24xaxb~2*xarctan2(1, d*x + c)~2)*c~2
Y*xE"2)*xx"2 + (3%b~3xd"2+f 2*x"4*arctan2(1l, d*x + c) + (6%b~3%d"2xexf*ar...

Giac [F]

/(e + fz)* (a4 beot ™ (c + dﬂc))3 dr = / (fz + e)*(barccot (dz + ¢) + a)’ dz

inputt

integrate ((f*x+e) 2% (atb*arccot (d*x+c))~3,x, algorithm="giac")

-

outputt

integrate((f*x + e) 2x(bxarccot(d*x + c) + a)~3, x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fz)* (a+beot™ (c + dw))3 dr = /(e + fz)* (a + bacot(c + dz))* dz

input Llnt((e + f*X)A2*(a + b*aCOt(C + d*X))"B,x)

Outputtint((e + fxx)~2%(a + bxacot(c + d*x))~3, x)

Reduce [F]

/(e + fz)* (a+ beot™ (c + d:v))3 dz = Too large to display

input Lint ((f*x+e) “2x (atb*acot (d*x+c)) ~3,x)
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( - 4xacot(c + d*x)**3*%b**3kcx*3kf**2 + 6xacot(c + d*x)**3kbx*3kck*kd*exf
- 4xacot(c + d*x)**3*bx*x3kckf**2 + Gkacot(c + d*x)**3*xbk*k3kd**x3ke**x2xx +
6*acot (c + d*xx)**x3xbx*3kd*x3kexfxx**k2 + 2kacot(c + d*x)*k*3kb**k3kd*k*3*f**2x%
x*k*3 + 6*acot(c + d*x)**x3xbx*k3kdkexf — 12*acot(c + d*xx)**x2kakbkkkck*kI*f**
2 + 18*acot(c + dxx)**xkaxb**2*c**2*xd*xexf — 12*acot(c + d*x)**2*axb**x2xcxf
*x2 + 18*acot(c + d*x)**2¥axbk*2xd*x*k3*kex*x2*x + 18*acot(c + d*x)**x2kxa*xb**2*
A*x3kexfxx*2 + 6xacot(c + d*x)**x2kakb*x2kdrk3xf**x2kx*x*x3 + 18*acot(c + d*x
) kk2kxaxbk*k2xdxe*xf + 3kacot(c + d*xx)**2xbk*3kckk2*xfx*x2 — 12kacot(c + d*x)**
2¥bxk3kckd*xf**¥2xx + 18*acot (c + d*x)**k2+bx*x3*kd**x2xe*f*x + 3*acot(c + d*x)=*
*2kbiok Ik Akk 2k fxxk2kx* k2 + 3kacot (c + dxx) ¥*x2*bk*k3xf*x2 + Gkacot(c + d*x)*ax
*2xbxck*x3kfx*x2 — 18*acot(c + d*xx)*a*x*kbkxck*2kd*xexf + 18*%acot(c + d*x)*a**
2¥bxckd**x2xe**2 — 18*acot(c + d*x)*ax*2+bxckf**x2 + 18*acot(c + d*x)*a*x*2xb
*d*x*x3kexx2xx + 18*acot(c + d*x)*ax*x2xbxdx*x3kexf*x**2 + 6*acot(c + d*xx)*ak*
2¥b*d**3*xfx*x2xx*x*x3 + 18*acot(c + d*x)*a*x*x2xbxdxexf — 30*acot(c + d*x)*axbx*
*2xckx2xfxx2 + 36%acot(c + d*x)*axbxx2xckxdxexf — 24*acot(c + d*x)*axbx*x2*c
*dxf**x2xx + 36*acot(c + d*x)*a*b*xx2kd**2xe*xf*x + 6*acot(c + dkx)*axbk*2xdx*
*2xFrk2xxk*2 + Gkacot (c + dkx)*a*xbx*2xf**x2 + 6kacot(c + dkx)*xb*x3kckxf*x2 +
6*acot (c + d*x)*bx*x3xdxf**2*x + 36*int((acot(c + d*x)*x)/(c**2 + 2kcxd*x
+ d**x2%kx*%2 + 1) ,x)*ka¥xbkx2kck*xkd**2xf*x2 — 72%int ((acot(c + d*x)*x)/(c**2
+ 2xckd*x + dx*2xx*k*2 + 1) ,x)*axb**x2kckd**3kexf + 36%int((acot(c + d*x...

output
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3.29 [(e+ fz)(a+becot™ (c+ dz))’ dz

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . ... .. L 262
Rubi [A] (verified) . . . . . . . . . . 263!
Maple [B] (verified) . . . . . . . ... 2651
Fricas [F] . . . . . . . 260
Sympy [F] . . . o 2661
Maxima [F] . . . . . o 2661
Giac [F] . . . o o 267l
Mupad [F(-1)] . . . . . e 268]
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 337

/(e + fz) (a+ beot ™ (c+ d:c))3 dx

_ 3ibf(a+beot (c+dx))®  3bf(c+ dz)(a+beot™ (¢ + da))?
N 28 + 28
i(de — cf) (a+ beot™ (¢ + dx))?
d2
(de + f — cf)(de — (1 +¢)f) (a + beot™(c + dz))®
242 f

(e + fx)2 (a+ bcot_l(c + d.’I?))3 3b2f(a + bcot_l(c + dx)) log (m)
+ of - &

3b(de — cf) (a + beot™ (¢ + dz))* log (W)

d2

2
1+i(c+dx) )

+

3ib% f PolyLog (2, 1—
242
3ib%(de — cf) (a + bcot™!(c + dz)) PolyLog (2, 1-— m>
d2
363(de — cf) PolyLog (3, 1 m)
242

_+_

+
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3/2xI*b*f* (at+b*arccot (d*x+c)) ~2/d"~2+3/2*b*f* (d*x+c) * (a+b*arccot (d*x+c) ) "2/
d"2+I* (-cxf+dxe) * (a+b*arccot (d*x+c) ) ~3/d"2-1/2x (—~cxf+d*xe+f) * (d*e—(1+c) *f) *
(at+b*arccot (d*x+c)) ~3/d"2/£f+1/2* (fxx+e) “2* (a+b*arccot (d*x+c) ) ~3/f-3xb~2*xf*
(at+b*arccot (d*x+c)) *1n(2/ (1+I* (d*x+c)))/d"2-3*b* (-c*f+d*e) * (a+b*arccot (d*x
+c)) "2%1n(2/ (1+I*(d*x+c)))/d~2+3/2*I*b~3*xf*polylog(2,1-2/ (1+I*(d*x+c)))/d"
2+3*I*b~2% (-cxf+d*e) * (a+b*arccot (d*x+c) ) ¥*polylog(2,1-2/ (1+I* (d*x+c)))/d"~2-
3/2xb~3* (-c*f+d*e) *polylog(3,1-2/ (1+I*(d*x+c))) /42

output

Mathematica [A] (verified)

Time = 5.09 (sec) , antiderivative size = 630, normalized size of antiderivative = 1.87

/(e + fz) (a+beot ' (c+ dm))3 dx

a*(2ade + 3bf — 2acf)(c + dz) + a®f(c + dx)* — 3a®b(c + dz)(cf — d(2e + fz)) cot™*(c + dzx) — 3a?b}

input ‘ Integrate[(e + fxx)*(a + b*ArcCot[c + d*x])~3,x] ‘

(a"2x(2xa*xdxe + 3*bxf - 2xakxcxf)*(c + d*x) + a~3*f*(c + d*x)~2 - 3*a~2xb*(
c + dxx)*x(cxf - d*(2*%e + f*x))*ArcCot[c + d*x] - 3*a~2+bxfxArcTan[c + d*x]
+ 6xaxb”"2*xf*x((c + d*x)*ArcCot[c + d*x] + ((1 + (c + d#*x)~2)*ArcCot[c + d*
x]172)/2 - Logl[1/((c + d*x)*Sqrt[1 + (c + d*x)~(-2)])]) + 3*a"2*b*(d*xe - c*
f)*Logl[l + (c + d*x)"2] + 6xaxb~2xdxex(ArcCot[c + d*x]*((I + c + d*x)*ArcC
ot[c + d*x] - 2*Logl[l - E~((2*I)*ArcCot[c + d*x])]) + I*PolyLog[2, E~((2*I
Y*ArcCot[c + d*x])]) - 6%axb~2*kcxf*(ArcCot[c + d*x]*((I + c + d*x)*ArcCot[
c + d*x] - 2+Log[1 - E~((2*%I)*ArcCot[c + d*x])]) + I*PolyLogl[2, E~((2*I)*A
rcCot[c + d*x])]) + b 3*f*(3*(c + d*x)*ArcCot[c + d*x]~"2 + (1 + (c + d*x)~
2)*ArcCot[c + d*x]~3 - 6xArcCot[c + d*x]*Logl[l - E~((2*I)*ArcCot[c + dx*x])
] + (3*I)*(ArcCot[c + d*x]~2 + PolyLogl[2, E~((2*I)*ArcCot[c + d*x])])) + 2
*b~3*d*ex((I/8)*Pi~3 - I*ArcCot[c + d*x]~3 + (c + d*x)*ArcCot[c + d*x]"3 -
3*ArcCot [c + d*x]~2xLog[1 - E~((-2*I)*ArcCot[c + d*x])] - (3*I)*ArcCotlc
+ d*x]*PolyLog[2, E~((-2*I)*ArcCot[c + d*x])] - (3*PolyLogl[3, E~((-2*I)*Ar
cCot[c + d*x])]1)/2) - 2xb~3*cxfx((I/8)*Pi~3 - IxArcCot[c + d*x]~"3 + (c + d
*xx)*ArcCot [c + d*x]~3 - 3*ArcCot[c + d*x] 2xLog[1l - E~((-2*I)*ArcCot[c + d
*x])] - (3*I)*ArcCot[c + d*x]*PolyLog[2, E~((-2*I)*ArcCot[c + d*x])] - (3%

PolyLog[3, E~((-2*I)*ArcCot[c + d*x])]1)/2))/(2*d"2)

output
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Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 334, normalized size of antiderivative = 0.99,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5571, 27, 5390, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a+beot™ (c+ d:c))3 dz

l 5571

e—g ctax a cot™ “(ctax 8
f(d< L)+ (c+d )2( +beot—L(ct+dz)) de+ da)

d
| 27
[(de —cf + f(c+dz)) (a+beot™(c+ da:))3d(c+ dx)

d2
l 5390

de—c, de—(c de—cf)(c+dz)) (at+bcot ™ (ctdx 2
3 [ f2(a+bcot_1(c+dm))2+(( FHD(em(eHDN 21 deeh(c+ )) (a+bcot™! (c+dz)) d(ctdz)
(ctdz)2+1 (f(c+dx)—cf+de)? (a+bcot ~L(c+da
2f + 2f
d2
| 2009
3
3 2 _ 2if(de—cf) (a+bcot_1(c+dz)> (
(f (ctdz)—cf+de)? (a+beot— (ctdx))® » <2zbf(de_6f) POlyL0g<2’l_W> (atbeot ™ (ctdz))+ 3b T
+

2f

-

LInt[(e + f*xx)*(a + bxArcCot[c + d*x])"3,x]

~—

input




CHAPTER 3. LISTING OF INTEGRALS 264

(((d*e - c*xf + fx(c + d*x))~2x(a + bxArcCot[c + d*x])~3)/(2%f) + (3*xb*(I*f
~2x(a + b*ArcCot[c + d*x])~2 + £ 2x(c + d*x)*(a + bxArcCot[c + d*x])"2 + (
((2*%I)/3)*f*(d*xe - cxf)*(a + b*ArcCot[c + d*x])~3)/b - ((d*e + f - c*f)*(d
*e¢ — (1 + c)*f)*(a + b*ArcCot[c + d*x])~3)/(3*b) - 2%b*f~2*(a + bxArcCotl[c
+ d*xx])*Log[2/(1 + I*(c + d*x))] - 2*xf*x(d*e - c*f)*(a + b*ArcCot[c + d*x]
)~2*xLog[2/(1 + I*(c + d*x))] + I*b~2xf"2+PolyLog[2, 1 - 2/(1 + Ix(c + d*x)
)] + (2*I)*b*f*(d*e - cxf)*(a + bxArcCot[c + d*x])*PolyLogl[2, 1 - 2/(1 + I
*(c + d*x))] - b"2xfx(d*xe - c*f)*PolyLogl[3, 1 - 2/(1 + I*x(c + d*x))]1))/(2*
£))/d°2

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma

rule
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 5390 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_Sy

mbol] :> Simp[(d + exx)~(q + 1)*((a + b*ArcCot[c*x])~p/(ex(q + 1))), x] + S
imp [bxc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcCot[c*x])~(p - 1),
(d + exx)"(q + 1)/(1 + c™2*x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x] &&
IGtQLp, 1] &% IntegerQlql && NeQlq, -1]

rule 5571 Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + fx(x/d)) " m*(a + b*A
rcCot[x])~p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m, p}, x] && I
GtQlp, 0]




input

output
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1050 vs. 2(316) = 632.

Time = 12.46 (sec) , antiderivative size = 1051, normalized size of antiderivative = 3.12

method result size

parts Expression too large to display | 1051
derivativedivides | Expression too large to display | 17369

default Expression too large to display | 17369

e

Lint((f*x+e)*(a+b*arccot(d*x+c))‘3,x,method=_RETURNVERBUSE)

-/

a~3x(1/2*f*x"2+exx)+b~3/d* (1/2/d*arccot (d*x+c) ~“3* (d*x+c) “2xf-1/d*arccot (d*
x+c) "3xc*f* (d*x+c)+arccot (d*x+c) ~3*e* (d*x+c)+3/2/d* (1/3*f*arccot (d*x+c) ~3+
4*xIxd*e*arccot (d*xx+c)*polylog(2,-(d*x+c+I)/(1+(d*x+c)~2)~(1/2))+arccot (d*x
+c) "2*f*k (dkx+c-I) -4xI*c*xf*arccot (d*x+c) *polylog(2, (d*x+c+I)/ (1+(d*x+c)~2)"
(1/2))-4xI*cxf*arccot (d*x+c) *polylog(2, - (d*x+c+I)/(1+(d*x+c)~2)~(1/2))+4*p
olylog(3,-(d*x+c+I)/(1+(d*x+c)~2) ~(1/2))*c*xf-2/3*I*arccot (d*¥x+c) "3kcxf+4*p
olylog(3, (d*x+c+I)/(1+(d*x+c) ~2) ~(1/2))*cxf-2xf*arccot (d*x+c) *1n(1- (d*x+c+
I)/(1+(d*x+c)~2) " (1/2) ) +2*I*f*polylog(2, (d*x+c+I)/ (1+(d*x+c) ~2) " (1/2))-4x*p
olylog(3, (d*x+c+I)/ (1+(d*x+c) ~2) " (1/2)) *d*e+2xIxf*arccot (d*x+c) “2-2%1n(1-(
d*x+c+I) / (1+(d*x+c) ~2) ~(1/2) ) *d*e*arccot (d*x+c) ~2+2/3*I*arccot (d*x+c) ~3*d*
e+2*1n(1+(d*x+c+I)/ (1+(d*x+c) ~2) " (1/2)) *c*f*arccot (d*x+c) ~2+2*I*f*polylog(
2,-(d*x+c+I)/(1+(d*x+c) ~2) " (1/2))+4xIxd*exarccot (d*x+c)*polylog(2, (d*x+c+I
)/ (1+(d*x+c)~2)~(1/2))+2*1n(1- (d*x+c+I) / (1+(d*x+c) ~2) ~(1/2) ) *cxf*arccot (dx*
x+c) "2-2%1n (1+(d*x+c+I) / (1+(d*x+c) ~2) " (1/2) ) *d*e*arccot (d*x+c) ~2-2*f*arcco
t (d*x+c) *1n(1+(d*x+c+I) / (1+(d*x+c) "2) ~(1/2) ) -4*polylog(3,—(d*x+c+I) / (1+(d*
x+c) "2) " (1/2))*d*e) ) +3*xaxb~2/d* (1/2/d*arccot (d*x+c) “2* (d*x+c) ~“2*f-1/d*arcc
ot (d*x+c) "2xcxf* (d*x+c)+arccot (d*x+c) "2xex (d*xx+c)+1/d* (-1n(1+(d*x+c) "2) *ar
ccot (d*x+c) *cxf+1n (1+(d*x+c) ~2) *arccot (d*x+c) *d*e—arctan (d*x+c) *arccot (d*x
+c) *f+arccot (d*x+c) *f* (d*x+c) +1/2xf*x1n (1+(d*x+c) “2) -1/2*arctan (d*x+c) ~2+f+

1/2% (-2%cxf+2*d*e) * (-1/2%I* (ln(d*x+c-I) *1n(1+(d*x+c) ~2)-1/2%1n(d*x+c-I)...
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Fricas [F]

/(e + fz) (a+ beot ™ (c+ dx))3 dx = / (fz + e)(barccot (dz + ¢) + a)® d

input‘integrate((f*x+e)*(a+b*arcc:ot(d*x+c))"3,x, algorithm="fricas")

output‘integral(a‘3*f*x + a”~3%e + (b"3*f*x + b~3*e)*arccot(d*x + c)~3 + 3*(axb~2x*
‘f*x + a*b~2*e)*arccot (d*x + c)~2 + 3x(a"2xb*xfxx + a~2*bxe)*arccot(d*x + c)

» X) ‘
Sympy [F]
/(e + fz) (a+beot ™ (c + dz))’ dz = / (a + bacot (c + dz))° (e + fz) dz
input Lintegrate ((f*x+e)* (a+bracot (d*x+c) ) **3,x) J
output LIntegral((a + bracot(c + d*x))**3x(e + f£*x), x) J
Maxima [F]
/(e + fz) (a+ beot ™ (c+ dx))3 dr = / (fz + €)(barccot (dz + ¢) + a)® d
input Lintegrate ((£*x+e) * (a+brarccot (d*x+c))~3,x, algorithm="maxima") J
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output

1/16%b~3*xf*x~2*%arctan2(1, d*x + c)~3 + 1/8%b~3*e*x*arctan2(l, d*x + c)~3 +
1/2%a~3*%f*x"2 + 3/2x(x"2*arccot(d*x + c) + d*(x/d"2 + (c~2 - 1)*arctan((d
“2%x + c*xd)/d)/d"3 - cxlog(d~2*x"2 + 2%cxd*x + c”2 + 1)/d"3))*a"2+bxf + a”
3xexx + 3/2x(2x(d*x + c)*arccot(d*x + c) + log((d*x + c)~2 + 1))*a"2xb*e/d
- 3/64x (b~ 3*f*x"2*xarctan2(1, d*x + c) + 2*%b~3*exx*arctan2(1l, d*x + c))x*lo
g(d~2*x"2 + 2%ckd*x + c”2 + 1)72 + integrate(1/64*(8%(7*b~3*arctan2(1l, d*x
+ ¢c)~3 + 24xaxb~2*arctan2(l, d*x + c)~2)*d"2xf*x"3 + 4x(2*(7*b~3*arctan?2(
1, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x + c)~2)*d"2*e + (3*b~3*arctan2(1l,
d*x + c)~2 + 4% (7xb~3*arctan2(1, d*x + c)~3 + 24*a*b~2*arctan2(l, d*x + c)
~2)kc)*dxf) *x~2 + 3% (2%b~3*xd"2%f*x"3*arctan2(l, d*x + c) + (2%b~3xd"2%exar
ctan2(1, d*x + c) + (4*b"3*c*arctan2(l, d*x + c) - b~ 3)*d*f)*x"2 + 2% (b~ 3%
c"2%arctan2(1l, d*x + c¢) + b~ 3xarctan2(1l, d*x + c))*e + 2%((2xb~3*c*arctan?
(1, d*x + ¢c) - b~3)*d*e + (b~3*c”2*xarctan2(l, d*x + c) + b~ 3*xarctan2(1l, dx*
x + c))*f)*x)*1og(d~2*x"2 + 2*kcxd*x + c”2 + 1)72 + 8% (7*b~3*arctan2(1l, d*x
+ ¢c)~3 + 24*xaxb~2*arctan2(1l, d*x + c)~2 + (7*b~3*arctan2(1l, d*x + c)~3 +
24*xaxb~2*arctan2(1l, d*x + c)~2)*c"2)*e + 8*%((3*b~3*arctan2(1l, d*x + c)~2 +
2% (7xb~3*arctan2(1l, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x + c)~2)*c)*d*e +
(7#b~3*arctan2(1, d*x + c)~3 + 24xa*b~2*arctan2(1l, d*x + c)~2 + (7*b"3*ar
ctan2(1, d*x + c)”3 + 24*axb”2*arctan2(l, d*x + c) 2)*c"2)*f)*x + 12*%(b~3*
d~2xf*xx~3*arctan2(1l, d*x + c) + 2%b~3*ckd*exx*arctan2(l, d*x + c) + (2*...

Giac [F]

/(e + fz) (a+beot™(c+ dﬂc))3 dr = / (fz + e)(barccot (dz + ¢) + a)® dx

inputt

integrate ((f*x+e)* (atb*arccot (d*x+c))~3,x, algorithm="giac")

-

outputt

integrate((f*x + e)*(b*arccot(d*x + c) + a)~3, x)

| —
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Mupad [F(-1)]

Timed out.

/(e—l—fm) (a+bcot_1(c+dx))3 dx = /(e—l—fac) (a + bacot(c + dx))® dx

-

inputLint((e + fxx)*(a + b*acot(c + d*x))~3,x)

~—

Output‘int((e + f*x)*(a + bxacot(c + d*x))~3, x)

Reduce [F]

/(e + fz) (a+bcot ™ (c+ d:c))3 dx

acot(dz + c)® B3d® f x® + 6acot(dzx + ¢)* ab®d®ex + 3acot(dz + ¢)” a b*d?f x% + 6acot(dz + c) a®bede + |

inputLint((f*x+e)*(a+b*acot(d*x+c))"3,x) J

(acot(c + d*xx)**k3kb**3*kc**2+f + 2*xacot(c + d*x)**3*b**3*d**2*xexx + acot(c

+ d*x)k*3*xbxk3kdx*x2kfxx*x*2 + acot(c + d*x)**x3*xb*x3*f + 3*kacot(c + d*xx)**2x
axbx*x2kckx2xf + Bkacot(c + d*xx)**2xaxb**2xd*k*2*exx + 3*xacot(c + d*x)**2*ax
bk*k2*xd*k2¢fxx*k*k2 + 3kacot(c + d*xx)**2xaxb**2xf + 3*xacot(c + d*x)**2¥bx*3*d
*fxx - 3*acot(c + d*x)*a**2*bkxckx*x2xf + 6xacot(c + d*x)*a**2xbxckxd*e + 6*ac
ot (c + dxx)*ax*2xb*d**2%e*xx + 3%acot(c + d*x)*ax*2xbxd*x2*f*x**2 + 3*acot(
c + dxx)*a*x*2xb*xf + 6*acot(c + dkx)*akbx*2xckxf + 6kacot(c + dkx)*akbr*22kd*
fxx - 12*int((acot(c + d*x)*x)/(c**2 + 2%ckd*x + d**2*x**2 + 1),x)*axbx*x2*
ckdx*x2*xf + 12*int((acot(c + d*xx)*x)/(c*x*2 + 2kckxd*x + d*x*x2*x*x*2 + 1),x)*ax
b**2*d**3xe + 6*int((acot(c + d*x)*x)/(c*x*2 + 2kckdxx + d**2kx**2 + 1) ,x)*
b**3*%d**k2xf - 6*int((acot(c + d*xx)**2%x)/(c*x*2 + 2kckxd*x + dkk2xx**2 + 1),
X) ¥bx*3*kckd*x*x2+%f + 6xint((acot(c + d*x)**2*x)/(c**2 + 2*ckxd*x + dk*k2*x**2

+ 1) ,x)*bx*3kd**3ke — 3*klog(c**2 + 2kckd*x + dk*2*x**2 + 1)*ax*2xbkxc*xf + 3
x1log(ck*2 + 2xckxd*x + d¥*2xx**2 + 1)*a*x2xbkd*ke + 3*log(cx*2 + 2*c*d*x + d
*kQkxkkD + 1)*a*b**2*f + 2%a*k3kd*x*k2kekx + akk3kd*kk2kfkxk*k2 + 3Ikgk*k2kbkdxf
*x) / (2%d**2)

output
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3.30  [(a+beot™Y(c+dx))’ dz

Optimal result . . . . . . . . . . . .. 269
Mathematica [A] (verified) . . . . . . . . . ... 2701
Rubi [A] (verified) . . . . . . .. . . 270
Maple [B] (verified) . . . . . . . ... 273l
Fricas [F] . . . . . . . 273
Sympy [F] . . . o 274
Maxima [F] . . . . . . o 274
Giac [F] . . . o o 275
Mupad [F(-1)] . . . . . e 2751
Reduce [F] . . . . . . 275

Optimal result

Integrand size = 12, antiderivative size = 143

' -1 3 ) 3
/ (a—l— beot™ (c+ dx))3 dr = i(a+ bCOtd (c+dz)) n (c+dzx) (a+ b;ot (c+ dx))

3b(a + beot™2(c + dz))? log (
d
3ib%(a + bcot ™1 (c + dx)) PolyLog (2, 1- m)
d
3b% PolyLog (3, 1-— m>
2d

2
1+i(ctdz) )

_|_

¢ ‘ I*(a+b*arccot (d*x+c)) ~3/d+(d*x+c) * (a+b*arccot (d*x+c) ) ~3/d-3*b* (a+b*arccot ( ‘
|d*x+c)) "2%1n(2/ (1+I#(d*x+c))) /d+3*I¥b 2% (a+b*arccot (d*x+c)) *polylog(2,1-2/ |
| (1+I*(d#x+c)))/d-3/2+b~3*polylog (3,1-2/ (1+I*(d*x+c)))/d |

outpu
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.59

/ (a+beot ™ (c+ dm))3 dx

2a%(c + dz) + 6a®b(c + dz) cot™ (c + dz) + 3a?blog (1 + (¢ + dz)?) + 6ab? (cot‘l(c + dz) <(z +c+dz

e hY

Integrate[(a + b*ArcCot[c + d*x])~3,x]

input |

(2%a~3*(c + d*x) + 6*a”"2xbx(c + d*x)*ArcCot[c + d*x] + 3*a"2xbxLogl[l + (c
+ d*x)~2] + 6%a*b~2x(ArcCot[c + d*x]*((I + c + d*x)*ArcCot[c + d*x] - 2*Lo
gll - E7((2*I)*ArcCot[c + d*x])]) + I*PolyLog[2, E~((2*I)*ArcCot[c + d*x])
1) + 2xb~3%((I/8)*Pi~3 - I*ArcCot[c + d*x]~3 + (c + d*x)*ArcCot[c + d*x]~3
- 3xArcCot[c + d*x]~2+Logl[l - E~((-2*I)*ArcCot[c + d*x])] - (3*I)*ArcCot[
c + d*x]*PolyLog[2, E~((-2*I)*ArcCot[c + d*x])] - (3*PolyLogl[3, E~((-2*I)*
ArcCot[c + d*x])1)/2))/(2xd)

output

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.500, Rules

number of steps used = 7, number of rules used = 6,
used = {5563, 5346, 5456, 5380, 5530, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bcot™ (c+ da:))3 dx

l 5563

[ (a+bcot™(c+ dm))3 d(c+ dz)
d

l 5346
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_ 2
3bf (ct+dz) (at+bcot ™ (c+dz)) d(C-l—d.’E) + (C-l—dI) (a+bCOt_1(C+dI))3

(c+dz)2+1
d
| 5456
-1 3 i(a+b cot*l(c—i-dz))3 (a+b cotfl(c—i-dav))2
(c+dz) (a+bcot™ (c+dx))” +3b = —f o=@t d(c+dx)
d
| 5380
beot ™1 (c4dx)) log( 2 : - 3
(c+dz) (a+beot™ (c+ d:c))3 +3b (—2b J (atboor (z:_i_;i;zj_gl(’(“dz)“) d(c+dzx) + Z(a+bwt3;(c+dx)) — log (I
d
| 5530
. PolyLog(2,1— ;2 )
(c+dz) (a+beot™ (c+ dm))3 +3b <—2b <—ézb J (c<+dw)2(+1’d )+1> d(c + dz) — 3iPolyLog (2, 1- m
d

l 7164

(c+dz) (a +bcot~(c+ da:))3 +3b (—Zb(}leolyLog (3, 1-— m> — %z PolyLog (2, 1-— m> (a +
d

input LInt [(a + bxArcCot[c + d*x])~3,x] J

t‘ ((c + d*x)*(a + b*ArcCot[c + d*x])~3 + 3*xb*(((I/3)*(a + b*ArcCot[c + d*x]) ‘
"‘3)/b - (a + b*ArcCot[c + d*x]) 2xLogl[2/(1 + I*(c + d*x))] - 2*xb*((-1/2+I) ‘
\*(a + bxArcCot[c + d*x])*PolyLogl[2, 1 - 2/(1 + Ix(c + d*x))] + (b*PolyLogl |
3,1 - 2/(1 + Ix(c + a*x))1)/4)))/d

outpu
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Defintions of rubi rules used

rule 5346 Int[((a_.) + ArcCot[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simpl[x*(a

+ b*ArcCot[c*x~n]) "p, x] + Simp[b*c*xn*p Int[x"n*((a + b*ArcCot[c*x"n])~ (p
- 1)/ + c~2*x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

rule 5380 IntL((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/((d)) + (e_.)*(x)), x_Symbol]

:> Simp[(-(a + bxArcCot[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] - Simp[b*c*(
p/e) Int[(a + bk*ArcCot[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 + c™2%x72))
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 + e~2, 0
]

rule 5456 1ntL(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x)72),

x_Symbol] :> Simp[I*((a + b*ArcCot[c*x])~(p + 1)/(b*ex(p + 1))), x] - Simpl[
1/(cxd) Int[(a + b*ArcCot[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

rule 5530 Tnt[(Loglu_T*((a_.) + ArcCotl[(c_.)*(x_)1*(b_.))"(p_.))/((d]) + (e_.)*(x_)"2
), x_Symbol] :> Simp[(-I)*(a + b*ArcCot[c*x]) “p*(PolyLogl[2, 1 - ul/(2*cxd))
, x] - Simp[b*p*(I/2) Int[(a + b*ArcCot[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/
(d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQle, c
~2xd] && EqQL[(1 - u)"2 - (1 - 2%(I/(I - c*x)))"~2, 0]

rule 5563 Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1x(b_.))"(p_.), x_Symboll :> Simp[1/d
Subst [Int[(a + b*ArcCot[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

rule 7164 Int[(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 394 vs. 2(136) = 272.

Time = 2.00 (sec) , antiderivative size = 395, normalized size of antiderivative = 2.76

inputt

method result
(dz+c)ad+b3 | arccot(dz+c)® (do+c—i)+2i arccot (dz+c)® —3 arccot(dz+c)? In | 1422t | 46 arccot(dz+c):
derivativedivides 1+(dere)”
default (dz+c)a3+b3 <arccot(dav:-l—c)3 (dz+c—i)+2i arccot(dz+c)® —3 arccot(dz+c)? In (l—l— %) +6i arccot(dz+c) |
elau
. , b3 <a,rccot(dx—|—c)3 (dz+c—i)+2i arccot (dz+c)3 —3 arccot(dz+c)? In <1+ %) +6i arccot(dz+c) po!
parts a’r +
int ((a+b*arccot (d*x+c)) ~3,x,method=_RETURNVERBOSE) J

output

1/d* ((d*x+c)*a”~3+b~3* (arccot (d*x+c) ~3* (d*x+c-I)+2*I*arccot (d*x+c) “3-3*arcc
ot (d*x+c) "2*1n(1+(d*x+c+I)/(1+(d*x+c) ~2) ~(1/2))+6xI*arccot (d*x+c)*polylog(
2,-(d*x+c+I)/(1+(d*x+c) "2) ~(1/2) ) -6*polylog(3,-(d*x+c+I)/ (1+(d*x+c) ~2)~(1/
2))-3*arccot (d*x+c) “2*1n(1- (d*x+c+I)/ (1+(d*x+c) ~2) ~(1/2))+6*I*arccot (d*x+c
)*polylog(2, (d*x+c+I)/(1+(d*x+c)~2)~(1/2))-6%polylog(3, (d*x+c+I)/(1+(d*x+c
)"2)~(1/2)))+3%a*xb~2* (arccot (d*x+c) ~2* (d*x+c-I)-2*arccot (d*x+c) *1n (1- (d*x+
c+I)/(1+(d*x+c)~2) " (1/2))-2*arccot (d*x+c)*1n (1+(d*x+c+I)/ (1+(d*x+c)~2)~(1/
2))+2xI*arccot (d*x+c) "2+2*%I*polylog(2, (d*x+c+I)/ (1+(d*x+c) ~2)~(1/2))+2*I*p
olylog(2,-(d*x+c+I)/(1+(d*x+c)~2)~(1/2)))+3*a"2xb* (arccot (d*x+c)* (d*x+c)+1
/2%1n (1+(d*x+c)~2)))

p

inputt

Fricas [F|

/ (a+bcot™ (c+ dx))3 dx = / (barccot (dz + c) + a)’ d

~—

integrate((atb*arccot (d*x+c))~3,x, algorithm="fricas")
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‘integral(b“3*arccot(d*x + ¢)7~3 + 3%axb~2*arccot(d*x + c)~2 + 3*a”2xbxarcco

output
Lt(d*x + c) + a”3, x)

Sympy [F]

/(a+bcot_1(c+dx))3 dx =/(a—|—bacot (c+dx))® d

inputLintegrate((a+b*acot(d*x+c))**3,x)

outputtlntegral((a + b¥acot(c + d*x))#**3, x)

Maxima [F]

/ (a+bcot™ (c+ da:))3 dr = / (barccot (dz + c) + a)’ d

inputLintegrate((a+b*arccot(d*x+c))"3,x, algorithm="maxima")

1/8%b~3*x*arctan2(1, d*x + c)~3 - 3/32xb"3*x*arctan2(l, d*x + c)*log(d~2*x
T2 + 2xcxdxx + ¢c72 + 1)72 + a”3*x + 3/2%(2x(d*x + c)*arccot(d*x + c) + log
((d*x + c)~2 + 1))*a"2*b/d + integrate(1/32%(28*b~3*arctan2(1, d*x + c)~3
+ 4x(7*#b"3*arctan2(1, d*x + c)”3 + 24xaxb~2xarctan2(1l, d*x + c)~2)*d"2*x"2
+ 96%a*b~2*arctan2(1l, d*x + c)”2 + 4*%(7xb~3*arctan2(1l, d*x + c)~3 + 24*ax
b~2%arctan2(1l, d*x + c)~2)*c”2 + 4%(3*b~3*arctan2(l, d*x + c)~2 + 2%(7*b"3
xarctan2(1l, d*x + c)~3 + 24xaxb~2*arctan2(l, d*x + c)~2)*c)*d*x + 3*x(b~3*d
~2xx"2*%arctan2(1, d*x + c) + b~3*c 2*arctan2(1, d*x + c) + b~ 3*arctan2(1,
d*x + c) + (2xb~3*c*arctan2(l, d*x + c) - b~3)*d*x)*log(d~2*x"2 + 2*c*xd*x
+ ¢c”2 + 1)72 + 12%(b"3*d"2*x"2*arctan2(1, d*x + c) + b~ 3*c*d*x*arctan2(1,
d*x + c))*1log(d™2*x"2 + 2*cxd*x + c”2 + 1))/(d"2*x"2 + 2%cxd*x + c”2 + 1),
x)

output
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Giac [F]

/ (a+beot™ (c+ d:v))3 dzr = / (barccot (dz + ¢) + a)® dz

jnputLintegrate((a+b*arccot(d*x+c))“3,x, algorithm="giac")

outputtintegrate((b*arccot(d*x +c) +a)73, x) J

Mupad [F(-1)]

Timed out.
/ (a+beot™ (c+ dﬂc))3 dr = / (a + bacot(c+ dz))’ dz
input Lint((a + bxacot(c + d*x))~3,x) J
output Lint((a + b*acot(c + d*x))~3, x) J
Reduce [F]

/ (a+beot™(c+ dw))3 dx

2acot(dz + c)’ Bdx + 6acot(dz + c)® ab?dx + 6acot(dx + c) a®be + 6acot(dz + c) abdx + 12 (f dz;fitz(z

2d

input Lint ((at+b*acot (d*x+c))~3,x) J




output
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(2*acot (c + d*x)**3xb**x3*d*x + 6%acot(c + d*x)**2*kaxb**2xd*x + 6*acot(c +

d*x) *a*x*2xb*xc + 6*acot(c + dkx)*ax*2xbxd*x + 12%int((acot(c + d*x)*x)/(c**
2 + 2kckxdkx + dx*2kx**2 + 1),x)*axb**k2*xd**x2 + 6*xint((acot(c + dx*xx)**2*x)/(
ckx*2 + 2xckd*x + d**2*x**k2 + 1) ,x)*b*x3*kd**2 + 3xlog(c**2 + 2kckxd*x + d**2

*x*k%x2 + 1)*ka*x*x2xb + 2xa**x3xd*xx)/(2%d)
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3.31 f (a+b <:ot_1(c+dac))3 da

e+fz
Optimal result . . . . . . . . . . . e 27T
Mathematica [F] . . . . . . . . . .. 278
Rubi [A] (verified) . . . . . . . .. 278
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. 2R0
Fricas [F] . . . . . o o 28]
Sympy [F(-1)] . . o o 2821
Maxima [F] . . . . . . 2821
Giac [F(-1)] . . o o o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o 283l

Optimal result

Integrand size = 20, antiderivative size = 372

-1 3
/ (a+beot™(c+dz)) i
e+ fx
(a+beot™(c+ dz))’ log (%)
B f
_ 3 e+fx
(a+bcot™'(c + dz))" log <(de+(i—2g(f)-|(-1f—g(c+dz))>
_|_
f
3ib(a + beot ™ (c + dz))” PolyLog (2’ 1- —1_z-<3+dx>)
_ of
3ib(a + beot™L(c + dﬂ?))2 PolyLog <2a 1- (de+(i_2$(fe)-|(-1f:)‘(c+dz))>
_|_
2f
3b%*(a + beot™'(c + dz)) PolyLog (3, 1- '1—i(c2+dx)>
_ oF
3b%(a + beot™(c + dx)) PolyLog (3, - +(i_2;§(;;(rﬁ3(c+dz))>
+ 57

213 2 13 2d(e+fx)
, 3it* PolyLog (41- =)  3ib" PolyLog (41 - Gy

af 4f
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-(at+b*arccot (d*x+c) ) ~3*1n(2/ (1-I*(d*x+c))) /f+(a+b*arccot (d*x+c)) ~3*1n(2*d*
(f*x+e) / (d*e+(I-c)*£) / (1-Ix(d*x+c))) /£-3/2xIxb* (a+b*arccot (d*x+c) ) “2xpolyl
0g(2,1-2/(1-I*(d*x+c))) /£+3/2*%I*xb* (at+b*arccot (d*x+c) ) “2*polylog(2,1-2*d* (£
xx+e) / (dxe+(I-c)*£f)/(1-I*(d*x+c)))/£-3/2*%b~2x (atb*arccot (d*x+c) ) *polylog(3
,1-2/ (1-I*(d*x+c)) ) /£+3/2%b~2* (atb*arccot (d*x+c) ) *polylog (3, 1-2*d* (f*x+e)/
(d*e+(I-c)*£f)/(1-I*(d*x+c)))/f+3/4*I*b"3*polylog(4,1-2/(1-I*(d*x+c)))/£-3/
4*I*b~3*polylog(4,1-2*xd* (f*x+e) /(d*e+(I-c)*f)/(1-I*(d*x+c)))/f

output

Mathematica [F]

(a + beot™(c + dx))? (a + beot™(c + dx))?

dr = dx
e+ fz e+ fz
inputtlntegrate[(a + b*ArcCot[c + d*x])~3/(e + f*x),x] J
( N
Outputtlntegrate[(a + b*ArcCot[c + d*x])~3/(e + f*x), x] J

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 408, normalized size of antiderivative = 1.10,

number of rules __
integrand size 0.150, Rules

number of steps used = 4, number of rules used = 3,
used = {5571, 27, 5386}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

(a+bcot™ (c+ dar:))3
/ e+ fx

l 5571

d(a—i—bcot*l(c—i—dx))gd d
f d(e—%)+f(c+da:) (C-l- I)

d

l27
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beot™(c + dz))®
/ (a+bceot™ (c+ dz)) de + da)
fle+dz) —cf +de
l 5386
_ 2(de—cf+f(c+d
3b%(a + beot™!(c + dz)) PolyLog (3, 1-— (defc;fif)(l(_ci(c_g)x))) B
2f
3b2 POlyLOg (3, 1-— ﬁ) (a + bCOt_]-(C —+ de‘))
of +

. _ 2 de—c ct+dx
3ib(a + beot ™! (c+ dz))” PolyLog (2, 1-— (dffcfﬁ?)"({(_jzﬁzi)w)))

2f
(a +bcot~i(c+ da:))3 log ((1_21-E£J(rc$)i;c()__ff:;:li f))
3ib PolyLog (2, 1-— 1—z(3+51:)> (a+beot™(c+ dac))2
2f
log <%> (a+bcot™ (c+ da:))3 3ib3 PolyLog <4, 1—¢ dfﬁ‘i;:;fc‘)"({(_c:('ﬁgz))>
f - Af
3Hﬁl%ﬂyLog<4,1—-T:R%;E§>

4f

s

input LInt[(a + bxArcCot[c + d*x])~3/(e + f*x),x]

|

-(((a + bxArcCot[c + d*x])~3*Logl[2/(1 - I*(c + d*x))])/f) + ((a + b*ArcCot
[c + d*x])"3*Log[(2x(d*e - c*f + fx(c + d*x)))/((dxe + I*f - c*f)*(1 - Ix*(
c + d*x)))])/f - (((3+I)/2)*bx(a + b*ArcCot[c + d*x]) 2+PolyLogl[2, 1 - 2/(
1 - Ix(c + d*x))1)/f + (((3*I)/2)*bx(a + bxArcCot[c + d*x]) 2xPolyLog[2, 1
- (2%(dxe - c*f + fx(c + d*x)))/((d*e + I*f - cxf)*(1 - Ix(c + d*x)))])/f
- (3*b~"2x(a + bxArcCot[c + d*x])*PolyLog[3, 1 - 2/(1 - Ix(c + d*x))])/ (2%
f) + (3%b"2x(a + b*ArcCot[c + d*x])*PolyLogl[3, 1 - (2x(d*e - c*f + fx(c +
d*x)))/((d*e + Ixf - c*xf)*(1 - Ix(c + d*x)))]1)/(2%f) + (((3+I)/4)*b"3*Poly
Logl4, 1 - 2/(1 - Ix(c + d*x))])/f - (((3%I)/4)*b~3*PolyLogl[4, 1 - (2*(d*e
- cxf + fx(c + d*x)))/((d*e + I*f - cxf)*(1 - Ix(c + d*x)))]1)/f

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + ArcCot[(c_.)*(x_)]1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>

Simp[(-(a + b*ArcCot[c*x]) ~3)*(Logl[2/(1 - TI*c*x)]/e), x] + (Simp[(a + b*Arc
Cot [c*x]) "3*(Log[2*c*((d + e*x)/((cxd + I*e)*(1 - I*c*x)))]/e), x] - Simp[3
*Ixbx(a + b*ArcCot[c*x]) 2x(PolyLog[2, 1 - 2/(1 - I*c*x)]/(2%e)), x] + Simp
[3*Ixb*(a + bk*ArcCot[c*x])~2*(PolyLog[2, 1 - 2*c*((d + exx)/((c*d + Ixe)*(1
- Ixc*x)))]1/(2%e)), x] - Simp[3*b~2*(a + b*ArcCot [c*x])*(PolyLog[3, 1 - 2/
(1 - I*xc*x)]1/(2%e)), x] + Simp[3*b~2*(a + bxArcCot[c*x])*(PolyLogl[3, 1 - 2%
cx((d + e*x)/((cxd + I*xe)*(1 - I*c*x)))]/(2*e)), x] + Simp[3*I*b~3*(PolyLog
[4, 1 - 2/(1 - Ixc*x)]1/(4*e)), x] - Simp[3*I*b~3*(PolyLogl[4, 1 - 2*xcx((d +

e*x)/((c*d + I*e)*(1 - I*xc*x)))]/(4xe)), x]1) /; FreeQl[{a, b, c, d, e}, x] &
& NeQ[c™2%d"2 + e~2, 0]

rule 5386

rule 5571 IatL((a_) + ArcCot[(c) + (d_.)*(x)1x(b_.))"(p_)*((e ) + (£_.)*(x))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*(a + b*A
rcCot[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p}, x] && I
GtQlp, 0]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 14.32 (sec) , antiderivative size = 3903, normalized size of antiderivative =

10.49
method result size
derivativedivides | Expression too large to display | 3903
default Expression too large to display | 3903
parts Expression too large to display | 4133

tnput int ((atb*arccot (d*x+c)) ~3/ (f*x+e) ,x,method=_RETURNVERBOSE)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 281

1/d*(a~3*d*1n(ckf-d*e-f* (d*x+c)) /f-b~3*d* (-1n(c*xf-d*xe-f*(d*x+c))/f*arccot (
d*x+c) ~3-3/f*(-1/3*arccot (d*x+c) “3*1n(~I*f* (d*x+c+I) "2/ (1+(d*x+c) ~2) +c*xf*(
d*x+c+I) "2/ (1+(d*x+c) ~2) —d*ex* (dkx+c+I) "2/ (1+(d*x+c) "2) -I*f-cxf+d*e)-1/2*I*
f/(-Ixf+cxf-d*e)*arccot (d*x+c)*polylog(3, (d*e+I*f—c*f)/(-c*f+d*e-I*f)* (d*x
+c+I) "2/ (1+(d*x+c) ~2))+1/3*arccot (d*x+c) ~3*1n((d*x+c+I) "2/ (1+(d*x+c) ~2)-1)
-1/3*arccot (d*x+c) "3*1n(1- (d*x+c+I)/ (1+(d*x+c) ~2) ~(1/2))-1/2xI*c*f/(-I*f+c
xf-dxe) *arccot (d*x+c) "2*polylog(2, (dxe+I*f-c*f)/(-cxf+dxe-I*f)* (d*x+c+I) "2
/ (1+(d*x+c) ~2) ) -2*arccot (d*x+c) *polylog(3, (d*x+c+I)/(1+(d*x+c) "2) ~(1/2))+I
*arccot (d*x+c) “2*polylog(2, (d*x+c+I)/(1+(d*x+c)~2)~(1/2))-1/3*arccot (d*x+c
) "3%1n(1+(d*x+c+I)/ (1+(d*x+c) ~2) " (1/2))+I*d*e*arccot (d*x+c) “2*polylog(2, (d
xe+Ixf-cxf)/(-cxf+dre-I*f)* (dkx+c+I) "2/ (1+(d*x+c) ~2)) / (-2xIxf+2xcxf-2xdxe)
-2xarccot (d*x+c) *polylog(3, - (d*x+c+I)/(1+(d*x+c)~2)~(1/2))-2*I*polylog(4,-
(dxx+c+I)/ (1+(d*x+c)~2) " (1/2))+1/3*c*f/ (-I*f+cxf-d*e) *arccot (d*x+c) “3*1n(1
—(d*e+Ixf-c*xf)/(—cxf+dke-I*f) * (d*x+c+I) "2/ (1+(d*x+c) ~2) ) +1/2%c*f/ (~I*f+c*xf
—-dxe)*arccot (d*x+c)*polylog(3, (d*e+I*f-c*f)/(-cxf+d*xe-I*f)* (d*x+c+I)~2/(1+
(d*x+c)~2))-1/3*I*f/ (-I*f+cxf-d*e)*arccot (d*x+c) "3*1n(1-(d*xe+I*f-c*xf) /(-c*
f+dxe-Ixf)* (d*x+c+I) "2/ (1+(d*x+c) ~2))+I*arccot (d*x+c) ~2*polylog(2,- (d*x+c+
I)/(1+(d*x+c)~2) "~ (1/2) ) -I*d*e*polylog(4, (dxe+I*f-cxf) / (—ckxf+d*e-I*f)* (d*x+
c+I) 72/ (1+(d*x+c) ~2) ) / (-4xI*f+a*ckf-4*d*e) +1/4*I*cxf/ (-I*f+c*f-d*e)*polylo
g(4, (dxe+I*xf-cxf)/(—c*kf+dxe-I*f)*(d*x+c+I) "2/ (1+(d*x+c) 2))-1/2%f/(-I*f...

Fricas [F]

(a + beot™(c + dx))? dr — (barccot (dz + ¢) + a)®

e+ fz fx+e dz

Lintegrate((a+b*arccot(d*x+c))“3/(f*x+e),x, algorithm="fricas")

;
‘integral((b“S*arccot(d*x + ¢)7~3 + 3xaxb~2*arccot(d*x + c)~2 + 3%a”2xb*arcc
ot(d*x + ) + a™3)/(f*x + e), x)

N
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Sympy [F(-1)]

N

Timed out.
-1 3
/ (a+boot™ (c + d)) dzr = Timed out
e+ fx
input [integrate ((atb*acot (d*x+c))**3/ (f*x+e) ,x)
OutputLTimed out
Maxima [F]
(a + beot™(c + dx))? (barccot (dz + c) + a)®
dr = dz
e+ fx fx+e

input Lintegrate ((atb*arccot (d*x+c)) ~3/(f*x+e) ,x, algorithm="maxima")

output‘ a~3xlog(f*x + e)/f + integrate(1/32*(28+b~3*arctan2(1l, d*x + c)~3 + 3*b~3*
‘arctan2(1, d*x + c)*log(d™2*x"2 + 2xckd*x + c”2 + 1)72 + 96%a*b~2*xarctan2(
‘1, d*x + c)”2 + 96*a~2xb*arctan2(1l, d*x + c))/(f*x + e), x)

Giac [F(-1)]

Timed out.
beot™(c + dz))®
/ (at (c+ dz)) dr = Timed out
e+ fx
input tintegrate ((atb*arccot (d*x+c)) ~3/(f*x+e) ,x, algorithm="giac")

output LTimed out
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Mupad [F(-1)]

Timed out.
-1 3 3
/ (a+bcot™!(c+dzx)) dp — / (a + bacot(c+ dzx)) s
e+ fx et fx
inputtint((a + bxacot(c + d*x))"3/(e + f*x),x) J
Outputtint((a + bxacot(c + d*x))~3/(e + f*x), x) J
Reduce [F]

(a+bcot™(c+ da:))3 s

e+ fr
3 2
— 3<f %dz> azbf + (f (mj”(j—i:—@dw) b3f + 3<f —acojc(gj_:c) d.”l,') ab2f + log(fg; + e) as
f
input Lint ((at+b*acot (d*x+c)) "3/ (f*x+e) ,x) J

output‘(3*int(a‘c°t(C + d*x)/(e + fxx),x)*a*x*x2xbxf + int(acot(c + d*xx)**x3/(e + f*xx
‘),x)*b**s*f + 3*xint(acot(c + d*x)**2/(e + f*x),x)*axbx*2*f + log(e + f*x)=* ‘
(axx3)/f |
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-1 3
3.39 f (a+bcot™* (c+dx)) d
) (e+fz)?

Optimal result . . . . . . . . . . 285
Mathematica [F] . . . . . . . . .. . 280
Rubi [A] (verified) . . . . . . . . .
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... 289
Fricas [F] . . . . o . o o e 290
Sympy [F(-1)] . . o 291]
Maxima [F] . . . . . . . 291]
Giac [F(-2)] . . .« o o o
Mupad [F(-1)] . . . o o 292
Reduce [F] . . . . o o 292
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Optimal result

Integrand size = 20, antiderivative size = 693

/ (a + beot™(c + dz))? e

(e + fz)?
_dd(a+bceot™ (c+ dz))®  d(de — cf) (a+ beot™ (c + dz))®
 d?e? — 2cdef + (14 c?) f2 f(d?e? — 2cdef + (1 + ¢2) f?)
_ 2
(a + beot~Y(c + dz))® . 3bd(a + beot™(c + dx))” log <1—i(c2+dz)>
fle+ fx) d?e? — 2cdef + (1 + ¢?) f?
- 2 2d(e+fx
- 3bd(a + beot™ (c + dz))” log ((de+i f_c‘g")-(i-lf_fi)(c+dq;))>
d?e? — 2cdef + (1 + ¢2) f?
— 2 2
3bd(a + beot™ (¢ + dz))” log (W)
d?e? —2cdef + (1 +c?) f2
) -1 2
3ib*d(a + beot ™ (¢ + dz)) PolyLog <2, 1-— m)
d?e? — 2cdef + (1 + ¢2) f?
. _ 2d(e+fz
3ib?d(a + bcot ™ (c + dx)) PolyLog (2, 1-— (der_cEc)zrl_i)(chd@))
d?e? — 2cdef + (1 + ¢2) f?
: _ 2
3ib%d(a + bcot ™ (c + dx)) PolyLog <2, 1- m)
d?e? — 2cdef + (1 + ¢2) f2
2 2d(e+fx)
N 3b3d PolyLog (3, 1-— m) B 3b3d PolyLog (3, 1-— (de+if_cf)(1_i(c+dz)))
2 (d?e? — 2cdef + (14 ¢2) f?) 2 (d?e? — 2cdef + (14 ¢2) f?)
36°d PolyLog (3,1~ ;%7 )
2 (d?e? — 2cdef + (1 + ¢2) f?)

+

_|_
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Ixd* (a+b*arccot (d*x+c)) "3/ (d"2%e~2-2*ckd*xe*f+(c™2+1) *f~2) +d* (-c*xf+d*e) * (a+
b*arccot (d*x+c)) ~3/f/(d"2%e~2-2*c*xd*e*f+(c~2+1) *f~2) - (a+b*arccot (d*x+c)) "3
/£/ (£*x+e)+3xbxd* (a+b*arccot (d*x+c)) "2*1n(2/ (1-I*x(d*x+c)))/(d"2*e"2-2*c*d*
e*xf+(c™2+1)*f~2) -3xb*xd* (a+b*arccot (d*x+c) ) "2*1n (2xd* (f*x+e) / (d*e+I*f-c*f)/
(1-Ix(d*x+c)))/(d"2%e"2-2*c*d*exf+(c~2+1) *f~2) -3*b*d* (a+b*arccot (d*x+c)) "2
*1n (2/ (1+I*(d*x+c)) )/ (d"2%e " 2-2*kcxd*exf+(c™2+1) *f~2) +3*I*b~2*d* (a+b*arccot
(d*x+c) ) *polylog(2,1-2/(1-I*(d*x+c)))/(d"2*e"2-2*ckd*e*xf+(c™2+1) *f~2) -3*I*
b~2xd* (at+b*arccot (d*x+c) ) *polylog(2,1-2+d* (f*x+e) / (d*e+Ixf-c*f) / (1-I* (d*x+
c)))/(d"2*xe~2-2xc*d*exf+(c™2+1) *£~2) +3*I*xb~2*d* (a+b*arccot (d*x+c) ) *polylog
(2,1-2/ (1+I*(d*x+c)) )/ (d"2xe 2-2*kc*xd*e*xf+(c™2+1) *f~2) +3*b~3*d*polylog(3, 1-
2/ (1-I*(d*x+c)))/(2xd"2*e"2-4xc*d*exf+2x (c™2+1) *f~2) -3%b~3*d*polylog(3,1-2
*dx (f+x+e) / (d*xe+I*f-c*xf) / (1-I*x(d*x+c)) )/ (2*d"2*xe”2-4*cxd*e*xf+2* (c™2+1) *£~2
) -3*xb~3*d*polylog(3,1-2/ (1+I*(d*x+c)) )/ (2*d"2*e"2-4*c*d*e*f+2* (c~2+1) *£~2)

output

Mathematica [F]

(a4 beot™ (¢ + dz))° 4o [ (at+beot™(c+ dz))’

e+ fo)? = et fop  ©

p
inputtlntegrate[(a + b*ArcCot[c + d*x]1)~3/(e + £*x)~2,x]

output‘ Integrate[(a + b*ArcCot[c + d*x])~3/(e + £*x)~2, x]

Rubi [A] (verified)

Time = 2.46 (sec) , antiderivative size = 1266, normalized size of antiderivative = 1.83,

number of rules _ 0.300, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5569, 7292, 5581, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ (a+bcot™(c+ dav))3
(e+ fz)?
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l 5569

(a+bcot™ 1(c—+—dz)) B
3bd J (et+fz)((c+dz)2+1) dx ( +beot™(c+ d:r))3

f fle+ fz)
l'7292

(a+bcot~? (c—i—dz)) _
3bd | (ot o) (@ raduer D) O _ (a+beot™H(c+ dz))®

f fle+ fz)
l 5581

d a+bcot_1(c+dw))2
3b d d
J (a(e—F ) +F(ctda)) (c+dw)2+1) (c+ do) _ (a+beot™!(c+ dz))®

f fle+ fz)

l 27
(a+bcot~!(c+dzx)
3bdf (de— c;—i-f(cc(ii-dz))c((c—f—d)xﬁ—}-l) d(C + d:()) (G/ + bCOt_l(C + d.%'))3

f - fle+fa)
| 7276
a2 2bcot ! (c+d b% cot ~! (c+d
(de— cf+f(c+dz))((c+dx)2+1) (de— cf—i—fc(c;—i-dm;)((cx-i-(tlix)Q—}-l) (de— cf+f(:((;+dm§)((cx+dx)2+1)
3bd + (ctda) + (c+da)® d(c+do)
f
(a+bcot™(c+ dalc))3
fle+ fx)
| 2009
(a+bcot™(c+ dx))3
fle+ fx)
3bd< b2 f cot 1 (c+d)3 b2(de—cf) cot— 1 (c+dz)3 b2 f log(%> cot~1(c+dzx)? bzflog<m) cot~!(ctdz)’
T 3(d2e2—2cdfe+(c2+1)f2) ~ 3(d2eZ—2cdfe+(c2+1)f%) d2e2—2cdfe+(c2+1) f2 + d2e2—2cdfe+(c2+1) f2

input LInt[(a + bxArcCot[c + d*x])~3/(e + f*x)~2,x] J
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-((a + bxArcCot[c + d*x])"3/(f*(e + £*x))) - (3*xb*d*(((-I)*axb*xf*ArcCotl[c
+ d*x]~2)/(d"2*%e"2 - 2*cxd¥*exf + (1 + c~2)*f"2) - (a*bx(dxe - c*f)*ArcCot[
c + d*x]~2)/(d"2*%e"2 - 2*cxd¥exf + (1 + c~2)*f72) - ((I/3)*b~2xf*ArcCot[c
+ d*x]~3)/(d"2*%e"2 - 2%cxd*exf + (1 + c~2)*f"2) - (b~2x(d*e - c*f)*ArcCot[
c + d*x]73)/(3x(d"2%e"2 - 2kckdkexf + (1 + c”2)*f72)) + (a~2%(d*e - c*xf)*A
rcTan[c + d*x])/(£72 + (d*e - c*£f)~2) - (2xa*b*f*ArcCot[c + d*x]*Logl[2/(1
- Ix(c + d*x))])/(d"2%e"2 - 2xc*d*exf + (1 + c~2)*f"2) - (b~2*xf*ArcCot[c +
d*x] "2+Log[2/(1 - Ix(c + d*x))])/(d"2%e"2 - 2%cxd*exf + (1 + c™2)*f"2) +
(2xa*b*f*xArcCot[c + d*x]*Log[2/(1 + Ix(c + d*x))])/(d"2xe”2 - 2*cxdxexf +
(1 + c™2)*f~2) + (b~2*f*ArcCot[c + d*x] 2+Log[2/(1 + I*(c + d*x))])/(d"2*e
"2 - 2%cxdxexf + (1 + c”2)*f72) + (a~2*fxLogld*e - cxf + f*x(c + d*x)]1)/ (£~
2 + (dxe - c*f)"2) + (2*a*bxfxArcCot[c + d*x]*Logl[(2*(d*e - cxf + f*(c + d
*x)))/((d*e + Ixf - c*f)*(1 - I*x(c + d*x)))])/(d"2%e"2 - 2*ckd*e*xf + (1 +
c"2)*x£72) + (b~2xfxArcCot[c + d*x] 2+Log[(2*(d*e - cxf + fx(c + d*x)))/((d
xe + Ixf — cxf)*(1 - I*(c + d*x)))])/(d"2*e”2 - 2*c*d*exf + (1 + c~2)*f"2)
- (a"2xfxLog[1 + (c + d*x)~2])/(2*x(£f72 + (d*e - c*xf)~2)) - (I*axbxf*xPolyL
ogl2, 1 - 2/(1 - I*x(c + d*x))])/(d"2*e"2 - 2*cxd*exf + (1 + c~2)*£72) - (I
*b~2xf*xArcCot [c + d*x]*PolyLogl[2, 1 - 2/(1 - I*(c + d*x))])/(d"2*e"2 - 2*c
xdkexf + (1 + c”2)*£72) - (Ixaxbxf*PolyLogl[2, 1 - 2/(1 + Ix(c + d*x))]1)/(d
“2%e”2 - 2xckdkexf + (1 + c”2)*£72) - (Ixb~2*f*xArcCot[c + d*x]*PolyLogl...

output

Defintions of rubi rules used

e

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma

rule 27
\tchq[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5569 1nt[((a_.) + ArcCotl(c_) + (A_)*(x)Ix(b_.))"(p_.)*((e_.) + (f_)*(x_))"(n
_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + bxArcCot[c + d*x]) p/(f*(m +
1)), x] + Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCot[
c +dxx])"(p - 1)/(1 + (c + d*x)"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x
] && IGtQ[p, 0] && ILtQ[m, -1]
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Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_Ox((A_) + (BU)*(x) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subs
t[Int[((d*e - c*f)/d + £*(x/d)) m*x(C/d"2 + (C/d"2)*x"2) q*(a + bxArcCot[x])
“p, x]J, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, q}, x] &
& EqQ[B*(1 + c~2) - 2xA*c*d, 0] && EqQ[2*cxC - B*d, 0]

rule 5581

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

rule 7276

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= 11]

rule 7292

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 25.54 (sec) , antiderivative size = 4229, normalized size of antiderivative = 6.10

method result size

parts Expression too large to display | 4229
derivativedivides | Expression too large to display | 4722
default Expression too large to display | 4722

e

input Lint ((at+b*arccot (d*x+c)) "3/ (f*x+e) "2,x,method=_RETURNVERBOSE)

~—  /
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-a~3/ (f*x+e) /£+b~3/d* (-d~2/ (f*x (d*x+c) —c*f+d*e) /f*xarccot (d*x+c) “3-3*d~2/£*(
-1/2*arccot (d*x+c) "2/ (c~2*f~2-2%c*d*e*f+d~2*xe~2+f~2) *f*1n (1+(d*x+c) ~2) -arc
cot (d*xx+c) "2/ (c™2xf~2-2*ckd*xexf+d~2*e”2+f~2) *arctan (d*x+c) *cxf+arccot (d*x+
c) "2/ (c™2xf"2-2*%cxd*exf+d"2*xe~2+f~2) *arctan (d*x+c) *d*e+arccot (d*x+c) "2/ (c”
2%f"2-2xckxd*xexf+d"2xe” 2+f " 2) *f*1n (f* (d*x+c) —cxf+d*e)+1/(c"2*%f"2-2*xckxd*exf+
d"2xe~2+f"2) *xf*arctan (d*x+c) ~2*x1n ((1+I*(d*x+c) )/ (1+(d*x+c) ~2)~(1/2))+1/2*I
/ (c™2%f"2-2xcxd*exf+d"2%e " 2+f~2) *£ 2/ (c*xf-d*e+I*f) *polylog(3, (cxf-d*e+I*f)
* (1+I* (d*x+c)) "2/ (1+(d*x+c) "2) / (d*e+Ixf-cxf) )+1/4/ (c™2*f~2-2*c*xd*exf+d " 2*e
"2+4£72) * (-I*xf*Pikcsgn (I* (1+I*(d*x+c) )/ (1+(d*x+c) ~2) ~(1/2)) "2*csgn (I* (1+I*(
d*xx+c)) "2/ (1+(d*x+c) "2) ) -2xI*f*+Pikcsgn (I* (1+(1+I* (d*x+c)) "2/ (1+(d*x+c)~2))
Y*csgn (Tk (1+(1+I*x (d*x+c)) "2/ (1+(d*x+c) ~2) ) ~2) "2-2xI*xf¥Pixcsgn (T* (I*£* (1+I*
(d*x+c)) "2/ (1+(d*xx+c) ~2) +c*xfx (1+I* (d*x+c) ) "2/ (1+(d*x+c) ~2) —d*e* (1+I* (d*x+c
)) "2/ (1+(d*x+c) ~2) -I*f+c*f-dxe) ) *csgn (I* (I*f* (1+I* (d*x+c)) 2/ (1+(d*x+c)~2)
+coxf*x (1+I* (d*x+c) ) "2/ (1+(d*x+c) ~2) —d*e* (1+I* (d*x+c) ) "2/ (1+(d*x+c) ~2) -I*f+c
xf-d*e) / (1+(1+I*(d*x+c) ) "2/ (1+(d*x+c) ~2))) "2-2+Pixc*f+2*Pikd*e+I*f*Pi*csgn
(I*(1+(1+I*(d*x+c)) "2/ (1+(d*x+c)~2))) “2xcsgn (I* (1+(1+I*(d*x+c)) "2/ (1+(d*x+
c)~2))"2)+IxfxPixcsgn(I/(1+(1+I*(d*x+c)) 2/ (1+(d*x+c) ~2)) ~2)*csgn (I* (1+I*(
d*x+c)) "2/ (1+(d*x+c) ~2) / (1+(1+I* (d*x+c)) "2/ (1+(d*x+c) 72) ) ~2) "2-2*I*f*Pi*cs
gn (Ix (Ixf*(1+Ix(d*x+c)) "2/ (1+(d*x+c) ~2) +cxE*x (1+I* (d*x+c) ) "2/ (1+(d*x+c) "2) -
d*e*x (1+I*(d*x+c)) "2/ (1+(d*x+c) ~2) -Ixf+cxf-d*e) / (1+(1+I*(d*x+c)) "2/ (1+(d. ..

output

Fricas [F]

-1 3 3
(a + bcot™(c+ dx)) dr — (barccot (dz + ¢) + a) i

(e + fr)? (fz+e)’

e

inputLintegrate((a+b*arccot(d*x+c))"3/(f*x+e)"2,x, algorithm="fricas")

~—

-

‘integral((b‘S*arccot(d*x + ¢)73 + 3%axb~2*arccot(d*x + c)~2 + 3%a~2xb*arcc
ot(d*x + c) + a"3)/(f72*x"2 + 2%exf*x + e72), x)

output

N
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Sympy [F(-1)]

~—

Timed out.
-1 3
/ (atbeotMetdn)® o
(e + fx)?
input[integrate((a+b*acot(d*x+c))**3/(f*x+e)**2,x)
OutputLTimed out
Maxima [F]

dx

(a+bcot™ (c+dz))’ . [ (barccot (dz + c) + a)®
| | P

input‘integrate((a+b*arccot(d*x+c))“3/(f*x+e)“2,x, algorithm="maxima")

-3/2*(d* (2*x(d"2xe - cxd*f)*arctan((d"2*x + c*d)/d)/((d"2*e"2xf - 2xcxd*exf
"2 + (c72 + 1)*£73)*d) - log(d™2#x"2 + 2xc*kd*x + c™2 + 1)/(d"2xe”2 - 2*xc*d
xexf + (c72 + 1)*£72) + 2%log(f*x + e)/(d"2%e”2 - 2%ckd*exf + (c™2 + 1)*f~
2)) + 2%arccot(d*x + c)/(£f°2*xx + exf))*a~2%b - a~3/(f"2*x + exf) - 1/32%(4
*b~3%arctan2(1, d*x + c)”~3 - 3%b~3*arctan2(l, d*x + c)*log(d~2*x"2 + 2xcx*d
*x + c72 + 1)72 - 32x(f72*xx + exf)*integrate(-1/32%(12*%b~3*d*e*xarctan2(1,
d*x + c)~2 - 4%(7xb~3*arctan2(l, d*x + c)~3 + 24xaxb~2%arctan2(1l, d*x + c)
~2)*d"2xf*x"2 + 4%(3*b~3*arctan2(l, d*x + c)~2 - 2%(7*b~3*arctan2(1l, d*x +
c)~3 + 24xaxb~2xarctan2(1l, d*xx + c)~2)*c)*dxf*x - 3*(b~3*d~2xf*x"2*arctan
2(1, d*x + c) + b~3*d*e + (2*b~3*c*arctan2(l, d*x + c) + b~3)*d*xf*x + (b~3
xc"2xarctan2(1, d*x + c) + b~3*arctan2(1l, d*x + c))*f)*log(d™2*x"2 + 2*c*d
*x + ¢72 + 1)72 - 4x(7*b"3*arctan2(1, d*x + c)~3 + 24*a*b”~2*arctan2(1, d*x
+ ¢c)~2 + (7*b~3*arctan2(1, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x + c) ~2)*c
“2)*f + 12%(b"3*d"2xf*x"2*%arctan2(1l, d*x + c) + b~ 3xckd*e*arctan2(1l, d*x +
c) + (b™3*%d"2*e*arctan2(1l, d*x + c) + b~ 3xc*d*f*arctan2(1l, d*xx + c))*x)x*1
0g(d™2*x72 + 2kckd*x + ¢”2 + 1))/(d72*£73*%x74 + (c72 + 1)*e"2*xf + 2x(d"2*e
*£72 + cxd*f73)*x"3 + (d72%e"2xf + 4dxckxd¥xexf"2 + (c72 + 1)*f"3)*x"2 + 2x(c
xdke~2+%f + (c™2 + 1)*exf~2)*x), x))/(f 2%x + exf)

output
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Giac [F(-2)]

Exception generated.

dr = Exception raised: RuntimeError

/ (a+bcot™(c+ dav))3
(e + fz)?

inputLintegrate((a+b*arccot(d*x+c))‘3/(f*x+e)‘2,x, algorithm="giac") J

‘Exception raised: RuntimeError >> an error occurred running a Giac command

output
‘:INPUT:sage20UTPUT:Not invertible Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/(a+bco‘c‘1(c—i-da:))3 dx:/(a—l—bacot(c—l-dz))?’ i

(e + fx)? (e+ fav)2

input Lint((a + bxacot(c + d*x))~3/(e + £*x)72,x) J

output Lint((a + bxacot(c + d*x))~3/(e + £*x)72, x) J

Reduce [F]

-1 3
/ (a+bcot™'(c+ dx)) dz = too large to display

(e + fz)

input Lint ((atb*acot (d*x+c)) "3/ (f*x+e) ~2,x) J
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( - 4xacot(c + d*x)**3*xb**3kck*dkexf+x*x4 + 14*acot(c + d*x)*k*3kbk*3kck*3Ikd*
exx2xf**x3 — 2*acot(c + dkx)**3kb**3kck*k3kdrexf**xd*xx — 18*%acot(c + d*x)**3*
b**k3kckk2kd*k*k2kekk3kf*%k2 + 6*acot(c + d*x)**3*b**3*c**2*d**2*e**2*f**3*}( =
dxacot (c + d*x)**3xbxx3kckx2kexf*r*4d + 10*acot(c + d*x)**x3xbkk3kckd**3*ke**
4xf - 6*acot(c + d*x)**x3xbkx*k3kckd**3*ke**3*xf**x2xx + 6xacot(c + d*x)**3*b**3
xcxdkexx2xf*+*3 — 2%acot(c + dkx)**x3kb**3kckd*rexf*r*d*x — 2%acot(c + d*x)**3
*bxk3kdxxdke*x*x5 + 2¥acot(c + d*x)**x3*xb*x3kd*k*4xex*4*xfxx — 2xacot(c + d*x)*
*3%kbk*k3kdkkQkekk3kf*%k2 + 2*acot(c + d*x)**3*b**3*d**2*e**2*f**S*X - 12%aco
t(c + d*xx)**2kakxbkx*x2kckkdkexfx*k4d + 42%acot (c + d*xx)*x*2kakxbkk2kck*k3kdke*x*Q*
f*x*x3 - 6xacot(c + d*x)**x2kaxb*xkck*k3kdkexf*r*xdkx — 5d*xacot(c + d*x)**k2xa*b
*%kQkCkkDkdA*kkQkexk3kf*k*x2 + 18*acot(c + d*x)**2*a*b**2*c**2*d**2*e**2*f**3*x
- 12*%acot(c + d*x)**2xaxb**2xck*2kxexf**4 + 30*acot(c + d*x)**x2ka*xbx*x2kc*d
**x3xexxdxf — 18*%acot(c + d*x)**2xaxbxx2xckd*k*k3ke**3*+f**2*xx + 18*acot(c + d
*x) **k2ka*xbkk2kckd*kex*k2kxf*x*3 — Bkacot(c + d*x)**x2xaxbkx*k2kckdkexf*xkx4d*xx — 6*a
cot(c + d*xx)**2xaxb**x2kd*x*4*e**x5 + G*acot(c + d*x)*k*2kakxbkkx2xd*x*k4kekkdxf*x
- B*xacot (c + d*x)**2¥axbk*2xd**k2*kex*x3*f**x2 + 6*acot(c + d*x)**x2*kaxbr*k2*d*
*2xe*xk2xfkk3*x + 6*acot(c + dkx)**x2kb**3kck*3xexf**4 — 165*acot(c + dkx)**2
*bx*3kckkkdkekk2kF**3 + 3*kacot(c + d*xx)**x2kbkk3kck*2kd*exf*x4dxx + 12*acot
(c + d*x)**2%b**x3kckd**2ke*x*3xf*x*2 — BGkacot(c + d*x)*k*2kxbk*k3kckd*k*Qkekx*x2*xf
*k3%x + 6*acot(c + d¥x)**2xb¥*x3kckexf**4 — 3xacot(c + d*x)**2kbx*3kd**3. ..

output
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3.33 [(e+ fz)™(a+bcot™ (c +dx)) dx

Optimal result . . . . . . . . . . . . e 294
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 295
Maple [F] . . . . 297
Fricas [F] . . . . . . o 297
Sympy [F(-1)] . . o oo 297
Maxima [F] . . . . . . 298]
Giac [F] . . . . o o 298
Mupad [F(-1)] . . . o o 298
Reduce [F] . . . . . 299

Optimal result

Integrand size = 18, antiderivative size = 177

/(e + fz)™ (a+ beot™ ' (c+ dz)) dz
_ (e+ fx)"*™ (a+ beot™ (¢ + dx))
N f(1+m)
ibd(e + fz)?t™ Hypergeometric2F1 (1, 24+m,3+m, d‘jf(jfg)f)
2f(de+ (i—c)f)(1+m)(2+m)
ibd(e + fx)**™ Hypergeometric2F1 (1, 2+m,3+m, d‘:(_e;; j:”c”)) f>
2f(de — (i+c)f)(1 +m)(2+m)

+

output \ (f*x+e) ~ (1+m) * (a+b*arccot (d*x+c)) /£/ (1+m) +1/2*I*bxd* (fxx+e) ~ (2+m) ¥*hypergeo ‘
‘ m([1, 2+m], [3+m],d*(f*x+e)/(d*e+(I-c)*f))/f/(d*e+(I-c)*f)/(1+m)/(2+m)-1/2% ‘
‘ Ixbxd* (f*x+e) ~ (2+m) *hypergeom([1, 2+m], [3+m],d* (f*x+e)/(d*e-(I+c)*£))/£/(d ‘
*e-(I+c)*£)/(1+m)/ (2+m)




input

output
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.92

/(e + fz)™ (a+ beot ™' (c + dz)) dz

(e+ fz)ttm (2(a + beot™(c + dx))

n bd(e+fx) ((de— (i+c) f) Hypergeometric2F1 (1,2-|—m,3-|—m, de‘i((ei—ffg)f ) +(—de+(—i+c

(—ide+ f+icf)(de—(i+c) f)(2+m)

2f(14+m)

-

LIntegrate[(e + fxx) m*(a + b*ArcCot[c + d*x]),x]

| —

((e + £xx)"(1 + m)*(2*x(a + b*ArcCot[c + d*x]) + (b*dx(e + f*xx)*((d*e - (I
+ c)*f)*Hypergeometric2F1[1, 2 + m, 3 + m, (d*(e + f*x))/(d*e - (-I + c)*f
)1 + (-(d*e) + (-I + c)*f)*Hypergeometric2F1[1, 2 + m, 3 + m, (d*x(e + f*x)
)/(dxe - (I + c)*£)]1))/(((-I)*dxe + £ + Ixcxf)*x(d*e — (I + c)*£)*(2 + m)))
)/ (2xfx(1 + m))

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.33,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5571, 5388, 485, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)™ (a+ beot ™ (c + dz)) da
| 5571

[ (e - % + @)m (a+bcot™(c+dz)) d(c+ dz)
d
l 5388

e_cf 4 Fletdn)\ ™!

bdf(

m+1
(erda)? 11 d(c+dzx) d(a+b cot™—1 (c—i—dw)) (@ — %—i—e)
Fm+1) + Fim+1)
d
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l 485
i(e_%+f(cgdw))m+l i(e_%g@zdz) m+1
d(a+bcot—1(c+dw))(f(cgdx)_%Jre)mH w 2(—e~da+i) + Actdati) d(ctdz)
F(m+1) F(m+1)
d
l 2009

+2
zd(@ — %-ke) m Hypergeometric2F1 (1,m+2,m+3, de—d?‘_-f;;gf;;dm) ) id( f(c-gdz) _ % :
>m+1 bd 2(mT2)(de (—eTi)]) -

+

d(a+bcot™1(c+dz)) (@—%—}-e

f(m+1) f(m+1)

input‘Int[(e + f*x)“m*(a + b*ArcCot[c + d*x]),x]

((d*(e - (cxf)/d + (f*(c + d*x))/d)"(1 + m)*(a + b*ArcCot[c + d*x]))/(£*x(1
+ m)) + (bxd*x(((I/2)*d*x(e - (c*f)/d + (fx(c + d*x))/d)~ (2 + m)*Hypergeome

tric2F1[1, 2 + m, 3 + m, (d*e - c*f + fx(c + d*x))/(d*e + I*f - cx£)])/((d
*e¢ + (I - c)*f)*x(2 + m)) - ((I/2)*d*x(e - (c*f)/d + (f*x(c + d*x))/d)~(2 + m
)*Hypergeometric2F1[1, 2 + m, 3 + m, (d*e - c*f + fx(c + d*x))/(d*e - (I +
c)*£)]1)/((d*e - (I + c)*£)*(2 + m))))/(fx(1 + m)))/d

output

Defintions of rubi rules used

rule 485‘Int[((c_) + (d_)*(x))"(.)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand ‘
‘Integrand[(c + d*x)°n, 1/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, n}, x] &
L& |IntegerQ[2*n] J

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 5388\Int[((a_.) + ArcCot[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol] ‘
‘ :> Simp[(d + e*x)~(q + 1)*((a + b*ArcCot[c*x])/(ex(q + 1))), x] + Simp[b*(
‘c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 + c™2*x"2), x], x] /; FreeQ[{a, b ‘
, €, d, e, q}, x] && NeQ[q, -1]
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rule 5571‘Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m ‘
'_.), x_Symboll :> Simp[1/d  Subst[Int[((d*e - c*f)/d + £*(x/d)) m*(a + b¥A |
‘rcCot[x])‘p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m, p}, x] && I

GtQlp, O]
Maple [F]
/ (fz +e)™ (a+ b arccot (dz + ¢)) dx
inputtint((f*X+e)‘m*(a+b*arccot(d*x+c)),x) J
output Lint ((f*x+e) “m* (a+b*arccot (d*x+c)) ,x) J
Fricas [F]

/(e + fz)™ (a+beot™(c+ dz)) dz = / (barccot (dz + ¢) + a)(fr +e)" dx

-/

p
input Lintegrate ((f*x+e) “m* (at+b*arccot (d*x+c)),x, algorithm="fricas")

output Lintegral((b*arccot(d*x +c) + a)x(f*xx + e)°m, x) J

Sympy [F(-1)]

Timed out.

/(e + fz)™ (a+ beot ' (c + dz)) dz = Timed out

input Lintegrate ((f*x+e) **m* (a+b*acot (d*x+c)) ,x) J

output LTlmed out J
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Maxima [F|

/(e + fz)™ (a + beot ' (c + dz)) dz = / (barccot (dz + ¢) + a)(fr +e)™ dx

inputtintegrate((f*X+e)Am*(a+b*arCCOt(d*x+C)),x, algorithm="maxima")

1/2* ((f*x*arctan2(1, d*x + c) + exarctan2(l, d*x + c))*x(f*x + e)”m + 2*(f*

m + f)*integrate(1/2*((c"2*arctan2(1, d*x + c) + arctan2(1l, d*x + c))*f*m
+ (d~2xf*m*arctan2(l, d*x + c) + d~2xfxarctan2(l, d*x + c))*x~2 + d*e + (c
~2xarctan2(1, d*x + c) + arctan2(l, d*x + c))*f + (2xckd*f*m*arctan2(l, d*
X + c) + (2%cxarctan2(1l, d*x + c) + 1)*d*xf)*x)*(f*x + e)"m/((c™2 + 1)*f*m
+ (d72*f*m + d™2*%f)*x"2 + (c™2 + 1)*f + 2% (ckxd*xf*xm + cxdxf)*x), x))*b/(f*m
+ f) + (f*x + )~ (m + 1)*a/(f*x(m + 1))

output

Giac [F]

/(e + fz)™ (a+beot ' (c+ dz)) dz = / (barccot (dz +¢) + a)(fz + €)™ dx

p
inputLintegrate((f*x+e)Am*(a+b*arcc°t(d*X+C))’X’ algorithm="giac")

-/

OutputLintegrate((b*arccot(d*x +¢c) + a)x(f*xx + e)°m, x)

Mupad [F(-1)]

Timed out.

/(e + fz)™ (a4 beot ' (c + dz)) dz = / (e+ fz)" (a+ bacot(c+ dx)) dx

inputLint((e + f*x)“m*(a + b*acot(c + d*x)),x)

OutputLint((e + f*x)“m*(a + b*acot(c + d*x)), x)
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Reduce [F]

/(e + fz)™ (a+ beot ™' (c + dz)) dz = Too large to display

p
input‘int((f*x+e)“m*(a+b*acot(d*x+c)),x)
N\

output

((e + fxx)**xm*acot(c + d*x)*b*ckxexm + (e + f*x)**kmkacot(c + d*x)*bxcxf*xm*x
+ (e + f*x)**m*a*c*xe*m + (e + f*x)*kmkaxckxfxmxx + (e + f*x)**mxb*e - int(
(e + f*x)**km/(c*x*2ke*m + c**2ke + ck*2kxf*xmkx + cCk*2*kf*x + 2*kckd*e*m*x + 2%
ckdkexx + 2kckdkfrm*xx*k*k2 + 22kckdxfrx*kk2 + dk*kkermix**k2 + dkkkexx*k*k2 + d*
*2kfFxmkx*k*k3 + d*x*k2%kf*kx*k*3 + e*m + e + f*kmkxx + f*x),x)*b*c**Q*e*f*m**Q - in
t((e + £xx)**m/(c*x*2%e*m + c**2ke + Ck*2kf¥m*kx + c*k*x2xfxx + 2kckd*exm*x +
2xckdke*x + 22kckdxfrm*¥x**2 + 2kckd*kfhx*k*x2 + d*x*kkexmix**2 + d*k*kkekx*k*k2 +
dxx2xfxmkxk*k3 + d**2kfxx**3 + exm + e + fixmkx + f*x),x)*bkc**2%xexf*m + int
((e + f*xx)**m/(c**2%exm + c**2%e + c*k*2*xf*m*xx + c*k*2*f*xx + 2kckd*e*m*x + 2
kckdke*xx + 2kckd*fxmix*kk2 + 2kckdkf*x*k*2 + d¥kkexmkxk*k2 + d¥xkkexx*k*2 + d
*k 2k fkmikx*k*3 + dk*x2xf*xx**3 + exm + e + fxm*xx + f£*xx),x)*bkckdkex*2*xm**2 + i
nt((e + £xx)*xm/(ck*x2kexm + c**2ke + cCkx*2kxf*m*x + c*k*kf*xx + 2kckdkexm*xx +
2xckdkexx + 22kckdxfrm*éx*k*k2 + kckdkfhx*k*x2 + dk*kkekmix*k*k22 + dk*kkerx*k*k2 +
dxx2*fxmkxk*k3 + d¥*2kfrx*x*x3 + exm + e + firmkx + £*x),x)*bkckd*e**2xm - in
t((e + f£*xx)*xm/(c*x*2%e*m + c**2ke + Ck*kf*m*kx + c*k*x2xfxx + 2kckd*exm*x +
2xckdkexx + 22kckdxfrm*éxk*2 + kckdrfhx*k*x2 + dkkkexmix* k22 + dx*kkekx*k*22 +
d**2xfxm¥x*x*x3 + dx*x2kf*x*x*3 + exm + e + f¥m*xx + f*x),x)*bkexf*mx*x2 - int ((
e + fxx)*km/(c**2kekxm + ck*2%e + ck*2xfrmxx + Cx*¥2¥f*x + 2kckd¥e*m*x + 2%C
*d*xexx + 2kckd*f*mxxk*x2 + 2kckdkf*x**2 + dk*kkekm*kx*k*2 + d¥k*kkexx*k*2 + d¥*
2xfxmix**3 + dk*x2*kfxx**3 + exm + e + fxmkx + f*xx),x)*b*exf*m + int(((e ...
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3.34 [(e+ fz)™ (a+becot™ (c+ dz))’ dz

Optimal result . . . . . . . . . . . . . e 300
Mathematica [N/A] . . . . . ... 300
Rubi [N/A] .« . o
Maple [N/A] . . . 3011
Fricas [N/A] . . . . . o
Sympy [F(-1)] . . . o o e 302
Maxima [N/A] . . .
Giac [N/A] .« . o
Mupad [N/A] . . . . 304
Reduce [N/A] . . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

/(e + fz)™ (a+ beot ™ (c + d:c))2 dx = Int((e + fz)™ (a+beot ™ (c+ dﬂv))2 ,x)

r

output

LDefer(Int)((f*x+e)“m*(a+b*arccot(d*x+c))“2,x) J

Mathematica [N/A]

Not integrable

Time = 4.50 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+ beot™(c + dx))” dz = /(e + fz)™ (a + beot ™ (c + dx))” da

e

input t

Integrate[(e + f*x) m*(a + bxArcCot[c + d*x])~2,x]

~—

-

output L

Integrate[(e + f*x) m*x(a + b*ArcCot[c + d*x])~2, x]

~—




input

output L

input

output
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Rubi [N/A]
Not integrable
Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)™ (a+beot™ (c + dz))2 dx
| 5571

[ (e= 4 +25%)" (a+ oot (c+ o)) dle -+ da)
d
J,5561

[ (e -9y @)m (a+bcot™ (c+ d;v))zd(c—i- dx)
d

LInt[(e + f*x)"m*(a + b*ArcCot[c + d*x])~2,x]

-

$Aborted

Maple [N/A]
Not integrable

Time = 0.61 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (fz +e)™ (a + b arccot (dz + ¢))* dz

Lint ((f*x+e) “m* (at+b*arccot (d*x+c)) ~2,x)

Lint ((f*x+e) “m* (a+b*arccot (d*x+c))~2,x)

-/
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Fricas [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(e + f2)™ (a+ beot ™ (c+ dx))” dz = / (barccot (dz + c) + a)*(fz + €)™ dx

p
tintegrate((f*x+e)‘m*(a+b*arccot(d*x+c))‘2,x, algorithm="fricas")

e—

input

Output‘ integral ((b"2*arccot(d*x + c)~2 + 2*akbk*arccot(d*x + c) + a"2)*(f*x + e)"m

» X)

—

Sympy [F(-1)]

Timed out.

/(e + fz)™ (a+beot ' (c+ dav))2 dz = Timed out

/

tintegrate((f*x+e)**m*(a+b*acot(d*x+c))**2,x)

~—

input

output LTimed out J

Maxima [N/A]
Not integrable

Time = 5.75 (sec) , antiderivative size = 618, normalized size of antiderivative = 30.90

/(e + fz)™ (a+beot ™' (c+ dac))2 dx = / (barccot (dz + ¢) + a)*(fz + €)™ da

inputLintegrate((f*X+e)Am*(a+b*arccot(d*x+c))“2,x, algorithm="maxima") J
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(fxx + e)"(m + 1)*a”2/(f*x(m + 1)) - 1/16*%((b"2*f*x + b~2*e)*(f*x + e) “mxlo
g(d™2*x"2 + 2%ckd*x + c72 + 1)72 - 4*x(b"2*f*x*arctan2(1l, d*x + c)~2 + b~2*
exarctan2(1, d*x + c)”2)*(f*x + e)”m - 16x(f*m + f)*integrate(1/16*(((b~2%
c”2 + b72)*xf*m + (b~2+%d"2*f*m + b~2*%d"2xf)*x"2 + (b"2*%c”2 + b~2)*f + 2% (b~
2xcxd*f*m + b 2*ckd*f)*x)*(f*x + e) mxlog(d™2*x"2 + 2kckxd*x + c”2 + 1)72 +
4x(b~2%d"2*f*x"2 + b~2%c*kd*e + (b~2%d"2%e + b~ 2%c*d*f)*x)*(f*x + e) m*log
(@"2%x"2 + 2%ckd*x + c”2 + 1) + 4% (2%b~2xd*e*arctan2(l, d*x + c) + (3*b~2x%
arctan2(1, d*x + c)~2 + (3xb~2*arctan2(1l, d*x + c)~2 + 8*axbxarctan2(1, d*
X + c))*c™2 + 8*axb*arctan2(1l, d*x + c))*fxm + ((3*xb~2*arctan2(1, d*x + c)
~2 + 8%axb¥arctan2(l, d*x + c))*d " 2*f*m + (3*¥b~2*arctan2(l, d*x + c)~2 + 8
xaxbxarctan2(1, d*x + c))*d"2*f)*x~2 + (3*b~2*karctan2(l, d*x + c)~2 + (3%b
~2%arctan2(1l, d*x + c)~2 + 8*axb*xarctan2(l, d*x + c))*c”2 + 8*axb*xarctan2(
1, dxx + c))*f + 2x((3*b~2*xarctan2(1l, d*x + c)~2 + 8*axb*arctan2(1l, d*x +

c))*cxdxfxm + (b"2*xarctan2(1l, d*x + c) + (3*%b~2*arctan2(1l, d*x + c)~2 + 8%
axb*arctan2(1l, d*x + c))*c)*d*f)*x)*(f*x + e)"m)/((c”2 + 1)*xf+m + (d~2*f*m
+ d72%f)*x"2 + (c72 + 1)*f + 2% (cxd*f*m + ckxdxf)*x), x))/(f*m + f)

output

Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fo)™ (a+beot ™ (c+ dz))” da = / (barccot (dz + ¢) + a)*(fz + €)™ dx

.
input‘integrate((f*x+e)“m*(a+b*arccot(d*x+c))“2,x, algorithm="giac")

Output‘integrate((b*arccot(d*x +c) + a)"2%(f*x + e)°m, Xx)
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Mupad [N/A]
Not integrable

Time = 0.81 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + f2)™ (a+ beot™ (¢ + dx))” dz = /(e + fz)™ (a+ bacot(c + dx))* dx

-

input t

int((e + f*x) m*x(a + b*acot(c + d*x))~2,x)

e—

output L

int((e + f*x) " m*(a + b*acot(c + d*x))~2, x)

Reduce [N/A]
Not integrable

Time = 0.42 (sec) , antiderivative size = 17519, normalized size of antiderivative =
875.95

/(e + fz)™ (a+beot ™ (c+ dz))? dz = Too large to display

inputt

int ((f*x+e) “m* (a+b*acot (d*x+c))~2,x)
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((e + f*x)*x*m*acot(c + d*x)**2xbx*2kck*x4dxd*xexf*m**2 + (e + f*x)**m¥acot(c

+ d*x) **2¥bx*kkckkdkd*f**x2km**2%x + (e + f*x)**m*kacot(c + d*x)**x2kxb*x*kx2kck*
2kd*e*xf*m**x2 + (e + f*xx)**kmkacot(c + d*x)*x*2xb**xkck*kd*f*k2xkmkx*kQ*kx + 2% (
e + f*x)*xxmkacot(c + d*xx)*axbxck*dxdke*f*mx*x2 + 2x(e + f*x)**xmracot(c + d*
x) *axbkckk4kd*fx*2km**x2xx + 2% (e + f*x)**m*acot(c + d*x)*kakxbkckx2kxd*xe*xf*m*
*¥2 + 2%(e + f*x)**m*acot(c + d*x)*akxbkck*x2xd*xf*x*2km*k*x2*xx + 2% (e + f*x)**km*
acot(c + d*x)*xb*x2kcx*k4xf**x2km + 2% (e + f*x)*xm*kacot(c + d*x)*b¥*x2*kcx*k2xf*
*2xm — 2%(e + f*x)**m*atan(l/(c + d*x))*b**x2xcx*4*xf*x2xm + 2% (e + Ff*x)**km*
atan(1/(c + d*x))*bk*2kck*2kd**2*e*x*2xm — 2x(e + f*x)** m*atan(1/(c + d*x))
*b*kx2kck*k2xf*x*x2xm + (e + F*x)*kkmkak*k2kckkdxdkxexfxm*x*2 + (e + f£*x)kkmka**kQx*
ckkx4xd*f*x2*¥m**2%x + (e + f*x)**kmkax*2kcx*2kxd*xe*f*m*x*2 + (e + f*x)*kmka*x*2
kCkkkdxLxkk2km*k*k2kx + 2%k (e + f*x)*k*kmkaxbkckk3kdkexfxm + 2% (e + F*x)*k*m*a*xb
kckdkxexfxm + (e + f*x)*k*m¥xb**x2kckd*x*2ke**x2 + int((e + f*xx)**m/(c**4*xe*m +

ckkdxe + ckxk4xfimkx + ckk4kfixx + kckk3kdkexmkx + 2kckk3kdkexx + 2kck*k3kd*
frmkx*kk2 + kckkIkd*kf*x*k*k2 + Ckkkd*kkkekmkxk*k2 + Chk*kkd*k*kkekx*k*k2 + Ck*kk
dx*2%fxmkx**3 + CkxQkdkk*kfxx*k*3 + kck*kkekm + kc*k*kxe + kck*xkfxm*kx +

2xck*k2kfkx + 2kckdkexmkx + 2kckdkexx + 2kckdkfrmkxkk2 + kckdkfrx*k*k2 + dk*
2kexmxx*k*x2 + dxk2kekxx*k*k2 + dkkkfikmkxk*k3 + d*k2*kfxx*k*3 + exm + e + f*xm*xx +
£*x),X) *¥b**x2kck*6xdke*fx*x2km**2 + int((e + £*xx)**m/(c**4d*e*xm + ck*d*e + cC
*kxk4kfikmkxx + cCkk4kfkx + 2kckx*k3kdkexm*kx + 2kckk3kdkekx + 2kck*k3Ikdxfkmkxk*x, ..

output
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3.35  [(e+ fx)"(a+bcot™(c+dz))’ dz

Optimal result . . . . . . . . . . . ..
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . o
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [F(-1)] . . . o o e
Maxima [N/A] . . . . e
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

[306]
306!
307
307
[308]
308}
308
209
3101
3101

/(e + fz)™ (a+ beot ™ (c + dx))3 dx = Int((e + fz)™ (a+beot ™ (c+ dCL'))3 ,x)

r

outputt

Defer (Int) ((f*x+e) “m* (a+b*arccot (d*x+c))~3,x)

Mathematica [N/A]

Not integrable

Time = 0.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+ beot™ (¢ + dx))’ dz = /(e + fz)™ (a + beot™ (¢ + dx))’ da

e

input t

Integrate[(e + f*x) m*x(a + b*ArcCot[c + d*x])~3,x]

~—

-

output L

Integrate[(e + f*x)“m*(a + bxArcCot[c + d*x])~3, x]

~—




input

output L

input

output
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Rubi [N/A]
Not integrable
Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)™ (a+beot™ (c + dz))3 dx
| 5571

[ (e= 4 +25%)" (a+ oot (c+ o))’ de-+ da)
d
J,5561

[ (e -9y @)m (a+bcot™ (c+ d:v))3d(c+ dx)
d

LInt[(e + f*x) m*(a + b*ArcCot[c + d*x])~3,x]

-

$Aborted

Maple [N/A]
Not integrable

Time = 0.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (fz +e)™ (a + b arccot (dz + ¢))® dz

Lint ((f*x+e) “m* (a+b*arccot (d*x+c))~3,x)

Lint ((f*x+e) “m* (a+b*arccot (d*x+c))~3,x)

-/
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Fricas [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.60

/(e + f2)™ (a+ beot ™ (c + dx))’ dz = / (barccot (dz + c) + a)*(fz + €)™ dx

p
tintegrate((f*x+e)‘m*(a+b*arccot(d*x+c))‘3,x, algorithm="fricas")

e—

input

output‘ integral ((b~3*arccot(d*x + c)~3 + 3*axb~2*arccot(d*x + c)~2 + 3*a~2*b*arcc
Lot(d*x + ¢c) + a”3)*(f*x + e)"m, x)

—

Sympy [F(-1)]

Timed out.

/(e + fz)™ (a+beot ' (c+ dx))3 dz = Timed out

/

tintegrate((f*x+e)**m*(a+b*acot(d*x+c))**3,x)

~—

input

output LTimed out J

Maxima [N/A]
Not integrable

Time = 9.26 (sec) , antiderivative size = 880, normalized size of antiderivative = 44.00

/(e + fz)™ (a+beot ™' (c+ dx))3 dx = / (barccot (dz + ¢) + a)*(fz + €)™ d

inputLintegrate((f*X+e)Am*(a+b*arccot(d*x+c))“3,x, algorithm="maxima") J




output

input

output
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(fxx + e)~(m + 1)*a~3/(fx(m + 1)) - 1/32%(3*% (b~ 3*f*x*arctan2(1, d*x + c) +
b~3*exarctan2(l, d*x + c))*(f*x + e) mxlog(d™2*x"2 + 2xcxd*x + c~2 + 1)72
- 4% (b~ 3*f*xx*arctan2(1l, d*x + c)~3 + b~3*exarctan2(1l, d*x + c) 3)*(f*x +
e)"m - 32x(f*m + f)*integrate(-1/32*%(3*%(b~3*d*e - (b~3*c~2*arctan2(1l, d*x
+ c) + b~3*arctan2(1, d*x + c))*fxm - (b~3*d"2xf*m*arctan2(l, d*x + c) + b
~3*%d"2xfxarctan2(1, d*x + c))*x"2 - (b"3*xc"2*arctan2(1, d*x + c) + b~ 3*arc
tan2(1, d*x + c))*f - (2xb~3*ckd*f*xm*arctan2(1, d*x + c) + (2*%b~3*c*arctan
2(1, d*x + c) - b73)*d*f)*x)*(f*x + e) m*xlog(d™2*x"2 + 2*c*kd*x + c”2 + 1)~
2 - 12%(b~3*%d"2*f*x"2*arctan2(1l, d*x + c) + b~3*ckd*exarctan2(l, d*x + c)
+ (b~3*d"2xe*arctan2(1l, d*x + c) + b~ 3*ckd*f*karctan2(l, d*x + c))*x)*(f*x
+ e)"mxlog(d~2%x"2 + 2xc*d*x + c”2 + 1) - 4x(3*b~3*d*e*arctan2(l, d*x + c)
~2 + (7xb~3*arctan2(l, d*x + c)~3 + 24*xaxb~2*arctan2(l, d*x + c)~2 + 24x*a~
2xb*arctan2(1, d*x + c) + (7*xb~3*arctan2(1l, d*x + c)~3 + 24*a*b~2*arctan2(
1, d*x + c)~2 + 24*a~2xb*arctan2(l, d*x + c))*c”2)*fxm + ((7*b~3*arctan2(1l
, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x + c)~2 + 24*a~2xb*arctan2(1l, d*x +
c))*d"2xfxm + (7*b~3*arctan2(1l, d*x + c)~3 + 24*axb~2*arctan2(1l, d*x + c)~
2 + 24xa~2+b*arctan2(1l, d*xx + c))*d"2xf)*x"2 + (7*b~3*arctan2(l, d*x + c)~
3 + 24xaxb~2*xarctan2(1, d*x + c)~2 + 24*a~2xbxarctan2(1, d*x + c) + (7*b~3
xarctan2(1, d*x + c)~3 + 24xaxb~2xarctan2(l, d*x + c)~2 + 24xa~2%b*xarctan2

(1, d*x + c))*c~2)*f + (2%(7*b~3*arctan2(l, d*x + c)~3 + 24xa*b~2%arcta...

Giac [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+beot ' (c + dx))3 dx = / (barccot (dz + ¢) + a)’(fz +e)™ dx

Lintegrate((f*x+e)“m*(a+b*arccot(d*x+c))“3,x, algorithm="giac")

-

Lintegrate((b*arccot(d*x + c) + a)"3x(f*x + e)"m, x)

~—
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Mupad [N/A]
Not integrable

Time = 0.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + f2)™ (a+ beot™ (¢ + dx))’ dz = /(e + fz)™ (a+ bacot(c + d )’ dz

-

inputtint((e + f*x)"m*(a + b*acot(c + d*x))~3,x)

~—

output Lint((e + f*x)"m*(a + b*acot(c + d*x))~3, x)

Reduce [N/A]
Not integrable

Time = 0.65 (sec) , antiderivative size = 42990, normalized size of antiderivative =
2149.50

/(e + fz)™ (a+beot ™ (c+ dz))’ dz = Too large to display

input \int ((f*x+e) “m* (at+b*acot (d*x+c)) ~3,x)
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(2x(e + f*x)**m*acot(c + d*x)**3xb**3kck*x5*xd*e*xf*m*¥*3 + 2x(e + f*x)**m*aco
t(c + d*x)**x3kb**k3kck*k5kd*xf*x*2km*k*x3kx + 2% (e + f*x)**kmkacot(c + d*x)**x3*xb*
*3kckk3kdxexfxm*x*x3 + 2% (e + f*x)**m*acot(c + d*x)**k3kbk*k3kckk3kd*xf*x*k2km*k*x3
*x + 6%(e + f*x)**m*acot(c + d*x)**x2kaxbx*k2kckk5xdxexfxm**3 + 6x(e + f*x)*
*mxacot (¢ + d*x)**2xaxbk*2xckkbkd*xf**2+xm*x*x3*x + 6% (e + f*x)**m*acot(c + dx*
X) **%2%ka*xbx*2kck*k3kdkexfrmk*3 + 6% (e + fxx)*kkmkacot(c + d*x)**k2kaxbkk2kck*3
*d*fx*x2xm*x*3%x + 6k(e + f*x)**m*acot(c + d*x)**x2xbk*k3kckk5kf**k2*km**2 + 6% (
e + f*x)**kmrxacot(c + dkx)**2¥bk*3kck*3kFr*x2km**2 + 6x(e + f*x)**m*acot(c +
d*x) *a*x*2kxbkxck*5kxd*exf*m**3 + 6% (e + f*x)**km*kacot(c + d*x)*kakx*x2xbkck*k5kd*
fx*x2xm**3kx + 6% (e + f*x)**m¥acot(c + d*xx)*a**x2xbxcx*3*xd*e*f*m**x3 + 6x(e +
fxx)*xmxacot (c + d¥x)*ax*2xbkck*x3xd*xf**2kmk*x3*x + 12%(e + f*x)**m*acot(c

+ d*x)*axbkx2kckk5kf**2¥m*x*2 + 12%x (e + f*x)**mkacot(c + d*x)*kakxb*x*2kckx*3xf
*x2xm*x*2 — 6kx(e + f*xx)**m*atan(l/(c + d*x))**x2xbx*k3kckk5xf**x2xm*x*2 + 6% (e

+ fxx)**km*atan(1l/(c + d*x))**2¥b**x3kck*k3kd**k2kex*k2*km*x*2 — 6% (e + f*x)**km*a
tan(1/(c + d*x))**x2kb**3kck*3*xL*k2km*x*x2 — 12*x(e + f*x)**m*atan(1l/(c + d*x)
) *kaxb*xk2xckkSxfxk2xmk*k2 + 12% (e + f*xx)*kxm*atan(l/(c + d*x))*axb*x*x2kck*k3kxd*
*2xex*2xmx*x2 — 12%(e + f*x)**m*atan(1l/(c + d*x))*axb**x2kc**3*f*x*2xm*x*2 — 6
*(e + fxx)*xm*atan(1/(c + d*x))*bx*3*xck*3xd*exf*m + 18+(e + f*x)**m*atan(l
/(c + dxx))*b**3kck*2kd**2ke**2km — 6x(e + fxx)** m*atan(1l/(c + d*x))*b**3x*
ckd¥xexf*m + 2% (e + fxx)*kxmrxax*k3kckxSxd*xexf*m**3 + 2k (e + f*x)**m¥a*x3*c...

output
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cot ™1 (a+bz)

3.36 [« otk gy

Optimalresult . . . . . . . . . . . . . . 313l
Mathematica [A] (verified) . . . . . . . . ... L L B14
Rubi [B] (verified) . . ... .. .. . . .
Maple [C] (warning: unable to verify) . . . . . . ... ... ... .. 3231
Fricas [F] . . . . . .
Sympy [F(-1)] . . . o
Maxima [F] . . . . . . e
Giac [F(-1)] . . o o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . .
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Optimal result

Integrand size = 16, antiderivative size = 725

/ cot~1(a + bx) o _cot_l(a + bx) log <m>

cC —|— dm?’ o 302/3\3/8
. v/—1cot™(a + bz) log (W)
3c2/3v/d
) (=1)?3 cot™(a + bz) log <m>
3¢2/3v/d

S
t7 (a +
cot™!(a + bx) log (b $/Ct(i-a) {/E)(l_i(a+bx))

3c2/3v/d
2b %/_—\3/—1§/C_Zz>
—1)2B cot a4 bx)lo (
=) ( )log ((bi/é V=160 Vd) a-iterto)
3¢2/3v/d
2b(3 C+(—1)%/3 %w)
(s¥/c+(-12/2(-0) V) 0-i(atba)

_|_

_|_

v —1cot™(a + bzx) log (

3¢2/3v/d
1 PolyLog <2, 1-— m) v/—1PolyLog (2’ 1- ﬁ)
B 6c2/3v/d * 6c2/3v/d
. (—1)%/6 PolyLog (2, 1-— m>
6c2/3v/d

2b( Ve Wm)
b3/Ct(ia) W) (1—i(a+bz))
6c2/3v/d

v/—1PolyLog (2, 1-—

1 PolyLog (2, 1— (
+

2b( Ye-/-1 Wm)
(b Y/c-Y/—1(i-a) %) (1—i(a+bz))
6c2/3v/d

3 2/3 3
(—1)%/ PolyLog (2, 1— ( 2b(\/5+(_1) * \/E“") )

b3/CH(~1)2/3(i~a) W) (1—i(a+bz))
6c2/3v/d
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-1/3*arccot (b*x+a) *1n(2/ (1-I*(b*x+a)))/c~(2/3)/d~(1/3)+1/3*(-1)~(1/3) *arcc
ot (b*xx+a)*1n(2/(1-I*(b*x+a)))/c~(2/3)/d~(1/3)-1/3*(-1)~(2/3) *arccot (b*x+a)
*1n(2/(1-I*x(b*x+a)))/c~(2/3)/d~(1/3)+1/3*arccot (b*x+a) *1n (2*b* (c~(1/3)+d"(
1/3)*x) /(b*xc™ (1/3)+(I-a)*d~(1/3))/(1-I*(b*x+a)))/c~(2/3)/d~(1/3)+1/3*(-1)"
(2/3)*arccot (b*x+a)*1n (2xb* (c~(1/3)-(-1)~(1/3)*d~(1/3) *x) / (b*c~(1/3)-(-1)"
(1/3)*(I-a)*d~(1/3))/(1-I*x(b*x+a)))/c~(2/3)/d~(1/3)-1/3*(-1)~(1/3) *arccot (
b*x+a) *1n (2xb* (¢~ (1/3)+(-1)~(2/3)*d~(1/3) *x) / (bxc~ (1/3)+(-1) ~(2/3) *(I-a) *d
~(1/3))/(1-I*(b*x+a)))/c~(2/3)/d~(1/3)-1/6*Ixpolylog(2,1-2/(1-I*(b*x+a)))/
c~(2/3)/d"(1/3)+1/6%(-1)"(1/6) *polylog(2,1-2/(1-I*(b*x+a)))/c~(2/3)/d~(1/3
)+1/6%(-1)~(5/6)*polylog(2,1-2/(1-I*(b*x+a)))/c~(2/3)/d"(1/3)+1/6*I*polylo
g(2,1-2xbx(c~(1/3)+d~(1/3) *x) / (b*c~ (1/3)+(I-a)*d~ (1/3) )/ (1-I*(b*x+a))) /c~(
2/3)/d"(1/3)-1/6x(-1)"(1/6)*polylog(2,1-2%b* (c~(1/3)-(-1)~(1/3)*d~(1/3) *x)
/(bxc™(1/3)-(-1)~(1/3)*(I-a)*d~(1/3))/(1-I*(b*x+a)))/c~(2/3)/d~(1/3)-1/6%(
-1)~(5/6)*polylog(2,1-2xb* (c~(1/3)+(-1)~(2/3)*d~ (1/3)*x) / (b*c~ (1/3)+(-1)~(
2/3)*(I-a)*d~(1/3))/(1-I*(b*x+a)))/c~(2/3)/d~(1/3)

output

Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 998, normalized size of antiderivative = 1.38

dx = Too large to display

/ cot™!(a + bx)
¢+ dx?

input Integrate[ArcCot[a + b*x]/(c + d*x~3),x]




output
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/((—I)*Log[—((d“(l/B)*(-I + a + b*x))/(bxc™(1/3) - (-I + a)*d~(1/3)))]*Logl

-c~(1/3) - d~(1/3)*x] + I*Log[(-I + a + b*x)/(a + b*x)]*Logl[-c~(1/3) - d~(
1/3)*x] + IxLog[-((d~(1/3)*(I + a + b*x))/(b*c™(1/3) - (I + a)*d~(1/3)))]x*
Log[-c~(1/3) - d~(1/3)*x] - IxLog[(I + a + b*x)/(a + b*x)]*Log[-c~(1/3) -
d=(1/3)*x] + (-1)7(1/6)*Log[((-1)"(1/3)*d~(1/3)*(-I + a + b*x))/(b*c~(1/3)
+ (-1)7(1/3)*(-I + a)*d~(1/3))]*Log[-c™(1/3) + (-1)~(1/3)*d~(1/3)*x] - (-
1)7(1/6)*Log[(-I + a + b*x)/(a + b*x)]*Log[-c~(1/3) + (-1)"(1/3)*d~(1/3)*x
1 - (-1)"(1/6)*Log[((-1)~(1/3)*d~(1/3)*(I + a + bx*x))/(bxc~(1/3) + (-1)~(1
/3)*(I + a)*d~(1/3))]1*Log[-c~(1/3) + (-1)"(1/3)*d~(1/3)*x] + (-1)~(1/6)*Lo
gl(I + a + bxx)/(a + bxx)]*Log[-c~(1/3) + (-1)7(1/3)*d"~(1/3)*x] + (-1)~(5/
6)*Log[((-1)7(2/3)*d~(1/3)*(-I + a + b*x))/(-(bxc~(1/3)) + (-1)"(1/6)*(1 +
Ixa)*d~(1/3))1*Logl[-c~(1/3) - (-1)7(2/3)*d~(1/3)*x] - (-1)~(5/6)*Logl[(-I
+ a + b*x)/(a + b*x)]*Log[-c~(1/3) - (-1)7(2/3)*d~(1/3)*x] - (-1)~(5/6)*Lo
gl((-1)7(2/3)*d~(1/3)*(I + a + b*x))/(-(bxc~(1/3)) + (-1)7(2/3)*(I + a)*d”
(1/3))1*Logl[-c~(1/3) - (-1)~(2/3)*d~(1/3)*x] + (-1)"(5/6)*Log[(I + a + b*x
)/(a + bxx)]*Log[-c~(1/3) - (-1)"(2/3)*d~(1/3)*x] - IxPolyLog[2, (b*(c~(1/
3) + d~(1/3)*x))/(b*c™(1/3) - (-I + a)*d~(1/3))] + IxPolyLogl[2, (b*(c~(1/3
) + d7(1/3)*x))/(bxc™(1/3) - (I + a)*d~(1/3))] + (-1)~(1/6)*PolyLog[2, (b*
(c™(1/3) - (-1)7(1/3)*d"(1/3)*x))/(bxc~(1/3) + (-1)~(1/3)*(-I + a)*d~(1/3)
)] - (-1)"(1/6)*PolyLog[2, (b*(c~(1/3) - (-1)7(1/3)*d~(1/3)*x))/(b*c~(1...

Rubi [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1862 vs. 2(725) = 1450.

Time = 3.12 (sec) , antiderivative size = 1862, normalized size of antiderivative = 2.57,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 0.750, Rules

used = {5575, 2993, 750, 16, 1142, 25, 27, 1082, 217, 1103, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/ cot™ (a + bx) da
¢+ da?

l 5575

L[ log (—=atett) / log (4t1)

2! dz3 +c Ty dz3 +c

X




CHAPTER 3.

LISTING OF INTEGRALS

316

N = DN =

i~ ( (1080~ b i)~ 1og -

' . a+bx+i
z<<log(a—|—bx)—log(a+bx+2)+10g( o ba >)/d:c3+c -

- <10g(—a —bx + i) — log <—

<log(a+bx) —log(a + bx + 1) + log <a+bx+z>>

- <10g(—a —bx + i) — log <—

<log(a+bac) —log(a + bz + i) + log <a+bx+z>>

l 2993

a+ bz

—a—bwﬂ> log(a+ bx)>

1 log(—a — bx + 1)
d3+cdw>+/ dz3 +c¢ dx—/
log(a + bx)d + / log(a + bx + 1)
dx3 + dx3 + ¢

| 750
2{/_—%/_18 1
d ————d
—a—bxr+i — log(a + b) fd2/3m2—%wm+62/3 :E_'_f Wﬂﬁ% ’
a+ bx gla T oo 3c2/3 3c2/3
2¥/c—Vde 1
dx w=——=dx
f d2/3x2—%%x+c2/3 n f %x-ﬁ-% _/lC
a+ bz 3c2/3 3c2/3
l 16
2%/_—%/_z
a—brti 1 ) J d2/3z2—%%z+c2/3dm log <\3/E+ V.
a+ bz ~ log(a + bz) 3c2/3 3¢2/3/d
2\9’/——%90
f d2/342 %%x-{—c?/“ dz log (\3/5 + %.’E)

a+ bx

l 1142

3c2/3 a /

3c2/3v/d
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vd(
33 1 23,2
sy/c dr —
—| (log(—a — bz +1i) —lo _wa-i_i —log(a + bz) 2 \/_f d2/3x2—%%¢+c2/3
¢ & a+ bx g 302/

Vd(/e-2Vd

S- 3 '
33 1 d2/3z2—%\/az+c
sv/c dz —
log(a + bx) — log(a + bx + i) +lo atbsti 2\/_fd2/3$2—%%/6_lw+02/3 2¥/d
& g 8\ etz 3c2/3
| 25
V(¥
3
§ 3 1 d + d2/3127 V
1 b i ] —a—bx+1 1 b 2 \/Ef d2/3x2_%Wz+02/3 v 2
~| \loslma—boti) —log { =7 7 | ~logla +ba) 3273
vi(ye v
J 3/~3
N S S i /o
log(a + bz) — log(a + bz + i) + 1o atbz+i szd”%z’—%%ﬂﬁﬁ 2¥/d
& g 8\ et bz 3c2/3
| 27
33 1 1 y
. sy/c dz + 5
_ log(—a — bz +4) — log [ — —a—bx+1 — log(a + bx) 2 \/_f d2/3x2—%%x+02/3 2 f d2/3z2-
& & a+ bz & 3c2/3
3 3
ave L doy} [ Ve2Vids
. a+bxr+i 2 @2/352— /e du+c2/3 2 q2/3g2- §/c/ dar
1 -1 1
(og(a+bx) ogla+bx+1)+ og< P >> 302/

l 1082
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(12
Ye—2Vdx ( {/c
; dz +
—a—bx+1 — log(a + bx) f d2/352— %Wx+c2/3
a+ bz 3c2/3

NI—=

—i| — <log(—a —bx+1i)—log (—

3f S =2 d<1—
1 %—2 X dz - (1_%) -
1i log(a + bx) —log(a + bx + 1) + 1o atbrti ifd2/3x2_%%x+02/3d$+ Vd
2 8 8 S\ at bz 3c2/3
| 217
12
v/3arctan —
1 f %—23 dz dr —
1. ) —a—bz+1 2 p/age_ %i’/(_jx+cz/3 yd
2t~ <log(—a —bx+1i)—log <_a-|—bx> —log(a + bz)) I
3
1_2 3 x
v/3arctan \/\?:/E
1 f %—2 ? dz de —
L . atbo+i\\ |2 pro_YeVdoreor Va
= 1 -1 1
5 (og(a—i—bm) og(a + bx + i) + og( P - >> 30273 +

l 1103
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—a—bx+1
a+ bx

1, / log(—a — bz + i)d [ log(a+ b.’L')d
dz3 +c v dz3 +c

x — (log(—a — bz + i) —log <— > — log(a + bw))

V3a
1. log(a + bx) /log(a+bw+i) . a+bx+i o
Si| - [ 28T ogpTroeTy 1 ~1 log (27220 [ ——
5 / s B dx + 425 1 dx + | log(a + bz) — log(a + bz + i) + log iy e
| 2856
1_22 dm
\/ga,rctan \/\3/5
3 3 —
1, . —a—br+i IOg(\/‘_lw+\/E> 3
2t = <log(—a —bx+1i)—log <_a+bx> —log(a + b:c)) 2 +
1_2:;/(1:0
c
\/§arctan 73
( ) log(dz/
3 3 — —
1 a+br+i log \/c_lm+\/5 ¥d
—i| | L —1 i) + 1
5 (og(a+bx) og(a+bx +1) + og< Py >> 234 + 302/

l 2009
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log(—a — bx + i) log (\/Eer %/—) log(a + bx) log b( Vit %)
1 \/_(z a)+b\/_

M) (—1)2/3 log(—a —bx + 2) log
3c2/3v/d 3c2/3v/d * 3c2/3/,
log(a + bz) 1 b(WH%) log(a + bz + 1)1 ( dmﬂ[) (=1)?/31og(a + bx) 1 b(%
) og(a + bx) log b%—aw og(a + bz + 1) log b\/_—(a,+z3d og(a + bx) log v
=i + —
3c2/3v/d 3c2/3v/d 3¢2/3+/d

input LInt [ArcCot[a + b*x]/(c + d*x~3),x]
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(I/2)*((Log[I - a - b*x]*Log[(b*(c™(1/3) + d~(1/3)*x))/(b*c~(1/3) + (I - a
)*d~(1/3))1)/(3%c~(2/3)*d~(1/3)) - (Logla + b*x]*Log[(b*(c~(1/3) + d4~(1/3)
*x))/(bxc™(1/3) - a*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) + ((-1)"(2/3)*Logl[I - a
- bxx]*Log[(b*(c~(1/3) - (-1)~(1/3)*d~(1/3)*x))/(b*c~(1/3) - (-1)~(1/3)*(
I - a)*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) - ((-1)"(2/3)*Logla + b*x]*Log[(b*(c
~(1/3) = (-1)"(1/3)*d~(1/3)*x))/(b*xc~(1/3) + (-1)~(1/3)*a*xd~(1/3))]1)/(3*c”
(2/3)*%d~(1/3)) - ((-1)~(1/3)*Logl[I - a - b*x]*Logl[(bx(c~(1/3) + (-1)~(2/3)
*d~(1/3)*x))/(b*c™(1/3) + (-1)7(2/3)*(I - a)*d~(1/3))1)/(3%c~(2/3)*d~(1/3)
) + ((-1)~(1/3)*Logla + b*x]*Logl[(b*(c~(1/3) + (-1)~(2/3)*d~(1/3)*x))/(b*c
~(1/3) - (-1)7(2/3)*a*xd~(1/3))1)/(3*c~(2/3)*d~(1/3)) - (LoglI - a - b*x] -
Log[-((I - a - bxx)/(a + b*x))] - Logla + b*x])*(Loglc~(1/3) + d~(1/3)*x]
/(3xc™(2/3)*%d~(1/3)) + (-((Sqrt[3]*ArcTan[(1 - (2*d~(1/3)*x)/c~(1/3))/Sqrt
[311)/d~(1/3)) - Loglc~(2/3) - c~(1/3)*d~(1/3)*x + d~(2/3)*x~2]/(2*d"~(1/3)
))/(3%c™(2/3))) + PolyLogl[2, (d~(1/3)*(I - a - b*xx))/(bxc™(1/3) + (I - a)*
d~(1/3))1/(3*c~(2/3)*d~(1/3)) + ((-1)"(2/3)*PolyLogl[2, -(((-1)~(1/3)*d~(1/
3)*(I - a - bxx))/(bxc™(1/3) - (-1)~(1/3)*(I - a)*d~(1/3)))]1)/(3*c~(2/3)*d
~(1/3)) - ((-1)~(1/3)*PolyLogl[2, ((-1)"(2/3)*d~(1/3)*(I - a - b*x))/(bxc~(
1/3) + (-1)7(2/3)*(I - a)*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) - PolyLogl[2, -((d
~(1/3)*(a + b*x))/(bxc~(1/3) - a*d~(1/3)))1/(3*c~(2/3)*d~(1/3)) - ((-1)~(2
/3)*PolyLog[2, ((-1)~(1/3)*d~(1/3)*(a + b*x))/(b*xc~(1/3) + (-1)~(1/3)*a...

output

Defintions of rubi rules used

e

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +

rule 16
\b*x, x11/b), x1 /; FreeQ[{a, b, c}, x]

rule 25 ‘\VInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217
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rule 750 IntLC(a) + (b_.)*(x_)73)7(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172)  Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]"2) Int[(2%xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]~ 2*xx~2), x], x] /;
FreeQ[{a, b}, x]

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c]l)] /; Fre
eQ[{a, b, c}, x]

rule 1103 Int[((d_) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 1142 Int[((d_.) + (e_.)*(x))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - bxe)/(2%c) Int[1/(a + b*x + c*xx"2), x], x] + Simple/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQl[{a, b, c, d, e}, xI

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 2856 Int[((a_.) + Logl(c_.)*((d.)) + (e_)*(x_))"(n_.)1*(b_.))"(p_)*x((f_) + (g_.
Y*(x_)~(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])"p, (f + g*xx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, £, g, n, r}, x] & I
GtQlp, 0] && IntegerQlql && (GtQlq, 0] || (IntegerQ[r] && NeQ[r, 1]))

rule 2993 Int[Logl(e_.)*((f_.)*((a_.) + (b_.)*(x_)) " (p_.)*((c_.) + (d_.)*(x_))"(a_.))
“(r_.)]1*(RFx_.), x_Symbol] :> Simp[p*r Int[RFx*Logla + b*x], x], x] + (Si
mp[g*r  Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logl[a + b*x] + g*r*Loglc

+ d*x] - Loglex(f*(a + b*x) px(c + d*x)~q)"r]) Int[RFx, x], x]) /; FreeQ[
{a, b, ¢, d, e, £, p, q, r}, x] & RationalFunctionQ[RFx, x] && NeQ[b*c - a
*d, 0] && !'MatchQ[RFx, (u_.)*(a + b*x)"(m_.)*(c + d*x)"(n_.) /; IntegersQ[

m, n]]
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rule 5575 ItIATCCot[(a ) + (b_.)*(x)1/((c)) + (d_.)*(x))"(a_.)), x_Symboll :> Simp[
'I/2  Int[Log[(-I + a + b*x)/(a + b*x)1/(c + d*x°n), xI, x] - Simp[I/2 In |
‘t[Log[(I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d}, x ‘
‘] && RationalQ[n] ‘

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.60 (sec) , antiderivative size = 536, normalized size of antiderivative = 0.74

method result
ib? >
__R1=RootOf (d_Z3+ (3 RootOf (_Z2 +1,index=1) ad—Sd)_Zz+ (—6 RootOf (_ZQ+1,index=1) ad—3a2d+3d)_Z—Root(
risch
b3 arctan(bz+a)
_ R=Roc
In (bzf_RﬁLa)
b3 > > arccot(bz+a)
_R:RootOf(d_Z3—3ad_Z2+3a2d_Z—a3d+b3c) - Ri2 Raia
derivativedivides s
b3 arctan(bz+a)
_R:Roo
In (bz—_R+a)
b3 > 5 arccot(bz+a)
_R:RootOf(d_Z3—3ad_Z2+3a2d_Z—a3d+b3c) - Ri2 Ra-o?
default 3d




input

output

input

output

input
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‘int(arccot(b*x+a)/(d*x“3+c),x,method=_RETURNVERBUSE)

1/6xIxb~2/d*sum(1/ (1+2*I*a*x_R1-2xI*a+ R172-a"2-2%_R1)*(1ln(1-I*a-Ixb*x)*1n(
(_R1+I*b*x+I*a-1)/_R1)+dilog((_R1+I*b*x+I*a-1)/_R1)),_R1=RootOf (d*_Z 3+ (3%
RootO0f (_Z"2+1,index=1)*a*xd—-3*d) *_Z~2+(-6*Root0f (_Z"2+1,index=1)*a*d-3*a~2*
d+3*d) *_Z-Root0f (_Z"2+1,index=1) *a"~3*d+Root0f (_Z"2+1,index=1) *b~3*c+3*Root
0f (_Z"2+1,index=1)*a*d+3*a"~2*%d-d) ) -1/6*b"2*Pi/d*sum(1/ (1+2*%I*a*_R-2*I*a+_R
~2-a~2-2*_R)*1n(-I*b*x-I*a+1-_R),_R=RootOf (d*_Z~3+(3*Root0f(_Z~2+1,index=1
)*a*xd-3*d) *_Z~2+(-6%Root0f (_Z~2+1,index=1) *a*d-3*%a~2*d+3*d)*_Z-Root0f (_Z"2
+1,index=1)*a"~3*d+Root0f (_Z"2+1,index=1) *b~3*c+3*Root0f (_Z"2+1,index=1) *a*
d+3*a~2*d-d) )-1/6*I*b~2/d*sum(1/(1-2*I*a*x R1+2xI*a+ R1°2-a~2-2*% R1)*(1n(1+
I*xa+Ixb*x)*1n((_R1-I*b*x-I*a-1)/_R1)+dilog((_R1-I*b*x-I*a-1)/_R1)),_R1=Roo
t0f (d*_Z~3+(-3*%Root0f (_Z"2+1,index=1) *a*d-3+*d) *_Z~2+(6*Root0f (_Z"2+1, index
=1) *a*d-3*a~2*d+3*d) *_Z+Root0f (_Z"2+1,index=1)*a~3*d-Root0f (_Z"2+1,index=1
)*b~3*c-3*Root0f (_Z"2+1,index=1)*a*d+3*a”~2*xd-d))

Fricas [F|

cot™'(a+bz) , [ arccot (b + a)
/ c+ dz3 dx—/ dx3 +c de

‘integrate(arccot(b*x+a)/(d*x‘3+c),x, algorithm="fricas")

p
Lintegral(arccot(b*x + a)/(d*x"3 + c), x)

| —

Sympy [F(-1)]

Timed out.

dz = Timed out

/ cot™!(a + bx)

c+ dz3

p

tintegrate(acot(b*x+a)/(d*x**3+c),x)

~—
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OutputLTlmed out

Maxima [F]

c+dz? dz3 +c

-1
/ cot™*(a + bx) dp — / arccot (bz + a) i

input Lintegrate (arccot (b*x+a)/(d*x~3+c) ,x, algorithm="maxima")

OutputLintegrate(arccot(b*x + a)/(d*x~3 + c), x)

Giac [F(-1)]
Timed out.

dz = Timed out

/ cot™(a + bz)

c+dx3

inputLintegrate(arccot(b*x+a)/(d*x‘3+c),x, algorithm="giac")

outputLTimed out

Mupad [F(-1)]

Timed out.

/ cot™!(a + bx) dp — / acot(a + bzx) i

¢+ dz? dz3 +c

inputkint(acot(a + b*x)/(c + d*x~3),x)

Ou_,Gpmjtint(acot(a + b*x)/(c + d*x~3), x)
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Reduce [F]
cot"'(a+bx) [ acot(bx +a)
/ T erd® ©T / Tddie ©
input Lint (acot (b¥x+a)/ (d*x~3+c) ,x)

output Lint(a“t(a + b*x)/(c + dxx**3),x)




output
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3.37 f cot_l(a+b:1:) dx

c+dz?
Optimal result . . . . . . . . . . . . . e 327
Mathematica [A] (verified) . . . . . . . . ... L L
Rubi [B] (verified) . . ... .. .. . . .
Maple [B] (verified) . . . . . . . . . ... 332
Fricas [F] . . . . . .
Sympy [F(-1)] . . . o 333
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... . ... 334
Giac [F(-1)] . . o o o
Mupad [F(-1)] . . . 335
Reduce [F] . . . . . o

Optimal result

Integrand size = 16, antiderivative size = 319

-1
) cot (a + b.’I?) IOg ( (b\/f_(i_a)\/ﬁ)(l—i(a—i-bz))
c+ dx2 - 2\/ —C\/C_i
cot™!(a + bz) log < (

/ - 2 (v =e—Vda) )
cot”(a+bz)

2b<\/fc+\/&z) )
bv/=c+(i—a)Vd) (1-i(a+bz))
2v/—cVd

2b<\/f —\/Ez)
(bv=c—(i-a)Vd) (1-i(a-+bz)) )
4y/—cVd

' 2b(V/=c+Vdz)
i PolyLog (2, 1— (b N +(i_a)¢3) (1—i(a+bw))>

4/=cVd

1 PolyLog (2, 1-—

_|_

1/2*arccot (b*x+a) *1n(2%b* ((-c) ~(1/2)-d~ (1/2) *x) / (bx(-c) ~(1/2)-(I-a)*d~ (1/2
))/(1-I*(b*x+a)))/(-c)~(1/2)/d~(1/2)-1/2*arccot (b*x+a) *1n (2*b* ((-c) ~(1/2)+
d~(1/2)*x) / (b*(-c)~(1/2)+(I-a)*d~(1/2) )/ (1-I*(b*x+a)))/(-c)~(1/2)/d~(1/2)+
1/4%Ixpolylog(2,1-2%b*((-c)~(1/2)-d~(1/2)*x)/(bx(-c)~(1/2)-(I-a)*d~(1/2))/
(1-I*(b*x+a)))/(-c)~(1/2)/d~(1/2)-1/4%I*polylog(2,1-2*b*((-c)~(1/2)+d"~(1/2
)*x)/ (b*(-c)~(1/2)+(I-a)*d~(1/2))/(1-I*(bxx+a)))/(-c)~(1/2)/d~(1/2)




input

output
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Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 563, normalized size of antiderivative = 1.76

/ cot™!(a + bx) dp —

¢+ dz?

i(log (%) log (\/—_ - \/E:b) — log (=24tt2) Jog <\/—_ - \/E.’p) —log (

by/—c+(i+a)Vd

LIntegrate[ArcCot[a + b*x]/(c + d*x72),x] J

((-1/4*I)*(Log[(Sqrt[d]*(-I + a + b*x))/(b*Sqrt[-c] + (-I + a)*Sqrt[d])]*L
og[Sqrt[-c] - Sqrt[dl*x] - Log[(-I + a + b*x)/(a + b*x)]*Log[Sqrt[-c] - Sq
rt[d]l*x] - Logl[(Sqrt[d]*(I + a + b*x))/(bxSqrt[-c] + (I + a)*Sqrt[d])]l*Log
[Sqrt[-c] - Sqrt[d]l*x] + Log[(I + a + b*x)/(a + b*x)]*Log[Sqrt[-c] - Sqrtl
dl*x] - Log[-((Sqrt[dl*(-I + a + b*x))/(bxSqrt[-c] - (-I + a)*Sqrt[d]))]*L
oglSqrt[-c] + Sqrt[dl*x] + Log[(-I + a + b*x)/(a + b*x)]*Log[Sqrt[-c] + Sq
rt[d]l*x] + Log[-((Sqrt[d]*(I + a + b*x))/(b*Sqrt[-c] - (I + a)*Sqrt[d]))]*
Log[Sqrt[-c] + Sqrt[dl*x] - Log[(I + a + b*x)/(a + b*x)]*Log[Sqrt[-c] + Sq
rt[d]*x] + PolyLogl[2, (bx(Sqrt[-c] - Sqrtl[d]*x))/(bxSqrt[-c] + (-I + a)*Sq
rt[d])] - PolyLogl[2, (b*(Sqrtl[-c] - Sqrtl[d]*x))/(bxSqrt[-c] + (I + a)*Sqrt
[d1)] - PolyLogl2, (b*(Sqrtl[-c] + Sqrtl[dl*x))/(b*Sqrt[-c] - (-I + a)*Sqrtl
d1)] + PolyLogl[2, (b*(Sqrtl[-c] + Sqrtl[dl*x))/(b*Sqrt[-c] - (I + a)*Sqrt[d]
)1))/(Sqrt[-cl*Sqrt[d])

Rubi [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 721 vs. 2(319) = 638.

Time = 1.37 (sec) , antiderivative size = 721, normalized size of antiderivative = 2.26,

number of rules __
integrand size 0.438, Rules

number of steps used = 8, number of rules used = 7,
used = {5575, 2976, 2804, 2009, 2977, 2804, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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-1
/ cot™(a + bx) s
¢+ dz?

l 5575

1. / log (—=a5te )
dr —
+bati
1 log (aa—;‘mz) a+bxr+1i

2b/dw+”2+Mﬁﬁﬁﬁyﬁm+w%—2@”“ﬁﬁ?““”> a+ ba

l 2804

1, bg(—_iﬁﬁH)d
2' / dr2+c T
(da® + b?c) log <7":ﬁ;"l) (da® + b?c) log (“:ﬁ

1
bu/“ | N
2 (mﬁ%&@mﬂ+2wa+2wc—%““fzgm””—2&5%@ mﬁ%&@amﬂ—2Ma—2wc+%@5%

l 2009

1, bg(—_iﬂﬁ”)d
2! / dz2+c T

(bve—iavd)(a+ba-+i) (ivda-+bye) (a+bati) bt (a+baA
B PolyLog (2’ (\/E(l—ia)+b\/6) (a+bx) PolyLog | 2, (i\/a(a-i-i)—i-b\/E) (a+bzx) IOg( Z"'b: )lOg 1- (a+bx)(
2 2b\/cVd - 2b\/cV/d " 2b\/cV/d

l 2077

—a—bx+ti
1, log (_ (Z+bﬁ+z) —a—bz +1i

2 / d(i . a)g + b2e + 2(b2c—(i—¢2)icll)i(—a—bm+i) + (da2+bzzzﬁ;za);bx+i)2 a+ bx

(bve—iavd) (a+ba-+i) (iVda+by/c) (atboti) b (a+ba+
lb PolyLog (2’ <\/E(1—ia)+b\/5) (a+bz) PolyLog | 2, (i\/E(a+i)+b\ﬁ> (a+bz) log <aa+gl£’xz) log {1 - (a+bz)(

2 2b\/cv/d B 2b/cv/d 2b\/c\/d

l 2804
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1 (da2 + b2c) log (—%ﬁ“) (da2 + bzc) log (—:
b .
2\ by/evd (~2da? + 2ida — 22c — 2by/ev/d — 2T atet) ) . /6\/d (2da? — 2ida + APe — 2by/e

(b\/E—ia,\/a) (a+bx+1i) <z da+b\ﬁ> (a+bx+17) atbati (a+bzA
1 PolyLog (2’ (\/E(l—ia)+b\/5) (a+bx)> PolyLog <2’ (i\/a(a+i)+b¢a) (a-+ba) 10g< a+bx )log 1- (a+bac)(
b —~ +
2 2by/cvd 2b\/cv/d 2by/cv/d

l 2009

(b\/E—ia\/E) (—a—bz+1) (i\/acH—b\/E) (—a—bxz+1) —a—boti
1 PolyLog (2’ B (b\/E—(ia—i-l)\/E) (a+bw)> PolyLog (2, B <ﬂ(ia+1)+b¢5> (a+bx) log (_W) log { 1+
b - -
2 2b/cV/d 2by/cV/d 2b\/c

by/c—iav/d) (a-+ba-+i) (ivda-+bye) (a+bati) . (a+ba-

Pol ( PolyLog | 2 log ((atbzti) jog [ 1 —

1 olyLog (2’ (\/8(1—1-@)+b\/a) (a+bm)> oyL08 < ’ (i\/a(aﬂ')—i-b\ﬁ) (a-+bz) Og< a+bx ) 8 (a-i—bz)(
b —~ -
2 2b/cvV/d 2b/cv/d 2b/cv/d

;
Int [ArcCot[a + b*x]/(c + d*x~2),x]

N J

input
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(b*x((Log[-((I - a - b*x)/(a + b*x))]1*Log[1l + ((b*Sqrtlc] - Ixa*Sqrt[d])*(I
- a - b*x))/((bxSqrtlc] - (1 + I*a)*Sqrtl[d])*(a + b*x))]1)/(2*bxSqrt[c]*Sq
rt[d]) - (Logl-((I - a - b*x)/(a + b*x))]*Logl[l + ((b*Sqrt[c] + I*axSqrtl[d
1)*(I - a - b*xx))/((b*Sqrtlc] + (1 + Ixa)*Sqrtld])*(a + b*x))]1)/(2*¥b*Sqrt[
c]*Sqrt[d]) + PolyLogl[2, -(((b*Sqrt[c] - I*axSqrt[d])*(I - a - b*x))/((b*S
grtlc] - (1 + Ixa)*Sqrt[d])*(a + b*x)))]/(2*b*Sqrt[c]*Sqrt[d]) - PolyLogl[2
, —(((bxSqrt[c] + I*axSqrt[d])*(I - a - b*x))/((b*Sqrtlc] + (1 + I*a)*Sqrt
[d])*(a + b*x)))]/(2%b*Sqrt[c]*Sqrt[d])))/2 - (b*((Logl(I + a + b*x)/(a +
b*x)]*Log[1 - ((b*Sqrt[c] - I*a*Sqrt[d])*(I + a + b*x))/((b*Sqrtlc] + (1 -
I*xa)*Sqrt[d])*(a + bxx))])/(2*b*Sqrt[c]*Sqrt[d]) - (Logl(I + a + b*x)/(a
+ bxx)]*Log[1l - ((bxSqrt[c] + IxaxSqrt[d])*(I + a + bx*x))/((bxSqrt[c] + Ix
(I + a)*Sqrtld]l)*(a + b*x))])/(2*bxSqrt[c]*Sqrt[d]) + PolyLogl[2, ((b*Sqrtl[
c] - I*xaxSqrt[d])*(I + a + b*x))/((bxSqrt[c] + (1 - I*a)*Sqrtl[d])*(a + bxx
))1/(2%b*Sqrt [c]*Sqrt [d]) - PolyLogl[2, ((b*Sqrtl[c] + I*axSqrt[d])*(I + a +
b*x))/((b*Sqrt[c] + Ix(I + a)*Sqrtl[d]l)*(a + b*x))]/(2*b*Sqrt[c]l*Sqrt([d]))
)/2

output

Defintions of rubi rules used

ruka2009{lnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(RFx_), x_Symbol] :> With[{

rule 2804
u = ExpandIntegrand[(a + b*Loglc*x"n]) “p, RFx, x]}, Int[u, x] /; SumQ[ul] /
; FreeQ[{a, b, ¢, n}, x] &% RationalFunctionQ[RFx, x] && IGtQ[p, O]

rule 2976 TotLC(A_.) + Logl(e_.)*(((a_.) + (b_.)*(x_))/((c_.) + (d_.)*(x_)))"(n_.)]*(

B_.)) " (p_.)*(P2x_)"(m_.), x_Symbol] :> With[{f = Coeff[P2x, x, 0], g = Coef
f[P2x, x, 1], h = Coeff[P2x, x, 2]}, Simp[(b*c - a*d) Subst[Int[(b"2*f -

axb*xg + a"2*%h - (2%bxd*f - b¥cxg - akxd*g + 2*xakc*h)*x + (d"2+f - ckxd*g + c”
2%h)*x~2) “m* ((A + B*Log[e*x~n]) p/(b - d*x)~(2x(m + 1))), x], x, (a + b*x)/
(c + d*x)], x1] /; FreeQ[{a, b, c, d, e, A, B, n}, x] & PolyQ[P2x, x, 2] &
& NeQ[b*c - axd, 0] &% IntegerQ[m] && IGtQ[p, O]




rule 2977

rule 5575

inputt
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Int[((A_.) + Logl(e_.)*((a_.) + (b_.)*(x_)) " (n_.)*((c_.) + (d_.)*(x_))"(mn_
JI*x(B_.)) " (p_.)*(P2x_)"(m_.), x_Symbol] :> With[{f = Coeff[P2x, x, 0], g =

Coeff [P2x, x, 1], h = Coeff[P2x, x, 2]}, Simp[(bxc - a*d) Subst [Int [(b~2x*
f - axb*g + a”2+%h - (2*%bxd*f - bxc*g - akxdxg + 2*axc*h)*x + (d"2+f - c*d*g

+ ¢c"2%h)*x"2) “m* ((A + B*Logl[e*x™n])"p/(b - d*x)~(2*x(m + 1))), x], x, (a + Db
*xx)/(c + d*x)], x]] /; FreeQ[{a, b, ¢, d, e, A, B, n}, x] && PolyQ[P2x, x,

2] &% EqQ[n + mn, 0] && IGtQ[n, O] && NeQ[b*c - a*d, O] && IntegerQ[m] && I
GtQlp, 0]

Int[ArcCot[(a_) + (b_.)*(x_)1/((c_) + (d_.)*(x_)"(n_.)), x_Symbol] :> Simp[
I/2 Int[Log[(-I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] - Simp[I/2 1In
t[Log[(I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d}, x
] && RationalQ[n]

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 590 vs. 2(253) = 506.

Time = 2.09 (sec) , antiderivative size = 591, normalized size of antiderivative = 1.85

method result

. 2iad+2(—bxi—ai+1)d—2d o — _ P —ai —
<ch _“’““tan( Ny e ) | In(—bri—ai+1) In(Fed=VElH b elidod )  /og |, In(bei-abh1
11sC 2v/—b2cd 4cd

derivativedivides | Expression too large to display

default Expression too large to display

int (arccot (b*x+a) /(d*x~2+c) ,x,method=_RETURNVERBOSE)
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-1/2%I*b*Pi/ (-b~2%c*d) ~(1/2) *arctan (1/2% (2%I*a*xd+2% (1-I*a-Ixbxx)*d-2%d) / (-
b~2xc*d) ~(1/2))-1/4%1n(1-I*a-I*b*x)/c/d*1n((I*a*d-b* (c*xd) ~(1/2)+(1-I*a-I*b
*x) *d-d) / (I*a*xd-b* (cxd) " (1/2)-d) ) *(c*d) ~(1/2)+1/4*1n(1-I*a-I*b*x)/c/d*1n ((
Traxd+b* (c*d) ™ (1/2)+(1-Txa-Txbxx) *d-d) / (Txaxd+bx (c*xd) " (1/2)-d)) * (c*xd) " (1/2
)-1/4/c/d*dilog((I*xaxd-b* (c*xd)~(1/2)+(1-I*a-I*bx)*d-d) / (I*a*xd-b* (c*d) " (1/
2)-d))*(c*d)~ (1/2)+1/4/C/d*di10g( (I*a*d+bx(c*d) ~(1/2)+(1-I*a-Ixb*xx)*d-d)/(
I*a*d+b* (cxd) ~(1/2)-d) ) *(c*d) ~(1/2)-1/4*1n (1+I*a+I*b*x) /c/d*1n((I*a*d+b*(c
*d) " (1/2) - (1+I*a+I*b*x)*d+d) / (I*a*xd+b* (c*d) ~(1/2)+d))*(c*d) ~(1/2)+1/4*1n(1
+I*a+I*b*x)/c/d*1n((I*a*xd-b*(c*d)~(1/2)-(1+I*a+I*b*x)*d+d)/(I*a*xd-b*(c*xd)"
(1/2)+d)) *(c*d)~(1/2)-1/4/c/d*dilog((T*a*d+bx (cxd) ™ (1/2) - (1+I*a+I*b*x)*d+d
)/ (Ixaxd+b* (c*d) ~(1/2)+d))*(c*d) ~(1/2)+1/4/c/d*dilog((I*a*d-b* (c*d)~(1/2)-
(1+I*a+I*b*x)*d+d)/ (I*a*d-b* (cxd) ™~ (1/2)+d) ) * (cxd)~(1/2)

output

Fricas [F]

¢+ dz? dz? +c

-1
/ cot™!(a + bx) dr — / arccot (bx + a) i

p
inputLintegrate(arccot(b*x+a)/(d*x‘2+c),x, algorithm="fricas")

= J

-

output integral (arccot(b*x + a)/(d*x"2 + c), x)

N\

Sympy [F(-1)]
Timed out.

/ cot™!(a + bx)

T da? dz = Timed out
c T

input  integrate(acot (bxx+a)/ (d*x**2+c) ,X)

output LTimed out
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 8519 vs. 2(235) = 470.

Time = 4.64 (sec) , antiderivative size = 8519, normalized size of antiderivative = 26.71

s dx = Too large to display
c+dz

/ cot™(a + bx)

-

inputt

integrate(arccot (bxx+a) /(d*x~2+c) ,x, algorithm="maxima"

output

-1/8%b* (8*arctan(d*x/sqrt(c*d))*arctan((b~2*x + a*b)/b)/b - (4*arctan(sqgrt
(d)*x/sqrt(c))*arctan2((2*a*b~2*c*d + (a*b~3*c + (a”3 + a)*bxd + (b~4*c +
(a”2 + 3)*b~2*d) *x)*sqrt(c)*sqrt(d) + (3*b~3*c*d + (a”2 + 1)*b*d~2)*x)/ (b~
4xc”2 + 2x(a”2 + 3)*b"2*kcxd + (2”4 + 2*a”2 + 1)*d"2 + 4*(b"3%c + (2”2 + 1)
*b*d) *sqrt (c)*sqrt(d)), ((a”2 + 3)*b"2*cxd + (a”4 + 2xa”2 + 1)*d"2 + (2*ax
b~2*d*x + b~3*c + 3x(a”2 + 1)*bxd)*sqrt(c)*sqrt(d) + (a*xb"3*cxd + (a"3 + a
)*¥b*xd~2) *x) /(b~4*c™2 + 2*%(a”2 + 3)*b"2*cxd + (a4 + 2*%a”2 + 1)*d"2 + 4x(b”
3%c + (a2 + 1)*bxd)*sqrt(c)*sqrt(d))) + 4*arctan(sqrt(d)*x/sqrt(c))*arcta
n2((2xaxb~2xc*xd - (a*b"3*c + (a3 + a)*bxd + (b™4*c + (a”2 + 3)*b72*d)*x)*
sqrt(c)*sqrt(d) + (3*b~3*cxd + (a”2 + 1)*b*d~2)*x)/(b"4*c”2 + 2x(a”2 + 3)*
b~2*cxd + (a”4 + 2*a”2 + 1)*d"2 - 4*(b~3*c + (a”2 + 1)*bxd)*sqrt(c)*sqrt(d
)), ((@"2 + 3)*b"2*cxd + (a4 + 2*xa~2 + 1)*xd~2 - (2*%axb~2xd*x + b~ 3*c + 3*
(a”2 + 1)*b*d)*sqrt(c)*sqrt(d) + (axb~3*c*d + (a~3 + a)*bxd~2)*x)/(b"4*c”2
+ 2%(a”2 + 3)*%b"2xcxd + (a"4 + 2¥a”2 + 1)*d"2 - 4*(b"3*%c + (a”2 + 1)*bx*d)
*sqrt (c)*sqrt(d))) + log(d*x~2 + c)*log(((a”2 + 1)*b~22%c~11xd + 11x(a~4 +
22*a~2 + 21)*b"20*%c~10*%d"2 + 55x(a”6 + 39%¥a”4 + 171%a”~2 + 133)*b~18*c~9*d
=3 + 33%(5%a"8 + 260*a~6 + 1870*a~4 + 3876*a~2 + 2261)*b~16*c~8*xd"4 + 330%
(2”10 + 61%a”~8 + 570*a”6 + 1802*a~4 + 2261*a~2 + 969)*b~14*c”~7+*d"5 + 22*(2
1%a”~12 + 1386*%a”~10 + 15015*%a”8 + 60060*a”6 + 109395*%a~4 + 92378*a”~2 + 2939

3)*b~12%c"6+%d"6 + 22*(21*a~14 + 1407#a”~12 + 16401*a~10 + 75075*%a"8 + 16...

| —
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Giac [F(-1)]
Timed out.

dxr = Timed out

/ cot™(a + bx)

c+ dz?

inputtintegrate(arccot(b*x+a)/(d*x*2+c),x, algorithm="giac")

output LTimed out

Mupad [F(-1)]

Timed out.

/cot—l(a + bx) dp — / acot(a + bx) i

¢+ dz? dx?+c

inputtint(acot(a + b*x)/(c + d*x~2),x)

OutputLint(acot(a + b*x)/(c + d*x~2), x)

Reduce [F|

/ cot™!(a + bx) p / acot(bz + a) i

C+d.’172 d$2+c

input Lint (acot (b*x+a)/(d*x~2+c) ,x)

output Lint(acot(a + b*x)/(c + d*x**2),x)
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3.38 f cot 1 (a+bx) dx

ct+dz
Optimal result . . . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . . .. .. B37
Rubi [A] (verified) . . . . . . . . . . 337
Maple [A] (verified) . . . . . . ... L B340
Fricas [F] . . . . o . o e B340
Sympy [F(-1)] . . o 341]
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... .. 341]
Giac [F] . . . o o 3421
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o e 342

Optimal result

Integrand size = 14, antiderivative size = 152

c+dx d
-1 2b(c+dz)
cot™'(a + bz) log ((bc+(i—a)dc)(1fi(a+bz)))

d
2
1—i(a+bx) )

/ cot™(a + bx) dp — _cot_l(a + bx) log <1—i(3+b.7:)>

+

1 PolyLog (2, 1-
- 2d
. 2b(c+dzx)
i PolyLog (2, 1- (bc—i—(i—a)d)(l—i(a"‘bz)))
2d

+

output ‘ -arccot (b*x+a) *1n(2/ (1-I* (b*x+a)))/d+arccot (b*x+a)*1n(2xb* (d*x+c) / (b*c+(I- ‘
‘ a)*d)/(1-Ix(bxx+a)))/d-1/2*I*polylog(2,1-2/(1-I*(b*x+a)))/d+1/2*I*polylog( ‘
2, 1-2%b* (d*x+c) / (bxc+ (I-a) *d) / (1-I* (b*x+a))) /d |




input

output
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Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 325 vs. 2(152) = 304.

Time = 0.18 (sec) , antiderivative size = 325, normalized size of antiderivative = 2.14

c+dzx

/ cot™!(a + bx) i

(cot™'(a + bx) + arctan(a + bx)) log(c + dz) + arctan(a + bx) (log (W) — log (sin (arctan (%

Integrate[ArcCot[a + b*x]/(c + d*x),x]

N J

((ArcCot[a + b*x] + ArcTan[a + b*x])*Loglc + d*x] + ArcTan[a + b*x]*(Logl[1
/Sqrt[1 + (a + b*x)~2]] - Log[Sin[ArcTan[(b*c - a*d)/d] + ArcTan[a + b*x]]
1) + ((I/4)*(Pi - 2xArcTan[a + b*x])~2 + I*(ArcTan[(bxc - axd)/d] + ArcTan
[a + b*x])~"2 - (Pi - 2#ArcTan[a + b*x])*Logl[l + E~((-2*I)*ArcTan[a + b*x])
] - 2x(ArcTan[(b*c - a*d)/d] + ArcTan[a + b*x])*Log[1l - E~((2*I)*(ArcTan[(
bxc - a*d)/d] + ArcTan[a + b*x]))] + (Pi - 2*ArcTan[a + b*x])*Log[2/Sqrt[1
+ (a + b*x)"2]] + 2x(ArcTan[(b*c - a*d)/d] + ArcTan[a + b*x])*Log[2*Sin[A
rcTan[(b*c - axd)/d] + ArcTan[a + b*x]]] + I*PolyLog[2, -E~((-2*I)*ArcTan[
a + b*x])] + I*PolyLogl[2, E~((2*I)*(ArcTan[(b*c - a*d)/d] + ArcTan[a + b*x
1))1)/2)/4

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.12,

number of rules _ 0.429, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {5571, 27, 5382, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/cot (a + bx) i
c+dzx

l 5571
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_beot"atbx)
/ b(c—92)+d(a+bc) d(a+bz)

b
127
cot™(a + bx)
d(a+b2) —ad + bl +07)
l5382

lOg( 2(bc—ad+d(a+bz))

(bc—ad+id)(1—i(a bz))) log<m>
f (a_:bx)2+1 + d(CL + bl‘) _ f Wd(a + b.’L')

+

d d
- 2(d(a+bz)—ad+b 2 _
cot~!(a + bz) log <(1_iga$bx)"f()_;’d+b2_id)) ~ log (W) cot~!(a + bx)
d d
| 2849
1og(<bj’_(23‘+ij>+(f<_";§33@)) ; f 10g<41—i(3+bw)) d 1
f (a+bz)%+1 d(a+ bx) 3 1—% 1—i(a+bx) N
d2 d(a+bx)—ad+b d
ot (a + be) log (K (e atricr) 108 (r=asmm ) cot ™ (a +ba)
d - d

l 2752

10g< 2(bc—ad+d(a+bzx))

c—ad+1i —i(a+bzx — 2(d(a+bx)—ad+bc
[ G (ad:bi))(;“( +b >>)d(a + bx) N cot~!(a + bz) log ((1_i§asrb$))()_ad+bciid)> ~
d d
’LPOlyLOg (2, 1-— %) lOg (#—i—bx)) COt_l(a/ + bm)
2d d
| 2897
. 2(bc—ad+d(a+bz — 2(d(a+bzx)—ad+bc)
i PolyLog (2’ 1— (bc—(ad+id)(1(—i(a+)b)z))> + cot ™' (a + bz) log ((1—i(a+bz))(—ad+bc+id))
2d d
’LPOlyLOg (2, 1-— %) log (%) COt_l(a + ba:)
2d - d

input LInt [ArcCot[a + b*x]/(c + d*x),x]
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output‘ -((ArcCot[a + b*x]*Logl[2/(1 - I*(a + b*x))])/d) + (ArcCot[a + b*x]*Log[(2x* ‘
‘(b*c - axd + d*(a + b*x)))/((b*c + I*d - a*d)*(1 - Ix(a + b*x)))])/d - ((I
|/2)*PolyLog[2, 1 - 2/(1 - I*(a + b*x))1)/d + ((I/2)%PolyLogl2, 1 - (2x(b*c

‘ - axd + d*(a + b*x)))/((bxc + I*d - axd)*(1 - Ix*(a + b*x)))])/d

Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2752 Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2849 Int[Logl(c_.)/((d)) + (e_)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 2897 Int[Loglu_1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - uw)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

rule 5382 Int[((a_.) + ArcCotl(c_.)*(x_)1x(b_.))/((d) + (e_.)*(x.)), x_Symbol]l :> Si
mp[(-(a + b*ArcCot[c*x]))*(Log[2/(1 - I*c*x)]/e), x] + (Simp[(a + b*ArcCot[
c*xx])*(Log[2*c*((d + e*x)/((cxd + I*xe)*(1 - I*c*x)))]/e), x] - Simp[bx*(c/e)

Int[Log[2/(1 - I*c*x)]1/(1 + c"2*x~2), x], x] + Simp[b*(c/e) Int[Log[2%
ck((d + e*xx)/((cxd + I*xe)*(1 - I*xc*x)))]1/(1 + c™2%x72), x], x]) /; FreeQ[{a
, b, c, d, e}, x] && NeQ[c~2*d"2 + e~2, 0]

rule 5571 Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + £*(x/d)) m*(a + bxA
rcCot[x]1)"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, m, p}, x] & I
GtQ[p, O]
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Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.23

method result
bln(ad—bc—d(bz+a)) arccot(bz+a) b (_ iln(ad—bc—d(bz+a)) (ln ( lzil_i%bcﬁtg) ) —In < Zil;dd-&iiﬁ )) _ i(dilog(%:
d 2d
derivativedivides z
bln(ad—bc—d(bz+a)) arccot(bz+a) _b (_ iIn(ad—be—d(ba+a)) <1n ( zzji_i((}:?ar;;) ) —In ( Ziia_ddigiizg )) _ i<di103(%:
d 2d
default .
iln(da:+c) In id—a_d:—bc—cb(?z+c) _In z‘d+a;l—_bc-cl-b5:dw+c) i(dilog id—a_d;—l
parts In(dz+c) aflccot(bx—i-a) + b(_ ( ( dtbct dzbd ) ( d—bc+id )) _ ( ( d
; idilog(iadiibcj«z(;—bfljci—ajﬂ)did) iIn(—bwi—ait1) h‘(iad*ibciz(;—bfzfcf_aj“)dfd) 7 In(iad—ibe+(—bzi—a
risch - 2d - 2d + 2d
input Lint (arccot (b*x+a) / (d*x+c) ,x,method=_RETURNVERBOSE) J
Output‘1/b*(b*ln(a*d—b*c—d*(b*x+a))/d*arccot(b*x+a)—b*(—1/2*I*1n(a*d—b*c—d*(b*x+a
1)) *(An((Ixd+d* (bxx+a))/ (a*xd-bxc+I*d))-1n((Ixd-d*(bxx+a))/(I*d-axd+b*c)))/d |
| -1/2%Ix(dilog((Ixd+d* (b*x+a))/ (a*xd-bc+I*d))-dilog ((I*d-d* (bxx+a))/(I*d-a* |
‘d+b*c)))/d)) ‘
Fricas [F|
cot™(a + bx arccot (bx + a
—( ) dr = ( ) dx
c+dx dr +c
inputLintegrate(arccot(b*x+a)/(d*x+c),x, algorithm="fricas") J

OutputLintegral(arccot(b*x + a)/(d*x + c), x) J
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Sympy [F(-1)]
Timed out.

dxr = Timed out

/ cot™(a + bx)

c+dx

inputtintegrate(acot(b*x+a)/(d*x+c),X)

p
output LTlmed out

-/

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 283 vs. 2(128) = 256.

Time = 0.21 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.86

/ cot™(a + bx) i — 2recot (bz + a) log (dz + ¢) N arctan (%) log (dz + c)

c+dx d

b2c2—2abed+(a2+1)d?’  b2c2—2abed+(a?+1)d?

arctan ( bd*z-+bed e’ abod+ (b%d_abdz)x) log (b%2? + 2abz + a® + 1) — arctan (bz + a) log ( :

_|_

2d

fnput ‘ integrate(arccot (b*x+a)/(d*x+c) ,x, algorithm="maxima")

output

1)*d)/(-I*b*c + (I*a - 1)*d)))/d

arccot(b*x + a)*log(d*x + c)/d + arctan((b~2#x + a*b)/b)*log(d*x + c)/d +
1/2*(arctan2((b*d~2*x + b*c*d)/(b~2*xc~2 - 2*a*b*cxd + (a"2 + 1)*d4"2),
*C"2 - axbxc*d + (b"2*cxd - axbxd"2)*x)/(b"2%c”2 - 2*%axb*ckd + (a”2 + 1)x*d
72))*log(b~2*x~2 + 2*axb*x + a”2 + 1) - arctan(b*x + a)*log((b~2*d~2*x~2 +
2¥b~2%ckd*x + bT2%c"2)/(b"2%c”2 - 2kaxbxckd + (a”2 + 1)*d"2)) + Ixdilog((
Ixbxd*x + (I*a + 1)*d)/(-I*b*xc + (I*a + 1)*d)) - I*dilog((I*bxd*x + (I*a -

(=2
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Giac [F]

-1
/ cot™!(a + bx) dp — / arccot (bz + a) i
c+dz dr+c

input Lintegrate (arccot (b*x+a) / (d*x+c) ,x, algorithm="giac")

OutputLintegrate(arccot(b*x + a)/(d*x + c), x)

Mupad [F(-1)]

Timed out.

-1
/cot (a + bx) dxz/acot(a+bx) i
c+dz c+dzx

inputtint(acot(a + bxx)/(c + d*xx),x)

output tint(a“t(a + bxx)/(c + d*x), x)

Reduce [F]

~1
/ cot™'(a + bx) dp — / acot(bz + a) i
c+dx dz +c

input Lint (acot (b*x+a) / (d*x+c) ,x)

output Lint(acot(a + bxx)/(c + d*xx),x)




output
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343

3.39 f cot ! (ad+b3:) dx

64-5
Optimal result . . . . . . . . . . .. . . . . e 343
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 344
Rubi [A] (verified) . . . .. ... .. .. 344
Maple [A] (verified) . . . . . . ... L 347
Fricas [F] . . . . o . o e B48
Sympy [F(-1)] . . o o 349
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 349]
Giac [F] . . . . o o 350
Mupad [F(-1)] . . . o o 350
Reduce [F] . . . . . 350
Optimal result
Integrand size = 16, antiderivative size = 338
-1 . . i—a—bz
/ cot™!(a + bx) dp — log(i — a — bx) N i(a + bz)log (_W)
c+4 N 2bc 2bc
log(i+a+bz) i(a + bz) log (H42)
2bc 2bc
id log (iﬁfj;ﬁfj) log(d+cz)  jdlog (—’:i;i’”) log(d + cx)
_|_ —
2c? 2c?
idlog <(zf;;j bfd> log(d+cz) jdlog (’Zj_;;;’x) log(d + cz)
+
2c? 2c?
idPolyLog (2, — 4= ) , idPolyLog (2, 2t

2c2

2c?

1/2*1n(I-a-b*x) /b/c+1/2*I* (b*x+a)*1n(-(I-a-b*x) / (b*x+a))/b/c+1/2*1n (I+a+b*
x)/b/c-1/2*%I*x (b*xx+a) *1n((I+a+b*x)/ (b*x+a)) /b/c+1/2+I*d*1n(c* (I-a-b*x) / (I*c
—a*c+b*d) ) *1n (c*x+d) /c~2-1/2%I*d*1n (- (I-a-b*x) / (b*x+a) ) *1n(c*x+d) /c~2-1/2%
I*d*1n(c* (I+a+b*x)/((I+a)*c-b*d))*1n(c*x+d)/c”2+1/2*%I*d*1n((I+a+b*x)/ (b*x+
a))*1n(c*x+d)/c~2-1/2+I*d*polylog(2,-b* (c*x+d) / ((I+a)*c-b*d))/c~2+1/2xI*d*

polylog(2,bx(c*xx+d)/(I*c-a*xc+b*d))/c~2
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Mathematica [A] (warning: unable to verify)
Time = 7.43 (sec) , antiderivative size = 509, normalized size of antiderivative = 1.51
t~'(a+b
/ co (a—dl- ) i
c+ e

2ac? cot ™ (a + bx) — ibedm cot ™ (a + bx) + 2bc®x cot ™1 (a + bx) — ibed cot ™ (a + bx)? + abed cot ™ (a +

-

LIntegrate[ArcCot[a + b*x]/(c + d/x),x]

| —

input

(2%a*c™2xArcCot[a + b*x] - Ixb*ckd*PikArcCot[a + b*x] + 2xb*c”2*x*ArcCot[a
+ b*x] - I*bk*cxd*ArcCot[a + b*x]~2 + ax*bxcxd*ArcCot[a + b*x]~2 - b~2xd~2x
ArcCot[a + b*x]~2 - axbxcxd*Sqrt[1 + c~2/(a*xc - bxd) ~2]*E~(I*ArcTan[c/(-(a
*xc) + bkxd)])*ArcCot[a + bxx]~2 + b~2+%d"2xSqrt[1 + c~2/(a*c - bxd) "2]*E~(I*
ArcTan[c/(-(a*xc) + b*d)])*ArcCot[a + b*x]~2 + (2*I)*b*cxd*ArcCot[a + b*x]*
ArcTan[c/(-(a*xc) + b*d)] - b*c*d*PixLogl[l + E~((-2+I)*ArcCot[a + b*x])] +
2xbxc*d*ArcCot [a + b*x]*Log[1l - E~((2xI)*ArcCot[a + b*x])] - 2%b*ckd*ArcCo
t[a + bkx]*Log[l - E~((2*I)*(ArcCot[a + b*x] + ArcTan[c/(-(a*c) + b*d)]))]
- 2xb*c*d*ArcTan[c/(-(a*c) + b*d)]*Log[l - E~((2*I)*(ArcCot[a + b*x] + Ar
cTan[c/(-(a*c) + bxd)]))] + bxcxd*PixLogl[1/Sqrt[1 + (a + b*x)~(-2)]] - 2%c
~2xLog[1/((a + b*x)*Sqrt[1 + (a + b*x)~(-2)])] + 2*b*c*d*ArcTan[c/(-(a*c)
+ b*d)]*Log[Sin[ArcCot[a + b*x] + ArcTan[c/(-(a*c) + bxd)]]] - Ixbxc*d*Pol
yLog[2, E~((2*I)*ArcCot[a + b*x])] + I*b*c*d*PolyLog[2, E~((2*I)*(ArcCot[a
+ b*x] + ArcTan[c/(-(a*c) + b*d)1))]1)/(2*%b*xc"3)

N J

output

Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 481, normalized size of antiderivative = 1.42,

number of rules _ 438, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {5575, 2993, 772, 49, 2009, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/cot 1(a—i—bac) s

c+ d
l 5575
[ e
l 2993

1, , —a—br+i 1 log(~ a—bx+z) |
2z<—<<log(—a_bx+z)_log () ‘1°g(“+”””)>/c+gdx> e

1, ) a+bx+1i 1 log(a + bx) /log(a—l—ba:—i—i) /
2z<<log(a+bx) log(a+ba:+z)+log< py >>/c+dd / oy dx + o d d:

T

l 772

(b o) ) o [

;i((log(awwa)—log(a—l—ba:—l—i)—l-log (a+bx+z>>/ T e — /log(aJ’bm) +/10g(a+bw+z)c

a+ bx d+ cx c+d c+%

| 49
i<—<0%0ﬂ—bm+ﬂ—kg(—_zlﬁ;4>—k%m+h@>/<i_cwiam>¢a4:/bg_j;§H

b ) 1 d 1 b 1
i((log(a+bx)—log(a—i—bx—l—i)—i—log(W))/(C—C(d_'_cm)) dm—/de+/()’g(c

N = N =

T

l 2009

1i </ log(—:; gx +9) dx — / de — <(log(—a — bz +1i) —log (—W) — log(a + bx)) (

2
%i _/log(a+dbx)dx+/log(a+b(9lc+z)dm+ (log(a+bx)—log(a+bm+i)+log <a+bx+z)> (x_d

c+ ¢ c+ ¢ a+ bx c

l 2856
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li / log(—a —bz +1i) dlog(—a—bz +1) dp — / log(a +bz) dlog(a + bx) dz — ( (108(=a — bz
2 c c(d + cx) c c(d + cx)
1, log(a+bx) dlog(a+ bx) / log(a+bx +1i) dlog(a+ bz +1)
—i| — — d — d 1 bx) —1
f((/( c c(d + cx) v c c(d + cx) z+ | log(a+bz) —lo
| 2009
c(—a—bz+1i a+bx . b(cx+d
1 [ dPolyLog (2, W) dPolyLog (2, c((w_bd)) dlog(—a — bx + i) log (—a(cc-la-cbd-lzic>
—i| — + - — | log(—a —t
2 c? c? c?
1 [ dPolyLog (2, %) dPolyLog (2, E{gﬁ;’:fgg) dlog(a + bx) log (—%)
5t 2 - 2 + 2 + ( log(a + bx) — log(a -
inputtlnt[ArcCot[a + bx]/(c + d/x),x] J

(I/2)*%(-(((I - a - bxx)*Log[I - a - b*x])/(bxc)) - ((a + b*x)*Logla + b*x]
)/ (bxc) - (Logl[I - a - b*x] - Log[-((I - a - b*x)/(a + b*x))] - Logla + bx
x])*(x/c - (dxLogl[d + c*x])/c”2) + (dxLogl[a + bx*x]*Log[-((bx(d + c*x))/(a*
c - bxd))])/c”2 - (d*Logl[I - a - b*x]*Log[(b*(d + c*x))/(I*c - a*c + bxd)]
)/c”2 - (d*PolyLog[2, (c*(I - a - b*x))/(I*c - axc + b*d)])/c”2 + (d*PolyL
ogl2, (cx(a + bxx))/(a*c - bxd)])/c™2) - (I/2)*(-(((a + b*x)*Log[a + b*x])
/(xc)) + ((I + a + bxx)*Logl[I + a + b*x])/(bxc) + (Logla + b*x] - Logl[I +
a + bxx] + Log[(I + a + b*x)/(a + b*x)])*(x/c - (d*Logld + c*x])/c”2) + (
dxLogl[a + b*x]*Log[-((b*(d + c*x))/(a*c - bxd))])/c”2 - (d*Logl[I + a + b*x
IJ*Log[-((b*(d + c*x))/((I + a)*c - b*d))])/c"2 + (d*PolyLogl[2, (c*(a + b*x
))/(a*c - bxd)])/c”2 - (d*PolyLog[2, (c*(I + a + b*x))/((I + a)*c - b*xd)])
/c72)

output

Defintions of rubi rules used

‘[ExpandIntegrand[(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]

rule 49\Int[((a_.) + (b_)*(x))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int ‘
\&& IGtQ[m, 0] &% IGtQ[m + n + 2, 0]
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e 772 Tot[(@) + (b_)*(x))"(m))"(p_), x_Symboll :> Int[x™(n¥p)*(b + a/x"n)"p,
Lx] /; FreeQ[{a, b}, x] && ILtQ[n, 0] && IntegerQ[p] J

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2856 I0t[((a_.) + Logl(c_.)*((d)) + (e_.)*(x.))"(m_.)I1*(b_.))"(p_)*x((£) + (g_.
)*(x_)~(xr_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])"p, (f + g*xx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, 1}, x] & I
GtQ[p, 0] && IntegerQ[ql && (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 11))

e 2903 It [Log[(e_ )% ((E_.)%((a_.) + (b_.)*(x_))~(p_.)*((c_.) + (@_.)*(x_))~(q_.))
“(r_.)]*(RFx_.), x_Symbol] :> Simp[p*r Int[RFx*Logl[a + b*x], x], x] + (Si
mp[g*r Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logla + b*x] + g*r*Loglc
+ d*x] - Loglex(f*x(a + b*x)“p*(c + d*x)~q)°r]) Int[RFx, x], x]) /; FreeQl[
{a, b, ¢, d, e, £, p, q, r}, x] && RationalFunctionQ[RFx, x] && NeQ[b*c - a
*d, 0] && !MatchQ[RFx, (u_.)*(a + b*x)~(m_.)*(c + d*x)"(n_.) /; IntegersQ[

m, n]l]

Int[ArcCot[(a_) + (b_.)*(x_)1/((c_) + (d_.)*(x_)"(n_.)), x_Symbol] :> Simp[
I/2 Int[Log[(-I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] - Simp[I/2 In
t[Log[(I + a + b*x)/(a + b*x)]1/(c + d*x"n), x], x] /; FreeQ[{a, b, c, 4}, x
] && RationalQ[n]

rule 5575

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 296, normalized size of antiderivative = 0.88
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method result
In (a262 —2abcd+b2d2 —2ac(ac—bd—c(bz+a))+2bd(ac—bd—c(bz+a
- 2
arccot(bz+a)(bz+a)  arccot(bz+a)dbln(ac—bd—c(bz+a))
derivativedivides - =
In (a2c2 —2abed+b2d2 —2ac(ac—bd—c(bz+a))+2bd(ac—bd—c(bz+a
- 2
arccot(bz+a)(bz+a) _ arccot(bz+a)dbln(ac—bd—c(bz+a))
default - =
b 1 ( 2c2—2abcd+2abc(ca:+d)+b2d2—2b2d(cz+d)+b2(c:c+d)2+c2)
262
parts arccot((l:x-{—a)x _ arccot(bx+;12)dln(cx+d) +
. . iac—ibd+(—bzi—ait+l)c—c . . . iac—ibd+(—bzi—ait+l)c—c
. it ’ddllog( iac—ibd—c ) idIn(—bzi—ait1) 1“( iac—ibd—c iln(britai+1)a
risch T +
2bc 2c2 2c2

inputt

int (arccot (b*x+a) /(c+d/x) ,x,method=_RETURNVERBOSE)

output

1/b*x(arccot (b*x+a) /c* (b*xx+a)—arccot (b*xx+a) *d*b/c~2*1n (a*xc-b*d-c* (b*x+a) ) -1
/cx(-1/2%1n(a"2*c”2-2*a*b*c*xd+b~2*xd~2-2*a*c* (a*c—b*d-c* (b*x+a) ) +2*xb*xd* (axc
-b*d-c* (b*x+a) ) +c”~2+(a*c-b*xd-c* (b*x+a) ) "2) -b*d* (-1/2*I*1ln(a*c-b*d-c* (b*x+a
))*(In((I*c+ckx (b*xx+a))/(axc-b*d+Ixc))-1n((I*c-c*(b*x+a))/(I*xc-a*c+b*d)))/c
-1/2%I*(dilog((I*c+c* (b*x+a))/(a*c-bxd+I*c))-dilog((I*xc-c*(bkx+a))/(I*c-a*
c+bxd)))/c)))

Fricas [F]

/ cot™!(a + bx) dp — / arccot (bx + a) i

d d
c—i—x c—l—x

input‘

integrate(arccot (b*x+a)/(c+d/x) ,x, algorithm="fricas")

outputt

integral (x*xarccot(b*x + a)/(c*x + d), x)




CHAPTER 3. LISTING OF INTEGRALS 349

Sympy [F(-1)]

Timed out.
cot™! b
/ # dzr = Timed out
c+4
input integrate(acot (b*x+a)/(c+d/x) ,x)

Output‘Timed out

Maxima [A] (verification not implemented)
Time = 0.22 (sec) , antiderivative size = 280, normalized size of antiderivative = 0.83
t'(a+b
/ co (a:il— ) i
c+ s

2bcz arctan (1, bz + a) — bd arctan (1, bx + a) log (— ;Zlfzg:f dlf_“(igj f_’if;) — 2acarctan (bx + a) + ¢ bdLi.

inputLintegrate(arccot(b*x+a)/(c+d/x),x, algorithm="maxima") J

1/2%(2*bxcxx*arctan2(1, b*x + a) - bxdxarctan2(1l, b*x + a)*log(-(b~2%c™2*x
"2 + 2%b"2xckd*x + b72*d"2)/(2*axb*ckd - b"2*d"2 - (a2 + 1)*c”2)) - 2%axc
xarctan(b*x + a) + I*b*d*dilog((b*c*x + (a + I)*c)/((a + I)*c - bxd)) - Ix
b*d*xdilog((b*c*xx + (a - I)*c)/((a - I)*c - b*d)) - (b*d*arctan2(-(b*c~2#*x
+ b*cxd)/(2*axbxckxd - b™2%d"2 - (a2 + 1)*c~2), (axb*cxd - b~2*xd"2 + (axb*
c”2 - b72*c*xd)*x)/(2%a*xb*cxd - b"2*xd"2 - (a”2 + 1)*c”2)) - c)*log(b~2*x"2
+ 2xaxb*x + a”2 + 1))/(b*xc”2)

output
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Giac [F]

/ cot~!(a + bx) dp — / arccot (bz + a) i

d d
C+m c+x

inputLintegrate(arccot(b*x+a)/(c+d/x),x, algorithm="giac")

output tintegrate(arccot(b*x +a)/(c + d/x), x)

Mupad [F(-1)]

Timed out.

/ cot~!(a + bx) dp — / acot(a + bzx) "

d d
C+x c+x

inputLint(acot(a + b*x)/(c + d/%),x%)

output tint(a“t(a + b*x)/(c + d/x), x)

Reduce [F]

/ cot™(a + bx) dp — / acot(bz + a) z,

C-l-g cr+d

inputLint(acot(b*x+a)/(C+d/X),X)

Ou_tputtint((acot(a + bkx)*x)/(c*x + d),x)
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3.40 f cot_l(ad+b:1:) dx
ct+ ;Z

Optimal result . . . . . . . . . . .. . . 352
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 354
Maple [A] (verified) . . . . . . ... L 358
Fricas [F] . . . . . o o e
Sympy [F(-1)] . . o o o 359
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 359
Giac [F(-1)] . . o o o o 3601
Mupad [F(-1)] . . . . o
Reduce [F] . . . . . o o e
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Optimal result

Integrand size = 16, antiderivative size = 735

/ cot™!(a + bx) o — log(i — a — bx) n i(a + bz) log (—i;izzx)
c+ % N 2bc 2bc

Vex i—a—bx
darctan ( Vi ) log (—*3472%) N log(i + a + bx)

263/2 2bc
i(a + br) log (H—a-i—bw) darctan ( ) log (Ziiiﬁz)
o 2bc + 2c3/2
Vc(i—a—bx) _ Wew
_ \/c_llog ((z a)xf—l—zb\[) log <1 >
4c3/2
Ve(ita+bx) i
\/_log <(1+a)ﬁ ibVd log <1 B )
4¢3/2
V/e(i—a—ba) Ve
\/_ dlog <(l 2o M) log ( >
4c3/2
vc(i+a+bz) ier
\/_log ( (i+a)Veti bf> log <1 - )
4c3/2
b(Vi-iyer)
V/d PolyLog (2, m)
- 4¢3/2
b(\/ﬁ—i cz)
VdPolyLog (2, mz)
+ 463/2
b(Va+ive)
v/dPolyLog (2, —m)
+ 403/2

b(Va+iver)
v/dPolyLog <2, m)

4c3/2
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1/2*1n(I-a-b*x)/b/c+1/2*I* (b*x+a)*1n (- (I-a-b*x)/(b*x+a))/b/c-1/2%I*d~(1/2)
*arctan(c”(1/2)*x/d~(1/2))*1n(-(I-a-b*x) / (b*x+a))/c~(3/2)+1/2*1n(I+a+b*x) /
b/c-1/2*I* (b*x+a) *1n((I+a+b*x)/(bxx+a)) /b/c+1/2*¥I*d~ (1/2)*arctan(c” (1/2) *x
/d”~(1/2))*1n((I+a+b*x) /(b*x+a))/c~(3/2)-1/4%d~(1/2) *1n(c~(1/2) *(I-a-b*x)/(
(I-a)*c™(1/2)+Ixb*d~(1/2)))*1n(1-I*c~(1/2)*x/d~(1/2))/c~(3/2)+1/4%d" (1/2) *
In(c™(1/2)*(I+a+b*x) / ((I+a)*c~(1/2)-I*b*d~(1/2)))*1n(1-I*c~(1/2)*x/d~(1/2)
)/c”(3/2)+1/4*d” (1/2)*1n(c”~ (1/2) *(I-a-b*x)/((I-a)*c~(1/2)-I*b*d~(1/2)))*1n
(1+I*xc~(1/2)*x/d~(1/2)) /c~(3/2)-1/4%d~ (1/2) *1n(c~ (1/2) * (I+a+b*x) / ((I+a)*c™
(1/2)+I*b*d~(1/2)))*1n(1+I*c~(1/2)*x/d~(1/2))/c~(3/2)-1/4*d" (1/2) *polylog(
2,bx(d"(1/2)-Ixc~(1/2)*x)/ ((1+I*a)*c~(1/2)+b*d~(1/2)))/c~(3/2)+1/4*d~(1/2)
*polylog(2,bx(d~(1/2)-I*c~(1/2)*x)/(I*(I+a)*c”(1/2)+bxd~(1/2)))/c~(3/2)+1/
4%d~ (1/2)*polylog(2,-b*(d~(1/2)+I*c~(1/2)*x)/((1+I*a)*c~(1/2)-b*d~(1/2)))/
c~(3/2)-1/4%d" (1/2) *polylog(2,b*(d~(1/2)+I*c~(1/2)*x)/((1-I*a)*c~(1/2)+b*d
~(1/2)))/c~(3/2)

output

Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 930, normalized size of antiderivative = 1.27

t~'(a+b
/CO (a;L ) i
C-|-z—2

4clog(a + bx) + 2clog (=24 + 2aclog (=E%HE) + 2ibex log (5E4E2) + 2clog (HE4E2) — 2iaclog

input\Integra‘ce[ArcCot[a + b*x]/(c + d/x"2),x]
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(4xc*Logla + b*x] + 2%cxLog[(-I + a + b*x)/(a + b*x)] + (2+I)*a*xcxLogl[(-I
+ a + bxx)/(a + b*x)] + (2*I)*bxckx*Log[(-I + a + b*x)/(a + b*x)] + 2xc*Lo
gl(I + a + bxx)/(a + bxx)] - (2*I)*a*cxLog[(I + a + bxx)/(a + bxx)] - (2*I
)*¥bxcxx*xLog[(I + a + b*x)/(a + b*x)] + I*b*Sqrt[-c]*Sqrt[d]*Logl[(Sqrt[-c]*
(-I + a + b*x))/((-I)*Sqrt[-c] + a*Sqrt[-c] + bxSqrt[d])]*Logl[Sqrt[d] - Sq
rt[-cl*x] - I*b*Sqrt[-c]*Sqrt[d]l*Logl(-I + a + b*x)/(a + bxx)]*Log[Sqrt[d]
- Sqrt[-cl*x] - Ixb*Sqrt[-c]*Sqrt[d]*Logl[(Sqrt[-cl*(I + a + b*x))/((I + a
)*3qrt [-c] + bxSqrt[d])]*Log[Sqrt[d] - Sqrt[-c]*x] + Ixb*Sqrt[-c]*Sqrt[d]x*
Log[(I + a + b*x)/(a + b*x)]*Log[Sqrt[d] - Sqrt[-cl*x] - I*b*Sqrt[-c]*Sqrt
[d]*Log[(Sqrt[-c]*(I - a - b*x))/(-((-I + a)*Sqrt[-c]) + bxSqrt[d])]*Logls
qrt[d] + Sqrt[-cl*x] + Ixb*Sqrt[-c]l*Sqrt[d]*Logl[(-I + a + b*x)/(a + bxx)]*
Log[Sqrt[d] + Sqrt[-cl*x] + I*b*Sqrt[-cl*Sqrt[d]l*Logl[(Sqrt[-c]l*(I + a + b*
x))/((I + a)*Sqrt[-c] - b*Sqrt[d])]*LoglSqrtl[d] + Sqrt[-c]l*x] - I*b*Sqrtl[-
c]*Sqrt[d]*Log[(I + a + b*x)/(a + b*x)]*Logl[Sqrt[d] + Sqrt[-c]*x] + I*b*Sq
rt[-c]*Sqrt[d]*PolyLog[2, (b*(Sqrt[d] - Sqrt[-cl*x))/((-I)*Sqrt[-c] + a*Sq
rt[-c] + b*Sqrt[d])] - I*b*Sqrt[-c]*Sqrt[d]*PolyLog[2, (b*(Sqrt[d] - Sqrt[
-c]*x))/(I*#Sqrt[-c] + a*Sqrt[-c] + b*Sqrt[d])] + IxbxSqrt[-c]*Sqrt[d]*Poly
Log[2, (bx(Sqrt[d] + Sqrt[-cl#*x))/((-I)*Sqrt[-c] - a*Sqrt[-c] + b*Sqrt[d])
] - IxbxSqrt[-c]*Sqrtl[d]*PolyLog[2, (b*(Sqrt[d] + Sqrt[-cl*x))/(I*Sqrt[-c]
- axSqrt[-c] + bxSqrt[d])])/(4xb*xc~2)

output

Rubi [A] (verified)

Time = 2.08 (sec) , antiderivative size = 1222, normalized size of antiderivative = 1.66,

number of rules _ 438 Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {5575, 2993, 772, 262, 218, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) i

c%—j%
l 5575
1 plog (—=aE) g plog ()
—q = dr — =1 = dx
2 c+ 22 2 c+ z2
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z< (<log( a—bzx+1i)—log <_—aa——|_bbac$+z) —log(a+b3:)>/ +1d dm) +/10g(—a+— Za:—}-z)dx_/
C 2 c 3

b ; 1 1 b 1 b
z((log(a+bx)—log(a—l—ba:—l—i)—i—log (m)>/0+ dx —/Wdz—l—/og(iiw
z2

| = l\')\n—n

[\)

l 772

1 —a—br+1i z? log(—a — bx + 1)

2z< <<log(—a — bz +1i) —log <_a—|-b:c> — log(a + bx)) / e ddm) +/ " g% dx /
. 2 l 1 .

;i<<log(a+ba:) —log(a + bz + i) + log <a+bx+1>> / z dx_/‘wdm+/"‘5(”’”+”

a+ bz cx? +d ct+ % c+ 4

l 262

1 ) —a—br+1 x dfchl_l_ddx log(—a — bx + 1)
2z< <<log( a—bx+1i) —log <_a—|—bw> —log(a-}-ba:)) (c—c -l-/ C+f2

- d[ —3dx 1 b 1
;i((log(a+bx)—log(a+bx+i)+log <a+bm+z>> (x—fcw%rd> _/og(a—l-dx)dx_i_/og(a-i-

a + bz c c c+ % c+

l 218

1. log(— a—bx+z) /log(a-l—bw) o N _—a—bz+i\
21(/ c+ 704—;% dx log(—a — bx + i) — log et br log(a + bx) |

: , \
li _/log(a—i-bac)dgv_i_/log(a+bar:+z)dﬂthL log(a + bx) — log(a + bz + 1) + log a+br+i z
2 (34-9%2 c—i—g% a+bx c

l 2856

/ log(—a —bx +1) dloi((;;2—+b2)+ i)) i — / (log(ac+ br) dcltzfg(; i Z?)) dr — ((10g(_a — bz

A/
( /(log(a—l—bm dlog(a+bw)>dw+/ <log(a+ba:+i) _ dlog(a + bz +1)

1 —1
c(cx? +d) c c(cz? +d) >dw+ <og(a+bx) ¢

l 2009



input

output
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b(\/&—ﬁm) . b(ﬁx—i—x/@
}i _(—a—bm+iﬂqﬂ—a—bx+¢)_»Vabg<_U_@¢ﬂ?m@>l%ﬂ_a_bx+%)+_V8bg<¢:ﬁ—wﬂwﬂ
2 be 2(—c)3/2 2(—c)3/:
Vdlog M log(a+bz) +dlog —M log(a + bx)
li _(a+bz)log(a + bz) + V—catbVd _ ay/—c—bVd . (a4
2 be 2(—c)3/2 2(—c)3/2

Int[ArcCotla + b¥x]/(c + d/x2),x] |

(I/2)*(-(((I - a - b*x)*Logl[I - a - b*x])/(bxc)) - (x/c - (Sqrt[d]*ArcTan[
(Sqrt[c]l*x)/Sqrt[d]])/c~(3/2))*(LoglI - a - b*x] - Log[-((I - a - b*x)/(a
+ b*x))] - Logla + b*x]) - ((a + b*x)*Logla + b*x])/(b*c) - (Sqrt[d]*LoglI
- a - b*x]*Log[-((b*x(Sqrt[d] - Sqrt[-cl*x))/((I - a)*Sqrt[-c] - bx*Sqrt[d]
))1)/(2%(-c)~(3/2)) + (Sqrt[d]*Logla + b*x]*Log[(b*(Sqrt[d] - Sqrt[-c]*x))
/(a*Sqrt[-c] + b*Sqrt[d])])/(2%(-c)~(3/2)) - (Sqrt[d]l*Logla + b*x]*Log[-((
bx(Sqrt[d] + Sqrt[-cl*x))/(a*xSqrt[-c] - b*Sqrt[d]l))]1)/(2*(-c)~(3/2)) + (Sq
rt[d]*Log[I - a - bxx]*Log[(bx(Sqrt[d] + Sqrt[-c]*x))/((I - a)*Sqrt[-c] +
bxSqrt [d]1)]1)/(2x(-c)~(3/2)) - (Sqrt[d]*PolyLog[2, (Sqrt[-c]l*(I - a - b*x))
/(IxSqrt[-c] - axSqrt[-c] - bxSqrt[d])])/(2*(-c)~(3/2)) + (Sqrt[d]*PolyLog
[2, (Sqrt[-c]l*(I - a - b*x))/((I - a)*Sqrt[-c] + bxSqrt[d])])/(2*(-c)~(3/2
)) - (Sqrt[d]#*PolyLogl[2, (Sqrt[-cl*(a + b*x))/(a*xSqrt[-c] - b*Sqrt[d])]1)/(
2x(-c)~(3/2)) + (Sgrtl[d]*PolyLogl[2, (Sqrt[-cl*(a + b*x))/(a*Sqrt[-c] + b*S
qrt[d])]1)/(2x(-c)~(3/2))) - (I/2)*(-(((a + b*x)*Logl[a + b*x])/(b*c)) + ((I
+ a + bxx)*Logl[I + a + bxx])/(b*c) + (x/c - (Sqrt[d]l*ArcTan[(Sqrt[c]*x)/S
qrt[d]1)/c~(3/2))*(Logla + b*x] - LoglI + a + bxx] + Log[(I + a + bxx)/(a
+ b*x)]) + (Sqrtl[d]*Logla + b*x]*Log[(b*(Sqrt[d] - Sqrt[-cl*x))/(a*Sqrtl[-c
1 + bxSart[d]1)]1)/(2x(-c)~(3/2)) - (Sqrt[d]l*Log[I + a + b*x]*Log[(b*(Sqrt[d
1 - Sqrtl[-cl*x))/((I + a)*Sqrt[-c] + b*Sqrt[d]l)])/(2x(-c)~(3/2)) - (Sqrtl[d
I1*Logl[a + b*x]*Log[-((b*(Sqrt[d] + Sqrt[-cl#*x))/(a*Sqrt[-c] - b*Sqrt[d]...
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Defintions of rubi rules used

rule 218 Int[((a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 262 Int[((c_)*(x)) (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(b*x(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pr, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, xJ

772‘Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[x"(n*p)*(b + a/x"n) p,

le
i Lx] /; FreeQ[{a, b}, x] && ILtQ[n, O] && IntegerQ[p]

rule 2()09{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2856 Tntl((a_.) + Logl(c_.)*((d) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((f)) + (g_.
)*(x_)"(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])"p, (f + g*xx"r)~q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, r}, x] & I
GtQ[p, 0] && IntegerQ[ql && (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 11))

rule 2993 IntlLoglle_)*((f_.)*((a_.) + (b_.)*(x))"(p_.)*((c_.) + (d_.)*(x_))7(q_.))
“(r_.)]*(RFx_.), x_Symbol] :> Simp[p*r Int[RFx*Logl[a + b*x], x], x] + (Si
mp[g*r Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logla + b*x] + g*r*Loglc

+ d*x] - Loglex(f*x(a + bx*x)“p*(c + d*x)~q)°r]) Int[RFx, x], x]) /; FreeQ[
{a, b, ¢, d, e, £, p, q, r}, x] && RationalFunctionQ[RFx, x] && NeQ[b*c - a
*d, 0] && !MatchQ[RFx, (u_.)*(a + b*x)~(m_.)*(c + d*x)"(n_.) /; IntegersQ[
m, n]]

rule 5575 TntlArcCotl(a ) + (b_.)*(x_)1/((c_) + (d_.)*(x_)"(n_.)), x_Symbol] :> Simp[
I/2 Int[Log[(-I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] - Simp[I/2 1In
t[Log[(I + a + b*x)/(a + b*x)]1/(c + d*x"n), x], x] /; FreeQ[{a, b, c, 4}, x
] && RationalQ[n]
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Maple [A] (verified)

Time = 2.97 (sec) , antiderivative size = 728, normalized size of antiderivative = 0.99

method result

2v/—b2cd
2¢v/—b2cd

derivativedivides | Expression too large to display

iIn(bzitai+1)a iIn(—bzi—ai+1l)a

am _ i In(ba:
2bc + 2bc 2bc +

ibwd arctan ( 2iac+2(—bxi—ai+l)c—2c)
+

: T ma
risch e + o+

default Expression too large to display

e

Lint(arccot(b*x+a)/(c+d/x‘2),x,method=_RETURNVERBDSE)

~—

input

1/2%Pi/c*x+1/2/b*Pi/c*a+1/2*xI*bxPi*d/c/(-b~2*c*d) ~(1/2) *arctan(1/2* (2*xI*xa*
c+2% (1-I*a-Ixbxx)*c-2%c)/(~b~2xcx*d) ~(1/2))+1/2%I/b*Pi/c+1/2*I/b/c*1n(1+I*a
+Ixb*x)*a-1/2*I/b/c*1n(1-I*a-I*b*xx)*a+1/2*I/c*1n(1+I*a+I*b*x)*x-1/2%I/c*1ln
(1-I*a-Ixb*x)*x+1/2/b/c*1n(1-I*a-I*b*x)-1/b/c+1/4/c”2*1n(1-I*a-I*b*x)*1n ((
I*xa*xc-b*(cxd) ~(1/2)+(1-Ixa-Ixbx*x)*c-c)/(I*a*c-b*(c*d)~(1/2)-c))*(c*d)~(1/2
)-1/4/c”2*%1n(1-I*a-I*b*x)*1n((I*axc+b*(c*d) ~(1/2)+(1-I*a-I*b*x)*c-c)/(I*a*
ct+b*(c*d) ~(1/2)-c))*(cxd) ~(1/2)+1/4/c~2*%dilog((I*a*c—b*(c*d) ~(1/2)+(1-I*a-
Ixb*x)*c—c)/(I*xa*xc-b*(c*d)~(1/2)-c))*(cxd)~(1/2)-1/4/c”2*dilog((I*a*c+b*(c
*d) ~(1/2)+(1-I*a-I*b*x) *c-c)/ (I*a*xc+bx(c*xd) ~(1/2)-c)) *(c*d)~(1/2)+1/2/b/c*
In(1+I*a+I*b*x)+1/4/c”2*1n(1+I*a+I*b*x)*(c*xd) ~(1/2)*1n((I*a*c+b*(c*d)~(1/2
)-(1+I*a+Ixb*x)*c+c)/ (I*a*xc+b*(cxd) ~(1/2)+c))-1/4/c”2*1n(1+I*a+I*xb*xx)*(c*xd
)" (1/2)*1n((I*a*c-b* (cxd) ~(1/2) - (1+I*a+Ixb*x)*c+c)/(I*axc-b*x(cxd) ~(1/2)+c)
)-1/4/c”2%(c*d) " (1/2) *dilog((I*a*xc-b*(c*d) ~(1/2) - (1+I*a+I*b*x)*c+c)/(I*a*c
-b*(c*d) ~(1/2)+c))+1/4/c” 2% (c*d) " (1/2) *dilog((I*a*c+bx (cxd) ~(1/2)-(1+I*a+I
*b*xx)*c+c) / (I*axc+bx(cxd) ~(1/2)+c))

output

Fricas [F]

-1
/cot (a+bzx) dp — / arccot (bz + a) i

d d
c+ = c+ =

input integrate(arccot (b*x+a)/(c+d/x"2) ,x, algorithm="fricas")
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OutputLintegral(x“Q*arccot(b*x + a)/(cxx"2 + d), x) J

Sympy [F(-1)]

Timed out.
cot™(a + bx
/ # dr = Timed out
c+ 2
inputLintegrate(acot(b*x+a)/(c+d/x**2)’x) J
OutputLTimed out

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice
the leaf count of optimal. 8518 vs. 2(502) = 1004.

Time = 0.86 (sec) , antiderivative size = 8518, normalized size of antiderivative = 11.59

dx = Too large to display

/ cot™(a + bx)

c—l—g;i2

-

input tintegrate (arccot (b*x+a)/(c+d/x~2) ,x, algorithm="maxima")

e—
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-(d*arctan(c*x/sqrt(c*d))/(sqrt(c*d)*c) - x/c)*arccot(b*x + a) - 1/8%(8*ax*
cxarctan(b*x + a) + (4*bkarctan(sqrt(c)*x/sqrt(d))*arctan2((2*a*b~2xc*d +

(a*b~3*%d + (a3 + a)*bxc + (b~4*d + (a”2 + 3)*b~2*c)*x)*sqrt(c)*sqrt(d) +

(3*xb"3*cxd + (a”2 + 1)*b*c™2)*x)/(b"4*%d"2 + 2%(a”2 + 3)*b"2xc*kd + (2”4 + 2
*¥a"2 + 1)*c”2 + 4*%(b~3*%d + (a”2 + 1)*b*c)*sqrt(c)*sqrt(d)), ((a"2 + 3)*b~2
xckd + (a"4 + 2%xa”2 + 1)*c”2 + (2xa*b"2*c*x + b~3*d + 3*x(a”2 + 1)*b*c)*sqr
t(c)*sqrt(d) + (a*xb~3xcxd + (a~3 + a)*bxc™2)*x)/(b~4*d"2 + 2*(a”2 + 3)*b~2
xcxd + (2”4 + 2¥a”2 + 1)*c”2 + 4*x(b~3*d + (a”2 + 1)*b*c)*sqrt(c)*sqrt(d)))
+ 4xb*arctan(sqrt(c)*x/sqrt(d))*arctan2((2*a*b~2*c*d - (a*b~3*d + (a3 +

a)*bkc + (b74*d + (a”2 + 3)*b~2*c)*x)*sqrt(c)*sqrt(d) + (3*b~3xcxd + (a”2

+ 1)*b*c™2)*x)/(b74%d"2 + 2%x(a”2 + 3)*b"2*kcxd + (a™4 + 2*a”2 + 1)*c”2 - 4%
(b~3*%d + (a”2 + 1)*b*c)*sqrt(c)*sqrt(d)), ((a”2 + 3)*b~2*c*xd + (a~4 + 2*a”
2 + 1)*c”2 - (2*a*b~2*c*xx + b"3*d + 3*(a”2 + 1)*bxc)*sqrt(c)*sqrt(d) + (a*
b~3*cxd + (a”3 + a)*b*c”2)*x)/(b"4*d"2 + 2%(a"2 + 3)*b"2xc*d + (a”4 + 2%a”
2 + 1)*c™2 - 4x(b"3*d + (2”2 + 1)*b*c)*sqrt(c)*sqrt(d))) + bxlog(c*x~2 + d
)*¥log(((a™2 + 1)*b~22%c*d"11 + 11*(a”4 + 22*%a”2 + 21)*b"20%c™2*d~10 + 55%(
a"6 + 39x¥a”4 + 171%a”2 + 133)*b~18%c~3*d"9 + 33*(5%a”8 + 260%a”6 + 1870%a”
4 + 3876%a"2 + 2261)*b~16*%c~4*d"8 + 330%(a~10 + 61%¥a”8 + 570%a"6 + 1802*a”
4 + 2261%a”2 + 969)*b~14*c”5*d”7 + 22%(21*a~12 + 1386*a~10 + 15015*%a"8 + 6
0060*a~6 + 109395*%a~4 + 92378*a~2 + 29393)*b~12xc~6+%d"6 + 22x(21*a”14 +...

output

Giac [F(-1)]
Timed out.

dz = Timed out

/ cot™(a + bx)

d
04—55

inputLintegrate(arccot(b*x+a)/(c+d/x‘2),x, algorithm="giac")

p
Timed out

output

N
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Mupad [F(-1)]

Timed out.

/md

d
ct+ %

xr =

d
ct+ %

/de

input Lint (acot(a + b*x)/(c + d/x"2),x%)

Outputtint(acot(a + bxx)/(c + d/x72), x)

Reduce [F]

[

d
C+?

dx:/

acot(br + a) =*

cx?+d

dz

input Lint (acot (b*xx+a)/(c+d/x"2) ,x)

output

tint((acot(a + b*x)*x**2) / (c*xx**2 + d),x)
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3.41 f a+bcot ™1 (c+dx) dx

e+fvz
Optimal result . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . . ... 364
Rubi [F] . o oot e 365
Maple [C] (verified) . . . . . . . .. ...
Fricas [F] . . . . o . o o 367
Sympy [F(-1)] . . o o 367
Maxima [F] . . . . . 367l
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo

Reduce [F] . . . . . o
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Optimal result

Integrand size = 22, antiderivative size = 726

Vdy/z
/a—i—bcot Y(c+ dx) i 2a\/_ 2zb\/z+carctan<\/{>
e+ f\/_ f \/_f
2ib\/1 — carctanh(%)
+
Vdf

. N==2V¥-
ibelog ( (\/Eeerf >) log (e + fv/)
_ 7
. F(Vievaya
ibelog <<\/ET\/2—7f>) log (e + fv/z)
f2
ibelog (—f(\/;__\;gfn log (e + f/x)
_ 7
ibe log (—%) log (e + fv/Z)
72
’b\/_ log (—555")
f
elog (e + fy/) (a+iblog (—=552))
_ 7
_iby/zlog (E557E)  elog (e + fv/z) (a — iblog (“£5H*))
f f?

- Vd(et+fVm) )
~ ibe PolyLog (2, oy i=cf

f2

. Vd(e+f/z) )
~ ibe PolyLog (2, Vet =i=sf

£2
ibe PolyLog (2 M) 1be PolyLog (2, M)
_|_

+

+

? de—+/i—cf de++i—cf

- iz f?
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2%axx~(1/2) /£-2*Ixb* (I+c) ~(1/2)*arctan(d~(1/2)*x~(1/2)/(I+c)~(1/2))/d~(1/2
) /£+2xI*xb* (I-c)~(1/2)*arctanh(d~(1/2)*x~(1/2)/(I-c)~(1/2))/d~(1/2) /£-Ixb*e
*1n (£ ((-I-c)~(1/2)-d~(1/2)*x~(1/2)) /(A" (1/2) *e+(-I-c) ~(1/2) *f) ) *1n (e+f*x~
(1/2))/£72+I*b*ex1n(f*((I-c)~(1/2)-d" (1/2)*x~(1/2))/(d~(1/2) *e+(I-c)~(1/2)
*f))*1n(e+f*x~(1/2)) /£72-I*b*e*1n(-f*((-I-c)~(1/2)+d~(1/2)*x~(1/2))/ (@~ (1/
2)*e-(-I-c)~(1/2)*f))*1n(e+f*x~(1/2)) /£~ 2+I*bxe*1n(-f*((I-c)~(1/2)+d~(1/2)
*x7(1/2))/(d”(1/2) *e-(I-c) " (1/2) *£) ) *1n(e+f*x~(1/2) ) /£72+I*b*x~ (1/2) *1n (- (
I-c-d*x)/(d*x+c))/f-exln(e+f*x~(1/2))* (a+I*b*1n(-(I-c-d*x)/(d*x+c)))/f~2-1
*b*x~ (1/2) *1n ((I+c+d*x) / (d*x+c)) /f-ex1n(e+f*x~(1/2))* (a-I*b*1n ((I+c+d*x) / (
d*x+c)))/f~2-Ixb*e*xpolylog(2,d~(1/2)*(e+f*x~(1/2))/(d"(1/2)*e-(-I-c)~(1/2)
*f)) /£72-Ixb*expolylog(2,d” (1/2)*(e+f*x~(1/2))/(d"(1/2) *e+(-I-c)~(1/2)*£))
/£~2+Ixb*xexpolylog(2,d~(1/2)*(e+f*x~(1/2))/(d~(1/2)*e-(I-c)~(1/2)*£f)) /£~2+
Ixb*expolylog(2,d~(1/2)*(e+f*x~(1/2))/(d~(1/2)*e+(I-c)~(1/2)*£))/£~2

output

Mathematica [A] (verified)

Time = 23.82 (sec) , antiderivative size = 645, normalized size of antiderivative = 0.89

dz

/a+bmﬁ%mﬂh)

e+ fvz
[ 2/itef arctan YL 2vi—cfarctanh (Ve f(v=ice—vayz) \ |
2a(f\/3_c—elog(e+f\/5))—tb( * \;E( ”C)— 7 ( ”)+elog( (\/Ee+ T—cf))'

inputLIntegrate[(a + b*ArcCot[c + d*x])/(e + £xSqrt[x]),x] J




output
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(2%ax (fxSqrt[x] - exLogle + f*Sqrt[x]]) - Ixb*((2*xSqrt[I + c]l*fxArcTan[(Sq

rt[d]*Sqrt [x]) /Sqrt[I + c]])/Sqrtld] - (2*Sqrt[I - cl*f*xArcTanh[(Sqrt[d]*S
qrt[x])/Sqrt[I - c]]1)/Sqrtld] + exLogl[(f*(Sqrt[-I - c] - Sqrt[d]*Sqrt[x]))
/(8qrt[dl*e + Sqrt[-I - cl=*f)]*Logle + f*Sqrt[x]] - exLogl(f*(Sqrtl[I - c]
- Sqrt[d]*Sqrt([x]))/(Sqrt[dl*e + Sqrt[I - cl*f)]l*Logle + f*Sqrt[x]] + exLo
gl(f*(Sqrt[-I - c] + Sqrt[d]l*Sqrt[x]))/(-(Sqrtl[dl*e) + Sqrt[-I - cl*f)]*Lo
gle + £xSqrt[x]] - exLogl[(£*(Sqrt[I - c] + Sqrt[d]*Sqrt(x]))/(-(Sqrt[d]xe)
+ Sqrt[I - cl*f)]xLogle + f*Sqrt[x]] - f*Sqrt[x]*Logl[(-I + c + d*x)/(c +
d*x)] + exLogle + fxSqrt[x]1*Logl[(-I + c + d*x)/(c + d*x)] + fx*Sqrt([x]*Log
[(I +c + d*x)/(c + d*x)] - exLogle + fxSqrt[x]1*Logl[(I + c + d*x)/(c + dx*
x)] + exPolyLog[2, (Sqrt[d]l*(e + fxSqrt[x]))/(Sqrt[dl*e - Sqrt[-I - cl*f)]
+ exPolyLog[2, (Sqrt[d]l*(e + fxSqrt[x]))/(Sqrt[dl*e + Sqrt[-I - cl*f)] -
exPolyLog[2, (Sqrt[d]l*(e + f*Sqrtlx]))/(Sqrtl[dl*e - Sqrt[I - cl*f)] - exPo
lyLog[2, (Sqrt[dl*(e + f*Sqrt[x]))/(Sqrtl[dl*e + Sqrt[I - cl*£)]))/f~2

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+bcot™!(c + dx) e

e+ fvz
l 7267

Vz(a+beot™!(c+ dz))
[
l 7293
Vza by/z cot™(c + dx)
2/(e+f\/5+ PN )M
l 2009

~1 VVEFl—c—v/2Vd\/z V1 —ct
) _bef coteﬂ(tri};im)dﬁ ) gelog (e+f\/5) /7 barctan< N ) barctan (\/chL

f f? " f V2V 1+ eVdf " V2VVE +1+
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input‘ Int[(a + bxArcCot[c + d*x])/(e + f*Sqrt[x]),x] ‘

output L$Aborted J

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.43 (sec) , antiderivative size = 372, normalized size of antiderivative = 0.51

method result
derivativedivides 2“}/5 — ek (;;L fv2) +2 arccm;dwﬂ)ﬁ -2 arCCOt(de}?e In(e /) +b

_ R=RootOf (d2_Z4—4
default 2a}/5 _ 2ae ln(}z;-f\/.'i) + 2b arccot;da:+c)\/5 _ 2 arccot(dz—i}i)eln(e+f\/5) +b

__R=RootOf (d2_Z4—4

2/z eln(f/z—e) _ eln(e+f/z) _ eln(fzz—ez)> 2b arccot(dz+c)y/z _ 2b arccot(dz+c)eln(e+
parts a( T 72 72 72 + f 72
input tint ((at+b*arccot (d*x+c))/(e+f*x~(1/2)) ,x,method=_RETURNVERBOSE) J

2xaxx” (1/2) /f-2%axe/f~2x1n(e+f*x~ (1/2))+2*bxarccot (d*x+c) /f*x~ (1/2) -2%b*ar
ccot (d*x+c)*e/f~2%1n(e+f*x~(1/2))+b*sum((_R"2-2%_R*e+e~2)/(_R~3*d-3%_R~2x*d
xe+_Rkcxf~2+3%_Rkdxe~2-c*exf~2-d*e”3)*1n(f*x~(1/2)-_R+e),_R=Root0f (d"2x_Z~
4-4xq"2*%ex_Z" 3+ (2xcxd*f"2+6%d"2xe"2) * _Z~ 2+ (-4*ckdxe*xf~2-4xd"2xe"3) ¥ _Z+c 2%
£ 4+2%ckd*e~2%xf ~2+d"2%e~4+f~4) ) -bkexsum(1/ (_R172*d-2%_R1*d*e+c*xf~2+d*e~2) *
(In(e+f*x~(1/2))*1n((-f*x~(1/2)+_R1-e)/_R1)+dilog((-f*x~(1/2)+_Rl-e)/_R1))
, _R1=Root0f (d~2*_Z~4-4*d"2*xe*_Z 3+ (2*cxd*f " 2+6*d"2*e”2) *_Z~ 2+ (-4*ckd*exf~2
—-4xd"2%e"3) k_Z+c"2*f"4+2kckdxe 2% "2+d"2%e"4+£74))

output
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Fricas [F]

-1
/a—l—bcot (c+ dzx) dxz/barccot(dx—l—c)—l—adw

e+ fvz fVx+e

inputLintegrate((a+b*arccot(d*x+C))/(e+f*x‘(1/2)),x, algorithm="fricas")

‘integral(—(b*e*arccot(d*x + c) + a*xe - (bxfxarccot(d*x + c) + axf)*sqrt(x)

output
/(£ 24x - €72), %)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a+beot™!(c+ dx)
e+ fyVz

inputLintegrate((a+b*acot(d*x+c))/(e+f*x**(1/2)),X)

OutputLTlmed out

Maxima [F]

dz

/a—l—bcot_l(c—l—dz) B / barccot (dz +c¢) +a
e+ a fVz+e

input Lintegrate ((atb*arccot (d*x+c))/(e+f*x~(1/2)),x, algorithm="maxima")

‘2*(b*f‘2*integrate(1/2*arctan2(1, d*x + c)/(f*sqrt(x) + e), x) - axexlog(f

output
‘*sqrt(x) + e) + axfxsqrt(x))/£72
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Giac [F]
a+beot™!(c+ dzx) barccot (dz +c¢) +a
dr = dz
e+ fvz fvz+e
inputLintegrate((a+b*arccot(d*x+c))/(e+f*x*(1/2))’X, algorithm="giac")

output Lintegrate((b*arccot (d*x + c) + a)/(f*sqrt(x) + e), x)

Mupad [F(-1)]
Timed out.

dz

/a+bcot_1(c—|-dm) dx_/a+bacot(c+dm)
e+ fVz a e+ vz

input Lint((a + bkacot(c + d*x))/(e + f*x~(1/2)),x)

Outputtint((a + bracot(c + d*x))/(e + £*x~(1/2)), x)

Reduce [F|

/a+bcot‘1(c+dx) L WEelt (f =otdetge) b 12— 2log(v/z f +¢) ae

et fvz ’ 2

input Lint ((atb*acot (d*x+c))/(e+f*x~(1/2)) ,x)

output
‘x)*f + e)*xaxe) /f*x2

‘(2*sqrt(x)*a*f + int(acot(c + d*x)/(sqrt(x)*f + e),x)*b*f**2 - 2xlog(sqrt( ‘
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Optimal result

Integrand size = 18, antiderivative size = 693

/ cot_l(a + bz) e — _22\/@' + a arctan (%) N 217/t — aarctanh(%)
c+dyx B Vbd Vbd
, d(V=ima—Vbyz
iclog (—(\/&%m\df)) log (¢ + dy/z)
_ =
d(vi—a—Vby/x
iclog (—( N \/2_7;(9) log (¢ + dv/x)
+ a2

V—=i—a+Vb\/z
iclog (—%) log (¢ + dy/z)

P2
d(+vi—a+Vb/z
iclog (——(:/[;jm\df>) log (¢ + dy/z)
N z\/_log( acby) _iclog (¢ +dy/) log (-5
&2
| iesi) |t o3 ()
a2
ic PolyLog (2, %) ic PolyLog (2a %)
ic PolyLog <2, %) ic PolyLog (2, %)
+ +

d? d?
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-2*xI*(I+a)~(1/2)*arctan(b”(1/2)*x~(1/2)/(I+a)~(1/2)) /b~ (1/2)/d+2*I*(I-a)~(
1/2)*arctanh(b~(1/2)*x~(1/2)/(I-a)~(1/2)) /b~ (1/2) /d-I*c*1n(d*((-I-a)~(1/2)
-b~(1/2)*x~(1/2))/ (b~ (1/2) *c+(-I-a) " (1/2) *d) ) *1n(c+d*x~(1/2)) /d"2+I*c*1n(d
*((I-a)~(1/2)-b~(1/2)*x~(1/2))/ (b~ (1/2) *c+(I-a) " (1/2)*d) ) *1n(c+d*x~(1/2))/
d"2-I*c*1n(-d*((-I-a)~(1/2)+b~(1/2)*x~(1/2))/ (b~ (1/2)*c-(-I-a) ~(1/2)*d) ) ¥1
n(c+d*x~(1/2))/d~2+I*c*1n(-d*((I-a)~(1/2)+b~(1/2)*x~(1/2))/ (b~ (1/2) *c-(I-a
)~ (1/2)*d) ) *1n(c+d*x~(1/2))/d~2+I*x~ (1/2) *1n(- (I-a-b*x) / (b*x+a)) /d-I*c*1n(
c+d*x”(1/2))*1n(-(I-a-b*x)/(b*x+a))/d"2-I*x~(1/2) *1n((I+a+b*x)/(b*x+a))/d+
Ixc*1n(c+d*x~(1/2))*1n((I+a+b*x)/(b*x+a))/d~2-I*c*polylog(2,b~(1/2) * (c+d*x
~(1/2))/ (b~ (1/2) *c-(-I-a)~(1/2)*d))/d~2-I*c*polylog(2,b~(1/2)* (c+d*x~(1/2)
)/ (b~ (1/2)*c+(-I-a) " (1/2)*d) ) /d"2+I*c*polylog(2,b~ (1/2) * (c+d*x~(1/2))/ (b~ (
1/2)*c-(I-a)~(1/2)*d))/d"2+I*c*polylog(2,b” (1/2) *(c+d*x~(1/2))/ (b~ (1/2) *c+
(I-a)~(1/2)*d))/d"2

output

Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 618, normalized size of antiderivative = 0.89

/ cot™(a + bx) p

c+dyz
[ 2/itadarctan(Y22)  2,/i—adarctanh (Y2 d(vV=i—a—Vby/z d(vi-a
l( i \;B ( hLa) — Vb (M) +ClOg (<\/l;c+—\/—z7—ad)) log (C+d\/5)—010g( (\/l;c—i—-

input‘Integrate[ArcCot[a + b*x]/(c + d*Sqrt[x]),x]
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((-I)*((2*Sqrt[I + al*d*ArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[I + all)/Sqrt[b]l - (
2x3qrt[I - a]*d*ArcTanh[(Sqrt[bl*Sqrt[x])/Sqrt[I - all)/Sqrt[b] + c*Logl(d
*(Sqrt[-I - a] - Sqrt[bl*Sqrt[x]))/(Sqrtl[bl*c + Sqrt[-I - al*d)]*Loglc + d
*Sqrt [x]] - c*Logl[(d*(Sqrt[I - a] - Sqrt[b]l*Sqrt([x]))/(Sqrt[bl*c + Sqrt[I

- al*d)]*Loglc + d*Sqrt[x]] + c*Logl(d*(Sqrt[-I - a] + Sqrt[bl*Sqrt[x]))/(
-(Sqrt[bl*c) + Sqrt[-I - al*d)]*Loglc + d*Sqrt[x]] - cxLogl[(d*(Sqrt[I - a]
+ Sqrt[bl*Sqrt[x]))/(-(Sqrt[bl*c) + Sqrt[I - al*d)]*Loglc + d*Sqrt[x]] -

d*Sqrt [x]*Log[(-I + a + b*x)/(a + b*x)] + c*Loglc + d*Sqrt[x]]*Logl(-I + a
+ bxx)/(a + b*x)] + d*Sqrt[x]*Logl[(I + a + b*x)/(a + b*x)] - cxLoglc + d*
Sqrt [x]1*Log[(I + a + b*x)/(a + b*x)] + c*PolyLog[2, (Sqrt[bl*(c + d*Sqrt[
x]))/(Sqrt[bl*c - Sqrt[-I - al*d)] + c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x])
)/ (Sqrt[bl*c + Sqrt[-I - al*d)] - c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(
Sqrt[bl*c - Sqrt[I - al*d)] - c*PolyLog[2, (Sqrt[b]l*(c + d*Sqrt[x]))/(Sqrt
[bl*c + Sqrt[I - alxd)]))/d"2

output

Rubi [A] (verified)

Time = 2.38 (sec) , antiderivative size = 1133, normalized size of antiderivative = 1.63,

number of rules _
integrand size 0.222, Rules

number of steps used = 5, number of rules used = 4,
used = {5575, 7267, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) i

c+dy/r
15575
| log (—=ogtett) Lo 1orloe (=)
21/ ctdvz x_2z/ ctdyz T
l 7267
g valog (- =) s valos () .
z/) ctdvz T z/ ctdvz T
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Z, / (log (—=saett)  clog (—=4*) .

d d(c+dy/x)
(e () clos ()| s
5/ d B d(c+ dy/z) v
l 2009
d(ﬂ—ﬁﬁ) d(ﬁ—v
24/a arctan (f%i) 21 — aarctanh(%) clog ( Vbetv/i—ad ) log (c + dﬁ) clog ( Vbct+/-
1= + + -
' vbd Vbd d?
d(v=a=i-vbya) d(v=a—
2y/a arctan Vbyz 2v/a + tarctan vbyz clog Voct+y/—a—id log (¢ +-dv/z)  clog Vet
Vbd Vod d?

input LInt [ArcCot[a + b*x]/(c + d*Sqrt[x]),x] J
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(-I)*((-2*Sqrt [a] *ArcTan [ (Sqrt [b]l *Sqrt [x]) /Sqrt [al]) /(Sqrt [b]*d) + (2*Sqrt
[T + al*ArcTan[(Sqrt[b]l*Sqrt[x])/Sqrt[I + all)/(Sqrt[bl*d) + (cxLogl[(d*(Sq
rt[-I - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-I - al*d)]*Loglc + d*Sqr
t[x]1)/d"2 - (c*Log[(d*(Sqrt[-al - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-al
*d)]*Logl[c + d*Sqrt[x]])/d~2 + (c*Logl[-((d*(Sqrt[-I - al + Sqrt[b]*Sqrt[x]
))/(Sqrt[bl*c - Sqrt[-I - al*d))]*Loglc + d*Sqrt[x]])/d"2 - (c*Log[-((d*(S
qrt[-a] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c - Sqrt[-al*d))]*Loglc + d*Sqrt[x]])
/d"2 + (Sqrt[x]*Log[(I + a + b*x)/(a + b*x)])/d - (cxLoglc + d*Sqrt[x]]*Lo
gl(I + a + b*x)/(a + b*x)])/d"2 + (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrtl[x]))/
(Sqrt[bl*c - Sqrt[-I - al*d)])/d"2 + (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]
))/(Sqrt[bl*c + Sqrt[-I - al*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt
[x]1))/(Sqrt[bl*c - Sqrt[-al*d)]1)/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[
x]1))/(Sqrt[bl*c + Sqrt[-al*d)])/d"2) + Ix((-2xSqrt[a]l*ArcTan[(Sqrt[b]*Sqrt
[x])/Sqrt[all)/(Sqrt[bl*d) + (2*Sqrt[I - al*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt
[I - all)/(Sqrt[bl*d) + (cxLogl[(d*(Sqrt[I - al - Sqrt([bl*Sqrt[x]))/(Sqrt[b
I*c + Sqrt[I - al*d)]*Loglc + d*Sqrt[x]])/d~2 - (c*Logl[(d*(Sqrt[-a] - Sqrt
[bl *Sqrt [x]1))/(Sqrt[bl*c + Sqrt[-al*d)]*Loglc + d*Sqrt[x]])/d~2 + (c*Logl-
((a*(Sqrt[I - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c - Sqrt[I - al*d))]*Loglc +
d*Sqrt[x]11)/d"2 - (c*Log[-((d*(Sqrt[-a] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c -

Sqrt[-al*d))]*Loglc + d*Sqrt[x]11)/d~2 + (Sqrt[x]*Log[-((I - a - b*x)/(a...

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3008 IntL((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx"p])~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] & RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

rule 5575 IntlArcCotl(a ) + (b_.)*(x)1/((c)) + (d_.)*(x.)"(n_.)), x_Symbol] :> Simp[
I/2 Int[Log[(-I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] - Simp[I/2 1In
t[Log[(I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d}, x
] && RationalQ[n]
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7967 ‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si ‘
‘mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x ‘
‘ ] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]] ‘

rule

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.32 (sec) , antiderivative size = 364, normalized size of antiderivative = 0.53

method result

2
d >
(_R:Rootof(b2_24—4b2 e 7P+ (2abd2-+6b2 02)_Z2+

4b

2 arccot(br+a)y/z 2 arccot(bz+a)cln(c+dy/z)

derivativedivides = 7 +
d2 >
_R:RootOf(b2_Z4—4b2 e 734 (2ab d246b2 c2)_Z2+
4b
default 2 EICCOt(5x+a)ﬁ 2 arccot(bz+§2)cln (c+dy/x) +
. int (arccot (b*x+a) / (c+d*x~(1/2)) ,x,method=_RETURNVERBOSE)
input
2*%arccot (b*x+a) /d*x~ (1/2) -2*arccot (bxx+a)*c/d"2x1n(c+d*x~ (1/2) ) +4*xb/d~2* (1
output

/4%d"2/b*sum((_R™2-2*_R*c+c~2) / (_R"3*b-3*_R™2*b*c+_R*a*xd~2+3*_R¥b*c~2-a*c*
d~2-b*c"3) *1n(d*x~(1/2)-_R+c) , _R=Root0f (b"2*_Z~4-4*b~2*xc*_Z"3+(2*a*b*d~2+6
*¥b"2xc"2) *_Z~ 2+ (-4*axbxc*d"2-4xb"2xc"3) *_Z+a~2%d " 4+2*xa*xbxc " 2*d"2+b"2*c"4+d
~4))-1/4*c*d"2/b*sum(1/(_R1~2*b-2%_R1*b*c+a*d~2+b*c~2) * (In(c+d*x~(1/2))*1n
((-d*x~(1/2)+_R1-c)/_R1)+dilog((-d*x~(1/2)+_R1-c)/_R1)),_R1=Root0f (b~2x_Z~
4-4xb"2%c*_Z"3+(2*xaxbxd~2+6xb"2%c"2) *_Z" 2+ (~4*axbxcxd~2-4*xb"2%c"3) *_Z+a 2%
d"4+2*xa*xb*c”2%d"2+b"2%c~4+d"4)))
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Fricas [F]
/cot_l(a-l-bz) dp — / arccot (bz + a) .
c+dyx dyvz +c
input Lintegrate (arccot (b*x+a)/(c+d*x~(1/2)) ,x, algorithm="fricas") J
output Lintegral((d*sqrt(x)*arccot(b*x + a) - c*arccot(bkx + a))/(d"2%x - c~2), x) J

Sympy [F(-1)]

Timed out.
-1
/ w dzr = Timed out
c+dyx
input Lintegrate (acot (b*x+a) / (c+d*x**(1/2)) ,x) J
output LTimed out J
Maxima [F]
-1
/ cot(a+bz) / arccot (b +a)
ct+dyz dvz+c
input tintegrate (arccot (b*x+a)/(c+d*x~(1/2)) ,x, algorithm="maxima") J
output Lintegrate (arccot(b*x + a)/(d*sqrt(x) + c), x) J
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Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ cot™(a + bx)
c+dyz

inputtintegrate(arccot(b*x+a)/(c+d*x‘(1/2)),X, algorithm="giac")

Output‘Excep‘cion raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Warning, need to choose a branch fo
‘r the root of a polynomial with parameters. This might be wrong.The choice
‘ was done

Mupad [F(-1)]

Timed out.

-1
/cot (a + bx) dxz/acot(a+ba:) i
c+dy/x c+dx

inputtint(acot(a + b*xx)/(c + d*x~(1/2)),x)

Outputtint(acot(a + b*x)/(c + d*x~(1/2)), x)

Reduce [F]

-1
/cot (a+ bx) dp — / acot(bx+a)dx
c+dyx Vrd+e

input Lint (acot (bxx+a)/ (c+d*x™(1/2)) ,x)

output Lint(acot(a + b*x)/(sqrt(x)*d + c),x)
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3.43 f cot_l(ad+b:1:) dx
C+%

Optimal result . . . . . .. . . . .. 379
Mathematica [A] (verified) . . . . . . . .. ... L L o 380
Rubi [A] (verified) . . . .. . ... .
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... ... 384
Fricas [F] . . . . . . o
Sympy [F(-1)] . . . o o
Maxima [F] . . . . .. o
Giac [F(-2)] . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . .o o 380
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Optimal result

Integrand size = 18, antiderivative size = 811

/ w e — 214/ + ad arctan (%) ~ 2i\/i——adarctanh<%

c+ \% - Vbe? Vbe?
. V=i—a—Vb\/z
’ld2 lOg (%) lOg (d + C\/_)
+
c3

id? log (C(\/\/::Z%ﬁ) log (d + cy/)

3
id? log (%g—:/\gfy) log (d + cy/)
3

. c m+ﬁﬁ
Zd2 log (ﬁ) log (d+ C\/E) zd\/_log ( i—a— bz)

_|_

a+bx
3
_i(i —a—bz)log (—’;i—;i"”) id?log (d + cy/x) log ( ot
2bc c3
. loga+ b @dxflog(’titﬁ””)
bc
_ i(i + a + bx) log (’J;fg;’””) id?log (d + cy/z) log (Hatiz)
2bc c

. Vb(d+ey/x . Vb(d+eyT

id? PolyLog (2, —%) id? PolyLog (2, —%)
+ 3 — 3

. Vb(d+ev/T . Vb(d+eyT
N id? PolyLog <2, %}l) B id? PolyLog <2, %)

c3 c3
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Ixd*x~ (1/2)*1n((I+a+b*x)/ (b*x+a))/c”2+I*d"2*1n(c*x ((-I-a)~(1/2)-b~(1/2) *x~(
1/2))/((-I-a)~(1/2)*c+b~(1/2) *d) ) *1n(d+c*x~(1/2) ) /c~3-1/2*I* (I-a-b*x) *1n (-
(I-a-b*x)/(b*x+a))/b/c-I*d~2*1n(c*((I-a)~(1/2)-b~(1/2)*x~(1/2))/((I-a)~(1/
2)*c+b~ (1/2)*d) ) *1n(d+c*x~ (1/2)) /c~3+I*d"2*polylog(2,b” (1/2) *(d+c*x~(1/2))
/((-I-a)~(1/2)*c+b~(1/2)*d) ) /c~3-I*d"2*x1n(d+c*x” (1/2)) *1n((I+a+b*x) / (b*x+a
))/c”3-I*d"2*1n(c* ((I-a) ~(1/2)+b~(1/2)*x~(1/2))/((I-a)~(1/2) *c-b~(1/2)*d))
*1n(d+c¥x~(1/2)) /c~3+I*d~2xpolylog(2,-b~ (1/2)* (d+c*x™ (1/2))/((-I-a)~(1/2)
c-b~(1/2)*d) ) /c~3-2%I*(I-a) ~(1/2) *d*arctanh (b~ (1/2)*x~(1/2)/(I-a)~(1/2)) /b
~(1/2) /c~2+1n(b*x+a) /b/c-1/2*I* (I+a+b*x) *1n((I+a+b*x) / (b*x+a)) /b/c-I*d*x"(
1/2)*1n (- (I-a-b*x)/(b*x+a))/c~2+2xI*(I+a) ~(1/2) *d*arctan (b~ (1/2) *x~(1/2) /(
I+a)~(1/2)) /v~ (1/2) /c”2+I*d"2*1n(c*x ((-I-a) ~(1/2)+b~(1/2)*x~(1/2)) / ((-I-a)~
(1/2)*c-b~(1/2) #d) ) *1n(d+c*x~(1/2) ) /c~3-I*d"2*polylog(2,-b~ (1/2) * (d+c*x~ (1
/2))/((I-a)~(1/2)*c-b~(1/2)*d)) /c~3-I*d~2*polylog(2,b" (1/2) * (d+c*x~ (1/2))/
((I-a)~(1/2)*c+b~(1/2)*d) ) /c~3+I*d"2*1n(d+c*x~(1/2) ) *1n (- (I-a-b*x) / (b*x+a)
)/c”3

output

Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 809, normalized size of antiderivative = 1.00

-1
/cot j(La;ll-b:r:) s
C —_—
vz
c(v=i—a—Vbyx
4i+/1 + av/bed arctan Vovz) 4i+/1 — av/bedarctanh oy + 2ibd? log M log (d + c+
i+a Vi—a V—i—ac+Vbd

T

input Integrate[ArcCot[a + b*x]/(c + d/Sqrt[x]),x]
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((4*I)*Sqrt[I + al*Sqrt[bl*c*d*ArcTan[(Sqrt[b]l*Sqrt[x])/Sqrt[I + all - (4*
I)*Sqrt[I - a]l*Sqrt[b]*cxdxArcTanh[(Sqrt[bl*Sqrt[x])/Sqrt[I - all + (2xI)x*
b*d~2xLog[(c*(Sqrt[-I - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[-I - al*c + Sqrt[bl*d
)1*Logld + c*Sqrt[x]] - (2*I)*b*xd~2*Logl[(c*(Sqrt[I - a] - Sqrt[b]l*Sqrt[x])
)/(Sqrt[I - al*c + Sqrt[bl*d)]*Logld + c*Sqrt[x]] + (2*I)*b*d~2xLogl(c*(Sq
rt[-I - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[-I - al*c - Sqrt([bl*d)]*Logld + c*Sqr
t[x]] - (2+I)*bxd~2xLog[(c*(Sqrt[I - al + Sqrt[bl*Sqrt[x]))/(Sqrt[I - al*c
- Sqgrt[b]l*d)]*Logld + c*Sqrt[x]] + c”2*Logl[I - a - bxx] + I*a*xc"2xLog[I -
a - b*x] - (2%I)*b*cxd*Sqrt[x]*Log[(-I + a + b*x)/(a + b*x)] + I*bxc™2xxx*
Log[(-I + a + b*x)/(a + b*x)] + (2*I)*bxd~2*Logld + c*Sqrt[x]]*Log[(-I + a
+ b*x)/(a + b*x)] + c"2*Log[I + a + bxx] - I*a*xc™2xLog[I + a + b*x] + (2%
I) #*b*ckd*Sqrt [x]*Log[(I + a + bxx)/(a + b*x)] - Ixb*c 2*x*Log[(I + a + b*x
)/(a + b*x)] - (2+I)*b*d"2*Log[d + c*Sqrt[x]]*Logl[(I + a + b*x)/(a + b*x)]
+ (2*I)*bxd~2*PolyLog[2, (Sqrt[bl*(d + c*Sqrt[x]))/(-(Sqrt[-I - al*c) + S
grt[b]*d)] + (2+I)*b*d~2xPolyLog[2, (Sqrt[bl*(d + c*Sqrtl[x]))/(Sqrt[-I - a
I*c + Sqrt[bl*d)] - (2+I)*bxd~2*PolyLogl[2, (Sqrt[bl*(d + c*Sqrt[x]))/(-(Sq
rt[I - al*c) + Sqrt[bl*d)] - (2*I)*b*d~2*PolyLogl[2, (Sqrt[bl*(d + c*Sqrt[x
13)/(Sqrt[I - al*c + Sqrt[bl*d)])/(2xb*xc~3)

output

Rubi [A] (verified)

Time = 2.66 (sec) , antiderivative size = 1316, normalized size of antiderivative = 1.62,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5575, 7267, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/cot_l(a + bx) i

c+—j%
l 5575
log [ — =a=ba+i log [ atbati
[
l 7267

_ —a—bz+i a+bx+i
"Elog( a+bx >d\/5—i/xlog( a+bx )d\/5
Vze+d Vre+d

1
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l3008
log (4224 ) 2 log (#Hati)d  /zlog (etlet
Z/(ocg2<(\/;z—i_)d) B Og(;b > N xog(c +b ))d\/E
l2009

o(Vica—viyz o(V=a—vbyz o(VimariyE
log <(ﬁ+m>> log (Vac+d)d®  log (W) log (Vac+d)d® log <(\/T—\fbd>> lo;

i| - + -
c3 c3 c3

c(v—=a—i—Vby/z c(v—=a—Vbyz c(v—=a—i+vby/z
log <(\/f+\/l3d>> log (Ve +d)d*  log <(p+fbd)> log (e +d) & log <(ﬁ_m>>
1| — + -
c? c3 c3

s

Int [ArcCot[a + b*x]/(c + d/Sqrt[x]),x]

~—

input L




output

rule 2009

rule 3008

rule 5575
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/(-I)*((2*Sqrt[a]*d*ArcTan[(Sqrt[b]*Sqrt[x])/Sqrt[a]])/(Sqrt[b]*c“2) - (28

qrt[I + al*d*ArcTan[(Sqrt[b]l*Sqrt[x])/Sqrt[I + all)/(Sqrt[bl*c~2) - (d~2*L
ogl(c*(Sqrt[-I - al - Sqrt[bl*Sqrt[x]))/(Sqrt[-I - al*c + Sqrt[b]l*d)]x*Logl
d + cxSqrt[x]1]1)/c”3 + (d"2*Logl[(cx(Sqrt[-a]l - Sqrt[bl*Sqrt[x]))/(Sqrt[-al=*
c + Sqrt[bl*d)]*Logld + c*Sqrt[x]])/c"3 - (d"2*Logl[(c*(Sqrt[-I - a] + Sqrt
[b]*Sart[x1))/(Sqrt[-I - al*c - Sqrt[b]l*d)]*Logld + c*Sqrt[x]]1)/c"3 + (d~2
*xLog[(c*(Sqrt[-al] + Sqrt[b]l*Sqrt[x]))/(Sqrt[-al*c - Sqrt[bl*d)]*Logld + c*
Sqrt[x]1]1)/c”3 - (axLogla + b*x])/(2xbxc) + ((I + a)*Logl[I + a + bxx])/(2*b
xc) - (d*Sqrt[x]*Log[(I + a + b*x)/(a + b*x)]1)/c”2 + (x*Log[(I + a + b*x)/
(a + b*x)])/(2%c) + (d~2*Logld + c*Sqrt[x]]*Logl[(I + a + b*x)/(a + b*x)])/
c~3 - (d~2*PolyLog[2, -((Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[-I - al*c - Sqrt[b
1*%d))1)/c”3 + (d"2*PolyLogl[2, -((Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[-al*c - Sq
rt[bl*d))])/c"3 - (d"2xPolyLog[2, (Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[-I - al*
c + Sqrt[bl*d)])/c~3 + (d"2*PolyLogl[2, (Sqrt[bl*(d + c*Sqrt[x]))/(Sqrt[-al
xc + Sqrt[bl*d)]1)/c"3) + Ix((2*Sqrt[al*d*ArcTan[(Sqrt[bl*Sqrt[x])/Sqrtl[all
)/ (Sqrt[bl*c~2) - (2*Sqrt[I - al*d*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrtl[I - all)
/(8qrt[bl*c~2) - (d~2*Logl[(c*(Sqrt[I - al] - Sqrt[b]l*Sqrt[x]))/(Sqrt[I - al
*c + Sqrt[bl*d)]*Logld + c*Sqrt[x]])/c~3 + (d"2*Log[(c*(Sqrt[-al - Sqrt[b]
*Sqrt [x]))/(Sqrt[-al*c + Sqrt[bl*d)]*Logld + c*Sqrt[x1]1)/c”3 - (d"2xLogl(c
*(Sqrt[I - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[I - al*c - Sqrt[bl*d)]*Logld + ...

Defintions of rubi rules used

e

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[((a_.) + Logl(c_.)*(RFx_)"(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx"p])~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQl[{a, b, c, p}, x] & RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Int[ArcCot[(a_) + (b_.)*(x_)1/((c_) + (d_.)*(x_)"(n_.)), x_Symbol] :> Simp[
I/2 Int[Log[(-I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] - Simp[I/2 1In
t[Log[(I + a + b*x)/(a + b*x)]/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d}, x
] && RationalQ[n]
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7267‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si ‘
‘mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x
‘] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]] ‘

rule

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.32 (sec) , antiderivative size = 388, normalized size of antiderivative = 0.48

method result

c
(_R:Rootof(b2_24—4b2 d_ 27"

4b| —

derivativedivides arccot(:a:-l—a)x 2 arccot(i)2x+a)dﬁ + 2 arccot(bz—}-ac)?’d2 In(d+cy/z) n
ol ‘ (_R:RootOf(b2_Z4—4b2 d_Z
default arccot(fora)x 2 arccot(f;cﬂ)dﬁ + 2 arccot(bz+¢z)3d2 In(d+cy/x) n
input Lint (arccot (b*x+a)/(c+d/x~(1/2)) ,x,method=_RETURNVERBOSE) J
output /arccot (bxx+a) /c*x-2%arccot (b*xx+a) /c~2xd*xx~ (1/2) +2*arccot (b*x+a) *d~2/c”~3*1n )

(d+c*x~(1/2))+4*b/c~2%(-1/8%c/b*sum((-_R~3+5%_R~2*d-7*_R*d~2+3*d~3)/(_R~3*
b-3*_R~2*b*d+_R*a*c~2+3*_R*b*d~2-a*c~2*xd-b*d~3) *1n(c*x~ (1/2)-_R+d),_R=Root
0f (b~2%_Z~4-4%b~2%d*_Z"3+(2*a*b*xc~2+6%b~2%d~2) *_Z~ 2+ (—4*axb*c~2%d-4*b~2*d"
3)*_Z+a"2xc"4+2*axb*xc"2xd"2+b"2xd"4+c"4) ) +1/4*c*d"2/bxsum(1/ (_R172%b-2*_R1
*bxd+axc”2+bxd~2) * (In(d+c*x~(1/2) ) *1n((-c*x~(1/2)+_R1-d)/_R1)+dilog((-c*x~
(1/2)+_R1-d)/_R1)),_Ri1=Root0f (b~2*_Z~4-4xb~2*xd*_Z"3+(2*a*xb*c~2+6xb~2xd~2) *
_Z72+(~4*axb*xc"2xd-4%b~2*d"3) *_Z+a~2xc " 4+2*a*b*c”2*d"2+b"2%d"4+c"4)))
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Fricas [F]

/ cot~!(a + bx) dp — / arccot (bz + a) i

4 d
C-i-\/;c c+ﬁ

inputLintegrate(arccot(b*x+a)/(c+d/x“(1/2)),x, algorithm="fricas")

output‘integral((c*x*arccot(b*x + a) - dxsqrt(x)*arccot(b*x + a))/(c™2*x - d72),
»

Sympy [F(-1)]
Timed out.

dz = Timed out

/ cot™(a + bx)
c+ \%

inputLintegrate(acot(b*x+a)/(c+d/x**(1/2)),x)

Ou_tpudTimed out

Maxima [F]

/ cot™(a + bx) dp — / arccot (bz + a) i

C—I—\% c+\%

input Lintegrate (arccot (b*x+a)/(c+d/x~(1/2)) ,x, algorithm="maxima")

output Lintegrate (arccot(b*x + a)/(c + d/sqrt(x)), x)
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Giac [F(-2)]

Exception generated.

dr = Exception raised: TypeError

/ cot™(a + bx)
c+ \%

input Lintegrate (arccot (b*x+a)/(c+d/x~(1/2)) ,x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Warning, need to choose a branch fo
‘r the root of a polynomial with parameters. This might be wrong.The choice

‘ was done

Mupad [F(-1)]

Timed out.

/wdx_/acotmbx) s

c+ % c+ %

inputtint(acot(a + b*x)/(c + d/x~(1/2)),x%)

output 1Bt(acot(a + bx0)/(c + d/x°(1/2)), x)

Reduce [F]

/cot (a-l—bx /\/Eacot ba:-l—a)dx
C+f xc+d

inputLint(aCOt(b*x+a)/(0+d/XA(1/2)),X)

output Lint ((sqrt(x)*acot(a + b*xx))/(sqrt(x)*c + d),x)
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3.44 f a+bcot ™1 (c+dx) dx

e+ fr+gr?
Optimal result . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ... 390
Fricas [F] . . . . . . o 39T
Sympy [F(-1)] . . . o
Maxima [F(-2)] . . . . . . o o e 391]
Giac [F(-2)] . . o o o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o 3921

Optimal result

Integrand size = 23, antiderivative size = 398

dz

/ a+beot™!(c+ dx)
e+ fr+ gx?

1 (209 d(f—\/W) 2g(c+dzx) )
(a + bCOt (C + dl’)) 10g ( (df+2@g—209—d /f2—4eg >(1—z(c+dx))

Vf?—4deg

1 (209 d<f+\/f2—4€> 2g(c+dz> )
(a+bCOt (c+dx)) IOg < (2(1 c)g+d(f+ /f2—4e ))(1 i(c+dx))

f?—4deg
2(2cg—d(f—\/f2—4eg) ~29(c+da))
(df+2ig—2cg—d\/m) (1—i(c+dz)) )
2V f? —deg
2 <20_q—d (f+ \/JW) —2g(c+dw))
(26—0)g+d(f+\/F2—deg) ) (1-i(c+da)) >
2\/f% — deg

1b PolyLog (2, 1+
+

1b PolyLog (2, 1+
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output

N

(atbxarccot (d*x+c) ) *1n ((—4*cxg+2xd* (f- (-4*xexg+f~2) ~(1/2)) +4*xg* (d*x+c) )/ (d*
f+2xT*xg-2kcxg-d* (~4xexg+£~2) " (1/2) )/ (1-Ix(d*x+c)) )/ (-4*e*xg+£~2)~(1/2)-(a+b
xarccot (d*xx+c) ) *1n ((-4*c*xg+2*d* (f+(-4*e*g+£~2) " (1/2) ) +4xg* (d*x+c)) /(2% (I-c
)kg+d* (£+(-4*exg+£72)~(1/2)) )/ (1-I*(d*x+c)) )/ (-4*xexg+f~2) ~(1/2)+1/2*I*b*po
lylog(2,1+2x (2*cxg-d* (f- (-4*exg+f~2) ~(1/2) ) -2*xgx (d*x+c) ) / (d*f+2*xI*xg—-2*c*g—
dx (-4xexg+£72)~(1/2)) / (1-I*(d*x+c)) )/ (-4*xexg+f~2)~(1/2)-1/2*I*b*polylog(2,
1+2% (2xckg—d* (f+(—4*e*xg+£~2) 7 (1/2) ) -2*g* (d*x+c) ) / (2% (I-c) *g+d* (f+(-4*exg+f
~2)7(1/2)))/ (1-I*(d*x+c)) )/ (-4*xe*xg+f~2)~(1/2)

Mathematica [F]

dx

/a+bcot_1(c+dx) /a+bcot_1(c+dx)
dr =
e+ fx + gx? e+ fx + gx?

-

input L

Integrate[(a + bxArcCot[c + d*x])/(e + f*x + g*x~2),x]

| —

e

output L

~—

Integrate[(a + bxArcCot[c + d*x])/(e + f*x + g*x~2), x]

Rubi [A] (verified)

Time = 1.24 (sec) , antiderivative size = 427, normalized size of antiderivative = 1.07,

number of rules _
integrand size 0.087, Rules

number of steps used = 2, number of rules used = 2,
used = {7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ a+bcot™i(c + dx)
e+ fr+ gx?

l 7279

-1
/ a + beot™ (c + dzx) i
e+ fx+gz2 e+ fr+ gx?

l 2009
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, 2<2cg—2(c+dac)g—d( f—m))
2aarctanh< \/f%) ib PolyLog (2’ < fd—Md—2cg+2ig>(1—i(c+dz)) )
- V f? —deg " 2\/f2 — deg
, 2(2cg—2(ct+dz)g—d(f+/f2—4eg) )
i PolyLog (2’ <2(i—c)g+d(f+m»(1—i(c+d:c)) + 1)
2./ f?% — 4eg
2(—29(c+dz)+20g—d(f—\/m>>
(1—i(c+dz)) (—ZCg—d« /72 —4eg+df+2ig)
V f? —deg
2(—29(c+dw)+2cg—d(V/ FP—degt]))
(1—i(c+d)) (d(Mﬁ) +2(—c+i)g)

V f? — 4eg

bcot~!(c+ dx)log (—

beot™1(c + dz) log (—

input LInt[(a + bxArcCot[c + d*x])/(e + f*x + g*x~2),x] J

(-2xaxArcTanh[(f + 2xg*x)/Sqrt[£72 - 4*exgl])/Sqrt[£72 - 4*exg]l + (b*ArcCo
tlc + d*x]*Log[(-2*%(2%c*xg — d*(f - Sqrt[f~2 - 4*e*xgl) - 2*gx(c + d*x)))/((
d*xf + (2%I)*g - 2xcxg — d*Sqrt[f~2 - 4xexgl])*(1 - I*(c + d*x)))])/Sqrt[£f~2
- 4xexg] - (bxArcCot[c + d*x]*Log[(-2%(2xc*xg - d*(f + Sqrt[f~2 - 4xexgl)
- 2%gx(c + d*x)))/((2%(I - c)*g + d*x(f + Sqrt[f~2 - 4*exgl]))*(1 - Ix(c + 4d
*x)))]1)/Sqrt[£°2 - 4xexg] + ((I/2)*b*PolyLogl[2, 1 + (2*(2*c*g - d*(f - Sqr
t[£72 - 4xexg]) - 2xg*(c + d*x)))/((d*f + (2*I)*g - 2xc*g - d*Sqrt[f~2 - 4
xexg] )k (1 - Ix(c + d*x)))])/Sqrt[f~2 - 4*xexg] - ((I/2)*b*PolyLogl[2, 1 + (2
*(2xcxg — d*x(f + Sqrt[f~2 - 4*exgl]) - 2xgx(c + d*x)))/((2*x(I - c)*g + d*(f
+ Sqrt[£72 - 4xexgl))*(1 - Ix(c + d*x)))]1)/Sqrt[f~2 - 4xexg]

output

Defintions of rubi rules used

e hY

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

N J

rule 2009

rule 7279‘Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*x(x_)"(n2_.)), x_Symbol] :> Withl[ ‘
‘{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]1}, Int[v, x] /; Su ‘
mQ[vl] /; FreeQl{a, b, c}, x] && EqQ[n2, 2+n] && IGtQ[n, O] |




e

input L
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0

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice

the leaf count of optimal. 1036 vs. 2(358) = 716.

Time = 3.80 (sec) , antiderivative size = 1037, normalized size of antiderivative = 2.61

method result

idarctan | 2icg=ifd+2(—ide—ict1)g=29 | 9idarctan | 2ico=ifdt2(—ide—ictl)g—2¢
. \/—4d2eg+d2 2 \/—4d2eg+d2 2
risch

>a

dbln(—idz—ic+1)

/—4d%eg+d2f2 o V—A4d?eg+d? 2
parts Expression too large to display
derivativedivides | Expression too large to display

default Expression too large to display

int ((atb*arccot (d*x+c))/(g*xx~2+f*x+e) ,x ,method=_RETURNVERBOSE)

~—

output

-Ixd/ (-4*d"2*xe*xg+d~2*£72) ~(1/2) *arctan ((2*I*c*g-I*f*d+2* (1-I*c-I*d*x) *g—-2%
g)/ (-4xd"2%exg+d"2*f~2) ~(1/2) ) ¥b*Pi-2%I*d/ (-4*d ~2*e*xg+d~2*f~2) ~(1/2) *arcta
n((2*Ixckg-I*f*d+2* (1-Ikc-I*d*x) *g-2xg) / (—4*d~2*xe*xg+d~2xf~2) ~(1/2) ) *a-1/2%
d*b*1n (1-I*c-I*d*x) / (4*%d"2xe*xg-d~2*£~2) " (1/2) *1n ((2*I*kcxg-I*f*d+2% (1-I*c-I
*d*x) *g— (4*d"2xe*xg-d~2*%£72) " (1/2) -2%g) / (2*¥I*ckg-I*f*d- (4*d"2xe*xg-d~2*£~2) "
(1/2)-2%g) ) +1/2*%d*b*1n (1-I*c-I*d*x) / (4*d"2*e*g-d~2*£~2) " (1/2) *1n ((2*xI*cxg-
Ikfxd+2% (1-I*c-I*d*x) *g+(4*xd"2%e*xg-d~2+£72) " (1/2) -2%g) / (2*xI*c*g-I*f*d+(4*d
“2xe*xg-d~2%£72) " (1/2)-2%g) ) -1/2*d*b/ (4*d~2*exg-d~2*£~2) ~(1/2) *dilog ((2*I*c
*xg—T*f*kd+2* (1-I*c-I*d*x) *g—(4*d~2%e*g-d~2+£~2) ~(1/2) -2xg) / (2*xI*xc*xg-T*f*d-(
4xd"2%exg-d"2+%£72) " (1/2) -2%g) ) +1/2*d*b/ (4*d~2xe*xg-d~2*x£~2) ~(1/2) *dilog((2*
Ikcxg—I*f*d+2% (1-Ixc-I*d*x)*g+(4*d~2xe*g-d~2*x£72) ~(1/2) -2xg) / (2xI*xc*xg-T*f*
d+(4xd"2xexg-d"2*%£72) " (1/2) -2%g) ) -1/2¥b*d*1n (1+I*xc+I*d*x) / (4*d~2%exg-d~2*f
~2) 7 (1/2) *1n ((2*Ikckg-I*f*xd—2% (1+I*c+I*d*x) *g+ (4*d"2xe*xg-d~2x£72) =~ (1/2) +2*
g)/ (2% Ixcxg-I*f*d+2xg+(4*xd"2xe*xg-d"2*x£~2) ~(1/2)) ) +1/2*b*d*1n (1+I*c+I*d*x)/
(4*d~2%exg-d~2*%£72) " (1/2) *1n ((2*I*cxg-I*f*d-2* (1+I*xc+I*d*x) *g- (4*d "~ 2*exg-d
~2%£72) 7 (1/2) +2%g) / (2xI*c*g-Ixfxd+2*g— (4*d~2xe*g-d~2*x£72) ~(1/2) ) ) +1/2%b*d/
(4%d~2*%exg-d~2*£72) " (1/2) *dilog ((2*I*c*g-I*f*d-2% (1+I*kc+I*d*x) *g— (4*d~2%e*
g-d"2*%£72) " (1/2)+2%g) / (2% I*ckg-I*f*d+2xg—(4*xd"2%e*xg-d~2%£72) ~(1/2)))-1/2*b
*d/ (4*%d~2%e*g-d~2*f~2) ~(1/2) *dilog ((2*I*ckg-I*f*d-2* (1+I*c+I*d*x) *g+(4*d~2
xexg—d~2x£72) ~(1/2) +2xg) / (2% Ik cxg-I*f*d+2xg+(4*d"2%exg-d~2*£72) " (1/2)))
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Fricas [F]
/ a+beot™!(c+ dzx) dp — / barccot (dz +c¢) +a i
e+ fr+ gx? N gx*+ fx+e
input Lintegrate ((at+bxarccot (d*x+c) )/ (g*x~2+f*x+e) ,x, algorithm="fricas")

N >

output Lintegral((b*arccot(d*x +c) + a)/(gxx"2 + f*x + e), x)

Sympy [F(-1)]

Timed out.
bcot~! d
/ atbeor (et dv) dx = Timed out
e+ fr+ gz?
input Lintegrate ((atb*acot (d*x+c)) / (gkx**2+f*x+e) ,X)
outputLTimed out

Maxima [F(-2)]

Exception generated.

dr = Exception raised: ValueError

/ a+ beot™(c+ dx)
e+ fr+ gx?

tnput Lintegrate ((atb*arccot (d*x+c) )/ (g*x~2+f*x+e) ,x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*exg-f~2>0)', see “assume?  for

‘ more deta
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Giac [F(-2)]

Exception generated.

bcot™? d
/ a+bceot™ (c + d) dz = Exception raised: TypeError

e+ fr+ gx?

inputLintegrate((a+b*arccot(d*x+c))/(g*x‘2+f*x+e),x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Modgcd: no suitable evaluation poin
‘tModgcd: no suitable evaluation point Error: Bad Argument Value

Mupad [F(-1)]
Timed out.

dx

/a+bcot‘1(c+da:) _/a-l—bacot(c—i—dz)
e+ fz + gx2 N g+ fzr+e

-

input Lint((a + bxacot(c + d*x))/(e + f*x + gx~2),x)

—

output Lint((a + b*acot(c + d*x))/(e + f*xx + g*x~2), x)

Reduce [F]

/ a+beot™!(c+ dx)

i —— dx = Too large to display
e+ fr+gx

inputLint((a+b*acot(d*x+c))/(g*x"2+f*x+e),x)
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( - 4xacot(c + d*x)**x2xbkd*e*xg + acot(c + d*x)**2kbkd*f**2 + 4*xsqrt(4*e*g
- fx*x2)*atan((f + 2xgxx)/sqrt(4*e*xg - f£**2))*a*g + 8xint(atan(l/(c + d*x))
/ (c**x2%e + cx*2kxf*x + c**2*g*x**2 + 2%ckdkexx + 2%kckdkfxx*k%x2 + 2*c*d*g*x**
3 + dx*k2xe*xx*x*2 + dx*2*Lxx**3 + dkx22kgrx*k*x4d + e + f*x + grx**2) ,X) ¥bkCHk*2*
exgx*2 — 2+int(atan(1/(c + d*x))/(c**2ke + c**2xf*x + CH*2kg*x**2 + 2kckd*
exx + 2kcxkdkf*x**2 + 2kckdkgrxkk3 + dkk2kexxk*k2 + dkk2xfkx*k*k3 + dk*k2kgrxk*
4 + e + f£xx + gkx**2),x)*bkck*2*xf**2%g — 8+int(atan(1l/(c + d*x))/(c*k*2%e +

cxx2xfxx + CHkAkkgHkx*k*2 + 2kckdkexx + 2kcxdkfrx**k2 + kckd*kgrx*k*3 + d¥*2*xe
*xk*2 + Ak*k2*Fkx**k3 + d¥*2xgrx*kxd + e + £xx + grx**2) ,x)¥bkd**kkex*k2xg + 2
*int (atan(1/(c + d*x))/(cx*2xe + Ck*2xf*x + CH*¥2*xgxx**2 + 2kckd*exx + 2kc*
d*xfxx**2 + 2*c*d*g*x**3 + d**2%e*xx**2 + dx*2kfkx**3 + d**2*g*x**4 + e + fx*
X + gkxk*2) ,x) ¥b*kd**2%exfx*2 + 8xint(atan(l/(c + d*x))/(c**2%e + cx*k2xf*x
+ c**2*g*x**2 + 2xckd*exx + 2kckd*fxx**2 + 2*c*d*g*x**3 + d*x*x2%e*x**2 + dx*
*2xf*xk*3 + dx*k2kgxx*k*x4d + e + fxx + gkx**2),x)*bkexgx*2 - 2*int(atan(1/(c
+ d*x))/(c*k*2%e + cH*2xf*x + CH*kkgxx**2 + 2kckdkexx + 2kckd*f*x*k*2 + 2xc*
dxg*x**3 + dx*k2kexx**2 + dkx2*kf*x*k*3 + dx*kgxkx**x4 + e + £xx + gkx**2),x)*
b*f*x2%g + 16*%int((atan(1/(c + d*x))*x)/(c**2%e + cx*k2xfxx + CH*kkgxx**2 +

2%cxdkxe*xx + 2kckdkf¥x*k*2 + 2kckd*grxkk3 + dkk2kexx*k*¥2 + dFk*k2xfkx*¥%3 + d¥*
2¥gxx*k*d + e + fxx + ghx**2),x)*bkckdrexgx*2 - 4xint((atan(1/(c + d*x))*x)
[/ (cx*2xe + ck*2*fkx + Ck*2xghx*k*2 + 2kckdke*rx + 2kckdkfxx**k2 + 2kckdxgx. . .

output
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3.45 f = cot 1 (a+bx) dx

+a?+2abz+b*z?
Optimal result . . . . . . . . . . 394
Mathematica [A] (verified) . . . . . . . . . . ... 395
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L 396
Fricas [F] . . . . o . o o
Sympy [F] . . .
Maxima [F] . . . . . 397l
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o

Optimal result

Integrand size = 28, antiderivative size = 132

o JIFiarba)
cot~(a + br) Zicot (o + br) axctan (VHEEES)

z
V1 + a2 + 2abx + b2z b

. i/ 1+i(a+bz)
B 1 POlyLOg <2, —m)

b
1 PolyLog (2, Jm)

+ b

output ‘ -2*I*arccot (bkxx+a)*arctan ((1+I*(bxx+a))~(1/2)/(1-I*(bxx+a))~(1/2))/b-I*pol ‘
| ylog(2,-T*(1+Ix(bxx+a))~(1/2)/(1-I*(b*x+a))~(1/2))/b+I*polylog(2,I*(1+Ix(b |
*x+a))~(1/2)/ (1-T*(b*x+a)) " (1/2)) /b
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.96
cot™(a + bx)

V1 + a2 + 2abz + b2z2
\/1 + a2 + 2abx + b2x2 (Cot_l(a + b:L’) <log <1 _ eicot‘l(a-i-bx)) —log (1 + e’icot_l(a+b$)>) + i PolyLog

b(a + bx) 1+(

+bx)?
input LIntegrate [ArcCot[a + b*x]/Sqrt[l + a~2 + 2*axb*x + b~2%x"2],x] J
-((Sgrt[1 + a”2 + 2*axb*x + b~2*x"2]*(ArcCot[a + b*x]*(Log[l - E~(I*ArcCot |
‘ [a + bxx])] - Logl[l + E~(I*ArcCot[a + b*x])]) + IxPolyLogl[2, -E~(I*ArcCot[ ‘
‘a + b*x])] - IxPolyLog[2, E~(I*ArcCot[a + b*x])]))/(bx(a + b*x)*Sqrt[1 + ( \
2+ b~ (-2)1)) )

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.96,

— 2 number of rules _ 071, Rules
integrand size

number of steps used = 3, number of rules used =
used = {5579, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot~1(a + bx) .
Va2 + 2abm +b2x2+1
l 5579

CO 1a 4y
| Fasarardla+bo)

b
l 5422

—2iarctan 7V1+1:(a+bm) cot™(a + bz) — i PolyLog ( 2, —iivi@"bx)ﬂ + ¢ PolyLog ( 2, 17”('1"'”)“
v/1—i(a+bz) v/1—i(a+bx) v/1—i(a+bx)

b
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input‘Int[ArcCot[a + b*x]/Sqrt[1 + a~2 + 2kaxbxx + b~2xx~2],x]

‘((-2*I)*ArcCot[a + b*x]*ArcTan[Sqrt[1 + I*(a + b*x)]/Sqrt[l - I*(a + b*x)] ‘
‘] - IxPolyLog[2, ((-I)*Sqrt[1 + I*(a + b*x)])/Sqrt[l - Ix(a + b*x)]] + I*P
LolyLog[Q, (IxSqrt[1 + I*(a + bxx)]1)/Sqrt[1 - Ix(a + b*x)11)/b J

output

Defintions of rubi rules used

rule 5492 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))/Sqrtl[(d_) + (e_.)*(x_)"2], x_Symbol]
:> Simp[-2*I*(a + b*ArcCot[c*x])*(ArcTan[Sqrt[1 + Ixc*x]/Sqrt[1 - Ixcxx]]1/

(c*Sqrt[d])), x] + (-Simp[I*b*(PolyLogl[2, (-I)*(Sqrt[1 + I*c*x]/Sqrt[1 - Ix

c*x])]/(c*Sqrt[d]l)), x] + Simp[I*bx(PolyLogl[2, I*(Sqrt[1 + Ixc*x]/Sqrt[1l -

Ixc*x])]/(cxSqrt[d]l)), x]) /; FreeQl[{a, b, c, d, e}, x] && EqQle, c~2+d] &&
GtQ[d, 0]

rule 5579 Intl((a_.) + ArcCotl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((A_.) + (B_.)*(x_) + (
C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subst[Int[(C/d"2 + (C/d"2)*x"2)
~qx(a + b*ArcCot[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, A, B, C,

P> a}, x] && EqQ[B*(1 + c~2) - 2%Axcxd, 0] && EqQ[2*cxC - Bxd, 0]

Maple [A] (verified)

Time = 1.46 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.89

method | result

arccot(bz+a) In <1— bw"‘““) —arccot(bz+a) In <bw+a+i+1> +i dilog (l””'*"""i-l—l) —idilog <1— b’”"’“'”)

default | — V1+ka+a)? V1+ka+a)? \/1+(ba+a)? V1+ka+a)?
b
. int (arccot (b*x+a) / (b~ 2*x"2+2*a*xb*xx+a~2+1) ~(1/2) ,x,method=_RETURNVERBOSE)
input

(—1/b*(arccot(b*x+a)*ln(1—(I+a+b*x)/(1+(b*x+a)‘2)*(1/2))—arccot(b*x+a)*ln((
‘I+a+b*x)/(1+(b*x+a)‘2)‘(1/2)+1)+I*dilog((I+a+b*x)/(1+(b*x+a)‘2)‘(1/2)+1)—I

output
L*dilog(i—(I+a+b*x)/(1+(b*x+a)‘2)"(1/2) ) J
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Fricas [F]

cot™(a + bx) / arccot (bx + a)
V14 a? + 2abz + b2z2 Vb2z? 4+ 2abx +a® + 1

input‘integrate(arccot(b*x+a)/(b“2*x‘2+2*a*b*x+a‘2+1)*(1/2),x, algorithm="fricas
n

Lintegral(arccot(b*x + a)/sqrt(b”"2*x"2 + 2*a*b*x + a”2 + 1), x)

output
Sympy [F]
cot™(a + bx) / acot (a + bz)
V1+ a? + 2abx + b2x2 Va2 + 2abz + 222 + 1
input Lintegrate (acot (b*x+a) / (bx*2%x**2+2*a*xbkx+a**2+1) ** (1/2) ,x)

tIntegral(acot(a + b*x) /sqrt(a**2 + 2kaxb*x + b**2*kx**2 + 1), x)

output
Maxima [F]
cot™!(a + bx) / arccot (bz + a)
\/1+a2+2abx+b2z2 V22 +2abx + a2 + 1
input‘integrate(arccot(b*x+a)/(b‘2*x"2+2*a*b*x+a‘2+1)‘(1/2),x, algorithm="maxima

‘n)

Output‘integrate(arccot(b*x + a)/sqrt(b™2*x"2 + 2%a*bxx + a”2 + 1), x)
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Giac [F]
cot™(a + bx) / arccot (bx + a)
V14 a? + 2abz + b2z2 Va2 +2abr +a? + 1
input Lintegrate (arccot (b*x+a) / (b~2%x~2+2*a*b*x+a~2+1) ~(1/2) ,x, algorithm="giac") J
output Lintegrate (arccot(b*x + a)/sqrt(b™2*x"2 + 2*a*b*x + a”2 + 1), x) J

Mupad [F(-1)]

Timed out.
cot™(a + bx) / acot(a + bx)
\/1+a2+2abx+b2x2 Va?+2abz+ b2 22 +1
input Lint (acot(a + b*x)/(a"2 + b™2%x"2 + 2kaxbkx + 1)~(1/2),x) J
output Lint (acot(a + b*x)/(a”2 + b™2xx"2 + 2%axbxx + 1)°(1/2), x) J
Reduce [F]
cot™(a + bx) / acot(bx + a)
¢L+ﬁ+2®x+Wﬁ V222 4+ 2abz + a2 + 1
input Lint (acot (b*x+a) / (b~ 2%x~2+2*%axb*x+a~2+1) ~(1/2) ,x) J

output{int(acot(a + bxx)/sqrt(a**2 + 2%akbkx + brk2kx**2 + 1),X) J




output
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3.46 f cot ™1 (a+bz)
\/ (1+a?) c+2abcz+b?cx?

Optimal result . . . . . . . . .. . . 399
Mathematica [A] (verified) . . . . . . . . ... . Lo A00
Rubi [A] (verified) . . . . . . ... .. 00
Maple [A] (verified) . . . . . . . . . . 402
Fricas [F] . . . . . . o 402
Sympy [F(-1)] . . . o 03]
Maxima [F] . . . . . .. 03
Giac [F] . . . . o o 403
Mupad [F(-1)] . . . o 404
Reduce [F] . . . . o o 404

Optimal result

Integrand size = 33, antiderivative size = 216

/ cot~'(a + bx) i
Vv (1 + a?) ¢ + 2abez + b2ca?

2i/1+ (a + bzx)? cot™!(a + bx) arctan ( :

by/c+ c(a + bx)?
in/1+ (a + bx)? PolyLog (2 _@

b\/c+ c(a + bx)?

1+ (a+ bx)? POlyL0g< ’z%

by/c+ c(a + bx)?

-2xI*x (1+(b*xx+a) ~2) " (1/2) *arccot (b*x+a) *arctan ((1+I* (b*x+a)) ~(1/2) / (1-I* (b*
x+a)) ~(1/2)) /b/ (c+c* (b*x+a) ~2) ~(1/2) -I* (1+(b*x+a) ~2) ~(1/2) *polylog(2,-I*(1
+I*(b*xx+a))~(1/2)/(1-I*(b*x+a))~(1/2))/b/ (c+c*k(b*x+a) ~2) ~(1/2) +I* (1+(b*x+a
)~2)~(1/2)*polylog(2,I*(1+I*(b*x+a))~(1/2)/(1-I*(b*x+a))~(1/2))/b/(c+cx(b*

x+a)~"2)"(1/2)
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.64

cot™!(a + bx)
V(14 a?) ¢ + 2abez + b2cx?

(14 (a + bx)?) (cot Y(a + bx) <log (1 gteot” 1(“+b””)> —log <1 + eic"t_l(“*'bx))) + i PolyLog <2, —e

b(a+ bz)+\/c(1+ a? + 2abz + b222), /1 + (a+b:c)2

input LIntegrate [ArcCot[a + b*x]/Sqrt[(1 + a~2)*c + 2kaxbxc*x + b~2%c*x"2],x] J

outpus ~(((1 + (a + bxx)"2)x(ArcCot[a + brx]*(Log[l - E"(I*ArcCot[a + bxx])] - Lo
'gl1 + E"(IxArcCot[a + bxx])]) + I*PolyLogl[2, -E~(I*ArcCot[a + bxx])] - IxP
‘olyLog[2 E~(I*ArcCot[a + b*x])]))/(b*x(a + b*x)*Sqrtlckx(1 + a~2 + 2*axbxx ‘

‘+ b 2%x"2)1*Sqrt[1 + (a + b*x)~(-2)1))

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 155, normalized size of antiderivative = 0.72,

=3, number of rules _ 091, Rules
integrand size

number of steps used = 4, number of rules used =
used = {5579, 5426, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot~!(a + bx) i
V/ (a2 + 1) ¢ + 2abex + b2cx?
l 5579

b:
b

l 5426

cot~1(a+bx
\/(a+bx)2+1f¢%d(a+bx)
by/c(a+bx)? +c
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l 5422

V(a+br)2+1 (—21’ arctan (JiM) cot™!(a + bz) — i PolyLog (2, —%%) + i PolyLog (2, z\/ivf(j:(r:

by/cla+bx)? +c

-

input LInt [ArcCot[a + b*x]/Sqrt[(1 + a~2)*c + 2%a*bkcxx + b"2*xc*x"2],x]

~—

output, (SEELL + (2 + bax)"2]x((-241)#ArcCot[a + brx)sArcTan(Sqre[1 + Tr(a + b¥n)
‘]/Sqrt [1 - Ix(a + bxx)]] - I*PolyLogl[2, ((-I)*Sqrt[1 + I*(a + b*x)])/Sqrtl[
‘1 - Ix(a + b*x)]] + I*PolyLog[2, (I*Sqrt[l + I*(a + b*x)])/Sqrtl[l - I*(a +
L b*x)11))/(b*Sqrtc + c*(a + b*x)~2])

| —

Defintions of rubi rules used

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symbol]

:> Simp[-2*I*(a + bxArcCot[c*x])*(ArcTan[Sqrt[1 + Ixc*x]/Sqrt[1 - I*c*x]]1/
(c*Sqrt[d])), x] + (-Simp[Ixb*(PolyLogl[2, (-I)*(Sqrt[l + I*c*x]/Sqrt[1 - Ix
c*x])]/(c*Sqrt[d])), x] + Simp[I*b*(PolyLog[2, I*(Sqrt[l + Ixc*x]/Sqrt[1 -
I*xcxx])]/(c*Sqrtl[dl)), x]) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c~2*xd] &&
GtQld, o]

rule 5422

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))"(p_.)/Sqrtl(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[Sqrt[1 + c”2*x72]/Sqrt[d + e*x~2] Int[(a + b*ArcCot[c*x])~
p/Sqrtll + c™2*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c™2*xd] &
& IGtQ[p, 0] && !'GtQ[d, O]

rule 5426

rule 5579 Int[((a_.) + ArcCotl(c ) + (d_.)*(x_)1x(b_.))"(p_.)*x((A_.) + (B_.)*(x)) + (
C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subst[Int[(C/d"2 + (C/d"2)*x~2)
~g*(a + b*ArcCot[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, A, B, C,
p, qt, x] && EqQIB*(1 + c2) - 2%Axc*d, 0] && EqQ[2%c*C - Bxd, 0]
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Maple [A] (verified)

Time = 1.41 (sec) , antiderivative size = 156, normalized size of antiderivative = 0.72

method | result

i <z arccot(bz+a) In <1— W) —iarccot(bz+a) In <b’”+“+i+1> +polylog <2,b’”+“+i> —polylog (2,— —botati

\/ 1+ (bz+a)2 \/ 14 (bz+a)2 \/ 1+ (bz+a)?2 \/1+(bz+a

Vb22242abz+a2+1 be

default

int (arccot (bxx+a) / ((a”~2+1) *c+2*a*xb*c*xx+b~2*c*x~2) ~(1/2) ,x,method=_RETURNVE

input
RBOSE)

Ix(I*arccot (bxx+a)*1n(1-(I+a+bxx)/(1+(b*x+a)~2)~(1/2))-I*arccot (bxx+a)*1n(
(I+a+b*x)/ (1+(b*x+a) ~2) ~(1/2)+1)+polylog(2, (I+a+b*x) / (1+(b*x+a) ~2)~(1/2))-
polylog(2,-(I+a+b*x)/(1+(b*x+a)~2)~(1/2)))*(cx(bxx+a-I)*(I+a+b*x))~(1/2)/(
b~2xx~2+2xaxb*x+a~2+1)~(1/2) /b/c

output

Fricas [F|

cot™(a + bx) dp — / arccot (bx + a)
V(1 + a?) c + 2abcz + b2cx? \/b2cx? + 2 abex + (a2 + 1)c

dz

input ‘ integrate(arccot (b*x+a)/((a~2+1) *c+2*a*xbxc*x+b~2*c*x~2)~(1/2) ,x, algorithm ‘
‘=“fricas“) ‘

outputtintegral(arccot(b*x + a)/sqrt (b~2%c*x"2 + 2kakbkckx + (a”2 + 1)*c), x) J
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Sympy [F(-1)]
Timed out.
cot™(a + bx)

dz = Timed out
V(1 + a?) c + 2abcz + b2cx?

input Lintegrate (acot (bxx+a) / ((a*x*2+1) *c+2*axbkxckxx+b*kk2kckx**2) ** (1/2) ,x)

OutputLTlmed out

Maxima [F]

cot™!(a + bx) dp — / arccot (bz + a) i
V(1 + a?) c + 2abcz + b2cx? \/b2cx? + 2 abex + (a2 + 1)c

‘integrate(arccot(b*x+a)/((a‘2+1)*c+2*a*b*c*x+b‘2*c*x‘2)*(1/2),x, algorithm

input
‘=“maxima“)

OutputLintegrate(arccot(b*x + a)/sqrt(b™2*c*x"2 + 2*axbxc*x + (a”2 + 1)*c), x)

Giac [F]

cot™(a + bx) dp — / arccot (bx + a) i
V(14 a?) ¢ + 2abez + b2cz? \/b2cx? + 2 abex + (a2 + 1)c

t‘integrate(arccot(b*x+a)/((a"2+1)*c+2*a*b*c*x+b"2*c*x"2)"(1/2),x, algorithm

inpu
‘=“giac")

ou_tputkintegrate(arccot(b*x + a)/sqrt(b™2*c*x"2 + 2*axbxc*x + (a”2 + 1)*c), x)
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Mupad [F(-1)]

Timed out.

/ cot™(a + bx) x—/ acot(a + bx)
V(14 a?) ¢ + 2abex + b2cx? Veb?z2 +2acbz +c (a2 + 1)

input Lint(acot(a + bxx)/(cx(a”2 + 1) + b~2xc*x"2 + 2xaxbxc*x)~(1/2),x)

output Lint(acot(a + b*x)/(cx(a”2 + 1) + b™2%c*xx"2 + 2%axbxc*xx)~(1/2), x)

Reduce [F]

acot(bz+a)
cot™(a + bx) - / T et a1 0T
V(1 + a?) c + 2abcz + b2cx? Ve

input Lint (acot (b*x+a)/ ((a~2+1) *c+2*a*b*c*x+b~2xc*x~2) ~(1/2) ,x)

output Lint(acot(a + b*x)/sqrt (a**2 + 2%a*bkx + b¥*k2kx**2 + 1),x)/sqrt(c)
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cot ™1 (a+bz) dx

3.47
/ V1 + a2 + 2abx + b2x2

Optimal result . . . . . . . . .. . . . 4051
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 405
Rubi [N/A] © o oo o 06
Maple [N/A] . . . o 407
Fricas [N/A] . . . . . o 407
Sympy [N/A] . . 4a7
Maxima [N/A] . . . . o 408
Giac [N/A] « . o 408
Mupad [N/A] . . . . 4091
Reduce [N/A] . . . . o 09

Optimal result

Integrand size = 28, antiderivative size = 28

-1 -1
: cot~'(a + bx) dr — Tnt cot™"(a + bx) .
V1 + a2 + 2abzx + b2x2 v/ 1+ (a+ bx)?

output |

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 177 vs. 2(23) = 46.

Time = 0.28 (sec) , antiderivative size = 177, normalized size of antiderivative = 6.32

/ cot™!(a + bx)
V1 + a2 + 2abz + b2x2
_ 6Gamma () Gamma () (5(1 + a® + 2abz + bz?) (=3 + 2(a + bz) cot ™ (a + bz)) + 4(a + bz) cot ™
200 (1 + a2 + 2abz + b2a

inputtlntegrate [ArcCot[a + b*x]/(1 + a~2 + 2%a*b*x + b~2*x~2)"(1/3),x] ‘




output
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(6*Gamma [11/6] *Gamma [7/3]* (5% (1 + a”2 + 2*xa*b*xx + b~ 2*x"2)*(-3 + 2x(a + b*
x)*ArcCot[a + b*x]) + 4*(a + bxx)*ArcCot[a + b*x]*Hypergeometric2F1[1, 4/3
, 11/6, (1 + a™2 + 2xa*b*x + b~2*%x"2)"(-1)]) - 5%27(1/3)*Sqrt [Pi] *Gamma [5/
3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1 + a™2 + 2*axb*x + b~ 2%
x"2)7(-1)]1)/(20%b* (1 + a~2 + 2*axbxx + b~2*x"2) " (4/3)*Gamma [11/6]*Gamma [7/
3

Rubi [N/A]
Not integrable
Time = 0.26 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

—0, number of rules _ 000, Rules
integrand size

number of steps used = 3, number of rules used =

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ cot™1(a + bx)
\/a2 + 2aba: +b222 4+ 1
l 5579
cot~!(a+bx)
+ bx)
I3 Vi 1 d(a
l 5561
cot_l(a—i-bx) d a+ bz
f \/ (a + bx)? ( )
b
input LInt [ArcCot[a + bxx]/(1 + a™2 + 2%abxx + b"2%x"2)"~(1/3),x]

output ‘\

$Aborted
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Maple [N/A]
Not integrable

Time = 1.13 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

/ arccot (bx + a) i
(0?22 4 2abz + a2 + 1)%

input Liﬂt (arccot (b*x+a) / (b™2%x~2+2*a*b*x+a~2+1) ~(1/3) ,x) J

output Lint (arccot (bxx+a) / (b~2*x~2+2*axbxx+a~2+1) ~(1/3) ,x) J

Fricas [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ cot~'(a + bx) dp — / arccot (bx + a) s
V1+ a? + 2abz + b2 (b2 + 2abx + a® + 1)°

‘ integrate(arccot (bxx+a) / (b~ 2%x"2+2*axb*x+a~2+1)~(1/3) ,x, algorithm="fricas ‘

input = ‘

e—

p
output tintegral(arccot(b*x + a)/(b™2*x"2 + 2*%axb*x + a”2 + 1)7(1/3), x)

Sympy [N/A]
Not integrable

Time = 0.86 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

cot™(a + bz) / acot (a + bz)
V1 + a2 + 2abz + 62:162 Va2 + 2abz + b2x2 + 1

input Lintegrate (acot (bkx+a) / (bk*k2kx**2+2kaxbkx+ak*2+1) **(1/3) ,x) J
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output LIntegral(acot(a + bxx)/(ax*2 + 2kaxbkx + brk2kx*x2 + 1)%k(1/3), x) J

Maxima [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ cot™*(a + bx) dr = / arccot (bx + a) s
V14 a2 + 2abx + b2z2 (b?z? 4 2 abx + a® + 1)%

‘integrate(arccot(b*x+a)/(b*2*x‘2+2*a*b*x+a‘2+1)“(1/3),x, algorithm="maxima

L"’ J

Output‘integrate(arccot(b*x + a)/(b"2%xx"2 + 2%axb*x + a2 + 1)°(1/3), x)

input

Giac [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ cot™'(a + bx) dr = / arccot (bx + a) s
V1 + a? + 2abz + b2z (b2 + 2abz + a2 + 1)3

inputLintegrate(arccot(b*x+a)/(b‘2*x‘2+2*a*b*x+a*2+1)‘(1/3),x, algorithm="giac") J

OutputLintegrate(arccot(b*x + a)/(b™2%x~2 + 2xaxbxx + a~2 + 1)~(1/3), x) J
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Mupad [N/A]
Not integrable

Time = 0.87 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

/ cot™!(a + bx) .- / acot(a +bx) i
V1+ a? + 2abx + b2z? (a2 +2abz + b2 22+ 1)'/3

input Lint(acot(a + b*x)/(a”2 + b"2%x"2 + 2%axbxx + 1)~(1/3),x)

outputtint(acot(a + bxx)/(a"2 + b"2*%x"2 + 2*axb*x + 1)°(1/3), x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

dz

cot™(a + bx) dp — / acot(bx + a)
V1+a? + 2abz + b2 (b%a2 + 2abz + a? + 1)3

input‘int(aCOt(b*X+a)/(bAQ*X”2+2*a*b*x+a“2+1)‘(1/3),x)

outputtint(acot(a + bxx)/(a*x*2 + 2%a*b*x + bkk2kx**2 + 1)*x(1/3),x)




output

input
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3.48

cot ™1 (a+bz) d
/ /(1 + a?) c + 2abcx + bcx? v

Optimal result . . . . . . . . . . . . ..
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ...
Rubi [N/A] . . .
Maple [N/A] . . . . .
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . . o e
Reduce [N/A] . . . o o

Optimal result

Integrand size = 33, antiderivative size = 33

/(14 a?) ¢ + 2abcx + b2cx? ¢+ cla+ bz)?

cot™(a + bx) e — Tt ( cot~*(a + bz) 1:)

LDefer (Int) (arccot (b*x+a)/ (c+c* (b*x+a)~2)~(1/3) ,x)

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 180 vs. 2(25) = 50.

Time = 0.14 (sec) , antiderivative size = 180, normalized size of antiderivative = 5.45

/ cot™!(a + bx) .
/(14 a?) ¢ + 2abcx + b2cx?

(6 Gamma (%) Gamma (1) (5(1 + a® + 2abz + b*z?) (—3 + 2(a + bz) cot ™ (a + bz)) + 4(a + bz) cot

200 (c (1 + a® + 2abx +

LIntegrate [ArcCot[a + b*x]/((1 + a™2)*c + 2%a*bxc*x + b~2%c*x~2)~(1/3),x] J




output

input L

output ‘\
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(c*(6*Gamma [11/6] *Gamma [7/3]* (5% (1 + a~2 + 2%a*b*x + b™2*xx"2)*(-3 + 2*(a +
b*x) *ArcCot [a + b*x]) + 4x(a + b#*x)*ArcCot[a + b*x]*Hypergeometric2F1[1,
4/3, 11/6, (1 + a~2 + 2*axb*x + b~2%x"2)"(-1)]) - 5x27(1/3)*Sqrt [Pi] *Gamma
[56/3]#HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3}, (1 + a”2 + 2*a*bxx + b
~2%x72)7(-1)1))/(20%b*x (c* (1 + a~2 + 2*axbxx + b~2*x"2)) " (4/3)*Gamma[11/6]*

Gamma [7/3])

Rubi [N/A]
Not integrable
Time = 0.28 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00,

—0, number of rules _ 000, Rules
integrand size

number of steps used = 3, number of rules used =

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cot™1(a + bx)
Y/ (a2 + 1) ¢ + 2abex + b2cx?

l 5579

f cot~1(a+bx) (a+bx)

Y/ cla+ b:z:)2 +c

l 5561

cot~!(a+bx) dla+b
/ Ve(a+bx)2 +c (a-+ba)

b

Int[ArcCot[a + b*x]/((1 + a~2)*c + 2xa*bxc*x + b~ 2*c*x~2)~(1/3),x]

$Aborted
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Maple [N/A]
Not integrable

Time = 1.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.94

/ arccot (bx + a) N
((a® + 1) ¢+ 2abcx + b%xz)%

input Lint (arccot (b*x+a)/ ((a~2+1) *c+2*axb*c*x+b~2xc*x~2) ~(1/3) ,x) J

output Lint (arccot (b*x+a) / ((a~2+1) *c+2*a*b*cxx+b~2xc*x~2) ~(1/3) ,x) J

Fricas [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

/ cot™!(a + bx) dp — / arccot (bz + a) i
Y/ (14 a?) ¢ + 2abex + b2ca? (b2cz? + 2 abex + (a2 + 1))

lnput‘1ntegrate(arccot(b*x+a)/((a 2+1) *c+2*axbkckx+b~2%c*x~2) "~ (1/3) ,x, algorithm
‘-“frlcas“) ‘

output Lintegral(arccot(b*x + a)/(b"2%c*x"2 + 2*xaxbxcxx + (a2 + 1)*c)~(1/3), x) J

Sympy [N/A]
Not integrable

Time = 7.45 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.94

cot™(a + bx) / acot (a + bx) p
x
Y(1+a2)c+ 2abcx + b2cac2 c(a? + 2abx + b222 + 1)

input Lintegrate (acot (bxx+a) / ((a**2+1) *c+2%axbkckx+bk*kkckx**2) **(1/3) ,x) J
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output LIntegral(acot(a + bxx)/(cx(a*x2 + 2xaxbxx + bx*kx*x2 + 1))**(1/3), x) J

Maxima [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

dz

cot™(a + bx) dr — / arccot (bx + a)
/(14 a?) ¢ + 2abcx + b2ca? (b%cz? + 2 abex + (a? + 1)0)%

‘1ntegrate(arccot(b*x+a)/((a 2+1) *c+2*axbxcxx+b~2*c*xx~2)~(1/3) ,x, algorithm ‘

input
L—"max1ma") J

Output‘integrate(arccot(b*x + a)/ (b 2%c*x"2 + 2%axbkcxx + (a~2 + 1)*c)~(1/3), x) ‘

Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

dz

cot™(a + bx) dr = / arccot (bx + a)
/(1 + a?) ¢ + 2abcx + b2ca? (b%cz? + 2 abex + (a® + 1)0)%

‘integrate(arccot(b*x+a)/((a‘2+1)*C+2*a*b*c*x+b‘2*c*x‘2)‘(1/3),x, algorithm ‘

input ‘ Cngiach) ‘

Outputtintegrate(arccot(b*x + a)/ (b 2xc*x™2 + 2xa*bxcxx + (2”2 + 1)*c)~(1/3), x) J
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Mupad [N/A]
Not integrable

Time = 0.85 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

cot™!(a + br) acot(a +bx)
dz = 73 dz
/(14 a?) ¢ + 2abcx + b2cx? (cb2x2+2achbx +c (a2 + 1))

inputkint(acot(a + b*x)/(cx(a”2 + 1) + b~2%c*xx"2 + 2*axbkc*x)~(1/3),x) J

-/

p
output Lint(acot(a + b*x)/(c*x(a”2 + 1) + b "2%c*xx"2 + 2%axbxc*x)~(1/3), x)

Reduce [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.97

f acot(bz+a) dx

/ COt a’ + bl’) dr = (b2Z2+2abz+a2+1)31§
/(14 a?) ¢ + 2abcx + b2ca? c3
input tint (acot (b*x+a)/ ((a~2+1) *c+2*axbkxc*xx+b~2%c*xx~2)~(1/3) ,x) J

output Lint(a“t(a + bx)/(ax*2 + 2xaxbxx + brx2xxx*2 + 1)xx(1/3),%)/cxx(1/3) J
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a+bcot ™1 (c+dx)
3.49 | == Pt AT

Optimalresult . . ... ... ... ... ... ... .....
Mathematica [B] (warning: unable to verify) . . . . . .. .. ..
Rubi [B] (warning: unable to verify) . ... ... ........
Maple [C] (warning: unable to verify) . . . . . . ... ... ...
Fricas [F] . . . .. . . .
Sympy [F(-1)] . . .«
Maxima [F] . . . ... . .
Giac [F(-1)] . . . o o oo
Mupad [F(-1)] . . . . .
Reduce [F] . . . ... . .

Optimal result

Integrand size = 25, antiderivative size = 1199

/ a+ beot™!(c+ dx)
e+ fz? + gzt

dz = Too large to display



output

input |
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/-1/2*g“(1/2)*(a+b*arccot(d*x+c))*1n(-2*d*((-f-(—4*e*g+f“2)“(1/2))”(1/2)—g“

(1/2)*x%27(1/2)) /(27 (1/2) *(I-c) *g~ (1/2) —d* (£ - (~4*e*g+£~2) ~(1/2) )~ (1/2)) / (
1-Ix(d*x+c))) *27(1/2) / (—4*exg+£72) " (1/2) / (—f-(-4*exg+£72) ~(1/2)) " (1/2)+1/2
*g~ (1/2) * (atb*arccot (d*x+c) ) *1n(-2xd* ((-f+(-4*exg+f~2)~(1/2))~(1/2)-g~(1/2
)*xx27(1/2)) /(27 (1/2) *(I-c) *g~ (1/2) -d* (—f+(-4*exg+£~2)~(1/2))~(1/2)) / (1-I*
(d*x+c)))*27(1/2) / (-4*exg+£72) ~(1/2) / (-f+(-4d*exg+£72) " (1/2)) ~(1/2)+1/2%g~ (
1/2) * (atb*arccot (d*x+c) ) *1n(2*d* ((-f- (-4*e*xg+£72) " (1/2)) " (1/2)+g~ (1/2) *x*2
~(1/2)) /(27 (1/2) *(I-c) *g~ (1/2) +d* (—f - (—4xexg+£~2) " (1/2))~(1/2)) / (1-I* (d*x+
c)))*27(1/2) / (-4xexg+£~2) " (1/2) / (-f- (-4*exg+£~2) " (1/2) )~ (1/2)-1/2xg~ (1/2) *
(at+b*arccot (d*x+c) ) *1n(2xd* ((—f+(—4xexg+£~2)~(1/2))~(1/2)+g~ (1/2) *x*2~(1/2
))/(27(1/2) *(I-c) *g~ (1/2) +d* (—f+(-4*xe*xg+£~2)~(1/2))~(1/2)) / (1-I* (d*x+c)) ) *
27(1/2) / (-4*xexg+£2)~(1/2) / (—f+(~4*e*g+£72) ~(1/2))~(1/2)-1/4*Ixbxg™ (1/2) *p
olylog(2,1+2*d* ((-f-(-4*exg+£~2)~(1/2))~(1/2)-g~ (1/2)*x*2~(1/2)) /(27 (1/2) *
(I-c)*g~(1/2)-d* (-f- (-4*exg+£72)~(1/2))~(1/2))/ (1-I*(d*x+c)))*27 (1/2) / (-4*
exg+£72)7(1/2) / (-f-(-4*exg+£72) " (1/2)) " (1/2)+1/4*I*bxg~(1/2) *polylog(2,1+2
*dx ((—f+(-4xexg+£72) " (1/2))~(1/2)-g~ (1/2) *x*2~(1/2)) /(27 (1/2) *(I-c) *g~ (1/2
)-dx (—f+(-4*xexg+£72)7(1/2))~(1/2))/ (1-I*(d*x+c)))*27(1/2) / (-4*exg+£~2) " (1/
2) / (—f+(-4xexg+£~2)~(1/2)) " (1/2)+1/4xI*bxg™ (1/2) *polylog(2,1-2*d* ((-f-(-4*
exg+£72)7(1/2)) " (1/2)+g~ (1/2) *x%27(1/2)) /(27 (1/2) *(I-c) *g~ (1/2) +d* (- - (-4*
exg+£72)7(1/2))7(1/2)) / (1-Ix(d*x+c) ) ) *27(1/2) / (-4*exg+f~2)~(1/2) / (-f-(-. ..

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf

count of optimal. 3211 vs. 2(1199) = 2398.

Time = 4.60 (sec) , antiderivative size = 3211, normalized size of antiderivative = 2.68

/ a+ becot™i(c+ dx)

. dz = Result too large to show
e+ fx?+ gz

Integrate[(a + b*ArcCot[c + d*x])/(e + f*x™2 + g*x~4),x]




output

CHAPTER 3. LISTING OF INTEGRALS 417

(Sqrt[g]*(4*a*Sqrt[-f + Sqrt[f~2 - 4xexgll*Sqrt[-(f + Sqrt[f~2 - 4*exgl])~2

I*ArcTan[(Sqrt [2]*Sqrt [g] *x) /Sqrt[f - Sqrt[£f~2 - 4xe*g]]] - 4xaxSqrt[-f -
Sqrt[£72 - 4*exg]]*Sqrt[-(f - Sqrt[f~2 - 4xexg]) 2] *ArcTan[(Sqrt[2]*Sqrt[g
1*x)/Sqrt[f + Sqrt[f~2 - 4*exgl]] + I*b*Sqrt[-(f - Sqrt[f~2 - 4xe*gl)~2]*S
qrt[f + Sqrt[f~2 - 4*exgll*Logl[(Sqrt[2]*Sqrt[gl*(-I + c + dx*x))/(Sqrt[2]*(
-I + c)*Sqrtlg]l + d*Sqrt[-f - Sqrt[f~2 - 4xexgl]])]*Logl[Sqrt[-f - Sqrt[f~2
- 4xexg]] - Sqrt[2]*Sqrt[gl*x] - Ixb*Sqrt[-(f - Sqrt[f~2 - 4xe*g])~2]*Sqrt
[f + Sqrt[f~2 - 4*xexgl]*Log[(-I + c + d*x)/(c + d*x)]*Log[Sqrt[-f - Sqrt[f
"2 - 4xexgl] - Sqrt[2]1*Sqrtlgl*x] - Ixb*Sqrt[-(f - Sqrt[f~2 - 4*exgl)~2]*S
qrt[f + Sqrt[f72 - 4xexgl]*Logl[(Sqrt[2]*Sqrt[gl*(I + c + d*x))/(Sqrt[2]*(I
+ c)*Sqrtg] + d*Sqrt[-f - Sqrt[f~2 - 4xe*gl])]*Logl[Sqrt[-f - Sqrt[f~2 -
4xexg]] - Sqrt[2]*Sqrt[gl*x] + Ixb*Sqrt[-(f - Sqrt[f~2 - 4xe*g])~2]*Sqrt[f
+ Sqrt[£f~2 - 4xexg]]l*Log[(I + c + d*x)/(c + d*x)]*Log[Sqrt[-f - Sqrt[f~2
- 4xexg]] - Sqrt[2]*Sqrt[gl*x] - Ixb*Sqrt[f - Sqrt[f~2 - 4*exgl]]l*Sqrt[-(f
+ Sqrt[f~2 - 4xexg]) 2]*Log[(Sqrt[2]*Sqrt[gl*(-I + c + d*x))/(Sqrt[2]*(-I
+ c)*Sqrt[g] + d*Sqrt[-f + Sqrt[f~2 - 4*exgl])]*Log[Sqrt[-f + Sqrt[f~2 - 4
xexg]] - Sqrt[2]*Sqrt[gl*x] + Ixb*Sqrt[f - Sqrt[f~2 - 4*xexgl]l*Sqrt[-(f + S
qrt[£72 - 4xexg])~2]*Log[(-I + c + d*x)/(c + d*x)]*Log[Sqrt[-f + Sqrt[f~2
- 4xexgl]] - Sqrt[2]*Sqrt[gl*x] + I*bxSqrt[f - Sqrt[f~2 - 4*exgl]l*Sqrt[-(f
+ Sqrt[£f~2 - 4xexg]) 2]*Log[(Sqrt[2]*Sqrt[gl*(I + c + d*x))/(Sqrt[2]*(I...

Rubi [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 2808 vs. 2(1199) = 2398.

Time = 7.95 (sec) , antiderivative size = 2808, normalized size of antiderivative = 2.34,
number of rules _
integrand size 0.080, Rules

number of steps used = 2, number of rules used = 2,
used = {7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a+bcot_1(c+da:)
e+ fr2 + gzt

l 7279

-1
/ a + beot™ (c + dzx) i
e+ fr2+gz* e+ fz? + gzt

dr
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l 2009
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V2a g arctan _ Ve V2a g arctan Ve
v f=V/f2—4eg Ve f+V/ f2—4eg

VP deg\[f— /P —deg /TP deg\[f + /P~ deg

b 1 _ —c—dz+i 1 1— (2902+d2<f—\/W>> —c—dz+1)
V9 Og< ctdz ) og( ( ((f_\/W)dz) ffmdw(z c)cg (c-+dz)

2V2\/f2 —4deg\/f — \/f? — deg

b 1 _ —c=dz+i ) | 1— (290 +d2<f—\/m>> —c—dx+i)
\/g Og( ctdx ) Og( ( ((f—\/W)dz)"’\[\fmd-i—Q(l c)cg (c+dz)

2V2\/f? —deg\/f — \/f? — deg
<2g02—|—d2 (f—f-\/f2—746>> (—c—dz+1i)
(—((f+\/f2—4eg>d2) —V2/g\/ f+ V2 —4egd+2(i— c)cg (c+dz)

by/glog (=455 ) los

2v2/f? — 4eg\/f + 1/ f? — deg

b 1 —c—dz+i 1 1— (2902+d2 (f—i-m)) (—c—dz+i)
V9 0g< ctdz ) og ( ((f+\/W)d2>+\[f /P —degd+2(i— c)cg (c+dz)

(2gc +d? (f \/W))(c-l—dx-i-z
f—M)dQ—f\/ﬁ\/ - f2—4egd+2c(c+z)g) (ct+dzx)
23/ [~ deg\/f — /T2~ deg
s (555) ( o 7753) v

b\/glog(cgig;i)log 1 ((

ctdz ((f_w)d2+ffmd+2c(c+i)g (c+dz)

2v2/f? - 4eg\/f —\Vf? —4deg
<2g02+d2 ( F+y/P—4eg ))(c+da:+i) )

b glog ctdx+i log
\/_ ( ct+dx > ((f+\/W)d2 —V2g\/ f+ V2 —4eg d+2c(c+1)g (ctdz)

22/ f2 — deg\/ f +\/f? — deg
(2gc +d? (f+\/f2 —4e, ))(c+d:c+z
f+V f2—4e >d2+ff fHVF2—4eg d+20(c+z)g (c+dzx)

by/glog (Ctﬁ:’) log [1— ( (

22/~ deg\/f + /7 — deg
(2gc2 +d? ( f- \/m) ) (—c—dz+i)
~ ((#-v/77=deq) ) ~V2ya\ 1/ F=tegd+2(i=c)eq ) (c+do)

b,/g PolyLog (2, (

+
2/2\/F7 — deg\/f — /7 — deg
<2g02 +d? (f— M)) (—c—dz+i)
b,/ PolyLog | 2,
vaboly Og( (—((f—m>d2)+ﬁ\/§\/f—\/md+2(i—0)cg)(C+dw)
_+_

2v2\/f? —deg\/f — \/f? — deg

/




input

output
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‘Int[(a + bxArcCot[c + d*x])/(e + f*x~2 + g*x~4),x]

(Sqrt [2] *a*Sqrt [g] *ArcTan [(Sqrt [2] *Sqrt [g]l *x) /Sqrt [f - Sqrt[f~2 - 4xexgl]]
)/ (Sqrt[£~2 - 4*xexgl*Sqrt[f - Sqrt[f~2 - 4*e*gl]) - (Sqrt[2]*a*Sqrt[g]*Arc
Tan[(Sqrt [2]*Sqrt [g] *x) /Sqrt [f + Sqrt[£f~2 - 4*exgl]])/(Sqrt[£~2 - 4xexgl*S
qrt[f + Sqrt[f~2 - 4xexgl]) - (bxSqrtlgl*Log[-((I - ¢ - d*x)/(c + d*x))]*L
ogll - ((2xc™2%g + d"2*(f - Sqrt[f~2 - 4xe*xgl))*(I - ¢ - d*x))/((2*(I - c)
xc*xg — Sqrt[2]*d*Sqrt[gl*Sqrt[f - Sqrt[£f~2 - 4*exgl] - d"2%(f - Sqrt[f~2 -
4xexgl))*(c + d*x))])/(2*Sqrt[2]*Sqrt [£~2 - 4*xexgl*Sqrt[f - Sqrt[f 2 - 4x
exgl]) + (b*Sqrtlgl*Log[-((I - c - d*x)/(c + d*x))]*Logll - ((2xc™2xg + 4~
2% (f - Sqrt[f~2 - 4*xexgl))*(I - c - d*x))/((2*(I - c)*c*g + Sqrt[2]*d*Sqrt
[gl*Sqrt[f - Sqrt[f~2 - 4*exgl] - d"2x(f - Sqrt[£f~2 - 4xe*gl))*(c + d*x))]
)/ (2%Sqrt [2]1 *Sqrt [£72 - 4xe*gl*Sqrt[f - Sqrt[f~2 - 4*exgl]]) + (b*Sqrt([gl]*L
og[-((I - ¢ - d*x)/(c + d*x))]*Logl[l - ((2xc™2%g + d"2*(f + Sqrt[f~2 - 4xe
*g]))*(I - ¢ - d*x))/((2%(I - c)*cxg - Sqrt[2]*d*Sqrt[g]l*Sqrt[f + Sqrt[f~2
- 4xexg]] - d72%(f + Sqrt[f~2 - 4*exgl))*(c + d*x))])/(2*Sqrt[2]*Sqrt[£~2
- 4xexgl*Sqrt[f + Sqrt[f~2 - 4xexgl]l) - (b*Sqrtlgl*Log[-((I - c - d*x)/(c
+ d*x))]1*Logl[l - ((2%c™2xg + d~2+(f + Sqrt[f~2 - 4*exgl))*(I - c - d*x))/
((2%(I - c)*cxg + Sqrt[2]*d*Sqrt[g]l*Sqrt[f + Sqrt[f~2 - 4xexg]] - d~2*(f +
Sqrt[£72 - 4*exgl))*(c + d*x))])/(2*Sqrt[2]*Sqrt[£72 - 4*xe*xgl*Sqrt[f + Sq
rt[£72 - 4xexgl]) + (b*Sqrtlgl*Logl(I + c + d*x)/(c + d*x)]*Logl[l - ((2*c~
2%g + d72%(f - Sqrt[f~2 - 4xexgl))*(I + c + d*x))/((2%c*(I + c)*g - Sqr...

Defintions of rubi rules used

-

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule

~—

7279‘Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
‘{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su

'mQ[vl] /; FreeQl{a, b, c}, x] & EqQ[n2, 2*n] &% IGtQ[n, 0]

\‘




input

output

CHAPTER 3. LISTING OF INTEGRALS 421

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.42 (sec) , antiderivative size = 1287, normalized size of antiderivative = 1.07

method result size
risch Expression too large to display | 1287
parts Expression too large to display | 2083

derivativedivides | Expression too large to display | 2090

default Expression too large to display | 2090

int ((atb*arccot (d*x+c))/(g*xx~4+f*x"2+e) ,x ,method=_RETURNVERBOSE)

\

1/4*%I*d"3*Pi*sum(1/ (6*I*_R™2*c*xg-2%I*c~3*g-I*cxd 2*f-12*%I*_Rkcxg+2*_R™3*g-
6%_Rkc~2xg—_R*xd"2*f+6xI*ckg—6xg*_R™2+6%c”~2xg+d~2*xf+6%g*_R-2%g) *1n (-I*d*x-I
*c+1-_R),_R=RootOf (g*_Z 4+ (4*Root0f (_Z"2+1,index=1) *c*kg—4*g) *_Z"3+(-12*Roo
t0f (_Z"2+1,index=1) *cxg—-6%c~2xg-d"2*f+6xg) *_Z~2+(-4*Root0f (_Z~2+1,index=1)
*Cc~3%g-2xRoot0f (_Z"2+1, index=1) *c*d~2*f+12*Root0f (_Z~2+1,index=1) *cxg+12*c
“2kg+2%d"2xf-4%g) * _Z+4*Root0f (_Z"2+1,index=1) *c~3*g+2xRoot0f (_Z"2+1, index=
1) xc*xd~2*f+c"4*g+c”2xd"2*f+exd"4-4*Root0f (_Z~2+1,index=1) *kcxg-6*c~2xg-d "2
f+g) ) *b+1/2*xI*d~3*a*sum(1/ (6*%I*_R™2xcxg-2xI*c™3xg-Ixcxd " 2+f-12%I*_R¥c*xg+2*
_R™3%g—6%_R*xc~2%g—_R*d 2*xf+6*I*kcxg—6*g*_R™2+6*c~2*g+d " 2*xf+6%g*_R-2%g) *1n (-
Ixd*x-I*c+1-_R),_R=RootOf (g*_Z~4+(4*Root0f (_Z~2+1,index=1) *c*g-4*g) *_Z 3+(
-12xRoot0f (_Z"2+1,index=1) *c*g—6*c~2%g—d " 2*f+6%g) *_Z~2+(-4*Root0f (_Z"2+1,i
ndex=1) *c~3%g-2*Root0f (_Z"2+1, index=1) *c*d~2*f+12*Root0f (_Z~2+1, index=1) *c
*xg+12%c™2%g+2%d " 2%f-4%g) *_Z+4*Root0f (_Z"2+1, index=1) *c~3*g+2*Root0f (_Z"2+1
,index=1) *c*d~2*f+c 4*g+c 2*d"2*f+exd~4-4*Root0f (_Z"2+1,index=1) *c*g-6*c~2
*xg-d~2*f+g))+1/4%d"3xbksum(1/ (6*I*_R172*kc*kg—-2xI*c~3*g-Ixcxd 2*f-12*%I*_Rlxc
*g+2%_R1°3%g-6%_R1*c 2%g-_R1*d 2*f+6+I*ckg-6%_R1-2%g+Exc 2kg+d 2+ +6%_Ri*g
-2%g) * (In(1-I*c-T*d*x)*1n( (_R1+I*d*x+I*c-1)/_R1)+dilog((_R1+I*d*x+I*c-1)/_
R1)),_R1=RootO0f (gx_Z~4+(4*Root0f (_Z~2+1,index=1) *cxg-4*g) *_Z~3+(-12+Root0f
(_Z~2+1,index=1) *c*xg-6*c~2xg-d~2*f+6x*g) *_Z~2+(-4*Root0f (_Z"2+1,index=1)*c~
3*xg-2*Root0f (_Z"2+1,index=1) *c*d~2*f+12*xRoot0f (_Z"2+1,index=1)*c*g+12*c...
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Fricas [F]
/ a+beot™!(c+ dzx) dp — / barccot (dz +c¢) +a i
e+ fx? + gzt N grt+ fr2 +e
input Lintegrate ((at+bxarccot (d*x+c))/ (g*x~4+f*x"2+e) ,x, algorithm="fricas")

output Lintegral((b*arccot(d*x +c) +a)/(gkx"4 + £*x"2 + e), x)

Sympy [F(-1)]

Timed out.
bcot™! d
/ atboor e+ do) dx = Timed out
e+ fx2 + gxt
input Lintegrate ((atbxacot (d*x+c)) / (gxxx*4+Efxx**x2+e) ,X)
output LTimed out
Maxima [F]

-1
/a-l—bcot (c—l—dz)d :/barccot(dx—l—c)—i—adx

e+ fx? + gzt grt+ fz2 +e

input Lintegrate ((atb*arccot (d*x+c) )/ (gxx~4+f*x"2+e) ,x, algorithm="maxima")

output Lintegl'ate((b*arccot (d*x + c) + a)/(g*x~4 + f*x™2 + e), x)
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Giac [F(-1)]

Timed out.
a+bcot™(c+ dx -
/ ( ) dz = Timed out
e+ fx? + gzt
input Lintegrate ((atb*arccot (d*x+c) )/ (gxx~4+f*x"2+e) ,x, algorithm="giac") J
Ou_tputLTimed out J

Mupad [F(-1)]

Timed out.
/a+bcot—1(c+dx) dp — / a+ bacot(c+dx) s
e+ fz? + gzt N g+ fr2 te
input Lint((a + bkacot(c + d*x))/(e + f*x~2 + gxx~4),x) J
output Lint((a + bxacot(c + d*x))/(e + £*x72 + g*xx~4), x) J
Reduce [F|
/ a+beot™(c+ dx)
dz
e+ fz? + gzt
2o Ve f-2/ae NN T
- Ve \/Ex/é-l-faan( NN ) af —4/94/ \/_\/_+faan< Sovr it )ae Nz

input Lint ((a+b*acot (d*x+c) )/ (g*x~4+f*x"2+e) ,X) J
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(2*sqrt(e) *sqrt (2xsqrt(g) *sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - £) -
2xsqrt (g) *x) /sqrt (2xsqrt (g) *sqrt(e) + f))*axf - 4xsqrt(g)*sqrt(2*sqrt(g)*
sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - f) - 2*sqrt(g)*x)/sqrt(2*sqrt(
g)*sqrt(e) + f))xa*xe — 2xsqrt(e)*sqrt(2*sqrt(g)*sqrt(e) + f)*atan((sqrt(2#*
sqrt(g) *sqrt(e) - f) + 2*sqrt(g)*x)/sqrt(2*sqrt(g)*sqrt(e) + f))*a*xf + 4xs
art (g) *sqrt (2*sqrt (g) *sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - £) + 2xs
qrt (g)*x) /sqrt (2*sqrt(g) *sqrt(e) + f))*a*xe - sqrt(e)*sqrt(2*sqrt(g)*sqrt(e
) - £)xlog( - sqrt(2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + sqrt(g)*x**2)*axf
+ sqrt(e)*sqrt(2xsqrt(g) *sqrt(e) - f)*log(sqrt(2*sqrt(g)*sqrt(e) - f)*x +

sqrt(e) + sqrt(g)*x**2)*a*xf - 2xsqrt(g)*sqrt(2*sqrt(g)*sqrt(e) - f)*log( -
sqrt (2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + sqrt(g)*x**2)*axe + 2xsqrt(g)*s
qrt (2*sqrt(g) *sqrt(e) - f)*log(sqrt(2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + s
qrt (g) *x*x2) *a*e + 16*int(acot(c + d*x)/(e + fxx*x2 + gkx**4) ,x)*bkex*2xg

- 4xint(acot(c + d*x)/(e + f*x*x*2 + gkx**4),x)*b*exf**x2)/(4d*e*(4dxe*xg — Lf**
2))

output




output
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3.50 f (a+bx)? cot~!(a+bz) dx
V1+a2+2abz+b%2?

Optimal result . . . . . . . . . . 425
Mathematica [A] (warning: unable to verify) . . . . . .. .. ... ... .. ... 426
Rubi [A] (verified) . . . . . . . . . . 1261
Maple [A] (verified) . . . . . . ... L 428
Fricas [F] . . . . o . o o 429
Sympy [F(-1)] . . o o 429
Maxima [F] . . . . . 429]
Giac [F] . . . . o o 430
Mupad [F(-1)] . . . oo 430
Reduce [F] . . . . . 0 430

Optimal result

Integrand size = 35, antiderivative size = 187

/ (a + bx)? cot™!(a + bx) eV 1+ (a+ bx)?
V1+ a? + 2abz + bx? 2b

N (a+bz)\/1+ (a+ bz)?cot™*(a + bx)

2b

icot™!(a + br) arctan (

v/1—i(a+bzx)

)

_|_

b

_|_

. iy/1+i(a+bx)
1 POIYLOg (2, —m

)

2b

it PolyLog (2 i—”lJri(aerm)>

’ /1—i(a+bx)

2b

‘1/2*(1+(b*x+a)‘2)“(1/2)/b+1/2*(b*x+a)*(1+(b*x+a)‘2)‘(1/2)*arccot(b*x+a)/b+
‘I*arccot(b*x+a)*arctan((1+I*(b*x+a))A(1/2)/(1—I*(b*X+a))A(1/2))/b+1/2*1*p0
‘lylog(2,—1*(1+I*(b*x+a))“(1/2)/(1—1*(b*x+a))“(1/2))/b—1/2*I*polylog(2,I*(1

\+I*(b*x+a))“(1/2)/(1—I*(b*x+a))“(1/2))/b
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Mathematica [A] (warning: unable to verify)

Time = 1.06 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.08
(a + bx)? cot™(a + bx) dp —
V1 + a2 + 2abx + b222

\/(a + bx)? (1 + m> (—2 cot (1 cot™ (a + bz)) — cot™(a + bz) esc? (3 cot™ (a + bz)) — 4cot™!

Integrate[((a + b*x) “2xArcCot[a + b*x])/Sqrt[l + a2 + 2*a*b*x + b™2*x"2],
x]

input

e N

-1/8*(Sqrt[(a + b*x)"2+%(1 + (a + b*x)~(-2))]*(-2*Cot [ArcCot[a + b*x]/2] -
ArcCot[a + bxx]*Csc[ArcCot[a + b*x]/2]72 - 4*ArcCot[a + b*x]*Logl[l - E~(I*
ArcCot[a + b*x])] + 4*ArcCot[a + bxx]xLogl[l + E~(I*ArcCot[a + b*x])] - (4%
I)*PolyLog[2, -E~(I*ArcCot[a + b*x])] + (4*I)*PolyLogl[2, E~(I*ArcCot[a + b
*x])] + ArcCot[a + bxx]*Sec[ArcCot[a + b*x]/2]"2 - 2*Tan[ArcCot[a + b*x]/2
1))/ (b*x(a + bxx)*Sqrt[1 + (a + b*x)~(-2)]1)

output

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 177, normalized size of antiderivative = 0.95,

number of rules _ 0.114, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5581, 5488, 241, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ bz)?cot!(a + bx) i
Va2 + 2abz + b2z? + 1

l 5581

s

b
l 5488
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a+bx -1 b _
%f\/ﬁd(a‘iﬁx)—% %d(a+baz)+%(a+bx)\/(a+bx)2+1cot Ya + bz)

b
| 2
—1(a+bx —
—%f%%%%ﬁ%ﬂa+Mﬁ+% (a+bz)2 + 1+ Z(a+bz)\/(a+bzr)?+ 1cot™(a + bx)
b
| 5422

1(o; v/ 1+i(a+bx) -1 . _i/i(atbz)+1Y) . i\/i(a+bz)+1 1
5 (2z arctan <7m) cot™"(a + bx) + i PolyLog (2, it ) i PolyLog (2, ity )) +3+/(a
b

r

Int[((a + b*x) 2xArcCot[a + b*x])/Sqrt[l + a~2 + 2*axb*x + b~2%x"2],x]

| —

inputt

(Sqrt[1 + (a + b*xx)"21/2 + ((a + bxx)*Sqrt[1 + (a + b*x) 2]*ArcCot[a + bxx
‘])/2 + ((2*I)*ArcCot[a + b*x]*ArcTan[Sqrt[1 + I*(a + b*x)]/Sqrt[1l - I*(a +

\ b*x)]] + I*PolyLogl[2, ((-I)*Sqrt[1 + I*(a + b*x)])/Sqrt[1l - Ix(a + b*x)]] \
‘ - IxPolyLog[2, (I*Sqrt[1 + I*(a + b*x)])/Sqrt[l - Ix(a + b*x)]1)/2)/b

output

Defintions of rubi rules used

rule 241 Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] & NeQ[p, -1]

rule 5422 Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symbol]
:> Simp[-2*I*(a + b*ArcCot[c*x])*(ArcTan[Sqrt[1 + I*c*x]/Sqrtl[l - Ixc*x]]/

(cxSqrt[d])), x] + (-Simp[I*b*(PolyLog[2, (-I)*(Sqrt[1 + I*c*x]/Sqrt[1 - Ix

c*x])]1/(c*Sqrt[d])), x] + Simp[Ixb*(PolyLogl[2, I*(Sqrt[1 + I*c*x]/Sqrt[1l -

Ixcxx])]/(c*Sqrtl[dl)), x1) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c 2*xd] &&
GtQld, 0]




rule 5488

rule 5581

input

output
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Int[(((a_.) + ArcCot[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/Sart[(d_)
+ (e_.)*(x_)"2], x_Symbol] :> Simp[f*(f*x)~(m - 1)*Sqrt[d + exx~2]*((a + bx
ArcCot[c*x])"p/(c”2%d*m)), x] + (Simp[b*f*(p/(c*m)) Int[(f*x)"(m - 1)*((a
+ b*ArcCot[c*x])~(p - 1)/Sqrtld + e*x~2]), x], x] - Simp[f~2*((m - 1)/(c"2
*m))  Int[(£f*x)"(m - 2)*((a + b*ArcCot[c*x]) p/Sqrt[d + e*x~2]), x], x]) /
; FreeQ[{a, b, c, d, e, f}, x] && EqQle, c™2*d] && GtQ[p, 0] && GtQ[m, 1]

Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_*x((A_) + (B_)*(x) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subs
t[Int[((d*e - c*f)/d + £*(x/d)) "m*(C/d"2 + (C/d~2)*x~2) g*(a + b*ArcCot [x])
“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q}, x] &
& EqQ[B*(1 + c~2) - 2%A*xcxd, 0] && EqQ[2*c*C - Bxd, 0]

Maple [A] (verified)

Time = 1.83 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.86

method | result

\/ 1+ (bz+a)2

i <z arccot(bz+a) In <1— bw"‘““) —iarccot(bz+a) In <

br+
\/ 14 (b:

(arccot(bz+a)br+a arccot(bz+a)+1)vb2z242abr+a’+1
default 5

int ((b*x+a) “2*arccot (bxx+a) / (b~ 2%x~2+2%axb*x+a~2+1) ~(1/2) ,x,method=_RETURN
VERBOSE)

1/2x(arccot (b*x+a) xb*x+a*arccot (bxx+a)+1) * (b~ 2*x~2+2*axb*x+a~2+1) ~(1/2) /b-
1/2*Ix(I*arccot (b*x+a)*1n(1-(I+a+b*x)/ (1+(b*x+a) "2) ~(1/2))-I*arccot (bxx+a)
*1n ((I+a+b*x)/(1+(b*x+a) ~2) ~(1/2)+1)+polylog(2, (I+a+b*x)/(1+(b*x+a)~2)~(1/
2))-polylog(2,-(I+a+b*x)/(1+(b*x+a)~2)~(1/2)))/b




input

output

input

output

input

output
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Fricas [F]

V1 + a2 + 2abx + b2x2 V222 +2abx + a2 + 1

2 not—1 2
/ (a + bx)? cot™!(a + bx) dp — (bx + a)” arccot (bx + a) i

integrate ((b*x+a) “2*arccot (b*x+a)/ (b~2+x~2+2*a*b*x+a~2+1) ~(1/2) ,x, algorit
hm="fricas")

integral ((b™2*x"2 + 2%axb*x + a~2)*arccot(b*x + a)/sqrt(b~2*x"2 + 2*xa*b*x

+ a2+ 1), x)

Sympy [F(-1)]
Timed out.

dz = Timed out

/ (a + bz)? cot™!(a + bx)
V1 + a2 + 2abz + b2z2

Lintegrate ((b*x+a) **2xacot (b*x+a) / (bx*2*x**2+2*a*xb*x+a*x*2+1) **(1/2) ,x)

LTimed out
Maxima [F|
/ (a+ bz)? cot™!(a + bx) dp — / (bz + a)® arccot (b + a) i
V1+ a? + 2abx + b2x2 V222 +2abx + a2 + 1
‘ integrate ((bxx+a) “2*arccot (bxx+a)/ (b~ 2*x"2+2*axb*x+a~2+1) " (1/2) ,x, algorit

‘ hm="maxima")

‘integrate((b*x + a)"2*xarccot (b*x + a)/sqrt(b”2*x"2 + 2xa*xb*x + a”2 + 1), x
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Giac [F]

V1+ a? + 2abz + b2x2 V22 +2abx + a2 + 1

2 ant—1 2
/ (a + bx)*cot™'(a + bx) dr = (bz + a)” arccot (bx + a) s

integrate ((b*x+a) “2*arccot (b*x+a) / (b~2%x"2+2*a*b*x+a~2+1)~(1/2) ,x, algorit

input
="giac“)

integrate((b*x + a)~2*arccot(b*x + a)/sqrt(b~2*x"2 + 2*a*b*xx + a”2 + 1), x

output )

Mupad [F(-1)]

Timed out.

(a + bz)? cot™!(a + bx) dp — acot(a +bx) (a +bz)?
V1+ a? + 2abz + b2 Va2 +2abr+b222+1

input‘ int((acot(a + b*x)*(a + b*x)~2)/(a~2 + b~2%x"2 + 2%a*b*x + 1)~ (1/2),x)

outputkint((acot(a + b*x)*(a + b*x)"2)/(a”2 + b 2%x"2 + 2¥a*b*x + 1)7(1/2), x)

Reduce [F]
/ (a+ bx)%cot™(a + bx (/ acot(bx + a) dx) o2
V1+ a? + 2abz + b2x2 Vb2z2 + 2abx + a2 + 1
acot(bz + a) z* 0
dz | b
V222 + 2abz + a2 + 1

acot(bz + a) x
dx | ab
V0222 + 2abx + a2 + 1

input Lin‘t ((b*x+a) “2*acot (b*xx+a) / (b~ 2%x~2+2*a*xbxx+a~2+1) ~(1/2) ,x)
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‘int(acot(a + b*x)/sqrt(a**2 + 2%axbxx + b**2*kx**2 + 1) ,x)*a**2 + int((acot
\(a + b*x) *x**2) /sqrt (ax*2 + 2%a*xbxx + bk*2*x*k*2 + 1) ,x)*b**2 + 2xint((acot
‘(a + b*x)*x)/sqrt(ax*2 + 2xa*xbxx + b**x2*kx**2 + 1) ,x)*a*b

output




output
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3.51 f (a+bz)2 cot~ 1 (a+bz) dx
\/ (1+a?) c+2abcz+b?cx?

Optimal result . . . . . . . . .. . . 432
Mathematica [A] (warning: unable to verify) . . . . .. ... .. ... ... ... 433
Rubi [A] (verified) . . . . . . ... .. 133
Maple [A] (verified) . . . . . . . . . . 130
Fricas [F] . . . . . . o 130
Sympy [F(-1)] . . . o 437
Maxima [F] . . . . . .. 437
Giac [F] . . . . o o 437
Mupad [F(-1)] . . . o 138
Reduce [F] . . . . o o 438

Optimal result

Integrand size = 40, antiderivative size = 281

(a + bzx)? cot™!(a + bx)
V(1 + a?) c + 2abcz + b2cx?

¢+ c(a+ bx)? N (a+ bz)y/c+ c(a+ bx)? cot™'(a + bz)

2bc 2bc

+

iv/1+ (a+ bz)? cot™!(a + br) arctan (—

b\/c+ c(a+ bx)?

.\ iy/1+ (a + bx)? PolyLog (2, ~iatba)

2b\/c+ c(a + bx)?

‘ iy/14+i(a+bx
K 1+ (a+ bz)? PolyLog (2%

2b\/c + c(a + bx)?

/1/2* (c+cx(b*x+a) ~2) ~(1/2) /b/c+1/2* (b*x+a) * (c+c*k (b*x+a) ~2) ~(1/2) *arccot (b*x

+a) /b/c+I*(1+(b*x+a) ~2) ~(1/2) *arccot (b*x+a) *arctan ((1+I*(b*x+a))~(1/2)/(1-
I*(b*x+a))~(1/2))/b/ (c+c* (bxx+a) ~2) ~(1/2)+1/2+I* (1+(b*x+a) ~2) ~(1/2) *polylo
g(2,-Ix(1+Ix(bxx+a)) ~(1/2)/ (1-I*(b*x+a)) ~(1/2)) /b/ (ctc*(bxx+a) ~2)~(1/2)-1/
2+I* (1+(b*x+a) ~2) ~(1/2) *polylog (2, I* (1+I*(b*x+a))~(1/2)/(1-I*(b*x+a))~(1/2

))/b/ (ctc*(bxx+a) ~2) " (1/2)
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Mathematica [A] (warning: unable to verify)

Time = 1.03 (sec) , antiderivative size = 207, normalized size of antiderivative = 0.74

/ (a + bzx)? cot™!(a + bx)
V(

)
1+ a?) ¢ + 2abcx + b2cx?
Ve (l+ a2 + 2abz + b2x?) <—2 cot (% cot™ (a + bz)) — cot™*(a + bz) csc? (5 cot™(a + bx)) — 4cot™

Integrate[((a + b*x)~2*ArcCot[a + b*x])/Sqrt[(1 + a~2)*c + 2%axb*c*x + b~2
*c*x~2] ,x]

N J

input

-1/8*(Sqrt[cx(1 + a”2 + 2*axbxx + b~2xx"2)]*(-2xCot [ArcCot[a + b*x]/2] - A
rcCot[a + b*x]*Csc[ArcCot[a + b*x]/2]"2 - 4xArcCot[a + bxx]*Log[l - E~(I*A
rcCot[a + b*x])] + 4xArcCot[a + b*x]*Logl[l + E~(I*ArcCot[a + b*x])] - (4x*I
)*PolyLog[2, -E~(I*ArcCot[a + b*x])] + (4*I)*PolyLogl[2, E~(I*ArcCot[a + bx
x])] + ArcCot[a + b*x]*Sec[ArcCot[a + b*x]/2]"2 - 2*Tan[ArcCot[a + bx*x]/2]
))/(bxcx(a + b*x)*Sqrt[1 + (a + b*x)~(-2)]1)

output

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 215, normalized size of antiderivative = 0.77,

number of rules __
integrand size 0.125, Rules

number of steps used = 6, number of rules used = 5,
used = {5581, 5488, 241, 5426, 5422}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + bzx)? cot™!(a + bx)
V(a2 + 1) ¢ + 2abex + b2cx?

l 5581

(a+bx)? cot—!(a+bx)
f Ve(a+bz)2+c d(a + biL‘)

b
l 5488
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1 atbx 1 [ cot”(a+bz) (a+bx)+/c(a+bx)2+ccot ! (a+bx)
2 / \/C(a+b$)2+0d(a +bz) — 3 J Ve(a+bz)2+c d(a +bz) + 2c
b
| 2
1  cot™1(a+bx) d b Ve a+bx)2+c (a+bx)+/c(a+bx)2+ccot—! (atbx)
2 f ve(a+bz)2+c (a + 117) + 2c
b
| 5426
/ cot™ (a+ba:)
(atbe)*+1] \/(a+bz)2+1 d(a—}-bx) v c(a,+bz)2+c (a+bx)+/c(a+bz)2+ccot ! (a+bx)
2\/c(a+bz )2+c 2c
b
| 5422
B v/ (a+bx)2+1 (—2i arctan (\/jm> cot~1(a+bx)—i PolyLog (2,— %%) +i PolyLog (2, %%) ) N Je(atba)e N
2y/c(a+bx)2+c 2c
b

Int[((a + b*x) 2*ArcCot[a + b*x])/Sqrt[(1 + a~2)*c + 2xa*b*ckx + b~2%c*x"2
1,x]

input

(Sartlc + cx(a + b*x)~2]/(2*%c) + ((a + b*x)*Sqrtl[c + c*x(a + b*x) 2]*ArcCot
[a + b*x])/(2*c) - (Sqrt[1 + (a + b*x)~2]*((-2*I)*ArcCot[a + b*x]*ArcTan[S
grt[1 + Ix(a + b*x)]/Sqrt[1 - Ix(a + b*x)]] - IxPolyLog[2, ((-I)*Sqrt[1 +
Ix(a + b*x)])/Sqrt[1 - Ix(a + b*x)]] + IxPolyLog[2, (I*Sqrt[1 + I*(a + b*x
)1)/8qrt[1 - Ix(a + bxx)]1))/(2xSqrtlc + c*(a + b*x)~2]1))/b

output
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Defintions of rubi rules used

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)~(p + 1)/
(2%bx(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1l

rule 241

Int[((a_.) + ArcCot[(c_.)*(x_)1*(b_.))/Sqrtl(d_) + (e_.)*(x_)"2], x_Symboll
:> Simp[-2*I*(a + b*ArcCot[c*x])*(ArcTan[Sqrt[1 + Ixc*x]/Sqrt[1 - I*c*x]]1/
(cxSqrt[d])), x] + (-Simp[I*b*(PolyLog[2, (-I)*(Sqrt[1 + I*c*x]/Sqrt[1 - Ix
c*x])]1/(c*Sqrt[d])), x] + Simp[Ixb*(PolyLogl[2, I*(Sqrt[1 + I*c*x]/Sqrt[1l -
Ixcxx])]/(c*Sqrtl[dl)), x1) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c™2*xd] &&
GtQ[d, 0]

rule 5422

N

Int[((a_.) + ArcCot[(c_.)*(x_)I*(b_.))"(p_.)/Sqrtl[(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[Sqrt[1 + c”2*x"2]/Sqrt[d + exx~2] Int[(a + bxArcCot[c*x])~
p/Sqrtll + c™2*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && EqQle, c™2*xd] &
& IGtQ[p, 0] && !'GtQ[d, 0]

rule 5426

rule 5488 IntL[(((a_.) + ArcCot[(c_.)*(x_)1*(b_.))~(p_.)*((£_.)*(x_))"(m_))/Sqrt[(d )
+ (e_.)*(x_)"2], x_Symbol] :> Simp[f*(f*x)~(m - 1)*Sqrt[d + exx"2]*((a + bx*
ArcCot[c*x])“p/(c™2*d*m)), x] + (Simp[bxf*(p/(c*m)) Int[(f*x)"(m - 1)*((a
+ bxArcCot [c*x])~(p - 1)/Sqrt[d + exx~2]), x], x] - Simp[f~2*((m - 1)/(c"2
*xm))  Int[(£*x)"(m - 2)*((a + bkArcCot[c*x]) p/Sqrt[d + e*x~2]), x]1, x]) /
; FreeQ[{a, b, c, d, e, £}, x] && EqQle, c"2xd] && GtQ[p, 0] && GtQ[m, 1]

rule 5581 Int[((a_.) + ArcCot[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_)x((A_) + (B_)*(x_ ) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Subs
t[Int[((d*e - c*f)/d + £x(x/d)) m*(C/d"2 + (C/d"2)*x"2) "g*(a + bxArcCot[x])
“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B, C, m, p, q}, x] &
& EqQ[B*(1 + c~2) - 2xA*xc*d, 0] && EqQ[2*c*C - Bxd, 0]
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Maple [A] (verified)

Time = 1.69 (sec) , antiderivative size = 202, normalized size of antiderivative = 0.72

method | result

i| iarccot(bz+a) In| 1— —22Eati | _;arccot(br+a)ln| —2
default (arccot(bz+a)bz+a arccot(bz+a)+1)+/c(br+a—i)(bz+a+i) . < ( ) ( 1+ (bz+a)? ( ) \/;I
2bc

int ((b*x+a) “2*arccot (b*x+a)/((a~2+1) *c+2*xa*b*cxx+b~2*xc*x~2) ~(1/2) ,x,method

input
=_RETURNVERBOSE)

1/2x (arccot (b*x+a) *bxx+a*arccot (b*x+a) +1) * (cx (b*x+a-I) * (I+a+b*x) )~ (1/2) /b/
c-1/2*I*(I*arccot (b*x+a)*1n(1-(I+a+b*x)/(1+(b*x+a) ~2)~(1/2))-I*arccot (b*x+
a)*1n((I+a+b*x)/ (1+(b*x+a) ~2) " (1/2)+1)+polylog(2, (I+a+b*x)/(1+(b*x+a) ~2) " (
1/2))-polylog(2,-(I+a+bxx)/(1+(b*x+a) ~2)~(1/2)))* (c* (bxx+a-I)* (I+a+b*x)) "~ (
1/2) / (b~ 2*x~2+2*a*bxx+a~2+1) ~(1/2) /b/c

output

Fricas [F]

(a + bzx)? cot™!(a + bx) dr — (bz + a)® arccot (b + a)

= dx
V(14 a?) ¢ + 2abez + b2cz? \/b2cx? + 2 abex + (a2 + 1)c

integrate ((b*x+a) “2*arccot (b*x+a) / ((a~2+1) *c+2*a*bkcxx+b~2*c*x~2) " (1/2),x,

input
algorithm="fricas")

integral ((b™2*x"2 + 2%a*b*x + a~2)*arccot(b*x + a)/sqrt(b~2*c*x~2 + 2*axb*

output
ckx + (2”2 + 1)*c), x)
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Sympy [F(-1)]
Timed out.
(a + bz)? cot™!(a + bx)

dz = Timed out
V(1 + a?) c + 2abcz + b2cx?

fnput \ integrate ((b*x+a)**2*acot (b*x+a) / ((a*x*2+1) kc+2*a*bkckx+b**x2*ckxk*2) ** (1/2)

»X)
Ou_tpudTimed out
Maxima [F|
(a+ bz)? cot™!(a + bx) dp — (bz + a)? arccot (b + a)
v/ (1 + a?) ¢ + 2abex + b2cx? V/b%cx? + 2abex + (a2 + 1)c

integrate((b*x+a) "2*arccot (b*x+a) / ((a~2+1) *c+2*a*bkcxx+b~2*c*x~2) " (1/2),x,

input
algorithm="maxima")

integrate((b*x + a)~2*xarccot(b*x + a)/sqrt(b~2*c*x"2 + 2%a*bkcxx + (2”2 +

output
1*c), x)

Giac [F]

(a + bzx)? cot™!(a + bx) dr — (bz + a)® arccot (b + a)

= dx
V(14 a?) ¢ + 2abez + b2cz? \/b2cx? + 2 abex + (a2 + 1)c

input ‘ integrate ((b*x+a) “2*arccot (b*x+a)/((a~2+1) xc+2*a*xbxcxx+b~2*c*x~2) ~(1/2) ,x,
‘ algorithm="giac")

Output‘lntegrate((b*x + a)~2*xarccot (b*x + a)/sqrt(b~2*%c*x"2 + 2*a*b*cxx + (2”2 +
‘1)*c), x)
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Mupad [F(-1)]

Timed out.
(a + bz) cot™"(a + bx) do — acot(a +bz) (a +bz)?
v/ (1 + a?) ¢ + 2abcx + b2cx? Vb2 22 + 2acbs +c (a + 1)
input int((acot(a + b*x)*(a + b*x)~2)/(c*x(a”2 + 1) + b™2%c*x"2 + 2*axb*c*x)~(1/2
) ,X)
output int((acot(a + b*x)*(a + b*x)~2)/(c*x(a”2 + 1) + b™2%c*x"2 + 2*a*b*c*x)~(1/2
), x)
Reduce [F]

(a + bx)? cot™!(a + bx)
V(1 + a?) c + 2abcz + b2cx?

acot(bz+a) 2 acot(bz+a)z? 2 acot(bz+a)x
(f \/b2x2+2abx+a2+1dx) a” + (f \/b2x2+2abac+a2+1dx> b% + 2<f \/b2x2+2abx+a2+1dx> ab

Ve

input Liﬂt ((bxx+a) ~2*acot (b¥x+a) / ((a~2+1) xc+2*axbxckx+b 2*c*x~2) ~(1/2) ,x) J

output‘(int(acot(a + b*x)/sqrt (a**2 + 2%a*xbkx + bk*k2kx*x2 + 1),x)*a**2 + int((aco
‘t(a + b*x)*x**x2) /sqrt (a**2 + 2*axb*x + b**2kx**2 + 1) ,x)*b**2 + 2*int((aco \
‘t(a + b*x)*x)/sqrt(ax*2 + 2xa*xbxx + b**x2*kx**2 + 1),x)*a*b)/sqrt(c) ‘




output L
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(a+bz)? cot~ 1 (a+bz) dx

3.52
/ V1 + a2 + 2abx + b2x2

Optimal result . . . . . . . . .. . . .
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [N/A] .« . o e
Maple [N/A] . . . o
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . . o
Giac [N/A] « . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 35, antiderivative size = 35

2 -1 2 -1
/ (a + bx)? cot™!(a + bx) dr — Tnt (a + bz)? cot™!(a + bx)
v/ 1+ (a+ bx)?

V1 + a2 + 2abx + b2z

Defer (Int) ((b*x+a) ~2*arccot (bxx+a)/ (1+(b*x+a)~2)~(1/3),x)

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 198 vs. 2(30) = 60.

Time = 0.68 (sec) , antiderivative size = 198, normalized size of antiderivative = 5.66

(a + bx)? cot™!(a + bx) i
V1 + a2 + 2abz + b2x2

3<Gamma (%) Gamma (%) (5(1 + (a + bz)?) (3(7 + (a + bz)?) + 4(a + bz) (=2 + (a + bz)?) cot™*(a +

1406v/1 + a2 + 2a

inpus| Integrate[((a + bxx)"2xArcCotla + Dax])/(1 + a™2 + 2+axbix + D"2+x°2)"(1/3

), x]

N
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(3*(Gamma [11/6] *Gamma [7/3]* (5% (1 + (a + b*x)~2)*(3*(7 + (a + b*x)"2) + 4x(
a + b*x)*(-2 + (a + b*x)"2)*ArcCot[a + b*x]) - 24*(a + b*x)*ArcCot[a + b*x
]*Hypergeometric2F1[1, 4/3, 11/6, (1 + a~2 + 2*axb*x + b~2*x"2)"(-1)]) + 5
*2~(1/3) *Sqrt [Pi] *Gamma [5/3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3},
(1 + a~2 + 2%a*b*x + b"2*%x"2)"(-1)]))/(140*%b*(1 + a~2 + 2*axbxx + b~ 2*x"2
)~ (1/3)*(1 + (a + b*x)~2)*Gamma[11/6]*Gammal[7/3])

output

Rubi [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 3, number of rules used = 0, integrand size

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bz)?cot1(a + bx) iz
Va2 + 2abz + b222 + 1

l 5581

(a+bx)? cot_l(a-l—bw)d a+ bz
/ Y(a+bx)2+1 ( )
b

l 5561

f (a+bx)? cot—!(a+bx)
Y(a+bzx)2 +1
b

d(a + bx)

input LInt[((a + bxx) "2%ArcCot[a + b*x])/(1 + a2 + 2*a*b*x + b~2*x"2)~(1/3),x] J

output ‘\$Aborted
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Maple [N/A]
Not integrable
Time = 1.10 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.94

/ (bx + a)® arccot (b + a)

dz
(%22 + 2abz + a? + 1)%

-

input Lint ((b*x+a) ~2*arccot (b*x+a) / (b~2*x~2+2*axb*x+a~2+1) ~(1/3) ,x)

-/

output Lint ((b*x+a) “2xarccot (b*x+a)/ (b~2*x~2+2*a*bxx+a~2+1) ~(1/3) ,x)

Fricas [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.26

dz

/ (a + bx)%cot™!(a + bx) dp — / (bz + a)” arccot (b + a)
V1 + a2 + 2abz + b2 (b2 + 2abz + a2 + 1)8

/

integrate ((b*x+a) “2*arccot (b*x+a)/ (b~ 2*x~2+2%a*b*x+a~2+1)~(1/3) ,x, algorit

input
hm="fricas")

integral ((b™2*x"2 + 2%axb*x + a~2)*arccot(b*x + a)/(b"2*x"2 + 2%axbxx + a”

output
2 + 1)°(1/3), x)

Sympy [N/A]
Not integrable

Time = 4.11 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.03

(a + bx)? cot™!(a + bx) i — (a + bz)* acot (a + bx) e
V1 + a2 + 2abx + b2x2 va? + 2abx + b222 + 1
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input Lintegrate ((b*x+a)**2%acot (bxx+a) / (bx*2kx+*2+2kaxbkx+ar*2+1) **(1/3) ,x)

‘Integral((a + b*x)**2xacot(a + b*xx)/(a*x*2 + 2%axbxx + b**2kx*x*2 + 1)**(1/3

output
), %)

Maxima [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00

dx = dx
V1+ a2+ 2abz + b2a? (b2 + 2abx + a? + 1)°

/ (a + bz)? cot™!(a + bx) (bz + a)® arccot (b + a)

input ‘ integrate ((b*x+a) “2*arccot (b*x+a) / (b~ 2*x"2+2*a*b*x+a~2+1)~(1/3) ,x, algorit
‘hm="maxima")

p
output‘ integrate((b*x + a) 2xarccot(b*x + a)/(b™2*x"2 + 2*a*b*x + a~2 + 1)7(1/3),
B

Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00

/ (a + bx)%cot™!(a + bx) dp — / (bx + a)? arccot (b + a) i
V1 + a2 + 2abz + b2 (b2 + 2abz + a2 + 1)8

t‘integrate((b*x+a)’"2*arccot(b*x+a)/(b‘2*x"2+2*a*b*x+a"2+1)"(1/3),x, algorit

inpu
‘hm="giac“)

‘integrate((b*x + a)"2xarccot (b*x + a)/(b~2*x"2 + 2*xa*bxx + a”2 + 1)7(1/3),

output‘ 0
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Mupad [N/A]
Not integrable

Time = 0.88 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.00

V1+ a? + 2abx + b2z? (a2 +2abz + 0222+ 1)

/ (a + bzx)%cot™!(a + bx) dp — acot(a +bx) (a +bz)?

inputtint((aCOt(a + bxx)x(a + bxx)"2)/(a2 + b 2%x"2 + 2xaxbkx + 1)~(1/3),x)

outpudint((acot(a + bxx)*(a + b*x)"2)/(a”2 + b 2%x"2 + 2¥a*b*x + 1)7(1/3), x)

Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 101, normalized size of antiderivative = 2.89

V1 + a2 + 2abz + b2z2 b2z2 + 2abxr + a2 + 1

N / acot(br + a) z* FRpE
(0222 + 2abz + a® + 1)%

49 / acot(bx + a) x gz ) ab
(0222 + 2abzr + a? + 1)%

(a + bz)? cot™!(a + bx) dp — (/ acot(bz + a) 1 dz) 2
( )?

-

input Lint ((b*x+a) “2*acot (b*x+a) / (b~ 2*x~2+2*a*b*x+a~2+1) " (1/3) ,x)

| —

output‘ int(acot(a + b*x)/(ax*2 + 2kaxb*x + bk*2xx**2 + 1)**(1/3),x)*a**2 + int((a
‘cot(a + b*x)*x*%2) /(a*x*2 + 2kaxbkx + bk*2*x**2 + 1)*x(1/3),x)*b**2 + 2*int
‘((acot(a + b¥x)*x)/(a**2 + 2%axbkx + bkkkx**2 + 1)*%(1/3),x)*axb
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(a+bz)2 cot~ 1 (a+bz) dx

3.93
/ /(1 + a?) c + 2abcx + bcx?

Optimal result . . . . . . . . . . . . e 444
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 444
Rubi [N/A] . . o 445
Maple [N/A] . . . . o 446
Fricas [N/A] . . . . . o 440
Sympy [N/A] . . 446
Maxima [N/A] . . . . . 447
Giac [N/A] . . . e 447
Mupad [N/A] . . . . 443
Reduce [N/A] . . . o 443

Optimal result

Integrand size = 40, antiderivative size = 40

(a + bzx)? cot™!(a + bx) dr — It ((a + bx)? cot ™ (a + bx) x)

/(14 a?) ¢ + 2abcx + b2ca? e+ cla + bx)?

output LDefer (Int) ((b*x+a) ~2*arccot (b*x+a) / (c+c* (bxx+a) ~2) ~(1/3) ,x) J
Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 200 vs. 2(32) = 64.
Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 5.00
(a + bz)? cot™!(a + bx)
¥/ (1 + a?) ¢ + 2abcx + b2ca?
(Gamma (4) Gamma (%) (5(1 + (a + bz)?) (3(7 + (a + bz)?) + 4(a + bz) (=2 + (a + bz)?) cot™*(a +
a 1406/c (1 + a2 + 2
mput‘ Integrate[((a + bxx)“2*ArcCot[a + b*x])/((1 + a”2)*c + 2*%a*bkc*x + b 2xc*x \‘

"2)7(1/3) ,x]




output

input

output
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(3*(Gamma [11/6] *Gamma [7/3]* (5% (1 + (a + b*x)~2)*(3*(7 + (a + b*x)"2) + 4x(
a + b*x)*(-2 + (a + b*x)"2)*ArcCot[a + b*x]) - 24*(a + b*x)*ArcCot[a + b*x
]*Hypergeometric2F1[1, 4/3, 11/6, (1 + a~2 + 2*axb*x + b~2*x"2)"(-1)]) + 5
*2~(1/3) *Sqrt [Pi] *Gamma [5/3] *HypergeometricPFQ[{1, 4/3, 4/3}, {11/6, 7/3},
(1 + a™2 + 2%axb*x + b™2+x72)"(-1)]1))/(140*%b*(c*x(1 + a2 + 2ka*bxx + b~2%*
x72))"(1/3)*(1 + (a + b*x)~2)*Gamma[11/6]*Gamma [7/3])

Rubi [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 0,

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules _ 0.000, Rules

integrand size

/ (a+bz)?cot1(a + bx)
Y/ (a2 + 1) ¢ + 2abex + b2cx?

l 5581

f (a+bx)? cot—!(a+bx) d(a + b.’L‘)

Vela+bz)?+c

b
l 5561

(a+bx)? cot—!(a+bx) dla+b
/ Ve(a+bx)2 +c (a+bz)

b

‘Int[((a + bxx)~2+ArcCot[a + bxx])/((1 + a"2)*c + 2raxbxckx + b 2xc*x"2)" (1

L/B),x]

|
J

‘$Aborted
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Maple [N/A]
Not integrable

Time = 1.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.95

/ (bx + a)® arccot (b + a) i

((a? +1) ¢+ 2abex + b2 a:Q)%

input Lint ((b*x+a) ~2*arccot (bkxx+a) / ((a~2+1) *c+2*kaxb*c*x+b~2*c*x~2) ~(1/3) ,x) J
output Lint ((bxx+a) “2*arccot (b*x+a) / ((a~2+1) *c+2*a*b*c*x+b~2*c*x~2) ~(1/3) ,x) J

Fricas [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.22

dz

(a + bx)%cot™!(a + bx) dp — / (bx + a)® arccot (b + a)
Y/ (14 a?) ¢ + 2abex + b2ca? (b2ca? + 2 abex + (a2 + 1))

integrate((b*x+a) "2*arccot (b*x+a) / ((a~2+1) *c+2*a*b*kc*x+b~2*c*x~2)~(1/3),x,

input
algorithm="fricas")

integral ((b™2*x"2 + 2%axb*x + a~2)*arccot(b*x + a)/(b"2xc*x"2 + 2xaxb*c*x

output
+ (a™2 + 1)*c)~(1/3), x)

N

Sympy [N/A]
Not integrable

Time = 72.53 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.92

(a + bx)%cot™!(a + bx) dp — (a + bz)? acot (a + bx)

dx
Y/(1 + a?) ¢ + 2abcx + b2ca? ¥/c(a? + 2abz + b222 + 1)
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integrate ((b*x+a) **x2xacot (b*x+a) / ((a**2+1) kc+2*axbxckx+b**2kc*xx**2) ** (1/3)

input
»X)

Integral((a + b*x)**2*acot(a + b*x)/(c*(a*x*2 + 2%axbxx + bk*2*kx**2 + 1))**

output
P (1/3), x)

Maxima [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

dz

(a + bx)%cot™!(a + bx) dr — / (bz + a)® arccot (b + a)
Y/(1 4+ a?) ¢ + 2abcx + b2ca? (b%cz? + 2 abex + (a? + 1)0)%

integrate ((b*x+a) "2*arccot (b*x+a) / ((a~2+1) *c+2*axb*c*x+b~2*c*x~2) ~(1/3) ,x,

input
algorithm="maxima")

integrate((b*x + a) 2*arccot(b*x + a)/(b"2%c*xx"2 + 2*xaxb*ckx + (a”2 + 1)*c

output
)~(1/3), x)

Giac [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

dz

(a+ bz)? cot™!(a + bx) dp — / (bx + a)® arccot (b + a)
/(14 a?) ¢ + 2abcx + b2cx? (b%cz? 4+ 2 abex + (a® + 1)0)%

‘ integrate ((b*x+a) “2*arccot (b*x+a)/((a~2+1) xc+2*a*xbxcxx+b~2*c*x~2) ~(1/3) ,x, ‘

input
‘ algorithm="giac")

‘integrate((b*x + a)~2*xarccot (b*x + a)/(b"2*c*x"2 + 2%axbxc*kx + (a”2 + 1)*c

P -3y, 0 |




CHAPTER 3. LISTING OF INTEGRALS 448

Mupad [N/A]
Not integrable

Time = 0.91 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

(a+ bz)? cot™*(a + bx) . acot(a +bz) (a+bzx)’ .
[ =/ d

1+ a?) ¢+ 2abcx + b?ca? (cb?22 +2achz +c (a2 +1))/°

int((acot(a + b*x)*(a + b*x)~2)/(cx(a"2 + 1) + b~ 2*c*xx"2 + 2*axbkc*x) ~(1/3
), %)

input

int((acot(a + b*x)*(a + b*x)~2)/(c*x(a"2 + 1) + b~2%c*x~2 + 2xaxb*c*xx) ~(1/3

output
), X)

Reduce [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 105, normalized size of antiderivative = 2.62

/ (a + bx)%cot™!(a + bx)
¥/(1 + a?) ¢ + 2abcx + b2ca?

(f acot(bz+a) d.’IJ) a? + (f acot(bz+a)z? )édZ') b2 + 2<f acot(bz+a)x dx) ab

(b2z2+2abm+a2+1)% (b222+2abz+a?+1 (b2m2+2abz+a2+1)%
cs
input Lint ((b*x+a) “2*acot (b*x+a) / ((a~2+1) *c+2%a*bkckx+b~2*c*x~2) ~(1/3) ,x) J

Output‘ (int(acot(a + bx)/(ak*2 + 2kaxbkx + bk*2xxk*2 + 1)#x(1/3),x)*ax*2 + int((
‘acot(a + bxx)*x#x2)/(a*+2 + 2xa¥bkx + bxk2xx#*2 + 1)%%(1/3),X)*b**2 + 2%in |
\t((acot(a + b*x)*x)/(a**2 + 2%a*xbkx + bk*2kx*x2 + 1)*x(1/3),x)*axb)/cxx(1/ \
‘3) ‘
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

449

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 462

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False




CHAPTER 4. APPENDIX 464

if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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