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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 33 |. This is test number [ 295 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi | 100.00 (33) | 0.00 (0)
Mathematica | 100.00 ( 33 ) | 0.00 (0)
Fricas | 100.00 (33) | 0.00 (0)
Maple | 93.94(31) | 6.06(2)
Giac 93.94 (31) | 6.06 (2)
Maxima | 93.94 (31) | 6.06 (2)
Reduce 30.30 (10 ) |69.70 ( 23)
Mupad 2727 (9) | 7273 (24)
Sympy 27.27(9) | 7273 (24)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 72.727 0.000 0.000 27.273
Mathematica 72.727 0.000 0.000 27.273
Giac 51.515 0.000 15.152 33.333
Maple 45.455 6.061 15.152 33.333
Fricas 18.182 54.545 0.000 27.273
Maxima 18.182 39.394 9.091 33.333
Mupad 0.000 0.000 0.000 100.000
Reduce 0.000 3.030 0.000 96.970
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 2 100.00 0.00 0.00
Giac 2 100.00 0.00 0.00
Maxima, 2 100.00 0.00 0.00
Reduce 23 100.00 0.00 0.00
Mupad 24 0.00 100.00 0.00
Sympy 24 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.10
Giac 0.13
Reduce 0.17
Maxima 0.28
Maple 0.29
Rubi 0.37
Sympy 1.16
Mupad 1.34
Mathematica 2.32

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 14.89 0.92 14.00 0.90
Mupad 17.67 1.08 18.00 1.11
Reduce 38.20 1.91 22.00 1.13
Giac 91.00 0.93 79.00 0.93
Mathematica | 100.91 1.07 109.00 1.13
Rubi 108.48 1.04 107.00 1.00
Maple 123.48 1.05 79.00 1.00
Maxima 249.87 2.37 123.00 1.93
Fricas 296.88 2.28 132.00 1.92

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

10

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used



CHAPTER 1. INTRODUCTION 15

1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive
{E B4 [15} 19} 23} 2780} 33]}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}

Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




CHAPTER 1. INTRODUCTION 21

1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade { (125,50 7810112 13167, 13202122, 24 2526, B3 B9 51,52 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { (12,5567 (10, 1 I3 316,715 20,21, 22, 24 2520, 25,2952 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { 123607816 17} 82021} 22 2 29 B2 }
B grade {2831}

C grade {[11}[12[L3}[25}26] }

F normal fail {[}[10]}
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[3[8[13}[1§ [22}26] }

B grade { 2,56 7/10) (1216 1720, 20 2425, 3 951,52 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[I6[17,[18,20,21}]22 }

B grade {BB3ENBIIEHBEMELE)
C grade {42526 }

F normal fail {[5}[10]}

F(-1) timedout fail { }

F(-2) exception fail {}
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Giac
A grade {[1BE6)75/00/71 520,21 22 4 28, 2951 52 )
B grade {}

C grade {[11}[12[L3}[25}26] }
F normal fail {[}[10]}
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { 12,5567 5[0} 1,12 (3,16} 17 15,20, 21122, 24 25,2628
2512 )

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail { 1285678 [0,[T1 [2) 3, 6, 7[5} 20} 21,22 2 25 26) 25,20, 1)
52)

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce
A grade { }

B grade {[11]}
C grade { }

F normal fail { 12,5567 10} (23} 16} 7 18 20} 21, 22 24,25, 26) 25,29, BT} B2
}

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 225 244 149 252 755 430 0 163 302 0

N.S. 1 1.08  0.66 1.12 3.36 1.91 0.00 0.72 1.34 0.00
time (sec) N/A 0.832 0.202 0.201 0.348 0.110 0.000 0.125 0.161 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 111 118 130 124 611 343 0 121 33 0

N.S. 1 1.06 1.17 1.12 5.50 3.09 0.00 1.09 0.30 0.00
time (sec) N/A 0.376 0.118 0.162 0.296 0.113 0.000 0.119 0.159 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 105 83 464 111 0 79 13 0

N.S. 1 1.00 1.15 0.91 5.10 1.22 0.00 0.87 0.14 0.00

time (sec) N/A 0.329 0.057 0.131 0.253 0.099 0.000 0.124 0.164 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 15 17 15 17 17 14 17 17 17
N.S. 1 1.00 1.13 1.00 1.13 1.13 0.93 1.13 1.13 1.13
time (sec) N/A 0.198 5.165 0.044 0.663 0.080 0.667 0.126 0.159 1.331
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 107 107 132 0 0 331 0 0 38 0
N.S. 1 1.00 1.23 0.00 0.00 3.09 0.00 0.00 0.36 0.00
time (sec) N/A 0.296 0.386  0.000 0.000  0.099 0.000 0.000 0.167 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 227 246 152 244 834 467 0 167 247 0
N.S. 1 1.08  0.67 1.07 3.67 2.06 0.00 0.74 1.09 0.00
time (sec) N/A 0.942 0.207 0.202 0.387 0.086 0.000 0.128 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 119 134 120 674 385 0 123 36 0
N.S. 1 1.06  1.20 1.07 6.02 3.44 0.00 1.10 0.32 0.00
time (sec) N/A 0.418 0.122 0.164 0.312 0.087 0.000 0.123 0.160 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 109 79 512 115 0 81 14 0
N.S. 1 1.00 1.20 0.87 5.63 1.26 0.00 0.89 0.15 0.00
time (sec) N/A 0.342 0.049 0.126 0.259  0.090 0.000 0.126 0.155 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 22 21 14 18 18 18
N.S. 1 1.00 1.12 1.00 1.38 1.31 0.88 1.12 1.12 1.12
time (sec) N/A 0.198 6.052 0.049 0.715  0.075 0.668 0.125 0.159 1.337
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 108 108 136 0 0 371 0 0 40 0
N.S. 1 1.00 1.26 0.00 0.00 3.44 0.00 0.00 0.37 0.00
time (sec) N/A 0.320 0.437 0.000 0.000  0.090 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B B F C B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 119 72 75 183 127 0 53 89 0
N.S. 1 1.80 1.09 1.14 2.77 1.92 0.00 0.80 1.35 0.00
time (sec) N/A 0.689 0.102 0.216 0.151 0.096 0.000 0.128 0.163 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B B F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 57 75 49 123 108 0 43 21 0
N.S. 1 1.10 1.44 0.94 2.37 2.08 0.00 0.83 0.40 0.00
time (sec) N/A 0.304 0.049 0.161 0.178  0.099 0.000 0.125 0.161 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B A F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 24 25 94 16 0 21 9 0
N.S. 1 1.00 0.62 0.64 2.41 0.41 0.00 0.54 0.23 0.00
time (sec) N/A 0.238 0.018 0.110 0.131 0.079 0.000 0.126 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 12 13 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 0.92 1.00 1.00 1.00
time (sec) N/A 0.190 5.841 0.059 0.568  0.085 0.637 0.122 0.162 1.345
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 14 13 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 1.08 1.00 1.00 1.00
time (sec) N/A 0.435 7.464 0.057 0.383  0.095 0.453 0.119 0.189 1.336
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 268 268 176 281 294 766 0 182 372 0
N.S. 1 1.00 0.66 1.05 1.10 2.86 0.00 0.68 1.39 0.00
time (sec) N/A 0.485 0.507 0.561 0.180  0.111 0.000 0.140 0.174 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 155 141 200 648 0 142 219 0
N.S. 1 1.00 1.14 1.04 1.47 4.76 0.00 1.04 1.61 0.00
time (sec) N/A 0.304 0.261 0.487 0.169 0.105 0.000 0.13¢ 0.173 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 140 94 96 128 0 94 15 0
N.S. 1 1.00 1.27 0.85 0.87 1.16 0.00 0.85 0.14 0.00
time (sec) N/A 0.261 0.093 0.441 0.118 0.087 0.000 0.126 0.188 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 17 51 19 15 19 65 19
N.S. 1 1.00 1.12 1.00 3.00 1.12 0.88 1.12 3.82 1.12
time (sec) N/A 0.218 11.569 0.106 0.258  0.079 0.844 0.139 0.164 1.357




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 33
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 268 268 181 273 322 843 0 186 310 0
N.S. 1 1.00 0.68 1.02 1.20 3.15 0.00 0.69 1.16 0.00
time (sec) N/A 0.479 0.493 0.539 0.192 0.132 0.000 0.135 0.164 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 159 137 216 730 0 144 176 0
N.S. 1 1.00 1.17 1.01 1.59 5.37 0.00 1.06 1.29 0.00
time (sec) N/A 0.299 0.267  0.490 0.166  0.085 0.000 0.127 0.165 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 144 90 96 132 0 96 16 0
N.S. 1 1.00 1.31 0.82 0.87 1.20 0.00 0.87 0.15 0.00
time (sec) N/A 0.260 0.102 0.439 0.130  0.087 0.000 0.128 0.168 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 51 22 15 20 69 20
N.S. 1 1.00 1.11 1.00 2.83 1.22 0.83 1.11 3.83 1.11
time (sec) N/A 0.219 13.012 0.108 0.244 0.096 0.870 0.135 0.163 1.345




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 34
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A C B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 99 7 113 268 0 61 105 0
N.S. 1 1.00 1.46 1.13 1.66 3.94 0.00 0.90 1.54 0.00
time (sec) N/A 0.292 0.144 0.615 0.158  0.118 0.000 0.119 0.161 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C C B F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 88 75 121 307 0 70 123 0
N.S. 1 1.00 1.17 1.00 1.61 4.09 0.00 0.93 1.64 0.00
time (sec) N/A 0.258 0.146  0.539 0.178  0.095 0.000 0.134 0.168 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C C A F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 48 49 45 41 0 42 11 0
N.S. 1 1.00 0.86 0.88 0.80 0.73 0.00 0.75 0.20 0.00
time (sec) N/A 0.234 0.0561 0.477 0.117  0.082 0.000 0.129 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 15 17 13 43 15 14 15 54 15
N.S. 1 1.00 1.13 0.87 2.87 1.00 0.93 1.00 3.60 1.00
time (sec) N/A 0.215 12.817 0.153 0.217  0.090 0.719 0.128 0.165 1.342
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 261 269 194 460 536 634 0 227 554 0
N.S. 1 1.03 0.74 1.76 2.05 2.43 0.00 0.87 2.12 0.00
time (sec) N/A 0.901 0.375 0.284 0.258  0.108 0.000 0.123 0.187 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 128 127 146 200 254 413 0 139 53 0
N.S. 1 099 1.14 1.56 1.98 3.23 0.00 1.09 0.41 0.00
time (sec) N/A 0.398 0.171 0.210 0.151 0.091 0.000 0.125 0.190 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11 1.11
time (sec) N/A 0.187 2.854 0.060 0.618 0.077 0.583 0.126 0.178 1.328
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 311 311 240 528 601 1142 0 263 732 0
N.S. 1 1.00 0.77 1.70 1.93 3.67 0.00 0.85 2.35 0.00
time (sec) N/A 0.616 0.886 0.878 0.323 0.102 0.000 0.136 0.207 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 160 160 177 231 299 7 0 165 352 0
N.S. 1 1.00 1.11 1.44 1.87 4.86 0.00 1.03 2.20 0.00
time (sec) N/A 0.354 0.445 0.673 0.268  0.111 0.000 0.128 0.197 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 21 23 21 72 23 19 23 23 23
N.S. 1 1.00 1.10 1.00 3.43 1.10 0.90 1.10 1.10 1.10
time (sec) N/A 0.234 5979 0.104 0.257  0.096 4.959 0.154 0.190 1.382
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

ni%%é%%r?cfl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [11]
had the largest ratio of [.769230999999999998]

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1 | A 10 10 1.08 15 0.667
2l | A 5 5 1.06 13 0.385
3| A 4 4 1.00 11 0.364
N/A 1 0 1.00 15 0.000
5 | A 1 1 1.00 33 0.030
6 | A 10 10 1.08 16 0.625
7| A 5 5 1.06 14 0.357
8 | A 4 4 1.00 12 0.333
9 | N/A 0 1.00 16 0.000
10/ A 1 1 1.00 35 0.029
11| A 10 10 1.80 13 0.769
12/ A 5 5 1.10 11 0.455
3| A 4 4 1.00 9 0.444
N/A 1 0 1.00 13 0.000
N/A 6 0 1.00 13 0.000
16| A 2 2 1.00 17 0.118
17| A 2 2 1.00 15 0.133
g | A 2 2 1.00 13 0.154
N/A 2 0 1.00 17 0.000
A 2 2 1.00 18 0.111
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
o1 | A 2 2 1.00 16 0.125
R A 2 2 1.00 14 0.143
N/A 2 0 1.00 18 0.000
4| A 2 2 1.00 15 0.133
25| A 2 2 1.00 13 0.154
e[| A 2 2 1.00 11 0.182
N/A 2 0 1.00 15 0.000
o8| A 10 10 1.03 19 0.526
o[ A 5 5 0.99 17 0.294
N/A 1 0 1.00 19 0.000
31| A 2 2 1.00 21 0.095
B[ A 2 2 1.00 19 0.105
N/A 2 0 1.00 21 0.000
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31  [a@Psinh(a+br+cx®)dr. . . .. ...
32  [zsinh(a+br+cx®)dz ... ... ..
33 [sinh(a4+bz+ecz®)de ... ... ...
34 [
35 [ (-hestlermrer) pemtmet) gp
36  [aPsinh(a+br—cz®)dr. ... .. ...
37  [azsinh(a+br—cxP)dz .. ...
38  [sinh(a4+br—cz®)dr ... ... ...
3.9 [t G
310 [ (-tebletteet) | sblostzs) gp
311  [a?sinh (3 +z+2?)dz ... ...
312 [asinh(f+z+a®)de ... ...
313 [sinh(34+z+a?)dz .. ... ...
314 [ERGEERY g
.15 [Emlered) g
3.16 [a%sinh®(a+br+ex?)dr . ...
317  [axsinh®(a+br+cx®)dT . . . ..
318 [sinh®(a+br+cr?)dr. . . ..o
319 [t
320 [a?sinh®(a+br—cx®)dx . . . ...
321 [axsinh®(a+br—cx?) dT . . . . ...
322 [sinh®(a+br—cx?)dr. . . . ...
R R R G
324 [a?sinb® (A4z4+2?)dr ...
325 [zsinh®(3+z+a?)dr ... ...

39
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326 [sinh® (3+z+a2¥)dr ... ...
.97 [EEGreRT) g 2000
328 [(d+ex)®sinh(a+br+cz®)dz . . ... .. ..
329 [(d+ex)sinh(a+br+cz?)dr. ... .. ... ... ...
330 [ Rl G
331 [(d+ex)?sinh®(a+br+cx®)dr. . . . . ... 228
332 [(d+ez)sinh®(a+br+cx?)dr . . . ... 2361
3.33 [l G A3

drex  OT - oo e e e e



output
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3.1 [ z*sinh (a + bz + cx?) dx

Optimal result . . . . . . . . . . . . e [41]
Mathematica [A] (verified) . . . . . . . . . ... o 42
Rubi [A] (verified) . . . .. . . ... .. 42
Maple [A] (verified) . . . . . . ... L 45
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 16
Sympy [F] . . o o 47
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 47
Giac [A] (verification not implemented) . . . . . . ... ... ... 43
Mupad [F(-1)] . . . o o 19
Reduce [F] . . . . . 49

Optimal result

Integrand size = 15, antiderivative size = 225

h 2 h 2
/w2sinh(a—|—bx—|—cz2) s _ beos (a+bm+cm)+xcos (a+ bz + cz?)

4c? 2c
B2e—o+h V/merf < b;j%z ) eo+E V/merf ( b;rj%x )
B 16¢5/2 - 8¢3/2
bReo ﬁerﬁ(%) eo ﬁerﬁ(%)
* 16¢5/2 - 8¢3/2

-1/4*bxcosh(c*x~2+b*x+a) /c~2+1/2*x*cosh (c*x~2+b*x+a) /c-1/16%b"2xexp(-a+1/4
*b~2/c)*Pi~ (1/2) *xerf (1/2* (2*c*x+b) /c~(1/2))/c”(5/2)-1/8*exp(-a+1/4%b"2/c) *
Pi~(1/2)*erf (1/2*(2xc*x+b) /c~(1/2))/c~(3/2)+1/16%b~2*exp(a-1/4%b~2/c)*Pi"~(
1/2)*erfi(1/2%(2xcxx+b)/c~(1/2))/c~(5/2)-1/8*exp(a-1/4*¥b~2/c)*Pi~(1/2) *erf
i(1/2%(2%cxx+b) /c~(1/2))/c~(3/2)
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Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.66

/w2 sinh (a + bz + cm2) dx

44/c(—b+ 2cz) cosh(a + z(b + cz)) + (b* + 2¢) ﬁerf(@%) (— cosh (a — %) + sinh <a - Z—i)) + (v
16¢5/2

e A
Integrate[x~2*Sinh[a + b*x + c*x~2],x]

N J

input

output‘ (4%Sqrt[c]*(-b + 2xc*x)*Cosh[a + x*(b + c*x)] + (b"2 + 2%c)*Sqrt[Pi]*Erf [( ‘
‘b + 2xcxx)/(2%8qrt [c])]*(-Cosh[a - b~2/(4*c)] + Sinmh[a - b~2/(4%c)]) + (b
12 - 2%c)*Sqrt [Pil*Erfi[(b + 2xc*x)/(2%Sqrt[c])]*(Coshla - b~2/(4%c)] + Sin |
‘hla - b~2/(4%c)1))/(16%c™(5/2)) |

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.08,

number of steps used = 10, number of rules used = 10, 1111111{61(132?2 r?cfi g?zlgs = 0.667, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x2 sinh (a + bx + cmz) dx

l 5909

b [zsinh (cz? + bz +a)dz  [cosh(cz? + bz +a)dx L2 cosh (a + bz + cz?)
2c 2c 2c

| 5898
1 [emea?~bo—agy 4 1 [ e tbotagy b [ gsinh (ca? + bz + a) dz N z cosh (a + bz + cz?)
2c 2c 2c
| 2664
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2 CcT 2 2 cT 2
%e%c—afe—g(bfc " de + %ea—li? fe‘(bJric " dx b [ zsinh (cz? + bz + a) dz n
2c 2c
z cosh (a + bz + cz?)
2c
l 2633
b2
ﬁ_ _ (b+2cw)2 \/Eea_ﬁerﬁ %
_%e‘“ ¢fem e dz+ 4\/5(2‘[)_bfacsinh(cx2+bac+a)dx+
2c 2c
x cosh (a + bx + cxz)
2c
l 2634
\/;re%%—aerf( b+2cm) \/;rea—%éerﬁ<b+2cm>
2./c 24/c
b [ zsinh (cz? + bz + a) dz e e/ Ive e N
2c 2c
zcosh (a + bz + cz?)
2c
lsmm
b2 —a b+2cz a— b2 bt+2cz
b cosh (a+bz+cxz?) b [ sinh(cz?+bz+a)dz Vmeie erf( 2ve ) Ve %erﬁ( 2/ )
_ 2c - 2c _ 4./c + 4./c +
2c 2c
x cosh (a + bx + CIQ)
2c
l 5897
b cosh(a+bm+cz2) b(% fecw2+bw+adz_%fe—cz2—bz—adw>
2c - 2c
) ) 2c
Jreks “‘erf( o ) Jret e erﬁ< ”;ff/%z) )
/e + /e N z cosh (a + bz + cz?)
2c 2c
l 2664
ot . (bt2e)? 02 (b+2em)?
b cosh (a+b$+w2) ’ <;e - f ‘ B dx_%e B f ) B dx)
2c - 2c
- 2 2 2C -
\/Tre%‘“erf( b;j%m) \/Ee“‘li*cerﬁ(”;j?) )
1/ + W +:vcosh (a+ bz + cz?)
2c 2c

l 2633



CHAPTER 3. LISTING OF INTEGRALS 44

_u?
N erﬁ(b;f/%z) L B2, (bt2em)?
17 —zefe ™ [e ic  dx

b
b cosh (a+bw+cz2) (
2c - 2c

2c
2 2
vael erf(Mpe) | yme foerfi(tpe)
ive + W +accosh(a-|—ba:+ca:2)
2 2c
l 2634
a— b2 cx b2 —-a cT
, e Zmrﬁ(‘jjE )__V?EZE erf(b;jz )

4/c 4/c

b cosh(a+bx+cx2)

2c - 2c

2c

2 2
Jrede—eerf bt3en Jre~deerfi bfZer
= 4\/7:( 2‘[>+ = 4\/5(2‘[> z cosh (a + bz + cz?)

2c + 2c

input‘ Int[x"2*Sinh[a + b*x + c*x~2],x]

(x*Cosh[a + b*x + c*xx72])/(2%c) - ((E~(-a + b~2/(4%c))*Sqrt[Pi]*Erf[(b + 2
xc*x)/(2xSqrt[c])])/(4xSqrtlc]l) + (E"(a - b™2/(4*c))*Sqrt[Pil*+Erfi[(b + 2%
cxx)/(2xSqrt[c])])/(4%Sqrt[c]))/(2*c) - (b*(Cosh[a + b*x + c*x~2]/(2%c) -

(b*(-1/4%(E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf [(b + 2*c*x)/(2*Sqrt[c])])/Sqrtlc
1 + (E"(a - b™2/(4%c))*Sqrt[Pil*Exrfi[(b + 2*c*x)/(2+Sqrt[c])])/(4*Sqrtlcl)

))/(2%c)))/(2%c)

output

Defintions of rubi rules used

rule 2633‘Int[(F_)'"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol]l :> Simp[F axSqrt ‘
| [Pil*(Erfil(c + d*x)*Rt[b¥Logl[F], 2]11/(2*d*Rt [b*Log[Fl, 21)), x] /; FreeQ[{
LF, a, b, c, d}, x] && PosQ[b] J




rule 2634

rule 2664

rule 5897

rule 5898

rule 5905

rule 5909

CHAPTER 3. LISTING OF INTEGRALS 45

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

/Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, xl

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2  Int[E"
(a + b¥x + c*xx~2), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symboll

:> Simp[ex(Cosh[a + bxx + c*x72]/(2*c)), x] - Simp[(bxe - 2%cxd)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
2%cxd, 0]

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x"2]/(2*c)), x] + (-Sim
pL(b*e - 2xc*d)/(2*c) Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*x~2], x], x]
- Simp[e™2*%((m - 1)/(2*%c)) Int[(d + e*x)"(m - 2)*Cosh[a + b*x + c*x"2],

x], x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2xcx*d, 0]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.12

method | result

2 2
2 2 bz\/Tre_M%Eb erf(/ez+ 2~ \/Ee_4aclzb erf(\/cz+ -2
re ¢ —br—a be—cZT —bx—a 2,/c _ 2/¢c

+x

ec m2+ba:+a

risch — — 5 3
4c 8c? 16¢2 8c2

4c

b
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input  int (x"2*sinh(c*x"2+b*x+a) ,x,method=_RETURNVERBOSE) |

1/4/c*x*xexp(-c*x~2-b*x-a)-1/8%b/c"2*exp (-c*x~2-b*x-a)-1/16*b~2/c~(5/2) *Pi~
(1/2) *xexp(-1/4*(4*axc-b~2) /c)*erf (c” (1/2)*x+1/2%b/c~(1/2))-1/8/c~(3/2)*Pi~
(1/2) *xexp(-1/4* (4*axc-b"2) /c) *erf (¢~ (1/2) *x+1/2%b/c~(1/2))+1/4/c*xx*exp (c*x
“2+b*x+a)-1/8*b/c”2*exp (c*x~2+b*x+a)-1/16%b~2/c~2+Pi~(1/2) *exp (1/4* (4*a*xc-
b~2)/c)/(-c)~(1/2) *erf (-(-c) ~(1/2) *x+1/2*%b/(-c) ~(1/2))+1/8/c*Pi~ (1/2) *exp(
1/4%(4*axc-b"2)/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2%b/ (-c) ~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 430 vs. 2(169) = 338.

Time = 0.11 (sec) , antiderivative size = 430, normalized size of antiderivative = 1.91

/w2 sinh (a + bz + cz2) dx

4¢%z + 2 (2 2z — be) cosh (ca? + br + a)” — \/E<(b2 — 2¢) cosh (cz? + bz + a) cosh (—bt—i“c> + (b —

jnputLintegrate(XAQ*Sinh(C*X”2+b*x+a),x, algorithm="fricas") J

1/16%(4*xc™2%x + 2%(2%c”2%x - b*c)*cosh(c*x”2 + b*x + a)~2 - sqrt(pi)*((b~2
- 2xc)*cosh(c*x"2 + b*x + a)*cosh(-1/4*%(b~2 - 4xax*c)/c) + (b~2 - 2xc)*cos
h(c*x™2 + b*x + a)*sinh(-1/4*(b~2 - 4*axc)/c) + ((b"2 - 2xc)*cosh(-1/4*(b~
2 - 4xaxc)/c) + (b™2 - 2*c)*sinh(-1/4*%(b"2 - 4*axc)/c))*sinh(c*x"2 + b*x +
a))*sqrt (-c)*erf (1/2*(2xc*x + b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2*c)*cosh
(c*x~2 + bxx + a)*cosh(-1/4%(b~2 - 4%ax*c)/c) - (b~2 + 2%c)*cosh(c*x~2 + bx
X + a)*sinh(-1/4%(b~2 - 4*axc)/c) + ((b"2 + 2xc)*cosh(-1/4*(b~2 - 4*axc)/c
) = (b2 + 2%c)*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)
xerf (1/2x(2xc*x + b)/sqrt(c)) + 4x(2*c”™2*x - b*c)*cosh(c*x™2 + b*x + a)*si
nh(c*x"2 + bxx + a) + 2*(2*c”2*x - b*c)*sinh(c*x™2 + b*x + a)~2 - 2¥bxc)/(
c"3*cosh(c*x”2 + b*x + a) + c 3*sinh(c*x"2 + b*x + a))

output




input

output

input
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Sympy [F]

/:c2 sinh (a + bz + 0932) dr = /x2 sinh (a + bz + cm2) dzx

‘integrate(x**2*sinh(c*x**2+b*x+a),x)

LIntegral(x**2*sinh(a + b*x + cxx**2), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 755 vs. 2(169) = 338.

Time = 0.35 (sec) , antiderivative size = 755, normalized size of antiderivative = 3.36

/ z? sinh (a + bx + cac2) dz = Too large to display

p
Lintegrate (x~2*sinh(c*x~2+b*x+a) ,x, algorithm="maxima")

-/
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1/3*x"3*sinh(c*x~2 + b*x + a) + 1/96*(sqrt(pi)*(2*c*x + b)*b~3*(erf (1/2*sq
rt(-(2%c*x + b)~"2/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c”(7/2)) - 6%¥b"2*e~(1/4
*(2%c*x + b)~2/c)/c”(5/2) - 12%(2*c*x + b) "3*b*gamma(3/2, -1/4*(2*c*x + b)
~2/c)/((-(2xc*x + b)~2/c)~(3/2)*c~(7/2)) + 8xgamma(2, -1/4*(2*c*x + b)~2/c
)/c~(3/2))*b*e~(a - 1/4*%b~2/c)/sqrt(c) - 1/96*(sqrt(pi)*(2*c*x + b)*b~4*(e
rf (1/2*sqrt (-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(9/2)) - 8*b
“3xe” (1/4%(2%c*x + b)~2/c)/c”(7/2) - 24x(2*cxx + b) ~3*b~2xgamma(3/2, -1/4x%
(2xcxx + b)~2/c)/((-(2%c*x + b)~2/c)~(3/2)*c~(9/2)) + 32*b*gamma(2, -1/4%(
2xcxx + b)~2/c)/c”(5/2) - 16%(2*c*x + b) “bxgamma(5/2, -1/4*(2*c*x + b)~2/c
)/ ((-(2%c*x + b)~2/c)~(5/2)*c~(9/2)))*sqrt(c)*e”(a - 1/4*%b~2/c) + 1/96%(sq
rt(pi)*(2*c*x + b)*b~3x(erf (1/2*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2xc*x +
b)~2/c)*(-c)~(7/2)) + 6%b~2*cxe” (-1/4%(2%c*x + b)~2/c)/(-c)~(7/2) - 12%(2
*C*x + b) " 3xbk*gamma(3/2, 1/4*(2*c*x + b)~2/c)/(((2*%c*x + b)~2/c)~(3/2)*(-c
)7(7/2)) + 8*c™2*gamma(2, 1/4*(2xc*x + b)~2/c)/(-c)~(7/2))*b*e~(-a + 1/4%Db
~2/c)/sqrt(-c) + 1/96%(sqrt(pi)*(2*c*x + b)*b~4*(erf (1/2*sqrt((2*c*x + b)~
2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(9/2)) + 8xb~3*xc*xe” (-1/4*(2*c*x + b
)72/¢c)/(-c)~(9/2) - 24%(2%c*x + b)~3*b~2*gamma(3/2, 1/4*(2xcxx + b)~2/c)/(
((2%xcxx + b)~2/c)~(3/2)*%(-c)~(9/2)) + 32*bxc~2*gamma(2, 1/4*(2*c*x + b)~2/
c)/(-c)~(9/2) - 16x(2*c*x + b) “bkxgamma(5/2, 1/4*(2xcxx + b)~2/c)/(((2*xc*x

+ b)72/c)"(6/2)*(-c)~(9/2)))*c*e” (-a + 1/4xb~2/c)/sqrt(-c)

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.72

/x2 sinh (a + bz + czz) dx

b2—4ac

ﬁ(b2+2 c) erf(—% ﬁ<2m+g))e(T)

+2(c(23+8) —2b)el-cr*~bza)

- /e
16 ¢2
Vv (b2—2c) erf(—l \/—70<2x+é))e<_%>
= —2(c(2z + %) — 2b) el +bota)
- 16 ¢2

input integrate(x~2*sinh(c*x~2+b*x+a),x, algorithm="giac")
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Output‘1/16*(sqrt(pi)*(b“2 + 2xc)*erf (-1/2xsqrt(c)*(2*x + b/c))*e”(1/4*x (b2 - 4*a
(*c)/c)/sqrt(c) + 2x(c*(2%x + b/c) - 2¥b)xe”(-c¥x™2 - b¥x - a))/c"2 - 1/16% |
(sqrt(pi)*(b™2 - 2%c)*erf(-1/2xsqrt(-c)*(2xx + b/c))*e~(-1/4%(b™2 - 4xa*c) |
/e)/sqrt(=c) - 2x(ck(2%x + b/c) - 2#b)*e”(c*x"2 + bix + a))/c"2 |

Mupad [F(-1)]

Timed out.
/x2 sinh (a + bx + czQ) dzr = /z2 sinh(cac2 +bx+ a) dzr
inputtint(x’?*sinh(a + b*x + c*x72),x) J
OutputLint(x’?*sinh(a + b*x + c*xx"2), x) J

Reduce [F]

/z2 sinh (a + bz + cz?) dz

2 ; ; . 2 : . . 802w2+8bcw+8ac+b2 852z2+8bcz+8a
—/mec® +bx+2“erf<2”gz—\/"§”> b% + 2+/m e +b$+2“erf(2cg”’—\/'gb’> ci—2e 4 yJeb+de 4

4c2z2 +4bc
4

input 10t (x"2%sinh(cxx"2+bkx+a) ,x)

( - sqrt(pi)*e*x(2*a + b*x + cxx*x2)*erf ((b*i + 2kc*xi*x)/(2xsqrt(c)))*b**2
*i + 2%sqrt(pi)*e**(2%a + b*x + cxx**2)*erf ((b*i + 2xc*ixx)/(2*sqrt(c)))*c
*i — 2%ex*k((8*kaxc + b*x2 + 8¥bxckx + 8kck*2*x**2)/(4*xc))*sqrt(c)*b + 4xe*x
((8*axc + b**2 + 8xbkcxx + 8kcx*k2xx**2)/(4*c))*sqrt(c)*cxx — 2xex* ((b*x2 +
4xbkcxx + 4Akcxk2xx*k*2)/(4*c))*sqrt(c)*int (1/e*x(b*x + c*x**2) ,x)*b**2 - 4
xe*k ((b*x*2 + 4xbkckx + 4xckx2*x**2)/(4*c))*sqrt(c)*int (1/e** (b*x + c*x**2)
yX)*kC — 2%exx (bx*2/(4*c))*sqrt(c)*b + 4xex*(b*x2/(4xc))*sqrt(c)*c*x)/(16xe
*k ((4d%axc + bkx2 + Axbkckx + 4Axck*2%x**2)/(4*c))*sqrt(c)*c**2)

output
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3.2 [ xsinh (a + bz + cx?) dz

Optimal result . . . . . . . . . . . . e B0
Mathematica [A] (verified) . . . . . . . . . ... o 501
Rubi [A] (verified) . . . .. . . ... .. Bl
Maple [A] (verified) . . . . . . ... L 53
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 53
Sympy [F] . . o o 5!
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... bY!
Giac [A] (verification not implemented) . . . . . . ... ... ... 5%
Mupad [F(-1)] . . . o o 5%
Reduce [F] . . . . . H0

Optimal result

Integrand size = 13, antiderivative size = 111

—a ﬁ CT
b 5 _ cosh (a + bz + cz?) be™" " e ﬁerf(b;ja )
zsinh (a + br + cz?) dr = 5 + T
2
be® iz \/Terfi ( %)
- ]¢3/2

output \/1/ 2+cosh (c*x~2+b*x+a)/c+1/8*b*exp(-a+1/4*b~2/c)*Pi~ (1/2) xerf (1/2* (2*c*x+b) \\
\ /c”(1/2))/c~(3/2)-1/8*b*exp(a-1/4*%b"2/c)*Pi~ (1/2) *erfi (1/2* (2*c*xx+b) /c~(1/ \
L2))/c“(3/2) J

Mathematica [A] (verified)
Time = 0.12 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.17
/zsinh (a+bz+ cx2) dx

4y/ccosh(a + z(b+ cz)) + bﬁerf(%%) (cosh (a — %) — sinh (a — %)) — bﬁerﬁ(%) (cosh <.
- 8c3/2

input LIntegrate [x*Sinh[a + b*x + c*x~2],x] J
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‘ (4xSqrt[c]*Cosh[a + x*(b + c*x)] + b*Sqrt[Pi]*Erf[(b + 2*c*x)/(2*Sqrt[c])]
‘*(Cosh[a - b~2/(4*c)] - Sinh[a - b"2/(4*c)]) - bxSqrt[Pi]*Erfil[(b + 2%c*x)
‘ /(2xSqrt[c])]*(Cosh[a - b"2/(4*c)] + Sinh[a - b~2/(4%c)]))/(8*c~(3/2))

output

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.06,

— 5, number of rules _ 385, Rules

number of steps used = 5, number of rules used =
integrand size

used = {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ac sinh (a + bx + cx2) dx

lsmw
cosh (a+ bz +cz?) b [sinh (cz®+ bz +a) dz
2c B 2c
ls&w
1 cx?+bz+a 1 —cz?—br—a
cosh (a + bz + cz?) b(ife dz—5 [e d:z:)
2c 2c
l 2664
(b+20x) (b+2cx)2
cosh (a + bz + cz?) < f e * e )
2c B 2c
l 2633
b ﬁea—%erﬁ<b;\2/%z) 64 a f (b+2c:v)
1 —_ = c
cosh (a + bx + ch) ve
2c 2c
l 2634

ﬁe“‘%erﬁ<b+2”) \/Trelijc“‘erf ( b+2”)
ae ) 2/e
4/c W

b
cosh (a + bx + cw2) (

2c 2c




input

output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5905
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‘Int [x*Sinh[a + b*x + c*x~2],x]

‘ Cosh[a + b*x + c*x72]/(2*c) - (b*x(-1/4*(E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf [(b
‘ + 2xcxx)/(2xSqrt[c])])/Sqrtlc] + (E~(a - b72/(4*c))*Sqrt [Pi]*Erfi[(b + 2%
LC*X) /(2%Sqrt[c])]1)/(4xSqrtlcl)))/(2%c)

|
|
J

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]1]/(2xd*Rt[b*Logl[F], 2]1)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Logl[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4%c)) Int[F~((b + 2*c*xx)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

N

Int[Sinh[(a_-) + (b_.)*(x_) + (c_.)*(x_)‘2], X_Symbol] > Simp[1/2 Int[EA
(a + bxx + c*x72), x], x] - Simp[1/2  Int[E"(-a - bkx - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + b*x + c*x72]1/(2%c)), x] - Simp[(b*e - 2%c*d)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2%cxd, 0]

N\
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.12

method | result size
4ac7b2 4acfb2
isch e—caZ—bz—a by/me”  4c erf(\/Eac—i—f:/E) ec a2 +brta by/me  4c erf(—\/—cx+2%/_—c) 194
rsc yra % + =t 8ey/—c

input int (x*sinh(c*x"2+b*x+a) ,x,method=_RETURNVERBOSE) |

¢ 1/4/cxexp(-cxx"2-bxx-a)+1/8xb/c” (3/2)*Pi~(1/2) xexp(-1/4% (d*axc-b"2) /c)verf
(¢ (1/2)%x+1/2¥b/c™ (1/2))+1/4/c*exp (c*x~2+b*x+a) +1/8%b/c*Pi~ (1/2) *exp(1/4% |
| (4xaxc-b~2)/c)/(~c) " (1/2)*ert (~(~c) " (1/2) *x+1/2%b/ (-c)~ (1/2)) |

outpu

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 343 vs. 2(83) = 166.

Time = 0.11 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.09

/zsinh (a+ bz +cz?) dx

2 ccosh (cz? + bz + a)” + ﬁ(b cosh (cz? + bz + a) cosh (—l’zz—‘iac> + beosh (cz? + bz + a) sinh (—&Z

inputLintegrate(x*sinh(c*x‘2+b*x+a),x, algorithm="fricas") J

1/8%(2*ckcosh(c*x™2 + bxx + a)~2 + sqrt(pi)*(bxcosh(c*x"2 + b*x + a)*cosh(
-1/4%(b"2 - 4*xaxc)/c) + b*cosh(c*x™2 + b*x + a)*sinh(-1/4%(b"2 - 4xaxc)/c)
+ (b*cosh(-1/4%(b~2 - 4*axc)/c) + b*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x”
2 + bxx + a))*sqrt(-c)*erf (1/2*x(2*c*x + b)*sqrt(-c)/c) + sqrt(pi)*(b*cosh(
c*xx”2 + b*x + a)*cosh(-1/4*(b"2 - 4*a*c)/c) - b*cosh(c*x™2 + b*x + a)*sinh
(-1/4%(b"2 - 4xax*xc)/c) + (bxcosh(-1/4%(b"2 - 4xa*c)/c) - bxsinh(-1/4*(b~2

- 4xaxc)/c))*sinh(c*x”2 + bxx + a))*sqrt(c)*erf(1/2*(2xc*x + b)/sqrt(c)) +
4xcxcosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a) + 2*c*sinh(c*x™2 + b*x +

a)~2 + 2%c)/(c"2*cosh(c*x~2 + b*x + a) + c”2*sinh(c*x"2 + b*x + a))

output
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Sympy [F]

/xsinh (a—l—bx—l—cw2) dr = /:csinh (a+bx+cm2) dz

/ A
integrate (x*sinh (cxx**2+b*x+a) ,x)

input

N

‘Integral(x*sinh(a + bxx + ckx**2), x)

output
Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 611 vs. 2(83) = 166.
Time = 0.30 (sec) , antiderivative size = 611, normalized size of antiderivative = 5.50
/ x sinh (a + bx + cxz) dx = Too large to display
inputLintegrate(x*sinh(c*x"2+b*x+a),x, algorithm="maxima") J
output 1/2*%x"2*sinh(c*x”2 + b*x + a) - 1/32%(sqrt(pi)*(2*c*xx + b)*b~2*(erf (1/2*sq

rt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 4xbke™(1/4%(
2xc*x + b)~2/c)/c”(3/2) - 4x(2%c*x + b) “3*xgamma(3/2, -1/4*(2*c*x + b)~2/c)
/((-(2%c*x + b)~2/c)~(3/2)*c~(5/2)))*b*e~(a - 1/4¥b~2/c)/sqrt(c) + 1/32%(s
grt(pi)*(2*c*x + b)*b~3*(erf (1/2*sqrt(-(2*c*xx + b)~2/c)) - 1)/(sqrt(-(2xc*
X + b)72/c)*c™(7/2)) - 6%¥b"2xe”(1/4*(2xc*x + b)~2/c)/c”(5/2) - 12%(2*c*x +
b) “3xbxgamma (3/2, -1/4%(2%c*x + b)~2/c)/((-(2%c*x + b)~2/c)~(3/2)*c~(7/2)
) + 8xgamma (2, -1/4%(2%c*x + b)~2/c)/c”(3/2))*sqrt(c)*e~(a - 1/4%¥b"2/c) +
1/32*%(sqrt (pi) *(2*c*x + b)*b~2*(erf (1/2*sqrt ((2*xc*x + b)~2/c)) - 1)/(sqrt(
(2xc*x + b)72/c)*(-c)~(5/2)) + 4xbkcxe™(-1/4*(2*c*x + b)~2/c)/(-c)~(56/2) -
4% (2%cxx + b) "3*gamma(3/2, 1/4%(2*c*x + b)~2/c)/(((2*c*x + b)~2/c)~(3/2)*
(-c)~(5/2)))*bxe~(-a + 1/4%¥b~2/c)/sqrt(-c) + 1/32*(sqrt(pi)*(2*c*x + b)*b~
3x(erf (1/2*sqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(7/2))
+ 6xb~2%cxe” (-1/4%(2*cxx + b)~2/c)/(-c)~(7/2) - 12%(2*c*x + b) 3*b*gamma (3
/2, 1/4x(2xcxx + b)~2/c)/(((2*c*x + b)~2/c)~(3/2)*(-c)~(7/2)) + 8*c™2*gamm
a(2, 1/4*%(2*c*x + b)~2/c)/(-c)~(7/2))*cxe”~(-a + 1/4*b~2/c)/sqrt(-c)




CHAPTER 3. LISTING OF INTEGRALS 55

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.09

b2

ﬁberf(—% \/E(2z+%>>e(ﬁ%) _ 26(—0:1;2—bm—a)

/mSinh(a+bx+cx2) dr = — ve o
1 b (_bQ—%at:)
ﬁberf<_§ \/fc(z x+5)>e + 2 elca®+bz+a)
+ Ve
8c
inputLintegrate(x*sinh(c*x‘2+b*x+a),x, algorithm="giac") J
Output‘ -1/8%(sqrt (pi) *bxerf (-1/2*sqrt (c)*(2*x + b/c))*e”(1/4x(b~2 - 4xaxc)/c)/sqr ‘

‘t(c) - 2%xe”(-c*x"2 - b*x - a))/c + 1/8*(sqrt(pi)*bxerf (-1/2*sqrt(-c)*(2*xx
‘+ b/c))*e”(-1/4*(b"2 - 4xa*c)/c)/sqrt(-c) + 2xe~(c*x™2 + bxx + a))/c

Mupad [F(-1)]

Timed out.

/a:sinh (a+ bz + cz?) dz:/xsinh(cw2+bx+a) dx

input Lint(x*sinh(a + b*x + c*x72),x) J

output Lint(x*sinh(a + b*x + c*x"2), x) J
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Reduce [F|

/xsinh (a4 bo+ ca?) do = cosh (cz? + bz + a) — (ésinh(Cx2+bw+a)dm)b

input Llnt (x*sinh (c*x~2+b*x+a) ,x)

Outputt(cosh(a + b*x + c*x**2) - int(sinh(a + b*x + c*x**2),x)*Db)/(2%c)
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3.3 [ sinh (@ + bz + cz?) dzx

Optimal result . . . . . . . . . . . . e ¥
Mathematica [A] (verified) . . . . . . . . . ... o bYi
Rubi [A] (verified) . . . .. . . ... .. bY
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 60
Sympy [F] . . o o 60
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 601
Giac [A] (verification not implemented) . . . . . . ... ... ... 61
Mupad [F(-1)] . . . o o 62
Reduce [F] . . . . . 62

Optimal result

Integrand size = 11, antiderivative size = 91

—at \/_erf< b+2cz ) e \/_erﬁ ( b+2cz )
/e + /e

/sinh (a—l— b:v—l—cx2) dr = —

~1/4%exp(-a+1/4%b"2/c)*Pi~ (1/2) *erf (1/2+ (2xckx+b) /c™(1/2))/c~(1/2)+1/4%exp |

output

1 (a-1/4*b~2/c)*Pi~ (1/2) *erfi(1/2* (2xc*x+b)/c~(1/2))/c~(1/2) ‘
Mathematica [A] (verified)
Time = 0.06 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.15
/sinh (a + bx + cx2) dx
- ﬁ(erf(@%) <— cosh <a - Z‘i) + sinh (a )) + erﬁ(b‘;&“) <cosh (a — %) + sinh <a - %)))
= e

input LIntegrate [Sinh[a + b*x + c*x~2],x] J




CHAPTER 3. LISTING OF INTEGRALS 58

. (Sart[Pil*(Erf[(b + 2*c*x)/(2+Sqrt[c])1*(-Cosh[a - b"2/(4%c)] + Simh[a - b
‘*2/(4*c)]) + Erfi[(b + 2%c*x)/(2%Sqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a - ‘
\ b~2/(4%c)1)))/ (4*Sqrt [c]) ‘

outpu

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00,

number of rules _ j 34 4, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sinh (a + bx + cx2) dr

| 5897
;/ecz2+bz+adx_;/e—cm2—bz—adm
l.2664
cx 2 cx 2
;ea_i/emic)dx— ;ei_“/e_(b+ic) dx
l 2633
ﬁea_%erﬁ(m)
2y/c 1 2, [ _@t2e2)®
W — —edc /e c dzx
| 2634
\/7_'('60'_ Z—Zc erfi ( b+20z) \/7_1'6%26 —aerf< b+2cm)
2¢/c 2,/c
4./c 4./c

input‘ Int[Sinh[a + b*x + c*x~2],x] ‘

-1/4%(E~(-a + b~2/(4*c))*Sqrt [Pi1*Erf [(b + 2%c#x)/(2+Sqrt[c])1)/Sqrtlc] +

output
L(E“(a - b~2/(4%c))*Sqrt [Pil*Erfi[(b + 2xc*x)/(2*Sqrt[c])]1)/(4*Sqrtlcl) J
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Defintions of rubi rules used

rule 2633 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2*xc*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 IntISinh[(a_.) + (b_)*(x)) + (c_.)*(x))"2], x_Symbol] :> Simp[1/2 Int[E"
((a + b¥x + c*x72), x], x] - Simp[1/2 Int[E"(-a - b¥x - c*x72), x], x] /;
‘FreeQ[{a, b, c}, x]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.91

method | result size
4ac—b2 4ac—b2
. Vre 4 erf(yext+s2= Vre e erf(—v—catz2—
risch — 4\[( 2ﬁ> — ( 2“7) 83
c 44/—c
input‘int(sinh(c*x"2+b*x+a),x,method=_RETURNVERBOSE)
output‘ -1/4%Pi~ (1/2) *exp (-1/4* (4*a*c-b~2)/c)/c”~ (1/2)*erf (c~ (1/2) *x+1/2%b/c~(1/2)) ‘

| -1/4¥Pi~(1/2)*exp(1/4% (4xaxc-b~2)/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2%b/ (-
)7 (1/2)) |
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.22

/sinh (a + bz + ca:z) dr =
(5 o ()t () ¢ () -

4c

inputLintegrate(sinh(c*x“2+b*x+a),x, algorithm="fricas") J

4% (sqrt(pi)*sqrt(-c)*(cosh(-1/4*(b"2 - 4*axc)/c) + sinh(-1/4%(b"2 - 4x*a
'*%c)/c))*erf (1/2%(2%c*x + b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(-1/4x(b"2
‘ - 4xa*xc)/c) - sinh(-1/4*(b~2 - 4*a*c)/c))*erf(1/2*x(2*c*x + b)/sqrt(c)))/c

Sympy [F]

/sinh (a+ bz +cz?) do = /sinh (a+ bz + cz?) dz

input ‘ integrate (sinh(c*x**2+b*x+a),x)

outputtlntegral(sinh(a + b*x + cxx*%2), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(65) = 130.

Time = 0.25 (sec) , antiderivative size = 464, normalized size of antiderivative = 5.10

/ sinh (a + bz + cz®) dz = Too large to display

input Lintegrate (sinh(c*x~2+b*x+a),x, algorithm="maxima") J
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1/8*(sqrt (pi) *(2xc*xx + b)*b*(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(
2xc*x + b)"2/c)*c”(3/2)) - 2%e”(1/4*(2*c*x + b)~2/c)/sqrt(c))*bxe~(a - 1/4
*b~2/c) /sqrt(c) - 1/8*(sqrt(pi)*(2*c*x + b)*b~2x(erf (1/2*sqrt(-(2*c*x + b)
~2/c)) - 1)/(sqrt(-(2*c*xx + b)~2/c)*c”~(5/2)) - 4*b*xe”(1/4*(2*cxx + b)~2/c)
/c™(3/2) - 4*%(2%c*x + b)“3xgamma(3/2, -1/4*(2*c*xx + b)~2/c)/((-(2*c*x + b)
~2/¢c)"(3/2)*c~(5/2)))*sqrt(c)*e~(a - 1/4x¥b~2/c) + 1/8*(sqrt(pi)*(2*c*x + b
) *¥b* (erf (1/2*sqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)
) + 2kcxe”(-1/4%(2*c*x + b)~2/c)/(-c)~(3/2))*bxe~(-a + 1/4%b~2/c)/sqrt(-c)
+ 1/8%(sqrt(pi)*(2*c*x + b)*b~2*(erf (1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqr
t((2xc*x + b)~2/c)*(-c)~(5/2)) + 4xbkcxe™(-1/4%(2*c*x + b)~2/c)/(-c)~(5/2)
- 4x(2xcxx + b) "3*gamma(3/2, 1/4*(2*cxx + b)~2/c)/(((2*c*x + b)~2/c)~(3/2
)*(-c)~(5/2)))*c*e”(-a + 1/4¥b~2/c)/sqrt(-c) + x*sinh(c*x"2 + b*x + a)

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

b2—4 ac)

_ Jrat (-1 Ve2z + ) el 5
1/
Jrert (=1 v/=o(2a + b)) e~5)
1y=c

/sinh (a + bx + cw2) dx

input‘integrate(sinh(c*x“2+b*x+a),x, algorithm="giac")

‘1/4*sqrt(pi)*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x(b~2 - 4#*axc)/c)/sqrt(c)
| - 1/4*sqrt(pi)*erf (-1/2%sqrt(-c)*(2xx + b/c))*e~(-1/4%(b"2 - 4xaxc)/c)/sq |
Lrt(-c) J

output




input

output

input

output
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Mupad [F(-1)]
Timed out.

/Sinh (a+ bz +cz?) do = /sinh(c:c2+b:v+a) dx

Lint(sinh(a + b*x + c*x”2),x)

Lint(sinh(a + b*x + c*x”2), x)

Reduce [F]

/sinh (a + bz + cz2) dr = /Sinh (cx2 + bz + a) dx

Lint (sinh(c*x~2+b*x+a) ,x)

Lint(sinh(a + b*x + cxx*%*2),x)
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3.4 f sinh (a+bz+cz?) du

Optimal result . . . . . . . . . . . . .. e 63
Mathematica [N/A] . . . . . . . . 63
Rubi [N/A] .« . o 64
Maple [N/A] . . . o o 64
Fricas [N/A] . . . . o o 65
Sympy [N/A] . . o 65
Maxima [N/A] . . . . 65
Giac [N/A] . . . 66l
Mupad [N/A] . . . o o 661
Reduce [N/A] . . . o 67

Optimal result

Integrand size = 15, antiderivative size = 15

- 2 : 2
/ sinh (a —I—xbx + cx?) iz — Tnt (smh (a -I-xbz + cx?) ’ x)

-

OutputLDefer(Int)(sinh(c*x"2+b*x+a)/x,x)

| —

Mathematica [N/A]
Not integrable

Time = 5.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

= dz
T

/ sinh (a + bz + cx?) i / sinh (a + bz + cz?)
T

input LIntegrate [Sinh[a + b*x + c*x~2]/x,x]

output Integrate[Sinhla + bax + cxx2]/x, x]




input
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ sinh (a + bx + ch)
T

l 5915

dz

/ sinh (a + bx + cmz)
T

-

LInt [Sinh[a + b*x + c*x~2]/x,x]

—

output ‘ $Aborted

input

output

Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/ sinh (cz? + bz + a)
T

dx

Lint(sinh(c*x“2+b*x+a)/x,x)

Lint(sin.h(c*x‘2+b*x+a) /%x,%X) J
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

= dz
T T

/ sinh (a + bz + cx?) i / sinh (cz? + bx + a)

input Lintegrate (sinh(c*x~2+b*x+a) /x,x, algorithm="fricas")

output Lintegral(sinh(c*x“Q + b*x + a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.67 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

dz

/ sinh (a + bz + cx?) dp — / sinh (a + bz + cz?)

T T

input Lintegrate (sinh(c*x**2+b*x+a) /x,x)

output LIntegral(sinh(a + b*x + c*xx**2)/x, X)

Maxima [N/A]
Not integrable

Time = 0.66 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/ sinh (a + bz + cz?) gy — / sinh (cz? + bz + a)
T T

input Lintegrate (sinh(c*x"2+b*x+a) /x,x, algorithm="maxima")
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output L

integrate(sinh(c*x~2 + b*x + a)/x, x)

input

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/ sinh (a + bz + cx?) i / sinh (cz? + bx + a)

T T

Lintegrate (sinh(c*x~2+b*x+a) /x,x, algorithm="giac")

output L

integrate(sinh(c*x~2 + b*x + a)/x, x)

input

output L

Mupad [N/A]
Not integrable

Time = 1.33 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/sinh (a+ bz + cz?) i _/sinh(ca:2+bz+a)

T T

p
Lint(sin.h(a + bxx + c*x"2)/x,x)

-/

int(sinh(a + b*x + c*x~2)/x, X)
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

dz

/sinh (a + bx + cz?) i _/sinh (cx? + bz + a)
T T

input Lint (sinh(c*x~2+b*x+a) /x,x)

output Lint(sinh(a + b*x + c*xx*%2)/x,x%)
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T .’E2

35 f (_bcosh(a—l—bx+cm2) n sinh(a+bx+caz2)) du

Optimal result . . . . . . . . .. . . . 68
Mathematica [A] (verified) . . . . . . . . ... .. L 68
Rubi [A] (verified) . . . . . . .. . . 69
Maple [F] . . . . o 70
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 70
Sympy [F] . . . o [71]
Maxima [F] . . . . . . [Tl
Giac [F] . . . o o [71]
Mupad [F(-1)] . . . . . 72
Reduce [F] . . . . . . 72

Optimal result

Integrand size = 33, antiderivative size = 107

T T2

2 - 2
/ (_bcosh(a—l—bac+cm ) N sinh (a + bz + cx )) i

I b+ 2cx 1 e b+ 2cx sinh (a + bz + cz?)
= 5Vee \/7_rerf( NG >+2\/Ee \/7_rerﬁ( NG ) "

output \/1/2*0‘ (1/2) *exp(-a+1/4*b~2/c) *Pi~ (1/2) *erf (1/2% (2*c*x+b) /c™~(1/2))+1/2%c™ (1
‘/2)*exp(a—1/4*b‘2/c)*Pi‘(1/2)*erfi(1/2*(2*c*x+b)/c“(1/2))—sinh(c*x‘2+b*x+a

|
|
L)/x J

Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.23

T x2

2 : 2
/ (_bcosh(a—l—bx—i—cx ) N sinh (a + bz + cz )) i

ﬁﬁxerf(%%) (cosh (a - %) — sinh (a — %)) + ﬁﬁxerﬁ(bgj‘?) (cosh <a — Z—i) + sinh (a —
2z

tnput LIntegrate [-((b*Cosh[a + b*x + c*x~2])/x) + Sinh[a + b*x + c*x~2]/x"2,x] J
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output‘ (Sqrt [c]*Sqrt [Pil*x*Erf [(b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a - b~2/(4*c)] - Si \
‘nhla - b™2/(4%c)1) + Sqrt[cl*Sqrt[Pil*x+Erfil(b + 2xc¥x)/(2%Sqrt [c])]*(Cos
\h[a - b™2/(4*c)] + Sinh[a - b™2/(4*c)]) - 2*Sinh[a + x*(b + c*x)1)/(2*x) \

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,

number of rules _ 0.030, Rules

number of steps used = 1, number of rules used = 1, = :
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(sinh (a+bx+cx?) beosh (a+bx+cw2)> p
- x

z2 z
l 2009
1 2 b+2 1 2 b+2 inh b 2
2\/?\/Ee’<1c_aerf< ;—\/gm) +2\/7_r\/ze“_zcerﬁ< —;\/gz) _om (a +wac+ca: )

-

input LInt [-((b*xCosh[a + b*x + c*x~2])/x) + Sinh[a + b*x + c*x~2]/x"2,x]

~—

((Sqrt[c]*E‘(—a + 172/ (4%c))*Sqrt [Pi]*Erf [(b + 2xc*x)/(2*Sqrt[c])]1)/2 + (Sq
‘rt[c]*E“(a - b~2/(4%c))*Sqrt [Pil*Erfi[(b + 2*c*x)/(2%Sqrt[c])])/2 - Sinh[a
‘ + bxx + c*xx"2]/x

output

——————

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Maple [F|
/ (_bCOSh (cz®+ bz + a) n sinh (c z? —2{— br + a)) I
z T
input Lint (-b*cosh(c*x~2+b*x+a) /x+sinh (c*x~2+b*x+a) /x"2,x) J
output Lint (-b*cosh(c*x~2+b*xx+a) /x+sinh (c*x~2+b*x+a) /x"2,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 331 vs. 2(81) = 162.

Time = 0.10 (sec) , antiderivative size = 331, normalized size of antiderivative = 3.09

bcosh (a + bx + cz®)  sinh (a + bz + cz?)
- o + 2 dr =

\/7_r<x cosh (cz? + bz + a) cosh (—”22—‘(1:“> + x cosh (cz? + bz + a) sinh (—”22—‘(1:“> + (w cosh (—%

integrate (-b*cosh(c*x~2+b*x+a) /x+sinh(c*x~2+b*x+a) /x~2,x, algorithm="frica

input
S")

-1/2*(sqrt(pi) *(x*cosh(c*x™2 + b*x + a)*cosh(-1/4*(b~2 - 4*axc)/c) + x*cos
h(c*x"2 + b*x + a)*sinh(-1/4*(b~2 - 4*a*c)/c) + (x*cosh(-1/4*(b~2 - 4x*a*c)
/c) + x*sinh(-1/4*(b"2 - 4xa*c)/c))*sinh(c*x™2 + b*x + a))*sqrt(-c)*erf(1/
2% (2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*(x*cosh(c*x~2 + b*x + a)*cosh(-1/4*(b
~2 - 4%axc)/c) - x*cosh(c*x"2 + b*x + a)*sinh(-1/4*%(b"2 - 4xa*c)/c) + (x*c
osh(-1/4%(b"2 - 4*axc)/c) - x*sinh(-1/4*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x
+ a))*sqrt(c)*erf (1/2%(2*c*x + b)/sqrt(c)) + cosh(c*x™2 + b*x + a)~2 + 2%
cosh(c*x~2 + b*x + a)*sinh(c*x~2 + b*x + a) + sinh(c*x™2 + b*x + a)~2 - 1)
/(x*cosh(c*x~2 + b*x + a) + x*sinh(c*x~2 + b*x + a))

output
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Sympy [F]

2 : 2
/ (_bcosh(a—i—ba:-i—cz ) N sinh (a + bz + cz )) s

T 2

__/(_sinh(a+bx+cx2)) dx_/bcosh(a+bz+cac2) i

x2 T

inputLintegrate(-b*cosh(c*x**2+b*x+a)/x+sinh(c*x**2+b*x+a)/x**2,x) J

‘-Integral(-sinh(a + b*x + cxx¥*2)/x**2, x) - Integral(bxcosh(a + b*x + c*x

output‘**2)/x’ © ‘

Maxima [F|

/ ( bcosh (a + bx + cz?)  sinh(a+ bz + cz2))
- + 5 dz
T T
B / beosh (cz? + bz + a) N sinh (cz? + bz + a)
) x x?

dzx

input‘integrate(-b*cosh(c*x‘2+b*x+a)/x+sinh(c*x*2+b*x+a)/X*Q,X, algorithm="maxim ‘
‘au) ‘

output Lintegrate(—b*cosh(c*x? + b*x + a)/x + sinh(c*x"2 + b*x + a)/x"2, x) J

Giac [F]

2 : 2
/(_bcosh(a+bx+cx ) N smh(a-l—lz)x—i—ca: )) i
T T
_ /_bcosh (cx? + bz + a) N sinh (cz? + bz + a)
B x x?

dz
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input

‘integrate(—b*cosh(c*x”2+b*x+a)/x+sinh(c*x“2+b*x+a)/x“2,x, algorithm="giac"

outputtintegrate(‘b*COSh(C*X“2 + b*x + a)/x + sinh(c*x~2 + b*x + a)/x"2, x)

Mupad [F(-1)]

Timed out.

2 : 2
/ <_bcosh(a+bx+ca: ) 4 sinh (a + bz + cz )) i

x x?
_/sinh(ca;2+bx+a) beosh(cz? 4+ bz + a) i
B x? a x

inputtint(sinh(a + bxx + c*x~2)/x"2 - (bkcosh(a + b*x + c*x~2))/x,x)

Outputtint(Sinh(a + b*x + c*x72)/x"2 - (b*cosh(a + b*x + c*x~2))/x, x)

Reduce [F]

2 - 2
/ (_bcosh(a+ba:+cx ) N sinh (a + bz + cx )> i

T 2

2 - 2
z_(/cosh(cm +bx+a)dx) b+/s1nh(cm +bw+a)dz

T z2

input Lint (-b*cosh(c*x~2+b*x+a) /x+sinh (c*xx~2+b*x+a) /x~2,x)

output L

- int(cosh(a + b*x + c*x**2)/x,x)*b + int(sinh(a + b*x + ckxx**2)/x**2,x)

J




output
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3.6 [ z*sinh (a + bz — cz?) dzx
Optimal result . . . . . . . . . . . . e 73]
Mathematica [A] (verified) . . . . . . . . . ... o (4
Rubi [A] (verified) . . . .. . . ... .. 74
Maple [A] (verified) . . . . . . ... L e
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... [
Sympy [F] . . o o 79
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 79
Giac [A] (verification not implemented) . . . . . . ... ... ... R0
Mupad [F(-1)] . . . o o 81
Reduce [F] . . . . . 1]
Optimal result
Integrand size = 16, antiderivative size = 227
h — cx? h — cx?
/x2sinh(a+bx—cx2) dx:_bcos (a+bx —cz®) wcosh(a+ bz —cz?)
4c? 2c
b2eotie ﬁerf(—%j%”) et iz \/merf ( o )
a 16¢5/2 B 8¢3/2
—a-b —2cz —a-t2 —2cz
s ble o 1 \/7_rerﬁ<b2\2/5 > et ﬁerﬁ(l’%zﬁ )
16c5/2 8¢3/2

-1/4*bxcosh(-c*x~2+b*x+a) /c"2-1/2*x*cosh(-c*x"2+b*x+a) /c-1/16%b"2xexp(at+l/
4%b~2/c)*Pi~ (1/2) *erf (1/2* (-2*c*x+b) /c~(1/2))/c~(5/2)-1/8%exp(a+1/4*b~2/c)
*Pi~(1/2) *erf (1/2*%(-2*c*x+b) /c~(1/2))/c”(3/2)+1/16*b~2*exp(-a-1/4%b~2/c) *P
i~ (1/2) *erfi(1/2x(-2xc*x+b)/c~(1/2))/c~(5/2)-1/8%exp(-a-1/4*b~2/c)*Pi~(1/2
Y*erfi(1/2x(-2*c*x+b)/c~(1/2))/c~(3/2)
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.67

/w2 sinh (a + bx — c:v2) dzx

—4y/c(b + 2cz) cosh(a + z(b — cx)) + (b* — 20) ﬁerﬁ(%) <— cosh (a + Z—i) + sinh (a + %)) + |
16c5/2

e A
Integrate[x~2*Sinh[a + b*x - c*x~2],x]

N J

input

output‘ (-4*Sqrt[c]*(b + 2*c*x)*Cosh[a + x*(b - c*x)] + (b72 - 2%c)*Sqrt[Pi]*Erfil ‘
‘ (-b + 2%c*x)/(2+Sqrt[c])]*(-Cosh[a + b~2/(4%c)] + Sinh[a + b~2/(4*c)]) + ( ‘
b2 + 2%c)*Sqrt [Pil*Erf [(-b + 2%c*x)/(2%Sqrt[c])]1*(Coshla + b~2/(4%c)] + S

‘ inh[a + b72/(4%c)]))/(16%xc~(5/2))

Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.08,

number of steps used = 10, number of rules used = 10, 1111111{61(132?2 r?cfi g?zlgs = 0.625, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/x2 sinh (a + bz — cmz) dz

l 5909

2c 2¢ 2c
l 5898

b [ zsinh (—cz? + br + a) dz N [cosh (—cz? 4+ bz +a)dz =z cosh (a+ bz — cz?)

L [emeattbotagy 4 1 [ eca?~br—agy N b [wsinh (—ca® + bz +a)dz  zcosh (a+bz —ca?)
2c 2c 2c
| 2664
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1 a_{_ﬁ _M 1 _a_ﬁ m . 2
ge¥ti [e7 4 dr4 e 4 [e 4 dzr:+bfxsmh(—cm +bz +a)dr
2c 2c
z cosh (a + bz — cz?)
2c
l 2633
b2
ﬁ _(b—2c:v)2 ﬁe‘“_ﬁerﬁ %
gettae [em i da— ive ( 2\[) +bfa:sinh(—cac2+bm+a) dz
2c 2c
x cosh (a + bx — cxz)
2c
l 2634
vreeeri(tze) e eerfi(52e)
b [ zsinh (—cz? 4+ bz + a) dz N - e - ive B
2c 2c
z cosh (a + bz — cz?)
2c
lsmm
2 2
b(bfsinh(—cw2+bz+a)dw _ cosh(a+bw—cz2)> _ \/EeaJr?Eerf(%) _ ﬁeiai%erﬁcgﬁz)
2c 2c n 4./c 4./c o
2c 2c
x cosh (a + bz — CIQ)
2c
l 5897
b (b(% fe—cz2+bw+adm_% fecwz—bw_“dm) 3 Cosh(a+bz—ca:2)>
2c 2c
, 226 +
\/Tre“lfrcerf(—b;f/%z) Ve~ e erfi ( b;j%“”)
- /e - W z cosh (a + bz — cz?)
2c 2c
l 2664
o ﬁ _ (l7f2ca:)2 —a—ﬁ (1772ca:)2
b b<ée +4c fe 4c dx—%e 4c fe 4c ;1;> Cosh(a+bx_cx2)
2c - 2c
y 22c +
ﬁe“*ZTerf(”;%) ﬁe‘“‘%erﬁ(b;j%”)
- /e - W z cosh (a + bz — cz?)
2c 2c

l 2633



CHAPTER 3. LISTING OF INTEGRALS 76

b2
5 b 202 \/;e_“_ﬂerﬁ b—2czx
b| Leotle fom TTHE dut i (2%)
b cosh (a+bz—cz?)
2¢c - 2c
+
) 22c
vﬁ@“+%zerf(%§%2) vﬁ@—“—%zerﬁ(%g%%)
- /e - 1ve _ zcosh (a+ bz — ca?)
2 2c
l 2634
b2 b2
v?e‘“—zzerﬁ<é§§%£) v;e“+zzerf(9§§%ﬁ)
b 4./c - 4/c
b cosh (a+bz—cz?)
2c - 2c
_+_
) 220
ﬁeu+%erf(b—2cw> ﬁe—a—%erﬁ(b—ch
2./c 2ve 2
— 1ve - ive _mcosh(a-l—bm—cw)
2 2c

input‘ Int[x"2*Sinh[a + b*x - c*x~2],x]

-1/2*(x*#Cosh[a + b*x - c*x"2])/c + (-1/4*%(E"(a + b~2/(4*c))*Sqrt [Pi] *Erf [(
b - 2%c*x)/(2%Sqrt[c])1)/Sqrtlc] - (E~(-a - b~2/(4*c))*Sqrt [Pil*Erfil[(b -
2xc*x) /(2xSqrt [c])])/(4xSqrt[cl))/(2*c) + (b*x(-1/2%Cosh[a + b*x - c*x"2]/c
+ (bx(-1/4%(E~(a + b~2/(4%c))*Sqrt[Pi]l*Erf[(b - 2*c*x)/(2%Sqrt[c])])/Sqrt
[c] + (E"(-a - b~2/(4*c))*Sqrt [Pi]l*Erfi[(b - 2%c*x)/(2*Sqrt[c])])/(4*Sqrt[
c1)))/(2%c)))/(2xc)

output

Defintions of rubi rules used

rule 2633‘Int[(F_)'"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol]l :> Simp[F axSqrt ‘
| [Pil*(Erfil(c + d*x)*Rt[b¥Logl[F], 2]11/(2*d*Rt [b*Log[Fl, 21)), x] /; FreeQ[{
LF, a, b, c, d}, x] && PosQ[b] J




rule 2634

rule 2664

rule 5897

rule 5898

rule 5905

rule 5909
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Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

/Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, xl

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2  Int[E"
(a + b¥x + c*xx~2), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + bxx + c*x72]/(2*c)), x] - Simp[(bxe - 2%cxd)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
2%cxd, 0]

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x"2]/(2*c)), x] + (-Sim
pL(b*e - 2xc*d)/(2*c) Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*x~2], x], x]
- Simp[e™2*%((m - 1)/(2*%c)) Int[(d + e*x)"(m - 2)*Cosh[a + b*x + c*x"2],

x], x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2xc*d, 0]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.07

method | result

4ac+

b

— 52 _4ac+b2
risch _xecm2—bz—a _ pecz’—bz—a . b2 /me”  4c erf(\/—cm-l-%/b_j) 4 JTe T dc erf(ﬁx+2ﬁ> B po—ca?tba-
4c 8c? 16¢2+/—c 8cv/—c 1o
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input‘int(x"2*sinh(—c*x"2+b*x+a),x,method=_RETURNVERBOSE)

-1/4/c*xxexp(c*x~2-b*x-a)-1/8%b/c”2*exp (c*x~2-b*x-a)-1/16*b~2/c~2*Pi~ (1/2)
*xexp (-1/4% (4xaxc+b~2)/c)/(-c)~(1/2)*erf ((-c)~(1/2) *x+1/2%b/(-c)~(1/2))+1/8
/c*Pi~(1/2) *exp (-1/4* (4xa*c+b~2) /c)/(-c) ~(1/2)*erf ((-c) ~(1/2)*x+1/2xb/(-c)
~(1/2))-1/4/c*x*xexp (-c*xx~2+b*x+a) -1/8*b/c”2*exp (—c*x”2+b*x+a)-1/16*xb"2/c" (
5/2)*Pi~ (1/2)*exp(1/4* (4*a*xc+b~2) /c) *erf (-c~(1/2) *x+1/2xb/c~(1/2))-1/8/c"(
3/2)*Pi~(1/2) *exp (1/4*(4*axc+b~2) /c)*erf (-c~(1/2)*x+1/2%b/c”~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 467 vs. 2(179) = 358.

Time = 0.09 (sec) , antiderivative size = 467, normalized size of antiderivative = 2.06

/w2 sinh (a + bx — c:v2) dr =

4z + 2 (23 + be) cosh (cz? — bz — a)” — \/7_r<(b2 — 2¢) cosh (cx? — bx — a) cosh <%> — (b -

jnputLintegrate(XAQ*Sinh(-C*X”2+b*x+a),x, algorithm="fricas") J

e N

-1/16%(4*c™2%x + 2%(2%c”2%x + b*c)*cosh(c*x™2 - b*x - a)~2 - sqrt(pi)*((b~
2 - 2%c)*cosh(c*x™2 - b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) - (b~2 - 2%c)*cos
h(c*x"2 - b*x - a)*sinh(1/4%(b~2 + 4*axc)/c) + ((b"2 - 2xc)*cosh(1/4*(b"2

+ 4xa*xc)/c) - (b"2 - 2xc)*sinh(1/4*%(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x - a)
)*xsqrt (-c)*erf (1/2*(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2%c)*cosh(cx
x"2 - b*x - a)*cosh(1/4%(b~2 + 4xa*c)/c) + (b"2 + 2*c)*cosh(c*x™2 - b*x -

a)*sinh(1/4*%(b~2 + 4xa*c)/c) + ((b”2 + 2*c)*cosh(1/4*(b~2 + 4xaxc)/c) + (b
"2 + 2%c)*sinh(1/4*(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)*erf(1/
2% (2*c*x - b)/sqrt(c)) + 4*(2%c”2#x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x”
2 - bxx - a) + 2x(2xc”2xx + b*c)*sinh(c*x"2 - b*x - a)~2 + 2xb*c)/(c"3*cos
h(c*x™2 - b*x - a) + c"3*sinh(c*x”2 - b*x - a))

output
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Sympy [F]

/x2 sinh (a + bz — ch) dr = /x2 sinh (a + bxr — c:c2) dx

input‘

integrate (x**2*sinh (-c*x**2+b*x+a) ,x)

outputt

Integral (x#*2*sinh(a + b*x - c*x**2), x) J

-

input

Lintegrate (x"2*sinh(-c*x~2+b*x+a) ,x, algorithm="maxima")

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 834 vs. 2(179) = 358.

Time = 0.39 (sec) , antiderivative size = 834, normalized size of antiderivative = 3.67

/ z’sinh (a + bz — cz®) dz = Too large to display

-/
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-1/3*x"3*sinh(c*x"2 - b*x - a) - 1/96x(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*s
qrt ((2*c*x - b)~2/c)) - 1)/(sqrt((2xcxx - b)~2/c)*(-c)~(7/2)) - 6%b~2*cxe”
(-1/4%(2xc*x - b)~2/c)/(-c)~(7/2) - 12%(2*c*x - b) "3*b*gamma(3/2, 1/4*(2*c
*x - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(7/2)) - 8*c™2xgamma(2, 1/4x(2*
cxx - b)~2/c)/(-c)~(7/2))*b*e"(a + 1/4%b"2/c)/sqrt(-c) - 1/96%(sqrt(pi)*(2
xc*x — b)*b~4*(erf (1/2xsqrt((2*c*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*
(-¢c)~(9/2)) - 8*b~3*c*e” (-1/4*(2*%c*x - b)~2/c)/(-c)~(9/2) - 24*(2%c*x - b)
~3%b~2*gamma (3/2, 1/4%(2*%c*x - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(9/2)
) - 32%bxc”2*gamma(2, 1/4%(2xc*x - b)~2/c)/(-c)~(9/2) - 16*(2xc*x - b) “5*g
amma (5/2, 1/4*(2xc*x - b)~2/c)/(((2%c*x - b)~2/c)~(6/2)*(-c)~(9/2)))*c*xe” (
a + 1/4*b"2/c)/sqrt(-c) - 1/96*(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqrt(-(2
xc*x - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c”(7/2)) + 6xb~2%e” (1/4*(2*c*
X - b)72/c)/c”(56/2) - 12x(2*c*x - b) " 3xb*gamma(3/2, -1/4*(2*c*x - b)~2/c)/
((-(2%c*x - b)~2/c)~(3/2)*%c~(7/2)) - 8*gamma(2, -1/4*(2*c*x - b)~2/c)/c”(3
/2))*bxe~(-a - 1/4%b~2/c)/sqrt(c) + 1/96%(sqrt(pi)*(2*c*x — b)*b~4*(erf(1/
2xsqrt (- (2*c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)"2/c)*c~(9/2)) + 8*b~3*xe”
(1/4%(2*%c*x - b)~2/c)/c”(7/2) - 24%(2*c*x - b) ~3*b~2*gamma (3/2, -1/4%(2%c*
x - b)72/c)/((-(2%c*x - b)~2/c)~(3/2)*c~(9/2)) - 32*%b*xgamma(2, -1/4*(2%c*x
- b)"2/c)/c”(5/2) - 16x(2xcxx - b) “Bkgamma(5/2, -1/4*(2*c*x - b)~2/c)/((-
(2%c*x - b)~2/c)~(5/2)*c~(9/2)))*sqrt(c)*e”(-a - 1/4*%b~2/c)

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.74

/a:2 sinh (a + bx — cxz) dz

b2 f(—1 b (b%iac)
V(b2 +2c) er (_2\[}0(2z_c>>e +2(C(2x_l(_;)+2b)6(—cz2+bm+a)
- ( 216c§
b“+4ac
7(b2—2¢) erf(—1 /—¢c(2z—2))e\  %°
VT (b?—2¢) f( é\ngf c)) _2(6(2x_g)+2b)e(cx2—bw—a)
+
16 2

input integrate(x“2*sinh(—c*x“2+b*x+a),x, algorithm="giac")
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‘-1/16*(sqrt(pi)*(b“2 + 2xc)*erf (-1/2xsqrt(c)*(2*x - b/c))*e” (1/4%(b"2 + 4x
‘a*c)/c)/sqrt(c) + 2% (cx(2xx - b/c) + 2xb)*e”(-c*x"2 + b*x + a))/c”2 + 1/16
‘*(sqrt(pi)*(b“2 - 2%c)*erf(-1/2*sqrt(-c)*(2*x - b/c))*e”(-1/4x(b~2 + 4*a*c
)/e)/sqrt(-c) - 2x(c*(2%x - b/c) + 24b)*e”(c*x"2 - b*x - a))/c™2 |

output

Mupad [F(-1)]

Timed out.

/:c2sinh (a+ bz — cz®) do = /xzsinh(—cx2+bx+a) dzx

input ‘\mt(x 2xsinh(a + b*x - c*x~2),x) |

Output‘int(x”Q*sinh(a + b*x - c*x~2), x)

Reduce [F]

/w2 sinh (a + bx — c:v2) dzx

4c2z2+4bcz+8ac+b2 2cx—b 2 4c2z2+4bcz+8ac+b2 2cx—b 2
ac?s® +abentBacth? - ac?s® +abentBacth? - +2a 2ba+2a
Ve 4c erf( wa)b +2y/me ac erf( 2\/E)c—2e Veb —4de Vveer —

- 1660m2+b$+a\/6 c2

input Llnt(x 2*sinh (-c*x~2+b*x+a) ,x) J

(sqrt(pi)*ex* ((8xaxc + b**2 + 4xb¥ckx + 4xckx2+x*%x2)/(4xc))*erf(( - b + 2%
c*xx)/(2*sqrt(c)) ) *b**2 + 2xsqrt(pi)*e*x*((8*axc + b**2 + 4xb¥xckx + 4*C**2*x
*%2) /(4xc))*xerf(( - b + 2xc*x)/(2xsqrt(c)))*c - 2*ex*x(2xa + 2*b*xx)*sqrt(c)
*b — 4dkex*(2%a + 2xb*x)*sqrt(c)*c*xx — 2xex* (bkx + c*x**2)*sqrt(c)*int (e**(
cxx**x2) /ex* (b*x) ,x) ¥b**2 + 4dkex*(b*x + cxx**2)*sqrt(c)*int (e*x* (ckx**2)/e**
(b*x) ,x)*c - 2ke** (2kckx**2)*sqrt(c)*b - 4xekx (2kckx**2)*sqrt(c)*c*x)/(16%
e*xx(a + bkx + cxx**2)*sqrt(c)*c**2)

output




outp ut‘ -1/2*cosh(-c*x"2+b*x+a) /c-1/8*bxexp(a+1/4*¥b~2/c)*Pi~ (1/2) *xerf (1/2% (—2*c*xx+
‘b)/c (1/2))/c~(3/2)+1/8*bxexp(-a-1/4%b~2/c) *Pi~ (1/2) *erfi (1/2* (-2*c*x+b) /c

input
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3.7 [ zsinh (a + bz — cz?) dx

Optimal result . . . . . . . . . . . . e 82
Mathematica [A] (verified) . . . . . . . . . ... o 82
Rubi [A] (verified) . . . .. . . ... .. R3
Maple [A] (verified) . . . . . . ... L 85
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 85
Sympy [F] . . o o R0
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 36!
Giac [A] (verification not implemented) . . . . . . ... ... ... ¥
Mupad [F(-1)] . . . o o 87
Reduce [F] . . . o . o o ]88

Optimal result

Integrand size = 14, antiderivative size = 112

cosh (a + bz —ca?) be*+ie \/_erf(b 2“)

/xsinh (a+bz—cz?) do = — 5

+

—a— 40\/—erﬁ<b 20;1;)

863/2

803/2

L (1/2))/c~(3/2)

|
|
J

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.20

/zsinh (a + bx — cxz) dz

—4/ccosh(a + z(b — cx)) + b\/_erﬁ< b+2°x> <— cosh (a +

Z—i) + sinh (a

k)] ovmet(5)

803/2

LIntegrate [x*Sinh[a + b*x - c*x~2],x]
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output ‘ (-4*Sqrt [c]*Cosh[a + x*(b - c*x)] + b*Sqrt[Pil*Erfi[(-b + 2xc*x)/(2*Sqrt[c ‘
'1)1%(-Cosh[a + b~2/(4%c)] + Sinh[a + b~2/(4%c)]) + b¥Sqrt[Pil+Erf[(-b + 2«
|cxx)/(2+Sqrt [c])1*(Cosh[a + b2/ (4*c)] + Sinh[a + b"2/(4%c)1))/(8%c™(3/2))

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.06,

— 5, number of rules _ 357, Rules

number of steps used = 5, number of rules used =
integrand size

used = {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ac sinh (a + bz — cx2) dz

lsmw
b [sinh (—cz? + bz +a)dz  cosh (a+ bx — cz?)
2c h 2¢
ls&w
b 1 f —ca:2+bz+ad 1 f cm2—bx—ad 2
2J€ rT—3)e€ z _cosh(a+bx—cx)
2c 2c
l 2664

(b—2cx) (b—20:c)2

2 2 2
1 _a+% _ 1, —a—2
b 5€ 4cfe Zc dg;—ze 4cfe c

dac> cosh (a + bz — cz?)

2c 2c
| 2633
b(ée‘”’i fe = ZCZ) dr + ﬁe“%\e/zﬁ(%j‘?))
cosh (a + bx — ch)
2c 2c
| 2634

(Ve Rai(ag) | vretat(s)
ve ve cosh (a + bx — cac2)

2c 2c




input

output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5905
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‘Int [x*Sinh[a + b*x - c*x~2],x]

‘ -1/2+Cosh[a + b*x - c*x"2]/c + (b*(-1/4*(E~(a + b~2/(4*c))*Sqrt [Pi]*Erf [(b
‘ - 2*c*xx)/(2*Sqrt[c])])/Sartlc] + (E~(-a - b~2/(4*c))*Sqrt[Pi]*Erfi[(b - 2
L*C*x) /(2%Sqrt[c])]1)/(4xSqrtcl)))/(2%c)

|
|
J

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]1]/(2xd*Rt[b*Logl[F], 2]1)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2xd*Rt[(-b)*Logl[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4%c)) Int[F~((b + 2*c*xx)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

N

Int[Sinh[(a_-) + (b_.)*(x_) + (c_.)*(x_)‘2], X_Symbol] > Simp[1/2 Int[EA
(a + bxx + c*x72), x], x] - Simp[1/2  Int[E"(-a - bkx - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + b*x + c*x72]1/(2%c)), x] - Simp[(b*e - 2%c*d)/(2*c) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2%cxd, 0]

N\
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.07

method | result size

_4ac+b2
co?boa  byme @ erf(\/—cx+2%/jc) —calibota  byme i erf(—\/E:c+2f/E>

€ — —

risch — = 8ov—c 4c 8cs

120

‘int(x*sinh(-c*x“2+b*x+a),x,method=_RETURNVERBOSE)

input
output ~1/4/c*exp(cxx"2-brx-a)=1/8xb/cxPi” (1/2) *exp(-1/4% (4%a*ctb™2) /€)/(-)"(1/2
)*kerf ((-c)~(1/2)*x+1/2%b/ (-c)~(1/2))-1/4/cxexp(-cxx~2+bxx+a)-1/8%b/c™(3/2) |
‘*Pi“(1/2)*exp(1/4*(4*a*c+b“2)/c)*erf(-c“(1/2)*X+1/2*b/c“(1/2))
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 385 vs. 2(88) = 176.
Time = 0.09 (sec) , antiderivative size = 385, normalized size of antiderivative = 3.44
/zsinh (a+ bz —cz?®) do =
2 ccosh (cz? — bz — a)’ — ﬁ(b cosh (cx? — bx — a) cosh (%) — bcosh (cx? — br — a) sinh (172_44-4(1:
inputLintegrate(x*sinh(—c*x”2+b*x+a),x, algorithm="fricas") J
output -1/8*%(2*cxcosh(c*x™2 - bxx - a)~2 - sqrt(pi)*(b*cosh(c*x"2 - b*x - a)*cosh

(1/4x(b~2 + 4*a*xc)/c) - b*cosh(c*x"2 - b*x - a)*sinh(1/4*(b~2 + 4*xaxc)/c)

+ (b*cosh(1/4*(b~2 + 4*xaxc)/c) - b*sinh(1/4*(b~2 + 4*a*xc)/c))*sinh(c*x"2 -
b*x - a))*sqrt(-c)*erf (1/2*(2*c*x - b)*sqrt(-c)/c) - sqrt(pi)*(b*cosh(c*x
2 - b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) + b*cosh(c*x"2 - b*x - a)*sinh(1/4
*(b"2 + 4*a*c)/c) + (b*cosh(1/4%(b"2 + 4xa*c)/c) + bxsinh(1/4*(b"2 + 4*axc
)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)*erf (1/2*x(2*c*x - b)/sqrt(c)) + 4*c*co
sh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x — a) + 2*c*xsinh(c*x™2 - b*x - a)~2 +

2xc)/(c"2*cosh(c*x™2 - b*x - a) + c™2*sinh(c*x”2 - b*x - a))




input

output

input

output
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Sympy [F]

/:csinh (a+bx—cx2) dr = /xsinh (a—i—bx—cxz) dx

-

integrate (x*sinh (-c*x**2+b*x+a) ,x)

N

‘Integral(x*sinh(a + bxx - ckx**2), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 674 vs. 2(88) = 176.

Time = 0.31 (sec) , antiderivative size = 674, normalized size of antiderivative = 6.

/ x sinh (a + bx — cxz) dx = Too large to display

02

Lintegrate(x*sinh(-c*x”2+b*x+a),x, algorithm="maxima")

-1/2*%x"2*sinh(c*x~2 - b*x - a) + 1/32x(sqrt(pi)*(2*c*x - b)*b~2x(erf (1/2*s
qrt ((2xc*x - b)~2/c)) - 1)/(sqrt((2xc*x - b)~2/c)*(-c)~(5/2)) - 4xbkcxe” (-
1/4%(2%cxx - b)~2/c)/(-c)~(5/2) - 4%(2*c*x - b) 3*gamma(3/2, 1/4*(2xc*x -
b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(5/2)))*b*e~(a + 1/4¥b~2/c)/sqrt(-c)
+ 1/32x(sqrt(pi)*(2xc*x - b)*b~3*x(erf (1/2*sqrt ((2*xc*x - b)~2/c)) - 1)/(sq
rt((2%c*x - b)~2/c)*(-c)~(7/2)) - 6%b~2xc*xe”(-1/4x(2*cxx - b)~2/c)/(-c)~(7
/2) - 12%(2xc*x - b) " 3*bxgamma(3/2, 1/4*(2xc*x - b)~2/c)/(((2*cxx - b)~2/c
)7 (3/2)*%(~c)~(7/2)) - 8xc™2+gamma(2, 1/4%(2xc*x - b)~2/c)/(-c)~(7/2))*c*e”
(a + 1/4xb~2/c)/sqrt(-c) - 1/32*%(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sqrt (-(
2xcxx - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(5/2)) + 4xbxe”(1/4*(2*c*x
- b)"2/c)/c”(3/2) - 4*(2xc*x - b) "3*gamma(3/2, -1/4*(2xc*x - b)~2/c)/((-(
2xcxx — b)"2/c)"(3/2)*c”(5/2)))*b*e”~(-a - 1/4*b~2/c)/sqrt(c) + 1/32*(sqrt(
pi)*(2%c*x - b)*b~3*(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x -
b)~2/c)*c~(7/2)) + 6*b~2*xe” (1/4%(2*c*x - b)~2/c)/c”(5/2) - 12%(2xc*x - b)~
3*bxgamma (3/2, -1/4*(2%c*x - b)~2/c)/((-(2%c*x - b)~2/c)~(3/2)*c~(7/2)) -
8xgamma (2, -1/4%(2*c*x - b)~2/c)/c~(3/2))*sqrt(c)*e”(-a - 1/4*b"2/c)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.10

ﬁberf(—% \ﬁ(zx_g>>e(b2+—‘éac)

¢ +2 e(—cm2+ba:+a,)
/ﬁSinh(a-l-bm—cﬁ) dex = — ve T
_b2+4ac
(oo ) ),y
+ V—c

8c
inputLintegrate(x*sinh(—c*x‘2+b*x+a),x, algorithm="giac") J
output‘ -1/8*(sqrt (pi) *bxerf (-1/2*sqrt (c)*(2*xx - b/c))*e”(1/4x(b"2 + 4xaxc)/c)/sqr ‘

‘t(c) + 2xe” (-c*x"2 + b*x + a))/c + 1/8*(sqrt(pi)*bxerf (-1/2*sqrt(-c)*(2*x
= b/c))*e~(-1/4%(b™2 + 4xakc)/c)/sqrt(-c) - 2%e~(ckx™2 - bix - a))/c

Mupad [F(-1)]

Timed out.

/zsinh (a+ bz — cz?) dxz/xsinh(—cx2+bx+a) dx

inputLint(x*sinh(a + b*x - c*x72),x) J

output Lint(x*sinh(a + b*x - c*x"2), x) J
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Reduce [F]

—cosh (—cz? + bz + a) + ([ sinh (—cz? + bz + a) dz) b
2c

/xsinh (a+ bz —cz?) do =

input Llnt (x*sinh (-c*x~2+b*x+a) ,x)

outputt( - cosh(a + b*x - c*x**2) + int(sinh(a + bxx - c*x**2),x)*b)/(2%c)
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3.8 [ sinh (@ + bx — cz?) dx

Optimal result . . . . . . . . . . . . e 9]
Mathematica [A] (verified) . . . . . . . . . ... o 89
Rubi [A] (verified) . . . .. . . ... .. 90
Maple [A] (verified) . . . . . . ... L OT]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 92
Sympy [F] . . o o 92
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 92i
Giac [A] (verification not implemented) . . . . . . ... ... ... 93
Mupad [F(-1)] . . . o o 94
Reduce [F] . . . . . 94

Optimal result

Integrand size = 12, antiderivative size = 91

ea-i—% \/7_rerf< b;2cx> e—a—% \/7_rerﬁ (b—2a7:>
. 2 _ Ve 2./c
/smh(a—l—bx cm)dx— NG + N

~1/4%exp(a+1/4¥b™2/c)*Pi" (1/2)*ert (1/2% (~2xckx+b) /c” (1/2)) /¢~ (1/2)+1/4*exp

output

(-a-1/4¥b72/C) *Pi (1/2)*erfi (1/2+ (-2%c¥x+b) /c™(1/2)) /¢ (1/2)
Mathematica [A] (verified)
Time = 0.05 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.20
/sinh (a +bx — cxz) dz
- ﬁ(erﬁ(%\f{”) (— cosh (a + %) + sinh (a + %)) + erf(%\/%“) (cosh <a + Z—i) + sinh (a + %)))
= G

input LIntegrate [Sinh[a + b*x - c*x~2],x] J
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t‘ (Sqrt [Pi]l*(Erfi[(-b + 2*c*x)/(2#Sqrt[c])]1*(-Cosh[a + b~2/(4*c)] + Sinh[a + ‘
| b°2/(4xc)1) + Erf[(-b + 2xcxx)/(2%Sqrt[c])]1*(Cosh[a + b~2/(4*c)] + Sinh[a
\ + b72/(4%c)1)))/ (4%Sqrt [c]) ‘

outpu

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules

number of steps used = 4, number of rules used = 4, = :
integrand size

used = {5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sinh (a+bz— cx2) dz

| 5897
1 1
2/e—cm2+bm+adl,_ 2/ecm2—bz—adx
l.2664
—2cz)? —2¢x)2
16a+3—i /e_(b 2 iy — 16_a_l‘i/6(b 2
2 2
l 2633
b2 _
1 a+l>2/ _ (b—2cx)? \/7_'('6 @ 4cerﬁ<b2j%x)
—e ' 4c e 4c dx —+
2 4\/c
| 2634
e (e .
Vme 4cerﬁ<b2\2/E ) ~ Ve +4cerf<b235 )
4./c 44/c
input‘ Int[Sinh[a + b*x - c*x~2],x] ‘
output‘ -1/4*%(E~(a + b~2/(4*c))*Sqrt [Pi]*+Erf[(b - 2*c*x)/(2*Sqrt[c])])/Sqrtlc] + ( ‘

LE“(-a - b~2/(4%c))*Sqrt [Pil*Erfi[(b - 2%c*x)/(2*Sqrt[c])]1)/(4*Sqrtlcl) J
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Defintions of rubi rules used

rule 2633 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2*xc*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Hule 5897 IntISinhl(a_.) + (b_)*(x)) + (c_.)*(x)"2], x_Symboll :> Simp[1/2 Int[E"
((a + b¥x + c*x72), x], x] - Simp[1/2 Int[E"(-a - b¥x - c*x72), x], x] /;
‘FreeQ[{a, b, c}, x]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

method | result gize
2 ac 2
| () e o)
risch — c) _ 79
4y/—c 4,/c
input  int(sinh(-c*x"2+bxx+a) ,x,method=_RETURNVERBOSE) |
output"1/4*PiA(1/2)*eXP(‘1/4*(4*a*C+b‘2)/C)/(-c)“(1/2)*erf((—c)“(1/2)*x+1/2*b/(-

1©)7(1/2))-1/4%Pi” (1/2) *exp(1/4x (4*axc+b™2) /c) /e~ (1/2) *erf (-c~(1/2) ¥x+1/2%b |
/e (1/2)) |
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.26

/sinh (a+ bz —cz?) do

B \/77\/—_c(cosh (”2*4‘—%“> — sinh <%)) erf (—(2695;?\/_7) + \/7_T\/E<cosh (”2*4‘—%“> + sinh <%>) er
B 4dc

inputLintegrate(sinh(-c*x‘2+b*x+a),x, algorithm="fricas") J

e B

1/4x(sqrt(pi) *sqrt(-c)*(cosh(1/4*(b~2 + 4*axc)/c) - sinh(1/4*(b"2 + 4xa*c)
‘/c))*erf(1/2*(2*c*x - b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(1/4*(b"2 + 4 ‘
(*a*c)/c) + sinh(1/4%(b™2 + 4*a*c)/c))*erf(1/2+(2kc*x - b)/sqrt(c)))/c

output

Sympy [F]

/sinh (a+ bz —cz?) do = /sinh (a+ bz —cz?) dz

input ‘ integrate (sinh(-ckx**2+b*x+a) ,x)

output LIntegral(sinh(a + b*x - cxx*%2), Xx) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 512 vs. 2(69) = 138.

Time = 0.26 (sec) , antiderivative size = 512, normalized size of antiderivative = 5.63

/ sinh (a + bz — cz®) dz = Too large to display

input Lintegrate (sinh(-c*x~2+b*x+a) ,x, algorithm="maxima") J
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-1/8*(sqrt (pi) *(2*c*x - b)*b*(erf (1/2*sqrt((2*c*x - b)~2/c)) - 1)/(sqrt((2
xc*x - b)"2/c)*(-c)~(3/2)) - 2*c*ke”(-1/4*%(2*c*x - b)~2/c)/(-c)~(3/2))*b*e”
(a + 1/4xb~2/c)/sqrt(-c) - 1/8*(sqrt(pi)*(2*c*x - b)*b~2*x(erf (1/2*sqrt ((2*
c*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 4*xbxcxe”(-1/4*(2%
ckx - b)~2/c)/(-c)~(5/2) - 4*(2%c*x - b) 3*gamma(3/2, 1/4*(2*c*x - b)~2/c)
/(((2xc*x - b)72/c)~(3/2)*(-c)~(5/2)))*c*xe”(a + 1/4*%b"2/c)/sqrt(-c) - 1/8*
(sqrt(pi)*(2*c*x - b)*bx(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*cx*
X - b)72/c)*c”(3/2)) + 2xe~(1/4%(2%c*x - b)~2/c)/sqrt(c))*b*e”(-a - 1/4*b~
2/c)/sqrt(c) + 1/8*(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sqrt(-(2*c*x - b)~2/
c)) - 1)/(sqrt(-(2xcxx - b)~"2/c)*c~(5/2)) + 4*xbxe”(1/4*(2*c*x - b)~2/c)/c”
(3/2) - 4*x(2%c*x - b) 3*gamma(3/2, -1/4*(2xcxx - b)~2/c)/((-(2*c*x - b)~2/
c)~(3/2)*c~(5/2)))*sqrt(c)*e”(-a - 1/4%¥b"2/c) - x*sinh(c*x"2 - b*x - a)

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.89

2-§-4ac
erf (=1 /o(2z — ) e(52%)
/sinh(a+bx—cx2) da;:_ﬁ r ( 2\/E< z c))e
WG
2 ac
N Vrerf (= +/—c(2z - ?)) e<_b37i>
1y/—c
input‘integrate(sinh(-c*x”2+b*x+a),x, algorithm="giac")
output‘—1/4*sqrt(pi)*erf(-1/2*sqrt(c)*(2*x - b/c))*e~(1/4x(b~2 + 4*axc)/c)/sqrt(c

) + 1/4%sqrt(pi)*erf (-1/2%sqrt(-c)*(2%x - b/c))*e”(-1/4%(b™2 + 4¥axc)/c)/s |
Lqrt(-c) J




input

output

input

output
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Mupad [F(-1)]

Timed out.

/sinh (a+ bz — cz?) dx:/sinh(—cx2+bx+a) dx

Lint(sinh(a + bxx - c*x"2),x)

Lint(sinh(a + b*x - c*x"2), x)

Reduce [F]

/sinh (a+ bz —cz?) dor = /sinh (—cz®+br+a)dz

Lint (sinh(-c*x~2+b*x+a) ,x)

Lint(sinh(a + b*x - c*xx**2),x)
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3.9 f sinh (a+bz—cz?) du

X
Optimal result . . . . . . . . . . . . .. e 95
Mathematica [N/A] . . . . . . . . 95
Rubi [N/A] .« . o 96
Maple [N/A] . . . o o 961
Fricas [N/A] . . . . o o 97
Sympy [N/A] . . o 97
Maxima [N/A] . . . . 9T
Giac [N/A] . . . 98]
Mupad [N/A] . . . o o 98]
Reduce [N/A] . . . o 99

Optimal result

Integrand size = 16, antiderivative size = 16

/ sinh (a + bz — cx?) e — Tnt (sinh (a + bz — cz?) x)

T T

-

output LDefer (Int) (Sinh(-C*Xh2+b*X+a) /X , X)

| —

Mathematica [N/A]
Not integrable

Time = 6.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

T T

/ sinh (a + bz — cx?) dp — / sinh (a + bz — cxz?) i

input LIntegrate [Sinh[a + b*x - c*x~2]/x,x]

output Integrate[Sinhla + bax - cxx2]/x, x]




input
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sinh (a + bz — cz?) p

X
X
l 5915
: 2
/smh (a—i-xba: cr )da:

-

LInt [Sinh[a + b*x - c*x~2]/x,x]

—

output ‘ $Aborted

input

output

Maple [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ sinh (—cz? + bz + a)
T

dz

Lint(sinh(-c*x“2+b*x+a)/x,x)

Lint(sin.h(—c*x‘2+b*x+a) /x,%) J
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.31

- 2 Ch (e
/ sinh (a + bz — cz?) dr — / sinh ( cacx-l— bx + a) i
x

input Lintegrate (sinh(-c*x~2+b*x+a)/x,x, algorithm="fricas")

output Lintegral(—sinh(c*x‘Q - b*x - a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.67 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ sinh (a + bz — cx?) dp — / sinh (a + bz — cx?) i

T T

input Lintegrate (sinh(-c*x**2+b*x+a) /x,x)

output LIntegral(sinh(a + b*x - cxx**x2)/x, X)

Maxima [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

- 2 b (2
/ sinh (a + bz — cx?) dr — / sinh ( cxx+ bz + a) i
T

input Lintegrate (sinh(-c*x~2+b*x+a)/x,x, algorithm="maxima")
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outputt

-integrate(sinh(c*x~2 - b*x - a)/x, x)

input

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

- 2 Ch (e
/smh (a —}-xbx cx )dx:/smh( cacx—|— bx + a) i

Lintegrate (sinh(-c*x~2+b*x+a)/x,x, algorithm="giac")

output L

integrate(sinh(-c*x~2 + b*x + a)/x, x)

-

input

output L

Mupad [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ sinh (a + bz — cxz?) dp — / sinh(—cz? + bz + a) e

T T

Lint(sin.h(a + bxx - c*x"2)/x,x)

-/

int(sinh(a + b*x - c*x~2)/x, X)
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

T T

/ sinh (a + bz — cx?) dp — / sinh (—cxz? + bx + a) I

input Lint (sinh(-c*x~2+b*x+a) /x,x)

output Lint(sinh(a + b*x - c*xx*%2)/x,x%)




output
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T $2

3.10 f (_bcosh(a+bx—cx2) n sinh(a+bx—cx2)) da

Optimal result . . . . . . . . .. . . . 100!
Mathematica [A] (verified) . . . . . . . . ... .. L 100
Rubi [A] (verified) . . . . . . .. . . 101
Maple [F] . . . . o 102
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 102
Sympy [F] . . . o 103
Maxima [F] . . . . . . 103
Giac [F] . . . o o 103l
Mupad [F(-1)] . . . . . 104
Reduce [F] . . . . . . 104

Optimal result

Integrand size = 35, antiderivative size = 108

/ (_bcosh (a+ bz — cx?) N sinh (a + bx — cx2)) i

z 2

1

2 —9
= = \/ce* i \/erf < b2

2\/c

2 x

: a2
) 4 %\/Ee \/_erﬁ(b QCx) _ sinh(a + bz — cz?)

NG

‘1/2*c“(1/2)*exp(a+1/4*b‘2/c)*Pi‘(1/2)*erf(1/2*(-2*c*x+b)/c‘(1/2))+1/2*c‘(1
‘/2)*exp(—a—1/4*b‘2/c)*Pi‘(1/2)*erfi(1/2*(-2*c*x+b)/c‘(1/2))—sinh(—c*x‘2+b*
x+a)/x

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.26

— cx? i )
/(_bcosh(a+bx cx?) +smh(a—|—bx cx )) i

T 2

A e )
) \[\/_erf( b—i—/gcx) (Cosh (a N %) + sinh (a + g))

_ 2sinh(a+a(b— cx)))

T
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input [ntegrate[-((b*Coshla + bx - cxx"2])/x) + Sinh[a + bxx - cxx"2]/x72,x] |

output‘(Sqrt[c]*Sqrt[Pi]*Erfi[(-b + 2%cxx)/(2%Sqrt [c])1*(-Cosh[a + b~2/(4%c)] + S
‘inh[a + b~2/(4%c)]) - Sqrt[c]*Sqrt[Pil+Erf[(-b + 2xc*x)/(2%Sqrt[c])]*(Cosh
L[a + b~2/(4*c)] + Sinh[a + b~2/(4*c)]) - (2*Sinh[a + x*x(b - c*x)])/x)/2 J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,

number of rules _ 0.029, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (sinh (a+bx —cz?) beosh (a+ bz — cz?) )
3 — dr
x x
l 2009
2 [h ) _ inh (a + bz — cz?
;\/7_?\/56“+?1cerf(b 2\3;”) + ;ﬁﬁe_“_zcerﬁ<b 2;537) _ o (@ +$$ @)

e hY

Int[-((b*Cosh[a + b*x - c*x72])/x) + Sinh[a + b*x - c*x~2]/x72,x]

N\ J

input

output \ (Sqrt[c]*E~(a + b~2/(4%c))*Sqrt [Pi]*Erf [(b - 2*c*x)/(2xSqrt[c])]1)/2 + (Sqr ‘
(t[c]*E™(-a - b2/ (4%c))*Sqrt [Pil*Erfil(b - 2%c*x)/(2*Sqrt[c1)1)/2 - Sinh[a
‘ + bxx - c*xx"2]/x ‘
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]
/ ( beosh (—cz? +br +a) sinh(—cz?+ bz + a))
- + 3 dx
x x
inputLint(-b*cosh(-c*x“2+b*x+a)/x+sinh(—c*x*2+b*x+a)/X—~2,x) J
outputLint(_b*COSh(‘C*XA2+b*X+a)/X+sinh(-c*x‘2+b*x+a)/x“2,x) J
Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 371 vs. 2(86) = 172.
Time = 0.09 (sec) , antiderivative size = 371, normalized size of antiderivative = 3.44
b cosh bx — cx? inh br — cx?
/(_ cosh (a + bz — cz?) 4 sin (a+2a: cx )) i
x x
\/7_1'(.’1: cosh (cx? — bx — a) cosh <1>244-_4(1:GC> — zcosh (cz? — bz — a) sinh (%ﬁ) + (x cosh <b244-_4(1:ac> —
input integrate (-bxcosh(-c*x~2+b*x+a)/x+sinh(-c*x~2+b*x+a)/x"2,x, algorithm="fri
cas")
output 1/2*(sqrt (pi) *(x*cosh(c*x"2 - b*x - a)*cosh(1/4*(b~2 + 4xaxc)/c) - x*cosh(

c*x"2 - b*x - a)*sinh(1/4%(b~2 + 4xax*c)/c) + (x*cosh(1/4*(b~2 + 4#*axc)/c)
- x*sinh(1/4*(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*erf (1/2* (2%
cxx — b)*sqrt(-c)/c) - sqrt(pi)*(x*cosh(c*x™2 - b*x - a)*cosh(1/4*(b"2 + 4
*xaxc)/c) + x*cosh(c*x"2 - b*x - a)*sinh(1/4%(b~2 + 4*axc)/c) + (x*cosh(1/4
*(b~2 + 4*axc)/c) + x*sinh(1/4x(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sq
rt(c)*erf (1/2*(2xc*x - b)/sqrt(c)) + cosh(c*x"2 - b*x - a)~2 + 2*cosh(c*x”
2 - b*x - a)*sinh(c*x™2 - b*x - a) + sinh(c*x™2 - b*x - a)~2 - 1)/(x*cosh(
c*x”2 - b*x - a) + x*sinh(c*x"2 - b*x - a))
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Sympy [F]

— cr? i )
/(_bcosh(a—i—ba: cz)+s1nh(a+bx c:c)) i

T x2

__/(_sinh(a+bx—cz2)) dx_/bcosh(a-l-bz—ca:z) i

2 T

inputLintegrate(—b*cosh(—c*x**2+b*x+a)/x+sinh(—c*x**2+b*x+a)/x**2’x)

‘-Integral(-sinh(a + b*x - cxx**2)/x**2, x) - Integral(bxcosh(a + b*x - c*x

output
\**2)/x, x)

Maxima [F|

—cx? i — 2
/(_bcosh(a—i—bz cx)_'_smh(a—l—lz):c cx )) i
z T
_ / bcosh (—cz? + bz + a) N sinh (—cz? + bz + a)

) x x?

dz

input‘integrate(-b*cosh(-c*x"2+b*x+a)/x+sinh(-c*x"2+b*x+a)/x"2,x, algorithm="max
‘ima")

outputLintegrate(—b*cosh(c*x‘2 - b*x - a)/x - sinh(c*x™2 - b*x - a)/x"2, x)

Giac [F]

— cx? i — o2
/(_bcosh(a+ba: cx)+smh(a+12)x cx )) I
z T
_ / __bcosh (—cz® + bz + a) N sinh (—cz? + bz + a)
B x x?

dz
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‘integrate(—b*cosh(—c*x“2+b*x+a)/x+sinh(—c*x”2+b*x+a)/x“2,x, algorithm="gia

G |

input

outputtintegrate(-b*cosh(—c*x‘2 + b*x + a)/x + sinh(-c*x~2 + b*x + a)/x"2, x) J

Mupad [F(-1)]

Timed out.
2 : 2
/ (_bcosh(a+bx cz?) N smh(a+l2)x cx )) ds
T T
_ / sinh(—cz® + bz +a) beosh(—cz® +bz +a) i
B x? x
input Lint(sinh(a + b*x - c*x72)/x"2 - (b*cosh(a + b*x - c*x72))/x,x) J
Outputtint(sinh(a + b*x - c*x72)/x72 - (b*cosh(a + b*x - c*x"2))/x, x) J
Reduce [F]
— crl ; 2
/(_bcosh(a—l—bx cx?) L smh(a+12)x cx )) s
T z
—cr? ; a2
_ _(/ cosh (—cx -I—b:v—i—a)dw) b+/smh( cx 2—|—bz+a)dx
T T
inputLint(-b*cosh(-c*x"2+b*x+a)/x+sinh(-c*x"2+b*x+a)/x"2,x) J
outputL - int(cosh(a + b¥x - c*x*%2)/x,x)*b + int(sinh(a + bkx - cxx*%2)/x*%2,x) J
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311  [z?sinh(;+z+2%) dz

Optimal result . . . . . . . . . . . . e 105
Mathematica [A] (verified) . . . . . . . . . ... o 1051
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (verified) . . . . . . . . . ... 109
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 109
Sympy [F] . . o o 110
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1101
Giac [C] (verification not implemented) . . . . . . . ... ... ... ... ... 111
Mupad [F(-1)] . . . o o 111
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 112

Optimal result

Integrand size = 13, antiderivative size = 66

1 1 1 1 1
2 . i 2 __: 1 2 1 i 2
/x smh(4—|—z+z)dw 4cosh(4+x+x)+2xcosh<4+w+x>

+ f—ﬁﬁerf(%(—l _ 293)) _ 1—16\/7?erﬁ<%(1 + 2x))

e B

-1/4%cosh(1/4+x+x"2)+1/2*x*cosh(1/4+x+x"2)-3/16*%Pi~(1/2) *erf (1/2+x)-1/16%*P
‘i‘(1/2)*erfi(1/2+x)

output

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.09

/x2 sinh (le +x -I—x2) dz
_1 —3+/merf 1 + 1z | — /merfi L +z
16 2 2

N 2(—1+2z) ((1 + v/€) cosh(z(1 + z)) + (-1 + /e) sinh(z(1 + z))))
Ve
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input‘ Integrate[x"2*Sinh[1/4 + x + x72],x]

output‘ (-3#Sqrt [Pi]*Erf[1/2 + x] - Sqrt[Pi]#Erfil[1/2 + x] + (2*(-1 + 2*xx)*((1 + S
‘qrt[E])*Cosh[x*(l + x)] + (-1 + Sqrt[E])*Sinh[x*(1 + x)]))/E~(1/4))/16

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.80,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.769, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2 s 2 1
/:1: smh(m +:c+4) dx

l 5909

1 . 9 1 1 9 1 1 9 1
—2/xsmh<x +w+4> d:z:—2/cosh<w +:c+4>d:c+2mcosh<x +x+4>

l 5808

1 1 21 1 2441 1 . 2 1
2( 2/6 adx 2/6 4dw) 2/ws1nh<a: +z+4)da:+

1 1
Excosh <x2 +x+ 4>

l 2664

—% /msinh (z2 + x4+ i) dzr + ;(—; /e—}l(sz)de — % /e}l(h“ydw) +

1 1
E:ncosh <x2 +x+ 4>

l 2633

1 1 1 2 1 1 1 1
L[ —i@eyn2, 1 2 _ 1t . 2 1
2( 2/6 1 dz 4\/7_rerﬁ<2(2a:+1)>) 2/:vs1nh<x +a:—|—4> dzr +

1 1
ixcosh <x2 +x+ 4>



input |
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l 2634

—;/azsinh <w2+m+i) da:—i-;( \/_erf< (2x+1)) —\/_erﬁ< (2x+1))>+
%xcosh (x +:c+i>

l 5905

1017, 2 1., 1 2 1
2<2/smh<m +x+4>da: 2cosh<a: +a:—|—4>>—|—

1 1 1 1
<—\/_erf< (2x+1)> —4\/7_rerﬁ<2(2x+1)>> +§xcosh <x2+x+ 4>

l 5897

1 1 [ gryppr, 1 [ o g, 1 2 1
2( ( /e idx /e d:v) 2cosh(ac —I—x+4>)+

1/ 1 1 1 ) 1
2 <—4\/7_rerf<2 (2z + 1)> — 4\/7_rerﬁ<2(2m + 1)>> +52 cosh <x +z+ 4>

|_|

l 2664
1/1/1 1 2 1 1 2 1 1
Loogy1)2, L [ _1(ogy) 1 2 i
2<2<2/e4 dx 2/6 1 da:) 2cosh(:v +a:—|—4)>+
= —f\/_erf (230 +1)) — 1\/7_1'e1rﬁ 1(2ac +1)) )+ 1:1c cosh ( 22+ z + !
2 4 2 2 4
l 2633

;( ( \/_erﬁ< (2:c+1)> ;/e‘i(zw“)zd:c) - %cosh <a:2+:v+ i)) +
;(—\/_erf< (2z + 1)) - 4\/7_rerﬁ<;(2m + 1))) + %z cosh <m2 +z+ 1)
| 2634
;<2< \/_erﬁ< (2z + 1)) — iﬁerf(é(Zw—i— 1))) - %cosh (a:z +z+ i)) +
;( ( 2x+1)> —1\/7?erﬁ<;(2z+1))> +%Icosh <z2+w+i>

Int[x"2*Sinh[1/4 + x + x~2],x]




output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5898

rule 5905
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| (x*Cosh[1/4 + x + x°2]1)/2 + (-1/4*(Sqrt[Pil*Erf[(1 + 2%x)/2]) - (Sqrt[Pilx
Erfil(1 + 2%x)/21)/4)/2 + (-1/2%Cosh[1/4 + x + x~2] + (-1/4*(Sqrt [Pil*Erf[
\(1 + 2%x)/2]) + (Sqrt[Pil+Erfil(1 + 2%x)/21)/4)/2)/2

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfi[(c + d*x)*Rt[b*Log[F], 2]1]/(2*d*Rt[b*Logl[F], 2]1)), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, xl]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + b*x + c*x™2), x], x] + Simp[1/2 Int[E"(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2%cxd)/(2xc) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe -
2xc*d, 0]
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Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x72]/(2%c)), x] + (-Sim
pl(bxe - 2xcxd)/(2*c) Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x~2], x], x]
- Simp[e™2*%((m - 1)/(2*c)) Int[(d + e*x)"(m - 2)*Cosh[a + b*x + c*x~2],

x], x]1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, 0]

rule 5909

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.22 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.14

method | result 7o
_ (142a)2 _ (142a)2 (1 (1+422)2 (1+22)2 ] limnli
risch ze 1 _ € 81 _ 3vm el;6(2""7”) 4 ze 44 e 84 i/ erlgzw+2z) 75
input Lint (x~2*sinh(1/4+x+x~2) ,x,method=_RETURNVERBOSE) J
output ‘ 1/4xx*xexp (-1/4% (1+2%x) ~2) -1/8%exp (-1/4% (1+2%x) ~2) -3/16*Pi~ (1/2) *erf (1/2+x) ‘

| +1/4xx*exp (1/4% (1+42%x) ~2)-1/8xexp(1/4% (1+2%x) "2)+1/16¥I*Pi~ (1/2) *erf (Ixx+1 |
/2xD) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 127 vs. 2(38) = 76.

Time = 0.10 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.92

1
/z2sinh (Z +x+z2) dz

2(2m—1)cosh(x2—|—x—|—}1)2+4(2m—1)cosh(:p2—|—:c—|—%)sinh(:v2+x+é—ll) +2(2z — 1)sinh (22 +
16

e

~—

input tintegrate (x~2*sinh(1/4+x+x72) ,x, algorithm="fricas")
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1/16%(2x(2*¥x - 1)*cosh(x™2 + x + 1/4)72 + 4x(2%x - 1)*cosh(x"2 + x + 1/4)%*
sinh(x"2 + x + 1/4) + 2%(2*x - 1)*sinh(x"2 + x + 1/4)72 - sqrt(pi)*(3*cosh
(x"2 + x + 1/4)*erf(x + 1/2) + cosh(x"2 + x + 1/4)*erfi(x + 1/2) + (3*erf(
X+ 1/2) + erfi(x + 1/2))*sinh(x"2 + x + 1/4)) + 4*x - 2)/(cosh(x"2 + x +

1/4) + sinh(x"2 + x + 1/4))

output

Sympy [F]

1
/xzsinh (i-l—x—l—ﬂﬁ) dxz/xQSinh (x2+z+1) dz

inputLintegrate(x**Q*Sinh(1/4+X+X**2),x)

OutputLIntegral(x**2*sinh(x**2 +x+ 1/4), %)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(38) = 76.

Time = 0.15 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.77

1)+(2w+1) (3,12z+1))

1 1
/x2sinh<1+x+x2> dx=§x3sinh(x2+x+1 5
6((2z+1)%)*

- 4F(2’i(2$+1)2> - }lF(z,—}l(zzH)?)
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input‘integrate(X”2*sinh(1/4+x+x“2),x, algorithm="maxima")

1/3*x"3*sinh(x"2 + x + 1/4) + 1/6%(2*x + 1) b*gamma(5/2, 1/4*(2*x + 1)72)/
((2xx + 1)72)°(5/2) + 1/6%(2*x + 1) bxgamma(5/2, -1/4*(2*x + 1)72)/(-(2*x

+ 1)72)7(5/2) + 1/8%(2*x + 1) 3*%gamma(3/2, 1/4*(2*x + 1)72)/((2*x + 1)72)~
(3/2) + 1/8%(2*x + 1)~ 3xgamma(3/2, -1/4*(2*x + 1)72)/(-(2*x + 1)72)~(3/2)

+ 1/48xe~(1/4%(2%x + 1)72) - 1/48*%e~(-1/4*%(2%x + 1)72) - 1/4*gamma(2, 1/4*
(2%x + 1)72) - 1/4*gamma(2, -1/4%(2*x + 1)72)

output

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.13 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.80

2

/z2 sinh (1 +z+ xz) dzr = é (22 — 1)el@™*o+1) 4 é 2z — 1)e-#"~==3)

4
3 1 1. . 1.
— 1—6\/7_7erf <z+§> - Ezﬁerf (—zx— 5@)

input Lintegrate (x"2*sinh(1/4+x+x72) ,x, algorithm="giac") J

(1/8%(2%x - 1)*e”(x"2 + x + 1/4) + 1/8%(2%x - 1)*e”(-x"2 - x - 1/4) - 3/16%x

output
‘sqrt(pi)*erf(x + 1/2) - 1/16*I*sqrt(pi)*erf (-I*x - 1/2%I) ‘

Mupad [F(-1)]

Timed out.
2 1 2 2 2 1
x“ sinh Z+x+x dr = | z°sinh|( z +x+1 dz

Lint(x“2*sinh(x + x72 + 1/4) ,x%) J

input

Outputtint(x’i*sinh(x + X2 + 1/4), %) J
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.35

1
/xz sinh (4_1 +x+ x2) dz
VT e e (iz 4 1i) i — 3y/mer o rerf (x4 1) 4 42720 ig — 2e27 4L | deiy — ei

1
16e7*+o+3

input‘ int (x"2*sinh(1/4+x+x72),%) ‘

output‘ (sqrt (pi)*e*x ((2*x**2 + 2xx + 1)/2)*erf((2xixx + i)/2)*i - 3*sqrt(pi)*e*x( \
| (2kx%x2 + 2%x + 1)/2)%erf((2xx + 1)/2) + 4xex*((Bxx*+2 + 8¥x + 3)/4)¥x - 2 |
‘*e**((S*x**2 + 8%x + 3)/4) + 4xexx(1/4)*x - 2*ex*x(1/4))/(16*e*x*x ((2*x**2 + ‘
(2%x + 1)/2)) |
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3.12  [zsinh (;+z+12?) do

Optimal result . . . . . . . . . . . . e 113
Mathematica [A] (verified) . . . . . . . . . ... o 113l
Rubi [A] (verified) . . . .. . . ... .. 114
Maple [C] (verified) . . . . . . . . . ... 115
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 116
Sympy [F] . . o o 116
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 117
Giac [C] (verification not implemented) . . . . . . . ... ... ... ... ... 117
Mupad [F(-1)] . . . o o 118
Reduce [F] . . . . . 118

Optimal result

Integrand size = 11, antiderivative size = 52

(1 N, 1 1 N\ 1 1
/xs1nh(4+x—|—z)dz—2cosh(4+x+z) 8\/7_rerf<2( 1 2x)>
- %ﬁerﬁ(%(l + Zx))

e

L1/2*Cosh(1/4+x+x’"2) +1/8%Pi~ (1/2)*erf (1/2+x)-1/8*Pi~(1/2) *erfi(1/2+x)

~—

output

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.44

/zsinh <i +z—|—:c2> dz

_ 2(1 + v/e) cosh(z(1 + z)) + vey/merf(3 + z) — vey/merfi(2 + z) + 2(—1 + \/e) sinh(z(1 + z))
8ve

input LIntegrate [x*Sinh[1/4 + x + x72],x] J
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outpus (2*(1 + Sart[E1*Coshlxx(1 + x)] + E™(1/4)*Sqrt [PiI+Er£[1/2 + x] - E°(1/4)

L*Sqrt [Pil*Erfi[1/2 + x] + 2x(-1 + Sqrt[E])*Sinh[x*(1 + x)])/(8+E~(1/4)) J
Rubi [A] (verified)
Time = 0.30 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.10,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 455 Ry
integrand size
used = {5905, 5897, 2664, 2633, 2634}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
. 2 1
zsinh | +x+1 dx
| 5905
1 ) 1\ 1/, ) 1
icosh <a; +z—|—4> 2/smh (z +m+4> dx
| 5897
11 [ erat, L[ e2asl 1 2 1
2<2/e idx 2/6 4da:>+2cosh<a: +a:+4>
| 2664
1/1 1 2 1 1 2 1 1
L[ e+, 1 [ 1@zt 1 2 1
2<2/e4 dx 2/34 dm>+2cosh<ac +a:+4)
| 2633
1/1 1 2 1 1 1 1
e —2(2z+1) - - - 2 -
2<2/e 1 dz 4\/7_rerﬁ<2(2x+1)>>+2cosh(w +m+4)
| 2634
1/1 1 1 1 1 9 1
2 (4\/7_1'erf<2(23: + 1)) - 4ﬁerﬁ<2(2x + 1))> + B cosh <x +z+ 4)
input | Tt [x#Sinh[1/4 + x + x72],x] )
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outpu

L + 2%x)/2]1)/4)/2

t‘Cosh[1/4 + x + x72]/2 + ((Sqrt[Pil*Erf[(1 + 2*x)/2])/4 - (Sqrt[Pil*Erfil[(1

|
J

Defintions of rubi rules used

rule 2633 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt

[Pil*(Erfil[(c + dx*x)#*Rt[b*Logl[F], 211/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F a*Sqrt

[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*LoglF], 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2664 IRELEFD " ((a_.) + (b_.)*(x)) + (c_.)*(x_)"2), x_Symboll :> Simp[F~(a - b~2/

(4%c)) Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2
Int[E~(-a - b*x - c*x~2), x], x] /;

(a + bxx + c*x72), x], x] - Simp[1/2
FreeQ[{a, b, c}, x]

Int[E™

rule 5905‘]:1113[(((1_-) + (e_.)*(x_))*Sinh[(a_.) + (b_,)*(x_) + (C_.)*(X_)A2], X_Symbol]

‘ :> Simp[e*(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*e - 2%c*d)/(2%c)

I

‘nt[Sinh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -

‘ 2xcxd, 0]

Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.94

method | result size
(1+2z)2 1 (1+2x)2 . Y
. - T erf(=+4x i/ erf (ix+=1
risch e I 4 VT 8(2 ) 4 e gy é 2 | 49
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input‘int(x*sinh(1/4+x+x‘2),x,method=_RETURNVERBOSE)

‘ 1/4xexp(-1/4% (1+2xx) ~2)+1/8%Pi~ (1/2) *erf (1/2+x)+1/4*exp(1/4* (1+2%x)"2)+1/8 \

output
‘*I*Pi‘(1/2)*erf(I*x+1/2*I) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(28) = 56.

Time = 0.10 (sec) , antiderivative size = 108, normalized size of antiderivative = 2.08

/msinh <:11 +x+x2> dz

_ 2cosh(2? +z+ }1)2 +4 cosh (22 4+ z + 1) sinh (z> + £+ 1) + 2 sinh (z? + z + L—i)Q + /7 (cosh (22 +
B 8 (cosh (z2 4+ z + 1)

inputLintegrate(x*sinh(1/4+x+x‘2),x, algorithm="fricas") J

Output‘ 1/8%(2*cosh(x"2 + x + 1/4)72 + 4xcosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4) + ‘
‘ 2*sinh(x"2 + x + 1/4)72 + sqrt(pi)*(cosh(x”2 + x + 1/4)*erf(x + 1/2) - co
'sh(x™2 + x + 1/4)xerfi(x + 1/2) + (erf(x + 1/2) - erfi(x + 1/2))*sinh(x2 |

‘+ x + 1/4)) + 2)/(cosh(x"2 + x + 1/4) + sinh(x"2 + x + 1/4))

Sympy [F]

1
/a:sinh (i+x+w2) dxz/a:sinh (w2+x+1) dz

‘integrate(x*sinh(1/4+x+x**2),x)

input

outputtlntegral(x*sinh(x**2 +x + 1/4), x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(28) = 56.

Time = 0.18 (sec) , antiderivative size = 123, normalized size of antiderivative = 2.37

2z +1)°T (2,1 (22 +1)°
/zsinh<1+z+w2> d:czlesinh(a?—i-x-i-l)—( z+1)T(55 (22 +1))
2 4(2z+1)%)

3
2

4 4
Cz+1)°T(E,-i2z+1))
4 (~(22+1))?

1 (% @ot+1)?) 1 (-1 @z+1)?)
6° T

1 1 AN 1 .
- - - ——(2z+1
+4F(2,4(2x+1)>+4f‘<2, 2o+ ))

input Lintegrate (x*sinh(1/4+x+x"2),x, algorithm="maxima") J

‘(1/2*x‘2*sinh(x‘2 +x + 1/4) - 1/4%(2*x + 1) 3*%gamma(3/2, 1/4*(2*x + 1)72)/
‘((2*}{ + 1)72)7(3/2) - 1/4%(2*%x + 1)~3*gamma(3/2, -1/4%(2*x + 1)72)/(-(2*x
\+ 1)72)7(3/2) - 1/16%e”(1/4%(2*x + 1)72) + 1/16%e”(-1/4*%(2*x + 1)72) + 1/4
xgamma (2, 1/4*%(2xx + 1)72) + 1/4xgamma(2, -1/4*(2*x + 1)72)

N\ J

output

\‘

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.13 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

1
/xsinh (i—l—x—l—:ﬁ) dr = é\h—rerf (m—i—%) — 12'\/7_rerf (—ix— —z')

8 2
1 (z?2+z+1) 1 (—z%—z—1)
+ 1 e 1) 4 1 e i
input Lintegrate (x*sinh(1/4+x+x~2),x, algorithm="giac") J

)
¢ 1/8%sqrt(pi)*erf(x + 1/2) - 1/8+I*sqrt(pi)*erf(-I*x - 1/2+I) + 1/4%e”(x"2 |

outpu
‘+ x + 1/4) + 1/4xe~(-x"2 - x - 1/4) ‘
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Mupad [F(-1)]

/msinh (:11+x+x2> dx=/xsinh<m2+z+}1> dz

Timed out.

inputtint(x*sinh(x + X°2 + 1/4),%)

Outputtint(x*sinh(x +x72 + 1/4), x)

Reduce [F]

2 1 ; 2 1
/xmm<l+m+ﬁ>d$:aﬂﬂx;m+4) UEMWm;x+4ﬁm)

input Lint (x*sinh(1/4+x+x"2) ,%)

Outputt(cosh((4*x**2 + 4xx + 1)/4) - int(sinh((4*x**2 + 4*x + 1)/4),x))/2




output

input

output
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3.13 [sinh (§ + z + 2?) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [C] (verification not implemented) . . . . . . . ... ... ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 9, antiderivative size = 39

/sinh Gx +z+ x2) dr = L—iﬁerf(%(—l - 2w)) + }lﬁerﬁ (%(1 + 2m))

e

L—1/4*Pi‘(1/2)*erf(1/2+x)+1/4*Pi“(1/2)*erfi(1/2+x)

~—

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.62

! \ 1 1 1
/smh <Z+z+x ) dr = Z\/E(—erf<§+x) +erﬁ<§+x>)

LIntegrate[Sinh[1/4 + x + x72] ,x]

L(Sqrt[Pi]*(-Erf[1/2 + x] + Erfi[1/2 + x]))/4
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,

number of rules _ 444, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

1
/sinh <x2 +x+ 4> dxr

below.

| 5897
;/6m2+$+}1dw—;/e_z2_“°_}1da:
l 2664
;/ei(zxﬂ)de_;/e—}l(zxﬂﬁdx
l 2633
iﬁerﬁ<;(2m+ 1)> _ % /6_‘11(27”“)2(11'
| 2634

iﬁerﬁ@(zx + 1)) _ iﬁerfc(zz + 1))

input‘\lnt [Sinh[1/4 + x + x~2],x]

output L-1/4* (Sqrt [Pil#Erf[(1 + 2x%x)/2]) + (Sqrt[Pil*Erfil[(1 + 2xx)/2])/4




CHAPTER 3. LISTING OF INTEGRALS 121

Defintions of rubi rules used

rule 2633 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

rule 2634 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

rule 2664 Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2*xc*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

rule 5897 Imt[Simhl(a_.) + (b_)*(x.) + (c_.)*(x)"2], x_Symbol] :> Simp[1/2 Int[E"
(a + béx + cxx72), x], x] - Simp[1/2 Int[E"(-a - bxx - c*x"2), x], x] /;
‘FreeQ[{a, b, c}, x]

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.64

method | result size

1 in/m erf (iz+Li
_\/Eerf4(2+:c) . \ferfizm-i—zz) 95

risch

-

input Lint (sinh(1/4+x+x~2) ,x,method=_RETURNVERBOSE)

| —

output L_1/4*Pi'\ (1/2) *erf (1/2+x)-1/4*I*Pi~ (1/2) *erf (I*x+1/2%I)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.41

/1 AN 1 1
/31nh<1+x+x>dx— 4\/77(erf<x+2) erﬁ(:c+2>)

inputLintegrate(sinh(1/4+x+x*2),x, algorithm="fricas")

outputL‘1/4*Sqrt(Pi)*(erf(x +1/2) - erfi(x + 1/2))

Sympy [F]

1 1
/sinh(z-l—x—i—ﬁ) dw=/sinh(w2+x+1) dz

input Lintegrate (sinh(1/4+x+x*%2) ,x)

outputLIntegral(sinh(x**2 +x + 1/4), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(19) = 38.

Time = 0.13 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.41

[ s <1+x+x2> oo GErUTEECeDY) | @+ )T —f@e+ 1))
2(@2e+1)%)*

1 1 (10
+ zsinh (x2+x+ Z) + Ze<‘11(2 1) _

input tintegrate (sinh(1/4+x+x~2),x, algorithm="maxima")
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‘1/2*(2*1{ + 1)~ 3*gamma (3/2, 1/4*(2xx + 1)72)/((2*x + 1)72)7(3/2) + 1/2*%(2*x ‘
|+ 1)"3xgamma(3/2, -1/4%(2%x + 1)72)/(-(2%x + 1)72)7(3/2) + x*sinh(x"2 + x |
‘ + 1/4) + 1/4xe”(1/4*(2*x + 1)72) - 1/4*e”(-1/4*%(2xx + 1)72) ‘

output

Giac [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 0.13 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.54

. 1 9 1 1 1. . 1.
/smh <Z+m+x> da:——z\/?rerf (x—i—E) +Zz\/7_rerf (—zx—éz)

input tintegrate (sinh(1/4+x+x72),x, algorithm="giac") J

-

L—1/4*sqrt(pi)*erf(x + 1/2) + 1/4xI*sqrt(pi)*erf(-I*x - 1/2+I)

-/

output

Mupad [F(-1)]

Timed out.
. 1 9 . 9 1
sinh Z—I—x-l—a: dr = [ sinh( z +z+1 dz

int(sinh(x + x°2 + 1/4),x)

-

| —

input L

outputtint(sinh(x +x72 + 1/4), x) J
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Reduce [F]

1 1
/sinh <Z+x+x2) dxz/sinh (x2+x+1) dz

input Lint (sinh(1/4+x+x72) ,x)

output Lint(sinh((4*x**2 + 4%x + 1)/4),%)
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sinh ( 1 +x+:1:2>

314 [——Vdz

Optimal result . . . . . . . . . . . . e 125]
Mathematica [N/A] . . . . . . .. .
Rubi [N/A] . . o 126
Maple [N/A] . . . o e 1261
Fricas [N/A] . . . . 127l
Sympy [N/A] . . o 127
Maxima [N/A] . . . o .
Giac [N/A] .« . . 128
Mupad [N/A] . . . o 128
Reduce [N/A] . . . 129

Optimal result

Integrand size = 13, antiderivative size = 13

/ sinh (1 + z + 2?) dr — Int (Sinh (2 +z+2?) m)
x x ’

output tDefer(Int) (sinh(1/4+x+x72)/x,%) J
Mathematica [N/A]
Not integrable
Time = 5.84 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15
/Sinh (3 +z+2?) s =/sinh (3 +z+2?) s
iy x
inputLIntegrate[Sinh[l/lL + x + x72]/x,x] J

output LIntegrate [Sinh[1/4 + x + x~2]/x, x] J
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
inh (22 1
/sm (z +:E+4) da
X
l 5915
inh 2 1
/sm (z +x+4)dx
X
inputtlnt [Sinh[1/4 + x + x~2]/x,%]

output t

$Aborted

input

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/sinh (3 -I—:c-l—a:Q)dx

T

Lint(sinh(1/4+x+x"2)/x,x) J

output L

int (sinh(1/4+x+x~2)/x,%)
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+x+x2) dx_/sinh(xz—i-m—ki) o

z x

input Lintegrate (sinh(1/4+x+x~2)/x,x, algorithm="fricas")

output 1otegral(sinh(x"2 + x + 1/4)/x, x)

Sympy [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

/sinh(;ll+x+m2) dx_/sinh(wz—i-m-l—i) o

z x

input Lintegrate (sinh (1/4+x+x**2) /x , x)

output LIntegral(sinh(x**2 +x + 1/4)/x, x)

Maxima [N/A]
Not integrable

Time = 0.57 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+x+m2) dx_/sinh(wz—i-m-l—i) o

z x

input Lintegl”ate (sinh(1/4+x+x"2) /x,x, algorithm="maxima")
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OutputLintegrate(sinh(x’? +x + 1/4)/x, %)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;i+x+a:2) dx_/sinh(x2+z+;i) i

T T

inputLintegrate(sinh(1/4+x+x‘2)/x,x, algorithm="giac")

output Lintegrate(sinh(x“Q +x + 1/4)/x, %)

Mupad [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(i + z + z?) dx_/sinh(a:Q—i-x—i— H s

T T

input Lint(sin.h(x + x72 + 1/4)/%,%)

output Lint(sinh(x +x72 + 1/4)/x, %)
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

z x

/Sinh(i+x+x2) dx_/sinh(x2+z+;i)dx

input Lint (sinh(1/4+x+x72)/x,%)

output Lint(sinh((4*x**2 + 4xx + 1)/4)/x,%)




output

input
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sinh ( ! +a:+:1:2>

315  [— 5 —Ldz

Optimal result . . . . . . . . . . . .. 1301
Mathematica [N/A] . . . . . ... . 130
Rubi [N/A] . . . e 131
Maple [N/A] . . . o e 132
Fricas [N/A] . . . . 1321
Sympy [N/A] . . o 133
Maxima [N/A] . . . . o e 133
Giac [N/A] . . o o 133
Mupad [N/A] . . . o 134
Reduce [N/A] . . . o 134

Optimal result

Integrand size = 13, antiderivative size = 13

xr2

/ sinh (} + = + z?) do — _%ﬁerf(%(_l - 2@) + %ﬁerﬁ(%(l + 296))

_ sinh (3 +z+2?) ot (cosh (2 +z+2?)

X

X

‘1/2*Pi‘(1/2)*erf(1/2+x)+1/2*Pi“(1/2)*erfi(1/2+x)—sinh(1/4+x+x“2)/x+Defer(I

‘nt)(cosh(1/4+x+x“2)/x,x)

Mathematica [N/A]

Not integrable

Time = 7.46 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

sinh (1 + z + 2?)
iz,

sinh (} + z + 2?)

x2

dz

LIntegrate[Sinh[1/4 + x + x72]1/x72,x]
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output Integrate[Sinh[1/4 + x + x°21/x°2, x]

Rubi [N/A]
Not integrable
Time = 0.44 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 6, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
inh 2 _+_l
/sm (ac —;—x 4) da
x
l 5913
1 h (22 i inh (22 :
2/cosh<x2+w+>dx+/cos (z +w+4)dw_sm (z +m+4)
4 x T
l 5898
2 1/6_z2_z_‘11d1'+1/6z2+$+‘11d.’17 _+_/COSh (x2+x+%>dl‘— sinh (£B2+$+i)
2 2 T x
l.2664
2 1 . 2 1
/cosh(x +£+Z)dw+2 1/6_‘11(2$+1)2d$+1/6411(2w+1)2d{[: _ sinh (2 +z + 7)
x 2 2 T
l 2633
2 1 . 2 1
2 1/6_}1(2””+1)2dx+1\/7_rerﬁ 1(2:c—|-1) +/COSh (o +x+1)dx_s1nh (z+2+34)
2 4 2 T T
l 2634

= @2ty 2@ ﬁerfem N 1)> ; iﬁerﬁ(é(% ; 1))) .

sinh (% 4+ z + i)
x

l 5916
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h (22 i 1 1
/cos (z ;w+ 4)d$+2<411ﬁerf<;(2x+ 1)) + 4\/7_rerﬁ<2(2x+ 1))) -
mnh(x24—w—%i)
T

inputtlnt [Sinh[1/4 + x + x~21/x"2,x]

output L$Aborted

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

/Sinh (3 +z+2?) .

xr2

input Lint (sinh(1/4+x+x72)/x"2,%)

outputLint(Sinh(1/4+x+x“2)/x“2,x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+x+x2) dx_/sinh(xz—i-m—ki) o

1‘2 ;[;2

input Lintegrate (sinh(1/4+x+x"2)/x"2,x, algorithm="fricas")

Output‘ integral(sinh(x™2 + x + 1/4)/x72, x)
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Sympy [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

1:2 3;2

/sinh(;ll+x+x2) dx_/sinh(xz—i-m—ki) o

input Lintegrate (sinh(1/4+x+x**2) /x**2,Xx)

outputtlntegral(sinh(x**z + x + 1/4)/x%%2, %)

Maxima [N/A]
Not integrable

Time = 0.38 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+x+x2) dx_/sinh(wz—i-m-l—i) o

1:2 3;2

input Lintegrate (sinh(1/4+x+x"2)/x"2,x, algorithm="maxima")

output Lintegrate(sinh(x’? +x + 1/4)/x72, x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(;ll+x+m2) dx_/sinh(wz—i-m-l—i) o

172 ;1;2

input Lintegrate (sinh(1/4+x+x72) /x~2,x, algorithm="giac")
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OutputLintegrate(sinh(x’? + x + 1/4)/x72, x)

Mupad [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

T

/sinh(i+x+x2) dx_/sinh(:c2+x+}l) p

.’E2 :1;2

input Lint(sin.h(x + x°2 + 1/4)/x72,%)

outputtinﬂsinh(x +x72 + 1/4)/x72, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/sinh(§+x+x2) dx_/sinh(x2+z+;1)dw

.'E2 x2

input Lint (sinh(1/4+x+x72)/x"2,%)

output Lint(Sinh((‘L*X**? + 4%x + 1)/4)/x%%2,x%)




output
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3.16 [ z?sinh® (a + bz + cz?) dz

Optimal result . . . . . . . . . . . . e 135
Mathematica [A] (verified) . . . . . . . . . ... o 1361
Rubi [A] (verified) . . . .. . . ... .. 136
Maple [A] (verified) . . . . . . ... L 137
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 138
Sympy [F] . . o o 139
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1401
Giac [A] (verification not implemented) . . . . . . ... ... ... T40
Mupad [F(-1)] . . . o o 141
Reduce [F] . . . . . 141

Optimal result

Integrand size = 17, antiderivative size = 268

—2a+ 2 % \/_erf b+2cx —2a+ % \/_erf b+2cx
2 12 2 _ z? ( ) < )
/w sinh (a—l—bx—l—cx) dx——g—l— 390572 + 390372
b2e20—3 \/_ erfi (b”“) \/_ erfi (b”“)
+ 32c5/2 32¢3/2
bsinh (2a + 2bz + 2cz®)  zsinh (2a + 2bx + 2cz?)
- +
16¢2 8¢

-1/6%x"3+1/64%b~2*%exp (-2*a+1/2*b"2/c)*2~(1/2)*Pi~ (1/2) *erf (1/2* (2*c*x+b) *2
~(1/2)/c~(1/2))/c~(6/2)+1/64*exp(-2*%a+1/2¥b~2/c) *2~ (1/2) *Pi~ (1/2) *erf (1/2%
(2%c*x+b)*27(1/2) /¢~ (1/2)) /c~(3/2) +1/64*b~2xexp (2*a-1/2*%b"2/c) *2~ (1/2) ¥Pi~
(1/2) *erfi(1/2% (2xc*x+b)*27(1/2) /c~(1/2))/c~(5/2)-1/64*exp(2*a-1/2%b~2/c) *
27(1/2)*Pi~(1/2) *erfi(1/2*% (2*c*x+b)*27(1/2) /c~(1/2))/c~(3/2)-1/16*b*sinh (2
*C*X " 2+2xb*x+2%a) /c”2+1/8*x*sinh (2*c*xx~2+2*b*x+2%a) /c
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Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.66

/ 22 sinh? (a + bz + ch) dz

3(b* +¢) \/2_7rerf<%i\/”§) <cosh <2a — g—i) — sinh (2a — %)) +3(* —¢) \/ﬁerﬁc;%z%) (cosh <2a — !
192¢5/2

e hY

Integrate[x~2+Sinh[a + b*x + c*x~2]72,x]

N J

input

Output} (3%(b™2 + c)*Sqrt [2+Pil#Erf[(b + 2xc*x)/(Sqrt[2]#Sqrt[c])I*(Cosh[2*a - b™2
|/(2%c)] - Sinh[2¥a - b~2/(2%c)]1) + 3%(b™2 - c)*Sqrt[2+Pil*Erfil(b + 2¥cxx) |
/(Sqrt[2]*Sqrt[c])1*(Cosh[2*a - b~2/(2%c)] + Sinh[2%a - b™2/(2%c)]) - 4%Sq
‘rt [c]*(8*c™2xx"3 + 3*x(b - 2*c*x)*Sinh[2*x(a + x*x(b + c*x))]))/(192*xc~(5/2)) ‘

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.118, Rules

number of steps used = 2, number of rules used = 2,
used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x? sinh? (a + bx + ca:z) dz
l 5917

2
/ (;mz cosh (2a + 2bx + 20932) — ar;2> dz

l 2009
\/geg%_%erf(lig\%) \/gbzeg%_%erf(—%z\%) \/geza_gerﬁ(lj;%)
32¢3/2 + 32¢5/2 B 32¢3/2 +

s Gz—ﬁ CT
V5bPe 5 erﬁ(%{/@) bsinh (2a + 2bz + 2cz?) L sinh (2a + 2bz + 2cz?) &3
32c5/2 16¢? 8c 6
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input‘Int[x 2%Sinh[a + b*x + c*x~2]"2,x]

-1/6%x"3 + (b"2+E~(-2*a + b~2/(2%c))*Sqrt [Pi/2]*#Erf [(b + 2%c*x)/(Sqrt[2]*S
qrt[c])1)/(32xc~(5/2)) + (E~(-2xa + b~2/(2*c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/
(Sqrt[2]1*Sqrt[c1)]1)/(32%c™(3/2)) + (b"2*E~(2*a - b~2/(2*c))*Sqrt [Pi/2]*Erf
i[(b + 2xcx*x)/(Sqrt[2]*Sqrt[c])])/(32*c~(5/2)) - (E~(2*a - b~2/(2%c))*Sqrt
[Pi/2]*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(3/2)) - (b*Sinh[2*a + 2
*b*x + 2%c*xx"2])/(16%c”2) + (x*Sinh[2*a + 2xb*x + 2%c*x~2])/(8%c)

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol]l :> Simp[IntSum[u, xI, x] /; SumQ[u] J

, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Sinh[a + b*x + c*x~2]"n, x

rule 5017 IRELCA_.) + (e_)*(x_))~(m_.)*Sinh[(a_.) + (b_)*(x)) + (c_.)*(x))"2]1"(a)
‘], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

Maple [A] (verified)

Time = 0.56 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.05

method | result

x_

— dac—b? _ 4ac—b2
. 3 xe_gc m2—2ba:—2a be_gc mz_sz_ga bzﬁe 2c \/i el‘f(ﬂ \/E(I)ﬁ‘%) ﬁe 2c \/i el‘f(ﬂ \/E:IJ-
risch % 16 52 = + 3
¢ ¢ 64c2 64c2

input Lint (x~2*sinh (c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) J
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-1/6%x73-1/16/c*x*exp (-2*c*x~2-2%b*x-2%a) +1/32%b/c”2%exp (-2*Cc*x~2-2*b*x-2*
a)+1/64*%b"2/c~(5/2)*Pi~ (1/2) *exp(-1/2x (4xaxc-b"2) /c)*2~ (1/2) xerf (27 (1/2) *c
~(1/2) *x+1/2xbx2~(1/2) /c~(1/2))+1/64/c~(3/2) ¥*Pi~ (1/2) *exp (-1/2% (4*a*xc-b~2)
/c)*27(1/2)*xerf (27 (1/2)*c” (1/2) *x+1/2xbx2~(1/2) /c~(1/2) ) +1/16/c*x*exp (2*c*
X"2+2%b*x+2%a) -1/32%b/c”2*exp (2% c*x"2+2%b*x+2%a) -1/32%b~2/c"2*xPi~ (1/2) *exp
(1/2%(4xa*c-b~2) /c) / (-2xc) " (1/2) *erf (- (-2%c) ~(1/2) *x+b/ (-2%c) ~(1/2))+1/32/
c*Pi~(1/2) *exp(1/2* (4xaxc-b~2)/c)/(-2xc)~(1/2) *erf (- (-2*c)~ (1/2) *x+b/ (-2*c
)~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 766 vs. 2(210) = 420.

Time = 0.11 (sec) , antiderivative size = 766, normalized size of antiderivative = 2.86

/ 2 sinh? (a + bx + cw2) dx = Too large to display

7

input integrate(x~2*sinh(c*x~2+b*x+a)~2,x, algorithm="fricas")




output

input

output
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-1/192%(32%c”3*x"3*cosh(c*x™2 + b*x + a)~2 - 6%(2%c”2*x - b*c)*cosh(c*x™2
+ b*x + a)"4 - 24x(2*c”2*x - b*c)*cosh(c*x~2 + b*x + a)*sinh(c*x~2 + b*x +
a)~3 - 6x(2%c”2*x - b*c)*sinh(c*x"2 + b*x + a)~4 + 3xsqrt(2)*sqrt(pi)*((b
"2 - c)*cosh(c*x”™2 + b*x + a) 2xcosh(-1/2*(b"2 - 4*a*c)/c) + (b~2 - c)*cos
h(c*x"2 + b*x + a) 2*sinh(-1/2*(b"2 - 4x*a*c)/c) + ((b"2 - c)*cosh(-1/2*%(b"
2 - 4*a*xc)/c) + (b"2 - c)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a
)72 + 2x((b™2 - c)*cosh(c*x”™2 + b*x + a)*cosh(-1/2*x(b"2 - 4x*a*c)/c) + (b"2
- c)*cosh(c*x™2 + b*x + a)*sinh(-1/2%(b~2 - 4*axc)/c))*sinh(c*x"2 + b*x +
a) ) *sqrt (-c)*erf (1/2xsqrt (2) *(2*c*x + b)*sqrt(-c)/c) - 3*sqrt(2)*sqrt(pi)
*((b"2 + c)*cosh(c*x~2 + b*x + a) 2*cosh(-1/2%(b"2 - 4xa*c)/c) - (b™2 + c)
xcosh(c*x™2 + b*x + a) " 2*xsinh(-1/2*x(b~2 - 4*a*c)/c) + ((b~2 + c)*cosh(-1/2
*(b"2 - 4*a*c)/c) - (b"2 + c)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x”2 + b*x
+ a)”2 + 2% ((b"2 + c)*cosh(c*x"2 + b*x + a)*xcosh(-1/2*(b"2 - 4*a*c)/c) -
(b"2 + c)*cosh(c*x"2 + b*x + a)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b
*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2*c*x + b)/sqrt(c)) + 12kc™2*x + 4*(8*c”
3*xx”3 - 9*(2xc”2*x - b*c)*cosh(c*x"2 + b*x + a) 2)*sinh(c*x~2 + b*x + a)~2
- 6%bxc + 8%(8*c~3*x"3*cosh(c*x"2 + b*x + a) - 3*(2*c”2*x - b*c)*cosh(c*x
~2 + b*x + a)”3)*sinh(c*x"2 + b*x + a))/(c"3*cosh(c*x”2 + b*x + a)~2 + 2%c
~3%cosh(c*x~2 + b*x + a)*sinh(c*x~2 + b*x + a) + c”3*sinh(c*x™2 + b*x + a)
~2)

Sympy [F]

/x2 sinh? (a+bz+cz?) do = /x2 sinh? (a+ bz + cz®) dz

N

integrate (x**2xsinh (c*x**2+bxx+a) **2,x)

|

Integral (x*¥*2xsinh(a + b*x + c*x*k*2)**2, x)

| —
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Maxima [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.10

1
/w2 sinh? (a + bx + cm2) dz = 6 z°

2 1./ @etn)? ) _ <<2cw+b>2) ap( 38 _ (2eatb)?
et (eI BE) 1) (0992) aeorr(3o050) | o, )

2¢c
V2 N T (e E g
+ 64/
\/7?(2 cac+b)bz (erf(ﬁ\/@) _1) <_(2‘021‘L)2> 2(2 C:L‘+b)31"(% 2 cac-i—b)2> (_2 ot b2 )
\/5 + 2+/2bce , _ . 2¢c
\/<2czc+b)2 (—0)3 (—c)2 ((z cz+b) 2)7 o}
B 64 +/—c

input‘integrate(XAQ*SiDh(C*X”2+b*x+a)“2,x, algorithm="maxima")

-1/6%x"3 + 1/64*sqrt(2)*(sqrt(pi)*(2*c*x + b)*b~2*(erf (sqrt(1/2)*sqrt(-(2*
cxx + b)~2/c)) - 1)/(sqrt(-(2*c*xx + b)~2/c)*c”~(5/2)) - 2*sqrt(2)*b*xe”(1/2%
(2xcxx + b)~2/c)/c~(3/2) - 2%(2*%c*x + b) ~3*gamma(3/2, -1/2%(2%c*x + b)~2/c
)/ ((-(2%c*x + b)72/c)~(3/2)*c™(5/2)))*e”(2%a - 1/2¥b~2/c)/sqrt(c) - 1/64%*s
qrt (2) *(sqrt (pi) *(2*c*x + b)*b~2x(erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1
)/ (sqrt ((2*%c*x + b)~2/c)*(-c)~(5/2)) + 2*sqrt(2)*bkcke”(-1/2%(2%c*x + b)~2
/c)/(=c)~(5/2) - 2%(2*c*x + b) "3xgamma(3/2, 1/2*(2*c*x + b)~2/c)/(((2xc*x
+ b)72/c)"(3/2)*(-c)~(56/2)))*e~(-2%a + 1/2¥b~2/c)/sqrt(-c)

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.68

/z2 sinh? (a + bz + cz2) dx
e aaerer)) o)
. VBV (b +c) exf (-1 \/\5[\0/5(2$+c>>6 +2(c(27 + g) _ 2b)e(—2cm2—2bm—2a)
6 64 c?
ﬁﬁ(b2—c)erf<—%ﬁﬁ(2z+%>)e(_ 7e*)

—2(c(2z + %) — 2b)el2ea?+2b+20)

64 c?
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input Lintegrate (x"2*sinh(c*x~2+b*x+a) "2,x, algorithm="giac") J

-1/6%x"3 - 1/64*(sqrt(2)*sqrt(pi)*(b"2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x
+ b/c))*e”(1/2%x(b"2 - 4xa*xc)/c)/sqrt(c) + 2x(cx(2*x + b/c) - 2%b)*e”(-2*c*
X"2 - 2%bxx - 2*a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2*sqrt(2
Y*sqrt (-c)*(2*x + b/c))*e~(-1/2*%(b"2 - 4xa*c)/c)/sqrt(-c) - 2*(c*(2*x + b/
C) - 2%b)*e”(2%c*x"2 + 2%b*x + 2*a))/c"2

output

Mupad [F(-1)]

Timed out.
/:c2 sinh? (a + bx + ch) dr = /:v2 sinh(c:z:2 +bx+ a)2 dz
input Lint(x"2*sinh(a + b*x + c*x"2)"2,%) J
Outputtint(x“2*sinh(a + bx + c¥x72)"2, x) J
Reduce [F]

/ z’sinh’ (a + bz + cz?) dz

S

2 iotbi . 2 ; : . 8c222 4 8bcw+8actb? 8c2.
_3ﬁ chm +2bx+4aerf<2\c/zg\—i/-gz> b2'l + 3\/7_'('6269: +2bw+4aerf<2\c/zgc+;z> ci — 3e o \/E\/ﬁb 4 6e

p
Lint(x‘2*sinh(c*x‘2+b*x+a)‘2,x)

N

input
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( - 3*sqrt(pi)*exx(4xa + 2xb*x + 2¥cxx**2)*erf ((bxi + 2*c*xixx)/(sqrt(c)*sq
rt(2)))*bx*k2xi + 3*ksqrt(pi)*e*x(4d*xa + 2¥bkx + 2kckx**2)*erf ((b*i + 2¥ckikx
)/ (sqrt(c)*sqrt(2))) *c*xi — 3xe*x*((8*akc + bx*2 + 8xbkcxx + 8kcx*2xx**2)/(2
xc) ) *sqrt (c) *sqrt(2) *b + 6xex*((8*akxc + b**2 + 8*bkckx + Bkck*k2xx**2)/(2%c
))*sqrt(c)*sqrt(2)*cxx — 16%e*xx((4*axc + b**x2 + 4xbkckx + 4xck*2xx**2) /(2%
c))*sqrt (c) *sqrt (2) xc**2*xx*3 + 6xe**x ((bx*2 + 4xbkckxx + 4*cx*2xx**2)/(2%c)
)*sqrt (c) *sqrt (2) *int (1/ex* (2xb*x + 2kc*xx**2) ,x)*b**2 + 6xe*x* ((b**x2 + 4¥bx*
ckx + 4d¥ck*2%x**2) /(2%c)) *sqrt(c) *sqrt (2) *int (1/ex* (2kb*x + 2kc*xx**2) ,Xx)*C

+ 3xexx (bx*2/(2*xc) ) *sqrt (c) *sqrt (2)*b - 6*ex* (b**2/(2*c))*sqrt(c)*sqrt(2)
*xC*x) / (96%ex* ((4*axc + bx*2 + 4Axbkckx + 4Axckxkx**2)/(2%c))*sqrt(c)*sqrt (2
) *Cx*2)

output




CHAPTER 3. LISTING OF INTEGRALS 143

3.17 [ zsinh? (a + bz + cz?) d

Optimal result . . . . . . . . . . . . e 143
Mathematica [A] (verified) . . . . . . . . . ... o 143]
Rubi [A] (verified) . . . .. . . ... .. 144
Maple [A] (verified) . . . . . . ... L 145
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 145
Sympy [F] . . o o 146
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 147
Giac [A] (verification not implemented) . . . . . . ... ... ... 147
Mupad [F(-1)] . . . o o 148
Reduce [F] . . . . . 148

Optimal result

Integrand size = 15, antiderivative size = 136

_2a+bEc fid <b+20x>
/acsinh2 (a + bz + ca?) do = _x_2 be 2 \/Terf WoNG

4 16¢3/2
20— /7 b+2cx
- be“* 2¢ \/gerﬁ(ji\/;) N sinh (2a + 2bzx + 2cx?)
16c3/2 8c

output ‘(—1/4*x‘2—1/32*b*exp (-2*%a+1/2%b~2/c)*2~(1/2) *Pi~ (1/2) *erf (1/2* (2*c*x+b) *2" ( \‘
11/2)/c”(1/2)) /¢ (3/2)-1/32%bxexp (2%a-1/2¥b"2/c) %2~ (1/2) *Pi~ (1/2) ¥erfi(1/2% |
L(Q*c*x+b)*2“(1/2) /c™(1/2))/c™ (3/2)+1/8*sinh (2xckx™2+2xbrx+2%a) /c J

Mathematica [A] (verified)
Time = 0.26 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.14
/z sinh® (a + bz + cz?) dzx

_ bﬁerf(%%) (— cosh <2a — %) + sinh <2a — g—i)) — bﬁerﬁ(%i\/”g) <cosh <2a — g-i) + sinh <2a

32¢3/2

input LIntegrate [x*Sinh[a + b*x + c*x~2]"2,x] J
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Output‘ (b*Sqrt [2*Pi]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(-Cosh[2*a - b~2/(2*c)] + ‘
| Sinh[2*a - b~2/(2%c)]) - bxSqrt[2+Pil*Erfil(b + 2xc*x)/(Sqrt[2]*Sqrtlc])] |
'*(Cosh[2*a - b~2/(2%c)] + Sinh[2%a - b~2/(2%c)]) + 4xSqrtlcl*(-2%c*x™2 + S

‘inh[2*(a + xx(b + c*x))1))/(32%c~(3/2))

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,

number of rules _ 0.133, Rules

number of steps used = 2, number of rules used = 2, S0 o o6

used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/xsinh2 (a+ bz + cz?) dz
l,5917
1 o @
/ §accosh (2a+2bx+2cm ) -5 dx
l 2009

b2

ﬁ_ a CIT ™ a— 5— CT
\/gb‘320 2 erf(%) \/gb62 2°erﬁ(%2\/g> N sinh (2a + 2bx + 2cm2) x2

16¢3/2 16¢3/2 8c 4

input‘ Int[x*Sinh[a + b*x + c*x~2]"2,x] ‘

output\ -1/4%x~2 - (b*E~(-2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2%c*x)/(Sqrt [2]*Sqr \
\t[c])])/(16*c*(3/2)) - (b*E~(2*%a - b~2/(2%c))*Sqrt [Pi/21*Erfi[(b + 2*c*x)/
‘ (Sqrt[2]1*Sqrt[cl)]1)/(16%c~(3/2)) + Sinh[2%a + 2xb*x + 2xc*x~2]/(8*c) ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((d_.) + (e_.)*(x_))~(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)~2]1"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)~m, Sinh[a + b*x + c*x~2]"n, x
‘], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

rule 5917

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.04

method | result

_ dac—b? dac—b?
2 o—2c22—2bz—2a _ by/me 2c ﬂerf(x/ﬁﬁz+g—£) " 2ca?+2ba+2a by/me  2c erf(—\/—Zcm+\/%2c>

risch —

4 16¢ 39¢3 16¢ 16cy/—2c¢

e

int (x*sinh (c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE)

~—

input t

‘ -1/4*x~2-1/16/c*exp (-2*c*xx~2-2*b*x-2%a)-1/32%b/c” (3/2) *Pi~ (1/2) *exp (-1/2%( \
|4xaxc-b"2)/c)#27 (1/2)*erf (27 (1/2)%c™ (1/2) *x+1/2¥b%2~ (1/2) /c™ (1/2)) +1/16/cx

| exp(2xcrx"2+2¥b¥x+2%a) +1/16%b/c*Pi” (1/2) xexp(1/2% (4xaxc-b"2)/c) /(-2%c)~(1/ |
2)werf (- (-2%c) " (1/2)%x+b/ (-2%¢) " (1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 648 vs. 2(106) = 212.

Time = 0.11 (sec) , antiderivative size = 648, normalized size of antiderivative = 4.76

/ z sinh? (a + bx + cm2) dx = Too large to display

inputLintegrate(x*sinh(c*x‘2+b*x+a)*2,x, algorithm="fricas") J
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output

-1/32%(8%c"2*x"2xcosh(c*x"2 + b*x + a)~2 - 2*c*cosh(c*x™2 + b*x + a)"4 - 8
*cxcosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a)~3 - 2xc*sinh(c*x™2 + b*x +
a)~4 - sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 + b*x + a) 2*cosh(-1/2*(b~2 - 4*axc)
/c) + bxcosh(c*x"2 + b*x + a)“ " 2*sinh(-1/2*%(b~2 - 4*a*c)/c) + (b*cosh(-1/2*
(b™2 - 4*xaxc)/c) + b*sinh(-1/2%(b"2 - 4*axc)/c))*sinh(c*x"2 + b*x + a)~2 +
2% (b*cosh(c*x™2 + b*x + a)*cosh(-1/2*(b~2 - 4*axc)/c) + b*cosh(c*x~2 + bx*
x + a)*sinh(-1/2*(b"2 - 4*axc)/c))*sinh(c*x”"2 + b*x + a))*sqrt(-c)*erf(1/2
*sqrt (2) *(2%xcxx + b)*sqrt(-c)/c) + sqrt(2)*sqrt(pi)*(bxcosh(c*x"2 + b*x +
a) "2*cosh(-1/2*(b~2 - 4*a*xc)/c) - b*cosh(c*x~2 + b*x + a) 2*sinh(-1/2%(b"2
- 4xaxc)/c) + (bxcosh(-1/2%(b~2 - 4*a*c)/c) - bxsinh(-1/2%(b~2 - 4*a*c)/c
))*sinh(c*x™2 + b*x + a)”2 + 2*(b*xcosh(c*x™2 + b*x + a)*cosh(-1/2*x(b"2 - 4
*axc)/c) — b*cosh(c*x™2 + b*x + a)*sinh(-1/2%(b"2 - 4x*a*c)/c))*sinh(c*x~2
+ b*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2*c*x + b)/sqrt(c)) + 4*(2*%c™2*x"2 -

3*c*cosh(c*x™2 + bxx + a)~2)*sinh(c*x™2 + b*x + a)”~2 + 8*%(2*c~2*x"2*cosh(c
*x72 + b*x + a) - c*cosh(c*x™2 + b*x + a)~3)*sinh(c*x"2 + b*x + a) + 2xc)/
(c”2*cosh(c*x™2 + b*x + a)~2 + 2*xc”2*cosh(c*x™2 + b*x + a)*sinh(c*x"2 + bx*
X + a) + c"2*sinh(c*x™2 + b*x + a)~2)

Sympy [F]

/acsinh2 (a+ bz +cz?) do = /acsinh2 (a+ bz + cz?) do

-

inputt

integrate (x*sinh (cxx**2+b*x+a) **2,x)

~—

p
outputt

Integral (x*sinh(a + b*x + ckxx**2)**2, x)
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Maxima [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.47

/z sinh? (a + bz + cz2) dz

/i ﬁ(um»b(ﬁiﬁ@)‘l) _\/i<(27#)2) (20-22)
47 32./c
ﬁ(2cz+b)b(erf(\/g\/@)—l> +\@ce<_(2‘cgt$)2) e(_2a+b2>

2c
V(DI (—o)3

32+/—c

input integrate(x*sinh(c*x‘2+b*x+a)*Q,X, algorithm="maxima")

-1/4*x"2 - 1/32*sqrt(2)*(sqrt(pi)*(2*c*x + b)*bx(erf (sqrt(1/2)*sqrt(-(2xc*
X + b)72/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(3/2)) - sqrt(2)*e” (1/2*(2*c*x
+ b)~2/c)/sqrt(c))*e”(2*a - 1/2*%b"2/c)/sqrt(c) - 1/32xsqrt(2)*(sqrt(pi)*(
2xc*x + b)*bx(erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~
2/c)*(-c)~(3/2)) + sqrt(2)*c*xe”(-1/2*%(2xc*x + b)~2/c)/(-c)~(3/2))*e~(-2*a
+ 1/2*b~2/c)/sqrt(-c)

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.04

/gvsinh2 (a+ bz + cz®) dr = —i z?
1 b (%—%)
\/i\/v?berf(—g ﬁ\f\cf<2$+c>>e _9 e(—2cz2—2bx—2a)
+ 32¢
1 b (_%>
ﬁ\/?rberf(—g ﬁﬁ(2$+z)>e +2 6(2 cx?+2bz+2a)
N V=
32c

inputLintegrate(x*sinh(c*x‘2+b*x+a)*Q’X, algorithm="giac")
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Output‘-1/4*}:"2 + 1/32%(sqrt (2) *sqrt (pi) *b*erf (-1/2*sqrt (2) *sqrt (c) *(2*xx + b/c))*
(e~ (1/2%(b™2 - 4%axc)/c)/sqrt(c) - 2%e”(-2%c*x"2 - 2%b¥x - 2%a))/c + 1/32%x( |
‘sqrt(2)*sqrt(pi)*b*erf(-1/2*sqrt(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2%(b"2 - 4

‘*a*c)/c)/sqrt(—c) + 2*%e~(2*c*x"2 + 2%bxx + 2#a))/c

Mupad [F(-1)]

Timed out.

/:csinh2 (a+bz+cz?) do = /xsinh(cx2+bx+a)2dz

int (x*sinh(a + b*x + c*x~2)"2,x)

inputt

Output‘int(x*sinh(a + bxx + c*x”2)72, x)

Reduce [F]

/w sinh? (a + bz + cw2) dx

2 . . . 862x2+8bcz+8ac+b2 4c2z2+4bcz+4ac+b2 402m2+4bcz+b2
Ve +2bz+4aerf(2°\/’§—+\/g’) bi+e 2 VeV2 — e 2 Vev2ex? —2e ey

402m2+4bcw+4ac+b2
16e 2 VeV2e

inputLint(x*sinh(c*x"2+b*x+a)"2,x) J

(sqrt(pi)*ex*x(4*a + 2¥b*x + 2xc*kx*x*2)*xerf ((bxi + 2*c*ix*x)/(sqrt(c)*sqrt(2)
))*b*xi + exx((8kaxc + b**2 + 8*bxckx + 8xc*k*x2kxx*2)/(2*c))*sqrt(c)*sqrt(2)
- 4xexx((4*axc + b¥*2 + 4xbkckx + 4kcx*2*x**2)/(2%c))*sqrt(c)*sqrt(2)*xcxx
*x%2 — 2kexx ((bx*2 + 4*bkckx + 4kckx2xx**2) /(2*c))*sqrt(c)*sqrt(2)*int (1/ex
* (2xbxx + 2kcxx**2) ,x)*b - exx(b**2/(2%c))*sqrt(c)*sqrt(2))/(16xex* ((4*a*c
+ b**2 + 4dxbxckx + 4¥cx*2*xx*2)/(2xc))*sqrt(c)*sqrt(2)*c)

output
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3.18 [ sinh? (a + bz + cz?) dz

Optimal result . . . . . . . . . . . . e 149
Mathematica [A] (verified) . . . . . . . . . ... o T49]
Rubi [A] (verified) . . . .. . . ... .. 150
Maple [A] (verified) . . . . . . ... L 151
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 151
Sympy [F] . . o o 152
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1521
Giac [A] (verification not implemented) . . . . . . ... ... ... 153l
Mupad [F(-1)] . . . o o 153
Reduce [F] . . . . . 153

Optimal result

Integrand size = 13, antiderivative size = 110

—2a+£ T b+2cx 2a—ﬁ T b+2cx
e 2 ﬁerf(—ﬁ\/é> . e % \/Eerﬁ(ﬁ\/é)
8/ 8/

/Sinh2 (a+bz+cz?) do = —g +

Output‘—1/2*x+1/16*exp(—2*a+1/2*b*2/c)*2A(1/2)*Pi”(1/2)*erf(1/2*(2*c*x+b)*2“(1/2)
/c7(1/2))/c™(1/2)+1/16xexp(2%a-1/2¥b"2/c) %2~ (1/2) ¥Pi~ (1/2) *erfi(1/2% (2xc*x |
+D)*27(1/2)/€”(1/2)) /e (1/2) J

Mathematica [A] (verified)
Time = 0.09 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.27
/Sinh2 (a+bz+ cm2) dx

—4+/2+/cx + \/merf ( %2

\%) (cosh <2a — g—i) — sinh <2a - %)) + ﬁerﬁ(%{%) <cosh <2a - g—i) + si
8v2y/c

input tIntegrate [Sinh[a + b*x + c*xx™2]72,x] J
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Output‘(—4*Sqrt[2]*Sqrt[c]*x + Sqrt[Pil*Erf[(b + 2%c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[
'2%a - b™2/(2%c)] - Sinh[2*¥a - b~2/(2%c)]) + Sqrt[Pil+Erfil(b + 2%c*x)/(Sqr |
‘t[2]*Sqrt[c])]*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2%c)1))/(8*Sqrt[2]

*Sqrt [c])

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,

number of rules _ 0.154, Rules

number of steps used = 2, number of rules used = 2, S0 o o6

used = {5899, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/sinh2 (a+bz+ cm2) dz
l 5899
1 o1
/ icosh(2a+2bx+2cx ) — 3 dz
l 2009
s ﬁ_ a CT s a—ﬁ CT
Vi er(t) e ten()
8y/c 8/c 2
input LInt [Sinh[a + b*x + c*x~2]"2,x] J

‘ -1/2%x + (E~(-2*%a + b~2/(2*c))*Sqrt [Pi/2]1*+Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c] ‘
‘ )1)/(8*Sqrtc]) + (E~(2*%a - b~2/(2%c))*Sqrt [Pi/2]*+Erfi[(b + 2*c*x)/(Sqrt[2 ‘
1#Sqrt[c])1)/ (8*Sqrt [c]) |

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

9}Int[smh[(a_.) + (b_)*(x) + (c_.)*(x_)~21"(n_), x_Symbol] :> Int[ExpandTr
'igReduce[Sinh[a + b¥x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1] |

rule 589

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

method | result Size
ﬁe‘%%bzx/ierf(\/i\/éwﬂ) ﬁe“%‘i%"z erf(—\/—iZcz+L>
risch -4 2ve) _ %) | g4
2 16V 8v—2c
input Lint (sinh(c*x™2+b*x+a) ~2,x,method=_RETURNVERBOSE) J

~1/2%x+1/16%Pi" (1/2) %exp (~1/2# (4xaxc-b"2) /c)¥2~ (1/2) /c™ (1/2) xert (2~ (1/2) *c
‘ ~(1/2) *x+1/2%b*27(1/2) /c~(1/2) )-1/8%Pi~ (1/2) *exp (1/2* (4*axc-b~2) /c) / (-2*c) ‘
~(1/2)vert (- (-2+¢) " (1/2) kx+b/ (-2%¢) "~ (1/2))

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.16

/Sinh2 (a+bz+cz?) do =
V(-5 () (55 o (252

16 ¢

input Lintegrate (sinh(c*x~2+b*x+a)~2,x, algorithm="fricas") J
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Output} ~1/16% (sqrt (2) *sqrt (pi)*sqrt (-c)*(cosh(-1/2#(b™2 - 4*a*c)/c) + sinh(-1/2%(
‘b“2 - 4xaxc)/c))*erf (1/2*sqrt(2)*(2*c*x + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi
)*sqrt(c)*(cosh(-1/2%(b™2 - 4xa*c)/c) - sinh(-1/2%(b"2 - 4*a*c)/c))*erf(1/

‘2*sqrt(2)*(2*c*x + b)/sqrt(c)) + 8*c*x)/c

Sympy [F]
/sinh2 (a + bx + cxz) dz = /sinh2 (a + bx + cx2) dz
inputLintegrate(sinh(c*x**2+b*x+a)**2,x) J
Output[Integral(sinh(a + b*x + Cckx**2)**2, x) J

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

b2

V2y/m exf (x/i\/—_cx — %) o (2752

/sinh2 (a+ bz +cz?) do =

16 /—c
.\ V2/T erf <\/§\/ch + ;@%) o(-2e+5e) 1
16+/c 2%

/

integrate(sinh(c*x~2+b*x+a)~2,x, algorithm="maxima")

~—

inputL

‘1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(—c)*x - 1/2%sqrt(2)*b/sqrt(-c))*e”(
‘2*a - 1/2%b"2/c) /sqrt(-c) + 1/16*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x +
1/2*sqrt (2)*b/sqrt(c))*e~(-2xa + 1/2*%b~2/c)/sqrt(c) - 1/2*x

N\ J

output
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

Va/rert (<3 vave(ze + ) el 5)

/sinh2 (a + bx + ca:2) dx =

16 \/c
2— ac
Vayrert (1 vay—c(2z+ 1)) )
o — -z
16 y/—c 2
input Lintegrate (sinh(c*x"2+b*x+a) "2,x, algorithm="giac") J

‘—1/16*sqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2%(b"2 -

tput
ot ‘ 4xaxc)/c)/sqrt(c) - 1/16*xsqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(-c)*(2*x ‘
'+ b/c))*e”(-1/2%(b™2 - 4xaxc)/c)/sqrt(-c) - 1/2%x
Mupad [F(-1)]
Timed out.
/sinh2 (a+ bz +cz?) do = /sinh(cx2 +bz+ a)2 dx
input tint(sinh(a + b*x + c*x"2)72,x%) J
output Lint(sin.h(a + bxx + c*x”2)72, x) J
Reduce [F]
/sinh2 (a + bz + cx2) dr = /sinh (car2 + bz + a)2 dx
inputLint(sinh(c*xA2+b*x+a)‘2,x) J

outputtint(s’inh(a + bRx + CHX*¥2)*%2,%) J




output

input

output
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3.19 f sinh? (a—;bx—l—ch) du

Optimal result . . . . . . . . . . . . . e 154
Mathematica [N/A] . . . . . . .. . 154
Rubi [N/A] .« . o
Maple [N/A] . . .
Fricas [N/A] . . . . . o 156
Sympy [N/A] . . 156
Maxima [N/A] . . . 156
Giac [N/A] « . o e 157
Mupad [N/A] . . . o 157
Reduce [N/A] . . . . o 158

Optimal result

Integrand size = 17, antiderivative size = 17

/ sinh? (a + bz + cx?) i — _log(z)
z 2

+ —Int

2 x

1 (cosh (2a + 2bz + 2cx?)

-

L—l/Z*ln(x)+1/2*Defer(Int) (cosh(2*c*x~2+2%b¥x+2%a) /x,X)

-/

Mathematica [N/A]

Not integrable

Time = 11.57 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

/ sinh? (a + bz + cz?) dp — /

T

sinh? (a + bz + cz?)

T

dzx

LIntegrate [Sinh[a + b*x + c*xx~2]"2/x,x]

‘Integrate [Sinh[a + b*x + c*x"2]72/x, x]




input
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

. 12 2
/smh (a+ bz + cz?) e
x
l 5917
cosh (2a + 2bx + 20:52) 1 p
/ 2z 2z T
l 2009

1 / cosh (2cz? + 2bz + 2a) log(z)
- do —
2 T 2

LInt [Sinh[a + b*x + c*x~2]"2/x,x]

output ‘ $Aborted

input

output

Maple [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

. 2 2
/smh(cw ;—bx-l—a) i

Lint (sinh(c*x~2+b*x+a) "2/x,x)

Lint (sinh(c*x~2+b*x+a) ~2/x,x)
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

. 2 2 . 2 2
/smh (a—l—bx+cx)dw:/smh(ccc +bx +a) i

T T
input Lintegrate(sinh(c*x‘2+b*x+a) ~2/x%,x, algorithm=“fricas") J
output Lintegral(sinh(c*x“Q + bkx + a)~2/x, x) J
Sympy [N/A]
Not integrable
Time = 0.84 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88
sinh? (a + bz + cz? sinh? (a + bz + cz?
/ (++)dx:/ (a+bztca?)
T T
( B
input tintegrate (sinh (c*x**2+b*x+a) **2/x,%) J
output LIntegral(sinh(a + bxx + ckxk*2)*%2/x, X) J
Maxima [N/A]
Not integrable
Time = 0.26 (sec) , antiderivative size = 51, normalized size of antiderivative = 3.00
sinh? (a + bz + cz? sinh (cz? + bz + a)?
/ ( ) 4 — / (c2® +bz+a)” .
z T
input Lintegrate (sinh(c*x~2+b*x+a) ~2/x,x, algorithm="maxima")
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‘1/4*integrate(e“(2*c*x“2 + 2%b*x + 2*a)/x, x) + 1/4*integrate(e”(-2xc*x"2

output
‘- 2xbxx - 2*a)/x, x) - 1/2xlog(x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

dz

/ sinh? (a + bz + cz?) gy — / sinh (cz? + bz + a)’
T T

input Lintegrate (sinh(c*x"2+b*x+a) "2/x,x, algorithm="giac")

outputtintegrate(sinh(c*x’? + b*x + a)~2/x, x)

Mupad [N/A]
Not integrable

Time = 1.36 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

dz

/ sinh? (a + bz + cz?) gy — / sinh(caz?® + bz + a)’
T T

inputLint(sinh(a + bxx + c*x"2)72/x,x)

Outputtint(sinh(a + bxx + c*x~2)°2/x, X)
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 3.82

a 6209:2+2bx a
/ sinh? (a + bz + c2?) dp — et (f z da:) — 2e*log(z) + [ mdx
X o 462a

input Lint(sinh(c*x 2+b*x+a) ~2/x,x)

‘(e**(4*a)*int(e**(2*b*x + 2%c*kx**2) /x,x) — 2kex*(2+a)*log(x) + int(1/(ex*(

output
‘2*b*x + 2xcxx*x*2) *x) ,Xx))/ (4*e**(2%a))




output
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3.20 [ 2?sinh® (a + bz — c2?) dz

Optimal result . . . . . . . . . . . . e 159
Mathematica [A] (verified) . . . . . . . . . ... o 1601
Rubi [A] (verified) . . . .. . . ... .. 160
Maple [A] (verified) . . . . . . ... L 161
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 162
Sympy [F] . . o o 163l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 164
Giac [A] (verification not implemented) . . . . . . ... ... ... 164
Mupad [F(-1)] . . . o o 165
Reduce [F] . . . . . 165

Optimal result

Integrand size = 18, antiderivative size = 268

2 2
5 BRe2ath \/ferf< b—2cz ) 20+ |/ Zerf ( b—QCm)
/x2 sinh? (a + bx — cm2) dr = _r 2 vave) 2 V2ve

6 32c5/2 32¢3/2
- a—ﬁ T b—2cx - a—ﬁ T b—2cx
b2e 2072 \/Eerﬁ(ﬂ—%ﬁ) e 20 % \/gerﬁ(\/;\ﬁ)
B 325/ + 323/
__ bsinh (2a + 2bz — 2c2?)  zsinh (2a + 2bx — 2cz”)
16¢2 8¢

-1/6%x"3-1/64%b"2*%exp (2*a+1/2x¥b~2/c) *2~ (1/2) ¥*Pi~(1/2) *erf (1/2% (—2*c*x+b) *2
~(1/2)/c~(1/2))/c™(6/2)-1/64*exp(2*a+1/2x¥b~2/c)*27 (1/2) *Pi~ (1/2) *erf (1/2x*(
=2%c*x+b)*27(1/2) /c~(1/2)) /c~(3/2)-1/64xb~2xexp (-2*a-1/2%b"2/c) *2~ (1/2) ¥Pi
~(1/2) *erfi(1/2x (-2%c*x+b)*27(1/2)/c~(1/2))/c~(5/2)+1/64*exp (-2%a-1/2*b"2/
c)*27(1/2) #Pi~ (1/2) *xerfi (1/2% (-2*c*xx+b) *27(1/2) /c~(1/2))/c~(3/2)-1/16%b*si
nh (—2*c*x™2+2*b*x+2%a) /c"2-1/8*x*sinh (-2*c*x~2+2*b*x+2*a) /c
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Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.68

/ 22 sinh? (a + bz — ch) dx

3(b% — ¢) \/ﬂerﬁ<_\'}g\2/?> (cosh <2a + g—i) — sinh <2a + %)) +3(b% +¢) \/%erf(%\z/?> (cosh <2a -
192¢5/2

e hY

input \Integrate [x~2*Sinh[a + b*x - c*xx~2]"2,x] |

(3% (b2 - c)*Sqrt[2*Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b
~2/(2%c)] - Sinh[2*a + b~2/(2*c)]) + 3*%(b~2 + c)*Sqrt[2*Pi]*Erf [(-b + 2%cx*
x)/(Sqrt [2]*Sqrt [c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2*c)]) - 4%
Sqrt[c]*(8*c™2+%x"3 + 3*(b + 2*c*x)*Sinh[2x(a + x*x(b - c*x))]))/(192%c~(5/2
)

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,
number of rules _
integrand size 0.111, Rules

number of steps used = 2, number of rules used = 2,
used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/932 sinh? (a+bzx— cmz) dz
l 5917
1, ) 72
/ ifv cosh (2a—|— 2bx — 2cx ) - dz

l'2009
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\/§62a+§ erf('z/_;%) \/§b262“+l2% erf('i;f%) \/ge_h_gjcerﬁ<%2\%)

- 3903/2 - 32¢5/2 32¢3/2 B
£b2 —20.—';—2 fi b—2czx . 2 . 2
V5b% cerli{ 5 bsinh (2a 4 2bz — 2cz?)  zsinh (2a + 2bz — 2cz?) &P
320572 16¢2 8¢ 6

input‘ Int[x"2*Sinh[a + b*x - c*x~2]72,x] ‘

-1/6%x"3 - (b"2+#E~(2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c#*x)/(Sqrt[2]*Sq
rt[c])1)/(32%c~(5/2)) - (E~(2*a + b~2/(2*c))*Sqrt [Pi/2]*Erf [(b - 2*c*xx)/(S
qrt [2]*Sqrt[c])]1)/(32%c~(3/2)) - (b~2+E~(-2*a - b~2/(2*c))*Sqrt[Pi/2]*Erfi
[(b - 2*c*x)/(Sqrt[2]*Sqrt[c])]1)/(32%c~(56/2)) + (E~(-2*a - b~2/(2*c))*Sqrt
[Pi/2]*Erfi[(b - 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(3/2)) - (b*Sinh[2*a + 2
*bxx - 2%c*x"2])/(16%c”2) - (x*Sinh[2%a + 2*%bxx - 2%c*x~2])/(8%c)

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
rule 5917Int[((d_-) + (e_.)*(x_))ﬁ(m_.)*Sinh[(a_.) + (b_.)*(x_) + (C_.)*(x_)’"Z]‘(n_) \
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x ‘
1, %1 /; FreeQl{a, b, c, d, e, m}, x] & IGtQ[n, 1] |
Maple [A] (verified)
Time = 0.54 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.02
method | result
ac 2 ac 2
I'iSCh _.’E_S + me20m2—2bx—2a be2cz2—2bm—2a + b2\/7>rei4 ?tb erf(\/TQCQH-\/%QC) _ \/77'674 ?tb el‘f(\/—2c:1:+\/%2c> |
6 16¢ 32¢2 32c2v/—2¢ 32¢v/—2¢
( B
input Lint (x"2*sinh (-c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE) J
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-1/6%x73+1/16/c*x*exp (2*c*xx~2-2%b*x-2%a)+1/32%b/c”2*exp (2*xc*x~2-2xb*x-2%a)
+1/32%b"2/c"2%Pi~ (1/2) *exp (-1/2* (4*a*c+b~2) /c)/(-2*c) ~(1/2) *erf ((-2*c) ~(1/
2)*x+b/ (-2%c)~(1/2))-1/32/c*Pi~(1/2) *exp(-1/2* (4*a*c+b~2) /c) / (-2xc) ~(1/2) *
erf ((-2%c)~(1/2) *x+b/ (-2*c) ~(1/2))-1/16/c*x*exp (-2*c*x~2+2*b*x+2%a)-1/32%b
/c”2%exp (-2*c*x~2+2*b*x+2%a)-1/64%b~2/c~(5/2) *Pi~ (1/2) *exp (1/2* (4*a*c+b~2)
/c)*27(1/2) *erf (-27(1/2) *c™(1/2) *x+1/2%b*27(1/2) /c~(1/2))-1/64/c~ (3/2) *Pi~
(1/2) *xexp(1/2* (4*axc+b~2) /c) *2~(1/2) *erf (-2~ (1/2) *c~ (1/2) *x+1/2xb*2"~(1/2) /
c~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 843 vs. 2(218) = 436.

Time = 0.13 (sec) , antiderivative size = 843, normalized size of antiderivative = 3.15

/ 22 sinh? (a + br — ch) dx = Too large to display

7

input integrate(x~2*sinh(-c*x~2+b*x+a)~2,x, algorithm="fricas")
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-1/192%(32%c”3*x"3*cosh(c*x™2 - b*x - a)~2 - 6%(2%c”2*x + b*c)*cosh(c*x™2

- bxx - a)"4 - 24*%(2*%c”2*x + b*c)*cosh(c*x"2 - b*x - a)*sinh(c*x™2 - b*x -
a)”~3 - 6x(2%c”2*x + b*c)*sinh(c*x™2 - b*x - a)~4 + 3xsqrt(2)*sqrt(pi)*((b
"2 - c)*cosh(c*x"2 - b*x - a) 2xcosh(1/2*(b"2 + 4*a*c)/c) - (b~2 - c)*cosh
(c*x72 - b*x - a)”2*%sinh(1/2*(b"2 + 4*axc)/c) + ((b"2 - c)*cosh(1/2*x(b"2 +
4xaxc)/c) - (b"2 - c)*sinh(1/2*(b"2 + 4*axc)/c))*sinh(c*x"2 - b*x - a)~2

+ 2% ((b"2 - c)*cosh(c*x"2 - b*x - a)*cosh(1/2*(b~2 + 4*axc)/c) - (b"2 - ¢)
*cosh(c*x™2 — b*x - a)*sinh(1/2*%(b~2 + 4x*ax*xc)/c))*sinh(c*x™2 - b*x — a))*s
qrt (-c) *xerf (1/2*sqrt (2) *(2xc*x - b)*sqrt(-c)/c) - 3*sqrt(2)*sqrt(pi)*((b~2
+ c)*cosh(c*x™2 - b*x - a)~2*cosh(1/2%(b~2 + 4*axc)/c) + (b™2 + c)*cosh(c
*x"2 - b*x - a) 2*sinh(1/2%(b"2 + 4*a*xc)/c) + ((b"2 + c)*cosh(1/2x(b"2 + 4
*axc)/c) + (b”2 + c)*sinh(1/2*(b~2 + 4*a*c)/c))*sinh(c*x”2 - b*x - a)~2 +

2% ((b"2 + c)*cosh(c*x"2 - b*x - a)*cosh(1/2*x(b~2 + 4*a*c)/c) + (b™2 + c)*c
osh(c*x™2 - b*x - a)*sinh(1/2%(b”2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a))*sqr
t(c)*erf (1/2*sqrt(2)*(2*c*x — b)/sqrt(c)) + 12%c™2xx + 4*(8*c™3*x"3 - 9% (2
*C"2*xX + b*c)*cosh(c*x"2 - b*x - a)~2)*sinh(c*x"2 - b*x - a)”~2 + 6xb*c + 8
*(8*c"3*x"3*cosh(c*x™2 - b*x - a) — 3*(2*xc”2*x + b*c)*cosh(c*x™2 - b*x - a
)~3)*sinh(c*x"2 - b*x - a))/(c"3*cosh(c*x"2 - b*x - a)~2 + 2xc~3*cosh(c*x”
2 - b*x - a)*sinh(c*x~2 - b*x - a) + c"3*sinh(c*x"2 - b*x - a)~2)

output

N\

Sympy [F]

/w2 sinh® (a + bz — c2?) dz = /x2 sinh® (a + bz — c2?) dz

-

integrate (x**2*sinh (—c*x**2+b*x+a) **2,x)

\

input

output‘Integral(x**Q*sinh(a + b¥x - CHX*kk2)*k%2, Xx)
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Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 322, normalized size of antiderivative = 1.20

1
/w2 sinh? (a + bx — cacQ) dr = ~6 z°

2 cx—b)2 _ (2 cz—b)2 2cx—b 2
ﬁ(2cm—b)bz(erf(\/g\/%>—l) Qﬁbce< ‘27> 2(201,-—1;)31“(%,%) €(2a+b2>

\/5 \/M(—c)% (_C)% (M)g(_c)% *
B 64/—c
/s VF@cz—bWQ(af(vg\/:ggégég)—1> +-2v§w<0h%;w2> _-Qch—@3F(%FJ2%Zw2) e<_2a_§%>
\/_ Ges)? § 3 (_ (2cz—b)2 ) %c%
_|_
64 /c

input‘integrate(X“2*sinh(—c*x“2+b*x+a)“2,x, algorithm="maxima")

-1/6%x"3 - 1/64*sqrt(2)*(sqrt(pi)*(2*c*x - b)*b~2*(erf (sqrt(1/2)*sqrt((2*c
*x — b)"2/c)) - 1)/(sqrt((2*%c*x - b)~2/c)*(-c)~(5/2)) - 2*sqrt(2)*b*c*e” (-
1/2%(2%c*x - b)~2/c)/(-c)~(56/2) - 2%(2*c*x - b) " 3*gamma(3/2, 1/2*(2*c*x -
b)~2/c)/(((2xc*x - b)~2/c)~(3/2)*(-c)~(56/2)))*e~(2*a + 1/2%b~2/c)/sqrt(-c)
+ 1/64xsqrt(2)*(sqrt (pi)*(2xc*x - b)*b~2x(erf (sqrt(1/2) *sqrt(-(2*cxx - b)
~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(5/2)) + 2*sqrt(2)*b*e”(1/2%(2*c*x -
b)~2/c)/c~(3/2) - 2%(2*c*x - b) "3*gamma(3/2, -1/2*(2*c*x - b)~2/c)/((-(2*
c*x - b)~2/c)~(3/2)*c~(5/2)))*e~(-2*xa - 1/2%b~2/c)/sqrt(c)

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.69

/z2 sinh? (a + bz — ca:2) dx

Va7 (b2 +c) erf(—% \/ﬁ\/g<2w_g))e(b2+—‘éac)

1 5 NG c + 2 (C(Q.’L' _ l_c)) + 2b)e(—20m2+2bm+2a)
= ——x R—
6 64 c2
V27 (b%—c) erf(—l ﬁﬁ@ z—2 e(_ bzgiac)
2 Ner: -9 (C(21I7 _ g) +2 b)e(2cx2—2bm—2a)

64 c?
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input Lintegrate (x"2*sinh(-c*x~2+b*x+a) "2,x, algorithm="giac") J

-1/6%x"3 - 1/64*(sqrt(2)*sqrt(pi)*(b"2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x
- b/c))*e”(1/2%(b"2 + 4xa*c)/c)/sqrt(c) + 2*(cx(2*x - b/c) + 2%b)*e”(-2*c*
X"2 + 2%bxx + 2*a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2*sqrt(2
Y*xsqrt (-c)*(2xx - b/c))*e”(-1/2*x (b2 + 4*a*c)/c)/sqrt(-c) - 2*(c*x(2*x - b/
c) + 2%b)*e”(2%c*x"2 - 2%b*x - 2*a))/c"2

output

Mupad [F(-1)]

Timed out.
/m2 sinh? (a + bx — cx2) dr = /w2 sinh(—c:lc2 +bx+ a)2 dx
inputtint(x”Q*sinh(a + b¥x - c*x"2)"2,x) J
Outputtint(x‘2*sinh(a + bkx - c*x"2)72, X) J
Reduce [F]

/ z’sinh’ (a + bz — cz?) dz

40212+4bcx+8ac+b2 _ 4c2m2+4bcz+8ac+b2 _
3,/ ¢ 1S iz tsacit? erf(%g) N erf(z\}f ¢§) ¢ — 3etbotia o\ /3] — Gelbotia, /o

inputtint(x 2*xsinh (-c*x~2+b*x+a) ~2,x) J




output
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(3*sqrt (pi) *ex* ((8%axc + b**2 + 4dxbkckx + 4Axck*2*x**2)/(2xc))*erf(( - b +

2xcxx) / (sqrt (c) *sqrt (2)) ) *¥b**2 + 3xsqrt(pi)*ex* ((8xaxc + b**2 + 4xb*ckx +
4xcx*2xx*x2) /(2%c) ) *erf (( - b + 2*c*x)/(sqrt(c)*sqrt(2)))*c - 3*ex*x(4*xa +
4xb*x) *sqrt (c) *sqrt (2) *b — Bkex*(4*a + 4xb*x)*sqrt(c)*sqrt(2)*cxx — 16*ex**
(2%a + 2xb*x + 2xc*xx**2)*sqrt(c)*sqrt(2)kcx*2kx**3 + 6ke** (2xb*xx + 2kckx**
2)*sqrt (c) *sqrt (2) *int (ex* (2kcxx**2) /ex* (2xb*x) ,x) ¥b**2 — 6*e*x* (2*bxx + 2%
cxx*x2) *sqrt (c) *sqrt (2) *int (ex* (2xckx**2) /e** (2¥b*x) ,x) *C + Jkexk (dxcrx*k*2
Y*sqrt(c) *sqrt (2)*b + 6xex* (4d*xcxxx*2)*sqrt(c) *sqrt(2) *c*x)/(96*ex* (2xa + 2

*bkx + 2xcxx*x2)*sqrt(c)*sqrt(2)*c**2)
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3.21 [ zsinh? (a + bz — cx?) dz

Optimal result . . . . . . . . . . . . e 167
Mathematica [A] (verified) . . . . . . . . . ... o 167l
Rubi [A] (verified) . . . .. . . ... .. 168
Maple [A] (verified) . . . . . . ... L 169
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 169
Sympy [F] . . o o 170
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... Il
Giac [A] (verification not implemented) . . . . . . ... ... ... Ival
Mupad [F(-1)] . . . o o 172
Reduce [F] . . . . . 172

Optimal result

Integrand size = 16, antiderivative size = 136

2a+% T (b—2cz>
x sinh? (a+ bz —cz?) do = —$—2 — bt et v2ve
4 16¢3/2

—2a—£ T b—2cx
B be™ = \/gerﬁ(ﬁ\/a> _ sinh (2a + 2bx — 2cz?)
16¢3/2 8c

output ‘(—1/4*x‘2—1/32*b*exp (2%a+1/2%b~2/c)*27 (1/2) *Pi~ (1/2) *erf (1/2% (-2*c*x+b) *2" ( \‘
11/2)/c”(1/2)) /™ (3/2)-1/32%bxexp (-2%a-1/2¥b~2/c) %2~ (1/2) ¥Pi~ (1/2) xerfi(1/2 |
L*(—2*c*x+b)*2“(1/2) /c™(1/2))/c™ (3/2)-1/8*sinh (-2xcxx~2+2%bxx+2*a) /c J

Mathematica [A] (verified)
Time = 0.27 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.17
/z sinh’ (a + bz — c2?) dz

bﬁerﬁ(%@?) (cosh <2a + g—i) — sinh <2a + g—i)) + bﬁerf(%j?) (cosh <2a + g-i) + sinh <2a
- 3203/

input LIntegrate [x*Sinh[a + b*x - c*x~2]"2,x] J
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output ‘ (b*Sqrt [2*Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b~2/(2*c)] ‘
‘ - Sinh [2*a + b“2/ (2*C)]) + b*Sqrt [Q*Pi] *Erf [(_b + 2*C*X)/(Sqrt [2] *Sqrt [C]) ‘
‘]*(Cosh[2*a + b~2/(2%c)] + Sinh[2*a + b~2/(2%c)]) - 4*Sqrtlcl*(2*c*x~2 + S ‘

‘inh[2*(a + xx(b - c*x))]1))/(32%c”~(3/2))

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 195 Ryjeg

integrand size
used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/x sinh? (a + bz — cz?) dz
| 5917
/ (;x cosh (2a + 2bz — 2cz?) — ;”) dz

| 2009
B \/§b62a+%erf(‘:/—§2%) B \/gbe”“"é%erﬁ(%j’g) _ sinh (2a + 2bz — 2cz?) i
16¢3/2 16¢3/2 8c 4

input 'Int[x*Sinh[a + bxx - c*x"2]72,x] |

output\ -1/4%x~2 - (b*E"(2%a + b~2/(2xc))*Sqrt [Pi/2]+Erf[(b - 2%c*x)/(Sqrt[21*Sqrt
\ [c]1)1)/(16%c~(3/2)) - (b*E~(-2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b - 2*c*x)/ \
‘(Sqrt [21#Sqrt[c])]1)/(16%c~(3/2)) - Sinh[2*a + 2¥b*x - 2%c*x~2]/(8%*c) ‘
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((d_.) + (e_.)*(x_))~(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)~2]1"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)~m, Sinh[a + b*x + c*x~2]"n, x ‘
‘], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

rule 5917

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.01

method | result

4ac-§—b2 4ac+b2

. h z2 e2c 22 —2bz—2a bﬁe_ 2c erf(v _2cm+\/%2c) e—20m2+2bm+2a bﬁe 2c \/ﬁ erf<_\/§\/5z+ gﬁ)
rsc -1 6 T 16cv/—2¢ - 16¢ - 3203

e

int (x*sinh (-c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE)

~—  /

input L

‘ -1/4%x"2+1/16/c*exp (2*cxx~2-2*b*x-2*a)+1/16%b/c*Pi~ (1/2) xexp (-1/2* (4*a*c+b \
1 "2)/c)/ (=2%c) " (1/2) xerf ((-2%c) " (1/2) *x+b/ (-2%c) ™ (1/2))-1/16/c*exp(-2*+cx™2

| +2¥b¥x+2%a)-1/32%b/c” (3/2) #Pi~ (1/2) *exp(1/2% (4xaxc+b™2) /c)*2” (1/2) *erf (27 |
(1/2)%c™ (1/2) *x+1/2%b%27(1/2) /¢ (1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 730 vs. 2(110) = 220.

Time = 0.08 (sec) , antiderivative size = 730, normalized size of antiderivative = 5.37

/  sinh? (a + bz — ca:2) dx = Too large to display

input Lintegrate (x*sinh(-c*x~2+b*x+a) "2,x, algorithm="fricas") J
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-1/32%(8%c~2*x"2xcosh(c*x"2 - b*x - a)~2 - 2*c*cosh(c*x™2 - b*x - a)"4 - 8
*cxcosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a)~3 - 2*c*sinh(c*x™2 - b*x -

a)~4 + sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 - b*x - a)~2*cosh(1/2x(b~2 + 4*axc)/
c) - bxcosh(c*x"2 - b*x - a) 2*sinh(1/2*(b"2 + 4*a*c)/c) + (bxcosh(1/2*x(b~
2 + 4x%axc)/c) - bxsinh(1/2*%(b"2 + 4*axc)/c))*sinh(c*x”™2 - b*x - a)~2 + 2%(
b*cosh(c*x™2 - b*x - a)*cosh(1/2*x(b"2 + 4*axc)/c) - b*cosh(c*x™2 - b*x - a
)*sinh (1/2*(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*erf (1/2*sqrt(
2)*(2*c*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - b*x - a) " 2%*c
osh(1/2*(b~2 + 4xaxc)/c) + b*cosh(c*x™2 - b*x - a) 2*sinh(1/2*(b"2 + 4*a*c
)/c) + (b*cosh(1/2x(b~2 + 4*axc)/c) + b*sinh(1/2*(b~2 + 4x*a*c)/c))*sinh(c*
X"2 - bxx - a)”2 + 2x(b*cosh(c*x~2 - b*x - a)*cosh(1/2%(b~2 + 4xaxc)/c) +
b*cosh(c*x™2 - b*x - a)*sinh(1/2*x(b"2 + 4*a*c)/c))*sinh(c*x”"2 - b*x - a))+*
sqrt (c) xerf (1/2xsqrt (2) *(2*xc*x - b)/sqrt(c)) + 4*(2xc™2*xx"2 - 3*c*cosh(c*x
"2 - b*x - a)"2)*sinh(c*x"2 - b*x - a)”2 + 8%(2xc”2*x"2*cosh(c*x™2 - b*x -
a) - cxcosh(c*x”2 — b*x - a)~3)*sinh(c*x"2 - b*x — a) + 2*c)/(c"2*cosh(c*
X"2 - b*x - a)”2 + 2*xc"2*cosh(c*x"2 - b*x - a)*sinh(c*x"2 - b*x - a) + c™2
*sinh(c*x”2 - b*x - a)~2)

output

Sympy [F]

/avsinh2 (a+bz—cz?) do = /a: sinh? (a + bz — c2?) dz

-

input Lintegrate (x*sinh (-c*xx**2+b¥x+a) ¥%2,x)

~—

;
Output‘Integral(x*sinh(a + b*x — Ckx*k*2)**2, X)
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Maxima [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.59

/:lcsinh2 (a + bx — cz2) dz
i Gl O ) NV i) A WY
(=D (-0)% ¢

32/—¢
sl () )| (P (g

\/_ (2ca:7b)2 C% \/E 2
32/

V2

=——$2+

V2

_|_

input integrate(x*sinh(-c*x~2+b*x+a) ~2,x, algorithm="maxima")

-1/4*x"2 + 1/32*sqrt(2)*(sqrt(pi)*(2*c*x - b)*bx(erf (sqrt(1/2)*sqrt((2*c*x
- b)"2/¢c)) - 1)/(sqrt((2xc*x - b)~2/c)*(-c)~(3/2)) - sqrt(2)*cxe”(-1/2%(2
*c*x - b)~2/c)/(-c)~(3/2))*e~(2%xa + 1/2*¥b"2/c)/sqrt(-c) + 1/32*sqrt(2)*(sq

rt(pi)*(2xc*x - b)*bx(erf(sqrt(1/2)*sqrt(-(2*c*xx - b)~2/c)) - 1)/(sqrt(-(2
xc*x — b)7"2/c)*c”(3/2)) + sqrt(2)*e”(1/2*(2*c*x - b)~2/c)/sqrt(c))*e” (-2*a
- 1/2%b~2/c)/sqrt(c)

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.06

/acsinh2 (a + bx — cz2) dz = —ixQ

Vaymbert (1 \/5\/5(296—3))6(%) 1 9 e(-2e?+2b0+2a)
B = 32¢c ,

vaysert(~g vavze(a-t) el H) _ 9e(2er®2b0-20)
- = 32c

inputLintegrate(x*sinh(—c*x‘2+b*x+a)*2,x, algorithm="giac") J
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‘-1/4*x”2 - 1/32x(sqrt(2) *sqrt (pi) *bxerf (-1/2*sqrt (2) *sqrt(c) *(2*x - b/c))*

(e (1/2%(b™2 + 4%axc)/c)/sqrt(c) + 2ke™(-2%c*x"2 + 2%b¥x + 2%a))/c - 1/32%x( |
‘sqrt(2)*sqrt(pi)*b*erf(-1/2*sqrt(2)*sqrt(-c)*(2*x - b/c))*e”(-1/2%(b"2 + 4
‘*a*c)/c)/sqrt(—c) - 2%e” (2xc*x"2 - 2xb*x - 2*a))/c

output

Mupad [F(-1)]

Timed out.

/acsinh2 (a+ bz — cz?) dor = /xsinh(—ca:2+bz+a)2dx

Lint(x*sinh(a + b*x - c*x"2)"2,x)

input

Output‘int(x*sinh(a + b*x - c*x~2)72, x)

Reduce [F]

/msinh2 (a + bx — c:v2) dzx

4c2z2+4bcz+8ac+b2 2cx—b Abx 2 2 2¢c a:z

2@ rabewt8actd — +4a 2cx2+2bx+2a 2 2c x2+2bx e

Ve 2c erf(\/a )b—e VeV2 — e Vev2ex? + 2 \/E\/ﬁ(f—emc
16620m2+2bm+2a\/5 \/5 c

S

input Lint(x*sinh(—c*x 2+b*x+a) ~2,x) J

(sqrt(pi)*ex* ((8xaxc + b**2 + 4xb¥ckx + 4xckx2*x**2)/(2xc))*erf(( - b + 2%
c*x)/(sqrt(c)*sqrt(2)))*b — exx(4xa + 4*b*xx)*sqrt(c)*sqrt(2) - 4*ex*x(2*xa +
2xb*x + 2xc*x*k*2)*sqrt(c) *sqrt (2) *ckx*x*2 + 2ke*x* (2%bxx + 2*cxx**2)*sqrt(c
)*sqrt (2) *int (e*x* (2kcxx**2) /ex* (2xb*x) ,x) *b + ex* (4dxc*x**2)*sqrt(c)*sqrt(2
))/ (16%e*x* (2*%a + 2xb*x + 2kc*xx**2)*sqrt(c)*sqrt(2)*c)

output
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3.22 [ sinh? (a + bz — cx?) dx

Optimal result . . . . . . . . . . . . e 173
Mathematica [A] (verified) . . . . . . . . . ... o 173l
Rubi [A] (verified) . . . .. . . ... .. 174
Maple [A] (verified) . . . . . . ... L 175
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 175
Sympy [F] . . o o 176
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 176l
Giac [A] (verification not implemented) . . . . . . ... ... ... I
Mupad [F(-1)] . . . o o I
Reduce [F] . . . . . 177

Optimal result

Integrand size = 14, antiderivative size = 110

a v T b—2cx - a_ﬁ 7 b—2cx
/Sinh2 (a+bx—c:1;2) do — KN e2ata; ﬁerf(\/i\/é) - e—20— 5, \/gerﬁ(ﬁ\/é>
-2 8v/c 8v/c

output ‘ -1/2*x-1/16xexp(2*a+1/2+%b"2/c)*2~(1/2) *Pi~ (1/2) *erf (1/2* (-2*c*xx+b)*2~(1/2) ‘

/c7(1/2))/c™(1/2)-1/16xexp(-2xa-1/2%b"2/c) *2" (1/2)*Pi~ (1/2) *erfi(1/2%(-2%c |
D)2 (1/2) /€ (1/2)) /€ (1/2) J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.31

/Sinh2 (a + bx — 0502) dzx

—4\/_\/513 + \/_el‘ﬁ< b+2w> (cosh <2a + %) — sinh <2a + %)) + \/_erf< b+2c“”> (cosh <2a + %) +
8v/2+/c

input tIntegrate [Sinh[a + b*x - c*x~2]"2,x] J




CHAPTER 3. LISTING OF INTEGRALS 174

" ‘ (-4xSqrt [2]*Sqrt [c]*x + Sqrt[Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cos

outpu ‘
P ‘h[2%a + b~2/(2%c)] - Sinh[2*a + b~2/(2%c)]) + Sqrt[Pil*Erf[(-b + 2%c*x)/(S |
‘qrt[2]*Sqrt [c])]1*(Cosh[2%a + b~2/(2%c)] + Sinh[2*a + b~2/(2%c)1))/(8%Sqrt[
‘ 2] *Sqrt [c]) ‘
Rubi [A] (verified)
Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, number of rules _ 0.143, Rules
integrand size
used = {5899, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/sinh2 (a+ bz — cz?) dz
| 5899
1 o1
/ icosh(2a+2bx—2cx ) — 3 dx
| 2009
T a ﬁ —4CT ™ ,— a—ﬁ —4CT
VEar(gn) g te()
8v/c 8\/c 2
input LInt [Sinh[a + b*x - c*x~2]"2,x] J
Output} -1/2%x - (E~(2%a + b~2/(2*c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[c]) \

‘ 1)/(8*3qrtc]l) - (E"(-2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b - 2*c*x)/(Sqrt[2 ‘
| 1%Sqrt [c1)1)/(8%Sqrt [c]) |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

‘Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x.)"2]1"(n_), x_Symboll :> Int[ExpandTr
'igReduce[Sinh[a + b¥x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1] |

rule 5899

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.82

method | result size
4ac+b2 4ac+b2
. Jme 2¢  erf V—2cz+—2_ \/'TreT\/i erf —\/ﬁ\/éz+b‘/§
risch -z 4+ ( 7%) — ( 22) 90
2 8v—2¢ 16y/c
input Lint (sinh(-c*x~2+b%x+a)~2,x,method=_ RETURNVERBOSE) J

output \ -1/2*x+1/8%Pi~ (1/2) *exp (-1/2% (d*xa*c+b~2) /c)/(-2*c) " (1/2) *erf ((-2xc) ~(1/2) * \
| x+b/ (-2%¢) " (1/2))-1/16%Pi~ (1/2) xexp(1/2% (4xaxc+b™2) /c)*27 (1/2) /™ (1/2) xert
(27 (1/2)%e™ (1/2) %x+1/2xb%27(1/2) /c™(1/2))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.20

/sinh2 (a+bz—cz?) do =

_\/5\/7_1'\/—_c<cosh (1’2"2'—‘5”> — sinh <b2"2'%3)> erf (‘/5(2“2—?)ﬁ> — \/iﬁ\/a(cosh (w‘g—‘é“c> + sinh (
16 ¢

input Lintegrate (sinh(-c*x~2+b*x+a)~2,x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 176

Output‘-1/16*(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(1/2*(b“2 + 4xaxc)/c) - sinh(1/2% (b
‘2 + 4xa*c)/c))xerf (1/2*sqrt (2)*(2*c*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*
‘sqrt(c)*(cosh(1/2*(b“2 + 4*axc)/c) + sinh(1/2*%(b"2 + 4xa*c)/c))*erf(1/2*sq

Tt(2)*(2xckx - b)/sqrt(c)) + 8xckx)/c

Sympy [F]

/Sinh2 (a + bx — ca:2) dr = /sinh2 (a + bxr — cxz) dx

inputLintegrate(sinh(—c*x**2+b*x+a)**2,x) J

-

Ou_tputLln’cegral(sinh(a + b*x — ckx**2)**2, X)

-/

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

V27 exf (\/Z/Ex — %) e(za+3jc)

/ sinh’® (a + bz — c2?) dz =

16 1/c
—9a_b?
. V2+/7 erf (\/5\/—_025-1— 2‘\7_%) e( 2 2c) 1
——x
16 /—c 2
inputLintegrate(Sinh(‘C*X“2+b*x+a)‘2,x, algorithm="maxima") J
Output‘1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x - 1/2xsqrt(2)*b/sqrt(c))*e” (2%

‘a + 1/2%b~2/c)/sqrt(c) + 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x + 1/
2+sqrt (2)*b/sqrt(-c))*e~(-2*a - 1/2*b~2/c)/sqrt(-c) - 1/2*x

N\ J
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

2+4ac
Vaymert (~1vaye(2a — b)) el 5%)
. 2 _ 9 _ _ 5 c
/smh (a-i—bm cT ) dz 16/
Vaymet (—1vav—e(2z — ) E) g
16 /—¢ 27
input Lintegrate(sinh(-c*x"2+b*x+a) ~2,x, algorithm="giac") J

‘—1/16*sqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x - b/c))*e”(1/2%(b"2 +

tput
ot ‘ 4xaxc)/c)/sqrt(c) - 1/16*xsqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(-c)*(2*x ‘
‘— b/c))*e”(-1/2*(b~2 + 4*axc)/c)/sqrt(-c) - 1/2*x ‘
Mupad [F(-1)]
Timed out.
/sinh2 (a+ bz —cz?) do = /sinh(—c:c2 +bx+ a)2 dx
input tint(sinh(a + b*x - c*x"2)72,x%) J
output Lint(sin.h(a + bxx - c*x”2)72, x) J
Reduce [F]
/sinh2 (a + bx — cm2) dr = /Sinh (—cm2 + bz + a)2 dzx
inputLint(sinh(—c*x‘2+b*x+a)‘2,x) J

outputtint(s’inh(a + brx - CHX*¥2)*%2,%) J




output

input

output
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3.93 f sinh? (a—i;:bx—cx2) da

Optimal result . . . . . . . . . . . . . 78]
Mathematica [N/A] . . . . . . .. . 178
Rubi [N/A] .« . o 179
Maple [N/A] . . . 179
Fricas [N/A] . . . . . o 180
Sympy [N/A] . . 180
Maxima [N/A] . . . 180
Giac [N/A] « . o e 181
Mupad [N/A] . . . o 1811
Reduce [N/A] . . . . o 182

Optimal result

Integrand size = 18, antiderivative size = 18

/ sinh? (a + bz — cz?) i — _log(z)
x 2

+ —Int

2 T

1 (cosh (2a + 2bz — 2cz?)

-

L—l/Z*ln(x)+1/2*Defer(Int) (cosh (-2%c*x~2+2%b¥x+2%a) /X, X)

-/

Mathematica [N/A]

Not integrable

Time = 13.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ sinh? (a 4 bz — cz?) dp — / sinh? (a 4 bz — cz?)

T

T

dz

LIntegrate [Sinh[a + b*x - c*xx~2]"2/x,x]

‘Integrate [Sinh[a + b*x - c*x"2]72/x, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
inh? bx — cx?
/sm (a+ bz ca:)dw
T
l 5917
h (2a + 2bz — 2cx?
/(cos(a+ X c:c)_l)daC
2z 2z
l 2009
1 / cosh (—2cz? + 2bz + 2a) log(z)
- dz —
2 T 2
LInt [Sinh[a + b*x - c*x~2]"2/x,x] J
‘$Aborted

Maple [N/A]
Not integrable
Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ sinh (—cz? + bz + a)’
T

dz

Lint(sinh(—c*x‘2+b*x+a) ~2/%x,%x) J

Lint (sinh(-c*x~2+b*x+a) ~2/x,x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

. 2 _ 2 . 2 2
/smh (a +xbx cx )d:c _ / sinh (—cz x+ bx + a) s

inputLintegrate(sinh(—c*x“2+b*x+a)‘2/x,x, algorithm="fricas")

output Lintegral(sinh(c*x’? - bxx - a)~2/x, x)

Sympy [N/A]
Not integrable

Time = 0.87 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

1.2 _ 2 2 _ 2
/smh (a+ bx cm)dw_/smh (a+ bx Cx)da:

T T

-

inputtintegrate(sinh(—c*x**2+b*x+a)**2/x,x)

—

Ou_,DputLIn’cegral(sinh(a + b*x - cxx**2)**2/x, x)

Maxima [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.83

/ sinh? (a + bz — cz?) i — / sinh (—cz? + bz + a)’ i

T T

input Lintegrate (sinh(-c*x~2+b*x+a)~2/x,x, algorithm="maxima")
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Output‘1/4*integrate(e“(2*c*x"2 - 2xbxx - 2%a)/x, x) + 1/4xintegrate(e”(-2*c*x"2
‘+ 2xbxx + 2*a)/x, x) - 1/2xlog(x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

.12 _ 2 . a2 2
/ sinh” (a +xbx cx?) dr — / sinh (—cz x+ bz + a) s

inputLintegrate(sinh(-c*x”2+b*x+a)*2/X,x, algorithm="giac")

outputLintegrate(sinh(—c*x’? + b*x + a)~2/x, x)

Mupad [N/A]
Not integrable

Time = 1.35 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

.12 _ 2 . ) 2
/smh (a+xbx cx )dmz/smh( cx x+bx+a) i

inputLint(sinh(a + bxx - c*x"2)72/x,x)

Outputtint(sinh(a + bxx - c*x~2)"2/x, X)
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 69, normalized size of antiderivative = 3.83

C$2
eta ( [ <5 dx) — 2e%og(z) + [ G- dz

e2¢ Q:Qx

12 2
/smh (@ + bz — cx?) dr —
x 4e?a

input Lint(sinh(-c*x“2+b*x+a) ~2/x,x%) J

‘(e**(4*a)*int(e**(2*b*x)/(e**(2*c*x**2)*x),x) - 2xexx(2*xa)*log(x) + int(ex \

output
‘*(2*c*x**2)/(e**(2*b*x)*x),X))/(4*e**(2*a))
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3.24  [z%sinh® 3+ 7z +2?) dz

Optimal result . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... o 183l
Rubi [A] (verified) . . . .. . . ... .. 184
Maple [A] (verified) . . . . . . ... L 185
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 185
Sympy [F] . . o o 186
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... 136!
Giac [A] (verification not implemented) . . . . . . ... ... ... 187
Mupad [F(-1)] . . . o o 187
Reduce [F] . . . o . o o 188

Optimal result

Integrand size = 15, antiderivative size = 68

3
/x2 sinh? (}1 +z+x2> de = -2 4 1 zerf(l +2x)

6 16\ 2 V2
~ L inh (24204222 + Losinh ( £+ 20+ 207
16 111 9 T X 8.’[3 11 9 T T

N

)
output"1/6*x”3+1/32*2“(1/2)*Pi“(1/2)*erf(1/2*2‘(1/2)*(1+2*x))-1/16*sinh(1/2+2*x+
2%x~2)+1/8%x*sinh (1/2+2%x+2%x"2)

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.46

/x2 sinh? (i +x+ x2) dz

—16+/ex® + 3(—1 + e)(—1 + 2z) cosh(2z(1 + z)) + 3\/2e7rerf<1$%””> — 3sinh(2z(1 + z)) — 3esinh(2z|
96/

e

Integrate[x"2*#Sinh[1/4 + x + x72]72,x]

~—

input t
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| (-16%Sqrt[E]*x"3 + 3#(-1 + E)*(-1 + 2#x)*Cosh[2+x*(1 + x)] + 3xSqrt[2+ExPi
(I*Erf[(1 + 2%x)/Sqrt[2]] - 3*Sinh[2%x*(1 + x)] - B+E+Sinh[2%xx(1 + x)] + 6 |
*x*Sinh[2%xk(1 + x)] + E*Exx*Sinh[2#x*(1 + x)1)/(96%Sqrt [E]) |

output

Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00,

number of rules _ 0.133, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2 : 2 2 1
/:Jc sinh (m +x+4> dz
l 5917
1, 9 1 x?
/(2:5 cosh <2x + 2z + 2) -3 > dz
l 2009
1 2x + 1 31 1 1 1
16 ;Terf< ac\/-g ) — % + gxsinh (2:52 + 2z + 2> — Rsinh <2I2 + 2z + 2)
input LInt [x~2*Sinh[1/4 + x + x~2]172,x] J

‘—1/6*}:*3 + (Sqrt[Pi/2]*Erf[(1 + 2%x)/Sqrt[2]]1)/16 - Sinh[1/2 + 2%x + 2%x72 \

output
11/16 + (x*Sinh[1/2 + 2%x + 2%x"2]1)/8 |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((d_.) + (e_.)*(x_))~(m_.)*Simh[(a_.) + (b_.)*(x_) + (c_.)*(x)"21"(n)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)~m, Sinh[a + b*x + c*x~2]"n, x ‘
‘], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

rule 5917

Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.13

method | result Size
_ (1422)? _ (1422)2 VA2 f<\/§ ﬁ) (1+22)2 (1422)2
. 3 e > e ) s er -+ 5 e = o 2
risch BT +5=5 — t 32 + 55— — 5% r
input tint (x~2*sinh (1/4+x+x~2) "2, x,method=_RETURNVERBOSE) J
output"1/6*X‘3'1/16*X*eXP(-1/2*(1+2*x)*2)+1/32*exp(—1/2*(1+2*x)*2)+1/32*pi~(1/2)

%27 (1/2) *erf (27 (1/2) %x+1/2%27 (1/2) ) +1/16%xxexp(1/2% (142xx) ~2) -1/32%exp (1/2
\*(1+2*x)*2) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(52) = 104.

Time = 0.12 (sec) , antiderivative size = 268, normalized size of antiderivative = 3.94

/xzsinh2 (i+x+x2) dr =

1623 cosh (22 + 2+ 1)* —3 (22 — 1) cosh (22 + & + 1)* — 12(2& — 1) cosh (22 + & + 1) sinh (22 +

input Lintegrate (x"2*sinh(1/4+x+x72)"2,x, algorithm="fricas") J
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-1/96%(16*x~3*cosh(x"2 + x + 1/4)72 - 3%(2*x - 1)*cosh(x™2 + x + 1/4)"4 -
12%(2*%x - 1)*cosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4)"3 - 3*%(2*x - 1)*sinh(
X"2 + x + 1/4)74 + 2% (8*x"3 - 9*%(2*x - 1)*cosh(x"2 + x + 1/4)"2)*sinh(x"2
+ x + 1/4)72 + 4%(8*%x"3*cosh(x"2 + x + 1/4) - 3*%(2*%x - 1)*cosh(x™2 + x + 1
/4)"3)*sinh(x"2 + x + 1/4) - 3*sqrt(pi)*(sqrt(2)*cosh(x~2 + x + 1/4) " 2xerf
(1/2xsqrt (2)*(2*xx + 1)) + 2*sqrt(2)*cosh(x”"2 + x + 1/4)*erf (1/2xsqrt(2)*(2
*x + 1))*sinh(x"2 + x + 1/4) + sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1))*sinh(x"2
+ x + 1/4)72) + 6*%x - 3)/(cosh(x"2 + x + 1/4)72 + 2*cosh(x™2 + x + 1/4)*s
inh(x"2 + x + 1/4) + sinh(x"2 + x + 1/4)72)

N J

output

Sympy [F]

1 1
/m2sinh2 (Z+x+x2) dm=/:c2sinh2 <x2+x+é—l> dx

integrate (x**2*sinh (1/4+x+x**2)**2,X) J

inputt

‘Integral(x**Q*sinh(x**2 + X + 1/4)*x2, x)

output

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.66

1 1 1
/352 sinh? (Z +x+ w2) dr = —-2° + — (2356% - e%>e(2w2+2w)

6° ' 32
, Sp(8 19 q?)  VTQ@zHD(erf (/322 +1)") 1 |
_6%12\/5 _22(29”4‘1) F(2722(23 +1))+ ( <\/> ) )+2i\/§e<_:
(22 +1)%)2 2z +1)°

-

Lintegrate (x~2*sinh(1/4+x+x~2)"2,x, algorithm="maxima")

-/

input




CHAPTER 3. LISTING OF INTEGRALS 187

output "L/E¥X"3 + 1/32(2kxxe”(1/2) ~ ™ (1/2))*ke”(24x72 + 24x) - 1/64xIxsqre(Dx(
-2¢I%(2%x + 1)"3xgamma(3/2, 1/2%(2%x + 1)72)/((2%x + 1)72)7(3/2) + Ixsqrt( |
pi)*(2%x + 1)*(erf(sqrt(1/2)*sqrt((2xx + 1)72)) - 1)/sqre((2kx + 1)72) + 2

*Dksqrt (2)*e” (-1/2+(24x + 1)72))

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90

6 32
1 1 1 1
il _ (2x2+2m+7) . _ (—2962—295—7
+ 55 (2z—1)e V- (2z—1)e 2

/.qc2sinh2 (i+x+x2) dx = —1x3+ i\/5\/7_Terf (% \/5(2334-1))

input Lintegrate (x~2*sinh(1/4+x+x72)"2,x, algorithm="giac")

Output}-us*x*s + 1/32%sqrt (2)*sqrt (pi)*erf (1/2+sqrt (2)*(2+x + 1)) + 1/32%(24x -
(1)ke”(2#x72 + 24x + 1/2) - 1/32%(2%x - 1)*e”(-2#x"2 - 2%x - 1/2) |

Mupad [F(-1)]

1 1\?2
/$28inh2 (Z+x+x2) dx=/x%inh(x2+x+z) dx

Lint(x‘Q*sinh(x + x72 + 1/4)72,%) J

Timed out.

input

output iRt (X"2*sinh(x + x°2 + 1/4)72, x)
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Reduce [F]

/xz sinh? (i +x+ x2) dz

2 1 2 1 2 1 2
Bet? Tirtaer — et T3 e + 1277 T2 (f ;dx> — 16e* e 13 — 6 /ex + 3+/e

e2r2+2z

9662m2+2ze

inputLint(x‘Q*sinh(1/4+x+x”2)“2,x) J

t‘(s*e**((S*x**Q + 8%x + 1)/2)*%e*x - 3*kexx((8*%x**2 + 8*x + 1)/2)*e + 12%e*x*(
(Axxxx2 + 4¥x + 1)/2)%int (1/exx (2kx#x2 + 2%x),X) - 16kerx (2kxk*2 + 2kx)¥ek |
‘X**3 - 6*xsqrt(e)*x + 3*sqrt(e))/(96*e**x (2*x**2 + 2%x)*e)

outpu
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3.25 | x sinh? (% +z+ x2) dx

Optimal result . . . . . . . . . . . . e 189
Mathematica [A] (verified) . . . . . . . . . ... o 1891
Rubi [A] (verified) . . . .. . . ... .. 190
Maple [C] (verified) . . . . . . . . . ... 1911
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 191
Sympy [F] . . o o 192
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... 193]
Giac [C] (verification not implemented) . . . . . . . ... ... ... ... ... 193l
Mupad [F(-1)] . . . o o 194
Reduce [F] . . . . . 194

Optimal result

Integrand size = 13, antiderivative size = 75

1 22 1 142z
inh? ( = 2V de=-" — — [ =erf
/zsm <4+x+z) X 1 16 2er( \/5)
1 1
8

-1/4%x72-1/32%27(1/2) *Pi~ (1/2) *erf (1/2%27 (1/2) * (1+2%x) ) -1/32%2~ (1/2) *Pi~ (1 ‘

output
/2)xerfi(1/2%2~(1/2)* (1+2%x))+1/8*sinh (1/2+2%x+2*x~2) ‘

‘f hY

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.17

1
/acsinh2 (Z +x+x2) dz

—8+v/ex? + 2(—1+ e) cosh(2z(1 + z)) — %erf(%) - %erﬁ(lf/%””) +2(1 + e) sinh(2z(1 + x))
32\/e

input LIntegrate [x*Sinh[1/4 + x + x72]72,x] J
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output‘ (-8xSqrt[E]*x~2 + 2x(-1 + E)*Cosh[2*x*(1 + x)] - Sqrt[2*ExPi]*Erf[(1 + 2+*x \
)/8qrt[2]] - Sqrt[2+ExPil*Erfil(1 + 2%x)/Sqrt[2]] + 2%(1 + E)*Sinh[2%xx(1 |
+ x)1)/(32+8qrt [E]) |

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00,

number of rules _ 54, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
N ) 1
/wsmh (m +w+4) dx

l 5917

1 2 1 T
/ (23; cosh <2m + 2z + 2) — 2) dz

l2009
1 [r (2241 1 [m 2z +1 2 1 9 1
—— | —erf — — o J—erfil == =) — = + Zsinh (2 21 + =
16\/;&'(\/5) 16\/;er<\/§) 4+8s1n<w+w+2>

'Int[x*Sinh[1/4 + x + x72]72,x] |

input

output‘—1/4*x‘2 - (Sqrt[Pi/2]*Erf[(1 + 2%x)/Sqrt[2]1]1)/16 - (Sqrt[Pi/2]*Erfil[(1 + ‘
| 2%x)/Sqrt[2]11)/16 + Sinh[1/2 + 2%x + 2%x~2]/8 |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((d_.) + (e_.)*(x_))~(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)~2]1"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)~m, Sinh[a + b*x + c*x~2]"n, x ‘
‘], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1] ‘

rule 5917

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.54 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00

method | result size
~us’  mpet(vaer ) | G4’ iyrvoerf(ivaetif2)
. 2 B R 5 Y
risch e E > I v 75
input Lint (x*sinh(1/4+x+x~2)~2,x,method=_RETURNVERBOSE) J
output \ -1/4%x72-1/16*%exp(-1/2% (1+2*x) ~2)-1/32*%Pi~ (1/2) *2~ (1/2) *erf (27 (1/2) *x+1/2* ‘

‘ 2-(1/2) )+1/16*exp(1/2* (1+2%x) ~2)+1/32%xI*Pi~ (1/2) %2~ (1/2) *erf (I*2~(1/2) *x+1 ‘
\/2*1*2*(1/2)) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 307 vs. 2(57) = 114.

Time = 0.10 (sec) , antiderivative size = 307, normalized size of antiderivative = 4.09

/acsinh2 (i +x+z2) dzr =

8z?cosh (22 + z + i)2 — 2 cosh (z2 +z4+ %)4 — 8 cosh (m2 +z4 }1) sinh (x2 +z4+ ;11)3 — 2 sinh (a:i
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input‘integrate(X*sinh(1/4+x+x”2)”2,x, algorithm="fricas")

-1/32%(8*x"2*cosh(x"2 + x + 1/4)72 - 2*cosh(x”2 + x + 1/4)74 - 8*cosh(x"2

+ x + 1/4)*sinh(x"2 + x + 1/4)73 - 2xsinh(x"2 + x + 1/4)74 + 4x(2*%x"2 - 3%
cosh(x™2 + x + 1/4)72)*sinh(x"2 + x + 1/4)72 + 8*%(2*x"2*cosh(x"2 + x + 1/4
) - cosh(x™2 + x + 1/4)73)*sinh(x"2 + x + 1/4) + sqrt(pi)*(sqrt(2)*cosh(x™
2 + x + 1/4)"2xerf (1/2*sqrt(2)*(2*x + 1)) - sqrt(-2)*cosh(x"2 + x + 1/4)72
*xerf (1/2%sqrt(-2)*(2xx + 1)) + (sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1)) - sqrt(
-2)xerf (1/2*sqrt (-2)*(2*x + 1)))*sinh(x"2 + x + 1/4)7°2 + 2*(sqrt(2)*cosh(x
"2 + x + 1/4)*erf (1/2*sqrt(2)*(2*%x + 1)) - sqrt(-2)*cosh(x”2 + x + 1/4)*er
f(1/2%sqrt (-2)*(2*x + 1)))*sinh(x"2 + x + 1/4)) + 2)/(cosh(x"2 + x + 1/4)~
2 + 2%cosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4) + sinh(x"2 + x + 1/4)72)

output

Sympy [F]

1 1
/avsinh2 (Z+x+x2) dac:/:csinh2 (x2+x+1) dzx

input‘integrate(x*sinh(1/4+x+x**2)**2’x)

outputtlntegral(x*sinh(x**2 + x + 1/4)**2, x)
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Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.61

/ﬁmmﬁ(i+x+xﬁ¢m
mesn(at (i -@ary)-1)

1 1
= 2 — 2 NG,
—(2x41)°
] i\/7_r(2af:+1)(erf (\/%”(2.’174—1)2) _1) 1 2
— §§i\/§ - _ i /2e(m3 @er)?)
2z +1)°

input Lintegrate (x*sinh(1/4+x+x72)"2,x, algorithm="maxima") J
output _1/4%x~2 - 1/32%sqrt(2)*(sqrt (pi)* (2+x + 1)%(erf(sqrt(1/2)*sqrt(~(2#x + 1)

"2)) - 1)/sqrt(-(2%x + 1)72) - sqrt(2)*e”(1/2%(2%x + 1)72)) - 1/32%Ixsqrt(
| 2)%(-I*sqrt (pi)*(2%x + 1)*(erf(sqrt(1/2)*sqrt((2%x + 1)72)) - 1)/sqrt((2%x
L +1)72) - I¥sqrt(2)*e~(-1/2%(2%x + 1)°2)) J

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.13 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.93

/:Esinh2 (}l+x+x2) dr = —le — %\@ﬁerf <% \/5(2x+1)>

4
1. 1.
— 35 V2+/T erf —5t V2(2z +1)
1 1 1 1
= (@s?+2z+d) & (—222-22-1)
LT YT 16° ’

input integrate(x*sinh(1/4+x+x~2)"2,x, algorithm="giac") J
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-1/4%x"2 - 1/32%sqrt(2)*sqrt (pi)*ert (1/2xsqrt(2)*(2#x + 1)) - 1/32+I*sqrt(
| 2)*sqrt (pi)*erf (-1/2%I*sqrt (2)*(2%x + 1)) + 1/16%e™(2%x"2 + 2%x + 1/2) - 1
| /16%e”(-2%x"2 - 2%x - 1/2) |

output

Mupad [F(-1)]

Timed out.
. 2 1 2 . 2 1 2
x sinh Z+x+x dr = [ zsinh{ x +.’17+£—l dx

int(x*sinh(x + x™2 + 1/4)72,%) J

inputt

output 1Bt CFSimh(x + x°2 + 1/4)°2, x)

Reduce [F]

1
/acsinh2 (Z + x4+ xz) dx
ﬁe2z2+2merf<%> ei + TS [9 o _ 9207205 /) <f md@ 4277428 [5 o 2 VeV2
1662z2+2x\/§e

inputLint(x*sinh(1/4+x+x“2)"2,x) J

output‘ (sqrt (pi)*ex* (2+x**2 + 2xx)*erf ((2%i*x + i)/sqrt(2))*e*i + ex*((8*x**2 + 8 \
kx + 1)/2)xsqrt(2)ke - 2xexk ((4%x*2 + 4%x + 1)/2)*sqrt(2)*int (1/exk (kx|
\2 + 2%x) ,X) — 4dxe*x(2*x*k*2 + 2xx)*sqrt(2)*xe*x**2 - sqrt(e)*sqrt(2))/(16*ex \
‘*(2*}:**2 + 2xx)*sqrt(2)*e) ‘




output

input

output
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3.26  [sinh? (34 +2?%) do
* 4

Optimal result . . . . . . . . . . . . e 195
Mathematica [A] (verified) . . . . . . . . . ... o 1951
Rubi [A] (verified) . . . .. . . ... .. 196
Maple [C] (verified) . . . . . . . . . ... 197
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 197
Sympy [F] . . o o 198
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... 198}
Giac [C] (verification not implemented) . . . . . . . ... ... ... ... ... 198
Mupad [F(-1)] . . . o o 199
Reduce [F] . . . . . 199

Optimal result

Integrand size = 11, antiderivative size = 56

1 1 1+2
/sinh2 (Z-I—x—l—xQ) dzr = —g—i—g\/gerf( j;iw

)

1 /m
+ g\/;erﬁ(

1+ 2x

V2

)

(—1/2*x+1/16*2”(1/2)*Pi“(1/2)*erf(1/2*2“(1/2)*(1+2*x))+1/16*2“(1/2)*Pi“(1/2

‘)*erfi(1/2*2“(1/2)*(1+2*x))

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

1 1 142
/sinh2 (— +a:+a:2) dr = —(—SJU—I— \/27rerf( + 2z
4 \/5

16

) + \/ﬁerﬁ(

1+ 2x

V2

)

‘Integrate[Sinh[1/4 + x + x72]72,x]

‘(-S*X + Sqrt[2+#Pi]*Erf[(1 + 2*x)/Sqrt[2]] + Sqrt[2*#Pi]*Erfi[(1 + 2#%x)/Sqrt

[211)/16

N
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00,

number of rules _ 0.182, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {5899, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

1
/sinh2 <m2 +x+ 4> dr

l 5899

1 9 1 1
/<2cosh <2z +2z+2> —2> dz

l'2009
1 /=« 2z +1 1 /=« 2z +1 x
s () a3 () -5

input‘\lnt [Sinh[1/4 + x + x~2]°2,x]

below.

Output} -1/2%x + (Sqrt[Pi/21*Erf[(1 + 2#x)/Sqrt[2]11)/8 + (Sqrt[Pi/2]+Erfil(1 + 2%xx
)/8qrt[211)/8

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

hule 5809 ImtSimhl(a_.) + (b_.)*(x) + (c_.)*(x)"21"(n_), x_Symbol] :> Int[ExpandTr
‘igReduce [Sinh[a + b*x + c*x~2]"n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, ‘

e J
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.48 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method | result size

risch -4 VTV erffg/i“?) _ W2 erfg;‘/ﬁ”if) 49
input Lint (sinh(1/4+x+x~2)"2,x,method=_RETURNVERBOSE) J
output‘ -1/2%x+1/16%P1i” (1/2) %27 (1/2) *erf (27 (1/2) *x+1/2%27(1/2))-1/16%I+Pi~(1/2)%2~ |

‘(1/2)*erf(I*2“(1/2)*x+1/2*I*2“(1/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.73

/sinh2 (;l +x+ a:2> dz

- 5 va(vaat (3 vE@s+1)) - vo2et (JvRes+) ) - o

input Lintegrate (sinh(1/4+x+x72)"2,x, algorithm="fricas") J

t‘ 1/16*sqrt (pi)*(sqrt(2) *erf (1/2*sqrt(2)*(2*x + 1)) - sqrt(-2)*erf (1/2*sqrt( ‘

outpu
‘—2)*(2*x +1))) - 1/2*%x
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Sympy [F]
1 2 1 2 . 2 2 1
sinh” ( ; +o+0” ) do= [ sinh® (o +a+ ) do
input Lintegrate (sinh (1/4+x+x*%2) **2,x) J
output LIntegral(sinh(x**z + X + 1/4)%%2, x) J

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80

/si:nh2 (i—l—z—l—zz) dx = %Gﬂ\/%erf (\/ﬁz—i—%\@)
—1—16i\/§\/7_rerf (z\/ﬁx—l—%zﬂ) —%z

input Lintegrate (sinh(1/4+x+x"2)"2,x, algorithm="maxima") J

N

.
|1/16%sqrt (2) *sqrt (pi)*erf (sqrt (2)*x + 1/2%sqrt(2)) - 1/16%I*sqrt(2)*sqrt(p |

output
|i)*erf (Ixsqrt(2)*x + 1/2%T*sqrt(2)) - 1/2%x |

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.13 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75

/sinh2 (}1 +z +x2) dz = 1—16 V2 erf (% V2(2z + 1))
+ %i V2y/merf <—%z V2(2z + 1)) - %x



CHAPTER 3. LISTING OF INTEGRALS 199

input Lintegrate (sinh(1/4+x+x72)"2,x, algorithm="giac")

output‘ 1/16%sqrt (2) *sqrt (pi) xerf (1/2*%sqrt (2)*(2+x + 1)) + 1/16xIxsqrt(2)*sqrt (pi)
*erf(-1/2%Tsqrt(2)*(2+x + 1)) - 1/2%x

Mupad [F(-1)]

Timed out.
: 2 1 2 . 2 1 2
sinh Z—i—x-l—x dz = [ sinh( z +x+4_1 dz

input Lint(sinh(x + x72 + 1/4)°2,%)

Outputtint(sinh(x +x72 + 1/4)°2, x)

Reduce [F]

2
/Sinh2 <211+x+x2> d:v=/sinh <x2+x+£—11> dz

inputLint(sinh(1/4+x+x“2)‘2,x)

output Lint(sin.h((4*x**2 + 4x + 1)/4)%%2,%)
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sinh? ( ! +x+x2)

3.27 | L dx

Optimal result . . . . . . . . . . . .. 2001
Mathematica [N/A] . . . . . ... . 200
Rubi [N/A] . . o 201l
Maple [N/A] . . . o e 201]
Fricas [N/A] . . . . 2021
Sympy [N/A] . . o 202
Maxima [N/A] . . . . o e
Giac [N/A] .« . . 203
Mupad [N/A] . . . o 203
Reduce [N/A] . . . o 204

Optimal result

Integrand size = 15, antiderivative size = 15

/ sinh? (1 + 2 + 2?) do — _log(z)
T 2

1

+ =In

{

2

cosh (% + 2z + 2m2)

T

output ‘ -1/2*1n(x)+1/2*Defer (Int) (cosh(1/2+2*x+2%x~2) /x,Xx)

input L

Mathematica [N/A]

Not integrable

Time = 12.82 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/sinh2 (L—l1 +z +x2) p /sinh2 (i +z+ 562)
€Tr =

X

X

dz

Integrate[Sinh[1/4 + x + x72]72/x,x]

output L

Integrate[Sinh[1/4 + x + x72]72/x, x]
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

~—

below.
: h2 2 1
/sm (a: +w+4) dz
X
l 5917
h (222 +2z+ 1
/ cosh (222 + x+2)_i i
2x 2z
l 2009
1 / cosh (222 + 2z + 3) log(z)
- dCL' _
2 T 2
inputLInt [Sinh[1/4 + x + x~2]1"2/x,x]
output L$Aborted

input L

Maple [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

/ sinh (1 +z +x2)2dx

X

int(sinh(1/4+x+x~2)"2/x,x)
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output Lint (sinh(1/4+x+x~2)~2/%,%)

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

. . 2
/smh2 (L—ll;l—:c—l—xz) da::/smh(xz—mkz—i—i) .

inputLintegrate(sinh(1/4+x+x“2)“2/x,x, algorithm="fricas")

Outputtintegral(sinh(x’? + x + 1/4)"2/x, x)

Sympy [N/A]
Not integrable

Time = 0.72 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

/ sinh? (3 : T + z?) o — / sinh? (zl—l— T+ 3) e

input Lintegrate (sinh(1/4+x+x*%2)**2/%,%)

output LIntegral(sinh(x**2 + x + 1/4)**2/x, x)




input

output

input

output
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Maxima [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.87

. . 2
/smh2 (L—ll—xl—m+x2) dxz/smh(xz—mi-x—l—i) .

‘ integrate(sinh(1/4+x+x"2)"2/x,x, algorithm="maxima")

‘1/4*integrate(e"(2*x“2 + 2%x + 1/2)/x, x) + 1/4xintegrate(e” (-2*%x"2 - 2#*x
- 1/2)/x, %) - 1/2¥log(x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/sinh2 (‘—lll—x+x2) p _/sinh(x2;—x+;i)2 e

Lintegrate (sinh(1/4+x+x72)"2/x,x, algorithm="giac")

-

Lintegrate(sinh(x‘Z +x + 1/4)°2/x, %)

-/

Mupad [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

. . 2
/smh2 (i:w-l—:c?) o — / smh(xQ—;w—i— H s
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inputtint(sinh(x + x72 + 1/4)°2/x,%) J

output Lint(sinh(x + x72 + 1/4)°2/x, x) J

Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 54, normalized size of antiderivative = 3.60

x:
T 4e

/ sinh® (1 + z + 22) p Ve <f T dx) e+ /e <f mdx> — 2log(z) e

input tint (sinh(1/4+x+x~2)~2/x,%) J

‘ (sqrt(e)*int (e** (2*x**2 + 2*xx)/x,x)*e + sqrt(e)*int (1/(ex* (2xx**2 + 2¥x)*x \

output
),x) - 2*log(x)*e)/(4%e)
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3.28 [(d + ex)?sinh (a + bx + cx?) dz

Optimal result . . . . . . . . . . . . e 205
Mathematica [A] (verified) . . . . . . . . . ... o 2061
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ... 210
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 211]
Sympy [F] . . o o 211
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2121
Giac [A] (verification not implemented) . . . . . . ... ... ... 212
Mupad [F(-1)] . . . o o 213
Reduce [F] . . . . . 213

Optimal result

Integrand size = 19, antiderivative size = 261

e(2cd — be) cosh (a + bz + cx?)

/(d + ex)?sinh (a + bz + c2?) dz =

4c?
e(d + ex) cosh (a + bx + cz?)
+
2c
e2e ot \/_erf<b+2“>
8¢3/2
(2¢cd — be)2e~ ot iz \/_erf<b+2c’”)
a 16¢5/2
\/_ erfi ( b”“)
8¢3/2
(2¢d — be)2eo % \/merfi (b+2w>
+ 16¢5/2

1/4xe* (~b*e+2*c*d) *cosh (cxx~2+b*x+a) /c~2+1/2*e* (e*x+d) *cosh(c*x~2+b*x+a) /c
-1/8*e~2xexp(~a+1/4xb~2/c) *Pi~(1/2) *xerf (1/2* (2*cxx+b) /c~(1/2))/c~(3/2)-1/1
6* (-bxe+2xc*d) "2xexp(-a+1/4xb~2/c)*Pi~ (1/2) *erf (1/2* (2*c*x+b)/c~(1/2)) /c~(
5/2)-1/8*e~2xexp(a-1/4%b~2/c)*Pi~(1/2) *erfi (1/2* (2*c*x+b) /c~(1/2))/c~(3/2)
+1/16% (-bxe+2*c*d) "2*exp(a-1/4*¥b~2/c) *Pi~(1/2) *erfi(1/2* (2*c*x+b)/c~(1/2))
/c~(5/2)

output




input |

output
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Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.74

/(d + ex)?sinh (a + bz + cz?) dz

4/ce(4cd — be + 2cex) cosh(a + z(b + cz)) + (4c*d? + b%e® + 2ce(—2bd + ¢)) ﬁerf(b;rf/?

) (e

Integrate[(d + e*x)~2#Sinh[a + b*x + c*x~2],x] ‘

(4xSqrt[c]*e*(4*c*d - bxe + 2xcxe*x)*Cosh[a + xx(b + c*x)] + (4*c™2+%d"2 +
b~2*%e”2 + 2*ckex(-2+b*d + e))*Sqrt[Pi]*Erf[(b + 2*cxx)/(2*Sqrt[c])]*(-Cosh
[a - b™2/(4%c)] + Sinh[a - b72/(4*c)]) + (4%c™2%d"2 + b~2%e”2 - 2*c*e*(2*%b
*d + e))*Sqrt[Pil*Erfil[(b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a - b"2/(4*c)] + Sin
hla - b™2/(4xc)]1))/(16xc~(5/2))

Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.03,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.526, Rules

used = {5909, 5898, 2664, 2633, 2634, 5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez)?sinh (a + bz + c2?) dz

| 5909
(2¢d — be) [(d + ex)sinh (cz® + bz +a)dz  €? [cosh (cz® + bz + a) dz N
2c 2c
e(d + ex) cosh (a + bz + cz?)
2c

l 5808

1
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2(1 —cz?—bz—a 1 cr2+bz+a
e (5 [e de+35 [e dz

(2cd — be) [(d + ex)sinh (cz?® + bz + a) dz N
2c 2c
e(d + ex) cosh (a + bx + cz?)
2c
| 2664
e2 (éei“" [e (Hm) dr + 5 lea—% f e‘”ZZ””) >
(2cd — be) [(d + ex)sinh (cz? + bz + a) e(d + ez) cosh (a + bz + cz?)
2c 2c
| 2633
b2
( ca:) \/7? a—uerﬁ b+2cx
% %_afe b+ic T + € 4ﬁ<2ﬁ)
% +
(2cd — be) [(d + ex) sinh (cz? + bz + a) dz e(d + ex) cosh (a + bz + cz?)
2c 2c
| 2634
, [ VAekeoert(ti2e) .\ Ve~ ke erfi (b2
€ 1 7
(2cd — be) [(d+ ex)sinh (cz?® + bz + a) dz ve ve
2c 2c
e(d + ex) cosh (a + bz + cz?)
2c
| 5905
2cd—be) [ sinh(cx?+br+a)d e cosh (a+bz+cx?
(2cd—be)<( )J 2£ Jdz (20 ))
2c
éﬁ—aerf b+2cx a—%’ﬁerﬁ b+2cx
2| Vet (%2=) 4 YmeTE (%2=)
ive ive
e(d + ex) cosh (a + bz + cz?)
_+_
2c 2c
| 5897
(2cd—be) (% / ecz2+bx+adx_% / e_czz_bm_adx) e cosh (a+bz+cz?)
(2cd — be) % + 2
2c B
o2 fe4c erf( a/e ) 4 /et de erﬁ(b+\2/€w>
ive ive
N e(d + ex) cosh (a + bx + cz?)
2c
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l 2664
cx 2 cT 2
et (Jerte M el p o )
€ COs. a L1 CT
(2Cd - be) 2% + 2c
2c B
2 2
o | Yoo ert(il) | e oot (i)
4/c 44/c 2
N e(d + ex) cosh (a + bz + cz?)
2% 2c
l 2633
b2
wea_zﬁerﬁ bt2ca cz)?
(2cd—be) (\F 4¢z< = )_%e%_afe_% -"3)
ecosh(a+bx+cx2)
(26d — bE) 2 + 2c
2c B
2 2
o [ Vet oerf(tizee) N Vet~ e erfi (b2ez)
e 4\/5 4\/5 2
N e(d + ex) cosh (a + bz + cz?)
2c 2c
l 2634
b2 b2
=0 dc erfi( b+2cz <o dc —oerf( bt2cz
<2cd‘be)(f colte) el M>) h(atbotea?)
ecosh(a+bx+cx
(ZCd - be) 2% + 2c
2c B
2 2
RS GO U7
N e(d + ex) cosh (a + bz + cz?)
2c 2c

-

input LInt[(d + exx) 2%Sinh[a + b*x + c*xx~2],x]

~—




output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5898

rule 5905
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(ex(d + e*x)*Cosh[a + b*x + c*x"2])/(2%c) - (e”2*x((E~(-a + b~2/(4*c))*Sqrt
[Pil*Erf[(b + 2*c*xx)/(2*Sqrt[c])])/(4xSqrtlc]) + (E"(a - b~2/(4*c))*Sqrt[P
i]*#Erfi[(b + 2*c*xx)/(2*Sqrt[cl)])/(4+Sqrtlcl)))/(2xc) + ((2%c*d - b*e)*((e
*Cosh[a + b*x + c*x”2])/(2%c) + ((2%c*d - b*e)*(-1/4*x(E~(-a + b~2/(4%c))*S
qrt [Pi]*Erf [(b + 2*c*x)/(2*%Sqrtlc]l)])/Sqrtlc] + (E~(a - b~2/(4%c))*Sqrt[Pi
I*+Erfi[(b + 2%c*x)/(2*%Sqrt[c])])/(4xSqrtlcl)))/(2xc)))/(2%c)

Defintions of rubi rules used

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[bxLog[F], 211/ (2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

/Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]11/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bpl

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b~2/
(4xc)) Int[F~((b + 2xc*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symboll :> Simp[1/2 Int[E"
(a + b*x + c*x72), x], x] - Simp[1/2 Int[E"(-a - b*x - c*x72), x], x] /;
FreeQ[{a, b, c}, x]

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]l :> Simp[1/2 Int[E"
(a + b*x + c*x”2), x], x] + Simp[1/2 Int[E~(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*xe - 2xcxd)/(2xc) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2*%cxd, 0]
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Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Cosh[a + b*x + c*x72]/(2%c)), x] + (-Sim
pl(bxe - 2xcxd)/(2*c) Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x~2], x], x]
- Simp[e™2*%((m - 1)/(2*c)) Int[(d + e*x)"(m - 2)*Cosh[a + b*x + c*x~2],
x], x]1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, 0]

rule 5909

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 459 vs. 2(205) = 410.

Time = 0.28 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.76

method | result

_ 4ac—b? b2
. erf(\/Ez+2\l’/E)\/77d2e 4c e—0e2q o—(ca+b) e—ae2p e—e(ca+b) e~ %e2b?\/redc erf(ﬁx—l— 2\%) e~ %2,
I‘lSCh — 4/c + 4c - 8c2 - 16 g -

c

input Lint ((e*x+d) "2*sinh(c*x"2+b*x+a) ,x,method=_RETURNVERBOSE) J

-1/4x*erf (c™(1/2)*x+1/2*%b/c~(1/2))/c™(1/2)*Pi~ (1/2) *d"2*exp (-1/4* (4*a*c-b~2
)/c)+1/4xexp(-a)*e~2/c*x*exp (-x* (cxx+b))-1/8*exp(-a) *e~2/c~2*b*exp (-x* (c*x
+b))-1/16xexp(-a)*e~2/c” (5/2) *b~2*Pi~ (1/2) *exp(1/4*¥b~2/c) *erf (c~(1/2) *xx+1/
2xb/c~(1/2))-1/8*xexp(-a)*e~2/c~(3/2)*Pi~ (1/2) *exp(1/4*b~2/c)*xerf (c~(1/2) *x
+1/2%b/c”(1/2))+1/2*exp(-a) *d*e/c*exp (-x* (c*x+b) ) +1/4*exp(-a) *d*e*b/c” (3/2
)*Pi~ (1/2) *exp(1/4xb~2/c)*xerf (c™(1/2)*x+1/2x¥b/c~(1/2))-1/4*erf (-(-c)~(1/2)
*x+1/2xb/ (-c)~(1/2))/(=c)~(1/2)*Pi~ (1/2) *d"2*exp (1/4* (4*a*c-b~2) /c)+1/4*ex
p(a)*e~2/cxx*exp (x* (cxx+b))-1/8*exp(a) *e~2/c” 2*b*xexp (x* (c*x+b) ) -1/16*exp(a
)*e~2/c”2%b"2%Pi~ (1/2) *exp(-1/4%b~2/c) /(-c) ~(1/2) *erf (-(-c) ~(1/2) *x+1/2%b/
(-c)~(1/2))+1/8*exp(a)*e~2/c*Pi~(1/2) *exp(-1/4*b~2/c) /(-c)~(1/2) *erf (- (-c)
~(1/2) *x+1/2%b/ (-c)~(1/2) ) +1/2*exp(a) *d*e/c*exp (x* (c*x+b) ) +1/4*exp(a) *d*e*
b/c*Pi~(1/2)*exp(-1/4*b~2/c)/(-c)~(1/2) *erf (- (-c) ~(1/2) *x+1/2xb/ (-c)~(1/2)
)

output




input

output

input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 634 vs. 2(205) = 410.

Time = 0.11 (sec) , antiderivative size = 634, normalized size of antiderivative = 2.43

/ (d + ex)?sinh (a + bx + ca:2) dx = Too large to display

| —

p
Lintegrate((e*x+d)“2*sinh(c*x“2+b*x+a),x, algorithm="fricas")

1/16%(4*c~2%e”2%x + 8*c™2xd*e — 2xbkcke”™2 + 2% (2*c™2%e"2*x + 4xc"2*d*e - b
xc*ke~2)*xcosh(c*x™2 + bxx + a)~2 - sqrt(pi)*((4*c”2+%d"2 - 4xb*cxd*e + (b~2
- 2%c)*e"2)*cosh(c*x”2 + b*x + a)*cosh(-1/4*(b~2 - 4x*axc)/c) + (4*c™2%d"2
- 4xb*c*dxe + (b~2 - 2xc)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/4*(b"2 - 4*ax
c)/c) + ((4xc™2*d"2 - 4xb*cxdxe + (b™2 — 2*c)*e”2)*cosh(-1/4*(b"2 — 4x*axc)
/c) + (4%c™2%d~2 - 4xbkcxd*e + (b"2 - 2%c)*e”2)*sinh(-1/4%(b~2 - 4*axc)/c)
)*sinh(c*x”~2 + b*x + a))*sqrt(-c)*erf(1/2*(2*c*x + b)*sqrt(-c)/c) - sqrt(p
i)*((4*%c™2*%d"2 - 4sbxckd*e + (b™2 + 2%c)*e”2)*cosh(c*x"2 + b*x + a)*cosh(-
1/4%(b~2 - 4*xa*xc)/c) - (4*xc”2+%d"2 - 4xbkxckd*e + (b~2 + 2*c)*e”2)*cosh(c*x”
2 + b*x + a)*sinh(-1/4*(b"2 - 4*a*c)/c) + ((4*xc™2*xd"2 - 4*b*c*d*e + (b™2 +
2%c)*e"2)*cosh(-1/4*(b"2 - 4*a*c)/c) - (4*xc™2xd"2 - 4*b*c*d*e + (b™2 + 2%
c)*e~2)*sinh(-1/4%(b"2 - 4xa*c)/c))*sinh(c*x~2 + b*x + a))*sqrt(c)*erf(1/2
*(2*c*x + b)/sqrt(c)) + 4*(2%c"2%e”2%x + 4*c~2*d*xe - b*cxe”2)*cosh(c*x~2 +
b*x + a)*sinh(c*x™2 + b*x + a) + 2% (2*%c"2*e”2*x + 4*xc”2*d*e - b*cxe”2)*si
nh(c*x™2 + b*x + a)~2)/(c"3*cosh(c*x”2 + b*x + a) + c 3*sinh(c*x”2 + b*x +

a))

N J

Sympy [F]

/(d + ex)?sinh (a + bz + cz?) dz = / (d + ex)?sinh (a + bz + cz?) dz

integrate ((e*x+d)**2*sinh (cxx**2+b*x+a) ,x)

& J

‘Integral((d + exx)**2xsinh(a + b*x + cxx**2), Xx)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 536 vs. 2(205) = 410.

Time = 0.26 (sec) , antiderivative size = 536, normalized size of antiderivative = 2.05

/ (d + ex)?sinh (a + bz + cz®) dz = Too large to display

-

~—

inputtintegrate((e*x+d)*2*sinh(c*x‘2+b*x+a),X, algorithm="maxima")

1/4xsqrt (pi) *d~2*erf (sqrt(-c)*x - 1/2*b/sqrt(-c))*e~(a - 1/4%b"2/c)/sqrt(-
c) - 1/4xsqrt(pi)*d~2*erf(sqrt(c)*x + 1/2%b/sqrt(c))*e~(-a + 1/4%¥b~2/c)/sq
rt(c) - 1/4%(sqrt(pi)*(2%c*x + b)*bx(erf(1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/
(sqrt (-(2*c*x + b)~2/c)*c~(3/2)) - 2%e~(1/4%(2*c*x + b)~2/c)/sqrt(c))*d*e*
e~ (a - 1/4%¥b~2/c)/sqrt(c) + 1/16*(sqrt(pi)*(2xcxx + b)*b~2*(erf (1/2*sqrt (-
(2xcxx + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 4xbxe” (1/4%(2xc*
X + b)72/c)/c”(3/2) - 4%(2%c*x + b) 3*gamma(3/2, -1/4*(2*c*x + b)~2/c)/((-
(2%c*x + b)~2/c)~(3/2)*c~(5/2)))*e"2xe"(a - 1/4*¥b~2/c)/sqrt(c) + 1/4*(sqrt
(pi)*(2*c*x + b)*bx(erf (1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*cxx + b)~
2/c)*(-c)~(3/2)) + 2xc*e”(-1/4x(2xc*x + b)~2/c)/(-c)~(3/2))*d*exe~(-a + 1/
4%¥b~2/c)/sqrt(-c) + 1/16*(sqrt(pi)*(2*c*xx + b)*b~2x(erf (1/2*sqrt ((2*c*xx +

b)~2/¢c)) - 1)/(sqrt((2*c*xx + b)~2/c)*(-c)~(5/2)) + 4xbxcxe”(-1/4x(2*c*x +

b)~2/c)/(-c)~(5/2) - 4%(2%c*x + b) 3xgamma(3/2, 1/4*(2*c*x + b)~2/c)/(((2%
c*x + b)~2/c)~(3/2)*(-c)~(5/2)))*e"2%e~(-a + 1/4%b~2/c)/sqrt(-c)

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 227, normalized size of antiderivative = 0.87

/(d + ex)?sinh (a + bz + cz®) dz
2 42 2,2 2 1 b (%%>
Vv (4c2d?—4bede+b%e?+2 ce )\;;f(—Q \/E<2:B+Z))e 49 (062 (2$ n g) 1 dede — 2be2)e(_cm2_bm_a)

16 c2

_b2—4ac
4dc

V7 (4c2d?—4 bede+b?e? —2 ce?) erf(—% ch<2 m—i—%))e(
\/fc

—2(ce?(2z+ %) + 4cde — 2 be2)e(“2+bx+a)

16 ¢2
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inputLintegrate((e*x+d)“2*sinh(c*x"2+b*x+a),x, algorithm="giac") J

1/16*(sqrt (pi) *(4*c”™2x%d"2 - 4xb*cxd*e + b"2xe”2 + 2xc*e”2)*erf (-1/2*sqrt(c
)*(2xx + b/c))*e”(1/4x(b~2 - 4*axc)/c)/sqrt(c) + 2x(c*e”2*(2*x + b/c) + 4x*
ckd*e — 2%b*e~2)*e~(-c*x”2 - b*x - a))/c”2 - 1/16x(sqrt(pi)*(4*xc~2+%d"2 - 4
xbxcxd*e + b"2xe”2 - 2xc*e”2)xerf (-1/2*sqrt(-c)*(2*x + b/c))*e~(-1/4*(b"2
- 4*axc)/c)/sqrt(-c) - 2*x(cxe”™2x(2xx + b/c) + 4*cxd*e - 2*bxe”2)*e” (c*x"2
+ bxx + a))/c"2

output

Mupad [F(-1)]

Timed out.

/(d+ex)28inh (a+ bz +cz?) dz = /Sinh(cx2+bac—|—a) (d+ex)’ de

inputLint(sinh(a + b*x + c*xx"2)*x(d + e*x)”"2,x) J
Outputtint(sinh(a + bkx + c*x"2)*(d + e*x)"2, x) J
Reduce [F]

/(d + ex)?sinh (a + bz + cz?) dz

_ cz2+bz+2a 2ciz+bi 2,2, cx?+bz+2a 2ciz+bi s cx?+br+2a 2ciz+bi 2 72,
Ve erf | 250E b*e’i + 4/me erf | 257E* ) bedei 4 /Te erf ( 252 ) c*d?

inputtint((e*x+d) 2xsinh (c*x~2+b¥x+a) ,x) J
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( - sqrt(pi)*ex*(2%a + b*x + cxx*x2)*erf ((bxi + 2xc*ixx)/(2*sqrt(c)))*b**2
xe*xx2xi + 4xsqrt(pi)*e*x*(2xa + bkx + ckx*k*2)xerf ((b*i + 2xc*ix*x)/(2*sqrt(c
)))*xbkcxd*exi — 4xsqrt(pi)*ex*(2xa + b*x + ckx**2)xerf ((b*xi + 2kcxi*x)/ (2%
sqrt(c)) ) kcx*2*xd**2xi + 2*sqrt(pi)*e*x*(2*a + b*x + cxx**x2)*erf ((b*i + 2%c*
i*x)/(2*sqrt(c)) ) *ckex*2xi — 2ke*x*((8*axc + b**2 + Bxbkckx + Bkck*2*x*x2)/
(4*c)) *sqrt (c) *bkex*2 + 8xe*x* ((8*axc + bx*2 + 8xbkckx + 8*cx*k2xx**2)/(4*c)
)*sqrt (c) *cxd*e + 4*xexx((8kaxc + b**2 + 8*bxckx + 8xc**x2*x*x*2)/(4*c))*sqrt
(c)*xcxe*x2xx — 2xexx ((b**2 + 4¥bkckx + 4kcx*2kx**2)/(4*c))*sqrt(c)*int(1/e
*k (bxx + Ckx**2) ,X)*b¥*2ke**2 + 8kexk((b**2 + 4xbkckx + 4xckxkx**2)/(4%*c)
)*sqrt (c) *int (1/e** (b*x + c*x**2),x)*bkxckxdxe - 8xex* ((b**2 + 4xbxcxx + 4xc
*x2xx*%2) / (4%c) ) *sqrt (c) *int (1/e** (bkx + c*x**2) ,X)*ck*2xd**2 — 4dkex* ((bkx
2 + 4¥bkckxx + 4dkck*2kx*x*2) /(4xc))*sqrt(c)*int (1/e** (bxx + ckx**2) ,X)*cke**
2 - 2xe*x(b*x2/(4*c))*sqrt(c) *bxe*x*2 + 8kex* (b**2/(4*c))*sqrt(c)*c*d*e + 4
xe** (b*x2/ (4*c) ) ksqrt (c) kcxe**x2*x) / (16%ex*x ((4d*a*xc + b**2 + 4*xbxckx + 4xck*
2xx*%2) / (4*c) ) *¥sqrt (c) *c**2)

output
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3.29 [(d + ex)sinh (a + bz + cz?) dzx

Optimal result . . . . . . . . . . . . e 215
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 216
Maple [A] (verified) . . . . . . ... L 218
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 218
Sympy [F] . . o o 219
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2201
Giac [A] (verification not implemented) . . . . . . ... ... ... 22T]
Mupad [F(-1)] . . . o o 221]
Reduce [F] . . . . . 222

Optimal result

Integrand size = 17, antiderivative size = 128

2
[+ exysinh (a-+ b+ ca?) g = 2Rl b )

(2cd — be)e‘““'zjc ﬁerf( b;j?)
8c3/2

(2¢d — be)e“_zjc V/merfi (@%)
8¢c3/2

_|_

‘ 1/2*excosh(c*x~2+b*x+a) /c-1/8% (~bxe+2*c*d) *exp (-a+1/4%b~2/c)*Pi~ (1/2) *erf ( ‘
‘ 1/2% (2xc*x+b) /c™(1/2))/c™(3/2)+1/8% (~b*e+2%c*d) *exp (a-1/4%b~2/c) *Pi~ (1/2) * ‘
Jerfi(1/2+ (2kcxx+b) /c™(1/2)) /¢ (3/2)

output

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.14

/(d + ex) sinh (a + bz + cz?) dz

B 4y/cecosh(a + z(b+ cz)) + (2¢d — be)ﬁerf(%) (— cosh (a - %i) + sinh (a — %)) + (2¢cd — be),

- 8¢3/2
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input‘ Integrate[(d + exx)*Sinh[a + b*x + c*x72],x] ‘

output‘ (4%Sqrt[c]l*e*Cosh[a + x*(b + c*x)] + (2%c*d - bxe)*Sqrt[Pil*Erf[(b + 2*c*x ‘
1)/ (2#8qrt[c])]1*(-Cosh[a - b~2/(4%c)] + Sinh[a - b™2/(4%c)]) + (2%c*d - b¥e
)*Sqrt[Pil#Erfil(b + 2#c*x)/(2%Sqrt[c])1*(Cosh[a - b™2/(4%c)] + Sinh[a - b

\*2/(4*c)]))/(8*c*(3/2))

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.99,

number of rules __
integrand size 0.294, Rules

number of steps used = 5, number of rules used = 5,
used = {5905, 5897, 2664, 2633, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) sinh (a + bz + cz?) dz

lsmm
(2cd — be) [ sinh (cz? + bz + a) dz  ecosh (a + bz + cz?)

2c + 2c

l 5897
(2cd — be) (% / ect thotady — % / e_m2_bm_ad$> e cosh (a + bx + czr:2)
_.I_

2c 2c

l 2664

(b+2¢:a:)2 _ (b+2¢:a:)2

2 2
(2¢cd — be) <%ea_zc Je i dz— %e%_“fe 1c

d:v) e cosh (a + bx + cacQ)
+
2c 2c

l 2633

b2
“_Zﬁerﬁ b+2cx 2 cz)2
(2¢d — be) (ﬁe TR _goti-o po-ti?

dz
e cosh (a + bx + cm2)
_+_
2c 2c

l 2634



input

output

rule 2633

rule 2634

rule 2664

rule 5897

rule 5905
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vrerteerfi(ty2e)  mekeoerf(tye
(2¢d — be) ive - 1vc

) e cosh (a + bx + ca:2)
2c + 2c

-

LInt[(d + exx)*Sinh[a + b¥x + c*x~2],x]

-/

‘ (exCosh[a + bxx + c*x"2])/(2%c) + ((2*cxd - bxe)*(-1/4*(E~(-a + b~2/(4%c))
\*Sqrt [Pil*+Erf [(b + 2*c*x)/(2%Sqrt[c])])/Sqrtlc] + (E~(a - b~2/(4*c))*Sqrt[
‘Pi]*Erfi[(b + 2xcxx)/(2xSqrt [c])]1)/(4xSqrt[c])) )/ (2xc)

Defintions of rubi rules used

/Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 211/(2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[Fl, 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Simp[F~(a - b2/
(4xc))  Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Simp[1/2 Int[E~”
(a + b*x + c*x”2), x], x] - Simp[1/2 Int[E~(-a - b*x - c*x~2), x], x] /;
FreeQ[{a, b, c}, x]

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[ex(Cosh[a + b*x + c*x72]/(2%c)), x] - Simp[(b*xe - 2xcxd)/(2xc) I
nt[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e -
2*%cxd, 0]
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Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.56

method | result

b _ dac—b? a ﬁ b b dac—b?
. h erf(\/éa:{-m)\/?rde 4c + e—Geo—x(catb) + e %eby/Tede erf<\/5m+2—\/z) erf(—v—cz+27\/_—c>\/7?de 4c
T1SC. — -
4/c 4c P 4/—c

input ‘ int ((e*x+d) *sinh (c*x~2+b*x+a) ,x,method=_RETURNVERBOSE) ‘

-1/4xerf (c~(1/2)*x+1/2%b/c~(1/2))/c” (1/2)*Pi~ (1/2) *d*exp (-1/4* (4*a*c-b"2)/
c)+1/4*exp(-a)*e/cxexp(-x* (c*x+b))+1/8%exp(-a)*exb/c~(3/2)*Pi~ (1/2) *exp(1/
4xb~2/c)*erf (c~(1/2)*x+1/2%b/c~(1/2))-1/4*erf (-(-c)~(1/2) *x+1/2*b/(-c)~(1/
2))/(-c)~(1/2)*Pi~ (1/2) *d*exp (1/4*(4*a*xc-b~2) /c)+1/4*exp(a)*e/ckexp (x* (c*x
+b) ) +1/8%exp(a) *exb/cxPi~ (1/2) *exp(-1/4xb~2/c)/(-c) ~(1/2) *erf (-(-c) ~(1/2) *
x+1/2*%b/(-c)~(1/2))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 413 vs. 2(100) = 200.

Time = 0.09 (sec) , antiderivative size = 413, normalized size of antiderivative = 3.23

/(d + ex)sinh (a + bx + cz®) dz

2 ce cosh (cz? + bz + a)” + 4 ce cosh (cz? + bz + a) sinh (cz? + bz + a) + 2 cesinh (cz? + bz + a)’ — /7

jnputLintegrate((e*X+d)*Sinh(C*X“2+b*x+a),x, algorithm="fricas") J
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1/8% (2*%ckexcosh(c*x™2 + b*x + a)”2 + 4xcke*xcosh(c*x™2 + b*x + a)*sinh(c*x”
2 + b*x + a) + 2xc*e*sinh(c*x™2 + b*x + a)~2 - sqrt(pi)*((2*cxd - b*e)*cos
h(c*xx"2 + b*x + a)*cosh(-1/4*x(b~2 - 4x*a*c)/c) + (2*c*d - bxe)*cosh(c*x"2 +
bxx + a)*sinh(-1/4%(b"2 - 4*xaxc)/c) + ((2*c*d - b*e)*cosh(-1/4*(b"2 - 4x*a
xc)/c) + (2*cxd - bxe)*sinh(-1/4%(b"2 - 4*a*c)/c))*sinh(c*x"2 + bxx + a))*
sqrt (-c)xerf (1/2*(2xc*x + b)*sqrt(-c)/c) - sqrt(pi)*((2*c*d - bxe)*cosh(c*
X"2 + b*x + a)*cosh(-1/4*(b"2 - 4*axc)/c) - (2*c*d - b*e)*cosh(c*x™2 + b*x
+ a)*sinh(-1/4%(b~2 - 4xaxc)/c) + ((2*xc*d - b*e)*cosh(-1/4*(b~2 - 4*axc)/
c) - (2%c*d - bxe)*sinh(-1/4*(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a))*sqrt
(c)*erf (1/2%(2*%c*x + b)/sqrt(c)) + 2%c*e)/(c"2*cosh(c*x"2 + b*x + a) + c”2
*sinh(c*x”2 + b*x + a))

output

Sympy [F]

/(d + ex)sinh (a + br + cz®) dz = / (d + ez)sinh (a + bz + cz®) dz

input‘integrate((e*x+d)*sinh(c*x**2+b*x+a),x)

outputLIntegral((d + exx)*sinh(a + b*x + c*x**2), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(100) = 200.

Time = 0.15 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.98

/(d + ex) sinh (a + bz + cz®) dz

2

_ Vmderf (\/—_c:c — 2\%) e(a_%> B V/mderf <\/Ez + 52 ) e(-o+5)

24/c
4y/=c 4+/c
vreip(ar(3 /BT ) ) (el (a-22)
\/_(2cz+b)20% __2e \ﬁ ee 4c
8+4/c
V(2 cotb)b(ext( 1/ Cezt®) 4 (—@#ﬂ Capt?
\/<(26w£:>2(—0)% ) ) + 2ce (_c)% ee( a+4c)
+ 8y/—¢

p

Lintegrate((e*x+d)*sinh(c*x‘2+b*x+a),x, algorithm="maxima")

input

~—

output 1/4xsqrt (pi)*d*erf (sqrt (-c)*x - 1/2%b/sqrt(-c))*e~(a - 1/4%¥b~2/c)/sqrt(-c)
- 1/4x*sqrt(pi)*d*erf (sqrt(c)*x + 1/2%b/sqrt(c))*e~(-a + 1/4%b~2/c)/sqrt(c
) - 1/8x(sqrt(pi)*(2*c*x + b)*bx(erf(1/2*sqrt(-(2*c*x + b)~"2/c)) - 1)/(sqr
t(-(2%c*x + b)~2/c)*c”(3/2)) - 2xe”(1/4*(2xc*x + b)~2/c)/sqrt(c))*e*xe~(a -
1/4%b~2/c)/sqrt(c) + 1/8*(sqrt(pi)*(2*c*x + b)*bx(erf (1/2*sqrt((2*c*x + b
)72/¢)) - 1)/(sqrt((2*cxx + b)~2/c)*(-c)~(3/2)) + 2xc*e”(-1/4%(2xc*x + b)~
2/c)/(-c)~(3/2))*e*xe~(-a + 1/4¥b~2/c)/sqrt(-c)
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.09

/(d + ex)sinh (a + br + cz?) dz

1 b (%%)
VA2 ed—be) erf (~§ ve(20+2) )e 4 2 gp(—cr*~ba—a)

= Ve
8c
1 b <_%%)
VA@ed-be)ert(—§ v=e(2a+?))e — 9 elca?+br+a)
— V—c
8c
input Lintegrate ((exx+d) *sinh (c*x~2+b*x+a) ,x, algorithm="giac") J

(1/8*(sqrt(pi)*(2*c*d - bxe)*erf (-1/2*sqrt(c)*(2*x + b/c))*e”(1/4*(b"2 - 4%
‘a*c)/c)/sqrt(c) + 2xexe”(-c*x"2 - bxx - a))/c - 1/8*(sqrt(pi)*(2*c*d - b*e
)*kerf (-1/2xsqrt(-c)*(2%x + b/c))*e~(-1/4%(b™2 - 4xaxc)/c)/sqrt(-c) - 2xexe

N
output ‘
L‘(c*x‘2 + bxx + a))/c J

Mupad [F(-1)]

Timed out.

/(d—|—em)sinh (a+ bz +cz?) do = /Sinh(cm2—|—bx+a) (d+ex) dr

inputLint(sinh(a + b*x + c*x"2)*x(d + e*x),x) J

Outputlint(sinh(a + bxx + ckx~2)*(d + e*x), X) J
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Reduce [F]

/(d + ex)sinh (a + bx + cz®) dz

_cosh (cz? + bz + a) e — ([ sinh (cz? + bz + a) dz) be + 2( [ sinh (c2? + bz + a) dz) cd
B 2c

input Lint((e*x+d)*sinh(c*x 2+bkx+a) ,X) J

output‘ (cosh(a + b*x + c*x**2)*e - int(sinh(a + b*x + c*x**2),x)*b*e + 2*int(sinh ‘
‘ (a + bxx + cxx**2),x)*c*d)/(2*c) ‘




output

input

output
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: 2
3.30 f sinh (czl+b:1:+c:1: ) da
+ex

Optimal result . . . . . . . . . . . . . e 223]
Mathematica [N/A] . . . . . . . . . 223
Rubi [N/A] . . o 224
Maple [N/A] . . . o o
Fricas [N/A] . . . . o o
Sympy [N/A] . . o
Maxima [N/A] . . . . . 225
Giac [N/A] . . . 2261
Mupad [N/A] . . . o 2261
Reduce [N/A] . . . o

Optimal result

Integrand size = 19, antiderivative size = 19

/ sinh (a + bz + cx?) e — Tnt (sinh (a + bz + cz?)

d+ex

d+ex

)

LDefer(Int)(sinh(c*x“2+b*x+a)/(e*x+d),x)

Mathematica [N/A]

Not integrable

Time = 2.85 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

: 2
/81nh(a—|—b:r+cx )d:cz/
d+ezx

sinh (a + bz + cz?)
d+ezx

dz

LIntegrate [Sinh[a + b*x + c*x72]/(d + e*x),x]

‘Integrate[Sinh[a + bxx + c*xx72]/(d + e*x), x]




input

N\
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sinh (a + bx + ch)

d
d+ex v

l 5915

dz

sinh (a + bx + cxz)
/ d+ex

-

Int[Sinh[a + b*x + c*x~2]/(d + e*x),x]

output ‘ $Aborted

input

output

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ sinh (cz? + bz + a)

d
er+d v

tint(sinh(c*x“2+b*x+a)/(e*x+d),x)

-

Lint (sinh(c*x~2+b*x+a) / (e*xx+d) ,x)

-/
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cx?) / sinh (cz? + bx + a)
dr =
d+ex er +d

input Lintegrate (sinh(c*x~2+b*x+a) / (exx+d) ,x, algorithm="fricas")

output Lintegral(sinh(c*x“Q + bxx + a)/(exx + d), x)

Sympy [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

dz

/ sinh (a + bz + cx?) / sinh (a + bz + cz?)
dr =
d+ex d+ezx

input Lintegrate (sinh(c*x**2+b*x+a) / (e*x+d) ,x)

output LIntegral(sinh(a + bxx + c*x*%2)/(d + e*x), Xx)

Maxima [N/A]
Not integrable

Time = 0.62 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cz?) / sinh (cz? + bz + a)
dr =
d+ex er+d

input Lintegrate (sinh(c*x~2+b*x+a)/(e*x+d) ,x, algorithm="maxima")
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output Lintegrate(sinh(c*x’? + b*x + a)/(exx + d), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cx?) / sinh (cz? + bx + a)
dz =
d+ex er +d

input Lintegrate (sinh(c*x~2+b*x+a)/(e*x+d) ,x, algorithm="giac")

output Lintegrate(sinh(c*x‘Q + b*x + a)/(exx + d), x)

Mupad [N/A]
Not integrable

Time = 1.33 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cz?) / sinh(cz? + bz + a)
dz =
d+ex d+ex

-

input Lint(sin.h(a + bxx + c*x72)/(d + e*x),x)

-/

output Lint(sinh(a + b*x + cxx72)/(d + e*x), x)
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Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

dz

/ sinh (a + bz + cx?) / sinh (cz? + bz + a)
dr =
d+ex ex +d

input| 10t (sinh(cxx"24brx+a)/ (exx+d) ,x)

output Lint(sinh(a + bkx + cxx*x2)/(d + e*x),x)




output
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3.31 [(d + ex)*sinh? (a + bz + cz?) dx

Optimal result . . . . . . . . . . . . e 228
Mathematica [A] (verified) . . . . . . . . . ... o 2291
Rubi [A] (verified) . . . .. . . ... .. 229
Maple [B] (verified) . . . . . . . . . ... 230
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 231
Sympy [F] . . o o 232
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 233
Giac [A] (verification not implemented) . . . . . . ... ... ... 233
Mupad [F(-1)] . . . o o 234
Reduce [F] . . . . . 234

Optimal result

Integrand size = 21, antiderivative size = 311

(d + ex)’ + P \/_erf<b+2ca:)

/(d + ez)?sinh® (a + bz + c2?) dz = —

6e 32¢3/2
—2a b2 T b42cx
N (2cd — be)?e~ 20T 2 ﬁerf<}2—2ﬁ>
32c5/2
o220 i /Terfi <b+2m:>
32¢3/2
(2Cd b6 2 2a \/_erﬁ <b+2cx>
+ 32c5/2
e(2cd — be) sinh (2a + 2bx + 2cx?)
_|_
16¢2
N e(d + ex) sinh (2a + 2bzx + 2cx?)
8c

-1/6x*(e*x+d) “3/e+1/64*e~2%exp(-2*a+1/2xb~2/c)*27 (1/2)*Pi~(1/2) *erf (1/2* (2%
cxx+b)*27(1/2) /c™(1/2)) /c™(3/2) +1/64* (-bxe+2*c*d) ~2*exp (-2*a+1/2%¥b~2/c) *2~
(1/2)*Pi~(1/2) *erf (1/2* (2xcxx+b)*2~(1/2) /c~(1/2))/c~(5/2)-1/64*e"2*exp (2*a
-1/2%b"2/c)*2~(1/2)*Pi~ (1/2) *erfi (1/2* (2*%c*xx+b) *2~(1/2) /c~(1/2))/c~(3/2)+1
/64* (~bxe+2xc*xd) ~2*exp (2*a-1/2%b"2/c)*27 (1/2) *Pi~ (1/2) *erfi (1/2* (2*c*x+b) *
27(1/2)/c~(1/2)) /c~(5/2)+1/16%ex (-bxe+2*c*d) *sinh (2*xc*x~2+2%b*x+2%a) /c~2+1
/8%ex* (e*xx+d) *sinh (2*c*x~2+2*xb*x+2%a) /c
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Mathematica [A] (verified)

Time = 0.89 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.77

/(d + ex)?sinh’ (a + bz + c2?) dz

3(4c%d2 + b€ + ce(—4bd + €)) V2merf( 2422 ) (cosh (20 — &) — sinh (20 — £ ) ) + 343 + p2e? —

<

e hY

input \Integrate[(d + e*xx)~2%Sinh[a + b*x + c*x~2]"2,x] |

(3% (4%c™2*%d"2 + b"2*e”2 + ckex(-4*b*d + e))*Sqrt[2*Pi]*Erf[(b + 2*c*x)/(Sq
rt[2]1*Sqrt[c])]*(Cosh[2*a - b~2/(2%c)] - Sinh[2%a - b~2/(2%c)]) + 3*(4*c™2
*d"2 + b"2%e”2 - cxex(4xb*d + e))*Sqrt[2*Pi]l*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqr
t[c])]*(Cosh[2*¥a - b~2/(2*c)] + Sinh[2*a - b~2/(2%c)]) - 4*Sqrt[c]*(8*c~2*
x*(3*%d"2 + 3*d*kexx + e72xx"2) - 3*ex(4xc*kd - bxe + 2*ckexx)*Sinh[2+(a + x*
(b + c*x))1))/(192%c~(5/2))

output

Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.095, Rules

number of steps used = 2, number of rules used = 2,
used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez)?sinh? (a + bz + cz?) dz
| 5917
1 2 oy _ 1 2
i(d + ex)? cosh (2a + 2bz + 2cz®) — E(d +ex)” | dz

l 2009
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\/ge*_2“(2cd be) erf(l:}?) feQa_* (2cd — be) erﬁ(’z}%;g

2 3205/2 3205/2
T b

V/Zele 2%&(%) 2626261 2 erﬁ<lz7§2\%> N e(2cd — be) sinh (2a + 2bz + 2cz?) .

32¢3/2 - 390372 s

e(d + ex)sinh (2a + 2bz + 2c2?)  (d + ex)?
8c 6e
input LInt [(d + e*x)~2%Sinh[a + b*x + c*xx~2]"2,x] J
output -1/6*%(d + e*x)~3/e + (e"2+xE~(-2*a + b~2/(2xc))*Sqrt [Pi/2]*Erf[(b + 2*c*x)/

(Sqrt[2]#Sqrt[c])])/(32%xc~(3/2)) + ((2%c*d - bxe) "2+E~(-2%a + b~2/(2%c))*S
qrt [Pi/2]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])])/(32*xc~(5/2)) - (e"2+E~(2*a -
b~2/(2%c) ) *Sqrt [Pi/2] *Erfi[(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/(32xc~(3/2)) +
((2%c*d - bxe) "2*E~(2*a - b~2/(2%c))*Sqrt [Pi/2]*#Erfi[(b + 2*c*x)/(Sqrt[2]
*Sqrt [c])]1)/(32xc~(5/2)) + (e*x(2*c*d - bxe)*Sinh[2xa + 2%b¥x + 2*c*x~2])/(
16%c™2) + (e*x(d + e*x)*Sinh[2%a + 2%b*x + 2*c*x72])/(8*c)

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

\Int[((d D+ (e_)*(x)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)72]" (n)
, X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”m, Sinh[a + b*x + c*x"2]°n,
1, x]1 /; FreeQ[{a, b, c, d, e, n}, x] & IGtQ[n, 1]

rule 5917

\‘

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(253) = 506.

Time = 0.88 (sec) , antiderivative size = 528, normalized size of antiderivative = 1.70

method | result

dac—b2
e‘re

d2z 23 + erf<\f\/5w+ )\[\/»d297 2¢c e~ 2002y g—2x(cx+b) e—2a2p g—2x(cz+b) +

b
e~22e2b2 /me2

risch 2 T 6 16+/c - 16c 3262
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input int ((exx+d) "2*sinh(c*x"2+b*x+a)"2,x,method=_RETURNVERBOSE)

-1/2%d"2xx-1/6%e”~2+%x"3+1/16*%erf (27 (1/2) *c~(1/2) *x+1/2*b*2~(1/2) /c~(1/2)) /c
~(1/2)*27(1/2)*Pi~(1/2) *d~2*exp (-1/2* (4*a*xc-b~2) /c)-1/16*exp(-2*a) *¥e~2/c*x
*xexp (—2*x* (c*x+b) ) +1/32xexp (-2%a) ¥e~2/c"2*b*exp (-2*x* (c*x+b) ) +1/64*exp (-2%
a)*e~2/c~(5/2)*b~2+Pi~ (1/2) *exp(1/2xb~2/c) *27 (1/2) *erf (27 (1/2) *c~ (1/2) *x+1
/2%b*x27(1/2) /c~(1/2))+1/64*exp(-2*a)*e~2/c~(3/2) *Pi~ (1/2) *exp(1/2*b~2/c) *2
~(1/2)*erf (27 (1/2)*c” (1/2) *x+1/2%b*27(1/2) /¢~ (1/2) ) -1/8*exp (-2*a) *d*e/c*ex
p(-2%x* (c*x+b) ) -1/16%exp (-2%a) *d*e*b/c” (3/2) *Pi~ (1/2) *exp(1/2¥b~2/c)*2~ (1/
2)*erf (27 (1/2) *c™ (1/2) *x+1/2%b*27(1/2) /c~(1/2) ) -1/8%erf (- (-2*c) ~ (1/2) *x+b/
(=2xc)~(1/2))/ (-2xc) = (1/2) *Pi~ (1/2) *d~2*exp (1/2* (4xa*c-b~2) /c) +1/16*exp (2%
a)*e”2/cxx*exp (2xx* (c*x+b) ) -1/32xexp (2*a) *e~2/c~2*b*exp (2*x* (c*x+b) ) -1/32*
exp(2*a)*e~2/c”2xb~2xPi~(1/2) *exp (-1/2*xb~2/c) / (-2*c) ~(1/2) *erf (- (-2*c) ~(1/
2) *x+b/ (-2%c) ~(1/2) ) +1/32%exp(2*a) *e~2/c*Pi~ (1/2) *exp(-1/2*b~2/c) / (-2%c) ~ (
1/2) *erf (- (-2*c) " (1/2) *x+b/ (-2%c) ~(1/2) ) +1/8*exp (2*a) *d*e/cxexp (2*x* (c*x+b
))+1/8%exp(2*a) *d*xe*b/cxPi~ (1/2) *exp(-1/2*¥b~2/c) / (-2*c) ~ (1/2) *erf (- (-2*c) "~
(1/2) *x+b/ (-2%c) = (1/2) ) -1/2*d*e*x"2

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1142 vs. 2(253) = 506.

Time = 0.10 (sec) , antiderivative size = 1142, normalized size of antiderivative = 3.67

/ (d + ex)? sinh? (a+bz+ c:z:2) dx = Too large to display

input integrate((exx+d) "2*sinh(c*x~2+b*x+a) ~2,x, algorithm="fricas")
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output

-1/192*% (12%c~2%e~2%x - 6% (2xc~2*xe 2*x + 4*c”~2xd*e - bxc*e~2)*cosh(c*xx~2 +
b*x + a)~4 - 24*%(2xc"2*e”2*x + 4xc”2xd*e - bkc*xe"2)*cosh(cxx™2 + b*x + a)*
sinh(c*x"2 + bxx + a)”~3 - 6x(2*%c"2xe”2*x + 4*c~2*d*e - b*cxe”2)*sinh(c*x~2
+ b*x + a)”4 + 24xc”2*d*e - 6*bkcke”2 + 3*sqrt(2)*sqrt(pi)*((4*c™2xd"2 -
4xbxc*d*e + (b™2 - c)*e”2)*cosh(c*x”™2 + b*x + a) 2xcosh(-1/2*(b"2 - 4*a*c)
/c) + (4xc™2xd"2 - 4xb*ckxd*e + (b™2 - c)*e"2)*cosh(c*x”2 + b*x + a)~2*sinh
(-1/2%(b"2 - 4xax*xc)/c) + ((4*xc™2+%d"2 - 4xbkc*dxe + (b~2 - c)*e”2)*cosh(-1/
2x(b~2 - 4*axc)/c) + (4xc”2xd"2 - 4xb*ckd*e + (b2 - c)*e"2)*sinh(-1/2*(b"
2 - 4xa*xc)/c))*sinh(c*x™2 + bxx + a)”2 + 2x((4*c™2*d"2 - 4xbxc*d*e + (b~2
- c)*e"2)*cosh(c*x"2 + b*x + a)*cosh(-1/2x(b"2 - 4*a*c)/c) + (4xc™2xd"2 -
4xb*ckd*e + (b™2 - c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b~2 - 4*axc)/c
))*sinh(c*x"2 + b*x + a))*sqrt(-c)x*erf (1/2*sqrt(2)*(2*c*x + b)*sqrt(-c)/c)
- 3*sqrt(2)*sqrt (pi)*((4*c™2*d"2 - 4*bxc*d*e + (b~2 + c)*e”2)*cosh(c*x"2
+ bxx + a) 2*cosh(-1/2*%(b"2 - 4*a*c)/c) - (4*c™2xd"2 - 4xb*cxdxe + (b"2 +
c)*e"2)*xcosh(c*x™2 + b*x + a) 2*sinh(-1/2*(b"2 - 4*a*c)/c) + ((4*c™2xd"2 -
4xbxcxd*e + (b2 + c)*e”2)*cosh(-1/2*x(b"2 - 4*ax*c)/c) - (4*c™2xd"2 - 4x*b*
cxd*e + (b2 + c)*e"2)*sinh(-1/2*%(b"2 - 4*a*c)/c))*sinh(c*x~2 + b*x + a)~2
+ 2% ((4%c™2%d"2 - 4xbxcxd*e + (b™2 + c)*e”2)*cosh(c*x™2 + b*x + a)*cosh(-
1/2%(b"2 - 4*a*xc)/c) - (4*c™2*d~2 - 4xb*cxd¥xe + (b™2 + c)*e~2)*cosh(c*x~2
+ b*x + a)*sinh(-1/2%(b"2 - 4*a*c)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)*e...

Sympy [F]

/(d + ex)?sinh’ (a + bz + c2?) dz = / (d + ex)?sinh® (a + bz + cz?) dz

inputt

integrate ((e*x+d)**2*sinh (cxx**2+b*x+a) **2,x)

-

outputt

Integral((d + e*x)**2xsinh(a + b*x + c*xk*2)**2, x)

| —




CHAPTER 3. LISTING OF INTEGRALS 233

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 601 vs. 2(253) = 506.

Time = 0.32 (sec) , antiderivative size = 601, normalized size of antiderivative = 1.93

/ (d + ex)? sinh? (a+bz+ ch) dz = Too large to display

input integrate((exx+d) "2*sinh(c*x~2+b*x+a) ~2,x, algorithm="maxima")

1/16%*(sqrt (2) *sqrt (pi) *erf (sqrt (2) *sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”
(2%a - 1/2%b~2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2%
sqrt (2) *b/sqrt(c))*e”(-2*a + 1/2*b~2/c)/sqrt(c) - 8*x)*d"2 - 1/16*(8*x"2 +
sqrt (2) *(sqrt (pi) * (2*cxx + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x + b)~2/c)) -
1)/ (sqrt (-(2*c*x + b)~2/c)*c~(3/2)) - sqrt(2)*e”~(1/2*%(2*c*x + b)~2/c)/sqrt
(c))*e”(2*a - 1/2*%b"2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*c*x + b)*bx(erf(sq
rt(1/2)*sqrt ((2%c*x + b)~2/c)) - 1)/(sqrt((2xc*x + b)~2/c)*(-c)~(3/2)) + s
qrt (2)*c*xe~(-1/2%(2xc*x + b)~2/c)/(-c)~(3/2))*e~(-2*a + 1/2%¥b~2/c)/sqrt(-c
))*d*e - 1/192%(32xx"3 - 3*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b~2*(erf (sqrt(1/2
)xsqrt (-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 2*sqrt(2
)*¥b*xe” (1/2x (2%cxx + b)~2/c)/c~(3/2) - 2*(2*c*x + b) “3*gamma(3/2, -1/2%(2*c
*x + b)~2/c)/((-(2*c*x + b)~2/c)~(3/2)*c~(5/2)))*e~(2*a - 1/2%b~2/c)/sqrt(
c) + 3*sqrt(2)*(sqrt(pi)*(2*c*x + b)*b~2*(erf (sqrt(1/2)*sqrt((2*c*x + b) "2
/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(5/2)) + 2*sqrt(2)*b*cke™ (-1/2%(2*c*
x + b)72/c)/(-c)~(56/2) - 2%(2%c*x + b) ~3*gamma(3/2, 1/2%(2*c*x + b)~2/c)/(
((2%cxx + b)72/c)"(3/2)*(-c)~(5/2)))*e”(-2*a + 1/2%¥b~2/c)/sqrt(-c))*e~2

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.85

/(d + ex)?® sinh® (a+bz+ c:c2) dxr = —% ez® — %dexz — %d%
b2—dac
ﬁﬁ(462d2_4b6d6+b262+662)jéf(_é \/5\/5<2w+%))e<T) +2 (062 (2 x+ ’—;) +4cde — 2 be2)e(_20Z2—2bx—2a)
N 642
V2y/m(4 c?d?—4 bede+b2e? —ce?) erf(—l ﬁﬁ@ a:—i—é))e(_ bzgé ac)
= : —2(ce?(2z + ) + 4cde — 2 be?) (2o +2be+2

64 c?
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input ‘ integrate ((exx+d) "2*sinh(c*x~2+b*x+a) ~2,x, algorithm="giac")

-1/6%e”2xx"3 - 1/2*d*e*x”2 - 1/2*%d"2*x - 1/64*(sqrt(2)*sqrt(pi)*(4*c”~2xd"2
- 4xbxc*d*e + b"2*%e"2 + c*e”2)*xerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e~(1
/2% (b~2 - 4x*axc)/c)/sqrt(c) + 2x(cxe™2x(2*x + b/c) + 4*cxd*e - 2xb*e”~2)*e”
(-2%c*x™2 - 2%bxx - 2#%a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(4*c~2*%d"2 - 4x*b*c*
d*e + b"2xe”2 - cxe"2)*erf (-1/2xsqrt(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2*(b"2
- 4xaxc)/c)/sqrt(-c) - 2*(c*xe”2*(2*x + b/c) + 4xcxd*e - 2%bxe~2)*e” (2xc*x
"2 + 2%b*x + 2%a))/c”2

output

Mupad [F(-1)]

Timed out.

/(d+ew)zsinh2 (a+ bz +cz?) do = /sinh(cav2 +bx+a)2(d+ex)2dx

inputtint(sinh(a + bxx + c*x~2)"2%(d + e*x)"2,x) J
output Lint(sin.h(a + bxx + c*¥x~2)"2%(d + e*x)"2, x) J
Reduce [F]

/(d + ex)?sinh® (a + bz + cz?) dz

—3 /T e 2242br+agf <2\c/z§c\—;gz> BRe%i + 12¢/7 €2 22+2bo+ag.f <2\c/z§\—;gz> bedei — 12/ €2¢ 22+2bz-+4a o pf < %

input Lint((e*x+d) ~2%sinh (c*x~2+b*x+a) ~2,x) J
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(- 3xsqrt(pi)*e**x(4xa + 2%b*x + 2kckx**2)*erf ((bxi + 2xcxi*xx)/(sqrt(c)*sq
rt(2)) ) *bx*k2kex*k2xi + 12+sqrt(pi)*ex*(4d*a + 2xb*x + 2xc*x**2)*xerf ((b*i + 2
xc*kixx) /(sqrt(c)*sqrt(2)))*b*ckd*e*xi — 12*sqrt(pi)*e*x*(4d*a + 2xb*x + 2*c*x
*x*x2)xerf ((bxi + 2*c*xi*x)/(sqrt(c)*sqrt(2)))*ck*2xd*+*x2*%i + 3*sqrt(pi)*ex*(4
*xa + 2%bxx + 2kckx**2)xerf ((b*xi + 2*cxi*x)/(sqrt(c)*sqrt(2)))*cxe**x2*i — 3
xe*x* ((8*akxc + bx*2 + 8xbkckxx + 8*ck*2xx*x2)/(2%c))*sqrt (c)*sqrt(2) xb*ex*2
+ 12%ex*x ((8*axc + b**x2 + 8*bxckx + 8kc**x2*kx*x*2)/(2xc))*sqrt(c)*sqrt(2)*cxd
xe + Bkexk((8xaxc + bx*2 + 8xbkckx + 8kck*2*x**2)/(2%c))*sqrt(c)*sqrt(2)*c
*xe¥x*2%x — 48%ex* ((4*axc + bx*2 + 4xbkckx + 4xckx2*xx**2)/(2%c))*sqrt(c)*sqr
t(2) *cx*2xd**2%x — 48kex* ((4*axc + b¥*2 + 4¥bxckx + 4*cx*2xx**x2)/(2%c))*sq
rt(c)*sqrt (2) *ck*x2kd*exx**2 - 16xe*x ((4*akc + b**2 + 4kbkckx + 4kCHk2¥x**2
)/ (2%c) ) *sqrt (c) *sqrt (2) kck*2kex*kxx*3 + Gke*x ((b**2 + 4xbxckx + 4xCc**2%xx
*%2) /(2xc) ) *sqrt (c) *sqrt (2) *int (1/e** (2¥b*x + 2*c*kx**2) ,X) ¥b*k*2ke**x2 - 24x
ex*x ((b**2 + 4xb*xckx + 4xc*k*x2kx*x%x2)/(2*c))*sqrt(c)*sqrt(2)*int (1/e** (2%b*xx
+ 2kcxkx**2) ,x)*bxckdxe + 24xe*x* ((b*x*2 + 4xbkckxx + 4dkcx*k2xx**2)/(2%c))*sqrt
(c)*sqrt (2) *int (1/ex* (2xb*x + 2kc*xx**2) ,x)*kck*x2*xd**2 + Bxe*x ((b*x*2 + 4xb*c
*x + 4dkcxk2xx**2) /(2%c) ) *sqrt (c) *sqrt (2) *int (1/ex* (2xb*x + 2kc*xx**2) ,X)*C*
e*x2 + 3xex* (b**2/(2%c))*sqrt(c) *sqrt (2) *b*e**2 — 12%e**x (b**2/(2%c))*sqrt (
c)*sqrt (2) xckd*ke - 6xe*x(bx*2/(2%c))*sqrt(c)*sqrt (2) xcxe**2+x) / (96*ex* ((4*
a*xc + bx*2 + 4xbkckx + 4kckx2kx*kx2)/(2%c))*sqrt(c)*sqrt (2) *c**2)

output
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3.32 [(d + ex) sinh? (a + bz + cx?) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 237
Rubi [A] (verified) . . . .. . . ... .. 237
Maple [A] (verified) . . . . . . ... L 238
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 239
Sympy [F] . . o o 240
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2401
Giac [A] (verification not implemented) . . . . . . ... ... ... 24T]
Mupad [F(-1)] . . . o o 242
Reduce [F] . . . . . 242

Optimal result

Integrand size = 19, antiderivative size = 160

2
2 (2Cd — b6)6_2a+37 Torf bt2cx
/(d + ex) sinh? (a + bx + c:v2) dr = — (d —Z:x) + 16c3/;/; (ﬁﬁ)
_b? = oz
(ed —b)e% ger(112)
* 16¢3/2
L8 sinh (2a + 2bz + 2cz?)
8c

Output"1/4*(e*X+d)A2/e+1/32*(-b*e+2*c*d)*exp(—2*a+1/2*b‘2/c)*2A(1/2)*PiA(1/2)*er
| £(1/2% (2%cxx+b) %27 (1/2) /™ (1/2)) /™ (3/2) +1/32% (~bre+2%c*d) xexp (2%a-1/2xb"2
‘ /c)*27(1/2)*Pi~ (1/2) *erfi (1/2* (2xc*x+b)*2~(1/2) /c~(1/2))/c~(3/2)+1/8*e*sin
| h(2xc*x"2+2xbxx+2%a) /c
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Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.11

/(d + ez) sinh® (a + bz + cz?) dz

(2cd be)y/2merf <b+2°‘”> (cosh (Za — g—i) — sinh <2a — —)) (2cd — be)@erﬁ(b”“) <cosh <2a -
32¢3/2

input |

‘ ((2xcxd - bxe)*Sqrt [2*¥Pil*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b ‘
1"2/(2%c)] - Sinh[2*a - b"2/(2%c)]) + (2xc*d - be)*Sqrt[2+Pil+Erfil(b + 2% |
|c*x)/(Sqrt [2]*Sqrt [c])1*(Cosh[2%a - b™2/(2*c)] + Sinh[2*a - b~2/(2%c)]1) +
‘4*Sqrt [cl*(-2%cxx*(2*%d + e*x) + e*Sinh[2*(a + x*(b + c*x))]))/(32%xc™(3/2)) ‘

output

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.00,

_ o number of rules
2, integrand size = 0.105, Rules

number of steps used = 2, number of rules used =
used = {5917, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) sinh® (a + bz + c2?) dz
| 5917
1 o1
i(d + ex) cosh (2a + 2bz + 2cz?) + 5(—d —er) | dz
| 2009

fe*_za (2¢d — be)erf(f}zjf) feQa_* (2cd — be)erﬁ(f}%)

16¢3/2 16¢3/2
esinh (2a + 2bz + 2cz?®)  (d + ex)?

8¢ 4e

+
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inPUt‘Int[(d + e*xx)*Sinh[a + b*x + c*x~2]"2,x]

‘—1/4*(d + e*xx)"2/e + ((2xc*d - bxe)*E~(-2%a + b~2/(2%c))*Sqrt [Pi/2]*#Erf [(b \
|+ 2xc*x)/(Sqrt [2]#Sqrt [c])1)/(16%c™(3/2)) + ((2*cxd - bxe)*E~(2%a - b™2/(
‘2*c))*Sqrt[Pi/2]*Erfi[(b + 2%cxx) /(Sqrt [2]*Sqrt[c])]1)/(16%c~(3/2)) + (exSi
‘nh[2%a + 2#b¥x + 2kc¥x"2])/(8%c)

output

Defintions of rubi rules used

ruk32009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk35917‘Int[((d_-) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)
» X_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”m, Sinh[a + b*x + c*x~2]"n, x
L], x] /; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[n, 1] J

Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.44

method | result
ac— 2 2
risch _ez®  dz n erf(\/ﬁ\/az-l-gf‘\/[%)\/ﬁﬁde—i ch e Bagetelentt) e—2aeb\/7?ebTC\/§ erf(ﬁﬁm+%) e
4 2 16y/c 16¢ o
input Liﬂt ((exx+d)*sinh(c*x"~2+b*x+a) "2,x,method=_RETURNVERBOSE) J
output ~1/4%e*X"2-1/2kdxx+1/16%ere (27 (1/2)%c™ (1/2)%x+1/2¥b%27 (1/2) /™ (1/2)) /€ (1/

2)*27(1/2)*#Pi~ (1/2) *d*exp(-1/2* (4*a*xc-b~2) /c) -1/16*xexp (-2*a) *e/c*xexp (—-2*x*
(c*x+b))-1/32%exp (-2*a) *exb/c”~ (3/2) ¥Pi~ (1/2) *exp(1/2*b~2/c) *2~ (1/2) *erf (2
(1/2)*c™(1/2) *x+1/2%b%27(1/2) /c~(1/2) ) -1/8%erf (- (-2%c) ~(1/2) *x+b/ (-2*c) ~ (1
/2))/(-2%c)~(1/2)*Pi~ (1/2) *d*exp (1/2* (4*a*c-b~2) /c)+1/16%exp(2*a) *e/c*exp(
2xx* (cxx+b) ) +1/16%exp (2+a) *e*b/cxPi~ (1/2) *exp(-1/2x¥b~2/c) / (-2*c) " (1/2) xerf
(=(=2xc)~(1/2) *x+b/ (-2%c) " (1/2))




-

inputL
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 777 vs. 2(130) = 260

Time = 0.11 (sec) , antiderivative size = 777, normalized size of antiderivative = 4.86

/ (d + ex) sinh? (a + bz + cz®) dz = Too large to display

integrate((e*x+d) *sinh(c*x~2+b*x+a)~2,x, algorithm="fricas")

~—

output

1/32* (2*c*e*cosh(c*x"2 + b*x + a)~4 + 8xckexcosh(c*x™2 + b*x + a)*sinh(c*x
“2 + b*x + a)”3 + 2kckexsinh(c*x"2 + b*x + a)”4 - sqrt(2)*sqrt(pi)*((2xcx*d
- b*e)*cosh(c*x~2 + b*x + a) 2xcosh(-1/2%(b"2 - 4*a*c)/c) + (2xcxd - bxe)
*xcosh(c*x™2 + bxx + a) 2*sinh(-1/2*(b~2 - 4xaxc)/c) + ((2*c*d - bxe)*cosh(
-1/2%(b~2 - 4*axc)/c) + (2%c*d - b*e)*sinh(-1/2%x(b~2 - 4*a*c)/c))*sinh(c*x
“2 + b*x + a)”2 + 2x((2*c*d - b*e)*cosh(c*x™2 + b*x + a)*cosh(-1/2x(b"2 -
4*xa*xc)/c) + (2*%c*d - bxe)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b"2 - 4x*a*c)/c)
)*sinh(c*x~2 + b*x + a))*sqrt(-c)x*erf (1/2*sqrt(2)*(2*c*x + b)*sqrt(-c)/c)
+ sqrt(2)*sqrt(pi) *((2*cxd - b*e)*cosh(c*x~2 + b*x + a) 2xcosh(-1/2*(b"2 -
4xaxc)/c) - (2%cxd - bxe)*cosh(c*x™2 + b*x + a) 2*xsinh(-1/2*%(b"2 - 4x*a*c)
/c) + ((2xc*d - b*e)*cosh(-1/2*(b"2 - 4*axc)/c) - (2*cxd - bxe)*sinh(-1/2%
(b~2 - 4xaxc)/c))*sinh(c*x"2 + b*x + a)”~2 + 2*x((2%c*d - b*e)*cosh(c*x"2 +
b*x + a)*cosh(-1/2%(b~2 - 4xa*c)/c) - (2xcxd - bxe)*cosh(c*x"2 + bxx + a)*
sinh(-1/2*%(b"2 - 4xa*c)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)*erf (1/2*sqrt(2)
*(2xc*x + b)/sqrt(c)) - 8*(c™2xe*x™2 + 2xc~2xd*x)*cosh(c*x™2 + bxx + a)~2
- 4% (2*c"2%exx"2 + 4*xc”2*d*x - 3*cxe*cosh(c*x"2 + b*x + a)”2)*sinh(c*x~2 +
bxx + a)”2 - 2%c*e + 8x(cxexcosh(c*x™2 + b*x + a)~3 - 2x(c™2*e*x”™2 + 2%c”
2*d*x)*cosh(c*x"2 + b*x + a))*sinh(c*x"2 + b*x + a))/(c”2*cosh(c*x"2 + b*x
+ a)”2 + 2%c"2*cosh(c*x”2 + b*x + a)*sinh(c*x™2 + b*x + a) + c"2*sinh(c*x
2 + bxx + a)~2)
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Sympy [F]

/(d + ez) sinh® (a + bz + cz?) dz = / (d+ ex)sinh® (a + bz + cz?) dx

input \ integrate ((exx+d) *sinh (cxx**2+b*x+a) **2,x) ‘

output tIntegral((d + exx)*sinh(a + b*x + ckx**2)**2, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(130) = 260.

Time = 0.27 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.87

/(d + ex) sinh® (a + bz + cz?) dz

1 V2y/Terf (\/5\/—_025 - 2‘?_%) e(za_%) V2+/T erf (x/i\/Ex + 5(2/%) e(_2“+3ﬁc)
=1 Wer: + 7 -8z |d

V(2 cz+b)b(erf(\/g\/—w) —1) \/ie(@”tﬁbﬂ) (u-ﬁ) 3 V(2 cx+b)b(erf(\/g
- e

2c

V2 pa 7 Je=ar

—— | 82
3 x°+ NG +

input Lintegrate ((e*x+d) *sinh (c*x~2+b*x+a) "2,x, algorithm="maxima" J
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1/16%*(sqrt (2) *sqrt (pi) *erf (sqrt (2) *sqrt (-c)*x - 1/2xsqrt(2)*b/sqrt(-c))*e”
(2%a - 1/2%b"2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x + 1/2%
sqrt (2)*b/sqrt(c))*e” (-2*%a + 1/2%b~2/c)/sqrt(c) - 8*x)*d - 1/32%(8*x"2 + s
qrt (2)*(sqrt (pi) *(2*%c*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x + b)~2/c)) - 1)
/(sqrt (-(2*c*x + b)~2/c)*c~(3/2)) - sqrt(2)*e”~(1/2*(2*c*x + b)~2/c)/sqrt(c
))*e~(2xa - 1/2*b~2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf(sqrt
(1/2) *sqrt ((2*xcxx + b)~2/c)) - 1)/(sqrt((2xc*x + b)~2/c)*(-c)~(3/2)) + sqr
t(2)*xc*e™ (-1/2%x(2%cxx + b)~2/c)/(-c)~(3/2))*e~(-2%a + 1/2%b~2/c)/sqrt(-c))

*e

output

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.03

/(d + ex) sinh® (a + bz + cz?) dz

V2,/7(2 cd—be) erf(—% ﬁﬁ(g w_,_%))e(ﬁ#)
—-__1 2——!1d _ Ve
T T 32¢
_b2—4ac>

ﬁﬁ(zcd—be)erf<—%ﬁﬁ(2x+%>>e( i _ 266(20x2+2bx+2a)

c

+ 92 66(_2 cx?—2bz—2 a)

32c

input integrate ((e*x+d)*sinh(c*x~2+b*x+a)~2,x, algorithm="giac")

-1/4*exx~2 - 1/2xd*x - 1/32*(sqrt(2)*sqrt(pi)*(2*cxd - b*e)*erf (-1/2*sqrt(

2)*sqrt(c)*(2*xx + b/c))*e”(1/2x(b"2 - 4*axc)/c)/sqrt(c) + 2xe*xe” (-2xc*x~2

- 2xb*x - 2*a))/c - 1/32x(sqrt(2)*sqrt(pi)*(2*c*d - bxe)*erf (-1/2*sqrt(2)*
sqrt(-c)*(2xx + b/c))*e”(-1/2%(b"2 - 4*axc)/c)/sqrt(-c) - 2xe*e” (2xc*x~2 +
2xb*x + 2*xa))/c

output
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Mupad [F(-1)]

Timed out.

/(d—l—ew) sinh® (a + bz + c2?) dz = /sinh(c:(:2 +bx+a)2(d—|-eac) dz

input Lint(sin.h(a + bxx + c*x~2)"2%(d + e*x),x) J

Output‘int(sinh(a + b*x + c*xx”2)"2%(d + e*x), X)

Reduce [F]

/(d + ex) sinh® (a + bz + cz?) dz

2 ; ; . 2 ; ;
\/7_1.62C$ +2bz+4aerf(2cm:+bz) bBZ _ 2\/7_.‘.620x +2bm+4aerf<2cz:+gz

. 862z2+8bcz+8ac+b2 402124—‘
cdi + e 2c cvV2e — 8e
Vev2 ve ) + vev?

S

input‘int((e*x+d)*sinh(c*x"2+b*x+a)"2,x)

(sqrt(pi)*ex*x(4*a + 2¥b*x + 2xc*kx*x*2)*xerf ((bxi + 2*c*ix*x)/(sqrt(c)*sqrt(2)
))*xbxe*xi — 2xsqrt(pi)*ex*(4*a + 2xb*x + 2xc*x**2)*erf ((b*i + 2xcxi*x)/(sqr
t(c)*sqrt(2)))*xc*xd*i + ex*x((8*a*xc + b¥*2 + 8¥bkckx + 8kcx*2kx**2)/(2%c))*s
grt(c)*sqrt(2)*xe — 8xe*x*((4*akxc + bx*2 + 4xbkckx + 4*cx*2xx**2)/(2%c))*sqr
t(c)*sqrt(2) *cxd*x — 4xexx((4*a*xc + b¥*2 + 4¥bkckx + 4kcx*2kx*x*2)/(2%c))*s
qrt(c) *sqrt (2) xcke*xx*k*2 — 2xexx ((b**2 + 4¥bkckx + 4kcx*2xx**2)/(2%c))*sqrt
(c)*sqrt (2) *int (1/ex* (2%b*x + 2%c*x**2) ,x)*b*e + 4xex*x ((b**2 + 4*bkcxx + 4
*xCxk*¥2%x*%2) / (2xc) ) *sqrt (c) *sqrt (2) *int (1/e** (2%¥b*x + 2%c*x**2) ,x)*c*d - ex*
* (bx*2/ (2%c) ) *sqrt (c) *sqrt (2) *xe) / (16xe*x ((4d*akc + b**2 + 4kbkckxx + 4kcx*k2x
x**2) / (2%c) ) *sqrt (c) *sqrt (2) *c)

output
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sinh? (a+bx+cx2) d

3.33 |

d+ex
Optimal result . . . . . . . . . . . . . 243]
Mathematica [N/A] . . . . . . . . 243
Rubi [N/A] . . o 244
Maple [N/A] . . . 244]
Fricas [N/A] . . . . o o 245
Sympy [N/A] . . 245
Maxima [N/A] . . . . . 245
Giac [N/A] .« . o e 246
Mupad [N/A] . . . .o 246
Reduce [N/A] . . . . 247

Optimal result

Integrand size = 21, antiderivative size = 21

12 2 2
/ sinh® (a + bz + cz?) dp — _log(d + ex) 4 llnt cosh (2a + 2bx + 2cz ),x
d+ex 2e 2 d+ex

-

L—1/2*ln(e*x+d)/e+1/2*Defer(Int) (cosh(2%cxx~2+2%b*x+2%a) / (e*xx+d) ,x)

~—

output

Mathematica [N/A]

Not integrable

Time = 5.98 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

dz

/ sinh? (a + bz + cz?) dp — / sinh? (a + bz + cz?)
d+ex B d+ezx

-

Integrate[Sinh[a + b*x + c*x72]72/(d + e*xx),x]

N\ J

input

output‘ Integrate [Sinh[a + b*x + c*xx~2]°2/(d + e*x), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
. h2 b 2
/sm (a+ x + cT ) da
d+ex
l 5917
/ cosh (2a + 2bx + 20:172) 1 p
2(d + ex) 2(d + ex) v
l 2009
1 / cosh (2cz? + 2bz + 2a) log(d + ex)
2 d+ex 2e
LInt [Sinh[a + b*x + c*x72]72/(d + e*x),x] J
‘$Aborted

Maple [N/A]
Not integrable
Time = 0.10 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

. 2 2
/smh(cw + bz + a) i
er+d

Lint (sinh(c*x~2+b*x+a) "2/ (e*xx+d) ,x) J

Lint (sinh(c*x~2+b*x+a) ~2/ (exx+d) ,x)




input

output L

-

input t
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

. 2 2 . 2 2
/smh (a—l—bx+cx)dw:/smh(cx +bx +a) i
d+ex e +d

Lintegrate (sinh(c*x~2+b*x+a) "2/ (e*x+d) ,x, algorithm="fricas")

integral (sinh(c*x~2 + b*x + a)~2/(e*x + d), x)

Sympy [N/A]
Not integrable

Time = 4.96 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

dzx

/ sinh? (a + bz + cz?) dp — / sinh? (a + bz + cz?)
d+ex B d+ex

integrate(sinh(c*x**2+b*x+a)**2/ (exx+d) ,x)

—

output

LIntegral(sinh(a + b*x + cxx**2)**2/(d + e*x), x)

Maxima [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 72, normalized size of antiderivative = 3.43

dx

/ sinh? (a + bz + cz?) / sinh (cz? + bz + a)’
dx =
d+ex er +d

inputt

integrate(sinh(c*x~2+b*x+a) 2/ (e*x+d) ,x, algorithm="maxima")
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‘-1/2*log(e*x + d)/e + 1/4xintegrate(e” (2xc*x"2 + 2xb*x + 2xa)/(e*x + d), x

output
‘) + 1/4xintegrate(e” (-2*c*x~2 - 2*b*x)/(exx*e”(2*a) + d*e~(2*a)), x)

Giac [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

. 2 2 . 2 2
/smh (a+bx+cx)d$=/smh(cx +bz+a) i
d+ex er +d

input‘integrate(sinh(c*x"2+b*x+a)"2/(e*x+d),x, algorithm="giac")

outputtintegrate(sinh(c*x‘i + bxx + a)"2/(exx + d), x) J

Mupad [N/A]
Not integrable

Time = 1.38 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

inh? 2 ; 2 2
/smh (a+bx + cx )dmz/smh(cx +bz+a) I
d+61’ d+6$
input Lint(sinh(a + bxx + c*x”2)"2/(d + e*x),x) J

Outputtint(sinh(a + bxx + c*¥x~2)"2/(d + e*x), x) J
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

. 1.2 2 . 2 2
/smh (a+bx+cx)d$=/smh(cx + bz +a) i
d+ex er +d

input Lint (sinh(c*x~2+b*x+a) ~2/ (e*x+d) ,x)

output Lint(sinh(a + b*x + cxx*kx2)**2/(d + e*x),x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 248
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

248

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 x ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(a+b x+c x^2)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 ^2(a+b x-c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 x ^2(a+b x-c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(a+b x-c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(a+b x-c x^2)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 x ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [C] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(1  4+x+x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [C] (verification not implemented)
	Giac [C] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(1  4+x+x^2)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^2 (a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x) (a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b x+c x^2)  d+e x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^2 ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x) ^2(a+b x+c x^2)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 ^2(a+b x+c x^2)  d+e x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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