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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 29 |. This is test number [ 316 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Mathematica | 100.00 (29 ) | 0.00 (0)
Rubi 93.10 ( 27)
Fricas 86.21 (125)

Maple | 6552 (19) | 34.48
)

(10)

Maxima 44.83 (113 55.17 (116 )
Mupad 2759 (8) | 7241 (21)
Giac 27.59 (8) | 7241 (21)
Reduce 2759 (8) |7241(21)
Sympy 1379 (4) | 86.21 (25 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 58.621 27.586 0.000 13.793
Rubi 27.586 0.000 51.724 20.690
Maple 13.793 37.931 0.000 48.276
Giac 10.345 3.448 0.000 86.207
Maxima, 3.448 27.586 0.000 68.966
Fricas 0.000 72.414 0.000 27.586
Mupad 0.000 13.793 0.000 86.207
Reduce 0.000 13.793 0.000 86.207
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

4 4 4 4 4
4 4 4 4 4

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

>
O

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Rubi 100.00 0.00 0.00

Fricas 4 0.00 0.00 100.00

Maple 10 100.00 0.00 0.00

Maxima, 16 100.00 0.00 0.00

Mupad 21 0.00 100.00 0.00

Giac 21 100.00 0.00 0.00

Reduce 21 100.00 0.00 0.00

Sympy 25 92.00 8.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.11
Giac 0.17
Maxima, 0.17
Reduce 0.24
Rubi 0.93
Sympy 2.00
Mupad 2.56
Maple 3.25
Mathematica 6.24

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 12.50 0.83 10.00 0.83
Giac 63.50 1.56 44.00 1.42
Mupad 68.00 1.48 30.50 1.28
Reduce 100.12 2.60 100.00 1.98
Rubi 165.44 1.06 107.00 1.00
Maxima 213.62 3.72 168.00 2.44
Maple 333.63 2.37 240.00 2.28
Mathematica | 556.41 1.83 137.00 1.72
Fricas 1522.68 5.77 692.00 4.69

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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CHAPTER 1. INTRODUCTION 15

1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range

Rubi Mma Maple
4000 .
600 ; 1000
500 = S 3000 800l |
8 400 © R 8 600
@ Bk ®
§ 300 E »g 2000 § )
- B - 400}"
200 e : 1000 V A
100f o : AARY 200y
ob¥ : ot oL
05 10 15 20 25 30 35 0 5 10 15 20 25 30 0 5 10 15 20 25 30
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
8000 < 150 | i 600
500
6000
8 T g 100 g 400
@ AR N
§ 4000 s % 300
= |2 ’ 3 200
2000 50
100
'y : 0 0
0.08 010 012 014 016 0.18 0.20 0.115 0.120 0.125 0.130 0.135 0.140 0.05 0.10 0.15 0.20
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
1.0 200 250
0.8 ’ 200
9 g 150 g
5 06 N N 150} .
= 5 100 3
3 04 9 9 100
02 50 : 50
0.0 0 0
0.0 0.2 0.4 0.6 0.8 1.0 2.5 26 2.7 2.8 0.20 0.21 0.22 0.23 0.24
CPU time (sec) CPU time (sec) CPU time (sec)
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1.9 list of integrals with no known antideriva-

tive

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {25]

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade {34 151619, 20,2529}
B grade { }

C grade { [BBEOABIILTEEAEELES )
F normal fail {2627}

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { 1235567003 14 15) 161920, 24 25,2529}
B grade { ([0 BE3E3E027)

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {[3|[7}20225}

B grade { (1256001 M02125E9 )

C grade { }

F normal fail { [[3,[215)[[6) 715,22 23,25,27 )
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade { 15,5075, 10,L117 15/09, 20,22 3 24 25,26, 21,2529}
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail {[13][14][15[16 }

Maxima

A grade {25}

B grade { ZBAHOOE}

C grade { }

F normal fail { F}6)([5)[3, L2157 1519 22,23, 2 26 278
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade {[20,[25,29 }

B grade {[7}

C grade { }

P normal fail { 125560 10,1 3,4, 15,15 7% 18 1022, 28, 2 20 08 )
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad

A grade { }

B grade { [7[20,2529 }
C grade { }

F normal fail { }

F(-1) timedout fail { 125} 5} B)BUTO} 1) 3} 145} 16) 7 15 22 23, 2 26,27 28
}

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail { 12,856 70 10} 1) [3} 14 75, 16, 7 5, 19} 20,22, 23 24,25 25,
}

F(-1) timedout fail {[26,[27}
F(-2) exception fail { }
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Reduce

A grade { }

B grade { [7[20,25[29 }

C grade { }

F normal fail { 1,255 BBV 0) 3,13} 14 156} 75 19,2 23, 24 26, 2725 )
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 173 168 541 333 396 0 0 87 0

N.S. 1 1.16 113  3.63 2.23 2.66 0.00  0.00 0.58 0.00
time (sec) N/A 0.689 0.050 0.428 0.126  0.079 0.000 0.000 0.244  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 99 115 118 306 195 242 0 0 66 0

N.S. 1 1.16 1.19 3.09 1.97 2.44 0.00 0.00 0.67 0.00
time (sec) N/A 0.449 0.044 0.388 0.124 0.089 0.000 0.000 0.249 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 61 90 89 0 119 0 0 43 0

N.S. 1 1.22  1.80 1.78 0.00 2.38 0.00  0.00 0.86 0.00

time (sec) N/A 0.291 0.020 0.167 0.000 0.089 0.000 0.000 0.230 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12 14
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20 1.40
time (sec) N/A 0.188 2.783 0.056 0.318 0.073 0.291 0.133 0.227 2.454
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 146 185 473 320 1159 0 0 657 0
N.S. 1 142  1.80 4.59 3.11 11.25  0.00 0.00 6.38 0.00
time (sec) N/A 0.712 0.448 0.310 0.207  0.092 0.000 0.000 0.237  0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 106 137 240 0 623 0 0 327 0
N.S. 1 143 1.85 3.24 0.00 8.42 0.00 0.00 4.42 0.00
time (sec) N/A 0.496 0.312 0.264 0.000 0.091 0.000 0.000 0.257  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 33 52 56 91 166 0 80 118 49
N.S. 1 1.14  1.79 1.93 3.14 5.72 0.00 2.76 4.07 1.69
time (sec) N/A 0.257 0.045 0.280 0.044 0.089 0.000 0.115 0.216 2.521
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 73 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 6.08 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.208 5.663 0.061 0.144 0.078 0.305 0.106 0.248 2.462
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 256 294 440 876 605 4008 0 0 0 0
N.S. 1 1.15  1.72 3.42 2.36 15.66  0.00 0.00 0.00 0.00
time (sec) N/A 1.182 1.860 0.409 0.203  0.144 0.000 0.000 0.233 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B B B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 184 420 444 393 2218 0 0 1141 0
N.S. 1 1.19 2.73 2.88 2.55 14.40  0.00 0.00 7.41 0.00
time (sec) N/A 0.734 6.213 0347  0.192 0.106 0.000 0.000 0.233 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 108 271 197 0 1026 0 0 516 0
N.S. 1 1.17 295 2.14 0.00 11.15  0.00 0.00 5.61 0.00
time (sec) N/A 0.497 0.077 0.266 0.000  0.104 0.000 0.000 0.234 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 157 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 13.08 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.225 25.404 0.068 0.182 0.078 0.296 0.341 0.229 2.389
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0 21 0
N.S. 1 1.00 0.71 0.00 0.00 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 0.290 0.036  0.000 0.000  0.000 0.000 0.000 0.230 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0 25 0
N.S. 1 1.00 0.71 0.00 0.00 0.00 0.00 0.00 1.04 0.00
time (sec) N/A 0.271 0.049 0.000 0.000  0.000 0.000 0.000 0.220 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 47 47 45 0 0 0 0 0 21 0
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.319 0.064 0.000 0.000  0.000 0.000 0.000 0.201 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 76 76 67 0 0 0 0 0 25 0
N.S. 1 1.00 0.88 0.00 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 0.382 0.178  0.000 0.000  0.000 0.000 0.000 0.226 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 448 452 1792 0 0 1976 0 0 1077 0
N.S. 1 1.01  4.00 0.00 0.00 441 0.00 0.00 2.40 0.00
time (sec) N/A 2.683 19.333 0.000 0.000  0.128 0.000 0.000 0.293 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 330 334 937 0 0 1265 0 0 669 0
N.S. 1 1.01  2.84 0.00 0.00 3.83 0.00 0.00 2.03 0.00
time (sec) N/A 1.753 11.146 0.000 0.000 0.124 0.000 0.000 0.292 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 212 209 266 483 0 692 0 0 326 0
N.S. 1 099 1.25 2.28 0.00 3.26 0.00 0.00 1.54 0.00
time (sec) N/A 1.056 0.341 0.956 0.000  0.096 0.000 0.000 0.240 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 30 30 49 83 132 0 60 82 31
N.S. 1 0.88 0.88 1.44 2.44 3.88 0.00 1.76 241 0.91
time (sec) N/A 0.325 0.015 0.664 0.073  0.098 0.000 0.127 0.228 2.459
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 26 26 28 26 164 34 22 28 163 30
N.S. 1 1.00  1.08 1.00 6.31 1.31 0.85 1.08 6.27 1.15
time (sec) N/A 0.335 41.753 0.172 0.404 0.074 7.112 0.226 0.313 2.595
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 683 641 2218 0 0 3847 0 0 30 0
N.S. 1 094 3.25 0.00 0.00 5.63 0.00 0.00 0.04 0.00
time (sec) N/A 3.595 9.489  0.000 0.000  0.192 0.000 0.000 200.020 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 510 484 1216 0 0 2410 0 0 1482 0
N.S. 1 095 2.38 0.00 0.00 4.73 0.00 0.00 291 0.00
time (sec) N/A 2.815 4.029 0.000 0.000  0.128 0.000 0.000 1.453 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 321 324 610 1012 0 1284 0 0 28 0
N.S. 1 1.01  1.90 3.15 0.00 4.00 0.00 0.00 0.09 0.00
time (sec) N/A 1.867 1.687 4.509 0.000 0.134 0.000 0.000 200.022 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A A B F A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 95 107 109 167 168 446 0 155 147 212
N.S. 1 1.13  1.15 1.76 1.77 4.69 0.00 1.63 1.55 2.23
time (sec) N/A 0.676 0.339 4.116 0.160  0.094 0.000 0.143 0.195 2.872
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B F F B F(-1) F F F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD TBD
size 864 0 3963 0 0 7980 0 0 30 0
N.S. 1 0.00 4.59 0.00 0.00 9.24 0.00 0.00 0.03 0.00
time (sec) N/A 0.000 31.034 0.000 0.000 0.204 0.000 0.000 200.019 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F B F F B F(-1) F F F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD TBD
size 623 0 2129 0 0 4887 0 0 30 0
N.S. 1 0.00 342 0.00 0.00 7.84 0.00 0.00 0.05 0.00
time (sec) N/A 0.000 17.472 0.000 0.000  0.160 0.000 0.000 200.025 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 400 360 696 1102 0 2465 0 0 28 0
N.S. 1 090 1.74 2.76 0.00 6.16 0.00 0.00 0.07 0.00
time (sec) N/A 2331 1.106 30.654 0.000 0.133 0.000 0.000 200.028 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 75 75 244 183 652 0 145 251 180
N.S. 1 0.88  0.88 2.87 2.15 7.67 0.00 1.71 2.95 2.12
time (sec) N/A 0.393 0.103 17.667 0.054 0.083 0.000 0.135 0.241 2.741




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 36

2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [22]
had the largest ratio of [1.07143000000000010]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] C 8 7 1.16 14 0.500
% C 7 6 1.16 14 0.429
3| C 6 ) 1.22 12 0.417
N/A 3 0 1.00 10 0.000
i C 12 11 1.42 16 0.688
6} C 11 10 1.43 16 0.625
7| C 7 7 1.14 14 0.500
N/A 3 1.00 12 0.000
9 C 14 13 1.15 16 0.812
10 C 12 11 1.19 16 0.688
1| C 10 9 1.17 14 0.643
N/A 3 0 1.00 12 0.000
13| A 1 1 1.00 20 0.050
14| A 1 1 1.00 20 0.050
15| A 1 1 1.00 20 0.050
16| A 1 1 1.00 24 0.042
17] C 21 20 1.01 26 0.769
18 C 16 15 1.01 26 0.577
19| A 13 12 0.99 24 0.500
20| A 12 11 0.88 19 0.579
N/A 2 0 1.00 26 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade SJ::’; ui?el;e antlfaefns‘ijzwe leaf size integrand leaf size
22] C 31 30 0.94 28 1.071
23] C 28 27 0.95 28 0.964
24] C 20 19 1.01 26 0.731
129| C 15 14 1.13 21 0.667
F 0 0 N/A 0.000 N/A
F 0 0 N/A 0.000 N/A
28] A 27 26 0.90 26 1.000
29) A 12 11 0.88 21 0.524
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3.22
3.23
3.24
3.25
3.26
3.27
3.28
3.29

f (e+fx)3 cosh?(c+dzx) dz
a+bCSCh(c+dz)
f (e+fx)? cosh?(c+dzx)
a+besch(c+dz)
f (e+fx) cosh? (c+dzx)
a+bcsch(c+dz)
f cosh?(c+dzx)
a+bcsch(c+dz)
J" (e+fx)3 cosh®(c+dzx)
a-‘rbCSCh(c-‘rda:)
f (e+fx)? cosh®(c+dzx)
a+bcsch(c+dz)
f (e4fx) cosh®(c+dzx)
a+bCSCh (c+dzx)
f cosh?(c+dzx)

dr . . . . ..
a+bCSCH c+dz)



CHAPTER 3. LISTING OF INTEGRALS

3.1 [(c+ dz)’csch(a + bz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [C] (verified) . . . ... ... . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 149

2 dx)3arctanh (e®+t=
/(c + dz)3csch(a + bx) dz = — (¢ +dz) ar; anh (ea+t2)
3d(c + dz)? PolyLog (2, —e*+")
_ ’
3d(C + d:[; 2 PolyLOg (2 a+bz)
b2
6d>? (¢ + dz) PolyLog ( a+bw)
+ e
6d> (¢ + dx) PolyLog (3’ 6a+bz)
_ 2
6d° PolyLog (4, —*+**) 6% PolyLog (4, e47)
- b* + i

output‘ -2% (d*x+c) “3*arctanh (exp (b*x+a)) /b-3*d* (d*x+c) ~2*polylog(2,-exp(b*x+a)) /b~
‘2+3*d*(d*x+c) 2xpolylog(2,exp(b*x+a)) /b~2+6%d~2* (d*x+c) *polylog(3,-exp (b*x
‘+a))/b 3-6%d~2* (d*x+c) *polylog(3,exp(b*x+a))/b~3-6*d"3*polylog(4,—exp (b*x+
‘a))/b‘4+6*d“3*polylog(4,exp(b*x+a))/b‘4
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.13

/(C + dz)3csch(a + bx) dx
_ (c+ dac)3 log (1 — 6a+b93) —(c+ dac)3 log (1 + ea+ba;)  3d(b?(ctdx)? PolyLog(Z,—eaHz:c)_2bd(c+dmi§OIyLog(3,_ea+b$
) b

input LIntegrate [(c + d*x)~3*Csch[a + b*x],x] J

((c + d*x)~3*Log[1l - E"(a + b*x)] - (c + d*x)~3*Logl[l + E~(a + b*x)] - (3%
d*(b~2x(c + d*x) 2*PolyLog[2, -E~(a + b*x)] - 2%b*d*(c + d*x)*PolyLogl[3, -
E~(a + b*x)] + 2+%d"2*PolyLogl[4, -E~(a + b*x)]))/b"3 + (3*d*(b~2x(c + d*x)~
2xPolyLog[2, E~(a + b*x)] - 2xb*d*(c + d*x)*PolyLogl[3, E~(a + b*x)] + 2xd~
2+PolyLog[4, E~(a + b*x)1))/b~3)/b

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.69 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.16,

number of rules __
integrand size 0.500, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 26, 4670, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3csch(a + bx) da
| 3042
/i(c + dz)? csc(ia + ibx)dx

l26

i /(c + dz)3 csc(ia + ibx)dx
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l 4670

.<3id [(c+dz)?log (1 — e*®)dx  3id [(c+ dz)?log (1 + e%%) dz N 2i(c + dz)3arctanh (e?+57) )
i —

b b b
l 3011
. 7( 24 [ (c+d) PolyLog(2,—e***)dz _ (c+dz)? PolyLog(2,—e®+5%) . 1( 2d [(c+dx) PolyLog (2,e2%%)dx  (c+dx)? Poly
3id b - ) 3id 3 — l
i +
b b
l 7163
d < (c+ds) PolyLog(3,—e?+%7) _ d [ PolyLog(3,—c**+07) dw) 2d < (c+dz) PolyLog(3,e%*
b - b 2 atbz — %
; dz)? PolyLog(2,— .
3id i _ (chdn) PolyLog(2.e) | g
| — b +
l 2720
d ( (c+dz) PolyLog (37_ea+bw) df e~ b polyLog (3,—ea+bz)de”‘+bw ) < (ct+dz)1
b B b2 2 a+bx
; dz)? PolyLog (2,— .
3id ; _ (efde) PolyLog(2,—e™™) | gig| N
1| — ; n
l 7143
d((c+dw) PolyLog(3,—¢%*9%)  dPolyLog(4,—ea+t®) )
; ’ - 5 (c+dz)? PolyLog(2,—e+b2)
3id - _ -

| 2i(c+ dz)3arctanh(e2o?)
i ; — ; n




input

output

rule 26

rule 2720

rule 3011

rule 3042

rule 4670
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Int[(c + d*x)"3*Csch[a + bx*x],x]

Ix(((2*I)*(c + d*xx) " 3*xArcTanh[E~(a + b*x)])/b - ((3*I)*d*x(-(((c + d*x) "2*P
olyLog[2, -E~(a + b*x)])/b) + (2xd*(((c + d*x)*PolyLog[3, -E~(a + b*x)])/b
- (dxPolyLogl[4, -E~(a + b*x)]1)/b"2))/b))/b + ((3*I)*d*(-(((c + d*x) 2xPol
yLogl[2, E7(a + b*x)])/b) + (2xd*(((c + d*x)*PolyLog[3, E~(a + b*x)])/b - (
d*PolyLog[4, E~(a + b*x)])/b72))/b))/b)

Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

-

N\

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl1l + (e_.)*((F_)"((c_.)*x((a_.) + (b_.)*x))N"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(£*fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfz+x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]




rule 7143

rule 7163

input

output
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Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (£_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F)"((c_.)*((a_.) + (b_.
)*¥(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(cx*(a
+ b*x)))"pl/(b*c*p*Logl[F1)), x] - Simp[f*(m/(b*xcxp*LoglF])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

N\

~

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 540 vs. 2(142) = 284

Time = 0.43 (sec) , antiderivative size = 541, normalized size of antiderivative = 3.63

method | result

_302dln(1+ebm+“)x 3c2dIn(14e%®*%)q 3c2dIn(1—eb®+e) g + 3c?dIn(1—eb®*%)q . 3cd? In(1+eb@+2)2

3cd?

risch ; = 5 =

b

s

Lint((d*x+c)‘3*csch(b*x+a),x,method=_RETURNVERBOSE)

N

-3/b*c”~2*d*1n (1+exp (b*x+a) ) ¥x-3/b~2*c~2*d*1n (1+exp (bxx+a) ) *a+3/b*c~2*d*1n(
1-exp(b*x+a))*x+3/b~2*c~2*d*1n(1-exp (b*x+a) ) *a-3/b*c*d~2*1n (1+exp (bxx+a) ) *
x"2+3/b"3*c*d"2*1n(1+exp (b*x+a) ) *a~2-6/b"2xc*d~2*polylog (2, -exp (bxx+a) ) *x+
3/b*c*d~2*1n(1-exp (b*x+a) ) ¥x~2-3/b"3*c*d~2*1n(1-exp (b*x+a))*a~2+6/b~2*c*d"
2xpolylog(2,exp (b*x+a) ) *x+6/b~2*d*a*c~2*arctanh (exp (bxx+a) ) -6/b~3*d"2*a~2*
cxarctanh (exp(b*x+a))+2/b~4*d~3*a~3*arctanh (exp(b*x+a))+6/b~3*c*d~2*polylo
g(3,-exp(b*x+a))-6/b"3*c*d~2*polylog(3, exp (b*x+a))+1/b*d~3*1n(1-exp(b*x+a)
)*#x73+1/b"4*d"3*1n(1-exp(b*x+a))*a~3+3/b~2*d"3*polylog(2,exp(b*x+a) ) *x~2-6
/b~3*d"3*polylog(3,exp(b*x+a) ) *x-3/b~2*c"2*d*polylog(2,-exp(b*x+a))+3/b~2*
c~2xdxpolylog(2,exp(b*x+a))-1/b*xd~3*1n(1+exp(b*x+a))*x~3-1/b"4*d"3*1n(1+ex
p(b*x+a))*a~3-3/b~2+d"3*polylog(2,-exp(b*x+a))*x~2+6/b~3*d"3*polylog(3,-ex
p(b*x+a) ) *x-2/bxc”3*arctanh (exp (b*x+a) ) +6*xd~3*polylog(4,exp(b*x+a)) /b~4-6%
d~3x*polylog(4,-exp(b*x+a)) /b4




input

output

input

outputt
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 396 vs. 2(140) = 280.

Time = 0.08 (sec) , antiderivative size = 396, normalized size of antiderivative = 2.66

/(c + dz)3csch(a + bx) dx
_ 6d%polylog(4, cosh (bz + a) + sinh (bx + a)) — 6 d*polylog(4, — cosh (bx + a) — sinh (bx + a)) + 3 (b°d°

Lintegrate((d*x+c)“3*csch(b*x+a),x, algorithm="fricas") J

-

(6xd~3*polylog(4, cosh(b*x + a) + sinh(b*x + a)) - 6*d~3*polylog(4, -cosh(
bxx + a) - sinh(b*x + a)) + 3%(b"2%d"3*x"2 + 2¥xb~2kc*kd"2%x + b2%c"2*d)*di
log(cosh(b*x + a) + sinh(b*x + a)) - 3*%(b"2*d"3*x"2 + 2%xb~2*c*d"2*x + b~ 2*
c"2xd)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b"3*%d"3*x"3 + 3%b~3*c*d 2%
X"2 + 3%b~3*c”2+d*x + b~3%c”3)*log(cosh(b*x + a) + sinh(b*x + a) + 1) + (b
“3*%c”3 - 3*axb”2%c”2xd + 3*a”2xbkc*d~2 - a~3*d~3)*log(cosh(b*x + a) + sinh
(b*x + a) - 1) + (b™3%d"3*x"3 + 3*b~3*c*kd”2*x"2 + 3*b~3*c"2kd*x + 3*axb”2%
c"2xd - 3*a"2xb*c*d"2 + a”~3*d"3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) -
6% (b*d~3*x + b*c*xd~2)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6*x(bxd”
3*x + b*c*d~2)*polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b~4

Sympy [F]

/(c + dx)csch(a + bz) dx = / (¢ + dz)® csch (a + bx) dx

Lintegrate((d*x+c)**3*csch(b*x+a),x) J

Integral((c + d*x)**3*csch(a + b*x), x)

-
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 333 vs. 2(140) = 280.

Time = 0.13 (sec) , antiderivative size = 333, normalized size of antiderivative = 2.23

/(c + dz)3csch(a + bz) dz = —c (log (e(_bz_a) +1) _ log (e(_bz_a) - 1))

3 (bzlog (¢*+ + 1) + Liy(—e™+9))%d

L3 (bz log (—elteta) +ZZ) + Lip (e®**9)) c2d

_ 3 (b*2”log () +1) + 2baLiy(—e**9)) — 2Lig(—e*9))) cd?

L3 (b%z%log (—elt®) 4 1) 42 be;iQ (e=*a)) — 2 Liz(e®=*9))) cd?

_ (B*2®log (e +1) +3 b%?fiz (—e®=t)) — 6 brLis(—e®*t)) 4 6 Liy(—e®=t)))d?

N (®z log (—e®™® 4 1) + 3b%°Li, (e<bwf>l) — 6 bzLig(e®+9)) + 6 Liy (e®+))) d?
input Lintegrate ((d*x+c) “3*csch(b*x+a) ,x, algorithm="maxima") J

-c"3*(log(e~(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b) - 3x(bxxxlog(e” (b
*x + a) + 1) + dilog(-e~(b*x + a)))*c™2*xd/b"2 + 3*(b*x*xlog(-e~(b*x + a) +
1) + dilog(e~(b*x + a)))*c~2xd/b~2 - 3*(b~2*x"2*log(e~(b*x + a) + 1) + 2xb
*xx*dilog(-e~ (b*x + a)) - 2xpolylog(3, -e~(b*x + a)))*c*d~2/b~3 + 3*(b~2*x~
2xlog(-e~(b*x + a) + 1) + 2*bxx*dilog(e~(b*x + a)) - 2*polylog(3, e~ (b*x +
a)))*c*d~2/b~3 - (b~3*x"3xlog(e”(b*x + a) + 1) + 3*xb~2*x"2+dilog(-e” (b*x
+ a)) - 6xb*x*polylog(3, -e~(b*x + a)) + 6*polylog(4, -e~(bxx + a)))*d~3/b
~4 + (b~3*x"3*log(-e”~(b*x + a) + 1) + 3*b"2xx"2xdilog(e”(b*x + a)) - 6xb*x
*polylog(3, e~ (b*x + a)) + 6*polylog(4, e~ (b*x + a)))*d~3/b"4

output
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Giac [F]

/(c + dz)3csch(a + bz) dx = / (dz + ¢)® csch (bz + a) dz

inputLintegrate((d*x+c)“3*csch(b*x+a),x, algorithm="giac") J

Outputtintegrate((d*x + c)"3xcsch(b*x + a), x) J

Mupad [F(-1)]

Timed out.
/(c + dz)®csch(a + bz) dr = / M
~J sinh(a+bx)
input 18t((c + d*x)"3/sinh(a + bxx) ,x) )
OutputLint((c + d*x)~3/sinh(a + b*x), x) J
Reduce [F]
/(c + dz)3csch(a + bx) dx
csch(bx + a) rodx + csch(bx + a) x°dx) bed” + csch(bx 4 a) zdx) bc*d + log(e™ ™ —
_ h(b 3dz) bd® + 3 h(b 2dz) bed? + 3 h(b dz) bc2d + log (et — 1
B b
input Lint ((d*x+c) “3*csch(b*x+a) ,x) J

‘ (int(csch(a + b*x)*x**3,x)*b*d**3 + 3*int(csch(a + b*x)*x**2,x)*bkxckd**2 + \
- 3xint(csch(a + bxx)*x,x)*bkcxx2xd + log(exx(a + bxx) - 1)*c*3 - log(exx( |
‘a + b*x) + 1)*c**3)/b ‘

output




output
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3.2 [(c+ dz)*csch(a + bz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [C] (verified) . . . ... ... . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 14, antiderivative size = 99

/(c + dz)?csch(a + bx) dz = —

2(c + dz)?arctanh (e*+t7)

b
2d(c + dz) PolyLog (2, —e® )

b2

N 2d(c + dz) PolyLog (2, e®*t7)

b2

N 2d” PolyLog (3, —e****)  2d” PolyLog (3, e**")

b3 b3

s

L‘Q*polylog(3,exp(b*x+a))/b‘S

-2% (d*x+c) "2*arctanh (exp (b*x+a)) /b-2*d* (d*x+c) *polylog(2,-exp(b*x+a)) /b~ 2+
‘2*d*(d*x+c)*polylog(2,exp(b*x+a))/b‘2+2*d‘2*polylog(3,—exp(b*x+a))/b*3-2*d

A\

|
J
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.19

/(C + dz)?csch(a + bz) dx
(et dz)?log (1 — e*™*) — (¢ + dz)?log (1 + ") — 2d(b(c+dx) POlyLOg(27—ea;b””)—dPolyLog(3,—ea+bw)) L 2
) b

input LIntegrate[(C + d*x)~2*Csch[a + b*x],x] J

output‘ ((c + d*x)~2#Log[1l - E"(a + bxx)] - (c + d*x) 2*Log[1 + E~(a + b*x)] - (2%

|d*(bx(c + d*x)*PolyLog[2, -E~(a + b*x)] - d*PolyLog[3, -E”(a + b¥x)1))/b"2
|+ (2%d*(bx(c + d*x)*PolyLog[2, E"(a + b*x)] - d+PolyLog[3, E™(a + b*x)1)) |
/6°2)/b |

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.16,

number of rules __
integrand size 0.429, Rules

number of steps used = 7, number of rules used = 6,
used = {3042, 26, 4670, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)?csch(a + br) da
| 3042

/i(c + dz)? csc(ia + ibx)dx
| 26

i / (c + dz)? esclia + ibx)dz

l»4670
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_ <2id [(c+dz)log (1 —e*™®) dz  2id [(c+ dz)log (1 + €2t%) dz N 2i(c + dz)%arctanh (e®+t%) )
Z —
b b b

l 3011

. o( d [ PolyLog(2,—e%t%%)dz (c+dz) PolyLog(2,—ea+?%) . . ( d [ PolyLog(2,e2+%)dx (c+dz) PolyLog(2,e21%%)
( 2id b — 5 2id 5 - 5
=

b * b *
| 2720
2id<dfe_“_b”” PolyLong(Q,—e“+bw)de“+bw _ (ctdz) PolyL;)g(Z—e‘”’bw)) 2id(dfe_“_bz PolyLl(7)2g(2,e“+bm)de“+bz _ (ctda
"\~ b * b
| 7143
. ;( dPolyLog(3,—eatb= (c+dzx) PolyLog(2,—ea 1 . ;( dPolyLog(3,e2tb= (c+
[ 2i(c + dz)%arctanh (e %) 2Zd< . 152 ) 5 ( )) 22d( : b2( —
' b - b * b

r

LInt[(c + d*x)~2%Cschl[a + b*x],x]

| —

input

output‘ Ix(((2*I)*(c + d*x)~2+ArcTanh[E~(a + b*x)]1)/b - ((2+I)*d*(-(((c + d*x)*Pol \
'yLog[2, -E~(a + b*x)1)/b) + (d*PolyLog[3, -E~(a + b¥x)1)/b"2))/b + ((2*D)* |
‘d*(-(((c + d*x)*PolyLog[2, E~(a + b*x)])/b) + (d*PolyLog[3, E~(a + b*x)])/ ‘
572))/b) |




rule 26

rule 2720

rule 3011

rule 3042

rule 4670

rule 7143
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Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))"n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl2, (-e)*(F~(cx(a + b*x)))°nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£*xfz*I)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfz*x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 305 vs. 2(94) = 188.

Time = 0.39 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.09

method | result

2c? arctanh (e?? 1) d?In(1+eb@+2)q? 2d? polylog (2,—e?* 1)z d?In(1—eb®+a)q? 2d? polylog(2,e°21%)z
b + b3 B b2 B b3 + b2 B

risch —

e hY

int ((d*x+c) “2*csch(b*x+a) ,x ,method=_RETURNVERBOSE)

input |

-2/b*c”2*arctanh (exp (bxx+a) ) +1/b~3*d"2+1n(1+exp (bxx+a) ) ¥a~2-2/b"2*d"2*poly
log(2,-exp(b*x+a))*x-1/b~3*d"2*1n(1-exp (b*x+a))*a~2+2/b~2*d"2*polylog(2, ex
p(b*x+a)) *x-2/b*c*d*1n(1+exp (b*x+a) ) *x-2/b~2*c*d*polylog(2,-exp (b*x+a))+2/
b*c*d*1n(1-exp (b*x+a))*x+2/b~2*c*d*polylog(2, exp (b*x+a))-2/b"3*d"2*a"2*arc
tanh (exp (b*x+a))-2/b~2*c*d*1n(1+exp (b*x+a) ) *a+2/b~2*c*d*1n(1-exp (b*x+a)) *a
+4/b”~2*d*a*xc*arctanh (exp (b*x+a))-1/b*d~2*1n(1+exp (b*x+a) ) *x~2+2*d~2*polylo
g(3,-exp(b*x+a))/b"3+1/b*d"2*1n(1-exp (b*x+a) ) *x~2-2*d~2*polylog (3, exp (b*x+
a))/b~3

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(92) = 184.

Time = 0.09 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.44

/(c + dz)?csch(a + bz) dx =
_ 2d’polylog(3, cosh (bz + a) + sinh (bz + a)) — 2 d’polylog(3, — cosh (bx + a) — sinh (bz + a)) — 2 (b

e hY
integrate ((d*x+c) “2*csch(b*x+a) ,x, algorithm="fricas")

input |
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-(2*d~2*polylog(3, cosh(b*x + a) + sinh(b*x + a)) - 2xd~2*polylog(3, -cosh
(b*x + a) - sinh(b*x + a)) - 2*(b*d"2*x + b*c*d)*dilog(cosh(b*x + a) + sin
h(b*xx + a)) + 2*(b*xd"2*x + bxc*d)*dilog(-cosh(b*x + a) - sinh(b*x + a)) +
(b™2%d"2%x"2 + 2%b~2*ckxd*x + b~2+c”~2)*1log(cosh(b*x + a) + sinh(b*x + a) +
1) - (b™2%c™2 - 2%a*bkcxd + a~2*d"2)*log(cosh(b*x + a) + sinh(b*x + a) - 1
) — (b7™2%d"2%x"2 + 2%b"2%ckd*x + 2*axbxc*d - a~2+%d”2)*log(-cosh(b*x + a) -
sinh(b*x + a) + 1))/b"3

output

Sympy [F]

/(c + dz)?csch(a + bz) dx = / (¢ + dz)® csch (a + bz) dz

.
input Llntegra‘te ((d*x+c)**2xcsch (b¥x+a) ,x)

-/

-

output \Integral((c + d*x)**2*csch(a + b*x), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(92) = 184.

Time = 0.12 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.97

/(c + dz)?csch(a + bz) dx

(st _egecnnon)
= —¢ _
b b
2 (bzlog (e®®+® 4+ 1) + Liy (—e®+9) ) cd
b2
(—e49) 1 1) + Li (6049 )cd
b2
(b2 2 log (e(ba:+a) + ]_) +2 b$L12( e(bac—f-a)) _ 2Li3(_e(bz+a)))d2
(=

2 (bzlog

b3
—et*+9) 4 1) 4 2bgLip (e*+9) — 2 Lig(e®=+2))) g2

(b?z%log
+ B
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input Lintegrate ((d*x+c) ~“2*csch(b*x+a) ,x, algorithm="maxima")

-c"2x(log(e~(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b) - 2x(b*x*log(e” (b
*x + a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 + 2x(b*x*log(-e~(b*x + a) + 1)
+ dilog(e” (b*x + a)))*c*d/b~2 - (b~2xx"2*log(e” (b*x + a) + 1) + 2*b*xx*dil
og(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))*d~2/b~3 + (b~ 2%x~2*log(-e"(
b*x + a) + 1) + 2%b*x*dilog(e~(b*x + a)) - 2%polylog(3, e~ (b*x + a)))*d~2/

output

b~3
Giac [F]
/(c + dz)*csch(a + bz) dz = / (dz + ¢)? csch (bz + a) dx
input Lintegrate ((d*x+c) ~2*csch(b*x+a) ,x, algorithm="giac )

Outputtintegrate((d*x + c)~2kcsch(b*x + a), x)

Mupad [F(-1)]

Timed out.
(c+dz)?

[ et doesch(a+ by = [ ZEEE

inputtint((c + d*x)~2/sinh(a + b*x),x)

outputtint((c + d*x)~2/sinh(a + b*x), x)
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Reduce [F]
/(c + dz)?csch(a + bz) dx
([ csch(bz + a) 2?dx) bd? + 2( [ csch(bx + a) xdx) bed + log(e?™+* — 1) ¢ — log (et 4+ 1) ¢
B b
input Lint ((d*x+c) ~“2*csch(b*x+a) ,x) J

t‘ (int(csch(a + b#*x)*x**2,x)*b*d**2 + 2xint(csch(a + b*x)*x,x)*b*c*d + log(e ‘

outpu
#x(a + bxx) - 1)*ckk2 - log(ex*(a + bkx) + 1)*c**2)/b |




output
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3.3 [(c+ dz)csch(a + bx) dz

Optimal result . . . . . . . . . . . . e Hol
Mathematica [A] (verified) . . . . . . . . . ... o 561
Rubi [C] (verified) . . . ... ... . ... .. BT
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 59
Sympy [F] . . o o 60
Maxima [F] . . . . . . 601
Giac [F] . . . . o o 60
Mupad [F(-1)] . . . o o 611
Reduce [F] . . . . . 611

Optimal result

Integrand size = 12, antiderivative size = 50

2(c + dz)arctanh (e*™)

/(c + dx)csch(a + bx) de = — 2

dPolyLog (2, —e®7) N dPolyLog (2, e*7)

b2

b2

‘—2*(d*x+c)*arctanh(exp(b*x+a))/b—d*polylog(2,—exp(b*x+a))/b‘2+d*polylog(2,

‘ exp (b*x+a)) /b2

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.80

carctanh(cosh(a + bz))

/(c + dx)csch(a + bx) de = — 2

__ patbzx a+bx
+2d<z10g(1 e thr) _zlog(l—l—e )

2b

PolyLog (2, —e®7)

2b
PolyLog (2, e*7)

2b2

2b?

)
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input‘ Integrate[(c + d*x)*Csch[a + bxx],x] ‘

output‘ -((c*ArcTanh[Cosh[a + b*x]])/b) + 2xd*((x*Log[l - E~(a + b*x)])/(2*b) - (x ‘
‘*¥Log[1 + E~(a + b*x)]1)/(2%b) - PolyLog[2, -E~(a + b¥x)]/(2%b"2) + PolyLogl |
LQ, E~(a + b*x)]1/(2%b~2)) J

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.22,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c + dz)csch(a + b) dz
| 3042

/i(c + dz) csc(ia + ibx)dx
| 26

i /(c + dz) csc(ia + ibx)dx

l 4670

<zdf log (1 —e*™®)dz  id [log (1+ e**%) dz N 2i(c + dz)arctanh (e?+57) )
i _
b b b

l 2715

(’Ldf e—a—bm log (1 _ ea+bx) dea-i—bm ’idf e—a—bz log (1 + ea+bm) dea-i—bx N 2i(C + dw)arctanh(ea—i—bx))
(3 —
b2 b2 b

l 2838
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. <2z’(c + dz)arctanh (e?+7) N id PolyLog (2, —e?*%®)  id PolyLog (2, **%%) >
Z —
b b2 b2

inputtlnt[(c + d*x)*Cschla + b*x],x] J

N

.
¢ T*(((2*I)*(c + d*x)*ArcTanh[E~(a + b*x)])/b + (I*d*PolyLog[2, -E"(a + b*x)

outpu
L])/b*z - (I*d*PolyLog[2, E~(a + b*x)1)/b~2) J

Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[2"2, 1]

rule 26

rule 2715 Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(C_.)*((d_) + (e_.)*(x_)‘(n_.))]/(x_)’ x_Symbol] > Slmp[_PolyLog[2
, (-c)*e*x"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(fxfz*I)), x]
+ (-Simp[d*(m/(f*fz*I)) Int[(c + d*x)~(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)~(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] && IGtQ[m, O]

rule 4670




CHAPTER 3. LISTING OF INTEGRALS 59

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.78

method result
d((ba+a) In(1-¢P2+%) £ polylog (2,627 +7) — (bw+a) In(1+e7 ) —polylog (2,—eP*+2)) N 2da arctanh (e?®F4) ) anh(
. . .. —2c arctanh (e
derivativedivides b - 5
d f lt d((bz+a) ln(lfebx"_a)+polylog(2,ebw+a);(bm+a) 1n(1+ebx+a)7polylog(2,7ebz+a>) +2da arctar;h(ebw+a) o arctanh(e
erau 5
dilog(tanh(%-&-%)) dilog(tanh(%-k%)-ﬁ-l) ln(tanh(bjz-ﬁ-%:
ln<tanh(b7z+%))da: ln(tanh(%’:+%))c 2d<_ 2 - 2 -
parts 5 + 5 + =
. 2c arctanh (ebm‘W) dln(1+eb‘”+“)x d ln(l—i—ebm‘m) a dpolylog (2,—ebm+a) d ln(l—eb‘”"’a)z dlr
risch — . - b - & - 52 b + =
input Lint ((d*x+c) *csch(b*x+a) ,x,method=_RETURNVERBOSE) J

Output‘1/b*(d/b*((b*X+a)*ln(1—exp(b*x+a))+polylog(2,exp(b*x+a))—(b*x+a)*1n(1+exp(
‘ bxx+a))-polylog(2,-exp(b*x+a)))+2*d/b*a*arctanh (exp (b*x+a))-2*c*arctanh(ex ‘
‘p(b*x+a))) ‘

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(45) = 90.

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.38

/(c + dx)csch(a + bx) dx
_ dLiy(cosh (bx + a) + sinh (bx 4 a)) — dLis(— cosh (bz + a) — sinh (bx + a)) — (bdz + bc) log (cosh (bz 4

inputLintegrate((d*x+c)*csch(b*x+a),x, algorithm="fricas") J

output‘ (d*dilog(cosh(b*x + a) + sinh(b*x + a)) - d*dilog(-cosh(b*x + a) - sinh(b* ‘
x + a)) - (bxd*x + bxc)*log(cosh(b*x + a) + sinh(b*x + a) + 1) + (bxc - a*
‘d)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + (b*d*x + ax*d)*log(-cosh(b*x +
'a) - sinh(b*x + a) + 1))/b™2 |
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Sympy [F]

/(c + dx)csch(a + bx) dez = / (¢ + dz) csch (a + bzx) dz

‘ integrate ((d*x+c)*csch(b*x+a) ,x) ‘

input
outputtlntegral((c + d*x)*csch(a + b*x), x) J
Maxima [F]
/(c + dz)csch(a + bx) dr = / (dx + c) csch (bz + a) dx
input Lintegrate ((d*x+c) *csch(b*x+a) ,x, algorithm="maxima") J
output"c*(bg(eA(‘b*X - a) + 1)/b - log(e~(-b*x - a) - 1)/b) + 2xd*(integrate(1/ ‘

(2%x/(e”(b*x + a) + 1), x) + integrate(1/2*x/(e”(b*x + a) - 1), X))

Giac [F]
/(c + dz)csch(a + bz) dz = / (dx + c) csch (bz + a) dx
input Lintegrate ((d*x+c)*csch(b*x+a) ,x, algorithm="giac") J
Outputtintegrate((d*x + c)*csch(b*x + a), x) J
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Mupad [F(-1)]

Timed out.
c+dx
h = [ =
/(c + dzx)csch(a + bz) dz / sinh (a + b7) dz
input Lint((c + d*x)/sinh(a + b*x),x) J
output kint((c + d*x)/sinh(a + b*x), x) J
Reduce [F]

[ esch(bx + a) zdz) bd + log (b2 — 1) ¢ — log (b9 + 1) ¢
b

/(c+dw)csch(a+bx) dzx = (

inputLint((d*x+c)*csch(b*x+a),x) J

‘ (int(csch(a + b*x)*x,x)*bxd + log(ex*(a + b*x) - 1)*c - log(e*x(a + bxx) + \

output \ 1)*c) /b \
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3.4 f csch(a+bz) do
T

Optimal result . . . . . . . . . . . . . 62
Mathematica [N/A] . . . . . ... 62
Rubi [N/A] .« . o 63
Maple [N/A] . . . 63}
Fricas [N/A] . . . . o o 64
Sympy [N/A] . . 64
Maxima [N/A] . . . . . 65
Giac [N/A] .« . o o 65
Mupad [N/A] . . . . 651
Reduce [N/A] . . . . o 66

Optimal result

Integrand size = 10, antiderivative size = 10

/ csch(a + bx) dr — Tnt (Csch(a + bx)

T

T

)

output‘

-

input

output L

Defer (Int) (csch(b*x+a)/x,x)

Mathematica [N/A]

Not integrable

Time = 2.78 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ csch(a + bx)

T

da= [

csch(a + bx)
z

dz

LIntegrate [Csch[a + b*x]/x,x]

-/

Integrate[Csch[a + b*x]/x, x]




input

output

input
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ csch(a + bx) iz

x

| 3042
/ i csc(ia + ibx) da

X
| 26
2/ csc(ia + ibx) i

T

| 4680
/ csch(a + bx) de

x

LInt [Csch[a + b*x]/x,x]

‘$Aborted

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ csch (bx + a) s

T

Lint (csch(b*x+a) /x,x)
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output Lint (csch(b*x+a)/x,x)

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/csch(a + bx) dp — / csch (bx + a) i

T T

-

q : =N : "
input Llntegrate(csch(b*x+a)/x,x, algorithm="fricas")

-/

output Lintegral(csch(b*x + a)/x, x)

Sympy [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/csch(a + bx) d — / csch (a + bx) iz

Z T

input tintegrate (csch(b*x+a) /x,x%)

output LIntegral(csch(a + b*x)/x, X)
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Maxima [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ csch(a + bz) p

T

/ csch (bz + a) s

T

input t

integrate(csch(b*x+a)/x,x, algorithm="maxima")

output L

integrate(csch(b*x + a)/x, x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/csch(a + bx) dr — / csch (bz + a) s

T T

input L

integrate(csch(b*x+a)/x,x, algorithm="giac")

output L

integrate(csch(b*x + a)/x, x)

Mupad [N/A]
Not integrable

Time = 2.45 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.40

/ csch(a + bx) dp — / . 1 i
x zsinh (a + bx)

input L

int (1/(x*sinh(a + b*x)),x)
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output L

int(1/(x*sinh(a + b*x)), x)

-

inputt

outputt

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ csch(a + bx) dr — / csch(bz + a) i

T T

int (csch(b*x+a) /x,X)

-/

int(csch(a + b*x)/x,x)
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3.5 [(c+ dx)3csch?(a + bx) dx

Optimal result . . . . . . . . . . . . e 671
Mathematica [A] (verified) . . . . . . . . . ... o 68]
Rubi [C] (verified) . . . ... ... . ... .. 63
Maple [B] (verified) . . . . . . . . . ... [71]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 72
Sympy [F] . . o o (73l
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... (4
Giac [F] . . . . o o 75
Mupad [F(-1)] . . . o o 75
Reduce [F] . . . . . 75

Optimal result

Integrand size = 16, antiderivative size = 103

3 3
/(c + dz)3csch?(a + bx) dz = — (c +bdx) _ (c+dz) C(gth(a + bz)

3d(c + dz)?log (1 — eX(a+to))
+ B2

3d?(c + dz) PolyLog (2, e2(a+52))
+ =

3d3 PolyLog (3, eX(atte))

2b*

- (d*x+c) ~3/b- (d*x+c) "3*coth (b*x+a) /b+3*d* (d*x+c) “2*1n(1-exp (2*b*x+2%a)) /b~ \
2+3*d~2* (d*x+c) *polylog(2, exp (2*b*x+2*a)) /b~3-3/2*d~3*polylog(3, exp (2*xb*x+ ‘
‘ 2%a))/b~4 ‘

output ‘




CHAPTER 3. LISTING OF INTEGRALS 68

Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.80

/(c + dz)3csch?(a + bx) dx

_ 2(ct+dx)? 3d(c+dz)? log(1—e—2702) + 3d(c+dz)? log(1+e—2702) _ 6d? (b(c+dz) PolyLog (2,—e~%~%) +d PolyLog(3,—e~%~5%))

—1+e2a b b b3

b

;
Integrate[(c + dxx)~3*Csch[a + b*x]~2,x]

N\ J

input

((-2%(c + d*x)"3)/(-1 + E"(2*a)) + (3*d*(c + d*x)~2*Log[l - E"(-a - b*x)])
/b + (3*d*(c + d*x)~2xLog[1l + E"(-a - b*x)])/b - (6*d"2x(bx(c + d*x)*PolyL
ogl2, -E~(-a - b*x)] + d*PolyLogl[3, -E~(-a - b*x)]))/b~3 - (6*%d~2*(bx(c +
d*x)*PolyLog[2, E~(-a - b*x)] + d*PolyLogl[3, E"(-a - b*x)]))/b"3 + (c + d*
x) "3*Csch[a]*Csch[a + b*x]*Sinh[b*x])/b

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.71 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.42,

number of steps used = 12, number of rules used = 11, number of rules _ 0.688, Rules
integrand size

used = {3042, 25, 4672, 26, 3042, 26, 4201, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3csch?(a + br) dz
| 3042
/ —(c+ dz)3 csc(ia + ibx)?dx

| 25

- /(c + dx)3 csc(ia + ibx)2dx
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l 4672

_ (c+ dx)® coth(a + bx) 4 3id [ —i(c + dz)? coth(a + bx)dz
b b

| 26

3d [(c+ dz)?coth(a + bz)dz  (c+ dx)3coth(a + bx)

b b
l 3042

(et dz)? coth(a + bz) + 3d [ —i(c+ dz)? tan (ia + ibz + §) do
b b

| 26

(et dz)3 coth(a + bx) _ 3id [(c+ dz)?tan (5(2ia + m) + ibz) dx

b b
l 4201
. . e2ot2ba—im (o dy)? i(c+dzx)3
(c + dz)3 coth(a + bx) 3id (22 J Trezatmo—in 0T = ~3g )
b b

l 2620

(c + dz)3 coth(a + bx)
b

2 2a+2bx—im 2a+2bz—im .
3id (2i<(c+dx) log(12—li)-e ) __ d[(ctdz) log(l;—e )dz) _ z(c_ggm):%)

b
| 3011

(c+ dz)3 coth(a + bx)

d(d [ PolyLog (2’_222a+2bw—i1r)dz _ (c+dx) PolyLog (221;_52a+2bw—i7r) >

2 2a+2bx—im . 3
3id | 2 (ctdz) log(lz—;—e ) _ . _ %
b

l 2720

(c + dz)3 coth(a + bx)

df e—2a—2bz+i1r PolyLog(2,762“+2bm_i")d52a+2b$_iﬂ (ctdax) PolyLog(2,762a+2bz_i")
(c+dz)? log (1+e2at2ba—im) d 42 - 2b

3id | 2i - - - -
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l 7143
(c + dz)3 coth(a + bx)
d PolyLog (3,—e20+2bm_i") (c+dz) PolyLog (2,—€2a+2bx_iﬂ->
. | (ctdz)? log(1+e2a+2bzfi7r) 4b2 2b i(c+da)3
3id | 21 % — 5 - =37
b

e

inpu_ttlnt[(c + d*x)~3%Csch[a + b*x]"2,x]

~—

-(((c + dxx)~3%Coth[a + b¥x])/b) - ((3*D)*d*(((-1/3xDx(c + d*x)"3)/d + (2
\*I)*(((c + d*x) "2*Log[1 + E~(2*a - I*Pi + 2*b*x)])/(2*b) - (d*x(-1/2*((c + \
|d*x)*PolyLog[2, -E~(2%a - I*Pi + 2¥b*x)1)/b + (d*PolyLogl[3, -E~(2%a - IPi
|+ 24b¥x)1)/(4%b72)))/b))) /b

output

Defintions of rubi rules used

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(C(F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, vl, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]
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rule 3011 IntLogll + (e )*x((F)"((c_)*((a_.) + (b_.)*(x_))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~“n]/(bxc*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + gxx)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 TELCCe_) + (d_)*(x))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x))], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*(E" (2% ((-I)*e + f*xfzxx))/(1 + E(2x((-I)*e + fxfz*x)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4672 Intlescle_) + (£_.)*(x)172%((c_.) + (d_.)*(x))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)
*Cot[e + f*x], x], x] /; FreeQl[{c, 4, e, £}, x] && GtQ[m, O]

rule 7143 Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 472 vs. 2(101) = 202.

Time = 0.31 (sec) , antiderivative size = 473, normalized size of antiderivative = 4.59

method | result

. 2(d323+3c d?z?+3c%dz+c3) 6d201n(1+eb“”+“)1: 6d2cln(1—ebz+a)m 6d2cln(1—ebz+a)a 6d3a? ln(eb’*“) (
risch - (eZaF2a_1)p + 52 + b2 + 5 - 7 -

input‘int((d*X+c)“3*csch(b*x+a)“2,x,method=_RETURNVERBUSE)
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-2 (d"3*x"3+3%c*xd"2*x"2+3%c”2*d*x+c~3) / (exp (2*b*x+2%a)-1) /b+6*d~2/b"2*c*1n
(1+exp (b*x+a) ) *x+6%d~2/b"2*c*1n (1-exp (b*x+a) ) *x+6%d~2/b"3*c*1n (1-exp (b*x+a
)) *a-6/b~4*d"3*a"2x1n (exp(b*x+a) ) —6/b~2*d*c~2*1n (exp (b*x+a) ) +3*d~3/b~2*1n (
1-exp(b*x+a)) *x~2-3*d"3/b"4*1n(1-exp(b*x+a) ) *a~2+6/b~3*d"3*a~2*xx+6*d~3/b~3
*polylog(2,exp(b*x+a))*x+3*d/b~2*%c~2*1n (exp (b*x+a)-1)+3*d/b~2*c~2*1n(1+exp
(b*x+a))+6*d~2/b"3*c*polylog(2,-exp(b*x+a))-6/b*xd"2%c*x~2-6/b"3*d"2*c*a” 2+
6*d~2/b"3*c*xpolylog(2,exp(b*x+a))+3*d~3/b 4*a”~2x1n(exp (b*x+a)-1)+3*d~3/b"2
*1n (1+exp (b*x+a) ) *x~2+6xd~3/b"3*polylog(2,-exp (b*x+a)) *x-12/b"2*d "~ 2*c*a*x+
12/b”~3*d"2*c*a*1n(exp (b*x+a))-6*xd~3/b~4*polylog(3,-exp(b*x+a))-6*d~3/b~4*p
olylog(3,exp(b*x+a))+4/b~4*d"~3*a~3-2/b*d~3*x~3-6%d~2/b"3*c*a*1ln(exp (b*x+a)
-1)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1159 vs. 2(100) = 200.

Time = 0.09 (sec) , antiderivative size = 1159, normalized size of antiderivative = 11.25

/ (c + dz)3csch?(a + br) dz = Too large to display

input‘integrate((d*x+c)‘3*csch(b*x+a)*2,x, algorithm="fricas")
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output

-(2%b"3%c"3 - 6xaxb~2xc"2*%d + 6*a”2*b*c*d"2 - 2*xa~3*d"3 + 2% (b"3*d"3*x"3 +
3*%b " 3*%ckd"2*%x"2 + 3*%b"3kcT2kd*x + 3*kakb~2kc"2kd - 3*ka~2%bkckd"2 + a~3*xd"3
Yxcosh(b*x + a)~2 + 4% (b"3*%d"3*x"3 + 3*b~3*kc*d"2*x"2 + 3*b~3*c”2xd*x + 3*a
*b"2xc"2xd — 3*a”~2*b*c*d"2 + a~3*d"3)*cosh(b*x + a)*sinh(b*x + a) + 2x(b~3
*d"3*%x"3 + 3*%b"3kckd"2*%x"2 + 3*%b"3*kc"2kd*x + 3*kaxb~2kc"2xd - 3*xa~2xbxcxd"2
+ a~3*d"3)*sinh(b*x + a)”~2 + 6x(b*d~3*x + bxc*kd"2 - (b*d~3*x + bkc*d~2)*c
osh(b*x + a)”2 - 2*%(b*d"3*x + b*c*d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*d~
3*x + b*c*d~2)*sinh(b*x + a)~2)*dilog(cosh(b*x + a) + sinh(b*x + a)) + 6%(
b*d~3*x + bxc*d"2 - (b*d"3*x + bxc*d~2)*cosh(b*x + a)~2 - 2x(bxd"3*x + b*c
*d"2) *cosh(b*x + a)*sinh(b*x + a) - (b*d~3*x + b*c*d~2)*sinh(b*x + a)~2)*d
ilog(-cosh(b*x + a) - sinh(b*x + a)) + 3*x(b"2%d"3*x"2 + 2¥b~2%c*xd"2*x + b~
2%c”2*%d - (b"2+%d"3*x"2 + 2%b"2kc*d"2*x + b~2%c”2*xd) *cosh(b*x + a)~2 - 2*(b
“2x%d"3%x72 + 2*b"2*c*d"2*x + b"2*c”2*d)*cosh(b*x + a)*sinh(b*x + a) - (b”2
*d"3%x72 + 2%b”2%c*xd"2*x + b~2%c”"2*xd)*sinh(b*x + a)~2)*log(cosh(b*x + a) +
sinh(b*x + a) + 1) + 3*%(b"2%c™2%d - 2*axbxc*d"2 + a"2*%d"3 - (b"2*c~2xd -
2*axbkc*d~2 + a~2*d"3)*cosh(b*x + a)”~2 - 2x(b"2*%c”2*d - 2*a*bxc*d"2 + a"2x*
d"3)*cosh(b*x + a)*sinh(b*x + a) - (b~2*c"2xd - 2*a*b*c*d™2 + a~2*d"3)*sin
h(b*x + a)~2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 3*(b"2*d"3*x"2 + 2%
b~ 2%c*xd"2*x + 2*axbxckd™2 - a"2*%d"3 - (b72*d"3*x"2 + 2*b"2*ckd"2*x + 2*ax*b
xc*d"2 - a~2+%d"3)*cosh(b*x + a)~2 - 2x(b™2*xd"3%x"2 + 2%b " 2kckxd"2*x + 2%. ..

Sympy [F]

/(c + dz)3csch?(a + br) dr = / (¢ + dz)® esch? (a + bz) dx

inputt

integrate ((d*x+c)**3*csch(b*x+a) **2,x)

-

outputt

Integral((c + d*x)**3*csch(a + b*x)**2, x)

| —
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 320 vs. 2(100) = 200.

Time = 0.21 (sec) , antiderivative size = 320, normalized size of antiderivative = 3.11

/(c + dx)*csch®(a + br) dx

3c2d< 2zelhei log ((e(bxﬂ) + 1)6(_a)) B log ((e(b‘”“) — 1) e(—a))>

be(2bz+2a) _ p - b2 b2

+ 6 (b.’E log (e(b$+a) + 1) + Li, (_e(bx+a)))cd2

b3

6 (brlog (—e®**®) + 1) + Lip (e®*+9) ) cd?
+ =
n 2¢8 _ 2(d°z® + 3 cd?a?)

b(e(—2bm—2a) _ 1) be(2bz+2a) _ )
N 3 (b%z%log (e®™*®) + 1) + 2bxLip (—e®*+9)) — 2 Lis(—elot)))
bt
N 3 (b%z%log (—e®*®) + 1) + 2bzLis (e®*+®)) — 2 Lis(et=*))) d?
bt

2 (b*d®z® 4 3 bPcd®z?)
bl

jnputLintegrate((d*X+C)A3*CSCh(b*x+a)‘2,x, algorithm="maxima") J

/

-3%c 2%d* (2xxke” (2xbxx + 2%a)/(bxe” (2xbxx + 2xa) - b) - log((e”(bxx + a) +
1)*e~(-a))/b~2 - log((e~(b*x + a) - 1)*e~(-a))/b~2) + 6% (bxx*log(e” (b*x +
a) + 1) + dilog(-e~(b*x + a)))*cxd~2/b~3 + 6% (b*x*log(-e~(b*x + a) + 1) +
dilog(e~(b*x + a)))*c*d™2/b"3 + 2%c~3/(b* (e~ (-2%b*x - 2*%a) - 1)) - 2%(d"3

*x~3 + 3xcxd"2*x"2)/(b*e” (2*b*x + 2*a) - b) + 3x(b"2xx"2*log(e” (b*x + a) +
1) + 2%bxx*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))*d~3/b~4 + 3%

(b~2%x~2*log(-e~(b*x + a) + 1) + 2*b*x*dilog(e”(b*x + a)) - 2%polylog(3, e

“(b*x + a)))*d"3/b~4 - 2% (b~3*d"3*x~3 + 3*%b~3*kc*kd"2*xx"2)/b"4

output
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Giac [F]

/(c + dz)3csch?(a + bxr) dz = / (dz + ¢)® csch (bz + a)? dz

input Lintegrate ((d*x+c) “3*csch(b*x+a) "2,x, algorithm="giac") ‘

output tintegrate((d*x + c)73xcsch(b*x + a)~2, x) J

Mupad [F(-1)]

Timed out.
3
¢+ dx)3csch?(a + bx) dz = Mdm
( ) 5
sinh (a + bx)
input Lint((c + d*x)~3/sinh(a + b*x)~2,x) J
outputtint((c + d*x)~3/sinh(a + b*x)~2, x) J
Reduce [F]

/(c + dz)3csch?(a + br) dz

-3 108 (ebz—i-a _ 1) d3 _ 310g(ebw+a + 1) d3 + 682bx+2alog(ebz+a _ 1) b2c2d + 662bz+2a10g(ebw+a _ 1) be dz

input Lint((d*x+c)‘3*csch (b*x+a) ~2,x) J




output
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( - 12%ex*x(2%a + 2%b*x)*int (x**2/(e*x*(4*a + 4xbxx) - 22ke*x*(2%a + 2xb*x) +

1) ,x) *b**k3xd**3 - 24xexx (2%a + 2xb*x)*int(x/(e*x*(4%a + 4*b*x) - 2xex*(2*a
+ 2%b*xx) + 1),x)*b*x*3kckd**2 - 12%e*x*x(2%a + 2xb*x)*int(x/(ex*(4*xa + 4*b*x)
- 2%ex*k(2%a + 2xb*x) + 1),x)*b*x*2+d**3 + Bxe*x(2xa + 2*bxx)*log(e**(a + b
*x) — 1)*b**2xc**2xd + Bkex*(2%a + 2xb*x)*log(ex*(a + b*x) — 1)*bkxckd**2 +
3xex*(2%xa + 2xbxx)*log(e*x(a + b*x) - 1)*d**3 + 6xex*(2%a + 2*b*x)*log(e*
x(a + b*x) + 1)*b*x2*c**2%d + 6xe**(2%a + 2¥b*x)*log(e**(a + b*x) + 1)*b*c
*xd*x*2 + 3ke*xx(2%a + 2*¥b*x)*log(ex*(a + b*x) + 1)*d**3 - 4xex*(2%a + 2xbxx)
*b*kx3kCck*3 — 12ke*x*x(2%a + 2¥b*x) *kbk*3kck*x2kd*xx — 12%e*x*x (2%a + 2xbkx) *b**2*
cxdk*2%x — 6kex*x(2%a + 2¥b*x)*bkd**3*x + 12*int (x**2/(e*x*(4*a + 4xb*xx) - 2
xex* (2%a + 2xbxx) + 1),x)*b**3*xd**3 + 24xint (x/(ex*(4*a + 4xbxx) - 22*e*x(2
*a + 2xbxx) + 1),x)*b**3kckd**2 + 12xint (x/(e*x*(4*a + 4*b*x) - 2xexx(2*xa +
2xb*x) + 1) ,x)*b**2xd**3 - 6*log(ex*(a + b*x) - 1)*bx*2xc**2xd - 6xlog(e*
x(a + b*x) - 1)*b*ckd**2 - 3xlog(ex*(a + b*x) - 1)*d**3 - 6%log(ex*(a + b*
X) + 1)*bx*2kc**2xd - 6xlog(ex*(a + b*x) + 1)*b*c*d**2 - 3*xlog(ex*(a + b*x
) + 1)*d*%*3 - 12%b**x3kckd*x*kx*k*x2 — 4xbk*k3kd*k*k3*kx*k*3 — Gkbk*kd**k3*kx*k*2) / (
2¥b*x4*x (e*x* (2%a + 2¥b*x) - 1))
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3.6 [(c+ dx)*csch®(a + bx) dx

Optimal result . . . . . . . . . . . . e 77
Mathematica [A] (verified) . . . . . . . . . ... o rdrd
Rubi [C] (verified) . . . ... ... . ... .. 78
Maple [B] (verified) . . . . . . . . . ... R0
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 1]
Sympy [F] . . o o ]2
Maxima [F] . . . . . . 82
Giac [F] . . . . o o ’2
Mupad [F(-1)] . . . o o ’3
Reduce [F] . . . . . 83

Optimal result

Integrand size = 16, antiderivative size = 74

/(c + dz)?csch?(a + br) dz = — (c+ do)? _ (et dz)? coth(a + bz)
b b

2d(c + dz) log (1 — eXa5)) g2 PolyLog (2, e2(@+=))
* b2 + b3

e B

- (d*x+c) “2/b-(d*x+c) “2*coth (b*x+a) /b+2xd* (d*x+c) *1n (1-exp (2*b*x+2*a) ) /b~ 2+
‘d‘2*polylog(2,exp(2*b*x+2*a))/b‘3

output

Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.85

/(c + dx)?csch?(a + br) dz

_ Pletde) (bletdn) A1) log(1oe P77 ~A(C1re™) ls(1he ")) _ 92 PolyLog (2, —e~*~**) — 242 PolyLog
b3

input LIntegrate[(c + d*x)"2+Cschl[a + bxx]"2,x] J
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t‘ ((-2%b*x(c + d*x)*(bx(c + d*x) - d*(-1 + E~(2%a))*Log[l - E"(-a - b*x)] - d \
(*(-1 + E"(2%a))*Log[1 + E~(-a - b*x)1))/(-1 + E~(2a)) - 2*d~2%PolyLogl2, |
-E"(-a - bxx)] - 2%d"2#PolyLog[2, E~(-a - b¥x)] + b~2%(c + d*x)~2*Csch[a]l*
(Cschla + b*x]*Sinh[b*x])/b~3 |

outpu

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.43,

number of rules __
integrand size 0.625, Rules

used = {3042, 25, 4672, 26, 3042, 26, 4201, 2620, 2715, 2838}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)%csch?(a + bx) dz
| 3042

/ —(c+ dz)? csc(ia + ibx)?dx

| 25

- /(c + dz)? csc(ia + ibx)?dx

l'4672

_ (c+ dx)? coth(a + bx) + 2id [ —i(c + dz) coth(a + bx)dx
b b

| 26

2d [(c+dz)coth(a + bz)dz  (c+ dz)? coth(a + bx)
b b

l 3042

_ (c+dz)? coth(a + bx) N 2d [ —i(c + dz) tan (ia + ibz + ) dz
b b

| 26
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_(c+dx)®coth(a+bx) 2id [(c+ dz)tan (3(2ia + ) + ibz) dz

b b
| 4201
. . 2a+2bx—im +d . +d 2
(c + dz)? coth(a + bx) 2id (21 < 1+e2a+2bgvc—iﬂx) da — ¢ de) )
b b
l 2620
. . [ (c+dzx) log (14-e20+2bz—im d [ log(1+e2at2ba—im) gy i(c+dz)?
_(c+dx)2coth(a+bx) M(?Z( L ) sl ) ) - depe )
b b
| 2115
(et dr)? coth(a + bx) B
b
. . (C+d$) log 1+62a+2bz—i7r dfe—Qa—QbaH-iﬂ log 1+62a+2bz—i1r d62a+2bz—i7r i(c4-d 2
22d(2z< (s ) _ (1< ) )__ et ds) )
b
l 2838
(et dz)? coth(a + bx) B
, b .
%d (21.(dPolyLog(24,1;262‘%2”1*1 ) 4 (ct+dzx) 10g(1;;)e2 +2b )) _ z(c-ggm)z)
b

\Int[(c + d*x)~2*Cschla + b*x]"2,x]

input

outpus ~(((c + d¥0)"24Cothla + bax])/b) - ((HD*dx(((-1/2#D*(c + d0"2)/d + (2
*I)*(((c + d*x)*Log[l + E™(2%a - I*Pi + 2%b¥x)])/(2%b) + (d*PolyLogl2, -E
(2%a - T¥Pi + 2+b¥x)1)/(4%b°2)))) /b

Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

% ‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

rule
‘nt[Fx, x], x] /; FreeQl[a, x] &% EqQ[a~2, 1] ‘




rule 2620

rule 2715

rule 2838

rule 3042

rule 4201

rule 4672
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Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D*((F)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

N\

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*x(E"(2*((-I)*e + fxfz*x))/(1 + E~(2*%((-I)*e + f*fz*x)))), x], x]
/; FreeQl{c, d, e, £, fz}, x] && IGtQ[m, 0]

Int[lcscl(e_.) + (£_.)*(x_)]1"2*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) 1Int[(c + d*x)~"(m - 1)
*Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 239 vs. 2(74) = 148.

Time = 0.26 (sec) , antiderivative size = 240, normalized size of antiderivative = 3.24

method | result

2 (d2m2+20dm+c2)

2dcln(eb*tae—1) _ 4dcln(eb®t2) 2dcIn(1+eb*+a) _2d2z® _ 4d’za _ 2d2%a2

2d? In(1+

I'lSCh - (e2bx+2a_]_)b + b2 b2 b2 b b2

b3

b2




CHAPTER 3. LISTING OF INTEGRALS 81

input | int ((d*x+c) "2*csch(b*x+a) "2,x ,method=_RETURNVERBOSE)

-2 (d"2#x"2+2*c*xd*x+c”2) / (exp (2*b*x+2*a) -1) /b+2*d/b~2*c*1n (exp (b*x+a)-1) -4
/b~ 2*d*c*1n (exp (b*x+a))+2*d/b~2*c*1n(1+exp (b*x+a) ) -2/b*d~2+%x~2-4/b~2*d~2*x
*a-2/b"3*d"2*a”2+2*xd"2/b"2*1n(1+exp (b*x+a) ) *x+2*d~2/b"3*polylog(2,-exp (b*x
+a))+2xd"2/b"2*1n (1-exp (b*x+a) ) *x+2*d~2/b"3*1n (1-exp (b*x+a) ) *a+2*d~2/b"3*p
olylog(2,exp(b*x+a))-2%d~2/b~3*a*1ln(exp(b*x+a)-1)+4/b~3*d~2*a*1n (exp (b*x+a
)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 623 vs. 2(73) = 146.

Time = 0.09 (sec) , antiderivative size = 623, normalized size of antiderivative = 8.42

/ (c + dx)?csch?(a + bx) dz = Too large to display

input‘integrate((d*x+c)“2*csch(b*x+a)*2,x’ algorithm="fricas")

-2%(b"2%c”2 - 2*xaxb*c*d + a~2%d"2 + (b"2*%d"2*x"2 + 2*b"2*ckd*x + 2%axbxcxd
- a”2*%d"2)*cosh(b*x + a)~2 + 2k (b"2*xd"2*x"2 + 2xb~2*ckxd*x + 2*a*bxcxd - a
~2xd"2)*cosh(b*x + a)*sinh(b*x + a) + (b~2*d"2*x"2 + 2*b"2*c*xd*x + 2*a*bxc
*d - a~2xd"2)*sinh(b*x + a)~2 - (d"2*cosh(b*x + a)~2 + 2*d"2*cosh(b*x + a)
*sinh(b*x + a) + d"2*sinh(b*x + a)~2 - d"2)*dilog(cosh(b*x + a) + sinh(b*x
+ a)) - (d"2*cosh(b*x + a)~2 + 2%d~2*cosh(b*x + a)*sinh(b*x + a) + d~2*si
nh(b*x + a)~2 - d"2)*dilog(-cosh(b*x + a) - sinh(b*x + a)) + (bxd™2*x + bx
ckd - (bxd"2#x + bxc*d)*cosh(b*x + a)”~2 - 2%(b*d"2*x + b*c*d)*cosh(b*x + a
)*sinh(b*x + a) - (b*d™2*x + b*c*d)*sinh(b*x + a)~2)*log(cosh(b*x + a) + s
inh(b*x + a) + 1) + (b*c*d - a*xd™2 - (b*cxd - a*d~2)*cosh(b*x + a)~2 - 2x*(
bxcxd - a*d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*c*d - a*d~2)*sinh(b*x + a)
~2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + (b*d™2*x + a*d~2 - (bxd"2*x +
a*d~2)*cosh(b*x + a)~2 - 2*%(b*d"2*x + a*d~2)*cosh(b*x + a)*sinh(b*x + a)
- (b*d~2*x + a*d~2)*sinh(b*x + a)~2)*log(-cosh(b*x + a) - sinh(b*x + a) +
1))/ (0"3*cosh(b*x + a)~2 + 2*b~3*cosh(b*x + a)*sinh(b*x + a) + b~ 3*sinh(b*

X +a)’2 - b™3)

output

\
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Sympy [F]

/(c + dz)?csch?(a + bx) dz = / (c+ dz)? csch? (a + bz) dx

input‘integrate((d*X+C)**2*csch(b*x+a)**2’x)

Outputtlntegral((c + dxx)**2xcsch(a + b*x)**2, x) J
Maxima [F]
/(c + dx)chchz(a + bzx)dzx = / (dz + 6)2 csch (bx + a)2 dz
jnputLintegrate((d*X+C)A2*CSCh(b*x+a)‘2,x, algorithm="maxima") J
output‘ -2%d"2%(x~2/ (b*e~ (2*b*x + 2*a) - b) + 2xintegrate(1/2*x/(b*e~(b*x + a) + b

‘), x) - 2*integrate(1/2*x/(b*e~(b*x + a) - b), x)) - 2*ckd*(2xx*e” (2*b*x + ‘
\ 2%a)/(bxe” (2xb*x + 2¥a) - b) - log((e”(b*x + a) + 1)*e"(-a))/b~2 - log((e \
“(bkx + a) - 1)*e"(-a))/b"2) + 2#c”2/(bx(e”(-2%bx - 2+a) - 1)) |

Giac [F]

/(c + dz)%csch®(a + bz) do = / (dz + ¢)? esch (bz + a)® da

input Lintegrate ((d*x+c) “2xcsch(b*x+a) "2,x, algorithm="giac") J

output Lintegrate((d*x + c)~2xcsch(b*x + a)~2, x) J
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Mupad [F(-1)]

Timed out.
2 (c+dz)?
/(c + dx)chch (a+bzx)dx = / T
sinh (a + bx)
input‘int((c + d*x)~2/sinh(a + b*x)~2,x)
ou‘cputtim:((C + d*x)~2/sinh(a + b*x)~2, x) J
Reduce [F]

/(c + dz)?csch?(a + bzx) dx

_462bz+2a <f e4bw+4a_2we2bz+2a+1dx> b2d2 + 2e2bx+2alog(ebx+a _ 1) bed + ebe-{—QalOg(ebx—i-a _ 1) d2 + 2e2bx+f

e

kint((d*x+c)‘2*csch(b*x+a)‘2,x)

~—

input

( - 4*xexx(2*a + 2xbxx)*int(x/(ex*(4*a + 4xb*x) - 2xex*(2%a + 2xb*x) + 1),x
) ¥b*k*2%d**2 + 2xexx(2ka + 2%b*x)*log(ex*(a + bxx) — 1)*bxckd + ex*k(2*a + 2
*b*x) *log(ex*(a + b*x) — 1)*d**2 + 2%ex*(2%a + 2xbxx)*log(e*x(a + bxx) + 1
)xbkxcxd + exx(2xa + 2xb*x)*log(ex*(a + bkxx) + 1)*d*x2 - 2xe**x(2*a + 2*b*x)
*b**k2kCck*2 — 4kexkx(2%a + 2%b*x)*kb**2kckd*xx — 2%ex* (2%a + 2¥b*x) *bkd**2%x +
4xint (x/ (e*x*(4xa + 4*bxx) - 2%e**(2xa + 2%bxx) + 1) ,x)*bx*2kd**2 - 2¥1log(
exx(a + bxx) - 1)*bxc*kd - log(ex*(a + b*x) - 1)*d**2 - 2xlog(e**(a + b*x)
+ 1)*bxc*d - log(e**(a + b*x) + 1)*d**2 — 2xb*x2kd**2xx**2)/ (b**3* (ex* (2*xa
+ 2xb*xx) - 1))

output




output

input

output
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3.7 [(c+ dx)csch?(a + bx) dz

Optimal result . . . ... ... ... ... .. ........
Mathematica [A] (verified) . . . . . . . ... ... ... ...
Rubi [C] (verified) . .. ... ... ... ... .......
Maple [A] (verified) . . . . . . ... Lo Lo
Fricas [B] (verification not implemented) . . . . . . ... ..
Sympy [F] . . .«
Maxima [B] (verification not implemented) . . . . . . . . ..
Giac [B] (verification not implemented) . . . . . . . ... ..
Mupad [B] (verification not implemented) . . ... ... ..
Reduce [B] (verification not implemented) . . ... ... ..

Optimal result

Integrand size = 14, antiderivative size = 29

¢+ dx) coth(a + bx) N dlog(sinh(a + bx))

/(c + dx)csch?(a + bz) dz = ( )

b2

-

- (d*x+c)*coth (b*x+a) /b+d*1n(sinh (b*x+a))/b~2

N\

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.79

_dzcoth(a) ccoth(a + bz)

/(c + dz)csch?(a + bx) dz = a b

+ dlog(sinh(a + bz))

b2

N dzcsch(a)csch(a + br) sinh(bx)

b

LIntegrate [(c + d*x)*Csch[a + b*x]~2,x]

|- ((d*x*Coth[al)/b) - (c*Cothla + b*x])/b + (d*LoglSinh[a + b*x]1)/b"2 + (d

 *x*Cschlal*Cschla + bx]*Sinh[b¥x])/b
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.14,

number of rules _
integrand size 0.500, Rules

number of steps used = 7, number of rules used = 7,
used = {3042, 25, 4672, 26, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)csch?(a + bx) dx
| 3042

/ —((c + dz) csc(ia + ibz)?) dz

l 25

— [ (¢ + dz) csc(ia + ibx)?dz
(

l 4672

(c + dz) coth(a + bx) N id [ —icoth(a + bz)dz
b b

| 26

d [ coth(a +br)dz  (c+ dz)coth(a + bx)
b b

l 3042

(¢ + dz) coth(a + bx) N d [ —itan (ia + ibz + ) dz
b b

| 26

_(c+dx)coth(a+bx) id [ tan (3(2ia + m) + ibz) dz
b b

l 3956

(¢ +dz)coth(a +bx) dlog(—isinh(a + bx))
b * b2
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input LInt[(c + d*x)*Csch[a + b*x]~2,x] J

output L‘(((C + d*x)*Coth[a + b*x])/b) + (d*Log[(—I)*Sinh[a + b*x]]) /b2 J

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 26

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl[{c, d}, x]

rule 3956

Int[cscl(e_.) + (£_.)*(x_)]1"2%((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)
xCot[e + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

rule 4672

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.93

method result size
. 2dz  2da 2(dz+c) dln(e?b=+2a_1)
risch 7 — 2 (e2ba+2a_1)p + b2 56

parallelrisch —4 ln<1—tanh<b7w+%))d+2 In (tanh(%‘-ﬁ-%))d—;)bg(dz-i-c) coth<%+%>+(dm+c) tanh(%w+%>+2dm) 75

input Lint ((d*x+c) *csch(b*x+a) “2,x,method=_RETURNVERBOSE) J
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‘ -2xd/b*x-2xd/b"~2*a-2* (d*x+c) / (exp (2¥bxx+2*a) -1) /b+d/b"2*1n (exp (2*b*x+2%*a) - \

2 J

Fricas [B] (verification not implemented)

output

Leaf count of result is larger than twice the leaf count of optimal. 166 vs. 2(29) = 58.

Time = 0.09 (sec) , antiderivative size = 166, normalized size of antiderivative = 5.72

/(c + dz)csch?(a + bx) dz =

2 bdz cosh (bz + a)? + 4 bdz cosh (bx + a) sinh (bz + a) + 2bdz sinh (bz + a)® + 2bc — (dcosh (bz + c
b2 cosh (b + a)® + 22 cosh (bz + a) sinh (bx

p
Lintegrate ((d*x+c)*csch(b*x+a) "2,x, algorithm="fricas")

-/

input

- (2%bkxd*x*cosh(b*x + a)~2 + 4xbxd*x*xcosh(b*x + a)*sinh(b*x + a) + 2%b¥d*x*
sinh(b*x + a)~2 + 2xb*c - (d*cosh(b*x + a)~2 + 2xd*cosh(b*x + a)*sinh(b*x
+ a) + d*sinh(b*x + a)~2 - d)*log(2*sinh(b*x + a)/(cosh(b*x + a) - sinh(b*
x + a))))/ (b 2xcosh(b*x + a)~2 + 2%b~2*%cosh(b*x + a)*sinh(b*x + a) + b~2x*s
inh(b*x + a)~"2 - b"2)

output

Sympy [F]

/(c + dz)csch?(a + bz) dx = / (c 4 dz) csch? (a + bz) dz

input Lintegrate((d*xm) xcsch (b*x+a) **2,x) J

output tIntegral((c + d*x)*csch(a + b*x)**2, x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(29) = 58.

Time = 0.04 (sec) , antiderivative size = 91, normalized size of antiderivative = 3.14

/(c + dz)csch®(a + bx) dz
p 211)6(2 bz+2a) log ((e(bw-i-a) + 1)6(—a)) log ((e(bx+a) _ 1) e(—a))
= T peterza) _p b2 - b2
2c
+

b(e(—2 br—2a) __ 1)

/

integrate((d*x+c)*csch(b*x+a)~2,x, algorithm="maxima")

~—

input L

‘—d*(2*x*e’"(2*b*x + 2xa)/(bxe” (2%b*x + 2¥a) - b) - log((e~(b*x + a) + 1)*e” \
‘(-a))/b‘2 - log((e~(b*x + a) - 1)*e"(-a))/b~2) + 2*c/(bx(e”(-2%b*x - 2%*a) ‘
- 1))

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(29) = 58.

Time = 0.12 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.76

/(c + dz)csch?(a + bz) dx

2bdxe(2bz+2a) _ de(2bm+2a) log (6(2ba:+2a) _ 1) +2bc + leg (e(me+2a) _ 1)
b2e(2bz+2a) _ P2

input Lintegrate ((d*x+c)*csch(b*x+a)~2,x, algorithm="giac") J

output‘ - (2%bxd*x*e” (2¥b*x + 2*a) - d*e” (2*b*x + 2xa)xlog(e”(2*b*x + 2xa) - 1) + 2 \
\*b*c + d*log(e”™ (2*%bxx + 2%a) - 1))/(b"2%e”(2*b*x + 2*a) - b72) \
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Mupad [B] (verification not implemented)

Time = 2.52 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.69

dln(e“e?bw—l) 2(c+dx) 2dzx
2 - — —
/(c + dz)csch®(a + bz) dz = 7 b (e~ 1) ;
input Lint((c + d*x)/sinh(a + b*x)~2,x) J
output ((d*log(exp(Q*a) *exp (2%b*x) - 1))/b~2 - (2%(c + d*x))/(b*(exp(2*a + 2%b*x) )

= 1)) - (2%d*x)/b |

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 118, normalized size of antiderivative = 4.07

/ (c + dz)csch?(a + bx) dzx

62bm+2a10g(ebz+a _ 1) d+ e2bw+2alog(ebm+a + 1) d— 262bw+2abc _ 262bw+2abdl. _ log (ebw—f-a _ 1) d— log(e
- b2 (e2bot2a — 1)

input Lint((d*x+c)*csch(b*x+a) ~2,x) J

‘ (e*xx(2*a + 2*bxx)*log(exx(a + b*x) - 1)*d + e**x(2*a + 2*bxx)*log(exx(a + b ‘
(*x) + 1)%d - 2kexx(2ka + 2¥bxx)*bxc - 2xex*(2ka + 2%b¥x)¥bkdxx - loglexx(a |
|+ bx) - 1)*d - log(exx(a + bxx) + 1)*d)/(bk*2k(e**(2xa + 2+b*x) - 1)) |

output
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3.8 [ csch’(atbr) 4

T
Optimal result . . . . . . . . . . . . . 90
Mathematica [N/A] . . . . . . . . 90
Rubi [N/A] . . o 911
Maple [N/A] . . . . . 9Tl
Fricas [N/A] . . . . o 92
Sympy [N/A] . . e 92
Maxima [N/A] . . . . 93
Giac [N/A] .« . o o 93]
Mupad [N/A] . . . .o 93
Reduce [N/A] . . . o o 94

Optimal result

Integrand size = 12, antiderivative size = 12

/ csch?(a + bx) dr — Tnt (csch2 (a + bx) z)

T T

output LDefer (Int) (csch(b*x+a)~2/x,x) J

Mathematica [N/A]

Not integrable

Time = 5.66 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
[edtarin,,  [odtari),
z x
input LIntegrate [Csch[a + b*x]~2/x,x] J

output LIntegrate [Csch[a + b*x]~2/x, x] J
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/csch (z—i—b:c) iz

l.3042

. . 2
/_csc(za + ibx) i
x
| 25
. . 2
_/csc(za+sz) iz

X

l 4680

/ csch?(a + bx) iz

x

input LInt [Cschl[a + b*x]~2/x,x] J

output ‘ $Aborted

Maple [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

h 2
/csc (b;v—i—a) d
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input Lint (csch(b*x+a) ~2/x,x)

OutputLint(csch(b*x+a)"2/x,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch?(a + bx) dp — / csch (bz + a)? s

T Z

jnputLintegrate(CSCh(b*X+a)”2/X,X, algorithm="fricas")

Outputtintegral(csch(b*x + a)~2/x, x)

Sympy [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2 2
/csch (a+ bzx) dp — / csch” (a + bx) i

T T

input Lintegrate (csch(b*xx+a)**2/x,x)

OutputLIntegral(csch(a + b*x)**2/x, X)
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Maxima [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 73, normalized size of antiderivative = 6.08

/ csch?®(a + bx) dp = / csch (bz + a)? s

T T

i - i =n s n
inputLlntegrate(csch(b*x+a) 2/x,x, algorithm="maxima J

-2/ (bxxke™ (2%bkx + 2%a) - bxx) + 4xintegrate(1/4/(bxx"2%e”(b*x + a) + bax~

output
12), x) - 4*integrate(1/4/(b*x"2xe”(b*x + a) - b*x"2), x) |

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/ csch®(a + bx) dp — / csch (bz + a) i

T T

i - i =Ngianh
input Llntegrate(csch(b*x+a) 2/x,x, algorithm="giac") J

output Lintegrate(csch(b*x + a)~2/x, x) J

Mupad [N/A]
Not integrable

Time = 2.46 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2
/csch (a+ bx) d:v=/ 1 d
x zsinh (a + bx)

inputtint(l/(x*sinh(a + b*x)"2),x) J
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outputt

int (1/(x*sinh(a + b*x)~2), x)

Reduce [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T
T T

/ csch?(a + bx) dr = / csch(bz + a)zd

inputt

int (csch(b*x+a) ~2/x,x)

outputt

int(csch(a + b*x)*%2/x,x)
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3
3.9 [(c+ dz)’csch’(a + bx) dz
Optimal result . . . . . . . . . . . . e 951
Mathematica [A] (verified) . . . . . . . . . ... o 96!
Rubi [C] (verified) . . . ... ... . ... .. 97
Maple [B] (verified) . . . . . . . . . ... 101l
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 102
Sympy [F] . . o o 103
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 103l
Giac [F] . . . . o o 104
Mupad [F(-1)] . . . o o 104
Reduce [F] . . . . . 104
Optimal result
Integrand size = 16, antiderivative size = 256
6d? d tanh (ea+%®
/(c + dz)3csch®(a + br) dz = — (¢ + drjarctanh(e*)
b3
(c + dz)*arctanh(e****)  3d(c + dx)*csch(a + bx)
b 202
_ (¢ +dz)? coth(a + bx)csch(a + bx)
2b
3d3 PolyLog (2, —e*™®)
pa
3d(c + dz)? PolyLog (2, —e* ™)
* 20
3d3 PolyLog (2, e**)
+ b 1
3d(c + dz)? PolyLog (2, e*™7)
202
3d2(c + dz) PolyLog (3, —e7)
B3
3d?(c + dz) PolyLog (3, e+t7)
+ B
N 3d3 PolyLog (4, —e*™**)  3d®PolyLog (4, e**"7)

b4

b4
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-6*d~2* (d*x+c) *arctanh (exp (b*x+a) ) /b~3+(d*x+c) “3*arctanh (exp (b*x+a)) /b-3/2
*d* (d*x+c) “2xcsch(b*x+a) /b~2-1/2* (d*x+c) “3*coth(b*x+a) *csch(b*x+a) /b-3*%d"3
*polylog(2,-exp(b*x+a))/b~4+3/2*d* (d*x+c) “2*polylog(2,-exp (b*x+a)) /b~2+3*d
~3#*polylog(2,exp(b*x+a))/b~4-3/2*%d* (d*x+c) “2*polylog(2,exp(b*x+a))/b~2-3*d
~2x (d*x+c)*polylog(3,-exp(b*x+a)) /b~ 3+3*d~2* (d*x+c) *polylog(3, exp (b*x+a))/
b~3+3*d~3*polylog(4,-exp(b*x+a))/b~4-3*d"3*polylog(4,exp(b*x+a))/b~4

output

Mathematica [A] (verified)

Time = 1.86 (sec) , antiderivative size = 440, normalized size of antiderivative = 1.72

/(c + dz)3csch®(a + bx) dr =
b(c + dz)*(3d + b(c + dz) coth(a + bz))csch(a + bz) + b3clog (1 — e*+*%) — 6bed? log (1 — ) A

inputtlntegrate[(c + d*x)~3*Csch[a + b*x]~3,x] J

s ™

-1/2%(b"2*%(c + d*x)~2*(3*%d + b*(c + d*x)*Coth[a + b*x])*Csch[a + b*x] + b~
3xc~3%Log[1l - E"(a + b*x)] - 6%bxcxd"2*Log[l - E~(a + b*x)] + 3xb~3%c~2xd*
x*¥Log[l - E"(a + b*x)] - 6xb*d~3*x*Log[l - E"(a + b*x)] + 3%b~3%c*d~2xx"2%
Log[1 - E"(a + b*x)] + b~3xd"3%x"3*Logl[l - E~(a + b*x)] - b~3*c"3*Log[1l +

E~(a + b*x)] + 6xbxc*d"2*Logl[l + E~(a + b*x)] - 3xb~3%c~2*d*x*Logl[l + E~(a
+ b*x)] + 6%b*d”~3*x*Log[l + E~(a + b*x)] - 3%b~3*cxd"2*x"2xLog[1 + E~(a +
b*x)] - b~3*%d"3*x"3%Log[l + E~(a + b*x)] - 3*d*(-2*%d"2 + b~2*(c + d*x)~2)
*PolyLog[2, -E~(a + b*x)] + 3*d*(-2%d"2 + b~™2*(c + d*x)~2)*PolyLog[2, E~(a
+ b*x)] + 6%b*c*d~2xPolyLog[3, -E~(a + b*x)] + 6*b*d~3*x*PolyLogl[3, -E~(a
+ b*x)] - 6*bxcxd~2*xPolyLogl[3, E~(a + b*x)] - 6xbxd~3*x*PolyLog[3, E~(a +
bxx)] - 6xd"3*PolyLogl[4, -E~(a + b*x)] + 6*d~3*PolyLog[4, E~(a + b*x)])/b
4

output
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.18 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.15,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 0.812, Rules

used = {3042, 26, 4674, 26, 3042, 26, 4670, 2715, 2838, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3csch®(a + bx) do
| 3042
/ —i(c+ dz)3 csc(ia + ibx)3dx
| 26
—1 /(c + dz)3 csc(ia + ibx)3dx

l 4674

_ 3id(c+ dz)?csch(a + bx)

_ i(c—i—d:

il 3
b2 + 2 / i(c + dz)°csch(a + bx)dx

z( 3d? [ —i(c + dz)csch(a + bx)dz 1
U 202

3id(c + dz)?csch(a + bx) e+ dz)3 cot

| 26
id? d h bx)d
_i<3z [(c+ dz)csch(a + bx)dzx _;i/(c+dx)3csch(a+bx)dac—

b2 202
| 3042
-d2 . d . .b d . 2 . :
_; (3@ Ji(e+ z?)zcsc(za + ibz)dz %z / i(c+ da)? cse(ia + ibz)dz — 3id(c+ da:)2bczsch(a +bz) i(c+dx)

_ 3id(c+ dz)?csch(a + bx) (et dr)c

| 26
d? d ; ibx)d
—i (-3 J(et x);sc(m T+ tbr)de + % /(c + dz)® csc(ia + ibx)dx ob2

l 4670
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342 id [ log(1—e*t®*)dx  id [log(1+e2tP®)dz | 2i(c+dz)arctanh (es+b®)
b B b + b

il —

N 1 <3z'd [(c+ dz)%log (1 — eaT®)

b2 2 b
| 2715
342 id [ e~ @b log(1—e®+b)de?+b=  id [ e=a~bT log(14eaFbT)deatbe i 2i(c+dz)arctanh (extb)
: b* ¥ b +13MK0H
! 2 2
| 2838

1 <3id [(c+dz)?log (1 — e?*)dx  3id [(c+ dz)?log (1 + e*0%) dz N 2i(c + dz)3arctanh (e?+57) >

2 b b b
| 3011
I d<2d [ (c+dx) PolyII_;og(2,—e"+bz)dz _ (c+dz)2PolyI_l;og(2,—e“+bz)> 3 d<2d [ (c+dz) Pols;Log(Ze“* bo)de  (ctdz
a2l " b * b
l 7163
2 < (c+dz) PolyLog (3,_ea+bz) _ d [ PolyLog (3,—ea+bz)dz> 2 ( (c+dz) PolyLc
b b 2 __pa+bx b
3id ; _ (ctdz) PolyI;og(Z, e ) 3id
|1 +
_Z — —
2 b

l_2720
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c+dz) PolyLog(3,—e@t0%) 4 [ e=a=b% pgiy1og(3,—eatba) geatbz
2d<< +dz) Poly bg( ) _af y ig ) > (c+2)? PolyLog(2,—e+57) 2d<
3id 5 - yb el% 3id| —\
|1 N
_Z J— —
2 b
l 7143

. 52 52 N 2i(c + dz)3arctanh (e?+5%)
v b2 2 b

2 2i(c+dx)arctanh(ea+bx) id PolyLog(2,—e21b2) id PolyLog(2,e215%)

input‘Int[(c + d*x)~3*Csch[a + b*x]~3,x]

(-I)*((((-3%I)/2)*d*(c + d*x)~2+Csch[a + b*x])/b"2 - ((I/2)*(c + d*x) 3*Co
th[a + b*x]*Csch[a + b*x])/b - (3*d"2*(((2*I)*(c + d*x)*ArcTanh[E~(a + b*x
)1)/b + (I*d*PolyLog[2, -E~(a + b*x)])/b”2 - (I*d*PolyLogl[2, E~(a + b*x)])
/b72))/b~2 + (((2*I)*(c + d*x) 3*ArcTanh[E~(a + b*x)])/b - ((3*I)*d*(-(((c
+ d*x) "2#PolyLog[2, -E~(a + b*x)])/b) + (2xd*(((c + d*x)*PolyLog[3, -E~(a
+ b*x)])/b - (d*PolyLogl[4, -E~(a + b*x)])/b~2))/b))/b + ((3*I)*d*(-(((c +
d*x) ~2*%PolyLog[2, E~(a + b*x)])/b) + (2xd*(((c + d*x)*PolyLog[3, E~(a + b
*x)]1)/b - (d*PolyLogl[4, E~(a + b*x)])/b~2))/b))/b)/2)

output
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Defintions of rubi rules used

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

~

rule 2715 Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

ruka2838/Int[L°g[(C-')*((d-) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3011 It [Logll + (e_)*((F)~((c_.)*((a_.) + (b_.)*(x2))))"(a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4670 Imtlescl(e_.) + (Complex[0, £z 1)*(f_.)*(x))]1*((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£f*fz*I)), x]
+ (-Simp[d*(m/(f*fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£z*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e

+ fxfz*x)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]




rule 4674

rule 7143

rule 7163

input

CHAPTER 3. LISTING OF INTEGRALS 101

Int[(cscl(e_.) + (£_)*(x_)I*(d_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b"2)*(c + d*x) “m*Cot[e + f*x]*((b*Csc[e + f*x])"(n - 2)/(fx(n
- 1)), x] + (-Simp[b~2*d*m*(c + d*x)~(m - 1)*((b*Cscle + f*x])~(n - 2)/(£~
2x(n - 1)*(n - 2))), x] + Simp[b~2*d"2*m*((m - 1)/(£f7"2*%(n - 1)*(n - 2)))
Int[(c + d*x)"(m - 2)*(b*Cscle + £*x])"(n - 2), x], x] + Simp[b~2*((n - 2)/
(n - 1)) Intl(c + d*x)"m*x(b*Cscle + £*x])~"(n - 2), x], x]) /; FreeQ[{b, c
, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)]1, x_Symbol]l :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x))) ~pl/(bxc*xpxLog[F1)), x] - Simp[f*(m/(b*cxp*Log[F]l)) Int[(e + f*x)
~“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))~pl, x]1, x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 875 vs. 2(238) = 476.

Time = 0.41 (sec) , antiderivative size = 876, normalized size of antiderivative = 3.42

method | result size

risch Expression too large to display | 876

r

Lint ((d*x+c) ~3*csch(b*x+a) ~3,x,method=_RETURNVERBOSE)

| —




output

input

output
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3/2/b*c”2*d*1n (1+exp (b*x+a) ) *x+3/2/b~2%c~2*d*1n (1+exp (b*x+a) ) ¥a-3/2/bxc~2*
d*1n(1-exp(b*x+a) ) *x-3/2/b"2*c~2*d*1n (1-exp (b*x+a) ) *a+3/2/b*cxd~2*1n (1+exp
(b*x+a) ) *x~2-3/2/b~3*c*d~2*1n (1+exp (b*x+a) ) *a~2+3/b~2*c*d~2*polylog(2,-exp
(b*x+a))*x-3/2/b*c*d~2*1n(1-exp (b*x+a) ) *x~2+3/2/b~3*c*d~2*1n(1-exp (b*x+a))
*a~2-3/b"2*c*d”~2*polylog(2,exp (b*x+a))*x-3/b~2*d*a*c”2*arctanh (exp (b*x+a))
+3/b"3*d"2*a"2*c*arctanh (exp(b*x+a) )-1/b~4*d~3*a"3*arctanh (exp(b*x+a))-3/b
~3*c*d~2*polylog(3,-exp(b*x+a))+3/b " 3*cxd~2*polylog(3,exp(b*x+a))-1/2/b*d"
3*1n(1-exp(b*x+a))*x~3-1/2/b"4*d"3*1n(1-exp(b*x+a))*a~3-3/2/b"2*d"3*polylo
g(2,exp(b*x+a))*x~2+3/b"3*d"3*polylog(3, exp (b*x+a) ) *x+3/2/b~2*c”2*d*polylo
g(2,-exp(b*x+a))-3/2/b~2%c~2*d*polylog(2,exp (b*x+a))+1/2/b*d"~3*1n(1+exp (b*
x+a)) *x”3+1/2/b"4*d"3*1n (1+exp (b*x+a) ) *a~3+3/2/b~2*d"3*polylog (2, -exp (b*x+
a))*x~2-3/b~3*d"3*polylog(3,-exp(b*x+a) ) *x-exp (b*x+a) * (exp (2*b*x+2*a) xbxd"~
3*xx”3+3*exp (2*b*x+2%*a) ¥b*c*xd”~2*x”2+3*exp (2*xb*x+2+*a) ¥b*xc”~2*d*x+b*d "~ 3*x~3+3*
exp (2*b*x+2*a) *d~3*x~2+exp (2¥b*x+2%*a) ¥*b*Cc~3+3*b*c*d~2*x"2+6%exp (2*b*x+2*a)
*C*kd~2*x+3*b*c2kd*x+3*exp (2*¥b*x+2%a) *Cc"2*xd-3*d " 3*x " 2+b*Cc"3-6*c*xd " 2*x-3*c”
2xd) /b~2/ (exp (2*b*x+2%a)-1) “2+1/b*c~3*arctanh (exp (b*x+a) ) -3/b~3*d"3*1n(1+e
xp (b*x+a) ) *x-3/b~4*d~3*1n(1+exp (b*x+a) ) *a+3/b~3*d"3*1n (1-exp (b*x+a) ) *x+3/b
~4xd"3*1n(1-exp(b*x+a))*a-6/b"3*c*d~2*arctanh (exp (b*x+a))+6/b~4*d"3*a*arct
anh (exp (b*x+a) ) +3*d~3*polylog(2,exp (b*x+a) ) /b~4-3*d"3*polylog(4,exp (b*x+a)
) /b~4-3*d"3*polylog(2,-exp(b*x+a)) /b~4+3*d~3*polylog(4,-exp(b*x+a)) /b~4

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4008 vs. 2(234) = 468.

Time = 0.14 (sec) , antiderivative size = 4008, normalized size of antiderivative = 15.66

/ (c + dx)3csch®(a + bx) dz = Too large to display

Lintegrate((d*x+c)“3*csch(b*x+a)‘3,x, algorithm="fricas")

-

LToo large to include
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Sympy [F]

/(c + dz)3csch®(a + bx) dz = / (¢ + dz)® esch® (a + bz) dx

/ A
integrate ((d*x+c)**3*csch(b*x+a) **3,x)

& J

input

Output‘lntegral((c + dxx)**3*csch(a + b*x)**3, x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 605 vs. 2(234) = 468.

Time = 0.20 (sec) , antiderivative size = 605, normalized size of antiderivative = 2.36

/ (c+ dzx)*csch®(a + bx) dz = Too large to display

jnputLintegrate((d*X+C)A3*CSCh(b*x+a)‘3,x, algorithm="maxima") J

1/2%c~3*(log(e”(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b + 2x(e”(-b*x -
a) + e”(-3%b*x - 3%a))/(b*(2%e” (-2xb*x - 2*a) - e~ (-4*bxx - 4*a) - 1))) +
3/2x(b~2xx"2*log(e” (b*x + a) + 1) + 2xb*x*dilog(-e~(b*x + a)) - 2xpolylog(
3, —e(b*x + a)))*cxd"2/b"3 - 3/2x(b~2*x"2*log(-e” (b*x + a) + 1) + 2*bxx*d
ilog(e~(b*x + a)) - 2xpolylog(3, e~ (b*x + a)))*c*d~2/b~3 - 3*xc*d 2*xlog(e”(
bxx + a) + 1)/b~3 + 3*xc*d"2*log(e”(b*x + a) - 1)/b~3 - ((bxd~3*x"3%e” (3*a)
+ 3%c”2xd*e”(3*a) + 3*(bxcxd™2 + d~3)*x"2*%e”(3*a) + 3*(bxc"2*d + 2%xc*xd~2)
xxxe” (3%a) ) e~ (3xbxx) + (bxd"3*x"3*e"a - 3xc"2xdxe"a + 3x(bkc*d"2 - d"3)*x
“2xe"a + 3*(bxc"2%d - 2%c*d”2)*x*e"a)*e” (b*x))/(b"2%e” (4*b*x + 4%a) - 2%b~
2xe~ (2*b*x + 2*%a) + b72) + 1/2%(b”"3*x"3xlog(e”(b*x + a) + 1) + 3*%b~2*xx"2*d
ilog(-e~(b*x + a)) - 6xbxx*polylog(3, -e~(b*x + a)) + 6*polylog(4, -e~(b*x
+ a)))*d"3/b”4 - 1/2%(b"3*x"3xlog(-e~(b*x + a) + 1) + 3*b"2xx"2xdilog(e”(
b*x + a)) - 6*bxx*polylog(3, e~ (b*x + a)) + 6xpolylog(4, e~ (bxx + a)))*d"3
/b4 + 3/2x(b~2%c™2*d - 2*%d"3)*(bxx*log(e”(b*x + a) + 1) + dilog(-e~(b*x +
a)))/b~4 - 3/2%(b~2xc”2xd - 2*d"3)*(b*x*log(-e~(b*x + a) + 1) + dilog(e™(
bxx + a)))/b"4

output
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Giac [F]

/(c + dz)3csch®(a + br) dz = / (dz + ¢)® csch (bz + a)® dz

input‘integrate((d*x+c)“3*csch(b*x+a)*3,x’ algorithm="giac")

outputtintegrate((d*x + c)~3*csch(b*x + a)~3, x)

Mupad [F(-1)]

Timed out.
(c+dx)’

sinh (a + bx)

/(c + dz)3csch®(a + bx) dx = /

inputLint((c + d*x)~3/sinh(a + b*x)~3,x)

outputtint((c + d*x)~3/sinh(a + b*x)"3, x)

Reduce [F]

/ (c+ dzx)*csch®(a + bz) dz = too large to display

inputtint((d*x+c)‘3*csch(b*x+a)"3,x)
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( - 48xex*(5xa + 4xbxx)*int ((e** (b*x)*x**3)/(e**x(6%a + 6%b*x) - 3xex*(4xa
+ 4xbxx) + 3xexx(2%a + 2%b*x) - 1),x)*b**x4d*xd*x*x3 - 144*ex*(5*a + 4xb*xx)*int
((ex*x(bxx) *x**2) / (ex*x(6*%a + 6*%b*x) — 3*kex*(4*a + 4*xbkx) + 3*ex*x(2%a + 2%b*
X) — 1),x)*bxxdxckd**2 — 192*e**(5xa + 4*b*x)*int ((e*x* (b*xx)*x**2)/(ex*(6*a
+ 6xb*x) - 3kex*x(4*a + 4xbxx) + 3kexx(2*a + 2xb*x) - 1),x)*b**3*kd**x3 - 14
4xexx(5%a + 4*b*x)*int ((ex* (b*x)*x)/(e*x*(6%a + 6%bxx) - 3ke**(4*xa + 4xb*x)
+ 3kex* (2%a + 2%b*x) - 1),x)*bkkdxck*x2*xd — 384xex*(5ka + 4xb*x)*int ((e**(
b*x) *x) / (exx (6*%a + 6xbxx) - 3kexx(4*a + 4xbxx) + 33kexx(2*a + 2%bxx) - 1),x
) ¥b**3kckd**2 — 128%ex* (5*a + 4*b*x)*int ((e** (b*x)*x)/(ex*(6*xa + 6xbxx) -

3xexk (4d*xa + 4xb*x) + 3kexk(2*a + 2%b*x) — 1),x)¥b**2+d**3 — Oxexk(4*a + 4%
bxx)*log(e*xx(a + bkx) - 1)*bk*3xck*3 — 36xex*(4d*a + 4xb*x)*log(ex*(a + b*x
) = 1)*bk*2kck*2kd - 24xex*k(4d*a + 4xb*x)*log(ex*k(a + bxx) - 1)*xbxckd**2 -

8xe*x (4*a + 4xbxx)*log(ex*(a + b*x) - 1)*d**3 + 9xe*x(4*a + 4*xbxx)*log(e**
(a + b*x) + 1)*b**3xc*x3 + 36xe**(4*a + 4xb*x)*log(ex*k(a + b*x) + 1)*bx*2x
cx*2%d + 24*ex*(4*a + 4xb*x)*log(ex*(a + b*x) + 1)*bkcxd**2 + 8kex*(4*a +

4xb*x)*log(ex*(a + b*x) + 1)*d**3 — 18%ex*(3%a + 3xb*x)*b**3*c*k*3 — T2ke**
(3%a + 3%b*x)*b*x*2kc*k*2xd — 48ke*x* (3%a + 3%bkx)*b*ckd**x2 — 16%e**x(3%a + 3%
b*x) *d**3 + 96ke**(3*a + 2xb*x)*int ((ex* (b*x)*x**3)/(e**(6*a + 6xb*x) - 3*
ex*(4%a + 4xbxx) + 3kex*(2%a + 2xbxx) - 1),x)*b**4xd**3 + 288kxex*(3*a + 2%
b*x) *int ((ex* (b*x)*x**2) / (e*x* (6*xa + 6%b*x) - 3xex*(4d*a + 4xbkx) + 3kexx, ..

output
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3.10 [(c+ dx)*csch®(a + bx) dx

Optimal result . . . . . . . . . . . . e 106
Mathematica [B] (verified) . . . . . . . . .. ... o oL 107
Rubi [C] (verified) . . . ... ... . ... .. 107
Maple [B] (verified) . . . . . . . . . ... 111
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 11
Sympy [F] . . o o 112
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 113l
Giac [F] . . . . o o 114
Mupad [F(-1)] . . . o o 114
Reduce [F] . . . . . 114

Optimal result

Integrand size = 16, antiderivative size = 154

/ (c 4 dz)esch®(a + be) di = (c + dz)?arctanh (e**) _ d*arctanh(cosh(a + b))

b b3
_d(c+ dz)esch(a + bz)
b2
_ (¢ +dz)?coth(a + bx)csch(a + bx)
2b

d(c + dz) PolyLog (2, —e®*t7)
+ b2

d(c + dz) PolyLog (2, e**t7)
_ 2

d? PolyLog (3, —e***®)  d? PolyLog (3, e*7)
B b * b’

‘ (d*x+c) “2*arctanh (exp (b*x+a)) /b-d~2*arctanh (cosh(b*x+a)) /b~3-d* (d*x+c) *csc
‘ h(b*x+a) /b~2-1/2* (d*x+c) ~"2*coth (b*x+a) *csch (b*x+a) /b+d* (d*x+c) *polylog(2,-
‘ exp (b*x+a)) /b~2-d* (d*x+c) *polylog(2,exp (b*x+a)) /b~2-d"2*polylog(3,-exp (b*x
‘ +a)) /b~ 3+d"2*polylog(3,exp(b*x+a)) /b3

output
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Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 420 vs. 2(154) = 308.

Time = 6.21 (sec) , antiderivative size = 420, normalized size of antiderivative = 2.73

—c? — 2cdz — d?x?) csch®(§ + %
/(c+dx)2csch3(a+bm) de — _d(c+da;2)csch(a) +( c cdx 8: ) csc (2 + 2)

N —b%c?log (1 — e**7) + 2d?log (1 — e*™*) — 2b%cdz log (1 — e*T07) — b2d2z? log (1 — e*TP7) + b2 lo

N (—c? — 2cdz — d*z?) sechQ(% + %”)
8b
N csch(%) csch(% + %“”) (cdsinh (%”) + d%x sinh (%))
2b2
N sech (%) sech(2 + %) (cdsinh (%) + d?zsinh (%))
2b2

e

LIntegrate[(c + d*x) “2*Csch[a + b*x]~3,x]

~—

input

-((d*(c + d*x)*Cschl[al)/p"2) + ((-c~2 - 2*c*kd*x - d"2*x"2)*Cschl[a/2 + (b*x
)/2]17°2)/(8%b) + (-(b"2*c"2*Logl[l - E"(a + b*x)]) + 2%d"2*Logl[l - E"(a + bx
x)] - 2%b~2*cxd*x*Log[l - E"(a + b*x)] - b~2*d"2*x"2*Log[1l - E~(a + b*x)]

+ b~2xc™2xLog[1 + E(a + bxx)] - 2*d"2*xLogl[l + E~(a + b*x)] + 2%b~2*cxd*x*
Logl[l + E7(a + b*x)] + b~2+%d"2*x"2+Log[1l + E~(a + b*x)] + 2*bxd*(c + d*x)*
PolyLog[2, -E~(a + b*x)] - 2*bxd*(c + d*x)*PolyLog[2, E~(a + b*x)] - 2*d"2
*PolyLog[3, -E~(a + b*x)] + 2*d~2%PolyLogl[3, E~(a + b*x)])/(2¥b~3) + ((-c~
2 - 2%ckd*x - d"2*x"2)*Sechl[a/2 + (b*x)/2]72)/(8%b) + (Csch[a/2]*Csch[a/2

+ (b*x)/2]*(c*xd*Sinh[(b*x) /2] + d~2*x*Sinh[(b*x)/2]1))/(2*¥b~2) + (Sechl[a/2]
xSech[a/2 + (b*x)/2]*(cxd*Sinh[(b*x)/2] + d~2*x*Sinh[(b*x)/2]))/(2%b~2)

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.73 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.19,

number of steps used = 12, number of rules used = 11, number of rules _ 0.688, Rules
integrand size

used = {3042, 26, 4674, 26, 3042, 26, 4257, 4670, 3011, 2720, 7143}
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Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(c + dz)%csch3(a + bx) dx
| 3042
j[-—i(c4—dm)zcsc(hz4—ibx)3dw

| 26

—1 /(c + dz)? csc(ia + ibx)3dx

| 4674
d? [ —icsch bz)d ; ; 2
il | —icsch(a + bx)dx 4 1/—i(c+ dz)2cseh(a + ba)dz — id(c + dz)csch(a + bx)  i(c+ dx)® coth(a A
b2 2 b2 2t
| 26
id? h bz)d 3 ; 2 ;
_i(z [ esc b(2a +bx)dz %z /(c + da)?esch(a + ba)dz — id(c+ dac)zzch(a +bz) i(c+dz) coth(a2—1|)- bx)c

l 3042

; h ; 2 coth
/i(c + da)? eselia + ibx)d — id(c+ dx)zzc (a+bz) i(c+dz)”cot (a2—ll)— b

l26

(id? [ icsc(ia +ibx)de 1.
i P2 5

& [ csc(ia +ibz)dz | 1 : h : 2 coth
il [ esc(ia + ibz)dz L1 /(c + da)? csc(ia + ibz)dz — id(c + dz)csch(a + bx)  i(c+ dx)* coth(a + bx)
b2 2 b2 2b
| 4257
1 id? h(cosh ; h 3 2 coth
it /(c+ d)? esc(ia + ibz)dz — id“arctanh(cosh(a + bz))  id(c+ dz)csch(a +bz)  i(c+ dz)” coth(a +
2 b3 b2 2b
| 4670

, (1 <2id [(c+dz)log (1 —e*™®) dz  2id [(c+ dz)log (1 + €2t%?) da N 2i(c + dz)%arctanh (e?+t7) > i
_Z f— p— —_—
2 b b b
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| 3011
1 2id(df POlyLOg(fa—ea+bz)d$ _ (ctd=) POlngg(2,—€a+bz) ) 2id(df PolyLogb(Q,e““'bm)dx _ (ctdz) PolyII;og(Q,ea"‘b“
2|~ b + b
| 2720
. 2id(dfe_"‘_b“” PolyLobg2(2,—e"‘+bw)de"‘+b“ _ (ctdz) PolyL;)g(?,—e"‘"’bz)) 2id(dfe_“_b‘” PolyL22g(2,6“+bw)de“+bw _
| 7143
) . ;( dPolyLog(3,—ea1%) (c+dz) PolyLog(2,—e
[ id?arctanh(cosh(a + bx)) 1 [ 2i(c+ dz)%arctanh(e®+5®) 22d( b2 - b
—1 — + — —
b3 2 b b
input LInt [(c + d*x)~2*Csch[a + b*x]~3,x] J

(-I)*(((-I)*d"2*ArcTanh[Cosh[a + b*x]])/b"3 - (I*d*(c + d*x)*Csch[a + bx*x]
)/b~2 - ((I/2)*(c + d*x)~2xCoth[a + b*x]*Cschl[a + b*x])/b + (((2*I)*(c + d
*xx) "2xArcTanh[E~(a + b*x)])/b - ((2*I)*d*(-(((c + d*x)*PolyLogl[2, -E~(a +
b*x)]1)/b) + (d*PolyLog[3, -E~(a + b*x)])/b"2))/b + ((2*I)*d*x(-(((c + d*x)*
PolyLog[2, E~(a + b*x)])/b) + (d*PolyLog[3, E~(a + b*x)])/b~2))/b)/2)

output

Defintions of rubi rules used

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 26

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2720




rule 3011

rule 3042

rule 4257

rule 4670

rule 4674

rule 7143
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Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x))))"(@_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~n], x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xl]

Int[cscl[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(f*fz*I)) Int[(c + d*x)~"(m - 1)*Logl[l - E~((-I)*e + f*xfz*x
)1, x1, x] + Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] &% IGtQ[m, O]

Int[(cscl(e_.) + (£_)*(x_)I*(_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) m*Cot[e + f*x]*((bxCsc[e + f*x])~(n - 2)/(f*(n
- 1)), x] + (-Simp[b~2*d*m*(c + d*x)~(m - 1)*((b*Cscle + f*x])~(n - 2)/(£~
2x(n - D*(n - 2))), x] + Simp[b~2%d"2*m*((m - 1)/(£f"2*(n - 1)*(n - 2)))
Int[(c + d*x)"(m - 2)*(b*Cscle + £*x])"(n - 2), x], x] + Simp[b~2*((n - 2)/
(n - 1)) Int[(c + d*x) m*x(b*Cscle + f*x])~(n - 2), x], x]) /; FreeQ[{b, c
, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol]l :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
» €, I, P}: X] && EqQ[b*d, a*e]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 443 vs. 2(147) = 294.

Time = 0.35 (sec) , antiderivative size = 444, normalized size of antiderivative = 2.88

method | result

ebrta (e2bz+2ab d2z2 42 e2br 20y o202 +2ap 24 32424 9 02004204254 Obedg4-2 20T 20 cd 4 ] 2 —2d2w—2cd) a?d? arct
b2 (e2b:1:+2a_1)2 +

risch —

;
int ((d*x+c) ~2*csch(b*x+a) ~3,x,method=_RETURNVERBOSE)

N J

input

-exp (b*x+a) * (exp (2*¥b*x+2*a) ¥bkd ~2+x~2+2*exp (2*¥b*x+2%a) ¥b*kc*d*x+exp (2*¥b*x+2
*a) ¥xbxC~2+b*kd " 2%x " 2+2xexp (2¥bkx+2%a) ¥4~ 2*x+2xb*ckd*kx+2*exp (2*bxx+2%a) *ckd+
b*c~2-2xd"2*xx-2%c*d) /b~ 2/ (exp (2*b*x+2%a)-1) “2+1/b~3*a~2*d~2*arctanh (exp (b*
x+a) )+1/b*c”2*arctanh (exp (b*x+a) )-1/2/b~3*d~2*1n(1+exp (b*x+a) ) *a~2+1/2/b"3
*d~2*1n(1-exp(b*x+a))*a~2+1/2/b*d~2*1n (1+exp (b*x+a)) *x~2+1/b"2*d"2*polylog
(2, -exp(b*x+a) ) *x-1/2/b*d"2*1n (1-exp (b*x+a) ) ¥x~2-1/b~2*d~2*polylog(2,exp (b
*xx+a) ) *x+1/b"2*c*xd*polylog(2,-exp (b*x+a))-1/b"2*c*d*polylog(2,exp(b*x+a)) -
2/b"3*d"~2*arctanh (exp (b*x+a))-d~2*polylog(3,-exp(b*x+a)) /b~ 3+d"2*polylog(3
,exp(b*x+a))/b~3-2/b"2*axc*kd*arctanh (exp (b*x+a) ) +1/b*cxd*1n(1+exp (b*x+a) ) *
x+1/b~2*c*d*1n(1+exp (b*x+a))*a-1/b*c*d*1n(1-exp (b*x+a) ) *x-1/b~2*c*d*1n(1-e
xp (b*x+a) ) *a

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2218 vs. 2(145) = 290.

Time = 0.11 (sec) , antiderivative size = 2218, normalized size of antiderivative = 14.40

/ (c+ dzx)?csch®(a + bx) dz = Too large to display

jnputLintegrate((d*X+C)A2*CSCh(b*x+a)“3,x, algorithm="fricas") J
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output

-1/2% (2% (b"2%d"2%x"2 + b~2%c”2 + 2xb*cxd + 2% (b~2*c*d + b*d~2) *x)*cosh (b*x
+ a)”3 + 6x(b"2+%d"2*x"2 + b"2*%c”2 + 2*xbkckxd + 2% (b"2*c*d + b*d~2)*x)*cosh
(b*x + a)*sinh(b*x + a)~2 + 2% (b"2*%d"2*x"2 + b~2*%c™2 + 2¥b*cxd + 2x(b~2*c*
d + b*d"2)*x)*sinh(b*x + a)~3 + 2% (b"2*d"2*x"2 + b"2*c~2 - 2bkckd + 2% (b~
2%c*d - b*d"2)*x)*cosh(b*x + a) + 2% ((b*d~2*x + b*c*d)*cosh(b*x + a)~4 + 4
* (b*d"2*x + bxc*d)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*d"2*x + b*c*d)*sinh(
b*x + a)”4 + b*d"2*x + bxcxd - 2x(b*d~2*x + b*c*d)*cosh(b*x + a)~2 - 2x(b*
d"2*x + b*cxd - 3*(b*d"2*x + b*c*d)*cosh(b*x + a)~2)*sinh(b*x + a)~2 + 4x*(
(b*d~2%x + bxc*d)*cosh(b*x + a)~3 - (b*d~2%x + bxc*d)*cosh(b*x + a))*sinh(
bxx + a))*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2%((b*d"2*x + bxc*d)*cosh
(b*x + a)~4 + 4x(b*d~2*x + b*cxd)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*d~2*x
+ b*c*d) *sinh(b*x + a)~4 + b*d~2*x + bkc*d - 2% (b*d"2#x + b*c*d)*cosh(b*x
+ a)”2 - 2% (b*d"2*x + bxcxd - 3*(b*d"2*x + b*c*d)*cosh(b*x + a)~2)*sinh(b
*x + a)~2 + 4*x((b*d"2*x + b*c*d)*cosh(b*x + a)~3 - (b*d"2*x + b*c*d)*cosh(
b*x + a))*sinh(b*x + a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b~2xd"2x
X"2 + 2%b"2%ckd*x + (b72%d"2*x"2 + 2%b"2*ckd*x + b"2*xc"2 - 2*d"2) *cosh(b*x
+ a)”4 + 4% (b72%d"2%x"2 + 2*¥b"2kckd*x + b"2*%c”2 - 2*xd"2)*cosh(b*x + a)*si
nh(b*x + a)~3 + (b"2*%d"2*x"2 + 2*xb~2*ckd*x + b~2*%c”2 - 2*%d"2)*sinh(b*x + a
)74 + bT2%c”2 - 2% (b72%A"2%x"2 + 2%b"2%ckxd*x + b"2%c”2 - 2*xd"2)*cosh(b*x +
a)"2 - 2% (b~2%d"2*x"2 + 2%b~2%ckd*x + b 2%c”2 - 3% (b"2%d"2*x"2 + 2%xb~2...

Sympy [F]

/(c + dz)?csch®(a + br) dr = / (¢ + dz)? esch® (a + bz) dx

inputt

integrate ((d*x+c)**2xcsch(b*x+a) **3,x)

-

outputt

Integral((c + d*x)**2xcsch(a + b*x)**3, x)

| —
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 393 vs. 2(145) = 290.

Time = 0.19 (sec) , antiderivative size = 393, normalized size of antiderivative = 2.55

/(c + dzx)?csch®(a + br) dz

. 1 9 log (e(—bx—a) + 1) log (e(—bx—a) _ 1) 2 (6(—bx—a) 4+ e(—3 bx—3 a))
- § ¢ b - b + b(2 e(—2bz—2a) _ o(—4bz—4a) _ 1)
. (b21og (e 1) + Lip(—el))ed _ (bwlog (~e=#9 1 1) + Lip(el*) e
b2 b2

(bd22%eB + 2cde®) + 2 (bed + d?)ze®) ) eBb) + (bd?z?e® — 2 cde® + 2 (bed — d?)ze®)e®™
b2edbz+4a) _ 9 h2o(2bz+20a) + b2
N (b?z?log (e®®+%) + 1) + 2bzLiy(—el9)) — 2 Lis(—e®*+9))d?

23
(b%z? log (—e®®+9) 4 1) + 2bzLis (e2)) — 2 Liz(e®=+2)))d?
263
d?log (e®*t®) +1)  d?log (et — 1)
jnputLintegrate((d*X+C)A2*CSCh(b*X+a)A3,X, algorithm="maxima") )

1/2*%c”2*(log(e~(-b*x - a) + 1)/b - log(e~(-bxx - a) - 1)/b + 2*(e”(-b*x -

a) + e~ (-3xb*x - 3*a))/(bx(2*e~ (-2xb*x - 2*a) - e~ (-4*b*x - 4%a) - 1))) +

(b*xxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 - (b*x*log(-e~ (b*
x +a) + 1) + dilog(e~(b*x + a)))*cxd/b~2 - ((b*d~2*x"2%e~(3%a) + 2*c*dxe”
(3%a) + 2% (b*ckd + d~2)*x*e” (3%a))*e”(3*b*x) + (b*d"2*x"2%e"a - 2*cxd*e”a

+ 2% (bxc*d - d~2)*x*e”a)*e” (b*x))/(b"2xe~ (4*b*xx + 4*a) - 2xb~2%e” (2%b*x +

2xa) + b~2) + 1/2%(b"2*x"2xlog(e”(b*x + a) + 1) + 2*bxx*xdilog(-e~ (b*x + a)
) - 2xpolylog(3, -e~(b*x + a)))*d~2/b~3 - 1/2%(b~2*x"2xlog(-e~(b*x + a) +

1) + 2#bxx*dilog(e~(b*x + a)) - 2*polylog(3, e~ (b*x + a)))*d~2/b~3 - d~2*1
og(e~(b*x + a) + 1)/b73 + d"2*xlog(e”(b*x + a) - 1)/b"3

output
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Giac [F]

/(c + dz)?csch®(a + bxr) dz = / (dz + ¢)® csch (bz + a)® dz

input‘integrate((d*x+c)“2*csch(b*x+a)*3,x’ algorithm="giac")

outputtintegrate((d*x + c)~2*csch(b*x + a)~3, x)

Mupad [F(-1)]

Timed out.
(c+dx)’

sinh (a + bx)

/(c + dz)*csch®(a + bx) dx = /

inputLint((c + d*x)~2/sinh(a + b*x)~3,x)

outputtint((c + d*x)~2/sinh(a + b*x)"3, x)

Reduce [F]

/ (c + dzx)?csch®(a + bx) dz = Too large to display

inputtint((d*x+c)‘2*csch(b*x+a)"3,x)
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( - 48%ex*(5xa + 4xbxx)*int ((ex* (b*x)*x*x2)/(e*x(6%xa + 6%b*x) - 3xex*(4*a
+ 4xbxx) + 3ke**(2xa + 2xb*x) - 1),x)*b**3*xd**2 - 96*e**(5*ka + 4xb*x)*int(
(e*x (b*x) *x)/(ex*(6%a + 6%b*x) — 3*ke*x*(4%a + 4%bkx) + 3kex*kx(2%a + 2%b*x) -
1) ,x) *bk*3*cxd — 128*e**(5xa + 4xb*x)*int ((ex*(b*x)*x)/(ex*x(6*a + 6*b*xx)
- 3%e*xx(4*a + 4xb*x) + 3ke*xk(2*a + 2%b*xx) - 1),x)*b*x*2kd**2 - Okex*(4d*xa +
4xb*x)*log(ex*(a + b*x) — 1)*bx*2kck*2 — 24xex*x(4d*a + 4*b*x)*log(ex*(a + b
*x) — 1)*bxc*d - 8xexx(4*a + 4*b*x)*log(ex*(a + bxx) - 1)*d**2 + 9kex*(4xa
+ 4xbxx)*log(e**(a + b*x) + 1)*b*x2xcx*2 + 24xex*(4xa + 4xbxx)*log(exx*(a
+ b*x) + 1)*bkckd + 8ke*xx(4*a + 4*b*x)*log(ex*(a + b*x) + 1)*d**2 - 18*exx*
(3%a + 3xb*x)*b**2kc**2 — 48*e*x(3*a + 3*kb*xx)*kbkckd — 16*e*x*(3*a + 3xbxx)*
d**2 + 96kxexx(3*a + 2xbkx)*int ((e*x* (b*x)*x**2) /(ex*(6*a + 6xbxx) - 33xe*xx(4
*a + 4xbxx) + 3kexx(2%a + 2%bxx) - 1),x)*b**x3*kd**2 + 192%ex*(3%a + 2%b*x)*
int ((ex*(b*x)*x)/(exx(6*%a + 6%b*x) - 3*exk(4*a + 4*bxx) + 3kxe*x*(2xa + 2xbx*
x) - 1),x)*bx*3*xc*d + 256xe**(3*a + 2xb*x)*int ((e** (b*x)*x)/(e**(6*%a + 6%*b
*x) - 3kxexk(4*a + 4xbxx) + 3kex*x(2xa + 2%bkx) - 1),x)*bk*x2*d*k*x2 + 18kex*(2
*xa + 2%bxx)*log(e*x(a + b*x) — 1)*b*x2*c**2 + 48*e*x*(2xa + 2x¥bxx)*Log(e**(
a + b*x) - 1)*b*ckd + 16xex*(2*%a + 2%b*x)*log(ex*(a + bxx) - 1)*d**2 - 18%
ex*(2%a + 2xbxx)*log(ex*(a + bkx) + 1)*bx*2kck*2 — 48kxex*(2*a + 2%b*x)*log
(e*x(a + bxx) + 1)*bxck*d - 16*%e**(2%a + 2¥bxx)*log(e*xx(a + b*x) + 1)*d**2
- 18%e*x*(a + b*x)*b**2*c*k*2 — 96*ex*(a + b*x)*xb**2kcxd*x - 48*ex*x(a + b...

output
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3
3.11 [(c+ dx)esch’(a + bx) dx
Optimal result . . . . . . . . . . . . e 116
Mathematica [B] (verified) . . . . . . . . .. ... o oL 176l
Rubi [C] (verified) . . . ... ... . ... .. 117
Maple [B] (verified) . . . . . . . . . ... 120
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 120
Sympy [F] . . o o 121]
Maxima [F] . . . . . . 1221
Giac [F] . . . . o o 122
Mupad [F(-1)] . . . o o 122
Reduce [F] . . . . . 123
Optimal result
Integrand size = 14, antiderivative size = 92
d tanh a+bx
/ (¢ + dz)csch®(a + bx) dz = (e m)arcban ) - dCSCh;Z;_ )
_ (e +dz) coth(a + bz)csch(a + bz)
2b
dPolyLog (2, —e*™*)  dPolyLog (2, e***)
252 - 262

output ‘ (d*x+c)*arctanh (exp (b*x+a) ) /b-1/2*d*csch (b*x+a) /b~2-1/2* (d*x+c) *coth (b*x+a ‘
‘ )*csch(b*x+a) /b+1/2*d*polylog(2,-exp(b*x+a))/b~2-1/2*d*polylog(2, exp (b*x+a ‘

L))/b‘z

J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 271 vs. 2(92) = 184.



input

output
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Time = 0.08 (sec) , antiderivative size = 271, normalized size of antiderivative = 2.95

2
8b 8b

dzlog (1 —e*™®)  dzlog (14 e**)
B 2b + 2

clog (cosh (}(a + bz))) _ clog (sinh (3(a + bz)))

2b 2
dPolyLog (2, _ea+bx) dPolyLog (2’ ea—i—bx)
2b? B 252

dzsech’ (5 + %) _ csech®(3(a + b))
- 8b B ]
. desch(3) csch (5 + ) sinh ()

42

. dsech(3) sech(§ + %) sinh ('5)

452

_dxcsch2(% + %) B cesch?® (1 (a + b))

/(c + dzx)csch®(a + bx) dr =

LIntegrate [(c + d*x)*Csch[a + b*x]~3,x] J

-1/8*x(d*x*Csch[a/2 + (b*x)/2]172)/b - (cxCsch[(a + b*x)/2]72)/(8%b) - (d*x*
Log[1 - E"(a + b*x)])/(2*b) + (d*x*Logl[l + E~(a + b*x)])/(2%b) + (c*LoglCo
sh[(a + b*x)/2]1]1)/(2*b) - (c*Log[Sinh[(a + bx*x)/2]]1)/(2%b) + (d*PolyLogl2,

-E~(a + b*x)])/(2%b"2) - (d*PolyLogl[2, E~(a + b*x)])/(2*b~2) - (d*x*Sech[
a/2 + (bxx)/2]172)/(8%b) - (c*Sech[(a + b*x)/2]72)/(8%b) + (d*Csch[a/2]*Csc
h[a/2 + (b*x)/2]*Sinh[(b*x)/2])/(4%b~2) + (d*Sech[a/2]*Sech[a/2 + (b*x)/2]
*3inh [(b*x)/2])/(4%¥b~2)

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.17,

number of rules _ 0.643, Rules
integrand size

number of steps used = 10, number of rules used = 9,
used = {3042, 26, 4673, 26, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(c + dz)csch3(a + bx) dx
| 3042
/ —i(c+ dz) csc(ia + ibx)3dx

| 26

—i /(c + dz) csc(ia + ibx)3dx

| 4673
1 ; h ] h h
_ (2 / _i(c + dz)esch(a + ba)ds — idcsc 2(;12+ bz)  i(c+ dz) cot (a2—|l-) bx)csch(a + ba:))

l 26

idesch(a + bx)  i(c+ dz) coth(a + bx)csch(a + bm))
B 262 - 2b

—i (—;z /(c + dz)csch(a + bz)dz

l 3042

1 ; h 3 h h
_; (_ZZ_ / i(c + dz) cselia + ibz)dz — idesch(a + bz)  i(c + dz) coth(a + bz)csch(a + bw))

2b2 2b

| 26
L (; /(c + dz) csc(ia + iba)dz — zdcscl;(;+ bz) i(c+dz) coth(a;l-) bx)csch(a + bx))

l'4670

,(1 (zdf log (1 —e™®) dz  id [log (1 + e2t%®) dzx N 2i(c + dz)arctanh (e2°%) ) idesch(a +bx)  i(c
_Z — — — — —
2 b b b 2b2

l 2715

(1[id[e*log (1 — e**t®) deatbz  id [e=27"% ]og (1 + €215%) deatP®  2i(c + dz)arctanh(e®+t®)
2 B2 - B2 * b i}

l 2838

(1 2i(c+ dz)arctanh(e*t*®)  idPolyLog (2, —e*™®®)  idPolyLog (2, e+"®) idcsch(a +bz)  i(c-
2 b + B - b2 BT R



input

output

rule 26

rule 2715

rule 2838

rule 3042

rule 4670

rule 4673
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‘Int[(c + d*x)*Csch[a + b*x]~3,x]

‘ (-I)*(((-1/2*I)*d*Csch[a + b*x])/b"2 - ((I/2)*(c + d*x)*Coth[a + b*x]*Csch
‘ [a + b*x])/b + (((2*I)*(c + d*x)*ArcTanh[E~(a + b*x)])/b + (I*d*PolyLogl[2,
L -E~(a + b*x)])/b~2 - (I*d*PolyLogl[2, E~(a + b*x)])/b"2)/2)

|
|
J

Defintions of rubi rules used

‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘ nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[cscl[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(f*xfz*I)), x]
+ (-Simp[d*(m/(f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x1, x] + Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] &% IGtQ[m, O]

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((bxCscle + f*x])~(n - 2)/(fx(n - 1))),
x] + (-Simp[b~2*d*((b*Cscle + f*x])"(n - 2)/(f"2x(n - V*(n - 2))), x] + S
imp[b™2*((n - 2)/(m - 1)) Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2), x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(81) = 162.

Time = 0.27 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.14

method | result

eb=+a (bdg e257+20 4 he e207+20 4 bdz+d 2021224 cb—d) c arctanh (eb?+4) din(14eb2+e)g dln(1+eb®+a)q dp
b2 (e2bet20 1) 2 + b + 2b 2v2 T

risch —

;
int ((d*x+c) *csch(b*x+a) ~3,x,method=_RETURNVERBOSE)

N J

input

-exp (b*x+a) * (bxd*x*exp (2xb*x+2%a) +b*cxexp (2¥b*x+2*a) +bxd*x+d*exp (2¥xb*x+2*a
)+c*b-d) /b~ 2/ (exp (2*%b*x+2%a) -1) “2+1/b*c*arctanh (exp (b*x+a))+1/2/b*d*1n(1+e
xp(b*x+a) ) *x+1/2/b"2*d*1n(1+exp (b*x+a) ) *a+1/2*d*polylog(2,-exp (b*x+a)) /b~2
-1/2/b*d*1n(1-exp (b*x+a) ) *x-1/2/b~2*d*1n(1-exp (b*x+a) ) *a-1/2*d*polylog(2,e
xp(b*x+a))/b~2-1/b"2*d*a*arctanh (exp (b*x+a))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1026 vs. 2(79) = 158.

Time = 0.10 (sec) , antiderivative size = 1026, normalized size of antiderivative = 11.15

/ (c + dzx)csch®(a + bx) dr = Too large to display

inputLintegrate((d*x+c)*csch(b*x+a)‘3,x, algorithm="fricas") J
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output

-1/2*% (2% (b*d*x + b*c + d)*cosh(b*x + a)~3 + 6x(bkd*x + b*c + d)*cosh(b*x +
a)*sinh(b*x + a)~2 + 2*(b*d*x + b*c + d)*sinh(b*x + a)~3 + 2x(bxd*x + b*c
- d)*cosh(b*x + a) + (d*cosh(b*x + a)~4 + 4xdxcosh(b*x + a)*sinh(b*x + a)

~3 + d*sinh(b*x + a)~4 - 2*d*cosh(b*x + a)~2 + 2*(3*d*cosh(b*x + a)~2 - d)

*sinh(b*x + a)~2 + 4*(d*cosh(b*x + a)~3 - d*cosh(b*x + a))*sinh(b*x + a) +
d)*dilog(cosh(b*x + a) + sinh(b*x + a)) - (d*cosh(b*x + a)~4 + 4*d*cosh(b

*x + a)*sinh(b*x + a)~3 + d*sinh(b*x + a)~4 - 2xd*cosh(b*x + a)”~2 + 2x*(3*d

*cosh(b*x + a)”2 - d)*sinh(b*x + a)~2 + 4x(d*cosh(b*x + a)~3 - d*cosh(b*x

+ a))*sinh(b*x + a) + d)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - ((bxd*x +
bxc)*cosh(b*x + a)~4 + 4*x(b*d*x + b*c)*cosh(b*x + a)*sinh(b*x + a)~3 + (b

*d*x + bxc)*sinh(b*x + a)~4 + b*d*x - 2*(b*d*x + b*c)*cosh(b*x + a)~2 - 2%
(b*d*x - 3*(b*d*x + b*c)*cosh(b*x + a)~2 + bxc)*sinh(b*x + a)~2 + b*xc + 4%
((b*xd*x + bxc)*cosh(b*x + a)~3 - (bxd*x + b*c)*cosh(b*x + a))*sinh(b*x + a

))*log(cosh(b*x + a) + sinh(b*x + a) + 1) + ((bxc - a*d)*cosh(b*x + a)~4 +
4% (b*c - a*d)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*c - a*d)*sinh(b*x + a)~4
- 2x(b*c - a*d)*cosh(b*x + a)~2 + 2x(3*(b*xc - axd)*cosh(b*x + a)~2 - b*c

+ a*d)*sinh(b*x + a)~2 + b*c - a*d + 4*x((bxc - a*xd)*cosh(b*x + a)~3 - (b*c
- axd)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*x + a) + sinh(b*x + a) -

1) + ((b*d*x + a*d)*cosh(b*x + a)~4 + 4*(bxd*x + a*d)*cosh(b*x + a)*sinh(b

*x + a)”3 + (bkd*x + a*d)*sinh(b*x + a)~4 + bkd*x - 2*(b*d*x + a*d)*cos...

Sympy [F]

/(c + dz)csch®(a + bx) dx = / (c + dz) csch® (a + bz) dz

inputt

integrate ((d*x+c)*csch(b*x+a)**3,x)

-

outputt

Integral((c + d*x)*csch(a + b*x)**3, x)

| —
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Maxima [F|

/(c + dz)csch®(a + bx) dz = / (dz + ¢) csch (bz + a)® dz

input‘integrate((d*x+c)*csch(b*x+a)"3,x, algorithm="maxima")

-d* (((b*x*e~(3*a) + e~ (3*a))*e” (3*b*x) + (b*x*e"a - e”a)*e” (b*x))/(b"2xe”(
4xbxx + 4*xa) - 2*¥b”2%e”(2xbxx + 2%a) + b~2) + 8xintegrate(1/16*x/(e”(b*x +

a) + 1), x) + 8*integrate(1/16*x/(e"(b*x + a) - 1), x)) + 1/2xcx(log(e” (-
b*x - a) + 1)/b - log(e”(-b*x - a) - 1)/b + 2*%(e”(-b*x - a) + e (-3*bxx -

3*xa))/(bx(2xe~ (-2*%b*x — 2%a) - e~ (-4*b*x - 4xa) - 1)))

output

Giac [F]

/(c + dzx)csch®(a + bx) dz = / (dz + ¢) csch (bz + a)® dz

input Lintegrate ((d*x+c)*csch(b*x+a) “3,x, algorithm="giac")

output Lintegrate((d*x + c)*csch(bxx + a)~3, x)

Mupad [F(-1)]

Timed out.
c+dzx

¢ + dzx)esch®(a + bz d$=/— T
/( ) ( ) sinh (a + bx)°

input 18t((c + d*x)/sinh(a + bxx)"3,%)

Outputtint((c + d*x)/sinh(a + b*x)"3, x)
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Reduce [F]
/(c + dz)csch®(a + bx) dz
—l6&w+w<fewwm_%niz+%%wm_ﬁh0b%ﬁ—3&m+“bg@m+“—1)&&—4&“+“bg@m+a—l)d+
inputLint((d*x+c)*csch(b*x+a)"3,x) J

p

( - 16%ex*x(bxa + 4xb*x)*int ((ex*(b*x)*x)/(e**(6%a + 6*bxx) - 3*ex*(4*a + 4
*b*x) + 3kex*(2%a + 2xbxx) - 1) ,x)*b**2xd — 3kex*(4*a + 4xb*x)*log(ex*(a +
b*x) - 1)*b*c - 4xe*x(4xa + 4*bxx)*log(e*x(a + b*x) - 1)*d + 3*ex*k(4*a +
4xbxx) *log(e*xx(a + b*x) + 1)*b*c + 4*e*xx(4*a + 4*b*x)*log(ex*(a + b*x) + 1
)*d - 6%ex*x(3%a + 3%b*x)*bkc - 8kex*(3*a + 3xbxx)*d + 32%ex*(3xa + 2xbxx)*
int ((ex* (bxx)*x)/(e**(6%a + 6*%bxx) - 3kexx(4*a + 4xb*x) + 3xex*(2xa + 2%bx
X) = 1),x)*bx*2kd + 6*e*x*(2xa + 2xbxx)*log(e*x(a + b*x) — 1)*b*c + 8xe*x(2
xa + 2%bxx)*log(e*x(a + b*x) - 1)*d - 6xex*x(2*a + 2%b*x)*log(ex*(a + bxx)
+ 1)*bxc - 8*ex*(2%a + 2%b*x)*log(ex*(a + b*x) + 1)*d - 6*e**(a + b*x)*b*c
- 16xe**(a + b*x)*bxd*x + 8*e*x(a + bxx)*d - 16*ex*axint ((ex*(b*xx)*x)/(e*
*(6*a + 6xbxx) - 3kexkx(4*a + 4xb*x) + 3xex*x(2%a + 2%b*x) - 1),x)*b**x2xd -
3xlog(e*x(a + b*x) - 1)*b*c - 4*log(ex*(a + bxx) - 1)*d + 3*log(e**(a + b*
x) + 1)*bxc + 4xlog(e*x(a + bxx) + 1)*d)/(6*bx*2%(e*x(4*a + 4*b*x) - 2kex*

(2%a + 2xb*x) + 1))

output

\




CHAPTER 3. LISTING OF INTEGRALS 124

319 I csch’(a+b2) iz

T
Optimal result . . . . . . . . . . . . . e 124
Mathematica [N/A] . . . . . . . . 124
Rubi [N/A] . . [125]
Maple [N/A] . . . . o 1251
Fricas [N/A] . . . . o 126
Sympy [N/A] . . o 126
Maxima [N/A] . . . . 127
Giac [N/A] . . . 127
Mupad [N/A] . . . o 128
Reduce [N/A] . . . o 128
Optimal result
Integrand size = 12, antiderivative size = 12
3 3
/ csch®(a + bx) dr — Tnt (csch (a + bx) ’ z)
T T
output LDefer(Int) (csch(b*x+a) ~3/x%,x) J
Mathematica [N/A]
Not integrable
Time = 25.40 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17
3 3
/csch (a + bx) dr — / csch®(a + bx) i
T T
input LIntegrate [Cschla + b*x]~3/x,x] J
output LIntegrate [Csch[a + b*x]~3/x, x] J
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3
/csch (z—i—b:c) iz

| 3042
. . . 3
/ __icsc(ia + ibx) e
x
| 26
. . 3
—i / csc(ia + ibx) iz

X

l 4680

/ csch®(a + bx) iz

x

input LInt [Csch[a + b*x]~3/x,x] J

output ‘ $Aborted

Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

h 3
/csc (b;v—i—a) d
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input Lint (csch(b*x+a)~3/x,x)

OutputLint(csch(b*x+a)"3/x,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch®(a + bx) dp — / csch (bz + a)° s

T Z

jnputLintegrate(CSCh(b*X+a)”3/X,X, algorithm="fricas")

Outputtintegral(csch(b*x + a)~3/x, x)

Sympy [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

3 3
/csch (a+ bzx) dp — / csch® (a + bx) i

T T

input Lintegrate (csch(b*xx+a)**3/x,x)

output LIntegral(csch(a + bxx)**3/x, X)
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Maxima [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 157, normalized size of antiderivative = 13.08

/ csch®(a + bx) dp = / csch (bz + a)® s

T T

input Lintegrate (csch(b*x+a) "3/x,x, algorithm="maxima") J
( N
output‘ -((b*x*e~(3%a) - e~ (3%a))*e”(3xb*x) + (bxx*e~a + e"a)*e” (b*x))/(b~2*x"2%e" ‘
| (4¥b¥x + 4xa) - 2%b"2kx"2%e”(2%b¥x + 2%a) + b"2%x"2) - 8xintegrate(1/16%x(b
"2%x72 - 2)/(b"2%x"3%e”(b¥x + a) + b"2%x"3), x) - 8*integrate(1/16% (b 2%x~
Lz - 2)/(b"2%x"3*e” (b*x + a) - b~2*%x"3), x) J
Giac [N/A]
Not integrable
Time = 0.34 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17
csch®(a + bz csch (bz + a)®
[losin) ,, _ [ehera?,
x x
inputLintegrate(csch(b*x+a)"3/x,x, algorithm="giac") J

/

~—

OutputLintegrate(c:sch(b>|=x + a)~3/x, x)
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Mupad [N/A]
Not integrable

Time = 2.39 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3
/csch (a + bx) dx=/ 1 da
x zsinh (a + bx)

-

inputtint(l/(x*sinh(a + b*x)~3),x)

N

Outputtint(i/(x*sinh(a + b*x)"3), x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch®(a + br) dr — / csch(bz + a)3d$

T T

input Lint (csch(b*x+a)~3/x,x)

output Lint(csch(a + b*x)**3/x,x)
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3.13 [ | —%5— + 32+/csch(z) | dz

csch?(z)
Optimal result . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . . ... 129
Rubi [A] (verified) . . . . . . . . . . 1301
Maple [F] . . . . e 130
Fricas [F(-2)] . . . . . o e 131
Sympy [F] . . . 131
Maxima [F] . . . . . . . 131
Giac [F] . . . . o o 132
Mupad [F(-1)] . . . o o 132
Reduce [F] . . . . o o e 132

Optimal result

Integrand size = 20, antiderivative size = 24

x lz () | dp — — 4 2z cosh(z)
/ (cschg (x) " 3 al )> ; 9csch%(x) " 34/csch(zx)

output L-4/9/°5Ch(x)“ (3/2)+2/3*x*cosh(x) /csch(x)~(1/2) J
Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71
z 1 2(—2 + 3z coth(z))
3 + —z+/csch(z) | dox = =
/ (CSCh2 () 3 ( )> 9csch? (z)
input LIntegrate [x/Csch[x]~(3/2) + (x*Sqrt[Csch[x]])/3,x] J

-

L (2% (-2 + 3*x*Coth[x]))/(9%Csch[x]~(3/2))

| —

output
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.050, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

T 1
/<cschg(x) + 3% csch(a:)) dx

| 2009
2z cosh(z) 4

3+/csch(z) "~ Qeschd (z)

below.

input ‘ Int [x/Csch[x]~(3/2) + (x*Sqrt[Csch[x]1]1)/3,x]

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

L—4/ (9%Csch[x]~(3/2)) + (2*x*Cosh[x])/(3*Sqrt[Csch[x]])

Defintions of rubi rules used

Maple [F]

/( e +x\/m) dx

csch (:c)% 3

input ‘ int (x/csch(x)~(3/2)+1/3%x*csch(x)~(1/2) ,x)

Lint (x/csch(x)~(3/2)+1/3*x*csch(x)~(1/2) ,x%)
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Fricas [F(-2)]

Exception generated.

csch? () 3

1
/ (L + —z+/ csch(x)) dz = Exception raised: TypeError

input‘integrate(X/CSCh(X)“(3/2)+1/3*x*csch(X)“(1/2),x, algorithm="fricas") ‘

output‘Exception raised: TypeError >> Error detected within library code: inte

‘grate: implementation incomplete (has polynomial part)

Sympy [F]

- 1 [—2%—dz + [z+\/csch(z)dz
/ <— + gx\/csch(x)> dg = —=*2 ) 3

csch? (x)

input Lintegrate (x/csch(x)**(3/2) +1/3*x*csch(x) % (1/2) ,x) J
OutputL(Integra1(3*x/csch(x)**(3/2), x) + Integral(x*sqrt(csch(x)), x))/3 J
Maxima [F]
/ <++lx\/m> dx=/lx csch(x)+%dx
cschz(z) 3 3 csch (z)?
input Lintegrate(x/csch(x)A (3/2)+1/3*x*csch(x)~(1/2) ,x, algorithm="maxima") J

outputLintegrate(1/3*X*sqrt(csch(x)) + x/csch(x)~(3/2), x) J
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Giac [F]

Nl

/<++§x\/m> dx:/%x csch (z) + ——da

csch2 (z) csch (z)

inputLintegrate(x/csch(x)‘(3/2)+1/3*x*csch(x)‘(1/2),x, algorithm="giac")

OutputLintegrate(1/3*x*sqrt(csch(x)) + x/csch(x)~(3/2), x)

Mupad [F(-1)]

Timed out.

1

N e
/ ( o %x\/csch(z)> dx =/ 3 My i dz

csch%(:c) ( L >3/2
sinh(x)

inputLint((x*(l/sinh(x))“(1/2))/3 + x/(1/sinh(x)) " (3/2) ,x)

output 12 (Cor(1/sinh(x))(1/2))/3 + x/(1/sinh(x))~(3/2), )

Reduce [F|

/( 4+ 24y/esch(a) )dx_/m (owdw)

csch2(z) 3 csch (z)? 3

jnputLint(X/CSCh(X)A(3/2)+1/3*X*CSCh(X)A(1/2),x)

OutputL(B*int((Sqrt(csch(x))*x)/csch(x)**2,x) + int(sqrt(csch(x))*x,x))/3




output

input

output
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314 e dx
csch?iz) 5\/csch()

Optimal result . . . . . . . . . . .. 133l
Mathematica [A] (verified) . . . . . . ... ... L o 133
Rubi [A] (verified) . . . . . . . .. .. 134
Maple [F] . . . . 134
Fricas [F(-2)] . . . .« . o o 135
Sympy [F] . . . 135
Maxima [F] . . . . . .. 135
Giac [F] . . . . o o 136
Mupad [F(-1)] . . .« 136
Reduce [F] . . . o . o o 136

Optimal result

Integrand size = 20, antiderivative size = 24

4 2z cosh(z)

T 3
+ dr = — s+
/ <CSChg($) 54/ CSCh($)> 25cschz (z) 5CSCh%($)

L—4/25/csch (x)~(5/2)+2/5*x*cosh(x)/csch(x)~(3/2) J

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71

—2 + 5z coth(z))

/ < T 3z ) dp — 2(
cschg(a:) 54/csch(zx) 25cschg(a:)

LIntegrate [x/Csch[x]"(5/2) + (3*x)/(5%Sqrt[Csch[x]]),x] J

L(2*<—2 + B*x*Coth[x]))/(25%Csch[x]1~(5/2)) J




input

output

rule 2009

input

output
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.050, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ( mﬁ + 5 ) dz
csch2(z) 5y/csch(z)
| 2009

2z cosh(z) 4
5esch2 (z) 25csch3 (x)

Int[x/Csch[x]~(5/2) + (3%x)/(5%Sqrt[Cschlx]]),x]

L—4/(25*Csch[x]“(5/2)) + (2%x*Cosh[x])/(5%Csch[x]~(3/2))

Defintions of rubi rules used

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
Maple [F]
/ T 4 3x Iz
csch (;1;)% 54/csch (.’L‘)
‘int(x/csch(x)”(5/2)+3/5*x/csch(x)“(1/2),x)

Lint (x/csch(x)~(5/2)+3/5*x/csch(x)~(1/2) ,x)
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Fricas [F(-2)]

Exception generated.

z 3z
+ dx = Exception raised: TypeError
/ (cschg (x) 5\/csch(z)>

input‘integrate(x/csch(x)"(5/2)+3/5*x/csch(x)"(1/2),x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code:
‘grate: implementation incomplete (has polynomial part)

inte

Sympy [F]

3z
= =
2 (z)

csch2(z)  5y/csch(z 5

inputLintegrate(x/csch(x)**(5/2)+3/5*x/csch(x)**(1/2),x)

outputL(Integral(5*X/CSCh(X)**(5/2), x) + Integral(3*x/sqrt(csch(x)), x))/5

Maxima [F]

T

/ T 3z dr — / i
csch?(z)  5+/csch(z) 5\/csch %

csch (z)

inputLintegrate(x/csch(x)‘(5/2)+3/5*x/csch(x)*(1/2),x, algorithm="maxima"

Ou_tputtintegrate(3/5*)c/sqr1:(csch(x)) + x/csch(x)~(5/2), x)
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Giac [F]

T

xr
5 5 dx
/ <CSCh2 5\/ CSCh ) / 5/ CSCh CSCh (;1; 5

inputLintegrate(x/csch(x)‘(5/2)+3/5*x/csch(x)*(1/2),x, algorithm="giac")

outputtintegrate(S/S*x/sqrt(csch(x)) + x/csch(x)~(56/2), x)

Mupad [F(-1)]

Timed out.

/(cschgcz(ﬁwczfm) dx=/5 30w

1 5/2
smh(z) <sinh(a:) )

input 88 (3407 (5%(1/8inh(x))~(1/2)) + x/(1/5inh(x))7(5/2),%)

output | 185 ((340)/ (% (1/5inh (1))~ (1/2)) + x/(1/sinh(x))"(6/2), ©)

Reduce [F]

v/csch(z) z
/ T L 3z dp — 3 (f csch(z) dac) 4 / csch (z) z i
csch? (r)  54/csch(z) 5

csch (z)?

input Lint (x/csch(x)~(5/2)+3/5%x/csch(x)~(1/2) ,x)

Output‘(3*1nt((sqrt(csch(x))*x)/csch(x),x) + 5xint ((sqrt(csch(x))*x)/csch(x)**3,x
/5
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3.15 [ —%— — 2z+/csch(z) | dz

csch?(z)
Optimal result . . . . . . . . . . e 137
Mathematica [A] (verified) . . . . . . . . . . ... 137
Rubi [A] (verified) . . . . . . . . . . 138
Maple [F] . . . . e 139
Fricas [F(-2)] . . . . . o e 139
Sympy [F] . . . 139
Maxima [F] . . . . . . . 140
Giac [F] . . . . o o 140
Mupad [F(-1)] . . . o o 140
Reduce [F] . . . . o o e 141

Optimal result

Integrand size = 20, antiderivative size = 47

/ ( r %xm> dp = — 4 N 2z cosh(z)

csch? (x) 49csch? (z) Tesch? (x)
n 20 10z cosh(z)
63csch?(z) 21+/csch(z)

‘/—4/49/csch (x)~(7/2)+2/7*x*cosh(x)/csch(x)~(5/2)+20/63/csch(x)~(3/2)-10/21* ‘

output
xkcosh (x) /csch (x)~ (1/2)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96

/ (cschxg @) — %x\/csch($)> dz = +/csch(z) (—% + % cosh(2z) — % cosh(4x)

13 . 1 .
- B¢ sinh(2z) + 287 smh(4a:))
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input ‘ Integrate[x/Csch[x]~(7/2) - (5*x*Sqrt[Csch[x]])/21,x] ‘

‘Sqrt [Csch[x]]*(-167/882 + (88*Cosh[2*x])/441 - Cosh[4*x]/98 - (13*x*Sinh[2 ‘

output
\*x])/42 + (x*Sinh[4%x])/28)

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 0.050, Rules

number of steps used = 1, number of rules used = 1, = -
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (cschx; @) — 251w\/csch(x)> dx
| 2009

20 B 4 4 2z cosh(z) 10z cosh(z)
63csch2(z) 49cschz(z) Tesch(z)  21y/csch(z)

input LInt [x/Csch[x]~(7/2) - (5*x*Sqrt[Csch[x]])/21,x] J

-4/ (49%Csch[x]~(7/2)) + (2xx*Cosh[x])/(7*Csch[x]~(5/2)) + 20/(63*Csch[x]~( \

3/2)) - (10*x*Cosh[x])/(21*Sqrt[Csch[x]])

e B
output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [F|
/ x  5z/csch(z) s
csch (z)? 21
input tint (x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2) ,x)

output Lint (x/csch(x)~(7/2)-5/21%x*csch(x)~(1/2) ,x)

Fricas [F(-2)]

Exception generated.

5)
/ (# — ﬁx\/csch(x)> dx = Exception raised: TypeError
2

input Lintegrate (x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2) ,x, algorithm="fricas")

outp ut‘Excep‘cion raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (has polynomial part)
Sympy [F]
. 5 i (——i%) dz + [ 5z+/csch (z) dz
csch2 (z
/ ———— — —z+/csch(z) | dx = —
csch2 (x) 21 21
B
input tintegrate (x/csch(x)**(7/2)-5/21*x*csch(x) **(1/2) ,x)

output L'(Integral(‘21*X/CSCh(X)**(7/2), x) + Integral (5*x*sqrt(csch(x)), x))/21
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Maxima [F]

/ —567 —ix v/csch(z) dx—/——x csch ( )+—z - dx
cschz(z) 21 csch (z)?

inputLintegrate(x/csch(x)‘(7/2)—5/21*x*csch(x)*(1/2),x, algorithm="maxima")

outputLintegrate(-5/21*X*sqrt(csch(x)) + x/csch(x)~(7/2), x)

Giac [F]

/( $7 _%x\/CSCh( )) dx:/—%x csch(x)+%dx

csch? (x) csch (z)

inputLintegrate(x/csch(x)‘(7/2)—5/21*x*csch(x)‘(1/2),x, algorithm="giac")

outputLintegrate(‘5/21*X*Sqrt(csch(x)) + x/csch(x)~(7/2), x)

Mupad [F(-1)]

Timed out.

/ ( 537 — %ancsoh(:c)) dr = —/ 2;inh(x) — m dz

cschz ()

input Lint (x/(1/sinh(x))~(7/2) - (5*x*(1/sinh(x))~(1/2))/21,%)

output L-int((5*x*(1/sinh(x))“(1/2))/21 - x/(1/sinh(x))~(7/2), x)
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Reduce [F]

/< g —im csch(z )dgc_/\/W (f\/mxdx>

csch?(z) 21 csch (z)* 21

inputt

int (x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2),x)

outputt

(21*int ((sqrt(csch(x))*x)/csch(x)**4,x) - 5*xint(sqrt(csch(x))*x,x))/21

J
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3.16 [ —25— + 122\ /csch(z) | dz

csch?(z) 3
Optimal result . . . . . . . . . . e 142
Mathematica [A] (verified) . . . . . . . . . . ... 142
Rubi [A] (verified) . . . . . . . . . . 143]
Maple [F] . . . . e 144
Fricas [F(-2)] . . . . . o e 144
Sympy [F] . . . 144
Maxima [F] . . . . . . . 145
Giac [F] . . . . o o 145
Mupad [F(-1)] . . . o o 145
Reduce [F] . . . . o o e 146

Optimal result

Integrand size = 24, antiderivative size = 76

/ z? N 1x2 csch(z) | do = 8z 16 cosh(w) 2z cosh(x)
csch?(z) 3 9(3sch2 27\/ csch(z)  34/csch(z

- —7,\/ csch(z) EllipticF (Z o 2) isinh(x)

‘ -8/9%x/csch(x) ~(3/2)+16/27*cosh(x) /csch(x)~(1/2)+2/3*x"2*cosh(x)/csch(x)~( ‘
‘ 1/2)+16/27*I*csch(x) ~(1/2)*InverseJacobiAM(-1/4%Pi+1/2*I*x,2"(1/2))*(I*sin ‘
‘ h(x))~(1/2)

output

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

/<cschg(x) + -z \/csch(x)> dx

4(3 + csch?(z)) (—12x + (8 + 922) coth(z) +

Wl

8csch(z) EllipticF (1 (1—2iz),2)
/isinh(z)

27(-1+3 cosh(2x))csch% (x)
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input ‘ Integrate[x~2/Csch[x]~(3/2) + (x~2*Sqrt[Csch[x]])/3,x] ‘

| (4%(3 + Csch[x]"2)*(-12%x + (8 + 9*x"2)*Coth[x] + (8#Csch[x]*EllipticF[(Pi

tput
o \ - (2*I)*x)/4, 21)/Sqrt[I*Sinh[x]1))/(27*(-1 + 3xCosh[2*x])*Csch[x]~(7/2)) \

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00,

number of rules _ 0.042, Rules

number of steps used = 1, number of rules used = 1, = S —
integrand size

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
2
/ :v3 +1:1:2 csch(z) | dz
csch2(z) 3

l 2009

2% cosh 16 cosh '
zcosh(z) 82 Goosh(z) _ —7,\/ isinh(z)+/csch(z) EllipticF <Z - @, 2>

+
3\/csch(z)  9esch?(z) 27y/csch(z) 27 2

input LInt [x~2/Csch[x]~(3/2) + (x~2xSqrt[Csch[x]])/3,x] J

outp ut‘( 8*x)/(9%Csch[x]~(3/2)) + (16%Cosh[x])/(27%Sqrt[Csch[x]]) + (2*x~2*Cosh[x ‘
‘])/(S*Sqrt [Cschlx]]) - ((16%I)/27)*Sqrt[Csch[x]]1*EllipticF[Pi/4 - (I/2)*x, ‘
- 2]Sqrt [T*Sinh[x]] |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Maple [F]

/( z? xQ\/m) i

3 +
csch (z)?2

input Lint (x~2/csch(x)~(3/2)+1/3%x~2*csch(x)~(1/2) ,x)

output Lint (x~2/csch(x)~(3/2)+1/3*x~2xcsch(x) ~(1/2) ,x)

Fricas [F(-2)]

Exception generated.

csch? () 3

2 1
/ <$— + —x%\/ csch(ac)) dz = Exception raised: TypeError

input Lintegrate (x~2/csch(x)~(3/2)+1/3%x~2%csch(x)~(1/2),x, algorithm="fricas")

outlDut‘Exception raised: TypeError >> Error detected within library code:

‘grate: implementation incomplete (has polynomial part)

Sympy [F]

f—3f2—)dx+fx2\/csch(x)dx

csch? (x) 3

2 3
/ (—x ¥ ;m> dr = i

input Lintegrate (x**2/csch(x)**(3/2)+1/3*x**2%csch(x) **(1/2) ,x)
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OutputL(Integral(B*x**2/csch(x)**(3/2), x) + Integral (x**2*sqrt(csch(x)), x))/3

Maxima [F]

/(””—+§ \/T> = [ Lo amE+—

csch2 ()

§
2

csch ( )

inputLintegrate(x“2/csch(x)‘(3/2)+1/3*x‘2*csch(x)‘(1/2),x, algorithm="maxima")

OutputLintegrate(1/3*x‘2*sqrt(csch(x)) + x72/csch(x)~(3/2), x)

Giac [F]

2 2
/ x—g + 1 Vesch(z) | dz = / csch (z) + S
csch2 (x) 3" csch (z)

N[

inputLintegrate(x“2/csch(x)”(3/2)+1/3*x“2*csch(x)”(1/2),x, algorithm="giac")

ou_tputtintegrate(1/3*:{"2*sqrt(csch(x)) + x72/csch(x)~(3/2), x)

Mupad [F(-1)]

Timed out.

1
2 2

2 L7/ sinh(z)
/ (x—g, + %x2\/csch(x)> dx :/ 3 o) + i dx

csch? (z 1 3/2
( ) (sinh(m))

inputLint((x”2*(1/sinh(x))’"(1/2))/3 + x72/(1/sinh(x))~(3/2),x)
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output | 8% (("2%(1/sinh(x))"(1/2))/3 + x°2/(1/sinh(x))"(3/2), ©) J
Reduce [F|
x? 1 v/esch (z ( | \/csch (z) x2dx)
/ —— + —x%\/csch(z) | da _/ T+
csch2 (z) 3" csch (x 3
inputLint(x‘2/csch(x)‘(3/2)+1/3*x*2*csch(x)*(1/2),x) J

outputL(3*int((Sqrt(CSCh(X))*X**2)/csch(x)**2,x) + int(sqrt(csch(x))*x**2,x))/3 J
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3.17 f (e4fx)3 cosh(c+dz) dx
a+bcsch(c+dq)

Optimal result . . . . . . . . . . . e 148
Mathematica [B]| (warning: unable to verify) . . . . . ... ... ... ... ... 149]
Rubi [C] (verified) . . . ... ... . ... .. 150
Maple [F] . . . . 157
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ...... 157
Sympy [F] . . o o 158
Maxima [F] . . . . . . 1591
Giac [F] . . . . o o 159
Mupad [F(-1)] . . . oo 160
Reduce [F] . . . . o o 160
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Optimal result

Integrand size = 26, antiderivative size = 448

/ (e + fz)3 cosh(c + dx) dp — ble + fz)*  6f°cosh(c+ dr)
a + besch(c + dx) 4a®f ad?*
_ 3f(e+ fz)* cosh(c + dz)
ad?
aec dx
b(e + fr)3log <1 + HTZ?)
a’d
aectdz
b(e + fz)3log <1 + m)
a’d
3bf(e + fz)? PolyLog (2, — b_“ec:w
B a’d?

)

3bf(e + fz)? PolyLog (2, —bfﬁ%>

B a’d>? >
ct+dx

)

i}
T

6bf2(e + fz) PolyLog (3, e
a?d3
c+dx
6bf2(e + fz) PolyLog (3, — g
a?d?
6bf2 PolyLog (4 —ﬁ)
=
a2d*
6bf3 PolyLog (4 —ﬂ)
_ ’ o b+Va?4b?
a?d*
6f2%(e + fz)sinh(c+dz) (e+ fz)3sinh(c+ dx)
+ +
ad3 ad

+

_|_

1/4xbx (f*x+e) ~4/a~2/f-6xf~3*cosh(d*x+c)/a/d~4-3*f* (f*x+e) “2xcosh(d*x+c)/a/
d~2-b* (f*x+e) “3*1n(1+axexp (d*x+c)/(b-(a~2+b~2) " (1/2))) /a~2/d-b* (fxx+e) ~3x1
n(1+axexp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~2/d-3*b*f* (f*x+e) “2*polylog(2,-a*e
xp(d*x+c)/ (b-(a~2+b~2)~(1/2)))/a~2/d"2-3*bxf* (f*x+e) “2*polylog(2,-a*exp (d*
x+c)/ (b+(a~2+b~2)~(1/2)))/a~2/d"2+6xb*f ~2* (f*x+e) *polylog(3,-a*xexp (d*x+c)/
(b-(a~"2+b~2)~(1/2)))/a~2/d"3+6*xb*f ~2* (f*x+e) *polylog(3,-a*exp(d*x+c)/(b+(a
~2+b"2)~(1/2)))/a"2/d"3-6*b*f~3*polylog(4,-axexp(d*x+c)/(b-(a"2+b"2) " (1/2)
))/a~2/d"4-6xb*f~3*polylog(4,-a*exp(d*x+c)/(b+(a~2+b"2) " (1/2)))/a~2/d~4+6%
£72% (f*x+e) *sinh (d*x+c) /a/d"3+(f*x+e) “3*sinh(d*x+c)/a/d

output




-

input |

output
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Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 1792 vs. 2(448) = 896.

Time = 19.33 (sec) , antiderivative size = 1792, normalized size of antiderivative = 4.00

/ (e + fx)3 cosh(c + dx)

dz = Too 1 to displ
a + besch(c + dx) v 00 Jatge 1o dispiay

Integrate[((e + f*x)“3*Cosh[c + d*x])/(a + bxCsch[c + d*x]),x]

(exf~2xCschlc + d*x]*((4*xb*x~3)/(-1 + E~(2%c)) - 2%b*x~3*Coth[c] - (6*a~2%
bx(d"2*x"2*Log[1 + ((b - Sgrt[a”2 + b~2])*E~(-c - d*x))/al - 2*d*x*PolyLog
[2, ((-b + Sqrt[a”2 + b~2])*E~(-c - d#*x))/al - 2*PolyLogl[3, ((-b + Sqrtl[a
2 + b"2])*E~(-c - d*x))/al))/(Sqrt[a"2 + b~2]*(-b + Sqrt[a”2 + b~2])*d"3)

- (6*a~2xb*(d"2*x"2xLog[1 + ((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*
x*xPolyLog[2, -(((b + Sqrt[a~2 + b"2])*E~(-c - d*x))/a)] - 2*PolyLogl3, -((
(b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a)]))/(Saqrt[a”2 + b~2]*(b + Sqrt[a~2 +
b~2])*d"3) + (6%b~2*(d"2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]
)] + 2%d*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a™2 + b~2])] - 2*PolyLogl
3, (axE"(c + d*x))/(-b + Sqrt[a”2 + b2]1)]1))/(Sqrt[a~2 + b"2]1*d"3) - (6*b~
2% (d"2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl
2, -((a*xE~(c + d*x))/(b + Sgrt[a”2 + b~2]))] - 2*PolyLogl[3, -((a*E~(c + d*
x))/ (b + Sqrt[a~2 + ©72]))1))/(Sqrt[a~2 + b~2]*d"~3) + (6*a*Cosh[d*x]*(-2*d
*x*Cosh[c] + (2 + d"2%x"2)*Sinh[c]))/d"3 + (6xax((2 + d~2*x~2)*Cosh[c] - 2
*d*x*Sinh [c])*Sinh[d*x])/d"3)*(b + a*Sinh[c + d*x]))/(2*xa"2*(a + b*Cschlc

+ d*x])) + (£73%Cschlc + d*x]*((b*(x"4 - (2%a"2*(-1 + E~(2%c))*(d"3*x"3*Lo
glli + ((b - Sqrt[a™2 + b"2])*E~(-c - d*x))/a] - 3*d~2*xx~2*PolyLog[2, ((-b

+ Sqrt[a™2 + b"2])*E~(-c - d*x))/a] - 6*d*x*PolyLog[3, ((-b + Sqrt[a”2 + b
~2])*E~(-c - d*x))/a] - 6*PolyLogl[4, ((-b + Sqrt[a”2 + b"2])*E~(-c - d*x))
/al))/(8qrt[a”2 + b~2]*(-b + Sqrt[a™2 + b~2])*d"4) - (2*a"2x(-1 + E~(2*...
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 2.68 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.01,

_ _ number of rules _
number of steps used = 21, number of rules used = 20, integrand size 0.769, Rules

used = {6128, 6113, 3042, 3777, 26, 3042, 26, 3777, 3042, 3777, 26, 3042, 26, 3118, 6095,
2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fz)3 cosh(c + dz)
a + besch(c + dx)

l 6128

dz

dxr

/ (e + fz)3sinh(c + dz) cosh(c + dz)
asinh(c+dx) + b

l 6113

e+fx)3 cosh(c+dx
[(e + fz)3 cosh(c + dz)dz B bf ( b+a)sinh(cJ(rdz) \da

a a
l 3042

3
b ey de L J(e+ fz)sin (ic + idw + §) dw

a a

l 3777

o) HER | Crinbapers)  {erspteri

a a

| 26

el aptend) 31 (ool [ 2o

a a

l 3042

b+asinh(c+dz)
a a

l26

b f (e+f)3 cosh(c+dz) dx (e+fx)3sinh(ct+dx)  3f [ —i(e+fx)? sin(ictide)dr
d d
- +
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b f (e+fx)® cosh(c+dx) dx (e+fzx)3 s;nh(c—i-dm) + 3if f(e—i—fm)z;in(ic—i-idz)dw

b+ h(c+d:
a sinh(c+dx) +
a a
| 3777
i 2 7 e+ fx) cosh(c+dx)dx
b (et+fx) cosh(ctda) 7o (e+fa)® sinh(c+da) 3if (’(e”m) cosh(etde)  2ef [(etfe) cosh(otdn)d )
b+a sinh(c+dx) + d + a
a a
| 3042
. sif i(etf2)2 (;osh(c+dw) _ 2if [(e+f2) sind(ic+idx+g)dx
(e+fz)? cosh(c+dzx) +f2)3 sinh(c+d
bf b+a sinh(c+dx) dx (et/e) S:in (ctdr) + a
a a
| 3777

e+fx)3 cosh(ctdx
_bf ( b+a)sinh(c—$-dz) )d'T

a
%7 ( (e+fz) si;h(c-kdm) _if [ —i sinil(c-‘-dz)dw) )
d

o[ i(e+fx)? cosh(c+dz)
3Zf(18 x (;OS C (D_

(e+fx)3 sinh(c+dzx)
d + d

a

| 26

e+fx)3 cosh(ctdx
b f ( b+a)sir'1:}(1)?c—$-dx) )d

i(e+f:c)2 cosh(ctdz)
d

%Ff ( (e+fz) si;h(c-kdm) IS sinh%c-}—dw)d:v) )
d

3if (
(et+fz)3 s(iinh(c—l—dx) +

a

l 3042

e+ fx)3 cosh(ctdx
b f ( b+a)sirf}??c—$-dx) )dx

_I.

a
. ( (e+fz)sinh(c+dz) f [ —isin(ictidz)dz
3if <i(e+fz)2 cosh(ct+dz) 21f( d d ) )
d

d

(e+fzx)3 s(iinh(c+dx) +

a

| 26

+fx)3 cosh(c+d
b e de

+
(e+fz) sinh(ct+dzx) + if [ sin(ictidz)dx ) )
d d

. 2if
. z(e+fz)2 cosh(c+dzx) (
3if < d - d

(e+fzx)3 sliinh(c+dz) +

a
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l 3118

+fz)3 cosh(c+d
b Gt dg

a
3if (i(e+fz)2 fiosh(c+dz) _

+
2’if( (e+fz) si;lh(c-ﬁ-d:v) _f cosl;(;-}—dw) ) )

(et+fx)3 s(iinh(c-i-dm) + !

d

a
l 6095

e“t9% (et fz)? e“t9% (et fz)? _ (e+fx)4>
(f ec+da:a+b_\/a2+b2 dw + f ec+da:a+b+\/a2+b2 dx daf

.. (e+fz)sinh(c+dz) fcosh(ct+dz)
o[ i(etfo)? cosh(ctda) z’f( d - )
3if F — 5

(e+fz)® sinh(c+dx)
e xr S(lil'l C XL + =

a
l 2620

2 ec+dwa 2 ec+d$a 3 aec+dw 3 aec'|
3f [(e+fx) log(ib_\/m+l)dx 3f [(e+fx) log(7b+m+l)dx (e+fz) log<7b_m+l) (e+fz) log(\/aT_'_
— od — ad + ad + ad

a
. .( (e+fz)sinh(ct+dz) fcosh(ct+dz)
3if (i(eJrfau)2 cosh(c+da) _ 2 ( d - ) )
d

d
(e+fz)3 sinh(c+dzx) +
d d
a
| 3011
d d d .
sf 2f [(e+fz) PolyLog(2,—lﬁ%)dz (e+fx)2 PolyLog(z,—%) sf 2f [(e+fz) PolyLog(2,—%)dz (e+fz)*
d - d d -
bl — ad - ad
a

d

2 'f( (e+fx) sinh(c+dx)  f cosh(c+dx) )
3if (i(e+f:c)2 cosh(ct+dz) * d d2 )
d

(e+fz)? s(iinh(c-l—dar:) +

a

l 7163
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d d
(e+fx) PolyLog(3,—%) fr PolyLog(B,—%)dz (e+fz) Pol;
2 — - — 2 _—
! d d (e+fa:)2 PolyLog(2,—%) !
3f < _ S b—Va“+b 3f
bl - ad -
2if( (e+fz)sinh(ctdx) fcosh(c+dw)>
3 i(e+fz)2 cosh(c+dzx) d d2
if d - d
(e+fz)3 sinh(c+dzx) +
d d
a
| 2720
PolyL — aeCtadz —c—dz pg)y1, — geStde dectdx
o[ HIPITOY o5(3,- 2 ) A olyLog (3, a0y )de "
d 2 (e+fz)2 PolyLog (2,— b“fj%)
3f d - d =va+ 3f 7

2if( (e+fz) sinh(c+dx) _ f cosh(ctdzx) )
3if (i(e+f:v)2 cosh(ct+dz) d d2 )
d d

(e+fz)3 sinh(c+dzx)
d + d

a

l 7143
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(e+fz) PolyLog|( 3,— aectd® f PolyLog|( 4,— aectde (e+f=) PolyLog
2f eVttt et ctdo 2| ——————
d (e+f:t)2 PolyLog(Z,— ae )
—Va2+p2
3f - _ 5 b a“+b 3f
bf - ad -

.. ( (e+fz)sinh(c+dz) fcosh(ct+dz)
o[ e+ fo)? cosh(ctdz) 2”( d E— )
3if F — v

(e+fz)? s(ilnh(c-l-dm) +

d

a

input Int[((e + f*x)"3*Cosh[c + d*x])/(a + b*Csch[c + d*x]),x]

-((b*x(-1/4%(e + f*x)~4/(axf) + ((e + £*x)~3*Logl[l + (a*E~(c + d*x))/(b - S
grt[a”2 + b°2])])/(a*d) + ((e + f*x) 3*Log[l + (a*E~(c + d*x))/(b + Sqrt[a
"2 + b"21)1)/(axd) - (3*fx(-(((e + fx*x)~2+PolyLogl[2, -((a*E~(c + d*x))/(b
- Sqrt[a~2 + 172]1))1)/d) + (2xf*(((e + f*x)*PolyLogl[3, -((a*xE~(c + d*x))/(
b - Sqrt[a™2 + b~2]1))])/d - (£f*PolyLogl[4, -((a*E~(c + d*x))/(b - Sart[a”2
+172]))1)/d72))/d))/(axd) - (3*xfx(-(((e + f*x) 2*PolyLogl[2, -((a*E~(c + d
*x))/(b + Sqrt[a”2 + b~2]))]1)/d) + (2*f*(((e + f*x)*PolyLogl[3, -((a*xE~(c +
d*x))/(b + Sqrt[a”2 + b~2]1))])/d - (f*PolyLogl[4, -((a*E~(c + d*x))/(b + S
grtfa”2 + 72]1))1)/d"2))/d))/(a*d)))/a) + (((e + £*x)~3*Sinh[c + d*x])/d +

((B*I)*fx((I*(e + f*xx)~"2xCoshl[c + d*x])/d - ((2*xI)*fx(-((f*Cosh[c + d*x])
/d"2) + ((e + fxx)*Sinh[c + d*x])/d))/d))/d)/a

output
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Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 26

rule 2620 Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

rule 3011 IntlLogll + (e_)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(a_)1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “nl/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3118 Intlsinl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Coslc + d*x]/d, x] /; FreeQ
[{c, 4}, x]

rule 3777 Int[((c_.) + (@_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]
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Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(b*xfx(m + 1)),
x] + (Int[(e + f*x) "m*(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £*x)"m*x(E~(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a~2 + b~2, 0]

rule 6095

Int[(Coshl(c_.) + (d_.)*(x)1"(p_.)*((e_.) + (£_.)*(x_))~(m_.)*Sinh[(c_.) +

(d_)*(x_)]1"(n_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x1)), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && IGtQ[m, 0] && IGtQL
n, 0] && IGtQ[p, O]

rule 6113

rule 6128 Int[(((e_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Csch[(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, 4, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

rule 7143 Int[PolyLogin_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7163 TatL(Ce ) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)]1, x_Symbol]l :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bx*x)))"pl/ (b*cxp*Log[F])), x] - Simp[f*(m/(b*cxp*Logl[F])) Int[(e + f*x)
~“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

N
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Maple [F]

dz

(fz + €)® cosh (dz + ¢)
/ a+ csch (dz +¢)b

input‘

int ((f*x+e) “3*cosh(d*x+c) / (a+csch(d*x+c) *b) ,x)

-

outputt

int ((f*x+e) ~“3*cosh(d*x+c) /(a+csch(d*x+c)*b) ,x)

| —

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1976 vs. 2(420) = 840.

Time = 0.13 (sec) , antiderivative size = 1976, normalized size of antiderivative = 4.41

/ (e + fx)3 cosh(c + dx)

a + besch(c + dz) dz = Too large to display

-

input L

integrate ((f*x+e) “3*cosh(d*x+c)/(a+b*csch(d*x+c)) ,x, algorithm="fricas")

-/




output

input

output
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-1/4% (2*%a*xd~3*f~3*x~3 + 2*a*d"3*e”3 + 6*axd"2xe"2xf + 12*a*xd*e*xf"2 + 12*ax
£73 + 6x(axd~3xexf~2 + axd"2*f"3)*x"2 - 2x(axd~3*f"3*x"3 + a*d"3*e"3 - 3*a
*d"2xe"2xf + 6kakdke*xf”2 - 6*axf~3 + 3x(axd"3ke*xf"2 - a*xd"2*f73)*x"2 + 3*(
a*d"3*e"2xf - 2xaxd"2xe*xf~2 + 2*a*d*f~3)*x)*cosh(d*x + c)”2 - 2*(a*d"3*£f"3
*x"3 + axd"3*e”3 - 3xa*d"2*%e"2xf + 6kaxdxexf"2 - 6xaxf~3 + 3x(axd”"3kexf~2
- axd"2*f73)*x72 + 3*(axd"3*e”2*f - 2*ka*xd"2ke*f~2 + 2xaxd*f~3)*x)*sinh(d*x
+ ¢c)72 + 6*x(axd"3xe"2xf + 2kaxd"2*e*f"2 + 2xaxd*f~3)*x — (b*d"4*f"3*x"4 +
4xb*xd~4*exf ~2%x"~3 + 6%b*d 4xe 2%f*x"2 + 4xbkd"4*e”3*kx + 8*bkcxd"3*e”3 - 1
2xbxc 2%d"2xe 2%f + 8xb*c 3xdxe*f~2 - 2%bxc~4xf~3)*cosh(d*x + c) + 12x((b*
d™2+f73*%x"2 + 2kbxd"2%e*f"2xx + bkd"2xe 2*f)*cosh(d*x + c) + (b*xd"2*f 3xx"
2 + 2%bxd"2%exf ~2%x + bxd"2%e”~2*f)*sinh(d*x + c))*dilog((b*cosh(d*x + c) +
b*sinh(d*x + c) + (axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a”
2) - a)/a + 1) + 12x((b*d"2*f"3*x"2 + 2xbxd"2xexf~2*x + b*d~2*e”2*f)*cosh(
d*x + c) + (b*d"2*f73%x"2 + 2*b*d"2%e*f 2*x + b*d"2*e"2xf)*sinh(d*x + c))*
dilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x +
c))xsqrt((a”2 + b72)/a"2) - a)/a + 1) + 4*x((bxd"3%e”3 - 3*bkc*xd 2xe”"2*f +
3*b*c"2*%d*exf"2 - bkc " 3*f"3)*cosh(d*x + c) + (b*d~3*e”3 — 3*bxckxd"2xe”2*f
+ 3%b*c"2xd*e*f~2 - b*c~3*f73)*sinh(d*x + c))*log(2*axcosh(d*x + c) + 2xa
*sinh(d*x + c) + 2%axsqrt((a”2 + b72)/a”2) + 2x%b) + 4x((b*d"3%e”3 - 3*b*c*
d"2%e”2*%f + 3*bkc 24d*e*xf"2 - bkc 3*f"3)*cosh(d*x + c) + (b*d"3*e”3 - 3...

Sympy [F]

(e + fz)?cosh(c + dz) i — / (e + fx)? cosh (c + dz) i

a + besch(c + dx) a + besch (¢ + dzx)

p
Lintegrate((f*x+e)**3*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

| —

e

LIntegral((e + fxx)**3*cosh(c + d*x)/(a + bxcsch(c + d*x)), x)

~—
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Maxima [F|

(e + fx)3 cosh(c + dx) dp — (fz + €)® cosh (dz + ¢)

a + besch(c + dx) B besch (dx +c¢) +a dz

inputLintegrate((f*X+e)AS*COSh(d*X+C)/(a+b*CSCh(d*X+C)),x, algorithm="maxima")

-1/2*%e"3*(2x(d*x + c)*b/(a"2*%d) - e~ (d*x + c)/(a*d) + e~ (-d*x - c)/(a*xd) +
2xbxlog(-2*b*e” (-d*x - c) + axe”(-2kd*x - 2*c) - a)/(a"2*d)) - 1/4*(b*d"4
*f~3%x"4*e”c + 4xbxd"4*xexf 2%x"3*ke"c + 6*bxd 4*e " 2xfxx"2%e"c - 2%(a*xd"3*xf”
3xx"3xe” (2*%c) + 3k (d"3*exf"2 - d72xf"3)*axx"2xe” (2*c) + 3*(d"3*e"2+f - 2*d
“2xexf"2 + 2xdxf~3)*a*xx*ke” (2xc) - 3k (d"2xe”2+f - 2*d*e*f”2 + 2*f~3)*axe”(2
xc))*e” (d*x) + 2x(axd"3*f73*x"3 + 3*%(d"3*exf"2 + d"2*xf"3)*a*x"2 + 3*(d"3*e
“2xf + 2xd"2%exf"2 + 2kd*f"3)*ka*x + 3% (d"2ke 2xf + 2xdxe*f"2 + 2+xf~3)*a)*e
~(-d*x))*e~(-c)/(a"2*d~4) + integrate(-2x(a*b*f~3*x~3 + 3*axb*exf 2*x"2 +

3kaxbxe 2*f*xx — (b 2*f " 3*x"3%e”c + 3*xb"2*e*f"2xx"2*%e"c + 3*b"2*e " 2kfxx*e"cC
Yxe” (d*x))/(a"3*e” (2xd*x + 2%c) + 2*xa"2*b*e~(d*x + c) - a~3), x)

output

Giac [F]

(e + fx)3 cosh(c + dz) dp — (fz + e)® cosh (dz + )

a + besch(c + dx) N besch (dx +¢) +a dz

input Lintegrate ((f*x+e) “3*cosh(d*x+c) / (a+b*csch(d*x+c)) ,x, algorithm="giac")

output‘ integrate((f*x + e) 3*cosh(d*x + c)/(b*csch(d*x + c) + a), x)
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Mupad [F(-1)]

Timed out.
/ (e + fx)3 cosh(c + dzx) dp — / cosh(c+dzx) (e + f z)® i
a + besch(c + dx) N a-+ m
input Lint((cosh(c + d*x)*(e + f*x)~3)/(a + b/sinh(c + d*x)),x)

output Lint((“Sh(c + dxx)*(e + fxx)~3)/(a + b/sinh(c + d*x)), x)

Reduce [F]

3 h d
/ (e + fx)° cosh(c + dx) dxr = Too large to display

a + besch(c + dx)

input Lint ((f*x+e) “3*cosh(d*x+c)/(atb*xcsch(d*x+c)) ,x)
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(2%e*x* (2%c + 2%kd*x)*a*x*2kxd*x*3ke*x*x3 + Bkex* (2*kc + 2%kd*x)*ka**kd*x*3ke*k*2xf*x
+ Bxe*x* (2%c + 2kd*x) *ax*kkdk*k3kexf**kkx**2 + kekk (2kc + 2kd*x)*ka*xk2kd**3
*Fkk3kx*k*k3 — Gkexk (2kc + 2kdkx)*kakxk2kdx*kke*xx2xf — 12ke*x* (2kc + 2kd*x)*a**
2kd*kkekfx*kQkx — Bkekk (2kc + 2kdkxx)*kax*kkd*k*k2kf**k3kx*k*k2 + 12%ke*x* (2kc + 2%
d*xx) *a*x*k2kdkexf*x*2 + 12%ke*x* (2kc + 2kd*x)*ka*xk2kdxfx*3*kx — 12%ex*x(2%xc + 2*dx*
x) *a*x*2%xf*x*x3 — 8kex*kx(c + d*x)*int (x**3/(ex*(2%xc + 2*d*x)*a + 2ke*x*x(c + d*x
)*b - a),x)*a*x*2*xbkdxxdxf**3 — 16xex*(c + dxx)*int (xk*3/(e**(2%c + 2*d*x)*
a + 2xex*x(c + dxx)*b - a),x)*b**3kdkkdxf*x*x3 — 24xex*(c + d*xx)*int (x**2/(e*
*x(2xc + 2*d*x)*a + 2xexx(c + d*x)*b - a),x)*ax*2xbxdkxdxexf*x2 - 48*e*x(c
+ d*x) *int (x**2/ (ex*x (2xc + 2*kd*x)*a + 2%ex*x(c + d*x)*b — a),x)*b**3*d**4*e
*xfx*x2 — 24xex*(c + d*x)*int(x/(ex*(2%c + 2*d*x)*a + 2xex*(c + d*x)*b - a),
X) *ka*x*x2¥bkxdx*4xe*x*x2xf — 48kex*(c + d*x)*int (x/(e**(2%c + 2xd*x)*a + 2ke**(
c + d*x)*b - a),x)*b**3kd*x4d*kex*2xf - 4dkex*k(c + d*kx)*log(ex*(2xc + 2*d*x)=*
a + 2%ex*x(c + d*x)*b - a)*akxbkd**x3kex*3 + 4kex*(c + d*x)*axbkd**k4kex*3*x —
6xex*x (c + d*x)*axbkxdxkdkexkx2kxfxx*k*x2 — 4kexk (c + dkx)*axbkd¥kdkexfx*kQkx*k*x3
- exx(c + d*x)*axbxdx*k4kxf*xx3kx*k*k4 + 8Skex* (d*x)*int (x**3/(e**(2%c + 3*d*x)
*a + 2kexx(c + 2kdxx)*b - exx(d*x)*a),x)*axbkkkdxxd*xf**3 + 24xe** (d*x)*in
t(x*xx2/ (ex*x (2xc + 3*kd*xx)*a + 2kexx(c + 2*xd*x)*b - e*x*k(d*xx)*a) ,x)*axbk*x2*xdx*
*x4xexfx*2 + 24xex* (d*x)*int (x/(ex*(2%c + 3*d*x)*a + 2xex*(c + 2xd*x)*b - e
*k (dkx) *a) ,x) kaxbxx2kd*kdkexxk2xf — kaxx2kd**k3kex*x3 — Gkakk2xd*x*3kex*k2x, ..

output
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3.18 f (e4fx)? cosh(c+dz) dx
a+bcsch(c+dq)

Optimalresult . . . . . . . . .. . . .. . . . e 162
Mathematica [B| (warning: unable to verify) . . . . . . ... ... ... ... 163l
Rubi [C] (verified) . . . . .. . . . . .. 164
Maple [F] . . . . o 1691
Fricas [B] (verification not implemented) . . . . . ... ... ... ...... 169
Sympy [F] . . . o 1701
Maxima [F] . . . . . . Ivall
Giac [F] . . . . o o Ival
Mupad [F(-1)] . . . oo Ival
Reduce [F] . . . . . 1721

Optimal result

Integrand size = 26, antiderivative size = 330

(e + fz)? cosh(c + dx) do— ble+ fx)*  2f(e+ fz)cosh(c + dx)
a + besch(c + dx) 3% ad?
2 aec+dw
B ble + fz)?log (1 + m)
a’d
9 aec+dw
~ b(e + fx)*log (1 + m)
a’d
2bf(e + fz) PolyLog <2> —bj%>
B a?d?
2bf (e + fz) PolyLog (2, —%)
B a’d?
2bf2 PolyLog (3, —%)
+ a?d?
2bf2 PolyLog (3, —ﬁ%)
+ 243
a?d

N 2f%sinh(c + dz) N (e + fz)?sinh(c + dz)

ad3 ad



CHAPTER 3. LISTING OF INTEGRALS 163

1/3%bx (fxx+e) ~3/a"~2/f-2*f* (fxx+e) *cosh (d*x+c) /a/d~2-b* (f*x+e) “2*1n(1+a*xexp
(d*x+c)/(b-(a~2+b"2)~(1/2)))/a~2/d-b* (f*x+e) ~2*1n (1+a*exp (d*x+c) / (b+(a~2+b
~2)7(1/2)))/a"2/d-2xb*f* (f*xx+e) *polylog(2,-a*exp (d*x+c)/(b-(a"2+b~2) " (1/2)
))/a~2/d"2-2%bxf* (f*x+e) *polylog(2,-a*exp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~2/
d~2+2%b*f~2*polylog(3,-a*exp(d*x+c)/(b-(a"2+b"2)~(1/2)))/a~2/d"3+2xb*f ~2*p
olylog(3,-a*exp(d*x+c)/(b+(a~2+b"2)~(1/2)))/a~2/d"3+2xf~2xsinh (d*x+c) /a/d"
3+(f*x+e) “2*sinh(d*x+c) /a/d

output

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 937 vs. 2(330) = 660.

Time = 11.15 (sec) , antiderivative size = 937, normalized size of antiderivative = 2.84

dx = Too large to display

(e + fz)? cosh(c + dx)
/ a + besch(c + dx)

input Integrate[((e + f*x) 2*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]




output
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(f~2%Cschl[c + d*x]*((4*b*x~3)/(-1 + E~(2%c)) - 2*b*x~3*Coth[c] - (6*a~2xbx*

(a~2*x~2xLog[1 + ((b - Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*x*PolyLog[2
, ((-b + Sqgrt[a~2 + b~2])*E~(-c - d#*x))/al] - 2*PolyLog[3, ((-b + Sqrt[a~2
+ b 2])*E~(-c - d#*x))/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~3) -
(6xa~2xbx(d~2*x"2*Log[1 + ((b + Sqrt[a~2 + b~2])*E~(-c - d*x))/a] - 2*xd*x*
PolyLog[2, -(((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a)] - 2+PolyLogl[3, -(((b
+ Sqrt[a”2 + b™2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b
~2])*d"3) + (6%b~2x(d~2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])]
+ 2xd*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2xPolyLogl3,
(a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2]1)]))/(Sqrt[a”2 + b~2]*d"3) - (6*b~2%
(d~2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl[2,
-((a*E~(c + d*x))/(b + Sqrt[a”2 + b72]))] - 2*PolyLogl[3, -((a*E~(c + d*x)
)/ (b + Sqrt[a”2 + b°2]1))]1))/(Sqrt[a~2 + b~2]*d"3) + (6*a*Cosh[d*x]*(-2xd*x
*Cosh[c] + (2 + d72*x"2)*Sinh[c]))/d"3 + (6*ax((2 + d~2*x"2)*Cosh[c] - 2*d
*x*Sinh[c])*Sinh[d*x])/d"3)*(b + axSinh[c + d*x]))/(6*a"2x(a + bxCschlc +
d*x])) - (e"2+Cschlc + d*x]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c + d
*x]/a)*(b + a*Sinh[c + d*x]))/(d*(a + b*Csch[c + d*x])) + (exf*Csch[c + d*
x]*(b + a*xSinh[c + d*x])*(-2*a*xCosh[c + d*x] - bx(2xcx(c + d*x) - (c + d*x
)"2 + 2%(c + d*x)*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])] + 2x(c +
d*x)*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] - 2xc*Logl[a - 2*bxE...

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.75 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.01,

number of steps used = 16, number of rules used = 15, number of rules _ 0.577, Rules
integrand size

used = {6128, 6113, 3042, 3777, 26, 3042, 26, 3777, 3042, 3117, 6095, 2620, 3011, 2720,
7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fz)? cosh(c + dz)
a + besch(c + dx)

l 6128

dzr

dr

/ (e + fx)?sinh(c + dz) cosh(c + dz)
asinh(c+ dzx) + b




CHAPTER 3. LISTING OF INTEGRALS 165

l 6113

2
[(e+ fx)?cosh(c + dz)dz B bf (eﬁﬁ)sufﬁ??ﬁz;‘;x) dz

a a

J,3042

e+fz)? cosh(ct+dz . . .
b e % | (et fo)*sin (ic + ide + §) do

a a

l 3777

_b I (eticz);fﬁ?ﬁiz;{)m) dz s (e+fx)? s(iinh(c+da:) _2if [—i(e+ fm; sinh(c4dz)dz

a a

| 26

o epens) _ y ettt [ el

a a
l 3042

b R e | Cotal it et

a a

| 26

e+fxz)? cosh(c+dzx e+ fz)? sinh(c+dz ) e+fz) sin(ic+idzx)dz
_bf(f)cos( ) da (+f)sdh(+d)+2ff(+f)d(+d)d

b+a sinh(c+dx) +
a a
| 3777
. o (i(e+fz) cosh(ct+dz) if [ cosh(ctdz)dx
(e+fz)? cosh(c+dx) + £2)2 sinh(c+d 2if -
b f b+a sinh(c+dzx) dzx (etfz) S(lin (ctds) + ( 2 a d )
- +
a a
| 3042
. 2if i(etf) cssh(c+dx)_ifj'sin(ic-(:ida:-!—%)da:
(e+fz)* cosh(c+dz) +f2)2 sinh(c+d.
_ b f b+a sinh(c+dzx) dx (etfz) Sclln (ctdr) + a
a a
| 3117
. i(e+fx) cosh(c+dz) if sinh(c+dzx)
(e+fz)? cosh(c+dzx) + £2)2 sinh(c+d 2if - 5
b f b+a sinh(c+dz) dx (etfz) S(lin (ctdr) + ( 4 a g )
_ . + .

l'6095
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ec+d“’(e+fa:)2 ec+dz(e+fa:)2 . (e+f:n)3)
b(f ec+dza+b_\/a2+b2 d[L' + f ec+dza+b+\/a2+b2 dx 3a,f

+

a
2f ( i(et+fx) c;sh(c-ﬁ-dz) _if sinl;(20+dz) )

(e+fzx)? s(iinh(c—i-dx) +

d
a
| 2620
2f j@ﬂ@log(%“)dw 2ff (e+fvc)log(b+"‘L %H)dw (e+fw)210g<b_“L %+1) (e+f:c)2log( Z;fbf
- ad - ad + ad + d

a
2f ( i(et+fx) c;sh(c-ﬁ-dz) _if sinl(li(20+d:v) )

(e+fzx)? s(iinh(c—i-dx) +

d
a
| 3011
c+dx ct+dx c+dx !
2f ffPolyLog<2,—db_a‘\3/TW)dw_ (e+fx) PolyLog<2,—b_a\77?> o ffPolyLog(2,—db+a\77?>dz B (e+fzx) PolyLog(d?,— bfé
bl - ad - ad
(e+fz) cosh(ctdz) _ if sinh(ctdz) @
. i(e+fx) cosh(c+dx if sinh(c+dz
(e+fz)? sinh(c+dzx) + 2zf( d - a2 )
d d
a
| 2720
© —e—d c+dx +d c+dx —e—d ct+dx +d
of fle € zPOlyLOS(ZQ—()_'IT/T?)dEC w_(e-#—fz) PolyLog(Q,—%) of fle ¢ zPOlyLog;(Q’z_mW)dec w‘
d d
bl - ad - ad

%f ( i(e+fx) cgsh(c+dz) _if sinl;(2c+dm) )

d

(e+fx)? sliinh(c+dm) +

a
l 7143
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2

bl - ad - ad

f PolyLog (3,— aectdz ) (e+ fz) PolyLog (2,— aectde ) f PolyLog (3,— aectd® ) (e+ fz) PolyLog (2,— aectde )
2f b—va2+b2 /) _ b—+/a2+b2 2f ;+vﬂ+ﬂ b+1/a2+4b2
d d d d

2f ( i(et+fx) c;sh(c-ﬁ-dz) _if sin};(;-ﬁ-dm) )
d

(e+fx)? s(iinh(c—i-dz) +

a

-

input LInt[((e + f*xx)~2xCosh[c + d*x])/(a + b*Cschlc + d*x]),x]

~—

-((bx(-1/3x(e + £*x)~3/(axf) + ((e + f*x)~2+Log[l + (a*E~(c + d*x))/(b - S
grtf[a”2 + b72]1)1)/(a*d) + ((e + fxx)~2xLogl[l + (a*E~(c + d*x))/(b + Sqrt([a
~2 + b"2])])/(a*xd) - (2xf*(-(((e + f*x)*PolyLogl[2, -((a*E~(c + d*x))/(b -
Sqrt[a”2 + b"2]1))]1)/d) + (£*PolyLogl3, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b
~21))1)/d72))/(axd) - (2xfx(-(((e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b +
Sqrt[a~2 + b~2]))]1)/d) + (£*PolyLogl[3, -((a*E~(c + d*x))/(b + Sqrt[a~2 +
b°2]1))1)/d"2))/(axd)))/a) + (((e + f*x)~2*Sinh[c + d*x])/d + ((2*I)*£*x((I*
(e + f*x)*Cosh[c + d*x])/d - (I*f*Sinh[c + d*x])/d"2))/d)/a

output

Defintions of rubi rules used

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(C(FL)~((g_)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

rule 3011 It [Logll + (e_)*((FL)~((c_.)*((a_.) + (b_.)*(x2)))) " (a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3117

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

rule 3777

Int[(Cosh[(c_.) + (d_.)*(x_)]1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E~(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

rule 6095

Int[(Cosh[(c_.) + (d_D*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +

(d_)*(x)1"(a_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQ[p, O]

rule 6113
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rule 6128 Int[(((e_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (@_)*(x_)1*(M_.) + (a_)), x_Symbol]l :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H

yperbolicQ[F] && IntegersQ[m, n]

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_)*(x))), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d

, e, n, p}, x] && EqQ[bxd, axel

Maple [F]

(fz + €)® cosh (dz + ¢)
/ a+ csch (dz +¢)b

dz

-

inputLint((f*x+e)"2*cosh(d*x+c)/(a+csch(d*x+c)*b),x)

-/

OutputLint((f*x+e)‘2*cosh(d*x+c)/(a+csch(d*x+c)*b),x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1265 vs. 2(308) = 616.

Time = 0.12 (sec) , antiderivative size = 1265, normalized size of antiderivative = 3.83

(e + fz)? cosh(c + dx)
/ a + besch(c + dx)

dx = Too large to display

p
inputt

integrate ((f*x+e) “2*cosh(d*x+c) /(a+bxcsch(d*x+c)) ,x, algorithm="fricas")

| —




output

input

output
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-1/6%(3%axd~2+%f"2%x"2 + 3kaxd"2%e”2 + 6¥akxdkexf + Gkaxf~2 - 3k (axd 2xf "2*x
2 + axd"2*e”2 - 2%axdkexf + 2%axf~2 + 2x(a*d"2ke*f - a*d*f~2)*x)*cosh(d*x
+ ¢c)72 - 3*(a*xd"2*xf72%x"2 + axd"2*e”2 - 2*axd¥exf + 2xaxf~2 + 2k (a*xd"2*e*
f - a*d*f~2)*x)*sinh(d*x + c)~2 + 6*(a*d™2*exf + axd*xf~2)*x — 2*(b*d"~3*f"2
*¥x73 + 3%b*d"3*ke*xf*x"2 + 3*b*d"3*%e"2*%x + 6*bkckd 2%e"2 - 6*bkxc 2kxdxexf + 2
*bxc”~3*%f~2) *cosh(d*x + c) + 12*%((b*d*f~2*x + bxd*e*f)*cosh(d*x + c) + (bxd
*f~2%x + bxd*e*f)*sinh(d*x + c))*dilog((b*cosh(d*x + c) + b*sinh(d*x + c)
+ (axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) +
12x ((b*d*f~2+x + bxdxe*f)*cosh(d*x + c) + (bxd*f~2*x + bxd*e*xf)*sinh(d*x +
c))*dilog((b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x + c) + axsinh(
d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 6x((bxd"2%e"2 - 2*b*cxdxexf
+ b*xc”2*%f"2)*cosh(d*x + c) + (b*d"2*e”2 - 2xbkckd*e*f + bxc ™ 2*xf~2)*sinh(d*
x + c))*log(2*xa*cosh(d*x + c) + 2*axsinh(d*x + c) + 2xa*sqrt((a™2 + b~2)/a
~2) + 2xb) + 6x((b*d"2%e"2 - 2xbxckxdxexf + bkc 2*f"2)*cosh(d*x + c) + (b*d
“2%e”2 - 2xb*ckd*exf + bxc”2+f"2)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2
xa*sinh(d*x + c) - 2*axsqrt((a”2 + b~2)/a”"2) + 2xb) + 6x((b*xd"2*xf " 2*x"2 +
2%bxd"2%exf*x + 2kbkckdxe*xf - bkxc 2*xf~2)*cosh(d*x + c) + (b*d~2*f "2*xx"2 +
2xbxd"2*exf*x + 2kbxckd*e*f - b*c"2*xf"2)*sinh(d*x + c))*log(-(b*cosh(d*x +
c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~
2)/a”2) - a)/a) + 6x((b*d"2*f724x"2 + 2xb*d"2*xexf*x + 2xbkckdkexf — b*c...

Sympy [F]

(e + fz)?cosh(c + dz) i — / (e + fx)? cosh (c + dz) i

a + besch(c + dx) a + besch (¢ + dzx)

p
Lintegrate((f*x+e)**2*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

| —

e

LIntegral((e + fxx)**2xcosh(c + d*x)/(a + b*csch(c + d*x)), x)

~—




input

output

input

output

input
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Maxima [F|

(e + fz)?cosh(c+dz) , [ (fz+e)’cosh(dz +c)
a + besch(c + dx) B besch (dz+c¢)+a

-

tintegrate ((f*x+e) "2xcosh(d*x+c)/(atbxcsch(d*x+c)) ,x, algorithm="maxima")

~—

-1/2*%e"2x(2x(d*x + c)*b/(a"2*%d) - e~ (d*x + c)/(a*d) + e~ (-d*x - c)/(a*xd) +
2xbx1log(-2*b*e” (—d*x - c) + axe” (-2kd*x - 2*c) - a)/(a"2*d)) - 1/6%(2*bxd
“3*f"2kx"3%e”c + 6xb*d"3kexf*x"2ke"c — 3k (a*d"2xf"2+x"2xe”(2xc) + 2% (d"2%*e
*xf - dxf~2)*axxke” (2%c) - 2k (dxexf - f~2)*akxe” (2%c))*e”(d*x) + 3*(axd~2xf~
2*%x72 + 2% (d"2*%e*xf + dxf"2)*axx + 2x(d*exf + £72)*a)*e” (-d*x))*e”(-c)/ (a2
*d~3) + integrate(-2*(axb*f~2xx"2 + 2kaxb¥e*f*x - (b 2+f"2%x"2%e"c + 2¥b"2
*exfxxke~c)*xe” (dxx))/(a"3*xe” (2*xd*x + 2*c) + 2*%a~2*bxe”~(d*x + c) - a~3), x)

Giac [F]

(e + fz)?cosh(c + dz) dp — / (fz +e)? cosh (dz + ¢) i
a + besch(c + dx) N besch (dz+c¢)+a

Lintegrate ((f*x+e) ~2xcosh(d*x+c)/(a+b*csch(d*x+c)) ,x, algorithm="giac")

‘integrate((f*x + e)"2xcosh(d*x + c)/(b*csch(d*x + c) + a), X)

Mupad [F(-1)]

Timed out.

2
dzx

/ (e + fx)? cosh(c + dx) dp — / cosh(c+dz) (e+ fx)

a + besch(c + dx) a+ -sinh(£+d )

Lint((cosh(c + dxx)*(e + f*xx)~2)/(a + b/sinh(c + d*x)),x)
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Output‘int((cosh(c + d*x)*(e + £xx)~2)/(a + b/sinh(c + d*x)), x)

Reduce [F]

(e + fx)?cosh(c + dz)
a + besch(c + dx)

3e2de+2eq2q2e2 — 302d2 f2x2 — 6a’def — 6ad fix — 12b2d% f?2? — 24b%def — 24b%d f2x + 623 +2eq? f2 .

dz

( hY

input\int((f*X+e) 2%cosh (d*x+c) / (a+b*csch(d*x+c)) ,x)

(3kex* (2%c + 2%kd*x)*a*x*2kd*x*2ke*x*x2 + Bkex* (2kc + 2*d*x)*ka*x*2kd*x*kexf*x +
3xex* (2%C + 2kd*x) *ax*kkAk*k2kL*kkx*k*k2 — BGke*xk (2kc + 2*d*x) *a*x*2xd*xe*xf - 6
kekxx (2%c + 2%d*xx)*a*x*x2kdkf*x*2*kx + Gke*x*kx (2kc + 2kd*x)*kax*k2xf*xx2 — 12%ex*x*(c
+ d*x)*int (x*x*2/ (e** (2%xc + 2*d*x)*a + 2*e*x*x(c + d*x)*b - a),x)*kax*x2xb*d**3
*fxk2 — 24*exx(c + dxx)*int (x**2/(e*x* (2xc + 2xd*x)*a + 2%exx(c + d*x)*b -
a) ,X) ¥b**3xd*x*x3xf*x*x2 — 24kex*k(c + d*x)*int (x/(ex*x(2*c + 2*d*x)*a + 2*exx(c
+ d*x)*b - a),x)*a**2kbxd**x3*ke*xf - 48ke**(c + d*x)*int(x/(e**(2%c + 2*d*x
Y*¥a + 2xe*x(c + d*x)*b - a),x)*¥b*x3*d*x3*e*xf - 6xe*x(c + d*x)*log(ex*(2*c
+ 2xdxx)*a + 2%e*xx(c + d¥x)*b - a)*akbkd*kx2xex*2 + Gkexx(c + d*xx)*axb*d**3
*e*x2%xx — B6%ex*kx(c + d*x)*kakbkdk*k3kekxfrx*kx2 — 2xexk(c + d*x)*akxbkdkk3kf**kxQx*
x**k3 + 12kexx (dkx)*int (x*#*2/ (ex* (2%c + 3xd*x)*a + kex*k(c + 2xd*x)*b — ex**
(d*x) *a) ,x) *a*xbxk2kd**x3*kf+*x2 + 24xe*x* (d*x)*int (x/ (e**x(2%c + 3*kd*x)*a + 2*e
*k(c + 2xd*x)*b - e*xx(d*x)*a),x)kaxbkk2kxd*k*x3kexf - Ikaxk2kdkx2kex*x2 — Gkax
*2kd**kQke*kfrx — 3kakkkAkkkfkkkxk*x2 — Gkaxk2kdke*f — BGxax*xd*f*x*x2*x - 6
*akkkfxk2 — 24kbk*k2kd**kke*fkx — 12¥bkkkdx*2kfx*kx**2 — 24xb**xd*exf -
24xb**2kd*xfx*x2kx — 24*%b*x*2*xf*x*2) /(6*ke*x*x(c + d*x)*a*x*3xd*x*3)

output
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3.19 f (e+fx) cosh(c+dx) da

a+bcsch(c+dx)
Optimal result . . . . . . . . . . . . .. 173
Mathematica [A] (verified) . . . . . . . . . ... 174
Rubi [A] (verified) . . . . . . . . . 174
Maple [B] (verified) . . . . . . . . . .. 178
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 178
Sympy [F] . . o o 179
Maxima [F] . . . . . . 180
Giac [F] .« o o e KD
Mupad [F(-1)] . . . . o 180
Reduce [F] . . . . o 181

Optimal result

Integrand size = 24, antiderivative size = 212

/ (e + fz) cosh(c + dx) dr — b(e + fr)? _ fcosh(c+dx)
a + besch(c + dx)  2a%f ad?
b(e + fx)log (1 + ﬁ%)
B a?d
b(e + fz)log <1 + lﬁ%)
a a’d
bf PolyLog (2, —ﬁ>
a a’d?
PolvLog (2. — —aet® .
bf PolyLog ( ) T oA oe (e + fx)sinh(c + dz)
- +
a?d? ad

output | 1/2#bx (£x+e) “2/a~2/f-fxcosh(d*x+c) /a/d~2-bx (frx+e) *1n(1+akexp(dx+c) /(b-(
|2”2+b72)7(1/2)))/a~2/d-b* (£¥x+e) *1n(1+a*exp(d*x+c) / (b+(a 2+b"2)~(1/2))) /a~ |
| 2/d-bxf*polylog(2,-akexp(d*x+c)/(b-(a~2+b72)"(1/2)))/a~2/d"2-bxf+polylog(2 |
,—axexp(d*x+c)/(b+(a"2+b~2) " (1/2))) /a~2/d"2+(f*x+e) *sinh (d*x+c)/a/d ‘
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Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.25

/ (e + fx) cosh(c + dz)
dx =
a + besch(c + dx)

csch(c + dz)(b + asinh(c + dz)) <2de(b log(b + asinh(c + dz)) — asinh(c + dx)) + f <2a cosh(c + da

input LIntegrate[((e + fxx)*Cosh[c + d*x])/(a + b*Csch[c + d*x]),x] J

e N

-1/2%(Cschlc + d*x]*(b + a*Sinh[c + d*x])*(2*d*e*(b*xLog[b + a*Sinh[c + d*x
J1 - axSinh[c + d*x]) + f*x(2*a*xCosh[c + d*x] + bx(2xcx(c + d*x) - (c + d*x
)72 + 2%(c + d*x)*Log[1l + (a*E"(c + d*x))/(b - Sqrt[a”2 + b~2])] + 2x(c +
d*x)*Log[l + (a*E~(c + d*x))/(b + Sqrt[a™2 + b~2])] - 2xc*Logla - 2*b*E~(c
+ d*x) - a*E~(2x(c + d*x))] + 2*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a~2
+ b~2])] + 2*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]) - 2*ax
d*x*Sinh[c + d*x])))/(a"2*d"2*(a + b*Cschlc + d*x]))

output

Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 209, normalized size of antiderivative = 0.99,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 55 Ryyes
integrand size

used = {6128, 6113, 3042, 3777, 26, 3042, 26, 3118, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fz) cosh(c + dx)
a + besch(c + dx)

l 6128

dz

(e + fz)sinh(c + dz) cosh(c + dz)
asinh(c+ dz) + b

l 6113

dzr
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e+ fz) cosh(c+dz
J(e+ fz)cosh(c +dz)dx bJ W(jw
a a

l 3042

S e (e po) i+ i+ 5) o

a a

l’3777

b+a sinh(c+dz)
a a

| 26

(e+fx) si;h(c+dx) . ffsinhsic-l—dw)da: ~ bf (el;l-_’f(fs)lfl(;ls(lzgt_:ji-j)z) dz

a a
l 3042

bf (e+fz) cosh(c+dz) dr (e+fz) siorllh(c—i-dx) _aif [ i sin;ll(c—i—dac)d:c

b+asinh(c+dzx)
a a

| 26

B b f (e+fz) cosh(ct+dz) dr (e+fx) si;h(c—}-dm) + if [ sin(i§+idm)dm

bf (e+fz) cosh(c+dzx) dr (e+fz) si;h(c-{—dx) _ ff—i singiic—i—idw)dx
- +

b+asinh(c+dz)
a a
| 3118
(e+fz) si;1h(c+dz) _ fcosl:i(25+d:1:) ~ bf (el;:,_faxs)lfl%s(l;(-’(-:;-j)x) dz

a a

| 6095
i i Co ) tde (e+f2) (e+fz)
(et+fz) 51(;1h(c+dx) _ fcos}:1(2c+dx) B b(f ec+zza+bi\/az2+b2 dx + f ec+zza+b-el—\/az+b2 dr — %)

a a

| 2620

(et+fz)sinh(c+dx)  fcosh(ctdx)
d d2

ec-kd::: a ec+dza aec+dz aec+dx
fflog<b7m+l> dx fflog(7b+m+l>dz (e+fx) log(b7m+l) (et+fx) log<7\/m+b+l) (e+f2)?
- ad - ad + ad + ad " 2af

\

/

l 2715
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(e+fz)sinh(ct+dz)  fcosh(ctdx)
d d?

a

—Cc—dax ec+dwa C T —Cc—ax ec+dwa C: T aeC+d1} aec
b(_ffe d log(b_m—kl)de +d. ~ fle ¢ log<b+\/m+1)de +d N (e—i—fx)log(b_\/m-l—l) N (e—l—fx)log(ﬁ
ad? ad? ad ad
a
| 2838
(et+fz)sinh(ct+dx)  fcosh(ct+dx)
d 42 _
a
aec+d:v aec+dw aec+dw aec+dw ‘
b(fPolyLog(Z,b\/m> N fPolyLog<2,— b-H/W) N (e+fz) log(b_m—kl) N (e+fx) log(m+b+1)  (etfa)?
ad? ad? ad ad 2af
a
inputLInt[((e + fxx)*Cosh[c + d*x])/(a + b*Cschlc + d¥x]),x] J
output -((b*x(-1/2%(e + f*x)~2/(a*xf) + ((e + f*x)*Logl[l + (a*xE~(c + d*x))/(b - Sqr

t[a™2 + b~2])])/(a*d) + ((e + f*xx)*Logl[l + (a*E~(c + d*x))/(b + Sqrt[a~2 +

b~2]1)1)/(a*d) + (f*xPolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a~2 + b~2]))1)/
(a*d~2) + (f*PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]1)/(axd~2)
))/a) + (-((fxCosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c + d*x])/d)/a

Defintions of rubi rules used

rule 26 Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

rule 2620 TRELCCED " ((g_)*((e_) + (£_)*(x))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))~n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 2838

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3118

-

rule 3777 IatLC(e ) + (d_)*(x))~(m_.)*sinl(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQl[{c, d, e, £}, x] && GtQ[m, O]

rule 6095 Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol]l :> Simp[-(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[(Cosh[(c_.) + (A_.)*(x_)1"(p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_)*(x_)]1"(m_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] & IGtQ[p, 0]

rule 6113
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rule 6128‘Int[(((e_.) + (£_)*x(x_))"(m_)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Csch[(c_.)

inpu

output

‘[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H

|+ (@_)*(x)1x(_.) + (al)), x_Symboll :> Int[(e + £*x) mSinh[c + d¥x]*(F |
‘yperbolicQ[F] && IntegersQ[m, nl

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 482 vs. 2(198) = 396.

Time = 0.96 (sec) , antiderivative size = 483, normalized size of antiderivative = 2.28

method | result

risch

2a2 a?

N
ba? _ bes | (dfabde—[)ete _ (dfatdetf)etC | bjen | beln(ere) | pre oAl
2a d? 2a d? da? da? d2a? d2a?

¢ int ((£xx+e)*cosh(d*x+c)/(atcsch(d*x+c)*b) ,x,method=_RETURNVERBOSE) |

1/2xb/a”~2+f*x"2-b/a"2xe*x+1/2x (d*xf*x+d*e—f) /a/d"2*exp (d*x+c)-1/2* (d*L*x+d*
e+f) /a/d~2*exp (-d*x-c)+2/d*b/a~2*f*c*x+2/d*b/a~2*e*1ln(exp(d*x+c))+1/d"2*xb/
a~2*fxc”2-1/d"2*b/a~2*f*1n ((-exp (d*x+c)*a+(a~2+b~2) " (1/2)-b) / (-b+(a~2+b"2)
~(1/2)))*c-1/d"2*b/a"2*f*1n((exp (d*x+c) *a+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b~2)~
(1/2)))*c+1/d"2%b/a"2*c*f*1n(a*exp (2*d*x+2*c) +2xbxexp (d*x+c)-a)-2/d"2*b/a"
2*c*fx1n(exp(d*x+c))-1/d*b/a"2*ex1ln (axexp (2*d*x+2*c) +2xb*exp (d*x+c)-a)-1/d
*b/a~2*f*1n ((-exp(d*x+c)*a+(a”2+b~2) " (1/2)-b)/(-b+(a"2+b~2) " (1/2)) ) *x-1/d*
b/a~2*f*1n((exp(d*x+c)*a+(a”2+b~2) " (1/2)+b) / (b+(a~2+b~2) ~(1/2)) ) *x-1/d"2%b
/a~2xfxdilog((-exp (d*x+c)*a+(a~2+b~2) " (1/2)-b)/(-b+(a"2+b~2)~(1/2)))-1/d"2
*b/a~2*f*dilog((exp(d*x+c)*a+(a"2+b~2) " (1/2)+b) /(b+(a~2+b"2)"(1/2)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 692 vs. 2(196) = 392.

Time = 0.10 (sec) , antiderivative size = 692, normalized size of antiderivative = 3.26

dxz = Too large to display

(e + fz) cosh(c + dx)
/ a + besch(c + dx)
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input‘integrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="fricas")

-1/2*%(a*d*f*x + a*d*e — (axd*f*x + a*d*e - a*f)*cosh(d*x + c)~2 - (axd*f*x
+ axd¥e - axf)*sinh(d*x + c)~2 + a*f - (b*d"2*xf*x"2 + 2%b*d~2%e*x + 4*b*c
xd*xe — 2xbxc”2*f)*cosh(d*x + c) + 2%(b*f*cosh(d*x + c) + b*f*sinh(d*x + c)
)*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x
+ c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) + 2k (bxf*cosh(d*x + c) + b*fxsinh
(d*x + c))*dilog((b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x + c) + a
*sinh(d*x + c))#*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 2x((bxd*e - b*cxf)*cos
h(d*x + c) + (bxd*e - b*cxf)*sinh(d*x + c))*log(2*axcosh(d*x + c) + 2¥axsi
nh(d*x + c) + 2*a*sqrt((a”2 + b~2)/a"2) + 2x%b) + 2*%((b*d*e - b*c*f)*cosh(d
*x + c) + (b*d*e - b¥c*f)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2*a*sinh(
d*x + c) - 2*a*xsqrt((a™2 + b72)/a"2) + 2%b) + 2% ((b*d*f*x + bxcx*f)*cosh(d*
X + c) + (bxd*f*x + b*c*f)*sinh(d*x + c))*log(-(b*cosh(d*x + c) + b*sinh(d
*x + c) + (axcosh(d*x + c) + ax*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a
) + 2% ((b*d*f*x + b*c*f)*cosh(d*x + c) + (b*d*f*x + b*c*f)*sinh(d*x + c))*
log(-(b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x +

c))*sart((a”2 + b™2)/a"2) - a)/a) - (b*d"2*f*x"2 + 2%bxd"2%e*xx + 4*b*ckxd*e
- 2xbkc~2*%f + 2% (a*xdxf*x + akxdxe - axf)*cosh(d*x + c))*sinh(d*x + c))/(a”
2+d"2*cosh(d*x + c) + a~2*%d"2*sinh(d*x + c))

output

Sympy [F]

(e + fz) cosh(c + dx) (e + fz) cosh (c + dz)
dr = dx
a + besch(c + dx) a + besch (¢ + dx)

input‘integrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

-

Outputtlntegral((e + f*x)*cosh(c + d*x)/(a + b*csch(c + d*x)), x)

| —
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Maxima [F|

/ (e + fx) cosh(c + dz) / (fx + e)cosh (dz + ¢)
dr = dz
a + besch(c + dx) besch (dz+c¢)+a

inputLintegrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="maxima")

-1/2%e*x (2% (d*x + c)*b/(a"2*d) - e~ (d*x + c)/(axd) + e~ (-d*x - c)/(a*d) + 2
xb*log(-2*bxe” (—-d*x - c) + a*e”(-2xd*x - 2*c) - a)/(a"2xd)) - 1/2*f*x((b*d~
2%x"2%e"c - (axdxx*e” (2*c) - a*e” (2*c))*e”(d*x) + (axd*x + a)*e”(-d*x))*e”
(-c)/(a"2*d"2) - integrate(4*(b~2*x*e”(d*x + c) - a¥b*x)/(a"3*e” (2xd*x + 2
xc) + 2%a”~2*xbxe~(d*x + c) - a~3), x))

output

Giac [F]

/(e+fx)cosh c+dx /(fx—l—e ) cosh (dz + ¢)
a + besch(c + dx) besch (dr +c¢)+a

input Lintegrate ((f*x+e)*cosh(d*x+c)/(atbxcsch(d*x+c)),x, algorithm="giac")

output Lintegrate((f*x + e)*cosh(d*x + c)/(b*csch(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.
/ (e + fx) cosh(c + dz) dr — / cosh(c + dx) (e+ fx)
a + besch(c + dx) B a+ W
inputLint((cosh(c + d*x)*(e + f*x))/(a + b/sinh(c + d*x)),x)

output Lint((cosh(c + d*x)*(e + f*x))/(a + b/sinh(c + d*x)), x)
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Reduce [F]

(e + fx) cosh(c + dz)
a + besch(c + dx)

e2at2eq2de | 2ot2eg2ify _ at2eq2f _ gedute < I S F— da:> a2b 2 f — gedate ( I SRS

input int ((f*x+e)*cosh(d*x+c)/ (a+b*csch(d*x+c)) ,x) ‘

(exx(2%c + 2xd*x)*a*x2xdke + ex*(2kc + 2xdxx)*ax*2xd*xf*xx — ex*k(2xc + 2*d*x
)xax*x2xf - 4xexx(c + d*xx)*int(x/(ex*(2%c + 2xd*x)*a + 2*e*x(c + d*x)*b - a
), xX) *a*xk2xbkdx*2xf - 8kxexkx(c + d*x)*int(x/(ex*(2xc + 2*d*x)*a + 2*ex*(c +

d*x)*b - a),x)*b*x*3*xd**2xf - 2%ex*(c + d*x)*log(ex*(2xc + 2*d*x)*a + 2*e**
(c + d*x)*b - a)*axbkxd*e + 2ke*x*x(c + d*x)*axb*d**2ke*xx — e*x*(c + d*x)*a*b*
A**2xfkx*¥*2 + dkexx(d*x)*int (x/(e** (2xc + 3*xd*kx)*a + 2¥exx(c + 2xd*x)*b -

exk (dxx)*a) ,x) kaxb**2xdkk2xf — a**xkdxe - a*k2kdxfxx - axk2xf - 4xbkk2xd*f
*x — 4xb*x*2xf)/(2%e*x*x(c + d*x)*a*x*x3*xd**x2)

output




output

input

output
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3.20 f cosh(c+dx) dx
a+bcsch(c+dx)

Optimal result . . . . . . . . . . . . .. . e 182
Mathematica [A] (verified) . . . . . . . . . ... 182
Rubi [A] (verified) . . . . . . . . . 183l
Maple [A] (verified) . . . . . . ... L 185
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 130!
Sympy [F] . . o 186]
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 187
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 187

Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... .........

Optimal result

Integrand size = 19, antiderivative size = 34

/ cosh(c + dx) dp — _ blog(b+ asinh(c + dz)) 4 sinh(c + dx)
a+besch(c+dz) a’d ad

183
183]

t

-b*1n(b+a*sinh(d*x+c))/a~2/d+sinh(d*x+c)/a/d

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88

/ cosh(c + dx) —blog(b + asinh(c + dzx)) + asinh(c + dz)
d —
a + besch(c + dx) a’d

t

Integrate[Cosh[c + d*x]/(a + bxCsch[c + d*x]),x]

E

(-(bxLog[b + a*Sinh[c + d*x]]) + a*Sinh[c + d*x])/(a~2+d)

-/
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 579 Ry
integrand size

used = {3042, 4360, 26, 26, 3042, 26, 3312, 26, 27, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ cosh(c + dx) i
a + besch(c + dx)

l 3042

/ cos(ic + idx)
a + ibcsc(ic + zdw)

l 4360

/ isinh(c + dz) cosh(c + dz)
tasinh(c + dz) + b

| 26

) / i cosh(c + dz) sinh(c + dz)
i | = : dz
b+ asinh(c + dz)

| 26

/ sinh(c + dz) cosh(c + dz)
asinh(c+dx) + b

dx

dr

l 3042

/ _isin(ic + idz) cos(ic + idx)
b — iasin(ic + idx)

| 26

_; / cos(ic + idz) sin(ic + idx)
b — iasin(ic + idx)

l 3312

2 sinh -z .
f b+sa Sm(lf(tida;) d(a Slnh(c + dl‘))

ad

l 26
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sinh(c+dx .
| s méh?ﬁ&x)d(a sinh(c + dz))

l27

[ pisihetds) d(asinh(c + dz))

a?d

| 49

f (1 - WM) d(asinh(c + dx))

a?d
l 2009
asinh(c + dx) — blog(asinh(c + dx) + b)
a?d
inputLInt[Cosh[c + d*x]/(a + b*Csch[c + d*x]),x] J

output{(_(b*Log[b + a*Sinh[c + d*x]]) + a*Sinh[c + d*x])/(a"2*d)

e—

Defintions of rubi rules used

rule 26 Int[(Complex[0, a_1)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 49‘Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol]l :> Int ‘
‘[ExpandIntegra.nd[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] ‘
H&I&Qm,O]&&I%an+n+2,01 J

rule 2009“111: [u_, x_Symboll :> Simp[IntSum[u, x1, x] /; SumQ[u] J
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3312 Intleoslle_.) + (£_)*(x)1*((a)) + (b_.)*sinl(e_.) + (£_.)*(x_)1)"(m_.)*((
c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_.), x_Symbol] :> Simp[1/(b*f) Su
bst[Int[(a + x) "m*(c + (d/b)*x)"n, x], x, b*Sin[e + f*x]], x] /; FreeQ[{a,
ba C, d: e, f’ m, Il}, X]

rule 4360 Intl(coslle_.) + (£_.)*(x)1*(g_.))"(p_.)*(cscl(e_.) + (£_.)*(x)1*(b_.) +
(a_))~(m_.), x_Symbol] :> Int[(g*Cos[e + f*x]) px((b + axSin[e + f*x]) m/Si
nle + f*x]1°m), x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.44

method result size
_ h1d _bln(csch§d1+c))+b1n(a+csc121(dz+c)b)
derivativedivides | ——&cschidete) < a 49
_ hld _bln(cschéd:c-}—c))+b1n(a+csc121(d:c+c)b)
default — o cach(dnto) = a 49
2dz+2¢_y 2bedTte
risch s | aite g | g | V(SRR o
a? 2ad 2da a2d a2d

input Lint (cosh(d*x+c) /(a+csch(d*x+c)*b) ,x,method=_RETURNVERBOSE)

-

ou_tputt—i/d*(—1/a/csch(d*x+c)—b/a"2*1n(csch(d*x+c))+b/a"2*1n(a+csch(d*x+c)*b))

e—
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(34) = 68.

Time = 0.10 (sec) , antiderivative size = 132, normalized size of antiderivative = 3.88

/ cosh(c + dz) .
a + besch(c + dx)
2

2 bdz cosh (dz + ¢) + a cosh (dz + ¢)® + asinh (dz + ¢)> — 2 (beosh (dz + ¢) + bsinh (dz + ¢)) log (Cosh(
- 2 (a?d cosh (dx + ¢) + a?dsinh (dx + ¢))

-

input L

-/

integrate(cosh(d*x+c)/(atbxcsch(d*x+c)) ,x, algorithm="fricas")

output‘ 1/2% (2¥bkd*x*cosh(d*x + c) + a*cosh(d*x + ¢)”2 + a*sinh(d*x + c)~2 - 2*(b* ‘
‘cosh(d*x + ¢) + b*sinh(d*x + c))*log(2*(a*sinh(d*x + c) + b)/(cosh(d*x + c ‘
‘) - sinh(d*x + c))) + 2*(b*d*x + a*cosh(d*x + c))*sinh(d*x + c) - a)/(a"2* ‘
‘d*cosh(d*x + c) + a”2*d*sinh(d*x + c¢)) ‘

Sympy [F]

/ cosh(c + dz) dr — / cosh (¢ + dx)
a+besch(c+dr) ) a+besch(c+ dx)

input ‘ integrate(cosh(d*x+c)/(atbxcsch(d*x+c)) ,x) ‘

output LIntegral(cosh(c + d*x)/(a + b*csch(c + d*x)), x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(34) = 68.

Time = 0.07 (sec) , antiderivative size = 83, normalized size of antiderivative = 2.44

/ cosh(c + dx) e — (dz+c)b  eldore)  gl-d—o)

a + besch(c + dx) T T g 2a¢d  2ad
blog (—2be(~%9) 4 ge(-2de=29) _ g)
a’d
input Lintegrate (cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="maxima") J
output‘ -(d*x + c)*b/(a"2xd) + 1/2xe”(d*x + c)/(a*d) - 1/2xe”(-d*x - c)/(axd) - bx ‘

‘log(—2*b*e‘(—d*x - c) + axe”(-2%d*x - 2%c) - a)/(a"2xd) ‘

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.76

cosh(c + dz) eldote) _e(-dz—c) 2blog(|a(e(‘iz+c);e(_dz_c))+2 b|)
dr = a =
/ a + besch(c + dx) 2d
input Lintegrate (cosh(d*x+c)/(atbxcsch(d*x+c)),x, algorithm="giac") J

‘1/2*((e"(d*x + ¢c) - e~ (-d*x - c))/a - 2*bxlog(abs(a*(e~(d*x + c) - e~ (-d*x ‘

output
\ - ¢)) + 2*%b))/a~2)/d
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Mupad [B] (verification not implemented)

Time = 2.46 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.91

/ cosh(c + dx) bln (b+ asinh(c+ dz)) — asinh(c+ dx)
dr = —
a + besch(c + dx) a’d

input‘int(cosh(c + d*x)/(a + b/sinh(c + d*x)),x)

output ~(P*1og(b + axsinh(c + dxx)) - aksinh(c + dvx))/(a"2%d) J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 82, normalized size of antiderivative = 2.41

/ cosh(c + dz)
a + besch(c + dx)

62dw+2ca _ 2edx+clog (e2dx+2ca + 2edz+cb _ CL) b + 26dw+cbdx —a
Qedz+ca2d

input‘int(cosh(d*x+c)/(a+b*csch(d*x+c)),x)

output‘(e**(2*c + 2kdxx)*a - 2%exx(c + d*x)*log(e**(2*c + 2xd*x)*a + 2xe*x(c + d*
(X)*b = a)*b + 2kerk(c + dkx)*kbrdkx - a)/(2kexk(c + d¥x)*ar*2+d) |
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cosh(c+dx)

321 J (e+fz)(a+bCSCh(c+dz)) dz

Optimal result . . . . . . . . . . . . .. . e 189
Mathematica [N/A] . . . . . . . . . 189
Rubi [N/A] © o oo o e e e 90
Maple [N/A] . . . . . 190
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Sympy [N/A] . . e 191
Maxima [N/A] . . . . 191
Giac [N/A] . . o o 1921
Mupad [N/A] . . . .o 192
Reduce [N/A] . . . o o 193

Optimal result

Integrand size = 26, antiderivative size = 26

cosh(c + dx) B cosh(c + dx) sinh(c + dz)
/(e-l—fx p 2=t t((e-l—fx)(b—i—asinh(c-l—dx))’

)(a + besch(c + dx

‘)

output

LDefer(Int)(cosh(d*x+c)*sinh(d*x+c)/(f*x+e)/(b+a*sinh(d*x+c)),x)

input L

Mathematica [N/A]
Not integrable

Time = 41.75 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

/ cosh(c + dx) cosh(c + dx)
(e + fx (e + fx)(a + besch(c + dx))

)(a + besch(c + dzx))

dz

‘Integrate[Cosh[c + d*x]/((e + f*x)*(a + b*Cschlc + d*x])),x]

~—

output L

Integrate[Cosh[c + d*x]/((e + f*x)*(a + b*Cschlc + d*x])), x]




input L
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Rubi [N/A]
Not integrable
Time = 0.33 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cosh(c + dx) dz
(e + fz)(a + besch(c + dx))

l 6128

sinh(c + dx) cosh(c + dz)
(e + fz)(asinh(c + dz) + b)

l 6125

dz

sinh(c + dx) cosh(c + dz)

(e + fz)(asinh(c + dz) + b) dz

Int[Cosh[c + d*x]/((e + f*x)*(a + b*Cschl[c + d*x])),x]

output ‘ $Aborted

Maple [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/ cosh (dz + ¢) i
(fx+e)(a+csch(dzx +c)b)

Lint (cosh(d*x+c)/ (fxx+e)/ (a+csch(d*x+c) *b) ,x)

Lint (cosh(d*xx+c)/ (fxx+e)/(atcsch(d*x+c) *b) ,x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.31

cosh(c + dx) _ cosh (dx + ¢) .
/ (e + fz)(a + besch(c + dx)) dz = / (fx + e)(besch (dx + ¢) + a) d

input Lintegrate (cosh(d*x+c)/ (f*x+e) / (a+b*csch(d*x+c)) ,x, algorithm="fricas")

output Lintegral(COSh(d*x + c)/(axfxx + axe + (bxf*x + b¥e)*csch(d*x + c)), x)

Sympy [N/A]
Not integrable

Time = 7.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

/ cosh(c + dx) dp — / cosh (¢ + dx) i
(e + fz)(a + besch(c + dx)) (a+ besch (c+ dx)) (e + fx)

input Lintegrate (cosh(d*x+c)/(f*x+e)/ (atb*csch(d*x+c)),x)

Output‘ Integral(cosh(c + d*x)/((a + bxcsch(c + d*x))*(e + f*x)), x)

Maxima [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 164, normalized size of antiderivative = 6.31

cosh(c + dzx) _ cosh (dz + ¢) B
/ (e + fz)(a + besch(c + dx)) do = / (fx +e)(besch (dz + ¢) + a) d

input Lintegrate (cosh(d*x+c)/ (f*x+e) / (a+b*csch(d*x+c)) ,x, algorithm="maxima")
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output‘ -1/2%e”~(-c + dxe/f)*exp_integral_e(1l, (fxx + e)*d/f)/(a*xf) - 1/2%e"(c - dx ‘
‘e/f)*exp_integral_e(i, -(fxx + e)*d/f)/(a*xf) - b*xlog(f*x + e)/(a"2xf) + 1/
‘2*integrate(—4*(b“2*e“(d*x + c) - axb)/(a"3*f*x + a"3xe - (a~3*xfxx*e”(2x*c)

‘ + a~3k%exe”(2%c))*e” (2*d*x) - 2x(a~2xbxfxx*e~c + a~2*b¥exe”~c)*e”(d*x)), x)

Giac [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

cosh(c + dx) _ cosh (dx + ¢) .
/ (e + fz)(a + besch(c + dx)) dz = / (fx + e)(besch (dx + ¢) + a) d

input Lintegrate (cosh(d*x+c) / (f*x+e) / (a+b*csch(d*x+c)) ,x, algorithm="giac") J

output Lintegrate(cosh(d*x + ¢c)/((f*x + e)*(b*csch(d*x + c) + a)), x) J

Mupad [N/A]
Not integrable

Time = 2.60 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.15

cosh(c + dz) cosh(c+ dx)
dr — d
/(e+fx)(a+bcsch(c+d$)) i /(e+f$) <a+ Wbﬂlw)) ’

input Lint(cosh(c + d*x)/((e + f*x)*(a + b/sinh(c + d*x))),x) J

int(cosh(c + d*x)/((e + f*x)*(a + b/sinh(c + d*x))), x)

outputt
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Reduce [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 163, normalized size of antiderivative = 6.27

/ cosh(c + dz) i
(e + fz)(a + besch(c + dz))

e4c f e3dz dr) — f 1
ede+20ae+62d:c+QCaf$+26d:v+cbe+26dw+cbfz_ae_afm eSd:c+20ae+e3dw+QCafz+262dx+cbe+2e2dw+cbfm_edw ae—e¢
2ec¢

input Lint (cosh(d*x+c)/ (f*x+e)/ (a+b*csch(d*x+c)) ,x) J

t‘ (e*x (4*c) *int (ex* (3*d*x) / (ex*x (2*%c + 2*d*x)*a*e + e*x*(2%c + 2%d*x)*a*xf*x + ‘
(2kexx(c + d¥x)¥bxe + 2kexx(c + d¥x)*bxfxx - axe - a*f*x),x) - int(1/(ex*x(2
‘*c + 3kd*x)*axe + ex*x(2xc + 3kd*x)*a*xf*xx + 2ke*x*(c + 2*d*x)*b*e + 2kexx*x(c ‘
‘+ 2%d*x) ¥bxfxx — exx(d*xx)*ake — e**(d*x)*axfxx),x))/(2*kex*x*c) ‘

outpu
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3.99 f (e+fz)3 cosh?(c+dx) dx
a+bcsch(c+dz)
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Reduce [F] . . . . oo e 214
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Optimal result

Integrand size = 28, antiderivative size = 683

(e + fz)® cosh®(c + dx) . 3f(e+ fr)?  (e+ fz)* b*(e+ fz)*
a + besch(c + dx) ~ 8ad? 8af 4a3 f
6bf%(e + fz)cosh(c+dz) b(e+ fz)3 cosh(c+ dz)
- a’d? B a’d
_3f° cosh?(c + dz) _ 3f(e+ fx)? cosh?(c + di)
8ad* 4ad?
c+dz
b\/a2 + b%(e + fz)’log <1 + W)
add
aeC dx
. bva2 + b?(e + fz)3log (1 + ﬁ)
a3d
3b\/ a? + b2 f(e + fx)? PolyLog (2 —3 “e°+fb2>
a3d2
3bva? + b2 f(e + fr)? PolyLog (2 - C;:b )
+ ad3d?
6bv/a2 + b2f?(e + fz) PolyLog (3 - “ecc;tb >
+ B33
6bv/a2 + b2 f?(e + fx) PolyLog <3, —b+\;l%>
- add?
 6bv/a? £ 5 f° PolyLog =)
add*
aec+dz
6b \% a? + b2f3 POIYLOg <4, _WTW>
+ a3
6bf3sinh(c+ dz) 3bf(e+ fz)?sinh(c+ dz)
+ a’d* + a’d?
3f2(e + fz) cosh(c + dz) sinh(c + dz)
4ad?

(e + fz)3cosh(c + dx) sinh(c + dx)
+ 2ad




output

input
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3/8*xf*x (f*x+e)~2/a/d"2+1/8* (f*x+e) “4/a/f+1/4xb~2x (f*x+e) "4/a~3/f-6xbxf 2% (£
*x+e)*cosh(d*x+c)/a~2/d"3-b* (f*x+e) “3*cosh(d*x+c)/a~2/d-3/8*f 3*cosh(d*x+c
)~"2/a/d"4-3/4*f* (£xx+e) "2xcosh(d*x+c) "2/a/d"2-b*x(a~2+b~2) ~(1/2) * (f*x+e) ~3*
1n(1+axexp(d*x+c)/(b-(a~2+b"2)~(1/2)))/a~3/d+b*(a~2+b"2) " (1/2) * (f*x+e) ~3%1
n(1+axexp (d*x+c)/(b+(a~2+b"2) " (1/2)))/a~3/d-3%b* (a"2+b~2) ~ (1/2) *f* (f*x+e) ~
2*polylog(2,-a*exp (d*x+c)/(b-(a~2+b~2)~(1/2)))/a~3/d"2+3*b*(a~2+b~2) ~(1/2)
*f* (f*x+e) “2*polylog(2,-a*exp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~3/d"2+6xb*(a"2
+b~2) " (1/2) *£~2* (f*x+e) *polylog(3,-a*exp (d*x+c)/(b-(a~2+b~2)~(1/2)))/a~3/4d
~3-6%b* (a”~2+b~2) ~(1/2) *£~2* (f*x+e) *polylog(3,-a*exp (d*x+c)/(b+(a~2+b~2)~ (1
/2)))/a~3/d"3-6xbx (a~2+b~2) ~(1/2) *f~3*polylog(4,-a*exp(d*x+c)/ (b-(a~2+b~2)
~(1/2)))/a~3/d"4+6xbx (a~2+b~2) " (1/2) *f~3*polylog(4,-a*exp (d*x+c)/ (b+(a~2+b
~2)7(1/2)))/a~3/d"4+6xb*f " 3*sinh (d*x+c) /a~2/d"4+3*b*f* (f*x+e) "2*sinh (d*x+c
Y/a~2/d"2+3/4xf 2% (f*x+e) *cosh (d*x+c) *sinh (d*x+c) /a/d"3+1/2% (f*x+e) “3*cosh
(d*x+c)*sinh (d*x+c)/a/d

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 2218 vs. 2(683) = 1366.

Time = 9.49 (sec) , antiderivative size = 2218, normalized size of antiderivative = 3.25

/ (e + fx)3 cosh?(c + dxr)

a + besch(c + dz) dx = Result too large to show

‘Integrate[((e + f*x)~3*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x]

\




output
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/(e"3*(c/d + x - (2+b*ArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a~2 - b~2]])/(

Sqrt[-a"2 - b~2]*d))*Cschlc + d*x]*(b + a*Sinh[c + d*x]))/(4*a*(a + b*Csch
[c + d*x])) + (3xe”2*f*Cschlc + d*x]*(x"2 - (2*bx(d*x*(Log[l + (a*E~(c + d
*x))/(b - Sqrt[a”2 + b"2])] - Logll + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]
)1) + PolyLogl[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - PolyLogl[2, -((a
*E~(c + d*x))/(b + Sqrt[a™2 + ©72]))]1))/(Sqrt[a”2 + b~2]*d~2))*(b + a*Sinh
[c + d*x]))/(8xa*x(a + bxCsch[c + d*x])) + (e*xf~2xCschlc + d*x]*(x~3 - (3*b
*(d"2*x"2*Log[1 + (a*E~(c + d*x))/(b - Sqrt[a”™2 + b~2])] - d"2*x"2*Logl[1 +

(a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLog[2, (a*E~(c + d*x))
/(-b + Sqrt[a”2 + b~2])] - 2*d*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a"
2 + b~2]1))] - 2*PolyLog[3, (a*E~(c + d*x))/(-b + Sqrt[a~2 + b~2])] + 2*Pol
yLog[3, -((a*xE~(c + d*x))/(b + Sqrt[a~2 + b72]))]1))/(Sqrt[a”2 + b~2]*d"3))
*(b + a*Sinh[c + d*x]))/(4*ax(a + b*Csch[c + d*x])) + (£73%Cschlc + d*x]*(
x4 - (4#b*x(d"3*x"3#Log[l + (a*E"(c + d*x))/(b - Sqrt[a™2 + b72])] - d"3*x
~3xLog[1l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 3*d~2*x"2*PolyLog[2, (
a*E~(c + d*x))/(-b + Sqrt[a~2 + b~2])] - 3*d~2xx"2%PolyLog[2, -((a*E~(c +
d*x))/(b + Sqrt[a”2 + b~2]))] - 6*d*x*PolyLog[3, (a*E~(c + d*x))/(-b + Sqr
t[a™2 + b~2])] + 6*d*x*PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))
] + 6*%PolyLogl[4, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b"2])] - 6+PolyLogl4, -(
(a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))1))/(Sqrt[a”2 + b~2]1*d"4))*(b + a...

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 3.59 (sec) , antiderivative size = 641, normalized size of antiderivative = 0.94,

number of steps used = 31, number of rules used = 30, number of rules _ 1.071, Rules
integrand size

used = {6128, 6113, 3042, 3792, 17, 3042, 3791, 17, 6099, 17, 3042, 26, 3777, 3042, 3777,
26, 3042, 26, 3777, 3042, 3117, 3803, 25, 2694, 27, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fz)3 cosh?(c + dz)
a + besch(c + dx)
| 6128

/ (e + fz)3sinh(c + dz) cosh?(c + dz)
asinh(c+dz) +b

dz

dr
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l 6113
3 2
[(e+ fz)3 cosh?(c + dz)dx b il (eJZfZ)Slfis(}; _F((cl;r)dx) dx
a a
l 3042
2
B bf (et;f:z s;lis(l;r(;:)dw) dz f (e + fz)3sin (ic + idz + %)2 dz
a a
l 3792

3f2 f(e+fz)2(;o2sh2 (ctdz)dz + % f(e + f.’I,')3d.’I,' _ 3f(e—i—fav:)2 cosh2(c+dx) + (e+fzx)3 sinh(c;;idx) cosh(c+dz)

(e+fzx)® cosh2 (c+dz)
b f b+a sinh(c+dz) dx

a

l17

3f2 [(e+fz) cosh?(c+dz)dx _ 3f(e+fz)? cosh?(c+dz) + (e+fz)2 sinh(c+dzx) cosh(c+dz) + (et+fx)*
2d2 4d2 2d 8f

f (e+fzx)? cosh2 (c+dz) d
b+asinh(c+dz)

a

l 3042

(e+fx)3 cosh?(c+dzx)
b f b+asinh(c+dzx) dzx

_|_
a
3f2 [ (e+fx)sin(ic+ide+T )’ de _ 3f(et+fx)?cosh?(c+dz) I (e+fz)3 sinh(c+dz) cosh(c+dz) n (e+fx)*
4d? 2d 8f

2d?

a
l 3791

2(1 _f cosh? (c+dz) |, (e+fz)sinh(c+dz) cosh(c+dx)
3/ (2 J(etfo)dz 4d? + 2d ) (e—+—f.71c)2 cosh2(c+dm) + (e+fz)? sinh(c+dzx) cosh(c+dz) + (e+fz)
2d

2d?

(e+fz)3 cosh?®(c+d )
bf < b—:(:zs;l(;ls C+(,Ci:12) = dz

a

l17
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3f2 ( f cosh (c+dz) + (e+fz) smh(c+dm) cosh(c+dz) + (e+fz)2

4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f

f (e+fx)3 cosh? (c-l—dx) d
b+asinh(c+dz) z

a
l 6099

3f2 ( f cosh (c+dm) + (e+fzx) smh(c+dm) cosh(c+dzx) + (e-H‘x)2

4f ) 3f(e+fx)? cosh?(c+dzx) (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fx)*
- 12 + 2d +

242 3f

a

(e+f)3
(6®+5?) [ 570 cnh(orany 0° _ bf(etfx)’da
a? a?

(e+fz)3 sinh(c+dz)dx
a

i

a
l17

3f2 (_ f COSl:fd(;-Fdw) + (et+fz) Sinh(c-g;lw) cosh(ctdx) + (e+fx)?

4f ) 3f(e+fx)? cosh?(c+dzx) (e+fz)3 sinh(c+dx) cosh(c+dzx) (e+fx)*
- i + 2d + 57

2d2
a
(et+fz)3 .
p[ 2+6?) [ b+a2mh?c+dz) 4 J(etfa)’sinh(c+da)ds _ bl fa)*
a? a 4a?f
a
| 3042
3f2 i cosh? (c+dm) + (e+fz) smh(c+dm) cosh(c+dzx) + (e-H‘a:)2
4d? 4f _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (e+fx)*
2d2 4d2 2d 8f
a
+
(a®4b?) [ gop it dx m(szi)_,_zdz) n J —i(e+fz)3 sin(ictidz)dz  be+fz)*
a? a 4a2f

a
l26

3f2 (_ f COSlzfd(;-Fdw) + (et+fz) Sinh(c-g;iw) cosh(ctdx) + (e+fx)?

4f ) 3f(e+fx)? cosh?(c+dzx) (e+fz)3 sinh(c+dx) cosh(c+dzx) (e+fx)*
— 4d? + 2d +

2d2 8f
a
L fo)d
b (a?+b?) [ #{Z&-zdz) i [(e+fz)3sin(ictidr)dz  b(e+fz)*
a? a 4a2f
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l 3777

3f2 (_ f COSI:le(Z(:+dm) + (e+fx) sinh(c-}z—gm) cosh(c+dzx) + (e+f:t)2

4f ) 3f(e+fx)? cosh?(ct+dx) | (et+fz)3sinh(ctdz)cosh(ctdz) |, (e+fz)*
- 12 + 2d +

2d? 8f

a

) 3 X 2

(e+fz)3 . i(e+f=z)° cosh(c+dz) 3if [(et+fz) cosh(c+d:c)dw)

(a'2+b2) f b—ia sin(ict+idx) dz _ Z( d d _ b(6+f:l:)4
a2 a 4a2f

a

l 3042

cosh? c+dx e+ fx) sinh(c+dzx) cosh(c+dx et+fx 2
3f2(_f 22 (cds) | (et ) sinh(erda) cosh(etds) | (e+f2)

4f ) 3f(e+fx)2 cosh?(c+dx) (e+fx)3 sinh(c+dzx) cosh(c+dzx) (e+fx)*
B 4d2 + 2d +

2d? 8f

232 (etfa) o[ i) cosh(etda) _ 3if J(e+f2)? sin(ictidet § )do
€ x
b (a’ +b ) f b—iasin(ict+idz) dz _ ¢ ¢ b(€+fm)4

a? a 4a2f

a

l 3777

2 : 2
3f2 (_ f coslld(;+dz) + (e+fz) smh(cggz) cosh(c+dz) + (e+fz)

4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (et+fx)*
4d? 2d

242 8f

a
[ (e+fz)? sinh(c+dz) 2if [ —i(e+fz) sinh(c+dz)ds
) 3 3if d - d
i(et+fz)” cosh(ctdz)
d

%
(e+f )3 d
(a2+b2) f b—iaZin(izc-Hdm) dz _ _ b(e+fx)4
a? a 4a2f

a
l 2

2 : 2
3f2 (_ f cosh®(c+dz) + (e+fz) slnh(c-;:iiz) cosh(c+dz) + (e+fz)

4d2 4f ) __ 3f(e+f=)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
2d2 4d2 2d 8f
a
3if < (e+f:l:)2 sinh(c+dz) 2f [(e+fz)sinh(c+dz)dz >
i(e+fa:)3 cosh(ctdz) d d
(e+£z)3 d d
(a'2+b2) f b—iasin(ict+idz) dz _ _ b(e+f:c)4
a? a 4a?f
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l 3042

3f2 _f cosh2(c+dm) + (e+ fz) sinh(c+dx) cosh(c+dx) + (e+f:t)2
4d? 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)*
id? 2d 8f

2d?

a
( (e+fz)? sinh(c+dx) 2f [ —i(e+fz)sin(ict+idz)de
3if d - d

i(e+fz)3 cosh(ctdz)
¢ d d

(e+fz)®
(a®+b?) [ b—iaZin(izc-q-z‘dw)dx . _ blet+fx)t
a? a 4a2f

a
l 26

3f2 _f cosh2(c+d:z:) + (e+ fz) sinh(c+dzx) cosh(c+dzx) + (e-H‘z)2
4d? 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (e+fx)*
4d2 2d 8f

2d?

a
34 (e+fz)? sinh(c+dx) |, 2if [(e+fx) sin(ict+ide)dx
; 3 if d + d
i(e+fx)® cosh(ct+dz)
d

i
(et f2)3 d
(a®+b?) [ b—ia‘;in(imc-m'dm)dx . _ bletfx)t
a? a 4a2f

a
| 3777
3f2 _fcosh2(c+dm)+(e+fz) sinh(c+dzx) cosh(c+dz)+(e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (e+fx)*
242 12 2d i
¢ i(e+fx) ( ) _if [ cosh(c+dz)d
9 2f i(e+fz) cosh(c+dz) if | cosh(ctdz)dx
3if ((e+fz) scllnh(c+dz) + ( d . d )
i i(e+fa:)3 cosh(ct+dz)
d d
(etfx)®
b (a2+b2) f b—iaZin(fc-Hd:v) dz _ _ b(e+‘
a? a 4a

l_3042
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+fz)?

h2 c+dx e+ fx) sinh(c+dx h(c+dx e
3f2(_fc054d(2 ) | (etfa)sinh(ctda) cosh(edo) | (

af ) _ 3f(etfz)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e
4d2 2d

+fz)*

2d?

8f

(e+fx)3

(a'2+b2) f b—iasin(ict+idz)

a

2if

(i(e+fz) cosh(c+dz) if [ sin(ic+idz+%)dz>
d d

3if

(e+fac)2 sinh(c+dzx) +
d

d

dx

i(e+fw)3 cosh(ctdz)
d

a2

l 3117

+fx)2

h2(c+d +fx) sinh(c+d h(c+d
3f2 (_fcos 4d(20 x)+(e fz) sin (czdx)cos (c w)+(e

+fx)4

2d?

4f ) 3f(e+fz)? cosh?(c+dzx) (e+fx)3 sinh(c+dx) cosh(c+dzx)
B 4d? +

(e
2d + 57

(e+fz)3

(a'2+b2) f b—iasin(ict+idz)
2

dx _ b(e+fz)4 _

a

2 f ( i(e+fz) cgsh(chdm) _if sin};(2c+dz) )

3if ( (e+fa:)2 sénh(c+da:) +

d

|

i(e+fz)3 cosh(ct+dz)
d

a

4a?f

l 3803
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dz) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a
5. %F i(e+fx) cosh(ctdz) if sinh(z
3if ( (e+fz) sallnh(c+dz) + ( d 2 d
i(e+fa:)3 cosh(ctdz)
d d
2,12\ [ _ ect9% (e £2)3
b 2(a®+b?) [ 2T 0 zbectdz 08 _ b(etfr)t
a? 4a2f a
a
| 25
3f2 _f coshz(c+dx) + (e+fz) sinh(ct+dz) cosh(c+dz) + (e+f:c)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dzx) + (e+fx)3 sinh(c+dx) cosh(c+dzx) + (e+fx)*
24 id? 2d 8F
a
2if(i(eJrfz) cosh(ctdz) _ if sinh
3if ( (e-ﬁ-fm)2 s;nh(c-kda:) + d 7 d
i(e+fz)3 cosh(ct+dz)
d d
ct+dx 3
22 e (etfz)
b _2(0‘ +b )f _62(c+dm)a+a_2bec+dm dz _ b(e+fz)4 _
a? 4a?f a
a
| 2694
3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
202 id? 2d 87
3if (e+fz)2 sdinh(c
ec+dx(e+fz)3 ec+da’(e+fz)3 1 3 h d
L, af _2(ec+dza+b— a2+b2) de  af— z(ec+d$a+b+ a2+b2) dx i| iletrfz) fios (ctdz)
2(0’ +b ) a24b2 - a2 412
bl — _ bletfa)t

a? 4a2f
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l 27

3f2 ( f cosh (c+da:) + (e+fx) smh(c+dm) cosh(c+dzx) + (e+f:t)2

4f ) _ 3f(e+f=)? cosh?(c+dx) + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)*
242 A2 2d 8F
a
3if ((e+fa:)2 sinh(c+dzx) +2if
T —d PR
o eCtaT ey 553 . eCtAT ey £5)3 1 i(e+fx)36d°s'h<c+dx)_
2(a2+b2) o) ec+dma+b+\/a2+b aj ectdzgyp—/ a2+b
2vVa2+b2 2Va2+b2
bl — _ bletfo)t
a? 4a2f a
a

l 2620

3f2 _f cosh (c+dz) + (e+fz) slnh(c+dz) cosh(c+dz) + (e+fz)2
4f __ 3f(e+f=)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) (e—i—f:l:)4
4d2 2d 8f

2d?

a

a ad

a
3 +dz 2 ectde 3 ct+dz 2 c+dz
((e+fm) log(m_’_b-!—l) _3f [(e+f=) log<b+m+1> ) a((e+fw) log(bda\?izj+l) 3f [(e+f=x) log<b JaZ.

2(a2+b?)

2v/a2+b2 2v/a2+b2

l 3011
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dz) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f

a +d. +d

ct+dx ct+dx

2f [(e+fz) PolyLog (2,— —ae ﬁ) dz (e+fz)2 PolyLog(?,— —ae ﬁ)
(e+f2)31 ( aectde +1) Sf( T e (e+fa)®
et+fz)° log| —2&—— e+ fx
o E\ Vo242 46 _ o
ad ad
2 2
2(a?4b%) 2Va2 152 N
b - (12

l 7163
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dz) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a
c+dx ) c+dx
+ PolyL (3,—‘“37) PolyL (3,—“67)(1
ot (e+fz) PolyLog ot a2 02 _f] olyLog i vadi02 )%
d d (e+f:c)2 PolyLog (2
3f a - d
3 aec+dw )
+fx)31 (7“
. (e+fz)° log SIS ~
ad ad
2(a2+b2
(a®+b?) 2V a2 162

l 2720
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dz) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a +d +d
C T C T
+fz) PolyL (3,—‘167> e~ € d% polyL, (3,—“7)(1 ctdz
ot (e+fz) PolyLog ot a2 02 _f]e olyLog - i adi02 )%
4 d (e+f
3f o -
3 aec+dw )
+5x)31 (7“
. (e+fz)° log SIS ~
ad ad

232
2(a?+b?) 2va2+b2

l 7143
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3f2 _f cosh2(c+da:) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dz) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
id? 2d 87

2d?

a
aec+dz aec+d:v )

+fz) PolyL (3,—7> PolyL (4,—7
2f((e fz) PolyLog bt a2 152 f PolyLog 2b+ e
d d

(e+fz)2 PolyLog (2, ——
3f < - b

3 aectdT )
1 —ac 41
(s tos( 2T 1)
ad

ad

2,32
2((1 +b ) W)

-

LInt[((e + f*x) “3*%Cosh[c + d*x]~2)/(a + b*Csch[c + d*x]),x]

| —

input
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((e + f*x)~4/(8%f) - (3*f*(e + f*xx) 2xCosh[c + d*x]~2)/(4%d"2) + ((e + f*x
)"3*%Cosh[c + d*x]#*Sinh[c + d*x])/(2%d) + (3*f~2*x((e + f*x)~2/(4xf) - (f*Co
shlc + d*x]"2)/(4*%d"2) + ((e + f*x)*Cosh[c + d*x]*Sinh[c + d*x])/(2*d)))/(
2+%d"2))/a - (bx(-1/4*(bx(e + f*x)~4)/(a"2*f) - (2*x(a"2 + b~2)*(-1/2*(ax(((
e + f*x)~3%Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(axd) - (3*f*x(-
(((e + f*x)~2*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b72]))]1)/d) + (
2+¢fx(((e + f*x)*PolyLogl[3, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))1)/d -

(£*xPolyLogl[4, -((a*E~(c + d*x))/(b - Sqrt[a~2 + 72]))]1)/d~2))/d))/(a*xd)))
/Sqrt[a~2 + b~2] + (a*(((e + f*x) 3*Logl[l + (a*xE~(c + d*x))/(b + Sqrt[a~2
+ b721)1)/(axd) - (3*f*x(-(((e + f£*x) 2*PolyLogl[2, -((a*E~(c + d*x))/(b + S
grt[a”2 + ©°21))1)/d) + (2x£*(((e + f*x)*PolyLog[3, -((a*E~(c + d*x))/(b +
Sqrt[a”2 + b"2]1))]1)/d - (£*PolyLogl[4, -((a*xE~(c + d*x))/(b + Sqrt[a”™2 + b
~2]1))1)/d"2))/d))/(axd)))/(2+Sqrt[a~2 + b72])))/a"2 - (I*((Ix(e + f*xx)~3*C
osh[c + d*x])/d - ((3*I)*f*x(((e + £*x)"2xSinh[c + d*x])/d + ((2*I)*£f*((I*(
e + fxx)*Cosh[c + d*x])/d - (I*f*Sinh[c + d*x])/d~2))/d))/d))/a))/a

output

Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1 ‘
)/ (ox(@ + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1 |

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

s N

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
‘ nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1] ‘

rule 26

rule o7 Int[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N\ J

Int [CCFL)~((g_)*((e_.) + (F_0*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2620
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rule 2694 Int [((F)~(u )*((f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + g*x)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_.)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))*(m_.), X_Symbol] > Slmp[(—(f + g*X)Am)*(PolyLog[2, (~e)*(F~ (cx(a +
b*x))) "n]/ (bxc*n*Log[F1)), x] + Simp[g(m/(bxc*n*LoglF1))  Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3117

Int[((c_.) + (A_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*xx], x], x] /; FreeQl[{c, 4, e, £}, x] && GtQ[m, O]

rule 3777

rule 3791 IntLCCe_) + (A_)*(x))*((b_d*sinl(e_.) + (£_.)*(x)D) " (), x_Symbol] :>

Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
I*((b*Sin[e + £*x])~(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + dx
x)*(b*Sin[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]
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rule 3792 Tntl(Ce_.) + (dA_D*(x))"(@m )*((b_.)*sinl(e_.) + (£_.)*(x))1)"(n), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x])~n/(£72%n"2)), x] + (-Sim
plbo*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(£f*n)), x] + Simp[b~
2%x((n - 1)/n) Int[(c + d*x) "m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m¥((m - 1)/(£f72*xn"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

Int[((c_.) + (d_.)*(x_)) " (m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(£_.)*(x_)]1), x_Symbol] :> Simp[2 1Int[(c + d*x) m*(E~((-I)*e + f*xfz*xx)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + Ixb*xE~(2*((-I)*e + f*xfz*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

rule 3803

rule 6099 Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.

)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-a/b~2 1Int[(e + f*x) “m*Cos

hlc + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]~(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b"2)/b"2 Int[(e + f*x) m*(Coshlc

+ d*x]"(n - 2)/(a + b*Sinh[c + d*x]1)), x], x1) /; FreeQl{a, b, c, d, e, f},
x] && IGtQ[n, 1] &% NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_)*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +

(d_)*(x)]1"(a_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQ[p, O]

rule 6113

rule 6128 Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)

+ (d_)*(x_)I*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

rule 7143 Int[PolyLog[n_, (C_-)*((a_-) + (b_-)*(X_))A(p_-)]/((d_.) + (e_.)*(X_))s X_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
> €, N, P}, X] && EqQ[b*d, a*e]
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Int[((e_.) + (£_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F))~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))~pl/(bkcxpxLog[F])), x] - Simp[f*(m/(b*ckp*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

rule 7163

Maple [F]

/ (fz+ 6)3 cosh (dz + c)2d
a+ csch (dx +¢)b

input Lint ((f*xx+e) “3*cosh(d*x+c) "2/ (atcsch(d*x+c) *b) ,x) J

/

p >

output Lint ((£*x+e) ~3*cosh (d*x+c) ~2/ (a+csch(d*x+c) *b) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3847 vs. 2(627) = 1254.

Time = 0.19 (sec) , antiderivative size = 3847, normalized size of antiderivative = 5.63

(e + fx)? cosh®(c + dx) .
dx = Too 1 to displ
/ a + besch(c + dx) ’ 00 latge 1o dispiay
input Lintegrate ((f*x+e) "3xcosh(d*x+c) "2/ (at+b*csch(d*x+c)) ,x, algorithm="fricas") J

output LToo large to include J
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Sympy [F]

dz

/ (e + fx)3 cosh?(c + dx) i — / (e + fx)? cosh?® (¢ + dx)
a + besch(c + dx) B a + besch (¢ + dx)

input‘integrate((f*x+e)**3*C°Sh(d*X+C)**2/(a+b*csch(d*x+c)),x)

outputtlntegral((e + f*x)**3*cosh(c + d*xx)**2/(a + b*csch(c + d*x)), x)

Maxima [F]

dz

/ (e + fx)? cosh®(c + dx) dp — / (fz + €)® cosh (dz + ¢)®
a + besch(c + dx) B besch (dz+c¢) +a

input integrate ((f*x+e) ~3*cosh(d*x+c) ~2/(a+b*csch(d*x+c)),x, algorithm="maxima")

-1/8*%e"3* ((4*b*xe~(-d*x — c) - a)*e”(2*xd*x + 2%c)/(a"2xd) - 4*x(a"2 + 2*b~2)
*(d*x + c)/(a"3*d) + (4%b*e”(-d*x - c) + akxe” (-2*d*x - 2xc))/(a"2xd) + 8%(
a~2xb + b~3)*log((a*xe~(-d*x - c) - b - sqrt(a”2 + b~2))/(a*e”(-d*x - c) -
b + sqrt(a”2 + b72)))/(sqrt(a”2 + b"2)*a"3*d)) + 1/32%(4*(a"2*xd"4*f"3*xe” (2
*C) + 2xb72xd"4*xf"3*%e” (2%c))*x"4 + 16x(a"2xd"4*kexf"2%e” (2%c) + 2*xb"2xd"4x*e
*f"2xe~ (2%c) ) *x"3 + 24%(a”2+%d"4*e"2xfxe” (2%c) + 2%b"2%d"4*e"2xfxe” (2*c) ) *x
"2 + (4%a”2%d"3*f"3*%x"3%e” (4*c) + 6%(2%d"3*e*xf"2 - d"2%f"3)*a"2xx"2*xe” (4*c
) + 6x(2kd"3ke”2*%f - 2+%d"2xexf"2 + d*f"3)*a"2*xke” (4d*kc) - 3x(2*xd"2%e " 2*xf -
2xdxe*xf~2 + £~3)*a~2%e” (4%c))*e” (2xd*x) - 16%(axb*d~3*f 3*x~3*%e~(3%c) + 3
*(A"3*%exf"2 — d72*f73)*xa*bxx"2xe” (3%c) + 3*(d"3*e”"2%f - 2*d"2*exf"2 + 2*xdx
£73) xa*bxx*xe” (3*xc) - 3*x(d"2*e”2*f - 2kd*exf~2 + 2xf~3)*axb*e”(3*c))*e” (d*x
) — 16*(a*b*d"3*f"3*x"3%e"c + 3*(d"3*e*xf"2 + d"2*f"3)*axbxx"2xe"c + 3*(d"3
*e " 2*%f + 2%d"2%e*xf"2 + 2*d*f~3)*axb*xke”c + 3*%(d"2xe"2xf + 2kdxexf"2 + 2*f
~3)*axbxe~c)*e” (-d*x) - (4%a"2*%d"3*f"3*x"3 + 6% (2*d"3*e*f"2 + d"2*xf"3)*a"2
*X72 + 6% (2xd"3*ke " 2*f + 2*%d"2%exf"2 + d*xf~3)*ka"2%x + 3*%(2*%d"2xe"2xf + 2kdx*
exf~2 + £73)*a"2)*e” (-2*d*x))*e”~ (-2*xc)/(a"3*d"4) - integrate(2*((a~2*b*f~3
xe”c + b73*f"3*ke"c)*x"3 + 3k (a"2kbxexf"2ke"c + b 3kexf "2*e”c)*x"2 + 3*(a”2
*bkxe"2xfxe"c + b~ 3xe"2*xfre"c)*x)*ke” (dkx)/(a~4*e” (2kxd*x + 2*c) + 2*xa~3*bke”
(d*x + ¢c) - a~4), x)

output
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Giac [F]

dz

/ (e + fx)? cosh®(c + dx) dp — (fz + €)® cosh (dz + ¢)*
a + besch(c + dx) B besch (dx +c¢) +a

inputtintegrate((f*X+e)A3*COSh(d*X+C)A2/(a+b*CSCh(d*X+C)),X, algorithm="giac")

-

output Lintegrate((f*x + e)~3%cosh(d*x + c)~2/(b*csch(d*x + c) + a), x)

-/

Mupad [F(-1)]

Timed out.

/ (e + fx)? cosh®(c + dx) dp — / cosh(c+ dz)” (e + f z)® i

a + besch(c + dx) a+ sinh(g—i-dx)

inputtint((COSh(c + d*x)"2%(e + f*x)~3)/(a + b/sinh(c + d*x)),x)

output Lint((cosh(c + d*x)"2*(e + f£*x)~3)/(a + b/sinh(c + d*x)), x)

Reduce [F]

/ (e + fz)? cosh®(c + dx) g — (fz + €)® cosh (dz + ¢)®
a + besch(c + dx) B a + besch (dz + )

input Lint ((f*x+e) ~“3*cosh(d*x+c) "2/ (a+b*csch(d*x+c)) ,x)

output Lint ((f*x+e) “3*cosh(d*x+c) "2/ (atb*csch(d*x+c)) ,x)
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Optimal result

Integrand size = 28, antiderivative size = 510

e + fx)?cosh?(c + dz fPxr (e+ fz)® b*e+ fx)® 2bf%cosh(c+dx
T = —
a + besch(c + dx) 4ad? 6af 3adf a’d3
_ ble+ fz)*cosh(c+dx)  f(e+ fx)cosh?(c+ da)
a?d 2ad?
bva? + b%(e + fz)?log (1 + b_“f;%)
a3d
aec+dz
bva? + b2 (e + fz)?log (1 + b+\/m>
add
aec+dm
2bv/a? + b f(e + fz) PolyLog (2, —b_m)
a ad3d?
aec+dz
2bv/a? + b2 f(e + fx) PolyLog (2, —m>
a3d?
2bv/a2 + b2 f2 PolyLog (3, —ﬁ%)
add?
%v/aZ + B2 f2 PolyLog (3, —ﬁ)
a ad3d?
2bf(e + fz)sinh(c + dz)
+ 2
a’d?
N f2 cosh(c + dz) sinh(c + dz)
4ad3
(e + fx)? cosh(c + dz) sinh(c + dz)
+ 2ad

+

_|_

_|_

1/4x£72xx/a/d~2+1/6% (f*xx+e) "3/a/f+1/3%b"2x (f*x+e) "3/a"3/f-2*b*f~2*cosh (d*x
+c)/a”2/d"3-b* (£*x+e) "2*cosh(d*x+c)/a~2/d-1/2*f* (f*x+e) *cosh(d*x+c) ~2/a/d"”
2-bx(a~2+b"2) " (1/2) * (£*x+e) “2*1n(1+a*exp (d*x+c) / (b-(a~2+b"2)~(1/2))) /a~3/d
+b*x (a~2+b~2) ~(1/2) * (f*x+e) "2*1n(1+a*exp (d*x+c) /(b+(a~2+b"2)~(1/2))) /a~3/d-
2xbx (a~2+b"2) " (1/2) *f* (f*x+e) *polylog(2,-a*exp (d*x+c)/(b-(a~2+b"2)~(1/2)))
/a~3/d"2+2xb*(a~2+b~2) ~(1/2) *f* (f*x+e) *polylog (2, -a*exp (d*x+c) / (b+(a~2+b"2
)~(1/2)))/a~3/d"2+2%b*(a~2+b~2) ~(1/2) *f~2*polylog(3,-a*exp (d*x+c) / (b-(a~2+
b~2)~(1/2)))/a~3/d"3-2*b* (a~2+b~2) ~ (1/2) *f~2*polylog(3,-a*exp (d*x+c)/(b+(a
"2+b72)7(1/2))) /a”3/d"3+2*bxf* (f*x+e) *sinh (d*x+c) /a"2/d"2+1/4*f"2*cosh(d*x
+c)*sinh(d*x+c)/a/d"~3+1/2* (f*x+e) “2*cosh(d*x+c) *sinh (d*x+c) /a/d

output




input

output
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Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 1216 vs. 2(510) = 1020.

Time = 4.03 (sec) , antiderivative size = 1216, normalized size of antiderivative = 2.38

2 cosh? d
/ (e + fz)? cosh®(c + dz) dz = Too large to display

a + besch(c + dx)

p
‘Integrate[((e + fxx) 2*Cosh[c + d*x]~2)/(a + b*Csch[c + d*x]),x]
N

(Cschlc + d*x]*(b + a*Sinh[c + d#*x])*(6*a~2+e"2*(c/d + x - (2%bxArcTan[(a
- bxTanh[(c + d*x)/2])/Sqrt[-a~2 - b"2]]1)/(Sqrt[-a”2 - b~2]*d)) + 6%a~2*ex
fx(x"2 - (2%b*(d*x*(Log[1l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] - Logl1l
+ (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])]) + PolyLogl[2, (a*xE~(c + d*x))/(-
b + Sqrt[a”2 + b~2])] - PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])
)1))/(Sqrt[a~2 + b~2]*d~2)) + 2*xa~2*f~2%(x"3 - (3*bx(d~2*x"2*Log[1l + (axE”
(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~2*x"2+Log[1 + (a*E~(c + d*x))/(b + S
grt[a~2 + b~2])] + 2*d*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a~2 + b~2])
1 - 2*d*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))] - 2%PolyLog
[3, (axE~(c + d*x))/(-b + Sqrt[a”2 + b~2])] + 2xPolyLog[3, -((a*xE~(c + d#*x
))/(b + Sqrt[a~2 + b~21))1))/(Sqrt[a~2 + b~2]*d~3)) + £-2%(2*(a~2 + 4*b~2)
*x~3 - (6%b*(3*a”2 + 4xb~2)*(d"2*x"2*Log[1 + (a*E~(c + d*x))/(b - Sqrt[a~2
+ b~2])] - d~2*x"2*Logl[l + (a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])] + 2xd*x
*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2xd*x*PolyLogl[2, -((
a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 2*PolyLog[3, (a*E~(c + d*x))/(-b
+ Sqrt[a™2 + b~2])] + 2%PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])
)1))/(Sqrt[a~2 + b~2]*d~3) - (24*axb*Cosh[d*x]*((2 + d~2*x~2)*Cosh[c] - 2x*
d*x*Sinh[c]))/d"3 + (3*a~2*Cosh[2xd*x]* (-2*d*x*Cosh[2xc] + (1 + 2*%d"2%x"2)
*Sinh[2*%c]))/d"3 - (24*a*b*(-2xd*x*Cosh[c] + (2 + d™2*x~2)*Sinh[c])*Sinh[d

*x])/d"3 + (3*a~2x((1 + 2*xd~2*xx"2)*Cosh[2*c] - 2*d*x*Sinh[2*c])*Sinh[2x*. ..
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 2.81 (sec) , antiderivative size = 484, normalized size of antiderivative = 0.95,

_ _ number of rules _
number of steps used = 28, number of rules used = 27, integrand size 0.964, Rules

used = {6128, 6113, 3042, 3792, 17, 3042, 3115, 24, 6099, 17, 3042, 26, 3777, 3042, 3777,
26, 3042, 26, 3118, 3803, 25, 2694, 27, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fz)? cosh?(c + dx) i
a + besch(c + dx)
| 6128
/ (e + fz)?sinh(c 4 dz) cosh?(c + dz)
- dx
asinh(c+dx) + b
| 6113
2 2
[(e+ fz)? cosh?(c + dz)dx 3 bf (e-i;){l—a;)s;r:l(l)ls(}é-l-(;:ﬂl—)dw) dx
a a
| 3042
2
f (et)ffz Sli(fls(l; -’_(;I)dx) dz f (e + fz)?sin (ic + idz + %)2 dz
a a
| 3792

fzfcosl;2d(20+dz)dx + %f(e + f$)2d$ _ fletfx) cosh2(0+dx) + (e+fzx)? sinh(c;:idx) cosh(c+dz)

f (e+fx)? cosh2 (c+dz) d
b+asinh(c+dz) T

a

| 17

f? [ cosh?(ct+dz)dzr  f(e+fx)cosh?(c+dx) (e+fx)? sinh(c+dzx) cosh(c+dzx) (et+fz)3
22 - Tk + 2d T o1

(e+fx)? cosh2 (c+dz)
b f b+asinh(c+dz) dzx

a

l 3042
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(et+f h? (c+da)
bf : b—i—az:szl(;ls(c—i-;x) “dz

+
a
f2 [ sin(ic+idz+7) %dx f(e+fx) cosh?(c+dzx) (e+fz)? sinh(c+dx) cosh(c+dzx) (e+fx)3
282 - o2 + 2d +
a
| 3115

f2 (f 12d:v +sinh(c+dx)2(ciosh(c+dz)>

f(e+fx) cosh? (c+dx) (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
YR 22 + 2d + 67

(et+f )2 h?(c+d)
bf < b+xas;1(l)1s c—f-cclm) = dz

a

l 24

2 (sinh(c+dz)2;05h(c+dz) +%>

f(e+fx) cosh?(c+dx) (e+fx)? sinh(c+dz) cosh(c+dx) | (e+fx)®
_ [ T (22(()132 C XL + _+_ € xr sin. Czd:t cosn(c XL + eﬁfiL’

2d?

(e+fx)? cosh2 (c+dz)
b f b+asinh(c+dz) dzx

a
l 6099

f2 (sinh(c+d:c)2((;osh(c+dw) +%>

_ fletfz) (2:352h2 (ct+dz) + + (e+fx)? sinh(c;:idx) cosh(c+dz) + (e+fz)?

2d2 6f

a2 a2 a

a
2
b((a2+w>fb+£§iﬁ+m» _ bf(etfo)ds | fw+fxﬁsmhw+dwdx>

a

| 17

f2 (sinh(c-}—dw)zzosh(c-ﬁ-dz) +%>

_ fletfz) (2:352h2 (c+dz) + + (e+fzx)? smh(c—l;idx) cosh(c+dz) + (e+fz)3

2d?

a
b<( a?+b?) fm(;ti}&dz) 4 [(e+fx)? sinh(ct+dz)ds b(e+fx)3>

a 3a?f
a
| 3042
f(e+fz) cosh?(c+dzx) 2 ( Sinh(c+dw)2205h(c+dz) +%> (e+fz)? sinh(c+dx) cosh(c+dzx) (e+fw)3
- 2d2 + 242 + 2d + _
a
b (a®+b?) [ #{’fi‘—ldﬂ + | —i(e+fz)? sin(ict+idz)dz b(e+fx)3
a? a T 3a2f
a

26

—
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2 ( sinh(c+dz) cosh(c+dz)
(S C I2COS C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2d2 + + 2d +

2d2 6f
9 a
(a2-|—b2) i) #{;&.m@dfﬂ . if(e—l—fx)z sin(ic+idz)dz . b(e+fx)3
a? a 3a?f
a
| 3777
sinh(c+dz) cosh(c+dz) |
_ f(e+fz) cosh?(c+dz) + f? ( : 2d : +§> + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (e+fzx)?
2d2 2d2 2d 6f

a
X 2 P
(e+£ )2 - ( i(e+fz)“ cosh(ct+dz)  2if [(e+fz) cosh(c+dz)dz>
(a®+0°) [ b-iaZin(fc+idw)dw Z( d d _ blet+fx)?

a? - a 3a2f

a
| 3042
sinh(c+dz) cosh(c+dz)
__ f(e+f=) cosh?(c+dzx) + f2< 2d +%> + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)3
2d2 2d2 2d 6f
a
- (eis )2 i i(e+fz)2 cosh(ct+dz) 2if [(e+fx) sin(ic+idz+%)dz
etfz
(a +b )f b—ia sin(ict+idz) dz _ ¢ 4 _ b(€+f$)3
a? a 3a2f
a
| 3777
inh(c+dz) cosh(c+dz)
_ f(etfz) cosh?®(c+da) + f2<sm T +%) + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fz)3
2d2 2d2 2d 6f
.. (e+fz)sinh(ct+dx) if [ —isinh(ctdz)dx
. i(e+fa:)2 cosh(c+dz)_27’f< d - d )
24 p2 (e+fm)? d ¢ d d
b (@®+6%) | r—rwsinGerian @ _ blet+fa)?
a? a 3a?f
a
| 26
inh(c+dz) cosh(c+dz)
_ f(e+fz) cosh?(ctdz) + f2<s ST B +%) + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fx)3
2d2 2d2 2d 6f
.. (e+fx)sinh(ct+dz) f [sinh(ctdz)dz
(et fa)? i<i(€+fw)2 3°Sh<0+dw)_21f( d — d >)
e+ fx
b (a2+b2) f b—iasin(ict+idz) dz _ _ b(€+f:13)3
a? a 3a2f
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| 3042
sinh(c+dz) cosh(c+dz)
__ f(e+f=) cosh?(c+dzx) + f? ( 2d +%) + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (et+fx)3
2d? 2d2 2d 6f .
o (e+fx)sinh(ctdz) f [ —isin(ictidz)dz
i i(e+fw)2 cosh(ctdz) 2Zf( d d )
(a248?) [ (eHfa® 4y d d 3
b b—ia sin(ictidz) . __ b(et+fx)
a? a 3a2f
a
| 26
inh(c+dz) cosh(c+dz) | =
_ fletfo) cosh?(crda) | I (° 2 +3) 4 (e+f2)?sinh(c+do) cosh(ctda) | (e+fa)’
2d2 2d2 2d 6f
a
.. (et+fz)sinh(ct+dz) | if [ sin(ictidz)dx
(ersoy? i <i<e+fz)2 cosh(erde) _ i ( d d+ d ) )
+f
b (a2+b2) f b—iazin(;ch—idz) dz _ _ b(€+f$)3
a? a 3a2f
a
| 3118
inh(c+dz) cosh(ct+dz) | =
_ f(etfz) cosh?®(c+da) + f? (sm B R +§) + (e+f=)? sinh(c+dz) cosh(c+dx) + (e+fz)3
2d2 2d2 2d 6f
a
.o ( (e+fz)sinh(c+dz)  fcosh(ct+dx)
(etf2)? i (i(e+fz)2 cosh(etdr) > ( : £ )
+fz
b (a2 +b2) f b—iazin(ic%—idz) dz _ b(e"rf(l:)?’ _
a? 3a?f a
a
| 3803
inh(c+dz) cosh(ctdz)
_ f(etfz) cosh?®(c+da) + f2 (sm T +%) + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fz)3
2d2 2d2 2d 6f _
a
. .( (e+fz)sinh(c+dz) f cosh(ct+dzx)
+d. 2 i i(e+fa)? cosh(ctda) _ 21f< d B d2 )
2((12+b2) f_ e (e+ fx) dz d d
—e2(cHde) g yq_gpectdz - ble+fz)3
a? 3a?f

a

| 25
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2 ( sinh(c+dz) cosh(c+dz)
(S C I2COS C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2d2 + + 2d +

2d2 6f

a

i(e+fz)2 cosh(ctdz)
d d

%Ff ( (et+fzx) sidnh(c+d:t) _f cosl;(2c+da:) ) )

212 T (e fa)? i
2(0‘ +b ) f _62(c+d:v)a+a_2bec+dz dz _ b(e+fz)3 _
a? 3a2f a

a
l 2694
2 ( sinh(c+dz) cosh(c+dzx)
_ f(e+fz) cosh?(ctdz) + f (s S +%> + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+f=z)3
2d2 2d2 2d 6f
a
af— 5C+dz(e+fm)2 de a[— ec+dz(e+fm)2 dx
S 2(ec+dza+b— aZ+52) 2(5C+dza+b+ a?+52) ' ) 2if((e+fan)sinh(c+
2((1 +b ) pP Ry - Y i i(e+fz) fiosh(c+dz)_ d
bl — _ bletfx)®
a? 3a2f a

l 27

f2 ( sinh(c+dz)2§osh(c+dz) +%)

f(e+fz) cosh?(c+dx) (e+fz)? sinh(c+dz) cosh(c+dx) | (e+fx)®
_ e T (2:(:152 C XL + + e xr sin. C2d.’17 coshn(c L + e T

2d2 6f _

a

I Ec+dz(e+fz)2 4 I ec+d$(e+fq:)2 B (et f) sinh(ctdz) f cos
a — T  ———=ax a —— T  ———=aZx . xT 1 C T
2(a2+b2) etdTatbivalih?  _ ectdTatbvaZih? | i(e+£2)? cosh(c+dz) QZf(ﬁ_i
2v/a2 +b2 2v/a2+b2 ¢ d - d
b| — _ bletfx)®
a? 3a2f a
a
| 2620
2 ( sinh(c+dz) cosh(c+dz) | =
_ flet+fx) cosh?(c+dzx) + f ( 2d +§) + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (e+fz)?
2d2 2d2 2d 6f _

a
€ xT 2 (o} 7aec+dm € xT O} 7ec+d$a T € xT 2 O; 7aec+dm € xT (o} 7ec+dma
a(( +12) 1g(\{im+b+1)_sz< +f2)1 g(bi_\/m+l)d ) a(( +f2) lg(bgm+l)_2ff( +f2)1 g(b;m

a a a a
212 —
2(a®+0?) 2V a2 b2 2va24b2
b - (12
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| 3011
2 ( sinh(c+dz) cosh(c+dx)
__ f(e+f=) cosh?(c+dzx) + f ( 2d +%) + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (et+fx)3
2d? 2d2 2d 6f .
a +d +d.
___gectdz __gettdz
s y f [ PolyLog (2, 7})4—\/@) dz ~ (e+fz) PolyLog (2, 76-}—\/@) |
(e+f2)? tog (2570 11) a d (e+f2)? log -a<
N VaZ+b2+b _ N b—v
ad ad ad

2(a2+b%) —r _

a2

l 2720
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2 ( sinh(c+dz) cosh(c+dz)
(S C 132COS C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2d2 + + 2d +

2d? 6f
a ( +d: ) ( +d )
ffe_c_dz PolyLog 2,—7‘7‘50 ol deCtdz (e+ fz) PolyLog 2,—7‘166 d
bi/aZ 12 bi /a2 152
(e+72)? 105 (—aet92_ 1) a2 : - d * (e+
Va24b2+b “
@ ad - ad @
2,312
2(a2+b2) W HTY —
b - az
| 7143
2 ( sinh(c+dz) cosh(c+dzx)
__ f(e+f=) cosh?(c+dzx) + f ( 2d +%> + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)3
2d2 2d2 2d 6f
a +d +d
§ PolyLog ( 3,— —ae 122 5 i > (e+f) PolyLog ( 2,— —ae?™ 2% _ = d >
(es0)?10 (ﬂﬂ) 2f( ( d2b+\/a +b )_ (d b+va2+b ) B (ﬂ
. E\ VaZr621b ) _ . *\bo—vaZy
ad ad ad
2,312
2(a2+b2) PraTS -
bl —

a2
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input‘ Int[((e + f*x) 2*Cosh[c + d*x]~2)/(a + bxCschlc + d*x]),x] ‘

((e + £xx)~3/(6*f) - (f*(e + f*x)*Coshl[c + d*x]~2)/(2%d"2) + ((e + fx*xx)~2%*
Cosh[c + d*x]*Sinh[c + d*x])/(2*d) + (£°2*(x/2 + (Cosh[c + d*x]*Sinh[c + d
*xx])/(2%d)))/(2%¥d"2)) /a - (b*(-1/3*(b*(e + f*x)~3)/(a"2xf) - (2*x(a”2 + b~2
)*x(-1/2%(ax(((e + f*x)"2xLog[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])])/(
axd) - (2xf*(-(((e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a"2 + b~2
1))1)/d4) + (£*PolyLogl3, -((a*E~(c + d*x))/(b - Sqrt[a~2 + b72]1))1)/d"2))/
(a*d)))/Sqrt[a~2 + b~2] + (a*(((e + fx*x) 2*Log[l + (a*xE~(c + d*x))/(b + Sq
rt[a”2 + b72]1)]1)/(axd) - (2*fx(-(((e + f*x)*PolyLogl[2, -((a*E~(c + d*x))/(
b + Sqrt[a”2 + b~2]1))]1)/d) + (fxPolyLog[3, -((a*E~(c + d*x))/(b + Sqrtl[a~2
+ b72]1))1)/d72))/(axd)))/(2*%Sqrt[a™2 + b72])))/a"2 - (I*x((Ix(e + f*x)~2*C
osh[c + d*x])/d - ((2*I)*f*(-((£f*Cosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c +
dxx])/d))/d))/a))/a

output

Defintions of rubi rules used

rule 17‘(In'c[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
‘)/(b*(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

—

-

rule 24L1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

| —

rule 25L1nt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

N

rule 26 ‘/Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I ‘
Lnt [Fx, x], x] /; FreeQla, x] &% EqQ[a~2, 1] J

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
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rule 2620 Int [(CCF)~((g_.)*((e_.) + (£_)*(x_)))) " (@_.)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*((F_)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2694 It LCEFD T )*((E_.) + (g )*(x )" (m_.))/((a_.) + (b_.)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) Int
[(f + g*x)"m*x(F~u/(b - q + 2xc*¥F"uw)), x], x] - Simp[2%(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

rule 2720

rule 3011 It [Logll + (e_)*((F_)"((c_.)*((a_.) + (b_.)*(x))))"(_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"nl/(bxckn*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
g aig g, n}, x] && GtQ[m, 0]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3115 IntLCCb_)*sinl(c_.) + (d_.)*(x)1)7(n), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sinfc + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2xn]

-

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3118




rule 3777

rule 3792

rule 3803

rule 6099

rule 6113

rule 6128
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Int[((c_.) + (@_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)])"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + f*x])“"n/(£"2*n~2)), x] + (-Sim
plb*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(£f*n)), x] + Simp[b~
2%((n - 1)/n) Int[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*((m - 1)/(£72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + fxfz*x)/((
-I)xb + 2xa*E~((-I)*e + f*xfzxx) + Ixb*E~(2*x((-I)*e + fxfz*x)))), x], x] /;
FreeQ[{a, b, c, d, e, £, £z}, x] && NeQ[a~2 - b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-a/b"2 Int[(e + f*x) m*Cos
hlc + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]"(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b72)/b"2 Int[(e + £*x) m*(Coshlc
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, f},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Coshl(c_.) + (A_.)*(x_)]1 (p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(a_)*(x_)]1"(m_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]~(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + bxSin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQlp, 0]

Int[((Ce_.) + (£_)*(x_))~(m_)*(F_)[(c_.) + (d_.)*(x_)1"(n_.))/(Cschl(c_.)
‘ + (d_)*(x_)]*(_.) + (a_)), x_Symbol] :> Int[(e + f#*x) m*Sinh[c + d*x]*(F
' [c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, ¢, d, e, £}, x] & H
LyperbolicQ[F] &% IntegersQ[m, n]

W
|
|
J
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rule 7143‘Int[P°1yL0g[n_, (c_)*((a_.) + (b_)*(x_))"(p_.01/C_.) + (e_.)*(x.)), x_S \
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4

» €, n, p}, x] & EqQ[b*d, a*e]

Maple [F]

/ (fz + €)® cosh (dz + ¢)®

d
a+csch(dz +c¢)b v

input ‘ int ((f*x+e) “2*cosh(d*x+c) ~2/ (a+csch(d*x+c)*b) ,x)

output Lint ((£*x+e) ~2*cosh (d*x+c) ~2/ (a+csch(d*x+c)*b) ,x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2410 vs. 2(466) = 932.

Time = 0.13 (sec) , antiderivative size = 2410, normalized size of antiderivative = 4.73

/ (e + fx)? cosh?(c + dxr)

dz = Too 1 to displ
a + besch(c + dx) v 00 Jatge 1o dispiay

input L

integrate ((f*x+e) ~2*%cosh(d*x+c) ~2/(a+b*csch(d*x+c)),x, algorithm="fricas") J



output

input

output
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-1/48% (6%a~2xd"2*xf~2*x"2 + 6*a”2*%d"2*e"2 + 6xa~2xdkexf - 3% (2%a”2%d"2*f 2%
X"2 + 2%a"2+%d"2%e”2 - 2xa~2kdkexf + a"2+%f"2 + 2% (2xa~2xd"2ke*xf - a~2*d*xf"2
)xx)*cosh(d*x + c)74 - 3%(2*%a~2xd"2*xf"2*x"2 + 2*a~2+%d"2%e"2 - 2xa”~2kd*ex*f
+ a"2*%f72 + 2% (2*xa"2xd"2xexf - a"2*d*f"2)*x)*sinh(d*x + c)”4 + 3*a"2*%f"2 +
24* (axb*xd~2*%f"2xx"2 + axbxd"2*e”2 - 2xaxbkdkexf + 2*a*xb*xf~2 + 2% (axbxd 2%
exf — axbxd*f~2)*x)*cosh(d*x + c)73 + 12%(2*ka*b*xd"2*f72*xx"2 + 2ka*bxd"2%e”
2 - 4xaxbxdxexf + 4dxaxbxf~2 + 4*(axb*d™2xexf — axbkd*xf~2)*x - (2%a~2%d~2*f
T2%x72 + 2%a”2%d72xe”2 - 2%a~2xdxexf + a"2xf"2 + 2% (2*xa”2xd"2xexf - a~2kdx*
£72)*x)*cosh(d*x + c))*sinh(d*x + c)~3 - 8+((a”™2 + 2%b"2)*d"3*f~2%x"3 + 3*
(a2 + 2xb"2)*d"3*kexf*x~2 + 3*(a"2 + 2%b~2)*d"3*e”~2#*x)*cosh(d*x + ¢c)~2 - 2
*(4x(a™2 + 24b72)*d"3*f"2+x"3 + 12%x(a”2 + 24b"2)*d"3ke*f*x"2 + 12x(a”2 + 2
*b"2) *d"3ke"2%x + 9k (2*%a"2+%d"2*xf"2xx"2 + 2*%a”~2%d"2%e”2 - 2*a~2xdxexf + a”2
*f£72 + 2% (2xa~2xd"2*e*f - a”2*d*f~2)*x)*cosh(d*x + c)~2 - 36*(axbxd~2xf~2x*
X"2 + a*bxd"2*xe”2 - 2*kaxbxd*e*f + 2*xaxb*f~2 + 2% (a*bkd"2xexf - axbxd*f~2)*
x)*cosh(d*x + c))*sinh(d*x + c)~2 + 96*((a*xb*xd*f~2*x + ax*bkdke*f)*cosh(d*x
+ ¢)72 + 2x(a*b*d*f~2*x + a*bxdke*f)*cosh(d*x + c)*sinh(d*x + c) + (axb*d
*f"2%x + axb*d*exf)*sinh(d*x + c) 2)*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh(d
*x + c) + bxsinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2
+ b72)/a"2) - a)/a + 1) - 96+ ((a*b*d*f~2*x + a*bxd*e*f)*cosh(d*x + c)~2 +
2x (axbxd*f~2%x + axbkd*exf)*cosh(d*x + c)*sinh(d*x + c) + (axbkxd*f~2xx ...

Sympy [F]

/ (e + fx)? cosh?(c + dx) i — / (e + fx)? cosh?® (¢ + dx) i

a + besch(c + dx) a + besch (¢ + dx)

p
Lintegrate((f*x+e)**2*cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

| —

-

LIntegral((e + fxx)**x2xcosh(c + d*x)**2/(a + bxcsch(c + d*x)), x)

~—
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Maxima [F|

/ (e + fx)? cosh®(c + dx) dp — (fz + €)® cosh (dz + ¢)* i

a + besch(c + dx) B besch (dx +c¢) +a

inputLintegrate((f*X+e)A2*COSh(d*X+C)A2/(a+b*CSCh(d*X+C)),X, algorithm="maxima")

-1/8*%e"2x ((4*b*xe”~ (-d*x — c) - a)*e”(2*d*x + 2*c)/(a"2xd) - 4x(a”2 + 2*b~2)
*(d*x + c)/(a"3*d) + (4*xbxe”(-d*x — c) + akxe~(-2xd*x - 2*c))/(a"2+d) + 8+(
a~2xb + b~3)*log((a*e~(-d*x - c) - b - sqrt(a™2 + b72))/(a*e”(-d*x - c) -
b + sqrt(a”2 + b72)))/(sqrt(a™2 + b~2)*a~3*d)) + 1/48%(8x(a~2*d"3*f~2xe~ (2
*C) + 2¥b72xd"3*f"2xe” (2%c))*x”"3 + 24x(a~2*d"3*exf*e” (2xc) + 2xb"2xd"3xe*f
xe” (2%C) ) *x72 + 3% (2*%a~2*%d"2+f"2+x"2%e” (4*c) + 2x(2xd"2xe*f - dxf~2)*a”"2#*x
xe”~ (4*c) - (2xdkxe*xf - £~2)*a”~2%e”(4*c))*e” (2*%d*x) - 24*(a*xbxd”~2+f 2*x"2*e”
(3xc) + 2x(d"2*xexf - d*f~2)*axbxx*e”(3xc) - 2kx(d*exf - £72)*axbxe”(3*c))*e
~(d*x) - 24x(axbxd"2*f"2*x"2%e"c + 2x(d"2xexf + d*f~2)*axbxx*e”c + 2x(d*ex*
f + £72)*a*b*e”c)*e” (-d*x) — 3k (2*%a"2%d"2*f"2*x"2 + 2% (2xd"2ke*xf + d*f~2)*
a"2*xx + (2xdxexf + £~2)*a~2)*e”(-2*d*x))*e”(-2*c)/(a"3*d"3) - integrate(2*
((a™2xbxf~2xe”"c + b"3*f "2%e"c)*x"2 + 2x(a”~2*bkexf*e”~c + b~ 3*xexfxe~c)*x)*e”
(d*x)/(a~4*e”~ (2*xd*x + 2%c) + 2*a~3xb*e~(d*x + c) - a~4), x)

output

\

Giac [F]

/ (e + fx)? cosh®(c + dx) o — / (fz + €)® cosh (dz + ¢)® e
a + besch(c + dx) B besch (dz+c¢) +a

input ‘ integrate ((f*x+e) "2*cosh(d*x+c) “2/ (a+b*csch(d*x+c)) ,x, algorithm="giac")

outputtintegrate((f*x + e)~"2*xcosh(d*x + c)~2/(b*csch(d*x + c) + a), x)
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Mupad [F(-1)]

Timed out.
/ (e + fx)? cosh®(c + dx) dp — / cosh(c+dz)? (e + fz)? i
a + besch(c + dx) N a-+ m
inputLint((COSh(c + d*x) "2+ (e + f*x)"2)/(a + b/sinh(c + d*x)),x)

outputtim:((coSh(C + dxx)"2x(e + f*x)"2)/(a + b/sinh(c + d*x)), x)

Reduce [F]

2 2
/ (e + fz)? cosh®(c + dx) dz = Too large to display

a + besch(c + dx)

input Lint ((f*x+e) ~"2*cosh(d*x+c) "2/ (a+b*csch(d*x+c)) ,x)
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(- 96%ex*(2xc + 2xdxx)*sqrt(ax*2 + bxx2)*atan((exx(c + dxx)*axi + b*i)/sq
rt(a**2 + b*x*2))*ka*x*x2kbkd*x*2ke*x*2%xi + BGke*x* (4*%c + 4*d*x)*ax*k4xd**2ke*x*x2 +
12%ex* (4*c + 4*d*x)*xax*kdkd*xx2kxexfxx + B6kxe*x*x(4*c + 4*d*x) kakxkdkxd**kx2kf k*kQkx*
*2 — BGkexx(4kxc + 4kxdxx)*axkdkdkexf — Bkxexk(4xc + 4xd*xx)kakxk4kxd*f**x2*xx + 3%
exk (4*%c + 4*d*x)*ax*k4*xf*x2 — 24ke*x*x(3*%kc + 3*kd*x)*ka*x*3kbkd**Qke**x2 — 48ke**
(3%c + 3*d*x)*a*x*3kbkd**x2kexf*x — 24ke*x* (3kc + 3kdkx)*kakk3kbkdkkkf*k*kDkxk*
2 + 48%e*x*(3%c + 3xd*x)*a**x3xbkxdkxexf + 48kex* (3kc + 3kd*x)*ka**k3kbkdkfk*kQkx
- 48xex* (3*%c + 3xd*x)*ax*k3xbkfx*2 + 192%ex* (2xc + 2*d*x)*int (x**2/ (e*x* (4%
C + 4xdkx)*a + 2%ex*(3kc + 3*xd*x)*b — e*xx(2%c + 2kd*x)*a) ,X)*xax*3xbk*2xd*x*
3xf**x2 + 192xe** (2%c + 2kd*x)*int (x**2/ (ex* (dxc + 4*d*x)*a + 2%e*x*(3*c + 3
*d*x)¥b - e*x(2*c + 2%d*x)*a) ,x)*axbkkdkdk*x3*xf**2 + 384*xex* (2xc + 2xd*x)*i
nt(x/(ex*k(4xc + 4*d*x)*a + 2xex*x(3%c + 3*kd*x)*b - e**(2*c + 2xd*xx)*a),x)*a
*x3kbkk2kd*k*k3kexf + 384*ex* (2*%c + 2kd*x)*int (x/(e*x* (4*c + 4*xd*xx)*a + 2*e**
(3%c + 3*d*x)*b - e*x*x(2%c + 2xd*x)*a),x)*axb*kdxd**k3xexf + 24xe*x*x(2%c + 2%
d*x) *a*x*k4kd*x*k3ke**x2kx + 24%ex* (2%c + 2kd*x) kax*k4dkd*kk3kexfxx*k*k2 + 8Skex*k (2*c
+ 2%kd*x) *kak*k4kdk*k3kfHkkxk*k3 + 48kex*k (2kxc + 2kd*X) ka*k2kbk*k2kd*kk3kek*k2kx
+ 48xex* (2%Cc + 2%d*X) ka*x*kxb*k2kdk*k3kekfkx*k*x2 + 16%ke**x (2kc + 2%d*x)*a**x2%b
*kQkd*k*k3kFk*kQkx*k*k3 — 9B6kex*kx(c + 2kd*x)*int (x**2/(ex*(2%c + 3*d*x)*a + 2kex*
*x(c + 2kd*x)*b — ex*(dkx)*a),x)*ax*4*xbxdx*3*xfx*2 — 480*e**(c + 2*d*x)*int(
xx*2/ (ex* (2xc + 3xdxx)*a + 2*ke*xx(c + 2kd*x)*b — ex*k(d*x)*a),x)*a**2¥xb*x*. ..

output
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3.24 f (e+fz) cosh?(c+dzx) dx
a+bcsch(c+dz)

Optimal result . . . . . . . . . . . . . . . e 233
Mathematica [A] (warning: unable to verify) . . . . . . ... ... ... .. ... 234
Rubi [C] (verified) . . . . . . . . ...
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o 247
Maxima [F] . . . . . . 244
Giac [F] . . . o o 2451
Mupad [F(-1)] . . . oo
Reduce [F] . . . . . o

Optimal result

Integrand size = 26, antiderivative size = 321

(e+ fx)cosh’(c+dz) ,  (e+ fzx)* | b*(e+ fx)?
a + besch(c + dx) ~ daf 2a3f
_ ble+ fz)cosh(c+dx) f cosh?(c + dx)
a’d 4ad?
aec+dw
b\/a2+b2 (e + fx) log< - \/W)
bv/a? + b2( e-l—fx log <1+ _aet )
n b+va2+b?
bva? + b f PolyLog (2, —%)
a add?
bva? + b2 f PolyLog (2, —lﬁ%)
+ 3
add?
bf sinh(c+dx) (e+ fxz)cosh(c+ dz)sinh(c + dx)

a?d?

2ad
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1/4x (fxx+e) ~2/a/f+1/2xb~ 2% (fxx+e) "2/a"3/f-bx (fxx+e)*cosh (d*x+c) /a~2/d-1/4x*
fxcosh(d*x+c) "2/a/d"2-b*(a~2+b72) " (1/2) * (£ ¥x+e) ¥*1n (1+a*exp (d*x+c) / (b-(a~2+
b"2)"(1/2)))/a~3/d+b*(a~2+b"2) " (1/2) * (f*x+e) *1n (1+a*exp (d*x+c) / (b+(a~2+b"2
)~(1/2)))/a~3/d-b*(a~2+b"2) ~(1/2) *f*polylog(2,-a*exp(d*x+c) / (b-(a~2+b~2) ~(
1/2)))/a~3/d"2+b*(a"2+b~2) " (1/2) *f*polylog(2,-a*xexp (d*x+c)/(b+(a~2+b~2) " (1
/2)))/a~3/d"~2+bxf*sinh(d*x+c)/a~2/d~2+1/2* (f*x+e) *cosh (d*x+c) *sinh (d*x+c)/
a/d

output

Mathematica [A] (warning: unable to verify)
Time = 1.69 (sec) , antiderivative size = 610, normalized size of antiderivative = 1.90

(e + fx) cosh?(c + dx)

a + besch(c + dx) dz

a—b tanh(%(c-ﬂ—dw))

2b arctan( — 53 ) 2b (d:z: (log (1+Ta
csch(c + dz)(b+ asinh(c + dz)) | 2a%¢| $+ 2 — +adf|2?— —————

v—a2—-b2d

-

input LIntegrate[((e + fxx)*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x] J




output
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(Csch[c + d*x]*(b + a*Sinh[c + d*x])*(2*xa~2*ex(c/d + x - (2xbxArcTan[(a -

b*Tanh[(c + d*x)/2])/Sqrt[-a~2 - b"2]1])/(Sqrt[-a~2 - b~2]*d)) + a~2xf*(x"2
- (2*bx(d*x*(Log[1 + (a*E~(c + d*x))/(b - Sqrt[a”2 + b"2])] - Logl[l + (ax*
E~(c + d*x))/(b + Sqrt[a”2 + b~2])]) + PolyLogl[2, (a*E~(c + d*x))/(-b + Sq
rt[a”2 + b"2])] - PolylLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]1))/(
Sqrt[a”™2 + b~2]*d"2)) + (2xe*x((a"2 + 4xb~2)*(c + d*x) - (2*%bx(3*a"2 + 4xb~
2)*ArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]])/Sqrt[-a"2 - b~2] -
4xaxb*Cosh[c + d*x] + a~2*Sinh[2x(c + d*x)]1))/d + (fx((a”2 + 4*xb"2)*(-c +

d*x)*(c + d*x) - 8*axbkdxx*Cosh[c + d*x] - a"2*Cosh[2x(c + d*x)] - (2%b*(3
*a"2 + 4xb~2)*(2*cxArcTanh[(b + a*xE~(c + d*x))/Sqrt[a”2 + b"2]] + (c + d*x
)*xLog[1l + (a*E~(c + d*x))/(b - Sgrt[a”2 + b72])] - (c + d*x)*Logl[l + (axE”
(c + d*x))/(b + Sqrt[a”2 + b"2])] + PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[
a~2 + b"2])] - PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]1))/Sqrt
[a~2 + b"2] + 8*axbxSinh[c + d*x] + 2¥a”2*d*x*Sinh[2*(c + d*x)]))/d"2))/(8
*a~3x(a + bxCschl[c + d*x]))

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.87 (sec) , antiderivative size = 324, normalized size of antiderivative = 1.01,

number of steps used = 20, number of rules used = 19, number of rules _ 0.731, Rules
integrand size

used = {6128, 6113, 3042, 3791, 17, 6099, 17, 3042, 26, 3777, 3042, 3117, 3803, 25, 2694,
27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

(e + fx) cosh?(c + dx)
/ a + besch(c + dx)

l 6128

(e + fz)sinh(c + dz) cosh?(c + dz)
asinh(c+ dzx) + b

l 6113

dz

2
[(e+ fo) cosh(c + do)de _ bJ “Hiaiea o

a a

l 3042
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2
0J PR [t fr)sin(ie +ide + 3) do

a a

l 3791

. h?(c+d.
%f(e + fz)dz — fcostid(;—i-dx) + (et+fx) smh(c-;:iix) cosh(c+dzx) - bf (etﬁlﬁ(cﬁé)w) dr

a a

| 17

f cosh?(c+d: +fx) sinh(c+d h(c+d +fxz)? (e+fz) cosh? (c+dx)
__fcos 4al(2c ) + (e+fz) sin (chx) cosh(c+dzx) + (e 4fx) - bf dx

b+asinh(c+dz)
a a
| 6099
f cosh?(c+dx) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
B 442 2d af
a
b < (a®+%) [ mﬁﬁihf&dz)dw _ b [(etfz)dx + J(et+fx) sinh(c—i—dx)da:)
a? a? a

a

| 17

__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
442 2d ar

a
p @) ) raieran @ | [(e+fz)sinh(ctda)de _ betfz)®
a2 + a T 2a%f

a
l 3042

__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
442 2d ar

a
e+ fx
b<(02+b2) =n sin(J;cHdz)dx —i(e+fz)sin(ict+ide)ds b(e+fx)2>

1)
a? + a 2a2 f

a

| 26

_ f cosh?(c+dx) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
442 2d ar

a
b (a2+b2) J ﬁmdﬁ _ i [(e+fz) sin(ic+idz)dz _ b(e+fx)?
a? a 2a2f

a
l 3777
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__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d af

a
et fx . (i(e4fz) cosh(ctdx) _if J cosh(c+dz)dx
b (a2+b2) f b—ia sin(ict+idx) dz _ 1( d d ) _ b(e+ffl')2
a? a 2a2 f

a

l 3042

__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fx)?
4d? 2d ar

a
. i(i(e-kfa:) cosh(c+dm)_if I sin(ic+idm+§)dm>
€ T
(a2+b2) f b—ia sin(ict+idx) dz _ ? d _ b(8+f(c)2
a? a 2a2f
a
| 3117
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d2 2d if
a
. (i(e+fx) cosh(ct+dz) if sinh(c+dzx)
b (a2+b2) f b—ia sei:(fi:+idz) dz _ b(€+f$)2 _ 1'( cdS — a2 )
a? 2a2 f a
a
| 3803
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d if
+d. a
T (e+f=) g h(c+d if sinh(c+d
2(a2+b2) f_ _EQ(Cidw)afa_;bec+dz dz _ b(e+fx)2 . ’L<z(e+fa:) c;)s (ctde) _ife d(ZC+ w))
a? 2a2 f a
a
| 25
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d af
+d. a
eCTOT (e+fx) (i h(ct+d: i f sinh(c4-d:
b 2(a®+b?) [ — 2T 92 0t 0 zbectdz 0T bletfz)? z(’<e+fz) coshlotde) _ 3 smd<26+ x))
a? 2a2f a
a

l 2694
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f cosh?(c+dx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fzx)?
T q T 2d +

4f _
ec+d2(e+fz) ec+dz(e+fz)
— d - d
2.2 of 2(ec+dwa+b— a2+b2) @ aof Z(ec+dwa+b+ a2+b2) *
2(a®+b?) 2152 - 24+p2
a“+b a®+b . (i(e+fz) cosh(c+dz) _ if sinh(ct+dz)
bl — _ blet+fx)? * d 42
a? 2a2 f a

| 27

f cosh?(c+dx) (e+fz) sinh(c+dz) cosh(ct+dzx) (e+fx)?
— 4d2 + +

2d 4f _
a
ol ec+dz(e+fw) de af ectde (e+f=z) do
2(a2+b2) ec+dZatb4a2482 ec+dZatb—1/a24b2
2v/ a2 +b2 2v/a24b2 5 i(i(e+fz) cosh(ctdz) if sinh(c+dx) >
bl — _ blet+fx)® d q2
a? 2a2f a
a

| 2620

__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d af

a
ec+dma

d d d
(e+fr)10g(ﬂ+l> fj'log(i-kl)dm (6+ffc)log(ﬁ+l) fflog('ﬁixaﬂ)dz
o \/52+b2+b _ b+\/:§2+b2 o b—d\/a?+b2 _ b—\/?i2+b2
a a a a
2(a2+b? —
( + ) 2v/a21b2 2v/a2+b2
b - a2
a

l 92715
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__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d af

a
gectdz - —c—dx ectdz, ct+dx aeftdz - —c—dx ectd
(e+fxﬂog(v5§:£§+b+1)__fje l°g(b+vzflzi+l>de @+fw)bg(b_v&ﬁ:$§+ﬂ>__fje bg(E::Zﬁ
@ ad ad? e ad wd?
2,12 _
2(a®+b?) 2V a2 b2 2/a2 b2
b - a2
a
l 2838
cosh*(c+dx e+ fx) sinh(c+dz) cosh(c+dz et+fx
_f h2(c+d + fx) sinh(c+d h(c+d: + fx)?
4d? 2d 4f .
+d a +d +d +d
— aec z GEC z — aec z aec z
. ( fPolyLog(?, b+\/m> . (e+fz) log( \/m+b+l) ) . ( f PolyLog (2, b—\/m) N (e+fz) log<7b_\/m+l> )
ad? ad ad2 ad
2,312 _
2(a®+0?) N ETS) 2V/aZ 452
b - 02 -
a
inputLInt[((e + fxx)*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x] J

((e + £*x)~2/(4*f) - (f*Cosh[c + d*x]~2)/(4*d"2) + ((e + f*x)*Cosh[c + d*x
1#Sinh[c + d*x])/(2xd))/a - (b*(-1/2*%(b*x(e + f*x)"2)/(a"2xf) - (2*(a"2 + b
~2)x(-1/2%(ax(((e + f*x)*Log[1l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b°2])1)/(
axd) + (f£*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))]1)/(a*d~2)))/
Sqrt[a~2 + b~2] + (a*(((e + f*x)*Log[l + (a*xE~(c + d*x))/(b + Sqrt[a™2 + b
~2]1)1)/(axd) + (f*PolyLogl[2, -((a*E~(c + d*x))/(b + Sgrt[a”2 + b"2]))1)/(a
*d"2)))/(2xSqrt[a”2 + b~2])))/a"2 - (I*x((I*(e + f*x)*Cosh[c + d*x])/d - (I
*f*Sinh[c + d*x])/d"2))/a))/a

output




CHAPTER 3. LISTING OF INTEGRALS 240

Defintions of rubi rules used

rulel7‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

e

rukaz5l1nt[‘(FX->, x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

B
ruk326‘1nt[(Comp1ex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
Lnt[Fx, x], x] /; FreeQla, x] & EqQ[a~2, 1]

N

|
J

rule 27 Tntl@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 IRt LCCCF (g )*((e ) + (£_)*(x I (@_)*((c_.) + (d_)*(x))"(@m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Logl[l + b*((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2694 Int[((F_)"(u )*((£_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + gxx)"m*(F~u/(b - q + 2%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2*cxF~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4+*a*c, 0] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(C_.)*((d_) + (e_.)*(x_)‘(n__))]/(x_)’ x_Symbol] > Slmp[-PolyLog[2
» (-c)*e*xx™n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]




rule 3042

rule 3117

rule 3777

rule 3791

rule 3803

rule 6099

rule 6113
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQl[{c, 4, e, £}, x] && GtQ[m, O]

Int[((c_.) + (d_.)*(x_))*((b_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
]*((bxSin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + d*
x)*(b*Sin[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(£_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + f*xfz*x)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + Ixb*xE~(2*((-I)*e + f*xfzx*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-a/b~2 1Int[(e + f*x) “m*Cos
hlc + d*x]~(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x] " (n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b"2)/b"2 Int[(e + f*x) m*(Coshlc
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_D*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +

(d_)*(x)1"(a_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQ[p, O]
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rule 6128 IAtL((Ce_) + (F_)*(x ) ~@_)*(F)[(c_.) + (d_)*(x)1"(m_.))/(Cschl(c_.) |
|+ (@_)*(x)1x(_.) + (al)), x_Symboll :> Int[(e + £*x) mSinh[c + d¥x]*(F |
‘[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H ‘
’yperbolicQ[F] && IntegersQ[m, nl ‘

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1011 vs. 2(293) = 586.

Time = 4.51 (sec) , antiderivative size = 1012, normalized size of antiderivative = 3.15

method | result size

risch Expression too large to display | 1012

input int ((f*x+e) *cosh(d*x+c) ~2/ (a+csch(d*x+c) *b) ,x ,method=_RETURNVERBOSE)

1/4/a*xfxx"2+1/2/a"3*%b"2*f*x"2+1/2/a*exx+1/a"3*b"2%kexx+1/16% (2+xd*f*x+2*d*e-
f)/a/d"2%exp (2*%d*x+2%c) —-1/2xbx (d*f*x+d*e-f) /a~2/d"2xexp (d*x+c) —1/2*b* (d*f *
x+d*xe+f) /a~2/d"2*exp (-d*x-c)-1/16% (2xd*f*x+2*d*e+f) /a/d"2*exp (-2*d*x-2%c) +
2/d/axb*e/(a~2+b~2) ~(1/2) *arctanh (1/2* (2*exp (d*x+c) *a+2*b) / (a"2+b~2) " (1/2)
)+2/d/a~3%b"3*e/(a"2+b"2) ~(1/2) *arctanh (1/2* (2*exp (d*x+c) *a+2*b) / (a~2+b"2)
~(1/2))-1/d/axbxf/(a~2+b~2) " (1/2) *1n((-exp (d*x+c) *a+(a~2+b~2) ~(1/2)-b) / (-b
+(a”2+b~2)"(1/2)) ) *x+1/d/a*b*f/(a~2+b~2) " (1/2) *1n((exp (d*x+c) *a+(a~2+b~2) ~
(1/2)+b) / (b+(a™2+b~2) ~(1/2)) ) *x-1/d"2/axb*f/(a~2+b~2) = (1/2) *1n((-exp (d*x+c
)*a+(a”2+b~2) " (1/2)-b) / (-b+(a”2+b"2) " (1/2)) ) *c+1/d"2/a*bxf/(a~2+b"2) ~(1/2)
*1n ((exp(d*x+c) *a+(a~2+b"2) " (1/2)+b) / (b+(a"2+b~2) ~(1/2) ) ) *c-1/d"2/axb*f/ (a
~2+b72) " (1/2)*dilog((-exp(d*x+c)*a+(a~2+b~2) " (1/2)-b) /(-b+(a~2+b~2)~(1/2))
)+1/d"2/a*b*f/(a~2+b~2) " (1/2) *dilog((exp (d*x+c) *a+(a~2+b~2) ~(1/2)+b)/ (b+(a
~2+b~2)~(1/2)))-1/d/a"3*b~3*f/(a"2+b"2) " (1/2) *1n((-exp (d*x+c) *a+(a~2+b~2)~
(1/2)-b)/ (-b+(a~2+b~2) ~(1/2)) ) *x+1/d/a"3*b~3*f/(a~2+b"2) " (1/2) *1n((exp (d*x
+c)*xa+(a”2+b”"2) " (1/2)+b) / (b+(a~2+b~2) " (1/2) ) ) *x-1/d"2/a"3*b"3*f/(a~2+b"2)~
(1/2)*1n((-exp (d*x+c)*a+(a~2+b~2) " (1/2)-b) / (-b+(a"2+b"2) ~(1/2)) ) *c+1/d"2/a
~3*b~3*f/(a~2+b"2) ~(1/2) *1n((exp (d*x+c) *a+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b"2) "
(1/2)))*c-1/d"2/a"3*b"3*£f/(a~2+b~2) " (1/2) *dilog ((—exp (d*x+c)*a+(a~2+b~2) ~(
1/2)-b)/ (-b+(a~2+b~2)~(1/2)))+1/d"~2/a~3*b~3*f/(a~2+b"2) ~(1/2) *dilog((exp(d
*x+c)*a+(a”2+b”~2) ~(1/2)+b) / (b+(a™2+b"2) " (1/2)))-2/d"2/axb*f*c/(a"2+b~2) ...

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1284 vs. 2(291) = 582.

Time = 0.13 (sec) , antiderivative size = 1284, normalized size of antiderivative = 4.00

h(c+d
/ (e + fz) cosh”(c + dx) dz = Too large to display

a + besch(c + dx)

p
input‘integrate((f*x+e)*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="fricas")
N

output

-1/16%(2*xa”~2*d*fxx - (2*a~2*d*f*x + 2*a~2xd*e - a~2*f)*cosh(d*x + c)"4 - (
2*a”~2*xd*fxx + 2*xa”~2*d*e - a~2xf)*sinh(d*x + c)~4 + 2+a~2*d*e + 8*(axbkd*fx*
X + axb*d*e - a¥bxf)*cosh(d*x + c)~3 + 4*(2xa*b*d*f*x + 2*ka*bxdke - 2ka*bx
f - (2%a"2xd*xf*x + 2*a~2xd*e - a”~2*f)*cosh(d*x + c))*sinh(d*x + ¢c)~3 + a™2
*f — 4%((a"2 + 2*b"2)*d"2*f*x"2 + 2*x(a”2 + 2¥b~2)*d"2*e*x)*cosh(d*x + c)~2
- 2% (2% (a”2 + 2*b72)*d"2+f*x"2 + 4x(a”2 + 2*b72)*d"2%e*x + 3% (2*a"2xd*f*x
+ 2%a~2kdxe - a~2xf)*cosh(d*x + c)~2 - 12k (a*bkd*f*x + axbxd*e - axb*f)*c
osh(d*x + c))*sinh(d*x + c)~2 + 16*(axbxfxcosh(d*x + c)~2 + 2xaxbxfxcosh(d
*x + c)*sinh(d*x + c) + a*b*f*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*dilog
((b*cosh(d*x + c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*
sqrt((a”2 + b~2)/a"2) - a)/a + 1) - 16*(axb*f*cosh(d*x + c)~2 + 2xaxb*f*co
sh(d*x + c)*sinh(d*x + c) + axb*fxsinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*d
ilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x +
c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) - 16*((a*bxd*e - axb*c*f)*cosh(d*x +
c)”"2 + 2x(a*bxd*e - axbkc*f)*cosh(d*x + c)*sinh(d*x + c) + (a*b*d*xe - a*b
*xcxf)*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x + c) + 2%a*s
inh(d*x + c) + 2*a*sqrt((a”2 + b~2)/a"2) + 2xb) + 16*((axb*dxe - axbkcxf)x*
cosh(d*x + c)~2 + 2x(axb*d*e - axbkc*f)*cosh(d*x + c)*sinh(d*x + c) + (a*b
x*d*e - axbxc*f)*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*log(2*axcosh(d*x +
c) + 2#axsinh(d*x + c) - 2*xa*sqrt((a”2 + b~2)/a"2) + 2%b) + 16x((axb*d*...
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Sympy [F]

(e+ fz)cosh’(c+dx) , [ (e+ fz)cosh®(c+ dz)
a + besch(c + dx) B a + besch (¢ + dx)

dz

inputLintegrate((f*x+e)*cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

Output‘Integral((e + f*x)*cosh(c + d*x)**2/(a + b*csch(c + d*x)), x)

Maxima [F]

(e + fz) cosh?(c + dx) dp — / (fz + e) cosh (dz + ¢)?
a + besch(c + dx) N besch (dz+c¢)+a

dz

input

Lintegrate((f*x+e)*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="maxima")

output

)*a~3xd))

-1/16%(32*%(a~2*b*e~c + b~3*e"c)*integrate(x*e” (d*x)/(a~4*e” (2xd*x + 2%xc) +
2*%a”~3xbxe~(d*x + c) - a”"4), x) - (4x(a~2*xd"2*e” (2*c) + 2*b~2xd"2*e” (2*c))
*x"2 + (2%a"2xd*xx*e” (4*c) - a”2%e” (4*c))*e” (2xd*x) - 8*(axbxd*x*e”(3*c) -
axbxe” (3xc))*e” (d*x) - 8*(axbxd*x*e”c + axbke”c)*e” (-d*x) - (2*a"2xd*x + a
~2)xe” (-2%d*x) ) *e~ (-2xc)/(a~3*d~2) )*xf - 1/8%e*x((4xb*e”~(-d*x - c) - a)*e”~ (2
xd*xx + 2xc)/(a"2xd) - 4*%(a”2 + 2xb~2)*(d*x + c)/(a"3%d) + (4*b*e”(-d*x - c
) + axe”(-2xd*x - 2%c))/(a”2xd) + 8*(a"2*b + b~3)*log((a*e”(-d*x - c) - b
- sqrt(a”2 + b72))/(axe”(-d*x - c) - b + sqrt(a”2 + b72)))/(sqrt(a”2 + b~2
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Giac [F]

(e + fz) cosh?(c + dx) dp — (fz + €) cosh (dz + ¢)

a + besch(c + dx) B besch (dx +c¢) +a dz

input tintegrate ((f*x+e)*cosh(d*x+c) "2/ (a+b*csch(d*x+c)) ,x, algorithm="giac")

output Lintegrate((f*x + e)*cosh(d*x + c)~2/(bxcsch(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

(e + fx) cosh?(c + dx) _ / cosh(c+ dz)* (e + f z) i

a + besch(c + dx) a+ sinh(g—i—d )

input{int((“Sh(C + d*x)"2%(e + f*x))/(a + b/sinh(c + d*x)),x)

output Lint((cwh(c + d*x)"2*%(e + f*x))/(a + b/sinh(c + d*x)), x)

Reduce [F]

/ (e + fz) cosh®(c + dx) g — (fz + €) cosh (dz + ¢)?
a + besch(c + dx) B a + besch (dx + ¢)

input Lint ((£*x+e) *cosh (d*x+c) 2/ (a+b*csch(d*x+c)) ,x)

output Lint ((f*x+e)*cosh(d*x+c) "2/ (atb*csch(d*x+c)) ,x)




output
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3.95 f cosh?(c+dz) dx
a+bcsch(c+dz)

Optimal result . . . . . . . . . . . . . . . e 246
Mathematica [A] (verified) . . . . . . . . . ... 246
Rubi [C] (warning: unable to verify) . . . .. ... ... ... .. ... .. .. 247l
Maple [A] (verified) . . . . . . ... L 251]
Fricas [B] (verification not implemented) . . . . ... ... ... ... . ..... 251]
Sympy [F] . . o o 252
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 252
Giac [A] (verification not implemented) . . . . . . ... ... ... L. 253
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 253
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 254

Optimal result

Integrand size = 21, antiderivative size = 95

_|_

a—b tanh(%(c—i—dw))

Va2+b? )

/ cosh?(c + dx) o (a2 + 20*) z 2bva? + b2arctanh<

a + besch(c + dx) = 2a3

add

_ cosh(c + dz)(2b — asinh(c + dz))

2a%d

‘ 1/2%(a”2+2*%b"2) *x/a~3+2*%b* (a~2+b"2) ~(1/2) *arctanh ( (a-b*tanh (1/2*d*x+1/2%c) \
\ )/ (a~2+b~2)~(1/2)) /a~3/d-1/2%cosh (d*x+c) * (2¥b-a*sinh (d*x+c)) /a~2/d \

Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.15

/ cosh?(c + dz)
a + besch(c + dx) v

1

\/—0.2—62

2a2c + 4b%c + 2a’dx + 4b*dx + 8b\/—a? — b2 arctan (“"btaﬂh(5(6+dw))

) — 4ab cosh(c + dx) + a? sinh(2(c

4a3d

input L

Integrate[Cosh[c + d*x]~2/(a + b*Csch[c + d*x]),x]
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t‘ (2%a~2%c + 4*%b"2xc + 2*%a”~2xd*x + 4xb~2+d*x + 8%b*Sqrt[-a”2 - b~2]*ArcTan[( \
'a - b*Tanh[(c + d*x)/2])/Sqrt[-a~2 - b™2]] - 4*axbxCoshlc + d*x] + a"2%Sin |
‘h[2+(c + d*x)])/(4*a"3%d) |

outpu

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.68 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.13,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.667, Rules

used = {3042, 4360, 26, 26, 3042, 26, 3344, 26, 3042, 3214, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cosh?(c + dz) B
a + besch(c + dx)

l 3042

/ cos(ic + idz)?
a + ibcsc(ic + idx)

l 4360

dz

/ isinh(c + dz) cosh?(c + dz)
iasinh(c + dz) + b

| 26

; / K cosh?(c 4 dz) sinh(c + dz)
b+ asinh(c + dz)

l 26

/ sinh(c + dz) cosh?(c + dz)
asinh(c+dx) + b

dz

dx

l 3042

/ _ isin(ic + idz) cos(ic + idz)?
b — iasin(ic + idx)

| 26
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dz

—z' / cos(ic + idx)? sin(ic + idx)
b — iasin(ic + idx)

l 3344

2a2 2a2d

| 26

. ab—(a?+2b?) sinh(c+d.
— (_ if* (£+:sin}2(sc+d(xc)+ Dy _icosh(c+dz)(2b — asinh(c + dm)))

i(ab—(a2+2b2?) sinh(c+dz
i (_ J ( E;+asinh)(c+d2(2) D dz _ icosh(c+ dz)(2b — asinh(c + dw)))

2a2 2a2d
| 3042
. ab+i(a2+2b?) sin(ic+id
il - if* lg—ia sin()iz-i(d;) 2 dy _icosh(c +dz)(2b — asinh(c + dz))
2a2 2a2d
| 3214
(22 | a2 (a®+20%)
il - a a _icosh(c + dz)(2b — asinh(c + dz))
2a? 2a2d
| 3042
i —z(a*+26?) + 20(a®+5%) | 4 e (reriamy 9%
il - a a __ icosh(c + dz)(2b — asinh(c + dz))
2a2 2a2d
| 3139

a ad

; _z(a2+2b2) B 4ib(a?+%) [ 7btanh2(%(c+dz)>+12atanh(%(c+dm))+bd(ita’nh(%(c+dz)))
_ 4cosh(c + dz)(2b — asinh

T 2a? 2a2d

l 1083
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= (a2+20?) . 8ib(a®+b%) [ — a (c+di))—4 () d(2ibtanh (2 (c+dx))—2ia)
il = ) ad __icosh(c+ dz)(2b — asinh(c +
2a2 2a2d
l 217
tanh(%(c-kda:))
. 4b\/a2+b2arctanh<m> (e 42)
¢ ad - a

_ 4cosh(c +dz)(2b — asinh(c + dz))
2a? 2a%d

input‘ Int[Cosh[c + d*x]~2/(a + b*Csch[c + d*x]),x] ‘

output ‘ (CI)*(((-1/2xD)*(-(((a"2 + 2%b"2)*x)/a) + (4*b*Sqrt [a~2 + b~2]*ArcTanh[Tan ‘
‘ h[(c + d*x)/2]/(2%Sqrt[a~2 + b~2]1)]1)/(a*d)))/a"2 - ((I/2)*Cosh[c + dxx]*(2 ‘
L*b - a*Sinh[c + d*x]))/(a~2%d)) J

Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQ[a, x] && EqQ[a~2, 1]

rule 26

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

rule 217

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

N\ J

rule 1083




rule 3042

rule 3139

rule 3214

rule 3344

rule 4360
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

Int[((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)/((c_.) + (d_.)*sin[(e_.) + (£f_.
)*(x_)1), x_Symbol] :> Simp[b*(x/d), x] - Simp[(b*c - a*d)/d Int[1/(c + d
xSin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - axd, 0]

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.)) " (p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D" (m_)*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simpl[g*(g*
Cosl[e + £xx])~(p - 1)*(a + bxSin[e + f*x])~(m + 1)*((b*c*(m + p + 1) - axd*
p + bxdx(m + p)*Sin[e + £*x])/(b”"2*f*(m + p)*(m + p + 1))), x] + Simp[g~2*(
(p -1/ 2%(m + p)*x(m + p + 1))) Int[(gxCos[e + £*xx])~(p - 2)*(a + b*Si
nle + f*x]) “m*Simp[b*(a*d*m + bxcx(m + p + 1)) + (axbxcx(m + p + 1) - dx(a”
2xp - b™2x(m + p)))*Sinl[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £, g,
m}, x] && NeQ[a"2 - b~2, 0] && GtQ[p, 1] &% NeQ[m + p, 0] && NeQm + p + 1
, 0] && IntegerQ[2*m]

Int[(cos[(e_.) + (£_.)*(x_)1*(g_.)) " (p_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_))"(m_.), x_Symbol] :> Int[(g*Cos[e + f*x]) p*((b + a*Sin[e + f*x])“m/Si
nle + f*x]°m), x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]
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Maple [A] (verified)

Time = 4.12 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.76

method result

. T z b2 e2dz+2¢ b edz+c be—dz—c e—2dz—2c
risch 5+ 55 +

Va?+b2bIn (ed%+6+7"+V aZ+2 ) Va2 +b2b

8da 2a2d ~ 2d2d 8da

_ dz | c
2bV/ a2+b2 arctanh( 2btanh( 2 +2)+2a>
+

2va2+b2 1 (711272172) ln(tanh(dTZ+%)
. . .. a3 2a(tanh(d73+%>71)2_2a2(tanh(d7z+%)—1> 2a3
derivativedivides y
—2bta.nh(de+%)+2a
2bv/a2+b2 arctanh( WSS . ) ~ (—a2—2b2) ln(tanh(d%+%)
default “ 2a(tanh (% +§)-1)" 202 (raun (F+5)-1) 243

d

inputLint(Cosh(d*x+c)‘2/(a+csch(d*x+c)*b),x,method=_RETURNVERBOSE)

outpu

2)°(1/2))/2)

t‘1/2*x/a+x/a“3*b"2+1/8/d/a*exp(2*d*x+2*c)—1/2*b/a“2/d*exp(d*x+c)—1/2*b/a"2/
‘d*exp(-d*x-c)-1/8/d/a*exp(-2*d*x-2*c)+(a“2+b“2)“(1/2)*b/d/a“3*1n(exp(d*x+c
‘)+(b+(a‘2+b“2)”(1/2))/a)-(a“2+b‘2)‘(1/2)*b/d/a“3*1n(exp(d*x+c)-(-b+(a“2+b‘

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 446 vs. 2(87) = 174.

Time = 0.09 (sec) , antiderivative size = 446, normalized size of antiderivative = 4.69

/ cosh?(c + dxr)

a + besch(c + dx)

a2 cosh (dz + ¢)* + a?sinh (dz + ¢)* + 4 (a® + 2b?)dzx cosh (dz + ¢)* — 4abcosh (dz + ¢)® + 4 (a2 cosh (

input Lintegrate (cosh(d*x+c) "2/ (at+b*csch(d*x+c)) ,x, algorithm="fricas")
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1/8*%(a”~2*cosh(d*x + c)~4 + a~2+sinh(d*x + c)~4 + 4*(a”2 + 2%b"2)*d*x*cosh(
d*x + c)~2 - 4*axbxcosh(d*x + c)~3 + 4*x(a"2*cosh(d*x + c) - axb)*sinh(d*x
+ ¢c)~3 - 4xaxb*cosh(d*x + c) + 2*(3*a"2*cosh(d*x + c)72 + 2*%(a”2 + 2*xb"2)*
d*x - 6*a*b*cosh(d*x + c))*sinh(d*x + c)~2 + 8*(b*cosh(d*x + c)~2 + 2x*b*co
sh(d*x + c)*sinh(d*x + c) + b*sinh(d*x + c)~2)*sqrt(a”2 + b~2)*log((a~2*co
sh(d*x + c)72 + a"2*sinh(d*x + c)~2 + 2*xax*b*cosh(d*x + c) + a”2 + 2*b"2 +
2x(a~2*cosh(d*x + c) + a*b)*sinh(d*x + c) + 2xsqrt(a”2 + b~2)*(a*xcosh(d*x
+ c) + a*sinh(d*x + c) + b))/(a*cosh(d*x + c)~2 + a*sinh(d*x + c)~2 + 2xb*
cosh(d*x + c) + 2*(a*xcosh(d*x + c) + b)*sinh(d*x + c) - a)) - a”2 + 4x(a™2
*cosh(d*x + c)~3 + 2*%(a”2 + 2*b~2)*d*x*cosh(d*x + c) - 3*axbkxcosh(d*x + c)
2 - axb)*sinh(d*x + c))/(a"3*d*cosh(d*x + c)~2 + 2*a~3*d*cosh(d*x + c)*si
nh(d*x + c) + a~3*d*sinh(d*x + c)~2)

output

Sympy [F]

/ cosh?(c + dx) dr — / cosh? (¢ + dx)
a+besch(c+dr) ) a+besch(c+ dx)

-

Lintegrate(cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

-/

input

-

Integral(cosh(c + d*x)**2/(a + b*csch(c + d*x)), x)

output

Maxima [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.77

/ coshQ(c + dx) dp — (4 be(—dz—c) _ a) e(2dz+2c)

a + besch(c + dx) 8ad
(@ +20°)(dz+c)  4bel#9) 4 gel-2d0=20)
2a3d 8 a%d

ae(—dz—¢) _p4/a24b2

Va2 + b%a3d

(04 1) log (B

input integrate(cosh(d*x+c)~2/(atb*csch(d*x+c)),x, algorithm="maxima")
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output‘ -1/8%(4*bxe~(-d*x - c) - a)*e”(2xdxx + 2*c)/(a"2xd) + 1/2x(a”2 + 2*b~2)*(d \
*¥x + c)/(a”3%d) - 1/8%(4¥bxe”(-d*x - c) + axe”(-2xd*x - 2%c))/(a"2*d) - (a
‘“2*b + b"3)*log((a*xe”~(-d*x - c) - b - sqrt(a™2 + b~2))/(axe”(-d*x - c) - b

‘ + sqrt(a”2 + b~2)))/(sqrt(a”2 + b~2)*a~3*d)

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.63

/ cosh?(c + dr)
a + besch(c + dx)

2 ae(dz+c) +2b—-2+V (1.2<|-b2
2ae(d2+¢) 42b42 /a2 12

8 (a2b+b3) Io
4 (a2+2 bz)(dz—l—c) + ae(2dz+2 c)_4 be(d:c+c) (4 abe(dz+c)+a2)e(—2 dz—2c) ( ) g
a3 a2 - ad o Va2+b2a3

8d

inputLintegrate(cosh(d*x+c)“2/(a+b*csch(d*x+c)),x’ algorithm="giac") J

‘1/8*(4*(a‘2 + 2%b"2)*(d*x + c)/a"3 + (axe”(2*d*x + 2*c) - 4xbxe”~(d*x + c)) \
\/a*z - (4%axb*e~(d*x + c) + a~2)*xe”(-2xd*x - 2xc)/a"3 - 8*(a~2xb + b~3)x*lo \
‘g(abs(Z*a*e“(d*x + ¢) + 2%b - 2xsqrt(a”2 + b~2))/abs(2*axe”(d*x + c) + 2%b
|+ 2+sqrt(a™2 + b72)))/(sqrt(a”2 + b2)*a"3))/d

output

Mupad [B] (verification not implemented)

Time = 2.87 (sec) , antiderivative size = 212, normalized size of antiderivative = 2.23

cosh?(c + dz) e2ct2de  g=2c-2dr (g2 4 9p?) pe~cdr  pectds
/a—l—bcsch(c—i—dz) = Rad  Bad 2a3 "~ 2ad2d  2a%d
bIn <2be°+d:4(a2+b2) _ 2b\/ma(4a—be0+dw)> VET R
B add
bIn <2b\/a27—‘,-b2a(f—bec+dx) i 2be°+d:4(a2+b2)> VZ T2
+ add
input| 10t (cosh(c + dxx)"2/(a + b/sinh(c + dxx)),x) J
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exp(2xc + 2+d*x)/(8xa*d) - exp(- 2xc - 2+d*x)/(8xa*d) + (xx(a”2 + 2xb~2))/
(2%a~3) - (b*exp(- c - d*x))/(2¥a"2*d) - (b*exp(c + d*x))/(2xa~2+d) - (b*l
og((2xb*exp(c + d*x)*(a”2 + b™2))/a"4 - (2*xb*(a"2 + b~2)~(1/2)*(a - b*exp(
c + d*x)))/a"4)*(a"2 + b~2)"(1/2))/(a"3*d) + (b*log((2*b*(a”2 + b~2)"(1/2)
x(a - bxexp(c + d*x)))/a"4 + (2*bxexp(c + d*x)*(a"2 + b~2))/a"4)*(a"2 + b~
2)7(1/2))/(a~3*d)

output

Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.55

/ cosh?(c + drr)

a + besch(c + dx)
—16€2%+2¢,/a2 + b2 atan (edzf%t,b’) bi + etdeticq? — geddetieqp 4 fe2dotleq2dy 4 8e2dH2ep2dy — 4edt
a’+b
= 862d:1:+2ca3d

input‘int(cosh(d*x+c) 2/ (a+b*csch(d*x+c)) ,x)

p
\ ( - 16*%ex*x(2%c + 2xd*x)*sqrt(a**2 + bx*2)*atan((ex*(c + d*x)*axi + bxi)/sq
‘rt(a**Q + b**2))*b*i + ex*x(4*c + 4xd*x)*a*x*2 — 4dkxexkx(3%kc + 3*kd*xx)*axb + 4x*
‘e**(2*c + 2kd*xx)*ka*x*2kd*x + 8Skex* (2kc + 2kd*x)*b**2kd*kx — 4kexk(c + d*xx)*a

output
L*b - ax*2)/(8kex*(2xc + 2xd*x)*a*x*x3*d) J
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3.96 f (e+fz)3 cosh3(c+dx) dx
a+bcsch(c+dz)

Optimal result . . . . . . . . . . . . . . . e 256
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 257
Rubi [F] . o oo e 58
Maple [F] . . . . e 265
Fricas [B] (verification not implemented) . . . . ... ... ... ... . ..... 260!
Sympy [F(-1)] . . o 260
Maxima [F] . . . . . . 260
Giac [F] . . . o o 267l
Mupad [F(-1)] . . . oo 268
Reduce [F] . . . . oo e 268



CHAPTER 3.

LISTING OF INTEGRALS 256

Optimal result

Integrand size = 28, antiderivative size = 864

/

(e + fx)? cosh®(c + dx)

a + besch(c + dx)

4_

4_

4_

4_

3bf3r  ble+ fz)3 N b(a? +v?) (e + fz)*

8a2d®  4a2d 4ar f
40f° cosh(c +dx)  6b*f° cosh(c + dx)
9ad* add*
_ 2f(e+ fx)?cosh(c + dx)
ad?
3v2f(e + fz)? cosh(c + dz)
ad3d?
23 cosh®(c + dz) _ fle+ fa)? cosh®(c + dz)
27ad* 3ad?
2 2 3 aectde
b(a® + b%) (e + fz)*log (1+ b—W)
a*d
aectdz
b(a® + b%) (e + fz)3log (1 + Wﬁ)
a*d
2 2 2 aectde
3b(a* 4+ b*) f(e + fz)? PolyLog (2, —b_m>
a*d?

2 2 2 aectde
3b(a2 + b?) f(e + fz)? PolyLog (2, — m)
aAd2

2 2) £2 aectde
6b(a” + b°) f*(e + fz) PolyLog (3, —b_m)
a*d?

2 2) £2 aectds
6b(a* + b°) f?(e + fz) PolyLog (3, —b+m>
a*d?
6b(a® + b?) f3 PolyLog (4, —%)
atdh
6b(a? + b?) f3 PolyLog (4, —ﬁ>
aidh

N 40f%(e + fx)sinh(c + dx)
9ad?
6b? f%(e + fx)sinh(c + dx)
add?
2(e + fx)®sinh(c + dz) N b*(e + fx)®sinh(c + dz)
3ad add
3bf3 cosh(c + dz) sinh(c + dz)
8a2d*
3bf (e + fx)?cosh(c + dz) sinh(c + dz)
4_
4a2d?
2f2(e + fx) cosh®(c + dx) sinh(c + dz)
9ad?

4_

4_

(e + fz)? cosh?®(c + d) sinh(c + dz)
3ad




output

inputt

CHAPTER 3. LISTING OF INTEGRALS 257

6%b* (a~2+b~2) *f "2 (f*x+e) *polylog (3, -a*exp (d*x+c) / (b+(a~2+b~2)~(1/2)))/a~4

/d"3+6xb* (a~2+b~2) *f ~2* (f*x+e) *polylog (3, -a*exp (d*x+c)/(b-(a~2+b~2)~(1/2))
)/a~4/d"3-3*%b*(a~2+b"2) *f* (f*x+e) “2*polylog(2,-a*exp(d*x+c)/(b+(a~2+b~2) ~(
1/2)))/a~4/d"2-3*%b*x(a~2+b~2) *f* (f*x+e) "2*polylog(2,-a*exp(d*x+c) / (b-(a~2+b
~2)7(1/2)))/a"4/d"2-2xf* (fxx+e) “2*cosh (d*x+c) /a/d~2+40/9*f 2% (f*x+e) *sinh (
d*x+c)/a/d~3-1/2*bx (f*x+e) “3*sinh (d*x+c) "2/a"~2/d+1/3* (f*x+e) ~“3*cosh (d*x+c)
~2xsinh (d*x+c)/a/d-6*b~2*f " 3*cosh(d*x+c)/a~3/d~4-1/3*f*x (f*x+e) “2*cosh (d*x+
c)~3/a/d"2-3/8*b*f~3*x/a"~2/d"3+1/4*xb* (a"~2+b"2) * (f*x+e) ~4/a~4/f-40/9*f ~3*co
sh(d*x+c)/a/d~4-2/27*f"3*cosh(d*x+c) “3/a/d~4-1/4*b* (f*x+e) ~3/a~2/d+b~2* (£*
x+e) "3*sinh(d*x+c)/a"~3/d+3/4*b*f* (f*xx+e) “2*cosh (d*x+c)*sinh (d*x+c)/a~2/d"2
+2/3% (f*x+e) “3*sinh (d*x+c) /a/d+6xb~2xf ~2* (f*xx+e) *sinh (d*x+c) /a~3/d"3-3/4*b
*f~2x (f*x+e) *sinh (d*x+c) ~2/a~2/d"3+3/8*b*f ~3*cosh(d*x+c) *sinh (d*x+c)/a~2/d
~4+2/9%f 2% (f*x+e) *cosh (d*x+c) "2*sinh (d*x+c) /a/d~3-3*b~ 2*f* (f*x+e) “2*cosh(
d*x+c)/a~3/d"2-b*(a"2+b"2) * (f*x+e) ~3*1n(1+a*exp(d*x+c)/(b-(a~2+b~2) ~(1/2))
)/a”4/d-b*(a~2+b"2) * (f*x+e) ~3*1n(1+a*xexp (d*x+c)/ (b+(a~2+b"2)~(1/2)))/a~4/4d
-6xb* (a~2+b"2) *f~3*polylog(4,-a*xexp (d*x+c)/(b+(a”"2+b~2)~(1/2)))/a"4/d"4-6%
b* (a~2+b~2) *£ ~3%polylog (4, -a*exp(d*x+c) /(b-(a~2+b~2)~(1/2))) /a~4/d 4

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 3963 vs. 2(864) = 1728.

Time = 31.03 (sec) , antiderivative size = 3963, normalized size of antiderivative = 4.59

dz = Result too large to show

/ (e + fx)3 cosh®(c + dx)
a + besch(c + dx)

e

Integrate[((e + f*x)~3*Cosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x]

-/
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(exf~2xCschlc + d*x]*((4*b*x~3)/(-1 + E~(2%c)) - 2%b*x~3*Coth[c] - (6%a”2x
bx(d~2*x"2*Log[1 + ((b - Sqrt[a~2 + b~"2])*E~(-c - d*x))/a] - 2xd*x*PolyLog
[2, ((-b + Sqgrt[a”2 + b"2])*E~(-c - d*x))/al - 2*PolyLogl[3, ((-b + Sqrt[a”
2 + b"2])*E~(-c - d*x))/al))/(Sqrt[a"2 + b~2]*(-b + Sqrt[a~2 + b~2])*d"3)

- (6*%a~2xb*(d"2*x"2xLog[1 + ((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*
x*PolyLog[2, -(((b + Sqrt[a~2 + b"2])*E~(-c - d#*x))/a)] - 2%PolyLog[3, -((
(b + Sqrt[a™2 + b~2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a~2 +
b~2])*d"3) + (6%b~2%(d"2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]
)] + 2*dxx*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2*PolyLogl
3, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2]1)]))/(Sqrt[a~2 + b~2]*d"~3) - (6*b"~
2% (d"2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl
2, -((a*E"(c + d*x))/(b + Sqrt[a”2 + b"2]))] - 2*PolyLogl[3, -((a*E~(c + d*
x))/(b + Sqrt[a”2 + b°2]1))]1))/(Sqrt[a~2 + b~2]*d"3) + (6*xa*Cosh[d*x]*(-2*xd
*x*xCosh[c] + (2 + d"2*xx"2)*Sinh[c]))/d"3 + (6*ax((2 + d"2*x~2)*Cosh[c] - 2
*d*x*Sinh [c])*Sinh[d*x])/d~3)*(b + a*Sinh[c + d*x]))/(4*a"2*(a + b*Cschlc

+ d*x])) + (£73*Cschlc + d*x]*((b*(x"4 - (2%a~2%(-1 + E~(2%c))*(d~3*x~3%Lo
gll + ((b - Sqrt[a™2 + b"2])*E~(-c - d*x))/a] - 3*d~2*x"2%PolyLog[2, ((-b

+ Sqrt[a™2 + b~2])*E~(-c - d*x))/a] - 6xd*x*PolyLogl[3, ((-b + Sqrt[a”2 + b
~2])*E~(-c - d*x))/a]l - 6*PolyLogl[4, ((-b + Sgrt[a”2 + b"2])*E~(-c - d*x))
/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~4) - (2*%a~2x(-1 + E~(2*...

output

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fx)3 cosh3(c + dx)
a + besch(c + dx)

l 6128

dx

/ (e + fz)3 sinh(c 4 dz) cosh?(c + dz)
: dx
asinh(c+ dzx) + b

| 6113
3 3
[(e+ fx)3 cosh®(c + dz)dx B bf (eti?si;f(}; Jr(ccl:)dx) dx
a a

l 3042
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3
b Jletle) SI;;S(‘; ;;;;‘w) dz f(e + fz)3sin (ic + ide + 3)° de
a a

l3m2

2f2 f(e-l—fx)3<;ozsh3(c+dx)dx + % f(e + f.’L‘)3 COSh(C+ d.’L‘)d.’B . f(e+fx)2;;;h3(c+dx) + (e+fz)3 sinh(c—i:s-:iix) cosh?(c+dzx)

(e+fz)® cosh®( fa )
bf < b+xc151f31s c+cclm) = dzx

a
l 3042

f (e+fx)3 cosh®(c+dzx) d
b+asinh(c+dz) z

+
a

2 . . . w\3 3
2f2 [(e+fx) sgld(zzc—i—zdx+2) dx + % f(e+fac)3 sin (’LC—I—’LdI-l— %) do — f(e-l—f:::)23ct(1)2sh3(c-|—dx) + (e+fx)3 s1nh(c—§gx) cosh? (c+

a

l 3777

(e+fx)3 cosh®(c+dzx)
b f b+a sinh(c+dx) dzx +
a

(e+fz)3 sinh(c+dx) 3if [ —i(e+fx)? sinh(c+dz)dz f(e+fx)? cosh3(c+dzx) (e+fx)3 sink
d - d - 3d2 +

| 26

f (e+fx)3 cosh®(c+dzx) dx
b+a sinh(c+dz)
a +
2f2 [(e+fx) sin(ic+ide+ %)311.% 2 ( (e+fz)3 sinh(c+dx) 3f [(e+fx)? sinh(c+dz)dzx f(e+fx)? cosh®(c+dx) (e+fz)2 sinh(c+
34 +3 d - d - 34 + 3

212 [(e+fz) sin(ic+idz+%)3dw 2
342 T3

a

a
l 3042

(e+fx)3 cosh®(c+dzx)
b f b+asinh(c+dzx) dz +
a

(e+fz)3sinh(c+dz)  3f [ —i(e+fz)?sin(ictidzr)dz f(e+fx)? cosh®(c+dz) , (e+fz)3sinh
d - d - 3d2 +

l 26

(e+fz)? cosh?(c+da)
bf : b+a:131§cl)15(c+;m) “dz +
a

(e+fz)3 sinh(c+dzx) 3if [(e+fz)? sin(ic+idz)dz f(e+fx)? cosh®(c+dzx) (e+fx)3 sinh(c:
d + d - 3d? +

212 [(e+fzx) sin(ic+idz+%)3dx 2
3 T3

a

212 [(e+fx) sin(ic+idw+%)3dx 2
3d? +3

a
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l 3777

b+asinh(c+dzx)
a

bf (e+fx)3 cosh®(c+dzx) dz

+

i(e-}—fa:)2 cosh(c+dz) 2if [(e+fzx) cosh(c+d:v)d:c)
d d

212 [(e+fz) sin(ic+idz+%)3dz 2
3 T3

(e+fz)3 sinh(c+dzx) sif ( f(e+fx)? cosh3(
d + - 382

d

a

l 3042

(e+fx)3 cosh®(c+dzx)
B b[ b+a sifl?ls(c-i-dx) dzx

a

_|_

. i(e+fz)2 cosh(ctdz) 2if [(e+fx) sin(ic-ﬁ—idw-ﬁ-%)dw
3if i —

212 [(e+fzx) sin(ic+idz+%)3dx d

2 f(e+fz)? co
3d2 +§ € T CO

d - 3d-

(e+fx)3 scilnh(c—i-d:z:) +

l 3777

b+a sinh(c+dz)
a

bf (e+fx)3 cosh®(c+dzx) dx

_|_

i(e+fz)2 cosh(ctdz)
d

21,],( (e+fz) si;h(c-}—da:) _if [ =i sinllii(c—i-d:c)d:v ) )
d

212 [(e+fz) sin(ic+idz+%)3dx 2
342 T3

3if (
(e+fz)3 sinh(c+dzx) +
d d

l 26

bf (e+fx)3 cosh®(c+dzx) dz

b+asinh(c+dx
a( ) +
.. ( (e+fz)sinh(c+dzx) f [sinh(ct+dz)dx
3if i(e+fz)2 cosh(c+dz) _2”‘( : sd = - d )
d d
2f? [ (e+fz)sin(ictidz+2 ) da L2 et f)3 sinh(c+dz) n _
3d2 3 d d
a

l 3042
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(e+fx)3 cosh®(c+dzx)
b f b+a sinh(c+dx) dzx

+
“ (e+fz) sinh(ct+dx) _ f [ —isin(ictidz)d
. € &) Ssin. C T J —181n(c+ax i
3'Lf i(e+fz)2 ((:iosh(c-ﬁ-dz) _ 2Zf( d d_ d )
2f2 f(e+fx)sin(ic+idx+%)3dx + 2 | (e+fz)? sinh(c+dz) +
3d?2 3 d d
a

| 26

bf (e+fx)3 cosh®(c+dzx) dx

b+asinh(c+dx
- (c+dz) +
.. ( (e+fx)sinh(c+dz) | if [sin(ictidz)dx
3if [ ietso)? cosh(eran) ( d + d )
d d
2f2 [(e+fz)sin(ic+idz+ %)de 4 2 | (e+fx)3 sinh(c+dz) + _
3d2 3 d d
a
| 3118
f (e+fx)3 cosh®(c+dzx) d
b+a sinh(c+dzx) z
+
a .
3if i(e+fz)2 cosh(c+dzx) 2f ( {etfo) Sl;h(c"l‘d"l:) ’
d - d
212 [(e+fz)sin (ic+idw+%)3dx _ fe+f=)? cosh®(c+dx) 4+ 2 (e+fx)3 sinh(c+dzx) +
3d2 3d? 3 d d
a
| 3791
(e+fx)3 cosh®(c+dzx)
b f b+asinh(c+dz) dx
+
a
3 . 2 .
2f2 (% f(€+f$) COSh(C+d$)d$— f cosl;d(20+d:v) + (et+fz) smh(c-gtfia:) cosh (c+d:c)) 3if

_ f(et+f=)? cosh®(c+dx) + 2 | (e+fx)3 sinh(c+dz) + —
3d? 3d2 3 d

l 3042
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f (e+fx)3 cosh®(c+dzx) d
b+a sinh(c+dz) z

a

+

3 : 2
2f2 (% f(e‘l'fm) sm(zc+zdm+%)dm— f coshgd(2c+dz) + (e+fz) slnh(c{—stfiz) cosh (c+dz)>
3d2

_ f(e+f=)? cosh®(c+dzx) + 2 | (e+fz)3 sinh(c+dz) +
3d2 3 d

l_3777

3 cosh?(c+d
b [ (AT et (GH) i

a

+

2f2 2 ((e+fx)sinh(c+dz) if [ —isinh(ctdz)dz f Cosh3(c+da:) (e+fz) sinh(ct+dz) cosh? (ct+dz)
3 d - d - 9d2 + 3d

f(e+fx)? cosh3(c+dzx) 2| (e+fx)3si
382 - 382 T3

| 26

f (e+fx)3 cosh®(c+dzx) d
b+a sinh(c+dzx) z

a

+

2f2 2 < (e+ fz) sinh(c+dz) _ f f sinh(c+dz)da:) f cosh3 (c+dz) + (e+fz) slnh(c+dz) cosh? (c+dz)
3 d d 942 _ fetf=)? cosh®(c+dx) 42 (e+fz)3 sinh(
3d2 3 d

3d?

l,3042

(e+fx)3 cosh®(c+dzx)
bf : b—i—asiflhs(c—i-gz) dx

a

+

2f2 2 ((e+fx)sinh(c+dx)  f [ —isin(ictidz)dz f Cosh3(c+d:c) (e+fz) sinh(ctdz) cosh2(c+da:)
3 d - d - 942 + 3d

fe+fx)? cosh®(c+dx) 2| (e+fx)3si
3d2 - 3d2 + 3 d

| 26
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+f2)3 cosh®(c+d
_ b f L b{i—az:z)sifl(;ls(c—i-(t;x) 2 dzx

a

+

2f2 (% < (e+fz) si;h(c+dz) + if [ sin(i;-kidx)dm ) _f cosh® (2c+dz) + (e+fz) sinh(c+3ddz) cosh? (ct+dz)

9d! ) _ f(e+f=)? cosh®(c+dzx) + 2| (e+fz)3sink
3d? 3 d

3d?

l 3118

3 cosh?(c+d
b [ el g

a

+

2f2 2 ( (e+fx)sinh(c+dx)  f cosh(ct+dx) i cosh® (ct+dx) |, (e+fz)sinh(ct+dx) cosh? (ct+dx)
3 d - d2 - 9d2 + 3d

fe+fx)? cosh3(c+dx) 2 | (e+fx)3 sinh(c+c
- 382 T3 d

3d?2
a
| 6099
3
b (a®+b?) [ %c& b [(e+fz)3 cosh(c+dz)dz + J (e+fx)3 cosh(c+dz) sinh(c+dz)dx
a? o a? a
— +
a

9f2( 2 (e+fz)sinh(c+dz)  f cosh(c+dzx) f cosh® (c+dz) |, (e+fz)sinh(ct+dx) cosh? (c+dx)
3 d - a2 - 942 + 3d

_ fetf=)? cosh®(c+dzx) + 2| (e+fz)3 sinh(c+c
3d? 3d? 3 d

l 3042

9f2( 2 (e+fz)sinh(c+dz)  f cosh(c+dzx) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (ct+dz)
f 3 d - q2 - 942 + 3d

_ f(etf=)? cosh®(c+dzx) + 2| (e+fx)3 sinh(c+c
3d2 3d2 3 d

a
3 cosh(c+d
b (a2402) [ %dw b [ (e+fz)? sin(ict+ide+ 5 ) dx + J (e+fz)? cosh(c+dz) sinh(c+dz)dz
a? - a? a
a

l 3777
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9f2( 2 (e+fz) sinh(c+dz)  f cosh(c+dzx) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (ct+dz)
f 3 d - q2 - 942 + 3d

_ fletfz)? cosh®(c+dzx) + 2| (e+fz)3 sinh(c+c
3d? 3d? 3 d

a
3 cosh(ctd (e+f=)3 sinh(c+dz) _8if [ 7i(e+fa:)2 sinh(c+dz)dx
b (a®40?) [ %{ch—lwdx b( d d [ (e+fz)2 cosh(c+dz) sinh(c+dz)dz
a? o a? + a
a
| 26
et £2)3 cosh(ctdz (e+f:t)3 sinh(c+dz) 3f f(e+fw)2 sinh(ct+dz)dz
5 (a242) [ (S eoshiehde) g b( a a 4 J(e+]2)* cosh(c+dw) sinh(ctde)da
a2 a2 a

— +
a

9f2( 2 (e+fz) sinh(c+dz)  f cosh(c+dzx) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (ct+dz)
(3 d - a2 ) - 942 + 3d

f(e+fx)? cosh®(c+dx) 2 | (e+fx)3 sinh(c+c
o 3d? +3

3d? d

l,3042

2f2 2 ( (e+fz) sinh(c+dx) _ f cosh(c+dx) ) _f cosh3(c+dz) + (e+fz) sinh(ct+dz) cosh2(0+dz)
3 d a2 942 3d _ f(et+f=)? cosh®(c+dx) + 2 (e+f=)3 sinh(c+c
3d?2 3d? 3 d

a

e+fz)3 cosh(ctdx (e+f=)3 sinh(ctdz) _3f [ —i(et+fe)? sin(ictidz)de
(a242) [ (Hf2 coshietde) g b( d a 4 J(e+2)* cosh(cda) sinh(c+dr)da

a? a? a

| 26

b

a
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9f2( 2 (e+fz)sinh(c+dz)  f cosh(c+dz) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (ct+dz)
f 3 d - q2 - 942 + 3d

) _ fletfz)? cosh®(c+dzx) + 2| (e+fz)3 sinh(c+c
3d? 3d? 3 d

a

3 cosh(c+d (e+fz)3 sinh(c+da) | 3if [(et+fz)? sin(ictide)dz
p | @) ) Sl i b( a - a  J(etfa)* cosh(etda) sinh(c+dr)dz
a? B a? a

a
l 3777

9f2( 2 (e+fz)sinh(c+dz) [ cosh(c+dzx) f cosh® (ct+dz) |, (e+fz)sinh(c+dx) cosh? (c+dx)
3 d - a2 - 942 + 3d

_ f(etf=)? cosh®(c+dzx) + 2| (e+fz)3 sinh(c+c
3d? 3d? 3 d

a
3i i(e+fw)2 cosh(c+dz) 2if [(e+fz)cosh(ctdz)dx
(e+f:z:)3 sinh(c+dx) i d d
3 b d + d
h d
(a2+b?2) [ (e:_{z)smc—}de J (e+fx)2 cosh(c+da
a? - a? + a

-

LInt[((e + f*x)~"3*Cosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x]

-/

input

output L$Aborted J
Maple [F]
/ (fx + 6)3 cosh (dz + 0)3
dx
a+csch(dr+c¢)b
input [int ((f*x+e) “3*cosh(d*x+c) "3/ (atcsch(d*x+c)*b) ,x) J
output Lint ((f*x+e) “3*cosh(d*x+c) "3/ (a+csch(d*x+c)*b) ,x) J
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 7980 vs. 2(810) = 1620.

Time = 0.20 (sec) , antiderivative size = 7980, normalized size of antiderivative = 9.24

/ (e + fx)? cosh®(c + dx)

dz = Too 1 to displ
a + besch(c + dx) o 00 JaTge to dispiay

input‘integrate((f*X+e)“3*Cosh(d*X+c)”3/(a+b*csch(d*x+c)),x, algorithm="fricas")

outputtToo large to include

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (e + fz)® cosh®(c + dx)
a + besch(c + dx)

input Lintegrate ((f*x+e) **x3*xcosh (d*x+c) **3/ (a+b*xcsch(d*x+c)) ,x)

OutputLTlmed out

Maxima [F]

/ (e + fx)3 cosh®(c + dx) dp — / (fz + e)® cosh (dz + ¢)° i
a + besch(c + dx) B besch (dz+c¢) +a

inputLintegrate((f*X+e)*3*COSh(d*X+C)“3/(a+b*csch(d*x+c)),x, algorithm="maxima")




output

input

output
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-1/24%e~3%((3*a*b*e~(-d*x - c) - a~2 - 3%(3*%a~2 + 4%b~2)*e”~ (-2%d*x - 2%c))
*e”~ (3*%d*x + 3*c)/(a”3*d) + 24*(a”2*b + b~3)*(d*x + c)/(a"4*d) + (3*a*bxe”(
-2%d*x - 2%c) + a"2xe” (-3*d*x - 3*c) + 3*(3*a"2 + 4*b"2)*e”(-d*x - c))/(a”
3xd) + 24*x(a”2*b + b~3)*log(-2*bxe~(-d*x - c) + a*e”(-2xd*x - 2xc) - a)/(a
~4%d)) - 1/864%(216*(a~2*%b*d~4*xf~3*e” (3*c) + b~ 3*d~4*xf " 3*e” (3*c))*x"4 + 86
4% (a~2*b*d~4*xe*f~2xe” (3*xc) + b~ 3*d"4xe*xf 2xe” (3*c))*x"3 + 1296*(a~2xb*d~4x*
e~ 2*xfxe” (3*%c) + b"3*d"4xe " 2xf*e”(3*c))*x"2 - 4x(9*a”3xd"3*f "3*x"3*e” (6*c)
+ 9% (3*d"3xexf"2 — d"2+f73)*a~3*x"2*e” (6*c) + 3*(9*d"3*e"2*f - 6kd"2xe*f"2
+ 2kd*xf~3)*a"~3kx*e” (6*c) - (9kd"2*xe~2*f - 6xd*exf~2 + 2xf~3)*a~3xe” (6*c))
*xe” (3kd*x) + 27*x(4*a”2xb*d~3*f"3*x"3*e” (5xc) + 6x(2x%d"3xe*f~2 - d"2*f"3)*a
~2xbxx"2xe” (5*c) + 6% (2xd"3ke"2xf - 2xd"2xe*f~2 + d*f~3)*a 2*kbxxke”(5*c) -
3% (2xd"2%e"2xf - 2xd*kexf~2 + £73)*a~2xbkxe” (5*c))*e” (2*%d*x) + 108*(9*(d~2#
e 2+f - 2xdxexf~2 + 2*xf~3)*a"3*e” (4*c) + 12x(d"2xe"2*f - 2kd*e*f~2 + 2%xf~3
)xaxb~2k%e” (4*c) - (3*a~3*d"3*f"3*xe” (4*c) + 4*a*b”2*%d"3*f " 3xe” (4*c))*x"3 -
3*%(3*%(d"3*exf~2 — d"2*f"3)*a"3*e” (4*c) + 4x(d"3*xexf"2 - d"2*f73)*axb~2xe” (
4xc))*x"2 - 3*%(3*%(d"3*e"2xf — 2kd"2%e*f"2 + 2*xd*f~3)*a~3xe” (4d*c) + 4*(d"3*
e 2%f - 2xd"2xexf"2 + 2kd*f~3)*a*b”2*e” (4*c))*x)*e” (d*x) + 108%(9*(d"2*e"2
*f + 2xdxe*xf~2 + 2+%f73)*a"3xe” (2*c) + 12x(d"2xe " 2*f + 2*d*exf"2 + 2xf"3)*a
*b~2xe” (2%c) + (3*%a”3*%d"3*f"3*e”(2xc) + 4*axb~2xd"3*f"3*ke” (2%c))*x"3 + 3x*(
3x(d"3*exf"2 + d"2+%f73)*a"3xe” (2*c) + 4*(d"3*e*xf~2 + d"2*xf"3)*axb"2xe” (...

Giac [F]

/ (e + fx)3 cosh®(c + dx) dp — / (fz + e)® cosh (dz + ¢)° i
a + besch(c + dx) N besch (dz+c¢) +a

-

Lintegrate((f*x+e)“3*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x, algorithm="giac")

| —

-

Lintegrate((f*x + e) 3%cosh(d*x + c)~3/(bxcsch(d*x + c) + a), x)

~—
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Mupad [F(-1)]

Timed out.

/ (e + fx)? cosh®(c + dx) dp — / cosh(c+dz)® (e + fz)°

a + besch(c + dx) a+ sinh(£+d )

dz

input Lint((cosh(c + d*x)~3%(e + f*x)~3)/(a + b/sinh(c + d*x)),x)

outputtim:((coSh(c + dxx)"3*(e + f*x)~3)/(a + b/sinh(c + d*x)), x)

Reduce [F]

/ (e + fx)? cosh®(c + dz / (fz + e)® cosh (dz + ¢)®
a + besch(c + dx) a + besch (dz + ¢)

dz

inputtint((f*x+e)"3*cosh(d*x+c)"3/(a+b*csch(d*x+c)),x)

output Lint ((f*x+e) “3*cosh(d*x+c) ~3/ (at+tb*csch(d*x+c)) ,x)
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Optimal result

Integrand size = 28, antiderivative size = 623

(e + fz)? cosh®(c + dx) . _ble+ fx)? N b(a® + b?) (e + fx)?
a + besch(c + dx) B 4a%d 3atf
_ 4f(e+ fz) cosh(c + dz)
3ad?
202 f(e + fz) cosh(c + dz)
a add?
2f(e + fx) cosh®(c + dz)
9ad?
b(a? + 1) (e + fo)log (1 + 25y )
a‘d
b(a? + 1) (e + fo)log (1 + ;255 )
a*d
2b(a® + b?) f(e + fx) PolyLog (2, —;%)
B a*d?
2b(a? + b? PolyLog (2, — -2~
(a* +b%) f(e + fx) Poly og< ,—m>
atd?
2 2) £2 aectde
Qb(a +b )f POIYLOg (3, —m>
atd3
aec+d:v
2b(a2 + b2) f2 PO].YLOg (3, _WTW>
a‘*d?
14 f? sinh(c + dx) N 20 f2 sinh(c + dx)
9ad? ad3d?
2(e + fxz)?sinh(c + dz) N b*(e + fxz)?sinh(c + dz)

3ad add
bf(e+ fx)cosh(c+ dz)sinh(c + dx)
+
2a2d?
(e + fz)? cosh®(c + dz) sinh(c + dz)
+
3ad
_bf? sinh?(c + dz) _ be+ fx)® sinh?(c + dz)
4a2d3 2a2d
22 sinh®(c + dz)
27ad?

+

_|_

+
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-1/4*%bx (fxx+e)~2/a"2/d+1/3*b* (a~2+b~2) * (f*x+e) ~3/a~4/f-4/3*f* (£xx+e) *cosh (
d*x+c)/a/d"2-2+%b"2xf* (f*xx+e) *cosh (d*x+c) /a~3/d"2-2/9*f* (f*x+e) *cosh (d*x+c)
~3/a/d"2-b*(a"2+b"2) * (f*x+e) "2x1n(1+a*exp(d*x+c) /(b-(a"2+b"2)~(1/2)))/a~4/
d-b* (a~2+b~2) * (f*x+e) “2+1n (1+a*exp (d*x+c) / (b+(a"2+b~2)~(1/2)) ) /a~4/d-2%b*(
a~2+b"2) xf* (f*x+e) *polylog(2,-a*exp(d*x+c) /(b-(a~2+b"2)~(1/2))) /a~4/d"~2-2*
b (a~2+b~2) *f* (fxx+e) *polylog (2, -a*exp (d*x+c) / (b+(a~2+b~2)~(1/2)))/a~4/d"2
+2xb* (a~2+b~2) *f “2*polylog(3,-a*exp (d*x+c) /(b-(a"2+b~2)~(1/2)))/a"4/d"3+2x*
b*(a~2+b~2) *f ~2*polylog(3,-a*exp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~4/d"3+14/9%
f~2*sinh(d*x+c)/a/d"3+2*b~2*f " 2*sinh (d*x+c) /a~3/d"3+2/3* (f*x+e) “2*sinh (d*x
+c)/a/d+b~2x (f*x+e) “2xsinh (d*x+c) /a~3/d+1/2xbxf* (f*x+e) *cosh (d*x+c)*sinh(d
*x+c)/a~2/d"2+1/3* (f*x+e) “2*cosh (d*x+c) "2*sinh (d*x+c)/a/d-1/4%bxf " 2*sinh (d
*x+C) "2/a"~2/d"3-1/2*xb* (f*x+e) ~2*sinh (d*x+c) ~2/a~2/d+2/27*f " 2*sinh (d*x+c) "3
/a/d"3

output

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 2129 vs. 2(623) = 1246.

Time = 17.47 (sec) , antiderivative size = 2129, normalized size of antiderivative = 3.42

dx = Result too large to show

/ (e + fx)? cosh®(c + dxr)
a + besch(c + dx)

inputLIntegrate[((e + fxx)~2xCosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x]

| —




output
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(f~2%Cschl[c + d*x]*((4*b*x~3)/(-1 + E~(2%c)) - 2*b*x~3*Coth[c] - (6*a~2xbx*

(a~2*x~2xLog[1 + ((b - Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*x*PolyLog[2
, ((-b + Sqgrt[a~2 + b~2])*E~(-c - d#*x))/al] - 2*PolyLog[3, ((-b + Sqrt[a~2
+ b 2])*E~(-c - d#*x))/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~3) -
(6xa~2xbx(d~2*x"2*Log[1 + ((b + Sqrt[a~2 + b~2])*E~(-c - d*x))/a] - 2*xd*x*
PolyLog[2, -(((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a)] - 2+PolyLogl[3, -(((b
+ Sqrt[a”2 + b™2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b
~2])*d"3) + (6%b~2x(d~2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])]
+ 2xd*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2xPolyLogl3,
(a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2]1)]))/(Sqrt[a”2 + b~2]*d"3) - (6*b~2%
(d~2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl[2,
-((a*E~(c + d*x))/(b + Sqrt[a”2 + b72]))] - 2*PolyLogl[3, -((a*E~(c + d*x)
)/ (b + Sqrt[a”2 + b°2]1))]1))/(Sqrt[a~2 + b~2]*d"3) + (6*a*Cosh[d*x]*(-2xd*x
*Cosh[c] + (2 + d72*x"2)*Sinh[c]))/d"3 + (6*ax((2 + d~2*x"2)*Cosh[c] - 2*d
*x*Sinh[c])*Sinh[d*x])/d"3)*(b + a*Sinh[c + d*x]))/(12*¥a"2*(a + b*Cschlc +
d*x])) - (e"2xCschlc + d*x]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c +
d*x]/a)*(b + a*Sinh[c + d*x]))/(2xd*(a + b*Csch[c + d*x])) + (exf*Cschlc +
d*x]*(b + a*Sinh[c + d*x])*(-2*a*Cosh[c + d*x] - b*(2*c*(c + d*x) - (c +
d*x) "2 + 2+(c + d*x)*Logl[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] + 2x(c
+ dxx)*Log[1 + (a*E~(c + d*x))/(b + Sgrt[a”2 + b~2])] - 2*cxLogla - 2x...

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

(e + fx)? cosh3(c + dx)
a + besch(c + dx)

l 6128

dx

/ (e + fz)? sinh(c 4 dz) cosh?(c + dz)
: dx
asinh(c+ dzx) + b

| 6113
2 3
[(e+ fx)?cosh®(c + dz)dx B bf (eti?si;f(}; Jr(ccl:)dx) dx
a a

l 3042
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2 3
bJ CEREGE e [+ g2t on (o bida + 3)° do

a a

l3m2

2f2fcos;1;2(c+dx)dx + %f(e + fa:)2 COSh(C + d.’):)dI . 2f(e+fx)$:;2sh3(c+dx) + (et+fz)? sinh(c-l{;:;ilx) cosh?(c+dz)

a
b ey

a
l 3042

+/z)? cosh®(c+d
_ b f = b+€,)sirc1cl)15(c-i-(§x) 2 dzx

+
a

2f2 [ sin(ictidz+7)°%d e 3 2 i 2
f fsm(z;—tii-zz z+7) de + %f(e + f.’L‘)2 sin (ZC +idz + g) de — 2f(e-|—fx)£;:((i)zsh (ctdz) + (et+fx) smh(c-lg:ja:) cosh®(c+dx)

a

l 3113

+fz)? cosh®(c+d
_ b f L b{i—azjz)sifl(;ls(c—i-(;x) 2 dzx

+
a

o) 12 i .
2if?2 [ (sinh (c—i—dxs));l)d( isinh(c+dz)) + % f(e + f.’L')2 sin (iC-i— idz + %> dr — 2f(e+fz)9c;2sh3(c+dm) + (et+fzx)? smh(c—i3—;lix) c

a
l 2009

+fz)? cosh®(c+d
_bf . b{:]?siflis(c-i-(gz) 2 dx +

a
. 2 _ l . . 3 ial N i
% f(e f$)2 i (’iC idr %) dr 2if2(—zisinh (c9+dc§:c) isinh(c+dz)) 2f(e+fx)9cccl>2sh3 (ctdz) | (et+fz)? smh(c—i—3jac) cosh

a

l 3777

(e+fx)? cosh®(c+dzx)
_ b f b+asinh(c+dz) dzx

+

a
2 ( (e+f=z)?sinh(ct+dx)  2if [ —i(etfz) sinh(c+dz)dm> + 2if2(— %isinh®(c+dz)—isinh(c+dx)) _ 2f(e+fx) cosh®(c+dz) n (e+fx)?
3 d d 9d3 9d2

a
| 26
(e+fx)? cosh®(c+dzx)
b f b+a sinh(c+dz) dx
— . +

2 [ (e+fz)?sinh(ct+dz)  2f [(e+fz)sinh(ct+dz)dz 2if2(— %7» sinh®(c+dz)—i sinh(c+dz)) 2f(e+fx) cosh®(c+dzx) (e+fx)? sinl
3 d - d + 943 o 9d? +

a
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l 3042

b+asinh(c+dzx)

bf (e+fx)? cosh®(c+dzx) dz

+
a
9 ((e+fz)?sinh(ct+dz)  2f [ —i(e+fx)sin(ictide)de 2if? (— $isinh®(c+dx)—isinh(c+dx))  2f(e+fz)cosh®(c+dz) | (e+fz)?
3 d - d + 9d3 - 9d? +
a
| 26
(e+fx)? cosh®(c+dzx)
b f b+a sinh(c+dz) dzx
— . +
2 ( (e+fx)?sinh(c+dz) |, 2if [(e+fz)sin(ic+idz)dz 2if2 (- %'L sinh®(c+dz)—i sinh(c+dz)) 2f(e+fx) cosh3(c+dzx) (e+fz)? sir
3 d + d + a3 - 92 +
a
| 3777
(e+fx)? cosh®(c+dzx)
b f b+a sinh(c+dz) dzx
— . +
9 ( (e+f:z:)2 sinh(c-+dz) N 2%f ( i(e+fx) cgsh(c-ﬁ-dz) _iff COSh;H—dZ)dz) ) 2if2 (_ %Z sinh3 (c+dxz)—i sinh(c—}-d:ﬂ)) . 2f (e+fx) cosh3 (c+da
3 d d 9d3 9d2
a
| 3042
(e+fx)? cosh®(c+dzx)
b f b+asinh(c+dz) dzx
— . +
2f <i<e+fz> cosh(ctds) _ if J sin(ictida+§ )do )
2| (e+fz)?sinh(ctda) + d d n 2if2 (— %isinh3(c+dx)—isinh(c+dx)) _ 2f(e+fz) cosh?
3 d d 9d3 9d2
a
| 3117
(e+fx)? cosh®(c+dzx)
b f b+asinh(c+dz) dzx
— . +
2if? (_ %Z sinh? (c+dz)—i sinh(c+d:1:)) 2f (et f) cosh? (ctda) ) (e_|_f;1;)2 sinh(ctdz) %f < i(et+fz) CZSh(H—dZ) _if sinf;(;-ﬁ—dz) )
9d3 o 9d2 +3 d + d 1
a

l 6099
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(a2482) [ (etfo)? coshletdr) g,

b+a sinh(c+dz)

__ b [(e+fx)? cosh(c+dz)dx + J (e+fz)? cosh(c+dz) sinh(c+dz)dz

a? a? a
— +
a
) . - ;¢ i(etfz)cosh(ctdz) _ if sinh(c+dx)
2if2 (—%zsmh3(c+dz)—zsmh(c+dm)) 2f(e+fx) cosh®(ct+dz) , 2 (edfx)?sinh(ct+dzx) 27’f(1 S R Slnaﬂc - )
3 - ) + 3 + +
9d; 9d’ 3 d d
a
| 3042
. o . . i(et+fzx) h(c+dz) if sinh(ct+dz)
2if?(—zisinh3(c+dz)—isinh(ct+dz))  2f(e+fz)cosh3(c+dz) , 2 [ (e+fz)?sinh(c+dx) 2’f( T - )
3 - 2 +3 + 1
9d: 9d 3 d d
5 a
h(c+d
(a2+?2) [ %dw _ b [ (e+fz)? sin(ict+ide+ 5 ) dw i J (e+fz)? cosh(c+dz) sinh(c+dz)dz
a? a? a
a
| 3777

2if2 (— 3 isinh®(c+dx)—isinh(c+dx))

_ 2f(e+fx) cosh?(c+dzx) + 2 [ (e+fz)?sinh(c+dz) +
9d? 3 d

2if(i(e+fz) cgsh(chdz) _if sin};(2c+dz) )

_|.

9d3 d
a
ot £2)2 cosh(ctda (e+fq;)2 sinh(c+dz)  2if [ —i(e+fz)sinh(ctdx)dx
(a2+b?2) [ (;{(llmc—mdz b( d d J (e+fx)? cosh(c+dz) sinh(c+dz)dz
a? a? + a
a

(e+f:v)2 cosh(c+dz) dx

(a2+b2) f b+a sinh(c+dz)

b

| 26

b( (e+fx)2 sinh(c+dx) _ 2f [(et+fz) sinh(c+dm)dz)
d d

i

(e+fx)? cosh(c+dz) sinh(c+dz)dx

a2

a2

a

2if? (- %1 sinh® (c+dx)—isinh(c+dx)) __ 2f(e+f=) cosh®(c+dzx) + 2 [ (e+fx)? sinh(ct+dzx) + 2if<
9d2 d

9d3

a

+

i(e+fx) cosh(ct+dzx) if sinh(c+dx)
d

3

d2
d

¥

l 3042

a
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2Z-f(i(e+fm) cc(i)sh(c-kda:) _if sinl;(;-}—da:)) .
d

2if? (— isinh®(c+dx)—isinh(c+dx))  2f(e+fz)cosh®(c+dz) , 2 [ (e+fz)?sinh(c+dz)
9 - 94 T3 d +

a
2 cosh(ctd (e+fxz)2 sinh(c+dz) _ 2f [ —i(e+fz)sin(ictidz)dx
(a2+40?) [ L emictd) gp b ( d a 4 J(e+12)? cosh(c+dw) sinh(c+dz)de

a2 a2 a

l 26

. - - ;¢ ( i(etfx) cosh(ctdx) _ if sinh(ctdx)
2 f2 (—%zsmh3(c+dm)—zsmh(c+dm)) _ 2f(e+f=) cosh®(c+dx) + 2 [ (e+fx)?sinh(c+dz) + 21f(1 T R Smd2c - ) 4
9d3 9d2 3 d d

a

2 cosh(ctd (e+fz)? sinh(c+dx) |, 2if [(e+fz)sin(ic+idz)dz
(&ww%%ﬁ%%éw_% a - a 4 J(e+f2)? cosh(c-do) sinh(c-+do)da
a2 a2 a

a
| 3777
. .. .. . i(e+fz) cosh(c+dz) if sinh(c+dzx)
2if?(— %Z sinh®(c+dz)—isinh(c+dz)) 2f(e+fx) cosh?(c+dzx) 2 [ (e+fz)? sinh(ct+dz) 2f < : : d - d<2 )
9a° - 92 +3 d + d +

a
%7 ( i(et+fz) c;sh(c+da:) _if [ Coshéc+dz)dz )

(e+fz)? sinh(c+dz)
d b( s‘d < + d

btasinh(ctdz) ) + J (e+fz)? cosh(c+dz) sinh(cH
a? a? a

(a242) [ (etf2)? coshlctds)

l_3042

2f < i(et+fz) c(ci)sh(c-i—dz) _if sin};(Qc-ﬁ—dz) )

2if2 (- %l sinh®(c+dz)—i sinh(c+dz)) 2f(e+fx) cosh?(c+dzx) 2 [ (e+fx)? sinh(c+dzx)
o - 0L +3 d + d +

a
<i(e+fz) cosh(c+dz) if [ sin(ic+idz+%)dm>
d d

2if
(e+fx)? sinh(c+dz)
, b e x S(;n C X + 7
h(c+d
(a2+b?) f(e-g_{z)smc—Wdz J (e+fx)? cosh(c+dz) sir
a? - a? + a
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l 3117

. - - i £ et fz) cosh(ctdz) _ if sinh(c+dw)
2if? (—%zsmh3(c+dz)—zsmh(c+dw)) _ 2f(e+f=) cosh®(c+dx) + 2 [ (e+fx)?sinh(c+dz) + 2”‘(1 B B d2c : ) 4
9d3 9d2 3 d d

a

%7 ( i(et+fx) c;sh(c+da:) _if sin1;(2c+dm) )

(e+fz)2 sailnh(c+d:v) +

b
b-ra sinh(c+dx) + J(e+fx)? cosh(c+dz) sinh(c+dz)dz (

(a2+b?) IM@ -
a? a a?
a
| 5969
. .. - . o (i(etfx) cosh(ctdz) _ if sinh(ctdaz)
2zf2(—%zsmh3(c+dz)—zsmh(c+d:c)) 2f(e+fx) cosh?(c+dzx) 2 [ (e+fx)? sinh(c+dzx) 2”‘(16 B d2c w)
9d3 - 942 +3 d + i 4

a

.o ( i(e+fx)cosh(c+dx) ifsin
b ((e+fz)2 sinh(c+dzx) 21f( d
a +

+ 2 h(c+d: 2 ginh2 e+fx) sinh? (c+dz)dz d
@49 | R e | etloapietis) Lletmapirine
a? a a?
a
| 3042
. . . . i(e+fz) cosh(c+dz) if sinh(c+dx)
2if? (—%1 sinh®(c+dz)—isinh(c+dz)) 2f(e+fxz)cosh®(ct+dzx) | 2 (et+fz)?sinh(ct+dz) 21f( d - a2 )
943 o 942 +3 d + d 1
) %f i(e+fx) cosh(ctdzx)
+fz 2 inh(c+dz d
212 [ (e+f2)% cosh(c+da) (e+fx)2 sink?(c4dz) _§J —((e+fa)sin(ictidz)? ) da b<(e B E— ( d
(a?+4b?) | “Hiesmh(cids) 9@ i 3d - a -
a2 a a2

| 25
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. - . ;¢ ( i(etfx) cosh(ctdz)  if sinh(ctdz)
2if? (= %1 sinh®(c+dz)—i sinh(c+dz)) 2f (e+fx) cosh®(c+dzx) 2 [ (e+fx)? sinh(c+dzx) 2if ( e d2c : )
93 - 92 +3 d + d +

a

27 ( i(e+fx) cosh(ct+dz) if sin
b (e-}—fz)2 sinh(c+dzx) d
a +

(48| loetiia | (sselighenn eyl d
a? a a?
a
| 3791
. - - i ¢ ( i(etfx) cosh(ctdx) _ if sinh(ctdx)
2i f2 (—%zsmh3(c+dm)—zsmh(c+dm)) _ 2f(e+f=) cosh®(c+dzx) + 2 [ (e+fx)?sinh(c+dz) + 21f(1 T S Smd2c - ) 4
9d3 9d2 3 d d
a
- f sinhz(c+da:) (e+fz) sinh(ctdx) cosh(c+dx) (e+f:c)2 sinh(
2 f(l J(e+fz)dz+t - > ) b| —————
@) [ e 1 - & letteomierin d
a? a
a
| 17
. - - i ¢ ( i(etfx) cosh(ctdx) _ if sinh(ctdz)
2 f2 (—%z51nh3(c+dz)—zsmh(c+dw)) _ 2f(e+f=) cosh®(c+dx) + 2 [ (e+fx)?sinh(c+dz) + 2”‘(1 S d2c - ) 4
9d3 9d2 3 d d

%7 ( i(e+fx) cosh(ct+dx) if sinh(ctdx) )
p| (ctfo)? sinh(ctda) n d a2 f < fsinh?(c+dz) _ (e+f=)sinh(c+da
d 2d
+

+ fa)? cosh(ctd d 232
(a2+b2) f (e b—{z)sincs(sc-f—fiw) 2) dz q
a? a2
a
| 6095
. .. .. . o[ i(e+fz) cosh(c+dz) ifsinh(c+dx)
2if? (- 3isinh®(c+dz)—isinh(c+dz)) __ 2f(e+f=) cosh®(c+dzx) +2 (e+fz)? sinh(c+dx) + 21f< d - a2 ) 4
9d3 9d? 3 d d
@ (et+f=z) ( ) _if ( AR
2 i(e+fz) cosh(ct+dz) if sinh(ctdz
212 ec+dw(e+fz)2 ec+dx(e+fz)2 (e+fz)3 b (8+fz)2 sliinh(c+dz)+ "f( d d d2 )
(a?+8%) (f ectdTarb—\/a21b2 dﬁzf e T atbi a2 (0 W Saf ) _ 2 .
a a
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l 2620

. .. .. . i(e+ fz) cosh(c+dz i f sinh(c+dz)
2if?(— %Z sinh®(c+dz)—isinh(c+dz)) 2f(e+fx) cosh®(c+dzx) + 2 ( (e+fz)? sinh(ct+dz) + 2'Lf< : : d ( A d(2 ) ) 4
- 9d2

943 3 d d
+d. +d. a +d +d
(a2+b2) (_ 2f [(e+fz) 1og(b;\/ﬁ+1)dx_2f [(e+fx) log(b:;\/ﬁ-ﬁ-l)dz—k(e+_fm)2]og(b;\7m+l> +(e+fm)2]og< :ﬁeﬁ-&-b?w“) B

b -
input LInt [((e + f*x)~2%Cosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x] J
outputL$Ab°rted J

Maple [F]
/ (fz + €)® cosh (dz + ¢)®
dx
a+csch(dx+c¢)b
inputLint((f*X+e)AQ*COSh(d*X+C)AS/(a+CSCh(d*X+C)*b),x) J
output ‘ int ((£*x+e) "2*cosh(d*x+c) ~3/ (a+csch(d*x+c) *b) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 4887 vs. 2(581) = 1162.

Time = 0.16 (sec) , antiderivative size = 4887, normalized size of antiderivative = 7.84

2 cosh3 d
/ (6 + fa;) cos (C + .’IJ) dz = Too ]arge to display

a + besch(c + dx)

inputLintegrate((f*x+e)"2*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x, algorithm="fricas") J




CHAPTER 3. LISTING OF INTEGRALS 280

OutputLToo large to include

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (e + fx)? cosh®(c + dx)
a + besch(c + dx)

inputtintegrate((f*x+e)**2*cosh(d*x+c)**3/(a+b*csch(d*x+c)),x)

output LTimed out

Maxima [F]

/ (e + fx)? cosh®(c + dx) dp — (fz + €)* cosh (dz + ¢)°
a + besch(c + dx) B besch (dz+c¢) +a

inputLintegrate((f*x+e)“2*cosh(d*x+c)‘3/(a+b*csch(d*x+c)),x, algorithm="maxima")




output

input

output
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-1/24%e~ 2% ((3*a*b*e~(-d*x - c) - a~2 - 3%(3*%a~2 + 4%b~2)*e” (-2%d*x - 2%c))
*e”~ (3*%d*x + 3*c)/(a”3*d) + 24*(a”2*b + b~3)*(d*x + c)/(a"4*d) + (3*a*bxe”(
-2%d*x - 2%c) + a"2xe” (-3*d*x - 3*c) + 3*(3*a"2 + 4*b"2)*e”(-d*x - c))/(a”
3xd) + 24*x(a”2*b + b~3)*log(-2*bxe~(-d*x - c) + a*e”(-2xd*x - 2xc) - a)/(a
~4%d)) - 1/432%(144*(a~2*%b*d~3*xf"2*e” (3*c) + b~ 3*d"3*xf"2*e” (3*c))*x"3 + 43
2% (a~2xb*d"3kexfxe” (3*c) + b 3*kd 3ke*xfke”™ (3%c))*x"2 - 2% (9*ka~3*d " 2kf " 2%x"2
*xe” (6%c) + 6%(3*d"2xexf - d*xf~2)*a”3*x*e” (6%c) — 2% (3xd*exf - £72)*a"3*e”(
6%c))*e” (3*xd*x) + 27*(2%a"2%b*d"2*f "2*x"2*e~ (5xc) + 2% (2%d"2%e*f - d*f~2)x*
a~2xbkxxke” (5%c) - (2*d*exf - f~2)*a~2xbkxe” (5*c))*e” (2xd*x) + 54 (6% (dxexf

- £72)*a~3*%e~(4*c) + 8*(d*exf - f£72)*axb~2xe”(4*c) - (3*a~3*xd"2xf 2xe” (4*c
) + 4xaxb"2xd"2+f"2%e” (4*xc))*x"2 - 2x(3*(d"2xexf - dxf72)*a"3*e”(4xc) + 4%
(d~2*exf — d*f~2)*a*xb~2*e” (4*c))*x)*e” (d*x) + 54*(6*(dxe*f + £f~2)*a~3*e” (2
*c) + 8x(dxexf + £~2)*a*b”2%e”(2*c) + (3*a~3*d"2*f"2%e”(2*c) + 4*xaxb~2xd"2
*f"2xe” (2%c) ) *x"2 + 2% (3*%(d"2%exf + dxf~2)*a"3*ke” (2%c) + 4x(d"2xexf + d*xf~
2) *¥a*b"2xe” (2*c) ) *x) *e” (—d*x) + 27*(2*a"2xbxd~2*xf " 2*x"2%e"c + 2% (2*%d"2xexf
+ dxf~2)*a~2%bkxx*e~c + (2xdxexf + f£~2)*a~2xbke~c)*e” (-2*d*x) + 2%(9*a”~3*d
“2xfT2%x72 + 6% (3*kd"2xe*xf + dkfT2)*a"3*x + 2% (3xdkexf + £72)*a"3)*e” (—3xd*
x))*e”~(-3*c)/(a"4*d"3) + integrate(-2x((a~3*b*xf~2 + axb~3*f"2)*x"2 + 2*x(a”
3xbxe*xf + axb~3kexf)*x - ((a~2*b~2xf"2%e”~c + b 4*f 2xe"c)*x"2 + 2x(a”2%b"2
*exfxe~c + b 4*exfxe~c)*x)*e” (d*x))/(a~5*xe~ (2*%dxx + 2%c) + 2*xa~4x*xbxe~(d...

Giac [F]

/ (e + fx)? cosh®(c + dxr) dp — / (fz + e)? cosh (dz + ¢)° i

a + besch(c + dx) besch (dz+c¢) +a

-

Lintegrate((f*x+e)“2*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x, algorithm="giac")

| —

-

Lintegrate((f*x + e) 2*cosh(d*x + c)~3/(bxcsch(d*x + c) + a), x)

~—
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Mupad [F(-1)]

Timed out.

/ (e + fx)? cosh®(c + dx) dp — / cosh(c+dx)® (e + fz)?

a + besch(c + dx) a+ sinh(£+d )

dz

input Lint((cosh(c + d*x)~3%(e + f*x)~2)/(a + b/sinh(c + d*x)),x)

outputtim:((coSh(c + dxx)"3*(e + f*x)"2)/(a + b/sinh(c + d*x)), x)

Reduce [F]

/ (e + fx)? cosh®(c + dz / (fz + e)? cosh (dz + ¢)®
a + besch(c + dx) a + besch (dz + ¢)

dz

inputtint((f*x+e)"2*cosh(d*x+c)"3/(a+b*csch(d*x+c)),x)

output Lint ((f*x+e) “2xcosh(d*x+c) "3/ (atb*csch(d*x+c)) ,x)
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3.28 f (e+fz) cosh?(c+dzx) dx
a+bcsch(c+dz)

Optimal result . . . . . . . . . . . . . . . e 283
Mathematica [A] (warning: unable to verify) . . . . . . ... ... ... .. ... 284
Rubi [A] (verified) . . . .. . . . . . . .
Maple [B] (verified) . . . . . . . . . ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 294
Sympy [F] . . o o
Maxima [F] . . . . . . 295
Giac [F] . . . o 2961
Mupad [F(-1)] . . . 2961
Reduce [F] . . . . . o 2961

Optimal result

Integrand size = 26, antiderivative size = 400

/ (e+ fx)cosh®(c+dx) ,  bfe  bla®+b°) (e+ fx)*  2f cosh(c+ da)

a + besch(c + dx) T 4e2d

204 f 3ad?

_ Vfcosh(c+dz)  foosh®(c+ dx)

a3d?

9ad?

b(a® +b?) (e + fz)log (1 + bf%)

atd

~ b(a® 4+ b%) (e + fz)log (1 gt )

atd

b(a? + b?) f PolyLog (2, ae 2 )

T b—va2 b2

atd?

b(a® + b?) f PolyLog (2, aec o )

T b Vai i

+

atd?

2(e + fz)sinh(c + dx) N b%(e + fz)sinh(c + dx)

3ad

add

N bf cosh(c + dz) sinh(c + dx)
4a2d?
+ (e + fz) cosh?(c + dz) sinh(c + dz)

3ad

_ ble+ fz) sinh?(c + dz)

2a2d
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-1/4*bxfxx/a”~2/d+1/2*%b* (a~2+b~2) x (f*x+e) "2/a~4/f-2/3*f*cosh(d*x+c)/a/d"2-b
~2xf*cosh(d*x+c)/a~3/d"2-1/9*f*cosh(d*x+c) ~3/a/d"2-b*(a"~2+b~2) * (f*xx+e) *1n(
1+axexp(d*x+c)/(b-(a"2+b~2)~(1/2))) /a~4/d-b*(a~2+b~2) * (f*x+e) *1n (1+axexp(d
xx+c)/(b+(a~2+b~2)~(1/2)))/a~4/d-b*(a~2+b~2) *f*polylog(2,-a*xexp(d*x+c) / (b-
(a"2+b72)"(1/2)))/a~4/d"2-b*(a~2+b~2) *f*polylog(2,—a*exp (d*x+c)/(b+(a~2+b~
2)7(1/2)))/a~4/d"2+2/3* (f*x+e) *sinh (d*x+c) /a/d+b~2* (f*x+e) *sinh (d*x+c) /a~3
/d+1/4xbxf*cosh(d*x+c)*sinh (d*x+c) /a~2/d"2+1/3* (£*xx+e) *cosh (d*x+c) “2*sinh (
d*x+c)/a/d-1/2*b* (f*x+e) *sinh (d*x+c) ~2/a"2/d

output

Mathematica [A] (warning: unable to verify)
Time = 1.11 (sec) , antiderivative size = 696, normalized size of antiderivative = 1.74

(e + fz) cosh®(c + dx)
a + besch(c + dx)

36a2bc f + 36b3c%f — 36a%bd? fr? — 36b3d? fx? + 54a3 f cosh(c + dx) + 72ab? f cosh(c + dx) + 18a2b

dzr =

inputtlntegrate[((e + f*x)*Cosh[c + d*x]~3)/(a + b*Cschlc + d*x]),x] J
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-1/72x(36*a"2*b*c”~2%f + 36%¥b~3*xc”2*f - 36%a”2xb*d~2*f*x"2 - 36%b~3*d"2*f*x
"2 + b4*a~3*f*Cosh[c + d*x] + 72xaxb~2xfxCosh[c + d*x] + 18*a”~2xbxd*f*x*Co
sh[2*(c + d*x)] + 2*a~3*f*Cosh[3*(c + d*x)] + 72*a"2xb*c*f*Log[l + (a*E~(c
+ d*x))/(b - Sqrt[a~2 + b~2])] + 72xb~3*c*xf*Logl[l + (a*E~(c + d*x))/(b -
Sqrt[a”2 + b~2])] + 72*a~2xb*d*f*x*xLog[l + (a*E~(c + d*x))/(b - Sqrt[a~2 +
b~2])] + 72xb~3*d*fxx*Log[l + (a*E~(c + d*x))/(b - Sqrt[a”™2 + b~2])] + 72
*a”~2xb*cxfxLog[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 72xb~3*c*fxLog
[1 + (a*xE~(c + d*x))/(b + Sqrt[a~2 + b~2])] + 72*a"2xbxdxf*x*Log[1l + (a*E~
(c + d*x))/(b + Sgrt[a™2 + b~2])] + 72*b~3*d*f*x*Logl[l + (axE~(c + d*x))/(
b + Sqrt[a™2 + b~2])] - 72%a"2*bxcxf*Logla - 2%b*E~(c + d*x) - a*E~(2*(c +
d*x))] - 72+b~3*ckfxLogla - 2%b*E~(c + d*x) - a*E~(2x(c + d*x))] + 72%a"2
xbxd*exLog[b + axSinh[c + d*x]] + 72%¥b~3*d*exLog[b + a*Sinh[c + d*x]] + 72
*b*(a~2 + b~2)*f*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] + 72xb
*(a”2 + b~2)*f*PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 72*a
~“3*%d*e*Sinh[c + d*x] - 72*a*b~2*d*e*Sinh[c + d*x] - b54*a~3*d*f*x*Sinh[c +
d*x] - 72xaxb~2kd*f*x*Sinh[c + d*x] + 36%a~2%b*d*exSinh[c + d*x]~2 - 24*a”
3xdxe*Sinh[c + d*x]~3 - 9*a~2xb*f*Sinh[2*(c + d*x)] - 6*a~3*d*f*x*Sinh [3%(
c + d*x)])/(a"4xd"2)

output

Rubi [A] (verified)

Time = 2.33 (sec) , antiderivative size = 360, normalized size of antiderivative = 0.90,

number of steps used = 27, number of rules used = 26, number of rules _ 1.000, Rules
integrand size

used = {6128, 6113, 3042, 3791, 3042, 3777, 26, 3042, 26, 3118, 6099, 3042, 3777, 26,
3042, 26, 3118, 5969, 3042, 25, 3115, 24, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(e + fx) cosh3(c + dx)
a + besch(c + dx)

l 6128

dz

/ (e + fz)sinh(c 4 dz) cosh®(c + dz) iz

asinh(c+ dzx) + b
l 6113
3
J(e+ fz)cosh®(c + dz)dx bJ (etiz)sfr?ﬁk(lcj-cd—;()iz) dz
a a
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l 3042
3
oS HRRRGS e (et fo)snfic +ids+ )" do
a a
l3nn

%I(C-Ff«’(;) cosh(c+dx)dac _ fcoshg?’d(Qc—i-dx) + (e—i—fac)sinh(c—g(fix)coshQ(c+dz)

a
+f h3 (c+d
T G

a

l 3042

+fz h3(c+dx
_ b f (e b—i—a)sicrcl)lsl(c—f-cdx) ) dx

+

a
%f(e + f.’B) sin (z'c +idz + g) do — fcoslg’d(zc+dx) + (e+fx) smh(c-l;(iix) cosh?(c+dx)

a

l 3777

e+fx h3(c+dx
_bf ( b+a)sicr(1)}s1(c—$-dx) )dx

_|_

a
2 <(e+fa:) sinh(ct+dz)  if [ —isinh(c+dz)dz) _ fcosh®(c+dz) n (e+fz) sinh(c+dx) cosh?(c+dx)
3 d d 942 3d

a

| 26

(e+fz) sinh(c+dz) f [ sinh(c+dz)dz f cosh®(c+dzx) (e+fx) sinh(c+dz) cosh?(c+dzx)
d o d - 942 + 3d

2
3

a
e+fx h3(c+dx
bf( b+a)sicl?lsl(c—$-dx) )d.’IJ

a

l 3042

e+fx) cosh®(c+dz
_bf ( b+a)sinh(c—$-dx) )d.'E

a
2 ((e-l-fz) sinh(ct+dr)  f[—i Sin(iC-l-idm)dm) _ fcosh®(c+dz) + (e+fx) sinh(c+dzx) cosh? (c+dix)
3 d d 9d2 3d

a

| 26

e+ fx) cosh?(c+dz
_bf ( b+a)sinh(c—$-dz) )dx

+

a
2 ( (e+fx) sinh(c4-dzx) + if [ sin(ic+id:1:)da;) _ fcosh®(c+dzx) + (e+fx) sinh(c+dz) cosh?(c+dzx)
3 d d 9d2 3d

a
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l 3118

2 ( (e+fz) sinh(c+dz) f cosh(c+dz) f cosh®(c+dzx) (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d o d? - 9d? + 3d

a
bt d

a

l 6099

2 ( (e+fz) sinh(c+dzx) f cosh(c+dz) f cosh3(c+dzx)
3 d - d? - 9d2

(e+fx) sinh(c+dx) cosh? (c+dx)
+ 3d

b

b+a sinh(c+dx)

a
< (a2+02) [ (et fa) coshletdz) g, b [ (e+fx) cosh(c+dz)dz + J (e+fz) cosh(c+dz) sinh(c—i—dm)dx)
a2 - 2

a a

a

l 3042

2 ( (et+fz)sinh(ct+dz)  fcosh(ct+dx) ) _f cosh?(c+dzx) + (e+fx) sinh(c+dzx) cosh? (c+dax)
3 d d? 9d? 3d

b+a sinh(ct+dx)

a
; < (a2+b2) [ de _ b [(et+fx) sin(;'c—kidw—i—%)dz + J(e+fz) cosh(c+dzx) sinh(c—i—dw)dav)
a

a a

a

l_3777

2 ( (e+fx)sinh(c+dz)  fcosh(ct+dx) ) _ fcosh®(ct+dx) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d

a
h d + inh(c+d. if [ —isinh(c+dz)dz
b ( (a2+0?2) [ —(eaffs)iiis(c(j;z)x) dx b( (et fe) Sl; (ctds) ] d ) + J (e+fx) cosh(c+dz) sinh(c+da:)dz>
a? - a2

a

a

| 26

2 ( (et+fz)sinh(c+dz)  fcosh(ctdx) ) __ fcosh®(ct+dz) + (e+fx) sinh(c+dz) cosh? (c+dzx)
3 d d?2 9d? 3d

a
+#2) cosh(c+d (e+fz) sinh(ct+dx) _ f [ sinh(c+da)de
b<WwaﬂL$$&;%;ﬁv mvimb(etds) )

d J(e+fz) cosh(c+dx) sinh(c-{—dw)dx)
a2 2 +

a

a

l 3042

2 ( (et+fz)sinh(ct+dz)  fcosh(ct+dx) ) _f cosh?(c+dx) + (e+fx) sinh(c+dzx) cosh? (c+dax)
3 d d? 9d? 3d

a
+ h(c+d (e+fz)sinh(c+dz) f [ —isin(ict+idz)dx
b(hlwﬁf“wﬁiﬁﬁ@fww_b( i ——

> J (e+fz) cosh(c+dz) sinh(c+dm)da:>
a? a? +

a

a
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l 26

2 ( (et+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d
a
et+fxz h(c+dx + inh(c+d: if [ sin(ictidz)d.
b (a242) [ (HIm) cosh(ctde) g, B b((e fo)elnh(ctds) | if [ sinfictide z) 4 J(e+]m) cosh(erda) sinh(c+dz)de
a2 a2 a
a
| 3118
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(c+dz) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d
a
+ h(c+d +fz) sinh(c+da) _ f cosh(ctd
b (a®+b?) [ %Wdz J (e+fz) cosh(c+dz) sinh(c+dx)dz b(<e z)sdn (ctda) _ fcos ‘1(; x))
a? + a - a?
a
| 5969
2 ((e+fz)sinh(c+dz)  fcosh(ct+dz)\ _ fcosh®(ct+dz) + (e+fz) sinh(c+dz) cosh? (c+dx)
3 d d? 9d2 3d
a
+f h(c+d inh2 inh? (e+fz) sinh(ctdx)  f cosh(ctdz)
b (a2+b2) f (eb+:s)igis(c(jdz)z) dx + (et+fz) 512n;1 (c+dz) [ [s hz(dc-i—dz)dw _ b( etrjz Sd c A sdQC )
a? a a?
a
| 3042
2 ( (e+fz)sinh(c+dx)  fcosh(ct+dz)\ f cosh3(c+dzx) + (e+fx) sinh(c+dzx) cosh? (c+di)
3 d d? 9d? 3d
a
+f h(c+dz) inh?2 — sin(ictide)2de (etfz)sinh(ctdz)  f cosh(ctdzx)
; (a%+b2) [ (eb+:s)i§is(c<fdz)w da N (e+fz) s,;; (c+da) £/ (2d+ dz)2d B b( n ¢ )
a? a a?
a
| 25
2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dzx) cosh? (c+dx)
3 d d2 9d2 3d
a
(e+fx) cosh(c+dzx) inh2 in(ict+idz)2dz (e+fz) sinh(c+dx) _ f cosh(c+dx)
; (2407 [ (GHLm)coshletde) g N (et fz)sinb(eds) | S [ sinticdide)ds b( i (de) )
a? a a?
a

l 3115
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2 ( (et fx)sinh(c+dz)  fcosh(ctdx) ) _ fcosh®(ct+dz) + (e+fx) sinh(c+dzx) cosh? (c+dx)
3 d d? 9d? 3d

a
¥ ( J 12d:c _ sinh(c+dm)2;osh(c+da:) )

(e+fz) cosh(ct+dz) inh2 (e+fz) sinh(c+dz)  f cosh(ct+dx)
b (a2+b2) f “Fiasimh(otds) dz n o + (e+fx) 52; (c+dz) _ b( 4 22 )
a? a a?
a
| 24
2 ((e+fz)sinh(c+dz)  fcosh(ct+dz)\ _ fcosh®(ct+dz) + (e+fx) sinh(c+dz) cosh? (c+dzx)
3 d d?2 9d? 3d
a
sinh(c+dz) cosh(c+dz)
+f h(c+dx) (e+fz)sinh(c+dz) f cosh(c+dx) inh2 f % - 2d
b (a2+b2) f (eb+:s)i:§)s(c(jdw)z de B b( - _ 5 ) (et+fzx) 51;; (ctdzx) + ( - )
a? a? a
a
| 6095
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d
a
(a2+b2) f 42 (et fo) d.’l!~|—f etd2 e+ fo) dx— (e+f2)? (e+fz)sinh(c+dx)  f cosh(ctdx) (e+f) sinh? (c+dz) f(
b ectdT gt b /a2 +b2 eCTdT gt bt /a2 102 2af b( 7 - 22 ) (etfo)siny (otda) |
a? - a?
a
| 2620
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdz)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d? 9d2 3d
ec+dwa ec+dwa aec+d:c aec+d:v
( 2+b2) _ 1 10g<b—\/a2+b2 +1) de _ 1 10g(b+\/a2+b2 +1) e + (etfa) log(b—\/a2+b2 +1) + (etfa) log( Va2+b24b +1) _ (etfx)?
a ad ad ad ad 2af
b
b (12 - T
a
| 2715
2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdz)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d? 9d2 3d
d a d d d
—c—dzx ectdz, ct+dx —c—dz ectdz, c+dx aectdz aeftde
N A (= +1)et S1on( e aet e (s s ) e ios( R
(a‘ + ) ad?2 ad? + ad + ad
b

a2
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| 2838
2 ( (e+fz) sinh(c+dz) f cosh(c+dz) f cosh®(c+dzx) (e+fx) sinh(c+dx) cosh? (c+dzx)
3 - 2 - 2 +
3 d d 9d 3d
_ aec+dz _ aec+dz aec+dz aec+dz
(a%+52) fPOlyLog<2’ b—\/a2+b2> +fP°lyL°g<2’ b+\/a2+b2) + (e+fw)log<b—\/a2+b2 +1> +(e+fw) 1°g< Va2+b2+b +1> _ (et+f=)?
a ad2 ad?2 ad ad 2af b
b a2 -
a

input‘Int[((e + f*x)*Cosh[c + d*x]~3)/(a + b*Cschl[c + d*x]),x]

(-1/9%(f*Cosh[c + d*x]~3)/d"2 + ((e + f*x)*Cosh[c + d*x]~2#Sinh[c + d*x])/
(3%d) + (2%(-((f*Cosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c + d*x])/d))/3)/a

- (bx(((a™2 + b~2)*(-1/2x(e + f*x)~2/(axf) + ((e + fxx)*Log[l + (a*E~(c +

d*x))/(b - Sqrt[a~2 + b~2]1)]1)/(axd) + ((e + fxx)*Log[l + (a*xE~(c + d*x))/(
b + Sqrt[a™2 + b~2])])/(a*d) + (£*xPolyLogl[2, -((a*E~(c + d*x))/(b - Sqrtl[a
"2 + b721))1)/(a*d”2) + (£*PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~
21))1)/(axd~2)))/a"2 - (b*x(-((f*Cosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c +

d*x])/d)) /a2 + (((e + f*x)*Sinh[c + d*x]~2)/(2xd) + (fx(x/2 - (Cosh[c + d
*x]*Sinh[c + d*x])/(2%d)))/(2xd))/a))/a

output

Defintions of rubi rules used

-

ruka24t1nt[a—’ x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

-/

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

26‘Int[(Complex[O, a_J])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I

rule
Lnt[Fx, x], x] /; FreeQ[a, x] &% EqQ[a~2, 1] J




rule 2620

rule 2715

rule 2838

rule 3042

rule 3115

rule 3118

rule 3777
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Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D*((F)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int [((b_.)*sin[(c_.) + (d_.)*(x_)])"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int[(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2xn]

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

‘{Int[((c_.) + (d_)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)*C
Los[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

~—
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rule 3791 IntLCCe_.) + (d_)*(x))*((b_d*sinl(e_.) + (£_.)*(x)D) " (), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
I*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~2*%((n - 1)/n) Int[(c + dx
x)*(b*xSinf[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]
rule 5969 1nt[Coshl(a_.) + (b_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*
(x_)]1"(n_.), x_Symbol] :> Simp[(c + d*x) m*(Sinh[a + b*x]"(n + 1)/(b*(n + 1
))), x] - Simp[d*(m/(b*(n + 1))) Int[(c + d*x)~(m - 1)*Sinh[a + b*x]~(n +
1), x]1, x] /; FreeQ[{a, b, c, 4, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 6095 Tntl(Coshl(c_.) + (d_)*(x_)I*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)  m*x(E~(c + d*x)/(a - Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E"~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x1) /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

rule 6099 Int[(Cosh[(c_.) + (d_.)*x(x_ )1 (@ )*x((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-a/b"2 Int[(e + f*x) m*Cos

hic + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]~(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b72)/b"2 Int[(e + £*x) m*(Coshlc
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x1) /; FreeQ[{a, b, c, d, e, f},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_D*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +
(@_)*(x_)1"(m_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol]l :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[
n, 0] & IGtQ[p, O]

rule 6113

rule 6128 Int[((Ce_.) + (£_.)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)

+ (@_.)*(x_)]*(_.) + (a_)), x_Symbol] :> Int[(e + f#*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]




input

output
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1101 vs. 2(372) = 744.

Time = 30.65 (sec) , antiderivative size = 1102, normalized size of antiderivative = 2.76

method | result size

risch Expression too large to display | 1102

-

Lint((f*x+e)*cosh(d*x+c)‘3/(a+csch(d*x+c)*b),X,method=_RETURNVERBOSE)

-/

-1/16xb* (2xd*f*x+2*d*e+f) /a~2/d"~2*exp (-2*d*x-2%c) -1/16%b* (2*d*f *x+2*d*e-f)
/a~2/d"2%exp (2xd*x+2*c) -1/8* (3xa~2+4*b~2) * (d*f*x+d*e+f) /a~3/d"2*exp (-d*x-c
)-1/d"2%b~3/a"4*f*1n((-exp(d*x+c)*a+(a~2+b~2)~(1/2)-b)/(-b+(a~2+b~2)~(1/2)
))*c-1/d"2*%b"3/a~4xf*1n((exp (d*x+c)*a+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b~2) ~(1/2
)))*c+1/d"2%b"3/a~4*cxfx1n (axexp (2*d*x+2*c) +2+b*exp (d*x+c)-a)-2/d"2*b~3/a"
4xcxf*1n(exp(d*x+c))-1/d*b/a~2+f*1n((exp(d*x+c)*a+(a~2+b~2) " (1/2)+b) / (b+(a
~2+b72)~(1/2)) ) *x+1/d"2*b/a"2*c*f*1n (a*exp (2*xd*x+2%c) +2*xb*exp (d*x+c)-a)-1/
d~2*b/a"2*f*1n((-exp(d*x+c)*a+(a~2+b"2) " (1/2)-b) / (-b+(a"2+b"2) " (1/2))) *c-1
/d"2*b/a~2*f*1n((exp (d*x+c)*a+(a~2+b"2) ~(1/2)+b)/ (b+(a~2+b~2) " (1/2)) ) *c-2/
d~2#b/a”2*c*f*1n(exp(d*x+c))-1/d*b/a~2xfx1n((-exp(d*x+c)*a+(a~2+b~2) ~(1/2)
-b)/(-b+(a~2+b"2) " (1/2)) ) *x+2/d*b~3/a~4*f*c*x+2/d*b/a~2*f*c*x-1/d*b"3/a~4*
f*1n((-exp(d*x+c)*a+(a~2+b~2)~(1/2)-b)/(-b+(a~2+b~2)~(1/2)) ) *x-1/d*b~3/a~4
*f*x1n((exp (d*x+c)*a+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b~2) ~(1/2) ) ) *x+1/d"2*b"3/a"
4xf*xc™2+1/2%b/a"2%f*xx"2-b/a"2*exx+1/8% (3ka~2xd*f*x+4*b~2xd*f*x+3%a"2xd*e+4
*b~2xd*e—-3*a”~2*f-4xb"2xf) /a~3/d"2xexp (d*x+c)+1/d"2%b/a~2xf*c"2+2/d*b/a"2*e
*1n (exp (d*x+c))-1/d*b/a"2*e*1ln (a*exp (2*d*x+2*c) +2*xb*exp (d*x+c)-a)-1/d"2*b/
a~2xf*dilog((-exp(d*x+c)*a+(a~2+b~2)~(1/2)-b)/(-b+(a"2+b"2)~(1/2)))-1/d"2*
b/a~2xf*dilog((exp(d*x+c)*a+(a~2+b~2) " (1/2)+b) /(b+(a"2+b~2)~(1/2)))-1/d"2%
b~3/a~4xf*dilog((-exp(d*x+c)*a+(a~2+b"2)~(1/2)-b)/(-b+(a~2+b~2)"(1/2)))-1/
d~2xb~3/a"4xf*dilog((exp (d*x+c)*a+(a~2+b"2) ~(1/2)+b)/(b+(a~2+b"2)~(1/2) ...
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2465 vs. 2(370) = 740.

Time = 0.13 (sec) , antiderivative size = 2465, normalized size of antiderivative = 6.16

h¥(c+d
/ (e + fz) cosh®(c + d) dz = Too large to display

a + besch(c + dx)

p
input ‘ integrate ((f*x+e)*cosh(d*x+c) "3/ (at+bxcsch(d*x+c)),x, algorithm="fricas")
N

output

1/144*% (2% (3*a~3*d*f*x + 3*a~3xdxe — a”~3*f)*cosh(d*x + c)~6 + 2x(3*ka ~3*xd*f*
X + 3*%a"3*d*e - a"3*f)*sinh(d*x + c)”6 - 6*a”3xd*xfxx — 9k (2ka”~2*b*d*f*x +
2%a"2*b*d*e - a~2xbxf)*cosh(d*x + c)~5 - 3*(6*a~2xbxd*xf*x + 6*a”2%b*d*e -
3*xa~2*b*f — 4*(3*xa”3*d*xf*x + 3*a"3*d*e - a~3*f)*cosh(d*x + c))*sinh(d*x +
c)~5 - 6xa~3*d*e + 18*((3*a"3 + 4*a*xb”2)*d*fxx + (3*a”3 + 4*a*b”2)*d*e - (
3*a~3 + 4*axb~2)*f)*cosh(d*x + c)~4 + 3%(6%x(3*a~3 + 4*xaxb~2)*d*f*x + 6%(3*
a~3 + 4*axb~2)*dxe + 10*(3*a”~3xdxfxx + 3*a~3*d*e - a~3*f)*cosh(d*x + c)~2
- 6%(3*%a~3 + 4*axb"2)*f - 15k (2xa ~2kbxd*f*x + 2*a~2%bxd*e - a”~2%b*f)*cosh(
d*x + c))*sinh(d*x + c)~4 - 2*xa”3*f + 72+%((a”"2%b + b~3)*d"2*f*x"2 + 2*x(a~2
*b + b~3)*xd"2*e*x + 4%(a”2%b + b~3)*ckxdxe — 2*(a"2%b + b~3)*c”2xf)*cosh(dx*
X + ¢c)73 + 2x(36*%(a"2*b + b"3)*d"2xf*xx"2 + 72x(a"2%b + b~3)*d"2*e*xx + 144%*
(a™2*b + b~3)*ckd*e - 72*%(a”2%b + b~3)*xc”2xf + 20%(3*a”3*d*f*x + 3*a~3*xd*e
- a"3*f)*cosh(d*x + c)~3 - 45%(2*a~2xbxd*f*x + 2*a”~2*bkxd*e — a~2%b*f)=*cos
h(d*x + ¢c)72 + 36%((3*a”3 + 4*axb”2)*dxf*x + (3*a~3 + 4*axb”2)*d*e - (3*a”
3 + 4xaxb~2)*f)*cosh(d*x + c))*sinh(d*x + c)~3 — 18%((3*a”3 + 4*axb~2)*d*f
*x + (3%a”3 + 4*a*xb”2)*d*e + (3*a~3 + 4xaxb~2)*f)*cosh(d*x + c)~2 + 6% (5x(
3xa”~3xd*f*xx + 3*a"3*d*e — a~3*f)*cosh(d*x + c)"4 - 3*(3*a”3 + 4xa*xb~2)*d*f
*x — 15%(2%a"2%bxd*xf*x + 2%a~2%bkd*e - a~2xb*f)*cosh(d*x + c)~3 - 3%(3*a"3
+ 4xaxb”2)xd*e + 18%((3*a”~3 + 4*xa*b~2)*d*fxx + (3*a~3 + 4*a*b~2)*d*e - (3
*a~3 + 4xaxb~2)*f)*cosh(d*x + c)~2 - 3*(3*xa”~3 + 4*a*xb~2)*f + 36*((a~2*b...
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inputt

Sympy [F]
(e + fz) cosh®(c + dz) (e + fz) cosh® (c + dx)
= dz
a + besch(c + dx) a + besch (¢ + dx)
integrate ((f*x+e)*cosh(d*x+c)**3/ (a+b*csch(d*x+c)) ,x)

output‘

Integral((e + f*x)*cosh(c + d*x)**3/(a + b*csch(c + d*x)), x)

Maxima [F]

/ (e + fz) cosh®(c + dx) dp — / (fz + e) cosh (dz + ¢)° i
a + besch(c + dx) N besch (dz+c¢)+a

inputt

integrate ((f*x+e)*cosh(d*x+c) ~3/(a+b*csch(d*x+c)) ,x, algorithm="maxima")

-

output

-1/24%ex ((3*axbxe”(-d*x — c) - a2 - 3*(3*a”2 + 4*xb~2)*e” (-2*d*x - 2%*c))*e
~(3%d*x + 3%c)/(a"3%d) + 24*(a~2%b + b~3)*(d*x + c)/(a"4*d) + (3*a*xbxe” (-2
*d*xx — 2%c) + a"2%e” (-3*d*x - 3*c) + 3*(3*a”2 + 44b"2)*e” (-d*x - c))/(a"3x*
d) + 24x(a”2*b + b~3)*log(-2*b*e”~ (-d*x - c) + a*xe”(-2%d*x - 2*c) - a)/(a"4
*d)) - 1/144%f*((72*%(a~2*bxd"2%e” (3*c) + b~3*xd"2*e” (3*c))*x~2 - 2*(3*a~3*d
xx*e” (6%c) - a~3*e”(6*c))*e” (3xd*x) + 9*(2*a~2*bxd*x*xe” (5*c) - a~2xb*e” (5%
c))*e” (2xd*x) + 18x(3*a~3*e”(4*c) + 4*a*b~2*e”(4xc) - (3*a~3*d*xe”(4*c) + 4
*axb~2xd*xe” (4*c)) *x) *e” (d*x) + 18*(3*a~3*e” (2*c) + 4*xaxb”2xe” (2%c) + (3*a”
3*d*e” (2%c) + 4xaxb~2xd*xe” (2%c))*x)*e” (-d*x) + 9*x(2*a”~2*b*d*x*e”c + a~2*xbx*
e~c)*e” (-2xd*x) + 2x(3*a”"3*d*x + a~3)*e” (-3xd*xx))*e” (-3*c)/(a"4*%d"2) - 18
integrate(16*((a~2*¥b~2%e"c + b~4*e~c)*x*e” (d*x) - (a"3%b + a*b~3)*x)/(a"b*
e~ (2xd*x + 2%c) + 2%xa~4*bkxe~(d*x + c) - a”b), x))




CHAPTER 3. LISTING OF INTEGRALS 296

Giac [F]

(e + fz) cosh®(c + dx) dp — (fz + €) cosh (dz + ¢)°

a + besch(c + dx) B besch (dx +c¢) +a dz

input tintegrate ((f*x+e) *cosh(d*x+c) ~3/(a+b*xcsch(d*x+c)),x, algorithm="giac")

output Lintegrate((f*x + e)*cosh(d*x + c)~3/(bxcsch(d*x + c) + a), x)

Mupad [F(-1)]

Timed out.

(e + fx) cosh®(c + dx) _ / cosh(c+ dz)’ (e + f z) i

a + besch(c + dx) a+ sinh(g—i—d )

input{int((“Sh(C + d*x)"3%(e + f*x))/(a + b/sinh(c + d*x)),x)

output Lint((“Sh(C + d*x)~3%(e + f*x))/(a + b/sinh(c + d*x)), x)

Reduce [F]

/ (e + fx) cosh®(c + dz) g — (fz + €) cosh (dz + ¢)®
a + besch(c + dx) B a + besch (dx + ¢)

input Lint ((£f*x+e) *cosh (d*x+c) "3/ (a+b*csch(d*x+c)) ,x)

output Lint ((f*x+e)*cosh(d*x+c) "3/ (atb*csch(d*x+c)) ,x)
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3.99 f cosh3(c+dz) dx

a+bcsch(c+dz)
Optimal result . . . . . . . . . . . . . . . e 297
Mathematica [A] (verified) . . . . . . . . . ... 297
Rubi [A] (verified) . . . . . . . . . . 298]
Maple [B] (verified) . . . . . . . . . ... 300
Fricas [B] (verification not implemented) . . . . ... ... ... ... . .....
Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 304

Optimal result

Integrand size = 21, antiderivative size = 85

a+besch(c+dr) atd
N (a® + b*)sinh(c + dx)  bsinh*(c+dz)  sinh’(c+ dz)
add 2a%d 3ad

/ cosh®(c + drr) dp — b(a? + b*) log(b + asinh(c + dz))

-b*(a~2+b"2) *ln(b+a*sinh(d*x+c))/a~4/d+(a"2+b"2) ¥sinh(d*x+c) /a~3/d-1/2%bxs

output

inh(d*x+c)~2/a"2/d+1/3*sinh(d*x+c) ~3/a/d

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.88

/ cosh®(c + drr) .

a + besch(c + dx)
_ —6b(a? + b?) log(b + asinh(c + dz)) + 6a(a® + b%) sinh(c + dz) — 3a®bsinh®(c + dz) + 2a® sinh®(c + d
B 6a'd
input [Integrate [Cosh[c + d*x]~3/(a + b*Csch[c + d*xx]),x] }
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t‘ (-6xbx(a~2 + b~2)*Log[b + a*Sinh[c + d*x]] + 6%a*(a”2 + b~2)*Sinh[c + d*x]

outpu
L - 3%a~2%b*Sinh[c + d*x]~2 + 2%a~3*Sinh[c + d*x]~3)/(6%a~4*d) J

Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.88,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 504 Ryjjeg
integrand size

used = {3042, 4360, 26, 26, 3042, 26, 3316, 26, 27, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ cosh3(c + dz)
a + besch(c + dx) v

l 3042

/ cos(ic + idz)3
a + ibcsc(ic + idx)

l 4360

dz

/ isinh(c 4 dz) cosh®(c + dx)
iasinh(c + dz) + ib

| 26

; / K cosh?(c + dz) sinh(c + dz)
b+ asinh(c + dz)

| 26

/ sinh(c 4 dz) cosh3(c + dz)
asinh(c+ dzx) + b

dx

dz

J’3042

/ _isin(ic + idz) cos(ic + idx)3
b — ia sin(ic + idx)

l 26

_ / cos(ic + idz)? sin(ic + idz)

b — iasin(ic + idx) de

l'3316
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. isinh(c+dz) (sinh?(c+dz)a?+a?
v f - b+asinh(c+dz)

a3d

| 26

) d(asinh(c + dz))

inh(c+dz) (sinh?(c+dxz)a?+a2 .
f sinh{et bz-g(gssinh((ciiwa;)a a )d(a’ Slnh(c + d.’L‘) )
a3d
J'27
inh(c+dz) (sinh? (c+dz)a’+a? .
[ ashlede) b et de)at+a?) g, o 4 )
atd
l 522
J (sinh2(c +dx)a?® + (Z% + 1) a? — bsinh(c + dz)a — lﬁ%ﬁ%) d(asinh(c + dx))
aid
l'2009

1a®sinh®(c + dz) + a(a® + b?) sinh(c + dz) — b(a? + b%) log(asinh(c + dz) + b) — 2a’bsinh?(c + dz)
a‘d

-

LInt [Cosh[c + d*x]~3/(a + b*Csch[c + d*x]),x]

-

input

| (-(b*(a™2 + b"2)*Log[b + a*Sinh[c + d*x]]) + a*(a~2 + b 2)*Sinh[c + d*x] -
(a"2*b*Sinh[c + d*x]~2)/2 + (a~3*Sinh[c + d*x]173)/3)/(a"4*d)

N J

output

Defintions of rubi rules used

rule 26 1Bt [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
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rule 522‘Int[((e_.)*(x_))’"(m_.)*((C_) + (d_D)*(x))"(a_)*((a) + (b_.)*(x_)"2)"(p_. ‘

‘), x_Symbol] :> Int[ExpandIntegrand[(e*x) “m*(c + d*x) n*(a + bxx~2)7p, x],
x] /; FreeQl{a, b, c, d, e, m, n}, x] & IGtQ[p, O]

-

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 3316

rule 4360

e—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cos[(e_.) + (£_.)*x(x_ )1 " (p_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_
Ox((c_.) + (@_)*sinl[(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol]l :> Simp[1/(b p*
f) Subst[Int[(a + x)"m*(c + (d/b)*x)"n*(db"2 - x~2)"((p - 1)/2), x], x, b*
Sin[e + f*x]], x] /; FreeQ[{a, b, c, d, e, £, m, n}, x] && IntegerQ[(p - 1)
/2] && NeQ[a~2 - b~2, 0]

‘Int[(cos[(e_.) + (£_)*(x_)1*(g_.))"(p_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
‘ (a_))"(m_.), x_Symbol]l :> Int[(g*Cos[e + f*x]) p*((b + a*Sin[e + f*x]) m/Si
Ln[e + f*x]°m), x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(81) = 162.

Time = 17.67 (sec) , antiderivative size = 244, normalized size of antiderivative = 2.87

method result
. zb T b3 e3dw+30 b e2dz+20 3 edw+c eda:+cb2 3 e—d:c—c e—d:c—ch
risch 2T T 21 ~ “s2a T Tsada T 9a%d T 8da T 2434
_ 1 _ atb _ 202+ ab+2b2 n (a2+b2)bln(tanh( +%)—1) +2b(_
derivativedivides sa(tanh(%+5) 1) 202 (ann (% +5)-1)" 20% (eann(F+5)-1) -
_ s e aiaa | («)em(enn(deg)n) (-
default Sa(tann(%+5)-1)" 202 (enn (4 +5)-1)" 20%(tann(%F+5) 1) -
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input‘int(cosh(d*x+c)”3/(a+csch(d*x+c)*b),x,method=_RETURNVERBOSE)

x*b/a~2+x/a"4xb"3+1/24/d/a*exp (3*xd*x+3*c)-1/8%b/a~2/d*exp (2*d*x+2*c)+3/8/a
/d*exp(d*x+c)+1/2/a~3/d*exp(d*x+c)*b~2-3/8/d/a*exp(-d*x-c)-1/2/a"3/d*exp (-
d*x-c)*b~2-1/8*b/a"2/d*exp (-2*d*x-2*c)-1/24/d/a*exp (-3*d*x-3*c) +2*b/a"~2/d*
c+2*b~3/a"4/d*c-b/a"2/d*1n (exp (2*d*x+2*c)+2/a*b*exp (d*x+c)-1)-b"3/a"4/d*1ln
(exp (2*d*x+2%c)+2/a*bxexp (d*x+c)-1)

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 652 vs. 2(81) = 162.

Time = 0.08 (sec) , antiderivative size = 652, normalized size of antiderivative = 7.67

dx = Too large to display

/ cosh®(c + dz)
a + besch(c + dx)

~—

p
inputLintegrate(cosh(d*x+c)‘3/(a+b*csch(d*x+c)),x, algorithm="fricas")

1/24*(a~3*cosh(d*x + c)~6 + a"3*sinh(d*x + c)~6 - 3*a~2*bxcosh(d*x + c)~b
+ 24%(a”2xb + b~3)*d*x*cosh(d*x + c)~3 + 3*(2*¥a"3*cosh(d*x + c) - a~2*b)*s
inh(d*x + c)~5 + 3*(3*%a"3 + 4xa*b~2)*cosh(d*x + c)~4 + 3*(5xa"3*cosh(d*x +

c)"2 - bxa~2*xb*cosh(d*x + c) + 3%a”~3 + 4*a*b~2)*sinh(d*x + c)~4 - 3*a~2*b
*cosh(d*x + c) + 2*(10*a"3*cosh(d*x + c)~3 - 15*%a”2*b*cosh(d*x + c)~2 + 12
*(a”2%b + b73)*d*kx + 6%(3*¥a~3 + 4xa*b”2)*cosh(d*x + c))*sinh(d*x + c)~3 -
a"3 - 3%(3*a~3 + 4*xaxb~2)*cosh(d*x + c)~2 + 3*(5*xa"3*cosh(d*x + c)~4 - 10%*
a~2xb*cosh(d*x + c)~3 + 24*(a”2*%b + b~3)*d*x*cosh(d*x + c) - 3*a”3 - 4*axb
2 + 6%(3*%a~3 + 4*axb”2)*cosh(d*x + c)~2)*sinh(d*x + c)~2 - 24x((a"2%b + b
~3)*cosh(d*x + ¢c)~3 + 3*(a”2%b + b~3)*cosh(d*x + c) "2*sinh(d*x + c) + 3*(a
~2xb + b~3)*cosh(d*x + c)*sinh(d*x + c)~2 + (a”2%b + b~3)*sinh(d*x + c)~3)
*log(2* (a*sinh(d*x + c) + b)/(cosh(d*x + c) - sinh(d*x + c))) + 3*(2%a"3*c
osh(d*x + ¢c)~5 - 5%a"2%b*cosh(d*x + c)~4 + 24x(a~2*b + b~3)*d*x*cosh(d*x +

c)"2 + 4x(3*a”3 + 4*xa*b~2)*cosh(d*x + c)~3 - a"2xb - 2%(3*a~3 + 4*axb~2)*
cosh(d*x + c))*sinh(d*x + c))/(a"4*d*cosh(d*x + c)~3 + 3*a~4*d*cosh(d*x +

c)"2xsinh(d*x + c) + 3*a"4*d*cosh(d*x + c)*sinh(d*x + c)~2 + a~4*xd*sinh(dx*
x + ¢c)73)

output
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Sympy [F]
/ cosh®(c + dx) dr — / cosh? (¢ + dx) s
a + besch(c + dx) a+ besch (¢ + dx)
input, integrate (cosh(dri+e) ¥x3/ (atbrcsch(drx+c)) ,x) )
output LIntegral(cosh(c + d*x)**3/(a + bxcsch(c + d*x)), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(81) = 162.

Time = 0.05 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.15

/ cosh?(c + dz) R (3abe=%=9) — g — 3(3a® + 4b?)e(724=20) ) o(3dz+3c)
a + besch(c + dx) 24 a3d
(a®b+ b%)(dz + ¢)
B a*d
3abe(~24=2¢) 4 g2¢(=3de=30) | 3 (32 4 4 p?)e(~d—0)
- 24 a3d
(a%b + b%) log (—2 be(~9279) 4 ge(~2d=2¢) _ q)
B a*d
input Lintegrate (cosh(d*x+c) "3/ (a+b*csch(d*x+c)) ,x, algorithm="maxima") J
output ‘ -1/24x(3*axbxe” (-d*x - c) - a2 - 3*(3*a”2 + 4xb72)*e” (-2*d*x - 2%c))*e” (3

(kdxx + 3%c)/(a"3xd) - (a72%b + b"3)x(d*x + c)/(a~4xd) - 1/24%(3xaxbke™(-2%
|dkx - 2%C) + a"2xe”(-3xd¥x - 3xc) + 3x(3%a"2 + 4¥b"2)*e~(-d*x - c))/(a"3*xd |
) - (272#b + b"3)*log(-2+bke™(~d¥x ~ c) + ake”(-2xdkx - 2%c) - a)/(a"4%d) |
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.71

/ cosh®(c + drr)

a + besch(c + dz)
a2 (e(da:+0) _e(—dm—c))3_3 ab(e(dz+c)_e(—d:c—c))2+12 a2 (e(dz+c) _e(—dm—c))+12 b2 (e(dz+c)_e(—da:—c)) 24 (a2b+b3) 10g(|a(e(d”+°)—e‘
— 3 — pe
24d
inputLintegrate(cosh(d*x+c)“3/(a+b*csch(d*x+c)),x’ algorithm="giac") J
output 1/24x((a~2*%(e~(d*x + c) - e~ (-d*x - c))"3 - 3*axb*x(e”(d*x + c) - e~ (-d*x -

| ©))72 + 12%a”2x(e"(d*x + c) - e”(-d*x - c)) + 12%b"2%(e"(d*x + c) - e (-d |
‘*x - ¢)))/a"3 - 24x(a"2xb + b~3)*log(abs(ax(e”(d*x + c) - e~ (-d*x - c)) +
L2*b))/a‘4)/d J

Mupad [B] (verification not implemented)

Time = 2.74 (sec) , antiderivative size = 180, normalized size of antiderivative = 2.12

cosh®(c + dz) z(a?b+b3) e 3c73ds  g3etddr
/a+bcsch(c+dx) v at ~ 24ad + 24ad
be—2c—2dm be20+2d:1: e—c—dm (3 a2 + 4b2)
8a2d 8a2d 8add
In (2be?®e® — a + ae?*¢e??®) (a’b+b°)
B atd
ec—i—dac (3 a2 + 4b2)
+ 8add
inputtint(cosh(c + d*x)"3/(a + b/sinh(c + d*x)),x) J
output (xx(a~2%b + b~3))/a"4 - exp(- 3*c - 3*d*x)/(24*a*d) + exp(3*c + 3*d+*x)/(24

xa*xd) - (bxexp(- 2xc - 2*d*x))/(8*a"2*d) - (b*exp(2*c + 2xd*x))/(8*a~2xd)
- (exp(- c - d*x)*(3*a”2 + 4%b~2))/(8*a"3*d) - (log(2*b*exp(d*x)*exp(c) -
a + akexp(2*c)*exp(2xd*x))*(a~2*b + b~3))/(a"4*d) + (exp(c + d*x)*(3*a~2 +
4xb~2)) /(8*a~3*d)
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Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 251, normalized size of antiderivative = 2.95

/ cosh®(c + d) p
a + besch(c + dx)
66dz+ﬁca3 _ 3e5dm+56a2b + 964dz+4ca3 + 12e4dz+4ca b2 _ 24e3da:+3clog (e2dz+2ca + 26dz+cb _ a) a2b _ 24€3d‘

€
p-

-

inputt

~—

int (cosh(d*x+c) ~3/ (a+b*csch(d*x+c)) ,x)

(e*x (6*c + 6%d*x)*a*x*3 — 3kexx(5kc + 5kd*xx)*a*x*x2%xb + Okex*(4kc + 4kxd*xx)*a*
*3 + 12ke*x (4xc + 4*d*x)*a*xb**2 — 24*ex*(3xc + 3*dxx)*log(e*x*(2*c + 2*xd*x)
*xa + 2%ex*x(Cc + d*x)*b - a)*ax*2*b - 24xex*(3*kc + 3xd*x)*Llog(e*x*x(2xc + 2*d*
x)*a + 2%e*xx(c + d*x)*b — a)*b**3 + 24ke*x*x(3kc + 3kd*x)*a*x*k2kbkd*x + 24%e*
*(3xc + 3xd*x) *b*x*3kd*x — O*e** (2*kc + 2kd*x)*a*x*k3 — 12xe*x*x(2*xc + 2*xd*x)*kax*
b**2 — 3kexx(c + d*xx)*a*x*2xb — a*x*3)/(24*ex*x* (3kc + 3*kd*x)*kakkxdxd)

output
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L.
4.2 Links to plain text integration problems used in this report for each CAS . B23

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

305
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)




CHAPTER 4. APPENDIX 322

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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