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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 50 |. This is test number | 286 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (50 ) | 0.00 (0)

Mathematica | 98.00 (49 ) | 2.00 (1)
Maple 74.00 (37) | 26.00 (13)
Fricas 56.00 (28 ) | 44.00 (22
Giac 54.00 (27) | 46.00 (23 )
Maxima | 36.00 (18) | 64.00 ( 32)
Sympy 26.00 (13 ) | 74.00 ( 37)
Mupad | 20.00 (10) | 80.00 (40)
Reduce 4.00 (2) |96.00 (48)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.
C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.
F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 70.000 14.000 14.000 2.000
Maple 68.000 6.000 0.000 26.000
Fricas 48.000 8.000 0.000 44.000
Giac 32.000 22.000 0.000 46.000
Maxima 32.000 4.000 0.000 64.000
Sympy 6.000 0.000 20.000 74.000
Mupad 0.000 20.000 0.000 80.000
Reduce 0.000 4.000 0.000 96.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

” ﬂlll | II

Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 1 0.00 100.00 0.00
Maple 13 100.00 0.00 0.00
Fricas 22 90.91 0.00 9.09
Giac 23 91.30 0.00 8.70
Maxima, 32 100.00 0.00 0.00
Sympy 37 89.19 10.81 0.00
Mupad 40 0.00 100.00 0.00
Reduce 48 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.07

Fricas 0.13

Giac 0.17

Reduce 0.22

Maple 0.42

Rubi 0.47
Mathematica 0.54

Mupad 0.96

Sympy 18.20

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Reduce 34.00 0.90 34.00 0.90
Mupad 37.50 0.91 36.50 0.90
Maxima 56.67 1.21 54.50 1.20
Sympy 76.46 1.63 61.00 1.67
Fricas 102.61 1.37 56.50 0.92
Giac 121.11 1.65 82.00 1.72
Rubi 125.98 1.04 74.50 1.00
Maple 174.38 1.36 76.00 1.31
Mathematica | 195.20 1.84 107.00 1.00

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used



CHAPTER 1. INTRODUCTION 13

1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {1,617 22 F1,/2/50)

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5, 7, 8010 1) 2 13,4 15,167 15) 19, 20} 21, 22,23 20,25 26,
27 28,291 30,1, 52|33, 34 5 3615738} 39} 0, 11 42,3} 14, 516, 7, 5] 49,50

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[12)5)78[5,657 551011 2 13,5} 16,1519, 20) 21, 23} 27 25,29, 50,35, 54
55} 3 14 46 7 45 19,0 }

B grade {[14[31},[32,[36,[40, 41} [42] }

C grade {[I7[22}24,25[26,38[39 }
F normal fail { }

F(-1) timedout fail {[37}
F(-2) exception fail { }
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Maple

A grade {2134 5}[6, 78} 9} (L0, [L1} [12}[13} 1415} 16, [17] 18} 19} [20} 21 [22} 23} 27} 28} [29)
[B0}[32,[33} 34} 38} 39} 40} 42} 50 }

B grade {[24[25,[26 }

C grade { }

F normal fail {[151)55) 36,57 L 53, . 5 0, A7, )9
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { 25,575,510 1) 12 15 1519, 20) 225,26, 55 B9, 0 AL A S
B grade {[L4[16,22,24 }

C grade { }

F normal fail { [6)([323,27) 25 29,50, 51 2 53,54, 55 5057 43, A4 1050 )

F(-1) timedout fail { }
F(-2) exception fail {}

Maxima

A grade { [2,[3)[4}[5}[7} [L0}[L1}[12}[14} [L5} [16}[22} 38} [39} [40} 41 }
B grade {[[9 }
C grade { }

F normal fail {1)6)[[3, 7[5 [0} 20} 21 23) 24, 25) 26,27} 25) 20, 50} 51,52 53,4 3556,
72, 3 4 45, 7 s, 0} 0 }

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade { 15010, I I3 15 16 2128 35,59, A0 A 50 }
B grade { B505/HEHE02E58)

C grade { }

F normal fail {[1}[13}[17,23,[28}[29}30,31}[32}[33, 34, [35} 36} 37} [42} 43} 44} 45}, 46, A8} 49
}

F(-1) timedout fail { }
F(-2) exception fail {[6227 }

Mupad

A grade {}

B grade { [B}[7[11}[12,[14[22}[38}[3% [40} 41] }
C grade {}

F normal fail { }

F(-1) timedout fail {[1}[2,[3[4(6,8}[9} (10,13} 15} [I6,[I7,[I§ [L% [20, 21, [23, 24} [25} [26}[27)
[281[29,30,31}32},33} 34} 35, 36, 37} (42} 43} 44} 45} 46, |47 (48} 49} 50 }

F(-2) exception fail { }

Sympy

A grade {[I0/[1T[12}

B grade {}

C grade { [2[3}[4}5}7}[8) [% 14} [15}[16] }

F normal fail {[1}5,13)C7 15} [0, 20) 21,22 23, 2 25, 26) 27 25) 29, 80} 51, 52 3, B 5,
56,572 43|l 1) 1, 7 45,0, 50 }

F(-1) timedout fail {38}[39}[40[41] }
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[11}[12}
C grade { }

F normal fail {1))B,A5/6, 7 60 10L[3) 145} 16,7} 15,10 20,21 22, 3 2 25 2
(27 25,29} 30,5, 32 53, 34 55,36, 5738} 39} O, 1) 42,5} 44, 5} 4 47, 45, 49,50 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 62 72 56 0 0 0 0 0 12 0

N.S. 1 1.16  0.90 0.00 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.456 0.024 0.000 0.000 0.000 0.000 0.000 0.252 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 59 40 40 66 32 119 152 9 0

N.S. 1 102 069 069 114 055 205 262 016  0.00
time (sec) N/A 0221 0.020 0.174 0.042 0106 49.824 0.134 0.277  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 50 35 35 52 27 90 116 9 0

N.S. 1 1.06 0.74 0.74 1.11 0.57 1.91 2.47 0.19 0.00

time (sec) N/A 0.208 0.016 0.113 0.034 0.111 16.415 0.141 0.257 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 39 28 28 38 20 61 80 7 0
N.S. 1 1.08 0.78 0.78 1.06 0.56 1.69 2.22 0.19 0.00
time (sec) N/A 0.198 0.014 0.113 0.035 0.106 5.434 0.134 0.217 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 18 22 21 14 29 41 5 21
N.S. 1 1.00 1.00 1.22 1.17 0.78 1.61 2.28 0.28 1.17
time (sec) N/A 0.165 0.003 0.105 0.052  0.105 2.102 0.128 0.216 1.281
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 56 62 54 63 0 0 0 0 9 0
N.S. 1 1.11  0.96 1.12 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.464 0.018 0.341 0.000  0.000 0.000 0.000 0.251 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 36 32 44 51 19 75 30 9 28
N.S. 1 095 0.84 1.16 1.34 0.50 1.97 0.79 0.24 0.74
time (sec) N/A 0.203 0.016 0.118 0.148 0.119 11.785 0.129 0.220 0.824
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A C A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 57 55 57 80 29 144 44 9 0
N.S. 1 1.06  1.02 1.06 1.48 0.54 2.67 0.81 0.17 0.00
time (sec) N/A 0.208 0.024 0.121 0.116  0.199 38.071 0.134 0.215 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A C A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 68 76 45 67 106 35 180 58 9 0
N.S. 1 1.12  0.66 0.99 1.56 0.51 2.65 0.85 0.13 0.00
time (sec) N/A 0.218 0.037 0.118 0.124  0.121 108.728 0.390 0.221 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 62 42 56 54 39 51 47 12 0
N.S. 1 1.11  0.75 1.00 0.96 0.70 0.91 0.84 0.21 0.00
time (sec) N/A 0.266 0.025 0.684 0.126  0.104 0.213 0.148 0.221 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 57 44 67 46 38 41 39 47 38
N.S. 1 1.21 094 1.43 0.98 0.81 0.87 0.83 1.00 0.81
time (sec) N/A 0.231 0.018 0.644 0.134  0.105 0.181 0.124 0.227 0.699
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 28 24 27 22 28 21 24
N.S. 1 1.00 1.00 1.08 0.92 1.04 0.85 1.08 0.81 0.92
time (sec) N/A 0.201 0.008 0.664 0.032 0.117 0.148 0.123 0.218 0.761
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 67 59 76 0 0 0 0 12 0
N.S. 1 1.14  1.00 1.29 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.368 0.017 0.844 0.000  0.000 0.000 0.000 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A B C B F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 93 30 52 107 29 61 12 29
N.S. 1 1.00  3.00 0.97 1.68 3.45 0.94 1.97 0.39 0.94
time (sec) N/A 0.246 0.089 0.041 0.034 0.124 1304 0.124 0.208 0.683
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 36 33 32 39 53 61 12 0
N.S. 1 1.00 0.95 0.87 0.84 1.03 1.39 1.61 0.32 0.00
time (sec) N/A 0.221 0.016 0.647 0.119 0.122 0.738 0.130 0.214 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B C A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 61 69 54 64 142 100 80 12 0
N.S. 1 1.02 1.15 0.90 1.07 2.37 1.67 1.33 0.20 0.00
time (sec) N/A 0.245 0.028 0.646 0.110 0.126 1.679 0.126 0.219 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 69 80 60 93 0 0 0 0 12 0
N.S. 1 1.16  0.87 1.35 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 0.492 0.056 0.795 0.000  0.000 0.000 0.000 0.216 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 197 206 173 329 0 152 0 412 12 0
N.S. 1 1.05 0.88 1.67 0.00 0.77 0.00 2.09 0.06 0.00
time (sec) N/A 0.724 0.115 0.244 0.000 0.125 0.000 0.161 0.226 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 157 150 249 0 130 0 302 12 0
N.S. 1 1.01 097 1.61 0.00 0.84 0.00 1.95 0.08 0.00
time (sec) N/A 0.536 0.178 0.170 0.000  0.122 0.000 0.153 0.223 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 116 116 131 190 0 117 0 207 12 0
N.S. 1 1.00 1.13 1.64 0.00 1.01 0.00 1.78 0.10 0.00
time (sec) N/A 0.399 0.118 0.171 0.000 0.139 0.000 0.162 0.214 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 110 108 0 104 0 136 10 0
N.S. 1 1.00 1.41 1.38 0.00 1.33 0.00 1.74 0.13 0.00
time (sec) N/A 0.446 0.077 0.155 0.000  0.121 0.000 0.147 0.213 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A B F B F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 37 35 468 45 55 73 0 82 8 35
N.S. 1 095 1265 1.22 1.49 1.97 0.00 2.22 0.22 0.95
time (sec) N/A 0.228 1.936 0.041 0.030  0.128 0.000 0.140 0.227 1.007
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 200 263 284 374 0 0 0 0 12 0
N.S. 1 1.32  1.42 1.87 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.101 0.222  0.904 0.000  0.000 0.000 0.000 0.246 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 73 112 126 0 281 0 94 12 0
N.S. 1 1.04 1.60 1.80 0.00 4.01 0.00 1.34 0.17 0.00
time (sec) N/A 0.412 0.197 0.348 0.000 0.130 0.000 0.148 0.248 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 148 198 319 0 427 0 216 12 0
N.S. 1 1.18  1.58 2.55 0.00 3.42 0.00 1.73 0.10 0.00
time (sec) N/A 0.742 0.668 0.334 0.000 0.132 0.000 0.164 0.228 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 181 222 241 528 0 548 0 451 12 0
N.S. 1 1.23 1.33 2.92 0.00 3.03 0.00 2.49 0.07 0.00
time (sec) N/A 1.062 0.287 0.335 0.000 0.189 0.000 0.186 0.258 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 381 357 667 673 0 0 0 0 14 0
N.S. 1 094 1.75 1.77 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.638 8.171 0.854 0.000  0.000 0.000 0.000 0.261 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 288 271 473 498 0 0 0 0 14 0
N.S. 1 094 1.64 1.73 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.541 4.011 0.760 0.000  0.000 0.000 0.000 0.226 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 146 144 225 0 0 0 0 12 0
N.S. 1 095 0.94 1.46 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.442 0.094 0.500 0.000  0.000 0.000 0.000 0.229 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 94 89 111 162 0 0 0 0 10 0
N.S. 1 095 1.18 1.72 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.411 0.078 0.266 0.000  0.000 0.000 0.000 0.240 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 310 398 813 0 0 0 0 0 14 0
N.S. 1 1.28  2.62 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 1.579 1.515 0.000 0.000  0.000 0.000 0.000 0.258 0.000
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 244 248 686 336 0 0 0 0 14 0

N.S. 1 1.02 2381 1.38 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.724 1459 0.772 0.000 0.000 0.000 0.000 0.240 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 494 446 446 716 0 0 0 0 14 0

N.S. 1 090 090 145 0.00 0.00 0.00 0.00 0.03 0.00

time (sec) N/A 0.728 0.249 0.739 0.000 0.000 0.000 0.000 0.243 0.000

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 278 253 257 379 0 0 0 0 12 0

N.S. 1 091  0.92 1.36 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.571 0.095 0.727  0.000 0.000 0.000 0.000 0.249  0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 154 149 160 0 0 0 0 0 10 0

N.S. 1 097 1.04 0.00 0.00 0.00 0.00 0.00 0.06 0.00

time (sec) N/A 0.576 0.069 0.000 0.000 0.000 0.000 0.000 0.266 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 430 529 1058 0 0 0 0 0 14 0
N.S. 1 1.23  2.46 0.00 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.847 2.555 0.000 0.000  0.000 0.000 0.000 0.265 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F(-1) F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 362 365 0 0 0 0 0 0 14 0
N.S. 1 1.01  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.885 0.000 0.000 0.000  0.000 0.000 0.000 0.258 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F(-1) A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 54 516 64 71 96 0 100 21 52
N.S. 1 0.93  8.90 1.10 1.22 1.66 0.00 1.72 0.36 0.90
time (sec) N/A 0.252 2.014 0.221 0.028 0.113 0.000 0.240 0.231 1.208
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A A F(-1) A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 54 516 64 71 96 0 100 23 52
N.S. 1 093 8.90 1.10 1.22 1.66 0.00 1.72 0.40 0.90
time (sec) N/A 0.273 0.274 0.224 0.040 0.125 0.000 0.250 0.234 0.945
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B A A A F(-1) A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 54 137 64 71 96 0 100 23 52
N.S. 1 0.93 2.36 1.10 1.22 1.66 0.00 1.72 0.40 0.90
time (sec) N/A 0.277 0.211 0.242 0.042 0.112 0.000 0.261  0.257 0.909

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B F A A F(-1) A F B
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 49 45 130 0 66 92 0 75 17 44
N.S. 1 092 265  0.00 1.35 1.88 0.00 1.53 0.35 0.90

time (sec) N/A 0.323 0.207  0.000 0.039 0.130 0.000 0.196 0.266 1.317

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A B A F F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 85 100 280 111 0 0 0 0 12 0

N.S. 1 1.18  3.29 1.31 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.466 0.806 0.817 0.000 0.000 0.000 0.000 0.258 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 99 97 95 0 0 0 0 0 12 0

N.S. 1 098 096  0.00 0.00 0.00 0.00 0.00 0.12 0.00

time (sec) N/A 0.341 0.219 0.000 0.000 0.000 0.000 0.000 0.274 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 89 107 0 0 0 0 0 10 0
N.S. 1 098 1.18 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.322 0.137  0.000 0.000  0.000 0.000 0.000 0.300 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 89 54 0 0 0 0 0 8 0
N.S. 1 0.98  0.59 0.00 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.304 0.048 0.000 0.000  0.000 0.000 0.000 0.270 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 45 45 79 0 0 0 0 0 12 0
N.S. 1 1.00 1.76 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.281 0.038 0.000 0.000  0.000 0.000 0.000 0.252 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 39 43 34 0 0 23 0 43 12 0
N.S. 1 1.10 0.87 0.00 0.00 0.59 0.00 1.10 0.31 0.00
time (sec) N/A 0.230 0.030 0.000 0.000 0.126 0.000 0.138 0.236 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 41 42 30 0 0 30 0 0 12 0
N.S. 1 1.02 0.73 0.00 0.00 0.73 0.00 0.00 0.29 0.00
time (sec) N/A 0.282 0.031  0.000 0.000  0.116 0.000 0.000 0.251 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 84 79 54 0 0 40 0 0 12 0
N.S. 1 094 0.64 0.00 0.00 0.48 0.00 0.00 0.14 0.00
time (sec) N/A 0.288 0.107  0.000 0.000  0.155 0.000 0.000 0.254 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F A F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 69 68 59 99 0 0 0 115 21 0
N.S. 1 099 0.86 1.43 0.00 0.00 0.00 1.67 0.30 0.00
time (sec) N/A 0.491 0.050 0.519 0.000  0.000 0.000 0.338 0.237  0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [23]
had the largest ratio of [1.39999999999999991]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 9 8 1.16 10 0.800
% A 4 4 1.02 10 0.400
3| A 4 4 1.06 10 0.400
4 A 4 4 1.08 8 0.500
i A 2 2 1.00 6 0.333
6} A 9 8 1.11 10 0.800
7] A 6 5 0.95 10 0.500
3] A 7 6 1.06 10 0.600
9) A 8 7 1.12 10 0.700
10j A 6 5 1.11 10 0.500
11 A 4 4 1.21 8 0.500
12] A 3 3 1.00 6 0.500
13] A 8 7 1.14 10 0.700
14 A 6 5 1.00 10 0.500
15) A 3 3 1.00 10 0.300
16} A 7 6 1.02 10 0.600
17] A 9 8 1.16 10 0.800
18| A 10 9 1.05 10 0.900
19 A 9 8 1.01 10 0.800
20) A 6 ) 1.00 10 0.500
21] A 10 9 1.00 8 1.125
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A 6 ) 0.95 6 0.833
@ A 15 14 1.32 10 1.400
24] A 8 7 1.04 10 0.700
é A 13 12 1.18 10 1.200
E A 14 13 1.23 10 1.300
27] A 7 6 0.94 12 0.500
28] A 6 ) 0.94 12 0.417
29) A 7 6 0.95 10 0.600
30) A 8 7 0.95 8 0.875
3_1 A 16 15 1.28 12 1.250
Q A 6 ) 1.02 12 0.417
33] A 6 ) 0.90 12 0.417
34 A 7 6 0.91 10 0.600
35| A 9 8 0.97 8 1.000
E A 16 15 1.23 12 1.250
3_7 A 6 5 1.01 12 0.417
ﬁ A 3 2 0.93 14 0.143
39| A 3 2 0.93 16 0.125
4_0 A 3 2 0.93 16 0.125
4_1 A 7 6 0.92 14 0.429
42 A 9 8 1.18 10 0.800
43 A ) 4 0.98 10 0.400
44 A ) 4 0.98 8 0.500
45 | A 4 3 0.98 6 0.500
46 A ) 4 1.00 10 0.400
47 A 4 3 1.10 10 0.300
48] A 6 5 1.02 10 0.500
49 A ) 4 0.94 10 0.400
50) A 10 9 0.99 19 0.474
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31 [l g

32 [aPsecT'(VE)dm . ...
33  [a?sec'(VE)dm ...
34 [msecTh(VE)dr . ...
35  [sec'(VEm)dz ...

36 [ WEar
37 f Sec_;# AT . . o
38  [EWEar
3.9 (=T WDdr
310 [a?sec (&) dz . . ...
311 [asec™ (&) dr . ...
312 [sec™ () dz ... ...
303 [ Gdp.
304 [ Bap.
315 [ Glag. ...
316 [ Glag. ...
317 [ gy
318  [atsecTl(a4br)dr . . .. ...
319 [@BsecM(a4br)dr . . .. ..
320 [aPsecl(a+bx)dr . .. ...
321  [zsecMa+bx)dr ... ...
322  [secMa+bx)dr . ... ...
3.23 [Nt gp
3.24 [l gp
325 [l gn
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326 [ # AT
327  [aPsecTl(a+bx)idr ... ..
328 [zPsecl(a+bz)idr ... ...
329 [z sec_ Ya+br)de . ... ..
330  [secMa+bx)idr . . ...
331 [ M AT o
332 [l g
333 [aPsecM(a4br)ddr ... ...
334  [msecMa+bz)dr . ... ...
335  [secMa+br)ddr ... ...
336 [ gr
337 [l g
338 [z(a+bsec (c+dz?))dz . . ...
339 [z*a+bsect(cHdz®))dr .. ..
340 [z(a+bsect(c+dzt))dr . ...
341 [z msecl(a4bz™)dr . ...
342 [secl(ce®™)dz . ...
343 [e@@g2dr L
344  [e@Opdr L.
345  [eX @ dr L
346 [ O dn
347 [ S“xz(‘”’ AT oo
348 [y
349 [
350 [EUdr L
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-1 5
3.1 (el gy
T

Optimal result . . . . . . . . . . . . 6]
Mathematica [A] (verified) . . . . . . . . . ... 46
Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 47
Maple [F] . . . . 49
Fricas [F] . . . . . o o 50
Sympy [F] . . o o 50
Maxima [F] . . . . . . 50
Giac [F] . . . o o b1l
Mupad [F(-1)] . . . oo LIl
Reduce [F] . . . o . o e LIl

Optimal result

Integrand size = 10, antiderivative size = 62

1.5
/ sec” (az’) dr = iz sec™? (ax5)2 - ésec_1 (az®) log (1 + 62“6071(%5))

T 10

10

e

1 -
+ —i PolyLog (2, —g2isec 1(‘“”5))

1/10*I*arcsec(a*x”~5) "2-1/5*arcsec(a*xx~5)*1n(1+(1/a/x"5+I*(1-1/a"2/x~10)~ (1

‘/2))*2)+1/10*I*polylog(2,-(1/a/x‘5+I*(1—1/a‘2/x‘10)‘(1/2))‘2)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.90

1,5
/ sec” (az’) dr = %z <sec_1 (az®) (sec_1 (az®) + 2ilog (1 + e2isec_1(aw5)>)

T

+ PolyLog <2, —e2isec (‘””5)>>

LIntegrate[ArcSec[a*x‘S]/x,x]
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t‘ (I/10)*(ArcSec[a*xx~5]*(ArcSec[a*x"5] + (2*I)*Logl[1l + E~((2*I)*ArcSec[a*x"5 ‘

outpu
L] )1) + PolyLogl[2, -E~((2*I)*ArcSec[a*x~5])]) J

Rubi [A] (warning: unable to verify)

Time = 0.46 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.16,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 4 g5 Ryjes
integrand size

used = {7282, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 5
/sec (aw ) de

T
l 7982
1 -1 5
/sec (am )dm5
5 z°
l5m1
1 farceos (gg) 1
5 x° zd
l 5137
1 / 1 5 1 1
g /(I 1 — ml‘ arccos <a{1}5> darccos <ax5>
l 3042
1 / arccos i tan | arccos i d arccos i
5 ax® axd® axd®
l 4202
; 1
1 ’ia:lo ' 622 arccos(azs) arccos (%) 1
- — — 23 darccos | —
5 2 1+ e2iarccos(£g> a$5
l’2620

1/(iz!® 1 - 1 1 1 1 ; 1
(R V] (e’ / log | 1+ gt areees ( aws) darccos | — | — —darccos | — | log | 1 + e’ arccos(%‘r’)
5\ 2 2 ax® 2 ax®
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l 2715
1 z'a:lo 1 21 arccos<i> 21 arccos(i) 21 arccos(i> 1 1 2 arccos(f
— — =27 = azx® 1 1 axd az®) — g - 1 1 a
5< 2 1(4/6 og( +e )de 2zarccos<aw5) og( +e

l 2838

1 iiElO 1 2i arccos( L ) 1 1 2i arccos( L )
| =— — 924 —= PolvI 2. — azb I — )1 1 azb
5< 2 Z( Ooly og( ,—€ ) 2zarccos< 5) ()g( +e >>>

inputLInt[ArcSec[a*x"S]/x,x] J

output‘ ((I/2)*x~10 - (2*I)*((-1/2*I)*ArcCos[1/(a*x"~5)]*Log[1 + E~((2*I)*ArcCos[1/ ‘
(a*x75)1)] - PolyLog[2, -E~((2+I)*ArcCos[1/(a*x"5)1)1/4))/5

Defintions of rubi rules used

rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715‘Int[Log[(a_) + (b_)*((F)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll] ‘
‘ :> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x) ‘
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

N J

rule 2838 Int[Log[(C_.)*((d_) + (e_.)*(x_)‘(n__))]/(x_)’ X_Symbol] > Slmp[-PO:LyLOg[Q
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

e N

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4202

rule 5137

rule 5741

rule 7282

input

output
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/cl)/x, x]1, x, 1/x] /; FreeQ[{a, b, c}, xl]

Int[(u_)/(x_), x_Symbol]l :> With[{1lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]1]*x)~1st[[2]]], x] /; !FalseQ[lst] && NeQ[lst[[2]], 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

Maple [F]
5
/ arcsec (a x°) i

X

Lint (arcsec(a*x~5)/x,x)

Lint(arcsec(a*x‘S)/x,x)
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Fricas [F]

-1 5 5
/ sec x(aa: ) dp — / arcsec (az®) i

X

i - i =" 3 n
inputLlntegrate(arcsec(a*x 5)/x,x, algorithm="fricas")

Ou_tputLintegral(arc:sec(a>l=x"5)/x, x)

Sympy [F]

X

-1 5 5
/ sec w(ax ) dp — / asec (az°) i

inputLintegrate(asec(a*x**5)/x,x)

Ou_tputLIntegral(asec(a*x**5)/x, x)

Maxima [F]

-1 5 5
/ sec x(a:c ) dp — / arcsec (az®) i

X

i - i =" 3 n
inputtlntegrate(arcsec(a*x 5)/x,x, algorithm="maxima")

output -5xa~2xintegrate (sqrt(a*x~5 + 1)*sqrt(a*x~5 - 1)*log(x)/(a~4*x~11 - a~2%x)

,» X) — bxIxa~2+integrate(log(x)/(a"4*x~11 - a~2*x), x) + arctan(sqrt(a*x~5
+ 1) *sqrt(a*x”5 - 1))*log(x) - 1/2xI*log(a~2*x~10)*log(x) + 1/2*Ixlog(a*x

"5 + 1)*log(x) + 1/2xIxlog(-a*x~5 + 1)*log(x) + I*log(a)*log(x) + 5/2*Ixlo
g(x)"2 + 1/10%I*dilog(a*x”~5) + 1/10*I*dilog(-a*x"5)
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Giac [F]

-1 5 5
/ sec™t (ax®) dp — / aurcse(;C (az®) i

X

q -~ 9 =Ny 1]
inputtlntegrate(arcsec(a*x 5)/x,x, algorithm="giac")

output Lintegrate (arcsec(a*x~5)/x, x)

Mupad [F(-1)]

Timed out.

inputLint(acos(i/(a*x‘S))/X,X)

output Lint (acos(1/(a*x"5))/x, x)

Reduce [F]

-1 5 5
/sec (ax )dx _ / asec(ax )dx

T x

input tint (asec(a*x~5)/x,x)

output Lint (asec(a*x**5) /x,x)
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3.2 [z3sec™t (V) dz

Optimal result . . . . . . . . . . . . e H2]
Mathematica [A] (verified) . . . . . . . . . ... o 52
Rubi [A] (verified) . . . .. . . ... .. 53
Maple [A] (verified) . . . . . . ... L !
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 55
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 55
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 561
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 56
Mupad [F(-1)] . . . o o BT
Reduce [F] . . . . . 57

Optimal result

Integrand size = 10, antiderivative size = 58

1

1
/x?’ sec”! (V) dz = —Z\/—l +z— Z(_1 + )32
_i_ 5/2_1_ 7/2 14 -1
20( 1+z) 28( 1+z) + 4" sec (V)

output
‘*x‘4*arcsec(x‘(1/2))

‘ -1/4%(-1+x)~(1/2)-1/4*%(-1+x) " (3/2)-3/20*% (-1+x) ~(5/2)-1/28*% (-1+x) ~(7/2)+1/4

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

do = ———

/x3 sec”! (v/x) 110

—1+ z(16 + 8z + 62 + 5z°)

+ ix‘l sec”! (v/x)

input tIntegrate [x~3*ArcSec [Sqrt [x]],x]

-

output L_1/140*(Sqrt [-1 + x]*(16 + 8%x +

6*x~2 + 5*x73)) + (x"4*ArcSec[Sqrt[x]]1)/4

J




input L
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.02,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5793, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z’sec”! (V) dz
l 5793
3
ia:‘lsec_1 (V) —i/%/%da:
l'27
1304 sec™! (vz) — 1 idﬂ:
4 8 z—1
l 53
! ot sec! (Vz) — 1/ ((a: —1)°24+3(z-1)"2 43V —1+ = ) dz
4 8 vr—1
l 2009
%w‘l sec™" (V) + ;<—§(x ~ )72~ g(x —1)52 —2(z - 1)%% — 2v/z — 1)
| Int [x"3*ArcSec [Sqrt[x]1],x] J

Output‘(_2*sqrt[_1 +x] - 2%(-1 + x)7(3/2) - (6%(-1 + x)7(5/2))/5 - (2%(-1 + x)~(

L7/2))/7)/8 + (x~4*ArcSec[Sqrt[x]1])/4 J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 53

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u2 - 11)), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Functio

n0fExponentialQ[u, x]

rule 5793

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.69

method result size
parts zt arcs:c(\/i) _ \/%\/5(5;0:;69024-81—%16) 40
Z4 arcsec X bt T .’53 1'2 X
derivativedivides ) (Va) _ (clto)(5z)+62%+8z+16) 43
140,/ =12 /3
Z4 arcsec X bt T .’133 1'2 X
default . (vz)  (=1+4z)(52°+62°+82+16) 43
140,/ =12 /3

input Lint (x~3*arcsec(x~(1/2)) ,x,method=_RETURNVERBOSE)
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| 1/4%x"4xarcsec(x™(1/2))-1/140% ((-1+x) /%)~ (1/2)#x" (1/2) * (5+x"3+6+x"2+84x+16

2 J

Fricas [A] (verification not implemented)

output

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.55

1 1
/av?‘sec_1 (\/5) dx = Zm“arcsec (\/E) ~ 110 (5933 +62>+8z+ 16)\/m —1
inputLintegrate(x"3*arcsec(x"(1/2)),x, algorithm="fricas") J
outputL1/4*x“4*arcsec(sqrt(x)) - 1/140%(5%x~3 + 6%x"2 + 8%x + 16)*sqrt(x - 1) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 49.82 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.05

/m3 sec™? (\/3_5) dr = M

3./ 2 Jx— - -
zx\;ﬁ+1zx§éﬁ+1ex%/5ﬁ+32\?{gﬁ for |z| > 1

2ix3\/1—x 12ix2v/1—x 16iz/1—x 32i/
+ + +
7 35 35

11—z :
%5 otherwise

8

-

input Lintegrate (x**3*asec (x**(1/2)),x)

-/

Output‘X**4*aseC(Sqrt(x))/4 - Piecewise ((2*x**3*sqrt(x - 1)/7 + 12*x**2xsqrt(x - ‘
11)/35 + 16xx*sqrt(x - 1)/35 + 32*sqrt(x - 1)/35, Abs(x) > 1), (2%I*x*x3%sq |
rt(1 - x)/7 + 12%I*x**2xsqrt(l - x)/36 + 16xI*x*ksqrt(l - x)/35 + 32%Ixsqrt |

(1 - x)/35, True))/8
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.14

1 1 : 3 1 2
[ s () o = et (1) = g (5 1)
3
1 1 1 2 1 1
+Zx4arcsec(\/5)—1x3<—;+1) -4 Vz _54_1

input ‘ integrate(x~3*arcsec(x~(1/2)),x, algorithm="maxima") ‘

N

‘/-1/28*}{”(7/2)*(-1/}{ + 1)°(7/2) - 3/20%x~(5/2)*(-1/x + 1)~(5/2) + 1/4*x"4*a ‘

output
'Tcsec(sqrt(x)) - 1/4%x~(3/2)*(-1/x + 1)7(3/2) - 1/4*sqrt(x)*sqrt(-1/x + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(38) = 76.

Time = 0.13 (sec) , antiderivative size = 152, normalized size of antiderivative = 2.62

/x?’ sec”! (V) dz

+%x4arccos (%) — 5%xg< —%+1—1>3— 53T52\/5<\/—£+1—1)
12250% (/-1 +1- 1)6+245x2(,/—§+1— 1>4+49x(,/—§+1— 1)2+5
179205 (/-1 +1- 1)7

_|_

/

Lintegrate(x‘S*arcsec(x‘(1/2)),x, algorithm="giac")

~—

input
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output -1/3584*x~(7/2)*(sqrt(-1/x + 1) - 1)°7 - 7/2560*x"(5/2)*(sqrt(-1/x + 1) -
1)°5 + 1/4xx"4*arccos(1l/sqrt(x)) - 7/512%x~(3/2)*(sqrt(-1/x + 1) - 1)°3 -
35/512*%sqrt(x) *(sqrt(-1/x + 1) - 1) + 1/17920%(12256*%x"3*(sqrt(-1/x + 1) -
1)76 + 245xx"2x(sqrt(-1/x + 1) - 1)74 + 49*x*x(sqrt(-1/x + 1) - 1)72 + 5)/(
x~(7/2)*(sqrt(-1/x + 1) - 1)°7)
Mupad [F(-1)]
Timed out.

1
/x3 sec”! (V) dz = /x3acos(—x> dz
inputLint(x‘B*acos(l/x“(1/2)),x)

output 1Bt (X 3*acos (1/x"(1/2)), x)

Reduce [F]

/m3 sec™! (\/a_s) dr = /asec(ﬁ) z3dz

inputLint(x“S*asec(x“(1/2)),x)

ou_tputtint(asec(sqrt(x))*x**3,x)
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3.3 [z*sec™? () dz

Optimal result . . . . . . . . . . . . e Ha]
Mathematica [A] (verified) . . . . . . . . . ... o B
Rubi [A] (verified) . . . .. . . ... .. bYe)
Maple [A] (verified) . . . . . . ... L 60
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 611
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 611
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 62
Mupad [F(-1)] . . . o o 63
Reduce [F] . . . . . 63

Optimal result

Integrand size = 10, antiderivative size = 47

/x2 sec”! (Vz) dz = —%\/—1 +z— g(—l + )32 — 1—15(—1 + )52 4 %x3 sec™! (V)

N

‘/—1/3* (-1+x)~(1/2)-2/9*% (-1+x) ~(3/2)-1/15% (-1+x) ~(5/2) +1/3*x"3*arcsec(x~(1/2 ‘

2 )

Mathematica [A] (verified)

output

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

/xz sec” (Vz) do = —%m@ + 4z + 32%) + %x?’ sec” ! (v/x)
input LIntegrate [x~2*ArcSec[Sqrt [x]],x] J

output ‘\—1/45*(Sqrt [-1 + x]*(8 + 4*x + 3%x"2)) + (x"3*ArcSec[Sqrt[x]1])/3
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.06,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5793, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:2 sec! () dz

l 5793
13 et _1/ z?
3@ sec (V) 3 2mdm
l 27
1303 sec™! (vz) — 1 idﬁl)
3 6 z—1

%x3 sec™" (V) — (13/ ((a: —132 42/ —1+ _xl_ 1> dx
l 2009
Latsee™ (V) + + (—i(m N wm)

~—

Int [x"2*ArcSec[Sqrt [x]1],x]

Output‘ (-2%Sqrt[-1 + x] - (4%(-1 + x)"(3/2))/3 - (2%(-1 + x)"(5/2))/5)/6 + (x"3%A

chSec [Sqrt[x]11)/3 J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma

rule 27
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 53

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +

1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u2 - 11)), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Functio
n0fExponentialQ[u, x]

rule 5793

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.74

method result size
3 \/ =L /@ (322 +42+8)
parts z arcs;c(\/i) — y3 35
derivativedivides | Z2eecva) _ (l+a)(So%+do+s) 38
’ 45\/== Ve
z3 arcsec (/) (—1+z) (322 +4z+8)
default 3 S \/ﬂ 7 38

input Lint (x~2*arcsec(x~(1/2)) ,x,method=_RETURNVERBOSE)

output ‘ 1/3*x~3*arcsec(x~(1/2))-1/45%((-1+x)/x) ~(1/2) *x~ (1/2) * (3%x~2+4*x+8)
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.57

1 1
/xZ sec™! (V) dz = §x3 arcsec (v/z) — I (322 +4z+8)vz —1
input Lintegrate (x~2*arcsec(x~(1/2)),x, algorithm="fricas") J
outputLl/s*xﬁci*arcsec(sqrt(x)) - 1/45%(3*%x72 + 4xx + 8)*sqrt(x - 1) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 16.42 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.91

2z2\/z—1 8zv/x—1 16v/xz—1
=+ S+ T for |z| > 1

2ix?\/1—x 8izy/1—x 16iy/1—zx .
z® asec (1/) e+ T+ otherwise

/x2 sec™! (\/5) dr = 3 — ;

-

| —

input Lintegrate (x**2*asec (x**(1/2)) ,x)

output‘X**3*aseC(Sqrt(X))/3 - Piecewise ((2xx**2xsqrt(x - 1)/5 + 8*x*sqrt(x - 1)/1 ‘
5 + 16%sqrt(x - 1)/15, Abs(x) > 1), (2*Ikx**2*sqrt(l - x)/5 + 8xIxxksqrt(l |
| - x)/15 + 16xI*sqrt(l - x)/15, True))/6 |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.11

s/1 0 \: 1,
2| ——+1 +§x arcsec (\/a_c)
T

3
2 3 1 2 1 1
—Zpp(——41) —= —=+1
9$2( a:+) 3 Ve x+
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input ‘ integrate(x~2*arcsec(x~(1/2)),x, algorithm="maxima") ‘

-1/15%x"(5/2)%(=1/x + 1)7(5/2) + 1/3*x"3*arcsec(sqrt(x)) - 2/9%x"(3/2)* (-1

output
/x + 1)7(3/2) - 1/3*sqrt(x)*sqrt(-1/x + 1)
Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(31) = 62.
Time = 0.14 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.47
1 1 ; 1 ’
/ac2sec_1 (Vz) dz = —mxg (\/—5+1 — 1) — %axg< —54—1—1)
1 1 [ 1
+§r3arccos(ﬁ>—%ﬁ _5—'_1_1)
4 2
15002 ( (/-1 +1-1) +250(,/~L+1-1) +3
+ 5
14402 (/-1 +1-1)
inputLintegrate(x"2*arcsec(x"(1/2)),X, algorithm="giac") J
output‘ -1/480%x~(5/2)*(sqrt(-1/x + 1) - 1)°5 - 5/288%x~(3/2)*(sqrt(-1/x + 1) - 1)

"‘3 + 1/3%x"3*arccos(1/sqrt(x)) - 5/48+*sqrt(x)*(sqrt(-1/x + 1) - 1) + 1/144 ‘
‘O*(150*x‘2*(sqrt(—1/x + 1) - 1)74 + 25*x*(sqrt(-1/x + 1) - 1)72 + 3)/(x~(5
/2(sqre(-1/x + 1) - 1)75) )
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Mupad [F(-1)]

Timed out.

[z (va) da = [ & acos<iz> dz

input Lint (x~2*acos(1/x~(1/2)) ,x)

output Lint (x~2%acos(1/x~(1/2)), x)

Reduce [F]

/x2 sec! (\/E) dx =/asec(\/5) z?dz

input Lint (x~2*asec(x~(1/2)) ,x)

output | 10t (asec(sqrt (x))xxxx2,x)




-

output

-

input

output L
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3.4 [zsec™! (V) dz

Optimal result . . . . . . . . . . . . e 64]
Mathematica [A] (verified) . . . . . . . . . ... o 64
Rubi [A] (verified) . . . .. . . ... .. 65
Maple [A] (verified) . . . . . . ... L 66
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 67
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 67
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 67
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 63
Mupad [F(-1)] . . . o o 68
Reduce [F] . . . . . 69

Optimal result

Integrand size = 8, antiderivative size = 36

1

/xsec_1 (Vz) do = —-v/-1+z — 1

2

6

1
(=1 +x)%% + 5302 sec™! (V)

L-1/2* (-1+x)~(1/2)-1/6%(-1+x) ~(3/2)+1/2*x~2*arcsec(x~(1/2))

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

/a:sec_1 (Vz) dz = —%\/—1 +z(2+2)+ L 2 gec

2

' (Ve)

LIntegrate [x*ArcSec[Sqrt [x]],x]

-/

-1/6%(Sqrt[-1 + x]1*(2 + x)) + (x"2*ArcSec[Sqrt[x]])/2
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.08,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5793, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ar:sec_1 (Vz) dz

l 5793

1, T

59: sec! (\/5) —;/mdx
| 27
%mQ sec™! (\/E) - i/\/%dm

| 53

%wZ sec”! (vz) — i/ <\/H+ %) dz
| 2009
%x2 sec™! (V) + i(—g(w —1)3/2 2@)

input ‘\Int [x*ArcSec[Sqrt[x]],x]

Outputt(-2*Sqrt [-1 + x] - (2%(-1 + x)°(3/2))/3)/4 + (x"2*ArcSec[Sqrt[x]])/2
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma

rule 27
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 53

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcSec[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcSec[ul)/(d*(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u2 - 11)), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Functio

n0fExponentialQ[u, x]

rule 5793

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.78

method result size
=tz r(x
parts a:2a,rcs;ec(\/5) Vs (\5/>( +2) 28
derivativedivides "’%TCZM - % 31
2
default T ERVE arcsgc(ﬁ) — Clo)@+?) 31
o= 2

input Lint (x*arcsec(x”(1/2)) ,x,method=_RETURNVERBOSE)

output ‘ 1/2*x~2*%arcsec(x”(1/2))-1/6%((-1+x) /x) ~(1/2) *x~ (1/2) * (x+2)




inputt

-

Ll/Z*x‘2*arcsec(sqrt(x)) - 1/6%(x + 2)*sqrt(x - 1)

output
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.56

/acsec_1 (Vz) dz = %xz arcsec (v/z) — % (z+2)Vr—1

integrate(x*arcsec(x~(1/2)),x, algorithm="fricas")

-

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 5.43 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.69

Qz‘éﬁ -+ 4‘/? for |z| > 1

22 asec ( \/5) Ziz V31_"” + div 31 —Z  otherwise
2 4

input‘

integrate (x*asec (x**(1/2)),x)

output‘

x*x*2xasec(sqrt(x))/2 - Piecewise((2*x*sqrt(x - 1)/3 + 4x*sqrt(x - 1)/3, Abs
(x) > 1), (2*I*x*sqrt(l - x)/3 + 4xIxsqrt(l - x)/3, True))/4

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.06

1 1 : 1 1 1
/msec_l(\/ﬂ_ﬁ) d$=—6$g(—5+ ) +§x2arcsec(\/5)—§\/5 —;4-1

inputt

integrate(x*arcsec(x~(1/2)),x, algorithm="maxima")
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t‘-1/6*x”(3/2)*(-1/x + 1)7(3/2) + 1/2*%x"2*arcsec(sqrt(x)) - 1/2xsqrt(x)*sqrt

outpu
\(-1/x + 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(24) = 48.

Time = 0.13 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.22

3
1 s( [/ 1 1 1
-1 __ - . _ = _ 1 2 .
/msec (\/E)dx— 48$< x+1 1> +2z arccos(ﬁ)
2
9z(y/—2+1-1) +1
-iv6<w—%+1—1>+ ( )

3
16 1823 (\/-L+1-1)

input‘integrate(x*arcsec(x”(1/2)),x, algorithm="giac")

‘—1/48*x‘(3/2)*(sqrt(—1/x + 1) - 1)73 + 1/2*x"2*arccos(1/sqrt(x)) - 3/16%sq
‘rt(x)*(sqrt(—l/x + 1) - 1) + 1/48%(9*x*(sqrt(-1/x + 1) - 1)72 + 1)/(x"(3/2
D*(sqre(-1/x + 1) - 1)73)

output

Mupad [F(-1)]

Timed out.

/.’IJSGC_l (Vz) dz = /xacos(%) dz

inputLint(x*acos(l/x“(1/2)),X)

output 18t (xkacos (1/x7(1/2)), ®)
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Reduce [F]

/msec_1 (\/5) dxr = /asec(ﬁ) xdx

inputt

int (x*asec(x~(1/2)),x)

outputt

int (asec(sqrt(x))*x,x)




-

output

-

input

output L
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3.5 [sec™! (V) dz

Optimal result . . . . . . . . . . . . e 701
Mathematica [A] (verified) . . . . . . . . . ... o 70}
Rubi [A] (verified) . . . .. . . ... .. (1]
Maple [A] (verified) . . . . . . ... L 72
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 72
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 72
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 73]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 73
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [74]
Reduce [F] . . . . . 74

Optimal result

Integrand size = 6, antiderivative size = 18

/sec_1 (Vz) doe = —vV/—1+z+ zsec”" (V/x)

L_(_“X) ~(1/2)+x*arcsec(x~(1/2))

-/

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/sec_1 (Vz) doe = —vV/—1+z+ zsec”" (V/x)

LIntegrate [ArcSec[Sqrt[x]1],x]

-/

-Sqrt[-1 + x] + x*ArcSec[Sqrt[x]]
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5791, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ sec™! (Vz) dz
lsnn
1
-1 _ 1
msec™ (V) / 2vx — 1dw
l 17
wsec! (va) — Va1
inputLInt[ArcSec[Sqrt[x]],x] J
output L-Sqrt [-1 + x] + x*ArcSec[Sqrt([x]] J

Defintions of rubi rules used

e 17 ToEL(e_)*((a_.) + (b_)*(x))"(m_.), x_Symbol]l :> Simplc*((a + b¥x)"(m + 1
L)/(b*(m +1))), x] /; FreeQ[{a, b, c, m}, x] & NeQ[m, -1] J

rule 5791‘ Int[ArcSec[u_], x_Symbol] :> Simp[x*ArcSec[u], x] - Simp[u/Sqrt[u~2] 1Int[ ‘
‘ SimplifyIntegrand[x*(D[u, x]/(u*Sqrt[u~2 - 11)), x], x], x] /; InverseFunct ‘
‘ ionFreeQ[u, x] &% !FunctionOfExponentialQ[u, x] ‘
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

method result size

parts z arcsec (\/z) — /z /=52 | 22

derivativedivides | z arcsec (v/z) — %*:’f 25
—_— T

default z arcsec (/Z) — %J;zf 25
—_— x

input  int(arcsec(x~(1/2)) ,x,method=_RETURNVERBOSE) |

output Lx*arcsedf (1/2))-x~(1/2)* ((-1+x) /%)~ (1/2) J

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.78

/sec_]L (vz) dz = zarcsec (vz) —Vz —1

inputLintegrate(arcsec(x“(1/2)),x, algorithm="fricas") J

/

~—

outputlx*arcsec(sqrt(x)) - sqrt(x - 1)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 2.10 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.61

2z —1 for|z|>1
2iv/1 — z  otherwise
2

/sec_1 (V) dz = zasec (V) —
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input‘integrate(asec(x**(1/2))’x)

output‘x*asec(sqrt(x)) - Piecewise((2*sqrt(x - 1), Abs(x) > 1), (2%I*sqrt(l - x), ‘
‘ True))/2 ‘

Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17

/sec_1 (vz) dz = zarcsec (vVz) — V21 / —% +1

tintegrate(arcsec(x“(1/2)),x, algorithm="maxima")

~—

input

output Lx*arcsec(sqrt(x)) - sqrt(x)*sqrt(-1/x + 1) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(14) = 28.

Time = 0.13 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.28

[P R Y=o N

inputLintegrate(arcsec(x“(1/2)),x, algorithm="giac") J

Output‘x*arccos(1/sqr1:(x)) - 1/2%sqrt (x)*(sqrt(-1/x + 1) - 1) + 1/2/(sqrt(x)*(sqr ‘
t(-1/x + 1) - 1)




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 1.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.17

[ e (vE) da = :cacos(%) Va1t

Lint (acos(1/x~(1/2)) ,x)

Lx*acos(i/x‘(1/2)) - x~(/2)x1 - 1/x)°(1/2)

Reduce [F]

/sec_1 (Vz) dz = /asec(\/i) dz

Lint(asec(x‘(1/2)),x)

Lint (asec(sqrt(x)),x)




output

input
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-1
3.6 f sec”” (V&) dr
X

Optimal result . . . . . . . . . . . . [75)
Mathematica [A] (verified) . . . . . . . . . ... 75
Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 761
Maple [A] (verified) . . . . . . ... L 78
Fricas [F] . . . . . o o 79
Sympy [F] . . o o 79
Maxima [F] . . . . . . 79
Giac [F(-2)] . . . o o o k)
Mupad [F(-1)] . . . oo R0
Reduce [F] . . . o . o e R0

Optimal result

Integrand size = 10, antiderivative size = 56

—1
/—Sec (ve) dz = isec™" (vz)? — 2sec™! (v/7) log (1 + emM%ﬁ))

T

+ i PolyLog (2, _gPisec™ Wi))

‘I*arcsec(x“(1/2))“2—2*arcsec(x‘(1/2))*1n(1+(1/x“(1/2)+I*(1-1/X)A(1/2))A2)+

Ixpolylog(2,-(1/x™ (1/2)+Ix(1-1/x)~(1/2))"2)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

/—Sec_l (v2) dz = z'(sec_1 (V) (sec_1 (vz) + 2ilog (1 + eZisec_l(ﬁ)>>

X

+ PolyLog (2, —g2isec™! (ﬁ)))

e

LIntegrate[ArcSec[Sqrt[x]]/x,x]

~—
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‘ Ix(ArcSec[Sqrt[x]]1*(ArcSec[Sqrt[x]] + (2*I)*Logl[l + E~((2*I)*ArcSec[Sqrt[x

output
L]])]) + PolyLog[2, -E~((2*I)*ArcSec[Sqrt[x11)1) J

Rubi [A] (warning: unable to verify)

Time = 0.46 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.11,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 4 g5 Ryjes
integrand size

used = {7267, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

X

l 7267

0 sec_\l/é\/:?) iz

l5u1

arccos (ﬁ) di

V. z
l 5137

2 [\~ Ly (L) duen 1)

l 3042

2 / arccos <\/15) tan <arccos (%)) d arccos (%)

l 4202

-2

1

21 arccos (—
e 1

ﬁ> arccos (—)
2 % — 2i/ - - Ve d arccos <1>
1 + eQzarccos<ﬁ> \/E

l'2620
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y . 1 .
2(15 — 2 <;i/10g (1 + e2zamos<\/5)) d arccos <\/15> - %z arccos <\;g_:> log (1 + GQMTCCOS(‘}E))))

l 2715
9 g — 9 1/e2iarccos(\}5> log 1 + e2iarccos(ﬁ> de2i arccos(ﬁ) _ liarccos i log 1 + e2i arccos(ﬁ)
2 4 2 Jz
l 2838
iz . 1 24 arccos < i) 1. 1 24 arccos < i)
- — —— — vz — i vz
2( 5 2@( 1 PolyLog (2, e ) 2zarccos (\/5> log (1 +e
input LrInt [ArcSec[Sqrt[x]]/x,x] J
output‘Q*((I/2)*x - (2+I)*((-1/2*I)*ArcCos[1/Sqrt [x]]*Log[1 + E~((2*I)*ArcCos[1/S

‘qrt[x]11)] - Polylogl2, -E"((2+I)*ArcCos[1/Sqrt[x11)1/4))

Defintions of rubi rules used

rule 2620 Int[(C(F)~((g_)*(Ce_.) + (F_)*x N~ (a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x]1 /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 304:2‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
Qlu, x] |




rule 4202

rule 5137

rule 5741

rule 7267

input

output
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O

]

Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/cl)/x, x]1, x, 1/x] /; FreeQ[{a, b, c}, xl]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.12

(

method result
2
derivativedivides | i arcsec (\/5)2 — 2 arcsec (/7) In (1 + (\/LE +i4/1 — %) ) + i polylog
2
default iarcsec (\/5)2 — 2 arcsec (1/z) In (1 + (\/LE +i4/1— %) ) + i polylog (2, —(

=

S

Sl

+

+

Lint(arcsec(x‘(1/2))/x,x,method=_RETURNVERBOSE)

‘I*arcsec(x“(1/2))“2—2*arcsec(x‘(1/2))*1n(1+(1/x“(1/2)+I*(1-1/X)A(1/2))A2)+
‘I*polylog(2,—(1/x“(1/2)+I*(1—1/x)“(1/2))“2)
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Fricas [F]

/sec_1 (V) do — / arcsec (1/7) i

x x

input Lintegrate (arcsec(x~(1/2))/x,x, algorithm="fricas")

OutputLintegral(arcsec(sqrt(x))/x, x)

Sympy [F]

z T

/Jd [ va) .

inputLintegrate(asec(x**(1/2))/X,X)

outputtIntegral(aseC(Sqrt(x))/X, x)

Maxima [F]

/sec‘1 (V) o — / arcsec (1/7) i

x x

input Lintegrate (arcsec(x~(1/2))/x,x, algorithm="maxima")

output Lintegrate (arcsec(sqrt(x))/x, x)
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Giac [F(-2)]

Exception generated.

/ sec™! (y/x)

T

dx = Exception raised: NotImplementedError

input Lintegrate (arcsec(x~(1/2))/x,x, algorithm="giac") J

Output‘Exception raised: NotImplementedError >> unable to parse Giac output: Inva
‘lid series expansion: non tractable function acos at +infinity

Mupad [F(-1)]

Timed out.
sec! (\/5) acos(\/%;)
/ —— 2 dx = / —— 2 dx
x x
inputLint(acos(l/x"(1/2))/X,X) J
Outputtint(acos(l/x“(1/2))/x, x) J
Reduce [F]
-1
/sec (V) o — / asec(y/z) s
x x
input | 1 (asec(x™(1/2))/x,) |

output Lint (asec(sqrt(x))/x,x) J




output

input

output
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3.7 | s (V2) gy

Optimal result . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .....
Sympy [C] (verification not implemented) . . ... ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . o . o e

Optimal result

Integrand size = 10, antiderivative size = 38

/sec‘1 (V) dp — V=1+z _sec”! (Vz) + L arctan (V-1+z)
2

2 2r

T

L1/2*(—1+x)‘(1/2)/x—arcsec(x‘(1/2))/x+1/2*arctan((-1+x)“(1/2))

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

/de= vV—1+2—2sec! (\/5) o aresin (\/LE)

xr2

2z

‘Integrate[ArcSec[Sqrt[x]]/x*2,x]

L(Sqrt[—l + x] - 2%ArcSec[Sqrt[x]] - x*ArcSin[1/Sqrt([x]])/(2*x)
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5793, 27, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

72
l 5793
/ 1 P 1 (Vz)
2v/x — 122 v z
l 97
1 1 do 5 L (Vz)
2 ) x—1z2 o z
l 52
1/1 1 d+\/x—1 _secl(\/i)
2\ 2 vV —1x T x T

2 T T
l 216
;<arctan ( \/m) + \/xw— 1) 3 sec—lx(\/"]_c)

input ‘ Int [ArcSec[Sqrt[x]]1/x"2,x]

-

output L-(ArcSec [Sqrt[x]1/x) + (Sqrt[-1 + x]/x + ArcTan[Sqrt[-1 + x]]1)/2

| —




rule 27

rule 52

rule 73

rule 216

rule 5793
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Int[((a_.) + ArcSecl[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)~(m + 1)*((a + b*ArcSec[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m +

1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio
n0fExponentialQ[u, x]




input

output

input

output
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

method result size
_ arcsec(+/T) \/? (arctan(v—1+z)z+v/—1+2)
parts - + T 44
rcsec(/ —I+z (arctan( —— )z—v/—1+z
derivativedivides | —2 w(f) _YFs ( l\/( T) V-1+3) 46
=TT 42
default _ arcsec(+/T) . V—1+z (arctan( J_llﬁ;)x_m) 46

Lint(arcsec(x‘(1/2))/x“2,x,method=_RETURNVERBOSE)

‘-arcsec(x“(1/2))/x+1/2*((-1+x)/x)“(1/2)/x“(1/2)*(arctan((-1+x)“(1/2))*x+(-

\1+x)*(1/2))/(—1+x)*(1/2)

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.50

(z — 2)arcsec (vz) + Vo — 1

/ sec™! (V) o —

xr2

2z

tintegrate(arcsec(x‘(1/2))/x‘2,x, algorithm="fricas")

L1/2*((x - 2)*arcsec(sqrt(x)) + sqrt(x - 1))/x
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 11.79 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.97

iacosh (%5) — ﬁ\/iu% + x%\/iH% for |71I >1
. 1 1-1 .
/sec_l (Vz) o — asin (—x> + otherwise  asec (Vz)
x2 2 T

input‘integrate(asec(x**(1/2))/x**2,x)

output‘PieceWise((I*aCOSh(l/Sqrt(x)) - I/(sqrt(x)*sqrt(-1 + 1/x)) + I/(x**(3/2)*s |
‘qrt(-l + 1/x)), 1/Abs(x) > 1), (-asin(1/sqrt(x)) + sqrt(l - 1/x)/sqrt(x), ‘
LTrue))/Q - asec(sqrt(x))/x J

Maxima [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.34

sec (VZ) \/E\/; arcsec (v/z) 1 1
/sz__2(x(%—1)—1)_ - +§arctan VT _54_1

input‘integrate(arcsec(x“(1/2))/x"2,x, algorithm="maxima")

output‘—1/2*sqrt(x)*sqrt(-1/x + 1)/(x*x(1/x - 1) - 1) - arcsec(sqrt(x))/x + 1/2%ar \
‘ctan(sqrt(x)*sqrt(—l/x + 1))
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.79

NG

— arccos
z2 2z x T3

% Lyl aeos() g (1)

inputt

integrate(arcsec(x~(1/2))/x72,x, algorithm="giac")

outputt

1/2xsqrt(-1/x + 1)/sqrt(x) - arccos(1/sqrt(x))/x + 1/2*arccos(1/sqrt(x))

J

Mupad [B] (verification not implemented)

Time = 0.82 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.74

/sec_1 (vz) o 1-1 ~ acos(\%) (2-1)
z* 2z 2

inputLint(acos(l/x"(1/2))/X”2,X)
outputt(l - 1/x)°(1/2)/(2*xx~(1/2)) - (acos(1/x~(1/2))*(2/x - 1))/2
Reduce [F]
/ s (V8) gy / asec(Va) ),
i X
inputLint(asec(x“(1/2))/x‘2,x)

outputt

int (asec(sqrt(x))/x**2,x)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 87

3.8 [ W3)g,

3
Optimal result . . . . . . . . . . . . BT
Mathematica [A] (verified) . . . . . . . . . ... 87
Rubi [A] (verified) . . . . . . . . . . 88
Maple [A] (verified) . . . . . . ... L 90
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 90
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... OT]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... OT]
Giac [A] (verification not implemented) . . . . . . ... ... ... 92i
Mupad [F(-1)] . . . oo 92
Reduce [F] . . . o . o e 93

Optimal result

Integrand size = 10, antiderivative size = 54

sec’! (vZ) . /=I+z 3/-1+z sec'(yz) 3
/ — 3 dz = S22 + T 572 + 16 arctan (vV—1+z)

‘1/8*(-1+X)“(1/2)/XA2+3/16*(-1+X)A(1/2)/x—1/2*arcsec(xA(1/2))/x“2+3/16*arct
an((-1+x)~(1/2))

N\

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

/ sec™! (\/x) 1 3 [-1+z sec'(yz) 3 (1
— Y dr = + — — —arcsin | —
x3 8x3/2 © 16+/z x 22 16 Nz

LIntegrate[ArcSec[Sqrt[x]]/x‘3,x]

J

((1/(8*x‘(3/2)) + 3/(16*Sqrt[x]))*Sqrt[(-1 + x)/x] - ArcSec[Sqrt[x]]/(2*x"2
L) - (3%ArcSin[1/Sqrt[x]11)/16

W
J
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06,

number of rules _ 0.600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5793, 27, 52, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

3
l 5793
1 1 d sec™! (y/x)
2/2\/30— 13 T 212
l 27
1 1 do 5 L (Vz)
4 v —1z3 T 212
l 52
1/3 1 d+\/a:—1 _secl(\/E)
4\ 4 v — 1x2 T 212 212

4 T 272 212

1(2(5/ 34_¢P+Vx—1)4_Vx—1)_sm_Hy@)

L(3([ Lavemr s YT Y T) e (4

22

(3 ortan (v + VL) 4 Y1) (9

nput I8t [ArcSec(Sart [x11/x°3,x]
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‘-1/2*ArcSec [Sqrt[x]1/x"2 + (Sqrt[-1 + x]1/(2%x"2) + (3*(Sqrt[-1 + x]/x + Ar ‘

output
cTan(Sart[-1 + x11))/4)/4 J
Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 52 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symboll :> Simp[

(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

N\ J

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQb, 01)

rule 216

Int[((a_.) + ArcSecl[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
plc + d*x)~"(m + 1)*((a + b*ArcSec[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrtl
u™2 - 11)), x1, x1, x] /; FreeQ[{a, b, c, d, m}, x] & NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Functio
nO0fExponentialQ[u, x]

rule 5793




inputt
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.06

method result size
. . . . v—1+z (3arct 1 2_3/“Itze—2v/—1+z
derivativedivides | — arcs;;(zﬁ) — = (3arctan( \/127—)1; : el z) 57
arcsec (+/Z) V-1+z (3 arctan( \/%)12—3\/T+zx—2\/f+x)
default e 2 57
16\/ =Ltz 53
arcsec (/Z) \/? (3arctan(v/—1+z)z2+3v/—1+z z+2v/—1+2)
parts ——m T - 57
16z2v/—1+z

int (arcsec(x~(1/2))/x"3,x,method=_RETURNVERBOSE)

output

*(-1+x) 7 (1/2) #x-2*% (-1+x) 7 (1/2) ) / ((-1+x) /x) = (1/2) /x~ (56/2)

‘{—1/2*arcsec (x~(1/2))/x"2-1/16%(-1+x) ~(1/2) *(3*arctan(1/(-1+x) ~(1/2) ) *x~2-3

N

Fricas [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.54

/ sec™! (\/x) o — (3z% — 8)arcsec (v/z) + (3z +2)vz — 1

3 16 22

inputt

integrate(arcsec(x~(1/2))/x"3,x, algorithm="fricas")

outputt

1/16%((3*x~2 - 8)*arcsec(sqrt(x)) + (3*x + 2)*sqrt(x - 1))/x"2
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 38.07 (sec) , antiderivative size = 144, normalized size of antiderivative = 2.67

3 acosh( L )

V= _ 31 i i for 1 S 1
4 4\/5\/—1+§ + 4:1:%\/—14—% + %%\/_pﬁ 2]
3asin (L)
el 3 1 1 .
B - - otherwise
sec”’ (\/E) * * 4@\/@ dz3 1—% 23, /1-1
———dzr =
x3 1
asec (1/x)
2x2
inputLintegrate(asec(x**(1/2))/x**3,x) J

‘Piecewise((3*I*acosh(1/sqrt(x))/4 - 3%I/(4*sqrt(x)*sqrt(-1 + 1/x)) + I/(4% ‘
xRk (3/2)*sqrt (-1 + 1/x)) + I/(2%x**(5/2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (
‘-S*asin(l/sqrt(x))/ll + 3/(4*sqrt(x)*sqrt(1l - 1/x)) - 1/(4*xx*x*(3/2)*sqrt (1l ‘
= 1/1)) - 1/ (2%xxx(5/2)*sqrt (1 - 1/x)), True))/4 - asec(sqrt(x))/(24x+x2)

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(38) = 76.

Time = 0.12 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.48

3
2

/Sec_l(ﬁ)d 322 (-1 +1)2 45z /-1 +1
VT e —
z? 16 (22(1 —1)" —22(1 - 1) +1)

2 2 16 T

input integrate(arcsec(x~(1/2))/x"3,x, algorithm="maxima")
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‘1/16*(3*1{”(3/2)*(—1/}{ + 1)7(3/2) + bxsqrt(x)*sqrt(-1/x + 1))/(x"2%(1/x - 1 ‘
‘)“2 - 2xx*x(1/x - 1) + 1) - 1/2*xarcsec(sqrt(x))/x"2 + 3/16*arctan(sqrt(x)x*s
‘qrt(-l/x + 1)) ‘

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

/Sec1 o __+1 A arccos( >+iarccos<1)

z3 16\/_ 812 2 12 16 N
input Lintegrate(arcsec(x“(1/2))/x‘B,x, algorithm="giac") J
output‘s/ls*sqrt(-l/x + 1)/sqrt(x) + 1/8xsqrt(-1/x + 1)/x~(3/2) - 1/2*arccos(1/sq ‘

‘rt(x))/x‘2 + 3/16*arccos(1/sqrt(x))

Mupad [F(-1)]

Timed out.

/sec—l (va) , _ / acos(Js)

3

Lint(acos(l/x“(1/2))/x“3,x) J

input

output tint (acos(1/x7(1/2))/x73, x) J
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Reduce [F|

J= e

asec(y/z) q

3

X

inputt

int (asec(x~(1/2))/x"3,x%)

outputt

int (asec(sqrt(x))/x**3,x)
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3.9 [ W3)g,

T
Optimal result . . . . . . . . . . . . 97
Mathematica [A] (verified) . . . . . . . . . ... 94
Rubi [A] (verified) . . . . . . . . . . 951
Maple [A] (verified) . . . . . . ... L 97
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 9T
Sympy [C] (verification not implemented) . . ... ... ... ... .. .....
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... 99
Mupad [F(-1)] . . . oo 99
Reduce [F] . . . o . o e 100

Optimal result

Integrand size = 10, antiderivative size = 68

/sec_1 (V) dp — \/T—i—:c_'_ 5\/T—|—x+ 5vV—1+z

T4 © 18z3 72x2 48z
sec™! (vz) 5
_ Ve 9 A
3.3 + 8 arctan ( + a:)

t‘1/18*(-1+X)A(1/2)/x‘3+5/72*(-1+x)A(1/2)/x‘2+5/48*(-1+x)A(1/2)/x—1/3*arcsec

outpu
(" (1/2)) /x"3+5/48*arctan((-1+x)"(1/2))

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.66

/ sec™! (v/7) ; vV—1+z(8 4+ 10z + 152?) — 48sec™" (y/z) — 15z arcsin (\%)
— Zdx =

z! 14423
input LIntegrate [ArcSec[Sqrt[x]]/x"4,x] J
output ‘ (Sqrt[-1 + x]*(8 + 10*x + 15%x~2) - 48%ArcSec[Sqrt[x]] - 15*x~3xArcSin[1/S ‘

‘qrt[x]])/(144*x“3) ‘
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.12,

number of rules _ 0.700, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {5793, 27, 52, 52, 52, 73, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

4

[,

x
l 5793
1/ 1 d sec™! (y/x)
3) 2¢/zx — 1zt o 33

| 27
1 1 p sec™! (/z)
6/\/w—1m4 v 33

| 52

1 5/ 1 dx_i_\/x—l _sec”! (Vz)
6\6) x—1x3 33 3x3

33

1<5<3 1 \/x—1>+\/x—1>_sec_1 (Vz)

1<5<3<1 1 . \/w—1>+\/x—1>+\/m>_sec_1(\/§)

33 33

(LG e ) ) )

33 33

L(5(3 (rtan (5=T) £ L) YT /) ()

33 33



input
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‘ Int [ArcSec[Sqrt[x]]/x"4,x]

output ‘ -1/3*ArcSec[Sqrt [x]]/x"3 + (Sqrt[-1 + x]/(3*%x73) + (5%(Sqrt[-1 + x]/(2*x"2

rule 27

rule 52

rule 73

rule 216

rule 5793

\) + (3x(Sqrt[-1 + x]1/x + ArcTan[Sqrt[-1 + x11))/4))/6)/6

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*xc - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Int[((a_.) + ArcSecl[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + bxArcSec[ul)/(d*x(m + 1))), x] - Simp[b*(u/(d*(m +
1)*Sqrt[u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[
u™2 - 11)), x1, x1, x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Invers
eFunctionFreeQ[u, x] &% !FunctionOfQ[(c + d*x)"(m + 1), u, x] & !Functio

nO0fExponentialQ[u, x]




input

output

input

output
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.99

method result size
V—=1+z (15 arctan( 1 )x3—15\/—1+:c 22—10v/—1+z x—8\/—1+x)
derivativedivides | —2=va) _ —Ltz 67
33 144\/% w%
— 1 3_ — 2_ — _ —
default _arcsec(ﬁ) B V—=1+z (15arctan( _H_m)x 15v/ =14z 2?2 —10v/—1+z 2—8+/ 1+x) 67
323 144\/ EEE
x
" arcsec(v/z) " \/ 22 (15 arctan (v—1+z) 23 +15v/—1+z 22 +10v/—1+z 2+8v/—1+7) 67
arts —
P 3z? 14423 ¥z

tint(arcsec(x‘(1/2))/x‘4,x,method=_RETURNVERBOSE)

‘{

-1/3*arcsec(x~(1/2))/x"3-1/144*(-1+x) ~(1/2) * (16*xarctan(1/(-1+x) " (1/2) ) *x~3

—16% (-1+x) 7 (1/2) *x72-10% (-1+x) ~(1/2) *x-8* (-1+x) " (1/2) ) / ((-1+x) /x) = (1/2) /x~

(7/2)

\‘

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.51

x4

[t

3 (523 — 16) arcsec (v/z) + (1522 + 10z + 8)v/z — 1

dz =

144 3

Lintegrate(arcsec(x“(1/2))/x‘4,x, algorithm="fricas")

‘1/144*(3*(5*x“3 - 16)*arcsec(sqrt(x)) + (15*x™2 + 10*x + 8)*sqrt(x - 1))/x

\*3
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 108.73 (sec) , antiderivative size = 180, normalized size of antiderivative = 2.65
-1
/ sec™! (V) e

rl

53 acosh ( L )

V) _ 5i 5i i i for L > 1
8 8@/ —1+1 + 2423 \[-1+1 + 1203 |/~ 1+1 + 328 \/-1+1 ||
5 asin (i)
N 5 5 1 1 .
— - — — otherwise
8 + 8z /1L 2427, /1-1  12¢3,/1-1 3% /1-1
B 6
asec (/7)
33
inputLintegrate(asec(x**(1/2))/x**4,x) J
output Piecewise((5*I*acosh(1/sqrt(x))/8 - 5+I/(8*sqrt(x)*sqrt(-1 + 1/x)) + 5*xI/(

24xx*xx(3/2)*sqrt (-1 + 1/x)) + I/(12*x**(5/2)*sqrt(-1 + 1/x)) + I/(3*x*xx(7/
2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (-b*asin(1/sqrt(x))/8 + 5/(8xsqrt(x)*sq
rt(1 - 1/x)) - 5/(24*x*x(3/2)*sqrt(1 - 1/x)) - 1/(12*x**(5/2)*sqrt(1 - 1/x
)) = 1/(3*x*x(7/2)*sqrt(1 - 1/x)), True))/6 - asec(sqrt(x))/(3*x**3)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 106 vs. 2(48) = 96.
Time = 0.12 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.56

3
2

.
8
I

|

/ sec™! (v/z) 1525 (-1 + 1)g +40z> (-1+1)
” 144 (9(2 - 1)" - 322(2 1)+ 82(1 - 1) - 1)

1
- —arcsgcxgﬁ) + % arctan (ﬁ 2 + 1)

inputLintegrate(arcsec(x*(1/2))/x”4,x, algorithm="maxima") J
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-1/144%(15%x~(5/2)*(-1/x + 1)7(5/2) + 40%x"(3/2)*(-1/x + 1)°(3/2) + 33*sqr
t(x)*sqre(-1/x + 1))/(x"3%(1/x - 1)73 - 3%x"2%(1/x - 1)72 + 3xx*(1/x - 1) |
‘— 1) - 1/3*arcsec(sqrt(x))/x"3 + 5/48*arctan(sqrt(x)*sqrt(-1/x + 1))

output

Giac [A] (verification not implemented)

Time = 0.39 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.85

/sec-wa P o R L e R Vo

z 48 \/x 7223 182
- —aTCCOS <\/L5) + E arccos i
33 48 NZ7
inputLintegrate(arcsec(x“(1/2))/x"4,x, algorithm="giac") J

5/48%sqrt (-1/x + 1)/sqrt(x) + 5/72¢sqrt(-1/x + 1)/x°(3/2) + 1/18*sqrt(-1/x

output
‘ + 1)/x~(5/2) - 1/3%arccos(1/sqrt(x))/x~3 + 5/48+*arccos(1/sqrt(x)) ‘
Mupad [F(-1)]
Timed out.

-

Lint (acos(1/x~(1/2))/x"4,x)

-/

input

output Lint (acos(1/x~(1/2)) /x4, x) J
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Reduce [F]

X

/sec‘1 (V) o — / asec(\/E)d

4 zt

input Lint (asec(x~(1/2))/x"4,x)

outputLint(asec(sqrt(X))/x**4,x)
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3.10 [z?sec™ (¢) da

Optimal result . . . . . . . . . . . . e 10Tl
Mathematica [A] (verified) . . . . . . . . . ... o 101
Rubi [A] (verified) . . . .. . . ... .. 102
Maple [A] (verified) . . . . . . ... L 103
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 104
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 104
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1051
Giac [A] (verification not implemented) . . . . . . ... ... ... 105
Mupad [F(-1)] . . . o o 105
Reduce [F] . . . o . o o 106

Optimal result

Integrand size = 10, antiderivative size = 56
1,/ 2 1 2\3% 1
/x2 sec™? <%> dz = —§a3 1-— % + §a3 (1 — %) + gz?’ arccos (g)

L-1/3*a“3*(1-x“2/a“2)”(1/2)+1/9*a“3*(1-x“2/a“2)“(3/2)+1/3*x“3*arccos(x/a)

output

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75
1 2 1
[zt (3) do =~ gaaa? + o) 1= %5 4 atsec ()

Integrate [x"2*ArcSec[a/x],x]

e

input t

output L-1/9*(a*(2*a“2 + x"2)*Sqrt[1 - x~2/a"2]) + (x~3*ArcSec[a/x])/3

>

~—



input L
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.11,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5787, 5139, 243, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/x2 sec™! (%) dx

l5m7

/ z? arccos <§> dx

l 5139

3
f %dw
Vi-23 1
Ve + =23 arccos (E)
3a 3 a

l 243

below.

1-25 1
V- a? + §ac3 arccos (£>

6a a
l 53

a? 2 x2 2
f(le—a — & | da
- 13

6a + gx arccos (g)

(l2 ]. 3 X
+ —x° arccos (7>
3 a

e

Int [x"2*ArcSec[a/x],x]

~—

‘(—2*&"4*Sqrt [1 - x~2/a"2] + (2*%a~4*x(1 - x~2/a"2)"(3/2))/3)/(6%a) + (x"3*Ar
LcCos [x/al)/3

J




rule 53

rule 243
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, O] && LeQ[7*m + 4#n + 4, 0])
|l LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst [In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 5139

rule 5787

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])n/(d*(m + 1))), x] + Simp[b*c*(n
/(@*(m + 1))) Int[(d*x)”"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[l - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol]l :> Int[

uxArcCos[a/c + b*(x"n/c)]”m, x] /; FreeQ[{a, b, c, n, m}, x]

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00

method result size
2 2
z3 arcsec(2) _m%)?@_z,{l@
parts T — 3 56
2 2
: : P 3 arcsec( 2 ay-1 2%4—1 4
derivativedivides | —a3 | —Z T3a3 &) + (z )2< z : ) 66
as 1)z
9\/ (z2 02 a4
2 2
3 2 9o —1) (2% +1)at
default —a3 _r arcse3c(z) + (-’E ) ( z ) 66
3a (%_1 $2
9|/ 2=/ qt
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input  int (x"2*arcsec(a/x) ,x,method=_RETURNVERBOSE)

‘1/3*x“3*arcsec(a/x)+1/3/a*(—1/3*x“2*a‘2*(1—x‘2/a“2)“(1/2)—2/3*a“4*(1-x“2/a

output
"2)7(1/2))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.70

1 1 2 _ .2
/x2 sec™! (%) dr = §x3 arcsec <g> ~9 (2a°z + 2°) %

input Lintegrate (x~2*xarcsec(a/x) ,x, algorithm="fricas")

OutputL1/3*x‘3*arcsec(a/x) - 1/9%(2xa”2*x + x"3)*sqrt((a”2 - x72)/x72)

Sympy [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91

. W/ s g
/x2 sec—1 <_> de = — 5 — 5 + 3 or a #
z 3

otherwise

inputkintegrate(x**2*asec(a/x),x)

Piecewise((-2*a**3xsqrt (1 - x#%2/a**2)/9 - akx+x2ksqrt(l - x**2/ax*2)/9 +

output
Lx**B*asec(a/X)/S, Ne(a, 0)), (zoo*x**3, True))
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Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

a 1 oy 204 /=% +1+a%? /-5 +1
/ x> sec_1< ) dz z° arcsec( >—

)73 T 9a

3

. -~ q =n 3 ]
input tlntegrate(x 2xarcsec(a/x) ,x, algorithm="maxima") J

|1/3%x"3%arcsec(a/x) - 1/9%(2*a”4xsqrt(-x"2/a"2 + 1) + a~2#x"2*sqrt(-x"2/a~

output L2 . 1))/a J

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

1 2 [ x2 1 [ x2
/x2sec_1 (%) dr = §x3arccos (2) — §a3 —%+1—§ax2 —%—I—l

Lintegrate (x~2*arcsec(a/x),x, algorithm="giac") J

input

‘1/3*x“3*arccos(x/a) - 2/9%a”3*sqrt(-x"2/a"2 + 1) - 1/9%a*x"2*xsqrt(-x~2/a"2 ‘

output‘ . ‘

Mupad [F(-1)]

Timed out.
xSacos(g) _ \/m(2a2+m2) if 0 <
/z2 sec™? <2> dx = 3 9 ' a4
r [ z*acos(%) dz if 0<a

input Lint (x~2#*acos(x/a),x) J
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‘piecewise(o < a, (x"3*acos(x/a))/3 - ((a”2 - x72)"(1/2)*(2*a"2 + x72))/9,

output
‘~0 < a, int(x"2*acos(x/a), x))

Reduce [F]

inputLint(x"2*asec(a/x),x)

outputtint(asec(a/x)*x**2,x)
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3.11 [ zsec™

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 8, antiderivative size = 47

1 / 2 1 1
/:Esec_1 (2) dr = —-azxy/1— r + =% arccos <§> + —a?arcsin
T 4 a? 2 a 4

(

2

output ‘ -1/4*xaxx*(1-x"2/a"2) "~ (1/2)+1/2*x"2*arccos (x/a)+1/4%a"~2*arcsin(x/a)

input

output

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.94

/ 2
(—am 1-— x_2 + 2x%sec™! (2) + a? arcsin <x
a T

a

)

-

LIntegrate [x*ArcSec[a/x],x]

-/

-

N\

(-(axx*Sqrt[1 - x~2/a"2]) + 2*x"2xArcSec[a/x] + a~2+ArcSin[x/al)/4




input L
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.21,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5787, 5139, 262, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/avsec_1 (%) dx

l5m7

/:L'arccos <g> dx

l 5139

2
[ F=dz
Vi-23 1
Ve + =22 arccos (E)
2a 2 a

l 262

190 1 12 [{_ a2
sa° [ 1_ﬁdaz 5a°x\/1— % .
a2

+ f.r2 arccos <§>
2a 2

below.

a

l 923

1,3, oo (z) _ 1,2, [1_ a2
ga’arcsin (7) — 5a°z\/1- % 1 | (x)

+ —x“ arccos
2a 2 a

Int [x*ArcSec[a/x] ,x]

‘(x“2*ArcCos[x/a])/2 + (-1/2*%(a"2*x*Sqrt[1 - x72/a"2]) + (a"3*ArcSin([x/al)/
‘2)/(2*a)
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Defintions of rubi rules used

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 223

rule 262 Int[((c_)*(x)) (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(b*x(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pr, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, xJ

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(@@ + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[l - c~2
*x~2]), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

rule 5139

Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

rule 5787

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.43
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method result Size
1 x
) a2 arctan \/gz
_maz lffg—‘r 1,%2
2 1
z2 arcsec(2) 2\/5
x
parts 3 + 5 67
arctan 1 a2
2
a 1| — vz 7 /e 1|z
z2 z2 22
. . .. 22 arcsec(2
derivativedivides | —a? | —— (&) _ _ 91
at _ 1) g2
4\/ % a3
arctan 1 a2
22
21 =1 |z
z2 2
2 a
9| = arcsec(2) .
default a = (%_Qﬂ 91
Cl i

‘int(x*arcsec(a/x),x,method=_RETURNVERBOSE)

input
output‘1/2*x“2*arcsec(a/x)+1/2/a*(—1/2*x*a*2*(1_x~2/a*2)~(1/2)+1/2*a~2/(1/a~2)a(1
‘/2)*arctan((1/a‘2)‘(1/2)*x/(1—x‘2/a‘2)‘(1/2)))
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81
(D) dr= 1ot [T L (a2 - 202 (%)
/xsec <x dz 1° p 1 (a z*) arcsec "
input Lintegrate (x*arcsec(a/x),x, algorithm="fricas")
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Output‘-1/4*x‘2*sqrt((a“2 - x72)/x72) - 1/4%(a~2 - 2%x~2)*arcsec(a/x)

Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.87

2
2 a ary\/1-2%5 2 a
a _ a“ asec ((L‘) _ H,2 < asec ((D)
/ 2 sec-1 (_) do — - 2+ 2 fora # 0
x . )
soz? otherwise

-

inputt

-/

integrate(x*asec(a/x),x)

‘Piecewise((—a**2*asec(a/x)/4 - a*xxxsqrt (1 - x**2/a**x2)/4 + x**2*xasec(a/x)/

output
L2, Ne(a, 0)), (zoo*x**2, True)) J

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.98

a 1 oy alarcsin (2) —a’zy/—%5 +1
xsec™ ! (—) dz = = 22 arcsec (—) +
i 2 €T 4a
inputLintegrate(x*arcsec(a/x),X, algorithm="maxima J
outputt1/2*xﬁ2*arcsec(a/x) + 1/4x(a"~3*arcsin(x/a) - a~2*x*sqrt(-x~2/a"2 + 1))/a J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

/G 1, x 1, x 1 x?
x sec (—) dxr = —— a” arccos (—) + — & arccos (—) ——ary\/— +1
T 4 a 2 a

inputLintegrate(x*arcsec(a/x),x, algorithm="giac") J

OutputL—1/4*a“2*arccos(x/a) + 1/2%x"2*arccos(x/a) - 1/4xa*x*sqrt(-x"2/a"2 + 1) J

Mupad [B] (verification not implemented)

Time = 0.70 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.81

[sect (£) do = @acos(2) (2 -1) az1-2

4 4

input Lint (x*acos(x/a),x) J

outputL(a“2*aCOS(x/a)*((2>|<x‘2)/a“2 - 1))/4 - (a*x*x(1 - x°2/a~2)"(1/2))/4 J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

i (a . asec(%) a®>  asec(2) z? B asin(Z) a? V@ —a
/ o <x> d = 2 2 4 4
input Lint (x*asec(a/x) ,x) J

‘( - 2xasec(a/x)*ax*2 + 2xasec(a/x)*x*x2 - asin(x/a)*a**2 - sqrt(a**2 - x*x* ‘

output 2xx)/4 |
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3.12 [sec™! (2) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..

Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....

Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...

Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 6, antiderivative size = 26

2
/sec_1 (2) dx = —ay\/1— :v_2 + x arccos <
T a a

output ‘ —a*x(1-x"2/a~2) " (1/2)+x*arccos (x/a)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

2
/sec_1 (E) dr = —a\/1— x_2 + zsec! (E)
T a T

-

LIntegrate [ArcSec[a/x],x]

| —

t—(a*Sqrt [1 - x72/a"2]) + x*ArcSecla/x]




input

output

rule 241

rule 5131
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5787, 5131, 241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

| 5787
/ arccos (2) dx
| 5131
S 1’_’%da; .
T“ + x arccos (5)
l 241

x z2
xzarccos(— ) —ay/1— —
a a

‘ Int [ArcSec[a/x] ,x]

L—(a*Sqrt [1 - x72/a"2]) + x*ArcCos[x/al J

Defintions of rubi rules used

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2*%b*(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cCos[c*x])"n, x] + Simp[b*c*n Int[x*((a + b*ArcCos[c*x])"(n - 1)/Sqrt[1 -
c"2*xx72]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]
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rule 5787‘Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[ ‘
‘u*ArcCos[a/c + bx(x"n/c)]"°m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

method result size
parts z arcsec (2) — ay/ 252 28
a 132 ﬁ_l
derivativedivides | —a | —2 arciec(;) + 512 ) 51
JE2
a2 a
a 2(a_4
default —a _““CTC(E) + 2 (;2 : 51
\/ (ra‘;)’ o2
input Lint (arcsec(a/x) ,x,method=_RETURNVERBOSE) J
output X*aresec(a/x)-ax((a"2-x"2)/a"2)" (1/2) )

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.04

4 /0 a a? — z?
sec — ) dr==zarcsec|(— | —z 5
z z T

s s =n : "
input Llntegrate(arcsec(a/x),x, algorithm="fricas") J

output Lx*arcsec(a/x) - x*xsqrt((a”2 - x72)/x72) J
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Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

/sec_l (g) dr — —ay/1— z—;—l-a:asec (2) fora#0

0T otherwise

inputtintegrate(asec(a/x),x)

-

output LPieceWise(('a*sqrt(l - x**2/a**2) + x*asec(a/x), Ne(a, 0)), (zoo*x, True))

1

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

2
/Sec_1 (E) dx = x arcsec (2) —a _ac_2 +1
T x a

i i =" s n
inputLlntegrate(arcsec(a/x),x, algorithm="maxima")

-

Ou_tpudx*arcsec(a/x) - a*sqrt(-x"2/a"2 + 1)

e—

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

z arccos (Z 2
/sec_1 (E) dxza(—w— —z—2+1>
T a a

inputLintegrate(arcsec(a/x),x, algorithm="giac")

output La* (x*arccos(x/a)/a - sqrt(-x~2/a"2 + 1))
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Mupad [B] (verification not implemented)

Time = 0.76 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/sec_1 (g) dx :xacos<§> —ay/1 —z—z

-

inputtint(acos(x/a),x)

—

output Lx*acos(X/a) - ax(1 - x72/a"2)"(1/2)

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.81

/sec_1 (ﬂ) dr = asec(g) z—Va?—x?

T T

input Lint (asec(a/x),x)

output Lasec(a/x)*x - sqrt(axx2 - xx2)
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313 [ gy

Optimal result . . . . . . . . . . . . 118
Mathematica [A] (verified) . . . . . . . . . ... 118
Rubi [A] (verified) . . . . . . . . . . 1719
Maple [A] (verified) . . . . . . ... L 121]
Fricas [F] . . . . . o o 122
Sympy [F] . . o o 122
Maxima [F] . . . . . . 122
Giac [F] . . . o o 123]
Mupad [F(-1)] . . . oo 123
Reduce [F] . . . o . o e 123

Optimal result

Integrand size = 10, antiderivative size = 59

/ —sec_1 (5) dx = —%i arccos <§>2 + arccos <E> log (1 + e%ar“"s(%)>

- %z PolyLog ( gPiarceos(g )>

‘olylog(2,-(X/a+I*(1-x*2/a‘2)‘(1/2))‘2)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.00

T

/w dr — —%i sec—! <_> + sec” ( (1 + e2isBc—1(%)>

1 a
— 52 PolyLog <2 grisec” 1(’)>

~—

p
input LIntegrate [ArcSec[a/x]/x,x]
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t‘ (-1/2xI)*ArcSec[a/x] "2 + ArcSec[a/x]*Log[1 + E~((2*I)*ArcSec[a/x])] - (I/2 ‘

outpu
L)*PolyLog [2, -E~((2*I)*ArcSec[a/x])] J

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.14,

number of rules _ 0.700, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {5787, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l5m7

/arccos (%) i
——% dx

x

l 5137

ay/1— & arccos (2) -
—/ darccos (7)
T a

l 3042

— / arccos <g> tan (arccos (g)) darccos <§)

J'4202

24 arccos(ﬁ) x

e o/ arccos 1 2

2i/ , - (“) d arccos (f) — —{arccos (f)
14+ e2zarccos(g) a 2 a

l 2620

2i<;i/log (1 + ezmrcws(f)) d arccos (g) — %iarccos (2) log (1 + eZiaTCCOS(z))) -

siavccos (%)’
—jarccos | —
2 a

l 2715



input

output

rule 2620

rule 2715

rule 2838

rule 3042
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2Z<All /e—%arccos(i) log (1 + e?iarccos(%)) de2iarccos(%) . %Z arccos (E) log (1 + eQiarccos(i))) _
a

%z’ arccos (3) ’
l 2838

2 <—i PolyLog (2, —e2iarcc°s(f)) - %z arccos (2) log (1 + eZiarCCOS(z))> — %z arccos (g)

2

LInt [ArcSec[a/x]/x,x]

‘((—1/2*1)*ArcCos [x/al"2 + (2*I)*((-1/2*I)*ArcCos[x/al*Log[1l + E~((2*I)*ArcC
‘os[x/al)] - Polylogl2, -E~((2*I)*ArcCos[x/a])1/4)

\‘

Defintions of rubi rules used

Int [(C(FL)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

e

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simp[I
¥*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) m*x(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 5137 Tmtl((a_.) + ArcCos[(c_.)*(x_)I1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

rule 5787‘Int[ArcSec[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[ ‘
‘u*ArcCos[a/c + bx(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Maple [A] (verified)

Time = 0.84 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.29

method result
. (g)2 . 2 ipolylog<2,_(i+i\/@>2>
derivativedivides | ———+— + arcsec (¢)In { 1+ (f i1 — 2_2> . i
2
. (2)2 . 2 ipolylog(Q,—(i.H@) )
default —% + arcsec (%) In|1+ (% +i4/1— 2‘—2> — .
input Lint (arcsec(a/x)/x,x,method=_RETURNVERBOSE) J
output ‘ -1/2*I*arcsec(a/x) " 2+arcsec(a/x)*1n(1+(x/a+I*(1-x72/a~2)"(1/2))"2)-1/2*I*p ‘

‘olylog(2,-(x/a+I*(1-x"2/a"2)~(1/2))"2)
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Fricas [F|

/sec—l (2) . /arcsec (2) p
se¢ " \g) 4, [BTCECL) o

z T

i i =" : "
inputLlntegrate(arcsec(a/x)/x,x, algorithm="fricas")

OutputLintegral(arcsec(a/x)/x, x)

Sympy [F]

/Mdm=/%dx

inputLintegrate(asec(a/x)/x,x)

outputtIntegral(aSeC(a/X)/X, x)

Maxima [F]

/sec—1 (2) . /arcsec (2) p
se¢ " \z) g [ 2reseCly) oo

z T

inputLintegrate(arcsec(a/x)/x,x, algorithm="maxima")

OutputLintegrate(arcsec(a/x)/x, x)
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Giac [F]
sec™! (& arcsec (2
Z z
input Lintegrate (arcsec(a/x)/x,x, algorithm="giac")

outputLintegrate(arcsec(a/X)/x, x)

Mupad [F(-1)]

Timed out.

inputLint(acos(x/a)/x,x)

Outputtint(ac°s(x/a)/x, x)

Reduce [F]

8

[ gy [,

inputtint(asec(a/x)/x,x)

Ou_tputLint(asec(a/x)/x,x) J
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314 [ G gy
I

Optimal result . . . . . . . . . . . . 124
Mathematica [B] (verified) . . . . . . . . . .. .. 124
Rubi [A] (verified) . . . . . . . . . . 1251
Maple [A] (verified) . . . . . . ... L 127
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 127
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 128
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 128
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... . ... 1291
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 129
Reduce [F] . . . o . o e 129

Optimal result

Integrand size = 10, antiderivative size = 31

arctanh( 1-— 2’—3)
+

/sec_1 (g) J arccos (f)
— = dr

2 T

a

output

‘—arccos(x/a)/x+arctanh((1—x‘2/a“2)A(1/2))/a

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(31) = 62.

Time = 0.09 (sec) , antiderivative size = 93, normalized size of antiderivative = 3.00

8|

[ gy =

input L

Integrate[ArcSec[a/x]/x"2,x]
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‘-(ArcSec [a/x]/x) + (Sqrt[-1 + a~2/x"2]*xx(-Logl[l - a/(Sqrt[-1 + a~2/x"2]*x ‘

output
L)] + Log[l + a/(Sqrt[-1 + a~2/x"21*x)1))/(2*a~2*Sqrt[1 - x~2/a~2]) J

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 0.500, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {5787, 5139, 243, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l5m7

/arccos (%) i
——% dx

T2

l 5139

e 1—272 _arccos(%)

a X
l 243

z%/l—z—; arccos (%)

2a x

1 x2  arccos (%)
o 5 gd\l- 5 ———%
a? — a’z a x

a T

-

input LInt [ArcSec[a/x]/x"2,x]

-/
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Output“(ArCCOS[X/a]/x) + ArcTanh[Sqrt[1 - x"2/a"2]]1/a

Defintions of rubi rules used

rule 73 IntLCCa_) + (b_)*(x))~ @ )*((c_.) + (d_.)*(x_))"(n)), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

rule 291 IntL((al) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

/Int[(x_)‘(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In

rule 243
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 5139 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)*((d_.)*(x_))"(m_.), x_Symboll

:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(@*(m + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[1l - c~2
*x~2]1), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[n, 0] && NeQ[m, -1]

/Int[ArcSec[(c_.)/((a_.) + (b_)*(x )" (a_.))]1"(@_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + b*(x"n/c)]”m, x] /; FreeQ[{a, b, c, n, m}, x]

rule 5787
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.97

method result size
arctanh ( 1 > )
I o 1-2Z
parts — a CS::( z ) _|_ - a? 30
aaresec(d) 1, ( R )
derivativedivides | — - 44
aarcsec(%) _1n<a+a 1272)
default — ” 44
input Lint (arcsec(a/x)/x"2,x,method=_RETURNVERBOSE) J
output L-arcsec(a/x) /x+1/a*arctanh(1/(1-x"2/a~2)~(1/2)) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(29) = 58.

Time = 0.12 (sec) , antiderivative size = 107, normalized size of antiderivative = 3.45

72
22 a2 —z2 — ——
2 ax arctan (—ﬁ) — 2 (ax — a) arcsec (g) —zlog <x e 4 a) + zlog (x a?—a? _ a)
- 2ax
i - i ="fri "
input Llntegrate (arcsec(a/x)/x"2,x, algorithm="fricas") J
ou‘cput‘-1/2*(2*a*x"‘ar‘:tan('x»2*sqrt((E’L“2 - x72)/x72)/(a"2 - x72)) - 2x(a*x - a)*a

‘rcsec(a/x) - x*log(x*sqrt((a™2 - x72)/x72) + a) + x*log(x*sqrt((a™2 - x72) ‘
‘/x‘2) - a))/(axx) ‘




CHAPTER 3. LISTING OF INTEGRALS 128

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.30 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94

— acosh (%) for >1

a?
132

/ sec—1 (%) . asec (%) 7 asin (%) otherwise
—_—="dr = —

x2 z a

input Lintegrate (asec(a/x)/x**2,x) J

‘—asec(a/x)/x - Piecewise((-acosh(a/x), Abs(a**2/x**x2) > 1), (I*asin(a/x), ‘

output True))/a |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.68

sec (2) M—log(\/—z—z-l-l—l-l)+log(—\/—2—z+1+1)
G gy —
x2 2a

integrate(arcsec(a/x)/x"2,x, algorithm="maxima") J

input L

‘—1/2*(2*a*arcsec(a/x)/x - log(sqrt(-x~2/a"2 + 1) + 1) + log(-sqrt(-x~2/a"2 ‘

output1 1)+ 1)/a ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(29) = 58.

Time = 0.12 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.97

log(’a—i—\/aQ—w?D log(‘—a—i—\/a?—wz‘)
—1 (a a - T
/sec (;) do — a a __arccos (5)
x? = 2|al

T

input‘integrate(arcsec(a/x)/x"2,x, algorithm="giac")

‘1/2*a*(log(abs(a + sqrt(a”2 - x72)))/a - log(abs(-a + sqrt(a™2 - x72)))/a)

output
‘/abs(a) - arccos(x/a)/x
Mupad [B] (verification not implemented)
Time = 0.68 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94
tanh | ——
sec™! (2) atan ( 1—2’;’) acos (%)
/ o dr = —
x a x
input Lint (acos(x/a)/x"2,x%) J
output Latanh(l/(i - x°2/a~2)7(1/2))/a - acos(x/a)/x J
Reduce [F]
-1(a a
/sec 2(z) o — / asecz(x)dx
x x
input Lint (asec(a/x)/x"2,x%) J

output Lint (asec(a/x) /x**2,x) J




output
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—-1(a

3.15 [ Wy

Optimal result . . . . . . . . . . . . . . e 130
Mathematica [A] (verified) . . . . . . . . . ... 130
Rubi [A] (verified) . . . . . . . . . . 1311
Maple [A] (verified) . . . . . . ... L 132
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... ..... 132
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 133
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 133
Giac [A] (verification not implemented) . . . . . . ... ... ... 134
Mupad [F(-1)] . . . oo 134
Reduce [F] . . . . . o 134

Optimal result

Integrand size = 10, antiderivative size = 38

2
a2

arccos (£)

[ty VIoE
——= ar =

3 2ax

212

L1/2*(1—x‘2/a‘2)‘(1/2)/a/x—1/2*arccos(x/a)/x‘2

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95

/ sec™! (2) p Ty\/1— Z_z —asec™" ()
T \w) g —

3

2ax2

input L

Integrate[ArcSec[a/x]/x"3,x]

output L

(x#Sqrt[1 - x72/a"2] - axArcSec[a/x])/(2*a*x~2)




input

output
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {5787, 5139, 242}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

3
l5m7
/ arccoz (E) da
x
l 5139
1
——d
J 22y/1-25 v arccos (£)
B 2a B 212

l 942

1- %; arccos (2)

2azx 212

LInt [ArcSec[a/x]/x"3,x]

| —

e

tSqrt[l - x"2/a"2]/(2*%axx) - ArcCos[x/al/(2*x"2)

~—

Defintions of rubi rules used

rule 242‘In'c[((c_.)>|<(x_))“(m_.)=|<((a_) + (b_)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)" ‘

‘(m + D*((a + bxx™2)"(p + 1)/(a*c*(m + 1))), x] /; FreeQ[{a, b, c, m, p}, x
1 && EqQ[m + 2%p + 3, 0] &% NeQ[m, -1]
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rule 5139

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x]) "n/(d*(m + 1))), x] + Simp[b*cx(n
/(@@ + 1))) Int[(d*x)"(m + 1)*((a + b*ArcCos[c*x])~(n - 1)/Sqrt[l - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

rule 5787

input L

Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcCos[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.87

method result size
2
arcsec( 2 1-%5
parts — %2( ) + 5. 33
2
a2 arcsec(%) z(ﬁ—l)
207 (Qg — 1) z2
. . .« e 2 z 2] a
derivativedivides | — — u 54
2
QQarcsec(%) "3(;771)
227 (% - 1) x2
2 z a
default — 7 54

int (arcsec(a/x)/x"3,x,method=_RETURNVERBOSE)

output

L—1/2*arcsec (a/x)/x~2+1/2%(1-x"2/a~2)~(1/2) /a/x

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.03

/ sec™ (2) N a?arcsec (%) — 2%,/ “21:;2‘”2

3 2 a2x2

input L

integrate(arcsec(a/x)/x"3,x, algorithm="fricas")
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output‘-1/2*(ah2*arcsec(a/X) - x"2xsqrt((a”2 - x72)/x72))/(a"2%x"~2)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.74 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.39

—Xe forg—;>1

— 1 .
sec™! (2) p asec (2) ——+—=— otherwise
/ P 202 2a

inputLintegrate(asec(a/x)/x**3’x)

‘—asec(a/x)/(2*x**2) - Piecewise((-sqrt(a**2/x**2 - 1)/a, Abs(a**2/x**2) >

output
‘1), (-Ixsqrt(-a**2/x**2 + 1)/a, True))/(2*a)

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.84

T =—

sec™! (2) J arcsec (2) -5 +1
/ 3 2 2 + 2ax

inputLintegrate(arcsec(a/x)/x‘s,x, algorithm="maxima")

output L—l/Z*arcsec(a/x)/x‘z + 1/2*sqrt(-x~2/a"2 + 1)/(a*x)
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.61

a atva?—z2 z
/ sec™! (2) J o’z (a+va?=22)a? arccos (2)
— 2 dxr = —
z3 4|al 2122
input Lintegrate (arcsec(a/x)/x"3,x, algorithm="giac") J

‘1/4*a*((a + sqrt(a™2 - x72))/(a"2*x) - x/((a + sqrt(a™2 - x72))*a~2))/abs(

output
‘a) - 1/2%arccos(x/a)/x"2 ‘

Mupad [F(-1)]

Timed out.

inputtint(acos(x/a)/x‘&x) J

output Lint (acos(x/a)/x"3, x) J

Reduce [F]

input Lint (asec(a/x)/x"3,x) J

output Lint (asec(a/x) /x**3,x) J




outpu

input

output
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—-1(a

3.16 [ Wy

Optimal result . . . . . . . . . . . . 135
Mathematica [A] (verified) . . . . . . . . . ... 135
Rubi [A] (verified) . . . . . . . . . . 1361
Maple [A] (verified) . . . . . . ... L 138
Fricas [B] (verification not implemented) . . . . . .. ... ... .. .. ..... 138
Sympy [C] (verification not implemented) . . ... ... ... ... .. ..... 139
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 139
Giac [A] (verification not implemented) . . . . . . ... ... ... 1401
Mupad [F(-1)] . . . oo 140
Reduce [F] . . . o . o e 140

Optimal result

Integrand size = 10, antiderivative size = 60

2

) arctanh (

x2

)

—_ X
sec™! (9) 1-%  arccos (g
T d:L. _ a
xz? 6az? 33

6a3

/2))/a"3

t‘1/6*(1—x“2/a”2)“(1/2)/a/x“2—1/3*arccos(x/a)/x“3+1/6*arctanh((1—x”2/a“2)”(1

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.15

6a3x3

JE= o1~ 5 — 20 see”) (2) — o logla) + 2 log (14 /1= 3
T

LIntegrate [ArcSec[a/x]/x"4,x]

‘(a“2*x*Sqrt [1 - x72/a"2] - 2*a~3*ArcSec[a/x] - x"3xLogl[x] + x"3%Logl[1l + Sq

\ rt[1 - x°2/a~2]1)/(6*a~3*x"3)




input
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02,

number of rules _ 0.600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5787, 5139, 243, 52, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

l5m7

/arccos (%) i
— %y

Tt

l 5139

o8 /1-2; arccos (%)

3a 3z3

J'243

J x‘%/l—i—; arccos (%)

6a 33

1 d: 2
f z2 1— mz * 1— 12
el — a2 arccos (ﬁ)
2a2 x2 . a
6a 33

arctanh(,h—z—:) 122

— 3 -0 o? arccos (%)

6a 33

Int[ArcSec[a/x]/x"4,x]
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‘-1/3*ArcCos [x/al/x"3 - (-(Sqrt[1 - x"2/a"2]/x"2) - ArcTanh[Sqrt[1 - x~2/a"
211/a72)/ (6%a)

output

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[dx*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 52

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

rule 221

N\

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tlx"((m - 1)/2)*(a + b*xx)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

rule 243

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symboll
:> Simp[(d*x)~(m + 1)*((a + b*ArcCos[c*x])"n/(d*(m + 1))), x] + Simp[b*c*(n
/(d*(m + 1))) Int[(d*x)"(m + 1)*((a + b*xArcCos[c*x])~(n - 1)/Sqrt[1 - c~2
*x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

rule 5139

Int[ArcSec[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol]l :> Int[
u*xArcCos[a/c + b*x(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

rule 5787
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Maple [A] (verified)

Time = 0.65 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.90

method result size
3 arctanh 1 3
() -Log -
arcsec| — - -
parts s — —2 s 54
a2 1
%—1 i ;mj +1n<%+ %—1) z
03 arcsec ( % ) z z
3
3z . (%% _1) 22
derivativedivides | — < 91
a a2 -1
‘%—1 “;2 +1n<%+ ‘%—1) z
a3 arcsec ( %) z z
323 2
® . (9;7 — 1) z2
-2 @
default — - @ 91

input  int(arcsec(a/x)/x"4,x,method=_RETURNVERBOSE)

output‘
1-x72/a"2)"(1/2)))

-1/3*arcsec(a/x)/x"3-1/3/a*x(-1/2/x"2*x(1-x"2/a"2)~(1/2)-1/2/a"2*arctanh(1/(

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(50) = 100.

Time = 0.13 (sec) , antiderivative size = 142, normalized size of antiderivative = 2.37

2 [a?2—x2

4a°z* arctan <_m pr ) — z°log <$ a2;2z2 + a) + z%log (93\ / —“:"fz — a) -2 amzr ‘1230;2"’2 —4(
B 12 @323
inputLintegrate(arcsec(a/x)/x“4,x, algorithm="fricas") J
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Output‘-1/12*(4*a"3*x"3*arctan(—x“2*sqrt((a"2 - x72)/x72)/(a"2 - x72)) - x"3xlog(
‘x*sqrt((a“2 - X72)/x72) + a) + x"3xlog(x*sqrt((a™2 - x72)/x72) - a) - 2*ax
‘x‘2*sqrt((a“2 - x72)/x72) - 4%(a”3*x"3 - a"3)*arcsec(a/x))/(a"3*x"3)

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.68 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.67

22
V5 oo (0
5 acos a
- Qwax - 2a2$ for z2 >1
jasin (2 .
+ 2a2(“) otherwise

zt 3z3 3a

ia _ )
/ sec™t (2) . _asec(s)  (BW/mH enynn
—_—=ar = — —_

input ‘ integrate(asec(a/x)/x**4,x)

output‘-aseC(a/X)/(S*x**S) - Piecewise((-sqrt(a**2/x**2 - 1)/(2*a*x) - acosh(a/x)
‘/(2*a**2), Abs (a**2/xx*2) > 1), (I*a/(2*xx**3*sqrt(-a**2/x*x*x2 + 1)) - I/(2x%
‘a*x*sqrt(—a**2/x**2 + 1)) + I*asin(a/x)/(2%a*x*2), True))/(3*a)

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.07

log<2\/_272+1+2
1
/ sec™! (2) o — — < 1 aresec (2)

zt 6a 33

inputLintegrate(arcsec(a/x)/x‘4,x, algorithm="maxima")

t‘1/6*(1og(2*sqrt(—x‘2/a‘2 + 1)/abs(x) + 2/abs(x))/a"2 + sqrt(-x~2/a"2 + 1)/

outpu
\x~2)/a - 1/3%arcsec(a/x)/x"3
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.33

(log(‘a+\/m‘) log(‘—a+\/¢WD IvaI—zZ
a 3 - 3 + 2

/sec_1 (2) J a a a?z? ) arccos ()
— 7 dxr = —

x* 12 |a| 33

input Lintegrate (arcsec(a/x)/x"4,x, algorithm="giac") J

‘1/12*a*(log(abs(a + sqrt(a”2 - x72)))/a"3 - log(abs(-a + sqrt(a”2 - x72))) ‘

output
‘/a‘S + 2*%sqrt(a”™2 - x72)/(a"2*x"2))/abs(a) - 1/3*arccos(x/a)/x"3
Mupad [F(-1)]
Timed out.
sec™! (2) acos(2)
/ zt v / w7
inputtint(acos(x/a)/x‘ll,x) J
otput 17 (2008 (/) /x4, ) |
Reduce [F]
-1 (a a
/sec 4(3;) dz:/asei(m)dx
x T
input Lint (asec(a/x)/x"4,x%) J

output Lint (asec(a/x) /x**4,x) J
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3.17 | e (as") gy

T
Optimal result . . . . . . . . . . . . . . e 1411
Mathematica [C] (verified) . . . . . . . . . ... . L 141
Rubi [A] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 1421
Maple [A] (verified) . . . . . . ... L 144
Fricas [F(-2)] . . . . . o 145
Sympy [F] . . o o 145
Maxima [F] . . . . . . . 145
Giac [F] . . . o o 1461
Mupad [F(-1)] . . . o o 146
Reduce [F] . . . . . o 1461

Optimal result

Integrand size = 10, antiderivative size = 69

T 2n n
i PolyLog (2, —e? Sec_l(‘””")>
2n

— n isec”!(az™
/ sec™! (az™) o isec™! (az")?  Sec ! (az™) log (1 + €2 ( ))

_|_

e N
4t 1/2*T¥arcsec(a*x™n)~2/n-arcsec(a*x™n)*ln(1+(1/a/(x"n)+I*(1-1/a"2/(x"n)"2)" |

P L(1/2))‘2) /n+1/2%I*polylog(2,-(1/a/(x"n)+I*(1-1/a"2/(x"n)"2)~(1/2))"2)/n J

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.06 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.87

- 111.3 3.z-%
sec™! (az™) z "3F2(§,§,§,§,§, e ) . N
dr = + ( sec™ (az™) +arcsin | — | | log(z)
T an a
input LIntegrate [ArcSec[a*x"n] /x,x] J
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t‘HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, 1/(a~2*x~(2*n))]/(a*n*x"n)

outpu
L+ (ArcSec[a*x™n] + ArcSin[1/(a*x"n)])*Logl[x] J

Rubi [A] (warning: unable to verify)

Time = 0.49 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.16,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 4 g5 Ryjes
integrand size

used = {7282, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 n
/ sec” " (az™) i
z
| 7282
[z "sec! (az™) dz™
n
| 571

p— -n p—
[ =™ arccos (’”T) dr™™"
n

l 5137

—2n -n -n
[ az™\/1— £ arccos (%) d arccos (””T)

n

l 3042

[ arccos (%) tan (arccos <%>> d arccos (?)
n
l 4202

—n
2iarccos(za ) zfn)
[ arccos| ——
%2932" -2 —°
21 arccos ( z a )
14e
n

l 2620

—-n
d arccos ( “’T>
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Tig?n — 2z< i [log <1 + e%arccos(z;)> d arccos (’”;n> — Liarccos ( ) log < QZarCCOS(_)>)

n
| 2115
Lign _ 2@( Te 2iarccos (2" >log < + 2zarccos<x;n>> de2iarccos<m;n> _y arccos( )log < te 2iarccos( 2"
n
| 2838
%iwzn — 2 <_411 PolyLog <2, _eZiarccos(“’;n)> - %Z arccos < ) log ( 2Zarccos(m;n)>>
n

input ‘ Int [ArcSec[a*x"n]/x,x] ‘

‘((I/2)*x (2%n) - (2*I)*((-1/2*%I)*ArcCos[1/(a*x"n)]*Log[1 + E~((2*I)*ArcCos ‘

output
‘ [1/(a*x"n)])] - PolylLogl[2, -E~((2*I)*ArcCos[1/(a*x"n)]1)]1/4))/n ‘

Defintions of rubi rules used

rule 2620 IntLCCEFD) (g ) *x((e_) + (£_)*(x2)))) " (_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
D nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 5137 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*xTan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

rule 5741 Int[((a_.) + ArcSec[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, xl]

rule 7282‘ Int[(u_)/(x_), x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1 ‘
‘ /1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, ( ‘
‘ 1st[[3]1]1*x)~1st[[2]]1], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[ ‘
'u] & !RationalFunctionQ[u, x] |

Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.35

method result size

2

2
>2> ipolylog(2,—<x;n +i4/1— x;;”) )
+

. n\2 — —
mcsec;”)_arcsec(axn)ln<1+(man i 1_:1:a§n

derivativedivides m 93
2
2 2 ipolylog(2,_(z;" _H',/l—%gﬁ) )
or _n —
W—arcsec(aw")ln(l—}-(za +i\/1—za§n> >+ 5
default 93

n

input Lint (arcsec(a*x~n)/x,x,method= RETURNVERBOSE) J




CHAPTER 3. LISTING OF INTEGRALS 145

t‘1/n*(1/2*I*arcsec(a*x”n)“2—arcsec(a*x“n)*1n(1+(1/a/(x“n)+I*(1—1/a”2/(x“n)“

t
Pt ‘2)“(1/2))“2)+1/2*I*polylog(2,-(1/a/(x“n)+I*(1-1/a“2/(x“n)”2)“(1/2))“2))

Fricas [F(-2)]

Exception generated.

sec™! (az™
/ # dx = Exception raised: TypeError
x

input Lintegrate (arcsec(a*x™n)/x,x, algorithm="fricas")

Output‘Exception raised: TypeError >> Error detected within library code: inte

‘grate: implementation incomplete (constant residues)

Sympy [F]
/ sec”" (az") do — / asec (az") s
z x
input Lintegrate (asec(a*x**n) /x,%)
output LIntegral(asec (a*x**n) /x, X)
Maxima [F]

T T

-1 n n
/ sec! (az™) dr = / arcsec (az™) i

inputLintegrate(arcsec(a*x‘n)/x,x, algorithm="maxima")
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‘—a“2*n*integrate(sqrt(a*x‘n + Dxsqrt(a*x™n - 1)*log(x)/(a"4*x*x~(2*n) - a

output
‘“2*x), x) + arctan(sqrt(a*x™n + 1)*sqrt(a*x™n - 1))*log(x)

Giac [F]
_1 n n
/ sec™ (a2") 4o — / arosec (az)
T T
inputLintegrate(arcsec(a*x‘n)/x,x, algorithm="giac") J
output 1Rtegrate(arcsec(arx™n)/x, x) ]
Mupad [F(-1)]
Timed out.
/ sec” (aa") . _ / acos(gyr)
T T
inputLint(acos(i/(a*x*n))/X,X) J
outputLint(ac°s(1/(a*x“n))/x, x) J
Reduce [F]
_1 n n
/ sec” (az") ,  _ / asec(a"a) .
T T
gt 55 e 2,0 |

OutputLint(asec(x**n*a)/x,x) J




output
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3.18 [ z*sec™(a + bz) dz

Optimal result . . . . . . . . . . . . e 147
Mathematica [A] (verified) . . . . . . . . . ... o T48]
Rubi [A] (verified) . . . .. . . ... .. 148
Maple [A] (verified) . . . . . . ... L 151
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 152
Sympy [F] . . o o 152
Maxima [F] . . . . . . 1531
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 153
Mupad [F(-1)] . . . o o 154
Reduce [F] . . . . . Iy

Optimal result

Integrand size = 10, antiderivative size = 197

a(20 + 53a) (a + bz), /1 — =z
/z4 sec”!(a + bz) dz = etbe)

300°
.\ 1laz?(a + bx),/1 — m ~ z*(a + bx),/1— (a—i—%)z)z
6003 206?
(9+58a%) (a + b2)*\ /1 — e
B 1200°

Ssecl(a+bz) | 1
a’sec(a + bv) + —2°sec™!(a + bx)

5b° )
(3 + 40a? + 40a*) arctanh(1 /1— m>
- 40

1/30*a* (53*a~2+20) * (b*x+a) * (1-1/ (b*xx+a) "2) ~(1/2) /b~5+11/60*a*xx"2* (b*x+a) * (
1-1/(b*x+a)~2)~(1/2) /b~3-1/20*x"3* (b*x+a) *(1-1/ (b*x+a) ~2) ~(1/2) /b~2-1/120%*
(58*a~2+9) * (b*x+a) ~2* (1-1/ (b*x+a) ~2) ~(1/2) /b~5+1/5*%a~5*arcsec (b*x+a) /b~5+1
/5*%x~B*arcsec (b*x+a)-1/40% (40%a~4+40%a~2+3) *arctanh ((1-1/(b*x+a)~2)~(1/2))
/b75
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.88

/w4 sec”!(a + bz) dz

\/ —Ltard 2t e (a2(71 4 1540%) + 20(31 + 48a%) br — 9(1 + 4a?) ba® + 16ab°s® — 6b*x*) + 24b°2° se
12065

e A
Integrate[x~4*ArcSec[a + b*x],x]

input

(Sqrt[(-1 + a™2 + 2*a*b*x + b~2+x72)/(a + b*x)"2]*(a~2*(71 + 154*a~2) + 2%
a*(31 + 48*a”2)*b*xx - 9% (1 + 4*a"2)*b”~2*x"2 + 16*a*b”~3*x"3 - 6*b~4*x"4) +
24xb"5*x"5xArcSec[a + b*x] - 24*a”5*ArcSin[(a + b*x)~(-1)] - 3*%(3 + 40*a~2
+ 40*a~4)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2%a*b*x + b™2*x"2)/(a + b*x
)~2]1)1)/(120%b"5)

output

Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.05,

number of steps used = 10, number of rules used = 9, n:g&lg;;&fl lgilzlgs = 0.900, Rules

used = {5781, 4926, 3042, 4269, 3042, 4544, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:4 sec”*(a + br) dz
| 5781
[ b*z%(a + bx)?, /1 — m sec”!(a + bx)dsec ! (a + bx)

b5
l 4926

i [ —bPzSdsec™(a + bx) + tb525 sec™!(a + bx)
b5
| 3042




input
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r

L

L [ (a—csc (sec™ (a + bz) + %))5 dsec™(a + bz) + $b5z° sec!(a + bz)
b5
| 4269

%(i [ ¥?z%(4a3 + 11(a + bz)%a — 3(4a® + 1) (a + bz)) dsec™ (a + bz) — 1b6323(a + bx), /1 — m) + b5
b

l 3042

%(i [ (a—csc (sec™t(a + bz) + %))2 <4a3 + 11 csc (sec™(a + bz) + g)z a—3(4a® + 1) csc (sec™ (a + bz) + 5
b5

l 4544

%(% (% [ —bz(12a* — (484> + 31) (a + bz)a + (58a% + 9) (a + bz)?) dsec™!(a + bz) + Y ab?z%(a + bz), /1 — @
b5

l 3042

%(% (% [ (a—csc(sec(a+bzx)+ %)) (12a4 — (48a® + 31) csc (sec ! (a + bz) + ) a + (58a* + 9) csc (sec™(

l 4536

%(i(%(%L[(24a54-4(53a24-20)(a-fbx)2a-3(40a44-40a24—3)(a-rbx))dsec—l(a-%bx)-%(58a24-9)(a-
b5

l'2009

L(3(3(3(240° sec™(a + bw) + 4(530 + 20) a(a + bw) /1 = b — 3(40a* + 4002 + 3) arctanh (| /1 — -4

Int [x"4*ArcSec[a + b*x],x]

| —




output
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((b~5*x"b*ArcSec[a + b*x])/5 + (-1/4%(b~3*x"3*(a + b*x)*Sqrt[1 - (a + b*x)
~(-2)]1) + ((11*axb~2*x"2*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/3 + (-1/2%((9
+ 58*a~2)x(a + b*x)"2+Sqrt[1 - (a + b*x)~(-2)]) + (4*a*x(20 + 53*a~2)*(a +
b*x)*Sqrt[1 - (a + b*x)~(-2)] + 24*a~bxArcSec[a + b*x] - 3%(3 + 40%a"2 +
40%a~4)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)11)/2)/3)/4)/5)/b"5

Defintions of rubi rules used

rule 2009 | 1ot [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 3042

rule 4269

rule 4536

rule 4544

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

N\

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~"(n - 3)*Simp[a~3*(n - 1) + (b*(b"2*(n - 2) + 3%
a~2%(n - 1)))*Csc[c + d*x] + (a*xb~2%(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Int[((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (f_.)*x(x_)]"2x(C_.
Nx(csclle_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*CxCsc[e +
fxx]*(Cot[e + f*xx]/(2%f)), x] + Simp[1/2 Int[Simp[2*A*a + (2%B*a + b*(2*
A + C))*Cscle + fxx] + 2x(a*C + B*b)*Csc[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, f, A, B, C}, x]

Int[((A_.) + cscl(e_.) + (f_.)*(x_)I*(B_.) + cscl[(e_.) + (f_.)*x(x_)]1"2x(C_.
M*x(cscl(e_.) + (£_.)*(x_)1*(_.) + (a_))"(m_.), x_Symbol] :> Simp[(-C)*Cot
[e + f*xx]*((a + bxCsc[e + f*x])"m/(f*(m + 1))), x] + Simp[1/(m + 1)  Int[(
a + bxCscle + f*x])~(m - 1)*Simp[a*xA*(m + 1) + ((A*b + a*B)*(m + 1) + b*C*m
)*Cscle + f*xx] + (b*Bx(m + 1) + a*C*m)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[
{a, b, e, f, A, B, C}, x] && NeQ[a~2 - b~2, 0] && IGtQ[2*m, O]




rule 4926

rule 5781

input
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Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )*x(x )" (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"mx((a + bxSec[c + d*x])"(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e

,» T}, x] && IGtQ[p, O] && IntegerQ[m]

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.67

method result

5
— w +arcsec(bz+a)a? (bz+a)—2 arcsec(bz+a)ad (br+a)?+2 arcsec(bz+a)a2(bz+a)® —arcsec(bz+a)a(ba

derivativedivides
5
— w +arcsec(bz+a)a® (bz+a)—2 arcsec(bz+a)ad (br+a)?+2 arcsec(bz+a)a? (br+a)® —arcsec(bz+a)a(ba
default
5 Vb2z24+2abz+a2—1 | —623vb2z2+2abz+a2—1 b3Vb24-22v/b202 4 2abc+aZ—1 Vb2 a b2z2 —24¢
z° arcsec(bz+a)
parts 5 +

Lint (x~4*arcsec(b*x+a) ,x,method=_RETURNVERBOSE)
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1/b75%(-1/5*arcsec (b*x+a) *a~5+arcsec (b*x+a) *a~4* (b*x+a) -2*arcsec (b*x+a) *¥a~
3* (b*xx+a) ~2+2*arcsec (bxx+a) *a”~2* (bxx+a) “3-arcsec (b*x+a) *a* (bxx+a) “4+1/5*ar
csec (bxx+a)*(b*x+a) "5-1/120* ((b*x+a) “2-1) " (1/2) * (24*a~5*arctan(1/ ((b*xx+a)~
2-1)"(1/2))+120*a~4*1n (b*x+a+((b*x+a) "2-1) ~(1/2))-240*a"3* ((b*x+a) "2-1)~ (1
/2)+120%a"2* (b*xx+a) * ((b*x+a) ~2-1) ~(1/2) -40*a* (b*xx+a) ~2* ((b*x+a) ~2-1)~(1/2)
+6%* (b*x+a) ~3* ((b*x+a) ~2-1) ~(1/2)+120*a~2*1n (b*x+a+((b*x+a) "2-1) ~(1/2) ) -80%*
ax ((bxx+a) "2-1) ~(1/2)+9* (b*x+a) * ((b*x+a) “2-1) ~(1/2) +9*1n (b*x+a+ ((b*x+a) ~2-
1)7(1/2)))/ (((b*x+a) ~2-1) / (b*x+a) ~2) = (1/2) / (b*x+a) )

output

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.77

/x4 sec”'(a + bz) dx
_ 24b°2° arcsec (bx + a) + 48 a® arctan (—bx — a + vb2%2? + 2abx + a2 — 1) + 3 (404" 4 400> + 3) log (-

-

inputt

-/

integrate(x~4*arcsec(b*x+a) ,x, algorithm="fricas")

(1/120*(24*b‘5*x‘5*arcsec(b*x + a) + 48xa”b*arctan(-b*x - a + sqrt(b~2*x"2
\+ 2%axbxx + a”2 - 1)) + 3%(40*a~4 + 40*a~2 + 3)*log(-b*x - a + sqrt(b™2*x"
\2 + 2%axbxx + a”2 - 1)) - (6*b"3%x"3 - 22xa*b~2*x"2 - 154*a"3 + (58%a"2 +
LQ)*b*x - T1ixa)*sqrt(b~2*x"2 + 2xaxb*x + a2 - 1))/b"5

output

| —

Sympy [F]

/x4 sec !(a + bzx) dzr = /x4 asec (a + bz) dx

input‘integrate(x**4*asec(b*x+a),x)

outputLIntegral(x**él*asec(a + b*x), x) J
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Maxima [F|

/w4 sec ' (a + br) dx = /m4 arcsec (bx + a) dz

input‘integrate(XA4*arcseC(b*x+a),x, algorithm="maxima"

‘1/5*x“5*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/5*%(b~2*x
"6 + axbkx"5)*e”(1/2%log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
‘*a*b*x + a2 + (b™2*x"2 + 2*%axb*x + a”2 - 1)*e”(log(b*x + a + 1) + log(b*x
C+ra- 1) -1, 0 |

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 412 vs. 2(173) = 346.

Time = 0.16 (sec) , antiderivative size = 412, normalized size of antiderivative = 2.09

/z4 sec ! (a + bx) dx =

5( 5a _ _10a? 10a® _ _5a* _ _ 1 3 (bx +
1, 192 (bz + a) (b:z:+a (tata)’ T Gata)®  Guta)” 1> areeos ( (bw~|—a)<lw‘j_a—1)—a) ~
960 bs

- >

P
input Lintegrate (x~4*arcsec(b*x+a),x, algorithm="giac ")
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-1/960%b* (192* (b*x + a) b*(5*a/(b*x + a) - 10%¥a~2/(b*x + a)~2 + 10*a~3/(b*
X + a)”3 - 5%a"4/(b*x + a)~4 - 1)*arccos(-1/((b*x + a)*(a/(b*x + a) - 1) -
a))/b"6 - (3x(b*x + a) 4*(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 40*(b*x + a)~
3xax(sqrt(-1/(b*x + a)"2 + 1) - 1)73 + 240*(b*x + a) 2*a~2*(sqrt(-1/(b*x +
a)"2 + 1) - 1)72 + 960*(b*x + a)*a~3*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 24%
(bxx + a)~2*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 + 360*(b*x + a)*ax(sqrt(-1/(b
*x + a)”2 + 1) - 1) + 24x(40%a~4 + 40*a”2 + 3)*log(1/2*abs(b*x + a)*abs(-2
*xsqrt (-1/(b*x + a)~2 + 1) + 2)) - (120%(8*a~3 + 3*a)*(b*x + a) 3*(sqrt(-1/
(b*x + a)"2 + 1) - 1)73 + 24%(10*a"2 + 1)*(bxx + a) " 2*(sqrt(-1/(bxx + a)~2
+ 1) - 1)72 + 40*(b*x + a)*a*x(sqrt(-1/(bxx + a)~2 + 1) - 1) + 3)/((b*x +

a)~4x(sqrt(-1/(bxx + a)~2 + 1) - 1)74))/b76)

output

Mupad [F(-1)]

/x4sec_1(a+bm) dx = /:v4acos( 1 ) dx
a+bx

Timed out.

-

inputLint(x"tl*acos(l/(a + b*x)),x)

-/

Output\ int (x~4*acos(1/(a + b*x)), x)

Reduce [F]

/z4 sec”!(a + bz)dz = / asec(bz + a) z'dz

inputLint(x 4xasec (b*x+a) ,x)

Output‘int(asec(a + b*x)*x**4,X%)




output
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3.19 [ z*sec™!(a + bz) dz

Optimal result . . . . . . . . . . . . e 155
Mathematica [A] (verified) . . . . . . . . . ... o 1561
Rubi [A] (verified) . . . .. . . ... .. 156
Maple [A] (verified) . . . . . . ... L 159
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 159
Sympy [F] . . o o 160
Maxima [F] . . . . . . 1601
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 161
Mupad [F(-1)] . . . o o 161
Reduce [F] . . . . . 162

Optimal result

Integrand size = 10, antiderivative size = 155

(2+17a®) (a+bz)\/1 — 3=  22(a+bz)\/1 — =
/x3sec_1(a+bx)d:c:— et _ ette)

12b*

_|_

2 1
a(a + bz) VI~ @wr  atsec(a+ bz)

3bt

4b*

1262

a(1+ 2a?) arctanh(, /1— m>

1
+ Zx“ sec”'(a + bz) +

2b*

‘—1/12*(17*a“2+2)*(b*x+a)*(1—1/(b*x+a)‘2)“(1/2)/b“4—1/12*x‘2*(b*x+a)*(1—1/(
‘ b*xx+a)~2) ~(1/2) /b~2+1/3*ax (b*x+a) “2* (1-1/ (b*x+a) "2) ~(1/2) /b~4-1/4*a"4*arcs
‘ ec(b*x+a) /b~ 4+1/4xx"4*xarcsec (b*x+a)+1/2*a* (2*xa~2+1) *arctanh ((1-1/ (b*x+a) "2

)7(1/2))/b74
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.97

/w3 sec”!(a + bz) dz

—\/ _1+a§:fgmb)€+b2“2 (2a 4 13a® 4 2bz + 9a’bx — 3ab®z? + bPz?) + 3b*z* sec™' (a + bz) + 3a* arcsin (-
N 1261

e A
Integrate[x~3*ArcSec[a + b*x],x]

input

output‘ (-(Sqrt[(-1 + a™2 + 2%axbxx + b™2*x"2)/(a + b*x)"2]*(2*%a + 13*%a~3 + 2%b*x \
\+ 9%a”~2*b*x — 3*a*xb”"2#x"2 + b~3*x"3)) + 3*b"4*x"4*xArcSec[a + b*x] + 3*a"4x \
‘ArcSin[(a + b*x)~(-1)] + 6%a*(1 + 2*a~2)*Log[(a + b*x)*(1 + Sqrt[(-1 + a~2 ‘
\ + 2%axb*x + b 2*%x72)/(a + b*x)~2]1)1)/(12%b"4) \

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.01,

number of rules _
integrand size 0.800, Rules

number of steps used = 9, number of rules used = 8,
used = {5781, 25, 4926, 3042, 4269, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:3 sec”(a + br) dz

lS%l

b3z3(a+bx)2, /1 — —L < sec1(a+ bx)dsec (a + bz
(a+bz)

b4

| 25
[ —b3z3(a + bz)?, /1 — m sec™!(a + bx)dsec™!(a + bx)

ba
l 4926
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tbiztsec(a +bz) — & [biztdsec™ (a + bz)
b
| 3042

tbiztsec(a +bz) — 1 [ (a — csc (sec™ (a + bx) + g))4 dsec™1(a + bz)
ba
| 4269

i(—% [ —bz(3a® + 8(a + bz)%a — (9a2 + 2) (a + bz)) dsec™(a + bz) — 1b?z%(a + bz), /1 — m> + Sbtats
ph

l 3042

=

(—% [ (a—csc(sec™ (a+bzx)+ %)) (3a3 + 8csc (sec™(a + bz) + %)2 a+ (—9a? — 2) csc (sec ! (a + bz) +
b

l 4536

i(% (4a(a +bx)%, /1 — m — 2 [ (6a* —12(2a® + 1) (a + bz)a + 2(17a® + 2) (a + bz)?) dsec™ (a + ba:)) —
ba

l'2009

i(% (% (—6a4 sec™(a + bz) +12(2a + 1) aarctanh( 1-— m> —2(17a? +2) (a + bz) /1 — m) + 4c
ba

-

LInt [x~3*ArcSec[a + b*x],x]

| —

input

((b~4*xx~4*xArcSec[a + b*x])/4 + (-1/3*%(b"2*x"2*(a + b*x)*Sqrt[1 - (a + b*x)
~(-2)]) + (4*a*x(a + bxx)~2xSqrt[1 - (a + b*x)~(-2)] + (-2%x(2 + 17*a"2)*(a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)] - 6*a~4xArcSec[a + b*x] + 12*a*(1 + 2xa”2)

output‘ ‘
L*ArcTan.h[Sqrt [1 - (a + b*x)"(-2)11)/2)/3)/4)/v"4 J




rule

rule

rule 3042

rule 4269

rule 4536

rule 4926

rule 5781
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
otl[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*x(n - 2) + 3%
a~2x(n - 1)))*Csc[c + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - "2, 0] &% GtQ[n, 2] &% IntegerQ[2*n]

/

N\

Int[((A_.) + cscl(e_.) + (£ .)*(x)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.
))*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f*x]/(2%f)), x] + Simp[1/2 Int[Simp[2*Axa + (2%B*a + b*(2*
A + C))*Cscle + fxx] + 2%(axC + B*b)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, f, A, B, C}, x]

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )*x(x)1)"(a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £fx*
x)"m*((a + bxSec[c + d*x])"(n + 1)/(b*d*x(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» T}, x] && IGtQ[p, O] && IntegerQ[m]
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Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 249, normalized size of antiderivative = 1.61

method result
b 4 3 b 2(b 2 b b 4 ﬁ
arcsec(bz+a)a —arcsec(bz+a)a3(bw+a)+ arcsec( m+2a)a (bz+a) _arcsec(bm+a)a(bx+a)3+arcsec( a:-tla)( z+a) +—
derivativedivides
Vi
arcsec(l;z+a)a4 —arcsec(bx+a)a3(bx+a)+3 arcsec(b:v+2¢z)a2(bw+a)2 _arcsec(bx+a)a(bx+a)3+arcsec(bz-i;a)(bz+a)4 -
default
4 V02221 2abz+a?—1 | 3atarctan| ———L— | Vb2 —22Vb252+2abz+aZ—1 b2Vb2+12
z* arcsec(bz+a) Vb2224+2abz+a2—1
parts 7 +
input tint (x~3*arcsec (b*x+a) ,x,method=_RETURNVERBOSE) J
output 1/b"4* (1/4*arcsec (b*x+a)*a~4-arcsec (b*x+a) *a~3* (bxx+a)+3/2*arcsec (b*x+a) *a

~2x (b*x+a) “2-arcsec (b*xx+a) *a* (b*x+a) “3+1/4*arcsec (b*x+a) * (bxx+a) ~4+1/12* ((
b*x+a) “2-1) " (1/2) *(3*a"~4*arctan(1/ ((b*x+a) "2-1) ~(1/2))+12*a"3*1n (b*x+a+((b
xx+a) "2-1) " (1/2) ) -18*a~2*x ((b*x+a) "2-1) " (1/2) +6*a* (b*x+a) * ((b*x+a) ~2-1) ~(1/
2) - (bxx+a) ~2x ((bxx+a) ~2-1) ~(1/2)+6*a*1ln (b*x+a+((bxx+a) "2-1) ~(1/2) ) -2* ((b*x
+a)"2-1)7(1/2) )/ (((b*x+a) "2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a))

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.84

/w3 sec”!(a + bz) dzx

_ 3b'z"arcsec (bx + a) — 6 a” arctan (—bx — a + v0%2% + 2abr + % — 1) — 6 (24® + a) log (—bx — a + -
B 1264

input Lintegrate (x~3*arcsec(b*x+a) ,x, algorithm="fricas") J
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Output‘ 1/12*%(3*b~4*x"4*arcsec(b*x + a) - 6%a"4*arctan(-b*x - a + sqrt(b™2*x"2 + 2
\*a*b*x + a2 - 1)) - 6%(2*a"3 + a)*xlog(-b*x - a + sqrt(b"2*x"2 + 2kaxb*x +
\ a”2 - 1)) - sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)*(b"2*x"2 - 4*axb*x + 13*a”2
C+2))/b4

Sympy [F]

/x3 sec”'(a + bzr) dz = /x3 asec (a + bx) dz

inputLintegrate(x**3*asec(b*x+a),x)

Ou_tputLIntegral(x**S*asec(a + b*x), x)

Maxima [F]

/x3 sec '(a+ br) dxr = /x3 arcsec (bx + a) dx

inputLintegrate(x*S*arcsec(b*x+a),X’ algorithm="maxima")

‘1/4*x“4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/4*(b~2*x
"5 + axbkx"4)*e~(1/2%log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
\*a*b*x + a2 + (b72%x72 + 2%axbxx + a2 - 1)*e”(log(b*x + a + 1) + log(b*x
ta-1)) -1, 0

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 302 vs. 2(135) = 270.

Time = 0.15 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.95

/x3 sec”'(a + bz) dz =

3 1
e — b da® — 1 (b:c—l—a)( ~ bata
1, 24 bz +a) <bx+a Geta)? T Gotay 1) arccos( (bw+a>(b;+a_1)_a) (bata
96 b5 +
inputLintegrate(x“3*arcsec(b*x+a),x, algorithm="giac") J
output -1/96%b* (24* (b*x + a) ~4x(4*a/(b*x + a) - 6*xa~2/(b*x + a)~2 + 4*xa~3/(b*xx +

a)~3 - 1)xarccos(-1/((b*xx + a)*(a/(b*x + a) - 1) - a))/b~5 + ((b*x + a)~ 3%
(sqrt(-1/(b*x + a)~2 + 1) - 1)73 + 12x(b*x + a) "2*a*(sqrt(-1/(b*x + a)~2 +
1) - 1)72 + 72x(b*x + a)*a”2x(sqrt(-1/(b*x + a)"2 + 1) - 1) + 9*(b*x + a)
*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 48*%(2*a~3 + a)*log(1l/2*abs(b*x + a)*abs(
-2xsqrt(-1/(b*x + a)~2 + 1) + 2)) - (9%(8*%a"2 + 1)*(b*x + a) 2x(sqrt(-1/(b
*x + a)”2 + 1) - 1)72 + 12%(b*x + a)*a*x(sqrt(-1/(b*x + a)~2 + 1) - 1) + 1)
/((b*x + a)~3x(sqrt(-1/(b*x + a)~2 + 1) - 1)73))/b"5)

Mupad [F(-1)]

/:L'3sec_1(a+bm)dx=/:v3acos( 1 ) dx
a+bzx

int (x~3*acos(1/(a + b*x)),x)

Timed out.

-

input L

-/

e hY

int (x"3*acos(1/(a + b*x)), x)

N\ J

output
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Reduce [F]

/z3 sec”!(a + bx) dx = / asec(bz + a) r3dx

inputtlnt(x 3*asec(b*x+a),x)

outputtint(asec(a + b*x)*x**3,x)




output
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3.20 [ z*sec™!(a + bz) dz

Optimal result . . . . . . . . . . . . e 163
Mathematica [A] (verified) . . . . . . . . . ... o 163l
Rubi [A] (verified) . . . .. . . ... .. 164
Maple [A] (verified) . . . . . . ... L 166
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 166
Sympy [F] . . o o 167
Maxima [F] . . . . . . 167l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 168
Mupad [F(-1)] . . . o o 168
Reduce [F] . . . . . 169

Optimal result

Integrand size = 10, antiderivative size = 116

5a(a+bz), /1 — = x(a+bzx),/1— —3=s
/z2 sec”!(a + bz)dz = etbe) etbe)

6b3
a®sec™!(a + bx)
3b3

15
+3x sec

6b2
(a+bx)

(1+ 6a?) arctanh(1 /1— m>

663

‘ )/b~2+1/3%a"3*arcsec (b*x+a) /b~3+1/3*x"3*%arcsec(b*x+a)-1/6*(6*a~2+1)*arctan

‘(5/6*a* (bkx+a)*(1-1/ (bxx+a) "2) = (1/2) /b~3-1/6%x* (bkx+a) * (1-1/ (bxx+a) "2) = (1/2 \\

'h((1-1/(b*x+a)~2)~(1/2))/b"3

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.13

/z2 sec”!(a + bz) dz

(5a2 + 4abz — b*z?) \/ —Ltart2abe ibie® | ob3g3 sec™ (a + bx) — 2a° arcsin (

(a+bx)?

_1
a+bx

) — (1 + 6a?)log ((a+£

663
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input‘ Integrate[x"2xArcSec[a + b*x],x] ‘

output‘ ((5%a"2 + d*axbkx - b 24x"2)*Sqrt[(-1 + a™2 + 2xakbsx + b™2#x"2)/(a + bkx)
|~2] + 2¥b~3%x"3*ArcSec[a + bx] - 2¥a~3*ArcSin[(a + b¥x)~(-1)] - (1 + 6%a"
‘2)*Log[(a + bxx)*(1 + Sqrt[(-1 + a™2 + 2*a*b*x + b~2*x"2)/(a + b*x)"2])])/ ‘

(6%b73)

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.500, Rules

number of steps used = 6, number of rules used = 5,
used = {5781, 4926, 3042, 4269, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w2 sec”*(a + br) dz
| 5781

b2x?(a+ bx)?, /1 — —2 5 sec™!(a + bx)dsec ' (a + bx)
(a+bz)

b3
l 4926

1 [ —bPz3dsec™(a + bx) + ;6323 sec!(a + bx)
b3
| 3042

a—csc(sec(a+bx)+ T ?’dsec_1 a+bx) + 1b3z3sec(a + bz
2 3
b3
l 4269

Wl

L (% [ (2a3 + 5(a + bz)%a — (6a® + 1) (a + bz)) dsec™(a + bz) — Lbz(a + bz),/1 — m) + 36323 sec™(a -
b3

ol

l 2009
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Wl

(% <2a3 sec”!(a+bz) — (6a® +1) arctanh( 1-— #> + 5a(a + bx), /1 L ) — 1bz(a+bz), /1 — C

(a+bx)? ~ (a¥b2)?
b3

-

LInt[x“2*ArcSec[a + bxx] ,x]

-/

input

‘(((b‘S*x‘S*ArcSec [a + b*x])/3 + (-1/2*%(b*x*(a + b*x)*Sqrt[l - (a + b*x)~(-2
1) + (5xax(a + bxx)*Sqrt[1 - (a + b*x)"(-2)] + 2*a”3xArcSec[a + b*x] - (1
|+ 6xa”2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)11)/2)/3)/b"3

output

—————

Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(c_.) + (d_.)*(x_)I1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2*(n - 2) + 3%
a~2x(n - 1)))*Csclc + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

rule 4269

rule 4926 Int[((e_-) + (f_,)*(x_))*(m__)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sec[(c
_) + (Ao )*(x 1) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + f*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Intl((a_.) + ArcSecl(c ) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])™m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
» £}, x] &% IGtQ[p, O] && IntegerQ[m]
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Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.64

method result
3 3 \/(bz+a)2—1 <2a3 arctan <7
—W—i—arcsec(bx—i—a)ﬁ(ba:—i—a)—arcsec(bx+a)a(bz+a)2+arcsec(bx‘;a)(bx+a) — v
derivativedivides 03
\/(bz+a)2 -1 <2a3 arctan <7
3 3
—w-l—arcsec(bx—l—a)az(bac-{—a)—zaurcsec(bx—l—a)a(bx+a)2-{—arcsec(bac";z)(MH'Q> — v
default =
200 /o222 T 2abota—1 /52
22 2_ 3 S S 2 b“z+Vb4x4+2abx+a“—1 +
23 arcseo(ba-+a) Vb2z2+2abr+a?—1 | 2a” arctan 2% Taatera? 1 Vb2+61n N
parts 3 —
6b3 \/ b222-
(
input tint (x~2*arcsec (b*x+a) ,x,method=_RETURNVERBOSE) J

1/b"3*(-1/3*arcsec (b*x+a) *a”~3+arcsec (bxx+a) *a~2* (b*x+a) —arcsec (bxx+a) *a* (b
*x+a) "2+1/3*arcsec (b*x+a) * (b*x+a) “3-1/6* ((b*x+a) ~2-1) " (1/2) *(2*xa~3*arctan(
1/ ((b*xx+a) ~2-1)~(1/2) ) +6*a”~2x1n(bxx+a+ ((b*x+a) “2-1) ~(1/2) ) -6*a*x ((b*x+a) ~2-
1)~ (1/2) +(bxx+a) * ((b*x+a) “2-1) 7 (1/2) +1n(b*x+a+ ((b*x+a) “2-1) ~(1/2))) / (((b*x
+a)~2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a))

output

Fricas [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.01

/z2 sec !(a + bz) dzx

_ 2b%3 arcsec (b + a) + 4a® arctan (—bx — a + V%22 4 2abz + a® — 1) + (6 a® + 1) log (—bz — a + V/
B 6 b3

input Lintegrate (x~2*arcsec(b*x+a) ,x, algorithm="fricas") J
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‘1/6*(2*b“3*x“3*arcsec(b*x + a) + 4*a"3xarctan(-bxx - a + sqrt(b”2*x"2 + 2%
‘a*b*x + a2 - 1)) + (6%¥a”2 + 1)*xlog(-b*x - a + sqrt(b~2*x"2 + 2+*a*b*x + a”
‘2 - 1)) - sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)*(b*x - 5%a))/b"3

output

Sympy [F]

/x2 sec”!(a + bx) dx = /x2 asec (a + bz) dx

inputLintegrate(x**2*asec(b*x+a),x)

/

Ou_tputkIn1:egra1(x**2*asec(a + b*x), x)

~—

Maxima [F]

/x2 sec”'(a + bx) dx = /x2 arcsec (bx + a) dx

inputtintegrate(XAQ*arcseC(b*X+a),x, algorithm="maxima")

t‘1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/3*(b”~2*x
"4 + axbxx"3)*e~(1/2%log(b*x + a + 1) + 1/2xlog(bxx + a - 1))/(b™2%x™2 + 2
\*a*b*x + a2 + (b72%x72 + 2%axbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*x
ta-1) -1, 0

outpu
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 207 vs. 2(100) = 200.

Time = 0.16 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.78

/x2 sec”'(a + bz) dz =

3( 3a _ _3a>2 . 1 (b17+a)2 —ﬁﬁ-l—l
; 8 (bx + a) (bat-i—a (bz+a)? 1) areeos ( (bz+a)(lm‘f|_a—1>—a> < (ba) )
24 bt B
input Lintegrate (x~2*arcsec(b*x+a) ,x, algorithm="giac") J
output -1/24*b* (8% (b*x + a) 3*(3*a/(b*x + a) - 3*a~2/(b*x + a)~2 - 1)*arccos(-1/(
(b*x + a)*(a/(b*x + a) - 1) - a))/b™4 - ((bxx + a) 2x(sqrt(-1/(b*x + a)~2
+ 1) - 1)72 + 12x(bxx + a)*a*(sqrt(-1/(b*x + a)”2 + 1) - 1) + 4*(6*a"2 + 1
)*log(1/2*abs(b*x + a)*abs(-2*sqrt(-1/(b*x + a)"2 + 1) + 2)) - (12*(b*x +
a)*ax(sqrt(-1/(bxx + a)~2 + 1) - 1) + 1)/((b*x + a)"2*(sqrt(-1/(b*x + a)~2
+1) - 1)72))/p74)
Mupad [F(-1)]
Timed out.
1
/x2 sec”'(a + bz) dz = /x2 acos( ) dz
a+br
input 10t (x"2%acos(1/(a + b¥x)),x) )

output‘ int (x~2*acos(1/(a + b*x)), x) ‘
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Reduce [F]

/z2 sec”!(a + bx) dx = / asec(bz + a) rdx

inputtlnt(x 2*asec (b*x+a),x)

outputtint(asec(a + b*x)*x**2,Xx)




output

input

CHAPTER 3. LISTING OF INTEGRALS 170

3.21 [ zsec™Ha + bz) dx

Optimal result . . . . . . . . . . . . e 170
Mathematica [A] (verified) . . . . . . . . . ... o 1701
Rubi [A] (verified) . . . .. . . ... .. Ival
Maple [A] (verified) . . . . . . ... L 173
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 174
Sympy [F] . . o o 175
Maxima [F] . . . . . . 1751
Giac [A] (verification not implemented) . . . . . . ... ... ... 175
Mupad [F(-1)] . . . o o 176
Reduce [F] . . . . . 176

Optimal result

Integrand size = 8, antiderivative size = 78

1
(a+bx), /1 — 5 _a’sec”!(a+ba)
2b? 2b?

ar,arctanh(1 /1 — m)

/xsec_l(a +bx)dr = —

1
+ —z?sec™(a + bx) +

2 b2
‘(—1/2* (bxx+a) *(1-1/(bxx+a) ~2)~(1/2) /b~2-1/2*%a~2*arcsec(b*x+a) /b~ 2+1/2*x"2*a \‘
chsec (b*x+a)+a*arctanh ((1-1/(b*x+a)~2)~(1/2))/b"2 J

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.41

/x sec ' (a + bz) dx

_ ((a + bx)\/_H“?:fg‘;’;”jb%Q) + b*a? sec™!(a + bx) + a® arcsin () + 2alog <(a + bx) <1 + 4/ —_H“Z’
202

LIntegrate [x+xArcSec[a + bxx],x] J
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t‘ (-((a + b*x)*Sqrt[(-1 + a”2 + 2*axb*x + b™2*%x"2)/(a + b*x)"2]) + b 2*x"2%A \
‘rcSec [a + bxx] + a~"2*ArcSin[(a + b*x)~(-1)] + 2*a*Logl[(a + b*x)*(1 + Sqrt[ ‘
(-1 + 2a™2 + 2%axbkx + b 2%x72)/(a + b*x)"21)1)/(2#%b"2) |

outpu

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 9, Bumber of rules _ 4 195 R e
integrand size

used = {5781, 25, 4926, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a: sec”(a + br) dz
| 5781

[bz(a+bz)?, /1 - W sec™!(a + bx)dsec™!(a + bx)

b2
| 25
[ —bz(a+bz)?,/1 — m sec”!(a + bx)dsec ! (a + bx)

b2
l 4926

1022 sec(a + bz) — 5 [ b2z dsec™ (a + bz)
b2
| 3042

1022 sec(a +bz) — 3 [ (a — csc (sec ™ (a + bx) + g))2 dsec™1(a + bx)
b2
| 4260

1(2a [(a + bx)dsec (a + bz) — [(a+ bz)%dsec ' (a + bz) + a®(—sec™(a + bx))) + 3b*z? sec™(a + ba)
b2
| 3042
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: (2a [ esc (sec™ (a + bz) + §) dsec™*(a + bx) — [ csc (sec™(a + bx) + %)2 dsec™(a + bz) + a?(—sec ™ (a +
b2

| 4254
%(] 1d<— ((a +bx),/1— m)) + 2a [ csc (sec™!(a + bx) + §) dsec™ (a + bz) + a® (—sec™(a + bw))) +
b2
| 24

%(2a [ csc (sec™ (a + bz) + §) dsec™*(a + bzx) + a?(—sec™(a + bz)) — (a + bx) /1 — m) + b%z? sec™ !
b2

l.4257

(a2(— sec™(a + bz)) + 2aarctanh<, /1— m> —(a+bzx),/1— (H#)» + b%z? sec™!(a + ba)
b2

N[

input‘ Int [x*ArcSec[a + b*x],x] ‘

output‘ ((b~2xx~2*ArcSec[a + b*x])/2 + (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]) - a~ ‘
‘2*ArcSec [a + b*x] + 2%a*ArcTanh[Sqrt[1 - (a + b*x)~(-2)11)/2)/b"2 ‘

Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x] ‘

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] ‘
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rule 4254 Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

/

rule 4957 Intlescl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

rule 4260 Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b”2 Int[Cscl[c + d*x]~2, x]
, x1) /; FreeQ[{a, b, c, d}, x]

rule 4926 Int[(Ce_.) + (£_)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + (d_)*(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £f=*
x)"m*x((a + bxSec[c + d*x])~"(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 5781 T0tL((a ) + ArcSecl(c)) + (d_)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)x(x_))"(m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — c*f + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» T}, x] && IGtQ[p, O] && IntegerQ[m]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.38
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method result
2- 2_1)- 2_
w—arwec(bm+a)a(bx+a)+W<2aln<bm+a+\/(bz+a) 1) V(ata) 1)
2
2(bz+a)\/(bz+a) 21
i i ivi bz+a
derivativedivides - (ba+a)
2_ 2 3 7
ﬂ%@ﬂ&wﬁﬂmmmmmmmwﬂgggwm%mﬂwww ~1)-eta-1)
2 2(bm+a)\/(bz+a)2 1
default T (bwta)2
b2
2z 2,2 abz+a2— \/b72
V0222 12abz+a?—1 ( a2 I W ) b2+ /6222 + 2abz+a2—1 Vb2
parts 22 arcsec(bz-+a) n b222+2abz+a?—1 ( a? arctan NG P Feyrw Vb2+2aln 2
2 2.2 2
2 %
2b \/ (bata)? (bz+a) Vb2
inputLint(x*arcsec(b*x+a),x,method=_RETURNVERBOSE) J

‘1/b“2*(1/2*arcsec(b*x+a)*(b*x+a)“2-arcsec(b*x+a)*a*(b*x+a)+1/2*((b*x+a)“2-
\1)‘(1/2)*(2*a*1n(b*x+a+((b*x+a)‘2—1)‘(1/2))—((b*x+a)‘2—1)‘(1/2))/(b*x+a)/(
((bxx+a)~2-1)/ (bxx+a) "2)~(1/2))

output

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.33

/x sec ' (a + bz) dx

b*z? arcsec (bz + a) — 2a* arctan (—bz — a + Vb?z% + 2abr + a®> — 1) — 2alog (—bz — a + Vb?z% + 2
202

inputLintegrate(x*arcsec(b*x+a),x, algorithm="fricas") J

p
‘1/2*(b‘2*x“2*arcsec(b*x + a) - 2#a”2xarctan(-b*x - a + sqrt(b"2*x"2 + 2*ax
‘b*x + a”2 - 1)) - 2*axlog(-b*x - a + sqrt(b™2*x"2 + 2%a*b*x + a”2 - 1)) -
|sqrt(b"2%x"2 + 2xa*bix + a”2 - 1))/b"2

output

\‘
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Sympy [F]
/x sec”'(a + bzr) dz = /x asec (a + bx) dx
inputLintegrate(x*asec(b*)&a),x) J
Outputtlntegral(x*asec(a + b*x), X) J
Maxima [F]
/m sec ' (a + br) dx = /w arcsec (bz + a) dz
input{integrate(x*arcsec(b*x+a),x, algorithm="maxima") ]

‘1/2*x“2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - integrate(1/2*(b~2*x ‘
\‘3 + a*xb*x"2)*e”(1/2xlog(b*x + a + 1) + 1/2+log(b*x + a - 1))/(b™2*x"2 + 2 \
(xaxbxx + a”2 + (b72%x"2 + 2%axb¥x + a”2 - 1)%e”(log(b*x + a + 1) + log(b*x
ta-1)) -1, 0 |

output

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.74

/xsec‘l(a + bx) dz =

__ 1 _ 1
2 (bx + a)Q(bg—ﬁa — 1) arccos (_(bw+a)(l:a+a_1)_a> (bx + a) (, /[~ Garay T 1 1> +4alog (2

+

1
_Zb b3

i i =14 n
tnput Llntegrate(x*arcsec(b*x+a),x, algorithm="giac") J
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‘-1/4*b*(2*(b*x + a)~2x(2*a/(b*x + a) - 1)*arccos(-1/((b*x + a)*(a/(b*x + a

tput
Py~ 1) - ))/b™3 + ((bkx + a)*(sqro(-1/(bkx + 2)"2 + 1) - 1) + dxaxlog(1/2
‘*abs(b*x + a)#*abs(-2*sqrt(-1/(b*x + a)~2 + 1) + 2)) - 1/((b*x + a)*(sqrt(-
1/(b*x + a)"2 + 1) - 1)))/b"3)
Mupad [F(-1)]
Timed out.
/xsec_l(a+bx)dx:/xacos( 1 ) dx
a+bzx
input Lint(x*acos(l/(a + b*x)),x)
OutputLint(x*acos(l/(a + b*x)), x)
Reduce [F|
/xsec_l(a—l—bx) dx =/asec(b:c—|—a) zdx
input‘int(x*asec(b*x+a),x)

outputtint(asec(a + b*x)*x,X)




outputt
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3.22 [sec™Ha + bx) dx

Optimal result . . . . . . . . . . . . e 177
Mathematica [C] (verified) . . . . . . . . .. ... L e
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 178
Maple [A] (verified) . . . . . . ... L 180
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 180
Sympy [F] . . o o 181
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1811
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 18T
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... IEY
Reduce [F] . . . o . o o 182

Optimal result

Integrand size = 6, antiderivative size = 37

_ 1
/ sec=(a + ba) dy = (2 BRI (@ br) arctanh (/1 — 7w )

b

b

(b*x+a) *arcsec (b*x+a) /b-arctanh ((1-1/(b*x+a)~2)~(1/2))/b

input L

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.94 (sec) , antiderivative size = 468, normalized size of antiderivative = 12.65

/sec_l(a + bz) dr = zsec”*(a + bx)

(a+ bx)\/ 1+“(2;'f££$+b2“’2 (\/ 1(—i+vV-1+a?) V2 — ia? + 2v/—1 + a? arctan (

_|_

(—1)3/4\/2i—ia2+2

vV—=14+a2—av/—1+a2

Integrate[ArcSec[a + b*x],x]
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xkArcSec[a + bxx] + ((a + b*x)*Sqrt[(-1 + a2 + 2xa*b*x + b~2*x"2)/(a + bx*
x)"21*%((-1)"(1/4)*(-I + Sqrt[-1 + a~2])*Sqrt[2*I - I*a"2 + 2*Sqrt[-1 + a~2
J1*ArcTan[((-1)"(3/4)*#Sqrt [2*I - I*a~2 + 2+Sqrt[-1 + a~2]]*b#*x)/(axSqrt[-1
+ a”2] - axSqrt[-1 + a”2 + 2*axb*x + b~2*x"2])] + (-1)"(3/4)*(I + Sqrt[-1
+ a”2])*Sqrt[-2*I + I*a~2 + 2*Sqrt[-1 + a~2]]*ArcTan[((-1)~(1/4)*Sqrt[-2x*
I + I*a"2 + 2*%Sqrt[-1 + a~2]]*b*x)/(a*Sqrt[-1 + a~2] - a*Sqrt[-1 + a2 + 2
*a*xbxx + b"2*xx72])] + a*(axArcTan[(Sqrt[-1 + a~2]*b~2*x"2)/(a"4 + a”3*b*x

+ b™2*%x"2 - a"2%(1 + Sqrt[-1 + a~2]*Sqrt[-1 + a™2 + 2xa*b*x + b"2*x"2]))]

- Log[Sqrt[-1 + a”2] - b*x - Sqrt[-1 + a~2 + 2*a*b*x + b"2+x"2]] + Log[b~2
*(Sqrt[-1 + a™2] + bxx - Sqrt[-1 + a”2 + 2*axb*x + b~2*x~2])])))/(a*b*Sqrt
[-1 + a™2 + 2%axb*x + b"2*x72])

output

Rubi [A] (warning: unable to verify)

Time = 0.23 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.95,

=5, number of rules _ 833, Rules
integrand size

number of steps used = 6, number of rules used =
used = {5773, 895, 798, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec“l(a + bx) dx

l 5773

(a + bx)sec™!(a + bx)

1
—/ dx
b (a+b2), /1 - Gy

l 895
L d(a + bx
(a + bx)sec™'(a + bx) B / (a+b2)\[1- iy ( :
b b
l 798

(a+bz)?
f V—a— b3:+1 a-l-%)m)z (a + bx)sec™(a + bx)
2b b

| 73
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1 g/ Za—bzx+1
(a+bx)sec—1(a+bw)_fl_md a—bx+
b b

(a +bx)sec ' (a+bx) arctanh(v—a — bz + 1)
b b

input LInt [ArcSec[a + b*x],x]

output L( (a + b*x)*ArcSec[a + b*x])/b - ArcTanh[Sqrt[1 - a - b*x]]1/b

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_)) " (@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qa, 0] || LtQ[b, 01)

rule 219

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

rule 798

Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Simp[u~m/(Coeff
icient[v, x, 1]*v"m) Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[

{a, b, m, n, p}, x] & LinearPairQ[u, v, x]

rule 895

N\

rule 5773‘ Int[ArcSec[(c_) + (d_.)*(x_)1, x_Symbol] :> Simp[(c + d*x)*(ArcSec[c + d*x]
‘/d), x] - Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQl{c, d}, x]
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.22

method result
(bz+a) arcsec(bz+a)—In (bx+a+(bx+a) 1— m)
derivativedivides -
(bz+a) arcsec(bz+a)—In (bx+a+(bz+a) 1— m)
default .
z+Vb222+2abz+a2—1
parts I arcsec (bx 4 a) _ V02224 2abz+a2 -1 (aarctan(m) \/I7>2+1n(b2 +/b2 2+2\},£_ 21
b \/ % (bo+a) VB2
input Lint (arcsec(b*x+a) ,x,method=_RETURNVERBOSE) J
output Li/b* ((bxx+a) *arcsec (b*x+a) -1n (bkxx+a+ (b*x+a) * (1-1/ (b*x+a) ~2)~(1/2))) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(35) = 70.

Time = 0.13 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.97

/sec_l(a + bx) dx

_ brarcsec (bx + a) + 2 aarctan (—=bz — a + Vb?2% + 2abz + a® — 1) + log (—bz — a + Vb?z% + 2abz +
N b

i i =" : 1]
input Llntegrate (arcsec(b*x+a) ,X, algorlthm fricas ) J

‘ (b*x*arcsec(b*x + a) + 2*axarctan(-b*x - a + sqrt(b~2*x"2 + 2*axb*x + a~2 ‘

output
= 1)) + log(-bkx - a + sqrt(b"2+x"2 + 2xa*bkx + a™2 - 1)))/b |




CHAPTER 3. LISTING OF INTEGRALS 181

Sympy [F]
/sec_l(a + bz) dz = /asec (a + bx) dz
input Lintegrate (asec(b*x+a) ,x) J
output LIntegral(aseC(a + b*x), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.49

/ sec”'(a + bz) dx

2 (bx + a) arcsec (bx + a) — log (1 /—m—l—lﬁ-l) + log (—1 /—m—l—lﬁ-l)

- 2b

i i =" s n
input Llntegrate (arcsec(b*x+a) ,x, algorithm="maxima") J

output‘ 1/2% (2% (b*x + a)*arcsec(b*x + a) - log(sqrt(-1/(b*x + a)"2 + 1) + 1) + log |
‘(-Sqrt(-l/(b*x +a)’2+1) +1))/b ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(35) = 70.

Time = 0.14 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.22
/ sec”'(a + bz) dx

. 1
1, 2(bw+a)arCCOS< (bw+a>(b;+a—1)—a) log<,/—m+l+l>—log<—4/—m+l+1>
)

\

b? b?
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i i ="gsq n
inputLlntegrate(arcsec(b*x+a),x, algorithm="giac") J

output‘ 1/2%bx (2% (b*x + a)*arccos(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/b~2 - (log ‘
| (sqrt(-1/(b*x + a)"2 + 1) + 1) - log(-sqrt(-1/(b*x + a)~2 + 1) + 1))/b™2) |

Mupad [B] (verification not implemented)

Time = 1.01 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.95

atanh<ﬁ) —acos(5-) (a+bx)

/sec_l(a +bx)dx = —

b
input | 18t (acos(1/(a + bx1),x) ]
output | ~(@tanh(1/(1 = 1/(a + bxx)72)7(1/2)) - acos(1/(a + b¥x))*(a + bxx))/b J
Reduce [F|
/sec_l(a + bx) dx = / asec(bx + a) dz
input Lint (asec (b*x+a) ,x) J

ou_tputtint(asec(a + b*x),x) J




output
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-1
sec” " (a+bx
3.23 [ loth) gy
I
Optimal result . . . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... 184
Rubi [A] (verified) . . . . . . . . . 1851
Maple [A] (verified) . . . . . . ... L 189
Fricas [F] . . . . . o o e 190
Sympy [F] . . o o 190
Maxima [F] . . . . . . . 191]
Giac [F] . . . o o 1911
Mupad [F(-1)] . . . o o 1911
Reduce [F] . . . . o o e 192
Optimal result
Integrand size = 10, antiderivative size = 200
sec_l(a, + bIL‘) isec”!(a+bx)
— = Zdr=sec (a+bxr)log |1 - —
h/" z ( )log 1—+1—a?
) isec”!(a+bx)
+sec  (a+bxr)log | 1 — —————
( ) log Y g
—sec !(a + br) log (1 + e* Secfl(ﬁb’w))
ae’ sec”!(a+bx) isec”!(a+bx)
— 1 PolyLog | 2, ———— | —iPolyLog | 2, ————
Y08 1—+v1—a? YO8 14++v1—a?

1 —
+ §Z POlyLOg (2, _e2zsec 1(a+bx)>

arcsec (b*x+a) *1n(1-a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)
))+arcsec(b*x+a)*1n(1-ax(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~ (1
/2)))-arcsec(b*x+a)*1n(1+(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2)-I*polylog(
2,ax(1/ (bxx+a)+Ix(1-1/(bxx+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)) ) -I*polylog(2,a*
(1/ (bxx+a) +I*(1-1/(bxx+a) ~2)~(1/2)) / (1+(-a~2+1)~(1/2) ) ) +1/2*I*polylog(2,-(

1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))72)
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.42

sec”!(a + bx) (e (1+ a) tan (5 sec™*(a + bz))
—————dzr = —4iarcsin arctan
p NG Vi@
/—1+a
+ | sec™*(a + bx) — 2arcsin \/g log (1
—1 4+ 4 /1 — a2) et sec”!(a+bzx)
+ ( . ) + | sec™(a + bx)
NET (14 VI =) gisec” (ati)
+ 2 arcsin log [ 1—
V2 a

—sec™*(a + br) log (1 + e* Sec_l(“+b’”>>
—14++/1—a2 isec™1(a+bx)
—1 <PolyLog (2, — ( ¢ ) ¢

a

1+ vVIi—a) eisec-1<a+bw>>>

+ PolyLog (2, .

1 N
+ 5,’, PolyLog (2’ _e2zsec 1(a+bx)>

-

input LIntegrate [ArcSec[a + b*x]/x,x]

-/

(-4*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*ArcTan[((1 + a)*Tan[ArcSec[a + b*x
1/21)/Sart[1 - a~2]] + (ArcSec[a + b*x] - 2+ArcSin[Sqrt[(-1 + a)/al/Sqrt[2
11)*Logl[1 + ((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/al + (ArcSec[a +
b*x] + 2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1)*Logl[l - ((1 + Sqrt[1 - a~2])+*E~
(I*ArcSec[a + b*x]))/a] - ArcSec[a + b*x]*Log[l + E~((2*I)*ArcSec[a + Db*x]
)] - Ix(PolyLogl[2, -(((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a)] + Po
lyLog[2, ((1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/al) + (I/2)*PolyLogl[2
, "E7((2*I)*ArcSec[a + b*x])]

output
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Rubi [A] (verified)

Time = 1.10 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.32,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 450 Ryjes
integrand size

used = {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 2715, 2838, 5031, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x

-1
/ sec”'(a + bx) i
| 5781
(a+b2)%, /1 — —L <5 sec™(a + bx)
/ (agjx) dsec™!(a + bz)
| 25

(a+bz)?,/1 — —+—sec™(a + bx)
—/— G +b ) dsec™!(a + bx)

bx

l 5062

(a+bz),/1 - —t=<zsec™(a + bzx)
—/ (tbe) dsec™!(a + bx)

a
atbz 1

l 5041

/(a +bx),[1— (—i—lb:c) sec Y (a + bx)dsec(a + bx) —

al mzsec L(a + b2)
/ (atbe) dsec™(a + bx)

- a+bx

lgs

/(a +bz)/1— (+1bx)2 sec”!(a + bx)dsec™(a + bx) +

al . w2sec a+b:c
/ _ (o) dsec_l(a—i-bw)

1—

a-l—bz
l 3042
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/1 — —1 <5 sec™!(a + bx)
a/ (atbz) m dsec™(a + bx) + /sec_l(a +
" atbz
bz) tan (sec™'(a + bx)) dsec™!(a + bx)

l 4202

dsec™(a + bz) +

9 g2isec™!(a+b2) goc=1(g, + byr)
—4 1+ 2 sec~1(a+bzx)

/ al (a+bx)2 sec”!(a + bx)

1
dsec™(a + bz) + ii sec™(a + bx)?

- a—i—bz
l 2620
I (+b)zsec L(a + bx)
/ dsec_l(a + bx) —
- a+bz

2i (;z / log (1 + esteC_l(“J“bm)) dsec_l(a + bx) — %isec‘l(a + bz) log <1 + eZisec_l(“+bw)>>+

1
52’ sec™(a + bx)?

| 2715
/1 (a+b )2sec L(a + bx)
/ dsec™(a + bx) —
- a—i—bw
1 - - -
2% / —2isec™ ! (a+bx) log (1 +e2zsec (a+bz)) de 2isec™!(a+bx) _ ’LSGC (a+bw) log (1 +62zsec 1(a+ba:)>
4 2
1
52’ sec™(a + bx)?
l 2838
/1 (a+bx)2 sec” " (a + bx)
/ dsec_l(a + bx) —
- a—i—bx

<— PolyLog ( e?sc (a+bx)> - %z sec*(a + bx) log (1 + eZisec_l(a+b$))> +
1
§i sec”!(a + bx)?

laB1
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) gisec™ (a+b7) goc—1(g, + bar) 3 ) gisec™H(a+b2) goc—1(g + bar) 4 1
" (”/ e 10 )~ e e e

1 - 1 -
2i <—4 PolyLog <2, —eZisec 1(“"'1’””)) - 51’ sec”(a + bx) log (1 4 eZisec 1(a+bx)>> +

1
§i sec (a + bx)?

| 2620
isec”L(at+ba isec”(atbx
A isec™!(a + bz)log (1 - “61_7\/1(_7:;)) ~ i [log (1 - ‘“51_7\/1(_7;’)> dsec™1(a + bx) _i isec !(a +t
a a

2i <—}1 PolyLog (2, —e% sec_l(a"'bx)) - %z sec”!(a + bx) log (1 + ezisec_l(“bx))) +

1
§i sec™!(a + bx)?

l 2715
isec_1 a+bx - — isec_1 a+bzx - —
[ isec™(a + bz)log (1 — %) [ emisecT (atbe) 1og (1 — %) deisec" (at+ba) | 4
a a

2i <—i PolyLog (2, —e2 Sec_l(”bw)) - %z sec”!(a + bx) log (1 + ezisec_l(“bx))) +

1
“isec”(a + bx)?

2
| 2838
isec_l(a+bz) . _ isec_l(a+b:v) isec_l(a+bw)
. _Z POlyLOg (2, %) + 7 8ecC 1(a + b:IJ) log (1 —_ %) 3 z POlyLOg (2, %TH) ]

a a a

1 - 1 L
2i <—4 PolyLog (2, —eisec 1(“+b$)) - ii sec”!(a + bz) log (1 4 eZisec 1(“+bx)>> +

1
ii sec™'(a + bx)?

input LInt [ArcSec[a + b*x]/x,x] J
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(I/2)*ArcSec[a + b*x]~2 + a*x(((-1/2*I)*ArcSec[a + b*x]~2)/a - I*((I*ArcSec
[a + bxx]*Log[1l - (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1 - a"2])])/a + Poly
Log[2, (a*xE~(I*ArcSecl[a + b*x]))/(1 - Sqrtl[l - a~2])]/a) - I*((IxArcSec[a
+ b*x]*Log[1l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a~2])])/a + PolyLog
[2, (a*E~(I*ArcSecla + b*x]))/(1 + Sqrt[l - a~2])]/a)) - (2*I)*((-1/2*%I)*A
rcSec[a + b*x]*Logl[l + E~((2*I)*ArcSec[a + b*x])] - PolyLog[2, -E~((2*I)*A
rcSec[a + b*x])]/4)

output

Defintions of rubi rules used

ruk325LInt[-(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620 Tt LCCEF) (g ) *x((e_.) + (£_)*(x_)))) " (_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]

rule 2715
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)*e*xx"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4202
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rule 5031 Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)1)/(Cos[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + £xx)"(m + 1)/(b*fx(m + 1)))
, x] + (-Simp[I Int[(e + f*x) m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b2, 2] +
b*E~(I*(c + d*x)))), x], x] - Simp[I Int[(e + f*x)"m*(E~(I*(c + d*x))/(a
+ Rt[a"2 - b™2, 2] + b*E~(I*(c + d*x)))), x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]

rule 5041 IRELCCCe ) + (£_)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x_)1"(n_.))/(Cosl(c_.) +
(@_)*(x_)1*(_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]"n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[

m, 0] && IGtQ[n, O]

rule 5062 Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.)*(G_) [(c_.) +

(a_D)*(x)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
t[(e + f*x) m*xCos[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, 0, pl

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Maple [A] (verified)

Time = 0.90 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.87

method result
—a| Ao+, /1 ——5 |+V—a?+1+1 a g2 +i
derivativedivides | arcsec (bz + a) In ( (b * @1) ) + arcsec (bx + a) In (M

1+v—a2+1

—a| Ao+, /1- —— |+V—a®+1+1 al gl +i
default arcsec (bz + a) In ( (b - <bz+a)2) ) + arcsec (bz + a) In (M
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input‘int(arcsec(b*X+a)/X,X,meth0d=_RETURNVERBUSE)

arcsec(b*x+a) *1n((-a* (1/ (bxx+a)+I*(1-1/ (bxx+a) ~2)~(1/2))+(-a~2+1)~(1/2)+1)
/(1+(-a~2+1)~(1/2)))+arcsec (bxx+a) *1n((a*(1/ (bkx+a) +I* (1-1/ (bkx+a) ~2) ~(1/2
N+(-a~2+1)"(1/2)-1)/(-1+(-a"2+1)~(1/2) ) ) -arcsec(b*x+a) *1n (1+I*x (1/ (b*x+a)+
Ix(1-1/(b*x+a)~2)~(1/2)))-arcsec (b*x+a)*1n(1-I*(1/ (b*x+a)+I*(1-1/(bxx+a) "2
)7 (1/2)))+I*dilog (1+I*(1/ (b*xx+a) +I*(1-1/(b*x+a)~2)~(1/2)))+I*dilog(1-I*(1/
(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-I*dilog((-a* (1/ (b*x+a)+I*(1-1/(bxx+a)~2)
~(1/2))+(-a”2+1) "~ (1/2)+1) / (1+(-a~2+1)~(1/2)) ) -I*dilog((a* (1/ (bxx+a) +I* (1-1
/ (b*x+a)~2)~(1/2))+(~a~2+1)~(1/2)-1)/ (-1+(-a~2+1)~(1/2)))

output

Fricas [F]
/wdx _ / arcsec (bz + a) e
z x
inputLintegrate(arcsec(b*x+a)/x,x, algorithm="fricas") J
Ou_tputLintegral(arcsec(b*x + a)/x, x) J
Sympy [F]

-1
/wm:/wm

z T

inputLlntegrate(asec(b*x+a)/x,x)

Output‘Integral(asec(a + b*x)/x, X)
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Maxima [F|

/sec‘l(a + bx) dp — / arcsec (bz + a) i
T

X

input tintegrate (arcsec(b*x+a)/x,x, algorithm="maxima")

output Lintegrate (arcsec(b*x + a)/x, x)
Giac [F]
/ sec™(a + bx) gy — / arcsec (bx + a) I
T i
input Lintegrate (arcsec(b*x+a) /x,x, algorithm="giac")

output tintegrate (arcsec(b*x + a)/x, x)

Mupad [F(-1)]

Timed out.

/sec_l(a—l-bx) e :/acos(a:bz) i

T T

input Lint(acos(i/(a + b*x))/x,%)

output Lint(acosu/(a + b*x))/x, x)
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Reduce [F]

-1
/sec (z—l—bx) dp — / asec(l::—l—a)dx

inputLint(asec(b*x+a)/x,x)

OutputLint(asec(a + b*x)/x,x)




output
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3.24 f sec_l(a+baz) dx

x2

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [F] . . o o
Maxima [F] . . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o e

Optimal result

Integrand size = 10, antiderivative size = 70

sec”!(a + bx)

-1 -1
/sec (a + bx) dr — _bsec”'(a+bz)

)

2 a T
VI+atan(% sec™!(a+bz))
N 2barctan < \;ﬁ

av1 — a?

‘ -b*arcsec(b*x+a) /a-arcsec (b*x+a) /x+2*b*arctan((1+a) ~(1/2) *tan(1/2*arcsec(b

‘*x+a))/(1—a)‘(1/2))/a/(—a“2+1)“(1/2)




CHAPTER 3. LISTING OF INTEGRALS 194

Mathematica [C] (verified)

Result contains complex when optimal does not.
Time = 0.20 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.60

-1
/sec (a + bx) s

xr2

) 2
La (—1+a +abw) —1+a2+2abz+b21‘2
2<7f—a2 +a(a+bx), —W-bw)

ilog e

b| arcsin (a Jrlbz) - Ji—a?

sec 1 (a + bz
Csec (ot br)
x a

-

LIntegrate [ArcSec[a + b*x]/x"2,x]

-/

input

output‘ -(ArcSec[a + b*x]/x) + (b*(ArcSin[(a + b*x)~(-1)] - (I*Logl[(2*((I*a*x(-1 + ‘
‘2”2 + a¥bxx))/Sqrt[1l - a™2] + a*(a + b¥xx)*Sqrtl(-1 + a™2 + 2kaxb*x + b™2%x |
72)/(a + b*x)"21))/(b*x)1)/Sqrt[1 - a~21))/a |

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.04,

number of rules _ 0.700, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {5781, 4926, 3042, 4270, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T2

-1
/ sec” ' (a + bx) e

l 5781

(a+bx)?, /1 — 33 sec”!(a + bx)
b/ (etbe)” dsec™(a + bx)

b2x2
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| 4926
1 1 sec !(a + bx)
b<—/—bxdsec (a+bzx) — —
| 3042
-1
b —/ 1 dsec_l(a-l-bz)—w
a — csc (sec™!(a + bz) + %) bz
| 4270
1 -1
b J I_Hﬁdsec (a+bz) B sec”!(a + bx) B sec”!(a + bx)
a a br
| 3042
1 -1
; J 1—asin(sec—1(a+bz)+g)dsec (a+bz) _sec'(a+bx) sec'(a+bx)
a a bz
| 3138
1 1 a1
b (2 J (a+1) tan? (] sec_l(a+bx))—a+1dtan (35ec™ (a +b2)) 3 sec”!(a + bx) 3 sec 1(a + bx))
a a bz

l 218

Va+1tan(% sec™!(a+bz))
, 2 arctan ( \;ﬂ ) B sec™!(a + bx) B sec !(a + bx)
aVv'1l—a? a bx

‘ Int[ArcSec[a + b*x]/x"2,x]

input

" ‘{b* (-(ArcSec[a + b*x]/a) - ArcSec[a + b*x]/(b*x) + (2*ArcTan[(Sqrt[1 + al*T ‘

outpu
‘ an[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(axSqrt[1 - a~2])) ‘
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 218

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a2 - b)*e~2%x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

rule 3138

rule 4270‘Int[(csc[(0_.) + (d_.)*(x_)1x(b_.) + (a_))"(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a  Int[1/(1 + (a/b)Sinlc + d*x]), x], x] /; FreeQ[{a, b, c, d},
Lx] && NeQ[a™2 - b~2, 0]

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl(c
_) + (@_)*(x)1)"(a_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 4926

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
» £}, x] &% IGtQ[p, O] && IntegerQ[m]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 125 vs. 2(62) = 124.

Time = 0.35 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.80

method result
a2— TTa 2— Tr+a)a—
e (bata)®—1 <arctan<\/172> /7(12_1_111(2 (b0 12040 2))
. . . s arcsec(bx+a (bz+a)“—1
derivativedivides | b - + G 1 —
Twraz (bTrajaver—
a2— TTa 2— rr+a)a—
(bo+a) \/ (bz+a)® -1 (arotan(m),/az_kln(zﬁ\/(b +o—L42(buta) 2))
f 1 _a.rcsec TTa TTa)”—
default b bz + (bz+a)2—1 (bz+a)ava2—-1
(bz+a)?2
PN oty (arctan(n—lz) /7(12_1_111(2@2_2+2abx+2\/a2—11 N RS
parts __arcsec(bz+a) + V222 +2abz+a2—1
z 222 1 2abotaZ—
input Lint (arcsec(b*x+a) /x~2,%,method=_RETURNVERBOSE) J

¢ ‘ b*(-1/b/x*arcsec (b*x+a)+((b*x+a) “2-1)~(1/2) *(arctan(1/((b*x+a)"2-1)~(1/2)) ‘
*(272-1)7(1/2)-1n(2% ((a"2-1) " (1/2) ¥ ((b*x+a) "2-1)~(1/2) + (bxx+a) ¥a-1) /b/x))/
(((bxx+a)~2-1)/ (bxx+a) ~2) = (1/2)/ (bxx+a) /a/ (a™2-1) " (1/2)) |

outpu

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(62) = 124.

Time = 0.13 (sec) , antiderivative size = 281, normalized size of antiderivative = 4.01

-1
/sec (a+ bx) i

x2

a?bz+a3+v/b22242 abz+a2—1
2(a2—l)bxarctan(—bx—a+\/b%2+2abx+a2—1)—\/a2—1bxlog( +at B et

(a3 —a)z

a2-

2 (a? — )bz arctan (—bz — a + V%22 + 2abz + a® — 1) — 2v/—a? + 1bz arctan (—\/_“2"'”’“”_‘/”%2“

(a3 —a)z
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input‘integrate(arcsec(b*x+a)/x*2,x, algorithm="fricas")

[-(2%(a"2 - 1)*bxx*arctan(-b*x - a + sqrt(b™2*x"2 + 2*a*b*x + a2 - 1)) -
sqrt(a”2 - 1)*b*x*log((a"2*b*x + a~3 + sqrt(b™2*x"2 + 2*axb*x + a”2 - 1)*(
a”2 - sqrt(a”2 - 1)*a - 1) - (axb*x + a”2 - 1)*sqrt(a”2 - 1) - a)/x) + (a~
3 - a)*arcsec(bxx + a))/((a”3 - a)*x), -(2%(a"2 - 1)*b*x*arctan(-b*x - a +
sqrt (b™2*x"2 + 2%axb*x + a2 - 1)) - 2xsqrt(-a”2 + 1)*b*x*arctan(-(sqrt(-
a2 + 1)*bxx - sqrt(b~2*x"2 + 2%axb*x + a2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)
) + (a”3 - a)xarcsec(b*x + a))/((a"3 - a)*x)]

output

N\

Sympy [F]

-1
/ sec™(a + bx) dp — / asec (a + bx) i

.’Ez .’E2

inputLintegrate(asec(b*x+a)/x**2,x)

/

outputtlntegral(asec(a + b*x) /x**2, x)

~—

Maxima [F]

-1
/sec (a + bx) dr — / arcsec (br + a) i

.'L'2 _1;2

inputLintegrate(arcsec(b*x+a)/x*2,x, algorithm="maxima")

‘ (x*integrate((b~2*x + axb)*e~(1/2xlog(b*x + a + 1) + 1/2xlog(b*x + a - 1))
‘/(bAQ*th + 2kaxbxx"2 + (272 - 1)*x + (b72%x73 + 2kakbxx"2 + (272 - 1)*x)*
‘e"(log(b*x +a+ 1) + log(b*x + a - 1))), x) - arctan(sqrt(b*x + a + 1)*sq
rt(bx + a - 1)))/x

output
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Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.34

/ sec™(a + bzx) i

xr2

(bx+a)( /-5 +1-1)+a
2 arctan ( i <\/\/(_b:;T )+ ) arccos (— la )
=b + (bo+a) (522 —1) e
—a?+1la (5 — 1)

i - i =Ngiarh
inputLlntegrate(arcsec(b*x+a)/x 2,x, algorithm="giac")

‘b*(2*arctan(((b*x + a)*(sqrt(-1/(bxx + a)~2 + 1) - 1) + a)/sqrt(-a"2 + 1))
‘/(sqrt(-a“2 + 1)*a) + arccos(-1/((b*x + a)*(a/(bxx + a) - 1) - a))/(ax(a/(
bxx + a) - 1))

output

Mupad [F(-1)]
Timed out.

/sec‘l(a-l—bx) o — / acos(257) s

xr2 x2

-

input tint (acos(1/(a + b*x))/x"2,%)

A J

output Lint(acos(1/(a + b*x))/x"2, x)
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Reduce [F]

2 2

-1
/sec (a+bx) dp — / asec(ba:—l—a)dx

inputtint(asec(b*x+a)/x"2,x)

OutputLint(asec(a + b*x)/x*%2,X%)




output
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3.95 f sec_l(a+baz) dx

3

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . .....
Sympy [F] . . o o
Maxima [F] . . . . . . .
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... .
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o e

Optimal result

Integrand size = 10, antiderivative size = 125

x3 = 20 (1—a?)zx

-1
/sec (a-l-bz)d

(1 — 2a?) b* arctan (

2a2
VI+atan( % sec!(a+bz))

Vv1—a

)

a? (1 — a?)*?

22

1
b(a + bx)\/ 1 — Gy N b*sec”'(a+bx) sec”'(a+ bx)

;
‘ 1/2%b* (bxx+a)*(1-1/(b*xx+a)~2) ~(1/2)/a/(-a~2+1) /x+1/2*b~2*arcsec (b*x+a) /a~2
‘ -1/2*arcsec(b*x+a) /x~2-(-2%a~2+1) *b~2*arctan((1+a) ~(1/2) *tan(1/2*arcsec (b*

}x+a))/(1-a)“(1/2))/a*2/(—a“2+1)“(3/2)

\‘

Mathematica [C] (verified)

Result contains complex when optimal does not.
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Time = 0.67 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.58

/sec (a3+ ar:)dx=
X
i(—1+a2+ab:1:)
Vi—aZ
(—1+2a2)

4(—14a)a?(1+a) <—

i(—1+2a2)b2m2 log

[ 1442 242
bz(a+bz) W -1 b2 arcsin(ﬁ)
+sec ' (a + bx) + +

a(—1+4a?) a? a2(1—a2)3/?
212
input LIntegrate [ArcSec[a + b*xx]/x"3,x] J
output -1/2%((b*x*(a + b*x)*Sqrt[(-1 + a™2 + 2*axbxx + b™2*%x"2)/(a + b*x)"2])/(a*x

(-1 + a”2)) + ArcSec[a + bxx] + (b"2*x"2xArcSin[(a + b*x)~(-1)])/a"2 + (I*
(-1 + 2%a"2)*b"2xx"2*Log[(4* (-1 + a)*a"2*(1 + a)*(((-I)*(-1 + a~2 + a*b*x)
)/8qrt[1l - a”2] - (a + b*x)*Sqrt[(-1 + a~2 + 2xa*b*x + b™2*xx"2)/(a + b*x)"~
21))/7((-1 + 2xa~2)*b"2*x)])/(a"2%(1 - a~2)7(3/2)))/x"2

Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.200, Rules

used = {5781, 25, 4926, 3042, 4272, 3042, 4407, 3042, 4318, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3

-1
/sec (a+ bx) da

| 5781
) (a+bx)%, /1 - msec_l(a-i—bx)
b / b33

| 25

) (a+bx)?, /1 — msec_l(a—i-bm)
b /_

b33

dsec™(a + bx)

dsec™(a + bx)
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4926
1 1 sec”!(a + bx)
2( = 1 —
b <2 227 dsec™ " (a + bx) 5h252 >
3042
b? 1/ 1 2dsec_l(a—l-bz)—w
2J (a—csc(sec™i(a+bz)+ 7)) 2b%x
| 4272
1
21 [ —stec_l(a + bz) N 1~ ey (@ +b2) _sec”!(a + bx)
2 a(l—a?) a(l—a?)bx 26212
| 3042
—a2?—csc(sec™1(a+bz)+ T )a+1 _1
b2 1 f a—csc(sec_l(a-i-bx)—i-z%) dsec (a + b.’l?) I \V 1- a-l—bac)2 (a + b.’L‘) _ sec_l(a + b:L')
2 a(l—a?) a(l—a?) bz 20212
| 4407
b2 1 e f_%dsec_l(a%x) + (- az)se(c;l(ﬁbw) V 1- m(a +bz) _ sec™!(a + bx)
2 a(l-a?) a(l-a?)bz 2222
| 3042
(1—2(12) J isc (S(ec_i(::i?tfi) dsec™1(a+bx) a2 . b 1
o1 e ot s oo i-Ghmlatie) |
2 a(l—a?) a(l—a?)bx

l 4318

a’ sec a T (1 2(1 )
1 [ (=a?)sec”(atbz)

) _ dsec_l(a-i—bx)
p2| = a = \/ (a+ba:)2 (a + bz) B sec !(a + bx)

2 a(l—a?) a(l—a?)bz 222

l 3042



-

input L
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1-2a2 L dsec™ " (a+b
(1 (1—a2)se2—1<a+bx>_( )/ R ks ) sec” latta) /1= sz (a+ bx)

= -

B sec”!(a + bx)

2 a(1—a?) a(l—a?)bx

l 3138

26222

2(1—2a? L dtan(} sec™1(a+b
B T T E ) e MY [ g oo o

b2 - a a
2 a(l-a?) +

l 218

2(1—2a2) arctan ( VaFTtan(} sec” ! (atbr)

1—a?) sec™1(a+bz) Vi-a ) / 1
2 (1-a )sea atbz) i N 1-— (@tba)? (a+bw)

a(l—a?)bx

sec”!(a + bx)

N[ =

a(1—a?) a(l—a?)bx

Int[ArcSec[a + b*x]/x"3,x]

-/

‘(

|
L

output

b~2%(-1/2%ArcSec[a + b*x]/(b"2*x72) + (((a + b*x)*Sqrt[1l - (a + b*x)~(-2)]
)/(ax(1 - a~2)*b*x) + (((1 - a~2)*ArcSec[a + bxx])/a - (2%(1 - 2¥a~2)*ArcT
an[(Sqrt[1 + al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(a*Sqrt[1 - a~2]))/(
ax(1 - a~2)))/2)

| —

-

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

26242

S€
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rule 3138 Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2*%x"2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

rule 4279 Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_ ), x_Symbol] :> Simp[b~2x*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a"2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x1 /; FreeQl[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Intlescl(e ) + (£_.)*(x)1/(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)I1*(d_.) + (c_))/(cscl(e_.) + (£f_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4926 Int[(Ce_.) + (£_)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)]1*((a_) + (b_.)*Secl(c
_) + (d_)*(x 01" (n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £f=*
x)"m*x((a + b*Sec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + £f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 5781 T0tL((a ) + ArcSecl(c ) + (d_)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)x(x))"(m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 318 vs. 2(109) = 218.

Time = 0.33 (sec) , antiderivative size = 319, normalized size of antiderivative = 2.55

method result

3 2 /
bVb2x24+2abr+a2—1 ((az—l) 2 arctan ( ) a2br—21In ( 2a%—2+2ab2+21/a? _ml

1
vV b212+2abz+a2 -1

__arcsec(bzt+a)
22

parts

3 3
(bz+a)?-1 <arctan<1> a?-1 7a3—arctan<1> a?-1)2a2(bx
derivativedivides | b% | —2eseclbeta) 4 \/7 Yoty S Vata?-1 Y
2b%x
br+a)?—1 tan| ——L | (a2—1) 3 a3—arct <1> 2_1) 3 a2
default b2 _arcsec2(bm2+a) + W <3IC an(\/m) (a ) a®—arctan \/m (a ) a2(bx
2b%x
inputLint(arcsec(b*X+a)/XAS:Xameth°d=_RETURNVERBOSE) J
output ~1/2*arcsec(brx+a) /x"2-1/2+bk (b™24x"2+2*axbax+a”2-1) " (1/2)*((a™2-1)"(3/2)*

arctan(1/(b~2+x"2+2*axb*x+a~2-1) " (1/2)) *a~2*b*x-2*1n (2* (a*xb*x+(a~2-1) ~(1/2
)k (b~ 2xx™2+2*a*xb*x+a~2-1) ~(1/2)+a"2-1) /x) *a~4*xb*x-b*arctan (1/ (b~ 2*x~2+2*a*
b*x+a~2-1)"(1/2)) *x*x(a~2-1) " (3/2)+(a"2-1) " (3/2) * (b~ 2*x"2+2*a*xbxx+a~2-1) ~ (1
/2) *a+3*1n (2% (axbxx+(a"2-1) ~ (1/2) * (b~ 2*x"2+2*axbxx+a~2-1) ~(1/2)+a"2-1) /x) *
a”~2xbxx-b*1n (2* (a*b*x+(a"2-1) " (1/2) *(b~2*x"2+2*a*xb*x+a~2-1) ~(1/2)+a"2-1) /x
Y*x) / ((b™2%x~2+2*a*xb*x+a~2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a)/a~2/(a"2-1)"(5/2) /x
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Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 427, normalized size of antiderivative = 3.42

sec (a + bx)

se¢ T do
X

azbz+a3+\/b2w2+2abx+a2—1<a2+\/a2—1a—1)+(abx+a2—1) a’—1—a

T

(2a2—1)\/a2—1b2x210g( ) +2(a* —2a®+

2(2a? — 1)v/—a? + 1b%x? arctan (—‘/_“2*'11’””_‘/”2“”2'2"2“b“”"'“z_l‘/_“z"‘l) —2(a* — 2a?% + 1)b%z? arctan

a’—1

jnputLintegrate(arcsec(b*x+a)/x‘3,x, algorithm="fricas") J

[1/2x((2*%a"2 - 1)*sqrt(a”2 - 1)*b~2*x"2xlog((a~2*b*x + a~3 + sqrt(b”2*x"2
+ 2%a*xbk*x + a”2 - 1)*(a”2 + sqrt(a™2 - 1)*a - 1) + (axb*x + a~2 - 1)#*sqrt(
a”2 - 1) - a)/x) + 2%(a”4 - 2¥a”2 + 1)*b~2xx"2*arctan(-b*x - a + sqrt(b~2*
X"2 + 2*%axb*x + a”2 - 1)) - (a”3 - a)*b"2*x"2 - sqrt(b"2*x"2 + 2*axb*x + a
"2 - 1)*(a”3 - a)*b*x - (a”6 - 2*a"4 + a"2)*arcsec(b*x + a))/((a"6 - 2*xa~4
+ a”2)*x72), -1/2%x(2%(2*a"2 - 1)*sqrt(-a”2 + 1)*b~2*x"2*arctan(-(sqrt(-a~
2 + 1)*b*x - sqrt(b~2*x"2 + 2*axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1))
- 2x(a”4 - 2*%a”2 + 1)*b"2*x"2xarctan(-b*x - a + sqrt(b"2*x"2 + 2*axbxx + a
"2 - 1)) + (273 - a)*b"2*x"2 + sqrt(b"2*x"2 + 2*a*b*x + a”2 - 1)*(a”3 - a)
*bxx + (276 - 2*a”4 + a"2)*arcsec(b*x + a))/((a”"6 - 2*¥a"4 + a"2)*x"2)]

output

Sympy [F]
-1
/wdx=/wdx
z x
inputLintegrate(aseC(b*x+a)/X**3,X) J

OutputLIntegral(asec(a + b*x)/x**3, Xx) J
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Maxima [F|
sec™? b arcsec (b
/ (a3+ x)dx:/ r (3x+a)dx
x z
inputLintegrate(arcsec(b*x+a)/x"3,x, algorithm="maxima") J

|1/2#(2%x~2*integrate(1/2x(b"2%x + akb)*e”(1/2%log(b*x + a + 1) + 1/2+log(b
kx + a - 1))/(D72%x"4 + 2¥a¥kbxx™3 + (272 - 1)*x"2 + (D"2%xx"4 + 2%a¥bxx"3 +
‘ (a”2 - 1)*x72)*e"(log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqrt ‘
‘(b*x + a + 1)*sqrt(b*x + a - 1)))/x"2

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 216 vs. 2(106) = 212.

Time = 0.16 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.73

-1
/sec (a + bx) i

3

(bz+a) —Tlag'i‘l—l ta
2 (2a%b — b) arctan ( (\/\/(—baT ) ) 2 ((bx + a)ab( -
) (b
-5t +

4 _ 42 N2 2
(' —a?)v—a®+1 ((bx+a)2(,/—m+1—1> +2(bz +

input integrate(arcsec(b*x+a)/x~3,x, algorithm="giac")

-1/2%bx (2% (2%a~2*b - b)*arctan(((b*x + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1) +

a)/sqrt(-a~2 + 1))/((a"4 - a~2)*sqrt(-a~2 + 1)) + 2x((bxx + a)*a*b*(sqrt(
-1/(bxx + a)"2 + 1) - 1) + b)/(((b*x + a)~2*(sqrt(-1/(b*x + a)"2 + 1) - 1)
2 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)*(a”3 - a)) + (2xaxb
/(bxx + a) - b)*arccos(-1/((bxx + a)*(a/(bxx + a) - 1) - a))/(a"2x(a/(b*x
+a) - 1)72))

output
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Mupad [F(-1)]

Timed out.

x3 3

input tint (acos(1/(a + b*x))/x"3,x%)

output Lint(aCOS(l/(a + b*x))/x"3, x)

Reduce [F]

-1
[retarin,, [,

3 3

input Lint (asec(b*x+a)/x"3,x)

outputtint(asec(a + b*x) /x**3,%)




outpu
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p
" \ 1/6%b* (b*x+a)*(1-1/(bxx+a) ~2) ~(1/2)/a/(-a~2+1) /x"2-1/6* (-5*a~2+2) *b~2* (b*x
‘+a)*(1—1/(b*x+a)‘2)‘(1/2)/a‘2/(—a‘2+1)‘2/x—1/3*b“3*arcsec(b*x+a)/a‘3—1/3*a
‘rcsec(b*x+a)/x‘3+1/3*(6*a‘4—5*a‘2+2)*b‘3*arctan((1+a)“(1/2)*tan(1/2*arcsec

N

3.26 f sec™1 (a+bx) dx

x4

Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... . .....
Sympy [F] . . o o
Maxima [F] . . . . . . .
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... .
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o e

Optimal result

Integrand size = 10, antiderivative size = 181

/ sec(a+bz) _ bla+be)y/l- Gy (28 Eie+bo)y/1— Grap

6a2 (1 —a?)’z

x* v 6a (1 — a?) 22

_ bPsec!(a+ba)

_sec”'(a + bx)

3a3

+

(2 — 5a? + 6a*) b3 arctan (

33
V1ta tan(% sec™!(a+bzx))

V1—-a

)

3a3 (1 — a2)5/2

(b*x+a))/(1-a)~(1/2))/a~3/(-a"2+1)~(5/2)

\‘

J
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.33

-1
/sec (a + bx) i

xd

_b\/ L (o + abz — 4a®bx + 2027 — a?(1 + 5b%z?))

| =

a?(—-1+ c12)2 2

2sec!(a+bw) 26° arcsin (35 )

x3 al
; 2
1243 (—14a?)? <1(1+a +aba) (atba) /—1+a2+2ab:c+b2z2>
V1—a?2 (a+bz)2
; 2 4\ 13
i(2 — 5a” 4 6a*) b° log @57 6

B ad(1— a2)5/2

-

LIntegrate [ArcSec[a + b*x]/x"4,x]

-/

input

(-((bxSqrt[(-1 + a™2 + 2*a*b*x + b~2*x72)/(a + b*x)"2]*(a"4 + a*bxx - 4*a”
3%bxx + 2¥b72xx"2 - a”2x(1 + 5xb"2%x72)))/(a"2x(-1 + a~2)"2*x"2)) - (2*Arc
Sec[a + b*x])/x"3 + (2%b~3*ArcSin[(a + b*x)~(-1)])/a"3 - (I*(2 - 5*%a"2 + 6
*a~4)*xb~3*Log[(12*%a"~3* (-1 + a~2)"2x((I*(-1 + a~2 + axbxx))/Sqrt[1 - a~2] +

(a + bxx)*Sqrt[(-1 + a2 + 2*a*b*x + b"2*x"2)/(a + b*x)~2]))/((2 - 5xa~2
+ 6*%a~4)*b"3*x)])/(a"3*(1 - a~2)~(5/2)))/6

output
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Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.23,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 354 Ryjeg
integrand size

used = {5781, 4926, 3042, 4272, 3042, 4548, 3042, 4407, 3042, 4318, 3042, 3138, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/sec (a4+ bx) i
x

l5m1

(a+bx)?

X dsec™(a + bx)

2 / (a+bx)%, /1 — —L < sec™(a+ bx)

l 4926

1 1 _ sec”!(a + bx)
s( 1 [ 1 _ sec ‘la+oz)
b < 3 / Bl dsec” " (a + bx) b33 >

| 3042
-1
b (—1/ 1 3dsec_l(a + bx) — gec W@ ror) (g —:L_ bx)>
3J (a—csc(seci(a+bz)+I)) 3b°z
| 4272

1 —(a+bx)2—2a(a+bz —a?
b3(1 ((‘hLbe) 1‘@_[ (atbo) 2b(2;gb +2(1 )dsec‘l(a—i-b:r))_sec1(a+bm))

3 2a (1 — a?) b2x2 2a (1 —a?) 3b3x3
| 3042
1 — csc (sec_l(a+b:1:)+£)2—2a csc(sec™1(a+bz)+Z)+2(1—a?) ~1
i 1 (a+bx),/1— @i S/ (a—jsc(sec*l(a+bx)+%))2 2 dsec™(a + bx) B sec=1(c
3 2a (1 — a?) b222 2a(1—a?) 3b°

l 4548
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2(17a2)27a(174a2)(a+bz) B 9-5g2) 1—_1 b
/- = dsec™1(a+bx) (2—5a%) — o (a+bz)
(a+bx) a+bz)2 e =a?) + a(l_iﬁ)iﬁ sec(a +¢

2a(1— a2) b2z 2a (1 —a?) 36323

l 3042

2(1—a2)2—a(1—4a2) csc(sec_l(a-#—bm)-k%) _
/ a—csc(sec*l(a+bz)+%) dsec™!(a+bzx) (2—5a2) _m(a_’_bx)

(a t bIE) a+b:c)2 a(1—a?) + a(l—a?)bz S¢

3
b 2a(1— a2) b2z 2a (1 —a?)

J‘4407

6a%—5a2+2) [ — 2t0Z gsec—1(a+b 2(1=a2)% sec= L (atb
(s0t-0242) [ - deneMottn) 3102 seeMottn) (p_502) =T (akba)

(a+bx) a+bac)2 a o= a + a(I—a?)bz
2a (1 — a2) b2x2 2a (1 — a?)

l 3042

6at—5a2+2 _(atba 2 dsec™ 1 (a+bz
( + ) J ais:sgs(esceci(l(::b:;:)r) (atba) 2(1—a2)2 secfl(a+bz) 2 1
1 (a’ + bfL‘) a+bw)2 a 2 + a + (2_5a ) Vv 1- (a+bx)

Bl = _ a(l—a?) a(1—a?)bx
3 2a(1— a2) b2x2 2a (1 —a?)
| 4318
at—5a2 1a sec” L (a+bx
(a + bx) 2(1“’2)2 S:C_l(‘“fbm) 3 (0" -oe+2) 1_(@ ! (et (2—5a?) +b (atpay2 (a102)
e ~ @ a(l=a?) + e _
3 2a(1— a2) b2x2 2a (1 — a?)
| 3042
4_502 sec™(a+bz
2(1—0,2)2 sec_l(a+bm) (60. > +2) / l—asin(sec_l1 (a+bz)+%) ¢ (atbe) (2—5(12) 1—
(@a+bz),/1— 1 a - a + (i
b3 1 (a+bx)? a(1—a?) a(l1—a?)b:

Wl

2a (1 —a?) b2z 2a (1 — a?)
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| 3138
2(1—a2)2 sec=1 (artb) ) 2(6at—5a2+2) [ (] Secl_l(a+bz))_a+1 dtan(} sec™ (a+b2) ) o
p| L (a+ bx) a+bx)2 B a e
’ 2ol a2) vt 2a (1 — a?)
| 218
VaFTtan (4 sec™1(a+
2 2(1—02)2 sec_l(a-‘rbw) 2(6&4—5a2+2) arctan< (E/ﬁ
1 (a’ + b.’l:) TTIE2 (2-5¢%) (“"'595)2 (a+ba) a - av/1—a2?
b3 a—i—baﬂ) _ a(l a?)bx )
5| %a(i—a)

p
inputLInt[ArcSec[a + b*x]/x74,x]

\ ]

output b~3%(-1/3*ArcSec[a + b*x]/(b~3*x"3) + (((a + b*x)*Sqrt[l - (a + b*x)~(-2)]
)/ (2xa*x(1 - a~2)*b~2*x~2) - (((2 - 5*a~2)*(a + b*x)*Sqrt[1 - (a + bxx)~(-2
)1)/(ax(1 - a™2)*bxx) + ((2%x(1 - a”2)~"2*ArcSec[a + b*x])/a - (2%(2 - 5*a~2
+ 6xa~4)*ArcTan[(Sqrt[1 + al*Tan[ArcSec[a + b*x]/2])/Sqrt[1 - all)/(axSqr
tll - a”2]))/(a*x(1 - a72)))/(2*xax(1 - a~2)))/3)

Defintions of rubi rules used

rule 218 IntL((a) + (b_.)*(x_)72)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 3042 Itlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e"2%xx"2), x], x, Tan[(c + d*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

rule 3138

rule 4279 Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_ ), x_Symbol] :> Simp[b~2x*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a"2 - b~2))), x] + Sim
pli/(ax(n + 1)*(a"2 - b°2)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x1 /; FreeQl[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

rule 4318 Intlescl(e ) + (£_.)*(x)1/(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQl[{a, b, e,
£}, x] && NeQ[a~"2 - b~2, 0]

rule 4407 Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(ecscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

rule 4548 Int[((A_.) + cscl(e_.) + (F_.)*(x_)1*(B_.) + cscl(e_.) + (f_.)*(x_)]1"2x(C_.
M *(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

a*xbxB + a~2*C)*Cot[e + f*x]*((a + bxCscle + f*x])"(m + 1)/(axf*(m + 1)*(a~2
- b72))), x] + Simp[1/(a*(m + 1)*(a”2 - b~2)) Int[(a + b*Cscle + f*x])~(

m + 1)*Simp[A*(a”2 - b™2)*(m + 1) - ax(A*b - a*B + b*C)*(m + 1)*Cscle + f*x
] + (A*%b"2 - a*xb*B + a~2*xC)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x] && NeQ[a"2 - b"2, 0] &% LtQ[m, -1]

N\

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )xx)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*x(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 4926
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rukeS?Sl‘Int[((a ) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
‘*e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, 4, e

, £}, x] && IGtQ[p, 0] && IntegerQ[m] \

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(159) = 318.

Time = 0.34 (sec) , antiderivative size = 528, normalized size of antiderivative = 2.92

method result

3
bVb2z242abz+a?—1 (—2 (a2 - 1) 2 arctan ( ) a*b2z2461n (w

S S
AV4 b2:c2+2abw+a2 -1

__arcsec(bzta)
3z3

parts

derivativedivides | Expression too large to display

default Expression too large to display

inputLint(arcsec(b*x+a)/XA4:X,meth°d=_RETURNVERBOSE)

~—

-1/3%arcsec (b*x+a) /x~3-1/6%b* (b~ 2%x~2+2%axbkx+a~2-1) ~(1/2) *(-2%(a~2-1) ~(3/
2)*arctan(1/ (b~ 2*x"2+2*%axb*x+a~2-1) " (1/2)) *a~4*b~2*x~2+6*1n (2* (a*b*x+(a~2-
1)~ (1/2) % (b~ 2%x~2+2*%axb*x+a~2-1) ~(1/2)+a~2-1) /x) *a~6*b~2*x~2+4*(a~2-1) " (3/
2)*arctan(1/ (b~ 2*x"2+2*%axb*x+a~2-1) " (1/2)) *a~2*%b~2xx~2-5% (b~ 2*x~2+2*a*xb*x+
a~2-1)"(1/2)*(a~2-1) " (3/2) *a~3*b*x-11*1n (2* (a*xb*x+(a~2-1) ~(1/2) * (b~ 2*x"2+2
*axb*x+a~2-1) " (1/2)+a”~2-1) /x) *a~4*b~2+x "2+ (b~ 2*x~2+2*a*b*x+a~2-1) ~(1/2) *(a
~2-1)"(3/2)*a"4-2xb~2*xarctan(1/ (b~ 2*x"2+2*a*b*x+a~2-1) " (1/2) ) *x~2*(a"2-1)"
(3/2)+2x (b~ 2*x"2+2*a*b*x+a~2-1) ~(1/2) *(a~2-1) " (3/2) *a*b*x+7*1n (2* (axb*x+(a
~2-1)"(1/2) * (b~ 2*x"2+2*a*xb*x+a~2-1) ~(1/2)+a~2-1) /x) *a~2*%b~2*xx~2- (b~ 2*x"2+2
*axbxx+a~2-1) " (1/2)*(a"2-1) "~ (3/2) *a~2-2xb~2*1n (2* (a*b*x+(a~2-1) ~(1/2) *(b~2
*x " 2+2%axbxx+a”~2-1) ~(1/2)+a"2-1) /x) *x~2) / ((b~2*x~2+2*a*xb*x+a~2-1) / (b*x+a)~
2)~(1/2)/(b*x+a)/a~3/(a~2-1)"(7/2)/x"2

output




input

output

input

output
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Fricas [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 548, normalized size of antiderivative = 3.03

-1
/sec (a + bx) i

xd

T

a2bz+a3+vVb2r2+2 abz+a?2—1(a?—vVa?—1la—1)— (abr+a?—1)vVa2—1—a
(6a4—5a2+2)\/a2—1b3x310g( ( )~ ) ) —4(a®

Lintegrate(arcsec(b*x+a)/x‘4,x, algorithm="fricas")

[1/6%((6*a~4 - 5xa~2 + 2)*sqrt(a”2 - 1)*b~3*x"3*log((a~2*b*x + a3 + sqrt(
b 2*x"2 + 2*axb*x + a”2 - 1)*(a”2 - sqrt(a”™2 - 1)*a - 1) - (axb*x + a™2 -
Dxsqrt(a™2 - 1) - a)/x) - 4x(a”6 - 3*a"4 + 3*%a”~2 - 1)*b"3*x"3*arctan(-b*x
- a + sqrt(b”2*%x72 + 2%a*b*x + a”2 - 1)) + (5*xa”5 - 7*a"3 + 2*a)*b~3*x"3
- 2x(a”9 - 3*%a”7 + 3*%a"5 - a"3)*arcsec(b*x + a) + ((5%xa”5 - 7*a~3 + 2*a)*b
“2*%x72 - (a"6 - 2*%a"4 + a"2)*bxx)*sqrt(b”2*x"2 + 2*axb*x + a”2 - 1))/((a"9
- 3%a”7 + 3*a”b - a"3)*x"3), 1/6%x(2x(6*%a"4 - 5*a”~2 + 2)*sqrt(-a”2 + 1)*b”
3*xx~3*arctan(-(sqrt(-a~2 + 1)*b*x - sqrt(b™2*x”2 + 2*a*b*x + a~2 - 1)*sqrt
(ca”2 + 1))/(a”2 - 1)) - 4x(a"6 - 3*a"4 + 3*a”2 - 1)*b"3*x"3*arctan(-b*x -
a + sqrt(b”2*x"2 + 2%axb*x + a2 - 1)) + (5*%a”5 - 7*a"3 + 2*a)*b~3*x"3 -
2%(a”9 - 3%a”7 + 3%a”5 - a"3)*arcsec(b*x + a) + ((5%a”5 - 7*a"3 + 2%a)*b~2
*x72 - (2”6 - 2%a”4 + a”~2)*b*x)*sqrt(b”2*x"2 + 2%axb*x + a2 - 1))/((a”9 -
3*xa”7 + 3*xa”h - a~3)*x"3)]

Sympy [F]

/ sec™(a + bzx) p

xrd

/ asec (a + bx) da

xrd

Lintegrate(asec(b*x+a)/x**4,x)

LIntegral(asec(a + b*x)/x**4, x)
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Maxima [F|

zt 4

/sec_l(a + bx) dp — / arcsec (bz + a) i

inputLintegrate(arcsec(b*x+a)/x"4,x, algorithm="maxima") J

‘1/3*(S*X‘B*integrate(1/3*(b“2*x + axb)*e”(1/2*log(b*x + a + 1) + 1/2*log(b
kx + a - 1))/(D72%x"5 + 2%akbxx™4 + (272 - 1)*x"3 + (D"2%xx"5 + 2%a¥bxx™4 +
‘ (a”2 - 1)*x73)*e"(log(b*x + a + 1) + log(b*x + a - 1))), x) - arctan(sqrt ‘
‘(b*x + a + 1)*sqrt(b*x + a - 1)))/x"3

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 451 vs. 2(155) = 310.
Time = 0.19 (sec) , antiderivative size = 451, normalized size of antiderivative = 2.49

-1
/sec (a + bx) i

4
(bw—i—a)( /—*lg—i-l—l)—i-a ‘

412 212 2 (bz+a) :
(6a*b* — 5a%b® + 2b°) arctan ( e 4 (b + a)3a3b2< I (bz-lm)z 11 1>

+

=—b

(@"—2a®+a3)vV—a?+1

input integrate(arcsec(b*x+a)/x"4,x, algorithm="giac")




output
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1/3%b* ((6%a~4%b~2 - 5*a~2*b~2 + 2+b~2)*arctan(((b*x + a)*(sqrt(-1/(b*x + a
)72 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a”7 - 2*xa”5 + a~3)*sqrt(-a"2 + 1)) +
(4% (b*x + a)~3*a”~3*b"2x(sqrt(-1/(b*x + a)"2 + 1) - 1)73 + 10*(b*x + a)~2#*a
“4xb~2*%(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - (b*x + a) 3*a*b~2x(sqrt(-1/(b*x
+a)”2 + 1) - 1)73 + (b*x + a) 2*xa"2*b"2*(sqrt(-1/(b*x + a)~2 + 1) - 1)72
+ 16%(b*x + a)*a~3*b~2*(sqrt(-1/(b*x + a)~2 + 1) - 1) - 2x(b*x + a) ~2*b~2*
(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 7*(b*x + a)*axb™2x(sqrt(-1/(b*x + a)~2
+ 1) - 1) + 5xa”2xb"2 - 2xb~2)/((a"6 - 2*a"4 + a~2)*((b*x + a) " 2*(sqrt(-1/
(bxx + a)”2 + 1) - 1)72 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1
)72) - (3*axb”2/(bxx + a) - 3%a~2*%b~2/(b*x + a)~2 - b~2)*arccos(-1/((b*x +
a)x(a/(b*x + a) - 1) - a))/(a"3*(a/(bxx + a) - 1)73))

Mupad [F(-1)]

-/

Timed out.
z T
inputtint(aCOS(l/(a + bxx))/x"4,x)
outputtint(ac°s(1/(a + b*x))/x74, x)
Reduce [F]
-1
[retarin,, [t
z T
input‘int(asec(b*x+a)/x*4,x)

output

Lint(asec(a + b*x)/x**4,x)
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3.27 [ z*sec™!(a + bx)* dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ...
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [F] . . . . . . o
Sympy [F] . . o o

Maxima [F]
Giac [F(-2)]
Mupad [F(-
Reduce [F]

D] oo



output
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Optimal result

Integrand size = 12, antiderivative size = 381

/m3 sec(a + bz)?dz = - 22 4 (a+bx)® (a+ bw)msec (a + ba)

b3 1264 3pt
3a2(a'+'bﬁ)\/ﬁ___;;;;;;sec Y(a + bx)
_ -
a(a + b$)2\/%sec—l(a + b.’l})
+ 1
__(a-+-bz)3\/qiif}£;%;;;sec—l(a-+-bx)-_ o sec=1(a + bx)?
6b4 At
1 2iasec'(a + bx) arctan <ei sec_l(a-i-bx))
+Zx4 sec ! (a+bx)? — -
4ia® sec™" (a + bx) arctan (ei Sec_l(a+bz)> log(a + ba)
bt 3pd
3a?log(a + bx) ta PolyLog (2 etsec” (a+bac)>
* b* + b4
2ia3 PolyLog (2, el sec—1<a+bx))
+ 7
ta PolyLog <2’ iet sec—l(a-l—bx))
_ )
2ia3 POlyLog (2’ 7e’ sec—l(a+bz)>
_ -

-a*xx/b"3+1/12* (b*x+a) ~2/b"4-1/3* (b*x+a) * (1-1/ (b*x+a) ~2) ~(1/2) *arcsec (b*x+a
)/b~4-3*%a"2* (bxx+a)*(1-1/ (b*x+a) ~2) ~(1/2) *arcsec (b*x+a) /b~ 4+a* (b*xx+a) ~2* (1
-1/ (b*x+a)~2)~(1/2)*arcsec(b*x+a) /b~4-1/6* (bxx+a) “3*(1-1/(b*x+a)~2)~(1/2) *
arcsec (b*x+a) /b~4-1/4*a"4*arcsec (b*x+a) ~2/b~4+1/4*xx " 4*arcsec (b*x+a) ~2-2*I*
a*arcsec (b*x+a)*arctan(1/(b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))/b~4+I*a*polylog(
2,-Ix(1/(b*xx+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"4+1/3*1n(b*x+a) /b~ 4+3*a~2*1n(b
xx+a) /b~4+2%Ixa~3*polylog(2,-I*(1/(b*x+a)+I*x(1-1/(b*x+a)~2)~(1/2)))/b~4-I*
axpolylog(2,I*(1/(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~4-2*I*a"3*polylog(2,I
*(1/ (bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2)))/b~4-4*I*a"~3*arcsec (b*x+a)*arctan(1/(
bxx+a)+I*(1-1/(b*x+a) ~2)~(1/2))/b"4




input

output
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Mathematica [A] (warning: unable to verify)

Time = 8.17 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.75

/ z3sec™(a + bz)? dz = Too large to display

r

LIntegrate[x“B*ArcSec[a + b*x]"2,x]

| —

((1 - a/(a + b*x))"3*%(24*a*(2 + (1 + 2*xa~2)*ArcSec[a + b*x]"2) + (2 + (-2

+ 24xa)*ArcSec[a + b*x] + 3*x(1 - 4%a + 12*%a~2)*ArcSec[a + b*x]~2)/(-1 + Sq
rt[1 - (a + b*x)~(-2)]) + 16*%(1 + 9*xa~2)*xLogl[(a + b*x)~(-1)] - 24*a*x(1 + 2
*a~2)*((Pi - 2xArcSec[a + b*x])*(Logl[l - I/E~(I*ArcSec[a + b*x])] - Logl1

+ I/E~(I*ArcSec[a + b*x])]) - Pi*Log[Cot[(Pi + 2*ArcSec[a + b*xx])/4]1] + (2
*I)*(PolyLog[2, (-I)/E~(I*ArcSec[a + b*x])] - PolyLogl[2, I/E~(I*ArcSecl[a +
b*x])])) - (3*ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a +
b*x]/2]1)"4 + (4*ArcSec[a + b*x]*(1 + 6*xa*ArcSec[a + b*x])*Sin[ArcSec[a +
b*x]/2])/(Cos[ArcSec[a + b*x]/2] - Sin[ArcSec[a + b*x]/2])~3 + (8*(2*ArcSe
c[a + bxx] + 18*a"2xArcSec[a + b*x] + 6*a”~3*ArcSec[a + b*x]~2 + 3*a*x(2 + A
rcSec[a + bxx]~2))*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] - Sin[A
rcSec[a + b*x]/2]) - (3*ArcSec[a + b*x]~2)/(Cos[ArcSec[a + b*x]/2] + Sin[A
rcSec[a + b*x]/2])"4 + (4*xArcSec[a + b*x]*(1 - 6*axArcSec[a + b*x])*Sin[Ar
cSecl[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"3 - (2
+ (2 - 24xa)*ArcSec[a + b*x] + 3*(1 - 4*a + 12*xa"2)*ArcSec[a + b*x]~2)/(C
os[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])°2 - (8*(-2*ArcSec[a + b*x]
- 18*a~2xArcSec[a + b*x] + 6%a~3*ArcSec[a + b*x]~2 + 3%a*(2 + ArcSec[a +
b*x]~2))*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a +
bxx]/21)))/(48%¥b~4x(-1 + a/(a + b*x))~3)

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 357, normalized size of antiderivative = 0.94,

number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/m3 sec™(a + bx)? dzx
| 5781
[b3z3(a+bz)?, /1 — m sec”!(a + bx)2dsec(a + bx)
pd
| 25
[ —b%z3(a + bz)?, /1 — W sec™!(a + bx)2dsec™!(a + bx)

b4
J'4926

1biztsec(a +bz)? — 1 [ biztsec™!(a + bx)dsec™(a + bx)
ba
| 3042

1biztsec(a +bz)? — 1 [sec™l(a + bz) (a — csc (sec™ (a + bx) + %))4 dsec™(a + bz)
ba
| 4678

tbtztsec™(a +b2)? — § [ (sec™!(a + bz)a? — 4(a + bz) sec™(a + bz)a® + 6(a + bz)? sec ™ (a + bx)a® — 4(a +
b4

l 2009

bzt sec™(a + bx)? + 5 (—%a‘1 sec”!(a + bx)? — 8ia3sec™!(a + br) arctan <e" Sec_l(“erw)) + 4ia® PolyLog (2, -

;
Int [x"3*ArcSec[a + b*x]~2,x]

N J

input




output

rule 25

rule 2009

rule 3042

rule 4678

rule 4926
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((b~4xx~4*ArcSec[a + b*x]~2)/4 + (-2*a*(a + b*x) + (a + b*x)"2/6 - (2x(a +
b*x)*Sqrt[1 - (a + bxx)~(-2)]*ArcSec[a + b*x])/3 - 6*a"2x(a + b*x)*Sqrt[1
- (a + bxx)~(-2)]*ArcSec[a + b*x] + 2*xax(a + b*x)~2*Sqrt[1 - (a + b*x)~(-
2)]*ArcSec[a + b*x] - ((a + b*x)~3*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x
1)/3 - (a~4xArcSec[a + bxx]~2)/2 - (4xI)*axArcSec[a + b*x]*ArcTan[E~(I*Arc
Sec[a + b*x])] - (8*I)*a~3*ArcSec[a + b*x]*ArcTan[E~(I*ArcSec[a + b*x])] -

(2xLogl[(a + b*x)~(-1)1)/3 - 6*%a"2xLogl[(a + b*x)~(-1)] + (2+I)*a*PolyLogl[2
, (-I)*E~(I*ArcSec[a + b*x])] + (4xI)*a"3*PolyLog[2, (-I)*E~(I*ArcSec[a +
b*x])] - (2xI)*a*PolyLogl[2, I*E~(I*ArcSecl[a + b*x])] - (4*I)*a~3*PolyLogl[2
, I¥*E~(I*ArcSec[a + b*x])])/2)/b~4

Defintions of rubi rules used

e

tlnt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], xI

~—

-

LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl[(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (a + bx*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Int[((Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*(x)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ

[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]
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rukeS?Sl‘Int[((a ) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
‘*e - cxf + fxSec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, 4, e

, £}, x] && IGtQ[p, 0] && IntegerQ[m] \

Maple [A] (verified)

Time = 0.85 (sec) , antiderivative size = 673, normalized size of antiderivative = 1.77

method result

2 2 2 2 4
_arcsec(bz+a)2a3(bz+a)+3arcsec(bz+a2) a“(bz+a) _arcsec(bm+a)2a(bz+a)3+arcsec(bz+:lz) (bz+a) -3 arcsec(bm—i—

derivativedivides

2,2 2 2 4
—arcsec(bz+a)2a3(bz+a)+3arcsec(bw+‘;) a” (bz+ta) —arcsec(bm+a)2a(bz+a)3+arcsec(bw+j) (bzta)” 3 arcsec(bz+

default

input‘int(x“3*arcsec(b*x+a)‘2,x,method=_RETURNVERBOSE)

1/b~4*(-arcsec (b*x+a) “2*a~3* (bxx+a)+3/2*arcsec (b*x+a) “2*xa~2*x (b*x+a) “2-arcs
ec(b*x+a) ~2*a* (b*x+a) ~“3+1/4*arcsec (b*x+a) ~2* (bxx+a) “4-3*arcsec (bxx+a) * (((b
*x+a) ~2-1) / (b*xx+a) ~2) ~ (1/2) *a~2* (b*x+a) +arcsec (b*xx+a) * (((b*x+a) ~2-1) / (b*x+
a) ~2) " (1/2) *a* (b*x+a) “2-1/6*arcsec (b*x+a) * (((b*x+a) ~2-1) / (b*x+a) ~2) ~(1/2) *
(b*x+a) "3+I*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a-1/3*arcsec(b*
x+a) * (((bxx+a) ~2-1) / (b*x+a) ~2) ~(1/2) * (b*x+a) -3*I*a~2*arcsec (bxx+a) - (bxx+a)
*a+1/12* (bxx+a) ~2+2/3*1n(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))-1/3*1n(1+(1/(b
*xx+a)+I*(1-1/(b*x+a) ~2)~(1/2)) ~2)+6*1n(1/ (b*x+a) +I*(1-1/ (b*x+a) ~2) ~(1/2)) *
a~2-3*1n(1+(1/ (bxx+a)+I*x(1-1/(b*x+a) "2) " (1/2))"2)*a~2-2*1n(1+I*(1/ (b*x+a)+
Ix(1-1/(b*x+a)~2)~(1/2)))*a"3*arcsec (b*x+a)+2*x1n(1-I*(1/ (b*x+a)+I*(1-1/(b*
x+a)~2)~(1/2)))*a"3*arcsec(b*x+a)+2*xI*xdilog(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~
2)7(1/2)))*a~3-I*xdilog(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a-1n(1+I*(
1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a*arcsec (b*x+a)+1n(1-I*(1/(b*x+a)+I*(1
-1/ (b*x+a) ~2) = (1/2)))*a*arcsec(b*x+a)-1/3*I*arcsec (b*x+a) -2*I*dilog(1-I*(1
/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2)))*a"3)

output
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Fricas [F]

/x3 sec ' (a + bx)?dr = /w3 arcsec (bx + a)” dz

p
input Lintegrate (x~3*arcsec(b*x+a) ~2,x, algorithm="fricas "y

-/

OutputLintegral(x‘S*arcsec(b*x + a)”~2, x)

Sympy [F]

/x3 sec '(a+bz)*dr = /a:3 asec’ (a + bz) dx

inputLintegrate(X**3*asec(b*x+a)**2,x)

P
outputLIntegral(X**3*aseC(a + bx)*%2, X)

-/

Maxima [F]

/x3 sec ' (a + bx)?dr = /x3 arcsec (bz + a)® dz

inputLintegrate(XA3*arcseC(b*X+a)”2,x, algorithm="maxima")

1/4*xx~4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/16%x"4xlog(b~2*x
~2 + 2*%axb*x + a”2)”2 - integrate(1/4*(2*sqrt(b*x + a + 1)*sqrt(b*x + a -
1) *b*x~4*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 4*x(b"3*x~6 + 3*axb”
2%x75 + (3%¥a”2 - 1)*b*x"4 + (a”3 - a)*x"3)*log(b*x + a)~2 - (b73*x"6 + 2%a
*b~2%xx"5 + (2”2 - 1)*b*xx"4 + 4x(b"3*x"6 + 3*axb~2*x"5 + (3%a”2 - 1)*b*x"4
+ (a3 - a)*x"3)*log(b*x + a))*log(b~2*x~2 + 2xa*b*x + a~2))/(b"3*x"3 + 3%
axb"2*xx"2 + a~3 + (3*%a”"2 - 1)*bxx - a), x)

output
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Giac [F(-2)]

Exception generated.

/ z®sec™(a + bz)® dz = Exception raised: RuntimeError

input tintegrate (Xﬁs*arcsec (b*X+a) ~2,x, algorithm="giac ||)

p
Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘ : INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

———————

Mupad [F(-1)]

Timed out.
1 2
3 -1 b 2d =/ 3 d
/m sec” (a+ bx)* dz z"acos| ——— | dz

input Lint(x"S*acos(l/(a + b*xx))"2,x)

output Lint(x‘S*acos(l/(a + b*x))"2, x)

Reduce [F]

/w3 sec ' (a + bx)?dr = / asec(bx + a)’ z*dzx

input Lint(x 3*asec(b*x+a)~2,x)

output Llnt(asec(a + bxx)**2%x**3,x)
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3.28 [ z*sec™!(a + bx)* dx

Optimal result . . . . . . . . . . . . e 228
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... 2291
Rubi [A] (verified) . . . .. . . ... .. 230
Maple [A] (verified) . . . . . . ... L
Fricas [F] . . . . . . o 232
Sympy [F] . . o o 233
Maxima [F] . . . . . . 233l
Giac [F] . . . . o o 233
Mupad [F(-1)] . . . o o 234
Reduce [F] . . . o . o o 234

Optimal result

Integrand size = 12, antiderivative size = 288

2a(a + bz) 1 sec™!(a+bx)
/z2 sec_l(a + bx)2 dr = z + \/T

3b? b3
(a+ bm)2\/%sec_l(a + bx) s 4 sec~1(a + bz)?
33 3b3
2isec™!(a + bx) arctan (ei sec*l(a-i-ba:))
3b3
4ia® sec™(a + br) arctan (ei Sec_l(a-i-bx))
b3
_ 2alog(a+bz) i PolyLog (2
b3 3b3
220,2 POlyLog <2 zsec—l(a+bx)>
b3
i PolyLog <2, iet sec—l(a+bx)>
3b3
2ia? PolyLog (27 iet sec_l(a+bx)>
b3

1
+ gm?’ sec ! (a+bx)? +

+

et sec™1(a+bx) )

_|_

+
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1/3*%x/b~2+2*ax* (b*xx+a)* (1-1/ (b*x+a) ~2) ~(1/2) *arcsec (b*x+a) /b~3-1/3* (b*x+a) "~
2% (1-1/ (b*x+a) ~2) " (1/2) *arcsec(b*x+a) /b~3+1/3*a~3*arcsec (b*x+a) "2/b~3+1/3*
x~3*arcsec (b*x+a) ~2+2/3xI*arcsec (b*x+a) *arctan(1/ (bxx+a)+I*(1-1/(b*x+a)~2)
~(1/2)) /b~ 3+4xI*a"2*arcsec (b*x+a)*arctan(1/ (b*xx+a)+I*(1-1/(b*x+a)~2)~(1/2)
) /b~3-2*a*1n(b*x+a)/b~3-1/3*I*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~ (1
/2)))/b~3-2%I*a~2*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~3+1/
3*I*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"3+2*I*a"2*polylog(2
, I¥(1/ (bxx+a)+Ix(1-1/(b*x+a)~2)~(1/2)))/b~3

output

Mathematica [A] (warning: unable to verify)

Time = 4.01 (sec) , antiderivative size = 473, normalized size of antiderivative = 1.64

/x2 sec”(a + bz)? dz

4+ 2(1 + 6a?) sec™!(a + bx)? + Secl(aerz)ﬁr\;HGal) sec (b)) | 944 log (=) +2(—1 — 6a?) <(7r -2
B  (atb2)?

inputLIntegrate[x‘Q*Arcsec[a + b*x]~2,x] J

(4 + 2%(1 + 6*a~2)*ArcSec[a + b*x]~2 + (ArcSec[a + b*x]*(2 + (-1 + 6%a)*Ar
cSecla + bxx]))/(-1 + Sqrt[1 - (a + b*x)~(-2)]) + 24*a*xLogl[(a + b*x)~(-1)]
+ 2%(-1 - 6%¥a"2)*((Pi - 2xArcSec[a + b*x])*(Log[l - I/E~(I*ArcSec[a + b*x
1)] - Log[1l + I/E~(I*ArcSec[a + b*x])]) - PixLog[Cot[(Pi + 2%ArcSec[a + b*
x])/4]]1 + (2*I)*(PolyLog[2, (-I)/E~(I*ArcSec[a + b*x])] - PolyLog[2, I/E~(
IxArcSec[a + b*x])])) + (2xArcSec[a + b*x]~2*Sin[ArcSec[a + b*x]/2])/(Cos[
ArcSec[a + b*x]/2] - Sin[ArcSec[a + b*x]/2])"3 + (2*(2 + 12*a*ArcSec[a + b
*x] + (1 + 6*a~2)*ArcSec[a + b*x]~2)*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a
+ b*x]/2] - Sin[ArcSec[a + b*x]/2]) - (2%ArcSec[a + b*x] 2*Sin[ArcSec[a +
b*x]/2]1)/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b*x]/2])"3 + (ArcSecl[a
+ b*x]*(2 + (1 - 6%a)*ArcSec[a + b#*x]))/(Cos[ArcSec[a + b*x]/2] + Sin[ArcS
ec[a + b*x]/2])72 - (2*x(2 - 12*a*ArcSec[a + b*x] + (1 + 6*a”2)*ArcSec[a +
b*x]~2)*Sin[ArcSec[a + b*x]/2])/(Cos[ArcSec[a + b*x]/2] + Sin[ArcSec[a + b

*x]1/21))/(12%b~3)

output




CHAPTER 3. LISTING OF INTEGRALS 230

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 271, normalized size of antiderivative = 0.94,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5781, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:c2 sec”(a + bx)? dzx

| 5781

[b?2?(a +bz)?, /1 — m sec”!(a + bx)?dsec(a + bx)
b3
| 4926

2 [ —bPz3sec (a + bx)dsec ! (a + bx) + 36323 sec™ (a + bz)?
b3
| 3042

2 [sec™!(a + bx) (a — csc (sec™ (a + bx) + g))?’ dsec™(a + bz) + 30323 sec™! (a + bx)?
b3
| 4678

2 [ (sec™(a + bz)a® — 3(a + bz) sec™ (a + bz)a® + 3(a + bz)? sec™ (a + bz)a — (a + bz)®sec™!(a + bz)) dsec”
b3

l 2009

1633 sec™(a + bx)? + 2 (%a3 sec !(a + bx)? + 6ia® sec™!(a + br) arctan (ei Sec_l(‘”bx)) — 3ia? PolyLog (2, —1

>

LInt [x~2*ArcSec[a + b*x]~2,x]

~—

input




output
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((b~3*x"3*ArcSec[a + b*x]~2)/3 + (2*((a + b*x)/2 + 3*xa*x(a + b*x)*Sqrt[1 -
(a + b*x)~(-2)]*ArcSec[a + b*x] - ((a + b*x)"2*Sqrt[1 - (a + b*x)~(-2)]*Ar
cSec[a + b*x])/2 + (a"3*ArcSec[a + b*x]~2)/2 + I*ArcSec[a + b*x]*ArcTan[E~
(I*ArcSec[a + b*x])] + (6%I)*a~2*ArcSec[a + b*x]*ArcTan[E~(I*ArcSec[a + b*
x])] + 3%a*xLogl[(a + b*x)~(-1)] - (I/2)*PolyLogl[2, (-I)*E~(I*ArcSecl[a + b*x
1)1 - (3*xI)*a~2+PolyLogl[2, (-I)*E~(I*ArcSec[a + b*x])] + (I/2)*PolyLogl2,
I*E~(I*ArcSec[a + b*x])] + (3*I)*a~2xPolyLog[2, I*E~(IxArcSec[a + b*x])]))
/3)/073

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 4926

rule 5781

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (@) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Int[(Ce_.) + (£_)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + (d_)*(x)1)"(n_.)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £f=*
x)"m*x((a + bxSec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])"(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x)) " (m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - c*f + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, T}, x] && IGtQ[p, 0] && IntegerQ[m]




input

output
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Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 498, normalized size of antiderivative = 1.73

method result
arcsec(bz+a)2a?(bz+a)—arcsec(bz+a)a(bz+a)?+ arcsec(bz+g)2(bz+a)3 +2 arcsec(bz+a) (b(i';j_)az)gl a(bz+a)— =
derivativedivides
2 3 2 ar
arcsec(bx+a)2a2(bw—i—a)—arcsec(bx+a)2a(bw+a)2+arcsec(bm+§) (bzta)” 4o arcsec(bz+a), / (b(i:il)gl a(br+a)——
default

tint(x‘Q*arcsec(b*x+a)‘2,x,method=_RETURNVERBOSE)

input

output

1/b"3* (arcsec (b*x+a) “2*a~2* (b*x+a) —arcsec (b*x+a) ~2*ax* (b*x+a) "2+1/3*arcsec(
bxx+a) “2% (bxx+a) “3+2*arcsec (b*x+a) * (((b*x+a) “2-1) / (b*x+a) ~2) = (1/2) *a* (bxx+
a)-1/3*arcsec (b*x+a)* (((b*x+a) ~2-1)/(b*x+a) ~2) " (1/2) * (b*x+a) ~2+2*I*dilog(1
=Ix(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a~2+1/3*bxx+1/3*a+1/3*arcsec (b*x+a
Y*In(1+I*(1/ (bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2)))-1/3*arcsec(b*x+a)*1n(1-I*(1/
(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+1/3*Ixdilog(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a
)72)7(1/2)))-1/3*Ixdilog (1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-4*1n(1/(
bkxx+a)+I*(1-1/(b*x+a) "2)~(1/2))*a+2*1n(1+(1/ (bkx+a)+I*(1-1/(b*x+a)~2)~(1/2
))"2)*a-2*I*dilog(1+I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a~2+2*I*arcsec(
bxx+a)*a+2*1n (1+I*(1/ (bxx+a)+I*(1-1/(b*x+a)~2) ~(1/2)))*a"2*arcsec (b*x+a) -2
*1n(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a"~2*arcsec (b*x+a))

Fricas [F|

/x2 sec ' (a + bx)?dr = /x2 arcsec (bz + a)® dz

B
Lintegrate(x‘2*arcsec(b*x+a)‘2,x, algorithm="fricas")

-/

Lintegral(x‘Q*arcsec(b*x + a)”~2, x)
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Sympy [F]

/w2 sec '(a+bz)dr = /x2 asec’ (a + bz) dx

p
inputLlntegrate(x**2*asec(b*x+a)**2,x)

-/

OutputLIntegral(x**Z*asec(a + b*x)**2, X)

Maxima [F]

/a:2 sec ' (a + bx)?dr = /x2 arcsec (bz + a)® dz

input tintegrate (x~2*arcsec(b*x+a) "2 ,X, algorithm="maxima" )

1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12xx"3x1log(b~2*x
~2 + 2*%axb*x + a”2)"2 - integrate(1/3*(2*sqrt(b*x + a + 1)*sqrt(b*x + a -
1) *bxx~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*(b"3*x"5 + 3*axb”
2%x74 + (3*a”2 - 1)*b*x"3 + (2”3 - a)*x"2)*log(b*x + a)~2 - (b™3*x"5 + 2%a
*b"2%x"4 + (a2 - 1)*b*x"3 + 3x(b"3*x"5 + 3*kaxb"2*x"4 + (3*a"2 - 1)*b*x"3
+ (273 - a)*x"2)*log(b*x + a))*log(b~2*x"2 + 2*a*b*x + a~2))/(b"3*x"3 + 3%
axb™2*xx"2 + a”3 + (3*a”2 - 1)*b*x - a), x)

output

Giac [F]

/x2 sec !(a + bx)’dr = /a:2 arcsec (bz + a)® dz

input Lintegrate (x~2*arcsec(b*x+a) ~2,x, algorithm="giac ")

Outputtintegrate(x 2%arcsec(b*x + a)~2, x)
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Mupad [F(-1)]

2
/xzsec_l(a—l—bx)de:/xzacos( ! ) dx
a+bzx

Timed out.

inputtint(x’?*acos(l/(a + b*x))"2,%)

output Lint(x"2*acos(1/(a + b*x))"2, x)

Reduce [F]

/w2 sec ! (a + bx)*dr = / asec(bz + a)’ z?dzx

fnput Llnt (x~2*asec(b*x+a) ~2,x)

output Lint(asec(a + b*x) **k2%kx**2,X)




output
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3.29 [zsec™Ha + bz)* dz

Optimal result . . . . . . . . . . . . e 235
Mathematica [A] (verified) . . . . . . . . . ... o 2361
Rubi [A] (verified) . . . .. . . ... .. 230
Maple [A] (verified) . . . . . . ... L 238
Fricas [F] . . . . . . o 239
Sympy [F] . . o o 239
Maxima [F] . . . . . . 2391
Giac [F] . . . . o o 2400
Mupad [F(-1)] . . . o o 2400
Reduce [F] . . . o . o o 240

Optimal result

Integrand size = 10, antiderivative size = 154

(a+bz)y /1~ rprsec M (a+br) 2501 2
/zsec_l(a + bx)2 dr = — \/7 _a“sec 2(; + bx)

4iasec™!(a + br) arctan (ei sec—l(a+bm)>
B2
(a + bx) 2ia PolyLog (2, —iét Sec*l(a_f_bm))
TR 2
2ta PolyLog (2, iet sec—l(a+bx))
_ .

1
+ §x2 sec” ' (a+ bx)* —

lo
4 log

- (bxx+a) *(1-1/ (b*x+a) ~2) ~(1/2) *arcsec (b*x+a) /b~2-1/2*a"2*arcsec (b*x+a) “2/b
~2+1/2*x~2*arcsec (b*x+a) "2-4*xI*a*arcsec (b*xx+a)*arctan(1/ (b*x+a)+I*(1-1/ (b*
x+a)~2)~(1/2)) /b~ 2+1n(b*x+a) /b~2+2*I*a*polylog(2,-I* (1/ (b*x+a)+I*(1-1/(b*x
+a)~2)7(1/2)))/v"2-2*I*a*polylog(2,I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/
b~2
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.94

/w sec ! (a + bx)* dzx

— ((a +bzx),/1— m sec  (a + bx)) —a(a + bz)sec™ (a + bz)? + 3(a + bz)? sec™ (a + bz)? — dias

input LIntegrate [xxArcSec[a + b#*x]~2,x] J

~

output‘ (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]) - a*(a + b*x)*ArcSe
\C[a + bxx] "2 + ((a + b*x)"2xArcSec[a + b*x]~2)/2 - (4xI)*a*ArcSec[a + b*x] \
 *ArcTan[E~(I*ArcSec[a + b¥x])] + Logla + bxx] + (2xI)*a*Polylog[2, (-I)¥E~
‘ (IxArcSec[a + b*x])] - (2*I)*axPolyLog[2, I*E~(I*ArcSec[a + b*x])])/b~2 ‘

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.95,

number of rules _ 0.600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x sec”!(a + bz)? dx

l 5781

Jba(a+b2)? /1~ e sec™ (a+ bx) dsec™ (a + bx)
b2
| 25

[ —bz(a+bz)?,/1— W sec™(a + bz)?dsec™!(a + bx)

b2
l 4926
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1b%z?sec™(a + bz)? — [ b2z%sec™(a + br)dsec™!(a + bz)
b2
| 3042

1b2x?sec™(a + bz)? — [sec!(a + bx) (a — csc (sec™(a + bz) + %))2 dsec™1(a + bz)
b2
| 4678

1622 sec™(a + bz)? — [ (sec™(a + bz)a® — 2(a + bz) sec ! (a + bz)a + (a + bz)?sec™(a + bz)) dsec™ (a + b
b2
| 2009

—z2a’sec™!(a + bz)? — 4iasec™!(a + bx) arctan (ei Sec_l(“+b””)) + b%z? sec™!(a + bx)? + 2ia PolyLog (2, —iets
b2

input‘ Int [x*ArcSec[a + b*x]~2,x] ‘

output‘ (-((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]) - (a"2*ArcSec[a + b ‘
‘*x] ~2)/2 + (b~2%x~2*%ArcSec[a + b*x]~2)/2 - (4*I)*axArcSec[a + b*x]*ArcTan[ ‘
‘E"(I*ArcSec[a + bxx])] - Log[(a + b*x)~(-1)] + (2*I)*a*PolyLogl[2, (-I)*E~( ‘
\I*ArcSec[a + b*x])] - (2*I)*axPolyLog[2, I*E~(I*ArcSec[a + b*x])])/b~2 \

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] |

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] ‘
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e 4678 IntLesclle_) + (F_)*)Ix(b_) + (@) (@ )*((c_.) + (@_)*x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4926 Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl[(c
_) + @_D)*(x)01D)"(a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(bxd*(n +

1))) Int[(e + f*x)~(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781 Intl((a_.) + ArcSecl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(z))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
*e - cxf + f*Sec[x])"m, x], x, ArcSecl[c + d*x]], x] /; FreeQ[{a, b, c, d, e
» £}, x] && IGtQ[p, O] && IntegerQ[ml]

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.46

method result
. ) o —a (arcsec(bm+a)2 (bz+a)+2 arcsec(bz+a) In (l-l-i (ﬁ+z /1— m) ) —2 arcsec(bz+a) In (1—i (Tha"'ﬂ/i
derivativedivides
default —a (a,rcsec(b:;v—i-a)2 (bz+a)+2 arcsec(bz+a) In (1-|—i (ﬁ—i—z} /1— m) ) —2 arcsec(bz+a) In (1—i (ﬁ +i\/1
elau

e

int (x*arcsec(b*x+a) ~2,x,method=_RETURNVERBOSE)

~—

input t

1/b"2* (-a* (arcsec (b*x+a) ~2* (b*x+a)+2*arcsec (b*x+a) *1n (1+I* (1/ (b*x+a)+I*(1-
1/ (bxx+a) ~2) ~(1/2)))-2*arcsec (b*x+a)*1n(1-I*(1/ (b*x+a)+I* (1-1/(b*x+a) ~2) " (
1/2)))-2*I*dilog(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))+2*Ixdilog(1-I*(1
/ (bxx+a) +I*(1-1/(b*x+a)~2)~(1/2))))+1/2*arcsec (b*xx+a) ~2x (b*x+a) “2-arcsec(b
xx+a) * (((bxx+a) ~2-1) / (b*x+a) ~2) ~(1/2) *(b*x+a)-1n(1/ (b*x+a)))

output
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Fricas [F]

/x sec ' (a + bx)?dr = /w arcsec (bx + a)® dz

p
inputLintegrate(x*arcsec(b*x+a)“2,x, algorithm="fricas")

-/

OutputLintegral(x*arcsec(b*x + a)’2, x)

Sympy [F]

/xsec_l(a +bz)?dr = /a:asec2 (@ + bx) dz

inputtintegrate(x*asec(b*}ﬁa)**2,x)

p
Ou_tputLIntegral(x*asec(a + b*x)**2, Xx)

-/

Maxima [F]

/x sec ' (a + bx)?dr = /x arcsec (bz + a)® dz

inputLintegrate(x*arcsec(b*x+a)*Q,X, algorithm="maxima"

output

*x~2 + a~3 + (3%a"2 - 1)*b*x - a), x)

1/2*%x~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/8*x"2*log(b~2*x"
2 + 2%a*xb*x + a”2)"2 - integrate(1/2%(2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1
)*bxx~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2%(b~3*x~4 + 3xaxb~2
*x~3 + (3%a”"2 - 1)*bxx"2 + (a”3 - a)*x)*log(b*x + a)~2 - (b~3*x"4 + 2*axb”
2%x"3 + (2”2 - 1)*b*x"2 + 2%x(b"3*%x"4 + 3*a*b”2*x"3 + (3*a”2 - 1)*b*x"2 + (
a3 - a)*x)*log(b*x + a))*log(b~2*x"2 + 2¥axb*x + a~2))/(b~3%x"3 + 3*axb~2
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Giac [F]

/:v sec !(a + bx)’dx = /m arcsec (bz + a)? dz

i - i =] "
inputLlntegrate(x*arcsec(b*x+a) 2,x, algorithm="giac")

Outputtintegrate(x*arcsec(b*x +a)"2, x)

Mupad [F(-1)]

Timed out.
1 2
/acsec_l(a +bz)?dr = /xacos( ) dzx
a+bz

inputLint(x*acos(l/(a + b*x))"2,x%)

outputtint(x*acos(l/(a + b*x))"2, x)

Reduce [F]

/x sec ' (a + bx)?dr = / asec(bx + a)’ zdx

inputtint(x*asec(b*)&a) 2,%)

output Lint (asec(a + b*x)**2%x,x)
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3.30 [secHa + bx)* dzx

Optimal result . . . . . . . . . . . . e 241]
Mathematica [A] (verified) . . . . . . . . . ... o 24T]
Rubi [A] (verified) . . . .. . . ... .. 242
Maple [A] (verified) . . . . . . ... L 247
Fricas [F] . . . . . . o 245
Sympy [F] . . o o 245
Maxima [F] . . . . . . 2451
Giac [F] . . . . o o 246
Mupad [F(-1)] . . . o o 246
Reduce [F] . . . . . 240

Optimal result

Integrand size = 8, antiderivative size = 94
(a+bx)sec(a+br)? 4isec™'(a+ bx)arctan <€i Sec_l(‘“rb’”))
+
b b
21 POlyLOg (2, _ieisec—l(a+bm)> 2% PolyLog (2, iei SeC_l(a+bz)>

B b + b

/sec_l(a +bz)?dr =

‘ (b*x+a) *arcsec (bxx+a) “2/b+4*I*arcsec (b*x+a) *arctan(1/ (b*x+a) +I*(1-1/(b*x+a ‘
\ )7"2)7(1/2)) /b-2%I*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))) /b+2*I* \
'polylog(2,T*(1/ (bxx+a)+I*(1-1/ (b*x+a)~2)~(1/2))) /b

output

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.18

/sec_l(a + bz)? dx

sec”!(a + bzx) <(a + bz) sec ! (a + bx) — 2log (1 — i€’ Sec_l(”bw)) + 2log (1 + i’ Sec_l(“+b‘”)>> — 2i Poly
N b

input LIntegrate [ArcSec[a + b*x]"2,x] J
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t‘ (ArcSec[a + b*x]*((a + bxx)*ArcSec[a + b*x] - 2xLog[l - I*E~(I*ArcSec[a + ‘
'b¥x])] + 2%Logl[l + I*E"(I*ArcSec[a + bxx])]) - (2+I)*PolyLog[2, (-I)*E~(I* |
‘ArcSec [a + bxx])] + (2+I)*PolyLog[2, I*E~(I*ArcSec[a + b*x])])/b ‘

outpu

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.95,

number of rules _ 0.875, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {5775, 5739, 4244, 3042, 4669, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec_l(a + bx)? da

l 5775

[ sec™(a + bz)?d(a + bx)
b

l 5739

[(a+bz)?,/1— m sec™!(a + bx)?dsec™!(a + bx)

b
l 4244

(a+bz)sec™(a +bz)? — 2 [(a+ bzx)sec ! (a + bz)dsec™ (a + bz)
b

l 3042

(a+ bz)sec ! (a +bx)? — 2 [sec™!(a + bz) csc (sec™ (a + bz) + 5 ) dsec™!(a + bx)
b

l 4669

(a + bx)sec™!(a + bx)? — 2(— [ log <1 - ieisec_l(“"'bz)) dsec™(a +bz) + [log <1 + ieisec_l(“"'bz)) dsec (a4
b

l 2715
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(a + bz) sec™(a + bz)? — 2(7; f e—isec™1(atbx) log (1 — et sec—l(a+bz)> detsecH(atba) _ 4 f e—isec™(a+bx) log (1 +
b

l 2838

(a + bx)sec™!(a + bx)? — 2 (—22’ sec”!(a + bx) arctan (ei Sec_l(‘”bx)) + i PolyLog (2, —ieisec_l(a“be)) — i Polyl
b

inputtlnt[ArcSec[a + b*x]~2,x] J

- N

output‘((a + bxx)*ArcSec[a + b*x]~2 - 2% ((-2*%I)*ArcSec[a + b*x]*ArcTan[E~ (I*ArcSe
‘c[a + bxx])] + I*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - I*PolyLogl[2, I*E
~(xhrcsecta + bxx))1)/b )

Defintions of rubi rules used

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x]1 /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logllc_.)*((d_) + (e_.)*(x)"(n_.))]1/(x), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4244 InE LD~ (m_)*Secl(a_.) + (b_)*(x_)"(n_.)]1"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)]"(q_.), x_Symbol] :> Simp[x~(m - n + 1)*(Sec[a + b*x"n] "p/(b*n*p)), x]

- Simp[(m - n + 1)/(b*n*p) Int[x"(m - n)*Sec[a + b*x"n]"p, x], x] /; Fre
eQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]
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rule 4669 Intlescl(e_.) + Pix(k_.) + (£_.)*(x_)I1*((c_.) + (d_)*(x))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*#k*Pi)*E~(I*(e + £*x))]1/£), x] + (-Si
mp[d*(m/f) Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],
x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x
N1, x1, x1) /; FreeQl[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

rule 5739 Intl((a_.) + ArcSec[(c_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[1/c  Subst[
Int[(a + b*x) n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n
¥}, x] && IGtQ[n, 0]

rule 5775 mtl((a_.) + ArcSec[(c ) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Simp[1/d
Subst [Int[(a + b*ArcSec[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, 0]

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.72

method result
arcsec(bz+a)? (br+a)+2 arcsec(bz+a) In (1+i (ﬁ—i—i /1— ﬁ) ) —2 arcsec(bz+a) In (1—2’ (ﬁ—l—i [1—
derivativedivides (bate) 5 ¢
arcsec(bz—+a)? (br+a)+2 arcsec(bz+a) In (1+i (ﬁ+z /1— ﬁ) ) —2 arcsec(bz+a) In (l—i (ﬁ+z /1— T
default Gote) 5 e
input Lint (arcsec(b*x+a)~2,x,method=_RETURNVERBOSE) J

output ‘ 1/bx (arcsec (b*x+a) ~2* (b*x+a)+2*xarcsec (b*xx+a) *1n (1+I*(1/(b*x+a)+I*x(1-1/(b*x ‘
‘ +a)~2)~(1/2)))-2*arcsec (b*x+a)*1n(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))) ‘
| -2%Ixdilog (1+I%(1/ (b*x+a)+I*(1-1/ (b*x+a)~2)~(1/2)))+2*¥I*dilog(1-I*(1/ (b*x+ |
)+Tx(1-1/ (bxx+a) “2) " (1/2))))
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Fricas [F]

/sec_l(a +bz)?dx = /arcsee (bx + a)® dz

p
input Lintegrate (arcsec(b*x+a)~2,x, algorithm="fricas")

-/

outputLintegral(arcsec(b*x + a)"2, x)

Sympy [F]

/sec_l(a +bz)?dr = /ase02 (a+ bz) dz

inputkintegrate(asec(b*x+a)**2,x)

p
outputLIntegral(aSeC(a + b*x)**2, Xx)

-/

Maxima [F]

/sec_l(a + br)? dx = /arcsec (bx + a)® dz

inputLintegrate(arcsec(b*x+a)“2,x, algorithm="maxima"

output

), x)

x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/4*xx*log(b™2*x"2 + 2*a*
b*x + a”2)"2 - integrate((2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*b*x*arctan
(sqrt(b*x + a + 1) *sqrt(b*x + a - 1)) + (b"3*x"3 + 3*a*b"2*x"2 + a~3 + (3%
a”2 - 1)xb*x - a)*log(b*x + a)~2 - (b"3*x"3 + 2xa*b”™2*x"2 + (2”2 - 1)*b*x

+ (b73*x73 + 3%axb”2%x"2 + a”3 + (3*a”2 - 1)*bxx - a)*log(b*x + a))*log(d”
2%x72 + 2*xaxb*x + a”2))/(b"3*x"3 + 3*axb”2*%x"2 + a”3 + (3*a”2 - 1)*bxx - a
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Giac [F]

/ sec !(a + bx)’dx = /arcsec (bz + a)® dz

i - i =3 n
inputLlntegrate(arcsec(b*x+a) 2,x, algorithm="giac")

outputkintegrate(arcsec(b*X +a)°2, %)

Mupad [F(-1)]

Timed out.
1 2
/sec_l(a +bz)?dr = /acos( ) dzx
a+bz

inputLint(acos(l/(a + b*x))"2,x%)

Outputtint(acos(l/(a + b*x))"2, x)

Reduce [F]

/sec_l(a +bz)?dr = / asec(bx + a)® dz

inputtint(asec(b*x+a)"2,x)

output Lint (asec(a + b*x)**2,x)




CHAPTER 3. LISTING OF INTEGRALS

247

3.31 f sec™1 (cH—bm)2 dx

T

Optimal result . . . . . . . . . . . . . . e
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . e
Fricas [F] . . . . . o o e
Sympy [F] . . o o
Maxima [F] . . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o e

Optimal result

Integrand size = 12, antiderivative size = 310

-1 2
/ sec (az"' bz) dz = sec™!(a + bx)?log (1 —

+sec™(a + bx)?log (1 -

1-+vV1-a?

aetsec” L(a+bzx) )

aetsec” L(a+bx)
1++v1-a?

—sec™*(a + br)?log <1 + e* Secfl(”b"”))

— 2isec ' (a + bx) PolyLog (2,

— 2isec” ' (a + bx) PolyLog (2,

1—-+v1—-a?
aet sec” ! (a+bx)
14++v1—a?

aet sec”!(a+bx) >

+ isec_l(a + bx) PolyLog (2, —e2 sec_l(a+bx)>

+2PolyLog <3, ae

isec”!(a+bzx)
2 ) 4+2PolyLog | 3,
1—-+v1-a? o8

1 e
— 5 PolyLog (3, —e=< (et

aet sec”!(a+bx)

14++v1—a?

)
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arcsec(b*x+a) "2*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/
2)))+arcsec(b*x+a) “2*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1
)~ (1/2)))-arcsec(b*x+a) "2*x1n(1+(1/ (b*x+a) +I*(1-1/(b*x+a) ~2) " (1/2))~2)-2*I*
arcsec(bxx+a)*polylog(2,a*(1/(bxx+a)+I*x(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)"
(1/2)))-2*I*arcsec(b*x+a)*polylog(2,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/
(1+(-a~2+1)~(1/2)))+I*arcsec(b*x+a)*polylog(2,-(1/ (bxx+a)+I*(1-1/ (bxx+a) "2
)~ (1/2))"2)+2*polylog(3,a*x(1/ (b*x+a)+Ix(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)"
(1/2)))+2*polylog(3,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2
)))-1/2*polylog(3,-(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))"2)

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 813 vs. 2(310) = 620.

Time = 1.52 (sec) , antiderivative size = 813, normalized size of antiderivative = 2.62

dxz = Too large to display

/ sec”!(a + bx)?

T

( N

inputLIntegrate[ArcSec[a + b*x]~2/x,x]
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ArcSec[a + b*x]~2*Log[1 + (a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1 - a~2])]
+ ArcSec[a + b*x]~2xLog[1l + ((-1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a
] - 4xArcSec[a + b*x]#*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[1 + ((-1 + Sqrt
[1 - a~2])*E~(I*ArcSec[a + b*x]))/al + ArcSecl[a + b*x] 2*Log[l - (a*E~(I*A
rcSec[a + b*x]))/(1 + Sqrt[1l - a~2])] + ArcSec[a + b*x]~2+Log[l - ((1 + Sq
rt[1 - a”2])*E~(I*ArcSec[a + b*x]))/a] + 4xArcSec[a + b*x]*ArcSin[Sqrt[(-1
+ a)/al/Sqrt[2]]*Log[l - ((1 + Sqrt[1 - a~2])*E~(IxArcSec[a + b*x]))/a] -
2xArcSec[a + b*x] 2*Log[1l + E~((2*I)*ArcSec[a + b*x])] + ArcSec[a + bxx]~
2xLog[(2*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x)~(-2)]1))/(a + b*x)] - ArcSe
cla + b*x]"2+Log[1 + ((-1 + Sqrt[1 - a~2])*((a + b*x)~(-1) + IxSqrt[l - (a
+ bxx)~(-2)]))/al + 4*ArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Lo
gll + ((-1 + Sqrt[1 - a"2])*((a + bxx)~(-1) + I*Sqrt[l - (a + b*x)~(-2)1))
/a]l - ArcSec[a + b*x]"2#Logl[1 - ((1 + Sqrt[1 - a"2])*((a + bxx)~(-1) + Ix*S
grt[l - (a + b*x)~(-2)]))/a] - 4x*ArcSec[a + b*x]*ArcSin[Sqrt[(-1 + a)/al/S
qrt[2]]*Logl[l - ((1 + Sqrt[1l - a~2])*((a + b*x)~(-1) + I*Sqrt[l - (a + b*x
)~(-2)1))/a]l - (2*I)*ArcSecl[a + b*x]*PolyLogl[2, -((a*E~(I*ArcSec[a + b*x])
)/(-1 + Sart[1 - a~2]))] - (2*I)*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec
[a + b*x]))/(1 + Sqrt[l - a~2])] + I*ArcSec[a + bxx]*PolyLog[2, -E~((2*I)*
ArcSec[a + b*x])] + 2*PolyLogl[3, -((a*E~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1
- a~2]))] + 2xPolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])]...

output

Rubi [A] (verified)

Time = 1.58 (sec) , antiderivative size = 398, normalized size of antiderivative = 1.28,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 1.250, Rules
integrand size

used = {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 3011, 2720, 5031, 2620, 3011, 2720,
7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 2
/sec ((;—i— bx) i

l 5781

2 1 -1 2
/(a+b:c) V1~ areny Sec (a+bx) dsec-1(a + ba)

bx
l 25
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(a+bx)?, /1 — —3—5sec™(a + bx)?
- / - (tbz) dsec™(a + bx)

bz
| 5062
(a+bz),/1 - —1-3sec™!(a+ bz)?
—/ (etbe) dsec™(a + bx)
atbz 1
| 5041
/(a +bx),[1— (—l—lba:)2 sec”!(a + br)?dsec™(a + bx) —
/1= —2 5 sec™(a + br)?
/ (a+bx) dsec™(a + bx)
a+bx

| 25

/(a +bx),[1— ("‘233)2 sec ! (a + bx)?dsec(a + bx) +

/,/ (a+bx28ec Y(a + bx)?

dsec™(a + bx)

- a+b:c
| 3042
/1= 15 sec™!(a + bx)?
bx)?2
a/ (etb) m dsec™(a + bz) + /sec_l(a +
1— a+bz

bz)? tan (sec™!(a + bz)) dsec™!(a + bz)
| 4202

o e2i sec™!(a+bx) sec_l(a + b$)2
—t 14 e2i sec~1(a+bzx)

/ /1 (a+ba:)2 sec™!(a + bx)?

dsec™(a + bz) +

dsec Y (a + bz) + %isec_l(a + bz)3

- a—i—bx
| 2620
/1 — ——zsec™!(a + bx)?
/ (a+b ) dsec™(a + bz) —

- a—i—bz
2i (z / sec”!(a + bz) log (1 + * Sec_l(‘”b’”)) dsec™'(a + bz) — %z sec™! (a + bz)? log (1 +e* Sec_l(“+b’”)) > +

1
§i sec”!(a + br)?
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l 3011

1 I 1 -
—2i <i<2isec_1(a + bz) PolyLog (2 —e2isec 1(a+bx)> — §i / PolyLog (2, —e2isec 1(a+bx)> dsec™(a + bw)) -

/1 — —3—zsec™!(a + bx)? 1
/ (a+b ) dsec™(a + bz) + §i sec”!(a + br)?

a+bz

l 2720

—2 <z <;z sec”!(a + bz) PolyLog (2 —e Sec*l(aﬂm)) _ % / e~ 2isec™ (a+b2) Pl og (2, —e% Secfl(”b”c)) de?tse

/1 — —3—~zsec™!(a + bx)?
/ (a+b ) dsec™(a + bz) + %z sec™'(a + bx)?

- a,+b:1:

lsmn

isec”(a+bx — isec”(a+bx -
" —i/ e (@+62) sec=1(q + bx)? e (a+62) sec=1(a 4 bx)? dsec—1(a + br) —

-1 iy
—etsec(at+bz) g — /1 — g2 + 1dsec (a T b!L‘) z/ —etsecl(atba) g +vV1—-a2+1
2i (z(;z sec”!(a + bz) PolyLog ( e?isec” (‘”bx)) — i / e~ 2isec™ (a+bz) polyT 0g ( e?isec 1(““’””)) de?sec™
1
§i sec”!(a + bx)3

l 2620

. -1 ; -1
. _ isec” ~ (a+bx) isec” ~(a+bx)
isec™!(a + bx)%log (1 — ge

ol i W) 2i [sec™! a+bx)log( “el_m )dsec‘l(a+bx) )
a a

%G<;%aﬂa+mHMMMg@fw%m*m%@)_1/e%wa%@Rmm%(z—ém“Wﬁm)@%M*

4
1
§i sec !(a + br)?
| 3011
; -1 2 ae’ sec™ ! (a+bo) . aetsec” (a+bz) .
[ isec™(a + bz)*log (1 - ﬁ> 21 (z sec”!(a + bx) PolyLog (2 T ) — 4 [ PolyLog (
al —i v _ Vi-

a a

4

2 (z (;z sec”!(a + bz) PolyLog (2, —e? Sec_l(aﬂm)) _1 / e~ 2isec™ (a+b2) poloT og (2, —e% Sec_l(‘”bx)) de2isec”
1
§i sec™!(a + bx)?
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l 92720

1—v/1—a? 1—v/1—a?

a a

isec”1(a+bx isec” 1 (a+tbx : -
isec™!(a + bzx)?log (1 — e )> 2i (z sec~!(a + bx) PolyLog (2, a (att )> — [ eTisee '(at

al —t

2i (i(;isec_l(a + bx) PolyLog (2, —e2isec_1<a+bw)) _ i / e~ 250”1 (@) PoyT og (2, —ezise‘:’l(““’x)) de2isec”

1
§i sec”!(a + br)?

l 7143

isec”1(atbx isec” 1(a+tbx
isec(a + bx)?log (1 - “61_7\/1(_7:;)> 2i (z sec”!(a + bx) PolyLog (2, “el_i\/l(_i;b)) — PolyLog (3, &

a a

al|l —12

1 - 1 N 1
2 (z (22' sec”!(a + bz) PolyLog (2, —gisec 1(“+bw)> ~ 1 PolyLog (3, —g2isec 1(“+b’”))) — 5@' sec”!(a + bz)?log

1
§i sec™(a + bx)?

input LInt [ArcSec[a + b*x]~2/x,x] J

(1/3)*ArcSec[a + b*x]~3 + a*x(((-1/3*I)*ArcSec[a + b*x]~3)/a - I*((I*ArcSec
[a + b*x] 2*Log[1 - (a*E~(I*ArcSecla + b*x]))/(1 - Sqrtl[l - a~2])])/a - ((
2xI)*(I*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1l -
a~2])] - PolyLogl[3, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1l - a~2]1)1))/a) -
Ix((I*ArcSec[a + b*x]~2+Log[1l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[l - a
~21)1)/a - ((2*I)*(I*ArcSec[a + b*x]*PolyLog[2, (a*E~(I*ArcSec[a + bxx]))/
(1 + Sqrt[1 - a2])] - PolyLogl[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 -

a~2]1)1))/a)) - (2*I)*((-1/2xI)*ArcSec[a + b*x] “2xLog[l + E~((2*I)*ArcSec[a
+ b*x])] + I*x((I/2)*ArcSec[a + b*x]*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])
] - PolyLogl3, -E~((2*I)*ArcSecl[a + b*x])]1/4))

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2620 Int [(C(FL)~((g_)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Log[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[FI[x]]]

rule 3011 Int[Logll + (e_)*((FL)~((c_)*((a_.) + (b_)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
» £, g, n}, X] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I )
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

rule 4202
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rule 5031 Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)1)/(Cos[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + £xx)"(m + 1)/(b*fx(m + 1)))
, x] + (-Simp[I Int[(e + f*x) m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b2, 2] +
b*E~(I*(c + d*x)))), x], x] - Simp[I Int[(e + f*x)"m*(E~(I*(c + d*x))/(a
+ Rt[a"2 - b™2, 2] + b*E~(I*(c + d*x)))), x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]

rule 5047 TRELCCCe_) + (£_)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x)1"(n_.))/(Cosl(c_.) +
(@_)*(x_)1*(_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]"n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[

m, 0] && IGtQ[n, O]

rule 5062 Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.)*(G_) [(c_.) +

(a_D)*(x)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]1), x_Symbol] :> In
t[(e + f*x) m*xCos[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, 0, pl

rule 5781 Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel
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Maple [F|

/ arcsec (bz + a)’ I

T

inputLint(arcsec(b*x+a)*Q/X,X)

outputtint(arcsec(b*x+a)*2/x,x)

Fricas [F]

/ sec”'(a + bx) dr = / arcsec (bz + a) i

z T

inputLintegrate(arcsec(b*x+a)‘2/x,x, algorithm="fricas")

OutputLintegral(arcsec(b*x + a)~2/x, x)

Sympy [F]

z T

-1 2 9
/sec (a+bx) i / asec? (a + bx) i

inputtintegrate(asec(b*x+a)**2/x,x)

OutputLIntegral(asec(a + b*x)**2/x, X)
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Maxima [F]

T

-1 2 2
/sec (a + bx) dp — / arcsec (bx + a) i

T

inputLintegrate(arcsec(b*x+a)*Q/X,X, algorithm="maxima")

Outputtintegrate(arcsec(b*x + a)~2/x, x)

Giac [F]

-1 2 2
/sec (a + bz) dxz/arcsec(ba:-l—a) i

z T

i - i =" n
input tlntegrate (arcsec (b*X+a) 2/X , X, algorlthm giac )

output Lintegrate (arcsec(b*x + a)~2/x, x)

Mupad [F(-1)]

Timed out.

-1 2 _1 )2
/sec (a + bx) dzz/acos(a+bw) e

r T

inputLint(acos(l/(a + b*x))~2/x%,%)

outputtint(aCOS(l/(a + b*x))"2/x, x)
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Reduce [F]

T T

-1 2 2
/sec (a+ bzx) dp — / asec(bx + a) i

input Lint (asec(b*x+a)~2/x,x)

output Lint(asec(a + b*x)**2/x,x)




output
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3.392 f sec™1 (cH—bm)2 dx

x2

Optimal result . .. ... ..........
Mathematica [B] (warning: unable to verify)
Rubi [A] (verified) . . ... ... ... ...
Maple [A] (verified) . . . . . .. ... .. ..
Fricas [F] . . ... ... ... ... ....
Sympy [F] . ... ... ... ... .
Maxima [F] . ... ... ... ... ....
Giac [F] . . ... ..o .o
Mupad [F(-1)] .. ... ... .. .. ....
Reduce [F] . ... ... ... ... ....

Optimal result

Integrand size = 12, antiderivative size = 244

bsec”!(a+bx)*  sec”!(a+ bx)?

-1 2
/sec (a + bx) dr —

2 a

2ibsec™(a + bx) log (1 — ae

T
isec™ 1 (a+bx) )

1—v1—a?
av'1 — a?
isec™ L (a+bz
2ibsec™(a + bz) log (1 — %)
+
a1 —a?
ae’ sec_l(a-Hm:) aeisec_l(a+bz)
2b POlyLOg (2, W) 2b POIYLOg <2, W)
- +
av1 —a? av'1— a?

-b*arcsec (b*x+a) “2/a-arcsec (b*x+a) ~2/x-2*xI*b*arcsec (b*x+a) *1n(1-a* (1/ (b*x+
a)+Ix(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) ~(1/2) +2xI*b*arc
sec(b*x+a)*In(1-a*(1/(b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))/(1+(-a~2+1)~(1/2)))/
a/(-a"2+1)~(1/2) -2*b*polylog(2,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-
a~2+1)7(1/2)))/a/(-a~2+1) "~ (1/2) +2*b*polylog(2,a*(1/ (b*x+a) +I*(1-1/(b*x+a) "~

2)7(1/2))/(1+(-a"2+1)"(1/2))) /a/(-a~2+1)~

(1/2)




inpu

output
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Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 686 vs. 2(244) = 488.

Time = 1.46 (sec) , antiderivative size = 686, normalized size of antiderivative = 2.81

dx = Too large to display

/ sec”(a + bz)?

x2

t‘Integrate[ArcSec[a + b*x]"2/x72,x]

-((((a + b*x)*ArcSec[a + b*x]~2)/x + (2%b*(2*ArcSec[a + b*x]*ArcTanh[((-1

+ a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a"2]] - 2*ArcCos[a~(-1)]*ArcTanh[((
1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]] + (ArcCos[a”(-1)] - (2*I)*A
rcTanh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]] + (2*I)*ArcTanh[(
(1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]])*Log[Sqrt[-1 + a~2]/(Sqrt[
2]1*Sqrt [al*E~ ((I/2)*ArcSec[a + b*x])*Sqrt[-((b*x)/(a + b*x))])] + (ArcCos[
a~(-1)] + (2*I)*(ArcTanh[((-1 + a)*Cot[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]]
- ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]]))*Logl[(Sqrt[-1
+ a"2]*E~((I/2)*ArcSec[a + b*x]))/(Sqrt[2]*Sqrt[a]*Sqrt[-((b*x)/(a + b*x)
)1)]1 - (ArcCos[a”(-1)] - (2*I)*ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2])/Sq
rt[-1 + a~2]]1)*Log[((-1 + a)*(I + Ixa + Sqrt[-1 + a~2])*(-I + Tan[ArcSec[a
+ b*x]/2]))/(a*x(-1 + a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))] - (ArcC
os[a~(-1)] + (2*I)*ArcTanh[((1 + a)*Tan[ArcSec[a + b*x]/2])/Sqrt[-1 + a~2]
D*Logl((-1 + a)*(-I - Ixa + Sqrt[-1 + a~2])*(I + Tan[ArcSec[a + b*x]/2]))
/(a*x(-1 + a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))] + I*(-PolyLog[2, ((
1 - IxSqrt[-1 + a~2])*(1 - a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))/(ax
(-1 + a + Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]))] + PolyLogl[2, ((1 + I*Sq
rt[-1 + a”2])*(1 - a + Sqrt[-1 + a"2]*Tan[ArcSec[a + b*x]/2]))/(a*x(-1 + a
+ Sqrt[-1 + a~2]*Tan[ArcSec[a + b*x]/2]1))]1)))/Sqrt[-1 + a~2])/a)
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Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.02,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5781, 4926, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 2
/sec (a + bx) i

2
| 5781
(a+bz)?, /1 — 1 sec™(a + bx)?
b / (tbe) dsec™*(a + bx)
b2x?
| 4926
-1 -1 2
b _2/_sec (a+ bx)dsec_l(a+ ba) — sec” ' (a + bx)
bz bz
| 3042
-1 -1 2
b _2/ sec” ' (a + bx) dsec=1(a + bz) — sec” ' (a + bx)
a — csc (secH(a + bx) + F) bx
| 4679
-1 -1 -1 2
b _2/ sec” " (a + bx) 4 e (a + bx) dsec=1(a + bz) — sec'(a + bx)
. a (a—gbx - 1) b
| 2009

isec_l(a+bw) isec_l(a+bw)

ae ae . -1 ae
Sec_l(a + bx)z 2 POIyLOg (2, W) 3 POlyLOg (2, W) + 18€eC (a + bx) log (1 — =

bz av1 — a? av'1 — a?

input LInt [ArcSec[a + b*x]~2/x"2,x]
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bx(-(ArcSec[a + b*x]~2/(b*x)) - 2*(ArcSec[a + b*x]~2/(2%a) + (I*ArcSec[a +
b*x]*Log[1 - (a*xE~(IxArcSec[a + b*x]))/(1 - Sqrt[1 - a~2])])/(a*Sqrt[1 -
a~2]) - (I*ArcSec[a + b*x]*Logl[l - (a*E~(IxArcSec[a + b*x]))/(1 + Sqrt[1 -
a~2])])/(a*Sqrt[1 - a~2]) + PolyLogl[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqr
t[1 - a”2])]1/(a*Sqrt[1 - a”2]) - PolyLog[2, (a*E~(I*ArcSecl[a + b*x]))/(1 +

Sqrt[1 - a~2])]1/(a*Sqrt[1 - a~2])))

output

Defintions of rubi rules used

ruka2009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] ‘

rule 4679 Imtllescle ) + (F_)*x)Ix(_.) + (@) @_)*((c_.) + (d_)*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])"°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4926 Int[((e_.) + (f_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Secl[(c
_) + @ )xx)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + £fx*
x)"m*x((a + bxSec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule5781‘Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(_.))"(p_.)*((e_.) + (£_)*(x_))"(m ‘
‘_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
‘*e - c*f + f*Sec[x])™m, x], x, ArcSecl[c + d*x]], x] /; FreeQ[{a, b, c, d, e

, £}, x] &% IGtQlp, 0] && IntegerQ[m] |
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Maple [A] (verified)

Time = 0.77 (sec) , antiderivative size = 336, normalized size of antiderivative = 1.38

method result
1 ; 1 2
S (R s s >+\/T+1+1
2iv/—a?+1 arcsec(bz+a) In < ere " (b7+2ll 2iv/—a’
.. . . b b 2
derivativedivides | b| — (beta)arcsec(bzta)” +

abz a(a?-1)

1 : 1 2
o iy i — a2>+m+1
2iv/—a?+1 arcsec(bz+a) In < ere o @ +2ll 2iv/—a’
__ (bz+4a) arcsec(bz+a)? .
default b o a(@=1) +

e

input {int (arcsec(b*x+a) "2/x~2,x,method=_RETURNVERBOSE)

—

b* (- (b*x+a) *arcsec (b*x+a) ~2/a/b/x-2*I*(-a~2+1) ~(1/2) /a/ (a~2-1) *arcsec (b*x+
a)*1n((-ax(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))+(-a"2+1)~(1/2)+1) /(1+(-a"2+1
)7 (1/2)))+2*Ix(-a~2+1) ~(1/2) /a/ (a~2-1) *arcsec (b*x+a) *1n((a* (1/ (bxx+a) +I* (1
-1/ (b*x+a)~2)~(1/2))+(-a~2+1)~(1/2)-1)/(-1+(-a~2+1)~(1/2) ) ) -2* (-a~2+1) ~(1/
2)/a/(a~2-1)*dilog((-a*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2) ~(1/2))+(-a~2+1)~(1/2)+
1)/ (1+(-a~2+1)~(1/2)))+2*(-a~2+1)~(1/2) /a/(a~2-1) *dilog((a* (1/ (b*x+a)+I* (1
-1/ (b*x+a)~2)~(1/2))+(-a~2+1)~(1/2)-1)/ (-1+(-a"2+1)~(1/2))))

output

Fricas [F]
-1 2 2
sec”(a + bx arcsec (bx + a
/ ( 2+ ) dx = / (2 +a) dx
T T
inputLintegrate(arcsec(b*)ﬁa)‘2/x‘2,x, algorithm="fricas") J

OutputLintegral(arcsec(b*x + a)~2/x72, x) J
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Sympy [F]
[t [stloria,
z T
inputLintegrate(asec(b*x+a)**2/x**2,x)

ou‘cpu‘cL:[ntegral(asec(a + b*x)**2/x*%*2, Xx)

Maxima [F]

-1 2 2
/sec (a + bx) dxz/arcsec(bx-l—a) i

2 72

inputLintegrate(arcsec(b*x+a)*2/x*2,x, algorithm="maxima")

output

2%a*b*x + a~2)"2)/x

-1/4*(4xarctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 4xx*xintegrate((2xs
art(b*x + a + 1)*sqrt(b*x + a - 1)*bxx*arctan(sqrt(b*x + a + 1)*sqrt(b*x +

a - 1)) - (b™3*x™3 + 3*a*b”™2*x"2 + a3 + (3%¥a”2 - 1)*b*x - a)*log(b*x + a
)72 - (b™3*%x73 + 2xa*b”2*x"2 + (2”2 - 1)*b*x - (b"3*x"3 + 3%axb"2*x"2 + a”
3 + (3*xa”2 - 1)*b*x - a)*xlog(b*x + a))*log(b~2*x"2 + 2*a*bxx + a~2))/(b~3*
X756 + 3*%axb”2xx"4 + (3*a”2 - 1)*b*x"3 + (2”3 - a)*x72), x) - log(b™2*xx"2 +

Giac [F]

.'L'2 xz

/sec (a+ bx) dx:/arcsec(bx-l—a) "

inputLintegrate(arcsec(b*x+a)‘2/x*2,x, algorithm="giac")

outputLintegrate(arcsec(b*x + a)~2/x72, x)
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Mupad [F(-1)]

Timed out.
/sec 1(a2+ bx)? i :/wdx
z T
inputtint(aCOS(l/(a + b*x))~2/x72,%)

output Lint(acos(i/(a + b*x))"2/x"2, x)

Reduce [F]

z
x2 72

-1 9 9
/sec (a + bx) dx:/wd

input tint (asec(b*x+a)~2/x"2,x)

output Lint(asec(a + b*x)**2/x%%2,x)
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3.33 [ z*sec™!(a + bx)® dx

Optimal result . . . . . . . . . . . . e 266
Mathematica [A] (verified) . . . . . . . . . ... o 267l
Rubi [A] (verified) . . . .. . . ... .. 268
Maple [A] (verified) . . . . . . ... L 270
Fricas [F] . . . . . . o 271]
Sympy [F] . . o o 2711
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 273
Reduce [F] . . . . . 273
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Optimal result

Integrand size = 12, antiderivative size = 494

(a+bx)sec ™ (a+br) 3iasec™(a+ bx)?

/z2 sec ' (a+ bz)®dr =
+
+

+

+

_.|_

+

+

+

b3 B3
3a(a + bx)msec Y(a + bx)?
B3
(a+ bx)2\/%sec—l(a +bz)” g3 sec”!(a + bx)?
23 T 3p3
1, , isec™!(a + bx)? arctan <ei Sec_l(aerw))
gx sec” (a + bx)° + 3
6ia” sec™!(a + bx)? arctan (ei Sec_l(a-',-bz))
b3
arctanh ( \/% )
b3
6asec™(a + bz) log (1 P Sec_l(a—‘r-bz))
B3
isec™!(a + bx) PolyLog ( egisec 1(aervc))
B3
6ia® sec™1(a + br) PolyLog <2 elisec 1(a+bac)>
b3
z’sec‘l(a + bzx) PolyLog (2, et Sec_l(a+bz)>
B3
6ia® sec™*(a + bx) PolyLog (2, iel sec*l(aﬂ,w))
B3
3ia PolyLog ( e2i sec_l(a-i-bx))
b3
PolyLog (3 <a+bz>>
b3
6a2 PolyLog (3 <a+bz>>
B3

PolyLog <3, ie’ Sec_l(aerx)) 6a? PolyLog (3, ie’ SeC_l(aerw))

b3 B b3
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(bxx+a)*arcsec (bxx+a) /b~3-3*I*a*polylog(2,-(1/(b*x+a)+I*(1-1/(b*x+a)~2)~ (1
/2))72) /b~ 3+3*ax (b*x+a)*(1-1/(b*x+a) ~2) ~(1/2) *arcsec (b*x+a) “2/b"3-1/2* (b*x
+a) 2% (1-1/ (b*x+a) ~2) ~(1/2) *arcsec (b*x+a) "2/b"3+1/3*a~3*arcsec (b*x+a) ~3/b~
3+1/3*x"3*arcsec (b*xx+a) “3+I*arcsec (b*x+a) “2*xarctan(1/ (b*x+a)+I* (1-1/(b*x+a
)~2)~(1/2)) /b"3-I*arcsec(b*x+a)*polylog(2,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)"
(1/2))) /b~ 3-arctanh ((1-1/ (b*x+a) ~2) ~(1/2)) /b~ 3+6*a*arcsec (bxx+a)*1n(1+(1/(
b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2) /b~ 3+I*arcsec(b*x+a)*polylog(2,I*(1/(b*x
+a)+I*x(1-1/(b*x+a)~2)~(1/2))) /b~3-6%I*a~2*arcsec (b*x+a)*polylog(2,-I*(1/(b
xx+a)+I1*(1-1/(b*x+a) ~2) ~(1/2))) /b~3+6*I*a~2*arcsec (b*x+a) “2*arctan(1/ (b*x+
a)+I*(1-1/(b*x+a)~2)~(1/2))/b~3-3*I*a*arcsec (b*x+a) ~2/b~3+6xI*a~2*arcsec(b
*xx+a) *polylog(2,I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"3+polylog(3,-I*(1
/ (bxx+a) +I*(1-1/(b*x+a)~2)~(1/2))) /b~3+6*a~2*polylog(3,-I*(1/ (bxx+a)+I*(1-
1/ (b*x+a) ~2)~(1/2))) /b~ 3-polylog(3,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/
b~3-6*a”~2+polylog(3,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"3

output

Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 446, normalized size of antiderivative = 0.90

/x2 sec”'(a + bz)® dz

—coth™ ( 1-— m> + (a+ bz)sec ' (a + bx) — iasec™ (a + bz)? + 3a(a + bx), /1 — m sec”

e

~—

inputLIntegrate[x“2*ArcSec[a + b*x]~3,x]
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(-ArcCoth[Sqrt[1 - (a + b*x)~(-2)]] + (a + b*x)*ArcSec[a + bxx] - (3*I)*ax
ArcSec[a + b*x]~2 + 3%a*x(a + bxx)*Sqrt[1l - (a + b*x)~(-2)]*ArcSec[a + b*x]
"2 - ((a + b*x)"2*Sqrt[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]~2)/2 + (a~3*Arc
Sec[a + b*x]~3)/3 + (b~3*x"3%ArcSec[a + b*x]~3)/3 + I*ArcSec[a + b*x] ~2*Ar
cTan[E~ (I*ArcSec[a + b*x])] + (6%I)*a~2xArcSec[a + b*x] 2*ArcTan[E~ (I*ArcS
ec[a + b*x])] + 6*axArcSec[a + b*x]*Log[l + E~((2*I)*ArcSec[a + b*x])] - I
*ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - (6*I)*a~2xArcSec
[a + bxx]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] + IxArcSec[a + b*x]*PolyL
ogl[2, IxE~(I*ArcSec[a + b*x])] + (6%I)*a~2*ArcSec[a + b*x]*PolyLogl[2, I*E~
(I*ArcSec[a + bxx])] - (3xI)*axPolyLog[2, -E~((2*I)*ArcSec[a + b*x])] + Po
lyLog[3, (-I)*E~(I*ArcSec[a + b*x])] + 6*a~2+PolyLog[3, (-I)*E~(I*ArcSec[a
+ b*x])] - PolyLog[3, I*E~(I*ArcSec[a + b*x])] - 6*a~2*PolyLog[3, I*E~(Ix
ArcSec[a + b*x])])/b"3

output

Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 446, normalized size of antiderivative = 0.90,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5781, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m2 sec™(a + bx)? dz

| 5781

[ b2z2(a + bx)?, /1 — Caﬁﬁﬁgsec_l(a-+—bz)3dsec_1(a-+—bx)
b3
| 4926

[ —b3z3sec™!(a + bx)?dsec™ (a + bz) + 3b3z3 sec™!(a + bx)?
b3
| 3042

[sec™(a+ bz)? (a — csc (sec™!(a + bx) + %))3 dsec™(a + bz) + 36323 sec™!(a + bz)?
b3
| 4678
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[ (sec™!(a + bz)?a® — 3(a + bz) sec™(a + bz)%a® + 3(a + bz)? sec ™ (a + bz)?a — (a + bz)3 sec™ (a + bx)?) d'se
b3

l 2009

3a®sec™!(a + bx)® + 6ia? sec™! (a + bz)? arctan (ei Se"_l(‘”bz)) — 6ia?sec™!(a + bx) PolyLog (2, —jeisec” ! (atba

input! Int [x"2*ArcSec[a + b*x]~3,x] ‘

((a + b*x)*ArcSec[a + b*x] - (3*I)*axArcSec[a + b*x]"2 + 3*ax(a + b#*x)*Sqr
t[1 - (a + b*x)~(-2)]*ArcSec[a + b*x]"2 - ((a + b*x)~2*Sqrt[1l - (a + b*x)~
(-2)]*ArcSec[a + b*x]~2)/2 + (a~3%ArcSec[a + b*x]~3)/3 + (b~ 3*x"3*ArcSec[a
+ b*x]~3)/3 + I*ArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] + (6*I)*a
~2%ArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] - ArcTanh[Sqrt[1 - (a +
bxx)~(-2)]] + 6*axArcSec[a + b*x]*Log[l + E~((2*I)*ArcSec[a + b*x])] - Ix*
ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - (6%I)*a”~2+ArcSec[
a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x])] + I*ArcSec[a + b*x]#*PolyLo
gl[2, I*E~(I*ArcSec[a + b*x])] + (6*I)*a"2*ArcSec[a + b*x]*PolyLog[2, I*E~(
IxArcSec[a + b*x])] - (3*I)*a*PolyLogl[2, -E~((2xI)*ArcSec[a + b*x])] + Pol
yLog[3, (-I)*E~(IxArcSec[a + bxx])] + 6*a~2xPolyLogl[3, (-I)*E~(Ix*ArcSec[a
+ b*x])] - PolyLog[3, I*E~(I*ArcSec[a + b*x])] - 6*a"2*PolyLogl[3, I*E~(I*A
rcSec[a + b*x])])/b"3

output

Defintions of rubi rules used

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

-

Int[(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“°n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678
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rule 4926

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )*x(x )" (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"mx((a + bxSec[c + d*x])"(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5781

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» T}, x] && IGtQ[p, O] && IntegerQ[m]

Maple [A] (verified)

Time = 0.74 (sec) , antiderivative size = 716, normalized size of antiderivative = 1.45

method result

2
arcsec(bz+a) (6 arcsec(bw+a)2a2(bz+a)—6 arcsec(bz+a)2a(bz+a)2+2 arcsec(bw+a)2(bz+a)3+18 arcsec(bz+a), | (bzta)®—1 a(ba

6

derivativedivides

2_
arcsec(bz+a) <6 arcsec(bw+a)2a2(bz+a)—6 arcsec(b$+a)2a(bz+a)2+2 arcsec(bw+a)2(b$+a)3+18 arcsec(bz+a) % a(bz
V z+a

6

default

input L

int (x~2*arcsec(b*x+a) ~3,x,method=_RETURNVERBOSE)
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output

1/b~3*(1/6*arcsec(b*x+a) * (6*arcsec (bxx+a) ~2xa”~2* (b*x+a) -6*arcsec (b*x+a) ~2%
ax (bkxx+a) “2+2*arcsec (bkx+a) “2* (bxx+a) ~3+18*arcsec (b*x+a) * (((b*x+a) ~2-1) /(b
*xx+a) "2) " (1/2) *a* (bxx+a) -3*arcsec (b*x+a) * (((b*x+a) "2-1) / (b*xx+a) ~2) ~(1/2) *(
b*x+a) “2+18*I*a*arcsec (b*x+a)+6*b*x+6%a)-I*arcsec (b*x+a)*polylog(2,-I*(1/(
bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))+6*I*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)
~2)~(1/2)))*a"2*arcsec (b*x+a)+3*1n(1+I* (1/(b*x+a)+I*(1-1/ (b*x+a)~2)~(1/2))
) *a~2*xarcsec (b*x+a) "2+6*polylog(3,-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*
a~2-6*I*arcsec(b*x+a) “2+a+I*arcsec (b*x+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b
*x+a) "2) ~(1/2)))-3*1n(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a) ~2) ~(1/2)))*a"2*arcsec(
bxx+a) “2-6*polylog(3,I*(1/ (bxx+a)+I*(1-1/(bxx+a)~2)~(1/2)))*a~2+6*1n(1+(1/
(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)) ~2)*a*arcsec (b*x+a)+2xI*arctan(1/(bxx+a)+I
*(1-1/(b*x+a) ~2) " (1/2)) -3*I*polylog(2,-(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))
~2)*a+1/2*arcsec(b*x+a) "2*1n(1+I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-6*I*
polylog(2,-I*(1/(bxx+a)+I*(1-1/(b*x+a) 2)~(1/2)))*a"~2+arcsec(b*x+a)+polylo
g(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))-1/2*arcsec(b*x+a) ~2*1n(1-I*(1/
(bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))-polylog(3,I*(1/(bxx+a)+I*(1-1/(b*x+a)~2)
~(1/2))))

Fricas [F|

/x2 sec ' (a + bx)® dr = /x2 arcsec (bz + a)® dz

-

inputt

integrate(x~2*arcsec(b*x+a)~3,x, algorithm="fricas")

~—

-

output

N\

integral (x"2*arcsec(b*x + a)~3, x)

-

input |

Sympy [F]

/x2 sec '(a+bz)ddr = /x2 asec’ (a + bz) dx

integrate (x**2*asec (b*x+a)**3,x)
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Output‘Integral(x**Q*asec(a + b*x)**3, X)

Maxima [F]

/x2 sec !(a + bx)*dr = /x2 arcsec (bz + a)® dz

inputLintegrate(x“2*arcsec(b*x+a)”3,x, algorithm="maxima")

1/3*x"3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan(sqr
t(b*x + a + 1)*sqrt(b*x + a - 1))*log(b~2*%x"2 + 2*a*b*x + a~2)”2 - integra
te(1/4*((4*xbxx~3*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"3*log
(b™2%x72 + 2*a*b*x + a~2) "2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*x(3*(b
“3%x75 + 3xa*b”2*x"4 + (3*%a”2 - 1)*bxx"3 + (a”3 - a)*x"2)*xlog(b*x + a)~2 -

(b~3*x75 + 2*%a*b”2%x"4 + (a”2 - 1)*b*x"3 + 3*%(b~3*x"5 + 3*a*b~2*x"4 + (3%
a™2 - 1)*bxx"3 + (a”3 - a)*x"2)*log(b*x + a))*log(b"2*x~2 + 2*a*b*x + a~2)
)*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))/(b~3%x"3 + 3*a*xb™2xx"2 + a~
3 + (3*xa™2 - 1)*b*x - a), x)

output

Giac [F]

/x2 sec !(a + bx)*dr = /w2 arcsec (bz + a)® dz

input Lintegrate (x~2*arcsec(b*x+a) "3 ,X, a1gorithm="giac ")

outputLintegrate(x"2*arcsec(b*x + a)~3, x)
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Mupad [F(-1)]

3
/xzsec_l(a—l—bx)?’dx:/xzacos( ! ) dx
a+bzx

Timed out.

inputtint(x’?*acos(l/(a + b*x))"3,x)

OutputLint(x"2*acos(1/(a + b*x))"3, x)

Reduce [F]

/w2 sec ! (a + bx)®dr = / asec(bz + a)® z?dzx

inputtlnt(x 2*xasec (b*x+a) ~3,x)

output Lint(asec(a + b*x) **k3%kx**2,X)
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3.34 [zsec™Ha + bz)3 dz

Optimal result . . . . . . . . . . . . e 271
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . . . . . . . 276
Maple [A] (verified) . . . . . . . . . . 278
Fricas [F] . . . . . . o 278
Sympy [F] . . . o 2791
Maxima [F] . . . . . . 2791
Giac [F] . . o o 2801
Mupad [F(-1)] . . .« 2801
Reduce [F] . . . . . 2801

Optimal result

Integrand size = 10, antiderivative size = 278

con—1 2 3(a+bzx),/1 — —=5sec”(a + bz)?
/xsec_l(a—i- ba)? dr 3isec ! (a + bx) B (atb2)

2b2 2b2

- @ sec 12(; + ba)’ + %wz sec”!(a + bx)?

6ia sec™!(a + br)? arctan (ei Sec_l(a+bm))
_ -

3sec™(a + br) log (1 + e Sec_l(a+bw)>
_ -

6ia sec!(a + br) PolyLog <2 gisec™ (a—l—bw))
+ w2

6ia sec™!(a + bx) PolyLog (2, iel SeC_l(a-i-bm))
_ -

3¢ PolyLog ( e Sec’l(a+bw)>
* 2b2

6a PolyLog (3 ZSec_l(a+lm))

b2

6a PO]_yLOg (3, zel sec— ! (a+bx)>

+ ®)
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3/2*xIxarcsec(b*x+a) ~2/b~2-3/2% (b*x+a) * (1-1/(b*x+a) ~2) ~(1/2) *arcsec (b*x+a) "
2/b"2-1/2*a"2*arcsec (bxx+a) ~3/b"2+1/2*x"2*arcsec (b*x+a) “3-6*I*a*arcsec (b*x
+a) "2*arctan(1/ (b*x+a)+I*(1-1/(b*x+a) ~2)~(1/2))/b~2-3*arcsec (b*x+a) *1n (1+(
1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2) /b~2+6*I*a*arcsec (b*x+a)*polylog(2,-I
*(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b~2-6*I*a*arcsec (b*x+a)*polylog(2,I*
(1/ (b*x+a) +I*(1-1/(b*x+a)~2)~(1/2))) /b~2+3/2*I*polylog(2,-(1/ (b*x+a)+I*(1-
1/ (b*x+a) ~2)~(1/2))"2) /b~2-6*a*polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(
1/2)))/b~2+6*a*polylog(3,I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))/b"2

output

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.92

/x sec”(a + bz)® dz

sisec™!(a +bz)? — J(a+bz), /1 — s sec” (a + bx)? — a(a + bz) sec™ (a + bz)® + 5(a + bw)? sec™

e hY

input\In'cegra‘ce[x*ArcSec[a + b*x]~3,x] |

(((3*I)/2)*ArcSec[a + b*x]~2 - (3*(a + b*x)*Sqrt[1 - (a + bx*x)~(-2)]*ArcSe
cla + b*x]"2)/2 - ax(a + bxx)*ArcSec[a + b*x]~3 + ((a + b*x) 2xArcSec[a +
bxx]~3)/2 - (6xI)*axArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] - 3*Ar
cSec[a + b*x]*Logl[l + E~((2*I)*ArcSec[a + b*x])] + (6%I)*a*ArcSec[a + b*x]
*PolyLog[2, (-I)*E~(I*ArcSec[a + bxx])] - (6xI)*a*ArcSec[a + b*x]+*PolyLogl
2, I*E~(I*ArcSec[a + b*x])] + ((3%I)/2)*PolyLog[2, -E~((2*I)*ArcSec[a + b*
x])] - 6*axPolyLogl[3, (-I)*E~(I*ArcSec[a + b*x])] + 6%a*PolyLog[3, I*E~(I*
ArcSec[a + b*x])])/b~2

output
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Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 253, normalized size of antiderivative = 0.91,

— 6, number of rules _ 600, Rules
integrand size

number of steps used = 7, number of rules used =
used = {5781, 25, 4926, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/w sec”(a + bx)3 dzx
| 5781
[ bz(a+bx)?,/1 m sec™!(a + bx)3dsec™!(a + bx)
b2
| 25
[ —bz(a+bz)?,/1 - m sec™!(a + bx)3dsec™(a + bx)
_ ®
| 4926
10222 sec™(a + bz)3 — 3 [ b2z? sec™!(a + bx)?dsec™(a + bz)
b2
| 3042
10222 sec™(a + bz)3 — 3 [sec™(a + bz)? (a — csc (sec™(a + bz) + g))2 dsec™(a + bz)
b2
| 4678
1022 sec(a + bz)3 — (a?sec™(a + bz)? + (a + bz)?sec™!(a + bz)? — 2a(a + bz) sec™ (a + bx)?) dsec™(
b2
| 2009

$b%x?sec™(a + bz)3 — <§a2 sec™!(a + bx)3 + 4iasec™!(a + bxr)? arctan (ei Secfl(”bw)) — 4iasec ! (a + bx) P

input \Int [x*ArcSec[a + b*x]~3,x] |
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((b~2*x"2*ArcSec[a + b*x]~3)/2 - (3*((-I)*ArcSec[a + b*x]"2 + (a + b*x)*Sq
rt[1 - (a + b*x)~(-2)]*ArcSec[a + bxx]~2 + (a~2*ArcSec[a + b*x]~3)/3 + (4%
I)*a*ArcSec[a + b*x] 2*ArcTan[E~(I*ArcSec[a + b*x])] + 2%ArcSec[a + b*x]*L
ogll + E~((2*I)*ArcSec[a + b*x])] - (4*I)*a*ArcSec[a + b*x]*PolyLog[2, (-I
)*E~(I*ArcSec[a + b*x])] + (4*I)*axArcSec[a + b*x]*PolyLog[2, I*E~(I*ArcSe
cla + bxx])] - I*PolyLogl[2, -E~((2*I)*ArcSec[a + b*x])] + 4*a*PolyLogl[3, (
-I)*E~ (I*ArcSec[a + b*x])] - 4*a*PolyLogl[3, I*E~(I*ArcSec[a + b*x])]1))/2)/
b~2

output

Defintions of rubi rules used

ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042‘111t [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4678

Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)1*((a_) + (b_.)*Secl(c
_) + @_D)*(x)1)"(n_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*((a + b*Sec[c + d*x])~(n + 1)/(b*d*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 4926

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 5781
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Maple [A] (verified)

Time = 0.73 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.36

method result

arcsec(bx+a)2 2 arcsec(ba:+a)a(ba:+a)7arcsec(bm+a)(bz+a)2+3 *T(bm+a)2—l (bz+a)+31
(bz+a)

- 5 +64 polylog (2,—¢ (ﬁﬂ\/f

derivativedivides
arcsec(bz+u)2 <2 arcsec(bz+u)a(bz+a)—arcsec(bz+a)(bz+a)2+3 (b(mbl»i)az)gl (bz+a)+3i>
- 2 +6i polylog (2,—i (ﬁ-}-i\/f
default
input Lint (xxarcsec(b*x+a)"~3,x,method=_RETURNVERBOSE)

1/b~2*(-1/2*arcsec (bxx+a) ~2* (2xarcsec (b*x+a) *ax (b*x+a) ~arcsec (b*xx+a) * (bxx+
a) "2+3* (((bxx+a) "2-1) / (bxx+a) ~2) =~ (1/2) * (b*x+a)+3*I1)+6*I*xpolylog(2,-I*(1/ (b
*xx+a) +I*(1-1/(b*x+a) ~2) ~(1/2))) *a*arcsec (b*x+a) -3*1n(1+I*(1/ (b*x+a) +I*(1-1
/ (bxx+a) “2)~(1/2)))*a*arcsec(b*x+a) “2-6*polylog(3,-I*(1/(b*x+a)+I*(1-1/(b*
x+a)~2)~(1/2)))*a-6xI*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a*a
rcsec (bxx+a)+3*x1n(1-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a*arcsec (b*x+a)
~2+6%polylog(3,I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)))*a+3*I*arcsec(b*x+a)”
2-3*arcsec (b*x+a) *1n(1+(1/ (b*x+a)+I*(1-1/(bxx+a)~2)~(1/2))~2)+3/2*I*polylo
g(2,-(1/(b*x+a)+I*x(1-1/(b*x+a)~2)~(1/2))"2))

output

Fricas [F]

/x sec ' (a + bx)® dr = /:c arcsec (bx + a)® dz

-

—

inputLintegrate(x*arcsec(b*x+a)‘3,x, algorithm="fricas")

Output‘integral(x*arcsec(b*x + a)~3, x)
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Sympy [F]

/msec_l(a + bz)3dx = /xasec3 (a + bx) dzx

input integrate (x*asec (b*x+a)**3,x)

Outputtlntegral(x*asec(a + b*x)**3, x)

Maxima [F]

/x sec”!(a + br)* dx = /ac arcsec (bz + a)® dz

inputLintegrate(x*arcsec(b*x+a)*3,x, algorithm="maxima")

1/2xx"2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/8*x"2*arctan(sqr
t(b*x + a + 1)*sqrt(b*x + a - 1))*log(b"2*x~2 + 2*axb*x + a~2)~2 - integra
te (3/8* ((4*bxx~2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxx"2*log
(b™2%x"2 + 2%axb*x + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4*x(2*(b
“3*%x74 + 3xaxb”2%x"3 + (3*a”2 - 1)*b*x"2 + (2”3 - a)*x)*log(b*x + a)~2 - (
b"3*x"4 + 2%axb”"2*x"3 + (a”2 - 1)*b*x"2 + 2%(b"3%x"4 + 3*a*xb"2xx"3 + (3xa”
2 - Dxb*xx"2 + (a”3 - a)*x)*log(b*x + a))*log(b~2%x"2 + 2%a*bkx + a~2))x*ar
ctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))/(b"3*x"3 + 3*a*b"2*%x"2 + a~3 +
(3%¥a”"2 - 1)*b*x - a), x)

output
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Giac [F]

/:v sec !(a + bx)*dr = /m arcsec (bz + a)® dz

i - i =] "
inputLlntegrate(x*arcsec(b*x+a) 3,x, algorithm="giac")

Outputtintegrate(x*arcsec(b*x + a)73, x)

Mupad [F(-1)]

Timed out.
1 3
/acsec_l(a +bz)3 dr = /xacos( ) dzx
a+bz

inputLint(x*acos(l/(a + b*x))"3,x)

output Lint(x*acos(l/(a + b*x))"3, x)

Reduce [F]

/x sec ' (a + bx)® dz = / asec(bx + a)® zdzx

inputtint(x*asec(b*x+a)"3,x)

output Lint (asec(a + b*x)**3*x,x)




output
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3.35 [ sec™(a + bz)° dx

Optimalresult . . ... ... ... ... .. .. ... .....
Mathematica [A] (verified) . . . . . . . .. ... ... ... ..
Rubi [A] (verified) . . . ... ... ... .. L
Maple [F] . . . . . o
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [F] . . . ... ...
Giac [F] . . . . . o
Mupad [F(-1)] . . . .o o
Reduce [F] . ... . .. . .

Optimal result

Integrand size = 8, antiderivative size = 154

2311
282
282
289
230
2801
280
280
287
237}

(a+ bx)sec(a + bx)® 6isec™ (a + br)?arctan (ei Sec_l(a+bw)>

/sec_l(a + bz)? dz = ;

67 sec‘l(a + bx) PolyLog (2, —jet SeC_l(a-i-bm))

b

6i sec™(a + br) PolyLog (2, iet sec*l(a+bw)>

" b

_|_

6 PolyLog (3, —ie* Se°‘1<“+bx>) 6 PolyLog (3, i€t sec-1<a+bx>>

b

(b*x+a) *arcsec (bxx+a) ~3/b+6xI*arcsec (b*x+a) ~2%arctan (1/ (bxx+a) +I*(1-1/ (b*x
+a)"2)"(1/2)) /b-6xI*arcsec (b*x+a)*polylog(2,-I*(1/(b*x+a) +I*(1-1/ (b*x+a) "2
)~(1/2))) /b+6xI*arcsec(b*x+a)*polylog(2,I*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/
2))) /b+6*polylog(3,-I*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))) /b-6*polylog(3,I

*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))) /b
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.04

/sec_l(a + bx)? dx

(a + bz)sec ' (a + bx)® — 3sec™*(a + bx)? <log <1 — i€ Sec_l(“+b“’)> — log (1 + i€’ Sec_l(”b“))) — 6isec”

e hY

input \Integrate [ArcSec[a + b*x]"3,x] |

((a + b*x)*ArcSec[a + b*x]~3 - 3*ArcSec[a + b*x] 2x(Log[1l - I*E~(I*ArcSec[
a + b*x])] - Logl[1l + I*E~(I*ArcSec[a + b*x])]) - (6*I)*ArcSec[a + b*x]*(Po
lyLog[2, (-I)*E~(I*ArcSec[a + b*x])] - PolyLog[2, I*E~(I*ArcSec[a + b*x])]
) + 6%x(PolyLog[3, (-I)*E~(I*ArcSec[a + b*x])] - PolyLog[3, I*E~(I*ArcSecl[a
+ b*x])]1)) /b

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.97,

_ _ ¢ number of rules _
number of steps used = 9, number of rules used = 8, integrand size — 1.000, Rules

used = {5775, 5739, 4244, 3042, 4669, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sec_l(a + bx)® da

| 5775
[ sec™(a + bz)3d(a + bx)
b
| 5739
[(a+bz)?/1— m sec™(a + bz)3dsec™!(a + bx)
b

l 4244
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(a + bx)sec™!(a + bx)3

— 3 [(a+ bx)sec™(a + bz)%dsec™(a + bz)

(a + bx)sec™

Ya +bx)3 —

b
l 3042

3 [sec™(a + bxz)? csc (sec™ (a + bz) + §) dsec™ (a + bx)

(a + bx)sec™!(a + bx)® —

b
l 4669

( 2 [sec™!(a + bz) log (1 — ze“e"_l(““z)) dsec™!(a+ bz) + 2 [sec™!(a + bz) log

(a + bx)sec™!(a + bx)® —

3 (2 (z sec™!(a + bz) PolyLog (2

b
l 3011

gisec 1(a+bm)) i f PolyLog (2 gisec™ (a+bw)) a

(a + bx)sec™!(a + bx)® —

3 (2 (z sec!(a + bz) PolyLog (

l 2720

etsec” (a+bm)) _ f et sec™!(a+bzx) PolyLog (2, —jet

(a + bx)sec™!(a + bx)® —

l 7143

3 (—271 sec”!(a + bz)? arctan (e" Secfl(”b‘”)) +2 (z sec™!(a + bx) PolyLog (2, —getsec”

input LInt [ArcSec[a + b*x]~3,x]

output

‘ ((a + bxx)*ArcSec[a + bxx]~3 - 3*((-2*I)*ArcSec[a + bxx] 2*ArcTan[E~(I*Arc ‘
‘Sec [a + b*x])] + 2x(I*ArcSec[a + b*x]*PolyLog[2, (-I)*E~(I*ArcSec[a + b*x] ‘
‘)] - PolyLogl[3, (-I)*E~(I*ArcSec[a + b*x])]) - 2x(I*ArcSec[a + b*x]*PolyLo ‘

‘g[2, I+E~ (I*ArcSec[a + b*x])] - PolyLogl[3, I*E~(IxArcSec[a + b*x])]1)))/b
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Defintions of rubi rules used

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

rule 3011 It [Logll + (e_)*((FL)~((c_.)*((a_.) + (b_.)*(x2)))) " (a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4944 It Lx_)~(m_.)*Secl(a_.) + (b_.)*(x_)~(n_.)1"(p_.)*Tan[(a_.) + (b_.)*(x_)"(
n_.)]1"(q_.), x_Symbol]l :> Simp[x~(m - n + 1)*(Sec[a + b*x"n] p/(b*n*p)), x]

- Simp[(m - n + 1)/(b*n*p) Int[x~(m - n)*Sec[a + b*x"n]"p, x], x] /; Fre
eQ[{a, b, p}, x] && IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Int[cscl(e_.) + Pix(k_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
] :> Simp[-2*(c + d#*x) m*(ArcTanh[E~(I*k*Pi)*E~(I*(e + f*x))]/f), x] + (-Si
mp [d* (m/f) Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],
x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x
N1, x1, x1) /; FreeQl[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

rule 4669

Int[((a_.) + ArcSec[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[1/c  Subst[
Int[(a + b*x) n*Sec[x]*Tan[x], x], x, ArcSec[c*x]], x] /; FreeQ[{a, b, c, n
}, x] && 1GtQ[n, O]

rule 5739
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Int[((a_.) + ArcSecl[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Simp[1/d
Subst[Int[(a + bxArcSeclx])"p, x1, x, ¢ + dxx], x] /; FreeQl{a, b, c, d},
x] & IGtQ[p, 0]

rule 5775

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}’ X] && EqQ[b*d, a*e]

Maple [F]

/ arcsec (bzr + a)3 dx

input Lint (arcsec(b*x+a) ~3,x)

output tint (arcsec(b*x+a) ~3,x)
Fricas [F]
/sec_l(a + br)? dx = /arcsec (bz + a)® dz
input tintegrate (arcsec(b*x+a)~3,x, algorithm="fricas")

output Lintegral(arcsec(b*x + 2)"3, x)
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Sympy [F]

/sec_l(a + bz)3dx = /asec3 (a + bx) dz

input ‘ integrate (asec(b*x+a)**3,x)

outputtlntegral(asec(a + b*x)**3, x)

Maxima [F]

/sec‘l(a +bz)?dx = /arcsee (bx + a)® d

inputLintegrate(arcsec(b*x+a)‘3,x, algorithm="maxima")

x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3/4xx*arctan(sqrt(b*x +
a + 1)*sqrt(b*x + a - 1))*log(b~2*x"2 + 2*a*b*x + a~2)”~2 - integrate(3/4x(
(4xb*x*arctan(sqrt(bxx + a + 1)*sqrt(b*x + a - 1))72 - b*x*log(b~2*x"2 + 2
*xaxb*x + a”2)"2)*sqrt(bxx + a + 1)*sqrt(b*x + a - 1) + 4*((b~3*x"3 + 3*ax*b
T2%x72 + a”3 + (3*a”2 - 1)*b*x - a)*log(b*x + a)~2 - (b"3*x"3 + 2xaxb~2*x"
2 + (2”2 - 1)*b*x + (b™3*x"3 + 3*a*b~2#x"2 + a3 + (3*%a”2 - 1)*b*x - a)*lo
g(b*x + a))*log(b~2%x"2 + 2xaxb*x + a~2))*arctan(sqrt(b*x + a + 1)*sqrt(b*
x+a-1)))/(b3*x"3 + 3*axb™2*x"2 + a~3 + (3*%a”"2 - 1)*b*x - a), x)

output

Giac [F]

/ sec ! (a + bz)’ dr = /arcsec (bz + a)® dz

i - 1 ="sq n
inputLlntegrate(arcsec(b*x+a) 3,x, algorithm="giac")
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output Lintegrate(arcsec(b*x + a)~3, x)

Mupad [F(-1)]

3
/sec_l(a+bx)3dx:/acos< 1 ) dzx
a+bzx

Timed out.

inputLint(acos(l/(a + b*x))"3,x%)

outputtint(acos(l/(a + b*x))~3, x)

Reduce [F]

/sec_l(a + bz)3dx = / asec(bz + a)® dzx

input Lint (asec(b*x+a)~3,x)

Outputtint(asec(a + b*x)**3,x)
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3.36 f sec™1 (a+bm)3 dx

T

Optimal result . .. ... ..........
Mathematica [B] (warning: unable to verify)
Rubi [A] (verified) . . ... ... ... ...
Maple [F] . . ... ... ... ... ....
Fricas [F] . . ... ... ... ... ....
Sympy [F] . ... ... ... ... .
Maxima [F] . ... ... ... ... ....
Giac [F] . . ... ..o .o
Mupad [F(-1)] .. ... ... .. .. ....
Reduce [F] . ... ... ... ... ....

2891
290
2911
297
297
293
298]
298]
299
299
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Optimal result

Integrand size = 12, antiderivative size = 430

-1 3
/ sec (‘;"‘ bz) dz = sec™'(a + bx)*log (1 —

+sec™*(a + bx)* log (1 -

1-+vV1-a?

aetsec” L(a+bzx) )

aetsec” Y(a+bx)
1++v1—a?

—sec™*(a + br)* log <1 + e* Sec_l(“erx))

— 3isec ' (a + bx)? PolyLog (2,

— 3isec ' (a + bx)? PolyLog (2,

aetsec” L(a+bzx)
1-+v1-a?
aetsec” L(a+bzx)
1++v1—a?

3 o
+ 52’ sec™!(a + bx)? PolyLog (2, —e?isec 1(““’””))

+ 6sec*(a + bx) PolyLog (3, g

ei sec™!(a+bx)
1—+v1-a?

ae’ sec”L(a+bx)
+ 6sec*(a + bx) PolyLog | 3, T

++/1—a?

— g sec ' (a + bx) PolyLog (3, —e* Sec_l(“J“b“’))

+ 6¢ PolyLog (4,

+ 6¢ PolyLog (4,

eisec™ L(a+bzx)
1-+v1-a?

eisec” 1(a+bx)
1++v1—a?

3 -
_ ZZ PolyLog <4, _g2isec l(a—i—bx))
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arcsec(b*x+a) "3*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/
2)))+arcsec(b*x+a) “3*1n(1-a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1
)~ (1/2)))-arcsec(b*x+a) "3*1n(1+(1/ (b*x+a)+I*x(1-1/(b*x+a) ~2)~(1/2))~2)-3*Ix*
arcsec(b*x+a) “2*polylog(2,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1
)~ (1/2)))-3*I*arcsec(b*x+a) "2*polylog(2,a*(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/
2))/(1+(-a"2+1)~(1/2)))+3/2*I*arcsec(b*x+a) “2*xpolylog(2,-(1/(b*x+a)+I*(1-1
/ (bxx+a) ~2) ~(1/2))~2)+6*arcsec (b*x+a) *polylog(3,a*(1/ (b*x+a)+I*(1-1/(b*x+a
)72)7(1/2))/(1-(-a"2+1)~(1/2)))+6*arcsec(b*x+a)*polylog(3,a*(1/ (b*x+a)+I*(
1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)) ) -3/2*arcsec(b*x+a) *polylog(3,-(1/
(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))~2)+6xI*polylog(4,a*(1/(b*x+a)+I*(1-1/(b*x
+a)~2)7(1/2))/(1-(-a~2+1)~(1/2) ) ) +6*%I*xpolylog(4,a*(1/(b*x+a)+I*(1-1/(b*x+a
)7"2)7(1/2))/(1+(-a~2+1)~(1/2)))-3/4*I*polylog(4,-(1/ (bxx+a) +I*(1-1/ (b*x+a)
"2)7(1/2))72)

output

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf
count of optimal. 1058 vs. 2(430) = 860.

Time = 2.55 (sec) , antiderivative size = 1058, normalized size of antiderivative = 2.46

dx = Too large to display

/ sec”!(a + bz)?

X

r

Integrate[ArcSec[a + b*x]~3/x,x]

| —

inputt
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2%ArcSec[a + b*x] ~3*Log[l + (a*xE~(I*ArcSec[a + b*x]))/(-1 + Sqrt[1 - a~2])
] + ArcSec[a + b*x]"3#Logl[1 + ((-1 + Sqrt[1 - a~2])*E~(IxArcSec[a + b*x]))
/a] - 6*ArcSec[a + b*x] "2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*Logl[l + ((-1 +
Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a] + 2%ArcSec[a + b*x]~3*Logl[l - (a*
E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a”2])] + ArcSec[a + b*x]~3*Logl[l - ((
1 + Sqrt[1 - a~2])*E~(I*ArcSec[a + b*x]))/a]l + 6xArcSec[a + b*x] 2*ArcSin[
Sqrt[(-1 + a)/al/Sqrt[2]]*Log[1 - ((1 + Sqrt[l - a~2])*E~(I*ArcSec[a + b*x
1))/a]l - 3*ArcSec[a + b*x] " 3*Log[1 + E~((2*I)*ArcSec[a + b*x])] + 2*ArcSec
[a + bxx]"3xLog[(2*((a + b*x)~(-1) + I*Sqrt[1l - (a + b*x)~(-2)]1))/(a + b*x
)] - ArcSec[a + b*x]~3*Log[1l + (ax((a + b*x)~(-1) + IxSqrt[1 - (a + b*x)~(
-2)1))/(-1 + Sqrt[1 - a~2])] - ArcSec[a + b*x] 3*Log[l + ((-1 + Sqrt[1l - a
~2]1)*((a + b*x)~(-1) + I*Sqrt[1l - (a + b*x)~(-2)]))/a] + 6*ArcSec[a + Db*x]
~2%ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*Log[1l + ((-1 + Sqrt[1 - a"2])*((a + bx
x)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))/al - ArcSec[a + b*x]~3xLogl[l - (a*(
(a + b*x)~(-1) + IxSqrt[l - (a + b*x)~(-2)]1))/(1 + Sqrt[1 - a"2])] - ArcSe
cla + b*x]~3%Log[l - ((1 + Sqrt[1 - a"2])*((a + b*x)~(-1) + I*Sqrt[l - (a
+ b*x)~(-2)1))/al - 6*ArcSec[a + b*x] 2*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*L
oglli - ((1 + Sgrt[1 - a"2])*((a + b*x)~(-1) + IxSqrt[l - (a + b*x)~(-2)]))
/a]l - (3*I)*ArcSec[a + b*x] 2*PolyLog[2, -((a*E~(IxArcSec[a + b*x]))/(-1 +
Sqrt[1 - a~2]1))] - (3*I)*ArcSec[a + bxx] 2*PolyLog[2, (a*E~(I*ArcSec[a...

output

Rubi [A] (verified)

Time = 1.85 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.23,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 1.250, Rules
integrand size

used = {5781, 25, 5062, 5041, 25, 3042, 4202, 2620, 3011, 5031, 2620, 3011, 7163, 2720,
7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 3
/sec ((;—i— bx) i

l 5781

/ (a+bx)?, /1 — m sec”!(a + bz)3

bx
l 25

dsec™!(a + bx)
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(a+bx)?, /1 — —3—5sec™(a + bx)?
- / - (tbz) dsec™(a + bx)

bz
| 5062
(a+bz),/1 - —1rsec™(a + bz)?
—/ (tbe) dsec™(a + bx)
atbz 1
| 5041
/(a +bx),[1— (+1bx)2 sec”!(a + bx)3dsec™(a + bx) —
/1= —2 5 sec™(a + bx)?
/ (a+bx) dsec™(a + bx)
a+bm

| 25

/(a +bx),[1— (—i—lbw)z sec (a + bx)3dsec™(a + bx) +

/,/ (a+bx28ec Y(a +bx)3

dsec™(a + bx)

- a+b:c
| 3042
1= —L 5 sec™!(a + bx)?
bx)?2
a/ (etb) m dsec™(a + bz) + /sec‘l(a +
1— a+bz

bz)3 tan (sec™!(a + bz)) dsec™!(a + bz)
| 4202

o e2i sec™!(a+bx) sec_l(a + b$)3
—t 14 e2i sec~1(a+bzx)

/ /1 (a+ba:)2 sec”!(a + bx)3

dsec™(a + bz) +

dsec Y (a + bz) + iisec_l(a + bz)*

- a—i—bx
| 2620
/1 — ——zsec™!(a + bx)?
/ (a+b ) dsec™(a + bz) —

- a—i—bz
2 (21 / sec™(a + bx)? log (1 + ezzsec_l(”bx)) dsec™(a + bx) — %z sec™(a + bx)*log (1 + eZisec_l(“er””)))-l-

1
ii sec™1(a + bx)*
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l 3011

1 o -
—2i <3z <2i sec ' (a + bz)? PolyLog (2 —e?isec 1(a+b‘”)) - i/sec_l(a + bzx) PolyLog (2, —e?isec 1(“+bx)) dsec

/1 — —3—zsec™!(a + bx)? 1
/ (a+b ) dsec™(a + bz) + ii sec™(a + bx)*

a+bz

laml

etsec” L(a+bzx) bx)3 isec™1(a+bx) -1 bx)3
—i i sec”(a + ba) dsec™!(a+bx) —i c — sec” (a+bz) dsec™(a + bz) —
—etsec(at+br)g — /1 — g2 + 1 —etsec 1(a+bx)a+,/1 —a24+1

3./1
<2z< isec™ ' (a + bx)? PolyLog ( g2isec” (“+b“’)) —1 / sec”!(a + bx) PolyLog ( gZisec” (‘”'b’”)) dsec™?

1
Zi sec !(a + bx)?

| 2620
isec_l(a+bz) isec_l(a+bz)

isec™(a + bx)3 log (1 - W) 3i [sec™(a + bz)?log < Py ) dsec™1(a + bzx)

a a

al —t

3.1 - -
2i <2i <2i sec”!(a + bz)? PolyLog ( et 1(a+bw)) —1 / sec” ' (a + bx) PolyLog ( et 1(a+bx)) dsec™"
1
Zisec_l(a + bx)?

l 3011

isec”(at+bx isec a+bx
isec™!(a + bz)?log (1 - “1_7\/1(_7:;)> 3i (z sec™!(a + bx)? PolyLog (2 = \/%) )> —2i [sec™(a

a a

al —1i
1 - I
2 (22 <2i sec”!(a + bx)? PolyLog (2, —e2isec 1(““””)) -1 / sec ! (a + bz) PolyLog (2, —e2isec 1(“+bx)) dsec™!
1
11’ sec™!(a + bx)*

l 7163
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-

input L

isec” ! (atba isec” ! (atba
isec™!(a + bx)3log (1 - “61_7\/1(_7:;)> 3i <z sec”!(a + bx)? PolyLog (2, “61_7\/1(_7:;)> —2i (z | PolyL

a
1 - 1 -
2i (z <2i sec”!(a + bx)? PolyLog (2, —g2isec 1(“+bz)) — i<2i / PolyLog (3, —e2isec 1(“+bm)> dsec™*(a + bz) -
ii sec™(a + bx)*

l 2720

isec™ ! (atba isec™ ! (atba : -
isec™!(a + bx)3 log (1 - “‘"1_7\/1(_7;17)> ~ 3i (z sec™1(a + bz)? PolyLog (2, “‘"1_7\/1(_7;17)) -2 <f e"see

al|l —1
a

1 o 1 o - ,
2 §Z *isec_l(a + bw)Q PolyLog (2, _g2isec 1(a+bac)) — il = [ e2isec Ya+bx) PolyLog (3, _g2isec 1(a+ba:)> de-
2 \2 4
1
1isec_1(a + bx)*

l 7143

isec™!(atba isec™ ! (atba
isec™(a + bzx)3log (1 - ‘161_7\/1(_7;’)) 3i (z sec”!(a + bx)? PolyLog (2, “81_7\/1(_7:)) -2 (PolyLog

al|l —1
a

1 - 1 - 1
21 (2@ <2i sec”!(a + bz)? PolyLog (2, —g2isec 1(“""””)) — z'<4 PolyLog (4, —gisec 1(‘”'1’”3)) - 52’ sec (a+ bz)

1
Zi sec™(a + bx)*

Int[ArcSec[a + b*x]~3/x,x]

~—




output
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(I/4)*ArcSec[a + b*x]~4 + a*x(((-1/4*I)*ArcSec[a + b*x]~4)/a - Ix((I*ArcSec
[a + bxx]"3xLog[1 - (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1 - a"2])]1)/a - ((
3xI)*(I*ArcSec[a + b*x]"2*PolyLog[2, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1
- a”2])] - (2*I)*((-I)*ArcSec[a + b*x]*PolyLog[3, (a*E~(I*ArcSec[a + b*x]
))/(1 - Sqrt[1 - a~2])] + PolyLog[4, (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrt[1
- a~2]1)1)))/a) - I*((I*ArcSec[a + b*x]~3xLog[l - (a*E~(I*ArcSec[a + b*x])
)/ (1 + Sqrt[1 - a~2]1)]1)/a - ((3*I)*(I*ArcSec[a + b*x] 2*PolyLogl[2, (a*E~(I
xArcSec[a + b*x]))/(1 + Sqrt[1l - a~2])] - (2*I)*((-I)*ArcSec[a + b*x]*Poly
Log[3, (a*xE~(I*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2])] + PolyLog[4, (a*E~(I
*ArcSec[a + b*x]))/(1 + Sqrt[1 - a~2]1)]1)))/a)) - (2*I)*((-1/2*I)*ArcSec[a
+ b*x]"3%Log[1 + E~((2xI)*ArcSec[a + bxx])] + ((3*I)/2)*((I/2)*ArcSec[a +
b*x] ~2%PolyLog[2, -E~((2*I)*ArcSec[a + b*x])] - Ix((-1/2*I)*ArcSec[a + b*x
]*PolyLog[3, -E~((2*I)*ArcSec[a + b*x])] + PolyLog[4, -E~((2+I)*ArcSec[a +
b*x]1)1/4)))

Defintions of rubi rules used

)
rule 25| 12 [-(Fx), x_Symboll :> SimplIdemtity[-1] Int[Fx, zl, x]

rule 2620

rule 2720

Int [(CCF)~((g_.)*((e_.) + (£_)*(x_)))) " (@_.)*((c_.) + (d_D)*x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*g*n*Log[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3011

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(@*(m + 1))), x] - Simp[2+*I Int[(c + d*x) m*(E~(2*I*(
e + £*xx))/(1 + E~(2xI*x(e + £*x)))), x]1, x] /; FreeQl[{c, d, e, £}, x] && IGt
Q[m, 0]

rule 4202

rule 5031 IRELCCCe ) + (£_)*(x_))"(m_.)*Sinl(c_.) + (d_.)*(x_)1)/(Cosl(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + f*x)~(m + 1)/(b*fx(m + 1)))
, x] + (-Simp[I Int[(e + f*x) m*(E~(I*(c + d*x))/(a - Rt[a"2 - b2, 2] +
b*E~(I*(c + d*x)))), x], x] - Simp[I Int[(e + £*x) m*(E~(I*(c + d*x))/(a
+ Rt[a”2 - b™2, 2] + b*E"(I*(c + d*x)))), x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && IGtQ[m, O] && PosQ[a"2 - b~2]

rule 5041 IntLCCle ) + (£_)*(x_))"(m_.)*Tan[(c_.) + (d_.)*(x_)]17(n_.))/(Cosl(c_.) +
(d_.)*x(x_)I*(b_.) + (a_)), x_Symbol] :> Simp[i/a Int[(e + f*x) m*Tan[c +
d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sin[c + d*x]*(Tan[c + d*x]~(n

- 1)/(a + b*Cos[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[

m, 0] && IGtQ[n, O]

rule 5062 TRtLCCCe) + (£_)*(x )~ m_)*(F [(c_.) + (d_)*(x )1~ (m_)*(G)[(c_.) +

(d_)*(x_)1"(p_.))/((a_) + (b_.)*Sec[(c_.) + (d_.)*(x_)]), x_Symbol] :> In
t[(e + f*x) m*Cos[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + a*Cos[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
» 0, pl
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Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_))"(m
_.), x_Symbol] :> Simp[1/d~(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe - cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
, £}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 5781

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7143

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))~pl/ (b*cxp*Log[F])), x] - Simp[f*(m/(b*c*p*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, 0]

rule 7163

Maple [F]

/ arcsec (bx + a)° i

T

input Lint (arcsec(b*x+a)~3/x,x)

Lint (arcsec(b*x+a)~3/x,x)

output
Fricas [F]
-1 3 3
sec”(a + bx arcsec (bz + a
[rtarer,  [welerd,
T T
input Lintegrate (arcsec(b*x+a)~3/x,x, algorithm="fricas")

output Lintegral(arcsec(b*x + a)~3/x, x)
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Sympy [F]

-1 3 3
/sec (a+ bx) dp — / asec® (a + bx) i

z T

inputtintegrate(asec(b*x+a)**3/x,x)

outputLIntegral(aseC(a + b*x)**3/x, X)

Maxima [F]

-1 3 3
/ sec”'(a + bx) dp — / arcsec (bz + a) i

z x

inputLintegrate(arcsec(b*x+a)*3/x,x, algorithm="maxima"

Ou_tputkintegrate(arcsec(b*x + a)~3/x, x)

Giac [F]

1 3 3
/sec (a + bx) dr — / arcsec (br + a) i

z T

inputLintegrate(arcsec(b*x+a)‘3/x,x, algorithm="giac")

OutputLintegrate(arcsec(b*x + a)~3/x, x)
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Mupad [F(-1)]

Timed out.

/= (o + bo)’ dw:/wdx

x x

inputtint(aCOS(l/(a + b*x))~3/x,x)

outputLint(acos(i/(a + b*x))~3/x, x)

Reduce [F]

-1 3 3
/sec (a + bx) dx:/wdx

z x

inputtint(asec(b*x+a)*3/x,x)

output Lint (asec(a + bxx)**3/x,x)
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337 [ty

Optimal result . . . . . . . . . . . . . . e 300
Mathematica [F(-1)] . . . . . . . . . .
Rubi [A] (verified) . . . .. . . . . . . .
Maple [F] . . . o o e
Fricas [F] . . . . . o o e 304
Sympy [F] . . o o 304
Maxima [F] . . . . . . . 304
Giac [F] . . . o o
Mupad [F(-1)] . . . o o e
Reduce [F] . . . . . o

Optimal result

Integrand size = 12, antiderivative size = 362

/ sec”!(a + bx)3 i — _bsec!(a+bx)®  sec”!(a+bx)®

2 a

3ibsec™(a + bz)?log (1 —

aet sec™1 (a+bx) )

B T 1Vi—az
av'1 — a?
. 1 9 aet sec™1(a+bz)
. 3ibsec ' (a + bzx)? log (1 - W)
avV'1—a?
_ aeisec_l(a bx)
~ 6bsec™*(a + bz) PolyLog (2, ﬁ)
av1— a2
_ aeisec_l(a )
s 6bsec™(a + bz) PolyLog (2, 1+—\/1—7:>
av1— a2
6bP 1 L 3 aeisec_l(a+bw) 6bP 1 L 3 aeisec_l(a+bz)
_ GibPolylLog {3, " 7= N WTOLYLOg (9 e

av'1—a?

av'1 — a?



output

N
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-b*arcsec(b*x+a) “3/a-arcsec(b*x+a) ~3/x-3*I*b*arcsec (b*x+a) “2*x1n(1-a*(1/ (b*
x+a)+Ix(1-1/(b*x+a)"2)~(1/2))/(1-(-a~2+1)~(1/2))) /a/(-a~2+1) ~(1/2) +3*I*b*a
rcsec (b*x+a) "2*1n(1-ax(1/(b*x+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2
)))/a/(-a~2+1) " (1/2) -6*b*arcsec (b*x+a) *polylog(2,a* (1/ (b*x+a)+I* (1-1/ (b*x+
a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) " (1/2) +6*b*arcsec (b*x+a) *polylo
g(2,ax(1/ (bxx+a)+I*(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))/a/(-a"~2+1)~(
1/2)-6*I*b*polylog(3,a*(1/(bxx+a)+I*(1-1/(b*x+a)~2)"(1/2))/(1-(-a"2+1)~(1/
2)))/a/(-a~2+1) "~ (1/2)+6xI*b*polylog(3,a*(1/ (b*x+a)+I*(1-1/(b*x+a)~2)~(1/2)
)/ (1+(~a~2+1)"(1/2)))/a/(-a~2+1)~(1/2)

Mathematica [F(-1)]

Timed out.

-1 3
/ sec”(a + bx) dz = $Aborted

x2

input‘

-

outputt

Integrate[ArcSec[a + b*x]~3/x72,x]

$Aborted

| —

Rubi [A] (verified)

Time = 0.89 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.01,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5781, 4926, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 3
/ sec (a2+ bx) i
x

| 5781

/ 1 _
b/(a+b$)2 1—WSGC l(a‘l‘bflf)g

222 dsec™(a + bx)
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l 4926
b '_3L/d_sec014_bm)dsec_l(a—kbz)__secGz*_bx)
bz bx
l 3042
-1 9 . s
b _3/ sec” " (a + bx) dsec—1(a+bx) _ w
a — csc (secH(a + bz) + 5) .
l 4679
b (_3/ (Sec (a+bz) + sec” (a+bz) ) dsec_l(a + bx) — secm—l—ba:))
a a2 —1 bz
(a-i—bx )
l 2009
isec™ ! (atbx isec™ (atbz
sec™(a + bx)3 2sec™!(a + bx) PolyLog (2, ael_ix/l(_i;b)) 2sec™!(a + bx) PolyLog (2, ae\/li—iﬁ
bl — _3 ~
bw avl-a’ av1—a?
inputtlnt[ArcSec[a + b*x]~3/x"2,x] J

bx(-(ArcSec[a + b*x]~3/(b*x)) - 3*(ArcSec[a + b*x]~3/(3*a) + (IxArcSecla +
b*x] ~2*Log[1 - (a*E~(I*ArcSec[a + b*x]))/(1 - Sqrtl[l - a~2]1)])/(a*Sqrt[1
- a”2]) - (I*ArcSec[a + b*x]~2+Logl[l - (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt
[1 - a~2])]1)/(a*Sqrt[1 - a~2]) + (2xArcSec[a + b*x]*PolyLog[2, (a*E~(I*Arc
Sec[a + b*x]))/(1 - Sqrt[1 - a~2])])/(axSqrt[1 - a~2]) - (2xArcSec[a + b*x
1*PolyLog[2, (a*E~(Ik*ArcSecl[a + b*x]))/(1 + Sqrt[1 - a~2])])/(a*Sqrt[l - a
~2]) + ((2*I)*PolyLog[3, (a*E~(I*ArcSecl[a + b*x]))/(1 - Sqrt[1 - a~21)1)/(
a*xSqrt[1 - a”2]) - ((2*I)*PolyLog[3, (a*E~(I*ArcSec[a + b*x]))/(1 + Sqrt[1

- a~2])]1)/(axSqrt[1 - a~21)))

output




rule 2009 ‘

rule 3042

rule 4679
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 4926

rule 5781

Int[((e_.) + (£_.)*(x_))"(m_.)*Sec[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Secl[(c
_) + @ )xx)1D) " (a_)*Tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(e + fx*
x)"m*x((a + b*Sec[c + d*x])~(n + 1)/(b*xd*(n + 1))), x] - Simp[f*(m/(b*d*(n +
1))) Int[(e + f*x)"(m - 1)*(a + b*Sec[c + d*x])~(n + 1), x], x] /; FreeQ
[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSec[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_)) " (m
_.), x_Symbol] :> Simp[1/d”"(m + 1) Subst[Int[(a + b*x) p*Sec[x]*Tan[x]*(d
xe — cxf + f*Sec[x])"m, x], x, ArcSec[c + d*x]], x] /; FreeQ[{a, b, c, d, e
,» T}, x] && IGtQ[p, 0] && IntegerQ[m]

Maple [F]

T

/ arcsec (bz + a)® p

x2

input

Lint (arcsec(b*x+a)~3/x"2,x)

output k

int (arcsec(b*x+a) "3/x72,x)
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Fricas [F|
sec”*(a + bx arcsec (bz + a
/ (2+)dx:/ (2+)dx
z x
input Lintegrate (arcsec(b*x+a)~3/x"2,x, algorithm="fricas")

output Lintegral(arcsec(b*x + a)~3/x"2, x)

Sympy [F]

-1 3 3
/sec (a+ bx) dp — / asec® (a + bx) i

.'13'2 xz

inputLintegrate(asec(b*x+a)**3/x**2’x)

ou_tputtlntegral(asec(a + b*x) **3/x*%2, x)

Maxima [F]

2 72

/sec (a + bx) dr — / arcsec (br + a) i

inputLintegrate(arcsec(b*x+a)‘3/x‘2,x, algorithm="maxima")
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-1/4*(4xarctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3xarctan(sqrt(b*x
+ a + 1)*sqrt(b*x + a - 1))*x1log(b"2*x"2 + 2*axb*x + a~2)”"2 - 4*x*integrate
(3/4*((4xb*x*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x*log(b~2*x
“2 + 2%axbxx + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x((b"3*x"3 +
3*xaxb~2*x"2 + a”3 + (3*%a”2 - 1)*bxx - a)*log(b*x + a)~2 + (b~3*x"3 + 2%ax
b™2*x"2 + (a2 - 1)*bxx - (b73*x"3 + 3*a*b”~2*x"2 + a~3 + (3*%a”2 - 1)*b*x -
a)*log(b*x + a))*log(b~2*x"2 + 2*xa*b*x + a~2))*arctan(sqrt(b*x + a + 1)*s
qrt(b*x + a - 1)))/(b™3*x"5 + 3*a*b~2%x"4 + (3*a~2 - 1)*b*x~3 + (a”3 - a)*
x"2), x))/x

output

Giac [F]
sec " (a + bx arcsec (bz + a
[t [l
z T
inputLintegrate(arcsec(b*x+a)‘3/x*2,x, algorithm="giac")

p
OutputLintegrate(arcsec(b*x + a)~3/x"2, x)

. J

Mupad [F(-1)]

Timed out.
-1 3 acos(—L-)>
/sec (a2+ bx) dr — /#;M)dx
z x
inputtint(acos(l/(a + b*x))"3/x"2,%)

output Lint(acos(l/(a + b*x))~3/x72, x)
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Reduce [F]

x2 2

-1 3 3
/sec (a+ bzx) dp — / asec(bx + a) i

input Lint (asec(b*x+a)~3/x"2,x)

output Lint (asec(a + b*x)**3/x**2,x)
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3.38 [ z(a+ bsec™t (c+ dz?)) dx

Optimal result . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . .. ... L
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 309
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 3101
Sympy [F(-1)] . . o oo 310
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3101
Giac [A] (verification not implemented) . . . . . . ... ... ... B1T1]
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... B11]
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 58

2 2 -1 2
/w(a-l— bsec™? (c—|—da:2)) de = 2 + b(c + dz*) sec™ (c + dz*)
2 2d
1
~ barctanh( 1-— m)

2d

e

1/2*%a*x”2+1/2*b* (d*x~2+c) *arcsec (d*x~2+c) /d-1/2*b*arctanh ((1-1/(d*x"2+c) "2
D7(W/2))/d |

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.01 (sec) , antiderivative size = 516, normalized size of antiderivative = 8.90

2
/m(a + bsec! (c + dx2)) dr = % + %bx2 sec! (c + dm2)

—1+c2+42cdzx T . . . —1)3/4y/2i—ic?
b(c + dz?) \/ 1t z:fdiz;;rd:) - (\/4 —1(—i 4+ vV=1+ ) V/2i —ic + 2v/—1 + P arctan <—c (%—11)%2—3@

+
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input‘ Integrate[x*(a + b*ArcSec[c + d*x~2]),x]

output

input ‘ Int[

(a*x~2)/2 + (b*x"2xArcSec[c + d*x~2])/2 + (bx(c + d*x"2)*Sqrt[(-1 + c~2 +
2xckd*x"2 + d"2*x74)/(c + d*x"2)"2]*((-1)~(1/4)*(-I + Sqrt[-1 + c~2])*Sqrt
[2%I - I*c™2 + 2*Sqrt[-1 + c"2]]*ArcTan[((-1)~(3/4)*Sqrt[2*I - I*c~2 + 2*S
qrt[-1 + c¢~2]11*d*x"2)/(c*Sqrt[-1 + c™2] - c*Sqrt[-1 + c™2 + 2*xcxd*x"2 + 4~
2%x741)] + (-1)"(3/4)*(I + Sqrt[-1 + c2])*Sqrt[-2+I + Ixc”2 + 2*Sqrt[-1 +
c~2]]1*ArcTan[((-1)"(1/4)*Sqrt [-2*I + I*c~2 + 2*Sqrt[-1 + c2]]*d*x"~2)/(c*
Sart[-1 + ¢72] - c*Sqrt[-1 + c™2 + 2xc*d*x”~2 + d~2%x"4])] + c*(c*ArcTan[(S
grt[-1 + c721%d"2%x74)/(c™4 + c™3%d*x"2 + d"2*x"4 - c2x(1 + Sqrt[-1 + c~2
I*Sqrt[-1 + c™2 + 2%c*d*x"2 + d"2*x"4]))] - Logl[Sqrt[-1 + c"2] - d*x"2 - S
qrt[-1 + c™2 + 2%c*d*x~2 + d"2*x"4]] + Logl[d™2*(Sqrt[-1 + c”2] + d*x"2 - S
qrt[-1 + c™2 + 2*c*kd*x"2 + d"2%x74])]1)))/(2*c*d*Sqrt[-1 + c”2 + 2*c*d*x"2
+ d"2*x74])

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93,

number of rules _
integrand size 0.143, Rules

number of steps used = 3, number of rules used = 2,
used = {7266, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:(a + bsec! (c + dxz)) dz

l 7266
% / (a +bsec ! (d.’l?2 + c)) dz?
l 2009
1
1 5 barctanh< \/ 1- (c+d:v2)2> b(c + dm2) sec™! (c + da:2)
2| d + d

x*(a + bxArcSec[c + d*x~2]),x]
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‘(a*x“2 + (bx(c + d*x"2)*ArcSec[c + d*x"2])/d - (b*ArcTanh[Sqrt[1 - (c + d*

output
\ x72)7(-2)11)/d)/2

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk37266‘Int[(u_)*(x_)‘(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~ (m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘OfQ[x”(m + 1), u, x]

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d z2+c) arcsec(dx2+c)—In (d z?+ct(dz?+c) [1- 212> )
arts az? 4 (42+c) 64
p 2 2d
(d :c2+c) a+b < (d x2 +c) arcsec (d :c2+c) —In (d x2+c+ (d x? +c) 1- W) >
. . .« . dz4+c
derivativedivides 53 68
(d :1:2+c) a+b < (d z2 +c) arcsec (d a:2+c) —In (d 2 4c+ (d z2 +c) /1— 21 5 > )
dx“+c
default 5d (42+c) 68
input | 10t (o (avbrarcsec (dxx"2+c)) , x, method=_RETURNVERBOSE) |
output \ 1/2%axx”2+1/2%b/d* ((d*x~2+c) *arcsec (d*x~2+c) -1n(d*x~2+c+(d*x"2+c) *(1-1/ (dx* ‘

‘x"2+c)‘2)’"(1/2))) ‘
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/x(a—l—bsec‘1 (c+dz?)) da

B bdz? arcsec (dz? + ¢) + adz?® + 2bcarctan (—dz? — ¢ + Vd?z* + 2 cdz® + ¢ — 1) + blog (—dz? — c +
N 2d

inputLintegrate(x*(a+b*arcsec(d*x‘2+c)),x, algorithm="fricas") J

‘1/2*(b*d*x“2*arcsec(d*x“2 + c) + axd*x”2 + 2%bkcxarctan(-d*x~2 - ¢ + sqrt(
|d2%x74 + 2%ckd¥x™2 + 2 - 1)) + bklog(-d¥x"2 - ¢ + sqrt(d 2xx"4 + 2kcxdx
X2+ c2 - 1)))/d

output

Sympy [F(-1)]

Timed out.
/x(a + bsec! (c + dz2)) dz = Timed out
( DY
inputtintegrate(x*(a+b*asec(d*x**2+c)),x) J
output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

/m(a-l—bsec"1 (c—l—d:v2)) dr = %aw2

<2 (dz? + c) arcsec (dz? + ¢) — log (1 /—m +1+1> + log (—1 /—W—i—l—i— 1>>b

4d

_|_

inputLintegrate(x*(a+b*arcsec(d*x‘2+c)),x, algorithm="maxima") J
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t‘1/2*a*x"2 + 1/4%(2*%(d*x"2 + c)*arcsec(d*x"2 + c) - log(sqrt(-1/(d*x"2 + c)

outpu
72 + 1) + 1) + log(-sqrt(-1/(d*x™2 + c)~2 + 1) + 1))*b/d |

Giac [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

/m(a—l—bsec"1 (c+dx2)) dr = - ax

2 (dz? + ¢) arccos | — 1 ) < _ 1 ) _ <_ _ 1
LY e ( orro) (1)) 108\ "z T1+1) ~log @ror t
4

d? d?

input Lintegrate (x*(at+b*arcsec(d*x~2+c)) ,x, algorithm="giac") J

t‘ 1/2%a*x~2 + 1/4%b*d* (2% (d*x"2 + c)*arccos(-1/((d*x"2 + c)*(c/(d*x"2 + c) - \
‘ 1) - ©))/d”2 - (log(sqrt(-1/(d*x~2 + ¢c)~2 + 1) + 1) - log(-sqrt(-1/(d*x"2 ‘
4072+ 1) +1))/d72)

outpu

Mupad [B] (verification not implemented)

Time = 1.21 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

batanh [ —L1—
1

- az’ (@497 ) bacos(gghr) (da® +0)

/z(a—l—bsec 1 (c—I—dxz)) dzr = 5~ 54 + +2d
input Lint(x*(a + b*acos(1/(c + d*x~2))),x) J
output‘ (a*x~2)/2 - (b*atanh(1/(1 - 1/(c + d*x~2)"2)"(1/2)))/(2%¥d) + (b*acos(1/(c ‘

+ dxx~2))*(c + dxx"2))/(2xd)
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Reduce [F]

2

/x(a—l—bsec_l (c+dz?)) dz = (/ asec(dz” + c) xdx) b+ %

inputLint(x*(a+b*asec(d*x 2+c)) ,x)

outputtm*int(asec(c + dkx*x2) *x,X)*b + akx*kx2)/2
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3.39 [ z*(a+ bsec™! (c+ dz?)) dz

Optimal result . . . . . . . . . . . . e 313
Mathematica [C] (verified) . . . . . . . . .. ... L 3131
Rubi [A] (verified) . . . .. . . ... .. 314
Maple [A] (verified) . . . . . . ... L 315
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 316
Sympy [F(-1)] . . o oo 316
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3161
Giac [A] (verification not implemented) . . . . . . ... ... ... B17
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... B17
Reduce [F] . . . . . BI8

Optimal result

Integrand size = 16, antiderivative size = 58

3 3 ~1 3
9 . 3 _ax’  b(c+dz’)sec™ (c+dx’)
/z (a—l—bsec (c—i—dm )) dx——3 + 34

/ 1
barCtanh( 1-— m)

3d

e B

1/3*a*x”~3+1/3*b* (d*x~3+c) *arcsec (d*x~3+c)/d-1/3*b*arctanh((1-1/(d*x"3+c) "2
D7(W/2))/d |

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 516, normalized size of antiderivative = 8.90

3
/:p2 (a+bsec (c+dz?)) dz = % + %bm3 sec”! (c+dz®)

—1+c2+42cdx T . . . —1)3/4y/2i—ic?
b(c + dz®) \/ S (\4/ —1(—i+ V=14 %) V/2i —ic? + 2¢/—1 + ? arctan <—C\(ﬁ_11)+_c2_c2\/—*1+

+
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input‘ Integrate[x~2*(a + b*ArcSec[c + d*x~3]),x]

output

(a*x~3)/3 + (b*x"3*ArcSec[c + d*x~3])/3 + (bx(c + d*x"3)*Sqrt[(-1 + c~2 +
2xcxd*x”3 + d"2%x76)/(c + d*x~3)"2]*((-1)"(1/4)*(-I + Sqrt[-1 + c~2])*Sqrt
[2%I - I*c™2 + 2*Sqrt[-1 + c"2]]*ArcTan[((-1)~(3/4)*Sqrt[2*I - I*c~2 + 2*S
qrt[-1 + c¢~2]11*d*x"3)/(c*Sqrt[-1 + c™2] - c*Sqrt[-1 + c~2 + 2*c*xd*x"3 + 4~
2%x76])] + (-1)"(3/4)*(I + Sqrt[-1 + c2])*Sqrt[-2+I + Ixc”2 + 2*Sqrt[-1 +
c~2]]1*ArcTan[((-1)~(1/4)*Sqrt [-2*I + I*c~2 + 2*Sqrt[-1 + c2]1*d*x"~3)/(c*
Sart[-1 + ¢72] - c*Sqrt[-1 + c™2 + 2xc*d*x"~3 + d~2*x76])] + c*(c*ArcTan[(S
grt[-1 + c721%d"2%x76)/(c™4 + c~3*d*x"3 + d"2*x"6 - c"2x(1 + Sqrt[-1 + c~2
I*Sqrt[-1 + c”2 + 2%c*d*x"3 + d"2*x"6]))] - Logl[Sqrt[-1 + c”2] - d*x~3 - S
qrt[-1 + c™2 + 2%c*d*x~3 + d"2*x"6]] + Logl[d™2*(Sqrt[-1 + c”2] + d*x~3 - S
gqrt[-1 + c”2 + 2*c*d*x"3 + d"2#x76])]1)))/(3*c*d*Sqrt[-1 + c2 + 2*c*d*x"3
+ d"2*x76])

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93,

number of rules _
integrand size 0.125, Rules

number of steps used = 3, number of rules used = 2,
used = {7266, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m2 (a+bsec™ (c+dz®)) dx

| 7266
% / (a+ bsec™! (dx?’ +¢)) dz®
l 2009
_ 1 _
1 5 barctanh <m> b(c+ dz®)sec™! (c+ dz?)
g ar — d + d

input! Int[x~2*(a + b*ArcSec[c + d*x~3]),x]
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‘(a*x“B + (bx(c + d*x"3)*ArcSec[c + d*x~3])/d - (b*ArcTanh[Sqrt[1 - (c + d*

output
\ x73)7(-2)11)/4)/3

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

ruk37266‘Int[(u_)*(x_)‘(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~ (m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘OfQ[x”(m + 1), u, x]

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d z3+c) arcsec(d z3+c)—In (d z3+ct(dzd+c) [1- 12> )
a z3 (d z3 +c)
parts S+ 3d 64
(d :c3+c) a+b < (d z3+c) arcsec (d :c3+c) —In (d x3+c+ (d z3+c) 1- ﬁ) >
derivativedivides 3 (42+c) 68
(d:z:3+c) a,+b<(d z3+c) arcsec (da:3+c) —In (dw3+c+ (d z3+c) /1— 31 5 >>
default ¥ (42+c) 68

input 10t (x"2% (avbrarcsec(dxx"3+c)) , x, method=_RETURNVERBOSE) |

output | 1/3%a*x"3+1/3#b/dx ((d*x"3+c) *arcsec (d*x~3+c) -1n(d*x"3+cH (dkx"3+c)* (1-1/(d*
‘x"3+c)“2)‘(1/2))) ‘
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Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/x2 (a+bsec™ (c+dz?)) dx

B bdz® arcsec (dz® + ¢) + adz® + 2 bcarctan (—dz® — ¢ + v/d?2% + 2 cdz® + ¢ — 1) + blog (—dz® — c +

3d
inputLintegrate(x‘2*(a+b*arcsec(d*x‘3+c)),x, algorithm="fricas") J
Output‘1/3*(b*d*x“B*arcsec(d*x“B + c) + a*d*x"3 + 2xbkckarctan(-d*x~3 - ¢ + sqrt(

|d2%x76 + 2%ckd¥x™3 + ¢2 - 1)) + b¥log(-d¥x"3 - ¢ + sqrt(d 2%x"6 + 2kcxdx
X3+ c2 - 1)))/d

Sympy [F(-1)]

Timed out.
/xz (a + bsec! (c + dx3)) dz = Timed out
( DY
inputtintegrate(x**2*(a+b*asec(d*x**3+C)),x) J
output LTimed out J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

/x2(a—|- bsec™? (c-l— dw?’)) dr = %am?’

<2 (dz® + c) arcsec (dz3 + ¢) — log (1 /—m +1+1> + log (—1 /—W—i—l—i— 1>>b

6d

_|_

inputLintegrate(x*2*(a+b*arcsec(d*x“3+c)),x, algorithm="maxima") J
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t‘1/3*a*x"3 + 1/6%(2*%(d*x"3 + c)*arcsec(d*x"3 + c) - log(sqrt(-1/(d*x"3 + c)

outpu
72 + 1) + 1) + log(-sqrt(-1/(d*x"3 + c)72 + 1) + 1))*b/d |

Giac [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

1

/xz(a+ bsec! (c+dz?)) dz = gaxe’
3 _ 1
+%dﬂm+dmm<“M%@JWJ MQFWQWH+04%G ~@rr T
6 d? d2
inputLintegrate(x*2*(a+b*arcsec(d*x*3+c)),x, algorithm="giac") J
output‘l/s*a*XA3 + 1/6%b¥d* (2% (d*x~3 + c)*arccos(-1/((d*x~3 + c)*(c/(d*x~3 + c) -

1) - ©))/d72 - (log(sqrt(-1/(d*x~3 + c)"2 + 1) + 1) - log(-sqrt(-1/(d*x"3
S+ )72+ 1) +1))/d"2) |

Mupad [B] (verification not implemented)

Time = 0.94 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

1

batanh 1;

/.702(a—|—bsec_1 (c+dz?)) dz = 3~ 52
bacos(dm3+c) (dz3 + )
3d
input Lint(XAZ*(a + bxacos(1/(c + d*x~3))),x) J
output\(a*X‘3>/3 - (b*atanh(1/(1 - 1/(c + d*x~3)"2)7(1/2)))/(3*d) + (b*acos(1/(c

+ dx"3))*(c + d*x73))/(3*d)




CHAPTER 3. LISTING OF INTEGRALS

318

Reduce [F]

3

/xZ(a—l- bsec”! (c+dz®)) dz = (/ asec(dz’ + c) x2dx> b+ %

input Lint(x 2x (a+b*asec (d*x~3+c)) ,x)

OutputL(B*lnt(asec(c + dxx**3) xx*x*2,x) *b + axx**3)/3
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3.40 [x3(a+ bsec™! (c + dz*)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . .. ... o oL 3191
Rubi [A] (verified) . . . .. . . ... .. 320
Maple [A] (verified) . . . . . . ... L B21]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 321
Sympy [F(-1)] . . o oo
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... 323
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . . 324

Optimal result

Integrand size = 16, antiderivative size = 58

4 4Y qan—1 4
3 . s _az® | b(c+dz*)sec™! (c+dz?)
/x (a+bsec! (c+ dz?)) dac——4 + 1
barctanh( 1— m>

4d

N

)
¢ \ 1/4%axx~4+1/4%b* (d*x~4+c) *arcsec (d*x~4+c) /d-1/4%b*arctanh ((1-1/ (d*x~4+c) ~2 \
Y /)/a |

outpu

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 137 vs. 2(58) = 116.

Time = 0.21 (sec) , antiderivative size = 137, normalized size of antiderivative = 2.36

/w3 (a + bsec! (c + dx4)) dx

_ az* N b(c + dz*) sec™? (c + dz*)
4 4d

by/—1 dzt)?( —log (1 — ——etde® ) 4 log (14 ——ctdz?
\/ +(c+dat) ( og( —14(c+dzt)? +log + \/ =14(c+dzt)?

8d(c+dz*) /1

1
(c+dz4)?
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input‘ Integrate[x~3*(a + b*ArcSec[c + d*x~4]),x] ‘

output‘ (a*xx~4)/4 + (b*(c + d*x~4)*ArcSec[c + d*x~4])/(4*d) - (b*Sqrt[-1 + (c + dx ‘
'x"4)"2]*(-Log[1l - (c + d*x~4)/Sqrt[-1 + (c + d*x"4)"2]] + Logl[l + (c + d*x |
~4)/Sqrt[-1 + (c + d*x~4)"211))/(8*d*(c + d*x~4)*Sqrt[1 - (c + d¥x~4)~(-2)

D

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.93,

number of rules __
integrand size 0.125, Rules

number of steps used = 3, number of rules used = 2,
used = {7266, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/a:3 (a+ bsec™ ! (c+ da:4)) dz
l 7266
i / (a+bsec™ (dz* +¢)) da*
l 2009
_ 1
1 barctanh <m> N b(c + dat) sec™! (c + dz?)
4 ar — d d
input Llnt [x~3%x(a + bxArcSec[c + d*x~4]),x] J

output‘((a*qu + (bx(c + d*x"4)*ArcSec[c + d*x"4])/d - (b*ArcTanh[Sqrt[1 - (c + d* ‘
x74)"(-2)11)/d) /4 ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7266‘ Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘OfQ[x‘(m + 1), u, xJ ‘

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.10

method result size
b <(d z*+c) arcsec(dz+c)—In <d zt+ct(dzt+c) [1- ; 41 5 ) >
parts % + v¥ (aot+<) 64
(dz+c) a,+b<(d z+c) arcsec(dzt+c)—In (dm4+c+ (dzt+c) [1— 41 5 >>
derivativedivides 1 (a2+<) 68
(dz*+c) a+b<(d z*+c) arcsec(d z*+c)—In (dz4+c+ (dzt+c) [1— P 41 5 >>
default 1 (44+<) 68

-

input Lint (x~3* (at+b*arcsec(d*x~4+c)) ,x,method=_RETURNVERBOSE)

-/

¢ \ 1/4%axx~4+1/4*xb/d* ((d*x~4+c) *arcsec (d*x~4+c)-1n(d*x"4+c+(d*x~4+c) *(1-1/(d* \
X402 (1/2)) J

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.66

/z3 (a+bsec™ (c+dz?)) dz

B bdz* arcsec (dz* + ¢) + adz* + 2bcarctan (—dz* — ¢ + v/d?z8 + 2 cdz* + ¢ — 1) + blog (—dz* — ¢ +
N 4d
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inputLintegrate(x“3*(a+b*arcsec(d*x“4+c)),x, algorithm="fricas") J

output‘1/4*(b*d*x“4*arcsec(d*x‘4 + c) + a*d*x"4 + 2xbkckarctan(-d*x~4 - c + sqrt(
|d72%x"8 + 2¥cxd¥x™4 + c72 - 1)) + brlog(-d¥x~4 - c + sqrt(d"2*x"8 + 2kcxdx
x4+ c2 - 1)))/d |

Sympy [F(-1)]

Timed out.
/ z° (a + bsec! (c + dm4)) dxr = Timed out
inputLintegrate(x**3*(a+b*asec(d*x**4+c)),x) J
ou_tputkTimed out J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22

/x3 (a+bsec™ (c+dz?)) dz = 1aac‘L

4
N <2 (dz* + c) arcsec (dz* + ¢) — log ( ——(dx41+c)2 +1+4 1) + log (— ——(dx41+c)2 +1+4 1>>b
8d
inputLintegrate(x‘3*(a+b*arcsec(d*x‘4+c)),x, algorithm="maxima") J
Output‘1/4*a*x“4 + 1/8%(2*(d*x"4 + c)*arcsec(d*x”4 + c) - log(sqrt(-1/(d*x~4 + c)

72+ 1) + 1) + log(-sqrt(-1/(d*x"4 + )72 + 1) + 1))*b/d
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Giac [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.72

/m3 (a + bsec™? (c—l— dm4)) dr = iam‘1

4 . 1
2(ast+ e (sl ) o (4 gl +141) e (- g +

1
+-bd —
8 d? d2
input Lintegrate (x~3*(atb*arcsec(d*x~4+c)) ,x, algorithm="giac") J
output‘1/4*a*xk4 + 1/8%b*d* (2% (d*x~4 + c)*arccos(-1/((d*x"4 + c)*(c/(d*x"4 + c) -

‘ 1) - ©))/d”2 - (log(sqrt(-1/(d*x~4 + c)~2 + 1) + 1) - log(-sqrt(-1/(d*x"4 ‘
4+ 072+ 1) +1))/d72)

Mupad [B] (verification not implemented)

Time = 0.91 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.90

batanh | ——L1 —
1

4 IR
3 -1 4 _ax . (d:v +c)
/w (a-l—bsec (c—|—da; )) der = 1 v
bacos(gzir;) (dz' +¢)
4d
input Lint(x”B*(a + b*acos(1/(c + d*x~4))),x) J

output‘(a*x‘4)/4 - (b*atanh(1/(1 - 1/(c + d*x~4)"2)~(1/2)))/(4xd) + (b*acos(1/(c
+ d*x~4))*(c + d*x"4))/(4*d)
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Reduce [F]

4

/x3(a—|— bsec”! (c+dz?)) dz = (/ asec(dz* + c) x3dx> b+ %

inputtint(x 3*(a+b*asec(d*x~4+c)),x)

Outputt(4*lnt(asec(c + dkx**4)xx**3,X) ¥b + akx**4)/4
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3.41 [z " sec™ (a + b2™) dzx

Optimal result . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . .. ... o oL
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... .. 326
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F(-1)] . . o oo 329
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3291
Giac [A] (verification not implemented) . . . . . . ... ... ... 329
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 330
Reduce [F] . . . o . o o 330

Optimal result

Integrand size = 14, antiderivative size = 49

arctanh( 1 +>

/ z " sec™! (a + bz") dx = (a+ba")sec” (a+ba") ~ (arban)?
bn bn
output L (a+b*x~n)*arcsec(a+b*x™n) /b/n-arctanh ((1-1/(a+b*x™n)~2)~(1/2))/b/n J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 130 vs. 2(49) = 98.

Time = 0.21 (sec) , antiderivative size = 130, normalized size of antiderivative = 2.65

/x‘”" sec”' (a + bz") dx

(a + bz™)sec™! (a + bz™)
B bn

2 [ _ _ a+bx™ a+bz™
\/—1 + (a + bz™) ( log (1 /7—14—(&4—17&3")2) + log (1 + %H(Hbﬂ)z))
2bn(a+bx") A /1 — m
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input‘ Integrate[x~ (-1 + n)*ArcSec[a + b*x"n],x] ‘

t‘ ((a + b*x"n)*ArcSec[a + b*x"n])/(b*n) - (Sqrt[-1 + (a + b*x"n) 2]*(-Logl[1 ‘
- (a + b*x"n)/Sqrt[-1 + (a + bxx"n)"2]] + Log[1 + (a + b*x"n)/Sqrt[-1 + (a
L + b*x™n)"2]11))/(2%bxn*(a + b*x"n)*Sqrt[1 - (a + b*x™n)~(-2)]) J

outpu

Rubi [A] (warning: unable to verify)

Time = 0.32 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.92,

number of rules _ 0.429, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {7266, 5773, 895, 798, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m"‘l sec™! (a + bz™) dx

l 7266
[sec™ (bz" + a) dz™
n
l 5773
T
(a+bz )Sez (atba™) _ J (bx"+a)\/ ;_mdwn
n
l 895
(a+bz™)sec” ! (a+bz™) f\/%d(bxn—i_a)
b n ’
J'798

—n o
/ \/_bzzni_aﬂdz 2 + (a+bz™) sec™ 1 (a+bzx™)
2b b

n

| 73

1
(a+bz™) sec_l(a+bx") _ f 1= dv/—bx"—a+1
b b

n
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l 219

(a+bz™) sec™ ! (a+bz™) _ arctanh (V—a—bz™+1)
b b

n

input LInt [x~(-1 + n)*ArcSec[a + b*x"n],x]

-

output L( ((a + b*x"n)*ArcSec[a + b*x"n])/b - ArcTanh[Sqrt[1 - a - b*x"n]]/b)/n

Defintions of rubi rules used

-/

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQl{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

rule 798

Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(mn_))"(p_.), x_Symbol] :> Simp[u~m/(Coeff
icient[v, x, 1]*v™m) Subst [Int [x"m*(a + b*x"n) p, x], x, vl, x] /; FreeQl[
{a, b, m, n, p}, x] && LinearPairQ[u, v, x]

rule 895

Int [ArcSec[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcSec[c + d*x]
/d), x] - Int[1/((c + d*x)*Sqrt[1l - 1/(c + d*x)~2]), x] /; FreeQl{c, d}, x]

rule 5773
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ruk37266‘Int[(u—)*(x—)h(m—°)’ x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘qu[x‘(m +1), u, x] ‘

Maple [F]
/x_Hn arcsec (a + bz") dx
input Lint (x~ (-1+n) *arcsec(a+b*x"n) ,x) J
output Lint (x~ (-1+n) *arcsec(a+b*x~n) ,x) J

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.88

/z"“‘” sec”! (a + bz") dx

_ ba™arcsec (bz" + a) + 2aarctan (—bz" — a + Vb2 + 2aba” + a? — 1) + log (—bz" — a + V22" +
B bn

inputLintegrate(x‘(—1+n)*arcsec(a+b*x“n),x, algorithm="fricas") J

Output‘ (bxx"n*arcsec(b*x™n + a) + 2xaxarctan(-b*x"n - a + sqrt(b~2*x~(2#n) + 2*ax ‘
‘b*x“n + a™2 - 1)) + log(-b*x"n - a + sqrt(b~2*x”(2*n) + 2*axb*x™n + a~2 -

\1)))/(b*n> \
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Sympy [F(-1)]

Timed out.
/x_Hn sec”! (a + bz™) dz = Timed out
input Lintegrate (x** (-1+4n) *asec (a+b*x**n) ,x) J
( DY
Ou_tpudTlmed out J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.35

/z‘”" sec™! (a + bz") dzx

2 (bx™ + a) arcsec (bz™ + a) — log (1 /_(bw”+a)2 +1+1> + log (—1 /—m + 1—|—1>

2bn
jnputtintegrate(XA(‘1+n)*arcseC(a+b*x‘n),x, algorithm="maxima") J
Output‘ 1/2% (2% (b*x™n + a)*arcsec(b*x™n + a) - log(sqrt(-1/(b*x™n + a)~2 + 1) + 1) ‘

L + log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/(b*n) J

Giac [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.53

/x‘”" sec”! (a + bz"™) dx

1 i
b ( 2 (bz™+a) arccos(ﬁ) log (\/%4-1) —log <—%+1> >

b2 b2

2n

input Lintegrate (x~(-1+n)*arcsec(a+b*x"n) ,x, algorithm="giac") J
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t‘ 1/2%b* (2% (b*x"n + a)*arccos(1/(b*x"n + a))/b~2 - (log(sqrt(-1/(b*x"n + a)~ ‘

outpu
2+ 1) +1) - log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/b"2)/n

Mupad [B] (verification not implemented)

Time = 1.32 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

ata,nh<+) — acos(;y7w) (a+ba™)

bn

/z_”" sec™! (a + bz") dz = —

lnput L:i.].'lt(xA (n - 1)*aCOS(1/(a + b*XAn)),X) J

output ~(aEanB(1/(1 = 1/(a + b¥x"m)"2)7(1/2)) - acos(1/(a + bxx"n))*(a + bxx"m))/

(o) |
Reduce [F]
/x‘”" sec™! (a + bz") dx = / i asec(:wr b+a) dz
input tint (x~ (-1+4n)*asec(a+b*x"n) ,x) J

OutputLint((x**n*asec(x**n*b + a))/x,x) J
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3.42 [ sec™! (ce®™*) dx

Optimal result . . . . . . . . . . . . e 3311
Mathematica [B] (verified) . . . . . . . . .. ... o oL 3311
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [F(-2)] . . . .« . o
Sympy [F] . . o o 336
Maxima [F] . . . . . . 3361
Giac [F] . . . . o o B37
Mupad [F(-1)] . . . o o B37
Reduce [F] . . . . . 337

Optimal result

Integrand size = 10, antiderivative size = 85

. —1 a+bx 2 SeC_1 Cea—i—bx lo (1 + 62isec_1(cea+bm))
/ sec™! (cea+bz) dr = 1sec (ce ) B ( ) g
2b 3
iPOIyLog (27 _e2z' sec™1 (Cea+b:c)>
" 2b

¢ (1/2*I*arcsec (c*xexp(bxx+a)) “2/b-arcsec(c*xexp (b*x+a))*1n(1+(1/c/ (exp (1)~ (b*x
‘ +a))+Ix(1-1/c"2/(exp (1)~ (b*x+a)) ~2)~(1/2))~2) /b+1/2xIxpolylog(2,-(1/c/(exp
‘ (1)~ (b*x+a))+I*(1-1/c"2/(exp (1) ~(b*x+a))~2)~(1/2))"2) /b

N
outpu
|

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 280 vs. 2(85) = 170.

Time = 0.81 (sec) , antiderivative size = 280, normalized size of antiderivative = 3.29

/ sec ! (ce“"'b”’) dxr = rsec! (ce“+b“’)

o—a—be (4\/_1 T 2e2(@th) gretan <\/_1 T CZeZ(a—i—bac)) (2 — log (c2e2a+tm))) 4 /T — ZeZatim) (logi
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input Integrate[ArcSec[c*E~(a + b*x)],x]

x*ArcSec[c*E"(a + b*x)] - (E"(-a - b*x)*(4xSqrt[-1 + c™2+xE~(2*x(a + b*x))]1*
ArcTan[Sqrt[-1 + c™2*E~(2*(a + b*x))]]*(2*b*x - Loglc™2+E~(2*(a + b*x))])
+ Sqrt[1 - c™2+#E~(2*(a + b*x))]*(Loglc™2*E~(2*(a + b*x))]~2 - 4xLog[c™2+E~
(2% (a + b*x))]*Logl[(1 + Sqrt[l - c”2+#E~(2*(a + b*x))])/2] + 2*Log[(1 + Sqr
t[1 - c™2xE~(2x(a + b*x))]1)/2]72) - 4xSqrt[l - c”2+xE~(2*(a + b*x))]*PolyLo
gl2, (1 - Sqrt[1 - c™2*xE~(2x(a + b*x))]1)/2]1))/(8*bxc*Sqrt[1 - 1/(c"2*E~(2*
(a + b*x)))])

output

Rubi [A] (warning: unable to verify)

Time = 0.47 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.18,

number of steps used = 9, number of rules used = 8, number of rules _ 0.800, Rules
integrand size

used = {2720, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ sec™! (ce““’m) dx

l'2720

f e—a—bz sec_l (cea+bx) dea—i—bz

b
l5m1

J e~ grccos <e_ac_bz) de—o—bz
b
l 5137

—2a—2b —a—bx —a—bx
[ cetey /1 — €= arccos (e c ) d arccos (e c )

b
l_3042

[ arccos (e_ac_bz ) tan (arccos (e_ac_bz ) ) d arccos <€_ac_bz )
b
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l 4202

a-+bx+2i arccos ( 67a07 be
%ie2a+2bz — 9% f e -
1 24 arccos ( ef)

—a—bzx
d arccos (%)

+e
b
l 2620
% e—a—bzx a—ba —a—ba % (e*‘l*bz
lie2at2be _ 2@(%2 [ log <1 +e ’amcos( c >> d arccos (e - ) — Liarccos (e - ) log <1 4 e e
b
l 2715

1;: 2a+2bx 1 24 arccos(ﬂ) 24 arccos<ﬂ> 2 arccos(e_a_bz) 1- e—a—bx
e —2ifz[e c log(1+e c de c — 5%arccos A log ( 1A

b
l 2838

. e—a—bzx o ba . e—a—bz
%iez‘”sz —2i (—}1 PolyLog (2, —e” arccos( c )> - %iarccos (e ’ ) log <1 + e arccos( c )>>

c
b

input ‘\Int [ArcSec[c*E~(a + b*x)],x]

Output}((l/z)*E*(z*a + 2#bxx) - (2%I)*((-1/2%I)*ArcCos[E~(-a - b*x)/cl*Log[l + E"
‘ ((2xI)*ArcCos[E~(-a - b*x)/cl)] - PolyLog[2, -E~((2*I)*ArcCos[E~(-a - b*x) ‘
/e1/4))/b |

Defintions of rubi rules used

rule 2620 TRELCCED~((g_ ) *((e_) + (£_)*(x))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))~n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2838 Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4202 Int[((c_.) + (A_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2*I Int[(c + d*x) “m*(E™(2%I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGt
Q[m, 0]

rule 5137 Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/(x_), x_Symbol]l :> -Subst[Int[
(a + b*x) n*Tan[x], x], x, ArcCos[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

rule 5741 Int[((a_.) + ArcSec[(c_.)*(x_)1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]
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Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.31

method result

—bz—a —2bz—2a
P G 2y soovion 2= o2
M_arcsec(ebm-kac) In <1+(e—b:—a T 1_e—2b32:—2a> >+ ; c

C
derivativedivides -

_b —_ — —
iarcsec(ebx+ac)2 —bz—a —2be—2a \ 2 Fpolylos (2,_<e : - +1W>
———5———arcsec(e" ) In <1+ (e T > > + .

default :
input Lint (arcsec(exp(b*x+a)*c) ,x,method=_RETURNVERBOSE) J

‘1/b*(1/2*I*arcsec(exp(b*x+a)*c)“2—arcsec(exp(b*x+a)*c)*ln(1+(1/exp(b*x+a)/
| c+Ix(1-1/exp(bx+a)~2/c"2)~(1/2))"2)+1/2%I*polylog(2,- (1/exp(b¥x+a) /c+Ix (1 |
-1/exp(brx+a)“2/c"2) " (1/2))72))

output

Fricas [F(-2)]

Exception generated.

/ sec™" (ce®t™) dz = Exception raised: TypeError

inputLintegrate(arcsec(c*exp(b*x+a)),x, algorithm="fricas") J

Output‘Exception raised: TypeError >> Error detected within library code: inte

‘grate: implementation incomplete (constant residues)
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Sympy [F]

/ sec! (ce“"'bx) dr = / asec (ce“"'bm) dz

input‘integrate(asec(c*exp(b*x+a)),x)

outputLIntegral(asec(c*exp(a + b*x)), %)

Maxima [F]

/ sec™? (ce‘”bw) dx = / arcsec (ce(b“a)) dz

irlputLintegrate(arcsec(c*exp(b*x+a)),x, algorithm="maxima")

-1/2*%(2*%b~2xc~2*integrate (x*e~ (2*b*xx + 2*a + 1/2*log(c*e”(b*x + a) + 1) +

1/2*%log(c*e”(b*x + a) - 1))/(c™2%e” (2*b*x + 2%a) + (c"2%e” (2*b*x + 2*a) -

1)*xe~ (log(c*e~(b*x + a) + 1) + log(cxe~(b*x + a) - 1)) - 1), x) + 2xIxb~2x
c”2xintegrate(x*e” (2xb*x + 2%a)/(c”2*e”(2%bxx + 2*a) + (c™2*e”(2%bxx + 2*a
) - 1)*e"(log(cxe~(b*x + a) + 1) + log(cxe~(b*x + a) - 1)) - 1), x) - Ixb”
2*%x72 - 2*b*x*arctan(sqrt(cxe”(bxx + a) + 1)*sqrt(cxe”(b*x + a) - 1)) + Ix*
b*x*log(c™2%e” (2%b*x + 2%a)) - I*b*xxlog(c*e”(b*x + a) + 1) - Ixbkxxlog(-c
xe”~ (b*x + a) + 1) - 2%(I*axb + I*bxlog(c))*x - I*dilog(c*e~(b*x + a)) - Ix
dilog(-c*e~(b*x + a)))/b

output
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Giac [F]

/ sec ! (ce“+b“’) dr = / arcsec (ce(bw"'“)) dz

inputLintegrate(arcsec(c*exp(b*x+a)),x, algorithm="giac")

output tintegrate(arcsec(c*e‘(b*x + a)), x)

Mupad [F(-1)]

Timed out.

—a—bzx
/sec_1 (ce®™) dz = /acos(e - ) de

inputtint(acos(exp(— a - b*x)/c),x)

output Lint(aCOS(exp(— a - bxx)/c), x)

Reduce [F]

/ sec™? (ce‘”bz) dx = / asec(eb”“c) dx

input 10t (asec(crexp(bxx+a)) ,x)

output Lint (asec(ex*x(a + b*x)*c),x)




output
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3.43 [ esec(a2)g2

Optimal result . . . . . . . . ... . .
Mathematica [A] (verified) . . . . . . . .. ... L Lo 339
Rubi [A] (verified) . . . . . . . . . . 339
Maple [F] . . . . o 341]
Fricas [F] . . . . . 3411
Sympy [F] . . o o 347
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . 342
Reduce [F] . . . . . o

Optimal result

Integrand size = 10, antiderivative size = 99

/ esec_l(aw)xZ dz

(12 + %) e0+39) sec™(az) Hypergeometric2F1 (g 13,21 ¥ Sec_l(‘””)>
a3
(% 4 8i) g(+30)sec™ (a2) Hypergeometric2F1 (% —£,4,3 -4 —ezisec_l(‘“’)>

_|_

a3

e

L/ a3

(-12/5-4/5%1) *exp ((1+3*I) *arcsec(a*x))*hypergeom([3, 3/2-1/2%I], [5/2-1/2*1
‘ 1,-(1/a/x+I*x(1-1/a"2/x72)~"(1/2))"2) /a~3+(24/5+8/5*1) *exp ((1+3*I) *arcsec (a*
‘ x))*hypergeom([4, 3/2-1/2%I],[5/2-1/2*I],-(1/a/x+I*(1-1/a"2/x~2)"(1/2))"2)

A\

|
|
J
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.96

/esec_l(az)wQ dr

gsec™ (az) ((_4 — 4) (—i +ay/1— #x) Hypergeometric2F1 (% —11,38-

i

29

_621' sec_l(az)> + a4x4 (5

12a%x

-

input

LIntegrate [E"ArcSec[a*x] *x~2,x]

-

output ‘

(E"ArcSec[a*x]*((-4 - 4xI)*(-I + a*Sqrt[l - 1/(a"2xx"2)]*x)*Hypergeometric ‘

(2F1[1/2 - 1/2, 1, 3/2 - 1/2, -E"((2*I)*ArcSec[a*x])] + a“4*x"4%(5 + Cos[2*
|ArcSec[a*x]] - Sin[2*ArcSec[a*x]11)))/(12+a4*x)

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.98,

number of steps used = 5, number of rules used

_ 4 humber of rules

used = {5789, 27, 4974, 2009}

' integrand size

= 0.400, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/x2esec_1(az) dz

l 5789

[ a2esec (a2), /1 — —rtdsec™ (az)

a
| 27
[ atesec™ (a2) /1 — —ratdsec™ (az)

a3
l 4974



CHAPTER 3. LISTING OF INTEGRALS 340

f 164e(1+3%) sec™! (aa:z . 8ie(1+31%) sec™! (aac)3 d Sec_l (am)
(1+62i sec*l(az)) <1+62i sec*l(az)>

a3

l 2009

(2?? n %) (1430 sec= (az) Hypergeometric2F1 (% _ %',4, % _ %', _e2isec—1(ax)) _ (LSQ + %) e(1+3i) sec™ ! (az) Hyperg

al

input tInt [E~ArcSec[a*x] *x~2,x] J

‘(((—12/5 - (4xI)/5)*E~((1 + 3x*I)*ArcSec[a*x])*Hypergeometric2F1[3/2 - I/2,
'3, 5/2 - 1/2, -E~((2*I)*ArcSec[a*x])] + (24/5 + (8+I)/B)+E~((1 + 3+I)*ArcS
|ec[axx]) *Hypergeometric2F1[3/2 - I/2, 4, 5/2 - I/2, -E~((2*I)*ArcSec[axx])
1)/a"3

N\ J

output

E——

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma ‘

rule 27
‘tchQ[Fx, (b_)*(Gx)) /; FreeQlb, xI] J

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 4974 TRt LEDT((e_)* (@) + (b_)*(x))* (G ) + (e_)*(x)]1~(m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + exx] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQL
m, 0] &% IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

/Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Simpl[
1/b  Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

rule 5789
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Maple [F|

/ earcsec(ax)xde

inputLint(exp(arcsec(a*x))*x‘g,x)

output Lint (exp(arcsec(a*x))*x"2,x)
Fricas [F]
/ esec () 2 g0 / p2elarcsec(az)) g,
inputLintegrate(exp(arcsec(a*x))*x*2,x, algorithm="fricas")
output Lintegral (x~2xe" (arcsec(a*x)), x)
Sympy [F]

/esec—l(aZ)z.2 dr = /w2easec (azx) dz

input Lintegrate (exp(asec(axx))*x**2,x)

output IRtegral (or2xexp(asec (a#)), 1)
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Maxima [F|

/6sec_1(ax)l_2 dr = /xQe(arcsec(ax)) dx

inputLintegrate(exp(arcsec(a*x))*x"2,x, algorithm="maxima"

Outputtintegrate(x“2*e"(arcsec(a*x)), x)
Giac [F]
/esec—l(ax)x2 dr = /x2e(arcsec(a:c)) dz
inputtintegrate(eXP(arCSGC(a*X))*x“2,x, algorithm="giac")

output Lintegrate (x~2*e~ (arcsec(a*x)), x)

Mupad [F(-1)]
Timed out.

/ esec (@) g2 g / 22 e*(a3) dg

inputLint(x"2*exp(acos(1/(a*x))),x)

output tint (x~2xexp(acos(1/(a*x))), x)
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Reduce [F]

/esec_l(aw)$2 dr = /easec(ax)mde

inputLint(exp(asec(a*x))*x"2,x)

Outputtint(e**asec(a*x)*x**2,x)




output
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3.44 | esec (az) g o

Optimalresult . . ... ... . ... ... ... ... .....
Mathematica [A] (verified) . . . . . . .. ... ... ...
Rubi [A] (verified) . . . ... ... ... . ... .
Maple [F] . . . . . . o
Fricas [F] . . . . . . . . .
Sympy [F] . . .. o
Maxima [F] . . . ... . .
Giac [F] . . . . o
Mupad [F(-1)] . . .« .
Reduce [F] . ... . . .

Optimal result

Integrand size = 8, antiderivative size = 91

/esec_l(az)w dr

(2+%) e(1+2i)sec™(a2) Hypergeometric2F1 <1 —12,2-4%, —eQiseC_l(‘“))

a?

_|_

(16 + 8i) g(1+20) sec™'(az) Hypergeometric2F1 (1 —1,3,2—-1%, —e2ise°_1(“z)>

a?

e

(-8/5-4/5%I)*exp((1+2*I)*arcsec(a*x))*hypergeom([2, 1-1/2%I],[2-1/2*I],-(1

A\

/a/x+Ix(1-1/272/x72)"(1/2))"2) /a~2+(16/5+8/5%I) *exp ((1+2+I) *arcsec(a*x))*h |

‘ ypergeom([3, 1-1/2%I],[2-1/2*I],-(1/a/x+I*(1-1/a"2/x"2)~(1/2))"2)/a"2

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.18

/esec_l(ax)x dr

(:+35) eec” (az) <(—2 + i)am( 1— o5 — aa:) + (1 + 2¢) Hypergeometric2F'1 (—%, 1,1-%,

a2x?

_ 622 sec™

a2
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input ‘ Integrate [E~ArcSec [a*x] *x,x] ‘

‘((1/5 + I/10)*E~ArcSec[a*x]*((-2 + I)=*a*x*x(Sqrt[1l - 1/(a"2*%x"2)] - a*x) + ‘
(1 + 2%I)+Hypergeometric2F1[-1/2%I, 1, 1 - I/2, -E~((2*I)*ArcSec[a*x])] -
|E~((2%I)*ArcSec[axx]) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, -E~((2*I)*Arc |
'Secl[a*x]1)1))/a"2 |

output

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.98,

number of rules _ 0.500, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {5789, 27, 4974, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/wesec_l(az) dz

l 5789

J a2esec™(a2) /1 — s xidsec™ (az)

a

| 27
[ adesec™ (a2), /1 o r’dsec™! (az)

a2
l'4974

f 8ie(1124) secfl(a:c)3 _ 45e(1124) secfl(aﬁ)2 dsec_l(ax)
(1+62i sec_l(aa:)) (1+62i sec_l(aa:))

a2
l'2009

(18 4 81) ¢(1+29) sec™(a2) Hypergeometric2F1 (1 —13,2— 4, —62“‘3"_1(‘”)) — (8 + %) e(+2)5ec™ (a2) Hyperge

a2
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input‘Int[E ArcSec [a*x] *x,x]

‘((-8/5 - (4xI)/5)*E~((1 + 2xI)*ArcSec[a*x])*Hypergeometric2F1[1 - I/2, 2,
‘2 - I1/2, -E~((2*I)*ArcSec[a*x])] + (16/5 + (8*I)/5)*E~((1 + 2*xI)*ArcSec[ax*
‘x])*HypergeometricQFl [1-1I/2, 3, 2 -1/2, -E~((2*I)*ArcSec[a*x])])/a"2

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 4974 Int [(F_)~((c_)*((a_.) + (b_.)*(x_)))*(G)[(A_.) + (e_.)*(x_)]1 " (m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + e*x] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] &% TrigQ[G] && TrigQ[H]

Int[(u_.)*(£f_) " (ArcSec[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Simp[
1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

rule 5789

Maple [F|

/ earcsec(ax) xdr

input Lint (exp(arcsec(a*x))*x,x)

output Lint (exp(arcsec(a*x))*x,x)
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Fricas [F]

/vesec_l(aav)a7 dr = /xe(arcsec(aa:)) dr

inputLintegrate(exp(arcsec(a*x))*x,x, algorithm="fricas")

outputtintegral(x*eﬁ(arcsec(a*x)), x)
Sympy [F]
/ esec—l(ax)x dr = / ze2sec(az) 1o
inputtintegrate(exp(asec(a*x))*X’X)
output LIntegral (x*exp(asec(a*x)), x)
Maxima [F]
/ esec—l(ax)x dr = / xe(arcsec(ax)) dx
input Lintegrate (exp(arcsec(a*x))*x,x, algorithm="maxima")

OutputLintegrate(x*e‘(arcsec(a*x)), x)
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Giac [F]

/vesec_l(aav)a7 dr = /xe(arcsec(aa:)) dr

inputLintegrate(eXP(arCSGC(a*X))*X,x, algorithm="giac")

output Lintegrate (x*e” (arcsec(a*x)), x)

Mupad [F(-1)]

Timed out.

/esec—l(GZ)zdx:/weacos(alz) dz

inputLint(x*exp(acos(l/(a*x))),x)

output tint (x*exp(acos(1/(a*x))), x)

Reduce [F]

/esec—l(ax)xdm — /easec(ax)xdx

inputLint(exp(asec(a*x))*x’x)

output tint (ex*asec(a*x)*x,x)




output
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-1

3.45 [ esec(92) dg

Optimal result . . . . . . . . ... . . 349
Mathematica [A] (verified) . . . . . . . .. ... L Lo 349
Rubi [A] (verified) . . . . . . . . . . 350
Maple [F] . . . . o B51]
Fricas [F] . . . . . 3511
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . . 3531
Reduce [F] . . . . . o 353

Optimal result

Integrand size = 6, antiderivative size = 91

/ esec_1 (az) dr

(1 + 7)e(+9sec™ (a2) Hypergeometric2F1 (% —11,3 -4, —emec_l(‘”))
a
(2 + Qi)e(l—f-i) sec™! (ax) Hypergeometric2F1 (% _ %', 2, % _ %', —e2i sec‘l(aac)>

+

a

e

(-1-I)*exp((1+I)*arcsec(a*x))*hypergeom([1, 1/2-1/2%I],[3/2-1/2*I],-(1/a/x

‘ +Ix(1-1/a"2/x72)~(1/2))"2) /a+(2+2*I) *exp ((1+I) *arcsec (a*x) ) *hypergeom([2,
|1/2-1/2+11, [8/2-1/2%11 - (1/a/x+1%(1-1/2~2/x"2) " (1/2))"2) /a

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.59

/ es.ec_1 (az) dr

-1
sec (az)x _

(1 — 4)e(t+9)sec™ (a2) Hypergeometric2F1 (

1
2

7
29

3
1,8 -

i
29

Fcoo—1
_p2isec (aa:))

=€

a
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input‘ Integrate[E~ArcSec[a*x] ,x] ‘

‘ E~ArcSec[a*x]*x - ((1 - I)*E~((1 + I)#*ArcSec[a*x])*Hypergeometric2F1[1/2 - ‘

output
‘ I/2, 1, 3/2 - 1/2, -E~((2*I)*ArcSec[a*x])])/a ‘

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.98,

number of rules _ 0.500, Rules

number of steps used = 4, number of rules used = 3, integrand size

used = {5789, 4974, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/esecl(az) dz

l 5789

J a2esec™(a2) /1 — a21$2 z?dsec™!(ax)

a

l»4974

J 4z'e<1+i>sec*1<aw>2 _2ie<1:f)seizl<az) dsec™!(ax)
(1—‘,-62"590_1(%)) 14-e2isec™ " (az)

a

l’2009

(2 + 2i)e1+) sec™!(az) Hypergeometric2F1 (% — %, 2, % — L e Sec_l(“”)> — (1 +14)e+) sec™'(az) Hypergeomet:

a

DO

-

LInt [E~ArcSec[a*x] ,x]

-/

input

Output}(<—1 - I)*E~((1 + I)*ArcSec[a*x])*Hypergeometric2F1[1/2 - 1/2, 1, 3/2 - 1/
2, -E~((2*I)*ArcSec[a*x])] + (2 + 2+I)*E~((1 + I)*ArcSec[a*x])*Hypergeomet ‘
‘Tic2F1[1/2 - 1/2, 2, 3/2 - 1/2, -E~((2*I)*ArcSec[a*x])]1)/a
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 4974 Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1 " (m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),

G[d + e*x] m*xH[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

rule 5789 Int[(u_.)*(f_)~(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symboll :> Simp[
1/b  Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Maple [F]

/ earcsec(ax) dx

-

inputtint(exp(arcsec(a*x)),x)

-/

Outputtint(exp(arcsec(a*x)),x)

Fricas [F|

/esecl(aw) dr = /e(arcsec(aw)) dr

inputLintegrate(exp(arcsec(a*x)),x, algorithm="fricas")

OutputLintegral(e“(arcsec(a*x)), x)




CHAPTER 3. LISTING OF INTEGRALS

352

Sympy [F]

/esec_l(ax) dr = /easec(ax) dx

inputLintegrate(exp(asec(a*x)),x)

outputtIntegral(eXP(aseC(a*x)), x)

Maxima [F]

/esec_l(az) dr = /e(arcsec(aac)) dr

inputtintegrate(exp(arcsec(a*x)),x, algorithm="maxima")

OutputLintegrate(e“(arcsec(a*x)), x)

Giac [F]

/esec_l(ax) dr = /e(arcsec(ax)) dr

inputtintegrate(exp(arcsec(a*x)),x, algorithm="giac")

OutputLintegrate(e“(arcsec(a*x)), x)
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Mupad [F(-1)]

Timed out.

/esec_l(am) dr = /eacos(alx) dz

input Lint (exp(acos(1/(a*x))) ,x)

OutputLint(exp(acos(l/(a*x))), x)

Reduce [F]

/esec_l(az‘) dr = /easec(am)dz,

input Lint (exp(asec(a*x)),x)

output tint (ex*asec(a*x),x)
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es.ec_l(aac)
3.46 [ gy

T
Optimal result . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . .. ... L Lo
Rubi [A] (verified) . . . .. . ... ..
Maple [F] . . . . 350
Fricas [F] . . . . . . o 350
Sympy [F] . . . 357
Maxima [F] . . . . . .. 357
Giac [F] . . . . o o 357
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 10, antiderivative size = 45

sec!(az) B ~ ; . o
/ dr=—ie™ () g (@) Hypergeometric2F1 (—%, 1,1— %, _g2isec 1(aﬂc))
x

output‘ -Ixexp(arcsec(axx))+2*I*exp(arcsec(a*x))*hypergeom([1, -1/2*I], [1-1/2*I],- ‘
(1/a/x+T*(1-1/2"2/x72)~(1/2))"2) |

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.76

sec”!(azx) B . . o

/ C  dw=-—i (—esec '(42) Hypergeometric2F1 (—3, 1,1— f, _g2isec 1(am)>
z 2 2

+ 1z p(1+2i) sec™ (az) Hypergeometric2F1 ( 1,1 — 4 2 — 4

5 5 Tt T

_e2i sec™! (am)) )

-

Integrate [E~ArcSec[a*x]/x,x]

| —

input L
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Output‘ (-I)*(-(E"ArcSec[a*x] *Hypergeometric2F1[-1/2*I, 1, 1 - I/2, -E~((2*I)*ArcS
‘ec [a*xx])]) + (1/5 - (2%I)/5)*E~((1 + 2*I)*ArcSec[a*x])*Hypergeometric2F1[1
, 1 -1/2, 2 - 1/2, -E~((2*I)*ArcSec[a*x])])

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 400, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5789, 27, 4942, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
sec™!(ax)
[
T

l 5789

f a/Qesec_1 (az) mwd sec™! (ax)

a

| 27
1 1 sec_l(aa:)d -1
az|/1— —5 g€ sec” " (ax)

l 4942

) 2esec—1(arn) sec—(az) p 1
1 W — € sec (ax)

l 2009

i <_esec_1(am) + Qesec_l(am) Hypergeometric2F1 (_;, 1,1— %, e sec‘l(aw)> )

input LInt [E~ArcSec[a*x]/x,x] J

¢ ‘ I*(-E"ArcSec[a*x] + 2*E~ArcSec[a*x]*Hypergeometric2F1[-1/2+I, 1, 1 - I/2,
|-E”~((2+I)*ArcSec[a*x])])

outpu
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

rule 2009{Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Tan[(d_.) + (e_.)*(x_)]1"(n_.), x_Symb
0l] :> Simp[I"n  Int[ExpandIntegrand[F~(cx(a + b*x))*((1 - E~(2*I*(d + e*x
)"n/(1 + E~(2%I*(d + e*x)))"n), x], x], x] /; FreeQ[{F, a, b, c, d, e}, x
] && IntegerQ[n]

rule 4942

Int[(u_.)*(£f_)"(ArcSec[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Simp[

rule 5789
1/b  Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~ (c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]
Maple [F]
arcsec(azx)
/ e—dm
T
input Lint (exp(arcsec(a*x))/x,x) J
output Lint (exp(arcsec(a*x))/x,x) J
Fricas [F|

sec”1(ax) (arcsec(ax))
[ e [
T T

integrate(exp(arcsec(a*x))/x,x, algorithm="fricas") J

input L
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outputLintegral(e‘(arcsec(a*x))/x, x)

Sympy [F]

sec™!(ax) asec (azx)
€ e
[ da
x x

inputLintegrate(exp(asec(a*x))/x,x)

tIntegral(exp(asec(a*x))/x, x)

output
Maxima [F]
esec_1 (az) e(arcsec(ax))
e
T z
inputtintegrate(exp(arcsec(a*x))/x,x, algorithm="maxima")

Lintegrate (e~ (arcsec(a*x))/x, x)

output
Giac [F]
6sec*1 (az) e(arcs.ec(a,:/v))
e
T z
inputLintegrate(exp(arcsec(a*x))/x,x, algorithm="giac")

OutputLintegrate(e’“(arcsec(a*x))/x, X)
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Mupad [F(-1)]

Timed out.

sec”1(ax) acos( #)
/ c dr = / © dx
T T

inputLint(exp(acos(l/(a*x)))/X,X)

outputLint(exp(acos(1/(a*x)))/x, x)
Reduce [F]
sec™ ! (ax) asec(ax)
/ - dz = / ‘ dz
T T
input Lint (exp(asec(a*x))/x,x)

output Lint (ex*asec(a*x)/x,x)
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esec” ! (ax)

Optimal result . . . . . . . . . . . 359
Mathematica [A] (verified) . . . . . . . .. ... L Lo 359
Rubi [A] (verified) . . . .. . ... .. 360
Maple [F] . . . .
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 3611
Sympy [F] . . . 362
Maxima [F] . . . . . .. 362
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 362
Mupad [F(-1)] . . .«
Reduce [F] . . . o . o o

Optimal result

Integrand size = 10, antiderivative size = 39

sec™!(ax) 1 1
€ sec”L(ax €
/szzéae ( )Vl_a2x2_ 2z

sec”1(ax)

output L

-

input

output L

1/2xa*xexp(arcsec(a*x))*(1-1/a"2/x72)~(1/2)-1/2*exp(arcsec(a*x) ) /x

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.87

sec™!(ax) 1 3

1
ax

)

LIntegrate [E"ArcSec[a*x]/x"2,x]

-/

(a*E~ArcSec[a*x]*(Sqrt[1 - 1/(a”™2*x"2)] - 1/(a*x)))/2
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10,

number of rules _ 0.300, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {5789, 27, 4932}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

esec_1 (az)
[

l 5789

faQesec_l(‘”)\/l - a21zzdsec_1(a:c)
a
l 27

- 1
a/esec Haz), [7 . dsec™!(ax)

below.

222
| 4932
“ax
a 1 1— Lesec_l(aw) _ L()
2 a?z? 2ax
input ‘\Int [E"ArcSec[a*x]/x~2,x] |
La* ((E~ArcSec[a*x]*Sqrt[1 - 1/(a”2%x"2)])/2 - E~ArcSec[a*x]/(2*a*x)) J

Defintions of rubi rules used

.
rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma

|
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] J
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rule 4932 IRt LEF D~ ((c_)*((a.) + (b_)*(x)))*8inl(d_.) + (e_.)*(x.)], x_Symbol] :>

Simp [b*c*Log[F1*#F~(c*(a + b*x))*(Sin[d + e*x]/(e™2 + b~2xc"~2xLog[F1°2)), x
1 - Simp[e*F~(c*(a + b*x))*(Cos[d + e*x]/(e”2 + b~2%c~2*Log[F1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2xc~2*Log[F]~2, 0]

Int[(u_.)*(f_)~(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol]l :> Simp[
1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f"~(c*x~n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] & IGtQ[n, 0]

rule 5789

Maple [F]

earcsec(az)
W
T

input Lint (exp(arcsec(a*x))/x"2,x)

-

output tint (exp(arcsec(a*x))/x"2,x)

N >

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.59

dxr =
x? v 2x

/ 6sec*1(a.'z:) (m _ 1)e(arcsec(aa:))

input Lintegrate (exp(arcsec(a*x))/x"2,x, algorithm="fricas")

output‘ 1/2x(sqrt(a”2*x"2 - 1) - 1)*e”(arcsec(a*x))/x
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Sympy [F]
/ esec;(aw) e / east: 2(ax) i
fnput Lintegrate(exp(asec(a*x))/x**z,x) J
output LIntegral (exp(asec(a*x))/x**2, x) J
Maxima [F]
/ esec;(ax) e — / 6(arc:;:(ax)) s
input Lintegrate (exp(arcsec(a*x))/x"2,x, algorithm="maxima") J
output Lintegrate(e’“ (arcsec(a*x))/x~2, x) J

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10
sec™1(ax) 1 1 (arccos(L))
€ arccos L € ae
/Td“i(v—w“e( - e

integrate(exp(arcsec(a*x))/x"2,x, algorithm="giac") J

input L

t‘ 1/2x(sqrt(-1/(a"2*%x"2) + 1)*e~(arccos(1/(a*x))) - e~ (arccos(1/(a*x)))/(a*x ‘

outpu ‘ )y ‘
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Mupad [F(-1)]

Timed out.

sec”1(ax) acos(-L)
e e ax
/ = dr = / = dx

inputLint(exp(acos(l/(a*x)))/XAQ,X)

outputLint(exP(acos(1/(a*X)))/x“2, x)
Reduce [F]
gsec ' (az) easec(az)
/ x? dr = / 2 dzx
input Lint (exp(asec(a*x))/x"2,x)

output Lint (ex*xasec(a*x)/x**2,x)
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es.ec_l(aac)
3.48 [ gy

3
Optimal result . . . . . . . . . . . 364
Mathematica [A] (verified) . . . . . . . . . ... L
Rubi [A] (verified) . . . .. . ... .. 365
Maple [F] . . . . 360
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 367
Sympy [F] . . . 367
Maxima [F] . . . . . .. 367
Giac [F] . . . . o o
Mupad [F(-1)] . . .«
Reduce [F] . . . o . o o

Optimal result

Integrand size = 10, antiderivative size = 41

sec”!(ax) 1 1
€ 2 _sec”(ax -1 2 _sec”l(az) o; -1
/—x3 dx = —gae (a2) cos (2sec ™ (az)) + 0% ¢ (a2) sin (2sec™ (az))

e B

-1/5%a~2xexp(arcsec(a*x))*cos(2*arcsec(a*x))+1/10%a"2*exp(arcsec(a*x))*sin
‘(2*arcsec(a*x))

output

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

sec™!(ax)
/ GT dx = 1—10a2658°_1(‘”) (—2cos (2sec"(az)) + sin (2sec ' (az)))

inputLIntegrate[E"ArcSec[a*x]/x“S,x] J

output L(a"Z*E“ArcSec [a*x] *(-2*Cos [2%ArcSec[a*x]] + Sin[2*ArcSec[a*x]]))/10 J




input

output
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Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.02,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {5789, 27, 4972, 27, 4932}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
esec_l(am)
[
| 5789
2 secfl(az) /1— 1
J il — a%2? dsec™! (ax)
a
| 27
sec™!(ax) 1— 21 5
a2/ Y2 dsec™(ax)
ar
| 4972
a? / %esecfl(““) sin (2sec™!(az)) dsec™*(az)
| 27
%a2 / esec (a7) gip (2 sec_l(aac)) dsec™!(azx)
| 4932
%a2 (;esec_l(‘”) sin (2sec™!(az)) — %esec_l('“’) cos (2 sec_l(aas)))
LInt [E"ArcSec[a*x]/x"3,x] J

‘ (a~2%x((-2*E~ArcSec[a*x] *Cos [2*xArcSec[a*x]])/5 + (E~ArcSec[a*x]*Sin[2*ArcSe
‘ cla*x]]1)/5))/2




rule 27

rule 4932

rule 4972

rule 5789

input

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [b*c*Log[F]*F~ (c*(a + b*x))*(Sin[d + e*x]/(e”2 + b~2*c~2*Log[F]~2)), x
] - Simp[exF~(cx(a + b*x))*(Cos[d + e*x]/(e”2 + b~2*c™2xLog[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e~2 + b~2*c~2xLog[F]~2, 0]

Int[Cos[(f_.) + (g_.)*(x_)]1 " (n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_.)*(x_)]1"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),
Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

/Int[(u_.)*(f_)"(ArcSec[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Simpl[
1/b Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f~(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Maple [F]

earcsec(az)
R
T

‘ int (exp(arcsec(a*x))/x"3,x)

Lint (exp(arcsec(a*x))/x"3,x)
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Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.73

Tr =
3 5 x2

/ esec_l(ax) q (a2a:2 4 \/anT _ 2) e(arcsec(ax))

-

input Lintegrate (exp(arcsec(a*x))/x"3,x, algorithm="fricas")

N )

output LI/S*(a‘2*x*2 + sqrt(a™2*x"2 - 1) - 2)*e”(arcsec(a*x))/x"2

Sympy [F]

sec™ ! (ax) asec (ax)
€ €
/ x3 de = / 3 dx

output LIntegral (exp(asec(a*xx))/x**3, x)

Maxima [F]

sec™!(ax) (arcsec(ax))
€ €
/ — = / —

input tintegrate (exp(arcsec(a*x))/x"3,x, algorithm="maxima")

A J

output Lintegrate (e~ (arcsec(a*x))/x"3, x)
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Giac [F]

sec™1(ax) (arcsec(az))
€ €
[t [

inputLintegrate(exp(arcsec(a*x))/x*3,x’ algorithm="giac")

outputLintegrate(eﬁ(arcsec(a*x))/x”3, x)

Mupad [F(-1)]

Timed out.

sec”1(ax) acos(-L)
e e azx

inputLint(exp(acos(l/(a*X)))/XA3,X)

outputLint(eXP(acos(l/(a*X)))/x“3, x)

Reduce [F]

sec”!(ax) asec(azx)
€ e

input Lint (exp(asec(a*x))/x"3,x)

OutputLint(e**asec(a*x)/x**S,x)
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esec” ! (ax)

Optimal result . . . . . . . . . . . 369
Mathematica [A] (verified) . . . . . . . .. ... L Lo 369
Rubi [A] (verified) . . . .. . ... .. B70
Maple [F] . . . . 371
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [F] . . .
Maxima [F] . . . . . ..
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o

Optimal result

Integrand size = 10, antiderivative size = 84

sec™!(ax)

sec™1(ax) 1 1 2

€ -1 a“e
. dr== 3 _sec™(az) 1— _

/ x4 o 8a ¢ V a?x? 8r

3 - 1
— ~aPe (%) cos (3sec ™ (azx)) + =

40

40

ae

3 _sec”l(azx) sin (3 SeC_l(a’x))

output

*arcsec (a*x))

e hY
‘ 1/8*a”3*exp(arcsec(a*x))*(1-1/a~2/x72)~(1/2)-1/8*a"~2*exp (arcsec(a*x))/x-3/ ‘
‘ 40*a~3*exp (arcsec(a*x))*cos(3*arcsec(a*x))+1/40%a~3*exp(arcsec(a*x))*sin(3 ‘

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.64

esec_l(ax) 1 . 1 5
/de:Ea?’esec @) 5/1 p v R 3cos (3sec™'(az))

+ sin (3sec™" (ax)))

input L

Integrate [E~ArcSec[a*x]/x"4,x]
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‘ (a"3*E"ArcSec[a*x]*(5xSqrt[1 - 1/(a"2*x~2)] - 5/(a*x) - 3*Cos[3*ArcSec[a*x ‘

output
L] ] + Sin[3*ArcSec[a*x]]))/40 J

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.94,

number of rules _ 400, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {5789, 27, 4972, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
esec_l(am)
[
l 5789
2 secfl(az) /1_#
J 2 =" dsec™! (az)
a
l 97

-1
e5eC (az) 1— a21352

a? / oy dsec™1(ax)

l’4972

]_ —1 ]. -1 1
3 = sec (az) o -1 = sec”!(azx) _ -1
a / <4e sin (3sec™'(az)) + 1€ 1/1 a2x2) dsec ' (ax)

l 2009

1 1 B sec”!(ax) B 1 B
ad (8 /1 _ Wesec Yaz) _ eW _ %esec !(az) cos (3 sec_l(ax)) + 4T)ese.; '(az) gin (3 Sec_l(a,x))>

input 10t [E"ArcSec[axx]/x~4,x] )
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‘a“3*((E“ArcSec[a*x]*Sqrt[l - 1/(a~2%x72)])/8 - E"ArcSec[a*x]/(8xa*x) - (3%
‘E“ArcSec[a*x]*Cos[B*ArcSec[a*x]])/40 + (E~ArcSec[a*x]*Sin[3*ArcSec[a*x]])/
\ 40)

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma ‘

\tcha[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

ruk32009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 4972 IntICos[(E_) + (g_.)*(x )1 (m_)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sinl(d_
D+ (e_)*x(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(c*(a + b*x)),

Sin[d + e*x] m*Cos[f + g*x]°n, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

rule 5789 Int[(u_.)*(f_)~(ArcSec[(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symboll :> Simp[
1/b  Subst[Int[(u /. x -> -a/b + Sec[x]/b)*f"(c*x"n)*Sec[x]*Tan[x], x], x,
ArcSec[a + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]

Maple [F]

earcsec(am)
B
x

-

inputtint(exP(arcseC(a*X))/x‘4,x)

e—

outputLint(eXP(arcseC(a*X))/x‘4,x)
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Fricas [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.48

4 T 1023

/ esec_l(ax) p (a2x2 + (a2x2 + 1)\/CL2£CT _ 3) e(arcsec(aac))

-

inputLintegrate(eXP(arcsec(a*x))/XA4,x, algorithm="fricas")

N )

output Ll/lO*(a‘2*x‘2 + (a”2%x"2 + 1)*sqrt(a™2*%x"2 - 1) - 3)*e~(arcsec(a*x))/x"3

Sympy [F]

sec™ ! (ax) asec (ax)
€ €
| = [

input Lintegrate (exp(asec(a*x))/x**4,x)

output LIntegral (exp(asec(a*x))/x**4, x)

Maxima [F]

sec”!(azx) (arcsec(ax))
€ €
[ e,

input tintegrate (exp(arcsec(a*x))/x"4,x, algorithm="maxima")

A J

output Lintegrate (e~ (arcsec(a*x))/x"4, x)
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Giac [F]

sec™1(ax) (arcsec(az))
€ €
| = [

inputLintegrate(exp(arcsec(a*x))/x*4,x’ algorithm="giac")

outputLintegrate(eﬁ(arcsec(a*x))/x”4, x)

Mupad [F(-1)]

Timed out.

sec”1(ax) acos(-L)
e e azx

inputLint(exp(acos(l/(a*X)))/X“4,X)

outputLint(eXP(acos(l/(a*X)))/x“4, x)

Reduce [F]

sec”!(ax) asec(azx)
€ e

input Lint (exp(asec(a*x))/x"4,x)

OutputLint(e**asec(a*x)/x**4,x)
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3.50 f sec;;(a+ba:) dx

7+daz
Optimal result . . . . . . . . . . . . . 374
Mathematica [A] (verified) . . . . . . . . ... . L L B4
Rubi [A] (warning: unable to verify) . . . ... ... . ... ... ... ...
Maple [A] (verified) . . . . . . . . . ..
Fricas [F] . . . . . . o o
Sympy [F] . . . 379
Maxima [F] . . . . . .o 379
Giac [A] (verification not implemented) . . . . . ... ... .. L. 379
Mupad [F(-1)] . . . . . e 3801
Reduce [F] . . . . . . 380

Optimal result

Integrand size = 19, antiderivative size = 69

%+ dx - 2d d
i PolyLog (2 e2isec” (a+bac)>
2d

sec™!(a + bz) isec™!(a + bx)? sec™!(a + bz) log (1 + e%S"C_I(“”Z))
[rtasin,

+

‘1/2*I*arcsec(b*x+a) 2/d-arcsec(b*x+a)*1n(1+(1/ (b*xx+a)+I*(1-1/(b*x+a)~2)~ (1 ‘

tpu
output /2))72)/d+1/2+T*polylog(2,- (1/ (bxx+a)+Ix(1-1/ (brx+a)~2)~(1/2))"2) /d |

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.86

-1
/sec (a + bx) i

w4 dy
i(sec_l(a + bx) (sec_l(a + bx) + 2ilog (1 + % Sec_l(a+bw)>> + PolyLog (2 p2isec l(a—i—bx)))
- 2d
input LIntegrate [ArcSec[a + b*xx]/((a*d)/b + d*x),x] J
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‘ ((I/2)*(ArcSec[a + b*x]*(ArcSec[a + b*x] + (2*I)*Logl[l + E~((2xI)*ArcSec[a

output
L + b*x])]) + PolyLog[2, -E~((2*I)*ArcSec[a + b*x])]))/d J

Rubi [A] (warning: unable to verify)

Time = 0.49 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.99,

number of steps used = 10, number of rules used = 9, Bumber of rules _ ¢ 474 Ryjeq
integrand size

used = {5779, 27, 5741, 5137, 3042, 4202, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/ secad (a + bx) i
| 5779

bsec™1(a+bx

b

l27

sec™(a+bz
i 7{1_1{1): )d(a + bx)
d

J5m1

[(a + bz) arccos (ﬁ) dﬁ
- d
| 5137

[(a+bz),/1— m arccos <a+%> d arccos (ﬁ)
d

l 3042

f arccos <a+ﬁ> tan (arccos (ﬁ)) d arccos (ﬁ)
d

l 4202
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: 1
2 —_—
e i arccos( a+bx ) arccos < ﬁlbx)

1+62i arccos ( ﬁ)

d
l 2620

' ' ot 1
W — 9% (;iflog (1 + 621arccos<a+bz)) d arccos (ﬁ) _ %iaI'CCOS (a_{-bx) log ( + 2zarccos<a+bz>>>

d
l 2715

. . )
72((1_:1)%)2 —2if d arccos (—Hbz)

% <111 f(a + blIJ) log <1 + 621' arccos(a_’_lbz)> deZi arccos(ﬁ) _ %z ArCCos (a+bx> log < 21 arccos(ﬁ)

[
2(a+bz)2 ~

d
l 2838

. ) . 24 arccos( —L—
W —2i (—}1 PolyLog(2, —a — bx) — %z arccos (aﬂm) log ( 4 e 0s(a+bz> ))
d

input LInt [ArcSec[a + b*x]/((a*d)/b + d*x),x] J

¢ ((I/2)/(a + b*x)"2 - (2+D*((-1/2¢1)*ArcCos[(a + bxx)~(-1)IxLogll + E"((2¢

output
‘I)*ArcCos[(a + b*x)~(-1)]1)] - PolyLogl[2, -a - b*x]/4))/d ‘

Defintions of rubi rules used

rule 27( _), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]] ‘

rule 2620 TRELCCED " ((g_)*((e_) + (£_)*(x))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*f*g*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))~n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

ruka2838/Int[L°g[(C-')*((d-) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Tntlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\

rule 4202 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Simp[2+¥I Int[(c + d*x) m*(E~(2*I*(
e + £*x))/(1 + E~(2xIx(e + f*x)))), x]1, x] /; FreeQ[{c, d, e, f}, x] && IGt
Q[m, 0]

rule 5137 Intl((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/(x_), x_Symbol] :> -Subst[Int[
(a + b*x) n*Tan([x], x], x, ArcCosl[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O
]

N\

rule 5741 Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcCos[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

rule 5779 Intl((a_.) + ArcSecl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m

_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + b*ArcSec[x])~p, x],
X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && EqQ[d*e - c*f, 0] &&
IGtQ[p, O]
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Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.43

method result size
2 2
1 . 1 . 1 : 1
i arcsec(bata)? _b arcsec(bz+a) In <1+<7baz+a +z\/1—7 m) ) +szolylog (2,— (Bi:v-i—a +i /l_ﬁ(bw-ﬁ-a) > )
derivativedivides 2 i 5 2 99
2 2
resec(bata) In 1T boolvlog | o (1 i -1
ib a,rcsec(b:z:-ﬁ-a)2 _ b aresectbztal <1+<bz+a+ m) ) 4 bpolylog (2’ <bz+a+ ! (bw+a)2> )
default 2d d . 2d 99
inputLint(arcsec(b*X+a)/(a*d/b+d*x),x,method=_RETURNVERBOSE) J

. 1/bx(1/2+1/dxbrarcsec(bkx+a) "2-1/dxbrarcsec (bxx+a) ¥ln(1+(1/ (bxx+a) +Tx(1-1/

out
P \ (b*x+a)~2)~(1/2))"2)+1/2*I/d*b*polylog(2,-(1/ (bxx+a)+I*(1-1/(b*x+a) ~2) "~ (1/ \
‘ 2))72)) ‘
Fricas [F]
/ Sec;: (a+bzx) dp — / arcsec (ba,;(;l— a) i
& +dz dr + %
inputLintegrate(arcsec(b*x+a)/(a*d/b+d*x),x, algorithm="fricas") J
Outputtintegral(b*arcsec(b*x + a)/(bxd*x + a*d), x) J
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Sympy [F]
/ sec‘l(a + bz) o bf asec;fl;bx) dx
ad d d
, +aT
input Lintegrate (asec(b*x+a)/(axd/b+d*x) ,x) J
output Lb*Integral(asec(a + b*x)/(a + b*x), x)/d J
Maxima [F]
/ sec_;(a + bz) do — / arcsec (bz :— a) s
% +dx dx + ‘%
inputLintegrate(arcsec(b*x+a)/(a*d/b+d*x),x, algorithm="maxima") J
output ~1/2*(2*brdxintegrate(sqrt(bx + a + 1)*sqrt(b*x + a - 1)*log(bx + a)/ (b

3kd*x~3 + 3*kaxb"2xd*x"2 + (3*%a”2 - 1)*bxd*x + (a”3 - a)*d), x) + 2*kIxbxd*i
ntegrate(log(b*x + a)/(b~3*d*x~3 + 3*axb~2xd*x~2 + (3*%a”2 - 1)*bxd*x + (a~
3 - a)xd), x) - 2*arctan(sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b*x + a)
+ Ixlog(b~2%x"2 + 2xa*b*x + a~2)*xlog(b*x + a) - I*log(b*x + a + 1)*Llog(bx
x + a) - Ixlog(b*x + a)~2 - Ixlog(b*x + a)*log(-b*x - a + 1) - I*dilog(b*x
+ a) - I*dilog(-bxx - a))/d

Giac [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.67

-1
/sec (a+bx) dp —

d
&G tdz

1
2 (bx + a)2 arccos (( - 1 - ) (b + a) < \V  (bzta)® +1- 1) B (bx+a)(\/

1 ” (bx+a)(m—1) —a) (m—l)-i-a B
4 b3d b3d
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input Lintegrate (arcsec(b*x+a) / (a*d/b+d*x) ,x, algorithm="giac") J

output‘ -1/4xb~2x (2% (b*x + a)~2xarccos(1/(((b*x + a)*(a/(b*x + a) - 1) - a)x(a/(b* ‘
x +a) - 1) +a))/(b™3%d) - ((b¥x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) - 1/
| ((b*x + a)*(sqrt(-1/(b*x + a)72 + 1) = 1)))/(b"3+d)) |

Mupad [F(-1)]

Timed out.
-1 acos(—
/wdz:/ (G5 4,
% + de‘ dx _|_ 5
input Lint (acos(1/(a + b*x))/(d*x + (a*d)/b),x) J
outputtint(acos(l/(a + b*x))/(d*x + (a*d)/b), x) J
Reduce [F]
asec(bz+a)
/ sec”!(a + bx) (f de) b
—ad g dr=
5 T dz d
input Lint (asec(b*x+a) / (a*d/b+d*x) ,x) J

outputt(int (asec(a + bxx)/(a + b*x),x)*b)/d J
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 381
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

381

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p

CHAPTER 4. APPENDIX

385

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9




CHAPTER 4. APPENDIX 389

end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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