Computer Algebra
Independent Integration Tests

Summer 2024

7-Inverse-hyperbolic-functions/7.1-Inverse-hyperbolic-sine /329-
7.1.5

[Nasser M. Abbasil

May 18, 2024 Compiled on May 18, 2024 at 4:38am


mailto:nma@12000.org

Contents

1 Introduction

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14
1.15
1.16

2 detailed summary tables of results

Performance based on number of rules Rubi used . . ... ... .. ..
Performance based on number of steps Rubiused . . ... .. .. ...
Solved integrals histogram based on leaf size of result . . . . . . . . ..
Solved integrals histogram based on CPU timeused . . . . . . ... ..

Leaf size vs. CPU time used . . .

list of integrals with no known antiderivative . . . . . . . . ... .. ..
List of integrals solved by CAS but has no known antiderivative . . . .
list of integrals solved by CAS but failed verification . . ... ... ..

Timing . . . . .. ... ... ...
Verification . . . ... ... ...

Important notes about some of theresults . . . . .. ... ... ... ..
Current tree layout of integration tests . . . . . ... ... ... ....

Design of the test system . . . . .

2.1 List of integrals sorted by grade for each CAS . . . .. ... ... ...
2.2 Detailed conclusion table per each integral for all CAS systems . . . . .
2.3 Detailed conclusion table specific for Rubi results . . . . ... ... ..

3 Listing of integrals

3.1
3.2

3.3
3.4
3.5
3.6

arcsinh(cz
I d*ﬁﬁ( Yde ...
arcsini(cz)?
f d—i-—eac() d.’L' ........
i %ehw(m)g dx .. ......
[(d + ex)?(a + barcsinh(cz)) dz

[(d + ex)?(a + barcsinh(cz)) dz
[ (d + ex)(a + barcsinh(cz)) dz



CONTENTS 2
3.7  [(a+barcsinh(cz))dz . . . . . ... 04
a+barcsinh(cz
38 [ Th() dT . 99
a+barCSINN (cx
39 W—z)zh() dr ... 106!
a+barCSINN (cx
3.10 f (d—l——ex)( dx . . . e 115
311 f %\W dT o T20)
312  [(d+ezx)®(a+barcsinh(cz))®dr . . ... ... 129
313  [(d+ex)*(a+barcsinh(cz))®dz . . . ... ... 138
314 [(d+ezx)(a+barcsinh(cz))®dz . . . ... ... 146}
315  [(a+barcsinh(cz))?dz . . ... ... 1531
(a+barcsinh (cz))?
316 [ e DWde o 159
a+barcsinh(cz))?
317 [ (d+?x)2( DWde o 167
318 | <a+ba{;f;;‘:)§<w>>2 A . 176
(d+ex) O
319 [ ararcsinh(e) 07 ¢ 188
(d+em
3-20 f m ............................ I“m
d+ex
321 m ............................ 201
322 [l T 0
323 [ - (a+barcsmh =) dT . . . 213
324 [ Tre (a+b%msmh G T 213
(d+ex)
325 (a-{-bargsinh G 0T 223
+ex
326 | SRR 17 B3T]
827 [ mrea iR T e 237
1 /]
38 [ T dT ..
329 [ GrenPermarGsihEz GF « - 2500
330 [(d+ex)™(a+barcsinh(cz))®dzr . . . .. ...
331 [(d+ex)™(a+barcsinh(cz))dz. . . . . ...
(d+ex)™
332 [ ararcsinhies) dT . . 2661
(d+ex)™
333 [ rsarcSIAR@E 08 e 2711
334  [(f+gz)*Vd+ c*dz?(a+ barcsinh(cz))dz . . ... ... 2776
335  [(f+gz)?Vd+ c*dz?(a + barcsinh(cz))dz . . . ... ... ... 234
336  [(f+gz)Vd+ Adz?(a+ barcsinh(cz))dr . . . ... ... 2971
337 | Vd+cZda?( a}l—baI‘CSII’lh <) g
e R dT
Vd+c2dz? (a+barcsinh(er))
338 [ (Froa)? dz .. 309
339  [(f+gz)(d+ Fde? )*/? (a + barcsinh(cz))dz . . . . . ... ... .. 319



CONTENTS 3

340 [(f+gx)*(d+ C2d(L’2)3/2 (a + barcsinh(cz))dz . . . . . .. ... ...

341  [(f +g7) (d + 2dz?)*? (a + barcsinh(cz))dz . . . . ... ... ...
(d+c2dz?)®/? (a+barcsinh (cz)) -

342 [ - dr . . .

343 [(f+gz)*(d+ 2dz?)*? (a + barcsinh(cz))dz . . . . .. ... ...

344 [(f +g2)? (d+ 2dz?)®” (a + barcsinh(cz))dz . . . . . ... ... ..

345  [(f+gz)(d+ 2dz?)"? (a + barcsinh(cz))dz . . . ... ... .. .. B70

346 [ (@read)levaresinhe) g 378

+gx 3(a+baf.I:E%ainh(cm))
347 [ Uten)CHAE . AT ..
x)?(a+barcsinh(cz
348 [ Utew) &LCW . CO)de
+gz)(a+barCSINN (cz

349 [ Utee) Vo €D A0
a+barCSINN(cx

350 [ %Qdﬁ() dr ... 06
a+barcsini(cz)

351 [ eIy il AT . @1T
a+barcsinh () ;

3.52 f W‘W dx . . . e 420
atbarcsinh(cz))" log(h(f+gz)™

353 [ lat hjljgwﬁ U0 g . 431
a+b i cx))? log(h )™

354 [ laf arCSTnﬁ/(l D) BRI oy 436

355 [ (AU M D gy A4

356 [ RO gr 52

log(h(f+g2)™) 7
357 [ Vit arbarcsinh) BE © e 459
4 Appendix 464!
4.1 Listing of Grading functions . . . . . . .. ... ... ... ... 464

4.2 Links to plain text integration problems used in this report for each CASARZ]



| 1
CHAPTER

INTRODUCTION

1.1 Listing of CAS systems tested . . . . . . .. .. .. ... ... ... ...
1.2 Results . . . . . . e
1.3 Time and leaf size Performance . . . . .. .. .. ... ... ........
1.4 Performance based on number of rules Rubiused . ... ... .. ... ..
1.5 Performance based on number of steps Rubiused . . . .. ... ... ...
1.6 Solved integrals histogram based on leaf size of result . . . . . . ... ...
1.7 Solved integrals histogram based on CPU timeused . . . . . . .. ... ..
1.8 Leafsize vs. CPU timeused . . . . . . .. .. .. ... ... ........
1.9 list of integrals with no known antiderivative . . . . . . . . . ... ... ..
1.10 List of integrals solved by CAS but has no known antiderivative . . . . . .
1.11 list of integrals solved by CAS but failed verification . . .. ... ... ..
1.12 Timing . . . . . . . o e e e
1.13 Verification . . . . . . . . . . . ..
1.14 Important notes about some of the results . . . . .. ... ... ... ...
1.15 Current tree layout of integration tests . . . . . . ... ... .. ... ...
1.16 Design of the test system . . . . . .. ... ... ... ... L.
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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 57 |. This is test number [ 329 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (57 ) | 0.00 (0)
Mathematica | 98.25 (56 ) | 1.75(1)
Maple 8772 (50) | 1228 (7)
Maxima | 36.84 (21) | 63.16 ( 36 )
Fricas 35.00 (20 ) | 64.91 (37)
Reduce 29.82 (117) | 70.18 ( 40)
Sympy 28.07 (16) | 71.93 (41)
Giac 92.81 (13) | 77.19 (44)
Mupad | 19.30 (11) | 80.70 ( 46 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 82.456 0.000 1.754 15.789
Mathematica 75.439 0.000 7.018 17.544
Maple 38.596 33.333 0.000 28.070
Maxima, 21.053 0.000 0.000 78.947
Fricas 12.281 7.018 0.000 80.702
Sympy 12.281 1.754 0.000 85.965
Giac 3.509 3.509 0.000 92.982
Mupad 0.000 3.509 0.000 96.491
Reduce 0.000 14.035 0.000 85.965

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Maple 7 100.00 0.00 0.00

Maxima 36 63.89 0.00 36.11

Fricas 37 100.00 0.00 0.00

Reduce 40 100.00 0.00 0.00

Sympy 41 92.68 7.32 0.00

Giac 44 54.55 0.00 45.45

Mupad 46 0.00 100.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.12

Maxima 0.26

Rubi 0.98
Mathematica 1.47

Maple 2.22

Sympy 2.55

Mupad 2.73

Giac 4.02

Reduce 11.95

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 28.55 1.05 20.00 1.11
Giac 55.08 1.36 20.00 1.11
Reduce 89.65 2.09 58.00 1.50
Sympy 143.19 1.24 28.50 1.00
Fricas 187.40 2.14 89.50 1.47
Rubi 230.65 0.89 196.00 0.99
Maxima 234.71 8.02 103.00 1.23
Mathematica | 420.27 1.08 205.50 0.94
Maple 646.12 1.74 276.00 1.58

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{23,24,2829,30,82} 33,53, 57}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)5)705,6, 7 8010 1) 2 13,4 15,167 15) 19, 20} 21, 22,25 26,615
55) 5,37, 35,3040, 1} 42} 3, 14 45,46, 47, 5, 19,0, 51} 52, 54 5,56 )

B grade { }

C grade {7}

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,2,5)/A5)B) 75 BT0) 1,2 13,4 15,16, 7 5 19,20, 21,22 25,26, 27,54
55) 56, 39} 0} 41 3 44 5,7 s 9]0, ) 2 b 5 )

B grade { }

C grade {[37}[38[42][46] }
F normal fail {31}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { [ BB 5 12 [3) 4[5} 7 19) 20,21, 22 25) 26,27 67 A GO B }
B grade { )0, [T, [8) 54 55, 35, 55, 5 0, T} 13,14 456 T 5, 10, 2 )

C grade { }

F normal fail { 25651545356 }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {56 MMM}
B grade { [9[10,[I1}[T5] }

C grade { }

F normal fail {[1[2}[3,8}[16}[17 L8} 19} 20} 21} 22} 25} [26}[27} 31} [34, 35} 36} 37} 38} |39} |40}
(A1} [42}[43, [44} 45,146, |47, [48, |49} [50} 51} 52} 54 551 56) }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { [4[5}[6}[7}[9} [L0}[12}[13}[14} 15} [49}[50] }
B grade {}

C grade { }

F normal fail { 1288 (TI16) 7 05, [0L/20,[21 22} 25, 26) 27, B1) 37 B8, 51} B2, 5 5
56}

F(-1) timedout fail { }

F(-2) exception fail {[34,35}[36}3% {40} [41} 42} 43} |44} 45| 46, |47} (48] }
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Giac

A grade {[[7}
B grade {[}[I5}
C grade {}

F normal i (133510151918 220252521575 601
}

F(-1) timedout fail { }

F(-2) exception fail { 15,12 L3 (14 54, 555657, 55,59 0L 11 12,5 L 15, 16,53
5/}

Mupad

A grade { }

B grade {[6[7}

C grade { }

F normal fail { }

F(-1) timedout fail {[1}[2,[3,4[5},8}[0}[10,[11}[12,[I3)[14 [L5[16,[17,[I§ [L9} [20} [21} 22} [25}
?@@@@@@@@L@@@@@@@@@@@@

F(-2) exception fail { }

Sympy

A grade {{5[6,[7}[13}[14)[15] }
B grade {[12}

C grade { }

F normal fail {[1}[2,3,8,9}[10,[11 16} [17}[L8 19} 20} 21} 22} 25} 26, 27} 31} 34 35} 36} 37 38}
[B9} 40} (41} 42} 44} 46, |47} 48, |49} 50} 5T} 52} 54 551 56 }

F(-1) timedout fail {[43[45[3 }
F(-2) exception fail { }
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Reduce

A grade { }

B grade {5,055
C grade { }

F normal fail {1)2)B)B) By 0} 1) 1213, 16,7 15} 20) 21,22 25,26, 27 51 5 55,50
(57539, 0} 41, 2 43} 4, 5, 4, 7, 5 1, 52, 5 5,66 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 170 170 168 272 0 0 0 0 14 0

N.S. 1 1.00  0.99 1.60 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.636 0.010 1.553  0.000  0.000 0.000 0.000 0.171 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 260 256 240 0 0 0 0 0 16 0

N.S. 1 0.98  0.92 0.00 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.992 0.097 0.000 0.000 0.000  0.000 0.000 0.172 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 348 346 322 0 0 0 0 0 16 0

N.S. 1 0.99 0.93 0.00 0.00 0.00 0.00 0.00 0.05 0.00

time (sec) N/A 1.663 0.039 0.000 0.000 0.000 0.000 0.000 0.173 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 184 202 166 242 230 214 316 0 285 0
N.S. 1 1.10  0.90 1.32 1.25 1.16 1.72 0.00 1.55 0.00
time (sec) N/A 0.662 0.110 0.428 0.037  0.105 0.344 0.000 0.182 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 147 121 174 150 147 190 0 181 0
N.S. 1 1.11 091 1.31 1.13 1.11 1.43 0.00 1.36 0.00
time (sec) N/A 0.518 0.073 0.441 0.038  0.091 0.254 0.000 0.174 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 106 91 84 82 87 99 122 108 78
N.S. 1 1.15  0.99 0.91 0.89 0.95 1.08 1.33 1.17 0.85
time (sec) N/A 0.340 0.027 0.345 0.029 0.104 0.181 0.180 0.172 2911
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 29 30 43 26 41 30 28
N.S. 1 1.00 1.00 0.97 1.00 1.43 0.87 1.37 1.00 0.93
time (sec) N/A 0.196 0.006 0.312 0.035  0.091 0.072 0.109 0.169 2.786
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 187 187 175 279 0 0 0 0 30 0
N.S. 1 1.00 094 1.49 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.670 0.047 1.663 0.000  0.000 0.000 0.000 0.179 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 79 174 103 253 0 234 75 0
N.S. 1 1.00 0.96 2.12 1.26 3.09 0.00 2.85 0.91 0.00
time (sec) N/A 0.252 0.073  4.262 0.040 0.115 0.000 0.374 0.195 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 128 129 166 273 158 566 0 0 159 0
N.S. 1 1.01  1.30 2.13 1.23 4.42 0.00 0.00 1.24 0.00
time (sec) N/A 0.317 0.239 5.029 0.045 0.169 0.000 0.000 0.222 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 183 199 205 510 0 977 0 0 262 0
N.S. 1 1.09 1.12 2.79 0.00 5.34 0.00 0.00 1.43 0.00
time (sec) N/A 0.367 0.280 4.764 0.000  0.490 0.000 0.000 5.556 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 368 387 354 526 590 475 743 0 488 0
N.S. 1 1.05 0.96 1.43 1.60 1.29 2.02 0.00 1.33 0.00
time (sec) N/A 1.056 0.329 2.860 0.069 0.099 0.502 0.000 0.217 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 239 262 248 364 378 319 454 0 344 0
N.S. 1 1.10 1.04 1.52 1.58 1.33 1.90 0.00 1.44 0.00
time (sec) N/A 0.799 0.222 2.239 0.059  0.113 0.352 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 140 162 142 183 219 183 233 0 232 0
N.S. 1 1.16  1.01 1.31 1.56 1.31 1.66 0.00 1.66 0.00
time (sec) N/A 0.629 1.004 1.408 0.043 0.096 0.254 0.000 0.186 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B A B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 50 74 72 72 96 82 111 73 0
N.S. 1 1.09 1.61 1.57 1.57 2.09 1.78 241 1.59 0.00
time (sec) N/A 0.400 0.033 0.508 0.046  0.095 0.117 0.198 0.202 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 291 285 273 0 0 0 0 0 55 0
N.S. 1 098 0.94 0.00 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 1.714 0.176  0.000 0.000  0.000 0.000 0.000 0.187 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 263 239 191 525 0 0 0 0 149 0
N.S. 1 091 0.73 2.00 0.00 0.00 0.00 0.00 0.57 0.00
time (sec) N/A 1.290 0.136 5.752 0.000  0.000 0.000 0.000 10.286  0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 349 331 270 815 0 0 0 0 308 0
N.S. 1 095 0.77 2.34 0.00 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 1.443 0.399 6.426 0.000  0.000 0.000 0.000 0.340 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 394 378 305 394 0 0 0 0 79 0
N.S. 1 096 0.77 1.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 1.412 0.460 4.467 0.000  0.000 0.000 0.000 0.195 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 245 233 188 254 0 0 0 0 55 0
N.S. 1 095 0.77 1.04 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.934 0.301 3.828 0.000  0.000 0.000 0.000 0.196 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 116 110 98 120 0 0 0 0 31 0
N.S. 1 095 0.84 1.03 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.811 0.133 3.147 0.000  0.000 0.000 0.000 0.180 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 49 45 56 0 0 0 0 12 0
N.S. 1 091 0.83 1.04 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.684 0.041 0.971 0.000  0.000 0.000 0.000 0.184 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 20 25 15 20 27 20
N.S. 1 1.00 1.11 1.00 1.11 1.39 0.83 1.11 1.50 1.11
time (sec) N/A 0.344 0.155 1.362 0.097 0.090 0.944 0.132 0.204 2.624
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 20 49 17 20 55 20
N.S. 1 1.00 1.11 1.00 1.11 2.72 0.94 1.11 3.06 1.11
time (sec) N/A 0.343 0.272  0.908 0.107  0.095 1.897 0.770 0.207 2.663
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 359 359 288 616 0 0 0 0 97 0
N.S. 1 1.00 0.80 1.72 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 1.188 1.499 3.988 0.000  0.000 0.000 0.000 0.188 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 180 180 150 272 0 0 0 0 59 0
N.S. 1 1.00 0.83 1.51 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 0.568 0.800 3.318 0.000  0.000 0.000 0.000 0.207 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 89 71 118 0 0 0 0 26 0
N.S. 1 1.06 0.84 1.39 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 0.653 0.139 1.118 0.000  0.000 0.000 0.000 0.178 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 746 51 17 20 58 20
N.S. 1 1.00 1.11 1.00 41.44 2.83 0.94 1.11 3.22 1.11
time (sec) N/A 0.234 5.589 0.863 0.642 0.087 1.788 0.144 0.196 2.639
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 1050 92 19 20 109 20
N.S. 1 1.00 1.11 1.00 58.33 5.11 1.06 1.11 6.06 1.11
time (sec) N/A 0.227 4.021 0.919 1.084 0.094 7.032 1.215 0.225 2.764
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 271 32 17 20 117 20
N.S. 1 1.00 1.11 1.00 15.06 1.78 0.94 1.11 6.50 1.11
time (sec) N/A 0.577 4.654 1.961 0.782  0.099 6.686 0.214 0.206 2.866
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 179 179 0 0 0 0 0 0 66 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.351 0.000 0.000 0.000  0.000 0.000 0.000 0.198 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 20 20 15 20 20 20
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.83 1.11 1.11 1.11
time (sec) N/A 0.239 0.268 2.231 0.088  0.085 0.98 0.130 200.026 2.627
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 607 34 17 20 34 20
N.S. 1 1.00 1.11 1.00 33.72 1.89 0.94 1.11 1.89 1.11
time (sec) N/A 0.229 0.578 2.095 0.775 0.092 10.613 0.133 0.217 2.655
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 620 363 410 1309 0 0 0 0 335 0
N.S. 1 0.59  0.66 2.11 0.00 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 1.191 0.724 1.317 0.000  0.000 0.000 0.000 0.201 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 425 257 301 913 0 0 0 0 231 0
N.S. 1 0.60 0.71 2.15 0.00 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 1.351 0.684 1.294 0.000  0.000 0.000 0.000 0.197 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 221 136 208 582 0 0 0 0 129 0
N.S. 1 0.62 0.94 2.63 0.00 0.00 0.00 0.00 0.58 0.00
time (sec) N/A 0.691 0.847 1.622 0.000  0.000 0.000 0.000 0.193 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 664 461 1358 747 0 0 0 0 124 0
N.S. 1 0.69  2.05 1.12 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 2,573 4.502 1.544 0.000  0.000 0.000 0.000 0.188 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 781 572 1384 1701 0 0 0 0 461 0
N.S. 1 0.73 1.77 2.18 0.00 0.00 0.00 0.00 0.59 0.00
time (sec) N/A 2777 7441  1.602 0.000  0.000 0.000 0.000 0.193 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 868 488 536 2079 0 0 0 0 544 0
N.S. 1 0.56  0.62 2.40 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 2.010 1.504 1.432 0.000  0.000 0.000 0.000 0.229 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 619 359 416 1568 0 0 0 0 383 0
N.S. 1 0.58  0.67 2.53 0.00 0.00 0.00 0.00 0.62 0.00
time (sec) N/A 1.527 1.082 1.368 0.000  0.000 0.000 0.000 0.210 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 331 188 289 1065 0 0 0 0 224 0
N.S. 1 0.57 0.87 3.22 0.00 0.00 0.00 0.00 0.68 0.00
time (sec) N/A 0.659 0.600 1.868 0.000  0.000 0.000 0.000 0.204 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F(-2) F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 974 641 2869 1557 0 0 0 0 320 0
N.S. 1 0.66  2.95 1.60 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 2.293 11.884 1.454 0.000  0.000 0.000 0.000 0.194 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 1142 617 810 2884 0 0 0 0 754 0
N.S. 1 054 0.71 2.53 0.00 0.00 0.00 0.00 0.66 0.00
time (sec) N/A 1.471 2.010 1.560 0.000  0.000 0.000 0.000 0.255 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 837 470 555 2309 0 0 0 0 536 0
N.S. 1 0.56  0.66 2.76 0.00 0.00 0.00 0.00 0.64 0.00
time (sec) N/A 1.557 1.571 1.454 0.000  0.000 0.000 0.000 0.230 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 455 249 390 1679 0 0 0 0 320 0
N.S. 1 0.55  0.86 3.69 0.00 0.00 0.00 0.00 0.70 0.00
time (sec) N/A 1.125 0.801  2.009 0.000  0.000 0.000 0.000 0.214 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F(-2) F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 1500 945 7168 3499 0 0 0 0 564 0
N.S. 1 0.63  4.78 2.33 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 2.881 22.883 1.642 0.000  0.000 0.000 0.000 5.622 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 406 256 304 785 0 0 0 0 249 0
N.S. 1 0.63 0.75 1.93 0.00 0.00 0.00 0.00 0.61 0.00
time (sec) N/A 0.863 1.097 1.469 0.000  0.000 0.000 0.000 0.183 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 246 158 233 484 0 0 0 0 162 0
N.S. 1 0.64 0.95 1.97 0.00 0.00 0.00 0.00 0.66 0.00
time (sec) N/A 0.698 0.702 1.426 0.000  0.000 0.000 0.000 0.180 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 84 158 227 87 0 0 0 79 0
N.S. 1 0.74 1.39 1.99 0.76 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 0.552 0.352  1.849 0.041 0.000 0.000 0.000 0.187 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 76 7 28 0 0 0 37 0
N.S. 1 1.00 1.62 1.64 0.60 0.00 0.00 0.00 0.79 0.00
time (sec) N/A 0.333 0.036 0.520 0.036  0.000 0.000 0.000 0.174 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 325 238 240 529 0 0 0 0 157 0
N.S. 1 0.73 0.74 1.63 0.00 0.00 0.00 0.00 0.48 0.00
time (sec) N/A 1.632 0.340 1.368 0.000  0.000 0.000 0.000 0.182 0.000
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Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 438 327 251 1770 0 0 0 0 607 0

N.S. 1 0.75  0.57 4.04 0.00 0.00 0.00 0.00 1.39 0.00
time (sec) N/A 1.657 0.418 1.538 0.000 0.000 0.000 0.000 0.188 0.000

Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A F(l) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 34 34 36 32 34 34 0 34 35 34

N.S. 1 1.00 106 094 100 1.00 000 1.00 1.03  1.00
time (sec) N/A 0.391 0.107 8298 0.737 0.126 0.000 48234 0232 2.781

Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 438 426 397 0 0 0 0 0 98 0

N.S. 1 0.97 091 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 1.763 0.143 0.000 0.000 0.000 0.000 0.000 0.212 0.000

Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A F F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 332 328 304 0 0 0 0 0 59 0

N.S. 1 099 092 0.00 0.00 0.00 0.00 0.00 0.18 0.00

time (sec) N/A 1.307 0.150 0.000 0.000 0.000 0.000 0.000 0.191 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 197 196 206 0 0 0 0 0 25 0
N.S. 1 099 1.05 0.00 0.00 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 1.156 0.016 0.000 0.000  0.000 0.000 0.000 0.184 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 34 34 36 32 34 51 31 34 44 34
N.S. 1 1.00 1.06 0.94 1.00 1.50 0.91 1.00 1.29 1.00
time (sec) N/A 0.550 0.286 5.250 0.704 0.082 8790 0.461 0.212 2.699
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [27]
had the largest ratio of [1.10000000000000009]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 6 ) 1.00 12 0.417
% A 7 6 0.98 14 0.429
3| A 8 7 0.99 14 0.500
4 A 6 6 1.10 16 0.375
i A 4 4 1.11 16 0.250
6} A 4 4 1.15 14 0.286
7] A 1 1 1.00 8 0.125
3] A 6 ) 1.00 16 0.312
9) A 4 3 1.00 16 0.188
10j A ) 4 1.01 16 0.250
11| A 7 6 1.09 16 0.375
12] A 3 3 1.05 18 0.167
13] A 3 3 1.10 18 0.167
14 A 3 3 1.16 16 0.188
15) A 3 3 1.09 10 0.300
16} A 7 6 0.98 18 0.333
17] A 11 10 0.91 18 0.556
18| A 15 14 0.95 18 0.778
19 A 4 3 0.96 18 0.167
20) A 4 3 0.95 18 0.167
21] A 4 3 0.95 16 0.188
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules

# | grade s;:; ui?eze antlléiaefrlsvi:(:we leaf size | tegrand leaf size
A 9 8 0.91 10 0.800
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
25| A 2 2 1.00 18 0.111
26| A 2 2 1.00 16 0.125
R C 12 11 1.05 10 1.100
N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
A 4 3 1.00 16 0.188

N/A 1 0 1.00 18 0.000
N/A 1 0 1.00 18 0.000
34| A 3 3 0.59 30 0.100
35| A 3 3 0.60 30 0.100
36| A 3 3 0.62 28 0.107
37| A 7 7 0.69 30 0.233
38| A 7 7 0.73 30 0.233
39| A 3 3 0.56 30 0.100
40| A 3 3 0.58 30 0.100
41| A 3 3 0.57 28 0.107
12| A 3 3 0.66 30 0.100
43| A 3 3 0.54 30 0.100
44| A 3 3 0.56 30 0.100
45| A 3 3 0.55 28 0.107
16]| A 3 3 0.63 30 0.100
47| A 3 3 0.63 30 0.100
48| A 3 3 0.64 30 0.100
19| A 3 3 0.74 28 0.107
50| A 1 1 1.00 23 0.043
51| A 10 9 0.73 30 0.300
52| A 14 13 0.75 30 0.433

Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand b ¢ rul
#lgmde | e | i | aidevave | O s,
N/A 1 0 1.00 34 0.000
54 A 9 8 0.97 34 0.235
55 A 8 7 0.99 32 0.219
56| A 8 7 0.99 24 0.292
N/A 1 0 1.00 34 0.000
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31 I arcsinh(cz) dz

; Fe 7
arcsinh(cz)?
3.2 f Tﬂﬁ() AT . . e
33 f arcsinh(cz)3 dz
: Trer AT
34  [(d+ ezc) (a +barcsinh(cz))dz . . . ...
35  [(d+ex)*(a+barcsinh(cz))dzr . . . . .. ...
36  [(d+ex)(a+barcsinh(ez))dz . . .. ...
3.7 [(a+barcsinh(cz))dz . . . . . ...
a+barcsinh(cz
3.8 f Tll() d ..............................
a+balCSINN (cx
3.9 f W)i‘l() d ..............................
a+barcsinn(cx
30 feREESIREdr
311 [ a+barcsinh(cz) dr
. et O
312 [(d+ex) 3)(a + barcsinh(cz))®dz . . .. ...
313  [(d+ex)*(a+barcsinh(cz))dr . . . . ...
314  [(d+ezx)(a+barcsinh(cz))®dz . . . . ...
3.15  [(a+barcsinh(cz))®dx . . . . . .
a+barcsinh(cz))?
3.16 [ {etoarc mh( Dode o
a-+barcsini (cx))?
3.17 [l *“”)fl( Dode o
atbarcsinh(cz))?
318 [ e ;3)3( Wde .o
d+tex
3.19 f mﬂl&l(cx) dx . . . e
(d+ex)
320 [ el dr
dtex
321 [ PG 1%
3-22 f mjﬂl}(c@ ------------------------------
323 [ sde .
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1
324 [ (ren arvarcsinh) dT . .
(d+ex)
325 | CRIGRGF 4% -+
+ex
326 | R 1
327 [ (a+barcsin111 =~ dT . ..o
328 f o) (a+ba110sinh = dT . .
329 [ Tresfiariarcsinhie)? dT . . .
3.30  [(d+ex)™(a+barcsinh(cz))®dz . . . ... ...
331  [(d+ex)™(a+barcsinh(cz))dz . . . ... ...
(d+ex)™
332 [ U dp L
(d+ex)™
333 [l dp
334 [(f+gz)3Vd+ c2dx?(a+ barcsinh(cz))dz . . . ... ...
3.35  [(f+gz)*Vd+ cdz?(a+ barcsinh(cz))dz . . . ... ...

3.36  [(f+gz)Vd+ Adz?(a+ barcsinh(cz))dz . . . . ...
3.37 f Vd+c?dz? (a+barcsinh(cz)) dz

e AT
Vd+c2da? (a+barcsinh(cz))

338 [ AL do
339 [(f+g7)3 (d+ 2dz?)*? (a + barcsinh(cz))dz . . . . . . ... ... ...
340  [(f+gx)?(d+ chx2)3/2 (a + barcsinh(cz))dx . . . . . .. ... ..
341  [(f+gz)(d+ 2dz?)*? (a + baresinh(cz))dz . . . . ...
3.42 f (d+02dm2)3/2(a+baICSil'lh(cm)) dr

: Frar AT
343  [(f+gz)*(d+ 2dz?)*? (a + baresinh(cz))dz . . . . . ...
344 [(f + g2)? (d + 2dz?)®? (a + barcsinh(cz))dz . . . . . . ... ... ...
345 [(f+g7)(d+ 2dz?)*”? (a + barcsinh(cz))dz . . . . .. ...
3.46 f (d+c2dw2)5/2(a+ba.I'CSiIlh(cm)) dr

: e AT
3.47 f (f+gm)3(\¢;+ba2I'CSZinh(cm)) dr

: Ear o AT
348 [ (f+gx)2(\¢}+ba2rcszinh(cz)) dr

: e
349 [ Uredldarosiihien) g,
350 [ertrsimhien g

a+barcsinh(cz)

3.51 f Wm AT . . e
R R
353 [ (eraresinhen) ostlton) gy L
3.54 [ (eSO loslifron™ gp

3.55 [ lrtaresilenloghistan™ g L
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356 [REOE N gr 152
357 [ mBRUeI) gy 459

V1+c2z2 (a—l—b&I‘CSiIlh(c:z:)) dz
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arcsinh(cz
3.1 [ g,

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ..
Fricas [F] . . . . . . o
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . ..o e
Reduce [F] . . . . . o

Optimal result

Integrand size = 12, antiderivative size = 170

i i 2 arcsinh(cz) lo 1+M
/ arcsinh(cz) dp — arcsinh(cx) N g N

d+ex % .
arcsinh(cz) log (1 + %)
" e
N PolyLog <2, —Ce;ii;ii—;:;%) N PolyLog <2, —:;i;ii—;:;%)
e e

-1/2*arcsinh(c*x) “2/e+arcsinh(c*x)*1n(1+e* (cxx+(c™2*x"2+1)~(1/2))/(c*d-(c”
2%d"2+e72)"(1/2)))/etarcsinh(c*x) *1n(1+e* (cxx+(c™2%x"2+1) ~(1/2)) /(c*d+(c~2
*d"2+e72) " (1/2)))/e+polylog(2,-e* (ckx+(c™2*xx~2+1)~(1/2) )/ (c*d-(c"2*d"2+e"2
)~(1/2))) /e+polylog(2,-e*(c*x+(c™2*%x"2+1) " (1/2) )/ (cxd+(c™2*xd"2+e"2) ~(1/2))
)/e

output
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.99

. arcsinh(cz)
/ arcsinh(cz) i — _ arcsinh(cz)? arcsinh(cz) log (1 + cze—\/c2d2+e2>
d+ex N 2e e

arcsinh(cz) log (1  eelreinhen )

n cd++/c2d?2+e?
e
arcsinh(cz) arcsinh(cz)
. PolyLog (27 W) N PolyLog <2> - W)
e e

.
Integrate[ArcSinh[c*x]/(d + e*x),x]

N J

input

-1/2%ArcSinh[c*x]~2/e + (ArcSinh[c*x]*Log[1 + (e*E~ArcSinh[c*x])/(c*d - Sq
rt[c”2%d"2 + e72])])/e + (ArcSinh[c*x]*Log[l + (e*E"ArcSinh[c*x])/(c*d + S
qrt[c™2*d"2 + e72])])/e + PolyLogl[2, (e*E"ArcSinh[c*x])/(-(c*d) + Sqrtl[c~2
*d"2 + e72])]/e + PolyLog[2, -((e*E"ArcSinh[c*x])/(c*d + Sqrt[c™2*xd"2 + e~
21))1/e

output

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.00,

number of rules _ 0.417, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {6242, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arcsinh(cx)
d+ex
J,6242
/ Vc2z? + larcsinh(cz)

cd + cex

dzr

darcsinh(cx)

l,6095




CHAPTER 3. LISTING OF INTEGRALS 52

/ e?resinh(e) aresinh (cx)
cd + eearcsinh(cz) _ (/022 + €2

darcsinh(cx) +

/ erresinh(*)aresinh (co) darcsinh(cz) — arcsinh(co)”
cd + eedresinh(cz) | /242 4 g2 2e

l’2620

earcsinh(cz)

arcsinh(cz) . .
_f log (ﬁ\/ﬁi—k; + 1) darcsinh(cz) ~ [ log (m + 1) darcsinh(cz) .

.e . e
eedresinh(cx) arcsinh(cz)

arcsinh(cz) log (m + 1) N arcsinh(cz) log (% + 1) arcsinh(cz)?
e e 2e

l 2715

earcsinh(ez)

cd—+/c?2d2+e?

e
earcsinh(ez) ecresinh(cz) 1>

i e~arcsinh(cz) 1o0 <7C vamre T 1) dedresinh(cx) N arcsinh(cz) log (70 varre T N
e e
ec@resinh(cz)

arcsinh(cz) log (m 1) arcsinh(cz)?
e 2e

l 2838

f e—arcsinh(cx) log < + 1) de?resinh(cz)

arcsinh(cz)

ce ecdresinh(cx)
PolyLog (2, — £2755 ) | Polykos (2 - siVemss) N

e [
. eedrcsinh(cz) . eedrcsinh(cz)
arcsinh(cz) log & gy +1)  aresinh(ex)log ((rig 1) arcsinh(ca)?

e + e 2e

input Int[ArcSinh[c*x]/(d + e*xx),x]

-1/2*ArcSinh[c*x] "2/e + (ArcSinh[c*x]*Log[1 + (exE~ArcSinh[c*x])/(c*d - Sq
rt[c™2*xd"2 + e72])])/e + (ArcSinh[c*x]*Log[l + (exE"ArcSinh[c*x])/(cxd + S
qrt[c™2*d"2 + e"2])])/e + PolyLogl[2, -((e*E~ArcSinh[c*x])/(c*d - Sqrt[c~2*
d”2 + e72]))]/e + PolyLog[2, -((exE"ArcSinh[c*x])/(c*d + Sqrt[c~2*d~2 + e~
21))1/e

output
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2620

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

rule 2838

~

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)"m*x(E"(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E"(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

rule 6095

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

rule 6242

Maple [A] (verified)

Time = 1.55 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.60

method result

¢ arcsinh(xzc) In (

—cd—e(zc+ 62.’1,‘2+1)+ 62d2+€2 cd+e(zc+ 02z2+1)+ 62d2+62‘
RN c arcsinh(xzc) In >
_carcsinh(a:c)2+ —cd+Ve2d?+e + cd+Vc4d4+e
derivativedivides 2 e e

c
—cd—e(mc+\/02z2+1)+\/m cd-ﬁ-e(ar;c-k\/m)-F\/m~
73 c arcsinh(zc) In =53
_carcsinh(wc)2+ —cd+Vcfdete n cd+V/c2d2+e

default 2¢ E e

c arcsinh(zc) In (

c
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inputt

int (arcsinh(x*c)/(e*x+d) ,x,method=_RETURNVERBOSE)

output

1/cx(-1/2*c*arcsinh(x*c) "2/e+c/exarcsinh (x*c) *1n((-c*xd-e*x (xxc+(c~2*x"2+1) "
(1/2))+(c”2xd"2+e"2) " (1/2)) / (—c*d+(c"2*xd"2+e~2) " (1/2) ) ) +c/e*arcsinh (x*c) *1
n((ckxd+e* (x*xc+(c™2*xx”2+1) " (1/2))+(c™2*xd"2+e~2) " (1/2)) / (c*xd+(c~2*xd"2+e~2) ~ (
1/2)))+c/e*xdilog((-c*xd-e* (x*c+(c™2%x72+1) " (1/2))+(c™2xd"2+e~2) " (1/2) ) / (—c*
d+(c”2xd"2+e"2) " (1/2)) ) +c/exdilog((c*kd+ex (x*xc+(c™2%x"2+1) " (1/2))+(c"2*xd"2+
e~2)7(1/2))/(c*d+(c~2*d"2+e~2)~(1/2))))

Fricas [F|

/ arcsinh(cz) dp — / arsinh (cz) i
d+ezx ex+d

inputt

outputt

integrate(arcsinh(c*x)/(exx+d) ,x, algorithm="fricas")

integral (arcsinh(c*x)/(exx + d), x)

-

inputt

outputt

Sympy [F]

/ arcsinh(cx) dp — / asinh (cz) d

d+ex d+ex v

integrate(asinh(c*x)/(e*x+d),x)

—

Integral(asinh(c*x)/(d + e*x), x)
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Maxima [F|

/ arcsinh(cz) dp — / arsinh (cz) i

d+ex er+d

input tintegrate (arcsinh(c*x)/(e*x+d) ,x, algorithm="maxima")

output Lintegrate(arcsinh(c*x)/(e*x + d), x)

Giac [F]

/ arcsinh(cz) dp — / arsinh (cx) i
d+ezx er+d

inputLintegrate(arcsinh(c*x)/(e*x+d),x, algorithm="giac")

OutputLintegrate(arcsinh(c*x)/(e*x +d), x)

Mupad [F(-1)]

Timed out.

/ arcsinh(cx) dr — / asinh(cz) d
d+ex d+ex

inputLint(asinh(c*x)/(d + exx),X)

output Lint(asinh(c*x)/(d + e*x), X)




CHAPTER 3. LISTING OF INTEGRALS

56

Reduce [F]

/ arcsinh(cx) dp — / asinh(czx) i

d+ex er+d

input tint (asinh(c*x)/ (e*xx+d) ,x)

output Lint(asinh(c*x)/ (d + e*x),x)




output
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aI'CSiIlh(ca;) 2
3.2 == dx
+ex

Optimal result . . . . . . . . . . . . . e ¥
Mathematica [A] (verified) . . . . . . . . . ... bY
Rubi [A] (verified) . . . . . . . . . . bY
Maple [F] . . . . . 611
Fricas [F] . . . . . . o 61]
Sympy [F] . . o e 62
Maxima [F] . . . . . . 62
Giac [F] . . . o o o 62
Mupad [F(-1)] . . ..o e 63
Reduce [F] . . . . . o 63

Optimal result

Integrand size = 14, antiderivative size = 260

cd—+/c?d?2+e?

/ arcsinh(cz)? D — _ arcsinh(cz)? N arcsinh(cz)” log (1 +

d+ex 3e

arcsinh(cz)? log <1 +
+

cdt VR E 12

e

2arcsinh(cz) PolyLog <2, PR

+
(&

+

2arcsinh(cz) PolyLog <2, QTR e

e
2 PolyLog (3, -

eearcsinh(cx)

m) 2 POlyLOg (3, —

cd++/c2d?2+e?

)

e

-1/3*arcsinh(c*x) “3/e+arcsinh (c*x) “2*1n(1+ex (cxx+(c™2*x"2+1) " (1/2) )/ (c*d-(
c™2xd"2+e"2) " (1/2))) /e+arcsinh(c*x) “2*1n (1+e* (ckx+(c™2*x"2+1)~(1/2) ) / (c*d+
(c™2xd~2+e~2)"(1/2))) /e+2*arcsinh(c*x) *polylog(2,-e* (c*x+(c™2*x~2+1) " (1/2)
)/ (cxd-(c™2xd"~2+e”2) " (1/2)) ) /e+2*arcsinh(c*x) *polylog(2,-e* (cxx+(c™2*x"2+1
)~(1/2))/ (cxd+(c™2xd"2+e"~2) " (1/2)) ) /e-2*polylog(3,-e* (c*x+(c™2*%x~2+1) " (1/2
))/ (cxd-(c~2%d"2+e~2) " (1/2))) /e-2*polylog(3,-e* (c*x+(c™2*x~2+1)~(1/2)) / (c*

d+(c~2xd"2+e~2)~(1/2))) /e




input

output
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.92

: 2
/ arcsinh(cx) P

d+ex

arcsinh(cz)® — 3arcsinh(cz)? log (1 + %) — 3arcsinh(cz)? log (1 + :;i;ii—;j;%) — 6arcsinh

-

LIntegrate [ArcSinh[c*x]~2/(d + exx),x]

| —

e N

-1/3*(ArcSinh[c*x] 3 - 3%ArcSinh[c*x]~2*Log[1l + (e*E~ArcSinh[c*x])/(c*d -
Sqrt[c™2#d"2 + e72])] - 3xArcSinh[c*x]~2xLogl[l + (e*E~ArcSinh[c#*x])/(c*d +
Sqrt[c™2*%d"2 + e~2])] - 6*ArcSinh[c*x]*PolyLog[2, (e*E~ArcSinh[c#*x])/(-(c
*d) + Sqrt[c™2xd"2 + e72])] - 6*ArcSinh[c*x]*PolyLog[2, -((exE"ArcSinh[c*x
1)/(c*d + Sqrtlc™2*d~2 + e~2]))] + 6*PolyLogl[3, (e*E~ArcSinh[c*x])/(-(c*d)
+ Sqrt[c™2%d"2 + e"2])] + 6*PolyLogl[3, -((e*E~ArcSinh[c*x])/(cxd + Sqrtlc
~2+¢d”2 + e721))1) /e

Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.98,

number of rules _ 429, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6242, 6095, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

: 2
/ arcsinh(cz) iz
d+ex

| 6242

/ vc2z2 + larcsinh(cz)?
cd + cex

darcsinh(cx)

l 6095
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arcsinh(cz) i ?
/ . arcsinh(cx) darcsinh(cz) +

cd + eearcsinh(cz) _ (/022 + €2

e?resinh(cz) greginh (cx)? . arcsinh(cz)?
: darcsinh(cx) — ——————
cd + eedresinh(cz) | /242 4 g2 3e
l 2620
earcsinh(cz)

2 [ arcsinh(cz) log ( + 1) darcsinh(cz)

cd—v/c?d?+e?
e
+ 1) darcsinh(cz)  arcsinh(cz)?log ( ce

earesinh(ez) o

. arcsinh(cz)
2 [ arcsinh(cz) log (m 1>

+ cd—/c2d?+€2 n
€ arcsinh(cz) ¢
arcsinh(cz)? log (m + 1) arcsinh(cz)3
e 3e
| 3011

eedresinh(cz)

. . eedresinh(cz)
~ 2 ( | PolyLog <2, —m> darcsinh(cx) — arcsinh(cz) PolyLog (2, _cdi/ﬁ>>

2( | PolyLog (2, —ﬂ%) darcsinh(cx)e— arcsinh(cz) PolyLog (2, —ﬂ%)) N
arcsinh(cz)? log (% + 1) N arcsinh(cz)? log ( %m + 1) arcsinh(cz)3
e e 3e
| 2720
arcsinh(cz)

9 <f e—arcsinh(cx) PolyLog <2’ ee!

_m> de2rsinb(¢?) _ arcsinh(cx) PolyLog <2, eettesnh (cx) ))

T cd—/c2d2te?

e
—arcsinh(cz) _ eearcsinh(co) ) arcsinh(czx) _ ; ( _ eearcsinh(co) ))
2( Je PolyLog (2, A r R de arcsinh(cz) PolyLog ( 2, TR N
e
. arcsinh(cz) . arcsinh(cz)
arcsinh(cz)? log (:;_N/TW + 1) N arcsinh(cz)? log (% + 1) - arcsinh(cz)?
e e 3e
| 7143
arcsinh(cz) . arcsinh(cz)
~ 2 (PolyLog (3, —:;_\/Tw) — arcsinh(cz) PolyLog (2, —%W)) ~
e
arcsinh(cz) . arcsinh(cz)
2 (PolyLog (3, —W) — arcsinh(cz) PolyLog (2, —m)) N
e
. arcsinh(cz) . arcsinh(cz)
arcsinh(cz)? log (;;_\/TW + 1) arcsinh(cz)? log < m + 1) arcsinh(cz)?

e + e e



input

output

rule 2620

rule 2720

rule 3011

CHAPTER 3. LISTING OF INTEGRALS 60

‘Int[ArcSinh[c*x]“2/(d + e*x),x]

-1/3*ArcSinh[c*x]~3/e + (ArcSinh[c*x]~2*Log[l + (e*E~ArcSinh[c#*x])/(c*d -

Sqrt[c”2*d"2 + e~2])])/e + (ArcSinh[c*x]~2*Log[l + (e*E~ArcSinh[c*x])/(c*d
+ Sqrt[c™2*%d"2 + e72])])/e - (2*(-(ArcSinh[c*x]*PolyLog[2, -((e*E~ArcSinh
[cxx])/(cxd - Sqrt[c™2*d"2 + e72]1))]) + PolyLogl[3, -((exE~ArcSinh[c*x])/(c
*d - Sqrtlc™2*d"2 + e72]))1))/e - (2*(-(ArcSinh[c*x]*PolyLog[2, -((e*E~Arc
Sinh[c*x])/(cxd + Sqrt[c”™2*xd"2 + e72]))]) + PolyLog[3, -((exE"ArcSinh[c*x]

)/(c*d + Sqrt[c™2*d™2 + e72]))1))/e

Defintions of rubi rules used

Int [(((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)))"n]/ (brcnrLog[F1)), x] + Simplg*(n/(bxcrnrLog[F]))  Int[(f + gkx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]




rule 6095

rule 6242

rule 7143

input

output

input

output
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Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[-(e + £*x)"(m + 1)/(b*f*(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £*x)"m*x(E~(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4

, €, n, p}, x] & EqQ[bxd, axe]

Maple [F]

: 2
/ arcsinh (zc) I
er+d

tint(arcsinh(x*c)‘2/(e*x+d),x)

-

Lint (arcsinh(x*c) "2/ (e*x+d) ,x)

-/

Fricas [F|

. 2 . 2
/ arcsinh(cz) dp — / arsinh (cz) i
d+ex ex +d

‘ integrate(arcsinh(c*x) "2/ (e*x+d) ,x, algorithm="fricas")

Lintegral(arcsinh(c*x)"2/(e*x + d), x)
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Sympy [F]
i 2 . 192
[ (e, _ [ wit? () ,
d"}'el' d+6.'L'
inputLintegrate(asinh(c*x)**2/(e*x+d),x)

output LIntegral(aSinh(C*X)**2/(d + exx), X)

Maxima [F]

. 2 . 2
/ arcsinh(cz) dp — / arsinh (cx) i

d+ex exr+d

inputLintegrate(arcsinh(c*x)‘2/(e*x+d),x, algorithm="maxima")

OutputLintegrate(arcsinh(c*x)‘2/(e*x +d), x)
Giac [F]
arcsinh(cx)? arsinh 2
[ bt g, _ [ orinh e’
d+ ex ex+d
inputtintegrate(arcsinh(c*x)‘Q/(e*x+d),x, algorithm="giac")

output Lintegrate(arcsinh(c*x)?/(e*x +d), x)
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Mupad [F(-1)]
Timed out.

/ arcsinh(cz)? i — / asinh(cz)” i

d+ex d+ex

inputtint(asinh(c*x)‘2/(d + exx),x)

OutputLint(asinh(c*x)‘2/(d + exx), x)

Reduce [F]

. 2 . 2
/ arcsinh(cz) dr — / asinh(cz) s
d+ex ex +d

inputLint(asinh(c*x)"2/(e*x+d),x)

Outputkint(asinh(c*x)**2/(d + e*x),x)
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1 3
3.3 f aI‘CSdlIlh(cx) dr
+ex
Optimal result . . . . . . . . . . . . . e 64
Mathematica [A] (verified) . . . . . . . . . ... 65
Rubi [A] (verified) . . . . . . . . . . 66
Maple [F] . . . . . 69
Fricas [F] . . . . . . o 69
Sympy [F] . . o e 69
Maxima [F] . . . . . . 70
Giac [F] . . . o o o 70
Mupad [F(-1)] . . ..o e 0}
Reduce [F] . . . . . o ral|

Optimal result

Integrand size = 14, antiderivative size = 348

eedresinh(cx)

cd—+/c?2d2+e2 )

/ arcsinh(cz)3 i — _ arcsinh(cz)* N arcsinh(cz)” log <1 +

d+ex 4e €
N arcsinh(cz)? log (1 %)
e
. eedT inh(cz)
N 3arcsinh(cz)? PolyLog <2, —Mﬁ)
e
. arcsinh(cz)
. 3arcsinh(cz)? PolyLog (2, _;—H/Tﬁ>
e
X arcsinh(cz)
- 6arcsinh(cx) PolyLog (3, _ce;—\/Tﬁ)
e
. eedr! inh(cx)
~ 6arcsinh(cz) PolyLog (3, —cdi\;%)
e
arcsinh(cz)
 GPolyLog (4, - s  SPolyLog (4,-

eedrcsinh(cx)

cd++/c?2d2+e?

)

(&

e
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-1/4*arcsinh(c*x) ~4/e+arcsinh(c*x) “3*1n(1+e* (cxx+(c™2*%x~2+1) ~(1/2) )/ (c*d-(
c~2%d"2+e72) " (1/2)))/etarcsinh(c*x) "3*1n(1+e* (cxx+(c™2%x"2+1) ~(1/2)) / (c*d+
(c™2xd"2+e"2)~(1/2))) /e+3*arcsinh(c*x) “2*polylog(2,-e* (cxx+(c™2*xx~2+1) ~(1/
2))/(c*d-(c~2%d"2+e~2)~(1/2)) ) /e+3*arcsinh(c*x) “2*polylog(2,-e* (c*x+(c™2*x
~2+1)7(1/2)) /(c*d+(c™2*d"2+e~2) " (1/2))) /e-6*arcsinh (c*x) *polylog(3,-e* (c*x
+(c™2%x72+1)~(1/2)) / (c*d-(c~2xd"2+e~2) " (1/2))) /e-6*arcsinh (c*x) *polylog(3,
—ex (cxx+(c™2xx"2+1) " (1/2)) / (cxd+(c™2*d"2+e~2) ~(1/2) ) ) /e+6*polylog(4,—e* (c*
x+(c™2%x™2+1) ~(1/2)) / (c*d-(c™2%d"2+e~2) ~(1/2)) ) /e+6*polylog (4, -e* (c*x+(c™2
*x72+1)7(1/2) )/ (cxd+(c™2xd"2+e"2) " (1/2))) /e

output

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 322, normalized size of antiderivative = 0.93

/ arcsinh(cz)3 i

d+ex
—arcsinh(cz)* + 4arcsinh(cz)3 log (1 + %) + darcsinh(cz)? log (1 + %) + 12arcsink

input\Integra‘ce[ArcSinh[c*x] 3/(d + e*x),x] |

(-ArcSinh[c*x] "4 + 4xArcSinh[c*x]~3*Log[l + (e*E~ArcSinh[c*x])/(c*d - Sqrt
[c"2*d"2 + e72])] + 4xArcSinh[c#*x]"3%Log[1l + (e*xE~ArcSinh[c*x])/(c*d + Sqr
t[c™2%d"2 + e72])] + 12*ArcSinh[c#*x] “2*PolyLog[2, (e*E~ArcSinh[c*x])/(-(c*
d) + Sqrtlc™2*d”2 + e72])] + 12*ArcSinh[c*x] 2*PolyLog[2, -((e*E~ArcSinhl[c
*x])/(cxd + Sqrt[c™2*xd"™2 + e72]))] - 24*ArcSinh[c*x]*PolyLog[3, (e*xE~ArcSi
nh[c*x])/(-(c*d) + Sqrtlc™2*d"2 + e72])] - 24xArcSinh[c*x]*PolyLog[3, -((e
*E~ArcSinh[c*x])/(c*d + Sqrt[c™2xd"2 + e72]))] + 24*PolyLog[4, (e*xE~ArcSin
hlc*x])/(-(c*d) + Sqrt[c™2*d"2 + e"2])] + 24*PolyLog[4, -((e*E~ArcSinh[c*x
1)/(c*d + Sqrtlc™2*d~2 + e72]))]1)/(4*e)

output
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Rubi [A] (verified)

Time = 1.66 (sec) , antiderivative size = 346, normalized size of antiderivative = 0.99,

number of rules _ 500, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {6242, 6095, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

- 3
/ arcsinh(cz) iz
d+ex

| 6242

/ vc2z? + larcsinh(cz)?

od + con darcsinh(cx)

l 6095

/ o) rosin cx)’ darcsinh(cz) +

cd + eearcsinh(cz) _ /022 + €2

e2resinh(c) aresinh (cx) . arcsinh(cz)*
. darcsinh(cx) — ———
cd + eearcsinh(cz) +Ve2d2 + e2 4e

l 2620

earcsinh(ez)
cd—+/c2d?+e2
e

3 [ arcsinh(cz)? log ( + 1) darcsinh(cz)

earcsinh(ex)

3 [ arcsinh(cz)? log (m

e , * e +
arcsinh(cz)? log (% + 1) arcsinh(cz)*
e 4e
| 3011

ecresinh(cz)

3(2 | arcsinh(cz) PolyLog (2, T JRPTS

) darcsinh(ez) — arcsinh(cz)? PolyLog (2, — <" ) )

. arcsinh(cz)
3 (2 [ arcsinh(cz) PolyLog (2, Ry 7 e T diVAETe

- .
) darcsinh(cz) — arcsinh(cz)” PolyLog (2, o ))
+

ee@resinh(cz) eeresinh(cz)

e
arcsinh(cz)3 log (m + 1) N arcsinh(cz)® log ( Vedteotead T 1) arcsinh(cz)*
e e 4e

l 7163
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arcsinh(cz) arcsinh(cz)

- 3 <2 (arcsinh(cac) PolyLog (3, —W) — [ PolyLog (3, —ce;_\/w) darcsinh(ca:)) — arcsinh(cz)? Po

e
arcsinh(cz) eedresinh(cx)

. . . 2
3(2 (arcsmh(cac) PolyLog <3, —W) — [ PolyLog (3, —m) darcsmh(cac)) — arcsinh(cz)” Poly

e
. 3 ecdrcsinh(cx) . 3 eedresinh(cx)
arcsinh(cx)?log (527755 +1 | eresinb(eo)log | Uprerie T1)  arcsinh(ce)?
e e 4e

l 2720

3 (2 <arcsinh(c:c) PolyLog (3, _ ectresinhice) ) dearcsmh(c””)) — arcsi

W) — f e—arcsinh(ca:) PolyLog <3 . eedresinh(cx)
cd—vced“+e ,

cd—v/c2d?2+e2

e
eedresinh(cz) _ —arcsinh(cz) _ eearcsinh(cx)
POy Je PolyLog ( 3,

P Ty 7 e d2+e2> dearcsmh(m)> — arcsint

3 (2 (arcsinh(ca:) PolyLog <3, -

eecdresinh(cz) eedrcsinh(cx)

arcsinh(cz)3 log (m + 1) N arcsinh(cz)3 log (m + 1) arcsinh(cz)*
e e 4e

l 7143

eedresinh(cz) ee@resinh(cz)

3 (2 (arcsinh(c:z;) PolyLog (3, —m) — PolyLog (4, — T Tar—= m)) — arcsinh(cz)? PolyLog ( , —%f

arcsinh(cz) arcsinh(cz) arcs

: ee ee : 2 ee
3 (2 (arcsmh(c:z:) PolyLog (3, —m> — PolyLog (4, —m)> — arcsinh(cz)® PolyLog (2, —

e .
arcsinh(cz)

. arcsinh(cz) .
arcsinh(cz)3 log (:;_\/TW + 1) N arcsinh(cz)® log < m + 1) arcsinh(cz)*
e e 4e

-

LInt [ArcSinh[c*x]~3/(d + e*x),x]

-/

input

-1/4*ArcSinh[c*x]"4/e + (ArcSinh[c*x]~3*Log[l + (exE~ArcSinh[c*x])/(c*d -
Sqrt[c™2*d"2 + e72])])/e + (ArcSinh[c*x] 3*Logl[l + (e*xE"ArcSinh[c#*x])/(c*d
+ Sqrt[c™2#d"2 + e72])]1)/e - (3*(-(ArcSinh[c*x] ~2*PolyLog[2, -((e*xE~ArcSi
nh[c*x])/(c*d - Sqrt[c™2*d"2 + e72]))]) + 2x(ArcSinh[c*x]*PolyLogl[3, -((e*
E"ArcSinh[c*x])/(c*d - Sqrt[c™2*d"2 + e72]))] - PolyLog[4, -((e*xE"ArcSinh[
c*xx])/(cxd - Sqrtl[c™2*d"2 + e72]))1)))/e - (3*%(-(ArcSinh[c*x] ~2*PolyLogl[2,
-((e*E"ArcSinh[c*x])/(c*d + Sqrtl[c™2*d"2 + e72]))]) + 2*(ArcSinh[c*x]*Pol
yLog[3, -((e*xE~ArcSinh[c*x])/(c*d + Sqrt[c™2*d"2 + e72]))] - PolyLogl[4, -(
(exE~ArcSinh[c*x])/(c*d + Sqrt[c™2*d~2 + e72]))1)))/e

output




rule 2620

rule 2720

rule 3011

rule 6095

rule 6242

rule 7143
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(a_)I*((f_.) + (g_.)
*(X_))A(m_.), X_Symbol] > Slmp[(—(f + g*X)Am)*(PolyLog[2, (~e)*(F~ (cx(a +
b*x)))"n]/ (b*csn*Log[F1)), x] + Simp[g*(m/(bxcrnsLog[F1))  Int[(£ + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))~nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(bxfx(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + fxx) " m*x(E"(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[2"2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x

11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]




CHAPTER 3. LISTING OF INTEGRALS 69

rule 7163 IntLC(e_.) + (£_.)*(x_))~(m_.)*Polylogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))~pl/(bkcxpxLog[F])), x] - Simp[f*(m/(b*ckp*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

Maple [F]

- 3
/ arcsinh (zc) i
er+d

inputLint(arcsinh(x*c)‘3/(e*x+d),x)

outputLint(arCSinh(X*c)‘3/(e*x+d),x)

Fricas [F|

d+ex ex +d

/ arcsinh(cz)3 dp — / arsinh (cz)® i

h J

inputLintegrate(arcsinh(c*x)“3/(e*x+d),x, algorithm="fricas")
p
output 8vegral (arcsinh (cx) 3/ (exx + d), %)
Sympy [F]
arcsinh(cz)3 asinh3
/ arcsinh(cz)” , / asinh” (cz)
inputkintegrate(asinh(c*x)**s/(e*x+d),X)
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outputLIntegral(aSinh(c*X)**3/(d + exx), X)

Maxima [F]

. 3 . 3
/ arcsinh(cx) dp — / arsinh (cx) i

d+ex ex+d

inputLintegrate(arCSinh(C*X)A3/(e*X+d),X, algorithm="maxima")

OutputLintegrate(arcsinh(c*x)‘3/(e*x + d), x)

Giac [F]

. 3 . 3
/ arcsinh(cz) dp — / arsinh (cz) i

d+ex ex+d

inputtintegrate(arcsinh(c*x)‘3/(e*x+d),x, algorithm="giac")

output Lintegrate (arcsinh(c*x)~3/(exx + d), x)

Mupad [F(-1)]
Timed out.

. 3 . 3
/ arcsinh(cz) dp — / asinh(c ) i

d+ex d+ezx

inputLint(asinh(c*x)‘S/(d + exx),X)

OutputLint(asinh(c*x)”s/(d + e*x), X)
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Reduce [F]

. 3 . 3
/arcsmh(cz) dp — / asinh(cx) s

d+ex er+d

input Lint (asinh(c*x) "3/ (e*x+d) ,x)

output Lint (asinh(c*x)**3/(d + e*x),x)
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3.4 [(d + ex)*(a + barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F(-2)] . . .« o oo
Mupad [F(-1)] . . . o o
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 16, antiderivative size = 184

— 2.2
/(d + ex)®(a + barcsinh(cz)) dr = — bd(cd — e) (Cdc;i' e)V1+ c2x?
B8P — ) oy TF O
32¢3
belzdVI+ Fa?  bde*(1+ cPa?)*/”
16¢ 3c3
b(8ctd* — 24c2d*e? + 3e*) arcsinh(cx)
32cte

(d + ex)*(a + barcsinh(cz))

* 4e

Output‘-b*d*(c*d-e)*(c*d+e)*(c“2*x“2+1)‘(1/2)/c‘3-3/32*b*e*(8*c“2*d“2-e“2)*x*(c‘2
‘*x“2+1)”(1/2)/c‘3-1/16*b*e“3*x“3*(c“2*x“2+1)”(1/2)/c-1/3*b*d*e“2*(c‘2*x“2+
‘1)‘(3/2)/c‘3—1/32*b*(8*c‘4*d‘4-24*c“2*d‘2*e‘2+3*e“4)*arcsinh(c*x)/c‘4/e+1/
‘ 4x (exx+d) “4* (atb*arcsinh(c*x)) /e
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 166, normalized size of antiderivative = 0.90

/(d + ex)®(a + barcsinh(cz)) dz

_ 2dac'z(4d® + 6d%ex + 4de®x? + e2x®) — bev/1 + c2a?(—e?(64d + 9ex) + c2(96d° + T2d%ex + 32de’z? +
a 96

input! Integrate[(d + e*x)~3%(a + b*ArcSinh[c*x]),x]

output‘ (24xaxc™4*xxx (4*d"3 + 6*d"2xe*x + 4xd*e”2*x"2 + e73*x"3) - b*c*kSqrt[l + c™2 \
‘*x’"2]*(—(e“2*(64*d + O%e*x)) + c”2%(96%d"3 + 72*xd"2*e*x + 32*%d*e"2*x"2 + 6 \
‘*e’“3*x"3)) + 3%b* (24*c™2x%d"2*xe — 3*e”3 + 8*c 4*x*(4*%d"3 + 6xd"2kex*x + 4*d* \
‘e’"2*x"2 + e"3*x"3))*ArcSinh[c*x])/ (96%c"4) \

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.10,

number of rules __
integrand size 0.375, Rules

number of steps used = 6, number of rules used = 6,
used = {6243, 497, 687, 27, 676, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)3(a + barcsinh(cz)) dz

| 6243
d+-ex)?
(d + ex)*(a + barcsinh(cz)) B be [ \(/ﬁdaz
de 4e
| 407
(d+ez)2 (4d202+7dez02—362) d
be \/Cfff;H z + e\/02z21-012(d+ez)3
(d + ex)*(a + barcsinh(cz))

4e 4e
l 687
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(d + ex)*(a + barcsinh(cz))

s 02 (d+ex) (d(12c2 d2—2352) +e(26c2d2 —9&2) a:) s

b o +5deV/PTH (ke | oy (der)’”
¢ 4c? 4c?
de
| 27
(d + ex)*(a + barcsinh(cz))
(d+ezx)(d 12¢2d2 —23¢2 +e 26c2d2—9e2)x
b %f ( ( 02w2)+1 ( ) )da:-i-%de\/m@l-i-ew)(" 6\/%((14‘61‘)3
C 4c2 + 4c?
4e
| 676
(d + ex)*(a + barcsinh(cz))
4,4 2522 4 1 46
3(8c*d*—24c*d“e“+3e” ) [ ——=——dz
;( ( — ) Ve +;e%m(zedz_%})+2de\/m(19d2_%3))+gdem(d+ex)2
ev/c2x?
be 42 +
4e
| 222
(d + ex)*(a + barcsinh(cz))
de
arcsinhcz) (sctdt—24c2d2e2 4364
1 ((saresinhen) (sl 2@ P sct) |y o (2602 — 92 ) +2den/ERETT (1902 — 1952 ) | 4 T dev/EaT T (d o)
3 23 2 2 2 3 e/ 2z2-
bc 12 + y
4e
e N
input LInt[(d + exx) "3*%(a + b*ArcSinh[c*x]),x] J

output

*c~3))/3)/(4xc™2))) / (4xe)

((d + e*x)"4x(a + b*ArcSinh[c*x]))/(4*e) - (bxcx((ex(d + e*x) 3*Sqrt[l + c
~2%x72])/(4xc”2) + ((T*dxex(d + exx) 2+Sqrt[l + c™2+x72])/3 + (2*d*e*(19*d
"2 - (16%e~2)/c”2)*Sqrt[1 + c™2xx"2] + (e”2%(26%d"2 - (9*e”2)/c”2)*x*Sqrt[
1 + ¢c™2%x72])/2 + (3*%(8%c™4*%d"4 - 24*xc™2+%d"2*e”2 + 3*e~4)*ArcSinh[c*xx])/(2




rule 27

rule 222

rule 497

rule 676

rule 687

rule 6243
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[l/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a]l)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Int[((c_) + (d_.)*(x_))"(m_)*((a ) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
dx(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(b*(n + 2%p + 1))), x] + Simp[1/(b
*(n + 2xp + 1)) Int[(c + d*x)~(n - 2)*(a + b*x"2) "p*Simp[b*c™2x(n + 2%p +
1) - axd™2*(n - 1) + 2*b*cxd*(n + p)*x, x], x], x] /; FreeQ[{a, b, ¢, d, n
,» PY, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]1] && NeQ[n + 2xp
+ 1, 0] && IntQuadraticQ[a, O, b, ¢, d, n, p, x]

Int[((d_.) + (e_)*(x_))*((£f_.) + (g_.)*(x_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(exf + d*g)*((a + c*x"2)"(p + 1)/(2%c*(p + 1))), x] + (Sim
plexgxxx((a + c*x~2)"(p + 1)/(c*x(2*p + 3))), x] - Simp[(a*xe*g - c*d*f*(2xp
+ 3))/(cx(2%p + 3)) Int[(a + c*x"2)7p, x], x]) /; FreeQl{a, c, 4, e, £, g
, p¥, x] & 'LeQlp, -1]

Int[((d_.) + (e_.)*(x_)) " (m)*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol]l :> Simpl[g*(d + e*x) m*((a + c*x"2)"(p + 1)/(cx(m + 2*p + 2))
), x] + Simp[1/(c*x(m + 2*%p + 2)) Int[(d + e*x)"(m - 1)*(a + c*x~2) “p*Simp
[cxd*fx(m + 2%p + 2) - axe*g*m + cx(exfx(m + 2%p + 2) + d*g*m)*x, x], x], x
1 /; FreeQl{a, c, 4, e, f, g, p}, x] && GtQ[m, 0] && NeQ[m + 2*p + 2, 0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p]) && !(IGtQ[m, 0] && Eq
QLf, 01)

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[(d + exx)~(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c~2%x72]1), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
, 0] && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.32

method result
ced arcsinh(zc)z4 2 s 3 3ce arcsinh(zc)zzd2 . 3, ¢ arcsinh(zc)d4 ot
b| =———F———+ce? arcsinh(zc)z?d+ "5 tarcsinh(zc)zc d’+ " — ——
a(ez+d)*
parts . T

. (1404 etz5+72ctd eBxt+152ctd2e? 13 +176ctd3 e 2 +32¢td4r—3c2et B —32c2d e3 22 +96c2 d2e2x+120c2d3e—12etz—
orering 32 (catd)

4,4
d
3e arcsinh(mc)c4d2x2 e arcsinh(mc)z4c4 ¢ al
2 1 -

. 4,4 3
arcsinh(zc)ctd’ +e? arcsinh(zc)etd 23+

b( +arcsinh(zc)c4dsz+
a(cea:+cd)4 +

derivativedivides sl
: 44 ; 4,22 3 oresi 44 ctdta
b arcsmh(gc)c d +arcsinh(a:c)c4d3z+ 3e arcsinh(zc)c™d“x t+e2 arcsinh(mc)c4dz3+e arcsmli(a:c)w <
a(cez<3|—cd)4+
default dcSe
input Lint ((e*x+d) ~3+* (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBOSE) J

1/4xax (exx+d) “4/e+b/c* (1/4*cxe”3*arcsinh (x*c) *x"4+c*e”2*arcsinh (x*c) *x~3*d
+3/2xcxe*arcsinh (x*c) *x~2*d~2+arcsinh (x*c) *x*c*d~3+1/4*c/exarcsinh (x*c) *d"~
4-1/4/c”3/ex(c"4*d " 4*arcsinh(x*c)+e~4* (1/4* (c™~2*x~2+1) ~(1/2) *c~3*x~3-3/8*(
CcT2*x72+1) " (1/2) *x*c+3/8*arcsinh (x*c) ) +4*dxcxe 3% (1/3*x"2xc~2% (c"2*x"2+1) "
(1/2)-2/3*%(c™2%x72+1) " (1/2) ) +6*d"2xc~2*e~ 2% (1/2* (c"2*x"2+1) ~(1/2) *x*c-1/2%
arcsinh(x*c))+4*xd"3*c”3*e*x(c~2*%x"2+1)~(1/2)))

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.16

/(d + ex)?(a + barcsinh(cz)) dz
_ 24ac*e’z 4 96 ac'de’s® + 144 ac*d’ex® + 96 ac'd’x + 3 (8 be'e’x? 4 32bcde’s® + 48 be'dPex? + 32 be

inputLiﬂtegrate((e*X+d)*3*(a+b*arcsinh(c*x)),x, algorithm="fricas") J
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1/96% (24*axc™4*e”3*x"4 + 96*akxc 4xd*e”2*x"3 + 144xaxc”4*d"2xe*x”2 + 96%axc
“4xd"3xx + 3x(8*bkc4*e”"3*%x"4 + 32xbxc”4*xd*e”2%x"3 + 48%b*c"4*xd"2xexx"2 +
32%b*c”"4*d"3*x + 24xb*c”2*%d"2+e - 3*bxe”3)*log(c*x + sqrt(c™2*x"2 + 1)) -
(6%b*c”~3*e"3%x"3 + 32%b*c”3*%d*e”2%x"2 + 96%b*c”3*%d"3 - 64xb*ckd*e”2 + 9% (8
*b*c”~3*%d"2%e - b*cxe”3)*x)*sqrt(c”2*x"2 + 1))/c"4

output

Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 316, normalized size of antiderivative = 1.72

/ (d + ex)?(a + barcsinh(cz)) dx

3bd2ex? asinh (cx) be3x? asinh (czx)

ad®z + 3Les® | qde?sd + €20 4 pdPx asinh (cz) + LLE2INE) 4§43 asinh (cz) + 4

- 3 3d2ex? 2.3 3zt
oo+ 2 + de?st + <5

input ‘ integrate ((e*xx+d)**3* (a+b*asinh(c*x)) ,x) ‘

Piecewise ((a*d#*3*x + 3xakd**2xe*xx**x2/2 + axdke*x*x2kxx**3 + akrexx3*kx*x4/4 +
bxd**3*x*asinh (c*x) + 3*bxd*x*2xexx**2kasinh(c*x)/2 + bxd*xex*x2xx**3*asinh(c
*X) + b¥e*x3*x*k*4*asinh(c*x)/4 - bxd**3xsqrt (c**2*x**2 + 1)/c - 3xb*d**2%e
*x*k8qQrt (ck*2xx*x*2 + 1) /(4*c) - b*xdkex*2*x*x*2xsqrt (cx*2*x**2 + 1)/(3*%c) - b
ke*x*x3xx*¥*x3*xsqrt (ck*2*x**2 + 1)/(16%c) + 3*b*d**2*exasinh(ckx)/(4d*c**2) + 2
*bkdxe*x*2ksqrt (ck*2kx**2 + 1)/(3%c**3) + 3*bxex*3*kx*sqrt (ck*2xx*x2 + 1)/(3
2%c*x*3) - 3xbkex*x3kxasinh(c*x)/(32%c*x*4), Ne(c, 0)), (ax(d**3*x + 3*xd**2*ex
x*%x2/2 + dke**x2*x**3 + ex*x3xx**4/4), True))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 230, normalized size of antiderivative = 1.25

/(d + ex)?(a + barcsinh(cz)) dz
= i ae’z! + ade’z’® + g ad’ex?

V22 + 1 inh
+Z <2x2arsinh(cx)—c< cwt v s (cx)>>bd26

c? c3
vz +1x2 2+/c2a? + 1) > hde?
!

c2?

1
+ 3 (33:3 arsinh (cz) —c(
1 9/22Z 1 123 272 11 inh
<8x4arsinh(cx)—< Ve x2+ > 3vc x4+ x+3arsm (cx)>c>be3

+3_2 c c c®

(cz arsinh (cz) — V22 + 1)bd?

Cc

+ ad’z +

p
inputLintegrate((e*x+d)‘3*(a+b*arcsinh(c*x)),x, algorithm="maxima")

1/4*%axe”3%x"4 + axd*e”2*x"3 + 3/2xa*xd”"2*exx"2 + 3/4x(2*x"2%arcsinh(c*x) -

cx(sqrt(c™2*x”2 + 1)*x/c”2 - arcsinh(c#*x)/c”3))*b*d"2xe + 1/3%(3*x~3*arcsi
nh(c*x) - cx(sqrt(c™2*x™2 + 1)*x72/c”2 - 2xsqrt(c™2*x”2 + 1)/c™4))*bxd*e~2
+ 1/32%(8*x"4*arcsinh(c*x) - (2*sqrt(c™2*x72 + 1)*x73/c”2 - 3*sqrt(c™2*x"
2 + 1)*x/c”4 + 3xarcsinh(c*x)/c”5)*c)*b*e”3 + axd~3*x + (cxx*arcsinh(c*x)

- sqrt(c™2*x"2 + 1))*b*d~3/c

output

-/

Giac [F(-2)]

Exception generated.

/ (d + ex)?(a + barcsinh(cz)) dr = Exception raised: RuntimeError

/

inputLintegrate((e*X+d)A3*(a+b*arcsinh(c*x)),x, algorithm="giac")

~—
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‘Exception raised: RuntimeError >> an error occurred running a Giac command
‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

output

Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barcsinh(cz)) dx = / (a + basinh(cz)) (d + ex)’ dx

input Lint((a + b*asinh(c*x))*(d + e*x)~3,x) J

output Lint((a + b*asinh(c*x))*(d + e*x)~3, x) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 285, normalized size of antiderivative = 1.55

/(d + ex)*(a + barcsinh(cr)) dz
_ 96asinh(cz) bc*d®z + 144asinh(cz) bc*d’e 2 4 96asinh(cx) bctd x® + 24asinh(cx) bcte’s* — 96v/c2a

input| 12t ((e¥x+d) 3 (atbrasinh (cxx)) ,x)

(96+*asinh (c*x) *bkc**4*d**3*xx + 144*asinh (c*x)*b*ck*4xd**x2kexx**2 + 96*asin
h(c*x) ¥bkcx*kdkd*ex*2xx**3 + 24*asinh(c*x)*bkck*4*e**x3*x* x4 — 96*sqrt (ck*2x*
X**k2 + 1)*b*xc*k*3*d**3 — T2*sqrt(ck*2*kx**2 + 1)*bkcx*3xd**2xe*x — 32*sqrt(c
*¥k2kxk*2 + 1) *kbkck*x3kdke* *2kx*k*2 — 6xsqrt (Ck*2*x**2 + 1)*bkck*3kex*3*kx**3
+ 64*sqrt (ck*2kxx**2 + 1)xbkckxd*ex*2 + 9xsqrt (cx*k2*x**2 + 1)*bxckex*3xx + 7
2xlog(sqrt (ck*2*x**2 + 1) + c*x)*bxc**2xd*x2%e - 9xlog(sqrt (ck*2*x**2 + 1)
+ c*x)*b*e**s + O6*xakckkx4xd**k3xx + 144%a*xck*k4kd*k*x2ke*xx*x*2 + 9O6*agkck*x4*xd*e

*kkX*¥%3 + 24xakck*kdkexk3kxk*kd) [/ (96kc**4)

output
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3.5 [(d + ex)*(a + barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 801
Mathematica [A] (verified) . . . . . . . . . ... o 80i
Rubi [A] (verified) . . . .. . . ... .. 31
Maple [A] (verified) . . . . . . ... L ’3
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... R
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... k!
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 851
Giac [F(-2)] . . .« o oo 85
Mupad [F(-1)] . . . o o 36
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 36

Optimal result

Integrand size = 16, antiderivative size = 133

b(3c*d® — €?) V1 +c?z?  bdexy/1+ c*a?

/(d + ex)?(a + barcsinh(cz)) dz = —

3c3 2c
be?(1 + 222)>/? bd <2d2 — 30%2) arcsinh(cz)
- 9c3 a 6e
N (d + ex)3(a + barcsinh(cz))
3e

\/c—1/9*b*e‘2*(c‘2*x‘2+1)‘(3/2)/c‘3—1/6*b*d*(2*d‘2—3*e‘2/c“2)*arcsinh(c*x)/

e R
outpup| ~1/3*D* (3kcT2xd2-72) % (c724x"2+1) 7 (1/2) /c"3-1/24brdrerix (" 2kx 2417 (1/2)
Le+1/3*(e*x+d) ~3% (atb*arcsinh(c*x)) /e ‘

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.91

/ (d + ex)?(a + barcsinh(cr)) dz

_ 6ac’z(3d? + 3dex + €22?) — bv/1 + 2x?(—4e? + *(18d? + 9dex + 2¢%x?)) + 3be(6cd>x + 2c%e?x® + 3¢
B 18¢3
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input‘ Integrate[(d + e*x)~2*(a + b*ArcSinh[c*x]),x] ‘

‘ (B*axc™3xx*(3*d"2 + 3*d*e*x + e72%x72) - b*Sqrt[l + c™2*xx"2]*(-4*e”2 + c~2 \
\*(18*d"2 + Okdxe*x + 2%e”2%x"2)) + 3xbkck(6*%cT2*%d"2*x + 2%c"2%e"2*x"3 + 3% \
Ld*(e + 2%c~2%exx~2))*ArcSinh [c*x])/(18%c"3) J

output

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.11,

_ 4+ number of rules
4, integrand size = 0.250, Rules

number of steps used = 4, number of rules used =
used = {6243, 497, 676, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)?(a + barcsinh(cz)) dz

l 6243
d+ex)
(d+ ex)3(a + barcsinh(cz)) be [ \(/W
3e 3e
l 497
(d+ex) (3d202+5dez02—252)
be J 22241 e\/ 22241 (d+ex)?
3c? 3c?
(d + ex)3(a + barcsinh(cz)) B
3e 3e

| 676
(d + ex)(a + barcsinh(cz)) B

3c? 3c2

3e
3 242_3,2 1 2_€e2\154.2
bc<2d(2c d2—3e?) [ mdw+26\/c2m2+l(4d —?)—i—Ede zVe2z2+1 e\/m(d—i-ex)Q)

e
l 992



CHAPTER 3. LISTING OF INTEGRALS 82

(d + ex)3(a + barcsinh(cz))

3e
3darcsinhce) (2¢242 —3¢2 2
DL ey PP (4%~ & ) +5de’aV AT o /2 T (dex)?
be 3c? + 3c2
3e

input‘ Int[(d + e*x) 2*(a + bxArcSinh[c*x]),x]

‘ ((d + e*xx)~3*(a + b*ArcSinh[c*x]))/(3*e) - (bxcx((e*x(d + e*x)~2*Sqrt[1 + c

output ‘
~2%x72])/(3%c™2) + (2kex(4%d™2 - e72/c"2)*Sqrt 1l + c"2%x72] + (B¥d*e 2¥x*S
‘qrtll + c"2%x72]1)/2 + (3xd*(2%c"2%d"2 - 3%e~2)*ArcSinh[c*x])/(2%c))/(3%c™2 |
1))/ (3xe) |
Defintions of rubi rules used

rule 222‘Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt ‘

L[a])]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b] J

rule 497 Int[((c_) + (d_.)*(x_)) " (n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
dx(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(bx(n + 2%p + 1))), x] + Simp[1/(b
*(n + 2xp + 1)) Int[(c + d*x)"(n - 2)*(a + b*x"2) “p*Simp[b*c™2*(n + 2*p +
1) - a*d™2*(n - 1) + 2%bxc*d*(n + p)*x, x], x], x] /; FreeQ[{a, b, c, d, n
» p}, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]] && NeQ[n + 2x%p
+ 1, 0] && IntQuadraticQ[a, O, b, ¢, d, n, p, x]

N\ J

Int[((d_.) + (e_.)*(xD)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(exf + dxg)*((a + c*x"2) " (p + 1)/(2%c*(p + 1))), x] + (Sim
plexgxxx((a + cxx™2)"(p + 1)/(cx(2*p + 3))), x] - Simp[(a*exg - ckxdxf*(2xp
+ 3))/(cx(2*p + 3)) Int[(a + c*x"2)7p, x], x]) /; FreeQl[{a, c, 4, e, £, g
, pY, x] && !'LeQlp, -1]

rule 676




rule 6243

input

output
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Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*xx)~(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + bxArcSinh[c*x])~(
n - 1)/Sqrt[1 + c™2*x~2]), x], x] /; FreeQl{a, b, c, d, e, m}, x] && IGtQ[n
, 0] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.31

method result
3,3 . 3 zzczy
2 : 3 . 3 c°d® arcsinh(zc)+e” | =——
p| ce aresialze)r arcs‘;]h(u)w +ce arcsinh(xc)m2d+arcsinh(a:c)a:cd2+carcygz(u)d - (
a(ex+d)®
parts 3.~ T P
3,3 . 3 2202\/?
s 3,3 2 . 3 3 c¢°d°arcsinh(zc)+e T c Ve
b(*ﬁarcsmh(ic)c d +arcsinh(xc)c3d2$+e arcsinh(mc)csdz2+e arcsm%(zc)x c _ ( 3
a(cez+cd)3
. . .. 3.7 + =
derivativedivides .
343 o resi 3(22c2V/c2
. 3.3 2 . 3 3 c°d”arcsinh(zc)+e” ( = 5—
b(méfc)#ﬁ-arcsinh(xc)c:adzw-ﬁ-e arcsinh(a:c)c3dar:z-ﬁ—e arcsmg(wc)w c _ (
a(cea:+cd)3+
2
default 3c%e ——
2,2 ..2
. (10c*e3z*+42ctd e2x3+72c*d?e 22 +18ctd3z—4c2e3 22 +27c?d e2z+45c2d?e—8e®) (a+b arcsinh(zc)) (2c%e®a?+
orering 18c*(ez+d)

Lint((e*x+d)‘2*(a+b*arcsinh(x*c)),x,method=_RETURNVERBOSE)

‘1/3*a*(e*x+d)”3/e+b/c*(1/3*c*e“2*arcsinh(x*c)*x“3+c*e*arcsinh(x*c)*x“2*d+a

‘rcsinh(x*c)*x*c*d“2+1/3*c/e*arcsinh(x*c)*d“3-1/3/c“2/e*(c“3*d“3*arcsinh(x*
\c)+e‘3*(1/3*x‘2*c‘2*(c‘2*x‘2+1)‘(1/2)-2/3*(c‘2*x‘2+1)‘(1/2))+3*d*c*e‘2*(1/
‘ 2% (c™2%x"2+1) ~(1/2) *x*c—-1/2*%arcsinh (x*c) ) +3*%d~2*xc " 2*%ex (c~2*x"2+1)~(1/2)))
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.11

/(d + ex)*(a + barcsinh(cz)) dz

_ 6ac’e®z® + 18ac’dex® 4+ 18 ac*d®x + 3 (2bcPe®x® 4 6 bc’dea’ + 6 bcPdx + 3 bede) log (cx + v/ c2a? + 1)
B 18¢3

integrate ((e*x+d) “2*(at+b*arcsinh(c*x)),x, algorithm="fricas")

| —

p
input L

‘1/18*(6*a*c‘3*e‘2*x“3 + 18%axc”3*d*exx”2 + 18*%axc”3*%d"2*x + 3% (2¥b*c~3*e"2
\*x*s + 6*%b*c~3*d*exx"2 + 6%b*xc”3*d"2*x + 3*bkxckdxe)*log(c*kx + sqrt(c”2*x"2
\ + 1)) - (2%b*c™2%e”2*%x"2 + 9*kbxc~2*d*kexx + 18xb*c"2*d"2 - 4*b*e”2)*sqrt(c

output ‘
LAQ*XAQ +1))/c”3 J

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.43

/(d + ex)*(a + barcsinh(cz)) dz

ad’z + adex® + %2 1 bd2z asinh (cx) + bdex? asinh (cz) + beresinhen) _ bVl _ bderV/PatIl _

. 3 2c
a<d2x + dex?® + %)

input Lintegrate ((exx+d) **2* (a+b*asinh(c*x) ) ,x) J

Piecewise ((a*d**2xx + akd*exx**2 + akex*2xx**3/3 + b*d**2*x*asinh(c*x) + b
xd*e*x*k*2*%asinh (c*x) + bkex*2kx**3*asinh(c*x)/3 - b*d*x2*sqrt (ck*2*x**2 +
1)/c - bkxd*exx*sqrt (c**2xx**2 + 1)/(2%c) - bkex*2kx**x2xsqrt (ck*2*x**2 + 1)
/(9%c) + b*d*exasinh(ckx)/(2%c**2) + 2%bkxex*2xsqrt (ckx*2xx**2 + 1)/(9*c**3)
, Ne(c, 0)), (ax(d**2*x + dkexx**2 + e**2*x*%*3/3), True))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.13

/ (d + ex)*(a + barcsinh(cz)) dz
22 :
= 1062%3 + adex® + % <2 x? arsinh (cx) — c< cz+1 — arsinh (cz)) ) bde

3 c? c3
/22 2 2.2
+% <3x3arsinh(cx)—c< cxcz-i—la: _2 c; +1>>b62
+ a4 (cz arsinh (cz) — Vc?z? + 1)bd?
ad’z .

input‘integrate((e*x+d)"2*(a+b*arcsinh(c*x)),x, algorithm="maxima")

(1/3*a*e“2*x“3 + akxd*e*xx~2 + 1/2x(2*x"2*arcsinh(c*x) - c*(sqrt(c™2*x~2 + 1)
‘*x/c“2 - arcsinh(c#*x)/c”3))*b*d*e + 1/9%(3*x~3*arcsinh(c*x) - c*x(sqrt(c”2*
‘x‘2 + 1)*x72/c”2 - 2xsqrt(c”2*x"2 + 1)/c”4))*b*xe”2 + a*d"2*x + (c*x*arcsin
Lh(c*x) - sqrt(c™2*x~2 + 1))*b*d"2/c

output

|

Giac [F(-2)]

Exception generated.

/ (d + ex)*(a + barcsinh(cz)) dr = Exception raised: RuntimeError

input Lintegrate ((exx+d) ~2* (at+b*arcsinh(c*x)) ,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value
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Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barcsinh(cz)) dz = / (a + basinh(cz)) (d + ex)’ d

input Lint((a + b*asinh(c*x))*(d + e*x)~2,x) J

output‘ int((a + b*asinh(c*x))*(d + e*x)~2, x)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.36

/ (d + ex)?(a + barcsinh(cz)) dz
_18asinh(cz) bcPd*x + 18asinh(cx) bc*de x* 4 6asinh(cx) bc’e’x® — 18v/c2x? + 1bc?d® — 9vc2a? 4+ 1b

input \int ((e*x+d) ~2* (a+b*asinh(c*x)),x) |

(18*asinh (c*x) *b*c**3*d**2*x + 18*asinh(c*x)*bkc**3kd*e*xx**2 + 6*asinh(c*x
) ¥bxck*3kex*2*xx*k*3 — 18*sqrt (ck*2xx**2 + 1)*bkck*2xd**2 — 9ksqrt (ck*2xx**2
+ 1) *#bxc**2kd*e*x — 2ksqrt (cx*2xx**2 + 1)*bkck*2kex*2xx**x2 + 4*ksqrt (ck*2x*
x**2 + 1)*bkex*2 + 9*log(sqrt(cx*2*x**2 + 1) + c*x)*b*ckxd*e + 18*akck*3*d*

*2%x + 18kakxck*3kdke*xx**2 + BGkakck*k3kex*kkx**x3)/(18%c**3)

output
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3.6 [(d + ex)(a + barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e BT
Mathematica [A] (verified) . . . . . . . . . ... o 87
Rubi [A] (verified) . . . .. . . ... .. ’Y
Maple [A] (verified) . . . . . . ... L 90
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 90
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... OT]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... OT]
Giac [A] (verification not implemented) . . . . . . ... ... ... 92
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 92
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 93

Optimal result

Integrand size = 14, antiderivative size = 92

22 2.2
/(d + ex)(a + barcsinh(cx)) dz = — bd\/lz‘ﬁ _ bexv/1 + c2x?

4c
b(2d2 - i—;) arcsinh(cz)
B 4e
N (d + ex)?(a + barcsinh(cz))

2e

~

p
‘—b*d*(c‘2*x“2+1)“(1/2)/c—1/4*b*e*x*(c‘2*x‘2+1)“(1/2)/c—1/4*b*(2*d‘2—e“2/c‘

output
L2) *arcsinh(c*x) /e+1/2% (exx+d) ~2% (a+b*arcsinh(c*x))/e J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.99

2 2
/(d " e:v)(a + barcsinh(cw)) dx = adx + %aegﬂ . @

bexv/1+ c2x?  bearcsinh(cx)
_|_
4c 4c?

1
+ bdzarcsinh(cz) + §bex2arcsinh(cx)




input

output
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‘Integrate[(d + e*xx)*(a + b*ArcSinh[c*x]),x] ‘

‘a*d*x + (a*exx"2)/2 - (b*d*Sqrt[1 + c”2*x"2])/c - (bxe*x*Sqrt[l + c~2*x"2] ‘
)/ (4xc) + (bxexArcSinh[c*x])/(4%c™2) + bkdsx*ArcSinh[ckx] + (bxe¥x"2#ArcSi |
th[c*x])/2 J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.15,

number of rules _ 0.286, Rules

number of steps used = 4, number of rules used = 4, = -
integrand size

used = {6243, 497, 455, 222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d + ex)(a + barcsinh(czx)) dx

| 6243
d+ex)?
(d + ex)?(a + barcsinh(cz)) 3 be [ \(/ﬁda:
2e 2e
l 497
202 61302—62
be f%dx + e\/c2m2+;(d+e(t)
(d + ex)?(a + barcsinh(cz)) B 2 %
2e 2e
l 455
he (2¢2d2—e?) [ ﬁdxﬂde\/czz‘zﬂ L /2221 (dtex)
(d + ex)?(a + barcsinh(cz)) 2¢2 2¢2
2e 2e
l 222
" arcsmh(czc)(zczdz_e?)+3de oy N v/ 1 (d+ex)
2 2
(d + ex)?(a + barcsinh(cz)) % %

2e 2e



input

output

rule 222

rule 455

rule 497

rule 6243
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‘Int[(d + exx)*(a + bxArcSinh[c*x]),x]

‘ ((d + exx)"2x(a + bxArcSinh[c*x]))/(2xe) - (bxc*((ex(d + e*x)*Sqrt[l + c~2
‘*x"2])/(2*c‘2) + (3*dxe*Sqrt[1 + c™2*%x72] + ((2%c”2*d"2 - e”2)*ArcSinh[c*x
1/e)/(2%c72)))/ (2%e)

Defintions of rubi rules used

‘Int[i/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
' [a)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQla, 0] && PosQ[b]

Int[((c_ ) + (@_)*(x_))*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[dx*((
a + b*x"2)"(p + 1)/(2xbx(p + 1))), x] + Simp[c Int[(a + b*x~2)"p, x], x]
/; FreeQ[{a, b, c, d, p}, x] & !'LeQ[p, -1]

Int[((c_) + (d_.)*(x_))" (@ )*((a ) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
dx(c + d*x)"(n - D*((a + b*xx"2)"(p + 1)/(b*x(n + 2%p + 1))), x] + Simp[1/(b
*(n + 2xp + 1)) Int[(c + d*x)~(n - 2)*(a + b*x"2) “p*Simp[b*c™2x(n + 2%p +
1) - axd™2*(n - 1) + 2*bxcxd*(n + p)*x, x], x], x] /; FreeQ[{a, b, ¢, d, n
,» PY, x] && If[RationalQ[n], GtQ[n, 1], SumSimplerQ[n, -2]1] && NeQ[n + 2xp
+ 1, 0] && IntQuadraticQ[a, O, b, ¢, d, n, p, x]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_)*(x)) " (m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c™2*%x"2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n
» 0] && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.91

method result
c arcsinh(zc)e z2 . e( C2m§+l £e— arcsinzh(wc) > +2dev/e?a?+1
b| =5 ———+tarcsinh(zc)zcd— 50
1,,..2
parts a(zem —|—dm) + .
2 9 e( V22211 ze _ arcsinh(zc) )
( 240412 2) b (arcsmh(mc)m ?d+ arCSinh(zc)e - - 2 : —dc\/m)
alc z+§c ex
derivativedivides < - <
e( V22241 ac _ arcsinh(zc) )
b| arcsinh(zc)z c2 d+ arcsinh(zc)e a?c? - 2 2 —dc\/m
a(02d2+%c2em2) 2 2
default D - c
N\
2.2 : (ex+d)be
. (3c2e2xz3+10c%de z2+4c?d?z+2e2x+5de) (a+b arcsinh(zc)) (ez-+4d) (c*z*+1) (e(a+b arcsinh(zc))+ Ve2a241
orering 4c2(ex+d) 4c? (ex+d)
input {int ((exx+d)* (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBOSE) J
output ‘ ax(1/2*%e*x~2+d*x)+b/c* (1/2*c*arcsinh (x*c) *e*x~2+arcsinh (x*c) *x*c*xd-1/2/c*( ‘

‘ ex(1/2%(c™2*x~2+1) ~(1/2) *x*c-1/2*arcsinh (x*c) ) +2xd*c* (c~2*x~2+1) ~(1/2))) ‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.95

/ (d + ex)(a + barcsinh(cz)) dz
_ 2ac’ex® + 4actdx + (2bc’ex® + 4bcdx + be) log (cx 4 v/ 2?4 1) — (beex + 4 bed)vV/c2a? + 1

4c?

input

Lintegrate ((exx+d)*(atb*arcsinh(c*x)),x, algorithm="fricas") J

output

‘1/4*(2*a*c"2*e*x“2 + 4¥axc”2xd*x + (2¥b*cT2*e*x”2 + 4xb*c”2%d*x + b*e)*log \
‘(c*x + sqrt(c™2*x"2 + 1)) - (bkckxexx + 4xbxc*d)*sqrt(c™2*x~2 + 1))/c™2 ‘
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Sympy [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.08

/ (d + ex)(a + barcsinh(cx)) dx

2 . bex? asinh 2,2 2.2 be asinh
adz + aeQm + bdx asinh (CCL‘) 4 bez a,s;n (cx) bd\/ccac +1 _ bem\/icz +1 + 63522 (cz) for ¢ 7& 0

a (dx + %) otherwise

input Lintegrate ((e*xx+d) * (a+b*asinh(c*x)) ,x) J

‘Piecewise((a*d*x + akexx**2/2 + bxdkx*asinh(c*x) + bxe*x**2*asinh(c*x)/2 - ‘
| brdxsqrt(ck*2kxxx2 + 1)/c - bxexxksqrt(ckx2%x*2 + 1)/(4%c) + bxekasinh(c |
‘*x)/(4*c**2), Ne(c, 0)), (ax(d*x + exx*x2/2), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.89

/(d + ex)(a + barcsinh(cx)) dx

22 ;
= 1aea:2—|—1 <2x2arsinh (ca:)—c( caotlz arsmh(cz)))be

2 4 c2 3
(cx arsinh (cx) — vc?x? + 1)bd
+ adx +
c
inputLintegrate((e*X+d)*(a+b*arcsinh(c*x)),x, algorithm="maxima") J
output‘ 1/2%axe*x~2 + 1/4%(2*x"2*arcsinh(c*x) - c*(sqrt(c™2*x"2 + 1)*x/c”2 - arcsi ‘

th(c*x)/c"S))*b*e + axd*x + (c*x*arcsinh(c*x) - sqrt(c™2*x~2 + 1))*bxd/c J
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Giac [A] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.33

/ (d + ex)(a + barcsinh(cx)) dx
22
- %aeaz2 + (azlog (c:c +Vcx? + 1) — %H) bd

1 /272 1 1 _ + 22+1
+Z<2x210g<cx+vC2x2+1>_c< cz” + Ty og (—zlc| + vz )>)be

c? A3|c|

+ adzx

input Lintegrate ((exx+d) * (at+b*arcsinh(c*x)),x, algorithm="giac") J

t‘ 1/2%axe*x”2 + (x*log(c*x + sqrt(c™2*x”2 + 1)) - sqrt(c™2*x"2 + 1)/c)*b*xd + ‘
‘ 1/4*%(2xx"2*%log(c*x + sqrt(c™2*x"2 + 1)) - cx(sqrt(c™2*x"2 + 1)*x/c”2 + lo ‘
‘g(-x*abs(c) + sqrt(c™2*x"2 + 1))/(c"2*abs(c))))*bxe + axd*x ‘

outpu

Mupad [B] (verification not implemented)

Time = 2.91 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.85

az(2d+ez) bd(vc?z?+1—czasinh(cz))
2 c
bexvctz?+1

z 1
- inh d
1 + bex asinh(cx) <2 +4czx>

/ (d + ex)(a + barcsinh(cz)) dz =

e A
int((a + b*asinh(c*x))*(d + e*x),x)

N\ J

input

(akxx(2%d + exx))/2 - (bxdx((c™2#x™2 + 1)°(1/2) - cxx*asinh(c*x)))/c - (bx

output
Le*x*(c“2*x"2 + 1)7(1/2))/(4%c) + bkexx*asinh(c*x)*(x/2 + 1/(4*c~2%x)) J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.17

/ (d + ex)(a + barcsinh(cx)) dx

_ 4asinh(cz) bPdx + 2asinh(cz) bc’ex® + 2asinh(cx) be — 4v/c2x? + 1bed — v/ c2a? + Lbeex — log (v
B 4c?

-

Lint ((e*xx+d) * (a+b*asinh(c*x)) ,x)

| —

input

t‘(4*asinh(c*x)*b*c**2*d*x + 2xasinh (c*x) *bxck*k2*exx*k*2 + 2*kasinh(c*x)*b*e -
\ 4xsqrt (c**2*x*x2 + 1)*bkckxd — sqrt(c**2*x**2 + 1)*bkckexx - log(sqrt(c**2
‘*x**Q + 1) + c*x)*bke + 4kakcx*2xd*xx + 2kakck*k2kexx**2)/(4kxc**2) ‘

outpu
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3.7 [(a + barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 94]
Mathematica [A] (verified) . . . . . . . . . ... o 94
Rubi [A] (verified) . . . .. . . ... .. 95
Maple [A] (verified) . . . . . . ... L 95
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 96
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 96
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 97l
Giac [A] (verification not implemented) . . . . . . ... ... ... 97
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 97
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 98

Optimal result

Integrand size = 8, antiderivative size = 30

/ 2.2
/ (a + barcsinh(cx)) dz = az — bl# + bzxarcsinh(cz)

Output‘a*x—b*(c"2*x"2+1)"(1/2)/c+b*x*arcsinh(c*x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

b1+ 222
/(a + barcsinh(cz)) dx = ax — ovi+cia” + brarcsinh(cz)
c
input LIntegrate [a + b*ArcSinh[c*x],x] J
Output La*x - (b*Sqrt [1 + CAQ*XA2] )/C + b*x*ArcSinh [C*X] J




input

output

rule 2009
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + barcsinh(cx)) dzx
| 2009
22 1
az + brarcsinh(cz) — bc++
‘ Int[a + b*xArcSinh[c*x] ,x]

La*x - (b*Sqrt[1 + c™2*x"2])/c + bxx*ArcSinh[c*x]

Defintions of rubi rules used

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

method result size
orering z(a + b arcsinh (zc)) — @ 29
default za + b(mc arCSinh(wCC)_m> 31
parts - b(mc arcsinh(zcc)—\/m> a1
derivativedivides aret? <xc arcsmh(xc)_m) 33

[
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inputLint(a+b*arCSinh(x*c)sx,meth0d=_RETURNVERBUSE) J

outputLX*(a+b*arcsinh(x*c))-b*(c"2*x"2+1)"(1/2)/c; J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.43

p bex log (cx + V2a? + 1) + acx — V/2z? + 1b
xTr =
c

/ (a + barcsinh(cz))

jnputLintegrate(a+b*arcsinh(c*x),x, algorithm="fricas") J

Output‘(b*c*x*log(c*x + sqrt(c”™2*x72 + 1)) + a*c*x - sqrt(c”2*x"2 + 1)*b)/c ‘

Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.87

zasinh (cz) — YEIH forc £ 0

/ (a + barcsinh(cx))dr = az + b
0 otherwise

input Lintegrate (at+b*asinh(c*x) ,x) J

‘a*x + b*Piecewise((x*asinh(c*x) - sqrt(c**2xx**2 + 1)/c, Ne(c, 0)), (0, Tr ‘

output‘ue)) ‘
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

(cz arsinh (cz) — V22? + 1)b

Cc

/ (a + barcsinh(cz)) dz = az +

input Lintegrate (at+b*arcsinh(c*x),x, algorithm="maxima") J

outputta*x + (cxx*arcsinh(c*x) - sqrt(c™2*x~2 + 1))*b/c J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

2.2 1 1
/(a + barcsinh(cx)) dz = (x log (cx + Vcta? + 1) - %) b+ ax

input Lintegrate (atb*arcsinh(c*x),x, algorithm="giac") J

(x*log(cxx + sqrt(c™2*x"2 + 1)) - sqrt(c™2*x"2 + 1)/c)*b + axx
output | & 4 9

Mupad [B] (verification not implemented)

Time = 2.79 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

bvc2z?+1
/(a + barcsinh(cz))dxr = ax — %—i_ + bz asinh(cx)
inputtint(a + bx*asinh(c*x),x) J
output[a*x - (b*(c™2*%x"2 + 1)7(1/2))/c + b*x*asinh(c*x) J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

asinh(czx) bex — v/ c2x? + 1b+ acz

Cc

/ (a + barcsinh(cz)) dx =

-

input Lint (atb*asinh(c*x) ,x)

-/

outputt(aSinh(C*X)*b*c*x - sqrt(c**2*x**2 + 1)*b + axc*x)/c




output
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a+barcsinh(cz)

3.8 | T dx

Optimal result . . . . . . . . . . . . . e 99]
Mathematica [A] (verified) . . . . . . . . . ... 100
Rubi [A] (verified) . . . . . . . . . . 100
Maple [A] (verified) . . . . . . . . .. 1031
Fricas [F] . . . . . . o 103l
Sympy [F] . . o e 104
Maxima [F] . . . . . . 104
Giac [F] . . . o o o 104
Mupad [F(-1)] . . ..o e 105
Reduce [F] . . . . . o 105

Optimal result

Integrand size = 16, antiderivative size = 187

/ a + barcsinh(cz) (a + barcsinh(cz))?
dz = —
d+ex 2be

(a + barcsinh(cz)) log <1 t verre

)

+

_|_

(a + barcsinh(cz)) log <1 + Vo

)

b PolyLog <2, ee

arcsinh(cz)

T cd—/c2d2te?

arcsinh(cz)
cd++/c2d2+e2?

+
e

> N b PolyLog <2, —

-1/2*(a+b*arcsinh(c*x)) ~2/b/e+(at+b*arcsinh (c*x) ) *1n(1+e* (c*x+(c™2%x™2+1) ~(
1/2))/(cxd-(c~2*d"2+e~2) ~(1/2))) /e+(a+b*arcsinh(c*x) ) *1n (1+ex (cxx+(c™2*x"2
+1)7(1/2)) / (c*d+(c™2*%d"2+e"2) " (1/2)) ) /etb*polylog(2,-e* (c*x+(c™2*xx"2+1) " (1
/2))/ (cxd-(c~2*d~2+e~2) ~(1/2))) /e+b*polylog(2,-e* (ckx+(c™2*%x~2+1) ~(1/2))/(

c*xd+(c"2xd"2+e"2)"(1/2))) /e




input

output
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.94

dz

a + barcsinh(cz)
d+ex
ecresinh(cz)

_ — ((a + barcsinh(cz)) (a + barcsinh(cz) — 2blog (1 + m) — 2blog <1 + %))) + 2p2
2be

‘Integrate[(a + bkArcSinh[c*x])/(d + e*x),x] ‘

(-((a + b*ArcSinh[c*x])*(a + b*ArcSinh[c*x] - 2*b*Logl[l + (e*xE~ArcSinh[c*x
1)/(c*d - Sqrt[c™2*d"2 + e72])] - 2xbxLog[l + (e*xE~ArcSinh[c*x])/(c*d + Sq
rt[c™2%d"2 + e72])])) + 2xb~2xPolyLog[2, (e*E~ArcSinh[c*x])/(-(c*d) + Sqrt
[c™2%d"2 + e72])] + 2xb~2xPolyLog[2, -((exE~ArcSinh[c*x])/(c*d + Sqrt[c~2*
d"2 + e72]))1)/(2xbxe)

Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.00,

number of rules _ () 319 Ryles
integrand size

number of steps used = 6, number of rules used = 5,
used = {6242, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barcsinh(cx)
d+ex

| 6242
/ Vc2z? + 1(a + barcsinh(cz))

cd + cex

darcsinh(cx)

l 6095

arcsinh(cz) i
/ e (a + barcsinh(cz)) darcsinh(cz) +

cd + eearcsinh(cz) _ (/022 + €2

arcsinh(cz) : : 2
/ e .(a + barcsinh(cx)) darcsinh(cz) — (a + barcsinh(cx))
cd + eearcsinh(cz) 4 m 2be



CHAPTER 3. LISTING OF INTEGRALS 101

l 2620

arcsinh(cz) . arcsinh(cz) .
_bf log (W\/ﬁ + 1) darcsinh(cz) - b [log (W - 1) darcsinh(cz)

_|_

e e
T i h cT i h cT
(a + barcsinh(cz)) log (% + 1) N (a + barcsinh(cz)) log (% 1)
e e
(a + barcsinh(cz))?
2be
| 2715

earcsinh(cz)

b g~arcsinh(cz) 150 (m

+ 1) dearcsinh(cx)

. e .
7;11:(75%1;(;:_):2 + 1) deresioh(e) (g 4 barcsinh(cz)) log ( ecttesinhier) 1)

b f e—a,rcsinh(c:l:) log ( g
+ v

R e
eedresinh(cx)

e
(a + barcsinh(cz)) log (7m+0d + 1) (et barcsinh(cz))?
e 2be

l 2838

eedresinh(cz) eedrcsinh(cx)

waverse T 1) . (a + barcsinh(cz)) log <m + 1) B
© eearcsinh(cx) ¢ eedrcsinh(cz) )

m+wmmmmwf+bRWhg@¢}%%%ué>+bHWMg@pMHﬁ%qé
2be e e

(a + barcsinh(cz)) log (

+

-

inputtlnt[(a + b*ArcSinh[c*x])/(d + e*x),x]

| —

p

-1/2*(a + b*ArcSinh[c*x])~2/(b*e) + ((a + b*ArcSinh[c*x])*Log[1l + (e*E~Arc
Sinh[c*x])/(cxd - Sqrt[c™2*xd"2 + e72])])/e + ((a + b*ArcSinh[c*x])*Log[1 +

(exE"ArcSinh[c*x])/(c*d + Sqrtl[c™2*d~2 + e~2])]1)/e + (b*PolyLog[2, -((e*E
“ArcSinh[c*x])/(cxd - Sqrtl[c~2*d~2 + e~2]1))])/e + (b*PolyLogl[2, -((e*E~Arc
Sinh[c*x])/(c*d + Sqrtl[c™2*d~2 + e72]))]1)/e

output




rule 2620

rule 2715

rule 2838

rule 6095

rule 6242
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Defintions of rubi rules used

Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_D)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)"m*x(E"(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E"(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

~

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]




input

output

input

outputt
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Maple [A] (verified)

Time = 1.66 (sec) , antiderivative size = 279, normalized size of antiderivative = 1.49

[ €

arcsinh(zc) In
(@e) ( —cd+V/c2d? +e2

method result
—cd— +vVc2224+1)+v/c2d2+€2 d+
b arcsinh(zc) In ‘ e(mc i = 2) = c ‘ b arcsinh(zc) In cie(mc
aln(ez+d) barcsinh(zc)? —cd+vV/c2d2te
parts - % + +

—cd—e (zc+\/ 621}2+1) +V 242 +52 cd+e (zc+ V 62z2+
arcsinh(zc)In| ————————
J’_

: 2
acln(cex+cd) __arcsinh(zc)
e +be 2e + e

derivativedivides
arcsinh(zc) 1n<_6d_e(mC+ 6212;;)4—2 C2d2+82> arcsinh(zc) 1n(M
acln(c:a:-}—cd) Tbe _a,rcsinz};(a;c)2+ —ecd+ c2d2 e "
default

tint((a+b*arcsinh(x*c))/(e*x+d),x,method=_RETURNVERBOSE)

a*x1ln(e*x+d)/e-1/2*b*arcsinh(x*c) ~2/e+b/e*arcsinh (x*c)*1n((-cxd-e* (x*xc+(c~2
*x72+1)7(1/2) )+ (c"2*%d"2+e"2) " (1/2) ) / (—cxd+(c"2*d"2+e~2) " (1/2)) ) +b/e*arcsin
h(x*c)*1n((ckd+e* (x*c+(c™2*xx"2+1) ~(1/2))+(c”2*%d"2+e"2) " (1/2) ) / (c*d+(c~2%d"~
2+e72)"(1/2)))+b/e*dilog((-c*d-e* (x*c+(c™2*x"2+1) " (1/2) ) +(c™2*d"2+e~2) ~(1/
2))/(—cxd+(c™2*d"2+e~2) ~(1/2) ) ) +b/e*dilog((cxd+e* (x*kc+(c™2*%x"2+1) ~(1/2) ) +(
c™2%d"2+e"2)"(1/2))/ (c*d+(c"2xd"2+e~2) " (1/2)))

Fricas [F]

dr = dx

/ a + barcsinh(cz)

/ barsinh (cz) + a
d+ex

er+d

Lintegrate((a+b*arcsinh(c*x))/(e*x+d),x, algorithm="fricas")

integral ((bxarcsinh(c*x) + a)/(e*x + d), x)
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Sympy [F]

dz

/ a + barcsinh(cz) dp — / a + basinh (cx)
d+ex B d+ex

input tintegrate ((a+b*asinh(c*x))/ (exx+d) ,x)

Ou_tputLIntegral((a + b*asinh(c*x))/(d + e*x), x)

Maxima [F]

/ a + barcsinh(cz) dp — / barsinh (cx) + a i
d+ex er+d

fnput Lintegrate ((a+b*arcsinh(c*x))/(e*x+d) ,x, algorithm="maxima")

output Lb*integrate(log(c*x + sqrt(c™2*x”2 + 1))/(e*x + d), x) + a*xlog(exx + d)/e

Giac [F]

dx

/ a + barcsinh(cz) / barsinh (cz) + a
dr =
d+ex er+d

input Lintegrate ((atb*arcsinh(c*x))/(e*x+d) ,x, algorithm="giac")

output Lintegrate((b*aICSinh(C*X) + a)/(e*x + d), x)
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Mupad [F(-1)]

Timed out.

/ a + barcsinh(cz) dp — / a + basinh(cz) i
d+ex d+ex

input Lint((a + b*asinh(c*x))/(d + e*x),x)

output Lint((a + bxasinh(c*x))/(d + e*x), x)

Reduce [F]

<f %dw) be + log(ex + d) a

/ a + barcsinh(cz) o —
d+ex e

input Lint ((a+b*asinh(cxx))/ (exx+d) ,x)

outputt(int(asmh(c*x)/(d + exx),x)*bxe + log(d + e*x)*a)/e




output‘

input

output
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3.9 f a+barcsinh(cz) dx
: (dtex)?

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 106
Rubi [A] (verified) . . . . . . .. . . 107
Maple [B] (verified) . . . . . . . ... 108}
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 109
Sympy [F] . . . 1101
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 110
Giac [B] (verification not implemented) . . . . . ... ... ... ... 111
Mupad [F(-1)] . . . . . e 111
Reduce [F] . . . . . . 112

Optimal result

Integrand size = 16, antiderivative size = 82

e—c?dx
/ a + barcsinh(cz) CE barcsinh(cz) bearctanh ( VPt \/1+02z2>
(d+ ex)? B e(d + ex) eVcd? + €2

/(c™2%x72+1)"(1/2)) /e/ (c"2%d"2+e~2) " (1/2)

- (atb*arcsinh(c*x))/e/ (e*xx+d) -b*c*arctanh ((-c~2xd*x+e) / (c~2*d"2+e~2) ~(1/2)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.96

scarctanh ( e—c’dy

)

) a+barcsinh(cz) V2121122
/ a + barcsinh(cz) p dies + JEPTe
r=—
(d+ ex)? e

LIntegrate[(a + bxArcSinh[c*x])/(d + e*x)~2,x]

‘-(((a + bxArcSinh[c*x])/(d + e*x) + (bxc*ArcTanh[(e - c~2*d*x)/(Sqrt[c™2+d ‘

"2 + e"2]#Sqrt[1 + c"2%x"2])1)/Sqrt[c 2+d"2 + e72])/e)
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.00,

number of rules _ 0.188, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {6243, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barcsinh(cz)
(d+ ex)?
| 6243
1
be | (d+ex)VZa?+1 dz _a+ barcsinh(cz)
e e(d + ex)
| 488
be f 1 — d e—c?dx
e—c X V 2 2+1
_ C2d2+62—% °r _a+ barcsinh(czx)
e e(d + ex)
| 219
e—c?dx
_a+barcsinh(cz) bcarctanh(\/c%Q TR +32>
e(d + ex) evcld? + €2
input LInt [(a + b*ArcSinh[c*x])/(d + e*x)~2,x] J

‘—((a + bxArcSinh[c*x])/(ex(d + e*x))) - (b*cxArcTanh[(e - c”2xd*x)/(Sqrtlc ‘
\“2*d‘2 + e72]*3qrt[1 + c2*xx72])]1)/(e*Sqrt[c™2*xd"2 + e72])

output
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x72), x], x, (a*d - bxc*x)/Sqrtl[a + b*x~2]] /; FreeQ
[{a, b, c, 4}, x]

rule 488

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_)*(x))"(m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSinh[c*x]) n/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[(d + exx)~(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrtl1 + c~2*x~2]1), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
, 0] && NeQ[m, -1]

rule 6243

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 173 vs. 2(76) = 152.

Time = 4.26 (sec) , antiderivative size = 174, normalized size of antiderivative = 2.12
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method result
2czd2+252 2dc wc+ ) c2d2+e \/ dc 2 2dc zc+ ) c2d24e2
+2,/ +
beln e? Tde dc e2
xc
___a __ bearcsinh(zc)
parts (ex+d)e (cez+cd)e R \/ 2d2+e
2 d2+2€ 2dc zz+ t2 /C2d2+e2 \/ 2 2dc a:c+ )+02d822+e2
tn mc+ dc
_ arcsinh(zc) _
(cez+cd)e+bc (cex+cd)e e2\/C2(12_+_(_32
e2
derivativedivides
262d2+2€ _2dc zz+ +2 /c2d2+e \/ 2 2dc :vc+ )+62de22+62
In mc+
2 inh(zc)
~Teeatede 10 | ~Toerted)e N
[
€
default .
input Lint ((at+b*arcsinh(x*c))/(e*x+d)~2,x,method=_RETURNVERBOSE) J
output‘ -a/(exx+d) /e-b*xc/ (c*xe*x+c*xd) /e*arcsinh (x*c)-bxc/e~2/((c"2xd~2+e"2)/e~2)~ (1

| /2)*1n((2%(c™2%d"2+e"2) /e"2-2xd*c/ex (x¥ct+drc/e)+2x ((c™2xd"2+e72) /e72) " (1/2 |
) ((xkctdrc/e) “2-2%d*c/ex (xkc+drc/e) +(c™2%d™2+e72) /e72) " (1/2)) / (x*c+dxc/e) |
& |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 253 vs. 2(78) = 156.

Time = 0.11 (sec) , antiderivative size = 253, normalized size of antiderivative = 3.09

/ a + barcsinh(cz) -

(d+ex)?
ABd2z—cde+V/ ¢
ac’d® + ade® — (bc*d*e + be?)z log (cz + v/2a? + 1) — (bedex + bed?) v/ c?d? + e? log ( garTee

c2d*e + d?e3 + |

inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)‘2,x’ algorithm="fricas") J
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-(a*c™2*d"3 + axd*e”2 - (b*c"2+d"2*e + b¥e”3)*xxlog(c*x + sqrt(c™2*x"2 + 1
)) - (bxc*d*e*xx + b*ckd~2)*sqrt(c™2+%d"2 + e~2)*log(-(c~3*%d"2*x - c*d*e + s
qrt(c™2*d"2 + e”2)*(c"2*d*x - e) + (c™2*xd"2 + sqrt(c”2*d"2 + e”2)*cxd + e~
2)*sqrt(c™2*x"2 + 1)) /(exx + d)) - (b*c™2%d"3 + b*d*e”2 + (b*c™2*d"2*e + b
*xe~3) *x) *log(-c*x + sqrt(c™2*x"2 + 1)))/(c"2*d"4*e + d"2%e"3 + (c"2*d"3*e”
2 + dxe”4)*x)

output

Sympy [F]
/ a + barcsinh(cz) / a + basinh (cz)
2 = 5 dx
input{integrate((a+b*asinh(c*x))/(e*x+d)**2,x)

~—

Outputtlntegral((a + b*asinh(c*x))/(d + e*xx)**2, x)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.26

: cdVerr Vel
arsinh (C.Z’) carsinh <e|62m+de| cle?z+de] ) a

/ a + barcsinh(cz) dr— —b B

(d+ ex)? B e2z + de /.;26_,212 1 1e2 ez +de

inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)*2,x, algorithm="maxima")

/

| -b*(arcsinh(c*x)/(e~2%x + dxe) - cxarcsinh(cxd*sqrt(e”4)*x/(e*abs(e™2*x +
\d*e)) - sqrt(e”4)/(cxabs(e™2xx + d*e)))/(sqrt(c”2*d"2/e"2 + 1)*e72)) - a/(
(e"2kx + dke)

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 234 vs. 2(78) = 156.

Time = 0.37 (sec) , antiderivative size = 234, normalized size of antiderivative = 2.85

/ a + barcsinh(cz)
dx
(d + ex)?
clog (‘c2de —VAd? + e2|c||e] D sgn(ﬁ) sgu(e) log (cz + VP22 + 1) clog (’c2de VR T
= V2d? + e?|e] (ex + d)e N
__a
(ex + d)e
inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)*2,x, algorithm="giac") J
output (cxlog(abs(c~2*d*e - sqrt(c™2*d~2 + e~2)*abs(c)*abs(e)))*sgn(1/(e*x + d))*
sgn(e)/(sqrt(c™2*d~2 + e~2)*abs(e)) - log(ckx + sqrt(c 2%x~2 + 1))/((e*x +
d)*e) - cklog(abs(c™2*d*e - sqrt(c™2*d™2 + e"2)*(sqrt(c™2 - 2xc™2xd/(exx
+d) + c72+%d"2/(exx + d)72 + e72/(exx + d)72) + sqrt(cT2*xd"2+e”2 + e74)/((
exx + d)*e))*abs(e)))/(sqrt(c™2*d"2 + e~2)*abs(e)*sgn(1/(exx + d))*sgn(e))
)*¥b - a/((exx + d)*e)
Mupad [F(-1)]
Timed out.
/ a + barcsinh(cz) , / a + basinh(cz) i
(d+ ex)? (d+ex)?
inputtint((a + b*asinh(c*x))/(d + e*x)~2,x) J

e

~—

output 1BE((a + brasinh(ckn))/(@ + ex0)"2, x)
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Reduce [F]
asinh(cx asinh(cx
/ a + barcsinh(cx) - (f md@ bd? + (f mdx) bdex & az
(d + ex)? a d(ez + d)
inputLint((a+b*asinh(C*X))/(e*x+d)*2,x)

‘ (int (asinh(c*x) /(d**2 + 2xd*e*x + e*x*2xx**2) ,x)*b*d**2 + int(asinh(c*x)/(d

output
‘**2 + 2%d*e*x + e**x2*x**x2) ,x)*bkd*e*x + a*xx)/(d*(d + exx))




output
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a+barcsinh(cz)

3.10 | (Trea) dx

Optimal result . . . . . . . . . . . . . 113l
Mathematica [A] (verified) . . . . . . . . ... . L 113
Rubi [A] (verified) . . . . . . .. . . 114
Maple [B] (verified) . . . . . . . ... 176l
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 117
Sympy [F] . . . 117
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 118
Giac [F] . . . o o o 118
Mupad [F(-1)] . . . . . e 1191
Reduce [F] . . . . . . 119

Optimal result

Integrand size = 16, antiderivative size = 128

/ a + barcsinh(cz) dp = — bevV/1 + c2x? __a+ barcsinh(cz)
(d+ex)d  2(c2d® +€2) (d +ex) 2e(d + ex)?

- bc3darctanh< e—c’dx )

Vc2d2+e2y/14c2z2

2e (c2d? + €2)*/?

‘—1/2*b*c*(c“2*x‘2+1)“(1/2)/(c“2*d“2+e‘2)/(e*x+d)-1/2*(a+b*arcsinh(c*x))/e/
‘ (exx+d) ~2-1/2*b*c~3*d*arctanh ((-c~2*d*x+e)/ (c"2%d"2+e"2) ~(1/2) / (c~2*x"2+1)

L‘(1/2))/e/(c‘2*d‘2+e‘2)“(3/2)

|
|
J

Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.30

/ a + barcsinh(cz) dp — 1 a
(d+ex)d 2

B _ bev1+c?z*  barcsinh(cz)
e(d+ex)? (Ad*+e?)(d+ex) e(d+ex)?
bcddlog(d + ex)

e (c2d? + 62)3/2

btdlog (e — Pdz + VAd? + €21 + 2x?) )

e (c2d? + 62)3/2
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input‘ Integrate[(a + b*ArcSinh[c#*x])/(d + e*x)~3,x] ‘

t‘ (-(a/(ex(d + exx)"2)) - (bxc*Sqrt[l + c™2*x"2])/((c”2*d"2 + e~ 2)*(d + e*x) ‘
) - (b*ArcSinh[c*x])/(e*(d + e¥x)~2) + (b*c"3*d*Logld + exx])/(ex(c™2#d™2 |
'+ e72)7(3/2)) - (b*c"3xd*Logle - c™2xd*x + Sqrt[c™2%d"2 + e"2]*Sqrt[l + ¢~
2xx7211)/ (ex(c"24d"2 + €72)7(3/2)))/2

outpu

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.01,

number of rules __
integrand size 0.250, Rules

number of steps used = 5, number of rules used = 4,
used = {6243, 491, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barcsinh(cz) d
(d+ ex)3
| 6243
1
be | Girespvemmi®® o+ barcsinh(ca)
2e 2e(d + ex)?
| 491
Pdf T de 222
bc (d+ex)Vezs+1 _ em
cid e (c*d*+e?)(d+ez) a + barcsinh(cx)
2e  2e(d+ ex)?
| 488
1 e—c2dz
a4 242102 (6_62‘”)2‘1 cZa? 41
bel — R 7 XS | _ evc2z2+1
c2d?+e2 (c2d?+€2)(d+ex)

_ a+ barcsinh(cz)
2e 2e(d + ex)?

l 219




CHAPTER 3. LISTING OF INTEGRALS 115

2 %
; c darctanh( Nz m) N
cl| — (@d21e2)? T (Pd?+e?)(d+ex)
a + barcsinh(cz)

2e ~ 2e(d+ ex)?

-

LInt[(a + b*ArcSinh[c*x])/(d + exx)"3,x]

-/

input

|-1/2%(a + bArcSinh[c*x])/(e*(d + e*x)~2) + (bxcx(-((exSqrtll + c"2#x721)/
| ((c™2%d™2 + e"2)x(d + e*x))) - (c2*d*ArcTanh[(e - c™2xd*x)/(Sqrtlc™2%d"2
+ e"2]*Sqrt[1 + c™2+x72])1)/(c72+d™2 + e72)7(3/2)))/(2%e) |

output

Defintions of rubi rules used

e B

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]1*Rt[-b, 2]))*
‘ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt ‘
Qla, 0] |1 LtQlb, 01) |

rule 219

rule 488 Int[1/(((c_) + (d_.)*(x_))*Sqrtl[(a_) + (b_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(b*c™2 + a*d™2 - x~2), x], x, (a*d - bxc*x)/Sqrt[a + b*xx~2]] /; FreeQ
({a, b, c, d}, x]

rule 491 Int[((c_ ) + (@_)*x)))" (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[
dx(c + d*x)"(n + D*((a + b*xx"2)"(p + 1)/((n + 1)*(b*c™2 + a*d"2))), x] + S
imp [b*(c/(b*c™2 + a*xd~2)) Int[(c + d*x)"(n + 1)*(a + b*x"2)7p, x], x] /;
FreeQ[{a, b, ¢, d, n, p}, x] & EqQ[n + 2xp + 3, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + exx)"(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[(d + exx)~(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c~2*x72]1), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
, 0] && NeQ[m, -1]

rule 6243




input

output
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 272 vs. 2(114) = 228.

Time = 5.03 (sec) , antiderivative size = 273, normalized size of antiderivative = 2.13

method result
dc
2c2d2+252 _ 2dc(zc+?
bc3dln
\ bc2\/(wc+dc>2_2dc(zc+‘ic) +c2d22+62
b c? arcsinh(zc) e e e
arts — o — — —
p 2(ex+d)?e 2(cex+cd)?e 2e(c2d2+e2) (wc—i—%)
2c2d2+2e2 2dc(zc+%>
dceln
2dc zc+@) 22,2
o (oerte 2L E) iy
— € —
242 4e2 +@
_ acd +b03 __arcsinh(zc) + (C ) )(mc ¢ )
2(cez+cd)26 2(cez+cd)2e
derivativedivides c
962424002 2de(wct+ D)
dc dceln 2
o
_ e e e _
242 1¢2) (zoqt 42
_ acd +bc3 ___arcsinh(zc) + (C ¢ )(:Dc ¢ )
2(cea:+cd)2e 2(cez+cd)2e
default -

-

Lint ((at+b*arcsinh(x*c))/(e*x+d) ~3,x,method=_RETURNVERBOSE)

-/

-1/2xa/ (exx+d) ~2/e-1/2%b*c~2/ (cxexx+c*d) “2/e*arcsinh(x*c)-1/2*bxc~2/e/(c"2
*d~2+e”2) / (x*c+d*c/e) * ((x*c+d*c/e) “2-2%d*c/e* (x*xc+d*c/e)+(c~2*xd"2+e"2) /e~2
)~ (1/2)-1/2%b*c~3/e"2+d/ (c"2xd"2+e”2) / ((c"2*%d"2+e"2) /e~2) " (1/2) *1n((2* (c"2
*d"2+e"2) /e"2-2xd*c/e* (x*c+d*c/e) +2* ((c™2xd"2+e"2) /e~2) ~(1/2) * ((x*c+d*c/e)

~2-2xd*c/e*x (x*c+d*c/e)+(c"2%d"2+e"2) /e"2) " (1/2)) / (x*c+d*c/e))
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 566 vs. 2(116) = 232.

Time = 0.17 (sec) , antiderivative size = 566, normalized size of antiderivative = 4.42

/ a + barcsinh(cz) dp —

(d+ex)?
(a+b)c'd + (2a+b)cd'e® + ad’e’ + (bc'd'e? + bPd?e!)z? — (bPd*e?a? 4 2 bcPd ex + bc*d®)v/ 2

-

Lintegrate((a+b*arcsinh(c*x))/(e*x+d)‘3,x, algorithm="fricas")

~—

input

-1/2%((a + b)*c~4*d"6 + (2%a + b)*c"2xd"4*e”2 + axd"2*e"4 + (b*c~4*d"4xe"2
+ b*c"2xd"2*%e"4)*x"2 — (b*c"3*d"3*e”2%x"2 + 2%b*c”3*d"4*e*x + b*c~3%d"5)*
sqrt(c™2xd"2 + e72)*log(-(c™3*d"2xx - c*d*e + sqrt(c”2*d"2 + e~2)*(c™2xd*x
- e) + (c72xd"2 + sqrt(c™2%d"2 + e"2)*cxd + e"2)*sqrt(c”2*x"2 + 1))/ (exx
+ d)) + 2x(bxc"4xd"5*e + bxc"2+d"3*e"3)*x - ((b*c~4*d"4*e”2 + 2%bxc”2xd"2#
e”4 + b*e"6)*x"2 + 2% (b*c"4*d"5%e + 2xbxc”"2*d"3xe”3 + bxd*e”5)*x)*1log(ckxx
+ sqrt(c”™2*x"2 + 1)) - (b*c™4*d"6 + 2%bxc~2*xd"4*e”2 + b*d"2*e"4 + (bxc”4xd
“4xe”2 + 2*b*c”2*d"2*xe"4 + b*e”6)*x"2 + 2x(b*c~4*d"bxe + 2xbxc”2+%d"3*e”3 +
bxd*e~5)*x)*log(-c*x + sqrt(c”2*x"2 + 1)) + (b*c~3*d"5*e + b*cxd~3*e”3 +
(b*c~3*%d"4*e”2 + bxckd"2*e~4)*x)*sqrt(c™2*xx"2 + 1))/(c"4*d"8*e + 2*xc~2xd"6
*e”"3 + d"4*e”5 + (cT4*d"6*e”3 + 2xc”2xd"4xe”5 + d"2*e”T7)*x"2 + 2% (cT4*d"T7*

e”2 + 2+c~2+d"5xe”4 + d~3*e”6)*x)

output

\

Sympy [F]
/a+ﬁM%mMmj t/a+b%mh@”
3 = 5 dz
inputLintegrate((a+b*asinh(c*x))/(e*x+d)**3,x) J

Output‘Integral((a + b*asinh(c*x))/(d + e*x)**3, x)
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.23

/ a + barcsinh(cz)
dz =
(d+ex)3
cAdarsinh | <& — 1
1 . c2x?+1 elo+d|  clz+d arsinh (cx)
2 c2d?ex + c2d3 + e3x + de? (2 4 1) %e‘l e3z2 + 2de?x + d2e
62
B a
2 (e322 + 2de2x + d?e)
inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)’“3,x, algorithm="maxima") J

-1/2%(cx(sqrt(c™2%x"2 + 1)/(c™2%d 2kexx + c"2%d"3 + e"3xx + dxe”2) - c"2+d
‘*arcsinh(c*d*x/(e*abs(x + d/e)) - 1/(c*abs(x + d/e)))/((c"2xd"2/e"2 + 1)~ ( ‘
‘3/2)*e"4)) + arcsinh(c*x)/(e"3*x"2 + 2*d*e”2*x + d"2*xe))*b - 1/2*a/(e”3*x” ‘
12 + 2%d*e"2kx + d"2ke)

output

Giac [F]
/ a + barcsinh(cz) _ / barsinh (cz) + a i
(d+ex)3 (ex + d)°
inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)“3,x, algorithm="giac") J
output Lintegrate((b*arcsinh(c*x) + a)/(exx + d)°3, x) J
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Mupad [F(-1)]

Timed out.
/ a + barcsinh(cz) , / a + basinh(cz) i
(d+ ex)3 (d+ex)’
input| 108 ((a + brasinh(cxx))/(d + exx)3,x) )
output Lint((a + b*asinh(c*x))/(d + e*x)"3, x) J
Reduce [F]
/ a + barcsinh(cz)
T
(d+ex)3
2 (f asinh(cz) dIE) bd2e + 4<f asinh(cz) d.’L’) bd 2z +2 <f asinh(cz) dl‘) b
. e3x343de?z243d2ex+d3 e3x343de2z243d2ex+d3 e3r34+3de2x2+3d2ex+d3
B 2e (€222 + 2dex + d?)
input Lint ((atb*asinh(c*x) )/ (exx+d) ~3,x) J
Output‘(2*int(asinh(c*x)/(d**3 + 3kd**2ke*xx + 3kdkekkkx**2 + e*kk3kx**3),x)*kbkd**

(2%e + 4xint(asinh(c*x)/(d**3 + Bxdk*2xexx + Brdker*kXk*2 + e¥*3*x¥*3),X)*
' brdxex*2kx + 2kint(asinh(c*x)/(d**3 + Bxdkx2kexx + BxdkerkkXF*2 + exx3kxk |
‘*3),x)*b*e**3*x**2 - a)/(2%ex(d**2 + 2xd*kexx + e**xkx**2)) ‘




output
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a+barcsinh(cz)
Optimal result . . . . . . .. . . . . . ... .. 120

Mathematica [A] (verified) . . . . . . . . . ... Lo
Rubi [A] (verified) . . . .. . .. .. ..
Maple [B] (verified) . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . ... ... ... ... ...
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 16, antiderivative size = 183

/ a + barcsinh(cz) dp = — bev/'1 + c?x?
(d+ ex)* © 6(c2d? +€?) (d + ex)?
b’dv1+c?x?  a+ barcsinh(cz)

2 (c2d? + €2)® (d + ex) 3e(d + ex)?

.2
) be3 (202d2 — 62) arctanh ( \/c2d2i—e§\(/1f+02z2 >

6e (c2d? + €2)7/*

‘—1/6*b*c*(c“2*x‘2+1)“(1/2)/(c“2*d“2+e‘2)/(e*x+d)“2—1/2*b*c“3*d*(c“2*x“2+1)
"(1/2)/(0‘2*d‘2+e‘2)‘2/(e*x+d)—1/3*(a+b*arcsinh(c*x))/e/(e*x+d)‘3—1/6*b*c‘
\3*(2*c‘2*d‘2-e‘2)*arctanh((—c‘2*d*x+e)/(c*2*d‘2+e‘2)‘(1/2)/(c‘2*x‘2+1)*(1/

\2))/e/(c*2*d*2+e*2)*(5/2)
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.12

xTr =

/ a + barcsinh(cz) 1 ( 20 bevl+ cPx?(e? + Pd(4d + 3ex))

(d+ ex)* 6\ e(d+ex) (2d? + €2) (d + ex)?
_ 2barcsinh(cz) b} (—2¢°d” + €?) log(d + ex)
e(d + ex)3 e (2d2 + e2)°/?

N b3 (—262d? + €?) log (e — Pdz + VA2d? + e2V/1 + 2a?)
e (c2d? + e2)%/*

e

LIntegrate[(a + b*ArcSinh[c*x])/(d + e*x)~4,x]

~—

input

((-2*%a)/(ex(d + exx)"3) - (b*cxSqrt[1 + c™2*x"2]*(e”2 + c™2xd*(4*d + 3*exx
)))/((c™2%@"2 + e72)"2*(d + e*x)"2) - (2*b*ArcSinh[c*x])/(e*(d + e*x)~3) -
(b*c™3*(-2xc~2%d"2 + e~2)*Logld + e*x])/(e*x(c™2xd"2 + €72)7(5/2)) + (bxc”
3x(-2%c"2*d"2 + e”2)*Logle - c™2xd*x + Sqrt[c”2+¥d"2 + e~2]*Sqrt[1 + c™2*xx~
2]1)/(ex(c™2xd"2 + e72)"(5/2)))/6

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.09,

number of rules _ 0.375, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6243, 498, 25, 679, 488, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barcsinh(cz)
(d+ex)*

l 6243

1
be | mdm _a+ barcsinh(czx)

3e 3e(d + ex)3
| 408
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2d—ex dz

2 —__ «a—exr
pel 5 @ree?VITi " | e/l
2(c%d 2(c*d d i
(Fd2+e?) (c?d®+e?)(d+ex) a + barcsinh(cz)
3e 3€(d + 6.’5)3
l 25
[ __2d—ex g
be <d+e§)22\/62;ﬁ _ 262\/022%TH ,
2(c2d 2(c*d d i
(Pd?+€?) (c®d*+e?)(d+ex) a + barcsinh(cx)
3e 3€(d + ew)f}
| 679
2.2 _2\,__ 1
B (2% e )\fz(?e?m“_ 3dey/Zo? 1
. ZdZte (c2d2+e2) (d+ea) B v/ 22241
HEET) 2(c?d*+e?)(d+ex)?
a + barcsinh(cz)
36 3e(d + ex)3
| 488
2.2 2 1 e—c?da
(26 a%—e )f — (e—c2d$)2 c2$2+1
ol 2d4e?— g g _ 3deV/cZx241
e s
) _ ey@Tl
NEET) 2(c?d?+¢?)(d+ez)?
3e
a + barcsinh(cz)
3e(d + ex)3
l 219
2.2 2 %
o (e Jarctanh (o mia) | swvian
(c2d2+52)3/2 (2d2+e?) (d+ea)
y __ e/@Pa
NEPTe) 2(c2d?+e?)(d+ex)?

e
a + barcsinh(cz)

3e(d + ex)

3

-

input LInt [(a + b*ArcSinh[c*x])/(d + e*x)~4,x]

~—
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-1/3%(a + b*ArcSinh[c*x])/(e*x(d + e*x)~3) + (bxc*(-1/2%(exSqrt[l + c~2%x"2
1)/((c™2%d"2 + e72)*(d + e*x)"2) + (c™2%((-3*d*exSqrt[1 + c™2xx~2])/((c~2*
4”2 + e”2)*(d + exx)) - ((2%c™2*%d"2 - e"2)*ArcTanh[(e - c~2*d*x)/(Sqrt[c~2
*d"2 + e”2]*Sqrt[1 + c”2*x"2])]1)/(c™2*%d"2 + e72)7(3/2)))/(2x(c”2*d"2 + e~2
))))/(3xe)

output

Defintions of rubi rules used

rule%‘\lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

219\{Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule

rule 488‘Int[1/(((0_) + (d_.)*(x_))*Sqrt[(a_) + (b_.)*(x_)"21), X_Symbol] > -Subst[
‘Int[l/(b*c‘Q + a*xd”2 - x72), x], x, (a*d - bxc*x)/Sqrt[a + b*x"2]] /; FreeQ
L[{a, b, ¢, d}, x]

~

rule 498 Int[((c_) + (@_.)*(x))"(n_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
d*(c + d*x)"(n + 1)*((a + b*x~2)"(p + 1)/((n + 1)*(bxc™2 + a*d~2))), x] + S
imp[b/((n + 1)*(b*c™2 + a*d"2)) Int[(c + d*x)"(n + 1)*(a + b*x"2) “p*(c*(n
+ 1) - d*(n + 2%p + 3)*x), x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[n
, -1] && ((LtQ[n, -1] && IntQuadraticQ[a, O, b, ¢, 4, n, p, x]) || (SumSimp
lerQ[n, 1] && IntegerQ[p]) || ILtQ[Simplify[n + 2*p + 3], 0])

rule 679 | Tt LC(d_.) + (e_)*(x_))"(m )*((£_.) + (g_)*(x_))*((a) + (c_)*(x)"2)"(p

_-), x_Symbol] :> Simp[(-(e*f - dxg))*(d + e*x)"(m + 1)*((a + c*x”2)"(p + 1
)/ (2x(p + 1)*(c*d™2 + a*e”2))), x] + Simp[(cxd*f + axexg)/(cxd"2 + axe”2)
Int[(d + exx)"(m + 1)*(a + c*x~2)"p, x], x] /; FreeQl{a, c, 4, e, f, g, m,
pY, x] && EqQ[Simplify[m + 2%p + 3], 0]
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Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*xx)~(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + bxArcSinh[c*x])~(
n - 1)/Sqrt[1 + c™2*x~2]), x], x] /; FreeQl{a, b, c, d, e, m}, x] && IGtQ[n
, 0] && NeQ[m, -1]

rule 6243

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 509 vs. 2(165) = 330.

Time = 4.76 (sec) , antiderivative size = 510, normalized size of antiderivative = 2.79

method result
bc3 (xc+@)2_2dc(zc+%) +02d2+e2 bc4d <xc+@)2_2dc(a:c+%) _
parts a b 3 arcsinh(zc) e e e? e €
- 3 3 - 2 -
3(ex+d)°e 3(cex+cd)’e 662(02d2+62)<xc+%) 2e(c2d?+e?)> (mc—i—%)
{
2 2dc(wetdc 2421 02 2 2de(wetde 24212
_ act _bc4arcsinh(:1:c)_bc4\/(zc+%> - ( e € )+c d62+e _bc5d\/(16+%) - ( e 5 )+c d62+e .
. . L. 3(cextcd)e 3(cetcd)e 6e2(c2d2+62) (zc+%)2 2e(c2d2+e2)2(zc+%)
derivativedivides
{
2 2dc zc+@ 252,92 2 2dc zc+@ 22, .2
_ act _bc4arcsinh(:1:c)_bc4\/(zc+%) B ( e = )+c d62+e _bc5d\/(zc+%) B ( e < )+c d62+e _
d f lt 3(cez+cd)3e 3(cez+cd)3e 6e2 (c2d2+e2) (zc+%)2 26(62d2+€2)2 (zc+%)
erau

input | 10t ((atbrarcsinh (xre))/ (exx+d)~4,x, method=_RETURNVERBOSE) |
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-1/3%a/ (exx+d) “3/e-1/3*bxc~3/ (c*e*x+c*d) “3/e*arcsinh (x*c)-1/6%bxc~3/e~2/(c
~2%d"2+e”2) / (x*kc+d*c/e) “2* ((x*kc+d*c/e) ~2-2xd*c/e* (x*c+d*c/e)+(c™2*xd"2+e"2)
/e”2)"(1/2)-1/2xbxc"4/e*xd/ (c"2*%d"2+e"2) "2/ (x*xc+d*c/e) * ((x*kc+d*c/e) ~2-2*d*c
/ex(xxc+d*c/e)+(c"2*%d"2+e"2) /e"2) " (1/2)-1/2%b*c"5/e"2%d"2/ (c"2*%d"2+e"2) "2/
((c™2xd"2+e"2)/e"2) " (1/2) *1n((2*x (c"2*xd"2+e"2) /e~ 2-2*d*c/e* (xxc+d*c/e) +2* ((
c"2xd"2+e72) /e”2) " (1/2) * ((x*c+d*c/e) ~2-2*%d*c/e* (x*c+d*c/e)+(c"2*xd"2+e"2) /e
~2)~(1/2)) / (x*c+d*c/e) ) +1/6*bxc"3/e”2/(c"2*d"2+e~2) / ((c~2*d"2+e"2) /e”2) " (1
/2)¥1n((2* (c™2*d"2+e"2) /e 2-2*d*c/e* (x*c+d*c/e) +2x ((c"2*d"2+e"2) /e"2) " (1/2
)% ((x*c+d*c/e) "2-2xdxc/e* (x*c+d*c/e)+(c"2xd"2+e"2) /e"2) " (1/2)) / (x*c+d*c/e)
)

output

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 977 vs. 2(167) = 334.

Time = 0.49 (sec) , antiderivative size = 977, normalized size of antiderivative = 5.34

/ a + barcsinh(cz)

(d+ez)t dx = Too large to display

inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)*4,x, algorithm="fricas")

| —
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-1/6*%((2%a + 3*b)*c"6+%d"9 + 3*x(2*a + b)*c”~4*d"T*e"2 + 6*a*c”2xd"5*e”4 + 2%
a*d~3*e”6 + 3*(b*xc"6+xd"6*e”3 + b*c~4*d"4*e”5)*x"3 + 9x(b*c"6*xd"T*e"2 + b*c
~4xd"5xe"4)*x"2 + (2%b*c”5+%d"8 - b*c”3*d"6*e”2 + (2%b*c”5*%d"5%e”3 - b*xc~3x*
d"3*e"5)*x"3 + 3% (2xbxc"5*d"6*%e”2 — b*c"3*d"4*e"4)*x"2 + 3k (2*b*c”5*d"T*e
- bxc”3*%d"5*e”3) *x)*sqrt (c"2*%d"2 + e"2)*log(-(c~3*%d"2*x - c*d*e - sqrt(c”2
*d"2 + e”2)x(c”2*d*x - e) + (c72+%d"2 - sqrt(c”2*d”"2 + e"2)*c*kd + e~2)*sqrt
(c™2xx72 + 1)) /(e*x + d)) + 9*(b*c~6%d"8*e + b*c 4*d~6%e”~3)*x - 2*((b*c~ 6%
d"6%e”3 + 3*b*c"4*d"4*e”5 + 3*bkc"2%d"2%e”7 + b*e”9)*x"3 + 3*(bkc"6*%d"T*e”
2 + 3xb*c~4*d"5%e”4 + 3*b*c"2*%d"3*e”~6 + bxd*ke"8)*x"2 + 3*(b*c~6*%d"8xe + 3*
bxc~4*d"6xe”3 + 3*bxc”2*d"4*e”5 + b*d"2xe”7)*x)*log(ckx + sqrt(c”2*x"2 + 1
)) - 2x(b*c"6%d"9 + 3*bxc~4*xd"T*xe"2 + 3*b*c"2*d"5*%e”4 + b*d~3*e”6 + (b*c"6
*d"6xe~3 + 3xbkc"4*d"4*e”5 + 3*bxc"2xd"2*e”7 + b*e”"9)*x"3 + 3% (b*c~6xd"T*e
2 + 3*b*c"4*%d"5*%e"4 + 3*b*c"2*%d"3*e”6 + b*d*e”8)*x"2 + 3*(b*c"6*%d"8*e + 3
*b*c”~4*d"6%e”3 + 3xb*c”2*d"4*e”5 + b*d"2%e”7)*x)*log(-c*x + sqrt(cT2*x"2 +
1)) + (4*b*c”5%d"8*e + 5xbxc~3*d"6*e”3 + b*c*d"4*e”5 + 3*x(bxc"5*d"6*e”3 +
b*c"3*d"4*e"5)*x"2 + (7*b*xc"5*%d"7*e"2 + 8*b*xc~3*d"5*xe”4 + bkc*d~3*e”6)*x)
*sqrt (c™2*%x72 + 1))/(c”6xd"12*%e + 3*c"4*d"10%e”3 + 3*c"2*%d"8%e”5 + d"6*e”7
+ (c76*d"9*e"4 + 3*c”4xd"T*e"6 + 3*c"2*d"5*e”8 + d"3*e”10)*x"3 + 3*(c"6*d
~10*%e~3 + 3*c"4*d"8%e”5 + 3*c"2*%d"6*e”7 + d"4*e”9)*x"2 + 3*(c"6*xd"11*e”2 +
3*%c"4*xd"9*e”4 + 3*xc”2*xd"T*e"6 + d~5*e”8)*x)

output

Sympy [F]

/a+ﬁmmemﬁ /a+b%mh@@
1 = +—dz
(d+ ex) (d+ ex)

-

integrate ((a+b*asinh(c*x))/(e*x+d) **4,x)

N\

input

Output‘ Integral((a + b*asinh(c*x))/(d + e*x)**4, x)
N
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Maxima [F|

dx

‘/a+MNmm@ﬂ __/bmmm@ﬂ+a
(d+ ex)* (ex + d)*

input‘integrate((a+b*arcsinh(c*x))/(e*x+d)"4,x, algorithm="maxima")

1/6%(6*c*xintegrate(1/3/(c”3%e”4*x~6 + 3*c~3*d*e~3*x"5 + 3*cxd"2%e"2*xx"2 +

c*d"3xexx + (3*c"3*d"2%e"2 + c*e"4)*x"4 + (c"3*d"3*e + 3*c*d*e”3)*x"3 + (c
“2%e”4*xx"5 + 3*kcT2xd*e”3*x"4 + 3*%d"2*%e”"2xx + d"3*e + (3*%c"2*d"2xe"2 + e”4)
*x"3 + (c"2xd"3*e + 3*d*e”3)*x"2)*sqrt(c”2*x"2 + 1)), x) - 2*(c"6+%d"3 - 3*
c4xd*e”2)*xlog(exx + d)/(c”6xd"6xe + 3*c~4*xd"4*e”3 + 3*%c"2+%d"2*e”5 + e77)
+ (3%Cc™6%d"6 + 2%c”4*d"4*e”2 - c"2+%d"2*e"4 + 2x(c"6*d"4*e”2 - cT2%e”6)*x"2
+ (B%c™6*d"5*e + 2*%c~4xd"3*e”3 - 3*c"2*d*e”5)*x + (cT6*xd"6 - 3kc"4*xd"4*e”
2 + (c76%d"3%e"3 - 3%c"4xd*e”5)*x"3 + 3*x(cT6%d"4*e”2 - 3*%cT4xd"2%e”4)*x"2

+ 3x(c”6*%d"b*e - 3*%c”4*d"3*e”3)*x)*log(c™2*x"2 + 1) - 2x(c"6*d"6 + 3*c"4*d
“4xe”2 + 3xc”2*d"2xe"4 + e~6)*xlog(c*kx + sqrt(c2*x"2 + 1)))/(c”6%d"9*e + 3
*Cc"4*xd"7*e"3 + 3kc"2*%d"5*e”5 + d"3*%e”7 + (c"6*d"6*e"4 + 3*kc"4*xd"4*e”6 + 3%
c"2%d"2*xe"8 + e710)*x"3 + 3*(c"6*%d"T*e"3 + 3*c"4*xd"5xe”5 + 3*c"2*%d"3*e”7 +
d*e”9)*x"2 + 3*(c"6*d"8*e”2 + 3*kc"4*d"6*e”4 + 3*c"2xd"4*e”"6 + d"2%e”8)*x)
- Ix(3*c"6xd"2 - c"4xe"2)*(log(I*c*x + 1) - log(-I*c*x + 1))/((c"6xd"6 +

3xc"4*xd"4*e"2 + 3*kc"2xd"2*%e"4 + e”6)*c))*b - 1/3*a/(e"4*x"3 + 3xdxe”3*x"2

+ 3%d"2*e"2%x + d"3*e)

output

N

Giac [F]

dz

/a+bmmem0 __/bmﬁﬂﬂm0+a
(d + ex)* (ex + d)*

-

inputLintegrate((a+b*arcsinh(c*x))/(e*x+d)‘4,x, algorithm="giac")

~—

Output‘integrate((b*arcsinh(c*x) + a)/(exx + d)~4, x)
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Mupad [F(-1)]

Timed out.
/ a + barcsinh(cz) / a + basinh(cz)
4 = T dz
inputtint((a + b*asinh(c*x))/(d + e*x)~4,x) J
OutputLint((a + b*asinh(c*x))/(d + e*x)~4, x) J
Reduce [F]

/ a + barcsinh(cz)
(d+ ex)*

asinh(cz) 3 asinh(cz) 2 2
3<f etxt+4de3x3+6d2e?z?+4d3ex+dt d.’L') bd’e+9 f etzt+4de3x3+6d2e2z2+4d3ex+dt dz|bd°e*r +9 f etxt+4dedx

- 3e (€323 + 3d €222 + 3d%ex +

inputLint((a+b*asinh(c*x))/(e*x+d)"4,x) J

(3*int (asinh(c*x) / (d**4 + 4*d**3*exx + Bxdkxkkerk2kx**2 + 4*d*ex*3xx*x*3 +

exkxdxx**4) ,x) *bkxd**3*e + 9xint (asinh(c*x)/(d**4d + 4*d**3kexx + 6*kd*k*k2ke**2
*xk*%2 + Adxdke*k3kxkk3 + exkdkxk*4) ,x)kbkdx*2*e**2xx + 9*int(asinh(c*x)/(d*
*4 + dxdxx3ke*x + Gkd*x*2kekk2kx**2 + Lkdkek*3kx*k*k3 + ex*k4kxkkd) ,x)*bkdkex*
3xx*x*2 + 3*int(asinh(ckx)/(d**x4 + 4kdx*3kexx + Gkdr*kkex*2kx**k2 + 4dkdke*x*3
*X*%%3 + exkx4*x*k*x4) ,x)*kbkexkdkxx*x3 - a)/(3kex(d**3 + 3kd**2ke*xx + 3Skdke*k*k2x

X*k*2 + e*k3Jkx**3))

output
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3.12 [(d + ex)*(a + barcsinh(cz))? dz

Optimal result . . . . . . . . . . . . e 129
Mathematica [A] (verified) . . . . . . . . . ... o 1301
Rubi [A] (verified) . . . .. . . ... .. 131
Maple [A] (verified) . . . . . . ... L 133
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 134
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 134
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1351
Giac [F(-2)] . . .« o oo 136
Mupad [F(-1)] . . . o o 136
Reduce [F] . . . . . 137

Optimal result

Integrand size = 18, antiderivative size = 368

4’de’r 3 3v?e3z? 2
_b2d2 2 _ _b2d 2,3
3 TV T T Tl
1 5,44 2bd*v/1+ c2z2(a + barcsinh(cz))
+ ﬁb e’r” — -
N 4bde*/1 + c2z2(a + barcsinh(cz))
3c3

_ 3bd’ex+/1+ c*a%(a + barcsinh(cz))

2c
N 3be3z+/1 + c2x2(a + barcsinh(cz))

16¢3

_ 2bde*z*v/1 + 22 (a + barcsinh(cz))

3c
_ be’z®V/1 + c2x%(a + barcsinh(cz))

8c
d*(a + barcsinh(cz))?  3d2e(a + barcsinh(cz))?
+
4e 4c?
_ 3¢’(a + barcsinh(cx))?
32¢4

N (d + ex)*(a + barcsinh(cz))?
4e

/(d + ex)?(a + barcsinh(cz))? dr = 2b°d°x —
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2%b"2%d"3*x-4/3*b"2xd*e”~2%x/c"2+3/4%b"2*%d " 2*xexx~2-3/32*b"2%e"3*x"2/c"2+2/9
*b"2xd*e”2%x"3+1/32*xb " 2%e " 3*x"4-2xb*d " 3* (c"2*x"2+1) ~(1/2) * (a+b*arcsinh (c*x
))/c+4/3*%b*d*e” 2% (c~2*x"2+1) " (1/2) * (atb*arcsinh (c*x) ) /c~3-3/2*bxd"2*exx* (c
~2xx72+1) " (1/2) * (a+b*arcsinh(c*x) ) /c+3/16*b*e”3*x* (c"2*x"2+1) ~(1/2) *(a+b*a
rcsinh(c*x))/c™3-2/3*bxd*e”2*x" 2% (c"2*x"2+1) ~(1/2) * (a+b*arcsinh(c*x)) /c-1/
8*b*e " 3*x"3* (c"2*xx"2+1) " (1/2) *(a+b*arcsinh(c*x) ) /c-1/4*d"4* (a+b*arcsinh (c*
x)) ~2/e+3/4*d"2*ex (a+b*arcsinh(c*x)) ~2/c"2-3/32*e~3* (a+b*arcsinh(c*x))~2/c
~4+1/4* (exx+d) “4* (a+b*arcsinh(c*x))~2/e

& J

output

Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 354, normalized size of antiderivative = 0.96

/(d + ex)*(a + barcsinh(cr))? dz
_ c(T20*x(4d° 4 6d%ex + 4de’s® + €22®) — 6abV/1 + 2x?(—€?(64d + Yex) + (96d° + T2d%ex + 32de’:

inputtlntegrate[(d + e*xx)~3%(a + b*ArcSinh[c*x])~2,x]

(cx(72xa~2xc™3*x* (4*d"3 + 6*%d"2%e*xx + 4*xd*e”2*x"2 + e"3*x"3) - 6*a*b*Sqrt[
1 + c”2xx" 2] * (- (e"2*x(64*d + 9*exx)) + c~2%(96*d"3 + 72*d " 2*e*x + 32*d*e” 2%
X"2 + 6%e”3*x73)) + b 2xckx* (-3%e”2+(128*%d + 9*exx) + c”2x(576*%d"3 + 216*d
“2%exx + 64xd*e”2*%x"2 + 9%e”3%x73))) - 6xb*(-3*kax(24*xc”2*xd"2*e - 3xe”3 + 8
*xC 4*x*k (4%d"3 + 6*%d"2%exx + 4*xdxe”2*x"2 + e73*%x"3)) + bxcxSqrt[l + cT2*x"2
Ix(-(e”"2%(64*d + 9*exx)) + c~2%(96*%d"3 + T2*xd " 2xe*xx + 32*d*e”2*x"2 + 6%e”3
*x73)))*ArcSinh[c*x] + 9%b~2*(24*c”2*%d"2*e - 3*e”3 + 8*kc 4xx*(4*%d~3 + 6*d”
2%exx + 4*d*e”2xx"2 + e~ 3*x"3))*ArcSinh[c*x] ~2)/(288*c"4)

output
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Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 387, normalized size of antiderivative = 1.05,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6243, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)3(a + barcsinh(cz))? dz

l 6243
d+ex)4(a+b inh(cz
(d + ex)*(a + barcsinh(cz))? _ be [ (d+ez) (¢t2j§$?1n (c2)) g,
4e 96
l 6253

(d + ex)*(a + barcsinh(cz))? B

4e
bcf ((a+baI‘CSinh(cac))d4 + 4ez(a+barcsinh(cz))d? + 6e2z2 (a+barcsinh (cz))d? + 4e323 (a+barcsinh (cx))d + e*z*(a+barcsir

V2241 V2241 V2241 V2241 Ve2r2+1
2e
l 2009
(d + ex)*(a + barcsinh(cz))?
4e
b 3et(atbarcsinh(cz))?  3d2e?(a+barcsinh(cz))? | 4ddevc2z?+1(a+barcsinh(cz)) |, 3d2e?zv/c?z?+1(a+barcsinh(cz)) |, 4
¢ 16bc® - 2bc3 + c? + c? + -

input‘ Int[(d + exx)~3x(a + bxArcSinh[c*x])"2,x]




output
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((d + e*x)~4*(a + bxArcSinh[c*x])"2)/(4xe) - (bxc*((-4*b*d"3*xe*x)/c + (8%b
xd*e”3%x)/(3%c”3) - (3*%bxd~2%e"2*x"2)/(2*%c) + (3*bke~4*x"2)/(16%c~3) - (4x
b*d*e~3*x"3) /(9%c) - (bxe~4*x74)/(16%c) + (4xd"3*e*Sqrt[1l + c 2*x"2]*(a +

bxArcSinh[c*x]))/c™2 - (8*d*e~3xSqrt[1 + c~2*x"2]*(a + b*ArcSinh[c*x]))/(3
*C"4) + (3*%d"2*%e"2xx*Sqrt[l + c”2*x"2]*(a + b*ArcSinh[c*x]))/c”2 - (3%e”4x*
x*#Sqrt[1 + c™2*x"2]*(a + b*ArcSinh[c*x]))/(8*c~4) + (4xd*e”3*x"2*Sqrt[1 +

c"2*x"2]*(a + bxArcSinh[c*x]))/(3*%c™2) + (e 4*x~3*Sqrt[l + c™2*xx"2]*(a + b
*ArcSinh[c*x]))/(4*%c”2) + (d"4x(a + bxArcSinh[c*x])~2)/(2%bxc) - (3*d"2*e”
2%(a + bxArcSinh[c*x])~2)/(2%b*c~3) + (3*%e~4*(a + bxArcSinh[c*x])~2)/(16%b
*c~5)))/(2%e)

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6243

rule 6253

~—

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((d_.) + (e_.)*x(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c~2*x~2]), x], x] /; FreeQl[{a, b, c, d, e, m}, x] & IGtQ[n
, 0] && NeQ[m, -1]

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£f.) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) px(a
+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c™2xd] && IGtQ[m, 0] &% IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) || GtQlp, 0] || EqQm, 11 || (EqQ[m, 2]




input

output
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Maple [A] (verified)

Time = 2.86 (sec) , antiderivative size = 526, normalized size of antiderivative = 1.43

method result

3d2c2%e (2 arcsinh(zc)zmzcz —2 arcsinh(zc)

b2 (d3c3 (arcsinh(zc)2zc—2 arcsinh(zc)V/ 62z2+1+2zc) +
a2(cew+cd)4 +

derivativedivides acde

3d2c2e (2 arcsinh(zc)2zzc2 —2 arcsinh(zc)

b2 [ a3c3 (arcsinh(mc)2mc—2 arcsinh(zc)V/ 02m2+1+23:c) +
uz(cez+cd)4 +

default ac%e

(111e5c*z8+699e* c* x5 d+1928e3 iz d?+3480e2c a3 d® +672c* dle 22 —63e5 2zt +192c*dP—1079e 223 d+1632¢3¢

orering

192¢4 (ex+d)?

a?(ex+d)* b? (72 arcsinh(zc) 2z cte3 4288 arcsinh(xc) 223 cd e2+432 arcsinh (wc) *z2 ¢ d2 e+288 arcsinh (zc) %« ¢

parts "

Lint((e*x+d)“3*(a+b*arcsinh(x*c))“2,x,method=_RETURNVERBOSE)

1/cx(1/4*a"2/c”3* (c*xe*xx+c*xd) “4/e+b"2/c”3*(d"3*c~3* (arcsinh (x*c) “2*x*kc—-2*ar
csinh(x*c)*(c™2*x"2+1) ~(1/2) +2*x*c) +3/4*d"2*c" 2*e* (2*arcsinh (x*c) “2*xx~2*c”
2-2%arcsinh (x*c)*(c™2*x"2+1) ~ (1/2) *x*c+arcsinh (x*c) “2+c”~2%x"2+1) +1/9*d*c*e
~2x (9*arcsinh (x*c) "2%x"3*c"3-6* (c"2*x"2+1) " (1/2) *arcsinh (x*c) *x~2*c~2+2*x"~
3xc~3+12*arcsinh(x*c) * (c™2%x"2+1) ~(1/2) -12*x*c) +1/32xe~3* (8*arcsinh (x*c) "2
*x~4*c”4-4xarcsinh (x*c) * (c”2%x"2+1) " (1/2) *x"3*c~3+c 4*x"4+6*arcsinh (x*c) * (
c™2*x"2+1) ~(1/2) *x*c-3*arcsinh (x*kc) "2-3*xc~2*x"2-3) ) +2*a*xb/c~3* (1/4/e*xarcsi
nh(x*c)*c"~4*d"4+arcsinh (x*c) *c~4*d"3*x+3/2*e*arcsinh (x*c) *c~4*d~2*x"2+e” 2%
arcsinh(x*c)*c~4*xd*xx~3+1/4*e”3*arcsinh (x*c)*x~4*xc"4-1/4/e*(c"4*d"4*arcsinh
(x*c)+e”4x(1/4%(c™2*xx"2+1) ~(1/2) *c"3*x"3-3/8* (c~2*x~2+1) " (1/2) *x*c+3/8*arc
sinh(x*c))+4*d*ckxe~3* (1/3*x"2xc™2* (c"2*x~2+1) ~(1/2)-2/3*%(c"2*x~2+1) ~(1/2))
+6xd"2%c"2%e " 2% (1/2% (c™2*xx"2+1) ~(1/2) *x*c-1/2*arcsinh (x*c) ) +4*d~3*c~3*e* (c
“2%x72+1)7(1/2))))
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 475, normalized size of antiderivative = 1.29

/(d + ex)®(a + barcsinh(cz))? dz

9(8a? + b?)cte3xt + 32 (9a? + 2b%)ctde®x® + 27 (8 (2a? + b?)crd%e — b2c?e®)z? + 9 (8 b?ctedz* + 32b2c

p

~—

inputtintegrate((e*X+d)A3*(a+b*arCSinh(C*X))“2,x, algorithm="fricas")

1/288* (9% (8%a”~2 + b~2)*c 4*xe " 3*x"4 + 32x(9%a~2 + 2xb~2)*c~4*d*e”2*x"3 + 27
*(8*%(2%a"2 + b~2)*c"4*xd"2%e — b 2*xc"2%e"3)*x"2 + 9% (8*xb"2*c"4*e"3*xx"4 + 32
*b"2%c 4*xd*e " 2xx"3 + 48%b 2*xc”4*d"2ke*x"2 + 32*%bT2*cT4*d"3*x + 24*b”2%cT2*
d"2xe - 3*b~2xe”~3)*log(c*x + sqrt(c™2*x"2 + 1))72 + 96%(3*(a”2 + 2%b~2)*c”
4%d"3 - 4*b"2%c"2xd*e”2)*x + 6*(24*axbkxc”4*e"3*x"4 + 96*axbkc 4xd*ke " 2*xx”3
+ 144*a*b*c™4*d"2xexx”"2 + 96*axbkxc”4*xd"3*x + T2*xaxb*xc"2xd"2*%e - 9*a*bxe”3
- (6*xb"2*c"3*%e"3*x"3 + 32*xb"2*c"3*kd*e"2*%x"2 + 96*b"2*c”"3*d"3 - 64*b~2xc*d*
e”2 + 9% (8%b"2*c~3*%d"2%e — b~2*kc*e”3)*x)*sqrt(c”2*x"2 + 1))*log(c*x + sqgrt
(c™2%x72 + 1)) - 6%(6*a*b*c”3*%e"3*x"3 + 32*%axbkc~3*d*e”2*x"2 + 96*axbxc”3x*
d~3 - 64*axbxcxd*e”2 + 9*(8xaxb*c~3*xd"2%e - axb*cke”3)*x)*sqrt(cT2*x"2 + 1

))/c"4

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 743 vs. 2(364) = 728.

Time = 0.50 (sec) , antiderivative size = 743, normalized size of antiderivative = 2.02

+ ex)”(a + barcsinh(cz x = Too large to display
d 3 b h 2d Too 1 displ

tnput integrate ((exx+d) **3* (a+b*asinh (c*x))**2,x)
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Piecewise ((a**2xdx*3%x + 3ka*x*x2xdx*2ke*x**2/2 + ax*kkdkex*2*xx**3 + akx*2xex
*3*x*x4/4 + 2xaxb*d*k*3*xkasinh(ckx) + 3xaxb*d*k*2*e*xx**2kasinh(ckx) + 2*xaxb
xd*kex*2xx*k*3*asinh (c*x) + axbxe*x*3*xx*x4*asinh(c*x)/2 - 2*axbkd**3*sqrt (c**
2xx**2 + 1)/c — 3kaxbxd**x2xe*x*ksqrt (cx*2xx**2 + 1)/(2%c) - 2%a*bkd ex*2xx*
*2%sqrt (ck*2*x**2 + 1)/(3%c) - akxbkex*3xx**3xsqrt (c**2*x**x2 + 1)/(8%c) + 3
xa*xbxd**x2*kexasinh (cxx) / (2*c**2) + 4kaxbkdxe*x2*xsqrt (ck*2xx**x2 + 1)/(3*c**3
) + 3*axbkex*3xx*ksqrt (ck*2xx*x*x2 + 1)/(16*c**3) - 33xaxbxe**3*asinh(c*x)/(16
*Cc*k*x4) + b**2kxd**3*kx*kasinh (ckx)**2 + 2xbkx*2kd**x3%xx + 3kbk*k2kd**kekx**x2*as
inh(c*x) **2/2 + 3*%b**2xdx*2ke*x**x2/4 + b¥*2kd*kex*2*x**3*asinh (ckx)**2 + 2%
bx*2kd*ke**x2%x**3/9 + bk*2¥ex*Jkxk*4*asinh (c*x)**2/4 + b**2xex*3*x**4/32 -

2%b**2%d**3*ksqrt (ck*2*kx**2 + 1)*asinh(c*x)/c - 3*b**2kd**2ke*x*sqrt (Ck*2*x
**2 + 1)xasinh(c*xx)/(2%c) - 2xbx*k2xdxe*x2*x**x2*sqrt (ck*2*x**2 + 1)*asinh(c
*x) /(3%c) - b**2kex*3*x**3xsqrt (cx*2*x**2 + 1)*asinh(c*x)/(8*c) + 3*kb**2*d
*x2xexasinh (c*x) **2/ (4kc*x*2) — 4xb*x*2kd*e**x2%xx/ (3%kc**2) — 3Ikbk*x2ke*x*k3kx*k*x2
/(32%c**2) + 4xbx*k2xd*e**2*sqrt (ck*2*x**2 + 1)*asinh(c*x)/(3*c**3) + 3*bx*x
2xe**x3kx*xsqrt (ck*2*x**2 + 1)*asinh(c*x)/(16*cx*3) - 3xb**2*ex*3*asinh(c*x)
*%2/(32xc*x*4) , Ne(c, 0)), (a*xx2x(d**3*x + 3*xd**2kexx**2/2 + dkex*x2*x**3 +

ex*x3*xx**4/4) , True))

output

\

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 590, normalized size of antiderivative = 1.60

/ (d + ex)3(a + barcsinh(cz))? dz = Too large to display

>

input integrate ((exx+d) ~3* (at+b*arcsinh(c*x))~2,x, algorithm="maxima")
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1/4¥b~2%e"3xx"4*arcsinh(c*x) "2 + b~ 2xd*e”~2*x"3*arcsinh(c*x) "2 + 1/4*a"2xe”
3*x"4 + 3/2%b"2*d"2*exx"2*arcsinh(c*x) "2 + a"2*d*e”"2*x"3 + b~2*d"3*x*arcsi
nh(c*x) "2 + 3/2*%a”2*d"2*exx"2 + 3/2%(2*x"2*arcsinh(c*x) - c*(sqrt(c™2*x"2
+ 1)*x/c”2 - arcsinh(c*x)/c~3))*a*bxd"2%e + 3/4*(c"2%(x"2/c”2 - log(c*x +
sqrt(c™2*xx"2 + 1))72/c”4) - 2xc*(sqrt(c™2*x"2 + 1)#*x/c”2 - arcsinh(c*x)/c”
3)*arcsinh(c*x))*b"2xd"2*e + 2/3*(3*x"3*arcsinh(c*x) - c*(sqrt(c™2*x"2 + 1
)*x72/c”2 - 2*sqrt(c™2*x"2 + 1)/c”4))*axbxdxe”2 - 2/9%(3*cx(sqrt(c™2*x"2 +

1)*x72/c”2 - 2*sqrt(c™2*x"2 + 1)/c”4)*arcsinh(c*x) - (c™2*x"3 - 6%x)/c”2)
*b~2xd*e”2 + 1/16%(8*x~4*arcsinh(c*x) - (2*sqrt(c™2*x"2 + 1)*x73/c”2 - 3*s
art(c™2*x"2 + 1)*x/c”4 + 3*arcsinh(c*x)/c”5)*c)*axbxe™3 + 1/32%((x74/c"2 -
3*x"2/c”4 + 3*log(cxx + sqrt(c™2*x72 + 1))72/c™6)*c™2 - 2% (2*sqrt(c™2*x"2
+ 1)*x73/c”2 - 3*sqrt(c™2*x"2 + 1)#*x/c”4 + 3*arcsinh(c*x)/c”5)*c*arcsinh(
c*x))*b~2*%e~3 + 2*%b"2+%d"3*(x - sqrt(c”2*x"2 + 1)*arcsinh(c#*x)/c) + a~2xd"3
*x + 2% (c*x*arcsinh(c*x) - sqrt(c™2*x”2 + 1))*a*bxd~3/c

output

Giac [F(-2)]

Exception generated.

/ (d + ex)?(a + barcsinh(cz))? dr = Exception raised: RuntimeError

input‘integrate((e*x+d)‘3*(a+b*arcsinh(c*x))‘2,x, algorithm="giac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage2OUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barcsinh(cr))? dr = / (a + basinh(cz))? (d + ez)® dz

input‘int((a + b*asinh(c*x))~2*%(d + e*x)~3,x)
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output 1Rt((a + brasinh(cxx))"2¢(d + exx)"3, x)

Reduce [F]

/(d + ex)®(a + barcsinh(cz))? dz
_144(f asinh(cz)? z2dz) b2c'd €2 + 144asinh(cz) ab c'd?e 22 + 96asinh(cx) abc*d ex® — 72+/c2a? + 1 ab

input Lint((e*x+d) ~3% (atb*asinh(c*x))~2,x) J

(48*asinh (c*x) **2¥b**2kck*4*kd**3*x + T2*asinh (c*x)k*2kbk*2kck*kdkd**kkexx**
2 + 36*asinh(c*x)**2¥b**2kck*22kd**2ke — 96*sqrt (c**2*x**2 + 1)*asinh(c*x)*
b**2kck*x3*%d**3 — T2*ksqrt (ck*2xx*x2 + 1)*asinh(ckxx)*b**2xc**x3*d**2xe*x + 96
*asinh (c*x)*axb*ckx4*xd**x3%x + 144*asinh(c*x)*a*bkck*d*kd**2kexx**2 + 96*asi
nh (c*x) *axb*ck*4*d*rex*2xx*x*3 + 24*asinh (c*x)*kaxbxckxdxe*x3*x* x4 — 96*sqrt(
CH*2¥x**2 + 1)*axbxck*3xd**3 — T2xsqrt (cx*2xx**2 + 1)*axbkck*3kd**2ke*x —

32xsqrt (ck*2*x**2 + 1)*a*xbkck*3kdkex*2*x*x2 — 6xsqrt (ck*x2xx**2 + 1)*axbxcx
*x3ke*kk3kx*k*3 + 64*sqrt (ck*x2kx*k*2 + 1)*kakbkckdxex*2 + 9ksqrt (ck*2kx*x2 + 1)
*axbkckex*x3*xx + 48xint (asinh(c*x)**2*xx**3,x) *¥b*x*k2xck*4*xe*x*3 + 144*int(asin
h(c*xx) **2%x**2 , X) ¥*b**2kckxd*kd*e**x2 + T72xlog(sqrt (c*x*2*x**2 + 1) + c*x)*a*b
xck*2kd*xx2%e — 9klog(sqrt (ckx*2xx*x2 + 1) + c*xx)*akxbxe**3 + 48*ax*2xck*4*xd*
*3kx + T2%a*x*k2kxckkbkdkkQkexxk*k2 + 48kakxkx2kCkksdkdkekk2kxk*k3 + 12kakkQkckk4k
e**k3kxk*k4 + OBk kDk*k2kCkk4dxd**k3*kx + 36*b**2*c**4*d**2*e*x**2)/(48*c**4)

output




output
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3.13 [(d + ex)*(a + barcsinh(cz))? dz

Optimal result . . . . . . . . . . . . . 138
Mathematica [A] (verified) . . . . . . . .. ... L L 1391
Rubi [A] (verified) . . . .. ... .. .. 139
Maple [A] (verified) . . . . . . ... L 141
Fricas [A] (verification not implemented) . . . . . . .. ... ... .. .... 142
Sympy [A] (verification not implemented) . . . ... ... ... ... .... 142
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... ... 143]
Giac [F(-2)] . . .« o o 144
Mupad [F(-1)] . . . o o 144
Reduce [F] . . . . . o o 145

Optimal result

Integrand size = 18, antiderivative size = 239

/(d + ex)?(a + barcsinh(cr))? dr = 2b%d*z — 4b92§22z o7
B 2bd?\/1 + c222(a + barcsinh(cz))
N 4be*\/1 + c2x? (ac :— barcsinh(cz))
3 bdexmg()ccz + barcsinh(cz))
B QbeQa:z\/Tczsc; (a + barcsinh(cz))

1 2
+ §b2dex2 + —b?e22?

9c

N (d + ex)?(a + barcsinh(cz))?
3e

d3(a + barcsinh(cz))?  de(a + barcsinh(cz))?
_l_
3e 2c?

2¥b"2xd"2%x-4/9%b"2%e”2xx/CcT2+1/2%b” 2*d*kexx"2+2/27*b " 2*e " 2*x~3-2xb*d " 2* (c”
2%x72+1) " (1/2) *(a+b*arcsinh (c*x) ) /c+4/9%bxe”2x (c~2*x~2+1) " (1/2) * (a+b*arcsi
nh(c*x))/c”3-b*d*e*x* (c™2*xx"2+1) " (1/2) * (a+b*arcsinh (c*x) ) /c—2/9*b*e” 2*x~ 2%
(c™2*x72+1) " (1/2) * (a+b*arcsinh(c*x) ) /c-1/3*d"3* (a+b*arcsinh(c*x) ) “2/e+1/2%

d*xe* (at+b*arcsinh(c*x)) ~2/c~2+1/3* (e*xx+d) ~3*(at+b*arcsinh(c*x)) ~2/e
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.04

/(d + ex)*(a + barcsinh(cz))? dz
_ 18a’c*x(3d + 3dex + €?x?) — 6abv/1 + c2a?(—4e® + 2(18d” + 9dex + 2¢°x?)) + b?cx(—24e? + c*(108

-

LIntegrate[(d + exx)"2x(a + b*ArcSinh[c*x])~2,x]

| —

input

(18%a~2%c™3*x*(3*%d"2 + 3*d*e*x + e72%x"2) - B*axbxSqrt[1l + c”2*x"2]*(-4*e”
2 + c72x(18%d"2 + 9*xd*e*xx + 2%e”2%x72)) + b 2xckx*(-24*e”2 + c”2%(108*d"2
+ 27*xd*e*x + 4%e”2*xx"2)) - 6xbx(-3*ax(3*kckd*e + 2xc " 3*x*(3*d"2 + 33*dxe*x +
e"2xx72)) + bxSqrt[l + c”2*x"2]*(-4*e"2 + c"2x(18%d"2 + 9xd*e*x + 2%e”2*x
~2)))*ArcSinh[c*x] + 9*b~2xc* (6xc™2*d"2*x + 2kCc™2%e”2*x"3 + 3*d*(e + 2%c”2
*xe*x"2) ) *ArcSinh [c*x] ~2)/(54%c~3)

output

N

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.10,
number of rules _ 167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6243, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)?(a + barcsinh(cz))? dz

l 6243

d+-ex)3(a+b inh(cz
(d + ex)(a + barcsinh(cz))®  2bc ] (dtez) (\/;:fﬁm () g

3e 3e
l 6253
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(d + ex)3(a + barcsinh(cz))? B

3e
%bc [ ((a+b&\1‘/(;§il;&(lca:))d3 n 36z(a+b\£}i‘2(;82ii:}ll(cx))d2 n 3e2x2(a—i-/bca,21:;(2:iiilh(cx))d
3e

l 2009

e3x3(a+baI‘CSinh(cx))) dx

+ Ve2z24+1

(d + ex)3(a + barcsinh(cz))?

3e
2bc< 3de?(a+barcsinh(cz))? T 3d2ev/2z2+1(a+barcsinh(cz)) i 3de2zv/ 2z +1(a+barcsinh(cz)) i e322+/c22%+1(a+barcsink
- 4bc3 c? 2c2 3c?

3e

input ‘\Int[(d + e*xx)~2%(a + b*ArcSinh[c*x])"~2,x]

((d + exx)"3*(a + b*ArcSinh[c*x])~2)/(3*xe) - (2xb*c*((-3*b*d~2*e*x)/c + (2
*bxe~3*x)/(3*c"3) - (3*b*d*e”2%x72)/(4xc) - (b*e"3*x73)/(9%c) + (3*d~2*xex*S
grt[1l + c™2*x"2]*(a + b*ArcSinh[c*x]))/c”2 - (2%e”3*Sqrt[1 + c~2*x"2]*(a +
bxArcSinh[c*x]))/(3%c™4) + (3*dxe~2*x*Sqrt[1 + c™2*x"2]*(a + b*ArcSinh[cx*
x1))/(2%c™2) + (e”3*x"2*Sqrt[1 + c”2*x"2]*(a + bxArcSinh[c*x]))/(3*%c"2) +
(d"3*(a + b*ArcSinh[c*x])~2)/(2%b*c) - (3*d*e~2*(a + b*ArcSinh[c*x])"2)/(4
*b*c”3)))/(3*e)

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])"(
n - 1)/Sqrt[1 + c2*%x~2]), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n
, 0] && NeQ[m, -1]

rule 6243




rule 6253
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Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
_) + (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c~2*d] &% IGtQ[m, 0] && IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] & ((EqQ[n, 1] && GtQlp, -11) || GtQlp, 0] Il EqQ[m, 1] || (EqQ[m, 2]

& LtQlp, -21))

Maple [A] (verified)

Time = 2.24 (sec) , antiderivative size = 364, normalized size of antiderivative = 1.52

input

output

method result
dee(2arcsinh(zc)2z2c2 —2 inh(zc)Vc2z2+1
»2 (d202 (arcsinh(zc)zzc—z arcsinh(zc) ,7c2z2+1+2:vc)+ ce( arcsinh(zc)“z“c arcsin (:vc; c?z2+1 zctarc
a2(cez+cd)3+
. . . . 5
derivativedivides dete
S dee (2 arcsinh(zc)2z2c2 —2 inh(ze)V/e2a2+1
b2 (d2c2 (arcsinh(zc)2z0—2 arcsinh(zc) czz2+1+2zc)+ ce( arcsinh(zc)“z“c arcsin (zc; c“z“+1 zctarc
a2(cem+cd)3+
default 3cle
a2(ex+d)3 b2 (18 arcsinh(zc) 223 c3e24-54 arcsinh (zc) 2z c3de+54 arcsinh (zc) %z ¢3d2—12 arcsinh(zc)vc?z2+1 z
parts 3
e
. (3864 c*254-206ctd ezt +531ctd?e? 23 4+162ct d3e x2 +-54ct drr—48c2 et 23 41742 d €312 +540c2 d2 e 2+135c2d3 e — 96
orering ; s
54c*(exz+d)

-

Lint((e*x+d)‘2*(a+b*arcsinh(x*c))‘2,x,method=_RETURNVERBOSE)

-/

1/cx(1/3*a~2/c~2* (cxexx+cxd) “3/e+b”2/c2x (d"2*c~2* (arcsinh (x*c) ~2*x*c-2*ar
csinh(x*c)*(c™2%x"2+1) " (1/2) +2*x*kc) +1/2xd*c*e* (2*arcsinh (x*kc) “2*x~2%c~2-2%
arcsinh(x*c)*(c™2*x~2+1) " (1/2) *x*c+arcsinh (x*c) "2+c~2xx~2+1) +1/27*e~ 2% (9*a
rcsinh(x*c) “2*%x"3*c”~3-6*(c"2*x"2+1) ~(1/2) *arcsinh (x*c) *x~2*%c~2+2*x " 3*c"3+1
2*arcsinh (x*c)*(c™2*xx"2+1) ~(1/2) -12*x*c) ) +2*xaxb/c"2*(1/3/e*arcsinh (x*c) *c”
3*d"3+arcsinh (x*c)*c~3*d"2*x+e*arcsinh (x*c)*c~3*d*x"2+1/3*e"2*arcsinh (x*c)
*x"3%c"3-1/3/e*(c”3*d"3*arcsinh (x*c)+e~3* (1/3*x"2xc"2* (c~2*x"2+1) "~ (1/2) -2/
3% (c™2*x72+1) " (1/2) ) +3*d*kc*e~ 2% (1/2x (c™2*x~2+1) ~(1/2) *x*c-1/2*arcsinh (x*c)
)+3*%d"2xc " 2%ex (c"2*%x"2+1)~(1/2))))
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 319, normalized size of antiderivative = 1.33

/(d + ex)*(a + barcsinh(cz))? dz

2(9a* +2b?)cPe?s® + 27 (20 + V) Pdex® + 9 (22 e?a® + 6 b cPdex? + 6 b2Pd?z + 3b%cde) log (cz +

p

~—

input tintegrate ((exx+d) “2* (a+b*arcsinh(c*x))~2,x, algorithm="fricas")

1/54% (2% (9%a~2 + 2¥b~2)*c"3%e”2*x"3 + 27*(2¥a"2 + b~2)*c"3*d*ke*x"2 + 9k (2
b~2%c"3%e"2%x"3 + 6*%b"2%c”3*d*e*xx"2 + 6%b"2xc”3*d"2*x + 3*b~2*c*d*e)*log(c
*x + sqrt(c™2*x”2 + 1))72 + 6*%(9%(a”2 + 2%b~2)*c"3*d"2 - 4*b"2*cxe"2)*x +
6% (6*xa*bxc~3xe”"2xx"3 + 18*axb*c”3*d*kexx”"2 + 18*axb*c~3*d"2%x + 9*axbkcxd*e
- (2%b72%c"2*%e"2%x"2 + 9xb"2%c"2xd*e*x + 18%b"2%c”2*d"2 - 4*b"2xe”2)*sqrt
(c™2*%x"2 + 1))*log(c*x + sqrt(c™2*x"2 + 1)) - 6x(2xaxb*c™2xe”2%x"2 + 9*a*b
*Cc"2xd*exx + 18*a*bxc”2*xd"2 - 4*axb*e”2)*sqrt(c”2*x"2 + 1))/c”3

output

Sympy [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 454, normalized size of antiderivative = 1.90

/(d + ex)*(a + barcsinh(cz))? dz

ﬁﬁx+a%m¥+féﬁ+2Mﬁx%mh@ﬂ+ﬁw@ﬁamm@my+%Mﬁmmwo_%Wﬁﬁql_ﬂ

3
a a? <d2w + dex? + %)

e A
integrate ((e*x+d) **2* (a+b*asinh (c*x) ) **2,x)

N\ J

input




output

input
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Piecewise ((a**2*dx*2%x + a**x2kd*e*x**2 + a*xx2¥ex*2xx**3/3 + 2xa*xbxd**x2*x*a
sinh(c*x) + 2%a*bkd*e*x**2xasinh(c*x) + 2%axbke*x*2xx**3*asinh(c*x)/3 - 2#*a
*bkd**2xsqrt (c**2*x**2 + 1)/c — axbkdxe*x*sqrt(cx*2xx**2 + 1)/c - 2*axbkex
*2*xx*¥*x2%sqrt (Ck*2*x**2 + 1)/(9%c) + axbxd*e*asinh(c*x)/c**2 + 4kaxbke**2*s
qrt (c*x*2+xx*2 + 1)/(9%c**3) + b*x*2*d**2xx*asinh(c*x)**2 + 2*kbx*2*xd*k*2xx +

b**2xd*e*xx**2kasinh (ckx) **2 + bk*2kd*exx**2/2 + b**2kex*2kx**3*asinh (c*x)*
*2/3 + 2xb¥*2ke*x*2xx**3/27 — 2¥bk*2kd**2ksqrt (cx*2xx**2 + 1)*asinh(c*x)/c

- b**2xd*exx*sqrt (ckx*2*x**2 + 1)*asinh(c*x)/c - 2¥b**2ke**2kxx**2*sqrt (cx*2
*xx*x2 + 1)*asinh(c*x)/(9%c) + b**2*kd*exasinh(c*x)**2/(2xc**2) — 4xbx*2xex*
2%x/ (9*c**2) + A*xb**2ke**2xsqrt (ck*2xx**2 + 1)*asinh(ckxx)/(9*c**3), Ne(c,

0)), (a**2x(d**2+x + dkexx**2 + exx2*x*x3/3), True))

Maxima [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 378, normalized size of antiderivative = 1.58

(d + ex)*(a + barcsinh(cz))? dz

1 1
= = b%e®z® arsinh (cz)® + b?dex? arsinh (cz)® + 3 a?e’z® + b*d*z arsinh (cz)?

Vc2x? + 1z arsinh (cz)
— abde

c? c

+ a’dex® + (2 x? arsinh (cz) — c(

+§ 2 ct c? - c3
2 . Va2 + 122 24/ +1 N
+ — | 3z arsinh (cz) — ¢ - abe
9 c? ct
2 vz + 122 2+/c2z? + 1 , -6z )\ 5 5
——13c - arsinh (cx) — ———— | b%e
27 c? ct c?
+2Hf<x_xw%?+1ammh@@)_%ffx+2(mwmmh@@—~V§ﬂ+JMWf
c c

Lintegrate((e*x+d)“2*(a+b*arcsinh(c*x))‘2,x, algorithm="maxima")

2
2 1 22 1 22 i
1 <c2<z _ log (cz 4+ Vcz? + 1) )_2c<vcﬂﬁ + 1z arSlnh(Cw)) arsinh(cx)>b2de
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1/3*b~2%e"2xx"3*arcsinh(c*x) "2 + b~ 2xd*e*x”2*arcsinh(c*x) "2 + 1/3*a"2%e”2%
X"3 + b"2xd"2*x*arcsinh(c*x) "2 + a”2*d*exx"2 + (2*x"2*arcsinh(c*x) - c*(sq
rt(c™2*x"2 + 1)*x/c”2 - arcsinh(c*x)/c”3))*a*b*d*e + 1/2%x(c"2*(x"2/c"2 - 1
og(c*xx + sqrt(c™2*x"2 + 1))72/c™4) - 2xc*(sqrt(c™2*x"2 + 1)*x/c”2 - arcsin
h(c*x)/c”3)*arcsinh(c*x))*b~2*d*e + 2/9%(3*%x~3*arcsinh(c*x) - c*(sqrt(c”2x
X"2 + 1)*x72/c”2 - 2xsqrt(c”2*x"2 + 1)/c”4))*axb*e”2 - 2/27*(3*cx(sqrt(c”2
*x"2 + 1)*x72/c”2 - 2*sqrt(c”2#x"2 + 1)/c”4)*arcsinh(c*x) - (c72%x"3 - 6%*x
)/c”2)*¥b"2%xe"2 + 2*b~2%d"2*(x - sqrt(c”2#x”2 + 1)*arcsinh(c*x)/c) + a~2*d”
2+x + 2x(cxx*arcsinh(c*x) - sqrt(c™2*x™2 + 1))*a*bxd~2/c

output

Giac [F(-2)]

Exception generated.

/ (d + ex)?(a + barcsinh(cz))? dr = Exception raised: RuntimeError

input‘integrate((e*x+d)’"2*(a+b*arcsinh(c*x))’"2,x, algorithm="giac")

output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage2DUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
Lcteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barcsinh(cz))? dx = / (a + basinh(cz))’ (d + ex)’ dx

input‘int((a + b*asinh(c*x))~2*%(d + e*x)~2,x)

output 1Bt((a + brasinh(cx)) 2%(d + exx)"2, x)
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Reduce [F]

/(d + ex)*(a + barcsinh(cz))? dz
B 18asinh(cx)? b*cd?x + 18asinh(cx)? bPcPde 22 4 asinh(cx)? bPcde — 36+/c2x? + 1 asinh(cz) b2c2d? — 1

input Lint((e*x+d) ~2x (a+b*asinh(c*x)) ~2,x) J

(18*asinh (c*xx) *k*k2kb**2*kc**3*d**2*x + 18*asinh (ckx) **2¥b**2*Cck*3kd*exx**2 +
9*asinh (c*x) **2¥b**2kckd*e — 36*sqrt(ck*2*x**2 + 1)*asinh(ckx)*bk*2kck*2x*
d**2 - 18xsqrt(c**2*x**2 + 1)*asinh(c*x)*b**2*cx*2xd*exx + 36*asinh(c*x)*a
*bkxck*3xdk*2*x + 36*asinh (c*x)*axbxck*3xdre*x**x2 + 12*xasinh(c*x)*axbkc*x*3%
e*x2kx**3 — 36%sqrt (Ck*2xx**2 + 1)*akbkck*2*kd**2 — 18*sqrt (ck*2*kx**2 + 1)*
axbkck*2kd*xexx — 4*sqrt(ck*2kx**2 + 1)kaxbkck*k2kxex*2xx**2 + 8ksqrt (ck*2*kx*
*2 + 1)*axb¥ex*2 + 18*int (asinh(c*x)**2kx**2,x)*¥bk*x2kc*k*x3xe**x2 + 18*log(sq
Tt (Ck*2%x*%2 + 1) + c*x)*akxbkckdke + 18%a*x*2kckk3kd**k2kx + 18ka*x*kckk3*kd*
eXxX*x*k2 + B%kakk2kCkk3kekk2kx*k*k3 + 36kDkk2kCk*k3kd*k*k2%kxX + O*b*kk2kCk*k3kdkekxk*
2)/ (18*c**3)

output
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3.14 [(d + ex)(a + barcsinh(cz))? dz

Optimal result . . . . . . . . . . . . e 146
Mathematica [A] (verified) . . . . . . . . . ... o 147
Rubi [A] (verified) . . . .. . . ... .. 147
Maple [A] (verified) . . . . . . ... L 149
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 149
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 150
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1511
Giac [F(-2)] . . .« o oo 1511
Mupad [F(-1)] . . . o o 152
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 152

Optimal result

Integrand size = 16, antiderivative size = 140

2,2 :
/(d + ex)(a + barcsinh(cz))? dz = 2b%dz + lebzexz _ 2bdv1+cix (ac+ barcsinh(cx))

bex/1 + c2x%(a + barcsinh(cx))

2c
d?(a + barcsinh(cz))?  e(a + barcsinh(cz))?
- +
2e 4c?
N (d + ex)?(a + barcsinh(cz))?
2e

p

output \ 2%b~2%d*x+1/4%b"2%ke*x~2-2%b*d* (c"2*%x~2+1) ~(1/2) * (a+b*arcsinh(c*x) ) /c-1/2*b
‘*e*x*(c‘2*x‘2+1)‘(1/2)*(a+b*arcsinh(c*x))/c—1/2*d‘2*(a+b*arcsinh(c*x))‘2/e
L+1/4*e*(a+b*arcsinh(c*x))“2/c‘2+1/2*(e*x+d)‘2*(a+b*arcsinh(c*x))‘2/e

~
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Mathematica [A] (verified)

Time = 1.00 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.01

/(d + ex)(a + barcsinh(cz))? dz

_ c(20cx(2d + ex) + bPcx(8d + ex) — 2ab(4d + ex)v/1 + 2a?) + 2b(—be(4d + ex) V1 + a2 + a(e + 4¢
B 4c?

-

| —

input LIntegrate [(d + exx)*(a + bxArcSinh[c*x])~2,x]

‘ (c*(2%a~2kcxx*(2%xd + e*x) + b~ 2xc*x*(8*d + exx) - 2%a*xbx(4*d + e*x)*Sqrt[1
\ + c"2%x72]) + 2*%bx(—(bxc*x(4*d + e*xx)*Sqrt[1l + c™2*x72]) + a*x(e + 4*c™2*dx*
‘x + 2%c”2%exx"2) )*ArcSinh[c*x] + b~2%(e + 4*c"2xd*x + 2%c”2%e*x"2)*ArcSinh

output ‘
L[c*x]*2)/(4*c*2) J

Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.16,

number of rules __
integrand size 0.188, Rules

number of steps used = 3, number of rules used = 3,
used = {6243, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d+ ex)(a + barcsinh(cz))? dz

l 6243
d 2(a+b inh
(d + ex)*(a + barcsinh(cz))* be [ Lt (?/tzjgijln ) g
2e e
l 6253

(d + ex)?(a + barcsinh(cz))?

2e
(a+barcsinh(cz))d® | 2ez(a+barcsinh(cz))d 62z2(a+baI'CSinh(cz)))
bcf( Ve2z2 41 + Ve2x2 41 + Ve2x2 41 dz
e




CHAPTER 3. LISTING OF INTEGRALS 148

| 2009
(d + ex)?(a + barcsinh(cz))?

2e
2dev/c2x?+1(a+barcsinh (cx))

b e2(a+barcsinh(cz))? i e2zv/c?z?+1(a+barcsinh (cz)) 4 d?(a+barcsinh(cz))?  2bdex
e\~ 4bc3 + c? 2c2 2bc c

e
e A

Int[(d + e*x)*(a + b*ArcSinh[c*x])~2,x]

N\ J

input

output (@ + e¥0)72%(a + brArcSinhlcxx])"2)/(2+e) - (bxck((-2+brdrexx)/c - (bre"2
‘*x"2)/(4*c) + (2xdxexSqrt[1 + c™2*x"2]*(a + b*ArcSinh[c*x]))/c™2 + (e 2*xx* ‘
'Sqrt[1 + c™2*x"2]*(a + b¥ArcSinh[c*x]))/(2%c™2) + (d"2%(a + b¥ArcSinh[c¥x]

\)*2)/(2*b*c) - (e~2%(a + b¥ArcSinh[c*x])"~2)/(4%bxc~3)))/e

Defintions of rubi rules used

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6243 Intl(Ca_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(_)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)"(m + 1)*((a + bxArcSinh[c*x]) n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c™2*x~2]), x], x] /; FreeQl{a, b, c, d, e, m}, x] && IGtQ[n
, 0] && NeQ[m, -1]

rule 6253 Intl((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_)*((£)) + (g_.)*(x_))"(m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + exx~2) p*(a

+ b*ArcSinh[c*x])"n, (f + g*x)“m, x], x] /; FreeQ[{a, b, ¢, 4, e, £, g}, x]
%& EqQle, c~2*d] &% IGtQ[m, O] &% IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQLp, -11) || GtQlp, 0] || EqQm, 1] || (EqQ[m, 2]

&& LtQ[p, -21))




inputt

output

input
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Maple [A] (verified)

Time = 1.41 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.31

method result

2 arcsinh(zc)2aczc2 —2 arcsinh(zc)Vc2x2+1 chrachsinh(zc)2 +c222 +1)

4c

+d (a,rcsinh(zc) 2zc—

b2<e(
parts a*(tex® +dz) +

c

) e (2 a,rcsinh(:vc)za:2 c2-2 arcsinh(zc)V c2x2+1 zcta
+ I

o2 (c2dz+lc2e z2) b2 (dc (arcsinh(zc)2m0—2 arcsinh(zc)Vc2x2+142zc
2

derivativedivides e E

2.2

C

a2 (c2dm+ 1.2, .2 b2 dc(arcsinh(wc)zwc—Q arcsinh(zc)Vc2x2+142zc
zcex

) e (2 arcsinh(zc)zz ¢?—2 arcsinh(zc)Vc2z2+1 wcta
+ z

default c + -

(7c2e3x*+33c2d 223 +20c?d?e 2 +8c2d3z+6e322+-30d e22+10e d2) (a+b arcsinh(zc))?

Cc

(30262z4+1702de 344

orering 53 (catd)

int ((exx+d) * (a+b*arcsinh(x*c)) ~2,x,method=_RETURNVERBOSE)

a” 2% (1/2*exx"2+d*x)+b~2/c* (1/4*e* (2*arcsinh (x*c) “2*x~2*%c~2-2*arcsinh (x*c) *
(c™2*x72+1) " (1/2) *x*c+arcsinh (x*c) “2+c~2*x"~2+1) /c+d* (arcsinh (x*c) ~2xx*c—2%
arcsinh(x*c)*(c™2xx"2+1) ~(1/2) +2*x*c) ) +2*xaxb/c*x (1/2*c*arcsinh (x*c) *exx~2+a
rcsinh (x*c) *x*c*xd-1/2/cx(ex(1/2%(c™2%x"2+1) " (1/2) *x*c-1/2*arcsinh (x*c) ) +2%
dxc*(c™2%x"2+1)~(1/2)))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.31

/ (d + ex)(a + barcsinh(cz))? dz

(2a® + b?)Pex? + 4 (a® + 2b%)Pdz + (2b2CPex? + 4b2cPdx + b%e) log (cx + V222 + 1)2 + 2 (2 abc®ex?

Lintegrate((e*x+d)*(a+b*arcsinh(c*x))”2,x, algorithm="fricas")

4 c*



CHAPTER 3. LISTING OF INTEGRALS 150

1/4%((2%a~2 + b~2)*c"2%exx"2 + 4*x(a”2 + 2%b72)*xc"2xd*x + (2*%b~2*c " 2*e*x"2

+ 4xb~2xc”2xd*x + b~2xe)*log(c*x + sqrt(c™2*x"2 + 1))72 + 2% (2xaxbxc”2xe*xx
“2 + 4*axb*xc”2*%d*x + axbxe — (b"2%cke*xx + 4¥b"2xc*d)*sqrt(c”2*x"2 + 1))x*lo
g(cxx + sqrt(c™2*x72 + 1)) - 2#(a*bxckexx + 4*axbxckd)*sqrt(c™2*x"2 + 1))/
c"2

output

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.66

/ (d + ex)(a + barcsinh(cz))? dzx

(2) 4 b2dz as

2ex? . . V2z2 252 be asinh
a’dr + “£= + 2abdz asinh (cz) + abez® asinh (cz) — 20bWVCTL _ aberveatil | Seath

a? (d:c + %)

input ‘ integrate ((e*x+d) *x (a+tb*asinh (c*x) ) **2,x)

Piecewise ((a**2kd*x + a**2*e*xx**2/2 + 2¥axb*d*x*asinh(c*x) + a¥bkexx**2*as
inh(c*x) - 2*%axbkd*sqrt(c**2*x**2 + 1)/c — axbkexx*sqrt (c**2kxx*x*2 + 1)/(2*
c) + a¥bxe*asinh(c*x)/(2%c**2) + bx*2xd*x*asinh (c*kx)**2 + 2xb**x2kd*x + b**
2xexx**2xasinh (cxx) **2/2 + b*x2ke*xx**2/4 — 2¥b**2*d*ksqrt (cx*2xx**2 + 1)*as
inh(c*x)/c - b**2%e*xx*sqrt (c*x*2xx**2 + 1)*asinh(c*x)/(2%c) + bx*2xexasinh(
c*x) **2/ (4xcx*2), Ne(c, 0)), (a**2x(d*x + e*xx**2/2), True))

output

2c2
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 219, normalized size of antiderivative = 1.56

/ (d + ex)(a + barcsinh(cz))? dz = % b?ex? arsinh (cz)? + b2dz arsinh (cz)?
vcir® + 1z arsinh (cz) ) ) abe

1 1
+ = a’ex® + 3 (2 x? arsinh (cz) — c(

2 c? c
1( o[z log(cz+c2z?+ 1)2 V2z2 +1x  arsinh (cx) , 5
+- (2= — —2c - arsinh (cz) |b%e
4 c? ct c? c3
+ob%d (z B v/ c2x? 4+ 1arsinh (ca:)) + atds+ 2 (cx arsinh (cx) — v/ c2x? + l)abd
c c
inputLintegrate((e*x+d)*(a+b*arcsinh(c*x))"2,x, algorithm="maxima") J

1/2xb"2xe*x”2*arcsinh(c*x) "2 + b~2*d*x*arcsinh(c*x)~2 + 1/2*%a"2*exx"2 + 1/
2% (2*x~2*arcsinh(c*x) - c*(sqrt(c™2*x"2 + 1)#*x/c”2 - arcsinh(c#*x)/c~3))*a*
b*xe + 1/4%(c™2%(x"2/c”2 - log(c*x + sqrt(c™2*x"2 + 1))72/c”4) - 2*c*x(sqrt(
c”2*x"2 + 1)*x/c”2 - arcsinh(c*x)/c”3)*arcsinh(c*x))*b™2*%e + 2*b~2*d*(x -
sqrt(c”2*x"2 + 1)*arcsinh(c*x)/c) + a"2*d*x + 2x(cxx*arcsinh(c*x) - sqrt(c
"2xx72 + 1))*a*bxd/c

output

Giac [F(-2)]

Exception generated.

/ (d + ex)(a + barcsinh(cz))? dr = Exception raised: RuntimeError

inputLintegrate((e*x+d)*(a+b*arcsinh(c*x))“2,x, algorithm="giac") J

-

Exception raised: RuntimeError >> an error occurred running a Giac command
‘ : INPUT : sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve ‘
‘cteur & 1) Error: Bad Argument Value

output
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Mupad [F(-1)]

Timed out.

/(d + ex)(a + barcsinh(cz))? dz = / (a + basinh(cz))? (d + ex) dz

input Lint((a + b*asinh(c*x))"2*(d + e*x),x) J

output‘ int((a + b*asinh(c*x))~2x(d + e*x), x)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.66

/ (d + ex)(a + barcsinh(cz))? dz
B 4asinh(cz)? b2c2dz + 2asinh(cz)® b2 cPe z? + asinh(cz)® b2e — 8v/x? + 1 asinh(cz) b2cd — 2v/x% + 1

input Lint((e*X"'d)*(a"’b*aSinh(c*x))‘Q,X) J

(4*asinh (c*x) **2xb**x2*xck*2xd*x + 2*asinh (c*x)**2xb**x2kcx*2*e*xx**2 + asinh(
C*X) *¥*2xb**2%e — 8xsqrt(c*x*2*x**2 + 1)*asinh(c*x)*b**2*ckd — 2xsqrt(cx*2*x
*x2 + 1)*asinh(c*x)*bx*2*ckxe*xx + 8*asinh(c*x)*axbkck*x2kxd*x + 4*asinh(c*x)x*
axbkcx*k2xe*xx*x*2 + 4xasinh(ckxx)*a*bxe - 8*sqrt (c**2kx**2 + 1)*a*bxc*d - 2%s
qrt (c**2+x**2 + 1)*axbkxckxe*x - 2xlog(sqrt(cx*2kx**2 + 1) + c*x)*a*bke + 4%
a*x*k2kckk2kd*xx + 2kakk2kckkkexx*k*x2 + 8kbkk2Qkck*k2kd*kx + bR*k2kck*kQkekxk*k2 +

b**2%e) / (4*c**2)

output




output

input

output
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3.15 [(a + barcsinh(cz))? dz

Optimal result . . . . . . . . . . . . e 153
Mathematica [A] (verified) . . . . . . . . . ... o 1531
Rubi [A] (verified) . . . .. . . ... .. 154
Maple [A] (verified) . . . . . . ... L 155
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 155
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 156
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1561
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 157
Mupad [F(-1)] . . . o o 157
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 158

Optimal result

Integrand size = 10, antiderivative size = 46

2bv/1 + c2x2(a + barcsinh(cz))

/ (a+ barcsinh(cr))? dx = 2b%z — .

+ x(a+ barcsinh(cz))?

L2*b“2*x-2*b*(c“2*x“2+1)“(1/2)*(a+b*arcsinh(c*x))/c+x*(a+b*arcsinh(c*x))“2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.61

2 2
/(a + barcsinh(cz))? dz = (a® + 20%) z — @

N 2b(acz — bv/1 + c2x?) arcsinh(cz)

Cc

+ b*zarcsinh(cz)?

LIntegrate[(a + b*ArcSinh[c*x])~2,x]

‘ (2”2 + 2%b~2)*x - (2*a*b*Sqrt[1 + c~2*x"2])/c + (2*b*x(a*c*x - bxSqrt[l + ¢

\ ~2%x~2]) *ArcSinh[c*x])/c + b 2*x*ArcSinh[c*x] "2

N
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.09,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6187, 6213, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+ barcsinh(c:::))2 dz
l 6187
z(a + barcsinh(cz))? — 2bc/ z(a + barcsinh(cz)) da
c2x?+1
l 6213
z(a + barcsinh(cac))2 _ 2bc< c?z? + 1(a + barcsinh(cz)) B bf 1da:>
c2 e
l 24
z(a + barcsinh(cz))? — 2bc< c*z? +1(a + barcsinh(cz)) _ bac)
C2 c
input LInt [(a + b*ArcSinh[c*x])"2,x] J

N

;
‘x*(a + bxArcSinh[c*x]) "2 - 2xb*c*x(-((b*x)/c) + (Sart[1l + c 2*x"2]*(a + Db*A ‘

output
rcSinh[c#x]))/c™2) |

Defintions of rubi rules used

-

rule 24 LInt [a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

-/

rule 6187‘ Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A ‘
‘rcSinh[c*x])An, x] - Simp[b*c*n Int[x*((a + b*ArcSinh[c*x])~(n - 1)/Sqrt[ ‘
1+ c"2#x72]), x1, x] /; FreeQl{a, b, c}, x] & GtQ[n, 0]
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Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.)) " (n_.)*(x_)*((d_) + (e_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(d + exx"2)"(p + 1)*((a + bxArcSinh[c*x]) n/(2*ex(p
+ 1))), x] - Simp[b*x(n/(2xcx(p + 1)))*Simp[(d + e*x~2)"p/(1 + c~2*x"2) p]
Int[(1 + c™2*x"2)"(p + 1/2)*(a + b*ArcSinh[c*x])~(n - 1), x], x] /; FreeQl
{a, b, ¢, d, e, p}, x] && EqQle, c~2*d] && GtQ[n, 0] && NeQ[p, -1]

rule 6213

Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.57

method result Size

derivativedivides a?ca+b? (arcsinh(zc)ze—2 arcsinh(zc)\/@tT—i—l-i—thc) +2ab (e arcsinh(zc) —v/cZ2?+1) -

default a%ca+? (arcsinh(zc)zc—2 arcsinh(xc)\/c?tﬁwm) +2ab (e arcsinh(zc) —v/?a?+1) 72

parts 2z + b? (arcsinh(zc)?zc—2 ar(;sinh(wC)\/m+2wc) N 2b (e arcsinh(cxc)_m) 3

. o(P22+1) <C%;22f1 _ 2(a+b arzcsiznh(mc%))b csm)

orering 2(a + b arcsinh (zc))? — 2etboresiholl ) 99
[ B
input Lint ((a+b*arcsinh(x*c))~2,x,method=_ RETURNVERBOSE) J
output ‘ 1/c*(a~2xc*x+b~2% (arcsinh (x*c) ~“2*x*c—-2*arcsinh (x*c)* (c™2*%x~2+1) ~ (1/2) +2*x* ‘

Lc) +2%axb* (x*cxarcsinh (x*c)-(c™2%x~2+1)~(1/2))) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 96 vs. 2(44) = 88.

Time = 0.10 (sec) , antiderivative size = 96, normalized size of antiderivative = 2.09

/ (a + barcsinh(cz))? dx
b’czlog (cx + v/c2z? + 1)2 + (a® 4+ 2b%)cz — 2+/2x% + 1ab + 2 (abex — V/2x? + 1b%) log (cz + /22

c
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input‘integrate((a+b*arcsinh(c*x))”2,x, algorithm="fricas")

‘(b‘2*c*x*log(c*x + sqrt(c™2*x"2 + 1))72 + (2”2 + 2*%b"2)*c*kx - 2*xsqrt(c”2*x
“2 + 1)*axb + 2k (a*b*cxx — sqrt(c™2*x"2 + 1)*b~2)*log(c*x + sqrt(c™2*x"2 +
L ) /c J

output

Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.78

/ (a + barcsinh(cz))? dx
2 .
) @’z + 2abz asinh (cz) — 20VEHL 4 p2g asinh? (cx) + 2bPx — ZYEEHLasih () g £ )
a’z otherwise
inputLintegrate((a+b*asinh(c*x))**2,x) J
output 'Piecewise((a**2%x + 2%a¥bkx*asinh(c*x) - 2xa*bxsqrt (c*x*2*+x**2 + 1)/c + bxx* |

‘2*x*asin.h(c*x)**2 + 2%bx*2%x — 2*%b**2*sqrt (ck*2*x**2 + 1)*asinh(c*x)/c, Ne \
(e, 0)), (a%*2*x, True))

Maxima [A] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.57

/ (a + barcsinh(cz))? dz = bz arsinh (cx)® + 2 b2 (z - .

2 (cz arsinh (cz) — V222 + 1)ab

C

Vc2z? + 1 arsinh (cx))

+ a’z +

p

~—

inputtintegrate((a+b*arcsinh(c*x))"2,x, algorithm="maxima")
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t‘b“2>l<x*arcsinh(c*x)"2 + 2%b72x(x - sqrt(c”2*x”2 + 1)*arcsinh(c#*x)/c) + a~2* ‘

outpu
‘x + 2% (cxx*arcsinh(c*x) - sqrt(c™2*x"2 + 1))*a*b/c ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 111 vs. 2(44) = 88.

Time = 0.20 (sec) , antiderivative size = 111, normalized size of antiderivative = 2.41

/ (a + barcsinh(cz))? dx
/22
=2 (:vlog (cx +Vc2x? + 1) — %H)ab

2 vecr2 411 ve2r? +1
+ (x10g<6x+1102x2+1> +26<§— ccre + 0g(C;E+ cexs + )>)b2

c

+a’z

-

Lintegrate ((atb*arcsinh(c*x))~2,x, algorithm="giac")

e—

input

‘2*(x*log(c*x + sqrt(c™2*x"2 + 1)) - sqrt(c™2*x"2 + 1)/c)*a*b + (xxlog(c*x ‘
‘+ sqrt(c™2*x"2 + 1))72 + 2*c*(x/c - sqrt(c™2*x”2 + 1)*log(cxx + sqrt(c™2*x ‘
L‘2 +1))/c72))*b™2 + a~2%x J

output

Mupad [F(-1)]
Timed out.

/(a + barcsinh(cz))? dz = / (a + basinh(cz))? dz

-

Lint ((a + b*xasinh(c*x))~2,x)

-/

input

output Lint((a + b*asinh(c*x))~2, x) J
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.59

/ (a + barcsinh(cz))? dx
_ asinh(cz)’ bPex — 24/c232 + 1 asinh(cx) b® + 2asink(cz) abex — 2v/c2a? + 1ab + a’cx + 2b%cx

C

input 10t ((a+brasinh(cxx))"2,x) |

‘(asinh(c*x)**Q*b**2*c*x - 2#sqrt (c**2*x*x*2 + 1)*asinh(c*x)*b**x2 + 2+asinh(

output
|ckx)kakbrckx — 2+SQUt(CHA2EXAA2 + 1)*akb + akkDkckx + 2xbkk2%cHX)/C |
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(a+barcsinh(cz))?
3.16 | = dx
+ex

Optimal result . . . . . . . . . . . . . e 159
Mathematica [A] (verified) . . . . . . . . . ... 160
Rubi [A] (verified) . . . . . . . . . . 1601
Maple [F] . . . . . 164
Fricas [F] . . . . . . o 164
Sympy [F] . . . o 164
Maxima [F] . . . . . . 165
Giac [F] . . . o o 1651
Mupad [F(-1)] . . .« o 1651
Reduce [F] . . . . . o 1661

Optimal result

Integrand size = 18, antiderivative size = 291

/

(a + barcsinh(cz))?

d+ex

dr =

(a + barcsinh(cz))?
3be

(a + barcsinh(cz))? log (1 %)
+ e |

(a + barcsinh(cz))? log (1 + ﬂ%)
+

e
. eea,rcsinh(cz)

2b(a + barcsinh(cz)) PolyLog <2, —m>
+ e .

2b(a + barcsinh(cz)) PolyLog (2, —%)
+

2b% PolyLog (3,

e

eedresinh(cz)

T cd—V2d2te2

)

e

2b% PolyLog (3, -

eearcsinh(cx)

cd++/c?2d2+e2?

)

e



output

input

output
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-1/3%(a+b*arcsinh(c*x)) ~3/b/e+(at+b*arcsinh(c*x) ) “2*1n(1+e* (c*x+(c™2%x"2+1)
~(1/2))/(c*d-(c"2*%d"2+e"2)~(1/2)) ) /e+(atb*arcsinh (c*x)) “2*1n(1+e* (cxx+(c~2
*x"2+1)~(1/2)) / (c*d+(c~2*%d"2+e~2) ~(1/2)) ) /e+2*b* (a+b*arcsinh (c*x) ) *polylog
(2,-e*x(c*xx+(c™2*x"2+1)~(1/2)) / (c*d-(c"2*d"2+e"2) ~(1/2)) ) /e+2*xb* (at+b*arcsin
h(c*x))*polylog(2,-ex(cxx+(c™2*x"2+1)~(1/2))/(c*d+(c"2*xd"2+e~2) " (1/2))) /e~
2*¥b~2xpolylog(3,-e* (ckx+(c™2*%x"2+1) ~(1/2)) / (c*d-(c"2xd"2+e"2) " (1/2))) /e-2%
b~2xpolylog(3,-e*x (c*x+(c™2*xx"2+1) ~(1/2))/(c*d+(c"2*xd"2+e"2)"(1/2))) /e

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 273, normalized size of antiderivative = 0.94

: 2
(a + barcsinh(cx)) i

d+er
_ (a+baI‘CSblIlh(C$))3 + 3(a + barcsinh(cz))? log <1 + %) + 3(a + barcsinh(cz))? log <1 +

eedresinl

cd++/c?d

-

N

Integrate[(a + bxArcSinh[c*x])~2/(d + e*x),x]

N

(-((a + b*ArcSinh[c*x])~3/b) + 3*(a + b*ArcSinh[c*x]) 2*Logl[l + (e*xE~ArcSi
nh[c*x])/(c*d - Sqrt[c™2+%d"2 + e72])] + 3*(a + bxArcSinh[c*x]) 2xLog[l + (
exE"ArcSinh[c*x])/(c*d + Sqrt[c™2*d"2 + e72])] + 6xb*(a + b*ArcSinh[c*x])=*
PolyLog[2, (e*E~ArcSinh[c*x])/(-(c*d) + Sqrt[c™2*d"2 + e72])] + 6%b*(a + b
*ArcSinh [c*x])*PolyLog[2, -((e*E~ArcSinh[c*x])/(c*d + Sqrt[c™2*d"2 + e72])
)] - 6xb~2*%PolyLog[3, (e*E~ArcSinh[c*x])/(-(c*d) + Sqrtl[c™2*#d~2 + e72])] -
6*%b~2xPolyLog[3, -((e*E~ArcSinh[c*x])/(c*d + Sqrtlc™2*d~2 + e72]))]1)/(3*e
)

Rubi [A] (verified)

Time = 1.71 (sec) , antiderivative size = 285, normalized size of antiderivative = 0.98,
number of rules _ 0.333, Rules

number of steps used = 7, number of rules used = 6,
used = {6242, 6095, 2620, 3011, 2720, 7143}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
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dz

/ (a + barcsinh(cz))?
d+ex

l 6242

/ vc2z2 + 1(a + barcsinh(cz))?
cd + cex

darcsinh(cx)

l 6095

/ e2resinh(e2) (g 4 parcsinh(cz))?

od & coaresinhlea) _ Wdarcsmh(cx) +

arcsinh(cz) : 2 : 3
/ e .(a + barcsinh(cx)) darcsinh(cz) — (a + barcsinh(cx))
cd + eearcsinh(cz) + m 3be
| 2620

earcsinh(ez) o

2b [(a + barcsinh(cz)) log ( — o

+ 1) darcsinh(cx)

e
earcsinh(ez) o

2b [ (a + barcsinh(cz)) log ( + 1) darcsinh(cx)

cd EP T N
e
rcsinh(cx resinh(ce
(a + barcsinh(cz))? log ( da;;dz% + 1) N (a + barcsinh(cz))? log (\/ﬁ%—ke(—i-c)d + 1)
€ e
(a + barcsinh(cz))?
3be
| 3011

eedrcsinh(cx)

. . eedrcsinh(cz)
2b (b J PolyLog (2, —m) darcsinh(cz) — (a + barcsinh(cz)) PolyLog <2, —m>> ~

eedresinh(cz)

e
. . eedl inh(cz)
2b (b | PolyLog (2, —m> darcsinh(cx) — (a + barcsinh(cz)) PolyLog (2, —Cdi\;ﬁ)) .

e
. earcsinh(cz) . arcsinh(cz)
(a + barcsinh(cz))? log ( —VaareE T 1) . (a + barcsinh(cz))? log (% )
e e
(a + barcsinh(cz))3

3be
l 2720
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20 (b f e—arcsinh(cz) PolyLog (2 eearcsinh(cz)

—ee 02d2+62> dearcsinh(cw) _ (a + ba,rcsinh(ca;)) POlyLOg <2’ _ eearcsinh(cz) ))

cd—+/c2d?+e?

20 (b f e—arcsinh(cz) PolyLog (2 eearcsinh(ca)

T cdtv/c2dZte?

e .
) ) (o + bavcinhex) PlyLog (2, — 25250 )
+

e
. inh(cz . inh(cz
(a + barcsinh(cz))? log (% + 1) . (a + barcsinh(cz))? log (% + 1)
€ e

(a + barcsinh(cz))3
3be

l 7143

eedresinh(cz)

2b (b PolyLog (3, T VERTeE

. eedl inh(cz)
) — (@ + barcsinh(cz)) PolyLog (2, —Cdf\;ﬁ))

e
inh(cz) . inh(cz)
2 (b PolyLog (3, — 4255 ) — (a + barcsinh(c)) PolyLog (2 — £655 ) ) N
e
. arcsinh(cz) . arcsinh(cz)
(a + barcsinh(cz))? log (;;_\/TW + 1) N (a + barcsinh(cz))? log (% + )
e e
(a + barcsinh(cz))3
3be

/Int[(a + b*ArcSinh[c*x])~2/(d + e*x),x]

input

-1/3*%(a + bxArcSinh[c*x])~3/(b*e) + ((a + b*ArcSinh[c*x]) 2+Log[l + (exE"A
rcSinh[c*x])/(cxd - Sqrtlc™2*d™2 + e~2])])/e + ((a + b*ArcSinh[c*x]) “2*Log
[1 + (exE"ArcSinh[c*x])/(c*d + Sqrtl[c™2*xd"2 + e72])]1)/e - (2*%b*(-((a + b*A
rcSinh[c*x])*PolyLog[2, -((e*E"ArcSinh[c*x])/(c*d - Sqrt[c™2*d"2 + e72]))]
) + bxPolyLogl[3, -((e*xE~ArcSinh[c*x])/(c*d - Sqrt[c™2+#d"2 + e72]))]1))/e -

(2#b* (-((a + b*ArcSinh[c*x])*PolyLog[2, -((exE"ArcSinh[c*x])/(cxd + Sqrtlc
~2%d"2 + e72]))]) + b*PolyLogl[3, -((e*E~ArcSinh[c*x])/(c*d + Sqrt[c~2*d~2

+e72]))1))/e

output
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Defintions of rubi rules used

rule 2620 Int [(CF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2790 Intlu_, x_Symboll :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_.)*(x))))~(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))"n]/ (b*csn*Log[F1)), x] + Simp[g*(m/(bxcrnsLog[F1))  Int[(£ + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 6095 Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(bxfx(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + fxx) " m*x(E"(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[2"2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

rule 6242

rule 7143 Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/(C(d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]
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Maple [F|

dz

/ (a + b arcsinh (acc))2
ex+d

input Lint ((atb*arcsinh(x*c)) "2/ (e*x+d) ,x)

Outputtint((a+b*arCSinh(X*C))A2/(e*X+d),x)

Fricas [F]

. 2 . 2
/ (a + barcsinh(cz)) dr — / (barsinh (cz) + a) s
d+ezx er+d

tnput Lintegrate ((atb*arcsinh(c*x)) "2/ (e*x+d) ,x, algorithm="fricas")

output Lintegral((b"2*arcsinh(c*x)“2 + 2%axbkxarcsinh(c*x) + a~2)/(e*x + d), x)

Sympy [F]

. 2 . 2
/ (a + barcsinh(cz)) dp — / (a + basinh (cx)) i
d+ex d+ex

input Lintegrate ((atb*asinh (c*x)) **2/ (e*x+d) ,x)

output LIntegral((a + b*asinh(c*x))*%2/(d + e*x), x)
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Maxima [F]

. 2 . 2
/ (a + barcsinh(cz)) dp — / (barsinh (cz) + a) i
d+ex er +d

input Lintegrate ((atb*arcsinh(c*x)) "2/ (exx+d) ,x, algorithm="maxima") J

output‘ a~2+log(exx + d)/e + integrate(b™2*xlog(c*x + sqrt(c™2*x"2 + 1))72/(e*x + 4 ‘
‘) + 2xa*bkxlog(c*x + sqrt(c™2*x"2 + 1))/(e*x + d), x) ‘

Giac [F]
/ (a + barcsinh(cz))? dp — / (barsinh (cz) + a)? s
d+ex er+d
input tiﬂtegrate ((atb*arcsinh(c*x)) 2/ (e*x+d) ,x, algorithm="giac") J
output Lintegrate((b*arcsinh(c*x) + a)~2/(exx + d), x) J

Mupad [F(-1)]

Timed out.
i 2 . 2
/ (a + barcsinh(cz)) dr — / (a + basinh(cz)) e
d+ex d+ezx
input Lint((a + b*asinh(c*x))"2/(d + e*x),x) J

Output‘ int((a + b*asinh(c*x))~2/(d + e*x), x) |
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Reduce [F]
: 2 2( [ asinh(ew) g ) abe + ( [ asinh(e)” 1) be + log(ez + d) a®
/ (a + barcsinh(cz)) dp — extd eatd
d+ex B e
input tint ((a+bxasinh(cxx)) "2/ (e*x+d) ,x) J

‘ (2xint (asinh(c*x)/(d + e*x),x)*a*bxe + int(asinh(c*x)**2/(d + e*x),x)*b*x*2 \

output
‘*e + log(d + exx)*ax*2)/e ‘




output
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3.17 [ (a+barcsinh(e))? ,

(d+ex)?
Optimal result . . . . . . . . . . . . . 167
Mathematica [A] (verified) . . . . . . . . . ... 168
Rubi [A] (verified) . . . . . . .. . . 168
Maple [A] (verified) . . . . . . . . ... 1721
Fricas [F] . . . . . . . 173
Sympy [F] . . . 173
Maxima [F] . . . . . o Ive!
Giac [F] . . . o o o 174
Mupad [F(-1)] . . . . . e 174
Reduce [F] . . . . . . 175

Optimal result

Integrand size = 18, antiderivative size = 263

(d + ex)? v e(d + ex)
2bc(a + barcsinh(cz)) log (1 +
NPT T &
. ee@resinh(cx)
2bc(a + barcsinh(cz)) log <1 m)
NPT

eedresinh(cz)
2b%c PolyLog (2, - m)

evVcid? + e?

eearcsinh(cx)
2b?c PolyLog <2, — m)

evcid? + e?

/ (a + barcsinh(cz))? dp — (a + barcsinh(cz))?

eedresinh(cz)
cd—+/c2d?2+e?

+

_|_

-(at+b*arcsinh(c*x)) "2/e/ (e*x+d) +2*b*xc* (a+b*arcsinh (c*x) ) *1n (1+e* (c*xx+(c™2*
X"2+1)7(1/2))/ (c*d-(c~2*d"2+e"2)~(1/2))) /e/ (c"2%d"2+e"~2) " (1/2) -2*b*c* (a+b*
arcsinh(c*x))*1n(1+e* (ckx+(c™2*xx"2+1) ~(1/2)) / (c*xd+(c™2*xd"2+e”~2) ~(1/2))) /e/
(c™2*%d"~2+e~2) ~(1/2) +2xb~2*c*polylog(2,-e* (ckx+(c™2*x~2+1)~(1/2) )/ (c*d-(c"2
*d"2+e72)7(1/2)))/e/ (c"2xd"2+e"2) " (1/2) -2¥b~2*c*polylog (2, —e* (cxx+(c 2*x"2
+1)7(1/2) )/ (cxd+(c™2*%d"2+e"2)~(1/2))) /e/ (c"2*d"2+e"2) ~(1/2)




CHAPTER 3. LISTING OF INTEGRALS 168

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.73

(a + barcsinh(cz))?

dx
(d+ex)?
. ecarcsinh(cz) _ cearcsinh(cz) eearcsinh(cz) _
_ (a+barcsinh(cx))2 + 2be ((a+barcs1nh(ax)) (log (1+ cd—/c2d2+e2 ) log (1+ cd+Vc2d2+e2 ) ) +bPolyLog (2’ —cd+m) b
_ d+ex Vc2d2te2
e
inputLIntegrate[(a + bxArcSinh[c*x])~2/(d + e*x)"2,x] J

(-((a + bxArcSinh[c*x])~2/(d + e*x)) + (2*bxc*((a + bxArcSinh[c*x])*(Log[1
+ (exE"ArcSinh[c*x])/(c*d - Sqrt[c™2*d"2 + e72])] - Logl[l + (e*E~ArcSinh[
c*x])/(c*d + Sqrt[c™2*d"2 + e72])]) + b*PolyLogl[2, (e*E~ArcSinh[c*x])/(-(c
*d) + Sqrt[c”™2*d"2 + e72])] - bxPolyLog[2, -((exE"ArcSinh[c*x])/(c*d + Sqr
tlc™2+%d"2 + e72]))]1))/Sqrtlc™2%d"2 + e~2]) /e

output

Rubi [A] (verified)

Time = 1.29 (sec) , antiderivative size = 239, normalized size of antiderivative = 0.91,

number of steps used = 11, number of rules used = 10, number of rules _ 0.556, Rules
integrand size

used = {6243, 6258, 3042, 3803, 25, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barcsinh(cz))?
(d+ ex)?

l 6243

dzr

+barcsinh(cz)
2bc [ (W—c\/szfldm (a + barcsinh(cz))?

e e(d + ex)
l 6258

2bc [ M%Wdarcsinh(cx) (a + barcsinh(cz))?

e B e(d + ex)
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| 3042
a+barcsinh(cz) .
. (a + barcsinh(cx ))2 2be f cd—iesin(iarcsinh(cz)) daI‘CSlnh(CCL')
e(d + ex) e

l 3803

edresinh(ee) (44 parcsinh(cz)) .
4bc f - _9cearcsinh(cz) §_gg2arcsinh(cz) | ¢ da,rcsmh(cx) (a + barcsinh(ca;) ) 2

e e(d+ ex)

l 25

earesinh(ce) (g4 parcsinh(cz)) .
4bc f —9c¢earcsinh(cz) §_gg2arcsinh(cz) | o darcsinh (C(L‘) (a + barcsinh (cac) ) 2

e e(d + ex)
l 2694

i h CcT 1 .
ol carcsinh(ez) . parcsinhes)) darcsinh(cs) e[ —

caresinh(ez) o4 parcsinh cz)) darcsinh(cz)
2 (Cd+eearcsinh(cz) _ \/W)

2<Cd+eearcsinh(cz)+ /76%2_,,62)

4bc V2d2te? - V2d2fe2
e
(a + barcsinh(cz))?
e(d+ ex)
| 27
carcsinh(ez) , 1 parcsinhca)) . carcsinh(ea) ,  parcsinhes)) .
4be e cd+ecdresinh(ez) |\ /232 o2 darcsinh (cc) _ ef cd+ecarcsinh(es) /352 .2 darcsinh(ce)
2v/c2d2+e2 22 d2te2
(a + barcsinh(cz))?
e(d+ ex)
| 2620
(a+barcsinhcz)) 1og edrosinhca) ) [ log earesinh(ea), aarcsinh(ce) (atbarcsinhce)) log ectresinhos)
e Vc2d2+e24cd cd+1/c2d?+¢e2 e cd—/c2d2 €2
4be 2v/c2d? +¢€2 - 2

(a + barcsinh(cz))?
e(d + ex)

l 2715
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s ecarcsinh(cz) o inh carcsinh(ez), inh . o
e((a%arcmnh(m))log(mﬂ) _bj c—arcsinh(ez) 1o, m“ dedrcsin (c:v)) e((a+barcslnh(cm))log «
e e e
4be 2v/c2d2+e2 o
e
(a + barcsinh(cz))?
e(d + ex)
l 2838

cearcsinh(cz) arcsinh(cz) carcsinh(ez)

varcsinh log( €& =" 1) pPolyLog| 2,— €& »arcsinh log €€ 11} pPol
e((a+ (cz)) og( ﬁ2d2+e2+cd+ >+ oly og< cdt ﬁ2d2+e2>> e((a+ (cz)) og(cd_ %02d2+62+ >+ oly
e
4bc

e e

2\/02d2+e2 2\/02d2+e2
B e
(a + barcsinh(cz))?
e(d + ex)
inputLInt[(a + bArcSinh[c*x])~2/(d + e*x)~2,x] J
output -((a + b*ArcSinh[c*x])"2/(ex(d + e*x))) - (4xbxc*x(-1/2*(ex(((a + b*ArcSinh

[cxx])*Log[1 + (exE~ArcSinh[c*x])/(c*d - Sqrt[c™2xd"2 + e72])])/e + (b*Pol
yLog[2, -((e*E~ArcSinh[c*x])/(c*d - Sqrtlc™2*d"2 + e72]))1)/e))/Sqrt[c~2*d
"2 + e72] + (ex(((a + b*ArcSinh[c*x])*Log[1l + (e*E~ArcSinh[c*x])/(c*d + Sq
rt[c™2*xd"2 + e72])])/e + (b*PolyLogl[2, -((e*E~ArcSinh[c*x])/(c*d + Sqrtl[c”
2%d"2 + e721))1)/e))/(2*Sqrt[c™2*d"2 + e~2]))) /e

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N J
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2694 It LCEFD T )*((E_.) + (g )*(x )" (m_.))/((a_.) + (b_.)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) Int
[(f + g*x)"m*x(F~u/(b - q + 2xc*¥F"uw)), x], x] - Simp[2%(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

rule 2715 IntlLogl(a ) + (b_.)*((F)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + fxfz*x)/((
-I)*b + 2*xaxE~((-I)*e + f*xfz*x) + I*xb*E~(2x((-I)*e + f*xfz*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a~"2 - b~2, 0] && IGtQ[m, O]

rule 3803

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[(d + exx)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c~2*x72]1), x], x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
, 0] && NeQ[m, -1]

rule 6243
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Int[(((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((f_) + (g_.)*(x_))"(m_.))/sS
qrt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c”(m + 1)*Sqrt[d]) Subst[I
nt[(a + b*x) “n*(cxf + g*Sinh[x])"m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b
, c, d, e, £, g, n}, x] && EqQl[e, c"2*d] && IntegerQ[m] && GtQ[d, 0] && (Gt
Q[m, 0] |l IGtQ[n, 0I)

rule 6258

Maple [A] (verified)

Time = 5.75 (sec) , antiderivative size = 525, normalized size of antiderivative = 2.00

method result
7cdfe(a:c+\/ c2m2+1)+\/ c2d2+e2 cd+e(zc+\/§
2 arcsinh(zc) In 2 arcsinh(zc¢)In| ———————
a2c2 b2c2 a,rcsinh(:vc)2 —cd+V/c2d2+e2 cd+
- (cex+cd)e+ S e(cex+cd) + eve2d21e2 - ev/c2d2 te
derivativedivides

2 arcsinh(zc) In (

—cd—e(zc+\/ c2w2+1)+\/ C2d2+82 cd+e(zc+\/;
2 arcsinh(zc)In| ———————

_ a?c? +b202 _arcsinh(a:c)2+ —cd++/c2d? +e2 cd+
(cex+cd)e e(cex+cd) ev/c2d2te2 ev/c2d2 te

default
. 7cd7e(:tc+\/ 0212+1)+\/ C2d2+62 . cd+e(:t
2c2 arcsinh(zc) In 202 arcsinh(zc) In
b c2 arcsinh(az:c)2 —cd+Vc2d?+e2
b T e(cex+cd) + evec2d21e2 - ev/c?
2
a
parts ~ leatd)e +
input Lint ((atb*arcsinh(x*c)) 2/ (e*x+d) ~2,x,method=_RETURNVERBOSE) J
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1/c*(-a~2*%c~2/ (c*kexx+c*d) /e+b " 2*xc” 2% (—arcsinh (x*c) “2/e/ (cxe*x+c*d) +2/e*xarc
sinh(x*c)/(c™2*xd"2+e~2) " (1/2) *1n((-c*d-e*x (x*c+(c™2%x~2+1) ~(1/2) ) +(c~2*d~2+
e”2)"(1/2))/(-cxd+(c~2*d"2+e~2) " (1/2)))-2/e*arcsinh(x*c) /(c"2*d"2+e"2) " (1/
2)*1n((c*xd+e* (x*xc+(c™2*xx"2+1) ~(1/2) ) +(c™2*xd"2+e~2) " (1/2) )/ (c*xd+(c~2*xd"2+e~
2)7(1/2)))+2/e/(c"2*d"2+e"2) ~(1/2) *dilog ((-c*d-e* (x*xc+(c™2*x"2+1) ~(1/2) ) +(
c~2xd"2+e”2) " (1/2)) / (-c*d+(c~2%d"2+e~2)~(1/2)))-2/e/(c”2*%d"2+e~2) ~(1/2) *di
log((cxd+ex (x*xc+(c™2%x"2+1) " (1/2))+(c"2*xd"2+e~2) " (1/2)) / (c*d+(c"2xd"2+e"2)
~(1/2))) ) +2xa*xbxc”2x (-1/ (cxe*x+c*d) /exarcsinh(x*c)-1/e"2/ ((c~2*¥d"2+e"2) /e~
2)7(1/2)*1n((2* (c"2*d"2+e"2) /e~ 2-2xd*c/e* (x*c+d*c/e) +2* ((c"2xd"2+e"2) /e~ 2)
~(1/2)*((x*c+d*c/e) "2-2*d*c/e* (x*xc+d*c/e)+(c™2xd"2+e~2) /e"2) " (1/2) ) / (x*c+d
xc/e))))

output

Fricas [F]

(a + barcsinh(cz))? , [ (barsinh (cz) + a)” .
/ (d+ ex)? a / (ex + d)* d

inputLintegrate((a+b*arcsinh(c*x))*2/(e*x+d)*2,x, algorithm="fricas")

e

integral ((b"2*arcsinh(c*x) "2 + 2*a*b*arcsinh(c*x) + a~2)/(e”2*x"2 + 2*d*ex*
‘X + d~2), x)

output

Sympy [F]

(a + barcsinh(cz))? , [ (a+ basinh (cz))? .
/ (d+ ex)? do = / (d + ex)® 4

inputLintegrate((a+b*asinh(c*x))**2/(e*x+d)**2,x)

Output‘lntegral((a + b*asinh(c*x))**2/(d + e*x)**2, x)
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Maxima [F]

(a + barcsinh(cz))® . [ (barsinh (cz) + a)’ .
/ (d+ ex)? dz = / (ex + d)2 d

inputLintegrate((a+b*arcsinh(c*x))”2/(e*x+d)*2,x, algorithm="maxima")

-b"2*(log(c*x + sqrt(c™2*x"2 + 1))~2/(e"2*x + d*e) - integrate(2*(c~3*x"2
+ sqrt(c”™2*x"2 + 1)*c”2*x + c)*log(c*x + sqrt(c”™2*x"2 + 1))/(c"3*e"2%x"4 +
c"3*d*exx"3 + cxe"2*x"2 + ckdxe*x + (cT2%e”"2*xx"3 + c"2+d*e*x”2 + e"2*x +
d*e) *sqrt(c™2*xx"2 + 1)), x)) - 2*axb*(arcsinh(c*x)/(e"2*x + d*e) - c*arcsi
nh(cxd*sqrt (e~4)*x/ (e*xabs (e~2*x + d*e)) - sqrt(e”4)/(cxabs(e”2*x + dxe)))/

(sqrt(c™2*d"2/e"2 + 1)*e”2)) - a~2/(e"2xx + d*e)

output

Giac [F]

(a + barcsinh(cz))® | [ (barsinh (cz) + a)? .
/ (d + ex)? _/ (ez + d)° d

-

input Lintegrate ((a+b*arcsinh(c*x)) "2/ (e*x+d) “2,x, algorithm="giac")

e—

OutputLintegrate((b*arcsinh(c*x) + a)~2/(exx + d)~2, x)

Mupad [F(-1)]

Timed out.
. ) . ,
/ (a+ barcsmhgcw)) dr — / (a+ basmh(zx)) e
(d+ ex) (d+ez)
inputtint((a + b*asinh(c*x))"2/(d + e*x)"2,x)

OutputLint((a + bx*asinh(c*x))~2/(d + e*x)~2, x)
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Reduce [F]
(a + barcsinh(cz))? e
(d+ ex)?
__2(f22§%%£§%ﬁdz>abd2+—2<f52§§§g§%ﬁdx>abdav+—<fgi§%%£gnﬁdx)lpd2+_(IEﬁg%%igﬁﬁdx)
- d(ex + d)
inputtint((a+b*aSinh(°*X))AQ/(e*X+d)A2,X) J

‘ (2*%int (asinh(c*x) /(d**2 + 2kd*exx + e**x2xx**2),x)*axb*xd**2 + 2xint(asinh(c \
(¥x)/(d**2 + 2kdkexx + exx2kxx2),x)*axbxdkexx + int(asinh(ckx)*x2/(d¥*2 + |
\2*d*e*x + e**x24x*%x2) X)) kbx*k2xd**2 + int(asinh(c*x)**2/(d**2 + 2*d*kexx + ex* \
‘*2*x**2),x)*b**2*d*e*x + ax*2xx) /(d*(d + e*x)) ‘

output
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(a+barcsinh(cz))?

3.18 | drea) dx

Optimal result . . . . . . . . . . . . . 1761
Mathematica [A] (verified) . . . . . . . . . ... v
Rubi [A] (verified) . . . . . . .. . . 178
Maple [B] (verified) . . . . . . . ... 183l
Fricas [F] . . . . . . .
Sympy [F] . . .
Maxima [F] . . . . . o
Giac [F] . . . o o o 186
Mupad [F(-1)] . . . . . e 186!
Reduce [F] . . . . . o 187

Optimal result

Integrand size = 18, antiderivative size = 349

/

(a + barcsinh(cz))?

(d+ex)3

dr =

_ bev/1+ c2x2(a + barcsinh(cz))  (a + barcsinh(cz))?

(@& + €2) (d + ex)

_|_

bc3d(a + barcsinh(cz)) log (1 +

2e(d + ex)?
eedresinh(cz)
cd—+/c2d2+e2

e(2d? + 62)3/2

bcdd(a + barcsinh(cz)) log <1 +

eedresinh(cz)
cd++/c?2d2+e?

e (c2d2 + 62)3/2

eedresinh(cx)

b2 log(d + ex) b?c3d PolyLog (2,——Cd_m

)

e (c2d? + e?)
eecresinh(cz)

2.3
- b“c’d PolyLog (2, TRy

)

e(2d? + (22)3/2

e (c2d? + 62)3/2



output
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—b*ck (c™2*x~2+1) ~(1/2) * (a+b*arcsinh(c*x) )/ (c"2*d~2+e"2) / (exx+d) -1/2* (a+b*a
rcsinh(c#*x))~2/e/ (e*xx+d) “2+b*c~3*d* (a+b*arcsinh (c*x) ) *1n(1+e* (cxx+(c™2*x"2
+1)°(1/2))/ (c*d-(c~2*%d"2+e"2) " (1/2))) /e/(c"2*d~2+e"~2) ~(3/2) -b*c~3*d* (a+b*a
rcsinh(c*x))*1n(1+ex (cxx+(c™2*x"2+1) " (1/2) )/ (c*d+(c~2*xd"2+e~2) " (1/2))) /e/(
c"2xd"2+e72) " (3/2) +b~2*c~2x1n(e*x+d) /e/ (c"2*%d"2+e"2) +b~2%c~3*d*polylog(2,-
e*x(cxx+(c™2*%x"2+1)~(1/2)) / (c*d-(c"2xd"2+e"2) " (1/2))) /e/(c"2xd"2+e~2) " (3/2)
-b~2xc~3*d*polylog(2,-e* (c*x+(c™2*x"2+1) "~ (1/2)) / (c*d+(c™2xd"2+e~2) " (1/2)))
/e/(c™2xd"2+e~2) " (3/2)

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 270, normalized size of antiderivative = 0.77

(a + barcsinh(cz))?
dzx
(d+ ex)?
3 . cearesinh(cz) )
2bcev/1+cZz2(a+barcsinh(cz))  (a+barcsinh(cz))? | 262c2 log(d+ex) n 2be d((”barCSlnh(cz))(l"g (1+cd—\/7c2d2+52>
o (c2d?+e?)(d+ex) - (d+ex)? c2d?+e?
N 2e
input\Integrate[(a + b*ArcSinh[c*x])~2/(d + e*x)~3,x] |

output

((-2xbk*c*xexSqrt[1 + c~2*xx"2]*(a + b*ArcSinh[c*x]))/((c™2*d"2 + e~2)*(d + e
*x)) - (a + b*ArcSinh[c*x])"2/(d + e*x)~2 + (2%b~2xc"2xLogl[d + e*x])/(c 2%
4”2 + e72) + (2*bxc~3*d*((a + b*ArcSinh[c*x])*(Log[l + (e*E"ArcSinh[c*x])/
(c*d - Sqrt[c™2#%d”"2 + e72])] - Logl[l + (e*xE"ArcSinh[c*x])/(c*d + Sqrt[c™2*
d~2 + e72])]) + bxPolyLogl[2, (e*E"ArcSinh[c*x])/(-(c*d) + Sqrtl[c™2*d"2 + e
~2])] - b*PolyLogl[2, -((e*E~ArcSinh[c*x])/(c*d + Sqrt[c™2*d"2 + e72]))]1))/
(c™2%d™2 + €72)7(3/2))/(2xe)
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Rubi [A] (verified)

Time = 1.44 (sec) , antiderivative size = 331, normalized size of antiderivative = 0.95,

number of steps used = 15, number of rules used = 14, Bumber of rules _ 4 77 Ryjeq
integrand size

used = {6243, 6258, 3042, 3805, 3042, 3147, 16, 3803, 25, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + barcsinh(cz))?
dx
(d+ ex)?
| 6243
a+barcsinh (cz)
be (d+ew)2\/c2w2+1dx B (a + barcsinh(cz))?
e 2e(d + ex)?
| 6258
parcsinh .
be? [ th(aI;Jr—cleIalc)i’(cz)darcsmh(C-T) _(a+ barcsinh(cx))?
e 2e(d + ex)?
| 3042
2 a+barcsinh (cz) .
_ (a + barcsinh(cz))? be* | (cd—iesin(iarcsinh(cz)))2 darcsinh(cz)
2e(d + ex)? e
| 3805
be2 cd [ %ﬁi}l(mdarcsinh(cx) be [ vc‘;ﬁi;ldarcsinh(cx) ev/cZz?+1(a+barcsinh(cz))
¢ c2d?+e2 + c2d?+e2 - (c2d?+-€2)(cd+-cex)
. _
(a + barcsinh(cz))?
2e(d + ex)?
| 3042
_(a+ barcsinh(cz))?
2e(d + ex)?
atbarcsinh cz) : cos@@rcsinhcer)) :
b62 (Cd f cd—ie sin(iarcsinh(cz)) da:I'CSth(cm) + be f cd—ie sin(iarcsinh(cz)) darCSIHh(CZ) _ev 02w2+1(a+barCSinh(ax)) )
c2d?+e? c2d?+e? (c2d?+-€2)(cd+-cex)
e

l 3147
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(a + barcsinh(cz))?
2e(d + ex)?
d atsalcsinh(es)  orocinh )
b ed] cd—ie sin(GATCSiNN (cx)) (c) n b caieezdcer)  e/Pa?+1(atbarcsinh(cz))
c2d?+e2 c2d?+e2 (c2d?2+€2)(cd+-cex)
e
l 16
(a + barcsinh(cz))?
2e(d + ex)?
d atsarcsinh(es)  jorocinh )
be? ) aicsmuarcsinhea)) (c2) _ evcZz?+1(a+barcsinh(cz)) n blog(cd+cex)
c2d?+e2 (c2d?2+€2?)(cd+cex) c2d?+e2
e
| 3803
earcsinh(cz) , parcsinhes)) :
2 2cd [ T _gcearcsinh(cx) 4_ . 2arcsinh(ce) eda,I‘CSlnh(cz) eve2z2+1(a+barcsinh(cz blog(cd+cex
b + - +
¢ c2d?+e2? (c2d?2+€2?)(cd+-cex) c2d?+e2
e
(a + barcsinh(cz))?
2e(d + ex)?
l 25
carcsinh(cz) , paresinhes)) .
be? _2Cdf _2Cearcsinh(cm)d—ee2arcsinh(cm)+eda‘rcsulh(cm) _ eVc®a?+1(atbarcsinh(cz)) | blog(cd+ce)
¢ c2d2+e? (c2d?+e2?)(cd+cer) c2d?+e?
e
(a + barcsinh(cz))?
2e(d + ex)?
| 2694
ef— earCSinh(m? (a+barcsinhcs)) sarcsinhies) - eaTCSinh(cz? (a+varcsinh(ce)) sarcsinhes)
9 (Cd+eearcs1nh(cz) _ \/m) 9 (Cd+eear051nh(cz)+\/m>
2cd ZaZy el - VeZaZ 12
b2 | — _ evc2z?41(atba
c2d2+e? (c2d2+e2)(
e
(a + barcsinh(cz))?

2e(d + ex)?
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l 27

. edresinhes) o parcsinh cr)) sarcsinhes) ef carcsinh(ez) , parcsinhes)) sarcsinh ce)
oo | | cdrecerosinb(ea) 4 /T2 e? " cdyeedresinh(ca) /22 o2
2v/c2d2+e2 2v/c2d2+e2
e | — _ eV +1(a+barcsin
¢ c2d2+e? (c2d?+-€2?)(cd+ce:
e
(a + barcsinh(cz))?
2e(d + ex)?
l 2620
(asaTCSINN (co)) 1og [ €e®TSIIN() N ((erosinhen)e | aresinher) (a1bATCSIND (c)) log [ ce?reSnb ez
. vV 02d2+e2+cd _ cd++/ c2d2+ez . cd—+/ 02d2+e:
e e e
2ed 2V c2d2 o2 -
2| _
bc c2dZ+e2
e
(a + barcsinh(cz))?
2e(d + ex)?
l 2715
i eedresinh(ex) - _—arcsinh(cx) earcsinh(ez) . arcsinh(cx) i
. (a+barcslnh(cz))log<\/m+cd+l> _bj e log cd+\/m+l de . (a+barcslnh(cm))log
e e e
Zed 2v/c2d2 42 -
2| _
bc 2d21e?
e
(a + barcsinh(cz))?

2e(d + ex)?
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| 2838
(a+barCSinh(cz)) log MJrl bPolyLog| 2 7w (a+barCSinh(ca:)) log| €&————=+1
. vV c2d2+62 “+cd T ’ cd++/ 2 d2+e2 . cd—+/ c2 d2+e2
€ €
2cd 2 C2d2+€2 -
2| _
bc a2 fe2
€
(a + barcsinh(cz))?

2e(d + ex)?

input LInt[(a + b*ArcSinh[c*x])~2/(d + e*xx)~3,x]

-1/2*%(a + bxArcSinh[c*x])~2/(e*(d + e*x)~2) + (b*c™2*(-((exSqrt[1 + c~2*x~
2]*(a + b*ArcSinh[c*x]))/((c™2%d"2 + e~2)*(c*d + cxexx))) + (bxLoglc*d + ¢
xe*xx])/(c™2%d"2 + e72) - (2xc*d*(-1/2x(ex(((a + b*ArcSinh[c*x])*Logl[1l + (e
*E~ArcSinh[c*x])/(c*d - Sqrtlc™2*d~2 + e~2])])/e + (b*PolyLog[2, -((e*E~Ar
cSinh[c*x])/(cxd - Sqrt[c™2*xd”™2 + e72]))1)/e))/Sqrt[c™2*d"2 + e72] + (ex*((
(a + b*ArcSinh[c#*x])*Log[l + (e*E~ArcSinh[c*x])/(cxd + Sqrt[c™2xd"2 + e"2]
)1)/e + (bxPolyLogl[2, -((e*xE~ArcSinh[c*x])/(c*d + Sqrt[c™2+%d"2 + e72]))]1)/
e))/(2xSqrt[c™2*%d"2 + e72])))/(c"2%d"2 + e~2))) /e

output

Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simpl[c*(Log[RemoveContent[a +
Lb*x, x]1/b), x]1 /; FreeQ[{a, b, c}, x]

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]
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rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 Int [(C(FL)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2694 Int [((F_)"(u)*((£f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)"(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Simp[2*(c/q) Int
[(f + gxx)"m*(F~u/(b - q + 2%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 2838

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3147 Int[cos[(e_.) + (£_.)*(x_)]1 " (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b~p*f) Subst[Int[(a + %) m*(b"2 - x~2)~((p - 1)
/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b2, 0]
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Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E"((-I)*e + f*xfz*x)/((
-I)*xb + 2*%a*xE~((-I)*e + fxfzxx) + I*b*xE~(2*%((-I)*e + fxfz*x)))), x], x] /;
FreeQ[{a, b, c, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

rule 3803

s ™

rule 3805 TotL(Ce_.) + (A_D*(x )" (m_.)/((a)) + (b_.)*sinl(e_.) + (f£_.)*(x1)1)72, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*(a”2 - b~2)*(a + b*Sin[e + f
*x]))), x] + (Simp[a/(a”2 - b™2) Int[(c + d*x)"m/(a + bxSinle + f*x]), x]
, x] - Simp[b*d*(m/(f*(a”2 - b72))) Int[(c + d*x)"(m - 1)*(Cos[e + f*x]/(
a + bxSin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a~2 -
b~2, 0] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*xx)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrt[1 + c~2*x~2]1), x]1, x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
» 0] && NeQ[m, -1]

rule 6243

rule 6258 Int[(((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)*x((£f)) + (g_.)*(x_))"(m_.))/S
qrtl(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c”(m + 1)*Sqrt[d]) Subst[I
nt[(a + b*x) n*(c*f + g*Sinh[x])"m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b
, c, d, e, £, g, n}, x] && EqQle, c"2*d] &% IntegerQ[m] && GtQ[d, 0] && (Gt
Qm, 0] || IGtQ[n, 01)

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 814 vs. 2(365) = 730.

Time = 6.43 (sec) , antiderivative size = 815, normalized size of antiderivative = 2.34




input

output
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method result
a203 +b203 arcsinh(zc) (52 arcsinh(zc)+2dceV/ c2z2+1—4c2dex+02d2 arcsinh(zc)—Zc2 d2+2 02m2+
2(cex+cd)2e 2e(cez+cd)2 (c2d2+62)
derivativedivides
_ a2e3 +bzc3 _ arcsinh(zc) (62 arcsinh(xzc)+2dce 222 +1—4c2dex+c?d? arcsinh(zc)—262 d24+2v/c2z2+
2(cez+cd)2e Ze(cew+cd)2 (c2d2+62)
default
b2 3 arcsinh(zc) (62 arcsinh(zc)+2dce 22241—4c%dex+c2d? arcsinh(zc)—262 d24+2v/c2z2+41 2
2e(c2d2+e2) (ce:c+cd)2
2
a
arts -
p 2(ex+d)%e +

Lint((a+b*arcsinh(x*c))‘2/(e*x+d)“3,x,method=_RETURNVERBOSE)

1/cx(-1/2*%a"2%c"3/ (c*e*xx+c*d) “2/e+b"2*c~ 3% (-1/2*arcsinh (x*c) * (e~ 2*arcsinh(
x*c)+2kd*kckex (cT2xx72+1) " (1/2) —4*c"2xd*ke*x+c”2*%d " 2*arcsinh (x*c) -2*%c 2xd "2+
2% (c72%x72+1) ~(1/2) *e”~2*kx*kc-2%c"2%e"2*%x"2) /e/ (cxexx+c*d) "2/ (c"2*%d"2+e"2) +1
/e/ (c™2%d"2+e~2) *1n (2*d*c* (x*c+(c™2*xx~2+1) ~(1/2) ) +e* (x*c+(c™2*xx~2+1) ~(1/2)
)"2-e)-2/e/(c”2*d"2+e~2) ¥1n (x*c+(c™2*xx"2+1) ~(1/2))+1/e/(c"2*d~2+e~2) ~(3/2)
*dxcxarcsinh (x*c)*1n((-c*xd-e* (x*kc+(c™2%x~2+1) " (1/2))+(c™2*d"2+e~2)~(1/2))/
(-c*d+(c™2%d"2+e”2)"(1/2)))-1/e/(c"2%d"2+e~2) ~(3/2) *d*c*arcsinh (x*c) *1n((c
*d+ex (xxc+(c™2%x72+1) " (1/2))+(c™2*%d"2+e"2) " (1/2) ) / (c*d+(c~2*xd"2+e"2) " (1/2)
) +1/e/(c™2*%d"2+e"2) ~(3/2) *d*c*dilog((-c*d-e* (x*kc+(c™2*x"2+1) ~(1/2) ) +(c™2x
d~2+e~2) " (1/2))/(-c*d+(c~2*%d"2+e~2)~(1/2)))-1/e/(c"2%d"2+e~2) " (3/2) *d*c*di
log((cxd+e* (x*xc+(c™2*%x"2+1) " (1/2))+(c"2%d"2+e"2) " (1/2)) / (cxd+(c~2*%d"2+e"2)
~(1/2))))-a*b*c~3/ (cxexx+c*d) “2/e*arcsinh (x*c)-a*b*c~3/e/(c™2xd"2+e"2) / (x*
c+dxc/e) * ((x*xc+d*xc/e) "2-2*d*c/ex (xxc+d*xc/e)+(c"2*d"2+e"2) /e~2) ~(1/2) —axb*c
~4/e"2xd/(c”2*%d"2+e"2) / ((c"2%d"2+e"2) /e”2) " (1/2) *1n((2* (c"2*d"2+e"2) /e"2-2
xdxc/e* (xkctd*xc/e)+2% ((c™2*xd"2+e"2) /e~2) ~(1/2) * ((x*c+d*c/e) “2-2xd*c/e* (x*c
+d*xc/e)+(c"2%d"2+e"2) /e~2) " (1/2)) / (x*c+d*c/e)))
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Fricas [F]
- 2 . 2
/ (a+ barcsmhgcx)) dp — / (barsinh (ca:)3—|— a) "
inputtintegrate((a+b*arcsinh(c*x))‘2/(e*x+d)*3,x, algorithm="fricas") J

output‘ integral ((b~2*arcsinh(c*x) "2 + 2*axbk*arcsinh(c*x) + a~2)/(e~3*x"3 + 3*xd*e” ‘
24x72 + 3xd"2%exx + d°3), x) |

Sympy [F]
/ (a + barcsinh(cz))? (a + basinh (cz))’
3 T = 3 dx
input Lintegrate ((at+b*asinh (c*x))**2/ (e*x+d) **3,x) J
OutputLIntegral((a + bxasinh(c*x))**2/(d + e*x)**3, x) J
Maxima [F]

(a + barcsinh(cz))? , [ (barsinh (cz) + a)’ .
/ (d + ex)? do = / (ez + d)° d

inputLintegrate((a+b*arcsinh(c*x))‘2/(e*x+d)*3,x, algorithm="maxima") J
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—(c*x(sqrt(c™2*x72 + 1)/(c™2xd"2%e*x + c™2*%d"3 + e”"3*x + d*e”2) - c"2*dxarc
sinh(c*d*x/(e*abs(x + d/e)) - 1/(cxabs(x + d/e)))/((c"2xd"2/e"2 + 1)7(3/2)
xe”4)) + arcsinh(c*x)/(e”3*x"2 + 2xd*e”2xx + d~2*e))*a*b - 1/2xb”"2x(log(c*
X + sqrt(c™2*x"2 + 1))72/(e"3%x"2 + 2xd*e”2*x + d"2%e) - 2xintegrate((c”3*
X"2 + sqrt(c™2*x"2 + 1)*c™2*x + c)*log(c*xx + sqrt(c™2*x"2 + 1))/(c"3%e”3*x
5 + 2%c"3xd*e”2*x"4 + 2kckxd*e”2*%x"2 + c*kd"2xe*x + (c"3*d"2%e + cxe”3)*x"3
+ (c72%e73%x74 + 2%cT2xd*e”"2*x"3 + 2kd*e”2*x + d"2%e + (c"2xd"2%e + e73)*
X"2)*sqrt(c”2*%x"2 + 1)), x)) - 1/2%a"2/(e"3*x"2 + 2xdxe”2*x + d"2%e)

output

Giac [F]

(a + barcsinh(cz))® , [ (barsinh (cz) + a)? .
/ (d+ex)? de = / (ez + d)° d

input‘integrate((a+b*arcsinh(c*x))‘2/(e*x+d)“3,x, algorithm="giac")

outputLintegrate((b*arCSinh(c*X) + a)”2/(exx + d)73, x)

Mupad [F(-1)]

Timed out.

(a + barcsinh(cz))? [ (a+basinh(c ;c))2 .
/ (d+ex)? / (d+ea) d

input‘int((a + b*asinh(c*x))~2/(d + e*x)~3,x)

ou‘cputtint((a + bxasinh(c*x))~2/(d + e*x)~3, x)
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Reduce [F]

(a + barcsinh(cz))?
(d+ex)3

asinh(cz) 2 asinh(cz) 2 asinh(czx)
4 (f e3x3+3d e2x2+3d2ex+d3 dw) abd®e + 8 (f e3x3+3d e2x2+3d2ex+d3 dz | abde*r + 4 f e3x3+3d e2x2+3d%2ex+d3 dzx

dx

inputLint((a+b*asinh(c*x))*2/(e*x+d)A3,x) J

(4*int (asinh(c*x) / (d**3 + 3kd*x*x2ke*x + 3kdke**2*xx*k*2 + e**3*kx**3) ,x)*axbkxd
**2%e + 8xint(asinh(c*x)/(d**3 + 3*kdk*k2kxexx + Jkdkex*2*x**2 + e*x*3*x**3),x
) *axbxdxe**2+x + 4xint(asinh(c*x)/(d**3 + 3*d*x2ke*x + Ikdke**2kxk*2 + ex*
3xx**3) ,X) kakbkexk3xx**2 + 2*int (asinh(c*x)**2/(d**3 + Ikdx*k2xexx + 3Ikdxe*
*2kx*%2 + ex*3kx**3) ,x) ¥b**x2*xd**x2%e + 4xint(asinh(c*x)**2/(d**3 + 3*d**2%e
*xX + 3kdkex*2%xx*k*k2 + e**k3kx*k*3),x)*bkk2kd*xex*2%xx + 2*int (asinh(c*x)**2/(d*
*3 + 3kdx*k2ke*xx + 3kdke*kkxk*2 + e**k3kx**3) ,X) *kbkk2ke*x*Jkxk*k2 — a**x2) /(2%
ex(d*x*2 + 2kd*e*x + e**x2xx*x%*2))

output
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Optimal result

Integrand size = 18, antiderivative size = 394

a + barcsinh(cz) be
3de? cosh (%) Chi (¢ + arcsinh(cz))
B 4bc?
N 3de? cosh (32) Chi(32 + 3arcsinh(cz))
4bc3
3d?eChi (2 + 2arcsinh(cz)) sinh (%2)
2bc?
e*Chi (22 + 2arcsinh(cz)) sinh (22)
+
4bct
e3Chi (% + 4arcsinh(cz)) sinh (%)
8bct
d®sinh (%) Shi(% + arcsinh(cz))
be
3de? sinh (%) Shi(% + arcsinh(cz))
+
4bc3
3d?%e cosh (22) Shi (2% + 2arcsinh(cz))
+
2bc?
e® cosh (22) Shi(2* + 2arcsinh(cz))
4bc*
3de? sinh (32) Shi (3¢ + 3arcsinh(cz))
4bc3
N e’ cosh (42) Shi (%2 + 4arcsinh(cz))
8bct

/ (d+ ex)? o — d cosh () Chi(% + arcsinh(cz))

d"3*cosh(a/b)*Chi(a/b+arcsinh(c*x)) /b/c-3/4*d*e”2*xcosh(a/b) *Chi (a/b+arcsin
h(c*x))/b/c~3+3/4*d*e~2%cosh(3*a/b) *Chi (3%a/b+3*arcsinh(c*x)) /b/c~3-3/2%d~
2%e*Chi (2*a/b+2*arcsinh (c*x) ) *sinh (2*a/b) /b/c~2+1/4*e”3*Chi (2*a/b+2*arcsin
h(c*x))*sinh(2*a/b) /b/c~4-1/8%e~3*Chi (4*a/b+4*arcsinh(c*x) ) *sinh(4*a/b) /b/
c¢~4-d"3*sinh(a/b)*Shi(a/b+arcsinh(c*x)) /b/c+3/4*d*e"2*sinh(a/b) *Shi (a/b+ar
csinh(c*x))/b/c~3+3/2*d"2%e*xcosh(2*a/b) *Shi (2*a/b+2*arcsinh (c*x)) /b/c~2-1/
4%e~3*cosh(2*a/b)*Shi (2*xa/b+2*arcsinh(c*x))/b/c"4-3/4*d*e”~2*sinh(3*a/b) *Sh
i(3*a/b+3*arcsinh(c*x))/b/c”3+1/8*e~3*cosh(4*a/b) *Shi (4*a/b+4*arcsinh (c*x)
)/b/c™4

output
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Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 305, normalized size of antiderivative = 0.77

/ (d+ex)? i

a + barcsinh(cz)

_ d*(cosh () Chi(§ + arcsinh(cz)) — sinh (§) Shi(§ + arcsinh(cz)))

N 3de?(— cosh (%) Chi(% + aI‘CSiII;ICI(CLE)) + cosh (3¢) Chi(3(% + arcsinh(c;czzg + sinh (%) Shi(% + arcsi
+arcsinh(cz) ) ) sinh (2) — 2 cosh (22) Shi(2(2 +
3d?e(Chi(22 + 2arcsinh(cz)) sinh (32) — cosh (22) Shi(2* + 2arcsinh(cx))8)bC4

2bc?

N e®(2Chi(2(¢ + arcsinh(cz))) sinh (2*) — Chi(4(%

-

inputLIntegrate[(d + exx)~3/(a + b*ArcSinh[c*x]),x] J

(d"3*(Cosh[a/b] *CoshIntegral[a/b + ArcSinh[c*x]] - Sinh[a/b]l*SinhIntegrall
a/b + ArcSinh[c#*x]]))/(bxc) + (3*dxe~2*(-(Cosh[a/b]l*CoshIntegral[a/b + Arc
Sinh[c*x]]) + Cosh[(3*a)/b]*CoshIntegral[3*(a/b + ArcSinh[c*x])] + Sinh[a/
bl *SinhIntegral[a/b + ArcSinh[c*x]] - Sinh[(3%a)/b]l*SinhIntegral[3*(a/b +
ArcSinh[c*x])]))/(4xb*c”3) + (e”3*(2*CoshIntegral [2*(a/b + ArcSinh[c*x])]=*
Sinh[(2*a)/b] - CoshIntegral[4*(a/b + ArcSinh[c*x])]*Sinh[(4%*a)/b] - 2*Cos
h[(2*a)/b]*SinhIntegral [2*(a/b + ArcSinh[c*x])] + Cosh[(4*a)/b]l*SinhIntegr
al[4*(a/b + ArcSinh[c*x])]))/(8%bxc~4) - (3*d~2*ex(CoshIntegrall[(2+*a)/b +
2+ArcSinh[c*x]]*Sinh[(2*a)/b] - Cosh[(2*a)/bl*SinhIntegral[(2*a)/b + 2*Arc
Sinh[c*x]]1))/(2¥b*c™2)

output

Rubi [A] (verified)

Time = 1.41 (sec) , antiderivative size = 378, normalized size of antiderivative = 0.96,

number of rules __
integrand size 0.167, Rules

number of steps used = 4, number of rules used = 3,
used = {6245, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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3
/ (d+ e':r) i
a + barcsinh(cx)

l 6245

f (cd+cex)3v/c2z2+1
a+barcsinh(cz)

C4
l 7293

darcsinh(cx)

d3/c2z2+13 e3z3v/c2z2+13 3de2z2/c2z2+1c3 3d2ez\/c2z2+1c3) d .
a J + 2 + . rcsinh
J <a+barcs1nh(cx) a+barcsinh(cz) ' a+barcsinh(cz) ' a+barcsinh(cr) arcsinh(cz)

cl

l 2009

2

b b 2b

c3d3 cosh (%) Chi<%+aI‘CSi1’1h(cw)> c3d3 sinh (%) Shi<%+arcsinh(cx)) 3c2d?esinh( 2“)Chi<27“+2arcsinh(cx)) n 3c?d?e cosh

e

Llnt[(d + e*xx)~3/(a + b*ArcSinh[c*x]),x]

~—

input

((c"3*d"3*Cosh[a/b] *CoshIntegral[a/b + ArcSinh([c*x]])/b - (3*c*d*e”2*Coshl[
a/b] *CoshIntegral[a/b + ArcSinh[c*x]])/(4%b) + (3*c*d*e~2xCosh[(3*a)/b]*Co
shIntegral[(3*a)/b + 3*ArcSinh[c*x]])/(4¥b) - (3*c~2*d"2*e*CoshIntegral [(2
*a) /b + 2*ArcSinh[c*x]]*Sinh[(2%a)/b])/(2%b) + (e~3*CoshIntegrall[(2*a)/b +
2+ArcSinh [c*x]]1*Sinh[(2*a) /b])/(4*b) - (e~3*CoshIntegrall[(4*a)/b + 4*ArcS
inh[c*x]]*Sinh[(4*a)/b])/(8%b) - (c~3*d~3*Sinh[a/bl*SinhIntegral[a/b + Arc
Sinh[c*x]]) /b + (3*c*d*e~2+Sinh[a/b]l*SinhIntegral[a/b + ArcSinh[c*x]])/(4*
b) + (3*c”2xd"2*exCosh[(2*a) /b]*SinhIntegral [(2*a) /b + 2*ArcSinh[c*x]])/(2
*b) - (e”3*Cosh[(2*a)/b]*SinhIntegral[(2*a)/b + 2*ArcSinh[c*x]])/(4*b) - (
3xcxd*e”~2*Sinh [(3*a) /bl #*SinhIntegral [(3*a) /b + 3*ArcSinh[c*x]])/(4*b) + (e
~3*Cosh[(4*a) /bl *SinhIntegral [(4*a)/b + 4*ArcSinh[c*x]]1)/(8*b))/c"4

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.)) " (n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[1/c"(m + 1) Subst[Int[(a + b*x) n*Cosh[x]*(c*d + e*Sinh[
x])°m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b, c, 4, e, n}, x] && IGtQ[m,
0]

rule 6245

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

rule 7293

Maple [A] (verified)

Time = 4.47 (sec) , antiderivative size = 394, normalized size of antiderivative = 1.00

method result
4a _da 2a
eSed explntegraly (4 arcsinh(zc)-ﬁ-%) e3e” b explntegraly (—4 arcsinh(zc)— 4Ta " 3ee b explntegraly (2 arcsinh(zc)+ QTG)
derivativedivides 16c%5 16c3b ach
4a _4da 2a
Bed explntegraly (4 arCSinh(wCH“lTa) e3e” b explntegraly (—4 arcsinh(zc)— 4—;) 3ee b explntegraly (2 arcsinh(zc)+ ZTG’)
default 16c3b — 163b + 1
input Lint ((e*x+d) "3/ (at+b*arcsinh(x*c)) ,x,method=_RETURNVERBOSE) J

1/cx(1/16/c~3*e"~3/b*exp (4*a/b) *Ei (1,4*arcsinh(x*c)+4*a/b)-1/16/c"3%e"3/b*e
xp(-4*a/b)*Ei (1,-4*arcsinh(x*c)-4*a/b)+3/4/cxe/b*exp(2*a/b) *Ei (1,2*arcsinh
(x*c)+2*a/b)*d"2-1/8/c"3*e~3/b*exp(2*a/b) *Ei (1,2*arcsinh (x*c)+2*a/b)-3/4/c
xe/bxexp(-2*a/b) *Ei(1,-2*arcsinh(x*c)-2*a/b)*d~2+1/8/c~3*e~3/b*exp(-2*a/b)
*Ei (1,-2*arcsinh(x*c)-2*a/b)-3/8/c”~2*d*e~2/b*exp(-3*a/b)*Ei(1,-3*arcsinh(x
xc)-3*a/b)-3/8/c”"2xd*e~2/bxexp(3*a/b)*Ei (1, 3*arcsinh(x*c)+3*a/b)-1/2+%d"3/b
xexp(a/b)*Ei(1,arcsinh(x*c)+a/b)+3/8/c”2*d/b*exp(a/b)*Ei(1,arcsinh(x*c)+a/
b) *e~2-1/2*d"3/b*exp(-a/b) *Ei(1,-arcsinh(x*c)-a/b)+3/8/c~2*d/bxexp(-a/b) *E
i(1,-arcsinh(x*c)-a/b)*e"2)

output
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Fricas [F]
3 3
/ (d + ea) dx:/ (ez+d)”
a + barcsinh(cz) barsinh (cz) + a
jnputtintegrate((e*x+d)“3/(a+b*arcsinh(c*x)),x, algorithm="fricas") J

output‘ integral ((e”3*x"3 + 3*d*e”2*x"2 + 3*d"2*e*x + d~3)/(b*arcsinh(c*x) + a), x ‘

Sympy [F]

3 3
/ (d+ ex) dr — / (d +.ex) i
a + barcsinh(cz) a + basinh (cz)

inputLintegrate((e*X+d)**3/(a+b*asinh(c*x)),x) J

Output‘Integral((d + exx)**3/(a + b*asinh(c*x)), x)

Maxima [F]
3 3
/ (d+ ew) dp — / (ex +d) i
a + barcsinh(cz) barsinh (cz) + a
jnputtintegrate((e*x+d)“3/(a+b*arcsinh(c*x)),x, algorithm="maxima") J

Outputtintegrate((e*x + d)~3/(bxarcsinh(c*x) + a), x) J
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Giac [F]
/ a +(li:;siflf(cx) do = / baréfxfhﬁ(_ccal:))?’—l— a dz
input tintegrate ((e*x+d)~3/(at+b*arcsinh(c*x)),x, algorithm="giac") J
output Lintegrate((e*x + d)~3/(b*arcsinh(c*x) + a), x) J

Mupad [F(-1)]

Timed out.
3 3
/ (dtex)® . _ / (@+ex)
a + barcsinh(cz) a + basinh (cx)
input Lint ((d + e*x)"3/(a + b*asinh(c*x)),x) J
output Lint((d + e*xx)~3/(a + b*asinh(c*x)), x) J
Reduce [F]

(d+ex)? / 3 3 / 2 )
dr = d dr | d
/ a + barcsinh(cz) v asinh (cx)b+a v)ets asinh (cx)b+a v)e

z 1
dz | d? de | d®
3 (/ asinh (cx) b+ a x) et (/ asinh (cx)b+a x)

Lint ((e*x+d) "3/ (atb*asinh(c*x)) ,x) J

input

‘int(x**S/(asinh(c*x)*b + a),x)*exx3 + 3xint(x**2/(asinh(c*x)*b + a),x)*d*e \
(#%2 + 3%int(x/(asinh(c*x)*b + a),x)*d**2%e + int(1/(asinh(c*x)*b + a),x)*d |
‘**3 ‘

output
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2
3.20 [Tl gg
a+barcsinhcz)

Optimalresult . . .. ... .. ... .. ... .. .
Mathematica [A] (verified) . . . . . . . . . ... o L 1961
Rubi [A] (verified) . . . . . . . . . . .. 196
Maple [A] (verified) . . . . . . . . . L T98]
Fricas [F] . . . . . . o 198
Sympy [F] . . . o 1991
Maxima [F] . . . . . . 1991
Giac [F] . . o 1991
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o o 2001

Optimal result

Integrand size = 18, antiderivative size = 245

a + barcsinh(cz) bc
e? cosh (%) Chi(% + arcsinh(cz))
- 4bc?
N e? cosh (32) Chi(32 + 3arcsinh(cz))

/ (d+ ex)? do — d? cosh (%) Chi(% + arcsinh(cz))

4bc?
deChi (2% + 2arcsinh(cz)) sinh (22)
bc?
d*sinh (%) Shi($ + arcsinh(cz))
bc
e?sinh (%) Shi(¢ + arcsinh(cz))
+
4bc3

de cosh (2%) Shi (2 + 2arcsinh(cz))
* bc?
e?sinh (32) Shi (22 + 3arcsinh(cz))
4bc3
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d~2*cosh(a/b)*Chi(a/b+arcsinh(c*x))/b/c-1/4*xe"~2*cosh(a/b)*Chi (a/b+arcsinh(
c*x))/b/c~3+1/4*xe~2xcosh(3*a/b) *Chi (3*a/b+3*arcsinh(c*x)) /b/c~3-d*e*Chi (2%
a/b+2*arcsinh(c*x))*sinh(2*a/b) /b/c"2-d"2*sinh(a/b)*Shi (a/b+arcsinh(c*x))/
b/c+1/4*e”2*sinh(a/b)*Shi (a/b+arcsinh(c*x)) /b/c”3+d*e*cosh(2*a/b) *Shi (2*a/
b+2*arcsinh(c*x))/b/c"2-1/4*e~2*xsinh (3*a/b) *Shi (3*a/b+3*arcsinh(c*x)) /b/c”
3

output

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.77

2
/ (d+ ea:) i
a + barcsinh(cz)

(4c*d? — €) cosh (%) Chi(% + arcsinh(cz)) + €2 cosh (2¢) Chi(3(% + arcsinh(cz))) — 4cdeChi(2(% + a

e

~—

inputLIntegrate[(d + exx)”~2/(a + b*ArcSinh[c*x]),x]

((4xc~2+%d"2 - e~2)*Cosh[a/b]*CoshIntegral[a/b + ArcSinh[c*x]] + e~2xCoshl[(
3%a) /bl *CoshIntegral [3*(a/b + ArcSinh[c*x])] - 4*c*d*e*CoshIntegral[2*(a/b
+ ArcSinh[c*x])]*Sinh[(2*a)/b] - 4*c~2*d~2*Sinh[a/b]*SinhIntegralla/b + A
rcSinh[c*x]] + e~2*Sinh[a/b]*SinhIntegralla/b + ArcSinh[c*x]] + 4*c*d*e*Co
sh[(2*a) /b]*SinhIntegral [2x(a/b + ArcSinh[c#*x])] - e~2+Sinh[(3*a)/b]*SinhI
ntegral[3*(a/b + ArcSinh[c*x])])/(4*b*c~3)

output

Rubi [A] (verified)

Time = 0.93 (sec) , antiderivative size = 233, normalized size of antiderivative = 0.95,

number of rules _ 0.167, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {6245, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

2
/ (d+ e.w) i
a + barcsinh(cx)

below.
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l 6245

darcsinh(cz)

f (cd+cex)?/c2z2+1
a+barcsinh (cz)

C3
l’7293

2V 2z2+1d? cesinh(2arcsinh(cz))d 2e242\/2 2241 > .
J ( a+barcsinh(cz) + a+barcsinh(ex) a+barcsinh(cz) darcsinh(cx)

C3
l 2009

c2d? cosh(%)Chi(%—i—&I‘CSinh(cw)) c2d? sinh(%)Shi(%—l—aI‘CSinh(cx)) cde sinh(%")Chi(%‘l+2al‘csinh(cx)> e2 cosh(%)Chi

b b b

input [Rt[(d + exx)72/(a + bxArcSinh[cxx]),x] ]

((c~2*d"2*Cosh[a/b] *CoshIntegral[a/b + ArcSinh[c*x]])/b - (e~2*Cosh[a/b]l*C
oshIntegralla/b + ArcSinh[c*x]])/(4%b) + (e~2+Cosh[(3*a)/b]l*CoshIntegral[(
3*a)/b + 3%ArcSinh[c*x]])/(4%b) - (c*d*exCoshIntegral[(2*a)/b + 2xArcSinh[
c*x]]1*Sinh[(2*a)/b]) /b - (c~2*d"2*Sinh[a/b]*SinhIntegral[a/b + ArcSinh[c*x
11)/b + (e~2*Sinh[a/b]*SinhIntegral[a/b + ArcSinh[c*x]])/(4%b) + (c*d*e*Co
sh[(2*a) /bl *SinhIntegral [(2*a) /b + 2*ArcSinh[c*x]])/b - (e~2xSinh[(3*a)/b]
*SinhIntegral [(3*a)/b + 3*ArcSinh[c*x]])/(4*b))/c"3

output

Defintions of rubi rules used

rule 2009Fnt [u_, x_Symbol] :> Simp[IntSum[u, xI, x] /; SumQ[u] J

‘Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.)) " (n_.)*((d_.) + (e_.)*(x_))"(m_.), x ‘
‘_Symbol] :> Simp[1/c™(m + 1)  Subst[Int[(a + b*x) n*Cosh[x]*(c*d + exSinh[ ‘
‘X])“m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b, c, d, e, n}, x] && IGtQ[m, ‘
o \

rule 6245

7293‘In’c [u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v] ‘

] |

rule
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Maple [A] (verified)

Time = 3.83 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.04

method result
3a _3a A
e2¢' b explntegraly (3 arcsinh(mc)-ﬁ%") 27 b explntegraly (_3 arcsinh(zc)— 3T¢l) eb explntegraly (arcsinh(mc)+%)d2
derivativedivides 8ce 8e%b %
3a _3a o
e?e b explntegral; (3 arcsinh(xzc)+ 3Ta) e2e” b explntegral; (—3 arcsinh(zc)— STG’) eb explntegraly (arcsinh(mc)+%)d2
default — 8c2b _ 8c2b - 25
inputLint((e*x+d)‘2/(a+b*arcsinh(x*c)),x,method=_RETURNVERBOSE) J

1/c*(-1/8/c"2%e~2/b*exp(3*a/b) *Ei (1,3*arcsinh(x*c)+3*a/b)-1/8/c~2*e~2/b*xex
p(-3*a/b)*Ei (1,-3%arcsinh (x*c)-3*a/b)-1/2/b*exp(a/b) *Ei (1,arcsinh(x*c)+a/b
)*d~2+1/8/c”2/b*exp(a/b) *Ei(1,arcsinh(x*c)+a/b)*e~2-1/2/b*exp(-a/b)*Ei(1,-
arcsinh(x*c)-a/b)*d~2+1/8/c~2/b*exp(-a/b) *Ei(1,-arcsinh(x*c)-a/b)*e~2+1/2/
cxd*e/bxexp(2*a/b)*Ei (1,2*arcsinh(x*c)+2*a/b)-1/2/c*d*e/b*exp(-2*a/b) *Ei (1
,—2*arcsinh (x*c)-2*a/b))

output

Fricas [F|
(d+ex)? (ex + d)?
. dr = , dz
a + barcsinh(cz) barsinh (cz) + a
jnputLintegrate((e*x+d)“2/(a+b*arcsinh(c*x)),x, algorithm="fricas") J

output\ integral((e~2%x"2 + 2*d*e*x + d~2)/(bxarcsinh(c*x) + a), x) |
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Sympy [F]

2 2
/ (dtez) . _ / (dtea) ..
a + barcsinh(cz) a + basinh (cz)

jnputtintegrate((e*X+d)**2/(a+b*aSinh(C*x)),x)
output LIntegral( (d + exx)**x2/(a + b*asinh(c*x)), x)
Maxima [F]
/ (d + 61,')2 (ex + d)2
; dr = :
a + barcsinh(cz) barsinh (cx) + a

input Lintegrate ((e*xx+d) "2/ (atb*arcsinh(c*x)) ,x, algorithm="maxima")

Outputtintegrate((e*x + d)~2/(b*arcsinh(c*x) + a), x)

Giac [F]

2 2
/ (d+ ex) dp — / (ea: + d) i
a + barcsinh(cz) barsinh (cz) + a

input Lintegrate ( (e*x+d) A2/ (a+b*arcsinh(c*x) ) ,X, algorithm=“giac n)

output tintegrate((e*x + d)~2/(bxarcsinh(c*x) + a), x)
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Mupad [F(-1)]

Timed out.
2 2
/ (d+ ex) dp — / (d +.e ) e
a + barcsinh(cz) a + basinh (cz)
input \ int((d + e*x)~2/(a + b*asinh(c*x)),x)

outputtint((d + exx)~2/(a + b*asinh(c*x)), x)

Reduce [F]

(d+ ex)? / z? 0 /
= 2
/ a + barcsinh(cz) dz asinh (cz) b+ adw e asinh (

1 2
+ (/ asinh (cx) b+ adx) d

)b-l—adx) de

input ‘ int ((e*x+d) ~2/ (a+b*asinh(c*x)),x)

output
‘int(l/(asinh(c*x)*b + a),x)*d**2

‘int(x**2/(asinh(c*x)*b + a),x)*ex*x2 + 2*int(x/(asinh(c*x)*b + a),x)*d*e +




output
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d+ex
3.21 f a+barcsinh(cz) dz

Optimal result . . . . . . . . .. .
Mathematica [A] (verified) . . . . . . . .. ... L o
Rubi [A] (verified) . . . . . . ... ..
Maple [A] (verified) . . . . . . . . . .
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . o o

Optimal result

Integrand size = 16, antiderivative size = 116

_dcosh (§) Chi(§ + arcsinh(cz))

/ d+ex .
a + barcsinh(cz)

eChi(%“ + Qarcsinh(cx)) sinh (27“)

be

dsinh (¢

2bc?

) Shi(% + arcsinh(cz))

b

be

N ecosh (22) Shi(2¢ + 2arcsinh(cz))

2bc?

201
202
202
203
2041
2041
205}
205}
200}

e

d*cosh(a/b)*Chi (a/b+arcsinh(c*x))/b/c-1/2*e*Chi (2*a/b+2*arcsinh (c*x) ) *sinh

‘(2*a/b)/b/c‘2—d*sinh(a/b)*Shi(a/b+arcsinh(c*x))/b/c+1/2*e*cosh(2*a/b)*Shi(

‘ 2%a/b+2*arcsinh(c*x))/b/c"2

A\
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Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.84

/ d+ex

a + barcsinh(cz)

_ 2cd cosh (%) Chi(% + arcsinh(cz)) — eChi(2(% + arcsinh(cz))) sinh (2*) — 2cd sinh (%) Shi(% + arcsin!
B 2bc?

-

| —

input LIntegrate [(d + e*x)/(a + b*ArcSinh[c*x]),x]

‘ (2xcxd*Cosh[a/b]*CoshIntegral [a/b + ArcSinh[c*x]] - e*CoshIntegral[2*(a/b ‘
'+ ArcSinh[c#x])]1*Sinh[(2%a)/b] - 2%cxd*Sinh[a/b]*SinhIntegralla/b + ArcSin |
‘h[c#x]] + exCosh[(2*a)/b]*SinhIntegral[2+(a/b + ArcSinh[c#x])]1)/(2+b*c™2) |

output

Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.95,

number of rules __
integrand size 0.188, Rules

number of steps used = 4, number of rules used = 3,
used = {6245, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ d+ex e
a + barcsinh(cx)
| 6245

f (cd+cex)Vc2z2+1
a+barcsinh (cx)

CZ
l 7293

darcsinh(cx)

j.< oVFTTHd | ceny/cTaPT1 ) darcsinh(cz)

a+barcsinh(cz) ' a+barcsinh(cr)
2
c

l'2009
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3 3

b 2b b 2b
c2

cdcosh($)Chi(¢+arcsinh(cs))  esinh(22)Chi( % +2arcsinh(cs))  cdsinh(4)Shi($+arcsinh(co)) e cosh(22)Shi( 2 +2

input‘ Int[(d + e*x)/(a + b*ArcSinh[c*x]),x] ‘

output ‘ ((c*d*Cosh[a/b] *CoshIntegral[a/b + ArcSinh[c*x]])/b - (e*CoshIntegrall[(2*a ‘
‘ )/b + 2*xArcSinh[c*x]]*Sinh[(2%a)/b])/(2%b) - (c*d*Sinh[a/b]l*SinhIntegral[a ‘
/b + ArcSinh[c*x]1)/b + (e*Cosh[(2*a)/b]*SinhIntegral[(2*a)/b + 2*ArcSinh[
(c*x11)/(2%b)) /c™2 |

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_.) + (e_)*(x_))"(m_.), x
_Symbol] :> Simp[1/c”(m + 1) Subst[Int[(a + b*x) “n*Cosh[x]*(c*d + e*Sinh[
x])°m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b, c, 4, e, n}, x] && IGtQ[m,
0]

rule 6245

rule 7293 ;nt[“—’ x_Symbol]l :> With[{v = ExpandIntegrand[u, x1}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 3.15 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.03

method result

a _a 2a
deb explntegraly (arcsinh(zc)+ %) de b explntegraly (— arcsinh(zc)— %) ee b explntegraly (2 arcsinh(zc)+ %Ta) ee
— — + —

derivativedivides 2b = c et

a _a 2a —
deb explntegraly (arcsinh(zc)+%) de b explntegraly (— arcsinh(zc)— %) n ee b explntegraly (2 arcsinh(zc)+ %Ta) ee b

default 2b 2b - 4cb




CHAPTER 3. LISTING OF INTEGRALS 204

input Lint ((exx+d) / (a+bxarcsinh(x*c)) ,x,method=_RETURNVERBOSE) J

‘ 1/cx(-1/2*d/b*exp(a/b)*Ei(1,arcsinh(x*c)+a/b)-1/2*d/b*exp(-a/b)*Ei(1,-arcs ‘
 inh(x*c)-a/b)+1/4xe/c/bxexp(2¥a/b)*Ei (1,2*arcsinh (x*c)+2%a/b)-1/4%e/c/brex |
| p(~2%a/b)*Ei (1,-2*arcsinh(x*c)-2+a/b)) |

output

Fricas [F|
/ d+ex do — / er+d s
a + barcsinh(cz) barsinh (cx) + a
input Lintegrate ((exx+d)/(a+bxarcsinh(c*x)),x, algorithm="fricas") J
output Lintegral( (exx + d)/(b*arcsinh(c*x) + a), x) J
Sympy [F]
/ d+ex d — / d+ex d
a + barcsinh(cz) a + basinh (cx)
input | integrate((exx+d)/ (atbrasinh(chn)) %) J

output LIntegral((d + e*x)/(a + b*asinh(c*x)), x) J
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Maxima [F]

/ d+ex do — / er+d d
a + barcsinh(cr) ~  / barsinh (cr) +a

input Lintegrate ((e*x+d)/(a+b*arcsinh(c*x)),x, algorithm="maxima")

output Lintegrate((e*x + d)/(b*arcsinh(c*x) + a), x)
Giac [F]
/ d+ex do — / er+d dx
a + barcsinh(cz) barsinh (cx) + a
input Lintegrate ((exx+d)/ (atb*arcsinh(c*x)),x, algorithm="giac")

output Lintegrate((e*x + d)/(b*arcsinh(c*x) + a), x)

Mupad [F(-1)]

/ d+ex do — / d+ex dx
a + barcsinh(cx) ~ J a+ basinh(cz)

Timed out.

input Lint((d + exx)/(a + b*asinh(c*x)),x)

output Lint((d + exx)/(a + b*asinh(c*x)), x)
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Reduce [F]

/ dyer g / A / —
a + barcsinh(cz) asinh (cx)b+a asinh (cx) b+ a

input Lint ((exx+d)/(a+b*asinh(c*x)),x)

outputLint(x/(asinh(C*X)*b + a),x)*e + int(1/(asinh(c*x)*b + a),x)*d
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1
3.22 f a+barcsinh(cz) dz

Optimal result
Mathematica [A] (verified) . . . . . . . . . ... L

Rubi [A] (verified) . . . . . . ... .. 208
Maple [A] (verified) . . . . . . . . . . 210
Fricas [F] . . . . . . o 210
Sympy [F] . . . 217
Maxima [F] . . . . . . 211
Giac [F] . . . . o o 211]
Mupad [F(-1)] . . . o 212
Reduce [F] . . . . o o 212
Optimal result
Integrand size = 10, antiderivative size = 54
/ ) o cosh (%> Chi<a+barC§iDh(w)> sinh (%) Shi(a+bar0iinh(cw))
a + barcsinh(cz) v be bc

output‘ cosh(a/b)*Chi ( (a+b*arcsinh(c*x))/b) /b/c-sinh(a/b)*Shi ((atb*arcsinh(c#x)) /b |
U |

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.83

[

a + barcsinh(cz) v
__cosh (4) Chi(% + arcsinh(cz)) — sinh (%) Shi(% + arcsinh(cz))
B bc

input LIntegrate [(a + b*ArcSinh[c*x])~(-1),x] J

‘ (Cosh[a/b]*CoshIntegrall[a/b + ArcSinh[c*x]] - Sinh[a/b]*SinhIntegralla/b + ‘

output
' ArcSinh[exx]1)/ (bxc)
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Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.91,
number of rules _ 0.800, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {6189, 3042, 3784, 26, 3042, 26, 3779, 3782}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
1
/ a + barcsinh(cz) dz
| 6189
cosh %_a+barcsbinh<cz)
o sarcsinh(es) d(a + barcsinh(cz))
be
| 3042
sin ( ia_ i(a+barc§inh(cz)) +r
atsarcsinh(ca) d(a + barcsinh(cx))
be
| 3784
cosh (%) [ —rparcsinh(es) d(a + barcsinh(cz)) — isinh () [ — - rarcsinh(e) d(a + barcsinh(cz))
be
| 26
cosh (¢) [ ovarcsinhiea) d(a + barcsinh(cz)) — sinh () [ +rrarcsinhiea) d(a + barcsinh(cz))
bc
| 3042
sin ( i(a+barC§inh(cm)) bx . . isin ( i(a-‘rbaI'CEiIlh(c:c)) ) .
cosh (¢) [ oarcsinhiea) d(a + barcsinh(cz)) — sinh (%) [ — o rarcsinhiea) d(a + barcsinh(cz))

be

| 26
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sin ( i(a+barC§1nh(cz))

mn(ﬁz&@ﬁ?ﬂﬂﬂgﬁ+g
isinh () [ a+barcsinh(cz) d(a + barcsinh(ez)) + cosh (£) /

atbarcsinh(ca) d(a + barcsinh(cz))
bc
| 3779
) Sin<i<a+barc§inh(cz)) _l_%)
—sinh (%) Shi(%m@) + cosh (§) [ attarcsinh(ca) d(a + barcsinh(cz))

be

| 3782

cosh ( %) Chi ( a+barc§inh(cx) ) _ sinh ( %) Shi ( a+barc§inh(cz) )

bc

e

tInt[(a + b¥ArcSinh[c*x])~(-1),x]

~—

input

output ‘((Cosh [a/bl*CoshIntegral[(a + b*ArcSinh[c*x])/b] - Sinh[a/b]*SinhIntegral[(
La + bxArcSinh[c*x])/bl)/ (b*c)

~

Defintions of rubi rules used

rule 26 Int[(Complex[0, a_1)*(Fx_), x_Symboll :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

‘1] :> Simp[I*(SinhIntegral [c*f*(fz/d) + fxfz*x]/d), x] /; FreeQl{c, d, e, f

rule 3779 Intlsinl(e_.) + (Complex[0, £z 1)*(f_.)*(x)1/((c_.) + (d_.)*(x.)), x_Symbo
, £z}, x] && EqQ[dxe - cxfxfz*I, 0]

rule 3782‘Int[Sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo ‘
‘1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQ[{c, d, e, f, fz ‘
\}, x] && EqQLd*(e - Pi/2) - cxfxfzxI, 0]
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rule 3784 Int [Sin[(e_ . ) + (f_ . ) * (X_)] / ( (C_ . ) + (d_ . ) % (x_) ) 5 X_Symbol] D> Simp [COS [(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d]  Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, £}, x]
&& NeQ[d*e - cxf, 0]
rule 6189 Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[1/(b*c) S

ubst [Int [x"n*Cosh[-a/b + x/b], x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x]
Maple [A] (verified)
Time = 0.97 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.04

method result size

B e% expIntegraly (arcsinh(zc)+%) B e % expIntegraly (— arcsinh(zc)— %)
derivativedivides 2 - 2 56
_ e% explntegraly (arcsinh(zc)+%) _ e % explntegraly (— arcsinh(zc)— %)
default 2b - 2 56
input Lint (1/(at+b*arcsinh(x*c)) ,x,method=_RETURNVERBOSE)
Output‘1/C*(‘1/2/b*exp(a/b)*Ei(1,arcsinh(x*c)+a/b)—1/2/b*exp(—a/b)*Ei(1,_arcsinh(
‘x*c)-a/b))
Fricas [F]
1 1
dx = d
/a+bmmemﬁa: /bmﬁﬂﬂm)+ax
inputLintegrate(1/(a+b*arcsinh(c*x)),x, algorithm="fricas")

output

Lintegral(i/(b*arcsinh(c*x) +a), x)
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Sympy [F]

/ ! dr = / ! dz
a + barcsinh(cr) ~ J a+ basinh (cz)

jnputLintegrate(1/(a+b*aSinh(c*x)),x)

output IRtegral(1/(a + brasizh(cx0), x)

Maxima [F]

1 1
dx = d
/ a + barcsinh(cz) v / barsinh (cx) + a T
input Lintegrate (1/ (at+b*arcsinh(c*x)) ,x, algorithm="maxima")

OutputLintegrate(l/(b*arcsinh(c*x) + a), x)

Giac [F]

/ ! dr = / L dx
a + barcsinh(cx) =~/ barsinh (cz) +a

input Lintegrate (1/(a+b*arcsinh(c*x)) ,x, algorithm="giac ")

OutputLintegrate(l/(b*arcsinh(c*x) +a), x)
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Mupad [F(-1)]

Timed out.

/ ! dxr = / ! dz
a + barcsinh(cz) =~/ a+ basinh(cz)

input Lint (1/(a + b*asinh(c*x)),x)

output Lint(l/(a + b*asinh(c*x)), x)

Reduce [F]

/ ! dr = / ! dz
a + barcsinh(cz) ) asinh(cz)b+a

input tint (1/ (at+b*asinh(c*x)) ,x)

output Lint(l/(asinh(c*x) *b + a),x)




CHAPTER 3. LISTING OF INTEGRALS 213

1

3.23 J (@ren@rarcsinh) %%

Optimal result . . . . . . . . .. . 213]
Mathematica [N/A] . . . . . ... 213
Rubi [N/A] . . o 214
Maple [N/A] . . . o 214
Fricas [N/A] . . . . o e 215
Sympy [N/A] . . o A
Maxima [N/A] . . . . o 215
Giac [N/A] . . . 216
Mupad [N/A] . . . o 210
Reduce [N/A] . . . o o e 217

Optimal result

Integrand size = 18, antiderivative size = 18

1 1
(d + ex)(a + barcsinh(cx)) dz = Int < (d + ex)(a + barcsinh(cz))’ x)

output LDefer(Int) (1/ (exx+d) / (a+b*arcsinh(c*x)) ,x) J

Mathematica [N/A]

Not integrable
Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1

(d + ex)(a + barcsinh(cz)) de = / (d + ex)(a + barcsinh(cz)) dz

input LIntegrate [1/((d + e*x)*(a + b*ArcSinh[c*x])),x] J

output ‘\Integrate [1/((d + e*x)*(a + b*ArcSinh[c*x])), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1

/ (d+ cz)(a + barcsinh(cz))
l 6272
L dx

(d+ ex)(a + barcsinh(cz))

Llntn/((d + e*x)*(a + b*ArcSinh[c*x])),x]

‘$Aborted

Maple [N/A]
Not integrable

Time = 1.36 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ek
(ex + d) (a + b arcsinh (zc)) v

Lint(1/(e*x+d)/(a+b*arcsinh(x*c)),x)

Lint(1/(e*x+d)/(a+b*arcsinh(x*C)),X)
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-

input

Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.39

1

1
/ (d + ex)(a + barcsinh(cz)) do = / (ex + d)(barsinh (cz) + a) dz

Lintegrate (1/(e*x+d) /(atb*arcsinh(c*x)) ,x, algorithm="fricas")

-/

output L

integral(1/(a*e*x + axd + (b¥exx + b*d)*arcsinh(c*x)), x)

input L

Sympy [N/A]
Not integrable

Time = 0.94 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

1 1
/ (d + ex)(a + barcsinh(cz)) de = / (a + basinh (cx)) (d + ex) dz

integrate(1/(exx+d)/(at+b*asinh(c*x)) ,x)

output L

Integral(1/((a + b*asinh(c*x))*(d + e*xx)), x)

Maxima [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsinh(cz)) dz = / (ex + d)(barsinh (cz) + a) dz

input L

integrate(1/(exx+d)/(at+b*arcsinh(c*x)),x, algorithm="maxima")
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OutputLintegrate(l/((e*x + d)*(b*arcsinh(c*x) + a)), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsinh(cz)) dz = / (ex + d)(barsinh (cz) + a) dz

input Lintegrate (1/ (e*x+d) / (at+b*arcsinh(c*x)) ,x, algorithm="giac")

output Lintegrate(l/((e*x + d)*(b*arcsinh(c*x) + a)), x)

Mupad [N/A]
Not integrable
Time = 2.62 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d+ ez)(a + barcsinh(ez)) ¥ = / (0 F basinh (c2)) (d+ e2)

dz

inputtint(l/((a + b*asinh(c*x))*(d + e*x)),x)

outpudint“/((a + brasinh(c*x))*(d + e*x)), x)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.50

1 1
= d
/ (d + ex)(a + barcsinh(cz)) dz / asinh (cx) bd + asinh (cz) bex + ad + aex v

input Lint (1/ (exx+d)/ (at+b*asinh(c*x)) ,x)

output tint(l/(aSinh(c*X)*b*d + asinh(c*x)*b*e*x + a*d + ake*x),x)




output

input

output
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1

3.24 f (d+ex)2(a+barcsinh(cz)) dz

Optimal result . . . . . . . . .. . 218]
Mathematica [N/A] . . . . . ... 218
Rubi [N/A] . . o 219
Maple [N/A] . . . o 219
Fricas [N/A] . . . . o e 220
Sympy [N/A] . . o 2201
Maxima [N/A] . . . . o 220
Giac [N/A] . . . 221]
Mupad [N/A] . . . o 221]
Reduce [N/A] . . . o o e 222

Optimal result

Integrand size = 18, antiderivative size = 18

1

1

/ (d + ex)?(a + barcsinh(cz)) dz = Int(

(d + ex)?(a + barcsinh(cz))’

‘)

LDefer(Int)(1/(e*x+d)‘2/(a+b*arcsinh(c*x)),x)

Mathematica [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1

/ (d+ e2)2(a + barcsinb(cz)) = / (d+ ex)2(a

+ barcsinh(cz))

dz

LIntegrate [1/((d + e*x)~2*(a + b*ArcSinh[c*x])),x]

‘Integrate [1/((d + e*x)"2x(a + bxArcSinh[c*x])), x]




input L

outputt
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Rubi [N/A]
Not integrable
Time = 0.34 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ : d
(d+ ez)2(a + barcsinh(cz)) **
l 6272
1 d
(d+ ez)2(a + barcsinh(cz))
Int[1/((d + e*x)~2*(a + b*ArcSinh[c*x])),x] J
‘$Aborted

Maple [N/A]
Not integrable

Time = 0.91 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ! dz
(ex + d)? (a + b arcsinh (zc))

Lint(1/(e*x+d)“2/(a+b*arcsinh(x*c)),x) J

int (1/ (exx+d) ~2/ (a+b*arcsinh(x*c)),x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 49, normalized size of antiderivative = 2.72

1 1
/ (d + ex)?(a + barcsinh(cz)) do = / (ex + d)*(barsinh (cz) + a) e

inputLintegrate(l/(e*X+d)A2/(a+b*aICSinh(c*x)),x, algorithm="fricas") J

. integral(1/(axe"2+x™2 + 2raxdxexx + a*d"2 + (bxe™2+x"2 + 2+bkdrexx + bxd™2

outpu
‘)*arcsinh(c*x)), x)

Sympy [N/A]
Not integrable

Time = 1.90 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1

(d + ex)?(a + barcsinh(cz)) d / (a + basinh (cz)) (d + ex)? &

inputLintegrate(1/(e*X+d)**2/(a+b*asinh(c*x)),x) J

outputtlntegral(l/((a + b*asinh(c*x))*(d + e*x)**2), x) J

Maxima [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsinh(cz)) d / (ex + d)*(barsinh (cz) + a) e

input Lintegrate (1/ (e*x+d) "2/ (atb*arcsinh(c*x)) ,x, algorithm="maxima") J




output

input

output

input

output
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Lintegrate(l/((e*x + d)"2x(b*arcsinh(c*x) + a)), x)

Giac [N/A]
Not integrable

Time = 0.77 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsinh(cz)) d / (ex + d)*(barsinh (cz) + a) e

Lintegrate(l/(e*x+d)”2/(a+b*arcsinh(c*x)),x, algorithm="giac")

Lintegrate(l/((e*x + d)~2*(b*arcsinh(c*x) + a)), x)

Mupad [N/A]
Not integrable

Time = 2.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1
/ (d+ e2)*(a + barcsinh(cz)) ©°

/ (a + basinh (cz)) (d+ ex)?

dz

Lint(l/((a + b*asinh(c*x))*(d + e*x)~2),x)

-

tint(l/((a + b*asinh(c*x))*(d + e*x)"2), x)

e—
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 55, normalized size of antiderivative = 3.06

1

/ (d + ex)?(a + barcsinh(cz)) dz

1
d
/ asinh (cx) bd? + 2asinh (cx) bdex + asinh (cx) be2x? + a d? + 2adex + a e2x? v

input Lint(1/(e*x+d)”2/(a+b*asinh(c*x)) <3

‘int(1/(asinh(c*x)*b*d**2 + 2*asinh(c*x)*b*d*e*x + asinh(c*x)*b*xe*x*x2*xx*x*x2 +

output
‘ axd**2 + 2kaxdkexx + akex*x2kxx*x*2),x)
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2
3.25 [ —_teo) da
(a+barcsinh cz))?

Optimal result . . . . . . . . . . . e 224
Mathematica [A] (verified) . . . . . . . . . ... 2251
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 227
Fricas [F] . . . . . o o 227
Sympy [F] . . o o 228
Maxima [F] . . . . . .
Giac [F] . . . . o o 229
Mupad [F(-1)] . . . oo 229
Reduce [F] . . . . . 229



CHAPTER 3. LISTING OF INTEGRALS 224

Optimal result

Integrand size = 18, antiderivative size = 359

/ (d + ex)? i d?v/1 + c?x2 2dex/1 + c2x?
(

a + barcsinh(cz))?~ be(a + barcsinh(cz))  be(a + barcsinh(cz))

1+ a?

be(a + barcsinh(cz))

2de cosh ( 2711 ) Chi (2(a+baI'CbSlIlh(cm)) >
- b2c?

d20h1<%mh(“)> sinh (%>
_ e

ezchi(w> sinh (2)
- 4p2c3

3¢2Chi (3(a+baI‘Cl;SlIlh(cx))> sinh (32)
- I
N & cosh (3) Shi (2arcsinhies) )

b%c .

e? cosh (2) sm(wmhw))
- 4h2c3 _

2de sinh (22) Shi<2<a+barcgmh<w>>>
- b?c?

32 cosh ( 3?(; ) Shi (3(a+baI‘CbSIIlh(cx))>
- 4b%c3

-d"2%(c™2*x"2+1) ~(1/2) /b/c/ (at+b*arcsinh (c*x) ) -2xd*exx* (c~2*%x~2+1) ~(1/2) /b/
c/ (a+b*arcsinh(c*x))-e ~2*x~ 2% (c™2%x~2+1) ~(1/2) /b/c/ (a+b*arcsinh (c*x) ) +2*d*
e*xcosh(2*a/b) *Chi (2* (a+b*arcsinh(c*x))/b) /b~2/c~2-d"2*Chi ((a+b*arcsinh (c*x
))/b)*sinh(a/b) /b~2/c+1/4%e~2%Chi ((at+b*arcsinh(c*x))/b)*sinh(a/b)/b~2/c~3-
3/4xe~2+Chi (3* (a+b*arcsinh(c*x)) /b)*sinh(3*a/b) /b~2/c~3+d"2*cosh(a/b) *Shi (
(a+b*arcsinh(c*x))/b) /b~2/c-1/4*e"2*xcosh(a/b) *Shi ((a+b*arcsinh(c*x))/b) /b~
2/c~3-2*d*exsinh (2*a/b) *Shi (2* (a+b*arcsinh(c*x))/b) /b~2/c”~2+3/4*e"2*cosh (3
*a/b) *Shi (3% (a+b*arcsinh(c*x))/b) /b"2/c"3

output




input

output
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Mathematica [A] (verified)

Time = 1.50 (sec) , antiderivative size = 288, normalized size of antiderivative = 0.80

(d+ex)?

(a + barcsinh(cx))? do =

4bc’d?V1+c?a? 8bc’deav/1tc?a? | dbe’e’e®v/1+c%a® _ 8o cosh (2“) Chi (2(% + arcsinh(cx))) + (4c%d? -

a+barcsinh(cz) ' a+barcsinh(cz) ' a+barcsinh(cr) b

.
Integrate[(d + exx)~2/(a + bxArcSinh[c*x])~2,x]

N J

-1/4%((4*bxc~2%d"2*Sqrt[1 + c™2*x72])/(a + b*ArcSinh[c*x]) + (8xbkc~2*d*ex
xxSqrt[1 + c”2*x72])/(a + bxArcSinh[c*x]) + (4*bxc™2%e”~2*x~2+Sqrt[1 + c~2*
x72])/(a + b*ArcSinh[c*x]) - 8%c*d*e*Cosh[(2*a)/b]*CoshIntegral[2*(a/b + A
rcSinh[c*x])] + (4*%c™2*%d"2 - e~2)*CoshIntegralla/b + ArcSinh[c*x]]*Sinh[a/
b] + 3*%e~2*CoshIntegral[3*(a/b + ArcSinh[c*x])]*Sinh[(3%a)/b] - 4*c~2%d~2x
Cosh[a/b]*SinhIntegral[a/b + ArcSinh[c*x]] + e~2*Cosh[a/b]*SinhIntegralla/
b + ArcSinh[c*x]] + 8%c*dxe*Sinh[(2%*a)/b]*SinhIntegral[2*(a/b + ArcSinh[c*
x])] - 3*e~2xCosh[(3+*a)/b]l*SinhIntegral [3*(a/b + ArcSinh[c*x])])/(b~2%c"3)

Rubi [A] (verified)

Time = 1.19 (sec) , antiderivative size = 359, normalized size of antiderivative = 1.00,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

XL

/ (d + ex)?

(a + barcsinh(cz))?
| 6244

/ d? n 2dex " e2x? e
(a + barcsinh(cz))?  (a + barcsinh(cz))? = (a + barcsinh(czx))?
| 2009
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4b2c3 ) 4b2c3 )
¢2 cosh (% ) Shi ( a+barc?)1nh(cx) ) 3¢2 cosh (3#) Shi ( 3(a+baI‘CbSlnh(cx)) )
4b%c3 ) + 4b2c3 ) +
9de cosh (%a) Chi ( 2(a+ba.1‘CbSIIlh(cm)) ) 9de sinh (%a) Shi < 2(a+barcbsmh(cz)) )
b2c2 B b2c2 B
d?sinh (%) Chi (—“”arcimh(“)) d cosh (%) Shi (—“+”arcﬁlnh(“)) 2VEE
b2c + b2%c ~ be(a + barcsinh(cz))
2dexv/c2z? + 1 e?x?v/c2x?2 + 1
be(a + barcsinh(cz))  be(a + barcsinh(cz))
inputLInt[(d + e*xx)~2/(a + b*ArcSinh[c*x])~2,x] J

p

-((d"2*Sqrt[1 + c"2*x"2])/(b*c*(a + bxArcSinh[c*x]))) - (2*d*e*x*Sqrt[1 +
c"2%x72])/(b*c*(a + b*ArcSinh[c*x])) - (e"2#x"2xSqrt[1 + c~2*x~2])/(b*c*(a
+ b*ArcSinh[c#*x])) + (2*d*exCosh[(2*a)/b]*CoshIntegral[(2*(a + b*ArcSinh[
c*x]))/b]1)/(b~2%c~2) - (d~2*CoshIntegral[(a + bxArcSinh[c*x])/b]l*Sinh[a/b]
)/ (b~2%c) + (e~2*CoshIntegral[(a + b*ArcSinh[c*x])/bl*Sinh[a/b])/(4*b~2xc"~
3) - (3xe~2*CoshIntegral [(3*(a + b*ArcSinh[c#*x]))/b]*Sinh[(3*a)/b])/(4*b~2
*c~3) + (d"2*Cosh[a/bl*SinhIntegral[(a + b*ArcSinh[c*x])/b])/(b~2*c) - (e~
2xCosh[a/b]*SinhIntegral[(a + b*ArcSinh[c*x])/b]l)/(4%b"2*c~3) - (2*d*e*Sin
h[(2*a)/b]*SinhIntegral [(2*(a + b*ArcSinh[c*x]))/bl)/(b"2%c~2) + (3*e~2*Co
sh[(3*a)/b]*SinhIntegral [(3*(a + b*ArcSinh[c*x]))/bl)/(4*¥b~2%c~3)

output

Defintions of rubi rules used

e hY

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2009

rule 6244‘Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_)*((d_) + (e_.)*(x_))"(m_.), x_S ‘
‘ymbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + bxArcSinh[c*x])"n, x], x] /; ‘
| FreeQ[{a, b, c, d, e}, x] & IGtQ[m, 0] && LtQln, -1] |
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Maple [A] (verified)

Time = 3.99 (sec) , antiderivative size = 616, normalized size of antiderivative = 1.72

method result
3
(—49:202 \/m+4a:303—\/m+3a:c) 62 SeZeTa explntegraly (3 arcsinh(xc)-}—?’T‘l) e2 (4z303+3mc+4x2c2 vV 02332+1+\/
derivativedivides 8c?b(ath arcsinh(zc)) il 8c2p2 _ 8bc2 (a+b arcsinh(zc))
3
(—49:202 \/m+4xsc3—\/m+3:rc) 62 SeZeTa explntegraly (3 arcsinh(xc)-}—?’T‘l) e2 (41:303+3a:c+4:1:2c2 vV c2332+1+\/
default 8c2b(a+b arcsinh(zc)) + 8c2p2 - 86 <2 (a+b arcsinh(wc))
input {iﬂt ((e*x+d) ~2/ (a+b*arcsinh(x*c))~2,x,method=_RETURNVERBOSE) J

1/c*(1/8% (—4xx~2+c™ 2% (c™2xx"2+1) " (1/2) +4*x"3*c”3- (c~2*x"2+1) " (1/2) +3*x*C) *
e~2/c”2/b/(atb*arcsinh(x*c))+3/8*e~2/c~2/b"2*exp(3*a/b) *Ei(1,3*arcsinh (x*c
)+3%a/b)-1/8/b*e”~2/c” 2% (4*x~3%c™3+3*x*kCc+4*x"2%Cc"2% (c72*x"2+1) " (1/2) +(c™2*x
~2+1)~(1/2))/(a+b*arcsinh(x*c))-3/8/b~2*e~2/c " 2*exp (-3*a/b) *Ei(1,-3*arcsin
h(x*c)-3*a/b)+1/2* (x*c-(c"2*%x"2+1) " (1/2) ) *d~2/b/ (atb*arcsinh(x*c) ) +1/2*d"2
/b~ 2*xexp(a/b) *Ei (1,arcsinh (x*c)+a/b)-1/8* (x*kc-(c"2*xx"2+1) ~(1/2) ) *e~2/c~2/b
/ (a+b*arcsinh(x*c))-1/8/c"2*xe”2/b"2*xexp(a/b) #*Ei(1,arcsinh(x*c)+a/b)-1/2/b*
4~ 2% (xxc+(c™2*xx"2+1) ~(1/2)) / (a+b*arcsinh (x*c))-1/2/b~2xd"2*exp(-a/b) *Ei (1,
—arcsinh(x*c)-a/b)+1/8/c”2/bxe” 2% (xxc+(c~2*xx"2+1) " (1/2) )/ (a+b*arcsinh (x*c)
)+1/8/c~2/b"2*e"2*exp(-a/b) #*Ei (1,-arcsinh(x*c)-a/b)+1/2* (-2* (c"2*x"2+1) " (1
/2) *xxc+2xc”2xx"2+1) *d*e/c/b/ (a+b*arcsinh (x*c) ) -exd/c/b~2*exp(2*a/b) *Ei (1,
2*arcsinh (x*c)+2*a/b)-1/2/b*xexd/c* (2*xc™2*x"2+2* (c"2*x72+1) ~(1/2) *x*c+1) / (a
+b*arcsinh(x*c))-1/b"2xe*d/c*exp(-2*a/b) *Ei (1,-2*arcsinh(x*c)-2*a/b))

output

Fricas [F]
2 2
/ (d—i—fax) 2dx:/ (ex +d) s
(a + barcsinh(ca)) (barsinh (cz) 1 )
inputLintegrate((e*X+d)A2/(a+b*arcsinh(c*x))‘2,x, algorithm="fricas") J

( hY
‘integral((e“Q*x‘2 + 2%d*exx + d~2)/(b~2*arcsinh(c*x)~2 + 2*axb*arcsinh(c*x

output
‘) + a”2), x)




input

output

input

output
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Sympy [F]

r =
(a + barcsinh(cr))? (a + basinh (cz))®

/ (d + ex)? p (d + ex)? e

Lintegrate((e*x+d)**2/(a+b*asinh(c*x))**2,x)

-

LIntegral((d + exx)**2/(a + b¥asinh(c*x))**2, x)

-

Maxima [F]

(d+e,’1;)2 _ (6.’E+d)2 .
/ (a + barcsinh(cz))? o= / (barsinh (cz) + a)* !

Lintegrate((e*x+d)“2/(a+b*arcsinh(c*x))‘2,x, algorithm="maxima")

-(c™3%e"2*x"5 + 2%c"3*dxe*x"4 + 2xckd¥xexx”2 + c*xd"2*x + (c"3%d"2 + c*e”2)*
X"3 + (c72%e"2*x"4 + 2xcT2kd*e*x"3 + 2kd¥exx + (cT2*d"2 + e72)*x72 + d”2)*
sqrt(c™2*x"2 + 1)) /(axbxc™3*x"2 + sqrt(c™2*x"2 + 1)*a*b*c~2*x + axbxc + (b
“2%c73%x72 + sqrt(cT2*x72 + 1)*b"2%c"2*x + b~2*c)*log(cxx + sqrt(c”2*x"2 +

1))) + integrate((3*c~5*e”2%x"6 + 4*c”b*kd*exx”5 + 8xc”3*d*exx~3 + (c~5*d~
2 + 6xc”3*e"2)*x"4 + 4*cxdxe*xx + cxd"2 + (2%c"3*d"2 + 3*c*xe”2)*x"2 + (3xc”
3%e"2%x74 + 4xc”3*kd*exx"3 - cxd"2 + (c"3*d"2 + c*ke"2)*x"2)*(c72*x"2 + 1) +

(6%c™4*e"2xx"5 + 8xc 4*d*exx"4 + 8xcT2*d*e*xx"2 + (2%cT4*d"2 + T*kc"2xe"2)*
X"3 + 2kdxe + (c”2*%d"2 + 2%e”2)*x)*sqrt(c”2*x"2 + 1))/(axbxc”b*x"4 + (c~2*
X"2 + 1)*a*xbxc™3*x"2 + 2xaxb*c”3*x"2 + axbxc + (b"2xc"5*x"4 + (cT2*x"2 + 1
)*¥b72%c73%x72 + 2*%b72xc"3*x"2 + b~2*kc + 2% (b"2%c"4*x"3 + b~2*c”2*x)*sqrt(c
~2%x72 + 1))*log(c*x + sqrt(c™2*x”™2 + 1)) + 2+ (axbxc™4xx"3 + a*bxc~2+*x)*sq

rt(c™2*%x"2 + 1)), x)
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Giac [F]

/ ( (d + ex)? dr — / : (ex + d)? s

a + barcsinh(cz))?2 barsinh (cx) + a)

input tintegrate ((e*x+d) "2/ (a+b*arcsinh(c*x))~2,x, algorithm="giac")

output Lintegrate((e*x + d)~2/(b*arcsinh(c*x) + a)~2, x)

Mupad [F(-1)]

Timed out.

(d + ex)? . (d+e x)2 .
/ (a + barcsinh(cz))? dz = / (a + basinh (cz))? d

input{int((d + exx)"2/(a + b*asinh(c*x))"2,x)

output Lint((d + e*x)"2/(a + b*asinh(c*x))"2, x)

Reduce [F]

/ (d +ex)” = (/ z* dx) e?
(a + barcsinh(cz))? asinh (cx)® b2 + 2asinh (cx) ab + a2

x
+2 ( / : 5 - dx) de
asinh (cx)” b2 + 2asinh (cx) ab + a?

1 2
+ - 3 - dz | d
asinh (cx)” b2 + 2asinh (cz) ab + a?

input Lint ((exx+d) "2/ (a+b*asinh(c*x))"2,x)
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‘int(x**2/(asinh(c*x)**2*b**2 + 2xasinh(c*x)*a*xb + a**2),x)*ex*2 + 2*int(x/
‘(asinh(c*x)**Q*b**2 + 2xasinh(c*x)*a*xb + a**2),x)*d*e + int(1/(asinh(c*x)*
‘*2*b**2 + 2*asinh(c*x)*a*b + a*x*2),x)*d*x*2

output




outpu
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Optimal result

Integrand size = 16, antiderivative size = 180

d+ex

I

a + barcsinh(cz))? v

dv1 + c2z2 exV1 + c2x?

~ be(a + barcsinh(cz))  be(a + barcsinh(cz))
ecosh (22) Chi ( 2(a+ba,I‘CSiIlh(cx)))

b
b2c?

dChi <a+b&f0§1nh(cm)> sinh (%)
B b%c _
. d cosh (%) Shi(a+bar0ilnh(cw))

b%c -

esinh ( 2?(1 ) Shi(2(a+barc§;1n (ca:)))

B b2c?

t‘—d*(c”2*x“2+1)”(1/2)/b/c/(a+b*arcsinh(c*x))-e*x*(c”2*x“2+1)“(1/2)/b/c/(a+b

‘ *arcsinh(c*x))+e*xcosh(2*a/b) *Chi (2% (a+b*arcsinh(c*x))/b) /b~2/c~2-d*Chi ((a+
‘b*arcsinh(c*x))/b)*sinh(a/b)/b“2/c+d*cosh(a/b)*Shi((a+b*arcsinh(c*x))/b)/b
"2/c-e*sinh(2*a/b)*Shi(2*(a+b*arcsinh(c*x))/b)/b‘2/c‘2




input

output
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Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.83

d+ex
(a + barcsinh(cz))?

bedy/1+c2z2 beexy/1+c2z2 2a : a : :(a : :
_ artar cls-ii-nh = + a+baI‘Céi-;1h ) "€ cosh (22) Chi(2(% + arcsinh(cz))) + c¢dChi(% + arcsinh(cz)) sink
b2c?

dr =

Integrate[(d + exx)/(a + bxArcSinh[c*x])~2,x]

-(((b*c*d*Sqrt[1 + c"2*x"2])/(a + bkArcSinh[c*x]) + (b*ckexx*Sqrt[l + c~2*
x72])/(a + b*ArcSinh[c*x]) - e*Cosh[(2+*a)/b]l*CoshIntegral[2*(a/b + ArcSinh
[c*x])] + c*d*CoshIntegral[a/b + ArcSinh[c*x]]*Sinh[a/b] - c*d*Cosh[a/b]*S
inhIntegral[a/b + ArcSinh[c*x]] + e*Sinh[(2*a)/b]*SinhIntegral[2*(a/b + Ar
cSinh[c*x])]1)/(b72%c™2))

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.125, Rules

number of steps used = 2, number of rules used = 2,
used = {6244, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

d+ex
(a + barcsinh(cz))?

J,6244

i

/ d + °r dx
(a + barcsinh(cz))?  (a + barcsinh(cz))?
| 2009
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e cosh (7 T
b2c2 B b2c?
dsinh ( %) Chi ( a+ba,I'C§iIlh(cm) ) d cosh (% ) Shi ( a+barciinh(cx) ) N
b2c + b2c ~ be(a + barcsinh(cz))
exvVciz? +1
be(a + barcsinh(cz))

20 Chi ( 2(a+barcbsinh(cac)) ) esinh (22) Shi ( 2(a+baI‘CbSiIlh(cx)) )

input LInt[(d + exx)/(a + bxArcSinh[c*x])~2,x] J

-((d*Sqrt[1 + c~2*x~2])/(bxc*(a + b*ArcSinh[c*x]))) - (exx*Sqrt[1 + c™2*x~
21)/(bxc*(a + b*ArcSinh[c*x])) + (e*Cosh[(2*a)/b]*CoshIntegral[(2*(a + b*A
rcSinh([c*x]))/bl)/(b"2%c”2) - (d*CoshIntegral[(a + b*ArcSinh[c*x])/b]*Sinh
[a/b])/(b~2%c) + (d*Cosh[a/b]*SinhIntegral[(a + b*ArcSinh[c*x])/b]l)/(b~2*c
) - (exSinh[(2*a)/b]*SinhIntegral [(2*x(a + b*ArcSinh[c#*x]))/b]l)/(b~2*c~2)

output

Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 6244‘Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_)*((d.) + (e_)*(x))"(m_.), x_S ‘
‘ymbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + bxArcSinh[c*x])"n, x], x] /; ‘
| FreeQ[{a, b, c, d, e}, x] & IGtQ[m, 0] && LtQ[n, -1] |

Maple [A] (verified)

Time = 3.32 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.51

method result

a —a
(a:c—* /02m2+1)d deb explntegraly (arcsinh(mc)+%) d(a:c+\/ c2z2+1) de b explntegraly (— arcsinh(mc)—%) (—2‘
2b(a+b arcsinh(zc)) 262 — 2b(ab arcsinh(zc)) 2b2 +

derivativedivides

a —a
zc—/ c2m2+1)d deb explntegraly (arcsinh(mc)+%) d(a:c-ﬁ-x/ c2z2+1> de b explntegraly (— arcsinh(mc)—%) (—24
default 2b(a+b arcsinh(zc)) 2b2 ~ 2b(a+b arcsinh(zc)) 262 + A
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input‘int((e*x+d)/(a+b*arcsinh(x*c))“2,x,method=_RETURNVERBUSE)

1/c*x(1/2*% (x*c—(c™2*x~2+1)~(1/2) ) *d/b/ (atb*arcsinh (x*c) ) +1/2*d/b~2*exp(a/b)
*Ei(1,arcsinh(x*c)+a/b)-1/2/bxd* (x*xc+(c™2*x~2+1)~(1/2))/(a+b*arcsinh(x*c))
-1/2/b"2xd*exp(-a/b)*Ei(1,-arcsinh(x*c)-a/b)+1/4* (-2x(c™2*x~2+1) " (1/2) *x*cC
+2%c"2%x~2+1) *e/c/b/ (atb*arcsinh(x*c))-1/2*e/c/b~2*exp (2*a/b) *Ei (1,2*arcsi
nh (x*c)+2%a/b) -1/4*e/c/bx (2kc~2xx~2+2% (c~2%x~2+1) ~ (1/2) *x*c+1) / (a+b*arcsin
h(x*c))-1/2xe/c/b~2xexp(-2*a/b) *Ei (1,-2*arcsinh(x*c)-2*a/b))

output

Fricas [F|

/ d+ex x_/’ ex+d iz
(a + barcsinh(cz))? (barsinh (cz) + a)?

inputLintegrate((e*X+d)/(a+b*arcsinh(c*x))“2,x, algorithm="fricas")

Outputtintegral((e*x + d)/(b~2*arcsinh(c*x)"2 + 2%a*b*arcsinh(c*x) + a”2), x)
Sympy [F]
d+ex d+ex
- > dz = - 5 dx
(a + barcsinh(cz)) (a + basinh (cz))
input Lintegrate ((e*x+d)/ (atb*asinh(c*x)) **2,x)

outputLIntegral((d + exx)/(a + bxasinh(c*x))**2, x)
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Maxima [F|

&/ d+ ex / ex+d
: 5 dr = . 5 do
(a + barcsinh(cz)) (barsinh (cx) + a)

input Lintegrate ((e*x+d)/(a+b*arcsinh(c*x))~2,x, algorithm="maxima")

-(c™3xe*x"4 + c”3*%d*x"3 + cxe*x”"2 + cxd*x + (cT2%e*x"3 + cT2xd*x"2 + exx +
d)*sqrt(c™2*x~2 + 1))/(axb*c™3*x"2 + sqrt(c™2#x"2 + 1)*a*b*c™2*x + axb*c
+ (b™2%c™3*x"2 + sqrt(c™2*x"2 + 1)*b"2%c”2%x + b~ 2*c)*log(c*x + sqrt(c™2*x
"2 + 1))) + integrate((2xc”b*exx”5 + c 5xd*x"4 + 4*c"3xe*x"3 + 2xc”3*d*x"2
+ 2xcxexx + (2*%c"3%e*x”3 + c73*d*x"2 - ckd)*(cT2*x"2 + 1) + c*xd + (4xcT4x
e*x~4 + 2kCT4Axd*x"3 + 4xCc”2%exx"2 + c”2xd*x + e)*sqrt(cT2*x”2 + 1))/(axbxc
“5%x74 + (c72%x72 + 1)*akbxcT3%x"2 + 2%a*bkc”3%x"2 + axb*c + (b"2xc"5*x"4
+ (c72%x72 + 1)#b72%c73%x72 + 2%xb72%c”3*x"2 + b72xc + 2% (b"2%c”4*x"3 + b2
*C"2%x) *sqrt (c”2*x"2 + 1))*log(c*x + sqrt(c”™2*x"2 + 1)) + 2x(axb*c™4*x~3 +

axb*c”2#x)*sqrt(c™2*x"2 + 1)), x)

output

Giac [F]

/ d+ex / ex+d
. 5 dr = X 5 o
(a + barcsinh(cz)) (barsinh (cz) + a)

-

input Lintegrate ((exx+d) /(a+b*arcsinh(c*x))~2,x, algorithm="giac")

output tintegrate((e*x + d)/(b*arcsinh(c*x) + a)~2, x)

-/
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Mupad [F(-1)]

Timed out.

l/ d+ex / d+ex
- 5 de = : 5 dx
(a + barcsinh(cz)) (a + basinh (cz))

inputtint((d + exx)/(a + bxasinh(c*x))~2,x)

outputtint((d + exx)/(a + bxasinh(c*x))~2, x)

Reduce [F]

d+ ez ( / T )
: S dz = . 5 , dz e
(a + barcsinh(cz)) asinh (cx)” b + 2asinh (cx) ab + a?

+ ( / : 3 ! - dz) d
asinh (cx)” b% 4 2asinh (cx) ab + a?

input Lint ((exx+d)/(a+b*asinh(c*x))"2,x)

‘int(x/(asinh(c*x)**2*b**2 + 2xasinh(c*x)*axb + a**2),x)*e + int(1/(asinh(c

output
‘*x)**2*b**2 + 2*asinh(c*x)*a*xb + a*x*2),x)*d
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3.27 | ( . > dx

a+barcsinh(cz))
Optimal result . . . . . . . . .. . 237
Mathematica [A] (verified) . . . . . . . .. ... L o 237
Rubi [C] (verified) . . . . . . . . . . 238
Maple [A] (verified) . . . . . . . . . . 247]
Fricas [F] . . . . . . o 242
Sympy [F] . . . 242
Maxima [F] . . . . . . 242
Giac [F] . . . . o o 243
Mupad [F(-1)] . . . o 243
Reduce [F] . . . . o o 244

Optimal result

Integrand size = 10, antiderivative size = 85

. ((atbarcsinh(ez) .: 1 (a
[ | o VTE@e  Chi( =GR sin ()
(a + barcsinh(cz))? v be(a + barcsinh(cz)) b%c
b%c

Output‘—(c‘2*x‘2+1)‘(1/2)/b/c/(a+b*arcsinh(c*x))-Chi((a+b*arcsinh(c*x))/b)*sinh(a
\ /b) /b~2/c+cosh(a/b) *Shi ((a+b*arcsinh(c*x)) /b) /b~2/c

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.84

| ey
(a + barcsinh(cz))? v

_—a+b’;\/rlcﬁ;f;”£(cx) — Chi(% + arcsinh(cz)) sinh () + cosh (%) Shi(% + arcsinh(cz))
b2c

input LIntegrate [(a + bxArcSinh[c*x])~(-2),x] J
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t‘ (-((b*Sqrt[1 + c~2%x~2])/(a + b*ArcSinh[c*x])) - CoshIntegral[a/b + ArcSin ‘

t
ot Lh[c*x] I1*Sinh[a/b] + Cosh[a/bl*SinhIntegral[a/b + ArcSinh[c*x]])/(b~2%*c) J

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.65 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.05,

number of steps used = 12, number of rules used = 11, number of rules _ 1.100, Rules
integrand size

used = {6188, 6234, 25, 3042, 26, 3784, 26, 3042, 26, 3779, 3782}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 1 dz
(a + barcsinh(cz))?

| 6188
cf \/c2z2+1(a+:arcsinh(cm)) dz _ cr?+1
b be(a + barcsinh(cz))
| 6234
sinh (g _ a+barCSinh(C$)
b b .
a+barcsinh(cz) d(a + barcsinh(cz)) _ cz? 41
b%c be(a + barcsinh(cz))
| 25
sinh <% _ a+baI'CSblnh(cz) .
~ ~rarcsinh(es) d(a + barcsinh(cz)) ~ 22+ 1
b2c be(a + barcsinh(cz))
| 3042
isin ( ia_ i(a+barC§inh(cm)) .
_ 2z +1 _ f - a+barcsinh(cz) d(a + barcsinh(cz))
be(a + barcsinh(cz)) b2c

| 26
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sin ( o _ i<a+barc§inh(cx>> )

22+ 1 if ot parcsinh(en) d(a + barcsinh(cz))
" be(a + barcsinh(cz)) + b2c
| 3784
2z? +1

- : +
be(a + barcsinh(cz))
cosh a+barC§lnh(cz) ) isinh ( a+baI'CSblnh(cm) )

i (z sinh (¢) [ wrrarcsinhies) d(a + barcsinh(cz)) + cosh (¢) [ — o+ rarcsinhiea) d(a + barcsinh(cz))

| 26

2z2+1 N
be(a + barcsinh(cz))
cosh(eié@!E%thL@ﬁ) sinh 2té§£9%¥1h§£2)

i (z sinh (¢) [ o varcsinh(en) d(a + barcsinh(cz)) — icosh (%) [ +rrarcsinhiea) d(a + barcsinh(cm)))

b2c

b2c
l 3042
c2r? +1

be(a + barcsinh(cx))
i(a+barc§1nh(cz)) 4 isin <i(a+barCSlnh(cz))>

sin
i (z sinh (¢) [ ( +arcsinh(es) d(a + barcsinh(cz)) —icosh (%) [ — rharcsinhis) d(a + barcsinh(

b2c
| 26
B c2z? +1 N
be(a + barcsinh(cx))

- ( i(atv@rcsinhcz)) 4 sin ( i(atbvarcsinhce)) )
. . . a b 2 . a b . A
i| i¢sinh () [ o+ varcsinhies) d(a + barcsinh(cz)) — cosh () [ +varcsinhi(ea) d(a + barcsinh(czx)

b2c
l 3779
2z +1

~ be(a + barcsinh(cz)) +
ia+baresinhes)) | «
b 2

¢ (z sinh () J ( atbarcsinh(cs) d(a + barcsinh(cz)) — i cosh (§) Shi(‘”mrcimh(cx)>)

b2c
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| 3782
T 1 i(z‘sinh(%)cm(%m@m)) —icosh (%) Shi<%mm)>
~ be(a + barcsinh(cz)) + b2c
input mt[(a + brArcSinh[cxx])~(-2),x] J
output‘_(sqrt[l + ¢c"2*%x~2]/(b*cx(a + b*ArcSinh[c*x]))) + (I*(I*CoshIntegrall[(a +

‘b*ArcSinh[c*x])/b]*Sinh[a/b] - IxCosh[a/b]*SinhIntegral[(a + b*ArcSinh[c*x
1)/61))/ (b"2%c) |

Defintions of rubi rules used

ruk325LInt[-(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 26 Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 3779 Imtsinl(e_.) + (Complex[0, £z 1)*(f_.)*(x)1/((c_.) + (d_.)*(x))), x_Symbo
1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + f*fz*x]/d), x] /; FreeQ[{c, d, e, f
, £z}, x] &% EqQ[d*e - cxfxfz*xI, 0]

rule 3782 Intlsinl(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x)), x_Symbo
1] :> Simp[CoshIntegral[cxf*(fz/d) + f*xfz*x]/d, x] /; FreeQl{c, 4, e, £, fz
}, x] && EqQ[d*(e - Pi/2) - c*fxfzxI, 0]
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Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*

rule 3784
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d]  Int[Cos[c*(f/d) + f*x]1/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x]
&& NeQ[d*e - cxf, 0]

rule 6188 IntL((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Sqrt[1 + c~

[{a, b, c}, x] && LtQ[n, -1]

2xx~2]*((a + bxArcSinh[c*x])~(n + 1)/(b*c*x(n + 1))), x] - Simplc/(b*(n + 1)
) Int[x*((a + b*ArcSinh[c*x])~(n + 1)/Sqrt[1 + c™2*x~2]), x], x] /; FreeQ

rule 6234

x"2)"p]

&& IGtQ[2*p + 2, 0] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(a_.)*(x_)"(m_.)*((d_) + (e_.)*(x_)
~2)"(p_.), x_Symbol] :> Simp[(1/(b*c”(m + 1)))*Simp[(d + e*x~2)"p/(1 + c™2%
Subst [Int [x"n*Sinh[-a/b + x/b] “m*Cosh[-a/b + x/b]~(2*xp + 1), x],
X, a + b*ArcSinh[c*x]], x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[e, c~2xd]

Maple [A] (verified)

Time = 1.12 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.39

method result

size

a
we— /2241 eb explntegraly (arcsinh(mc)+%)

xzct+V 02z2+1

—a
e b explntegraly (— arcsinh(zc)— %)

2b(a+b arcsinh(zc)) 2b2

" 2b(a+b arcsinh(zc))

262

derivativedivides

a
ze—/Zz2+1 eb explntegraly (arcsinh(zc)+ %)

c

etV 02z2+1

—a
e b explntegraly (— arcsinh(zc)— %)

2b(a+b arcsinh(zc)) 252

default

" 2b(a+b arcsinh(zc))

262

c

118

118

input ‘ int (1/ (a+b*arcsinh(x*c))~2,x,method=_RETURNVERBOSE)

output

‘ ~2*exp(-a/b)*Ei(1,-arcsinh(x*c)-a/b))

| 1/c#(1/2% (xkc-(c™2%x"2+1)~(1/2)) /b/ (a+brarcsinh (x+c) ) +1/2/b"2%exp(a/b)*Ei( |
‘ 1,arcsinh(x*c)+a/b)-1/2/b* (x*c+(c~2*x~2+1)~(1/2))/(a+b*arcsinh(x*c))-1/2/b ‘
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Fricas [F]

/ L dr = / ! dx
(a + barcsinh(cz))> ~  J (barsinh (cz) + a)

input Lintegrate(1/(a+b*arcsinh(c*x))‘2,x, algorithm="fricas")
output Lintegral(l/(b”2*arcsinh(c*x)"2 + 2%axbxarcsinh(c*x) + a”2), x)
Sympy [F]
/ (a+ barciinh(cm))Q de = / (a+ basilnh (cac))2 dz
input Lintegrate (1/ (a+b*asinh(c*x) ) **2,x)
output LIntegral((a + bxasinh(c*x))**x(-2), x)
Maxima [F]

/ L dr = / ! dx
(a + barcsinh(cz))> ~  J (barsinh (cz) + a)

input Lintegrate (1/ (a+b*arcsj_nh(c*x) ) ~2 ,X, algOIithm=“maxima“)
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-(c™3%x73 + cxx + (c72*%x72 + 1)7(3/2))/(a*b*xc”3%x"2 + sqrt(c”2*x"2 + 1)*ax
b*c™2*x + a¥bkc + (b72%c”3*x"2 + sqrt(c”2*x"2 + 1)*b"2*c”2*x + b~ 2xc)*1log(
cxx + sqrt(c™2*x"2 + 1))) + integrate((c™4*x~4 + 2%c™2*x72 + (c™2*x72 + 1)
*(c72%x72 - 1) + (2%c™3*x"3 + cxx)*sqrt(c”2*x"2 + 1) + 1)/(a*bxc™4*x"4 + (
CT2%x72 + 1)*axbkc”2*x"2 + 2%axb*c”2*x"2 + axb + (b"2*c"4*x"4 + (cT2*x72 +

1) *b72%c™2%x72 + 2*xb"2*c”2*x"2 + b2 + 2x(b~2*c"3*x"3 + b 2*c*x)*sqrt(c”2
*x"2 + 1))*log(c*x + sqrt(c™2*x"2 + 1)) + 2% (a*b*c™3*x"3 + axb*c*x)*sqrt(c
~2%xx"2 + 1)), %)

output

Giac [F]

/ L dxr = / ! dx
(a + barcsinh(cz))> ~  J (barsinh (cz) + a)

-

inputLintegrate(1/(a+b*arcsinh(c*x))*Q,X, algorithm="giac")

e—

outputLintegrate((b*arcsinh(c*x) + a)~(-2), x)

Mupad [F(-1)]

Timed out.

U/‘ 1 dx-—b/n : dz
(a + barcsinh(cz))> ) (a+ basinh (cz))?

input‘int(l/(a + b*asinh(c*x))~2,x)

outputLint(l/(a + b*asinh(c*x))~2, x)
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Reduce [F]

/ 1. 2 dx = / 2 1 dl’
(a + barcsinh(cz)) asinh (cz)” b% 4 2asinh (cx) ab + a?

input 18t (1/ (atbrasinh(cx))"2,x)

output Lint(1/(asinh(c*x)**2*b**2 + 2%asinh(c*x)*axb + ax*2),x)




output

input

output
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1

3.28 f (d+ez)(a+barcsinh (cz))? dz

Optimal result . . . . . . . . .. . 245
Mathematica [N/A] . . . . . ... 245
Rubi [N/A] . . o 240
Maple [N/A] . . . o 240
Fricas [N/A] . . . . o e 247
Sympy [N/A] . . o 247l
Maxima [N/A] . . . . o 247
Giac [N/A] . . . 248
Mupad [N/A] . . . o 249
Reduce [N/A] . . . o o e 249

Optimal result

Integrand size = 18, antiderivative size = 18

1

1
/ (d + ex)(a + barcsinh(cx))? dz = Int < (d + ex)(a + barcsinh(cz))?’

‘)

LDefer(Int)(1/(e*x+d)/(a+b*arcsinh(c*x))“2,x)

Mathematica [N/A]

Not integrable

Time = 5.59 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1
/ (d + ex)(a + barcsinh(cx))? de = / (d+ex)(a+

barcsinh(cz))?

dz

LIntegrate [1/((d + e*x)*(a + b*ArcSinh[c*x])~2),x]

‘Integrate [1/((d + exx)*(a + b*ArcSinh[c*x])"2), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (d+ ez)(a + barcsimb(cz))? ©°
l 6272

1
(d + ex)(a + barcsinh(cz))

2dac

-

Int[1/((d + e*x)*(a + b*ArcSinh[c*x])~2),x]

N\ J

‘$Aborted

Maple [N/A]
Not integrable

Time = 0.86 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ! dz
(ex + d) (a + b arcsinh (zc))?

Lint(1/(e*x+d)/(a+b*arcsinh(x*c))"2,x) J

Lint(1/(e*x+d)/(a+b*arcsinh(x*C))“2,X) J
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.83

1 1
/ (d + ex)(a + barcsinh(cz))? de = / (ex + d)(barsinh (cz) + a)® e

inputLintegrate(1/(e*X+d)/(a+b*arcsinh(c*x))“2,x, algorithm="fricas") J

‘integral(l/(a‘2*e*x + a”2xd + (b"2%exx + b~2*d)*arcsinh(c*x) 2 + 2% (axb*ex

output

‘x + axb*d)*arcsinh(c*x)), x) ‘

Sympy [N/A]

Not integrable

Time = 1.79 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

1 1
- 5 dr = - 3 dx
(d + ex)(a + barcsinh(cz)) (a + basinh (cz))” (d + ex)
inputLintegrate(1/(e*x+d)/(a+b*asinh(c*x))**2,x) J

OutputLIntegral(l/((a + b*asinh(c*x))**2*x(d + e*x)), x) J

Maxima [N/A]
Not integrable

Time = 0.64 (sec) , antiderivative size = 746, normalized size of antiderivative = 41.44

1 1
/ (d + ex)(a + barcsinh(cz))? de = / (ex + d)(barsinh (cz) + a)® e

input Lintegrate (1/ (e*x+d) / (a+b*arcsinh(c*x))~2,x, algorithm="maxima") J




output

inputt

outputt
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-(c73%x73 + c*x + (c72*x"2 + 1)7(3/2))/(a*bkc"3*e*x"3 + a*bkc"3xd*x"2 + ax
bxcxexx + axbkckd + (b"2%c"3*exx”3 + b~2%c"3*d*x"2 + b 2kckexx + b~ 2kckd +
(b™2xc™2xe*x”"2 + b~2*kc"2*d*x) *sqrt (c"2*x"2 + 1))*log(c*x + sqrt(c™2*x"2 +
1)) + (a*bxc™2%e*x”~2 + a¥bkc~2xd*x)*sqrt(c™2*x"2 + 1)) + integrate((c~5xd
*X74 + 2xc”3*xd*x"2 + (cT3*d*x72 - 2kckexx — ckd)*(cT2*x72 + 1) + cxd + (2%
CT4*d*x"3 - 2%cT2%exx"2 + c"2xd*x — e)*sqrt(c”2*x”"2 + 1))/ (axb*c"5*xe”"2*x"6
+ 2%a*b*c”5*xd*exx”5 + 4*xaxbkc~3kd*e*x"3 + (c75*d"2 + 2%c”"3%e”2)*a*b*x"4 +
2*axbkckdxe*x + akbkckxd™2 + (2%c”3*d"2 + cke”2)*axb*x~2 + (axbkc " 3xe”2*x”
4 + 2xaxbxc”3xd*exx"3 + a*b*xc"3*d"2*xx"2)*(c"2*x"2 + 1) + (b"2xc"5*e”2*x"6
+ 2+%b72%CcT5*d*e*x"5 + 4*b"24c”3*kd*exx”3 + (c"5*d"2 + 2*kc"3*e”2)*b"2*x"4 +
2xb"2xckd*e*x + b"2*ckd"2 + (2%c”"3*d"2 + c*xe”2)*b"2*x"2 + (b~2%c"3*e”"2%x"4
+ 2%b"2%c"3*d*e*x"3 + b 2xc"3*%d"2*x"2) % (cT2*x"2 + 1) + 2% (b "2*c"4*e"2*x"5
+ 2xb"2*c”4xd*exx"4 + 2*xb"2*xc”2*d*exx"2 + bT2*xc"2*%d"2*x + (cT4*%d"2 + cT2%
e"2)*b"2*x"3) *sqrt (c"2*x"2 + 1))*log(c*x + sqrt(c”™2*x"2 + 1)) + 2x(axb*xc™4
*xe 2%x”5 + 2kaxbkxc 4kdkexx"4 + kaxbkxc kdke*x"2 + axbkxc 2kd"2*x + (c”4*d”

2 + c"2xe”2)*axb*x~3)*sqrt(c"2*x"2 + 1)), x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsinh(cz))? o = / (e + d)(barsinh (cz) + a)® e

-

integrate(1/(e*x+d)/(at+b*arcsinh(c*x))~2,x, algorithm="giac")

—

integrate(1/((e*x + d)*(b*arcsinh(c*x) + a)~2), x)




outputt
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Mupad [N/A]
Not integrable

Time = 2.64 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)(a + barcsinh(cz))? de = / (a + basinh (cz))? (d + ex) &

Lint(l/((a + b*asinh(c*x))~2%(d + e*x)),x) J

int(1/((a + basinh(c+x))~2+(d + e*x)), x) J

Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 58, normalized size of antiderivative = 3.22

1
(d + ex)(a + barcsinh(cz))

2dac

1
dx
/ asinh (cz)? b2d + asinh (cx)? b2ex + 2asinh (cx) abd + 2asinh (cx) abex + a2d + a%ex

Lint(1/(e*x+d)/(a+b*asinh(c*x))"2,x) J

‘int(1/(asinh(c*x)**2*b**2*d + asinh(c*x) **2*b**x2*e*xx + 2*asinh(c*x)*axb*d \
‘+ 2*asinh (c*x)*axbxexx + a**2*d + a*x*2*e*xx),x) ‘




output

input

output
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1

3.29 f (d+ex)?(a+barcsinh(cz))? dz

Optimal result . . . . . . . . .. . 2500
Mathematica [N/A] . . . . . ... 250
Rubi [N/A] . . o 251]
Maple [N/A] . . . o 251]
Fricas [N/A] . . . . o e 252
Sympy [N/A] . . o
Maxima [N/A] . . . . o 252
Giac [N/A] . . . 253
Mupad [N/A] . . . o 257
Reduce [N/A] . . . o o e 254

Optimal result

Integrand size = 18, antiderivative size = 18

1

/ (d+ex)?*(a +1baurcsinh(cx))2 dz = Int < (d + ex)?(a + barcsinh(cz))?’ x>

LDefer(Int)(1/(e*x+d)“2/(a+b*arcsinh(c*x))‘2,x)

Mathematica [N/A]

Not integrable

Time = 4.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1

1
/ (d + ex)?(a + barcsinh(cx))? de = / (d+ex)?(a+

barcsinh(cz))

2dx

LIntegrate [1/((d + e*x)~2*(a + b*ArcSinh[c*x])~2),x]

‘Integrate [1/((d + exx)~2%(a + b*ArcSinh[c*x])~2), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ (d+ e2)*(a + barcsimb(cz))? ©°
l 6272

1
(d + ex)?(a + barcsinh(cz))

2dx

-

Int[1/((d + e*x)~2%(a + b*ArcSinh[c*x])~2),x]

N\

‘$Aborted

Maple [N/A]
Not integrable

Time = 0.92 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

1

/ 2 : zdr
(ez 4+ d)” (a + b arcsinh (zc))

Lint (1/ (e*xx+d) "2/ (a+b*arcsinh(x*c))~2,x)

Lint(1/(e*x+d)“2/(a+b*arcsinh(x*c))*2,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 92, normalized size of antiderivative = 5.11

1 1
/ (d + ex)?(a + barcsinh(cz))? de = / (ex + d)*(barsinh (cz) + a) e

input Lintegrate (1/ (exx+d) "2/ (at+b*arcsinh(c*x))~2,x, algorithm="fricas")

output‘integral(l/(a‘Q*e‘2*x‘2 + 2*%a~2*kdxe*x + a"2+%d"2 + (b"2%e”2*x”2 + 2xb"2xd*e
‘*x + b~2xd"2)*arcsinh(c*x) "2 + 2*(axb*e~2*x"2 + 2*akbxd*e*xx + a*b*d~2)x*arc
‘sinh(c*x)), x)

Sympy [N/A]
Not integrable

Time = 7.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.06

1 1
/ (d + ex)?(a + barcsinh(cz))? do = / (a + basinh (cz))” (d + ex)? de

inputLintegrate(1/(e*x+d)**2/(a+b*asinh(c*x))**Q’X) J

output LIntegra1(1/((a + bxasinh(c*x))**2x(d + exx)**2), x)

Maxima [N/A]
Not integrable

Time = 1.08 (sec) , antiderivative size = 1050, normalized size of antiderivative = 58.33

1 1
dr = d
(d + ex)?(a + barcsinh(cz))? ’ / (ex + d)*(barsinh (cz) + a)? v
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input‘integrate(l/(e*X+d)”2/(a+b*arcsinh(c*x))“2,x, algorithm="maxima")

-(c73%x73 + cxx + (c”2*x"2 + 1)7(3/2))/(a*xbxc”3*e"2*x"4 + 2*a*b*c”3*d*exx”
3 + 2¥axbxckxdxexx + axbkc*d"2 + (c73*%d"2 + c*xe”2)*a*b*x"2 + (b 2*c"3*e"2*x
4 + 2*b"2*c"3*kd*exx"3 + 2*%b"2xckd*e*x + b 2*c*kd"2 + (c"3*d"2 + c*e”2)*b”"2
*x"2 + (b72%c"2%e”2*%x"3 + 2%b"2xc”2*d*e*xx"2 + b~2%c”2%d"2%*x) *sqrt (c”"2*x"2

+ 1))*log(c*x + sqrt(c™2*x"2 + 1)) + (a*bkc™2xe”2*x"3 + 2*akxbxc™2*d*e*xx"2

+ axb*c”2xd"2*x)*sqrt(c"2*x"2 + 1)) - integrate((c”5*exx"5 - c”5xd*x"4 + 2
*C"3%exx"3 - 2%c"3*%d*x"2 + ckxexx + (c73*%e*x”3 - c”"3*%d*x"2 + 3kckexx + c*d)
*(cT2%x"2 + 1) - cxd + (2%c 4*e*x"4 - 2%CcT4*d*x"3 + Bk 2*kexx"2 - cT2%d*x

+ 2%e)*sqrt(c™2*x"2 + 1))/(a*bxc~5*e”~3*x"7 + 3*axbxc 5xd*e~2%x"6 + (3*c~5*
d~2*e + 2%c”3*e”3)*axbxx"5 + 3kaxbkckd"2*exx + (c”5xd"3 + 6kc”3*d*e”2)*axb
*X~4 + axbxcxd"3 + (6*%c”3*d"2*e + cxe”3)*a*b*x~3 + (2%c”3*%d"3 + 3*xckxd*e”2)
*axb*x~2 + (axbkc"3*e~3*x"5 + 3*axbkc"3xd*e”"2*x"4 + 3*axb*c”3*kd"2*e*x"3 +

a*b*c”3*%d"3*xx"2)*(c"2*x"2 + 1) + (b"2*c"5*e"3*x”7 + 3*b"2*c"5*d*e"2*xx"6 +

(3*xc™5*d"2*e + 2*c"3*e”"3)*b"2*x"5 + 3*b"2xc*kd"2*xe*x + (c"5*%d"3 + 6*xc”3*d*e
~2)*b"2%x"4 + b"2*c*d"3 + (6*c”3*d"2*e + c*e”3)*b"2*x"3 + (2*xc”"3*%d"3 + 3*c
*d*xe”2)*b"2*x72 + (b~2*c"3*e"3*x"5 + 3*b"2kc"3*d*ke”2*xx"4 + 3*b"2*c"3*d"2*e
*X"3 + b72%c”3*d"3*x72)*(c72%x72 + 1) + 2% (b"2%c"4*e"3%x"6 + 3*¥b~2kc"4xd*e
~2%x"5 + 3%b"2%cT2%d"2%e*x"2 + bT2xc"2%d"3*x + (3*c”4*d"2%e + c"2%e"3)*b"2
*x"4 + (c74%d"3 + 3%c"2xd*e”2)*b"2*x"3)*sqrt (c"2*x"2 + 1))*log(c*x + sqrt(
cT2xx"2 + 1)) + 2*x(ax*b*c”4*e"3*x"6 + 3xaxbkxc 4xdke"2*x"5 + 3*axbxc~2xd”...

output

Giac [N/A]
Not integrable

Time = 1.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsinh(cz))? de = / (ex + d)*(barsinh (cz) + a) e

-

input Lintegrate (1/ (e*xx+d) "2/ (a+b*arcsinh(c*x))~2,x, algorithm="giac ")

| —

outputtintegrate(l/((e*x + d)"2x(bxarcsinh(c*x) + a)~2), x)
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Mupad [N/A]
Not integrable

Time = 2.76 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

1 1
/ (d + ex)?(a + barcsinh(cz))? de = / (a + basinh (cz))® (d + ex)’ &

inputtint(l/((a + bxasinh(c*x))"2*(d + e*x)~2),x) J

output Lint(l/((a + b*asinh(c*x))~"2x(d + e*x)~2), x) J

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 109, normalized size of antiderivative = 6.06

1
/ (d+ e2)*(a + barcsinh(cz))? 2
1

/ asinh (cx)? b2d2 + 2asinh (cx)? Bdex + asinh (cx)? b2e2x? + 2asinh (cz) abd? + 4asinh (cx) abdex +

input Lint (1/ (e*xx+d) ~2/ (at+b*asinh(c*x)) ~2,x) J

p
Output‘int(1/(aSinh(C*X)**2*b**2*d**2 + 2*asinh(c*x)**2xb*x*2*xd*e*x + asinh(c*x)**
‘2*b**2*e**2*x**2 + 2*asinh(c*x)*a*bxd**2 + 4*xasinh(c*x)*a*b*d*exx + 2*asin

N
‘h(c*x)*a*b*e**2*x**2 + ax*2*xd*k*k2 + karkkdkexx + akkkek*2*kx*k*k2),x) ‘
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3.30 [(d + ex)™(a + barcsinh(cz))? dz

Optimal result . . . . . . . . . . . . e 255
Mathematica [N/A] . . . . . . . . 2551
Rubi [N/A] . . o 2501
Maple [N/A] . . . . 257
Fricas [N/A] . . . o o 257
Sympy [N/A] . . e 257
Maxima [N/A] . . . . . 258]
Giac [N/A] . . . e 258
Mupad [N/A] . . . o 259
Reduce [N/A] . . . o o 259

Optimal result

Integrand size = 18, antiderivative size = 18

(d + ex)*™(a + barcsinh(cz))?

/(d + ex)™(a + barcsinh(cz))? dx =

2bclnt <

e(l+m)
(d+ex)*+™ (atbarcsinh(cz))

V14c2x2

)

e(1+m)

output
L(a+b*arcsinh(c*x))/(c‘2*x"2+1) ~(1/2) ,x)/e/ (1+m)

‘ (e*x+d) ~ (1+m) * (a+b*arcsinh(c*x)) ~2/e/ (1+m) -2*b*c*Defer (Int) ((e*x+d) ~ (1+m) * ‘

J

Mathematica [N/A]

Not integrable

Time = 4.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsinh(cz))? dz = /(d + ex)™(a + barcsinh(cz))? dz

input‘ Integrate[(d + exx) m*(a + b¥ArcSinh[c*x])~2,x]
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output‘ Integrate[(d + exx) m*(a + b¥ArcSinh[c*x])"2, x]

Rubi [N/A]
Not integrable
Time = 0.58 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)™(a + barcsinh(cz))? dx
| 6243
d m+1 b : h
(d + ex)™* ! (a + barcsinh(cz))? B 2bc [ (dtez) \;Z;Lz i:fsm (€2)) o
e(m+1) e(m + 1)
| 6272
d+ex)™t1(a+b inh(cz
(d + ez)™" (a + barcsinh(cz))® %bc [ (dtea) \;c;rxzaflcsm (c2)) gor
input LInt[(d + exx) m*(a + b*ArcSinh[c*x])"2,x] J

output ‘\$Aborted
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Maple [N/A]
Not integrable

Time = 1.96 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (ex 4+ d)™ (a + b arcsinh (zc))* dz

input | 18t ((e#x+d) " (atbrarcsinh (x4c))"2,%)

outputLint((e*X+d)“m*(a+b*arcsinh(x*c))*z,x)

Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.78

/(d + ex)™(a + barcsinh(cz))? dz = / (barsinh (cz) + a)’(ex + d)™ dz

-

input tintegrate ((exx+d) “m* (a+b*arcsinh(c*x))~2,x, algorithm="fricas")

e—

output Lintegral((b"2*arcsinh(c*x)‘2 + 2%axbkarcsinh(c*x) + a~2)*(e*x + d)"m, x)

Sympy [N/A]
Not integrable

Time = 6.69 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(d + ex)™(a + barcsinh(cz))? dz = / (a + basinh (cz))’ (d + ex)™ dz

input Lintegrate ((e*x+d) **m* (a+b*asinh (c*x)) **2,x)

output Llntegl”al((a + b*asinh(c*x))**2%(d + e*x)**m, X)
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Maxima [N/A]
Not integrable

Time = 0.78 (sec) , antiderivative size = 271, normalized size of antiderivative = 15.06

/(d + ex)™(a + barcsinh(cz))? dzx = / (barsinh (cz) + a)’(ez + d)™ dz

-

input tintegrate ((exx+d) “m* (a+b*arcsinh(c*x))~2,x, algorithm="maxima")

(b~2%e*xx + b~2*d)*(e*x + d) “m*log(c*x + sqrt(c™2*x"2 + 1))7°2/(ex(m + 1)) +
(exx + d)"(m + 1)*a"2/(ex(m + 1)) + integrate(-2*((b~2*c~2*d*x - a¥bkex(m
+ 1) - (axb*c™2%ex(m + 1) - b~2%c™2%e)*x"2)*sqrt(c™2*x"2 + 1)*(exx + d)"m
+ (b™2%c™3%d*x"2 + b~ 2*%cxd - (a*bxc™3*kex(m + 1) - b™2xc"3*e)*x~3 - (axb*c

xex(m + 1) - b~2*cxe)*x)*(exx + d)"m)*log(c*x + sqrt(c™2*x~2 + 1))/ (c"3*e*
(m + 1)*x73 + c*e*x(m + 1)*x + (c™2xex(m + 1)*x"2 + ex(m + 1))*sqrt(c™2*x"2
+ 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsinh(cz))? dz = / (barsinh (cz) + a)’(ez + d)™ dz

p

input Lintegrate ((e*x+d) “m* (a+b*arcsinh(c*x))"2,x, algorithm="giac")

output Lintegrate((b*arcsinh(c*x) + a)~2x(exx + d)"°m, x)

~—

-
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Mupad [N/A]
Not integrable

Time = 2.87 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(d + ex)™(a + barcsinh(cz))? dz = / (a + basinh(cx))’ (d + ex)™ d

-

Lint((a + b*asinh(c*x))~2%(d + e*x) m,x)

e—

input

Outputtint((a + b*asinh(c*x))~2%(d + e*x)~m, x) J

Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 117, normalized size of antiderivative = 6.50

/(d + ex)™(a + barcsinh(cz))? dz

(ex +d)™ a’d + (ex + d)™ a®ex + 2( [ (ex + d)™ asinh(cz) dz) abem + 2( [ (ez + d)™ asinh(cz) dz) ab
e(m+1)

-

e—

inputLint((e*x+d)‘m*(a+b*asinh(c*x))‘2,x)

output‘ ((d + exx)**xm*a*x*x2*xd + (d + e*xx)**km¥a*x*x2kexx + 2%int((d + e*x)**m*asinh(cx* ‘
‘x) ,X)*a*bxexm + 2*int((d + e*x)**m*asinh(c*x),x)*a*b*xe + int((d + e*xx)**xm* ‘
'asinh(ckx)**2,x)*b**2kexm + int((d + e*x)**m*asinh(c*x)**2,x)*bx*2xe)/(ex( |

‘m+ 1))
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3.31 [(d + ex)™(a + barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 260
Mathematica [F] . . . . . . . . . . . 26T
Rubi [A] (verified) . . . .. . . ... .. 261]
Maple [F] . . . . 263
Fricas [F] . . . . . . o 263
Sympy [F] . . o o 263
Maxima [F] . . . . . . 2641
Giac [F] . . . . o o 264
Mupad [F(-1)] . . . o o 264
Reduce [F] . . . . . 265

Optimal result

Integrand size = 16, antiderivative size = 179

/(d + ex)™(a + barcsinh(cx)) dr =

be(d + ea)* ™, [1 - gHE 1 - G AppellF1 (2+m,;,;,3+m N >
V2

Ner-Raiver
e2(1+m)(2+m)v1+ 2z
(d + ex)*™(a + barcsinh(cz))
e(1+m)

output ‘ -b*c* (exx+d) ~ (2+m) * (1- (e*x+d) / (d-e/(-c"2)~(1/2))) " (1/2) * (1~ (e*x+d) / (d+e/ (- ‘
‘ c~2)~(1/2)))~(1/2) *AppellF1(2+m,1/2,1/2,3+m, (exx+d) /(d-e/(-c~2)~(1/2)), (e* ‘
‘ x+d)/(d+e/(-c~2)"(1/2)))/e"2/(1+m) / (2+m) / (c~2%x~2+1) ~ (1/2) +(exx+d) ~ (1+m) * ( ‘

‘ a+b*arcsinh(c*x))/e/ (1+m)
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Mathematica [F]

/(d + ex)™(a + barcsinh(cz)) dz = /(d + ex)™(a + barcsinh(cx)) dz

input ‘ Integrate[(d + e*x) m*(a + b*ArcSinh[c*x]),x]

output LIntegrate[(d + e*x) “m*(a + b*ArcSinh[c#*x]), x]

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.188, Rules

number of steps used = 4, number of rules used = 3,
used = {6243, 514, 150}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)™(a + barcsinh(cz)) dx

| 6243
d+ m+1
(d + ex)™*'(a + barcsinh(cz)) be [ %d
e(m+1) e(m+1)
| 514
(d+ e:c)mH( + barcsinh(cz))
e(m+1)
exr exr d m+1
bc\/l — dii-\'-/L \/1 - \/d:er dieje”) — d(d + ex)
- eV e
e2(m+1)vcz? +1

l 150
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(d + ex)™* 1 (a + barcsinh(cz))

e(m+1)
d d 2 11 d d
e2(m+1)(m+2)Vc2z? +1

input LInt[(d + e*x) “m*(a + b*ArcSinh[c*x]),x]

output‘ -((b*cx(d + e*xx)~(2 + m)*Sqrt[1 - (d + e*x)/(d - e/Sart[-c~2])]*Sqrt[1 - (
‘d + e*xx)/(d + e/Sqrt[-c~2])]*AppellF1[2 + m, 1/2, 1/2, 3 + m, (d + e*x)/(d
‘ - e/Sqrt[-c~2]), (d + exx)/(d + e/Sqrt[-c~2]1)])/(e”2*(1 + m)*(2 + m)*Sqrt
‘ [1 + c™2%x72])) + ((d + e*x)"(1 + m)*(a + bxArcSinh[c*x]))/(ex(1 + m))

Defintions of rubi rules used

rule 150\Int[((b_.)*(x_))“(m_)*((c_) + (d_)*(x)) " )*(Ce) + (£_)*&x))"(p), x_
‘] :> Simp[c n*e"px((b*x) " (m + 1)/(bx(m + 1)))*AppellFi[m + 1, -n, -p, m + 2

, ()*(x/c), (-f)x(x/e)], x] /; FreeQl{b, c, d, e, £, m, n, p}, x] && !'In

‘tegerQ[m] &% !'IntegerQ[n] && GtQlc, 0] && (IntegerQlp] || GtQle, 0])

Int[((c) + (d_)*x_))"(@)*((al) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[

rule 514
{q = Rt[-a/b, 2]}, Simp[(a + b*x"2)"p/(d*(1 - (c + d*x)/(c - d*q)) px(1 - (
c + d*x)/(c + d*q))7p)  Subst[Int[x"n*Simp[1 - x/(c + d*q), x] p*Simp[1 -
x/(c - d*q), x]°p, x], x, c + d*x], x]] /; FreeQ[{a, b, c, d, n, p}, x] &&
NeQ[b*c~2 + a*d~2, 0]

rule 6243 Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((d_.) + (e_.)*(x_))"(m_.), x
_Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])"n/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[(d + e*x)"(m + 1)*((a + b*ArcSinh[c*x])~(
n - 1)/Sqrtl[1 + c~2%x~2]1), x]1, x] /; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[n
,» 0] && NeQ[m, -1]
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263

Maple [F]

/ (ex + d)™ (a + b arcsinh (zc)) dz

input Lint ((e*x+d) “m* (a+b*arcsinh(x*c)),x)

output Lint ((e*x+d) “m* (a+b*arcsinh (x*c)) ,x)

Fricas [F]

/(d + ex)™(a + barcsinh(cz)) dz = / (barsinh (cz) + a)(ex + d)™ dz

input Lintegrate ((exx+d) “m* (a+b*arcsinh(c*x)) ,x, algorithm="fricas")

output‘ integral ((b*arcsinh(c*x) + a)*(e*x + d)"m, x)

Sympy [F]

/(d + ex)™(a + barcsinh(cz)) dz = / (a + basinh (cz)) (d + ex)™ dx

input Lintegrate ((e*x+d) **m* (a+b*asinh(c*x)) ,x)

output LIntegral((a + bk*asinh(c*x))*(d + e*x)**m, Xx)
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Maxima [F|

/(d + ex)™(a + barcsinh(cx)) dz = / (barsinh (cz) + a)(ex + d)™ dx

inputLintegrate((e*x+d)‘m*(a+b*arcsinh(c*x)),x, algorithm="maxima")

bx((exx + d)*(exx + d) “m*log(c*x + sqrt(c™2*x~2 + 1))/(ex(m + 1)) - integr
ate((c™2%e*x"2 + c™2*d*x)*(e*xx + d)"m/(c"2%ex(m + 1)*x"2 + ex(m + 1)), x)
- integrate((c*exx + c*d)*(e*x + d)"m/(c”3*e*x(m + 1)*x”3 + cxe*(m + 1)*x +

(c™2xe*(m + 1)*x72 + ex(m + 1))*sqrt(c™2*x"2 + 1)), x)) + (exx + d)"(mn +
1*a/(ex(m + 1))

output

Giac [F]

/(d + ex)™(a + barcsinh(cz)) dz = / (barsinh (cz) + a)(ex + d)™ dx

input Lintegrate ((exx+d) “m* (a+b*arcsinh(c*x)) ,x, algorithm="giac")

-

output Lintegrate ((bxarcsinh(cxx) + a)*(e*xx + d)"m, x)

—

Mupad [F(-1)]

Timed out.

/(d + ex)™(a + barcsinh(cz)) dz = / (a + basinh(cz)) (d+ex)™ dx

inputLint((a + b*xasinh(c*x))*(d + e*x) m,x)

output Lint((a + b*asinh(c*x))*(d + e*x)"m, x)
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Reduce [F]

/(d + ex)™(a + barcsinh(cx)) dz

(ex+ d)" ad + (ex + d)™ aex + ([ (ex + d)™ asinh(cz) dz) bem + ([ (ez + d)™ asinh(cz) dz) be
e(m+1)

input tint((e*x+d) “m* (a+b*asinh(c*x)) ,x) J

‘ ((d + exx)**m*a*xd + (d + e*x)*xm*a*e*x + int((d + ex*xx)**m*asinh(c*x),x)*bx* \

output
\e*m + int((d + e*x)**m*asinh(c*x),x)*be)/(ex(m + 1)) \
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3.32 [\ g,

a+barcsinh(cz)
Optimal result . . . . . . . . . . . . .. 260
Mathematica [N/A] . . . . . . . . . 260
Rubi [N/A] . . 267
Maple [N/A] . . . . . 267
Fricas [N/A] . . . . o o 268
Sympy [N/A] . . . 268
Maxima [N/A] . . . . 268
Giac [N/A] . . o o 2691
Mupad [N/A] . . . .o 269
Reduce [N/A] . . . o o 270

Optimal result

Integrand size = 18, antiderivative size = 18

/ (d+e.x) dz = Int (d—l—e.w) , T
a + barcsinh(cz) a + barcsinh(cz)

output LDefer (Int) ((e*x+d) “m/ (atb*arcsinh(c*x)) ,x) J
Mathematica [N/A]
Not integrable
Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
/ (d+ e':v) dr — / (d+ e.m) "
a + barcsinh(cz) a + barcsinh(cz)
input[lntegrate[(d + exx)"w/(a + bxArcSinh[c*x]),x] J
output LIntegrate [(d + e*x)"m/(a + bxArcSinh[c*x]), x] J
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Rubi [N/A]
Not integrable
Time = 0.24 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d+ ex)™
a + barcsinh(cz)
| 6272
/ (d+ ex)™
a + barcsinh(cz)
input LInt [(d + exx)"m/(a + b*ArcSinh[c*x]),x] J
OutputL$Aborted J

Maple [N/A]
Not integrable

Time = 2.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ (ex+d)™ i

a + b arcsinh (zc)

input ‘ int ((e*x+d) “m/ (atb*arcsinh(x*c)) ,x)

output Lint ((e*x+d) “m/ (at+b*arcsinh (x*c)) ,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ e.z) dp — / (em + d) i
a + barcsinh(cz) barsinh (cz) + a

input Lintegrate ((exx+d) “m/ (at+b*arcsinh(c*x)) ,x, algorithm="fricas")

output Lintegral((e*x + d)~“m/(b*arcsinh(c*x) + a), x)

Sympy [N/A]
Not integrable

Time = 0.99 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

(d+ ex)™ B / (d+ex)™
/ a + barcsinh(cz) de = a + basinh (cz) dz

inputLintegrate((e*X+d)**m/(a+b*asinh(c*x)),x)

Outputtlntegral((d + exx)**m/(a + b*asinh(c*x)), x)

Maxima [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ dp — / (ex+d)™ i

a + barcsinh(cz) barsinh (cz) + a

input Lintegrate ((exx+d) “m/ (atb*arcsinh(c*x)) ,x, algorithm="maxima")
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output Lintegrate((e*x + d)~m/(b*arcsinh(c*x) + a), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ dp — / (ex+d)™ i

a + barcsinh(cr) barsinh (cz) + a

input Lintegrate ((e*x+d) “m/ (a+b*arcsinh(c*x)),x, algorithm="giac")

output Lintegrate((e*x + d)"m/(b*arcsinh(c*x) + a), x)

Mupad [N/A]
Not integrable

Time = 2.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ e?:) i :/ (d—l—.ew) i
a + barcsinh(cz) a + basinh (cz)

input‘ int((d + e*x)"m/(a + b*asinh(c*x)),x)

outputtint((d + e*xx)~m/(a + b*asinh(c*x)), x)
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Reduce [N/A]
Not integrable

Time = 200.03 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11
/ (d+ e‘m) dp — / '(ex +d) s
a + barcsinh(cz) asinh (cx) b+ a

Lint ((e*x+d) "m/ (a+b*asinh(c*x)) ,x)

-/

input

output Lint ((e*x+d) "m/ (a+b*asinh(c*x)) ,x) J
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3.33 [, ter)” __ dy

a+barcsinh(cz))
Optimal result . . . . . . . . . . . . .. 27Tl
Mathematica [N/A] . . . . . . . . . 271]
Rubi [N/A] . . 272
Maple [N/A] . . . . . 272
Fricas [N/A] . . . . o o 273
Sympy [N/A] . . e 273
Maxima [N/A] . . . . 273
Giac [N/A] . . o o 274
Mupad [N/A] . . . .o 277
Reduce [N/A] . . . o o 275

Optimal result

Integrand size = 18, antiderivative size = 18

(d+ex)™ dr — Tnt (d+ex)™
(a + barcsinh(cz))? T= (a + barcsinh(cz))?’ v

outputLDefer(Int)((e*x+d)"m/(a+b*arcsinh(c*x))"2,x)

Mathematica [N/A]

Not integrable
Time = 0.58 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(d+ex)™ B (d+ex)™

(a + barcsinh(cz))? = (a + barcsinh(cz))? dz

e

inputLIntegrate[(d + e*x)"m/(a + b*ArcSinh[c*x])~2,x]

~—

OutputLIntegrate[(d + e*x)"m/(a + b*ArcSinh[c*x])"2, x]




output L
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Rubi [N/A]
Not integrable
Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d+ex)™ de

(a + barcsinh(cz))?
| 6272

(d+ex)™
(a + barcsinh(cx))

2dar:

LInt[(d + exx)"m/(a + b¥ArcSinh[c*x])"2,x]

$Aborted

Maple [N/A]
Not integrable

Time = 2.10 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/ ( (ex+d)™ i

a + b arcsinh (zc))?

input ' int ((e*x+d) "m/ (a+b*arcsinh(x*c))"2,x)

output L

int ((e*x+d) “m/ (a+b*arcsinh(x*c))~2,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.89

/( (d + ex)™ dxz/( (ex +d)™ s

a + barcsinh(cz))?2 barsinh (cx) + a)

input‘integrate((e*x+d)"m/(a+b*arcsinh(c*x))"2,x, algorithm="fricas")

outputtintegral((ew + d)"m/(b~2*%arcsinh(c*x) "2 + 2%a*b*arcsinh(c*x) + a~2), x)

Sympy [N/A]
Not integrable

Time = 10.61 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/ (d+ ex)™ dp — / (d+ex)™ s

(a + barcsinh(cz))? (a + basinh (cz))?

inputLintegrate((e*x+d)**m/(a+b*asinh(c*x))**2’x)

outputtlntegral((d + e*xx)**m/(a + b*asinh(c*x))**2, x)

Maxima [N/A]
Not integrable

Time = 0.78 (sec) , antiderivative size = 607, normalized size of antiderivative = 33.72

/ (d+ ex)™ dp — / (ex +d)™ i

(a + barcsinh(cz))? (barsinh (cz) + a)?

input Lintegrate ((exx+d) “m/ (at+b*arcsinh(c*x))~2,x, algorithm="maxima")
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-((c™2*%x72 + 1)7(3/2)*(exx + d)"m + (c”3%x"3 + c*x)*(exx + d)m)/(axbxc”~3x*
X"2 + sqrt(c”2*x"2 + 1)*axbxc™2*x + axb*c + (b"2xc”3*x"2 + sqrt(c”2*x"2 +

1) *#b~2*c”2*x + b~2*xc)*log(c*x + sqrt(c™2*x"2 + 1))) + integrate(((c”3*e*(m
+ 1)*x73 + c73*%d*x"2 + cxex(m - 1)*x - c*d)*(c™2*x"2 + 1)*(e*xx + d)"m + (
2%c”4*ex(m + 1)*x74 + 2kc"4*d*x"3 + c"2%ex(3*m + 1)*x"2 + c”2*d*x + e*m)*s
qrt(c™2*x"2 + 1)*(e*x + d)"m + (c"5xe*x(m + 1)*x5 + c”b*kd*x"4 + 2xc”3*e*(m
+ 1)*x”3 + 2*c”3*d*x"2 + cke*x(m + 1)*x + cxd)*(exx + d)"m)/(a*xb*xc”5*exx”5
+ axbkc b*d*xx"4 + 2*axb*c”3ke*x”3 + 2*axbkc 3*%d*x"2 + akxbkckexx + axbxckd
+ (a*xb*c™3%e*x”3 + a*b*c”3*d*x"2)*(c"2*x"2 + 1) + (b"2*c 5*exx”5 + b~2%xc”
5%d*x"4 + 2*%b"2xc"3*%e*xx”"3 + 2%b"2%c"3*d*x"2 + bT2*xckexx + b"2*c*d + (b~ 2*c
“3xexx"3 + bT2xc73xd*x"2)*(cT2%x72 + 1) + 2% (b"2%c"4*e*x"4 + b2%c"4*d*x"3
+ b72%c"2xe*xx"2 + b"2%c”"2xd*x)*sqrt(c”2*x"2 + 1))*log(c*x + sqrt(c”2*x"2

+ 1)) + 2x(axbkc”4*exx"4 + axb*c”4*d*x"3 + a*bxc " 2*e*x”2 + axbkc~2*d*x)*sq
rt(c™2%x"2 + 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

(d+ex)™ _ (ex +d)™ .
/ (a + barcsinh(cz))? = / (barsinh (cz) + a)? d

inputLintegrate((e*x+d)"m/(a+b*arcsinh(c*x))"2,x, algorithm="giac")

Output‘ integrate((e*x + d) m/(b*arcsinh(c*x) + a)~2, x)

Mupad [N/A]
Not integrable

Time = 2.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/ (d+ ex)™ P :/( (d+ex)™ i

(a + barcsinh(cr))? a + basinh (cz))?
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input Lin‘t((d + e*xx)"m/(a + b¥asinh(c*x))~2,x)

OutputLint((d + e*x)"m/(a + b*asinh(c*x))~2, x)

Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.89

/ (d+ ex)™ - / (ex +d)™ du
(a + barcsinh(cz))? asinh (cz)® b2 + 2asink (cx) ab + a2

input Lint ((exx+d) “m/ (a+b*asinh (c*x))~2,x%)

output Lint((d + exx)**m/(asinh(c*x) **2xb**2 + 2%asinh(c*x)*a*b + a**2),x)
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3.34 [(f+gz)*v/d + c?dz?(a+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 276
Mathematica [A] (verified) . . . . . . . . . ... o 27Tl
Rubi [A] (verified) . . . .. . . ... .. 278
Maple [B] (verified) . . . . . . . . . ... 279
Fricas [F] . . . . . . o 280
Sympy [F] . . o o 28]
Maxima [F(-2)] . . . . . . 28Tl
Giac [F(-2)] . . .« o oo 28]
Mupad [F(-1)] . . . o o 282
Reduce [F] . . . o . o o 282
Optimal result
Integrand size = 30, antiderivative size = 620
/(f + 97)*Vd + c2dx?(a + barcsinh(cz)) dz
3 bf2gz/d + c2dx? N 2bg3z/d + c2dx? B bef3r?y/d + c2dx?
cV'1+ c?x? 15¢3/1 + c2x? 4v1 + c2x?
_ 3bfg*a*Vd + c*dz?  bef?garv/d + cPda?
16¢cy/1 + ¢z 3V1+ c%z?
B bg*r3v/d + c2dx? B 3bcfgzt/d + c2dx? 3 begdxdv/d + c2dx?
45¢v/1 + c2x? 16v/1 + c%x? 25v1 + c%x?
S RO ) :
+ % f3zv/d + c2dz?(a + barcsinh(cz)) + 3fgevdte deS + barcsinh(cz))
2 2 7,.2)3/2 ;
h
+ Z fg*x*Vd + 2dz?(a + barcsinh(cz)) + fgld+ cde) c2(§ + barcsinh(cz))
_g°d+ c2dz?)** (a + barcsinh(cz)) N ¢3(d + c2dz?)** (a + barcsinh(cz))
3ctd 5ctd?

N f?v/d + c*dx?(a + barcsinh(cz))*  3fg*Vd + c*dz?(a + barcsinh(cz))?
4bcy/'1 + c2x? 16bc3V/1 + c?z?
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—b*f " 2xgxx* (c”2*¢d*x"2+d) ~(1/2) /c/ (c™2*x"2+1) ~(1/2) +2/15xb*g~3*x* (c"2*d*x"2
+d) " (1/2) /c™3/(c™2*%x"2+1) " (1/2) —1/4xb*c*f~3*x~2% (c~2*d*x~2+d) ~(1/2) / (c~2*x
“2+1)7(1/2)-3/16*b*xf*g~2%x" 2% (c"2xd*x"2+d) " (1/2) /c/ (c™2*xx~2+1)~(1/2)-1/3%*Db
*xc*kf " 2kgxx 3% (c2*d*x"2+d) " (1/2) / (c™2%x"2+1) ~(1/2) -1/45%b*g~3%x"3* (c"2*d*x
~2+d)~(1/2)/c/(c™2*x"2+1) " (1/2) -3/16*b*c*f*g~2+x"4* (c™2*d*x~2+d) ~(1/2) / (c~
2*x72+1) " (1/2)-1/25%b*c*g~3*x 5% (c~2*d*x"2+d) “(1/2) / (c™2*x~2+1) ~(1/2)+1/2*
£73%x* (c"2*d*x~2+d) ~(1/2) * (atb*arcsinh (c*x) ) +3/8*fxg~2%x* (c™2xd*x~2+d) ~ (1/
2) *(atb*arcsinh(c*x)) /c”2+3/4*f*g~2*x"3* (c~2*d*x~2+d) " (1/2) * (a+b*arcsinh(c
*x) ) +£"2xg*x (c™2*%d*x"2+d) ~(3/2) * (at+b*arcsinh(c*x))/c~2/d-1/3*g~3* (c"2*d*x"2
+d) " (3/2) * (a+b*arcsinh (c*x))/c"4/d+1/5%g 3% (c"2*d*x~2+d) ~ (5/2) * (atb*arcsin
h(c*x))/c™4/d"2+1/4%£"3* (c"2xd*x"2+d) ~ (1/2) * (a+b*arcsinh (c*x) ) ~“2/b/c/ (c™2%*
X"2+1)7(1/2)-3/16xfxg~ 2% (c"2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x) ) ~2/b/c~3/(c”
2xx”2+1)~(1/2)

output

Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 410, normalized size of antiderivative = 0.66

/(f + gz)*Vd + c2dx?(a + barcsinh(cz)) dx

240ad(1 + 22)*? (—16¢3 + 2g(120£2 + 45 f gz + 8¢%z?) + 6¢*z (103 + 20 f2gz + 15f g%z + 4¢°z°))

-

input Llntegrate[(f + gxx)"3xSqrt[d + c"2xd*x"2]*(a + bxArcSinh[cxx]),x]

-/

(240*a*xd* (1 + c™2*x"2)"(3/2)*(-16%g~3 + c 2*gx(120%x£72 + 45*f*g*x + 8*g 2%
X72) + 6%cT4xxx(10*%£73 + 20%f72xg*kx + 15*xf*g~2%x"2 + 4xg~3*x"3)) - 9600%bx*
CT2xA*f " 2%g* (3kcHx + 4*c”3%x"3 + c"B*x"5 - 3% (1 + c"2%x72)"(5/2)*ArcSinh[c
*xx]) + 128xbxd*g~3x(1 + c™2*x"2)*(30%c*x - 5*c"3%x"3 - 9*c”5xx"5 + 15*%Sqrt
[1 + c™2%x72]* (-2 + c™2%x"2 + 3%c”4*x"4)*ArcSinh[c*x]) + 3600*axc*Sqrt [d]*
fx(4xc™2xf72 - 3xg~2)*Sqrt[1 + c™2*x"2]*Sqrt[d + c”2*d*x~2]*Log[c*d*x + Sq
rt[d]*Sqrt[d + c™2*d*x"2]] - 3600%bxc”3*xd*f~3*(1 + c~2*x"2)*(Cosh[2*ArcSin
h[c*x]] - 2xArcSinh[c*x]*(ArcSinh[c*x] + Sinh[2*ArcSinh[c*x]])) - 675%bxc*
dxfxg~2x(1 + c~2%x72)*(8*ArcSinh[c*x] "2 + Cosh[4*ArcSinh[c*x]] - 4*ArcSinh
[c*x]*Sinh[4*ArcSinh[c*x]]))/(28800*c~4*3Sqrt[1 + c™2*x"2]*Sqrt[d + c”2*d*x
~2])

output




input

output
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Rubi [A] (verified)

Time = 1.19 (sec) , antiderivative size = 363, normalized size of antiderivative = 0.59,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ Ve2dx? + d(f + gx)3(a + barcsinh(cr)) dz

| 6260

Ve2dz? + d [(f + gz)3V/ 222 + 1(a + barcsinh(cz))dz
A2z +1
| 6253

Ve2dz? +d [ (\/C2$2 + 1(a + barcsinh(cz)) f3 + 3gz+v/c2x2 + 1(a + barcsinh(cz)) f2 + 39222/ 222 + 1(a + bar

ve2z? +1
l'2009
. 3/2 .
\/m(_ 3fg2(a+b?gfcs31nh(cx))2 n %f'gmm(a n barcsinh(cx)) n f2g(c2x2+1) (czz—i-baI‘CSlIlh(cw)) + 3fg2a

-

LInt[(f + g*x)"3*Sqrt[d + c~2*d*x"2]*(a + b*ArcSinh[c*x]),x]

~—

(Sqrtld + c™2xd*x~2]* (- ((b*xf~2xg*x)/c) + (2¥b*g~3%x)/(16%c~3) - (bkc*f~3*x
~2)/4 - (3xb*xfxg~2%x72)/(16%c) - (b*cxf~2xgxx~3)/3 - (b*g~3*x"3)/(45%c) -
(3*b*c*fxg~2%x"4) /16 - (bxcxg~3%x75)/25 + (£73*x*Sqrt[1 + c™2*x"2]*(a + b*
ArcSinh[c*x]))/2 + (3*f*g~2xx*Sqrt[1 + c”2*x"2]*(a + b*ArcSinh[c*x]))/(8*c
~2) + (3xfxg~2*x"3xSqrt[1 + c"2*x"2]*(a + bxArcSinh([c*x]))/4 + (£ 2*xg*x(1 +
c"2%x72)~(3/2)*(a + b*ArcSinh[c*x]))/c”2 - (g73*(1 + c™2*x"2)~(3/2)*(a +
bxArcSinh[c*x]))/(3%c™4) + (g~3%(1 + c~2%x"2)~(5/2)*(a + bkArcSinh[c*x]))/
(5%c™4) + (£73*(a + bxArcSinh[c*x])~2)/(4*b*c) - (3*f*g~2x(a + b*ArcSinh[c
*x])~2)/(16%b*c~3))) /Sqrt[1 + c~2*x~2]
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x]
&& EqQle, c™2xd] && IGtQ[m, 0] &% IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) Il GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
“p]l  Int[(f + g*x) m*x(1 + c~2*x"2) px(a + bkArcSinh[c*x])~n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1308 vs. 2(540) = 1080.

Time = 1.32 (sec) , antiderivative size = 1309, normalized size of antiderivative = 2.11

method | result size
default | Expression too large to display | 1309
parts Expression too large to display | 1309

input ‘ int ((g*x+f) "3 (c"2%d*x~2+d) ~ (1/2) * (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBO ‘
\ SE)

N\

J
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a* (£73*% (1/2%x* (c™2%d*x"2+d) "~ (1/2) +1/2*d*1n(x*c~2*d/ (c™2%d) ~(1/2) +(c™2*d*x"
2+d)~(1/2))/(c™2*d) ~(1/2) ) +g~3*(1/5*x~2* (c~2*d*x~2+d) ~(3/2) /c~2/d-2/15/d/c
4% (c"2xd*x"2+d) " (3/2) ) +3*f*xg~ 2% (1/4*x* (c™2*d*x"2+d) ~(3/2) /c"2/d-1/4/c” 2% (
1/2%x* (c™2+d*x"2+d) " (1/2)+1/2*d*1n (x*c~2*d/ (c"2*d) ~(1/2) +(c~2*d*x~2+d) ~(1/
2))/(c”2%d)~(1/2)))+£"2%g* (c™2*d*x~2+d) ~(3/2) /c~2/d) +b* (1/16* (d* (c"2*x"2+1
))~(1/2) *f*arcsinh (x*c) ~2% (dxc~2+£~2-3xg~2) / (c"2*x~2+1) ~(1/2) /c~3+1/800% (d
*(c™2%x72+1) ) " (1/2) % (16*Cc™6*x"6+16* (c"2*x"2+1) ~(1/2) *x"5%c~5+28*c~4*x"4+20
*(c72%x72+1) " (1/2) *c™3%x"3+13*Cc"2+x"2+5x (c"2%x"2+1) " (1/2) *x*c+1) *g~3* (-1+5
*arcsinh(x*c))/c”4/(c™2xx"2+1)+3/256* (d* (c™2*x"2+1)) " (1/2) * (8*%x~5*c~5+8%x"
4xc™4% (c724x72+1) ~(1/2) +12%x"3%Cc"3+8*x"2%c 2% (c"2*x"2+1) " (1/2) +4xx*c+(c™ 2%
X"2+1)7(1/2) ) *f*g~2* (-1+4*arcsinh(x*c) ) /c"3/(c™2xx"2+1) +1/288* (d* (c"2*x~2+
1))7(1/2) % (4*c™4*x"4+4% (c™2%x72+1) 7 (1/2) #c™3*x"3+5%c™2%x"2+3% (c"2*x~2+1) ~(
1/2) *x*c+1) *g* (36*arcsinh (x*c) *c~2*f~2-12*%c~2*f~2-3*arcsinh (x*c) *g~2+g~2) /
c”4/(c™2xx72+1)+1/16* (d* (c™2*x"2+1) ) " (1/2) * (2*%x"3*Cc"3+2*x"2*xCc” 2% (c~2*x~2+1
)~ (1/2) +2*xxc+(c™2%x"2+1) ~(1/2) ) #£~3* (-1+2*arcsinh(x*c)) /c/(c™2*x~2+1) +1/1
6% (d* (c™2*x"2+1) )~ (1/2) *(c™2*x"2+(c"2*x"2+1) ~(1/2) *x*c+1) *g* (6*arcsinh (x*c
)*c"2x£72-6%c"2xf "2-arcsinh (x*c) *g~2+g~2) /c"4/ (c"2*x"2+1)+1/16% (d* (c"2*x"2
+1)) 7 (1/2) % (c™2*x"2-(c"2%x"2+1) " (1/2) *x*c+1) *g* (6*arcsinh (x*c) *c~2xf ~2+6%c
~2+f~2-arcsinh (x*c)*g~2-g~2) /c"4/(c™2xx"2+1) +1/16% (d* (c™2*x~2+1) ) ~(1/2) * (2
*X"3%CT3-2%xx"2%C 2% (cT2%x72+1) T (1/2) +2%x*c- (cT2xx"2+1) T (1/2) ) *£ 3% (142%. . .

output

Fricas [F]

/(f + gz)3V/d + c2dx?(a + barcsinh(cz)) dx
- /\/c%lx? + d(gz + f)*(barsinh (cz) + a) dz

integrate ((g*x+f) "3*(c"2xd*x~2+d) " (1/2) * (at+b*arcsinh(c*x)) ,x, algorithm="f

input
ricas")

~

integral ((a*g™3*x~3 + 3ka*xf*g~2%x~2 + 3*ka*xf 2xgxx + axf~3 + (b*g~™3*x"3 + 3

output
*bxfxg~2%xx"2 + 3xbxf 2xgxx + b*f~3)*arcsinh(c*x))*sqrt(c™2*d*x"2 + d), x)
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Sympy [F]

/(f + gz)3Vd + c2dx?(a + barcsinh(cz)) dx

= / d (c2z? 4 1)(a + basinh (cz)) (f + g2)° dz

input Lintegrate ((gHx+E) ¥*3* (cx*2kd*xx*k*2+d) ** (1/2) * (a+b*asinh (c*x)) ,x)

outputle-‘egra]'(sqrt(‘1*(‘3**2*11**2 + 1))*(a + bxasinh(c*x))*(f + gx)**3, x)

Maxima [F(-2)]

Exception generated.

/ (f + gz)*v/d + c2dx?(a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((g*x+f) "3*(c"2*d*x~2+d) ~(1/2) * (atb*arcsinh(c*x)) ,x, algorithm="m

input
axima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

Giac [F(-2)]

Exception generated.

/ (f + gz)*Vd + c2dx?(a + barcsinh(cz)) dz = Exception raised: RuntimeError

input ‘ integrate ((g*x+f) “3*(c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x) ) ,x, algorithm="g
‘ iac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]
Timed out.

/(f + gz)3Vd + c2dz?(a + barcsinh(cr)) dz
= / (f + gx)° (a + basinh(cz)) Vdc 22 + ddx

input‘ int ((f + g*x)~3x(a + b*asinh(c*x))*(d + c2xd*x~2)~(1/2),x) ‘

outputkint((f + g*x)~3%(a + b*asinh(c*x))*(d + c~2xd*x~2)~(1/2), x) J

Reduce [F]

/(f + gz)*V/d + c2dx?(a + barcsinh(cz)) dx
Vd (60v/222 + 1act f3z + 120v/c222 + 1act f2g2? + 90V 222 + La ct f gx® + 24v/c222 + Lactgiz? -

input Lint ((g*x+£) 3% (c~2*d*x"2+d) ~ (1/2) * (a+b*asinh (c*x)) ,x) J
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(sqrt (d) *(60*sqrt (ck*2xx**2 + 1)*akckx4*xf*x3*kx + 120*sqrt (ck*2xx*x2 + 1)*a
*kCRKAKE ARk k*2 + 90*sSqrt (CH*kkx**2 + 1)*kaxckx4dxf*gk*x2*xx*k*3 + 24*xsqrt(c*
*2kxx*k2 + 1)*kakckkdxgkx3kxk*kd + 120*%sqrt (ck*2xx**2 + 1)*akck*2xf**+2xg + 45
*sqQrt (Cx*2*x**2 + 1)*kaxck*kLxg*k*2kxx + Bxsqrt (ckx*2*x*k*2 + 1)*kaxck*2kgx*3*x
**%2 — 16%sqrt (c*x*2xx**2 + 1)*a*g**3 + 120*int (sqrt(cx*2*x**2 + 1)*asinh(c*
X)*x**3,X) *¥bkckk4xgx*3 + 360*int (sqrt (c**2*x**2 + 1)*asinh(c*x)*x**2,x)*xb*
ckx*x4*fxgx*2 + 360*int (sqrt (c**2xx**2 + 1)*asinh(c*x)*x,X)*¥bxck*x4xf*x2*g +

120*int (sqrt (c**2*x**2 + 1)*asinh(c#*x) ,x)*b*c*x4*f**3 + 60*log(sqrt (c**2xx
*%2 + 1) + ckx)*axck*3*xfx*3 - 45*xlog(sqrt (ck*xkx**2 + 1) + ckx)*kakxckf*rgr*2
))/ (120%c**4)

output
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3.35 [(f+gz)*V/d + c*dz?(a+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 284
Mathematica [A] (verified) . . . . . . . . . ... o 2851
Rubi [A] (verified) . . . .. . . ... .. 230!
Maple [B] (verified) . . . . . . . . . ... 287
Fricas [F] . . . . . . o 288
Sympy [F] . . o o 289
Maxima [F(-2)] . . . . . . 2891
Giac [F(-2)] . . .« o oo 289
Mupad [F(-1)] . . . o o 290
Reduce [F] . . . o . o o 290

Optimal result

Integrand size = 30, antiderivative size = 425

/(f + 97)*Vd + c2dx2(a + barcsinh(cz)) dx

2bfgr/d + c2dx?  bef?r?\/d+ c2dx?  bg*x*v/d + c2dx?
31t 4/I+cE 16e/1+ 2R
bcfgriyd+ c2dx?  beg?x*/d + c2dx?
 awi+er 16V1+

2 20,2 i
4 %fzm\/m(a + barcsinh(cz)) + g°zV/d + c2dx?(a + barcsinh(cz))

8c?
2 7. 9\3/2 .
+ ig%‘q’\/cm(a + barcsinh(cz)) + 2fgld+cdz’) 3023+ barcsinh(cz))

N f?vd + c*dx?(a + barcsinh(cr))?  g°v/d + c2dz?(a + barcsinh(cx))?
4bcy/1 + c?x? 16bc3V1 + c?x?




CHAPTER 3. LISTING OF INTEGRALS 285

-2/3%bxf*gxx* (c™2xd*x"2+d) " (1/2) /c/ (c™2%x™2+1) " (1/2) —1/4*b*c*xf~2%x~2% (c"2%
d*xx~2+d) " (1/2) / (c™2%x"2+1) " (1/2) -1/16%b*g~2xx~2* (c~2*d*x~2+d) ~(1/2) /c/(c"2
*x"2+1) 7 (1/2) -2/9%bxc*f*xg*xx~3* (c™2xd*x"2+d) ~(1/2) / (c™2*x"2+1) ~(1/2)-1/16%*Db
*xCkg~2+x"4* (cT2xd*x”"2+d) " (1/2) / (c™2%x"2+1) " (1/2) +1/2%£ " 2%x* (c"2*d*x~2+d) ~ (
1/2)*(atb*arcsinh (c*x) ) +1/8%g~2*x* (c™2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x))/c
“2+1/4%g~2xx" 3% (c"2*d*x"2+d) ~(1/2) * (atb*arcsinh (c*x) ) +2/3*f*g* (c"2*d*x"2+d
)~ (3/2) *(atb*arcsinh(c*x))/c~2/d+1/4*£ 2% (c"2*d*x~2+d) ~(1/2) * (a+b*arcsinh(
c*x))"2/b/c/(c™2xx~2+1) " (1/2)-1/16%g~2* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh (c*
x))~2/b/c~3/(c2*x~2+1)~(1/2)

output

Mathematica [A] (verified)

Time = 0.68 (sec) , antiderivative size = 301, normalized size of antiderivative = 0.71

/(f + 97)*Vd + c2dx?(a + barcsinh(cz)) dz

48acV/1 + c2x2\/d + c2dx2(12¢ f2x + 392z (1 + 2¢2x?) + 16 f(g + c2gx?)) — 256bcfgv/d + c2dx? (3cx +

r

LIntegrate[(f + gxx) "2xSqrt[d + c”2*d*x"2]*(a + b*ArcSinh[c*x]),x]

| —

input

(48*xaxc*Sqrt[1 + c™2*x72]*Sqrt[d + c™2*d*x~2]*(12%c™2*f72*x + 3*g~2*x*(1 +
2%cT2%x72) + 16*%f*x(g + c”2%g*x"2)) - 266%bkckf*g*kSqrt[d + cT2xd*x"2]*(3*c
*x + c"3*x"3 - 3*%(1 + c"2%x72)7(3/2)*ArcSinh[c*x]) + 144*axSqrt[d]*(2*c*f

- g)*x(2xcxf + g)*Sqrt[1 + c 2xx"2]*Loglc*d*x + Sqrt[d]*Sqrt[d + c~2xd*x"2]
] - 144xbxc™2+f72+Sqrt[d + c™2%d*x~2]*(Cosh[2*ArcSinh[c*x]] - 2%ArcSinh[c*
x]*(ArcSinh[c*x] + Sinh[2*ArcSinh[c*x]])) - 9*b*g~2*Sqrt[d + c~2xd*x~2]*(8
*ArcSinh [c*x] "2 + Cosh[4*ArcSinh[c*x]] - 4*ArcSinh[c*x]+*Sinh[4*ArcSinh[c*x
11))/(1152%c~3*Sqrt[1 + c~2*x~2])

output




input

output
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Rubi [A] (verified)

Time = 1.35 (sec) , antiderivative size = 257, normalized size of antiderivative = 0.60,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ Ve2dx? + d(f + gx)*(a + barcsinh(cr)) dz

| 6260

Ve2dz? + d [(f + gz)?V 222 + 1(a + barcsinh(cz))dz
A2z +1
| 6253

Ve2dz? +d [ (\/C2$2 + 1(a + barcsinh(cz)) f? + 2gz+v/c2x2 + 1(a + barcsinh(cz)) f + g?2%v/c2x2 + 1(a + barcs

Vve2z? +1
l'2009

3/2

\/M(—gz(ﬁba{gfglh(m)y + %wi\/m(a + barcsinh(cx)) + 209(*a?+1) éZ;barcsmh(cx)) + gPave

-

LInt[(f + gxx)"2*Sqrt[d + ¢ 2*d*x"2]*(a + b*ArcSinh[c*x]),x]

~—

(Sart[d + c™2xd*x~2]* ((-2*bxf*g*x)/(3xc) - (b*cxf72%x72)/4 - (bxg~2xx"2)/(
16%c) - (2xb*xc*xfxgxx~3)/9 - (bkc*xg™2xx~4)/16 + (£ 2*x*Sqrt[1 + c~2*x"2]*(a
+ bxArcSinh[c*x]))/2 + (g~2*x*Sqrt[1 + c~2*x"2]*(a + b*ArcSinh[c*x]))/(8*
c"2) + (g72*x"3*Sqrt[l + c”2*x"2]*(a + b*ArcSinh[c*x]))/4 + (2*f*gx(1 + c~
2xx72)~(3/2)*(a + bxArcSinh[c*x]))/(3*%c~2) + (£72*(a + b*ArcSinh[c*x])~2)/
(4xb*c) - (g~2*(a + b*ArcSinh[c*x])~2)/(16xb*c~3)))/Sqrt[l + c™2*x"2]




rule 2009 ‘

rule 6253
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Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 6260

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) || GtQlp, 01 || EqQm, 11 || (EqQ[m, 2]

&& LtQlp, -21))

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
~p]  Int[(f + g*x)"m*(1 + c~2%x~2) px(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 912 vs. 2(367) = 734.

Time = 1.29 (sec) , antiderivative size = 913, normalized size of antiderivative = 2.15

method | result

zc2d

xzV/ c2dz2+d+
2

2
dln<%+\/c2dw2+d>
C

3
2d T (62d x2 +d) 2

default

4c%d -

2 2
o evesm ‘““(FJ”C‘” +d)
2 2vc2d

zc2d
c2d

+\/c2dx2+d)

parts

2| zvc2dz2+d dln(\/i
f T+

2vc2d

3
T (02d x2 +d) 2

2
d1n< m02‘2+\/c2dw2+d>
V C

2 2
zVc*“dx4+d
5 +

2V c2d

4c%d

4c?

input ‘ -

‘ int ((gkx+£) "2x(c~2*d*x"2+d) " (1/2) * (a+b*arcsinh (x*c)) ,x,method=_RETURNVERBO




CHAPTER 3. LISTING OF INTEGRALS 288

ax (£72x (1/2xx* (c™2%d*x”~2+d) " (1/2)+1/2*d*1n (x*c”~2*d/ (c~2%d) ~(1/2) +(c”~2*d*x"
2+d)~(1/2))/(c™2%d) " (1/2) ) +g~ 2% (1/4*xx* (c~2*d*x~2+d) " (3/2) /c"2/d-1/4/c"2x (1
/2xxx (c™2xd*x"2+d) " (1/2)+1/2*d*1n (x*xc~2*d/ (c™2*d) " (1/2) +(c™2*d*x~2+d) " (1/2
))/(c™2%d) " (1/2)))+2/3xEfxgx (c~2*d*x~2+d) ~(3/2) /c~2/d) +b* (1/16% (d* (c~2*x~2+
1))~ (1/2) *arcsinh (x*c) "2* (4*c~2*x£~2-g~2) / (c™2*x~2+1) " (1/2) /c~3+1/256* (d*(c
“2xx72+1) ) T (1/2) * (8*xX"5%Cc"5+8*x 4% 4x (c”2*x"2+1) " (1/2) +12%x"3*c"3+8*x " 2*C
2% (c”2#x72+1) " (1/2) +4*x*xc+(c"2xx"2+1) " (1/2) ) *g~2* (-1+4*arcsinh (x*c) ) /c~3/
(c™2*x72+1)+1/36% (d* (c™2%x"2+1) ) ~(1/2) * (d*c™4*x"4+4% (c™2%x~2+1) ~(1/2) *c~ 3%
X"3+5%cT2xx"2+3% (c72%x72+1) " (1/2) *x*c+1) *fxgx (-1+3*arcsinh (x*c) ) /c~2/ (c™2x*
X"2+1)+1/16% (d* (c™2%x72+1) ) ~(1/2) * (2*x"3*c~3+2xx"2xc 2% (c~2%x"2+1) ~(1/2)+2
xx*kc+(c2%x"2+1) ~(1/2) ) *f~2% (-1+2%arcsinh (x*c)) /c/ (c~2%x~2+1) +1/4* (d* (c~2%
X"2+1)) 7 (1/2) % (c™2*%x" 2+ (c™2%x"2+1) " (1/2) *x*c+1) *f*gx (arcsinh (x*c)-1) /c~2/(
CT2%x72+1) +1/4% (d* (c™2*x"2+1) )~ (1/2) * (c™2*x"2-(c"2*x"2+1) ~ (1/2) *x*c+1) *f*g
*(arcsinh(x*c)+1)/c”2/(c™2*x™2+1)+1/16* (d*x (c"2*x"2+1) ) " (1/2) * (2*x~3*c~3-2%*
X"2%c7 2% (c72xx72+1) T (1/2) +2*x*c-(c"2*%x"2+1) ~(1/2) ) *f~2x (1+2*arcsinh (x*c))/
c/(c™2xx72+1)+1/36% (d* (c™2%x"2+1) ) ~(1/2) ¥ (Ad*c"4*x"4-4% (c™2*x"2+1) ~(1/2) *c~
3*x"3+b*CcT2xx"2-3% (cT2*x"2+1) ~(1/2) *x*c+1) *f*xg* (1+3*arcsinh (x*c)) /c"2/(c"2
*x"2+1)+1/256% (d* (c™2*x"2+1) ) " (1/2) * (8%x~5*c~5-8*x"4*c ~4* (c™2*x~2+1) ~(1/2)
+12%x73%Cc"3-8*x"2%c"2x (cT2*x"2+1) " (1/2) +4*x*c-(c™2%x"2+1) ~(1/2) ) *g~ 2% (1+4*
arcsinh(x*c))/c~3/(c™2%x"2+1))

output

Fricas [F]

/(f + gz)?Vd + c2dx?(a + barcsinh(cz)) dz
- /\/c%lx? + d(gz + f)*(barsinh (cz) + a) dz

input integrate ((g*x+f) 2% (c"2*d*x~2+d) ~(1/2) * (atb*arcsinh(c*x)) ,x, algorithm="f
ricas")
output integral(sqrt(c™2*d*x"2 + d)*(a*xg™2*x"2 + 2*kaxf*xgkx + axf"2 + (bxg 2*x"2 +
2%bxf*gxx + bxf~2)*arcsinh(c*x)), x)
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Sympy [F]

/(f + gz)?Vd + c2dx?(a + barcsinh(cz)) dx

= / d (cz? 4 1)(a + basinh (cz)) (f + gz)° dz

input Lintegrate ((gHx+E) ¥ 2% (cx*2kd*kxk*2+d) ** (1/2) * (a+b*asinh (c*x)) ,x)

outputLIntegral(sqrt(d*(c**2*x**2 + 1))*(a + bxasinh(c*x))*(f + g*x)**2, x)

Maxima [F(-2)]

Exception generated.

/ (f + gz)®*Vd + c2dx?(a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((gxx+f) 2% (c~2xd*x~2+d) " (1/2) * (a+b*arcsinh(c*x)) ,x, algorithm="m

input
axima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

Giac [F(-2)]

Exception generated.

/ (f + gz)*Vd + c2dx?(a + barcsinh(cz)) dz = Exception raised: RuntimeError

input ‘ integrate ((gkx+f) "2* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x) ) ,x, algorithm="g
‘ iac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]
Timed out.

/(f + gz)?Vd + c2dx?(a + barcsinh(cz)) dx

=/(f—|—gm)2(a+basinh(cx)) dc?z? +ddz

input‘int((f + g*x)~2%(a + b*asinh(c*x))*(d + c~2xd*x~2)~(1/2),x)

output Lint((f + g*x)~2%(a + b*asinh(c*x))*(d + c~2xd*x~2)~(1/2), x) J

Reduce [F]

/(f + gz)*V/d + c2dx?(a + barcsinh(cz)) dx
Vd (12v/222 + 1a P f2z + 16v/c222 + La P fg 2° + 61222 + Lacg?2® + 16v/c22% + Lacfg + 3V

input Lint ((g*x+£) 2% (c~2%d*x"2+d) ~ (1/2) * (a+b*asinh (c*x)) ,x) J

(sqrt (d) * (12*sqrt (ck*2xx**2 + 1)*akck*3*kf*x2kx + 16*sqrt (ck*2*kx**2 + 1)*ax
Ck*3*Lkgrx*¥*2 + BksSqrt (Ch*k2kx**2 + 1)kaxck*3xgkx2xx**3 + 16*sqrt (Ck*2*kx*k*2
+ 1)xaxc*f*g + 3*sqrt(ck*2*xk*2 + 1)*kakcxgx2xx + 24*int (sqrt (ckx*2xx**2 +
1) *asinh (c*x)*x**2,x) kbkck*k3xg**2 + 48xint (sqrt (cx*2kx**2 + 1)*asinh(c*x)
*X ,X)*bxck*3xf*xg + 24*int (sqrt (c**2*x**2 + 1)*asinh(c*x) ,x)*b*ckx*3xf**x2 +

12%log(sqrt (c**2xx**2 + 1) + c*xx)*akck*x2xfx*2 - 3*log(sqrt (cx*2kx**2 + 1)
+ c*x)*a*xg**2) )/ (24*c**3)

output




output
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3.36 [(f+9x)Vd + c*dx?(a+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . e 291T]
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ... 294
Fricas [F] . . . . . . o 294
Sympy [F] . . o o 295
Maxima [F(-2)] . . . . . . 2951
Giac [F(-2)] . . .« o oo
Mupad [F(-1)] . . . o o 296
Reduce [F] . . . . . 290

Optimal result

Integrand size = 28, antiderivative size = 221

/ (f + 9z)Vd + c?dz?(a + barcsinh(cz)) dz

__bgzvd +cidz? befr?y/d + c2dx?
3cv1 + 222 44/1 + 2x?

begz3v/d + c2dz? 1
_ + — fxvd + c2dx?(a + barcsinh(cz
9v1 + c2x? 2f ( (ez))

N g(d + c2dz?)*? (a + barcsinh(cz)) N fv/d + c2dz?(a + barcsinh(cx))?
3c’d 4bcy/1 + c2x?

-1/3*%bxgxx* (c"2%d*x"2+d) “(1/2) /c/(c™2*x"2+1) " (1/2) -1/4*b*cxf*x~2% (c™2*d*x"
2+d) ~(1/2) / (c™2%x~2+1) " (1/2) -1/9*bkc*xg*x~3* (c~2xd*x~2+d) ~(1/2) / (c"2*x~2+1)
~(1/2)+1/2xf*xx (c™2*%d*x"2+d) ~(1/2) * (atb*arcsinh (c*x) ) +1/3*g* (c"2*d*x~2+d) ~
(3/2) * (a+bxarcsinh(c*x))/c”2/d+1/4*f* (c"2*d*x~2+d) ~ (1/2) * (a+b*arcsinh (c*x)
)~2/b/c/(c™2%x"2+1)~(1/2)




input

output
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Mathematica [A] (verified)

Time = 0.85 (sec) , antiderivative size = 208, normalized size of antiderivative = 0.94

/(f + gz)Vd + c*dz?(a + barcsinh(cz)) dz = 1a\/d + c2dx? (i—g +z(3f + 29x)>

6

bgvd + c2dz? <3cw + 328 — 3(1 + ¢222)*/? arcsinh(cx))
- 9¢c2v/1 + c%x?

aV/df log (cda: +Vdvd + chz2>
+

2c
4 bfvd + c2dz?(— cosh(2arcsinh(cz)) + 2arcsinh(cz)(arcsinh(cz) + sinh(2arcsinh(cz))))
8cvV1 + c2x?

e

LIntegrate [(f + g*x)*Sqrt[d + c~2*d*x"2]*(a + b*ArcSinh[c*x]),x]

~—

(a*xSqrt[d + c™2*d*x"2]*((2xg)/c™2 + x*(3*f + 2%g*x)))/6 - (bxgxSqrt[d + c~
2%d*x"2] % (3*%c*xx + c”3*x"3 - 3*(1 + c”2*x"2)~(3/2)*ArcSinh[c*x]))/(9*c~2*Sq
rt[1 + ¢c™2%x72]) + (a*Sqrt[d]l*f*Loglc*d*x + Sqrt[d]*Sqrt[d + c~2*d*x~2]])/
(2xc) + (bxfxSqrt[d + c~2*d*x~2]*(-Cosh[2*ArcSinh[c*x]] + 2xArcSinh[c*x]*(
ArcSinh[c*x] + Sinh[2%ArcSinh[c*x]])))/(8*cxSqrt[1 + c~2*x~2])

Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.62,

number of rules _ 0.107, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ vV c2dz? + d(f + gz)(a + barcsinh(cz)) dz
| 6260
V2dz? +d [(f + gz)Vc2z? + 1(a + barcsinh(cz))dz

c2x?2 +1
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| 6253

V2dz? +d [ (f\/ c2z? + 1(a + barcsinh(cz)) + gzvc2z? + 1(a + barcsinh(cw))) dx
Vetz? +1
| 2009

3/2 . .
Vc2dz? + d(é fzv/c22? + 1(a + barcsinh(cz)) + 2 (Fa?+1) (t;;l—zba.I‘CSIIlh(cz)) + 1 (“+bar(ﬁinh(“))2 — lbefz?® — L

A2 +1
inputtlnt[(f + g*x)*Sqrt[d + ¢ 2+d*x"2]*(a + b*ArcSinh[c*x]),x] J
output (SATtId + c72+dx"2]%(-1/3 (bkghx)/c ~ (brcrExx™2)/4 - (brcrgrx™3)/9 + (£x

(x#Sqrt[1 + c”2%x"2]*(a + bxArcSinh[cxx]))/2 + (gx(1 + c™2%xx"2)~(3/2)*(a +
' bxArcSinh[c*x]))/(3%c™2) + (f*(a + b¥ArcSinh[c¥x])"2)/(4%b*c)))/Sqrtll + c
~24x72] |

Defintions of rubi rules used

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
_) + (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c~2%d] && IGtQ[m, 0] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQn
, 0] & ((EqQ[n, 1] && GtQlp, -11) || GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(n_.)*((£_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 + c~2%x"2)
“p]l  Int[(f + g*x)"m*x(1 + c™2*x72) p*(a + b*ArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c™2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] && 'GtQld, O]

rule 6260




input

output

CHAPTER 3. LISTING OF INTEGRALS 294

Time = 1.62 (sec) , antiderivative size = 582, normalized size of antiderivative = 2.63

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 581 vs. 2(189) = 378.

method | result

zc2d / /7709 1 1Y y

defa.ult afzy c2dz2+d _|_ afdln(\/ﬁ_’_ C2dl‘2+d) _|_ a,g(czdzz-{—d)% + b( Vv d(c2m2+1) farCSinh(wc)2 _|_ d(02m2+1) (464“:
2 2vc2d 3c%d 4v/c2x241c

zc?d / )

arts afrV/32dz?4d n afdln(ﬁ-i- chx2+d) + ag(c2dx2-|—d)% +b \/d(c2z2+1) f arcsinh(zc)? + Vd(c?z?+1) (464”
p 2 ove2d 3c2d 4/c2x241c

-

int ((g*x+£f)* (c™2*d*x"2+d) ~(1/2) * (at+b*arcsinh(x*c) ) ,x ,method=_RETURNVERBOSE
)

1/2xaxfxxk (c™2%d*x"2+d) ~(1/2)+1/2*a*xf*d*1n(x*c”2*d/ (c™2*d) ~(1/2)+(c"2%d*x"
2+d)~(1/2))/(c™2%d) " (1/2)+1/3*a*g* (c~2*d*x~2+d) ~(3/2) /c~2/d+b* (1/4* (d* (c"2
*x~2+1))~(1/2) / (c~2%x~2+1) ~(1/2) /cxf*arcsinh (x*c) ~2+1/72% (d* (c~2%x~2+1)) ~(
1/2) % (dxc™4xx~4+4% (c™2*x™2+1) " (1/2) ¥~ 3*x"3+5*Cc~2+x"2+3* (c™2+x"2+1) ~(1/2) *
xxc+1) *g* (-1+3*arcsinh(x*c) ) /c”2/(c™2*x"2+1)+1/16% (d* (c™2*x"2+1) ) " (1/2) * (2
*X"3%C73+2xx "2k C 2% (cT24x72+1) T (1/2) +2xx*c+(c"2*x"2+1) ~(1/2) ) *fx (-1+2*arcs
inh(x*c))/(c™2*x72+1) /c+1/8* (d* (c™2*x"2+1) ) ~(1/2) * (c™2*x" 2+ (c”™2*%x~2+1) ~(1/
2) *x*c+1)*g* (arcsinh (x*c)-1)/c”2/(c™2*x~2+1)+1/8% (d* (c™2*x~2+1) )~ (1/2) *(c~
2%x72-(c"2%x72+1) " (1/2) *x*c+1) *g* (arcsinh (x*c)+1) /c~2/(c™2*%x"2+1) +1/16% (d*
(c™2%x72+1) )~ (1/2) % (2%x"3*c™3-2%x"2*c ™ 2% (¢~ 2*x"2+1) ~ (1/2) +2*x*c—(c~2*x~2+1
)~ (1/2) ) *xf* (1+2*arcsinh (x*c) )/ (c™2%x"2+1) /c+1/72% (d* (c™2*x~2+1) ) ~(1/2) *x (4%
CT4*x"4-4% (c72xx72+1) T (1/2) *c™3*%x"3+5*c"2%x"2-3% (c72*x72+1) " (1/2) *x*c+1) *g
* (1+3*arcsinh(x*c))/c”2/(c™2*x"2+1))

Fricas [F]

/(f + gz)Vd + c2dz?(a + barcsinh(czx)) dx
- / Vc2da? + d(gzx + f)(barsinh (cx) + a) dx
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input integrate ((g*x+f)* (c~2*d*x~2+d) ~(1/2)* (a+b*arcsinh(c*x)) ,x, algorithm="fri
cas")
output integral (sqrt(c™2xd*x~2 + d)*(axgxx + a*f + (bkg*x + bxf)*arcsinh(c*x)), x
)
Sympy [F]

/(f + gz)Vd + c?dz?(a + barcsinh(cz)) d

= / d (cz? 4+ 1)(a + basinh (cz)) (f + gz) dz

-

input Lintegrate ( (g*x+f) * (CHx*kd*x**2+d) ** (1/2) * (a+b*asinh (c*x) ) ,x)

\ 4

output LIntegral(sqrt(d*(c**g*x**g + 1))*(a + bxasinh(c*x))*(f + g*x), x)

Maxima [F(-2)]

Exception generated.

/ (f + gz)Vd + c?dz?(a + barcsinh(cz)) do = Exception raised: RuntimeError

input integrate ((gxx+f)*(c™2xd*x~2+d) ~(1/2) * (a+b*arcsinh(c*x)) ,x, algorithm="max
ima"

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
ve exponent.
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Giac [F(-2)]

Exception generated.

/ (f + gz)Vd + 2dz?(a + barcsinh(cz)) do = Exception raised: RuntimeError

integrate ((g*x+f)*(c~2*d*x~2+d) ~ (1/2) * (a+b*arcsinh(c*x)) ,x, algorithm="gia
g g g g

input
c n )

Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT: sage20UTPUT : sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value

output

Mupad [F(-1)]

Timed out.
/(f + gz)Vd + c2dz?(a + barcsinh(cz)) dz
= /(f-l—gz) (a + basinh(cz)) Vdc2z2 + ddz
input Lint((f + g*x)*(a + bkasinh(c*x))*(d + c 2xd*x~2)"(1/2),x) J
outputtint((f + gxx)*(a + b*asinh(c*x))*(d + c~2*d*x~2)~(1/2), x) J
Reduce [F]

/ (f + gz)Vd + c2dz?(a + barcsinh(cz)) dz
Vd (3vV222 + 1actfz + 2v/2a? + Lactgz? + 2v/c222 + Lag + 6( [ V222 + 1 asinh(cz) zdz) bc2g +

6¢2

input Lint ((gx+£)* (c™2*d*x"2+d) ~ (1/2) * (a+b*asinh(c*x)) ,x) J




output
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‘(sqrt(d)*(3*sqrt(c**2*x**2 + 1)*kakck*2kf*x + 2ksqrt (Ck*x2kx*k*2 + 1)*kakckk2xk
\g*x**z + 2%sqrt (ck*2*xk*2 + 1)*axg + 6*xint (sqrt(c**2*x**2 + 1)*asinh(c*x)*
‘x,x)*b*c**2*g + 6*int (sqrt(c**2xx**x2 + 1)*asinh(c*x) ,x)*b*c**x2*f + 3*xlog(s
Qrt(cHA*2%xkk2 + 1) + chx)*akck))/(6%cH*2)
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Vid+c2dz? (a+barcsinh cz))
3.37 | dx
f+gz

Optimal result . . . . . . . . . . . . . e 299
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 300
Rubi [A] (verified) . . . . . . .. . . 3011
Maple [A] (verified) . . . . . . . . ... 304
Fricas [F] . . . . . . o o
Sympy [F] . . o e 306
Maxima [F] . . . . . .
Giac [F(-2)] . . o o o o e 307
Mupad [F(-1)] . . ..o
Reduce [F] . . . . . . o
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Optimal result

Integrand size = 30, antiderivative size = 664

/ Vd + c2dz?(a + barcsinh(cz)) s
f+gz
avd+ c2dz?  bexvd+ c2dz?  bvd + c2dz?arcsinh(cz)
= - +
g gV'1+ c2x? g

_ cxv/d + c*da®(a + barcsinh(cz))? (1 + %) Vd + c*dz?(a + barcsinh(cz))

2bg/1 + c2a? 2bc(f + gzx)v/1+ c2x?
N V1 + c222\/d + cdz?(a + barcsinh(cz))?
2bc(f + gz)
/2 + @Vd+ czdx2arctanh( NG f2g+—gc; \1;24_6212)

V1 + 222
S T M)
b/ f2 + g2v/d + c2dz2arcsinh(cz) log (1 T Ve
9*V1+ c2x?

S oy M)
by/c2f2 + g%/d + c2dx2arcsinh(cz) log (1 T Ve e
92 /1+62w2
bv/c2f2 + g2v/d + c2dz? PolyLog <2, /2ot
9*V1 + c2x?

3 573 _M>
bY@ F gV + e PolyLog (2, — e
9*V1 + c*z?

+

+
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a*x (c™2*d*x~2+d) "~ (1/2) /g-b*cxx* (c™2xd*x~2+d) ~(1/2) /g/ (c™2*x~2+1) ~(1/2) +b* (c
~2%d*x~2+d) " (1/2) *arcsinh (c*x) /g-1/2*c*x* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(
c*x))"2/b/g/ (c™2%x"2+1) " (1/2) -1/2x (1+c~2*x£72/g~2) * (c~2*d*x~2+d) " (1/2) * (a+b
xarcsinh(c#*x)) "2/b/c/ (gxx+£f) /(c™2*x"2+1) ~(1/2)+1/2% (c™2*x~2+1) ~(1/2) * (c~2*
d*x~2+d) " (1/2) * (at+b*arcsinh(c*x) ) ~2/b/c/ (g*x+f) —a*x (c"2*£"2+g~2) ~(1/2) *(c~2
*d*x~2+d) ~(1/2) *arctanh ((-c~2*f*x+g) / (c~2%£~2+g~2) ~(1/2) / (c™2%x~2+1) ~(1/2)
)/g~2/ (c™2%x~2+1) " (1/2) +b* (c~2*f ~2+g~2) ~(1/2) * (c"2*d*x~2+d) ~ (1/2) *arcsinh(
c*x) *1n (1+(cxx+(c™2*%x"2+1) ~(1/2) ) *g/ (c*xf-(c~2*£"2+g~2) ~(1/2))) /g~ 2/ (c™2*x~
2+1)7(1/2) -b* (c™2*£"2+g~2) ~(1/2) * (c"2*d*x~2+d) ~ (1/2) *arcsinh (c*x) *1n (1+(c*
x+(c™2xx72+1) " (1/2) ) *g/ (c*f+(c™2%£72+g~2) " (1/2))) /g~2/ (c™2*%x~2+1) ~(1/2) +b*
(c™2*%£72+g~2) ~(1/2) * (c~2*d*x"2+d) " (1/2) *polylog(2,-(ckx+(c"2*xx"2+1) ~(1/2))
g/ (cxf-(c™2+£72+g™2) ~(1/2))) /g™2/ (c™2%x™2+1) ~(1/2) -b* (c™2+£~2+g~2) ~(1/2) ¥
(c™2*d*x~2+d) ~(1/2) *polylog(2, - (c*xx+(c™2*x"2+1) ~(1/2) ) xg/ (cxf+(c™2*%f"2+g~2
)7(1/2)))/g~2/ (c™2*x"2+1)~(1/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 4.50 (sec) , antiderivative size = 1358, normalized size of antiderivative = 2.05

dx = Too large to display

t/vd+§@¥a+mmmm@@)
f+ygz

input Integrate[(Sqrt[d + c~2*d*x~2]*(a + b*ArcSinh[c*x]))/(f + g*x),x]
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(2%a*g*Sqrt[d + c~2*d*x~2] + 2*a*Sqrt[d]*Sqrt[c”2*f~2 + g~2]*Log[f + g*x]
- 2xaxc*Sqrt [d] *f*Log[c*d*x + Sqrt[d]*Sqrt[d + c~2xd*x~2]] - 2*a*Sqrt[d]*S
qrt[c™2*f72 + g~2]*Log[d*(g - c~2*f*x) + Sqrt[d]*Sqrt[c™2*f~2 + g~2]*Sqrt[
d + c™2*d*x"2]] + bxSqrtld + c”2xd*x"2]*((-2*c*kg*x)/Sqrt[1l + c™2*x~2] + 2%
gxArcSinh[c*x] - (cxfxArcSinh[c*x]~2)/Sqrt[l + c™2*x72] + (2%x((-I)*c*f + g
)*(Ixcxf + g)*(((-I)*Pi*ArcTanh[(-g + c*f*Tanh[ArcSinh[c*x]/2])/Sqrt[c™2*f
~2 + g~2]11)/Sqrt[c™2*f~2 + g~2] - (2%ArcCos[((-I)*c*f)/gl*ArcTanh[((c*f +
Ixg)*Cot [(Pi + (2*I)*ArcSinh[c*x])/4]1)/Sqrt[-(c"2*f"2) - g~2]] + (Pi - (2%
I)*ArcSinh[c*x])*ArcTanh[((c*f - I*g)*Tan[(Pi + (2*I)*ArcSinh([c*x])/41)/Sq
rt[-(c”2xf~2) - g~2]] + (ArcCos[((-I)*cx*f)/g] - (2*I)*ArcTanh[((cxf + Ixg)
*Cot [(Pi + (2*I)*ArcSinh[c*x])/4])/Sqrt[-(c 2*£~2) - g~2]1 - (2*I)*ArcTanh
[((cxf - I*g)*Tan[(Pi + (2*I)*ArcSinh[c*x])/4])/Sqrt[-(c"2*x£72) - g~2]]1)+*L
ogl((1/2 - 1/2)*Sqrt[-(c~2%£"2) - g~2]1)/(E~(ArcSinh[c*x]/2)*Sqrt [(-I)*g]*S
grtlcx(f + g*xx)1)] + (ArcCos[((-I)*c*f)/g]l + (2*I)*(ArcTanh[((c*f + I*g)*C
ot [(Pi + (2#I)*ArcSinh[c*x])/4]1)/Sqrt[-(c"2*x£"2) - g~2]] + ArcTanh[((c*f -
Ixg)*Tan[(Pi + (2*I)*ArcSinh[c#*x])/4])/Sqrt[-(c~2*x£"2) - g~2]1]))*Logl((1/
2 + I/2)*E~(ArcSinh[c*x]/2)*Sqrt[-(c™2*%£72) - g~2]1)/(Sqrt[(-I)*gl*Sqrt [c*(
f + g*xx)]1)] - (ArcCos[((-I)*cxf)/g]l + (2*I)*ArcTanh[((cxf + Ixg)*Cot[(Pi +
(2xI)*ArcSinh[c*x])/4]) /Sqrt[-(c™2%£72) - g~2]])*Log[((I*c*f + g)*((-I)*c
*f + g + Sqrt[-(c™2*f72) - g~2])*(1 + I*Cot[(Pi + (2*I)*ArcSinh[c*x])/4...

output

Rubi [A] (verified)

Time = 2.57 (sec) , antiderivative size = 461, normalized size of antiderivative = 0.69,

number of rules _ 933 Ryules
integrand size

number of steps used = 7, number of rules used = 7,
used = {6260, 6254, 25, 6250, 25, 6271, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzr

/ Vc2dz? + d(a + barcsinh(cz))
f+gz

l 6260

VZzZ+1(a+barcsinh(cz))
vVdde? +d [ oz dx

2z +1

l 6254
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. (—gw2c2—2fw02+g> (a+barCSinh(cz))2 d
J2d? 1 d (c?z%+1) (atbarcsinh(cz))? J- Gron)? z
2bc(f+gzx) 2bc
c2x?2 +1
l 25
(—gw202—2fwc2+g> (a+barcsinh(cz))2 .
Vedz? 4+ d (f+g2)2 dr  (c24241) (a+barcsinh(cz))?
car 2be 2bc(f+g)
c2x? +1
l 6250
c2f2 +1
zc? g2 i h
g+ F¥oz )(a+barcsln (cx)) 2,2 . 5 .
e ( . (chz +1)(a+barcsmh(cz)) | atersarcsinhes)?
2dz2 + d 22241 Frgw g (c222+1) (a-+ba
cax 2bc 2bc(f—
cz? +1
l 25
(“2 L;H arcsinh
S0t gz (a+b (cx)) 2 ¢2 . 9 .
oo . (092 +1)(a+barcsmh(cz)) | Paesiarcsinhie?
Ve2dz? +d © 20241 v Frgw g i (c22?+1) (a+barcs
car 2bc 2bc(f+gz
c2z? +1
| 6271

_ czw(a+bar

g2 (f+gz)Ve2z2+1

b f < barcsinh(cw) (f2 c2 +92:v2c2+fg:v02+g2) a (f2 c2+92m202+fgm02+g2)
C

a2(f+gz)Vc2z2+1

f+gz

2 .2 3
c“f 2
> o (7 +1) (a+varcsinh cz))

vcidx? +d

2bc

l 2009

c2r2 4+ 1
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2 arcsinh(cz)
a\/02f2+gzarctanh % by/c2 £2+4g2 PolyLog 2,—672292 by/c2 £2+4g2 PolyLo
Vx4 +1y/c“f4+g +a\/m+ cf—y\/c“f4+g _
g9

2bc| — 2

g2

vcidz? +d

-

LInt[(Sqrt [d + c2*d*x~2]*(a + bxArcSinh[c*x]))/(f + g*x),x]

\ >

input

(Sqrtld + c™2xd*x~2]*(((1 + c™2*x"2)*(a + bxArcSinh[c*x])~2)/(2xb*c*x(f + g
*x)) + (-((c"2xx*(a + bxArcSinh[c*x])~2)/g) - ((1 + (c™2*x£72)/g"2)*(a + bx
ArcSinh[c*x])~2)/(f + gxx) + 2*bxc*x(-((b*c*x)/g) + (axSqrt[1l + c™2xx"2])/g
+ (bxSqrt[1 + c™2xx"2]*ArcSinh[c*x])/g - (axSqrt[c™2*f~2 + g~2]*ArcTanh[(
g - ¢ 2xfxx)/(Sqrtl[c™2*f~2 + g~2]*Sqrt[1 + ¢ 2*x~2]1)]1)/g~2 + (b*Sqrt[c™2xf
~2 + g~2]*ArcSinh[c*x]*Log[1 + (E"ArcSinh[c*x]*g)/(c*xf - Sqrtl[c™2*f"2 + g~
21)1)/g"2 - (b*Sqrtlc~2x£f~2 + g~2]*ArcSinh[c*x]*Log[1 + (E~ArcSinhl[c*x]*g)
/(cxf + Sqrtlc™2*£f"2 + g72]1)]1)/g"2 + (bxSqrt[c~2*f~2 + g~2]*PolyLog[2, -((
E”ArcSinh[c*x]*g)/(c*f - Sqrtlc™2*£72 + g72]1))1)/g"2 - (b*Sqrtlc™2xf72 + g
~2]*PolyLog[2, -((E"ArcSinh[c*x]*g)/(c*f + Sqrtl[c™2*f"2 + g72]1))1)/g72))/(
2*%b*c))) /Sqrt[1 + c™2*x~2]

output

Defintions of rubi rules used

ruk325tlnt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

s

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

N J

Int[(((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_)*((f_.) + (g_.)*(x_) + (h_.)*(
x_)"2)"(p_.))/((d_) + (e_.)*(x_))"2, x_Symbol] :> With[{u = IntHide[(f + g*
x + h*x"2)"p/(d + exx)"2, x]}, Simp[(a + b*ArcSinh[c*x])"n u, x] - Simp[b
*ckxn  Int[SimplifyIntegrand[ux((a + b*ArcSinh[c*x])~(n - 1)/Sqrt[1 + c™2*x
~21), x1, x1, x1]1 /; FreeQ[{a, b, c, 4, e, £, g, h}, x] && IGtQ[n, O] && IG
tQ[p, 0] && EqQlexg - 2*d*h, 0]

rule 6250
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Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)*((£f_.) + (g_.)*(x_)) " (m_)*Sqr
t[(d.) + (e_.)*(x_)"2], x_Symbol] :> Simp[(f + gxx) m*x(d + e*x"2)*((a + b*A
rcSinh[c*x]) " (n + 1)/(b*cxSqrt[dl*(n + 1))), x] - Simp[1/(b*cxSqrt[dl*(n +
1)) Int[(d*g*m + 2%exf*x + exgx(m + 2)*x"2)*(f + g*x)"(m - 1)*(a + b*ArcS
inh[c*x])~"(n + 1), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && EqQle, c™2%
d] && ILtQ[m, O] && GtQ[d, 0] && IGtQ[n, O]

rule 6254

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 + c~2*x"2)
“p]l  Int[(f + gxx)"mx(1 + c™2*x72) p*(a + b*ArcSinh[c*x])"n, x], x] /; Fre
eQl{a, b, c, d, e, £, g, n}, x] && EqQle, c"2*d] && IntegerQ[m] && IntegerQ
[p - 1/2] & 'GtQ[d, 0]

rule 6260

Int [(ArcSinh[(c_.)*(x_)1*(b_.) + (a_)) " (n_.)*(RFx_)*((d_) + (e_.)*(x_)"2)"(
pP_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p, RFx*(a + b*ArcSinh[c*x
D~n, x1, x] /; FreeQ[{a, b, c, d, e}, x] && RationalFunctionQ[RFx, x] && I
GtQ[n, 0] && EqQle, c~2+d] && IntegerQ[p - 1/2]

rule 6271

Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 747, normalized size of antiderivative = 1.12
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method | result

2.2
C2dfln _9—2+¢ (E+£)2c2d— 262df(gz+£) +d(02f22+92) d(c o+

£\? 2 2°2df(m+£) d(c2f2+92) 24 5

a (x—i—E) cld— ; = _ — )

default :
2 _C2gdf+(z+£)c2d M2, 22af (1) a(c2s2442) a(e2 52+
Y2y 2 (e ]) () c
a (z+§> c?d— g 92 - — B
parts

int((c"2+d*x"2+d)"~(1/2) *(atb*arcsinh (xkc))/ (g#x+1) ,x,method=_RETURNVERBOSE

) |

input

a/g* (((x+£/g) "2kc™24d-2%c™2kdE/gx (x+£/g) +d* (c™2+£72+g72) /g72) " (1/2)~c"2%d
*£/g*1In((-c™2*d*f/g+(x+£/g) *c™2%d) / (c72%d) = (1/2) +((x+£/g) "2*c™2%d-2%c™2%d*
£/g* (x+£/g) +d* (c™2x£72+g72) /g72) " (1/2)) / (c™2%d) = (1/2) —d* (c™2*£"2+g"2) /g~2/
(d*(c™2x£72+g"2) /g72) ~(1/2) *1n ((2*d* (c"2*£72+g~2) /g~ 2-2%c~2*xd*f /g* (x+f/g) +
2% (d* (c™2%£72+g"2) /g~2) ~ (1/2) * ((x+£/g) “2%c~2%d-2%c~2*d*f /g* (x+£/g) +d* (c™2*
£72+g72) /g~2) " (1/2)) / (x+£/g) ) ) +b* (-1/2% (d* (c™2*x"2+1) )~ (1/2) / (c™2*x"2+1) ™ (
1/2)*f*arcsinh (x*c) "2%c/g~2+1/2% (d* (c72%x72+1)) 7 (1/2) * (c™2*%x"2+(c"2%x"2+1)
~(1/2)#x*c+1)* (arcsinh (oke) -1) / (c™24x"2+1) /gHL/2% (d* (c"24x2+1)) " (1/2)* (™
2%x72-(c"2%x"2+1) " (1/2) *x*c+1) * (arcsinh (x*c)+1) / (c™2xx"2+1) /g+(d* (c~2*x~2+
1))"(1/2) % (c™2%£72+"2) " (1/2) / (c"2#x"2+1) " (1/2) * (arcsinh (xxc) ¥1n( (- (xxc+(c
~2%x~2+1) " (1/2) ) *g-cxf+(c 2%E2+g~2) " (1/2)) / (~c*f+(c~2%£"2+g~2) " (1/2)) ) -ar
csinh (x*c) *1n( ((x*c+(c2%x"~2+1) " (1/2)) xg+c*f+(c™2+E2+g~2) ~(1/2)) / (c*f+(c”
2%£72+g72) " (1/2)))+dilog ((-(x*c+(c™2%x~2+1) " (1/2) ) *g-c*f+(c 2*f~2+g~2) ~(1/
2))/ (mc*f+(c™2x£72+g"2) " (1/2) ) ) -dilog (((x*c+(c™2*x~2+1) ~(1/2) ) *g+cxf+(c™2*
£72+g72) " (1/2)) / (cxf+(c™2%£72+g~2) " (1/2)))) /g~2)

output
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Fricas [F]

/ Vd + c2dz?(a + barcsinh(cz)) i / Vc2dz? + d(barsinh (cx) + a)
f+gz - gz +f

lnput‘lntegrate((c 2+d*x~2+d) " (1/2) * (a+b*arcsinh(c*x)) / (g*x+f) ,x, algorithm="fri
cas")

outputLintegral(sqrt(c‘2*d*x*2 + d)*(b*arcsinh(cxx) + a)/(g*x + £), x)

Sympy [F]

/ Vd + c2dx?(a + barcsinh(cz)) s / Vd(cz? 4+ 1)(a + basinh (cz)) i

f+gz f+gz

inputLintegrate((c**2*d*x**2+d)**(1/2)*(a+b*asinh(c*x))/(g*x+f),x)

)
outputLlntegral(sqrt(d*(C**2*X**2 + 1))*(a + brasinh(cxx))/(f + g*x), x)

Maxima [F]

dx

/ Vd + c2dz?(a + barcsinh(cz)) / Vc2dz? + d(barsinh (cz) + a)

f+gz gw+f

integrate ((c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x))/(g*x+f) ,x, algorithm="max

input
ima")

-(cxsqrt(d) *f*arcsinh(c*x) /g2 - sqrt(c”2*d*f£°2/g"2 + d)*arcsinh(c*f*x/abs
(g*x + £) - g/(cxabs(g*x + £)))/g - sqrt(c™2+d*x"2 + d)/g)*a + b*integrate
(sqrt(c™2*d*x~2 + d)*log(c*x + sqrt(c™2*x"2 + 1))/(gxx + ), x)

output

e—
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Giac [F(-2)]

Exception generated.

/ vd + c2dz?(a + barcsinh(cz))

Ftgz dxr = Exception raised: TypeError

‘ integrate ((c~2*d*x~2+d) ~(1/2)* (a+b*arcsinh(c*x))/(g*x+f) ,x, algorithm="gia ‘
C") ‘

input

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const ‘
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ Vd+ c2dz%(a + barcsmh(cx)) / (a + basinh(cz)) vdc? x? +ddx
f+gz f+gz
input Lint(((a + basinh(c*x))*(d + ¢ 2+d*x~2)~(1/2))/(f + g*x),x) J
Outputtint(((a + brasinh(c*x))*(d + c~2%d*x~2)~(1/2))/(f + g*x), x) J
Reduce [F]

/ Vd+ c2dx?(a + barcsmh(cx))
f+oz

VA (2T S aton( ‘T) ol + VP Tag + ([ YNz ) b — log (VT
tnput Lint ((c~2*d*x~2+d) ~ (1/2) * (a+b*asinh (c*x)) / (g*x+£) ,x) J




output
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‘(sqrt(d)*(2*sqrt(c**2*f**2 + gxx2)*xatan((sqrt (cx*2xx**2 + 1)xg*i + c*xfxi +
\ ckgxixx)/sqrt (cx*2xf**2 + gkx2))*kaxi + sqrt(ck*2*x**2 + 1)*axg + int((sqr
\t(c**2*x**2 + 1)#*asinh(c*x))/(f + g*x),x)*bxg**x2 - log(sqrt(cx*2*xx**2 + 1)
‘ + c*xx)*akxcxf))/gx*x2
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d+c2dz?(a+barcsinh(cz))
3.38 [V C dz
(f+9)

Optimal result . . . . . . . . . . . . .
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 310
Rubi [A] (verified) . . . . . . .. . . B11]
Maple [B] (verified) . . . . . . . ... 314
Fricas [F] . . . . . . .
Sympy [F] . . . 316

Maxima [F] . . . . . o 316

Giac [F(-2)] .« o o v o 316

Mupad [F(-1)] . . . . . e B17
Reduce [F] . . . . . o B17

Optimal result

Integrand size = 30, antiderivative size = 781

/ Vd + c2dz?(a + barcsinh(cz))

(f + gz)? &

9(f+gz) g(f + gz)

_avd+cda?  bv/d+ cida?arcsinh(cx) N ac® f2y/d + c2dz?arcsinh(cz)
g (2f? +g*) V1+ c%a?

N bc® f2v/d + c2dz?arcsinh(cr)? (g9 cfz)* Vd+ 2dz*(a + barcsinh(cz))?

292 (2 f? + g*) V1 + a2 2bc (2 f2 + ¢2) (f + g2)°V1 + c*2?

N V1 + c2x2v/d + c?dz?(a + barcsinh(cz))?

2be(f + gz)?
—C2 x
+ ac2f\/marctanh ( \/62f2g+g251+c2m2)

VA + g2V 1 + 2a?

, . M)
b VAT EdFarcsinh(er) log (1+ £
PVEPF PV
, s arcsmh(cm)g )
bc? f+/d + c2dz?arcsinh(cz) log (1 T Ve

P2VEF g2V + 2

+

earcsinh(cz)

| bev/d+ Pda?log(f +ga) bV + PdatPolylog (2~ s

9?1+ c2z? GV A2+ g2V/1 + 2x?

) o _ ea.rcsinh(cw)g )
be® f+/d+ c2da? PolyLog (2, - 0,

+
Ve + g?V1 + 2
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—ax(c™2xd*x"2+d) ~(1/2) /g/ (gxx+£f) -b* (c"2xd*x~2+d) " (1/2) *arcsinh(c*x) /g/ (g*x
+f)+a*xc”3*x£ 2% (c"2*d*x"2+d) ~(1/2) *arcsinh(c*x) /g~2/ (c™2+%£"2+g~2) / (c"2*x"2+
1)~ (1/2)+1/2%bxc~3*f ~2% (c~2*d*x~2+d) ~(1/2) *arcsinh (c*x) ~2/g~2/ (c"2*£~2+g~2
)/ (c™2%x72+1) ~(1/2) -1/2% (—c™2xf*x+g) “2* (c"2*d*x"2+d) " (1/2) * (a+b*arcsinh (c*
x))"2/b/c/(c”2%£72+g"2) / (g*x+£) "2/ (c"2*x"2+1) ~(1/2) +1/2* (c"2*x~2+1) ~(1/2) *
(c™2*d*x~2+d) ~(1/2) * (atb*arcsinh(c*x) ) ~2/b/c/ (gxx+f) “2+a*xc”™2xf* (c™2*d*x"2+
d)~(1/2)*arctanh ((-c"2*f*x+g) / (c"2*£"2+g~2) ~(1/2) / (c™2*x~2+1)~(1/2)) /g~2/(
c"2x£72+g72) " (1/2) / (c™2*x"2+1) " (1/2) -b*c~2xf* (c~2*d*x~2+d) " (1/2) *arcsinh(c
*x) *1n (1+ (cxx+(c™2%x72+1) ~(1/2) ) *g/ (cxf-(c™2*£72+g~2) " (1/2)) ) /g~2/ (c"2x£~2
+g72)7(1/2) / (c™2%x72+1) " (1/2) +b*c”™2x£* (c™2*d*x"2+d) ~ (1/2) *arcsinh (c*x) *1n(
1+ (c*x+(c™2%x72+1) " (1/2) ) *g/ (cxf+(c™2*£2+g~2) ~(1/2))) /g~2/ (c~2*£~2+g~2) ~ (
1/2) / (c™2%x72+1) " (1/2) +b*c*x (c™2xd*x~2+d) ~ (1/2) *1n (g*x+£f) /g~2/ (c~2*xx~2+1) ~(
1/2) -b*xc™2xf* (c™2*d*x~2+d) " (1/2) *polylog(2,-(c*x+(c~2*x~2+1) " (1/2) ) *g/ (c*£
-(c™2x£72+g"2)~(1/2))) /g~2/ (c"2x£"2+g~2) " (1/2) / (c™2*x~2+1) " (1/2) +b*c 2% * (
c"2xd*x"2+d) " (1/2) *polylog(2, - (c*xx+(c™2*x"2+1) ~(1/2) ) *g/ (c*f+(c"2*£~2+g~2)
~(1/2)))/g~2/ (c™2*£~2+g~2) ~(1/2) / (c™2*x~2+1)~(1/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 7.44 (sec) , antiderivative size = 1384, normalized size of antiderivative = 1.77

dx = Too large to display

l/vd+@@¥a+wmwm@@)
(f +gz)?

input Integrate[(Sqrt[d + c"2xd*x"2]*(a + bxArcSinh[c*x]))/(f + g*x)~2,x]
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((-2%axg*Sqrt[d + c™2%d*x~2])/(f + g*x) - (2*a*xc~2%Sqrt[d]*f*Log[f + g*x])
/Sqrt[c™2*£72 + g~2] + 2xaxc*Sqrt[d]*Loglcxd*x + Sqrt[d]*Sqrt[d + c ~2xd*x~
2]1] + (2xa*c”2xSqrt[d]*fxLogld*(g - c~2*f*x) + Sqrt[d]*Sqrtl[c™2*xf"2 + g~2]
*Sart[d + c™2xd*x"2]])/Sqrt[c™2*f72 + g~2] + b*c*Sqrtld + c ™ 2*d*x~2]*((-2%
gxArcSinh[c*x])/(c*f + c*g*x) + ArcSinh[c*x]~2/Sqrt[1 + c™2*x72] + ((2*I)=*
cxf*PixArcTanh[(-g + c*f*Tanh[ArcSinh[c*x]/2])/Sqrtlc™2*f~2 + g~2]1)/(Sqrt
[c™2%£72 + g~2]*Sqrt[1 + c™2*x"2]) + (2xLogl[1l + (g*x)/f])/Sqrt[1l + c™2*x"2
1 + (2xcxf*(2%ArcCos [((-I)*c*f)/gl*ArcTanh[((c*f + Ixg)*Cot[(Pi + (2*I)*Ar
cSinh[c*x])/4]1)/Sqrt[-(c"2%£72) - g~2]] + (Pi - (2*I)*ArcSinh[c*x])*ArcTan
h[((cxf - Ixg)*Tan[(Pi + (2*I)*ArcSinh[c*x])/4]1)/Sqrt[-(c™2%£~2) - g~2]] +

(ArcCos[((-I)*c*f) /gl - (2*I)*ArcTanh[((c*f + Ixg)*Cot[(Pi + (2*I)*ArcSin
hlc*x])/4]1)/Sqrt[-(c™2%£72) - g~2]] - (2*I)*ArcTanh[((c*f - I*g)*Tan[(Pi +

(2+I)*ArcSinh[c#*x])/4]) /Sqrt [-(c™2*£"2) - g~2]1]1)*Log[((1/2 - I/2)*Sqrt[-(
c"2x£f72) - g~2])/(E" (ArcSinh[c*x]/2)*Sqrt [(-I)*gl*Sqrt[cx(f + g*x)])] + (A
rcCos[((-I)*cxf)/g]l + (2*I)*(ArcTanh[((c*f + I*g)*Cot[(Pi + (2*I)*ArcSinh[
c*x])/4]1)/Sqrt[-(c™2x£72) - g"2]] + ArcTanh[((c*f - I*g)*Tan[(Pi + (2*I)*A
rcSinh[c*x])/4]1)/Sqrt[-(c™2*£72) - g~2]]1))*Log[((1/2 + I/2)*E~(ArcSinh[c*x
1/2)*Sqrt[-(c™2x£72) - g2])/(Sqrt[(-I)*gl*Sqrtlc*x(f + g*x)1)] - (ArcCos[(
(-I)*c*f) /gl + (2*xI)*ArcTanh[((cxf + Ixg)*Cot[(Pi + (2*I)*ArcSinh[c*x])/4]
)/Sart [-(c™2%£72) - g~2]1)*Log[((I*c*f + g)*((-I)*cxf + g + Sqrt[-(c™2*...

output

Rubi [A] (verified)

Time = 2.78 (sec) , antiderivative size = 572, normalized size of antiderivative = 0.73,

number of rules _ 0.233, Rules

number of steps used = 7, number of rules used = 7, integrand size

used = {6260, 6254, 27, 6249, 27, 6271, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzr

/ Vc2dz? + d(a + barcsinh(cz))
(f +92)°

l 6260

VZdZ +d I \/m(zlf-ifar)(;sinh(cx)) dr
gx

c2x? +1

l 6254
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. 2 (g—csz) (a+barCSinh(cw))2
\/mi (c2z2+1) (a+barcsinh(cz))? _ - (F+g2)3 z
2be(f+gx)? 2bc
22 +1
| 27
f (g—czfm)(a+barCSinh(cw))2d inh
5T T (Ftga)3 % (c2z?+1)(a+barcsinh(cz))?
ctdz® +d be + 2be(f+gz)?
2r?+1
| 6249
% f (g—c2fz)2(a+barcsinh(cz)) (g—czfz)2(a+barcsinh(cz))2
—2bc [ — z— .
5022 1 d 2(c2f2+92) (f+92)2Ve2a2+1 2(c2£2+92) (f+g2)2 (c2z2+1) (a+barcsinh(cz))?
ccdz? + e + 2bc(f+gx)2
2 +1
| 27
2, )2 inh
(g—c fz) (a+bATCSINI (cx)) .
be [ (f+g2)2Vc2z2+1 dw _ (g—c2fz)2(a+barcslnh(cz))2
NEFr 2 f2+g? 2(c2f2+92) (f+g2)2 (c2z?+1) (a+barcsinh(cz))?
ccdxz? + Be + 2bc(f+gx)?
Veiz? +1
| 6211
) barCSinh(cm)(c2fa:—g)2 a(czfa:—g)2
be z)2V 22241 z)2V 22241 4 2 2 i h 2
(f+gz) + (f+gz) + (g—c fa:) (a+barcsinhcz))
m 2f2+g2 2(c2/2+42) (f+g2)2 (c®22+1) (a-+barcsinh(cz))?
cfar” + bc + 2bc(f+gx)?

c2z? +1

l 2009
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2
ach\/02f2+g2arCtanh< g—c”fz ) bczf\/;
oo | ac®£2arcsinhies) VeZaZi1\/e224¢2 ) aVe2a241(2f249%) 1.3 2aresinh(es)?
c 2 + 2 - + 2 -
g g g9(f+gz) 2g

vc2dz? +d

input‘ Int[(Sqrt[d + c 2*d*x~2]*(a + b*ArcSinh[c*x]))/(f + g*x)~2,x]

(Sart[d + c™2*d*x~2]*(((1 + c™2*x"2)*(a + b*ArcSinh[c*x])~2)/(2*bxc*(f + g
*xx)"2) + (-1/2x((g - c™2xf*x)~2%(a + b*ArcSinh[c*x])~2)/((c™2*£72 + g~2)*(
f + gxx)72) + (bkckx(-((a*x(c™2*f72 + g~2)*Sqrt[1 + c™2*x72])/(gx(f + g*x)))
+ (axc™3*f"2xArcSinh[c*x])/g"2 - (bx(c™2*xf"2 + g~2)*Sqrt[1 + c~2*x~2]*Arc
Sinh[c*x])/(g*x(f + g*x)) + (bxc~3*f"2xArcSinh[c*x]~2)/(2*g~2) + (akc™2xf#*S
qrt[c™2#f~2 + g~2]*ArcTanh[(g - c™2*f*x)/(Sqrtlc™2*f~2 + g~2]*Sqrt[1 + c~2
*x72]1)])/g"2 - (bxc™2*f*Sqrt[c™2*f~2 + g 2]*ArcSinh[c*x]*Log[1 + (E~ArcSin
hlc*xx]*g)/(cxf - Sqrtlc™2*f72 + g~2])]1)/g"2 + (bxc 2xf*Sqrt[c™2*f"2 + g~2]
xArcSinh[c*x]*Log[1 + (E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f"2 + g~2])])/g"2
+ (bxcx(c™2%£72 + g~2)xLogl[f + gxx])/g"2 - (bxc™2*f*Sqrt[c™2+f"2 + g 2]*P
olyLog[2, -((E"ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f~2 + g~2]))]1)/g"2 + (b*c™2
*xfxSqrt [c™2*f~2 + g~2]*PolyLog[2, -((E"ArcSinh[c*x]*g)/(cxf + Sqrt[c™2*f~2
+ g721))1)/g72))/(c™2*£72 + g~2))/(b*c)))/Sqrt[1 + c™2xx"2]

output

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
1tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1] ‘

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_)*((d_) + (e_.)*(x_)) " (m_)*((f_.
) + (g_.)*(x_))"(p_.), x_Symbol] :> With[{u = IntHide[(f + gkx) p*(d + e*x)
“m, x]}, Simp[(a + b*ArcSinh[c*x])"n u, x] - Simp[b*c*n Int[SimplifyInt
egrand [ux((a + bxArcSinh[c*x])~(n - 1)/Sqrtl[l + c™2*%x~2]), x], x], x]]1 /; F
reeQ[{a, b, c, d, e, £, g}, x] && IGtQ[n, 0] && IGtQ[p, O] && ILtQ[m, 0] &&
LtQ[m + p + 1, 0]

rule 6249

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(a_.)*((£f_.) + (g_.)*(x_)) " (m_)*Sqr
t[(d) + (e_.)*(x_)"2], x_Symbol]l :> Simp[(f + g*x) m*(d + e*x~2)*((a + b*A
rcSinh[c*x])~(n + 1)/(b*cxSqrt[dl*(n + 1))), x] - Simp[1/(b*c*Sqrt[d]*(n +
1))  Int[(d*g*m + 2xe*f*x + exgk(m + 2)*x"2)*(f + gkx)"(m - 1)*(a + bxArcS
inh[c*x])~(n + 1), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && EqQ[e, c™2%
d] && ILtQ[m, O] && GtQ[d, 0] && IGtQ[n, O]

rule 6254

rule 6260 Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.)) " (n_.)*x((f_ ) + (g_,)*(x_))‘(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)7p/(1 + c~2%x"2)
“pl]  Int[(f + g*x)"m*x(1 + c”2%x"2) p*(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, c, d, e, £, g, n}, x] && EqQle, c”2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] && 'GtQld, O]

N\ J

Int [(ArcSinh[(c_.)*(x_)1*(b_.) + (a_)) " (n_.)*(RFx_)*((d_) + (e_.)*(x_)"2)"(
P_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p, RFxx(a + b¥ArcSinh[c*x
1)°n, x]1, x] /; FreeQ[{a, b, c, d, e}, x] && RationalFunctionQ[RFx, x] && I
GtQ[n, 0] && EqQle, c™2*d] && IntegerQ[p - 1/2]

rule 6271

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1700 vs. 2(745) = 1490.

Time = 1.60 (sec) , antiderivative size = 1701, normalized size of antiderivative = 2.18

method | result size

default | Expression too large to display | 1701
parts Expression too large to display | 1701
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int ((c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(x*c)) / (gxx+f) ~2,x ,method=_RETURNVERBO

input
SE)

a/g"2x(-1/d/(c™2x£"2+g"2) *g~2/ (x+£/g) * ((x+£/g) " 2*c~2xd-2xc~2xd*f /g* (x+f/g)
+d* (c™2*£72+g72) /g72) " (3/2) -c"2*f*xg/ (c"2*x£"2+g~2) * (((x+£f/g) "2*c~2*d-2%c~2*
dxf/g* (x+£/g) +d* (c™2*x£72+g~2) /g~2) " (1/2) —-c~2*d*f/g*x1n ((-c~2*xd*f/g+(x+f/g) *
c”2%d) / (c™2%d) ~(1/2) +((x+£/g) "2*c~2*d-2*c~2*d*f /g (x+£ /g) +d* (c"2*%£~2+g~2) /
g72)7(1/2))/(c™2%d) " (1/2) -d* (c™2*£"2+g~2) /g~2/ (d* (c"2+£~2+g~2) /g~2) ~(1/2) *
In((2%d* (c™2*x£72+g~2) /g~ 2-2xc”2*xd*f/gx (x+f/g) +2x (d* (c"2*f"2+g~2) /g~2) " (1/2
)* ((x+£/g) "2xc™2xd-2%c™2%dxf/ gk (x+£/g) +d* (c™2x£~2+g~2) /g~2) " (1/2) ) / (x+£/g)
))+2%c™2/ (c™2x£72+g72) *g " 2% (1/4x (2% (x+£/g) *c"2%d-2xc~2*d*f/g) /c~2/d* ((x+£/
g) "2xc"2+d-2xc"2*d*f/gx (x+£/g) +d* (c™2+£72+g~2) /g~2) " (1/2) +1/8* (4xc~2%d "~ 2% (
cT2+£72+g"2) /g"2-4*c"4xd"2x£72/g"2) /c~2/d*1n ((-c~2*d*f/g+(x+f/g) *c~2*d) / (c
~2%d) ~(1/2)+((x+£f/g) "2%c™2xd-2%c~2xd*f/g* (x+f/g) +d* (c"2*x£~2+g~2) /g~2) " (1/2
))/(c™2*%d) " (1/2)))+1/2%bx (d* (c™2%x~2+1)) ~(1/2) / (c~2*x~2+1) ~(1/2) *arcsinh(x
*C) "2xc/g 2+bx (d* (c™2*x~2+1) )~ (1/2) *arcsinh (x*c) /(c"2*x"2+1) /g~ 2/ (g*x+f) *x
“3%c”4*xf-bx(d*(c"2*xx"2+1)) ~(1/2) *arcsinh(x*c) /g~ 2/ (g*x+f) *x*c~2*f-b* (d* (c~
2%x72+1)) " (1/2) *arcsinh(x*c) / (c"2xx"2+1) /g/ (g*x+f ) *x~2%c™2+b* (d* (c™2%x"2+1
))~(1/2)*arcsinh(x*c) /(c™2xx"2+1) " (1/2) /g/ (g*x+f) *x*xc+b* (d* (c™2*x"2+1) )~ (1
/2)*arcsinh (x*c)/(c~2%x"2+1) /g~2/ (gxx+£) *x*kc™2%£+bk (d* (c~2%x~2+1)) ~(1/2) *a
rcsinh(x*c)/(c™2*x"2+1) " (1/2) /g~2/ (gxx+£) *c*f-b* (d* (c"2*x"2+1) )~ (1/2) *arcs
inh(x*c)/(c™2xx"2+1) /g/ (g*x+£) -b*k (d* (c™2*x"2+1) )~ (1/2) / (c™2*x"2+1) " (1/2) /g
~2/(c”2*x£72+g"2) " (1/2) *c"2*1n ( (- (x*c+(c™2*x"2+1) ~(1/2) ) xg—c*xf+(c™2*x£"2+. .

output

Fricas [F]

/ Vd + c2dz?(a + barcsinh( cx)) / Vc2dz? + d(barsinh (cx) + a)
(f +gz)? (gz + f)?

-

integrate((c~2*d*x~2+d) ~(1/2)*(at+tb*arcsinh(c*x))/(g*x+f) "2,x, algorithm="f

input
ricas")

integral (sqrt(c™2*d*x~2 + d)*(b*arcsinh(c*x) + a)/(g™2*x"2 + 2*f*g*x + £72

output
), x)
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Sympy [F]

/\/d+c2d:c2 (a + barcsinh(cz)) x_/\/ (c2x? + 1)(a + basinh ( cx))d

(f + gz)? (f + g2)°

inputLintegrate((C**Q*d*x**2+d)**(1/2)*(a+b*asinh(c*x))/(g*x+f)**2,x)

p
output tlntegral(sqrt(d*(c**g*x**z + 1))*(a + bxasinh(c*x))/(f + gkx)**2, x)

e—

Maxima [F]

/ Vd + c2dz?(a + barcsinh( cx)) / Vv c2dz? + d(barsinh (cx) + a)
(f +g7)? (9z + f)?

input
‘axima")

‘integrate((c‘2*d*x“2+d)‘(1/2)*(a+b*arcsinh(c*x))/(g*x+f)‘2,x, algorithm="m

output ‘

(c"2*d*f*arcsinh(c*f*x/(gxabs(x + £/g)) - 1/(c*abs(x + £/g)))/(sqrt(c™2*d

‘*f 2/g"2 + d)*g~3) - c*sqrt(d)*arcsinh(c*x)/g~2 + sqrt(c™2*d*x"2 + d)/ (g2
‘*x + f*g))*a + b*integrate(sqrt(c™2xd*x~2 + d)*log(cxx + sqrt(c™2*x"2 + 1)

‘)/(g“Q*x‘2 + 2xfxgxx + £72), x)

Giac [F(-2)]

Exception generated.

/ Vd + c2dz?(a + barcsinh(cz))

dr = Exception raised: TypeError
(f +gz)?

input ‘ integrate((c”2*d*x~2+d) ~(1/2)*(atb*arcsinh(c*x))/(g*x+f) "2,x, algorithm="g

‘ iac")

N
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Output‘Exceptlon raised: TypeError >> an error occurred running a Giac command:IN
‘PUT sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const ‘
‘1ndex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

dzx

/ Vd+ c2dx?(a + barcsmh(cx)) / (a+ basinh(cz)) Vdc2 2?2 +d
(f +gz)? (f+ gac)2

input 18t(((a + brasinh(cxx))*(d + c™24d*x"2)"(1/2))/(£ + gxx)"2,x) J
ou‘cpu‘ctint(((a + b*asinh(c*x))*(d + c™2*d*x"2)7(1/2))/(f + g*x)~2, x) J
Reduce [F|

/ Vd+ c2dx?(a + barcsmh(cx))

(f + gz)?
e G e T
inputtint((CAQ*d*XA2+d)A(1/2)*(a+b*asinh(c*x))/(g*x+f)*2,x) J
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(sqrt(d)*( - 2*sqrt(c**2xf*x2 + gxx2)xatan((sqrt (cx*2xx**2 + 1)*gki + c*f*
i + cxgki*x)/sqrt(ck*2xEx*2 + gxk2))kakck*k2kL*k*2ki — 2+sqrt (ck*2+%L**2 + gk
*x2) *atan ((sqrt (ck*2xx**x2 + 1)*gki + cxf*i + cxg*i*x)/sqrt(cx*2*xf**2 + gk*2
)) *axckx2+xfxgikx — sqrt(ck*2xx**x2 + 1)*akck*x2*xL*x*2xg — sqrt(cx*2*x*k*2 + 1
Y*axgx*3 + int ((sqrt(c**2*xx**2 + 1)*asinh(c*x))/(£**2 + 2kEfxgxx + gr*kkx**
2) ,x) ¥bkcx*2xf**3kgx*2 + int ((sqrt(c**2*x**2 + 1)*asinh(c*x))/(£**2 + 2xf*
XX + gk*k2kx**2) ,X) kbkck*k2*f*k*¥2*kgk*3*%x + int ((sqrt(c**2xx*x2 + 1)+*asinh(c*
X))/ (£x%2 + 2%fkgxx + gk*x2*x*k*2) ,x)¥bxf*g*k*x4d + int ((sqrt(cx*2xx**2 + 1)*as
inh(c*x) )/ (£x*%2 + 2*kf*gkx + gk*x2*xx**2) ,X)*bkg**5*x + log(sqrt (cx*2*x**2 +
1) + ckxx)*axcx*x3xf**3 + log(sqrt (cx*2*x**2 + 1) + c*x)*axck*3kf*x2xgxx + 1
og(sqrt (cx*2xx**x2 + 1) + c*x)*akckf*gx*2 + log(sqrt(ck*2kx**2 + 1) + c*x)*
axcxg*kx3xx) )/ (gk*2% (CHk2xE**3 + Ck*k2kLk*2kgkx + L*gk*2 + gx*3%x))

output
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3.39 [(f+gz)® (d + c2dz?)*”? (a-+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. .
Rubi [A] (verified) . . . . . . . . . . 3211
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o e 324
Sympy [F] . . o
Maxima [F(-2)] . . . . . . o
Giac [F(-2)] . . . o o o
Mupad [F(-1)] . . . .o 326
Reduce [F] . . . . o

Optimal result

Integrand size = 30, antiderivative size = 868

/(f + gz)® (d+ czdaﬁz)?’/2 (a + barcsinh(cz)) dz =

_ 3bdf?gzv/d + c?dx? N 2bdg°z/d + c*dx®  3bedfz?/d + c*da?
5¢vV1 4+ c2x? 35¢3v/1 + c2a? 16v/1 + c2z?
_ 3bdfg*a*Vd + c*dz®  2bedf?gx’/d + c*da?

32¢y/1+ c2a? 5V/1 + 2z
bdgz3\/d + c2dx?  Thedfg?x*/d + c2dx?  3bcldf?gx®/d + c2dx?
©105evIt+ ez 321tz 25/1+ R
8bcdgz®V/d + c2dx?  bcldfg*aby/d+ c2dx?  bcPdgPz"/d + c2da?
CoanViterr 12V1+ca? 491+ ca?

bdfP(1+ a?)*? Vi + Pda?

+ gdf%v d + c2dx?(a + barcsinh(cx))

16¢
2 2 2 .
+ 3df g>z/d + ¢ d:;GEg + barcsinh(cx)) N g if m(a + barcsinh(cz))
2 2 7..2\5/2
+i Fio(d+cda?)"? (a+barcsinh(cr) +% Fo?2% (d+cda?)? (a+barcsinh(cz)) L 3%9(d+ Pdr )502(3 +
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-3/5xb*d*f ~2kgxx* (cT2%d*x"2+d) ~(1/2) /c/ (c™2*x72+1) = (1/2) +2/35%b*d*g~3*x* (c
~2xd*x~2+d) ~(1/2) /c~3/ (c™2*x”2+1) "~ (1/2) -3/16*b*ckd*f ~3*x"2* (c"2*d*x~2+d) ~ (
1/2)/(c™2%x72+1) " (1/2) -3/32*b*d*L*g~2%x 2% (c~2*d*x"2+d) ~(1/2) /c/ (c™2*x"2+1
)~ (1/2)-2/5%b*ckd*f " 2xg*x~3* (c™2xd*x~2+d) " (1/2) / (c™2*x~2+1) " (1/2)-1/105%bx*
d*g~3%x"3*(c"2xd*x"2+d) " (1/2) /c/ (c™2%x~2+1) " (1/2) -7/32%b*cxd*f*g~2*x~4* (c”
2xd*xx"2+d) " (1/2) / (c™2*x"2+1) " (1/2) -3/25%b*c~3*d*f ~2*kg*x 5% (c"2*d*x~2+d) ~ (1
/2)/(c™2%x72+1) " (1/2)-8/175xbxcxd*g~3*x~5* (c™2*d*x~2+d) ~(1/2) / (c™2*x~2+1) "
(1/2)-1/12xbxc~3*d*f*xg~2%x~6* (c~2*d*x~2+d) ~ (1/2) / (c~2%x~2+1) " (1/2) -1/49%b*
C73%d*g " 3*x"T* (cT2xd*x"2+d) " (1/2) / (c™2*x72+1) " (1/2) -1/16%b*d*f ~3* (c™2*x~2+
1)7(3/2)*(c™2*d*x~2+d) ~ (1/2) /c+3/8*d*£~3*x* (c~2*d*x~2+d) ~ (1/2) * (a+b*arcsin
h(c*x))+3/16*d*fxg~2*x* (c~2*%d*x~2+d) ~ (1/2) * (a+b*arcsinh(c*x) ) /c~2+3/8*d*f*
g™ 2%x" 3% (c"2xd*x"2+d) " (1/2) * (a+b*arcsinh (c*x) ) +1/4*f ~3*x* (c™2xd*x~2+d) ~ (3/
2)*(at+b*arcsinh(c*x) ) +1/2*%fxg~2xx~3* (c~2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x))
+3/5%£"2%g* (c"2*d*x~2+d) ~(5/2) * (atb*arcsinh(c*x) ) /c~2/d-1/5*%g~3* (c~2*d*x"2
+d) = (5/2) * (atb*arcsinh(c*x) ) /c”~4/d+1/T*g 3% (c~2*d*x~2+d) ~ (7/2) * (a+b*arcsin
h(c*x))/c”4/d"2+3/16%d*f 3% (c~2*d*x~2+d) ~ (1/2) * (a+b*arcsinh(c*x)) ~2/b/c/(c
“2%x72+1) " (1/2)-3/32*d*f*xg~2* (c~2*d*x"2+d) " (1/2) * (at+b*arcsinh(c*x)) ~2/b/c”
3/ (c™2*x~2+1)~(1/2)

output

Mathematica [A] (verified)

Time = 1.50 (sec) , antiderivative size = 536, normalized size of antiderivative = 0.62

/(f + gz)® (d+ CQd:cQ)?’/2 (a

—d?(1 4 *2?) (—1680av/1 + 2x2(—32¢° + *g(336 f2 + 105 f gz + 16¢°x%) + 483

+barcsinh(cz)) dz =

input{Integrate[(f + g*x) 3% (d + c72%d*x72)7(3/2)*(a + bxArcSinh[c*x]),x]




CHAPTER 3. LISTING OF INTEGRALS 321

(-(d"2%(1 + c™2%x72)*(-1680*a*Sqrt[1 + c™2*xx"2]*(-32xg~3 + c~2*g*(336*f~2
+ 105*fkgxx + 16%g"2%xX"2) + 4*c”6*x"3*(35*£73 + 84*f " 2kgkx + TO*f*g 2%xx~2
+ 20%g~3%x73) + 2xc”4*xx*(175%£73 + 336xf " 2xg*x + 245*%f*g~2*x"2 + 64xg~3*x”
3)) + b*(-35%c*g~2%(245+%f + 1536%g*x) + T7Oxc 3% (1785%f"3 + 8064*f 2%g*x +
1260*f*g~2%x"2 + 128%g~3%x"3) + 168%c”5*x"2*(1750*f73 + 2240*f " 2xg*x + 122
Exfxg~2%x"2 + 256%g~3%x"3) + 16%c”T*x"4*(3675%f73 + TO56%f 2*g*x + 4900%f*
g72%x72 + 1200%g~3%x"3)))) + 88200%bkckxd~2*f* (2%c™2*f72 - g"2)*(1 + c™2*x”
2)*ArcSinh[c*x] "2 + 176400%a*c*d”(3/2)*f*(2kxc™2+%f"2 - g~2)*Sqrt[1 + c™2*x~
2]*Sqrt[d + c~2*d*x"2]*Loglc*d*x + Sqrt[d]*Sqrt[d + c™2*d*x~2]] + 420%b*d”
2% (1 + c”2xx"2)*ArcSinh [c*x]*(35*c*f*(16%xc™2*f~2 - 3*g~2)*Sinh[2*ArcSinh[c
*x]] + 3B*kckxfx(2xc™2+f72 + 3%g~2)*Sinh[4*ArcSinh[c*x]] + gkx(64*(1 + c 2%x~
2)7(5/2)*%(~2*%g~2 + c"2*(21*£72 + bxg~2*x"2)) + 3b5*c*f*gxSinh[6*ArcSinh [c*x
11)))/(940800%c~4*Sqrt [1 + c~2*x~2]*Sqrt[d + c~2*xd*x~2])

output

Rubi [A] (verified)

Time = 2.01 (sec) , antiderivative size = 488, normalized size of antiderivative = 0.56,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (Pdz? + d) 3/2 (f + gz)3(a + barcsinh(cz)) dz

| 6260

dvctdz? +d [ (f + gx)° (P2 + 1)3/2 (a + barcsinh(cz))dz
A2z +1
| 6253

dvctdz? +d [ ((023:2 + 1)3/2 (a + barcsinh(cz)) f2 + 39z (*z? + 1)3/2 (a + barcsinh(cz)) f2 + 3¢g2z%(c?z? + 1)

c2r? +1

l 2009
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dvc?dx? + d(—3f92(a+b§;?cs3inh(w))2 + 13z (22 + 1)3/2 (a + barcsinh(cz)) + 3 f3zv/c2z2 + 1(a + barcsinh(ca

r

LInt[(f + g*x)"3*(d + c”2*d*x"2)"(3/2)*(a + b*ArcSinh[c*x]),x]

| —

input

(d*Sqrt[d + c™2xd*x~2]*((-3*b*f~2xg*x)/(5xc) + (2xb*g~3*x)/(35%c"3) - (5*b
*xcxf~3%x72) /16 - (3*%b*f*g~2*%x"2)/(32%c) - (2%b*c*f~2*g*x~3)/5 - (b*g~3*x~3
)/ (105%c) - (b*c™3*f£73*x74)/16 - (T*b*c*f*g~2%x"4)/32 - (3*bxc~3*f 2%g*x~5
)/25 - (8*b*cxg~3%x75)/175 — (b*c~3*f*g~2xx76) /12 - (bxc~3%g~3*x77)/49 + (
3xf~3*x*Sqrt[1 + c™2*x"2]*(a + b*ArcSinh[c*x]))/8 + (3*f*g~2*x*Sqrt[1 + c~
2%x"2]*(a + bxArcSinh[c*x]))/(16*%c™2) + (3*f*g~2*x~3*Sqrt[1 + c 2*x"2]*(a
+ bxArcSinh[c*x]))/8 + (£73*x*(1 + c”2*x72)~(3/2)*(a + bxArcSinh[c*x]))/4
+ (fxg~2*%x73*(1 + c™2*x"2)~(3/2)*(a + bxArcSinh[c*x]))/2 + (3*£~2*g*(1 + c
~2%x72) " (5/2)*(a + b*ArcSinh[c#*x]))/(5%c”2) - (g™3*(1 + c~2%x"2)"(5/2)*(a
+ b*ArcSinh[c*x]))/(5*xc™4) + (g~3*(1 + c™2*xx72)"(7/2)*(a + b*ArcSinh[c*x])
)/ (7T*c~4) + (3%f"3x(a + b*ArcSinh[c*x])~2)/(16%bxc) - (3*xfxg~2*(a + b*ArcS
inh[c*x])~2)/(32*%b*c”~3)))/Sqrt[1 + c™2*x"2]

output

Defintions of rubi rules used

rule 2009 Intlu_, x_Symbol]l :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(a_.)*((£f_ ) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a
+ b*ArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] & ((EqQ[n, 1] && GtQ[p, -11) Il GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]
& LtQlp, -21))

rule 6253
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Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c"2*x"2)
“p]l  Int[(f + g*x) mx(1 + c~2%x"2) px(a + bkArcSinh[c*x])~n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2078 vs. 2(752) = 1504.

Time = 1.43 (sec) , antiderivative size = 2079, normalized size of antiderivative = 2.40

method | result size
default | Expression too large to display | 2079

parts Expression too large to display | 2079

int ((grx+£) "3k (c"2xd*x"2+d) " (3/2) * (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBO
'SE)

N J

input
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ax (£73* (1/4xx* (c™2%d*x"2+d) " (3/2) +3/4*A* (1/2*x* (¢~ 2*%d*x~2+d) ~(1/2) +1/2*d*1
n(x*c™2xd/(c™2+d) ~(1/2)+(c™2xd*x"2+d) " (1/2) )/ (c™2*d) " (1/2)) ) +g~3* (1/7*x" 2%
(c™2xd*x~2+d) ~(5/2)/c~2/d-2/35/d/c”4* (c™2xd*x"2+d) = (5/2) ) +3*£*g~ 2% (1/6%x* (
c”2*%d*x"2+d) " (5/2) /c"2/d-1/6/c”2* (1/4*x* (c™2*d*x~2+d) ~(3/2) +3/4*d* (1/2%x* (
c”2*%d*x"2+d) " (1/2) +1/2*d*1n(x*xc~2*d/ (c"2*d) ~(1/2) +(c~2*d*x~2+d) ~(1/2)) /(c~
2xd)~(1/2))))+3/5*%£"2xg* (c™2*d*x"2+d) ~(5/2) /c~2/d) +b* (3/32* (d* (c"2*x"2+1) )
~(1/2)*f*arcsinh(x*c) “2* (2xc~2*%£"2-g~2) *d/ (c~2*x"2+1) " (1/2) /c~3+1/6272* (d*
(c™2%x72+1) )~ (1/2) % (64*c~8*x~8+64*x"7T*c 7Tx (c™2*x~2+1) ~(1/2) +144*c"6*x"6+11
2% (c™2%x~2+1) ~(1/2) *x~5%c~5+104%c~4*x~4+56% (c™2%x~2+1) ~(1/2) *c~3*x~3+25*c"
2%x72+7* (c72%x"2+1) " (1/2) *x*c+1) *g~3* (-1+7*arcsinh (x*c) ) *d/c~4/ (c"2*x"2+1)
+1/768% (d* (c™2%x"2+1) ) ~(1/2) % (32%x~T*Cc~T+32%x~6%c~ 6% (c™2%xx~2+1) ~(1/2) +64*x
“BxcTB5+48%x"4*c T4k (cT2xx"2+1) T (1/2) +38*x "3k c"3+18*x"2xc”" 2% (c”2*x"2+1) ~(1/2
)+6xx*kc+(c”2%x"2+1) " (1/2) ) *f*xg~2x (-1+6*arcsinh (x*c) ) *d/c~3/(c"2*x"2+1)+1/3
200*% (d* (c™2*%x"2+1)) " (1/2) *(16*c~6*x"6+16* (c~2*x"2+1) ~(1/2) *x~5*c~5+28*c~4*
X"4+20% (c72%x72+1) 7 (1/2) *c™3*%x"3+13*Cc"2%x"2+5% (c"2%x72+1) 7 (1/2) *x*kc+1) *g* (
60*arcsinh (x*c)*c~2*f~2-12%c~2*f ~2+b5*arcsinh (x*c) *g~2-g~2) *d/c~4/ (c™2*x"2+
1)+1/512%(d* (c™2*%x"2+1) )~ (1/2) % (8*x~5*c~5+8*x~4*c ~4* (c™2*x"2+1) ~(1/2)+12*x
“3%CcT3+8xx 2% ¢ 2% (cT2%x"2+1) "~ (1/2) +4*xx*xc+(c"2*%x"2+1) ~(1/2) ) *f* (8*arcsinh (x
*C)*xCcT2%f"2-2xc"2*%f"2+12*arcsinh (x*c)*g~2-3%g~2) *d/c"3/ (c"2*x"2+1) +1/384x*(
d*(c™24x72+1)) ~(1/2) * (A*Cc™4*x"4+4% (c™2*x™2+1) ~(1/2) *c™3*x"3+5*c"24%x"2+3. . .

output

Fricas [F]

/ (f +g2)° (d

+ c2d:132)3/2 (a + barcsinh(cz)) dz = / (Pdz® + d)

3
2

(9z + f)*(barsinh (cz) + a) dz

integrate ((g*x+f) "3*(c"2xd*x~2+d) " (3/2) * (at+b*arcsinh(c*x)) ,x, algorithm="f

input
ricas")

integral ((a*c™2*d*g~3*x~5 + 3kakxc™2kd*f*g~2%x~4 + 3kaxd*f~2xgxx + axd*f~3
+ (3ka*xc™2*d*f"2%g + axd*g~3)*x"3 + (axc™2xd*f~3 + 3kaxd*xfxg~2)*x"2 + (b*c
“2xd*g~3*x"5 + 3xbkxcT2xd*xf*xg"2%x"4 + 3xbxd*f 2%g*x + b*d*f~3 + (3*bxcT2xd*
£72%g + bxdxg~3)*x"3 + (b*c"2*d*f~3 + 3*bkd*fxg~2)*x"2)*arcsinh(c*x))*sqrt
(c™2%d*x~2 + d), x)

output

\




inputt
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Sympy [F]

[+ 92 (@

+ *dz?) 3/2 (a+ barcsinh(cz)) dz = / (d(?z*+1))

3
2

(a+basinh (cz)) (f + gz)° dz

integrate ((gkx+f) **3* (cx*2*xd*x**2+d) ** (3/2) * (a+b*asinh(c*x) ) ,x)

output L

Integral ((d*(cx*2*x**2 + 1))**(3/2)*(a + b*asinh(c*x))*(f + gkx)**3, x)

input

Maxima [F(-2)]

Exception generated.

/ (f +gz)® (d+ czdxz)?’/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((gxx+f) 3% (c~2xd*x~2+d) " (3/2) * (a+b*arcsinh(c*x)) ,x, algorithm="m
axima")

output

input ‘

Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
ve exponent.

Giac [F(-2)]

Exception generated.

/ (f +gz)® (d+ Cle'2)3/ 2 (a + barcsinh(cz)) dx = Exception raised: RuntimeError

integrate ((g*x+f) “3*(c~2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x) ) ,x, algorithm="g

‘ iac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
[ +g0° @
-I-c2dacz)3/2 (a+barcsinh(cz)) dz = / (f + gz)° (a+basinh(cz)) (dc®7* + d) 32 i
inputtin‘c((f + g*x)~3%(a + brasinh(c*x))*(d + c 2%d*x~2)~(3/2),x) J
Outputtint((f + g*x)~3*(a + b*asinh(c*x))*(d + c™2xd*x~2)~(3/2), x) J
Reduce [F|

/(f + gz)° (d+ czd:c2)3/2 (a

+barcsinh(cz)) d \/ad(140\/ma06f3x3+336macﬁf2gx4+280ma06f92x5+
arcsinn|cr x€r =

inputLint((8*X+f)A3*(CA2*d*XA2+d)“(3/2)*(a+b*asinh(c*x)),x) J
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(sqrt (d) *d* (140*sqrt (cx*2xx**2 + 1)*axckx6xf**x3xx**x3 + 336*sqrt (CH*2*x**2
+ 1) *axckxG*L*x2kgkxk*4d + 280*sqrt (Ck*2*x*k*2 + 1)*akck*kBxfxgx2xx*x5 + 80%
Sqrt (c*k*2*kx*x*2 + 1)*a*ck*Gxg**x3*kx*x*x6 + 350*ksqrt (Ck*2xx**2 + 1)*akckx4*f**3
*X + B72%sqrt (C*x*2xx**2 + 1)*akck*k4*xf**2kgkx*x*2 + 490*sqrt (cx*2kx**2 + 1)*
akckkgkfxgrk2kx*k*3 + 128%sqrt (cx*2*x**2 + 1)*akckxdxgx*3*x**x4 + 336*sqrt(c
*kkQkX*k*k2 + 1) kakxckx2*f**x2%g + 105*sqrt (ck*2*x*k*2 + 1)*kakck*k2xfxg*x2+x + 16
*SQrt (Ck*2xx**2 + 1)*akck*2kgx*k3kxx*2 — 32xsqrt (c*x*2xx**2 + 1)*a*xg**3 + 56
Oxint (sqrt (c**2*x**2 + 1)*asinh(c*x)*x**5,x)¥b*ck*6*g**3 + 1680*int (sqrt(c
*x2xx**2 + 1)*asinh(c*x)*x**4,x) *¥bkck*6*f*xg**2 + 1680*int (sqrt (ck*2xx**2 +
1) *asinh (c*x) *x**3,X) ¥*bkxck*x6xf*x*x2xg + 560*int (sqrt (ck*2*x**2 + 1)*asinh(c
*x) *x**3,X) ¥bxcx*4xgx*3 + 560*int (sqrt (cx*2xx**2 + 1)*asinh(c*x)*x**2,x)*b
*xCkx6xf*x3 + 1680*int (sqrt (c**2xx**2 + 1)*asinh (c*x)*x**2,X) ¥bkck*4*L*gk*2
+ 1680*int (sqrt (cx*2*x**2 + 1)+*asinh(c*x)*x,x)*b*cx*4xf**x2kg + 560*int (sq
rt(cx*2xx*x*2 + 1)*asinh(c*x),x)*bxcx*k4xf**3 + 210*log(sqrt (c**2*x**2 + 1)
+ c*x)*a*xck*x3*%f**3 - 106xlog(sqrt (cx*2xx**2 + 1) + c*x)*a*xckxfxgx*2))/(560%
ckx*4)

output
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3.40 [(f+gz)? (d + c2dz?)*”? (a-+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . 329
Rubi [A] (verified) . . . . . . . . . . 3301
Maple [B] (verified) . . . . . . . . . ... 3311
Fricas [F] . . . . o . o e
Sympy [F] . . o
Maxima [F(-2)] . . . . . . o B33l
Giac [F(-2)] . . . o o o 333l
Mupad [F(-1)] . . . .o 334
Reduce [F] . . . . o 334

Optimal result

Integrand size = 30, antiderivative size = 619

) 2bdf gz+/d + c*dx?
+ g7)? (d + dz?)*? (a + barcsinh(cz)) dz = —
[+ g0 @+ 2a2)"( (e2)) e
_ Bbedf?’a*Vd + da? bdg*a®vVd + Pda?  4dbedfgr®v/d + c2dx?
161 + c?z? 32¢v1 + c2x? 15v/1 + c2x?
_ Thedg’x*Vd + c?dx?  2bc’dfga®V/d + c2dx?  bcldg’a®v/d + c2dx?
96v'1 + c2z2 25v/1 + c%z? 36V1 + c2z?
2 2,.2\3/2 /- 272
_ bdffl+ s 1)60 d+ cido + gdfzw\/d + c2dz?(a + barcsinh(cz))
2 2772 :
4 dg*zvd+ ¢ dmléczj barcsinh(cz)) N édgzw?’\/d—l—cw

(a + barcsinh(cz))

2fg(d + c2dz?)** (a + be
5c2d

1 1
+ Zfo (d+c*dz?) 3% (a+barcsinh(cz)) + 892333 (d+c*dz?) 32 (a+barcsinh(cz)) +
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output

-2/5xbxd*fxgkx* (c™2xd*x"2+d) " (1/2) /c/ (c™2%x"2+1) " (1/2) -3/ 16¥bkcxd*f ~2%x 2%
(c™2%d*x~2+d) ~(1/2) / (c™2*x~2+1) ~(1/2) -1/32xb*d*g~2*x~2* (c"2*d*x~2+d) ~(1/2)
/c/(c™2%x72+1) " (1/2)-4/15%bxc*kd*f*gxx~3* (c™2*d*x"2+d) ~(1/2) / (c™2*xx~2+1) ~ (1
/2)=T7/96xb*cxd*g~2+x"4* (c™2xd*x"2+d) " (1/2) / (c"2*x~2+1) " (1/2) -2/25*b*c~3*d*
fxgkx~5*% (c"2*d*x"2+d) " (1/2) / (c™2%x72+1) " (1/2) -1/36%b*c™3*d*g~2%x 6% (c~2*d*
x72+d) " (1/2) / (c™2xx72+1) ~(1/2) -1/16%b*xd*f ~2x (c"2*x~2+1) ~(3/2) * (c"2*d*x"2+d
)~ (1/2) /c+3/8*d*f~2%x* (c™2*d*x"2+d) ~(1/2) * (atb*arcsinh (c*x) ) +1/16*d*g~2*x*
(c™2xd*x~2+d) " (1/2) * (a+b*arcsinh (c*x) ) /c~2+1/8*d*g~2*x~3* (c™2xd*x~2+d) ~(1/
2) * (a+b*arcsinh (cxx) ) +1/4*f~2xx* (c™2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x) ) +1/6
*g~2xx" 3% (c”2*d*x"2+d) " (3/2) * (atb*arcsinh (c*x) ) +2/5*fxg* (c~2xd*x~2+d) " (5/2
)* (at+b*arcsinh(c*x))/c~2/d+3/16*d*f 2% (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh (c*x
))"2/b/c/(c™2xx~2+1) "~ (1/2)-1/32xd*g~2* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh (c*x
))~2/b/c”3/(c™2*x"2+1)"(1/2)

Mathematica [A] (verified)

Time = 1.08 (sec) , antiderivative size = 416, normalized size of antiderivative = 0.67

+barcsinh(cx)) de =

/(f + gr)? (d + czda:2)3/2 (a

—d?(1+ 2z?) <b(—175g2 +90c2(85f2 + 256 f gz + 20g%z?) + 120c*z?(150f2 + 128f

-

inputt

output

Integrate[(f + g*x)~2*(d + c™2xd*x~2)~(3/2)*(a + bxArcSinh[c*x]),x]

-/

(—(d"2% (1 + c™2xx"2) *(b*(-175*%g~2 + 90%c™2*(85*f~2 + 256*f*gxx + 20%g~2%x"
2) + 120%c™4xx"2% (150*%f"2 + 128*f*g*x + 35xg~2*x"2) + 16*%Cc”6*x"4*(225%f"2

+ 288*fxgxx + 100%g~2*x"2)) - 240*a*c*Sqrt[1 + c™2*x"2]*(96*fxgx (1 + c™2*x
T2)72 + 30%cT2xf72%xx (5 + 2%xcT2%x72) + LGxgT2xx* (3 + 14%CcT2%x"2 + 8kcT4xx"4
)))) + 1800%b*d~2%(6xc™2*%f"2 - g~2)*(1 + c~2*x~2)*ArcSinh[c*x] "2 + 3600*ax*
d~(3/2)*(6xc™2*xf"2 - g~2)*Sqrt[1 + c™2*x"2]*Sqrt[d + c~2*d*x"2]*Log[c*d*x

+ Sqrt[d]l*Sqrt[d + c™2*d*x"2]] + 60*b*d~2*(1 + c~2%x~2)*ArcSinh [c*x]*(15%(
16%xc™2*%f72 - g~2)*Sinh[2*%ArcSinh[c*x]] + 156%(2%xc™2%f~2 + g~2)*Sinh[4*ArcSi
nhlc*x]] + g*(384*c*xfx(1 + c™2*x"2)~(5/2) + 5*xg*Sinh[6*ArcSinh[c*x]1])))/(5
7600%c~3*Sqrt[1 + c~2*x~2]*Sqrt[d + c~2*d*x"2])




input L

output
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Rubi [A] (verified)

Time = 1.53 (sec) , antiderivative size = 359, normalized size of antiderivative = 0.58,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (Pdz® + d) 3/ (f + g)*(a + barcsinh(cz)) dz

| 6260

dve2da? +d [(f + gz)? (2? + 1)3/2 (a + barcsinh(cz))dz
cz? +1
| 6253

dvctdz? +d [ ((023:2 + 1)3/2 (a + barcsinh(cz)) f? + 29z (2z? + 1)3/2 (a + barcsinh(cz)) f + g*z?(c?z® + 1)3/

c2r2 +1

l 2009

dv/c2dz? + d<—g2(a+ba§§§ci§1h(cz))2 + 1f2z(z? + 1)3/2 (a + barcsinh(cz)) + 3 f2zv/c?x? + 1(a + barcsinh(cz)’

Int[(f + gxx)"2*%(d + c™2xd*x~2)"(3/2)*(a + b*ArcSinh[c*x]),x] J

(d*Sqrt[d + c™2*d*x"2]*((-2*%bxf*g*x)/(5*c) - (Bxbkc*xf~2%x72)/16 - (b*xg 2*x
~2)/(32xc) - (4¥bxc*xfxgxx~3)/15 - (b*c™3*f72xx"4)/16 - (7xb*cxg~2+x~4)/96

- (2xbxc™3*f*g*x~5) /25 - (b*c~3*g~2*x"6)/36 + (3*f 2*x*Sqrt[1 + c™2xx"2]*(
a + bxArcSinh[c*x]))/8 + (g™ 2*x*Sqrt[1 + c"2*x"2]*(a + b*ArcSinh[c*x]))/(1
6xc”2) + (g~2*x"3*Sqrt[1 + c~2*x"2]*(a + bxArcSinh[c*x]))/8 + (£~2*x*x(1 +

c"2*x72)~(3/2)*(a + bxArcSinh[c*x]))/4 + (g~2*x"3*(1 + c™2*x"2)"(3/2)*(a +
b*ArcSinh[c*x])) /6 + (2xf*gx(1 + c~2*x~2)~(5/2)*(a + b*ArcSinh[c*x]))/(5*
c”2) + (3%f"2x(a + b*ArcSinh[c#*x])~2)/(16*b*c) - (g~2*(a + b*ArcSinh[c*x])
~2)/(32%b*c~3)))/Sqrt[1 + c™2*x"2]
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x]
&& EqQle, c™2xd] && IGtQ[m, 0] &% IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) Il GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
“p]l  Int[(f + g*x) m*x(1 + c~2*x"2) px(a + bkArcSinh[c*x])~n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1567 vs. 2(535) = 1070.

Time = 1.37 (sec) , antiderivative size = 1568, normalized size of antiderivative = 2.53

method | result size
default | Expression too large to display | 1568
parts Expression too large to display | 1568

input ‘ int ((g*x+f) ~2% (c~2%d*x~2+d) ~ (3/2) * (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBO ‘
\ SE)

N\

J
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ax (£72% (1/4*x*x (c™2%d*x"2+d) " (3/2) +3/4*d* (1/2%x* (c™2xd*x~2+d) ~(1/2)+1/2*d*1
n(x*c™2xd/(c™2+d) ~(1/2)+(c™2xd*x"2+d) ~(1/2) )/ (c™2*d) " (1/2)) ) +g~2* (1/6%*x* (c
~2xd*x~2+d) " (5/2) /c”2/d-1/6/c” 2% (1/4*x* (c™2*d*x"2+d) ~(3/2) +3/4*d* (1/2*x* (c
~2xd*xx"2+d) " (1/2)+1/2*%d*1n (x*c"2*d/ (c~2*d) " (1/2)+(c"2*d*x"2+d) ~(1/2)) /(c"2
*d) ~(1/2))))+2/5*xf*gx (c™2%d*x~2+d) ~(5/2) /c~2/d) +b* (1/32% (d* (c~2*x~2+1) )~ (1
/2) *arcsinh (x*c) “2* (6*xc~2*f£"2-g~2) *d/ (c"2*x~2+1) " (1/2) /c~3+1/2304* (d* (c~2*
x72+1)) " (1/2) % (32%x~T*c~7+32*%x"6*%Cc” 6% (c™2%x~2+1) ~(1/2) +64*x"5*%c"5+48*x"4*C
4% (cT2xx72+1) " (1/2) +38*x"3*%c"3+18*x"2*xc " 2% (¢"2%x"2+1) " (1/2) +6*x*c+(c"2*x”
2+1)~(1/2) ) *g~2* (-1+6*arcsinh(x*c))*d/c~3/(c"2*x"2+1) +1/400* (d* (c™2*x~2+1)
)T (1/2) % (16%c™6%x"6+16% (c™2%x"2+1) 7 (1/2) *x~5*Cc~5+28%c~4*x~4+20%* (c~2*x~2+1)
“(1/2) %c™3*x"3+13*c”2+x"2+5% (cT2*x"2+1) " (1/2) *x*c+1) *f*g* (-1+5*arcsinh (x*c
) *d/c”2/(c™2%x72+1)+1/512% (d* (c™2*%x~2+1) ) " (1/2) * (8*x~5*Cc~5+8*x~4*c 4*(c~2
*x72+1) T (1/2) +12*%x 3% c"3+8*x"2%c"2x (c"2%x"2+1) ~(1/2) +4xx*kc+(c"2*%x"2+1) " (1/
2))*(8*arcsinh (x*c)*c~2%f~2-2xc~2*f " 2+4*arcsinh (x*c) *g~2-g~2)*d/c~3/(c"2*x
“2+1)+1/48% (d* (c”™2%x"2+1) )~ (1/2) * (d*c”™4d*xx"4+4* (c”™2%x"2+1) ~ (1/2) *c~3*x"~3+5%
CT2*x"2+3% (c"2%x"2+1) ~ (1/2) *x*c+1) *fxg* (-1+3*arcsinh (x*c) ) *d/c~2/ (c™2*x"2+
1)+1/256% (d* (c™2%x72+1) ) ~(1/2) ¥ (2*x"3kCc™3+2%xX"2%c ™ 2% (c™2*x"2+1) ~ (1/2) +2*x*
c+(c™2*x"2+1) " (1/2)) *(32*arcsinh (x*c) *c~2*f~2-16%c~2xf ~2-2*arcsinh (x*c) *g~
2+g~2)*d/c”3/ (c™2*x"2+1) +1/8% (d* (c™2*x~2+1) ) ~ (1/2) * (c~2*x~2+(c™2*x"2+1) ~ (1
/2) *x*c+1) *fxg* (arcsinh (x*c)-1)*d/c”2/(c™2*x"2+1) +1/8% (d* (c™2*x~2+1))~(. ..

output

Fricas [F]

/ (f +g2)* (d

+ c2d:132)3/2 (a + barcsinh(cz)) dz = / (Pdz® + d)

3
2

(9z + f)*(barsinh (cz) + a) dz

integrate ((g*x+f) "2*(c"2xd*x~2+d) " (3/2) * (at+b*arcsinh(c*x)) ,x, algorithm="f

input
ricas")

-

integral ((a*c™2*d*g~2*%x"4 + 2kakxc™2kd*f*xgkx~3 + 2kaxd*xf*xgkx + axd*f~2 + (a
*xCT2xd*xf72 + axdxg~2)*x”2 + (bkxcT2xd*gT2%x"4 + 2%b*xcT2*d*f*g*x~3 + 2*b*dx*f
*xg*xx + bxd*f7"2 + (b*c"2xd*f~2 + b*d*g~2)*x"2)*arcsinh(c*x))*sqrt(c™2xd*x"2
+ d), x)

output

N




inputt
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Sympy [F]

[+ 927 (a

+ *dz?) 3/2 (a+ barcsinh(cz)) dz = / (d(?z*+1))

3
2

(a+basinh (cz)) (f + gz)* dz

integrate ((gkx+f) **2x (c**2*xd*x**2+d) ** (3/2) * (a+b*asinh(c*x) ) ,x)

output L

Integral ((d*(cx*2*x**2 + 1))**(3/2)*(a + b*asinh(c*x))*(f + gkx)**2, x)

input

Maxima [F(-2)]

Exception generated.

/ (f +gz)? (d+ czdxz)?’/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((gxx+f) 2% (c~2xd*x~2+d) " (3/2) * (a+b*arcsinh(c*x)) ,x, algorithm="m
axima")

output

input ‘

Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
ve exponent.

Giac [F(-2)]

Exception generated.

/ (f +gz)? (d+ Cle'2)3/ 2 (a + barcsinh(cz)) dx = Exception raised: RuntimeError

integrate ((g*x+f) "2* (c~2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x) ) ,x, algorithm="g

‘ iac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
[ +g02 @
-I-c2dacz)3/2 (a+barcsinh(cz)) dz = / (f + gz)° (a+basinh(cz)) (dc®7* + d) 32 i
inputtin‘c((f + g*x)~2%(a + brasinh(c*x))*(d + c~2%d*x~2)~(3/2),x) J
Outputtint((f + g*x)~2*(a + b*asinh(c*x))*(d + c™2xd*x~2)~(3/2), x) J
Reduce [F|

/(f + gz)* (d+ czd:c2)3/2 (a

+barcsinh(ee)) do — YAUOVFT FTad f2a® + 96V T T1ad fgat + 0VETT+ Tady’a’ + 150V
arcsinnl(cr T =

input | 10t ((g¥x+£) "2+ (c72+d¥x"2+d) " (3/2) * (atbrasinh(cxx)) ,x) J
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(sqrt (d) *d* (60*sqrt (ck*2*kx**2 + 1)*akxck*E*kf**2*xx**3 + 96*sqrt (Ck*2*x**2 +

1) xaxckxS*fxgkxx*kd + 40*sqrt (Cx*2xx**2 + 1)*akck*xbxgk*x2xx*k*5 + 150*sqrt (c*
*2kxx*k2 + 1)kakxck*k3xf*x2kx + 192+sqrt (ck*2*kx**2 + 1)*a*ck*3xf*xgxx*x2 + T0*
Sqrt (ck*2kx*x*2 + 1)*a*ck*k3xg*k*x2kx*x*3 + 96*sqrt (cx*2*x**2 + 1)*axc*fxg + 15
*SqQrt (C**2xx**2 + 1)*akckgx*2*x + 240%int (sqrt (c**2*x**2 + 1)*asinh(c*x)*x
*%4 ,x) ¥bkck*k5kg*k*x2 + 480*int (sqrt (ck*2*x**2 + 1)*asinh(c*x)*x**3,x)*bkxck*5
xf*xg + 240*int (sqrt(cx*2xx**2 + 1)*asinh(c*x)*x**2,x)*bkck*kbxfx*2 + 240%in
t (sqrt (c**2*x*x2 + 1)*asinh(c*x)*x**2,x) ¥b*c*k*3*g*k*2 + 480*int (sqrt (cx*2*x
**2 + 1)*asinh(c*x)*x,X)*b*xc**3*f*g + 240*int (sqrt(cx*2xx**2 + 1)*asinh(c*
X) ,X) ¥bkcx*k3xfx*k2 + 90x1log(sqrt (cx*2kx**2 + 1) + c*x)*a*ck*2*xf**2 - 15klog
(sqrt (c*x*2xx**2 + 1) + c*x)*axg**2))/(240%c**3)

output
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3.41 [(f+gz) (d + 2dz?)*”? (a-+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . B37
Rubi [A] (verified) . . . . . . . . . . 337
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o e 340
Sympy [F] . . o 340
Maxima [F(-2)] . . . . . . o 340
Giac [F(-2)] . . . o o o 3411
Mupad [F(-1)] . . . .o 341]
Reduce [F] . . . . o

Optimal result

Integrand size = 28, antiderivative size = 331

bdgx\/d—l-cw
+ gz) (d + Pdz? 3/2 a + barcsinh(cx)) dx = —
[+ Y2 (cz)) N
B 3bcdfz%\/d + c2dz? B 2bcdgx®/d + c2dx? 3 bc3dgx®/d + c2dx?
164/1 + 222 15v1 + c2x2 2541 + c2x2
2,2\3/2 7 272
_ bl +ce) 4+ Cd + gdfx\/d + c2dz?(a + barcsinh(cz))

16¢
1 3/2 . g(d+ 62d$2)5/ ? (a + barcsinh(cz))  3dfv/d+ c2dz?(a + barcsinh(

+= fz(d+c2dz? a+barcsinh(cx))+ +

4f ( ) ( (cz)) 5c2d 16bcy/1 + c2x2

-1/5%b*d*g*x* (c”2*xd*x~2+d) ~(1/2) /c/ (c™2*x"2+1) " (1/2) -3/16*b*ckd*f*x"2% (c~2
*dkx~2+d) " (1/2) / (c™2*x"2+1) " (1/2) -2/15*bxcxd*g*x~3* (c~2xd*x~2+d) ~(1/2) /(c”
2%x72+1) " (1/2)-1/25*%b*c~3*d*gxx "5 (c™2*%d*x~2+d) ~(1/2) / (c™2*x~2+1) ~(1/2)-1/
16*xb*d*f* (c™2xx"~2+1) " (3/2) * (c™2*d*x~2+d) ~ (1/2) /c+3/8*d*f*x* (c~2*xd*x~2+d) ~ (
1/2)*(a+b*arcsinh (c*x) ) +1/4*f*x* (c™2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x))+1/5
*xgx (c™2*%d*x"2+d) ~(5/2) * (a+b*arcsinh (c*x)) /c~2/d+3/16*d*f* (c™2*xd*x~2+d) ~(1/
2)*(at+b*arcsinh(c*x)) ~2/b/c/(c”2*x~2+1)~(1/2)

output




input

output

CHAPTER 3. LISTING OF INTEGRALS 337

Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 289, normalized size of antiderivative = 0.87

/(f + gz) (d+ c2dx2)3/2 (a
—d*(1 + ?z?) <—240a\/ 1+ c2z? (Sg(l +2?)? + 52 f(5 + 202:52)) + be(128gz(15

+barcsinh(cx)) de =

e

LIntegrate[(f + gxx)*(d + c”2*%d*x"2)~(3/2)*(a + b*ArcSinh[c*x]),x]

L

(-(d"2% (1 + c™2%x72) *(-240*a*Sqrt[1 + c™2*x"2]*(8xg*(1 + c™2*x"2)"2 + b*c~
2xf*xx* (5 + 2%c™2%x72)) + b*c*(128*gxx* (15 + 10*%c™2%x"2 + 3%c™4*x"4) + 75*f
*(17 + 40%c™2%x72 + 8xc"4*x"4)))) + 1800xb*cxd™2*fx(1 + c™2*x"2)*ArcSinh[c
*x] "2 + 3600*a*c*d”(3/2)*f*Sqrt[1 + c™2*x"2]*Sqrt[d + c~2*d*x"2]*Log[c*d*x
+ Sqrt[d]*Sqrt[d + c™2xd*x"2]] + 60*bxd~2*(1 + c~2%x"2)*ArcSinh [c*x]* (32
gx(1 + c™2*x"2)"(5/2) + 40*c*fxSinh[2*ArcSinh[c*x]] + 5*c*f*Sinh[4*ArcSinh
[c*x]]))/(9600*%c~2*%Sqrt[1 + c”™2*xx~2]*Sqrt[d + c~2xd*x~2])

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.57,

number of rules _ 107, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (Pdz® + d) 3/2 (f + gz)(a + barcsinh(cz)) dz

| 6260
dvc2dz? +d [(f + gz) (P2® + 1)3/2 (a + barcsinh(cz))dz
A2z +1

l 6253
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dvctdz? +d [ (f(a + barcsinh(cz)) (22 + 1)3/2 + gz(a + barcsinh(cz)) (?z? + 1)3/2> dx

vtz +1
l 2009
5/2 .
dm(iﬂv (c29:2 + 1)3/2 (a + barcsinh(cx)) + %fwm(a + barcsinh(cz)) + 9(Pa*+1) (g;barcsml
2z +1

input\ Int[(f + g*x)*(d + c"2*d*x~2)"(3/2)*(a + b*ArcSinh[c*x]),x]

(d*Sqrt[d + c2xd*x~2]*(-1/5*(b*g*x)/c - (5*bxcxf*x~2)/16 - (2*bxc*g*x~3)/
15 - (bxc™3*f*x"4)/16 - (b*c~3*g*x~5)/25 + (3*f*x*Sqrt[1 + c™2*xx"2]*(a + b
*ArcSinh[c*x]))/8 + (f*xx*(1 + c2%x~2)~(3/2)*(a + b*ArcSinh[c*x]))/4 + (g*
(1 + c™2%xx"2)"(5/2)*(a + bxArcSinh[c*x]))/(5*%c”2) + (3*f*(a + b*ArcSinh[c*
x]1)72)/(16%b*c)))/Sqrt[1 + c™2*x"2]

output

Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) px(a

+ b*ArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] & ((EqQ[n, 1] && GtQlp, -11) || GtQlp, 01 || EqQ[m, 11 || (EqQ[m, 2]

& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2*x"2)
~p]  Int[(f + g*x)"m*(1 + c~2%x~2) px(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1064 vs. 2(283) = 566.

Time = 1.87 (sec) , antiderivative size = 1065, normalized size of antiderivative = 3.22

method | result size

default | Expression too large to display | 1065

parts Expression too large to display | 1065

int ((gkx+f)* (c™2*d*x"2+d) ~(3/2) * (at+b*arcsinh(x*c) ) ,x ,method=_RETURNVERBOSE
)

input

1/4*axf*xx* (c™2xd*x~2+d) ~ (3/2) +3/8*a*f*xd*xx* (c~2xd*x~2+d) ~(1/2) +3/8*a*f*d”2*
In(x*c~2xd/ (c™2%d) ~(1/2)+(c"2*d*x~2+d) " (1/2)) / (c~2%d) ~ (1/2) +1/5*a*g* (c~2*d
*x~2+d) " (5/2) /c”2/d+b* (3/16% (d* (c™2*%x"2+1) )~ (1/2) / (c™2*x~2+1) " (1/2) /cxf*ar
csinh(x*c) "2+d+1/800* (d* (c™2*x"2+1)) ~(1/2) * (16*c”6*x~6+16* (c™2*x~2+1) ~(1/2
) *x"5*CT5+28%CcT4*x"4+20% (cT2*x72+1) T (1/2) *c”"3*x"3+13*Cc72%x " 2+5% (c"2*x"2+1)
~(1/2) #x*xc+1) *gx (-1+5*arcsinh (x*c) ) *d/c”2/ (c"2*x"2+1)+1/256% (d* (c~2*x~2+1)
)" (1/2) % (8*x~5*c”5+8*x~4*c 4% (c™2*xx"2+1) " (1/2) +12%x"3%c~3+8*x~2*c~2* (c~2*x
~2+1) ~(1/2) +4*x*kc+(c™2%x"2+1) " (1/2) ) *f* (-1+4*arcsinh (x*c) ) *d/ (c"2*x~2+1) /c
+1/96% (d* (c™2xx~2+1) ) " (1/2) * (d*c™4xx~4+4* (c™2xx~2+1) ~(1/2) *c~3*x"3+5*c~2*x
“2+43% (c"2*x"2+1) " (1/2) *x*c+1) *gx (-1+3*arcsinh(x*c) ) *d/c"2/(c"2*x"2+1)+1/16
* (A% (c™2xx72+1) )~ (1/2) ¥ (2%x™3*c™3+2*x"2%c”™ 2% (c"2*xx"2+1) =~ (1/2) +2*x*c+(c™2#*x
~2+1)~(1/2) ) *f* (-1+2*%arcsinh (x*c) ) *d/ (c~2*x~2+1) /c+1/16* (d* (c~2*xx~2+1) )~ (1
/2)*(c™2%x"2+(c"2%x"2+1) "~ (1/2) *x*c+1) *g* (arcsinh (x*c)-1) *d/c~2/ (c"2*x"2+1)
+1/16% (d* (c™2%x"2+1) ) " (1/2) * (c™2%x"2-(c"2*x"2+1) ~(1/2) *x*c+1) *g* (arcsinh (x
*c)+1)*d/c”2/(c™2*x"2+1)+1/16% (d* (c™2*xx"2+1) ) ~(1/2) * (2%x"3*Cc~3-2%x" 2%~ 2% (
cT2xx72+1) " (1/2) +2*x*c—-(c™2%x72+1) ~(1/2) ) *f* (1+2*arcsinh (x*c) ) *d/ (c~2*x"2+
1)/c+1/96x (d* (c™2*x"2+1) )~ (1/2) * (4*c™4*x"4-4* (c™2*%x"2+1) ~(1/2) *c~3*x"3+5%C
“2xx72-3% (c72%x72+1) 7 (1/2) *x*c+1) *g* (1+3*arcsinh (x*c) ) *d/c~2/ (c™2*x"2+1) +1
/256% (d* (c™2*x72+1) ) " (1/2) * (8*x"5%c"5-8*x"4*c~4* (c™2*x"2+1) ~(1/2) +12*x"3*c
~3-8%x"2xc" 2% (c"2xx"2+1) " (1/2) +4*x*c-(c™2*%x"2+1) " (1/2) ) *f* (1+4*arcsinh(. ..

N J

output
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Fricas [F]

J+g0)(d

+ Cde2)3/2 (a + barcsinh(cz)) dr = / (Pda® + d) : (g9z + f)(barsinh (cz) + a) dz

integrate ((g*x+f)* (c"2*d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x)),x, algorithm="fri

input
cas")

integral ((a*c™2*d*g*x~3 + akc™2xd*f*x"2 + akdkgxx + akd*f + (b*xc 2kdxgxx~3

output
+ b*c”2xd*f*x"2 + b*d*g*x + b*d*f)*arcsinh(c*x))*sqrt(c™2*d*x"2 + d), x)
Sympy [F]
[+g0)(a
+ c2dac2)3/2 (a + barcsinh(cz)) dr = / (d(*z® + 1))% (a+ basinh (cz)) (f + gz) dzx
inputLintegrate((8*X+f)*(C**2*d*x**2+d)**(3/2)*(a+b*asinh(c*x)),x) J
OutputLIntegral((d*(c**2*x**2 + 1))**(3/2)*(a + b*asinh(c*x))*(f + g*x), x) J

Maxima [F(-2)]

Exception generated.

/ (f +9gz) (d+ czdx2)3/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

input ‘ integrate ((gxx+f)*(c™2xd*x~2+d) ~(3/2) * (a+b*arcsinh(c*x)) ,x, algorithm="max ‘
‘ima") ‘
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Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
‘ve exponent.

Giac [F(-2)]

Exception generated.

/ (f +9z) (d+ chx2)3/ 2 (a + barcsinh(cz)) dxz = Exception raised: RuntimeError

‘integrate((g*x+f)*(c‘2*d*x“2+d)‘(3/2)*(a+b*arcsinh(c*x)),x, algorithm="gia

input
‘ c")
Ou_,Dput‘Excep‘cion raised: RuntimeError >> an error occurred running a Giac command
‘:INPUT:sage2OUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
cteur & 1) Error: Bad Argument Value
Mupad [F(-1)]
Timed out.
[r+g0)(a
2 5 2\3/2 . . 2.2 3/2
+c*dz?)™" (a+ barcsinh(cz)) dacz/(f+gx) (a+basinh(cz)) (dc’z® +d)” " dx
input Lint((f + gxx)*(a + b*asinh(c*x))*(d + c™2*d*x~2)~(3/2),x)

output Lint((f + g*x)*(a + b*asinh(c*x))*(d + c™2xd*x~2)"(3/2), x)
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Reduce [F]

/(f + gx) (d + c2dx2)3/2 (a
Vdd(10v/222 + Taclf 2° + 8V 2% + Laclgzt + 25V 222 + Lac fz + 16/c2a? +

+barcsinh(cx)) de =

e

~—

input Lint ((g*x+f)*(c™2*d*x"2+d) ~(3/2) * (a+b*asinh(c*x)) ,x)

(sqrt (d) *d* (10*sqrt (ck*2xx**2 + 1)*axck*4*xfrx**3 + 8*sqrt (cx*2*x**2 + 1)*a
kCkkArghxkkd + 25%sqrt (Ck*kx*k*2 + 1)*kakck*2kf*x + 16%sqrt (crx*2*x**2 + 1)*
akxcHkk2kgkx**2 + 8ksqrt (cx*2xx**2 + 1)*axg + 40*int (sqrt(c**2*x**2 + 1)*asi
nh(c*x) *x**3,x) ¥b*xc**d*g + 40*int (sqrt (cx*2*x**2 + 1)*asinh(c*x)*x**2,x)*b
xckx4xf + 40*int (sqrt (cx*2xx**2 + 1)*asinh(c*x)*x,x)*bxc**2xg + 40*int(sqr
t (c**2%x*x2 + 1)*asinh(c*x),x)*b*xc**2+f + 15*log(sqrt(c**2*x**2 + 1) + c*x
Y*axcxf) )/ (40*cx*2)

output
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3/2 .
(d+c2dz?)° *(a+barcsinh cz)) dx

3.42 | i

Optimal result . . . . . . . . . . e [3441
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ... 3451
Rubi [A] (verified) . . . .. .. ... .. 346
Maple [A] (verified) . . . . . . . .. L
Fricas [F] . . . . . o o 349
Sympy [F] . . o o 350
Maxima [F(-2)] . . . . . . 3501
Giac [F(-2)] . . .« o o e 350
Mupad [F(-1)] . . . o o B51]

Reduce [F] . . . . . 351
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Optimal result

Integrand size = 30, antiderivative size = 974

/ (d + c2dz?)*? (a + barcsinh(cz)) i — ad(?f* + ¢°) Vd + 2dz?

f+gz g
_bedzv/d 4+ Adx? bed(SPf? + ¢°) 2v/d + Adx?
3gv1+ c2z? ¢3V1+ c2x?

N bidfe®v/d+ Pda®  bPda®Vd + Pda?
4¢2V/1 + c2z? 99v1 + 2a?
N bd(c®f? + ¢*) Vd + cdz?arcsinh(cz)
7
c2dfz+/d + c2dz?(a + barcsinh(cz))
_ 25
N (d + c2dz?)*? (a + barcsinh(cz))

39
_cdfvd + c*dz?(a + barcsinh(cz))?

4bg%v/1 + c2x2
_cd(f? + ¢%) xv/d + c*dx?(a + barcsinh(cz))?
2bg3v/1 + c2x?
AP+ ¢%)* Vd + da?(a + barcsinh(cz))?
2bcg*(f + gz)v'1 + c2a?
d(c®f? + ¢*) V1 + 2x2v/d + c2dz?(a + barcsinh(cz))?
2bcg®(f + g)
_C2 xr
ad(2f? + g2)*/* \/d + Pda?arctanh < NG -+ \J;l+02m2>
g*V/1+ c2x?
3/2 . earcsinh(ez)
bd(2f? + ¢%)** V/d + Pdaz?arcsinh(cz) log <1 + cf—\/c—2f27+§2>
g*V/1+ c2x?
3/2 . earcsinh(cz)
bd(2f? + ¢*)** V/d + Adz?arcsinh(cz) log (1 + cfh/c—sz;>
g1+ c2a?
3/2 earcsinh(cz)
bd(02f2 -+ 92) / V d + C2d$2 PO].}’LOg (2, _Qf_\/TfT;L?)
g4V1 + c2a?
3/2 earcsinh(cz)
bd(02f2 + 92) / V d+ c2dr? POIYLOg (2, _cf-l-\/c—z‘f27+§2)
g*V/1+ c2x?

+

+

+




output

input
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a*xd* (c™2*%f"2+g~2) * (c"2*d*x"2+d) ~(1/2) /g~3-1/3*b*cxd*x* (c~2*d*x"2+d) ~(1/2)/
g/ (c™2%x72+1) " (1/2) —b*c*xd* (c™2*£~2+g"2) *x*k (¢~ 2*d*x~2+d) ~(1/2) /g~3/ (c"2*x"2
+1) 7 (1/2) +1/4xb*c™3*d*f*x" 2% (c~2*d*x"2+d) ~(1/2) /g~2/ (c™2*x"2+1) ~(1/2)-1/9%
b*c™3*d*x"3*% (c"2*%d*x"2+d) ~(1/2) /g/ (c™2*x"2+1) " (1/2) +b*d* (c~2*£~2+g~2) *(c"2
*d*x~2+d) " (1/2) *arcsinh (c*x) /g~3-1/2*c~2*d*f*x* (c"2*d*x~2+d) ~(1/2) * (atb*ar
csinh(c*x))/g~2+1/3%(c™2*d*x~2+d) ~ (3/2) * (at+b*arcsinh (c*x) ) /g-1/4*c*d*f*(c~
2xd*x~2+d) " (1/2) * (at+b*arcsinh(c*x) ) ~2/b/g~2/ (c"2*x~2+1) ~(1/2)-1/2*c*d* (c~2
*xf£72+g~2) *x* (c”2*d*x"2+d) " (1/2) * (a+b*arcsinh (c*x) ) ~2/b/g~3/(c"2*x~2+1) ~(1/
2)-1/2xd*(c~2*£"2+g"~2) "2x (c"2*d*x~2+d) " (1/2) * (a+b*arcsinh(c*x) ) ~2/b/c/g"4/
(g*xx+£)/(c™2*%x72+1) " (1/2) +1/2*%d* (c™2*£72+g~2) * (c"2*x"2+1) " (1/2) * (c™2*d*x"2
+d) " (1/2) * (at+b*arcsinh(c*x) ) “2/b/c/g 2/ (gxx+f) —a*xd* (c"2*f~2+g~2) " (3/2) *(c~
2xd*x~2+d) "~ (1/2) *arctanh ((-c~2xf*x+g) / (c"2*x£"2+g~2) " (1/2) / (c™2*x"2+1) " (1/2
))/g”4/ (c™2xx~2+1) " (1/2) +b*d* (c~2*x£~2+g~2) ~(3/2) * (c~2*d*x~2+d) "~ (1/2) *arcsi
nh (c*x)*1n (1+(ckx+(c™2*xx"2+1) " (1/2) ) *g/ (c*xf-(c™2*x£"2+g~2) ~(1/2))) /g~4/(c"2
*x"2+1) 7 (1/2) -b*d* (c"2*£~2+g~2) ~(3/2) * (c"2*d*x~2+d) " (1/2) *arcsinh (c*x) *1n(
1+ (c*xx+(c™2*%x72+1) ~(1/2) ) *g/ (c*xf+(c™2%£"2+g~2) ~(1/2))) /g~4/ (c™2*x~2+1) " (1/
2)+b*xd* (c"2*x£"2+g~2) " (3/2) * (c~2*d*x~2+d) " (1/2) *polylog(2,- (cxx+(c™2*x"2+1)
~(1/2)) *g/ (c*f-(c™2%x£72+g72) " (1/2))) /g~4/ (c™2*x72+1) " (1/2) -bxd* (c"2%f " 2+g"~
2)~(3/2) *(c”2*d*x"~2+d) ~ (1/2) *polylog(2, - (c*x+(c™2*xx"2+1) " (1/2) ) *g/ (c*xf+(c”
2%£72+g72)"(1/2)))/g~4/ (c™2*x"2+1)~(1/2)

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 11.88 (sec) , antiderivative size = 2869, normalized size of antiderivative = 2.95

2 7,.2)3/2 inh
/ (d+ c*dz®)™" (a + barcsinh(cz)) dz = Result too large to show

f+gz

‘Integrate[((d + ¢c"2*%d*x"2)~(3/2)*(a + bxArcSinh[c*x]))/(f + g*x),x]




CHAPTER 3. LISTING OF INTEGRALS 346

(axd*Sqrt[d + c™2*d*x"2]*(8*g™2 + c™2*(6*f72 — 3*f*g*x + 2%g~2%x72)))/(6*g
~3) + (axd~(3/2)*(c™2*f"2 + g~2)~(3/2)*Loglf + g*x])/g 4 - (a*xcxd~(3/2)*fx*
(2%c™2*£72 + 3*g~2)*Log[c*d*x + Sqrt[dl*Sqrt[d + c~2xd*x"2]]1)/(2+%g"4) - (a
*d~(3/2)*(c"2*£72 + g72)~(3/2)*Logld*(g - c~2*f*x) + Sqrt[d]l*Sqrt[c™2*f~2
+ g~2]*Sqrt[d + c”2xd*x"2]])/g"4 + (b*d*Sqrt[d + c™2*d*x~2]*((-2*c*g*x)/Sq
rt[1 + c™2*%x72] + 2xgxArcSinh[c*x] - (c*f*ArcSinh[c*x]~2)/Sqrt[1l + c™2*x"2
1 + (2% ((-I)*cxf + g)*(I*xcxf + g)*(((-I)*PixArcTanh[(-g + c*f*Tanh[ArcSinh
[cxx]/2]1)/Sqrt[c™2*f~2 + g~2]]1)/Sqrt[c™2*f~2 + g~2] - (2*ArcCos[((-I)*c*f)
/gl*ArcTanh [((cxf + I*g)*Cot[(Pi + (2*I)*ArcSinh[c#*x])/4])/Sqrt[-(c~2%f72)
- g72]11 + (Pi - (2*%I)*ArcSinh[c#*x])*ArcTanh[((c*f - I*g)*Tan[(Pi + (2*I)x
ArcSinh[c*x])/4])/Sqrt[-(c~2*f~2) - g~2]] + (ArcCos[((-I)*c*f)/g]l - (2*I)*
ArcTanh[((c*f + Ixg)*Cot[(Pi + (2*I)*ArcSinh[c*x])/4])/Sqrt[-(c"2*f"2) - g
=211 - (2*%I)*ArcTanh[((cxf - I*g)*Tan[(Pi + (2+I)*ArcSinh[c#*x])/4])/Sqrt[-
(c™2x£72) - g~2]1)*Logl((1/2 - I/2)*Sqrt[-(c"2*£72) - g~2])/(E” (ArcSinh[c*
x]/2)*Sqrt [(-I)*g]l *Sqrt[c*x(f + g*x)])] + (ArcCos[((-I)*cxf)/g] + (2*I)*(Ar
cTanh[((c*f + Ixg)*Cot[(Pi + (2*I)*ArcSinh[c*x])/4]1)/Sqrt[-(c™2*%£72) - g2
11 + ArcTanh[((c*f - I*g)*Tan[(Pi + (2*I)*ArcSinh[c*x])/4])/Sqrt[-(c"2*f"2
) - g7211))*Log[((1/2 + I/2)*E”(ArcSinh[c*x]/2)*Sqrt[-(c~2*%£~2) - g~2])/(S
grt [(-I)*gl*Sqrt[cx(f + g*x)]1)] - (ArcCos[((-I)*cxf)/g]l + (2+I)*ArcTanh[((
cxf + Ixg)*Cot[(Pi + (2*I)*ArcSinh[c*x])/4])/Sqrt[-(c™2*f"2) - g~2]]1)*L...

output

Rubi [A] (verified)

Time = 2.29 (sec) , antiderivative size = 641, normalized size of antiderivative = 0.66,

number of rules _ 100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6255, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c?dz? + d) 3/2 (a + barcsinh(cz))

d
f+gz !
l 6260
3/2 .
d\/mf (cz2+1) (;czi-;):,rCSlnh(cz))dx
c2x?2 +1

l 6255
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d /C2d.’L'2 ¥ df <a:'\/029:2+1(a+b‘(£;,I‘CSiIIh(ca:))c2 _ fv02x2+1(a+l;%rcsinh(cx))02 + (c2f2+g2)VCQZja{ﬁcgz;—)barCSinh(cm))> da

c2z? +1

l 2009

(2z2+1) (2 f2+4?%) (a+barcsinh(cz))? (czfz—i—QQ)2(a—i—ba,I‘CSiIlh(cac))2 cz (02f2+g2)(a+baI‘CSinh(cx))2 2
dvc2dz? +d 2bcg?(f+gz) - 2bcg* (f+gz) - 2bg3 -

s

inputLInt[((d + ¢ 2%d*x~2) " (3/2)*(a + b*ArcSinh[c*x]))/(f + g*x),x]

-/

(d*Sqrt[d + c™2*d*x~2]*(-1/3*(bxc*x)/g - (b*ckx(c™2*f72 + g"2)*x)/g"3 + (b*
c™3xf*x72) / (4*g~2) - (b*c™3xx73)/(9%g) + (ax(c™2*%f72 + g~2)*Sqrt[1 + c™2*x
~2]1)/g"3 + (bx(c™2*x£"2 + g~2)*Sqrt[1 + c™2*x"2]*ArcSinh[c*x])/g"3 - (c~2xf
*x*¥Sqrt [1 + c™2*x"2]*(a + bxArcSinh[c*x]))/(2%g~2) + ((1 + c~2*%x72)~(3/2)*
(a + bxArcSinh[c*x]))/(3*g) - (cxfx(a + b*ArcSinh[c*x])~2)/(4xbxg~2) - (c*
(cm2*£72 + g™2)*x*(a + bxArcSinh[c*x])~2)/(2xb*xg~3) - ((c™2*f72 + g~2)~2x(
a + bxArcSinh[c*x])~2)/(2*bxcxg~4x(f + g*x)) + ((c™2*%f72 + g72)*(1 + c™2*x
~2)*(a + bxArcSinh[c*x])~2)/(2xbxcxg™2*(f + gxx)) - (ax(c™2*f~2 + g~2)~(3/
2)*ArcTanh[(g - c™2xfx*x)/(Sqrt[c™2*f"2 + g~2]*Sqrt[1 + c"2*x"2])])/g~4 + (
bx(c™2%f72 + g~2)~(3/2)*ArcSinh[c*x]*Log[1 + (E"ArcSinh[c*x]*g)/(c*f - Sqr
tlcm2xf~2 + g72]1)]1)/g"4 - (b*(c™2%f"2 + g~2)~(3/2)*ArcSinh[c*x]*Log[1 + (E
“ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f"2 + g~2]1)]1)/g"4 + (bx(c™2*£f72 + g~2)~(3
/2)*PolyLog[2, -((E"ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f~2 + g~2]))1)/g"4 - (
b*(c™2+%£72 + g~2)~(3/2)*PolyLog[2, -((E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f~
2 + g721))1)/g"4))/Sqrt[1 + c~2*x"2]

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[Sqrt[d + exx~2]*(
a + b*ArcSinh[c*x])"n, (f + g*x) m*(d + e*x~2)"(p - 1/2), x], x] /; FreeQ[{
a, b, c, d, e, £, gr, x] && EqQle, c"2*d] &% IntegerQ[m] && IGtQ[p + 1/2, O
] && GtQ[d, 0] && IGtQ[n, O]

rule 6255

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
Pl Int[(f + gxx)"m*(1 + c"2%x"2)"px(a + bArcSinh[cxx])"n, x], x] /; Fre
eQl{a, b, c, d, e, £, g, n}, x] && EqQle, c"2*d] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQ[d, O]

rule 6260

Maple [A] (verified)

Time = 1.45 (sec) , antiderivative size = 1557, normalized size of antiderivative = 1.60

method | result size
default | Expression too large to display | 1557

parts Expression too large to display | 1557

input int ((c"2*d*x"2+d) "~ (3/2)* (atb*arcsinh(x*c))/ (g*x+f) ,x,method=_RETURNVERBOSE

J
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a/gx(1/3* ((x+£/g) "2xc~2+d-2xc~2*d*f /gx (x+£f/g) +d* (c"2x£~2+g"2) /g~2) " (3/2) -c
~2%d*f/gx (1/4x (2% (x+£/g) *c™2%d-2%c~2xd*f/g) /c~2/d* ((x+£f/g) "2*c~2*d-2*c~2*d
*xf/gx (x+£f/g)+d* (c™2*x£"2+g~2) /g~2) ~(1/2) +1/8* (4*c~2+%d"~2* (c"2*xf"2+g~2) /g~ 2-4
*xCc"4xd"2x£72/g~2) /c”2/d*1n((-c™2xd*f/g+(x+f/g) *c~2*d) / (c~2*d) ~ (1/2) +((x+£f/
g) "2%cT2%d-2%cT2*d*f /gk (x+£/g) +d* (cT2x£72+g"2) /g72) ~(1/2)) / (c™2%d) " (1/2) )+
dx(c™2x£72+g"2) /g~ 2% (((x+£/g) "2%c™2xd-2%c~2xd*f/g* (x+f/g) +d* (c"2*£~2+g~2) /
g72) " (1/2)-c"2*d*f/g*1ln((-c~2xd*f/g+(x+f/g) *c~2xd) / (c~2*d) " (1/2)+((x+£f/g) "~
2%cT2%d-2%c"2xd*f /g (x+f/g) +d* (c™2%£72+g72) /g~2) " (1/2)) / (c™2%d) " (1/2) -d*(c
~2xf72+g72) /g~2/ (d* (c™2*x£72+g~2) /g~2) " (1/2) *1n ((2*d* (c"2*£~2+g~2) /g~2-2%c~
2%d*f/gx (x+£/g) +2x (d* (c™2%£72+g"2) /g~2) " (1/2) * ((x+£/g) "2*c"2%d-2xc”~2*d*f /g
*(x+f/g)+d* (c™2%£72+g72) /g~2) " (1/2)) / (x+£/g) ) ) ) +b* (d* (c™2xx~2+1) ) ~(1/2) *d/
(c™2*x"2+1) /g~ 3*arcsinh (x*c) *x~2kc~4*f~2-b* (d* (c"2*x~2+1) )~ (1/2) *d/ (c"2*x~
2+1)7(1/2) /g~ 3*x*xc”3*£"2-1/2*%b* (d* (c™2*xx"2+1) )~ (1/2) *f*c~4*d/ (c"2*x"2+1) /g
~2*arcsinh (x*c)*x"3+1/4*xb* (d* (c™2*x"2+1) ) ~(1/2) *£*c~3*d/ (c"2*x"2+1)~(1/2) /
g7 2%x72-1/2%b* (d* (c™2%x"2+1) ) " (1/2) *f*c~2*d/ (c"2*x"2+1) /g~ 2*arcsinh (x*c) *x
+b* (c2%£72+g72) 7 (3/2) *d* (d* (c™2*x72+1)) " (1/2) / (c™2*x72+1) ~(1/2) /g~4*arcsi
nh (x*c)*1n( (- (x*c+(c™2%x72+1) ~(1/2) ) xg-cxf+(c™2%£~2+g~2) ~(1/2) ) / (mc*xf+(c™2
*£72+g72) 7 (1/2)) ) -b* (c™2*£72+g~2) ~(3/2) *d* (d* (c"2*x"2+1)) ~(1/2) / (c~2*x"2+1
)~ (1/2) /g 4*arcsinh (x*c) *1n(((x*c+(c™2%x72+1) " (1/2) ) *g+cxf+(c™2%£~2+g72) " (
1/2))/ (cxf+(c™2%£72+g~2) " (1/2) ) ) +4/3*b* (d* (c"2*x~2+1)) ~(1/2) *d/ (c"2*x"2. ..

output

Fricas [F]

dz

/ (d + c2dz?)** (a + barcsinh(cz)) i — / (dz? + d)% (barsinh (cx) + a)
f+gz N gz + f

integrate((c~2*d*x~2+d) ~(3/2) * (atb*arcsinh(c*x) )/ (g*x+f) ,x, algorithm="fri

input
cas")

integral ((a*c™2xd*x"2 + axd + (b*c™2+d*x~2 + b*d)*arcsinh(c*x))*sqrt(c”2*d

output
*x72 + d)/(g*x + £), x)
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Sympy [F]

/ (d + c2dz?)*? (a + barcsinh(cz)) d — / (d(c*z® + 1))% (a + basinh (cx)) p
f+gz "o f+gz ’

input Lintegrate ((c**2xd*x**2+d) ** (3/2) * (a+b*asinh (c*x) ) / (gkx+£f) ,x)

outputLIntegral((d*(c**2*x**2 + 1))*x(3/2)*(a + b*asinh(c*x))/(f + g*x), x)

Maxima [F(-2)]

Exception generated.

/ (d + c2dz?)*? (a + barcsinh(cz))

Fr dx = Exception raised: RuntimeError
gx

integrate ((c~2%d*x~2+d) ~(3/2) * (a+b*arcsinh(c*x))/(g*x+f) ,x, algorithm="max

input
ima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

Giac [F(-2)]

Exception generated.

dr = Exception raised: TypeError

/ (d + c2dz?)** (a + barcsinh(cz))
f+gz

input‘integrate((c"2*d*x"2+d)"(3/2)*(a+b*arcsinh(c*x))/(g*x+f),x, algorithm="gia
‘Cu)
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Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

dz

/ (d + c2dz?)*? (a + barcsinh(cz)) g — / (a + basinh(cz)) (dc?2? + d)*/*
f+gz - f+gz

e hY

int(((a + b*asinh(c*x))*(d + c™2xd*x~2)~(3/2))/(f + g*x),x)

N\ J

input

Output\int(((a + b*asinh(c*x))*(d + c™2%d*x~2)~(3/2))/(f + g*x), x)

Reduce [F]

vc2z2+1 gitcfitcgiz . p
/ (d + c2dz®)*? (a + barcsinh(cz)) o \/;ld<12\/ cf*+g° atan( \J;cff;:g; g ) ac®f?i+ 12/ f
f+gz a

input Lint ((c™2*d*x~2+d) ~(3/2) * (a+b*asinh (c*x) )/ (g*x+f) ,x) J

(sqrt (d) *d* (12*sqrt (ck*2xf**2 + gk*2)*atan((sqrt(c**2xx**2 + 1)*gxi + cxfx*
i + cxgkikx)/sqrt(ck*2*xf**2 + gx*k2))kakxck*x2kf**2%i + 12%sqrt(cx*2xf*x*2 + g
*xx2) xatan ((sqrt (cx*2xx**2 + 1)*gki + c*kf*i + ckgrixx)/sqrt (cx*2xf*x2 + gkx
2) ) kaxgx*2xi + 6*sqrt (CHk*2*kx**2 + 1)*kakxck*2*xfx*2*g — 33ksqrt (ck*2xx**2 + 1)
*kakCkk2kEkghk2kx + 2%SqQrt (Ck*2*xk*2 + 1)*kakcrkkghk3xkx**2 + 8ksqrt (Cr*2kx*
*2 + 1)*axgx*3 + 6%int ((sqrt (cx*2*x**2 + 1)*asinh(c*x)*x**2)/(f + g*x),x)*
b¥ck*2%gk*4 + 6xint ((sqrt(c**2*x*x2 + 1)*asinh(c*x))/(f + gxx),x)*bxg**4 -
6x1log(sqrt (cx*2*x**2 + 1) + c*x)*axc**x3*fx*3 — 9xlog(sqrt(cx*2*x**2 + 1)
+ ckxx)xakcxfxgk*2)) / (6xgx*xd)

output
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3.43 [(f+gz)® (d + c2dz?)®”? (a-+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . . 352
Mathematica [A] (verified) . . . . . . . . . .. . 353l
Rubi [A] (verified) . . . . . . . . . . 3541
Maple [B] (verified) . . . . . . . . . ... 350
Fricas [F] . . . . o . o e
Sympy [F(-1)] . . o o o
Maxima [F(-2)] . . . . . . o
Giac [F(-2)] . . . o o o 3591
Mupad [F(-1)] . . . .o 359
Reduce [F] . . . . o 359

Optimal result

Integrand size = 30, antiderivative size = 1142

/ (f +gz)® (d+ czde)S/ 2 (a + barcsinh(cz)) dz = Too large to display



output

input
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2/63%bxd"2xg " 3*x* (c"2*d*x"2+d) ~(1/2) /c"3/(c™2*%x"2+1) " (1/2) -5/32*b*c*d~2*f "
3xx"2% (c72%d*x”"2+d) " (1/2) / (c™2*x"2+1) "~ (1/2) -1/189%b*d~2xg~3*x"3* (c"2*d*x "2
+d) " (1/2) /c/ (c™2*x72+1) ~(1/2) -1/21*b*c*xd~2*xg~3*x~5* (c~2*d*x~2+d) ~(1/2) / (c~
2xx72+1) " (1/2)-19/441%bxc”3*%d"2xg~3*x"7* (c~2*d*x"2+d) ~(1/2) / (c™2*x~2+1) ~ (1
/2)-1/81%b*c~5*d"2%g " 3*x~9* (c”2*d*x"2+d) ~(1/2) / (c™2*x~2+1)~(1/2)+15/128*d"
2% f*g~2xx*k (cT2*d*x"2+d) ~(1/2) * (a+b*arcsinh (c*x) ) /c™2+5/32%d~2%f ~3* (c~2*d*x
~2+d) ~(1/2)*(atb*arcsinh(c*x)) ~2/b/c/(c™2%x"2+1) " (1/2) +15/64*d"2*f*g~2*x~3
* (c"2*d*x"2+d) ~(1/2) * (a+b*arcsinh (c*x) ) -5/96*bxd~2+f ~3* (c™2*xx~2+1) = (3/2) *(
c™2xd*x"2+d) " (1/2) /c-1/36*b*d~2%f ~3* (c"2*x"2+1) " (5/2) * (c"2*d*x"2+d) ~(1/2)/
c+5/24%dxf " 3kx* (c™2*d*x~2+d) "~ (3/2) * (a+b*arcsinh (c*x) ) +3/8*f*g~2+x"3* (c~2*d
*x~2+d) " (5/2) * (a+b*arcsinh (c*x))-1/7*g~3* (c~2xd*x~2+d) ~ (7/2) * (a+b*arcsinh (
c*x))/c”4/d+1/9%g"3* (c"2xd*x"2+d) ~(9/2) * (a+b*arcsinh (c*x))/c~4/d"2+1/6%f"3
*x* (c™2xd*x"2+d) " (5/2) * (a+b*arcsinh (c*x) ) +5/16*d~2*f ~3*x* (c"2*d*x~2+d) ~(1/
2)*(at+b*arcsinh(c*x) )+3/7*£"2*g* (c~2*d*x~2+d) ~(7/2) * (a+b*arcsinh(c*x)) /c”2
/d+5/16*%d*fxg~2%x"3* (c"2*d*x~2+d) ~ (3/2) * (a+b*arcsinh (c*x) ) -59/256*b*c*d~2*
fxg~2%x"4* (c™2xd*xx"2+d) " (1/2) / (c™2%x"2+1) " (1/2) -15/256%d~2*f*g~ 2% (c™2*d*x"
2+d) ~(1/2) * (a+b*arcsinh(c*x)) “2/b/c”3/(c™2*x~2+1) " (1/2) -9/35*b*c~3*d"2*f "2
*xgkx 5% (cT2%d*x"2+d) " (1/2) / (c™2%x72+1) ~(1/2) -17/96*b*c~3%d~2*f*g~2%x~6* (c”
2%d*x"2+d) " (1/2) / (c™2%x72+1) " (1/2) -3/49%b*c~5%d ™ 2% f ~2xgkx~7* (c™2%d*x~2+d) =
(1/2)/ (c™2xx72+1) " (1/2) -3/64*bxc~5*xd "2+ fxg~2*x~8* (c~2*d*x~2+d) ~(1/2) /(c. ..

Mathematica [A] (verified)

Time = 2.01 (sec) , antiderivative size = 810, normalized size of antiderivative = 0.71

/(f + gz)3 (d + czdx2)5/2 (a

—d*(1 + ?z?) (—20160av/'1 + c2z?(—256¢° + c*g(3456 /2 + 945 f gz + 128¢%x?) + 16

+barcsinh(cx)) de =

LIntegrate[(f + g*x)"3*(d + c"2xd*x~2)~(5/2)*(a + bxArcSinh[c*x]),x]
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(-(d"3*(1 + c™2%x72)*(-20160*a*Sqrt [1 + c™2*x"2]*(-256%g~3 + c~2*g* (3456%f
T2 + 945xfxgHx + 128%g72%x"2) + 16%CcT8%x"5*(84*f"3 + 216+f " 2xgxx + 189xf*g
“2%x72 + 56xg”~3*x"3) + 8%c"6#x"3%(546*f73 + 1296*%f " 2kgxx + 1071xf*xg"2xx"2
+ 304xg~3*x73) + 6*kc"4*x*(924*f73 + 1728*f 2*gxx + 1239*%f*g~2*xx"2 + 320%g”
3*x73)) + bx(-315*%c*xg~2%(7539*f + 16384x*g+*x) + 30240*c~5*x~2*(1848*f~3 + 2
304*f"2%gxx + 1239*f*g~2%x"2 + 256%g~3*x"3) + 3360*c”3*(6279*%f"3 + 20736*f
“2%gFx + 2835xf*gT2%x"2 + 266%g~3%x"3) + 2304*c”"7*x"4* (9555%f73 + 18144*f"
2xgxx + 12495%f*g~2%x"2 + 3040%g~3*x"3) + 640*c”9*x"6%(7056*f"3 + 15552%f~
2%g*x + 11907*f*g~2*%x"2 + 3136%g~3*x"3)))) + 3175200%b*ckd~3*f* (8*c~2xf~2
- 3%g~2)*(1 + c”2*x"2)*ArcSinh[c*x] "2 + 6350400*a*xc*d™(5/2)*f*(8*c~2*f~2 -
3xg~2)*Sqrt[1 + c”2*x"2]*Sqrt[d + c~2xd*x~2]*Logl[c*d*x + Sqrt[d]*Sqrt[d +
c"2xd*x"2]] + 2520%b*d"3*(1 + c~2%x"2)*ArcSinh [c*x]*(27648*c”~2*f " 2*g*Sqrt
[1 + c™2%x72] - 2048*g~3*Sqrt[1 + c™2%x"2] + 82944x*c™4*f ™ 2xg*x~2*Sqrt[1 +
Cc™2%x72] + 1024*xc™2xg 3*x"2*Sqrt[1 + c™2xx72] + 82944*c”6*f " 2*gxx~4*Sqrt[1
+ ¢c72%x72] + 15360%c”4*g~3*x"4*Sqrt[1 + c™2*x"2] + 27648*c~8*f "2*kgxx~6%Sq
rt[1 + c™2*%x"2] + 19456%c”~6xg 3*x"6*Sqrt[1 + c™2*x"2] + 7168*c™8*g~3*x~8*S
grt[1 + c™2*x72] + 3024*cxf*(5*c™2*f~2 - g~2)*Sinh[2*ArcSinh[c*x]] + 1512%
cxfx(2xc™2+f72 + g~2)*Sinh[4*ArcSinh[c*x]] + 336%c”~3*f 3*Sinh[6*ArcSinh[c*
x]] + 1008*cxf*g~2*Sinh[6*ArcSinh[c*x]] + 189*c*fxg~2*Sinh[8*ArcSinh [c*x]]
))/(162570240%c~4*Sqrt [1 + c”2*x~2]*Sqrt[d + c~2%d*x~2])

output

Rubi [A] (verified)

Time = 1.47 (sec) , antiderivative size = 617, normalized size of antiderivative = 0.54,

number of rules _ 100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (dz? + d) 5/2 (f + gz)3(a + barcsinh(cz)) dz
| 6260

d*Vctda? + d [ (f + gx)® (P2? + 1)5/2 (a + barcsinh(cz))dx
V22 +1
| 6253
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d?Ve2dz? +d [ ((62x2 + 1)5/2 (a + barcsinh(cz)) f2 + 3gz(c?z? + 1)5/2 (a + barcsinh(cz)) 2 + 3g2? (c?z? + 1
N

l 2009

d*vc2dx? +d (— 15fg2(a+l2>ggbccs3inh(cx))2 + £ iz (z? + 1)5/2 (a + barcsinh(cz)) + 2 f3z(c?z? + 1)3/2 (a + barcs

-

input LInt[(f + g*X)AB*(d + CA2*d*XA2)A(5/2)*(a + b*ArcSin.h[c*x]),X]

N >

(d72%Sqrt[d + c”2xd*x"2]*((-3*b*f~2*g*x)/(7T*c) + (2%bxg~3%x)/(63*%c~3) - (2
B¥bxckf~3%x72) /96 - (15xb*f*g~2%x72)/(266%c) - (3*bkcxf~2*g*x~3)/7 - (b*g”
3%x73)/(189%c) - (5xb*c~3*f"3*x"4)/96 - (59*b*cxfxg~2%x~4)/256 - (9*bxc~3*
£72xg*x"5) /35 - (b*c*g~3*x75) /21 - (17*bxc~3*f*g~2%x"6)/96 - (3xb*c 5*xf~2*
g*x"7) /49 - (19%bxc~3*g~3*x"7) /441 - (3xb*c~5*xf*xg~2*x"8)/64 - (b*c~5xg~3*x
79)/81 - (b*£f~3%(1 + c™2%x72)73)/(36%c) + (5*f~3*x*Sqrt[l + c™2*xx"2]*(a +
bxArcSinh[c*x]))/16 + (15*f*g~2*x*Sqrt[1 + c”2*x"2]*(a + bxArcSinh[c*x]))/
(128%c™2) + (15xfxg~2+x"3*Sqrt[1 + c~2*x"2]*(a + bxArcSinh[c*x]))/64 + (5%
£73%x*x (1 + c”2%x72)"(3/2)*(a + bxArcSinh[c*x]))/24 + (5*f*g~2*x"3%(1 + c~2
*x7"2) 7 (3/2)*(a + b*ArcSinh[c*x]))/16 + (£73*x*(1 + c"2*x"2)"(5/2)*(a + b*A
rcSinh[c*x]))/6 + (3*fxg~2%x~3*(1 + c~2*x"2)"(5/2)*(a + b*ArcSinh[c*x]))/8
+ (3*%f72xg*x (1 + c™2xx72)"(7/2)*(a + b*ArcSinh[c*x]))/(7*c"2) - (g"3*(1 +

c"2xx~2)~(7/2)*(a + bxArcSinh[c*x]))/(7*xc~4) + (g~3*(1 + c™2*xx~2)~(9/2)*(a
+ b*ArcSinh[c#*x]))/(9%c”4) + (5*f~3x(a + b*ArcSinh[c*x])~2)/(32%b*c) - (1
Exfxg~2%(a + bxArcSinh[c*x])~2)/(256%b*c~3)))/Sqrt[1 + c~2xx~2]

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.)) " (n_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) || GtQlp, 01 || EqQm, 11 || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
~p]  Int[(f + g*x)"m*(1 + c~2%x~2) px(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2883 vs. 2(994) = 1988.

Time = 1.56 (sec) , antiderivative size = 2884, normalized size of antiderivative = 2.53

method | result size
default | Expression too large to display | 2884
parts Expression too large to display | 2884

input ‘ int ((g*x+f) "3 (c~2%d*x~2+d) ~ (5/2) * (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBO ‘
\ SE)

N\

J




output

input
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ax (£73* (1/6*xx* (c™2%d*x"2+d) ~ (5/2)+5/6*d* (1/4*x* (c~2*d*x~2+d) ~(3/2) +3/4*d* (
1/2%x* (c™2%d*x~2+d) ~(1/2)+1/2*d*1n(x*c~2*d/ (c~2*d) ~(1/2) +(c~2*d*x~2+d) ~(1/
2))/(c™2%d)~(1/2))) ) +g~3*(1/9*x~2% (c~2*d*x~2+d) ~(7/2) /c~2/d-2/63/d/c"4*(c”
2xd*x"2+d) " (7/2) ) +3*£*xg~2% (1/8*x* (c™2*d*x~2+d) ~(7/2) /c~2/d-1/8/c~ 2% (1/6*x*
(c™2xd*x~2+d) " (5/2) +5/6%d* (1/4*x* (c"2*xd*x"2+d) " (3/2) +3/4*d* (1/2*x* (c~2*d*x
~2+d) "~ (1/2)+1/2*d*1n(x*c”2*d/ (c™2*d) "~ (1/2) +(c"2*d*x"2+d) ~(1/2) )/ (c"2*d) ~ (1
/2)))))+3/T*£"2%g* (c™2xd*x~2+d) ~(7/2) /c~2/d) +b* (5/256% (d* (c~2*x"2+1) ) ~(1/2
)*f*arcsinh (x*c) "2% (8kc~2xf~2-3%g~2)*d"2/(c™2*x"2+1) " (1/2) /c~3+1/41472* (dx*
(c™2xx72+1) )~ (1/2) * (256*c~10%x~10+256* (c™2*x~2+1) " (1/2) *x~9*Cc~9+704*Cc~8*x~
8+576xx"Txc T*(c™2%x~2+1) " (1/2)+688*Cc~6*x~6+432% (c~2*x~2+1) ~(1/2) *x~5*c”~5+
280*Cc”4*x~4+120* (c™2%x72+1) ~(1/2) *c™3*x"3+41%c™2xx"2+9* (c"2*x~2+1) ~(1/2) *x
xc+1) *g~ 3% (-1+9*arcsinh (x*c) ) *d~2/c"4/ (c™2*x"2+1) +3/16384* (d* (c"2*x"2+1)) "~
(1/2)*(128*c~9*x~9+128* (c™2*x"2+1) ~(1/2) *x"8*Cc~8+320%xX " T*Cc " 7+256*x"6*C” 6% (
CcT2%x72+1) " (1/2) +272*x"5%c"5+160%x"4*c~4* (c™2*%x"2+1) ~(1/2) +88*x~3*c~3+32*x
“2xcT2x (cT2%x72+1) 7 (1/2) +8*x*c+(cT2%x"2+1) " (1/2) ) *£*xg~2* (-1+8*arcsinh (x*c)
Y*d"2/c”3/ (c™2*x"2+1)+3/25088%* (d* (c"2*x"2+1) ) ~(1/2) * (64*Cc~8*x"8+64*x~T*c”7
*(c™2%x72+1) " (1/2) +144%c™6*x"6+112% (c™2xx~2+1) ~(1/2) *x~5*%c~5+104*c~4*x~4+5
6% (cT2%x72+1) " (1/2) *c™3*x"3+25*%Cc"2*x"2+7* (cT2*x"2+1) ~(1/2) *x*c+1) *g* (28*ar
csinh(x*c)*c™2%f~2-4xc~2*f ~2+7*arcsinh (x*c) *g~2-g~2) *d"2/c~4/(c"2*x"2+1) +1
/2304% (d* (c™2%x~2+1) )~ (1/2) * (32%x~7*Cc~7+32%x~6%c 6% (c~2%x~2+1) ~(1/2)+64. ..

Fricas [F]

/ (f +g2)° (d

+ c2d:132)5/2 (a + barcsinh(cz)) dz = / (Pdz® + d)

5
2

(9z + f)*(barsinh (cz) + a) dz

‘integrate((g*x+f)“3*(c“2*d*x“2+d)”(5/2)*(a+b*arcsinh(c*x)),x, algorithm="f
Lricas")

|
J
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integral ((a*c™4*d~2*g 3*x"7 + 3kakxc™4*d 2*f*g~2%x"6 + 3*xaxd 2xf 2xgxx + ax
d"2+£73 + (3*axc”4*d"2xf"2%g + 2¥a*c"2xd"2%g"3)*x”5 + (axc”4*d"2*xf"3 + 6*a
*CT2xd"2xf*xg"2) *x"4 + (B*kaxc”2xd"2xf"2kg + axd"2xg~3)*x"3 + (2xa*xc”2*d"2*f
~3 + 3*axd"2xfxg”2)*x"2 + (b*cT4*d"2xg"3*x”7 + 3xb*c"4*xd"2xf*g"2+%x"6 + 3%*b
*d"2xf"2xgxx + bxd"2*f73 + (3*%bkcT4*d"2*f"2%g + 2¥bkcT2*xd"2*g"3)*x”5 + (b*
CT4xd"2+f73 + 6*b*cT2xd"2*f*g"2)*x"4 + (6*b*cT2xd"2+f"2%g + b*d"2xg~3)*x"3
+ (2%bxc™2%d"2*f73 + 3xb*d"2*f*g~2)*x~2) *arcsinh(c*x))*sqrt(c”2*d*x"2 + d
), X)

output

Sympy [F(-1)]

Timed out.
/ (f +gz)® (d+ c2dx2)5/ 2 (a + barcsinh(cz)) dxz = Timed out
inputLintegrate((g*x+f)**3*(c**2*d*x**2+d)**(5/2)*(a+b*asinh(c*x)),x)
Ou_,ﬁputLTimed out

Maxima [F(-2)]

Exception generated.

/ (f +gz)® (d+ czda:2)5/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((gxx+f) 3% (c™2xd*x~2+d) " (5/2) * (a+b*arcsinh(c*x)) ,x, algorithm="m

input
axima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.
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Giac [F(-2)]

Exception generated.

/ (f +gz)® (d+ chx2)5/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

‘integrate((g*x+f)‘3*(c‘2*d*x‘2+d)‘(5/2)*(a+b*arcsinh(c*x)),X, algorithm="g

iHPUt‘iac")

Output‘Exception raised: RuntimeError >> an error occurred running a Giac command ‘

‘:INPUT:sage2OUTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve

cteur & 1) Error: Bad Argument Value

N\ J

Mupad [F(-1)]

Timed out.
[ +90° @
+c2dav2)5/2 (a+barcsinh(cz)) dr = / (f + gz)° (a+basinh(cz)) (dc®z* + d)5/2 dz
input Lint((f + gxx)~3*(a + b*asinh(c*x))*(d + c™2xd*x~2)~(5/2),x) J
output Lint((f + gxx)"3x(a + brasinh(cxx))*(d + c2*d*x~2)~(5/2), x) J
Reduce [F]

/ (f +gz)® (d+ c2da:2)5/ ? (a + barcsinh(cz)) dz = Too large to display

input Lint ((g*x+£) ~3% (c~2*d*x"2+d) ~ (5/2) * (a+b*asinh (c*x)) ,x) J




CHAPTER 3. LISTING OF INTEGRALS 360

(sqrt (d) *d**2+* (1344*sqrt (ck*2kx**2 + 1)*kakxck*kB*xf**3*x**5 + 3456%sqrt (cx*2x*
X¥k2 4+ 1) kakxckkBFL**x2kgkx**6 + 3024*sqrt (Ck*2xx**2 + 1) *kakck*k8*kLrgrkkx**T
+ 896*sqrt (c*x*2*x**2 + 1)*kaxck*8xg*x3*x*x*8 + 4368*sqrt (c**2*x**2 + 1)*axc
*kGxfxk3kx**3 + 10368*sqrt (c*k*2*xx**2 + 1)*akxck*B*xf**2kgxx**4 + 8568+*sqrt(c
*kQkXK*K2 + 1) kakCkkG*L*kgh*k2kx**5 + 2432%sqrt (CHk*2*x**2 + 1) *kakck*kBkgr*3kx*
*6 + 5544*sqrt (cx*2kx**2 + 1)*axck*4xf*x3*xx + 10368*sqrt (ck*2*x**2 + 1)*ax
CH*4xfx*kkghx*kx2 + TA34*sqQrt (CH*2kx**2 + 1)*kakckkd*xf*g**2xx**3 + 1920*sqrt
(CH*2xx*%2 + 1)*akck*d*kgr*3*kxx*4d + 3456%sqrt (Ck*2xx**2 + 1) *akck*2*xL*x*2*g
+ 945%sqrt (cx*2+x**2 + 1)*axck*2xfxgx*x2xx + 128%sqrt (Cx*2*x**2 + 1)*axck*2
*xgx*k3*kx*kx2 — 256xsqrt (Ck*x2xx**2 + 1)*axg**3 + 8064*int (sqrt (cx*2*x*x2 + 1)
*asinh (C*xX) *xX**7,X) *b*c**8*g**3 + 24192*int (sqrt (c**2*x**2 + 1)*asinh(c*x)
*X*¥%6 ,X) ¥b*kCk*xB*L*gk*2 + 24192+int (sqrt (c**2xx**2 + 1)*asinh(c*x) *x**5,x)*
bkcx*8xf**2xg + 16128*int (sqrt (cx*2*x**2 + 1)*asinh(c*x)*x**5,x) *bkck*6*g*
*3 + 8064*int (sqrt (c**2*x**2 + 1)*asinh(c*x)*x**4,x)*xb*cx*8xf*x3 + 48384+*i
nt (sqrt (c**2*x**2 + 1)*asinh(c*x)*x**4,x)*b*xc*k*x6*xf*g*k*2 + 48384*int (sqrt(c
*k2xx**2 + 1)*asinh(c*x)*x**3,x)*bkck*x6xf**2xg + 8064*int (sqrt (ck*2*x**2 +
1) *asinh (c*x)*x**3,x) ¥bkxcx*k4dxg*x*3 + 16128*int (sqrt (ck*2*x**2 + 1)*asinh(c
*X) *X**k2 ,X) kbkCck*k6xf*x*3 + 24192xint (sqrt (ck*2*kx**2 + 1)*asinh(c*x)*x**2,x)
*¥bkckx4xfrgH*2 + 24192*%int (sqrt (c**2*x**2 + 1)*asinh(ckx)*x,x) ¥bkckk4*f**2
xg + 8064*int (sqrt(cx*2xx**2 + 1)*asinh(c#*x),x)*bkc**4*f**3 + 2520%log(. ..

output
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3.44 [(f+gz)? (d + c2dz?)®” (a-+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. .
Rubi [A] (verified) . . . . . . . . . . 363l
Maple [B] (verified) . . . . . . . . . ... 365
Fricas [F] . . . . o . o e
Sympy [F] . . o 367
Maxima [F(-2)] . . . . . . o 367
Giac [F(-2)] . . . o o o 367l
Mupad [F(-1)] . . . .o
Reduce [F] . . . . o

Optimal result

Integrand size = 30, antiderivative size = 837

2bd? fgz/d + c2dx?
+g7)? (d + dz?)*” (a + barcsinh dr = —
/(f ga) (d+dr’)™ (a resinh(ez)) dz TeV/1 + c2a?

_ Bbed? fx*v/d + c2dx?  5bd*g*z*vVd + Pdx?  2bed® fgaiv/d + c2da?

32v/1 + 222 256¢v/1 + c2x2 V1 + c2x?
59bcd?g?z*y/d + c2dx?  6bcAd?fgx®v/d+ c2dx?  1TbcPd?g?x%/d + c2dx?
O sVit ez itz 2881+t e
2P fgxr’/d + 2dx?  bPd?g?x®vd + 2dx?
491tz 641t a2
5bd2f2(1 + 22?)*? Vd + @dz®  bd2fA(1 + 22?)? Vd + Pdz?
96¢ 36¢

2.2 [T 3732 inh
ddgievdtc dggf barcsin (“”%fg%/m(m

—|—1—56d2f2x\/ d + c2dz?(a+barcsinh(cx))+
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—2/T*bxd~2xf*gkx* (c™2%d*x~2+d) ~(1/2) /c/ (c™2*x"2+1) " (1/2) -5/32%b*c*d~2*f ~2%
X"2%(c72%d*x"2+d) ~(1/2) / (c™2*x"2+1) ~(1/2) -5/256%b*d~2*g~2*x " 2% (c~2*d*x~2+d
)" (1/2)/c/ (c™2xx"2+1) " (1/2) -2/T*b*c*d~2*f*g*xx~3* (c"2*d*x"2+d) ~(1/2) / (c"2#*x
~2+1)7(1/2)-59/768*b*cxd~2xg~2xx~4* (c~2*d*x~2+d) ~(1/2) / (c"2*xx~2+1)~(1/2)-6
/35%b*c™3*%d"2*f*gkx 5% (cT2*d*x"2+d) " (1/2) / (c™2*x~2+1) "~ (1/2)-17/288*b*c~3*d
“2%g”2%x"6% (cT2*d*x"2+d) " (1/2) / (c”2%x"2+1) " (1/2) -2/49%b*c~5*¢d"2* £ xg*x"T* (C
“2%d*x”2+d) " (1/2)/ (c™2%x"2+1) " (1/2) -1/64%b*c~5%d"2%g~2*x 8% (c~2*d*x~2+d) ~(
1/2)/ (c™2%x~2+1) " (1/2) -5/96*b*d~2*f ~2*% (c~24x~2+1) ~(3/2) * (c~2*d*x~2+d) ~(1/2
) /c=1/36xb*d~2%f 2% (c™2%x"2+1) 7 (5/2) * (c™2*d*x~2+d) " (1/2) /c+5/16%d ™ 2% ~2*x*
(c™2*d*x~2+d) ~(1/2) * (atb*arcsinh(c*x) ) +5/128%d~2*g~2*x* (c~2*d*x~2+d) ~(1/2)
* (a+b*arcsinh(c*x))/c™2+5/64*d"2xg ~2+x"3* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh (
c*x))+5/24%d*f " 2xx* (c”2xd*x~2+d) ~ (3/2) * (a+b*arcsinh (c*x) ) +5/48*d*g ™ 2kx "~ 3* (
c"2xd*x"2+d) ~(3/2) * (atb*arcsinh (c*x) ) +1/6*f ~2*x* (c"2*d*x~2+d) ~(5/2) * (at+b*a
rcsinh(c*x))+1/8%g ~2*x"3* (c~2*d*x~2+d) ~(5/2) * (a+b*arcsinh (c*x) ) +2/7T*f*g* (c
~2xd*x~2+d) " (7/2) * (at+b*arcsinh (c*x))/c”2/d+5/32*d"2+f ~2* (c~2*xd*x~2+d) " (1/2
) *(atb*arcsinh(c*x)) ~“2/b/c/(c™2*x~2+1) ~(1/2) -5/256%d"~2*xg~ 2% (c~2*d*x~2+d) ~(
1/2)*(at+b*arcsinh(c*x))~2/b/c~3/(c™2*x~2+1) ~(1/2)

output

Mathematica [A] (verified)

Time = 1.57 (sec) , antiderivative size = 555, normalized size of antiderivative = 0.66

/(f + gz)* (d+ (:2al:c2)5/2 (a

— (1 + 22?) (b(—87955g2 + 1120¢2(2093 f2 + 4608 f gz + 315¢%22) + 3360c 2 (184
+barcsinh(cx)) dz =

input Integrate[(f + gxx)~2x(d + c”2*d*x"2)~(5/2)*(a + b*ArcSinh[c*x]),x]
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(-(a"3%(1 + c™2%x72) *(b*x(-87955*xg™2 + 1120%c~2%(2093*f~2 + 4608*f*gxx + 31
Bxg~2%x72) + 3360kc"4*x"2*(1848+f"2 + 1536xf*gkx + 413*%g~2xx"2) + 640%c”~8*
X"6x(784+£72 + 1152*f*xg*x + 441xg™2%x"2) + 1792%c”6*x~4*(1365%xf~2 + 1728*f
*xg*xx + 595%xg~2%x"2)) - 6720%axc*xSqrt[l + c”2xx"2]*(768*f*gk(1 + c~2%x"2)"3
+ 56%c”2#f " 2#x* (33 + 26%CcT2%x"2 + 8%cT4*x"4) + Tkg~2*xx*(15 + 118*%cT2*x"2
+ 136%c”4*x"4 + 48%c”6*x76)))) + 352800%b*d~3*(8*c"2*xf72 - g~2)*(1 + c"2*x
~2)*ArcSinh[c*x] "2 + 705600%a*d~(5/2)*(8*c~2*xf"2 - g~2)*Sqrt[1 + c™2*x"2]*
Sqrt[d + c”2*d*x"2]*Logl[c*d*x + Sqrt[d]*Sqrt[d + c™2*d*x"2]] + 840%b*d~3%*(
1 + ¢~2%x72)*ArcSinh[c*x]* (6144xcxfxg*Sqrt[1 + c™2*xx"2] + 18432xc”~3*f*g*x™
2+%Sqrt [1 + c™2*x"2] + 18432xc B*f*g*x~4*Sqrt[1 + c™2xx"2] + 6144*Cc T*f*gxx
~6*Sqrt[1 + c™2*x”~2] + 336%(15*xc™2*%f~2 - g~2)*Sinh[2*ArcSinh[c*x]] + 168%(
6xc”2+f"2 + g~2)*Sinh[4*ArcSinh([c*x]] + 112%c”~2*f~2*Sinh[6*ArcSinh[cxx]] +
112*g~2xSinh [6%ArcSinh [c*x]] + 21xg~2*Sinh[8*ArcSinh[c*x]]))/(18063360*c™
3xSqrt[1 + c™2*x"2]*Sqrt[d + c~2*d*x"2])

output

Rubi [A] (verified)

Time = 1.56 (sec) , antiderivative size = 470, normalized size of antiderivative = 0.56,

number of rules _
integrand size 0.100, Rules

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (Pdz? + d)5/2 (f + gz)2(a + barcsinh(cz)) dz

l 6260

d*Vc2da? +d [(f + gz)* (2® + 1)5/2 (a + barcsinh(cz))dz
vz +1
l 6253

d?ve2dz? +d [ (fz(a + barcsinh(cz)) (?z? + 1)5/2 + g*z?(a + barcsinh(cz)) (c?z? + 1)5/2 + 2fgz(a + barcsix

cz? +1

l 2009
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d*V/c2dz? +d <— 5g2(a+bg§g§2§1h(cw))2 + :fx(Pa? + 1)5/2 (a + barcsinh(cz)) + 2 f2z(c?z? + 1)3/2 (a + barcsin

r

LInt[(f + gxx) 2% (d + c”2*d*x"2)"(5/2)*(a + b*ArcSinh[c*x]),x]

| —

input

(d~2*8qrt[d + c™2*d*x~2]*((-2*bxf*g*x)/(7*c) - (25*bxc*f~2*%x"2)/96 - (5*b*
g72%x72)/(256%c) - (2¥bkcxfxgxx~3)/7 - (5¥b*c™3*xf72%x74)/96 - (59%b*cxg~ 2%
X"4)/768 - (6%b*c~3xf*g*x~5)/35 - (17*bxc™3%g~2%x76)/288 - (2%b*c 5*fxgkx"™
7)/49 - (bxc~5*g~2%x78)/64 - (b*f~2*%(1 + c~2%x72)"3)/(36*c) + (5*f 2*x*Sqr
t[1 + c™2xx"2]*(a + bxArcSinh[c*x]))/16 + (5*g~2*x*Sqrt[1 + c™2*x"2]*(a +
bxArcSinh[c*x]))/(128xc"2) + (5xg~2*x~3*Sqrt[1 + c”2*x"2]*(a + b*ArcSinh[c
*x]))/64 + (5%f~2%x*(1 + c~2*%x72)"(3/2)*(a + b*ArcSinh[c*x]))/24 + (5xg 2%
x"3%(1 + c2*x72)"(3/2)*(a + b*ArcSinh[c*x]))/48 + (£72xx*(1 + c"2%x"2)" (5
/2)*(a + b*ArcSinh[c*x]))/6 + (g~2*x"3*(1 + c"2*xx"2)"(5/2)*(a + bxArcSinh[
c*x]))/8 + (2*fxg*(1 + c™2*xx"2)~(7/2)*(a + bxArcSinh[c*x]))/(7*c”2) + (5*f
~2%(a + b*ArcSinh[c*x])~2)/(32%b*c) - (5*g~2*(a + b*ArcSinh[c*x])~2)/(256%
b*xc~3)))/Sqrt[1 + c~2*x"2]

output

Defintions of rubi rules used

rule 2009 Intlu_, x_Symbol]l :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(a_.)*((£f_ ) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) px(a

+ b*ArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] & ((EqQ[n, 1] && GtQ[p, -11) Il GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

& LtQlp, -21))

rule 6253
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Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2*x"2)
~p]  Int[(f + g*x)“m*(1 + c~2*%x"2) p*(a + b*ArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2308 vs. 2(727) = 1454.

Time = 1.45 (sec) , antiderivative size = 2309, normalized size of antiderivative = 2.76

method | result size
default | Expression too large to display | 2309

parts Expression too large to display | 2309

int ((grx+£) 2% (c"2xd*x~2+d) " (5/2) * (a+b*arcsinh(x*c)) ,x,method=_RETURNVERBO
'SE)

N J

input
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ax (£72x (1/6xx* (c™2%d*x"2+d) " (5/2)+5/6*A* (1/4*x* (c~2*d*x~2+d) ~(3/2) +3/4*d* (
1/2%x* (c™2%d*x~2+d) ~(1/2)+1/2*d*1n(x*c~2*d/ (c~2*d) ~(1/2) +(c~2*d*x~2+d) ~(1/
2))/(c™2%d)~(1/2))) ) +g~ 2% (1/8*x* (c~2%d*x~2+d) ~(7/2) /c~2/d-1/8/c~ 2% (1/6%x* (
c™2xd*x"2+d) " (5/2) +5/6%d* (1/4*x* (c~2xd*x"2+d) ~ (3/2) +3/4*d* (1/2*x* (c~2*d*x~
2+d) ~(1/2)+1/2%d*1n(x*c~2%d/ (c~2%d) ~ (1/2) +(c~2*d*x~2+d) ~(1/2)) /(c~2*d) ~(1/
2)))))+2/7T*fxg* (c™2xd*x~2+d) ~(7/2) /c~2/d) +b* (5/256* (d* (c"2*x~2+1) )~ (1/2) *a
rcsinh (x*c) "2% (8*c™2xf£72-g"2) *d~2/ (c™2*x"2+1) ~(1/2) /c~3+1/16384* (d* (c"2*x"
2+1)) 7 (1/2) % (128*c™9*x~9+128% (c™2*x"2+1) ~(1/2) *x~8*c~8+320*x~7*c~7+256*x"6
*C 6% (c™2%x"2+1) " (1/2)+272%x"5*c~5+160%x"4*c™4* (c™2%x"2+1) ~ (1/2) +88*x~3*c™
3+32%x72%c" 2% (c72%x"2+1) 7 (1/2) +8*x*c+(c™2*%x"2+1) ~(1/2) ) ¥g~2* (-1+8*arcsinh(
x*c))*d"2/c”3/(c™2%xx"2+1)+1/3136% (d* (c~2%x~2+1) ) ~(1/2) * (64%c~8*x~8+64*x"T*
cTTx(c™2xx™2+1) " (1/2) +144%c™6%x"6+112% (c™2*x~2+1) ~(1/2) *x"5*c~5+104*c~4*x~
4+56% (c™2*x"2+1) " (1/2) *c™3%x"3+25*Cc"2*x"2+7* (c"2*x"2+1) " (1/2) *x*c+1) *E*xg* (
-1+7*arcsinh(x*c))*d~2/c~2/(c"2*x"2+1)+1/2304* (d* (c™2*x"2+1) )~ (1/2) * (32*x~
T*C™T+32*%x"6%c™ 6% (c™2*%x"2+1) ~(1/2) +64*x~5%c”~5+48*x~4*c 4* (c™2*%x"2+1) ~(1/2)
+38*x"3*%c"3+18*x"2*%c" 2% (c"2*x"2+1) ~(1/2) +6*x*c+(c”2*%x"2+1) ~(1/2) ) *(6*arcsi
nh(x*c)*c~2*f~2-c~2*f"2+6*arcsinh (x*c) *g~2-g~2) *d"2/c~3/ (c"2*x"2+1)+1/320%
(d*(c™2xx72+1)) " (1/2) * (16*%c”6xx~6+16% (c™2*%x"2+1) ~(1/2) *x"5*c~5+28*c"4*x "4+
20% (c™2*x"2+1) " (1/2) *c™3*x"3+13*C”24x"2+5*% (c™2*x"2+1) " (1/2) *x*kc+1) x£xg* (-1
+bkarcsinh (x*c))*d~2/c”2/(c™2%x"2+1)+1/1024* (d* (c™2*x~2+1) )~ (1/2) *(8*x™. ..

output

Fricas [F]

[ +907 (@

+ chx2)5/2 (a + barcsinh(cz)) dz = / (Pdz® + d) : (9z + f)*(barsinh (cz) + a) dz

integrate ((g*x+f) ~2*(c~2*d*x~2+d) ~(5/2) * (a+b*arcsinh(c*x)) ,x, algorithm="f

input
ricas")

integral ((a*c™4*d~2*%g~2*%x"6 + 2kaxc™4*xd 2xf*xgxx~5 + 4xaxc™2xd 2xfxgxx~3 +
2xaxd"2xfxgkx + axd"2*xf72 + (a*xcT4*d"2*f72 + 2¥axcT2*%d"2%g"2)*x"4 + (2*axc
T2xd"2+f72 + akd"2xgT2)*x"2 + (bkcT4*d"2xg"2%x"6 + 2%bkcT4*xd"2*xf*g*kx"5 + 4
*bxCcT2xd"2xfxgxx"3 + 2xbxd"2xfxgxx + b*d"2+f72 + (bkcT4*d"2*xf72 + 2xbxcT2x%
d"2*g"2)*x74 + (2xbxc"2*%d"2*f72 + b*d"2xg~2)*x~2) *arcsinh(c*x))*sqrt(c2xd
*x~2 + d), x)

output




inputt
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Sympy [F]

[+ 927 (a

+ *dz?) 5/2 (a+ barcsinh(cz)) dz = / (d(?z*+1))

5
2

(a+basinh (cz)) (f + gz)* dz

integrate ((gkx+f) **2x (c**2*xd*x**2+d) ** (5/2) * (a+b*asinh (c*x) ) ,x)

output L

Integral ((d*(cx*2*x**2 + 1))**(5/2)*(a + b*asinh(c*x))*(f + gkx)**2, x)

input

Maxima [F(-2)]

Exception generated.

/ (f +gz)? (d+ czdxz)S/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

integrate ((gxx+f) 2% (c~2xd*x~2+d) " (5/2) * (a+b*arcsinh(c*x)) ,x, algorithm="m
axima")

output

input ‘

Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
ve exponent.

Giac [F(-2)]

Exception generated.

/ (f +gz)? (d+ Cde2)5/ 2 (a + barcsinh(cz)) dx = Exception raised: RuntimeError

integrate ((g*x+f) "2* (c~2*d*x~2+d) ~(5/2) * (a+b*arcsinh(c*x) ) ,x, algorithm="g

‘ iac")
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
[ +g02 @
-I-c2dacz)5/2 (a+barcsinh(cz)) dz = / (f + gz)° (a+basinh(cz)) (dc®7* + d) 52
inputLint((f + g*x)~2x(a + b*asinh(c*x))*(d + c~2%d*x~2)"~(5/2),x) J
Outputtint((f + g*x)~2*(a + b*asinh(c*x))*(d + c™2xd*x~2)~(5/2), x) J
Reduce [F|

/(f + gz)* (d+ czd:c2)5/2 (a

+barcsinh(cz)) d \/adz(448mac7f2x5+768\/mac7fgx6+336mac7g2x7+1‘
arcsinh(cz)) dx =

input | 10t ((g¥x+£) "2+ (c72+d¥x"2+d) ~ (5/2) * (atbrasinh(cxx)) ,x) J
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(sqrt (d) *d**2+* (448*sqrt (cx*2*x**2 + 1)*axck*x7xLx*x2xx**5 + T68*sqrt (ck*2*x*
*¥2 + 1)*akck*kTkExgxx*x6 + 336*sqQrt (CHk2xx**2 + 1)*a*Ck*kTHgk*2kx*k*7 + 1456%
Sqrt (ck*2*kx*x*2 + 1)*a*ck*bxf*x2kx*x*3 + 2304*sqrt (ck*2*x**2 + 1)*axck*bxf*g
*x**4 + 952%sqrt (Cx*k2*x**2 + 1)*kaxckxk5*xgk*x2*x**x5 + 1848*sqrt (cx*2xx**2 + 1
)kakck*k3kfx*k2kx + 2304*sqrt (Ck*2*x*k*2 + 1)*kakck*k3xfxg*x**x2 + 826*sqrt (c**2
*x*k%2 + 1)*kakck*3kgk*k2kx**3 + T768*sqrt (ck*2*x*k*2 + 1)*axcxf*g + 105*sqrt(c
*k2kxk%2 + 1)kakckgkx2xx + 2688*int (sqrt (c**2xx**2 + 1)*asinh(c*x)*x**6,x)
*xb*xckxT*g**x2 + 5376%int (sqrt (ck*2*x**2 + 1)*asinh (c*x)*x**5,X) ¥b*ck*x7*f*g

+ 2688*int (sqrt (ck*2*x**2 + 1)*asinh(ckx)*x**4,x)*bkck*7*f**x2 + 5376*int (s
qrt (ck*2kx**2 + 1)*asinh(c*x)*xk*4,x)*bxckx5kg**2 + 10752*int (sqrt (cx*2kx*
*2 + 1)*asinh(ckx)*x**3,x)*bxcx*5xfxg + 5376%int (sqrt (cx*2*x**2 + 1)*asinh
(c*x) *x**2,x) ¥b*ck*5*f**2 + 2688*int (sqrt (ck*2*x**2 + 1)*asinh(c*x)*x**2,x
) ¥bxc*k*x3*kgx*2 + 5376+int (sqrt (c**2*x**2 + 1)*asinh(c*x)*x,x)*bkxc*x*x3*+f*xg +

2688*int (sqrt (c**2*x**2 + 1)*asinh(c*x) ,x)*b*c**3*xf*x2 + 840*1log(sqrt (c**2
*xx**%2 + 1) + cxx)*kakck*x2xfx*2 - 105%log(sqrt (c**2xx**2 + 1) + c*x)*akxgkx2)
)/ (2688*c**3)

output
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3.45 [(f+gz) (d+ c2dx2)5/ ? (a+barcsinh(cz)) dz

Optimal result . . . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. . B71]
Rubi [A] (verified) . . . . . . . . . . 371l
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o e 374
Sympy [F(-1)] . . o o o
Maxima [F(-2)] . . . . . . o
Giac [F(-2)] . . . o o o 3751
Mupad [F(-1)] . . . .o 376
Reduce [F] . . . . o

Optimal result

Integrand size = 28, antiderivative size = 455

bd?gz\/d + c2dx?
+ d+ 2dz?)*” (a + barcsinh de = —
/(f gz) (d+c'da’) ™ (a resinh(ez)) dz 7cv/1 + 222

_ Bbed? fa*v/d + 2da?  bed®gr’v/d + cAdz?  3bPd’gax’/d + c2dx?

32vV1+ c%z? V1 + c2x? 35v'1 + c2x?
 bPdPgrVd+ da?  5bd f(1+ P2 Vd+ e bdPf(1+ a?)?? Vi + Pda?
49v/1 + c%z? 96¢ 36¢
+1£6d2fx\/ d+ c2dw2(a+barcsinh(cx))+%dfx (d—i—c2d932)3/2 (a-+barcsinh(cz)) +éfx (d-l—c2dcc2)5/2 (a+ba

-1/7*b*d~2*g*x* (c~2*d*x~2+d) ~(1/2) /c/ (c™2*x~2+1) " (1/2) -5/32*b*c*d~2*f*x~2*
(c™2%d*x~2+d) ~(1/2) / (c™2*x"2+1) ~(1/2) -1/7T*b*c*d~2*g*x~3* (c"2*d*x~2+d) ~ (1/2
)/ (c™2*x~2+1) " (1/2) -3/35%b*c~3*d~2%g*x~5* (c~2*d*x~2+d) ~(1/2) / (c™2*x~2+1) ~(
1/2)-1/49%bxc~5*d~2*g*x"7T* (c™2*d*x~2+d) ~(1/2) / (c"2*x~2+1) " (1/2) -5/96*b*d~2
*fx (c™2%x72+1) ~(3/2) *(c™2*d*x"2+d) " (1/2) /c-1/36*b*d~2*f* (c~2*xx"2+1) " (5/2) *
(c™2xd*x~2+d) ~(1/2) /c+5/16%d"2*f*x* (c~2*d*x~2+d) ~(1/2) * (a+b*arcsinh(c*x) )+
5/24xd*fxx*x (c™2*xd*x~2+d) = (3/2) * (a+b*arcsinh (c*x) ) +1/6*f*x* (c~2*xd*x~2+d) ~ (5
/2) * (a+b*arcsinh (c*x) ) +1/7*g* (c~2*d*x~2+d) ~(7/2) * (a+b*arcsinh(c*x))/c~2/d+
5/32xd"2*f* (c”2xd*x"2+d) ~(1/2) * (a+b*arcsinh(c*x) ) ~2/b/c/(c"2*x"2+1)~(1/2)

output




input

output
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Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 390, normalized size of antiderivative = 0.86

/(f + gx) (d—l— c2dx2)5/2 (a

—d*(1 + ?z?) <—1680a\/ 1+ c?z? (489(1 + 222’ + 72 fz(33 + 26222 + 804x4)> +

+barcsinh(cx)) de =

e

LIntegrate[(f + gxx)*(d + c”2*d*x"2)~(5/2)*(a + b*ArcSinh[c*x]),x]

L

(-(@73*x(1 + c™2*x"2)*(-1680*a*Sqrt[1 + c™2*x"2]*(48*g*(1 + c™2%x"2)73 + 7%
c"2xfxx* (33 + 26%CcT2%x"2 + 8%c"4*x"4)) + bkcx(2304*gxx*x(35 + 35*cT2xx"2 +
21%c™4*x"4 + b*CcT6%x76) + 245%xfx(299 + T92*c”2*x"2 + 312%c”4*x"4 + 64*c”6%
X76)))) + 88200*b*cxd~3*f*(1 + c”2*x"2)*ArcSinh[c*x]"2 + 176400%axc*d~(5/2
Y*#f*Sqrt[1 + c™2*x"2]*Sqrt[d + c~2*d*x~2]*Logl[c*d*x + Sqrt[d]*Sqrt[d + c~2
*d*x"2]] + 420*%b*d"3*(1 + c~2*x"2)*ArcSinh[cxx]*(192xgxSqrt[1 + c™2xx~2] +
B76%c™2+gxx~2*Sqrt [1 + c™2*x72] + B76*c”4xg*x~4*Sqrt[1 + c™2*xx"2] + 192%c
“6*g*x~6xSqrt[1 + c”2*x"2] + 315*%c*f*Sinh[2%ArcSinh[c*x]] + 63*c*f*Sinh[4*
ArcSinh[c*x]] + 7*cxf*Sinh[6*ArcSinh[c*x]]))/(564480%c™2xSqrt[1 + c2*x"2]
*Sqrt[d + c”2xd*x~2])

Rubi [A] (verified)

Time = 1.13 (sec) , antiderivative size = 249, normalized size of antiderivative = 0.55,

number of rules __
integrand size 0.107, Rules

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (Pdz? + d) 5/2 (f + gz)(a + barcsinh(cz)) dz
| 6260

d*>vVc2da? +d [ (f + gz) (P2 + 1)5/2 (a + barcsinh(cz))dz
Vetz? +1




CHAPTER 3. LISTING OF INTEGRALS 372

| 6253

d?Ve2dz? +d [ (f(a + barcsinh(cz)) (2z? + 1)5/2 + gz(a + barcsinh(cz)) (*z? + 1)5/2) dx
Vetz? +1
| 2009

d?v/c2dz? + d(éfx(csz + 1)5/2 (a + barcsinh(cz)) + 2 fz(c?2? + 1)3/2 (a + barcsinh(cz)) + 35 fov/c2a? + 1(

input LInt[(f + gxx)*(d + c”2%d*x~2)~(5/2)*(a + b*ArcSinh[c*x]),x] J

(d72xSqrt[d + c2xd*x"2]*(-1/7*(bxg*x)/c - (25xb*cxf*x72)/96 - (b*c*gxx~3)
/T — (5xbxc™3%f*xx"4)/96 - (3*bxc~3*g*x~5)/35 - (bkxc 5*g*x~7)/49 - (b*f*(1
+ c"2%x72)73)/(36%c) + (5xfxx*Sqrt[l + c”2#x"2]*(a + b*ArcSinh[c*x]))/16 +
(6xfxxx(1 + c™2*x"2)~(3/2)*(a + b*ArcSinh[c*x]))/24 + (f*x*(1 + c™2xx"2)"
(6/2)*(a + bxArcSinh[c*x]))/6 + (gx(1 + c2%x72)"(7/2)*(a + b*ArcSinh[c*x]
))/(T*c~2) + (5*f*(a + b*ArcSinh[c*x])~2)/(32*b*c)))/Sqrt[1 + c~2*x"2]

output

Defintions of rubi rules used

rule 2009 | Tot[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 6253 ItL((a_.) + ArcSinh[(c_.)*(x)1*(b_.))"(a_.)*((£1) + (g_.)*x(x))"(m_.)*((d
_) + (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a
+ b*ArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x]
&& EqQle, c™2%d] &% IGtQ[m, O] && IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQlp, -11) Il GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

&& LtQlp, -21))
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Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c"2*x"2)
“p]l  Int[(f + g*x) mx(1 + c~2%x"2) px(a + bkArcSinh[c*x])~n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1678 vs. 2(391) = 782.

Time = 2.01 (sec) , antiderivative size = 1679, normalized size of antiderivative = 3.69

method | result size
default | Expression too large to display | 1679
parts Expression too large to display | 1679

input ‘ int ((gkx+£)*(c™2*d*x~2+d) ~(5/2) * (atb*arcsinh(x*c) ) ,x ,method=_RETURNVERBOSE

N J
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1/6*axf*xx* (c™2xd*x~2+d) ~(5/2) +5/24*a*f*xd*x* (c™2*d*x~2+d) ~(3/2)+5/16*a*xf*d"
2%x* (c"2*d*xx"2+d) " (1/2) +5/16*a*f*d~3*1n (x*c~2*d/ (c"2*d) ~(1/2) +(c"2*d*x"2+d
)7(1/2))/(c™2%d) " (1/2)+1/T*axg* (c~2*d*x~2+d) ~(7/2) /c~2/d+b* (5/32* (d* (c~2#*x
~2+1))°(1/2) / (c™2*x~2+1) ~(1/2) /c*f*arcsinh (x*c) "2xd~2+1/6272*% (d* (c~2*x~2+1
)) " (1/2) % (64*c™8*x"8+64*x"T*c 7x(c™2*%x"2+1) ~(1/2) +144*c~6*x"6+112% (c™2*x"2
+1) 7 (1/2) #x75%c"5+104*c™4*x"4+56% (c"2*x"2+1) ~(1/2) *c~3*x"~3+25*%c"2*x"2+7* (¢
“2%x72+1) " (1/2) *x*c+1) *g*x (—1+7*arcsinh (x*c))*d~2/c~2/ (c"2*xx"2+1)+1/2304* (d
*(c72xx72+1) ) " (1/2) % (32%X"T*C™T+32*%x"6*c~6* (c~2%x~2+1) ~ (1/2) +64*x"5*xc~5+48
*X"4*xCcT4x (cT2%x72+1) T (1/2) +38*x"3*c"3+18*x"2*c 2% (cT2*xx"2+1) " (1/2) +6%x*c+(
c~2%x"2+1) " (1/2) ) *f*x (-1+6*arcsinh (x*c) )*d~2/ (c~2*x~2+1) /c+1/640% (d* (c~2*x~
2+1))7(1/2) % (16%c~6*x"6+16% (c™2*xx"2+1) ~(1/2) *x~5%c~5+28%c~4*x"4+20% (c~2*x"
2+1) " (1/2) *c™3*x"3+13%c"2%x"2+5% (c"2*x"2+1) " (1/2) *x*c+1) *g* (-1+b*arcsinh(x
*c))*d~2/c”2/(c”2*x"2+1)+3/512% (d* (c"2*x"2+1) ) ~ (1/2) * (8%xX"5*c~5+8*x~4*Cc 4%
(c™2%x72+1) " (1/2) +12*x"3%c"3+8*x"2*%c~ 2% (c~2*x"2+1) ~(1/2) +4*x*kc+(c™2*x"2+1)
~(1/2) ) *xf*x(-1+4*arcsinh (x*c) ) *d~2/(c"2*x"2+1) /c+1/128* (d* (c"2*xx~2+1) ) ~(1/2
Y*x (Axc™Axx"4+4% (c72%x72+1) ~(1/2) *c™3*x"3+5%Cc”24x"2+3* (¢ 2*xx"2+1) " (1/2) *x*C
+1) *xgx (-1+3*arcsinh(x*c))*d~2/c~2/(c"2*x"2+1) +15/256* (d* (c"2*x~2+1)) ~(1/2)
* (2%x"3%CcT3+2%x"2xc 2% (T 2%x"2+1) T (1/2) +2*x*c+ (c™2xx"2+1) ~(1/2) ) *£x (-1+2%a
rcsinh (x*c))*d~2/(c™2%x"2+1) /c+5/128% (d* (c™2*x"2+1) ) " (1/2) * (c™2*x"2+(c"2%x
~2+1) " (1/2) *x*c+1) *gx (arcsinh (x*c)-1)*d~2/c~2/ (c"2*x"2+1)+5/128* (d* (c~2. ..

output

Fricas [F]

[+

+ czdx2)5/2 (a + barcsinh(cz)) dx = / (dz® +d)

5
2

(9z + f)(barsinh (cz) + a) dz

integrate ((g*x+f)*(c™2*d*x"~2+d) ~(5/2) * (a+b*arcsinh(c*x)) ,x, algorithm="fri

input
cas")

-

integral ((a*c™4*d~2*g*x™5 + akxc™4*d~2xf*x"4 + 2kakc™2*d"2*gxx"3 + 2%kaxcT2x%
d™2*f*x"2 + a*d"2xgxx + axd"2+f + (bkc"4*xd"2*g*x"5 + bkc"4xd"2*xf*x"4 + 2*b
*C"2%d"2xg*x"3 + 2xb*c"2xd"2*f*x"2 + b*d"2*gxx + b*d~2x*f)*arcsinh(c*x))*sq
rt(c™2*%d*x"2 + d), x)

output

N
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Sympy [F(-1)]

Timed out.
/ (f +9z) (d+ czda:Q)s/ ? (a + barcsinh(cz)) dz = Timed out
inputLintegrate((g*X+f)*(C**2*d*X**2+d)**(5/2)*(a+b*asinh(c*x)),x) J
OutputLTimed out J

Maxima [F(-2)]

Exception generated.

/ (f+gz) (d+ c2dx2)5/ 2 (a + barcsinh(cz)) dx = Exception raised: RuntimeError

integrate ((g*x+f)* (c"2*d*x~2+d) ~(5/2) * (a+b*arcsinh(c*x)) ,x, algorithm="max
ima"

input

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

Giac [F(-2)]

Exception generated.

/ (f+9gz) (d+ czdx2)5/ ? (a + barcsinh(cz)) dz = Exception raised: RuntimeError

input‘integrate((g*X+f)*(CA2*d*x*2+d)‘(5/2)*(a+b*arcsinh(c*x)),x, algorithm="gia ‘
‘ c") ‘
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Output‘Exception raised: RuntimeError >> an error occurred running a Giac command

‘:INPUT:sage20UTPUT:sym2poly/r2sym(const gen & e,const index_m & i,const ve
‘cteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.
[+
+ czdx2)5/2 (a+ barcsinh(cx)) dx = / (f+9z) (a+basinh(cz)) (dc’z* + d) 52
input Lint((f + gxx)*(a + b*asinh(c*x))*(d + c~2*d*x"2)~(5/2),x%) J
Outputtint((f + g*xx)*(a + b*asinh(c*x))*(d + c~2xd*x~2)~(5/2), x) J
Reduce [F|

[+ 92) 4+ 2aa?)" a

+barcsinh(cz)) do = Vdd? (56v/c222 + 1achf 2° + 48v/c2x? + Lac®gz® + 182V 2?2 + Lact f 23 + 144/

input Lint ((g*x+£)*(c~2%d*x~2+d) ~(5/2) * (a+b*asinh (c*x)) ,x) J




CHAPTER 3. LISTING OF INTEGRALS 377

(sqrt (d) *d**2* (56*sqrt (ck*2xx**2 + 1)*akxck*xG*xf*x**5 + 48*sqrt (ck*2*x**2 +

1) xa*xckx6*gkxk*6 + 182%sqrt (Ck*2*kx*k*2 + 1)*kakckkdxf*x*x3 + 144xsqrt (c**2xx
*%2 + 1)xakckkdxgrxx*kd + 231*sqrt (ck*2kx*x*2 + 1)*akcx*2xf*x + 144*sqrt (c**
2xx**k2 + 1)*axckx2*xgkx*k*2 + 48*sqrt (cx*2xx**2 + 1)*axg + 336xint (sqrt(c**2
*x**2 + 1)*asinh(c*x)*x**5,x)*bkxc**x6xg + 336*int (sqrt(c**2*x**2 + 1)*asinh
(c*x)*x**x4 x) *bxck*6*f + 672*int (sqrt (c**2*x**2 + 1)*asinh (c*x)*x**3,x)*b*
ck*x4*g + 672+int (sqrt (cx*2xx**2 + 1)*asinh(c*x)*x**2,x)*bxc**4xf + 336xint
(sqrt (c**2*x*x2 + 1)*asinh(c*x)*x,X)*¥b*c**2%g + 336*int (sqrt (cx*2xx**2 + 1
)*asinh(c*x) ,x) *b*c**2xf + 105xlog(sqrt (c**2xx**2 + 1) + cxx)*a*xc*xf))/(336
*Ck*2)

output




CHAPTER 3. LISTING OF INTEGRALS

378

3.46

(d+c2dz?)**(a+barcsinh (cz))
| oo dx

Optimal result . . . . . . . . . . . .. e
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... ...
Rubi [A] (verified) . . . . ... ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . . o o
Sympy [F] . . . o
Maxima [F(-2)] . . . . . .
Giac [F(-2)] . . .« o o o
Mupad [F(-1)] . . . oo
Reduce [F] . . . . . o

Optimal result

Integrand size = 30, antiderivative size = 1500

2 7,..2\5/2 i
/ (d + *dz*)”"” (a + barcsinh(cz)) dz = Too large to display

f+gz

379
3301
332
234



output

input

output
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—1/4%cxd"2x£* (c™2%£"2+2xg~2) * (¢~ 2*d*x~2+d) ~ (1/2) * (a+b*arcsinh(c*x) ) ~2/b/g"
4/(c™2%x"2+1) "~ (1/2) -1/2*c*xd™2% (c™2*L~2+g~2) ~2*x* (c"2*d*x~2+d) ~(1/2) * (a+b*a
rcsinh(c#*x))~2/b/g"5/(c™2*x"2+1) " (1/2) -1/2%d"2* (c"2*£~2+g~2) “3* (c~2*d*x "2+
d)~(1/2)*(atb*arcsinh(c*x)) ~2/b/c/g~6/ (gxx+£f) /(c™2%x"2+1) " (1/2)+1/2*d~2*(c
“2%f72+g72) 2% (c"2*x"2+1) " (1/2) * (c"2*d*x"2+d) " (1/2) * (atb*arcsinh (c*x)) ~2/b
/c/g”4/ (gxx+£)+1/4%b*c™3*xd" 2% * (c™2*E£"2+2%g~2) *x 2% (c"2xd*x"2+d) " (1/2) /g~4
/(c™2%x72+1) " (1/2) +1/5*% (c~2*d*x~2+d) ~(5/2) * (atb*arcsinh (c*x) ) /g-b*c*d~2*(c
“2%f72+g72) "2xx* (cT2*d*x"2+d) " (1/2) /g~5/ (c"2*x"2+1) " (1/2) -b*d"2* (c"2*f " 2+g
~2)7(5/2) *(c”2*d*x~2+d) ~(1/2) *arcsinh (c*x) *1n (1+(cxx+(c™2*x~2+1) " (1/2) ) *g/
(cxf+(c™2%£72+g"2) " (1/2))) /g~ 6/ (c™2*x~2+1) ~(1/2) +b*d~2* (c~2*f~2+g~2) " (5/2)
* (c™2%d*x"2+d) " (1/2) *arcsinh (c*x) *1n (1+(cxx+(c™2%x"2+1) " (1/2) ) *g/ (cxf-(c"2
*£72+4g72)7(1/2)))/g"6/ (c™2xx"2+1) " (1/2) -1/3%bkcxd~2% (c"2*£ " 2+2%g~2) *x* (c~2
*d*x~2+d) " (1/2) /g~3/(c™2%x"2+1) " (1/2)+1/16%b*c~3*d~2*f*x~2* (c~2*d*x~2+d) ~ (
1/2)/g~2/(c™2%x72+1) " (1/2) -1/9%b*c~3*%d" 2% (c~2*£ "2+2xg~2) *x~3* (c"2*d*x~2+d)
~(1/2)/g~3/(c™2%x72+1) " (1/2) +1/16%b*c~5xd~2*f*x"4* (c"2*d*x~2+d) ~(1/2) /g~2/
(c™2%x72+1) " (1/2) -1/2%c™2%d"2*£* (c™2*f ~2+2xg~2) *x* (c~2*d*x"2+d) ~(1/2) * (a+b
*xarcsinh(c*x))/g~4+1/16xc*d”~2xf* (c"2xd*x~2+d) " (1/2) * (atb*arcsinh(c*x)) ~2/b
/872/ (c™2*x~2+1) "~ (1/2) -b*d~2* (c~2*£~2+g~2) ~(5/2) * (c"2*d*x~2+d) ~(1/2) *polyl
0g(2,-(c*x+(c™2%x™2+1) " (1/2) ) *g/ (c*xf+(c™2%£"2+g~2) " (1/2))) /g~6/ (c"2%x"2+1)
~(1/2)+bxd~ 2% (c™2*£"2+g~2) " (5/2) * (c™2*d*x"2+d) ~(1/2) *polylog(2,-(c*x+(c. ..

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 22.88 (sec) , antiderivative size = 7168, normalized size of antiderivative = 4.78

2 7,.215/2 inh
/ (d+ c*dz®)"" (a + barcsinh(cz)) dz = Result too large to show

f+gz

IIntegrate[((d + ¢c”2*%d*x"2)~(5/2)*(a + bxArcSinh[c*x]))/(f + g*x),x]

-

LResult too large to show

-/




input
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Rubi [A] (verified)

Time = 2.88 (sec) , antiderivative size = 945, normalized size of antiderivative = 0.63,

number of rules _ 0.100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6255, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ (c?dz® +d) 5/2 (4 + barcsinh(cz))
f+gz
| 6260

2.2 1)5/2 i
d2\/mf (c2z?+1) (‘;z:;:I‘CSIIlh(cx))dm

ve2z? +1
l 6255

d2\/mf (xe’\/c2x2+1(a+l;arcsinh(cx))c4 _ fx2\/c2z2+1(a-;l;arcsinh(cx))c4 + (62f2+292)$\/02$24;]13(a+barCSinh(cm))

vtz +1

l 2009

2. /2.2 _ bbb bfztc®  fad 2z2+1(a+barcsinh(cz))ct _ b(c? f2+2¢2)z3c3 _ baBc bf(c?f242¢%)z%c® | bfx
d°vcidz? +d 25g 1692 492 9g3 45g + 494 + 16,

Int[((d + c 2%d%x~2)~(5/2)*(a + bArcSinh[cx]))/(f + g+x),x]

N\ J
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(d"2*Sqrt[d + c™2xd*x~2]*((2*bxc*x)/(15%g) - (bxckx(c™2*xf~2 + g~2)~2%x)/g"5
= (bxcx(c™2x£72 + 2xg~2)*x)/(3*g~3) + (b*c™3*f*x72)/(16%g™2) + (bxc 3*fx*(
cT2+f72 + 2xg~2)*x"2) /(4*%g~4) - (b*c~3*x"3)/(45%g) - (b*xc 3*(c™2*%f72 + 2xg
~2)*x73)/(9%g~3) + (b*c 5xf*x"4)/(16%g~2) - (b*c~5*x75)/(25%g) + (ax(c™2*f
2 + g72)"2xSqrt[1 + c”2*x72])/g"5 + (bx(c™2*xf"2 + g~2)"2xSqrt[1 + c™2*x"2
I*ArcSinh[c*x])/g~5 - (c™2*f*x*Sqrt[1 + c~2*x"2]*(a + bxArcSinh[c*x]))/(8*
g72) - (c™2*f*(c™2*%f72 + 2%g~2)*x*Sqrt[1 + c"2*x"2]*(a + bxArcSinh[c*x]))/
(2%g=4) - (c™4*f*x"3xSqrt[1 + c"2*x"2]*(a + b*ArcSinh[c*x]))/(4*xg~2) - ((1
+ ¢c72%x72)7(3/2)*(a + bxArcSinh[c*x]))/(3*g) + ((c™2*£72 + 2%g~2)*(1 + c~
2%x72)~(3/2)*(a + bxArcSinh[c*x]))/(3%g~3) + ((1 + c™2%x72)"(5/2)*(a + b*A
rcSinh[c*x]))/(6xg) + (c*fx(a + bxArcSinh[c*x])~2)/(16%bxg~2) - (c*xf*(c™2#
£72 + 2%g~2)*(a + bxArcSinh[c*x])~2)/(4*b*g~4) - (cx(c™2*f72 + g~2) " 2*x*(a
+ b*ArcSinh[c#*x])~2)/(2*%b*g~5) - ((c"2*f72 + g~2)"3*(a + bxArcSinh[c*x])~
2)/ (2%b*cxg~6x(f + g*x)) + ((c™2*xf72 + g72)~"2%x(1 + c”2*x"2)*(a + b*ArcSinh
[c*x])~2)/ (2*%b*c*xg~4*(f + gxx)) - (a*(c™2*f72 + g~2)~(5/2)*ArcTanh[(g - c~
2xf*x)/(Sqrt[c™2+£72 + g 2]*Sqrt[1 + c™2%x"21)1)/g™6 + (b*(c™2%£72 + g™2)~
(6/2)*ArcSinh[c*x]*Log[1 + (E"ArcSinh[c*x]*g)/(c*f - Sqrtlc™2*f"2 + g~2])]
)/g"6 - (bx(c™2*f~2 + g~2)~(5/2)*ArcSinh[c*x]*Log[1 + (E~ArcSinh[c*x]*g)/(
cxf + Sqrtlc™2*x£72 + g72])]1)/g"6 + (bx(c™2*%f~2 + g~2)~(5/2)*PolyLog[2, -((
E-ArcSinh[c*x]*g)/(c*f - Sqrtl[c™2*f~2 + g72]))1)/g"6 - (b*(c™2*£f"2 + g~...

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)*((£_) + (g_.)*(x_)) " (m_.)*((d
_) + (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[Sqrt[d + exx~2]*(
a + bxArcSinh[c*x])"n, (f + gxx) m*x(d + exx~2)"(p - 1/2), x], x] /; FreeQ[{
a, b, c, d, e, £, g¥, x] & EqQle, c"2*d] &% IntegerQ[m] && IGtQ[p + 1/2, O
] && GtQ[d, 0] && IGtQ[n, O]

rule 6255

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c”2*x72)
“pl Int[(f + g*x)“m*(1 + c"2*x~2) px(a + b*ArcSinh([c*x])~"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, f, g, n}, x] && EqQle, c~2*d] && IntegerQ[m] && IntegerQ
[p - 1/2] && 'GtQ[d, O]

rule 6260
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 3498 vs. 2(1384) =
2768.

Time = 1.64 (sec) , antiderivative size = 3499, normalized size of antiderivative = 2.33

method | result size

default | Expression too large to display | 3499

parts Expression too large to display | 3499

int ((c™2*d*x~2+d) ~(5/2) * (at+b*arcsinh (x*c) )/ (g*x+f) ,x ,method=_RETURNVERBOSE
)

input

N

14/15%b* (d* (c™2*x"2+1)) " (1/2) *d~2/ (c™2*x"2+1) /g*arcsinh (x*c) *x"4*c~4+34/15
*xbx (d* (c™2xx72+1)) ~(1/2)*d~2/ (c"2*x~2+1) /g*arcsinh (x*c) *x~2*c”~2+b* (d* (c™2%
x"2+1))"(1/2)*d"2/(c"2%x~2+1) /g~ 5*arcsinh (x*c) *c~4*f~4-1/2%b* (d* (c~2*xx~2+1
))~(1/2)/(c™2*x"2+1) " (1/2) *£“b*arcsinh (x*c) “2*d~2*c~5/g~6-5/4*b* (d* (c~2*x~
2+1))7(1/2) /(c™2*x"2+1) " (1/2) *f~3*arcsinh(x*c) "2*d~2*c~3/g~4+1/16*b* (d* (c~
2*x72+1) )~ (1/2) *£*d"2*c”5/ (c™2*x"2+1) ~(1/2) /g~ 2*x~4+9/16%b* (d* (c™2*x~2+1) )
“(1/2)*£xd"2%c”3/(c™2*xx"2+1) ~(1/2) /g~ 2*x"2+1/4%b* (d* (c"2*x~2+1) ) ~(1/2) *£~3
*d"2%c”5/ (c™2*x"2+1) " (1/2) /g 4*x~2-b* (d* (c™2*x~2+1) ) ~(1/2) *d~2/ (c~2*x"2+1)
~(1/2) /g 5*x*c™5*f ~4-T/3xb* (d* (c~2*x~2+1) ) ~(1/2) *d~2/ (c~2*x~2+1) ~(1/2) /g~3
*xxkC3%£72-1/9%b* (d* (c™2*x72+1)) " (1/2)*d~2/ (c™2*x"2+1) " (1/2) /g~ 3*x"3*c~5*f
"2+7/3%bx (d* (c™2%x72+1) ) ~(1/2)*d"2/ (c"2*x"2+1) /g~ 3*arcsinh (x*c) *c~2xf " 2+b*
d"2x(d*(c™2*x"2+1)) " (1/2) *(c™2*£"2+g~2) ~(1/2) / (c"2*x~2+1) ~(1/2) /g~ 2*arcsin
h(x*c)*1n((-(x*xc+(c™2*xx"2+1) ~(1/2) ) *g-c*xf+(c™2*%£"2+g~2) " (1/2) ) / (—c*f+(c™2%
£72+g72) 7 (1/2)))-15/16%bx (d* (c~2*%x~2+1)) ~(1/2) / (c~2*x~2+1) " (1/2) ¥f*arcsinh
(x*c) “2%d~2*c/g"2-b*d"2* (d* (c™2*x"2+1)) ~(1/2) *(c™2*£~2+g~2) " (1/2) / (c~2*x"2
+1)~(1/2) /g~2*arcsinh (x*c) *1n(((x*c+(c™2*x"2+1) " (1/2) ) *g+c*xf+(c"2*%£"2+g~2)
~(1/2))/ (cxf+(c™2*£72+g~2) ~(1/2)) ) +1/5%b* (d* (c™2%x~2+1) )~ (1/2) *d~2/ (c™2*x~
2+1) /gxarcsinh (x*c) *x~6%c~6+23/15%b* (d* (c"2*x"2+1) )~ (1/2)*d"2/ (c"2*x"2+1) /
g*arcsinh (x*c)+33/128%b* (d* (c™2*x~2+1)) ~(1/2) *f*xd~2*c/(c™2*x"2+1)~(1/2) /g~
2-1/4xbx (d* (c™2*x~2+1) ) ~(1/2) *£*d"2%c~6/ (c™2*x"2+1) /g~ 2*arcsinh (x*c) *x". ..

output
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Fricas [F]

dz

/ (d + c2dz?)** (a + barcsinh(cz)) i — / (dz* + d)g (barsinh (cz) + a)
f+gz B gz + f

integrate ((c~2*d*x~2+d) ~(5/2) * (atb*arcsinh(c*x) )/ (g*x+f) ,x, algorithm="fri

input
cas")

integral ((a*c™4*d~2*x"4 + 2%a*c™2+%d"2*x"2 + a*d~2 + (b*c~4*d"2*x"4 + 2xb*c

output
~2xd"2*x"2 + bxd~2)*arcsinh(c*x))*sqrt(c”2*d*x"2 + d)/(g*x + ), x)

Sympy [F]

5

(d + c2dz?)*? (a + barcsinh(cz)) (d(c*z? + 1))2 (a + basinh (cz))
/ dz = / dx
f+gz f+gz

inputLintegrate((c**2*d*x**2+d)**(5/2)*(a+b*asinh(c*x))/(g*x+f),x)

outputLlntegral((d*(c**2*x**2 + 1))*%(5/2)*(a + b*asinh(c*x))/(f + g*x), x)

Maxima [F(-2)]

Exception generated.

/ (d + 2dz?)*" (a + barcsinh(cz))

[ dx = Exception raised: RuntimeError
gx

‘integrate((c‘2*d*x‘2+d)‘(5/2)*(a+b*arcsinh(c*x))/(g*x+f),x, algorithm="max

input
‘ima")

Output‘Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati
‘ve exponent.
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Giac [F(-2)]

Exception generated.

2 7,.215/2 ;
/ (d + c2dz?)”’* (a + barcsinh(cz)) dx = Exception raised: TypeError

f+gz

integrate ((c~2*d*x~2+d) ~(5/2) * (a+b*arcsinh(c*x))/(g*x+f) ,x, algorithm="gia

input
Cll)

Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const
index_m & i,const vecteur & 1) Error: Bad Argument Value

output

Mupad [F(-1)]

Timed out.
/ (d+ c2da:2)5/2 (a + barcsinh(cz)) / (a + basinh(cz)) (dc? 22 + d)5/2
dr = dx
f+yz fH+gzx
input[int(((a + b*asinh(c*x))*(d + c”2*d*x"2)~(5/2))/(f + g*x),x) J
OutputLint(((a + b*asinh(c*x))*(d + c™2*%d*x~2)~(5/2))/(f + g*x), x) J
Reduce [F]

/ (d+ c2dx2)5/2 (a + barcsinh(cz)) ] Vdd? <240\/czf2 + g2 atan( ¥ 02”2;22‘?;32“9”) actfii+ 4804/
T =
f+gz

input Lint ((c™2*d*x~2+d) ~ (5/2) * (a+b*asinh (c*x)) / (g*x+f) ,x) J
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(sqrt (d) *d**2* (240*sqrt (c**2+¢f**2 + gx*2)*atan((sqrt (c**2xx**2 + 1)xgki +

cxfxi + ckgkixx)/sqrt(ckx*2xf*x*2 + gkx2))*kakckkdxfxkdxi + 480*sqrt (cH*2xf**
2 + gx*2)*xatan((sqrt (c**2*x**2 + 1)*kg*xi + c*kf*i + ckgxi*x)/sqrt (ck*2kf**2

+ gk*2)) kaxckxk2kLxk2xgk*2kxi + 240*sqrt (ck*2xf*x2 + g*x2)*atan((sqrt (cx*2*xx
*¥k2 + 1)xgxi + cxfxi + ckgxixx)/sqrt(c**2*xf*x2 + gk*2))*kaxgx*dxi + 120*sqr
t (CHk*2xx*x2 + 1)*akck*kdxfx*kdkg — B0*sqrt (Ck*2xx**2 + 1)*akck*kdkfx*k3kgk*k2kx
+ 40*sqrt (c*x*2xx**2 + 1)*akck*k4*xLx*2kgx*k3kx*k*2 — 30*sqrt (c*k*2xx**2 + 1)*a
kCk*4xExghkddxk*3 + 24*%sqrt (CH*2kx**2 + 1)*kaxckx4dxgkxbxx*kx4d + 280*sqrt (c**
2xxx*k2 + 1)kaxckxk2*xf*x2xg*k*x3 — 135xsqrt (ck*2*x**2 + 1)*akck*2kfxgxkdxx + 8
8*sqrt (CHk*2*kx**2 + 1)*ka*ck*2kg**b*x**2 + 184*xsqrt (ck*2xx**2 + 1)*axgkx5 +

120*int ((sqrt (c**2xx**2 + 1)*asinh(c*x)*x**4)/(f + g*x),x)*¥bkck*4*gx*6 + 2
40*int ((sqrt (cx*2xx**2 + 1)*asinh(cxx)*x**2)/(f + gkx) ,x)*bkck*kgx*6 + 12
Oxint ((sqrt (c**2xx**x2 + 1)*asinh(c*x))/(f + g*x),x)*bxg**x6 - 120*Llog(sqrt(
Ck*2%x**2 + 1) + cxx)*axc*kx5xf*x5 — 300xlog(sqrt(cx*2kx**2 + 1) + c*x)*a*c
*xk3xfxk3kgx*k2 — 225%log(sqrt (ck*2*x**2 + 1) + c*xx)*kaxcxf*gkx4))/(120%g**6)

output
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3.47 [ (f+gz)*(a+barcsinhez) ;.
) Vd+clda?

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . . o o 390
Sympy [F] . . o e
Maxima [F(-2)] . . . . . .
Giac [F] . . . o o 39T
Mupad [F(-1)] . . . .o
Reduce [F] . . . . o o

Optimal result

Integrand size = 30, antiderivative size = 406

/ (f + gz)3(a + barcsinh(cz)) dp — _3bf*grv1+c*a?  2bg’z/1+ c*a?
Vd+ c?dz? cvd + c2dx? 3c3Vd + c?dx?

3bfg’x* V1 +c2x?  bgdx3V/1 + c2x?

4en/d + c2dx?

9cvd + c2dx?

N 3f2gV/d + c2dx?(a + barcsinh(cz))

c2d

_ 2¢°v/d + c*dz?(a + barcsinh(cz))

3ctd

N 3fg*z\/d + c2dz?(a + barcsinh(cz))

2c2d
g*z%v/d + c*dz?(a + barcsinh(cz))

+

3c2d
f3V1+ c2x%(a + barcsinh(cz))?

_|_

2bcvd + c?dx?
_ 3fg°V1+ c*x%(a + barcsinh(cz))?

4bc3+/d + c2dz?
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—3xb*f "2xgxx* (c"2%x"2+1) ~(1/2) /c/ (c™2xd*x"~2+d) = (1/2) +2/3%b*g~3*x* (c™2*x "2+
1)7(1/2)/c~3/(c™2*d*x"2+d) " (1/2) -3/4xbxf*g~2*x~2% (c™2%x~2+1) " (1/2) /c/ (c™2%*
d*x~2+d) " (1/2)-1/9%bxg~3*x~3* (c"2*x"2+1) " (1/2) /c/ (c™2*d*x~2+d) " (1/2) +3*%£~2
*xg* (c~2*d*x~2+d) " (1/2) * (atb*arcsinh(c*x))/c~2/d-2/3%g 3% (c"2xd*x~2+d) ~(1/2
)*(atb*arcsinh(c*x))/c™4/d+3/2xfxg~2xx* (c~2*d*x~2+d) ~(1/2) * (at+b*arcsinh (c*
x))/c”2/d+1/3%g"~3*x"2% (c"2*d*x"2+d) ~(1/2) * (a+b*arcsinh(c*x))/c~2/d+1/2%£"3
*(c"2xx72+1) " (1/2) * (atb*arcsinh (c*x) ) “2/b/c/ (c"2*%d*x~2+d) ~(1/2) -3/4*f*g~ 2%
(c™2*x~2+1) " (1/2) * (atb*arcsinh(c*x)) ~2/b/c~3/(c™2*d*x~2+d) " (1/2)

output

\

Mathematica [A] (verified)

Time = 1.10 (sec) , antiderivative size = 304, normalized size of antiderivative = 0.75

/ (f + gz)*(a + barcsinh(cz)) i
Vd+ c2dz?
4v/dg(—2bczv/1+ c222(—6g% + (271 + ¢?2?)) + 3a(1 + c2z?) (—4g® + (181 + 9f gz + 2¢°z?))) +

input" Integrate[((f + g*x)~3%(a + bxArcSinh[c*x]))/Sqrt[d + c~2%d*x"2],x] ‘

(4xSqrt [d] *g* (-2xb*c*x*Sqrt [1 + c 2*x"2]*(-6%g"2 + c™2%(27*f72 + g~2*x"2))
+ 3¥a*x(1 + c™2%xx"2)*(—4*g~2 + c”2x(18+f72 + 9xf*gkx + 2%g~2*%x"2))) + 12x%b
*Sqrt [d]*g*x (1 + c™2%x72)*(-4%g~2 + c™2%(18*f72 + 9*f*g*x + 2%g~2*x"2))*Arc
Sinh[c*x] + 18%bxc*Sqrt[d]*f*(2*%c™2*£72 - 3*%g~2)*Sqrt[1 + c~2*x~2]*ArcSinh
[c*x] "2 - 27*bxc*Sqrt[d]*f*g~2*Sqrt[1 + c~2*x~2]*Cosh[2*ArcSinh[c*x]] + 36
xaxckf*k (2%c™2xf72 - 3xg~2)*Sqrt[d + c"2xd*x"2]*Logl[cxd*x + Sqrt[d]*Sqrt[d
+ c”2xd*x~2]]) /(72*c~4*Sqrt [d] #Sqrt [d + c~2xd*x~2])

N J

output

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.63,

number of rules _ 100, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ (f + gz)3(a + barcsinh(cz)) e
Ve2de? +d
| 6260

+g7)3(a+barcsinh
Ver? +1 f (f+g%) (il/c?:cz—f-l (¢2) s

Veddz? + d
l 6253

) (a+barcsinh(cz))f3 | 3gz(a+barcsinh(cz))f? , 3¢2z2(a+barcsinh(cz))fs g3z3(a+baI'CSinh(cw))>
cz®+1 f ( Ve2z241 + Ve2z241 + Ve2x241 + Ve2z241 dz

Veidz? + d
l 2009

522 1 1 3fg%(a+barcsinh(cz))? | 3f2gvc2z2+1(a+barcsinh(cz)) |, 3fg2zvc2z2+1(a+barcsinh(cz)) , g3x2v2z2+1(a+
ezt + - 4bc3 + c2 + 2c2 + 3c

vcidx? +d

input\ Int[((f + g*x)~3*(a + b*ArcSinh[c*x]))/Sqrt[d + c 2xd*x"~2],x]

(Sart[1 + c™2xx"2]*((-3*b*f~2xgxx) /c + (2%b*g~3*x)/(3*%c"3) - (3*bxf*g~2*x~
2)/(4xc) - (bxg~3*x~3)/(9%c) + (3*f~2xgxSqrt[1 + c”2*x"2]*(a + b*ArcSinh[c
*x]))/c”2 - (2*%g~3xSqrt[1 + c"2*x"2]*(a + b*ArcSinh[c*x]))/(3*%c™4) + (3*f*
g 2xx*xSqrt[1 + c"2*x"2]*(a + b*ArcSinh[c*x]))/(2%c2) + (g~3*x~2*Sqrt[1 +
c”2*x"2]*(a + b*ArcSinh[c*x]))/(3*c”2) + (£73*(a + b*ArcSinh[c*x])~2)/(2*b
xc) - (3xfxg~2*(a + b*ArcSinh[c*x])~2)/(4%b*c~3)))/Sqrt[d + c~2*d*x"2]

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(a_.)*((£f_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x]
&& EqQle, c™2xd] && IGtQ[m, 0] &% IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQ[p, -11) || GtQlp, 0] || EqQm, 11 || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
~p]  Int[(f + g*x)"m*(1 + c~2%x~2) px(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 784 vs. 2(358) = 716.

Time = 1.47 (sec) , antiderivative size = 785, normalized size of antiderivative = 1.93

method | result

2 2
*In( T+ 2+d) 1n(i144+~4985713)
default d n( 02d+ﬁ + g8 z2Vc2dz?2+d _ 2Vc2dz?+d +3f 2 zvc2da?+d Ve2d
efau a =F] g 32d 3d el g g W
2 2
3n( zcid 2d 2+d> ln(mc d+\/m)
arts a ! n(\/c2d+ﬁ + 3( z2v/c2dz?+d _ 2v/c2dz?+d 4+ 3f 2| zv/cZdx?+d Ve2d
P NET 9 3c2d 3dct g 2c%d N

N

.
input  int ((g*x+£) 3% (a+b*arcsinh(x*c))/(c™2*d*x~2+d)~(1/2) ,x,method=_RETURNVERBO |
LSE) J
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a* (£73*1n(x*c™2*d/ (c™2*d) ~(1/2)+(c™2*d*x~2+d) ~(1/2)) / (c~2%d) ~(1/2) +g~3*(1/
3*x72/c”2/d* (c"2xd*x"2+d) " (1/2)-2/3/d/c”4* (c™2*d*x~2+d) ~(1/2) ) +3*L*g~ 2% (1/
2xx/c”2/d* (c™2*d*x"2+d) " (1/2)-1/2/c2*1n(x*c~2*d/ (c™2*d) " (1/2) +(c™2*d*x~2+
d)~(1/2))/(c™2%d) ~(1/2) ) +3*£~2%g/c~2/d* (c~2%d*x~2+d) ~(1/2) ) +bx (1/4* (d* (c"2
*x"2+1)) " (1/2) *f*arcsinh(x*c) "2x (2*xc~2*f~2-3*xg~2) / (c"2*x"2+1) ~(1/2) /d/c"3+
1/72% (d* (c™2xx72+1) )~ (1/2) ¥ (4*c™4*x"4+4* (c™2xx"2+1) " (1/2) *c~3*x~3+5%c~2*x"
2+3*(c"2*x72+1) " (1/2) *x*c+1) *g~3* (-1+3*arcsinh(x*c)) /c"4/d/ (c"2*xx"2+1)+3/1
6% (d*k (c™2*x72+1) )~ (1/2) % (2%x™3*Cc"3+2*x"2%c™ 2% (c~2*x"2+1) " (1/2) +2*x*c+(c~2*
X"2+1)7(1/2) ) *f*g~2* (-1+2*arcsinh(x*c) ) /d/c~3/(c™2%x"2+1) +3/8* (d* (c"2*x~2+
1))7(1/2) *(c™2%x72+(c™2*x"2+1) " (1/2) *x*c+1) *g* (4*xarcsinh (x*c) *c~2*f~2-4*c”
2*%f~2-arcsinh(x*c) *g~2+g"~2) /c"4/d/ (c"2*x~2+1)+3/8* (d* (c™2*x~2+1) ) ~(1/2) *(c
"2%x72-(c7T2%x72+1) " (1/2) *x*c+1) *g* (4*arcsinh (x*c) *c~2*f " 2+4*c”2*f"2-arcsin
h(xxc)*g~2-g~2)/c~4/d/ (c™2*x"2+1)+3/16* (d* (c™2*x72+1) ) ~(1/2) # (2%x"3%c~3-2%
X"T2%cT2% (cT2%x72+1) T (1/2) +2*x*kc-(c2*x"2+1) ~(1/2) ) £ #g~ 2% (1+2*arcsinh (x*c)
)/d/c”3/(c™2xx"2+1)+1/72x (d* (c™2*xx"2+1) )~ (1/2) * (4*c”™4*x"4-4* (c™2*xx"2+1) " (1
/2) *c™3%x"3+5%c”2%x"2-3% (c"2*x"2+1) " (1/2) *x*c+1) *g~3* (1+3*arcsinh (x*c)) /c”
4/d/(c™2*x"2+1))

output

Fricas [F|

/ (f + gz)3(a + barcsinh(cz)) d — / (9z + f)*(barsinh (cz) + a) i
Vd + c2dx? B cdz? +d

integrate ((g*x+f) “3*(atb*arcsinh(c*x))/(c™2*d*x~2+d) ~(1/2) ,x, algorithm="f

input
ricas")

integral ((a*g~3%x"3 + 3¥a*f*g~2*xx"2 + 3xaxf ~2kgxx + a*f~3 + (bxg~3*x"3 + 3

output
*xbxfxg~2xx"2 + 3xbxf 2xgxx + bxf~3)*arcsinh(c*x))/sqrt(c™2*d*x"2 + d), x)
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Sympy [F]

/ (f + gz)3(a + barcsinh(cz)) p / (a + basinh (cz)) (f + gz)° i

Vd+ c2dz? d(c2z? +1)
input Lintegrate ((gxx+f) **3* (a+b*asinh (c*x) ) / (cH*2*dxx**2+d) ** (1/2) ,x) J
output LIntegral((a + bk*asinh(c*x))*(f + g*x)**3/sqrt (d* (ck*2xx**2 + 1)), x) J

Maxima [F(-2)]

Exception generated.

3 barcsinh
/ (f + g2)°(a + barcsinh(cz)) dx = Exception raised: RuntimeError

Vd + c2dz?

integrate ((g*x+f) "3*(a+b*arcsinh(c*x))/(c~2*d*x"2+d) ~(1/2) ,x, algorithm="m

input
axima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negati

ve exponent.

Giac [F]

/ (f + g9z)3(a + barcsinh(cz)) i — / (9z + f)*(barsinh (cz) + a) i
Vd+ c2dx? B Vcidz? +d

‘integrate((g*x+f)“3*(a+b*arcsinh(c*x))/(c‘2*d*x‘2+d)‘(1/2),x, algorithm="g

Liac") J

input

output Lintegrate((g*x + £)"3x(bxarcsinh(c*x) + a)/sqrt(c™2xd*x~2 + d), x) J




input

output

inputt

output
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Mupad [F(-1)]

Timed out.

/ (f + gz)*(a + barcsinh(cz)) dp — / (f + 92)° (a + basinh(cz)) i
Vd+ c2dz? a dc’z?+d

int(((£f + g*x)"3x(a + bxasinh(c*x)))/(d + ¢ 2%d*x~2)"(1/2),x)

Lint(((f + g*x)~3*(a + b*asinh(c*x)))/(d + c~2+%d*x~2)~(1/2), x)

Reduce [F]

(f + gz)3(a + barcsinh(cz))
Vd+ c2dz?

dzx

3asinh(cz)? b3 f2 + 18V + 1 asinh(cx) b f2g + 18V 222 + La A f2g + 9V ARz + Laccf g’z + 24

int ((g*x+f) "3* (a+b*asinh(c*x))/(c™2*d*x"2+d) " (1/2) ,x)

(3*asinh (ckx)**2*b*xcx*3*xf**3 + 18*sqrt (cx*2*x**2 + 1)*asinh(c*x)*bkck*2*f*
*2%g + 18*%sqrt (Cx*2kx**2 + 1)*axck*x2xf*x2%g + Oxsqrt (Ck*2xx**2 + 1)*akck*2
*fkgrk2xx + 2ksSqrt (Ck*2kx**2 + 1)*kakck*k2xgk*x3kx**2 — 4*sqrt (ck*2*kx**2 + 1)
xa*xgx*3 + 6xint ((asinh(c*x)*x**3)/sqrt (c*x*2+x**2 + 1) ,x)*b*ck*4xg*x3 + 18%
int ((asinh(c#*x) *x**2) /sqrt (c**2xx**2 + 1) ,x)*b*c*k*x4*xf*xg**2 + 6xlog(sqrt(c*
*2%x**2 + 1) + cxx)*kaxck*k3xf*x*3 — 9*log(sqrt (c**2xx**2 + 1) + c*x)*axcxfx*g
*x*k2 — 18xbxck*3*f*x2%g*x)/ (6*sqrt (d)*c**4)
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3.48 f (f—l—gx)2(a+;fcl2‘c(i:xs2inh(cx)) dr

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 394
Rubi [A] (verified) . . . . . . .. . . 394
Maple [B] (verified) . . . . . . . . . ... 396
Fricas [F] . . . . . o o
Sympy [F] . . o e
Maxima [F(-2)] . . . . . .
Giac [F] . . . o o 398
Mupad [F(-1)] . . . .o
Reduce [F] . . . . o o

Optimal result

Integrand size = 30, antiderivative size = 246

/ (f + gz)*(a + barcsinh(cz)) dp — — 2bfgzv/1+c*z?  bg’z*V1 + cPa?
Vd+ ctdx? cVd + c2dx? 4cvd + c2dx?
+ 2fgvd + c2dx?(a + barcsinh(cz))
cd
N g*zv/d + c2dz?(a + barcsinh(cz))
2c2d
2V1+ c2x%(a + barcsinh(cz))?
2bcv/d + c?dx?
_ g°V/1+ c*2%(a + barcsinh(cz))?
4bc3v/d + cdx?

_|_

-2xb*frgxx*k (c™2%x72+1) ~(1/2) /c/ (c™2xd*x"2+d) ~(1/2) -1/4*bxg~2xx~ 2% (c~2*x" 2+
1)7(1/2) /c/ (c™2%d*x"2+d) ~ (1/2) +2xfxgx (c~2*d*x"2+d) ~ (1/2) * (a+b*arcsinh (c*x)
)/c”2/d+1/2%g"2xx* (c~2*d*x~2+d) " (1/2) * (at+b*arcsinh(c*x)) /c~2/d+1/2%£f 2% (c”
2xx72+1) ~(1/2) * (atb*arcsinh(c*x) ) "2/b/c/(c™2*d*x~2+d) " (1/2) -1/4*g~ 2% (c"2*x
~2+1)~(1/2)*(at+b*arcsinh (c*x) ) “2/b/c”3/ (c™2*d*x~2+d) ~(1/2)

output
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Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 233, normalized size of antiderivative = 0.95
(f + gz)*(a + barcsinh(cz)) i

Vd + c2dax?
deVdg(—4befzv/1 + 2% + a(4f + gz) (1 + c23%)) + 4bev/dg(4f + gz) (1 + c*2?) arcsinh(cz) + 2bV/d|

input‘ Integrate[((f + gxx)~2*(a + b*ArcSinh[c*x]))/Sqrt[d + c~2*d*x~2],x] ‘

(4xc*Sqrt [d] *g* (—4xb*cxfxx*xSqrt[1 + c™2xx72] + ax(4*f + gxx)*(1 + c™2*x"2)
) + 4xbxc*Sqrt[d]*g*(4*f + gxx)*(1 + c”2*x"2)*ArcSinh[c*x] + 2xb*Sqrt[d]*(
2xc”2%f"2 - g”2)*Sqrt[1 + c"2*x"2]*ArcSinh[c*x]~2 - b*Sqrt[d]*g~2*Sqrt[1 +

c”~2*x"2] *Cosh [2*ArcSinh [c*x]] + 4*a*x(2%c™2*f72 - g~2)*Sqrt[d + c”2*d*x"2]
*xLog[c*d*x + Sqrt[d]*Sqrtld + c~2xd*x~2]])/(8xc~3*Sqrt[d]*Sqrt[d + c™2xd*x
~21)

output

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 158, normalized size of antiderivative = 0.64,

= 3, number of rules _ 100, Rules
integrand size

number of steps used = 3, number of rules used =
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (f + 9z)?(a + barcsinh(cz)) .
Ve2dz? +d

l 6260

+gz)2(at+barcsinh(cz
V21 (f+g2) (\/02x2+1 () o

v2dz? + d
l 6253
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) (a+barcsinh(cz)) f2 2gz(a+barcsinh(cz))f | g%a%(atbarcsinh(cz)) >
c'z® +1 f ( Ve2z2+1 + Ve2z2+1 + Ve2z2+1 dz

Ve2dz? + d
l 2009

522 1 1 g%(a+barcsinh(cz))? | 2fgvca?+1(a+barcsinh(cz)) |, g?zvc?z?+1(a+barcsinh(cz)) |, f2(a+barcsinh(cx))?
coz® + - + c2 + 2c? + 2bc

4bc3
vcidz? +d

-

input LInt[((f + gxx)~2*(a + bkArcSinh[c*x]))/Sqrt[d + c~2*d*x~2],x]

-/

¢ (Sart[1 + c 2+x"2]*((-2+bxfxgxx)/c - (bxg 2xx"2)/(4xc) + (2xfxgeSqrtll + ¢
“2*x‘2]*(a + b*ArcSinh[c*x]))/c”2 + (g™ 2*x*Sqrt[l + c 2*xx"2]*(a + b*ArcSin ‘
‘hlcxx]))/(2%c™2) + (£72x(a + bxArcSinh[c*x])"2)/(2xbxc) - (g~2x(a + bxArcS
‘ inh[c#*x])~2)/(4%bxc~3)))/Sqrt[d + c~2xd*x~2] ‘

outpu

Defintions of rubi rules used

-

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(a_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
_) + (e_)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
%& EqQle, c~2*d] &% IGtQ[m, 0] &% IntegerQlp + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] && ((EqQ[n, 1] && GtQLp, -11) || GtQlp, 0] || EqQm, 1] || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2%x"2)
“p]  Int[(f + gxx)"m*x(1 + c”2%x"2) p*(a + bxArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, c, d, e, £, g, n}, x] && EqQle, c™2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & 'GtQ[d, 0]

rule 6260




input

output

input
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 483 vs. 2(218) = 436.

Time = 1.43 (sec) , antiderivative size = 484, normalized size of antiderivative = 1.97

method | result

2c2d 2¢2v/c2d

c2d

Ve2d

2 zc2d 2d 2 zc2d 272
default a(f ln(erm) +gz<x¢m 1n(\/@+m>> + 2fgVPdz2+d

2c2d 2c2vc2d

parts c2d

ve2d

2 2
2] zcfd 2 2 1 xcfd 2 2
a (f n( jd—l—\/o dx +d) + 92 <ac Err n( Tzd+\/c dzx +d)) + o fov/Edaird

X
)+

Vd(c2z2+1)

4

v/ d(c2z2+1)

4

int ((g*x+f) “2* (atb*arcsinh(x*c))/(c"2*xd*x~2+d) " (1/2) ,x,method=_RETURNVERBO
SE)

a*x (£72*1n(x*c™2*d/ (c™2%d) " (1/2)+(c™2*d*x"2+d) " (1/2) )/ (c™2xd) ~(1/2)+g~2*(1/
2xx/c”2/d* (c~2*d*x"2+d) ~(1/2)-1/2/c”2*1n(x*c~2*d/ (c"2*d) ~(1/2) +(c"2*d*x" 2+
d)~(1/2))/(c™2xd) ~(1/2) ) +2xf*g/c~2/d* (c™2xd*x~2+d) " (1/2) ) +b* (1/4* (d* (c"2*x
~2+1))~(1/2)*arcsinh(x*c) ~2* (2xc~2*£~2-g~2) / (c™2%x~2+1) ~(1/2) /d/c~3+1/16%(
d* (c™2*x72+1) ) " (1/2) % (2*x"3%C™3+2*x"2%c 2% (c"2%x72+1) " (1/2) +2*x*c+(c™2%x "2
+1)7(1/2) ) *g~2x (-1+2*arcsinh(x*c)) /d/c~3/ (c"2*%x"2+1) +(d* (c"2*x~2+1) )~ (1/2)
*(c72%x"2+(c"2%x72+1) " (1/2) *x*c+1) *f*xg* (arcsinh (x*c)-1) /c~2/d/ (c™2*xx"2+1) +
(d* (c™2%x72+1) )~ (1/2) #(c™2*x"2-(c"2*x"2+1) ~ (1/2) *x*c+1) *f*g* (arcsinh (x*c)+
1)/c”2/d/ (c™2xx"2+1)+1/16* (d* (c™2*x"2+1) ) " (1/2) * (2*x"3*c~3-2*x"2*c"2* (¢~ 2%
X72+1) 7 (1/2) +2*x*c-(c™2*%x"2+1) ~(1/2) ) *g~2* (1+2*arcsinh(x*c) ) /d/c~3/ (c"2*x~
2+1))

Fricas [F|

dz

/ (f + gz)?(a + barcsinh(cz)) p

/ (9z + f)*(barsinh (cz) + a)
Vd + c2dx?

Ve2dz? +d

‘integrate((g*x+f)“2*(a+b*arcsinh(c*x))/(c*2*d*x“2+d)“(1/2),x, algorithm="f
ricas")
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output‘ integral ((a*g™2*x~2 + 2xaxf*xg*x + axf~2 + (b*g™2%x"2 + 2*bxfxgxx + b*f"2)*
‘arcsinh(c*x))/sqrt(c“2*d*x“2 + d), x)

Sympy [F]

/ (f + gz)*(a + barcsinh(cz)) dp — / (a + basinh (cz)) (f + gz) i
Vd+ cdz? Vd(cz? +1)

input Lintegrate ((g*x+£)**2x (a+bkasinh (c*x) ) / (ck*2kd*x*x*2+d) ** (1/2) ,x)

output LIntegral((a + bk*asinh(c*x))*(f + g*x)**2/sqrt (d* (ck*2xx**2 + 1)), x)

Maxima [F(-2)]

Exception generated.

/ (f + gz)*(a + barcsinh(cz))
Vd+ cdz?

dx = Exception raised: RuntimeError

input integrate ((gxx+f) 2% (a+bxarcsinh(c*x))/(c"2*d*x"2+d) ~(1/2) ,x, algorithm="m
axima")

output Exception raised: RuntimeError >> ECL says: expt: undefined: O to a mnegati
ve exponent.
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Giac [F]

dz

(f + gzr)*(a + barcsinh(cz)) dp — / (9z + f)*(barsinh (cz) + a)
Vd+ c2dz? B Vcidz? +d

‘integrate((g*x+f)“2*(a+b*arcsinh(c*x))/(c‘2*d*x‘2+d)‘(1/2),x, algorithm="g

' |
input ‘ S ‘

output Lintegrate((g*x + f)~2%(b*arcsinh(c*x) + a)/sqrt(c”2*d*x~2 + d), x) J
Mupad [F(-1)]
Timed out.
(f + gz)*(a + barcsinh(cz)) (f + gz)® (a + basinh(cz))
dx = dx
NCErE 17+ d
input Lint(((f + g*x)“2%(a + bxasinh(c*x)))/(d + c~2*d*x"2)~(1/2),x%) J
output Lin‘t(((f + g*x)~2%(a + b*asinh(c*x)))/(d + c”2xd*x"2)"(1/2), x) J
Reduce [F|
(f + g9x)2(a + barcsinh(cz)) de
Vd + c2dx?
asmh(cx) bC2f2 + 4\/ 02x2 1 aS’th(C.’I}) bCfg + 44/ 025(;2 1 acfg + 4 /C2$2 1 CLCg T+ 2<f af;'r;h(%

2/d c3

input tint ((g*x+£) ~2x (a+b*asinh (c*x) )/ (c~2%d*x~2+d) ~ (1/2) ,x) J
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(asinh(c*x) **2*¥b*c**2*¥f**2 + 4xsqrt (cx*2xx**2 + 1)*asinh(c*x)*bxcxfxg + 4%
sqrt (ck*2*kxk*2 + 1)*kaxckxf*g + sqrt(cxk2xx**2 + 1)*akckgx*2*x + 2+int((asin
h(cxx) *x**2) /sqrt (ck*2kx**2 + 1) ,x)*bkcx*3*xg*k*2 + 2xLlog(sqrt (cx*2xx*x2 + 1
) + ckx)*kaxck*2kfxx2 — log(sqrt(cx*2xx**x2 + 1) + c*x)*axg**2 — 4xbkck*2*fx*

g*x) / (2xsqrt (d) *c**3)

output
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3.49 f (f +g$)(a+3i523:2inh(cx)) dz

Optimal result . . . . . . . . . . . . . 4001
Mathematica [A] (verified) . . . . . . . . . ... 400
Rubi [A] (verified) . . . . . . .. . . Z0
Maple [B] (verified) . . . . . . . . . ... A02
Fricas [F] . . . . . o o 403
Sympy [F] . . o e 403
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 404
Giac [F] . . . o o 404
Mupad [F(-1)] . . . .o 404
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 405

Optimal result

Integrand size = 28, antiderivative size = 114

(f + gz)(a + barcsinh(cx))

bgz\/1 + c2x? N gV d + c2dz?(a + barcsinh(cr))

Vd+ c2dx? o = cvd + c2dz? c’d
N fV1+ c2x?(a + barcsinh(cz))?
2bcvd + ctdx?
output \/—b*g*x* (c™2*x~2+1)~(1/2) /c/ (c™2*d*x~2+d) ~ (1/2) +g* (c~2*d*x~2+d) ~(1/2) * (a+b* \\
‘arcsinh(cxx))/c™2/d+1/2xf* (c™2xx"2+1) " (1/2) * (a+barcsinh(c*x)) ~2/b/c/(c"2% |
Ld*x‘2+d) ~(1/2) J

Mathematica [A] (verified)
Time = 0.35 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.39

(f + gz)(a + barcsinh(cz))

dz
Vd + 2dz?
2vdg(a + ac*z? — bez/1 + 222) + 2bv/dg(1 + ¢*z?) arcsinh(cz) + bev/df+/1 + cz2arcsinh(cz)? + 2a

2¢2/dv/d + c2dz?

input LIntegrate[((f + gxx)*(a + bxArcSinh[c*x]))/Sqrt[d + c~2*d*x~2],x] J
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output‘ (2#Sqrt [d]*g*(a + a*c™2%x"2 - bxc*x*Sqrt[1 + c”2*x"2]) + 2*bxSqrt[d]*gx(1

input L

2xaxc*f*Sqrt[d + c”2*d*x"2]*Log[c*d*x + Sqrt[d]*Sqrt[d + c~2*d*x~2]1])/(2*

|+ c"2%x"2)*ArcSinh[c¥x] + bxcxSqrt[d]*f*Sqrt[1 + c 2%x"2]*ArcSinh[c*x]"2 + |
(c™2#Sqrt[d]*Sqrtld + c 2+d*x"2]) |

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.74,

number of rules _
integrand size 0.107, Rules

number of steps used = 3, number of rules used = 3,
used = {6260, 6253, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

/ (f + gz)(a + barcsinh(cz))
Veddz? +d

l 6260

5 5 (f+gz)(a+barcsinh(cz))
vz2+1 [ Ve dz

ve2dz? + d
l 6253

+barcsinh +barcsinh
222+ 1 (f(a arcent (c2)) 4 go(a baresin (cw))) da

c2dx? + d
l'2009

m( g\/02m2+1(a—i;l;arcsinh(cm)) 4 f(a+bar<;2icnh(cz))2 _ @Tx>
Vc2dx? +d

-

Int[((f + g*x)*(a + bxArcSinh[c*x]))/Sqrt[d + c~2xd*x"2],x]

| —

e B

(Sart[1 + c™2*x~2]*(-((b*g*x)/c) + (g*Sqrt[1l + c”2*x"2]*(a + b*ArcSinh[c*x
‘]))/c‘z + (f*(a + bxArcSinh[c*x])~2)/(2xbxc)))/Sqrt[d + c~2*d*x"2] ‘
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((£f.) + (g_.)*(x_)) " (m_.)*((d
)+ (e_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x~2) p*(a

+ bxArcSinh[c*x])"n, (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x]
&& EqQle, c™2xd] && IGtQ[m, 0] &% IntegerQ[p + 1/2] && GtQ[d, 0] && IGtQ[n
, 0] & ((EqQ[n, 1] && GtQlp, -11) || GtQlp, 0] || EqQ[m, 1] || (EqQ[m, 2]

&& LtQlp, -21))

rule 6253

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)"p/(1 + c~2*x"2)
“pl  Int[(f + g+x)"mk(1 + c2%x72) p*(a + bxArcSinh[exx])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c"2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] & !'GtQld, 0]

rule 6260

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 226 vs. 2(102) = 204.

Time = 1.85 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.99

method | result

zc2d /2 2
default o ln<V62d+ crdamtd + agVc2dz2+d +b \/d(c2x2+1) f arcsinh(zc)? + Vd(c?z?+1) <62w2+\/02x2+1 xc+1>9(arc
Ve2d cd 2vc2a2+1ed 2c2d(c?z2+1)
zc2d ) 2
arts af ln<‘/62d+ ctdzi+d 4 ag /2dz?+d b /d(c2z2+1) f arcsinh(zc)? n V/d(c2z2+1) (02w2+\/02x2+1 xc+1>g(arc
p J2d 2d NI 22d(a2 1)

input ‘ int ((g*x+f)* (a+b*arcsinh(x*c))/(c"2*d*x~2+d) ~(1/2) ,x,method=_RETURNVERBOSE ‘
) |
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a*fx1n(x*c™2*%d/ (c™2*d) ~(1/2)+(c™2*d*x~2+d) ~(1/2)) / (c~2%d) ~(1/2) +a*g/c~2/d*
(c™2%d*x~2+d) ~(1/2) +bx (1/2x (d* (c™2*x~2+1) )~ (1/2) / (c™2*x"2+1) ~(1/2) /c/d*f*a
rcsinh(x*c) "2+1/2x (d* (c™2*x"2+1) )~ (1/2) * (c™2*x"2+(c™2*xx"2+1) ~(1/2) #x*c+1) *
g*(arcsinh(x*c)-1)/c~2/d/(c™2*x"2+1)+1/2*% (d* (c™2*%x"2+1)) ~(1/2) *(c"2*x"2-(c
“2%x72+1) 7 (1/2) *x*c+1) *g*x (arcsinh (x*c)+1) /c~2/d/ (c"2*x"2+1))

output

Fricas [F]

dzx

/ (f + gz)(a + barcsinh(cz)) dp — / (9 + f)(barsinh (cx) + a)
Vd+ c2dx? Vcida? +d

integrate ((g*x+f)* (atb*arcsinh(c*x))/(c"2*d*x~2+d)~(1/2) ,x, algorithm="fri

input
cas")

integral ((axg*x + a*f + (b*g*x + bxf)*arcsinh(c*x))/sqrt(c™2xd*x~2 + d), x

output )

Sympy [F]

/ (f + gz)(a + barcsinh(cz)) g — / (a + basinh (cz)) (f + gz) i
Vd+ c2dz? d(cz?+1)

-

inputLintegrate((g*X+f)*(a+b*asinh(c*x))/(c**2*d*x**2+d)**(1/2),x)

-/

output LIntegral((a + bxasinh(c*x))*(f + g*x)/sqrt(d*(ck*2kx**2 + 1)), x)
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.76

(f + gz)(a + barcsinh(cz)) bf arsinh (cx)®  bgx  af arsinh (cz)

dx = — +
Vd+ 2da? 2¢vVd Vd d
\/ c2dz? + dbg arsinh (cz) N Vc2dz? + dag
c’d c2d
input integrate ((g*x+f)* (at+b*arcsinh(c*x))/(c™2*%d*x~2+d) ~(1/2) ,x, algorithm="max
ima")

1/2xb*f*arcsinh(c*x) "2/ (c*xsqrt(d)) - b*g*x/(c*sqrt(d)) + axf*arcsinh(c*x)/
(c*sqrt(d)) + sqrt(c™2*d*x~2 + d)*b*gkarcsinh(c*x)/(c™2*d) + sqrt(c™2*d*x”
2 + d)*a*g/(c™2*d)

output

Giac [F]

/ (f + gz)(a + barcsinh(cz)) dp — / (9z + f)(barsinh (cz) + a) i
Vd+ ctdx? B c2dz? + d

‘1ntegrate((g*x+f)*(a+b*ar051nh(c*x))/(c‘2*d*x 2+d)~(1/2) ,x, algorithm="gia

" J

integrate((g*x + f)*(b*arcsinh(c*x) + a)/sqrt(c”2xd*x"2 + d4), x) J

input

outputt

Mupad [F(-1)]

Timed out.
(f + gz)(a + barcsinh(cz)) (f +gz) (a+ basinh(cz))
dr = dx
Vvd+ c2dz? dctz?+d

inputtint(((f + gxx)*(a + bxasinh(c*x)))/(d + ¢ 2xd*x"2)"(1/2),x) J
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output | BE(((E + gx)*(a + brasinh(cxx)))/(d + ¢ 2xd*x"2)"(1/2), x)

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.69

(f + g9z)(a + barcsinh(cz))

dx
Vd+ 2dz?
_ Vd (asinh(cz)’ bef + 2v/c2a® + 1 asinh(cz) bg + 2V %2 + 1ag + 2log(v/c2a® + 1 + cz) acf — 2begz)
- 2cd
input Lint ((g*x+£)* (a+brasinh(c*x) )/ (c~2+d*x~2+d) ~ (1/2) ,x) J

output‘ (sqrt(d) *(asinh(c*x) **2xb*c*f + 2%sqrt(c**2*x**2 + 1)*asinh(c*x)*b*g + 2%*s ‘
art (c**2*x**2 + 1)*a*xg + 2xlog(sqrt (cx*2*x**2 + 1) + cxx)*axcxf — 2xbxckxgk \
%))/ (2%cH¥2xd) |
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a+barcsinh (cz
3.50 [T dy

Optimal result . . . . . . . . . . . . . 4061
Mathematica [A] (verified) . . . . . . . . . ... 400
Rubi [A] (verified) . . . . . . .. . . 407
Maple [A] (verified) . . . . . . ... L 407
Fricas [F] . . . . . o o 408
Sympy [F] . . o e 408
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 409
Giac [F] . . . o o 4091
Mupad [F(-1)] . . . .o A09

Reduce [B] (verification not implemented)

Optimal result

Integrand size = 23, antiderivative size = 47

a + barcsinh(cz) dr — V1 + c2z%(a + barcsinh(cz))?
Vd+ c2dx? 2bcvd + c*dz?

-

L1/2*(c‘2*x‘2+1)‘(1/2)*(a+b*arcsinh(c*x))‘2/b/c/(c‘2*d*x‘2+d)‘(1/2)

~—

output

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.62

cvVdzx
a + barcsinh(cz) dp — bV/1 + c2z2arcsinh(cz)? aarctanh(ﬁ/id_‘_czdmz)

T
Vi+2ds? 2e\/d(1+ ) eV
input LIntegrate [(a + b*ArcSinh[c*x])/Sqrtld + c~2*d*x~2],x] J

output‘ (bxSqrt[1 + c™2*x~2]*ArcSinh[c*x]~2)/(2*c*Sqrt[d*(1 + c™2*x72)]) + (a*ArcT ‘
‘anh[(c*Sqrt [d]#x)/Sqrt[d + c2+d*x"2]11)/(c*Sqrt[d]) |




output L
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6198}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + barcsinh(cz)
Veidz? + d
| 6198

V222 + 1(a + barcsinh(cz))?
2bcv/c2da? +d

input ‘ Int[(a + bxArcSinh[c*x])/Sqrt[d + c 2*d*x~2],x]

(Sqrt[1 + c™2*x"2]*(a + b*ArcSinh[c*x])~2)/(2*b*c*Sqrt[d + c~2*d*x~2])

Defintions of rubi rules used

rule 6198‘111“[((3--) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)/Sqrt[(d_) + (e_.)*(x_)"2], x_

‘Symbol] :> Simp[(1/(b*cx(n + 1)))*Simp[Sqrt[1 + c™2*x~2]/Sqrtld + e*x~2]]*(
\a + b*ArcSinh[c*x])~(n + 1), x] /; FreeQl[{a, b, c, d, e, n}, x] && EqQle, c
~2xd] &% NeQ[n, -1]

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.64

method | result size

aln (f/% +vc2d x2+d)
C

+ b+/d(c222+1) arcsinh(zc)? 77

default STl do

zc2d 2 5
arts aln(m-i-\/cdzi—l—d) _+_ b d(02$2+1) arcsinh(a:c)2 77
p m 2\/02:1:2_1_1 de
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input Lint ((atbxarcsinh(x*c))/(c™2*d*x~2+d)~(1/2) ,x,method=_RETURNVERBOSE) J

output \ ax1ln(x*xc~2*d/ (c™2*xd) ~(1/2)+(c™2*d*x"2+d) ~(1/2))/(c™2%d) "~ (1/2)+1/2*b* (d* (c~ \
\ 2%x~2+1))~(1/2) / (c~2%x~2+1) ~(1/2) /d/c*arcsinh (x*c) ~2 \

Fricas [F]
a + barcsinh(cz) barsinh (cz) + a
Vitew ) Vear+d
input Lintegrate ((a+b*arcsinh(c*x))/(c 2*d*x~2+d)~(1/2) ,x, algorithm="fricas") J
output Lintegral( (b*arcsinh(c*x) + a)/sqrt(c™2*d*x"2 + d), x) J
Sympy [F]
a + barcsinh(cz) a + basinh (cz)
Jitediz ) Vi@
input Lintegrate ((atb*asinh(c*x) )/ (cx*2xd*x**2+d) **(1/2) ,x) J

output LIntegral((a + b*asinh(c*x))/sqrt (d* (c*x*2*x**2 + 1)), x) J
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.60

a + barcsinh(cz) dp — barsinh (cx)®  aarsinh (cz)
Vd+ c2dx? 2¢vd cVd

inputLintegrate((a+b*arCSinh(C*X))/(c‘2*d*x‘2+d)‘(1/2),x, algorithm="maxima")

OutputL1/2*b*arcsinh(c*x)“2/(c*sqrt(d)) + a*arcsinh(c*x)/(c*sqrt(d))

Giac [F]

a + barcsinh(cx) , [ barsinh (cx)+a

vVd + c2dz? v Ve2dz? +d

inputLintegrate((a+b*arcsinh(c*x))/(c‘2*d*x*2+d)*(1/2),x, algorithm="giac")

output Lintegrate((b*arcsinh(c*x) + a)/sqrt(c 2xd*x~2 + d), x)

Mupad [F(-1)]

Timed out.

a + barcsinh(cz) 4 a + basinh(cz)

= d
Vd 4+ Adz? v vdc2z?+d v

inputtint((a + b*asinh(c*x))/(d + c~2%d*x~2)~(1/2),x)

output Lint((a + bkxasinh(c*x))/(d + c™2*xd*x~2)~(1/2), x)
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.79

a + barcsinh(cz) p Vd (asinh(cz)? b+ 2log (V22 + 1+ cz) a)

X
Va1 2d? 2cd

tnput Lint ((atb*asinh(c*x))/(c™2*d*x~2+d)~(1/2) ,x)

OutputL(Sqrt(d)*(asinh(c*x)**2*b + 2%log(sqrt (ck*2xx**2 + 1) + c*x)*a))/(2kc*d)




output
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3.51 f a+barcsinh(cz)
) (f+gx)Vd+cidz?

Optimal result . . . . . . . . .. . . . 411l
Mathematica [A] (verified) . . . . . . . .. .. .. L 412
Rubi [A] (verified) . . . . . . . .. . 412
Maple [A] (verified) . . . . . . . . . . 416
Fricas [F] . . . . . . o 417
Sympy [F] . . o o 417
Maxima [F] . . . . . . o 418
Giac [F] . . . o o 418
Mupad [F(-1)] . . . 418
Reduce [F] . . . . . . 419

Optimal result

Integrand size = 30, antiderivative size = 325

SEPTP

a + barcsinh(cz) V1+ c?z%(a + barcsinh(cz)) log (1 +

d
/ ( Ve + 2Vd + c2dx?
V1 + c2z?(a + barcsinh(cz)) log (1 +

Tr =
f+ gx)Vd+ c*dz?

earcsinh(cz) g

F g

)

_|_

V2 + g?Vd + da?

/T T 222 - — 4
bv'1 + c2x? PolyLog (2, of 2 Prg

VA2 + g2V/d + c2dx?
bv'1 + c2x2 PolyLog (2,

ENCiard

Va2 + g>V/d + c2dx?

(c™2xx72+1) " (1/2) * (a+b*arcsinh (c*x) ) *1n (1+(c*x+(c™2*x"2+1) " (1/2) ) *g/ (c*f-(
c™2x£72+g72) " (1/2))) / (c™2%£72+g~2) " (1/2) / (c™2*d*x~2+d) ~(1/2) - (c™2*x~2+1) ~(
1/2) * (a+b*arcsinh (c*x) ) *1n (1+(cxx+(c™2%x"2+1) " (1/2) ) *g/ (cxf+(c"2*x£"2+g"~2) "
(1/72)))/(c™2%£72+g~2) " (1/2) / (c™2%d*x~2+d) ~ (1/2) +b* (c~2*x~2+1) ~ (1/2) *polylo
g(2,-(cxx+(c™2*%x72+1) ~(1/2) ) *g/ (cxf-(c™2*£~2+g~2) ~(1/2))) / (c"2*£~2+g~2) ~ (1
/2)/(c™2*d*x~2+d) " (1/2) -b* (c™2*x"2+1) ~(1/2) *polylog(2,-(c*x+(c™2*x"2+1)~ (1

/2))*g/ (cxf+(c™2%£72+g~2) " (1/2))) / (c™2%£72+g~2) " (1/2) / (c™2*d*x"2+d) ~(1/2)
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Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.74

a + barcsinh(cz)

dz
(f + g9x)Vd + c*dz?

Va(g—c? . inh(ca inh(cx
sarctanh ( (o=c72) > bitc2a? <arcsmh(cx) <1og <1+ earcsm()g) _log <1+earcsm()g> > +PolyLog <2, e
+

_ V2 £2 402 Vit Zda? cf—\/c2f2+42 cf+/c2f2+92 —cf
= \/;i \/d+02d.’172
/ZfT 1 g2
input LIntegrate[(a + b*ArcSinh[c*x])/((f + g*x)*Sqrt[d + c~2*d*x~2]),x] J
output, (~((a*ArcTanh[(Sqrt[dl*(g - c™2+f+x))/(Sqrt[c™2%£72 + g 2]*Sqrtld + c™2%dx

x72]1)1)/Sqrt[d]) + (bxSqrt[1 + c"2*x"2]*(ArcSinh[c*x]*(Log[1l + (E"ArcSinh[
c*x]*g)/(cxf - Sqrtl[c™2+f~2 + g~2])] - Logl[l + (E"ArcSinh[c*x]*g)/(c*f + S
grt[c™2x£~2 + g~2])]) + PolyLog[2, (E"ArcSinh[c*x]*g)/(-(c*f) + Sqrt[c™2xf
~2 + g72])] - PolyLogl[2, -((E"ArcSinh[c*x]*g)/(c*f + Sqrtlc™2*f~2 + g~2]))
1))/8qrtld + c™2*d*x~2])/Sqrt[c™2*xf~2 + g~2]

Rubi [A] (verified)

Time = 1.63 (sec) , antiderivative size = 238, normalized size of antiderivative = 0.73,

number of steps used = 10, number of rules used = 9, number of rules _ 0.300, Rules
integrand size

used = {6260, 6258, 3042, 3803, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + barcsinh(cx)

x
vddz? + d(f + gx)
l 6260
o5 1  atbarcsinh(cz)
cox® + 1f (f+gm)\/mdz
vcidz? +d
l 6258
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Ve2z? +1 [ %Wdarcsinh(cm)

Vcidx? +d
J’3042

vtz +1 [ atbarcsinh(co) darcsinh(cz)

cf—igsin(iarcsinh(cz))
vcidx? +d
l 3803

arcsinh(cz) inh
55 e (a+barcsinh(cz))
2verzs +1 f 2cearesinh(cz) f +62arcsinh(cz)g_g

Vcidx? +d
l 2694

darcsinh(cx)

g [ oD wesaresinhien) garcsinhica) g S @rparesinhen) garesinh(ea)
oI T 2<Cf+earcsmh(cz)g_ /02f2+g2) 2(Cf+ea,rcsmh(cx)g+ /02f2+g2)
c°r —

NI NI

vcidz? +d

l 27

earCSinh(Cz) (a+barCSinh(cx))

. arcsinh(cz 3 .
: darcsinh(cz) I (e )<“+”arcsmh(“”darcsmh(cx)
WEZ 1 Cf_,_eaurcsmh(cac)g_\/sz2_‘_g2 CH_ea,rcsnlh(cac)g_~_\/szz_,_gz
c’x —
21/ f2+g2 2,/ f2+g2
cdz? +d
| 2620
(atbarcsinhce)) log <M+1> b [ log <w+1> qarcsinhce) (a+barcsinh(cr)) 1og (ﬁ
9 cf—\/e2f%+4g2 ) cf—\/e2f2+4? g 2}
g9 g9 g
2vc2r? +1 —
coz” + 2v/c2f2+g2

vcidx? +d
l 2715
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. inh . inh . .
(a+6arCSinh (ea)) tog [ 92T L) —arcsinh(ea) o [ €2TOSIMN(CR)g ) arcsinh(ce) (a+barcsinhy
cf—y/c2f2+42 cf—y/c2f2+42
g g - g g9
2vc2z? +1 _
+ 21/ f2+g2
Vddr? +d
l 2838
. arcsinh(cz) arcsinh(cz) . arcsinh(cz)
(a+barcslnh(cz)) log| 94— — 41 bPolyLog|2,-&—— -9 (a+barcslnh(cm)) log| 49— "4
cf—y/2 2442 cf=y/?f2+4? V22 +g24cf
9 g g 9 g
2vctz? +1 —
+ 2\/02f2+g2 2 /C2f2_

c2dz? +d

.
Int[(a + b*ArcSinh[c*x])/((f + g*x)*Sqrt[d + c”2*d*x"2]),x]

N

input

(2#Sqrt[1 + c™2+x"2]*((gx(((a + b*ArcSinh[c*x])*Log[l + (E"ArcSinh[c*x]x*g)
/(cxf - Sqrtlc™2*xf"2 + g72]1)])/g + (bxPolyLogl[2, -((E"ArcSinh[c*x]x*g)/(c*f
- Sqrtlc™2*£f72 + g~2]))1)/g))/(2xSqrt[c™2*f~"2 + g~2]) - (gx(((a + b*ArcSi
nh[c*x])*Log[1l + (E"ArcSinh[c*x]*g)/(cxf + Sqrtl[c™2*f~2 + g~2])])/g + (b*P
olyLog[2, -((E"ArcSinh[c*x]*g)/(c*f + Sqrtlc™2*f~2 + g~2]))1)/g))/(2xSqrt[
c™2xf72 + g72])))/Sqrt[d + c”2*d*x"2]

output




rule 27

rule 2620

rule 2694

rule 2715

rule 2838

rule 3042

rule 3803
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((F)"(u )*((£f_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + gkx)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + f*xfz*xx)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + Ixb*xE~(2*((-I)*e + f*xfz*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a~2 - b~2, 0] && IGtQ[m, O]

~
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Int[(((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((f_) + (g_.)*(x_))"(m_.))/sS
qrt[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c”(m + 1)*Sqrt[d]) Subst[I
nt[(a + b*x) “n*(cxf + g*Sinh[x])"m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b
, c, d, e, £, g, n}, x] && EqQl[e, c"2*d] && IntegerQ[m] && GtQ[d, 0] && (Gt
Q[m, 0] |l IGtQ[n, 0I)

rule 6258

Int[((a_.) + ArcSinh[(c_.)*(x_)I1*(b_.))"(n_.)*((£_) + (g_.)*(x_)) " (m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x"2)"p/(1 + c~2%x"2)
“p]l  Int[(f + gxx)"mx(1 + c™2*x72) p*(a + b*ArcSinh[c*x])"n, x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, n}, x] && EqQle, c™2xd] && IntegerQ[m] && IntegerQ
[p - 1/2] && 'GtQld, O]

rule 6260

Maple [A] (verified)

Time = 1.37 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.63

method | result

2d(c2f2+92) 202df(z+£)

- +2 d(c2f2+g2) (z+£)2c2d_262dfgm+£)+d(c2f2+92)

g2

f -
**3 VAT /E g

default | — +b
o

d(c252+42) (e+L)2e2a- 2c2dfgz+§) . d(c2f2+4¢2)

I -
**3 VAT /E g

parts — +b
o

input int((atb*arcsinh(x*c))/ (gkx+f)/(c 2+d*x~2+d)~(1/2) ,x,method=_RETURNVERBOSE
) |
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-a/g/ (d*(c™2*£72+g~2) /g~2) " (1/2) *1n((2*d* (c"2*£"2+g~2) /g~ 2-2*%c~2*d*f /g* (x+
£/g)+2% (dx (c™2x£72+g~2) /g~2) " (1/2) * ((x+£/g) “2%c~2xd-2xc"2*xd*f /g (x+f /g) +d*
(c™2%£7°2+g72) /g~2) " (1/2)) / (x+£/g) ) +bx ((d* (c™2%x~2+1) )~ (1/2) * (c~2%£~2+g~2) "
(1/2)*(c™2%x72+1) " (1/2) /d/ (c™4*£~2%x"2+Cc~2%g~2%x~2+c~2+f " 2+g~2) *arcsinh (x*
c)*(In( (- (xxc+(c™2%x"2+1) ~(1/2) ) *g-c*f+(c™2*£~2+g~2) ~(1/2) ) / (—cxf+(c™2*£"2
+£72)7(1/2))) -1n(((x*c+(c™2%x72+1) ~(1/2) ) xg+c*f+(c™2+%£"2+g~2) ~(1/2)) / (cxf+
(c™2%£72+g72) " (1/2)) ) ) +(d* (c™2*x"2+1) ) ~(1/2) * (c~2*£~2+g~2) ~(1/2) * (c~2*x "2+
1)7(1/2)/d/ (c™4*£~2%x"2+c™2%g "~ 2xx " 2+c~2*£ "2+g"2) * (dilog ( (- (x*kc+(c™2*x"2+1)
“(1/2)) *g-cxf+(c™2%£72+g~2) " (1/2) ) / (—c*f+(c™2%£72+g~2) " (1/2) ) ) -dilog (((x*c
+(c72%x72+1) " (1/2) ) xg+c*xf+(c™2%£72+g72) ~(1/2)) / (c*f+(c™2x£72+g~2) " (1/2))))
)

output

Fricas [F]

a + barcsinh(cz) B barsinh (cz) + a

(f + gz)Vd + c*dz? e Ve2dx? + d(gz + f)

T

integrate ((atb*arcsinh(c*x))/(g*x+f)/(c"2*d*x~2+d)~(1/2) ,x, algorithm="fri

input
cas")

integral (sqrt(c~2#d*x~2 + d)*(b*arcsinh(c*x) + a)/(c™2*d*g*xx~3 + c~2*d*f*x

output
~2 + d*gxx + d*f), x)

Sympy [F]

a + barcsinh(cz) dp — a + basinh (cz)
(f + g2)vd + cda? d(c?z? +1) (f + g)

inputLintegrate((a+b*asinh(c*x))/(g*x+f)/(c**g*d*x**g...d)**(1/2),x)

output LIntegral((a + bxasinh(c*x))/(sqrt (d* (cx*2xx**2 + 1))*(f + g*x)), x)

| —
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Maxima [F]

a + barcsinh(cz) barsinh (cx) + a

(f+govdt @ ) VZda? +d(gz+ f)

X

‘ integrate((a+b*arcsinh(c*x))/(g*x+f)/(c"2*d*x~2+d) ~(1/2) ,x, algorithm="max ‘

input
ima" ‘

output tintegrate((b*arcsinh(c*x) + a)/(sqrt(c™2xd*x"2 + d)*(g*xx + £)), x) J

Giac [F]

a + barcsinh(cz) B barsinh (cz) + a

(f+govatcd ) V2ar +d(gz + f)

X

¢ ‘ integrate((at+b*arcsinh(c*x))/(gxx+f)/(c™2*d*x"2+d) " (1/2) ,x, algorithm="gia ‘

inpu ‘ . ‘

output Lintegrate((b*arcsinh(c*x) + a)/(sqrt(c™2*d*x"2 + d)*(gxx + £)), x) J

Mupad [F(-1)]

Timed out.
/ a + barcsinh(cz) dp — / a + basinh(cz)
(f + gz)Vd + c*dz? (f+gz) Vdctz?2+d
input Lint((a + b*asinh(c*x))/((f + gkx)*(d + c 2xd*x~2)~(1/2)),x) J

output 1BE((a + brasinh(crn)/ (£ + gr*(d + "2%dxx"2)7(1/2)), © J




CHAPTER 3. LISTING OF INTEGRALS 419

Reduce [F]

a + barcsinh(cz)

dr
(f + 9x)Vd + c*dz?
SO F2 1 2 vVc2x2+1 gi+cfitcgiz . asinh(cz) 2 2 asinh(cz)
N 2V/e f +9g atan( V2 f2+g2 ) ar + <f \/czx2+1f+\/czz2+19wdx> be f + <f \/c2w2+1f+\/c2w2+1gxda
Vd (c2f? + ¢?)

jnputtint((a+b*aSinh(c*X))/(g*X+f)/(CA2*d*XA2+d)A(1/2),x) J

output‘ (2xsqrt (cx*2xf*x2 + g*x2)xatan((sqrt (c**2*kx**2 + 1)*g*i + cxf*i + cxgkxi*x) \
‘/sqrt(c**Q*f**2 + g*x2))*a*xi + int(asinh(c#*x)/(sqrt(c*x*2xx**2 + 1)*xf + sqr ‘
\t(c**2*x**2 + 1)*g*x) ,x) *bkck*x2xf*x2 + int(asinh(c*x)/(sqrt(cx*2*x**2 + 1) \

\*f + sqrt(ck*2*x**2 + 1)*gxx) ,x)*bxg**2)/(sqrt (d) * (cx*2xf**2 + g**x2))
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3.52 f a—l—baI‘CSil’lh(cx)
) (f+gz)2Vd+c?dx?

Optimal result . . . . . . . . . . . . . e 4200
Mathematica [A] (verified) . . . . . . . . . . ... 421
Rubi [A] (verified) . . . . . . . .. . 422
Maple [B] (verified) . . . . . . . . . .. 427
Fricas [F] . . . . . . o 428]
Sympy [F] . . o o 429
Maxima [F] . . . . . . o 129
Giac [F] . . . o o 429
Mupad [F(-1)] . . . 430
Reduce [F] . . . . . . 430

Optimal result

Integrand size = 30, antiderivative size = 438

/ a + barcsinh(cz) dr = — gV d + cdz?(a + barcsinh(cz))
( =

f+9x)%V/d + c2dz?

+

d(c2f? +¢?) (f + gz)
sz\/m(a 4+ ba,I‘CSiIlh(C-’E)) log <1 + ce

arcsinh(cz) g >

— /2 f21g?

(@ + )PP I T Eda

2 fv/1+ c2z?(a + barcsinh(cz)) log (1 +

earcsinh(cz) g >

S EPTS

(@2 + PP VI | Cd

bev/'1 + c2x?log(f + gx)

+
(&2 1 ?) Vi + Bda?

+

be? fv/T++ a? PolyLog (2, — =0

EaGiar:

)

(22 + g2)3/2 Vd + c2dx?
bc? f1/1 + c2x2 PolyLog (2, earesih(ca)g

/PP

)

(@ + @) I T 2z
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-gx(c™2xd*x"2+d) " (1/2) * (a+b*arcsinh (c*x))/d/ (c"2*£"2+g~2) / (g*x+£f) +c™2xf* (c
~2%x72+1) " (1/2) * (a+b*arcsinh (c*x) ) *1n (1+(cxx+(c™2%x"2+1) " (1/2) ) *g/ (cxf-(c~
2x£72+g"2) " (1/2))) / (c™2*x£72+g~2) " (3/2) / (c™2*%d*x"2+d) ~(1/2) -c~2*f* (c™2*x"2+
1)~ (1/2)*(at+b*arcsinh(c*x) ) *1n(1+(c*xx+(c™2%x2+1) ~(1/2) ) *g/ (c*xf+(c™2*f"2+¢g
~2)7(1/2)))/(c™2x£72+g~2) " (3/2) / (c™2*d*x~2+d) " (1/2) +b*c* (c"2*x"2+1) " (1/2) *
1n(g*x+£) / (c2%£~2+g~2) / (c~2xd*x~2+d) ~ (1/2) +brc 2%£* (c~2%x~2+1) " (1/2) #poly
log(2,-(cxx+(c™2*%x™2+1) ~(1/2) ) *g/ (c*f-(c™2*£"2+g~2) " (1/2))) / (c"2*£~2+g~2) "
(3/2) / (c™2xd*x~2+d) " (1/2) -bxc~2*f* (c~2%x~2+1) ~(1/2) *polylog(2, - (c*x+(c~2*x
~2+1)7(1/2) ) *g/ (cxf+(c™2%f72+g~2) ~(1/2)) ) / (c™2%£~2+g~2) ~(3/2) / (c"2*d*x"2+d
)~(1/2)

output

Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 251, normalized size of antiderivative = 0.57

a + barcsinh(cz)

dz
(f + gr)2V/d + c*dz?

. i h cT ;
of ((a-}-b&l’CSlI’lh(cm)) (log <1+earcsm()g> “log <1+ <&
cf-

cf=\/c2 2442

Ny _g\/1+c2m2(g;.fzca,gl;gcsinh(cm)) +blog(f + gz) +

(@f?+ ¢%) Vd + Pda?

e

Integrate[(a + b*ArcSinh[c*x])/((f + g*x) 2xSqrt[d + c~2*d*x~2]),x]

~—

inputL

(c*Sqrt[1 + c™2*%x"2]*(-((gxSqrt[1 + c”2xx"2]*(a + b*ArcSinh([c*x]))/(c*f +
cxg*xx)) + bxLogl[f + gxx] + (c*f*((a + b*ArcSinh[c*x])*(Log[1 + (E"ArcSinh[
c*xx]*g)/(cxf - Sart[c™2*f72 + g72])] - Logl[l + (E"ArcSinh[c*x]*g)/(c*f + S
qrt[c™2#£72 + g~2])]) + b*PolyLog[2, (E~ArcSinh[c*x]*g)/(-(c*f) + Sqrt[c~2
*£72 + g72])] - b*PolyLog[2, -((E"ArcSinh[c#*x]*g)/(cxf + Sqrtl[c™2*xf"2 + g~
21))1))/Sqrtc™2*£"2 + g72]1))/((c™2*£"2 + g~2)*Sqrt[d + c~2*d*x"2])

output
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Rubi [A] (verified)

Time = 1.66 (sec) , antiderivative size = 327, normalized size of antiderivative = 0.75,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 433 Ryjeq
integrand size

used = {6260, 6258, 3042, 3805, 3042, 3147, 16, 3803, 2694, 27, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

a + barcsinh(cz)
V2d +d(f + ga)?
| 6260
a5 7  atbarcsinh(ez)
¢z +1 f (f+gx)2\/c2zT+1dx
c2dz? +d
| 6258

VEZ T 1 a+barcsinh(cz)
VEP 1] P

V2dz? + d
l 3042

/55 1 1 a+barcsinh(cz) .
cveizt +1 f (cf—igsin(iarcsinh(cz)))? darcsmh(cw)

Vcidx? +d
l 3805

darcsinh(cx)

a+barcsinh ) : VeZz2 1 .
. m(cf | g darcsinh(cz) + by [ LTEE darcsinh(cz) ' /702x2+1(a+baI‘CSIIlh(cx))>

2 f2+g? c? f2+g? (2 f?+g%)(cf+cgz)

veidz? +d
l 3042

apsarcsinhies) oo bo [ —cost@resinhes)  gorocinh
eve2x? +1 ) i igumtarcsinhca), (e + 91 o igsmarcsinheo) ) _ gyt 1(axbarcsinh(ea)
(2 f?+9%)(cf+cgz)

c2f2+g2 2 f21g?

Veidz? + d
l»3147
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a+barCSinh(cz)

darcsinh(cz)

cf—ig sin(iarcsinh(cz))

bf cf_,_lch d(cgz) _ gVc2z?+1(atbarcsinh(cz))

cvcir? +1

A f2+g° A fP+g° (2 f?+g%)(cf+cgz)

a+barCSinh(cz)

vcidz? +d

| 16

darcsinh(cz)

cf—ig sin(iarcsinh(cz))

_ gV 222 +1(a+barcsinh(cx)) + blog(cf+cgzx)

)
cvVerxd +1 2 f21g? (c2f2+92)(cf+cgx) ctf2+g?
Ve2dz? +d
l 3803
carcsinh(ez) , yparcsinhcs)) darcsinh(cz)

2¢cf f acedresinh(ex) 7 +e2arcsinh(cac) 9—g

. gv2z?+1(a+barcsinh(cz)) + blog(cf+cgz)

cvcir? +1

f2+g° (f2+g%)(cf+cgz) AP +g”

Vc2dz? +d
l 2694
carcsinh(cx) (a+barCSinh(CZ))

carcsinh(ez) , parcsinhez)) sarcsinh (es)

qarcsinh :
(ca) 9J 2(6f+eal‘cslnh(cz)g+ /sz2+gz)

af 9 <Cf+eaI‘CSinh(cz)g_ /52f2+92)
2c -
f \/C2f2+92 \/02f2+g2
59 1 1 gvec2z2+1
C C2CE2 + 1 02f2+92 - (02f2
Vve2de? +d
| 27
. earCSinh(c'w) (a+barcsinhce)) qarcsinh(es) o/ earCSinh(fw> (at+barcsinh(es)) ;5 resinh (e)
2¢f cf +earcsinh(ez) o \/c2f2+g2 3 cf+edrcsinh(ez) g4 \/02f2+g2
2\/62f2+g2 2\/02f2+92
gVvc2z2+1(a+
cvetx? +1 - (c2f2—(|—g:

Zf1g?

vcidz? +d

l 2620
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. inh inh . . .‘
(a+barcsinh(ce)) 1og (M +1> b [ log <M+1> darcsinhce) (at+barcsinh(ce)) 1og (ﬁ
ef —\/c2f2+g2 of—\/c22+g? Ve
9 g - g 9 g
2c —
f 2\/02 $2442
2.2
cverxs +1 g2
veidz? +d
l 2715
(a+barcsinh(cs)) 1og gedresinh(ea) b [ e—arcsinh(ez) 1,0 MJA dedresinh(cz) (a+barcsinl
cf—y/c? 2442 cf—y/c? 2442
g ] - g g
2cf _

cvcir? +1

2\/02f2+92

2 f21g?

l 2838
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(a+bATCSINN (co)) tog [ 2 HBED) ) by [ 2, 2O IR(En) g (a+bATCSINN (cx) g | 22PN
a cx)) lo; - 0. 0, ———— ——t a cx))log| FF¥——
) \er—yeres? i T |\ Vorrrte
g 7] g
2 —
cf 2\/02f2+g2 NEY
/o272
cverxe +1 e
Vddz? +d
input LInt[(a + bxArcSinh[c*x])/((f + g*x)~2*Sqrt[d + c~2*d*x~2]),x] J

(c*Sqrt[1 + c™2*%x"2]*(-((g*Sqrt[1 + c™2*x"2]*(a + b*ArcSinh[c*x]))/((c™2*f
"2 + g 2)*x(cxf + cxgxx))) + (bxLoglc*f + cxg*x])/(c™2+£72 + g~2) + (2kc*f*
((gx(((a + b*ArcSinh[c*x])*Log[1l + (E~ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f"2
+ g72]1)1) /g + (b*PolyLog[2, -((E"ArcSinh[c*x]*g)/(cxf - Sqrt[c™2*f"2 + g~2
I1)1)/g))/(2xSqrt[c™2*%f~2 + g~2]) - (gx(((a + b*ArcSinh[c*x])*Log[1 + (EA
rcSinh[c*x]*g)/(cxf + Sqrtl[c™2*f~2 + g=2])])/g + (b*PolyLog[2, -((E"ArcSin
hlcxx]*g)/(c*f + Sqrtlc™2*f~2 + g72]1))1)/g))/(2*%Sqrt[c™2*£"2 + g~2])))/(c”
2%£72 + g72)))/Sqrt[d + c™2*d*x"2]

output

Defintions of rubi rules used

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
bxx, x]1/b), x] /; FreeQ[{a, b, c}, x]

rule 16

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2694 It LCEFD T )*((E_.) + (g )*(x )" (m_.))/((a_.) + (b_.)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*c, 2]}, Simp[2x(c/q) Int
[(f + g*x)"m*x(F~u/(b - q + 2xc*¥F"uw)), x], x] - Simp[2%(c/q) Int[(f + g*x)
“mx(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

rule 2715 IntlLogl(a ) + (b_.)*((F)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3147 Int[cos[(e_.) + (£_)*x(x_ )1 " (p_.)*((a_) + (b_.)*sin[(e_.) + (f_)*(x_)1)"(m
_.), x_Symbol] :> Simp[1/(b"p*f) Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)
/2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + f*xfz*x)/((
-I)xb + 2xa*E~((-I)*e + fxfzxx) + Ixb*E~(2x((-I)*e + fxfz*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

rule 3803




rule 3805

rule 6258

rule 6260

input
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Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_.)1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*xx]/(f*(a"2 - b~2)*(a + b*Sin[e + f
*x]1))), x] + (Simp[a/(a"2 - b~2) Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x]
,» x] - Simp[b*d*(m/(f*¥(a”2 - b"2))) Int[(c + d*x)"(m - 1)*(Cos[e + £*x]/(
a + b*Sin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 -

b2, 0] && IGtQ[m, O]

Int[(((a_.) + ArcSinh[(c_.)*(x_)1*(b_.))"(n_.)*((f_) + (g_.)*(x_))"(m_.))/S
art[(d_) + (e_.)*(x_)"2], x_Symbol] :> Simp[1/(c"(m + 1)*Sqrt[d]) Subst[I
nt[(a + b*x) nx(c*f + g*Sinh[x])"m, x], x, ArcSinh[c*x]], x] /; FreeQ[{a, b
, ¢, d, e, £, g, n}, x] && EqQle, c"2*d] && IntegerQ[m] && GtQ[d, 0] && (Gt
Qm, 0] || IGtQ[n, 01)

-

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)*((£f_) + (g_.)*(x_))"(m_.)*((d
)+ (e_)*(x_)"2)"(p_), x_Symbol] :> Simp[Simp[(d + e*x~2)7p/(1 + c~2%x"2)
“pl Int[(f + g*x)“m*(1 + c"2*x~2) px(a + b*ArcSinh[c*x])~"n, x], x] /; Fre
eQ[{a, b, c, d, e, £, g, n}, x] && EqQle, c"2*d] && IntegerQ[m] && IntegerQ

[p - 1/2] & !'GtQ[d, O]

~

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1769 vs. 2(436) = 872.

Time = 1.54 (sec) , antiderivative size = 1770, normalized size of antiderivative = 4.04

method | result size

default | Expression too large to display | 1770

parts Expression too large to display | 1770

p
‘ int ((at+b*arcsinh(x*c) )/ (g*x+£f) "2/ (c"2*d*x~2+d) ~(1/2) ,x,method=_RETURNVERBO
‘ SE)

N
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—a/d/(c™2x£72+g"2) / (x+£/g) * ((x+£/g) "2%c~2%d-2%c™2xd*f /g* (x+f/g) +d* (c"2*£ "2
+g72) /g~2) " (1/2)-a/g*c™2*f/ (c~2*f~2+g~2) / (d* (c~2*£~2+g~2) /g~2) ~(1/2) *1n((2
*xd* (c™2x£72+g"2) /g~ 2-2xc"2xd* L /g* (x+£/g) +2* (d* (c™2*%£72+g"2) /g™2) ~ (1/2) * ((x
+£/g) "2%cT2xd-2%c"2xd*f/g* (x+£/g) +d* (c™2*%£"2+g"2) /g~2) ~(1/2)) / (x+£/g) ) +b*(
d*x(c™2*x"2+1)) " (1/2) *arcsinh(x*c) /d/ (c™2*x"2+1) / (c"2%£~2+g~2) / (gxx+f) *x~3*
c”4*f-b* (d*(c™2*%x"2+1) )~ (1/2) *arcsinh(x*c) /d/ (c"2*£~2+g~2) / (g*x+f) *x*c~2*f
—bx (d*(c2*x~2+1) ) ~(1/2) *arcsinh(x*c) /d/ (c™2xx"2+1) / (c"2*£"2+g~2) / (g*x+f) *
X"2xc"2xg+bx (d* (c™2*x72+1)) ~(1/2) *arcsinh(x*c) /d/ (c™2*x~2+1) " (1/2) / (c"2*£"
2+g~2) / (g*xx+£) *x*c*xg+b* (d* (c"2*x~2+1) ) ~(1/2) *arcsinh(x*c) /d/(c"2*x"2+1) /(c
“2xf2+g72) / (gHx+E) *x*kc T 2xE£+b* (d* (c™2*x"2+1) ) " (1/2) *arcsinh(x*c) /d/ (c™2*x"
2+1)7(1/2) / (c™2%£~2+g"2) / (gxx+£) *cxf-b* (d* (c™2*x~2+1) )~ (1/2) *arcsinh(x*c) /
d/ (c™2%x72+1) / (c™2*%£~2+g"2) / (gkx+£) *g-b*c 2% (c™2*x~2+1) ~(1/2) * (d* (c~2*x"2+
1))7(1/2) / (c™6*£4*x"2+2%c™4*f " 2xg ™ 2xx "2+ 4*f T4+Cc T2k g T A*x " 2+2xc 2% " 2% g "2
+g74) /d*1n(((x*xc+(c™2xx"2+1) " (1/2) ) *g+cxf+(c™2x£72+g~2) " (1/2) ) / (c*f+(c™2*f
~2+g"2) " (1/2)))*arcsinh (x*c) * (c"2*£"2+g~2) = (1/2) *£-2xb*c~3* (c™2*x~2+1) ~(1/
2) % (d*(c™2%x72+1)) " (1/2) / (c™6*f~4*x"2+2%Cc™4*f " 2%g ~2%x " 2+Cc 4*f "4+Cc 2% g 4*x"
2+2xc"2*%E"2xg"2+g~4) /d*1n (x*c+(c™2%x"2+1) ~(1/2) ) *£~2+b*c”3* (c™2*x~2+1) ~(1/
2)*(d* (c™2%x72+1) ) ~(1/2) / (c™6*£~4*x"2+2xCc™4*f " 2xg~2%x"2+Cc"4*f "4+Cc"2%g " 4*x"
242%™ 2xf " 2%g 2+g"~4) /d*x1n ((x*c+(c™2%x72+1) " (1/2) ) "2k g+2*cxf* (x*xc+(c™2*x "2+
1)7(1/2))-g) *£~2+bxc™ 2% (c™2+x"2+1) " (1/2) * (d* (c™2*x"2+1) ) ~(1/2) / (c"6*f~4. ..

output

Fricas [F]

/ a + barcsinh(cz) dp — barsinh (cz) + a
(f + gz)2V/d + 2dz? Vda? + d(gz + f)°

integrate((a+b*arcsinh(c*x))/(g*x+f) "2/ (c"2*d*x"2+d) ~(1/2) ,x, algorithm="f

input
ricas")

integral(sqrt(c™2*d*x~2 + d)*(b*arcsinh(c*x) + a)/(c~2*d*g~2*x~4 + 2*c~2xd

output
*f*xg*x~3 + 2*dxfxgxx + d*£72 + (c"2*d*£72 + d*gT2)*x"2), x)
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Sympy [F]
/ a + barcsinh(cz) dr — a + basinh (cx) i
(f + 92)*Vd + c2dx? d(z? +1) (f + gz)°
inputLintegrate((a+b*asinh(c*x))/(g*x+f)**2/(c**2*d*x**2+d)**(1/2),x) J
Outputtlntegral((a + b*asinh(c*x))/(sqrt (d* (c**2xx**2 + 1))*(f + gkx)**2), x) J
Maxima [F]
/ a + barcsinh(cz) dp — barsinh (cz) + a .
(f + gz)*V/d + c2dx? Vda? + d(gz + f)°

input ‘ integrate ((a+b*arcsinh(c*x))/(g*x+f) "2/ (c~2*%d*x~2+d) ~(1/2) ,x, algorithm="m ‘

‘axima") |
outputLintegrate((b*arcsinh(C*X) + a)/(sqrt(c™2xd*x"2 + d)*(g*x + £)72), x) J
Giac [F]
/ a + barcsinh(cz) dp — barsinh (cz) + a .
(f + 92)*Vd + c*da? V&dz? + d(gz + f)?
input integrate((atb*arcsinh(c#x))/(gx+f) "2/ (c"2+d*x"2+d)~(1/2) ,x, algorithm="g

‘iac") ‘

Outputtintegrate((b*arcsinh(c*x) + a)/(sqrt(c 2*d*x"2 + d)*(g*x + £)°2), x) J
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Mupad [F(-1)]

Timed out.
l/ a + barcsinh(cz) P _:/ a + basinh(cz) i
(f + gz)2V/d + c2dz? (f+gz)’Vdz?+d
inputLint((a + bkasinh(c*x))/((f + g*x)~2%(d + c~2%d*x~2)~(1/2)),x) J

Output‘ int((a + b*asinh(c*x))/((f + gxx)~2x(d + c™2*d*x~2)~(1/2)), x) ‘

Reduce [F]

a + barcsinh(cz)

dx
(f + g9x)2Vd + c*dz?
2\/021127_'_92 atan(vc%ﬂ"'l gi+cfi+cgix> a2 f?i + 2\/62.](:27_'_92 atan(‘/CQﬂ—H gi+cfz'+cgix> a2 fgiz — /2y

Ve f2+g? V2 f2+g?

input Lint ((a+b*asinh(c*x))/ (gx+£) 2/ (c2*d*x"~2+d) ~(1/2) ,x) J

(2*sqrt (cx*2*f**2 + gx*k2)*atan((sqrt(c*k*x2*x**2 + 1)*gki + c*f*i + ckgki*x)
/sqrt (cx*2%f**2 + gx*2))kakxck*x2*xf**x2*i + 2xsqrt (c**2*f**x2 + gx*2)*atan((sq
rt(cx*2kx*x*2 + 1)xgxi + cxfxi + ckgxixx)/sqrt(cx*2xf*x2 + gk*2))kakck*2xf*
gxi*x — sqrt(cx*2xx**2 + 1)*axckx2xf*x2xg — sqrt (ck*kx**2 + 1)*a*g**3 + i
nt(asinh(c*x)/(sqrt (cx*2xx**2 + 1)*f**2 + 2*sqrt(ck*2*x**2 + 1)*fxgkx + sq
Tt (Ck*2xx**2 + 1)*gx*2xx**2) ,x)*b*kck*4*f**5 + int(asinh(c*x)/(sqrt (ck*2xx*
*2 + 1)kf*x2 + 2%sqrt (CHk*2*x**2 + 1)*f*gxx + SqQrt (Ck*kx**2 + 1)*kghkkkx**2
) ,x) ¥bkck*k4*fr*kdkgxx + 2*int (asinh(c*x)/(sqrt (ck*2*x*k*2 + 1)*f**2 + 2xsqrt
(ck*2xx*x2 + 1)*xf*gxx + sqrt(Ccx*k2xx**2 + 1)*gk*k2xx**2) ,x) *kbkCk* kL **3*kgk*2
+ 2xint(asinh(c#*x)/(sqrt (c**2*kx*x*2 + 1)*f*x2 + 2*sqrt (ck*2kx*x*2 + 1)*f*gk
X + sqrt(ck*2xx**2 + 1)*gx*k2kx*k*2) ,x)kbkck*k2kf**x2*g**3*x + int(asinh(c*x)/
(sqrt (c**2*x*x2 + 1)*f**2 + 2xsqrt (c*x*2xx**2 + 1)*xf*gkx + sqrt(ck*2*x**2 +
1) xg**2xx**2) ,x) *¥b*xfxg**4 + int(asinh(c*x)/(sqrt(ck*2*x**x2 + 1)*f**2 + 2%
SQrt (cx*2*x*x2 + 1)*f*gkx + sqrt(Crx*kx**2 + 1)*gk*x2*x**2) ,x) *¥b*g**5%x) /(s
qrt (d) * (cx*k4xfx*k5 + Chkkd*frkd*gkx + 2kCk*k2kL**3kghk*2 + 2kCH*Kk2kE**2xkgH*3%X
+ fxgkxd + g**5*x))

output




output

input
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3.53 [ (erarcsinhic) logh(i+gn)™) g

1+c2z? T
Optimal result . . . . . . . . . . . . . 431
Mathematica [N/A] . . . . . . . . 431
Rubi [N/A] . o oo oo e e 437
Maple [N/A] . . . . 432
Fricas [N/A] . . . . . o 133
Sympy [F(-1)] . . . o o 433
Maxima [N/A] . . . . 434
Giac [N/A] . . o o e 434
Mupad [N/A] . . oo 434
Reduce [N/A] . . . . o 435

Optimal result

Integrand size = 34, antiderivative size = 34

/ (a + barcsinh(cz))™ log (h(f + gz)™) i
V1+c2z?
— Tut ( (a + barcsinh(cz))™ log (h(f + gz)™) x)
- Vitoa ’

e

tDefer (Int) ((atb*arcsinh(c*x)) “n*1ln(h* (g*x+f) "m)/(c™2*x~2+1)~(1/2) ,x)

~—

Mathematica [N/A]

Not integrable

Time = 0.11 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

/ (a + barcsinh(cz))" log (h(f + gz)™) i =/ (a + barcsinh(cz))"™ log (h(f + gz)™) i

-

Integrate[((a + b*ArcSinh[c*x]) “nxLog[h*(f + g*x)“m])/Sqrt[1 + c~2*x~2],x]

N
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‘Integrate[((a + bxArcSinh[c*x]) “nxLog[h*(f + gxx)"m])/Sqrt[l + c™2*x"2], x ‘

& J

Rubi [N/A]
Not integrable

output

Time = 0.39 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + barcsinh(cz))™ log (h(f + gz)™) e

ve2z? +1
l 6272

/ (a + barcsinh(cx))" log (h(f + gz)™)
z?+1

dz

input ‘ Int[((a + bxArcSinh[c*x]) “n*Log[h*(f + g*x)~m])/Sqrtl[l + c~2*x~2],x] ‘

output L$Aborted J

Maple [N/A]
Not integrable

Time = 8.30 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.94

/ (a + b arcsinh (zc))" In (h(gz + f)m)dac
2z +1

-

Lint ((at+bxarcsinh(x*c)) “n*1ln(h*(g*x+f) “m) / (c™2*x~2+1)~(1/2) ,x)

-/

input
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output Lint ((a+b*arcsinh(x*c)) “n*1ln(h* (g*x+£f) “m)/ (c~2*x~2+1)~(1/2) ,x) J

Fricas [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

/ (a + barcsinh(cz))" log (h(f + gz)™) dp— / (barsinh (cz) + a)" log ((9z + f)™h) i
V14 222 B ctr? 41

 integrate ((a+b*arcsinh(cxx)) “n*log(h* (gxx+f) m)/(c"2+x"2+1)"(1/2) ,x, algor

input
‘ithm="fricas") ‘

output Lintegral((b*arcsinh(c*x) + a)"nxlog((g*x + f) m*h)/sqrt(c™2*x"2 + 1), x) J

Sympy [F(-1)]

Timed out.

dz = Timed out

/ (a + barcsinh(cx))™ log (h(f + gz)™)
V14 222

-

input L

N

integrate((atb*asinh (c*x))**n*1ln (h* (gkx+f)**m) / (cx*2xx**2+1)**(1/2) ,x)

OutputLTimed out J
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Maxima [N/A]
Not integrable

Time = 0.74 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

dz

/ (a + barcsinh(cz))™ log (h(f + gz)™) i _/ (barsinh (cz) + a)" log ((9z + f)™h)
V1 + 222 B c2r? + 1

‘integrate((a+b*arcsinh(c*x))“n*log(h*(g*x+f)‘m)/(c“2*x“2+1)‘(1/2),x, algor

input
‘ithm="maxima") ‘

output Lintegrate ((bxarcsinh(c*x) + a) n*log((gxx + f) m*h)/sqrt(c™2*x"2 + 1), x) J

Giac [N/A]
Not integrable

Time = 48.23 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

/ (a + barcsinh(cz))" log (h(f + gz)™) dp— / (barsinh (cz) + a)" log ((9z + f)™h) i
V14 c2a? B ctr? 41

N

p
input ‘ integrate((at+b*arcsinh(c*x)) “n*log(h* (g*x+f) “m)/(c™2*x~2+1)~(1/2) ,x, algor ‘
‘ ithm="giac") ‘

output Lintegrate ((bxarcsinh(c*x) + a) n*log((gxx + f) m*h)/sqrt(c™2*x"2 + 1), x) J

Mupad [N/A]
Not integrable

Time = 2.78 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

dz

/ (a + barcsinh(cz))" log (h(f + gz)™) dp — / In(h(f+gz)™) (a+ basinh(cz))”
V14 c2x? c2z2+1
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input Lint((lOg(h*(f + g*x)"m)*(a + b*asinh(c*x))"n)/(c™2*x~2 + 1)7(1/2),x)

output Lint((log(h*(f + g*x)“m)*(a + b*asinh(c*x)) n)/(c™2%x"2 + 1)~(1/2), x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.03

dz

/ (a + barcsinh(cz))™ log (h(f + gz)™) dp — / (asinh(cz) b+ a)" log((gz + )™ h)
V1+ 2x? 2?2 +1

input Lin‘t ((atb*asinh(c*x)) “nxlog (h* (g*x+f) ~m)/(c~2%x~2+1)~(1/2) ,x)

output Lint(((asinh(c*x)*b + a)**xnxlog((f + g*x)**m*h))/sqrt(cx*2*x**x2 + 1),x)
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3.54 f (a—l—b&I‘CSlIlh(cac))2 log(h(f+gz)™) dx

) 1+c2x2
Optimal result . . . . . . . . . . . . . e 436
Mathematica [A] (verified) . . . . . . . . . ... 437
Rubi [A] (verified) . . . . . . . . . . . 438
Maple [F] . . . . 441
Fricas [F] . . . . . o o 441]
Sympy [F] . . . o 442
Maxima [F] . . . . . . 442
Giac [F(-2)] . . . o o 442
Mupad [F(-1)] . . . o 443]
Reduce [F] . . . . . o 443]
Optimal result

Integrand size = 34, antiderivative size = 438

(a + barcsinh(cz))? log (h(f + gz)™)

dzx

m(a + barcsinh(cz))* m(a + barcsinh(cz))?3 log (1 +

V14 c2x?

earcsinh(cz) g )

12b%¢

m(a + barcsinh(cz))? log (1 +

3bc
earcsinh(cz) g )

C

/2P g

3bc

N (a + barcsinh(cz))? log (h(f + gz)™)

+

_|_

3bc

m(a + barcsinh(cz))? PolyLog (2, -

earcsinh(cz) g )

cf—/c2f2+g?

m(a + barcsinh(cz))? PolyLog <2, —

C

earcsinh(cz) )
h——

cf+V/2f2+g?

2bm(a + barcsinh(cz)) PolyLog <3, -

C

arcsinh(cz) g )

—\/c2f21g?

2bm(a + barcsinh(cz)) PolyLog <3, —

Cc

earcsinh(cz) g )

S EPTP

2b%m PolyLog (4, _

Cc
earcsinh(cz) g

Vi

)  2'm PolyLog (4,

earcsinh(cz) g

ECiary

)

C

C
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1/12*m* (a+b*arcsinh (c*x)) ~4/b~2/c-1/3*m* (a+b*arcsinh (c*x)) “3*1n(1+(cxx+(c”
2xx72+1) " (1/2) ) *g/ (c*f-(c"2*x£~2+g~2) " (1/2) ) ) /b/c-1/3*m* (a+b*arcsinh (c*x) )~
3*1n(1+(cxx+(c™2xx"2+1) " (1/2) ) *g/ (cxf+(c™2*f~2+g~2) ~(1/2))) /b/c+1/3* (a+b*a
rcsinh (c*x)) ~“3*1n (h* (g*x+f) “m) /b/c-m* (a+b*arcsinh (c*x)) ~2*polylog(2, - (c*x+
(c™2%x72+1) " (1/2) ) *g/ (c*f-(c™2%£72+g~2) " (1/2) ) ) /c-m* (a+b*arcsinh (c*x) ) "2*p
olylog(2,-(cxx+(c™2*xx"2+1) " (1/2) ) *g/ (c*f+(c2%£"2+g~2) " (1/2)) ) / c+2*b*m* (a+
b*arcsinh(c*x))*polylog(3,-(c*x+(c™2*x~2+1)~(1/2) ) *g/ (c*f-(c"2*x£~2+g"2) ~ (1
/2))) /c+2*xb*m#* (a+b*arcsinh (c*x) ) *polylog (3, - (ckx+(c™2*%x"2+1) ~(1/2) ) *g/ (c*f
+(c™2%£72+g72) " (1/2)) ) /c-2*b~2*m*polylog (4, - (cxx+(c™2xx"2+1) ~(1/2) ) *g/ (c*f
—-(c™2%£72+g72) " (1/2))) /c-2*%b"2*m*polylog (4, - (ckx+(c™2*%x~2+1) ~(1/2) ) *g/ (c*£f
+(cm2xf2+g"2)"(1/2))) /c

output

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 397, normalized size of antiderivative = 0.91

(a + barcsinh(cz))? log (h(f + gz)™)

dz =
V1+ c2r?
m(a+b inh(cz))4 . earcsinh(cz) .
— mlet s ()” + m(a + barcsinh(cz))? log (1 + cf—\/c—zf27+§2> + m(a + barcsinh(cz))3 log (1 + -

input Integrate[((a + bxArcSinh[c*x]) 2*Loglh*(f + g*x)~m])/Sqrt[1 + c™2*x2],x]

-1/3%(-1/4*(m*(a + b*ArcSinh[c*x])~4)/b + m*(a + b*ArcSinh[c*x]) 3*Log[1 +

(E"ArcSinh[c*x]*g) /(cxf - Sqrtl[c™2*xf~2 + g72])] + m*(a + b*ArcSinh[c*x])~
3xLog[1l + (E"ArcSinh[c*x]*g)/(c*f + Sqrtl[c™2+#f"2 + g~2])] - (a + bxArcSinh
[c*x]) ~“3*Log[h*(f + g*x)“m] + 3*b*m*((a + b*ArcSinh[c*x]) 2*PolyLog[2, (E~
ArcSinh[c*x]*g)/(-(c*f) + Sqrt[c™2*f~2 + g~2])] - 2%b*(a + b*ArcSinh[c*x])
*PolyLog[3, (E"ArcSinh[c*x]*g)/(-(c*f) + Sqrt[c™2*f~2 + g~2])] + 2*%b~2*Pol
yLog[4, (E"ArcSinh[c*x]*g)/(-(c*f) + Sqrtlc™2*f~2 + g~2])]) + 3*b*m*((a +
bxArcSinh [c*x]) “2*PolyLog[2, -((E"ArcSinh[c*x]*g)/(cxf + Sqrt[c™2*f"2 + g~
21))] - 2*b*(a + b*ArcSinh[c*x])*PolyLog[3, -((E~ArcSinh[c*x]*g)/(c*f + Sq
rt[c™2*xf72 + g72]))] + 2*b~2*PolyLog[4, -((E"ArcSinh[c*x]*g)/(c*f + Sqrtlc
~2+£72 + g72]))1) )/ (bxc)

output
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Rubi [A] (verified)

Time = 1.76 (sec) , antiderivative size = 426, normalized size of antiderivative = 0.97,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 935 Ry
integrand size

used = {6261, 6242, 6095, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + barcsinh(cz))? log (h(f + gz)™) iz
V22 +1
| 6261
(o))
(a + barcsinh(cz))3 log (h(f + gz)™) _gm / (a+bar§ig; (cn))” 4o
3bc 3bc
| 6242
Ve2z?+1(a inh(cz))3 .
(a + barcsinh(cz))3 log (h(f + gz)™) _gm / i :}Tcl;ism (cz)) darcsinh(cx)
3bc 3bc
| 6095
(a + barcsinh(cz))3 log (h(f + gz)™) B
3bc
arcsinh(cz) parcsinh 3 . arcsinh(cz) parcsinh 3 . parcsinh 4
am <f ecf_’_earcsingla(_c’;)gl;\/l;fgf‘gg darcsmh(cw) + f ecf_'_earcsingla(_c’;)g:‘_\/l;fgf;g darcsmh(cw) - (a+ L 4(39 (cx)) )
3bc
| 2620
(a + barcsinh(cz))3 log (h(f + gz)™) B
_ 3bc _
) 3b [ (a+barcsinh(cz))? log <m“> darcsinh(cz) ) 3b [ (a+barcsinh(cz))? log <§i§%+1> darcsinh(cz)
am g 7
3bc
| 3011
(a + barcsinh(cz))3 log (h(f + gz)™) B
3bc '
om| - 3b <2b [(a+barcsinh(ez)) PolyLog <2,— %) darcsinh(cz)—(a+barcsinh(cz))? PolyLog <2,— m> > 3t

g
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l 7163

(a + barcsinh(cz))3 log (h(f + gz)™) B
3bc
garcsinh(cx) g carcsinh(cx) g

3b( 26| (a+barcsinh(cz)) PolyLog|( 8,—€&———9 | —p [PolyLog| 3,—&———9 |darcsinh(cz) | —(a+barcsinh(cz))2 F
( <( ( )) Y. g( cf\/m) f Y. g< of c2f2+g2> ( )> ( ( ))
g

gm| —

l 92720

(a + barcsinh(cz))3 log (h(f + gz)™)
3bc B

carcsinh(cz) g carcsinh(cz) g

3b( 2b( (a+barcsinh(cz)) PolyLog | 3,— & ——29 | —p [ e~arcsinh(cz) polyTog( 3,— &9 | gearcsinh(es) | _(qybarc
om ( <( (cx)) y g< Cf—m) f yLog of /o2 f2 492 (
g

l 7143

(a + barcsinh(cz))3 log (h(f + gz)™)
3bc B

. inh inh . 1
3b( 26 ( (at+barcsinh(ce)) PolyLog [ 3,— <2 g )y porotog [ 4,— <2 g ) ) | paresinh(ex))? PolyLog | 2,— <2
cf—\Je? f2+g2 cf—/2f2tg? o

gm| — g

input ‘ Int[((a + bxArcSinh([c*x]) ~2*Log[h*(f + gxx)“m])/Sqrt[1 + c~2*x"2],x]

((a + b*ArcSinh[c*x]) “3*Log[h*(f + g*x)~m])/(3%b*c) - (g*m*(-1/4*(a + b*Ar
cSinh[c*x])~4/(bxg) + ((a + b*ArcSinh[c*x])~3*Logl[l + (E"ArcSinh[c*x]*g)/(
c¥f - Sqrtlc™2*f72 + g~2])])/g + ((a + b*ArcSinh[c*x]) 3*Log[1 + (E"ArcSin
hlcxx]*g)/(c*f + Sqrtlc™2*f~2 + g~2])]1)/g - (3*bx(-((a + bxArcSinh[c*x])"2
*PolyLog[2, -((E"ArcSinh[c*x]*g)/(c*f - Sqrtlc™2*f~2 + g~2]))]) + 2*b*x((a
+ bxArcSinh[c*x])*PolyLog[3, -((E~ArcSinh[c*x]*g)/(cxf - Sqrtl[c 2*f~2 + g~
2]1))] - b*PolyLogl[4, -((E"ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f"2 + g72]))1)))
/g - (3xbx(-((a + b*ArcSinh[c*x]) 2+PolyLog[2, -((E~ArcSinh[c*x]*g)/(c*f +
Sqrt[c™2*£"2 + g72]))]) + 2xbx((a + bxArcSinh[c*x])*PolyLog[3, -((E"ArcSi
nh[c*x]*g)/(cxf + Sqrt[c™2*f~2 + g72]))] - b*PolyLogl[4, -((E"ArcSinh[c*x]*
g)/(cxf + Sqrtlc™2*£~2 + g721))]1)))/g) )/ (3*b*c)

output
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Defintions of rubi rules used

rule 2620 TRt LCCCF (gL )% ((e_ ) + (£_.)*(x )~ (m_)*((c ) + (d_)*(x)"@_.))/
(@) + (b_)*((F)"((g_I)*x((e_.) + (£_D)*(x_)N))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2790 Intlu_, x_Symboll :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_.)*(x))))~(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))"n]/ (b*csn*Log[F1)), x] + Simp[g*(m/(bxcrnsLog[F1))  Int[(£ + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 6095 Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(bxfx(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + fxx) " m*x(E"(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

rule 6242
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rule 6261

rule 7143

Int[(Logl[(h_.)*((£f_.) + (g_.)*(x_)) " (m_.)I*((a_.) + ArcSinh[(c_.)*(x_)]1*(b_
D) (n_.))/Sqrt[(d_ ) + (e_.)*(x_)"2], x_Symbol] :> Simp[Log[h*(f + g*x) m]=*
((a + b*ArcSinh[c*x])~(n + 1)/(b*cxSqrt[dl*(n + 1))), x] - Simpl[g*(m/(b*c*S
grtld]*(n + 1))) Int[(a + b*ArcSinh[c*x])~(n + 1)/(f + g*x), x], x] /; Fr
eeQ[{a, b, c, d, e, £, g, h, m}, x] && EqQle, c"2*d] && GtQ[d, 0] && IGtQ[n
, 0]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
» €, I, P}: X] && EqQ[b*d, a*e]

rule 7163

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F))~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ b%x)))"pl/ (bxcxpxLog[F1)), x] - Simp[fx(m/(b*cxprLoglF]))  Intl(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, 0]

Maple [F]

(a + b arcsinh (zc))* In (h(gz + f)™)
c2z? 41

dz

-

input L

int ((atb*arcsinh(x*c)) ~2x1n(h* (gxx+f) “m)/(c"2*x~2+1)~(1/2) ,x)

-/

-

output

N\

int ((atb*arcsinh(x*c)) ~“2*1n(h* (gxx+£f) "m) / (c"2*x~2+1) " (1/2) ,x)

Fricas [F]

(a + barcsinh(cz))? log (h(f + gz)™) I _/ (barsinh (cz) + a)®log ((gz + f)™h)
V1+ 2a? a cz? +1

dz

input ‘

integrate((atb*arcsinh(c*x)) ~2xlog(h* (g*x+f) "m)/(c”2*%x~2+1)~(1/2) ,x, algor

‘ithm="fricas")
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t‘ integral ((b~2*arcsinh(c*x) "2 + 2*a*b*arcsinh(c*x) + a~2)*log((g*x + f) m*h ‘

outpu
‘)/sqrt(c“2*x“2 + 1), x)

Sympy [F]
(a + barcsinh(cz))? log (h(f + gz)™) (a + basinh (cz))*log (h(f + gz)™)
dz = dz
V14 c22? A2z +1
inputLintegrate((a+b*asinh(c*x))**2*1n(h*(g*x+f)**m)/(c**z*x**2+1)**(1/2),X) J
OutputLIntegral((a + b¥asinh(c*x))**2xlog(h*(f + gkx)**m)/sqrt(cx*2*x**2 + 1), x) J

Maxima [F]

(a + barcsinh(cz))? log (h(f + gz)™) s :/ (barsinh (cz) + a)®log ((gz + f)™h) i

V1+ c2r? cz? +1

input ‘ integrate ((a+b*arcsinh(c*x)) ~2*log (h* (gkx+f) “m)/(c~2*x~2+1)~(1/2) ,x, algor ‘
‘ithm="maxima") ‘

Ou_tputtintegrate((b*arcsinh(c*x) + a)"2xlog((g*x + £) m*h)/sqrt(c”2*x"2 + 1), x) J

Giac [F(-2)]

Exception generated.

/ (a + barcsinh(cz))? log (h(f + gz)™)
V1+c2x?

dr = Exception raised: TypeError

‘ integrate((atb*arcsinh(c*x)) ~2xlog(h* (g*x+f) "m)/(c”2*%x~2+1)~(1/2) ,x, algor ‘

input
‘ithm="giac") ‘
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‘Exception raised: TypeError >> an error occurred running a Giac command:IN

output
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:Unable to divide, perhaps due to ro
‘unding error’%%{1,[0,1,1,1,0,01%%%}+%%%{-1,[0,0,1,1,0,01%%%} / %%%{1,[0,0,
10,0,1,11% |
Mupad [F(-1)]
Timed out.
(a + barcsinh(cz))? log (h(f + gz)™) In (h(f +gz)™) (a+ basinh(cz))?
dr = dz
V14 ctz? cz?+1
inputLint((log(h*(f + gxx)“m)*(a + b*asinh(c*x))"2)/(c™2*x"2 + 1)7(1/2),x) J
Ou_tputLint((log(h*(f + g*x)“m)*(a + b*asinh(c*x))~2)/(c™2*x~2 + 1)~(1/2), x) J
Reduce [F]
(a + barcsinh(cz))® log (h(f + gz)™) log((gz + f)™ h) 2
dr = dz ) a
V14 c2a? cx2+1
+2(/ asinh(cz)log((gz + f)™ h) dx) ab
A2zx?2+1
. 2 m
N / asinh(cx)”log((gz + f)™ h) gz | B2
c2x?+1
input 10t ((a+brasinh(cxx))2xlog (b (grxt) "m)/ (c™24x72+1) " (1/2) ) |

ou_tput‘int(log((j:' + g*x)**kmxh) /sqrt (c**2*x**2 + 1) ,x)*a**x2 + 2*int((asinh(c*x)*1lo
(g((f + gkx)**m¥h))/sqrt (ck*2kxx+2 + 1) ,x)*a*b + int((asinh(c*x)**2xlog((£f |
‘+ g*x) **mh) ) /sqrt (ck*2xx**2 + 1) ,x)*b**2 ‘
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3.55 f (a+barcsinh(cz)) log(h(f+gz)™) do
V1+c2z?

Optimal result . . . . . . . . . . . . . e 444
Mathematica [A] (verified) . . . . . . . . . ... 445
Rubi [A] (verified) . . . . . . .. . . 446
Maple [F] . . . . 449
Fricas [F] . . . . . o o 449
Sympy [F] . . o e 449
Maxima [F] . . . . . . 450
Giac [F(-2)] . . . o o o 4501
Mupad [F(-1)] . . . .o 50
Reduce [F] . . . . . o 4511

Optimal result

Integrand size = 32, antiderivative size = 332

dzx

/ (a + barcsinh(cz)) log (h(f + gz)™)

m(a + barcsinh(cz))? m(a + barcsinh(cz))? log (1 +

V1+c?x?

arcsinh(cz)

e g

cf—Vf+g?

)

6b2%c

m(a + barcsinh(cz))? log (1 +

2bc
earcsinh(cz) g )

of P

2bc

N (a + barcsinh(cz))? log (h(f + gz)™)

+

m(a + barcsinh(cz)) PolyLog (2, —

2bc

earcsinh(cz) g )

cf—/2f2+g?

m(a + barcsinh(cz)) PolyLog (2, °

C

arcsinh(cz) g )

cf+V/EHg?

bm PolyLog (3

C
earcsinh(ez) g

VT ef—/ 2[4 g2

) bm PolyLog (3,

earcsinh(cz) g

RaGiar:

)

c

4+
Cc
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1/6*m* (a+b*arcsinh(c*x) ) ~3/b~2/c-1/2*m* (a+b*arcsinh (c*x)) "2*1n(1+(c*x+(c"2
*x"2+1) " (1/2) ) *g/ (cxf-(c"2*x£"2+g"~2) " (1/2)) ) /b/c-1/2*m* (a+b*arcsinh (c*xx)) "2
*1n (1+(cxx+(c™2xx"2+1) ~(1/2) ) *g/ (cxf+(c™2*x£~2+g~2) ~(1/2))) /b/c+1/2* (atb*ar
csinh(c*x)) “2*1n(h* (g*x+f) “m) /b/c-m* (a+b*arcsinh(c#*x)) *polylog(2,-(c*x+(c~
2xx72+1)~(1/2) ) *g/ (c*f-(c™2*£~2+g~2) ~(1/2) ) ) /c-m* (a+b*arcsinh (c*x) ) *polylo
g(2,-(cxx+(c™2xx"2+1) " (1/2) ) *g/ (c*f+(c"2*%£~2+g~2) ~(1/2)) ) /c+b*m*polylog(3,
=(c*xx+(c™2%x72+1) 7 (1/2) ) *g/ (cxf-(c"2*%£"2+g~2) ~(1/2) ) ) /c+b*m*polylog(3,- (c*
x+(c™2xx72+1) " (1/2) ) *g/ (c*f+(c™2%£72+g~2) " (1/2))) /c

output

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 304, normalized size of antiderivative = 0.92

/ (a + barcsinh(cz)) log (h(f + gz)™) i

mfa+barcsinh(e)? _ m(a + barcsinh(cz))? log (1 +

earCsl

cf+V/

earcsinh(cz) g

SEPTS

) — m(a + barcsinh(cz))? log (1 +

3b

inputtlntegrate[((a + bxArcSinh[c*x])*Log[h*(f + g*x)~m])/Sqrt[1 + c~2%x~2],x] J

~

((m*(a + bxArcSinh[c*x])~3)/(3*b) - m*(a + b*ArcSinh[c*x]) 2*Log[1l + (E"Ar
cSinh[c*x]*g)/(c*f - Sqrt[c”2*f~2 + g~2])] - m*(a + b*ArcSinh[c#*x]) ~2*Logl
1 + (E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f"2 + g~2])] + (a + b*ArcSinh[c*x])
~2xLog[h*x(f + g*x)"m] + 2*b*m*(-((a + b*ArcSinh[c*x])*PolyLog[2, (E~ArcSin
hlcxx]*g)/(-(c*f) + Sqrt[c™2*f"2 + g~2])]) + bxPolyLog[3, (E~ArcSinhl[c*x]*
g)/(-(c*f) + Sqrtlc™2*f~2 + g~2])]) + 2xb*m*(-((a + b*ArcSinh[c*x])*PolyLo
gl2, -((E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f~2 + g72]1))]) + b*PolyLog[3, -(
(E"ArcSinh[c*x]*g) /(c*f + Sqrtl[c™2*xf~2 + g72]))]1))/(2*b*c)

output
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Rubi [A] (verified)

Time = 1.31 (sec) , antiderivative size = 328, normalized size of antiderivative = 0.99,

number of rules _ 0.219, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {6261, 6242, 6095, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + barcsinh(cx)) log (h(f + gx)™) i

2r2 +1
| 6261
hea?
(a + barcsinh(cz))? log (h(f + gz)™) _gm / (a+bar]?_sirl!]% (e2))” 4oy
2bc 2bc
| 6242
Ve2z2+1(a inh(cz))? .
(a + barcsinh(cz))? log (h(f + gz)™) _gm / +1 ;Iﬁg(;sm (cz)) darcsinh(cx)
2bc 2bc
| 6095
(a + barcsinh(cz))? log (h(f + gz)™) B
2bc
arcsinh(cz) b inh 2 . arcsinh(cz) b inh 2 . b inh 3
gm <f ecf-i—eal‘csinglaijz)E;I;C\S/ICI;J('Q(T;g darcsmh(cx) + f ecf-i—eal‘csinglaijz)E;:‘_C\S/ICI;fQ(j_x;g da,I'CSll’lh(C.’L') - arc;:;l = >
2bc
| 2620
(a + barcsinh(cz))? log (h(f + gz)™) B
. 2bc .
_2b I (a+barCSinh(cm))log<m+l> darcsinh(cz) B 2b [ (a+barcsinh(cz))log<jis/%+l> darcsinh(cz) N
gm g g
2bc
| 3011
(a + barcsinh(cz))? log (h(f + gz)™) B
2bc

inh(cx . . inh(cx g
LAresimhlen)g darcsinh(cz)—(a+barcsinh(cz)) PolyLog 2,—&()9 2b( b [ PolyLog | 2,— <
cf—\/c2 2442 cf—\/e2 2442 _ cf

2b (b J PolyLog (2,—

gm| — g
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| 2720
(a + barcsinh(cz))? log (h(f + gz)™)
2bc
s inh(cz : . inh(cz
2b bfe_arcsmh(”) PolyLog 2,—w dedresinh(ea) _ (4 parcsinh(cz)) PolyLog 2,—&(6)9 2b( b [e 8
cf—\/ 22442 cf—y/c? 2442
gm g
| 7143
(a + barcsinh(cz))? log (h(f + gz)™)
2bc
arcsinh(cz) . arcsinh(cz) arcsinh(cz)
2b( bPolyLog| 3,—<———9 | —(a+barcsinh(cz)) PolyLog| 2,— &——— 9 2b( bPolyLog| 3,—&———22 | —(a-
gm| - ( < cf=\/e2f2+42 ( () cf =/ e2 2442 cf+y/e2f2+42 (

g

input Int[((a + bxArcSinh[c*x])*Log[h*(f + g*x) m])/Sqrt[1 + c 2*x~2],x]

((a + bxArcSinh[c*x]) "2*Log[h*(f + g*x) m])/(2¥b*c) - (gxm*(-1/3%(a + b*Ar
cSinh[c#*x])~3/(bxg) + ((a + bkArcSinh[c*x]) 2*Log[1 + (E"ArcSinh[c*x]*g)/(
cxf - Sqrtlc™2*f"2 + g72]1)]1)/g + ((a + b*ArcSinh[c*x]) "2+Log[1 + (E"ArcSin
hlcxx]*g)/(c*f + Sqrtlc™2*xf"2 + g72])]1)/g - (2*b*(-((a + bxArcSinh[c*x])*P
olyLog[2, -((E"ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f~2 + g~2]))]) + b*PolyLogl
3, -((E"ArcSinh[c*x]*g)/(c*xf - Sqrtlc™2*f"2 + g72]))]1))/g - (2*b*(-((a + b
*ArcSinh[c*x])*PolyLog[2, -((E"ArcSinh[c*x]*g)/(cxf + Sqrt[c™2*f"2 + g~2])
)1) + b*PolyLogl[3, -((E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f"2 + g72]))1))/g)
)/ (2%b*c)

output

Defintions of rubi rules used

rule 2620 Int [(C(FL)~((g_)*((e_.) + (F_0*(x))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Log[1l + b*((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]




rule 2720

rule 3011

rule 6095

rule 6242

rule 6261

rule 7143
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

Int[Log[1l + (e_.)*((F_)"((c_.)*x((a_.) + (b_.)*(x_))))"(n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[(Coshl[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)"m*(E"(c + d*x)/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a~2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

N\

Int [(Log[(h_.)*((£_.) + (g_.)*(x_))"(m_.)]*((a_.) + ArcSinh[(c_.)*(x_)]1*(b_
)7 (n_.))/Sartl(d.) + (e_.)*(x_)"2], x_Symbol] :> Simp[Loglh*(f + g*x) m]*
((a + b*ArcSinh[c*x])~(n + 1)/(b*cxSqrt[d]l*(n + 1))), x] - Simpl[g*(m/(b*c*S
grt[dl*(a + 1))) Int[(a + bxArcSinh[c*x])~(n + 1)/(f + g*x), x], x] /; Fr
eeQ[{a, b, c, d, e, f, g, h, m}, x] && EqQle, c™2*d] && GtQ[d, 0] && IGtQ[n
, 0]

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, pr, x] && EqQ[b*d, axel
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Maple [F]
(a + b arcsinh (zc)) In (h(gz + f)™) I
Ar2+1
inputLint((a+b*arcsinh(x*c))*1n(h*(g*x+f)*m)/(c*g*x*2+1)~(1/2),x) J
outputLint((a+b*arCSinh(x*C))*1n(h*(g*X+f)*m)/(c”2*x‘2+1)“(1/2),x) J
Fricas [F]

(a + barcsinh(cx)) log (h(f + gz)™) dp — / (barsinh (cz) + a) log ((gz + f)™h) e

V14 c2x? 2z +1

N

input ‘ integrate ((a+b*arcsinh(c#*x))*log (h* (gkx+f) “m)/(c~2*x~2+1)~(1/2) ,x, algorit ‘
‘ hm="fricas") ‘

output Lintegral( (b*arcsinh(c*x) + a)*log((g*x + f) m*h)/sqrt(c™2*x"2 + 1), x) J

Sympy [F]

/ (a + barcsinh(cz)) log (h(f + gz)™) dp — / (a + basinh (cx)) log (h(f + gx)™) i

V14 c2z? 2?2 +1
input Lintegrate ((a+b*asinh(c*x))*1n (h* (gkx+£) **m) / (Crx*x2kx**2+1) ** (1/2) ,x) J

output LIntegral((a + b*asinh(c*x))*log(h*(f + g*x)**m)/sqrt (cx*kx**2 + 1), x) J
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Maxima [F|

(a + barcsinh(cz)) log (h(f + gz)™) g — / (barsinh (cz) + a) log ((gz + f)™h) i

V14 c2x? 2z +1

N

p
" ‘ integrate((atb*arcsinh(c*x))*log(h*(g*x+f) “m)/(c~2*x"2+1)~(1/2) ,x, algorit ‘

inpu
‘hm="maxima") ‘

OutputLintegrate((b*arcsinh(c*x) + a)*log((g*x + f) m*h)/sqrt(c”2*x~2 + 1), x) J

Giac [F(-2)]
Exception generated.

/ (a + barcsinh(cz)) log (h(f + gz)™)
V1+c2a?

dxr = Exception raised: TypeError

integrate((atb*arcsinh(c*x))*log(h*(g*x+f) "m)/(c"2*%x~2+1)~(1/2) ,x, algorit

input
="giac“)

Exception raised: TypeError >> an error occurred running a Giac command:IN

tput

ot PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Unable to divide, perhaps due to ro
unding error’%i%{1,[0,1,1,1,0,01%%%}+%k%{-1,[0,0,1,1,0,01%%%} / %h#h{1,[0,0,
0,0,1,11%
Mupad [F(-1)]
Timed out.

(a + barcsinh(cx)) log (h(f + gz)™) In(h(f+gx)™) (a+ basinh(cz))
dr = dz
V1+ c2a? 2z +1
input Lint((log(h* (f + g*x) m)*(a + b*asinh(c*x)))/(c™2*%x~2 + 1)~(1/2),x) J

OutputLint((log(h*(f + gxx)"m)*(a + bxasinh(c*x)))/(c”2*x"2 + 1)7(1/2), x) J
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Reduce [F|
/ (a + barcsinh(cz)) log (h(f + gz)™ (/ log((g9z + )" )dx) a
V1+ c2z? Vet +1
( a,smh(cz log((gz+f) )dac> b
Vverz? +1

input Lint ((at+b*asinh(c*x) ) *1log (h* (gxx+f) “m) / (c™2*x~2+1) ~(1/2) ,x)

‘int(log((f + gxx)*x*kmxh) /sqrt (cx*2xx**2 + 1) ,x)*a + int((asinh(c*x)*1log((f

output
+ gkx)*4mrh) ) /sqrt (CHA2xxk2 + 1),%)*b




output
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T

Optimal result . . . . . . . . . . . . . e 452
Mathematica [A] (verified) . . . . . . . . . ... 153
Rubi [A] (verified) . . . . . . . . . . 453l
Maple [F] . . . . . 1561
Fricas [F] . . . . . . o o 450
Sympy [F] . . o o 457
Maxima [F] . . . . . . 45T
Giac [F] . . . o o o 457
Mupad [F(-1)] . . ..o A58
Reduce [F] . . . . 158

Optimal result

Integrand size = 24, antiderivative size = 197

m : 2 marcsinh(cz) log (1 + M)
log (h(f + gx)™) dp — marcsinh(cz)® of -2 1g?
V14 c22? 2c c
. arcsinh(cz)
e 9
marcsinh(cz) log <1 + T \/W)

N arcsinh(cz) log (h? f+gx)™)

c
. earcsinh(cz) g
~ m PolyLog (2, e —\/021‘27+92>
c
earcsinh(cz) g
_ mPolyLog (2, — 575 )
c

1/2*m*arcsinh (c*x) “2/c-m*arcsinh (c*x)*1n(1+(c*x+(c™2*x"2+1) " (1/2) ) *g/ (c*f-
(c™2x£72+g"2) " (1/2))) /c—m*arcsinh (c*x) *1n (1+(c*x+(c™2*x"2+1) " (1/2) ) *g/ (c*£
+(c™2*%£72+g"2)~(1/2))) /c+arcsinh(c*x) *1n (h* (g*x+f) “m) /c-m*polylog(2, - (c*x+
(c™2xx72+1) " (1/2) ) *g/ (c*f-(c™2%£"2+g~2) " (1/2))) /c-m*polylog(2, - (cxx+(c"2*x
~2+1)7(1/2) ) *g/ (cxf+(c™2%f~2+g~2)~(1/2))) /c
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Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.05

inh 1 1 cearcsinh(ce) g
log (h(f +g2)™) , _ marcsinh(ce)® AT (cz) °g< + f—\/if—w)

Vit a 2 c

: _ceAresinh(en)g
marcsinh(cz) log (1 * ot W)

c

N arcsinh(cz) log (h(f + gx)™)
c

m PolyLog (2, —

C
m POlyLog (2, earcsmh(em)z )

/PP

Cc

earcsinh(cz) g )

cf— /02f2+g2

input ‘ Integrate[Log[h*(f + g*x) m]/Sqrt[1 + c~2*x~2],x] ‘

output

(m*ArcSinh[c*x]~2) /(2%c) - (m*ArcSinh[c*x]*Log[l + (c*E~ArcSinh[c*x]*g)/(c
~2%f - cxSqrt[c”2*f"2 + g~2])]1)/c - (m*ArcSinh[c*x]*Log[l + (c*E~ArcSinh[c
*xx]*g)/(c™2%f + cxSqrtlc™2*f~2 + g~2])]1)/c + (ArcSinh[c*x]*Log[h*(f + g*x)
“m])/c - (m*PolyLog[2, -((E~ArcSinh[c*x]*g)/(c*f - Sqrt[c™2*f~2 + g~2]1))])
/c - (m*PolyLog[2, -((E"ArcSinh[c*x]*g)/(c*xf + Sqrtl[c™2*f~2 + g~2]))1)/c

Rubi [A] (verified)

Time = 1.16 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.99,

number of rules _ 0.292, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {2851, 27, 6242, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

log (h(f + g2)"™)
Vve2z? +1
l 2851
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arcsinh(cz) log (h(f + gx)™) arcsinh(cx)
c - m/jdf+g@ *
| 27

inh
arcsinh(cz) log (h(f + g2)™) gm [ %gx(cx)dx

c c

| 6242
c2z2 inh(cx .
arcsinh(cz) log (h(f + gz)™) 9™ f ﬁféﬁ:n (<) darcsinh (cz)

c c
| 6095

arcsinh(cz) log (h(f + gz)™)

c
arcsinh(cz) gresinh . arcsinh(cz) gresinh . arcsinh 2
gm <f cfj_earcsinh(cz)g_\/czgc(;m_')_gz darcsmh(cx) + f cfj_earcsinh(cz)g+\/62§cczx_+)_gg daI'CSIIlh(CIE) — 2g(cx)>
c

| 2620

arcsinh(cz) log (h(f + gz)™)

c
i h cxr . i h cx .
[ log (eamsm()9+1> darcsinh(cz)  [log <eamsm()9+1> darcsinh(cz)

. i h cx
arcsinh(cz) 1og<9earcsm()+1> a
_I.

m cf—\/e2 2442 cf+y/e? 2442 + cf—\/e2 {2442 ~
g g g 9
c
| 2715
arcsinh(cz) log (h(f + gx)™)
c
J e-aresinh(ee) log<earcm;h(;x>92 +1> dearesinh(ez)  fg-arcsinh(eo) 1og<earcsn;h(;m>§ +1> dearesinh(es)  gresinh(ez) log
cf—yc“f°+g cf+y/c“fe+g
gm g g +
c
| 2838

arcsinh(cz) log (h(f + gz)™)

C
arcsinh(cz) arcsinh(cz) . arcsinh(cz) . arc
PolyLog| 2,—&——"9 PolyLog| 2,—-&——"9 arcsinh(cz)log| 2<=——— " 11 arcsinh(cz)log| 2=—
Y g< cf- c2f2+g2> Y g( cf+y/c2f2+42 + (cx)log cf—\/e2 2442 + (cx)log etk

g g g g

am
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input‘Int[Log[h*(f + g*x)"m]/Sqrt[1 + c™2*x~2],x]

(ArcSinh[c*x] *Log[h*(f + g*x)“m])/c - (g*m*(-1/2*xArcSinh[c*x]~2/g + (ArcSi
nh[c*x]*Log[1 + (E~ArcSinh[c*x]*g)/(c*f - Sqrtlc™2*f"2 + g~2])]1)/g + (ArcS
inh[c*x]*Log[1 + (E"ArcSinh[c*x]*g)/(c*f + Sqrt[c™2*f~2 + g~2])]1)/g + Poly
Logl[2, -((E"ArcSinh[c*x]*g)/(cxf - Sqrt[c™2*f~2 + g~2]))]1/g + PolylLogl2, -
((E"ArcSinh[c*x]*g)/(c*xf + Sqrt[c™2*f"2 + g72]1))1/g))/c

output

Defintions of rubi rules used

rule 27 Intl(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 TRELCCEED ~((g_ ) *((e ) + (£_)*(x))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*nxLog[F]))*Log[1 + bx((F~(gx(e + £*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Intllogl(al) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

ruk;2838/Int[L°g[(C_-)*((d_) + (e_.)*(x_)"(n_.))1/(x), x_Symbol] :> Simp[-PolyLog[2 ]
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 2851 Imt[(a_.) + Logl(c_.)*((d) + (e_.)*(x))~(a_.)1*(b_.))/Sqrt[(£) + (g_.)*
(x_)"2], x_Symbol] :> With[{u = IntHide[1/Sqrt[f + g*x~2], x]}, Simp[u*x(a +
b*Loglcx(d + e*x)"n]), x] - Simp[b*exn Int[SimplifyIntegrand[u/(d + e*x)
, x1, x1, x1]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && GtQ[f, O]




rule 6095

rule 6242

input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 456

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[-(e + £*x)"(m + 1)/(b*f*(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £*x)"m*x(E~(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_Symbo
1] :> Subst[Int[(a + b*x) n*(Cosh[x]/(c*d + exSinh[x])), x], x, ArcSinh[c*x
11 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[n, O]

Maple [F]

/ In (h(gz + )") .

cA2z? +1

Lint(ln(h*(g*x+f) “m)/ (c~2*x"2+1)~(1/2) ,x)

Lint(ln(h*(g*xﬂf) “m)/(c™2%x"2+1)~(1/2) ,x)

Fricas [F]
log (A(f +g2)™) . _ [log((gz+f)"h) .
V1+ 252 Vez? +1

Lintegrate (log (b (g*x+£f) “m) /(c™2*x"2+1)~(1/2) ,x, algorithm="fricas")

tintegral(log((g*x + £)~"mxh)/sqrt(c”2*x"2 + 1), x)
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Sympy [F]

log (h(f +g2)™) . _ [log(h(f+gz)")
V1+ c2x? de / cz? +1 d

input Lintegrate (1n (h* (g*x+£)**m) / (Cr*2¥x**2+1) ¥x (1/2) ,x)

output LIntegral(log(h*(f + g*x)**km) /sqrt (ck*2kxx*2 + 1), x)

Maxima [F]

log (A(f +g92)™) , _ [ log((gz + f)"h) i

inputLintegrate(log(h*(g*xﬁf)“m)/(c’“2*x‘2+1)“(1/2),x, algorithm="maxima")

Output‘integrate(log((g*x + £)"mxh)/sqrt(c”2*x"2 + 1), x)

Giac [F]

log (S +92)™) [ log((gz+ 1))

inputtintegrate(log(h*(g*}ﬁf)"m)/(c"2*x"2+1)"(1/2),x, algorithm="giac")

-

output Lintegrate(log((g*x + £)"m*h) /sqrt(c™2*x~2 + 1), x)

-/
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Mupad [F(-1)]

Timed out.

log (h(f +g2)™) . _ [In(h(f+g2)")
V14 c2z? d / cr?+1 d

input Lint(log(h*(f + g*x)"m)/(c"2%x"2 + 1)~ (1/2),x)

output, IFECLOBIX(E + gr0 W)/ (c°24x"2 + 1°(1/2), )

Reduce [F]

log (h(f +g2)™) . [log((gz+ f)" h)
V1+ 222 de / c2zx2+1 dz

input Lint (lOg(h* (g*x+f) “m)/(c”~2*%x~2+1)~(1/2) ,X)

output Lint(log((f + gxx)**xmxh) /sqrt (cx*2*x**2 + 1),x)
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log(h(f+92)™)

3.57 f V1+z2(a+barcsinhcz)) dx

Optimal result . . . . . . . . . . . . .. 459
Mathematica [N/A] . . . . . . . . . 459
Rubi [N/A] © o oo o e e e A60)
Maple [N/A] . . . . . 460
Fricas [N/A] . . . . o o 461
Sympy [N/A] . . e 461l
Maxima [N/A] . . . . 461
Giac [N/A] . . o o 1621
Mupad [N/A] . . . .o 162
Reduce [N/A] . . . o o 163

Optimal result

Integrand size = 34, antiderivative size = 34

log (h(f + gz)™)

log (h(f + gz)™)

dz = Int
V14 c%z?(a + barcsinh(cz)) (\/ 1 + c%22(a + barcsinh

(cx»"”)

output

[Defer (Int) (1n(h* (g*x+£f) “m) / (c~2*x~2+1) ~(1/2) / (a+b*arcsinh(c*x)) ,x)

L

Mathematica [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.06

log (h(f + g2)™) dr — log (h(f + g2)™)

dz

T =
V1 + c2x2%(a + barcsinh(cz)) V1 + c2x%(a + barcsinh(cz))

input L

p
Integrate[Log[h*(f + g*x) m]/(Sqrt[1 + c"2*x~2]*(a + bxArcSinh[c*x])),x]

-/

~2xx~2]*(a + b¥ArcSinh[c*x])), x]




input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 460

Rubi [N/A]
Not integrable
Time = 0.55 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
log (h(f +92)™) -
V22 + 1(a + barcsinh(cz))
| 6272
log (h(f + g=)™) iz

Vvc2z? 4+ 1(a + barcsinh(cz))

LInt [Log[h*(f + g*x) m]/(Sqrt[1 + c~2*x~2]*(a + bxArcSinh[c*x])),x]

e

t$Aborted

~—

Maple [N/A]
Not integrable

Time = 5.25 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.94

In (h(gz + f)™)

dz
Ve2z? +1 (a+ b arcsinh (zc))

e

tint (In(h*(g*x+£) "m) / (c~2%x~2+1) ~(1/2) / (a+b*arcsinh (x*c) ) ,x)

A >

Lint (1n(h* (gxx+£f) "m) / (c~2*x~2+1) "~ (1/2) / (a+b*arcsinh(x*c)) ,x) J
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Fricas [N/A]
Not integrable
Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.50

log (h(f + gz)™) dp — log ((9z + f)"h)
V1 + c2z2(a + barcsinh(cz)) vc2z? + 1(barsinh (cz) + a)

dz

/

integrate (log(h*(g*x+£f) "m) /(c~2%x~2+1)~(1/2)/(a+b*arcsinh(c*x)) ,x, algorit

input
hm="fricas")

integral (sqrt(c~2*x~2 + 1)*log((g*x + f) m*h)/(a*c™2*x~2 + (b*c™2#x"2 + b)

output
*arcsinh(c*x) + a), x)
Sympy [N/A]
Not integrable
Time = 8.79 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.91
log (h(f + gz)™) dp — / log (h(f +92)")
V1 + 2z%(a + barcsinh(cz)) (a+ basinh (cz)) vVc2z? + 1
input Lintegrate (1n(h* (g*x+£) **m) / (cx*2xx**2+1) ** (1/2) / (a+b*asinh (c*x)) ,x)

e

OutputLlntegral(log(h*(f + gxx)**m)/((a + b*asinh(c*x))*sqrt(ck*2*x**2 + 1)), x)

>

Maxima [N/A]
Not integrable

Time = 0.70 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

log (h(f + gz)™) log (9= + f)™h)

dz =

dx
V1 + c?z2(a + barcsinh(cz)) Vc2x? + 1(barsinh (cx) + a)
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¢ ‘ integrate (log(h*(g*x+£f) "m) /(c~2*x~2+1) ~(1/2)/ (a+b*arcsinh(c*x)) ,x, algorit ‘

inpu
‘hm="maxima" ‘

output Lintegrate(log((g*x + £)"mxh)/(sqrt(c”2*x"2 + 1)*(b*arcsinh(c*x) + a)), x) J

Giac [N/A]
Not integrable

Time = 0.46 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

log (h(f + gz)™) dp — log ((9z + f)"h) d
V1 + c2x%(a + barcsinh(cz)) Vc2z? + 1(barsinh (cz) + a)

input‘integrate(log(h*(g*x+f)"m)/(c‘2*x“2+1)"(1/2)/(a+b*arcsinh(c*x)),x, algorit
‘hm="giac") ‘

output Lintegrate(log((g*x + £)"m*h) /(sqrt(c™2*x"2 + 1)*(b*arcsinh(c*x) + a)), x) J

Mupad [N/A]
Not integrable

Time = 2.70 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.00

g ™)y, [ (7 02))
V14 c2z%(a + barcsinh(cz)) (a+ basinh (cz)) vVc2z? + 1

inputtint(log(h*(f + g*x)"m)/((a + bxasinh(c*x))*(c™2*x~2 + 1)°(1/2)),x) J

-

output Lint(log(h*(f + g*x)"m)/((a + b*asinh(c*x))*(c™2*x"2 + 1)~(1/2)), x)

-/
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.29

log (h(f + gz)™) log((gz + f)™ h)

dr = dz

V1 + 2z%(a + barcsinh(cz)) Ve2x? + 1 asinh (czx) b+ Vc2z? + 1a

-

e—

inputLint(1°€(h*(g*x+f)Am)/(°A2*XA2+1)*(1/2)/(a+b*asinh(c*x)),x)

‘int(log((f + gxx)*x*mxh) / (sqrt (ck*2*x**2 + 1)*asinh(c*x)*b + sqrt (ck*2xx**2 \

output
‘ + 1)*a),x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 464
4.2 Links to plain text integration problems used in this report for each CAS . MAK2]

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

464

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.




CHAPTER 4. APPENDIX

473

‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[List,expn]],7]],
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:




CHAPTER 4. APPENDIX

478

if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Listing of integrals
	 arcsinh(c x)  d+e x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 arcsinh(c x)^2  d+e x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 arcsinh(c x)^3  d+e x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^3 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x)^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (d+e x) (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 a+b arcsinh(c x)  d+e x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b arcsinh(c x)  (d+e x)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b arcsinh(c x)  (d+e x)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b arcsinh(c x)  (d+e x)^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^3 (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^2 (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x) (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 (a+b arcsinh(c x))^2  d+e x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b arcsinh(c x))^2  (d+e x)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b arcsinh(c x))^2  (d+e x)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^3  a+b arcsinh(c x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^2  a+b arcsinh(c x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x  a+b arcsinh(c x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  a+b arcsinh(c x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x) (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  (d+e x)^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^2  (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+e x  (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 1  (d+e x) (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 1  (d+e x)^2 (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^m (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^m (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+e x)^m  a+b arcsinh(c x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (d+e x)^m  (a+b arcsinh(c x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (f+g x)^3 d+c^2 d x^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^2 d+c^2 d x^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x) d+c^2 d x^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+c^2 d x^2 (a+b arcsinh(c x))  f+g x  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 d+c^2 d x^2 (a+b arcsinh(c x))  (f+g x)^2  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^3 (d+c^2 d x^2)^3/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^2 (d+c^2 d x^2)^3/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x) (d+c^2 d x^2)^3/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+c^2 d x^2)^3/2 (a+b arcsinh(c x))  f+g x  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^3 (d+c^2 d x^2)^5/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^2 (d+c^2 d x^2)^5/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x) (d+c^2 d x^2)^5/2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (d+c^2 d x^2)^5/2 (a+b arcsinh(c x))  f+g x  dx
	Optimal result
	Mathematica [C] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^3 (a+b arcsinh(c x))  d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x)^2 (a+b arcsinh(c x))  d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F(-2)] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (f+g x) (a+b arcsinh(c x))  d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a+b arcsinh(c x)  d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 a+b arcsinh(c x)  (f+g x) d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 a+b arcsinh(c x)  (f+g x)^2 d+c^2 d x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b arcsinh(c x))^n (h (f+g x)^m)  1+c^2 x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 (a+b arcsinh(c x))^2 (h (f+g x)^m)  1+c^2 x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (a+b arcsinh(c x)) (h (f+g x)^m)  1+c^2 x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (h (f+g x)^m)  1+c^2 x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (h (f+g x)^m)  1+c^2 x^2 (a+b arcsinh(c x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 
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