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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 27 |. This is test number [ 319 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (27) | 0.00 (0)
Mathematica | 100.00 ( 27 ) | 0.00 (0)
Fricas 100.00 (27 )| 0.00(0)
Giac 7407 (20) | 25.93 (7)
Maple 51.85 (14) | 48.15 (13)
Maxima | 37.04 (10) | 62.96 (17)
Reduce 29.63 (8) | 70.37(19)
Mupad 1852 (5) | 81.48 (22)
Sympy 0.00 (0) | 100.00 ( 27)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 92.593 0.000 7.407 0.000
Mathematica 81.481 18.519 0.000 0.000
Maple 18.519 25.926 7.407 48.148
Giac 14.815 48.148 11.111 25.926
Maxima, 14.815 11.111 11.111 62.963
Fricas 11.111 T77.778 11.111 0.000
Mupad 0.000 18.519 0.000 81.481
Reduce 0.000 29.630 0.000 70.370
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Giac 7 0.00 0.00 100.00
Maple 13 100.00 0.00 0.00
Maxima, 17 76.47 0.00 23.53
Reduce 19 100.00 0.00 0.00
Mupad 22 0.00 100.00 0.00
Sympy 27 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.09

Giac 0.15

Fricas 0.22

Reduce 0.28

Rubi 0.30

Maple 0.59
Mathematica 1.42

Mupad 2.81

Sympy -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median

Rubi 76.33 1.04 47.00 1.00
Mathematica | 104.96 1.60 90.00 1.35
Maxima 134.20 2.25 33.50 1.48
Maple 150.21 2.15 81.00 1.84
Giac 157.00 3.16 84.50 2.47
Mupad 451.20 6.23 471.00 6.86
Reduce 1506.88 9.83 428.50 4.52
Fricas 3124.11 24.37 461.00 10.85
Sympy -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on

leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}

Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.



CHAPTER 1. INTRODUCTION 18

1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24
Mma . . . . . . e e e e 24
Maple . . . . . . e 251
Fricas . . . . . . . e e e e e 25
Maxima . . . . . . . . e e e e e e e e 25
Gilac . . . . e e 201
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade {12,555, B0, 10)1) 213, 14157 15, 19,20, 21, 22, 23,24 B0 27
B grade { }

C grade { }
F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[12,5(5/5,67 55,010 03 [ 15,06 17/ 5 DE3 B 26,27 )
B grade {[12,20,)21}[23,24 }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[1}[2,3,/4[26] }

B grade { [5l[61[78}[18,[251[27 }
C grade {[16/[I7}

F normal fail { 501,12 1314 15/19, 20,21 B3 320 )
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas
A grade { }
B grade { (2567 56,100 3/ I3, 1415 [6/0, 0 L E2 23,20 )

C grade { }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {{{[16[7[18 }

B grade {[[}23}

C grade {[25,26,27}

F normal fail { [0)[10)[11) 12|13, 14, 15, 19,20, 21,22, 23,24 }
F(-1) timedout fail { }

F(-2) exception fail {[5[6}[7g}
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Giac

A grade {3[4[5[6}

B grade { (127,816,789 20,21} 22,2324 )
C grade {[25,26,27}

F normal fail {}

F(-1) timedout fail { }

F(-2) exception fail { [0}[10/[11}[12}[13][14}[15] }

Mupad

A grade { }

B grade {[IRIBH5 }
C grade { }

F normal fail { }

F(-1) timedout fail { [,7}5)0)([0) T 12 [3, 4 [5) 6,17 (5,10} 20,21, 23 Z3, 24 25
2627 )

F(-2) exception fail { }

Sympy
A grade { }
B grade { }

C grade { }

F normal fail {1)2)BLM5,6, 7 60 [0L[TT) (23} (45} (6,7} (S 10, 20| 2T P2 ) 2
256,27 )

F(-1) timedout fail { }
F(-2) exception fail { }
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Reduce

A grade { }

B grade {LBBAEO0E)

C grade { }

F normal fail { BJI0}(CT L2134 [5,16) 7} (5, 19,20} 21, P2 B3 24, E5. B 27
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F B B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 112 149 129 706 929 0 334 538 1088
N.S. 1 098 1.31 1.13 6.19 8.15 0.00 2.93 4.72 9.54
time (sec) N/A 0334 3.416 1.188  0.050 0.087 0.000 0.128 0.224 2.695

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 75 113 83 334 461 0 182 319 508
N.S. 1 1.01 1.53 1.12 4.51 6.23 0.00 2.46 4.31 6.86
time (sec) N/A 0.309 2.721 0.765 0.043 0.096 0.000 0.123 0.239 2.712

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A B B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 43 47 84 45 121 180 0 81 154 166
N.S. 1 1.09 1.95 1.05 2.81 4.19 0.00 1.88 3.58 3.86

time (sec) N/A 0.267 0.582 0.551 0.035 0.087 0.000 0.121  0.263 2.756
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 17 23 36 0 23 51 23
N.S. 1 1.00 1.00 1.06 1.44 2.25 0.00 1.44 3.19 1.44
time (sec) N/A 0.188 0.003 0.289 0.026  0.085 0.000 0.112 0.214 2.666
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) A F A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 52 124 0 457 0 64 89 471
N.S. 1 1.00 1.04 2.48 0.00 9.14 0.00 1.28 1.78 9.42
time (sec) N/A 0.334 2.076 0.333 0.000  0.107 0.000 0.146 0.233 3.208
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 100 122 199 315 0 1747 0 166 926 0
N.S. 1 1.22 199 3.15 0.00 17.47  0.00 1.66 9.26 0.00
time (sec) N/A 0.353 6.494 0.520 0.000 0.119 0.000 0.174 0.254 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 156 192 210 442 0 6569 0 327 3458 0
N.S. 1 1.23  1.35 2.83 0.00 42.11  0.00 210 2217 0.00
time (sec) N/A 0.448 6.987 0.977 0.000  0.197 0.000 0.220 0.290 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) B F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 220 268 273 672 0 17376 0 596 6520 0
N.S. 1 1.22 124 3.05 0.00 78.98  0.00 271 29.64 0.00
time (sec) N/A 0.505 8.393 2.292 0.000 0.283 0.000 0.291 0.538 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 174 175 231 0 0 12372 0 0 76 0
N.S. 1 1.01  1.33 0.00 0.00 71.10  0.00 0.00 0.44 0.00
time (sec) N/A 0.416 3.375 0.000 0.000  0.567 0.000 0.000 0.234 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 126 125 193 0 0 6427 0 0 44 0
N.S. 1 099 1.53 0.00 0.00 51.01  0.00 0.00 0.35 0.00
time (sec) N/A 0.308 0.627  0.000 0.000 0.322 0.000 0.000 0.228 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 84 82 143 0 0 4171 0 0 15 0
N.S. 1 098 1.70 0.00 0.00 49.65  0.00 0.00 0.18 0.00
time (sec) N/A 0.255 0.208  0.000 0.000 0.173 0.000 0.000 0.217 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 38 41 97 0 0 1645 0 0 30 0
N.S. 1 1.08  2.55 0.00 0.00 43.29  0.00 0.00 0.79 0.00
time (sec) N/A 0.220 0.193 0.000 0.000  0.137 0.000 0.000 0.238 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 82 80 148 0 0 3009 0 0 46 0
N.S. 1 098 1.80 0.00 0.00 36.70  0.00 0.00 0.56 0.00
time (sec) N/A 0.251 0.348 0.000 0.000  0.189 0.000 0.000 0.218 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 135 148 174 0 0 7831 0 0 62 0
N.S. 1 1.10 1.29 0.00 0.00 58.01  0.00 0.00 0.46 0.00
time (sec) N/A 0.329 1.253 0.000 0.000  0.525 0.000 0.000 0.210 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 193 220 234 0 0 18681 0 0 78 0
N.S. 1 1.14 1.21 0.00 0.00 96.79  0.00 0.00 0.40 0.00
time (sec) N/A 0.396 1.071  0.000 0.000 1.834 0.000 0.000 0.230 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A C A B F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 29 32 24 26 44 190 0 73 24 0
N.S. 1 1.10 0.83 0.90 1.52 6.55 0.00 2.52 0.83 0.00
time (sec) N/A 0.348 0.018 0.284 0.112  0.090 0.000 0.113 0.208 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A F B F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 14 14 14 17 22 18 0 27 9 0
N.S. 1 1.00 1.00 1.21 1.57 1.29 0.00 1.93 0.64 0.00
time (sec) N/A 0.272 0.006 0.264 0.124  0.087 0.000 0.127 0.202 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A A F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 14 79 13 18 0 30 18 0
N.S. 1 1.00 1.00 5.64 0.93 1.29 0.00 2.14 1.29 0.00
time (sec) N/A 0.273 0.010 0.151 0.126  0.100 0.000 0.109 0.226 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 46 46 92 0 0 528 0 253 30 0
N.S. 1 1.00  2.00 0.00 0.00 11.48  0.00 5.50 0.65 0.00
time (sec) N/A 0.240 0.197  0.000 0.000  0.117 0.000 0.166 0.223 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 26 26 65 0 0 221 0 110 11 0
N.S. 1 1.00  2.50 0.00 0.00 8.50 0.00 4.23 0.42 0.00
time (sec) N/A 0.212 0.067  0.000 0.000  0.106 0.000 0.131 0.231 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 16 16 45 0 0 163 0 85 22 0
N.S. 1 1.00 2.1 0.00 0.00 10.19  0.00 5.31 1.38 0.00
time (sec) N/A 0.215 0.062  0.000 0.000  0.088 0.000 0.130 0.216 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 47 47 90 0 0 666 0 412 26 0
N.S. 1 1.00 191 0.00 0.00 14.17  0.00 8.77 0.55 0.00
time (sec) N/A 0.234 0.091 0.000 0.000  0.100 0.000 0.205 0.229 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 33 33 68 0 0 358 0 157 9 0
N.S. 1 1.00 2.06 0.00 0.00 10.85  0.00 4.76 0.27 0.00
time (sec) N/A 0.236 0.049 0.000 0.000 0.086 0.000 0.159 0.206 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F B F B F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 14 14 48 0 0 213 0 69 18 0
N.S. 1 1.00 3.43 0.00 0.00 15.21  0.00 4.93 1.29 0.00
time (sec) N/A 0.208 0.042 0.000 0.000 0.098 0.000 0.121 0.233 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B C C F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 26 95 44 59 0 84 27 0
N.S. 1 1.00 0.76 2.79 1.29 1.74 0.00 2.47 0.79 0.00
time (sec) N/A 0.343 0.013 0.157  0.116  0.096 0.000 0.119 0.248 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A C C F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 26 22 13 0 32 11 0
N.S. 1 1.00 1.00 1.62 1.38 0.81 0.00 2.00 0.69 0.00
time (sec) N/A 0.318 0.006 0.245 0.130  0.106 0.000 0.117 0.223 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B C C F C F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 33 13 13 0 35 21 0
N.S. 1 1.00 1.00 2.06 0.81 0.81 0.00 2.19 1.31 0.00
time (sec) N/A 0.270 0.008  0.250 0.116  0.096 0.000 0.117 0.232 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [16]
had the largest ratio of [1.10000000000000009]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
| A 5 4 0.98 14 0.286
% A ) 4 1.01 14 0.286
3| A ) 4 1.09 14 0.286
4 A 1 1 1.00 12 0.083
i A 6 ) 1.00 14 0.357
6} A 8 7 1.22 14 0.500
7] A 10 9 1.23 14 0.643
3] A 12 11 1.22 14 0.786
9) A 12 11 1.01 16 0.688
10j A 10 9 0.99 16 0.562
11| A 8 7 0.98 16 0.438
12] A ) 4 1.08 16 0.250
13] A 6 ) 0.98 16 0.312
14 A 9 8 1.10 16 0.500
15) A 11 10 1.14 16 0.625
16} C 11 11 1.10 10 1.100
17] A 7 7 1.00 10 0.700
18| A 7 7 1.00 10 0.700
19 A 9 8 1.00 12 0.667
20) A 7 6 1.00 12 0.500
21] A 5 4 1.00 12 0.333
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b .
# | grade sheps widie | anfideriative |t e tegrand leaf size
22] A 10 9 1.00 10 0.900
23] A 8 7 1.00 10 0.700
24| A 5 4 1.00 10 0.400
é C 11 11 1.00 12 0.917
26} A 7 7 1.00 12 0.583
27] A 7 7 1.00 12 0.583




oHAPTER
CHAPTER

LISTING OF INTEGRALS

31  [(a+besch®(c+dz)) dr. . ...

32 [ (a+besch?(c+ d:c))z dT . . . .

33  [(a+besch’(c+dz)) dp. . ...

34  [(a+besch®’(c+dz))dr . . ...

3-5 fm ------------------------------

3.6 sAT . . . e e
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3.7 dr . . ...
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39  [(a+besch®(c+da)) P dr. .. ...
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311  [Va+besch’(c+da)dr . . . ...

3.12 L dr . . .. e
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3.13 : dr . . ...
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3.21 —L _ dz

il Tadi 0 183
322 [(-1+ cschz(gv))?’/2 dT . . 139
323 [/-1 + esch®(Z)dz . . . . . 197
324 [ m dT. .o 204
325 [(—1—osch®(@)?de ... ... 210
326 [+/-1- csch2 (Z)dz . . . . 217
827 [l dm. .

v/ —1-csch’(x)
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3.1 [ (a+ besch®(c + dx))4 dx

Optimal result . . . . . . . . . . . . e 391
Mathematica [A] (verified) . . . . . . . . . ... L 39
Rubi [A] (verified) . . . . . . . . . . 40)
Maple [A] (verified) . . . . . . ... L 42
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... 42
Sympy [F] . . . o 43]
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 44
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ... 44
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 45
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 46

Optimal result

Integrand size = 14, antiderivative size = 114

(2a — b)b(2a* — 2ab + b?) coth(c + dx)

/ (a + besch?(c + dav))4 de = a*z —

d
_ b*(6a® — 8ab + 3b°) coth®(c + dx)
3d
_ (40 — 3b)b® coth®(c + dx)  b* coth’(c + dz)
5d 7d

;|2 4xx-(2%a-b) bk (2a"2-2+axb+b 2) *coth(d*x+c) /d-1/3¥b"2% (6%a"2-8xaxb+3¥b™2
|)*coth(d¥x+c) “3/d-1/5% (4%a-3%b) ¥b~3xcoth(d*x+c) “5/d-1/T*b"4*coth(d*x+c) "7/ |
d |

outpu

Mathematica [A] (verified)

Time = 3.42 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.31

/ (a + besch?(c + dx))4 dx

16(a + besch?(c + dx))4 (105a*(c + dz) — beoth(c + dz) (420a® — 420a%b + 224ab® — 48b° + 2b(105a -
105d(a — 2b — a cosh
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input ‘ Integrate[(a + bxCsch[c + d*x]~2)74,x] ‘

output‘ (16*(a + bxCschlc + d*x]~2)74*(105%a"4*(c + d*x) - b*Coth[c + d*x]*(420*a" ‘
‘3 - 420*%a~2xb + 224*a*b~2 - 48*b~3 + 2*b*(105*%a”2 - 56%axb + 12*b~2)*Csch[ ‘
‘C + d*x] "2 + 6*%(14*xa - 3*b)*b~2*Csch[c + d*x]~4 + 15%b~3*Csch[c + d*x]~6)) ‘

‘*Sinh[c + d*x]~8)/(105*%d*(a - 2%b - a*Cosh[2*(c + d*x)])"4)

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.98,

number of rules __
integrand size 0.286, Rules

number of steps used = 5, number of rules used = 4,
used = {3042, 4616, 300, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + besch?(c + dax))4 dz

l 3042

) . m2\*
/<a—bsec (zc+zdw+§) ) dzr

l 4616

f (beoth?(c+dz)+a—b) 4
1—coth?(c+dzx)
d

l 300

dcoth(c + dz)

Ik (—64 coth®(c + dz) — (4a — 3b)b% coth®(c + dz) — b%(6a? — 8ba + 3b?) coth?(c + dz) — (2a — b)b(2a% — 2ba +
d

l 2009

a*arctanh(coth(c + dz)) — 3b%(6a® — 8ab + 3b%) coth®(c + dz) — b(2a — b) (2a* — 2ab + b%) coth(c + dz) — 13
d
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input‘Int[(a + b*Csch[c + d*x]~2)"4,x]

' (a~4*ArcTanh[Coth[c + d*x]] - (2%a - b)*b*(2xa"2 - 2*a*b + b 2)*Cothlc + d
\*x] - (b™2*%(6*%a"2 - 8*a*b + 3*b~2)*Coth[c + d*x]~3)/3 - ((4%a - 3%b)*b~3*C \
‘othlc + dxx]"5)/5 - (b~4xCothlc + dxx]°7)/7)/d

output

Defintions of rubi rules used

e 300 TELC@0) + (b_)*(x )"~ (p)*((c) + (d_.)*(x)"2)7(q.), x_Symbol] :> Int
‘[PolynomialDivide[(a + b*xx~2)"p, (¢ + d*x~2)~(-q), x], x] /; FreeQ[{a, b, c
, d}, x] && NeQ[bxc - a*d, 0] && IGtQlp, 0] && ILtQLq, 0] &% GeQlp, -qJ |

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

N

p
rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x] |

rule4616‘Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =
‘FreeFactors[Tan[e + fxx], x]1}, Simp[ff/f Subst[Int[(a + b + b*xff~2%xx"2)"p ‘
/(1 + ££72%x°2), x], x, Tanle + £*x]1/£f], x]] /; FreeQ[{a, b, e, £, p}, x] |
& NeQ[a + b, 0] & NeQ[p, -1]




input

output

input
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Maple [A] (verified)

Time = 1.19 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.13

method result
2 4 2
a*(dz+c)—4a3b coth(dz—+c)+6a2b2 (%_%) coth(dz+c)+4a b? (_%_csch(dg}m-FC) +4csch(1dSa:+C) ) coth(d
derivativedivides y
2 4 2
a4(d:z:—{—c)—4a3bcoth(d.’1:+c)+6a2b2 (%_%) coth(dz+c)+4a b3 (_%_csch(dsz+6) +4csch(1dsz+C) ) coth(d
default
d
4( 16 _ csch(dw+c)6 6 csch(dw+c)4 _8 csch(dw+c)2 232 ( 2 _ csch(dx
arts 041} + b (35 7 + 35 35 coth(dz-+c) _ 4a3b coth(dz+-c) + 6a%0%{ 3 3
p d d
7 5 3
lelrisch —~15coth( % +5) b*—336b% (a— 7% ) coth (% +5 ) +(—3360a%62-+2800a.63735b4) coth (% +§ ) "+ (—26880a3b+
parallelrisc
risch a4x _ 8b(105a3612dw+120_630a3610dz+106+315a2belOda:+1OC+1575aSeSda:+SC_1365a2bede+80+560a b2eSda:+8c
Lint((a+b*csch(d*x+c)“2)‘4,x,method=_RETURNVERBUSE) J

‘1/d*(a‘4*(d*x+c)—4*a‘3*b*coth(d*x+c)+6*a‘2*b‘2*(2/3—1/3*csch(d*x+c)‘2)*cot
‘h(d*x+c)+4*a*b‘3*(—8/15—1/5*csch(d*x+c)‘4+4/15*csch(d*x+c)‘2)*coth(d*x+c)+

‘*x+c))

‘b‘4*(16/35—1/7*csch(d*x+c)“6+6/35*csch(d*x+c)‘4—8/35*csch(d*x+c)“2)*coth(d

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 929 vs. 2(108) = 216.

Time = 0.09 (sec) , antiderivative size = 929, normalized size of antiderivative = 8.15

/ (a + besch?(c + d:v))4 dxz = Too large to display

integrate((a+b*csch(d*x+c)~2)"4,x, algorithm="fricas")
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output

-1/105% (4% (105%a~3%b - 105%a~2%b~2 + 56%a*b~3 - 12*b~4)*cosh(d*x + c)~7 +
28*(105*%a~3*b - 105*%a~2*b~2 + 56*a*xb~3 - 12*b~4)*cosh(d*x + c)*sinh(d*x +
c)”6 - (105*a~4x*xd*xx + 420*%a”3*b - 420*%a~2*%b"2 + 224*a*b~3 - 48*b~4)*sinh(d
*x + ¢c)77 - 28%(75%a~3%b - 105*%a~2*%b"2 + 56*a*b”~3 - 12*%b~4)*cosh(d*x + c)~
5 + 7x(105*%a~4*xd*x + 420*%a~3*b - 420*a~2*%b~2 + 224*a*b~3 - 48*%b~4 - 3*x(105
*a~4xd*xx + 420*%a”3*%b - 420%a”2*%b~2 + 224*a*xb”3 - 48%b~4)*cosh(d*x + c) ~2)*
sinh(d*x + c)75 + 140*((105*a”3%b — 105*a”2%b~2 + 56*a*b~3 — 12*b~4)*cosh(
dxx + ¢)~3 - (75%a"3%b - 105*%a”2*b~2 + 56%a*xb~3 - 12*b~4)*cosh(d*x + c))*s
inh(d*x + c)~4 + 84*(45*%a~3*%b — 75%a”~2*b~2 + 56*a*b~3 - 12%b~4)*cosh(d*x +
c)"3 - Tx(315*%a~4*d*x + 5%(105*a~4*d*x + 420%a”3*b - 420*%a~2*b~2 + 224*a*
b~3 - 48*b~4)*cosh(d*x + c)~4 + 1260*%a”3*b - 1260*a~2*b~2 + 672*xa*xb~3 - 14
4xb~4 - 10*%(105*a~4*xd*x + 420*%a"3*b - 420%a~2*xb~2 + 224*a*b”~3 - 48%b~4)*co
sh(d*x + c)~2)*sinh(d*x + c)~3 + 28*(3*(105*a"~3*b - 105%a~2%b~2 + 56*axb~3
- 12*b~4)*cosh(d*x + c)”5 - 10*%(75%a~3*b - 105%a~2*%b~2 + 56*a*xb~3 - 12*b~
4)*cosh(d*x + c)~3 + 9*(45*a”~3*b - 75%a”2%b"2 + 56*a*b~3 - 12*b~4)*cosh(d*
X + c))*sinh(d*x + c)~2 - 420%(5*%a"3*b - 9*a”~2*b~2 + 8*axb~3 - 4*b~4)*cosh
(d*x + c) — 7*((105%a"4*d*x + 420*a~3*b — 420*%a”2*b"2 + 224*a*xb~3 - 48*xb~4
Y*cosh(d*x + c)~6 - 525%xa~4xd*x — 5*(105*%a"4*d*x + 420*a~3*b - 420*a"2%b"2
+ 224%a*b”3 - 48%b~4)*cosh(d*x + c)~4 - 2100*%a~3*b + 2100*a”~2*b"2 - 1120%
a*b~3 + 240*%b~4 + 9*(105*%a~4*d*x + 420%a~3xb - 420*%a"2*%b"2 + 224*axb”~3 ...

Sympy [F]

/(a+bcsch2(c+dx))4 dr = / (a + besch? (c—l—dac))4 dz

inputt

integrate ((atb*csch(d*x+c) **2) *x4 ,x)

-

outputt

Integral((a + b*csch(c + dxx)**2)**x4, x)

| —
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 706 vs. 2(108) = 216.

Time = 0.05 (sec) , antiderivative size = 706, normalized size of antiderivative = 6.19

/ (a + besch?(c + d:c))4 dz = Too large to display

( N

input integrate ((a+b*csch(d*x+c)~2)~4,x, algorithm="maxima")

a~4*x + 32/35%b"4* (T*e” (-2*d*x - 2%c)/(d*(7xe” (-2xd*x - 2%c) - 21xe” (-4xd*
X — 4*c) + 3b5*e”(-6xd*x - 6xc) - 35xe”(-8*d*x — 8*c) + 21*e”(-10*d*x - 10%
c) - Txe~(-12*d*x - 12%c) + e~ (-14*xd*x - 14%c) - 1)) - 21xe”~(-4*d*x - 4*c)
/(A% (T*e” (-2*xd*x — 2*c) - 21*e” (-4*d*x - 4xc) + 35*xe”(-6*d*x - 6%c) - 35%e
~(-8xdxx — 8*c) + 21%e”(-10*d*x - 10*c) - 7*e” (-12*d*x - 12%c) + e~ (-14x*dx*
X — 14%c) - 1)) + 35xe”(-6*xd*x — 6%c)/(d*(7*e” (-2*xd*x — 2*c) - 21*e” (—4*d*
X - 4xc) + 35*e”(-6*d*x — 6%c) - 35%e” (-8*d*x - 8*c) + 21*e”(-10*d*x - 10%
c) - Txe~(-12*xd*x - 12%c) + e~ (-14*d*x — 14*c) - 1)) - 1/(d*(7T*e~ (-2*d*x -
2%c) - 21xe” (-4xd*x - 4*c) + 35*e” (-6*d*x — 6%c) — 35%e” (-8*d*x - 8*c) +

21%e~ (-10*%d*x - 10%c) - T*xe~ (-12%d*x - 12%c) + e~ (-14xd*x - 14%c) - 1))) -
64/15*%a*b”~3* (5*xe~ (—2*d*x - 2*c)/(d*(5xe” (-2*d*x - 2*c) - 10*e” (-4*d*x - 4
*c) + 10*e~(-6*d*x — 6%c) - 5xe”(-8*dkx - 8*c) + e~ (-10*d*x - 10%c) - 1))

- 10*e” (-4*xd*x - 4*c)/(d*(5xe”~(-2*d*x - 2*c) - 10*e” (-4*xd*x - 4*c) + 10%e”
(-6xd*x — 6*xc) — b*e”(-8%d*x - 8*c) + e~ (-10*d*x - 10*c) - 1)) - 1/(dx(5*e
~(-2xd*x - 2*c) - 10%e” (-4*d*x - 4*xc) + 10*e” (-6*d*x — 6%c) - 5xe” (-8*xd*x
- 8%c) + e~ (-10*d*x — 10%c) - 1))) + 8*a~2xb~2x(3*e” (-2*kd*x - 2*c)/(d*(3*e
“(-2xd*x — 2*c) - 3*%e”(-4*d*x - 4xc) + e"(-6*xd*x - 6%c) - 1)) - 1/(d*x(3*xe”
(-2*%d*x — 2%c) — 3*e~(-4*d*x - 4xc) + e~ (-6*d*x - 6%c) - 1))) + 8*xa”3+*b/(d
* (e~ (-2xd*x - 2%c) - 1))

output

\

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(108) = 216.

Time = 0.13 (sec) , antiderivative size = 334, normalized size of antiderivative = 2.93

/ (a + besch?(c + da:))4 dx

8 (105 a3be(12do+12¢) _630 q3pe(10 do+102) 4315 g2p2e(10 dz+100) 4 1575 g3be(® 4248 ¢) _1365 a2p2e(8 4248 ) 1 560 b’

105 (dz + c)a*
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input ‘ integrate ((atb*csch(d*x+c)~2)4,x, algorithm="giac "

1/105%(105%(d*x + c)*a~4 - 8x(105*a”3*b*e” (12*d*x + 12%c) - 630*a”3*b*e” (1
0*d*x + 10*c) + 315*%a”2*b"2%e” (10*d*x + 10*c) + 1575*%a”3*b*e” (8*d*x + 8*c)
- 1365*a"2*xb"2xe” (8*d*x + 8%c) + 560*a*b~3*e” (8*d*x + 8%c) - 2100*a”3*bxe
~(6*d*x + 6%c) + 2310*a”2*b"2*e” (6*d*x + 6%c) — 1400*a*b~3*e” (6*xd*x + 6*c)
+ 420*b"4x*e” (6*%d*x + 6%c) + 1575*%a”3xbke” (4*d*x + 4*c) - 1890*a”2*b~2*xe” (
4xd*x + 4xc) + 1176%a*b”~3*e”(4*d*x + 4*c) - 252%b~4*e” (4*d*x + 4*c) - 630%
a~3*bxe” (2*d*x + 2%c) + 735xa”2*b~2*e” (2*d*x + 2%c) - 392*axb”3xe” (2xd*x +
2%c) + 84xb~4*e” (2*d*x + 2%c) + 105%a”3%b - 105%a”2*%b~2 + 56*a*xb”~3 - 12%b
~4)/ (e~ (2xd*x + 2%c) - 1)77)/d

output

Mupad [B] (verification not implemented)

Time = 2.70 (sec) , antiderivative size = 1088, normalized size of antiderivative = 9.54

/ (a + besch?(c + dw))4 dxz = Too large to display

input| 1Bt((a + b/sinh(c + d*x)"2)74,%)
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((8x(8*axb~3 + b*a~3xb - 4*%b~4 - 9*a~2xb~2))/(35*d) - (8*exp(2xc + 2%dxx)*
(16%axb™3 + 15%a~3%b - 24*a”~2xb~2))/(35xd) + (24*exp(4*c + 4xd*x)*(a"3*b -
a~2+%b"2))/(7*d) - (8*a~3*bxexp(6*c + 6xd*x))/(7*d))/(6*exp(4d*c + 4*d*x) -
4xexp(2*c + 2%d*x) - 4xexp(B*c + 6%d*x) + exp(8*c + 8xd*x) + 1) + ((8x(a”
3*b - a”2*b~2))/(7*d) - (8*exp(2*c + 2*d*x)*(16*a*b~3 + 15%xa~3%b - 24*a~2*
b~2))/(21%d) - (16*exp(6*c + 6*d*x)*(16*a*b~3 + 15*¥a~3xb - 24*a~2xb~2))/(2
1*d) + (16xexp(4*c + 4xd+*x)*(8*axb™3 + 5xa~3*b - 4*b~4 - 9xa~2xb~2))/(7*d)
+ (40%exp(8*c + 8*dxx)*(a"3*b - a~2*b~2))/(7*d) - (8*a~3*bxexp(10*c + 10%
d*xx))/(7*d))/(15%exp(4*c + 4*d*x) - 6xexp(2*c + 2xd*x) - 20*exp(6*c + 6xdx*
x) + 1B%exp(8*c + 8xd*x) - 6*exp(10*c + 10*d*x) + exp(12xc + 12%d*x) + 1)
- ((8xexp(4*c + 4*d*x)*(16%a*b~3 + 15*%a~3%b - 24*a~2*b~2))/(7*d) + (8xexp(
8*c + 8xd*x)*(16%a*b~3 + 15*xa~3*b - 24%a~2xb~2))/(7*d) + (8*a~3%b)/(7*d) -
(32%exp(6*c + 6xd*x)*(8*a*xb~3 + 5xa”~3xb - 4+%b"4 - 9*a~2xb”2))/(7*d) - (48
*xexp(2*c + 2*d*x)*(a~3%b - a~2%b"2))/(7*d) - (48%exp(10*c + 10*d*x)*(a~3*b
- a”2%b"2))/(7*d) + (8*a~3xb*exp(12*c + 12xd+*x))/(7*d))/(Txexp(2*c + 2*dx*
x) - 21*xexp(4xc + 4*d*x) + 3b*exp(6*c + 6*d*x) - 3b*exp(8*c + 8*d*x) + 21%
exp(10*c + 10*d*x) - T*exp(12*c + 12*d*x) + exp(ld*c + 14*xd*x) - 1) + ((8*
(a~3*b - a~2*%b~2))/(7*d) - (8*a~3*bkexp(2*c + 2xd*x))/(7*d))/(exp(4*c + 4x
d*x) - 2%exp(2*c + 2*d*x) + 1) - ((8x(16%a*xb~3 + 15*%a~3*b - 24*a~2xb~2))/(
105%d) + (16%exp(4*c + 4*xd*x)*(16%axb~3 + 15xa~3xb - 24%a~2%b~2))/(35%d...

output

Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 538, normalized size of antiderivative = 4.72

/ (a + besch?(c + da:))4 dz
_ —105a*dz 4 96b* — 1848059 16<¢2p? — 5880e2%"+2°a2b? + 840a%b? — 120e! 44 14cq3p 4+ 2520e!0%+10cq3]

.
inPut‘int((a+b*csch(d*x+c)A2)‘4,x)




output
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(105%ex* (14%c + 14%d*x)*a**4*d*x — 120%ex* (14*c + 14*d*x)*a**3*xb — 735%e**

(12%c + 12*d*x) *ax*x4dxd*x + 2205xe** (10*c + 10*d*x)*ax*4*xd*x + 2520%e*x* (10%
c + 10*d*xx)*a**3*b — 2520%e** (10*c + 10*d*x)*a*x*2*b**2 - 3675%ex*x(8xc + 8%
d*xx) *a**4*d*x - 8400*ex*x (8*c + 8*d*x)*a**3*b + 10920*ex*x* (8kc + 8*d*x)*a*x*2
*b*x*x2 — 4480*ex*x* (8%c + 8*d*x)*axb*x*x3 + 3675*ex*(6%c + 6*d+*x)*ax*xdxdxx + 12
600*ex* (6*xc + 6*d*x)*a**x3*%b — 18480*e**(6%c + Bxd*x)*a*x*2xb**x2 + 11200%ex**
(6xc + 6*xd*x)*axb**3 — 3360*ex*x* (6xc + 6xd*x)*bx*x4d — 2205*ex* (4*c + 4*xd*x)*
a**4*xd*x - 10080*ex* (4dxc + 4*d*x)*a*x*3%b + 15120*%ex* (4kc + 4*d*x)*a**2xbxx
2 - 9408%e*x(4*c + 4xd*x)*axb**3 + 2016%e*x*(4xc + 4*xd*x)*bx*4d + 735kxe** (2%
C + 2%d*x)*a*x*xdxd*x + 4200*e** (2*xc + 2*d*xx)*a*x*x3*b — 5880*e*x* (2*c + 2*d*x)
*axk2kb*x2 + 3136*e*x* (2%c + 2xdxx)*axb*x3 — 672xex*x (2kc + 2*d*x)*bk*4 - 10
Bxaxx4d*xd*x — T20*a*x*3*xb + 840*a*x*2xb*x*2 — 448*axb**3 + 96*b**4)/(105*d* (e*
*(14xc + 14xd*x) - T*e*x*(12%c + 12xd*xx) + 21*ke**(10*c + 10*d*x) - 35*xex*x(8
*C + 8%d*xx) + 3bkex*(6kc + 6kd*kx) — 21kxexk(4xc + 4xd*x) + Tkxe*x*(2%c + 2%dx*

x) - 1))
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3.2 [ (a+ besch®(c + dx))3 dx

Optimal result . . . . . . . . . . . . e 48]
Mathematica [A] (verified) . . . . . . . . . ... L 48]
Rubi [A] (verified) . . . . . . . ... .. 19
Maple [A] (verified) . . . . . . ... L 50
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... b1l
Sympy [F] . . . o 52
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 52
Giac [B] (verification not implemented) . . . . . . . . . ... ... ... ... 53
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 53
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... Y!

Optimal result

Integrand size = 14, antiderivative size = 74

2 _ 2
/ (a + besch?(c + dz))3 dr = &1 — b(3a 3ab+I:Z)coth(c+ dz)

_ (3a — 2b)b? coth®(c + dx)  b® coth®(c + dz)
3d 5d

e B

a”~3*x-b* (3*xa~2-3*a*xb+b~2) *coth (d*x+c) /d-1/3*(3*xa-2*b) ¥*b~2*coth (d*x+c) ~3/d-
‘1/5*b‘3*coth(d*x+c)‘5/d

output

Mathematica [A] (verified)

Time = 2.72 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.53

/ (a + besch?(c + dav))3 dz

8(a + besch®(c + da:))3 (15a3(c + dz) — beoth(c + dz) (45a* — 30ab + 8b + (15a — 4b)besch®(c + dz) -
15d(—a + 2b + a cosh(2(c + dx)))?

input LIntegrate[(a + b*Csch[c + d*x]~2)73,x] J
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‘ (8%(a + b*Cschl[c + d*x]~2) " 3%(15%a"3%(c + d*x) - bxCoth[c + d*xx]*(45%a~2 -
\ 30%a*xb + 8*b~2 + (15%a - 4xb)*b*Cschl[c + d*x]~2 + 3*b~2xCsch[c + d*x]~4))

output
‘*Sinh[c + d*x]~6)/(15%d*(-a + 2xb + a*Cosh[2*(c + d*x)])~3) ‘

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.01,

number of rules _ 0.286, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4616, 300, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + besch?(c + da:))3 dz

l 3042

) ) ™ 2\3
/<a—bsec (zc+zdw+§> ) dr

l 4616

3
ity deoth(c +

d
l 300

3

m) dcoth(c + dﬁﬂ)

Ik (—b3 coth?(c + dz) — (3a — 2b)b? coth?(c + dz) — b(3a? — 3ba + b?) +
d

l 2009

a3arctanh(coth(c + dz)) — b(3a? — 3ab + b?) coth(c + dz) — 1b?(3a — 2b) coth®(c + dz) — b coth®(c + dz)
d

( hY

input \Int[(a + b*Csch[c + d*x]~2)"3,x]
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| (a~3*ArcTanh[Coth[c + d#x]] - bx(3*a"2 - 3+a*b + b-2)*Cothlc + d*x] - ((3*

output
\a - 2%b)*b~2%Coth[c + d*x]~3)/3 - (b~3*Coth[c + d*x]~5)/5)/d \

Defintions of rubi rules used

rule 300‘11117[((3_) + (b_)*(x_)"2) " (p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Int ‘
‘ [PolynomialDivide[(a + b*x"2)"p, (c + d*x"2)~(-q), x], x] /; FreeQ[{a, b, c ‘
, d}, x] && NeQ[b*c - a*d, 0] && IGtQlp, 0] &% ILtQ[q, 0] && GeQlp, -q] |

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p
/(1 + ££7°2xx72), x], x, Tan[e + f*x]/ff], x]1] /; FreeQ[{a, b, e, f, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

rule 4616

Maple [A] (verified)

Time = 0.76 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.12

method result
2 4 2
a3(dz+c)—3 coth(dz+c)ab+3a b (%_%) coth(dz+c)+b3 <_%_CSCh(d5$+C) +4Csch(1céz+c) ) coth(dz+
derivativedivides
2 4 2
a3(dz+c)—3 coth(dz+c)ab+3a b (%_%) coth(dz+c)+b3 (_%_csoh(dgﬁ—C) +4CSCh(1‘?+C) ) coth(dz+
default
4 2 2
b3 (— %— CSCh(d;HC) + 4CSCh(1d5z+c) ) coth(dz+c) 3a b? (%—7656}‘(‘139”6) ) coth(dz+c) 2
parts (131' + + __ 3a bcot;(d:
5 3 5
_ —3coth (% +5) b7+ (—60ab2+256%) coth % +5 )"+ (~720a2b+540ab?~1500%) coth (4 + £ ) —3 tanh (L +5) b
parallelrisch 480d
. 3 2b(45a2€8d1‘+8c_180a266dz+60+90ab e(idz+6¢+270a2e4dz+4c_210ab e4dz+4c+80b264dz+4c_180a2e2dz+25
risch a’T — 5
15d(e2da+2c_1)
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input‘int((a+b*csch(d*x+c)”2)“3,x,method=_RETURNVERBOSE)

t} 1/d% (a~3% (d*x+c) ~3*coth (d*x+c) *a~2+b+3xakb~2 (2/3-1/3*csch(drx+c) “2)kcoth( |

outpu
\ d¥x+c)+b~3%(-8/15-1/5%csch (d*x+c) ~4+4/15%csch (d*x+c) ~2) *coth (d¥x+c)) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 461 vs. 2(70) = 140.

Time = 0.10 (sec) , antiderivative size = 461, normalized size of antiderivative = 6.23

/ (a + besch?(c + dac))3 dr =
(45 a2b — 30 ab? + 8 1) cosh (dz + ¢)® + 5 (45 a2b — 30 ab® + 8 b3) cosh (dz + ¢) sinh (dz + ¢)* — (154

p
integrate((a+b*csch(d*x+c)~2)"3,x, algorithm="fricas")

| —

inputt

-1/15%((45%a~2xb - 30*a*b~2 + 8%b~3)*cosh(d*x + c)~5 + 5*%(45%a"2%b - 30*ax
b~2 + 8*b~3)*cosh(d*x + c)*sinh(d*x + c)~"4 - (15*%a"3*d*x + 45*a~2xb — 30*a
*b~2 + 8*b~"3)*sinh(d*x + c)~5 - 5x(27*a~2*b - 30*a*b~2 + 8*b~3)*cosh(d*x +

c)~3 + bx(15%a~3*d*x + 45%a~2*b - 30*a*b”2 + 8*b~3 - 2x(15%a”~3*d*x + 45*a
“2%b - 30*a*b~2 + 8*b~3)*cosh(d*x + c) 2)*sinh(d*x + c)~3 + 5*(2x(45*%a~2xb
- 30*a*b~2 + 8*b~3)*cosh(d*x + c)~3 - 3%(27*a~2%b - 30%a*b~2 + 8*b~3)*cos
h(d*x + c))*sinh(d*x + c)~2 + 10*x(9%a~2%b - 12%a*b~2 + 8*b~3)*cosh(d*x + c
) - 5%(30%a”~3*d*x + (15*%a~3*d*x + 45%a~2xb - 30*a*b~2 + 8*b~3)*cosh(d*x +

c)~4 + 90*a”~2*%b - 60*a*b”2 + 16%b~3 - 3*x(15%a”3*d*x + 45%a~2%b - 30*axb~2
+ 8*b~3)*cosh(d*x + c)~2)*sinh(d*x + c))/(d*sinh(d*x + c)~5 + 5%(2*d*cosh(
d*x + ¢)”2 - d)*sinh(d*x + c)~3 + 5x(d*cosh(d*x + c)~4 - 3*d*cosh(d*x + c)
2 + 2xd)*sinh(d*x + c))

output
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Sympy [F]

/ (a + besch?(c + dx))3 dx = / (a+ besch® (c + dz‘))3 dx

input‘integrate((a+b*csch(d*x+c)**2)**3,x)

outputtlntegral((a + b*csch(c + d*x)*#*2)**3, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(70) = 140.

Time = 0.04 (sec) , antiderivative size = 334, normalized size of antiderivative = 4.51

/ (a + besch?(c + dw))3 dz = a’z

16 4 5 e(—2de—2¢)
_B (d(5 e(—2dz—2¢c) _ 1) e(—4dz—4c) 4 1(e(-6dz—6c) _ §o(—8dz—8c) 4 o(—10dz—10c) _ 1) - d(5 e(—2dz—
3 e(—2 dz—2c) 1

+4 ab? _
d(3 e(—2dx—2c) _ 36(—4dx—4c) + e(—6dw—60) _ 1) d(3 e(—2dz—20) _ 36(—4dx—4c) + e(—de—Gc) — ]
6 a%b

+ d(e(—de—2C) _ 1)

jnputLintegrate((a+b*csch(d*X+C)‘2)‘3,x, algorithm="maxima") J

a"3xx - 16/15%b"3* (5*e” (-2*d*x - 2%c)/(d*(bke” (-2*d*x - 2%c) - 10%e” (-4xd*
X - 4*xc) + 10*e” (-6*d*x — 6%c) — H*e~(-8*d*x - 8*c) + e~ (-10*d*x - 10*c) -
1)) - 10*e”(-4*d*x - 4*c)/(d*(5xe” (-2xd*x - 2%c) - 10*e”(-4*d*x - 4*c) +
10xe” (—-6*d*x — 6%c) - b*e~(-8xdxx — 8*c) + e~ (-10*d*x - 10*c) - 1)) - 1/(d
*(5xe” (-2xd*x — 2%c) - 10%e” (-4*d*x - 4*c) + 10*e” (-6*d*x - 6%c) - 5xe”~ (-8
*d*x — 8%c) + e~ (-10*d*x - 10*c) - 1))) + 4*a*xb”2%(3*e” (-2*xd*x — 2*c)/(d*(
3*xe” (-2*d*x - 2xc) - 3*xe” (-4xd*x - 4*c) + e " (-6xd*x - 6*%c) - 1)) - 1/(d*(3
*xe” (-2%d*x - 2*c) - 3*e” (-4*xd*x - 4*c) + e (-6*xd*x - 6%c) - 1))) + 6*a~2*b
/(dx (e~ (-2%d*x - 2%c) - 1))

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 182 vs. 2(70) = 140.

Time = 0.12 (sec) , antiderivative size = 182, normalized size of antiderivative = 2.46

/ (a + besch?(c + dx))3 dz

3 2(45a%be(®4e+8¢) _180 g2be(6 d=+6 ¢) 190 gb?e(6 42+6 ©) 1270 a2be(4 d2+4¢) _210 ab2e(* do+4 ) 480 p3e(4do+4e) _180
15 (d:L‘ + c)a — (e@da+2e) 1)
B 15d
. integrate ((a+b*csch(d*x+c)~2)~3,x, algorithm="giac")
input g g g
output 1/15%(15%(d*x + c)*a~3 - 2*x(45xa”~2xbkxe” (8*d*x + 8*c) - 180*a”~2xbxe” (6*xd*x

+ 6%c) + 90*a*xb~2xe” (6xd*x + 6%c) + 270*a"2%b*e” (4*d*x + 4*c) — 210*a*b”2%
e~ (4xd*xx + 4*c) + 80*b~3xe”(4*d*x + 4*xc) - 180*a”2xbxe”(2+d*x + 2xc) + 150
*a*xb~2%e” (2xd*x + 2*c) - 40*%b~3*ke”(2*d*x + 2%c) + 45%a”2*b - 30*a*b~2 + 8%
b~3)/ (e~ (2xd*x + 2*c) - 1)°5)/d

Mupad [B] (verification not implemented)

Time = 2.71 (sec) , antiderivative size = 508, normalized size of antiderivative = 6.86

2(9a2b—12ab2+8b3) 4 12e2¢c+2de (g p2—g2 b) 4 6a2petctida
2 3 _ 3. 15d 5d 5d
/(a—l—bcsch (c+dz)) dz=d’z S GEerids _ g gietids o gerodr _
6a2b 24e2ct2dz (0.1)2—a2 b) 24¢bct6dz (abz—a2 b) 4etctide (90,2 b—12ab2+8b3) + 6a2bedct8da
_sa T 5d + 5d + 5d 5d

5e2c-|—2dx —10 e4c+4dw + 10 ch-l—de _ 5680+8d:1: + elOc—i—lde -1

6 (ab®—a?b) 18e*ct4d@ (g p2—qa? b) +2e20+2dz(9a2b—12ab2+8b3) +6a2be6c+6dz
5d 5d 5d 5d

dct+4dzxr _ 2c+2dx __ 6c+6dx 8c+8dzx
6e 4e 4e +e +1
6 (ab2—a?b) 6a2phe2ct2de 9
54 + 54 _ 6a“b
e4c+4dx _ 2620+2dx + 1 5d (e2c+2dz _ 1)

input Lint((a + b/sinh(c + d*x)~2)"3,x) J




output

input

output
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a”3xx - ((2%(9%a"2*b - 12*%axb”~2 + 8%b~3))/(15*%d) + (12%exp(2xc + 2xd*x)*(a
*b~2 - a”2%b))/(5+d) + (6*a~2*bxexp(4*c + 4*dxx))/(5*d))/(3xexp(2*c + 2*dx*
x) - 3xexp(4*c + 4*d*x) + exp(6xc + 6*d*x) — 1) - ((6%a”2xb)/(5%d) + (24x*e
xp(2%c + 2*xd*x)*(a*b™2 - a~2%b))/(5xd) + (24*exp(6*c + 6*d*x)*(a*b”2 - a~2
*b))/(6%d) + (4xexp(4*c + 4*xdxx)*(9*a~2%b - 12*axb™2 + 8*b~3))/(5%d) + (6%
a~2*bxexp(8*c + 8*dxx))/(5*d))/(6*xexp(2*c + 2xd*x) - 10*exp(4*c + 4xd*x) +
10*exp(6*c + 6*d*x) - b*exp(8*c + 8*d*x) + exp(10*c + 10xd*x) - 1) - ((6%
(axb~2 - a~2xb))/(5*d) + (18xexp(4*c + 4xd*x)*(a*xb~2 - a~2%b))/(5xd) + (2%
exp(2*c + 2%d*x)*(9*a"2xb - 12xa*b”2 + 8%b~3))/(5xd) + (6%a~2*bxexp(6xc +
6%d*x) )/ (5xd))/(6%exp(4*c + 4*xd*x) - 4*exp(2*c + 2xd*x) - 4*xexp(6*c + 6%dx
x) + exp(8*c + 8*d*x) + 1) - ((6x(a*b™2 - a~2%b))/(5xd) + (6*a~2*bkexp(2*c
+ 2%d*x))/(5%d))/(exp(4*c + 4*d*x) - 2xexp(2*c + 2xd*x) + 1) - (6%a”2*b)/
(5*%d*(exp(2*c + 2*d*x) - 1))

Reduce [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 319, normalized size of antiderivative = 4.31

/ (a + besch?(c + dav))3 dx

15610dz+100a3dw _ 18610dz+100a2b _ 7568dac+8ca3dx + 15Oe6dx+60a3dw + 18066dw+60a2b _ 18066dw+60a b2 _
15

r

Lint((a+b*csch(d*x+c)”2)“3,x)

| —

(15%exx (10*c + 10*d*x)*a**3*d*x — 18*ex*x(10*c + 10*d*x)*a*x*2xb — 75xexx* (8%
C + 8%d*xx)*a**x3kd*x + 150%ex* (6*c + 6*d*x)*a**x3kd*x + 180*ex*(6*c + 6*d*x)
*ax*x2xb — 180*ex*k (6*c + 6*d*x)*axb*x*x2 — 150%ex*(4d*xc + 4*d*x)*a*x*3xdxx — 36
Oke*x* (4*xc + 4xd*xx)*ax*x2kb + 420%e** (4*c + 4xd*xx)*axbk*x2 — 160*e**(4*c + 4x*
d*x) *b**k3 + THkexx (2%xc + 2kd*x)*a**3kd*xx + 270*e** (2*c + 2kd*x)*a**2xb - 3
00*ex* (2%c + 2xd*x)*axb*x2 + 80*e*x*(2xc + 2kd*x)*b**3 — 15xa*x*x3xd*x - 72*a
*k2xb + 60*a*bk*2 — 16%b**3)/(15%d* (ex* (10kc + 10*d*x) - Skex*(8+c + 8xd*x
) + 10ke*x*(6*c + 6*xd*x) — 10*ex*(4d*c + 4xd*x) + Skexx(2*xc + 2*d*x) - 1))
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3.3 [ (a+ besch®(c + dx))2 dx

Optimal result . . . . . . . . . . . . e Hol
Mathematica [A] (verified) . . . . . . . . . ... L k%)
Rubi [A] (verified) . . . . . . . ... .. 50
Maple [A] (verified) . . . . . . ... L 57
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ..... by
Sympy [F] . . . o 58]
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... kY
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 59
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 60
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 60

Optimal result

Integrand size = 14, antiderivative size = 43

(2a — b)bcoth(c + dx)  b* coth®(c + dz)
d 3d

/ (a + besch?(c + dCL’))2 de = o’z —

output La‘2*x— (2*a-b) *bxcoth (d*x+c) /d-1/3*b~2*coth (d*x+c) ~3/d J

Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.95

/ (a + besch?(c + dav))2 dz

_4(a+ besch®(c+ dav))2 (3a%(c + dz) — beoth(c + dz) (6a — 2b + besch®(c + dz)) ) sinh*(c + dz)
B 3d(a — 2b — acosh(2(c + dx)))?

-

LIntegrate[(a + b*Cschlc + d*x]~2)"2,x]

-/

input

‘ (4x(a + bxCschlc + d*x]~2) 2% (3*a~2*x(c + d*x) - b*Coth[c + d*x]*(6*a - 2*b \
\ + b*Csch[c + d*x]~2))*Sinh[c + d*x]~4)/(3*d*(a - 2*b - a*Cosh[2*(c + d*x) \
172) |

output




input

output
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.09,

number of rules _ 0.286, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4616, 300, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + besch?(c + dw))2 dz

l 3042

) ) 2\ 2
/<a—bsec (zc+zdm+§> ) dr

l 4616

2 _ 2
/ U Citfcitxzd(ﬁﬁz) b g coth(c + dx)

d
l 300

a2
J ( Teon(eran — b’ coth®(c +dz) — (2a — b)b) dcoth(c + dz)
d

l 2009

a%arctanh(coth(c + dz)) — b(2a — b) coth(c + dz) — 1b? coth?(c + dz)
d

LInt[(a + b*Csch[c + d*x]~2)"2,x]

e

(a~2*%ArcTanh[Coth[c + d*x]] - (2*%a - b)*b*Coth[c + d*x] - (b~2*Coth[c + dx*
\x]*s)/s)/d
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Defintions of rubi rules used

e 300 Tot L) + (b_)*(x)72)"(p)*((c)) + (d_.)*(x)"2)"(q_), x_Symboll :> Int
[PolynomialDivide[(a + b*x~2)"p, (c + d*x~2)~(-q), x], x] /; FreeQ[{a, b, c
, d}, x] & NeQ[bxc - a*d, 0] & IGtQ[p, O] &k ILtQlg, 0] && GeQlp, —ql

rule 2009{Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 4616 Int[((a_) + (b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff 2*x~2)"p
/(1 + ££72%x72), x], x, Tanl[e + f*xx]/ff], x]1] /; FreeQl{a, b, e, f, p}, x]
&& NeQ[a + b, 0] && NeQ[p, -1]

Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.05

method

result

size
2
b2 (3 — csch(date)” ) coth(dz+c)
3 3 2ab coth(d:
parts a’z + < — 22 d( @te) 45
2
a?(dz+c)—2 coth(dz+c)ab+b? (% - %) coth(dz+-c)
derivativedivides = 47
2
a?(dz+c)—2 coth(dz+c)ab+b? (% — w) coth(dz+c)
default 47
d
. 2 4b(3 eldetdcy_gqe2drt2cy 3 e2dm+2°+3a—b)
risch a‘x — PR 69
3 3
, — coth (44§ ) 62+ (—24ab+90%) coth (% + ) b tanh (%+ )"+ (—24ab+90?) tanh (£ +£ ) +240%de
parallelrisch 51d 86

input L

int ((a+b*csch(d*x+c) ~2) "2,x,method=_RETURNVERBOSE)
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Output‘a“2*x+b“2/d*(2/3—1/3*csch(d*x+c)"2)*coth(d*x+c)—2*a*b/d*coth(d*x+c)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 180 vs. 2(41) = 82.

Time = 0.09 (sec) , antiderivative size = 180, normalized size of antiderivative = 4.19

/ (a + besch?(c + dan))2 dr =

2 (3ab — b?) cosh (dz + ¢)® + 6 (3 ab — b%) cosh (dz + ¢) sinh (dz + ¢)* — (3 a*dz + 6 ab — 2b?) sinh (d
3 (dsinh (dz +¢)” + 3 (

jnputLintegrate((a+b*csch(d*X+C)‘2)‘2,x, algorithm="fricas")

-1/3*%(2*%(3*a*b - b~2)*cosh(d*x + ¢c)~3 + 6%(3*a*b - b~2)*cosh(d*x + c)*sinh
(d*x + c)~2 - (3*a™2xd*x + 6*a*b — 2*b~2)*sinh(d*x + c)~3 - 6%(axb - b™2)*
cosh(d*x + c) + 3*(3*a"2*d*x - (3*a~2xd*xx + 6*a*b — 2*%b~2)*cosh(d*x + c)~2
+ 6*a*b - 2%b~2)*sinh(d*x + c))/(d*sinh(d*x + c)~3 + 3*(d*cosh(d*x + c)~2
- d)*sinh(d*x + c))

output

Sympy [F]

/(a+bcsch2(c+dav))2 dr = / (a + besch? (c+dav))2 dz

-

~—

inputtintegrate((a+b*csch(d*x+c)**2)**2,x)

Ou_,DputLIntegral((a + bxcsch(c + dxx)**2)**2, x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(41) = 82.

Time = 0.03 (sec) , antiderivative size = 121, normalized size of antiderivative = 2.81

/ (a + besch?(c + dx))2 dx = a’z

4 3 e(—2da:—20) 1
Z b2
r3(

d(3 e(—2dz—2¢) _ 3 o(—4dz—4c) + e(—6dz—6¢c) _ 1) d(3 e(—2dz—2¢) _ 3 o(—4dz—4c) + e(—6dz—6c) _ ]_
4 ab
d(e(—de—2c) _ 1)

+

input Lintegrate ((a+bxcsch(d*x+c)~2)~2,x, algorithm="maxima") J

s )

‘a‘2*x + 4/3%b" 2% (3*%e” (-2*%d*x - 2%c)/(d*(3*e”~(-2*d*x - 2%c) - 3*e” (-4*d*xx -
| 4xc) + e"(-6xd¥x - 6%c) - 1)) - 1/(d*(3%e~(-2*d¥x - 2%c) - 3ke” (-4*d¥x -
14xc) + @7 (~Bkd¥x — 6%c) — 1))) + 4dkaxb/(d*(e”(-2+d*x - 2%c) - 1)) |

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.88

3abe(ddzt4c) 6 gpe(2dot2¢) 13 p2e(2da+20) 43 qp—1?)
(e(2dz+20) _1)3

3d

3(dz + c)a® — 4(

/ (cH—bcsch2(c+dm))2 dx =

-

Lintegrate ((at+bxcsch(d*x+c)~2)"2,x, algorithm="giac")

| —

input

output‘ 1/3% (3% (d*xx + c)*a~2 - 4*(3*akbxe~ (4*d*x + 4xc) - 6*xaxbxe” (2kdxx + 2%c) + ‘
‘3*b“2*e"(2*d*x + 2%c) + 3%a*xb - b~2)/(e~(2%d*x + 2%c) - 1)~3)/d ‘
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Mupad [B] (verification not implemented)

Time = 2.76 (sec) , antiderivative size = 166, normalized size of antiderivative = 3.86

4ab Se2c+2dz(ab_b2) + 4abe4°+4dz
2 2 _ 2. _3d 3d 3d
/ (a' + besch (C+ d[lf)) de=a"x 3e2c+2dac _ 3e4c+4dac + e6c+6dw -1
4(ab—b2) _ dabe2ct2da

n 3d 3d . 4ab
e4c+4dm _ 2620+2dm +1 3d (e20+2d:c _ 1)

inputtint((a + b/sinh(c + d*x)~2)"2,x%) J

a~2xx - ((4xaxb)/(3*d) - (8xexp(2*c + 2xd*x)*(axb - b72))/(3*d) + (4xaxb*e
xp(4*c + 4%d*xx))/(3xd))/(3xexp(2xc + 2xd*x) - 3*exp(4*c + 4xd*x) + exp(6xc
+ 6*%d*x) - 1) + ((4*%(a*b - b72))/(3*d) - (4*axb*exp(2xc + 2*d*x))/(3*d))/
(exp(4*c + 4*d*x) - 2xexp(2*c + 2*d*x) + 1) - (4*axb)/(3*d*(exp(2%c + 2*d*
x) - 1))

output

Reduce [B] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 154, normalized size of antiderivative = 3.58

/ (a + besch?(c + dav))2 dz

_ 366dw+6ca2dx _ 466dx+6cab _ 964dz+4ca2d$ + 962dx+2ca2dx + 1262dw+20ab _ 12e2dx+2cb2 _ 3a2dx — 8ab +
3d (eﬁdm+6c _ 3e4d:1:+4c + 3e2d9:+2c _ 1)

s

Lint((a+b*csch(d*x+c)‘2)‘2,x)

~—

input

output‘(B*e**(s*c + 6%d*xx)*kax*2kd*x — 4kexx(6kc + 6xd*x)*a*xb — 9xexkx(4*c + 4*xd*x)
kakk2kdX + Okekk(2kC + 2kdXX)kax*k2kArx + 12xexk (2xc + 2xd¥x)*arb - 12xexx
\(2*c + 2%d*x)*b**2 — 3kax*x2kd*x — 8*axb + 4xbxx2)/(3xd*x(e*x*(6%c + 6*d*x) -

| 3kexk(4kc + 4%dxx) + 3xexx(2kc + 2kdxx) - 1))
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3.4 [ (a+besch’(c+dz)) dx

Optimal result
Mathematica [A] (verified)

Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 16

/ (a + besch?(c+ dz)) dz = az —

bcoth(c + dx)

d

-

output

N\

a*x-bxcoth(d*x+c)/d

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ (a + besch?(c + dz)) dz = az —

bcoth(c + dx)

d

input ‘

output L

Integrate[a + b*Cschlc + d*x]~2,x]

axx - (b*Coth[c + d*xx])/d




output L

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.083, Rules

number of steps used = 1, number of rules used = 1, 5 Fo 1

used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + besch?(c + dz)) dz

l 2009
bcoth(c + dz)
g 2coriieT at)
d
LInt [a + b*Csch[c + d*x]~2,x] J
axx - (bxCoth[c + d*x])/d J

Defintions of rubi rules used

e

~—

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.06

method result size
default ra — %jwm 17
parts ra — %ﬁxﬂ) 17
derivativedivides (dmﬂ)“_bdc‘)th(dﬂc) 22
risch xa — W 24
parallelrisch b<_ COth(%”i) d_tanh<d7x+%>> +za | 34
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input Lint (at+bxcsch(d*x+c)~2,x,method=_RETURNVERBOSE)

outputLx*a—b*coth(d*x+c)/d

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 36 vs. 2(16) = 32.
Time = 0.08 (sec) , antiderivative size = 36, normalized size of antiderivative = 2.25

_ bcosh (dzr + ¢) — (adz + b) sinh (dz + ¢)
dsinh (dz + c)

/ (a + besch?(c+ dz)) dz =

input Lintegrate (a+b*csch(d*x+c)~2,x, algorithm="fricas")

output L_(b*COSh(d*X + ¢) - (a*d*x + b)*sinh(d*x + c))/(d*sinh(d*x + c))

Sympy [F]

/ (a + besch®(c + dz)) dz = / (a + besch? (c + dz)) dz

input Lintegrate (a+b*CSCh (d*X+C) *%9 , X)

output LIntegral(a + b*csch(c + d*x)**2, x)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

2b
d(e(—de—Zc) _ 1)

a + besch?(c + dz)) dz = ax +
(

input L

integrate(atb*csch(d*x+c) "2,x, algorithm="maxima")

-

output

input L

La*x + 2%b/(d* (e~ (-2%d*x - 2%c) - 1))

-/

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

2b
d(6(2 dz+2¢) _ 1)

/ (a + besch?(c + dz)) dz = ax —

integrate(atbxcsch(d*x+c) "2,x, algorithm="giac")

output L

ax*x - 2%b/(d*(e”(2%d*x + 2%c) - 1))

Mupad [B] (verification not implemented)

Time = 2.67 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.44

2b
d (eQC-i-Zdz _ 1)

/ (a + besch®(c + dz)) dz =az —

input L

int(a + b/sinh(c + d*x)~2,x)

output k

axx - (2xb)/(d*(exp(2*c + 2xd*x) - 1))
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Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 51, normalized size of antiderivative = 3.19

2d”+20adx _ 262dz+2cb — adx
d (e2dx+20 _ 1)

/ (a + besch?(c + dz)) dz = ¢

input ‘\mt (a+b*csch(d*x+c) ~2,x)

‘(e**(2*c + 2%d*x)*a*xd*x - 22xexx(2kxc + 2%d*x)*b - axd*x)/(d*x(ex*x(2kc + 2*d*

output
‘x) - 1))
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3.5 [ S dx

a-l—bCSCh2(c+dx)
Optimal result . . . . . . . . .. . . . 60!
Mathematica [A] (verified) . . . . . . . . ... .. L 66
Rubi [A] (verified) . . . . . . . .. . 67
Maple [B] (verified) . . . . . . . . . ... 68
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 69
Sympy [F] . . . o 70)
Maxima [F(-2)] . . . . . . . o 0]
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 70
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... (71l
Reduce [B] (verification not implemented) . . . .. ... ... .. ... ..... [Tl

Optimal result

Integrand size = 14, antiderivative size = 50

1 ; Vbarctan (—mta\/“?(ﬁ'dﬁ))
de = = —
/ a + besch?(c + dx) T ava — bd

-

output LX/ a-b~(1/2)*arctan((a-b)~(1/2)*tanh (d*x+c) /b~ (1/2))/a/(a-b)~(1/2)/d

~—

Mathematica [A] (verified)

Time = 2.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.04

\/Barctan<7v a=b ti%h(c*'dz) )

/ 1 atz- a—bd
5 dr =
a + besch®(c + dx) a

input LIntegrate[(a + b*Cschlc + d*x]~2)~(-1),x] J

output‘(C/d + x - (Sqrt[bl*ArcTan[(Sqrt[a - bl*Tanh[c + d*x])/Sqrt[bl])/(Sqrtla -
‘ bl*d))/a ‘




output ‘ x/a

CHAPTER 3. LISTING OF INTEGRALS 67

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00,

number of rules _ 0.357, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {3042, 4615, 3042, 3660, 218}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 5 dx
a + besch?(c + dx)
| 3042

1
/ ) ) 5dr
a—bsec (ic+idz+ )

l’4615
1
b s cran 9@ L@
a a
J,3042
1
z  bJ cemterimr—sde
4
a a
J,3660
1
bf —((a—b) tanh2(c+dx))—bdta‘nh(c+ diE) + z
ad a
l 218
va—btanh(c+dx)
T _ \/Earctan (T)
a adva —b
LInt[(a + bxCschlc + d*x]~2)"(-1),x] J

- (Sqrt[b]l*ArcTan[(Sqrt[a - bl*Tanh[c + d*x])/Sqrt[bl])/(a*Sqrt[a - bl
*d)




rule 218

rule 3042

rule 3660

rule 4615
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[1/(a + (a + b)*ff 2*x~
2), x], x, Tanl[e + f*x]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(-1), x_Symbol] :> Simp[x/a, x
] - Simp[b/a  Int[1/(b + a*Cos[e + £f*x]°2), x], x] /; FreeQ[{a, b, e, f},
x] && NeQ[a + b, 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(42) = 84.

Time = 0.33 (sec) , antiderivative size = 124, normalized size of antiderivative = 2.48

method result
V/—(a—b)b In <e2dz+2c_ a+2@—2b> V/=(@=b)b In (e2d:c+2c+ —aH@Hb)
3 T
risch 2 + 2(a—b)da - 2(a—b)da
de 4 ¢ anh(49Z 4 ¢ )
(\/m-f—a) arctan btanh( 2 +2) (m—a) arctanh bt h( 2 +2)
. \/ (2v/ala=b)+2a—b)b \/ (2v/a(a—5)-2a+5)b
2b\/a(a=b) \/(2\/m+2a—b)b 2b\/a(a=b) \/(2m—2a+b)b
ln(tanh(dTw+%)+l)
derivativedivides a v
de 4 ¢ anh(49Z 4 ¢ )
(\/m-i—a) arctan btanh( 2 +2) (\/m—a) arctanh i h( 2 +2)
. \/ (2v/ala=b)+2a—b)b \/ (2v/a(a—b)-2a+b)b
zb\/m\/(z\/mma_b)b zbm\/(zm_za+b)b
ln(tanh(dTw+%)+l)
default a u 2
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input ' int (1/ (a+bxcsch(dxx+c)~2) ,x,method=_RETURNVERBOSE) |

. x/a+1/2%(-(a-b)¥b)"(1/2)/ (a-b) /d/ax1ln(exp(2xd*x+2+c) - (a+2+ (- (a-b) ¥b) " (1/2)
‘—2*b)/a)-1/2*(—(a—b)*b)‘(1/2)/(a—b)/d/a*ln(exp(2*d*x+2*c)+(—a+2*(—(a—b)*b)
~(1/2)+240) /2) J

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 457, normalized size of antiderivative = 9.14

J/ 1
5 dz
a + besch?(c + dx)
b a2 cosh(dz+c)*+4 a2 cosh(dz+c) sinh(dz+c)®+a2 sinh(dz+c)* —2 (a?—2abd) cosh(dz+c)2+2 (3 a2 cosh(dz+c)’
2dx + /—-= log

a a cosh(dz+c)*+4 a cosh(dz+c) sinh(dz+c)’

-

inputt

-/

integrate(1/(atb*csch(d*x+c) "2) ,x, algorithm="fricas")

[1/2x(2xd*x + sqrt(-b/(a - b))*log((a~2xcosh(d*x + c)~4 + 4xa~2*cosh(d*x +
c)*sinh(d*x + ¢)~3 + a~2*sinh(d*x + c)"4 - 2x(a”2 - 2*axb)*cosh(d*x + c)~
2 + 2%(3%a"2%cosh(d*x + c)~2 - a~2 + 2*axb)*sinh(d*x + c)~2 + a~2 - 8*a*b
+ 8%b~2 + 4*x(a"2*cosh(d*x + ¢)~3 - (a”2 - 2*a*b)*cosh(d*x + c))*sinh(d*x +
c) - 4x((a"2 - a*b)*cosh(d*x + c)~2 + 2x(a"2 - a*b)*cosh(d*x + c)*sinh(dx*
X + c) + (272 - axb)*sinh(d*x + c)~2 - a”2 + 3*axb - 2*b~2)*sqrt(-b/(a - b
)))/(a*cosh(d*x + c)~4 + 4xaxcosh(d*x + c)*sinh(d*x + c¢)~3 + a*sinh(d*x +

c)"4 - 2x(a - 2*b)*cosh(d*x + c)~2 + 2*(3*a*cosh(d*x + c)72 - a + 2*b)*sin
h(d*x + ¢c)~2 + 4*(axcosh(d*x + c)”3 - (a - 2*b)*cosh(d*x + c))*sinh(d*x +

c) + a)))/(axd), (d*x - sqrt(b/(a - b))*arctan(1/2*(a*cosh(d*x + c)~2 + 2%
a*cosh(d*x + c)*sinh(d*x + c) + a*sinh(d*x + c)”2 - a + 2xb)*sqrt(b/(a - b
)) /1)) /(axd)]

output
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Sympy [F]

1 1
/ 5 dr = / 3 dx
a + besch?(c + dx) a + besch® (¢ + dx)

inputLintegrate(1/(a+b*csch(d*x+c)**2),x) J

-

LIntegral(l/(a + b*csch(c + d*x)**2), x)

e—

output

Maxima [F(-2)]

Exception generated.

1
/ 5 dx = Exception raised: ValueError
a + besch?®(c + dx)
jnputLintegrate(1/(a+b*CSCh(d*X+C)“2),x, algorithm="maxima") J

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b-a>0)', see “assume? for more

|
|
|
Ldetails)ls J

Giac [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.28

ae(2dz+2¢) 10y
barctan(W)  dote
/ 1 dr = — Vab—b2a a
a + besch? (c+ dz) d
input Lintegrate(1/(a+b*csch(d*x+c)“2) ,x, algorithm="giac") J
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‘-(b*arctan(1/2*(a*e“(2*d*x + 2%c) - a + 2xb)/sqrt(axb - b~2))/(sqrt(axb -

output
Lb“2)*a) - (d*x + c)/a)/d J

Mupad [B] (verification not implemented)

Time = 3.21 (sec) , antiderivative size = 471, normalized size of antiderivative = 9.42

1 x
/ 3 dr = —
a + besch?(c + dx) a

8b5/2 a3 d2_q2 bd278ab3/2 a3 d2—qa2 bd2+a2\/{7

2 a278ab+8b2)(
5 342_,2 2__ 4 342__,2 2 2c 2dx (
(a VB Z-a2bP—a*bVa® P—a?bd ) <e ¢ < P A Ay

\/l_) atan

-

inputtint(l/(a + b/sinh(c + d*x)~2),x)

~—

x/a - (b~ (1/2)*atan(((a~5*(a~3*%d"2 - a~2%b*xd~2)~(1/2) - a~4%b*x(a"3*%d"2 - a
~2%bxd~2) " (1/2)) * (exp (2*c) *exp (2*¢d*x) * ((2x(a~2 - 8*a*b + 8%b~2)*(8*b~(5/2)
*(a~3*%d"2 - a~2xb*d"2) " (1/2) - 8*xaxb~(3/2)*(a"3*d"2 - a~2*%b*xd~2)~(1/2) + a
~2xb~(1/2)*(a"3*d"2 - a”2%b*d"2)"(1/2)))/(a"8*d*(a - b) "2*%(a”3*%d"2 - a~2*b
*d~2)7(1/2)) + (4xb~(1/2)*(2*a - 4xb)*(8*a*xb~3*d - 12*a”2%b"2xd + 4*a”3*bx*
d))/(a~7*(a - b)*(a~3*d"2 - a~2*xbxd~2) "~ (1/2)*(a~2*%d"2*(a - b))~ (1/2))) + (
2% (2xaxb~ (3/2)*(a~3*%d"2 - a~2*%b*d"2)~(1/2) - a"2xb~(1/2)*(a~3*%d"2 - a~2*b*
d~2)"(1/2))*(a"2 - 8xa*b + 8*b~2))/(a"8xd*(a - b)"2*(a"3*d"2 - a~2*bxd"2)"
(1/2)) + (4x%b~(1/2)*(2*a"2%b~2xd - 2*a~3xb*d)*(2*a - 4*b))/(a~7*(a - b)*(a
~3%d"2 - a”2%b*d"2)"(1/2)*(a"2*%d"2*(a - b))~ (1/2))))/(4*xb)))/(a"3*d"2 - a~
2*b*d~2) ~(1/2)

output

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.78

/ ! dx
a + besch®(c + dzx)
Vba — batan(%ﬁ) +vbva - batan(%ﬁﬂﬁ) + adz — bdx
ad (a — b)
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inputLint(1/(a+b*csch(d*x+c)"2),x)

output‘ (sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - ex*x(c + d*x)*sqrt(a))/sqrt(b)) +
‘sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) + exx(c + d*x)*sqrt(a))/sqrt(b)) + a
*d*x - bxd*x)/(a*d*(a - b))
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3.6 [ L 7 dz

<a-|—bCSCh2(c—|—d:v))
Optimal result . . . . . . . . .. . . . 73]
Mathematica [A] (verified) . . . . . . . . ... . L L 73
Rubi [A] (verified) . . . . . . . . . . re!
Maple [B] (verified) . . . . . . . . . .. 76
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 78]
Sympy [F] . . . o 79
Maxima [F(-2)] . . . . . . o o e 79
Giac [A] (verification not implemented) . . . . . . .. ... ... ... ... 79
Mupad [F(-1)] . . . o R0
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 80i

Optimal result

Integrand size = 14, antiderivative size = 100

1 r (Ba— 2b)v/barctan (W)
/ (a + besch?(c + da:))2 S @ 2a%(a — b)*/2d
bcoth(c + dzx)

* 2a(a — b)d (a — b+ beoth?(c + dz))

;| X/a”2-1/2%(3¥a-2+b) ¥b" (1/2) ¥arctan((a-b)~(1/2) tanh(d*x+c) /b~ (1/2)) /a™2/(a

outpu
L—b) ~(3/2)/d+1/2%b*coth(d*x+c)/a/(a-b)/d/ (a-b+b*coth(d*x+c) ~2) J

Mathematica [A] (verified)

Time = 6.49 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.99

/ ! dz
(a + besch®(c + d:c))2
(—a + 2b + acosh(2(c + dz)))csch*(c + dx) ((a — 2b) (—2(0, — b)%2(c+ dz) + (3a — 2b)v/barctan (ﬁ

8a%(a
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input‘ Integrate[(a + b*Csch[c + d*x]~2)~(-2),x]

((-a + 2xb + a*Cosh[2*(c + d*x)])*Csch[c + d*x]~4*((a - 2*xb)*(-2*(a - b)~(
3/2)*(c + d*x) + (3*a - 2xb)*Sqrt[b]*ArcTan[(Sqrt[a - bl*Tanh[c + d*x])/Sq
rt[bl]) + ax(2x(a - b)~(3/2)*(c + d*x) + Sqrt[b]*(-3*a + 2xb)*ArcTan[(Sqrt
[a - bl*Tanh[c + d*x])/Sqrt[bl])*Cosh[2*(c + d*x)] + a*Sqrt[a - bl*b*Sinh[
2x(c + d*x)]))/(8*a"2*(a - b)~(3/2)*d*(a + b*Cschlc + d*x]~2)~2)

output

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.22,

number of rules __
integrand size 0.500, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 4616, 316, 25, 397, 218, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(a + besch?(c + dac))2
| 3042

1
/ zdz
<a — bsec (ic + idz + %)2>

| 4616
1
f (1—coth?(c+dzx)) (bcoth?(c+dx)+a—b) zd COth(C T d.’l:)
d
| 316
_ —b coth? (c+dz)+2a—b
bCOth(C+d:l:) . f (1—(:o'ch2 (c+d2)) (b coth2 (c+d2)+a—b) dcoth(c+dm)
2a(a—b) (a+bcoth?(c+dz)—b) 2a(a—b)
d
| 25
—b coth2(0+dw)+2a—b d h d
f (l—cothQ(c+da:)) (b coth2(c+da:)+a—b) cot (C+ .'1:) + b coth(c—}-dm)
2a(a—b) 2a(a—b) (a+b coth? (c+dz)—b)

d
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| 397
1 1
2(a—b) [ md coth(c+dz) N b(3a—2b) [ md coth(c+dzx) ) COth(C+dw)
2a(a—b) + 2a(a—b) (a+bcoth? (c+dx)—b)
d
| 218
_ 1 ctda _ rotan /b coth(c+dz)
2(a—b) [ mdcoth( +d. )+ Vb(3a—2b) arcta, (7(1717 )
a ava—b + bcoth(c+dx)
2a(a—b) 2a(a—b) (a+bcoth?(c+dz)—b)
d
| 219
/b coth(c+dz)
Vb(3a—2b) arctan( va—b ) 2(a—b)arctanh(coth(c+dw))
ava—b + a + b coth(c+dz)
2a(a—b) 2a(a—b) (a+bcoth? (c+dx)—b)

d

input‘Int[(a + bxCschlc + d*x]~2)"(-2),x]

output \ ((((3*a - 2xb)*Sqrt [b]*ArcTan[(Sqrt[b]*Coth[c + d*x])/Sqrt[a - bl]1)/(a*Sqr
‘t[a - b]) + (2%(a - b)*ArcTanh[Coth[c + d*x]])/a)/(2*xax(a - b)) + (b*Coth[
‘¢ + d*x])/(2%a*(a - b)*(a - b + b¥Coth[c + d*x172)))/d

Defintions of rubi rules used

rukaz5LInt[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 219 Int[C(a) + (b_.)*(x_)"2)"(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 0] |l LtQ[b, 01)
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*a*x(p + 1)*(bxc - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2*x(p + q + 2) + 1)*x"2, x], x
1, x1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQlp, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[(Ce ) + (£_.)*(x_)"2)/(((a_) + (b_.)*(x_)"2)*((c_) + (d_.)*(x_)"2)), x_
Symbol] :> Simp[(b*e - a*f)/(bxc - a*xd) Int[1/(a + b*x~2), x], x] - Simpl
(d*e - cxf)/(b*c - a*d) Int[1/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d, e
, £}, x]

rule 397

e N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

rule 4616 IREL(@) + (b_.)*secl(e_.) + (£_.)*(x)172)"(p_), x_Symboll :> With[{ff =
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x~2)7p ‘
/(1 + ££°2%x72), x], x, Tan[e + £*x1/££], x11 /; FreeQ[{a, b, e, £, p}, x]
‘&% NeQ[a + b, 0] & NeQ[p, -1] |

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 314 vs. 2(88) = 176.

Time = 0.52 (sec) , antiderivative size = 315, normalized size of antiderivative = 3.15
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method result

b-

(x/a(a—b)-}—a) arctan
/G

2(3a—2b)b

2/a@@=0) |/ (2v/aa
tanh(%‘”+%)3a atanh(%{-%)

2b 1 8a—8b 8a—8b . +
tanh(g}“'%) +ta“h(%£+%)2afﬁi)b+g

ln(tanh(de+%)+l) n

derivativedivides = Y
b
a(a—b)+a ) arctan
(g
2(3a—2b)b

2/a@@=0) |/ (2vaa

2b  Ba=8b +—sa-sp , 4
anh(9Z 4 ¢ anh( 4z 4 ¢
M+tanh(d—w+%)2a—t h(gw) Pip
ln(tanh(i}+%)+l)
default a2 2
. - b(ae2det2e_gp2det2e_g) 3y/—(a—b)b In (e2dw+2c_“+27 v—(;l—b)b—zb) e
risch a? + a2(a—b)d(etds+icq_2q 205 +2¢ L 4 e2d5+20 1 q) + 4(a—b)%da —
input Lint (1/ (at+b*csch(d*x+c) ~2)~2,x,method=_RETURNVERBOSE) J
output 1/d*(1/a~2*1n(tanh (1/2*d*x+1/2%c)+1)+2%b/a~2%((1/8*a/(a-b) *tanh (1/2*d*x+1/

2%c) ~3+1/8*a/ (a-b) *tanh (1/2*d*x+1/2xc) )/ (1/4*tanh (1/2*d*x+1/2*c) ~4*b+tanh (
1/2*xd*xx+1/2%c) “2%a-1/2*tanh (1/2*d*x+1/2%c) ~2%b+1/4%b) +2* (3*xa-2%b) / (4*a-4*b
)*b* (1/2*% ((a*x(a-b))~(1/2)+a) /b/(ax(a-b)) ~(1/2) / ((2* (a*x(a-b) )~ (1/2) +2*a-b) *
b) ~(1/2)*arctan(b*tanh(1/2*xd*x+1/2*c)/((2*(a*(a-b)) ~(1/2)+2*a-b)*b) ~(1/2))
-1/2x((ax(a-b))~(1/2)-a)/b/(a*x(a-b)) ~(1/2) / ((2*(a*x(a-b) ) ~(1/2) -2*a+b) *b) ~ (
1/2) *arctanh (b*tanh (1/2*d*x+1/2*c)/ ((2*(a*x(a-b)) ~(1/2)-2*a+b) *b) ~(1/2))) ) -
1/a"2*1n(tanh(1/2*d*x+1/2*c)-1))




input

\

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 729 vs. 2(88) = 176.

Time = 0.12 (sec) , antiderivative size = 1747, normalized size of antiderivative = 17.47

1
dx = Too large to display
/ (a + besch?(c + da:))2

integrate(1/(at+b*csch(d*x+c) "2)~2,x, algorithm="fricas")

[1/4% (4% (a~2 - axb)*d*x*cosh(d*x + c)~4 + 16*(a”2 - a*b)*d*x*cosh(d*x + c)
*sinh(d*x + ¢)~3 + 4x(a”2 - a*b)*d*x*sinh(d*x + c)"4 + 4*%(a”2 - axb)*d*x -
4% (2x(a"2 - 3*a*b + 2¥b~2)*d*x — a*b + 2*%b~2)*cosh(d*x + c)~2 + 4*(6%(a"2
- axb)*d*x*cosh(d*x + c)72 - 2k(a”™2 - 3*a*b + 2%b"2)*d*x + a*xb - 2*b~2)*s
inh(d*x + c)~2 + ((3%¥a"2 - 2%a*b)*cosh(d*x + c)~4 + 4%(3*a~2 - 2%a*b)*cosh
(d*x + c)*sinh(d*x + c)~3 + (3%a"2 - 2%a*b)*sinh(d*x + c)"4 - 2x(3*%a"2 - 8
*axb + 4*xb~2)*cosh(d*x + c)~2 + 2*x(3*%(3*a~2 - 2*a*b)*cosh(d*x + c)~2 - 3*a
"2 + 8xaxb - 4*b~"2)*sinh(d*x + c)~2 + 3*a”2 - 2*axb + 4% ((3*%a”2 - 2*xaxb)x*c
osh(d*x + c)73 - (3*a”2 - 8*axb + 4*b~2)*cosh(d*x + c))*sinh(d*x + c))*sqr
t(-b/(a - b))*log((a~2*cosh(d*x + c)~4 + 4*a~2*cosh(d*x + c)*sinh(d*x + c)
3 + a™2*sinh(d*x + c)~4 - 2*(a”2 - 2*axb)*cosh(d*x + c)~2 + 2*(3*a”2*cosh
(d*x + c)”2 - a”2 + 2*xa*b)*sinh(d*x + c)~2 + a”2 - 8xa*b + 8*b"2 + 4*(a~2%*
cosh(d*x + ¢)~3 - (a~2 - 2*axb)*cosh(d*x + c))*sinh(d*x + c) - 4*%((a"2 - a
*b) *cosh(d*x + c)~2 + 2*(a”2 - a*b)*cosh(d*x + c)*sinh(d*x + c) + (2”2 - a
*b)*sinh(d*x + c)~2 - a”2 + 3*axb - 2xb~2)*sqrt(-b/(a - b)))/(a*cosh(d*x +
c)”4 + 4xa*xcosh(d*x + c)*sinh(d*x + ¢)~3 + a*sinh(d*x + c)74 - 2x(a - 2%b
Ykcosh(d*x + c)~2 + 2*%(3*axcosh(d*x + c)~2 - a + 2*b)*sinh(d*x + c)~2 + 4%
(a*cosh(d*x + ¢c)”3 - (a - 2*b)*cosh(d*x + c))*sinh(d*x + c) + a)) - 4*ax*b
+ 8% (2*%(a”2 - axb)*d*x*cosh(d*x + c)~3 - (2*%(a”2 - 3*axb + 2*xb~2)*d*x - a*
b + 2%b~2)*cosh(d*x + c))*sinh(d*x + c))/((a”~4 - a~3*b)*d*cosh(d*x + c)...




input

output

input

output

input
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Sympy [F]

/ L 5 dr = / L 5 dx
(a + besch?(c + dz)) (a + besch? (¢ + dz))

‘integrate(1/(a+b*csch(d*x+c)**2)**2,x)

LIntegral((a + bkcsch(c + d*x)**2)**(-2), x)

Maxima [F(-2)]

Exception generated.

1
/ 5 dr = Exception raised: ValueError
(a + besch?(c + dz))

B
Lintegrate(1/(a+b*csch(d*x+c)‘2)‘2,x, algorithm="maxima")

-/

‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b-a>0)', see “assume? for more
‘details)Is

Giac [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.66

1
/ 5 5 dx
(a + besch?(c + dz))

d
(3 ab—2 b2) arctan (M)

2 Vab—b2 2 (abe(2dzt+2¢) 9 p2e(2dxt+2¢) _gp) 2 (dz+c)
(a3—a?b)Vab—b? T (aP—a?b)(aed 1) 2 4e2 a2 1 4be(Pdmt20) 1q) a2
o 2d

Lintegrate(1/(a+b*csch(d*x+c)”2)“2,x, algorithm="giac")
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Output‘ -1/2%((3%axb - 2%b~2)*arctan(1/2x(a*e”(2*d*x + 2%c) - a + 2%b)/sqrt(a*b - ‘
‘bh2))/((aﬁ3 - a"2xb)*sqrt(axb - b72)) - 2x(a*bxe” (2xd*x + 2%c) - 2%b~2xe”( ‘
(2%d¥x + 2%c) - a*b)/((a”3 - a~2#b)*(axe” (4xd¥x + 4xc) - 2¥axe”(2¥d*x + 2%c |
)+ 4xbre”(2xd*x + 2%c) + a)) - 2« (dxx + c)/a"2)/d |

Mupad [F(-1)]

Timed out.

/ (a+ bcschi(c+ dx))2 = / (a 1 , )2 dz

sinh(c+d z)2

-

Lint(l/(a + b/sinh(c + d*x)~2)"2,x)

-/

input

output Lint(i/(a + b/sinh(c + d*x)~2)"2, x) J

Reduce [B] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 926, normalized size of antiderivative = 9.26

1
dx = Too large to display
/ (a + besch?(c + dm))2

input Lint (1/ (a+b*csch(d*x+c) ~2)~2,x) J




output
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(3xe*xx (4xc + 4*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)*s

grt(a))/sqrt (b)) *a**2 - 2xex*(4d*c + 4*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(
a - b) - ex*x(c + d*x)*sqrt(a))/sqrt(b))*axb - B6*ex*(2xc + 2*d*x)*sqrt(b)x*s
grt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*sqrt(a))/sqrt(b))*a*x*2 + 16*xe*
*(2*c + 2*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*sqrt(a
))/sqrt (b)) *a*xb — 8%e**x(2*c + 2*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b)
- ex*x(c + d*x)*sqrt(a))/sqrt(b))*b**2 + 3*xsqrt(b)*sqrt(a - b)*atan((sqrt(
a - b) - e*xx(c + d*x)*sqrt(a))/sqrt(b))*a*x2 - 2xsqrt(b)*sqrt(a - b)*atan(
(sqrt(a - b) - e*xx(c + d*x)*sqrt(a))/sqrt(b))*axb + 3*ex*(4*c + 4*d*x)*sqr
t(b)*sqrt(a - b)*atan((sqrt(a - b) + e*xx(c + d*x)*sqrt(a))/sqrt(b))*a**2 -
2xex* (4*c + 4xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) + ex*x(c + d*x)*s
grt(a))/sqrt(b))*a*b - 6*e*x(2xc + 2xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a
- b) + exx(c + d*x)*sqrt(a))/sqrt(b))*a**2 + 16%e*x*(2kc + 2xd*x)*sqrt(b)*
sqrt(a - b)*atan((sqrt(a - b) + exx(c + d*x)*sqrt(a))/sqrt(b))*a*b - 8xex*
(2%c + 2xd#*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) + ex*x(c + d*x)*sqrt(a)
)/sqrt (b)) *b**2 + 3*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) + e*x(c + d*x)*s
grt(a))/sqrt (b)) *a*x2 - 2xsqrt(b)*sqrt(a - b)*atan((sqrt(a - b) + e**x(c +
d*xx)*sqrt(a))/sqrt (b)) xaxb + 2%ex*(4*c + 4xdxx)*ax*3*xdxx — 4¥ex*(4xc + 4xd
*x) *a*xk2xbkd*xx + exkx(4*xc + 4kxd*xx)*kax*2xb + 2kxexx(4*xc + 4*xd*x)*xaxbk*x2kxd*xx —
ex*(4xc + 4xd*x)*a*xbx*2 - 4kexx(2kc + 2xd*x)*a*x*k3xd*x + 16xex*x(2xc + 2...




output

CHAPTER 3. LISTING OF INTEGRALS 82
3.7 | L - dT
<a-|—bCSCh (c—l—d:v))

Optimal result . . . . . . . . .. . . . 82
Mathematica [A] (verified) . . . . . . . . ... . L L ’3
Rubi [A] (verified) . . . . . . . . . . R3
Maple [B] (verified) . . . . . . . . . .. R0
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 88
Sympy [F] . . . o B8]
Maxima [F(-2)] . . . . . . o o e RY
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... ... ]9
Mupad [F(-1)] . . . o ]9
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... )

Optimal result

Integrand size = 14, antiderivative size = 156

va—btanh(c+dz)

Vb

)

/ 1 o Vb(15a® — 20ab + 8b?) arctan (
dz

(a + besch®(c + dav))3 a’

8a3(a — b)%/2d

bcoth(c + dx)

4a(a — b)d (a — b+ beoth?(c + dz))
(7Ta — 4b)bcoth(c + dx)

* 8a%(a — b)2d (a — b+ beoth?(c + dz))

e

x/a”~3-1/8xb~ (1/2) *(15*xa~2-20*a*b+8*b~2) *arctan((a-b) ~ (1/2) *tanh (d*x+c) /b~ (

‘1/2))/a‘3/(a—b)‘(5/2)/d+1/4*b*coth(d*x+c)/a/(a—b)/d/(a—b+b*coth(d*x+c)“2)‘
L2+1/8*(7*a—4*b)*b*coth(d*x+c)/a‘2/(a—b)‘2/d/(a—b+b*coth(d*x+c)‘2)

A\

|
J
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Mathematica [A] (verified)

Time = 6.99 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.35

1
/ 5 3 dz
(a + besch?(c + dz))

(—a + 2b + acosh(2(c + dz)))csch®(c + dz) <8(c + dz)(a — 2b — acosh(2(c + dx)))? —

vb(15a2—20ab+8b

64a3d (a + besc

input LIntegrate[(a + b*Cschlc + d*x]°2)~(-3),x] J

((-a + 2%b + axCosh[2*(c + d*x)])*Cschlc + d*x] 6*(8*(c + d*x)*(a - 2*b -
axCosh[2*(c + d*x)])"2 - (Sqrt[b]l*(156%xa~2 - 20*a*b + 8%b~2)*ArcTan[(Sqrt[a
- bl*Tanh[c + d*x])/Sqrt[bl]l*(a - 2*b - a*Cosh[2*(c + d*x)]1)~2)/(a - b)~(
5/2) - (4xa*b~2+Sinh[2*(c + d*x)])/(a - b) + (3*ax(3*xa - 2%b)*bx(-a + 2*b
+ a*Cosh[2*x(c + d*x)])*Sinh[2*(c + d*x)])/(a - b)~2))/(64*a"3*d*(a + b*Csc
hlc + d*x]~2)"3)

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.23,

number of rules _
integrand size 0.643, Rules

number of steps used = 10, number of rules used = 9,
used = {3042, 4616, 316, 25, 402, 25, 397, 218, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dx
(a+ besch?(c + dw))3
| 3042

1
/ 3da:
(a — bsec (z’c+ idx + %)2)

l 4616
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1 d
coth(c + dx
f (1—coth?(c+dz)) (b coth2(c+dx)+a,—b)3 ( + )
d
| 316
f _ —3b coth2 (ct+dxz)+4a—b dCOth(C+d(l))
bcoth(c—}-dz) _ (lfcoth2 (c+dz)) (b coth? (c+dz)+a7b)2
4a(a—b) (a+bcoth? (c+da:)—b)2 4a(a—b)
d
| 25
—3b cothz(c+da:)+4a—b . dCOth(C+d:1?)
(1 —coth? (c+dz)) (b coth? (c+dz)+a—b) b coth(c—i—dw)
4a(a—b) 4a(a—b) (a+bcoth? (c—f-d:z:)—b)2
d
| 402

8a2 —9ba+4b2 — (Ta—4b)b coth? (c+dz)

— d coth(c+d
b(7a—4b) coth(ctdz) _ (l—coth2 (c+dz)) (b coth? (c+dz)+a—b) coth(etdz)
2a(a—b) (a+b Coth2(c+dw)—b) 2a(a—b) bCOth(C+d:I!)
4a(a—b) 4a(a—b)(a+bcoth? (c—i—dac)—b)2
d

l 25

8a2 —9ba+4b2 —(Ta—4b)b coth? (ct+dz)

d coth(c+d.
/ (1—coth2(c+dm)) (b coth2(0+dm)+a—b) coth(ctdz) b(7a—4b) coth(c+dz)
2a(a—b) 2a(a—b) (a-+b coth? (c+dz) —b) bcoth(c+dx)
4a(a—b) 4a(a—b) (a+b coth?(c+dz)—b)>
d
| 397

2 2 1 2 1
b(15a“—20ab+8b d coth d 8(a—b d coth d
( e ab+ )f bcoth2(c+dz)+a—b coth(ct Z)+ (a=)"J 1—coth? (c+dz) coth(ctdz) b(7a—4b) coth(c-+dz)
@ a a— ctdx

2a(a—b) 2a(a—b) (a+bcoth2(c+d<v)—b) bCOth(C+d1
4a(a—b) 4a(a—b)(a+bcoth?(

d

| 218
2 1 Vb coth(c+dz)
8=9 | o erdmy A OtheHde) N Vb(15a%—20ab+8b%) arctan(%)
a av/a—b b(7a—4b) coth(c+dz)
2a(a—b) 2a(a—b) (a+b coth2(0+dm)—b) bCOth(C+d.’E)
4a(a—b) 4a(a—b) (a+bcoth?(c+dz)—
d

l 219
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\/Ecoth(c+d:v)

2 2
Vb (15a° ~20ab+8b )“Ct"’m< Ja—b )+8(afb)2arctanh(coth(c+dz))

ava—b b(7a—4b) coth(c+dx)
2a(a—b) 2a(a—b) (a+b coth2(c+dz)—b) bcoth(c+dm)
4a(a—b) 4a(a—b) (a+bcoth? (c+dx)—b)2
d
input LInt[(a + bxCschlc + d*x]~2)~(-3),x] J

((bxCoth[c + d*x])/(4*ax(a - b)*(a - b + b*Coth[c + d*x]~2)"2) + (((Sqrt[b
I*(15%a~2 - 20*a*b + 8xb~2)*ArcTan[(Sqrt[b]l*Coth[c + d*x])/Sqrtla - bl])/(
axSqrt[a - b]) + (8x(a - b)"2xArcTanh[Coth[c + d*x]])/a)/(2*a*x(a - b)) + (
(7*xa - 4xb)*bxCoth[c + d*x])/(2*ax(a - b)*(a - b + bxCoth[c + d*x]~2)))/(4
*ax(a - b)))/d

output

Defintions of rubi rules used

)
rule 25 I8t [-(Fx)), x_Symbol] :> Simp[Identity(-1]  Int[Fx, xI, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pL(-b)*xx(a + bxx"2)~(p + 1)*((c + d*x~2)"(q + 1)/(2*ax(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*xx"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1)*(bkc - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], X
1, x] /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1] && !
( 'IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) &% IntBinomialQ[a, b, c, d, 2,

Ps 9, %]

rule 316




rule 397

rule 402

rule 3042

rule 4616
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Int[((e_ ) + (£_.)*(x_)"2)/(((a_) + (b_.)*(x_)"2)*((c_) + (d_.)*(x_)"2)), x_
Symbol] :> Simp[(b*e - axf)/(b*c - a*d) Int[1/(a + b*x"2), x], x] - Simp[
(d*e - cxf)/(b*c - a*d) Int[1/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d, e
, £}, x]

Int[((a_) + (b_.)*x(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e_ ) + (£f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*xf))*x*x(a + b*x"2)"(p + 1)*((c + d*x~2)"
(q + 1)/(ax2x(bxc - a*d)*(p + 1))), x] + Simp[1/(ax2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1) *(c + d*x"2) "q*Simp[cx(b*e - a*f) + e*2x(bkc - a*d)
*(p + 1) + dx(bxe - axf)*(2%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, €, d, e, £, q}, x] && LtQ[p, -1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*xff~2%x"2)"p
/(1 + ££72%x72), x], x, Tan[e + f*x]/ff], x]1] /; FreeQ[{a, b, e, f, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 441 vs. 2(142) = 284.

Time = 0.98 (sec) , antiderivative size = 442, normalized size of antiderivative = 2.83
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method result

7 5 3
16ab(7a—4b) tanh(%h-g) 16(3ea2—31ab+452)atanh(%z+§) 16(36a2—31ub+4b2)atanh(%"-}—%) 16ab(7a—4b) t
2% 128a2 —256ab+128b2 128a2 —256ab+128b2 + 128a2 —256ab+128b2 128a2 —25¢

(tanh(de+%)4b+4tanh(de+%)2a—2tanh(d%+%)2b+b>2

derivativedivides
16ab(7a—4b) tanh(%h-gf 16(36a2—31ab+45% ) a tanh(%-{—%)s 16(36a2—31ab+4b2 ) a tanh (4 + %)3 16ab(7a—4b) t
+
2% 128a2 —256ab+128b2 128a2 —256ab+128b2 128a2—256ab+128b§ 128a2 —25¢
(tanh(%x+g)4b+4tanh(d§+g)2a—2 tanh(%z+g)2b+b>
default
riSCh . + b(9a3e6dw+6c_28a2beGdz+Gc+16a b2e6dw+60_27a3e4dw+4c+90a2b e4dw+4c_120a b2e4dw+4c+48b3e4dw+40+:
a3 4a3 (a_b)2d(e4dz+4ca_2a e2dz+2c+4b e2dz+2¢+a) 2

input \ int (1/ (at+b*csch(d*x+c) ~2) "3, x,method=_RETURNVERBOSE) ‘

1/d*(2/a"3*b* (16* (1/128*axb* (7*a-4*b) / (a~2-2*a*b+b~2) *tanh (1/2*d*x+1/2%c) "~
7+1/128%* (36%a~2-31*a*b+4*xb~2) *a/ (a~2-2*a*b+b~2) *tanh (1/2*d*x+1/2%c) “5+1/12
8% (36*a~2-31*axb+4*xb~2) *xa/ (a~2-2*a*b+b~2) *tanh (1/2*d*x+1/2%c) ~3+1/128*a*b*
(7*a-4%b)/(a~2-2*%a*xb+b~2) *tanh (1/2*d*x+1/2%c) )/ (tanh (1/2*d*x+1/2%c) ~4*b+4*
tanh (1/2*d*x+1/2*c) ~2*xa-2*tanh (1/2*%d*x+1/2%c) ~2*b+b) ~2+2* (15*%a”~2-20*a*b+8*
b~2) / (16*a~2-32*axb+16%b~2) *b* (1/2* ((ax(a-b)) ~(1/2)+a) /b/(ax(a-b))~(1/2) /(
(2% (a*x(a-b))~(1/2)+2*a-b) *b) ~(1/2) *arctan (bxtanh (1/2*d*x+1/2*c) / ((2* (a* (a-
b))~ (1/2)+2*a-b) *b) ~(1/2))-1/2*((a*(a-b))~(1/2)-a) /b/ (a*x(a-b) )~ (1/2) / ((2*(
ax(a-b)) ~(1/2)-2*a+b) *b) ~(1/2) *arctanh (bxtanh (1/2*d*x+1/2%c) / ((2*% (a*(a-b))
~(1/2)-2*a+b)*b)~(1/2))))-1/a"3*1ln(tanh(1/2*d*x+1/2*c)-1)+1/a"~3*1n(tanh(1/
2%d*x+1/2*%c)+1))

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3140 vs. 2(142) = 284.

Time = 0.20 (sec) , antiderivative size = 6569, normalized size of antiderivative = 42.11

1
dx = Too large to display
/ (a + besch?(c + da:))3

input Lintegrate (1/(a+b*csch(d*x+c)~2)~3,x, algorithm="fricas")

output LToo large to include J

Sympy [F]

/ 1 5 dr = / 1 5 dr
(a + besch?(c + dz)) (a + besch? (¢ + dx))

input Lintegrate (1/ (atb*csch(d*x+c) **2) ¥*3,x)

output‘ Integral((a + b*csch(c + dxx)**2)*x(-3), x)

Maxima [F(-2)]

Exception generated.

1
/ 5 3 dr = Exception raised: ValueError
(a + besch?(c + dz))

input Lintegrate (1/ (at+b*csch(d*x+c)~2)"3,x, algorithm="maxima"
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Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b-a>0)', see “assume?  for more
‘details)Is ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 327 vs. 2(142) = 284.

Time = 0.22 (sec) , antiderivative size = 327, normalized size of antiderivative = 2.10

1
u/“ 5 3 dr
(a + besch®(c + dz))

ae(2 dz+2c) —a+2b
2v/ab—b2 2 (9 aBbe(6dz+6¢) 98 g2p2¢(6dz+6¢) 16 gph3e(6det6c) o7 ¢3pe(4drtic) 190 q2h2,

(a®—2 a%b+a3b2)v/ab—b2 (a®—2a*b+adt

8d

(15 a?b—20 ab®+8 b3) arctan (

input‘integrate(1/(a+b*csch(d*x+c)“2)“3,x, algorithm="giac")

-1/8%((15%a~2xb - 20*a*b~2 + 8%b~3)*arctan(1l/2x(axe” (2*d*x + 2%c) - a + 2%
b)/sqrt(a*xb - b~2))/((a”5 - 2*a~4xb + a~3*b~2)*sqrt(a*b - b~2)) - 2x(9*a”~3
*bxe” (6xd*x + 6%c) - 28*a”2*b"2xe” (6xd*x + 6%c) + 16*a*xb~3xe” (6xd*x + 6%c)

- 27*a"3xbxe” (4xd*x + 4*c) + 90*a~2xb"2*e” (4*d*x + 4*c) - 120*a*b~3*xe” (4x
d*x + 4%c) + 48%b~4xe” (4*d*x + 4%c) + 27*a"3*b*e” (2%d*x + 2%c) - 68%a~2xb~
2xe”~ (2xd*x + 2*%c) + 32*kaxb~3*e” (2*d*x + 2%c) - 9*a~3xb + 6*a~2%b"2)/((a”5
- 2%a”4*b + a~3*b"2)* (a*e” (4*dkx + 4*c) - 2kaxe” (2xd*x + 2xc) + 4xbke” (2*d
*xX + 2kc) + a)”2) - 8x(d*x + c)/a"3)/d

output

Mupad [F(-1)]

Timed out.

1 1
L/‘ 5 de::L/° dz
(a + besch®(c + dz)) (a 4

3
b
sinh(c+d a:)E >

inputtint(l/(a + b/sinh(c + d*x)~2)"3,x) J
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output"im-'(l/(a + b/sinh(c + d*x)~2)73, x)

Reduce [B] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 3458, normalized size of antiderivative = 22.17

1
/ 5 dr = Too large to display
(a + besch?(c + dz))

-

input\int(1/(a+b*csch(d*x+c)‘2)“3,x)

(30*ex* (8*c + 8+d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - ex*x(c + d*x)*
sqrt(a))/sqrt (b)) *a*x*5 — 100*ex*(8*c + 8xd*x)*sqrt(b)*sqrt(a - b)*atan((sq
rt(a - b) - e*x(c + d*x)*sqrt(a))/sqrt(b))*a*xd*xb + 96*e*x*(8*c + 8*d*x)*sq
rt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)*sqrt(a))/sqrt(b))*a**3*
b**2 - 32%ex*(8kc + 8xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c +
d=*x) *sqrt(a))/sqrt (b)) xax*2xb**3 - 120*e** (6*c + 6xd*x)*sqrt(b)*sqrt(a -
b)*atan((sqrt(a - b) - e*xx(c + dxx)*sqrt(a))/sqrt(b))*ax*5 + 640*e**(6*c +
6*d*x) *sqrt (b) *sqrt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*sqrt(a))/sqrt
(b)) *a*x*4*b - 1184xe*x(6%c + 6*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b)
- exx(c + d*x)*sqrt(a))/sqrt(b))*a**3xb*x2 + 896%ex*(6%c + 6xd*x)*sqrt(b)*
sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)*sqrt(a))/sqrt(b))*a**x2*b**3 -
256%ex* (6xc + 6*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)
*sqrt(a))/sqrt (b)) xa*xb*x4 + 180*ex*(4*c + 4*d*x)*sqrt(b)*sqrt(a - b)*atan(
(sgrt(a - b) - ex*x(c + d*x)*sqrt(a))/sqrt(b))*ax*5 — 1080*e**(4*c + 4*d*x)
*sqrt (b)*sqrt(a - b)*atan((sqrt(a - b) - exx(c + d*x)*sqrt(a))/sqrt(b))*a*
*4*xb + 2656xe** (4*c + 4xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - ex*x(c
+ d*x)*sqrt(a))/sqrt (b)) *a**3*b**x2 — 3328kex*(4*c + 4xd+*x)*sqrt(b)*sqrt(a
- b)*atan((sqrt(a - b) - exx(c + d*x)*sqrt(a))/sqrt(b))*ax*2xb*x3 + 2048
exx (4xc + 4*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)*sqrt
(a))/sqrt (b)) *xa*xbx*4 - 512kxex*(4*c + 4*dxx)*sqrt(b)*sqrt(a - b)*atan((s...

output
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3.8 L 1 dz
<a-|—bCSCh (c—l—d:v))

Optimal result . . . . . . . . .. . . . OT]
Mathematica [A] (verified) . . . . . . . . ... . L L 92
Rubi [A] (verified) . . . . . . ... . 92
Maple [B] (verified) . . . . . . . . . .. 96
Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... .... 98]
Sympy [F] . . . o 99
Maxima [F(-2)] . . . . . . o o e 99
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... ... 99
Mupad [F(-1)] . . . o 100
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 101

Optimal result

Integrand size = 14, antiderivative size = 220

1
/ 5 7 dz
(a + besch?(c + dx))

Vb(35a® — 70a%b + 56ab® — 16b%) arctan <%)

T
Tt 16a%(a — b)7/2d
bcoth(c + dx) N (11a — 6b)b coth(c + dx)
6a(a — b)d (a — b+ beoth?(c + dm))3 24a2(a — b)2d (a — b+ beoth?(c + dav))2
N b(19a? — 22ab + 8b%) coth(c + dz)
16a3(a — b)3d (a — b+ beoth®(c + dz))

e N

x/a~4-1/16*%b~(1/2) *(35%a~3-70*a"2xb+56*a*b~2-16*b~3) *arctan((a-b) ~(1/2) *ta
nh(d*x+c) /b~ (1/2))/a~4/(a-b)~(7/2) /d+1/6*xb*coth(d*x+c) /a/(a-b) /d/ (a-b+b*co
th(d*x+c) ~2) “3+1/24* (11*a—-6*b) *bkcoth(d*x+c)/a"2/(a-b) “2/d/ (a-b+b*coth(d*x
+¢)~2) "2+1/16%b* (19%a”2-22*axb+8*b~2) *coth (d*x+c) /a~3/ (a-b) ~3/d/ (a-b+b*cot
h(d*x+c)~2)

output

N\




input |

output
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Mathematica [A] (verified)

Time = 8.39 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.24

1
/ 5 7 dz
(a + besch®(c + dz))

(—a + 2b + acosh(2(c + dz)))csch®(c + dz) <48(c + dz)(—a + 2b + acosh(2(c + dz)))® +

3v/b(—35a3+170¢

Integrate[(a + b*Cschlc + d*x]~2)~(-4),x]

((-a + 2xb + a*Cosh[2%(c + d*x)])*Csch[c + d*x] 8*(48x(c + d*x)*(-a + 2%b
+ a*Cosh[2*(c + d*x)])~3 + (3*Sqrt[b]*(-35%a~3 + 70*a~2xb - 56*a*b~2 + 16%
b~3)*ArcTan[(Sqrt[a - bl*Tanh[c + d*x])/Sqrt[bl]l*(-a + 2%b + axCosh[2*(c +
d*x)]1)"3)/(a - b)~(7/2) + (32*a*xb~3*Sinh[2*(c + d*x)])/(a - b) + (a*b*x(87
*a"2 - 116*axb + 44*b~2)*(a - 2*b - a*Cosh[2*(c + d*x)]) "2*Sinh[2*(c + d*x
)1)/(a - b)"3 - (4*a*x(19*a - 14*xb)*b~2*%(-a + 2%b + a*Cosh[2*(c + d*x)])*Si
nh[2*(c + d*x)]1)/(a - b)~2))/(768*a~4*d*(a + b*Cschlc + d*x]~2)"4)

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.22,

number of rules __
integrand size 0.786, Rules

used = {3042, 4616, 316, 25, 402, 27, 402, 25, 397, 218, 219}

number of steps used = 12, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ L dz
(a + besch?(c + dw))4

l 3042

1
/ 4dz
(a — bsec (ic+ idx + %)2)

l 4616
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1 d
coth(c + dx
f (1—coth?(c+dz)) (b coth2(c+dx)+a,—b)4 ( + )
d
| 316
f _ —5b coth2 (ct+dxz)+6a—b dCOth(C+d(l))
b coth(c—}-dz) (1 —coth2 (c+dz)) (b coth? (c+dz)+a7b) 3
6a(a—b) (a+bcoth? (c+da:)—b)3 6a(a—b)
d
| 25
—5b cothz(c+da:)+6a—b 5 dCOth(C+d:1?)
(1 —coth? (c+dz)) (b coth? (c+dz)+a—b) b coth(c—i—dw)
6a(a—b) 6a(a—b) (a-+bcoth? (c—f-d:z:)—b)3
d
| 402

b(11a—6b) coth(ct+dx)

3 (8a2 —5ba+2b2—(11a—6b)b coth? (c+dz))

(1—coth2(c+da:)) (b coth2(0+dm)+a—b)2

d coth(c+dz)

4a(a—b) (a+b coth2 (c+dz) —b)

4ala—t) b coth(c+dz)

6a(a—b) 6a(a—b) (a+bcoth? (c—i—dau)—b)3

8a2 —5ba+2b%— (11a—6b)b coth?

d

| 27

3/

(ctdx) o d coth(c+dx)
(1—coth2 (c+dz)) (b coth? (c+dz)+a—b)

b(11a—6b) coth(c+dx)

4a(a—b)

4a(a—b) (a+b coth2(c+dz)—b)2 bcoth(c—i—dw)

6a(a—b) 6a(a—b) (a+bcoth? (c+dav)—b)3

d
l 402

1603 —29ba2 +26b2a—8b3 —b (1902 —22ba+8b2) coth? (c+dzx)

”(19“2—22ab+8b2) coth(c+dz) (1—coth2(c+dm)) (b coth2(0+dx)+a—b) dcoth(c+dz)
2a(a—b) (a+bcoth? (c+dz)—b) B 2a(a—b)
b(11a—6b) coth(c+da)
4a(a—b) 4a(a—b)(a+b coth2(c+d:v)—b)2
6a(a—b) 6al

l 25
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1643 —29ba2+26b2a—8b3 —b(19a2—22ba+8b2) coth? (c+dz)

(l—coth2 (c+da:)) (b coth? (c+da:)+a—b)

d coth(c+dzx)
b (19«12 —22ab+8b2) coth(c+dx)

2a(a—b)

+
2a(a—b) (a+b coth?2 (c+dx) —b)
b(11a—6b) coth(ct+dzx)

4a(a—b) 4a(a—b) (a+bcoth2(c+dw)—b)2
6a(a—b) 6a(a
d
| 397
3 2 2 3\ 1 3 1
b(35a —70a“b+56ab“ —16b ) J mdcoth(c-ﬁim) N 16(a—0b)° [ mdcoth(c-{—dz) b(19a2—22ab+8b2) coth(ctdz)
a a
8 2a(a—b) 2a(a—b)(a+bcoth? (ctdx)—b)
b(1
+
4a(a—0b) 4a(a—b)
6a(a—b)
d
| 218
16(a—b)3 [ md coth(ctdz) Vb (3503 ~70a2b+56ab%—16b3) arctan(%ﬁdz))
3 =2 ac = + ava—b e b(19a2—22ab+8b2) coth(c+dx)
2a(a—b) 2a(a—b) (a+b coth? (c+dz)—b)
b(11a—6b) c
4a(a—>b) 4a(a—>b) (a+b cot
6a(a—b)
d
| 219
/b coth(c+dz)

\/5(35a3 —70a2b+56ab2 — 16b3) arctan (

a—b ) n 16(a—b)3arctanh(coth(c+dz))
a

b(1902—22ab+8b2) coth(c+dx) aTash
2a(a—b) (a+b coth2(c+dm)—b) 2a(a—b)
b(11a—6b) coth(c+
4a(a—b) 4a(a—b) (a+bcoth2(c+¢
6a(a—b)

-

inputLInt[(a + b*Cschlc + d*x]~2)"(-4),x]

-
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((b*Coth[c + d*x])/(6*a*(a - b)*(a - b + b*Coth[c + d*x]~2)"3) + (((11*a -
6*b) *b*Coth[c + d*x])/(4*a*x(a - b)*(a - b + b*Coth[c + d*x]~2)"2) + (3*((
(Sqrt[b]*(35%a~3 - 70*a~2*b + 56%axb~2 - 16%b~3)*ArcTan[(Sqrt[b]l*Coth[c +
d*x])/Sqrt[a - b]])/(a*Sqrt[a - b]) + (16*(a - b) "3*ArcTanh[Coth[c + d*x]]
)Y/a)/(2*ax(a - b)) + (b*x(19*%a~2 — 22*a*b + 8%b~2)*Coth[c + d*x])/(2*a*x(a -
b)*(a - b + bxCoth[c + d*x]~2))))/(4*ax(a - b)))/(6%ax(a - b)))/d

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

rule 218

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 01 || LtQ[b, 01)

rule 219

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x72)7(q + 1)/(2*ax(p + 1)*(bxc - axd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)"g*Simp[b*c + 2x(p + 1) *(b*c - a*d) + dxbx(2x(p + q + 2) + 1)*x"2, x], x
1, x]1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]

rule 316

Int[((e ) + (£_.)*(x_)72)/(((al) + (b_)*(x_)"2)*((c_) + (d_.)*(x_)"2)), x_
Symbol] :> Simp[(b*e - axf)/(b*c - a*d) Int[1/(a + b*x"2), x], x] - Simp[
(d*xe - c*f)/(bxc - axd) Int[1/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d, e
, £}, x]

rule 397
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rule 402 TRELC@L) + (0_)*(x)"2)7(p)*((c)) + (d_)*(x)"2)7(q_)*((e) + (£_.)*(x
_)"2), x_Symbol] :> Simp[(-(bxe - axf))*x*(a + b*x~2)"(p + 1)*((c + d*x~2)"
(q + 1)/ (ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + d*(bxe - axf)*(2*%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, f, qF}, x] && LtQ[p, -1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symboll :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p
/(1 + ££72%xx"2), x], x, Tan[e + f*x]/ff], x]] /; FreeQ[{a, b, e, £, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

rule 4616

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 671 vs. 2(204) = 408.

Time = 2.29 (sec) , antiderivative size = 672, normalized size of antiderivative = 3.05
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method result

64b%a (1902 —22ab+8b2) tanh (92 + § ) 1

9
64(544a3 —835a2b+438a b2 —72b3) ab tanh(dT:c-i— %)
307203 —9216a2b+9216a b2 —3072b3 +

2 102403 —3072a2b+3072a b2 —1024b3

derivativedivides a

11 9
64b2a (19a2—22ab+8b2) tanh(dTw + g) 64(544a3 —835a2b-+438a b2 —72b3) ab tanh(%”-ﬂ— %)
307243 —9216a2b+9216a b2 —3072b3 +

2 102403 —3072a2b+3072a b2 —1024b3

ln(tanh(%“—c-f—%)—l) n

default ot

_435a5ede+86+870a5e6dz+6c+116a4b_44a3b2_366a4belOd:c+100+408a3b2810dw+100_144a2b3810dw+100

risch Z 4 b(

input L

int (1/(at+b*csch(d*x+c) ~2) “4,x,method=_RETURNVERBOSE)




output
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1/d*(-1/a~4%1n(tanh (1/2*d*x+1/2*%c)-1)+2%b/a~4%(64*(1/1024*b~2*a* (19*xa~2-22
*axb+8+b~2) / (a~3-3*a~2*b+3*a*b”~2-b~3) *tanh (1/2*d*x+1/2*c) ~11+1/3072* (544*a
~3-835*a~2xb+438*a*b”~2-72%b"3) *a*xb/ (a~3-3*a”"2*b+3*a*b”~2-b"3) *tanh (1/2*d*x+
1/2%c) ~9+1/512*a* (232*xa~4-400%a"3*xb+247*a”2*xb~2-62*%a*xb~3+8*%b"4) / (a~3-3*a"2
*b+3*axb~2-b"3) ktanh (1/2*d*x+1/2%c) “7+1/512*a* (232*xa~4-400%a"~3*b+247*a”2*b
~2-62*%a*xb”~3+8%b~4) / (a~3-3*a”2*b+3*a*b~2-b"3) *tanh (1/2*d*x+1/2%c) ~5+1/3072*
(544%a~3-835*a~2*b+438*a*b~2-72*b"~3) *a*b/ (a~3-3*a”2*b+3*a*b~2-b"3) *tanh (1/
2%d*xx+1/2%c) “3+1/1024%b~2%a* (19%a~2-22*a*b+8*b~2) / (a~3-3%a~2*b+3*a*xb~2-b~3
)*tanh (1/2*d*x+1/2%c))/(tanh(1/2*d*x+1/2*c) ~4*b+4*tanh (1/2*d*x+1/2%c) ~2%a—
2xtanh (1/2*d*x+1/2%c) ~2xb+b) "3+4* (35%a~3-70*a~2*b+56*a*b~2-16*b~3) / (64*a"3
-192%a~2xb+192*a*xb~2-64*b"3) *b* (1/2* ((a*(a-b)) ~(1/2)+a) /b/(a*(a-b))~(1/2)/
((2x(a*x(a-b))~(1/2)+2*a-b)*b) " (1/2) *arctan (b*tanh (1/2*d*x+1/2*c) / ((2* (ax(a
-b))~(1/2)+2*a-b)*b) ~(1/2))-1/2*((a*x(a-b))~(1/2)-a)/b/(a*x(a-b))~(1/2)/((2*
(ax(a-b))~(1/2)-2*a+b) *b) ~ (1/2) *arctanh (bxtanh (1/2*d*x+1/2*c) / ((2* (a*x(a-b)

)~ (1/2)-2*a+b)*b) ~(1/2))))+1/a"4*1n(tanh(1/2*d*x+1/2%c)+1))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 8543 vs. 2(204) = 408.

Time = 0.28 (sec) , antiderivative size = 17376, normalized size of antiderivative =

78.98
1
/ 7 dx = Too large to display
(a + besch? (c+ dw))
input Lintegrate (1/ (a+b*csch(d*x+c) ~2) ~4,x, a1g0rithm="fricas ")

N J

outputLT°° large to include
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Sympy [F]

/ L 7 dr = / L 7 dz
(a + besch?(c + dz)) (a+ besch® (c + dz))

inputLintegrate(1/(a+b*csch(d*x+c)**2)**4,x) J

OutputLIntegral((a + bxcsch(c + d*x)**2)*x(-4), x) J

Maxima [F(-2)]

Exception generated.

1
/ 5 7 dr = Exception raised: ValueError
(a + besch?(c + dz))
inputLintegrate(1/(a+b*csch(d*x+C)‘2)‘4,x, algorithm="maxima") J

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(b-a>0)', see “assume?  for more
‘details)Is ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 596 vs. 2(204) = 408.

Time = 0.29 (sec) , antiderivative size = 596, normalized size of antiderivative = 2.71

1
/ 5 7dr =
(a + besch?(c + dz))

2dz+2
3 (35 a3b—70 a2b?+56 ab3—16 b*) arctan (w

2 Vab—b2 ) 2 (87a5be(10 dz+10c) _366 g4p2e(10 dz+10 c)+408 a3p3e(10dz+10c) 144
(a”"—3 abb+3 a®b2—ab3)v/ab—b2
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input‘

integrate(1/(atbxcsch(d*x+c)~2)~4,x, algorithm="giac")

output

-1/48% (3% (35%a~3*xb — 70*a”2%b~2 + 56*a*xb~3 - 16*b~4)*arctan(1/2+*(a*e” (2*d*
X + 2%c) - a + 2%b)/sqrt(a*b - b~2))/((a”7 - 3*a~6xb + 3*a~5*%b"2 - a~4%b”3
Y*¥sqrt(a*b - b72)) - 2%(87*a~5*b*e” (10*d*x + 10%c) - 366%a”4*b~2xe” (10*d*x
+ 10%c) + 408*a~3*b~3*e” (10*d*x + 10%c) - 144*a~2xb~4*xe” (10*d*x + 10%*c) -
435*%a~5*xbxe” (8*d*x + 8%c) + 2124*a~4*b~2%e” (8*d*x + 8xc) - 3972%a”3*b"3*e
~(8*d*x + 8%c) + 3072*%a”2*b~4*e” (8*d*x + 8*c) - 864*axb~5xe” (8*d*x + 8%c)
+ 870%a”5xbxe~ (6*d*x + 6%c) - 4292%a"4*b~2%e” (6*d*x + 6%c) + 8792%a"3*b~3*
e~ (6xd*x + 6%c) - 9936*%a~2+b~4*e” (6*d*x + 6%c) + 5824*axb~5ke” (6*d*kx + 6*c
) - 1408%b~6%e”(6*d*x + 6%c) - 870%a5xbke” (4*d*x + 4%c) + 3792%a"4*xb~2%e”
(4xd*x + 4*c) - 6432*a”3*%b~3*e” (4xd*x + 4*c) + 4608*a~2*b~4*e” (4*d*x + 4*cC
) — 1248*a*b~5*e” (4*d*x + 4xc) + 435*%a”bxb*e” (2*d*x + 2%xc) — 1374*a"4%b~2%
e~ (2%d*x + 2xc) + 1248*a”3*b"3*e” (2*d*x + 2*c) — 384*a”2%b"4*e” (2*d*x + 2%
c) - 87*a”5*xb + 116*%a”4%b~2 - 44*a~3*xb~3)/((a"7 - 3*a"6%b + 3*a~5xb"2 - a”
4xb~3) * (axe” (4*xd*x + 4xc) - 2*akxe” (2kxd*x + 2%c) + 4xbxe”(2*d*x + 2%c) + a)
~3) - 48x(d*x + c)/a"4)/4d

Mupad [F(-1)]

Timed out.

/(a-l—bcschi(c—l-dazc))4 dx:/ (a ;de

sinh(c+d )2

input‘

int(1/(a + b/sinh(c + d*x)~2)"4,x)

-

outputt

int(1/(a + b/sinh(c + d*x)~2)~4, x)

| —
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Reduce [B] (verification not implemented)

Time = 0.54 (sec) , antiderivative size = 6520, normalized size of antiderivative = 29.64

1
/ 7 dz = Too large to display
(a + besch?(c + dz))

nput 18t (1/ (atbrcsch(drx+c) "2)"4,0)

output

(105xe**(12xc + 12xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*
x)*sqrt(a))/sqrt (b)) *ax*7 - 420%e*x*(12%xc + 12*d*x)*sqrt(b)*sqrt(a - b)*ata
n((sqrt(a - b) - exx(c + d*x)*sqrt(a))/sqrt(b))*a**6xb + 588*ex*(12%c + 12
*d*x) *sqrt (b) *sqrt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*sqrt(a))/sqrt(b
))kax*x5xb**2 — 384kxex*(12*c + 12xd*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b
) = exx(c + d*x)*sqrt(a))/sqrt(b))*ax*4*b*x3 + 96*e*x(12%c + 12*d*x)*sqrt(
b)*sqrt(a - b)*atan((sqrt(a - b) - e**x(c + d*x)*sqrt(a))/sqrt(b))*xax*3xb*x*
4 - 630*ex*(10*c + 10*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - exx(c +
d*x)*sqrt(a))/sqrt (b)) *xa*xx7 + 3780*e**(10*c + 10*d*x)*sqrt(b)*sqrt(a - b)
xatan((sqrt(a - b) - e*x(c + d*x)*sqrt(a))/sqrt(b))*a**6*b - 8568*e**x(10*c
+ 10*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e**(c + d*x)*sqrt(a))/s
qrt (b)) *ax*5xbx*2 + 9360*e**(10*c + 10*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt
(a - b) - ex*x(c + d*x)*sqrt(a))/sqrt(b))*a**4*xbx*3 — 5184*e*x(10*c + 10*d*
x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - e*x(c + d*x)*sqrt(a))/sqrt(b))*
ax*x3xb**k4 + 1152%e**(10*c + 10*d*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b)
- exx(c + d*x)*sqrt(a))/sqrt(b))*a**2xbx*5 + 1575xex*(8*c + 8*d*x)*sqrt(b)
*sqrt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*sqrt(a))/sqrt(b))*a**7 - 113
40*ex* (8%c + 8xd+*x)*sqrt(b)*sqrt(a - b)*atan((sqrt(a - b) - ex*(c + d*x)*s
grt(a))/sqrt(b))*xa**x6*b + 34020*ex*(8*c + 8+d*x)*sqrt(b)*sqrt(a - b)*atan(
(sqrt(a - b) - ex*x(c + dxx)*sqrt(a))/sqrt(b))*ax*5xbx*2 - 54144*xex*(8*c. ..




outpu
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3.9 [ (a+ besch®(c + dm))5/2 dx

Optimal result . . . . . . . . .. . . 102
Mathematica [A] (verified) . . . . . . . . ... . L Lo 103l
Rubi [A] (verified) . . . . . . . .. .. 103
Maple [F] . . . o o 107
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..... 107
Sympy [F] . . o o 107
Maxima [F] . . . . . . o 108
Giac [F(-2)] . - o o o 108
Mupad [F(-1)] . . . 108
Reduce [F] . . . . . 1091

Optimal result

Integrand size = 16, antiderivative size = 174

a®/2arctanh | —-/ecothlctdr)
\/a—b—f-b coth?(c+dzx)

)

/ (a + besch?(c + dav))5/2 dz = y

VB(15a2 — 10ab + 362) arctanh( Vicoth(edr)
a—b+bcoth? (ct+dzx)

)

8d
(7Ta — 3b)bcoth(c + dx) \/a — b+ beoth?(c + dz)
- 8d
bcoth(c + dz) (a — b+ beoth?(c + dw))‘g/2

4d

‘1/2)*(15*a“2—10*a*b+3*b‘2)*arctanh(b‘(1/2)*coth(d*x+c)/(a—b+b*coth(d*x+c)‘
12)7(1/2)) /d-1/8%(T*a-3%b) ¥b*coth (d*x+c) * (a-b+b*coth (d*x+c) ~2) ~(1/2) /d-1/4x

‘b*coth(d*x+c)*(a—b+b*coth(d*x+c)“2)”(3/2)/d

¢ ‘(a" (5/2)*arctanh(a” (1/2) *coth(d*x+c)/(a-b+b*coth (d*x+c)~2)~(1/2))/d-1/8*b"( \‘
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Mathematica [A] (verified)

Time = 3.38 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.33

/ (a + besch?(c

(a + besch?(c + dz))s/ 2 <—2\/§\/1_)(15a2 — 10ab + 3b*) arctanh ( \/_ﬁﬁ‘;’::s(;(;‘(jg dw))> + b

+clac))5/2 dx =

input LIntegrate[(a + bxCsch[c + d*xx]~2)~(5/2),x] J

((a + b*Cschlc + d*x]~2)~(5/2)*(-2*Sqrt[2]*Sqrt [b]*(15%a~2 - 10*a*b + 3*b~

2) *ArcTanh [ (Sqrt[2]*Sqrt [b]*Cosh[c + d*x])/Sqrt[-a + 2*%b + a*Cosh[2*(c + d
*x)]]] + bxSqrt[-a + 2*%b + axCosh[2*(c + d*x)]]*(9%a - 7*b + (-9%a + 3xb)x*
Cosh[2*(c + d*x)])*Coth[c + d*x]*Cschlc + d*x]~3 + 16%Sqrt[2]*a~(5/2)*Logl
Sqrt[2]*#Sqrt [al*Cosh[c + d*x] + Sqrt[-a + 2%b + axCosh[2*(c + d*x)]]])*Sin
h[c + d*x]75)/(4xd*(-a + 2xb + a*Cosh[2*(c + d*x)])~(5/2))

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.01,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 geg Ryyjes
integrand size

used = {3042, 4616, 318, 25, 403, 25, 398, 224, 219, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + besch?(c + d:c))5/2 dx

l 3042

9\ 5/2
/(a—bsec (ic+idw+g) > dx

l 4616

2 _7\5/2
/ U Co‘clll_éz:;fgﬁizz)b) d coth(c + dx)

d




CHAPTER 3. LISTING OF INTEGRALS 104

l 318

1 \/b coth?(c+dz)+a—b((7a—3b)bcoth? (c+dz)+(4da—3b)(a—b))
4 f - 1—coth?(c+dzx)
| 25

1 \/b coth?(c+dz)+a—b((Ta—3b)bcoth?(c+dz)+(4a—3b)(a—b))
4 f 1—coth?(c+dz)

d coth(c + dz) — ;bcoth(c + dz) (a + beoth?(c + dz) -
d

dcoth(c + dz) — $bcoth(c + dz) (a + beoth?(c + dz) — b)
d

l 403

1 < 1 f b(15a%—10ba+3b?) coth?(c+dz)+(a—b) (8a®—Tba+3b?)
il - —

(1—coth? (c+dz)) /b eoth? (c+da)+a—b dcoth(c +dz) — 3b(Ta — 3b) coth(c + dz)y/a + beoth’(

d

| 25

1( 1 b(1562~10ba+3b%) coth® (c+da)+(a—b) (8a>~Tbat30?) 4y (o gy | Lpomo apy a0 b coth?
4<2f (1—COth2(C+daJ))\/bcoth2(0+dz)+a—b coth(c + dr) 2 (7a ) coth(c + m)\/a+ coth?(c +
d
| 398
1[1 3 1 9 9 L
i| 2|8 dcoth(c + dz) — b(15a® — 10ab + 3b dcoth
4<2< R e Y T o
d
| 224
il 3|8 1 d coth dz) — b(15a2 — 10ab + 3b> 1 d coth|
(( O e e e ey Ot d) b0 100030 [ e i
| 219
i\ 3|8 1 dcoth(c + dz) — vb(15a® — 10ab + 3b%) arctanh Vb coth(c+dz)
(1_00th2 (c+dw)) \/b coth? (c+dz)+a—b a+b coth? (ctdz)—
d

l 201
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11 3 1 coth(c+dzx) 2 2 Vb coth(c+di) 1
= 51| 8a d — vb(15a* — 10ab + 3b*) arctanh — 5t
d

l 219

i % 8a°/2arctanh vacoth(c+dz) — \/5(15a2 — 10ab + 3b2) arctanh vbcoth(ctds) — %b(7a — 3
\/a+b coth?(c+dz)—b \/a+b coth?(c+dx)—b
d

e

LInt[(a + b*Cschlc + d*x]~2)~(5/2),x]

L

input

(-1/4*(b*Coth[c + d*x]*(a - b + b*Coth[c + d*x]~2)7(3/2)) + ((8*a~(5/2)*Ar
cTanh[(Sqrt[a]*Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d*x]~2]] - Sqrt[b]*(
16%a~2 - 10*a*b + 3%b~2)*ArcTanh[(Sqrt[b]l*Coth[c + d*x])/Sqrt[a - b + bx*Co
thlc + d*x]172]11)/2 - ((7*a - 3%b)*b*Coth[c + d*x]*Sqrt[a - b + b*Coth[c +

d*x]172])/2)/4)/d

output

Defintions of rubi rules used

-

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)

rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
X, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 291 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2I1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - axd)*x~2), x], x, x/Sqrtl[a + b*xx~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]
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Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(b*x(2x(p + @) + 1))), x] + S
imp[1/(bx(2%x(p + q) + 1)) Int[(a + b*x"2) p*(c + d*x~2)"(q - 2)*Simp[c*(b
xck (2% (p + q) + 1) — axd) + dx(b*cx(2x(p + 2%xq - 1) + 1) - a*xd*(2*%(q - 1) +
D)*x"2, x]1, x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQlq, 1] && NeQ[2*(p + q) + 1, 0] & !IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, x]

rule 318

Int[(Ce ) + (£_.)*(x_)"2)/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2])
, x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x~2], x], x] + Simp[(b*e - axf)/
b Int[1/((a + b*x"2)*Sqrtlc + d*x~2]), x], x] /; FreeQ[{a, b, c, d, e, £}

» XJ

rule 398

Int[((a_) + (b_.)*(x_)"2)"(p_.)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (£_.)*(
X_)"2), x_Symbol] :> Simp[f*x*(a + b*x"2)"(p + 1)*((c + d*x~2)"q/(b*x(2*(p +
q+ 1) + 1)), x] + Simp[1/(b*x(2*x(p + q + 1) + 1)) Int[(a + b*x"2) p*(c
+ d*x72)"(q - 1)*Simp[c*(b*e - axf + bxex2*(p + q + 1)) + (d*(bxe - axf) +
fx2*xq* (b*c - axd) + bkxd*xex2x(p + q + 1))*x~2, x], x], x] /; FreeQl[{a, b, c,

d, e, £, p}, x] && GtQ[q, 0] && NeQ[2*(p + q + 1) + 1, 0]

N\ J

rule 403

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

e B

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff =
'FreeFactors([Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + bxff-2%x"2)"p |
/(1 + ££72xx72), x], x, Tanle + f*x1/££], x11 /; FreeQl{a, b, e, f, p}, xI

L&& NeQ[a + b, 0] && NeQ[p, -1] J

rule 4616
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Maple [F|
5
/ (a + besch (dz + 0)2) 2 dx
input Lint((a+b*csch(d*x+c)*2)*(5/2) ,x) J
output Lint((a+b*Csch(d*x+c)”2)“(5/2) ,X) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2650 vs. 2(152) = 304.

Time = 0.57 (sec) , antiderivative size = 12372, normalized size of antiderivative =

71.10
/ (a+ besch?(c + dx))5/ ? dz = Too large to display
input Lintegrate ((a+bxcsch(d*x+c)~2)~(5/2) ,x, algorithm="fricas") J
output tToo large to include J
Sympy [F]
/ (a + besch?(c + da:))s’/2 dz = / (a+ besch? (c+ dav))g dz
input | iBtegrate((avbreach(drx+c)*2)* (5/2) %) J

output LIntegral((a + b*csch(c + d*x)**2)**(5/2), x) J
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Maxima [F|

/ (a + besch?(c + d:I:))E)/2 dz = / (besch (dz + o)+ a)g dx

input‘integrate((a+b*csch(d*x+c)"2)"(5/2),x, algorithm="maxima")

output 1RtegTate((bresch(dsx + €72 + 2)7(5/2), ¥) J

Giac [F(-2)]

Exception generated.

/ (a + besch?(c + dx))s/ ? dz = Exception raised: TypeError

input Lintegrate ((atb*csch(d*x+c)~2)~(5/2) ,x, algorithm="giac") J

‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘

output
LPUT: sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type J

Mupad [F(-1)]

Timed out.

/ (a + besch?(c + dac))“r‘/2 dx = / (a + %) ” dz

sinh (c+ dz

input Lint((a + b/sinh(c + d*x)~2)~(5/2),x) J

outputlint((a + b/sinh(c + d*x)~2)~(5/2), x) J
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Reduce [F]

/ (a + besch?(c + dau))S/2 dx = (/ \/csch (dz +c)* b+ adx) a®

+ </ \/csch (dz + ¢)* b+ acsch(dz + ¢)* dx) b

+2 (/ \/csch (dz + ¢)* b+ acsch(dz + ¢)* dx) ab

input Lint((a+b*csch(d*x+c)*2)*(5/2) ,x) J

‘int(sqrt(csch(c + d*x)**2xb + a),x)*a*x2 + int(sqrt(csch(c + d*x)**2*b + a ‘
‘)*csch(c + dkx)**4,x) *b**2 + 2xint(sqrt(csch(c + d#*x)**2*b + a)*csch(c + d ‘
‘ *X) *%2 , X) *axb ‘

output




output
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3.10 [ (a+ besch?(c + dx))3/2 dx

Optimalresult . . . . . ... .. . ... .. .. 110
Mathematica [A] (verified) . . . . . . ... ... Lo 111
Rubi [A] (verified) . . . ... ... .. 11T
Maple [F] . . . . o 114
Fricas [B] (verification not implemented) . . . . . .. ... .. ...... 114
Sympy [F] . . . o 115
Maxima [F] . . . . . .. 115
Giac [F(-2)] . . o o o 115
Mupad [F(-1)] . . . o 116
Reduce [F] . . . . . 176l

Optimal result

Integrand size = 16, antiderivative size = 126

a®/?arctanh < va coth(ctdr) )
\/a—b+b coth?(c+dzx)

d

/ (a + besch?(c + dau))g'/2 dx =

(3a —b) \/l_)arctanh< vbcoth(ctdo) )

a—b+b coth?(c+dzx)

2d
bcoth(c + dx) \/a — b+ beoth?(c + dz)
- 2d

‘a‘(3/2)*arctanh(a‘(1/2)*coth(d*x+c)/(a—b+b*coth(d*x+c)‘2)‘(1/2))/d-1/2*(3*
‘a—b)*b‘(1/2)*arctanh(b‘(1/2)*coth(d*x+c)/(a—b+b*coth(d*x+c)‘2)“(1/2))/d-1/

‘2*b*coth(d*x+c)*(a—b+b*coth(d*x+c)‘2)‘(1/2)/d
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Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.53

/ (a + besch?(c
3/2 v/b cosh(c+dx
(a + besch?(c + dz)) <\/§\/5(—3a + b)arctanh < \/_agbiaci(h(;?cldx)» —by/—a+2b+c

+clac))3/2 dx =

input LIntegrate[(a + bxCsch[c + d*xx]~2)~(3/2),x] J

((a + b*Cschlc + d*x]~2)~(3/2)*(Sqrt[2]*Sqrt[b]l*(-3*a + b)*ArcTanh[(Sqrt[2

1*Sqrt [b]*Cosh[c + d*x])/Sqrt[-a + 2*b + a*Cosh[2*(c + d*x)]]] - b*Sqrt[-a
+ 2%b + axCosh[2*(c + d*x)]]*Coth[c + d*x]*Csch[c + d*x] + 2%Sqrt[2]*a~(3
/2)*Log[Sqrt [2] *Sqrt [a]*Cosh[c + d*x] + Sqrt[-a + 2*b + a*Cosh[2*(c + d*x)
111)*Sinh[c + d*x]1"3)/(d*(-a + 2%b + a*Cosh[2*(c + d*x)]1)~(3/2))

output

N

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99,

number of rules _ 569 Ryles
integrand size

number of steps used = 10, number of rules used = 9,
used = {3042, 4616, 318, 25, 398, 224, 219, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + besch?(c + dw))?’/2 dx
l.3042
o 2\ 3/2
/ (a — bsec <zc+zda: + 5) > dx
J'4616

bcoth?(c+dz)+a—b 3/2
J : 1—c(oth2(i+dm)) d coth(c + dz)

d
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l 318

_1r_ (3a—b)b coth2(c+dz)+(a—b) (2a—b) d coth d _ lb th d b th2 d —-b
2 f (1—coth?(c+dz)) \/b coth?(c+dz)+a—b « (C + 33) 270 (C + x) \/a oo (C + -’17)

d

| 25

1 2a2—3ba+b2+(3a—b)b coth?(c+dx) dcoth dz) — lb th d b th2 i) —b
2f(1_coth2(c+dm))\/bcoth2(c+dz)+a_b coth(c + dx) — 5bcoth(c + x)\/a+ coth?(c + dz)

d

| 398
1242 1 dcoth dz) —b(3a —0b 1 dcoth(c+d —1p
2 < e (1—coth?(c+dz)) \/bcoth2(c+dw)+a—b © (C+ m) ( ¢ )f \/bcoth2(0+dx)+a—b «© (C -'L') 270

d

| 224
1( 942 1 dcoth(c + dz) — b(3a — b ! d——coth(ctda) -
2( a f (1—coth2(c+dz))\/bcothz(c-i-dw)—i-a—b «© (C+ x) ( a4 )f 1—% \/bcoth2(0+dm)+a—b :

d

| 219
1 242 ! dcoth(c + dz) — v/b(3a — b)arctanh | —_Ybcothlcrdz) — lbcoth
2< ¢ f (1—coth2(c+d:t))\/bcoth2(c+dw)+a—b «© (C+ fE) \/_( “ )aI'C o a+bcoth?(c+dz)—b 270 (

d

| 291
1( 9,2 1 d coth(c+dz) —/b(3a—b tanh Vb coth(c+di) — lpcoth d |
2( 4 f 1——bc(‘;;°2t(}f:§$f;_b \/bcothQ(c-i-dm)—f-a—b \/_( “ )aI'C an \/a+bcoth2(c+dm)—b 270 (C+ w)\/

d
| 219

% <2a3/ 2arctanh ( \/ vacoth(ctdz) ) — v/b(3a — b)arctanh ( \/ Vb coth(c+do) )) - % beoth(c +dx)y/a + bec

a+b coth?(c+dz)—b a+bcoth?(c+dz)—b
d




input

output

rule 25

rule 219

rule 224

rule 291

rule 318
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‘Int[(a + b*Csch[c + d*x]~2)~(3/2),x]

‘ ((2*a~(3/2) *ArcTanh [(Sqrt [al *Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d*x]~2
‘ 11 - (3*a - b)*Sqrt[b]*ArcTanh[(Sqrt[b]l*Coth[c + d*x])/Sqrt[a - b + bxCoth
L [c + d*x]~2]1)/2 - (b*Coth[c + d*x]*Sqrt[a - b + bxCoth[c + d*x]~2])/2)/d

|
|
J

Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*x*x(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(b*(2x(p + q@) + 1))), x] + S
imp[1/(bx(2*x(p + q) + 1)) Int[(a + b*x"2)"p*(c + d*x"2)"(q - 2)*Simp[c*(b
xck (2% (p + q) + 1) — axd) + dx(b*cx(2x(p + 2xq - 1) + 1) - a*d*(2*%(q - 1) +
1))*x~2, x], x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQlq, 1] && NeQ[2x(p + @) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, xJ
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rule 398 Int[((e_) + (£_.)*(x_)"2)/(((a_) + (b_.)*x(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21)
, X_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x~2], x], x] + Simp[(b*e - ax*f)/
b Int[1/((a + b*x~2)*Sqrtlc + d*x~2]1), x], x] /; FreeQ[{a, b, ¢, 4, e, f}

, xJ

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4616 Int[((a_) + (b_.)*secl[(e_.) + (£f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p
/(1 + ££72xx"2), x], x, Tan[e + f*xx]/£ff], x]] /; FreeQ[{a, b, e, £, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

Maple [F]

/ (a + besch (dz + 0)2)% dz

input‘int((a+b*csch(d*x+c)‘2)‘(3/2),x)

output | 1Bt ((arbresch(@x+c) 2)7(3/2),%)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1163 vs. 2(108) = 216.

Time = 0.32 (sec) , antiderivative size = 6427, normalized size of antiderivative = 51.01

/ (a + besch?(c + dw))3/ ? dz = Too large to display

inputLintegrate((a+b*csch(d*x+c)“2)‘(3/2),x, algorithm="fricas") J

OutputLToo large to include J
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Sympy [F]

/ (a + besch?(c + dx))3/2 dr = / (a + besch? (¢ + dx))% dz

‘integrate((a+b*csch(d*x+c)**2)**(3/2),x)

input
output LIntegral( (a + bkcsch(c + dxx)**2)**(3/2), x) J
Maxima [F]
3
input Lintegrate ((at+b*csch(d*x+c)~2)~(3/2),x, algorithm="maxima") J
output Lintegrate ((b*csch(d*x + c)~2 + a)~(3/2), x) J
Giac [F(-2)]
Exception generated.
/ (a + besch?(c + da:))g/ ? dz = Exception raised: TypeError
input Lintegrate ((at+bxcsch(d*x+c)~2)~(3/2),x, algorithm="giac") J

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN ‘
‘PUT:sage2:=int(sage0,sageVARx) : ;OUTPUT :Error: Bad Argument Type ‘
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Mupad [F(-1)]

Timed out.

3/2 b 3/2
sinh (¢ + d z)

inputtint((a + b/sinh(c + d*x)~2)~(3/2),x)

output Lint((a + b/sinh(c + d*x)~2)7(3/2), x)

Reduce [F]

/ (a + besch?(c + dav))?’/2 dz = (/ \/csch (dz +¢)* b+ ad:v) a
+ (/ \/csch (dz + ¢)> b+ acsch(dz + c)? dx> b

input Lint ((a+b*csch(d*x+c)~2)~(3/2) ,x)

output
‘sch(c + d*x)**2,x)*b

‘int(sqrt(csch(c + d*x)**x2%b + a),x)*a + int(sqrt(csch(c + d*x)**2xb + a)*c




output
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3.11 [ \/a+ besch?(c + dzx) dx

Optimal result . . . . . . . . . . . e 117
Mathematica [A] (verified) . . . . . . . . . ... o o 117
Rubi [A] (verified) . . . .. . . ... .. 118
Maple [F] . . . . 120
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 120
Sympy [F] . . . o 1211
Maxima [F] . . . . . .. 121
Giac [F(-2)] . . .« o o 1211
Mupad [F(-1)] . . . o o 122
Reduce [F] . . . . . o 122

Optimal result

Integrand size = 16, antiderivative size = 84

/ \/a + besch?(c + dx) dx =

a—b+b coth? (c+dzx)

\/Earctanh ( \/ v/a coth(c+dz) >

v/barctanh

d

Vb coth(c+di)
\/a—b—l—b coth?(c+dzx)

d

'a~(1/2)*arctanh(a” (1/2) *coth(d*x+c) / (a-b+bkcoth(d*x+c)~2)~(1/2)) /d-b"(1/2)
‘*arctanh(b”(1/2)*coth(d#x+c)/ (a-b+bkcoth(dkx+c)~2)~(1/2))/d |

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.70

/ \/a + besch?(c + dz) dx

v/2v/b cosh(c+di)

v/a + besch?(c + dz) <—\/l_)arctanh<

\/—a+2b+a cosh(2(c+dx))) + \/alog (\/E\/a COSh(C + de‘) + v —a+ 2b

d\/—% + b+ 1acosh(2(c + dzx))



inpu

outpu

CHAPTER 3. LISTING OF INTEGRALS 118

t‘ Integrate[Sqrt[a + b*Cschlc + d*x]~2],x] ‘

" ‘ (Sqrt[a + bxCschl[c + d*x]~2]*(-(Sqrt[b]*ArcTanh[(Sqrt[2]*Sqrt[b]l*Cosh[c + ‘
‘ d*x])/Sqrt[-a + 2xb + axCosh[2*(c + d*x)]]]) + Sqrt[al*Log[Sqrt[2]*Sqrt[a] ‘
(*Cosh[c + d#x] + Sqrt[-a + 2#b + a*Cosh[2#(c + d*x)111)#Sinh[c + d*x])/(d*
Sqrt[-1/2%a + b + (axCosh[2*(c + d*x)1)/2]) |

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.98,

number of rules __
integrand size 0.438, Rules

number of steps used = 8, number of rules used = 7,
used = {3042, 4616, 301, 224, 219, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ \/a + besch?(c + dz) dx
l 3042
\/ b . i T\ 2 i
/ — sec(zc—i—z x+§) T
l 4616
\/b coth? (c+dz)+a—b
f 1—coth? (c+dzx) d COth(c + d.’L‘)
d
l’301
1 dcoth(c+ dz) — b 1 dcoth(c +d
) f (1_COth2(c+dx))\/bCOth2(c+dx)+a_b coth(e “) f \/bcothQ(c+dac)+a—b coth(c z)
d
l 924
! dcoth(c + dz) — b L d——th(etdo)
) ieiteramy Jromieramrans . ot ) et 4 i crany o

d
l 219



inpu

output

rule

rule 224

rule 291
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af ! d coth(c + dz) — v/barctanh vbeoth(ctdz)
(1—coth?(c+dz)) \/b coth? (c+dz)+a—b a+b coth?(c+dx)—b
d
| 201
1 coth(c+dz) v/b coth(c+dax)
a d — Vbarctanh
f —ﬁ% \/b coth?(c+dz)+a—b <\/a+b coth? (c+da:)—b>

d
l 219

\/Earctanh ( vacoth(ctdz) ) — \/l—)arctanh ( v/b coth(c+dzx) )

\/a,+b coth?(c+dz)—b a+bcoth?(c+dz)—b

d

t‘ Int[Sqrt[a + b*Cschl[c + d*x]~2],x]

‘ (Sart[a]*ArcTanh[(Sqrt[al*Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d*x]~2]]
‘ - Sqrt[b]l*ArcTanh[(Sqrt [b]*Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d*x]~2]]
/4

Defintions of rubi rules used

|ArcTanh[Rt[-b, 21*(x/Rtla, 21)], x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il Ltalb, 01)

o190 It [((a)) + (b_)*(x))"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[-b, 21))%

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
X, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

~
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Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[b/
d Int[(a + b*x"2)"(p - 1), x], x] - Simp[(bxc - a*d)/d Int[(a + b*x~2)"
(p - 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

%& GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[pl, 41 || (EqQlp, 2/3] && E
qQ[b*c + 3*axd, 0]))

rule 301

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4616 1atL(@0) + (b_)*secl(e_.) + (£_.)*(x))]1"2)7(p_), x_Symboll :> With[{ff = |
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p ‘
/(1 + ££72%x72), x], x, Tanle + £*x]/£f], x]] /; FreeQl{a, b, e, £, p}, x] |
& NeQ[a + b, 0] & NeQ[p, -1 |

Maple [F]
/ \/a + besch (dx + c)2dx
input Lint((a+b*csch(d*x+c)*2)*(1/2) ,%) J
output Lint((a+b*csch(d*x+c)*2)*(1/2) ,%) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 600 vs. 2(72) = 144.

Time = 0.17 (sec) , antiderivative size = 4171, normalized size of antiderivative = 49.65

/ \/ a + besch?(c 4 dz) dz = Too large to display

-

Lintegrate ((atbxcsch(d*x+c)~2)~(1/2) ,x, algorithm="fricas")

-/

input
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output LToo large to include J
Sympy [F]
/ \/a + besch?(c + dz) dz = / \/a + besch? (¢ + dx) dx
input | iBtegrate((avbrcach (dxx+c)*2)*(1/2) %) J
output LIntegral(sqrt (a + bkcsch(c + d*x)**2), x) J
Maxima [F]
/ \/a + besch?(c + dz) dx = / \/bcsch (dz +c)® + adz
input Lintegrate ((a+b*csch(d*x+c)~2)"(1/2) ,x, algorithm="maxima") J
output Lintegrate(sqrt (b*csch(d*x + c)~2 + a), x) J

Giac [F(-2)]

Exception generated.

/ \/ a + besch?(c + dz) do = Exception raised: TypeError

input Lintegrate ((atb*csch(d*x+c)~2)~(1/2) ,x, algorithm="giac") J

t‘Excep‘cion raised: TypeError >> an error occurred running a Giac command:IN ‘

outpu
‘ PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT :Error: Bad Argument Type ‘
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Mupad [F(-1)]

Timed out.

b
a + besch?(c + dz dm:/ a+—"  _dr
/\/ ( ) \/ sinh (¢ + d z)?

inputLint((a + b/sinh(c + d*x)~2)~(1/2),x)

Outputtint((a + b/sinh(c + d*x)~2)~(1/2), x)

Reduce [F]

/\/a+bcsch2(c+dx)dz=/\/csch(dx+c)2b+ada:

input Lint ((a+b*csch(d*x+c)~2)~(1/2) ,x)

OutputLint(sqrt(csch(c + d*x)**2xb + a),x)
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312 L dz

2
\/ a+bcsch”(c+dz)
Optimal result . . . . . . . . . . . . . e 123]
Mathematica [B] (verified) . . . . . . . . . ... 1231
Rubi [A] (verified) . . . . . . . . . . 124
Maple [F] . . . . o
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 1261
Sympy [F] . . o o 127
Maxima [F] . . . . . o
Giac [F(-2)] . . o o o o
Mupad [F(-1)] . . . 128
Reduce [F] . . . . . 128
Optimal result
Integrand size = 16, antiderivative size = 38
arctanh ( v/a coth(c+dz) )
1 dp — \Jarbesch’ (c+dz)
v/ a + besch?(c + dz) vad
output Larctanh(a" (1/2) *xcoth(dx+c)/ (a+bkcsch(d*x+c)~2)~(1/2)) /a~(1/2)/d J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 97 vs. 2(38) = 76.
Time = 0.19 (sec) , antiderivative size = 97, normalized size of antiderivative = 2.55
1
v/ a + besch?(c + dz) &
v/ —a+ 2b+ acosh(2(c + dz))csch(c + dz) log (ﬂ\/ﬁ cosh(c + dz) + \/—a + 2b + acosh(2(c + dx)))
- V2y/adr/a + besch? (¢ + dx)

input LIntegrate [1/Sgrt[a + b*Cschlc + d*x]~2],x] J
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‘ (Sgrt[-a + 2*b + a*Cosh[2*(c + d*x)]]*Cschl[c + d*x]*Log[Sqrt[2]*Sqrt[a]l*Co ‘
‘ shlc + d*x] + Sqrt[-a + 2%b + axCosh[2*(c + d*x)]]1])/(Sqrt[2]*Sqrt[al*d*Sq ‘
‘ rt[a + bxCschlc + d*x]~2]) ‘

output

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.08,

number of rules _ 0.250, Rules

number of steps used = 5, number of rules used = 4, = -
integrand size

used = {3042, 4616, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ 1
\/a + besch?(c + dz)

l 3042

dz

1
/ \/ — bsec (ic + idz + §)2

l’4616

1 d coth(c + dx)
(1—coth?(c+dz)) \/b coth?(c+dz)+a—b

d
l 201

f 1 coth(c+dz)
__a coth? (c+dx) 2
1 bcoth?4(c+dz)+a—b \/b coth (C+dw)+a'_b

d
| 219
arctanh < va coth(c+dz) )

\/a—i-b coth?(c+dz)—b

Jad

input LInt [1/Sqrt[a + b*Cschl[c + d*x]~2],x] J
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‘ArcTanh[(Sqrt[a]*Coth[c + d*x])/Sqrt[a - b + bxCoth[c + d*x]~2]]/(Sqrt[al*

G |

output

Defintions of rubi rules used

rule 219 Int[C(a) + (b_.)*(x_)"2)7(-1), x_Symboll :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQlb, 0]1)

rule 291 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4616 Int[((a_) + (b_.)*secl[(e_.) + (£f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff 2*x~2)"p
/(1 + ££72%x72), x], x, Tanl[e + fxx]/ff], x]1] /; FreeQl{a, b, e, f, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

Maple [F]

dx

/f 1
\/a + besch (dz + ¢)®

tnput Lint(l/(a+b*csch(d*x+c)*2)*(1/2) ) J

output Lint(l/(a+b*csch(d*x+c)*2)—~(1/2) ,%) J




input

output

s

\
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 484 vs. 2(32) = 64.

Time = 0.14 (sec) , antiderivative size = 1645, normalized size of antiderivative = 43.29

1
v/ a + besch?(c + di)

dx = Too large to display

integrate(1/(atb*csch(d*x+c)~2)~(1/2) ,x, algorithm="fricas")

[1/4*(sqrt(a)*log((a*b~2*cosh(d*x + c)~8 + 8*axb~2*cosh(d*x + c)*sinh(d*x

+ ¢)77 + axb”™2*sinh(d*x + c)~8 + 2*(a*b~2 + b~3)*cosh(d*x + c)~6 + 2x(14*a
*b~2*cosh(d*x + c)72 + a*b~2 + b~ 3)*sinh(d*x + c)~6 + 4*(14*a*b~2*xcosh(d*x
+ ¢c)”3 + 3*(a*xb”2 + b~3)*cosh(d*x + c))*sinh(d*x + c)~5 + (a"3 - 4*a"2%b
+ 9*a*b~2)*cosh(d*x + c)~4 + (70*a*b”2*cosh(d*x + c)”4 + a"3 - 4*a"2%b + 9
*a*b~2 + 30*(a*b”2 + b~3)*cosh(d*x + c) 2)*sinh(d*x + c)~4 + 4x*(14*a*b~2%*c
osh(d*x + c)”5 + 10*%(a*xb”™2 + b"3)*cosh(d*x + c)~3 + (a”3 - 4*xa”2%b + 9*axb
~2)*cosh(d*x + c))*sinh(d*x + ¢c)~3 + a”3 - 2*(a"3 - 3*a~2*b)*cosh(d*x + c)
~2 + 2% (14*a*xb~2*cosh(d*x + c)~6 + 15*x(a*b”™2 + b~3)*cosh(d*x + c)~4 - a~3
+ 3%a”"2%b + 3%(a”3 - 4xa”2%b + 9xa*b”2)*cosh(d*x + c)~2)*sinh(d*x + c)~2 +
sqrt (2)*(b~2*cosh(d*x + c)~6 + 6*b~2*cosh(d*x + c)*sinh(d*x + c)~5 + b™2x%
sinh(d*x + c)~6 + 3*b~2*cosh(d*x + c)~4 + 3*(5*b~2*cosh(d*x + c)~2 + b~2)*
sinh(d*x + c)~4 + 4*(5%b"2*cosh(d*x + c)~3 + 3*b"2*cosh(d*x + c))*sinh(d*x
+ ¢c)”3 - (a™2 - 4xaxb)*cosh(d*x + c)~2 + (15%b"2*cosh(d*x + c)~4 + 18%b~2
*cosh(d*x + c)”2 - a2 + 4*a*b)*sinh(d*x + c)~2 + a2 + 2*(3*b~2*cosh(d*x
+ ¢)75 + 6*b"2*cosh(d*x + ¢)~3 - (a”2 - 4*axb)*cosh(d*x + c))*sinh(d*x + ¢
))*sqrt(a)*sqrt ((a*xcosh(d*x + c)~2 + a*sinh(d*x + c)~2 - a + 2xb)/(cosh(d*
X + ¢)”2 - 2%cosh(d*x + c)*sinh(d*x + c) + sinh(d*x + c)~2)) + 4*%(2%a*b™2%
cosh(d*x + c)~7 + 3*(a*xb™2 + b~3)*cosh(d*x + c)~5 + (2”3 - 4*a~2*b + O9*axb
~2)*cosh(d*x + ¢)~3 - (a”3 - 3*a~2*b)*cosh(d*x + c))*sinh(d*x + c))/(co...
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Sympy [F]
1 2 dr = / = dz
\/a + besch?(c + dx) \/a + besch? (c + dx)
inputLintegrate(1/(a+b*csch(d*x+c)**2)**(1/2)’x)
outputLlntegral(1/3‘11'13(a + bkcsch(c + d*x)**2), x)
Maxima [F]
1 dx

1
dz = /
V@ + besch?(c + de) \/b csch (dz +c¢)® +a

inputLintegrate(1/(a+b*csch(d*x+c)"2)"(1/2),x, algorithm="maxima")

outputLintegrate(1/sqrt(b*csch(d*X + )2 + a), x)

Giac [F(-2)]
Exception generated.

1
v/a + besch?(c + dz)

dx = Exception raised: TypeError

inputtintegrate(1/(a+b*csch(d*x+c)"2)"(1/2),x, algorithm="giac")

e—

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Degree mismatch inside factorisatio
‘n over extensionNot implemented, e.g. for multivariate mod/approx polynomi

‘alsError:
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Mupad [F(-1)]

Timed out.

1 1
/ - dr = / > dz
v/a + besch?(c + dz) \/%

input Lint(l/(a + b/sinh(c + d*x)~2)~(1/2),x)

output 1261/ (2 + b/sinh(c + a¥0)"2)"(1/2), ©

Reduce [F]

csch (dx +¢)°b+a
- /\/ ) dx

v/a + besch?( c+dm csch (dz +¢)’b+a

input Lint (1/ (a+b*csch(d*x+c) ~2)~(1/2) ,x)

output Lint(sqrt(csch(c + d*x)*%2%b + a)/(csch(c + d*x)**2%b + a),x)
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3.13 | : 575 A

(a+bCSCh2(c+d:v)>
Optimal result . . . . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . ... 1291
Rubi [A] (verified) . . . . . . . . . . 130
Maple [F] . . . . o 132
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 1321
Sympy [F] . . o o 133
Maxima [F] . . . . . o 1331
Giac [F(-2)] . . . o o o 133l
Mupad [F(-1)] . . . 134
Reduce [F] . . . . . o 134

Optimal result

Integrand size = 16, antiderivative size = 82

arctanh ( v/a coth(c+dz) )

1 \/a—b+b coth?(c+dzx)
9 3/2 dr = 3/24
(a + besch?(c + dx)) a
bcoth(c + dx)

+
a(a — b)d\/a — b+ beoth?(c + dz)

" ‘/arctanh(a" (1/2)*coth(d*x+c)/(a-b+b*coth(d*x+c)~2)~(1/2))/a~(3/2) /d+b*coth(

\ dxx+c) /a/ (a-b) /d/ (a-b+bkcoth (d¥x+c)~2)~(1/2)

N
outpu

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.80

d a—b
Tr =
(a + besch®(c + dw))?’/ 2 4a3/2d (

/ 1 CSCh2(0+dCIJ) <2\/Eb(—a+2b+acosh(2(c+dz)))coth(c+dz) + \/ﬁ(—a—|—2b+acosh(

input LIntegrate [(a + b*Csch[c + d*x]~2)~(-3/2),x] J
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| (Cschlc + d#x]~2x((2#Sqrt[al#bk(-a + 24b + a*Cosh[2#(c + d*x)])*Cothlc + d
‘*x])/(a - b) + Sqrt[2]*(-a + 2*b + a*Cosh[2*(c + d*x)])~(3/2)*Cschlc + d#*x ‘
‘]*Log[Sqrt [2]#Sqrt [a]#*Cosh[c + d*x] + Sqrt[-a + 2*b + a*xCosh[2*(c + d*x)]] ‘
1))/ (4%a™(3/2)*d*(a + b¥Cschlc + d+x]"2)"(3/2)) |

output

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.98,

number of rules _
integrand size 0.312, Rules

number of steps used = 6, number of rules used = 5,
used = {3042, 4616, 296, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

1

/ (a + besch?(c + dar:))?’/2
l 3042
1

dzr

/ 7
(a — bsec (ic—i—idx-i- %)2> /

l 4616

1
f (1—00th2(6+dz)) (bCOth2(C+dz)+a—b)3/2 dCOth(C + dx)

d
l 296

1 d coth(c+dz)
(1—coth2(c+dz)) \/b coth2(c+dz)+a—b n bcoth(c+dz)

a a(a—b)/a+bcoth?(c+dx)—b

d
l 291

coth(c+dz)
\/b coth2 (c+dz)+a—b

1
f 1— a coth? (c+dzx)
bcoth? (c+dz)+a—b
a

b coth(c+dz)
a(a—b) \/a+b coth?(c+dz)—b

d
l 219
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arctanh | ——/acoth(ctds)
\/ a+b coth2 (c+dz)—b

372

b coth(c+dzx)
a(a—b) \/a+b coth?(c+dx)—b

d

input LInt[(a + bxCschlc + d*x]°2)~(-3/2),x]

Output‘ (ArcTanh[(Sqrt[al*Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d*x]~2]1]1/a~(3/2)
'+ (b*Coth[c + d#x])/(a*(a - b)*Sqrtla - b + bxCothlc + d*x]~2]1))/d

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

rule 291 It/ (Sartl(al) + (b_.)*(x_)~21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - axd)*x~2), x], x, x/Sqrt[a + b*xx~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, O]

rule 296 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pL(-D)*x*x(a + b*x~2)~(p + L) *((c + d*x~2)"(q + 1)/(2*a*x(p + 1)*(b*c - axd))
), x] + Simp[(bxc + 2*(p + 1)*(b*c - axd))/(2*a*x(p + 1)*(b*c - axd)) Int[
(a + b*xx"2)~(p + 1)*(c + d*x~2)"q, x], x] /; FreeQ[{a, b, c, d, q}, x] & N
eQ[bxc - axd, 0] && EqQ[2*(p + q + 2) + 1, 0] && (LtQ[p, -1] || !LtQlq, -1
1) && NeQ[p, -1]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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ruk34616‘Int[((a—) + (b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =
‘FreeFactors[Tan[e + fxx], x]}, Simp[ff/f Subst[Int[(a + b + bxff~2%x~2) p
/(1 + ££72%x72), x], x, Tanle + £*x]/£f], x]1 /; FreeQl{a, b, e, £, p}, x]

& NeQ[a + b, 0] & NeQ[p, -1]

Maple [F]
1

/ dz
(a + besch (dz + c)2)

Njw

input ‘ int (1/ (a+b*csch(d*x+c) ~2)~(3/2) ,x)

output Lint (1/ (a+b*csch(d*x+c)~2)~(3/2) ,x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1166 vs. 2(74) = 148.

Time = 0.19 (sec) , antiderivative size = 3009, normalized size of antiderivative = 36.70

/ (a + besch?(c + dx))3/2

dz = Too large to display

input

Lintegrate(1/(a+b*csch(d*x+c)”2)“(3/2),x, algorithm="fricas")

OutputLToo large to include
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133

Sympy [F]

1 1
/ 5 37 dr = / 5 dr
(a + besch?(c + dz)) (a+ besch® (¢ + dzx))?

input Lintegrate (1/ (at+b*csch(d*x+c) **2) **(3/2) ,x)

output LIntegral((a + bxcsch(c + d*x)**2)*x(-3/2), x)

Maxima [F]

1 1
/ 2 3/2 dz = / 2 g dz
(a + besch®(c + dz)) (besch (dz +¢)” + a)?

input Lintegrate(1/(a+b*CSCh(d*X+C)“2)“(3/2) ,X, algorithm="maxima")

output Lintegrate((b*csch(d*x + ¢c)"2 + a)~(-3/2), x)

Giac [F(-2)]
Exception generated.

1
/ (a + besch?(c + d:v))?’/2

dx = Exception raised: TypeError

-

inputtintegrate(1/(a+b*csch(d*x+c)"2)"(3/2),x, algorithm="giac")

e—

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘ PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Degree mismatch inside factorisatio

‘alsError:

‘n over extensionNot implemented, e.g. for multivariate mod/approx polynomi ‘
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Mupad [F(-1)]
Timed out.

1 1

J/ dx::u/n
2 3/2 37
(a + ol (c i dx)) <a + sinh(cljl-da:) )

dzx

input Lint(l/(a + b/sinh(c + d*x)~2)~(3/2),x)

outputtint<1/(a + b/sinh(c + d*x)~2)"(3/2), x)

Reduce [F]

1 i \/csch(da:+c)2b+a p
Tz = x
/ (a + besch?(c + d:v))3/2 / csch (dz + ¢)* b2 + 2csch (dz + ¢)® ab + a2

input Lint (1/ (at+b*csch(d*x+c) ~2)~(3/2) ,x)

output‘ int(sqrt(csch(c + d*x)**2*b + a)/(csch(c + d*x)**4xb**2 + 2xcsch(c + d*x)x*
*2%aXb + a¥2),x)
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3.14 | . =7 da
(a-l—bCSCh (c+dm)>

Optimal result . . . . . . . . .. .. 135]
Mathematica [A] (verified) . . . . . . . . ... . Lo 136
Rubi [A] (verified) . . . . . . . . . . 136
Maple [F] . . . . o 139
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 1391
Sympy [F] . . o o 140
Maxima [F] . . . . . . 140
Giac [F(-2)] . . . o o o 140
Mupad [F(-1)] . . . 141]
Reduce [F] . . . . . o 1411

Optimal result

Integrand size = 16, antiderivative size = 135

arctanh < va coth(c+dz) )

1 \/a—b+bcoth? (c+dx)
9 5/2 dz = 5/2
(a + besch?(c + dx)) a>'*d
N bcoth(c + dx) N (5a — 3b)b coth(c + dx)

3a(a —b)d (a = b+ beoth*(c+d2))*”  3a2(a - b)2dy/a — b+ beoth?(c + da)

output‘arctanh(a‘<1/2>*coth(d*x+c>/(a-b+b*coth(d*x+c)*2)*(1/2))/a*<5/2)/d+1/3*b*c
 oth(d*x+c)/a/ (a-b) /d/ (a-b+bkcoth(d*x+c) "2) ~(3/2)+1/3% (5%a-3%b) ¥bxcoth (dxx+

‘ c)/a"~2/(a-b)"2/d/(a-b+b*coth(d*x+c) ~2)~(1/2)




input

output
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Mathematica [A] (verified)

Time = 1.25 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.29

4b cosh(c+dz)(—a+2b+a cosh(2(c+dzx))) (3a% —Tab+3b%+a(—3a+2b) cosh(2
1 csch®(c + dx) (— 32 ((a_b)2
/ 5 57 dx =
(a + besch?(c + dx)) 8d (a + besc
LIntegrate [(a + bxCsch[c + d*x]~2)~(-5/2),x] J

(Csch[c + d*x] 5%((-4%bxCosh[c + d*x]*(-a + 2xb + a*Cosh[2*(c + d*x)])* (3%
a~2 - Txaxb + 3%b~2 + a*(-3*%a + 2%b)*Cosh[2%(c + d*x)]))/(3*a"2x(a - b)~2)
+ (Sqrt[2]*(-a + 2%b + axCosh[2*(c + d*x)])~(5/2)*Log[Sqrt[2]*Sqrt [a]*Cos
h[c + d*x] + Sqrt[-a + 2%b + axCosh[2*(c + d*x)]1])/a~(5/2)))/(8xd*(a + b*
Cschlc + d*x]~2)~(5/2))

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.10,

number of rules _ 500, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {3042, 4616, 316, 25, 402, 27, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1
(a + besch?(c + dz))

l 3042

dx

5/2

/ 1 dr
5/2
(a — bsec (ic—i— idx + %)2> /

| 4616
1
f (1—COth2 (C-‘rdw)) (bCOth2 (C+d$)+a—b)5/2 dCOth(C + d.’]))
d

l 316
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—2bcoth?(c+dz)+3a—b

- d coth(c+dz)
b COth(C-I-d.’L‘) (1 —coth?2 (c+dw)) (b coth2 (c+dw)+a—b) 3/2
3a(a—b) (a+bcoth? (c+d:1:)—b)3/2 3a(a—b)
d
| 25
—2b coth? (c+dx)+3a—b 373 d coth(c+dx)
(l—coth2 (c+d:v)) (b coth2 (c+d:v)+a—b) + bcoth(c+d:1:)

3a(a—b) 3a(a—b) (a-l-bcothz(c-i-d:z:)—b)?’/2
d
| 402

I 3(a—b)? d coth(c+dz)
b(5a—3b) coth(c+dz) _ (1—coth2(6+dz)) \/b coth2(c+dz)+a—b
a(a—b)\/a+b coth2 (c+dz)—b a(a—b) + bcoth(c—i—dx)

3a(a—b) 3a(a—b)(a+b cothz(c—i—dx)—b)?’/2
d
| 27

3(a—bd) [ 1 d coth(c+dz)
(l—cothQ(c+dz))\/b coth2(c+dz)+a—b i b(5a—3b) coth(c+dz)
a a(a—b) \/a+b coth2 (ct+dz)—b bCOth(C+d§lJ)
3a(a—b) 3a(a—b) (a+bcoth?(c+dx)—b) 3/2
d
| 201
3(a=b) | tl}2 coth(c+dz)
___aco (c+dzx) 2 —
b coth? (c+dx)+a—b \/b coth®(etde)+a—b b(5a—3b) coth(ct+dz)
@ a(a—b)\/a+bcoth2(c+dz)—b b coth(c+dzx)

3a(a—b) 3a(a—b) (a+bcoth?(c+dz)—b) 3/2
d
| 219

aa-¢)arctan11<444!@£29K2i1£l47>
a+bcoth? (c+dz)—b b(5a—3b) coth(c+dz)
a3/2 a(a—b) \/a+b coth2(c4dz)—b bcoth(c—i-dz)
3a(a—b) 3a(a—b)(a+b cothz(c—i—dx)—b)?’/2

d

input‘ Int[(a + bxCschlc + d*x]~2)~(-5/2),x]
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output‘((b*COth[c + d*x])/(3%a*(a - b)*(a - b + b*Coth[c + d*x]~2)~(3/2)) + ((3*(
‘a - b)*ArcTanh[(Sqrt[a]*Coth[c + d*x])/Sqrt[a - b + bxCoth[c + d*x]~2]])/a
‘A(3/2) + ((5*8. - 3*b)*b*Coth[c + d*x])/(a*(a - b)*Sqrt [a - b + b*COth[C + ‘

\d*x]*2]))/<3*a*(a - b)))/d

Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 219 IntL((a) + (b_.)*(x_)"2)7(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 291 Int[1/(Sqrtl(a ) + (b_.)*(x_)"2]*((c) + (d_.)*(x.)72)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 316 TntLCCa) + (b_)*(x)72)7(p)*((c_) + (d_.)*(x.)72)7(q_), x_Symbol] :> Sim

pl(-b)*xx(a + bxx"2)"(p + 1)*((c + d*x72)7(q + 1)/(2%ax(p + 1)*(bxc - axd))
), x] + Simp[1/(2%a*(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2x(p + 1)*(b*c - a*d) + d*bx(2x(p + q + 2) + 1)*x"2, x], x
1, x1 /; FreeQl[{a, b, c, d, q}, x] && NeQ[b*c - a*xd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 4, x]
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Int[((a) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(bxe - axf))*x*(a + b*x~2)"(p + 1)*((c + d*x~2)"
(q + 1)/ (ax2*(b*c - axd)*(p + 1))), x] + Simp[1/(a*2x(b*c - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2) g*Simp[cx(b*e - a*f) + e*2x(b*c - a*d)
*(p + 1) + d*(bxe - axf)*(2*%(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, ¢, d, e, £, q}, x] && LtQ[p, -1]

rule 402

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symboll :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p
/(1 + ££72%xx"2), x], x, Tan[e + f*x]/ff], x]] /; FreeQ[{a, b, e, £, p}, x]

&& NeQ[a + b, 0] && NeQ[p, -1]

rule 4616

Maple [F]
/ L sdx
(a + besch (dzx + 0)2) 2
tnput Lint(l/(a+b*csch(d*x+c)*2)*(5/2) ) J
output Lint(l/(a+b*csch(d*x+c)*2)*(5/2) ,%) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3577 vs. 2(121) = 242.

Time = 0.53 (sec) , antiderivative size = 7831, normalized size of antiderivative = 58.01

1

/ 572 dx = Too large to display
(a + besch?(c + dz))

input Lintegrate (1/ (atb*csch(d*x+c)~2)~(5/2) ,x, algorithm="fricas") J
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OutputLToo large to include

Sympy [F]
/ 1 5z 4% = / : 5 dr
(a + besch?(c + dz)) (a+ besch® (¢ + da) )2
input Lintegrate (1/ (a+bkcsch(d*x+c) **2) **(5/2) ,x)
output LIntegral((a + bxcsch(c + d*x)**2)*x(-5/2), x)
Maxima [F]
: ! dx

dx == / 5
/ (a + besch?(c + d.’L‘))5/2 (besch (dz +¢)? +a)®

inputLintegrate(1/(a+b*csch(d*x+c)”2)“(5/2),x, algorithm="maxima")

output | 1rtegrate((bxcsch(dsx + )72 + a)"(-5/2), x)

Giac [F(-2)]

Exception generated.

1
/ (a + besch?(c + <1l3v))5/2

dx = Exception raised: TypeError

input Lintegrate (1/ (a+b*csch(d*x+c)~2)~(5/2) ,x, algorithm="giac")
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Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Degree mismatch inside factorisatio
‘n over extensionNot implemented, e.g. for multivariate mod/approx polynomi
‘alsError: ‘

Mupad [F(-1)]

Timed out.
1 1
/ (a + bCSCh2(0-|— dx))5/2 dz = / . 5/2 dx
(CL sinh(c+d )2 >
input Lint(l/(a + b/sinh(c + d*x)~2)"(5/2),x) J
ou‘cpu‘ctint(l/(a + b/sinh(c + d*x)~2)7(5/2), x) J
Reduce [F]
\/csch (dz + c)2 b+a

dz

dr =
/ (a + besch?(c + dgg))s/2 / csch (dz + ¢)° b3 + 3esch (dz + ¢)* a b? + 3csch (dz + ¢)? ab + a3

input Lint(l/(a+b*csch(d*x+c)*2)*(5/2) ,x) J

output‘ int(sqrt(csch(c + d*x)**2%b + a)/(csch(c + d*x)**6xb**3 + 3*csch(c + dxx)* ‘
 *4xaxb**2 + 3xcsch(c + dxx)**2xa**2¥b + a*3),x) |
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3.15 | : 7 da

(a+bCSCh2(c+dx)>
Optimal result . . . . . . . . .. .. 142]
Mathematica [A] (verified) . . . . . . . . ... . Lo 143
Rubi [A] (verified) . . . . . . ... . 143
Maple [F] . . . . o 146
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 147
Sympy [F] . . o o 147
Maxima [F] . . . . . . 148
Giac [F(-2)] . . . o o o 148
Mupad [F(-1)] . . . 148
Reduce [F] . . . . . o 149

Optimal result

Integrand size = 16, antiderivative size = 193

arctanh v/a coth(c+dz)
/ 1 p \/a—btbeoth? (ctdz)
T =

(a + besch®(c + dau))7/2 a’/?d
N bcoth(c + dzx)
5a(a — b)d (a — b+ beoth?(c + dz))
(9a — 5b)bcoth(c + dx)
15a%(a — b)2d (a — b+ beoth®(c + d:v))3/2
b(33a? — 40ab + 15b%) coth(c + dx)
15a3(a — b)3d\/a — b+ beoth?(c + dz)

5/2

Ia N

arctanh(a~(1/2)*coth(d*x+c)/(a-b+b*coth(d*x+c)~2)~(1/2))/a~(7/2) /d+1/5%b*c |
‘oth(d*x+c)/a/ (a-b) /d/ (a-b+bkcoth(d*x+c) "2) " (5/2)+1/15% (9xa-5¥b) xbxcoth (d*x |
‘ +c)/a"2/(a-b)"2/d/ (a-b+b*coth (d*x+c) ~2) " (3/2)+1/15xb* (33*a~2-40*a*b+15%b~2 ‘
L) *coth(d*x+c)/a"~3/(a-b) ~3/d/ (a-b+b*coth(d*x+c) ~2)~(1/2) J

output
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Mathematica [A] (verified)

Time = 1.07 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.21

X csch? ( c+ dx) ( bcosh(c+dz)(—a+2b+a cosh(2(c+dz))) (135a* —480a®b+709a2b% —460ab®+ 12

/ (a + besch®(c + dz))

dr =

772

input Llntegme[(a + b*Cschlc + d*x]~2)~(-7/2),x] J

(Csch[c + d*x]"7*((bxCosh[c + d*x]*(-a + 2*b + axCosh[2x(c + d*x)])*(135*a
~4 - 480*a"3*b + 709*a~2*b~2 - 460*a*b”~3 + 120*b~4 - 4*ax(45%a~3 - 135%a"2
*b + 117*xaxb~2 - 35*%b~3)*Cosh[2*(c + d*x)] + a~2%(45%a"2 - 60*axb + 23%b~2
)*Cosh[4*(c + d*x)]))/(16%a"3*(a - b)~3) + (Sqrt[2]*(-a + 2xb + a*Cosh[2*(
c + d*x)])~(7/2)*Log[Sqrt[2]*Sqrt [a]*Cosh[c + d*x] + Sqrt[-a + 2%b + a*Cos
h[2x(c + d*x)]111)/a~(7/2)))/(16*d*(a + b*Csch[c + d*x]~2)~(7/2))

output

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.14,

number of rules _
integrand size 0.625, Rules

number of steps used = 11, number of rules used = 10,
used = {3042, 4616, 316, 25, 402, 25, 402, 27, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dx

1

/ (a + besch?(c + dar:))7/2
l 3042
1

/ dr
(a — bsec (ic +idx + %)2> "

l 4616

1
f (1—c0th2(c+dz)) (bCOth2(C+dm)+a—b)7/2 dCOth(C + diL‘)

d
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l 316
—_ CO 2 C T a—
— . 4b coth”( +d2)+5 b 5759 coth(c+dxr)
b COth(C-l—dﬂJ) . (lfcoth (c+dz)) (b coth (c+dz)+a7b)
5a(a—b) (a-+bcoth? (c—f-d:z:)—b)s/2 5a(a—b)
d
| 25
2
—4b coth®(c+dz)+5a—b 5/2dCOth(C+d$)
(1—coth2 (c+dz)) (b coth2 (c+dz)+a—b) + bCOth(C+d(l))
5a(a—b) 5a(a—b) (a-+bcoth? (c+dz)—b)*/>
d
l 402
_ 15a2 —12ba+5b2 —2(9a—5b)b coth? (c+dz) d coth(c+dz)
2 2 3/2
b(9a—5b) coth(ctdx) _ (1-coth?(c+da)) (beoth?(ctda)+a—b)
8a(a—b) (a-+bcoth? (c+dz)—b) 3/2 3a(a=?) i bcoth(c+dz)
5a(a—b) 5a(a—b) (a+b coth?(c+dx)—b) >/ 2
d
l 25
. 1502 —12ba+5b2 —2(9a—5b)b coth? (c+d§}2 dcoth(ctda)
(1 —coth?2 (c+d.7:)) (b coth2 (c+d.7:)+a—b) b(9a—5b) coth(c+dz)
3a(a—b) 3a(a—b) (a+b coth2(0+d:c)—b) 3/2 n b coth(c+dzx)
5a(a—b) 5a(a—b) (a+bcoth? (c~|—dw)—b)5/2
d
l 402
g 15(a—b)3 d coth(c+dz)

i)
b (33:12 —4Oab+15b2) coth(c+dzx) (1—coth2 (c+da:)) \/b coth?(c+dw)+a—b

a(a—b)y/a+bcoth? (c+dz)—b a(a—b) + b(9a—5b) coth(c+dx)
3a(a—b) 3a(a,—b)(a+bcoth2(c+dz)—b)3/2 b coth(c+ds
5a(a—"b) 5a(a—b) (a+bcoth?(c-
d
l 27
18-t (1—coth2(0+dw)) \/1b coth?(c+dz)+a—b deothlctde) b(33a2—40ab+15b2) coth(c+dx)
e a(a—b) \/a+b coth?(c+dz)—b + b(9a—5b) coth(ct+dz)
3a(a—b) 3a(a—b) (a+bcoth2(c+da:)—b)3/2 bcot
5a(a—b) 5a(a—b) (a+bc
d

l 291
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15(a—b)2 I 12 d coth(c+dz)
h d
e C;EOt(Cj;:)f:_b \/bcoth? (c+da)+a—b . b(33a2—40ab+15b2 ) coth(c+dz)
a a(a—b)\/a+bcoth2(c+dz‘)—b + b(9a—5b) coth(c+dz)
Sa(a=b) 3a(a—b) (a+b cothz(c+da:)—b)3/2 bCOth(c+
ba(a—b) 5a(a—b) (a+bcoth?
d
| 219
15(a—b)2arctanh | —yecoth(ctdz)
\Ja+beoth?(ct+da)—b)  b(33a2—40ab+15b?) coth(c+da)
+
a3/2 a(a—b)\/a+bcoth2(c+dz)—b 4 b(9a—>5b) coth(c+dx)
3a(a—b) 3a(a—b) (a+bcoth2(c+dw)—b)3/2 4 b coth(c+dz)
5a(a—b) 5a(a—b) (a+bcoth2 (c+d:1:)—b)E
d

-

input L

-/

Int[(a + b*Cschlc + d*x]~2)~(-7/2),x]

((bxCoth[c + d*x])/(5%a*(a - b)*(a - b + b*Coth[c + d*x]~2)"(5/2)) + (((9%
a - 5%b)*bxCoth[c + d*x])/(3*a*(a - b)*(a - b + bxCoth[c + d*x]72)~(3/2))
+ ((156%(a - b)"2xArcTanh[(Sqrt[a]l*Coth[c + d*x])/Sqrt[a - b + b*Coth[c + d
*x]°2]]1)/a~(3/2) + (b*(33*a~2 - 40*a*xb + 15*b~2)*Coth[c + d*x])/(a*(a - b)
*Sqrt[a - b + b*Coth[c + d*x]~2]))/(3*ax(a - b)))/(5*xax(a - b)))/d

output

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

~—

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma

rule 27
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

rule 219
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Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 291

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pl(-b)*x*x(a + b*x~2)"(p + 1)*((c + d*x"2)"(q + 1)/(2*xax(p + 1)*(b*c - a*xd))
), x] + Simp[1/(2*a*x(p + 1)*(b*c - axd)) Int[(a + b*x"2)"(p + 1)*(c + d*x
~2)~g*Simp[b*c + 2%(p + 1)*(b*c - axd) + dxbx(2x(p + q + 2) + D)*x"2, x], x
1, x]1 /; FreeQ[{a, b, c, d, q}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1] && !
( !'IntegerQ[p] && IntegerQ[ql && LtQlq, -1]) && IntBinomialQ[a, b, c, d, 2,

P, 9, x]

rule 316

Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_.)*((e ) + (f_.)*(x
_)"2), x_Symbol] :> Simp[(-(b*e - a*f))*xx(a + b*x"2)"(p + 1)*((c + d*x~2)~
(q + 1)/(a*2x(bxc - a*d)*(p + 1))), x] + Simp[1/(a*2x(bxc - a*d)*(p + 1))
Int[(a + b*x"2)"(p + 1)*(c + d*x"2)"g*Simp[cx(bxe - a*f) + e*2x(bxc - a*d)
*(p + 1) + dx(bke - axf)*(2x(p + q + 2) + 1)*x~2, x], x], x] /; FreeQ[{a, b
, C, d, e, £, q}, x] && LtQ[p, -1]

rule 402

rule 3042 Int [u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*secl[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*xff~2%x"2)"p
/(1 + ££72%xx72), x], x, Tan[e + f*x]/ff], x]] /; FreeQ[{a, b, e, f, p}, x]

&& NeQ[a + b, 0] && NeQlp, -1]

rule 4616

Maple [F]
1

/ dz
(a + besch (dz + ¢)?)

7
2

input Lint (1/ (at+b*csch(d*x+c) ~2)~(7/2) ,x)
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outputt

int (1/ (at+b*csch(d*x+c)~2)~(7/2) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 9002 vs. 2(175) = 350.

Time = 1.83 (sec) , antiderivative size = 18681, normalized size of antiderivative =
96.79

1
/ T dx = Too large to display
(a + besch?(c + dz))
input Lintegrate (1/ (atb*csch(d*x+c)~2)~(7/2) ,x, algorithm="fricas") J
OutputLToo large to include J
Sympy [F]
1 1
/ 5 72 dr = / = dx

(a + besch?(c + dz)) (a+ besch® (¢ + dx))

input[integrate(1/(a+b*csch(d*x+c)**2)**(7/2),x) }

output L

Integral((a + b*csch(c + d*x)**x2)*x(-7/2), x) J
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Maxima [F]

o 7
(@ + besch®(c + dx))7/2 (besch (dz +¢)? +a)®

input Lintegrate(1/(a+b*CSCh(d*X+C)“2)”(7/2) ,X, algorithm="maxima")

output tintegrate((b*csch(d*x +¢)"2 +a)°(-7/2), x)

Giac [F(-2)]

Exception generated.

dx = Exception raised: TypeError

/ (a + besch®(c + dgz;))7/2

input Lintegrate (1/ (a+b*csch(d*x+c)~2)~(7/2) ,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Degree mismatch inside factorisatio
‘n over extensionNot implemented, e.g. for multivariate mod/approx polynomi
‘alsError:

Mupad [F(-1)]

Timed out.

/ : dr = / ! dx
(a + besch? (c+ d:v)) 7/2 (a b >7/2

sinh(c+d )2

inputtint(l/(a + b/sinh(c + d*x)~2)~(7/2),x)

output 18E(1/(a + b/sinh(c + &*x)72)7(7/2), )
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Reduce [F]

4 \/csch(dz+c)2b—|—a
T =
/ (a + besch?(c + dx))7/2 / csch (dz + ¢)® b* + 4esch (dz + ¢)® a b3 + 6esch (dz + ¢)* a2b? + 4esch (

input Lint(l/(a+b*csch(d*x+c)*2)*(7/2) ,x) J

‘int(sqrt(csch(c + dxx)**2xb + a)/(csch(c + d*x)**8*bx*4 + 4xcsch(c + d*x)* ‘
\*6*a*b**3 + 6xcsch(c + d*xx)**4ka*xx2xb**2 + 4xcsch(c + d*xx)**2%a*x*x3xb + akxk \
‘4),}:) ‘

output




output

input

Output‘-1/2*(Sqrt[Coth[x]"2]*(Csch[x]"2 - 2xLog[Sinh[x]])*Tanh[x])
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2/ /2

3.16 [ (1+ csch®(z))”" dz

Optimal result . . . . . . . . .. . . 1501
Mathematica [A] (verified) . . . . . . . . ... . L Lo 150
Rubi [C] (verified) . . . .. . ... .. 15T
Maple [C] (warning: unable to verify) . . . . . . ... ... .. .. .. 153
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..... 153
Sympy [F] . . o o 154
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 1551
Giac [B] (verification not implemented) . . . . . ... ... ... .. L. 155
Mupad [F(-1)] . . . 156
Reduce [F] . . . . . 1561

Optimal result

Integrand size = 10, antiderivative size = 29

/ (1+ csch2(x))3/ 2 do = —% coth?(z)*? tanh(z) + 1/ coth?(z) log(sinh(z)) tanh(z)

-

N\

-1/2%(coth(x)~2)~(3/2) *tanh(x)+(coth(x)~2)~(1/2)*1n(sinh(x)) *tanh (x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

/ (1+ cschQ(ac))?’/2 dr = —%\/cothz(:c) (csch?(z) — 2log(sinh(z))) tanh(z)

-

N\

Integrate[(1 + Csch[x]"2)~(3/2),x]
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.10,

number of steps used = 11, number of rules used = 11, number of rules _ 1.100, Rules
integrand size

used = {3042, 4609, 3042, 4141, 3042, 26, 3954, 26, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (csch?(z) +1)** da
| 3042
[ (1-see (T via)) " a
l 4609
/ coth?(z)%/%dx
| 3042

/ <—tan (g + iw)2>3/2 dz

l 4141

tanh(z), /coth?(z) / coth®(z)dz
| 3042
tanh(z)/coth?(x) / itan (iz + g)?’ dz
| 26
i tanh(z) coth?(z) / tan (iz + %)3 dz

l 3954

i tanh(z)y/coth?(z) (;z coth?(z) — / i coth(:v)d:c)

| 26
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i tanh(z) /coth?(z) <;icoth2(:c) i / coth(x)dw)
| 3042
i tanh(z) cothz(;v)(;icothz(m) i / ~itan iz + 1) dm)
| 26
i tanh(z) coth2(a:)<;icoth2(a:)— / tan iz + ) dac)

l 3956

itanh(zx) \/m <;z coth?(z) — i log(sinh(a:))>

inputtlnt[(l + Csch[x]~2)~(3/2),x]

outputLI*Sqrt[Coth[x]*2]*((1/2)*Coth[x]“2 - IxLog[Sinh[x]])*Tanh [x]

Defintions of rubi rules used

rule 26 Int[(Complex[0, a_1)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), X_Symbol] > Simp[b*((b*Ta_n[c +d
*x])"(n - 1)/(@@*( - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3956 1Dt [tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d4, x] /; FreeQl{c, d}, x]
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Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[pl*((b*Tan[e + f*x]~
n) "FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

‘Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A
‘ctivateTrig[u*(b*tan[e + £*x]°2)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ
‘ [a + b, 0]

rule 4609

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.28 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.90

method | result size

default | csgn (coth (z)) (_ COthz(m)z - ln(wthz(x)_l) - ln(1+C§th(m))) 26

(=)’

(1)

risch () (@) 93

(e4m In (ezz —1) —efTp_2e2% In (ezm —1) +2e2%*p—2e2%41n (ezm —1) —a:)

input ‘ int ((1+csch(x) ~2)~(3/2) ,x,method=_RETURNVERBOSE)

-

output Lcsgn(coth(x) )*(-1/2*coth(x) ~2-1/2*1n(coth(x)-1)-1/2*1n(1+coth(x)))

| —

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 190 vs. 2(23) = 46.
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Time = 0.09 (sec) , antiderivative size = 190, normalized size of antiderivative = 6.55

/ (1+ cschz(ﬂv))a/2 dx =

z cosh (z)* + 4z cosh (z) sinh ()® + zsinh (z)* — 2 (z — 1) cosh (z)* + 2 (3z cosh (z)’ —z + 1) sinh (z

cosh (z)* +4 ¢

input‘integrate((1+csch(x)"2)"(3/2),x, algorithm="fricas")

-(x*cosh(x)~4 + 4xx*xcosh(x)*sinh(x)"3 + x*sinh(x)~4 - 2*(x - 1)*cosh(x)"2
+ 2% (3*x*cosh(x)"2 - x + 1)*sinh(x)"2 - (cosh(x)~4 + 4*cosh(x)*sinh(x)"3 +
sinh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*cosh(x)"2 + 4*(cosh(x)~3 -
cosh(x))*sinh(x) + 1)*log(2*sinh(x)/(cosh(x) - sinh(x))) + 4*(x*cosh(x)~3
- (x - 1)*cosh(x))*sinh(x) + x)/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)
~4 + 2%(3*cosh(x)"2 - 1)*sinh(x)"2 - 2*cosh(x)~2 + 4*(cosh(x)"3 - cosh(x))

*sinh(x) + 1)

output

Sympy [F]

/ (1+ cschQ(a:))?’/2 dr = / (csch? (z) + 1)% dz

integrate ((1+csch(x)**2)**(3/2) ,x)

inputt

outputLIntegral((CSCh(x)**2 + 1)*x(3/2), x) J
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.52

2 e(-22)

T 9e(—2z) _ g(-4z) _

/ (1+ cschz(::s)):}/2 der = —x T~ log (e(_"") +1) —log (e(_”") -1

inputLintegrate((1+csch(x)”2)“(3/2),x, algorithm="maxima") J

‘—x - 2xe” (-2*x)/(2%e” (-2xx) - e~ (-4*x) - 1) - log(e~(-x) + 1) - log(e~(-x)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(23) = 46.

Time = 0.11 (sec) , antiderivative size = 73, normalized size of antiderivative = 2.52

/ (1+ csch2(ac))3/2 dr = —zsgn(e™*® — 1) +log (|e®™ — 1]) sgn(e*® — 1)

3e@sgn(e® — 1) — 2e®sgn(e® — 1) + 3sgn(e*®) —1)
2 (e@2) — 1)

e

tintegrate((1+csch(x)‘2)‘(3/2),x, algorithm="giac")

~—

input

Output‘—x*sgn(e‘(4*x) - 1) + log(abs(e~(2*x) - 1))*sgn(e”(4*x) - 1) - 1/2%(3xe"(4
‘*x)*sgn(e"(4*x) - 1) - 2%e”(2*x)*sgn(e”(4*x) - 1) + 3*sgn(e”(4*x) - 1))/(e \
“(2%x) - 1)72

N\ J
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Mupad [F(-1)]

/(1+csch2(x))3/2 dz = / (@ +1)3/2 dz

Timed out.

input Lint((l/ sinh(x)"2 + 1)7(3/2),%)

outputtint“i/sinh(x)“z +1)7(3/2), %)

Reduce [F]

/ (1+ csch2(m))3/2 dx = / \/csch (z) + 1dz + / \/csch (z)? 4 1 esch(z)? d

input Lint ((1+csch(x)"2)~(3/2),x%)

output t

int(sqrt(csch(x)**2 + 1),x) + int(sqrt(csch(x)#**2 + 1)*csch(x)**2,x)




output

input

output
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2

3.17 [ \/1+ csch®(x) dzx

Optimal result . . . . . . . . . . . e 157
Mathematica [A] (verified) . . . . . . . . . ... o o 157l
Rubi [A] (verified) . . . .. . . ... .. 158
Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... 150
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 160
Sympy [F] . . . o 1601
Maxima [A] (verification not implemented) . . . . . . .. .. ... ... ... .. 161
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 161
Mupad [F(-1)] . . . o o 161
Reduce [F] . . . . . o 162

Optimal result

Integrand size = 10, antiderivative size = 14

/ /1 + cseh?(z) dz = +/coth?(z) log(sinh(z)) tanh(z)

L(coth(x) ~2)~(1/2)*1n(sinh(x))*tanh(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ \/1+ csch?(z) dz = \/coth?(z) log(sinh(z)) tanh(z)

-

L

Integrate[Sqrt[1 + Csch[x]"2],x]

~—

-

N

Sart [Coth[x]~2]*Log[Sinh [x]]*Tanh [x]




inpu
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4609, 3042, 4141, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/esch?(z) + 1dx

l 3042

/\/1 — sec (g +ix>2dm

l 4609

/ \/ coth?(z)dz

l 3042

[\-ton (G via) e

l 4141

tanh(z),/coth?(z) / coth(z)dz
| 3042
tanh(z),/coth?(z) / —itan (iz + g) dz
| 26
—itanh(z)y/coth?(x) / tan (i + ) do

l 3956

below.

tanh(z)/coth?(z) log(sinh(z))

t‘ Int[Sqrt[1 + Csch[x]"2],x]
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output ‘ Sqrt [Coth[x] "2] *Log [Sinh [x]] *Tanh [x]

Defintions of rubi rules used

rule 26‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘
‘ nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

rule 3956

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) “IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + f*x]/ff)~ (n*FracPart[p])) Int[ActivateTrig[u]l*(Ta
nle + f*x]/£ff)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x]) " (m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

rule 4609‘Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A ‘
‘ctivateTrig[u*(b*tan[e + f*x]°2)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ ‘
‘ [a + b, 0] ‘

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.21
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method | result size
default _ csgn(coth(m))(ln(coth(;)—1)+1n(1+coth(z))) 17
e2T 2 ?
(e2z_1) ﬁ T (e2“”—1) ﬁ ln(ezz—l)

riSCh - e2r 4] + 2z 41 79
input Lint ((1+csch(x)~2)"(1/2) ,x,method=_RETURNVERBOSE) J
Output L_1/2*CSgn(C0th(X) ) % (ln(coth (X) —1) +ln(1+COth(X) ) ) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.29

/ \/ 1+ csch?(z) dz = —z + log ( 2 sinh () )
cosh

(x) — sinh ()

inputLintegrate((1+csch(x)‘2)‘(1/2),x, algorithm="fricas") J
output L'x + log(2*sinh(x)/(cosh(x) - sinh(x))) J
Sympy [F]

/\/1+CSCh2(x)dII}=/\/CSCh2 (z) + ldz

inputLintegrate((1+csch(x)**2)**(1/2)’x) J

output LIntegral(sqrt(csch(x)**2 + 1), x) J
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.57

/ \/1+ csch?(z) dz = —z — log (7™ + 1) — log (e — 1)

inputLintegrate((1+csch(x)"2)"(1/2),x, algorithm="maxima")

outputt_X - log(e”(-x) + 1) - log(e”(-x) - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(12) = 24.

Time = 0.13 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.93

/\/1 + csch?(z) dz = —zsgn(e™® — 1) + log (|e®® — 1) sgn(e™® — 1)

input Lintegrate ((1+csch(x)~"2)"(1/2) ,X, alg0rithm="giac ")

output L—x*sgn(e‘(4*x) - 1) + log(abs(e”(2*x) - 1))*sgn(e”(4*x) - 1)

Mupad [F(-1)]

Timed out.

/\/1+csch2(x)dx=/«/m+ldx

input Lint((l/sinh(x) ~2 + 1)°(1/2),%)

Outputlint((l/sinh(x)‘2 + 1)~(1/2), x)
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Reduce [F]

/ \/1+ csch?(z) dz = / \/csch (z)? + 1dz

inputtint((1+csch(x)‘2)“(1/2),X)

OutputLint(sqrt(csch(x)**g +1),%)




output

input

output
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318 | L dz
\/ 1+csch’(z)

Optimal result . . . . . . . . ... .. 163l
Mathematica [A] (verified) . . . . . . . .. ... L L 163
Rubi [A] (verified) . . . . . . . . . . 164
Maple [B] (verified) . . . . . . . . . .. 166
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... .. .. 1661
Sympy [F] . . o o 167
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 167l
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 167
Mupad [F(-1)] . . . 168
Reduce [F] . . . . . o 168]

Optimal result

Integrand size = 10, antiderivative size = 14

coth (z) log cosh( )

/ da
vV1+ csch2 (z)

\/ coth2

[coth (x)*1n(cosh(x))/(coth(x)"2)~(1/2)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

coth (z) log cosh( )

/ da
V14 csch2 (z)

\/ coth2

‘ Integrate[1/Sqrt[1 + Csch[x]"2],x]

L (Coth[x]*Log[Cosh[x]])/Sqrt [Coth[x]~2]
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4609, 3042, 4141, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ \/csch?(z) + 1 “

l 3042

dx

1
/\/1—sec(g+iw)2

l 4609

/ \/ co‘clh2 (x) “

l_3042

coth(z) [ tanh(z)dz
coth?(z)

| 3042
coth(z) [ —itan(iz)dz
coth?(x)
| 26
_icoth(z) [ tan(iz)dz
coth?(z)

3956

—



input L

output

rule 26

rule 3042

rule 3956

rule 4141

rule 4609

CHAPTER 3. LISTING OF INTEGRALS 165

coth(z) log(cosh(z))
coth?(z)

Int[1/Sqrt[1 + Csch[x]~2],x]

L(Coth [x]*Log[Cosh[x]])/Sqrt[Coth[x]~2]

Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[2"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d4, x] /; FreeQ[{c, d}, x]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) “IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff) " (n*FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + £xx]/£f£) " (n*p), x], x]] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(b*tan[e + f*x]°2)"pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]




input

outpu

input

output
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 78 vs. 2(12) = 24.

Time = 0.15 (sec) , antiderivative size = 79, normalized size of antiderivative = 5.64

method

result

size

risch

(e2ﬂ”+l):v + (e2“”+1) ln(e27”+1) 79

x 2 &2 2
(e e

-

tint(l/(1+csch(x)‘2)‘(1/2),x,method=_RETURNVERBOSE)

p >

t‘—1/((exp(2*x)+1)’"2/(exp(2*x)—1)’"2)"(1/2)/(exp(2*x)—1)*(exp(2*x)+1)*x+1/((e

‘xp(2*x)+1)‘2/(exp(2*x)—1)‘2)‘(1/2)/(exp(2*x)—1)*(exp(2*x)+1)*1n(exp(2*x)+1

)

N\

J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.29

/\/l—kl—h(x)dx

=—3:—|—log<

2 cosh (z)

cosh (z) — sinh (z)

)

Lintegrate(1/(1+csch(x)‘2)“(1/2),x, algorithm="fricas")

L—x + log(2*cosh(x)/(cosh(x) - sinh(x)))
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Sympy [F]
/ 1 2 dm:/ ! dz
input Liﬂtegrate(1/(1+csch(x)**2) *%(1/2) ,%)

-

outputt

Integral(1/sqrt(csch(x)**2 + 1), x)

—

inputt

Maxima [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.93

= —z — log (e(_2”’) +1)

/\/l—i-l—h(a;)dx

integrate(1/(1+csch(x)~2)~(1/2),x, algorithm="maxima")

outputt

-x - log(e~(-2*x) + 1)

inputt

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 30 vs. 2(12) = 24.
Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 2.14

T log (€ +1)

1
dr = —
/ 1 + csch?(x) v sgn (e?) — 1) T sgn (e®) — 1)

integrate(1/(1+csch(x)~2)~(1/2) ,x, algorithm="giac")

outputt

-x/sgn(e”~(4*x) - 1) + log(e~(2*x) + 1)/sgn(e”(4*x) - 1)
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Mupad [F(-1)]

Timed out.

! 1
dz = / ————dx
/ 1 + csch®(z) /Sinhl(z) +1

input Lint(l/(l/sinh(x)’? + 1)°(1/2) ,%)

output tint(l/(l/Sinh(x)AQ + 1)°(1/2), x)

Reduce [F]

o [T,

csch

1
/ 1 + csch? (CL’

inputLint(i/(1+csch(x)“2)‘(1/2),X)

output Lint(sqrt(CSCh(X)*ﬂ + 1)/(csch(x)**2 + 1),x)




output

input
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201 3/2

3.19 [ (1 —csch’(z))”" dz

Optimal result . . . . . . . . .. . . 169
Mathematica [A] (verified) . . . . . . . . ... . L Lo 169
Rubi [A] (verified) . . . . . . . .. .. 170
Maple [F] . . . o o 172
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..... 173
Sympy [F] . . o o 173
Maxima [F] . . . . . . o 174
Giac [B] (verification not implemented) . . . . . ... ... ... .. L. 174
Mupad [F(-1)] . . . 175
Reduce [F] . . . . . 1751

Optimal result

Integrand size = 12, antiderivative size = 46

/ (1- cschQ(av))?’/2 dx = 2 arcsin < NG

+ arctanh ( coth(z) ) + % coth(z)y/2 — coth?(x)

2 — coth?(z)

coth(z)

)

' 2xarcsin(1/2*coth(x)*2~(1/2))+arctanh(coth(x)/(2-coth(x) ~2)~(1/2))+1/2*cot

h(x)*(2-coth(x)~2)~(1/2)

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 92, normalized size of antiderivative = 2.00

fi

2dx=

(1-— cschz(x))3/ 2 <\/ —3 + cosh(2z) coth(z)csch(z) + 2v/2 <2 arctan <—‘/§°°Sh(x)

v/ —3+-cosh(2z)

>_

—csch?(z)) 3

(—3 + cosh(2z))3/2

LIntegrate[(l - Csch[x]72)~(3/2),x]




outpu
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t‘ ((1 - Csch[x]72)~(3/2)*(Sqrt[-3 + Cosh[2*x]]*Coth[x]*Csch[x] + 2*Sqrt [2]*(
‘2*ArcTan[(Sqrt [2]*Cosh[x])/Sqrt[-3 + Cosh[2*x]]] + Log[Sqrt[2]*Cosh[x] + S
‘qrt[ 3 + Cosh[2#x]]]))*Sinh[x]~3)/(-3 + Cosh[2*x])~(3/2)

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00,

— 8, number of rules _ 667, Rules

number of steps used = 9, number of rules used =
integrand size

used = {3042, 4616, 318, 27, 398, 223, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (1- csch2(x))3/2 dz
| 3042

/ <1 + sec (g + ix>2>3/2 dx

l 4616

2 — coth?(z 3/2
/ ( 1 —czthg(l)) dcoth(a)

| 318
2(3 — 2 coth?
fcoth x)\/2 — coth?(z) — = / coth’(z)) d coth(z)

— coth?(z)) 4/2 — coth?(z)
l 27

3 — 2coth?(z) deoth 1 2
coth(z) + =1/2 — coth”(z) coth(zx)
/ (1 — coth?(z)) 1/2 — coth?(z) 2

l 398

d coth(z / 1 d coth(z) +
— coth?(z)) /2 — coth?(z)

%mco’ch(w)

/W
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l 223
/ 1 d coth(z) + 2 arcsin (coth(x)) + %coth(w) 2 — coth?(z)
(1 — coth?(z)) m V2
l 291
/ ccl)th2(x) d COth(x) + 2 arcsin (COth(x)) + %coth(ac) 9 _ COth2(3})
1 iy /2 coth(a) V2
l 219

2arcsin <coth(a:)> + arctanh __coth(z) + %coth(m) 2 — coth?(z)
V2 2 — coth?(z)

inputLInt[(i - Csch[x]172)~(3/2),x] J

' 2xArcSin[Coth[x]/Sqrt[2]] + ArcTanh[Coth[x]/Sqrt[2 - Coth[x]~2]] + (Coth[x

output
‘ I1*Sqrt[2 - Coth[x]1"2])/2 ‘

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, O] && NegQ[bl

rule 223

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 291
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rule 318 Int L) + (b_)*(x_)72)7(p)*((c_) + (d_.)*(x.)72)7(q_), x_Symbol] :> Sim
pld*xx(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/(b*x(2x(p + @) + 1))), x] + S
imp[1/(bx(2%x(p + @) + 1)) Int[(a + b*x"2) p*(c + d*x~2)"(q - 2)*Simp[c*(b
xck (2% (p + q) + 1) — axd) + dx(b*cx(2x(p + 2%xq - 1) + 1) - a*xd*(2*%(q - 1) +
D)*x"2, x]1, x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[b*c - a*d, 0] && G
tQlq, 1] && NeQ[2x(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, x]

rule 398 Int[(Ce_ ) + (£_.)*(x_)"2)/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2])
, x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x~2], x], x] + Simp[(b*e - axf)/
b Int[1/((a + b*x~2)*Sqrtlc + d*x~2]), x], x] /; FreeQ[{a, b, c, d, e, f}
> x]

rule 3042 IIEt[u_:i x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x

rule 4616 IREL(@)) + (b_.)#secl(e_.) + (£_.)*(x_)172)"(p_), x_Symboll :> With[{ff =
‘FreeFactors[Tan[e + fxx], x]}, Simp[ff/f Subst[Int[(a + b + b*xff~2*x"2)"p
/(1 + ££72%x72), x], x, Tanle + £*x]/££], x11 /; FreeQ[{a, b, e, f, p}, x]
‘&% NeQ[a + b, 0] & NeQ[p, -1]

Maple [F]

[V

dz

/ (1 — csch (z)?)

-

inputLint((l—csch(x)‘2)“(3/2),X)

-/

output 18t ((1-c8ch(0)°2)"(3/2), )




input

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 528 vs. 2(39) = 78.

Time = 0.12 (sec) , antiderivative size = 528, normalized size of antiderivative = 11.48

/ (1- csch? (x))?’/ ? dz = Too large to display

{integrate((1—csch(x)”2)“(3/2),x, algorithm="fricas")

1/2x(cosh(x) "4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)”2 - 1)*sin
h(x)~"2 + sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt((cos
h(x)"2 + sinh(x)"2 - 3)/(cosh(x)”2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) - 8%(
cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)"4 + 2*(3*cosh(x)"2 - 1)*sinh(x)”
2 - 2*cosh(x) "2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*arctan(-1/2*cosh(x)
~2 - cosh(x)#*sinh(x) - 1/2*sinh(x)~2 + 1/2*sqrt(2)*sqrt((cosh(x)~2 + sinh(
x)"2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 1/2) - 2%cosh(x)”
2 - (cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh(x)~2 - 1)*sin
h(x)~2 - 2*cosh(x)~2 + 4x(cosh(x)~3 - cosh(x))*sinh(x) + 1)*log(cosh(x)"4

+ 4*cosh(x)*sinh(x) "3 + sinh(x)~4 + 2%(3*cosh(x)”~2 - 2)*sinh(x)"2 - sqrt(2
)*(cosh(x) "2 + 2%cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt((cosh(x)~2 + sinh(x
)"2 - 3)/(cosh(x) "2 - 2xcosh(x)*sinh(x) + sinh(x)~2)) - 4*cosh(x)~2 + 4x*(c
osh(x)"3 - 2*cosh(x))*sinh(x) - 1) + (cosh(x)~4 + 4*cosh(x)*sinh(x)"3 + si
nh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cos
h(x))*sinh(x) + 1)*log(-cosh(x)~2 - 2*cosh(x)*sinh(x) - sinh(x)~2 + sqrt(2
)*sqrt ((cosh(x)~2 + sinh(x)~2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x
)72)) + 1) + 4x(cosh(x)"3 - cosh(x))*sinh(x) + 1)/(cosh(x)~4 + 4xcosh(x)*s
inh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)~2 - 2*cosh(x)"2 + 4%(co

input |

sh(x) "3 - cosh(x))*sinh(x) + 1)

Sympy [F]

(1- cs<3h2(x))3/2 dr = | (1— csch® (x))% dx
/ /

integrate ((1-csch(x)**2)**(3/2) ,x)
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Outputtlntegral((l - csch(x)**2)*%(3/2), x) J
Maxima [F]
/ (1- csch2(:r:))3/2 dx = / (— csch (z)® + 1)% dx
input Lintegrate ((1-csch(x)~2)~(3/2) ,x, algorithm="maxima") J
OutputLintegrate((-csch(x)“Q + 1)°(3/2), x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 253 vs. 2(39) = 78.

Time = 0.17 (sec) , antiderivative size = 253, normalized size of antiderivative = 5.50

/ (1-— csch2(av))3/2 dz =

1 1 1
—4 arctan (5 Vel — e 11— 5 e(22) 4 5) Sgn(e(“) _ 1)

1
-3 log <_\/e(4m) — 62 + 1422 4 1) Sgn(e(Zm) _1)

1
£
+ 3 log <’\/e(4x) —6e2) 41— (2 4 1‘) sgn(e(“) _ 1)

log <‘\/e(4l’) — 66(2.’1:) + 1— e(2m) + 3’) Sgn(e(Zw) _ 1)

2
16 ((\/6(49”) —6e(?) +1— 6(2"”)> sgn(e®® —1) +2 <\/e(4$) —6el® +1— e(2z)>sgn(e(2””) —1) +sg

_|_

2 2
((\/@(426) — 66(21:) +1- 6(21)) +2 \/6(473) _ 66(293) +1-— 2 e(2) + 5)

input liﬂtegrate((l-csch(:t)?) ~(3/2),x, algorithm="giac") J
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output -4xarctan(1/2*sqrt (e~ (4*x) - 6%e”(2*x) + 1) - 1/2%e”(2xx) + 1/2)*sgn(e” (2%
x) - 1) - 1/2%log(-sqrt(e”(4*x) - 6xe~(2xx) + 1) + e~ (2*x) + 1)*sgn(e”(2*x
) - 1) - 1/2*%log(abs(sqrt(e”(4*x) - 6*%e~(2*x) + 1) - e~ (2*x) + 3))*sgn(e”(
2%x) - 1) + 1/2*log(abs(sqrt(e”(4*x) - 6%e~(2*x) + 1) - e~ (2*x) + 1))*sgn(
e”(2%x) - 1) + 16*((sqrt(e~(4*x) - 6%e~(2*x) + 1) - e~ (2*x)) 2*sgn(e”(2*x)
- 1) + 2x(sqrt(e~(4*x) - 6%e~(2*x) + 1) - e~ (2*x))*sgn(e”(2*x) - 1) + sgn
(e7(2xx) - 1))/((sqrt(e”(4*x) - 6*%e~(2%x) + 1) - e7(2%x))72 + 2xsqrt(e”(4*
X) - 6xe”(2*x) + 1) - 2%¥e"(2*x) + 5)72
Mupad [F(-1)]
Timed out.
3/2 1 3/2
/(1—csch2(a:)) / da:z/(l— 2) dz
sinh ()
inputtint(u - 1/sinh(x)~2)"(3/2) ,x) J
output Lint((l - 1/sinh(x)~2)"(3/2), x) J
Reduce [F]
/ (1- cschQ(ac))?’/2 dr = / \/—csch (z)* + 1dz — (/ \/—csch (z)® + 1 csch(z)® dx)
input Lint((l—csch(x)"2)"(3/2) ,X) J

output Lint(sqrt( - csch(x)**2 + 1),x) - int(sqrt( - csch(x)**2 + 1)*csch(x)**2,x) J




output

input
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3.20 [\/1— csch*(z) dx

Optimal result . . . . . . . . . . . e 176
Mathematica [B] (verified) . . . . . . . .. ... o oL 176l
Rubi [A] (verified) . . . .. . . ... .. 177
Maple [F] . . . . 179
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 179
Sympy [F] . . . o 180
Maxima [F] . . . . . .. 180
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 18T
Mupad [F(-1)] . . . o o [181]
Reduce [F] . . . . o o e 182
Optimal result

Integrand size = 12, antiderivative size = 26

/ \/1 — csch?(z) dz = arcsin <coth(x)) + arctanh coth(z)
V2 2 — coth?(z)

Larcsin(1/2*coth(x) *27(1/2))+arctanh(coth(x)/(2-coth(x)~2)~(1/2)) J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 65 vs. 2(26) = 52.

Time = 0.07 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.50

/ \/1 — csch?(z) dz

2 — 2csch?(x) <arctan ( V2 cosh(2)

m) + log <\/§ cosh(z) + /-3 + cosh(2:v))) sinh(z)

\/—3 + cosh(2z)

tIntegrate [Sqrt[1 - Csch[x]~2],x]
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‘ (Sqrt[2 - 2*Csch[x]~2]*(ArcTan[(Sqrt[2]*Cosh[x])/Sqrt[-3 + Cosh[2*x]]] + L ‘

output
Log [Sqrt[2]*Cosh[x] + Sqrt[-3 + Cosh[2*x]]1])*Sinh[x])/Sqrt[-3 + Cosh[2*x]] J

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

— 6, number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used =
used = {3042, 4616, 301, 223, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/1 — csch?(z) dx

| 3042
\/ 1+ sec (2 +i >2d
sec (5 +iz) dz
| 4616
\/2— coth2(z
/ 1 oothi(z) ~————dcoth(z
1 — coth®(
l 301
1 1
/ ————dcoth(z) + / d coth(z)
\/2 — coth?(z) (1 — coth?(z)) 1/2 — coth?(z)
| 223
/ 1 d coth(z) + arcsin <coth(:1;)>
(1 — coth?(z)) 1/2 — coth?(z) V2
| 291
/ cith2(m) p coth(z) + aresin (co‘?ﬁw))
1- 2—coth?(x) 2- COth2 (IE) 2

l 219
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. ( coth(z) coth(z)
() )

input‘Int[Sqrt[i - Csch[x]~2],x]

Output‘ArcSin[Coth[x]/Sqrt[Q]] + ArcTanh[Coth[x]/Sqrt[2 - Coth[x]~21]

Defintions of rubi rules used

rule 219 Intl((a ) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 223 Tot[1/8qrtl(a ) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 291 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]

rule 301 Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[b/
d Int[(a + b*x"2)"(p - 1), x], x] - Simp[(b*c - a*d)/d Int[(a + b*x"2)"
(p - 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]
&& GtQ[p, 0] && (EqQlp, 1/2]1 || EqQ[Denominator(pl, 4] || (EqQlp, 2/3] && E
qQ[bxc + 3*axd, 0]))

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]
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‘Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = ‘
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p ‘
/(1 + ££72%x72), x], x, Tanle + £*x]/££], x]] /; FreeQ[{a, b, e, £, p}, x] |
& NeQ[a + b, 0] & NeQ[p, -1] |

rule 4616

Maple [F]

/ 1 — csch (z)°dz

input Lint((l'cs‘:h(x) ~2)7(1/2) ,x) J
output Lint((l—csch(x) ~2)~(1/2),%) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 221 vs. 2(23) = 46.

Time = 0.11 (sec) , antiderivative size = 221, normalized size of antiderivative = 8.50

/ \/1 — csch?(z) dz = —2 arctan (—% cosh (z)* — cosh (z) sinh () — % sinh (z)°

N 1 V3 cosh (z)° + sinh (z)* — 3 N 1
2 cosh (

z)? — 2 cosh (z) sinh () + sinh (z)®> 2

1
-3 log (cosh (z)* + 4 cosh (z) sinh (z)* + sinh (z)* + 2 (3 cosh (z)® — 2) sinh (z)

cosh (z)? 4 sinh (z)* — 3

—+/2(cosh () + 2 cosh (z) sinh (z) + sinh (z)* — 1) \/ cosh (2)° — 2 cosh (2) sinh (2) 1 sinh ()7
— 4 cosh (z)* + 4 (cosh (2)® — 2 cosh (z)) sinh (z) — 1)

+ % log (— cosh (z)® — 2 cosh (z) sinh (z) — sinh ()

cosh (z)? 4 sinh (z)* — 3
* \/_\/cosh — 2 cosh (z) sinh (z) + sinh (z)° * 1)
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input integrate((1-csch(x)~2)~(1/2),x, algorithm="fricas")

-2%arctan(-1/2*cosh(x) "2 - cosh(x)*sinh(x) - 1/2%sinh(x)~2 + 1/2%sqrt(2)*s
qrt((cosh(x)~2 + sinh(x)~2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2
)) + 1/2) - 1/2*log(cosh(x)"4 + 4%cosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cos
h(x)"2 - 2)*sinh(x)"2 - sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2
- 1)*SqI't((COSh(X)A2 + sinh(x)~2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + si
nh(x)~2)) - 4*cosh(x)~2 + 4*(cosh(x)~3 - 2*cosh(x))*sinh(x) - 1) + 1/2%log
(-cosh(x) "2 - 2*cosh(x)*sinh(x) - sinh(x)"2 + sqrt(2)*sqrt((cosh(x)"2 + si
nh(x)~2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 1)

output

Sympy [F]

/\/1—csch2(:c)dz=/\/1—csch2(x)dx

input Lintegrate ((1-csch(x)**2)**(1/2) ,%)

-

outputLIntegral(sqrt(1 - csch(x)**2), x)

| —

Maxima [F]

/y/l—cschz(x)dx=/\/—csch(x)2+1dx

inputtintegrate((1‘CSCh(X)A2)‘(1/2),X, algorithm="maxima")

output Lintegrate(sqrt(—csch(x)"2 + 1), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 110 vs. 2(23) = 46.
Time = 0.13 (sec) , antiderivative size = 110, normalized size of antiderivative = 4.23
/ \/1 — csch®(z) dz =
1 1 1 1
—5 (4 arctan (5 Vele) —6e@e) 41— 2 e?®) 4 5) + log <—\/e(4f”) —6e2) + 1422 4 1) + log
— 1)

input Lintegrate ((1-csch(x)"2)~(1/2) ,x, algorithm="giac") J

‘—1/2*(4*arctan(1/2*sqrt(e‘(4*x) - 6%xe”(2%x) + 1) - 1/2%e”(2*x) + 1/2) + lo ‘
‘g(—sqrt(e“(ll*x) - 6xe”(2*x) + 1) + e~ (2*x) + 1) + log(abs(sqrt(e”(4*x) - 6 ‘
‘*e“(2*x) + 1) - e7(2%x) + 3)) - log(abs(sqrt(e~(4*x) - 6%e~(2*x) + 1) - e~ ‘
(2%x) + 1)))*sgn(e”(2+x) - 1)

output

Mupad [F(-1)]

Timed out.
/ 1—csch2(a:)dx=/ 1— ;de
sinh (x)
inputtint(<1 - 1/sinh(x)"2)"(1/2) ,%) J

output Lint((1 - 1/sinh(x)"2)~(1/2), x) J
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Reduce [F]

/ \/1 — csch®(z) dz = / \/—csch (z)* + 1dz

input Lint((l—csch(x)‘2)“(1/2) ,X)

output Lint(sqrt( - csch(x)**2 + 1),x)




-

output
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321 [ L dz
\/ 1-csch’(z)

Optimal result . . . . . . . . ... .. 183}
Mathematica [B] (verified) . . . . . . . . ... Lo 183
Rubi [A] (verified) . . . . . . . . . . 184
Maple [F] . . . . o 185
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 136!
Sympy [F] . . o o 187
Maxima [F] . . . . . . 187
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 187
Mupad [F(-1)] . . . 188
Reduce [F] . . . . . o 1R8]

Optimal result

Integrand size = 12, antiderivative size = 16

dz = arctanh (

coth(z)

2 — coth?(z)

|

Larctanh(coth(x)/(2-coth(x)“2)‘(1/2))

-/

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 45 vs. 2(16) = 32.

Time = 0.06 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.81

\/—3 + cosh(2z)csch(z) log <\/§ cosh(z) + /-3 + cosh(2x)>

/m‘”:

\/2 — 2csch?(z)

-

input L

Integrate[1/Sqrt[1 - Csch[x]~2],x]

-/




output

input

output
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‘ (Sqrt[-3 + Cosh[2*x]]*Csch[x]*Log[Sqrt[2]*Cosh[x] + Sqrt[-3 + Cosh[2*x]]1])
L/Sqrt [2 - 2%Csch[x]"2]

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules

number of steps used = 5, number of rules used = 4, 5 Fo 1

used = {3042, 4616, 291, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ \/1 — csch?(z) “

l 3042

dx

1
/\/1+sec(g+iac)2
l 4616

1
/ (1 — coth?(z)) 1/2 — coth?(z)

d coth(z)

1 coth(x)
1— coth?(z) d 2
2—coth?(z) 2 — coth (.’L')

e

LInt[1/Sqrt[1 - Csch[x]~2],x]

~—

LArcTanh [Coth[x]/Sqrt[2 - Coth[x]~2]] J
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*

le 219
e ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
rule 291 Imt[1/(Sartl(a) + (b_.)*(x_)~21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst

[Int[1/(c - (b*c - axd)*x~2), x], x, x/Sqrt[a + b*xx~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

‘Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

rule 4616 ‘
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2) p ‘
/(1 + ££72%x72), x], x, Tanle + £*x]1/££], x11 /; FreeQ[{a, b, e, £, p}, x]
&k NeQ[a + b, 0] & NeQ[p, -1] |
Maple [F]
1
/ dz
1 — csch (z)°
input Lint(l/(l—csch(x) ~2)"(1/2) ,%) J

output Lint(l/(l—csch(x) ~2)~(1/2),x%) J
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 163 vs. 2(14) = 28.

Time = 0.09 (sec) , antiderivative size = 163, normalized size of antiderivative = 10.19

1
=—3 log (cosh (z)* + 4 cosh (z) sinh (z)* + sinh (z)* + 2 (3 cosh (z)® — 2) sinh (z)°

cosh (z)? 4 sinh (z)* — 3
cosh (z)* — 2 cosh (z) sinh (z) + sinh (z)?

—+/2(cosh (z)® + 2 cosh (z) sinh () + sinh (z)* — 1)\/
— 4 cosh (z)* + 4 (cosh (2)® — 2 cosh (z)) sinh (z) — 1)
+ % log (— cosh (z)* — 2 cosh (z) sinh (z) — sinh ()

cosh (z)° + sinh (z)* — 3
* ﬁ\/cosh (x) * 1)

? — 2 cosh (z) sinh (z) + sinh (z)°

;
integrate(1/(1-csch(x)~2)~(1/2),x, algorithm="fricas")

N

input

-1/2*log(cosh(x) "4 + 4xcosh(x)*sinh(x)"3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 2)
*sinh(x) "2 - sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(
(cosh(x)~2 + sinh(x)~2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) -
4xcosh(x)~2 + 4x(cosh(x)~3 - 2*cosh(x))*sinh(x) - 1) + 1/2*log(-cosh(x)~2
- 2xcosh(x)*sinh(x) - sinh(x)~2 + sqrt(2)#*sqrt((cosh(x)~2 + sinh(x)"2 - 3
)/ (cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)"2)) + 1)

output
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Sympy [F]
/ 1 dx =/ ! dx
V/1— csch®(z) \/1 — csch? (z)
input 1ntegrate (1/ (1-csch(x)*+2)%#(1/2) 1) J
output LIntegral(l/sqrt(l - csch(x)**2), x) J
Maxima [F]
/ L dx =/ ! dx
V1 — csch?(z) \/— csch (z)? + 1
input Lintegrate(l/(1—csch(x)“2)*(1/2) ,x, algorithm="maxima") J

Output‘integrate(1/sqrt(—csch(x)“2 + 1), x)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 85 vs. 2(14) = 28.

Time = 0.13 (sec) , antiderivative size = 85, normalized size of antiderivative = 5.31

1
/ dz =
/1 — csch?(z)
log <_\/e(4x) —6e2) 4+ 1422 4 1) + log (’\/6(49”) —6e) +1 -2 4 3’) — log (‘\/e(‘m) — ¢
2sgn (e(22) — 1)

input Lintegrate (1/(1-csch(x)~2)~(1/2) ,x, algorithm="giac") J
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-1/2%(Log(~sqrt (e”(4*x) - 6%e”(2#x) + 1) + e~ (2xx) + 1) + log(abs(sqrt(e™(

output
‘4*}{) - 6%e”(2%x) + 1) - e~ (2*x) + 3)) - log(abs(sqrt(e”~(4*x) - 6xe~(2*x) + ‘
‘ 1) - e~ (2*x) + 1)))/sgn(e”(2*x) - 1) ‘
Mupad [F(-1)]
Timed out.
1 1
dr = | —=dz
/\/1— h? / 1 1
e (-T) 1 sinh(:lr:)E
input Lint(1/(1 - 1/sinh(x)~2)"(1/2),x) J
output  1Bt(1/(1 - 1/sinh(x)72)"(1/2), x) )
Reduce [F]
/ \/—csch
V1-— csch2 (x csch (z)® — 1
inputLint(i/(l—csch(x)“2)‘(1/2),x) J
outputt - int(sqrt( - csch(x)**2 + 1)/(csch(x)**2 - 1),x) J
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3.22 [(-1+ cschz(ar:)):s/2 dx

Optimal result . . . . . . . . .. . . 189
Mathematica [A] (verified) . . . . . . . . ... . L Lo 189
Rubi [A] (verified) . . . . . . . .. .. 190
Maple [F] . . . o o 193
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..... 193
Sympy [F] . . o o 194
Maxima [F] . . . . . . o 195
Giac [B] (verification not implemented) . . . . . ... ... ... .. L. 195
Mupad [F(-1)] . . . 196
Reduce [F] . . . . . 1961

Optimal result

Integrand size = 10, antiderivative size = 47

/ (-1+ csch2(x))3/ ? dz = arctan ( coth(z) )

+ 2arctanh (

\/—2 + coth?(z)

coth(x)
\/——2-+-coth2(x)

) — % coth(z) \/—2 + coth?(z)

output ‘ arctan(coth(x)/(-2+coth(x)~2)~(1/2))+2*arctanh(coth(x)/(-2+coth(x)~2)~(1/2 ‘
‘))-1/2*coth(x)*(—2+coth(x)“2)‘(1/2)

Mathematica

Time = 0.09 (sec) ,

fi

—i-cschQ(ac))g/2 dr =

[A] (verified)

antiderivative size = 90, normalized size of antiderivative = 1.91

(—1+ csch? (z))3/2 <\/—3 + cosh(2z) coth(x)csch(z) + 2\/5(2 arctan (

v/2 cosh(z)

\/—3+-cosh(2z)

)

(—3 + cosh(2

)
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input ‘ Integrate[(-1 + Csch[x]~2)~(3/2),x] ‘

| ((-1 + Csch[x]"2)~(3/2)*(Sqrt[-3 + Cosh[2#x]1*Coth[x]*Cschlx] + 2+Sqrt[2]*
‘ (2%ArcTan[(Sqrt [2]*Cosh[x])/Sqrt[-3 + Cosh[2*x]]] + Log[Sqrt[2]*Cosh[x] + ‘
LSqrt[-B + Cosh[2#*x]1]1))*Sinh[x]~3)/(-3 + Cosh[2*x])~(3/2) J

output

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.900, Rules

number of steps used = 10, number of rules used = 9,
used = {3042, 4616, 318, 27, 398, 224, 219, 291, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (esch?(z) — 1)3/2 dz

l 3042

/ <—1 — sec (g + 7,9:)2> V2 dz
l'4616
oth?(z) — 2)%/2

/ (c 1tli2ioih2 (iz)) d coth(z)
l 318

— 2coth?(z
_;/_( 2(3 — 2coth’(z)) dcoth(m)—%\/(mcoth(w)

1 — coth?(z)) y/coth?(z) — 2

| 27

1
dcoth(z) — 2 coth(z)/coth?(z) — 2

3 — 2coth?(z)
i

1 — coth?(z)) y/coth?(z) — 2

l 398
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1

1
2 | ——=————=dcoth(z) + dcoth(z) —
/ \/coth?(z) — 2 @ / (1 — coth?(z)) 4/coth?(z) — 2 @
%\ /coth?(z) — 2 coth(z)

l 994

! dcoth(z) + 2 1 coth(z)

/ CO 2 X -
(1 — coth?(z)) \/coth?(z) — 2 1- % \/coth?(z) — 2
%\/coth2 () — 2coth(x)

l 219

1 d coth(x) + 2arctanh (coth(:v)) -

/ (1 — coth?(z)) 1/coth?(z) — 2 coth?(z) — 2

1
3 coth(z)/coth?(z) — 2

/ Cothz(i) d coth(z) + 2arctanh __cothle) | _ %coth(m) coth?(z) — 2
coth?@)—z T 1 y/coth?(z) — 2 coth?(z) — 2

l 216

arctan (coth(x)) + 2arctanh (coth(x)) - %coth(m) coth?(z) — 2

\/coth?(z) — 2 coth?(z) — 2

input Llnt[(_l + Csch([x]72)7(3/2) ,x] J

s

ArcTan[Coth[x]/Sqrt[-2 + Coth[x]~2]] + 2*ArcTanh[Coth[x]/Sqrt[-2 + Coth[x]

output
~2]1 - (Coth[x]#Sqrt[-2 + Coth[x]~2])/2
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

rule 216

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*

le 219

T ArcTanh[Rt[-b, 21#(x/Rtla, 2101, x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

rule 9294 Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

rule 291 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (bxc - a*d)*x~2), x], x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - a*d, 0]

rule 318 Int[((a_) + (b_.)*(x_)"2)"(p_)*((c_) + (d_.)*(x_)"2)"(q_), x_Symbol] :> Sim
pld*x*(a + b*x"2)"(p + 1)*((c + d*x"2)"(q - 1)/ (b*(2*(p + @ + 1))), x] + S
imp[1/(bx(2%x(p + @) + 1)) Int[(a + b*x"2) p*(c + d*x~2)"(q - 2)*Simp[c*(b
xcx(2%(p + @) + 1) - a*xd) + dx(b*cx(2x(p + 2xq - 1) + 1) - axd*(2*(q - 1) +

1))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, p}, x] && NeQ[b*c - a*d, 0] && G

tQLq, 1] && NeQ[2x(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a, b, c,
d, 2, p, q, x]

rule 398 TntL((e ) + (£_.)*(x)72)/(((al) + (b_.)*(x_)"2)*8qrt[(c_) + (d_.)*(x_)"2])
, x_Symbol] :> Simp[f/b Int[1/Sqrtlc + d*x~2], x], x] + Simp[(b*e - axf)/
b Int[1/((a + b*x"2)*Sqrt[c + d*x~2]), x], x] /; FreeQ[{a, b, c, d, e, £}
» X]
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[((a_) + (b_.)*secl[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol]l :> With[{ff =

FreeFactors[Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*xff~2%x"2)"p
/(1 + ££72%xx72), x], x, Tan[e + f*x]/ff], x]] /; FreeQ[{a, b, e, f, p}, x]

&% NeQ[a + b, 0] && NeQ[p, -1]

rule 4616

Maple [F]

/ (=14 csch (z)2)% dz

input Lint((-1+csch(x) ~2)~(3/2) ,%) J

e

~—

output {int ((-1+csch(x)~2)~(3/2) ,%)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 666 vs. 2(39) = 78.

Time = 0.10 (sec) , antiderivative size = 666, normalized size of antiderivative = 14.17

/ (-1+ cschQ(x))?’/ ? dz = Too large to display

input Lintegrate ((-1+csch(x)~2)"(3/2),x, algorithm="fricas") J
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output

-1/2%(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 + 1)*sqrt(-(cosh(
x)"2 + sinh(x)"2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + (cosh
(x)"4 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)"2 -
2xcosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*arctan(sqrt(2)*(cosh(x)
~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-(cosh(x)~2 + sinh(x)"2 - 3)/
(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(cosh(x)~4 + 4*cosh(x)*sinh(x
)"3 + sinh(x)~"4 + 2*x(3*cosh(x)"2 + 2)*sinh(x)~2 + 4*cosh(x)”2 + 4*(cosh(x)
~3 + 2*cosh(x))*sinh(x) - 1)) + (cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)
~4 + 2x(3*cosh(x)”2 - 1)*sinh(x)~2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(x))
*sinh(x) + 1)*arctan(sqrt(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)"2 -
1)*sqrt(-(cosh(x) "2 + sinh(x)"2 - 3)/(cosh(x)~2 - 2xcosh(x)*sinh(x) + sinh
(x)~2))/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 6*(cosh(x)"2 - 1)*s
inh(x)~2 - 6*cosh(x)~2 + 4*(cosh(x)~3 - 3*cosh(x))*sinh(x) + 1)) - 2*(cosh
(x)74 + 4xcosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cosh(x)"2 - 1)*sinh(x)"2 -
2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)*log((cosh(x)~2 + 2*cosh
(x)*sinh(x) + sinh(x)"2 + sqrt(2)*sqrt(-(cosh(x)~2 + sinh(x)~2 - 3)/(cosh(
X)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2)) + 1)/(cosh(x)"2 + 2*cosh(x)*sinh(x)
+ sinh(x)~2)) + 2*(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2*(3*cos
h(x)~2 - 1)*sinh(x)"2 - 2*cosh(x)~2 + 4*(cosh(x)~3 - cosh(x))*sinh(x) + 1)
*1log((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - sqrt(2)*sqrt(-(cosh(x...

Sympy [F]

/ (-1+ cschQ(x))3/2 dx = / (csch?® (z) — 1)g dz

inputt

integrate ((-1+csch(x)**2)**(3/2) ,x)

-

outputt

Integral ((csch(x)**2 - 1)**(3/2), x)

| —
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Maxima [F|

/ (—1 + csch2(:1:))3/2 dr = / (Csch (9L’)2 — 1)% dz

input ‘ integrate((-1+csch(x)~2)~(3/2),x, algorithm="maxima"

output  integrate((csch(x)"2 - 1)7(3/2), x) )

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 412 vs. 2(39) = 78.

Time = 0.20 (sec) , antiderivative size = 412, normalized size of antiderivative = 8.77

/ (-1+ cschz(gv))?’/2 dx = —% arcsin (%1 \/5(6(2”’) - 3)) sgn(—e®® + 1)

3 <2\/§— vV —el42) + 6ee) — 1>
2v2—

— arctan | — & 3 sgn(—e®® + 1)
+2log (‘_\/—_ 22— \/;(c;(;l)w)_—l-?)Ge(M) -1 41 ) sgn(—e(u) +1)
1o (‘_\/-_ 22 — \/—eg(;l:)_—i-?)Ge(%) -1_, ) sgn(—e® 4 1)
+

e(2)_3 (e(22)—3)?

(zﬁ(zﬁ—m) | () 1)2

input Lintegrate ((-1+csch(x)~2)~(3/2) ,x, algorithm="giac") J
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\ >

output -1/2*%arcsin(1/4*sqrt(2)*(e~(2*x) - 3))*sgn(-e~(2*x) + 1) - arctan(-2*sqrt(
2) - 3%(2xsqrt(2) - sqrt(-e~(4*x) + 6*%e~(2*x) - 1))/(e”(2*x) - 3))*sgn(-e”
(2%x) + 1) + 2+log(abs(-sqrt(2) - (2#sqrt(2) - sqrt(-e~(4*x) + 6*e”(2*x) -
1))/(e”(2%x) - 3) + 1))*sgn(-e”(2*x) + 1) - 2*log(abs(-sqrt(2) - (2*sqrt(
2) - sqrt(-e~(4*x) + 6*%e~(2*x) - 1))/(e”(2*x) - 3) - 1))*sgn(-e~(2*x) + 1)
+ 2% (sqrt(2)*sgn(-e~(2*x) + 1) + 5*sqrt(2)*(2xsqrt(2) - sqrt(-e~(4*x) + 6
*xe”(2%x) - 1))"2xsgn(-e~(2*x) + 1)/(e”(2%x) - 3)72 + 3*(2*sqrt(2) - sqrt(-
e~ (4xx) + 6%e”(2%x) - 1)) 3*sgn(-e~(2*x) + 1)/(e”(2*x) - 3)73 + 5x(2*sqrt(
2) - sqrt(-e”(4*x) + 6%e~(2*x) - 1))*sgn(-e~(2xx) + 1)/(e”(2*x) - 3))/(2*s
qrt (2)*(2xsqrt(2) - sqrt(-e~(4*x) + 6%e~(2*x) - 1))/(e”(2*x) - 3) + (2*sqr
t(2) - sqrt(-e~(4xx) + 6xe~(2xx) - 1))72/(e”(2*x) - 3)72 + 1)72
Mupad [F(-1)]
Timed out.
3/2 1 3/2
—1 4 csch®(z dx=/(——1) dz
/ ( (@) sinh (z)°
input Lint((l/sinh(x)’? - 1)7(3/2) ,%)
output int((1/sinh(x)"2 - 1)7(3/2), x)

Reduce [F]

/ (-1+ csch2(an))3/2 dr = — </ \/csch (2)? — 1dac) + / \/csch (z)? — 1 cesch(z)® dz

inputLint((—1+csch(x)‘2)“(3/2),X)

outputt

- int(sqrt(csch(x)**2 - 1),x) + int(sqrt(csch(x)**2 - 1)*csch(x)**2,x)
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3.23 [ \/—1+ csch®(x) dz

Optimal result . . . . . . . . . . . e 197
Mathematica [B] (verified) . . . . . . . .. ... o oL 197
Rubi [A] (verified) . . . .. . . ... .. 198
Maple [F] . . . . 200
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 200
Sympy [F] . . . o 20T]
Maxima [F] . . . . . .. 201]
Giac [B] (verification not implemented) . . . . . . . ... ... ... ... ... 202
Mupad [F(-1)] . . . o o 202
Reduce [F] . . . . o o e 203

Optimal result

Integrand size = 10, antiderivative size = 33

/ \/TSC}IZ(HC)(M = —arctan ( coth(z) ) — arctanh ( coth(z) )
(z)

\/—2 + coth? \/—2 + coth?(z)

‘ -arctan(coth(x)/(-2+coth(x)~2)~(1/2))-arctanh(coth(x)/(-2+coth(x)~2)~(1/2) ‘

) |

output

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 68 vs. 2(33) = 66.

Time = 0.05 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.06

/ \/—1+ csch?(z) dzx

v2y/—1 4+ csch?(x) (arctan (%) + log <\/§ cosh(z) + /-3 + cosh(2a:)>> sinh(z)
v/—3 + cosh(2z)

input LIntegrate [Sqrt[-1 + Csch[x]~2],x] J
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output ‘ (Sqrt[2]*Sqrt[-1 + Cschlx]~2]*(ArcTan[(Sqrt[2]*Cosh[x])/Sqrt[-3 + Cosh[2*x

‘ 111 + Log[Sqrt[2]*Cosh[x] + Sqrt[-3 + Cosh[2*x]]])#*Sinh([x])/Sqrt[-3 + Cosh
| [2#x]]

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules

number of steps used = 8, number of rules used = 7, = -
integrand size

used = {3042, 4616, 301, 224, 219, 291, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ \/csch?(z) — 1dx

| 3042
/ \/—1 — sec (g + i:r:)2dac
| 4616
\/coth?(z) —
/ 1 —t:ot(hz)(x)2d coth(@)
| 301
1 1
_/ \/coth?(z) — ZdCOth(w) B / (1 — coth?(z)) 4/coth?(z) — 2d00th(93)
| 224
3 1 coth(z) — 1 coth(z)
/ (1 — coth?(z)) 4/coth?(z) — 2d hee) / 1- % \/coth?(z) — 2
| 219
— / ! d coth(z) — arctanh __ooth(@)
(1 — coth?(z)) 1/coth?(z) — 2 coth?(z) — 2

l 201



input L

output

rule 216

rule 219

rule 224

rule 291
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B / COthz(i) d coth(zx) _ arctanh coth(zx)
coth?(z)—2 T 1 coth?(z) — 2 coth?(z) — 2

| 216
— arctan (coth(x)) — arctanh (coth(m))

Int[Sqrt[-1 + Csch[x]~2],x]

-ArcTan[Coth[x]/Sqrt[-2 + Coth[x]~2]] - ArcTanh[Coth([x]/Sqrt[-2 + Coth[x]~

\2]]

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qa, 0] || LtQ[b, 0]1)

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Int[1/(Sqrt[(a_) + (b_.)*(x_)"2]1*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst
[Int[1/(c - (b*c - a*d)*x~2), x], x, x/Sqrtl[a + b*x~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, 0]
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Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Simp[b/
d Int[(a + b*x"2)"(p - 1), x], x] - Simp[(bxc - a*d)/d Int[(a + b*x~2)"
(p - 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

%& GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[pl, 41 || (EqQlp, 2/3] && E
qQ[b*c + 3*axd, 0]))

rule 301

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4616 1atL(@0) + (b_)*secl(e_.) + (£_.)*(x))]1"2)7(p_), x_Symboll :> With[{ff = |
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2)"p ‘
/(1 + ££72%x72), x], x, Tanle + £*x]/£f], x]] /; FreeQl{a, b, e, £, p}, x] |
& NeQ[a + b, 0] & NeQ[p, -1 |

Maple [F]
/ \/—1 + csch (x)2dx
input Lint((‘i"'csch(x) ~2)7(1/2) ,x) J
output Lint((_l*'cs‘:h(x) ~2)~(1/2) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 358 vs. 2(29) = 58.

Time = 0.09 (sec) , antiderivative size = 358, normalized size of antiderivative = 10.85

/ \/ =1+ csch?(z) dz = Too large to display

-

Lintegrate ((-1+csch(x)~2)~(1/2) ,x, algorithm="fricas")

-/

input
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1/2*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-(
cosh(x)"2 + sinh(x)~2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(c
osh(x) "4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2x(3*cosh(x)~2 + 2)*sinh(x)~2
+ 4*cosh(x) "2 + 4*(cosh(x)~3 + 2xcosh(x))*sinh(x) - 1)) + 1/2*arctan(sqrt
(2)*(cosh(x)~"2 + 2xcosh(x)*sinh(x) + sinh(x)"2 - 1)*sqrt(-(cosh(x)~2 + sin
h(x)~"2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(cosh(x)~4 + 4*co
sh(x)*sinh(x) "3 + sinh(x) "4 + 6*(cosh(x)~2 - 1)*sinh(x)~2 - 6*cosh(x)"2 +

4x(cosh(x)~3 - 3*cosh(x))*sinh(x) + 1)) - 1/2x1log((cosh(x)~2 + 2*cosh(x)*s
inh(x) + sinh(x)"2 + sqrt(2)*sqrt(-(cosh(x)"2 + sinh(x)~2 - 3)/(cosh(x)"2

- 2%cosh(x)*sinh(x) + sinh(x)~2)) + 1)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + si
nh(x)~2)) + 1/2x1log((cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - sqrt(2)*s
grt(-(cosh(x)"2 + sinh(x)"2 - 3)/(cosh(x)"2 - 2*cosh(x)*sinh(x) + sinh(x)~
2)) + 1)/(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2))

output

Sympy [F]

/\/ —1+ csch?(z) dz = / \/csch? (z) — 1dz

input Lintegrate ((-1+csch(x)**2) **(1/2) ,x)

e

LIntegral(sqrt(csch(x)**2 - 1), x

~—

output
Maxima [F]
/ \/—1+ csch?(z) dz = / \/csch (z)? — 1dz
inputLintegrate((-1+csch(x)“2)"(1/2),x, algorithm="maxima")

Output‘integrate(sqrt(csch(x)“2 - 1), x)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 157 vs. 2(29) = 58.

Time = 0.16 (sec) , antiderivative size = 157, normalized size of antiderivative = 4.76

/ \/—1+ csch®(z) dz

3(2+2 —vV—eld® 160 —1
1
=% (arcsin <4_1 \/5(6(295) — 3)) + 2 arctan (—2\/5 - ( ) e (‘_

e2z) — 3
+1)
inputLintegrate((-1+csch(x)"2)"(1/2),x, algorithm="giac") J
output 1/2x(arcsin(1/4*sqrt(2)* (e~ (2*x) - 3)) + 2*arctan(-2*sqrt(2) - 3*(2*sqrt(2

) - sqrt(-e~(4*x) + 6xe~(2*x) - 1))/(e”(2%x) - 3)) - 2*log(abs(-sqrt(2) -

(2%sqrt(2) - sqrt(-e~(4*x) + 6xe”~(2*x) - 1))/(e”(2*x) - 3) + 1)) + 2xlog(a

bs(-sqrt(2) - (2xsqrt(2) - sqrt(-e~(4*x) + 6%e~(2*x) - 1))/(e”(2*x) - 3) -

1)))*sgn(-e~(2*x) + 1)
Mupad [F(-1)]
Timed out.
1
/\/—1 + csch?(z) dr = / —— —ldx
sinh ()

inputlint((l/sinh(x)‘2 - 1D°(1/2),%) J

Outputtint((l/sinh(x)‘2 - 1)°(1/2), %) J
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Reduce [F]

/\/Tschz(x)dx=/\/csch(x)2—ldx

inputkint((-1+csch(x)"2)"(1/2),x)

OutputLint(sqrt(csch(x)**g - 1),%)
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3.24 L dx
f \/ _1+csch’(z)

Optimal result . . . . . . . . ... .. 204
Mathematica [B] (verified) . . . . . . . . ... Lo 204
Rubi [A] (verified) . . . . . . . . .. 205
Maple [F] . . . . o
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .. .... 207l
Sympy [F] . . o o 207
Maxima [F] . . . . . . 208
Giac [B] (verification not implemented) . . . . . ... ... ... ... ... 208
Mupad [F(-1)] . . . 209
Reduce [F] . . . . . o 2091

Optimal result

Integrand size = 10, antiderivative size = 14

/ 1 dx = arctan coth(z)
v/—1 + csch®(z) \/—2 + coth?(x)

-

arctan(coth(x)/(-2+coth(x)~2)~(1/2))

-/

output L

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 48 vs. 2(14) = 28.

Time = 0.04 (sec) , antiderivative size = 48, normalized size of antiderivative = 3.43

~ \/—3 + cosh(2z)csch(z) log (\/§ cosh(z) + /-3 + cosh(2x)>

1
/ v/—1+ csch®(z) & V24/—1 + csch®(z)

-

input LIntegrate [1/Sqrt[-1 + Csch[x]~2],x]

-/
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" ‘ (Sqrt[-3 + Cosh[2*x]]*Csch[x]*Log[Sqrt[2]*Cosh[x] + Sqrt[-3 + Cosh[2*x]]1]) ‘

outpu
L/(Sqrt[2]*Sqrt[-1 + Csch[x]~2]) J

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 400, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {3042, 4616, 291, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
J———
l 3042
/ L dz
\/—1 —sec (5 + z'a:)2
l 4616
1
/ d coth(z)
(1 — coth?(z)) \/m
l 201
1 coth(x)
cothQ(m) d
idys T \feoth?(z) — 2
l 216
arctan coth(x)
coth? (x) —2
input Llnt [1/Sqrt[-1 + Csch[x]~2],x] J

output LArCTaﬂ [Coth[x]/Sqrt[-2 + Coth[x]~2]] J
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]1))*A

rule 216
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 291 Imt[1/(Sartl(a) + (b_.)*(x_)~21*((c_) + (d_.)*(x_)"2)), x_Symbol] :> Subst

[Int[1/(c - (b*c - axd)*x~2), x], x, x/Sqrt[a + b*xx~2]] /; FreeQ[{a, b, c,
d}, x] && NeQ[b*c - axd, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

‘Int[((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff =

rule 4616 ‘
‘FreeFactors [Tan[e + f*x], x]}, Simp[ff/f Subst[Int[(a + b + b*ff~2%x"2) p ‘
/(1 + ££72%x72), x], x, Tanle + £*x]1/££], x11 /; FreeQ[{a, b, e, £, p}, x]
&k NeQ[a + b, 0] & NeQ[p, -1] |
Maple [F]
1
/ dzx
\/—1 + csch (z)?
input tint(l/(—1+csch(x) ~2)~(1/2) ,%) J

output | 1881/ (-1+csch(x)72)7(1/2) %) ]
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 213 vs. 2(12) = 24.

Time = 0.10 (sec) , antiderivative size = 213, normalized size of antiderivative = 15.21

/m‘“:

—— arct
9 arctan

v/2(cosh (z)® + 2 cosh (z) sinh () + sinh (z) — 1) _ cosh(z)

- cosh(z)2—2 cos

cosh (z)* + 4 cosh (z) sinh (z)° + sinh (z)* + 2 (3 cosh (z)” + 2) sinh (z)* + 4 cosh (z)* 4

V2 (cosh (z)® + 2 cosh (z) sinh (z) + sinh (z)* — 1) ______cosh(@)®

cosh(z)“—2 cosh

cosh (z)* + 4 cosh (z) sinh (z)* + sinh (z)* + 6 (cosh (z)* — 1) sinh (z)* — 6 cosh (z)* + 4

— — arctan
2

inputLintegrate(l/(—1+csch(x)"2)"(1/2),x, algorithm="fricas") J
output -1/2*arctan(sqrt(2)*(cosh(x) "2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-
(cosh(x)~2 + sinh(x)~2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(
cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~4 + 2%(3*cosh(x)"2 + 2)*sinh(x)"~
2 + 4xcosh(x)"2 + 4*(cosh(x)"3 + 2*cosh(x))#*sinh(x) - 1)) - 1/2*arctan(sqr
t(2)*(cosh(x)~2 + 2*cosh(x)*sinh(x) + sinh(x)~2 - 1)*sqrt(-(cosh(x)"2 + si
nh(x)~2 - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(cosh(x)~4 + 4xc
osh(x)*sinh(x)~3 + sinh(x)"4 + 6*(cosh(x)"2 - 1)*sinh(x)"2 - 6*cosh(x)"2 +
4x(cosh(x) "3 - 3*cosh(x))*sinh(x) + 1))
Sympy [F]
1 1
/ > dr = / dx
v/ —1 + csch®(z) fesch? (z) — 1
inputLintegrate(l/(—1+csch(x)**2)**(1/2),x) J

OutputLIntegral(l/sqrt(csch(x)**2 - 1), % J
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Maxima [F]
/ ! dz =/ L dz
input Lintegrateu/(-ucsch(x) ~2)~(1/2) ,x, algorithm="maxima") J
output Lintegrate(1/sqrt(csch(x)’"2 - 1), %) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 69 vs. 2(12) = 24.

Time = 0.12 (sec) , antiderivative size = 69, normalized size of antiderivative = 4.93

/ 1

> dz

—1+ csch?(x)
Vo—/—e@2) 16221

s (3 VE(€) 3)) + 2 actan 22 - "L )

2sgn (—e(2) +1)

input tintegrate (1/(-1+csch(x)~2)~(1/2) ,x, algorithm="giac") J

‘—1/2*(arcsin(1/4*sqrt(2)*(e“(2*x) - 3)) + 2xarctan(-2*sqrt(2) - 3*(2xsqrt( ‘

output
‘2) - sqrt(-e~(4*xx) + 6%e~(2*x) - 1))/(e”(2*x) - 3)))/sgn(-e~(2*x) + 1) ‘
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Mupad [F(-1)]

Timed out.

1 1
/ -1+ csch2(x) /Sinhl(m) _1

inputtint(l/(l/sinh(x)“2 - 1)7(1/2) ,%)

output tint(l/(i/Sinh(x)AQ - 1)°(1/2), %)

Reduce [F]

bon [V,

csch

1
/ —1 + csch? (x

inputLint(l/(—1+csch(x)“2)‘(1/2),X)

output Lint(sqrt(CSCh(X)**Q - 1)/(csch(x)**2 - 1),x)




output

input

output ‘ (Sqrt [-Coth[x]~2]*(Csch[x]~2 - 2*Log[Sinh[x]])*Tanh[x])/2
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3.25 [(-1- cschz(ars)):s/2 dzx

Optimalresult . . .. ... ... ... ... ... .. .. ... ...
Mathematica [A] (verified) . . . . . . . .. .. ... oL
Rubi [C] (verified) . . . .. ... .. ... ...
Maple [B] (verified) . . . . . . ... . ...
Fricas [C] (verification not implemented) . . . . .. ... ... ....
Sympy [F] . . . o
Maxima [C] (verification not implemented) . . . . . . . ... ... ..
Giac [C] (verification not implemented) . . . . . ... ... ... ...
Mupad [F(-1)] . . . o
Reduce [F] . . . . . .

Optimal result

Integrand size = 12, antiderivative size = 34

/ (-1- cschQ(z))?’/2 dx = %coth(z) \/— coth?(z) — \/— coth?(z) log(sinh(z)) tanh(z)

-

N\

1/2xcoth(x) *(-coth(x)~2)~(1/2)-(-coth(x) ~2) ~(1/2)*1n(sinh(x))*tanh(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.76

/ (-1- (3sch2(sc))3/2 dr = %\/ — coth?(z) (csch?(z) — 2log(sinh(z))) tanh(z)

-

N\

Integrate[(-1 - Csch[x]~2)~(3/2),x]
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.34 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 11, number of rules used = 11, integrand size 0.917, Rules

used = {3042, 4609, 3042, 4141, 3042, 26, 3954, 26, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (—csch?(z) — 1)3/2 dz

l 3042

/ <—1 + sec (g + 7,93)2> V2 dx

l 4609

/ (— coth? (ac))g/2 dz

l 3042

/ (tan (g + ix)2>3/2 dz

l 4141

tanh(z) (-« /- coth2(:t:)> / coth®(z)dz

| 3042
tanh(x) <— — cothQ(x)> /itan (zx + g)3 dz

| 26
—itanh(z)y/— coth?(x) /tan (zw + g>3 dz

| 3954
—itanh(z)y/— coth?(z) (;z coth?(z) — / i coth(m)dw)
| 26
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—itanh(z)y/— coth?(z) (;z coth?(z) — i / coth(w)d:c)

| 3042
_itanh(z) —cothz(:c)<;icoth2(x) i / ~itan iz + 7 ) dm)
| 26
_itanh(z) —coth2(x)<;icoth2(a;)— / tan iz + ) d:v)

l 3956

—itanh(z) \/Thz(m) <;z coth?(z) — i log(sinh(x)))

input LInt[(—l - Csch[x]172)~(3/2),x]

output L (-I)*Sqrt [-Coth[x]~2]*((I/2)*Coth[x]~2 - I*Log[Sinh[x]])*Tanh [x]

Defintions of rubi rules used

rule 26 Int[(Complex[0, a_1)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3954 Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), X_Symbol] > Simp[b*((b*Ta_n[c +d
*x])"(n - 1)/(@@*( - 1))), x] - Simp[b™2 Int[(b*Tan[c + d*x])"(n - 2), x]
, x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

rule 3956 1Dt [tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d4, x] /; FreeQl{c, d}, x]
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Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Simp[(b*ff~n) IntPart[pl*((b*Tan[e + f*x]~
n) "FracPart[p]/(Tan[e + f*x]/ff)" (n*FracPart[p])) Int[ActivateTrig[u]*(Ta
nle + £xx]/££)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4141

‘Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A
‘ctivateTrig[u*(b*tan[e + £*x]°2)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ
‘ [a + b, 0]

rule 4609

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(28) = 56.

Time = 0.16 (sec) , antiderivative size = 95, normalized size of antiderivative = 2.79

method | result size

2 2
(e z+1) (e4z In (eh —1) —e*Tr—2e2%1n (ezz —1) +2e2%x—2e2%41n (ezz —1) —z)

z_ 2
risch — ) 95

@) -0)

input lint ((-1-csch(x)~2)~(3/2) ,x,method=_RETURNVERBOSE)

(-(-(exp(2*x)+1)‘2/(exp(2*x)-1)‘2)‘(1/2)*(exp(4*x)*ln(exp(2*x)-1)—exp(4*x)*
‘ x-2*exp (2*x) *1n (exp (2*x) -1) +2*exp (2*x) *x—-2*exp (2*x) +1n (exp (2*x) -1) -x) / (exp

| (2%x)+1)/ (exp(2#x)-1)

output

————————
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.10 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.74

s
xed®) — 9 (i1 — 1)e(?®) —jeld2) e(22) _ (2z) _ ;
_ esch?(z)) ize 2(iz—1)e?? + (—iel® + 2ie i) log (e 1) +iz

edz) —2¢(22) 41

3/2 dr —

input ‘ integrate((-1-csch(x)~2)~(3/2),x, algorithm="fricas") ‘

‘(I*x*e“(4*x) - 2%(I*x - I)*e~(2+x) + (-Ixe”(4*x) + 2*Ixe”(2*x) - I)*log(e” \

output
\(2*x) - 1) + Ixx)/(e~(4%x) - 2%e~(2%x) + 1) \

Sympy [F]

/ (-1- csch2(ac))3/2 dx = / (— csch? (z) — 1)% dx

input Lintegrate((-1—csch(x)**2) **(3/2) ,%) J

-

LIntegral((—csch(x)**2 - 1)*%x(3/2), x)

-/

output

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29

2 W32 2 e(~2)
/ (=1 —csch®(z))”" dz =iz + 9 e(—27) — o(—42) — 1

+i log (e +1) +i log (e — 1)
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inputLintegrate((‘1—CSCh(X)”2)”(3/2),x, algorithm="maxima") J

‘I*x + 2xIxe” (-2%x)/(2*e~(-2*x) - e~ (-4*x) - 1) + Ixlog(e~(-x) + 1) + Ixlog

OUtPUt‘(e‘(—x) @ ‘

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 2.47

/ (-1 —cschz(x))g/2 dz = —izsgn(—e“® +1) +i log (|e®® — 1|) sgn(—e“® +1)

B 7 (3 e(4x)sgn(_e(4x) + 1) — ze(Zw)Sgn(_e(Mc) + 1) + 3Sgn(_e(4x) + 1))
2 (e22) — 1)

inputLintegrate((-1—csch(x)"2)"(3/2),x, algorithm="giac") J

output ~L*X*Sgn(-e”(4%x) + 1) + Ixlog(abs(e™(2x) - 1))*sgn(-e”(4+x) + 1) - 1/241
‘*(3*e‘(4*x)*sgn(—e‘(4*x) + 1) - 2%e~(2*x)*sgn(-e~(4*x) + 1) + 3*sgn(-e”(4*
Lx) + 1))/(e~(2%x) - 1)°2 J

Mupad [F(-1)]

/(—1—0S<3h2(ﬂv))3/2 dx = / (—@ —1)3/2dz

Lint((- 1/sinh(x)~2 - 1)~(3/2),%) J

Timed out.

input

Outputtint((— 1/sinh(x)~2 - 1)~(3/2), x) J
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Reduce [F|

/ (—1 — cschz(x))?j/2 dr = —1 (/ 4/ csch (x)2 + 1dz + / \/ csch (:c)2 +1 csch(ac)2 dac)

input 108 ((-1-csch()°2)"(3/2),0) J

output‘ - i*(int(sqrt(csch(x)**2 + 1),x) + int(sqrt(csch(x)**2 + 1)*csch(x)**2,x) ‘

& |




output

input

output
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3.26 [+/—1— csch’(z) dx

Optimal result . . . . . . . . . . . e 217
Mathematica [A] (verified) . . . . . . . . . ... o o 217
Rubi [A] (verified) . . . .. . . ... .. 218
Maple [A] (verified) . . . . . . . .. L 219
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ...... 220
Sympy [F] . . . o 220
Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. .. 221]
Giac [C] (verification not implemented) . . . . . . .. ... .. ... ... 22T
Mupad [F(-1)] . . . o o 221]
Reduce [F] . . . . . o 222

Optimal result

Integrand size = 12, antiderivative size = 16

/ \/—1 — csch?(x) de = |/ — coth?(x) log(sinh(z)) tanh(z)

L(—coth(x) ~2)~(1/2)*1n(sinh(x) ) *tanh(x)

-

L

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ \/—1 — csch?(x) do = |/ — coth?(z) log(sinh(z)) tanh(z)

Integrate[Sqrt[-1 - Csch[x]"2],x]

~—

-

N

Sqrt [-Coth[x] 2] *Log[Sinh[x]]*Tanh [x]




inpu
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 583, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4609, 3042, 4141, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ \/ —csch?(z) — 1dz

l 3042

/ \/—1 + sec (g + im)Zdw

l 4609

/ \/ — coth?(z)dz

l 3042

/,/tan (g + z‘x)2dx

l 4141

tanh(z)y/— coth?(z) / coth(z)dz
| 3042
tanh(z) /- coth?(z) / —itan (io+ ) do
| 26
—itanh(z)y/— coth?(z) / tan (i + ) do

l 3956

tanh(x)y/ — coth?(z) log(sinh(z))

below.

t‘ Int[Sqrt[-1 - Csch[x]~2],x]




rule 3042

rule 3956

rule 4141
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output ‘ Sqrt [-Coth[x] "2] #Log [Sinh[x]]*Tanh [x]

Defintions of rubi rules used

rule 26‘ Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]l) I ‘
‘ nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) “IntPart[p]l*((b*Tan[e + f*x]~
n) “FracPart[p]l/(Tan[e + f*x]/ff)~ (n*FracPart[p])) Int[ActivateTrig[u]l*(Ta
nle + f*x]/£ff)"(n*p), x]1, x1] /; FreeQ[{b, e, £, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x]) " (m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

rule 4609‘Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A ‘
‘ctivateTrig[u*(b*tan[e + f*x]°2)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ ‘
‘ [a + b, 0] ‘

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.62

method | result size
— coth(z)2 (In(coth(z)—1)+In(14coth(z)))
default 5 coth(z) 26
(e 1) —H (1), |- E “32 In(e2*-1)
e4T —1 e2x 1
I'iSCh - ezz_"_l + e2z+1 81
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input Lint ((-1-csch(x)~2)~(1/2) ,x,method=_RETURNVERBOSE)

output L‘1/2* (-coth(x)~2)~(1/2)*(In(coth(x)-1)+1n(1+coth(x)))/coth(x)

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

[ P

input Lintegrate ((-1-csch(x)~2)~(1/2) ,x, algorithm="fricas")

output L—I*x + Ixlog(e™(2*x) - 1)

Sympy [F]

/\/—1 — csch?(z) dr = / \/— csch? (z) — 1dx

input Lintegrate ((-1-csch(x)**2)**(1/2) ,x)

output LIntegral(sqrt(-csch(x)**2 - 1), %)




CHAPTER 3. LISTING OF INTEGRALS 221

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.13 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

/ \/—1 —csch’(z)dz = —iz — i log (e + 1) — i log (e — 1)

input Lintegrate ((-1-csch(x)~2)"(1/2) ,x, algorithm="maxima")

output L_I*x - Ixlog(e~(-x) + 1) - Ixlog(e~(-x) - 1)

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 32, normalized size of antiderivative = 2.00

/ \/—1 — csch?(z) dz = s zsgn(—e™™ + 1) — 4 log (|e®® — 1|) sgn(—e™® + 1)

input Lintegrate ((-1-csch(x)~2)~(1/2) ,x, algorithm="giac")

output\I*X*sgn(‘e“(4*X> + 1) - Ixlog(abs(e~(2%x) - 1))*sgn(-e~(4%x) + 1)

Mupad [F(-1)]

Timed out.
1
/ \/—1 — csch?(z) dx = / ———— —1ldz
sinh ()

input 18E((- 1/81nh(0)°2 - 1)7(1/2),%)

output Lint((— 1/sinh(x)"2 - 1)°(1/2), x)
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Reduce [F|

t/le—wﬁﬂﬂdx:</\kmh@f+lmoi

inputLint((—1—csch(x)“2)“(1/2),X)

output Lint(sqrt(csc:h(x)**2 + 1) ,x)*i




CHAPTER 3. LISTING OF INTEGRALS 223
3.27 | L dz
\/ —1-csch’(z)

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 224
Maple [B] (verified) . . . . . . . . . .. 2261
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ..... 2261
Sympy [F] . . o o
Maxima [C] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [C] (verification not implemented) . . . . . . . . ... .. ... ... ...
Mupad [F(-1)] . . . 228
Reduce [F] . . . . . 228

Optimal result

Integrand size = 12, antiderivative size = 16

_ coth(z) log(cosh(z))

dz

/ V-1 —1csch2(x)

— coth?(x)

output LCOth (x)*1n(cosh(x))/(-coth(x)~2)~(1/2)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

_ coth(z) log(cosh(z))

dz

/ V-1 —lcsch2(x)

— coth?(x)

input‘ Integrate[1/8qrt[-1 - Csch[x]"2],x]

output

L (Coth[x]*Log[Cosh[x]])/Sqrt[-Coth[x]~2]
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 583, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {3042, 4609, 3042, 4141, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
\/—csch?(z) — 1

l 3042

dz

1
/\/—1+sec (g-l—ia;)2

l 4609

/ \/ — C(;lthQ(ac) “

l_3042

/ ! dz
1/ tan (g + ia:)2

l 4141

coth(z) [ tanh(z)dz

\/ — coth?(z)
| 3042
coth(z) [ —itan(iz)dz

\/ — coth?(z)
| 26

_icoth(z) [ tan(iz)dz
— coth?(z)

l 3956



input L

output

rule 26

rule 3042

rule 3956

rule 4141

rule 4609
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coth(z) log(cosh(z))

\/ — coth?(z)

Int[1/Sqrt[-1 - Csch([x]~2],x]

L(Coth [x]*Log[Cosh[x]])/Sqrt[-Coth[x]~2]

Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[2"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d4, x] /; FreeQ[{c, d}, x]

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Simp[(b*ff~n) “IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff) " (n*FracPart[p])) Int[ActivateTrig[ul*(Ta
nle + £xx]/£f£) " (n*p), x], x]] /; FreeQ[{b, e, £, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /
; FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigl])

Int[(u_.)*((a_) + (b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(b*tan[e + f*x]°2)"pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 32 vs. 2(14) = 28.

Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 2.06

method | result size
default coth(z)(2In(coth(z))—In(14+coth(z))—In(coth(z)—1)) 33

2\/ — coth(z)?
risch — (e +l)e 4 (@741 In(e*"+1) 81

J () J G

Dl (=)’

input Lint (1/(-1-csch(x)~2)~(1/2) ,x,method=_RETURNVERBOSE) J

output L1/2*coth(x) *(2x1n(coth(x))-1n(1+coth(x))-1n(coth(x)-1))/(-coth(x)~2)~(1/2) J

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.10 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

dz =iz — i log (e®® +1)

/ V-1 —1csch2(ac)

input Lintegrate (1/(-1-csch(x)~2)~(1/2) ,x, algorithm="fricas") J

output LI*X - Ixlog(e”™(2*x) + 1) J
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Sympy [F]

1

/ V-1 —1csch2(x) = / \/— esch? (z) — 1 “

input Lintegrate (1/(-1-csch(x)**2) **(1/2) ,x)

output LIntegral(i/sqrt(—csch(x)**2 - 1), %

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

dr =1x +1 log (e(_“) + 1)

/ V-1 —1csch2(:v)

inputLintegrate(l/(—l—csch(x)"2)"(1/2),x, algorithm="maxima")

output LI*x + Ixlog(e”™(-2xx) + 1)

Giac [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.12 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.19

1 ix i log (e +1)
de = — : + -
v/—1 — csch?(z) sgn (—e®) +1)  sgn(—e2) +1)

input Lintegrate (1/(-1-csch(x)~2)~(1/2) ,x, algorithm="giac")

output L‘I*X/sgn(—e’“(4*x) + 1) + Ixlog(e~(2*x) + 1)/sgn(-e~(4*x) + 1)
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Mupad [F(-1)]

Timed out.

1
/ dr = / = dz
v/—1 — csch?(z) _Sinhl(w) 1

inputLint(1/(- 1/sinh(x)"2 - 1)7(1/2),%)

output tint(l/(— 1/sinh(x)"2 - 1)7(1/2), x)

Reduce [F]

1
/ \/—1 — csch2

csch a:) +1

()

inputLint(i/('i-csch(x)“z)‘(1/2),x)

outputt - int(sqrt(csch(x)**2 + 1)/(csch(x)**2 + 1),x)*i
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 229
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

229
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic



CHAPTER 4. APPENDIX 245

return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)




CHAPTER 4. APPENDIX 246

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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